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l. Introduction 

IIYDRULOCY VI:RY hroadly dd'im·d is tht' study of watt·r. An Ad Hoc Panl·l on 
llydrology ¡:,f lht· F~o:d~.·ral Coun~:il for S •. :it'nt'l' :md Tl'~hnology < 1962) d~linl'd h~'drol· 

¡; 

1111..~ ~dl'tH.:l' thal tn:ats uf thc wall'rs of lite Earth, their occurrencc, 

~irculati1Hl. :u1d dislrihution. lht·ir dJt'lllÍI,;al :.mJ physical propertit'S, 
and tht·ir r~.·a~.·ti,lll with lht·ir t.•nvironml'nt. inr.:ludin~ thl!ir fl'lation to 
livin~ thinl!:-.. Tht' dom:.~in of hyJrolog>' ..:mbran·s thl' fulllifc history of 
\l:Jil'f \)ll lhl' l'Jflh. 

TI u~ ddin1tion is mtu.:h bruatlcr !han thc onc th:Jt WOll!d he arrivt'd al through the 
:-.tudy of llHlSI hool...s on hydrolugy. Traditionally, hydwlog.ists havl' conl:crncd them­
~dv~.·:. wilh lht' .. rainf;.¡JI-runoff pron.:ss" ;tnd lw\it' lkvoll'd h:latiwly littlc time to many 
otha >l:..pt't'h nf hydrology. Thi~ ..,llu;ttJtm b •. :h:lll!!Íil~. lwwt'VL·r. a~ many studit:s on all 
:J\jh't:b of tlh· hydmlo¡!i,: cyck· h;n't' ht'\.'l! lllllkn.tkl·n 111 tbt· past twtl d\.'C:Jt...1es. Most of 
the t'.\.:uupk .... in thi" houJ.; lkal with prohknh th;!l :tfJ..,<' 1t1 'lll' !'>tuJy of thl' rainfJII-run­
•Jft pru\.·\.·..,..,. Tltl' fl';J:..tHl for thi.., i~ not that ... t.J!I..,lll .• d 111dhod:. .:annot he ¡_.¡pplit!d profit­

ahl) in othn .Jfl':J!'> nf hydrology hut r:llhcr hl·-.~u:-.l' ll!•ht wurl.. ami most statistJcal 
;,¡ppli-.OJIJoH:.. 111 hydrulugy haw hl'l·n in th~.· rJml:dl-runotf ar~.·a. A~ otlwr aspccts ofhy­
drolo~\ :trt' morl: fully ~_.kvdupnl. stati:..tical f_t,ob will ht• ;¡pplit•d to thl'm :.J!. well. 

Th\.· l'lllpll;,¡..,¡s m thc 1960'~ ami 1970\ un tlw qu;tlity of thc environmcnt and the 

preSt'l'\atum of thl· hui unces of nature has hroadenl.'d tlw sciencc of hydrology until it 
truly 1.'/Hhra>.:l':-. thl' fulllifl.' hi:-.tory of water on thl·.E;~rth. This broatkning of the scit:ncc 
uf h~ drolo!!Y J¡;,¡~ prt·:..~o·ntnl m;Lny lit'\\ .:h;,¡Jil'n!_!L'S to hydrologists and makt!~ it e ven more 
llliPl'r;IIÍ\'t' thal :1 \'ant·t~ nf tnol:.. ht· ;t\.Jibhk lO aid in tht' analysis of hydrologic prob­
km:... :'\11 li)drtllo~i-.· pn1hkms art· n:-.u:dill·d :Jnd analpnl throu~h thc use of a model. 
Th~·· tlHHkl llla) ht· a llh'nlal nmn·ptu:dit.:ttion: an cmpirk<.~l rclatJOnship: a physical de· 
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n..: .. ·. ur <1 '"·uJkdiun ul n·:.liiiL'lll.:lt.:;tl. :-.I:.Jll:-.ti'"·:tl. ;md,or t'Jtlpln~·aJ ~IJktllo..·nts. 

~1t.hl qu..tntitatJ\'l' h)drvlu~J..: modd:. .::tn be ~..·Ja~~Jt'iúl :J.., do..·i~·rmini..,ti..:. p:tr:tlllL'Iflt.:. 
sto'"·hasti~. or a ,;umbmallon o( tho..·s~..· Thc Jivision b..:tWL't:n tlll'~t· illft.'l' ba:-.i...- typt•:. L)f 

lllthkb i~ JWI at all ,listtn.:t. On .. · ;:.Hl thnlk of'modl'ls JS lwin!! m<.JJt· up nf s.omc L"omhi­

nation of O.:Uil\jlOilo..'llb CJ.:h of whidl fl'jlf~'So..'Jlb :.! jlt)Ílll 011 ;J l'OillllllJOU!I S.jll'L'Iflll\1 of 

moJ~·J "typt:s." r:Jn~m~ from ..:0mpktdy dt·IL'rministiL' on tht· ont· hand to \,·nmpldl'l~ 
~tod¡;~~tlt' un thl.' tllhn. 

A ,·ompkkl) tt~·tt-rlllini~ti..: modd wouiJ lw OliL' :.~rrih·d :..~1 throu¡!.h ..:oJhideration 

ut' tht· unJ~..·rlyin~ ph)·~ical rd:Jtiunships. anJ would r~.·qutrt· no L'>.Jh'fillll'lllal Jata for Jt... 

:.~ppJk·atJon. A p:.tramctric mndd may bl' thou¡;ht of a:. tkll'rmimsti...- in thl' scn:.t.' tlwt 

llllL't: moJl'l p;,¡r;,¡ml.'tcrs are dL'tt•rmirwJ. thc llHHkl alw;,¡y~ proJu..:~..·s tlw ..,;,¡m~..· out¡Htl 

r'hllll ;,¡ gt\·t·n in¡'ut On tlll' otht'r !J;,¡nd.-.J par:.cm .. ·trk mndl'l is. stoL·ha~ti~..· in tht· ..,,_.,bt' th.tt 

¡JJ/.JJI\L'Il.'f t'Sillll:.lll'S Úl.'JlL'Ild on oh:.L'f\'L'd data ;,¡nJ will ..:h;,¡ng .. · us tht• oh~t'f\'L'd J..tt:.~ 

di.JO~o. A stndl~tSIJL' rnoJL'I is onl' y, ho::.l' outputs. an: prcdJL'I:thh: onlv in a :.I:Jti ... ti...-al 

:.o..'Jhl.'. With a stn..:ll:.t:.IIL' nwJt'l. ro..'J1L':.Jit'J uso..· tlf a ~J\'l."n sl'l uf moJL'I inpu-t:-. prndu'"·l.'s. out­

pub ti\ :.JI art• not tht· ~a na· hut follow ..:crtJin statisti..:al pattcrn~. 

.\fos.f hyJruJugy hooJ..s. :lfl' h;,¡.,~·J ¡lJI 11\UJCb {j¡;,¡¡ f;,¡IJ Jll.'af llJL' (l'llfL'f Of th~· llllhkJ 

:-.p .. ·'"·trum 111 th:.Jt p:.tramt•tri..: . ..:111piri..:al illm.kb arl' ~·mphasizcJ.·l:a~ks._on's ( 1970) trt':.tt· 

rn..:nt uf hydrology falb towarJ tht.: Jr:tt:rministic cnJ of th~..· moJd "]ll'l.:trum in that 

t:lllpll:.ts.ls. i~ pb~·cd on tlll.' unJalying theory of tht: phL'nomcna bcing dl'!.~·rihl'J. Ttw 

trt'atml'nl t'ound in this book lics toward the stochastic t•nd uf thc model sp~..·ctrum in 

that thl' statistical and apparcntly random behavior of hydrologic quantitics is l'mpha­

sizl'J. 

Thl' digital computa has made possihll' great aJvanct'S in al! t~·pes of hydrologi~: 

modds. Thi:"Sl' ad\'allú'Jill'llls. an: IIOIL•worthy for hoth stodws.tiL' amJ JL'f..:rministio..' 

modl'i::. anJ h:.t\e kJ 'oll/lll' h~ drulugJ:.ts 111 rl'11giously :.tdopt tlu.: philo!.ophy that all hy· 

drul·t~tl· probkm~ shuuld bl' ;.tll:.t..:kcJ s.t~kh;,¡stit'ally anJ sum~..· thc plulosophy tha1 tht:y 

..,JidulJ hL· ;.tU:.tt.:~L'J dl'laministi~..·ally. Tht• purpost• of this hook is. not to promott" thc 

s.tol:h..tst¡..: :.tpprua..:h but to prt.'s.L"nt s.Oilll' basi..: statistil.·al~..·oncepts. th:.tt haw bcl'n found 

u ... d 111 a::. aids. f1lf tht• solution of hydrolugic probll'ms. 

\lan)' hrdrolugil.' probkms. t·an lwst ho..· solwd through tite joint applit.:atiun of sto­

dt.J~llt.: :..llll dt'!t•nninistit: llll'lhods. For mst:.tn~.·c, in the futurt: it may bl' possibk to de· 

kfllllntstJL"allr prt.•t.J¡i:f th..: runoll hyllrugraph from a simple watcrshcd givcn the rainfall 

m pul. lt is. unlikdy. howevc:r, that rainfalls that will or.:cur during thc Ji fe o!' a water rl'· 
s.our.:e::. pmjcct will be de:ll'mlinistic:dly predictable. Titus, onc approach to projcct cvalu· 

:Jtnm wuu!J hL· a st:..~tisti.:al simuJ;,¡tion of rainfall, dctcrministic comL'fsion of tht.' rainfall 

lo ... trl·:untlow. and a probabilistit.: aJl<Ji)'!.is of th~..· rcsulting strt·arnllows. 

Hl·~Jidks.s. uf th~..· typc of :.tot.:hast1t' modd that is u..,,_·J. moJel paramt·h:rs must he 

l':>lllll.ih'J in :-.om .. · way from ohsl'f\'l'd hydrologic d~Jta. Th~.· v:.~lidity and appli..::ahility of 

.1 "'"dl..t:o.lk nhhkl J~·p~..·nd Jirl'l'fiy on thl· d¡;;ra .. ·tcn~u...- ... of thl' dat;J liSL'J lo t's.timall.' 

tnu,ld p..tr.Jith'kf::.. A ~tudl..¡..,¡¡,,;. mudd ..:an ht• no bl'lkr th:.tn lht• Jat:~ a\;Hbhk for 

Jl.II.Jllh'h'T l'~IJIIl.J!JUJI. J ill· J~t:.J tb;.'d fur ji;JJ'~Illl"il'l I.':>IJili:JILUJllllll..,l h.,· fl']l/l'"''!ll;,.tii\L' of 

iltL' ~ttu;Jiitlll 111 wh¡~·h tlll· nwJd 1:. t!lllll!' to hL· li"L'd. Ohn•nbl} 11 otll' ~~ alletn¡HIJl~ to 

tnudd ..,¡r~..·amllu\\ lrtllll ;.~n urh;u¡ ,Jft'"· mudl'l p;,¡ranh'tl·r~ ..:;.~nnot ht• L'SlHllakd lnm; for· 

t':.ll'd w.¡krs.h.·J:.. Sund:trly futufl' hyJrolo~IL hdi:.t\Jor o/.¡ watt·r~heJ t'all bt• 1\HhlL·kd 

..,1\l,·h;¡,tJc:JIIy only 1f ;,¡vail;~hk llistonL:al d<.tlu are ro..·prt:!.L'Illativc or futur~..· conditions.. 11' 

di:J:-.11'". IJnd lbt' ..:JJ;,¡ng~.· .. Jfl' to ht' m:.tdt'. th..:n tht· tlloJd p;,¡r;,¡mL·ll'r.., must be ;Jdjustl.'d 

.¡~·úlldlll¡!l}. 

In :-.d~·..:tJtl~ d,Ji,¡ lul mudd p:Jr:Jillt.'kr l·..,t¡m.¡IJon. 11 1.., unpof!;,¡¡¡¡ tn l'..,t._¡hli .... h th<JI 

111~· ,!;¡¡;¡ .JIL' ht•~•+)!t'lh'OII\ O\'t'r limo..• 11r <..':Jil h~· :.tliJII">iL'J fur an} nunhtullU!-'L'IlL'iti~·~ 'thal 

1\ll<t)[Jl.('IJ(Jr--., 

1 
ll1:1~ h~· pr,·:-~·nl. 11 .!11) tlrnl:! h.1:-. ~~~-.. ur r .-d [tl , .tu:-.~.· ..1 L"!r.tii,O:c' 111 : 1 . .- , L .1 ,. :. · · ., 

.ural~ ,,·d. tht' d.1La nw:-.1 '-'rlllt'f hl' ;¡dju~h'd hl ;r,· ... ·uurrt f,,r lhl' ,·Jt.~trt.,· '-'r .r1· .• d~ "- d 111 ¡, 

~~..·clrorh tllh.' hl'lúrt· lit'-· ,;han!!'-' ;Hhl ur11.· afll'r. 
Sunll' .. : .. ,mmtllll'aW.~o.·:. of nunllllllhl~,-n,·ity ;Jf\.' r~.:llh,:Jtnl~ fag~..·:., ~..·sp .. :d: .. Lll~ r..Ling:.tg 

Jj\,·rlrtr~ :--ln·:unllow:-.. con:.truo.:lion ol d:un:-.. \\':rll'r..lh·J ,·fl:.lllf\':. sud1 as urtlJili/:JIÍun 

dc·[,lfl''\l:liÍtlll. .,¡¡ .. ·:un dr:Ltllh'l rrHtdifi,·atinn.., :md pos:-.ihl} Wo,'iJih,·r rJll>drfi,::Jiron a~ w 
a:. ll..Liur:.d l'\'1..'11\S uf u c:rt:.l'itrvplul.." natur~o· :-.lh:h as ,·;.~rthquak~. hurru.:an\' llood!l. eh.:. 
::.orrrL' Ín!ll:m...:o..:!> lhl' data L'an hq,o..·urn·'"·tl•d ftlr dJang.~..·§.. Onc pos.siblr aJjus.t-meJlt ~uli1tl 

h~ fL'\'o..'l"'-' fl'"L'f\'ttir nJutill~ l•t tkt .. ·nnillL' wl1at .,ll't':.JILttlow., would Jt;_¡n· h ... ·,•¡¡ h;J:¡.~ 
\tlir ti< JI h,'L'Ill'tHl.,tru..:IL'd. Stlllll' .,:ll:tll!!t'" :-.u ... ·l¡ ;t:-. !!f:tdu:.cl urh:.cnil.:.ttion uf;.¡ wJlt'rs.ht•d; 

dJii'Jt.:ult tu t·orrL· .. :t for. 

Tht• .. tJIL'Illt'lll thJt thL· d;tl:t lllu.,t ht· r .. ·pr .. · ..... ·nt:.JIP.:t' nll':Jns.. lor t':\:.IIJJ¡llt·. tllat J: 
from nnly unu:-.ually WL'l or df) pt·rioJ:. ,IHHdd not ht• Lls.l·d alollt' a::. thb will h1a::. the, 

'\ulto;, of tln· analy:.i'\. lf thert' ar .. · unly a fL·w yt·ar:. tll n:..:ord av:lilah!t: for analysis. t 

d~;mL· ... .., art' !!OOd that lhL' tl:lla ;Jft' not r..:pr .. ·s .. ·nt;,¡IIVL' of tht• long IL'flll v;_¡riabilit>· ti 

at"tu:dly .. ·.-..isb. Tllroughout thi:. httuk 11 i:. :.~ ..... umt·d thJI thc data bcing ronsiJcrt•d ; 
IHHnugt•nt·ou.., and rt·prt·, .. ·nt:Jtivt·. 

Th~..· L'tlllL'L'Jll uf thL· n·turn pniod o( hydrohtgiL· L'VL'nls. nl'eds. to bt· un~.krsto 

lwt'ort· pro.:o..·t·ding. Tlll· TL'turn pt·ri .. HI is do..·fin~..·J as tht.· avcragt.· dapst•d time bt·tw~ 

th.:..:urr..:n..:o..·:-. of an l'Vl'llt with u L·L·rtain nw~nituJ .. · or grl'Jkr. ¡:or L':>.amplc, a ~5-yc 
j)L';¡f., di..,,_·har);!c ¡.., ¡¡ Jis.ch;trg .. · that ¡.., o..·quakJ or L':\L'l'edcd on thl' averagl' oill.:c l'VL'f)' 

)'l'.Jf.., owr a long. pcrind of time. 11 llol's no¡.lliL':.tll that an l'Xl:L't'tlanct.• on:urs. C\'CfY. 
)'l'ar .... but thut th~.· avo..·rag .. · IÍillL' hl'twccn L'X ·'ccdanCL'S is ~5 y~.·ars. An excel'tlanct' is. 

.. ·vent with a mag.nitudl' equalto or greatcr than a t'~o·rtain value. 

Somctim .. ·.., thl' at'lual tinw ht·twccn cxccctlant.:L'S is called the rccurrcn:::c interv 

\\'¡th thi:-. dcfmilion for r~..·.t.:urn:nt.:L' intc:rval, th..: ¡¡v~..·ragt• rccurr~ncc intt:rvi.ll for a ~:ert; 

cvcnt is L'qual to thc TL'Illrn pcr:od o!' thatcVL'nt. In this book, n:currcnce interval is u~ 

in thl' s.am..: St.'llSl' as rl'lurn pt·noJ . 

01' cour..,l', tht· t·onL:cpt uf rl'lurn pt·riod ..:an abo be applied to low flows, drough 

shori<Jl!C", d..:. In this l::l:-.t' tht.• rt·turn pl'riotl wuuld ht· thc average time bl'twecn evet 

with :.t l:L'rtain ma~uitudt· ur ~t- .. .,. Sud¡ an ~.:vt.:nl might still he t·allcd :m cxcccdance in t 

:-.~..·m .. · tltat tlw 'l'YL'rity of a Jrou~hl t':\l.'l'l'tl::. ~Lllllt' prl'SL'I IL'VL'I. 
lh·g;nJk:..., of whetho..·r thL· JL'Iurn pniod is rdcrring toan cvent grcatcr than SOl 

\·al u .. · or ltl an L'VL'nt les.., than :-.oJtlt.' valuo..·, thl' n.:turn pl'riod can be rclatcd toa probat 

ity uf :.lll ~..·xo..·L·L·dant.:L'. lf an o..·xc~.·edant.:t.' OL'l'Urs on thl' average once every 25 ycars, th 

tllc proh:1bdity or dwnrc that lht• l'Vt:nt o~.:~.:urs in ¡,¡ny given ycar is 1/25 = .04 or 4 p 

ct·nt. Prohahility, p, ¡¡nJ rcturn pc:rioú, T, are 'thu!l rclutc:ú by 

1 = L r 
Thb ,.., ;¡ fundatno..·ntal Jdinitton in ~tatistical hydrulogy. 

(l. 

·¡ h~· ,·pn~·L·pt ol a r;,¡ndom ... ampk is u!:.t'J thruughuut th1~ hook. A ... arnplt' rnight · 

¡IJ,,u¡.:ht ol :t:-. ..t ..:oiiL"clwn ul ohj..'..:ts. .-.dt:ctl.'d J'rom ;,¡ larga collection of tllt's.c s.:.tmc e 

1\'t.:h. Thl· I<JI'¡!L'f .:ollt.·¡,:tauJ uf 11bil'L'h. if it ..:ontain:-. :111 uf lhl' objccts pos.sihlt:. is .:aH 

thc pupulation. For L'X~nnpk. 20 ~ ~·ar ... of pl·,Jk Oow data from a ccrtain river is a !.íllllJ 

of tht· pos.~iblc pe;,¡k llows. on tht.· nvl.'r. A r;,¡nJom s.ampll.' Í!. on~ that is select~d in su 

a f:.t~hion Lhat any othcr sampk ..:oultl huw rcsultcd with equal likc:lihood. ff the ; 

)'l':.tfs. of p~..·:..~t.. Jlow d:..~ta :.tfl' niJlsido..'rl'U a r<.tJhlom :.amplc:, lhen one is assuming that the 

::o ycar.., of dJta ;.~re ju~t <t~ JJj..l'iy a., any othcr pos.s.ible 20 years of data and vise ven 
'• 
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mu~t r~.·;..tl pruhknh im,,h~,.· mu!tipk ~:.pc..:ts.lob ofdat<.~. ;.¡nJ m;.¡n~ ..:on~id~.·ration:. otl11.:r 
than ::.t:Jtistical. R<Jthl'r !han ~l't Jn\'l)]v~,•J in thcsl.' othcr Ílllp~o.lrtant a~PI.'•.:b. nL.my uf th~,.· 
cxampk::. ¡¡nJ probll.'nb an: i~.t~..·;,Jizations of real shu¡,¡tiuns. 

Sin~.·..: the e.-..:en:be:. wnc seh:.:tt'd as a karning aid. it will be instmLtivc: tu :JI k•ast 
fl'¡,¡J lht' probkrn:. al th~o.· L'nd uf ..:~.H.:h ~.:haptcr. Many of tlh· prohk•nh pn.•scJH u:.cful r~.·­

:.ulb t!l.Jt ~uppkin~.·nt tht• 11\:Jterial in that ..:haph:'r. 
\1any oh:tu~l probk·m~ in hyJrology rcq!lirl' consit.krahlc •. :omputation. Digital com· 

puta:. .u~.· lhl.'d for this purpow. Sp~.·cial statbtkal·nUtth:ri.:al ¡'ro..:t•dur~.·:. ha\·~.· h~.·~.·n ~.k­

\'dopl'd to :.implify thl.' •. :omput:Jtions invoh·~.·d and impro\'t' thl' :.Kt:ura..:y of thl' rl·:-.ulb 

ubtainl'J frum lll<~llY of thl· :.ma\ySl'S prl'~l'ntcd in this bouk. Tht'sc pro..:t'durl..'s arl' not 
prol.'ntcJ hae. R;..~tht'r tlh.' cmphasi:-. i~ on tht• principks invo\v~,:J. Tht' nwltivariall' lt'l'h· 
llllJUl'~ of dlapters JO. 1 ~. 14 :.md 1 S oftcn fl'quirt' l'Xtl'nSÍ\'l' l'alculation and l'On:-.idl·r· 
:.tbk effiL·il'rKy is gainl'tl h) u~rn~ spl·cial purposl' pro~rams inL·orporalin~ nunH·ric:JJ 
shur!L'llh anJ s:JÚ'gu:.trds a~ain~L roundoff crrors. 

hrJ:.tlly thl'fl' are rn:.tn~ importan! arl':.tS of statisti'cal an:.•lysrs app\ic;rhk to hy­
drolo~~ that Jfl' not induJl·J in this hook. Thl'Sl' ornitkd kduliqul's for tlh' most p;rrt 
rL·qurrl' knowlo.:Jgt' of thL· mah:ric.rl containcJ in this hook bl'l'orc thl')' c.rn bl· <tpplied. 
for t''-Jmph: B;..tyl'si;.¡n Dl't:i~on Tht"ory. whil:h is notl·ovc-rcJ. fl'lJUÍrc~ a thorough knnwl-­

cJgl' of mud1 of thl.' Jll:.tterial that is ..:ove red. Thus this book b an introdur.:tion tosta­
ti~tiL·al rnl'thoJ~ in hyJrology. Furthcrmorc thc hook is not inh:ndt'd :JS a h:.mdb<Hlk ur 

:.tatbliL'al ··coo!. .. :l'ook" for hydrologists. The putpose of this book is to cnabk th~· rl':Jlkr 

to h~·nn apply statis.tical methods to hydrologic problems through a knowh.:d!!c of lhl· 
flll'thoJ~. thcir (oundations and limitations. 

2. 
¡: 

Probability and 
Probaqility 

Distributions­
Basic Concepts 

1\Y DRU LO<; JC PROCJ·:SSLS m~y lw ti¡:P.-IJ!!Ilt of :..~s sll>~hastic pro~t'SSl'S. StodliiStic 
in thi~ s~·nsc mcans involving :..1 variall' <~1 l'<rr.:'fl instant of tim~..: whcrc thc variatc is a vari· 
abk th;1t may takc on ah y of thl' v:..~lm•s l)f a s¡h:~·ilit•d Sl'l with a cert:..~in probabilit}. An 
cxampk• of :1 !o.loehastic: hyJr.o\o~ic pro..:t·ss Í!o. lhl· arnlllal maxinntm daily rainfall ovcr a 
paiod of scvaal yl·ars. lk·rl' tlil· in:-.t;Jilt uf tinw would b~· onc ycar, thc variahk would 
hl' lhl· m:D .. imum daily rainfall for ~·;tdl )'l'ar and thl· !o.¡lCl'Íiil·J St'l would be thc set of 

positiw lllllllhl·r~. 
Thc tn..,tartt;llh'!HI" m;•xrnwru Pl';rl\. tlU\\ l'h:.ervl·d during a y~ar wouiJ be another 

l'.\:Jmpk uf ;1 :-.tu,:h••:-.tJl' hyJrolo~i~· pro~..·l's:-.. Tahk ~.1 conl:.tins sul·h a listing for the 
h:l·ntuL·k) Rivl'f near S;,rlvi~a. 1-\l'JJIUl'l\.y. By l'.\:.lllHiling tlm tahh.· it can be sccn that 
thl·r~· ~:-. ... (lam· ordl.."r 10 thL· \:.dUl's yl'L a !!fl':.tl Jcal of rant.Jomncss cxists as wdl. Even 
tlrou!!h thl· J'l':.tl\. tlow for cad1 of llll· f1h ycar!'. is listcd, onc cannot estímate with cer· 
taint} wllat thL· Pl'<Jk 11ow 1"01 JlJhl Wa!-.. From thL' tabulutcd data onc ~,;ould surmise that 
tlll· l9ld pl·:.tk 11ow was "pruh<Jhly" bctwccn :::!0,600 ds and 115,000 cfs. Wc would like 

to bl· :.rhk· to l'~tirnall' thc magnituJc of this "probably". Thc stochastk· naturc of the 
phll'~·s .... lluwn'l'f, llll'ans th01t Olll' can ncvcr L'Stimatc with ccrtuinty thc cxact value for 

thl· proL·l·ss (pL'ak dis~:hargc) h01scd sokly un p<.~st obscrvOJtiuns. 
·¡ ltl' lk!"nution of stod1<rstil' givcn OJhow has ~Oijlt' th~·oil'lH.:al drawhOJL'ks as wc shall 

se e. 11} J rtllogrl prnn'!o.!o.l'~ arl' L·untinumts prol'l'SSl'S. Thl' pwh:..~hlilly of fl'Jitl.llli!. a given 

v<.~!Ul' fron 1 a .,;ontinut~u~ proh.rhillt~ dr ... tnhution 1~ ll'ro. Thus tht· prohabihty that a 

variable will t;tkc on a t.:crtain valuc frorn a spct.:ilict.J sl'l l!! z.cro, if thc v;.rri:..~blc: is c:ontm· 

uou'>. Pral"lil'ally this prl'~l·nb no pruhlcm sin..::l· Wl' are ~cnaally irlll'H'!-.It'd rn thl' proba· 
hililÍl'.'> th:..~t lhl· varia te will hl· 111 SOilll' rangl' of valucs. Fur tnstance Wt' an: gcnaall) not 

irllt.:fl'sh'tl in thl· pruhahility tlwt thc llow rall' in :J strl·am will be exactly 1000 cfs but 
ma~· tk~Lfl' !(1 l''>limall' thl· probahility that thc Jlow willt!XCt'ed 1000 cfs orbe less than 

IUUO d:-. ur hl'lwn·n 'J~O and 1 ~00 ds. 
V. rth thi:-. introduct1on ~l·wral l·onr.:cpls sud1 as probahility, continuous and proba­

biltl) thstrihutioll h:..~vc hccn introduccJ. Wc will now Jcfmc th~:se con..:cpts and otht'rs 

' 7 
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T:Jhk- ~.l. 1\·:Jk L11!>L'h;HfL'~ t .. :f::d. h:~·ntu •. :lq Kiwr. llL':Jf S-..1\·¡:-,:J. hL'JÚud,:y 
t ~kC:.th ... · 1902 1 

----------- -----------------------------

1~95 4 7.300 1 IJ 17 111.000 1939 X4.JOO 
\}(¡ 54.400 lh 71.700 40 45.000 
•17 k7 -~00 1 <) 96.100 41 2};.400 
¡,¡~ 115.700 . 20 92.500 4~ -lh,OOU 
•)4 9!.500 ~ 1 .14.100 43 MHOO 

11JÜU 53.:\( j(J " (l<J .uoo 44 5 S .OliO 
01 11: .til.!_O ~::t 7.,.400 45 7 2 .•Jou 
02 70.uuo ~4 lJ9.100 "' 71 -~11(1 
03 oo.'IUU 2:1 ?l} .:uu 47 -tll./'\01) 
04 .14.7UO ~() h2.h00 4X X-l.llltl 
05 5r>.Ll00 c7 93, 7UU 4') h 1 ··' 1 JO 
U<< 4 7.000 ~t-: tll'i. 700 50 ~p. lllll 
07 (16,300 2lJ XQ.IOO 51 70.5011 
ux SO.lJOO 30 J2.JOO :"2 77.7110 
U•J xo.ooo .11 43.100 53 4-L2UO 
IU 52.300 3~ 77.000 54 2U.l100 
11 58.000 .13 53,600 55 X5,tlll0. 
1 ~ h7.~00 34 70,~00 56 ~~.900 
D 115.000 35 89.400 57 H~.700 
14 4(>.100 36 6~.(lÜ0 5X (¡().~()() 

1:\ 5~.400 :n 11 ~.000 :\'J 40..100 
lh ~~4 . .:wu .1x 44.0UU hÜ :\0.:\U() . ···-----·· -- -·-·-·-·--- --

a~ a halli!> fori:on:.idaing ~tatistkalnh:thodS in hyllrology. 

I'IHJHAHI LIT\' 
In tilo..· math.:matil.:al J ... ·,·dopn;l'nt or prohahílity tlwury. tht· ... ·on ... · ... ·rn ha:-. hn·n 1wt 
:-.t) lllUcli how to ;,.¡~sign prob:.~hility to o..·vcnts. hut whatc:.~n lh• donl' with prohahil­
itr onl..'o..' tlw:-.o..' :.~ssi¡:nm.:nb ar ... • maJL·. In mo~t applil'd prohkms in w;Jh'r rcsourl..'t·s. 

tltlo..' llf lht..' IIIOSI llllj10f1;Jfll and dift'it'ult tuSkS h lht· lllÍIÍ:.J] aSSÍ!!Illlll'Jl\ nf prohahiJit)'. 
C'un:-.io..krahk tim .. · i:- tkvut.:d in thi:. hook tu tkh:nuining lht• p~ohahility that shou!d 
hl' J:O..,I¡!IIl'J llt l'\'l'llh. 

·¡ ho..• o..kfnutwn ot' .. prohahility" h:1.., ht't'll bhoro..·d lWl'f for m;,¡ny Yt':Jfs. On.: d.._·iíni­
llllll tlt.ll 1" l'iJ"~ hl ~ra ... p 1:- th.._· •. :JJ...,:-.i .. :al or a JlflllrÍ Jl'llnition: 

lt .1 r.tlhlulll ~·\l'lll .:;,¡n ol..'l..'ur 1n 11 cqu:dl~ h~d~ .md mutually t..'\dusl\'o..' 
"'"~"· .tllli 1t' n~ ot' th~·:-.o..· w~}:-. /¡;,t\l· ;111 :.llnhull' A. tho..·n th ... · prohahilit~ 
11! tl1o..' oú'liJ'fl'il..:o..· ul tho..· ,_., .. ·nt l~oJ\'Ínf attrihutl' A is n~/n writt~·n ;_¡:-; 

pr.•ht A 1 = n n { ~- 1 1 

J'l¡¡-, ,! .. ·tinlllull Í'> .111 J prilHI .JdinJtÍOil iWC;Hhl' 1{ J.~-.U/11\.'" fii.JI Ol_h''t...l/1 dl'llTillllh' 
h~·¡l,r .. · ¡!¡,_· 1., ... ·1 .di o~f tll,· o..·.¡u •. t!t~ 11~.-l~, .Jild Jllulu:dl~ .... ..,.._·111-.1\l' \\,1~~ th:Jt ;111 .·v~·nt ~·.tn 

tll..'l..'ur .111d .tll tlt' ¡IJ,_· v.ay:-. 1!1.11 .111 n .. ·nt \\1111 ;Jltnhuk A -...lll o...-..·u¡. 'lllv d..-lltHIHIII ,.., 
MHIIo..'"'h.n di!..'UI.u 111 that cqu..Jil~ likd) h .Jilnt!Jcr V..J~ ol -.J~ ÍIIJ.! .. ·qu.dly prob:1bk ;,.¡nd 

I'I~UII-\BII I"IY 

" ~1.00 
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H, T, T, H, H, T, T,r, T, T, H,T, H,T,T, 

H, T, H, H, H, H,H, T,H,H,H,H,H,T,T 

------- -~~-~-~-
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NUMBER OF FLIPS 

.lp. 2.1. ('tiLH !lippill}! l''\jh:nllll'lll. 

\\ ~· o..'lhl up u:-.ing tll~· word prohahk to ddÍih' pruh;JbÍIJt~. 

., 

Tli~.· d:J.-.:-.i~.·aJ dl'finition uf prnhahilily takl.'~ un nHHo..' utility in hydrolog)- in tcrm:-

lf a random l'\'l.:nl oú.:urs a largc numhL'r ... ,f IÍilll'S 11 omU tlw L'Vt.'lll has at­
trihutc A in n~ of tlu:sl.' lk't:-lll"fl'll\.'1..'!>. tlh·u thl' prohahility of tlh: Ol..'t.:ur­
rl.'llú' uf tht· t'VL'Ill ha,·ing uttrihutt• A is 

1 Ílll i 1 
phlhtAJ"" 

11 
•• ,.. n~in 

·¡¡,,. ¡.·l;~!¡v,· fro..·q¡,,·,ll"~ I..'Oih .. ·~·pt uf pr.,h;dldll~ 1:-. th,· :-.o..lllf!..'t' uf tht· rl'lutinnship 

)!Í\'l'JI in ( 'h;,pt..:r 1 ht'l\\Yt'll thl' rt·turn Pt'JJod ·¡ uf -.no..'\ o..' lit and its prohability of O!..'t.:Ur­
r ... ·n~:l'. 

Tho..·st· two Ud'inition:-. of' prohahility o..·an tw illu!>lf;Jll'd hy ... ·onsidcring thl' prohahil­
ity of !!t'IIÍil!! a .. l~<.:aJ" in :1 singk llip ot' ;1 ¡;oin. Ir wo..• know a priori that thl.' l..'oin is b<.~l­
:mcl'd :md not hiased toward "ht·:ub''.or .. Liib'', wo..·ean apply tilo..• lírst delínition. Tlu.·n: 
art· :! possihk oUI1.:nm~..·s- hL'ads or t:.~ils- ~o n is :!. Tht·rt' is Olll' outcomL· with :.1 hL•aU so 
n. is l. Thus TIIL• proh:Jhility o_f a hL'<.Id is ~·!.· lf the coin is not halan.;L•d so 'th:H thc two 
oukomes art· not o..•qually 'likdy. w~.· cuuld not uso..· tho..• a priori dclinition. Wl.' had to 
know tho..' ansWL'f tn our qul.'stion bd'oro..· wc l..'ou/J apply 'thc a priori dl'linitinn. 

Thi~ i~ nnt th ... · !..'ase wht•n tho..· rl'lati\'o..' fl"l'l]llt'lll.:)· dl'línition is mt·d.· Ohvinusly WL' 
..::mnol llip lho..· o..·oin an intinik numho..·r ut' tinll"ll. Wl' 11~\·l' hl rl'~Ort toa fm1ll' ~amplo..· of 

llips. ¡:¡¡!.llfl' :!.1 shows how tlh' l'Sinnak uf lhl' pruh;~hilit~ of a h ... ·ad .. :hanpt'!> a~ tho..· 
numh~·• nf tri:.d~ tllip:-.1 ..:hangt·~. ·A lfo..·nd tow;.¡rd ': 1:-. lh•to..·ll. llll!> i:-. ... ·ulkJ :-.locha:.ti ... - .._·un-
\'o..·r)!o..'llú' 111\\:Jn/~ ':. <>n ... · qu ... ·~tll'll lh;,¡¡ llll,:!hl h ... · a~~o..·d h. ''1:-. tilo..' ... ·u1n UJih~<J:-.l'lf·•·· ()¡J,_., 
JllJIJ:JJ ro..·ao..'iltlll "thal IIHHt..' ln<~l.'o .• 1ro..· n~·úl .. ·d. Thi~ 1s tht• pl1)!hl of tho..· h}tlrtJio..l}!l:-.1. lk 
lll¡jl1\ llllh'~ lll'\.'lb IIIOfl..' tnaJ., Or olhl'f\'allllll!> but Joo..'!> 111.11 h.IVl' !ht..lll i.i!lJ \.,HlllOI ¡.!..:! 

lht·m. Still tlh· Jat:.1 do~..·s not ..:h.:arly mdi ... ·:Jh' a sin)!k ;¡nswer. Thi~ i:-. wh ... ·r.._· prnh._d,JIII}' 
:mJ lii:JIÍ~\Í!..'S t..'OIIll' tnlu pJuy. 

l:qu;Jtion :!.~ all11\VS u:-. lo l.'slim;¡t..· prnh<.Jhiliti ... ·s h;¡.,.._·d llll olht'rVation:-. and dol.'~ no! 

ro..·quiro..· th:1t oukum .. ·s b ... · t·qually li~dy or th;tt·lho..·) ;¡ll ¡,.._. l'llllllll'rah'd. Thb :Jdv;tlli:J}!o..' 1:-. 

SOtlll'Wii:JI olhl'l 111 th;Jt o..':.timalo..'" uf pruh;Jhility hawd tlll uh.,l'fV;JIÍoll:-. <Jfo..' l'lllflÍfll';d ;md 
wiJI only :-.tocll:J-.IÍI..';ltly ~·onh·f!!l' \ll th.._· lflh' j'hlh;thility ;J.\ !lit' 11111llh...-r of uh-..._·n·utltJil\ 
ht·o..·unws I;JIJ.!o..'. lt l\\'t) tlldo..·p ... ·m\,·nt _, ... ·¡~ tl!' tllhcTLJIJ•IIl:-. ;¡r.._· :J\:JÍ]ahk ¡..,:llllpk-.1. :111 .... ,,,. 

mah' uf tht· pr.•h.thílil~ o!' th .. · ,_·\o..'lll /\ l··ndd lw dckt11111ll'd from t';Jo..'h -.l'l u\ ,,¡"l'T\'OJ-



JO 

livn~. Th~·~L· 1\\LJ •• :~IÍ!ll:Jil'S ul"ph•hlr\.1 \\ou!J notn..:~·~,_·~,.Jril~ n¡u:JIL···~·JJ tllh~,_·r JloJ \Lotdd 

.:ithL'f L''ltllll:Jh' nn:'-·:.~.Jril~ L'l[tl:.d lltL· lrut· tpopubtltll\J pr.JbJ.-\1 h.t,,·d <~ll ,111 111 !"1n1kh 

brg .. .- ~;_¡mpk. Th1;) JikmnL.J r,·,tdb 111 ;m ÍlllpL•ri~nt .JI"L';.¡ u( ._-.,ll,L'rll lu ~~~ drPI~t)!Í'h- h••l.L 

lll.Jily Oh:'>L'T"\':JIIUib ;J[l' fL'l[UÍr~o•d {O prodUL'\.' "JL't'L'PLJhk" <.''IÍIJJ;J!v' IÚf iilL' pruh,Jhdi!JL'' 

uf 1,_'\ t'!l ts? 1 

Frutll L'illl~r r.:qu:.llinn ~-1 or 2.2 11 .::.!ll h~,_· .-.,·~,_·n tll.JI lllt' prtJh:Jhdi¡~ ,,·;Jic r:lll)!L'" 
(rum tao to LHh". A probJhilit~ ol l.l'ru llh.'Jib '"nc:trl;. ·· ÍlllJ'"''ihk :Hhl :1 pnd,:1 hdJI~ ol 

unt' lllL':Jih ": .. dnhl~t'· l"L'riJin.: SLHlh:tim~,_-, proh;_¡hiiJt) ¡, ~.·xpr~,_·:-.:-.L'd :1:-. ;.¡ pl·r~..·~,_- 11 ¡ ch:illL'L' 

wllh J ,L·: .. d~,.• r;.~n!!ing from O -IP JO(J po,:r .. :~·nt. C:..~r~· tllttSI h~· !;th·n lt• in,ur~· lh<..tluth' du~·.., 

lhll .:un fu~~· tht· pt.·r~t·nt dl<..tll<.'t' \~.tlu .. ·~ \~Íih lntt' pluh<..thdtllt'"- :\ prol,;lllilit) of J i:-. n•rr 
J¡ff .. ·rt·nr fr .. 1m <..t 1 P'-·n.:\·n1 .. :ll:tn._-,. t~f t•,: .. ·t¡rr .. ·nc .. - ;¡.., trh· fDnth·r illlpli,·:. 1h .. · ... \ .. ·n1 \\·iiJ 

'':..~IIIIU"t" n·rt<..tinl) hap¡wn Y.ltik th .. · l:ttll'f tllt':Jtb 11 \lill lt:•ppvtl ~,u¡Jy 1 IÍIII\' in 100. 

In math .. ·m:.~tio.:al statistk~ :.~nJ pnlh:Jhility, ~d and ln,-.,:-.ur'-· llh·ur) ar .. · tho.·d 111 
J .. ·Jinm~ :.~nJ maJHJ'ulatin!! pruh;¡hJiitÍl':.. Cun:.idn th;.~t :m "''Jll'fl1lh.'lll "'an~ 1'1••~-""" lh;¡l 
gl'llt.'T:Jil'~ v:.tiUl':. uf- r<..tnJllm V:Jriahk~ .. -\JI po-.:.ihk t•UkUllh.'" of .111 ~·-'J'l'flllll'lll ._-,.n .. tituh· 
lht.• .. :unpll' sp:Jll'. Any p;¡rtintl:ir JlllÍill in tlll" sampk • ., :1 .,;wtpk P•lint ,.r ,:klll'-"111. ·\n 
t'\l'/11 j~ ;.¡ t'liiJl'l'liOilt..lf dt.'lll<.'lliS ~1\0WII a:. a Sl'l. 

1·\.unpk ~.1. Th .. · Ji~lhar¡!t.' of thc 1\,._•ntu..-ky Riv,·r llt':Jr S:ilv~:o.;¡ ll\l"r th .. · pn¡od of a y,·;¡¡ 

t.:an bl' ~:un~iJr.:JnJ a~ an l'Xjll'riment. Thl' S<..tlllpk· spat'<.' rt']lll'"'-'lliÍn¡! :tll Jltls-.ihk uut..'tlllll'~ 

uf tll~· l'.\p~·riml'nt would tw the pusiti\.·,· nunthns. Th .. · po .. sihk annu:il llla.\imum dis­

..:har!!t' Jl•ring tht" yl'ar .. ·ouhl lll" considn .. ·d i.IS l'! .. ·m .. ·nts or s:~mpll' points in !h .. · s:~mpk 

~p~.._:_::~-~-l.!__a~l_!_!_~:J! Ji~~·!¡ar~~i-~h..'!._\'Y __!_ q~-·~_q<-!__~~~Y_l_!~~~~~- ~~·p_r~:~ .. ~nl_ ~~~ -~·~·,·~1_1. 

To eat.:h dl'ml'Jll in th .. · sampt..· -.pa~..· .. · uf an l'"-P"'rim~..·nt :t ntHl·nc!!:ttih· w .. ·i¡.dll ¡, 
a!>~Í!!'OI!'J ~Udl !Ita! tJ\l' "UIIl of lh~· \\t'l)!hl.., llll aJI 11f llll' ~._·klll<."lll" i:-. tllh', '('l¡~._· lll<l!!IIÍ!lld,• 

uf th .. · Wl'l)!ht i~ proporllon;d ltl ¡/¡,· likdilllHld lhal ¡1¡,· ,-:-,pl'flllll'lll \\ÍIII\''1111 111 ;¡ p:11· 

ll<.'lllar ekml'nt. lf ail l'icllll'lll 1:. ljlllk liJ..d~ hl o~..·,·ur. that ~..·knt .. "lll would ha\t' .1 \ll'l;!lll 

of 11l':JT Oll<.'. lf ;m ~..·kllll'lll W:J!> quilt.' unlikd~ lll Ol't'ur, lhat d .. ·m~..·n¡ WtHdd h:nt' ;J w,·i~ht 

uf lll'<..tf /l'TO. h)f dt.'llll'llb oubidt" !f¡,· ..,;nnpk .. p:¡ .. ·,·. a w,·i}!hl uf /l'rO ¡., ;¡.,.,1)-!lll'ti. 

Tih' Y.t'iJ;hb a~ ... l¡!llt'J lo thl' t'klllt'llb tlf ¡]¡,· -.;unpk -;pa..-,· aTt' J..nown :1:-. pnlhahil­

llin. Lt.·ttmg S rcprOL'Ill lhl' .. :unpk -.p:J.:l.'. 1, fur 1 =l. 2 . .... lt"Pft'"l'lll .. ·kllll'llh in S. 

A <..tiH.I U f<.'Jlfl'~t.'nt l.'\'l'llb in S. :JIHI proh( L,) rt•prt·:.~·nt thl' proh~thility of 1 ,. it ftlllt•\\'" 

that 

l. 

, 

O . pruhtl·:,l :__1 

S= u l 
' ' 

As shall bt" :!!ohown l<..tter. tht' pwh¡¡hilit~ of ~ p~rtkubr Lilu .. · of ;¡ r:mdom \·;tri;tbk 

ht·in¡; drawn from a ._·ontÍJltlou:. prohahiilt) di:-.tri[lUIH•n i~ lt.'Ttl. \',·¡ in .,;unplin~ 

:,Ornl' \'aiul' 1uust lw -.d~·ct .. ·ll. Thl·rdor .. · t'\l'll flhtuJ!h tll .. · prnh;thilil~ ¡., /~'fll. lit,· 

t'\'l'lll.does_h::rlwn. S1111il:.irly Ihl· proh;1hilit~ o!' tl<tl J-!l'.lflll!~ lli:tl \:Jiu~·¡,' l.,-,., lit~-) 

''\ll'lll uf nut ~dllll!-! 111<.' \;du .. · du,·.., 11111 h:tpp .. ·n. ·¡ h1.., h \dt~ th .. · ad_iv,·tn .. -.., "n,·,¡rJ~ .. 

.JllJ "almust" o~r~.: u, .. -J \\Íth IIIIJl(l·,-..thk ..tnd <.'l'l'lain. 

. 

:.tnJ 

( 2.41 

A = u:•. m F 

and ~¡· 

1 c.Si 

Th~·~~·útn~.:~..·ph <Hl' illustrall'd in l'i~un: ~-~a-. a \\•nn Jiagram. 

li-.ill!! nui;Jtion fn.1111 Sl'l lh,·or;.· :..~nd \\·nn díagnm~ . ..,t'~l'ral proh:Jbili~tic r .. ·lation· 

ship~ .. -,m h~..· illu~lr:11<."d. lf A and B ar,· In-o l'H'Ilb in S. filen thc probahility of A or U 
~hown :t ... tht.· -.had~..·d art.'a of figurt" ~-3 ¡.., ~Í\'<."Il by 

prub{A U Bl = proh(A) + prohtlil- prob(A fl8) (~.61 

Nutc_lhat in proh<~bility the wonJ ··or" lllt'<Jns "eithl!'r or both". The nolation u repre· 

Sl!nts a un ion so that A u 8 rc~lrest·nts .all clements in A or B or hoth. The notation n rep-

Fig. ' , 

etc. .. 

.'fija ··: 
,. 

. . ' 

S 

Vl·nn diagr<~m illustrating a s¡¡mplc space. clcments and cvents. 

• ·1 AUB 

1!!- 2J. v~·n11 di;t¡_!r;llll .. t1owm)! !\l1B ;¡JHI Arl H . 

• 

S 



. 
~· 

ro~..· 1 Jl~ '.111 'mt,:~¡'((Ílln ~o th'.li :\11 B lt'jlft'-.t'llh ;di ~..·kllk'llh 111 httlfl .-\ .u1d 11. 1 In· 1.,~¡ .. 
lt'rlll üf ~..--.¡uJ!hlll ~.11 b nt·t·d~..·d ~Jn~..Y l'~'~'bl..\ 1 :tnd pntllt B1 llttlll Íll~..-ltt.ll· Jlt'l•l'l \ ·• U 1 

Thu~ prollt...\IIHJ tllu-.1 ht·:-uhtr..~~..-_h'd t~lkl':'lt'llh: nd r.- ... ultl~-••111\ "llt'llh."lthtnll ,.¡ l'lttl\ 

¡,..\IIU¡ un ¡IJ~,_· ri:-:ht h:111J :-.hk ,,¡ th~.· ,·qu:l\11'11. lf :\ .111d H .1ft' LlllllU.dl~ ~._-,~,_·J¡¡"I'.II_,~._·u 

hut11 ~..·:mnul u~..·,:ur and pruhl :\ ' 1 B 1 = tl. In 1 hb ~..·:..a:.~.· 

pruhl :\ L· B 1 = pruht A 1 + J'l•_lhl H 1 

¡- 1!!urt· 2.2 itlu:-.lrJit'" tllt· t'J.,t' t\lh·r~· t'Vl'l\1 .-\ :1nd B ;¡f'\" illlllll.dl~ ,.,,ltl:·oi\•' wl11k IJ;.!IHL' 

2.3 \!lu\t., .-\ :.~nd B wht'll tht·~ :Jft' n<~l llllltuodl~ ,-,~·Ju..,n,·. 

J¡" A· rt·¡n.·.,~·nh :di dt"lllt"ilh 111 !lit· '>:JIIIPk .,p;¡,·,- S 1h.ll .11"<' n~>l 111 .\. tllt'll 

pw(HA U A'" 1 = 1 

Tiu:-. !>I:JI<..'IIIt'lll !>J~ :-. thOJt tllt· pruhOJhilit~ üf :\ or :\• ¡., t"t'rl:tÍill~ '>Íilt'l" om· •'1" lllv ulht·r 

mu:,t ucl.'ur. Allof lht' po .. sihiliti .. ·:-. h:1Vt' h .. ·t'll t•Xhaush'd. Sillú' .-\ and tV :Lrt· HLIIIlL;dl~ 

1.".\dUSÍ\'C 

-probtA l; A•·) = prúbCAJ+ J1HIII(J\'" J= 

11r ..,~... ha\'t' tllt' v..:ry us .. ·ful rcsult lh:Jt thl.' prüh:1hilit~ uf .111 •'\t'Fll :\ •lt."t"ilfrin).! 111:1 !:ttl~ 

dümt'.\pcrim .. ·nt is 

LljlJJtion ~-7 nwn} !ÍIIlt'" JII:IJ,;l'' il t';¡o;~ 10 t"V:du:tlt' pH,lh;Jhilil~ h) lir.,l n:du.lltzl~ ilh· 

prob:~hiilly an tHJil"tllllt" Y.'Íllncll tlCt"llr. A.:,., J...¡u,wn ;1:-, !lit' t"tHnpklllt"Fll ttf .-\. 

Jf thl· pruh:.~hllitr or ;u¡ l"\'l'nl B dt'¡ll·nd:-. tl/l 1h~.· ut·t·urrl'l~t· .. - ,,¡' :111 l"\,'111 ,\_ ilh·n \\," 

wrilt: prol)( B! A 1 and ~a~ lht· pwh;¡hilit~ of B ¡_!iwn lh.Jt ,\ h;t., ~~t"t"tlrft'd. Tht· pn,hl B! ~ 1 
¡~ :.1 t"onditü 1uJI prtlh:..hilit y. Tllt" pn1h1 B 1 ¡.., t"tlnditwnt·d tm 1 J¡,· t;,.._·t 111:11 :\ h;,, • 1t"t'ill"l\"d · 

Rcfarin~ tu tip1rt' 2.3 it ~~ :.~pp:.~r~..·nl th:.~t ,,:tHhlitHinin~ 1111 tl1 ... •Jú"U/Tt'llt"t" ,,r :\ r,·..;tlh"l"' 

..:onsidcr:.~t 101 ¡ tu A. ()ur tot;¡J :.:unpk :-.p:.~t't' ¡., ¡hm· A.·¡ h .. · tlt't"UHt'llt"t' ,,f H ~¡t,·n tl1:11 \ 

has oct:urrcd b n:prt·~t·nkd h)' All B. Tl1us lht· prtlh( B !--' 1 h giwn h~ 

probtBj_AJ= pruhtAIIUJ/pruhiAI 

;.c:-...,. 11 m 1ng of ..:ourst· th:~t ¡Hub( A/':" U. h¡uation 2.X ..::111 ht· r~.·:¡ITJII!-!t'd ltl _;!1\ e lit .. · t 1rtlh:thil­

ity orA antl U u~ 

probtA JIHJ =' probl A 1 pmhtU ¡,\ 1 

1\t)W if proh!U jAJ = pruhllil. wt· .;.:.¡y th.:11 B ,.., 1/td~·p,·l~•klli •ll -\. Tllth f¡q lthkp\·tld,·ni 

l"\'r.:lllS 

probtA n B J = probl r\ 1 pn 1ht.B 1 

PIUlll·\l!lliiY 

-F.\:Jillpk ~.2. l:..,in)! th~..· d:t;.~-- :-.hm\'n in- l:.~lllt• ~-1 ~..·:-.tinii.lh: th·~..: ¡;rt~i~~~lÍiit~ lllat a pt•ak 

lltlW in t'Xú'"" 11f 100.000 ¡;f .. wdl th.·~..·ur iu 2 suCl't'!):.ivc )'l'O.lr!) on tlh· h:t·ntud;} R.iva nc<.~r 
S;.¡h·i:.a. h:t·ntul:~y. 

Sulutiorr FnHil l'.lhiL· ~-1 itt·:mlw :'lt't'll th;JI <1 J1t'Jk llow of 100.000 ~..·r~ WJS t'Xú't'dt•d 3 
tinws in lht· ll(l·yl.:;.tr rl.'curd. lf it is ;¡y~UIIll.'d that rh~· pt•aJ..: llow~ from Yl.';.tr 10 yl:';,¡r an· in­

dq1l'tldt·nt. thvn fllt' prtlh;¡hilit~ of t'XI.'t'l.'dÍn!! 1 úU.OUO rt"s 111 an) Olll' yc;,¡r Í!- ;,.¡pproxi­
m;¡ft"Jy 3 :¡¡¡¡ •H u.u-.¡55. Appl~ in;! t"ql!;Jtinn 2.'' tll\' p1ohahility nf t'XO..:t't'thfl!! 100.000 ,;fs 

i~~-~~Y•l ~llt"t~t':'I~J\t'.Yt'ar., ¡., found 1t1 ht· U.04~S x ~)--~~455 _o!_~l.~~(~.207_:._ _ _ ----- _. 

I::A:unpk .2.3. /\ Study ~~fdail~ r:Jinf;¡JI :11 Ashl:~nd~ Kcnt.ucky.l•a~~~l~H~;~-~~~;_¡¡ 111 Juty. th..: 
proh:Jhility tlf ;_¡ r:liny da)' lúllll\tÍil~ ;¡ r;¡iny d:J) is 0.444, a tlry dLi)' followin¡; ;_¡ dry duy 
b 0.72-L :1 rJiny d;~y follt~win!! :1 dry d:1y ¡., 0.2.7h :1pd :1 dry dJy fnllowin!! a rain y tby is 
0.556. lf it is ohSt'l"\'t•tl lit JI :1 t"t'!IJin July d:.~y is rain). what is tht.' proh:.~bility th:.tt tht• 
lh.'XI lwo d;¡y., will also ht· rainy'.' 

Solution: Lt'l A ht· a r;.¡iny da\" 
d:.ty. Tht' prnh:1hility of Á is 0.~44 
:1 r:~iny dJ)". 

Jnd B ht· :J ro1iny tby ~ following tht· inti:.~l rainy 
sint:t' this is lht• prubahility or ¡j rainy day folhlwing 

~ 

pruht A rli:l 1 = prnht A J proh! 13J A) 

Now lht· prnh!lljAl is also 0.44-'l :-.inn· this is lht· prohahility uf a r:Jiny (~:.ty\ folltm'tll!! :.1 

rainy d:~)'. Tllt'rdorc 

TOTAL I'IWBAHILIT\' TIIHJRE~I 
11' B,} H2 ..... 13 11 rt'Jirt'"L'ilb :~ .., ... ¡ of IIH!Iuall) ..:Adu:-.1\'t" mtJ colh:ctivdy t'Xhaustiw 
t'\'t'llh, Ollt' c;m th.•!t'rnJilll' thl' proh:thilily of :uwthl·r cv~..·nt A from 

proht A J = L :• .. 1 prob( A j U¡ J proh( B¡) C.IOI 

. ··--·--··--··· ----------
1-:.\ampk ~.4. 11 b known that ,Jht' prohahility !IJJI lht• s·;)¡:J; ~;-dia'ti~ 1~n·i~;lsily ~~~~ 
rt·adl :1 thr~.· .. hnld v:Jhl'-' i:o U.~) l"or r:1Í11~ day., :md 0)--iO fur nonrainy d:Jys. lt is ;,¡\so 

S 

' ' A' . 

,. 

•• 

•• 



1~ ll.·\1'111{ 1 

·klllW.Il that fur t!li~ p:irtt~.:ui:Jr lu.:.Jtton th~: i~rtlhah¡Jj¡~ 1lf ;¡ r;un~ day i~ ll -~h. \\'11:11 ¡, thc 

prohahility th•· thrnhoiJ lllh'thltY of :::.olar r~di;llion wdl hl· r,·;t<.:h¡•d'! 

SulutiOJL Ll'l A ¡~.·pr~,·,~.·nt lhl' t]HI.':o.huld .,ubr r:nh;tli<lll lllll"thll). B 1 f\'jlfl'.'l'tll :1 r:nn> 

~.by <..ti\J B~ a lhlllrain) d:ty. Frum ._•qu:LIIull ~.IU 

= 0.25 x u.3h + u.xot 1 - u.Jh • 

=O. M)~ 

!lAYES TliEOKLM 
By rcwritin~ l'l}Uallon ~-X in thl' fonn 

anJ tht'n ~ubstituting frum \.'qllaliun ~-1 U for prohl A l. Wl' l;!\'l whal is ~-~•lkd B~tYL'S 

Th~ort'lll or B:.Jy~s Rul~ 

ProhtB-) IHOb(A 1 B 1/ t: n_ prohtA 1 B-) proht B. J = proht B, lA 1 
J J •-1 ' ' 

( ~.11) 

A~ pumlcd lllll h~ lknJ;.tlllÍil ;¡n.J Corndlli 1J7L)¡ 1111~ ~••npk dL•ri\.Jiion nf B:.•Yl'\ l'lworl'lll 
hdi~::. Íb 1n1portanú'. lt pn•vHk~ ;_¡ ml"llhlll for ÍllL"\•rp\H':.JIÍn);! n~·" ml'nnnaiHlll '~ tllt pr~.·· 
viou::. or !l.u-..:alkJ prior pruhahility aS~l·.,~llh'llh 111 ~ i~·Jd n~·w \';JIIIl':-. h•r thl· rd:1l1'-·~,.· lil\di· 
hooJ uf ~\-·c-nb of intl'rl'::.l. Thl'Sl' ncw ¡~.·mlllition;_¡l) pn•hahihttc~ ;lfl' l':tlk·d J1l 1 ~h"l Í111 
probabilitic::.. Lquation ~.JI b lhl· hast~ uf lbyl·,ian l>l·\.·i~ion Th~.·or): lbyc ... lltnll'\'lll 
pwvid~::. a mcans of ~stimatin~ prnhabilitiL-s of Olll' l'\-'L'Ill hy oh~l·rvin~ ~· ~~.-úlllli ~.·wnl. 
Sudl an appliL"alion is illustratl'd in o.ampk ~5. 

--- . ·-·----
Examplt: ::!.s.·Th~ mana;c---;-o-¡:·~--r~t.:rc;li~~~~~:~-~iJii}~~;~kt~·~uinl'ti that thl· proh;Jhility 

he will haw 1000 or more visitar::. on any Sunday in J uf y dl'Jll'tHb u¡HHl th~· nw.ximum 

t~mpcraturc for that Sunday as sllown in tlll· folh1win!! tahk. Till' tahl~,.· also l!ÍVL'~ lhl' 

prohabilitic::. that thc ma~ímum ll'm¡wrahHl' will t'all in th~.· indi .. :atnl r:.Jil~l'~. On :t l'l'r· 
tain Sunda>' in July. thl' fal'ility has nHHl' than 1000 visJtor~. \\'h;ll ~~ th•· prohahilit) 

that the ma),imum h.-mpcratur~ wa~ JJl thl' varillu:-. ll'lliJll'Ta!UTl' d:.J::.~l·:-.'! 

ll·mp proh ¡JI prnh , •1 pruh 111 

"F 1 OliO <•r hl'lll);! 111 r, 'louu 

l lliOtl' \ ¡,_. kmp da:-.' tll' lllllh' 

' 'l\llt'r' 1tor~ 

----·-~ --~- -·--· --- ·-

·60 o.o; 0.05 li.Oll~ 

ó0-70 0.20 0.1 5 tUl~<J 

70-~0 0.50 U.~O 0.1"17 

h0-90 0.75 Ü.J 5 0.~1'7 

90-100 0.50 0.~0 0.1'-11 

> 100 0.~5 0.05 0.0~5 

_I'!{(JB.·\BII.I rY 

Suhll ion: Ll.'l T, fnr j -:= 1 . 
l.'qu:~tion 2.11 

... , 6 rqlfL':-.l'lll·llll..' 6 inh.TY~b uf h'lliPl'f:.>[Ufl'. Thl'll from 

prubtT
1 

jltJOU or moa·)= 
,_,r~ht ~~O_O_or_~~~.JI~! _p~uht_:S ~ __ 

:· ~- 1 p'n1h1 1000 or m_ur~.·; T, 1 i'fllbt T, J 

. . prnht 1 UOO ur nwr~.·¡T l J'rllb(f l proht 1 11000 or 1\lOfl') = ·- · --· ---------- ______ J.. ______ - ¡_ 
. ' .Ü)( .05) .... 20{.151 + ... + .251.051 

probt <601' 11000 or more 1 = O.OStO.OSi/0.507 = 0.005 

Simih1r ,:akul:..ttion!l. yidJ th-: las! 

1 ooº-l2!..!~!..l~.r::J. !:-. _l~ll ~!a.U~~-~~:___ . 
t'olumn in thl' ahow tabll'. Notl' that r:r; 1 probiTJ J 

COU~TINC 

In applyinp: l'qu:Jtion ~-1 to dl"l-:rminc pmh<thilitÍl'!l.. onc oftcn l'm·oun!l.:rs ::.itua­
tions whcrc il is impro~~.:tic~li tu ~u.:tually l'numcrak all of th~ possibk ways th;Jt an 
evcnt cun occur. To assist in this mattcr ccrt;,¡irl generul math~matil.:al fommlas 

havc bcen _dcvdopcd. 
Jf E 1. E2 .... , En are C"Vents such that E1 n E¡ =O for all i1 j whcfe O rL•prl'Sl'lllS an 

l'lllpty sl"l and F, can ot·c,:ur in n, ways. thcn thc t'ompound l'Wnt E madc up of out· 
\.'llllll'::. E1 .1: 2 ••••• L., ~o."<tll Ul"l'lJr in n 1 n 2 ... nn way::.. 

Thl' prnhkm uf ~amplin!! ut ~dl'l'IÍn~ a samplc: of r ill'ms from n items is conunonly 
l'ncounlnl·d. S:unplinl,! l'an hl' dtllll' with rl'plat'~'lltL'lll "ll that thc itcm sclc..:tl·d is im­
llll'di"Jtl'ly ri.'IIHill'd to thl' r-~,p-.el~etiun ur without rl'plaü·m~·nt so that tlll' itcm is nol re~ 
lltrnl·J. Tlw \1rdn uf ::.:.JJnplin!! mry h~- 11nporta_nt in ~lHill' situations and not in othcrs. 
TIHt!l. W\' may h:.tVl' four typl·:-. oí ~;nnph:::. · orJ~·r.:J with rl·placcmcnt. orJc:rcd without 
n:phH.:cnwnt, unonkrl·J witlt H'pla..:l'llll'l\1 and unonkrl·J without rcplat'cm~:nt. 

In t':JSl' of an ordL·rcJ sampk wilh r.:plm'L'Illt'lll, thl· numbcr of ways of sclccting · 
itcm 1 is n sin¡,;l' thcn: are n ill'lllS in thc population. Similarly item 2 can be- sdt:t.:lcd in 
n ways sint·c tht• first it~m sclc:ctrd is rcturncd to tlll! population. Exknding this argu­
mcnt lo r sdc:clions. thc numbcr of ways of selc.cting: r itt'ms from n with rt'placcmt:nt 

antJ orJL·r h~inl! importan! is simply n'. 
lf lhl' itclllS arL' not rcplaü•d <tftt:r bcing sdt·ctl'd, thL'\l lhl· first itcm ..::.en he sdc~.::tcd 

in n ways. thc ~l'l'lllld in n-1 ways <.~nd so on untilthl' r1h Íll"lll..:<.tn bl• ~l·ln·tl·d in n-r+l 
v.;tys. Thus r lJfdl'fl'd ill'ms l':.tll he ~l-il'L"Il'd from n without rl·plan·rnl'nl 111 ntn-1 Hn~21 
... ln-r-tl 1 way~. Thj, 1~ l'PIIllnonl~ writll'n as (nl, and GJII-:d IJh nurnhl·r llf ]ll'fmutations 
of 11 I(L'III~ lakl'll r ,¡{a {1/lll'.l 

lnl, "- ntn·l 1 111-~ 1 .. ( n·r-t 1 1 = n! /( n·r )! ( 2.1 ~) ,. 
Unordered sampling without rcplaccment is si111ilar lo ordcrcd sampling without 

rcplal'l·mcnt t:Xt'l!pt in the l.'asc of onll·rcd sampling thc r itcrm sclectcd can be arrangcd 
in r! ways. That is, an order~d sampk of r itl.!uts can be sl'lccted from r itcms in (r), or 
r! ways. Thus r! of tlu: ordcrt:d ::.dmpks will contain lhc same elemcnts. Thc number of 

3. n~=ntn-1)111-~1 .. l~llll.tlldl~~·.tlkdnf.,~,.·ton.d. B~ ddenit1unU 1 -l. 



11> CII.·\I'TII{ e 

J11Y~·r..:nl Ullllltkr~·d ~ampk .. 1~ 111\.'JdÚrl' 1111,.'1! ,:,JJIIIIJUIII) v.-rilkn ;1, t ~· 1 and r.::11kd lih' 
hinuu¡¡~j l·o,:ffj,.·¡r.'l\1. ·¡ hr.· hintlllllal n•d"ti~.·h:llt ~¡,.."'' lh,· nun1h~.:r uf L'lllllhinalir.Hl'\ ptlni­

hh: whcn s..:kL·tinl! r ih:ms frnm u withoul rcpl;¡.._·~.·mr.·nt. 

1 ~-13 1 

TJbh: E. 1 \.'lliiL.Jin:, \':Jhn::. fur lhr.· huHJIIII: .. tl ~.:udf¡~,·¡,.·ul. 

hn:Jil~ m umHJ~.·r"·d :.alnplin!! \\1\h h·pbl.'r.'lllr.'lll. .. ~.·k·,,:lin}! r Íh'lll' frum 11 wilh h'· 

pL .. h . .'\.'llh.'lll h l'ljllt\":dr.·nt tu .... -k •. :llll)! r lh'llh fl,rm n"~"r-1 1k111-. wilh11111 rqll;n·~·nh.'lll. '111:11 

l:lo \lo&: ,,:an úJ!1.,Jd~o:r lhl· )hlpul .• tlun ;¡, úmt;,inut}! r·l Íklll:\ murr.· lh;m 11 fl.::tll~ thlt'' ,111n: 

tlh .. ' itL'IIh !ll'k~o:t,.:d will lk' r"·pl;,..;,:d. 'llll' nu1nh"·r ,,f w:..)" ¡1r .. r.·k~·tllll! 1 lllltlrd~·r~.·d ih·m:-. 
r'rom n iknh is th~:n ( ... _, .• 1 = ln-tr-11~/tn-l¡!r!. - ·· 

Tlh: Hltlllh~.·r 1.1f "'"'Y" uf -:.l'l~.·,,;tillt! :-...tlllpk-. 111~kr tlh· fnur ;lh'llh' l"UJhillhlll:-. ¡, -..!IIH· 
manL~.·J in th~.· follnwin~ t;,hk. 

Or~.kr~.·J 

Unun..h:n.:ll 

With 

R~.· ploJú"llh."lll 

n' 
t" ',' · 11 = tn-t:r-11!/t n· 1 )!r! 

Withoul 

lh·pl;¡ú"llll"lll 

1111, = n!:tn-rJ! 

t;•¡ = u!: tn-J 1!r! 

Fa~.·tori~h ~~~~ h~.· approli.ÍIIlJtl"ll h~· li!>Íil1! Stirling.\ funnul:111! /2"11 ~.··"n" '•, ·¡·~¡l. 

~.·rrur in thi~ ;.~pprull.un;.¡t•un i!>.l~.:s!l th;.¡n un~.· p~.·rú·ntlúr n n¡ualltl 10 :1ud th~.· JWI"I.:~.·••I:I!!l' 

~.·rror d~.:..:r~.::..t!l~o'!> ;.e; n in.;r~.·:.~!l.~.·!l.. 

Ex:J~;h: ~~h.(;;;-¡l:Jrli·~-;;-¡:J~-~·:Jt~.·rsh~.·rJ. r~·:urd:-."frum 10 r:.~in¡!:..t~l'!l. ..tr~.· avaibhl~.·. R~.·úlrtl!-. 
from 3 of th~.· ~"!!'-'-:. ar~o· l..nuwn tu h~.· had. lf 4 rn:t•rds ar~.· !-.dú"ll'tl ;11 r:mdum t'rom th~.· 
JO rc~.:onh. t:..t} Wh;.¡t is th~o· proh;,bility that 1 h;~tl rt.·~.·unl will b.; !>d~.·~ll'tl'.' eh¡ Wh:LI ¡,. 
thc prob:..bility tlio.~t 3 h:.~~.l r~.·~.·ord!l will h~.· s~o·kd~.·tl'! (d \Vh:.~t is th~..· pruh01hilit> thal :11 

lcast 1 baJ rc~..·urJ will be scl~,.·¡;h:J'! 

Solution: Th~.· ltHóll numhl·r of ways uf sd~.·,,;tin~ 4 r~..·nlrtb from tlu,: 1 U a\·;:1i1ahk Jú:,,nt... 
(orJcr is not impurlant) i!> 

fa) Thc nu!llh~.:r or ways of sd~.·din~ 1 had r~.· .. :urJ frnm .l h~ul fl'l.."tlrds and J )!tu-i,t_r~.· .. :unl-.. 
rrom 7 gooJ h.'t.:on.ls is 

(: J t; J = )!/:!! 1! )t 7!/4!3! = 105 

App1ying t.•quation :!.1 ant.l kllinl! ah~.· had and 3 }!t)ml r.·~..·ords.tlt~.· pr .. ,h:lhilitr of •• 

¡, 105/~10 "' 0.500. 
(bJ Th\! numbcr of ways uf sdc.;ting 3 had rcl.:'unts ami 1 }!o,,..t r~.·~.·tml is 

<~ H; ¡ = 1 , 7 = 7 

Titus the probability of ~c!ct:tín~ 3 bad n:.;ord!> is 7/~ 1 O \Ir O.UJJ. 

o'IWII,\ 1111 Ir\_·_ --------------~------~--J.L7 

(l') lJI~· J'lllh~lhÍIII)' uf ;JI k~l;-..1 J h.L..i fl'l'\lfd b io.'tJUal lo th~' proh~lhiJit) uf ( Uf~ Of J 
ha·rJ rn·unh. Tlh' pmhahilit~· uf 1 :111d J h:ul r~.·~..·onh is knuwn tu h~,.• 0.500 ami O.O.l3 
r~.·:.pt:l.:'ll\'d). Thl· proh;1hi~ity of 2 ha~,l rl.'l'On.b. is 

t~ 11; I:~IU = J 1~11/~10 = 0.300 

Thus llll' proh:LhÍill}' ni". JI k:.1sl 1 had fl'l."llrtl ¡., 0.500 + O.JOO + 0.033 = O.K.lJ. 

Thi-.. IJtkr r~.·-..~dt ~uui~,J alsn h~.· dd~..·nuin~,.·,J frum th~· f:.~~..·t th:Jt tlh.' prohability of O nr 1 
or 2 ur .\ h:ul rl'l·unl~ must 1..'\jU~Illlll'. Th~.· pmh;¡hilit)· uf~~ h . .-alrot 1 h:.~d r~.·~.·ortlthu:--.~.·quo.li:-. 

1 • jlflllj() had fl'l..'nrdsl = 

_ l -t~ lt! li21_0 = ~- J_~(; ~~-::: O.X.l.l 

b.ampk ~- 7. Fur th~.· ~ituo.~tiun t.k!>~.·rih~.·~l in 1· xampl~.· ~.h. what is th~.· prob01bility of s~.·­
kL'IÍ11!-! o.~l k·:~st 2 h:~d r~.·~.·tmb ¡;.iwn t!Í:11 on~.· nf th~.· r~.·~.·ords sl'll'l.:'ll'c.J is hac.J'! 

j 
jlfllhi;Lt k;L,I ~ h~~~ tlUI \tf4l_ljlL~lhCJ h:~tlm4) 

= O.hh 7 

<;I(AI'IIICAL I'RI'SI'NTATION 
fl~·tlrolo}!ists ~H\' uft~.·n faccc.J with I;Jr~1..· quantiti'-·s of r..lo.~ta rcquiring ana1ysilr>. 
Sin~·~.· i [ ¡, difli~..·ult lll J!fiiSP lill' lol;d do¡t;L pklur~.· rnun tahulo.~tions .... tldl ól!> (;Lhi~.· ~-l. 
:.1 u"dul first ""-'ll in data o.~naly!-.b i!-. ht phH th~.· llat;¡ ;ts o.~ fr~·qu~.·nl')' hi!-.hll!f;JII\. Thi' 

¡.., ~hllll' h) f!l"lliiJlÍll}! th~· ~1~1;1 into d:•-.~~.·-.. :mLI th~.·n pluttinp :J har )!f:Jph with tlll' numlwr 
ur rd:1ti,~.· t"r~.·qu~·nl'r ,,r ohS~.'r\alitllh 111 ;1 l·l;t~'i ,.~.·r-.u~ th~.· mitlpnint uf th~.· d;¡~., inh·r.-al. 

llw midp~1i111 11t" :1 d:h!-. ¡.., ~.·;ilktl lhl· da!-.-. mart... Th~.· '-·b,!-. inll'n·al is th~· Lliff,·r~..·nl'l.·lw-

tw~.·~.·t• tlt~.· upp,·r and luw,·r d:1~' hmuhl:tril-!1.. 11 
In ;¡,..,1;!11111)! tl;¡t;J to d;•!-.,,·~. th~.· qu,·,tiun fr~.·qu,·ntlr ;ni .. ~'!-. :1:--. t.u what tu du \\ith 

d;~t:J that f:1lb 1111 :1 d:¡.,, hmu11lary. On,• thin~ th:ill':in lw tlon~.· i-.. tu tklin~.· tll\' hountl:•r) 
hl .. mor~.· .,.,!nit"s~.·;mt t'tJ!Uh'' th:111 thl· :al·tu:LI ,1;1t:1. Ftlr in:-.t:llll'l' 1h~.· d:Jta of 1~1hl~· ~.1 ar~· 

to th~.· lh':•h''t 100 l'f,. B~ ,d~.·l'ttn~ lh~.· l't'" htlllnd:,ril'!-. tn 1.'lltl in 50 l'l-.. ti.~.· .. 19.9.:\U. 
~'I.'JSU .... L Olh' ¡, :•,~Ufl'tlth:tt :.1 d:tl~ \:tltt,· willnot t";¡IJ on th~.·lhntntlo.~ry. Anotl!,·r po ..... i­
hilil)' i~ ltl .Lin:1y' :1:-.,ip.n ~.1:!1:1 fo.dlinp. 1111:1 h,ltllhlo.LI'~ ltt tlh· lll''l hi~h~·r tlttwl·r) .. ·!;¡,.., ur 111 

Jlh•rn:tkl~ ;.,.,¡~n th~· •I:LióL hl th~.· n~·'l hi~h~.·r :uhl llh'll th~.· "'"''1 lo\\\'1" d:t~'-
rh,· "'lú'IIIHI tll ti! .. · l'l.l ..... Íllll'l"\;¡l :uhl tlh· hl~·:tlhlll ttf IILl' fir-..1 da" IIIO.II'h. ~·;ul ·'1'' 

j'll'l·i:1hl~ ;t!'f~.·d 111~· .lpp~.·;n;lllú' ,,¡" .1 fr,·,¡ul'tll'~ Jt¡,ht~r:.uL 1 h,• ;apj'ruprwll' \\Id ti• l111 ,L 

da~' int.-rLLI d.-p,'thJ, 111'•111 lh~· 1.111;.-!l" ,,¡ ¡J¡,· ti.LI:t. th,· lllllllhl·r uf ''"''-'f\:LIÍIIIh. ;md th~.· 

h,·h:niur ,,, IIL~.· .l.tiOI s.-,·~·¡;¡J 'U;!;.!•''''""' /!;¡\,. hl'l'llj\111 forth IÚI" ftlnuin~ frt'ljll\'lll"~ ln..­

hlfr:llll ... Spi~·~d t 1''"1' 'u;!:~··,¡.. th:•t th,·r~.· .. h•Hihl h'"· ~tu ~O d;l!oo~~· ... Sh·~·l ;mtl r~~n.~.· 
t 11Jh0t ,¡;¡t..· th:tl ti¡~.· d.t .... 1111.'1"\ al ,IJtltd~.tn,,t ''''-'l'l'iloth'·fourth tu un~··h:Lif nf tlt~· .. t~n­

,f:ml ·1~·\i:•litlll ~·f lhl' tl:tl:l. StuL"¡!•'' tlll~h) r~·~.·tmun,·ud .. thal th•· numlt,·r uf d:L'''-'' h'-· 
d,·¡,:nnin,·,l t•.uu 



IX 

m = 1 + 3.3 \og n ( 2.14) 

v. hl'h..' m is th~.· lllilllht.·r of da~Sl'~. n i~ tl11.: numha uf tbta v:liUl'S and th~.· lo¡;arithm 10 
th!.' ba:-.c 1 O 1:-. ll!'>~o:d. 

Whall'\lT ,,:nh·ri:t i~ u ... ~.·d. it ~lwuld 11~..· k..:pt in mind th:.l! \L'll!'>ltivity is hl~t tf too few 

~11 too many .. _-t;.~.,,~-., arL' u ... cd. Ton f~.:" d:b:.L'S wdl dt~nin:Jh' ddail ;.¡nd ob.,dlh.' th..: has k· 
p:llkrn ol tlw Jata. TllP m:.tny ,:la:-:-.~.·, fl''llll in ~.·rr:nic p:lth"rn:. of alt...·rnatillf! high anJ 
luv. rr~..·qul'tll •. tl's. lt po:-.:-.1bk IIH' d;¡..,.., lnh·nab and L'LJY'> mark:. should hL' round ligurl'!'>. 
Th1:. is lllll a .. :umputalillllal ur tlll'Ofl'IÍLJ] L·on:.ilÍl'ration. hut OJh' aim~,.•d al mJking it 

~o:asto.:r for tho ... ~.· VIL'Willg llw hi..,togr:tm 10 gr<.Jsp th 1 ull llh'aning. 

In .. utlll' -.JtUJI!olh it m;,~y b ... · JL·~irabk lo u~L' nonuniform dass inh'rvJis. In ('IJ;¡pt ... 'f 

h ;¡ ~IIU:Jti\111 1~ pn.'Sl"Oil"J whl'fl" lhe Íllll'fVJJ~ JfL" ~Lil'h lh:JI lhl' l'\.Pl'l'l<:d rd:Jtin- freqUl'll­

,:iL·~ Jrl' th ... · ~.m1 ... · in l'Jl'h .. :Ja~s. 

"bblc ~.:: ¡u ... ·s,·nb J t;,~bulation of !111.· JJta from tahk ~.l. Th ... · d:lta Jfl' plulll'd in 
f¡~ur ... · ~.5. lntlm l'JSl' a d;,~~~ int~.·rval of 10.000 ,·f:-. w;13 ~.d ... ·dell. 

Tlw inlllh.'lll'l' of th,· numbn of da~~ inh'rv:..~ls l'illl h~.· ~ ... ·,·n by ..-omp;,~rin!,! ligurc3 2.5 
illhl 2.0. hg.url' 2.h is a plot ot' tht.· 1\.L'ntucky Ki\-L'f data using a das:. intL'f\'al of 15.000 
ct'!lo Jnd 7 d:cól'3. l·.qu;,¡tion ~.1-t r~..·sults in a n:comm ... ·ndation uf 7 dass~.·s for this data. 

Fi~ur1..' ~.6 is mth.:h :-.llHloth~.'f :md mud1 mon: :.ug~cstiw nf a probability Jistrihution (as 
Y.L' :-.hall s ... · ... · 1n ch;tpt~..·r~ 5 and 61 than is ligur ... · ~.5. 

Anuthcr ~..·ommon m..:thoJ of prL'Sl'IÚing Jata i:. in th~.· form of a ... ·umulo..ttive frL'-
qu ... ·n ... ·y Jistrihution. Cll!nulo..ttiw frL'qLH:'nt.:y distrihutions show lhl' frcqu ... ·ncy of ... ·vents 
k~~ than (gr ... ·ater th.an l :-.ome givl'n valtu.·. Tlh'Y <Jfl.' fonn ... ·J hy ~ununing th~..· rdo..ttive fre-
..¡u ... ·n ... ·¡~..·~ anJ plollinl! tlw ;.h:t.:umuLJtl'J ~u m a¡!ain ... t th~.· ... ·orr~..·~ponlling data v.alu ... ·. lf th ... · 
ordmaiL'~ ar~..· ~umm ... ·d from lh1..· smalkr tlarg.crl d;,~la val u~..·~ lo th ... · brg. ... ·r tsm:..lkrl vah11..'S, 
tlw rl'sulting cumul;,~tivL' rr~.·qu~.·nq· rda~ to th ... · fr ... ·qu ... ·n~..·y uf oh~l'f\'ati~ms kss (more) 
than th~..· ~orrc:,pumling Jata vaiUL'. Poinb un thl· l'lHllUiati\' .... cun· ... · ~houiJ ti~..· ploH ... ·J on 
th ... · rig.ht tldt¡ houmlary. Figure 2.7 is a . ...-umui:Jtiv ... · frL'lJtll'lli..'Y plot h:..s ... ·d on tahk ::!.::! 
anJ lig.ur~..· 2.5. 

·¡r th ... · rdati\1..' frl'lJUI..'Ill'Y of thl' jth 1.:la~~ of a frl·qu .. ·ncy histogram is dcnotctl by 
r. ¡· lhl'll on ... · prop...-rty or thl' histo¡!ram is 

C.ISI 

T:.thk ~.2. Tabulation oi' Pt.'"<~k ll.uws. Kl·ntul'ky River. ne<~r Sal visa. K ... ·nllll'ky 

Cumuhlliw 

Class RdatiVL' Rd:~tiw 

~brk 'umlwr Fr ... ·qu ... ·n ... ·y Frt.'ljlll'lll'Y 

~:'o .uou ' O .ll.'O O.O.lO 
.l5.0IIU J .o-tS .075 
4 5 .UlltJ 10 .1 :=; ~ .~27 

'iS.uuo ,, .1311 .. '\(1] 
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·.!<· 
Thl' notation fx l:\) ;.¡nJ Fx IJ~.J tknoll' th~,.· p.rohahility Jistribution anJ.~..:umuJ;,¡tivc: 

pr0babJJity d1stnhution of tht' r:.tllJom variabk· X l'V;..t\u;,¡ll'J al X= x. 

M:.m~ tmh.':. .:ontinuou~ dat:J b tn.·at¡:J as though it W<..'ft' disLTt'h'. Thl' r\.·:..~son l .. or 
th1:. 1:. ;.¡pp;..~r~..·nt from thl" sinnl:.nitit·s of cqu;,¡ti~.ms 2.17 and 2.1~. Lookinl' al!ain <JI thc 
...:~..·ntth.:l,) k na p~..·al.. llow J:!la. Wt' .. :an Jdint' ttw t'\'t'nl A :.1:1 IJ;.¡vin!! a p.:;k i1ow in tht· 
t'" ~·J;,¡:.s. Tllt'n 11:.1ng th~..· notaiion of t•qu:.tt•on 2.2. n '~uultl ht· tht· numh.:r of ohs~.·rv.:d 
p~.·.tl.. tlow:. 111 th~..· Í11' llllt•rval. n,. ami n wouiJ ht· ;ht· ltll:JI numh..:r of oh:.tTVl'j pt•:Jk. 
lluw~. fht' proh!AI t't¡Uab lht• prtlbability that a pt•ak Jlow 1~ in th~.: jll• da~~-

prubtA) = n,/n = n¡jn =f., (2.20) 

Thu~ th~.· rclati\'1.' frl..'qu.·n..:y. f•¡· can b'..' intcrprct....J as a prohability L..'Stimalt.'. tht" fr1.·· 
ljUI.'IlCY bi~togram can bt" int.r.:rprd'..'d asan approximoltion for a probability distrihution, 
and th'..' ...-umulativ~.· frcquL·ncy ..:an bl..' inll'Tprr.:tr.:d as an approximation for a ...:umulativt.• 
prub~hilit)<· distribution. 

Many timcs it is Jcsirablt• to trcat ..:ontinuous random v¡¡riabl....-s dirr.:..:tly. Probabil· 

11~ di-,tributions of ..:ontinuous random variabl....-s arl' smooth curvt:s. Tht: probability 
~.kn~ity funt"tion of a t"ontinuous random variabll' X i~ Jcnot....d by P>. (xl. Thc cumula· 

IÍ\'l..' probability Ji~tribution function is d~notcd b~· Px (>.). P>. (x) rcprl..'sl.'nts thc proba· 
hility that X i~ h:!ls than or c-qual to x.4 

P,.. (X)= prob(X ~X) (2.21) 

Tlll· prohability dL·nsity fun..:tion and thl' L"umulatiVt' prohability di~tribution funt"· 
tion arc rdatl..'d by 

"' 
PxtxJ= f.~ Px(l)dt 

Thc: notation Px (X) and Px (x) dcnotl' thc- probability d~.·nsity fum:tion (pdf) and 
.:umulativ~.· distrihution fum:tion ledO, rl..'!IPCt'liwly, uf th~.· r:mdom variable X ~.·vaJuatJ:d 

al X= >.. Thus py (a) rcprcs~:nts thl' prubability l.knsity funl.'lion uf thl· random vari~ 
ahk Y t'Valuat'..'d at Y= a. P, (a) r~:prl'Sl'nls th ... · ~..·umulatiw distrihution funt"tion of lhl' 
ranJom \'ariahk• Y and giw~ prob( Y ·~a). 

Any fun~.·tion. Px 1>.), Jdint•d on thl..' rl.'al lint• L':Jil hL· ;.¡ prohahility dt•mJly funl'· 
tion if and onlr if 

l. P>.(.\J::.Oforall.'it. 

r:.. p). 1 x1 tb. = , 

4. R'..'..:;.¡IJ th.1t tl11.· r...-turn ¡wriod T of an ... ·v.~.·nt was dcfin~:d a~ 1 /p wh~·• ... · p was tlw 
proh:d1ilit~ th.· t'Vt'llf wottld lw l'\L~'t'dt·d. W~.· l:an lkfillt' tht· rdurn paiod ;¡-, ;.r 

fun ... ·ttUil Ol tlh' lli:J~IIÍ{Utk of lht• t'\'l'll{ b~ 

"J), l >. 1 = 1/1 1-1\ 1.\ 11 = 1 .'prohf X·."¡ 

1-'rmn ~..·qu;,¡tion ~ .23 v..: h:Jn.' 1' :\e ....... J.= U and fn.Hll t't¡ti:Jtion 2.24 Wt' haw P :\l"") = J. 
1t i:. abtl ~tppar~.·nt ih:...t tht.' proh;Jbility lhat X takl.'s un a v<.~lue bdw~·.:n ;,¡ and bis gin:n 
by } 

(.~_25) 

= P). (hl • P, (a) ( 2.2bl 

rh.· pnlhta X hl 1:-> lht• :Jft'.l lllldt•J lht• proh;Jhilily dt'll:-.1!}' futll'IIO!l ht'\Wl'l'll ;¡ <llld 

b. LJrlkr in tllt' dl:q•kr 11 \\:J ...... t.Jt,·d ¡J¡;¡¡ lht• prol•:~.hility of ;my p;Jrtit-ul:Jr v:dUt' rrnm a 
l.'lllliÍIItiOU._ ,Ji;-.trihtiiÍOll 1~ /t'HI. 1"!11' .._·;111 ht•_:--.t'l'll frlllll 

= P_, (d) ·1\ <dl 

=O 

Sint.:t• tlh' pnlhahility thal a continuous random \'ariahk takcs on a specificd valuc is z~ro, 
th•• t'.\IHL'S:-.ion:. proht:t .\ hl. pmb(a .. X -:,_ h). prob(a 5. X <b) and prob(a -:X·= b) 
:.ITt' all ··quiv:~.knl. lt i:. abo appar.·nt that 1\ (X) ,.·an bc intcrprl'tt·d as thc probability 

th:11 X b :.trit"IIy k:.:. than \ sitll't' pwh( X=x 1 =O. This mcans as wdl that rt'lurn pcriods 
~.·an h~.· d~.·flll1.'d in ~t·nn:. of t'\'t'nt:-. that ~.·qua! or ,·xú't'd a givt·n valm: or in 't.·rms of '-'\t'ilts 
that ~trie ti} t'X.t:t't'd tl11..' ~iwn valut· :.in..:c thc prohability of cqualin¡! tht• valu...- in~!:~.· t"a~l..' 

i.lf ;¡ I.'OiliÍilllll\1' f:Jthlum \';lfl:lhk Í:. IL'fO. !' 
h~ur ... ·:-. 2.10 <Lnd ;_¡¡ illmtrat~· :1 po:.~ihk JlHlhahilit~ dl'n-.;ity furH:tion ;1nd it~ l.'or· 

AREA: 
prob(o~X~b) 

,,, 

X 

TOTAL AREA • 1 

Fi!!., Jt) Pnlb:~.hility tknsity funl.'liun. 
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Pit-..:~.·wi~~.· ~.·ontinuous tlistributions satisfying thl.' h.·quirem!.:nb for a prnhahility 
J•~trihution in whi ... ·h the probtX=dJ is not .z.:ro are po::.sibk. SUI.:h a dbtrihution ..:ou\d 
b~.· d..:finl!d by 

P>.txJ=P
1
txJforX ~.J 

Wwr·· l'lhiJ > r·.tdl. P.t-o...)=O. P2(oo)= 1 and 1\t>.) i!l\d P1Dd <Hl' nond~.·,,;r~.·aSIIlg 
tu 111.:tions of X. Figure ~-13 is a plot of such a distrihution. for thi:!> :-.ituation tlll' proh 

¡ \=J) ~.·quab th~.· ma~nitud~o· of th~.· jump 6 P at X=J or is ~.·qua! to P2 tJ l- 1' 1 tJ l. An~· 
finitl.' ·numbl.'r of dis..:ontinuiti\.'S of this typc are possibk. · 

An ~.·xamplc of ;¡ distrihution as shown in figuc- :!.1.1 is th~.· Jistribution uf Jaily r;.¡in­
fall amounts. Th..: probability tlwt no rainfall is n:..:civcJ, prohtX=O). is linitl' whik· thc 
proh;,¡bility Jistrihution uf rain on rainy days would fom1 a L'Ontinuou::. di::.tribution. A 
~..:und o.ampk would be thc prohability distribution of thc watt·r h.·vd in sonh' rcscr­

voir. Thc wat.:r kvd may he maintaincd at <J constant Jevl'l d as mw.::h as possihk but 

may llu..:tuaiL' bdow or abO\'e d at times. The distribution shown in lil!urc :!.13 could 

ro:prescnt tlus situation. 
Tih.' rdationship bl'tWL'en rl'lativc frcqucn..:y and probability L'an hL· L'nvisioncd hy 

considcring an o .. pcriment whosc outconic is a vi.lluc of thc random variabk X. Lct 

1.0 

0.8 
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0.4 

P1(a) 
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00 

• 
1 
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1 

SPLKE REPRESENTS 

prob (X =d) 

P2 (a} 

l t.Psprob(Xsd) 
_l. 

X 

X 

Fig. ~.13. A po:-.sihk pÍL'\:t:Wlsl;' 1.:ontinuous probahility Jistribution 

for th...:.:o:~,<.!'probfX""Jit-0. 

t 
c7 

Px (X) bL' thL' prL)h••bilit):' dl'nsity fun..:tion of X. T\11.' probability that a singll' trii.ll ot' thl' 
L'Xpl."rimL·nt will n:sult in an out..:ollh.' hctWL'I."Il X=a and X=b is given by 

' 
prob(a " X -: b) = f~ Px 1 x 1 d >. = ¡• \ t b J • P x 1 a) 

In S inJqh.'Thknt tnals of thL' L'\Pl'nllli.'Lll. thl' t'\PL'(lL'd numht·r of nutcomL's in tllL' in· 
ll."f\'al a lo b wou\J hc 

and the cxp!.'t.:ll'd rL'latjw frL'l}Ul'llt.:)' of out..:omcs in. thL' intcrval ato bis 

In gt:nL·ral if x
1 

rcprcsL'IltS thc midpoint of an intl'rval of X givcn by X¡- [1x¡/:! to 

X¡ +!J. x¡/'2. tlh·n thL' 1.''\PL'L.:IL'd TL'I;JtivL· frL'lJUL'IK)' of ouh::OIIlL'.s Or rl'pcatcd. indcpcndcnt 
trials of thL' cxpt'rimt:nt in this iniL'rval b givcn hy j; 

Sincc the right hand sidl' of this L'quation n..·pn:sl'nts lhL· i.ITCa under Px-(X) bctwccn X;­

!;. xJ:! and X¡+ 6 x¡/'2, it t:an bL' appro.\.imated by 

b.¡uation '2.28 can be usl'd to lktaminl' thL' L'>.pL· .. :tcd rclativc frcqUL'IKY of rl'jlL'i.ltL"d. in­
dL·pcndcnt ouh:omcs of a random L'Xpl'fimcnt whosc outi.'Oilll' is a vo.tiUL' of thl' random 
variable X. 

lf N inJl'pL·ndcnt obsavation~ ot' X art· J\'ailahk. thL' a~:tual rl'iativc fTL'lJUeJKY of 
outcomc'\ in an intcrval of width /'.X; l.'l'lliL'rl'LI ol1 x, m ay not l'lJUal f~, ••:-. !!iwn by L'<¡ua-
11011 ~.2~ silli..'L' X is a randum variahk· whosc hl'11avior l':.Jil only bL· Lkscriht·d probabil­
istically. ThL· must probahll' outcomc or tlll' cx¡K'l'tl'J outt.:OmL' will cqual thL' obsl.!rved 

outwml' unly 1f Px. ( x) is tru!y thl: prob.ability ifnsity fun.t.:tion l~r. X and l:or an in~ ni te· 
ly largc numhL·r ol ohscrvatJons. That ts L'vcr-R\'t thc truc pr.obab1hty dcnsJty functton is 

being ust:J, thc a..:tuíJI frcquc:ncy of out~o:oll\L'!> in thL· intL·rval 6 X¡ í.lpproaches thL· cx­

p~ctcd numhcr only as thc numbcr of triab or ubSL'TVations bccomcs ver)' largt:. 

Examplc 2.1 O. Plot the rxpcckd frL•qucncy histogrum 

function or namplc ::!.9 anda dass intcrval or 11!. 

Solution: f~; = tJ '-; Px 1 X¡ J 

= Px ( x, )/~ = .h/! 2SO 

Thr dcsirL·d plot i.s shown ín figure 2.14. 

using thc prohubility dcnsity 
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Th~ situ:Jtion frcqul."ntly ariscs whcrc onc is inh'rcst~.·d in thl.' .simult:mt.·uu:. hl'IJavior 
of two or mon.· r;mdnm variabil•s. An .. ·x:.unpl~.· mi~ht hC tlh· llow rah::!> on tWt) 

stn:;llll!o rll'ar th~..·ir ~o:ontlu~net·. Ülll' might ¡¡¡.~~,.· lo know thc proh:.thility of hoth 
~tn:; . .nns having. pt·ak llows l'Hl'L'ding a giwn valuc:. 

E:\-;;~plc: :!~~~~~~~agnil.ud~--~~~ pc.'ak Oows from ~~~~~¡¡;;-tl.'r~I-¡~:Js-i-~~¡:·t~r~ cstin~;{~d 
from tlh: ··Ration:..tl l:quation .. g.iv~..·n by Q=CIA \\hl'fl' () i;) tlw L'Siimat.:d Oow, (' is a 
~.-odlici(;'nl, 1 is a rainf;.¡JI int~.·nsit}. andA is th~.· WOJkrsh~.:d ;Jfl'i.t. Tht· :.~:-.sumption is Jll;Jlk 
th:..tt th~.: r~.·turn p~.·riod ofQ will h.: th1.· S;..tllll..' :.1!-> thl' ft'lurn Pt'TÍtld nftlll' llh:..tll!'o u:-.vd. To 
h'ril\ thi~ :..t!'>'\lllllJHion it b Jll'~c-ssary to study tlll' juint p10tuhititk:-. of th~.· IY.n random 

\~":~d!i_~!~~~o a.t!!!..l ___________ ---~----·-------- -~----~---· ____ ·----· ____ _ 

Íf X a.tJ Y· :.JH' ~.·ontinous random variabh:s. th~.·ir joint prohJhility dl.'nsiry function 
1' p,, \ {:\,)') anJ lhl' (Orn.'Sj)OilÓÍil}; CUillllialÍ\'!: prohability JistrihutÍOI1 Í~ p~, y (X,)'). 

Tih'~t· l wo ar~.: rd:.~tcd by 
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hit.~- )4. PltH for t'\.ounplt· ~.10. 
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Th~.· corrt•spondinF rl'iJtionship~ for X and Y b_t'illg Jist:"fl'k random vari:.~hk-~ arl' 

fx. y {x¡·Y¡) = proll( X=x, and Y=>) 1:'.311 

F,..yh.y)=prohiX:~xanJY:-:y)= }: r. L_,.tx,.y,l ' ~ 1:.- ) J._) " 

lt SIJot¡(d bt• 11011.:J th:.Jt tlll• hivari<Jll' all:.JIO¡!.)' of l'l]U<JIIO!l ~.19 is 

,, 
Somc of thl' propt'rli~.·~ of t'Onlinuous bivariak distrihl1lions ¡¡re 

1) Px.viX,<D) is a t'umulativl' univ<~riatc probab!lity function of X only (lht• 
numdatiw mar~inal di~tribution of X). 

~) Px .Y (<>:>,y) i~ ;.¡ nnnulaliv~.· univariak probahility funt·tion of Y only ltht• 
l.."umulatiw marginal distrihution of \'). 

3) Px_y(:>..y)_:;-0 

4) 1\,yl...u,w)= 

MARGINAL DISTRIBUTIONS '(! 
lf 0111.: ÍS inh.'fl'S1l'll Íll th~ ht:havior of Olll' of <l p¡¡Ír Of random Vi.irii.ibl.:s rq;ardks~ 
of tht• valu~.· of tht• St't:"und random varii.ihl.:. thc m¡¡rg.inal distributiun m ay bl' uscd. 
For instanl.."l" tht• lll<.~rginallknsity of X,px (Ji.), is ohtain\.·d by intcgr.tiing Px y tx.y·) 

owr all possiblc valu~.·s of Y. · 

TI11:· cumulativ.: marg.inal distrihution i~ g.ivt,:n by 

t~.3~al 

= prohtX-~ X) 

1 ~.]5¡;-) 

Similarly_ thl· marginal d~.·nsity ¡¡nd ~umul; . .lliV\.' m¡¡r~inal di~tributinn of Y drt· 
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ur th~ ":unditilm:tl dcnsity ~.·~.¡ual!> thc mar¡;inat~.kn~ity. Furtlwrnwr"·· if X and Y an: in­
~..kp~.·nd~.·ntl,:ontinutm~ ur disl"n:h.') r.antlom variahh.:~. th~.·ir joint d~,.·nsity i!l L'<¡ualto th1.· 
produ~.·t oftlh.'lr m;,¡q;ina\ (.h:nsitir.:s. 

l~.4Sal 

"' 
t:!.41$h) 

TIH.' random \';Jriabh:~ X :md Y an.• ind~.·p~.·tllh-nt in th1.' prohahilistic ~~llS1.' tstw:hasti~:al­
ly indcp\.·nd~.·ntl if and un! y il" thcir _ioint d~.·nsit): is ~.:~.¡ual {() th~.· ¡,rodlKl uf th~.·ir mar~in­

al dcnsiti~.·~-

¡:~-:~.-l~¡,·,~.:~_-\:·_-Ti~~~-~~~cl_i_¡;;; ¡~-~--:-0' >..y); d S: Y/~- x)i·~~~ -6~-X -¡i :.~JO"~.Y~~ ca~l ~l'rv~ 
a_, a hivariat\." ¡;untinuous prohahility dcnsity. Th~.· v:llw .. • of 1.: nntst b1.· ~u eh that th~.· proh 

t X:.~ a.~~..t y :'.2) is OIK'. 

probtX::::.~ ami Y:- 21 = f~ f~ ~(S· S/2 ·ti l\sllt = 1 

t:valuating this t·qu;.¡tion r~·sulls in ~.-· = 1 i 14. Th~· (llmubtin- hiv.Jriak l\istrihution b 

~iwn hy 

"' 

T\11..· prohahility th;.¡t X:~ 1 ami Y:;. l c.:an ~)C l'\·ail•all.'d frmn 1')!. ·" 1 i .11 a~ 0.304. llw mar­
l!lllallklhili\-~ .JT1.' !!iwn by 

anJ 

1\ _, 1'-.· 1 = ¡nohC'\·. \.) = 1~ Px ftl 1..h 

= ¡ ~ ',, . ~' ¡,: 1" (.h = l'h . ).~ 1{ 14 

r 
i I'HOB,\BILITY 33 

Thc nlnditinna\¡,kn~itit·s 

anJ 

The ~.:umul~tivc ~.:omlition.:JI di!'>trihutions are 

:md 

1\1 ,_ t Y! x 1 = f~ P~·¡_,_ bl X llb = fb ( :' ~~ ~ · x I/( <) • 2x) ds = {( 5 . x )y-yl /41 /( 9-~x) 

Thl· r~Kt that X <lllli Y .:~r~.-· not ith.h.·¡'ll.:ndent~,·;.~n be sl.!'.:n in severa! ways. 

l. The produ(t or th~.· nwr~inal lk·nsitit·s do~.·s not c4ual the bivariate distribution 
i.l'.,pvtY)PxiX)f Px_vl>..yl. . 

., Tlw lllargin;.¡l d¡;nsity or X g.iven y (Or y givt.!'n X) is a functio_n of y tor X). 
This is <.~t:tu;.~lly a rt·sl;¡ll'nll.:nt or 1 ;.~how. 

3. Thl' prohl X-~ 1 1 ti m~.·!. pt<lh( '1. ·, l l d(l\'S 11111 ~,·qual prob( X<_ 1. Y'.!. 11. 

proh(X~.IJ = ¡¿ Px ttl Jt = 11x .Yn.u.o) = 417 

proh(Y·.; 1_) = f~ Pyhllls = Px _v(oo,l) = IS/2H 

prub( X~ 11 prob(Y:: 1) = (4/7 )( 15/~8) = 0.306 

Tllis is -.~ain a n:st<~tcm~.·nt of 1 -.hove 
1~m~ can be uscd to show depcndence 

hut not indl'pt·ndcn~.:c. lndL'pcnJcncc would rcquire that every possible point 
bl· cxamincd whcn:as only oni: roint must be found where prob(X~ x) prob 
(Y :.:.y) f- proh(X~x. Y 5Y) tu l'stablish dcpcndcnce. 

The probC X-::. V! 1 Y :·_1 ) ~.:an be d¡;otcrmincd from 

proh(X~~~y~ 11 = !~ l'xl v<tiYo_l J dl 

Px¡v<xiY~I¡= ~~~y_(X:•!_<I_s = ~~ (S·•/2. x)/14ds 
/~p,ts)ds /~(8·s)/14ds 

= (19. 4X)/30 

__ rrob(X~LY, 1 J = _¡¿• t 1~ ·4t.~l~/3~0~d~t'-=-9~/"3"'0'------,--------
;l 
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Px y(x,y J = (3y + 8x · 2xy • 1 ~)/96 for :!~x~5. Os._ y ~4. 

Solution: lndt'pt'ndcn¡;e can be established by showing that Px(X) Py(y)= Px. y(X,y). 

Px(A) = J~ (3s + 8x · 2xs • 1 ~)/96 ds 

=(~x-3)/12 

PviY) = !~ (3y + 8t · ~l)' · 12)/96 dt 

=(4-y)/8 

Px (>) P yiYI = (2x · 3)(4 · y)/96 

= (3y + 8x- 2xy • 12)/96 

= Px. y(x,y) 

X an Y are independl!nt 

1t is instructive to show that the marginal dcnsity of X {or Y) is indcpei1dent of 
Y (or X) and to select sewr.1.l points and show that prob(X.:::_x, Y ~y)= prob(Xs_x) 
prob(Yo:. ). 

·Ex~~nph: :!.14. Th~ tabulation below shows thc oc~urrt'nce of average daily tt:mpc-r<ttures 
tT) and average d<tily n.:lative humidities (RH) on each day of a sclccted 8-day period for 
43 con~~..-utive years. From this data detemline: 

J) The prohabilil)' thal 

(~} 40:... T:....50¡!iven that60:_Rll~80 

(l 1 T:_60 

t41 Rll-_<>0 

t51 T_-\Oond Rllc40 

,_•) 1fT :1nd Rll :1r~.· indo.·p-.·nJ_L·nt. 

1 ,. 

35 

:"\lllllhl·r ul· .. h:curn:nccs 

T ernperature uF 

20-30 30-40 40-50 50-60 60-70 70-80 
-------

o.:~ o 2 -4 ó 2 2 1 
Rdativl' ~0-40 4 8 1 ~ 30 6 9 
llumiJity 40-60 5 15 30 60 30 20 ,. 

60-~0 3 7 q ~5 " 17 11 
XU-100 o ~ 1 ~ 8 3 

Sulution: I<J)Ib)(cJ Thl.'rl' ar .. · ó.inll"n·.tls·of h:nlpl'f<.~tun: -.nt.J ... 5 intervals of rl'lative 
humiJily Lc:t '-¡ h .. · th .. · j1h ll'lllJll'r~tur .. · inlav~1l _for i=J to 6 and Jet yj be thc jth relative 
humit.lily r~ngc: l'or j= 1 to 5. U:lting n¡ 1 =- lht:~\\ITY in thc abovc tabulation correspond· 
in!! lo lht: i'h tclllpt:raturc intt:rv-.1 aJH.l th .. · j 1h rt:lative humidity inten·al we have the 
fx. y{X 1.)'1) = n 11 /N whcn: 

N= ¿ n .. = .~44 
i.j ,, 

fx (X 1 ), fx t.\
1

). fyl)'
1

) <.~nd r= y(y
1

) ~n· found by applying cquations :!.38 and :2.39. 

------------ -· -~---~---~-, 
3 4 S 6 

.005~ .Olió .0174 .0058 
~ .Ollb .0~3~ .034'' .mn-z 
3 .014S .0436 .087~ 1744 
4 .0087 .0203 .0262 .0727 

__ s ----~9.029 _ .oooo --~·-"o'Los,_,8,__,.o349 
_t:,_Q_¡_l - ~1)_436 _ ___,Q2_88 - 171:"S'--""3"'7~S"O'-
F,(x¡) .0436 .1424 .3139 .6889 

.OOS8 

.0174 

.0872 

.0494 

.0233 
.. 1831 
.H7~0 

d) (]) 40~T~50ond60~Ril~HO= ~'x. yCx,,y,J=0.0262 

(2) 40' T ~so given 60 ~ Rll-, XO = r X 1 yC X J 1 y. ) 

.00~9 

.0262 
.0581 

.ü320 

.0087 

.1279 

.9999 

r, 
1 

,.ex, 1 y,> = r, . yC x, .Y, l!f vlY, J = o.0262/0.2093 = o.12s 

(31 T cóO = rx (x4 ) = 0.6889 

(4) Rllo:_60=FvCY,l=0.71S1 

(S¡ T~40ond Rl1~40= Fx. ylx,.y,¡ 

f y(y ) 

.0494 

.2006 

.46SI 

.2093 

.07S6 

F y(~l] 

.0494 
.2500 
.71S1 
.9244 

1.0000 

e) If T <~nd Kll are: indcpendcnt. then fx (X¡) _f y()'1) must equal fx, y(x¡,Yj). Looking 
al i=3 and j7~ Wt' have f x ( xJ) = 0.1715 -.nd f y(YJ ) = 0.4651. Their product is 0.0798 
which ~-!:_~ t•qual tu fx y(XJ ,YJ) o~· 0.0~~· Thercfore T and RH are dependen t. 
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OEKI\'EU OISTKIUUTIONS 
Situations oftcn arisc wherl! thc joint prohabilitr distrihution of a scl uf random 
variables is known and the distrihution of some function or transformation of thcsc 
variables is desired. For cxamplc thc joint prohability distrihution of thc llows in 

two tributarics of • strcam may be known while thc item of intt:rcst may be thc sum of 
th.: Oows in 1hc two tributarics. Somc commonly uscd transfom1>ttions <~re transi;.Jt;on 
and/or rotation of axes, logarithmic transfonnations, n'h root transfonnations for n 
cqual ~ and 3 and ccrta.in trigon'?mctri..: transfonnations .. 

Thoma~ ( 1971) pn:sent!i thl· devdopments thiJI ki.Ld to thl' Tl'Sults prcscntl'J hL·n: 
conccrning transformations and d(:rivcd distributions t"or ~..·ontinuous random \'ariabh:s. 
The proc~dun:s for discrct~ random variables is simply an accounting pruccdurc. 

Examplc 2.15. Lct X havc the distribution function 

f, (X)= c/x for X= 2,3,4,5 

Ut y= X2 -?X 1- 12. Thc probability distribution and possibk valucs nf Y can bl.' 
dctcnnincd from thc following table. 

X 2 3 4 5 

--l~·~------~"~------~os.------~o~------~2~ 
fx (x) c/2 c/3 c/4 c/5 

ThuS'f v<YJ = c/3 + c/4 = 35c/60 for Y=O 

= ..;(!. + c/5 = 42c/60 for Y=:! 

= O clsewhere 

The value for ~can be evaluated from either thc requiremc.'nt that 

r.7~ 1 fx (X¡)= 1 or r.¡,. 1 f y(Y¡) = 1 

In l."ithcr case thc valuc of e will be found to be 60/17. 

:,; For a univariatc continuous distribution of thc random variable X, the distribu· 
tiÓn _of U whcrc 

(2.4'11 

j:.. a munntuni .. · fun~o:tion tu< X) is monotoni..:ally ÍIKTI..'asing if ulx2 )>UIX 1 ) for ll. 2 > X1 and 
lllUIWionii.:;.JIIy dc..;r~:asin~ ifu(x2 )··u(x 1 ) for X2 >ll. 1 ) can be found from 

(2.50) 

¡:.X;J·nt·¡,-,~.-~.-t(·,~-·1~1~11;~-~~;-0hability ofO...:U< 10 if U= X2 and X ha continuous random 

\ariabll' with 

O· X-.5 

" 
,,, 

l'l{t J IIA 1111 .IT\' 
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Solution: 

lh/Ju = 1 /:.x = 11:. lU 

or 

Pu(u) = 3/üí250 

A dJl'd.: to !>.l'l' that Jlu(U) i!l ;r prohahility lknsity can b'-' m<~dc by integrating Pu(u) 
from O ro :!5 

Thl.' Si.lllh.' fi..'St!lt~:ould ha ve h1..'L'Il ohtain~..·d hy noting that 

proh(O·· U.-: 10) = probCO· X'· .rT0) 

__ J}_f~)~~ ~.':~.: 0lT_ )-~-!-~./~ .. .l~/-'.~-?_ l~~:: 1 ?~~~2/J ::!:.:5:._ _______ -----

In tht' I::.!Sl' or ;.¡ I..'OrllillUOll!\ hivarialt' Jl.'nsily, 1111..' tr~wsformation from Px,y(x,y) to 
l\1,\·(ll,\') wh~..·rc U= uiX.Y) anú \' = v(X,Y) are O/ll..'·to-om• continuously differcntiable 
rr:.~nsfunnations can b1..· madi.' hy th1..' rdationship 

llu,v<u.v) = Px. y(X,y) jJ(~)j ( 2.51) 

whcrc J(~) is tia· Jacobian of thl· transfonnation '-'mnputcd as the dctcnninant of the 
matrix of p:Htial dcriv&.~tiv~.·s ·. 

º-~ ax 
J(~)= dll a-v 

"·' ay ay (2.52) 
a u av 

Th~·limih tUl U and V must hl..' tklamincd from thc individual problem at hand. 

[X,;;¡¡-fl¡l: ~~¡-7, (;iven tl\~f·);~-.~~,z-y) = C5~Y/~---x)/14 for 0< X< 2 and 0< Y<~- ir 
U= X+ Y und V = Y/~. what is thc joint probability dcnsity function for U and V"! 
\\'hat arL' ~~lC propcr limits on U am..l V"? 

Solution: l'x. ylx,y) = (5- y/2- x)/14 = (5 + y/2- (x+y)J/14 

U= X+ Y V= Y/2 



3~ 
-----------~---------·-·-· ··----

J = 
1-ª-~ 
'dU 

lu or -}-= 

¡au 

t = 1; ~ i = 1 ·~ or J = ~ 

avl 
ax[ 
~¡ ay 

Pu.v 1 U,\")= ~15 + v ·u Ji 14 = 15 + v ·u 117 

CI!.-\Pli·H. ~ 

ll1c limits on U and V can bl: detcnnineJ b>' noting that Y= :!V and X= U· 2V. Thcre­
forc thc limit of Y= O maps lo V= O, Y=~ maps lo \' = 1, X= O map~ lo U=~\' and 

_X= 2 maps to U= ~V+ 2. Thesc limits ·are shown in figure 2.15. A check can be m:.~dl.!' 
hy intt:gr~ting Pu,v.(u,v) ovl.'r thc region 0...: V-·1, 2V..:U.::2V + 2. 

¡~ ¡;;: 1 <S+v-u)/7dudv= 

+I~ Su+vu~ul/'2. ¡;;•ldv:: 

Thcrefort' Pu;v (u,v) ovrr tht: abovt: ddined· region is indet:d a probability dcnsity func­
lion. 

A spc.-c:ial case of a bivariate transfonnation is when the distribution of U=u(X,Y) 
i:, Jcsin!d. In this cast..• onc mt:lhod of obtaining Pu (u) is to dclint• a dummy random 
variable V= vi X, Y). Equation 2.51 is th.:n used to find thc joint 1.h:nsity of U and V, 
Pu.v (u,v). Tht: univariate dcnsity of U is now the marginal dislribution of U found 
by intcgrating out V. 

Exarnph: 2.18. The random variable X and Y have thc joint prohahilily dcnsity function 

Px,vtx,y)=tS-y/"2-x)/14 O..:X<2;0<Y<2 

What h thc distrihution of the su m of X and Y? 

lcl U= X+ Y 

Thl' tk:,ITCd distribution is Pu(u). Dl'flnc V to be Y thcn 

J'O {~,0/ iO,O) (2,0) 

Fi!!. ~.i5. Mapping fn.:-m X. Y to U,V forExantple 2.17. 

J(~~· 1 = ]jJ(:.;.) 

~~_l! 
J( !!..._~_' = i ;, .\ 

.\,) 1 3_ ': 
jJ>. 

·---------------------- J~ 

1~ : ! = 1 

P:o.. \ 1 >.,y 1 = 15 + r/~ • t >.+y )j /14 = t 5 + .. "(2 • uJ/14 

Jll1.vlll,VJ = (5 + V/2 • U)/14 

~w limits nn U and V :n\· fouml hy not ing that Y =O maps to V= O, y= 2 maps to 
V= 2. X= O maps to U= V. and X= 2 maps to U= V+ 2. Tht: limits are shown in fig­
ur~..· 2.16. 

. Th~..· distrihutiun of U now bcc:onll's rh~..· marginetl distribution of U, Pu(U), and ¡5 
lounJ by int~..·grating owr V. 

Putu)= /~ llu,v<u.v)dv forQ .. U....-2 

Pu(u) = !~ (S+ v/2- u)/14 dv for O..:U<2 

=tSu·Ju'/4)/14. 

=t20-8u+3u'/4)/14 

. _Thc_ distrihution of U is shown in figure 2.16. TI1t~ fact that Pu(u) is a probability 
d•str_Jbut~an ~an be shown ~Y intcgrating Pu(u) ovcr the range 0<U<4 and showing that 
thc mtt:gral IS c:qual to unJty. This intcgration will have to be done in two parts since 
Puf u) chan~cs at U= 2. _ 

ln_:~nH: c:a~cs _thc _funct~on U= u( X) may ht: such that it is difficult to analytically 
dch:mwu: thc dJstnbutJOn ol U from thc distribution of X. In this case it may be possi· 
bit: lo gcn~..·ratc a largc sample of X's (chaplcr 13), calculate the corresponding U's and 

D U p{¡,l) 

..... -·" "·" 
,.o; ••1 

. 
ID,DI J 0 0 II,DI 

Fig. ' 16. Mapping from X,Y lo U,V and plol of Pu (u) for Example 2. 18. 
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thcn lit a probability dis.tribution to th~o.· U's fdla¡llcr ó). lt should b~: not~.·d, how~.·vcr, 

1hat lhis empiricalmethod will not in gl!naal satisfy t•quation ~.50. 

MIXElllliSTRIIIUTIONS 
lf P¡IX) for i = l.~ ..... m n:pn:s~o·nt probability d~.·nsity fum:tions and A¡ for i = 
1.~ ..... 111 n:prcst:'nt paramcJcrs satisfying A¡~ O and Zj'! 1 _\ = l. thl'n 

is a probahÜity 1.knsity fUnction known as a mixture or mi),cd distrihution sinú' it is 
compu~cd of a mixtur~o• of P;(X). Thc paramch:r :\¡ may be thought of ~ts th1.· prohahility 
tliat a random variabh: is from thc probability distribution ¡l¡(x) f.ltu.J p,tx) is th~.· proha­
hdity di~trihution of X giVt:n that X is from thc i 111 di:.tributiun. Thc ~.·umulutiw lli~tri­
hution uf X is givcn by 

!2.54) 

Mix~..-d distributions in hydrology m ay bl' appli¡,;ablc: in situ:Jtions whcrl' morl' than 
nnl.' distirh.:t cause for an 1 • .'Vl'lll may l'"'ist. For ex:.~mpil' nood peaks from 1.:onvcctiw 
:!oiUrlll~ migh 1 bl.' dl'salbed by p 1 (X) and from hurrkalll" storm!l by r2 (X). 1 f A 1 b thc pro­

. portion of 11ood pl'ak~ g~.·nl.'ratl!'d by conVl'\.'lin- !>lonn!> and "~ = ( 1 - ). 1 ). b th~.· propor­
tiun ~\·n~r:Jii:d by hurricane stonns, th~.:n t•quations :!.53 and :!.54 would dl.':-...:riht• tlh: 
prohahilit~· distribution of nood pt:aks. 

Sm~ll t1Y74) aruJ llawkins ( 1974) dis~o.:uss procedures for applying mixc:d distribu­
tions ¡;1 ~ht' fonn of l'quation :!.53 tO llood frt.'l¡lll!llC}' dctl'nninatiOn!>. 

~~~-;11~;¡-;-::!-.19. A: (:~-rtaTn~v~nt -has r~h~biiity -0.3~b~i0gf¡¿,~;-¡¡,~Ji~i~ibt;l-ion 
p11 \.l = \d.. x >0. Thl' t•wnt m ay al so hl' frum the distrihution p2 (X,= ::!e·Z". x >0. 
What as tht• prubability tltat a random obst.:rvation will be kss than 1 '! 

l',.tx)= 0.3 P
1
Ud +0.7 P1 tx) 

= 0.3 1 1 - l'. • ) + O. 7 ( 1 - c' 2 • 1 

1\_tll=O..ltl·..:·• )+0.7(1-l·- 1 ) 

=O.Jtl- . .'hl-0+0.7tl·.U5l 

=o. 795 
- ----· -~-~-- ------------ ------·--------------

:.1 \.1) ( \11\:.lflllo.:( th~o.• th~·uJdÍl';il rL'(;;IÍ\'1.' fr~,·qu~'lll')' hi~lo¡!r~lll lúr liJe Mllll of y;¡Ju~o.·~ on­
t.&in~·ll 111 tu:.:.in~ l\\tl lli .. ·~·. lhl Toss twu Jiú· 100 tlllll'S o.~ml tahulah.' tlh: frn¡lll:n~o.:y of 
ltú:urr\'llú' ~1!" lh~o.• :.ums (tt' th~o.• two di .. ·l'. Plot th~o.• r~o.·,ulh un thc hi~tnpraru of parla. h-'1 

-----------------~-=---~-·-~-----·---- ... - t· i · A i!! rzt 
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\\'h)' do lhl· rt•sult~ of part b not cqual th~ th..:orl'tkal rcsulls of part a'? \\'hat possiblc 
kinds of t•rrors aH' involwd? Whir.:h kind of error was tht• largest in your case? 

~-~ Scb.:t a sl't of ~.tata ..:on:-1:-.tin!! of 50 or mon.· obSt"rvations. C'onstmct a rl'l:.~tivl· frt'· 
qu~o.·n¡,:y plot using :Jt h:ast twu diffcrt•nt groupings. of tht• data. \\~tich of tht' two group­
ings· Jo ¡·ou pn:fcr'! Why'~ 

~.3 In a pcriod of on~o.• Wl'l'k, ~ rain y day) wc-r\' ohs~o.•n·~o.·d. lf thl!' Ot'Wm:n..:l' of a rainy 
day is an inJl'Pl'llth·nt~o.·wnr. how many w:.~ys ~oultl th~,.· s~,.·quctll't' consisting of 4 dr~ ~u1d 
3 wct Jays be arrang~o.·lf~ 

::!.4 11' th~.· o~.·~.:urrl'n¡,:c- of a r:.~iny day b an indqwndcnt ..:vent with probability l'qual to 
0.3, what is thl' probability of (a) ..:xa..:tly J r:Jiny Jays in onc wcl.'k'? (b) th~,.• ncxt thrcc 
dars will hl· r:.~iny'! (d 3 rainy days in a row during any wc~k with thc other 4 days dry? 

~-5 ConsiJcr <~ coin with ~h..: pruhJbility of a hcad cqual to p and thc probability of a tail 
cqual lo q= 1-p. (a) What is thc probability of th~,.• Sl.'lJUt'nce HHTHTIH in 7 Oips of the 
coin~ (b) What is thc prob:Jbility of a s¡h.'Cilit•d Sl'qlll.'llCI.' resulting in r H's .and s T's'? 
te) lluw many ways ¡,:an r H's anJ s T's bl.' arranged? (d) What is the probahility of 
r H's and ~ T's without rl·gan1 to tht.: ordc-r of the st:qucncc? 

::!.6 Thl' distribution giv~.:n by fxtxl = 1/N for X= 1.::!.3 .... ,N is knowri as the dis::n:tc 
unifonn distrihutiun. In lhl' following considt.:r N2:S. (a) What is thc prohahility th~t a 
random \'aluc from fxO.· \ will hl· ~o.·qual to 5'? (h) What is thc: prob:Jbility that a random 
v:.~lm· frum f:~<x) will he hctwcen 3 :.llld 5 inclusive? (e} What is tht· probahility that in 
a random s:.~mpk of 3 v:.~IUL'S from fx(X) all will hl·lcss than 5? (d) What is tht· probahil­
ity that tl~f J random valucs from fx{X) will all bt'ii!'Ss than 5 givl'n that 1 of thc values 
is lcss than 5'! (e) lf ~ random v:.llucs are sd~o.•~o.·tl'd from fx(X), what is thc probability 
that onc will hl· lcss than 5 ami thc othcr grcah:'r than 5? (0 For what X from fx(X) 
is proh(X ::x 1 = 0.5? 

:.7 Considl·r thl.' continuous prob:.~hility ll..:nsity fun¡,:tion Px(X l =a sinlmx for 0< X <.lt. 

(a) What must bt• lhl' valuc of :.1 :.~nd m? (h) Wha-t is Px(x)? {e) What is pr0b(O-.:Xq¡/~)'! 
(d}Whatisprob(O.S-.:X<~.I)ifm= 1'! 

.'j 

::!.B Consida thc ¡,:ontinuous pruhability tknsity fun¡,:tion ~ÍVl'll by PxlX) = 0.::!5 for 
Q. X...: a. (a) Wh<.~t is a? th) Whal is prohtX>a/::!1'! (C) \\'hat is probtX>a/::!IX>a/4)'! Id) 
\\'hat is pwhtX>a/~ IX'-a/4)'! 

::!.f:J L~.·t p)., 1 _,) = 0 . .;5 for 0...: X·· a a~ in ~o.•x..:rl"iSl' :!.B. What. is th..: distrihutiun uf" Y = 1 n X? 
Skl.'ld1 p y( y •· 

1.10 Many prub;1hilil)' distrihutions nm h..: dcfi1ll'd simply by l·onsultin!!: ;,¡ tahk· of ~.lcfi­
nitc inh.'~rals. For C'X:.Jtnple r; xn·lc·• ,,h i:-. l'l(Ual lo rtn) Wlll'fl' rln' is delincd as th~o.· 
g:Jnllll;J fliiKlion (SI.'l' chaph·r ó). Tht·n·forl' OHl' ¡,:an dl'lilll' Px< X)= xn·l . ..:·l( 1 rt 11) lo hl· a 
prohahility tknsity funl·tion fnr n >0 and 0·. X·.,.,. This tlistrihutiun is lo.nown ~' thl· 1-
par~mL·II..'r }!;mun;, di:.trihution. llsinp ;,¡ tahk of lldinill' inlt'!!r;1b. ddin~,.· sewral pos\ihk 
n•nliiiUous ¡mth;lhility distriht1tiun). <iiYl' th..: ¡ap¡ln>JlTÍ:Jil' ran!!"'" on X :.~nd any para11'-
dL'fS. 
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2.11 TIH: ouuwal inrluw llltu u n .. ·~ .. :r\'oir !a..:r~..·-·.·~·tJ fulltlW~ a prtlhahility ~..kn~ity ~Í\L'Il 
by Pxl ~' = I/( t, 

1 
• ~. 1. Th.: tol;.¡l annual out11 .. · .... in :JL'Tl'-ft'l'l f .. ¡Jiows a pnlh;.¡hility di~­

tritwtion g1v..:n by p, ty 1 = 1 /t ¡:~ · ., 2 ). lon~i..!: ~ that :: 1 '> ::· 2 ;.111d ,·x, ·. n ~. t a 1 Cah:ul;.~h: 
thr: cxprc~:; 1 on for thc probahility Ji~tnhution .... )f thl' annu: .. ll .:h:..Lil!!l' in storag~..·. thll)lot 
th~..· probability di~trihution uf thc annuOJI~..·har:.;-.· in storage. (l') lf f. 1 = 100,000. u, = 
20.000. f,, = 70.000 ami ·.l 2 = 50.000. whut is :: .... · prohJhility th;.¡J th~..· ,,:hang~..· in stor;1gt' 
'llllli b..:i)J;tgali\'C and iil !~:r~..·at~..·r th:m 15.000 :.. .. ·-.·-(~..·d'! 

~.\2 Thc proh;,¡hjJ¡ty uf n'(l'l\'1111!. mon: tl1a11 1 ':1lll uf rain in ~..·al:h month i:-.!!iv ... :n in th~· 
fuiiUWllh! t:.Jt"lk·. lf ;.¡ monthly nunt':.~ll rl·~·orJ ~~<.·,:h.•d ;.¡¡ ralllh)!ll 1:-. found to h:.~vl' mur~· 
th:.Jn 1 i~dl uf rain. what is thl' probJhility tlll' r,·,- .. 1rd i~ !'t1r Jul~ ·.' April'! 

bn . ~5 Arr .40 J ul .U:' o. .. :t .liS 

h:h .JU M;.¡y .~u ·\u~ .05 f\:¡1\' lll 

Mar .35 Jun . ill s,:p .115 Jk .. : .~U 

~.13 Jt ¡') known th:.~t thl' di:-....:hargl· frülll a ~..·~..·n.ün pbnt h;¡~ ;¡lHub;¡hility uf O.UUI or 
...:ontaming a f1 ~1l ~illing pollutant. An in~trum~..·nt us~..·J to monitor thl' di~..:h;¡r!!'-' will in· 
dic:.Jt~ tlw prcscn'~ of thc pollutant with prui'.Jhility 0.999 if tlh.' pollutant i:-; prc!'>l'llt 

and with prohJhility 0.01 if th~..· pollutant i') IH'I prl·s~·nt. lf th~..· in~truml'nt indi~o::.Jh:s th .. · 
prl'sl"m:c: uf thc: pollutant. what is tlu: prohJbility that thl' pollut;.~nt b r~..·ally pn·s~..·n!'.' 

:!.14 ·A poh:nti;¡J purdlaSl'f of a fl'ITY a...:ross a 1'1\l'r knows th;.~t if ;¡ ll,lw uf 100.000 l'f~ 
or ruorc: o.:.:urs.. the fary will be w-..shl't.l down strl'am. owr a low .. bm ;md ..1~..·:-.tro)'-'d. 
lk knows that tht> prob:.Jbility of a llow of th1:- ~iml in ;1ny ~ .. ·;u is O.OS. lk abo !..nO\\ !'o 

that for t>a...:h yl'ar that thl.' fl.'rr~· op~..·ratcs J lll't prolit of S 10.000 1:. r~..·;di/\·~1. Th .. · PUl· 
cha.sc pricl' uf thc táry is SSO.OOO. Skct...:h tlll' proh:.Jbility di!'lotrihutionut' th~· poklliÍ;II 

nct pro lit ovcr a pcriod of y~..·;.~rs ncg.lc...:tin!! inkr~..·st r;.~t~..·~ Jnd Pth~..·r l'Olllplil';Jtion:-.. A:.­
!IUIIIC: th<tl jf u flow of 100,000 ...:fs Or 11\0f\' OO:(UfS in ;.t Y'-';.tf. lhl' prufil fnr 1\1;¡1 y~·;¡r i:. 

Le ro. 

:!.15 Assuml' that thc probahility dl"nsity fu_nl·ti\Hl of Jaily raint'all i~ !!iv~..·n hy 

prob(X=O) = 0.25 X =O 

p,(x) = 0.15x 0-.X· 1.731 

r,(x) = 0.~66 · O.lSx 

(a) 1s this a propt>r prohability dcnsity lun...:tion·~ tb) Wh;1t i~ ¡lmhtX:--0.51'.' t~..·l Whal Í!<io 

pwhl X >0.5 1 X'f0)"1 

:!.1ó Considcr th~ probability density fun~tion !!Í\'l'll by 

p,(x) = (1- A1 J/4 

This ts u mixture of 2 uniform di!trib~•tions. (JI Skckh Px(X} fur .l.¡ = 0.:'. ihl s~~..·tlll 
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Pxl>.) for .1.. 1 = 0.1. tcl Skl'l.:h PxC\) for :~ 1 = 0.333. {d) In a r;.~núom sampl~ from Px(X), 
60';¡ of thl' valm·s w~..·r~..· bt'lwt•en O a!ld ~- What would be an estima te for the value of ). 1 ? 

~.17 lf thl' joint distribution or X and )' is Px_y(x,y) for X>O and Y>O, show that in 
g~ncral thc distrihution of tal U=X+Y is Pul U)= f Px,y(x,u-x)dx, (b) U=XY is Pu(U) = 

f Px_yh.u/x)/>.. dx, IO..:J U=- X/Y is Putu) = f XPx.v(x,x/u)/u 2 dx, (d) l!=Y/X is Pt:(u) = 
1 xp,., y(x,ux)Jx. 

,J 

.j 

¡; 
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3. Properties of 
Random Variables 

IN ('IIAI)TFR ~ ranJum vari;Jbk~ ;.md thdr proh:thility ~.kn:-.ity fun~o:tiun:-. w~.·r\· di:-.· 
I.;'U).'.\."J in gl."n.:ral anJ sunh.'wh:tl ahstrJ\.'1 t~o•nns. A~,·tually l'\'l'f) hydrolo!!k v;¡riahk· is ;¡ 

ranJmn vouiabk'. This indudt.·s rainfall. ~lrt'JIIItlow. infillration rah':-..~o.'\'aporatiun. r .. ·s\'f· 
vuir ~tonlg..:, de Wc haw also dl'fint:d any pro~.xs:> wllo,,· ¡lut~.·otlll' is a ralllh)lll \'Mi:thk 
a:!!. a11 t'XPI.'TÍIH\.'111. A singh.• ouh:olllt' úum tlli:-. o.:pl·rillll'lll 1'> .. ·;tlkd a r~.·alilalion o( tll~o· 

c>.p .. ·nmcnt oran uh~.:r't'<ltion frolll tht• .,.,p .. ·rim .. ·nt. ·¡·¡¡u, daily rainf;JII valu~o·s ar~o· ¡lh, .. ·r­
valion~ gcnaah:J hy a !Id of llll.'h'orolo¡.!i .. · .. ·pnJitum .... th:1t •. :om¡ll'is~.· th .. · ... _,p .. ·rin¡ .. ·nl. 

Th-.: tcrll\:, rt·aJization and ohs .. ·rvation ~.·;u¡ h~.· 11:-.l·d lnh'rl·h;ut¡.:~.·ahly: \low~.·v~.·r. an oh· 
:~oc~atlun b g.encrally taken lo h~.· a sin~h: valu~.· of ;1 r:n1don1 \·;¡riahk alhl a r~.·:¡IÍI:•IÍo•l 1 .... 

g.en~.·rally tak~.·n a:1o a time :1ocri~.·:1o 1lf ralllllllll \';Jri;•hk~ ¡!l'lll'l:llt.'d by;¡ random l'\Pt.'lilll~.·nl. 
A 1 0-ycar.recurJ uf daily rainli¡llmig.ht h~.·.:on~idl·r~,.·d a:. •• ..,•••¡.:k r~.·;¡lii.;¡IÍllll tlf a :o.llldt;l:o.lll' 
pWCI.'!!o) t Jaily rainfall ). A SCl'llllll 1 0-y~o•;¡r (I.'I.'Ohl or daily r:un f:tll fruln th~.· :-.:111\l' lo~.·;¡(¡tlll 

woult.J thcn he a :!olo.'l'onJ realitation of lhl· pro~..·~..·ss. 

In thls chaptcr w..: will be ~.·olKl'rlllo.'d mainly with uh~l'l'V;Ilion:-. uf r;mliom \·;¡ri:.hk:. 
and with the collcction of possibk· valu~..·s tlwl th~.·~~.· ¡Jhs~.·n·;¡tion~ m;¡y t-.1.;~,.• on. Th~.· ~.·u•n· 
pie te a:~o:lot..'lllblage of all uf th..: vahll'S n:pri..'Sl'lllatiYL' nf a p;¡rl i.:ular r:111dom pl'lh."l'":. ¡.., J..':Jikd 
a popula~ion. Any suh)d uf lh1..'Sl' valu~.·s would h~.· a ..,;uupk t'rom thl' pupulatit.)ll. h11· 
c:~amplc thc: pagcs of this book l'uukl ~pn.':!ot.'lll ;¡ popul:tlillll whilt· 1111.' pa~~.·:. of thi:. 
chaph:r are a san~plc uf thut population. All of th~.· h••oks in a lihrJry mi!!hl h~,.· I;J~\'1\ :1\ 

a populatiun ami shoulú this bouk be foúml in tlll· !Jhr;¡ry. it wmdd h~..· ;.1 :-.;unpk from 

lhc total population. 
Cencrally une has al hanú a sampll· uf tJbs~..·r.·:ttiun ... ur dat;1 from whkh inkrl'lh·~·, 

about thc originating ~lupu!Jtiun, an: to b1: 1\lalk and lh~..·n plhsihl) inkr~.·nú'S :dwut :tll­
othcr samplc t'ro111 this popululion. Slre¡¡mJlow f\'l'<lrd~ f1ll' lh~.· pa~t 50 y~,.•;.rs tlll a p.n­
til:ular :1otream wuuld be u sampll' from which infl'll'll.:~.·~ ;¡\wut th~.· hdl;l\·ior ,,r 111~.· 

strJ..·am r'ur all tim~.· (the population) could IK' nw~.k·. TILb infonnatilll\t.'IH+It.l al:-.ulw u,~·d 
10 estima te: thc hchavior of thc strcam during ~om~.· t'utur~..· pni11d uf )'\';¡rs (;uwth~..-r hui 

ycl unn:aliz.:d sample) so thal a slructur~..· ~ould h~.· prop~.·rly ~h· ... i}!n~o·,t l'lH lh\· ..,11\";nn. 
Thu:1o \lile might use infonnation glcu1h.'Ú frum lUh' :.ampk tu m:tk\· lk~.·í:.imh r~..·l!;¡rt.liu~ 
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p (XI 

o 

dA= p{XI dX 

--1 ¡..x 
X 

b 

Fig. 3.:!. Mom~nt of probability distributiun. 

and thc: first momcnt of thc tot'dl arca ahout thL' origin is 

CIIAI'TI- K 3 

In case of a random variable and its associatcd probability d~.·nsity function such 
as shown in figure 3.::!, thc first momcnt about thl." origin i:. again givcn by 

In this case dA= Px(x) dx so that 

Gcncralizing thc situation·, thc i1 h moml."nl is 

(3.31 

In the case of a discrctc Jistribution 

13.41 

The i•hccntral moml!nl is defincd as thc i 1h mom~.·m about tht• nh:an. p. of a di:.· 
tribution and is givcn by 

lJ i = r: (X • IJ)' Px (X) dx 13.51 

The expccted valw: of thc random variab!t· X i:. ddincd lo h.: 

E( X)= J.:x Px<xl dx X continuou:. 13 .1> 1 

X discrcte ,_~_7¡ 

lf g( X) is a function of X, th!.!n thc cx pcch'd \'¡¡)uc of g( X 1 is ~ivcn hy 

E[gtX)j = f'::. g(xl Px (x) dx X continuous 

. -·------·--·- -·-·---------:!.1 
X Jis..:rdc (3.9) 

• lt i~ app;m:nt that the cxpcctcd value of(x- ~)i is cqual to thc jth central moment 
and E(X) = ~~. 

13.10) 

Some rules for finding expt.•ctcd valucs iln: 

El el= e (3.11) 

(3.! ~) 

(3.!3) 

MOMENT c;ENFRATING FUNCTIONS' 
The momcnt gL'Ih!rating function of a random \'ariablc X is dcfined to be E(ctX) ,, 
Mx(I)=Etc'X) (3.!4) 

Thc k 1h momcnt about thc origin is thcn found to be the k1h dcrivative .of Mx (t) with 
rcspcd ·lo 1 and cvaluah:d al t =O. 

J'M,Itl 1 

~~ = --:~-,-;-·¡ t"O 
¡_1_) )) 

Tht.· proof of et¡Uí.!lion 3.15 baSL'lÍ on a powcr scril'S cxpansion of ctX m ay hl' found 
in Thorm.1s ( 1971 ). 

MEAS U RES OF CENTRAL TENDENCY 

Ari om~.!j.~..: J1~~!l 
<;enL·rally thc lirst propcrty of a randoin v:uiuhk· thut is Or inh.·rcst iS ils nwan or 

a\"l"ra!!C v¡¡Juc. Thc mean, Px. of u random VJri:Lhlc, X. is its cxpcct~o:d v:.~lw.· .. Thus 

U.ihl 

A sJmpk· estima te or thc popul:~tion Llll'all is lhl·1hrithLlll"IÍl" a\'l'TJ!!l". X . ..:;llntlakd from 

x= ¿r""l xJn 13.17) 

whCT\.' ni~ lhl· lliiiiÜ"~l'T of oh~l·n·atiom or Íh"nh in lhl· s:unpk. Thl' :trithml'lil' llll'an ..:an 
hl' t.'SIÍIII:tll'd froJil ~rou¡wd Jat;.¡ hy 

l. Sonl!.' PTlljll'rlil'S <.~nd \ISl·ful ;¡pplil:Jli(IIJS or lllllllll'lll !!l"lll'Talin~ flllll.."tion~ are giwn 
in C'h:~pll'r h. 
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whert k is tht• numb..:r or groups, n b th~.· numht·r of ohsavations. n¡ is th~.· numlwr of 
obscr.·ations in tl11.' jth group and x, i~ thL" das!> m<.~rl.: nf th~,.· i' 11 ;!rnup. 

G'-·otlh:tril.: M'::'an 
Thc sampk g.~.·onH.'trú: lllt':.tn. X G. b tkfm~.·J a:.~ 

The log.arithm of XG i::. l'qual to tht' arithm..:li¡: uvl..'ra~~.· uf th~.· togarithm~ nf tht• )o.¡\. 

The logarithm of the popuLJtion g.eollh:tri( nh:;,~n would he thl.' o.pe..:t..:d valul' of lug.a· 

rithm of X. 

Median 
The ~ampk llh'r..lian. xnl oJ. is tlll' ohs~.·n:IIÍllll Slh.:h th;ll h<.~lf n( tlll' ntllll,.':>. lit' llll 

l..'ith"·r si1.k of X m .J. Tht• population 11\t'dian. ~<m oJ. wuuld lh.' lh~.· V<~illl' :-.ali:-.fyin!-' 

f p). (X) lh: = 0.5 X continuou:-. 

or ~md = "'r wl11.:n: pis d..:tenllÍill'll from 

i:• r <x >=O.s 
1"1 X. 1 

X discn:lt' U.21 1 

The median of a sample or J population m;.¡ y not ~o'\ÍSL 

Madi.'. 
Tht!' modc is the most fr~o·qm·ntly oú:urring .. ·al u~.·. Thus th~o· populatinn moll~·. IJ 11,.,. 

- would be a val u e of X maximizing. Px ( x 1 and thus :.atisfrin~ tlw '-'IJU:Jt_ions 

d Px (X) 

dx 

d 1 Px (X) 
Oand ---- 'U 

dx' 

or the valuc of X associalcd with 

• 
· Mn f (x.) 

¡: 1 X 1 

X ~o·ont inuou:. t3 . .:!~) 

X di!!o~o·r~.·t~o· 

The sampk moJe. Xn, ... would simply b~o· thc mosl fr'"''lll~o'ntl) o .. :currin;! \alu~o· in th~.· 
~mph:. A sample ora population ma)"' hav~ non~~.".lllh.' or mor~.· tho111 un,• nw~.k. 

Wcishtc:d Mc:an 
The cakulation of thl.' arithmctic mt>an of g.ruu¡wd ~.lata i:. an C\.ampk of ~o'olkulat· 

ing a wdghh:d mean wherc: n¡/n is thc wei¡;htin¡: fa.:tor. In g.\.'Jh:ral th'"· \h'i~htl.'llm~o·:lll 1:-. 

2. 

1 
R,\:-;D0\1 \'AHI,\Ili.I.S 
-"-==="-·'--"'-"-"-'"'-''-'-"'-----··,--~---- 4'1 

whcn• \\'¡ is the wcight J!!oSOI.'iatcJ with thc i 111 obscrvation or grou¡l ami k is tlh.' numhcr 

uf obSI.'f\"Jtion~ or g.roups: 

MEASURES UF lJISI'ERSIO:\ 

Kam!1.' 
Th~o· I\\U·Illost l'OllllllOn nh·a~un.:s tlf Jispa:-.iun Jn: thl' rang.~.· and tlw variJn(c. Tlh.' 

fJll!!l' uf a :-.:.unpk is simply th~· diJ"fl·r~.·n.:~o· h~·twt•cn tlw larg.cst and smalkst sampl~.· v;..~lu~.·s. 
Th~· rang.~.· ol ;¡ population b marw timcs thl' int.:rval from -oo tó ~:.;~ or from Oto a.>. Tlw 
SJillpk· rang.~· i:-. ;.¡ fun..:tion of unly IWO of thl' sampk vaiU!..'S but docs COOV\.'Y SOllh.' idl.'a 

of thL' sprl."aJ uf th~o· data. ThL' population rangc of many continuous hydrolog,ic vari<~blcs 
would b~.· O lo a.> ant.J would l.'onv..:y littl~· infonuation. Thr.: rang.c h¡¡s thc disad .. ·antagc of 
not rdh·ctin!!- th~.· fr~·quL'IKY or magnihuk uf vahiL'S that d,;viatc l'Íihcr positivdy or ncg· 
ativdy frum th~.· m~.·;m sin~·L' only th~.· br~L'St -.nr.l !>lllalkst \·alucs are uscd in its dl!'termi­
nation. On·:~shlnally thL' rl'latiw r:.lll!!L' i:-. u:.~.·d whid1 i:. simply thc r<~ng~.· dividL•d by th~o· 
llli.';Jil. -, 
VariOJtlf~ 

By far thc llll)S( l'OIIllliOil llll':t:-.llfl' or dispasion is thl' vari-.ncc or its positiv,· squar~.· 
rool thr.: stomdanl dL'vi;,Hion. ThL' v;.¡rianc~.· of thl' r:.IJldom vJriabk X is dd'inl'd JS thL· Sl'l.'· 
ond lllUilh'lll -.huut thL' lllL':..tn and is dL·not~.·d by o2. 

0.~5) 

Thus th~.· van:.llll"l' b th~.· Jh'fa!!L' ~quarL'li \kviation from th~o· nll';.Jil. For a d1:-.~.·r~..·!L' popul:.~­
tion \lf :.it.~o· 11. ~.·qu:.tion 3 ~S h~.·..:,llllL's 

Th~o· !!oampk l'stimat~.· or i..l~ Í!<~lknokd hy Sl : . .uul <.:Jkulakd from 

¡; 
s2 =)~i(),.¡·XP/(n·_ll 

Two hasil' lli!T,·rl.'lll'I.'S should h,· notL·d hdw~.·~.·n ~o·qu:Jtiuns 3 . .:!6 mul 3.:!7. firsl in .3.~7 
x 1:. II~L·d 111:-.k-.d ol 11 Thi!<~ i:-. h~.·~.·;ms~o· in tl~o·~ling. "~ith ;,¡ s:Jmpk·. th~..· popul-.tion m~.·an 
wmtld not lh.' known. Sú'\)JHIIy n·l i:. u:-.,·d in tkh•rmining 5 2 r;ttha lhan n wlwn ~,.·;,¡ku­
l¡¡tin~ ~,~. Thl' r~.·ason for thi~ ís th:.Jt ¡· ,t '-¡ • x· )2 /n wou_ld rt'Sl_tll in a hias~.·Jl ~.·stimal\.' for 

a 2 . Tlw proof th:.tl !<~ i:. 0111 unhi~l'\1.'\ll'!<~IÍmJlor for •Jl b g.Íh'll in Appl'llliÍ\ A. 
Th~,.· \ari;lllú' for ~roup.:d \1;11;11.'0111 h~.· ~.·:-.tim:.th'd from 

wh~,.·r~,.· k Í!<~ th~.· llUIHhl·r t•f ;!h'UP"· 11 1~ lh~.· ntunh,·r uf oh .. ~.·n--.tinn:.. \, i:-. llh' dii!<S m-.rl.. 
:.md n, lhl· ntunh~.·r ti!" nlhl'I"LIIÍ\111' in th,· ¡• 11 .!!l"tiUJl. · 

Tlt~o· \':Jrianú' uf 'ollh' tün~.·tion:-. of th~.· r;ulllom \'OJfÍilhk X ~.·an hL' tkkrmin~,.·d from 
tht• fniJ,m·in¡.! r~.·l:.itiothhip!o· 

J. Bi;¡s··i!'l di:-.~.·u,:-.~.·d l;11l'r in. thi~ dtapkr. :\t-4-t~limator ~ fur -ji..: !>Ji\l tu h~o· unhi:t!'ll.'d 
ifi:(~)=- "· 
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Var(C) =O (3.29) 

Var(cX) =e' Var(X) (3.30) 

Varía+bX) e b' Var(X) (3.31) 

Thc units on thc vari:mce are the samc as the units on X1 • The units on the stan· 
t..lard 1.kviation are lhe same as thc.units on the rcmdom variable. A dimcnsionless mca­
sun· of dispL·rsion is the cocfricicnt of variation dt•tined as the standard dcviation di\·ided 
by thc mean. Thc cocffidcnt of variation is cstimated from 

e" = s 1 i (3.32) 

MEASURES OF SYMMETRY 
As is appan·nt from fig\m' :.1: many distributions are not symmctrical. Thcy may 
tail ofr to thc right orto thL' h:tl and as such an· said to be skcwcd. Onc measurc of 
aPsolutc skcwncss would h .. · thc diffcrence in the mean and the mode. A measure 

such as this would not be too mcaningful. how~,.·ver, bt:causc it would dL·pcnd on thc 
units of mcasur~..·nlcnt. A rclativc mcasurc or skcwness. known as Pcarson's first cocf­
ficicnt of skcwnl'SS, can be obtained by dividin!! tht:' diffl·rcncc in thc mean and the 
modc hy thc standard dt:"viation. 

p~pulation mt:'asun.· ofskcwncss =(u- Umu )/o (3.33) 

which could be l'Stimatc:d by 

(3.34) 

Thc mode of modcrately shwcd distrihutions can be cstimatcd from (Parl 1967) 

(3.35) 

so that 

(3.36) 

lf samplt:' l'Siimall'S 01rc replaccd by population valucs in rquation 3.36. Pcarson's 
s~·~:ontl I:Ol'ffit.'il·nt of shwncss rcsults. 

Thl' most l'ommonly USl'd mcasurl' of sh·wnl·ss is thl' l'Ot:rfkil-nt of skl·w g.iwn by 

(3.37) 

An unhiOJ$!.'d t.•stimall' for lhl' l'ol'fficil·nt of 5kl'w hi.J!<.l'Ú on a samph.• of si7l' n is 

l·,=n 1 MJ/(n-l)ln-~)s~ t3.J8) 

whl'fl' MJ i~ thl' <..:.unpk cstim:ltt.' for 11.1. Tht: sample l'Odfil'i~·nt or 'i~1.'W hi.ls thl' aú­
v;ml<!~l' Of hl'irtp i.l futll.."tiOn Oi' al! of tltt• oh'>>:r\';:tion;;;; in lhl' Si.lntph;. Fi!-'Hfl' J.,l. <..hows 
'Yillllll'lrt:.::¡f. po .. iri-.·l·l~· and nl'l!a!ivdy <..h· .. •:l·tl di,frihutio!!or,, 

l KA~ IJU\1 \',.\ IU .\!:_llc.lc.éS,_· _____________________ _,:5"-I 

SYMMETRICAL POSITIVE SKEW NEGATIVE SKEW 

Fig. 3.3. Location ofmean, median and mode. 

LEPTOKURTIC, 1r: > 5, 1: >O., 

NORMAL 1 ~~:• S, e •0 

PLATYKURTIC, 11: <S,.: <O 

Fig. 3.4. lllustration of kurtosis. 

MEASURES OF PEAKEDt\ESS 
A fourth prop~rty of random variables bas~d on momcnts is the kurtosis. K~1rtosis 
refcrs to the extent of peakcdness or flatness of a probability distribution in com­
parison with the nonnal probability distribution. 4 Kurtosis is defincd as 

(3.39) 

The samplc estima te for the kurtosis is 

(3.40) 

whcrc M4 is thc sample estima te for u4 • According to Yevjcvich ( 1972a). a lcss bias~d 
estimare for the kurtosis is obtaincd by multiplying cquation 3.40 by nl/l(n- 1) (n- 2) 
fn ~ 3)) whcrc n is thc sampk sizc. · 

Thc kurtosis for a nonnal distribution is 3. The nonnal distribution is said to be 
me!!okurtic. If a distribution has a relativcly grcatcr conccntration of probability ncar 
tiH.' mran than !.loes thc nonnal. thc kurtosis will be greatcr than 3 and thc distribution is 
said to be k·ptokurtic. lf a di!!tribution has a rclativcly smallcr com·cntration of proba· 
bility nci.lr thc mean th~.tn does thc nonnal. thc kurtosis will be lcss than 3 ami thl' distri~ 
bution is said to h.' platykurtic. Figurl.' 3.4 illustratcs kurtosis. Thc cocfficicnt of cxccss. 
s. is dt•finl'd as.-:· 3. Thnl'fon: for a nonnal Ji·'·;!-.Jti -'" e is O. for a lcptokurtic c.Jistrihu· 
tion E. is po5itivl· and for a platykurtic diqrihuÜon ~: is ncgative. 

~o:c:-------
4. lh.: norm:.~l di~llihulinn i!-1 a 1 parli~.:uJ.tr prohability distribution that plays a vcry 

important rok in !<ltati\lical thl'OJ)'. Th1.· nonnal distribution is tn.'atcd in dctail in 
(haptl'T 5. 
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r~·l..~t .. ·J ...111J ~t•ll h~\,,.' ··),_\ iaiHl ~'lx.\ ¡ .. ·qu:¡f hl 11.:n1. A ... ·tually ¡-.~~,." is amca)llm,: ofthc 
lltl•'ar ... kp .. ·nd~o'IKI.' h .. :tw ... · ... ·n X :..~nJ Y lf r-:--._, = l) lh~.·n X :.~nd )' an: lin ... ·arly iuJ~..·pcntknt. 

ln,wt'\'l'J. tlh:y may ¡, ... - r.,:bt ... ·J by !>OIIh.' olh ... ·r fuJh:tion.Jl r ... ,rnl. A vahlt' of +-'A,\ l't¡uallo 

· 1 uupli\.'!> that X anJ Y ;m· pak.:tly rdah·d hy Y=:¡+ bX. lf •'A,\ ='O. X and Y an· 
.... uJ Id h.- uth:urrd:.th.:J Othnwi~~.·. X JIH.l Y :.tr1.' ._"tlJTd:ilcJ. 

fl¡·· dl\Jfialh..'•' .Jn,\ th.· .. -,,rrdatJon úl .... ff¡ .. -i.·nt ar~.· a m~.·:htm .. · of how lhl' lwn \'ari· 

.1hh.·, \ anJ) \'ary to~~,.·¡h,·r. Ir •'),-~ taml-.... 'lx.\ 1 h positiw.l:.trl!t' \':Jhll'!'. uf X h:nJ to b .. · 
p;.¡Jh:J Wllh I:Jrg ... • vah .... -, of Y Jllll \i..: •. : vcr~:J. lf •'X.\' 1:.111d ~?..Y) is n~,·g:.tli\l', l:.trg~,· \':.th•~,·~ 

of X ¡~,•nJ lo b~,· pairl'll with 'm:.tll \':.ti u~,·:-. of Y ami vi..:t.· n:r:-.a. 
·¡ hl' JlliJlUiation l'llrrdation ~,·odli~,·i~,·nt ¡,"'·, .:an lll' ~,•:-.timah:J h>· tlw :-.:~mpk l'llrr~,·­

l;,tiJOn ~,·o~,•tfi.:il.'nt a:. 

(3.541 

~o~oha~o· :.x and s,. ar~o• llll' ~;ui1pk ~o·:-.tim<Jk:. for ,;), :.md <iy giwn by L'ljuation J.~7 anJ 
:."'·' i:-. thl' s;.unpk ~o'll\'arbn~,·~,· gi\l'll hy ~o'LjU;Jtiun :t52. 

~i~ur~o· .'\.) dL"monstr<Jh':. ~o m~,· typical vah•~,·:-. fur r),. , In fi~lHL' 3.501 aH of thl' points 
ill' on tlw lin~,· )'=X-1 <~1\I.J ~,·onsl'ljll~o'ntly thl'f~o' i~ pnf~,:~,·t linl'ar dl'pl·nd~,·¡Kl' hl'lWl'l'll X 
and 't ;,t¡u,.J tlw cnrrd<~tion ~,·odfh.:icnt is unity. In ligur"· J.5h thc ¡llÚnts ;.¡r~,· dllwr llll or 
:-.il~htly off of th\.' lin~,· Y= X-I. and r\,Y = O.l)Xh. Pnf~,·~,.·tlin~o·ar tkp~,·mknn· dlX'S not '-'"'­
¡,¡ in tlu:. ~,.·a~· t'l~,.·~.·au:.~.· :-.omc nf tlw poinh J~,·,·j;,¡¡~,· :.li¡:htly from th~.· str:Ji)!ht linl'. In nl\.'a· 
:-.urin!! :Jnd rd:Jting naturally OL'I..'lHrinp. hyllrnlo¡!Íl' variahk~. J ~,·orrdatiun ,,:oc·flil'il'nl of 
U.YXh wouiJ h~,· .:on!>iJ~,·r~,·J quih: good ;.~nJ thl' r~,·~ultinp straig.ht lin~,·. Y= X-I in this ca~~.·. 
~o~ouuiJ U!>ually h~.· juJg~,·d a g.thld usahk rdationship hi.'!Wl'l'll X ~uhl Y. 

In ftgur~.· .~.:\ .. : th~.· .:urrdation ~,.·o"·fli.:i~,·nt ha~ Jroppl'J to -0.67\. Tih' point~ in this 
.,·a:oo~,· ar~,· ~l':1lh'r~,·d about th~,· linl' Y= l.~h4 • 1.~71 X. Tlll' ~~,·a¡¡~,·r uf th~,· pllÍilh is mud1 
l!fl'at~,·r than m tht.• pr~.·,·iou~ ~,·a~c a\[houg.h lht.• ~,.·,i~ll'llú' of ~Uilll' J~,·¡ll'Jld~,·n"·l· t stodJast it.') 
i:oo !>lill in l'\'id~,·nü'. · 

In t'igur~,· J.SJ llll' sl·ath'r of th~,· poinh i~ \'t.T)' ~r~.·at. with ;t nHrl'~poni.ling. la~.:k nf •• 
:-.trung. tstudla:-.ti~,.·) tk¡wndt.'llú'. {;~,·nl'rally ~• (¡lffl.:tttitm ~,·tl~.:ffil'Íl'lll uf 0.211 i~ .:un~id· 

~,·r~.·J too ~mall lo indi.:ah' a U~l·ful stod1:1~ti~.· lkPt.'thkllú' as Knnwkd~~,· ahout X ;!ÍVt.'S 
lt.T)' link informal ion <~hout Y. 

In tlll' la~t two paragraphs tlw nwdifil'r "~hlcha~ti.:'' has app~,.·arl..'\1 with th~,.· word 
lkp~.·mkLKC. lhi~ i~ lh·.:au~l' in r~.·ality thl'fl' ar~.· lwo kind~ of ~.kpl'IH.h:n.:l' · :ootodt~•:ootic 
and t'un.:tional. {;t.'lll'faltr throug.hout this hoük th~.· worJ dqll'lllil'nl.·l· alolll' -.hould lw 
¡,~l.,~.·n io llll'an sto.:ha~ti~ for statisti~,.·;tlllkJll'lltklli . .'l'. 

h~ur~.·, .~.:\~..· ;nHI 3.:\f úllllain "'"ampk, uf funl'IÍtltlally tk·¡wndl·nt v;triahks. In fi~­
u,,· 3 . .:\~.· th~,.· rdatilln:-.hip •~ Y= X 2 /4 fo1 X O ami in li~ur~.· J.Sf th~,· rl'lation~hip i:-. 
\ :: •' lj. X2 f,u -.l X 3. liH' ~,·nrrd:1!Ítlll ~,·,¡,·¡'(¡.:t~.·nt for ti)!ur•· .1.5 .. · ¡, O.l)hJ imlt· 
,:o~ltn¡! .1 ht¡.'il tk~¡~,·,· ,,f ~lodta,tt~,· llilll'arllkp .. ·nd .. ·tl.:l·. Tht' ilhhtr~h'' th;¡l ~,·\'\.'11 llitHq.dt 
th..- ~.kp .. ·thkn•~· bt.'l""·~·n X :J!ld Y 1s nonltn"·;11. ~,lu~ll ~,·11fl'l'i<!liOII ~·n,·fli.:Í~'III ~.·;lll fl'\1111. 
11 llh' ph11 •11 ÚFUf~· 3.5,· ~o~o~,·r~,· hl~.-oh'r a diff~·r~.·nt r:IIIJ!l' ,¡(X. th,· ,.~rrd;LI•nn .. :o~·ni,·¡~,·nt 
\\o<tdd d¡:m;!~· ;_¡,"di. 

l¡~·ur .. · 3.:\t' i11u:-.tr~l"'' a :o.Jiuation \\ hl'n: Y :llld X ;¡r~,· p .. ·rkdl~ hn¡l'lion:lll~· rd~kd 

<'\."11 lhtlti)!l! tlll' ~,·urr~,·btion "·o~,·ffi~,·i..:nt ¡, ll'fll. Th,· fun.:tiun:d rd~llion,hil' h nut lln~,.·;¡r 

luol\,'h'r. 1"111., t't;!lln· li\'ltlnn,trJk~ th;;l olh' l.'~lllllol ... ·,¡¡¡~,·ludl· til.1t \ :111d l ;lfl' unrdakd 

l>."''ll 1111 th"· b~.·t tb.il lll~,·u ,uudation.~.·o.:ffi.:i~,·nb ;¡r~,· ,¡n;¡IJ, 

lit~· t':J..-1 111:11 l\\tl \.Jit.Jhk·, h:Jh' ;¡ hi;.!h 1k;.>rl'l· ul lin~.·,¡r ,-orh·bttnn ,hnultl not \1~,· 

lllkfJ'l'k'l .... tll•\i,·.nin!! ~~ fun~·t¡o,ul 01 .. ·:u,, .... and dt'•·d id.i!Ío.uhlup ,·,i:-h h,.·Jw~,·~,·n th\· 
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Fig. 3 .5. Fx;.~mpk~ of thL' ~orrcl<.~tion ·codficicnt. 

t~·o V<~riahks. Thl' ;mnual wat~,·r yil'ld on two adja~.·t:nl wakr.slu:ds may bl' highly po~i­
lt.vl'ly _corr~:lakd l'Vl'll thou~h J hi!!h } i~,·Jd fn14~11 ont: watt:rsht:d dOl'S not ¡;;1ml' a high 
y1dd lrom thl· ~~,.·cund w;¡ll'rshl'li. ~lor..: li~dy tfl1c ~~Uill' dimati.: fal'tOr!> and g''<.HllOrphK 
l;,t:tof!l ;,¡r~,· opnatin~ on tl!l' two w;¡fl•r:oohl·J~ I.':JU:.in~ th~.·ir wall'r yidd~ to hl' ~nnilar. 
lh~,· fa.:! is ofll'n ovalookt·d that hi¡!h ~,·orrl'lation Jol·s not lll'l'l':-.~arily llll'Jil a l'am~,· anJ 
cfk~:t rd:Jtiun~hip ~,·xi~h hl'lwl'l'll th~.· .:urrdah:d vari:Jblc~. 

J_~lrtha x~~·_r:t~:~ .':!.LH~!!..!~~ 
lf Z is a linear fun~tion oi·two random variable~ X and Y, thcn 

Z=aX+bY 

IO!Z) = Et:oX +bY)= aLcX1 + bL(YI (3.551 

\';¡li/1"" \";¡rl¡¡\ t hll:: Fct\ t b\ ,: -1·.1 (aX + hY) 
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h.\-,_,. J.= l:tX.I- IJx 1;). - :.), =u 

bl Thl· ~l·..:ond momcnt ¡¡boi.•t thl' urig.in i-.l'l}U;Jito thl!" v;.¡riaiKC plus thl' ~quarl· of 
tlll' illl':.tll. 

·'=!'IX- t' =FtX't-I"¡Xt=L¡X't-,,' '-'x .· •'" . · . ~x 

Thl· lllllllll'llh ahuut thl' llh':.tll arl' rl'iateJ tu thl_' monwnt-. ;.¡huut lhl· oril!in hy th .. · 
fullowing il·n~·ral .. ·quatiÓn rfhomas 19711 

tur thl' ..:omputation of s;.¡mph: mollll.'llh on a lksk .. ·;,¡kulator it i-. ofkn O.:LIIl\l'lli .. ·•H ltl 

lbl.! l.!l¡ua~IOn .\.ó4. Thc- rl·sut"ts _of C'l.Jualion 3.h4 for lhl' lir::.t fuur ~;.¡111Jll .. · IIHHill.'llb ;.¡re 

:md 

M,=O 

M =M' -X' 
' ' 

MJ =M; -3XM; + 2X1 

M4 =M~ -4XM; +hX 2 M; -3X 4 

n.6Sal 

i3.65h) 

whcrl' x ;.¡nJ n an.• th~..· dass mark and numh'-·r ot' ohsavations fl'SI1l'L'Iih·ly in thl· j•h 
' ' . 1 1 . !!roup. n i::. thl· total numbcr of ohst."rvations and k as t ae num >l'f ol ~roup::.. . 

Moments of grcatcr than third ordcr arc gl'll'-"rally nol l'Oill)llllcd Jor hydrolo~il.: 
,-;.¡riahks hl·..::n~::.~.: nf thl' small samplc siz~.:. Highl.'r onkr monH.'nb :lrl·· wry unrdi;.¡hk 

t !!:1vl· a h1!!h varialll'l') fur ::.m;.¡JI sampks. Fur l'X:unpk lhl· varian .. ·l· uf s~ 1 thl· v:¡rÍ· 
;Jih.'l' of th~· ':Hllpk· v:.trian~·l·) i-. IM 4 ·In- 3JS4 1tn ··IJI,'n l~ltmd d al. !lJ74J. Yl·vkvidl 

t 1117 ~:JI l'f'-""l'llh 1!~· 1wral ~''-Pfl':-sion~ ftJf tlh· \arl:tll~'l' 1ll llll' \an:Jnl·l·. l'th:flil'i~.:nt of :-.1-:l·w 
.md 1-:urlo~•'· 

I'AKMILTtK I·.STIMA l!Ol\ 
TIHI:-. f<~r proh:Jbilit) di~tribution li.lnl.·tiun:; h<l\'1.' h~·l·n writk-n 1\; lx 1 or Fx (xJ dc­

Pl'llJin).! un v.hl·thl'r thl'Y wcre t:ontinuous or di~t:fl'h'. Morl· ..:orn:~.:tly thcy shnuld 

lw writkn 1\ tx: ·; 1. ·.11 .. í~·m 1 or Fx (x: (11 . ? 1 • .... •:..,, 1 inJil'atin~ th:Jt in}!~.:n~·r:.tl 
tll\' di,trihutiom ;Jh'" fUill'IÍon o!' :J !ool'l of parallh.'ll:rs ;,~ wl'l! a-.. th~· random variabk:.. To 

ll.'l' proh:.cbili!y di~trihii11Uih ~~~ ,.--;fÍlll;Jil.' proh:Jhilitil-S, vaJun; i"Or th~.: Jlilfallll'll'f~ lllll)[ ht' 

' l 
; , 
l. J\.Jii;Jb\c. 'fhi:-. :.l'diun di-.~·u-.!oo ... , llll'lllud:- fnr l':-lim;¡IÍII!! lhl· par:llll~·t..-r \';.¡IU\'!1 for pruh;.¡­

llilily Jistribtttions. (\·rt;.un pru¡wnit·-. of tlll'~l· p:tr:llllcll'f ~·stimah·-. nr -.t;.¡li:.til-s arl' abo 
Ji~~uS.sed. Rather than '-·arry "a du~l !r.l'l of rd;.¡tiÚnship!!- - onl." for L'oiltinuou:- -~nd onl.' for 
di::...:r\'1.: random vari;.¡hk·s - only thl· l'Xprc-s~ions for thl· ..:onlinuous random variable-s 
will he dispJ_;.¡ynl. Thc- n·sulh arl' l'lJU:.tll)' o.tpplil·:.thil' to tlis\.·rl·k distribulion~. 

Thl· lbU;.¡I pro\.·l·durl· for \'::.Lilll~tin!! ~ par;lllll'kr is lo ublain a random ~;unpk '
1

• 

\., ..... ~~~ from lhe po¡,ulation X. This randuu¡ .. ample is then USl'li to l'Siim;.¡h' tlll· 
~~~ralllt."'tl'rs. Thu .. ;,. an \.'!\IÍill~ll' for tlh· l):.tranh.'ter e 'is a fUIKiiun of lhl.' Oh.'ll'T\"ations 

A ( A 

ur ranJom \;¡ri:lhl .. ·s. SinL'l' €·, i~ :.t f¡uwtion of random variabll.'s, e 
1 

is itsclf :J random var­
i:Jbk po!ro~l·~~Íil!! ;¡ ml·:.tn. \":.tfÍ:JIIl'l' and proh;.¡hilit)' Jistrihution. 

lntuitiwly u m· woultl li.· .. ·J that thl' morl' oh:~Jrvations of th'-' random vari:..hk-. tho.H 
'Al'fl' ¿¡vailabk for jlarallldl'r l' .. tim;.¡lion. lhl.' ..:los\'[ should hl· ü lo e. Al-.o .r lllóill}' S:Jill­

pflos Wl'fl.' u-.\·d for ohtainin!! O. une would fl·d lhat tht• :.t\'l'f;¡gl' vahtl' of & should l.'qu;.¡l 

~- ThCSl' two stall'lllcnts de-JI with lwo propcrlit·s uf e-stima ton. known as l."Onsistl'IH;y 
;and unbiasl·dness. 

lln biasl_·d ne~s-

An l'Stim:.ttl.' lJ of :.t p;.¡rallll'Ll'f t; is s;.¡id lo hl• unbias\.•d if E({))= 8. Thc bias, if ;.~{ly. 
i~ giv~n by El8)- (J. 

Th~ f:.t,,:t that an l'-.tim;.¡tur i:-. unhia~t·d dUl'!l- not gu;.~r:.tntl.''-' that an individual 6 is 
~qua) lo l• or l'Vl'll do~l' to U. it simply lfll'ans lhat lhc- a,· .. ·rag.c of many indq1l.'ndl_·nl 
estimaks for O willl'lfllill O. 

Cun~i~t~·fi_g; 

An ~·-.tim:Jtor 1_, of a p;.¡r:undt'r '' i~ :.;.¡id lo hl' con-.i-.h'nt if llll· proh:Jbilit} th;.¡( 
ditl~·rs l"ron1 ·.• h) 1llOft' llli!n an ;¡rhltr;_¡ry úlllStant t" :tppro;_¡l'hl·::. O as thl· sampk· ~Í/l' ;.¡p· 
pru<Jdh':-. inl.inity. .ti··, · 

Con~i:-.ll'lll'Y is :111 ;¡symptoli\· ¡)ropl'rl)' sitrl:~· il -.;.¡ys th<~t hy S\'iL'l'lin~ n sufficil'llt\y 
l<.~rg~.:. lh .. · proh( J n . ti J > L ) t::Jil hl' lll:Jdt• ;¡~ Slll:.tll ;JS dl'SÍfl'll. IIOWl'\'l'f for -.mall ~ampk-. 
t~!l- an: many tillll'" ust•J in pwcticl') l'Oilsiskncy do .. ·s not ~uaranll'l' th<.~l a slllo.llll·rror 

will b~ made. In spitl! of this onc fecls mort! comfortablc- knowing lhat 6 would con­
verg~ toO if a l;.¡rgl'f sampk• Wl'r'-" ust•tl. 

Thl· prohkm or ;¡ singll' l'stimak of o from a Slll:J.JI !loampk l.'Ontilllll.'S lo plagul.' liS 
sinl'l' lll'ilhl·r unhia~l·dnesl-i nor consiStcn..:y giw us much comfort. In L"hoosing bl'lwccn 

Sl'wral IHI.'thods for l'slimating U in :Jddition lo bl•ing unbiaSl'd and 1,:onsistent. it would 
b~.: dcsirahk if·tlw \';.¡ri D 1 Wl'fL' a-. small :.ts possihk. Thls would nll.'un tlwt thl' proh:J.­
hility Jistrihution of íi W11Uid h\' llhlfl' t'Oill'l'lllfakd about lJ. 

f.ill~~ll}" 
An l':-.tilll;llor t; i-. so.1iJ lo lw lhl· most dt'il'it·nt \·-.tim:.tlllr for ~~ if it i:-. unhi;t,l·d .md 

Íh \'<lrian~·\· i~ al ka..;t a-. _,m;¡ll ;_¡_, lh:JI tlf any olh\'f unhi;.¡_,l·J '-"·'tim;tlor fm rhl· rl'lalih' 

dfil'il'lll')' uf~ 1. with fl·-.¡wt·t lo~ 2 lt1r \'SIIln:Jting u is llw r;~tiu of V;1r1 ~ 
2 

1 lo \':•rl ~ 
1 

l. 

1-"inotlly it i:- dl.':-olrahk that u ll'\l' all of thc infnrm;ttion contaitwd in thl· ._;unpk 

rd<~tivc lo 'J. lf unly u fradion ofthl' ohsl·r.·ations in a s:.~mpk• ;.¡r .. · u~l·d for l'SIIInatin~ ... 
lht·n !l-Ollll' infonn:J.tíon :Jbout u is lost. ' 

Suffi~.:i~!~L')' 

An t·-.timator Ú i-. said tn he- ;1 suffil'it'llll.'stim:.ttor forO if t1 lbl'S :JI! of llw inforll)U· 
tion n:lnant to ü lh:Jt is nlllt:.tinl·d in th~.: s;unpll·. 
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~la.\.ÍillY_!?llikr.:lihood·.' 

A~:-.um~· Wl..' haw in hand n random obs~.·rnllions x,. x 2 ••••• Xn. Th'-'ir joint probahil-· 
ily di:-.tnhution -b- Px ( x 1 • ;.. 2 , .••• ltt.n: 13 1 ; th ..... úm ). Sin~.·~.· for a ranJqm sampk lh'-' >.¡ 's 
~rr.: inJ~·p'"·ndl"lll th~.·lr juinl distribution l"all be writll'n Px(A 1 • !_,,.u: •.... un, 1 Pxlltt.,: u,· 
n~ ..... ·:m 1 ... rxt .\.,. ·. t:,. '-'2 .... ', t:m·J. 1\ow thb lana ~·:-.pr~.·~~ion is_ pro¡lortionalto ~h .. · 
prohahiht~· tha1 th~.· parl•~.·ular randlHH·:-.ampk would h~· oblal!ll'd-lrom lhl" po¡,ulatlon 
.mJ i~ knuwn a~ lh~.· lil\l'lihood fun~:tion. 

Thl· 111 param .. ·t~.·r:-. are unknown. Th~.· valu~.·:-. uf !he:-.~.· m param..:kr:-. lhal maxinHt.c th'-' 
hkdihooJ lhat thc partil"ular sampk· in hand i:-. tlu:.o¡w that woul~.l h .. · obtain~.·d if n ran­
dum ohs .. ·f"\·ation:-. v.cr~.· :!~dl'ctcd from Px( )..; 01 • tl2 ••••• ·~·~~~ 1 ar~.· 1-..nown a:-. th~.· maximum 
liJ..l'Jihoot.J l'SIÍillalo~. fhl~ parallll'll'T l':o.lilllatÍUil PTOl'l'dliTl' hl'l'OIIll'~ 0111.' of findin~ lhl• 
.. alu .. ·s of ~; 1 • ·; 2 • .•.• ¡;111 that ma:-.imilt: thl' likl'lihood function. This can hl.' Jo1w hy t~k­
ing thl' j,artialtkrivati\'l' of ltü 1 , b 2 ••••• IJ 111 1 with n:spcct tu l'i.l..:h of thc ü,'s and s..•ttmg 
!he n:sulting ~.·xpn.·ssion~ ~.·qual _tu 1.1.-'TO. Titt:~~.· nl l..'qllations in 111 unknow11S ar~.· th~.·n solv~.·c.J 
for th~ m unknuwn par.unetcrs. 

Sulú' many prubahility distrihutiuns involw th~.· l'XptmL·ntial fun..:tion. it is many 
tim~.·~ ~-a~il'T lo m:..~xim11~· thc naturallog<~rithm of tlll•likdihood fun..:tion. Sin¡,;c th .. ·log­
arilluni,; funt'lÍon Í~ lllllllUIOilÍI..', thl' VUJUl'~ uf lhl' U\ that lll<JXÍIHÍI.l' lhl·logarithm Of lh~· 
lil-..dihnuJ IÜih."ti~m <~bo lliJ:>.imit ... · lht· likdihoml funclilm. 

1·.\.amplc .~.4. Fim.l th~.· ma.\.imum likl'lihoml~.·stimatur for th~.· param ... ·t~·r .·. ul th~.· llbtri­
bution Jlx(XI = ... .._.·"• for X· .. Q. 

Soluliun· 

9lL·:1 
~ .-. 

~ =¡¡Ji " \. = 1 :x 
·--~ - . .:.!.':__1_ ' . 

),_=o 
' 

1-\.ampk 3.:'. hnd thl~ 1\l;J\.¡;~wm li_k,~lihood .. ·.,tin·l~lor~ for tlw paramdl'f'i IJ
1 

and !Ji uf 
thl· J¡~tnhution 

" • ( ~ -tt¡ J 2 ¡O i 1\,1 \. 1 = 1 1 '/~T. ·.2 1 l'. _, X·'-'-' 

Sulution (all ... ummatiom frnm 1 ton): 

1 

a lt_~:_ú~ ~ 
a o, = O} ¿ ( "-, · ·J 1 J =O 

'-:. 

or6, =r.x,fn=X 

82 =Hx ·X12 Jn=tn·IISl¡'n ' ._........:;_'- ·-- _; ----~-. 

---·--------···- -· _0..,_~ 

" 

··-- - -·--- ·--- -- .. ·--------------

Examplc 3.5 shuw.-. lhat th~.· ma.\imum likl'lihood ~.·stimators arL' not unhiasl.'d. lt 
L"an b~.· slwwn. how~.·v .. ·r. thal ihl· maximum likdihood ~o.•stimators ar~.· asymptotkally 
las n-..w) unbi~hl'J. Maximum lil\dihood l'Stimator:. ;_¡r~· suflki..·nt and t:Onsistl.'nt. Ir an 
efticic-nt L'stimator 1-'Xists. m~t\.imum likdihoud ~.·stimatnrs. adjush·d for bias. will b~.· ~,.·fli. 
ciml. In aJJition to lhl'Sl' four prop~.·rtil•s, II~<L\.imum likl'lilwod ~.·stirnators <~re. ~;_¡jJ to hl· 
invariant. that i~. if Ú i~ a m;.n.intum likl'liiHuul ~.·stim;ttm of d anJ th~.· fulll"lion 111 ¡j) i~ 
(Oiltinunu~. lhl'll 11( 0) b a 11\0J\.ÜIIUJII lil\dihomll'SIÍ!llalor of h( tH. 

Thc ml'lhod of ~lWIIll'll~~ anll thl· ll!f,\hoti of n~axirm~m likl'lil~lHll_l do ~101 alway ... 
produt:l' tlw sam~.· t'Sillllatcs lor th~· par:n~~·kr~. In Vll..'W ni thl· Pl"llPl'fllt'~ ol th\' ma>.1· 
rmim likdihood ~.·stimaror.-.. this nwthod is gl·naally prl'!árl·d ov...-r lht· llll'lhnd ,)f· mo­
mcnts. Ctsl'S ari~~.·. howl'Wr. wht'rl· orll' ... -... n !!l'l lll:t\.lllllllll likl•lihnod ... -sliniator'J tlnlr hy 
ikrativ~.· IHim ... ·n~.·~•l ... ulutinn:-. Crf :11 alll lhw.ll·avÍn!! fülllll lúr thl· u~~.·ofmorl' r~·;rJII) oh­
tain;_¡hk t'slimall':-. JHls~ihl)· hy th~.· IHl"lhod of 11\Uilll'llb. Thl· ac~.·urat·y uf lhl· nh·thod ol 
morlll'nts is s\.'v ... ·rl'ly :tlll'l·ll'd if lht· dat:r nmtain:-. ~.·rror.-. in lhl· taib of thl." di~lrihulion 
whcr~.· lh1.· lliOilll"lll arms ar~.· long. f('how 19)4). Thi:-. i~ t'SJll'l·ially lrouhk~om~.· with high-
1)' skt'w .. ·d di~tributions. 

Fin<.~lly it shou/d ht• kq11 in minJ that llll' prnp ... ·nt~.·s of rnax•nntrll JikdihooJ \':-.ti· 
mators ar~.· asymploti..- propl·rli~·~ ( for lar¡! ... n 1 and llil'Tt' ''h'll m ay l'XÍst lk•tkr t':!~timation 
prot"l.'dur .. ·:) for ~m;tll ~a1~1pk·~. 

CIJFBYSIII'V JNI'QUALJTY 

Cl-rlain ¡!l'lll'Tal :'ifall'mt•nts ;thoul randon1_ vari:ll1ks ~,.·;¡n ht• madl· withuut ¡lb.,.-mJ.! rv­
strictwns on th .. ·ir dbtrihutiuns. M un· pr~.·~,.-¡,l. prohahilisti..- stat .. ·•Hl'lll~ r~.·quir ... · lllml· 
n·stri .. ·tion.. on th .. · di~trihution or lhl· r;mdo_Jil V;Jriahll'S. LX:tl'l prohahih~ti.,· ~l:th'· 

llll'lliS Tl'IJliÍTl' ~·ompk•tt' knuwk·J~~· Of llll• proh:..~hility JislrÍhUtÍOil of lhl' f¡¡nJom \:ifl· 
able. 

Ülll' ¡!~o.'lll'Tal n·~ult that ¡¡pph~·s hl r;llldtlln vanahll--. is known as 111.,· Cl1d)} ,h.,·v rn­

cquality. Thi~ in .. ·qu;tlily ~lak-. that_ J ~Íll!!k nh,~.·rv¡¡lnm :-.~·k..:t~·d al r~rndom trom <111\ 

prohahility di:o.trihution willlkVÍ;Ik morl' llwn 1-..,·. t'rom thl· m~.·~m ;. ;lTíi ... - dt:-.trthulio;l 
with proh:.ahility ks~ than or l'qual tu 1 /k 1 . 

proh( 1 "-- ¡t 1 

¡:liT 11111 ... 1 silua!ltlll' thb •~ a \l·r~ Ctllbl'rvativ~· .. tall'llll'lll. Thl· ("h~.·hy ... hl'\" Ílll'tJU:tlit) 
produn·:-. JI\ lljlPl"f hound Oll lhl· prohothility of ;¡ d.,'\Úlion of a ¡!i\"l'll lll<l:!IIÍlttlk t"rurn 
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th.: m"'"'"· 
i-:):~;t;Pic 3.ó.-TI;;·d~~~ oí 1ahle l.l h;~-~-~;.:-;~-~i(~-f5oo ..:f~-.. ~;,-.. -~la~d-;hiLk\'iation 
uf~ 1.000 l.'h. Without m:.~king any distributional assumption) n.:¡!arJinl! tlh.' datO!. whal 
..:an h.: sai<.l or tlh.' prob:..~bility th¡,¡t tht' p~,.•;,~,k llow in a y .. ·ar :'lodú·t~.·J at ranJom wi!l~.kvi­
at~.· mor!! than 40.000 t.:fs from thl." m\."a·n·~ 

Solution: A,pplyint! Chdl). sh~.·\··s int:quality WL' haw k o= ~0.000 ..:fs. Usin~ :1,000 ..:fs 

a:'lo an l.:'slimatl' for o w..: ohtain k = 1.905. 
·'··" 

proht j:r.- ~1 2: ka)·.:. 1/k2 = 1/t 1.905) 2 = 0.:!7ú 

Th...- probahility that th1.' p..:ak llow in any y~ar will J .. · .. 'ial.: mon: than 40,000 ds from 
th~.· 111'-'an i!!> thU:'Io k!t:'lo tl_tan or ~.·qualto 0.:!76 or roughly 1 in 4. 

Comml.'nt: That this is a \lt.'T}' ..:Oil!!.t:rvati"·~.· fi~lm.' ..:an hl.' ~1."1.'11 hy IHllin~ that unly 4 
valu~s out of bb (4/bó = 0.061 1 lic Olllsidc thc intaval tl7 .5ÓO :t 40.000. Hy not m a k­
in~ an)' distrihutional assumptions. wc an.· fon: .. .'d lo a~.:~.: ... ·pt \'I.'T)' com .... ·rvali\'1..' prohahility 
~,.•,.timatl.'s. In.lall.'r ~.:hapt...·~ wc will a~ai11 look at this prohlcm 111akin~ u:.~..· of sd~..· ... ·tcd 

)lrohahility distribution:..· -~--------------------

LAW UF LAR(;E 1\:UMIIERS 
Clh:bysh ... ·v\. incquality is sonu·timi.'S writt..:n in h·nns of tht· nh·an X uf a rauJom 
sampk of :>Í/""' n. In sud1 a ~.:as .. · ... ·quation 3.h 7 lll·~,.·,mw:. 

pro~<! X· "1 ~ ko/lill ~ lik' 
(3.6XI 

lf w~,.· nuw kt 6 = l/k 1 and ~.:hoos~..· n so lhat n? o1 /6c 2
• W\.' haw th~..·.(w..:¡¡k) Lo.w of 

larg ... · ·Nu1~1b...-.r:. ( ~toOO an~ c;raybill 1 tJ63 1 whid1 statcs: 

Ll.'l p xt x 1 be a prohahility c.knsily fun~o:lion with mean 1J anJ linit~..· vari­
anc...- 02. Ll·t X., be th~..· m~o.n of a randoni s.unpl ... • of sit.c n from Px(x). Ll..'l 
e ouu.l t. hl.' an)· two :.p...-l'ili...-J small numhcrs sw.:h that e >0, O·· ó·· l. Tlu:n 

ft.lr n an)· int..:}!cr ,gr~..·at ... ·r than o~ /c 1 6 

l;roh~,I_Xn - ,,¡ ~ ~-1 :: 6 c3.<•91 

This stah·m ... ·nt in,un·:. u' that "'""' "·an l''timak lhl' pt•pulation m~·an with whJt...'V~r 
a...-...·uÍ";aq ,. ... : ·,¡ ... .,u ... · hy "4:k~·1inr tlh' ... :uupk larrl· .... m.m}!h. Th...- aduill ;apph ... ·atiun ni' t:ttua­
lum JJ,'I r,·quir~,.•., ~nowk_ll}!""' uf l'u¡lulati<tn paran11.:t ... ·r:-. alhl i~ thu .. ol limil...-tJ u......-fuln...-!l.s. 

-···-··-----
1. xam¡;I~-J":J: ·A .. ~u~·.;;;t,;·.-·;,; .... -;.~ntl.;,·¡ <j~~iatiun uf p~,.·;¡~ llow .. un 111\' ~ ... ·ntu~..·k)' Kivcr 
ncar Sal\·i,..., ~ ... ·ntud.;)l. is ~ 1.000 t:l!!.. lh>,.. many oh!W..'I'';alions \\oulll llt: r~..·t¡uired lo '"-' 
011 l ... ·or..t 95 pl·r~.· ... ·nt ,.ur ... · that th~..· ... • .. timatCd m...-.. n J"-'ak llo111 was "''ithin 10.000 .:fs uf ib · 

tru~.· vo.hic if ""'""' k nov.· nnthinl! ,,f thc distribution of pc01k Oma:s? 

~ = 1 - .IJ$ =.os. e • 10.000. ; = ~ 1.000 

l 
i 
' 
\ 

KA:\IJ())II'.\RL\IllES 

n?. o' le' 6 • 121.0001' i( 10.0001' 1.051• 88 

\h· must haw al IL·a .. t XM uhsl·rvatiun~ 1u h ... · 95 pcn:...-nt surc that thc samplc mean is 
within 10.000 ....r .. of th,· popui;JIIllll llll'an if "'"'' know nothing of thc po.pulalion distri~ 
hutiun \.'\~,·pt ib .. t;.¡nJard tkVIation. 

C"onuu,·nl: ~h· will loo k ;.¡1 thh prohkm a~aín lat...'r makin1! ~.:crtain dislributional assump. 
lions. 

Excr~.:iscs 

3.1 \\'hat is thl· ~'"'l'l'!.:kd IHl'an and \';&rianl·#Or thc sum of valu~s obtaincd by tossing 
two Ji~.:...-·~ What is th~..· ~..·ocflid..:nt of skl·w and kurtosis'? 

3.~ Modular col'fli~o:il'llls ~..1...-tim·d us K,= XJX arl' occasionally uscd in hydrology. What 
is th...- llll'an. variancl.' anJ col'l'fkicnt of variation of modular cocffici...-nts in tcrms of the 
original data'~ 

3.3 What l·ff ... · ... ·t do,·s lhl· addition of ;.¡ l'onstant to cad1 ohservation from a randon1 sam· 
pie havc on th,· llll'":Jil, varümc..: and codfkicnt of variation? 

3.4 What df ... ·~.:t Jocs mulliplyinl! ~..·ad1 obscrva(ion in a random sample by a constant . 
havc on lhl' llll'an. variancc anJ ~.:o...-llkicnt ofvariation? 

3.5 \\'ithout an~· knowki..l~l' c~f thl' pmhahility distrihution of p..:ak llows on the Kc~ 
tudy H.iva t lahl..: ~.1 l. what l..'iln he :.aid about th...- prohability lh.at 10 · l-IQ 1 is grcater 
than 10.000 ds'! · 

3.6 Without auy knowl...-dgc of th..: proh;.¡hility distrihution of peak tlows on the Ken· 
tu..:ky Ki•h'T 1 tahlc .::!.1 ). whal c.a1l hl' said about llu: probability that a single random ob-­
sc.:rvation willlkviatc more lhan 10.000 cfs from llo '! 

3.7 Usin}! th ... · Jata of cxcrcisc ~.:! ~.:alculalc lhc m..:-:.~n and variance from the grouped 
data. llow Jo thc 1!roupcd tlata mean and variancc compare to thc ungrouped mean and 
variancc'! Whid1 c:.timalc do _you ¡ucf...-r'! 

3.8 Calculatc thl' covariancl' bctwccn thc peak disch.art;c Q in thousands of ds and the 
arca A in thousaud .. of SqW~rc miles for thl' fol~owing data. 

Q A Q 'A 

1!'50 1.~50 IK.OO 1.400 
H.SCI 0.871 8.75 0.297 

HS.OO 5.c.90 · 8.25 0.322 
1os

1
oo 8.~70 3.56 0.178 

~4,80 1.620 1.90 0.148 
3.HO 0.175 16.50 0.872 
1:76 0.148 2.80 0.091 
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J.'f CakulatC thé' cOrn:lation .:odli..:icnt bl.'tWt'l'll Q and A for thc tlata in ~..·xa..:i)l"'' 3.H. 

3 10 Calculate th.: cocfficicnt of skcw for Q in cxt:rdsc..· 3.8. Note that thi:!~ I.'Stimatc fur 
y is rdativd)' unrdiabk bl.:'cauSI: of thc small samplc. 

3.11 Cakulah.• tlu: kurtosi:. otnd thc Coc:flidcnt of c-xccss for Q in c>.t.•rdsl.' 3.8: Note that 
Uh.'!I.C C!l.timatc~ 3fl' unrdiahh: heL·au!loe of thc small samplc sizc. 

3.11 Complt'h: thl.' stcps nc4.:C:<~~ry to arriw al cquation 3.5h t'rom .l.SS. 

3.14 A convcnicnt rdationship for calculating thl!' cslimatl!d variancl.' of a samplc of 
Jata is 

s' = u:x'- nx 1 )/(n- 1) = tzx'- ux )1 /ni/In- 1 ¡ 
ll 1 - 1 1 

Dcriw this rclationship from cquation 3.17. 

3.15 Th.: estimatcd covariailcc bctwc'cn X and Y of u hivariah: random samplt; ..:an he 
calculatC'd from 

Ocriw thi:. ~..·x.prc~~iun from cquation~ 3.49. Note that thc aboV...- l.!!ltimatcd co\"an;.m~c is 
biascd. In pr.acticL' thc final divisor of n is rcplacc-d by n-1 tu corrcl.'t for bias. 

3.10 In cx .. ·rci!>c ::!.14 if thl.' future maximum lifc of thc fcrry is 15 rcars, what is th..- cx­
p~,.•¡,;tcd nc-t profit'! Nc-glc-ct thc intcrest or discount ratc. 

3.17 What an: thc maximum likclihood l'Stimatcs for thL' par.amctcrs of thc two param­
ch:r .. ·xponcntial distribution? This distribution is givcn by 

X2:E:.A>O 

J.IM What :u .. · thc moml.'nt estima tes for thc paraml'tcrs of thc exponen tia! distrihution 
·l!iwn in o.t.·r..-i!oc 3.1 7? 

.1.19 For thc followÍill! data. what are th...- momcnt and maximum likdihooJ cstinl:.tll'~ 
fnr thl' paramcll'f!o uf th...- distribution ~ivcn in c>..crcisc 3.17? >.. = 15.0, 10.5, 11.0. 12.0. 
IM.U. 10.5. 1~.5 . 

.\.20 Call.·ulah: thl' ~od'fi .. ·i..-nt of sk..·w for l11 ... 1\.cntud;y Riv~..·r data of tablc 2.1. 

.1.21 C1h:ulall' tlh: kurtosi!o of thl' 1\.cnll....-k~· Riv~o.·r d01ta uf tablc ~.1. 

.1.22 Usin)! tlw ti ata nf ~o'\Crdsc ~.~. ~,.·alculatc thc coc:fficit.·nt of ~kcw frum thc )!roupcd 
d;ll..l. 

f 
1 

l 
i 

1 '. 
1 

10~1~!~1-.~~"~U.\liLL~~ ·-·---~- -··--·--------------------~ 
.l . .::4 \\'11;.¡1 ;.¡r~· lh~· lll:I.ÜIIUIIl lik..·llhoud l,.')olimah'~ fur ,, and e in th~o.· Uistribution 

u·. X:. ¿? 

.l.2S \\'hal Jr~o· 1ht: m~·:m ..111d \'JfiJilL'L' ul' fxl X)= 1/N for x = l. ~ ..... N'! 

.l.~7 ll~~,.· thL· ml..'lhLI~I ,,f nlulu~·nt ... lo ... ..,limah· .. in Pxlxl =a sinl x fór O~X5,n baSt!d 
un lh .. · random ~•unpk !!lh'n.by X= lJ.S.,1U. 3.0. ~.5. 1.5. I.H. 1.0, 0.8, :!.S.:!.::!. 

.l.~X lht.· r' 11 . momcul-ahuut \ · l'Jl; hl.' wrilll.'n a!o I:(X - xu )'. ShoW thal thc \'ariance t 
lh\.· smalksl Jlossihlc ~L:ontl mo~·lll'lll. 

-~ .. 
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4. Sorne Discrete 
Probability 

Distributions and 
-Their Applications 

THUS FAR probabilit)- distributions ha\'~ b~L'n ~.·unsidl."r~d in I,':CilL'ral tL'nns. This 
ch .. pter is dC"voted to somC" panicular disc:rctc:" distributions and thcir applicalions. Thc.­
nc:,.t l\o\'O ch01.ptC"rs are dc:\·oted to sdccted continuous distribulions. 

11\'I'ERGI'OMnRIC OISTRIUUTION 
Urt~wini_!. <t rotndom s;unpiL' of size n (without r.:plal·é'mc-nt) from a finih.- popula­
lion uf sill.' N with thc dcmcnts of thc- popula&ion dividcd into two groups with k 
elemcnh lk:longing lo onc group is an cxounple of sampling from a hypergL"OmL'trk 

di!itribution. The two groups may be dcf ... -..:tive or nondefcctivc objccts, r.tiny or non· 
rainy days, su":Ct'SS or failurc of a projeci. cte. For discussion purpo~s wc will consic.ler 
tho.ll an demt'nl (or out~omc) from lhe population is eithcr a succlo!SS Ora (ailure. The 
11ruh~bilil)' of X=x Slh.:l."t:~lii!S in a umplc of siu n sclectcll from a population ~f1dt.e N 
~o·unt;,ínin~ L su~o'l."t:iS&.>s l."an lh.· llct.:nuined by apJllying C'()Uation :!.l. 

Tlh,' lotal numi)C'r of possiblc- out comes or ways of iekctin~"' sam)llc- of siu n fn,m 
~· u~j¡,•l."h is (~ •· lh .. · numb~r of wa)'S of sl."h.·~.·tinr K successes and n-~ failurcs from the 
1\UJ'ulation r.:onta.ininr L. '-Ur.:'I."C'Ss.t.'S and 1\-k. failurc.'!l! is «!) t':;." t. Thus lhe probabilil)' is 

Th .. • di~uihulion #Í\•t.•n h)· t.'qUotlion 4.1 is kno"·n as tllfo' h)·rcrrcomdri~ distriburion 
allt.'k ,.t. t-.:,.__ n. L • is lht.• pruhabilily of ohloünint: X=r. !!oUt.'Cl'li!lo in a samph: of sil~ n 
~ro&•n frum a 1'-•a,uliltittn c'f ,¡1.1.' t\ c.'Unlainin~ k sUc.'fo.'I.'S)&.~. 

lht.• CtUUUJiiii\'C h) I"''I]!I.'OUh,'lriL' distrihulion '"ÍVÍR¡! lhc pruhahility of k Uf f~o.••·fo'r 
Mk''-'L~M.~IS 

1_. ¡•-N •··- ya t•t•lili·'-111"1 a. ..... rl.• --, .. 0 ,_• ... ¡ • 

''" 

.... :! t 

' 
llh.'fl' ;m,: ú•rt;nn n;tlur~l n:~lri~,·¡jon:<> üll tlii~ di~trihution. For c:o..;.unph: .11. (annot c>.cccd 
k,), ":o.~lllllll ~\~o.'l..'l.'li'IL t.. ..:o.~ntwl 1,.'\.ú''"'"l ~ amJ n ~,.·annut I.'X¡,'l'l.·d N. N, n. k, and), :.~re all 

nonlll:!!ali\'1.' inll.:g":rs. Furth.:rmorc lhc outcul!lc!!o musl bc randorn and cqually likdy. 
Th~.· nwan of thc hyp~.·r¡;conH.'tril: di)trihution is 

HX1=nk/f' (4.3) 

:.~nd tlu: \'<trian.,;¡,· i!lo 

V•nXJ = nk•N·kl (1\i·nl/N'tlli·l l 44.4) 

T:.~bk~ ,lf thc hypa~~,.·nuh·tri .. : ,(btrihulion ar~.· a\·ailahh: (B~,.·Ycr 196M: Li.:bcnnan 
:JtH.I (hH•n jl)h 1. ()w~,.·n 19!,21. Tlh: tcnus of th~.· hyp~.·rg~.·omctric can also be detenninc:d 
from tOthk· 1::. l. 

1-:xampl~..· 4.1. L:o..amplr.: ~.6 is an 1,.':\ampk whcrc th~.· hyp~,.'fl!I.'Omdric applies. In this t:K· 
:unpl~.· a sw:..:c)s is )de~,.·¡ in,; a h:ul rú·urJ and N= 10, k=3, n=4. The solutions can be writ· 
ten in tcrms t1f thc hypcrg~,.·om~.·trk as 

'"' r,tL I0.4.Jt=o.soo 

<hJ r,o: I0.4.JI=O.OJJJ 

b.am,,h_. 4.~. A))liiHl' that durinl:! a c~,.·rt<~in Scplcmha. 10 rainy da)'S occurrt!d. Also as· 
sume lhat al lhi:;. particular location lhc occurrencc uf rain on any day is indcpcndent of 
whcthcr or not it raincd on al1)' prcvious day. (l'hb is many limes not ot good ¡&)SUmp­
lionJ. 

A ~m pi~,· uf 1 O &ia)'S is scJ~,.· .. ·t~,.·~,l .at r~mJom ami thc:ir dimatü; data analyzed. (a) 
\\'hal j:.; tllc rrohahilil)' th<~t 4 of thcsc t!ays will haVl' bccn roainy? (bJ What is tht! prob.-
ability lhal k-ss than 4 of thcsc dl.lys wcrc rainy~ ' 

Solution: u~ lhc I1)'1'Cf~I.'0111Ctric Ui:.otrihulion with 

N= JO. n= 10. k=IO 

t•l r.c4:30.10, 101=1 1."H'."II«!:I=0.~71 

tbll', L\: Jo. 10. 101 = H '." 1<!: t+c '1°~<.'." 1+1 ',"u •,•1+1 •,• ¡¡•,• ll/1!:) G 0.560 

l:aamplc •.J. b'am1•1L-s of tlu: hyp..·rgeomctri' distribucion contmonly found in th.e 
litcro~lun: inL'Iu&J.c &.'artl !IOO&ntrlin¡t prublcms (Yihat is thc- probability of exactly 2 a\."t'S in a 
S c.ard hand ~lccl""\.1 at random rrom a S:! 4:ard deck?) and il4:c.-.:ptanc:e sarnpling pfOb. 
lems cWh;d i~ U1~o.' t'roboability of scJc¡;tin¡; S dcfc-ctivc: ilc:m' from a Joto( SO items i( 20 
itcms are. !'.l.'h:to:l~o.•.J ;~ru.l tbc lot al:'tually r.:ontainti 1~ dcti:4.:li\'es'! 

SoluticHI: ('ard pwblcm • 



'0 _______ _ Cll.-\l'lFR 4 

Accr:ptance Sdmpling Problt.·m: : 

Prob<S d<fJ" r, (5: so. ~o. 1 e)"< ','ll: :1 1 <~~ ¡" 0.~6 
-------··- -~----

lll'R"OULU f>KOCESSES 

litmltlll~l Di~tribuuon 

Con~id~r a dis~.:r~le tÚlll' sc.:ak. Al cach point on this time s'-·ak an ~,.·vcnlmay cithcr 
oú:ur or nut u~.·,,;ur. Lc:t th~: probahility of thc cvl.'nl o~.·curring he p for 1..'\'\.'ry point un 
tlh.~ 'tml:~ -~cak. Thus thc- OL: .. .-u-rn:nce of the l.'venl at an}' point on lhc- timl..' !>~o:alc is indc­
pl..'ndi:nt of tlíc history of any prior ot'l'urn .. ·•Kt'S or nono~o:curn.'lh,.'l'S. Thc proh-.hility of 
an o~o:currcll\.'C al thc j1h point un the wne s~.·al~o.· is p for i = 1, ~- ... A prucl.":~os having 
th.:s~.· propcrtics is ~aid to b1.• a lh•moulli pro~..:ess: 

As an cxamplt:' of a 8crnoulli proci..'SS consider that duririg: any ycar thc prub;.~bility 
uf tlic maxinium tlOw. exCl·eding 1 o:ooo \:fs on a partit:ular strcam is p. Common IL'nni· 
í10i"ogy fur a llow cxceeding a givcn vahtL' is an exceedance. Further consider that rhe 
peak tlow in any yc¡¡,r i~ indcpcndent from year lo year (a ncccssary condition for the 
proú·~s to ·be a BcmoÜIJi procesS). "Lct q; l·p be thc probability of not cxcccding 
10.000 cfs. \\'e can neg]cct the probability of a peak of exactly 10,000 cfs sinn· the 
Jll";tk !lo"" ratc~ wuuh.l be a ~.·untinuous proccss so thc prohability of a pl.'ak of cxactly 
IU.UOO eh would be ll'TO. In this L'Xamplc thc timl.' sc;!IL- is disnctl' with thl' points lwin~ 
numin.Jlly 1 yl'ar in tillll' apart. Wl' can now makc Cl'rtain pruhabilistic statcllll'llts ahout 
lhL•"t)l'CUrrL"IKl' of a pe:ik flow in CJ\.l"t'SS of IO,QQQ Cfs (an CXCCI.'danCt'). 

+or c-xample thc prohability of an cxcccdam:c o~.·curring in ycar 3 :.md not in }'L'<H"S 
1 or ~ can b~.· cvaluaiL'd from L'quation ~-9 as qqp since thc proccss is indcp~.·mlcnt from 
;. .. l·;u.to >'car. ThL· pfohability oftcxactlyJ onc l'>.ccL·dancc in <.~ny 3·yL·ar lll..'riod is pqq_+ 
, 11 )q + qqp sitll'c ·llu: cxci.'L'llancc coulll o~.·~.·ur in cithcr thl.' lirst, sccotu.l or third ycar. 
Titus thL' proh~bility ofll.'Xactly) onl.' cxLL'L'J~nLI.' in thrcl.' yc:..trs is 3pq 2 • 

In a ~11nilar mannL·r thc probahility of :! cxcl.'edanL'cs in S ycars can hl· found from 
thl• ~umm:.ttion of thL' tenns ppqq4. pqpqq, pqqpq, ... , qqqpp. 1t can h~.· wcn thal L'Jl'b 
of lhn.c t~.·rms i~ l'tl uiva!l.'nt to p2 ql and lhat thc numhcr uf tcnns is L'l)UJI lo lhL' numhL·r 
of w:.tp of arrang.ing 2 itl.'ms (tlu: p's) among S itl.'lllS (thc p's und q'sL Tlll'TL·for~.· thc 

· tot:.tl numbl.'r of tcrms is q) or JO so t'hat thc prob<tbility of exactly ~ cXCl'Cdann•s in 5 
)"l';Jr!!o l!!o 10 p 2 q 3 . 

Thi!<i r..-sult L":.tn hl' gL'Ill'r<.~li7L·d so that thc probahility of X=x L'XCcL·JanLI.'s in n YL'JTS 
h ~~ 1 r~qn·•. Th~.· r~.·:-.ult ~~ applicahll.' lo any lkrnottlli proc~·:-.s !<lú th:JI thl' proOability, of 
·\=' l)ú:urr~.·nn·~ tlf ;.an l'\'l'lll in n.inJcpl'n<knt triab if p b thL·pruhahility of:m occur­

•~·nl·~· i11 ;¡ Slll}!k lri:JII~ gj\·~·ti by 

\=0.1.~ ..... 11 <4.51 

l·qu.JIIIUI ~.:\ •~ t.n0\\11 :..t~ tlw hinomi:1l distrihutiun. 
TI!,· hinmni;tl di~tril~11tion ;¡nd tlw lkmoulli ¡HOl'css are not limitcd l<) a timl' :.L"ak•. 

:\i1~ pr,,ú .... :.. lh;¡t m;.~y \lú·ur with proh;.ahilit}' p al diSL'I'\.'Io: points in timl' or ~p:ic~.· or in 
Hhli\idH.tlln.t\:..m;;~ bt• ;.1 lkrnoulli pfllú':o.S omd folh1w thc binomi;Jl Jistrihutinn. 

("j¡~· ~'llllllll:tlt\ l' hilllHlli:J! tli-.tributioll ÍS 

J 
IJISCRI.II IJI'.II<IIH II<J~S ;¡ 

x =O. 1.1 ..... n (4.6) 

anJ givc~ th~.· pruluhilitr uf x nr f~.·wl'r on:urrcnc~s of an ~vent in n independent trials 
if th~.· Jlfllh:.thility of an Oú'UTTL'Ilú' in auy trial.l¡".p. 

. Contmuin~ thc 01how L'XJmpk. thL' pro~~hilirr of less than 3 cxccedances in S 
y~.·ar) '" 

0 f, (0: 5, p) + f, 1 1: 5, p) T f, 1 ~: 5, p) 

1-:tXI = np (4.7) 

VartXJ = npq (4.8) 

Thc L'ocfliL"i~.·nt of skl'w b h¡·plt .' tipq so that thc distribution is SymmctricaJ for p = q, 
skeWL'Ll tu thc rig.lil fqr q>p and skL·wcd tu thl.' ldt for q <p. 

Exan~PI~-4A~~~(hl.' avl'r~!!l'. h~;;~;~-y times will ._ IO·ycar flood occur iri a 40·year 
period?- What is thc prohability tlull í!Xactly this number of 1 0-year floods will occur in a 
40·ycOJr pl.'riod'! 

Solution: A IO·rcar tlood has p = l/10 = 0.1 

I-.(X¡=np"40CO.IJ"4 

Commcnt: This prohlcm illuslrOJtl'S lhl' difficuhy of cxplaining the concept of rctum 
po:rioU lo laym~.·n. Wl.' havl' said thut on thc avcragt' a 1 Ü·ycar evcnt occurs once e~cry 1 O 
years and that in a 40·ycar pcriod Wl' cxpcct it to occur 4 times. Yd we halie also shown 
that in abour 80'A ( 100( 1..0.:!059)) of.all possiblc indcpcndcnt 40·ycar periods the 10· 
ycar cvcnt will no! m:cur I.'Xoil'tly 4 times. As a matler of fact tlu: probability that it will 
occur 3 _times i~ nearly idcntical to the probability it will occur 4 times (0.:!003 vS. 
0.~059). Th~,; numhcr of or.:currcn~.:cs, X, is truly a random variable (with a binomial diS· 
trib~~~!!.!.:._ .. l! _____ -------- ___ · 

Thl· mdividual ancJ cumulativc h:mb of th~.· binomial distriOution aro: taOlcd in 
many rd~..·r~.·ncL'~ ÍSL'L' for instanct· Beyl'r ( 19MO ur Sl'lhy f 1970)). Tht: highest valuc of p 
giv~n in most tahlc~ is 0.5. For valucs of p in t:Xt.:L'SS of 0.5 thc roles of p and q and x and 
n~xcanbt:rl·vcrsL·llsinc~.·r,.tx;n.p)=fll.fn·x;n,q). - · · 

Thc binomial di:..trihution has an aLiditiw propcrty ((;ibra 1973).'-Tiiat is if X has a 
binomial distribution with paraml'lfh n 1 and p ant.l Y has a binomial distribution with 
paramctcrs n 2 and p, th~.·n Z=X+Y has a binomial distribution with parameters n=n

1 
+ 

n2 anJ p. 

ThL' hinumial di!>.trihution L·an h~.· U!!ocd to approximate the hypergeometric distri· 
bution if thL' sampk ~l'lcckd i!>. small in comparison to tht: number of items N from 
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which the sample is dro~wn. In this case thc probability of a su¡;¡;¡;~) Y.ould b~.· :.hout tlu.· 
samc: for cach trial. 

Examplc 4.5. Compare th'-" hypc:rgc~mctril: and binomf.Jfor N:;:.;-o:-;~;-5:k~t9 and X-0. 

l.~. 3, 4, and S. 

Solulion: hy('\!ft!t:Orndric hinomial 

X r, (x:l",n.k 1 = f, I\:40,S,IOI fx(x:n.p·t= fx(\;S.!~t 

o o.~l~>t> 0.~373 

0.4165 0.39SS . 

~ 0.~777 0.~63 7 

3 0.0793 0.0879 

4 0.0096 0.0146 

S 0.0004 0.0010 

Commcnt: This mcrely indi~ah:s that drawin~ a small samph: without n:placcm .. ·nt from 
a lar~L' (lOpulation and drawing thc sanh.' samph: with rcplou:cmcnt (so probal:lilitics in 
ca~h trial ar.: constanu an: nca!!L_c~ui\·~a,_,lcc:n,tc:.·---

Exampk 4.6. Thc opcrator of a boat d01.:k ha!!. dl.'cidcd to pul in a 11\.'W f;u:ility alon}:! a 
ü'flain ri\:cr. In an cconomic anaJysis of thc ~iluation he dcddcd to havc lhc- fa~o:ility d1.·· 
~ignl."d to with!!ot;J.th.l tlood!<o ur to 75,000 ds. Furth~rnlQ~ h~ halo d~t'-'rmin~c.l that if on~o.· 
lloml ~n.'ah:r than this oc~urs in a 5~)-'Car P'-'riod. 111.' ¡,:an rcpair his fa'"ility anJ hn:ak r..'\'1.'11 
un ih OJll!'ratinn Jurint; th.:- S·y~o.·ar pr.:riod. lf mor .. • than une tlow in l.'lU.:css of 75,000 d_S 
th:~u~. lu: willlo!<ol!' rnoncy. Jf th~o.· probability of I.'Xi:~o.'cdinl! 75,000 '"·f~ b 0.15. what 1s 

thc probability th.: OI!Cr.tlor will ma~c moncy·~ 

Sulutio~: Moncy will be ma&.k if no tlood!<t ~o.•xcccdin~ 75.000 el~ ~cur durinl! thc S-
)'r..';.U ¡ll.'riod. Ld X bé' thc numbcc of lloods. · 

1·, (0: S. 0.1 SI= t! 1 (0.1 S 1° .lO.~ SI' = 0.4437 

Cumml.'nt: TIII.'·J,~habilit)" thal thc op..:rator v.·ill makc thc inv..:stml.'nl.work f~r S )'l.'ars 

anU thl.'n jusi bn:ak ..:ven is a vl.'ry high 

Thu) ~.·wn lhmt¡~:h lht.• risk. ur prohahilil)' of losin~ mont:)' 

o_..¡.¡,l7 = O.l.~~!'!.:_thc in\'cs~•-~1_!_1 may ~~~ h\:' an allractivc onl.'. 

i> low (1·0.3915· 

i:,~nii,l~~- .¡~-f·l.~ --,_;~;,.~.¡:-.~--t;;,:·qop:_:-n.:c~l ~"'~ that a dt.osil!ñ'sloml ¡;-U~iCX~ ... :;d~d-iR-~-10-
) ... .,, ¡tt.·riud. what should bl.' thc n:tum ~riod of lht: dcsign storm'! · 

Sltluti,lll: L.·t 1' ll\• lht.• prohahility uf tht." dc!~oil!R slunn bcing CKCCCd\'\1, TI1c Jlfllhahility 

uf nn ... ,..-..·~&.lill"-'"'"' i~ ;ivcn hy 

.... (0; 10. ~~:t~ •o O, poq•• 

O.QO ·a • •-r·· 

f'' 

IJISCIU'TI·. lliSTRII!liTIOSS 

p= l·t0.'101''' 0 = I·0.%•1S=O.OIOS 

T = ltp = q; )'l.'ars 

Commcnt: To bc tJO p~·r'-'cnl ~un: that ;¡ dcsign stom1 is not c:Kr.:ccdcd in a JQ..ycar 
ilé'rioc.l a 95-y .. ·ar rl.'turn p~.·rioJ storm must b.: usl!d. lf a 10-year retum pcriod stonn is 
U!!o~o.'d. thc .. :han¡,:r.::~o of it h~·inl! ... ,,:n•LkJ is 

l·f,IO: 10.0.11=0.1>513 

In ~~o.'lll.'ral thc d1anú' of at lc;,~st out.· oc .. ·urrl!'nr.:c of a T "")'c:ar cvcnt in T ycoars is 
l·f).(Ü;T.I/T)= 1-tl-l(f)T. Thl'rcfort'. for a 1onl! d~o.-sign lifL', thc dtanr.:c ofat lea5t 
on.:- o,;¡,:urn.·nt:~.· uf an ~.·wnl with a r .. ·turn pcriod' ~o.•qual lo th..: dé'sign life approaches 
1 - 1 /c or O.bJ:!. Thus if lhl.' dcsign lifc of a slruc.:lurc antl its dé'"sign relllrn p!!riod are the 
sam..:, thl.' ~.·hanc\.·s art.• \'Cry gr..-at tltallhc capadty of thl!' structure will 1>4! cxcé'eded dur­
ing its dcsign lit'c. 

Thc: proccdure outlinc:d in ..:xa1i1ple 4.7 can bé' us.:-d to dctermine a desi(m rctum 
pcriod wh..:n thc allowablc risk is stat..:d. Note that the design rctum pcriod must b..: 
much grL·atcr than lhc lifL' of th~o.· proj\.•..:-1 lo h~o.· rt>asonably sur!! that an L'XCI!~dancc will 
nol o~:cur. No IIHIIIL'f whal dL'SÍl-!11 r .. ·turn )'\.'rioJ is sckctc!d, lhc!Ft.' is stiJl a chancc that om 
I!'Xú'l'danr.:c.· will occur. Sum..: mar .tTl!Ul' that thcrl.' is an uppL'r 1imitto t!tc: magnilud..: of 
natural~.·wnts sudt as tlood p~o.·aks. Th..:)' would ar¡!uc tlwt a p .. ·ak of 100,000 ds from a 
1-acr .. · watl.'rshc&.l would hL' impns!!oihk. In pra~o.·ticl.' th .. • prohahility that would h~o.· asSÍl!ncd 
lo an 1.'\1.'111 uf this sort is so ~IIIJII that it ..:an be n~o.·l!lt.'\.·t .. ·d for must ¡,radkal purJHlSL'S. 

Fi~un· 4.1 shows th~o.• dL·sign TL"Iurn pr.:riot.llh;lt musl h .. · U!!o\.'d tu b .. · a ..:\.·rtain 1"-'r..: .. ·nt 
..:onfi,.knt th~ll thc t.ksign will not b~.· l').l.'l.'~o.'dcd during thr.: t.ll.'sig.n lif~o.• uf tlt~o.' projcct. Thl.' 
paraml."l~o.·rs on th .. · curves ar~o.· th .. · pl!'fú'lll dtanr.:~o.• of no é'Acccdatli.'C tlurin~ 1111!' dcsign lifc. 
For I.'Xan~pl~.· lu h\.· 90 pl!'rc..·nt ~ur\.' th;1t a dcs.ign ¡,:ondition will not b .. • \.'X~o."cl.'c.lcd durin~ a 
J'rojcct "":hos~o.· d~o.·sit-<tl liti..· is 100 )'l'ars. lh~o.• pnJj\.·r.:t WlHIItl haw to ht.• t.kSÍ)!Ill.'d on th~o.• hasis 
of a 900-y\.·ar t.'\'Cill. Figun.' 4.1 is d..:riv~o.•d from \.'ak·ul:ltions lile thOSI.' containt.•d in .. ·x­
ampl~o.· 4.7. 

Fi!,!urc 4.1 can also he u~·o to ·c-,·aluatc lh\.' risk or pcrú•nt chan..:c of an t.•vcnt in 
nc.:css of lhc·tJL·sign Cvenl durin!! thl.' tlcsign lifc. for .. ~~amplc if a prOj,.,·..:t is di.'SÍ!!n~·d on 
lht.• basi!o of a SO·yl.'ar cvl.'nt and tlu· dl!'si~n lift.• nf th.: l'rojcct is 1 O yt.•ano,lhl.' Lksigncr is 
lakinl! a 1') Jl¡,'f~o.'\.'111 d1an'-'"' ( 100-Hil that lhL· dt.·sit!n r.:on~.tition will hl!' I!'Xt."col!'dt:d. 

Sinc~.· lht.• pruhahility ~fa luc~~.· .. ·s.\ un any trial is indCilL'ndcnt of Jlast histol')'. thL' 
ori!!in of lh~o.· titn\.' s'"·al~o.· of a 8t.•rnoulli pmr.:..·ss .:an h\.· takl!'n at any tim,· J'O¡nt. Thus lh\.· 
prohabilil~· of an)' .:nmhination of sur.: .. ·l.'~'\.'5 or failur~~.-s is th\.• sam .. · for an)' !lol.'tJUt.•n.;,_· uf 
n 1,uinb r .. ·~rdl..:s~ of thdr lo..:ation -.·ith r~o.'si"~Ct:l tu tht.• ori¡!.in. 

f\:.íili,i~.·--4.1". ·rhr .. .,. ··~;.~-~s-;.s -.;~\·~-~~-"llff~:J~R ti;;·¡¡-;.;, ·s -.-,Tals-;:;{ ~ -8\.·rnuulli 1mtr.:¡~ .. 
v.·ith ¡t='0.4. What b lht.• l'rnb;~hilit)· of .l sut:t:\.'SSC:~o in lhl.' lll.'"-1 ~ trials'! 

(;.,·un•dri~o.· l)i""lrihutiun 
~-"lb .. : pr;lhahjlitY'Iilal th .. • lirsl ¡,'\ú'\.'&.lallt:l' (&.'f SUC¡.l'SSt of a u .... rnuuUi trial Ut:CUN ún 
lh¡,• X•• trioll t.'OII\ t%• found h)- mtlÍil¡! lhal fnr tht.• lirst C\4:\.'l.'&.lan._·,.,· l'!tf~,: .. .J!1lhc X~• trioal 
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Fig. 4.1. Dcsign rl'lurn paiod n:quir~·d as a fun'-·linn uf lkSÍ!!Il lifl· to hl· a ~Íh'll Jll'r .. :l'Lll 

c_onfid.cnt (I..'UI'\'l' par:.tnH.'h.·r) that tlll' lksip.n -.:onditinn is not ~.·x~.- .. ·~.·~.kd. 

therc must be- X-1 prl'Cl'l'ding trials without an ~o'XC\.'l'llann: follow'-·d h~ 1 ttül \'l.·ith ;m 
excc.:dance. Thus thc ~.h.-sin:tl probability is pt¡\·t. This is knnwn :1~ lhl· ~~.·nml·tri,: di:-.· 
tribulion 

x= l. 2. 3 .... 

The mean and \'ariancc of thl..' t;l'llllll'tric Jistrihution ar~.· 

E( X)= 1/p 1 ~ .1 u) 

14.111 

Smcc thc UX) = l/p this means th:Jt on thl' :JWr:tgl' ;t T·)\.';Jf ~.·n-ni oú-uD, on lh~.· 
Tlh yt!ar which afH.'l'S with our intuiti\''-' con~o.·t·pt nf a Tl'turn p~.·riotl. 

E>.amplc 4.9~1l;{j~{~~ pr~,-;t:;¡ii!Y-that-;TQ.y;;~~l~~H-1--~.¡¡~:<·l-IT l'or 111~· lir~l IÍIIh' 
during the tifth yt:¡u aftt:r. th~· ..:omph:tion of a pr;ljl.'l.'l·~ \\'h:11 is th~· prnh:•hilily it "'-ill 
b.: .at least thl.' tifth ycar bcfoi\.' a 10-ycar lloud oL"..:urs'! 

Sulution: Thc probabilil)' \hat thl.' tirst L'Aú'r.:Jan~c: is ul )'l.'ar S 1~ (, t5. CI.IJ:; tO.Il 

·-n, ... -.. 
:.,­
Jl 

' ~· 

; 

'liS< 'RI:TF lliS 1 Rllsl' I'I(>;.<S 15 
•' 

to_q¡.¡ = O.Oh:'hl.· Tlh.'· p~ohahility lh:tt.il will ti~.· :u kast"thl." lifth )'t'af beú)i'..: tht: nist 
m:..:urr~'Jll.:t: ·¡s ~.·qua! to th~· proh;thility <.IÍ no o\.·..:urr~·nl.'l..·~ in thc: first 4 ycars whi~h is 

(0.9)' ~(),~ ... ~·-· .. ------· ........ _ .. ___ . 

=--~- . ·----·-··-- ---
Exampk -l. lO. \\'hal.is th~· probahilil}' that ~·xactly 9 ~'t:ólrs will daps..: bi!'IWt:en occur~ 
rl·nc.:s of a 1 0-y~·ar ~.·wnt'~. 

Solution: This i~ th~ samc: as thc prohahility of tht'.first ol..'curr.:nce on tht: tt:nth yl.'ar or 

~~~~·-1~=1~1110~~-= .0382_: ______ .. 

&~~~·- ~~~~t_;HH!;tJ Jl~~~ flhl~!jon 
Thl.· pwhahilil}' that thc 1\ 11• ~·:\ •. :~·~.·dan..:~· csu..:c.:ss) o~.·..:urs ón lhc X 1 h tria! (X?.: k) of 

a Bcnwulli 'prnL"~'!Io!> ~.·~n bl..'-founJ hy utJiint thal thc-n: mu~t he k·l c-xc.:cdanc\!s in th~ X·l 
trials pr~.·n•nlin¡!: th~· k1h ~'Xú't'llanú· un th~.· X• 11 tria!._ Th~· prohahility of k·l ~·xcc.:ll~ 

an~cs in X·l lriab ¡~ ~iwn hy lht• hirHllllial Jblrihutillll as(~::) p"-·1 w·". Th.: probabil­
ily that lh~· X111 lrial Tl.'sulb in an ~·.\..:~·..-Jan~~· is p so th~.· J..:sir~·d proh<.~bility is givL"n by 
lhc nt·~ativ\.' hinomial distribution. 

x=k.k+l .... (4.12) 

Tht: mean and varian~L' of thc n..:gatiw hinnmi<-.~1 Jistribution an: 

E1XJ = k/p 

V<Jrt X 1 = l..q¡p2 

' A~ llll!!hl b..: ~·xp~·ctt·d ~illl'l' lht' m·¡!:ativt• binomial is has~·d on thl' binomial. tlw 
additiv~· fL'¡¡tur~· holth. Thus if X <llld Y art' d~·sni~l'd by ·fx(x:k 1 ,p) and fy()':.l\ 2 , pi 
r~.·spc~Civdy. th~.·n Z=X+Y fullows th~· llt'¡!alivt· binomial f¿ (7.; k 1 + k 2 • p). 

-- --·-·---
E.\ampk 4.1 l. What i~ thl' prohahility lhat th~.· fuurth o~.·~urr~·ncc of a 1 0-ycar nood 
will h~.· on.th~· fortil.'lh y~·ar? 

Solution: r, t40: 4. 0.11 = (JJ<~) (0.1 1-tt tO.lJ)ló 

. '"·-··------~-·----------

§.:!.l.!!!i'~~!')' lll. l_krnl•IJII~_!l~(~~s~ 
In a lkrnoullr pron·"~ ¡¡t-~·adr !n~tant <.lf~tim~· tor hKation or lrÍill) an t'h'lll lll:.t} 

t'itha t)ú'ur with prohahilily por nut oü·m with prohahilily q = 1-p. ThL' pr,lh.ithilit} 
Of· tlll' ~·Vl'lll OI.:L'IIfring is ind~·p~·ntklll of lill· IÍill~' a1HJ ilhlo..'jll'IHit'lll of lhl' pa ... t ht~!tlf~ 

or u~.·~·urr~'lll'l''· Th~· lllllllhl'f of Ol"L"IIffl"llL'l'' in;¡ }!1\'l'll lÍilll' inh-rvalft)f Ji~í~llll'l' tH ll_UIII· 
h~.·r uf trial'l follow'i llw hinomial di~trihulion. Th~.· prohahillty thal th~· fir'l o..:..:urr~,.·n..:l.' 

i~ al th1.· _X 1h time is Lk~aih~.·d hy thl' 1-'L'OJUctri~.· Lli~trihution. Thc prohallilil}' lh¡¡t th~· 
kth Ol.:l.'UTrl.'llCl' wa~ al th~· XII• timt· i~ Lk~aihcd hy th~· Jh'g;•liw hinomial dio.;trihution. 
1t Wa'i ;Ji'iO fnund th;tl lh~· proh;.¡hihl}' di .. trihution of th~· kn}!lh of IÍilll' h\.'IWL'Cil o~L'Ur· 

f~'lll"l'' ~·an h~· round from lh~· )!~'\lllh:ln~.· di .. lrihution h) notill!-' that lh~· proh:thility lh:.tl 

X lrÍ~Ib dap .. ~.· :IWIWl"l'll Uú"UH~'Ill'l'' ¡., (\¡~· ":lllll' ;¡_., rht• pltlh;.¡hilit~· lhal th~· lir't Ol.'l.'UT· 
n.:n..:~.· ¡, al 1 h~· '-+ 1 '• ti m~· or f, 1 '+ 1 . p 1 = pq' . 
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I'OISSON Plmn:ss ' 

Poibon Oistribution 
Considcr 01 B .. :rnoulli prot.:t..·ss ... h:tin~d owr an inh"r\'al nf tim~.· tur spa..:~o.·l !'ot' that p ¡~ 

lhc probabilily thal an cwnt ma)' o~l."ur Jurin{! ah~.· tim~o· inh:l'\·;.11. lf tlll' tinH: inh:rv<~l1s 
;dlowc.-d to b~,.•,,:omc ~hon.:r and shorh.·r so that th~..· prohOJhility. p. of an ~.-wnt Ck.'"·urrin!! 
in lh~: intcr"\'al ~l.'b small~o.•r ;.md .lh"• numlwr of triah. n. i.n&:T\.'Ois .. ·s in sud¡ ;¡ fa!-ohion that 
np rcmains const;.mt. thcn lh~.· "''Jlt..'l."h:d numh~o•r uf~,.,,.·~,.·um .. ·•h.:l.'!'> in an) lcUaltilth.' inh:r\al 
r~..·mains thc lhlllh.'. lt ..:an h~,.• shown thal as n {!t.'b lar}!L' and p }!,:ts small :\O that np r"·~ 

mains a ..:on:t.tanl. ,\ • lh-.: hinomial Ji!>lrihution approadll~ ah~.· PliÍS:t.on di:!~lrillutiun 
~.i\·en by 

x=U.I.~ .... : ).>0 (4.1.11 

Thc mean oend varian"·"· of th"• Poisson "li~trihutiun an· 

l(XJ • A - (4.141 

\'ai\XI= A t-4.151 

Th"' ,,:odtid"·nt uf sk"'""' is ).·h ~o thoal Ol!ro ,, fd!oo laTf'-'· th"• dbtrihution ~n~~ from a pusi­
tih.~l)· skcwcd distrihution toa n..:arly s~·nun~·trkal "listrihution. 

The c.:umulatiw Poisson Jistribution is 

1-i.lh) 

TableE.~ (."Ontains th"' \."UilllllaliV"' knlh or th"· l'uis:!>Uil "lbtrihution. 

--------------------· 
Examplt>" 4.1::!. What is th~ llfObability that a-slunn ~-üll ~-h.'lurn p~·ri;l4l ur ~o y~·ar .. will 
oc"·ur on"·(' in~ 10-)-'c;ar p..:riod'! 

Solution: Using th.: binomial di!itrihut_ion th.: ~·~~u:t ans,.·.:r ¡,. 

f•(l; IO,.OS)=('."'<.OS)(.9SJ• =O.JIS 

ApproxiJnating.with thc Poisson 

A= np = 10 X 0.0S = O.S. 

Thus the solutions ar~ not idcntkal but for most pr.i\."tkal worL th"•l'ni!-1"'11 JI'I'T'''irua· 
bon is s.alisfactory. ·--· ______ .. _____ ....... _ h 

Ex;;mpte 4.13. \\'hat is thc pi-Obabiiiiy of S occ.:üiñ:i1CC~· 01· a- ~:y~:~¡r· ~tunu. in a 10.~ .:ar 
~ri~! . 

Solulion: Usin1 thc binomial 

f•(S; 10,0.'··· ,;~1°1(.511 I.SI' ~ 0.146 
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Ap(lro'\im~tin~ with th.: floisson . 

' = np = 1 O x 0.5 = S 

Comm~·nt: For this situation n in not lar~'-' \.'nough :.md p small cnough (ora good ap-

JlTo~ima~i-~~1__: ________ -----·--·-

Ex;]t¡ll"·4~1-4~ Wi~~~-i~lt~~ probabiiil):-;;(1~;-,;:;.:r titan S occurr\:'ncc:s of a :!0-yc-ar storm in 
a IOO·)'car p.:riod'! 

Solution: n is rdativ~ly largc and p small so thc: l,oisson will he uscd. 

).=np•l00(.051•5 

ProbtX, 51= l'rob(X ~41 = F, 14:51 

Thc 11oisson distribution llOS'St>Sscs thc additive property that the sum of two 
Poisson rando~n \'ariahl.:s with p.:uaml..'tcrs A 1 and .>.. 1 is a Poisson r.mdo1l1 variable with 
parametcr ).=it 1 + A1 . 

A Poisson proccss for a continuous time scale can be defined analo~ous to a 
8r:moulli pr<k:"·ss on a Jiscr.:h: tim"' scalc. Thc Poisson proccss n:fcrs to lhe occurrcnL.""C 
of ewnls aloni! a \."ontinuous time (or luc.:ation) scalc. Tite assum¡uions und\.'rlying th..: 
JlfOCCSS an•: 

l. Thc proh;~bilit)· Llf an '-'vcnl in an)' short int.:rval t to t+ó.t is ).,h,t tproportionalto 
th"· kn~th tlt' th~..· int~..·n·all for all valu"-s of t. This prop~rly is kn0\\'11 .as stalionarity. 

:!. Tlu.· prohahilit)' of more thom on'-' cv...-nt in any short intcrvall lo t+.h. t is nc~i~hl...- in 
comparison to Afll. 

3. Th.: numb\:r of cvcnts in any inh.·rval of time! is int.lcpe"ndent of the numbcr of cvents 
in any othc.r non-ovcrlapping int.:nal uf lime. · 

Tite prubahility distribution of thc numb~..·r of '-"Wr~ts X in time 1 (ora flobson pfo-
\.'CSS ¡¡ g.iwn hy · 

A> 0:1 >O; X= 0.1.1 •... (4.17) 

wlu:r.: f" ( x: "1) is th.: rrohahilit)· of X \.'\'L'Ilb in time t. t:,¡u":~tion 4.17 Í!l. a l,oi!riM>n di!»· 
tribution with t•aro.rn~o.·h.;r A t. l"hc nh.·an and variou~...-'-' of fli ( li: A U ar"· 1-.( X J = i-. 1 <tnd 
Vart X) = A t. Th~o.· paronu"·t.:r A is th"· awr~¡!C ralc ~f &currL'Il\."C of th~o.· ~o.·vcnt. 

-~~!!~l!!i.~! llh,~!~~~~~ 
n ..... t'mh.ahilil)' distrihution of thc time. T. bclwccn o'currcncc1i of thc cvcnl can 

j/}: found by nutinl! tlral thc prol~T:: 1 t i!rl t.."ttualto 1 ~firtth<T>t t. Thc JlroJ~& .. ~ff~J i~ ccauill 
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lo lh( prob~bil_~_l)''_ .of 11':,). on:urr~.·n..:~.·s in IÍI1ll' '1 -\\hidl' is f\tO:; 1) or ~,.··Al_; 
'ThÚ.s 

\\-hjch i~ a l.:'iu{¡'uia~l~tt: c.Jbtrihution known as lh~.· l''-POII\.'Illialllislrihuliun. Th~.· prohahiJ­
. ·. _ity dcnsity function is 

. -- .. ·¡JI'141; Al . Al 
_PTU; At=_-:-0 ¡---= ,\"·· t~.llJI 

omd li thc prohahility Jislrihulion of lh~.· kn~lh of th .. · lim~.· int~..·r\':11 hdWl'l'll n~o:~.·ur­
r~.·n,:c~ of thc: l'\'1..'111 .. Th~.· nH.·:.u¡. anJ \":Jri:uh.:~.· of lh~.·-,-,P\!.-ll'llla:tl ~.li,lllhuti.m .ar,· 1 _:_ an~.l 
I/ A_~. n .. 'SJlL'\.'~ivl'ly. 

_J_~ a m n~ ~p is!_lj l.!!.•!.i.~Jl. 
Th~.· próbahility dislrihuliun uf tll~.· linh: 111 th~o.· n'" .. ,.,.-,:urr~.·,h:l· ~.-·an h1.· found lw 

noting thal tlu: time.• to lh~.· n'h th.'l'UTTI,'Ih:~.· is th~,.• !lolllll of n imt~.·IWIHknl r:a1Hiom \·ari. 
ahlt:~. T, + T 2 + ... +T.,. fmm tlh.' ~o.':\jlon~..·nti;:li tlistrihutiun. Th~..· mdhod nf daÍ\'l'li di,. 
trihutions can be.· USl't.l with thl.!' n:~ult that th~..· prohahility c.kn.~it~· fundillll of th~..· tÍilll' 
to the n1 h o¡;¡;urren~o:l.!' ls 

t>O: .i>O:n = 1.~ .... 

v.•hich. is thc ~á"inma Jistribution for inkg.er V;JIUl'S o( th~..· p;.¡ramdl'f n. Th~..· g.;.¡mma di:-.· 
tribution has E(T) = n/>.and VartTI = n/V. 

E.xamPic 4 .. 15~arg~~arri;~·:i-a To~i-~i·-~~~~v~r .. ~~ of 4 c.~;.¡ch hc..;ur.(;~J lf tht· arri\·al or 
barges at the lodo.. l.."an be consic.krcd 10 folluw a i•oi~:-.on prn~o:l.':-.:-.. wh:tl i:-. tlh,' proh:thil· 
iry th~t b bargcs will ;.~rrivc. in ~ hours? (b) lf th!.! lod mo.~sh.·r h;tsju:-.1 hh.:k~..·d thruug.h :111 
·or thl! barg~o.•s at thc lock, what is th~..· prohahility h~..· ~.::111 to.~k~..· a 1 S minuh' hr~..·al.. withuut 
.anothcr barge .arriving? (l') lf th~..· oper;.~tion of th~o· lo~o.·k i:-. sud1 th:1t 4 h;:n·!!~.·:-. ,,.-;¡n h~.· 

lod..:!!d through .al once arH.I thl.' lock mash.'r insists that thi:-. alw:tvs h~..: tlh· ~.·a~\·. wh:1t i:-. 
the prohability liÜJt tht.• ll"rst ho.~rg~o.• to arriv~..· afkr 4 pr~.·viuu:-. h:tf~~..·:-. h:tv~.· hú'll llh:l..~.·d 
through wiil havc- lo wait al kast 1 hour ll!.:for~.· h~·in!! ludúl tllrim!!ll'! 

Solution: 

(a) For this problem lhl.' ratc.· t.'Oibi:mt b 4 hours· 1 • Tll~· proll:•hility uf h ;IITÍ\al:-. ¡11 

:! hours can bl..' dt·tennÍitl..'d from thc Poi~~on Jistrihution 

{b) Thc- probability orno arrivo.~h. in 15 mintllc:~ is ;.~l~o from th~.· pl,i:-.:-.on 

Note that this is not the ~ame as thc: prohahility that il will h~.· 1 S nlintlh'"' untillhl· 
next arrival. The lime s~a-le is continuous ~o thc: prohahility thai.it will h~.· ~.·xa~o.·tl~· 
1 S minutes untíl thc n~o.•xt ~trrhoal ¡., h'Hl. Wl· ¡;;m only tal l.. ,,f pruhahiliti~·, a ..... l,~·•· 
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h:l Th~.· bargt· musl wait for tht..· arri\"al of .~ additional bargt!s. Thr: prob~tbility that the 
tim~o.• T for 3 harg~o·~ to arriv .. · is !!ft.'alct than 1 hour ' 

Th~o.· proh:ibili.ty that T ':.1 fur .l arri\'als comt..•s from thr: gamma distrihution . 

l-.1 it: n .. u.:./~ p 1 U:n •. \h.lt 

= 0.76~ 

J.l.!!!•ma_r}: ~~r Ppisson l~f..l~~":'~' 
Tht.• Pob:-.on proú· ... ~ is a di~~:n:h· proct.'sS on a ..:ontinuous timl.!' scalc-. Therdorc tht.• 

probahilit~ di:tlrihution of tlw numha of I..'Wnts in;.~ timl.' T is ·a discrdc distribution 
whik thc.· proh;¡hility dbtrihutiuns for thl;' time: bc:tWI;'L'Il I.'VI.'nts and thc- tim~ to thc nth 
~..·v~.·nt are cuntinunus distributions. 

For a l\lisson pro~.:e~s th~o.• prohahility llwt an t.'\'t.'lll will o~o.·i..'ur in a short tim~ inter· 
\"al t lo t+~\ t b >.D. t for al! f. Th~· ¡uobo.~hility tbat morl.' tha1Í on~.· cwnt Oü'UTS in f1 t is 
nq~lig.ihk. Tht· pmhahility dislrihution of th~.· numhl..'r of 1.!\'l'llts in a givl·n timl.' T is 
tlw Poisson distrihution. Thl.' l'XPOilL'ntial distrihution dcs..:ribl.'s ttw·timl..' bc:tWCI!n l..'vcnts 
ami th.l..' ~arnma distribution lht.• tin1c- \u thl.' n'h cvl.'nt. ' 

"r:).an;rlc.~4~i 6. lt has- h~·t.;n pr¡,¡;""u~~..~¡¡ til,;t--;~.~:;~(:¡~;~~Jr:til:;ya·¡¡· ~in~~l;.¡tiOñ. mod~C~an 
ht: i..'On~tru~o.'IL'd hy mmll'ling tht.· oi..'currenc~· of rainstonns by a Poisson proi..'l.'SS and thc­
:nnount of n.rin in co.~ch stonn by ~omc continuous prohahility distribution. In this way 
th~.· time hl'lwi.'L'Il rainsturms would follow an cxponcntial distrihution, tht• tinll' for X 
rainstorms would follow :1 gamma c.li~trihutiun. and thl..' ruunbcr of ruinstorms in a time 
intl..'rval wnuld follow a J»oisson distrihution. Dudsh'in 1..'1 :.1!. ( 1975).and Fogcll!t al. 
t1974) usctl a IIHHiili~.·ation uf this appwadt. P;.~rt uf Fog.d 1..'1 ul's. rcsults are shown as 

MULTINO~IIAL IHSTIUBUTION 
Tlll' hin~nual llbtrihution ~.·,,n hl· g. .... n~.·ralill..'d to induc.k th~o• prohahilitit.·~ of out· 
I.."Oilll'S ,n !t.t.'Wral typ~..·s rath~.·r than th~.· two possihll' oukmH~o.'~ of the binomial. JI 
th~.· pruh;,.rhilitit.'~ a:-.sod~lh' .with \'ai..'h of k f.listin~t outn.1ml.'s ar~.· p 1. p2 ..... p~. tht.•n 

;11 irakpvrúl~·nt triab lht.' proh~hility of ~~ OU(i..'\IIII~S of type J. x2 OlltCOilll'!l. <if ty¡l~o.· ~. 
.... x.._ ·uult.'Oim·S of I>'P~' k is ¡!.iven hy.the multinomial dislrihution as 

. f~ 1 ·'·-· .:., (x 1 ,:\ 2 , .... x .. : n,p 1 ,p 2 ..... p .. 1 =, 1 !~.~ 1 --..,. p
1
' 1 r,•;: ... p,'' 

~ •·"2·"·'~· 

"' 
14.11) 
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Fig. 4.2. Distribution of occurrcnccs of wann scason rainl"olll in whid1 tlh.' arc.•almt:an of 
fiw gagcs in Nc:-w Orlcans. louisiana. cxl.'c~o.·dcd O.SO indh.'S antt olt l .. ·ast on~..· 
g¡¡ge rt=corded more than 1.0 inda. (fogd d aJ. 1974•. 

whert X. A and ll are lxk vccto~. Somc n:strictions on this distrihution are 

I:~ .. 1 P¡ = 1 and I~ .. 1 k¡= n 

TI1r: mean and "ariancc of thc multinomial distribution are 

E(X1l = ~P, 

V•r(X1) = ~p1 (l-p1) C4.1.l) 

Exampl~ 4¡17. On a. ~ertain sucam the probabiiity ·Íhal th .. ·m-ixinlla.iltjlC:ikflov.:,tu~r¡;;¡! 
a l·year ¡><riod wiJI be less than S.OOO cfs is 0.:. and tlh.' probabilit}' th;.it it wiiJ ht: he· 
twe:en S.Q09 c_fs and 10,000 cfs is 0.4. In a :!O·y~ar pt:riod. wh:ll is thL' prohahilitr of 4 
peak Rows less than 5,000 cfs lllld 8 peak Oows bctw-.:n ·s.ooo an~ 10,000 ds~ 

,• ' . 
SoiUlion: Tó apply· the mullinot~li~l distributl~n w~ d~.:finl' tht: lhird l'Wnt as a PL'ak 
Oow in excess of IO.QOO cf!t. This t:'venl has probability 1- 0.~. 0.4 = 0.4. Tlll' t:'wnt uf 
a peak Oow gfeater. than 10,000 cfs must occur ~O- 4- M= M timt:'s. ThL' lil'sirl·,I proba· 
bility is 

' 
f(4, 8, 8; !Ó, 0.2, 0.4, 0.4)·= 20!(Ó.2J' C0.4)' (0.4)' /4!1ÚH! 

a0.043 

Comment: The eJtpected resull from 20 yl!iUS of OooJ p..·ak .Joda woui..J-h~.· 

IJISCIU .. JT IJI~j'J(JllJIJIQ~ .•••... -------·-----·----·--·- _______ .§.!_ 

Eo . .sl=np.s=H 

This probl~.·m d~.·mun)trah::r. that ~.·v .. ·n though tht: l'Xfl\:'Cicd results are 4, H. H thl' proba· 

bility of~~is_l~~rP~:~!r_l~-i~-~~~:_!._~~-·_. __ _ 

t:x~.:rciscs 

4.1 Computcfth"' tcnns of lht..• binomial distrihution wi th n = 1 O and p = 0.:!. l'lot in th.: 
fom1 of a hisÍ~gram •. 

4.~ Compull: llu.: t~.·nns oflht..• cumulatiw hinomial wilh n = 1 Oand p= 0.~. J'lot ihe tc-nns. 

4.3 lf a pruj .. ·d is llt:sil_!tll.'d un :1 10-y~..·ar r~.·turn pcriod. what is thc prohability of at k·ast 
1 CXI.:!o.'l.'dan~.:c llllfÍill_! tht..• 10-)'l'af lif1.· of lhc proj~.:~o.·t'~ 

4.4 Whal dc:o.i¡!.ll rt:tum paiud shodld he us~.·d to insun: a 95 pcn.:~.·nl ch:.mcc that tlll' 

Jl·si~n will not b~.· ~.·x..-..·cd~o·\1 in a :!S·y~o.·ar pt..•riod'! 

4.5 C'onstnh:t u ~.:urv~o· rd;.~tin~ th~ ll~sil!.ll rctum pcriod lo thc lifc of a Jl,rojcct wh~o•n a 
t)Q pt..•rc~.·nl chanc~o• of no ~.·xcct..•danec.· is uscd. 

4.6 What ~k·sii!ll rdurn p~..·rin\1 lrlhoultt h~.· uM·d to insur~.· a SO ¡h.'fto."t..'nl chan~..·\.· Or no ...-x­
¡;""da&K~· in a 1 O·ycotr pcriut.l'! 

4.7 \\'h~11 ~k~il!n rdurn I'CriotJ shouhl h"· USI.'d lo in!<.ur .. • a 75 pcr .. ·~.·nt .. ·han..:~.· ofno mur..: 
than 1 ~.·x~· .. ·~.·tl;u~..: .. · in 10 )-'cars'.' 

4.8 fotblrud an ~·xampk wh~o'f\:' lit~· 11ois)OI1 i:o. nol a }:uOO apprnximalion for lht..' 
hinomial. 

¡: 
4.Q In ;1 ..:crtain lo~.·ality \.:Oiltra..:turs A~ B ami(' }:1.'1 ahout ~O. 15 and-15 pcrt..•t..•nt. r~. ... 
spl.'..:livdy. of all wat~.·r ft..'!<.lHtr¡;"·s projcJ.:ts. Fiv~.· \.·untracts a.re ..:umi_n~ up for bid. What is. 
th~.· pruhahility tlwt ~.·mHractor A will 1,!d all S johs'? What is thc probabilily that A will 
g..·t 1 juhs ami ü will !!"'' ~ jobs'! 

4.10 In _1 00 y~.·ar!<. lit~.· followin}! inuuh .. ·r uf lloull~ w~.·r~.· r~·nmkd al a sp~,·~.·ili~,· to~.·ation. 
l>raw a rdali\·~o• fr~o·qlh.'ih·y hi~to~ram nf th~.· \lata. Fit a Pnbsun dblrihutillll tu th~o• d;tla 
Jnd plol lh~o· rd;rtih' fr~o•t¡u~o·n~·i~·!l ;&ú"tmlin¡! lo lh\.' 1\li,!<.on.di!llrihution on lh,·, hi,totmun. 
Js lh1.· l't~i)!<o011 a }!"ond ;¡¡~pmXÍIIl;&titUl fur tll\.' Jala'! ,' . . . • 

~ll, _t!( l_lUI~~-~ 
o 
1 
' 
.l 
4 
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-t 11 Botsl.'d on 01 r, ,n approxim~tion tu th\.' Jata of ~·xl.'r~·isl' 4.10, what is the proba-
biliiy of 5 su¡;ú·ssi't·~o.· }'l'ars without .a tlood? 

4.1 ~ Bascd on a Poisson approximation to thc.: dala of cx~rcisl.' 4.10. what is the proba· 
bility of t'Ul'tl)' fiw ycars bdwet'n floods? 

4.13 Compuh.' lhc: pruhaOilit)· tJf at k·ast 1 n-year I.'WOI in a k·yl.'ar p...-riod using (a) 
n = 100. k= ~o lb in= 500. k= 50. 

4.14 Usint! the Poi~lloOO approxUnation lo thc binomial distribution show that thc: proba· 
bility of Otl lcoc..l onc: ocl.'urrem:l.' of a T-y\.'ar t''o't'nt in T yc:ar.a is 0.63~. 

4.15 !'lL' Bernoulh distribution i!t g.i\'t'll by 

tlx•=p .. CI-p) 1 ·• X= 0.1 

What is E(x) amJ VartxJ for thill distribution'! 

-t ló u~ th\.' Poisson distribution to approxim~h.' lhe binomial dil;tribution ofeXI.'n:ise 
4.1. ·Piot thc ll.'mls of thi~ Poisson distribution on thc histogram of cxcn.:ise 4.1. 

· 4.17 Two widdy separah:d watcr.>Í1t!ds "an.: seh:~o:tt:d for a study on pt:ak diScharges. lf 
thc: occurrcncc- of flood llows on tht: two basins '-·an b'-' '-·onsidl.'rcd as imh:pl.'nd'-'nlc:vcnls, 
what is thc: probability of cxpericncing"a total of 5 .. ~0-yc:ar cwnts on the lwo water· 
sheds (nos 10-ycar pcriod? 

4.1 K A wdl-known scic-ntist has prl·dickd that durin~ a ¡;crtain thn.·c-yl'ar P'-'riod a sc­
\'t'h.' drought will o..:cur on thc 'plain~ casi of thc Rm:ky Mountain!l.. He madc this prc· 
di'-·tion ba,cd on his ohsC'rvancc of stinspot al.:'tivity. lf thc probability of a drought is 
0.10 in any year, wh;1t is the probability that thc ~'-"Íl'OIÍ!!.I's prcdil.:tion will come truc if 
tlH: occurn:ncc of a drought is a stri'-·tly nmdum phcnoml·na unrclat'-·d to sunsput ac· 
tivity~ 

4.1 q In a c'-·rtain ·rc:gion there are :!0 possiblc small watershl'lh suitahlc for a res'-·arch 
proj'-'l"t. Unknown to the projcct "manag'-·r. 6 Of thcsc basin!l. hav'-' subsurfa~.:c geological 
fcatur'-'s that pcrrnit 1ar!!c quantitic!. of surface water to ent'-·r undcrground formations 
and btvc thl' basin vía :o.Ub!!.urfacl.' llow. Thl' projcct mana~l!r want_s to sclcct 6 watcr­
shcds from rh'-· 20 for sludy. (al What is thc probabilily lhat 1 oflhc basins havinl!-lhc 
ahow d'-·s .. :rih'-·d gl·olo~!k fc:Jturl'~ will hl· !!.dCCIL'd? (b) What is thc: probability that 3 of 
lhl'!l."' l'la!>im. will lx• !!.dc..:ll'0'! kl What ¡, tlw pmbability that al lcast onc of th'-' basin~ 
will b~.· !!.d ... ·..:t'-·¡J'! td) What is thc prohability lhat all of tlll"~ ... · basins will ht• sc1t•ctcd'! 

·L:!O In tlw situ<Jtion d'-·~..:rib..:d in l"x ... ·r~is'-' 4.1q tlw projl.''-"1 mana~L'r wanh lo pick 3 
palh of wah."T\Ih.'th for 111l' 1.'\'aluation oran '-'Vapotranspiralion SU)lPfl':o.~:ml. Om· hJ!loÍil 
in ..:al.'h pair will bt· U!!.Cd for a J.:ontrol antl onl.' will bc tr'-·akd with lhc: !!.Upprc~anl. Whal 
l!lo th ... · prohability lhal all of th'-· ¡;ontrol watcrsh'-·tl!!. will hOJVI.' thl' 1:!'-'ulog:ic prob11.'m whih: 
all of lhc fl'!!.l will n<H? 

¡ 
¡ 

í 
t 
¡ 

' ' 

1 
i 
1 

i 

DISCREH lliSlRIIIUTIONS KJ 

¡m>..:css. Ha~...-d on thc data bdow and thc J!lo!!.Uillplion that thc B....-rnuulh .. d is appli· 

cable: (a) \\'hat i!!. thl! probability of 1 O or mon: rain y days in cach of the months of 
Jul)' and August'? (b) What Í!lo lhl! prohahi1ity of :!0 rainy days in thc two-month period? 
t'-·) Whcu assumptions concl.'rnin~ thc Bl·moulli proct:ss ar~ Jikely violalcd by lhis prob­
ltm? For thiS problem writc answc:rs in h:nns of summottions. Do not evotluate thc su m-
mations. 

,1 
Yl.'ar ~ 3 4 5 ó 7 8 9 10 

No. of Rainy Days 
July 10 15 17 H q 10 17 14 ~o 4 
AU!?USl 4 q H 3 o 10 1~ 2 8 6 

4.:!~ For llw binomial distrihutiur show that fx (x; n. p) = fx (x-1: n-1. p) fx ( 1: 1, p) ... 

f>.lx: n-1. pi fx tO; l. p). Wrih: oul a narratiw dcl>l.·ription of thc mcaning of this l"l}Ua­

tion. 

4.~) Work '-·x~·rcisc 4.:! 1 usin~ 1-hc l,uisson dislribution to approximatc thc binomial. 

4.~4 flool tlw Jotta of cxcr'-·is'-' 4.~ 1 so that a sin gil· cstimatl' is obtaincd fOr p of thc hi­
nomial dislrihution. Compul'-' thl' prubability ar ~O rJiny dot}'s in thc .two month pcriod 
of Jui)'·AU!!USt. Cumparc this prohahility to th'-' 0111..' ~.:omputcd in part b of t'XCfl"ISI.' 
4.:! l. Whid1 answcr would yuu prl'fcr'! 

4.~5 Usin!l thl.' dalil of n.l'rl..'b ... · 4.~ l. what is thl.' probability thott tiH.' sixth w'-'1 da)-· uf 
Au~usl Uú'UP.. on Au~ust :9.30 or .11'! 

·t~6 Shuw that fnr 1111.· t•niS!>un JlfOL"l'~!lo tlw tim'-· for n oL·.._·urr'-·n~:cs follow:o. th'-' gamma 
distribution. tllint: llSI.' lhl· m...-thod of ~kriv~.·JliJ¡stributions to lind thl' distrihution of 
lhl' IÍilll.' tu ~ llú"llff\."llú"!lo. U~illl! lhl· Ji:o.tribution uf lh'-' time tu 2 0'-"Cllff\.'ll'-'l'~ lhl· lll'-'lh· 
oJ of lkriwd dislrihution~ .._·an tw u:o.\·d 10 !ll'l th'-' timl.' tu 3 u'-·curr~.·ncl'S, Thi-. pruc'-':o.\ 
...-an th ... ·n lw 1\'JWai~..·¡J until a palian '-'llll'f~·~. haluctiun ~o:ould aho ht· u_ ...... ·d hy showin~ 
that if tlw tinll' for n-1 OCClHT\"lh.."l'~ i:o. !!ÍWn by ~.·...¡uation 4.20 by substitutin~ n-1 fur n 
th ... ·n fiH· tilll"-' for n on:um.•n.._-~!1 is ~ivl.'n hy t•quatiOn 4.~0. Also thl' tillll" for 1 oc'-'Ur· 
fl'll..:l" is ~ivc:n hy ~.·quJtion4.1'l whil:h i~ thl' saml' as ~quarion4.:!0 with n =. 1.) 

,,, 



5. Normal Distribution 

THE MOST widcly uscd and most important continuous probability distribution is 
thl· G:JUssian or nonnal distribution. Thc nonnal distribution has bc:cn widely used be-­
nusc of its cOJrly conncction with thc 'íhcory of Errors .. and because it has c:ertain usc-­
rul mathcmatical propcrties. Many statistkal techniques such as analysis of variancc and 
thc ksting of ccrtain hypothcscs rely on thc. assumption of normality. Thc crrors in· 
vo!Ycd in incorrl·dly assuming nonnality (purposcly or unknowingly) dcpcnd on thc use 
undcr considcration. Many statistical mcth.ods dcrivcd· undcr thc assumption·of normal· 
ity n·main approximatcly valid when moderare departurcs from nonnafity are prescnt 
Olllf..l as such ai\.' said to he robust. 

Tlu .. · vcry n:mu· .. normal'" distribulion is mislcadin(!: in that it implies that random 
v;uiahlcs thOJt are not nonnally distributt!d are abnonnal in sorne scnsc. Wc will sce from 
lhl' (\·ntral Lim!t Thcorcm lhc condilions under which a r~ndom variable can be ex· 
pcl·tcd to hl' nom1a1Jy di~tributcd. In a strict thcorctical scn~c. most hydrologic variables 
cOJnnot he nom1ally distributcd bccausc thc róiO!!C on <~ny random variable that is.norrnal· 
ly di~lributcd is thc cntire real linc (.:..:., to +c:o ). TI1us non-m·l!ativc variables such as rain­
fa! l. st rc&~mnow. rcscrvoir storage, etc .. c&~nnot be strictly nonnally distrihutcd. Howcvcr. 
it will also hl' shown that if the nll'an of a random variabll• is 3 or 4 times (!:reatcr than 
its standard dl·viation. thc probability of a normJI random variable bcintz.lcss than 1.cro 
¡., wry small and r.:an in many l'OJSl'S hl' m•¡:lcctcd. 

<;ENI'RAL NORMALDISTRIBUTION 
Thl· nonnial distrihution is a two paranwh.·r t.listrihution whosl' dcnsity function is 

In o,.•xanlpll'!ii J.J·_·;md .1.S if was "'hnwn that if '-·illu.·r tilo,.' mdhnd ofrnOIIll'nh or the 
llll'thod O( IH3XÍnlll.l'~-Jikdihood ÍS IISl'd.tu ~·<;;fimah.' tfH.' IWO ft:traml'h.'Oi of lhÍ!ii di~tfi.. 

:;~.;,'!-' -

H4 

\ 
1 

1\:0RMAL IJISTRIBUTION 

p (X) 

X 

F. 5 1 Normal distributions with sam~ mean .:md different variancL'S. 
·~· .. 

' 
F . ~ ' Normal distributions with samc varianccs and diffcrcnfmcans. IJ!. - ·-· 

' 

85 

b · 11 11 · e = .. •nd e,' = 0 :r. For this rcason thc nom1al distribution is gcn-utlon. 1e Tl'SU 15 l ..., 

'-'rally wrillcn as 

Jlx(x) = (1no2 )·"" e·V,(a·tJ)lf.,l _,<X <m (5.1) 

Thus thc nonnal distribution is a two paramCter distribution which is hcll--shaJ'C'd. con­
tinuous and symml•trical aboul u (thc cocflicicnt of skew is uro). lf u is hdd con!.l:uH 
ami 0 :r varkd. thl' distrihution dwnt:tcs as in figure 5.1. lf o2 is h~ld co~stant and ~J 
varicd. thl· distrihution dot.•s not chan~r scalr but does chang~ locat10n as m figure 5._. 
Thl· paramcll'rs tJ and o:r an: sonll'timcs dl·notcd a~ Joca!ion and scalc.·pa~am\.'lcrs .. A. 
t:ommon nol:~tion for· indicatinl! that a random vanablc ts nonnillly d_tstnhulcd Wllh 

mt.••m u and variancc o:z is N<u.o 1 
). 

REPRODUCTIVE PROPERTIES 
Jf 3 random V:Jriablt: X is N( u.o:z) and Y= il + bX. thl'. distribution of ~ can ~\' 
shown to bl' N(a + blJ. b2 cr 2 ). This can bl' provcn usin~ lht.• mcthod of dcnwd dl!<>­
tributions. r-urlhl·m1orc if X; for i = l. ~ ..... n. are indl'P'-'Ildl·ntly and nonnJII.} 

Jislrihutc{l with 111l'an lJ¡ ;¡mi v:~rianCl' o~. thl'll Y= a+ b 1 ~ 1 + b:z Xz + ... + h"X" 1' 

nonn~11ly dislrihutl'd with 

Ú V = a + f,"~ l b¡ IJ¡ 

1 ~ .• 11 
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All)' lini.";Jf fun..:tiun of inJ'-'PI.."mh.·ut normal random variabh:!. is o.~h.o a normal random 
\'an.:.~bk. Thl." proof of tlu~ ..:o.n bi "'a~ily dc\'dopcd \l¡¡sc.•d on lhl.' nu..>nh.'nl gcn..:rating func­
uon of lh~ normal distribulion. c&c ~quation ó.9Q ). 

----~-----·----- -------------------- ---· 
1-.~amplc: S. l. l_f )1., i~ a random ob~rvation from lhc distribution NtLJ.cr 1 -~ what is the 
disuibution of X :::: ~ :•.:. 

1 
').¡In? 

Solutiun: X is a hn~.·ar fun..:tion of x, ~iwn by X:;;:: Cx 1 + ,.1 + ... + x.n)/n. From c4ua· 
tiuns 5.~ and 5.3 an.J th~ r~produ.:liw propcrti~ll> uf thc nonnal Jislribution. X is nor­
mally d •~tribuh:d with mean 

,... ~ =a+ L ~~ 1 b, ¡.. 1 =O ... I ~= 1 p!n = n~in = ~ 

and varian..:e 

Thcrcfun: X is N(IJ.o 2 /nl. 
- -------------

STANDAI{D NOI{MAL IJISTI{IBUTION 
Thc:·probability lhat X is l~ss than or l.!qual to x whcn X is N(j.J.o 1 ) ..:an be l.'valu­
atet.l from 

(5.4) 

Unfortunah:ly ~..·quation 5.4 t'annot be! ~valualL'J analytkally !<>O that approximatL' mcth­
l.k.b of inh.'l!ration ar\.' requin:t.l. lf a tabulation of llll' intq,!ral was mad~..·. a !!.Cparatc tablc 
WL)uld bl..' n:t~uirl.'d for ~at.:h valut' of IJ and o 1 . By using thc lin~..·ou transfomtation Z = 
1 X - ;.; Ji o. thl.' randorn ''ariabl\.' Z will h\.' N(Q.I ). This i~ a sp~..·cial ~.:ase of a + bx with 
a = ·¡,¡/o <~nd h = 1/11. Th~ rdndom ''ariahlc. Z is said to b\.' sta1H.lardil.t'd (has ~=O and 
u 1 = 1 J ant.l 1'\(0.1 J is said to be thc standard nom1al distribution. Thc standard nom1al 
i.li!!otribution is giwn by 

-o:~ <Z<<>:~ 15.5) 

anJ the ..:umulati\'1..' .. tanJard normal is l:!ÍVI..'n by 

15.61 

p IZ) 

-· o .... + 2 

Fig. 5 ..l. Standard nmmal Ji,tnhution t ,. = O. ,-. 1 lo. 

_c\"'-Ottl!'-'\'"lc;\ 1.l .J.ILJl lcoS.J.I-"Bctl.ull.cl :.JrJe~J,_nc;:>,_' ______ ·--------···------ -~-- -~---Jll 
! 

hgurt' 5.3 ~hows th~..· !<>lanJanJ normal di:-.trihutiun which along with th.. ..n:.formation 
l = CX- +J)/o ..:ontains all of lhc inf~..mnation shown in figurt:s S.l and 5.2. 8oth Pl (Z) 

omd P2 (l) arl.' widdy tabulatl.'d. Must tahiL') utilize thl.' symmclry of thc nomtal distri· 
bution so that only positive valul..'s of lar~ shown. Tabl~s of Pz(Z) may show prob(Zs_z) 
or prob(O~Z.S..l). Carl.' must b~..· exer..:iscd when using nonnal probability tabl!!s to St:e 
whal nlut."S are tahulatcd. Tabk f..J is a tabiL· of Pz(Z) for Z2.0 and tablc E.4 contains 

rrobtO~Z,.ll. 
8)' !lotudyinl! l<.~hll..' E.4 it co.m¿hc SL'l'n that 68.~6'ié of thc nom1al distrihution is with­

in 1 st .. ndanJ dt.•viouion uf thL' m~..·an. ~5.44(A within :!: standard dcviations of thl.' m~..·;,n 
;md 9Q. 14(1; within .\ stam.lanJ ~l~..·,·iatiLms of th~ mean. TheSt: art: \:alh:d tht: l. ~ and J 
sigma bound:-. of th~..· nonnal di!<~lrihution. Th"· fa"·t lhal only 0.~6',( of lh"· ar~..·a of thL' 
nom1al Jistri\'lulion lil.'~ outsiLk lh"' .1 :~oi!-!ma bound tkmon~tf'JIL'S thal tliL· probability of 
a \'al u .. · J~..·s~ than ~.·J¡J Í!lo only O.OOIJ OJml b thc justili&.:alion for usinl! th\.' normal distri­
bution in Sllllll..' in~lallL't.'s L'VI.'Il thout!h thc random variahk undl.'r considcration may he 
boun~ll..'d hy X= O. lf ¡¡ is l!fl:at .. ·r than Jo. lhc chan..:cs of an X ll.'ss than lcro ar1.• many 
timc-s n .. ·l!lil!ihl .. • t lhis is nol always tru~..· hOWl'VI.."r). 

b.ampt.... 5.~. ('ompar~· lhL· l. 2 and J sigma hounds un~kr lhl.' assumption of normal· 
ity and und\.'r no distrihutiunal OJ:>!)llmptions using C'hcbyshl.'v's inequality. 

Solution: ThL' l. ~ami J sigma hounds of N(~.L1 2 ) ~..·ontain 68 . .:!6, 95.44 and 9Q.7~'h of 
lh~· distril:lution. Thus th"· prohahilily lhat X tJ¡~viOJks more than o. lo. and 3o from u 
i!) O.J 174. 0.045b <Jml O.OO~K r~:.(WL'Iiwly. 

Clwb~·sh..:\''s in~..·quality say~ that thL' probf-1 X- IJ 1 2: k) s_l/k 2 • This corr~.·sponds 
10 a prohahilily that X d~..·viatl'S mofl' lhan 0. ~o and 3o from u ol'll'ss than I.OO.Iess 
than 0.~5. anlll..:ss than 0.11 r~..·sp ..... ·tivdy. 

Comm"·nt: By makill!! no distri11utional assumptions. WL' are forc~..·d lo mak~ ver~· con­
s~o:rYatiw pruh;¡hility slall'lllL'Ills. lt i!'l to h~· ~..·mplwsill.·d tlwt lhd,yshl'v's itwquality i,ÜVI..'S 

~l_up¡ll'~-~~l~~~t-~l_!o~~"'J)_r~l~al_,¡_~it_r a~l~l.!:!~~-t~l~·_r_r~h_a!"_il!~~ -~~~~~~· . ._ ____ --· _ ·-- _ ·- _ ··--

E>.ampk 5.3. As an ,·x;.Hnpk of usin~ tahks of th~· nonnal distrihulionL·onsidl..'r a sam­
pk drawn from a N( 15. ~5 ). WhOJt is thl' prob( 15.6 $. X ::. ~0.4 )? 

Sulu tion: Tlw ~!..·sir .. 'ti prohOJhility ..:o u id b\.' ~..·valuaiL'd fmm 

pwhl 1 S.h :.... X 

llow~·,· .. ·r thi' inlq!r;ll i~ diffi..'ull [(1 .. ·v;•lual~·-'tLI\inp us~· 111" th~· stand~1rd nunn<~l di~·trihu­
liun. "'"·~· .. ·an. transform th~..· limih on X lo limih tlll Z anJ th .. ·n us..· standarJ normal 
t;,¡hk·s. 

x = 1 S .ti 1 r;tnsform!'> ltl 1 = 1 1 S .h • 1 5 .O J/5 = O. 1 ~ 

'- = .:!0.4 tran:.furms to 1 = 1 ::!0.4- 1 S.OI/5 = I.OX 

prullt 0.1 ~ /. 
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From lablc E.4 it can be sccn· that P z ( I.OH) = O.HS99 and P z (0.11) = 0.5478. The 
d.:sircd probability is 0.31:! l. · 

Example 5.4. What is prob( 10.5 s. X s. ~0.4) if X is dislribuled N( 15. 25)? 

Solution: 

• = 10.5 tr•nsfonns lo z = (10.5 • 15.0)/5 = -().9 

~ = :!0.4 transforms to z = 1.08 . 

Thc dcsircd probability is thc prob(..().9 s. Z s. 1.08). 
Tabk E.4 docs not contain P2 (Z) for Z<O. Wc must thcrcforc m a k~.· use or thc sym­

ffiL'll)' of thc nom1al distribution. Bccaus.: of symmctry 

prob(-(}.9-"- Z ~ 0) = probiO '- Z-". 0.91 

= 0.3159 

prob(-().9-"- Z ,;_ 1.08) = prob(-().9-"- Z :: 01 + prob(Ü :e Z ,_ 1.081 

=0.3159 + 0.3599 

= 0.6758 

Comment: Many times in solving problems of this typ~.· it is us.:ful tu sketch a nonnal 
distribution and thcn shadt' in lhc arca com.-sponding to thc dcsircd probability. For this 
prohlcrri thc skch:h would bt:" as in ligúre 5.4. . · 

ixamplc S.S. Rcpl.'otl C'Xampll" 3.7 assu~1in~ the Kcntucky Ri;cr d:.~-ta is Ñ(-~. ~~-ji)o"i)_ 

Solution: From cxampk 5.1 it is known that X is N()J, ~ 1.0002 /nl. Thcrt."forc Z = 
(X- "' /ñ/21.000 is N(Q.I ). From thc probkm statcmcnt 1 X·" 1 ~ 10.000. n must be 
Lktcnnincd so thal 

prob(-10.000/ri /21.000 < Z •. 10.000111/21.000)=0.95 

1:rom t;~bh.· l:.4 il is SI..'Cn th:.~t 95'_k of lhl· nomwlllistrihuti011 is ~.·ndos .. ·d hy -1.96 -.z ..-: 

t0.5 !" 20.4 -0.1 o 

• z 
Fi~. s:4. Sk~ldl for L'\<~1111'1'-· S.4. 

1.08 

,1 
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1.96. From this n is c:.~lculatcd :.~s 

n.<(21,000(1.96)/10,0001 1 '1 16.94 

or at least 17 obSI.·rvatiOns are TI.'LfUin:d lo be 95%- surC lhat X is within 10.000 cfs of IJ 

if X is NI"· 2 1 ,0001 1. 

Commcnt: By assuminl! normality, thc- rL'quired mínimum numbcr of observations has 
becn rcduced from 88 to 17. Th .. ~ Law of Lnyc Numbers has placed a lowcr limit on n 
without knowlcdgc of thc distrihution of X. Thl' pricc for this ignorancc of thl' distri· 

bution of X is sccn lo be very grcat if in fact X is nonnally.~d::_i:;:s~lr:!.ib:;:l::_ll~c~d::.. ------

CENTRALLIMITTHEOREM 
The conditions undL·r which ;,¡ r;,¡m.Joril vari;~bk· mi~ht be cxpcctcd to follow a nor· 
mal distrihution an: spedfiL'd by th~.· C~.·ntral Limit Th~.·on·m. 

¡; 
lf S,, i::, thL' sum of n intktwmtcntly antl identically distrihut .. ·d ran· 

dom vari;~hlcs X¡ t'ach hoiVin~ a lllL'Otll I.J and variancc..• o 2 , lhl.'n in lhl.' liinit 
as n appro;~chL'S intinity. th~.· distribution of Sn approaches ;,¡ normal dis­
trihution with mean niJ and variancc no 2 • 

In pr;~ctice if thc X¡ are idcntkally and ind~.·pcndcntly distributcd. n docs not havc 
to be very lari:W for S" to be approximatcd by a nonn;~l distribution. lf inttfrest lics in 
the cl!ntral part of the distribution of S", valucs of n as small as S or 6 will k'SUII in thc 
nonnal distribution producing reason:.~hiL' approximations to thc lniL' distri~ution of S". 
)f ÍOICreSI JiCS Íll lilL' taÍJS Of lhC distribution Of Sn 35 j( OflC'Il.dOCS ÍO hydroJogy,Jargl!T 
values of n may be r~oquircd. 

As stalL'd abovc. thl' Central Limit Theorcm is Of limitC"d valuc in h}'i.Jrology sinC.:L' 
most hydrolo~ic vuriablcs OJrc not thL' sum of a l;,¡rgc numbcr of indepcndcntly and id..-n· 
tica.lly distrihuted random variahks. Fnrtunatdy umkr sume very 1;'-'ncral conditions it 
can be shown th;~l if X¡ for i = l . .:!, .... n is a random variable intil'Pcndc-nl of X for . ' jf i and E(X,)= IJ¡ ;.md V;~rt_X,)= o!.th..-n tl',¡.sum Sn = X1 +X1 + ... +X" uppro;~chl.'s 
a nonn;~l distribution with E(S11 1 = r :~ 1 I.J¡ ~\1 Var(S,,) = Lt~ 1 a: as n approa<:hcs in· 
finity (Th0mas JQ71 ). Onc condition for this g~.·ncralizL•d Central Limil Thcorcm is that 
each X¡ has u nci!-ligiblc cffcL'l on thl.'.distribution of 5 11 (i.c .. thcrc cannot h~ on~'or two 
dominatin~ X¡ "si. 

This gl!lll.'ral th~orcm is very usdul in lhat it s;~ys tha~ ifa hydrolo¡!ic random V<~ri· 
able is the sum of n im.h!pL·ndcnt ...rre .. ·ts anO n is rL'Iutivcly large, thL' di$trihuti0n of lhe 
variable will be ;~pproximutcly normul. A~ain how lufl!t' n must be liL'Pl'nds on th~.· ;~rca 
of intcrt.>sl (c..·ntr;~l part or tail or th .. · di:-.tribution).;md on how ~ood OJil approxim;~tion 
is necdcd. · 

Example 5.6. In thc Jast l..'hapkr tlh' ~mma distriblllion for intcgL·r vah11.'S of n was de­
rived as u, ... su m of n CXI)OIII.'ntially distribut .. ·d randum variabJ .. ·s.' Tlh:.-mcan und v;,¡riancc 
of the exjlon .. ·ntial distribution ur~.· !!Í'<'l'n as 1/ >. 'amt 1/ ~2 fL'spcctivcly. Tht• (\:ntr.tl Limil 
Tht·orcm ~ivcs thC mean and v;~rian~l' ot' thL' sum of n values from lhL' cxpon~nti81 distri· 
bution as n/).. am.J n/)J for lar¡!\· n. This a~n·cs wilh th~.· mean and vari;~nCL' of thc gamm~ 
distribution. In chaptl.'r 6 thc cO\.•flkiL'nt of s_kL'W·of.thc ¡;;~mina di:,_· }-p.iiiOri-is given as 
_,. .• ·. . . . . -".':,; -~''"!' ' .. ' 



·-'-''~ !L.Ii_~ 
1/lñ. Tin1s tht· sum of n r.anJom v~n:Jhh:~ from an c.\puth:ntlal di~tnbutillll i~ a ¡!amma 
Jil>trihulion whidl approa~.:hc!> _. nomtal distribution twilh ·1 approou.:hing. 0) as n gcls 
largt!'. --------

CONSTIWCTI~C. NORMAL CURVES FOR DATA 
fr~qut..•ntly th.: histogram of a sct of ohscrvcJ Jata SUl!!:!\:'Sts thal thc- data may be 

approxunaac:d by a nonnal "distribution. Om: way to inv~o'l>ligak thc ~ooJrh::r.s of this 
i.ipproximation is by supC"nrnposing a nonnal .:un·c on thl' frct¡u'"·ncy histol!roun anJ thcn 
''isually ~.:ompan: thc two distrihutiOil!>. Statistkal pro'"·t·durt"!> for h..·:.ting. llh.' hypotlh.'SIS 
that a s~..·t of dato.~ 1.:an bt: approximall'd b~· a nonnal tor ~ny otlh!rl distributiun arc_¡;iwn 
m .:haptC"r M. 

C'Oil!>ll.h.•r lht• Jata of tabl.: ~.1 .and tht· frt'l)lh.'llt.'Y histngram uf figure 1.5. Tih· prob­
abilit)· tor rdatih.' fn:qut.·ncy 1 ofíJ p1.•ak llow in an)' onl.' uf the da~s intavals assuming a 
normal Ji~tribution can b.:,. obtain~d b) intq!ratin1!, lll\' normal distribution owr the lim­
its of th...- das~ intc:rval. For ~xample th~ e>..peclcd (a..:cording to the normal Jislribution) 
rdativ~: frequt"ncy in the first intt:rval t.·an be cakulatt:d from 

~incl.' thc mean of thc Jata ill 67.500 t.:b. anJ the standart.l c.kviation is 21,000 ch.. This 
inh:gral is t.'a~ily l.'valuatct.l using standard nurmaltublc~ a~ 

r,. .••• = oA~~~- 0.4o33 = o.o~48 

An .. pproximation to thc rdativt.• frcqucn..:y in a I.:LJ)ll intcrval can abo bl' mat.lt.· by 
using equution 1.1Hb. 

Table 5.1. E>.p\:'t.:lt."d rdative frequen..:ics ac..:orJing to tht: nonnal di!'ltribution for the 
Kentu..:ky Rivcr data. 

Clas~ Expe..:tcd 
Mark Rd. Freq. Obscrvcd 

'· Z; Pz(Z¡) f. i Rel. Frcq. 

~5.000 -~.0~ 0.0519 0.0~47 0.0.10 
35.000 -1.55 U.! ~00 0.0571 0.045 

45.000 -1.07 0.~~51 0.107~ 0.15~ 

55.000 -O.bO 0.333~ 0.15M7 0.136 
65,000 -0.1~ 0.3%1 O.IHHO O.ló7 
75.000 0.30 0.37.1~ 0.17MO 0.152 
HS,OOO O.M.l 0 . .:!827 0.134ó O.IM~ 

95,000 1.31 0.1691 O.OH05 0.091 
105,000 1.79 O.OM04 U.03H3 0.000 

IIS.UUU 2.26 0.0310 \!,9_14~ 0"94~ 
Su m 0.9k2b 1.000 
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Fig. 5.5. f'muparisnn of normal distrihution with tht.· ohsawd distrihution üf peuk 
lll>w~ in thc Kt.·nhu:ky H.i\'t.'r. 

Using thc standart.J nonnalthrough tht.• transformation 

for thl' lirst das~ inlt.'rval 11\ 1 = 10.000. z, = t:!S.OOO · 67.5001/~ 1.000 = -~.0~. p 1 (1.,) = 
0.0519 (from tablt.· E.3 or cquation 5.3) ando is cstimJtcd by s = ~ 1.000. 

r,. ·"•" = 1 o.ooo x o.0519/~ 1.ooo = o.o~47 
... ,. 

Similar cakulations for cad1 of tht.· ~o:IJSS nltcn·ah are shown in tablc 5.1 with thc rcsulls 
plottl'd in fi!!lHt.' 5.5. Tht.· sum of thc cxpcclt.'d rdativc frt.·qucncics is n~t ont: sincc thc 
t:ntirl' rangt.· or lhl' normal distrihution was not CU\'l'rl'd. 

Thl' ¡Ho..:t.·~olurl' of intt.·grating Pxlx) ovcr t.•ach_class inlt:rval or of using cquation 
~-~Xb l·an hl' u~d for any nmtinuous prob<Jbilily distribution lo gel lhc L'Xpcctt.'d rcla­
tiVl' frcqucndt.·~ for that distrit"lution. 

NORMAL AI'I'ROXIMA TI ONS 
Thc nonnal distribution can h .. · shown to ht.· a good approximution tu ~cvcral othcr 
dilltrihutllm~ hoth di~·rt.'k ant.l t.·ontinuou~. B .. ·fort.' using thc nonnal to <!pproxi· 
maiL' l!OiliC othcr distrihution. ~are must hl' tah·n to lll'l' that lht.' ~..ondillon!-1 for tht.· 

¡¡pproximation to lw valid art.' m .. ·t. (;cnaally th .. · appro.\.imation~ art.• quit~··goot.l in tht.• 
(cotral part of tht.· dislrihution with th .. · ac..:urat.·y droppin!! off in thl' t.aib of lhl' distri· 
hution. ThÍ'ou¡.dwut our study of Ji~trihut.ions. lht.· l!cnsitivity of tht: taib of 1.hstribu· 
tilm) to distrillulional a.. ... sumptions will bl' of l'OIIú'm. Thi~ h of partit.·ular importanú' in 
hydrulog)' ~:lll·n rhc m;,¡gnitmk of J rarl.' cvt.•nt, is lo h.: cstimatcd sinn• this l'lltinwll' 
musl colllt.' fwm thc lail of th .. · Jistribution beinl! USl.'d, 

Wht.'llt.'Vt.'r a t.·ontinuou:'lo Jbtrihution is u~t.·d lo <~¡>(lroximale a dis~.·rdt.' distribution. 
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... -~...rh· .. :tiom ~~mt·timc~ known a~ half·inh.•rval ~.:orrt·r.:lions must ht· ;.¡pplit·d to thl.' ,.-on· 
tinuou~ t.listribution. For ~.·xampk tht.: prohability that X is ~qual to sume positivc in­
IL"g.l'r X l"an h1.· 1.'\"alu;.¡kd for a db~o:rl.'tc distribution. Thb saml' probability is z,·ro ir a 
l"Ontinuous distrihution is uscd. \\1h:n a r.:ontinuou~ distribution is us,•t.l to .:.lppro>.:imat~.· 
th1.· proht X = X), thc prohl x • ~'2 ...: X .... x + ~~~ must "be evuluakd. This illustrolll'~ tht· g.l.'n· 

. ,•ral rul~ thal a 1-: inkrYal ~.·orn.·~tion must hl' adt..ktl to thl.' uppt.•r limit and subtractcd 
t"rom thl.' lowcr lnnit. Thc proh(X = x. x + l. x + ~ ..... y) in a dis¡;r\.'lt' t.'ilSL' is ap¡>roxi· 
matcd by prohtX- 1.'J•: X· y+%) in thl.' r.:ontinuous case. Thc prÜb(X_s:_x) in J tlisr.:rt.:h: 
r.:as.: IS approximJh..'d by prdh(X~:_). +~-!)in thc continuous casi.'. More I.'Xamplcs of thl.'se 
COrrl.'dion~ are shown m tab~- S.~. : 

Thl' C\:ntral Limit Thcurcm provi~Cs lh1.• mcchani~m h)· which thl.' normal distrihu· 
tion het.·omc~ an arrroximJtion for St'\'CrJI othcr distrihutiuns. 

-~i!lOmial Di~tr.ibuti_~ 
lt was statct.J in Chaptcr 4 that if X i~ a binomial TJil!.lom variJbll' with p:JT:Jnld~.:rs 

n 1 and p ;..md Y i~ a binomial random variabk with paraml'tl.'r~ n 2 and p thc-n Z = X+ Y 
b a binomial random variabk'with paraml.'h:rs n:; n 1 + n 1 and p. Extl.'nding this to thr.: 
~um of SL''O!.!T<.tl binomial rJndom variablcs, thl' Central Limit Tht·urem wuuld indicah: 
that thr.: nonn<~l distribution approximatl's th~.· binomiJI distrihution if n is larg.r.:. Thus as 
n g.ets larl:!l' tht· distribution of 

· Z =(X- "l/o =(X- np)//iip(T-¡;) '(5.8) 

appn.>a~.:hcs a NtO,I ). This is sometimcs know!l aS thl.' DcMoivn:·Laplac~.: limit thcorcm 
tMooJ el al. 19741. 

E).atnplt· S.7. X is a binomial random variabl_c with n =:!S Jnd p = 0.3. Compare thl.' hi· 
numial and nonnal approximation to thl' binomial for evaluating thc ¡nobt S< X ~K). 

Solution: U sin~ thL' binomial distribution this is l.'quiv<tk·nt to 

U sin~ tlll.' nonnal this is <~ppruximatcd by prohf S.S ·:X ··-~.S l. 
. Thl' Jowt•r Jimit on Z, thl.' standard nom1al variable is 

z = ¡5_5: ••rll/ii¡;-(f:¡;¡ = (5.5- "5Ull//-c-SDYC/T = -O.H73 

Tahle S.~. Corrl'Ctions for ap¡noximating a úist."n.·tc: r:.~ndom V<HiJhlt· by a continuous 
random vanahk. 

X=x 
>. X~y x-Y2 .... X-:y+~t~ 
X:.x X··.x+Y~ 

X_>x . X>x·V~ 
X·). X::x·112 

_!;! _x ___ -------- ---·-------~·· ··- ~~-~.!~- -·--··- ·------

~- ----------- --·--------------2 
Tht: upp~.·r limit i~ 

For a N(!).l) lhc probf.0.873 •. z.._ 0.435) is O.JQg + 0.168 = 0.4 76. Tht:ri.'I'Orl.' thL' I."Xaf 

probability of ~--4~~-i.:'._ U_I_?~?_Tt.>~_I!.l.l_:~-~-~ll h}' thc nonnal lO bl' 0.4 76 roran n or :!S . 
.. ---. ··- -· ---. ------ -------·-------

Nl'sativc Bin~!l]ji;!I_D.i~~!!~l.!_tion 
Following. r..:<~soninp l>Íillil:.tr to that givcn for lhl' hinomial distrihution. th~.: nt·g.ath 

binomial distrihtllion with lar~l.' k L'Jil bt• approximatl't.J hy a nonliJI distrihution. In tll 
~.:ase of tht· nt•gatiw binomial tlll' distrihution pf 

(5_, 

---·------- .... - ··--·-----. 
Examplt· S.l::. Work t!Xampl_L' 4.11 l1sinl:! thl' nonnal··;,~p~~;·i-;a(i~,~-i·o·~-(¡;-~;;¡¡~~ b 
nomial. 

Solution: Thl.' d.:sirL'd proh;¡hilit}' i~ proh(39.S-:X<40.Sl. Using thc standard normal d! 
tribution, tht! limits on Z an: 

Z = (39.5 -4.0/0.1 l/ 1 4{0'_9)/0.0 f = -0.5¡ 1 M.'l7 = -O.Oc6 

Z = (40.5- 4.0/0. l )/ i 4(U.'ll/Ó.OI = +O.Och 

prub(·0.0:!6 < Z .: O.O:!h) = 0.0208 -". 
lf'p 

Thi~~omp_~~~- rav_~r~~~ ~~~!~ -'~-~~?.:0~-~-~--~~~l_P_LI!:~._u_sing ~~-l.l' llL'g.:._!~~~~-~¡~~~~~~1. 

Poisso11J_) is~ribution 

Thc sum of two Poisson ran..Jom v;.¡riahlcs with par<~mders ).,
1 

¡¡nt.J >.
1 

is Jlso 
Poisson random variable with p¡¡ramctcr A = A1 + A-z. ExtL·nding this to thL' su m of 
larg~ number of Poisson random v;~riahl~s. thc Central Limit Tht•ore"m indicatcs that (. 
large A .. tht' Poisson m ay be <~pproximatL'll by a nonnal disiribution. In this t..'asc thL· d 
tribution of 

approadlt'~ ~ N (O,\). Sinl.'L' rlh' Pois~on is thl.' limitin}! fonn nf llll' binomi;¡l ami tlk· 1 
nomial c.:¡¡n ht· i.lpprox_imalt'll h)' th~.· nur111:1\. it is no surprisL' th<~t lhl· Pois~on ~.·an :•ho 1 
apprO>..imatcd by thL' normJI. 

e o n t i ~ .Y!!i..Ph t_ rj .bJ!_tj <?.!l_~ 
Muny continuous dislribution.-. ~.·an bc approXim;.¡h·d IJy tlll' normallli~tribution f 

ccrtain v¡¡Jucs of thcir paramctl.'n.. For instaiKC in ~.-·x¡¡mpll· 5.4, it was shown that f 
htrg<.• n tlll• g:nmn;_¡ distribution approadll'S tht• nonnal distribution. To mah thl'!~L' ~ 
proximJtions onL' llll'rdy t•quah'~ lht.· mt.·an_ Jnt..l vJriant.'L' of tht.• distribution to bt.• ~ 
proximJtcd tu thc llll'Jn and VJI'ÍJill'l' uf thL· normal and tht'll us~s lht.• fa,·t th:~t 
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b ~(0.1 1 if X¡~ "(!J.Uz 1. ~ot etll¡;ontinuous llbtributions can b.: approximat.:d by the 
nunnal and for thosl.' that can thc: approximation is only valid for certain parameter 
\'Jhll'S. Things to look for ;,r~ paramdcrs that produc~ m·ar Zl.'ro skcw. symmctry and 
t~ul~ that a~}·mplotil..'ally approach Px(XI =O as X approadtes largc <tnd small \'alues. 

~.1 Consu.h.·r sampling from a nonnal di~tribution wirh a mean ufO anda varian~.:.: of l. 
What b th~,.· prohahjlity of st.'lc~.:tin{! (al an ohs~.·n·ation bctwccn 0.5 and l. S'~ (h) an ob­
!'>~o:n·ation oubid.: thc intl.'n:al ~-S to +0.5? (L'I .l obs~,·rvations insidl· and ~ ohst.•rvations 
ouiSidl.' th~,.· inh:rval of 0.5 and 1.5? Id) 4 obsl.'rvations insidl.' lht..' inh.•rval 0.5 to 1.5 ex­
a..: ti)' two of whid1 ;m: not in th~ int~rval-ü.5 toLO? 

5.~ Whal is lht' prob:~bility of sdecting ;~n obst'rvation al rand.om from a N( 100. 2500) 
that is (a) less than 75? (b) equalto 75? 

.5.3 For th~ 1\.l."ntucky Ri .. · .. ·r data of t;~hh: ~-l. what is tht' prohahility of a pc;.ak flow ex­

...... t'ding 100.000 cfs if the peaks are assumed to he nonnally t.listributcd'! 

.5.4 Construc.:t thc thcorclit:al t.listribution for the d¡¡ta of t'>.t:n:ist• :!.~ if it is assumcd 
th<~l th .. · d:~ta art:" norm<~lly d.istributed. From a visual ~:omparison with tlu: data histo­
~ram. wouJJ you say tht• dat¡¡ ar..- normally t.li~tributcd? 

5.5 Work t':.Ot'rt·i~ .. · 4.1 u~ing tht: norm;,¡J <.~ppro.\ÍIIlation tu tht' hilhlllll<.~l <.~nli plot thc rc­
sulb on tlw histog.ram ,,k .. ·dopl'd for cxcn:ist' 4.1. 

S.b Shnw th<.~t if X is Nt~.~.o 2 1 thcn Y= a+ bX is Nta + h~,. bl o 1 
). 

5.7 For a p.artiL·ular St:"t of data thl' co..-fli~:il."nl ofvariation is 0.4. Ir thc data are normal­
ly distrihutcd, what pcrcl..'nt of the dat;~ will be ii."SS thóin 0.0? 

S.M A samplc of 1 SO obscrvations has a m Can of 10,000, a standard d.:viation of :!,500 
and is nonnally distributed. Plot a frequcncy histog.ram showing lh<.' numbt.•r or obsc:rva­
tions clrl.p..:ctt'd in l'ac.:h intcrval. 

5.9 App...-ndix C contain~ ;~ listin~ of the annual runofr frum Cav...- Crc.:k watt:rsh...-d ncar 
Furt Sprin~. Kt:ntu..:ky. Wh;~t i~ thc prohahility that tht· lfUl' m .. ·;~n annu;~l runoff is lcss 
than 14.0 md1cs if une .. ·an assumc the trut· varinn..:~ h. ~~.56 in..:hcs1 '! What other as­
~umptiun~ are llt'l..'dcd? 

5.10 Random digits an• tht· numhl'rs O. l. ~, .... 9 ~d .. · .. ·lt'd in slh.:h a fashion that t'aL:h is 
lo.'4U:.ill}" likely ( i.l."., has probahility 1/10 or he in~ Sd\.'l'ktiJ. All t•xpcrillll'lll is pcrforml'd 
h>· s..:lt..·..:~in!! 5 randum di!!il~. adding thcm togdhcr and .. :allin~ thcir sum X. Thc I."Xpcri­
m,·nt i~ Tt'Pl'Jil'd 1 O tim,•s and. X is .. ·akulah:J. Wlwt is tht' proh:.~bilil}' that X is lcss than 
:: 1.5? 1 b ... ·r..-i~t· 13.'> n:quirl's that thi~ cXpt'rirncnt ht• c<.~rricd out.) 

S. 1 1 Plut thr: individual tt·nns of thc Pois~on distribution for }. = :!. Approximate the 

l 
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t'oisson b)' thl." nonn ... l &~IHI plot th,· normal i.lpproxim;.ations on lht• ~anll..' gr;.¡ph.''" 

S.l2 Repcat C!Xc:rcis~ 4.11 for A= 9. 

S.l-3 Assumc thc data of t'Xcn;i~ 4.~ 1 is nom13lly distribuh:d. (a) Within ~ach month 
\lo'hat is th~ probability of 10 or mon.· rainy days? (b) Whal is th~ probabilily of ~O or 
more rain}' d:.t}'S in th .. · July-August pcriod'! (d \\'hat is lhc t.liffl'Tl'lh.:c in assumin!:! tht' 
data ·are nom1ally dislribull'd ami in assuming th..- d. ata ar\.' binomi;~IJy dislributcd and 
approximating thc binomial wilh thc nonnal'? ¡: 

S.l4 Plot lhl' ob~rvcd frt'tiUl'llt")" histo~ram and th .. • frL'tjUL'Ilt")" hislo~ram t'XJ'l'l"kd 
from the nonnal t.listrihution for th .. • annual llows fur lht• followin~ ri ..... ·rs. Ulst"Us:. how 
""'·11th~ nom1al approximatl."s th .. · data in h.'niiS of th..: ..:odfi..:icnt of vari<Hion ant.l skcw­
ne-ss. (Note data an.' in App,.·n~tix C'). 

a) North llano Kiver n.:ar Junctüm. Tt:"xas 
b) Spray Riv .. ·r. Banff. (';~nada 
e) PiSL::Jtaquis Rivc-r nc-ar Uov .. ·r-Folrl.t"roft. Maine. 

5.15 The o..:currt'n..:c of r~instorm~ i:. soml..'tim..:s .. ·onsid~r'-·d to he a Poisson pro .. ·css so 
that th~ timl.' ht'twl'~n rainstonns i:-. t'Xpon .. ·ntially t.listributed. lf for ¡,¡ c.:rt:Jill lo .. ·ality 

'the mt:.an of this cxponcntial distrihution is 10 tlays, what is th~ probability that tht' 
t'laps~d. time for 15 slorms to Ol"I.:!Jr will t:'Xl'Ct:'d L'!O d.ays? 

5.16 Lan.: and Osborn ( 197~) pr .. ·s..-nt thl' followin~ dati.l for the mt'an numht.·r oi"clays 
with lllOTI." ttwn o. 1 o inl'lll·~ or pr~· .. ·ipitatio¡fi~l Tombstun .. ·. Arii.Oilil. lf th .. · o .. · .. :urTt.'lll:\.' 
of mort' than 0.10 indll."s of ri.lin in any munth .. -._.n ht• ..-unsid .. ·r .. ·d a~ :111 mdt'(lt'mknt 
Pobson PTOI.:l'SS, what is llll.' prohability of fL'Wc:r than JO days with IIIOTL' than 0.10 
inchcs of T"din in one ycar at Tomhstone'! 

Month No. O;~ys Month No. Oay~ 

Jan. 1 July 7 
Feb. 1 Au~. 7 
Mar. 1 Sept. 3 
Apr. 1 Oct. 1 
M ay o Nov. 1 
June 1 Dcc. ' 

Total 31 

S.l7 An ~xp .. ·rimcntt:r is mt•asuring thc water lt'vel in :JO L'XJWTÍilll'llt<.~l towing dtannd. 
Becausc of waws and !tlllft,:L'S, ¡¡ singk mea:!lurcmcru of tht' watl..'r IL·vl'l i~ known to ht• in· 
accurate. Past cxpl'rit'n..:c inJj¡,:all's thc variann· of tht'St' mcasurt'lllt'llls is 0.00~5 ft 2 . 

Uow m:my indt:pcndt·nl ohscrv;.~tions ;.~rl' rt'lJUin.:d to h .. · 90':-: ... ·onfidcnt that lhL'" nll·~n of 
aJJ thl' meaSUTl'lllt'Ois wiiJ ht• within .0~ ft'l'l of IJlt' lrUL' water levd? 

5.18 Al a cc:rtain lncation lht• annual pr .. ·..-ipilation is appro,.,im<.~tl'ly normally t.lislrt· 
butcd with <1 mc;~n of 45 indws <.~nd a standard tkviation of 15 indtl'!!.. Annual runoff 
can bl' approximakd hy R = -7.5 + 0.51' wh .. ·rt' H is annual runoff and Pi\ annu;.¡J pr .. ·..-ip­
itation. What is tht' mt•an and 'o'>•rian~t· of annual ~noff'? What is lht• probahility thal thc 
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5.19 Plot a frt·qucncy distribution for a mixture of two normal distri~utions. Use as the 
first distrihution a N(O,I) and ~ tht." sccond a N( 1,1 ). Use as valucs for tht' mixing 
paramch:r O . .;, 0.5 and.O.B. 

: .. 

1 

6. Sorne Continuous 
Probability Distributions 

#í' 
TIIERE ARE many continuous prohJbility distributions in addition to the nonnal 

distribu!ion. This chapta covt•rs sonh.' of thcsc distributions, methods for estimating 
th!!ir param~krs. propt·rrit•s of th.: Llistributions, and potcntial applications Jor thc:m. 
furtlu:r di~~..:ussion on llistrihution sdl.'ction is cuntaincd in ('h¡¡ptcr 7. 

UNIFORM DISTRIHUTION 
lf a continuous random proct•ss iS dclincd ovcr an intcrval a tá b and the probabil· 
ity of an out come of thb proc~:ss bcing in a suhimcrval of a lo bis proportional to · 
thc h:ngth of thc subintcrval, the proccss is said to be unifonnly distributed over 

thc intcrval a to b. TI1c probability u .. ·nsity function for the continuous uniform distri·: 
bution is 

P,(x)•l/(8·o)foro~ x ,;_ B 

ilnd the cumulativc Uistribution funclion is 

The mean and variancc of the unifomt. distribution are 

E(X)=.IB +o)/1 

Var(X) = < B ·u)' /12 

1 

(6.1)' 

(6.2) 

(6.3) 

(6.4)' 

Thc: mcthotb of momt.'nts yiciJs thc following c:stimators for the parameters a and B: ·t 

u=X·/JS 
(6.5) 

97 
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Th~ llll.!thod of maximum ·¡jkcJihood whcn applicd to tht: unifonn distribution rt!sults. 
in the estimators for o. and S being thl.! smallest and larg¡;:st sample values rcspc~tively. 
That this ls the case can bt: seen by writing out the likelihood function and then select­
ing tho~ values of o. and B (within the constraints that O. :s. X.$. B for. all X, that maxi-
mize the function. . . 

The unifonn distribution tinds its greatest application as the distribution of Px(x) 
for all prohability density functions. Titat is the prob<Px(X).$.y) is unifomtly distributed 
over the inh:rvaJ Os.y .$.1 for any cominuous probability distribution. We will use thls 
fact in Chapkr 13 for generatirig randorn observations from prob.abihty distributions. 

b;amplé' 6.1. Use the mcthod of momcnts lo estima te the parametcrs of the ~miform 
Jistribution base-d on tht: following sample: 1,4,3,4,S,6,7,ó,9,S. What arl! t_he maximum 
lik~:lihood cstimotton. for this sample? 

Solution: By method of momt:nts 

X= 5.00 and s = :!.:!6 

B = ;¡ + 13 S= 8.83 

o. =x- /3 s= 1.17 

By maximum likelihood 

~ = 1.00 lsmalh:st sample value) 

6 = 9.00 ()argcst samplc valuc) 

C'ommcnt: This problcm illustrates that thc mcthod of momcnts and thc mcthod of 
maximum lihlihood do not alwaYs produce thc same pardOlctcr l"Stimatcs. In this case 
thc p<tramch.'rs estimatrd by moments are not n~asonable since valut.'s of X outsidc the 
limits of ~ and e are prescnt in the sample. This is a common problcm whcn the meth­
od of moments is uscd to t:stimatc thc paramctcrs of thc unifonn distribution for small 
samples. Of cou~ for large samples ncither thc moment nor thc maximum likelihood 
cstimatcs will be "good" if the samplc is not truly a random sample from a uniform dis­
tribution. 

EXI'ONENTIAL DISTRIBUTION 
In •• :haptcr 4 it wal> shown that thc cxpon~:ntial distribution ariscs as the· probability 
1listribution of thl' time bt.'lwecn o.:~.:urrcnccs of evcnts of a Poisson proccss. The 
l'XPOih'IHial distrihution has also bccn uscd as th«! time-to-failurc dislribution for 

m~h..'hilh' nunpon~.·nts. Th1.· \..'X ponen tia! density function is given by 

X> o. A> O (6.6) 

~llll lhl· nunulatiw l'>.pnnl•ntial by 

(6.7) 

·r 

l 
'1 

1 
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Thl"llll';ur~nll \'~ri;.¡n~.:~,.· of th~: npuncntial Ji:.trihution ;.~re 

(6.8) 

Var(XI = 1/A' (6.9) 

Th..- cocffkic-nl of skcw is a constant:! indi~o:ating thc cxponcntial is skewcd to the right 
tOr all \·atuc~ of A. Thc curw lab..-1..-d 'l = 1 in figure 6.2 is an exponential distribution 
voith .\ = l. l:xampks .3.~ and 3.4 tlcmonstratcd that when either thc method of moa 
mcnh or maximum likdihooJ is u5ocJ for parametcr estimation, thc result is 

(6.10) 

or thl• paranu:tcr ;, may be cstimatc-d b~· thc rcciprocal of the sample mean. 

tC~a~~t;k:- 6.~.- ll;a~· and -.iohn~~;n-cJ-C,6 7"\dsl~~di~..·d the physical charactcristics of dcpres· 
siuns in north~l:'ntral lowa. Tlw d;¡f;.¡ t¡¡hi.Jlatcd hdow shows thc numbcr of depressions 
fallin~ into various das:..cs hi.iscd un thc·surfacc arca of the deprcssion. Plot a relative fre­
ljUl'O~Y hi:..tugr¡¡m uf thl' (]ala. Supl'rimposc on lhc histogram the bcst fitling exponen­
tia! distrihution. Estimatl' tlw prohahility that a deprcssion selected at random will 
h:.tve an arca !!Tea ter than 2.::!5 acres. 

Ar.:a (a~..n·s) No. depressions 

0- Y: 106 
~í- 1 36 
1- Hí 18 

1 Y2- ~ 9 
:!·:!Y: 12 

1'1:- 3 1 
3-3 1/: S 

3 1/l- 4 1 
4-4% 4 

41/:- S S 
S- S Y, 2 

S Y:- 6 6 
6-61/: 3 

6%-7 1 
7 -7Yl "1 

71/2-H 1 

Solution; Thc rcl;.~tivl! frc4ucncit'S are computed by dividing thc number of depressions 
in each class by the total number of depressions. Tile best fitting exponential is esti­
mated by using cquation 6.10 to estímate the exponen tia! parameter >...X ls calculated 
from cquation 3.18 as 1.27 acres. Thcn 1 = 1 (X = O. 787. The expected relatiVe frequen· 
cy in cach class is then calculated from equation 2.28b as 

' :-
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where X¡ is the midpoinl of Íhe .. dass ini~rval, 6.x1 = Yl, ilnd p,. (X¡) is thc cxponcntütl dis~ 
tribution of area given by 

Therefore 

r.- = Yl X o. 787 e·O.~ • .,., 
' 

For eAample for thc second class interval 

f
0

. '7 S = 0.J9J e·O.H '7(. '7 S) = 0.22 

~.:omp.ared to an observed value of 0.17. 

~-.. 

is 
The estimated probability that a depression will have.~n.a_~ea in exccss Of':!:2S acres 

prob(A>2.2S) = 1- prob(A~2.25) = 1- P A(2.25) 

= 1-(l-e··"'"·"'>=O.i70 

The observed.fraction of depressions with areas in excess of 2.:!5 acres is 0.197. 

.00 

.40 

.. 
li 
~ a .:so .... 
a: ... 
w 
2! 
~ .20 
J ... 
a: 

.10 

OBSERVED 

EXPONENTIAL 

AREA (acrtol 

• 

a:¡~ b.t,;_ .~!JhS&!rved and expe¡;h:d tacconJing lo the exponcnti:11 distribution) numbe1' 
·-.Y·,;.~:- dcpR!'ssions in various sizc cate¡:.ories for l'Xample 6, 2. í 

( ONT10:l'lll ;s I>ISTIUBU ll<,c>'-'~C>S __ 
~--------------~ 

LAMMA lliSTRIBUTION 

Thc distritlution of th..: su m of n r.:xponentio.dly distributcd random \'ariables each 
with pariinll'h:r >. wa::. ~iwn i11 ~.:haph.·r 4 as a gamma distribution with parametcrs 
n ami ) .. In gr.:ncral n do..:s not hav~.· to be an inh:ger. Thc gamma dcnsity function is 

t,:Í\'CO by 

x. J •• r¡>U (6.11) 

i'l ,-, 1 b th~ ~amma funclion ~~~,·in¡! thc propati\.·s 

nnl=cq- 11~ fur q= 1.:!.3 .... 

rfr1)= ¡~· t''' 1 \.'' 1 dt fnr 'l >O 
(6.12) 

Tabt...· E.l2 ~o:ont<~ins f( r¡ 1 for 'l.:. r¡ ~. 2{ For-:othl.'r·valucs, of rl. onc of thc above equa~ 
tion~ ~an h.: us\.'d. 

Th~o.· nll.'<.~n. varian..:c anJ t.'o..:ffkil.'nt ofskcw for thc gamma distribution are 

!'(XI= .-¡/A 

Van XI= n/A2 

y= ~//i¡ 

2.50 

2.25 "•0.5 .., 
2.00 

1.75 

1.50 

pi X) 1.25 

GAMMA DISTRIBUTtON 

" .. 

• • 
.X 

• •• 
~-·/t 

• 
Fi{!.. 6.~. Gamma distribution with several values f~ 

• 

(6~ 131 

(6.141 

(6.15} 

r' 
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Thc ~amma d1. .Jtion is positi\'d}' .:.k,;wl"d with y J~.·~..·r~.·asing as r¡ in~..·r~..·as~!t. Plots of 
the distribution for various values of r¡ and ;.. are shown in ligur~ 6.1. A widc varil'ty of 
)}¡apcs r-.mg.ing from reverse J.-shapcd for r¡ ~ 1 to single P"akc:d with thl' ~ak (modd at 
x = ( r¡- 1 )/A for r¡> 1 can be produced by thc gamma dcnsity fun~..·tion. C'hanging >. and 
holding 11 constant changes the se ale of thc distribution while changjng 11 and holding ), 
constant changcs thc shape of the distribution. Thus .\ and n are sometimc-s known as 
scalc- and shapc paramctc-rs. 

Th~: cumulative gamma distribution is 

(ó.l6) 

whkh can be evaluaied using a table of thc incompktc gamma fun~o·tion such .as rabie 
E.M. lf r¡ is an intcger, thc cumulative gamma distribution is g:iv..:n b)• (Mood t.'t al. 1974) 

Th..: ..:xponential distribution b a spccial ~.:'a.:...: of till' g<numa distribution with 11 = l. 
Jf X and Y <JTt:.independent gamma random variables wilh param..:h:rs r11 .). and n:z,). n:· 
spectively thcn Z =X+ Y is a gamma variable with paramcters r¡ = r¡ 1 + Th and >. = >.. 
This can b..: extended to the sum of any numbcr of indcpend.:nl gamma random vari· 
ables ha\'ing a common parameter ).. 11 is an expt!cted result sincc in Chaptcr 4 the gam­
ma distribution was shown to arise as the distribution of the sum of n independcnt ex· 
pon~:ntial random variables. 

Thc moment estimators for thc paramc-h:rs of thl· gamma distribution rcsult from 
~·4uations6.JJ and 6.14 as 

¡ = X!S' 

í1 = )<'!S' 

Thl' maximum Jikdihood estimators for ). and 11 are given by 

In~· ~(n)= ln(X/XG) 

n/Á = x 

(6.17) 

(6.18) 

'L1ble 6.1. C'orrcction factor for the maximum likcfihood cstimator for th..: paramctcr n 
of thc ~amma distribu.tion . 

. ~----·-------· --~-·· ---------

" lln r, 6n n lln 
0.2 0_034 1.0 0.009 1.8 0.004 
0.3 0.0~9 1.1 O.OOH 1.9 0.003 
0.4 0.0::!5 1.2 0_007 2.:! 0.003 
0.5 0.0~1 1.3 O.OOó 2.3 0.002 
O.h 0.017 1.4 0.006. 3.1 0.002 
0.7 0.014 1.5 0.005 3.2 0.001 
O.H 0.01:! l.b o_oo5 . 5.5 0.001 
0.9 0_011 1.7 0.004 ~ 5.6 0.000 

"' ~·~--··--· .. ~---- ·---··- --------·-~-·~------· ~--- ··-----·--
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"hd..: Xl; h. thL· :">ampk gl'OIIll'ln~· ml'<.~ll ~~~~d 'i'(.\) = d lnfp,)/t.h. is thc psi-fuu(tion. Thom 
t I'JSMHr<.~s propusnl an ap¡uo\.illl:il\.' rdationship hast'd on thc truru:ation of a scri..:s ex-

. JloWSÍOn of lhl.' llli1\UIIUIU Jikl'iiholld l'Siimator for r¡ ~ivcn by 

;¡ = () + ,!l;'.f~/3 )/4y. i\ r, (6.19) 

~~oh.:rc )' is 1 nX · lilX .. l.; i) a l.:'om.·~o·tion h.·rm e~risinl! bc..:ausc of thc truncation and lnX 
h lhl' mc:m n;,¡tur;,¡Jlugaritluu of lht' nhsl'I'\'Jiions. T;,¡hJ..: .t'l.l cont.Uns the valucs for f:. ~ 
for ~~ r;,¡nging from 0.~ lo 5.6. Fur ~~ >S.i. th~· I.'OfTCI.:'Iion is negligible (as it is anya 
"a)· fur many pral.:'li~..·al situation!> r~..·¡;;.uJksfbf lh~..· \-·alue of ~ ). Thc: procedure for linda 
m~ thc \.'OrTCl'tion fal.:'lor is to a;)~UIII\' that ~ i.:. ..-qual to the first tenn ofl.-quation 6.19 
.and U:tt' tlh.' /1 ~ frorn tahk· b. 1 ~.:orr~.·,polhling to thi:t initial estima te for ~. 

Thc paranh.'h:r A. is lhl'll \.':o.lim;.¡tnJ Oy 

(6.20) 

Thom ( 1958) stottcs that for q< 10 lhl' m..:thod of muml'nls produces unacccptable 
t")timatcs for both ). anJ r¡. For r¡ ncar 1 rh~.· method of momcnts uses only 50 percent 
of thc sampit' information fur l')tlmallll¡; ). and only 40 p.:rcent for 11· This means the 
maximum likdihoúd I.'Stim<.~tun. would do as wcll with one half the number of observa­
trons. 

lrr~..·..:nwood and DuranJ ( 19601 prcscnt th~: following rational fr3ction approxima­
tions for llll' maximum likdihood ~..·~tirnaturs 

lor 

o'- y e 0.5772 

and 

(6.22) 

for 

0.5772 . y ~ 17.0 

y= lnX . iiix (6.23) 

;., is tiren ~timatcd from t!quation 6.20. Greenwood and Durand ( 1960) state that the 
maximum l·rror in C:4U<Jtion 6.:! 1 is 0.0088% and in equation 6.22 0.0054%. 

E4uutions 6.19, 6.20 and 6.21 produce estimates for 11 and .l. that have a sUght 
asymrtotk bias. For small samplcs thc bias may be appreciable (Shenton and Bowman 
·1910). Howman ami Sht·nton ( 19ó8J prcsent th..: following approximate relationship for 
cstimating thl' bias in lh..: paramctcr 11 whcn cque~tion 6.19, 6.21 or 6.22 is used. 

E(f¡ · ol "<3o·0.677 +0.1 ll/o+0.03~/o')/(n·3)for~~: (6.24) 
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whcrc E(T) • n) is thc bias in n with error of lcss than 1.4?c... Thc rcsult of using this rela­
tionship for estimating the bias in n for a sample size n from a gamma distribution hav­
ing a population parameter of r¡ = 2 is shown in ligure 6.3. In practicc cquation 6.:!4 
can be used to correct ~ for bias. 1 f thc population n werc known, there would of course 
be no need for estimating r¡. 

Bowman and Shenton ( 1968) suggest that the bias in fl can bc approximatcd from 

which yidds 

E(~)= (n • 3)n/n 

The gamma dislribution has been widdy used in hydrology. Rainfall probahiliti~ 
for durations of days, weeks, months and years havt.• hc\.'n cstimatt.•d by thc gamma dis­
tributiOn (Bargcr cmd Thom 1949; Barge"r, Shaw and Dalt: 1959; Frit•dman and Janes 
1957; Mºoh:y and C'rutcher 1968). Annual runoff (Markovic 1965} has hccn dc-scrib!!d 
by the gamma distribution. 

Examplc 6.3. The annual water yield for Cave Crcek (near Fort Spring. Kentucky) is 
shown in the following tablc. Estima te thc par.1meters of the gamma distribution for this 
data using both the method of moments and the method of maximum likclihood. As­
suming the data follows a gamma distribution, estima te the probability of an annual 
wah:r yield exceeding ::!0.00 inches. ... 

Y ea~ 

1953 
1954 
1955 
195ó 
1957 
1958 
1~59. 
19ó0 
1961 

~ 

!!. 

.. 
" ,. 

" 

Annual RO 
( inches) 

13.26 
3.31 

15.17 
15.50 
14.2:! 
21.20 

7.70 
17.64 
:!2.91 

. 
[XP[CTEO 8oi.S llol 'J. 
Wll(lol '1. • 2 00 

Annual RO 
Ycar tinches) ----·----
1962 IH.X9 
1963 1 ::!.8:! 
1964 II.SK 
1965 15.17 
l9ó6 10.40 
1967 18.02 
1968 16.15 
19(>9 11.77 
1970 17.91 

00 

00 

0.4 ~ 
<t:' 

O.l :; 

•o -- - - - -- - - - - - -- - ---------. 0.0 

o 
o •o •o OO. 00 ... 

n, SAMPL.E SIZE 

'.: .. »~'·~' . .\. l:).p~o.•r.."h.·tf hias in ~ for thc ¡!onnm;, Jistrihution with 11 = ~-

CO\TI\t:(l US lll ST IU l!llTIO\S 

Solution: Mcthod of Momcnts 

x = ¿ •In = 263.73/1 g = 14.!>5 

~ = ·x /s2 = 14.65/::!:!.56 = 0.649 

T) =X 2 /s 2 =:! 14.6:!/:!:!.Sh = 9.513 

~h:thod of Maximum Likelihood tThom proct!durc) 

lnx = In 14.65 = 2.684 

y= tnX ··lñX = 2.6M4. 2.b 1::! = 0.07:! 

;) = t 1 + /l+TTIJlli.o7·2 ¡ l/4<0.071 l = 1.101 

~ = n/x = 7.107/14.65 = 0.485 

Ml'thod of Maximum likclil1ood (Crccnwood and Durand Proc~durc) 

y = lnX. 1iix = o.on 

n = (0.5000S7ó + 0.1648KS1y · 0.0544274y 2 )/y 

= 7.107 

A = ;¡ 1 X = 0.4H5 

105 

Thut thc maximum lili.dihoo_d cstimators ar..:- ¡ = 0.485 and n = 7.107. Thcse csti· 
mates mny be corrccted for bias using· either equation 6.24 or 6.25. lf 6.25 is uscd 

E<n·tl)=3n/n=3(7.107)/IK= I.IKS 

Thcrcforc 

E(~)=~ ·"<n. ~)=7.107-ux!i = 5.9~~ 
¡ 

lf n = 5.9:!~ i~ suhstitu"tcd in lo ~.:quation h.:!4, thc rcsult is Et~· · 11) = l. 141 whid1 b~ in 
)!Ood :.t}!rL'l'lllClll with tlll' l. 1 H5 produci!J by cquation b.:!S. Thc final cstim:ucd for q is 
now n = 5.9~2 amJ ¡ = ;;¡x = 0.404. Using thl' mclhod of momcnts thc paraml"lcr t.:!tli­
matL'!t an: ~ = 9.51.3 ami Á = O.h49 whi1c thr maximum likclihooc.J cstimatcs an· n = 
5.9~~ otnd ;., = 0.404. Fullowinl! llu: rcconuncnll:.ttion uf Thom (1958J, thc taller csli· 
mat~:s will he usctl in L'Siimatinl! lhl' prohahility of an annual water yicld in CXCl'S!-1 uf 
~0.00 inCite~. · . . .. 

proh(yir..·hb::!O.OO) = 1 · prohfyidJ-:,:~0.001 = 1 • Px<:!O.OO) 
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which can h< evaluatcd using. t:~hk E.S.·This tahk .. ·ontains 1- PA\X). Thc table is l"n­
tered wilh 

which an: paraml."lc~ rl.'q,uir .. ·d in usin!! th .. · tahll'!\. In uur ,,:J.st..' 

x' = ~~0.404J~O = 1o.l? 

V= :!( 5.9:!~) = II.M44 

hr intcrpolating in lhl' tahk 1- Pxt~O.OOI is fnund tn hl· U.l7h whi,:h is thl' lh.•sirl'd 
prohahility. Thu!:l thl' p;otlt yidJ:. 20.001 = 0.1 7h if th .. · ;JiliHtal wah.'r yidd follows a 
gamma distribution with paraml'lr..·~ n = 5.4:!2 ami .~ = 0.404. 

Commcnt: Jf thl' momcnt param .. ·tl'f cstimatl'S had hl·cn Usl·d, thc n:sultin~ prnhahility 
would h.avl" bccn 0.130 whi¡;h is n:;,¡sonahly dnsc to 0.176. This ¡, lw¡;aus"' n i:-. r, . .-u:-.on­
ably closc to thc 10.00 that Thom ( J9SMI sugg"·stcd is thl' smalh.:st \'ahll' nf r¡ fnr whkh 
thc mdhod of monu:nts n:sulls in good paraml't~.·r ~.·stimat~.·s. Fllr this dat~1 ('~ = 2¡ ¡~· = 
0.82 so that the distribution is mmkratl.'ly skc-w~.·d to th~.· ri~ht.. lf llll' normal Ji!.tribu­
tion had bccn uscd to estima h.' proh( X> 20.00) till' r~.·sult wnuld h<.~w h~·~.·n 0.12h whid1 
again is a rcasonahle approximation. How~.·\·cr if th~.· annu:1l w;¡t~.·r yidd with a rl'lurn 
pcriod of 100 ycars ora 1 pcrl'l·nt ~.:h;.~JKC of IK·ing l'\.l.l'l'lÍ'-·J i~ l'\'alu:Jkd hy thc ~;un m;,¡ 
with n = 5.92:! and .\ = 0.404 and by th~.· nonnal with \J = 14.5b and ,_1 = 4.75 th~.· r~.·­
sults are 32.:! iiKhcs and :!5.6 ipdlt'S again showing th~.· Sl'nsitivity of ~.·stim;Jil's of f<H~· 
evenb to the distributional assumption ~.·wn though in tlll' main ho~.ly or di•ilrihutiun th~.· 
agrccmcnt is good. 

Thc magnitudc for-thl.' 100-yc-ar 1.'\'l'lll from thc- g.amma liistrihution was lkln­
minl.'d by noting that a 100-yt·ar t.'\11.'111 corrt·spnnds to 1 - 1\ ( x) = 0.01. Tahk F.ri w;¡s. 
cntcred with v=:!n=:!(5.q2:!)::12. Thc valuc of x2 ..:orn.:sponding hl l·PxOd= 
0.01 is about :!6. Thacfon: X= x2 r~'i. = :!6/:!(0.404\ = 32.2. 

Gcncrally 18 obscr.·ations ar~.· not~.·nough to makc rdiahk- pmbahility ~.·stimah:s or 
to determine tht• propt:r probahility distrihution to usl'. lt is a smalll·noug:h lllllllbl'r that 
onc can follow through all of thc nc~·lkd t:akulations for this t'Xampk in<.~ shnrt tim~· on 
a dcsk calculator, howcwr. Thl' ra..:t that tht• gamma ~·nd (IOflHall'Siilll¡lh"!'l Jifl~·r ~r~·atl} 
for this data at largc rctum pcriods dot·s not mt•an tht· pamma tor thl' lltlrmall is a h~·ttcr 
approximation for thc data. This qu~.·stion will h~.· takl.'n up lall'r. E'-l'rl'Í!'Il' b.21 should 
be consultcd for anothcr approximatt' ,uJuti_on to lhis t'X.ampk 

LOGNORMAL DISTKIBUTIOI' 
Thc C'l'nlral Linut Thcorcm was uscd in Lil'ri\'ill~ th~.· ge-ne-ral rl.'sult that if a r;l!ldom 
variable X is madc up of thc sum of many small dfccb. thc-n X mighl tw l''PL'L'll'l.l 
to be normally distributcd. Similarly if X is C'4ll;.d to th1.• prodlll'l of many !'llllall 

efrects, that is if X= X l xl ... Xn. thcn thl' In X l·an hl' l'XPl"t.:ll'd to h~.· nurmally distri· 
butcd. This can be sccn by lc:Hing Y= In X so thal Y= hu X 1 X1 ... Xn 1 = lnX 1 + lnX 1 + 
.•. +In X,.. Since thc X¡ are random \·ariahlt·s. thc- In X; ar~· aho ranllom variahk!>o and Y= 

'~ liJ\11\!.'tJl'S J)ISTRIHLJ'JU:\S 
IUJ 

~:... JuX is a random vanabll.' l}lath.' up frum tht• sum of many othcr rani.Jom variables. Frorn 
thc C c-ntra_l 1:-imit Theorem, Y l.'an be cxpl.'ct~d lo be nonnally distributcd with• m.:an 
.. , and \'anancc a;. 

Pr<rJ=(~no',.)·•expi-Vz(y-u )2 /a'l , , 
Th~: distribution of X can hL· found from 

Sm¡,;< Y= lnX 

ldy/d>l = 1/x 

and 

-oo<y<oo (6.26) 

x>O 

~Olt' that t•qualion 6.26 givcs thc- i.Jistrihution of Y as ¡¡ nonnal distribution with m~an 
.. , an~ \'ari;.~m:l' o:. Equalion 6.~7 givcs tht: llistrihution of X as the Jognom1al Jistribu­
ll_on _wJth par.tml.'tcrs IJ,. and o~. Y =In X is nom1ally distributc:d while X is lognomullly 
J~:~.tnhuted. · 

Thc p<.~raml'tc-rs 1J :md o 2 ¡;~tn h~.· cstimatcd - , > 
llrst transfonning all ofthc X,'s to Y,'s hy 

by )' and s: in thc usual mann~r by 

Y;= In X¡ 

Y= ~Y 1 /n 
,-

with al~ of lhl' _summatiom. from 1 ton. lf a digital computcr is uscd thc abovc C"l¡Ualions 
.lf.l' ca_sily app!J~.·d. C'how ( llJ54 ). in a comprchcnsi\'l' inwstigation of tht• lugnormal J is­
tnbut~t~n. ¡Ht'sl'lliS thc followin!l rclationships for L'akulating Y and 52 without takinl! 
thc logaritluns of al! of th~.· Jata. 1 

16.301 

S~=~ntC?+l, 

v.h.:rc ('"· i:o. lht· L"odfi~o.·il'nl of \'ariatiun of t(lt· original data ((' =S ¡X). Brah·nsil'k 
( lll5k) dl~l'U\St':o. a lt•ast squan·s pr,,l.L'liurt' for l"!<.IÍlllating th~.· par~lllct~rs of thl· )ognor­
m;,¡J Jistrihution_ 

Tht• lllt';lll :md \·arianl..'t' uf th~.· lt>gnonnal distrihution are-
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Var(X) = ~' (cxp(o')- JI 
' .. - )' 

'th.33J 

Tht! coefficient of variation of lhc X\ is 

lh.341 

The cOefficient of skew of thc X's is 

lll.3 51 

Thus the lognonnal distribution is positiwly ~k~,.·w~,.·J with th~.· :-.k .. ·w tl~,.·c~ ... ·a:-.in)! as th~,.· L'o­

eflkicnl ol \'ariation de1.:rcases. 
Tablc~ Of thc slandarJ nonno.~l distribution (';tn h~.· us~,.·tl to 1.'\aluat~,.· lh,· lo!!noml;.~l 

distribution. From ClJUation ó.~7 wl' haw pll.l:\1 = 1\·IYI/\. But p,.tyl i:-. a nonn:tl dl.'n­
~ty function. From CLJUation 5. 7. p y ty 1 = r .. (/.)¡\i y or 

Px<xl = Pz(Z)/xo, (h.3ll) 

The prob(X~x) is cqual to thc proh(Y :<=:..)') sinú' Y= In X is a momlloni~-. sÍII)!i~,.· V;Jith:d 

function. Since Y ·is nonnally distributed. proht Y ~-.Y l = prob( Z ":.'.) wh~,.•r~,.· 

Z =(Y-~, 1/o, th.371 

Thc:refore the standard normal labh:s can b\.' ll!>~o:d"'\o \.'Valuah: Px (X 1 :md P x t x 1. 
C~rtain n:prOdUCriVC prop\.'f(ÍI."S of thc Jog_nonnal fuiJow difl'1.:tly. from tlh' l"l'¡lfl)o­

. ..Juctivc prop~rti~s of th~ normallli:-.tribution. For •• :xampk if X is lov:nnrmally .. tistrihu· 
tcd thcn Y = aXb is lognonnally Jistrihutcd with 

and 

Thi.s follows from thc: fact that In Y= lna + blnX.InX is norm:~lly lli!'r.trihutl'd .. 11allnY 1:-. 

a linear function of lnX so is ;~!so nonnall~· distrihuh.·d. Thus Y is lnJ.!Ihlrmally di~tri· 
butCd. Thls can ~e extended so that if X 1 .X 2 .... X11 · ar\.' imil'¡ll'JUh.·ut :md ln!-!nnmwlly 
distribut~d, thcn \' = aXt• x:~ ... X~· is lognonnally distrihut\.'ll with 

and 

Two spccial cases of thc abovc are if Z = XY an~t Z = X/Y with X :m .. r Y h~o.•ing in· 
dependently and lognormally distrihut~t.l. Thcn Z Í!io lo~nonuall)' Ji•arihuÍ~·d w1th lh 
mean and. variancc casily ddermincd frum cquationsó.3M and h .. l9. 

Bc:cause of its simplicity. rcadily avail02bk lahk!. for ih ~o.•\·alu;alion. antl llw f~h:t that 
• ~·fi 

'\ 

t 0\TIMiOUS lliS'IY 1 UUTIO:-:S _________________ _..!:! 0~9 

nm1y il)'drolog.ic variable~ an: bounJ .. :d by zcro on the ll'ft and positively skcwcd the 
lo¡;nonnal ~istrib_ution. has r~eciv.:d wid_.: usag.: in hydrology. .. . ' 

b.amplc 6.4. Use th\.' lo¡;nonnal distribution and calculate the expected rclativc frc­
l¡Ur:ncy for thl' third class intcrval of thc data iil table 5.1. 

Solution: Thc cxpectcd rclatiVl' fn:qucncy according to the lognormal distribution is 

r ...... = ~x Px(45.ooo¡ 

Th.: ev_atuation of Px(X) .J.:.rom ct.¡uation 6.36 requircs '3n estímate for 1Jy andO y. These 
ve esumated from cquat1ons ó.30 am.J b.31. 

C. ='s,¡;. = ~I.OOO/h7,500 = 0.311 

y = y, In( x' /(C.' + 1 11 = y, In( h 7 ,500' /(0.311' + 1) 1 = 11.073 7 

Now 

z = On x • y)/s, = (In 45,000- 11.073 7 )/0.30395 = -1.182 

so from thc st<.~ndard norm<.~l t<:~bk wc g.ct 

f'z(Z) = 0. 19M 

,1 

Px(x) = Pz(Z)/x s, = 0.J9H/45,000(0.30395) = 1.4476 x 10·5 

r ...... = lo.ooo(l.4476 x 10·• 1= 0.145 

ur the expccted n•I<Jtivc fr\.',Jucncy <J~cording to the log:noi"mal ·distribution is 0.145. 

-·-·- ···-- _______ .!... 
hamplt.• 6.5. A!.sum~· th'"· datot of tahlc 5.1 follow thc lo~nonual distrihution. ('alciJiatc 
thc magnitudt.· of th~· 100-ycar peak llow. 

Solution: Th\.' 100-y~·ar peak Oow corrt.•sponds toa prob(X>x)ofO.OI. X mu!tt be cval­
uatcd such that Px(x) = 0.99. This can lw a~o.·complishcd by ~valuating Z such that 
Pzl7.) = 0.<)9 ~nd th\.'n transforming lo X. From thc standard normal tablcs tlu: val u\.' of 
ZL·orr\.-spomliil~ to Pz(Z) of0.99 is :!.3:!6. From cquation 6.37 

y=s,.z+)i 

Die valu\.'s of s, and Y an· givcn in l'Xamplc 6.4. 

y= .303~5(~..1~6) ~ 1 L0737 = 11.7HI 

• = c•p<¡-1 = 130,700 cf> 
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Thc JOD-ycar_ p~-ak now acéording to tlh: lognonn<~l distrihution b ahnut 131.000 ...:fs. 
-------- --·- ·---- . ---- -- -----

EXTREME VALUE DISTRIBUTIONS 
Many times int~resl cxisb in cxtr.:mc 1."\'cnts such as lhl' maxunum p~.·al.: dis~o:har¡!l' 
of a ~lrt:am or mínimum daily llowl>. Tht> ~..·,.rrcm~.· \'.al u"· of a SL't o!' rarhlom vari· 
ables is also a random vari.able. Th~.· probabilit~· di!>trihut&un uf this ~.·xtrcm~.· \·alm· 

rAndom variable will in ~cncral dcpcnd on lhL' samph: !>Íil' and tlh.' Jlan.·nt ~.tistrihulion 
from which tht sampk was obtainc~t Hahn and Shapiro f 1 Qn 71 and H~.·n.iamin and 
Comcll ( 1970) cuntain \C'I)' rcadabh.· lreatnh .. 'llb of ~~oouh.' o{ tlh: l':\lr\.'llh.' ,·al u\.' Jistribu· 
lion:&. 

Considcr a ramlom samph: of si u n consisling of "' 1 ,:\ 1 •... ,:\1,. L .. ·t Y h .. · th .. · lar!!'-'!lol 
of th~ sampl~ valu~s. L~t P. ... ·lY) h~ the prob<'':..yl and 1\.,lxl h .. · rh .. · pnlhtXp .. xl. Ll't 
py()') and p x ¡lX J b~ th.: -.:oin:!lopondin}:!. prohahilit )" .. knsit )" fun~tions. 

·Py(y) = probtYc-:..yl = prohlall of thl.' x"s _...._ y). lf tlh· x·~ afl' ilakp .. ·lh.l .. ·ntly and 
identically distrihull.'d w..- haw 

Py()·) = P, 1(yl Px
2
(yl ... P,.tyl = IP,tyll" 

Py(Y) = d P y(Yi/dy = n( P x ()' J(''' 1 PxiY 1 

(h.401 

t6.411 

Tht:n:fore thc probability distrihution of tlu.• rnaximum of n in~..kpl'lldl.'ntly and idl.'nti· 
cally distributed random variables ~okpL'nds on thl.' sampk ~il.l' n ami th .. · par .. ·nt distrihu· 
tion Px(X) of the sample. A similar r .. ·sult -.:an h .. · d~.·riwJ for th .. · Jislrihulilm oftht..' small· 
est of n indept:ndently and iJentically JistrihutcJ ran ... loru variahk·s. 

Exámpk 6.6. Assumc that thl' tin11: hl'lWI.'l'll rains follow~ an l'XptHll'lllial tlistribution 
with a mean of 4 days. Aho assumt.> thal th .. • tim~,.• b .. ·tw .. · .. ·n rains jo,; indql~,.'JHknt fmm 011'-' 
rain to the ncxt. lrrigators may he intacsll'J in th ... · ma:'\imum Úm .. · lwh''l"\'11 rains. Owr 
a p~riod of 10 rains. what is the probahility that th~..· rna\.imum tirn .. · h~·tw .. • .. ·n rains .... \.. 
C!!ed.S 8 days? 

Solution: 10 rains means 9 intl'r~Jin periods clr n = 9 . .Fmm .. ·quation b.40 tlw pmh;¡hil· 
ity that the maximum interrain time is kss than H days b 

Py(Bi = IP,<BJI' 

In this example Px(y) is the oumulatiw «pmwntial with paraoneh'r .'. = 1/X = 1/~. 

Therefore the probahility that the maximum ·inh:rr<tin tim .. • v.ill L,\. ~1'-":..Jh'r than X Í:<~ 

1. 0.271 = 0.729. 

Commcnt: Titt: probability dc:nsity fun..:tion for thc ma~imum inl .. ·rri.iin tinu.• i~ fnun 
~qua tion 6.41 

Py(Y) = n( 1 - e·t- J4 )" ·1 c·t '4/4 

1b.is distribUÜOrt Í!o pJOltl'd in fi~lm: 6.4 (or \OanOU!. \"a!UC"~ Of 11. ~ut~,.· that fur 1,.'h'll 11Wd· 

! • 10\TI \l OUS IJISll(l J:üliO\S 
~~-----------------

p(r) 
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Fig. 6.4. Oi~tributiun of thc lar~l·st samplc valuc from a sampl~ of size n from an 
c:xponential distribution. 

aately largl.' n, thc probability is very high that the extreme- valut: (longl.'st i~ .. terrain time) 
will b~ from tlf lail of thc parent (t:XPO~~~~ia)) distribution. 

' -----------------------~----

Frc:quently the parent distribution from which the extrem~ is an observation is not 
known and \·annot be- dctenninc:d. lf lhc: sa1l1Pk size is large, use can be madl' uf cc:rtain 
rcncral asymptuti~..· resulls that dcpl'nd un limitcd assumptions concerning thc parcnt 
distrihution to find thc dbtrihution uf c::'\trcmr: valut.>s. Much of the work on extreme 
\·alue distrihution~ is due tu Gumlwl ( llJ54, 1958). 

Thre ... • typl.'~ of asymptotic di~trihutions have bc-t.>n dt.>vr:loped basr:d on diffen:nt 
tbut not all) par ... ·nt distributions. Thi.!ttypc!. are: 

a. Typc: J. p:1rcnt distribution unboundcd in dircction of the dcsircd extreme and 
all mornl.'nts of thc distribution ~xist (l·x.ponr:ntial t~pc distributions). 

b. Typl' 11- pan:nt distrihution unboundeJ in direction of thc desired r:xtrcmc and 
allmomc:nts of thc distrihution do not l'Xist (Cauchy type distributions). 

c. Typl' 111 • parcnt distribution buunJcd in thl' direclion of thc dcsircd l'xtremc 
(limitcd dislributions). 

lnterest may l'Xist in cithl•r thl' llistrihution of thl' largcst or smallcstl·xtn:mc Vóil· 
U\'~. Ex ... mpll'!lo of parl.'nt di'itrihution~ fallin¡,; undL·r thl' ,..·arious typcs are: 

a. Typ .. · 1 • .. ·xtrl'tnl' value larl!L'SI· normal.lognomlal. cxpon .. ·ntial. gamma 
b. Type 1 • l'Xtn:m~,.· \-'alUl' Mnallcsl ·normal 
c. Tyrt• 11- l'XIrctnl' \-'aluc: lar~ .. ·~t ur smalll.!f,l- Cauchy distributiOn ( Jlahn anJ 

Sl1apiru 19ó7:Thmuas 1971) 
d. T)'pc 111- .. ·xtrc:nh: valul' larpl·~l- hcta dbtrihulion (Jiahn ant.l Shapiro 1967; 

(;ihra IQ73; Bl·njamin and Cornc:ll 1970) ~ 
e. Type 111 • l'XIrl'IH'-' va hu.· !lntalkst · bda,lo}:!.llOnnal. }!.anuna, l'X poncntial 
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The typc 11 or Cá~chy type extreme valuc distributions havc found littlc applica­
tion in· hydrology. The distrihution of thc largcst extreme valuc in hydrology gcni:rally 
arises ·as a type 1 extreme valuc.largcst distribution sincc most hydrologic variables are 
unboundcd on the right. (Scc Van Montfort ( 1970) for a test to dctcnnine whcthcr a 
type l. or type 11 extreme valuc largcst bcst fits the obscrvcd data.) The distribution of 
extreme value smallcst commonly found in hydrologic work is the typc 111 extreme val­
uc smallcst sincc many hydrologic. variables are bounded on thc left by zcro. Thc follow­
ing is a treatmcnt of thcsc two (type llargcst and typc· 111 sinallcst) extreme valuc distri­
butions plus thc typc 1 smallcst bccausc of its symmctry with the typc 1 largcst. 

Extreme Valuc Type 1 . 
Thc type 1 extreme value has bccn rcfcrrcd to as Gumbet•s extreme valuc distri­

bution, the cxtn:me value distribution. thc Fishcr-Tippctt type 1 distribution. and the 
double exponential distribution. The type 1 asymptotic distribution for maximum 
(mínimum) values is the limitin¡ model as n approachcs infinity for thc distribution of 
the maximum (mínimum) of n indepcndent valucs fro.m an initial distribution whosc 
right (lcft) tail is unbounded and which is an exponential typc: that ~. the initial cumu­
lative distribution approachcs unity (zcro) with incrcasing (dccrcasing) values of the 
random variable at least as fast as the cxponcnti<JI distribution npproachcs unity. Thc 
nonnal, lognonnal, exponentlal and gamma distributions all mcct this rcquircmcnt for 
maximum values while the nonnal distribution satisfics the rcquircmcnt for mínimum 
values. 

The type 1 extreme value distribution has bcen uscd for r3infall depth-duration-frc­
qucncy studies (Henhfield 1961) and as the distribution of thc ycarty maximum of 
daily river nows. Gumbel ( 1958) statcs that this latter application assumes ( t) thc distri­
bution of daily dischargcs (the parent distribution) is of thc cxponcntial typc. (~) n=36S 
is a sufficiently large sample and (3) thc daily dischargcs are indepcndcnt. Gumbl:l st.all'S 
that the fint and second assumptions éannot be checked sincc thc analytical fonn of thc 
distribution of discharges is unknown and that the third assumpÍion is clca"rly not tmc 
so that the number of independent obscnoations is somcthing. less than 365. In spitc of 
violating the last assumption. expericnce with thc typc 1 ror the maxinnun of daily dis­
charges has been reasonably good. Maximum annual Oood peaks would more ncarty ful­
fillassumption three although the sample size would be much less than 365. 

The .'probability dc~sity function for thc type 1 extreme valuc distribution is 

Px(x) = exp{';(x- 8 )/a- exp['lx- 8)/al }/a (6.42) . 

~~~~ < x < Gel; ·Gel < 8 <Gel: a > O 

where the - applies for maximum values and the + for minimum values. ThL' paramctcrs 
a and B are scalc and location paramctcrs with B bcing thc modt of the llistribution. 
The type 1 for maximum and minimum valucs arC symmetrical with cach Other aboUt 8. 
Figure 6;5 isa plot of the distributions for a= 3,897 and 6 = 7,750. · 

The mean and variance oC tht extf""!me value type 1 distribution are 

E(X) = 8 + 0.571 a (maximum) 
(6.43) 

= 8-0.577 a (minimum) 

Var(X), (both) ((>.441 

CO:-iTI:"t.:OUS DISTRIBUTIO:-<S 

SMALl.EST 
,. s t.,SOO 

. "; IJ)OO 

p(y1 .. 
.3 

a •1,811 

IJ s: T,110 

f--t--+1;-,~ l. ARGEST 
,. : 10,000 

, • spoo 

30 

Fig. 6.5. Examp1c of extreme vatuc type 1 density curv~.--s. 

TI1e skcwncss cocfricicnt is 

y = 1.1396 (maximum) 

= -1.13q6 (mínimum) 

Thus thc type 1 has a constant cocfficicnt of skcwncss·. 
lf thc transformation • 

Y=(X-81/a. 

is uscd. thc typc 1 extreme valuc dcnsity function :Jlccomcs 

113 

(6.45 1 

(6.461 

(6.471 

wherc the - ólf'Pik":'\ for the maximum valuc~ und the + for the minimum .vatucs. ll1c 
cumulativc distribution is 

= cxp(..,·xp(-y)) (maximum) (h.481 

= 1- cxp(..,·xr<yll (minimum) 

Thr cumulati\"C dislrihution for maxinnun v:.du«.~s has bcen tahulatcd (lJ.S. 1\:ational 
Burcau of St;mdards ¡q~J). This sou\ll' tahk. can bL· usc-d for minimum \·aiU\.'!' l,y not­
in¡! that 



114. ___ _ CIIAPTER 6 

(6.5 1) 

Thc paramctcrs o( the l)'pe 1 extreme \'aluc distribution can be estimated in a 
numhcr of ways. Lowcry and Na~h ( 1970) comparcd sevcral methods for estimating a 
and S and condudcd that thc mcthod of moments was as satisfactory as other methods. 
lf the mcthod of moments is used. the estimato11 are 

é; = S/1.283 (6.52) 

and 

íi =X· 0.45S (maximuml 

=X+ 0.45S (minimum) 
(6.53) 

Thc maximum likclihood cstimators (Lowery and Nash 1970) can be detennined by 
a simultancous solution to the equations 

(; = X·<r.x1c·•ltQ)/re·••IQ 

B = .é; In (¡;e·•tiCi /n) 

(6.54) 

(6.65) 

Unfortunatcly thesc cquations cannot be C<Jsily solved cxplicitly for ~ and a so that a 
numcrical solution is required. · 

1l1e type l extreme valuc distribution for maximums has bcen uscd to define the 
"mean annual nood". Thc probability that an observation from this distribution will ex­
ccc.:d thc mean of the distribution is 1- Pv(Y) wherc Py(y) is cvaluated from equation 
6.48 for y= ( 1.1 - S)/ a. Since 1.1 = E(X) = B + 0.5 77 Q (equation 6.43 ), we simply ha ve that 
y= 0.577 and Pv(Y) = 0.5703. Thc probability of a value in excess of the mean is 
1 - Py(y) = 0.4:!97. Tite rcturn pcriod of a flood equal in magnitud e to the mean is 
T = ( 1 • Py(y))·' = ::!.33 ycars. Thus many times the .. mean annual flood'' refcrs toa 
flood with a retum period of 2.33 years. 

Extreme Valu~ Typc 111 Minimum (Wcibull) 

Thc extreme value typc 111 distribution arises when the extreme is from a parent 
distribution that is Jirnitcd in the dircction of interest. This distribution has found its 
t:rcatcst use in hydrology as thc distribution of low strcam flows. ~aturally low Oows 
are boundcd by zcro on thc lcft. Tite type 111 for minimum values is also known as the 
Wcibull distribution and is defined as 

Px(X) =a ,a-t s·a cxp(-(x/8 )aJ x_;>_O; a. B >0 (6.56) 

Thc cumulativl' Wcihull is given by 

P,(x) = 1 - cxpl-{x/alal (6.57) 

Thc mean and variance of the distribution are 

I'O(J= sr11 + 1/al (6.58) 

CO:--:TI ;-.;urws ll\STRI BUT\0:--:S 115 

Var(X) = B' (rO+ 2/a) • r'!f + 1/all (6.59) 

Hahn and Shapiro ( 196 7) give the cocfficicnt of skew as 

ro + 3/al -3 ro + 2/a) ro + 1/al + 2 r' o + I/ al 
y= !rO+ 2/al- r•o + 1/all'" 

(6.60) 

Thc parameters of thc WL·ibutl distrib~tion can be L-stimah:d by ll~c mt.'thod· of 
momcnts by substituting thc samplc mean and variance for lht.• populahon mean _anl.l 
variance rcspcctivell: in. ec¡uations 6.58 and 6.59 and then solving thc lwo cquahons 
simultancously for' (l and a . 

The maximum likelihood estimates can be delcrmincd by letting 

A= s·a 

and thcn solving the equations 

~ 

¡ = n/r ~ .. 1 x? (6.61) 

and 
~ 

Q = n/(~ 1:~. 1 x'f lnX¡ • E~z:J lnX¡) (6.62) 

simultancously for; and ~. 6 is thcn g.iven by 

(6.63) 

2.0 

••• 

/J&I 

S • 
F. l. 1.. Ex.·ono¡lh:S or l.." X In .. • me V;lhll' typ-: 111 minimum (\\\:ihull) tll·nsil)' l"lii"Vl"!'oo. 
"1¡!. "·"· 
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1-.ttl~~·r ~~~~:tiHlJ ·o!' p~;;,¡m .. ·tl'l .. ·:-.timation b lliffi~ul1. l:>.cr~.·i~ h.l M provilk~ a 111\.'thod for 
~unplif~ in}! thl..' :-.olution b~ thc 111\lmc-nt cquations. 

· Thl· Wl.'rhull prohability d .. ·m.ity fun~.:tion ~.·an rangc from a n.'\W:-.1."-J with a.< 1. lo 
;111 l'\.lhllll'nlial with 'l = 1 anJ W ¡¡ rli..'OJCI)· symm .. ·trkal distrihution ttigurl' 6.6) as a. in· 

' ~.·rl·OJ:-.1."~. 

11' thl· hl\H'l buunJ un thL' pom:nt Ji:'ltribution i~ nut /.l'TU, a lli:-.phu..:l'llll'lll p<tram· 
.. ·t~·f nru~t lh' .tdllnJ tu lt~o.: ty·pl· Jllc:\.lrl'llh: valu .. · Jbtribu~ion fnr mínimum~ !l-O that the 

lkll:-.ÍI) IUill'IIOil l'c¡;olll\.""!1. 

p).l" = .• P. • L- 1 ·,. 1 t .: · t J ~~ '-':\.1'(· it :\. · t 1/t b • ti }'1 (6.64) 

anJ thl' ~.:umuÍatih' lll .... trihutiun lunl:lion h .. ·,;um .. ·~ 

1\,txi=-1·'-':\.PI·\(X·, 1/tf:,-t:l}ul ló.óSI· 

By u~in~ th .. · tran:-.lúrrnation 

)' • (1' - .. 1!1 i'- ' 1 1" 

--·----·--·--·-----------------------
-I.UOU 0.0~ 0.446 40.005 

-0.~71 0.03 0.444 26. CJH7 

-0.l)J7 0.04 0.44~ ~0.4K 1 

-0.~67 0.05 0.439 ló.S7ó 

-O.o.l~ 0.10 0.4~5 8.737 

-0.~54 0.~0 0.389 4.755 

0.069 O ..lO 0.346 3.370 

O .• l59 0.40 0.~97 :!.634 

O.h31 . 0.50 0.~46 :!.159 

0.8'!1> 0.60 O.IQ3 I.XI5 

1.11>0 0.70 0.14~ 1.54'1 

1.430 o.xo 0.09:! I.JJ4 

1.70H 0.90 0.044 1.154 

:!.000 1.00 0.000 I.Ot#i 

~ ..lOlJ 1.111 -0.040 O.Hh7 

:!.MU 1.~0 -0.077 0.75~ 

~ _')9(l 1 .. 10 -O.IOQ 0.65~ 

3 .. Hs~ 1.40 -0.131> O.SúJ 

.·U<U~ I.SU -0.11>0 0.4Xó 

4.~6~ l.hO -O.IKO 0.41K 

... 1h7. 1.70 -0.1% 0 .. 159 

:\.J~.l I.XO -0.~08 O.JOX 

~-"~.\x 1.'10 -0.~ 17 0.~(,,1 

(l,hl 'J ~.00 -Ü.~~4 0.~~4 

7 l74 ~.lO .().~~7 0.1'10 

' :!.~0 ·0.:!~') 0.11•1 
-· __ , _ ..... . ·--·-··- ·--------·-··-- . . -- ·- ·- - -- -·-· 

' 
' }: 

t-,, 
' 
~ 

l 
' 

¡ 

1 
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t"'blt') of ~-) ~·an he uscd.to d~,.•tL'nnin~..· 1\ !>.J. h¡uation ú.h4 is soml'lillll'S known as tlh.' 
3·p<iram!i!_tc1~Wdhull distributi~n ora:-. th..: boundL·d .. ·xponL·ntiaJ distri~'ution. 

Thc mean and varianct' ol thc- thrcc param~,.•h.•r Wl'ihull distribution OJTl' 

(b.hbl 

VartX)•IB-.:1' trll +~/ul-1' 2 11 + 1/.,)1 
. ¡ 

tb.b7) 

l'h~.· cot"flidl.!'nt of shw is again !!Íh:n hy l'quation 6.60. Through alg\!'brai~:_ manipula· 
lhJR.t..'()Uations b.óó _and ó.b7 L·an hL· pul in thc- fonn f(;umbd 195~) 

B=lJ+oA(u.) (h.ti~l 

t.:= SroBtu) (6.h9) 

A<al•fl- r11 + 1/aliHiúl ló. 70) 

Hl u) • 1 rll + ~/u 1 - r' ( 1 + 1 ¡ • .11"'' 1 lo. 71) 

Thc mu~t c-stimah:s fur 11. ¡~.ami t. ..:a111now he ubtain\.'d hy ( 11 :-.oi\·inl! ct¡ua· 
11on h.óO for ·~. (:!) solvin~ 6.70 and 6.71 for A(u) ami 8(().),(3) solvin~ ó.6H for g anJ 
t-'1 ~olving 6.69 for 2. 'f¡¡hh: h.~ ..:an h~.· U!!..:d h> simplify thc- cakulations. 

b.ample 6. 7. Thl' minimum annual daily discharg~.·s on a strc-am an: found to ha\ll' an 
•v.:n1gc of 1 :!S ds, a standard 1.kvio.rtion uf SO l'fs <111d ¡¡ t:ol!flicil!nt of skcw of 1.4. llsin!! 
both lhe typ~o.• 111 minimum anJ thL' t)'J)I,.' 1 minimum '-'xlr~.·mt' vaiUL' distributions. l"V;.rlu· 

;.r.: th.: prohahility of an amuralmininnun now bcing 1..:-ss than 100 cfs. 

Sulution: Typc 111 minimum using inll.:rpoltJiion in tabk ú.:!. 

1/a • 0.79 

Hlu)•I.Jh 

.~ <'l/0.79·1.~61> 

e= 1~9.9- SO(I..ló) • 61.9 k<¡. h.h'll 

prohíX ltXH =-1',.~ lOO~= 1 ·L··• h''l· h.hS) wh\.'1'\.' 

. 
y= llx-~)/tR · ~tr'• = ft1UO·hi.9J.1 (1~1).'J-hi.9)Jr.2fle. =' 
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r.n oo¡ = o.3. 

TypC' 1 minimum 

a = s/1.283 = S0/1.283 = 38.97(cq.6.521 

S=;¡+ 0.45s (cq. 6.53) 

= 1 ~5. + .45(50) = 147.5. 

proh(X~·IOO) = Px(l00) • 1- exp("'') (cq. 6.49) 

WhOf<' Y= (X· B )/a= (100 · 147.5)/38.97 = 1.219 

Px! 100) = 1 :o.745 = 0.255 

\11.\I'TER 6 

ComntL'nt: Thc rcsults of <~pplying thcse l"':o distributions to this problcm are very dif­
fL·rcnt. This should be cxpccted sincc it is a situation whcre the typc 1 for minimums 
v.·ould not hL' cxpcctcd to <~pply sincc thcre would be a lowcr bound and sincc the co­
dlich:nt of skcw was givcn as lA whik thc cocrricicnt of skew for the typc 1 minimum 
is -1.1396. 

------------------------------------
Discussion 

n~c throry on which thc extreme valuc distributionS dcpertd is not as strong as the 
Ccntml Limit Thcon:m for thc nonnal distribution. More assumptions conccrning thc 
undcrlying or p:1rcnt distribution must be made and the r¡¡te of convcrgl'nce to an as· 
ymptolic extreme valuc distribution may be rathcr slow. Howevcr, thc extreme valuc 
distrihutions do providc a connL'ction bt:twcen observcd cxtrt·me cvcnts and modcls 
which may bL' uscd lo C\'::lluatL' thc probabilitics of futurL' cxtrcmL' cvL'nts. 

Tht• t'Omlitions undcr whid1 thc various cxtrt.:mL' \'aluc distributions ariscare such 
th:1t for many par('nt distributions (lo¡;nonnal, gamma) thc distribution of maximum 
V;Jhlt'S :tntl lht· tlistrihution of minimum v¡¡Jucs are not of thc s~mc typc. Thc minimum 
''alut·s from a lognonnal would bt· cxpcctcd to follow thc typc 111 distrihution while the 
ma:-:.imurn valut•s would follow a typ~ 1 distrihution. 

Vólrious rypcs of extreme valuc distributions are rclatcd. TI1c logarithms of a ran· 
dom \'ilri_:1hk that follows a typc 111 minimum are distrihutl'ú as thc typc 1 mínimum ex· 
lrt•mt· valuc distrihution. Chow ( 1954) has shown that if thc cocfficicnt of\·ariation of 
thc typt• 1 lll";Jximum extreme valuL' distribution is 0.364, thc distrihution is pr:Jctic;¡Jiy 
lht· samc as thL' lognormal distrihution with thc 5ólmc cocfficicnt of variation ami cocf· 
fit•it·nl of skl'W ( 1.1 39). 

BITA DISTRIBUTION 
A distrihution that h~ both :m u¡,pcr and lowcr hound is thc beta distribution. 
Gcnc-r;¡IJy thc b~,.·ta distribution ; ... ,J.•~'" ... ·.:d ovcr thc intcrval Oto J. 11 can. howc:vcr. 
he transfonnt·d to any intcn·;¡J a lo b. lf thc limits of thc distribution are unknown. 

tllt')' ll('~o.·nn1c paramctcr5 of thc distrihution making it a four paramcb.•r rathcr th01n a two 
l'aróllll\.'h:r distrihution. Thc beta dcnsity function is ¡dvcn by . . .. . . . . . 

.0:!~<TJ~:~_)US J)JSTRII~~!}!_\~~~-------------· 

The fum:tion B(a.Bl = /~ X4
' 1 (1 • xf ·• dx is callcd the beta fl. 

function is relatcd to the gamma function by 

Thc beta function is tabulated. 
Thc mran and \'ariance of thc beta distribution are 

-----·----jj_Q_ 

'"· Thc beta 

(6.731 

(6.741 

(6.751 

• The mean and variance can be uscd to gct the moment estimators for a and s. 

PEARSON DISTRIBUTIONS 
Karl Pearson (Eidcrton 1953) has proposcd t_hat frcqucncy distributions can be 

rcprcscntcd by 

Px(x)=exp/~00 (t+a)/(6 0 +1B 1l + Blt 2 + ... ) dt (6.76) 

By choosin~ appropriate valucs for thc paramctcrs. cquation 6.76 becomcs a l<~rgc num· 
bcr of familit•s of distributions including the nonnal, beta and gamma distributions. 

Thc rcarson typc 111 has bund application in hydrology especially a" thc di::tri· 
bution of Oood peaks. This distribHtion can be written. 

Px(x)=po(l +x/u)af~ e·•fb (6.77) 

with lht• rnodt· :11 X= O. Thc ]o\'·:.·r bound of thc distribution is X= ·u. The diffcrcncc 
in thr: llll"J.n and modr: is { Jnd '!le valuc of Px(x} at thc modc is p 0. 1t can bc sllown 
1hat thc Pt:iJrson t):pc 111 is thc s:.:~1c as thc thrct• pararnctcr gamma distrihution. By shift· 
in_g cquation 6.77 so that thc mn:te is at X: o and the lowcr hound is at X= O. wc have 

(6. 78) 

The gamma distribution has the :nodc at (n • 1 )/A and thc mc:Jn at r¡ /A. Thus Cl = ( n • 1 )/\ 
and 6 = r¡ /).. ( r¡ · 1 )/).. = I/).,. TI: e valut· of Px (x) al thc modc for the ~amma distrihu­

tion is 

Px (X m o) = rx (( n- 1 )/).) = ). '1 ( n- 1 )/). 1 ,., cxpl -).( n- 1 )/). (/ r ( nl 

Substituting thcsc quantitics ínto 6.78 rcsult'ii ¡., 

whil.:h is the ¡!amma ditotrihution h'<). 6.11 ). 
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~O~IF IMPUKTAI'T DISTRIIlUTIONS OF SAMI'U STATISTICS 
\\..: hav·~· alri..·ad)· !'I~·Cn Iit:Jt !lo;.unpl-.: statisti-.:s as fun~tions ul ranl.lom vari:.~blc-s ar( 
thdnsdv~·s random ·\·ariabk-s. Statisci .. :al tesis l.lcp~·nd on thc prohahility distribu· 
t10n of IL'st statístic) whh:h an: llh."n:ly sa;npk· statistks. In thi!io sc-.:tion threc of 

rh~.· imp .. lrtana.J.istributions o.r samrl..: statisti..:s an: hricnY dis..:uss .. ·c.l. - · · 

ChJ·!'II.ju:n~.· lli:-.lributioi1 

. .-I(Z ·¡;·" ·!oo¡·~~J~~iud. norinally ~.hslrihuti.'IJ ran~.lum· \·ariahk. Z = tX · p)/V. tlwn 

wiJ~.·r ... • Y l!io 111 ... • !iolun of !iolJuarl.'!lo of n randtllll valul.'!lo of Z and has a dli~¡uar ... · ..tistrihution 
"'ilh n dl'gJ'I.'I.'S of frcl.'tlorn. Th..: chi"'SQuarc distrihution is a sp~.•..:ial ..:as\.' of th..: gamma 
Ja~trihulion wh..:n A= ~': and 11 is a nmltiph: of l;l. Thl' llistrihutiun thus has a single 
param ... ·t..:r v = :!r, known cts th~ .. lcgr....-..:s of frl.'l'dom. The ... ·xpn:ssiun fur thl.' llistribution 
¡, 

x,v>O (6.80) 

Thl.' m....-an and v:.~riancc of thc distribution are-

lt,\~)= \.! (6.811 

Vartx 1 » = :!v (6.82¡ 

Th\· p:uam....-h:r v b usuaJly known in any ctpplication of th~· chi"'M¡Uar.: 1u statistical tcst­
inp. h¡uation tdH produ"'l'S th( momcnt \.'~timatur for ·.; as V = X. In li}!un: 6.~ lhl.' 
... ·urv.: lahdcd ~ = ~·~ i~ a chi-!o.quarc di!!1ribution with v = b. Thc· co~o.'flid~..·m of skl'w for 
~h .. ~ ..:hi~uar..: distrihution is '1/ 1 Vf'1.'. Th .. • cumulativc chi~ua·r .... Uistribution ¡~ con­
tainc..J in tableo E.tt in thc fonn 

. 2 

'' ~ P \ 2 ( ,; ! ) = J~u 1\2 (X hlx 16.H3) 

tOr \·ariou!lo \'alu .... -s of-v am.J (1:. 

. In, t;.¡hl.: l.:.tl th.: ~~tation x ! .... rcfcrs to thl.' valuc- of x2 su~:h that IOOa p~,.•n.:c-nl of 
llll' dtslrihution lics·to thc h:ft of x! .... · Thus for v-= 1 o. ~s';:. of thL' X l distribution lil."S 

to tlll' l..:fl of 18.3 or tht' probability thal a random obsc-rvation drawn frum :.1 x2 distri-
butiun with v= IO'li .. ·s bt:twcl.'n O and IM.3 is 0.1.)5, · 

TI:'-·. fact that thl.' sum of !loC:juarcs of n .r<~ndom standard nonnal variat ... ·s i!-1 a chi· 
·;;,_l~ar~· Ji~trih;1ti01\ ·\\·ilh v = n mak~.·s it appan.·nt thal if X, i~ a t:hi·!iotJtlar ... • rundom vari­
ahk,.~·~th paraml.'ll'r v,. thcn X= r X¡ is a chi"!ooliUarc r;,¡ndum \·ariahk with Jlaranl\.'lc'T 
~:. ~- -·., if oilf lht.• X, oii..: irld~·flt.'ndcnl. 

lf J: 1 .12 ..... 1.., i!io a ran..Jom samplt.• from a !->lan~tarJ nurmal di~trihutiun. th ... ·n } = 
,; = :: t:\.¡·~ X;: :v1 ·ha!!! a ..:hi*SlJU;Jh' t.lbtribution with \1;: n. l. rurlh..:rmor ... • sin..:t.• 

~: '"' :~ 1 '-, • ·,.. )1 itn · J 1. th .. • quantily in : 1 b~ /o1 ha!io a ..:hi-s,¡ual'\.' .. ¡¡,, rihutiun with v = 
11. 1 '~"~el •1: 1974) .. 

. lf•~· ~ ~li~tri~l~ti~!~~ 
lf Y •~ a sl!lndardili.'J non11al \o'ariatc and U is a ..:hi-squal\.' \'aria te wilh v t.l ... ·~l\.'t.') of 

•:)]¡,.:': . 
.•. 

1 
..•. 

.. 

¡ 
l 
l 

1 
~ 
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1 IJ~TI:\l!OlJS DISTIUHl lrlllt'<S ---------- ·~·---'~ 

(6.84) 

hb a 1 distribution With v .. h.-grl.'cs of frl.'edum. Tite .t distribution is givcn by 

(6.K51 

(; l6.Mbl 

Vann= v/tv-~) (b.K7) 

The ..:umulaliw 1 distribution is t.'Onlaint.·d in tabl.: 1:.5 in thc fonu 

(h.88) 

lor \·arious valucs of \' anJ ~l· 

Thc intcrpn:tation of tabl....- J..."\ for thc 1 Jistribution is ~imih1r to thalllf tahk E.h 
hlr thc x2 di. ... rribution. lf Olll.' v.-anb lhl.' valuc ofT Slu.:h that IOOu. t,; of th ... · 1 distribu· 
lllJn lics to thl.' ll'ft of l. lhl' valuc nf t .. ,, wuuld be r..:aJ from thl.' row ...-ontainin!! thc ..:or­
~d \'alu...- of v. lf o ni.! wanlt.•d thl.' val~1c of T such that prub( IT 1 > l)-= u.· thl.' \':Jiuc of 
11 ·lll/l.v wouiJ be r ... ·ad from thc row ...-ontaíning thc corre-el valuc uf \1. 

Un..: U!ioC ur th...- t di!.trihutiun i!oo a!-1 th...- sampling distrihution of thc- m ... ·an fmm a nor· 
rn.d distribution with unk.nown varian..:c. lf wc write 

.and rhcn divide thl.' numcr<ttur and dcnominator by o. wc gel 

w,hl.'re Y= 1 X· ¡J)/toi ~rñ·) has a !lotand;ml nonnal tti!ootrihution and U= (n • 1 JS2 /o1 has 
.a A 1 distribution. Thus from t.-quation b.N4. T has a t tlistribution with n • 1 dc~rc- .. ·s of 
lr..:cdum. 

As v uf the t dbtribulion ~~·ts lar~~·. thc 1 distrihution approadws thc standarJ nur· 
mal Jistribution. Thi~ can be sel'll by ,,;omparing thc row labcled v = (D of tahk 1:::.5 with 
t.ahh: E.4. Thus for.lilrgc samrh.:s, th ... · santpling t.Jistrihution of thl.' mean of ;1 n(,rmal db· 
trihutiun with unknnwn varianl-.. · iljlJlrllal'ht.•s a nonnal distrihution. Wc:.ha\o'l.' alr....-ady 
)l,'l'll that thc di ... trihutitm of tiH' saml'l,· mean frorn a normal Jistributiun wilh ~ known 
\.anan..:c is .. ·xa..:tly. a nurmal ,li!->trihulhlll·. Onc c;m r\.'il!oollfl that a~ rh ... · sampk •.;itl' in· 
..:r~..·ast.'). the c!>limah.' fur. tlh.' v:.niann· unpruws to rh ... · point wh~..·r ... • th .. · sam¡,linp <Ú!ooti"i\iu­
lilln of tht.' 1Hl'illl uf a normal tli!o>Uihutiun with unk.Jwwn varian..:c .. ·an h~..· ap¡,roximatl'd 
h)' thc sampling di!ooirihution uf tlil' ~~~~·an ~~r a nonnal lti'trihution with a known \·i.ri;.a~iú· 

· w,hich is it)\!lf a normal di!!otributiun. In pracÚt.'l.' OUt.' r;,1rl'ly know!lo th ... · •oariillll..'\' of th~· lli:-o· 

tribution rrOm whit.'h a ~ampl~ is i.Jhtilin .... -J . 

.. ' ¡' ~ .. ; ' 
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lJ.~. Wliat i!>·th~ prv .... llility thal X is'in ~rror by IIIUfl.' th;~n 1.0'! 

Solution: (X ·uHI·s;:rn· has a t distribution wilh n ·1 degn:cs of fn:edom. To be in 
error by more than 1.0 unib wc musl haw X·~ > 1.0 

prohtiX- "1 > 1.01 = probtjTI > tx- "JIIS'7ñ¡ 

= probt ITI > 1.0//9~8Ts-l = prob( ITI > .904) 

Th~ desired prohability is thl! shaded area of ligure 6.7. TI1e total arca to the lcft of T = 
.'104 i!> .MO~ ots l.'~lintakd by lin~ar inh.·rpolation from tahk t::.S. Tlh:rdor~ the arca to 
lht· right of T = .904 is 1 • O.MO~ = 0.198. By symmdry the 01n:a tu thl' ldt of -0.904 b 
0.1 ~H. Tho d<sircd prohahilit¡· is 0.198 + 0.198 = 0.396. 

lf a stand<Jrd nonnal distribution h;¡J he~n used ratha than a t Jistribution, it 
would haw been n.:cessary to tind ¡)rob( 1 Z 1 > 0.9041. Thi~ proh<Jbility can be found 
from tablc E.4 to he 0.366. Thus even for a sampll· as small :.~s M, tia.• nonnal is a reason· 
ahle appro>.imation. 

)'h!:: L~!!ihutio~ 
lf U. b a ~hi~uarl" variall' with y= m Jcgrces of frcl!dom <.~nJ Vis a ~.:hi-sl¡uarl! vari­

a~~! with y= n d~grl'c:S oí frel'dom and U and V arl· indl.'pendcnt. thl'n 

X= (UfmJ/(V/n) (h.89) 

h<b <tn F distribution with "¡" 1 =m and )- 2 = n {k~r¡·l'~ of frl't·Jum tm ;uu.ln arl' known a~· 
lhl' nurnl'rator anJ dl'nomin:Hor dl'grcl's of frl'l'Jom fl'Spl'~.:tivdy ). Thc F distribution b 
gi\~n by 

P~ e fl = r lt .,, +·rl J/~ 1 .,., ., • J2 ú .,2 o r,., ¡-2 JJ2 hl +y, o-(-¡ • ...,2 )11/J rt y,/~Jr(-,.1/::!)J 
(6,QOJ 

····h .f::.-0 

Thl' llll·an and varietlll"C of thc F distrihution arl' 

{6.911 

T 

Fig. 6.7. SL~.•t-:h l"or l'-.amllll' 6.K. 
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Thl· cumulatiw F distrihulion b containl'd in tablt" E.7 as a fundion of m and n for 

-.lucs of 1',¡1) = 0.90. 0.95, 0.97~. 0.~9 ano 0.995. 
Tablc E.7 corHailb valut.'s ofF such that IOOo. 'fr. of ihC distrihÚtion with ~ 

.-nJ n dt:gn.-e~ or fn:l'd0111 líes lo lh; ·¡~¡~; of Fa m n. For cxamplc. thc probability that a 
r . ..nJom ohscrvaliun from an F Jistrihution with 5 numl'rator and 10 dt"nominator dt>-­
~rl·t:s of fre~.·dom l').et•eds 3.33 is 1.00 • 0.95 = 0.0~.; 

. TK.~:\SFOIUIATIONS 
~l:my tinll'S a transfnrmation .. ::111 lw mad~.-· in an attcmpt lo arrivc al <J prubability 
di~tributiun· that wil\ lkscribl' tlll' tlata. Common transformations are logarilhmk 
tr:.m~fonn:..tiuns. tr.tns.I:Jtiun:-. ;don~ thc X :..xis. ;.¡nd n•h powcr transformations for 

n = l!J. lí~. ~ and 3. 
\\'l' ha\Y ;.llrl·ady lllalh- on~.· applicationo( thl•logarithmil" transJ'ormation tu ¡:r.:t thl..' 

l~·~nonnal distrihutiun fmm tJ¡~,· r:tJnHal Ji:-.trihution. Othl'f distributions l."an bl· trans· 
hlnlll!d by llll';JJlS of this transfonnatioll a~ wdl. lkllSOil ( J968) diS.CUSSCS lhl' liS(' of tht.' 
lo¡!·l\·:m.on I)"Pl' 111 distrihutiun fur lluod frl'<jUl'nl"il'S. 

Translations ar~· ~.·sp~.·dally u:-.dul in th~.: ~a~l' uf houmll·d llistributions. Wc matk USl' 
,,¡'a tramlation in dl•rivin!! thl' tiHl"l' paratlll'll'f l'XIr~.:m~· vuhlt.' typl· 111 for minimums 
lftllll th~.· l·orrl·:-.pundin!! two param~·ll'r distrihution. In gl'm·ral a tr;mslation is u~~.:onlp­
h,h...-d hy :-.uhtr~ldin!! ¡¡ lo~ation par.unl'la. e. from thc random variahk. For l'\.ampl~ 

jl_\1.\t= ·,l.·At~·•l lb.9J) 

úHihl h~.· l·onsidat·\1 a two parunwh'r l''PtHll'ntial distributiun with thl..' Jow~.:r bound al 
X-=:: l:xl·r..:i~l'S 3.17 anJ J.JM Jl·al with l..'!>timatin!! thl' two parallll'll'fS of this distri· 
~ution. In gl'•wr:.d lhl· :nhlition of u Ji~pla(l'llll'llt paruml'tcr. if thl' displat:l'llll'lll param· 
~-tl·r is unknown, mah·s par<Jilll'll'f l'Siim<.~tion via mu:"(imum likl'lihood much more difli· 
\·u !t. 

Momcnt l'Siimátors <.~re rclativdy simpil- in that tht.' alldition of <.1 displaccment 
p.Jr.Jnll'll'r ~ffl'l'ls ti1l' llll'<lll by ~ = ~·x + r.: and IHL"' no l'ffcct un thc variam:c or skl·wncss. 
nlll~ a IIHl'l' par:lllll"ll"f gamma llistrihulion might hl· ~iVl'll by 

Pxl\1·= .~' 1 tx-,.I'•·'~,··A(•·•t¡n,·1 1 X'·t 

•nth lhl· monll'lll l"Stim>~lor:-. for .1 •• : 1 ;md t lkll'rminc:d from 

\'anX• = t_1~ = 11 /.t..2 

y=~//n 

lhl· fact that ·1·mthl hl• now U!ol"\1 llll':o.limall' r1 111l'an:-. that for small sampll•:-. al.'i.'Uracr i~ 
¡,,..,, ..,¡lll'l'·-·1- i:-. ha ..... :ll "'" lhl' thir .. l ..,;uupk llltlllll'lll. A~ shown l·arlil'f. thc lhrl"l" par<Jilll'h'r 
.:o~1mna i:-. lhl· ~allll' a~ lhl: 11l'ahml 1) jll' 111 tlistrihution. 

~~wg:al anll Hi~v.a~ e l'nOt ha\'l' tl:-..:,1 lhl· lhrl'l'l'araml·ll'r lo~nunuallli.¡!rihution oh-
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7. Probability Plotting 
and Frequency Analysis 

0!'.1· c.u: rh~.·l..'arl!~.·:-.1 anO mo~l rr~..•tttu.·nt us~.·:-.ufst:tllsti,,;~ in hydrolo~y has b~..·cn that 
~)f ffl·qu~o·n..:} ~naly~i ... L~rl~ appli..:ations l)f fn.:qul'nl'y analp.is Wl."fl.' laf!!'-'1)' in th~.· cm.•.t 
ol llood tlow .:::.tim:ttlon. Tod;¡y n~.·;.¡rly l'Vt'f}' phasl' of hydrology i~ suhj.:rh.•d to fn .... 
~.¡u~.·lll.:)' -.nal}·s~.·s. Ovn tln: ).~.·ars and ~.-·untinuing lotLJyllh'Tl' ha\'1.: bt'l'il \'ulumcs of mah:· 

nal \HÍltl'il 1.>11 lhl." hl''il pNh;tbil¡ty distributJon to Íl-.1.' 111 vo.~riow, sifu;_¡lion:-.. Onc 'annot. 

m most m~LJill:I.'S. ;.m:d~·til'ally Jctcmlin .. : whi .. :h proh;...hility distnhulion should bt• u .. ~.·l.l. 
C~.·nain lnuit thnlfl'llb sud1 as lhl..' Cl.'ntral Limit Tlli.'Ofl'lll and Lx.tr~.·m..:: Valul' Thcort'llh 

nughl pro..,·id .. · ~uid;,nü'. Ü1H: shouJJ abo C\'alu;¡k lh~· t')o.Jlt'ri~·nú' lhal ha~ h"'t'll a"xumu· 
l>c~h'J wilh llh• \';Jfiuus ,lbtrihutions anc.l how wdl thcy Lksaib .. • lhc phcnolllt'n;.¡ of inlcr· 
c~L Ct~rtaín prupt·rti .. ·~ uf "tht' Jistrihulions ~an he ·u:-.t·J in !>t·rccnin~ di~tributions for 
pu:-.:-.ihlt• applit·;.¡tiun m a pó!rlicuiOJr ~ituation. For l.'Xamplt' thc r<.~ngc of thL'llistribution. 
tlit' ft·n .. ·r<.~l ,Jwpc uf 1111..' lli!>trihution and tht• skl·wncs:-. of lht• distrihution many timc!l in­
Ju.:J.Ic lh.JI ;1 p;.~rti•.:ular ·Ji~lrihulion may or m<.~y not hl' upplit·ahlc in a p:ivcn situi.ltion. 
Wllcn lwo ur lllOrt· dhtrilnHions ap¡x·ar 10 dcs~.:ribl· a ~ivcn !l.t..'l of data ct¡ually wcll, 
111 .. · Uislrihu!Úlll tiiJ.t h<.~s hct..·n tr.ulitionally u:o.l.'J !olwuiJ hL' sch:t.:tctl unlcss lhcrc <.are t.:on· 
1r.1ry ... m:rriJ111g rt·~sulh 1"or :,ch,.·cting anotht·r Ji.,lrihutic>n. llowcvcr, if a lnu.liliunall) 
u..,t·d tlistrihuti~.m is inft-nor. lh m,._ . .¡IJould nol b~o.• conlinuct.J jusi ht>i.:all!>t' ·'that's tht' way 

il\ ~•I".J} ,lll't'll don,·". 
Thc f¡r.,t part ttf 1111., t·hapln tli.¡~-.·u ... st•:-. plultill!! ~.l:11a in tht· fnnn of ;¡ ":unwlatih· 

pnlh~hillt~ dhtrihullllll. v~rllhl-, I}JWS (lr" !,!faph p~pcr k!IOWII ~ .. prohahility papel h:lvc 
h,·,·n tk\t·lop~·,l 1<1r lhi~ JlllfFil..,~· .mc.l art· applkahlt· lo h~·~Jrulogit.: dat~t. 

Th\· .,ú·••Jhl topi~..· t"ll\"t'rt·J ¡, ;uulytkoil frt''jUL'Il\~ o.lllui)"!!Í' i.ll o.t point. lu thb d¡s· 
.;u:,~ion a ,jmplili~-.· .. 1 ll..'dlllll]ll\' h;t,l'tl tJJl ln:qu~o.·n..:~· fa""·tur.. i~ prt'M.'tll~o.·tl fnr dL·Icrmininl! 
th~o.· III.IJ.!I!Íiutk .,f au ~.·wnt \\Íih a ~!ih·n rclUm pcriud. In }!\'lln:il thl' frt'lJUl'llt'Y facror i~ 
..1 fun"·aiun ,,f lht· l11~lrihuuonal ;¡.,~mnpllon lhal is m:uk anU of tia· IHl'an, variancc and 
lut SOIUt' ,Ji,trihutimJ:, lllt" ú1dfh:icnt nf skcw uf th,· d;tla. 

l{l'fH•lial lh'l)ll~o.'lh.'Y .tllal) ~b is lh\.'n Ji~~..·l~s~c~.l. Rq!.Íonal frn)Ut'llt.'} .tnalrsb at· 
tt·tuph tu u.,,. ~:..~ta lrout '""h"lo1l lo\·auun~ in ..1 "lllllllu¡!l'llt'lHa.." tq:ion ht,kh·nuirh: lltt·­
fl,·.¡u,·n,·> h;).,(ÍOit~hljl fur ol JlUUl(, rh\.' dtóiJlh.•r to."hl~t..'~ \\"Í(h C1 Jj!\I."U~SiUil uf tlh; fn.'tJUI.'Il\')" 

1 

1:!9 

,.¡,.,¡J~w~ uf prccipit<ttion d<Jta. 

IOkAPIIIfAL CONSTRUCTION OF PROIIAIIILITY PAPER 
In t'hapter 2 plotting prob:Jhihty t.JL·nsity functions anc.l cumulativt' probability dis· 
tnbutions on aritlllllt'tit.' p:.~p\·r was ~Jiscusst•t.J. In ~cm•ral whcn thc cumulativc dis-­
tnbution IÜnt'lion Px (X) is plott .. ·d on arithmctic papcr \"crsus thc valuc of X. a 

)lr.üt!hllinc Jot>~ not rl·~ult. Tu !!t't ;¡ straighllinc on arithnh:tk· papcr. Px lXJ would have 
h' ht' l!Í\ l'll hy tht· t'Xprt•ssion P-.. ( x 1 = iJX + b or Px (X) = a whit:h can be shown to be the 
.mll•lflli dhtrihution ~ivcn hy l'qu:ltinns ó.l 0111d ó.2. Thus 1f thc cumulativ~ distribution 
,,, "~·t of dat.J plots a~ a :.lfilll!.hl J¡n,· vn arithml·ti~· potpt•r. tll~o.' Jata follows :.1 uniform 
,f¡)lfiPlltiUil. Tllt' .tirst part- or th¡:, ch:.~ph:r b lÍ\.'VOICJ toa t.Jis..:ussion of spccial paper 
... 1kJ prohahility papcr. Prohahi~it)' ¡~apcr _t'f.'J"lc Jcwlop"d so that any ..:umulative c.Jis­
tllt1UIItm o..:Jn ht• plotft'd as u slr:.JI1!hl 11111:'. C.cncrally a scparak typc of probability paper 
n t~·qum·d for cach of thc t.Jiff~·rt·nt proh;,¡hility J1~tributiuns lo plot. as a slraig.ht linc. 
JJ¡.· ~,.~Jing of thc prohabilitr p;.¡pl'r m ay t''il..'ll ho..t\ e lo cho..tngc as the paro~mch!rs uf a par­
~~~·ular ~tistribution changc. 

Ct~n~lrut'ting probability paJll'f is il proct·ss of triln~rOnuing th~o.• prob01bility scale so 
thJt thl· rcsullinp: cumulatiVL' ~..·urvc is iJ strai}!hl linc. Tlh' tr;.¡nsrormation tcchnique will 
~- ¡IJuslrillcLI with lht• nonu .. Jli¡.,¡nhution. Thl· l"IIOrdinaks .. hown in lilhl..: 7.1 wcrc ob­
t.~mct.J rr~1m " tahlc of tht• stanJ;.¡nli~t·d llOfllli.ll distrihutiun. 11' lhcSI..' tlata are ploncd on 
,.~ulhmt'llt" p;tpt·r. lhc curvt•d linc tll" ti~ u re 7.1 ft'Mtlts. This curwdlinc can he lineariz..:t.J 
¡.'l.lplncally hy llrawing a strai!!lll lint· hctw~..·,·n 1wo points on the curve linc l.'overing the 
J\")lfcJ ranl_!t'. Thc probJhility """·a k 1!1 thcn dcriwt.J as indil:att:J by rhc tla.'\ht·d lines. As 
.111 t'X:unplt• t."on~itkr thc 0.3 pnint on thc arithmdic scale. Tite dash~d lin..: h fullow.:d 
\alkall~ upwilrLI to tht· CUJ'\'t'd linc. horit.ontally h)WarJ thc ~traight linc 41/lt.J thcn vcrti­
'"IJ} upw<~rd 10 tht' proh01hility St",Jic. For Pz(Z) ~n:ater than 0.5 lhc san1t> proc\.'dUrt> is 
J,,Jio~ed. As can he ~\.'en from fi~ur..: 7.1 lhl..' prohability s..:ak is t:omprcsscd nt>ar the 
~l·ntcr lP.,.tzJ = 0.51 and ~xp;.¡nJct.J in thc two tails. 

Jf all or thc lubcling in ligur\..' 7.1 is removed exq:pt thc probability scalc, the rcsult 
~ nonnal probabi.lity p01pcr. Fi~wrc 7 .2. shows a normal prob<SbiliiY paper with the prob­
.Jbility scalc t.•xprcsscd as_ <1 pcn.:\·nt. This figure has two scalcs so that onc can represcnt 
thl' pcrt'cnt grcillcr than <tnd onc thl· pcrccnt lcss thi.ln a ccrtain valuc. Any nonnally dis-­
lrihutcd data will plot as a straigh 1 lint' on norm;d probahility paper with th..: mean cor· 
rl·~pondinJ? to tht· 50 pcrl'l·nt point and om· stOJnLI;.srd Jcviation from thL' mean t":orre-

T ablc 7 .l. C'oorJinatcs for cumulati\'c standanJizcd normal distribulion. 
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' • • !>ponding to thc 15.87 and H4.13 pL'rcent points. Thc.: right ~~.:ah' in ligurc 7.1 ::.hows how i_. 

a !~.el of data with ;.; =50 anda = 15 would appl!ar. Th~· st:.mdard nonnal transformation 
l =(X- ~)/o is uscd to transfonn thc Z scalc to thl.' X scalc. 

MATHEMATICAL C'ONSTRUCTION OF PROBABILITY PAPER 
For many probability distributions, prob.ability papcr can b~·construclcd analyti· 
..:ally so that thc ..:umulative distribution function plots as a straight linc. This can 
be: done by transforming thc cumulatiVc probability function to thc form 

Y=aZ+b ( 7.1) 

whcn: Y is a fum:tion of tlh: paranh..·tcrs and Px (x), Z is a function of paramch:rs and >.., 

osnd a and b arl.' functions of parallll'l\.•n.. 
Thc ¡1roccdun• will be illustrah.'d with tht' .:xpon~ntial distrihution 

1\.tX) = 1 -~·h 

whi..:h ~an he: writh:n 

(7.31 

Ctllllparinl! c:~¡uation~ 7.1 and 7.3 it ~an he l>l."cn ·lhal 

Y = -In( 1 · p x t X JI (7.4) 
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Fi~. 7.~. Ntmnal prohability paper. 

l =X ( 7.5) 

a= A 

b=O 

\t'.l(( a tahlc: i~ prt•parc:d ~ontaining x. 1\t~). Y ;..md l. Y is ploth'd against Z anLI tht· 

úliTt·spunding valut•s of Px(X) and ·' U!-.nlto lahd lht· ;&)I.~S. Thcsc: !ilt'ps <Ht' illu~tratcd in 
t;~hk 7.~ antl fi~urc 7 . .' fur tht· ~.·~punt·nti:..l Uistrihutiun with >. = 1/3. Vahu:!-. of 1\tx) 
\h'Tt' as~lllllt'tl an~.l x. Y ;ulll Z ... -.• lo.:ulat\.'ll. Fnr sOilh.: Jistrihutiuns it may h~ t·asi-.·r to a!'l· 
,umc x and ~·al_culatl.' Pxt~). Fin:i.lly Y is ~llott_"'·d ~g.ainst Z and thc: Y axis is lahdcc.l with 
lhl' ..:orrcsptu\dmg \'ahlt' ol Px(xl and tht' Z ax1s Wlth th-.· f,:orrcspondin~ )1., 

For many distrihutions. lhl' l'XfltUit'ntial induth.·d. thc sanu: graph pap'"·r may hc 
usc-J fur all valucs of thc paraml'lcn. uf lht· distrihution. Thus ;m y .t•xponcntially distri­
llukd data will plot as a strai¡,!hl linc un thc: ¡laJll.'T shuwn al thc right of rigurc 7.3. Thc 
!Jo¡ll' of tht• linc will ~hangc as lht' paramt·tcr -\ dianJ:\CS. For somc distributions such cr. 
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tht: ~:.unma distrihutiun ~l !lt'P;.!fJtt.: gr:.ph p;¡pa i:. r\·quirnJ f,n Jifti:r .. ·nt ,-.dul·:. nt' llw 
paritilh:krs if tlil' di:Hrihutluil is tu plnt a:. :t ~lr:li~ht linl.'. A:.¡.., :.pp<.m·nt lrum tlll' ~.·x· 

pünc.·ntiai d!Stribution, the proh;;:biJity S;..':!h: ÍS 001 ~Pllllldlh.'JJ fur 111<111}' distrihuliOil!l. 
_!;quativn 7.3 -.;!Oo.Y'l tllat ~ti.ln~anJ scmi!og;uJllunic.:. papcr can he: u~ed as ~.:xpoucntial 

~ 

¡lroh;1bility pup~·r. lf 1 ·l 1xt>.) is plultL'd unth~: lug:¡rithmic ~cale Jnd x is plottcd on t 
.~rithmctic scale, a straig_ht Jim• with slopc ·.l. will rcsult. The data of tablc 7.'2 are plott 
m tlih f¡¡shiua in tlgilrl.' 7.4. lf In( 1 · Px (x)) i:-; plottcd versuS A>.. all exponen tia! distrit 
llum. will plot as a single litll'. Notl' th~t it is not possiblc to plol the point Px(X) = 1.( 
Tlus is as cxpc-ctcd ~inü' th~.: cxpont:ntial distrihu.tion asymptotically appro01dll'S, b 
ll'.'~cr rl'adil.'~. P,.(\) = 1.00. 

Muny ty¡h:~ of prohability p<~Jll'T JH' comnh:-rcially ;~vo¡jJabk including papcr for 1 
fll)flllal. log_nurrnal. \'XPOlh'nlial. ~·crtain;.·<ts~·!'> uf tht:' ~amma, cxtrl!mc valuc (type , . 
\\~·¡hull anJ ~·hi-... qu:Ht' liistnhution!'> · 

I'I{()HABILIT\' I'LOTTII\C 
A prubability p\u\ i:-. ~· plut ora nwg.nitud~· \'t:f\!.U:; a probiibility. Dl.'tl!nnining i. 
probahiliiy to assígn ;1 d:Jt:J point is'\.'Oillmonly rl'll:m .. ·d toas detl!rminin}l thc pi 
tin¡.: position. lf on~· is ~k:lling with a ¡wpul:Jti1m, dl'lcrmining tlw plotting positi 

'' nwrdy a m:.~ttcr of lkl~nninin~ th~ fral·tiun o( tlh' data values lcss (gn:at~:r) than 
~·\luJI to tlh.' valuc in <Jlll'Stion. Tltus thc smalk~t 0Jr1;.1.!Sl) population value would plot 
U ;md tbt• largl'SI (small~..·sl} population \':1\uc would plot at 1.00. Assi~ning plotting p< 
li1lll~ to :-.:un pie dat:J is not JS !>Tr;ughtforwan.J he~.::¡ use onc can never be surt.' th;,¡t a Si! 

t'k ('Oiltaim th~..· stn;alh.'!>l ami br~~..·st vaiUL'!> of th~..· unknown population. Thus plt>tt 
pu:-.Jiiuns of O ami 1 should h\· o¡voidcd for s;~mph: data unlcss one has adJitional inf 
lliJtion on lht• populatinn limit:-. . 

•. oo 0.00 

" ·" 
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h~. 7 .4. 1)..-mon!'>l r~l ion ~~f ¡;;tM' uf :.l'rll i-lngarilluni~..· Jl'-lPt..'f for plotting cxpo'nl·nti<~lly 1 

lrihukd dala. ' 
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Plotting posit~~-- may h~ l:'Xpre!>::.Cd <1!> ;.¡ proh;.¡hility fro111 Oto 1 ora a paccnt from 
o lO roo. Which nH.'thod is bt:in!! u::.et..! should be dear from thl' ~ontexL In sorne c.liSt:us· 
sions of probability ploUin¡¡:. l'Spt'óally in hydrolugil.: litaature, thc probability scalt' is 
uscd to denote proh(X,2:x) or 1 • 11x (x ). In this hook we will <.Jdopt t_his con\lt..'ntion. Thl' 
n~ouon for itas thc rctum paiod, T x (XI. is 1/prob(X.?:xl = 1/t 1 • Px (X)) or the rc~ipro­
l'al of lhe probahility Sl'ah:. Onc l·;.¡n always transfonn thc prohahility Sl'<.Jil' from 1 • 
Px (x) to Px (X) or even T x (X) if dl"sircd. 

Probability plotling of hyJ rologic J;.¡t<J fl't¡uin:!> that m..Ii'"·itlual oh!>l'f\"<Jtions or data 
points be in~.kpcndcnl of cal.:"h t.llhcr and that th~.· smupk Jata hl· fl'Jlfl'Sl'lltutiw uf thl' 
population (unbia!>Cd). Thcrt.' an: four ..:ummon l)'¡ll'::. of ::.ampk dat;.¡ l·omplt:ll' dura· 
taon !<~Crió. annual ::.l'rics. panial duration ::.cric::.. alllll'\tn:mc vaiUl' ::.l'fil·::.. 

The l'lllllpl~ll' Jur;.~tion series ~.:onsisb of JI! :.~vail;.~hk daiJ. An l'.\JIIIplc would he 
all thl" av:.~ilahh.• daily llow dalJ for a stn::.~m. tThis partil·ular dJt:.J ~ .. ·t wouiJ mostlikcl~ 
not haw indl'Pl'll~oknt ob:K"rv:.~tions.J 

Thc annual :.~ríes ~.:onsists Qf une \";.ilw.: pl.'r ye:.~r su~.:h ;.~s !h .. · ma\.imum ¡ll'<.Jk tluw 

eadl )·car. Thl' J:.~ta in t:.~ble ~.1 is Jll Jnnu;.¡l ~l·rü.•:-.. 

The partial dur:.~tion :.cril'S ~.:onsists uf all v:.~hll':-. ahuv .. · lhl'lnwl ;.¡ l"l'rtain hJSl'. :\JI 
pcak llow~ ;.¡bovt: 40,000 cfs in thl' K'"•ntlll'k)' Riwr, S;tlvis:.~. K .. ·ntudy. wuuld Tl'¡lfl'Sl'lll 
:.1 p:.~rtial duration series. This ~eries may haVl' morl' or ks::. vahll'!> in it lh;.¡n thl' :.~nnu:il 

series. For example thcrl' would b~: S )'l'ars ( 1904, 1 Q~ l. 1930. 19-ll. 19541 that wouiJ 
not have contributl'd an)' data toa parti:.~l duration ~aics with a ba::.l' uf 40.000 cfs for 
the data in t:.~ble 1..1: howevcr. somc )'l':..trs m;.¡y h:.t\\.' murl.' than unl' Pl';tk a hove thl' basl'. 

The annual series and tht• partía! Juration series han· hl'l'tl ~huwn by Langb'"•in 
( 1949) to be doscly n:latt:d and to approadl onl' ;.¡nuthl'T for long Tl'lurn pl·rio1h. Tahk· 
7.3 shows thc rdationship bdwecn the two Sl'rÍl'S for rl·turn Jll'TioJ::, up tll 100 Yl':m. 
Bc;Jrd ( 1974) has shown that thl' rdationship hl'tw.:l'n annual !'l.:fil'::. ;md p;.uti;¡l dur<.~tion 

scric:s ·Oood pcaks varíes throughout th~.· U.S. and Tú'Oillllll'llds thl' liSl' of l'lllpiril·all) 
deriVl'd, regionalized rcbtionships. Freq-ul'ntly thl' <.Jnnual scri~.·~ and thl· p;.~rti:.~l duration 
series an: combincd so that th~ htrg'"·st (smalll'SI) :~nnu;.¡J v:~htl' plu~ :.~11 inlil'j}l'IH.knt 
values abovc (bdow) soml' b~sc an: used. 

The extreme valuc series consists of thl' l:.~q:~sl (Smalk•st) ohs~·rv:.~tiorl in a givl'n 
time intcf\.·al. Thc annual scril.'s is :.1 spl"dal c;.¡s~· of thl' extrl'llll' v:.~hll' ::,l'rit·s with thl' tinw 
interval being one )'ear. 

Regardkss of thl'" type of samplc daiJ uscd, thl' ploll inl! posil ion l':tll 'hl· dl'tcrminl·d 
in the same manncr. Gumbd ( 1958) statcs the followin:g critl'ri:J for plotting position n.·· 

lationships: 

l. The ploning pOsition must be such th:.Jt <.JJI obsavations can bl:' plott~d. 

Table 7.3. Cornparison ofreturn pl·riods for :~nnual :t!H..I p<.arli;d dur:~tioll sl'fil·::.. 

Partial Duration Annual Partial llur;.~lion 
Series Series s~·ri'"'§, 

--~=-------~==~--------
o.so 
1.00 
1.45 
1.00 

1.16 
l. SM 
!.00 
2.54 

S 
10 
so 

100 

Annu:~l 

Scril·~ 

55~ 
10.50 
;o .so 

llJU.SU 

),,. . 

. ' 

' ' 

i 1 1\.l·(H]i::~cY :\\.-\ I.YSIS 1 JS 

~- Thl' plottin!! position ::.ht)ulli lic hl'IWl'cn tlh.: obscrvcd frt:quencics of (m- 1)/n 
_and m/n wherL:.m is the rank of thc obSl'f\.'ation bcginning with m= 1 for the 

largcst tsmalkstl valuc anJ n i::, thc numhcr of ycars of record (if applicable) or 
thc number nf oh::.~..·rvation~. 

3. Tlw rt.'"turn per_iod of a \'aluc l'qual to 'l,f; larg..:r than the largcst observation and 
thc rcturn pl'noJ of a \·:.~IUl' Ctlual hJ10r smaller than the srnallest ob~ef\.·ation 
~hould con\'erl!.e toward n. 

4. Thc obsavations should h'"· cquali)' spaced on lhc: ff\!quc:ncy scale. 
5. TI1e plurtíng pusition shOu!J h:.~ve an intuitivc meaning, be analytically simple, 

<.Jnd bc casy to use . .. 
Sl'\W:.II plollin1; pu~itinn rdation~lup::. :.Jrl' prescntcd in Chow ( 1964). Thrce of the 

mu)l .. ·ununon rd:.~tiunships IOr pl,lllill!! positions ar~ shown in table 7.4. Unless specif· 
..:.dly ::,IJtcd lo thc ,·ontrary, thl' Wl'ihull rl'lationship is uscd in the remaindcr of this 
~uk. Hcnsun t 19ó~:.~l in a Ltllnparati\'l' !<~lUdy of sewral plotting position rclationships 
r"ounJ on Thl· h;.~si~ of thl·on·tk;.~J !'I<Jtlljlling from cxlremc valuc and thc nonnal"distribu· 
11on~ that thc Wcihull rdation!~hip pru\·i~.Jc:J l:'stim:.~tes that were consistcnt with cxperi· 

Thc Wl'ibull plotting positiun fonnuJ;.¡ me~ts all 5 of thc above criteria. (1) All of 
lhc observ~:~tions can be plottcd :.inc~.· thl' plolling positions rangc from 1/(n + 1) which 
i) grc:~kr than 1.cro to n/(n + 1) whidl is ll'SS th;.¡n onc. Probability paper for many dis· 
lrihutions does nof ~.:ont:.~in tiu· points zt:ro :.1nd onc. (:!) Thc rclationship"m/(n + 1) lies 
bl·twl·en (m · 1 )/n and m/n for ;.¡IJ ,-;.¡hll'S of m and n. (3) Thc return period of the largest 
~alul' i~ (n + 1 )/1 which :.~ppro<.Jl'hl'S n as n gl'ts largL' :.~nd the retu¡n pt'riod of thc sm.::ll­
l')t v:.~luc is In+ 1 )/n = 1 + 1/n whi.:h approat:hl'S 1 as n lfl'lS largc. (4) Thc diffl'rt:nce l::r;­
hH'l'O lhl' plotlin!,! positiun uf thl· (111 t 1 )> 1 and m 1h v:.~luc i~ 1/(n + 1) foral! values of 
m :~nd n. (51 Thc f<~ct thal l"Ondition 3 is mct plus thc simplicity of the Weibull rclation· 
lhip fullills condition 5. 

One ohjc~.:lion to thc IJ;.¡/_l'll plottin!! poSition is that the return period for the 
J.~rgl'::.l tm = 11 cvcnt is :!n or twiü· thl· fl'CorJ h:ngth. An objcction to thc C.difornia 
plolti"ng JlO!~ilion is the srnallcst v:~lw jm = n) has a plotting position of 1 which irnplies 
lhc smallest samplc valuc is thc smallcst possibh: v:.~Jue. A value of 1 cannot be plotted 
on many typ~ of prob:ability papee. 

lt should he norcJ th:.1t all of thl' rl'lationships givc similar values near the center of 
thc Jistribution but m:.~y v;.¡ry ~.:unsit.h:rabl)' in thc tails. Predicting extreme events de­
pcnJ~ on thl' t:.~ils of thc distribution so l'arc must be cxercised. The quantity 1 • Px(x) 
rcprl'~l·nts lhl' prohahility of an l·vent with a magnitude equal to or greater than the 
l'Venl in qucslion. Whcn thl' dat:.~ arl' rankl'd from the largcst (m= 1) lo the smallest 
1111 = n) th~ ~lotting positions ~.ktl'nnincd from cqu:.~tions'7.6 through 7.8 correspond 
lo 1 -1\fxJ.'"lf thc dat<J are rankcd frumthe smallr.:st tm = 1} to thc l<.Jrgcst (m= n), the 
plottin~ po~ition fonnula~ :.~re ::.till \'aliJ; howl'vcr, thc plotting position now corresponds 

Tahlc 7.4. Plotring position rclationships. 

---·----·-····------·----------:------:------:-:-
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to the probability of an cvt:nt cqual lo or smalkr th:m th~.: c:vr.:nt in l}llt:stion whidl i~ 
Pxlx). Probability paper may contain sr.:alcs of Px(X). 1 -1\(x). T xiX) ur a ~.·ombination 
of Üh!Se. 

As an example of probability plotting r.:onsit.kr thl.' data in tabh: 2.1. Thc slt.'ps in 
plotting this data are: 

l. R:.mk the data from the l;.&rgest (smallcst 1 to th~· ~malkst Oargl'sl) valuc. lf two or 
more observations havl.:' thc sam..: v;.¡lue. :-.\.·v,:rai¡Hor.:cJurc:-. .. :an h1.· u~~.·d for ~Sil!n· 
ing a plotling po~ition. Tht· pror.:cdltn.: aJoptcd hcrc !S tu asMIIIlc thcy ha\c dif-
ferent \'aluc:s and assi~n ca..:h a lJilil¡uc rank. For cxamph:, in thc folluwing datJ, 

Tablc 7.5. IA-tcmlination of ph,tting position t'or K~.·ntud.-y Rin·r data. 
------- -·-------

Plotting Plottin~ 
Rank Valuc Po .. ~ition Rank \' ;tlu~· Position 

··-~-------···-·------·-------· ·-----·--
115,000 1.49 34 hX.liUU 50.7 

; 112,000 ~.91.) 35 b 7 ,XOO 5~.~ 
3 111,000 4.4M 36 t-.7.~00 s.u 
4 99,100 5.97 37 tlll,900 SS.~ 
5 9b.IOO 7.46 38 óo,300 So.7 
ó 94,300 H.95 39 1>5,700 SM.~ 
7 93,700 10.45 40' h~.óOO 59.7 
K 92,500 11.90 41 "1 ,.100 hl.~ 
9 91,500 IJ.40 42 úo . .:oo 6'2.7 

JO M9,400 14.90 43 5H,OOO 64.2 
11 MM,700 16.40 44 SH,OOO 65.7 
12 M7,200 17.90 45 5:\,000 1>7. 1 
13 87,100 19.40 46 54,400 68.6 
14 85,000 20.90 47 53,600 70.: 
15 84,.100 :!:.40 48 53.SOO 71.6 
](> 84,100 13.90 4') 5 ~.400 ?J.2 
1 7 82,900 25.-io 50 5 2.3.00 74.6 
IH 80,900 26.90 51 50,500 76.1 
]'1 80,400 ~.K.30 5'2 4 7,300 77.6 
.:o 80,100 ~9.90 53 4 7,000 79.1 
2 1 MO.OOO 31.30 54 46,80(1 M0.6 
" 74.200 32.80 55 41>.1 JJO X:!.! 
~J 7 7,700 34.30 56 46,000 1<.1.5 
24 77.000 35.80 57 45.000 H5.1 
~:' 7.1,400 37.30 5M 44.~0u ~6.5 
.:b 72.QOO 3X.KO 59 44,000 Ho.O 
27 71_700 40.30 60 43,UOO HY.5 
2X 71.200 41.KO ó] 40.30U 9].0 
.~9 70,1<00 43 .. 10 6~ 34.700 tJ~.s 
.10 70,500 44.MO (>3 34,JUU l)4,0 
JI 70.000. 4h.:O 64 32 .. 100 95.5 
.1.: (,4,000 .¡ 7 .xo h5 28,400 '17,0 
.1.1 • ]_U() ____ . .:.~~-~(~- . hh _. ____ )9.hUU - _9X,._5__-

. J. 

J'J(J <)1; 1' ;\('\' A ;\AL Ys.C'· J"'S~----------------------'Jco3'-!..7 

th~· valu~· of 3 ~hould hl· ran~L'd hoth thir•l and fourth; 1, 3, 4, 3, :::!, 5. 
1. C..tlculah.' th!.! plulling position from ~\lation 7 .8. 
J. Sdc!..:t tlw typt..• of probahility paplof'to bc.: uscd. Normal probability paper is 

u:;.-d in thi::; l').ampk. 
4. Plot tlll· ob!!.crvations on tht> probability papcr. 

Th~· data of t:thlt• 2.1 at~· rankcd anJ Htl' plotting. positionscakt•lah!d in tabh.· 7.5. 
Figun: i.5 rrl'~\."111:-. tll~· plotlnl d~ta. Thc.: thL·orctkal nomtal linl! is drawn through thc: 
m~·an plu~ tlll~· :-.tandard dl'\'taliou <ti X4.1',:í,, anJ th~ mc.:an minus onc standard dcviation 
JI l:'.Y•;. Th~· nonual d1stribution is gt'llt>rally not usc.:d for llood Cn:qul'il'-'Y analysis.lt 
b ••~l·d ht·r~· hl'l·attsc thl· data lit LhL· n()nnal rcasonably wcll and beca use of tht> case of 
~·un~tn•.:tin!!, llw bl·st lining straight linl'. 

Many times d;.lla on on..: or two histori~al cwnts whid1 occurred prior to thc initia­
tion of Jny systl·matil· data .:ollt'l'tion progr.tm is available or can be estimatt>d. This data 
..:an b~· in.:orpowll'd into thc prubahility plot if thc.: rank of thc l!vent is known. For c.x-

1.11 
RETURN PERLO O ( yrs} 

' PERCENT GREATER THAN 

oo 10 ao•o1-0·•o 
P[RCENT L[$$ TMAN 

10 20 ~o 100 200 

Fig. 7 .5. NonliJI prohahility plot KL•ntucky Riwr 
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amph: if hislorical rc¡;ords indkah." lhat in 1 ~00 lhcn.· w;¡,s a Jll'Jk llow on Jhc K'-·ntucky 
Rivt!r near Sal visa ( tabl.: :!.1) of 130,000 \.:'f5o. anll thi~ tlow l'XI..:l'l."t.kll all llows ~incc that 
time and nothing is known ahout tlow) bcfon: 1 MOO. thc \."VI." ni could be l,!iwn a rcturn 
prriod of 16:! years (m= l. n = lóll anda probability uf O.hK pcrú·nt. Thc.• n:m:.tinin}! 
data would then b~o.· analytcd as abuH:. Thc a~sum"·ll hisluri..:al cv,,:nt is plolh.·i.J with an 
asterisli. in figure 7.5. 

When probabihty plots of hyi.lrülogil.: ,)ata ar"· Jll;.h.h.·. fr...-qul·nll~· Olll' or lwu \."X· 

treme events ar.: (lfl'scnt that appl.'ar tu be from a diffa...-nt pupulatinn hl'l';JUsl' tite-y plot 
lar off of lhe line ddinl.'d by thl.' other pumb. The trcatnh:nt of tlh.'sl' ''LHilli"·rs" is an 
unrC"solwd ;md ~,.·ontrov~rsial question. Thl:' f<KI that this o~.·~,.·drs fr~.·qu~. .. ntly in hyllrolo!!k 
dala should not hl· surprising. u~ill!! nu:thuc.b di~~.:us~·d in c:haph:r 4. lhl· jlrohahilily of 
al l~ast on~ o~.:~.·urrt'rKl" uf a n-)'L'ar L'Vc.•nt m a k·yc.·ar n:c.·onl ~o:an he.· ..:al,;ulalc.·d as 1 -
e 1 - l/n)k. For cxampll", lh~ probahility of :.11 lt'ast on~.· u..:c.·urrL'Ih:l.' of a 100-yc.•ar c.'\'L'OI 
in a 32·y~ar rc:c.·ord is 1- O.QYJl or 0 . .:!75. lf wt.· havt' four imll"JlL'IIlknt J.:!·yt.:ar n:c.·urds. 
wc: expc:t.:l one lo contain ai' J~.·ast onl." 100-yc.·ar c.·wnt. l11is is llh' ~.·asc.·-~.·vc.·n though thc.· 
100-ycar cvc:nt i~ from thc.> sarnl' pupulation as thc.• otlh:r J 1 c.'VL'Ilts in lhL' .1::!-yc.•ar rc.•c.·urd. 

Bt:nson ( 196::!c) has statcd that thl.'~l" c.•xtrt'lllc.' c.'\c.·nts c.·an h~.· trl.."atc.·d ifMIIllL' histuri­
cal ínfom1ation is availahlc:. lf it is known that tht' lar~~.·st c.''Jl'lll in a k·)·c.·ar rL'L"llrJ is a~o:­
lually lhe largc:st cwnt to have oc,,;urr~.·d llurin~ thL· past n y~.·ars. this lar~c.· c.'\'c.•nt c.·an be.• 
otssig:n~:d a retum period of n + 1 yc:ars in oh.:..:urc.lan..:c.• with c:quation 7 .8. Th..: ~l·..:ond 

largt:st valuc would thc-n be assignc-d a fl'lurn period of (k+ 1 )/::! and so on for thc- rc­
maining evcnts. Dalrympk- ( 19h0) anJ l:k:nson ( 1950) dis..:us., in somc.· dc.•tail thL' ll~l· of 
historical data in graphi..:al hyJmlogll' frc."qlll'llt..')" anai)"Sl"!>. 

In tlll' abSl'nl.'~ of historil.'al data. the inv~.·stigator has link infunnation un whid1 lo 
b<tsc the return pc:riod of an L'Xlreml' ~·wnt. Hall'n t 19JOI di~~.·u:,sc.·s .... m~.·tlwd of utilit.íng 
llow infonnalion on m·arby strl•ams. Otha typc.·s or "rq!ional .. analysí:, arL' di~~,·us~·d hy 
Bt!ard ( 196::!). O;~lrymple ( 1960), ~1.:nson t1950) anLIIall'f in this ..:hapkr. lkard 1 196::!). 
Dalrympk (19ó0) and Btnson (IQ68) and olht'rs stall' that.a frc{Jlll.'nl.'y analysis ora 
single short rcl.'ord is rdati~dy unrcliable and they rc.·l.'ommcnd a rc.·~ional :malysis to 
produce more infonnation that ..:an he applil'd lo th!o! f{'L'ord in quc.·stinn. Thb wuuld 
csp<cially be the case- if onc: werL' trying lo l'Siimatc: lhc.· 111~!!11itud~.· uf an ~.·wnt with a 
long return period from a short rt:l.'ord. 

When probability plots are made and a linc drawn throu}c!h thc.· ~.l;~ta. th~.· lc.'llLklll")' 
to extrapol:dte th~: data to high rdurn pc:riods is gr~·at. Th~· distan~.·l· L)ll th1.• ¡•mhahility 
paper from a rcturn pc-Jiod of :!0 ycars toa rc.•turn pl'riud of .:!00 )'l'ars b nul wry muc.·h: 
however, if lhe d<tta do not truly follow thl' as~umed distrihution with population param· 
etc:rs equal to thc :~oamplc statistics Ci.c: .. IJ =X and 0 2 = s2 for thl' normal). th~.· l'rror in 
this extro~polation can be quitl' lar}!.C'. This f;~d ha~ already bl'l'n rcferr.:d to whc:n it was 
stated that the estimation of ¡lrobabilitics in thc: tails of distrihutions i~ wry :~oc:nsitiw to 
distributional as~umptions. Sinl.'c onl' of thc usual purposL"S of probahility plottinl! is lo 
estima te events with longcr rcturn pcriodS, Blenl.'h ( 1959) and Dalrympk t 1 C)h0) havl' 
criticizc:d thc: blind use of analyticaJ nood frcqucncy mc:thods bc:l.'aU:~ol' of this lc.•ndl-'111.')' 
aoward extrapolation. 

lf a set of data plots as a straigbt Jine on probahility papcr. thc- data can he.· saill to 
be distributed as the dístribution C"OrTC~ponding lo thc: prohability pap~.·r. Sin~o.·c.· it would 
be rare for a set of dat.a to plot ~xac.:tly on a linc. a dc:..:i:o.inn mu:~ot he.' malll' a:~o hl wlwthl.'r 
or not the deviilltions from thc línc are random dcvialions ur rc.'Jlfl'!\\..'111 tnr..: ,J..:v•aliuns in· 
dicating the data do.::.; not follow lhc givcn prohahilit)' Llistrihulíun. 1· .\;IIUinin~ fiJ!un· 
7.S. it ~ apparent that lhc dcviation:~o from a slro~i¡;hllinl." are.· :~omall Sll it ~.·an hL• a~:o.ulllc.'ll 
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ti_Jat lh\." data l'an h~·.appru."\ÍIIlJil'd hy t!ll' num1al dislribution. 
So far two t~.·sb. hoth hasc:d un judgl'llll'lll, havl' becn dcscribl'd for dett!nnining if 

a !Kt ofdata fol!,,w!io a CL'rtain dístrihution. The lirst mL·thod was to visually compare o!). 
)l.'fWd ;~nd tlh·orl'li..:al frl·qu~.·rKy histograms and th~.· :,el.'ond to visually .;omparc o!). 
~rwd and thc.·Orl·tic.·al ..:umulatih· Ül'tlucrH.:y \.'Urves in thc fonn of probahility plots. In 
Chapll'f X !~lati~ll..:~l IL'sl~ h:l!iol'll on th~.·~~,.· two visual h:sts will be prcsl'nted. 

A:\Al YTICAL IIYIJRULOl;IC H!I·.QUENCY ANALYSIS 
~1udl of th~.· matl·rial that has hL'l'll t.JisCusscd thus far could propl'rly fall undcr the 
ht>aJin~ t)f frc.·qu~.·n..:y .. nalysi:~o. Fr~'I.Jlll'lll'Y íinalysis is mcrcly a procedurc for esti· 
m:llin~ lh~· fr,·qu~.·n~")· uf ll..:l·urrl·n..:c: or prnh:1hility uf OI.'CUffl'ncc of past and/or 

futurl' 1.'\"c.•nb. Tinas pruhahilit} plnttin~ with or without any distrihutional assurnptions 
i~ a 111l'lhod of rr~.·qu~.·n~.·y :m .. lysis. 

Frc.'l(Uc.·nq :maly~is uf hydrologk data rL'quirl'S that thc data be homogcncous and 
imil'P'-'Illlcnt. Thl' rl'slri..:tion uf homo~c:nL'ÍI)' assures lhat all thc obs;.:rvations are from 
tllL' sam~ population (i.~.· .. a slfl.'"'.tlll ~aging station has not becn moved, a watersh~d has 
nut hú·umt.· urhanizl'd. or no strul.'lun.:~ haw hl'cn placed on the stream or its major 
tributarÍl'S). Thl' rc:~triction of inJI.'pc:ndl.'nce as!lurc:s that a hydrologic event such as a 
:,íngk largc storm dol's not c.·nll'r thc data sc:t more than once. For example a single 
stonn systl'lll m;Jy produn· two or mor~.· largl' runuff pcaks only o.ne of which (the 
lar}c!L'St 1 should L'nt~.·r thc: data sl'l. Furthl'r for thc prcdiction of the ffl!quency of future 
t.'\L'Ills lile: fl.'!ltri..:tion uf lwmo~t.'lh:ity TL'quirl':~o lhat thl' data on hand bl' rcprcsentati···t• of 
futur~.· llnw .... tÍ.l'. th~.·r~.· will h~.· lllllll'" :,tnH:turl.."s. div~.·rsions,land USI.' changds. etc, in the 
1.:a~ of ~lr~o:amllow data). 

llydrulo~k frl'ljUl'llL')' analy~~.·~ ..:an b1.· mad~.· with or without making ·any drstribu­
tional assumptions. Th~.· pro..:c:durc tu hc: followt!d in cithcr casi! is much thL' same. lf no 
Jbtrihut~pnal assumption~ arl.." mad~·. the investigator mcrcly plots the obs~rvl!d data on 
ó..lll}' kinJ uf papL'r (not nt.·n·s:o.ó.Jrily prohahility papcr) and uses his bcst judgt:ment to 
detl'rmilh' th~.· ma~nitud~.· of past or futurl.' cvl"nts for various rl'turn pl'riods. The pn:­
VIUU:>o ~·~.·tion di .... ~.·us~J lluoJ frc.·q lll'lll')' analysis withuut thc use of íJn analytical fre­
tjlll'IH:~' di~trihulion. lf a distrihutional assumptiun i!l maJe, thc magnitudt; ofevents for 
\"ariou:~o rl·turn p~.·riods is sdc:c.·kd from thl' thc:orctical ··best-lit" line according to the 
assunh·d distrihution. lf an analytical tc..:bnique is USI!~, it is rl'commended that the data 
~till h~.· plou~·d .,.o th:rt on~· ~.·an ¡.:.L'I an idl'a of how wdl the data fit the assumed analytical 
fonn ami lo spot pok11tial pwhlt·ms. 

Chuw ( 1 <JSI) has shown that many frl"f.J.Ul'ncy analyscs can be rcduced to the fonn 

(7.9) 

wh~.·rl· X1 i:~o th~· ma1!nitut..ll' of thc l'Vcnt having a return period T and KT is a frequency 
factor. Thb n.·lationship come~ ahout by writing any X as 

(7.10) 

¡,nd thc."n ~tatin~ that tJ. X. thc- dc:viation from thc mt:an, is the product of the standard 
d~viatiun S and a frCtjli~'OC)' fa~·tur 1\. 

(7.11) 
¡: 
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Kc:-~;.¡,Jllng that e" = si X: .. .-quation 7. 1 1 takc:'s ~)1) tht: form uf ..:qUJ ti un 7. 9. (l¡ow t 1 1)~ l. 
llJb4) pn:s~.·nb the fn."<JUt'n~w·~' fa.:tors for mJny difh:r~o·nt IYP'-'~ ut' fr .. :qu\.'11\.')' ·Jt~tribu­
tions. Somt: of tht:se an: pn:SL'nted herc. 

EquatiOn 7.9 can also i:le u:,eJ to ~onstnu.:t tht' proh..tbility s~..·ah..· on plotting papt'r 
:,0 that the distribution corresponding to KT plob as a straight lim:. 

~onnal Disuibution 
For tht: normal dbtrihution it ..:an casily he shown that KT i::. tht' ~tandardih:J 

uumtal ••ariate Z gw-..·n br tabh: E.4. A standard nunnal tahk L'dll he: uscd alon}! Wtth 
t:4;Uation 7.9 to -.h:h.'nninc thc magnitud l.' of nonnally dbtril'uh:d l'V.:Ilb correspondin~ 
tu \'arious prohahilitit:s. For examph.· thc magnitudc of a 21.}y~ar pt.·ak llow for the Jata 
of tabiL' :!. 1 ~o.·an b~o.· dc:h:nnint!d by ~.-·akulating 

'· = '· 1 X = ~ 1 ,000/6 7, 500 = .311 

.Jnd 

1·Pxlx)= 1/Tx(x¡= 1/~0= .05 

Thc: ~0-ycar t!Wnt corrc:sponds toa prob(X~x) of .05 so thl.' probability ofan I.'Vt'Jlt les,. 
than tht! 20·yl.'ar c:vcnt is 0.95. Thc: valuc of Z corrt:sponding toa probahility uf 0.95 b 

found from standard nonnaltabh:s to be 1.645. Thus 

= 6 7,500 ( 1 + 0.311 X l. MS) 

= 10~.000 cfs 

whid1 il!J.T~o.'L'S with tht! \'aluc givl.:'n by ligure 7.5. 

lu~ntmnal Di~trihution 

····-. F~i ·¡¡l;:~¡ogn~Tmal distribution. tlu: rreqUI!IH.:y fadur is g,iVI!Il hy ('how tl964) 01) 

wh\!'TI! Y= In X omd 

K,. = !Y1 • uv 1/oy 

Fn.·qu~.·n¡,:y fa¡,:tur~ for lhl.' lognom1al distribution are ~ivcn in tablc 7.6. Thc numhl.'r) 
in ,.-olumns ~. 3, 4. and 5 an: nc~<~tivc. 

lu~. Pl'a!~~_J_I!. J' )]'~-~- ~!!J?isl.f~~u-ti o.!! 
lknson 1)96K) n.·porh'd on a m~.·thod uf llood fre<¡ucncy analysis bascd on tlu: lll¡: 

P~·ar~on l~'llt.:" llltlistrihution which is ohtainl•ll whl.:'n lhl·lott' of ubsl'rvl·tl data om.• us~.·d 
;1h'll!! \\"ith llh.' Pt·ar~on.typ..: 111 distrihution tt.·q~latio~l h.77). This mctho~_i)appli~.·d a~ 
l'ollows: · 

l. Tr;u 11 lh~o.• n :Jitllual tlmHI nHtp:niHh.lt:s. X¡. ·lo llk·ir lu~aritl~mk valu~.·s, Y. 

u 
U.1 

u' 
u.J 
U.4 
u.;. 
U.b 
ll. 7 
U.H 
0.4 
1.0 
1.1 
1.: 
1..1 
1.4 
1.5 
l.b 
1.7 
l. M 
1.4 
:.o 
:.1 

" 
2.3 
~.4 

:!.5 
:!.6 
:.7 
:!.8 
~-1} 

3.0 
.l.2 
3.4 
3.6 
3.8 
4.0 
4.5 
5.0 

141 

ti.c. Y¡= lo!! x. l'ori.:: l.:..! ..... ni. 
' Compute tltl.' mean llJ~;trithm. Y. 

'3. Cunlpull• Útc s1~111Ja;d dt.•vi¡¡tiun of th~ lo~:•riltunS, Sy. 

Tahk 7.6. Frt"<JIH.'Ill'Y fal'ton.l'or IO!!IlOnn:tl Jistribution (('how, )9ó4). 

-·- -- ·--·-----------··-------··-··-----
l•rllhahility in pcrt.:l'/lt~o.•quallo or grcall.:'r than thc ~;!.ivl.:'n varia te 

t --- ----------·- ---- •• 

Y4 95 xo 511 

. ;--·· -------· .. ·-- . -·--··-

~.33 1.65 O.X4 (l 

~.:!5 l.h2. li.X5 (J. O~ 

:!.18 1.59 O.K5 0.04 
~.11 I.Sb O.X5 ll.tlh 

::!.04 1.5.1 O.X5 ll.lll 
1.9~ 1.49 II.Kh li.(JI) 

l. q 1 1.46 O.X5 ll. 1 (l 
I.HS 1.4.1 li.X5 0.11 
1.79 1.40 U.H4 O. 1.1 
1.74 1..17 O.X4 U.14 
1.68 1.34 0.84 0.15 
1.63 I.J1 0.8.1 0.1b 
1.58 1.::!9 O.K: 0.17 ut 1.::!6 0.8~ 0.1X 
1.4 1.~3 O.X1 U.1Y 
1.4.1 1.~ 1 O.K1 0.~0 
1.41 1.18 o.xo 0.~ 1 
1..18 1.16 0.79 0.22 
I.J4 1.14 0.7X 0.::!:! 
1.31 1.12 0.78 0.::!3 
1.28 1.10 0.77 0.::!4 
1.25 1.08 0.76. .·¡ 0.~4 
1.21 1.06 0.76 0.:?5 
1.~0 1.04 0.75 0.~5 
1.17 1.02 0.74 O. :?6 
1.15 1.00 0.74 O.~h 
1.12 O.Y4 0.73 0.26 
1.10 0.97 0.7~ 0.~7 
1.08 0.96 0.7~ 0.~7 
1.06 0.95 0.71 0.27 
1.04 0.93 0.71 O.:!X 
1.01 0.90 0.69 0.2X 
0.98 0.88 0.68 0.29 
0.95 0.86 0.67 0 • .::!9 
0.92 0.84 0.66 0.~9 
0.90 0.8~ 0.65 0.:!9 
0.84 0.78 0.63 0.30 
0.80 0.74 0.62 0 . .10 ··----------

20 
... 

-··--- ·-·--~- --; 

5 0.1 11 c. 
+ ... + ....... ·-···--·-·--- --·-¡--

O.X4 l. M ~ .. 13 3.09 1 O 
11.84 l.b 7 2.40 .1.~~ ¡· 0.033 
O.K.1 1.70 ~.47 3 .. 19 0.067 
O.K2 1.72 ~.55 J.5h 0.100 
O.K1 1.7> ~.62 3.7~ 0.136 
IJ.~U 1.77 ~.70 3.K~ 0.166 
0.7ll 
0.7H 
0.77 
O. 7o 
0.75 
0.73 
0.7~ 

0.71 
O.h'J 
0.(1S 
O.h7 
O.óS 
0.64 
O.ó3 
O.ó1 
0.60 
0.5'! 
0.58 
0.57 
0.56 
0.55 
0.54 
0.53 
0.51 
0.51 
0.49 
0.47 
0.46 
0.44 
0.42 
0.31i 
0.37. 

1 . 7ll 

1.~ 1 
1.8~ 
I.X4 
1.85 
1.86 
I.M7 
l. MK 
l. MM 
1.89 
1.89 
I.M9 
I.K<J 
l.M9 
1.89 
I.X9 
1.89 
1.88 
1.88 
I.H8 
1.87 
1.87 
1.86 
1.86 
1.85 
1.84 
1.83 
1.81 
1.80 
1.78 
l. 75 
1.71 

::!.77 
~.84 

2.tJ0 
~.97 

3.0.1 
3.09 
3.1 S 
3.:!1 
3.:!6 
3.31 
3.36 
3.40 
3.44 
3.48 
3.5~ 

3.55 
3.59 
3.62 
3.65 
3.67 
3.70 
3.7~ 

3.74 
3. 76 
3.78 
3.81 
3.84 
3.87 
3.89 
3.91 
3.93 
3.95 

4.05 0.197 
4.~ 1 0.230 
4.37 0.~62 
4.55 0.292 
4.72 0.324 
4.K7 0.351 
5.04 0.3Si 
5.19 0.409 
5.35 0.436 
5.51 0.462 
S.o6 0.490 
5.80 O. S 17 
5.96 0.544 
6.10 0.570 
6.~5 0.596 
6.39 0.620 
6.51 0.643 
6.65. 0.667 
6.77 0.691 
6.90 0.713 
7.02 0.734 
7.13 0.755 
7.~5 0.776 
7.36 0.796 
7.47 0.818 
7.65 0.857 
7.84 0.895 
8.00 0.930 
8.16 0.966 
8.30 1.000 
8.60 1.081 
8.86 1.155 

1 



2±.;_, __ CIIAI'TEK 7 

Tabh: 7.7. KT val_uc:.l'ur positi\:c !lokt·_w coclliócnt_s Pcan.on t}'¡ll.' 111 Jistribution. 1 

-¡ 
Rl.'~o:urren ... ·e lntl.'n·al in Years 

5 1 o . 25 Sk<w 
1 

1.0101 2 
(od. f------- ·---

3.0 
~-~,) 

~-~ 

~-' 
2.b 
:!.5 
~.4 

2.3 

' ' 
2.1 
:!.O 
1.9 
l. X 
1.7 
1.6 
1.5 
1.4 
1.3 
L:! 
1.1 
1.0 
. ') 
.8 
.7 
.h 

.5 

.4 

.. 1 

.1 
u 

99 

.0.66 7 

.0.690 

.().714 

.0.740 

.Q. 769 
-o. 799 
.0.832 
-U.K67 
.().405 
-0.'146 
.0.990 
-1.037 
-l. O~ 7 
-1.140 
-1.197 
-1.256 
-1.31~ 

-1.383 
-1.449 
-1.518 
-I.SMH 
-l.b60 
-1.733 
-I.KOb 
-1.880 
-1 .'155 
-2.0::!4 
-~.104 

-:!.17X 
-:!.252 
-2..\:!h 

50 

-0.39o 
-0.390 
-0.384 
-0.3 76 
-0.368 
-0.360 
-0.351 • 
-0.341 
-0.330 
-0.319 
-0.307 
-Q.:!ll4 

-O.:!I:S:! 
-0.268 
-0.:!54 
-0.240 
-0.225 
-0.210 
-0.195 
-0.180 
-0.164 
-0.14~ 

-0.132-
-0.1 lb 
-0.099 
-O.OH3 
-0.06b 
-0.050 
-0.03.1 
-0.017 

o 

Pcrct'nt C'hance"(~) 
20 10 4 

0.420 
0.440 
0.460 
0.479 
0.499 
0.518 
0.537 
0.555 
0.574. 
0.592 
O.o09 
0.6:!7 
0.643 
0.660 
O.ó75 
O.ó90 
0.705 
0.719 
0.732 
0.745 
0.758 
0.769 
0.780 
0.790 
0.800 
0.808 
0.816 
0.824 
0.830 
O.M3ó 
O.K4:! 

1.1 MO 
1.1'15 
1.210 
1.:!:!4 
1.238 
1.'50 
l.:!b:! 
1.274 
I.:!M4 
1.:!94 
1.30' 
1.310 
1.318 
1.3::!4 
1.3:!9 
1.333 
1.337 
l..l39 
1.340 
1.341 
1.340 
1.339 
1.336 
1.333 
1.328 
1.323 
1.317 
1.309 
1.301 
1.:!9:! 
I.:!X2 

::!.:!78 
:!.277 
2.275 
:!.::!7:! 
2.2b7 
2.::!6::! 
:!.:!Só 
:!.:!4X 
:!.240 
:!.:!JO 
2.21q 
:!.207 
2.193 
2.179 
:!.163 
2.14h 
2.128 
2.108 
2.087 
:!.Oób 
2.043 
2.01 K 
1.993 
l.I.J67 
1.939 
1.910 

· I.H80 . 
1.849 
1.818 
1.785 
l. 7 51 

50 

3.152 
3.134 
3.114 

.3.093 
3.071 
3.048 
3.023 
2.997 
:!.lJ70 
2.94:! 
2 _l) 1 2 
:!.XXI 
2.848 
:!.K 15 
2.7XO 
2.743 
2.706 
2.bbb 

2.016 
2.585 
2.542 
2.498 
2.453 
~.407 

".359 
"·3 11 
2.261 
:!.211 
2.159 
:!.107 
~.054 

100 

4.051 
4.013 
3.973 
3.932 
3.889 
3.845 
3.800 
3.753 
.1.705 
3.h56 
3 .hOS 
.1.553 
3.499 
3.444 
3.388 
3.330 
3.271 
3.211 
3.149 
3.0H7 
3.022 
:!.957 
~.891 

2.8:!4 
,.755 
~.hS6 

2.615 
. 2.544 

2.472 
2.400 
2.3:!t, 

200 

0.5 

4.970 
4.904 
4.847 
4.783 
4.71!> 
4.652 
4.584 
4.515 
4.444 
4.37~ 

4.29/:S 
4.223 
4.147 
4.069 
3.990 
3.910 
3.828 
3.745 
3.661 
3.575 
3.489 
3.401 
3.312 
3.223 
3.132 
3.041 
2.94l) 

.. :!.~Sb 

:!.763 
2.670 
2.576 

contd. 

e 7 .l.l1 

, ...... , ...•... ';f. 
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.l.abit:. 7 .7(contd. ). Kr \'alut:s for llL'gativ~.: sk~w cul.'flicicnts Pcarson typt: 111 Jistribution. 1 

.U 
-.1 

' 
.. 3 
•. 4 
•. 5 
·.6 
-. 7 
.. 8 
•. 9 

·1.0 
·1.1 
-1.2 
-1.3 
-1.4 
·1.5 
-1.6 
-1.7 
-1.8 
-1.9 
-2.0 
-2.1 

-~ .3 
-~A 

-~.5 

-~.6 

-2.7 
·2.H 
-~.9 

-J.O 

Rc"'·urrcnce Jntcrval in Years 
1.0101 5 10 25 

)-----''-------- .... 

1 99. 'so 20 
r---~--- .. 

-2.J2ó 
-2.400 
-2.472 
·2.544 
-2.615 
-2.686 
-2.755 
-2.824 
-2.891 
-2.957 
-3.022 
-3.087 
·-3.149 
r3.211 

"'-3.271 
-3.330 
-3.388 
-3.444 
-3.499 
-3.553 
-3.605 
-3.656 
-3.705 
-3.753 
-3.800 
-3.845 
-3.889 

¡-3.932 
-3.973 
-4.013 
-4.051 

0 lUS42 
0.017 
0.0.13 
0.050 
O.Oóó 
0.083 
0.099 
O. lió 
0.132 
0.148 
0.164 
0.180 
0.195 
0.210 
0.:!:!5 
0.240 
0.254 
0.268 
0.282 
0.294 
0.307 
0.319 
0.330 
0.341 
0.351 
0.3h0 
0.368 
0.376 
0.384 
0.390 

. 0.396 

0.84h 
o.i!so 
0.853 
0.855 
0.856 
0.857 
0.857 
O.ti.Sh 
0.854 
O.HS2 
0.848 
0.844 
0.838 
O.H32 
O.M:!S 
O.HI7 
0.808 

. 0.799 
0.788 
0.777 
U.7ó5 
o. 752 
O. 7 39 
0.725 
0.711 
O.Mih 
0.681 
O.bóó 
O.óSI 
O.h3h 

Pt!n:\.'nt C'hance (~) 
10 4 

1.2~C 

1.270 
1.258 
1.245 
1.231 
1.216 
1.200 
1.183 
1.166 
1.147 
1.1 ~8 
1.107 
1.086 
1.004 
1.041 
1.018 
0.994 
0.970 
0.945 
0.920 
0.895 
0.869 
0.844 
0.819 
0.795 
0.771 
O. 747 
0.724 
0.702 
0.681 
0.660 

l. 751 
1.716 
1.680 
1.643 
1.606 
1.567 
1.528 
1.488 
1.448 
1.407 
1.366 
1.324 
1.282 
1.240 
1.198 
1.157 
1.116 
1.075 
1.035 
0.996 
0.959 
0.923 
0.888 
0.855 
0.823 
0.793 
0.704 
0.738 
0.712 
0.683 
O.óbó 

50 

2.054 
2.000 
1.945 
1.890 
1.834 
1.777 
1.710 
1.663 
1.606 
1.549 
1.492 
1.435 
1.379 
1.324 
1.270 
1.217 
1.166 
1.11 ó 
1.069 
1.023 
0.980 
0.939 
0.900 
0.864 
0.830 
0.798 
0.768 
0.740 
0.714 
0.689 
0.666 

100. 

2.326 
2.252 
2.178 
2.104 
2.029 
1.955 

. 1.880 
1.806 
1.733 
1.660 
1.588 
1.518 
1.449 
1.383 
1.318 
1.256 
1.197 
1.140 
1.087 
1.037 
0.990 
0.946 
0.905 
0.867 
0.83~ 
0.799 
0.769 
0.740 
0.714 
O.ó90 
O.nh 7 

200 

0.5 

2.576 
2.482 
2.388 
2.294 
2.201 
2.108 
2.016 
1.926 
1.837 
1.749 
1.664 
1.581 
1.501 
1.424 
1.351 
I.~~c 

1.216 
1.155 
1.097 
1.044 
0.995 
0.949 
0.907 
0.869 
0.833 
0.800. 
0.7h9 
0.741 
o. 714 
O.b90 
O.bh7 

l. W:.att:r R\.'soun:es \ounl.'il ( 1967). 

Yy =): +svKT ,, 
whcn: Kr isobtain"'·d from tablc 7.7.' Note lhat lhis rclahonship is idt.•ntic.:al lo 
ct¡uation 7.13 cxc.:"'·ptth~·lo~rithms art: used. 

6. Compute xl = antilog y T. 

TIIis .. method h;:~!!. as a spcc.::ial·..:asc thl· lognúnn<il di~tribUtion ~hcn C, == O. For ~horl 
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pcriods of Tl'Con.l tht· !-.l..,.·w ~..-o.:f(¡~il·nt ~ah:ubh.·J from ~.·qu;ttion 7.13 nwy not b!.! a rd1· 
01bl~ cst¡miih.' of thc population skcv. CIJCilicit,·nt antl th...-n it may ht• 1.ksirahlc to n·pla-.:l' 
it wilh a rc}!ionalized ~.·o~.·flj,_-¡,,.nt 1 }k;ml I"Jó~. 1974: lkn~on 1 Qh81. Fi!!lln.' 7.ó concain~ 
reg.ionaliz~d shw ctwffki~.·nts of :mnual stn·;unflow maximum lo!,!.arithms t:omputt!'d by 
lhr: U. S. Ct·olog¡cal Surv~o:)'. · 

The frequency fa.:tor~ of.tahlc 7. 7 ,;an lh' U~\.'ll for llh· PL·a~on typc 111 distributiou 
in thc samc manncr as for thc lo~ Pl.'urson I)'Jll' 111. Tht' actual data valucs rather than 
the1r log:.~.rithms would tlu:u h..: u~d. 

Lxtrcnh.' Valuc: .1J.Jl_c _Lfl!-.t.ül~ul!.® 
Chow ( 1951) prcSt.'llh tlw foll~.lwin~ rdationship lór th1.' fr.:t.Jlh:'llL'Y f¡u:tor for th~· 

cxtn:rnt! vaJuc typc- 1 maximum distribution 
·-

Ky = -0.779710.577~ + ln{lniT xf\1/IT,nl· lll) 17.141 

wht.'rc T xtx) is thl· d\.·sin·J r~·turn pcriod üÍ th~·lJuantitY hcin~ ~akul~h:d. Pollcr (1 ll491 
prt'senh:d :,Om~o.· ~·urw!l th~t ~implili~J tlw ~ppli.:.:ation uf thl· l'XIr~·lnt.' valuc ty(ll: l. 
1\cndall ( 1959) prc~nts 'thL' ÍTL'qucncy factor.-. ~hown in lahiL· 7.H fur thL' L'XITL'IllL' valuc 
type 1 dlstribution. ThL' 11alu~o.•, computL'd fmm l'l¡nalinn 7.14 :JfL' ~,·,¡uiv:.~k·nt to an inli· 
ni te sample sizc in tahlc 7 .~. 

01her DistributionJ 
Any of thL' Jistrihutions discuss~,·d in Chapt..:r 6 \.·an bL' fit to data by using tlw 

rnc-thods disCUSSl'J in th<Jt dlaplcr. Frl·qu~.·nq ra~tOl's for ~0111\.' of tlll' othcr \listrihutiOil!l 
are gi\'en by Chuw ( 1951, 1964). i-

9_~r.!!_Considc:rJ:!!J~>ns 
Many proponenh (and oppom•ntsl of on~.· analytic:ll fonn· fur·nood tlow frequt•n· 

cies or anotht.'r have CUnlL' to th~.· fon.' 0\ICT th~o.· p:.~st r~·w LIL't.:adt•s. Thl· propOilt.'lliS claim 

PREPARE O BY U. S GEDLDGICAL SURVEY 

Fig. 7.6. r ·rdliz.:d :.Lcw CO\:'flicicnb of annual mt~~imum !!>lfL'al111ln"'' lo~arithms. 
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TahiL' 7 .H. l:r~..·qu~o.·ncy f;H;tor::. for ~.·xtn:m~.· valul! typl! 1 Ji:-.trihutwn. 

;·¡ --·-·- ------·---·--- ------------

Rdum Pcriod 

5 10 15 ~o 25 50 75 100 1000 
-------- -· -------·-·-----

15 0.967 1.703 2.117 ~.410 :!.632 3.321 3.7~1 4.005 6.:!65 
~o 0.919 1.6~5 .:!.02.' :!.JO.:! 2.517 3.179 3.563 3.H3ó 1>.006 
~5 0.888 1.575 1.963 :! . .:!35 ~.444 3.0HH 3.463 3.7.:!1:) 5.84~ 

30 0.866 1.541 1.9:!:! ' 188 ~.393 3.026 3.393 3.65-1_ 5.727 
35 O.H51 1516 I.K'II ' 15:! :!.354 .:!.979 3.341 3.59H 
40 0.838 1.4'15 I.Hhh , 126 2.32b 2.943 3.301 J.554. 5.576 

45 O.H29 1.478 1.847 ' 104 ~.303 :!. ') JJ J . .:!hH 3.5~0 
50 0.820 1.466 1.8.11 :!.08h :!.:!HJ .:!.881:) 3.~41 J.491 5.478 
55 0.813 1.455 I.KIK :!.071 :!.:!h7 :!.869 3 . .:!19 J.467 

60 0.,07 1.446 1.806 ~-0~9 .:!.253 2.85~ 3.200 ].4~6 

oS o~8o 1 1.437 1.79h :!.O~H ~.:!41 :!.M37 3.183 _,.4:!9 
70 0.797 1.430 1.788 :!.03K :!.:!JO :!.R:!4 3.169 3.4 1.1 5.359 

75 0-?92 1.4:!3 1.780 :!.0.:!9 .:! . .:!:!0 :!.X 1:! 3.155 3.400 
80 0.788 1.417 1.773 :!.0:!0 .:!.:! 1:! :!.MO:! .1.145 J.JHJ 
H5 0.785 1.41.1 1 .7h7 ~.01.1 ~ . .:!05 :!.793 3.135 J .. l7h 

·•o 0.78.:! 1.409 .7h:! ~.007 :!.19M :!. 7~5 J.l :!5 .Uo7 
IJ5 0.7KO 1.405 l. 75 7 .:!.00:! :!.193 ~.777 J.tl () J.357 

100 0.779 1.401 J. 75:! 1.998 :!.1 87 ~.770 3.109 3.349 5.:!Cd 

0.719 1.305 1.635 l.Hon :!.044 :!.59:! :!.911 3.1.l7 4.93(¡ 

that somr partkulilr ml'lhOll is su¡ll•rior to ~onw othL·r nwthod and "provL··· thcir l'luim 
h~ ;1 fL'W rationaliz<~tions ;md soml! l';!S.C stullil·s. Thl' fa\."1 f\.'maín:, that lhl'St.' r:..~tionulit.u-
11011~ in\'olvL· tJIIL'~tion;~biL· .assum¡1tion~. ThL'fL' is nn dirL'\.'1 thL·on·tkal L'onnc'(tinn .h1.·· 
hH'L'n any omalyti..:al fonn or th~.· frl'I)Ul'lll.')' distrihutiun o~nd tht• umlcrlyin~ m...-dl;.mism ... 
!!Uh'Tilin,; 11om! llows ~'Xú'IH throu¡!h rhl· limit IIH'Ilft.'IÚ~. Th~.· ¡)rimary l'tlllsilil'Tilliun in 
·~,:kl'tin!! a partkul;tr analytk~d fnnn for thL' fn•qUL'IKY di~trihuti1lll ¡, that thl·lii~lrihu· 
litm"fit'' lh1.• nhs~·rwd d01ta ID. V. AIHilT,on 19h7: lknsnn 19hHI. 

Bl·nson t ltJhX) fl·porkd un thl' r~.· ... ulh of a '!Ud~ h) ¡¡ \\Of~ ~roup cnn ... i~tin¡.! uf IX 
r.·pr,· ... ~.·ntJtiw' frum 1:! fL•tkral <~~~o.·ndt·.., nf th~.· l'nih·d Stalt'"' !-!Uh'fl111ll'l11. Thi ... }!roup 
.. uulit·d six 111L'1hnds uf llmkl fTl't¡IIL'IlL'~· Jn;tl)·..,¡.., tUl 10 slrt·anb lo~.·JtL·d throu~hnut thl· 
llnit~'tl Stalt'"'· ThL' fl'l'onls on tht·Sl' .str~·:utb ran~~·tl in kn!!lh fmm 40 to 97) L'an. wilh 
.m aVl'fJ}!l' nf SS r~·:.~r,.;. Th1.• tlr;linapt• :ITL'as r:mp~.·d frnm 1 h.4 In Jh.XOO squart' miiL'S. Th1· 
"'¡' ml'thods of :.~twly~i ... l'tlllSi,it•d uf 1 11th~.· !!•nnma tlbtrihution.t:! 1 ( ;umhd tli.::Mihution. 
t.ll (;umhd distrihutitm usin}! th1.• lt l}!al'ithm ... ,,f th1.' d;1la. 14) IIII.!IHlf111JI Ji ... trihutiun. t.S 1 
lit!! l,,·ar)rol.\11 l)'l't' 111 di:ootrihutiun ;uullülll:ut·n\ 11ll'lluhl. Tlh·c~mputatit~nalnr.j!ú'tfur,· .. 
Uu'tf \\\'1\' JlÜidl lifü' lhtl!rt\,.' l'fl'Sl'llh'd in thi' hOjl~. ·¡ h~· f (;1/L'Il IIIL'I(Uh( L'\lllsi'il~ uf U:..ill}! 

.m,·t¡uatimdilü'L'tfll:tlinn 7.'1 alon!-! \Úih :1 l;1hk ul ~·mpinL",III~ ,f.:rh~.·ll~.' :-:~'lli."Y f;Ktor' 



~~, 

t':"t'.>+-PX= 'x 
~l!l!lJI~liiiJd ,l!Jl p;i ll)l)'i.. 

·'1~1'~1 iiUI"Il 11.'111 pu•: 1;-t J().l h'L tlll!ll~nh,., i111!'1''" \q P·'JI!IlJI!.\,.., ·'lJ 111!.' ~~~11* ",¡ 

rrco = .;¿,...;..; = ~ 

·.;~¡1,.\l~+i·l =·~~11\1 

..; ¡·¿ Ut'!ll!lll'.' iitq.~¡dd\"' 

1~;:'\lxfl-1 =1~~1 Xlqtud-¡ =I~LI<Xtqtud 1''1 

:UO!Ill!tl(\ 

·.v.OLJ )jt:_,d JI!:'IA:-s¡: ·"~liJJU ·'P'Ü!U~t!tll ,lljl ,lJt:HIIl"-l (\1) ·.;p ~~ ¡ ii'tf!P·'·'·'"·'-'¡t:.,,! 
1! JO .{l!!!t:Jt:qOJd .'"I!Jl ,"t)I!UI!l~:l ( 1!) ·p,lJill¡!JJ"i! p .'iiJr.IIUOU;it,¡ .1.11: Jllll! '"iJ."' ¡·~ f J0 Ull!ll!l.\.11' 
plr!Jltlf!)S r. 'SJ:"' QQ(JO Uf:,''llU r. ,"1,\IHJ S,11l!l!,\ ~S" ll!li!I!UI,1J ·'1!1\HH! :oJ,l/ ,lJI! <;,'\lljr!.\ ·'lll _lO 0~ 

:'=·'!J·'"JI!Illlllr. Ul! tutHJ ·'JttP.J!I!,\r. ,lJr. r.)l:p "''lll )jr..ld Jt' "JI!."'I,\ ·''!J·.\Jli,'.'·'S ·¡·¿ ·'Jdtur.\ J 

·oJ ... , .. , ~o·a = txJ'<d 01 :-~u,puodo;.1JJo., x.1o ,1n1,~., ,1l!JJI:IIJ su•~.1w .\Fu,1w "''1.1 

t>O· = >"0/10>"0 + 1 • >O"Ol = ~/1, + 1 -lx)\fl =(XI, '.1 
' 

"! 1 x). \t p.1¡r.tu!Js,1 ,,,11 ·~o·o = 1' 1 \t pur. o~· 0 = '1 .1! .11dmn., Jo.,· 

-~ ,. L liO!JI!Ilh., lUOJ,I ( ''• \1 JOJ "·'lf:lli!IS.1 ·'Aill~;i.1U ·'lr:J,1lf,1";i O) ·'14!""0d "! 1! ¡r.q¡ ,))(\'\ 

Mro = ~(dl/1 S:(d> _. t • h·o1 = '111 ~ + 1 • 1 x ¡'<d 1 = '" ,., \1 

rlu!.{JS!Jr.s X JO ~m1r..\ ·'111 ·'ll 
01 punoJ "! S6'0 = '1 41!-"" 1"='"·' Jl!,1:\-o¡ ,1111 :t¡d1ur."·' JP:I ·x ,10 ,1np:" ,1111 ¡,,;¡ 01 '''· '".1 
JO liO!JP.IUJOJSUP.Jl ~SJ,1AU! ,"l\11 ifU!Sil ll·'ljl pur. (\)• \1 JO_I ISJtf rltf!lljOS .\q (\I'.L 1''' 

·!J·'d: UJilió"lJ I(I!M ¡u.v.:t·ur. ,10 ·'Pill!llrlr.lu ·'111 ·'IP.lii!JS,l t'l P·'"n ·''-1 ur.,, S(' L UO!tr.nh:¡ 
-'JU,1S,1Jd SOJ,1"/ ljl!•"-S,1!,1U,1flh,1J.J ·"-llll !'O<'U ~li!Z.\¡r.ur. Ottpr.oJddr: Sltjl 111 

.\J!(!qr.:'I!Jdllr. ,"''IIJ p.1)1!JJ<;UOtll,lJl ,111r:q (()961) ti(l<;U,1f1 pur: <;;iU!IIU,1f "\:" J,l¡dr.t¡,) ll! p,l(\11.'"11' 

sr.." o<x· JOJ ·Ü!I!qr.qOJll JO UO!IIllHJIS!P SllOI\ll!)lHl.1 t: ptn: o= X ¡r.q¡ ,{J!I!l}r:qoJd ·'IIU~I r 

l(l!"' uo~tnq!JIS!Jl P·"'X!III.In .1d.\¡ "!lll."HO f. X¡ x :.x¡qnJd ··"!1 x .10 s.,nlr."' \lJ,lL-uou .1111 '" 
UO!JlllJ!Jl"!P .\t!j!qr.ljOJd ,1,'\!}rqnlllll=' ='t!l "! ('<l.xfl pur. 'nJ.v )OU S! X Jr.ql .\t!l!~qoJtl -'111 

"'! "~to<x!x""'7xHJoJd> x nr. .10 u<l!J"4!Jls!r .\Jq~t¡r.qoJ\1 ·'-'Úr.1nuu'=' ·"'~'11 s! 1\:l\l .lJ.'II" 

1> I"LI t\:1• '\P1 + ~ · 1 = I'0\1 

'" 
IC>I,'d·II~=IXI'd·l 

'SUO!lOQ!JIS!P ,\J!I!qr.qOJd ,1,'\!lr.JiltlllD JO UO!PUOJ P. c;r. U>'lli!J·"' ·'4 11;., 
UO!IP.F"~J S!lU ''\,"10(1!.\ OJ, .. rz.uou .10 J~qwnu ;11(1 01 ¡r.nb."l ;tq 01 UO'I)(r.J ~Z!S ~ldUir.S ·'41 ljll" 

S;tn¡r..'\ OJ,lZ:uou ='111 JO .. ,s,\¡r.ur. pJr.pur.)S P. iiq p~¡r.mqs,1 ·'Q PIOO.v. (0:;4:XI x<xJqOJd ru• 
.;,1n¡r:.\ OJ,l"I·IIOU 10 li0!J.1r.lJ .1111 .\q p.1¡r.nq1~.1 ,1q p[11tM\ (Q.JXtqnJd d!tfSUO!JI':f.1J ""11 "1 

L ti ------s-1 s\'1\ ;-;\c~ü\T01:Ti 

1 
1 

i 

' 

lf) *X;'. X )\jOhiiO :e X 1\fllhl = 1 ,. X ltfllJtl 

01 '·'·'111l.lJ li!ll'llllll"f·'J ·'111 'OJ.'I"'! fO = \" i '·· \ tqu.hl ·'·'"'S 

1()-j. Xlllll.ltlcn 1= X! \·'XIqnlll + 10 = \hJO.lti!O =X r \<\hJIIJd-= (\ \llfllhl 

"1()1·;: lltl!Jr.nlt.l) .\l!f!qr.qu.hlji~IIIIJtllll,lJO,llfl ·'lji·'SII PI ·'lJ Jllllll'l\ pot¡).l111p111H"'­
.1JUUI .\11r..,!J·"~Jn.,qt pur. PJ!'II v ·p.,Jouift .\nr.qu.1 ..... 1 ,lJI~ "·'"Ir.., o.1.11 ,1q1 o;;r: 'llll,.1J .'1!1 
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·UOU ·'lll ,'1/.\(T!Ur. tll '! ('Oijj.1111 J.11ji011V ·o;;uOIII~\J,l'\fll ·'111 .JO flr. Ol JUI~I'IIil.l lll':ltl\ r. jlj'l: 

01 e;! IIO!JilfO"' ·'ll() ·;iu!JPlll~t¡ 1r:!·'·'llo; ..:.1J!Ilh.lJ P·'IIUtl_l"llr.ll .\flr.·'!HIIjiUt:ñnl ñtll.'~l "! It!11J 

r.¡t!(lJO po; r. ti! OJ.V V "OJ,1f .~q I.J-'1 ,11(1 UO (MflllllOl) ,lJf: <;.l¡qr.!Jr:.\ ."''!;lOjtlJfl.{ll I"OI'\ 

''H·'Z _lf, tu.l111¡r:.'J.L 
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p:Jntr.u JU,ltllihu: o¡ pptHII .1!1'!11!Hil.'l·lP P·'lr.Jq!f1!.1 .11.11 I{I!M p.1<;11 ,,q 11.1111 p¡no.' ~¡r.p 
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leS =_100!1 +35.1 K1 /I00) 

K1 = 0.712 

CHAI'Ti'R 7 

Ry intcrpolation from tablc 7.6. this K y for a C', of0.351 corrcsponds toa probability 
of0.21 for X,?x or0.79 for Xs_x. 

Px(l ~S)= 1 ·O. 733 +O. 733(0. 79) = 0.846 

prob(X> 125) = 1 · Px( 1 ~5) = 0.154 

- TI1c probability of a peak Oow in any ycar cxcecding: 125 cfs is 0.154. The condi­
tion:d probability of a pcak l'Xccedin~ 125 cfs givt•n that thc peak is noc zero is 0.21. 

lb) Px*(x)=[Px(x)·l+k[/k=[I-(I(T)·I+k[/k 

=(1-0.04-1 +0.733)/0.733 =0.945 

Thc valuc of X corn:sponding to Px •(x) = 0.945 can be obtaincd by intcrpolation 
from Cable 7.6. Howcvcr. since this tablc is nonlincar. thc l'quation following equation 
7.1 ~ will be uscd. From cquations 6.30 and 6.31 

y = In [ ;¡ 2 /(c. 2 + 1) 1/2 = 4.54 7 

Kv l'orrcspondini!: lo Px •(x) = 0.945 is obtaincd from lahlc E.4 as 1.60. TI1crcforc 

Y 1 = 1.60(0.116!~ + 4.547 = 5.092 

---~::__=_:xr~~T l = 163 cfs 

Examplc 7 -~- -,\ppl•ndix B contains a listintt or the peak di~L·hargL'S on thc Cumbcrland 
Rh·l·r at CumbcrlanJ Falls. Kentucky. Bc!!innin~ in 1934 thc data consists ora partial 
duration series. In this prohlem only the data rrom 1934 through 1970 ílre used. 

¡¡) Plot thc annual srrics :md partial duration series on lognormal probability papcr. 
b) Plot the "bcst" rittin¡!,)O¡!nonnal di!Otrihution or thc annuóll series on thc plot or 

rart a. 
e) Plot thc tllpt·ctl·d par1ial dÜrcttion srrics rrcqucncy distribution on the plot or 

pnrt a a~surnini! thl' annual series rollows thc IOl:!llOrmal distribulion. 
d) f,lot thc ;mnual !il'rics on nonnal orobability po.~pcr. Draw in the .. bcst'' fitting 

nom1al dislrihulion. 

el Plot thr annual series on ex treme vahh: typc 1 probability papcr. Draw in thc 
''lx·st'' littinJ! cxtrcml' vahiL' typc 1 distrihution. 

O ('ornpuh· thc 100-ycar rwak llow hascd on lltL'.annual'\erics aS~\tminJ! thc. data 
fc,Jh,w, lhl· f 1) nom1al. f ~) ltltmnnn:tl, (~) l'Xtn·m,• valttl' lyJ'tl' l. {4) J\·ars'!n lYt'e 

1 
1 

1 

FHF(.llJFNCY AN,\LYS"'I_,S ______ _ 

111 and (5) log-Pcnrson typc 111 distrihutions.. 

Solution: 
Thc followinl! tahlc contains lhc data that was uscd in thc sohuion lo this problcn 

Thc annual s!.'rics llata n·prcsl'nts thc lar¡: .. ·st pt.·ak now in each or thc 37 ycars fr01 
1934 through 1970. Thc partial duration series data is thc largcst 3 7 val u es ohst.•rve. 
during thL· 3 7-ycar pcriod. Thc plotting position was cakulated frorn thc \\\·ibull rell 

tionship m/(n+l) whcrc mis thc rank and n is 37. 
(a) Figurt•s 7.7. 7.8 and 7.9 are thc lognom1al. nonnal and cxtr .. ·mc valuc typc 

plots. Thc lognormal plot contains both tht.• annual series and partial duration st.•rics d;H¡ 
Thc olhl'r two plots L'Ontain only thc annual series data. 

(b) Severa! points on the bcst fitting lo¡:normal linc wCre c.:akulatcd from XT = 

X.(l + C_.KT) whcrl' KT was intcrpolatcd from table 7.6 rora C_. of 0.3165. For ei 
' l 

1- P(a) 
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Fi~. 7.7. Lo~nonm.JI probability plol for data of cxamph.• 7 ."2. 
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150 CIIAPTER 7 

Data used in solution ofexamele 7.2. 
Flow ! 1000 cfs) 

P1otting Partia1 
Position Annual Duration 

Rank Rank/38 Series Series 

. 0263. S7.4 S7.4 
2 . OS26 S4.2 54.2 
3 .0789 S2.3 S2.3 
4 .lOSO 46.S 46.S 
S .1320 44.8 44.8 
6 .IS80 44.1 44.1 
7 .1840 43.3 43.3 
8 .2110 43.1 43.1 
9 .2370' 41.6 41.6 

JO .2630 38.8 40.0 
JI .2890 37.6 38.8 
12 .3160 37.0 37.6 
13 .3420 36.3 37.6 
14 .3680 3S.8 37.0 
1 S .3950 3S.J 36.3 
16 .4210 34.8 35.8 
17 .4470 34.2 35.1 
18 .4740 33.7 34.8 
19 .sooo 33.0 34.2 
20 .5260 31.0 33.7 
21 .5530 28.9 33,7 
2:! .S790 27.S 33.1 
23 .6050 :!7.4 33.0 
24 .6320 27.3 33.0 
2S .6580 25.9 32.5 
26 .6840 2S.8 31.0 
27 .7110 2S.O 30.8 
28 . 7370 24.9 29.0 
29 .7630 22.S 28.9 
30 .7890 21.8 28.7 
31 .8160 21.7 27.6 
32 .8420 21.4 27.5 
33 .8680 :! 1.4 27.4 
34 .8950 ~0.9 27.3 
3S .9210 20.7 26.2 
36 .9470 20.4 26.1 
37 .9740 18.2 25.9 

Annual SC'ri\:~. 
X = Flow lcfs) Y= lnX 
;;: = 32.873 y= 10.353 
<x = 10.405 <v = 0.3147 
C.x = 0.31h5 C.v = 0.0304 

.. -----·------ __ c ... • o.r.~o- ____ -~· .. =..!1.-.Q:!I _______________ _ 
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Fi1,!. 7.CJ. Extreme valuC' typC' 1 prohabi1ity plot for data ofcxamplc 7.;.. 

¡:;¡ 

;nnplc for 1 • p X (x) = .05. KT is 1.85. Thus XT = 3 ;.,8 7 3 ( 1 + O.J 1 65( 1.8 5 )) or 5;..1 ~~ 
L'fs. This S;Jilll' valuC' can he ohtainc<..l hy noting thc Y = 1nX is normally distributL·d. 
TllL'rL·forL' Y ~.:orrcsponl.lin~ lo 1 - Px(x) = .05 can hL' obtainC'c.l from Y T =Y< 1 + ('v KT 1 
wiH.'TL' K-r is founc.l to ht." 1.645 from a standard tab1c. _Thus YT = 10.353(1 + .0~049 
(1.645))_= 10.87070. Now XT =exp(YT)=exp(l0.871)=52,600. A straight 1inc W3S 

drawn through tlu.· t.:akulatL·d points. 
(e) ThL' L'XPL'ctL·d partial duration series was comrut~ú usinl!- tahlc 7.3 and thc 

straight linc lognormal frcqm·ncy ~.::..~kulah.'d in part b. For cxamrlc, thc partial dura· 
tion rcturn pL·riod corrcsponding lo an annual series rl'turn pcriod or two ycars is 1.45 
ycars. Thc ;..yl·ar lognormal now is 31.500 ds (from graph). This point is ploth·d at_:J 
n·turn Jll'riod ur 1.45. This pron·dun· was TL'J1l'ah.•d for Sl'VL'ral rl'lurn pniods and J 

smooth ~.:urw druwn through lhl' TL'sultin~ points. 
(d) TIH· nonn:ll distrihution p1ot is shown in ligun.• 7.8. Thc str:1i~ht line was 

drawn throu¡!h thc points: 

X or .l~.R73 and 50'J 

·:\ +sor J-;.,873 + 10.405 = 43.~7H mll.l 1 ~.9'; 

x · soi-.1~.10.1· 10.405 = ~7AM~ ~nal X4.1',.; 

(d ThL' niTl'llll' v;lhll' IYPl' f-\listrihution ¡, c;.hnwn in li~urt· 7.9. Tlw ~tr;•ifhl li1h' 
was ;l}!ain t.'~lkulah'd from xl = Xf 1 +('~K· 1 Whl'fL' KT is from lahk 7.X. Tlll' "llh'O• 
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Fig. 7.10. !:.:xamplt.· rdation~híp bctWL'L'n () 1 }QL.J) anJ tht! rcturn pcriutl. 

lht.· 104 ~tations. lf a sing,k sturm prod~:-~ccd <J major peak al cach of lht• ló4 ~tations. 
thb c:mnot be considr:rcd as 1 b4 indcpcndt•nt cvents hut mon· likd}· 1M measurt·mcnb 
of the :.~JJllt' C\'t.'OI. 

Ak·xandcr f 1954) sWIL's that thc numbt'r of indcpendr:nt station~.n•, rt•quir~.·d w 
~ÍVL' thl' :.;tllll' variam:c 35 11 Sl:.t!ÍOnS having all avaagl' l"OfTdatÍOil uf f j~ ~ÍYl'll hy 11 1 = 
n/11 +fIn-! ti. Thu~ if thl' f is O . ."W and n is ló4, n • is only about 3.3. Thi~ !lll:ans 33 
inJl'J't'lldl'nt statiom \'.ould provitle as much info.nnation (in tcrms of thc varianct.·) <b 

1M ~I<~IJons ha..-ing an avcr:..tgl' L"t>rrdation codfJcit.·nt of 0.30. in tht.· limit a:. n gd:. 
larl!'-'· thc numht•r of equiv;.dt.•nt indep\.'Odl:nt station~ appro:..tch~.·~ 1/i. Corrdation is 
dt~o..·u~seJ more fully in Chapkr 11. 

FRI'QUtNCY ANALYSIS OF I'RÍ'CII'ITATION DATA 
Thl.' :.tJIHHIIll of rainf<tll hkpth 1 thJI can lw t.'.\¡h:dctl. lo o ... · ... ·ur in a ~iwn J)\.'riod of 
tinw tduration) on th ... · <1\'t.·r:..~gc once L'Vt.'f)' so man)' y\.' ah 1 fr ... ·qucnq·) i~ :.tn impor· 
tant J\.·si!!ll variahiL- for many hydraulil" strut.:turc~. Dcpth·liur:.ttion·fr~.·qu .. ·no..·y rda· 

tiumhi¡l~ haw l:tt.·cn J~.·vdopl·d for thc Unitt•d Staks (ill'r:-.hfil'ld 1961 J for Juratiuns of 
JO minutl·~ tu ~4 hour:-. antl. r\.'lllrn pt.·riotl.~ of 1 lO 100 ycars cmd puhlishcJ as U. S. 
W\.·athl'T BurL·au TP 40. 

TI t.: proú•durc u~\.·d in d~.·wlopin}! TP ..JO tlll'T:-.h lidJ 1 tJ6l ) was lü prt·part.· four ~L")' 
ha~\.· map~ \howing th~· ~->·Car. l·lmur: :!-y~.·ar. ~4-lwur: 1 OO·yl'ar. l·llour a ni.! 1 00-yc:.tr. 
~-1-lhHH rainblb tor tht.· Unitl't.J Sl:llt::). Annual ~L'fit.-~ ~lata W\.'Tl' U~l:d l.·orbi ... tin~ of th~.· 
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maximu_111 hÜ·minuh: al)~l 2-HHlur, rainfall Jqnhs l'UllVl'rll'd lo a p:..rtial Juruliun :-.l.'ril."s 
by u~ing th~..· rartors shown in lahk· 7.9. For nampll· if thl' 5-Yt'i..tr partial Juratiun 
scrit:s valu~· ~..·~timatcJ from thl' maps i~ 2.00 indtC'S th..: ~..·orrt:::,ponJing annual Sl'TÍI!S 

dcpth would he.' 0.96(2.00) or I,Q:! inches. For rctum periods greater than 10 years, 
thc ronver..itm fa ... ·ror is l":-.Sl'IHiall~· unity. 

Tlh..' 2-ycar rainfall anwunls w~..·r~..· th'll'rlllint·d hy plouing on lug-log papcr !he r~..·­

turn p.:riod v~..·rsus thc r::~int';..JI_d~..·pth using th..: California plotting position fonnula 
(t't¡uatiun ?.111. tlrawing a :-.nh•l•lh ,,:urw lhrough tlh.' poinb, ancl rt:a~i,~g thc 2-y"•ar vahh.' 
(figure 7.1 1 J. 

Tlw 100-yt•ar r;.¡infall anwunb Wl'TC ,,.ktl..'nnin~.:d by using tl11: type 1 fxtr\.'lllL' V:.tiUl' 
distrihution for Sl'k~ll't.l ~[:.ttions with long_r:.th1fall rt•(onls. Tlll' ratio of tlw 100-yt·ar to 
tht• ~-)'l':.tr rainfall :.~mount wa~ tlft'll dL'It•rminl..'d for thl'SL' statiom. :mJ a nwp pr~.·parl·J 
showing thl' vahtt.' of this ratio. Thl' 100-yl·ar rainf:.tH amounts for tht.· ~t:.ttion~ with short 

'Lihk 7.9. hnpirical ¡';¡,;tor:-. t'or l"Uil'w'L'rtÍng parti:.tl duration 
~~.·rit.·s tu annual :.ai~.·~ ( lll:rshfidl.! 19ó 1 ) . 
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CHAPTER 7 

r..:¡;1lHls. was ~:~limatt•d b}' th~ 1 00-yt•ar to .::-ycar ratio. 
Th\.· rainfall c.lcpths for othcr rcturn pt.·riods wcrc r.lctcnnincd.by plottin~; thc :!-ycar 

and 100-ycar dcpths on special paper (figure 7.12). connccting thl' points by a straight 
linc. and rcading off tlu: desircd rainfall dcpths. Thc spacing of thc rcturn pcriods along 
thL' ah~ci~~a of this spccial paper was cmpirical from 1 to 1 O ycars bascd on frec-hand 
plottin~ of partial dur:-.tion series data and thcorc-tical accon.Jint: to thc typc 1 extreme 
valuc distribution from :!0 to 100 yea~. Thc transition bctwccn 10 and 20 ycars is 
!\moothcd by hand hom thc typc 1 values. 

Tht• rainfall dcpths for durations othcr than 1 hour or 24 hours wcrc obtaincd by 
plot lin¡! thc l·hour and 24-ho\lr· valucs on a second spccial papcr (ligurc 7.13) and con­
nt•cting thc points with a straigh"t linc. Titis diagram was obtainC'd cmpirically from an 
analy!iis of rcconls from 200 first-ordcr U. S. Wcathcr llurcau !ilations. Thc dcpth of 
minf~ll for thc 3Q-minutc duration is obtaincd by multiplyin~ thc 1-hour \'aluc by 0.79. 

From thc!ic analyscs, curves callcd dcpth (or intcnsity)-duration-frcqucncy curves 
L'an be prcparcd. Data from TP 40 wcrc uscd to construct figure 7. 14. As more rainfall 
data hccomcs available it will be possiblc to perfonn frcquency analyses for various 
durations dircctly without having to rcsort to diagrams such as figures 7.1:! and 7.13. 

Rainfall data for longcr durations such as weeks or months can be analyzed by 
using. thc gamma distribution. Bargcr and Thom ( 1949) havc shown thc gamma distri­
hution applicahlc lo rainfolll data. Bargcr, Shaw and Dak ( 1959). Fricdman and Janc!i 
( 1957), Strommen and Horsr.cld (1969) and Moolcy and Crutchcr (1968) are among 
thoSL· who havc uscd thc gamma distribution for rain fati. 

By using c-quation 7.15. it can be seen that the probability ofa rainfall R cxcccding 
X is }!.ivcn by 

prob (R>x) ~k[ 1 • P••(x)J (7.16) 
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Cil.-\l'll.l{ 7 

OJ!lll tht· prub:..tbility uf K be in!,! kss than x is ~ivl'n by 

prob tRqd = 1- prob (R>x) 
(7.17) 

= l·k+kP0 •tx) 

what· k is thc prohability of rJ.in or tht• pro portian of time intt•rv<.~ls with rainfall :md 
PI< •t~ 1 i!l lhe ,,:umulalivt" probability distrihution of rain givt·n that R ~O. M:.~ny times 
lhl." gamma distribution b ust"d for r<~infall d;Ha. Tht• parJ.mt·h:~ of tlh: !!<.llllnli.l distribu­

tion gl"rh:rally are dl'h.'nnint'd by using, '-"<.Jllations O.IY anJ b.~O. Hrill~t·:. and llil:.~n 

( 1'17~1 haw prt'St.-Oicd a tcdtniqut' for dl!'h.·nninin~ thc rdiahilit>' of rain_f<.~llc:stinl.att•s 
. from tht• g<~mma distribution basl'd un simulation studics. 

FKlQULI'CY ANAL YSES OF OTHER HYDROLOCIC VARIABLES 
Thl' prin(i¡lll."S Sl'l forth 011 nOod frt•qucn~.:ies ;.¡mJ rainfall frcqllt'lll.:i\.'S also apply tu 
fn:qu .. ·nr.:Ú:3 uf oth~r hydrolugi"· variahlt•s. H<.~sk4111y tht.' t¡uantity to h"• an;¡ly~.t.·d 

nwst h..: ddint.'d, tlu: data tahulah:d and th..:n a frt.'lJUl'lll'Y analysis llliJdl'. Fur in-
!!ol;m"· .. · 111 tih.' l.:a3l' uf Jlow voJum"·-frt.'qUt:lll'}' studit.'S. lhl' duration(S) of iHil'fl'SI lllliSI hl' 
SPl'l'ilil'll antJ tht"n tht.' maximum or minimum llow volum..:s for l.'al.'h YL'ar havin1 thc 
3pC'I.'IIiL'd duration <HL' t;.¡bulated. Tht• ma>.imum llow volumt·s "'ould hL' U:o.l'd in Thc ..:ast: 
of tlutli.J.Ilow volumes and thc minimum volumt:-!1. would bt:' usl'd in thL' l.'ast.' of luw­
llo"' studiC"s. 

Fn.:quc-nL'Y anaJys..-s can b"• appliL•d on water quality parallll'kni !!.Ul'h as dissolwJ 
oxy}!cn. hiulog.il.'al oxygen dt"mand. st·dimt•nt load~ ami many othl'r t¡uantitics. C:~rc 
lllUsl hl' takl'll In :'>l'l' thal tht' 1.1:Jta USt'tl llll'l'l the lll't:l'SSary ft't¡Uircn\l'lll~ of homo­
~l'lll'ÍI), ind.:pl.·ni.Jr:n .. ·t• ar1d rt.'prl')l.l'lllatin·ncss. For L'Samplt·. if s .. ·dimr:nt L'un~.:crllrdtiun 
frL"tJUt'll"'it•s 41rL· lwing studicd and part uf the data art• ._·olk•t.:tcd during low lluws and 
part during hi!!h llows. thl" datól may not hL' homogl'lll'O\b ht•I.'OJliSL' ·of thc n..'latiunship 
bl'l\h'L'Il s .. ·dimt·nt ~-.·on..: .. ·ntr:..ttion and llow ratc. 

7.1 :\:\~llllll' that daily rainfall on rainy day~ follow'> an l'>.pon~ntiill dbtrihution. Tht· 
av"·ra._:L' Jaily rainfall on rainy day~ is 0.3-indtl'S. lf ]()',: nfall Jay~ arr: rain y. whal is thl" 
pruhahihty that on ~UillL' fulllrL' d:..ty. thL· amount nf r;.1infall rcl'L'ÍVt'tl will cxt:L'L'J 1.00 
in .. ·h'! :\~sumt· Jaily rainfalls art· indL'jll'nJr:nt. 

7.~ lkri\~ a tahiL· of t"rL·<¡u~nq fat·tors for tlw L'\PollL'Ilfi;¡l di)l.trihution ~-.·orrt'\ptmdin~ 
tu T-= 2. 5. 10. 20. 5o0 ;.¡mi lOO )rl';Jr"\. 

?.J S"·t .. ·.,.·t s .. ·wr~ll slrL'ilrus in a .... inl!k lo!.::..tlil) anJ prL·part· a plot uf t!J.: ratio of lht· T· 
,. .. ·ar lluoJ to tlll.' mo.•an annu:..tl lloml tas in li~ur"· 7.)0). 

"'] _.4 :\11 an:JI)'~j..., uf :'ilJ )"l'aP• of tbla :\hOWL'd IIWI lhl· prohabilit}' Of a lluotJ jll'ak l"Al"l'~J· 

in~ lJO.OUO d:-. tlll a l't.Tt:..tin riva "'""'".O~. Durin~ :..t IO·Y"':..tr rwriuJ ~ sudt ¡wal.;)l, o .. :..:urr"·d . 
. Ir" lh~· original l''lilllah• of th"· prubability uf thi)l, cXI..'L'l'lL.m~,.·l· was ~.·orrl'l:l, what b lht• 
prohahilit)r uf gl·ttin~ ~ su.:lt <.'.\ú'L'Jf.Utü's in 10) ..:ars'! 

7.S Furty ycar~ uf ¡waJ.; ... trL·amlliJW data ar~: a\·:lilahk. All hut Olll' uf tl11: data roint~ in· 

, .. 

1)9 

dit:atc that a lognormal distribution with X= 1.25,000 l.'h anJ ::.x = 50,000 dt·s..:ribc:, lhc 
data wry nic~o.•ly. Thc onc outlicr is equal to ~85,000 cfs. What is thc pmbOJhility that an 
evcnt of :!85,000 t:fs or g~cater could o~ur in fPc 40-ycar period if thc Oood pcaks truly 
follow thc lognom1al distribution with X and sx as given? 

7.6 Sdcct a sct of d<~la ~.:onsisting of 20 or·mon: indcpt"ndcnt obscrvations. Plot thc~ 
data on normal prohability papcr using all threc of thc plotting position rdationships 
contain .. ·d in tahl~· 7 .4. 

7.7 ('Oin¡n¡tc tlw JOO·yt·ar peak llow for tht: annual st•rics data of cxmnpk 7.:! assuming 

lht• data follo~ tht• g:..tmma distrihution . 

7.K Prl'parL' a plot on log·lol!- paper uf low llow frl'qut:ncy-volume-duration for Cave 
Crr:d nc;.¡r Fort Spring. 1\."•ntud..:y. Plot voluml' in inchcs as th~.· ordinate, dur.1tion in 
months (use l. 2, 3, 6 and 1.2 rnonths) as thc abscissa and usc'as curve pa.rameters frL"­

QUL'IlCy (usl' 2, 5, JO amt .25 ycars). 

7.9 Wurl... cxercbt• 7.8 for 1\l<.JXimum llow frl"qucnl'"y-volumt•·duration on C'ave Cn-t:'k. 

7.10 Plot thL' :~nnual runoff J:.tta for Wal~l Gulch n.:-ar Tombstonc, Arizona, on nor· 
mal antl lognormal probahilit~· paper. l>ol's cithcr of thl!sc Jistrihuti_ons appear to ''fit" 
thl! li<lla? ., 

7.1 1 l11ot un normal probahility ¡1a¡wr thl' annual runoff data for ta) Pi:)l..·ttaql:is Riwr 
nc:<~r: Dover-Fox~.:roft. Maine th) North Llilno River nt·ar Junction, Tt.'>.as and {lo.') Spra)' 
Riva. üanff. Canctda. ls thcr.: any 01pparcnt rdationship bL•lw~o.•r:n thl' l'Urvaturl' (or la..:l... 
of it) and thr: skcwnt:-ss'! 

7.12 Work cx .. ·rdst· 7 .JI only plot thc data on Jognonnal probabilily papt.•r. 

7.13 For th~o.• Piscalaquis Hivl'r Ol':.tr Dovcr-Foxt:roft. Maint•. r:stimatc thc IOO·year 
annual llow assuming thc i.l<Jta follow tlll' (a) normal distribution (b) lo~normal distri~ 
bution (1.') Pl'arson typc lll distrihution (t.l) log Pt•;,u-son typt: 111 distributiUn (l') l'XIrt'mt' 

vahll' Jistribution. 

7.14 Work cxt·rr.:isl! 7.13 for lhl' 100-y~..·ar annual flow on thL' North llano-Rivcr m•ar 

Junction, T~.·xas. 

7.15 Work t'X~o.·r~.:ist• 7.13 fór thc IOO·yt·ar annual llow on th1.· Spray Rivt!r. Banff. 

Canada. 

7.1ó In rcft:rL'Ill'l' to l'X.L'rt.:iscs 7.13. 7.14 01nJ 7.15, whidl distribution would yuu o.'>.­
p~!ct to ~iVL' thl' "bl!st" l'Stirnall' for thl' 1 00-ycar llow on ca~h of thc thrt'l.' rivr:rs. D¡s­
~,.·us.' in tcnns of thl' lllt'ans. variorn~o.·cs. ""lk'flkil'nl of vari:..ttion and skl.'wn~o.·ss. 

7.17 Plut thl' annual pc01k lli~·ha_rg.L" uf Walnl1t (iukh m·:.~r Tomhstont.'. Ari/ona. un lo~­
nonmd pruhahility pa¡~r. l>raw ii1 whal you .. ·unsiJt·r tht· hL·st littin~ strai~ht linL'. Esti­
malt: lht: lllt:an and variancc of lht• dut;~ from thi:-. plot. 

7.1M Plol th~· sus¡wn¡_lt•ll )'-·llilhl.'nl load J¡llá-for tht' C.ri:cn Riwr-ill Munfordvilk. 

1 



1 
1 

1 
1 
i 
1 
1 
i 
1 

¡ 
1 
' ¡ 
1 
1 
1 

1 
' ' 

ltlO CHAI'TER 7 

Kcnlu..:ky on normal ~nd lognonnal probabUily pallCf. l>raw in thc b'~st titting straishl 
lint.•. 

7.19 USt.· lht= lognonnal distribution to estima te 1hc 25-ycar runoffvolume for July on 
Walnul (iukh ncar Tombsron..:, Ariz~na. Plot lhc dala on lognonnal probability pap(r 
anJ Jraw in th~ lht..'Oretit.·al bcsl liltin~ str.tighi linc. · 

.; 

,. 
'j. 
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8. Confidence Intervals 
and Hyppthesis Testing 

IN CHAPTER 3 paranH:Ier cslinwtion was Uiscusscd in general tenns. In chapters 
4. 5 anll ó spccilic mt!thods for cstimating, the paramctcrs of ccrtain probability distribu­
lmm, Wl'fC Uiscusscd. Again il should be rccalkd that paramctt:r.estimatcs are called sta­
,,~u¡;s, are functions uf thc samph: ( random) values, and an: thcmsdves randa m variables. 
l'.,r:.uudcr cstimalt:S huve <IS:!IociatcJ with thcm probability distributions. 

Thus far wc havc dis~.:usscd ml'tholis uf gc:tting point cstimates for parameters and 
.. ·u.:tin propL'rlit:s of tht:Sl.' point l'Siimall's. Thc pussiblc crrors in thcse point estima tes 
Jul· tu inhcn.:nl variahility in random samplcs of tluta llave not been discussed. The tirst 
¡•.sr~ uf this chapter is lkvokd to thc rdiahility of parametcr cstimates. The sccond part 
uf th~ chaplt:r is devotcd to tcsting hypothcses rcgarding population parameters. 

l"ONFIDENCE INTERVALS 
A paramctcr O is estimatcd by O. Thc statistit: O is a random variable having a prob­
Jhility distribution. lf O ..:an takc on any valuc in sorne continuous range, then 
proh <0 = f:;) is :tero. Rathcr than a point cstimall.' forO, itmay he more desirable 

tu ¡;d Jll intcrval cstimatc sud1 that IIH.' probahility that this intcrval contains 8 can be 
~l)l'~o.'llicd. Su~:h an intcrval i~ known as a ~o:ontilh.:ncc intcr.val. This stattmcnt may be 
~r1th:n 

(8.1) 

~he re L amJ U urc thc lowcr and uppcr conlill~ncc limits so that ttu: interval rrom L to 
U 1':1 thc conJidcm:c interval anll 1 ·u is thc conftdcncc levd or confidencc coeflicient. 
\t1t~· that in cquation M.l, o is not a random variable. One docs not say that the prob­
... hlllly that O is bctwc\.'n L <JnJ U is 1 ·u hut that the probability is 1 ·a that the in­
t~·nJI l tu U l'o

1
ntains u. Tlh.' diiTcrcn~.:c: in thcsc two interprctations is subtle but based 

uu lhl..' fa~o:t that f:l is a ~.:onstant whilc l am1 U an.· r:mdom variables. 
Mood t"l :..al. ( !9741 dis~u~s a general m\.'lhvd for dc:tennining confidence intervals. 
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~tk 1 1963) _prL"wnb ~.·xprc~sions for the ~onlidcn._·~ intnvab fur m;.¡ny Jiff1.:rl.'nt ~t·ti·· 
t_h:~. In thcdho.,:u::.::.ion to follow, d proc.:t'Jure known as !he llll'lhoJ of pÍ\'otalqu;:u·lt¡~il~::. 
l~r Jdt:~li·I~Jng . .:onfiJt:~l-Ct' ~nnit~ will _bl' illustrah.'d. This llll'lhoJ .:on::.ists ur findin~ a 
random V<mabh: V that ts a tunct10n ol thc paramcter ti but who::.e Jistribution do~s not 
in vol ve any otht'r unknown pctramders. Tht'n v 1 anJ ,..

2 
art' Jc-tc-nnined su eh thi.ll 

prob(v 1 , \' ··vl J = ¡ . u 
(K.2J 

Thl:l. llh."l.Jualit\· b thl'n rHiilllJllll··t··d 'O tlo··t ·, · · ti ¡· ¡·-} .. ~ " .. 1 1::. 111 h.' Orlll O Ct.¡U;J\Íon n.J Wh~o'fl' lJ :.111J 
L .:Jft' random V:Jri.:Jbic~ Jcp~·ndlll!! un \' hut not !:l. 

~~~:J..!! ~1_.!! 2.'\ormal Di~t ribulion 

~~~ ~n r:x;Hnplc or usíng cqu;,¡tion ~L~ tlh.' conl'idenL't' intl'rv<Jh, un thc lllt'<in 11 f a nor· 

mal diStnhu.lion will .be deknnin~J. \\\· haw shown that th~ quantily V= 1 X- ·,liS. 

ha:. .1. 1 d1:.~nbut1~;n Wt.th n- 1 dt'grce!> uf frl'cJom whcrr.· n ¡) thl' uumhL'f of ob)l..'fV~tio 1~~ 
u~cJ tu r:stunate X. Usmg cquat1on 8.2 we havc 

probtv 1 ,t.X -1.;)/Sx < ,.
1 

) = 1- u 
IH.3J 

lf ít i:. r.k:.ireJ th<Jt thr.· ~.:unlidcnct: inkrval be symmclrú:al in prohahility, ,. and v 
~·an br: d10scn !>O that thc probability _ thar <J ranJom t is less than v 

1 
t'lJUals thc ¡;robahil­

ny that a rand~m t c.\t:t:cds v2 . Sin~.:c thr.• 100( 1- u) pcrccntconfidc1Kc intcrval is bl.'ill!! 
~ou~ht. hoth ul lhL·sr: prohabilitics must he tJ~. Thr: prohahility that thr.· ~·onfidt:n~·r.· in­
krvah ~o twt .._·ont:Jin ó ha~ hr..'l·n Jividt:d t'qually hl'lwL'C.Il tite uppcr and iowcr huunl.b. 

lu _thr.· lollowinv_thc notat1un 1 1 _~, úJrrr.·~punJ~ to thl.' \·aiut' of t sr.u.:h that thr.· probahility 
ot <.~ r,¡nJu¡n 1 wtth n dq!rr.·cs ol lrl'r.·Jom hcmg k:.s lh<in t).n 1 ~ 1 bl'~ li!!un.: X.ll. 

h¡uat1un K.J b l'QUi\·aJcnt to 

proh(t,.¡l,n-1 <(X·p}/Sx_..: 11-u/l,n·l)= 1-u 

Sui..:l· lht· 1 J¡-,¡rihution i:. :.ymml'trkal t = -t . TJ1crcl·.,, .. • U/l,n-1 1·<1/l.n-J '" 

plllhl·t 1 ."'f2,n.¡ · tX-~.>/S¡ < t 1 .ufl,n·IJ= 1-o 

1 -O. 

AREA • 0/2 AREA • 0/2 

i Q/2 
o 

ht!. s.· ·~u:.tr:~lton uf conlidr:nü· intavals using !he 1 di,trihution. 

1 1\l'()!lli_~L'_I_I S l_cl :-<e:'<,_,;________________________________ 163 

JlluhtX. ·1 •. ,.¡2,11·1 s_'J( 

lln:-. I:Jttn ~.·,pL¡¡tlon 1::. in tlll' f~.mn uf L"l\llation ~:L 1 ::.o thc r.:onfu.krH.:c limits are 

1::. X ·1 1 _., 1 ~.n-l s,¿ 

StnL·l· X and Sx ah' hoth r.tnd,tt\1 variable~. L anJ U an· wndmn variables as wdl 
with t''>IJtJlak..., J ;md u ¡.!ÍVt'll h) l'IJilalion X.4. 

Lx:nnpk X.l. ·¡¡h ... amph: lltl·:Jn and v¡¡;i:nltur lhr.· Kl·;~l~~:k-~:- Kivcr Jat;~~ntaincd in 
tahk· 2.1 h:t\t· hl'L·n ~.::liL'III<!h:d "·" .\ = (17.500 o.md S" = 21,000. V..1Jat are the 95% con­
Jidl'lll:\' lunth on lltl' lllt'au a~:-.U!HIIl)! thv ~:unph: i~ from a nonnal population'! 

From tahlr.· 1 . .5 

l¡ ... ¡~.n-1 =tu.~75,t.s= 2.00. 

~; 

" ··.' 

l=x ·\ 1 . .., 1
2.,. 1 ~x =h7,.'\0U-~.0Ut::!.5MS)=-h::!.33_0 

u= x -t-1 1 ." 12 .... 1 ~x =67.SUO+ 2.00l2.5H5),= 72,670 

Thu~ wc L':lll ~;,¡y that wc are 95'/r ..:mllider~t that thc intcrvaJ 62,330 to 72,6 70 contains 
thc tn1r.· popubtion lllr.'a!L 

(\Jmllll'llt· 11' a 1)0'3 conflr.kncc int~·-rval is cakulatcd, il is found to heó3,183 to 71,817, 
Thm tht· '10'_.; cunlidcnt:c inlr.'rval is shortcr th<~n thc 95% confidence interval but OUJ 
dl•grl'l' ,,f cnnfu.Jcnt:c thal thr.· intcrval t:ontains IJx has decreased from 95% to 90%, 

lf a :-.r.·cund indl'pCIHil·nt sampk of peak nows on thc Kcntucky River near Só:llviso 
v.~.·rr.· :J'<:Illahk. 1111~ ~ampk would haw a dilh•rr.·nt llll..'an and variant:t'. Thus the 951);. con 
fidl'lill' nltl·rvab would br.· diiTI.'rl·nt a~ wdl. lf many samplr.·s w~rc av<~ilabh." <~nd thc 95 1~ 

l·onlidl·llú' linut:-. Wl'fL' cakul:tted for l'at:h. lJS'i of !he Clullidclu.:c limits would contai' 
tltt· lrttl' populatiun·¡nean whik s·,; woutJ nol if thc data were actuCtlly from a norma 
di ... trihulion. 

Tlt~· 100( 1- od':i confidl·nc~· inlnvat un thL' mean ~.:an he madi." as small as desire1 
by illt'Jl·;l~in~ tlw ~Huplr.· ~it.t·. Thi:'> is hl't:ausc Sx: Jr.·t·rcases as the sample size is increased 
An inl'f..:.:'>t' m thl' rdiahilily of thr.· :.amph: llll':tn comes al thc expense of an increase il 
thr.· '>:tlllj-i'k ~it.~o:. llnt'ortun:ltdy in many hy<lrolo¡;ic problems the sample size is fixed 
htr :1 nunn:~l distrihution. l't¡uatiom X.4 pruvidcs a means for detcm1ining the sampl 
... 1/.l' rl·quiJl·d in urr.h:r tu t'~lilllall' 11,_ wilhin a.given rcliahility. 

lf tht• population variancc llf thc nonnal distrihution is known. then the pivot~ 

-' 
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quantity in l'QUation 8.3 ·bccom('s (X -u)/ox which has a standard nonnal distrihution. 
Thc confidence limits then become 

(8.5) 

where Z 1.atJ is the value of Z from the standard nom1al distribution such that thc arca 
lo thr righl of Z is a/2. 

Equations 8.4 and 8.5 are based on the assumption that thc underlying population 
of thc random variable X has a norrnaldistribution. Only through the Central Limit Theo­
rcm can these rclations be applicd to non-nonnal distributions. Confidencc limits calcu­
latcd by these relationships for. the means of random samples from non-normal popu­
lations are only approx.imate with the approximation improving as the sample size in­
creases. lf these approximations are not satisfactory, other methods are available 
(Ostle 1963, Mood ct al. 1974). 

Variance of a Normal Distribution 

Thc quantity (n- J )S
2

/cr2 has a chi-square distribution with n- 1 degn:es of frce­
dom. Lctting this quantity equa1 V in equation 8.2 rcsults in 

Chooscv1 cqualto"tct:Z,n-l andv1 .asx2
1-a¡:r,n-t· Then 

proh( X
2 

a /2 ,n . .1 < (n - 1 )Sx 2 /0x 2 < t 1 .cz /l,n ·1) = 1 - a 

or 

prob ((n.:I)Sx
2 

fX
1

J.a¡:r,n-t < Ox
2 < (n ·l)Sx2 fX2 a¡:r,n-1) = 1.· Cl 

which is in the form of equation 8.1. Thus the confidence limits on cr2 are 

l=(n·l)s~2 /J<' 1 .a/2,n·J 
(8.6) 

Ag<~in equations 8.6 are s~rictly vaJid only if X is from a nonnal distribution and approx­
imate for X from a non-normal distribution with the approximation improving as the 
sampll· siu incrcascs. 

Thc chi-squarr distribution is not symmetrical so that sx 2 - 1 is not equal to u- sx1 • 

As llH." sample. size and thus the degrees of freedom on the chi-square distribution in­
\.:rl';.!Sl"S. the dislribution approaches a symmetricaJ distribution so that the upper and 
lnwL'r. t:onfi~ll·ncc limits are nearly the same distance from sx 2 . This is illustrated in 
li!!Ufl' R.~. 

1:".\.¡unplt• 8.~. IA:r~nninc thc 9()'fr confidence limits on the varianCe for the situation 
tk~·rihl·tl in l'Xmnpl~ 8.1. 

Solulion: 

' 1 llli_'.Q!:.IJISIS }TJ.:I:~Sli_"IJ_r:N~'G!_ ________________ -:- 165 

l -l =47.4 X ofl,n-1 -xo.n5.65 

2 -2 =848 X 1 •4 ¡ 2 .n. 1 -xo.Y5,65 · 

1-c l)s2Jx2. =1>5t21000l 2/84.8=3·38.0xl06 
- 0· X I·G/2.n·l ' 

-e lls2¡"x2 =65t'I000¡2J47.4=604.7xiO• u-n- ·x afl,n·l - • 

The 90'/t confidence intcrvals on thc sta~dard dl'viation are found by tak.ing the square 
roots of rhc abovc l.imits lo be 18.400 to _4,590 cfs. 

e rcccdin' two ex~mplcs thc confidcnCe limits on the mean an~ vari~ C'o~m~n~: n~"r~':, ~istributi~n were calculated. lf the joint confiden~e Jimits on X and 
aSn~e o d . d they cannot be computed separately as was done m these examples.. 

X are CSITC , , • • fid · t aJs 
Mood et al. ( 1974) discus.s thc cstimallon or JOIIlt con ' en ce m erv . 

Onc-~i~~~~T:n~r~:~c:ri~~~:~~~ one is only inlcresled in an interval esti";;~e on ~::;'-t~~ 
of a Par.:amcter. For inst:mcc it m ay be desired to find only a lower con 1 ence 1 ' • 

this situD.tion equation 8.1 becomes . 

prob(l<9) = 1 ·a (8.7) 

findin' L would be followed as. was used in the tWo-sided case Th~ same procedurch· for b b"lgl . w"•ll be in one tail For instancc the one-sided lower ·pt now all of t e pro a 1 1 Y t:t • • b 
~i:i~.:t.on thc mean of a normal distrib~tion with an unknown vanance would e 

I=X-t 1 .a,n·l s¡ (8.8) 

Would hold for any one-sidcd, lower or upper eonfidence The analogous results 
limit. 

Parameters of Probability D~st~but~ons r 1 pies the maximum .likelihood esti-
F a wide class of dJstnbutJons 10r urge sam . . . • d 

1 orf thc parameters of thc distribution are asymptotically nonnally dJstnbute 
m a ors or 1 .1._ ( )] '¡·• 
with the true parameter value as the mean and a variance of {n El 

38 
In Px x,e · 

o 1 2 z 
Xa/2 . xl-a/2 

ll lustration of cOnfidcncc liniits o·n a chi-sQuare distribution. l'i~. 8.2. 
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U~ing thb infurmation it is po!>sible to I.;'OJlslnl!.:t cunfidcn~o:c intt:rvals omd joint conti­
.. knce intervaJs for thC' panunetcrs of the::.c distributions. The book by Mood d al. 
(1974) should be consulted for lhe procedun:s to be used. 

HYPOTHESIS TESTING. 
Many times the acceptahility of st<:~tisth:al modds can be jud!!cd without at.:tuall}' 
making any statistical tests. This would be Lhc casi." whcn ob::.t•rvcd data is pre­
Ji¡;:ted very dosel y by the modd or when obscrwd Jata dcvi<Jtt·s vay ~rt·al!y from 

lht' model. On thc:- other hand a common o,,:curren ... ·e is for thc observed dala lO dt·viate 
some from thc modcl but not enough for onc to state thal the modl'i is obviousl)' in· 
adequatc. In this !alter situation ont· must deh:nninc wl11.:~hcr tilt' lte\Ütioll!> n.:pn·scnt 
trut: ina~..h:quacics in tlu: modd or wiH.:'Ihcr thc dcviations are chancc variatium from thc 
trut: modd. 

Thc- ~enc-ral procl'dun: to be followed in making statbtical tests is 

l. Fonnulatt: tlw hypothcsis lo bc tcstcd. 
:!. FomlUlatc cm alternativc hypothcsis. 
3. Dctcmlinc a h:st statistic. 
4. Dctcnninc the distribution of t~ll! t~..·st statistic.:. 
5. Define the rcjcction rcgion or critica! rcgion of thc tl'st st<.~tistic. 
6. Collcct thc d.ata needed lo calcula te the test statistic. 
7. Dl'tcffilinc if the calculatt:d value of the test statistic falls in the rcjcction rcgion 

of thc distribution of thc test statistic. 

For manr statistir.:a/ tests, stcps :!-4 havc becn compkted and m ay be found in a widc 
variety of ~tatistic.:s books. For m<tny of thc tcsts that a hydrologist might like to makc, 
ad .. ·t¡uall.' test ~I<Histic~ and thcir distributions ha ve not bt:r:n t.ktcnnincd. 

h ~ not possihlc to dcvclop tests that are absolutcly condusivc. All of thc tC'sts 
havc a po~siblitr uf two kinds of error - rcjcctinf, a truc hypothcsis or o.~cccpting a falsc 
hypotlw~b. lhc~ .. · crron. 01rc c<~lkd Typt: 1 and Typc 11 "'TTOr.i, rcsp .. ·ctivl'ly. T<.~blc H.l 
J .. ·picb thc two typc~ of cr~ors. Thc probability of :J Typc 1 error is dl.'notcd by tt and 
thl' prob<.~hility of a 'f)'PI..' 11 error by S. Thl' signifi~:~nce lcvcl is ddincd <.~s IOOu (in 
p.:rü·n(). In ll'sting hypothcscs, thc probability of a Typc 1 .:rror can b .. • sp .. ·dr.cd; how­
"'""'r, th"' prohability of ;,¡ Type JI l'rror is nut known unlcss thc truc parametcr valut's 
h .. ·in~ '"'stt't.l cm.· known. In gc:ncrdl as lht: value of n dencascs, thc magniHidl' of B in­
._·r"';J"'l'). 

A:. an l.'),alllJlk, <.~ssulllt: wc sch:ct <.~n obst:rvation x0 at r<.~ntlom from a nomt<.~l 

~tistnhulion with v<.~rian .. ·c o 0
1 ami h)'poriu:si:t.l' th<.~t llw distrihution· ha~ a _mt:an IJu· 

Tlll' ll·~t !<.latJsti.: .:ou)d hl' Xu itsdf whkh has 01 nonnal dbtrihutitln with unknown 
l\ll'J/1 anJ \"Jrian._·._· u0

1 . Ir lht: h)'poth .. ·sb b lmt.' (soml.'thing that is not knuwn or th\.' 

~h:ú'jll hypolhl·si"' 
ll'lú'l hypl)ll\l'SÍ:O. 

Tahh.· X.l. l·.rron. iH hypolhl·sis {l')>ling. 

t rul.' situation 

-1~~:l"'! h~.:iú'"~: -:::-r-::~xr;¡-¡;:;:,.¡;:¡·~¡;c =----=-= 
Nu .. ·rror ' 1 Typ .. · 11 \.'rror 

' 
. _j . ~--_._N~?-~~~~- .. 

'¡ 
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t .. ·st wou/J nol h .. · maJ..:), th._· Jistribution t)f thc tc:-ot st<.~tistk wou1d be a nonnal distri­
bution with m .. ·an ¡1u and varianc"· 00J anJ would appcar as in Figure 8.3. lf it is dccided 
to al:..:cpt th._· hypothcsis if x

0 
is within 2 standard dcviations of IJo and rcject the hy­

pothl'Sis otlh:rwi~t:. th~: critica! rcgion or rcjection rt:gion would be the shaded area in 
Figure 8.3. From the propatil.'s uf thc nonn<.~l distribution, it is known that 95.44 per­
n:nt uf tlll' arca of thc normal curve is wi~jn ~ standard tlt:viations of the mean so the 
L·ritka/ r..:1,.!ion oc..: u pi~..·~ 4.Sh paú:nt of th,arca. lt is also apparcnt that thcre is a 4.56 
p..:n:enl dtmh.:\' that x0 will hl' In tiH· aitiL·al rl'gjon and the hypothesis rejectcd even 
tlluu!!h it b tnt\.'. Thm hy d~..·finition 1,.( = 0.0456 or thcrc is a 4.56'Yr chancc of making a 
Type 1 error duL' to r;,¡ndom \'ariation in thc x0 sekctcd. lt is more common to spccify 
u. atH.I l'nllll this infonuation J..-tt:ntlim· th .. · t:ritic:<.~l region. For example if one wanted 
,t to h .. · 0.10 th .. ·n tiH· .. ·ritk¡¡l fl'!!iun woult.! bl'!(). 0 - ~ 0 )/a 0 J>1.645 which is thevalue 
ot' the ~tamlmd normal tli3trilniliun su eh th<.~t tht: <.~re<.~ outsidc the limits- 1.645 to 1:645 
is 0.10. 

In ordcr to t:valuate e. th"' truc par<.~ml!tcr valu!.!s must bt: known. Again consider 
:-.d._·,,:ti 11 g a :-.in~k valla• x0 frmu a normal population with variancc o 0

2 and an unkf:lown 
m..:an. Ld tht· hypothcsis b .. · that IJ = 1-1o a1uJ thc altemativc be 1J fiJo. lf IJ actually 
l·quab 111 • th .. ·n thc situatinn Jcpktt·d in figure 8.4 would t:xist and there is a IDOS per­
..: .. ·nt chan..:..: thal "'o will 1';.11! in th..: a..:~cptan¡;c r..:gion of N( IJo .q,2 ) and thus a Type 11 
error ¡;01nmitt"·d. From ligur .. · HA it can be sc..:n that <.~s a is increased. B will dccrease. 
lt l·an abo lw SCl'll that thc m·arl.'r IJI is lo IJo• th .. · gr~atcr will be e. This is because it 

;! 

..------\---,- C R1T 1CAL 
REGIO N 

?-o f'-o + 2 CTo 

Fig. ~.3. lriti..:al Region. 

f'-o L p., . 
f'-o + 1.645CT0 •X u 

Fig. 8.4. Jllustration of u and a . 
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is in.:r~asingly difficult 10 tdl the diffcrcnce. betwe\:n thl' two Jbtributions. Jt is not 
pO!!.SÍbJe lO Jet~rmine the magnitude Of $ since it is a function of tht: llllkllOWil popuJa­
tion mean ~ 1 • Example 8.3 shows how B can be evaluated if 1-1 1 is known. O( course. 
¡.¡ 1 would nol be known or~lsc one would not hypothesize IJ:; lJo· 

Exampll!' 8.3. Assume a single obSt:rv~Hion b sl'lccted from a nonnal distribution with 
ml'an 1-1 1 = 7 and variance o 0

1 = 9._1t is hypothcsized that 1-1.= \Jo= 5. lf thc kst is con­
dw.:IL'd al the 10 pcrcent signilicance leve!, wh<~t is B'.' 

Solution: 

Refertnce should he made to tigurt' H. S. 

:..~ = 0.10 
-..~./::! = 0.05 whkh 1.:orrnpontis to z 1 ... 12 = 1.6-l 5 from th.: st;.md:ml normal d istri-

bution 

<Xu - iJo l/o 0 = Zu whcn: Xu b thc bounLiary of lhl! uppl!r criti~al-n:tüon 
lxu · 51/J = l.ó45 
x. = 9.935 
Au = thc arca uf <t nomHJI distrihulion wilh rncom of 7 anJ variance of 9 lO lhe 

lcft of 9.935. 
Tht" standardized varia te corrcsponding to xu = 9.935 is 

'· = ¡9.935. ?t/3 = 0.978 

Thc arca to tht" ll'ft of zu = 0.978 from a standard nonnal distrihution is 0.8365. 
Similar) y if X 1 is lhc boundary of lhe lnwl.'r ~.:riti~.:al rcgion •. wc haw (X 1 • 51/3 = 

·l.h45 ur x 1 = 0.0645. A 1 ~~ the area of il nonnal distrihutiun wilh 1.nc:an 7 and vuriancc 
Y tu th.: l.:ft Of 0.0645. z_ 1 = (0.0645- 7 )/3 or z 1 = -2.31. A 1 = 0.0104. Now B = Au- A

1 
or i: = O.H36S · 0.0104 = 0.8261. Thus the probabilily Of acccpting tlll' hypothesis that 
1..1 = 5 whcn in fact 1-1 = 7 i5. 0.8~61 whL'n 0: is 0.10. Thc probability of ;,¡ typl! lll!rrur is 
U.M~ld. 

N(5,9) 

¡:,~·. X.5. lllu .. tr:.ttiun for l'X;.unpll' ts3. 

.!!=005 2 . 

X 

i 

1 

1 
¡ 
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lf ¡;ah:ulations su~h a~ contailll'\1 in cxampk 8.3 are carric:d out for various valut:s 
of ~ 1 ·1 , a curve rclating B to ~ 1 ..:an b.: ..:onstructL'd. Such a curve is shown in figure 8.6. 
Fig.un..· K6 shows the B curvL' for u = O.O,¡Und Cl =O. 1 O. Curves such as shown in figure 
8.6 art:' oftcn called operating charac:teristlc (OC) curves. 

Figure 8.6 vc:rifies the earlier statements that B increases as o. dt:creases and B 
incfl•ases as the truc mean. ~ 1 • approaches the hypothesized mean, ¡;0 • In fact as U 1 gets 
clase to p 0 • trie probability ofa'-'ú·pting u= IJo when ~ = IJs is true gt"ls very large. This 
may not be a serious pro bit: m in practi..:c sincc we may not care for instance whl!ther lJ is 
5or5.5. 

Thl' quantity 1- p ¡., calk•d th.: púWL'f o fa tl."st. hkally we wouiJ likl' thl' pOWL'r 10 

he I<Jf);!.l' for all valut.•s of IJ 1 . In f;sct in h:sting a hn>othcsis, w.: would like u lo b.: small 
and thl' pm\'l'r lo bt.' largl.'. Figun: ~. 7 show!'l that powa of a test is a fun..:tion of u and 
lrlll' p;JralllL'lL'r valm·s. ThL· pown of a ll'Sl i~ also a fum:tion of the test itsclf. For in­
~tan~l' wc .._·oul\1 haw dsoSL'Il ;¡., our test statistk Xu + 3 ami thcn n•jectcd tht" hypoth­
csi~ if _-.,: 11 + J fdl in thc critil";ll fl');!.ion. Figurc H.7 compares thc power of this t.:st with 
tlh· h'st th;.¡t fl'jc~..·tcd thl' hypolhl'SÍ!l. if x., fcH in tht• critica! rcgion. . 

Fip.Hrl' B. 7 shows tlwt for ú'rtain \';J(Ul'S of lJ 1 • th.: X0 + 3 test is morl' powcrful 
than lhl· X 0 t.:st. Jdcally Wl' WtHild likc to u~ thc kst that wus th.: most powcrful ovcr 
thc l'lllifl' rangl! uf thl! unknown paralllL'II!r. Súch a test is known as a unifonnly most 
powcrful test. Unfortunatdy unifonnly most powcrful tests do not exist in many 
situations. ·1 

Sdcl'ling which IL'SI lo uSl' L'omc:s down lo the purposes of tht" test and thl• con­
sr:quc:nces ofmaking an t:rror. In uur r:xample, if ar.::r.::epting thc hypothc:sis 1;1 = 5 whcn in 
f~ll'·l p>) is a vr:ry Sl'fÍOUS l'fTOf Wlll'fl'3S a..:¡;r:plin!! it jf 1--J'-5 is of(ittk l"OilSl'<)liCill.:l'. Wl' 
mi);!.lil prckr th.: X 0 + 3 tl'SI sii1!..'l' it Í:, morr: powr:rful in tht: r.:gion ~1>S. lf thc consr:­
lJlil'll!..'t.' of an l'rror dCJll'lllkd only on lhl' nwgnitudL' of th.: aror. lhl· Xu ll'Sl might 
bl' prl'l.l'Trl'll. 

From thl· ahow disL'Us.,ion, it should b.: apparL"Ilt that thc sdL•..:tion of <-.~ and thl· 

'o • 

"' 
Prnhability of a Typl·)l.:rror ;.¡s a fun..:tion uf lhl· .. lruL' m;,:al.l.:¡¡:·ró-r thl· ~itua· 
tion dcscribcd in r:xamt~le X.3. · · 
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typc of test 10 b1.• U~l."d dC"Pl'l\fJS on thl.' prohkm <JI han~ Mnod l'l al. !1 11741 di:-. .. :u"'"' 
the~e c.:Oill..'C'pls in mort• thcon:tiL'al h:nns. Tlw l.:wl nf ~i!!nifi~o·alh:~o·. ,, . ¡, thu:.dly ... ·ho"'~·n 
to he: 0.10. 0.05 or 0.01. In tl~t:ory .-, sl10uld h~.· ha~~.·d c.•ntb~.· proh.k·•H<~lli;.,~nJ.In pr~H..'· 
tice o is gcncrOtlly ;uhitrarily sd'-'t.:h.'J. 

Many IC'Sb of hypoth ... ·sis art· of thc I)'Jll' u= •.: 1 Vl.'rsus tiH: ;.lltanati'r'l' 11 =f t1 1. 

Acccpting such a hypothc.:sis as true ~,to~.·s not nh:an tll<~t lllll' ~tri~.·tly fú•ls th;¡t l; = n, hui 
rathcr that e is nol signifil.:antly diff~.·rl'nt from t•,. For l'.'\:JIIlpll.'. if \W l':Jkulall• lhl' 

m~o:an of a ramlum sampk and thl'n <JC.:..:l'PI tht• hyplllhl'Si!> olitat tlh' tnll' llh.'an i:- 5. w1.· 
may nut b,;lit:vc that thl." lfUl' m~:.tn is 1.':\actly 5 hui rathL·r Uh· tnll' llh':ul i~ not si)!nili­
c:~ntl}' difl~n:nt from 5. Whal L'Uil!<>litull':> a si)!nifil':.~nl ,hlú•J\'Ilú' h••!'> hl'l'll ddin,•d h) 
the typc of test U!!.l!d and lht.· k\ll'i ofsit.:nifil·:ml'l'. Funh,·rmurl· a :-.t:JiistiL':dl} ~i)!niliL':ull 

diffcrl."n~l." :.md ¡,¡ physkally :-.i!!niliL'ant Jiffl'rcnú' :.trL' not tiiL' :-.:lllll'. For n;unpk it' 
6 = 4.0 is an c-stilll<Jil' for G and a k!!.l of hypoth,•sis :-.hows ;"; b lltll :-.it.:niti~.·:mtly d•t'­
fcrcnt frum t.nu, it dnl-·~ not IHL'an IJ =O slmui,J hl· U!<>l'd in ... om~.· php.il·;d :u1:dysi:-. if thi~ 
physical ;Jnaly!!.i~ 1!!. SL'IlSitivl." to diffL'h.'llú'S in ll of thi~ onkr of llla!!nitlldl·. A phy:-.il.'all) 
significan! diffcn:nl.'t: d~.·pt."nJs on lltL' prohlcm hl'illt! ~tudit.·d. 

The following b a tli!~L'U!!.sion of !!.L'V..:ral ,,:ommon l1.':..ts of hyp,Hh,·:-.~.·:... Th~.· hyputh­
esis to be tcstcd b dL"notcd by H0 antl thc allL'rnati\o'L' hypothL'si:-. hy JI~. For th,· t~.·sh 

that follow to be corrc..:-1 statistkal tests. tht" a!lsumption!a anvoh·~.·d in lkvdopin)! th~· 

test stcnistic must not be \liolateJ. In practii.:L' at le<.tSI som~.· or thL' a:-.SLI111JllilU1S ar~· 

gcn~rally violatr:d with thL' rcsult that the tcst!Jo an· only appro\illlalt.' ll'Sb.. Tllis ap­
proximcHion is manifcst in thc fa~.:t that thc a..:tual J,·h·! llfsignili,·:llll.'l' willnotlw ~.·qual 
to IOOu (..l. 

In thls case H0 is a simpk hypothcsis anJ H~ is a ~impll· altanatÍ\"l' h} pnthL'!Ii:o.. 

¡ 
i 

1 

.#t' 
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has a staml;Jrd nonnal distribution. lf 1J 1 > 1-1 2 thcn H0 is rcjected if 

~ :':. Pt •l.¡.a Ox//'ñ (8.9) 

Ir 1, 1 '''.! thl'n H., is r~.·jc-~.:ted ir 

In tia· prL't:L'ding L'>..prl'ssions. z1.a reprcscnts the poi,nt on the standard normal distribu· 
tion su.:h that proht Z ~ z 1.a) = a. . 

ThL' IL'SI statistk for this situatio1-1 i:-. 

ThL·n 11., is rcj~.·~.:tcd if 

X (R.i!) 

and 

(8.1 ~) 

This hypothl'sis is a simpk hypothcsis with a compound altcmativc hypothcsis. 
A¡:ain thc h.'st ~tatistic is 

1 Z 1 = 1/ñ ( ¡¡ · W o)/ O X 1 > Z' -o¡¡ (X.IJ): 

!iu._:_~_:='_il.o.~ !!.u.:_J.!J~, nonnal Jistri!?_~ttion. unknown variancc 

G~.•nl'fally a population varian¡;c is not known and must be cstim;.¡tct.J. In that ¡;ase 

Hu is tcst~.·d· by using 

H., is rl'jl'Cll'd if 

1•1 = llñ Cx ·w.l/sx 1 > ''-""·"·' (X.14J 
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This h:st L\Jillll>l hl· ~ppliól tu l'h'ry ~l·t uf daw. Tlll' ~~sumption h~s hl'l'll maJt' 
that lh~ obsl.:'rvation!l <Hl' from a nonnal Ji~tribution. 

Examplt' H.4. Appcndi>. B li~ts lhl' annu:.tl runuff for Ca•Jt' Crl'l'k lll'ar Forl Sprin!!. 
Kl:'nludy. for lhc p~.·riod Jl)SJ lo 1970. Tt'~l thL' hypl)IIH·sis thatlhl.' ml.:'an :.umual run­
off i!. 1 6.5 in¡;hl.:'!l. 

Solutum: Thl· ll'~tin!! pro\,.·~,.·durl'!l w~..· havl· ;¡vaibhl~.: lo ~~~ all ;Jrl· h:..s~..·i.l nn thc a ... sump­
liOn of nonHalit}. Ir' Wl' a~!lllllll' tlil' annual n111off..., normaliy ~.l!~trihutc:d. w~..· ~.·an usl' 
equ~tiun K.l4 10 h:!lt 11.,: lb.) va~u=-11~: ll" lh.). 

Fur thi!l data X is 14.65 uH:Ill'' :.~nd S\. is 4.7) uh:hl·:.. "Iba~.· arl· IX oh~~.·n·ations. 
·n,~..·ti.:'SI.!Itati!ltit: is 

1 = rn t X • ¡..0 1/sx = /Y8 1 14.65 - 1 h51/4. 75 = - l.h5 

Usin!! a lev.:J of !~Íl!-nili.:an.:e of".::.. 0.05 Wl' find 11 ... 12 ,,. 1 = lu.>~H.I 1 
JtJ = l.h5 < ~.11, Wl' a\.·..;¡_· pi lih: hypothl·sis that th\.· Jlll'all is 1 h.5. 

= ' 11. Sin.:l.' 

Commcnt: Sume stali!~ti ... ·ian!l Jo 1101 likc lo "aú'l·pt" 11.,. 'fl¡l·ir rl·asnninl! is w~..· ha'll' 
not provcn JI..,. only founll stron!! l'\"idl·n.:c: to supporl it. As a r~..·~ull uf a statisti~..·al kst. 
thdr l..'l>!ldu~ions woullllh' l'ilht·r rl'jn·tlt., or fail hl r~·jl'l'llt,,. In this büok wl,.-wilf ~..·on­
!>Ítkr failin~ ro rcjl't:l 11, l't¡UÍ\'al~..·nt to a~..·.:t·ptinl! 11.,. lt ~houlll lll· kqll in mind huw~..·v~..·r 
that wc haw not pruwn H.,. 

For instam:e. in this t:xampk'. Wt' ha\'l' t'akulah·li lht• sampk nwan lo lll· 1-l.h:'i anll 
al'("l'ptl'd lh\! hypothcsis that thl' pllpulatiun m~·an •~ II1.S. Thi~ illu:-.trat~..·~ two poinls. 
First, !he data and tlh.' test ohviously do not pruw that 1-1 = !h.). sl'l'Oilll. what Wl' fl.':..tlly 
havc ac~.:~..·ph:'d is not that thc m.:an is 16.5 t'ltltthat whl'll samplin~ from thi~ J.istrihution 
using a sampll.' of sizc 18, thc dilkr.:nl't: lil'twc~..·n thL' !I:Jilli'IL• lllt"an uf 14.h.5 and tlu .. · hy· 
pothcsiud mtan of 16.5 can rl:'asonably be as~.:rihl'd to chancc \"ariations dut· lo thL' ran· 
dom samplc. Our t:onclusion is th;~t bascd on this sampll.'. Wl.' ~annot say lhat tht· popu­
Jation mt'an is not 16.5 or bas~d on this sampk thl' popU!ation ml'an is 11tll si}!.nilic.mtly 
diffcr.:nt from 16.5. 

Test for Oiffcr..:nc.:s in Mcans ofTwo Nonnal Distrihutions 
lf thc variotnc~s of thc two nonnal distributions arl.' known. th~..·n tht• lf.,: p 1 - 11 2 

ó v~rsus H.: iJ 1 • IJ 1 "1 ó c.an he.: testt•d by cakul:.~ting lhl.' test statistil' 

In this case, Z ha!> a standard nonnal distribution so thL' fL'jl'L'tiun n:l!inn is 11.1 >1. 1 .,112 . 

lf th.: variance of thC' two n0nnal distributions art' l'quill hut unknown. th1..' 11.,: 
1..1 1 • 1..1 1 = 6 versus H.: IJ 1 - 1.1 2 f 6 b tc:sted by cakuliltÍnl( thl· ~tatistk 

lX.Ih) 

which has a 1 distribulion with n 1 + n 2 -:! llcgn:cs of frel:'dom. Thus 1-i., is rcjl.'t:tell if 

ltl>ll-4/'l,a¡+a]·l· 
Again note that thl.'se two tests are bast•d on SJmpll' nonnality. For lar~~.· sampl~..·!l. 

the Central ümit Titeorem moty .:nablc us to us~.·tht:sl..' tt·sts as appro.ximalt' h•:als ftlr non· 
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llllnO:JJ S:Jillpii..'S. 
Gibra (1973), Ostlc (1963) .111J uthcrs dis'-=USS lc:-ting th~ H 11 : u 1 -~ 2 =S versus 

H4 : p 1 - 11l f ó whl'n samplin!! frum two nonn.al populations with unknown and un­
l'qu:.~l vari;.um.:s. Ostlc rl'comml..'nds tlll' fulluwing approX:im:.~te pruc~llur~. Compute the 
test statistic 

18.17) 

Thl:' hypoth~sis is n.·jec.:tt'd ir 

where 

1¡ = 1¡ .u ¡l,n ¡-1 

Test or H u 2 ~ q,2 V~..~~sus H_..:.._Q~~<?-~!_P~pula_ti_o__!! 
A tc:st of H.,: 0

2 = q} Vl'fSU!I H.: 0
2 f q_,2 whcn sampling from a normal distrihu­

tion with ~ampll• sizl.' n ¡,;an be madl.' by ~.:akulating thc ll.:'st stastic 

x/ = !:~~ (X¡-X)l/ool 

and thcn a'-=CI.:'pting H0 if 

2 < l<x' XaJl.n·l Xc ¡,a.¡l,n-1 (8.18) 

OtherwisL' H., is fcjl.!ctcd. ,, 
Test of H o 2 = ~,l Vasus H · o2 f o2 forTwo Nonnal Populations 
__ T_o_l~c:!lt=-thl.' lt~Poi-h,-.,-¡,--;h-a-1 ~i~~a'm"p':TI,,.::-v::a,:ri,:ac;n.::c::<::s "o~·r2t:'w':o::.::n.::o.::nn:::_ ul popul ations are 

equal, the s;.unplc tt·st st;,¡tistic is 

Fe = s; ¡s; 
wherc S~ is tt~c largl.'r sampl.: vari:Jnt:l'. F is distrihutcd as an F llistrihution with n 1 • 1 
and n2 • 1 llc:grccs of frcedom wh.:rc n 1 is th~ samplt> si7.e for thc samplt! h<~ving thc 
largcr variance and n 2 is the samplc sizc for the samplc with lhc smallcr variuncc:. H.., 
is rcjl.!ctcd if 

Tl'St fo[_J~quality__ uf Variances from Sl·v.:ral ~ormal.ill!.st ri~!!Q~ 
To t('st ~~~ Hn: Q-~ = a; = ... = a"! for J.; indepcm.ll'nt samplcs cach from a nom1<tl 
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population Wllh mean f.l, :111J varianl't' u:. it i~ tir:-1 tll."ü·~:-ary to .:;.¡kubtc tllt' k sampk 
v;man..:cs S~. Thc- quantit>· 0/h i~ appro>.imatdy tli::.trihutl'J ~ha .:hi·:..qu:.m.• Ji:-.tribution 
wilh k · 1 dcgrees of frccllom whcrc 

h = 1 + o::.,ll/!n,-111- 1/!1'-kJY.l<k-1 1 

and 

Q/h>x:.o. ..... 

In th~ test, Hll is that a? an: not all equal. This lllt'Jns that at kast onl" o¡2 is diffncnt 
from tht· other ol- l11c test is known a~ Harlktl's lt'SI for homog.,,•,witr of \'ari:Jtll"t'S. 
llomogeneity ofvariancl' is also known a:.. homoSL't't.LJsti.:ity. 

--~------ ----- -·--
Examplc: 8.5. For the pn:ct"ding t•xample.-h:st tht• hypoth~.·si:.. that tlll..' varian..:t' is Jn.OO. 

Solution: The assumption of nonnality b use-d. Tht• lt'SI is hJsl.'d on ~.-quation X.IM u:-.in!! 

" = 0.05 

= 17(4.75) 2 /30 = IO.ó5 

From a chi--squan: tablc 

x!fl,n·l =x~.OH,J1 =?.56 

l - l - 30 , X t-ofl,n-1 - Xo.OYH,I7- .... 

Since 10.65 i~ bc:twccn 7 .Sh and 30.2. 11 0 is ~h.:..:cpkd. 
--------------

TESTING TIIE GOODNESS OF FIT OF DATA TO l'llOBABILITY DISTIUBUTIONS 
Two way!t. of jud!tin~ whc:thc:r or not a parrh.:ular JistrihutilHl ad .. ·quatdy .. k~·riiW!'t 
a set of obst:rvatiom. havc: aln:ady bccn disL'liSSl'll. Bnth of tlh.'S\' nh:lhods r .. ·quir .. ·d 
a visual judgl.!mt:nt of !!Oodn~:~s of fit. On~.· llh:tlllkl was Lo ~..·ump;.Ht' th .. · ob~·rvl'd 

relativc: frequcncy curve with thc thcorcti..:al rl'l;Jtivl.' fn.·qucn~.:y ..:urvl.'. llh.' st·..:ond mt•th· 
od was to plot thr: data on appropriatc probability pJpcr and jud~t> asto wlwtl11.:r or twt 

the r!!Sulüng plot is a straight linc. Statistical tests ~.:orn:sponJing to llh·sc visuJI h:sh will 
bt discussed. In the following Jiscussion, thc hypotht'sis hcin!! h.'sh'd i~ th:Jt tlh' J:Jta art' 
from a specified probabiliry distribution. 

Chi~Sc..tuare Goodncs:> of Fit T l!st 
One of the most ~ommonJy used tests for goot.lnt:ss of fit of .. ·mpiril..'al t..l;.st:J tu ~p~.·~.·i-

r 11\:I'_I>J_W.SIS TI·SIIeiC; 

lil'd thl.'or~.·tical frl't¡LJt.:Ju:y distributions is tlw diÍ·squan.' h!sl. This testmakes :J compari­
son b..:t W1.'t'll tbt• :Jt:tual numbcr of obscrvations and the cxpectcd number of obscrva­
tions lt'XPl't:h:d at:t:ording to thc distribution under test) that fall in the class intervals. 
Thl.' t'.\pct:tl.'d numbcrs are calculated by multiplying the expected rclative frequency by 
the tot<.~l numbcr of observations. The test statistic is calculated from the rclationship 

wh~.·r~,.· k b th~.· numba of das!\ inr~.·rval~. 0 1 is lhl' ohsl.'rvcd andE¡ thc expected (accord~ 
inl! tn tht· Jistrihution hcin!!, ll:sli:J 1 numh..:r of obscrvations in thc jth dass inUr'olal. Thc 
di~trihution uf;.; b :J dli·squan: di!-.trihution with k-p~l dcgrccs of frccdorn whcre pis 
tlll' IHllllh~.-r- uf paraml'tl'f~ l'Slim••t~.·d from thc d:Jta. Thc hypothcsis th:Jt thc data are 
fmm th~.· sp~.·t:ili~.·d distrihution is rt·jcl.'lc'd if 

' ' •.. "' J. • ·u·*' ·ro· 1 
OS.'22J 

----i-~:J~~~-l¡~.-8~6:·-~ ;-~·;-x·;mplc-<;·r··~sing the chi-square test, considcr thc data of tablc :!.2 
and h'st thc hypotlu:sis that tht· dahl art· from a nonnal distribution. The observcd and 
~.·xp~,.•¡;kd numhl'rs in each 1.:lass intcrval an: obt<.~incd by multiplying thc rclativc fn:­
qul'nl..'y hy 66 which is thc numht."r of obsl'!'vations. Tablc 8.::! shows thc calculation x/·. 
Thl' dq!rl'Js of frt·l.'dorn is k-3 or 7 sint:c two paramctcrs (1Jx and ax 2 ) wcrc estimated 
for thl' nornwl distrihution. Comparing x/ of 10.31 with X~.<~o 7 = 1:!.02, it is con­
dLi!.kd that lih' normal distrihutinn •ukquatcly describes tht: data 'roro.= 0.10. H' x,-2 

had ~.·x¡;~,.•~,.·lkd \ ~ ... ,k·r·t, tht· hypothl'sis that thc- nonnal distriblttion dcscriht•s tht· data 
would lw rl'jl'l'h.'d. 

Comnwnt; U y t•xaminin~ t;tbh.: H.~ and cqu:Jtion 8.~ 1, it is app:Jrcnl that th~.· chi-squarc 
goodnl.'s~ or lit lt"Sl is quitt' Sl'llSiliYt= in thc.= tails of tht• assumed distribution. Bt't:ausc or 
this m"ny ~I:Jtistil'ians rl'commcnd that dasscs be comhined if tht· cxpcctcd numh.:r in a 
dass b J~.·ss than 3 (nr 5). lf lhe J crill•ria is used, the ftrst two classes ami the Jast two 
d<1ssc~ must h~.· wmhint•d. This makt:s thl' cakulation of x/ as shown in lahle M.3 and 

~-~~-~~!~·:· .. ~~-!'~~~-~,.·~-~ 3.5~~~~~-r.:_:_~~ ~a·t•dom are rcduced to_S. 

T<.~bk· H.2. Chi-squan .. · test on Kcntucky Rivcr data. 
-·-·--·· ···-·- ____ .. ---- -- ---

Cl"~s M"rk Ohs~.·rv~o.'d Exp.:~t..:d O-E ill-Jj_'_ 
Numhcr Numbl.'r E 

-·-~·--·- .. -·- ---~----···--- ---··--·· 

~; ,000 ~ 1.65 0.35 0.0742 
35.000 3 3.76 -0.76 0.1536 
45,000 10 7.07 2.93 1.2142 
55,000 9 10.419 -1.49 o.~ 1 16 
65,000 11 1~.41 -1.41 0.1602 
75,000 10 11.75 -1.75 0.2606 
85.000 1 ~ 8.44 3.56 1.5016 
95.000 ó 5.35 0.65 0.07M9 

105.000 () :!.57 ·2.57 ~.5700 

_1_(5,0~_9 } .932 ~0_1 ~,Q~Q'J 

. _T(Jt!J .. ----_J.)!)_:_ _ __1!4_,_4.8 __ -- _____ '!:L.S_2 _ _!0}058 
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Pc:r11aps a bl>'th:r way of ~.:ont.Ju..::ting th..: chi-::.quan.• goodnt·ss of lit tc~t is to d.dinc 
tht! class intervals so that undcr thc hypothl!sis bl'ing IL'stcd thc expe..::lt'd number of ob­
sert<Hions in c:ach class interval is thl' same. This mcans that thc: dass intc:rv.:~l:s will be of 
unc:qual width and that thc: interval widths will be a fun..::tion of tht• Jistribution hcing 
tc:sted. 

-------·- --·--· 
Example 8.7. A chi-square h!st for nomlality of Kcntu..:ky Hiwr Jata using 10 cl<.~ss in-
h:rvals cach ha.,·¡ng the samc cxpcct~J fr~.·qu..-m;y t'an ht· ..:ondu..::tl!d as follows. 

Tt·n cl~s intervals mcans that tlll· I.'XJx·~.·kJ n:l¡¡tÍVt' l'fl'qlll.'n~.:y or pruhahility 111 
¡;oad intt"rval is 0.1. Th..- ..:la~s hüunr..lari.:s c•n ht· Jdt'nnm~.·d hy u sin!!;¡ sta1Hbrd ntmnal 
tabh:. For instance th.: houndan..:~ of tlh.' 4'h ~.:la~!'> irHl·Í"•oa!.f.ln ;, sta!H.larJ normal Jbtri· 
bution ar't: z0 _1 = ·0.5:::! lo z0 .4 = ·0.:::!5. Tht' f.l~tual dass bou!Hlaril'S arl· 

Xo.J = sx Zo.J + i 

= ~ 1 ,OOOt-0.5~ 1,. o7 ,500 = So.580 

Tiiblt: B.4 ..:ontains tht' data for conducting thr.: dli~quarl' ll'SI hii~cJ on 10 dass intl·rvals 
having t:qual cxpected numbcrs of obsl'rvations (6b/1 O or h.h) in t'ach inll'rval. In thi~ 

..:ase x/ is 4.913 which is less than x~_90 7 of 1 ~-y~_- _!!:_~l):~~~~~s~~~.!-~:Jil~~~l:.!_'_'~~ 

The lr\oln1ogorov-Smirnov Tes! 
An iiltemative to the dli-~quarl' gooJnl's!l. of lit kst is thl' Kl)lmogonw-Smimov ll"SI. 

Tilis lt:st is conducted as follows: 

1) Lc:t Px(x) bt' thl' ..:omplc:ldy spl•cilicJ lhl·orl'ticalcuuullaiivl· llístrihution func· 
tion·undcr tht: null hypolht'sis. 

~) l.et Sn (X) be tht' Samph: l'UillUi:JIÍW dl'llSÍI)' fun .. ·tiOII h:JSl'li 011 11 ObSl'rV:JÜOilS. 
f'or any observed x. Sntx) = k/n wh..:rc k is th'-' numha of ohSl'f\'ations kss than 
or equal toA. 

Table 8.3. Chi-square test on 1\.t'ntucky RiVl'r data t 1noJifi\.'d l. 
----------·-- ------- .. - --

Observed Expl'l'led \9:U'. 
Cl~s Mark Number Numbc-r O-E 1' 

·-·-----.. --. 

~5.000 S 5.41 -0.41 0.0311 
35,000. 
45,000 10 7.07 ~.4J J.:t4: 
55,000 9 10.49 -1.4~ 0 . .:!116 
65,000 11 1 ~.41 -1.41 O.lhO~ 

75,000 10 11.75 -1.75 0.2b0h 
85,000 12 8.44 3.Só l. SOló 
95,000 b 5.35 O.oS 0.078'1 

105,000 
115,000 _1_ _}.Sb .:Q.~!' 9J1.~1i.! . 

Total 66 b4.48 +1.5~ 3_q¡,J 
---.~ -·- --· 

' 
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Tahk K.4. Chi·:~quarc tc!>l huscJ on cqual c-xpcdl'tl numhcrs pcr dass intcrval. 

C'lass 
Numb..:r 

Boundarics 
low..:r uppcr 

40.6:::!0 
49,860 
>h.SXO 
h2.::!50 
(> 7,500 
7~. 750 
78,4~0 

X5,140 
1l-I.JKU 

Tt)lals 

Obscrvcd 
Number 

6 
9 
7 
4 
(> 

8 
4 
9 
8 

~'-
6(> 

Expccted (0-E )2 

Numbcr E 

ó.ó 0.055 
ó.ó 0.873 
6.6 0.0~4 

h.6 1.0~4 

ó,ó 0.055 
0.6 0.300 
6.6 1.0~4 

6.6 0.873 
6.6 0.300 

....!!:..!! _Q.J88 
66.0 4.913 

··--------------------------.-

4) lf. for thl' choscn signilil·:mcc k·vd, thL' obsc-rvcd valul! of D is"·•gr.L"atc-r than or 
l'l)Ual tn thl' l'filil·ul tahulalt:d valul' of lhl' Kolmogorov·Smirnov statislic. thc hy~ 
pothL•sis is rcjt."ctc-d. Thl' Kolmogorov-Smimov lt.'st statistil' is l'Ontain~..•J in tabll" 
1:.9. • 

This ll"St .. ·:m hl· l·omhll'kd by l·akui:Jting th..: qu;.mtilics 1\h.) and 5 11 (11.1 al l'al'h 
ohSl'f\'l'd point llf hy plottíng lhc tl:lla :Js in ligurc 7.5 ami scil•ding thl' grl'alcst Lkvia· 
tion Oll lhl' probahility SCOJil' ur :1 puint from tht: t1ll'o"rctica!linl'. lfthl'i:Jikr approach 
is usl·J l";,m; must hL• t:1kl·n lo :o.L·k·..:t thc- largcst tkviation on thc prohability !>Cak· whkh 
is not ncccssaril~· lin..:ar. Thl' data should not be groupcd for this te-st. 

Nllll' that for thl' 1\.olmogorov-Smirnuv te-st. Px(X) is a f.:omplt:tdy spcdficd, f.:llllHI· 
l<~tiVl' prub:Ihilitr t.listrihution. That is no parallll'tcrs for the distribulion must be csti~ 
makd rrum uh.scrwd ti:Itu. Cnnch..:r t ICJ751 poinls out that whe-n paramt"tc-rs must h~ 
l'Stimatl·d to :-.pl·l'ify l'x(x). thl' 1\.olmo¡.!orO\·-Smirnov t~..·sf is conscrvativc- with rcspect to 
thl' Typl· 1 l'rrur. That is if tlw criti~al ,·a1ul' i~ l').l'l'l"llcd by tht• lt"st statistil' ohtailll'J 
from thl' oh~l'fVL'li valuc-s. thl' hypothl·si:-. is rl'jl'l"IL'd with co"'nsit.lc-r:Jhk l'OnliJc-ncc. 
C"rutdll'f ( 1975) (lfl'Sl'llts" tahk· of criÜ..:al vaiUL'S for S.:Jilllllc siz..:s of25 and.30 as wdl 
as inlinitdy I:Jfl!l' s:unpll•s fur lhl' l'-'jllllll'lltial.!t~mma. nonual and l"XIfl'llll' val m· t..lisl~­
hutions Wlh'll paraml'll'fS or lhl'Sl' di:-.trihution~ 111\ISI hl' l'Stimakd. In gclll'ral thl'sl' 
l'filil·aJ v:iiUl'' arl' smalkr than th~· valul'S pivl·n in tahk 1:.9, 

-··- ... ·-·---~- ·----·-· --
Exampk X.X. 

7r~·sl Thl' h~1wth~·sis thal thl' 1\.l·ntud.:y Riwr pl·ak lluw do1t:J an· normally 
distrihtlll'll. llsL' tliL· 1\.l)ltllognrm-Snunwv ll's_t. 

Sl•luti,u¡: Thl· dat;1 :ITl' plutlcll in I!!!UTl' ·7.S. Till· ma.,.imumlkVi:Itiun hl'IWl'l'll thl' hl'SI 
lillin~ lilll'. l'xt:-..1. and thL' plolll'll ¡ioinh. S.,(x 1. un lhl· prohahilily ·s~..·alc is :~bout O.Ob 
al X= 47.000 L·fs and <~!!:•in al (,7.000 L·r~. Tlw ~.:ritic:tl valnl' oftlll' Kolmogorov~Smirnov 
k~l stali,lil· from tahk "E.9 for .. ~ =. 0.1 U :111d il = h(_1 is-0.150 .. Thl•rl'fo~c .Vil' ónnot Tl'-
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jc~o:t thc hypothcsis of a nonn-.1 distribution. 

General C'ommcnts ofGoodncss of Fit Tests 

Many hydrologists llilicoura¡;c the use of thc chi-squarc and Kolmogorov-Smimov 
ksts wlu.·n ll'sti~l~ hydroloi!ic fn:qw:ncy distrihutiuns.. 1l1c rc.;.:~son for this is thc impol"' 
tan~c .of thc ta_ds of hy_drologic frcqucncy distributions and the insensitivity of these 
statJstlcal tests In thc tads of thc distributions. In the cxample above a critica! value of 
thc. K~lmogoro.v-Smimov statistic of 0.1 SO was obtaincd. lt is ncarly impossible to get a 
Ucv1at•on of tll!s nw¡:nitudc in thc tails ofdistributions whcn the procedurcs outlined in 
th.is chaptcr arl' followcd. The scnsitivity of thc chi-square test can be improvcd in the 
touls of thc distribution if cl-asscs are not combined to gct an expected frequency of 3 to 
5 as n·cornmcnded carlier. Thc disadvantap:c of this .is that a single observation in a class 
with a low rxpcctation can result in a xc1 value in excess of the critica! value. This 
single obscrv01tion c01n lcad to rcjccting thc hypothcsis. Unfortunately, no satisfactory 
alterna te tcsL'i 01rc prcscnlly availublc for making goodncss of fit tests. 

Ncithcr thc chi-squarc test nor the Kolmogorov-Smirnov test are vcry powerful in 
tl~c scnsc that thc probability of acccpting the hypothcsis-when it is in fact falsc is vcry 
lu~h whL·n thcse tests are used. lllis is cspccially tnu: for small samples. These criticisms 
of thc ~oodncss of fit tests witl be illustratcd in the cxercises dealing with simulation in 
Chaptcr 13. 

Exercises 

R.l A Sólmple of 20 r<~ndom observations produced a m~an of ·145 anda variance of 30 
What are thc 95% confidcnce intcrvals on the mcañ assuming a normal distribution ¡( 
(a) tlu: true variance is cstimated by 30; (b) the true variance is 30. Discuss the reason 
you fccl that thc confidence intcrvals computed for part (a) are wider ·than for part (b). 

8.2 Wh31 are the 95% confidence intervals on the variance for the samples of exercise 
8.1? 

8.3 Test thc hypothcsis that the true mean of thc data producing thc sample whose 
propcrtícs are gívcn in exercise 8.1 is 165. 

8.4 Oi!>cuss any connection between hypothcsis tcsting and confidence intervals that 
you can dísccrn. What are the differences? 

8:5 A!o>suming thc data are nonnally distributed, test thc hypothesis that the mean peak 
<ilschorgc on lhc Kentucky Rivcr ncar Salvisa (table 2.1) for thc pcriod 1895-1916 ¡5 
dirrcrcnt than it is ror the penad 1939-1960.. -

8.6 Repcat ex.crcisc 8.5 except test for equality of variances. 

8. 7 Using the d3ta of table 2.1, test ~ 1 lt' "'ypothesis that the variances o( the peak dis­
dm~cs ore thc samc ror thc three pe<ioos 1895-1916. 1917·1938. 1939·1960. 

8.8 Tt•st thc hypothcsis that rhe mean monthly rainf .. IJ for Scptcmber and Octobcr 
a_rt• th~ .'\ame on !he Wa!nut Gukh walL'r.•:ht•d ncar Tomhstonc. Arizona. What assumfl"' 
110ns d1d you make? Are thcsc a!i~Hmpiinm:. rra~on01hlc? 
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8.9 Rcpcat excrcisc 8.8 for cquality for \'arianccs. 

8.10 Test thc hypothcsis that the differcnce in thc mean monthly rainfall on Walnut 
Gulch ncar Tombstonc, Arizona, for Scptl'mbcr and Octobcr is 0.50 inchcs. Dis..:uss 
the validity of thc "assumptions that are madc. 

8.11 Test the hypothesis that monthly rainfall in October on thc Walnut Gulch water· 
shed near Tombstone, ATizona, is nonnally distributed. 

' 8.12 Test thc hypothcsis that annuóll rainfall on the Walnut Gu!ch watcrshcd ncar 
Tombstone. Arizona, is nom1ally distributcd. 

8.13 Comment on the results of exerciscs 8.11 and 8.12 in tcnns of the Central Limit 
Thcorem. 

8.14 Would the plotting position rclationship uscd in exercisc 7.6 have any effcct on 
the rcsults of a test for normality on thc data sct you sclcctcd'? 

8.15 Use the Kolmogorov·Smimov test to answcr cxercise 7.1 O .. 

' 8.16 Use the Kolmogorov-Smirnov test to test for nonnality thc thrcc scts of dat3 
plotted in exercise 7 .11. 

8.17 Use the Kolmogorov-Smirnov test to test for lotlnormality thc thn.·c srts of U ata 
plotted in cxcrcisc 7 .12. 

8.18 Work exercise 8.16 using thc chi--square test. 

8.19 Work exercise 8.17 using thc chi-square test. 

8.20 What distribution do you think would fit the data of excrcisc 2.2'? Use thc L"hi· 
square test to evaluate your assertion. 

8.21 The following are cxpcrimentally dctcnninOO valucs of Manning"s n for plastic pipe 
as determined by Haan (1965). Test thc hypothesis that thc mean value or n is diffcrent 
rrom the rccommended design value of 0.0090. 

0.0092 0.0085 0.0083 0.0091 
0.0078 0.0084 0.0091 0.0088 
0.0086 0.0090- 0.0089 0.0093 
0.0081 0.0092 0.0085 0.0090 
0.0085 0.0088 0.0088 0.0093 
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Regress1on 

NOTATION: IN THIS io.'haph:r an upp~o•r ~.·asl' kth:r will n:pr~.·s~nt a vuriahk, a 
low .. :r ~o:as~.·l~.·ttt•r will r~.·prcs~.·nt th~.· difft'Tl'lh.'L' bt·tw~.·~.·n a variahk and its m~o:an. anda sub­
~:ript will h~.· u~~.·J tu J~.·noll' a parti~.·ular \'Jiu~..· for tlll' \·ariahlt·. Thu~ Y rt.·pn:s~·~11s <1 vari· 
ah k whid1 m:.1y tak~.· un valuc~ Y 1 • Y 2 , \'J. ~.·h.:. '; i~ th~.· nwan of Y. y = Y ·Y ami Y¡= 
y - \'. rarallll'h.:n. aTl' J~.·noll'd by Gn.'t'~ kth:r.-. and a ,;urrl.':-.jlonding l:nl!li~h kth:r is 
u~ .. :d tu J~.·noh: an ~,.•..,timak lor th~.· p:..tramct~.·r. lhu:-. .< is ¡¡ paTJilh,'h:r c:-.timakd hy a 
t': =a). 'llh: :-.mal! ldll'r l' will bt.• u~~.·~.Lto lil'nuh' tlh' diiTI..'Tl'llú''bCIWl'l.'n an oh\l.'f'VL'd 

\ahh: of Y anJ ih JlTt·Jil'kd valul.' Y. Thm, Y- Y= t' ;.md Y¡-''¡= e;. All summiltions in 
thi:~o d1~pkr will run from 1 tu n unl~~s otlwrwi'c ~Pt..'L"ili ... ·d whi.'TI.!' n is numbl.'r ofobscr­
vations un Y ;md X. 

SIMI'LL KU;IU·.SSION' 
Po~~ihly th ... · 111ost ... ·ommon motld US\.'tl in hydrulog.y is bas ... ·d on thc assum¡Hion of 
a lnh·ar rdatiunship h~·twc ... ·n twu variahll.!'s. (icnl.'r:...lly tlw ohj~·ctiw of su..:l1 a modd 
~~ to pru\"iJ~: a m~·aJh of pr~..·dicting. or ... ·stimating. un~.· vuriahlc. ti u.· tkp ... ·¡uknt vari-

ahk". hom knowk·dg ... · ora ~·~.:ond variabk. thc imk¡x·n...Jl.'nt variahll.'. 1 Su..:h a situation 
is ~hu~A-n in ligur~: 9.1 whi.'Tt..' a rl'lationslup b suug.ht h~..·tw~..·~..·n tht· ;mnual nmoff, Y. ami 
th~..· annual ¡;r,.:~..·ipitatiun. X~ for Cm: ("r,..d;. n~..·;H L~..-,..ing.ton, t\t:ntudy. Th~.: t.l:...ta ust·d in 
,.·on~tn~o.:ting li!!UTl' Y.l is ,.·onL..tin,.·d in tahk 9.1. 

Two qu ... ·stions :ut: of imml.!'diah' nm...: ... ·rn. C.m a modl'l of tht' fonn 

y=.·.+ o.:. X ( <). 1 ) 

1. -~ia .• i.) ·¡¡~l~·~th~-~~-~~-n rqm.·:~osion i~ n·~rv~.·d for u~ wh~.·n all of thc X v:...riubll.'s h~..·­
in~ ,.·onsiJ~.·r~..·tl ;H\.' r.mdom variables. In this houk libl'Ttics will h ... · takcn and thc 
t~.·nu applkd whcth~..·r or IHJI 111~..· X v:...riahks :...r~.· randum variahh::,~ 

J)~,.·p~.·nJ~.·nt ;mJ intkp\.•ml~·nt in this ~l'llSt' :..r~.· not th~..· sam~.· a~ th..·p~.·mknl.'l.' or intJ~·­
,,~·ntl~..·lll.:~.· of T<~nt_l~,¡n ,·ari;~hks. 

,, 
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35 40 "5 !1-0. 
ANNUAL PRECIPITATION lin.) 

.., .., .., 

Fi~. 9.1. Annual rainfall-runotl rd:...tion for Caw Cr~·,·k. 

ll>l 

Tahk· Y .l. Annual prc~.:ipitation :...nd runoll t'ur Cave Cr~.· ... ·k. n~.·ar ll."xin~ton. Kl."ntuck~. 

Yt:ar Pr ... ·t..·ipitation 
(inchcs) 

---------~--------

1953 4239 
1954 33.4N 
1955 47.67 
1'!5ó 50.::!4 
1957 43.28 
195H S::!.hO 
1959 31.06 
1%0 50.02 
---------

Hunoff 
(indti.'S) 

Ycar Pfcópitation 
(iiKhes) 

Runorf 
(illt..'h!..'S) 

·-----------~~----~--- ---- ·--· 

13.26 1961 47.08 22.91 
3.31 1Yó2 47.0H IK.K'l 

15.17 \1963 40.89 12.H2 
15.50 1964 37.31 11.5H 
14.2::! 19h5 37.15 15.17 
21.20 19h6 40.38 1 0.40 

7.70 (9h7 45.39 1 M.02 
17.M l'lhK 41.03 lfL25 

-----------·· -· -- . 

~ukquatl'ly ll.'jlrt..':~oL'Ill th~..· r~..•l¡¡liomhip h~..·twl.'l.'n Y ami X'! For what vaht~..·s of 11 and (:; i~ 

thl' r~..·pr~..·~l.'nlJiion thc b~.·st'! 
In lookin!! al tht..• ljUCSiion or thl.' "h~.·st" str<li¡!ht lim:. a nih:ria ror jutlgin!,! "ht·~t­

ncss" is nl.'l."dctl. On~..· intuitiw ~.:ritaia wuuld b~· to l..'!<.limatc CI and B by a and b su as te 
minimi¿'.l.' th~.· dt..·viation "-'• bctw~..·~·n tia• obscrv~..·d valu~.·s of Y. Y 

1
, and lht..• pn.'di...-rt·d v;duc~ 

of Y. Y .. In this way valu ... ·s for :1 and b woultl h ... · !\Oll!;!llf that minimiz~..· rh,· Slllll 

CIO!\l'T !<ol,.'rulin)-' ni: ~·quation '1.2 __ ~~'\'l..·:...ls thaJtjJ is t~llt d_ ... ·sir~~-h: lo minimizt..• th ... • sum in a.' 
all!dlJ";¡j.._: ~l·ns~· h~.·~·au_,~,.· thal would lw l'qurf.aknt 10 luulmg an a ~nd h sw.:h that·r~·. •~ 
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minus infinity. 
Anothcr critcria might be to find an a and b such that I:e1 is zero. The fallacy with 

this can be secn by considering two points. lf the line Y= a+ bX gocs through the two 
points. then I:c¡ would be zero; however. the sum is also zero for any line that overpre-­
dicts onc point by thc samc amount that it undcrprcdicts thc sccond point. Tims there is 
.:m infinity of lincs such that I:e1 =O and an additional restriction or critcrion is needcd 
to sclcct a single line. 

Thc I: e¡ may be positive or negative. A criterion that is not sign dependent is 
m·edcd. Such a critcrion might be to minimize I: le1 J orto minimize re1. Since absolute 
v.-.lucs are difficult to work with ma.thcmatically, the second criterion is gcncrally se­
il'cll'd. Thus it is dcsired to estima te a and S by a and b such te1 is a mínimum. De· 
noting this sum by M, wc havc 

1 

M= Eef= l:(Y1 • Y1) 1 = E(Y1 - a- bX,)' (9.3) 

1l1is sum can be minimizcd with respect toa and b by taking the partial derivatives 
of M with respcct toa and b and setting thc resulting cquations equal to zcro. 

a M= ·2E(Y1 • a· bX1) =O a a 

a M ;¡-¡;· = -2E x,cY,- a- bX1J =o 

Thcsc cquations can then be written in the following foñn known as thc normal equa-
lions. · 

ECY,-a- bX1) =O 

E X1(Y1 - a· bX1) =O 

Thc .solution of the normal cquations in tcrms of a and b is 

b= [EX 1Y1 - EX 1l:Y1/n)/[EX1
1-(l:X 1)'/nl 

a=(¡;Y1 -b ¡;X1)/n 

=cY-bXJ 

(9.4) 

(9.5) 

(9.6) 

(9.7) 

Equations 9.6 and 9. 7 providc estima tes for a and S such that r.e1
1 is a mínimum. 

Sincc thc procedurc is based on mínimi1.ing tel. the estimates a and b are commonly 
callcd lcast !lquoucs cstimntcs. Equution 9.4 indicatcs that thi!l solution also satisfies 
~e¡= O. EcLuation 9.7 indica tes that thc linc Y= a+ bX goes through the point Y= 
Y ond X= X. 

lhc linc Y= a+ bX is commoniy imown as thc rcgression' linc of Y on X. The 
proc .... dure or dctcnnining a :;,r.d b ls l.;nown as simple rcgrcssion. The tcrm .. simple" 
.-q .. r.:ssion is uscd whrn only om: i!ldc-pcnd~nt v.ariablc is in volved as oppos~d to multiple 
n.·gn·~'>ion ,,_,h~n s.cv~ral imh:pcr.d<:nt v;ui2blcs éiTC involvcd. Thc paramctcr estima tes, a 
mal b. :~r:: krwwn r rc:tre:;,:;ior¡ :;~ciTtclcrH~. 

Equations 9.6 and 9.7 show that a and b are functions of the sample values of Y 
and X. lf anothcr samplc or obscrvations wcre obtained and a and 6 wcrc cstimated 
from this samplc. different estima tes would rcsult. We have already seen that 

Y¡- Y1 =Y¡- a- bX1 = e1 

Similarly 

Y¡-a-SX1=E 1 

Thus e¡ rcprescnts thc deviation betwecn an obscrvcd Y,_ and its _predicted value Yl 
hased on the rcgrcssion equation estimatcd frorn thc parttcular sample of data at han d. 

E i reprcscnts thc dcviation betwecn an obscrved Y 1 and the assumed true but unknown 
relation bctween Y and X given by Y = a + B X. 

Examplc 9.1. Dctcm1inc the regression cocfficicnts for the data plottcd in figure 9.1. 

Solution: Thc data rcquircd for solving cquations 9.6 and 9.7 are contained in table 9.2. 
111c cquation uscd to calcula te h would depcnd on the method of caJculation. lf a sma_ll 
dcsk calcula ter is used, thc first of equations 9.6 might be employcd. lf an clcctromc 
calculator or compuiL'r is u sed, thc lattcr of equations 9.6 rnight be cmployed. Gcncrally 
lcss roundofr error will rcsult if the lattcr fonn of cquation 9.6 is used. 

b = l: x
1
y¡/l: x~ = 369.43~0/570.0559 = 0.6480 

a= Y. bX = 14.63- 0.6480(42.94) =-13.1951 

T(1tal 

.MI.'~~~. 

y 

13.26 
3.31 

15.17 
15.50 
14.22 
:!1.~0 

7.70 
17.b4 
12.91 
18.89 
1 :!.82 
11.58 
15.17 
10.40 
18.0~ 

16.25 
2.:14.04 

14-.C~~~ 

Tablc 9.2. C'alculations on data ofTable 9.1. 

X 

42.39 
33.48 
47.67 
50.24 
43.28 
52.60 
31.06 
50.0~ 

47.08 
47.08 
40.89 
37.31. 
37.15 
40.38 
45.39 
41.03 

6H7.0~ 

4 ~-'~4 __ _ 

y X 

- 1.37 -0.55 
-11.32 -9.46 

0.54 4.73 
0.87 7.30 

- 0.41 0.34 
6.57 9.66 

- 6.93 -11.88 
3.01 7.08 
8.~8 4.14 
4.26 4.14 

- 1.81 - 2.05 
- 3.05 - 5.63 
u.s. -5.79 

- 4.23 - 2.56 
3.39 2.45 
1.62 - 1.91 

'0.0~ . .0&! 
. _0.00 ___ .. _!J.:9Q .. 

14.27 
8.50 

17.70 
19.36 
14.85 
20.89 

6.93 
1 9.2:! 
17.31 
17.31 
13.30 
10.98 
10.88 
12.97 

Y-~ 

-1.01 
-5.1' 
.:z.s: 
-3.81 
-0.6' 
0.3 
0.7 

-1.5; 
...., 5 .6! 

u 
-0.4 
0.6 
4.:: 

-2.5 
16.2~ 1.1. 
13:39 ~.1 

.2.~4.,0Jl ·O.C 
14,!,,1_ _____ OJ 
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ThadOr,)'=-1.1.19.'1 +U< '"0.'" 1·1· 1· · 111 ,. 1· "1 
. J"'to ·""· ll~ llh.' IS Jl O l'U lll lgUfC 7, . 

Commt'nt: Tht· bst two~·ohunns or tablc Y.2 contain Y. ant..l Y¡- Y,. Note that exccpt 

for rounJin~ l.'rrors. Y= Y. L( Y - \' )= í~: =O anJ ¡:=O 
1 1 - 1 • • 

1·.\'All!ATIN<; TIIE RLGRI'SSION 

Tlh· st·~·unJ ljllt'~tion b now l'on~iliaL·J. C:.tn tht' Jat;.¡ ht· ~ILkquatdy l.k~..:rilwd by 
1111: rq!.n .. ·:!osion !in~.:'! ~:..tll1rally thl' an~Wt'T to thi:. lJlh.'TY t.ÍL'Jh.'lll.h. on tlh· dl'linition of 
:.ttk~¡u;.¡k. ThL· lJUt'stiun will not bt· amwac.:d haL' hut nh·thods lor :.tS:!oL'Ssing tht· atÍL'· 

LJU:Jt'} ol th~: llll>tkl will lh' t'Xplun.·J. 

Ont' ;,¡ppro;.h:h that liot':. not involvl· anr assumptiun~ i~ to tkh'rmim· how mw.:h tlf 

~ht• \;.ni:Jhility 111 thL' Jt·pt·nJI.'nt \':..triahlL' j:, t'>.plaint·J hy tlw rc-t!n,:~::,ion. Tht• VOJriahilily 
111 lhl· .. kpcmknl \'ariahlo .. · i~ (¡uantilil·d as .a su m of squan:s. looking al ligurl' 9.2, il can 
bl· ~t'l'll lhal Y, ..::m be l'Xprl'Sscd a~ 

Y, ~ v + Y .. '; + y . y 
' ' ' 

or 

Y -Y =1Y -'i'J-<Y-\'¡ 
1 1 1 ' 

~uaring tlolh ~ides of lhis l'lJUation and ~umming o\l'r all of thl· obscrvalion~ rl·~ults 
10 

L t Y, · y;) 1 = L (Y, • )~ J 2 - ~ r. (Y, - Y)( Y; . Y) + L< Y 
1 

• Y) 2 

Sin~c- \·, = a ~ bX; and.<i = Y· bX, (Y¡- Y) can hl· writh:n 

tY-YJ=btX-XJ ' ' 

Howt·vcr lrom c-quation 9.b 

u Y¡- y) (X;- X'= hU X¡- X )2 

y 
A 
y 

y 

--------, 
1 

1 -, 
1 

X X 

Fig. 9.~. Cumpmll'nb. ui· Y. 

19.HJ 

(9.91 

.:. 

l 

-2UY,- Y)tY1 - Y)=-2 h 2 L<X,- )() 2 =-2I:Ib(X¡ -XJJl 

J 
or 

(9.101 

\1.\• ~JI\ IIOW WrÍtl' l'l)Uatioll "l.h J~ 

¡: ( y i - y jl = ¿ ( y 1 - y i) 2 ... J: l y i . ,, ) l 

llowl."vcr >:t Y;- Y) 2 is l'l)Ualto ).'Y~- nY 1 so WL' h.:aw 

rY?=nY 2 +LtY -Y-1~ +LtY -Yl 1 
• 1 1 1 1 (9.111 

Thc tol;.ll sumufsqw.1rc~. >:Y;. !1:1~ be-en partitionl·J into linCe componcnts. ThL'St' thrcc 
compt.Hll'lliS are: ' 

1. n Y 2 
• thc su m of ::.q u;__¡r~,·s d lll' to thc ml'an. 

2. ¿e Y,. y¡) 2 = tL·¡. thc :-.11111 of St]U;.trc-s or dt.•viations from n:grl·~~lüll or thl' 
rl'sidual SUlll of ~quan:s, ;uul li 

3. L ( Y1 - Y) 2 , thc su m of squarcs duc to rcgrcssion. 

Thc su m ol' squares about thc mc<.~n or thc su m of squarcs corrcctcd for the mean is 

¡:¡Y -'i'l' =¡;y~=¡;Y'-nY' =¡;¡Y.-Y.J' +rtY--Yl' 
1 1 1 1 1 1 

(9.1:::!) 

or using.cl¡uations 9.9 and 9.1 O 

Thl'rdorL' thl' total su m of ~qu;.HC~ .:orrl'l'tcd for thl' mean is madl' up of two l"OIIlpo­
nl'nls thc sum of squarl'S of J~,.·vi;ltion from rq!rt.•ssíon C:.~lso known as t!ll' e-rror or r~· 
sit.lual su m of squ:.~rl'S) ami tlll' surn of ~quarcs dm· to rcgrcssion. Thl' larl!cr thl· ~u mol 
Sl¡uarl's du.: to rc~n:ssion is in ..-umparbon to tlw rl·siJu;.~l sum of squan·s. tht• lllOrl' ol 
thl· total sum of squan:s corn.'l'll'd fur lhl· mean is l'Aplainl•d hy thl· rcgrnsiun l·qualion. 
Thc ratio of thc su m of squarl'S Ju.: to r\iiifl'ssion to lhl' total surn of ~qua re~ l'Orrl'l'll'<.l 
for thL' mean c;m he used ;.tS a llll'a~un: t.N'~bility uf thc rcgrl•ssion Jinl' 10 cxplain varia· 
tiom in thl' t.ll'J1l'lllknt variabk-. This ratio is conunonly denotcd by r2 ami rnay bl· writ· 
ten in a IHIIIlhcr of ways. 

r 2 =su m of squarl·~ dul' lo rl'l..:fl':-.:-.ion/sum of squarl.'S corrc~.:tcd for ml'an 
(9.13 
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From ~.·qu;¡lions 9.9 and 9.10 this may be wriltcn as 

(9.14) 

r1 is CJJICd thc cocfflcicnt of dctenninatíon. lf the rcgrcssion cquation pcrfcctly prcdicts 
cvcry Villue of Y1, then e1 would be zcro for every i and re~ would be zero. Undcr these 
conditions cquation 9.12 statcs that r y~= I:( Y1 ·Y )2 so that from cquation 9.13, r2 is 
sc.·cn to he one. On thc other hand, if thc regrcssion cquation is explaining none of thc 
variations in Y, then re~ will equal ry~ and reY¡. 9)'1 will be zero. Under this condi­
tion r2 will be zero. Thus thc range in possible vaJucs for r2 is from zcro to onc. The 
closcr r1 is to onc, the better the regrcssion equation "fits" thc data. r2 is thc fraction of 
thc totaJ sum of squares about the mean that is explaincd by thc rcgrcssion cquation. 

From equation 9.6 and 9.14 we can write 

or 

r=bsx/sy (9.15) 

Sincc O·.s. r2 ~l. we have -1 s. r ~J. The sign on r is idcntica1 to the sign on b sincc 
!;x and Sy are always positivc. From equation 9.14 it can be seen that r may also be 
written as 

(9.16) 

which would be equal to thc sample corrclation cocfncient givcn by equation 3.54 if 
X and Y were both random variables. In fact, r is commonly called the correlation co­
cnicicnt and can be shown to be equal to the correlation between Y and f. Correlation 
is discusscd in more detail in Chapter 1 l. 

Ex;unplc 9.2. What perccnt of the variation in Y is accounted for by the rcgrcssion of 
example 9.1? 

Solution: 

r1 = br x1y¡/r y:= 0.6480(369.4230)/363.0714 = 0.66 

Thus 66 percent of the variation in Y is explained by the regression equation. Thc re-­
maining34 pcrcent of the variation is dueto uncxplaincd causes. 

CONFIDENCE INTERVALS AND TESTS OF HYPOTIIESES 
Thus far in the discussion of simrll· "'CJ!TCSssion no assumptions havc becn made 
conccming the model. In order to use sorne well-developcd theorems conceming 
hypothesis tcsting and c"onfidcnce interval estimation, it is necessary lo makc the 

il!;sumption thu! thc e 1 are idcntically and indcpendently distributed as a nonnal distri­
bution with a mean of zero and a variance or o 2 • (A shorthand way of writing this is E 1 

is i.i.d. 1\'(0.oJ ). 3 

This assumption contains a lot of implications. The fact that thc E( e 1) =O has 
bccn guarantccd by our estimation proccdurcs. The assumption of indcpcndcnc~ mcans 
that thc corrclation bctwcen c 1 and CJ for any i :f j must be zero. Thc. assumpt10n that 
the e are idcntically distributcd with variancc o2 mcans that the vanancc of E 1 must 
cqua1

1
thc variancc of e¡ for all i and j. That is. thc variance of c 1 cannot changc as X; 

chan¡;cs. 1l1is is known as homosccdasticity. Finally wc must have the E 1 normally 

distrihutl'd. 
Thc assumption of norm;~lity of thc c 1 can be chcckcd by thc procedurc ofChap­

tcr 8. A rou~h check would be to note that, for thc normal distribution, 95% of the val­
ucs of e· should be within ~ standard deviations of thc mean or only about 5tft: of the ' . -
rcsiduals should Jic outsidc thc inkrval-:!o to :!o.

4 

Under thc nonnality assumption, wc havc E( E)= O. The Var(c) isgiven by 

Var( e) = E(< 1 ) • E 1 (e) = E(< 1 
) = o1 

The positive squarc root of thc V~r (E} is known as the standard erro~ of the regression 

cquation. 
An unbiased estima te (Graybill 1961) for Var ( e 1) is S 1 calculatcd from 

s 1 = r e1f(n • 2) = ¡: ( Y1 - Y ,J 1 /(n - 2) (9.17) 

The lcast squarcs estimation procedure produces cstimates for a and S such that tñe 

standard error of thc rcgrcssion cquation is a minimum. 
Anothcr way to look at thc coefficient of dctcnnination is to writc equation 9.13 

as 

or 

r 2 = 1-(n- 2)s 2 /(n-l}s~ (9.18) 

Thcrcforc, if thc cstimatcd standard error of thc rcgression equation is nearly equal to 
thc standard dcviation of Y. r 2 will be closc to zero and the regression equation is of 

little valuc in cxplainin~ variation in Y. 

Examplc 9.3. ls therc rcason to belicve thc rcsiduals of cxample 9.1 are not normally 

distributed? 

Solution: 

3. 

4. 

For further discussion of thc assumptions involved in regrcssion analysis. sec thc 
closing section of this chapter "Gcnc:rl. r .. ~··5:,~!:rations". Also scc Johnston ( 1963) 

and Graybill ( 1961 ). 

For a furthcr discussion of cxaminin~ the e¡. refcrence should be m<~de to Drapcr 

and Smith ( 1966). 
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= 0.1 ~5 

u,.. = h + t 1 . ,. 12 ·" .1 ~t> = .h4XO + .2. 141. 1 ~51 = U.')~ 

To h::-1 ll 0 :::.. =O Vl'TSUS il 01 : u TO. ~umpuh.' 

1 =ca· O.OUI/!<• =- -13.1951/5 .N= ·2.44 

1¡ ..a¡l.n·l = 1.~15.1-4 = ~.14 

Sml"l.' :ti:·t.~ 7 ~_ 14 .Wt'Tl'jt'l'tH.,·:... =0. 
To lt·~t thl' H .. · ~ = .5 vasus 11 01 : S T .S. l'UilljHlll' 

1 = 1 b · 0.5 Ji"' =<11.1>4~0 · U.SJ/0.125 = 1.1 ~4 

S'·,, .. 1 1 ' -1 ..... ·annot rc¡"cl'l H Tht!' slopc is not l'>i!!nifkantly l.liffcr~o·nt frorn 0.5. ll j' .IJ1S,I4 • ..,., ~ u• . 

Cumml'lll: Thl' !!.ignifil'ant.:t' of thl' owrall rq,!.rl'ssion ~..·an he l'Valuatcd by t~sting lio: 
~ =O. Undcr thi!!. hypotht!'si!!. 

1 = 1 b · 0.0011>, = 0.1>4~0/0.125 = 5.1 ~4 

Sl-,1·~..· 'ti :.-t Wt' rt·jl'l'l JI Tht· rq!.Tl'!!.:-.ion 
l 1 .OJ1 5 ,1"" o. 

amount of lhl• variation in Y. 

t'quation b c>..plainin}! 01 .\ignill~Jnt 

·-~- ·---- - -.. --· -- ---- -

Ü>!l t"~~~~lt."~ _!~~~!::.~'"-~-'~ '!J!. ~!-'_Hf.!:~'!!.~·~- _l!l_l.~ 
CunliJl'nú· inll'rvab on tl11.· fl'l!fe'~sion !in~ ~an bt· lil'kmlÍill'J by fir..t ..:akulating 

tht· \:JrJJn~~.· of Y._ whc:rc Y k rl'pn:st·nt:> th~.· prt·dil'tcd m~..·;..m valuc ot' Y" for a p.iwn X~o.. 

Y" =- jJ + hX .. 

Frum l'tJUJlion 3.55 

-----,.-·- - : :..!.L 

or 

\'anY .. I= .:~11/n+.,~/: .. l(:t 

Th~.· standan..l nror uf)'" ~.:ouiJ lw l'l.limakd hy Si 11 ~.:ah.:ulatcd as 

!'>~ ... = !\11/n + :>.~/I >-~~~-

h¡uation 9.~5 imli~..·at~..·!'> thal th~..· \"ariant'~o.' pf Y._ ~.h:Al"''llb on lht• parlit·ular ·•~lu~.: ~~-­
X ~~ whi~ll lht' \"~ri~n..:t• i!\ lwill!! ~.ktl'nnint'li. Íhc Var( Y.._) is ;¡ minimum wlh.'ll X~; =X 
Jnd im:n·a:.l'l'> J:o x ... dt'\'iak!'> frnm X. 

C'onliJt•n~.:t· limits on th~.· rl'}.!fl'!\~iun !in~.· :m: now ~iwn hy 

' 
L=Y.._ -s~ .. t 1 ... 1Ln·l 

u=f- +S 0 
k ·v¡..l¡.u/l,u·l 

(9.27) 

Whl'fl' y .. '""a+ bX.._ i.lllll sf .. b !!ÍWII hy l'ljllaliiHl 9 . .26. Sine..· s; k im'rt.'~!ll'~ a~),~ ur 
x .. ·X in~r~.·~!'>l'S, th~: ~..·ontid~,•nc~.· lnh'rval!oo <Ht' lh1.· narr~.lw~o·~t al x .. =X and wukn ;.~~ x .. 
dl'viak-. rrom X. 

Till· ~,.·onfhkllú' limib tlll ;~11 indivillu<tl pr~.·dkll'd vah11.' of Y wuuld h,· 1\ hll"f !han 
th~o· ~unlld~.·nt'l' int~o·r.·a/on tht· r~.·gr~.·s:.~nlint' sin~~.· roran inJiviJual Y. th~· Van t 1 o¡ 11

2 

would haw tu ht• addt•d t~ 11\l.' Vart )·" l. Thus lht• \'arian~o:t· of an individual prt·di\.·lt'd 

valu~o· tlf Y would ht• Var( )' l ) -t ,1 2 . ( "ontidt·n~~.· inlt'fvab on an imlividual prúlil.·lt'J val· 

Ut' of Y ~ouiJ tlwn h~ ~stimatt•J from l'lJUat,ps 9.~7 whc-r~o• thl' ~o•xpn:ssion 

s(l+l/n+x~/r.x~)YJ (9.~~0 

wouiJ b~: substituh:d for si". Thl' Lonlidcnl.'l' limits on a fulurc prr.!dictcd valuc of Y 
arl' th~· \allll' as tilos~.· for an individual prcdil'tcd valu~.: of Y. 

ExJmplt· l) .5. Cakulah' thl' 9 5'/.. t"Oiltidt'll\.'1.' limits ror thl.' fCI!ft"SSion linl' of l' xampk 9 .l. 
Cakulah' !lit• lJS',í t:ontidl!ll\.'1.' int~·n¡il fur an individual pn:dit:tcJ v¡¡lu~:. of Y for th~o· 
S<tnh: pruhkm. 

Soluti~>n: ~=2.lJ7. n= lb,>: x;=570.055lJ. 1_"' 15 .14 =~.14and X=4~.94. Thadon· 
frum ~o·quatiOib Y.27 wc hJVl' fur thl' 95% ..:onlidclh.'l' inkrvals on thc r~..·gn·ssion lint· 

1=-1.1.1<151 +O.MHOX, + 2.9711/II>+!X, -42.<141 2 /570.05591''2.145 
u 

wlu.:n: lht· · appli~.·s to tht· Jnw~o•r limit. l. anJ thl' -t to tlll· uppt•r limit. u. Similarly lh~o• 

95'/r t·onlldt:nl.'l! inll.'rvJI on an individuiJI prctli~ll'J v¡Jiul' of Y is giVl'n by-

:, = ·13.1951 + O.M~U X, + 2.<17 11 + 1 /1 ó +<X, • 42.941 2 /570.0559(" 2.145 
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B~ ~uh:..tilutill!! \ariou~ val m·~ uf xk into tlll'~l' L'qu;_¡tions, thc tksirL·d l'Oillid~nl'c lirnits 
~r~..· obtainl'd. Th~~~..- inll'n;_¡Js an.:- ploltl."tl in ligur~.· 9.1. 

--------------------------
Conlidt'J1L'l' lntt•rvals an Stand;.~rd Error 

Conlidt'nL·c intl.'rv:.~ls m ay be plaL":cd on o 1 by noting that the quantity (n- :::!)Slfol 
i:- distribut~..·d as a l'hi-squarl." distribution with n-:! dc:¡!rCl'S of fn.:l."dom. Thus ,;oJllidcnct' 

linuh un al :.~r~..· gh,~..·n by 

~-hl'rL' S 1 is Jl'lcrminl'J fwm_t.~JU~lion 9.17. 

EXT I(AI'ULATION 

Thc cxtrapolLition uf :.1 n:~rc!lo!iiun L'l(U:Jtinn hcyond thl' T:.llll!C of X useLI in ~..·stimat­
lllg -~ ;..nd S b Ji~cuurag~..·d for two rl.'asons. First a!'> can be s~..·en from ligur~.· 9.1 and 
t.:t¡u<Jtion lJ.~7. tlw t'onlidcnn· intcrvals on th~..· rc!!ress.ion lin.: hct.·omc wry witl~..· 

:.1~ lht.• disbn..:.: from X ¡~ im·rc:J!.é'd. s~..·eond thl' rl'l:.~tion bl.'tWCL.'Il y :.~nJ X lllLIY hl' non­
linl'af O\"~r th~..· L'lltirt.: rangl." uf X :.~nd only approximately linl'i:tr for thc r:.~ng~..· of X in­
\"l'~Iil!-atctl. A lypi..:al c.\.<unplt· of this is shown"in flgurl' 9.3. 

GI'NERAL CONSJDERATIONS 
Many authurs Jbl.'uss ~~..·vcral Jiff~..·r~..·nt linc:.~r modt'ls Lkp~-.·nt..lin¡; on thl.' :J":osumptions 
madl' ...:tml"l·rninl-' Y. X :.~nd l (l.raybill 19bl. fil"njamin and Curndl 1970: Mood 
:.ual Gr;.¡yhill 19h.3J. Tlh·~l" diflá~..·nt mudeb r~..·vulvl' aruund whcthn X (ur ~in 

mullipk r~·g:rt.·~siont i~ :.1 randum or nonr¡¡nJom v;.~riahil·. wht.:thcr m~..·asur~..·m~..·nt ~..·rrors ar~-.· 

lllillk Llll Y anJ/or X. lhl' di~trihution of X if X (nr X 1 i~ :.1 randum Variahll' and thL' _joint 
dt~lrihution nf Y ;md X tur ~) if X is a r:.~ndum \'Liriabll'. 

ThL' mu~t common i.ISSumptions :.~r~..·: 

y 

TRUE RELATION 1 
Y•<#> IX)~/ 

/ 

X IN OATA 

X 

1 

Fig. 9.3. l:::t"f~-.•l't on nnnlinl•arity ¡_¡ntJ ..:xtrapulation. 

SI.\II'Li 1(1-.LI(I SSIWI 1 '13 

( 1) X Í!<> •• nonranJom v;Jriahlc mcasurctl withoul error. Y is a T;JJH.lom v;_¡riable and 
th•1t 1-:(Y.jX) is norm¡,¡Jiy antl indcpcm .. lt:nlly distributed with mean o+ SX 
and variancc o2 • 

(2) Y antl X are both ram.Jom variables having a joint distribution with the condi­
lion:.~l distrihution of Y hl."ing N(a +ex. o2 ) and thl' marginal distribution of 
X hdn~ imkpl'nJ~..·nt of u. B and a 1 . 

lt tums out th:Jt und~..·r cith~..·r uf the :.~bov~..· conditions, th~..~ procedures given in this· 
ch:.~pkr art· v:.~hd fur ksh uf h} p111h~·:..~..·s :.~ntl conlidcnce intl'rvall'stimation at :.1 spccified 
ll·vd uf ~i¡..:nilil':JIIl'l'. (in.~yhill ( I'Jhl 1 points out that the powl'r of thc Jt•sts are not the 
S;Jllh' f~lf thc IWO conditiüii;'. ~~ 

lf X i~ ;_¡ lixl.'d v¡_¡ri:.~hk IIIL'asurl.'d without l.'rror and f.:¡ is indcp.endently and iden­
tic:.~lly distrihull.'d NtO.u 1 ) q__r Y ami X :.~re from a biv:.~riatc nonn:.~l dis~ribution and are 
mcasurcd without L'rror ~ Y and X are from a biv:.~riatc non-nonnal population with the 
nmditional distribution of Y h~..·ing N( u + BX. a 1 ) <Jnd thc marginal distribution of X. 
intkpcmknt of 11.. jj and a2 • th~..·n the kast squarcs estima tes of a, B and o1 ar~ also 
maximum lih•lihood l'stimators. Thc lcast st¡uarcs cstimatcs for the rr.!gression Coeffi­
cicnh <HL' unhi:.~scLI. 

lf signiJi~.:¡,¡nt mc:.~surcm~..·•H l'rrors ilfl' m:.~d..: on thc X V<Jriablcs, thcn complications 
<tris~.·. For this situ:.~tion rctl.-r~..·nl"l' ..::.~n b~..· madc to Graybill {1961) or Johnston (1963). 
C..:rtainly m..:¡,¡surcment crrors arL' always prescnt, howcver, if thesc er¡oi"s are small rela­
tiVl' tu X, thcn th..: thcory pre~cntcd in this chaptcr aml chapters 10, 11 ·and 12 may stiiJ· 
bl." applicJ. \ 

Thc rc:.~~on th;1I mc;J~Ufl'llh.:nt crrors on X cause problems can be Sl'cn by considcr­
in¡; the moJel Y= ti + 6 X + ¡ . lf Y and X eontain mcasurcmcnt errors, th~:n Y :.~nd X 
;_¡rL' nut obscrvt.•d. Wlwt is oh~crved is y• illld x• whcrc Y• =y+ t!y and x• =X+ ex 
whcrl' L'y :.1~1d ex are thl' m~-.·;.¡-;urcml'lll c51prs on Y and X. Thus thc nonnal equations 
Llfl' ~olwd 111 h:nns uf y• = \l + l~ x• +~ or y+ l.' y= a + B<X + Cx) + E = a+ BX + 
13l'x + E. Now if cx is small i!ll'Oillparison lo X, this Jatt~:r equation becom~s Y= a + · 
SX + ¡; ·l.'y or Y= u + pX -t t' 1 whidt can be handled by the methods outlincd in this 
chaptl'r. 

K~..·c:.~Ir that no distribution:.~J Llssumptions are required lo gct the least squares esti-. 
malt':.. for o. ami B. Thc a~sumptions are involwd whcn confidencc intervals and tests 
of hypo~hl'sc~ :m: of conccrn or whcn it is dcsir~..·d to st~tc that thc least squares estima tes 
for ,1 ;_¡mi b Llrc :.~lso maximum likdihood c:stimates. Juhnston ()963) points out that 
thc k:.~~t squarcs cstimatcs for ú anJ e :.~re biascd if significant measurement errors are 
prcscnt on X. 

Onc of th~..· :.~ssumptions us~·d in tlcveloping conlidcncc intcrvals and iests of ~y­
putln.-~~..-~ was th:.~t thl' l'~o, ur~..· indcpcnliL'Ilt. lf ~..·, is corrd:.~tc~ with e¡. 1 ,_ the Jcast squares 
~..·stimatt.-~ of ll :.~nd B an· unbia~cd. howcwr, thc sampling variancc of o. and B will be 
unduly ILITf!c and will he UJH.Icn·!'!tÍmLIII.'d by thc least squarcs fonnulas for variances. Also 
thc ~¡,¡mplin~ variancc~ on pn:di~o.·tium madl' with thc: TL'sulting cc..¡uation will be nt!edless· 
!y larg~..·. Corn.-lation bl·twn·n ~..·, Llllll L'¡+ 1 l"rcqucntly :.~risc whl."n time series data are be­
Íill! anillyJ.L·d. This typc of nmd..1tion is known :.~s autocorrelation or serial correlation. 
Johnston ( 1963) discus::.es ·k:.~st squ¡,¡rcs ~stimj..ltio'n procellures in the prcsen~e of a u ter 
l"urrdation. . 

In soml.' situ:.~tions thc ussLuilpt-ion of hon'lo~cdasticity (Var(e: 1) = 01 for all i) is 
viol:.~tcJ. Quite commonly V:.~r( e¡) in creases :JS X inL·reases. Su eh a situation)s depicted 
in fi!!ur..: 9.4. Drapcr :.~nd Smith { 1966) and Johnston ( 1963) discuss least squares esti-



194 t "11.-\I'TER 9 

Fi~. 9.4. IIIU!>lT<Jiion uf situation wh.:n.· Var( E.¡ 1 f a 2 for all i. 

mat&on umkr this ,;ondition. 
Anoth~r point to be maJe concc-ming hypothc-sis tc-sting in gl"lll'ral is that a statis­

ti.:aJly !>Ítmifi"·ant diffcrcn~e and a physically signilicant diffcrl'ncc are two l'lllircly dif­
fercnt lJUantities. For cxample when thc H 0 : B =O was tcstcd in e>.ample 9.4, thc con­
du!oion wa!o that thc Tl'~rc-ssion linc c-xplainet.J a signilicant amount of thc- vJri<Hion in Y. 
Thi!o rcfel'"!o to a st<~tisti~ally signiticant amount of thc variation al the chOSl'O kvd of 
signilkanct:. lt meam that rccognizing an Cl 'i:. ~han~.:c- of an ~:rror. thl' rdationship Y= 
a --t bX cannot hl· anributed to ~.:"hancc. lt docs not imply a causl· antl efre~.:t rdationship 
bctwccn Y and X. .., 

lül)king al thc- .:ontitlencl· lunih on the fl'gres!oioh as plotkli in fi!!llfl' 9.1 and thl' 
~·;Jth:r of the data. it ~an he !leen that this simple Tl'liitionship Y =a + hX kaws. a lot to 
ht' lk!oHed in ll'nm of prc-di,;tinv annual runoff. Whl'lhcr or not thc dl'riwJ rdation~hip 
Í!o U!oahle dt:'pt'nJ!o on the use to be made of tht' prcdictcd values of Y aód not un thc fad 
that tite 11 0 : 8 =O Í!o fl'jl'Ctcd. 

Excrcisc-s 

l.J.I Thl· following Jata an• thc maximum air and suil temp.:raturc (hare !oOil al :! ind1 
tkpth) fl"Cordl·d for th!.' ftrst 30 days of Jutr. 1973. at L!.'xington, Kl'ntucky. Dl'rive a 
line-ar rl'l:.~tionship via ~unpl.: rl.'grc~sion for prc-di<.:ting thl' maximum ~oil lc-mp~:rature 
f~om thl' maximum air tc-mpcraturc. Estimah: o <Jnd r 2 for 

M a" T cmp Max Temp Max T cmp 
A ir Soíl Aír Soíl A ir Soíl 

HU SJ• MI H7 89 ~o· 

H7 X7 7H 93 H7 90• 
K'! 4~· K7 95 91 ~1 

Xh x7• 8H 9'" 83 X4° 
X2 XlJ 75 HO X7 90 
X.~ XH X" M" 84 xs• 
XX 9~ X4 9~ M2 XI> 
KM 97 X7 96 xs X7 
••o 95 K5 9). X' 93 
X4 X4' K7 Y'" H5 9.1 

Sl\11'11 El t,IU ''lf_l~ 

thl' rl·~ultinl! rq!T\.'::.!>Íon. Tl·~t lhl' hypulhc!>b th:~t l<.t) th~ mh:r~cpt is t.cro lb) thc slopc is 
onc (e) tiH.' rt'grcssion is cxplaining a signitic<.~nt amllunt of thc variation in the maximum 
soil ll'IHP'-'ratun:. Would you n:~ommend using this rclationship for predicting maximum 
soil ll'lllPt'fóllure'! 

Q_~ Thc J~ll:ri~ks followin!! the soil data in exen.:ise 9.1 indü:ate days on which rainfall 
o<xurrcd. Using only lhl'Sl' rainfall Jays, work cxen.:ise 9.1. ,, 
lJ .. l ( ·.,kul<.ttl' lhl· rq!rl·~~inn l·udtil'll'llls in thl.' rl'i:.~tionship O, = a + hQ whcre Q, is thll 
annu:•l ~U!op\·nlil'll ~l'liÍIIll'lll ltl:hl :mJ Q b thl' annual water dischargc for thl· Grct'n Rivet 

. <.~1 ~hmfurdnlk. to.:l'lliUd;y __ (.;JI,:ul:•ll· lhl' sland<.~rtll·rror of thl' rcgrcssion cquation an¿ 
lill' l·orrdatiun l·o'-'flkienl. l1lut thl' dat:1 along with the 95'i( conlidencc- ilHervals on th( 
TC!!fl'Ssion line. h. this a usahk- prl·dil"tion equation'! 

9.4 Show that thc- corrdation col'ffidl'nt in simple regrcssion is equivall'nt to the corre 
lation hclWl'l"ll Y and Y. 

9.5 ( 'akulall' thl' rl'grc-ssion l'lJUation for lhl" data of tabh:- 9.1 considering the runoff í1l 

the indl·penlklll variabk :Jild lhl' prl•cipitation as the Jepc-ndent variable. Dot!s thc: re­
sulting rc-grl'S!oion l'lJUJtion ;_¡grl'l' wilh thl· rcg:n:ssion equation in example 9.1? Should il 
agrl'l'"! Why'! Whidt l'<JUJtion ~houh1 bl' USl'1.f! 

9.h A te~hniquc- u sed by hyJrohi!!ÍSts to ddc:d ch:mgt's in tht> hydrologil' Tl'SPllnSt.' nf; 
w:.tll'r.>hcll b to cxamim· mass l'\11'\'cs for ~angl'S in slope. A mass curw is a plot of th1 
al"l"UIHUI<~tion ovl'r tÍllll.' of OIH' variahlc v•hsus thc accumulation over tinh' of a !oCCOnt 
,·ari;_¡hlc. Thl' data hl'low aTl' thl· annual nmoff (RO) and prccipitation (Pn:c-) for Thom1 
Cn:-d.: c>.pl·rimental watcrsh.:d in Pulaski C'ounty, Virginia. lt is thought that thcn· was: 
chan~e in 1111.: hytlrologic charactl'ristks uf this watcrshed during thc 11-ycar pcriod o 
study. Plut the a,xumulatetl prl•cipitation as thl' abscissa and thc accumulatcd runoffa 
thc- ordinatl'. Dol'!o thcre appl·Jr lo bl' a changl' in thc- rainfall-nmoff relatiOit!ohip? Durin¡ 
whal yl'ar? Cakulatc- thl' slopl' or th!.' rcgn·ssion lincs Jescribing thc data hoth hdon 
and :tlh·r lhl' apparcnt changl'. Te-st Ihl' h}·pothl·sis that thcsc- slopc-s are not si~nificantl! 
difh-rent. 

Yc-ar Prcc J{(l Ycar Prcc RC 

195M 37.8 10.9 1964 31.1 1.1 
IY59 33.3 3.~ 1965 ~M.8 0.1 
1%0 315 7.9 19óó 39.4 u 
l~ol 36.8 :..7 1967 35.~ :.J 
1962 43.1 4.4 '1968 33.0 :!J 
196] 24.0 3.1 

9.7. Ol·cassin•lally it is lksirahk- to rcstrict thl' intl'H:cpt of a simph.• rq!Tl'Ssion to l.l!r. 

thus Tl'quirin!! tl\l' n:grl..'ssion linl' lo pass throu~h thl.' orig.in. Daivl' thl' normall·quatio 
for thc slopc in this case-. Usl' lhl' rl·sulting l't¡uation lo GJkulate the slopc uf thc linc tl1 
!<>Crihin!! lhl· d:tta plottcd fur l'Xl'TCÍ!'>l' 9.6. Nq!ll'l"t thc appan·nt ,;han~l' in thl' slopl' fu 
this prohkm (i.e .. USl' all of lhl' dalJ tu l'Stimate ~ in thc l'lJUation al·cumulatctJ runoff 
~ 1 an.:umulated prl'cipilaliun 1 ). 
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9.H HydrologislS frcqu~ntly use waktshcJ physical chara..:h:ristic~ asan aill in sllii.J)'ill~ 
watc:rshcd hydrology. Thc duta bt:low are tht: art:a (squarc miles) <~mi lcngth (miiL's) of 
severa! Colorado mountain wat~rShcds (Julian ct al. 19b7). Dciiw u linc:ar rcgrc::,siun 
equation for prcdicling th~.: arca of similar watcrslh.:ds as a fun~rion of tlu: w;Jtcrshcd 
Jcngth. Plot thc data and rhc dcrived rcgrcssion linc. I)Jot tlh.' 95'#. conlidcncc intcrvals 
on thc rcgrcssion linc. 

Ar~:a Lcngth An .. ·a Li!ngth 

47.1 6.7 JJM.O .15.0 
89.1 11.5 ~6.9 IJ.h 

17H.O ~0.7 H7 .9 1 ~-1) 
1 ~9.0 17.5 S M.O 1 u.~ 

H2.6 l.l.S (ltJ.X 1 ~.IJ 
1011.0 17.5 55.9 <J .O 
41.~ 9,0 17:!.0 20.0 

:!95.0 :!6.5 9h.Ü 14 ,l) 

106.0 15.1 1 hi.O 21.0 

1 
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11 

Multiple Linear 
Regression 

NOTA.IiiON . 
Thc notation sct forth in Chaptcr 9 wf{'bc followl.:'d in this chapter unh:ss othcrwisl' 
nutcd. Additionally, vcctors and mutrü:cs will be denotcd by underlincd lcttcrs 
sudl as y. ?< or ~. Thc inv..·r.:.c of a nwtrix ~ will be.• lknotcd by ~- 1 • Thc transpuse 

of X will hl· d~.·noh:J by X •. Th~.: numha uf rows and columns in a matrix will hl' 
shu~r1 a:-. . X if X has n n;w:-. and p columns. Thus. 'L rcprcscnts a column vcdor with 

11 l2_ -- 11 Jr. 1 
n dcml·nts. Thl.' d~.·m~.:nt of X ~.·orrcsponding to thc jlh row amJ thc j 1h column will bl.' 

Jcrwkd hy xi,J' Thc l'XPfC!Io!!Í~nl ~ = 1 X¡_, 1 indh.:alt.!S'that ~ is mo.uiL· lill of dcnh!lliS X,,,. 
A uwtrix 111<~1.k up of clcmcuts whkh OJrc dcviouions from a mean will hl..' tlcnotcd by a 
low~.:r casL', LIIH.h:rlincJ IL•IIl'r X· Thc ij 111 d.:mcnt of y will be givcn as Yi,J' Thc i 111 ele· 
mcnt of ;¡ vcL·tor Y ... will hl' l!ivcn by Y¡. A bricf rcvkw of soml' marrix op~.:rations is 

ll ~ 1 . 
pn·s~o:n!cd in Appl·mlix D. 

Tb~.· ~.·u¡u:c¡lts o!' Chapkr l) mus! h~.· undcrslood hcforl" prut:l"l"ding lo Ibis dtaptcr. 
Cah:ulations would nonnally hl' done on u digilal .:omputcr fur prnblcms dcaling witb 
multiplc rq~r~.·ssion. Standard progronns arl.' av:¡iJahk so thc cmphasis in this chaptL·r is 
no! nn~.·o¡upuling but on th~.: prinl'iph.-~ involvcd in mulripll" fL'gn:ssion. 

(;I'.NLRAL LINEAR MOIJEL 
()uill" oftcn a ~kpcndcnt v;¡riabk i~ dl'JICIHknt on Sl'VL'n.tf othcr quuntitil"s. h>r ~.·.x­

;~n\pk· thl' pc¡¡k ratl' of nnwff from wall'rshL·ds in a l!iv .. ·n rcgion m¡¡ y h~.· rl'i<~ll'd tn 
thc walc~hl'd are<~. slnpc uf thl· lll<JÍnslrL·:un. rainfaii,L'h:. A mollcl for JHL'llicting 

pco1k runoff would lww to l'Onlain ;di of thL'Sl' variahiL·~. In this chapll'r thc lin~.:ur moJd 
JhL·u~s~·~t in Chaptn 9 is cxiC!llkd lo indlHk scvcral inJcpcndcnt variahks. 

A J.!l'llL'rallin~.·ar molle! of thl' fnnn 

(• 11 0.1 ) 

1 lJ"/ 

.. 

' 



( ll:\1'111< 111 

and 8 1 • fsl, .•• , b9 are unknown p;.¡r;.¡mcll'rs. Thb mudd is linear in tht: ¡l;.¡ramch.•n.. ;·.
1

. 

Th!! model 

Y= 8 1 + 81 X1 + S,X,' + 84 In< X,) 

is aJso lint!ar in the paramet-=rs, Bj. wh«:rt'"as tht: modc:ls 

anJ 

an.' nut linear in the parameh:rs. 
In practi~e: 11 obscrvations wuuhJ be a\iail;.~llk un Y with th~,.• I."Ofrt'SJhlllllin!! n ob)l.'r· 

~ vations on each of thc p inllcpcmh:nt variahh:s. Thus n ~.·qu;.~tions likl' ~.·quation 10.1 '"n 
be wriucn. one: for eac..·h observation. Essentially wc..• will hl' soh"in!! 11 ~.·quatinns for th~.· r 
unknown parame:tcrs. Thus n must be: equal to or gn:atcr than p. In pr:.~~.·tiú' n shoultt b'-' 
at h:ast 3 or 4 times as large as p. Thc n cquations arc 

whcr~.· Y, is the jlh ob~rvation on y and xi.J ¡) thc jth ohsc"-'ation on thc jlh indi.'JX'n· 
dent v<~.nablc. Equations 1 0.:! can be writtcn 

1 10 .. 1) 

for i = 1 tu n. In matrix notalion th~.· cquations h~,.'l'OIIIL' 

1 10.4) 

whcrc '!' b <~.n nxl vcl'tor of obsc:rvations, ~ is <~n nx¡1 matri.\ maJ~.· up of n uh)crvatium, 
on ca~."h of p indcpcndcnt variables. and ª- is a pxl vc.:tur uf unk1wwn para1ndÚs. lf 
the: maui.ce!ro in equatiun 10.4 are writtcn oUt. wc ~1."1 

Y;¡· X... x •. l x •. J X1 .p[ 
Y l xl,l xl ,l xl,) X2 .p! 
Y]= X,,, X,,, X,,, X,,, 

Y. l~: ·' x. ,1 x... x •.• J 

·-·---·---

r ., 
¡o, i 
1 1 
1 ¡"'. ~ 1 
' 1 
1 • ¡ 

'1 1 . 

t·J 
( 10.5) 

' 

.\lt 11 111'11 t<l•,t<ISSIIl~ ------ -···- . -- -~---- ------·- ·-·------ , _ _!22,_' 
1' 

WIH'll thc muJd 1~ writkn in tlll' funu uf ~.·qu;.~tion 10.5, it is casy to sce that Y is 
an nxl \'I,.'L'Ior or obSI..•rvations on lhl· dl·pc..·mh•nt variable, X is an nxp matrix made uP of 
n uhscrvalion!r. on cadt of p indc¡h:ndcnt \'ariablcs, and ~ is a pxl vector of unknown 
paramctas. For cqu;.~tíon 10.4 lo h;.~Vi..' an intcrcc:pt te~, it is ncct;ssary that X

1
,
1 

= l. 
B 1 is thc lllll'fú'Jll. In thl' following dcvdopmcnt. it is assumed that X¡, 1 = 1 for ¡ = 1 to 
n. 

Thc moJel Ji!ro~U!ro!rocJ in \hapter 9 

Y=-~ -t 6X 

i!ro..:.• )pú·lal~.·a:-.t'Oit·quatlnll IO.;i WLih X.
1

_1 = l. X¡,z =X. 8 1 =a and Bl =S. 
l:ollov.'JIIf thc patll.'m ol ( 'I•·•.J.lh'r '), tht• unJ.;_nuwn paramcters, 'ª'can be estimated 

hy 1111nimi1.in~ LL'; wht'fl' e,= Y¡·\',= Y,· Lt',_ 1 B JXi.j· In matrix notation 

Diff.:n.•n11atin~ this .:xpr~.·ssion w1th rc!>p.:c.:t 
to t:cm rcsulb in 

ur 

XtY=X•XíS' -·· 

( 10.6) 

and sl!tting thc partial derivative: equal 

r 10.7) 

"h•.:h r~·pr~.·-..:nh th~· nonn~l • .-q,Lo~lton~. Th!! <;.o\ution of r:quation 10.7 i) obt:.un~J by 

;:.:-:.-.~.;;~.;:-.~~: ·~· ~··· 

ur wc h;.¡vc thc rcsult that ¡¿ c.:an he C:!rolimated by 

(10.8) 

Thc X • X matrix plays an important role in cstim~ting ª and in thc variance of thc 
si 's. Thc ~ 1 >; matrix Í!ro maJe up 11f lhc su m of squarcs and Cross products of thc inde-
¡l\:ndcnl variuhl~:s. For thc pxp matrix ~ 1 ~lo be invcrtcd, its rank must be p. , 

lf Wt: define ·li,J to bl· ( x,,J - X¡ )/S, and Jet!: = 1 Z¡,j 1 ' ti~ en.!' !:./(n • 1) is a pxp cor- : 
rdation nwtrix, ~ = 1 R

1
,J l. whcrL' R1 ,1 is thc corrc:lation codficicnf bctwe:en the jth and 1 

j'h in1kpcnJent vari;.¡bks. By dl'l"milion Ri.J = 1 for i = j. lf 1 R¡,j 1 = 1 for some i 'f j, i 
lhcn thc i''' indcpcndcnt variahle b a linc..·ar funl·tion of thl' j 1h indepcndcnt variable and i 
thc rank of X t X will.he less than p. Thcrcfore, if cquation 10.8 is to be used to es ti- : 
mate thc p u-~k~~lwn paramc:ters r~. therc: can be no linear Jepcndcncc in ~- This means i 
that an inJc¡k'IHil·nt \'ariabk• cann(lt be a (pcrfect) linear function of any other indepen~ 1, 

dcnl variahk. FurlhL·rnwh:, for thc rank of ~ 1 ~ to be p, an independent variable 1 

c.."annut h~.· Jinc;.¡rJy dL'pt'l1lknt on any linl':Jr function of the remaining independent 
va.riahlc~. hH 1,.'\:.tlllflh:. if pis 4 and X2 = <~X 1 + hX 3 +e, then X2 is a linear function o[ 

X 1 ami X 3 so thal th~· rank of ~ 1 ~ wuuld bL' at most 3. lf there is near linear depen­
dc:ncc in )5 .• J th'"· ~,.·~kulatio~l of t X'-~)" 1 may involvc roundo(f erro~ and IOss of signift-



~00 ----
c<~nce- k~Jing to nonsem.ical cstimaks for 6 ( Dr;.¡per <~nJ Smith 1966). 

As in the case of simplt.· regression, tl~t' total ~u m of squares can b1..· p<.~rtitiom:LI into 
3 p<irlS. Drl:lpl'r and Smith ( 1966) demonstrate that equation 9.11 ~an he written in 
matrix notation as 

( 10.91 

su that thc three componc-nts of the total sum ofsquarc-s, Y:' Y or I Y~. are: 

J. nY 2 . thc su m of squares dueto the llll'<lfl, 

2. ~ t '(- ~ • ~ • ~ = (y-~i p (y - X 8) = ~· • ~ = ¿e~= !:(Y¡ - Y; )2 • thc su m of 
squarcs of dcviatiuns from n:grcssion or the rcsiduaJ sum oi squan:s, and 

J. E_• ~· Y-nY 2 = rtY.-Y> 2 .thesumolsquaresducton.•grc:ssion. 

A multiplc codtki~.·nt of d~.:tt"nnination, R 2 • ¡,;an now he dclinc-d frorn c-quation 

9.13 "" 

R' Sum uf lo<jU&tc•olln' 10 ·~~r~uiun 

Su m gf '"'lUir"• ahuul!hc m tan 

( 10.10) 

A !o. 111 thc l'asc- of r 2 • thc rangt' of K 2 is frmn O to l. Tht· multipk corrdouion ¡;Ot.'ftkit·nt 
i"' ddinnl as thl· positiw squart' root of R 2 . Again R 2 ., thc fr;J¡;tion of tht: tola~ su m 2f 
~¡uarc~ ¡,;om:¡,;tl'd for thc rnl'an that is n:plaincd b'r th~.: regn.:ssion l'QUation Y=~ B. 

t.)uik frl'4ucntly thl.' partitioninw. of thc su m ofsquarcs is shown in thl" fonn of an 
..~n;.¡Jy~h of varianú· (ANOV) rabie. A ml.'an square in the ANOV is simply a sum of 
:Mjuart·s di\·idl·d by its dt'grces uf frccdom. 

Cuntinuing thc analogy with simplt> rc-gression, wc define e as Y- X B. Our cstimu­
til)JI prot:cdurc ~uarJntl'CS that b L) =O. An unhiascd cstimatt:-for (hc-VUn E) or o2 is 
S 2 what·· · · 

"'
1 = L..:¡ íl n - r 1 = r: t Y¡ - Y. ) 2 

/( n - P 1 
( 10.11) 

= <' ~ 1 (ll . pl = (y . xil)' (y- Xb )/(n- p) = (Y· y-ª' ~' y )/(n -_p) 

Tht• )ol:.tndah.J error of tht• Tl'l!fl'ssion l'<JU<ttion o is l.'stimatcd by S. An exprl'ssion J'or K 2 

thal b analo¡!OU!o. lo t'ljUdllllll lJ.I k is 

K~·f!h'l>l>iun 

Kl·sidual 
T111al 

·¡ah k 1 0.1. ANOV for muhipk Tl'l!fl'~~ion. 

l>t'!!r~'l'l> 

uf 
fn:l'llom 

Su m 
uf 

!>()U aró 

l:xpccll'li 
mean 

squarc 
-----------------

p-1 ¿•X•Y-n)' 2 

tl·Jl i'~-~·~·Y o' 

-----_.~ _____________ '.:' ... Y __ ~--·-··-·--

¡: 

)llJLTII'I.I' RI-.CRFSSION cOl -------· 
(10.11) 

Again this shows that if the regr\.'ssion cquation is explaining a Jarge part of the variation 
in Y, th~..· standard error of the ('qu:Jtion will be significantly less than the standard devia­
tion of Y. 

Example 1 0.1. Bc-nson ( I9ó~ J studir.:J Oood frt:quencies on many streams in thc north­
~.:astl·rn Un.itt:J Stall'S. Thc following tablc contains a partiallisting of som~ of Bcnson's 
Jata. Using this data: ( 1) Estima te' thl;' r~grl.'ssion codfici~nts for the model 

Q=s, +S,A+S,I 

wh~.·rc- (.) ¡~ thc- m~.·an annual llood in thou,j;~nds of cfs. A is the watershe-d arca in thou­
sands of squan: miks anJ 1 is thc- avcr.t!-.f'1~nnual maximum 24-hour rainfall depth in 
indll'S. t:!l Cakulatc R 2 • (3) ('akulatc Q1 for ea¡;h obsl.'rvation on the indcpc-ndent vari­
ahl~.·s. t 4) CakulalC' l'¡ for l'a¡;h Q¡. 

Statinn No. o A Q e 

15.50 1.~50 1.7 18.115 -.:!.615 ,, 8.50 0.871 2.1 13.135 -4.635 
7 85.00 5.690 1.9 76.508 8.49" 
9 105.00 8 . .:!70 1.9 110.437 -5.437 

1" 24.80 1.6"0 ~.1 :!:!.985 1.815 
14 3.80 0.175 !.4 3.985 .().185 

" 1.76 0.148 3.:! 3.639 -1.879 
JJ 18.00 1.400 !.7 20.099 -:!.099 
35 8.75 0."97 2.9 5.595 3.155 
J') H.!S 0.32! 2.9 5.924 ::!.3::!ó 

45 3.56 0.178 2.8 4.029 .().469 

48 1.90 0.148 ' '2.7 3.634 ·1.734 
61 16.50 0.872 2.1 13.148 3.352 
63 2.80 0.091 2.9 2.886 -0.086 

Solulion: To maintain consistl'ncy in notation, Jet Y¡.= Q¡. X¡, 1 = L X u =A¡ ami 
Xu = 1¡. For this problcm n is 14 and pis 3. Thc coluilln of data undcr Q is t!ll' .14xl 
Vl'l'tor Y. a 1.:olumn of l's alon¡! with tht• data undl'f A and 1 is thc- 14x3 mJtrix ~, and 
lht• 3xl Yl.'l'lnr ~ is rnadt• up of ¡; 1 • 6 2 anll 8 3 . 

FfOIIll'lJUiltion 1 0.8. Wl' haw 

0 =-·¡ .?\ 1 ~ ,- 1 ~ ' y 

l'' >: x •. 2 xi.l r xi.l 

'•J I_?S' ~~= ~x •. , X u LX¡:2 r xi.J X¡,l 

xi.J IXu x~,l L Xf.l ) ~.x •. , 



Cii.\I'II.RIU 

.- ~ 

14.00 ~ 1.33 34 . .10 1 

1 
4.1 . .14 ' 

1 

(~' ~ = 21.33 108.741 

1 34 . .10 4.1 . .14 
~ 

ll!!.ill!! th~· n:lation~hip ¡!illl'll in Apr ... ·ndix n. 1 ~' ~ ) 1 1:. f ... IIHli.J tu h.: 

,-
; J.7Jh7X · O.IMN4 -I.J7S.n 

(_~·~)'' ! -0.18044 0.02U2H O.Oh 124 

L-1.37537 O.Ohl ~4 U.) ~-;~9 ! 

:::Y, .104.1 ~00 

~~· Yi= ¿ x .. : y 
' 

14h5.g9:!7 

r x .. J y h:!7JO:U00 • ·' -·· 

¡- -, 
! I.Cr5 7U 
' 

=t~~-~,.~~~ Y= \1.1.15101 

1 ' L o.~, '- _J 

The parJ.ml!'h:r t'Stimates are a 1 1.6570, S~ 
From cquation 10.10. ·w-: gct 

13.1510 anli {3 3 =- 0.011 ~-

Q= 1.6570+ 13.1510A+U.Oll~l 

Valucs for Q ~.:ontaincLI in thl! abovc tabk Wl"Tc l'akui:.Jh·d front tlt1:-. rdatiunslup. 
Valuc:, for e¡ wcrt" ..:omputc:-d from 

and are aiso contam~d in lhe above tabul~tion. 
TI1e ANOV tablc for this l'Xounpk ._,._.,JUJJ he 

\11:1 IWI.I·. 1(1 Li(l SSION ~03 +--- ----- --·-- ------------------- --------

SllUn:l.' d. f. SS MS 
Mean 1 6,h0b.J8 1 
Rc-grcssion ~ 13,18~.600 6591.300 
R~o:~idual 11 171.090 15.554 

Total 14 19,9bO.Ob6 

Ftum th .. · :\1\:U\' t01hk K:::.: 13.1X:!.h00/(19.9h0.066-6,606.J81)=0.99ands 1 

15.554 or th ... · •. :~tiu•••h:d loland:nd nrur uf th ... · r ... ·t~J'-'~"ion c4uation is s = 3.94. 

t'unHth.'IIL l'lh.: J'llrpu)o .... ol tlu:-. ... -,amph.: b tu ,,h:llhlll!!triltc thc mcanin,; of thc- various 

matriü·~ and tn proviJ"· pr;Ktil.: ... - in tl11.:ir ~.:al~latton. llydrologic significance should not 
h~· aii:H.:h~·d to th~· hi1d1 R 2 ~tllú' tlw wakrslu.:ds are all closl! 10 onc anothcr (Maine) amJ 
th\· unib un() :H\' cf~ and thl· wakrshl•d arca i:!o l'Ontaincd in thc! cquation. Many of the 
!!J~inl! station~ ;.~rl·lucatL'd al various poinb along lhe s<.~mc strcam. 

Th~· numha or sil!nilicant ligurl'S that an.: carricd in thc calculations should be as 
l:ugL' as pr;~<..·ti.:al. 1 n rL·portin~ tlll' rL'SUit!-t, thc numbl'r of significant figures should be re· 
duccd_ Tllll!-o thl' r~·porh'd fl'Stlih on lltl' ahow n:grl'Ssion mighl be ' 

Q= l.hh+ IJ.JSA+O.OII 

lf a l:.lr~l' numhcr uf :-.i!!nifi~·:1111 ligur~·" ar~· not l·arricd in computing thr.: (,K 1 .X) 1 

mntri.\, .. iJ.!nilk;ull nrors can rL·:-.tdl. Ttr liL·monstratL' this, thl' elcments -óf.the -~',X and 
X 1 y !natrÍl'l'" Wl'f\' n~tnlkd tu twn lkcnnal pla~:L·s r~:sulting ia cstimatt!'s for f: of fj 1 .::-. 

L_~~:,b-~--~-~---~4-a~HI (·: 3 = 5.~~L ___ ---·-
1 

('01'\FIIJI'N('l' INTI'RVALS ANll TlcSTS 01· IIYI'OTIII'SES 
A~ wa~ tlll' l'<iSl' in simpk· rc~rl·~sion, in on.h•r 10 u~c some wcll·dcvcloped theorems 
on ..:onlidcni.:L' inlcrvilb JtuJ lc!loh ofhypolhl!Sl'S in multiplc regression, some assump· 
tions must hl· madl·. All of thc ..:ummcnts of Chapter 9 regarding the assumptions 

in simpk rq!rc .. sion rl'main va1iLI in multiplc rcgression. The assumption will now be 
made that th~· ~. 1 arL' idcntically, indl'pcnllcntly and nom1ally distributed with mean O 
and varianl'L' .1 2 . tSl'l' "C;l!ncral ( 'ommcnts" Sl!..:tion of C'hapter 9.) · 

Co~~~:~!~~ !•~_ty~_Jis ~·)1)_t_'!•.l~~[l!.!;ff.Q! 
·conliJL·n..:c intcn:als can hc plal'l·LI on o~ by.noting that thc quantity (n • p)Slfol 

has a dti·~quarc dbtrihution. Thus thc conlidcn..:c limits on o~ are 

L= _l~·¡>)~~---
x~ .... ,2.n-p 

U= ... JJ.!.•!)~~? ... 
X 

2 
ap,u-p 

( 10.13) 

l_r~Lc.~~··~-l:l':\ .t 111 thl~ _Hq.:rL·,.~o_n _( · ~~l' f_fi~· i~:n ~!'. 
To mah· infl'r~·n..:cs I.:Oih·~·rning ¡-, lltl· variani.:L' ufª rnust be cstimatcd. Thc vari­

an~.:e..,.-o\'ari;r~.:c matrix of B bgivL·n h}· 

Cov( f,1 = 1·.{1 ~ -l:iflll {!- Lt§11 '} 
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So that 

or 

and 

=1:((~·~,.·~· ff' ~<~·~r·l l. 

A!!:Jin trcating th~ X <b lix~o:d (St:t' .. lnfercn~.:cs on Rl'grt•ssiun Cu~_;fficicnt~". C'hapll'f 9), 
wl' han• 

Sinú' ~ is an nxl matrix, f f 1 is an nxn matrix. 

1-.¡.!:. ~ )= ll:::tt:¡Lj)l 

SuH."l' e¡ i~ i.i.J. N<O,o 1 ). w~ havc 

J-.( l-¡Lj) = 0 1 rur i = j 

=O for i Tj 

Tlh:rl"fun· 1:(( e') is a symrnetric matrix with all of thc diagonal dcmcnts (i = j on thl' 
~.tia}!onal) l'quallo o 2 :md .. 11 of thc off diagonal cl~mcnts cqual to O. 

1 ~' o 

:J 
o' 

l·c e ,; 1 ) = = ol! 
1 ~· o 
L 

wh~·r~.· 1 í~ thl' ll.'-11 ilkntity nwtrix. Wl· now haw 

l. t \' \ J" 1 is ¡¡ symm~·tril' matrix. A ~ymnwtri,,: matrix i~ l't¡ual to its transpm.c. 

1 ' 

,\Jlll TII'LL H LC ln.SSION e os -- --------~--------

or 

(10.14) 

• A¡i • 
Tht· vari:11h.:c of 6 ¡ is cqual to thl· t:ovari::~ftl:c of S 1 with itself and is therefore o1 times 
lhl· i••• diOJ);!.IlllalL"kmcnt of ( ~' ~ ¡·•. Tht: covariancc of S¡ with' B-; is o2 times the i,j 1h 

l'klut·nt of( X'~ )" 1
. lfwc lctC = ~ 1 ~- thcnf_·• = (.?i 1 ~r 1 and 

(10.15) 

wllt'ft' ( · 1 i~ thl' i' 11 diOJ!!Oilall·lt•lllcllt of 1 X 1 X )- 1 • 

lf ·;¡ll. tnmld i~ •. :orrl'l"l. lht·n lhl' q(;;.¡ntity G JSfl
1 

b t.listributcd as a t distribution 
wirh n- p lk~rt'l'~ of frl'l.·dom whl·n· S¡¡¡ i::. an l'Stimatc for o(J

1 
ant.l is calculated as the 

pusitiVt' squan: rout ore¡,• 5 2 • 

('onlidcnc.:L' inll'f\':Jison ]), arl' p.ivcn hy 

L¡J ¡ = ~~ ¡ - '• ... f2 ·"·" S¡~¡ 
(10.16) 

A IL'SI ·of thc hypulhl'Sb e¡= f.o whl'fC Po ¡s a known constant can be made by 
notin¡! that t B,- fS 0 1/Sfl¡ has a t distrihution. Thus, to test H0 : 8 1 = So versus Ha: Si 1 
Bo. thl' ll'!-.T statistk 

t = F:.:. § 
StJ'¡ 

(1 0.1 7) 

isl.."ompull:d.ll,. isrl'jc~l if Jtl>1 1 ... ¡l,n·p· ..., 

Sin'-'L' in ¡!l'llcral B j is not inlil'j)l'lldcnt of B j ( tht!ir covariance is given by c¡J1 o 2. ), 
fL'!'W~IIl'd applil·at ion of l''iUOJtion 1 O. 1 7 to h.'st Hu: B ¡ = B 01 and Hu: S j = S 0 j arl! not in­
dl·p~.:mknt ll'~h. 

A ll':O.I or 11.,: l~¡ =o Vl'_rsus 11¡¡: (~¡ =f-0 is ct¡uivalcnl to tcstini; thc hypotht!sis that 
thL· i11 • inlkpt·mknt variable is nut I.."Ontrihuting signili.t.:antly to cxplaining the variation 
in thl· JqwnJl·nt variable. lf 11,.: j-)¡ =O is a~..:ccptcd, many times it is advisable to delete 
thc i1h inlil'pt·ndcnt vo.Jrio.Jhll' from thl· modcl. 

A lt'st of tht· hypothcsb that thc en tire reg:rcssion cquation is not exPlaining a sig­
nilkant >~mount of rlu.· variation in Y Í!> t"quivalcnt ~o H0 : lh = B 3 = ... = Sp =O versus 
HM: :.ti lt't"t onc of thcsc ¡3's is not zcro. SinL:c 8 1 is not independcnt of S;. repeated 
o.Jpplie<.~tibn of cquation 10.17 i::. nota valid WOJY to test this hypothesis. Use can be made 
or lill' f:.td that thc r..1tio of thc mean squarc du·l.! to rcgression to the residual .mean 
~qu"an: h~s an F distrihution witll r- 1 and n- p ~cgt:es Or frl!edom. TÜ test Ho: al= 
c~.j = ... = bp = Ü,l'o.Jkulall' thc test statistic 

tk.~.~ ~!.· "~.'-~(~ -~) (10.18) 
IY' y-~~ X 1 Y}/111-p) 

. ·- - - - ~ 

;_¡nd rcjcl.."t 11 11 if F cxcct:tls F 1 • .,,f'. 1 ,,.p· 

A IL'st of thl' hypothcsis tln.tt k or thc intlependcnt variables are not contributing 
significantly to explaini~g thc linear variation in the dependent variable can be made. 
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l = 0.0112/2.85 = 0.004 

Since 1 t 1 < t.ns,11 ,. we cannot reject 110 • The mean annual maximum 24-hour rainfall 
dcpth is not explaining a significant amount of the variation in the mean annual peak 
flow, 

(4) The 9S% confidence limits on a1 are calculated from cquations 1 O. t S as 

1= 13.1510-2.201(0.562)= 11.91 

u= 13.1510 + 2.201(0.562) = 14.39 

(S) The 9S% conlidence 1imits on the re~ssion line at X1 .h = 4.00 and X
3

.h = 2.0 
are determined from equation 10.21. The Var(Y h) is from equation 10.20. 

VarCY.) = 15.554 X. (X' X>·' X~ 

(X' ~)- 1 is given in example 10.1. 

x. = ( 1.0, 4.0, 2.0) 

X. <X' X)"'X~ =0.16529 

Var(9•) = 2.571 

~. ~ = 1.6570 + 13.1510(4) + 0.0112(2) = 54.28 

1 = 54.28- 2.201(1.60) = 50.76 

u= 54.28 + 2.201(1.60) = 57.80 

(6) The 9S% confidence intervals on o1 are calculated from equation 10.13 

l=(n-p)s'/x: .• ,; .•.• = 11(15.554)/21.9=7.81 

u= (n -. p)s' ix!,; .•.• = 11(15.554)/3.82 = 44.79 

The 9S% cohfidence fntervals on o would be 2.80 to 6.69. 

Comment: The hypothesis H0 ·: a1 =O and'Ho: 8 3 =O were both tested in this example 
as,. th~gh the tests were independent. In fact S:¡ and S, are not independent. The Cov 
(a' .s') ,.can be ~eterrnined from e-,•, •' as .0~12(15.554) = 0.9519. Tile correlation 
between 6 2 anda, canbeestimatee 'romCov(a,. S 3 )/ot 2 ot, as.9519/.562(2.85) 
= 0.59. The test of H0 : 8 3 =O is made relative to the full model which includes all of 
the S 's. The acceptance of H0 implies that S3 =O gjven that 8 1 and 8

2 
are in the model. 

In general, if there are p S 's. and H0 : S1 =O is tcsted for each of them with the n .. -sult 
that k of the hypothescs can be accepted, one cannot elimina te thc~ k variables from 
the model on the basis of this test alone since cae~ of the individual H

0
: 8

1 
=O assumcs 

l MUL TIPLE REGRESSION ~09 

all of thc othcr p- 1 s·s are still in thc modl'i. To climinah: k variah)t'S at once. thc h:st 
must be based on cquation 10.19. 

As an cxamplc
1 
of thc application of cquation 1 0.19, thc H": S J =O will be teste~. 

The ANOV for thc full model is containcd in cxample 10.1. Thc rcduccd modd IS 

simply Y= 6 1 + e, X whcrc X is thc watcrshcd area in 1OOO's of squarc mih:s. Sim:c 
this is a simple rcgrcssion situation. wc can compute thc sum of squarcs du~.: to regrcs· 
sion from bl:x1y1 whcrc b =I:x¡y¡/I:x~. The rcsult of this calculation is thc sum of 
squarcs duc to rcgrcssion for thc rcduccd model which is 13,182.60. 

The test statistic from equation 10.19 is 

F= (Q, -Q,•)/k = !13,182.60-13182.60)1_! 
Q 1 /(n-p) 171:090/11 = 0.00 

F.9 .s.a#.11 ~ 4.84 so wc accept H0 : S3 ·= O. Note that this test is identical to the test con·· 
ductcd in part 3 of this cxample. From tables E.S and E.7 it can be seen that F1 • 0 , 1 ,n = 

t~ .o¡z.n so for the ~pedal case wher_e k= 1 variable is bcing tcstcd against zero, cqua· 
tions 10.17 and 10.19 Rroduce identical results. 

Sincc H0 : e,= O was acccptcd, the next logical stcp is to climinatc 1 from thc 
modcl a¡,d consider only A. In so doing thc rcsulting regression cquation is 

Q= 1.69+ 13.15A 

Thc depcndencc of S's again is cvidcnt since the interccpt is not thc same as was ob~ 
taincd when rainfall dcpth was included in thc model. This is a somcwhat spt.•cial cxample 
in that el accounts for nc:arly alt of thc variation in Y leaving virtual! y nonc of thc vari~ 
ation to be cxplained by e,. Again ene rcason for this unusual situation is tht.· units on 
Y and A and thc proximity of all of the watcrshcd. 

WHIC'H UNE IS BEST 
A common situation in which multiplc rcgn:ssion is uscd is whcn one dcpcndcnt 
variable and severa! im.lc-pcndcnt variables are availablc and it is dL-sircd to lind a 
linear modcl for prcdicting unobserved valucs for thc dcpendent variable. ThL" 

model that is devcloped does not nccessarily have to contain all of the ·indCpcndent vari· 
a bies. Thus thc points of con ce m are: (1) can a linear modcl be u sed and (::!) what indL"­
pcndent variables should be included?. 

A factor complicatini! thc seJCction of the model is that in most cases thc indepcn· 
dcnt variables an· not statistically indcpcnde-nt at all but are corrclatcd. Onc of thL' first 
stt:ps that should be done in a rc¡!ression analysis is to compute thc corrclation."matrix. 
g-, of thc indt.·pcndcnt variabks. lltt.' corrdation matrix Can bé eomputc..·d ao; follows. Lcf 

whcn: X¡ and S¡ are tht.• mean <~nd standard ..¡ .. ,,i.,tion of thc j 1 h indt.'f'\.'Odt.·nt variabh:. 
Thcn define.!.= 1 Z¡.j 1 so that thc corrclation matrix is 

R=~•!:./(n-I)=IR¡,¡) (10.23) 
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nw~ric n~utrix si.ncc.• ~i.J = R¡, 1• Wc haVl' alrl•ady sn·n that if R¡;¡ = 1 for ¡ 'f j. then either 
v;mublc 1 or vanublc J must be omitted from thc modcl or clsc the X' X matrix cannot 
hl' invntc.·t..l. If R,,, is clo~ to unity (but not C.'t)Uo.llto unity). thcn x' Xcan be invcrtcd 
and ~ cstimóltcd. ~f R,,J is closr lo unity thcn lhc V;:¡r( 81) or Var( f;) ;;ay be very Jarge. 
Tests ofhypothes1s on B1 ólnd 6; may indicatc that nt'itherissi¡mHic<lntly differcnt from 
t.l'ro whcn in fact cithc.·r 6 1 or S¡ whc.·n uscd alonc may be 5Í¡!nifkantly diffcrent from 
Zl'ro. Thl· problcm hcre is lhat sim·c X1 und X¡ ólfl' nc.·;:¡rJy lincólrly rclóltcd, thcy both are 
att~mrting to explain thc sam~ t!lin~ in thc lin~.ar model. By having. both X

1 
and ~ in 

thc model, the p:ut of thc v::matlon m Y that e1ther would cxplain ifused alonc may be 
!"plit betwcl'n thcm in such a fashion that neithc.·r is si¡:nilicant. In othcr words thc effect 
of onc causative factor (which may be reflected in either X1 or X·) is being divided be· 
twccn two correlatcd variables. . - J 

Rc.·tJininl! variabiC's in a rcgrcssion L'"qUation that are highly correlated makes the in· 
tcrpn .. ·tation of thc rcgrcs..'iion cocrticicnts t.lifficult. Many times the si¡!n of thc rcgrcs~ 
sion l'Ocffkicnt m ay be thc oppositc of what is expcctcd if the corrcsponding variable is 
highly corrclated with another ind~·pcndcnt variable in the equation. 

A conunon practice in sclecting a multiple regrcssion model (and onc that iJ not 
ne~c.·ssarily bcing advocated) is lo perfom1 scvc.·ral rcgrcssions on a givcn sct of data 
usmg diffcrent combinations of thc int.lependent variables. The regression that .. best" 
fits thl' data is then selected. A c.·ommonly used critnion for thc .. best .. lit is to select 
thc equation yiclding thc largcst valuc of R 2. 

Looking at equations 10.21 and 10.~2. anothcr and perhaps bcttcr criterion is 
apparent. The conlidence intcrvals on thl· rcgression line are a function of S, the esti~ 
matcd standard error. TI1c linc with the smallcst stundard error will have the narrowest 
confidl·nce intcrvals. 

Mnny times the two critcria of the largcst R 2 and the smallest S givc the same re­
sults but not always. As more variables are added lo a regrcssion equation. the R 2 value 
can ncver dccrcasc. Thus from thc standpoint of the R 2 criterion. onc should use all of 
tite vuriables he can lay his hands on. This. however. mak.cs a clumSy equation and one 
in which it is extrcmely diffi<..·ult to plac.·e a meuningful intcrprctation on thc coefficients. 

As more variables are added lo a rcgression cquation. the standard error may get 
larger. This can be sce~ from equation 10.11. Evcry time a variable is added. n. p gets 
smJI!er Ols does ~' ~ ~-ª'!' y. However. thc numcrator may not and many times does 
nol dl•crcasc proportionally to n .. 11 so that as variables are uddcd S may actually in­
crl·asc. This is a tip-off that thc addcd variabll's are not contributing signilicantly to thc 
rl'g:rl·ssion and c.·anjust as wcll be lert out. 

All of the variables n.·taincd in a regrcssion should make a si¡mincant contribution 
lo thl' regrcssion unlcss thcn.· is un ovcrriding rcason(theorctical or intuitivc) for rctain­
in¡: a non~si,gnificant variable. Thc variables retaincd should have physical significance. If 
two variables are equally si¡:nificant whcn uscd alone but are not both nceded, thc one 
that is casicst to obtain should be USl'd. 

Thc numbl•r of col'flicicnts cstirnatcd should not cxcecd 25 to 35 percent of the 
numbl•r of obscrvations. This is a rule of thumb uscd to uvoid .. ovcr·litting" whcrcby 
oscillations in thc cquation may ol·c.:ur hctwcen obscrv;;¡tions on the indcpendcnt vari· 
¡¡bies. 

Tims far ¡:¡JI dc .. :isio~s on which rC"l!f"l'Ssion l't]Uation lo use hav1..· bcen made by thc 
in'il'Stigator. In many Cilscs this i~ thl· most rl'li;~blc nwthocJ of st:lccting 8 rcgl'l'ssion 
l'(!Ui.lti~n. Si1icc the advc:nt of tht' di~,!.ilal cmapulcr. it h;1s bccn possiblc lo pt·rfonn many 
rq:.rc.•so;,¡om; on la~l' ~cts of dala. Tl!l~ !las Jtod In Sl'Wr;.¡f fonu.sl rrocetlurl'!i for sl'll·clinl! 

:'11 

a regrcssion cquation. Two mcthods will be discussed hcrc - all·possibk·rc~rcssions ami 
stcpwise regression. For a discussion of some other tcchniqucs. rcfl·rc.·ncc should be 
made to Drapcr nnd Smith ( 1966). 

AJI·possiblc~rcgressions involves calculating rcgression equations having evcry possi­
ble combination of the X variables. If all or thc equations are rcquired to han· an intc.·r­
ccrl tem1, 2FI·I regrcssion cquations would havc lo be calculóltcd whc.·n· pis the numhl·r 
of indepl.'ndent variables onc of ~hich is. always cqual to one to prodt~~.:l' thc inll'rccpt 
tenn. Thus if p = 4. 8 regrcssion equations would be calculatcd (not an impossiblc task 
ora bad proCl•dun.•); howc.·vcr, if p = 11, 1024 rc~rcssions would havc lo bl• calculall'd 
and examincd. Thus as p gcts cvcn mollcratcly large. thc numbl·r of rc¡!Tl'Ssions rcquircd 
becomes prohibitivc and intclligent thought could elimina te many of them. When this 
many rcgrcssions are calculated, thc probability of getting a signilicant regression by 
chance bccomes large. 

One of thc most commonly used proccdurcs for selecting thc "bcst" rcgrcssion 
equation is stcpwise rcgression. TI1is procedurc consists of building thc rcgrcs!Oion equa­
tion onc variable at a time by adding at each stcp the variable that cxplains the lar~cst 
amount of the rcmaining unexplaincd variation. After cach stcp all thc variables in thc 
cquation are cxamined for signHifancc nnd diScarded if thcy are no longcr cxplnining a 
signilicant amount of .the variation. l11Us the lirst variable addcd is thc onc with thl· 
highest simple corrdation with thc dcpendcnt variable. The second variable addcd is thl' 
onc c.·xplnining thc largcst variation in the dcpcndent variable that remains uncxplainl·d 
by the lirst variable add1..·d. At this point thc lirst variable is testcd for ~ignificann· and 
rctained or discardcd dcpcnding on thc results of this test. Thc third vnriable add~·d is 
thc onc that explains the largest portion of thc variation that is not cxplaincd by thl' 
vari<~bles nlrcady in thc cquation. llH~ variables in thc cquation are thl•n tcstl'd for si~­
nificancc. This procedure is continul·d until all of the variables not in the l'l)Uation are 
found lo be insignilicant und all of the variabk·s in thc equution an: sipnificant. This is a 
vcry gootl procl•durc to use but carc must bc.excrcised to sce thut tlll' resulting l'quation 
is rational. 

Of coursl', Íhc rl·al test of how ¡:ood thC rcsulting rcgrcssion modcl is dcpcnds on 
the ability of tln.' modcl lo prcdict lhl' dcrcndcnt variable for obscrvations on thc indc­
pcndcnt vari<~hlcs th;.¡t Wl'Tl' not USl'd in cstimaling the regrcssion cocflicients. To mah :l 
t:omparison of this naturl·, it is nc.'l'l'Ssary lo rnndomly divide lhe duta into two parts. 
Onc part of th1..· dat<~ is tht•n USl'd to devclop thc modcl-and thc otltl'r POJ~t to tcst thc 
modcl. Unfortunatcly. m<.~ny times in hydrologic appliCations. thcrc are not enough oh­
scrvalions to carry out this proc~dure. 

EXTRAI'OLATION 
Till' commc.·nts on c:xtrupolation containl·d in chnptcr 9 rl'lativl' lo simple rq:rl·ssion 
arl' cqu<.~lly applic<.~bil' lo multiplc rc¡!rcssion. In multipk rcgrc~~ion an additional 
prohlc.-m arisl'S. Jt is somt•timcs diflicult lo tell thc ran¡!c of thc.· d<.~ta. For c.·xamrk 

in cxamplc 10.1. A run~~..·s from 0.091 to 8.~7 and 1 rJili,!l'S rrom 1.7.t"o 3.~. ls thl' point 
A= 6.0 <~nd 1 = ~.7 in thc r<~O!!l' of lhl· dut3~ 

A plol of A <~llll 1 fur l'X<.IIllpk· 10.1 i., )oh o\\ n in figure 1 0.1. "From this plot it is 
upp:m:nt that A and 1 do not cowr lhc L'ntin.: rangl' dclim•tl hy O.OQJ <A" H.~7 nnd 
l. 7 ·. 1 < J.~. TI1c point A== 6.0 ¡\ntl 1 = ~.7 doc.'!\ nnt <~Pill'<.~r tu hl· in thc r:lllJ!l' of thl' 
d:Jii.l. In mon· than ~ tlimcnsions it is nwch lll9Tl' ,liflkult lo vh.;u:~litl' tlw r<.~n~t· of thc 
d<.~ta. 
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Fig. 1 0.1. Range of data used in cxample 1 0.1. 

AN APPLICATION OF MULTIPLE REGRESSION 
~te following: illustration of using multiplc rc~cssion ¡5 adapted from Haan and 
ti:ad / 19~0). A part of thcir study was dcvotcd lo dcvcloping a prediction cqua-

th n ,or. t e me~n annual runoff for small watcrsheds iri Kentucky The data for 
e cxamp e 1s contamcd in tablc 10.1. The numbcr of obscrvations ( 13) is 11 

and d~cs not pcnnit splitting the sample and using a portian of the data for ;;sr¡;ns~~c 
resultm~ modet. _Table 10.3 contains dcfinitions of thc symbols used in table 10 2 ~ Th 
corrclat~on matnx for the indepcndcnt .variables ¡5 contained in table JO 4 s· · · th e 
corrclóltlon matrix_ is symmctrical. it i5 customary 10 show only the diago~~l •tce e 
and thc clcmcnt!i Clthcr above or bclow thc diap:onaL e ements 

Table 10.2. Data from Haan and Rcad ( ¡q70). 

Wah.·rshcd RO Prcc. A S L p 
·No. 

d, R, F R, 

1738 4437 2.11 so 2.38 7.93 0.91 0.38 1.36 
1 14.62 44.09 2.S3 7 2.ss 

332 
7.6S 1.23 0.48 2.37 

J IS.48 41.2S S.63 
SS 

19 3.11 11.61 2.11 O.S7 
4 14.72 4S.SO I.SS 

2.31 77 
6 1.84 S.JI 0.94 0.49 

S 
3.87 68 

18.37 46.09 5.15 16 4.14 11.35 1.63 0.39 3.30 68 
6 17.01 4q.l2 2.14 26 1.92 
7 

5.89 1.41 0.71 1.87 230 
18.20 44.03 5.34 7 4.73 12.59 1.30 0.27 

8 18.9S 48.71 7.47 1! 
0.94 44 

..l.:!4 12.33 2.3S 0.52 1.20 q 13.94 44.43 2.10. 5 2.00 
72 

6.81 1.19 0.53 4.76 40 
10 18.64 47.72 3.89 18 2.10 9.87 1.65 0.60 3.08 liS 
11 17.2S 48.38 0.67 21 1.1 S 3.93 0.62 0.48 2.99 352 
12 17.48 49.00 0.8S 23 1..:!7 3.7q 0.83 0.61 3.53 300 
13 13.16 47.03 1.72 ~ l.q.1 ~.lq O.<Jq 0.52 2.33 -39 

.,, 
MULTIPLE REGRESSION ' 

T<~blc 10.3. Dcfinition ofsymbols uscd by Ha<.~n and Rc<.~d ( 1970). 
-----

A 
S 
L 
p 

d; 
R, 
F 
R, 

RO Mean annual runoff (inchcs) 

Prcc Mean annual prccipitation (inches) 
Arca (squarc miles) A 

S 
L 
p 

d, 

R, 

F 

R, 

Avcr;:~p.c land slopc (%) 

A:<.iolllcngth (miks) 
Pl"Timl'tt·r (miks) 
Diamctcr of lar¡!t'!<-1 dn.:h.• tlwt ~.::.~n h,.· dr;.¡wnt·ntirdy within tht· h:1!>ill 

(miks) 
Shapc factor - r;~tio l)f d¡ to du whcn: d.., is the diamch:r of tht• ~mallt"lil 
cirdc thilt can be dr.twn which cntircly endoses thc basin (-) 
Stream frequcncy- ratio of number of streams in basin to total are a ofl"lasin 
(square milcs)· 1 

Rclicf ratio - ratio of total rclief to largcst dimcnsion of basin g,cnaally 
par<JIIel to main strcam (fcct per mile) 

Tablc 10.4. C"orrclation matrix for data of Haan and Read ( 1970). 

A S L p d, R, F R, 

1.00 
•. 17 1.00 

.90 - .21 1.00 

.96 .. 10 .92 1.00 

.91 •. 16 .67 .81 1.00 

- .25 .os .. 58 •. 41 .1 S 1.00 

. .48 •. 30 •. 53 • .48 ... 32 .:!9 1.00 

- .5~ .80 •. 54 • .51 • . 50 .18 .. 08 1.00 

Thc mean <~nd st<~ntlard dcviation of RO are 16.55 and 1.93 inchcs respcctivcly. 
Tublc 10.5 cont<~ins thc n:sults ~f thc multiplc rcgrcssion of RO on all9 of thc indcpcn­
dcnl variables. Sincc an intcrccrt tcnn was includcd pis cqual to 10. In thc ANOV t<Jblc. 
thc su m of $quan·s for thc mean und thc total su m of squarcs are not shown. 1 nstcad thc 
total sum of squares corrt•ctcd for the mean is givcn. Thc F that is givcn is thc cakulatrd 
F for thc overall rt'grcssion cquatíon (from cquation 10.18) uscd in testinJ! tht· hypoth­
csis that tht• n.•grcssíon is not cxplaining, a si¡;:nilic<~nt amount.of thc vari<~tion in Y. Sincc 

F.95 •9 .J ís·8.81. this hy¡lothcsis is n·jcctcd. 
TI1c lowcr part of tablc 10.5 contains thc cstimatcd rc¡;:rt·ssion cocfficicnfs. thc 

standard crrors of thc n•gression cocfrídcnts and the cah.:ulatcd t (cquation 10.17i mcJ 
in tcsting 11.,: 8¡ =O. Tlu· only B 's with calculatt•d t's grcatcr !han 2.0 ::~re tho~l' hil~l·d 
on Prcc, P. <1nd R,. lf all of lhlf" variable" ('Xt"l'nt thcsc thrce and thc intcrccpt are dimi· 
natcd at 0111: time. thc rcgrcssion shown in lilhlc 10.6 rcsults. In going to thc sccond rc­
(!rcssion R 1 has bcc-n n:duccd from 0.97 to· 0.91. thc F incrcascd to ::!8.7. :md thc stan­
durd e-rror hu:" n:m:~im·d undliln~cd.. All of thc rq!ression l'Ot.'rficil..'nls with thc cxl·cption 
of thc intcn.:t·pl art· now !iignincantly llil"fcrt·nt from zt•ro ut thc om• pcrcc-nt kvd of 

. sil!nificuncl·.silll'l'. t.l)<~.s.<~ is J.~~: 
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T.:.Jblc 10.5. Rqcn:ssion ¡¡nalysis of Jat<J of H:.tan anJ Rcat.J ( 1 970). 
( 1 O int.Jcpc:ndcnt variables). 

Analysis of Variance 

De~rces of Sum of 
Frccdom Squares 

9 43.45 
3 1.44 

Total corn:clcd 12 44.89 
for mean 

11'=0.97 R = 0.98 
F = 10.0 Std. Error= 0.69 

Variable ~ a !l. 
Constant -14.770 6.810 
Prcl' 0.450 .150 

A 0.170 1.430 
S -O.G20 0.050 
L 0.~90 0.780 
1' 0.990 ,0.370. 
d¡ - 3.020 4.810 
R, 5.640 9.060 
F 0.370 0.270 
R, 0.013 0.006 

Mean 
Squarc 

4.83 
0.48 

-2.17 
3.04 
0.12 

-0.37 
0.38 
2.68 

-0.63 
0.62 
1.39 
2.13 

The t test uscd to test the hypothcsis that 61 =O makcs thc test assuming that all 
of thc othcr B 's are still in the equation. l11Us when a dccision is madc to clifninatc 
more than onc variable, the t's are unreliablc and thc F test using cquation 10.9 should 
be uscd. This test dctcnnincs if scvcrnl variables are simultaneously making a significan! 
l·ontribution to cxplaining the variation in thc depcndcnt variable. As an illustration of 
lhr use of t•quation 10.14. the hypothcsis that e ... = Bs = Bl = 6d i = Bll. 1 = B F =o will 
he lcstcd. For this example n = 13. p = 1 O, k= 6, O, = 43.45, O, • = 40.64 and O, = 
1.44.1ltc F calculatcd from cquation 10.19 is 0.98. Sincc F.9S.6.l = 8.94, it is condudcd 
that thc variables A, S, L. d1• R. and F are not significan t. 

Tite rcsulting prcdiction model is 

RO= -9.65 + 0.43 Prcc + 0.62 P + 0.01 ú R, 

Thc observcd values of runoff and values predictt'd from the abovc cquation are shown 
in !he lowrr holf of tablc 1 O.ó. 

To dcmonstrate the hehavior of s, R 2 and F, severa! regressions wcrc i1.m using 
various combinations of the data in tablc 10.2. The results of these regrcssions are sum­
lllólrizcd' in tablc 10.7 and ligun.· ~0.2. This tablc illustratcs·that R 2 nevcr incrcascs as 
Variahlcs an.~ removed from thc cqt~<Jtion whik S 11ló1Y dc:cn.·a..~t· as somc variahlcs are re-

~15 _\l_l¿l l.:I_I'LE RF~C_,J.I!_IH"''S~SC~_IO~N'._ _______ > _________ ----=-'-'-

Tablc 10.6. Rt·grcssion analysis oft.Jata of llaan and Rcad ( 1970) 
(4 indcprndcnt variables). 

Analysis of Variance 

Dt•grccs of Sum of Mean 
Sourcc: r-n.·cdom Squarcs Square 

Rc~rcssion 3 40.64 13.55 ¡ 4.25 .47 Rt·sidual 9 
' ' Total 12 44.89 1 
! 

R'=0.91 R = 0.95 1 

F = "!8. 7 Std. Error= 0.69 1, 

~ 

Variable a ~ 

Constant -9.650 4.440 -~.17 [ 
Prcc 0.430 0.093 4.6:! ¡ 

p 0.620 0.075 8.~5 . 
R, 0.010 0.002 5.19 i 

Obscrvcd and prcdictcd nican runoffvalues 

MEAN RUNOFF (IN.) DIFFERENCE 
WATERSHED OBSERVED PREDICTED (IN.) 

Bear Branch 17.38 17.76 0.38 
Cave C'rl'l'k 14.63 14.59 -0.04 
n .. t C'rt•ck 15.48 16.04 0.56 
Plum Cn.-ck No. 4 14.72 13.89 -0.83 
Littll' Plum C'rcck 18.37 17.86 -0.51 
McGills Crcck 17.01 17.47 +0.46 
McDougal Crcck 18.20 17.49 -0.71 
Wcsl Bays Fork 18.95 19.64 +0.69 
Rose Cret•k 13.94 14.06 +0.1~ 

Wood Crcck 18.64 18.14 -0.50 
Cmc Br:.tnch 17.~4 17.~3 -0.01 
Hdton Branch 17.48 16.87 -0.61 
Pcrry Crt'ck 13.16 14.17 + 1.01 

movt•d ;md thc11 incrrasc as mon.· variahlcs an.· rl'movcr.J. R 2 is appro:u.:hin~ unity as IIH: 
numhcr of v;ui:.~hlcs is incn.·asirti!. lf thl· m~:~·' . r ··,f ·Jriablcs wcrc innc<:~scd to 12. thcn ~ 
would hl· 13 (sinl'l' thl' modd has an intl'rc:c-pt) :.md R 2 would he unity. In fi!!un: 10._ 
thr linrs connl'd thl' hc-st v<~ha·s of th~.· <¡uantitiC's S, R 2 and F contt~inc-d in la~ll' lO.?. 
This is b~.·c:aus~.· it is possihll•. for l'X311li'IL·. to IWVl' many romhin;ttions of J v:mabl~.·s 1? 
thl' rl"l!n·ssinn l'quation <~ml.l'<Jl'h l'omhination would prodtll'l' a diffl·n·nt S. K 2 and 1·. 
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Tablc 10.7. Sorne re:;ults ofsevcral rcl).ressionson S, Rl •md F. 

Eq: Variables lncluded 1 • S R' F 
No. 

Pm: A ·s l p d, R, F R, 

• X X X • • X X X 0.69 0.97 10.0 
~ • X X • X X X • 0.62 0.97 14.3 
3 • X X • • X X 0.59 0.96 17.5 
4 • X • • X X 0.59 0.95 20.3 
5 • • X X • 0.60 0.94 23.7 
ó • • • X 0.64 0.93 25.2 7 • • • 0.69 0.91 28.6 
8 • • • 
9 • 1.13 0.74 8.7 • • 1.06 

10 • • • 
0.78 10.4 

11 • 0.98 0.81 12.5 • 
1~ 

1,.30 0.62 8.2 
X 1.86 0.15 1.92 

13 • • 1.20 0.68 10.7 

l. • ind icates variable included in regression and was significan t. 
x indica tes variable included .in regression and was not significa"nt. 

40 

30 ••• 
a: o 

o a: 
a: ¡: ... .. 

a: 20 cii.O 

' 
,_ .. .. 

10 .. 

Fi~. 10.2. Bchavior of s. R 1 , anci Fas a function of n for data continucd in table 10.2. 

TRANSFORMING NON LINEAR M0l>LL~ 
Many models are not naturally linear models but can be transformed to Jin~ar 
modcls. Foi cxample 

X e a x• (10.24) 

. . .,,, 

,~IIJ..LTIPLr:,_[{J'(;J'F.S_510N ·-------------------'...L.L7 

is nota linear model. lt can be lincarizcd ·by using a logarithmic transfonnation 

In Y = In a + B In X 

or 

( 1 0.26) 

whcrc 

Y • =In Y 

a' =In a 
(10.27) 

X• =lnX 

Standard rcgrcssion tcchniques can now be uscd to estima te a' and 8' for equation 
10.26 and a and 8 cstimated from equations 10.27. Two important points should be 
note d. First the estima tes of a and 8 obtaj_ned in this way will be such that 1: (Y1' -Y 1' l 1 

is a mínimum and not such. that E(Y1 • Y 1) 2 is a minimum. Second ~he error tcrm on 
equation 10.26 is additive (Y' =a' + B' X' +e' ) implying that it is multiplicative on 
equation 10.24 (Y= aX"e ). l11csc crrors are rclatcd by e' =In e. Thc assumptions uscd 
in hypothesis tcsting and confiUcnce intcrvals must now be val id for e' and thc tests 
and confidence intervals made rclative to the transformed model. 

In sorne situations the logarithmic transformation makes the data confonn more 
close1y to the regression assumptions. For example if thc data plot as in figure 10.3. a 
1ogarithmic transformation may make thc assumption of constant variance on the error 
more realistic. 

Thc nonnal equations for a 1ogarithmic transformation are based on a constant 
perccntagc error along the rcgrcssion tinc whilc the standard regrcssion is bascd on a con­
stant absolute error along thc regression ~ine. For example thc diffcrc~cc bctwccn Y1 = 

y In Y 

In X 

.Fig.. 1 O.J Examplc of lhl' l"ffl·Cl or tl lol!arithmic tran!lifofmation on tht• l'TTOT V<lri:mcc. 
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200 ;uul Y1 = 100 on an urithmctic scalc is 100 times as large as the differencc bctwcen 
Y1 = :! and Y, = 1. Uowever on a logarithmic se ale In 200 ·In 100 = 5.29832.4.60517 = 
.6931S which is thc samc as In 2 ·In 1 = .6931 S· .000 = .6931 S. In a situation of this 
ly¡lc, the st::mdard rcgress~on proccdure would atrcmpt to tit the point at Y = 100 in 
arder to n1.1nimize I:( Y1 -Y 1 )

2 al thc expense of the point Y
1 
= 1 since its co~tribution 

to r< Y,· Y 1 )
2 

is small. Thc logarithmically transfonncd modcl would give equal per-
ccnlói!!C wcight to both points. ' 

Thl· abovc discussion can be ex"tcndcd to the modcl 

lhrough the transfonnation 

In Y= 6 0 + 8 1 In X 1 + 8 2 In X2 + ... + Bp In XP 

Othcr models and transfonnations are available. For example 

Y= a cxp(bX) 

can bc- transfonned to 

In Y= In a+ bX 

Y cvjL·vich ( 1972a) lists severa! possible transformations. WhateVer thc transformation, it 
must be rcmcmbercd that the principies of and assumptions rcgarding lcast squares apply 
to the tranformcd model, not the original model. 

GENERAL ffiMMENTS 

Rcgrcssion analysis should be regarded simply as a too! for exploiting linear tcn­
dencics that m ay exist between a dependcnt variable and a set of independent vari­
ables. 1t is also a useful devise for estimating the parameters of a model that is 

linear or can be transformcd toa linear model. 

Any rcgression analysis should be preceded by a great deal of thought devoted to 
what variables should be includ'cd in the analysis, how ·thcse variables might influence 
thc dcpendent variable, the correlations among the iñdependent variables, and the case 
of using a prcdictive modcl bascd on the selccted indepcndcnt variables. The rcady 
élVailability of digital computcrs and library regrcssion programs has led many to collect 
data with lit!lc thought, throw it into the computer, and hopc for a modcl. This tempta­
tion must be avoided. 

Not infrcqucntly an invcsti(Zator rínds he cannot dcvelop a satisfactory rcgrcssion 
cquation from thc data at hand. This should not be surprising sincc if a relationship 
cxists. it may be much more complex than is indicatcd by a linear model. Commonly 
fat:tors that are important in detcminirl!' thc bchavior of a dcpcndcnt variable are 
omittcd from ~ rcgrcssion cquation. In this case a good prcdictive model cannot be ex­
pcctcd. 

In somc rc¡!rcssion rroblcms. it is pos!>iblc to improvc thc modcl by indudin~ cross­
product tcmlS fc::~llcd intcractions) by multiplyin~ to~L·thcr two indcpL'Olknt variables to 
form a ncw variable. Thus D variable Xq may b1.· dclincd as X, X •. Ratios may be uscd 

i 
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such as Xq =X, /X,. Powcrs of .. ·ariablcs m ay improvc thc modcl Xq = ~," whcn.: n is a 
known constant. Jf any of thcsc proccdurcs are uscd, carc must be cxcrcJscd to scc that 
largc corrclations (sce chaptcr 11) are not built into thc X' X matrix. . 

The hydrologist frequently knows (or thinks he does anyway) the factors affcctmg 
a particular phcnomcna. He cannot, howcver, casily measure thcse factors and is forced 
to use cither another rclatcd factor or a rough measure of the important factor. For in­
stancc Oood pcaks dcpcnd among. othcr things on how rapidly thc surfDcc runoff rt.~Dchcs 
a particular point on a strcam. This in tum dcpcnds on surfacc Oow charactcristics such 
as the stcepness and roughncss of thc now surface and the distancc thc Oow must travcl 
to a strcam channcl plus thc strcam Oow charactcristics such as roughncss. hydraulic 
radius, slope. tortuosity, lcngth. cte. AH of thc factors are not lincarly relatcd to Oood 
pcaks and could not be includcd in thc modcl if thcy were. lndices or summarics are 
used such as thc avcrJgc land ~dope and the avcr01gc channcl slopc. Thc hydrolo~ist hop~s 
that thc real causative factors 01re corrclatcd wilh thcsc indices sufficiently to rcOcct th1s 
truc importance and that the dcpcndcnt variable is lincarly rclatcd to thc índices. Thesc 
are large and important assumptions. They point out that thcrc is a limit to how wcll 
one can predict a dcpcndcnt variable with a regrcssion model. 

If it is at all possiblc, the first stcp in a rcgrcssion analysis should be thc dcvelop­
mcnt of thc form of thc prcdictive modcl bascd on a rational analysis of thc probiL·m. 
Regression analysis can thcn be uscd to develop the paramctcrs of the model, test the 
importance of the variables included, and develop confidence intervals for the predic­
tions. 

Exerciscs 

10.1 Use the matrix methods of this chapter to work cxample 9.1. 

10.2 Compute R forexamplc 10.1. 

10.3 Use thc matrix methods of this chaptcr to work cxample 9.4. 

10.4 Use thc matrix mcthods of this chapter to work examplc 9.5. Calcula te thc confi­
dcnce interval for thc point X equals 50.0 inchcs of rainfal1. 

10.5 If X is an nxp matrix of n obscrvations on p v3riablcs, and!:. i~ thc nxp matrix of 
dcvi;Jtion-; of thc variables from thcir mcan!ii:, what is contained in thc matrix ~' 't/(n - ll? 
<?;= (zul = lx,¡-x¡)) 

10.6 Use thc data in tablc 10.2 to dcvelop a prcdiction cquation for annual runoffusing. 
the modcl y= B.,X .~1 x2~2 ... .X/P. Would you prcfer this equation OVL'T thc: onc con­
taincd in table 10.6? Compare thc cquations in tenns of thc confidencc intcrval on thc 
rcgrcssion lincs at the mean valul~ of thL' variables contained in thc rCSpcctivc L·quations. 

10.7 Show that E( Y· Y)' =y' Y·~' X' V 

10.8 Derive the normal cqu<Jtion) that minimizc l:(Y ·Y )2 for thc modcl Y= fl X6 . 

· Suggcst a mcthod for solving thcsc cquations. 

10.9 Thc rcl<Jtionship bctwccn sta¡!C and dischar¡!L' (rating curve) for many !-ln·ams has 
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h.._'l'l1 found to follow an equation of thc typc Q = a S6 wherc Q is thc dischargc und S ¡5 
the sla¡!c. Using the following data· from the Cumberland River at Cumberland Falls. 
Kcntucky. derive su eh a raling curve. Test thc hypothesis that B = 1.5. 

~_@ .Qiilll S(rtl Qlilll 

15.50 59,600 8.82 22,600 
14.10 51,900 830 20,400 
14.90 56,100 11.70 38.600 
14.15 52300 11.40 37,200 
14.10 54.200 11.27 36300 
13.50 50.100 10.30 30.900 
14.55 57,400 10.90 34.200 
12.96 46.500 10.70 33,100 
12.60 43,500 10.07 28.900 
12.21 41,600 9.48 25.800 
12.47 43300 8.80 22,600 
12.58 44,100 7.77 18,200 
12.67 44.800 

1 0.1 O Tiu~ data in tablc 10.8 is a partial listing of the data uscd by Renson ( 1964) in a 
study of Ooods in thc Southwcst. Derive a prediction cquation for Q thc mean annual 
Oood. in tcnns of the rcmaining variables. Considcr both the modcl: ~ven by ~quation 
10.1 and by thc multiplc regression extcnsion ofequation 10.24. 

(.·. ~· 

Tablc 10.8. lnUcpL'JU.h:nt variables. by station. in rain-llood ;.~rca. 

A, contributing drainagc arca in squarc miks. 

s. main<hanncl slopc (H5 to 10 pcn.:cnt points). in fccl pcr milc. 
St, pcrccnta~;c of arca in lakcs ant.l ponds, im:rcasl·d by 1 pcn:cnt. 

E altitud e indcx (mean of 85 and 1 O pcrccnt points). in fect abovc mean sea lcvcl. 

L. basin lcngth (totallcngth of main channcl), in miles. 

H. basin risc (elc .. ·ation diffcrcncl' bctwccn 85 and 10 pcrccnt points). in fect. 

P, mean annual prccipitJtion, in inches. 
1, IQ-ycar, 24-hour rainfall intl·nsity in inchcs. 

R. ratio ofrunoff to pn.·cipitation during months whcn annual peak disch::ugcs occur. 

R,. mean annual runOrr. in inchcs. -

o •. mean annual nood. cfs. 

A S St E L H p R R, o, 

131 1.61 1.66 40 30.7 37 60.0 7.49 0.86 ~6.40 4500 

527 2.16 2.39 44 48.8 79 60.5 7.34 .96 20.40 "7080 

499 3.36 1.07 182 49.6 125 58.5 7.01 .81 21.10 20600 
753 2.52 1.06 142 82.9 157 59.5 7.10 .73 22.40 18700 

510 5.11 1.02 156 48.2 185 60.0 7.19 .68 23.00 15200 

238 4.58 .1.03 144 41.7 143 59.0 7.36 .68 ~3.00 12~00 

1.700 2.43 1.04 118 99.5 181 60.0 7.19 .78 ::!2.:!0 34400 

148 4.67 1.04 88 34.6 121 58.0 7.54 .91 19.30 6700 

82 6.27 1.18 96 22.6 106 58.5 7.75 .74 21.00 4870 

1.445 3.17 1.19 438 80.8 192 42.0 6.01 .69 9.88 32300 

586 4.18 1.02 429 41.2 129 43.0 6.10 .77 10.20 16900 

236 6.57 1.11 392 36.5 180 44.5 6.26 .64 11.60 4290 

2,846 2.20 1.21 389 127.0 209 43.0 6.14 .6::! 9.48 :!2000 

4,858 1.25 1.27 300 235.0 221 44.5 6.33 .65 9.00 22500 

113 6.17 1.12 225 21.6 100 51.0 6.94 1.00 12.20 4210 

6,543 1.13 1.20 265 292.0 248 46.5 6.45 .68' ·11.50 26600 
114 7.22 1.03 262 21.6 117 56.0 7.21 .66 18.50 7500 

9,440 .96 1.18 203 427.0 308 49.0 6.78 .69 12.70 43500 

1,143 2.29 1.21 357 88.6 152 43.5 6.30 .65 9.09 9620 

1,943 1.57 1.17 306 146.0 172 44.0 6.37 .62 8.17 11100 

2,714 1.25 1.16 266 214.0 201 44.5 6.50 .6::! 8.59 l4400 

3.623 1.29 1.13 232 253.0 ~45 45.5 6.61 .63 8.95 16700 

376 4.27 2.16 344 36.6 1 17 43.0 6.37 .56. "10.10 5890 

1,604 1.80 1.33 258 114.0 153 45.0 6.62 .64 10.60 10700 
501 ·2.76 1.19 246 65.9 136 48.0 6.84 .54 13.10 9000 



11. Correlation 

IN C'HAPTER 3 the population corrclation coerricient bctwcen two random vari­
ahlcs X and Y was dcfined in tenns of thc covariancc of X and Y and the varianccs of X 
<.~nd Y as 

Px,v =ox.v /oxov () 1.1) 

TI1c samplc estima te rx .v for Px.v is similarly givcn by 

rx,v =sx.vfsxsv (11.2) 

whcrc sx.v is thc sample covariance bctwecn X and Y and s x and Sy are thc sample 
standard dcviations of X and Y rcspcctively. Figure 3.5 and the accompanying descri~ 
tion discusscd sorne typical values for rx,v and thcir meaning. Herc it was emphasized 
lhat (1) Px.v can range from -1 to 1, (2) Px.v =:!: 1 implics a pcrfect linear relationship 
bl'twccn X and Y. (3) Px. y = O implies linear independence but )caves room for other 
typcs ofdcpcndcncc, and (4) ifX and Y are indcpcndent thcn Px,v =O. 

In chaptcrs 9 ;md 10 thc conccpt of corrclation was extended to gjve a measure 
of thc strcngth of thc linear rclationship betwecn .a random variable Y and a second 
v;:¡riablc which was a linear function of onc: or more X variables cach of which may or 
may not b~,.· a random variable. 

TI¡rou!!hout thc tcxt many of thc rcsults that have bcen dcvelopcd have included 
thc assumplion that thc random variables werc indcpcndcnt or that thc sample being 
:malyud Wils composcd of random obscrvDtions. A nlndom obscrv3tion simply means 
that cvcry possibh: clcmcnt in thc ~ampl-: "pace has an cqual ch;mce of bcing selcctcd 
durin~ any trial. 

Random vari;.~hlcs m .ay be dthcr um:orrd;Jtcd (Px ,Y = 0) or corrci<Jted C Px ,Y f 0). 
Fv~n whcn smnplin¡t from UrlL'orrc!atL'd populations, it would be rarc for thc samplc 
cnrrclation cot'ffkiL·nt to be cxactly 1.cro. More likcly it will dcviatc from zcro duc to 
chanl·c. Tiws statisticnl tests are nccdcd lo cvaluatc whcther. thc dcviation of the samplc 
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corrclation cocfficient from zero may be ascribcd to chancc or whcthcr thc dcviation is 

too largc to attributc to chance. . . 
lf succ~...-ssive obscrvations in a time series of hydrolo~u: data arL' correlatcd. tlus 

must be taken into account in any infcrcnccs madc ahout thl· data or in attcmpts to 
model the process that produced the data. Again a prOccdure is rt"quircd for dctcnnining 
if the sampled clcments from a time series can be considercd as random. These and othcr 
properties of correlation are thc subject of this chapter. 

INFERENCES ABOUT POPULATION CORRELATION COEFFICIENTS 
Situations frequently arise whcrc it is dcsircd to test Ho: Px.v =O .or Ho: Px.~ = 
p• where p• ¡5 known. Thcse and other tests about the populat1on corrclatlon 
coefficient will be discussed in this section. For a more detailed trcatment. refcrcnt.-e 

can be madc to Graybill (1961 ). 
As in the case of all hypothcsis tests, ccrtain assumptions are nccded. In t~is sec­

tion thc assumption ¡5 made that X and Y an: random variables from a bivariatc nom1~l 
distribution. The population corrclation coefficicnt is given by p and the samplc ~stl­
mate of p given by r is bascd on a random samplc. 

lf p =O, thcn thc quantity 

t=r((n-2)/(1-r'll~ 111.3) 

has a t distribution with n- 2 dcgrccs of frccdom whcrc n is thc sampk si7.c. Thus to ll.·st 
H

0
: p =O, the test statistic is calculated from equation 11.3 and Hn is rcjcctcd. if] t 1 > 

lt.a/l.n·l· . . . 1 11 d' 
Jf n is modcratcly largc (n2'_25) thcn thc quantJty W IS approx1matc Y norma Y 15-

tributed with mean w and variance (n- 3)" 1 whcre 

W =~In((! + r)/(1- r)l = an:tanh r 111.4) 

and 

w = ~In(( 1 + p)/(1 - p)J = arctanh p ( (1.5) 

To test the hypothcsis H
0

: p = p* against the altCmative H.: p f p* for rf a known 

constant, thc quantity 

z = (W- w)(n- 3)~ 111.6) 

can be considercd to be nonnally distributcd with a mean of zero anda variancc of onr. 
Jf jz 1 > z 1.a/l (z is thc standard normal variable). B0 is rcjL•ctrd. 

Confidcncc, limits on p can be estimatl'd from 

1 = tanh(W-z 1 •• 1, /(n-3)~ 1 

u= tanh(W + '•·•l' 1 In -3)~ 1 

(11.7) 

C'onsidcr k bivariatc normal popuh1tions havinr, population corrl'lation t.'Ol'ffkil-nts 
of p

1
, p

2
• ·-·· P1o. and sampll' com·lation cOL·ffid:nts of r 1,. r2 ..... r .. b<JSL'd on "iafl\pks 
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of sizc n 1 , n 2 ••• :, n1r.. Then thc hypolhesis H0 : p 1 = p3 = ... = p.. = p* for p* a known 
constant is tcsted by noting that 

X 2 = I: ~. 1 (arctanh r1 - arctanh p*) 2 (n1 - 3) (1 1.8) 

hns a chi-squ~n: distribution with k degrces ~r frecdom. Ho !s rejected if x2 > x~.a.t· 
Thc hypothesis H0 : p 1 = P, =: ... = Prr. (aH coiTelation _coefficicnts are equal) is 

_kstcd by noting that 

(1 1.9) 

has a chi-square distribution with k- 1 dcgrees of freedom. In equation 11.9. W1 is given 
· by cquation 11.4. as W1 • arctanh r1 ~nd 

(1 1.10) 

110 is rcjcctcd ifx 2 > xLo. ...... 
lf the hypothcsis that all of the correlation cocfficients are_equal is not rejected. it 

m ay be dcsirahle to calcula te a "bcst" combined estima ter of the common correlation 
p r·bcst" mcans wcightcd with invcrse variancc). Such an estímate is givcn by 

i' = tanh (W • mp•f2) (11.11) 

where 

W is given by equation J l. JO 

and 

m= E~.,l(n 1 ·3)/(n 1 ·1)1/E~. 1 (n1 -3) 

Example 1 1.1. Surges and Johns~n ( 1973) prescnts thc following samplc corrclation co­
cfficicnts for monthly flow volumcs for the Sauk Rivcr in Washington and AiToyo Seco 
in California. In thc following lJblc r1 represents the sample correlation cocfficient be­
twecn thc monthly now volumes in months j and j- l. Assume the coefficients are 
ba~cd on 30 observations cach and that lhe parcnt populations are all bivariate nonnal 
(Bur~s and Johnson actuaUY uscd the lognonnal distribution in their study). (1) Test 

. thc hypothcsis that Pe for the Sauk River is equal to 0.50. (2) Compute the 95% confl­
dence limits for Pe or the Sauk River. (3) Test the hypothcsis that ~ on Arroyo Seco is 
1.cro. (4) Test the hypothcsis that on each or the strcams all or the monthly correlation 
l'Odficicnts are cqual. (5) Assume the hypothc~is in part 4 is acc~ptcd for .the Sauk 
Rívcr and f"~tímatc an average corrf"l:~tio" ... ocfficient ror thc Sauk Rivcr. 

Solutíon: 

( 1) H": Pe = O.S ror Sauk Rlver 
f"rom cquation 11.6 

~' '1 
1 

J 
! 
! 

' 

1 

l 
1 
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Month Sauk River r¡ Arroyo Seco 

Octobcr 1 0.61 0.00 
Novcmber 2 .58 .00 

Dcccmber 3 .so .00 
January 4 .31 .45 
Fcbruary 5 .38 .21 

March 6 .37 .70 

April 7 .44 .60 

M ay 8 .34 .7~ 

June -9 .17 .98 

July JO .65 .97 

August JI .93 .96 

September 12 .SI .00 

z=(W-w)(n-3)" 

where 

W = arctanh r = arctanh (.34) = .35409 

w = arctanh p = arctanh (.50)= .54931 

z = (.35409 • .54931) (27)" = -1.01 S 

z1 .a/l = Z.q"fS = 1.96 

Since 1 z 1 < J .96 wc cannot ~:eject H 0 : pe "" 05 for the Sauk River. 
(2) The 95% confidcnce Jimits on p 8 ·for ~he Sauk River are calculated rrom equa­

tion 11.7 as 

J=tanhiW·z 1 •• 12 /(n·3)"1 

= tanhl.35409 • 1.96/5.21 = ·0.0228 

u= tanhiW + z, .• 12 1 (n · 3)" 1 

= tanhl.35409 + 1.96/5.21 = 0.624 

(3) H
0

: Ps =O for Arroyo Seco is tested by using equation 11.3 • 

t=r((n-2)/{l·r')l" =0.21 (28/0.9559)"= 1.1386 

tJ.af'J.n-2 = 10.915.11 = 2.05 

Therefore we cannot rejcct H0 : p 1 =O. · · · 
(4) The test. H

0
: all pj are tqual, is tested by usingcquation _11_.9. 

Xl = r~., (n,-3)(W,-W)l. 
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Sauk River Arroyo Seco 
r, W1=arctanh r1 ro W1=arctanh T¡ 

1 '0.61 0.71 0.00 
2 .58 0.66 .00 
3 .50 0.55 .00 
4 .31 0.32 .45 
S .38 0.40 .21 
6 .37 0.39 .70 
7 .44 0.47 .60 
8 .34 0.35 .75 
9 .17 0.17 .98 

10 .65 0.78 .97 
11 .93 1.66 .96 
12 .51 0.56 .00 

w = r<n,- 3) W1/E(n1 - 3) = (n- 3JrW,/(n- 3)k = rW,/k 

Sauk River W = 0.585 

Arroyo Seco W = O. 798 

x' =r(n1 -3)(W1 -W)2 =27 E(W1 -W) 2 =27(rW
1
2 -12W'I 

Sauk River x' = 27(5.707- 12(.585) 2 1 = 43.208' 

Arroyo Seco x' = 27( 15.919 • 12(.798)1 1 = 223.489 

x!.a,k.J =x~95.11 = 19.67 

Thcn·fore H0 is rejected for both the rivers. 

0.00 
0.00 
0.00 
0.49 
0.21 
0.87 
0.69 
0.97 
2.30 
2.09 
1.95 
0.00 

(5) An average correlation coerricient for the Sauk River is calcU.lated from equa· 
tion 11.11. 

r = tanh(W- mp*/2) 

whcrc 

w = 0.585 

m = r Un, - 3 J/(n1 - 1 l 1/r (n1 - 3) 

= (~7/~9)/~7 = 1/29 

¡· = tanh (.-585 • 0.483/2(29)) = tanh (.577) =.52 

rtl111111l'llf: In Jl:Jrts (4) and (~) of thi~ probl~m scvcral simplific2tions wcrc madc in thc 

·¡ 
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summations sincc n1 was equal to 30 for all i. In general this cannot be done. 

Graybill ( 1961) prcscnts the exact probability distribution of r and states that for 
small samples, the cxact distribution should be used in hypothesis testing. References to 
tables that a id in hypothcsis testing for small samples and examples of their use are also 
given. 

Again it is cmphasizcd that the above testS are based on a random sample from 
multivariate normal distributions. Evcn undcr these conditions only the test of H0 : p =O 
conductcd using equation 11.3 is "exact ... Thc other tests are approximate with the 
approximation improving as thc samplc size increascs. 

For non-nonnal populations, it may be possible to transform the variables toa nor­
mal situation and then 3.pply the abovc tests to the transfonned data. lf a transfonna­
tion of a non-nonnal random variable is not possible or not desired. then the above tests 
must be considcred as approximate with thc approximation becoming poorer as the co­
efficient of skew of the random variables in crease. 

SERIAL CORRELATION 
1t Í$ not uncommon to ftnd in a time series of hydrologjc data that an observation 
at onc time pcriod is corrclated with the observation in the preceding time period. 
Such correlation is tcnned serial corrclation or autocorrelation. By definition the 

elcmcnts of a samplc of data posscssing serial correlation are not random elements. A 
scrially corrclatod sampJc ofsizc n contains less infonnation about a process than 2. e(: m· 
pletely random sample of size n. In a seriatly corrclated sample, part of the infon;ldtion 
contained in cach observation is airead y known through its correlatidn with the preced­
ing obscrvation. 

Serial correlation can also exist bctween an observation at one time period andan 
obscrvation k time pcriods carlicr for k= 1, 2 •... In this discussion of serial correlation, it 
is assumed that observations are equally spaced in time and that the statistica1 properties 
of the process do not change with time (stationary process). The population serial corre­
lation coefficient is dcnoted by p(k) (and frequently called the autocorrelation coefficient) 
where k is the lag or number of time intervals betwcen the observations being considered. 
The sample serial correlation coefficient will be given by r(k). The sample serial correla-
tion cocfficient for a sample ofsize n is given by · 

(11.12) 

From equation 11.12 is is scen that r(O) is unity. That is, the correlation ofan ob­
servation with itself is one. Equation 11.12 also demonstrates th3t as k increases, the 
number of pairs of observations used in estimating p(k) decreases since all of the sum· 
mations contain n-k terms. Serial correlation should only be estimated for k conside,-.. 
ably less than n. 

Ir p(k) =O for all k~ O, thc process is said lo be a purely random process. This in­
dica tes that all of the obscrvations in a sample wiiJ be indepcndent of each other. Cha~ 
ter 14. Ycvjevich (1972b). Matalas (1966, 1972b), Julian (1967) and othcn treal hydro­
lo¡tic time series in more dctail. 

Andcrson (1942) has proposcd a test ofsignilicancc for the serial corrclation coef-
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ticicnt for a circular, normal, stationary time series. A circular series is one that el oses on 
itsclf so that x" is followed by x 1 • Under these assumptions 

r(k) = 
¡; n ..;.2 

1•1 X¡XI+k. nX 

. (n·l)s~ 
(11.13) 

Although the assumption of a circUlar series is unrealistic, values of r(k) from equation 
11.13 will not diffcr grcatly from ·those calculated from equation 11.12 if n is large in 
comparison to k. Under thesc conditions r(k) wil1 be approximately nonnally distJi.. 
buted with mean ·1/(n · 1) and variance (n • 2)/(n • 1 )2 if p(k) =O. The confidence 
limits on p(k) are then estimated by 

1 ~(-l·z 1 •• 12 ln-2)/(n•l) 

u=(·l +z, .• ,, ln-2)/(n· j¡ 
(11.14) 

lf the calculaicd r(k) falls outside these confidencc limits, the hypothesis that p(k) 
is zero (H 0 : p(k) =O versus H,: p(k) ¡' 0) is rejccted. 

Examplc 11.2. Frcquently in thc analysis of runoff volumcs. one finds thcrc is signili­
cant serial corrclation caused b}' storage~ on the watershed. Appendix C contains a list­
ing of thc monthly and annua1 runoff volumes for Cave Cree k ncar Lexington, Kentucky. 
Test the hypothcsis that p( J) = O for the annual runoff vol u meS: 

Solution: This solution assumes o. = 0.05 and is ba"sed on equation 11.14 and thercfore 
assumes that thc annual runoff is normaJiy distributed and is a stationary time series. 
F~rthem10re p( 1) is estimated from equation 1 1.13 assuming that the series is circular 
(in this case this is cquivalcnt to assuming Xn+ 1 = x1 in calculating rfl )). 

r(l)= (J:x1x1., ·(J:x1) 2 (18]/(!x1
2 ·(l:x1) 2 /18] 

r( 1): (3831.1777 · 3864.08)/(4246.15 • 3864.08) = -0.086 

1 =(·1·• .• ,. rí6)/17 

= H • 1.96 IT6 l/17 = -0.520 

u=(·l + 1.96/16)/17=0.402 

SinL"L" -0.5:!0 < r( 1) .... 0.40:!. H0 : p( 1) =O is not rcjected. 

Cmnml!nt: From the width of thc confidence intcrval, it is apparent that thc above test 
is not VL"ry powl!rful Jor small sampln. A ~mplc of around 400 observations would be 
h."tJUin•U to n·jcd U0 : p(k) =O ifr(k) =:!:O. J. 
.. .. •. ··--·· ..::...::.:.;~-~-----

Matah1s ( JQ67b) has SU}:!l!l"sted tha~ for hydrologic data p(l) tends to \><;.grcatcr 
than /.L"nl Out.• to pt.•r.t.i~tl"nce c:ul!iit."d by !iitoragc. If p( 1) is found to be lcss than zcro, it is 
in many L"3SL'S dillkull to L"Xplain hydrologically. In this ~asr one might takc p(l) 3S 

.. , 
:t 
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cqual to zcro. 
Matalas and langbcin (1962) statc that in an autocorrelated series, cach obscrva-

tion rcprcscnts part of thc infom1ation contained in the prcvious observation. Thcy dis­
cuss stationary time series having p(l) +O and p(i) =O for i = 2,3, ... Thcy state that n 
obsl'rvations of a nonrandom series havinp. p(l )>0 g.ivc only as much infonna~ion (mea­
surcd in tcnns of a variancc) about the mean aS Sorne feSser number, n,, of observations 

in a purely randorri time series. .-
Thls lcsser number of obscrvations is called the effective number of observations 

and is givcn by 

n, ~ n {( 1 + p( 1) 1/1 1 • p(l) 1 · 2 p( 1 )( 1 • p" (1)) /ni 1 · p( 1) ).! l"' - (11.15) 

lf p( 1) =O, thcn ne = n. If p( 1 )>0. thcn ne <n. Equation 1 L 15 is expressed graphically 
as figure 11.1. As an cxamplc, a 50·ycar record for which P,l) = 0.2 contains only as 
lñuch infonnation about the mean as a 33·ycar record with · p(l) =O. Note that if n ·is 
largc or p( 1) smaU. the second term in the brackets of equation. 11.1 S can be neglected 

with littlc lo~ in accuracy. 1. 

CORRELATION AND REGIONAL ANALYSIS 
M a talas and Langbein ( 1962), Ycvjcvich (1972a), Alexander (1954) and others 
dcmonstrate that the infonnation rclativc to estimating the regional mean con· 
taincd in data from n stations in a region having an average intersiation correlation 

of p is equivalent to the infonnalion contained in n' uncorrclated stations in the re­

glan whcrc n' is given by 

Fig. 11.1. 

10 1---.\----1---.ici 
"• 

50 100 

" 
Relation bctween n · and n, for various values of. PO) (after M a tal~ an 
Langhcin 1962). 
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n• =n(l +p(n-I)J·• 
(11.16) 

As n gets Jarge, n'· approaches 1/P. For a P of0.2, the maximum infonnation about 
the regional mean containcd in n stations could not exceed the infonnation contained 
in S uncorrelatcd stations. 

From a considcration of cquation 11.16, it seems it would be logical to establish 
rclativcly few independent hydrologic stations in a region rather than severa! correlated 
stations. Howcvcr, by the very concept of a hydrologic region, the hydrologic character· 
istics are going to be correlated. 

Correlation within a region can be exploited to yield improved estima tes of a par­
ticular hydrologic variable at a point through correlation with another hydrologic vari­
Jblc at that point or a similar characteristic at another point. For instance let Y and X 
rcpresent two random hydrologjc variables having no serial correlation for which n

1 
and 

n 1 + n2 observations, respectively are available. Also consider that Y and X are correlated 
with a corrclation coefficient of Pv x. Now the record on Y can be extended by using 
the Correlation between Y and X. This relation is merely a simple regression considering 
Y as the depcndent and X the independent variable. The relation is developed based on 
thc n 1 common observations. From equation 9.16, it can be shown that the regression 
bctween Y and X is given by 

(11.17) 

whcrc rv .x is the estima te for Py .x and y and x are d~viatic;ms from their respective 
mcans. Now n2 cstimatcs of Y can be computcd fro~ equatio~ 11.17 J>ased on the n

2 
obscrvations on X not common to the obscrvations on Y. Let Y

1
·and Y

2 
represent the 

mean of Y bascd on thc original n 1 observations and the n
2 

estimated observations 
rcspcctively. A new weighted mean for Y based on n

1 
+ n

2 
observations can now be 

computed from 

Y= (n 1 Y,+ n2 Y2 )/(n 1 + n2 ) (11.18) 

For the n2 additional observations to improve the estima te of Y, it is necessary 
that ry .x be greater !han l/(n 1 • 2) (Matalas and Langbein 1962). 

lf thc random variables Y and X contain significant serial correlation, the situation 
is somcwhat more complex. Matalas and Langbein (1962). Matalas and Rosenblatt 
( 196:!) and Ycvjcvich ( l972a) contain treatmcnts of thls case. In general serial correla· 
tion serves to t.lecrcasc the information relative to the mean while cross-correlation tends 
to improve infonnation rclative to the mean. 

CORRI'LATION ANO CAUSE ANO EFFECT 
Al this point it should be apparcnt that a high correlation betwcen two variables 
dot.•s nol lll'ccssarily imply that there is a cause and effect relation between the 
variahh.·s. Th1..· fact that thc mc·'llt:!:. !1ows on adjaccnt small streams are corrclated 

,ltll's not 1111..•an that t.:hant!CS in thc monthly now of onc strcam causes a corrcsponding 
d1o111~· in th1..· otlh.'r strcam. More likcly both chan¡!es are causcd by thc. samc extemal 
·f:h.'lllrs op~..·ratinp: on both watl'rshcds. 

At.:o•in il i~ L'II1Jlha!d1.L'f.J that ·indL'Jlt.'mknl variahk~ an: uncorrclatcd hut uncorrclatcd 
v:tri:1hk10 an.· nut 11L'C.:l'5~ó!rily indc¡wn,hmt. Tlh; d~..·p~..·mh·n,'t' 'in t.'nrrd:Jfcd v;~riahlcs i!i a 

·:)} 
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stochastic dependcncc and nota physical or cause and effcct dependence. 

SPURIOUS CORRELATION . 
Spurious corrclation is any apparent cor~clation between _variables that are tn fact 
uncorrelated. Spurious corrclation can anse dueto clustenng of data. For ex~ple, 
in figure 11.2, thc corrclation of Y with X within either of t~e data cluste~ 1s near 

zero. Whcn thc data from both clustcrs are used to calculate a smgle c~rrelat1on coef· 
ficient. this corrclation is found to be quite high. This is spurious correlatJon. . 

Figure 11.3 shows a plot of Y versus X wherc both Y1 and X1 are randa~ v.ana?les 
obtaincd by adding 11 to a random observation from a standard nonnal.d~stnbutJon. 
For a sufficicntly largc samplc rx.v would be zerO. lfboth Y1 and X, are d1V1ded by yet 
a third random observation Z¡ obtained in the same manner as X 1 and Y1 and the cor~la­
tion between y1¡z1 and X¡/Z 1 computed. for a sufficiently larg~ sample t~e c_orrelatJon 
will be ncar 0.5. Figure 11.4 is a plot of Y1/Z 1 versus X1/Z 1• F1gure 11.4 md1cates that 
x, fumishes infonnation use fui in estimating Y1 whcn in fact Y1 and X 1 are uncorrela~ed. 

y 

r >o.to 
' 

::···}-· =· . ~ . 

X 

:: ·.-:.}- r =o .. 

Fig. 11.2. Spurious correlation due to data c1ustering. 
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Fig. 11.3. Absence of corrclation be­
twcen two random variables. 
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Tablt: 11.1: Special Cases of Spurious Corrclation• 

SPURIOUS CORRELATION: RATIOS 
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Table 1 1.1. (continued) 

SPURIOUS CORRELATION: PRODUCTS 
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The correlation betwcen Y¡/Z 1 and X¡/Z 1 is spurious. 
Pearson (1896-1897) investigated the spurious correlation that can arisc bctwecn 

ratios. Let Y e X 1 /X 2 and Z = X 3 (X 4 • Thc correlation bctween Y and Z, Py z, was 
found to be a function of the variances, covariances and mcans of thc X's. Pcarson's 
dcrivation assumed that the X's were nonnally distributcd and that thc cocfficient of 
variation of cach X was small cnoup:h so that its thirtl and highcr powcrs could be nc­
glccted. Reed (1921) arrivcd at thc samc results without spccifying thc parcnt distribu­
tion of the 'X's. Pcarson's general fónnula is 

(11.19) 

where Pi,i is the correlation between X 1 and X¡ and C1 is thecocfficicnt ofvariation of 
x,. 

Chayes ( 1949) and Bcnson t't965) considcred many spccial cases ofcquation 11.19. 
For ex.ample if X 2 = X 4 , p 11 = p 13 = p34 = 0, p14 = 1, and (' 1 = (' 2 = C 3 = (" 4 • cqua· 
tion 11.19 reduces lo Px y = 0.5 which is the case shown in fi¡,."Ure 11.4. Benson ( 1965) 
produced a table (Table 11.1) showing many spccial cases or ratio and product corrda­
tions. 

S~urious correlation can arisc in hydrology whcn dimensionlcss tcnns or standard­
ized variables are used. Benson ( 1965) prescnts severa! cxamplcs of possible spurious 
correlation in hydrology. 

Ex.ercises 

11.1 Calculate the rirst ordcr serial correlation codficicnts for tlu: scdimcnt load and 
annual discharge data for the Green River at Munfordville. Kentucky. Test thc hypoth· 
esis that these two correlations are equal. Discuss the assumptions · you ha ve made and 
how they arfect the validity or the tests you have madc. 

11.2 Calcula te the comlation bctween the sediment load and annual discharge for the 
Creen River at Munfordville, Kentucky. Test the hypothesis that this corrclation is equal · 
to 0.50. 

11.3 Verify the "comment" of example 11.2. 

11.4 Calculate the fint arder serial correlation coefficient for the Spray Rivc-r. Banff. 
Canada. Test the hypothesis that the first order serial correlation is zero. 

11.5 Work exercise 11.4 for the Piscataquis ·River near Dover-Foxcroft. Maine. 

11.6 Ir the annual runofr from the Spray River, Banff, Canada. is normally distrihuh.·d. 
how many independent obscrvatior.~ ""("'".Id rrovide as much infonnation relati"c to l'sti­
mating the mean annual runoff as does the 4S years of actual record? 

11.7 Work exercise 11.6 for thc Piscataquis River: ncar Dovcr-Foxcroft. Maine and its 
54 yea" ofrecen!. 

11.8 The foiJowing data wcn: tollc:cted on two un.•ams in soulhl•ash.·rn Kc..•niUd.:y.llsc: 
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the data to ex tend the peak now record of Cave Branch through 1972. Estimate thc 

average peak now for the entire record plus estimated record for Cave Branch. ls lhis 
estimated average an improvement over an estima te based only on the actual observed 
record o( Cave Branch? 

Peak Flow Data (cfs) 

Ycar Cave Br. Hclton Br. Year Helton Br. 
1956 98 76 1967 69 
1957 198 136 1968 36 
1958 154 54 1969 10 
1959 30 -18 1970 122 
1960 71 65 1971 67 
1961 44 32 1972 54 
1962 184 182 
1963 127 130 
1964 27 21 
1965 54 46 
1966 24 26 
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12. Multivariate A1:1alysis 

THIS CHAPTER is devoted to a discussion of severa! multivariate techniqucs that 
may prove use fui in the analysis of hydrologic data. The trcatmcnt is lilr!!CIY conccmcd 
with the principies and techniques rather th:m infercntial aspccts ofmultivariatr :malysis. 
Tapies considered are principal components analysis, factor an:J.lysis, canonical corrcla· 
tion and multivariate regression analysis. These multiva'riate techniques have becn around 
for sorne time but are only reccntly finding thcir way into hydrologic litcratun· and hy­
drologic applications. For a more c~mplete treatment of these tapies, espcciatly the in­
ferential aspects of multivariate analysis, reference should be made to thC books by 
Morrison (1967), Press (1972), Cooley and Lohnes ( 1971 ). Hannan ( 1967), and Andcrson 
(1958). Synder (1962) and Wong (1963) were among the first to apply multivariate 
analysis to hydrology. 

NOTATION 
Jn this chapter an upper case underlined lctter will denote a matrix and a lowcr 
case underlined letter will denote a column vector. Thus ~ could be an nxp matrix 
made up of p nxl column vectors!J for j = 1,2, ... ,p. 

~c(z11 J i= l,2, ... n;j= 1,2, ... ,p 

!J = ( zu 1 i = 1, 2, ... , n 

PRINCIPAL COMPONENTS 
ln.chapter 1 O it was shown that when data are collected on p variables. thcsc p v;Jri· 
ablea are many times correl3ted. This corrciOJtion indicatcs that somc of thc infor· 
mation contained in one variable is also conlained in sorne of thc othl'T p- 1 v:1ri-
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ables. The objcctive of principal componcnts analysis is to transfonn thc p original cor­
. rclatcd variables into p uncorrdatcd or -orthogonal C"ompo~cnts. llu:sc co~poncnts are 

linear functions of thc original variables. Such a transfom1ation can be written 

(1 ~.1) 

whcre ~ is an nxp matrix or n obscrvations oft p varklbl~s. Sincl' wc art' dcalin~ wilh 
varianCl"S and covarianccs, all X's will be assumcd to be dcviations from thcir respective 
means so that ~ is a matrix of dcviations from mcans. ~ is an nxp matrix of n val u es for 
cach of p comporíents. and 6 is a pxp matrix of cocflicients ddining the linear trans· 
forrnation. 

Sincc the original p-variate sct of observations containcd in X contains corrdation. 
it might be possible to characterizc the variance of X with q <p orthogonal componcnts. 
Thus it is dcsircd to construct!; so that each componcnt,.!_J, (an nxl column vector) ex­
plains thc maximum amount of thc vari::mce of X left unexplained by the first j · 1 com­
poncnts. In this way it may be found that the first q componcnts explain rnost of thc 
system variance and that· the last p p q components explain tittle of thc system variance. 
Thc total variance of X is dcfincd to be thc sum of thc variances of the p variables con­
tainé"d in X- Thc varia~e--covariance matrix of X is defined to be thc pxp matrix k whcre 
b_ = (o u] and o u is the covariancc of the i 1 h and j 1h variables in X for i 1 j and 0¡1 is 
the variancc of the jlh variable. b. is estimatcd by~ whose elements are givcn by 

stJ = -• r; .. , xltJ xkl ... (12.:!a) 

so 

~ = -~' Ji /(n - 1) (12.2b) 

The total system variance, V, is defined as the su m of the variances of thc original 
variables and can be estimated as 

V= Trace.§.= I:~. 1 s11 ( 12.3) 

Thc j 1h principal componcnt._!p is thc linear function 

(12.4) 

where !J is an nxl and !_j a pxl column vector. !_J can also be written !J = Iz1;1 whcrc 

( 1 ~-5) 

Thc variance of !J is found from 

Var(!_¡) = Var(XaJ) = -ª.J' Var(~ )-ª.J ( 12.6) 

and may be cstimatcd by~~· ~.!¡·Note th;;~t this is simply <~ matrix equ_ivalcnt of~(JU3· 
tion 3.58 for thc variancc of a linear function. · · 

Thl' v:.~rianccs of thc rirst princirwt componl'nt 1. 1 is_l'slimJh.'d by. 
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Var(.,;. 1 ) .. !a' ~! 1 (12.7) 

! 1 is thus defined by thc vector.! 1 that m01ximizcs thc variancc of.! 1 subjcct to thc 
constraint that! 1• ! 1 = l. This is a nonnalizing constraint without which thcrc would 
be no unique solution. 

Equation 12.7 can be maximized by using the Langrangian multiplicr .l. 1 lo intro­
duce the constraint! 1' .! 1 = l. Let. 

Q is maximized by diffcrentiation. 

or 

aQ =2(5->. l)a =O aa - 1- -1 -
-1 

(~- >.,ll.!, = Q ( 12.8) 

For the solution of equation 12.8 to be other than the trivial solution! 1 = Q. we must 
have 

1~- >.,! 1 =o (12.9) 

This is a clas'sicaJ characteristic value problem. A1 is called the characteristic root and 
! 

1 
the characteristic vector of ~- Equation 12.9 has p solutions for ). 1 • This is casi! y 

scen by considering the special case of§. to be a 2x2 matrix in which case cquation 12.9 
beco mes 

=o 

or (s
11 

• ).
1

) (s
12 

• >..
1
). s21 s12 =O. This is a qu<Jdratic cquottion in ).. 1 h<Jving 2 solutions. 

Special properties1 of §. guaran.tec that the p solutions will be real. 
Multiplying equation 12.8 by.! 11 results in 

Since our objective was to maximizc.! 1' Sa 1 • the desired solution to cquation 11.9 is 
the largest characteristic root (the largcst value) for ).. 

Equations 12.7 and 12.10demonstrate the importan! point that 

Having found the. characteristic root, A1 , of ~. the charactcristic vector.~ 1 • is 

l. The number of real, nonzero roots of a symmctric rÍlatrix is cqu<JI to thc rank of 
the matrix. lf (~' ~)' 1 e!'ists, t!ten the rank of ~ is p.~. is symnh.'tric sinCL' ~¡¡ = 

'JI· 
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found from equation 12.8 using the constraint that.! 11 .! 1 = 1 which is equivale~t to 
It., a~ 1 =l. 

The second principal componcnt is found in a similar manner. Now it is desired to 
find ,! 2 such that Var(! 1 )= .! 1 ' ~ .! 1 is maximized subject to the constraints that 
.! 1 1 .! 2 = 1 and ! 1

1 . .! 2 =! 1 1 .! 1 = O. This latter constraint guarantees that! 1 and! 2 
are orthogonaJ (uncorrelated). Using a procedure similar to the above for! 

1
• let Q be 

Q=!:z' ~.!2 + .l..2(l·!11.!2)+ Y.!•'-ª2 

a!0 = 2(~- >.,!l.!,+ n, = Q _, 
Prcmultiplication by.! 

1
1 results in 

(12.12) 

( 12.13) 

Premultiplication of equation 12.8 by ,! 2
1 results in _! 1

1 ~!. 1 -=O. Substituting this into 
equation 12.13 rcsults in y= O. Therefore from equation 12.12 we have 

(12.14) 

from which it follows that.! 1 , the coefficients of the second largest principal comp~ 
ncnt, are the coefficicnts of the characteristic vector associated with th~ second largest 
charilctcristic root of 'ª'· Premultiplying equation 12.14 by .! 2 1 also results in ).2 = 
,! 1

1 ~ _! 2 = Var(.!_ 1 ). In general the jlh principaJ component of the p-variate s<Jmple X 
is the linear function 1¡ =X -ªj where -ªi are the elements of the charactcristic vect~ 
associated with the jth largcst charactcristic root of S. From 12.1 we can find Z 1 Zas 
~' ~ = ( XA ) 1 

( XA_) = ~ 1 ~ 1 XA = (n • 1) ~ 1 SA ~ lt can be easily shown (se-; cQu~­
tions 12.24 thru 12.28) that ~ 1 SA is a di<Jgonal pxp matrix with the jth diagonal ele­
ment equal to >..¡. This matrix m ay also be written as~ 1 SA = º~ where Q~ is the di­
agonal matrix whose diagonal elemcnts are the characteristic roots ofS. 

Onc propcrty of matrices is that if E is an orthogonal matrix~ then the trace of 
~ 1 FE cquals the trace off. Therefore -

Trace (º.J =Trace <A' SA) =Trace(~)= V 

Howcvcr 

Trace (QJ.) = 1:f. 1 ~ 1 

so thc sum o.f the characteristic roots which equals thc sum of thc varianccs of thc prin­
cipal componcnts also equals thc tÜt<JI system variance. 

The covariance bctwcen ,! 1 and !i is Cov(!.i• !J) = Cov( X a¡· _X a i) = ~ ¡ 
1 ~'! 

1 
=O 

for i f j. Titcrcforc ! 1 and !j are uncorrelatcd. 
Somc imporcant propcrtic.'S obtaincc.J thu~ far a~: 

( 1) !:_ 1 and! 1 are uncorrclatcc.J for i + j 
(:!) V<Jr(!_,) =! 1' §. ~ 1 = A.¡ 
(3) >., ~ >., ~ ... ?. >., 
C4li:t. 1 V;tr(7. 1 )=1:t_ 1 >..1 ~~rat:cS.~V 

. :. 



(5) ¡:: = XA when: 
l:=li 1 .~ 2 •...• ~P)and 
A= <.! .. .!2" .... .!p > 
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From item (4) abovc. it can b\.' Sl'CO that thc fraction of thc total variancc ac­
counted for by the j'h principal componcnt is >., (frace §.. In many situations the first 
q compcnents c:ccm.:nt for a l:~ri;e fraction {s<~y 90"} or more) of thc system variance in­
dicating that the last p..q components are not needed in tem1s of cxplaining variance. 
Many times these last p-q components are discarded with thc cffect that the probkm has 
been rcduced from onc of dealing with an nxp X matrix containing corrclation to deal~ 
ing with an nxq (q <p) l: matrix that is orthogonal. 

The questions of how many componcnts are nccdcd to satisfactorily explain the 
system variance or what part of thc total system variance should be explained is an un­
resolved onc. Morrison (1967) suggcsts that only the first four or rivc components 
should be extracted since later componcnts will be diflicult to physically interpret in 
tcnns of the problcm at hand. Unfortunately there are no statistical tests that can be 
uscd to determine the significance of a componen t. Thc s:unpling theory of principal 
components is not well dcvcloped especially when the components are extractcd from 
the corrclation matrix rather than the covariance matrix as in la ter examples. 

The covariancc bc:twecn the original variables. X. and thc principal componcnts, 
~. is given by 

Cov(lL _¡::) = Cov(lL XA) = SA (12.15) 

' .The covariance between the variables and the jth c~mponent is given by 

Cov(X,1_1) = Cov(X, Xa1)= Sa 1 (12.16) 

From <2- A¡!) _;¡_ 1 = Q we have Sa 1 = A¡ _;¡_1. Therefore Cov(_~.l.¡) = A¡.!!¡· Thc covari­
ance between the jth variable and the jlh component is givcn by A.iaiJ. Thc corrdation 
between the jth variable and the jth component is 

The Var(~ 1 ) = s11 = sl and Var(l.1) =A¡. Then:fore 

Cor (~ 1 ,1_1 ) = Ar aiJ/s, (12.17) 

This equation can be used to transfonn A into a pxp matrix of correlations betwecn the 
¡th observed variable and the jth computed component. Thesc correlations can then be 
used in an attempt to assess the physical meaning of the components. 

In sorne situations sorne of tite p variables can be eliminated from further consider· 
ation by examining the c..orrelations defined by equation 12.17. lf a variable. has no sig­
nificant correlation with a component. then that variable is not contributing much to 
the variance of the co~ponent. By ehmtnating the variable from the component. the 
fraction of the system variance explained by the component would be changed very 
little. The difficulty here is that this particular variable may be correlated with a second 
component in which case its elimination would decrease the variance explaincd by thc 
second componen t. For these reasons, variables are gencrally climinatcd only if thcy are 

' MULTIVARIATE ANALYSIS ~41 

not correlated with a~y of the q components retained for analysis. 

Examplc 12.1. Consider the data in table 10.2. Let K be a 13x3 matrix made up of 13 
observations on A, S and L. Compute the principal componcnts of X bascd on the e~ 
variance matrix. Compute thc corrclation betwccn thc variables and thc componcnts. 

' 
Solution: 

~ is computcd from equation 12.2. 

[ 4.465 -4.519 2.177 

J -4.519 155.769 -2.955 
2.177 -2.955 1.322 

<2->J.l= 
[ 4.465- ~ -4.519 

2.177 J -4.519 155.769-A -2.955 
2.177 -2.955 1.322- A 

1~- ).! 1 is computcd from thc rclationship givcn in Appendix D, 

12 -~! 1 = ( 4.46S • ~)( 155.769 - Al! 1.3 22 - A) + (-4.519) 

(-2.955)(2.177) + (2.177)(-4.519)(-2.955)-

(2.177)( 155.769- A)(+2.177)- (-4.519)(-4.519) 

(1.322- A)· (4.465- A)(-2.955)(-2.955) =O 

which simplifies to 

A3
- 161.548A1 + 872.130A • 171.154 =O 

ThL· solutions lo this cubic cquation are 

A¡= 155.963 

~. = 5.387 

A'= 0.207 

Note that r ~,=Trace~= 161.557. 
Thc first prim:ipal l'Omponcnt acL·ounts for lOO A 1 /Tracc ~ = IOOC 155.9631/ 

161.5S7 = Qó.S4 pcrcent of thc tot~l system variancc. Th" l'Ot:ffil.:icnts of the char.Kter· 
istic Vl~Ctors can be computec.J from equation 1 ~- 7. For cxamplc for the first prim:iplc 
componcnt wc h<~vc 



or 

[

4.465- 15~.963 
-4.519 

2.177 

-151.498 ... 
-4.519 a 11 

2.177 a 11 

-4.519 
155.769- 155.963 

-2.955 

-4.519 a 21 

- .194 a:u 
-2.955 ., 

2.177 J 
-2.955 

1.322 -1 55.933 

+:!.177a31 =O 
-2.955 3]1 =o 

- 154.641 ., = o 
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[•·J 3:z¡ = o ., 

So\vin¡; thcsc thrcc equations simultancously for a 11 • a21 , and a3 1 rcsults in 

a21 =-51.43a 31 anda 11 =_1.5503a 31 • 

Using thc constraint that a~ 
1 

+ a~ 
1 

+ ai 
1 

= 1 the solution is a 1 1 = .030, a11 = -.999 and 
a,,= .020. Similarly ror ).2 and .l., WC: get 

Thus 

a12 = .892 
a u = -.452 

[

.030 
Ji = .999 

.020 

3 12 = .036 
313 = .004 

.892 

.036 

.451 

832 = .451 
a 33 = .892 

-.452l 
.004 
.892 --

Thc va!ucs ror thc principall·omponcnts can now Oc calculah:d from 

I = XA. 

-0.96 33.54 -0.19 
-0.64 -9.46 -0.02 
2.46 2.54 0.54 

- 1.62 -10.46 -0.73 
1.98 -0.46 1.57 

- 1.03 9.54 -0.65 ~ .030 
.892 

2.17 -9.46 2.16 -.999 .036 
4.30 -5.46 1.67 .020 .451 

-1.07 -11.46 -0.57 
0.72 1.54 -0.47 

-2.50 4.54 -1.42 
-2.32 6.54 -1.30 

L: 1.45 - 1 1.46 -0.64 
1 -

-.452l 
.004 = 
.892 

1 

1 
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-33.55" 0.25 0.40 
9.44 -0.92 0.24 

-2.45 2.53 -0.62 
10.39 -2.15 0.05 
0.55 2.46 0.51 

-9.58 -0.87 -0.07 
9.56 2.57 0.92 
5.62 4.39 -0.47 

11.41 - 1.62 -0.06 
-1.53 0.48 -0.73 
-4.64 -2.71 -0.11 

1 
-2.42 -6.63 -0.08 

11.40 -1.99 0.05 

Thc ~.:orrclation matrix bctwcc:n thc variables and the componc:nts can be compute< 
from equation 12.17. For cxamplc thc corrclation bctwccn ,!

2 
and ~ 

1 
is 

Cor(!!c,,! 1 ) = l.~ a,. /s, = 155.963 "(-0.999)/155. 769" = ·0.9995 

1l1c rcsulting corrclation matrix is 

¡-
1 

0.178 
- 1.000 

Lo.212 

0.979 
0.007 
0.911 

-0.09-7D 
0.000 
0.353 

Examplc 12.1 illustratcs that using thc ~ matrix in a prim:ipalcomponcnt analysil 
prcscnts somc problcms if thc units of thc X variables diffcr greatly. In l'Xamplt- 1 ~.1. 
thc magnitudc of thc obscrvutions associatl·d with thc sce.:ond variabll· wcn: much gn•atc1 
than thosc associated with thc othcr two variables. Conscqucntly thl' varianL'L' of .~ 1 
was much grcatcr than cithcr Var(! 1 ) or Var(,! 3 ). !l accounll'd for 100 Var(~ 1 )i 

Trace ~ or 96.4% of thc system Vélriancc. This mcans that thc f1rst prindpal compom·nl 
is mcrcly a restatcmcnt of ! 2 • This e.:an also be secn frorn thc fact that thc corrclation 
bctwccn! 2 and !_ 1 is 1.000. 

In most hydrologic studics thc probll·m of noncommcnsurJtc unitS on thc X's ha~ 
bccn handlcd by standardizing thc X's through thc transformalion Cx 11 - X; )fsr Thl· co· 
variancc matrix of thc standardizcd variablcs becomcs thc corrclation matrix. ~ = R a~ 
can be seen from equation 12.1. The princip.al componcnts analysis is ihcn donL' on R. 
Thc total systcm .. variancc" now bct:omcs Trace 8 = p since B has onC'son thedia!!onal. 

Thl' charactl·ristic roots und vcctors .are dctcrminc-d from 

( 1 ~.181 

and thc numcrical value of thc componcnts is cornputcd from 

[
x,. .;¡,l 

z 11 -=r: .. , --s.--- a.,J (1 ~.IQ) 

Tiu• ~.:nrrclation bl'IWl'l'll thl' jlh Sh.llld:trdizt•d V<ariahJc and llll' jlh l'Oillpmlt'lll h'IILI<IIiun 
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1 ~.17) reduces to 

(12.20) 

ThcSl' correlations are somctimcs called factor loadings. The factor loadings can be uscd 
to attach physica1 signilicance to the componcnts. lf a particular component is highly 
l'orrclatcd with t. 2 or 3 variables, thcn thc componcnt is a reflection of these variables. 
For cxample in a study of watershcd gcomorphic factors, it'might be found that a com­
poncnt is highly corrclated with thc average stream slope and the basin relief ratio. lllis 
bcing thc case. that particular componcnt might be termed a measure of water"shed 
stccpness. 

Examplc 12.2. Repeat examplc 12.1 using B instead of.S. 

Solution: 

li.OOOO 
~ = -.1713 

.8958 

- .1713 
1.0000 
- .2059 

.8958] 
- .2059 
1.0000 

IB-All =(1- Al' -(I-A)(.8768435)+.06343748=0 

which hao; solutions 

A, ~ 1.9692 

A, = 0.9273 

A, =0.1035 

In this fonnulation! 1 accounts for 100( 1.9692)/3 or 65.64% of the. system .. vari­
omce'" whilc! 2 and! J account for 30.91'fr· and 3.45% respectively. 

~Tite corrcsponding charactt'ristic vcctors are 

[

.679 
_Ac(!l'! 2 ,!_ 3 )::: -.265 

.684 

.208 

.964 

.167 

The factor loadings computed from >.1 a u are 

l o953 
1-.m 
L .96o 

.200 

.928 

.161 

- .704J 
.029 
.710 

-.226J 
.009 
.:!28 

Sint.'l' compon('nt 1 is hi!!hly corrdah'd with both arca and lcngth, this componcnt 
mif!.ht hl· callcd a .. size" componen t. Likewisc componcnt 2 mi~ht be called a slopc com-
1,0m·nl. In tc-rm!'i of cxplainin~ rhc- "varíanct.•', 'of ~- componcnt 3 could be elimina te~ 
~in~:t.· il explains only 3.4()'¡. of thl" v::ariancl' and is nol corrclatct.l with any of the van­
;1hlt.'\. Wt.• ~,.·annol diminatc any vuriahks. howt.·vt.•r. sincc cornponcnt 1 j!';·!'itronf!IY dercn-

1 ' 
MULTIYARIATE ANALYSIS ~45 

dent on X 1 and.X 3 whilc componcnt 2 dcpcnds on X2 • • 

In tcnns of cxplaining the variancc of B. wc havc reduccd our problcm from onc of 
considcring a 13x3 ~ matrix with corrclations toa 13x2 '!: matrix without corrclations 
(assuming zl is dlscarded). 

1l1c valucs for the components arr computcd from 

-0.46 2.69 -0.16 
-0.30 -0.76 -0.01 

1.16 0.20 0.47 
whcreX = ·-0.77 -0.84 -0.63 

0.94 -0.04 1.37 
-0.49 0.76 -0.56 

1.03 -0.76 1.88 
2.03 -0.44 1.46 

-0.51 -0.92 -0.49 
0.34 0.12 -0.41 

. -1.18 0.36 -1.23 
- 1.10 0.52 -1.13 
-0.69 -0.92 -0.55 

-1.13 2.47 0.28 
-0.02 -0.80 0.18 
1.06 0.52 -0.48 

-0.73 - 1.07 -0.07 
1.58 0.39 0.31 

-0.92 0.54 -0.03 
2.19 -0.20 0.59 
2.49 0.25 • -0.41 

-0.44 - 1.07 -0.02 
-0.08 0.12 -0.52 
-1.74 -0.10 -0.03 
-1.66 -0.09 -0.01 
-0.60 

L 
-1.12 -0;07 

REGRESSION ON PRINCIPAL COMPONENTS 
Many times a principal components analysis is the fi~t step in the development of 
a prcdiction modcl for so me dcpcndent variable. Y. Once the principal rompo­
ncnts are dl'Tivcd, thcy are uscd as the indcpendcnt variables in a mullí¡,¡~,.. n·g.n:s-

sion analysis with thc dcpcndcnt variable, Y. Bccause of thc diffcring unit!<. usually 
prcscnt in thc orip.inal indcpcndcnt variahlc:"i. tht.· principal c_omponents aT.l' !!l'ncr:~lly 
abstrat.:lcd from thc corrclation matrix. 

Thc stcps in performinJ!: a multiple regn:s.':;ion on princ:ipal compom·nts <.~Tl' out· 
lineó hcrc. First lht· indl·pl·ndt.'nt variablt's are standardiud and the dependen! ~ari· 
ah le centercd so lhat ~ = 1 x iJ 1 and Y = 1 y 11 whl'rt.' 

- . 
x 11 = CX 11 - X¡ J/s 1 :mtl y 1 =Y 1 - Y ( 1 ~:~ 11 
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whcrc Y 1 ls thc i1" observation on Y, Y i!i the mean of Y, X 11 is the jth obscrvation on 
thc j 1" Vólriable and X1 and s1 are thc mean and standard deviation of the j 111 variable. 
Ccntcrin~ Y is not necessary. lt elimina tes the need for an intercept and simplifies no­
lóltion. Tite matrix of principal components, ~. is detennined from ~ = XA with A. be­
ing a pxp matrix whose j 1" column is _!1, the characteristic vector computed from 
equation 12.18 with R =X • X f(n- 1 ). 

The rcgrcssion m~clis-

( 12.22) 

where Y is an nxl vector whose elemcnts are the n observations of the centered depen· 
dcnt vuriablc. ~ is an nxp matrix whose elcments, zu, represent the i'" value of the j'" 
principal componen t. 

~ is estimated from equati9n 10.8 as 

(12.23) 

The cxpression for §_can be simplified by writing ~as 

(12.24) 

wherc !:.J is an nxl vector whosc clemcnts are the n values of the jth principal compo­
ncnt. 

(. 

(12.25) 

so that 

(12.26) 

From equation 12.4 we have 

( 12.27) 

Now ~.} B !¡ is O for i 1 j and is )¡J for i = j. Thus ~ 1 ~ is a pxp matrix whose off­
diagonal dcmcnts (i 1 j) are all zero and whosc j'" diagonal clcment (i = j) is (n- 1) A1. 

r
A1 0 .... 01

1 
o >., . 

• 

~ ·~.~J 
(12.28) 

t Z' Z )' 1 Í!li thcrcfon· 

l ."! U_L ~I_Y ARIA TE .e>A.c:N_,Ac:Lc.!.Y:!.S,_,IS,_ ________________ .:.24::..:_7 

l [I/OA, I/>., O l 
~~· ~r' = ñ7l 

1/ ~.. 

Equation 12.22 can now be written as 

or 

r ::1 
1/A 1 

n-1 

la._ 

o 

1/A2 o 
z • _, 
z • _, 

z • _, 

a,=!,' Y./(n-llA¡=.!'.¡' X'Y.'/(n·I)A¡ 

Y, 
Y, 

Y, 

From equation 10.14 and thc abovc results it is apparent that 

A A =o 
C"ov(S,. S;l { =Vardl

1
)=o'/(n·l) >.

1 

for i t j 
for i = j 

( 12.29) 

(IDO) 

(12.31) 

()2.32) 

where o is thc standard error of thc n:grcssion cquation. 
Titus S 1 is indcpcndcnt of S J for i 1 j. The indcpcndcnc~ of thc 6 's is a rc!'ult of 

thc orthogonality of thc principal componcnts. Since the S ·s are indepcndcnt. thc 
t-h.'st givcn by cquation 10.17 can be repcatcdly applicd to test hypothcscs on thc s's 
from a single regrcssion ct¡u:~tion. Furthcnnorc. thc numcrical valuc for thc 8 's rc­
taincd in thc rcgrc~ion will not be altcrcd by climinating any numbcr of thc othcr B ·s. 
This is tl1l' distinct :~.dvantagc of having an orthogonal matrix of indcpcndent variabks. 

A s~:coml advantagc of )l¡¡vjn~ inde{lC'ndent B 's is that thc intcrprctation of thC' 8 ·s 
in tcrms of thc indl·pcmknt variables is {!rcatly simplificd. Tims if sorne hydrologic 
mcaning can be <~tlachl·d to n · componcnt through an cxamination of thc factor load· 
in):!S. hydrologic signilicancc ~:an also he iillnchcd to thc S 's. Unfortunatcly in most hy­
drolo¡!ÍC applic<~.tions of principal ..:ompom·nts analysis. a clcar <tnd distin..:t intcrpn..·ta· 
tion of thc prindpalcomponcnts has not been possiblc. Titis in turn means thc hydro­
logic si¡mifican..:c: of thc 8 's is unclcar as wcll. 

Somc authors (Dc(ourscy and Dcal 1974) statc that yet <.~nother advantagc for 
usin~ rc~rt'ssion on princip01l componC'nts as compan.·d to normal multipiC' rc.·grc.·ssion is 
that thc n:sulting rcgn.•s!iion ..:ol'flidc.·nts arl' more.· st:ablc wlu .. ·n applicd toa lll'W sct of ¡ 
data bccatJSl' thc cocflil'il'nts íln: littcd on thc hasis of only st~~istically si1mifkant 
orthogonal l·omponcnts. This l·ould imply that using ¡¡n C'quation basL·d on rcgrcssion 
on princip¡¡l compom·nts for prl·diction e-n a !<t;Jmplc not includcd in thl' c.·quation i 
dl'VdopmL·nt would haVl' a !'imalkr standard c.·rror on this sounpil' than would a nonnal 
multiplé n:p:n·ssion cqu01tion. lf this i!!i thl· c.·aSL·. it would he: <Jn important advantól}!l' fnr 1 
lhl· rL·grc.·ssinn on J'rindp;~l compom·nts ll'l·hniquc.·. An adcquatc lkmonstr;~tion of thi~o 
hypnllh.'Si~ 11l"l'd11rii tu hl• dl'WIUJ'l'd, hOWl'Vl"f. 

A. db.:ldv;mt:tt!l' nf usinJ! prindp:1l l'"OIHJHlnt'llls in a rL'!!n .. ·,sinn · .,¡, ¡., lh;•l l'\'l'll 
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if all but one of thc componcnts i5 climinatcd, all of thc original variables (the X's) 
must still be measurcd sint.-e each componcnt is a function of alJ of the X's (equation 
12.4). 

In reporting the rcsults of a rcgression on principal components, it is gcnerally 
dcsirablc to transfonn thc resulting regrcssion equation into an equation in tcnns of 
thl' ori{!inai X variaOic:s. lili!i t.:e~n ix:: Uut~ :.im;c y 1- ·,·,- :¡, thc B J 's are known con­
~tants, Zu = l::. 1 alr..J X lk and X tJ = ( X U • Xj )/S¡. Thus cquation 12.22 bccomes 

Y,=Y+rf., BJ <r:., "•J I(X,. -X,l/s,IJ ( 12.33) 

Equation 12.33 can then be simplified by collecting temlS to he of the ,fonn 

v =e· + ·• a·x 1 o L. j .. 1 J u (12.34) 

whcrc the a•·s are constants. lfOnly q (q<pl components.arc retained in the final rc­
grcssion equation and the components are rearranged so that thc first q components 
are rctained, the first summation in equation 12.33 would run ·from l to q; however, 
the second summation would still run from 1 to p. This means the summation in equa­
tion 12.34 would run from 1 to p. It aJso means that even though the equation con­
tains only q components, all p of the original variables must be mcasured to prcdict Y. 

Sorne of the originaJ X variables can be eliminated from thc analysis befare any re­
¡!:ressions are performed by examining the factor loadings and eliminating variables that 
are not highly correlated with any of the components. The remaining X variables are 
thcn rcSt.Jbmitted to a principal components analysis with thc· multiple rcgression being 
pcrformed on the new components. This procedure has the advantagc of reducing thc 
numbcr of variables that must be measured to use the resulting regression cquation. lt 
has the· disadvantagc of climinating X va.riables rather arbitrarily (there is no statistical 
test for the ~ignificancc of the factor loadings) without ever having thcm in a position to 
determine their usefulness in explaining the variation in the dependent variable, Y. 

In many applications of regrcssion on principal componcnts, the last p-q compo­
ncnts are discarded befare the regression is pcrfonned. Thc number of retaincd compo-­
nents, q, is selected so that a large proportion of thc variance of X is accounted for. This 
procedure reduces the number of coefficients that must be estimated but runs the risk 
of eliminating a component that may explain a significant amount of the variation in Y 
evcn though it explains titile of the variance of X. 

Equation 12.31 gives B J = !¡' ~ • 'f./(n- Ji AJ while equation 12.32 gives Var(S J) 
= o 2 /(n- 1) AJ. The statisticaJ significance of BJ is tested using equation 10.17 with Bo 
"" O. Thus the test statistic is · 

(12.35) 

n.erc is ·no reason to believe befare the regression is pcrforrned that this test statistic 
wíll be nonsignificant for small values of J..1 (i.e. for the last p-q components). Therefore 
thc rcgrcssion should be perfonned C\f' ~n of the components and then the components 
that prove to be nonsignificant can be diminatcd. 

Thc value of the test statistic i!ivcn by cquation 12.35 can be shown to be propor­
tional to the correlation betwe~n X and ~J as follows: 

Cov(!J· Yl=~.J' '!./tn-I)=~J· .l'<.' '(/tn-1) ti ~.36) 
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(·12.37) 

Therefore 

t= ¡¡;-:¡ Cor(!J·Ylsv/O . (12.38) 

or the si~nificancc of the jttt componcnt is dircctly proportional to its corrclation with 
the dependen! variable. Equation 12.38 can be used '? test the significancc of thc j•h 

componen t. 
At this point il should be noted that if a dependent variable Y is regressed on P 

principal componcnts extr:Jcted frem a pxp correlation matrix and then transfonned 
via equation 12.33, the rcSults are identical to thosc that would be obtained by adirect 
regression of Y on the original p variables. This is because multiplc rcg.rcssion is a linear 
operation and -the principal components are indcpcndent linear functions of the original 
variables that explain all oCthe ~ariance of the variables. 

ROTATION OF PRINCIPAL COMPONENTS- 1 
For principaJ components to be of maximum usefulness, it is necessary to be able 
to attach physical significance to the components. That is it must be possible to in· 
terpret the significance of a component in terms of the proble_~ being analyzed. 

The interpretation of principal components is done through the factor loading matrix 
which shows the corrclations between the components and thc original varia.bles. 

For maximum case of interpn:tation of the components, it would he Ocsirahlc for 
the factor loadings of an individual component to be high (> .90 ?) on sorne of thc vari­
ables, low on sorne of thc othcr variables, and to have a mínimum numbcr of intermedi­
a te loadings. The high loadings would indica te a high correlation with the variable ora 
strong linear similarity between the component and the variable indicating that both are 
measures of the hydrologic attribute. A low loading would indicate that the component 
and variable were indcpcndent or that the variable was not influential with the compo­
nen t. The intennediate loadings would indicate sorne rclationship between the compo­
nen! and thc variable but its real significance would be difficult to assess •. 

To aid in the interpretation of the principal components, it is som~times desirable 
to makc an orthogonal transformation of the factor lpading matrix in hopes of produc­
ing a factor loading matrix having the properties described in the preceding paragr.3ph. 
Tbe mechanics of transformations of this tyre are described in the section - Rotation 
of PrincipaJ Components - 11. 

FACTOR ANALYSIS 
The purpose of factor analysis is to rartition a p-variate obscrved yector into sorne 
factors common to all of the p variables and sorne factors unique to each of tht• P 
variables. A factor model might be written 

X=G F+HU --- --- --- -- (12.39) 

•"' PlUft msl pxp pd 

wherc X is a p-variate vector of ohscrved variables, g is a matrix of cocfflcic~ts. E is a 
v¿ctor -;;r common· factors, 11 i§ a diagonal matrix of cocfficicnt§, and Y i!> a 'it•clor of 
uniQue factors. . . ' 
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Matalas and Reiher (1967) and Wallis (1967) discuss sorne applications of factor 
analysis in hydrology. A caminan application of factor analysis in hydrology has bcen 
conducted by isnoring the unique fa1.:tors. Thc common factors, E. are then taken as a 
linear function of the observed Vólriables. 

F ...K_ _!!_ 
nxp nxp pxp 

(12.40) 

E is a matrix of factor scorcs consisting of n values for each of the p factors, X is a 
matrix of n obscrv;~tions·on cach of p standardized variables, and ~ is pxp matrix of co­
cfficicnts known as factor scorc cocflicicnts. 

One way estimating 'ª is to define!! as 

B =A D ·" - - -~ 
(12.41) 

whcrc A is the pxp matrix who~ columns are the characteristic vectors of the corrcla­
tion matrix B. QA is a pxp diagonal matrix whose diagonal elements are the characteris­
tic roots of B. and º>.·~ is a diagonal matrix fonned by inverting ºA and then taking 
the square root of its elernents. 

The factor scorc matrix f is ·~orthogonal .. since 

E • E=!! • X • X !! = !2;"' ~· (n- IJ RAD ;" = (n- 1 J !2;" !2, !2;" = (n- 1 > l 
( 12.42) 

Thc corrclation bctwcen thc jth obscrved variable and the k1h factor is caJied the 
f;.¡ctor load in¡!. The pxp matrix .!:- containing the loadings is callcd the factor structure 
or fador loading matrix. 

f and the principal components ~ defined in the previous section are related by 

Z=XA=XBD "=FD" - -- ___ ). __ ). ( 12.43) 

Since multiplication of a variable by a constant does not changc its corrclation with an­
othcrvariable, Cor(,X 1 , f) = Cor(_K 1 , Z> or from cquation 12.20 we have 

L=A D" - __ ). (12.44) 

In the scction on principal cornponents it was shown that !l' ~ f:! = º>.. From this 

rcsult it is apparcnt that B A= A º>.· Writing equation 12.44 as 1 =A ºA ºA·~ it Can 
be scen that 1 = B Aº).·~ or the factor Ioading ·matrix is given by 

(12.45) 

Thc factor loading matrix has the property that 

(12.46) 

and 

(12.47) 

( 

MUHIVARIATE ANAL YSIS ~S 1 

Equation 12.4 7 shows that thc factor loading matrix has the ability to reproduce B·!: is 
not unique in this respect. Any orthogonal rotation of 1 will also reproduce B. For ex­
ample if 1* = LT where I is orthogonal then 

(12.48) 

It should be noted however, that 

~ • • 1* = I' 1' !:- I = I' !?). I 1 lc.49l 

which is nota diagonal matrix. 
Thc factors F defined by equation 12.40 are thus unique only up toan orthogonal 

rotation.!! can be-detennined from equation 12.45 as 

(12.50) 

Any ~· given by 

(12.51) 

will al so produce a set of ''orthogonal" factors f* = 2'.!! •. This is apparc~t from 

=(n- IJ!' h' ~-• ~ B·' LT 

but 

so 

f*' f* = (n - 1)!'! = (n- 1)! 

ROTATION OF PRINCIPAL COMPONENTS- 11 
Equation 12.43 can be taken as thc dcfining relatiorÍship for prim:ipal components. 
The matrix L contains thc correlations bctwccn the Componcnts and thc original 
variables. L ;an be rotated by an orthogonal matrix ! so that thc corrclations he· 

twcen thc vari;-bles and the componcnts are changcd. Thc most c:ommon mcthod of 
rotation is called .. varimax .. rotation and was fint defincd by Kaiser ( 1958}. Ham1an 
(1967} prescnts a discussion of the actual ~::1¡,ut01iions involvcd iri a varimax rotation. 

Basically a varimax rotation involvcs t:otnputing an orthogonal matrix of rotation 
! that produces an 1• = !-.I suéh· that thc corrclations bctwcen somc o f. thc vari_ablcs 
and .:ompnrll'Ots are high. somc an: low. :md a minimum of thc correlations <~TC mter­
nn·diatc. TI1is makcs inll'rprl'f;¡tion of thc componl·nts or placin!! physkal si~nificancr 
nn lhL' L'UiliJlom•nls L':tsiL·r. Mn~i cumplltL'T CL'IliL'~ havin~ prinL'ip;•' •mpom·nl!r! pro-
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grams will also havc programs for varimax rotation. . 
· Once thc rotated factor loading matrix 1• is computcd, the rotatrd principal com-

poncnts can be computed from 

Z•=X o• D~ =X R· 1 LO D~ =X R" 1 LTD~ 
- -- -A -- - -A -- ---A 

(12.52) 

Many of the varimax programs do not actually provide the user with T. but produce L •. 
~· can be shown to be "orthogonal .. in the scnse the ~·' f• ~ (n- 1) DA as fot­

lows 

= (n. 1) !?, 

Therefore the rotated principal components are uncorrelated. 
~ince generally the rotated components are easier to interpret. they are many times 

more mcaningful in a rcgression·analysis than thc unrotatcd components. One procedure 
for using regression on principal components is to 

( 1) ComPute the factor loading matrix L. ., 
(2) Compute!: • = LT by a varimax rot;-tion o(~. 
(3) Eliminate X variables that have no high (>0.90?) correlations with any of the 

rotated components. 
(4) Repeat steps ( 1) and (2) with the remaining variables. 
(5) Perform a multiple regression ofX on ~· where ~· is computed from equation 

12.52 based on thc results of stcp (4 ). 
(6) Elimina te thc nonsignificant compon~nts from thc regression. 
(7) Put the resulting equation in the fonn of equation 1 :!.34. 

Wallis (1965) suggests a procedure similar to this. l11e comments made in the section 
"Regression on Principal Components", made relative to the model X=~ _e using the 
principal components apply as well to the model y=~·~ using the rotated principal 
c6mponents. Dawdy and Feth (1967) present situations where rotated factor loading 
matrices may be used in studying inter-relationships among indpendent variables. 
Shelton and Sewell ( 1 969) and Overton (1969) discuss what is one orthe most effective 
uses of principal components analysis- screening of parameters. They demonstrate how 
principal components can be used to climinate rcdundant variables and variables that 
do not con tribute to explaining the variation present in the original data matrix. 

Example 12.3. Compute the comrof'lt"l"t~ ohtained by rotating the factor loading matrix 
of cxample 12.2 using the rotation delined by 

[

.866 
ra .5og 

.500 

.866 
o 
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Solution: 

The fact that I is orthogonal is scen from 

o 
1 
o 

1l1e rotatcd factor loadings are 

~] = 1 

l .9532 
!,•=!,I= .3725 

.9601 

.2002 

.9280 

.1612 

-.2264u [ .866 
.0092 -.500 
.2284 o 

[

.725 .650 
!,•= .787 .617 

.751 ·.620 

[

1.0000 
B·' = -.1713 

. .8958 

[

.311 
B·' !,• = -.664 

.355 

•. 1713 
1.0000 
•. 2059 

.429 

.772 

.394 

B·' !,• !?,~ = [::~~ 
.471 

-.226u 
.009 
.228 

.8958J~ ~5.066 
•. 2059 = •. 069 
1.0000 _:4.553 

-2.188u 
.089 

~.206 

.413 . 704l' 

.743 .029 

.380 .710 

_1i = ((x¡¡ • X¡)/s¡] (see examplc 12·2). 

-2.78 1.75 .28 
.57 . .69 .18 
.54 .81 -.48 
.15 -1.18 .07 

1.09 .88 .31 
-1.19 .15 •. 03 

~·=X B''.b• ºA~= 2.04 .57 .59 
1.98 1.07 • .41 
.40 -1.08 • .02 

. .16 no .. 52 
-1.44 . .69 • .03 
-1.50 . .49 • .01 

.30 -1.18 •. 07 

.500 

.866 
o 

•. 069 
1.045 
.277 

~53 

. 4.553-J 
.277 

5.135 

('ommcnt: Thc purpOSl' of this t'Xampll' is to th'rnonstOJtc with numht'rs lht• rncaninl!" 
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of sorne of thc matrices that havc bccn uscd. Thc rotation is nota varimax rotation. As 
a mattcr of fact thc ori{!.inal componcnts are much easier to intcrprct than the rotated 
oncs since! 1 is highly correlated with.! 1 and !_ 3 ,! 2 is highly corrclated with _! 2 , and 
!~, is not correlated with any of the variables. The correlations involved are contained in 
!: and are 

Cor(!,.!,) = 0.9532 

Cor(!,.!,) = 0.9601 

Cor!.><. 2 • .!,. 2 l = 0.9280 

Thc rotated componcnts are correlatcd about equally with all of thc variables and would 
he difficult to interpretas scen by the matrix L •. 

AN APPLICATION OF REGRESSION ON PRINCIPAL COMPONENTS 
In C'hapter 1 O thc procedures in volved in multiplc regrcssion wcre illustrated using 
a sct of data from Haan and Read (1970). In this section that problcm witl be re­
analyzcd using regression on principal components following thc steps outtined 

carlicr. Thc data for the problcm are contained in table 10.2. Thc data consist of thrce 
classes of variables: (1) runoff, thc dcpendcnt variable, (2) prccipitation and (3) eight 
¡;,comorphic variables. The principie components will be detem1ined for the eight geo­
morphic variables. Thcse components along with precipitatioO Mil then be the indepen­
dcnt variables in the rcgrcssion with runoff as the depcndent variable. · 

TI1e rirst step in the analysis'was to compute the characteristic vectors and charac­
tcristic val u es for the corrclation matrix shown in table 1 0.4. The results of this com-
putation yi.clded thc characteristic vectórs: 

.463 .058 - .176 .131 - .288 -.166 .272 - .742 
- .139 .653 - .183 .390 .544 .190 .149 - .123 

.456 .091 .182 .059 -.204 .824 -.119 .110 
!! =· .461 .103 - .033 2.71 .141 - .364 - .734 .109 

.394 - .042 - .051 .107 -.040 - .134 .451 .593 
- .191 - .176 •• 796 ·.223 .009 .291 - .361 •. 184 
•. 239 •. 499 •. 018 .819 •. 101 . 112 •. 004 -.024 
- .311 .519 •. 103 .151 •. 741 •. 097 •. 132 .158 

and the characteristic values: 

4.359 o o o o o o o 
o 1.802 o o o o o o 
o o 1.193 o o o o o ºl = o o o 0.447 o o o o 
o o o o 0.124 o o o 
o o o o o 0.045 o o 
o O. o o o o 0.025 o 
o o o o o o o 0.003 

Tho foclor lo· ~ matrix was lhL•n <.'alculatcd frnrn L''tuation 1 ::!.44 "" 
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!,= 

.967 
- .291 

.953 
.962 
.8~4 

- .398 
- .500 
- .65p 

.077 

.877 

.123 

.139 
- .056 
- .236 
- .670 

.697 

- .19:! 
•. 200 

.198 
- .036 
- .553 
- .870 
- .o20 
- .112 

.087 

.261 

.040 

.181 
.072 

- .149 
.547 
.101 

- .101 
.192 

•. 072 
.oso 

•. 014 
.003 

- .036 
- .261 

- .035 
.040 
.175 

- .077 
- .028 

.062 

.024 
-.021 

.043 

.024 
- .019 
- .116 

.012 
•. 057 

.001 
- .021 

Var. 
· .04)1 A 
- .071 S 

.064 l 

.063 p 

.034 

1
1 u, 

- .011 R, 

- .001._\ F .009 R, 

At this point an attcmpt can be madc to attach physkal significancc to tlw com­
ponents. Componcnt 1 is highly corrclatcd with A. L. and P and moderatcly ..:orrclatt·d 
with d 1• Thus componcnt 1 might be tcrmed a sizc componcnt. Componcnt 2 is mod­
erately correlatcd with S, F, and Rr and might be callcd a slope or stccpncss variable al­
though this interprctation is not really clear. Component 3 has moderatc corrdation 
with R, and might be namcd a mcasurc ofwatcrshed shape. The rcmainingcomponcnts 
a~ not highly correlatcd with any of thc variables. 

The factor loading matrix was subjected toa varimax rotation resulting in 

Var. 
0.955 -0.162 0.135 -0.199 -0.021 -0.003 0.042 -0.042~ A 

-0.038 0.979 -0.009 -0.137 0.146 -0.011 0.012 0.000 S 
0.782 -0.212 0.465 -0.264 0.018 0.238 0.003 -0.001 l 

L* = 0.915 -0.100 0.302 -0.164 0.106 -0.017 -0.150 O.OQJ p 

0.938 -0.157 -0.261 -0.110 0.01>8 -0.044 0.077 0.042 d, 
-0.095 0.050 -0.988 0.110 -0.002 -0.007 0.006 -0.0\0 R, 
-0.322 -0.196 -0.175 0.909 0.007 -0.011 0.008 -0.001 F 
-0.407 0.839 -0.103 -0.064 -0.340 -0.011 0.009 -0.002 R, 

Again we can attcmpt to place physical significance on the componcnts. Thc corrL·­
Iations cx<.:ecding 0.90 are undcrlincd. Component 1 is clearty a sizc or "bigncss" com­
ponent in that it is correlatcd with A, P, and d¡. Thc corrclation with L has diminishcd 
whilc that on d 1 has incrcascd. Componcnt 2 is now more cJearly a steepncss componcnt 
in that it is highly corrclatcd with S and modcrntcly corrclated with Rr. C'omponent 3 is 
now highly correlatcd with R, and is c1e01rly a shapc'\:omponent. Componcnt 4 now has 
a high corrclation with F and is a me asure of strcam density . 

The rotated factors are somewhat easier to interpret although the rotation has not 
bcen so helpful in this example as it is in sorne situations. lt can be sccn that the rotated 
factor 1oading matrix has rcwer intennediate correlations (.45 to .75). 11 is these inter­
mediate correlations that make thc interpretation of the componen~s difficult. 

Those variables having a rotatcd factor loading of lcss than 0.9 wcrc discarded. This 
lcft the síx variables A, S, P. d1• R, and F. Thc charactcristic v~:ctors and dlar~n:tl'risti..: 
values of the corrc1ation matrix of these six variables wcrc computcd and thc factor 
loading matrix suhjcctcd to a varimax rot,t;f',.. l11c corrdation matrix is thc saml' as 
table 10.4 omitting the rows and columns corrcsponding to L and R,. This ncw com:­
lation matrix is B. Thc charactcristic values for this 6x6 correlation matrix are 3.135. 
1.322. 1.073. 0.433. 0.029 and 0.008. 

lf thL' prncticc of cxtr.u.:tin~ c:ompom·nts until90 pcn:L•nt of tite sy~tc.·m vari<~nL·t• is 
L'Kplaincd Í!i adopt~.·d. only thc fird thn·c of tJlc.~c cumpnncnts wnuhl he.· r~.·t;tiln·d. ·nh: 
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last thi'ee componcnts account for only 7.8 percent of the system variance. All six of the 
components will be retaincd in this example. 

The rotated factor loading matrix for the remaining six variables is 

0.953 -0.091 -0.157 -0.220 -0.062 0.074 
-0.119 0.980 0.027 -0.161 0.002 0.000 

0.916 -0.011 -0.324 -0.180 0.152 -0.007 
1•= 0.957 -0.074 0.237 -0.117 -0.079 -0.058 

-0.071 0.031 0.990 0.125 -0.007 -0.005 
-0.282 -0.195 0.167 0.925 -0.006 0.000 

Thc rotatcd principa1 components 
(?;• = ~ g·• !,• JJ,~) as 

are now d~tennincd ffom equation 12.52 

-0.888 3.0LI - 1.201 -0.397 -0.032 -0.080 
-0.650 - 1.031 -0.162 -0.329 -0.065 . -0.176 

2.597 0.445 0.691 0.080 -0.015 -0.077 
- 1.321 -0.915 -0.277 0.572 -0.117 -0.026 

1.898 0.381 - 1.154 0.832 -0.079 0.021 
-0.604 0.587 2.012 -0.696 0.103 -0.009 

~·= 0.675- - 1.035 -1.921 -0.883 0.265 0.107 
3.094 -0.466 0.413 -0.657 -0.345 0.058 

-0.161 -0.730 0.006 1.264 -0.048 -0.046 
1.325 0.332 0.875 0.398. 0.317 0.039 

-2.414 0.259 -0.339 -0.036 -0.132 0.059 
- 1.781 0.550 0.833 0.354 -0.027 0.167 
- 1.768 - 1.388 0.223 -0.572 -0.081 -0.037 

Ncxt a multiple regression was performed using the model 

RO=Bo+B 1 Prcc+B 2 z 1 *+B 3 z2 *+ ... +e,z,• 

This modcl is slightly differcnt than thc one discussed cariier in that it contains the Prec · 
variable in addition to the principal components. Prec could have been incorporated in· 
to thc corrclation matrix with thc eight geomorphic variables. This was not done since 
Prcc is not corrclatcd with any of the gcomorphic variables and would thus require a 
component for its characterization. Rathcr than go through thc mechanics of cxtracting 
a component to explain Prec, thc Prec variable was uscd directly. In ¡omc situations. 
Prec could be corrclated with a gcomorphic variable such as clevation. 

Thc rcsl:JitS of the regression on this model are containcd in t01ble 12.1. Thc rcgres­
sion cocfficient on z; was not significantly different from zero whilc thc cocfficients on z: and z: were significant only al thc 90% level. Thus two more rcgressions were run -
onc by climinating z; only and onc by eliminating z;, z: and z:. When the latter thn:e 
rotatcd componcnts wcre climinatt'c!. t'tc R 1 droppcd to 0.805 and thc standard error 
climbcd lo 1.046. Elimination of z; only resultcd in an R 2 of 0.905 and a standard 
t'rror of 0.844. Thus the equation containing Prcc and all of the rotatcd principal com­
ponen u except z; was acccpted as the .. best .. cquation. Tablc 12.2 prcscnts more de­
taíls on this cquation. In comparing table 12.1 and 12.2 it ís apparcnt that thc regres­

·sion cocfOcicnts and their standard erron. havc chan¡ted. This is becausc thc inclusion of 

r 
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Table 12; 1: Results of first regression using rotated principal components. 

RO 

RO 1.000 
Prec .387 
z• 

1 
.431 

z• 2 .442 
z• J - .111 
z• • - .186 
z• 
' 

.063 
z• 6 .615 

Source 

Regression 
Residual 
Total corrected 

for mean 

Variable 

Constant 
Prcc 
z• 

1 
z• 

2 z• 3 

z: 
Z~-
z• 6 

Correlation matrix 

Prec. z• 
1 

z• 
' 

z• 
3 

z• • 

1.000 
- .271 1.000 

.018 - .000 1.000 

.450 .001 -.000 1.000 
- .118 .000 - .OOJ .000 1.000 
- .248 .000 .000 -.000 .000 

.578 -.000 .000 -.000 .000 

Analysis of Variance 

Degrees of Sum of 
Freedom Sauares-

7 41.256 
S 3.690 

12 44.947 

R 2 = 0.9179 R = 0.9581 
F = 7.99 Std. error= 0.859 

_L ~ 

-4.933 8.389 
0.466 0.182 
0.645 0.156 
0.727 0.216 

-0.699 0.307 
-0.343 0385 
2.347 1.581 
5.994 3.981 

1.000 
-.001 1.000 

5.894 
0.738 

-0.588 
2.562 
4.135 
3.368 

-2.280 
-0.890 
1.485 
1.503 

Prcc as an independent variable has rcsuhed in some correlation among the independent 
variables evcn though the rotated principie components are orthogonal (tab~e _12.1). 

1t should be notcd at this point that had the last three components been ehmmated 
bccause they collectively on)y account for 7.2 pcrcent of the systcm variance, the result· 
ing equation would not be ncarly as good as the final equation that induded bo~h the 
fifth and sixth rotated componcnts. 

The final step was to convert thc cquati~n into the fonn of equation l 234. Let 
g· 1 ,h·g~"' = §. Thcn equation 12.33 becomes 

'Y1= a. +a, Prec1+Ef., ~1 <E:., E,1 {(X,. -X,l/s,JJ . ' . 
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Table 12.2. Results of "best" regression using rotated principal components. 

Regression 
ResiduaJ 
Total corrected 

for mean 

Variable 

C'onstant 
Prcc 

·~ z; 
zj 
z; 
z: 

Analysis of Variance 

Degrees of Sum of 
Freedom Sauares 

R2 = 0.9049 
F = 9.51 

-6.471 
0.499 
0.657 
0.725 

-0.735 
2.464 
5.469 

6 40.671 
6 4.275 

12 44.947 

R = 0.9513 
Std. error= 0.8441 

8.066 
0.175 
0.152 
0.212 
0.299 
1.547 
Ú74 

which after substituüon of the correct quantities results in 

• 
Y= -16.050 + 0.499 Prec .¡. 1.730 A+ 0.081 S+ 0.695 P 

- 8.104d1 + 12.057 R, +0.692F 

6.779 
0.713 

-0.802 
2.856 
4.315 
3.423 

-2.458 
1.592 
1.412 

At this point thc reader should compare this Jast equation with the equation in 
Table 1 0.6. This comparison should include the e ase of obtaining the equations, thc case 
of applying the equations, the .R 2 and the standard error. 

DcCourscy and De al ( 1974) present another example of deveJoping a prediction 
cquation for mean annua1 discharge based on 90 stream locations in Oklahoma. They 
~.:ampare standard multiple n:grcssion with severa! alterna te mcthods of rcgression using 
principal components. They condude that "" ... any one of the methods is probably as 
!!Ood as thc ncxt.. .... They point out advantages and disadvantages of the methods they 
inv.:sti¡;atcd. 

Wan~ and llubcr (1967) invcstigatcd water yield prediction via rcgression on prin· 
l'ipal ~omponl'nts for watershcds in Utah. In their study they ·raund that a componcnt 
l'Ould hl' important as a prcdictor for water yicld rvcn though it explained little of thc 
··..,ariancc .. of thr systcm of indl'prlldt•r• variables. 

CANONI\Al CORRELATiON 
C'anonil'al t.·om·lation i~ usc.'t.l to study Htc corrclation bctween two sets of variables. 
L<·t Ji 1'<· a p-variolc rar.Jom vector with Eqp = ¡¿ and Var(~) = ];. ~ and .1; can 
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be partitioned so that 

~ = [I] (12.53) 

where y is p 1xl, ~ is p 2xl, ¡ 11 = Var(Y.) is P 1 xp 1, .I 22 = Var(~) is P_:zXP2 • .hu= 
•• =C-ov(Y Z) is p xp p +p 2 =p, and \.Yithout loss of generallty P 1 S.P:z· 
.!.l. 21 -· - 1 :z, 1 1 · · tu b t en Canonical correlation can be used to investigate the corre a han struc re e w_e 
the two sets of variables y and z. Specifically the correlation between linear funchons 
of y and z will be studied. We ~an define two new variables by U 1 = g_ ~ Y. ~nd V 1 = 
r ~ -Z wh;;.e g_ 

1 
¡5 8 p 

1 
xl and r 1 is a p 2 xl vector of coefficients. The covanance be­

tween U 1 and V 1 is 

(12.54) 

The variances of U 1 and V 1 are 

(12.55) 

Var(V 1 )=Var(:Yl z;¡= :tU.22 1., 

Thus the correlation between U 1 and V 1 is 

( 12.56) 

In canonical correlation it is desired to find the g_ 1 and l. 1 that maximize the cor~ 
relation between U and V . Since correlations between pairs of variables a~ not 
changed by linear t:.ansform~tions of the variables, a unique solution can be achteved 

only by requiring that 

( 12.57) 

so that 

Cor(U 1 ,V 1 )=~:~.: ,l; 12 1. 1 

Thus it ¡5 desired to find the g_ 
1 

and .:r 1 that maximize a, ~L. 11 y 1 subjcct to cq uati~ns 
12.57. The variables U 

1 
and V,· are called the first canonical varia tes and the corrclallon 

between U 1 and V 1 is called the first canonical correlation. 
Next U =N • y and V = :y¡ z; are sought so that· Var(U 2 ) = Var(V 2 ) = l. U, 

' ~' - ' C (U V ) . . and v are uncorrelated with U 1 and V 1 respectively, and or 2 , 2 ts a maxt~um. 
u an

2
d v thus defined are the secon:! :::J".C'':'lical variates and Cor(U2 , V2 ) ts thc 

2 2 • 
second canonical correlation. . 

This process is cc;mtinued until p 1 canonical varia tes and .canonical.correlat~ons art: 
found. The equations needed for calculating the g 's and l s m ay be found 1n Prcss 

(1972) and Cooley and lohnes (1971). . 
Thc hopc in using canonical corrclation is that thc nrst canonic:•' corrclat10n (or at 
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least the first few canonical correlations) account for a large part of the correlation 
structurc between Y and Z,. This being the case, attention can be focused on the two 
variat~s U 1 and V 1 rather than the p varia tes contained in X and ~-

The variates Y and ~ used in a canonical correlation analysis are defined prior to 
the analysis and not as a result of the analysis. DeCoursey (1973) used canonical correla­
tion i."l a r:giona! flcod frequency :;tudy. In th!s s:..:dy the "ariJbles in Y where thc flood 
peaks associated with 4 diffcrent rcturn pcriods and thc variables in Z wen: 12 wate~ 
shed characteristics. The purpose of DcCoursey's canonical- correlatio--;; analysis was to 
select the variables in~ to be used in a regrcssion analysis for predicting Y. He found 
that the first two canonical variates were needed to describe bis system. The variables 
seJected fOT use in the regression analysis were those that had relatively large coefr~ 
cientsineither y 1 or y 2 • 

MULTIVARIATE REGRESSION-ANAL YSIS 
The situation occasionally arises where it is desired to predict severardcj>cndent 
quantities from the same set of independent variables. Such a situation might be 
predicting the mean annuaJ flood, 10-ycar peak Oow and 25-year peak Oow from a 

given set of watershed and clima tic variables. It may be desirable to use the same inde­
pendent variables to predict each of the three dependent variables since this would limit 
the data required. · 

Such a model can be written 

_y_ = _K_ .L (12.58) 
aaq n11p p11.q 

where Y contains n observations on each of q dependent variables, K contains ·n observa­
tions on each of p independent variables, and -ª is a pxq matri~ of coefficients. Press 
( 1972) discusses this model in more deti.il. · 

· The cOefficients, -ª• can be estimated in a manner similar to that employed in mul­
tiple regression as 

(12.59). 

Thís equation can be written as 

<l!.,.l!., ..... !!.. l = <~, ~r·~. <x.,. y, ..... .r. l (12.60) 

where ~ =O! .. !!., , ... , ~q > and y= ex." ~ 2 •••• , X.q > are partitioned irito q pxl vectors. 
Furthermore 

(12.61) 

demonstating that the solution to equations 12.59 is equiva1ent to q multiple regressions 
each involving the same X but a difft're.,t vector of independent variables. Test of hy­
pothesis conceming j!1 can be made using the procedures set forth in O.apter 1 O. 

tri multivariate regression as in multiple regression one commonly has a large num· 
ber of independent variables all of which are not important in predicting thc q dependent 
variables. lf .Q separa te multiple regressions are perfonned and indcpendent variables 
ellminated using the proccdures of chapter 10. it would be unlikely that the rcsultin[l·q 
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equations would contain the same set of independent vari~:bles. . 
lf the multivariate regrcssion model is used, alt q of the equations given by equa­

tion 12.61 will contain the same set of independent variables. Press (1972) presenls a 
procedure for tcsting the hypoth~sis that -ª• = -ª:T where 1! 1 is a lxq vector made up of 
the coefficients associated with the ¡~h independent variable for each of the q dependent 
varizbles ;md --ª7 is a l~q vector of constants. To test that the ¡th independent variabl.e 
was not significant would be equivalent to the testing that 1! 1 = Q. Thus a procedurt as 
available for eliminating variables from equation 12.58 to produce a usable modcl. 

One distinct advantage in using the same independent variables for estimating scv­
eral dependent variables is that the correlation strocture of the dependent variables is 

. preserved. DeCour.;ey (1973) used such an approach to derive predi~tion equations for 
the 2-, 5-, IG-, and 25-year peak flows on watersheds in Oklahoma. In situations like 
this it is highly dcsírable to rctain the observed correlations among the dcpendent vari· 
abl~s in the resulting prcdiction equations. lf this is not done, the observed corrclations 
arnong the various dependent variables are not necessarily retained. In the case of flood 
pe"ak estimation,, this retention of correlation results in stable and consistent estima tes 
for thc various peak flows. • 

Another example where the rctention of the correlation structure among a set of 
depcndcnt variables is important is in estimating the parameten descriptive of runoff hy­
drographs. Rice (1967) discusses this application of multivariate, multiple regression in 
simultaneously estimating the runoff volume, peak discharge, and a base time paramcter 
for runoff hydrographs based on data presented by Reich ( 1962). f?c~ states that even 
though three separa te regressions produce slightly better fits to the original pool of data. 
the multivariate solution might be more effective in predicting stonn hydrographs for 
stonns on watersheds not included in the original data sample. 

Exercises 

12.1 Calculate the correlation matrix for the first two variables contained in the table 

of exercise 1 0.8. 

12.2 Calcula te the characteristic values and characteristic vectors .associated with the 

correlation matrix of exercise 12.1. 

12.3 Compute the numerical va1ues of the principal i::omponents of the data in the firs1 
two columns of the table in exercise 10.8 (based on the correlation matrix). 

12.4 (a) Work exercise 12.1 using the first three variables. (b) Work exercise 12.2. base( 
on the first three variables. (e) Work exercise 12.3 based on the first thrce variables 

12.5 (a) Work exercises 12.1 •. 12.2 and 12.3 based on the covariance matrix. (b) Worl 
exercise 12.4 based on the covariance matrix. 

12.6 Work exercise 12.4 using all of the variaJ:t1es in the table of exercise 10.8 cxccp 
QP. (Note: Don't try this without a computcr -life is too short!) 

12.7 Calcula te the factor loadings for the data of (a) exercise 12.2. (b) exercise 12.4 e 

(e) exercise 12.S. 
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12.fi Show lh:st ~' ~ • (n • 1) U" by using asan cxample the data of exercisc (a) 12.2, 
(bJ 12.4 or (e) 12.5. -

1 ;·~ !~vestigate ~he avail~bility. of a computcr program to pcrfonn a varimax rotation 
0 t e actorloadmgmatnx. Use thc prog.ram on thc data ofcxercisc 12.7. 

12.1 O Co~pute the numerical val~es for the rotated components based 
max rotat10n requested in exercise 12.9. · on thc vari-

12.·1 1 (a) From a~ examination of the rotated factor loading ~atrix of exerci 
can any of the vanables be eliminated? (b) lfso eliminate th d ~ 12.5,-
tated factor Joading matrix. ' em an compute a.new ro-

12.12 Pcrfonn a mulhple regression on the rotatcd · · ¡ 
12 S 12 ¡¡ El' · pnncJpa componcnts of excrcise 

· or . . 1m mate the nons.ignHicant components Put th. thc f f · · C regrCSSIOO cquat100 m 
.onn o e~uat10n 12.34. Compare the results w1th those ofexercise 10 8 Wh' h 

gress10n equatlon do you prefer? Why? · · IC re--

b
l2.13 Perform a multivariate multiplc rcgrcssion using the data ofexercisc 108 T 

1 oth R and Q d d . · . rca 
ables. • P as epen ent vanables and the remaining variables as indcpcndent vari-

13. Data Generation 

CHAPTER t 5 discusscs sevcral stochastic models that ha ve been.found use fui in 
hydrology. Stochastic models contain random components. Thesc randor'n compor.c;.ts 
contain random elements. lf a stochastic model is to be uscd togenerate hydrqlogü~data, 
methods must be available for gcnerating the random elements of the models. 

A random element is usually thought of as an element selected in a fashion such 
that each elcment in thc population has an equal chance of being selected. lf the sample 
consists of selecting a number at random from a Jarge sclection of possible numbers in 
su eh a fashion that cach numbcr h'as an cqual chance of being selected, the procedure is 
equivalen! to sampling from a uniform distribution. More generally a random element 
can be selected from any probability distribution as long as the elements are indepcndent 
of each othcr. This chaptcr first sets forth techniques for generating random samples 
from probability distributions. Next a method for generating-a multivariate random 
samplc that preserves thc corrclations bctwcen thc varia tes is presented. Finally severa] 
possiblc arcas of application for data gcncration methods-are discussed. 

In any application of data gcneration methods, it must be kept firmly in mind that 
data gcncration cannot improvc or overcome faulty data. At best one can gcnerate a set 
of data having statistical propcrtics equal to the properties of the sample used in estimat­
ing the population parameters. In addition to this, data stqchastically generated is sub­
ject to the same sampling errors as natural data. As a matter of fact, data generation has 
been widely used to study sampling errors. This application is discussed later in the 
chapter. ..-:.._ 

UNIVARIATE DATA GENERATION 
A random number is defined as a number selected at random from a population of 
numbcrs in such a fashion that cvcry number in the population has an equaJ chance 
of bcing sclccted. A random digit would be one of the numbers O, 1, ... , 9 selected 

in such a fashion that any one of these numbers would have an equal ~bility of being 
sclcclcd. In a s;~mplc of 100 random digits, the expccted rcsult (t-· ·vith a very low 
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probability of occurrence) would be ten each of the digits.O, .1 •... ;.9. . 
A random number table is made up of random digits. "Many of these tables ha ve the 

digits groupcd into' sequCnces of S random digits Such as 81425~ 13607, etc. A random 
number ~f any ~ize can be constructed from these sequences in many ways~ If a random 
number m the mteiVal 0.000 to 0.999 inclusive is desired, any 3 digits of a S number 
sequence could be used. The first digit fronl 3 successive S digit sequences or any other 
co~bi~~tion o~~ digits could be selected as long as the procedure used did not pennit 
an mdtvtdual dtgtt to be used in any two of the resulting random numbers. A nine digjt 
random number could similarly be selected by using 4 digjts from one sequence and S 
from anothcr. Many largc tables ,of random numbers are available (Rand Corporation 
1965). Table E.l ~ is a table of random numbers. Cornputer routines for generating ran­
da m numbers are mcluded as a part of the program Iibraries for rnost cornputers. Care 
rnust be exercised when u_sing cornputer routines in that sorne genera te biased samples. 

Many cornputer routmes genera te random numbers in the interval (0,1 ). A random 
nurnber, Y, in the interval (a,b) can be generated from random numbers in the interval 
(0,1 ), R., by !he relationship Y = (b • a)R. +a. 

Randorn observations may be generated from probability distributions by mak.ing 
use of the fact that the cumulative probability function for any continuous variate is 
uniformly distributed over the interval O to l. Thus for any random variable y with 
probability density function Pv(Y), the variate 

Py(y) = /~m py(x) dx 
( 13.1) 

is unifonnly distributed over (0, 1 ). .., 

is 
A proc~dure, illustrated in figure 13:1, for geneci'ting a random value y from Pv(x) 

1) Select-a random number ~ from a unifonn distribution in.the interval (0,1). 
2) Sct Py(y) =R. in equation 13.1. 
3) SoiR[ory: · 

Step 3 in this procedúre is kno,_¿.n as obtaining the invene transform of the probability 
distribution. 

Asan exam.ple consider the Weibull distribution with 

Py(x)=a(x· y)~1 (6 •. y)·• exp(·((x· y)/(6· y)J"} (13.2) 

and 

Py(y)= 1-cxp(·{(y·y)/(6· y)J"} 
(13.3) 

Solvin~; for y rcsults in the invcrse tr.ansfonn 

y=(6 • YH·In(I·Py(y))J'I• +y 
(13.4) 

By suhstitutini! Ru for Py(y), randorn vaJucs of Y from the 3-parameter Weibull distri­
l,ution l'JI1 b .. · t:L•ncrated from 

y=(S • Yli·ln(I·R. ))11• +y (13.5) 

DATA GENERATION 
.. ~. 
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- ryfYI .. .,;· .. ., .• 
1.0 

•.. 
••• "" ••• 

-+-••• 
o. o 

Fig. 13.1. Procedure for generating a randa m observation from a probability distribution. 

For sorne distributions itis not possible tosolve equation 13.1 explicitly fory. That is, 
an analytic inverse transform cannot be found. The normal and gamma distributions are 
examples of this. Fortunately in the case of the normal distribution, numerically gen· 
cratcd tablcs of standard random normal deviates are available (Rand Corporation 1965. 
table E.ll). A standard random normal deviate is a random observation from a standard 
normal distribution. Random observations for any normal distribution can be gcncrated 
from thc relationship 

y= o RN + lJ ( 13.6) 

where RN is a standard random normal deviate and 1J and o are the paramctcrs of thc 
desired normal distribution of Y. Computer routines are availablc for generating stan· 
dard random normal deviates. 

For sorne distributions relationships with other distributions can be u!>cd in thc 
gencrating proccss. For example a gamma varia te with intcger valucs for n h::~s bct·n 
shown to be thc sum of n exponen tia! varia tes each with paramcter >... Thcrcforc (!amma 
varia tes with intcgcr values for n can be gcncratcd by summing n valucs gcncralcd rrom 
an exponential distribution. 

Whittakcr ( 1973) discusses a mcthod foT ~-:ncrating random gamma variatcs with 
any shapc paramctcr n.. Sincc thc gamma distnbution is closed undcr.addition, a gamma 
random variable with any shape parameter c·an be constructcd if one with a shapc 
paramctcr in thc interval O<n< 1 can be constructed. Lct Rul• Ru 2 and Ru 3 be indcpcn-
dcnt unifom1 random variables on (0,1). Define S 1 and S 2 by · 

S ·=R llt~.·.s =R 1/(l·t~) 
, 1 u 1 , '• 2. u2 
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then if S 1 + S2 .5. l. define Y and Zas Z =S 1 /(S 1 +S :a) and 

Y= -Z ln(R,.,¡/~ (13.7) 

Then Y has a gamma distribution with shape para meter n and scaJe paramctcr >... 
This procedure requires the f!Cncration of at least 3 uniform random variables. lf 

5 1 +5 2 > 1, the Ru 1 and Ru 2 are rejectcd anc.J ncw vaJucs gcncr.tted. The probélbility 
that S 1 +5 2 :s. 1 is givcn as nn( 1 • n) coscc Cnn) and has a minimum of n/4 at n = lh 
and is symmclric about this value. 

To gcncrate a gamma variate with ;¡>l. a gamma varia te with an integer shape 
parameter and a shape parameter less than one can be added as long as the scalc param· 
cter, .l., is held constant. For example to genera te a gamma random \'aria te with n = 3.6 
and any >...a gamma variate with n = 3 and ). can be added to a gamma varia te with 
n = 0.6 and ~-

Table 13.1 presents a summary ofsomc analytical methods for generating observa­
tions from selected common probability distributions. The table is modified from Hahn 
and Shapiro (1967). 

Where anaJytical invcne transfonns cannot be found. numerical procedurcs can be 
cmployed. One numcrical mcthod is to sclcct a random numbcr bctwccn O and 1 and 
then numerically integra te equation 13.1 along the X~axis until thc accumulatcd integral 
cquals the selected random number. At this point y would be equal to the valuc of X 
that had been reached. 

A second numerical method and one that would be raster if a largc number of ran~ 
dom obscrvations were necded would be to numcrically intcgrate cquation 13.1 starting 
at the extreme left of the distribution. The intcgration would procecd to thc right in 
small incrcments along the X~axis until the accumulati:d integral was sufficiently close lo 
1. At each stcp of the intcgration, the va fue of X and thc accumulatcd integral would be 
savcd in the fonn of a table. The generation process would then consist of sclccting a 
random number in the interval (0,1), entering the table with this random number con~ 
sidered as an accumulated integral, and finding the corresponding value of X. This value 
of X would then be set equal to the desired random variate Y. 

Example 13.1. Generate 22 observations from an exponen tia! distribution with A= 2. 
Plot lhe observations on ·Semilogarithmic (probabiJity) paper. Estimate A from the ob­
serva tions. 

Solution: The 22 observations are•generated from the rclationship y= ·ln(Ru )/A whcrc 
Ru is a randomly selected number in the interval O to l. The vaJues of Y so gencrated 
are shown beJow. Figure 13.2 is a plot of the resulting numbers along with the linc-s de­
scribing the exponential distribution wi th parameter A = 2 and with paramcter A = l. 718 
calculated as¡= 1/y .. 

Comment: This problem illustrates the random variations possible when sampling from 
a probability distribution. As the sample size increases, A should approach )¡ and the 
plotted points will lie more nearl) on lhe line describing the e"ponential distribution 
with ~ = 2. 

In hydrologic frequency analysi!i thc data rcprcscnl a samplc from an unknown 
population. Thus uncerlainty as lo thc prqp~r frcqu~ncy distribution cxist!i .. as w~o·U·a,•· 
unscrtainty in the values rar po-pulation -·párimé'iCn:· .. . 

1 
1 
' 

..... " 
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R. y rank plotting position 

0.329 O.SS6 9 0391 

.494 .3S3 12 .S22 

.OSI 1.488 3 .130 

.187 .8:i8 6 .261 

.166 .898 S .217 

.6S8 .209 1 S .6S2 

.608 .249 14 .609 

.033 1.706 2 .087 

.394 .466 11 .478 

.9S9 .021 22 .9S1 

. 13S .IS4 18 .783 

.3S2 .S22 JO .43S 

.310 .S86 8 .348 

.1S4 .141 20 .870 

.670 .200 16 .696 

.027 1.806 1 .043 

.803 .109 21 .913 

.S8S .268 13 .S6S 

.7SO .144 19 .826 

.081 1.2S7 4 .174 

.708 .173 17 .739 

.266 0.662 7 .304 

r 12.806 

y= .S82 A= 1.718 

Severa! exercises at the cnd of this chapter are designed to help develop .a "'!eel~' for 
the scatter that can be expccted when sampling fr~m various fr~quency dtstnbuhons. 
Problems dca1ing with testing distributional assumphons are also m.du~ed .. These ~r~ 
1 ms demonstrate that for small samples or for similar frequency dtstnbuttons, a sm 

1 
e 

~t of data ¡5 not a reliable indicator of the distribution that generated the samp e. 

MULTIVARIATE DATA GENERATION . . 
C 'dcr the vector y made up of random variables Y1 that are nonnally._dJstnbuted. 
R.~~~~om val u es for Ütis p-variate, normally distribute4, lxp vector X. that preserve 
the mcans, variances, covariances and correlations between the van~bles can be 

generated by using principal componcnts. Recall from 01ap.ter 12 that ~~.X. A where 
z ¡

5 
an nxp matrix of n values for each of p components. ~ 1s an nxp matnx ~f n ;b~er­

;ations 00 cach of p standardized variables, and A is a pxp orthogonal matnx o e lf'" 

acteristic vccto~ of the correlation matrix B· 
Since A is orthogonal we have 

·; •. t 

· or 
( 13.8) 



Distribution 

Exponential 

Gamma 
ji~tl!g~:r val u~ 1 

. of n J 
Chi-Squan: . 

log-Nom1al 

ll<ta 
1Tnt('gt:r valut:~! 
1 ofaond Bj 

Weibull 

Poisson 

BinomiaJ 

Table 13.1. Simu13tion ofrandom observations from frcquency distributions 1•1 

Expression 

Px(x) = >..e·J.h·t) 

p,(x) = ~· x•-• c""/f(r¡) 

p, 2 (x) = x·< 1 .,,, > e·• 12 /[ 2"" r(v/2)) 

Pa(X) = (~rrx 1 a:ca )•K exp(·%(lnx- \Jtna ) 1/o:u.l 

p,(x)=x•-• (1-x)~·•rca+ BJ/f(a)f(B) 

p,(x)=a(x-<J•·•ca .,¡·• exp[-{(x'<J/(8 -<) )"J 

f,(x) = ~· e·•fx! 

f,(x) =e:) p' (1 - p)•-· 

Relationship for 
Random Observation Y • 

Y 1 = -ln(R, )/~+ t 

Y' =-r~., ln(R,
1
)/.\ 

ft=ru Rl 
l•l N¡ 

Y 1 = exp(o1nx RN + IJtna) 

Y' = I:2a R2 'I:2a Rl + E2a+1, Rl ) 
1• 1 N¡/\ 1• 1 N¡ 1= ltJ + 1 N¡ 

Y' =(S ·E)(-In(R,)J 11• +< 

y t =k where k is lowest integer 

such that r ::,'-ln(R"')/~> 1 

Y' = 1:~. 1 k 1 where 

k :::O if Ru1 < P 

l. 
1 

1 ifR"' ~ p 
RN. is a random observation from a standard nonnal distribution. Ru is a random number from the intervalO to l. 
Modified from Hahn and Shapiro (cl967). ' 

J. For noninteger val u es of '1 use eq ua tion 13. 7. 
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su~ing ~xp maftrix ~ is m~de up of n random observations on p variables with the mean 
an vanance o the J'h vanable being IJ and 2 ¡· 1 d the ¡th and jth v · bl b . . J. a J respec Jve Y an the correlation between 

ana e emg contamed 10 the matrix R- (r 1 s· th d ·red 
tions and the variances are produced, the correct covaria~ce~ a~~~: p~due:~d. corrcla-

Example 13.2. Genera te a sample of 20 observations from the th · · tribution h · th rce vana te nonnal dJs--
a~mg e propcrties lJ 1 = 3.173, lJl = 16.462, lJJ = 2.566, a 1 

12.481, o' - 1.150, P., = -0.1713, P13 = 0.8958 and Pu = -0.2059. = 2.113, o, = 

Solution: This correlation structure corresponds to the correlatio m 1 · · 1 
1" 2 The pr ced · t fi n a nx 10 examp e 
~· : . o . ure IS o ~rst generate 20 observations from a 3 variate standard normal 

t.hstnbutJ?n havmg thc des1red corrclation structure by 20 applications of f 13 8 
Thc matr~x A is contained in example 12.2. A 1 x 3 vector z ¡5 gcnerated ~~: 

10

~ • • 

where z, JS a random observation from a normal distributi;n with m a 0 di• 
2

-' zl) 
A The A bt · d f e n an vanance 

,. ¡ are o ame rom example 12.2 as 1.9692 0.9273 and o 1035 Th 1 3 
tor x - (x ) · h ... • · · e x vec· 

_ - 1. ~l. xl JS t en computed from equation 13.8. FinaJly a t x 3 vector y= 
~r • • y,, _Y 1J ;so computcd as y,= x,, a 1 + l-11· This process is repeated 20 times generating 

•eyrcqu¡re values for y. The following table contains the resulting 20 observations 
on _. 

4.55 - 5.56 2.89 
3.57 - 1.94 2.37 
5.95 1.64 4.18 
3.02 - 8.45 2.61 
1.42 17.40 2.07 
3.04 14.43 1.60 
4.27 14.63 3.56 
2.24 44.56 2.42 
0.87 30.09 1.71 

:r = 6.03 25.67 4.29 
3.46 11.00 233 
4.73 -0.00 4.13 
5.64 14.85 3.53 
2.73 17.57 2.56 
4.97 11.10 3.98 
5.37 23.91 3.81 
3.00 3.58 1.78 
3.64 1).74 2.53 
1.47 4.38 1.68 
5.31 26.00 4_03 

Till' 1\ll'ans. standard deviations and corrclations of tht's y h b 1 Th __ . . . . _ares own e ow. ese 
sl.ilJSIJlS arl' not thl· saml' as thc dcsircd population parametcrs (as expectcd) sin • th 
~m· h:ISl'li on u randoll\ s;~mplc of size 20. ce ey 

Till' :Jhovt: proCl·t.Jun.• was als0 .:.Jn;.J out forsamplesof200and 999 b ¡· 
· 11 1) • • 1 ·1 . . O serva IDOS 

"• J ll ~~ut .. s wwn bdow. A~a111 1! should be kept in mind thaf th • 1 h· 1 ~·d u 1 
1 

A ese rcsu ts are 
::. n ra~H om samp ~-~· sc~ond random .sample of thc same ~i1.e would lt · 

· ''~' h·n·nt .. ·st un:lll'S ror thl' ÍlOflUiatión r}ara1ilctl·rs. ·. ~· · resu . .)'!. 

1 DATA GENERATION 
271 

n y, y, y, s, s, s, ,., r, r, 

population 3.17 16.46 2.57 2.11 12.48 1.15 - .17 .90 - .21 

20 3.79 12.83 2.90 152 13.14 0.94 - .13 .89 .03 

200 3.12 17.10 2.58 2.22 11.39 1.20 - .13 .91 - .15 

999 3.13 15.48 2.54 2.08 12.38 1.12 -.20 .. 90 - .23 

APPLICATIONS OF DATA GENERATION 1 

Data gencration tcchniques or Monte Car1o simulation have bcen widely used in 
hydrology. These uses range from generating large samples of data from known 
probability distributions to studying the probabilistic behavior_ of complex water 

resources systems. The use of simulation in hydrology is certainly nota recent develop­
ment. In 1927 Sudler (1927) generated a I,OO~year record of annua1 runoff values to 
devclop probability distributions of reservoir capacities. Olow ( 1964) has indicated that 
how much risk and uncertainty are associated with a proposed investment can be esti­
mated by the use of multiple sequences of generated data. 

Fiering ( 1966) has discussed the stochastic simulation of water resources systems. 

In his paper, he makes thc following points: 

( 1) Synthetic hydrologic traces do not provide a mechanism for overcoming biased 

or fau1ty data. 
(2) Simulation is nota substitute for analytica1 solution. 
(3) When system simulation appears necessary, it is statistically unjustifiable te -ely 

solely on the obscrved sequen ce of hydrologic events. 

McMahon et al., ( 1972) discuss the use of simulated streamOow in rcscrvoir dcsign. 
Burgcs and Linsley ( 1971) investigated the influcnce of the number of traces u sed in dc­
tennining the frequency distribution ofreservoir stage. ln thefr study. they generated in­
flows from both an annua1 and a monthly, normal, Markov model. They found that, in 
general, fewer traces were required to define the storage distribution when the monthly 
modcl was used than when the annual model was used. They also found that about 
1,000 traces should be used to determine the storage frequency distribution when thc 

annual modcl is uscd. 
Hahn and Shapiro (1967) discuss cva1uating system performance bY Monte C'arlo 

simulation. Benjamin and Comell (1970) discuss usin& simulation to derive the proba· 
bility distribution of a random variable that is a function or other random variables. 
Smart ( 1973) discusses the use of simulation to dctenni~e rcl tiap~~:hips.betwcro_ ccr.tain_.~ 
paramcters of random geomorphological models. Shreve 70) used simufilion .Ío gen· 
era te a sample of topologically random channel nctwot . Fit'ring ( 1901) discusscs si m u· 

lation in rcservoir design. Fiering and Jackson ( 1 1) dcvclop modcls for simulating 

streamflow. 
The stochastic naturc of quantitics esti ted from stochastic modcls c.an be invcs· 

tigatcd using data gcncration techniqucs. e dcsign of any water resourccs systcm is 
dcpcndcnt upon estima tes of hydrologic u;>ntiti ..... Thcsc estima tes are bascJ on sorne 
typc or stochastic modcl whethcr it be Oood frrqucncy curve ora comprchcnsivc rivcr 
basin simulation modcl. Onc of thc fi . t stcps in dcvclopinc dcsi~n estima tes is thc se.'" 

_lcction or thc stochílStic modcl to 7' .sed. . l. 

l. Sorne spccific stocha~tic ~els ror gcncratinJ!. hydr?lo~ic data are disc.:us~cd in 

Cl•art•·r 15. ( . 

,! 
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Re~ardless of what stochastic model is finally selected, the paramctcrs of this 
model must be estimated from historical data. Sin ce the paramctc:rs are functions of ran~ 
dom variables (the historical data), thc parametrrs thenlSclvcs are random variables. Fur­
~h~rmorc thc dcsign estima te that is arrivcd at using thc model is a random variable since 
11 IS dependent ·on the model paramcters. 

. ~ an e~ample ~onsider the design capacity of a rrscrvoir r'cquircd to mcct a gjvcn 
cntenon. Tius capac1ty might be dctcnnincd based on an availablc historical strcamnow 
record. If a different historical streamnow record wcre availablc and was used to deter­
mine the required capacity, the estímate based on this historical record would differ 
from the estímate based on the original historical record. The estimated design would be 
a random __ variable since it is a function of the availabh: strcamflow record and strcam­
Oow is a random variable. Intuitively if two extremely long streamflow records were 
used, one would expect less difference in the estimated reservoir capacity than if two 
sho~ streamflow records were used. Furthennore one would expcct the estimatcd ca­
paClty based on the long record to more closely approximate the .. true .. capacity than 
the estímate based on a short record. · 

In general. the variance of a paramcter estima te is a decrcasing function of the 
sample size. The Jarger thc sample, thc smallcr the variancc of thc paramcter estirmite. 
l?is _in tu m implies _that the variance of the design estima te will dccreasc as the sample 
stze mercases. The d1ffercncc in a design estima te and its true population value may be 
thought of as a prediction error. 

A general procedure for determining the probability distribution of prcdiction 
errors as a function of sample size is prescnted in Haan ( 1972b). nu~ procedure assumes 
that Che comct stochastic model is being emplo}>cd. TI1e procedure is as follows: 

( 1) 

(2) 

(3) 

(4) 

(S) 

' 
Estima te the parameters of the stochastic model and assume these estima tes 
are equal to the population values. 
Simula te k indcpendent sets of data of the type bcing Studied with thc modcl 
using the assumed population parametcrs. Each set of data consists of n obser­
vations or years of record. 

Re~stimate th~ parameters of the model bcing used from thc n simulated ob­
servations for each of the k data scts. This rcsults in k paramcter sets. 
Estima te the desired quantity, Q, (mean annual rui1off. 50-year peak flow, 9Q.. 
day low Oow, etc.) with the model using cach of thc k paramctcrs scts. This 
will result in k estimates for Q. 

Look at the probability distribution, Po (Q), of thc k estimatcs for Q and 
detennine the probability of an individual estima te being outside sorne accept­
able limits. If Q• rcpresents the estimate of Q, and Q and Q are the Jower 
and upper Jimits, then the probability that o• will be

1 
outside uthe desired in­

terval is given by 

1 -1~; Po (t) dt 

(6) Repeat steps 2 through 's for vario~s val u es of n. the record length. 
(7) Select the record length that g:il'e"S an acceptablc probabiJity (sufficiently Jow) 

or Q• falling outside the intervaJ Q 1 toO u. 

ThiJ p~edure can be applied to many types of stochastic models. Haan (1972a) 
presents an dlustration of its used in conjunction with the Thomas and Ficri!l~ ( 196.:!)_ 
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strcamflow simulation model 2 • In this example a set of population paramctcrs w~o·re 

assumcd for thc modcl and k = 100 sets of obscrvations gcnC"ratcd. Each sct of obscr­
vati~ns consisted of n ycars of record. Thc pi-ocess was carried out for n = 10, IS. :!S 
and SO ycars. Using each sct of .observations and cach n:cord lcngth, thc paramctcrs of 
the Thomas and Fiering ~trcamOow modcl were estimated, and from thcsc r<~ramctt·r.c.. 
the mean annual Oow dctcnnined by simulation. This gavc 100 estima tes for thc mean 
annual flow for each of the 4 record lcngths. A probability distrihution (normal distri­
bution) was fit to thc 100 estimates for the mean annual flow. The probability that a 
single cstimate or thc mean annual flow would deviatc more than a givcn amount. d. 
from thc population mean annual runoff of 371.6 mm was cvaluatcd. This cnrir~o• prOCl'SS 
was rcpcatcd 3 times g.iving a total of 300 simulated traces. 

Thc rcsulls of this anlyses,"prcscnted in tablc 13.2, show the cxpcctcd result that as 
the number ofyears of record incrcase. thc probability of making an error grcatcr than a 
givcn valuc dccrcases. For examplc, for this particular s"tream, Chcrc is a probability of 
0.22 of mis.o;in~ thc truc mean annual runoff by more than 50.8 mm if 10 yC"ars of 
record are availablc whcrcas thc probability is only 0.03 if 50 years of data are availablc 
for parameter estimation_ ·-- · 

TIIis proccdure for estimating prcdiction error prohabilitics rcquircs that thc popu­
lation paramctcrs for thc stochaslic modcl be known. Sincc this is rai"cly thc cao;c in hy­
drology, thcse paramctcrs must be cstimatcd from a JI of thc availablc infonnation. Ob­
viously, thesc estimatcd paramctcrs will not cqual the population paramctcrs. but when 
uscd as population valucs along with thc abovc simulation tcchniquc. will yicld ~o·stimalcs 
of error probabilitics that can ~crvc as a guidc in dct~o•m1inin!! how much data is m·l·d~o·d 
to insurc an acc.:cptably low probahility of making an unacn·ptablc error with thl' sto­
eh as tic modcl. 

ExcrcisC's 

13.1 Without using u tablc of standard nom1al dcviatcs genera te 20 obscrvations from a 
nonnal distribution with a mean of 100 and a variancc of 1 OO. Wha.t is thc nwan and 
variancc.· of thc 20 obscrvations? 

13.~ Sckct 100 obscrvation~ from a nonnal distrihution with mean O ami variancc 
(use a table of standard nonnal deviatcs). Plot a histogram of thcsc ob~crvations. Tl·st 
Che hypothcsis that tlwsc are from a normal distribution using thl." x2 test and th<' 
Kolmo!,!orov-Smimov test. Why do thc mean and variant:c of thl." data not <'qual O ami 1 
n:spcctivdy? 

13.3 Gc.·m·ratc.· ~O obscrvations from an cxponential di~tribution with >. = 0.5. la) Tl·'t 
tln: hypothcsis that the obscrvation~ an· nonnally distributcd. (b) T~o·st thl· hypotlw.,b 
that the obscrvalions an· cxponcntially distributcd. 

13.4 G~o•tn•rah' indcp~o'llllcnl S<~lllJl!l.'s of si71..· 1 O. :!0. 30. 50 01nd 100 from a NIO.I l. Plot 
lhl' ohs~o:rvations on prohahility p<.~p~o·r usin;! ·-: · !0! for ca..:h sanlJllc. R~o•pcal this l'ntin· 
proCl'SS S tinws. Study thc n.:~ultin!! prohability plols in an attcmpt to d~o·wlop a "fl."d .. 
for th~o• sc.:attc.:r that onl." c..·an cxpl'Ct whcn samrlinl! from a frcqu~o·m·y di~tribution. (Thi~ 
mi¡!hl b~o· untkrtak~o·n <.1~ a class projl·ct with l.'<.~ch stw.knt wnrking throu¡::h ;1 ... ample of 
1 O. ~0. 30. SO and 1 OO. TI11.' n·sults l·an thc..·n h~o· shan:d.) 
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Table 13.2. Probability of error greatcr than d in mean annual runoff for problem de­
scribod by Haan ( 1972a). 

n, in d in millimeters 
ycars 6.40 12.70 25.40 38.10 50.80 76.20 101.60 

10 0.88 0.76 0.54 0.34 0.22 0.06 0.02 
15 .86 .72 .46 .28 .14 .04 .00 
25 .84 .68 .40 .22 .10 .o~ .00 
50 .78 .58 .28 .10 .03 .00 .00 

1~.5. An_y numbl'r of variations of cxerc:isc 13.3 can be workcd using different initial 
d1stnbuiJons, tt"st distributions, paramcter values and sample sizes. Sorne variations 
should be used to .ass_ist i~ developing a .. fecl .. for the scatter prescnt in random samples 
rrom frcquency d1stnbutlons and for the discriminatory power of the chi-square and 
Kolmogorm·-Smirnov tests. 

1 ~-6 ~ritc a ~omputer program f~r generating random observations from a gamma dis-­
tnbutlon for mteger values of 1). Genera te indcpendcnt sets of size JO, 20. 30, 40, SO 
and 1 00 observations using n = 2 and >.. = 1.5. Test the hypothesis that these generated 
v~lucs_ are from a (a) gamma distribution, (b) nom1al distribution, (e) exponentiaJ dis--
tnbutJOn. · 

13.7 Rcpe<~t example 13.2 for samples of sizc :!O. "200 and 999. Why are your results 
not idcntical to thosc or exarilple 13.2? ; 

13.8 Weck1y rainf:lll during a particular wcek of thc ycar al a wcathcr station is thought 
to rollow a g~mma distribution with n = 2 and >. = 1.5. lf 25 ycars of data are available 
for_ estimating thc parameters of thc gamma distribution. what is the probability that the 
est1matcd 50-ycar weckly rainrall bascd on the cstimated gamma paraml'tcrs will be in 
error by more than 0.5 inches? . 

14. Analysis of¡ 
Hydrologic Time Series¡ 

! 

THJS CHAPTER is an introduction into the analysis or timt' series or hydrologic 
data. The purposc or thc chapter is to providc an introduction to thc IL'mlinology and 
basic concepts used in the ;malysis of time series. Thcre havc hc.:cn m;:my books <~nd arti­
cles writtcn on thc subjcct or time series and stochastic proccsses. )\•vjl.'vkh í l ':)"/ ~bl has 
written a book dt·aling cntirdy with stm:hastic proct•sscs in hydrology. B\·ndat :Jntl 
Piersol (1966; 1971) havc prt·purcd vcry rcadable hooks on thc analysis or random data. 
Kicsel ( 1969) and M a talas ( 1966) h<JVC prepured t•omprehcnsiVl' lrt·atments or tillll' Sl"fÍl'S 

analysis of hydrologic data. Two shortcr but cxccllt•nt summariL·s of many aspcct!. or 
analyzing stochastic time series in hydrology are prcsentcd by M a talas ( 1<J67b) and 
Julian (1967). Thesc refercnces and othcrs contain much more infonnation th<tn is prc­
sented hcre and should be consulted by those rcquiring more than an introductory 
knowlcdge to time series analysis. 

DEFINITIONS 
A sequcnce of valucs collectcd ovcr time on a particular variahlt• is a timl' sait•s. 
A time Series can be composcd of a quantity L'ilht:r ohst·rwd ul dis~o:rl'tr timt•s. 
averaged over a time intl·rval. or rL'l"Ordcd continuously with time. An t·nst·mhk of 

time series is a sct orst•vcral timl' sc..·rics mcasuring: tht• samc variuhll'. A sin!!k timt· sait'\ 
is calk·d a rcalization. Thu.-. an ensemble is m a de up of St'VL'rJI n:alizations. 

A time series m ay he composcd of only dclt."nninistir t•wnts. only <;f{)(h:JStll' t•vcnls 
ora combination or thc two. Most gcnl'rully a hydrologic timc st·rit·s will ht· t·ompo .. l·d¡ 
of a stochastic componen! supl'riiTipost•d on a dctcmlinistic compont·nt. f'or c\.amrlt· 
thc st•rics composed of avcrJgl' daily tcfl'!"'~·"':ll''": 31 somt• poi ni wouldcontain scasonaq 
variation. thc dt•ll'nninistic compom·nt. plus r.mdom dt•viations from tht• st·ao;nnal \'ahll"'\.1 
thc sto~.:ha.-.tic l"Omponent. Tht• dctcnninislil· t'omponl'nts muy ht· dao;silit·d u .. a pL·riOtli~,.·l 
cumponcnt, a trl·nd. u jump ora t·omhination of thl'Sl'. Figurt· 14.1 shows typi~o·al .,to­
chastic time ~rit•s with various typt-s of &.kll'nninistk l"Omporwnh. 

Trl·nds in :1 hydroloJ!k lil11l' sl·rit·s l"Un n·sull frnru J!r;~du;~l n;llm;•l or m;m-n~tltll'nl 

~75 
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ch:m~cs in the hydrologic environment producing thc time series. Changes in watershed 
conditions over a period of severa! ycars can result in corrcspondinp: changes in stream­
n~w characteristics that show up as- trcnds in time series of strcam naw data. Urbani:ta­
tion on a lurl!e sculc muy rcsult in changes in prccipitation amounts that show up as 
tn·nds in prccipitation (Huff and Changnon 1973). 

Jumps in time series may n:sult from catastrophic natural cvents such as earth­
qua~l'S or lar¡!c ron·st fin:s that m aY. quickly ::md si~nificantly. alter thc hydrologic rcgjme 
or un arca. Man-madc changcs such as thc el asure ora new dam or thc begjnning orces­
sation of pumpin!! of ground water may also cause jumps in certain hydrologic time 
series. · 

Astr~nomic cyclcs are gcncrally rcsponsiblc ror periodicitics in natural hydrologic 
lime series. Annual cycles are many times apparcnt in streamnow, prccipitation, cvapo­
transpiration. groundwatcr leve!. soil moisture and othcr types of hydrologic data. Week­
ly cycles may be prcsent in water use data such as industrial, domcstic or irrigation de­
mands. Many time:s the latter time series will contain both annual and weekly periodici­
ties. Salas·LaCruz and Ycvjevich ( 1972) and Yevjc:vich (1972c) discuss Periodicities and 
lrcnds in hydrologic data in more detail. 

Thc time scale of time series may be either discrctc or continuous. A discrcte time 
scal~ would rcsult f rom observations at speciric times with the times of thc observations 
separatcd by !J. t or from observations that are sorne function of thc values that actually 
occ..-urrcd during 6 t. Most hydrologic time series fall in this latter catcgory. Exarnples 
would be thc average monthly Oow in a strca!!' (!J.t = 1 month), annual peak discharge 

altl~. 

Q. STOCHASTIC b. STOCMASTIC + TRENO 

t 
C. STOCMAITIC + PUUOOIC d. STOCHAITIC + JUMP 

Fi¡l. 14.1. Time series containin¡! stochastic and scverul lypl'S of dch.·nni_!listic 
coenponents. 

TIME SERIES '!.11 

(t. t = 1 ycar), and daily rainfall (t.t = J.day). 
A continuous time scalc n:su1ts when data is rccordcd continuously with time such 

as the stage at a strcam gaging location. E ven whcn a continuous time scalc is used ror 
collccting thc data, thc analysis is usually done by sclecting values at specific time intcr­
vals. For example raingage charts are usually analyzed by rcading the data at sdcttl·d 
times (i.e., cvery S minutes) or at "break points" (herc !J. t is nota constantl. In somc rc:­
scarch studics, ttle continuous time data is anulyzcd via an <malO!! computa. Examplcs 
of this would be turbulcncc studics and pressurc mcasurements. 

In this chaptcr it will be assumcd that thc data is availablc at discrcte times cvcnly 
spaced !J. t time units apart. E ven though the discussion centers around a time sea le con· 
cept, a distancc or space scalc can be uscd as wcll. For cx~mple the width ora strcam _ 
along a certain reach might be a stochastic proccss where the width would bc· thc ran­
dom variable and distance along the reach the "time". 

TI1c random variable describcd by the time series may be discrete or continuous. A 
sequcnce or O's and 1 's dcnoting rainlcss and rainy days would be a discrctt: stochastic 
proccss with a tJiscrctc time scale. Thc amount or daily rainfall would be a continuous 

· stochastic proccss with .a discrete time scalc (6 t = 1 day). . __ _ .. _. 
A stochastic proccss can be rcprcsentcd by X(t). The probability density function 

or X(t) is dcnoicd by p(x ;t) which describes thc probabilistic bchavior or X(t) at the 
specificd time. t. Ir thc properties of a time series do not changc with.,time. the series 
is called stationary. For a stationary series p(x;t 1 ) equals p(x;t1 ) where t, and t 2 reprc­
scnt any two different possiblc times. lf p(x;t 1 ) and p(x;t1 ) are nót·-cqual, thc series is 
tenned nonstationary. or the series shown in figure 14.1, only that givcn in 14.la can 
possibly be stationary. lf the dctcnninistic component is removed from 14.1 b. e and d. 
thcy too might be stationary. 

Thc propertics of a time series can be obtained based on a single realization over a time 
in tcrval or bascd on severa! realizations ata particular time. The propcrties based on a time 
intcrval ofa single ~alization are known as time average properties. The propcrtil"s bascdon 
Sl'veral rcalizations ata ~ven time are krJown as thl· ensemble properties. 1 f thc time average 
propertics and thc cmscrnblc propcrtics are thc same, the time series is said to be c:r¡;odic. 

Figure 14.::! shows severa! possiblc rcaliz.ations for a continuous stochastic procc~ 
on a continuous time scale. TI1e tifnc average over thc time intcrval Oto T of thc: i'h real­
ization is givcn by 

x,= r! x,<tldt/T (14.11 

lf tlh.· rL·ali7.ation had bcen on a discrctc time scalc. the time average would be detcrmincd 

rrOm 

whcn: n is thc. total numbl·r of cqually spaccd points at which X1(t) was ohst:rvcd. 
Thc L'llSL'Illhlc: average at time 1 is given by 

114.31 

whl'O: rn is thl' numhl•r or n·ali1.ations in tlll· ensl·mhk. As m J!l'IS lar¡;c 

XCil = r~ XC t) pi X :tl dx 114.41 
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Fig. 14.2. Severa! realizations of a stochastic process. 

lf the process is such that X{t) = X(t+t) for all val u es of t and 1. the process is said 
to be stationary in the mean or first-order stationary. 

The ensemble covariance of X(t) and X(t+t) is gjven by, 

Cov(X(I), X(1+1)) = é ";'. 
0 

(X 1(t) • X(t)) CX 1(t+1). X(t+1))/m ( 14.5) 

lf thr covariance given by cquation 14.5 is independent of t but depcndcnt on t, the lag, 
the time series is stationary in the covariance. If t =O. cquation 14.5 gives thc variancc 
of thc series. Stationarity in the covariancc implics stationarity of thc variancc. lf a 
series is stationary in the mean and in thc covariance, the series is said to be sccond'"()rder 
stationary or wcakly staionary. lf a series is stationary in the covariance but not in thc 
mean. thc tcm1 wcakly stationary or second-ordcr stationary should not be used. For 
many hydrologic applications, onc is satisficd with second-ordcr stationarity. Jf a pro­
Ct'SS is sccond-ordcr stationary and p(x:t) is a normal distribution, the proces:s can be 
shown to be stationary. 

Bcndat and Picrsol ( 1966) state that in actual practice, random data reprcscnting 
stationa¡y physit.:al phcnomena are gcncrally crgodic. For ergodic random processes, the 
time avaal!C mean. as wcll as all othci time average propcrties. equals the ensemble avcr~ 
a~~d valuc. Thus tht• pro¡lcrties of a stationary random phenomcna can be mcasured 
propcrly. in most cases, from a single obscrvcd time history record. 

Gml'rally only onc rcalization of a stochastic proccss is availablc. More than one 
n.•ali1.alion can be obtaincd by brcaking thc single rcalization into severa! shorter series. 
Unfortunatc:ly. most hydrolo¡...jc ret:orJs are !'Oo short that brcakin~ them into cven 
shorter series may not be pra..:th.Otl. tf thc statistical propcrtic-s of thc parts of a time 
sl'ries are not signilicantly differcnt from one- anothcr, thc series is said to be sclf·station­
ary. 

For a sin~k n.-;~li;-.ation. ·lhc mean is dctcrmincd rrom er¡u01tior. 14.1 or 14.·2. Thc ~·: 
c.·Ovari;ancc: c;m hl• c.lt"lL'nninc.-d by 
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( 14.bl 

or 

Cov(X 1(t), X,(t+1)) =Ej., (X 1(t;) • X1) (X 1(t¡+1) ·X, )/(n·l) ( 14.7) 

depending on whethcr the series is on a continuous or discrcte time scale. 
In the rcmainder of this chapter, it is assumed that the random or stochastic com­

ponent of the time series is stationary and crgodic so that the time average propertics of 
the stochastic component can be used. This eliminates thc need for more than one n:al­

ization. 

AUTOC:ORRELATION 
One method of describing a stochastic process is with thc autocorrelation function 

p( 1) given by 

p(1) = Cov(X(t), X(t+1))/Var(X(t)) (14.8) 

For 1 =O, cquation 14.8 indicates that p(O) = 1 sincc Cov(X(t), X(t+1))= Var(X(t)). 
From figure 14.2 it can be scen that for small values of T the covariance tenn would be 
positivc since for thc most part like signs are being multiplied (X(t)- X and X(t+'t)- X 
havc thc samL' si~n (or small t). As ,. increases a point is rcachcd whcrc thc covariance 
:md thus p(t) m ay bccomc negative. Sorne authors call C'ov{X{t). X(t+ 1J)thea\1tocorrc.­
lation function. In kccping with thc tcnninology establishcd earlicr in this book. the 
C'ov(X(t}, X(t+1)) will be callcd the autocovariance. 

A plot of the autocorrclation function against thc lag,. is callcd a corrclogram. For 
random c.lata sut.:h as shown in figure 14.1a, thc corrclogram would appear_ as in figure 
t4.3a. In thc case of data containing a cyclic and stochastic component such as shown in 
figure 14.1c, thc correlogram would appcar as in figure 14.3b where pis the period of 
the cycle. 1 • 

C'orrdo~ams are uscful in dctcrmining if succcssive obscrvations are indcpendent. 
lf thc corrclogram indica tes a high corrclation betwcen X(t) and X(t+T). the observations 
c<~nnot hL· assumcd to be indl·pcndent. Thc autocorrdation function mciy thus be ~aid to 
indkatc thc "nu:mory" of a stochastic proccss. Whcn p( tl bccomcs zero, tht· process is 
said to haw no mcmory for what oct.:urn:d prior to time t-t. In practicc p( 1) should be 

uro for lar~l' 1 for most random procc~scs. lf p(1) ror large 1 cxhibits a pattcrn that is 

{O) ~~ 

Plf) PIT') 

o o 

r r 

f'il!. 14.3. Tyrit·al corn·lo,:rmn!'O. {a) R:.mdom pron·ss. (h) R:mdom prot't•ss supcrimpus .. ·d 
un :.1 pl·riucli~o.· prtll'l'\~. 

1 

1:! 
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not zcro. it m ay be an indication of a ~ctenninistic component. For example, if the 
corrdogram appears as in figure 14.3b, it indicates the data contains a periodic compo­
nen t. 

For a discrcte time scalc, the autocorrclation function bccomcs p(k) whcre k is the 
number of time intcrvals scparnting X(t} and X(t+1). Thc rclationship between 1 and k 
is givcn by 

l = kl>t (!4.9) 

whcrc 6 t is thc length of thc time interval (cg. 1 day, 1 mQnth, 1 year, etc.) 
lf p(k) =O for all k t O, thc process is said to be a purcly random onc. This indi­

ca tes that the observations are lincarly indcpendent of cach othcr. lf p(k) 1 O for sorne 
k 1 O, thc obscrvations k time increments apare are dcpendent in the statistical scnse and 
thc pro·ccss is rcferred to as simn]y a random onc. tr a time series is nonstationary. p{k) 
will not be zero for all k 1' O beca use of the dctcnninistic e1ement even if the random 
dcmcnt is itsclf a purely random time series (Matalas 1967b). Unless the detcrministic 
clcmcnt is removed. one cannot determine to what extent nonzcro valucs of p(k) ari 
affcctcd by the dctenninistic clement. 

Thc popuiation autocorrelation function, p(k). may be estimated by r(k) whieh is 
¡!ivcn by equation 11.12 with X¡= X(t1), X 1 .. ._ = X(t1 +kót). and nas the total number 
of observations. Sorne authors use the tcnnino1ogy autocorrclation function for p(k) or 
p(l) and serial correlation function for r(k) or r{t). This distinction is not madc in this 
tcxt. 

For any obscrved series it is unlikcly that r(k) will be cxactly 1.cro. lf r(k) differs 
from zero by .more than is expected by chancc, then thc observations k time pcriods 
apart cannot be assumed indepcndent. In chapter 11 proecdures are given for testing the 
hypothcsis that p(k) =O and for placing·conndcncc intcrvals on p(k). 

SPECTRAL ANALYSIS 
· Thc autocorrclation function is use fui in analyzing a time series in thc time domain. 

Quite oftcn periodicitics in data can bcst be dctcnnincd by analyzing the time 
·series in the frequcncy domain. 
The theory of varianee spectrum analysis postulates that a time series is a samplc 

from a population charaeterized by a variation over a continuous spcctrum of frequcn­
cics. 1l1c obscrvcd time series. is a random samplc of a proccss in time (or space) that is 
madc up of oscillations of a11 possible f~quencics. A variance spcctrum partitions thc 
variancc into a n~f!lbcr of intcrvals or bands of frcqucncy. 1l1e quantity.usually shown 
is thc spcctraJ dcnsity which i.c;. thc amount ofvariancc pcr intcrval of frcquency. 

Thc angular frcquency w in radians pcr unit of time. thc pcriod p in u ni lo; of time 
and thc frcqucncy fin cyclcs per unit of time are rl'latcd by w = 2n/p = 2nf. Thus one 
can tal k of the spectral dcnsity as a function of w. por f. In this tn:atment thc spectral 
dcnsity as a function off. S< O. will ht' u~d. S( O and S(w) ::1rc related by 

S(w) = 2n S(f) (14.10) 

For a comph.·tcly random series of uncorn•latl•d numhl'TS. thl· S(ll'c.:lral dcnsity flmc­
- linn S( 0 jc;, a constant 01nd Í!ií ll'nncd whitc OOÍSC. 1l1is indica tes th;~t no frl'QUCncy intc-r­

V;:JI l"Ontain!ií un y mon.· vmi;~OCl' th0111 any othl'r frl'tJlll'Ol'Y intl•rvul. In thl' l..'<l'l' nf un uuto-

. ., 
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corrclation function. this indepcndence would be shown by p(k) =O for k; O. 
Thc mathematical devclopment or thc spcctral dcnsity function indicatcs the rt'la· 

tion betwcen the autocorrclation function and the spectral density function. 

S(f)=J.':. p(T)exp(·i2nh)dl 
(!4.11) 

= 2f': p(T) COS(2nfl) dT 

From a Fourier transfonnation 

p(l) = f':'., S(f) cos(hfl) df 

For 1 =O wc have p(O) = 1 and cos(O) = 1 indil:ating that 

!"'., S(f) df= 1 (14. ¡ 3) 

which is the nonna1ized variance of the series. Thus S(f) can be viewed as a probability 
density function that givcs the contribution to the total nonnalizcd varian{e containcd 
in the frcqucncy rdngc f1 to f2 • This contribution can be detcnnincd from ~~~ S(f)df. lf 
thc Cov{X(t), X(t+1)) is takcn as the autocorrelation function, then p(O) is cqual to the 
variance of X{t) (sce equation 14.8). In this case f~oo S(()df= Var X(l). Wc will continue 
to use as the autocorrclation function p{t) defined by equation 14.8. lllc spcctral dcn­
sity function is useful in dch•m1ining which frcquencies cxplain thc va.riance of thc time 
series. 

Sometimcs S(f) is called a two-5ided spcctral dcnsity function anda om·-sidcd spcc· 
tral density function is dcfincd as G(O = 2 S(f). In rcading thc liter01turc it is important 
to note whether S(f), G(f). S(w) or G(w) is being discussl·d as one can casily be con­
fused by a factor of 2, "fl, or 2T!. 

In nearly all tabulations of hydrologic time series, the time scalc is discrete rathet 
than continuous. Spectral thcory must then be modified to allow for a discretc set ol 
frequencies~ over which the variancc is to be distributcd. For cqually spaced obscrvation~ 
taken 6 t time units apart, the oscillation with lhc highest frcqucncy for which any in 
fonnation can be obtained is one with a frc.quency 

r. = 1 /21> t (14.14 

referrcd toas the Nyquist frequcncy. ...., 
A .sámplc spcctral dcnsity function S (f) can be cOm"puted bascd on r(k) and 

numcrical integration of equation 14.1.-1. 

~· S (f) = t.t[r(O) + 2 !:;:";; r(kl cos(2nkf61) + r(m) cos(2nmf~ l)[ 114.15 

where m is the maximum number of correlation lags. Sorne authors reeommcnd that1 
shOuld not execed 10 to 25 perccnt of, Th{' ro:ason for kceping. m re\ativcly small i 
comparison to n is that as m approaches n. the numbcr of obscrvations availablc for c.: 
culating r{m) gcts small. If m.= n/_2, thcn n/2 observations are used to calculate r(rl)J 
m= 0.75n then only 0.2Sn observations are uscd in.ealculalin¡! r(m). Valucs for S ( 
should be computed from cquation 14.15 only for frcquencics givcn by 

·IJ4.1r 
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This being the case. equation 14.13 can be evaluated numerically as 

00 00 ..... , ... , .... , 

l.w S(l) df = 2 / 0 S(l) df = 2M{0.5( S (0) +S (f" )) +E:';', S (kfN /m)} 
(14.17) 

Equation 14.16 gives 6 fas fN /m or l/(2m6 t). The tenn in brackets of the right hand 
side of equation 14.17 th~\ must ~qual mtlt since thc integr:a-1 must be 1. A use fui check 
on the computations of S (f1 is to see if the tenns in brackets actually sum to m6 t 

lt is recommended that the values of S'co calculated from equation 14.15 be 
smooth.:d so that the final estimates for S(f) are given by 

.... ..., ... , 
s <Ol = o.s es (O)+ s cr. /m)) 
.... ...., ... , .... , 
S (k[ N /m)= 0.25 S ((k-1 )fN /m))+ 0.5 S (kfN /m)+ 0.25 S ((k+l )f N /m) 

for k = 1, 2, ... , m • 1 (14.18) 

A Al Af s cr. l = o.5 r s ((m· 1 lf. /m)+ s cr. n 

N 

" • 

" 
1 •.OU} 

(el 

P• 12 SPECTAAL OENSITY 

- .. ••000 
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Fi¡¡. 14.4. (a) cosC2nk)/12 anc.f it5 c~rrdo~nun {h) anc.f 5pcc:tral tJcnsily (e). 

1 TIME SERIES :!83 

Bendat and Pie~ol ( 1966) present the necessary steps for sampling a time series. 
determining 6. t, n and m, and computing r(k) and Seo to attain certain accuracy goals. 
Since for most hydrologic applications /). t and n are fixed. these procedures will not be 
covered here. 

EXAMPLES OF AUTOCORRELATION AND SPECTRAL DENSITY FUNCTIONS 
lf X(t) is an analytic function of time, it is theoreticaJiy possible to calcula te p(t) 
and S(f) directly from equations 14.8 and 14.11 respectively. Forexample ifX(t) = 
sin(hf.t) or X(t) = cos(hf0 t), then p(t) = cos(2nf0 t) and S(l) is a Dirae delta 

function with a spike at f= f
0

.1Figure 14.4 shows a function X(k) = cos(2nk/12) and 
the corresponding r(k) and S(l). r(k) and S(l) where computed from equations 11.12. 
14.S, and 14.18 based on m = 100 and /). t = l. As can be seen from figure 14.4c, the 
conversion of a continuous function X(t) == sin(2nt/12) toa discrete function X(k) == 

sin(211k/12) rcsults in both r(k) and Seo being approximatio'ns for p(t) and S(f). The 
periodicity of f

0 
= 1/12 is apparent in both the correlogram and the spectral density. 

-· Y•,. (cos¡~J + COS 1~1 + COSI !..J!!.1] 
6 12 l4 

(b) 
CORR[LOGRAM 

.. SPECTRAL DENSITT ,. • 100, In • * 
1• .042 t • .OI!Il 1 •. 167 

P~4 p -;.2 ••• 

}~ 
(e) 
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~ 

D 
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'• 

Fil!. 14.~. fa) Sum of .1 c.:osinl's an.J its corrclof!ram (hl and spcctra' '~ity (e). 
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In lis:ure 14.4c, 5<0 is plotted against k. According to equation 14.7. the area 
under the- S(n ve~us f curve from f= O to f= ca should be YJ.. SinCt' k= mf/k.s, fN = 
1/-:.h t. anJ b. t = 1. the arca under the S{f) "e~us k cur.·e should be mll. 1 or 100 in the 
case of figure 14.4. . 

Figure 14.5 pr~sents thc corrclogram and spectral density for X(t) = (cos(2nt/6) + 
cos(::rt/1:) +'cos(2:rt/~4)1/3. Again thc correlo¡;ram is e:..;actly equal to XI k) for this 
dett'rministic fun,tion. The. srectwl dcnsity now has 3 spikes corresponding to the 3 fre- . 
quencics _1/6. 1/1~. and 1/~4. lf a random componentE had been added to X(t), the 
corrdo~ram \\ou\J lose some of its re~ularity making it more J_ifflcult to spot the 
periodicities pr1.:"sent in the data. The spcctral drnsity would. howe\·er, rctain its 3 spikes.. 

Figure 14.6 presents the peak Oow data for th~ 1-:t:ntucky River· near Sahisa. 
Kentucky (Tab!e :.1 ). He re thc correlogram anJ spectr.ll density contain no apparent 
p:1ttems. Tht: corn:logram in this case inJicatcs thal thc annu:1l peaks are ind~.·pcndcnt. of 
each Otht:r. Tht:" ()57t· confidcnce limit for r(k) is shown as calculated ~J..Sed on equat1on 

11.14 as follows. 
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~ = ( • 1 'Z,,H /64)/65 = (· 1 ± 1.96 X 8)/65 

l = -0.257 

The ,·alues for r(k) for k ncar n are not rcliable and ~he confidcnce intervats calclt"· 
lated from equation 11.14 are not valid in that rcgion. - ,. 

The spectral density shown in figure 14.6c oscillatcs about thc mean value of SfO 
which is m~ t/n = l. This is a typical "white.noise" spcctrum indicating that thc variancc 
is cqually distributcd among al! frcqucncics. Both thc corrclogram and spect~l dcnsity 
indicate that thc peak naws on thé Kentud~}· Rivcr near Sah·isa can be considcn .. -d a 
purely r3ndom stochastic proceSs. lt is this indcrent.lenL·e that m:1kes thc rrordcring ~f 
the peak \·altu.•s by ranking thcm from larges_t to smallcst, a \'alid proccdure to use tn 
Oood frequcncr studics. . 
· Figun:s 14.7 sho\lo"S the monthly runoff data for (a\'e Crcek watcrshcd locatcd near 
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Lcxington. Kcntucky. Only a part of the record is plotted in figure 14.7a. The complete 
record as shown in Appendix C was used in detennining the correlogram and spectral 
dcnsity. Both thc corrclogram and thc spectral density indicate that monthly runoff for 
this watershed has a definite annuaJ cycle. The smoothness of both the correlogram and 
the spectral density in comparison to the data should be noted. A comparison of figures 
14.3a and 14.7b indica tes that the monthly runoff is a periodic (detcnninistic) process 
with a random componen t. The spectral density clearly indicates that the period is 12 
months. · · 

SU M MAR Y 
· This chapter has presented an introduction to time series analysis. The tools avail­

able for studying time series are much broader and varied than has been covered in 
this chapter. Time series in general are composed of deterministic and stochastic 

components. The detenninistic .component may be in the fonn of trends. jumps or 
periodicities. The stochastic component may be an independent stochastic process 
(purely random) or a dependent stochastic process (random). Any stochastic hydrologic 
model must contain adequate representations of both the deterministic and stochastic 
components of the time series. 

A correlogram is a use fui device for detennining the dcgree of dependcnce present 
in succcssive values of a time series. lf r(k) for k sufficiently large (with k< n/4) is sig­
nificantly diffen:nt from zero, the possible presence ofadetenninistic component shouJd 
be investigated. The correlogram of the stochastic component can be used to detennine 
the deg.ree o f dependence in the stochastic componen t. For the stochastic component, if 
r(k) =O for all k f. O, the process is a purely random process. A periodic correlogram is 
indicative of a periodic time series. 

The spectral density is most use fui for isolating periodicities in a time series. The 
presence of a cycle and its frequency are shown by thc spectral density function. For a 
purcly random process, the spectral density oscillates randomly about a constant value 
indicating that no particular frequency explains any more of the variance of the time 
series than any other frequency. Such a case is termed "'white noise ... 

Exercises 

14.1 Let X(k) = cos(2nk/12) + t where e is an indcpendent random obscrvation from 
. a nonnal distribution with a mean of tero and a variance of0.5. Compu·te and plot the 
correlogram and spectral"density function for this process by generating vaJues for X(k) 
for k= oto 200. Compar< the results with figure 14.4. . 

14.2 · Let X(k) = (cos(2nk/6) + cos(2nk/12) + cos(2nk/24)]/3 + < where < is an in­
depcndent random observation from a nonnal distribution with a mean of zero and a 
variance of O.S. Compute and plot the correlogram and spectral density function for this 
process by generating values for X(k) for k= O to 200. Compare the results with figure 
14.5. 

14.3 The following data rcprescnt the ycars of eruptions of thc volcano Aso for the 
period 1229 to J 962. Let k equal the eruption numbcr be¡!inning: in 1239 so that k= 1 
for 1239, k = 2 for 1240, k = 3 for 1265, etc. LetX(k) be the number of years since the 
last eruption so that X( 1) = 1 O, X(2) z 1, X(3) = 25, etc. Compute the corrclograrri and 

~ .. ··¡ 
TIME SERIES 

spectral density function for X(k). Js there any. apparcnt pattcrn to the cruptions? 

YearS of Eruptic;ms ofthe Volcano Aso for thc Pcriod 1229-196~ 

1229 1340 1533 1828 1931 
1239 1346 1542 18~9 193~ 

1240 1369 1558 1830 1933 
1265 1375 1562 1854 1934 
1269 1376 1563 1872 1935 
1270 1377 1564 1874 1938 
1272 1387 1576 1884· 1940 
1273 1388 1582 1894 1950 
1274 1434 1780 1897 1951 
1281 1438 1804 1906 1953 
1286 1473 1806 1916 1954 
1305 1485 1814 1920 1955 
1324 1505 1815 1927 1956 
1331 1506 1826 1928 1957. 
1335. 1522 1827 1929 1958 

196'2. 

Data from Davis (1973). 

14.4 The following data rcprescnt an unusual phcnomcnon in that thcy arL' 'obscrvations 
of a true time series from the gcologic past. The Ecocene La k e dcposits of thc Rocky 
Mountains consist of thinly laminated dolomitic oil shales hundreds of feet thick. lt has 
been eslablished that the laminations are varvcs. or laye red deposits causcd by seasonaJ 
clima tic changes in the lake basins. By mcasuring thc thickness of thesc Jaminations. a 
record of the annuaJ change in the rate of deposition through thc lakes history is ob· 
tained (Davis 1973). Compute and plot the correlogram and spcctral dcnsity funclion 
for this data. Discuss any apparent pattems. 

Thickness of Succcssive Varves of a Scction through the Grccn Rive.r Oil Shalc 

Thickness (mm) 

(T op o r Section) 
6.0 12.0 7.1 14.0 8.4 11.0 3.8 8.1 7.3 13.2 
7.2 11.0 7.2 13.6 7.9 10.8 3.4 7.8 6.7 1 :!.4 
7.1 9.6 7.1 12.1 7.0 9.5 4.2 6.4 6.0 9.7 
7.1 8.7 7.0 ) 2.9 6.7 8.1 4.8 4.6 5.8 9.~ 
7.2 7.6 7.0 12.8 6.8 7.'2. 4.5 3.7 5.7 9.3 
7.4 7.2 7.7 1 1.1 7.3 7.1 3.6 4.0 6.5 8.3 
8.0 7.2 8.6 9.0 7.3 6.8 3.0 4.2 8.2 6.0 
8.6 7.8 9.0 7.5 7.2 7.0 ~.8 4.5 10.2 5.7 

10.0 8.1 12.0 7.5 8.1 ;.t 4.1 5.9 12.3 6.1 
11.4 7.8 13.7 8.4 9.8 5.6 6.8 7.3 13.2 6.3 

6.3 
(Bottom ofSL·ction) 

Data from Davi!l> ( 1973). 
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14.5 Compute and plot the. correlogram and spectral density function for the weckly 
rrccipitation at Ashland. Kcntucky. for the weck of March 1-7. Discuss any apparent 
paflems. (Data in Appcndix C). 

14.6. Work excrcisc 14.5 using thc monthly pn:cipitation data for Walnut Gulch near 
Tombstonc, Arizona. (Data in Appendix C). 

15. Sorne Stochastic 
Hydrologic Models 

EVERY DESIGN decision rcquiring hydrologic knowledge is based on a hydrologic 
model of sorne type. This model might be one that gives the peak discharge from a small 
watcrshed as sorne function of the watcrshed area. it might be a nood frequency curve, 
it might be a comprehcnsivc "dctcnninistic" modcl capable of gcnerating syn'.hctic 
streamOow rccords or it might be a stochastic model for generating a time series ofhy­
t.lrologic data. Deterministic is used here in the sense that once the model parameters are 
known, the same inputs to the model always produce the same outputs. Thus parametric 
modcls are included under "deterministic"' even though the model parameters may be 
functions of obsCrved hydrologic records and thus be random variables. 

Ultimately design decisions must be based on a stochastic model ora combination 
of stochastic and detcnninistic modcls. This is because any system must be designed to 
opera te in thc fu tu re. Deterministic models are not avaiJable for genera tíng future water­
shcd inputs in the fonn of prccipitation, solar radiation, etc .• nor is it likely that deter­
ministic models for these inputs will be available in the near future.'Stochastic models 
must be uscd for thesc inputs. 

lf a design is based solely on the basis of a historical record of rainfall or stream· 
now. thc stochastic model employed is simply the historical record itself. lt should be 
kept in mind that any historical record is but one realization of a stochastic time series 
and that future rcalizations will resemble the historical recOrd only in a statistical sense 
even if the process is stationary. 

Designcrs of water resources systems have realized for yean that evaluating their 
dcsigns using past or historical records provided no guarantee that the design would per-­
fonn satisfactorily in the future because future now sequences wiiJ not be the same as 
past flow sequences. Typica11y histoiical n~ S{.~U.:-nces are quite short- generally less 
than 25 years in length. Even during lhe 100-yearlife ofa project, an observed historical 
Oow sequence of 10 to 25 years in Jength will not repeat itself. In aU cases !he designer 
would agree that the worst Oood (or drought) on record is not the worst possible nood 
(or drought). · · · 

Thc u,;c of hi!iilorical rccords alone ~ive!l. no idea of the risk involved. That is, if 1 
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design. is made b~ed on. ~n ~his'to.rlc'al rec-Ord; chances ~re thit the d~sÍgn Wg~.l1d .be 8de:-. 
quate if the historical record repeated itself. However, we know that the historical 
record will not repeat itself. There is thus a certain risk that the design will be inade-­
quate for the unknown nOw __ sequence that the system will actually experience. 

This latter point can be illustrated by considering the design of a facility that might 
have a S·year life- say a small, temporary boat dock. For this design assume that 100 
~·:::.r= cf :1ow records are availabie. The 100 years of record would provide 20 inde­
pendent S·year flow sequences. A proposed design could. then be evaluated on 20 in­
dependent flow sequences equaJ in length to the design life of the facility. lf it is found 
that in 1 S of the sequences. the design is adequatc and inadequate in the remaining S, 
Jhen one would estima te that-for sorne future 5-year period there would be a probability 
or 0.25 (5/20) that the design would be inadequate. H the design is adopted, a risk or 
0.25 exists. A risk of 0.25 may be unacceptable. For this case consider that an accept­
able risk is 0.05. This means the design should be increased and reevaluated until it 
proves inadequate in only 1 of the 20 5-year observed sequences. Generally the design 
life of a water resources project exceeds the length of available record so that a risk 
evaluation using this procedure is not possible. 

In other cases it may be desirable to know the sevcrity of a shortage. For instance, 
one might be looking at a system to control the thennal pollution from a power plant. 
lt may be that the design requirement is to affect the natural water temperature by Jess 
than 5o C. During low flows the ratio of the volume of heated water discharge to the 
volume of natural flow m ay be such that it is difficult to keep the overaJI tempera tu re 
rise to less than 5° C. In this case it w~uld be desirable to know the magnitude as well 
as the frequency of failing to meet the d"esign standard si~ce a 6° e tempera tu re rise 
would be Jess damaging than a 1 S oC temperature rise. . 

. The approach outlined above assumes that there is.some probabilistic mechanism 
underlying. the generation of streamflows and that this mechanism is sufliciently stable 
that it can be considered stationary. Ji is also assumed that the sample in hand is a 
represcntative one. 

An evcn better approach to detennining risk probabilities would·be through opera· 
tions (analytic or Monte-Carla) on the underlying. exact probability distribution or dis­
tributions that the natural hydrologjc process follows. or cou~e. this type of infonna· . 
tion is never available and in practice must be approximated. Even if the exact distribu-­
tion was known, its parameters would have to be estimated from an observed record 
(samplc) and would not equal the population parameters. Thus to overcome the objec- . 
tions of design evaluation based on a single (and many times short) now trace, a data 
!!l'ncr~tion schcme or stochastic model is needed. 

A stochastic model is a Probabilistic model having parameters that must be ob­
taiJh.·c.J from obscrved data. Stochastic streamflow models for example do not convert 
rainfall to nmoff through theoretical or empirical relationships as do. detetrninistic 
1110tll'ls but utilize the infonnation in pastor historical streamflows. Stochas.tic stream· 
nows afl:' ncithcr historical flows nor predictions of future flows. but they are represe~ 
tativl' or Possiblc future flows in a statistical sense. Stochastically generated data can be 
ust.·c.J in <.'valuating risk probabilit~o; P'f'''·iding a .. satisfactory" stochastic model is avail­
abl'"·· 

lt shouhJ be notcd that a stochastic modcl depends hcavily on the assumptions of 
~tationarity amJ reprcscntativeness. Thc effccts of watershed changcs for exaníple ca~ 
nol tx· t.•valualt.•c.J. On tht.· othcr hand dctt.•nninistic modcls might be able to simulated a 
t.'hozn~in¡: hyt.lrolo!!Y us tlu.• hasin chan~t.·s- hut rcmcmhcr thc futurc rainfall problcm. 
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Thus one approach to Watershed modeling·is tO stochastically genera te rainfall and use a 
detenninistic model to convert the rainfaJI to streamflow. 

10 developing a stochastic model it is assumed that the data is the result of aran-­
dom process or one that involves chance. One cannot precisely state what the data 
vaJues will be at any particular future time, but will be able to make statements of probo 
ability concerning future data values. In looking over past data records it is apparent 
that streamflows are not completely randoin with no constraints, but do possess certain 
recognizable features. Forinstance, if the average annual flow has been around IS inches 
for a long period of time, it is unlikely that it will suddenly change to 2S inches unless 
the watershed is altered in sorne fashion. lf the tlows have tended to be between 1 O and 
20 inches per year with only an occasional yearly total outside these limits, the m ocle!' 
should not produce a large number of flows outside these limits. Thus the model should 
preserve the overall mean and spread or variance of the data. 

Further it m ay be noted that there is sorne degree of persisten ce in that low flows 
tend to follow low flows and high flows tend to follow high flows. A streamflow model 
should retain this property. From this it can be seen that historicaJ records certainly 
guide us in model development. 

· It is not the purpose of this chapter to promotC stoChastic hydrologic rrlO(IéiS. 
Rather sorne of the most prominent models are discussed. There is a very rapidly expand­
ing literature on stochastic hydrologic models. No attempt is made to cover all of the 
models curren ti y in the literature or to discuss all of the fea tu res of th~ models that are 
covered in the chapter. 

In selecting a stochastic model it is important to be able to state what characteristics 
of the phenomena being rnodeled are important and what characteristics are unimpor­
tant For example, if streamflow is being modeled, the following is a partial listing of 
the questions that must be considered. 

l. ls it necessary to model the peak flo.ws? 
2. Are annual peaks sufficient or will other peaks occ1;1rring during the year be 

important? 
3. Is the time during the year when the peak occurs important? 
4. Is the sequence or arde~ of occurrence of the peaks important? 
S. Js the simultaneous occurrence of a peak flow and sorne other event important'! 
6. Is the volume of flow important? 
7. Is daily, weekly, monthly or annual volume of flow required? 
8. ls the simultaneous volume and peak during sorne interval required'! 
9. Is the seasonality in volumes for durations of less than a year important~ 

1 O. Is the dependence of the flow in one time period on the flow in previous time 

periods important? . 
11. Is it sufficient to model the mean flow in a period? ls the variance important 

too? What about the skewness? 
. 12. Js the relationship of the flow on one stream and that on nearby strcams of 

concem? 
13. Is the time series of flows stationar) ~ _ , 
14. ls there evidence of trends or jumps in the flow record? Will there be trcf)dS ?T 

jumps in the future? ls it important to model these features'! ' . · 
15. How well do the above properties have to be _m'ode!ed? .. , .. 
16. What is the quality and quantity of data 3vailable for modcl !-iciCétirin· and 

par::Jmctcr cstimation? 
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17. Given the available historie data, can the model parameters be estimated with 
sufficient accuracy? 

The answers ·to these and many other questions must be obtained befare a model 
can be applied toa particular problem. Of course, the answers to these questions depend 
heavily on thc use that is to be made of the model. Generally it is desirable to select the 
simplest model that will provide the infonnation needed. 

lf one is considering the design of a reservoir to be located on a single stream to 
provide irrigation water, quite Hkely a model that is capablc of producing synthctic 
monthly streamnows could be .used. Ir a more complex model that considers daily Oows 
or peak Oows is u sed, it m ay be necessary to sacrifice accuracy of rnonthly flow simula· 
tion to obtain accuracy of da.ily flows or peaks. In any case the more complex model 
would be more expcnsive to develop and test and certainly more expensive to use in 
dcveloping long synthetic streamflow traces. On the other hand if the proposed reservoir 
is to also provide flood control benefits, then estimates of flood peaks and possibly 
shorter duration flow volumes would be rcquired. 

The design of an irrigation reservo ir illustrates the case where joint probabilities or 
joint hydrologic time series m ay be required. It m ay be that the land to be irrigated and 
the watershed supplying waters to the reservoir are subjected to similar dimatic condi­
tions. lllUs the irrigation demand may be the greatest at precisely the same time that 
flows into the rescrvoir are the lowest and vice versa. Neglecting this possible correlatión 
bctween supply and demand can result in an underdesigned reservoir. If the demand and 
supply are independent, designing for the highest demand at.a time of the lowest supply 
may be overdesigning since the joint occurrence of these events m ay have a very Jow 
probability. 

ll1cre is no substitute for a 'thorough knowledge of the problem to be solved and 
thc featurcs of the problem that must be! reproduced by the simulation model. It is rela­
tively easy to develop a simulation model for a problem by making unrealistic simplify· 
ing assumptions. 1t is diflicult to develop a rnodel for use in solving a problem as it really 
cxists. It is generally better to develop an approximate solution to the real problcm than 
an exact solution toan unreal problem. 

in chapter 14 it was stated that a hydrologic time series may contain trcnds and/or 
jumps. lf an historical record contains trcnds and/or jumps and it is desired to use this 
record for the estimation of the parameters of a stochastic model, it is neceSsary to be 
ahle to separa te the deterministic and stochastic components of the historicaJ record. 
Once thc dctcnninistic component is removed, the stochastic component can be used 
fOr parameter estimation. The model that is developed m ay have to incorporatc both 
lktcnninistic and stochastic components. This is cspecially apparent in cases where 
tn:nds are prescnt. lf th~ trcnd is expected to continue into the period being rnodeled, 
the tn:nd component must be present in the model that is developed. Trends can gener· 
aJiy be modeled by a polynornial cquation of the type 

Tr(l) = 6 0 + 6 1 1 +S, 1' + ... 

whcre Tr(t) n·prescnts the trend ir: thc ;•uameter pasa function oftime t and 6 8 
O• 1 • 

S J •••• om: cocfficients that m ay be estimated by multiple regression. The arder of the 
110lynomiótl c01n also be tcstcd ~y dctermining thc highest order tenn having a regression 
lo."O~o.'ffidl'OIIh¡Jt is SÍi!nific:Jn~ly díffcre-nt from ZCTO. .., . ' v• 

Jumrs in a hydrologic tim(' series may be idcntified by computing thc mean value 
of ll1~o.• l\arJmctcor of intc,.•n.•st tlurinf! thc two lime pcriods on cithc,.·r !iidc of thc jump. 

:1 

i . ¡ 
1 
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1l1ese two mcans are then testcd to see if thcy are sígnificantly diffcrent from each 
other. Thc exact time at which a jump occurs cannot be easily identificd from the data 
alone becausc of thc presence of stochastic variation. In this case a review of the data 
gathcring proccdure and factors affe'cting the variable under study should be undertaken 
in an attcmpt to idcntify possiblc c:J.uscs for the jump and the time that thcse factors be­
carne irnportant. 

Many stochastic models rcquire the cstimation of a large number of parameters. 
Again thc limitcd hydrologic data that is available ata point rnay be inadcquatc to esti· 
mnte thcse poramcters. A regional approach to pararncter estimation may help in this 
situation provided regional data are available (Bcnson and Matalas 1967; also chapters 7 
and 10). 

Two classical stochastíc modcls. thc Bcrnoulli process and the Poisson process, and 
sorne of thcir potcntial applications in hydrology were discussed in chapter 4. The rc­
mainder of this chaptcr is devoted to other selected models that appear frequently in the 
hydrolog.ic literature. 

PURELY RANDOM STOCHASTIC MODELS 
Possibly thc simplest stochastic proccss to model is where the events can be as· 
surned to occur at discrete times with the time between events constant, the events 
at any one time are independent of the evcnts at any other time, and the probabil-

ity distrihution of the event is known. Stochastic generation from a model of this type 
mercly amounts to generating a samplc of random observations from a univariate proh­
ability distribution as shown in chapter 13. 

This type of model might be appropriate for generating a synthetic record oi" flood 
pcaks. Problcms v.-ith the mcthod are the uncertainty asto the proper probability distri· 
bution to use and thc uncertainty in the parameter val u es of the probabili ty distribution. 
These two typcs of uncerta.J"nty exist in all stochastic models to sorne extent. The larger 
the samplc for estimating the model pararneters and testing the derived model, the less 
will be these uncertainties. Regional data can also be used in sorne situations to assist in 
distribution selcction and parameter estirnation. 

Another slightly more advanced application of a purely random model might be in 
gencrating scquences of point stonn rainfall amounts. The time between stonns might 
be modelcd asan independent Poisson or Bemoulli process (Lane and Osbom 1973) and 
the amount of rain as a gamma variable. The model could be made more complex by 
assuming thc distribution parameters are a function of the time of year or that the 
paramctcrs of the gamma distribution depend on the generated time since the'last stonn. 

As indicatcd in chaptcr 14, whcther or nota process can be considered as a purely 
random process m ay be indicated by its correlogram or sPectral density. If r(k) is not 
significantly different from zero for k greater than zero or if S (f) oscillates randomly 
about S(f), the process may be a purely random process. The difficulties in selecting the 
proper probability density function and in parameter estimation remain, however. 

FIRST O ROER MARKOV PROCESS 
Many hydrologic time series exhibit significant seria1 correlation. That is, the value 

~ of·thc random variable under consideration at.one time period is correlated with 
thc valucs of the random variable at earlier time periods. The correlation of a ra~ 

·dom variable X ot onc time pcriod with jts value k time periods carlier is denoted by 
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PxO() and is called the k1" arder serial correlation. If Px(k) can be approximated by 
Px(k)= Px'(l), lhen !he time series of !he random variable X might be modeled by a 
first arder Markov process .. The first arder Markov process might also be used for a 
model if serial correlation rOr lags greater than one are not importan t. 

A first arder Markov process is defined by the equation 

(1 S.l) 

where X1 is the value of the process at time i, \.lx is the mean of X, Px(l) is the first or· 
der serial correlation and c 1• 1 is a random component with E(t) =O and Var(c) = o 2 • 

This model states that the value of X. in one time period is dependent only on the vaJ~e 
of X in the preceding time period plus a random componen t. It is also assumed that 
e 1• 1 is independent of X1• The variance ofX is given by ai and can be shown to be re-­
lated to o! by 

or 

Var(X 1+ 1 )=ai =E[lJx +px(l)(X 1 ·lJx)+e: 1• 1 J_2 -E2(X 1• 1 ) 

=Pi O> oi +a: 

(15.2) 

lf the distribution of X is N<lJx, oi) then th: distrib~tion of E is N(O, o;). Rari­
dom values of X 1 • .- can now be generated by selecting E¡. 1 randomly from a N(O, o!) 
distribu.tion. Ir t is N(0,1) then to, or tox /1-p~(l) is N(O, o;). Thus a model for 
generating X's that are N(1Jx, oi) and follow the first arder Markov model is 

(1 5.3) 

_ The procedure for generating a value for X 1+ 1 is to estima te lJx , o x, and Px ( 1) by 
X, Sx, and rx (1) respectively and_then select a t 1u at random from a N(O,l) distribu­
tion and calcula te X1• 1 based on X, Sx , r x (1) and X 1. The first value of X 1, X 1 , might 
be selected at random from a N(lJx, oi ). To elimina te the effect ofX 1 on the generated 
sequence, the fint 50 or 100 generated values might be discarded. 

Equation 15.3 has been widely used for generating annual runoff from watersheds 
(Fiering and Jackson 1971 ). Sin ce 1 is N (O, 1 ), it is possible lo genera te values of X that 
are le.ss than zero. lf this occun it is generally recommended that the negative X be used 
to genera te the nex.t value for X and then discarded. This procedure will result in a slight 
bias. If the occurrence of negative X's is CC?mmon in the generation prÓcess, it may in­
dicate that X is not nonnaUy distributed. In this event sorne other distribution of E must 
be used. 

Equation 15.3 genera tes normally distributed X's with a mean of lJx. variance of 
oi, and rmt order serial correlation 'Jf ;." ( 1 ) .. Serial correlation is common in hydrology 
and depending on the use to be made of the model may be quite important. Note that 
if Px0)=0, equation 15.3 reduces to the independent process ofselecting a random 
observation from N(lJx. oi ). On the other hand lf Px (1) = 1, equation 15.3 iS com­
pletely detenninistic in that X1• 1 iscompletely specified by X 1 (X 1• 1 = X1). 

For a fint order Markov process, the lag. k-serial correlation, Px (k). is ~~ven by 
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. Px(k)=p~(l) {15.4) 

Thus fue correlogram cxponentially dccays from Px (0) = 1 to Px (oo) =O according to 
equation 15.4. lf an observed correlogram has this prop~rty, the Markov model may be 
an apprÓpriate gencrating model. 

Equation 15.3 can be applied to the logarithrns of data through the transfonnation 
Y

1 
= ln(X

1
). The generation modct is given by 

v,., =~y +py(I)(Y,·~y)+t,., Oy /1-p~(l) (1 5.5) 

whcre l.ly. ov and py ( 1) refcr .to the mean, standard devia!ion and first- order serial 
Correlation of the logarithms of the original data. Generation by equation 15.5 preserves 
the mean, variance, coefficient of s.kew and first arder serial correlation of the 1ogarithms 
of the original data but not of the data itself. 

Matalas (1967) suggests a proccdure for using a first order Markov model on the 
Iogarithms that preserves the mean, variancc, skewness and first arder serial correlation 
of the original data. The procedure is based on the transfonnation Y1 = ln(X 1 • a) with 
the parameters of equation 15.5 related to the parameters of X through the following 

equations: 

IJx =a + exp(a~ /2 + 1Jv) 
(1 5.6) 

ai =expl2(a{ +~y)) -exp(a~ +2~y) (1 S. 7) 

' "Yx = lexp(3a~)-3exp(a~)+2) /lexp(a{)-1)'12 ( 1 5.8) 

Px<ll= lexp(a{ py{l))-1) /lexp(oP-11 (1 5.9) 

In these equations lJx, a~, Yx a~d Px (1) re~e~ to the mean, varia~ ce, coeffici!_nt ~f 
skew and first order serial correlahon of the ongmaJ data and are est1mated by X, Sx. 
C,x , and rx ( t) respective! y. The quantities uv , O y , py ( 1) and a are estimated from 
equations 15.6 thru 15.9 and then used in equation 15.5 to generate values for Y l•t· 

X
1
• 1 is then calculated from 

x ••• = exP<Y1• 1 >+él (15.10) 

The X's generated in this fashion have the same mean, variance, skewness and first arder 
serial correlation as the sample used to estima te l.Jx, a~,)')( and Px (1). The procedure 
that is recommended for estimating l.lv, Cy, Pv anda i!_ to solve equation 15.8 for sl. 
Equation 15.9 then yields r:v (1 ), equation 15.7 yields Y, and equation 15.6 yields a.. 

Equation 15.1· can be used to generate X's that are distributed approximately 
gamma with mean X, variance s~ and skewness ~X (Thomas and Fiering ~ 963 ~- The 
procedure is to define y, as the skewness of the random component, E. "Y 1 IS eshmated 

by 

e,,= 11-r~(l)) c,x/11-ri<lllt.S (15.11) 

Then a random element El+¡ is defined by 
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t,., = C:, ~ + c,,
6
t,., _ ;;] > _ ¿, (15.12) 

where t 1• 1 is a random value from a N(O,l). X 1• 1 is then generated by 

xl+l =1-lx +rx(l)(X¡-X,)+c, •• Sx /t-rio> ( 15.13) 

with the resulting generated X's being approximately gamma distributed with mean X. 
.variance s~, first arder serial correlation rx (1) and skewness c•x· 

The first arder Markov modcl (equation 1 S.l) is also known as the first arder autcr 
rcg.ressive model since p x ( 1) is equal to the regression coefficient B that could be ob­
tain~d if the regrcssion model of chapter 9 was used taking Y as X1• 1 

and X as X
1
• That 

this is the case is apparent from equation 9.15 with S y = sx. 

FIRST ORDER MARKOV PROCESS WITH PERIODICITY 
The first arder Markov model of the previous section assumes that thc process is 
stationary in its first three moments. It is possible to gcneralize thc model so that 
thc periodicity in hydrologic data is accounted for to sorne extent. The main appli-

cation of this generalization has been in generating monthly streamflow where prO.. 
nounced seasonaJity in the monthly flows exist. Looking at figure 14.7, it is apparent 
that thc monthly flows in Cave Creek are much greater (on the average) in sorne months 
than they are in others. This pronounced annual cycle is pr:cvalent in many types of hy­
drologic and clima tic data. The periodicity may afrect not only the mean, but all of the 
moments of thc data as wcll as the first arder serial correlation. 

To generalize the Markov model, we adopt the notation that the subscript i refers 
to thc year under consideration and t~e subscript j refers to the season within the year. 
11ws j m ay run from 1 to 4 if 4 seasons are being considered, 1 to 12 if monthly data is 
bcing conSidcred, 1 to 52 for weekly data, etc. In general we will take j to run from J to 
m is the number of seasons in the year. 

_ With this JlOtation 1J xJ refers to the mean of X in the jt 11 season. IJ x.J is estimated 
by xj where 

X1=r¡., x,,1/n (15.14) 

with n cqu;;¡J to the number of years of data and X 1,J the data value in the j 1h season af 
thc i 111 ycar. Similarly otJ is estimate~ by StJ• YxJ is estimated by C•xJ and PxJ(l) · 

• is ~:stima ted by r x ,JO). Note that p x ,¡( 1) is the first arder serial correlation betwccn 
v<..~llll'S in succcssivc scasons. If manthly streamflow is being cansidered; Px.

4 
( 1) wauld 

h~.· th~.· lirst arder serial correlation betwcen flaws in months 4 and S. Px,¡O) wauld be 
~.·stimatl'd by 

( 15.15) 

o (15.16), 

In 4.'llll~ltion 1 !'.15 thl·rc ar~ som~: notationaJ problcms whcn j = m. In this cascj+l should 
1~· I;Jk .. ·n ;~:¡¡ 1 !tÍrh,'4.' thc first !tcason follows thc rn•h scason CJanuary follows Dcct;mhcr 

• 
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ror examplc). 
With this natation, thc multiseason, first order Markav model for nannally distrib­

uted naws becomes 

x,j+l = IJX,J+J + (PxJO) OxJ•J /ox,¡XX,,j •IJxJ> 

+ti,J•I OXJ+I /1-p!,J(J) 

(15.17) 

In any applicatian the population parameters are cstimated by the corresponding sample 
statistics. Thc subscript notation of equation 15.17 again has problems in that X i.J• 1 is 
n·ally equ:tl to X,.,,, when j_= m. For instance if a monthly model is considered thcn 
X1• 13 (or the 1 Jf11 monthly value in the jlh year) is actually X1• 1 , 1 (or the first monthly 
value in the next year). t1.J•t is again a randam observation fram a N(O,I). Values g:n· 
crated by equation 15.17 are thus the sum of the mean for the season plus a rcg.ress1on 
cocflicicnt times the deviation. from its mean of the value in the previous pcriod plus a 
random componcnt that is nonnally distributcd with mean zero and variana a~.;., 
ll·p~ 1 CI)). -

Thc first arder Markov model can also be generaliz.ed toa seasonal model for gam­
ma variates (Ficring and Jackson 1971) by gcneralizing equations 15.11, 15.1~ ;;¡nd 
15.13. Equation 15.11 becomes 

Y,,¡ = 1 Yx .J • P~ J·• (1) Yx .J·• l /11 • Pi, iJ ll "' 
Equatian 15.12 becomes 

= _2_ ~ + y,,¡ lo,¡ • -r;,~, > 
to.; y 1 6 36 .. -

- _2_ 
Y,,J 

( 1 5.18) 

(15.19) 

wherc ti.J is a randam valuc from a N(O,J). Equation 15.13 becames identical to cqua· 
tion 15.17 with population paramcters rcplaced by their. estima tes cxccpt f-J,J• 1 is U!'t.'d 
in place af ti,J+J· The rcsulting X1,J will be distributed almost gamma. Because skewness 
varies from season to season, the rcpresentation is not statistically pure (Fiering and 
Jackson 1971 ). This is because the sum of gamma varia tesis not gamma uriless the scalc 
paramcter, A, is thc samc. 

Equation 15.17 can be applied to the lagarithms ·ar the original data. In this t·asc 
X¡,j would rcfer to thc logarithm of the valuc in the j1h year and jth season. Thc param­
ctcrs of thc model would also be based on the logarithms. TI1e modd uscd' in this way 
would prt'SCT\'C the mean, variance, skcwncss nnd first arder serial corrdation of fhl' 
logarithms of till' data but noto( the data itsclf. 

Equation 15.3 and 15.17 have becn widcly used in hydrolon. Equation 15.17 i!l 
somctimt·s known as thc Thomas-Fil'ring modcl bccause of thc carly work of th~.·sc two 
men with thc modcl (Thamas and Fiering 1962, 1963; Fiering 1967). TI1c modcl in lhl· 
fam1 of equatian 1 S .17 requircs that many paramctcrs be estimatcd. For c:.H;h sl'ason. 
thc mean, variance and first arder serial corrclation must be cstimatcd. This rcsult!'l in 
t•stimatin~ 3m pi!ramctcrs (a monthly modci Jl'lJUlrcs onc to estímate 36 po:m.1mdcrs). 
This largc number of paramcters requircs considc:rablc data. The techniquc h¡¡scd on 
data ~l'nC'rJtion !tiven in chaplcr 13 can be USl'd for l'V<Jiuatinl! thc l•ffccl of thc knpth nr 
n·cord availablc for p<lrdmcter l'Stimation an thc rcliahility of thc Thomas-Ficrinp rnodd 
or othcr stochastic modcls. 
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HIGHER ORDER AUTOREGRESSIVE MODELS 
The model givcn bY equation 15.1 can be generalized to include the effects of more 
!han one preceding time period. Such a model has been called a multilag model, 
higher order Markov model or higher arder autorcgressive model. The model can 

be written as 

X,., =Bo+B 1 X1 +6:1X 1., + ... +BmXJ.m+t +tht ( 15.20) 

The X1's might represcnt actual data values or thcir naturnllogarithms. In the case ora 
normal model, the random element becomes 

( 1 5.21) 

where o~ is thc variance of X; R 1 is the multiplc coefficient ofdetennination between 
X 1• 1 and X 1, X1• 1 , ••• , X1.m + 1 : t 1• 1 is a random ob~rvation from N(O, J) and the S 's 
are multiple regression coefficients. 

The multilag model pennits one to incorporate linear influences on data ·in one 
period renected by data in severaJ preceding periods. The regression coeflicients. e. can 
be estimated by the procedurcs ofchapter JO. TI1e question ofhow many Jags to include 
can also be attacked by the methods of chaptcr 1 O devoted to detcrmining whethcr or 
not a particular .. indepcndent .. variable is important. 

One difference between this model and the multiple regression procedures is that 
the number of observations available for parametcr ~timatjon, n•. changes as the num­
ber of lags changes. lf there are n total observa_tioils, then there are n-1 obscrvations 
available for estimating Px ( 1) of the first order Markov model. lf two lags are consid­
ered (m"= 2), then there are only n-2 observations available for parameter estimation. In 
general for an mth arder Markov model, there are n• =n-m obscrvationS for parameter 
estimation. What this means is that the results of chapter 10 are not strictly applicable 
beca use the sample size and variables involved in the regressions change as the numbcr of 
lags change. For instan ce R 2 m ay actually increase if thc number of lags included de­
creases since the data set involved in the rcgression has changed. Gene·rally it is recom­
mended that if a kth arder lag is included, then alllags up to k also be included. For cx­
ample if a third arder lag is inciUded, then the first and second ordcr lags should be in­
cluded as weU. 

MULTISITE MARKOV MODEL 
The need for simuJtaneous data generation on two or more random variatcs or on 
the same random variate at two or more si tes frequently arises. lf a reservoir for 
water supply is fed by severa! streams, the flows from all of the streams must be 

considered in the design of the reservoir .. The flood volume passing a city may be thc 
sum of the volume released from an upstream reservoir ·and the inflows from tributaries 
between the reseiVoir and the C:ity. The optimal operation of a system of reservoirs dc­
pends on flows in several streams. Th'! simultaneous simulation of inflow into a watt:r 
supply reservoir and outflow for irrigation purposes may be needed to desígn thc reser­
voin orto develop its operating policy. In all of these cases and more, the simultaneous 
behavior of the random variables (reservoir inflow, irrigation demand, etc.) is important. 

Jf the time series for the important random variables are indcpcndcnt. thcn th.l· 
generation techniques for single sites can be used to produce synthctic time series of 

! .• 
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data on each random variable without considering any of the other random variables. 
For example if the inflow into a reservoir is the sum of the inflows from two streams 
and the flows on the two streams are stochastically independent, data can be generated 
using the methods discussed earliqr in this chapter for each stream. In so doing the re­
suÚing generated data on the two streams will be independcnt.ln another situation the 
existing dcpendencc may not be of concem in which case indepcndent generations can 

again be made. 
In many situations thc simultancous bchavior of two or more random variables is 

important and must be considercd. Streamflow volumes on nearby streams are generally 
correlated. Correlation means that the flows in the same time period are cQ_rrelated. 
This is known as simple corrclation or as lag ze~o cross-correlation~ ·The latter term is 
used since consideration can also be given to lag k cross-correlation. Lag k cross-correla­
tion is the correlation between one random variable at one time point and a second ran­
dom variable k time points later. A general notation for lag k cross-correlation between 
random variable ~~ and Xh is PJ,h (k) which is estimated by 

(15.22) 

where n is thc total numbcr ofpairs ofobscrvations on X1 and Xn, X¡,1 is the i1n obser­
vation on XJ, 5{

1 
is thc mean of the observations on X1 and si_1 is the variance of XJ. 

Note that for k =O, equation 15.22 is identical to equation 11.12. The lag k cross-cor· 
re!ation is thus the correlation bctween values or X1 and values of Xb that are k time 
units apart. 

lf interest exists only in the sum of severa! random variables such as the total in­
now into a reservoir. a sequen ce Y 1 = X 1 ,1 + X 2 ,1 + ... + X P , 1, where X k , 1 represents the 
Oow on strcam k at time i, can be ronned and then the single site models applied to the 
y

1
•5• The multiseason, single site model could be used in this situation as well.lfXb is 

indcpendcnt of X
1

, pis large and all of the X1 contribute about equally to Y1, theCen­
tral Limit Theorem would suggest that Y1 is approximately normal! y distributed. Of 
course if the X· and Xh are independent, the single site model could.be applied to each 
of the x

1
·s indiJvidually and thcn the results summed to getY1.lfX1 a"nd Xh are not in­

dependen t. the CentralümitTheorem does not apply, however, the Y1's m~y still be nor­

mally distributed. 
A two site generation model that preserves the means, variances, skewness,lag one 

serial correlation, and lag zero cross-correlation has been presented by Fiering (1964) 
and discussed by DeCoursey ( 1971 ). The technique requires that one of the two si tes be 
selected as a key si te. The selection could be based on the quality of the record, length 
of the record. or other considerations. We wilt assume that site j is the key site and si te h 
is subordina te to site j. A sequence of observations can be generated for site j using 
single sitc generation techniqucs. A cross-correlation model is u sed to genera te vatues of 
si te ·h based on generated values at si te j. 

(15.23) 

where u
1
.is a standardized random varia te adjusted to incorpora te the serial corrcl.ation 

at site h. 

. - ,. . . ··)~ 
u 1 = zJXh.l-l- Xb) sh + t 1 (1 ~' - · ... .. .. · 

,· (15.24) 
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in which t 1 is a standardized random varia te adjusted for skew if neccssary and 

( 15.25) 

Ir Xh and Xj show scasonal trcnds. these may be accounted for by propcr scii.'C"tion 
of thc relation for gcncrotion at the kcy station and proper selcction of thc appropriatc 
scasonal quantities in equations 15.13, 15.24 and 15.25. 

More gencrally multisite gcneration requires simultaneous p:cncration of data at 
scvcral sites while prescrving thc com:lation bctwccn the data at the vPrious sitcs. To 
dcvclop the multisite model, let xJ.i = (Xj,l • \.lj )/aj so that x1.1 is thc standan.lízcd valuc 
of the data bcíng considered at si te j during time pcriod i. The first order Markov model 
(equation 15.3) for sites h and j becomcs 

and 

( 15.27) 

The equations can be writtcn in matrix notation as 

~1+1 =~~¡+Q,k 

where ,2i 1 is a pxl vector of standardizcd valucs of th~ variable beinl! p.em.•rJted at time i. 
E is a pxp diagonal matrix whose j 1h diaponal Clcmcnt is P¡( 1 ), g is u pxp diJ!!Onal 
matrix whose j 1h diagonaJ element is 1 1-p ~( 1) and f is a pxl vector of ratHlom dt•tnt•nts 
dcfined in such a way asto preserve thc rlr.;t order serial correlation of thc xi 's and thc 
lag zero cross-corrclation between X¡ and xh. Limiting this trcatmcnt to thc nom1al mul­
tisitc modcl, f. wilt be made up ofelcmcnts that are CJ.I-tt whcrt" cach Ej.l+l is ind .. ·pen­
dent of X J.l. e J is N (0.1) and the correlation bctween e J und eh is Pi·.h (0) Whl·rc p r.h ( 0) 
is detennincd in such a way as to produce the desired PJ.h (0) which is the lag zcro 
cross-corrclation between x J and x h. 

Since the x's are standardiz.ed. P¡.h(O) =cov(x¡. xh). From·cquations 15.~6 untl 
15.27, P¡,,(O) is evaluated as 

P¡,, (0) = E{x1,1• 1 x,, 1, 1 • E(x1,1.,) E(x•.••• )1 = 

= El (p 1(1 )x 1,, + 1 l - p ¡o l e ¡,1, 1 l (p.< 1 )x, ·' + 

{l- p~(l) Eh,l•l )) 

= p1(1 )p, (! l E(x 1•1 x, ,1 > + • -~ -. ;; ¡n) { 1 - p~ (1) E( E 1,,., E,·''' ) 

= P¡(l)p,(l)p¡,•(O) + {1- PfOl {J. p¡(i) Pj,,(O) 

Thus p ;,h (0) can be evaluated as 
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(15.30) 

Therefore, a nonnal, mu1tiple site generation model that preserves the means, 
variances, first arder scriaJ correlation and lag zero cross-correlation is given by equation 
15.28 where the elements of .f are N(O,l) and havc lag zero cross-correlation given by 
p1,.(0). 

The procedures outlined in chapter 13 can be used to gcnerate .f· In that chapter it 
was shown that f. is given by · 

E= A 0~ e - - -).-
(15.31) 

where ~ represents a pxl vector of indcpendent observations from N{O.I ), ~-is a pxp 
vector of characteristic roots and Q~ is a pxp diagonal matrix whosé jlh diagonal ele­
mcnt is thc square root of the jth largest characteristic root of the pxp correlation 
matrix whose elements are Pj,h(O). Thus equation 15.28 can be written 

(15.32) 

Matalas (1967) discusses a multisite nonnal gencration model that preserves the 
means, variances, lag one serial correlation, lag z.ero cross-correlation and lag one cross· 
correlation. Using the notation of Matalas the model is written 

(15.33) 

whcre X, is a mxl vector whosc p1h clcment is xr -)..1: with Xf lhe jlh valuc of X ;:t sta­
tion p and ~~ the mean value at station p. The random clcment ~ 1• 1 is from a NCO,l} 
with f. 1• 1 independcnt of ,X 1• The mxm matrices 11 and!! are dcfined in tcrms oftwo 
ncw mxm matrices M 1 and M o· · 

Mo has elements cqual to the expected value orx, ~: or Mo = {Ph,j(O)ohojl and 
M., has elcments equal to the expected value o( ~ 1• 1 X~ or M1 = [ph,J{1)ohOJ). Thc 
matrix ~ is then defined by 

A=M M·' 
- -1 -o (15.34) 

and the matrix.!! by 

11 5.35) 

Matalas (1967) suggcsts a solutiori for equation 15.35 bascd on principal componcnts. 
Young ( 1968) has suggested an alternative solution by assuming that!! is a lowcr tri· 
angular matrix (alt clemcnts abovc and to the right of thc main diagonal are zero). Jtc 
thcn defines thc matrix ras 

C = B B' = M - M M ·• M - -- -o -1 -o -1 i15.3ól 

Sincc-ª is lowcr trian~utar, ª 'ª' Í!i symmctric so _r is also symmetric. 
Thc cast.· whcn: m = ~ rcsults in 
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.or 

h,. =c21/b11 (15.37) 

Similarly for the case m = 3 

[

b:, b.,b11 

. ~ = b21bll bil+bi2 

bllbll bllb21+b,,b22 

or 

(15.38) 

b = 'e b 2 b 2 
Jl ~ )]- ,.- ll 

Thesc results can easily be extended for any m. In each case the number of equa-­
tions involved is m(m+l)/2. 

Tite Matalas model can be simplified if lag one cross-corrclation is not important. 
In this evcnt ~ is a diagonal matrix with the diagonal elements equal to ti1e lag one serial 
c.:orrdation. Titen M 1 is defined as 

M = AM 
.-1 --o (15.39) 

;~mi M .. ;~nd ª afl' ddincd as above with the solution for ~ as outlined above. The lag 
unl· t:ros5-"(:om:lation is not prcscrved by this simplification but is set equal to 11< 1 )PJ.h (0) 
hy il. 

MARKOV \IIAIN MODELS 
1\ ~brknv ,,.-h;~in is ;¡ ~tOI.·.h.:~s!il' proccs5 havin(!: lhc propcrty that th~ valuc of thc 
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-process at time t. X., depends onJy.on its.value at time t-1, X1•1 , and·not on the 
sequence of values X 1• 2 , X 1 .:~, ••• , X0 that the process passcd through in arriving 

at X 1• 1 . This can be written 

( 15.40) 
prob(X 1 = aJjX 1• 1 = a1 ) 

The conditionaJ probability. prob(X 1 = aJ JX 1• 1 = a1), gives the probability that the 
process at time t will be in "state" j given that at time t- 1 the process was in "state" i. 
Equation 15.40 says that this conditional probability is independent of the "states" 
occupied at times prior to t- l. A state is simply a Subdivision of the process X, into 
sorne interval. Thus if X1 represents the depth of rainfall on day t. one state might be 
defined as no rainfaJI, another as between 0.00 and 0.05 inches of rainfall, etc. 

The prob(X 1 =a; jX 1• 1 = a 1) is commonJy called the one step transition probability. 
That is, it is the probability that the process makes the transition from state a 1 to ~tate 
aJ in one time period or one step. Prob(X1 = aJ JX1. 1 = a 1) is usually writ~en as Pü(t) 
indicating the probability of a step from a 1 to BJ at time (t) .. I~pu(t) is independent of 
t (Pu(O = Pu(t + 1') for al1 t and 1'), then the Markov chain is said to be homogeneous. Jn 
this event 

prob(X 1 = a1 ¡x,., = a1) = PJJ (15.41) 

Higher arder Markov chains can be defined to represent stochastic pnkesses such 
that the value of the process at time t is dependent on its value in severa) immediately 
preceding time periods. Thus an n1h arder Markov chain is one in which 

prob(X 1 = aJ jX 1• 1 = a 1, X 1_2 ;, a k, X,.J= .a •....• Xo= aq) = 

prob(X, = aJ jX,. 1= a 1, X,. 2 = a k, •••• x •.• = aP) 

' 

(15.42) 

The treatment of Markov chains in this text will be limited to first arder homogeneous 
Markov chains. 

lf a process is divided into m states, then m 2 transitíon probabilities must be de· 
fined. However, at each step the process must eithcr remain in state i or proceed to onc 
of the other m- 1 states. Thus 

I:j. 1 Pu = 1 (15.43) 

With this restriction, an m state Markov chain requires that m(m- 1) transitión probabil­
ities (parametcrs) be estimated. TI1c remaining m p 1J 's can be dctcnnincd from cquation 
15.43. The m 2 trar;~sition probabilities can be rcpresented by the mxm matrix f givcn by 

P11 Jlu Ptm \ 

.Pm 1 .. J 
(15.44¡ 
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Equation 15.43 states that thc dcments in any row off must sum to unity. A matrix 
having this property is said to be a stochastic matrix. Sorne authors dclinc P as P = 
lPul 1 = PH· Under this definHion lhe columns of ~ sum to unity. The definiti~n gj~en 
by equation 15.41 will be used in this trcatment. 

The transitionaJ probabiJity malriX r C30 be l'Stimatcd from Ohservcd data hy tabU• 
latins thc numbcr of times the obscrvcd data wcnt from statc i to state j, "u· Thcn an 
estima te for p u would be 

(1 5.45) 

Considerable data m ay be rcquircd to gli!t accuratc estirnates of Pu if Pu is low. lltis_is 
be-cause in an obscrved set of data, n ¡; m ay be uncharacteristicallr high or -Jow if p ¡; is 
closc to zcro and the samplc is smalt. 

The more states that a process is dividcd into. the lcss accuratc will be thc csti­
matcs for P¡¡· For cxarnplc if a ~aily rainfall modcl is bcin¡; c:onsidcn:d. onc mi¡;htlikc 
to have 10 states to adequately represent the possible amounts of rólinfall. Howevcr. 10 
states require the estimation of 90 transition probabilities. This in tum rcquircs a largc 
amount of data. 

Once f is known, all that is required to determine the probabilistic behavior of thc 
Markov chain is the initial state of the chain. In the following the notation P\"l means 
thc probability that the chain is in state j at step or time n. 1l1e IX.m vector E.(n) has 
elements p(t'· Thus 

Under this detinition, e_< 0 l, is the initial probability vector. e.< 1 lis then given by 

e<" ="-<•l ~ 

andE_ (l l is 8ivcn by 

e<'l = P(l) !'. = e<•l !'.' 
r 

where ~~~ ls the n1h power off. In general 

Furthennore it can be shown that 

E.(n+m) = E.(m) ~~~ 

(15.46) 

(15.47) 

(15.48) 

(15.4Q) 

() 5.50) 

For a proof of these rclationships, refercnce should be madc to any number of books on 
probability or stochastic processes (see for instance Bailey 1964; Feller 1957; Brieman 
1969). 

As the Markov chain advances m lime, p~"lbecomes le-ss and less dependcnt on 
2.< 0 l. That is to say the probability of bcing in statc j aftcr a largc number ofsteps b~ 
comes independcnt of the initiaJ state of the chain. A point is reached ·whcrt' r_<nl = 
,e<n• m) for a sufficicnUy _largc n. From cquation 15:49 wc then gef for u suflidéniiY 
large n that f" ~ _En+m. When this occun the chain is said to havc reachcd ;¡ stt.·udy statc. 
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Under steady state conditions .e,<n) ~ .e<n+m) and can thus be denotcd simply as 1!· The 
lxm vector p can be thought of as giving tite probabilities of being in thc various states 
after a largeñumber of steps. 

Under stcady state conditions 

( 15.511 

Tite solution of cqualion 1 S .S 1 thus providcs p. 
~~~ is c.:allcd thc n stcr transiiional prob3bility matrix. That is ~n = lpf

1
jlJ has clc:­

rnt:'nts which givc thl' probability of going from state i to statc j in n stt:'ps. Sincc for 
largc n, r\")is indcrcndcnt of thc initial statc, we must have- p<1jl= p~"~ Thus f." is made 
up of m lxm vcctors all equal to .e_. That is for large n 

p• (15.5~) 

Onc can thercforc calculatc thc stcady state probabilitics simrly by computin~ f" 
for a largc enough n. In practicc onc would compute P n and P 211 • lf thc 'two diffcrcd by 
an acc.:ertably small amount, r would be takcn as on; ofthc -;ows ofP 1 ". Bailcy (19M) 
givcs a proccdurc for cakulatiñl! ,e" bascd on characteristic roots. On-; digital compt_;:cr. 
r ft can be easily cvaluatcd by multiplication. This method for finding p m ay rcquirl" n 
lo be vcry larg.c. The stcady statc prob01bilitil·s p can also be dctcnnincd dircctly from 
CC]Uóllion 1 5.S l. Ex;¡mpll· 1 S.:! illustratcs this arProach. 

Examplc 15.1. Considl·r a :!-statl', first ordl·r Markov chain for a scqtH.•nce of wet and 
dry days. Lct statc 1 be a dry day 01nt.l statc:! be ói·Wl'l day. Assumc thc transitional 
probability matrix•to be 

.1] 

.S 

Thus tlll' prohability of a dry day following a wet day is l!ivcn by p 11 as O.S .. F.valuatc 
(a) proh(day 1 wct !doy O dry) (b) prob(day ~ wct lday O dry) (e) proh(day 100 wl'll 
day O dry). 

Solution: 

(a) 

(bl 

(C) 

prob(doy 1 wctldayOdry)=p,=pl,'l=O.I 
prob(day ~ wct lday o dry) = r<;l 

E(l) = r<•l ~ = (.9 .1) a :D =(.86 .14) 

thu!ii p1
2
1 ) = 0.14 

proh(doy IOOwctlday 1 dry)=p<•••l . 1 

. ' 
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E' lOO) =e.' 1) ~99 

llowcvcr. thc ract that day 1 was dry would not si¡mincantly affcct thc probability of 
min on llay 100. Tlu.:rdorc it can he <~ssumcd that n is large and base thc solution on the 
stcady stah.· probabilitics containcd in f" for largc n. 

[

86 
r'=r.r.= 

.70 

= 
[

.8376 
r .. = r, ~1 

.8120 

[

.8334 
r.• = r.4 f• = 

.8320 

[ .8333 
r_u = f' f' = 

.8333 

. 14' J 

.JO 

.1624-J 

.1880 

.1666] 

.1672 

.1667] 

.1667 

p 16 is assumed to be the steady state n-step transition~ prob~bility matrix sin ce the 
- . . h •d t• 1 Th (lOO)- (n)­p<n) are not changmg much and smce te two rows S:.TC 1 en 1ca • us P 2 - P 1 -

0.
1
{667. TI1e probability of rain on any day in the distant future is 0.1667. For this to be 

true an analysis of rainfall records should show that 16.67 precent of the days are wet. 
This serves as a check on f. 

C'ommenl: Another check on the steady state probabilities is to sce if equation 15.48 is 

valid. 

E~ =!.8333 .1667) [:~ :!] =!.8333 .1667) 

1l1is dcmonstrates that J.!= (.8333 .1667) is the stcady statc probability matrix. Sec cx­
amplc 15.2 for furthcr commcnt on this. 

Example 1 5.2. Considcr a Markov chain modcl for thc amount of water in storage in a 
n'scrvoir. Ut state 1 reprcsent the ncarly full condition. statc 2 an intermcdiatc condt­
tion and statc 3 the ncarly cmpty condition. Assumc that thc transition probability ma­

trix is given by 

. [4 
f = -~ 

. 6 

.6 

.7 
-~] 
.3 

Note that it is not possiblc to pe~ss dircL·tly from state 1 to state 3 or from state 3 to 
statc 1 withoul poinp through staiL' 2. Ovcr thc Ion~ nm. what fraction of tlu; time is thc 
n·:-.nvoir IL'vl'l- in c-ach of thc stall•s'? 

'1 
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Sol~tion: Th~ -fractioñ of time spent i.n eacti statC is given by F.· Equation 15.51 can be 
used to determine e_. Examination of equation 15.51 shows that if .E. is a solution sois 
.\~. Therefore a solution to 15.51 is unique only up toa scalar multiplication. However. 
since.e_ is a probability vector, the su m of its elcmcnts m·ust be one. Therefore our solu­
tion technique is to fi~d an arbitrary solution to 15.51 and then scale it so that E p 1 = l . 

C
4 

(p, p, p,) ~ 
.6 
.6 
.7 

o +.2p,+.Jp,=p, 

-~] =(p,p,p,) 
.. 3 

If we Jet p 1 = 1, thc first of these equations givcs p 2 = 3. With p 2 = 3. lhc last of 
the equations givc p 3 = 6/7. Thercfore onc solution of E. ~=E. is E.= ( 1 3 6/7). Sin ce 
1: p 1 must equal one. e_ can be scalcd so that P. = (.2059 .61 76 .1765 ). This solution can 
be substituted into equation 15.51 to verify that it is in fact a solution. Anothcrcheck 
WOUid be to l'Ompute r n for Jargc n and show that f_ n = (.e_ E_ E_ )1 • Thus over thc long 
nm thc reservo ir is ncarly full ~0.59% of the time, ncarly empty 17.65% of thc time 
and in thc iniL'mlediate statc 61.76% of the time. 

C'ommcnt: ll1is problem illustrates the direct solution via cquation 15.51 for p. Thc 
f" approach for dl·tcmlining f can howcver, be uscd. For this examplc fa and f 16 can 
be found to be (4 significant figures): 

[

.2060 
r• = .2o59 

.2057 

.6176 

.6176 

.6177 

.1763] [.2059 

.1765 and f 16 = .2059 

.1766 .2059 

.6176 

.6176 

.6176 

.1765] 

.1765 
.. 1765 

Tinas fa and r 16 are nearly idcntical and f 16 has the samc columns which are in fact 
equal toe_. This can he secn from 

r-.. 40' ~~~=(.2059 .6176 .1765) 1 ' :~ -~] = !.2059 .6177 .1765) = r· 
. 7 .3 

Tinas p sali!=ifics cqu~tion 15.51 . 
------------------

Data l!l'ner;;¡tion from a Markov L·hain requircs only a knowlcd~ of thc initial st;;¡tt· 
and the transi.tional prohability matrix f. To detcnnil_ll' thc state at time :!. a random 
numhc.r is SC'kctcd bctwccn 7.L'TO and onc. lf this r.mdom numbt.•r is hclwt.·cn r~~ 1

1 P;1 

and f. j.,.1 Pu for n = l. :! ..... m. thc ncxt st<IIL' is takcn as !Ola te n. Ex;:mll'k 15.J illm.· 
tr<~h·s this pro~.-·L·durL'. 

' .. ' 
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Examplc 15.3. Assumc lhat thc rescrvoir of cxample 15.2 is ncarly full at t- O. Gener­
a h.· a Sl'qucm.:c of 10 possiblc rcscrvoir lcvels corrcsponding to t =l. 2 •...• 10. 

Solution: Thc matrix f can be written in the fonn of a cumulative transition probabil­
ity matrix r_• wlu:rc 

r. • = 1 P~~~; 1 and p,•._ = I: ~ .. 1 Pu 

for. this l'Xample 

[r J. O 
1.0] r.· = .8 J. O 

.7 J. O 

Time S tate .. Random S tate Reservoir level at t 

l al t No. at t+l 

o 1 .48 2 nearly full 

1 2 .52 2 intermcdiate 

2 2 .74 2 intermedia te 

3 2 .15 intermedia te 

4 .27 ncarly full 

S 1 .03 1 ncariy full 

b 1 . 49 2 ncariy full 

7 2 .02 1 intermedia te 

8 1 .97 2 ncarly full 

9 2 . 96 3 intermedia te 

JO 3 ncarly cmpty 

Markov chains have bcen used in hydrology for modelirig rainfall (Gabriel and 
Ncumann 1962; Pattison 1964; Baglcy 1964; Grace and Eaglcson 1966; Hudlow 1967). 
Uoyd ( 1967) prcscnts a discus.c;ion of thc application of Markov chains to rescrvoir 
thcory. 

Some of the difficulties in using Markov chains in hydrology are: 

( 1) Dctennining the numbcr of statcs lo use. 
(2) Dl'lcnnining thc intcrvals of thc variable undcr study to associate with cach 

state. 
{3) Assigninp; a numbcr to thc ma{!nitude of an cvcnt once thc statc is determined 

(i.c., how much rainfall should be assigncd givcn that chain moved IQ state 3 
antl that statc 3 cm:ompasscs 01!1 rainfJJis bctwl·en 1 and 2 inchcs). 

(4) Estimatin{! thc large numbcr of raramctcrs involvetJ in even a modera te sizc 
Markov chain modcl. A chain with S states has 20 paramt'tcrs ro eslimatc. lf 
scao;;onality is cncour:ta~..: • .mJ 4 scasons are nccdcd. 80 paramctcrs are re· 

c¡uircd. 
(51 flandlini! situations wln·rc !lome transitions are (h:pcndcnt on scvf'ral prcvious 

tin1l' p~o.·riods whilt: othcr... are th.·pt,:m.lcnt on only onc prior lime pcriod.lludlow 
(19(,7) foumJ thc dry.<Jry trano;ition for hourty rainf01ll showed a sixth arder 
Monkov c.ll•pcnd~·nL'l' whik a rir•,:t on.kr d~·pl·mknl"t' w;~s ;ukquatc for thc- othcr 

S."tQCHASTK..t.!c:eO'-"D"'E"'LS=<--------------------=3~09 

transitions. 

Woolhiser, Rovcy and Todorovic (1973) discuss an n-day rainfall modcl in which 
the trnnsition from wet to dry days is bascd on a 2 statc Markov chain and the amount 
of rain on rainy days is cxponentially distributcd. Haan c't al. (1976) describe a 7 statc 
Markov chain modcl of daily rainfall in which thc amount of rain in each statc is as· 
sumed uniformly distributed cxccpt for thc last statc in which a shifted exponen tia! dis· 
tribution is uscd. 

C'arcy 01nd Haan (1976) prcsenl a modined Markov chain daily rainfall simulation 
modcl in which thc transitional probabilities are replaccd by a continuous probability 
distribution. That is, givcn that the system is in state i on day n in season k. then the 
probability distribution of the amount of rain on day n+l is given by 

prob(Xn+ 1 ~ x !Xn in i, scason k)= p~1 + (1 • p~1 ) Px(X ji,k) ( 1 5.53) 

whcrc X" is thc amount of rain on day n. p~1 is the probability of no rain on day n+l 
givcn Xn was in statc i and scason k and Px (x ¡i,k) is thc cumulative probability distri­
bution of rainfall on day n+l givcn that rain occurs on day n+l and that X" was in st:.~tc 
i and scason ~- Hencc, to each statc in cach scason thcrc is a corresponding distribution 
function of thc fonn of equation 15.53. TI1c paramcters p~1 are cstim.ated as f~ 1 /f~ 
whcre f~1 is thc historical fn:'qucncy of transition from statc i to statc 1 (no rain) in sea­
son k and f~ is thc total numbcr of occurrenccs in statc i and scason ~- Thc paramctcrs 
of cach distrihution Px (X 1 i.k) are dctcrmincd from historical d01ta using thc sct of obscr­
vations(Xn+11Xn+l >O.Xn ini.scasonk) . 

Synthctic traces of daily rainfall are gcncrated from cquation 15.53 in thc follow-
ing manner: 

(1) Dt'tcrmine thc statc i and season k ofXn . 
(~) Gcnl·ratc a unifonn random numbcr, Ru, from thc. intcrval (0.1 ). 
(3) lf Ru ~ p~1 thcn Xn•l =O. 
(4) lf Ru > p~1 . gencratc.a random obscrvóltion, x, from Px (x ¡i,k) and sct Xn•l = 

X. 

(5) RcpL·at stL'PS 1-4 advam:ing in timr and changing scasons as rcquircd. 

For Kl·ntucky rainfall, C'ar~y and Haan (1976) uscd 3 statcs and 12 scasons. Gam· 
111::1 llistributions wcrc uscd for Px (x p.k). Furthenn"ore, for a givcn scason. the samc 
g'Jmma distribution could hl' uscd for all 3 states. Thus for cach scason 5 paramctr:rs -
~ paramctL'r.i of thc ~;amma distribution <.~nd 3 valucs for p~1 - had to be cstimatcd ora 
tot<1l of 60 paramc-tcrs. This compares with 505 paramctcrs whcn thl' Markov chain ap­
proach of Haan et al. ( 1976) was u~cd (A 7x7 transition probability matrix for cach of 
1 ~ sc<~sons plus <~n exponen tia! paramcter. 12( 7x6) + 1 = SOS). Whcn simulatt'd rainfall 
for thcsc two modcl!ii was l'Ompan•d to historical rainf011l al 7 Kcntucky locations. thc 
C'arcy·Haan modrl prowd supt•rior. 

OTIIFR ST<XIIASTIC MODELS 
Tlll' numhcr and kind of !iilod1astic modcls that rnig:IH be ;~pplicabll" in hydrolo¡::y 
arl' Ol'<lrly unlimitl·d. Thl' purposc.· of thio;; SC'l'lion is to providc somL' l'Oilllllt:'nls and 
rdl'rL'lll"l'S rl'lative to somc othL·r stochaslic n;odds that havt• bL'L'Il S~J!~l'<;ll'd for use.· 

in h)'tlroiÓI!Y· This di!iil'uSsion is hy no mcans l'Xhauo;;tiv~· in that 111<111)' pott.·1ltially '"dul 

•· 
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modcls are not covcrcd. 
Ycvjevich (1972) has suggested that hydrologic time series can be modeled by a 

tlctcnninistic componcnt and a stationary stochastic process. The detcnninistic com· 
ponent is composed of trends, jumps and pcriodicities. The stochastic component con-­
sists of an autocorrelativc type dependencc and an indcpendent stochastic component. 
Undcr certain conditions this model reduces to a Markov model. This typc of analysis 
has bcen applied to rnany kinds of hydrologic time series including water-use time series 
and ¡!round water tablc leve! timo series (Salas-LaC'ruz and-Ycvjevich 1972; Law 1974). 

As has bccn mentioncd many times, thc selection of a model depends on the pro~ 
crtiL·s of thc process bcing modelcd that must be prCserved. Thc fi~t-order Markov or 
autorcg.rcssive model has been criticized for its inability to maintain a propcrty known 
as the 7'Hu~t phenomenon" (Rodrigue7.·1turbe ct al. 1971, 1972; Mandelbrot and Wallis 
1968. 1969; Wallis and Matalas 1970). The following discussion of the Hurst phcnome­
non is adopted from Rodriguez·lturbe et al. (1972). 

Let X 1 • X 1 , XJ, ... be a stochastic series. Define S" to be . . . 
n = 1, 2, 3,. .. 

Lct .Sk be the cumulative deviation from the mean, Sn /n, aftcr.k_time intervals. 

(15.54) 

Now Jet M! be the maximum value of S~ for i"" 1 ton. 

M:= max[O,STI for i = 1, 2, ...• n 

Similarly Jet m: be the minimum value of Sf for i = 1 ton. 

m:= ~in(O,STI for i = 1, 2, .... n 

Finally define the difference in M: and m: as R: 

R: is called the adjusted range. R: is thc capacity that a reservoir with annual i~flows 
X1 wo~Jd have to have in.order to·provide a constant annual outflow equal to X. The 
reservoir maintains the ¡mallest aeceptable reserve when m: occurs and is of sufficient 
capacity to storc the water when M! occurs. This is ofcoursr an idealization;however, 
thc statistical behavior of R! is of intcrcst. 

Hurst ( 195), 1956) recognized the dcpendence bctween the range and storagc re­
quirements óf rcscrvoirs. From an extensive _analysis of ,J!O long-term gcophysical rec­
ords. he found that 

R =R•fs =KH 
n n ~ n 

( 1 5.55) 

wherc H was typically around 0.72, K is constant, n the record length. sn is the esti­
mated standard deviation of X 1 baSt"d Ón n years of record. and Rn is thc rcscaled rangc. 

Thc coefficient H in equation 1 S.5S is known ·as the Hurst eocfncicnt. For a long 
nom1al indcpendent series .. H is 0.5. Mandclbmt and Van Ncss ( 1968) hav ... • show'! that 

' 1 
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the theorctical asymptotic proportionality of R" to n°·5 holds for any finite mcmory 
proc~ss but that n H (H f 0.5) m ay be exhibited asan initial transient state. This transicnt 
bchavior poses the question of whether Hursfs observations were of a transicnt or Jong­
term naturc. Computcr expcrimcnts (Wallis and Matalas 1970) tend to discrcdit the 
transient hypothesis; howcver, thc qucstion rcmains utlans.,¿.ered. 

1 
At this time the n" bchavior of natural geophysical records is an unrcsolvl'd qucs-­

tion. The fact that the firsl order Markov moJel cannot produce long term nH bchavior 
for H>0.5 and that mullilag modcls require many lags to maintain H>0.5 for a transicnt 
period has Jed to the developmcnt of other modcls for generating time series of h.ydro­
Jogic data. For cxamplc Mejia et al. ( 1972) have advanced a simulation m ocle! based on a 
brokcn linc proccss. A sccond simulation method that is prescntly being advanccd is 
bascd on Fractional Gaussian Noise (see refcrences by Mandclbrot and by Wallis). Be­
cause of thc tentative nature of these approaches, they will not be discussed here. lt is 
expccted that in the next few yea~. thcse modcls and others will be thoroughly tested 
in hydrologic applications. · . 

Exercises 

15.1 Develop a stoehastic model for·generating a scquence of numbers that could repre-· 
scnt the ycars between eruptions of the Volean o Aso (se-e excrcise 14.3). Use the modcl 
to genera te a series of 100 rossible tim.es (years) between eruptions. Compare the cor­
n-logram and srectral dcnsity functions for the generated and obServcd scqucnccs. 

15.2 Assumc that the time (days) bl'twcen rains follows a Poisson distribtltion with a 
mean of:! days. Furthcr assumc that tht• amount of rain (inchcs) on rainy days follows a 
gamma distribution with a mean of 1 inch and a variancc of 0.50 inchcs. Simulatc 1 ycar 
of rainfall using this model. 

15.3 Use the first arder Markov model to gcncrate 100 yca~ ofannual nn10ff(inchcs) 
for Cave Crcck ncar Fort Sprini!. Kcntucky. (Basic data in Appcndix C) 

15.4 Genera te a r.mdom samplc of si1.c 100 from a gamma distribution with n = 3.5 and 
A= 2.5. Plot thc obscrvcd and expectt·d rclativc frcqucncies. · 

15.5 The following data are pn.-scntL·d by Burgcs anci Johnson (1973) for thc Sauk 
Rivcr in Washington. B;~scd on this data and the first arder. seasonal. Jognom1al Markov 
model. !!Cncrate 50 ycars of strcamnow data. Compute and plot thc corrclogram and 
spcctral dcnsity function for tht• gcncrated data. 

Month x, S •.J Yx,j Month X¡ S •.i "hJ 

Oct. 5.02 2.31 0.61 Junc 1 ~.76 3.32 0.17 
Nov. 6.50 3.38 0.58 July 9.05 3.::!6 0.65 
Dcc. 7.33 3.:!3 0.50 \:·;:. 4.44 1.47 0.9J 
Jan. ti.42 ~.95 0.31 Sept. 3.::!9 1.:!:! 0.51 
Fcb. 5.35 :!.6:! 0.38 
M~1r. S.O:! 1.66 0..17 
Apr. 6.4:! 1.80 0.44 
Moy . 10.70 ~.8CJ 0 .. 14 
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15.6 Gcnc1"3h.' 100 ycars of monthly stn:amflow dala for Cave Crcck ncar Fort Sprin~to 
Kl·ntlu.:kp u!>ing thc sc~sonal first onJcr normal Markov model. Comran; thc corrclo­
gram and spcctral dcnsity function of the simulatcd and observed data. (Basic data are 
in Appcndix C.) 

15.7 Writc out and cxplain how a model such as described bycquations 15.20and 15.21 
c~n be uscd as a highcr arder, multiscason· Markov modcl. Apply the model to Cave 
Crcl·k near fort Spring, Kentucky, (Appcndix C1. using a sccond order, monthly Markov 
modcl. 

15.8 Use thc first order, nonnal Markov modcl to generate 100 ycars ofannual runoiT 
ror the Spr~y Rivcr ncar Banff. Canalla. Compare thc corrclogram and spectral density 
runctions ror thc obscrved and simulated data. 

15.9 Use cquation 15.29 to show the individual gcnerating equations for a 2-site modcl 
in tenns of p 1 , 2 (0), p 1 (1 ), p 2 (1 ). x l+ 1 • and x1. 

15.1 O What is PJ.h ( 1) for the model given by cquation 1 5.25? 

15.11 For the modcl given-by cquation 15.30. show for a 2-sitc model using Young's 
solution thc two gencrating equations in tenns of p 1•2 (0), p 1 (1), P2_(1), x 1 and x 1+ 1 • 

C'onsider p 1, 2 ( 1) as not importan t. 

15.12 Genera te 1 ycar of rainfall letting thc Sl'QUcncc of wct and dry days be dcfincd 
by thc Markov chain of cx~mplc 15.1 and tht' amount of rainfall on a rain y day by a 
gamma distribution with a mean of 1 anda variance of0.50 inchcs. 

15.13 Genera te a succcssion of 200 water lcvd states for thc situation di!Scribcd in ex· 
amplcs 15.2 and 15.3. What fraction of the time was the rcscrvoir leve! in each of the 
thrcc statcs'? How docs this compare to thc predicted rcsults of cxamplc 1 5.2? 

'! 
! 
1 

:1 
: l 
1 

i 

.1 

1 

:1 

'. 

<1 

Appendices 

APPENDIX A 

Proof that s 2 is Unbiascd Estimator for o2 

l:!X,-ul' =l:(X 1 -X+X-ul' = l:l<X,-Xl' +2!X 1 -XJ(X-ul+<X-ul'l 

' 
=r(X 1 -Xl' +2(X·ull:!X,-Xl+<X-ul'n 

l:(X 1 -uJ'=l:(X 1 -Xl' +n(X-ul' 

=(n-l)s' +n(X-ul' 

sincc l:(X 1 - X)= O 

s' = n-\ l:(X1 - ul'- ¡¡!'¡- CX- u l' 

E(s'l =¡;:\- l:E(X 1 -ul' -.; E(X·ul' 

1 n -
=n-r l:Var(X 1)- n-i VarX 

=....!!.. a2 __ l_a' 
n-1 n-1 

E(s 2 )=a' 

Thcrc:fore s 1 is an unhia~d cstimator for o 1 
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APPENDIX B 

TABLE OF COMMON DISTRIBUTIQNS ANO THEIR P~OPERTIES 

distribution density function mean variance coef. skew mgf text PI 

hypergcometric <!><~_-:)/(~) nk/N nk(N·k)(N·n)/N' (N·I) (N·2k)!N-2n)(N·I l" 68 
(N-2)[ nk(N·k)(N-n)J" 

binomial <:> p• qn·x -rip npq (q·p) 1 1 npq . ·(pe' + q)• 70 

geomctric pq•·l 1/p q/p' (q·p) 1 {q pe'/( 1-qe') 73 

ncgativc <k::) pkq•·lt k/p kqfp' pe"j!l-qc'l' 15 
r binomial 

Poisson A' e·'fi >. A 1//I A (e '·1) 76 e . 

unifonn 1/($ • al (6 + a)/2 (6 • a)'/12 o 97 

exponential >.e·" • 1/1. I/ >.' 2 (1. t/>.)• 1 98 

normal 
e·lolo(•·~<~)l¡al 

a' o -~t+ali2J_2 84 (2rro') • ~ 

lognolljlal expl·•(lnx-~,l'/o~ 1 
~ '1 HJ.; /2 \Jl(ea'll·l) 3cv +e: 106 (2nx 2 a;>\olo ' 

e,.= (e0 r~- t)lolo > .... .... 
A"x'~·•c·"•fr(r¡) ~/171 ·O·t/>.)·• 101 

--,~ 
gamma n/>. n 1 >.' o x 

continued "' 
.. ···- ·- . --~-- ----·---··· ·······-· ----~ .. ... ., ~-- - . ····- .. -~-~-- .• .... ···---- "·-· - - ----~------. .....:.:::.::.: 

variancc coer. skew mgf tcxt pp > distribution ~odensity function mean ... ... -m 
exp(·y • c·r ) S + O.S77a 1.645 a' 1.1396 e~'r(l-t/a) 112 ·z ex treme value o 

typc 1 (max) y~ (x • S )/a x 
. ., 

extreme value exp(y ·e') S· 0.577a 1.645 a' ·1.1396 .~•ro + t/al 112 
type 1 (min) y~ (x · S)/a 

extreme value a expi·HX·< )/(S·<) 1" 1 <+<S·< Jr(l+l/al (6 ·<>' !r(1+2/al · r'(l+l/a)l cq. 6.60 114 
type 111 (min) (X·( )••l (6·<)" 

x·<•·"/1) e·•/'1 
2v 2/fV{2 ( 1-21)·•/l 120 chi-square V 

2"'' r<v/2) 

l:[(v + 1)/21!1 + t'/v)·<••l)fl o v/(v-2) 
ITIV r(v/2) 

o non e 1~0 

F eq. 6.90 y,/(y, . 2) Y~(Y¡•ll none 12~ 
(y,(y,. 2)(y, -4)) 

x•·'(l·x)•·•tB(a, Bl a/(a+B) aS 2(~·a)(a+B+Il" 118 bda 
((a+S+I)(a+Sl' 1 (a6)"(a+S+2) 
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Monthly Runoff1 Cave Crcek near Fort Spring. Kcntucky 

Water 
Ycar Oct Nov De e Jan Fcb Mar Apr May Jun Jul Aug Scp Total 

1953 2 S 19 240 86 416 147 354 31 18 7 1 1326 
1954 o 2 4 54 22 40 139 35 8 7 6 14 331 ; l 1955 2 4 30 73 463 579 59 197 SS 24 28 3 1517 
1956 4 6 13 59 637 469 192 28 32 64 38 8 1550 
1957 7 10 172 308 325 103 392 68 24 6 S 2 14~~ 

1958 3 106 432 200 221 117 235 236 19 369 170 12 ::!120 

ll 1959 6 9 17 270 195 112 102 24 24 S 4 2 770 

' 1960 3 36 269 219 313 291 68 19 364 138 14 30 1764 
APPENDIX e ' 1961 12 52 79 204 295 532 476 414 159 48 18 4 2291 ' ! 1962 2 6 76 346 401 508 330 79 96 30 8 7 1889 

DATA 1963 39 141 124 ISO 146 548 52 25 14 29 11 3 1282 
Table Page 1964 ~ 4 3 87 173 788 45 21 11 8 2 16 1158 

1965 15 7 347 276 230 449 146 31 8 5 1 2 1517 
Monthly Runoff Cave Creek near Fort Spring, Kentucky 317 1966 4 2 2 48 281 79 202 332 25 14 41 11 1040 
Peak Discharge C'umberiand River at Cumbcrland Falls, Kentucky 317 1967 7 119 357 97 161 466 so 476 33 14 15 7 1802 
Total Prccipitation for Week of March 1 - March 7, Ashland, Kentucky 320 1968 9 38 271 135 98 425 238 199 91 29 75 16 1625 
Greco River at Munfordvillc, Kentucky, 33085 321 1969 14 22 112 278 216 73 237 74 40 27 66 17 1177 
Stn:3mflow, Walnut Gulch near Tombstone, Atizona- 322 1970 7 25 91 130 389 291 568 206 38 14 6 27 1792 
Monthly Rainfall Cinches), Walnut Gulch near Tombstone, Arizona 323 
Annual Dischar~c for Piscataquis River, Dover·Foxcrort, Maine 324 l. The entrj_cs should be dividcd by 100 to gct monthly Oow in in ches. :! = .02 ir~ches, 
Annual Dischargc for North Llano River, Junction, Texas 324 240 = 2.40 .inches, etc. Data from U.S.G.S. Water Supply Papers. 
Annual Discharge for Spray River, Banff, Canada 325 
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Peak Discharge",Cumberland River al Cumberland Falls, Kent~~J(y - (continu~d) . Peak Discharge OJmberland River at Cumberland Falls. Kentucky- (continued) . . •• • ~· ... ~ .,. '-~ • . .... .. • w ~ .<-•-

Water Year Date Gage Height (rt) Discharge (cfs) Water Year Date Gagc Height 1ft) Disd1argc (cfs) 

1933 Dec. 29 8.80 23,600 1950 Jan" 6 9.47" 25.800 
1934 Fcb. 26 8.64 22,600 Feb" 2 13"50 SOJOO 

Mar. 3 10.90 34.200 Feb. 10 8A3 20.700 
MaL 9 854 22,100 .l 1951 Feb" 1 1 2"96 46.500 
Mar" 20 8"27 20.800 Feb" 21 955 26.200 
Mar. 25 9"66 27,600 1952 Dec. 9 938 ~5.300 

"1935 Mar. 13 10"70 33,100 Dec. 15 9.43 25.600 
Mar. 21 8"80 23,300 Dec" 21 9.10 23.900 
MaL 28 11.20 35,800 

1 

Jan" 23 9.07 ~3.800 
Apr" 2 8.20 20,400 Mar" 12 8.43 20,700 
Apr" 7 8.57 22,200 

:1 
Mar" 22 1 1.48 37,000 

1936 MaL 27 9"93 29,000 1953 Jan. 10 8.31 20,200 
Apr. 6 10.26 31,000 

" 
Feb" 22 826 20.000. 

1937 Jan. 2 11.27 36,300 

1 

May 20 8.43 20,700 
Jan" 17 10.68 33,000 1954 Jan. 23 9.30 24,900 
Jan. 25 10.82 33,700 ' 1955 Dec" 31 9.00 ~3.400 ~ 1 Feb" 10 9"20 25,300 

1 
Mar. 19 11.96 40.000 

June 11 8.35 21,200 Mar" 22 12"2 1 41.600 
1938 Jan" 25 8.30 20,900 

., 
1956 Feb.4 9.35 <!S .200 ¡j 

1939 Feb" 3 14.15 52,300 ¡¡ Feb" 18 11.16 3'5,100 
Feb. 12 8"63 22,500 Mar" 15 9.02 ~3500 
Feb" 15 8"85 23,600 ~ 1 Apr. 17 8.82 22.600 
Feb. 28 8"20 20,400 f 1957 Dec" 1 S 9" 11 24.000 

1940 Apr. 21 8.37 21,400 Jan" 29 14.55 57.400 
1941 luly 6 9.60 27.300 1958 Nov. 19 10.92 33"700 
1942 Mar. 18 851 21,700 Dec.9 8"66 21.800 
1943 Dec. 30 12.58 44,100 ApL 25 8"83 22.600 

Mar. 14 8"98 23,400 Apr" 30 8"88 22.800 
Mar. 20 9"53 "25,900 May 7 10.04 28.700 
Apr. 20 9.10 23,900 1959 Jan" 23 9"50 25,900 

1944 Fcb" 18 ro.n 32,500 1960 Dec" 20 8"67 21,800 
Fcb. 29 10.77 33,000 June 25 8.31 20.200 

" Mar" 20 9.13 24,000 1961 Feb" 28 9.30 - 25.000 
Apr. 12 u o 22,500 Mar. 9 8.47 21 ,lOO 

1945 Jan. 1 8.82 22,500 J962 Jan" 28 9.25 ~4"700 
Feb. 18 8"70 22,000 Feb" 28 1 2"47 43.300 

1946 Jan" 8 14.10 54,200 Apr. 7 9"13 24.100 
1947 Jan. 2 9"78 27,500 Apr. 13 9.54 26.100 

Jan. 21 9"35 . 25,400 "J963 Mar. 7 9.26 24,800 
1948 Feb. 14 "12.67 44,800 Mar. 12 ~ .. "'R .38.800 
1949 Nov. 30 "8.48 21,000 Mar. 17 1 L58 37.600 

. Jan. 6 10.07 28,900 " "1964 Feb. 17 7"77 18.~00 
Jan" 23 8.38 20,500 1965 Jan" 12 9"12 24.100 
Mar. 19 8"70 22,000 ·"Mar" 27 10.42 jo.8oo 
Apr. 28 8.66 21.800 Mar. 29 )LII . ""3úo"o. 
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l'cak Dischargc _Cumberland Rivcr at Cumbcrland Falls, Kentucky -:- (continue<l) 

Water Ycar 

1966 
1967 

1%8 
1969 

1970 

Date 

May 2 
Dcc. 29 
Jan. 28 
Mar. 7 
July 8 
Dcc. :!3 
Mar. 13 
Fcb.3 
Dec. 30 
Fcb. 16 
Apr. 3 
Apr. 30 

Gag< Height (ft) 

8.54 
8.37 
8.36 

11.58 
8.32 
8.31 
9.79 
7.89 
1~.44 

8.80 
8.55 
9.48 

· lhta from McCabc and U.S.G.S. Water Supply Pape~ 

Oischarge (cfs) 

21;400 
20,800 
20,700 
37,600 
20,500 
20.400 
27,400 
18,700 
43,100 
:!2,600 
21.500 
25,800 

Total Prccipitation for W_cek of March 1 - March 7, Ashland, Kentucky 

Mean Wcckly Pn:cipitation 1.03 inchcs 
P<riod of Record 1932 - 1968 
Cnt:fficicnl of Variation = 0.79 
Skewncss = 0.59 

0.56 0.17 1.35 0.38 
0.48 0.22 1.05 1.87 
1.34 0.52 0.21 0.98 
1.93 2.99 0.26 0.14 

1.26 0.62 0.11 1.47 
1.18 1.98 1.94 2.54 

1.05 0.38 0.04 0.58 
0.26 1.78 0.56 2.32 
1.89 0.97 0.47 2.20 
0.05 

U;~ta from comrutc~ _t.aJlCs hclon~ing to Kcntucky. Division of Water, Dcpartment of. 
N~llur-~1 Rt..•\ourct..•s amf Environmt..•ntal Prolcdion. Fr:tnkfort. Kcntucky. 

~ 
i 

1 

1 
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Year 

1952 
1953 
1954 
1955 
1956 
1957 
1958 
1959 
1960 
1961 
1962 
1963 
1964 
1965 
1966 
1967 
1968 
1969 
1970 
1971 
1972 

Grcen River at Munfordville, Kentucky, 33085 

Sus. Sed. load 
Tons 

1,070,886 
357,517 
295,187 
744,412 
736,131 
539,645 
771,530 
303,815 
378,891 
429,815 
940,227 
348,653 
426,989 
499,532 
272.618 
807,457 
496,158 
112,737 
411.824 
473,785 
494,030 

Data from U.S.G.S. Water Supply Papers. 

321 

Ann. Disch. 
cfs-days 

1,431.201 
639,808 
384,267 
975,470 

1,055,609 
949.493 

1,285,048 
630,787 
856,188 
948,601 

1,243,398 
681,589 
633,862 
996,693 
566,710 

1,483,088 
1,049,411 

492,737 
856,469 

1.146,517 
1,120,905 
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> 
Monthly Rainfall (inches), Walnut Gulch near Tombstone, Arizona 1~ 

z 
Raingage 63.001 Monthly Total Rainfall (55·72) 1~ 

Yr. Jan. Feb. Mar. Apr. M ay June luly Aug. Sept. Oct. Nov . Dec. Annual 

SS .62 .20 .11 . 00 .10 .so 7.57 4.08 .17 .18 .00 .12 13.65 
56 .61 .lO .00 .00 .00 .38 2.08 1.31 .00 .os .05 .06 4.64 
57 .87 .04 .97 .00 .04 .66 2.75 1.75 .00 .83 .00 .21 8.12 
58 .00 .84 1.33 .62 .18 1.06 2.22 3.74 2.33 1.11 .29 .00 13.72 
59 .. 00 .42 .00 .08 .00 .S 1 4.74 3.83 .41 1.80 .64 .96 13.39 -
60 1.01 .57 .22 .00 .00 .11 1.04 1.00 1.55 .69 .00 .38 6.57 
61 .44 .10 .00 .00 .00 .24 2.07 4.11 .83 1.32 .37 .54 10.02 
62 .74 .07 .00 .00 .00 .08 2.78 .09 .93 .36 .58 .91 6.54 
63 .17 .33 .01 .os .00 .. 00 2.83 3.02 .85 .62 1.19 .19 9.26 
64 .32 .01 .32 .28 .00 .00 3.03 1.56 2.47 .42 96 .09 9.46 
65 .28 .08 .18 .o o .00 .04 3.06 .77 .78 .00 .12 2.91 8.22 
66 .48 .90 .00 .3 J .00 .os 4.39 4.89 2.41 .00 .20 .14 13.77 
67 .00 .09 .02 .14 .16 .19 1.75 1.31 2.15 .37 .04 3.44 9.66 
68 .SS .69 .76 .11 .00 .00 2.13 5.64 .43 .00 .28 .35 10.94 
69 .10 .60 . 1.6 .oo .20 .00 4.26 3.78 2.49 .00 .26 .S 1 12.36· 
70 .00 .28 1.16 .04 .00 .18 1.48 4.06 .83 .16 .00 .42 8.61 
71 .os .20 .00 .45 .00 .07 1.67 3.11 2.16 1.66 .07 1.21 10.65 
72 .00 .00 .00 .00 .04 .89 1.81 ·1.30 .48 2.27 1.07 .06 7.92 
;¡ .35 .JI .29 :12 .04 .52 2.87 2.74 1.18 1.44 .34 .69 10.89 
s,, .33 .29 .44 . ¡g. .07 1.16 1.56 1.62 .92 3.21 .39 .97 
e, .94 .94 1.52 . 1.50 1.74 2.21 0.54 0.59 .78 2.24 1.15 1.40 

Data ,from Leonard lane, U.S.D.A., A.R.S., Southwest Watershed Research Center, Tucson, Arizona. 
·: ' 
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Annual Discharge for Piscataquis River, Dover·Foxcroft, Maine 

Basin Area 297 .O square miles 
Mean Annual Discharge 578.0 cfs 
Period or Reconl 1902·1956 
Coerhcient of Variation 0.216 
Skewness 0.009 

602.3 427.1 
712.3 836.4 
238.1 707.5 
614.4 563.0 
733.5 630.0 
528.4 480.3 
506.3 842.1 
503.4 549.1 
541.0 717.3 
5023 564.1 
497.1 531.2 
722.5 410.4 
776.3 655.5 
746.2 477.4 

Data from Yevdjevich (1963). 

394.2 522.5 
584.4 547.9 
639.3 644.5 
838.1 557.2 
585.5 697.1 
428.3 659.5 
591.3 470.5 
566.4 537.5 
619.0 664.1 
335.2 510.4 
645.0 531.2 
401.1 492.5 
623.1 608.1 

Annual Dischargc for North Llano R.iver, Junction, Texas 

B:.~sin Arca 914.0 square miles 
f\.kan Annual Discharge 68.3 cfs 
Pcriod of Record 1915-195 7 

· ('odficic:nt ofVariation 1.100 
Skewness 1.691 

25.4 
70.7 

10.3 
18.9 

167.1 157.0 
101.0 12.8 
243.1 73.0 
215.1 42.7 
40.5 45.7 
40.1 19.9 
89.7 34.6 

7.8 4.7 
M.~ 92.1 

Uata rrr•m Yl'f'lijt·V_i~o.·h ( (()(,J). 

83.1 138.0 
58.9 69.1 
32.2 10.3 
10.3 108.1 
14.0 271.1 

298.1 74.0 
61.0 40.9 

8.5 26.3 
21.4 11.2 
0.8 12.6 

·ó 

¡ 
1 

' 1 

1 

1 

_ _1 
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Annual Discharge for Spray Rjver, Banrr, Canada 

Basin Area 289.0 squarc miles 
Mean Annual Discharge 461.6 cfs 
Pcriod of Rcconl 1910-1955 
Cocfficicnt of Variation 0.293 
Skcwness -0.985 

581.2 515.1 
553.9 707.2 
507.8 474.1 
530.8 442.2 
593.2 631.0 
434.8 559.9 
507.8 385.9 
403.9 427.0 
447.8 329.1 
558.1 625.0 
570.1 215.1 
115.9 

Data from Yevdjevich (1963). 

578.8 617.2 
515.1 516.1 
518.8 415.0 
553.0 365.1 
437.1 521.1 
603.8 504.1 
401.1 512.8 
353.1 476.8 
401.1 512.8 
366.0 131.1 
193.9 161.1 
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APPENDIX o· 

MATRIX ALGEBRA 

DEFINITION 
A matrix is anv rectanJnl]ar array of numbers; an sxn matrix has s rows and n 
columns: Example: 

S J isa 2x3 matrix 

NOTATION 
A matrix is denoted by an un,derl.ined letter ~ or f.. The usual notation for the ele­
ments of a matrix, f, is the corresponding letter with subscripts to indicate the 
position in the matrix. There are two subscripts, the first indicating the row of 

the matrix and the second indicating the column. A matrix is uniquely defined by the 
position of the elements. Thu~.E. ::.<c0 ) where c 0 is an element of the matri_~ in r.ow i 
and column j is given by 

e 
sxn = 

e, 

e 12 ••••• Ctn 

e, e,. 

which is an sxn matrix 

e,, 

A row matrix is a matrix! such that r:a = [X 1 , x 2 , ••• , Xn) is an lxn roW matrix or vec­
tor. 

An. nxl column or column vector I_ is 

L= 
nxl 

y, 

Yn 

§ynunl'try of M<~ trices 
An nxn matrix-f =(c 0 ) is said .r:o·be' symmetric if (cu)=(cu) for aJI and j. 

Tran~po:q,• 

· tf"Cc (..:u) is :1 un ma~trix. thcn lhc matrix obtained fromf. by intcrchanging rows 
:nHI~o.·ulumns ¡,. ~o.l~o.•tin~o.•tf to he tht• transroscd matrix and·dt·notcd ass.'. Thusf' ~(~.:j,) 

·,, 
:] 

:1 
11 

j 
!' 
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is an nxs matrix. Sorne idcntitics rcgarding transposcs are: 

(AB)' = !!' !',' 

Equality of Matrices 
Two matrices A and ~ are considered to be equal if and only if alt correspondinr 

elcments are equal. Onc result of this is that equal matrices must have the same number 
of rows and the same number of columns. In other words. !f=.!! when A u= Bu for all i 
and j. 

Addition of Matrices 
To add two matrices A and !! which are of the same size, mxn. we add to thc 

corresponding elements- in the two matrices and take their sums as the correspondin! 
element in the sum matrix. Thus if ~=A + ~. then Cu e A u +Bu for all i and j. It h 

--·readily seen that in arder for matrices to be added together, they must be of.the sarm 
size and the sum matrix will also be of that size. Jt is also seen that f! + J! =!! +A_. 

This rule m ay be extended step by step so tttat M =!! +!! + .... +K implies M u = 
A¡j +Bu + ... :: K11 for all i and j with matrices M. !!. J!, ... , K aU beiñg the same size 

Matrix Subtraction 
The operation of subtraction is quite similar to addition as might be expected. Thc 

difference matrix is a matrix whose elements are the difference between the correspond 
ing elements of the two matrices. Thus ~ =!!- !!_ implies C0 =Bu- A u for aU i and j 
Again, all three matrices involved in this tt:~atrix cquation must be of the same size 

Scalar Multiplication 
To multiply a ·matrix !!_ by a scalar number A, we multiply all elements A11 by .>. 

Thus 

!:; = ~!:; implies C0 = ~A u for all i and j. 

Matrix Multiplication 
To multiply two matrices, the element in the jth row and the j"' column of produc 

matrix BA is obtained by multiplying the elements in th'e jth row of ~ by the com 
sponding elements in the jth column of !!_, then summing the products so obtained. Thu 

In arder for the product BA to exist, it is nect"ssary that the ,!! matrix have the sam 
number of columns as the h matrix has rows. Thus if J.! is mxn and!! is nxp, the prod 

. uct C = BA exists. It is also seen that in this case C will be of size mxp, that is. th· 
prod~ct matrix will have the samé- number ofrows as "the fust matrix in the product an1 
the samc number of columns as the·second. 

For thc above cxample, the product AB will exist only if m~ p. In- general th 
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product BA will not equal_Meven when they both ex.ist. 
Since, in general, AB is usually not equal to BA, it is necessary to define two dif· 

ferent types of multiplication. It is said that A is premultiplied by B in the product BA 
and that ~ is postmultiplied by!! in the prodtKt AB. - -

General structure f~r matrix multiplication is: 

e J e J{:: bg 

dg 

_Examples: 

r ~ !!=[3 lil 
~ ~ -1 ~ 

AB =r ~ 
~ 1~ 

BA=~3 

~1 IJ 
CA = [11.16) 

af + 

cf + 

b'l 
d.J 

~ = [2, 3) 

CD = -1 

ldcntity Matrix '· 
A squarc nxn matrix with diagonal elements equal to and off diagonal elements 

cqual to zcro is an identity matrix l- Thus lu = 1 for i = j and lu =O for i f j. For ex­
amplc 

=D 
o 

~] 1 1 
3x3 o 

lt is casy to sce thcn 

A "1 A and _1_ _A. 
= 

..!!__ 
mxn nxn mxn mxm mxn mxn 

Null Matrix -----
An nxm matrix of zcros is called a null matrix or zero matrix. If ~ is a null matrix, 

thl·n N u= O for atl i and j. Also 

A N = ...!'L 
mxn nxp mxp 

:md 

__ N_ ~- • _11 _ 
nxm 111 X11 n•r 

f]. 

.! 

1 
1 

:1 
i 
d 
·! 
¡j 
" " 
), 
'¡ 
u 
1 
r 
~ 
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Diagonal Matrix 
A square nxn matrix with at least sorne nonzero diagonal elements and all orr 

diagonal clcmcnts cqual to zero is a diagonal matrix. For examplc 

D = u~ 4x4 o 
o 

o 
3 
o 
o 

o 
o 
o 
o 

is a dia~onal matrix. The idcntity matrix is a diagonal matrix. Note that 

~ __Q_ = 
r 

mxn nxn !! where Bu= A¡¡ DJJ 

and 

-º-- A ,!! where B¡; = D¡¡ A u nxn nxm 

Matrix Division 
Matrix dívision is undcfincd. In scalar algebra the relationship, x b =y, was sol ved 

for b by dividing both sidcs of thc rclationship by x to give b = y/x. This opcration can­
not be pcrformcd in matrix algcbra. 

Matrix lnven;ion1 

Supposc we Jet e= 1/x and salve the problem by multiplication: 

cxb=cy 

since e= 1/x, then ex= l and 

b=cy 

In matrix algcbra, the reciproca) rnatrix, which is analogous to the reciproca! in 
scalar algcbra, is called the invcrse matrix and is denoted by adding the exponcnt (" 1 )_ 

Thus the in verse of ~ is denoted by ~- 1 • The in verse of .2i, x.· 1 , when multiplied by~ 
wiiJ produce an idcntity matrix. 

A matrix must be square (have the same number of rows as columns) to be invcrtt·c.J. 
The general procedure for matrix invcrsion may be found in texts on matrix algchra 
(Hadley 1961}. A procedure will be given here for inverting :2x2 and 3x3 matrices. 

Sorne properties of inverse matrices are: 

(~. )•1 = ~~-· )' 
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Let M be a 2x2 matrix given by 

M= [: :] 

then the inverse is given by 

-b/Dl 

a/D_j 

where D = ad - be 
Let M be a 3x3 matrix given by 

b 
e 
h ~] 

then the inverse is given by 

where 

8 
E 
H 

A= (ek- fh)/Z 
8 = -(bk: ch)/Z 
e= (bf- ce)/Z 
D = -(dk- fg)/Z 
E= (ak- cg)/Z 

~] 

and Z = aek + bfg + cdh- ahf- dbk- gec 

Orthogonal Matrices 

F = -(af- cd)/Z 
G = (dh- eg)/Z 
H = -(ah - bg)/Z 
K = (ae - bd)/Z 

APPENDIX D 

Any matrix fi for which A 1 = A:' is called an orthogonal matrix. Note that a 
matrix must be square to be orthogonal. For orthogonal matric~ we have 

A.A_'=A'~a! 

Detenninant of a Matrix 
Associated with every square matrix is a unique scalar called its detenninant. Thc 

determinant of the nxn matrix A is the- S\r."'l 

.. r. ... I (·1 )4 au1 a2h ... &nJ 11 

o( all products consisting of one element from cach row and column of!! where. a r.. 
lhc numbcr of interchangcs necessary amontt the factors nu1 to brintt thc suhscrirh¡j1 in--

fl 
ii 

¡: 
¡: 

i' 
¡¡ 

\1 
~ 
l. 
·t 
;; 
·' 

.~ 
ll 
11 

~ 
r. 
l. 

1 
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.tó their naturaJ·order, 1, 2 •...• n. The detenninant of A is ·written IAI· For the tinte 
smallest square matrices, lh. 1 is given by: -

h_=(a 11 1 IAI=a,. 

C" ··] h_= IAI= aua22 -a.,a21 
a,. a, 

[" a, ''] A= a,. ., a, IAI =a 11 B22 an +a 12 a 23 a 31 + ... ., ·a, aua2tBn ~(aua22au + 

Buallall +atla23al2) 

For larger matric~s. books on matrix aJgebra should be consulted for methods of evalu­
ating lA¡. 

Trace 
The trace of a square matrix A written as Trace A is equal to the ~um of the diag­

onal elements of A 

Tracef!.=a 11 +a 22 + ... +ann 

APPLICATION OF MATRIX ALGE8RA TO SIMPLE REGRESSION 

y 
iii1 

Dependent variable 

Y, 

Y, 

Y, 

Y, 

Y, 

Y, 

Y, 

Y, 

a'nd ..1l = 
nx2 · 

lndependent variable 

r: 
L·, 

x, 
.x, 
x, 

x. 
x, 
x, 
x, 

x. 
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X' G 2xn = x, 

X'X ~ 2x2 = 
EX 

X'Y = ry J 
2xl l!xY 

y =~ 
nxl nxl 

x, x, 

EX J 
EX' 

¡x•x¡·•x•y 
2xl 

!X'X)·'(X'X) B = _B 
2xl 

or 

.@ = ¡x•x¡·•x•Y 

~ 
EX' 

': EX 2 -(EX) 2 

-EX 

-EX ] nEX
2 ~(EX)' 

nE X' -(E X)' EX' -(EX)' 

From this it can be seen that 

b= rXY- rXEY/n 
EX' -(EX)2 /n 

APPENDIX D 

which agrees with equation 9.6. "P1rr: ¡:!: :~lgebraic. manipulation it can also be shown 
that the expression for a agrees with cquation 9. 7 o 
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Table E.2. Cumulative Poisson Distribution Table E.2. (continued). CumuJative Poisson Distribution 

' 
• 0.1 0.2 O.! ••• 0.5 0.6 0.1 ·-· 0.9 • 
o 0.9041 0.8117 0.74011 0.6730 O.HJM O.S4118 0.4966 0.4-t'H 0.4066 • 10.0 11.0 12.0 ll.O 14.0 15.0 16.0 17.0 11.0 

1 O.WSJ 0.9825 0.96)1 0.9)84 0.9008 0.8711 0.84-4::! 0.11088 0.77:!S 

2 0.9998 0.9989 0.9964 0.99:!1 0.'~1156 0.976'-1 0.%59 0.9Sl6 0.9371 

! 1.0000 0.9999 0.9997 o.m:! O.V'III:! O.'Nf>6 O.'N-4::! 0.9'109 0-'illt.S 

• 1.0000 1.0000 ........ O.WIII 0.~1> O. <MI:! O.W86 O.'N77 

' 1.0000 1.0000 1.0000 ........ 0.94NII O.YY'17 

6 1.0000 1.0000 UlOOI 

' 
• 1.0 u 2.0 ::u l.O 1.5 4.0 .., 5.0 

o 0.3679 0.:!:!11 O.IJSJ o.mm 0.04'111 O .oJO:! 0.018) 0.0111 0.001'>7 

1 0.7H8 0.5578 O.oiOt>O 0.:!1173 O.I'NI O.IJS" 0.0916 O.Ot.ll Q_(}.t().J 

2 0.9197 0.80118 0.6767 O.S4lll 0.4:!1:! O.J:!OR 0.2181 0.17~" O.l:!J7 
] 0.9810 0,9}4.4 0.11571 0.7~76 O.t.-11:! o.~JM~ O.·Hl~ 0.}4:!) O.:!f>50 

• 0.996) 0.91114 O.'M7J 0.11111:! 0.111 ~] 0.7:!~ 0.6:!1111 0.53:!1 0.4405 , ...... 0.9'!1SS 0.911]-4 O.Y~I{() 0.9161 0.11576 0.71151 0.70:!9 0.6160 
6 ...... 0.99'11 O.W~S 0.911511 0.%65 O.Yl47 0.889] 0.8311 0.76!! 
1 1.0000 0.9998 0.99sq 0.99~8 0.98111 0.97)) O.'HI9 0.',11)4 O.t1&66 

• 1.0000 0.9998 0.9989 0.'1'162 0.9901 0.9786 O.'!I~Y7 0.911'1 
9 1.0000 o.om7 0.9'11119 O.Y%7 0.9919 O.llR2Y 0.9f>lt! 

10 ....... O.WY7 ....... 0.9972 O.<,J<,lJl O.YIIfll 

" 1.0000 o ..... 0.11997 0.99YI O.<,J<,J76 0.~5 

12 1.0000 ...... 0.9997 0.'1992 O.INRO 

" 1.0000 ....... 0.9'N7 O.'NYl 
14 1.0000 0.'1'199 O.'NYII 
15 1.0000 ....... 
16 1.0000 

l 

• 5.5 6.0 6.5 1.0 1.5 8.0 .., 9.0 ,_, 
o 0.0041 0.0025 o.oou 0.0009 0.0006 0.000) o.ocx.u 0.0001 0.0001 
1 0.0266 0.0174 O.OIIl 0.0071 0.0041 O.OOlO 0.0019 0.0012 0.0001 

o 0.0000 0.0000 o.oobo 
1 0.0005 0.0002 0.0001 0.0000 0.0000 

2 0.0028 0.0012 0.0005 0.0002 0.0001 0.0000 0.0000 

! 0.0103 0.0049 O.OOll 0.0010 o.ooos O.<XXll 0.0001 0.0000 0.0000 

• 0.0293 0.0151 0.0076 0.0037 0.0011 0.0009 0.0004 0.0002 0.0001 , 0.0671 0.0375 0.0203 0.0107 0.0055 0.0028 0.0014 0.0001 0.000] 

6 0.1301 0.0786 0.04~8 0.0259 0.0142 0.0076 0.0040 0.0021 0.0010 

1 0.2202 0.1432 0.089$ 0.0540 0.0)16 0.0180 0.0100 O.OOS-4 0.0029 

• 0.3328 0.2)20 0.1550 0.0998 0.0621 0.0]74 0.0220 0.0126 0.0071 

9 0.4579 0.3405 0.2424 0.1658 0.1094 0.0699 0.04)) 0.0261 0.01S4 

ID 0.5830 0.4599 0.}472 0.2517 0.1757 0.1185 0.0774 0.0491 0.0304 

11 0.6968 0.5793 0.4616 0.)5)2 0.2t00 0.18-48 0.1170 0.0847 O.OS-49 

12 0.7916 0.6881 0.5760 0.4611 0.3585 0.2676 0.1931 0.1350 0.0917 

" 0.8645 0.7113 0.6815 o.5no ...... 0.)632 0.2745 0.2009 0.1426 

14 0.11165 0.8540 ().7720 0.6751 0.5704 0.4657 0.3675 0.2808 0.2081 

" 0.9511 0.9074 0.11444 0.7bl6 0.6694 0.5681 0.4667 O.l7U 0.2867 

16 0.9730 0.9441 0.8987 0.8H5 0.7559 0.6641 0.5660 0.4677 0.)750 

" 0.9857 0.9618 0.9370 0.8905 0.1272 0.7489 0.6593 0.3640 0.4686 

" 0.9928 0.982) 0.9626 0.9)02 0.8826 0.8195 0.7423 0.6350 0.5622 

19 0.9965 O.Y907 0.9787 0.9573 0.92l5 0.8752 0.8122 0.7l63 0.6509 

20 0.9984 0.9933 0.9884 0.9750 0.9521 0.9170 0.8682 0.1055 0.7307 

21 0.9993 0.9977 0.9939 0.9859 0.9712 0.9469 0.9108 0.8615 '0.7991 

22 0.9997 ...... 0.9970 0.9924 0.98)) 0.967) 0.9418 0.9047 0.8Hl 

2l ...... 0.9995 0.9985 0.9960 0.9907 0.9805 0.963) 0.9367 0.8989 ,. 1.0000 0.9998 0.9993 0.9980 0.9950 0.9888 0.9777 0.9594 0.9117 

25 0.'1999 0.9997 0.9990 0.9974 0.9938 0.9869 0.9748 0.9554 

26 1.0000 0.'1999 0.999~ 0.9987 0.9967 0.99H 0.9848 0.9718 , 0.9999 0.9998 ...... 0.9983 0.9959 0.9912 0.9827 

" 1.0000 ...... 0.9997 0.9991 0.9978 0.9950 0.9197 

29 1.0000 ...... ...... 0.9989 0.9973 0.9941 

]O ...... 0.9998 0.9994 0.9986 0.9967 

]1 1.0000 ...... 0.9997 0.9993 0.9982 

!2 1.0000 ...... ...... ...... 
" ...... 0.9998 0.9995 ,. 1.0000 ...... 0.9998 

" 1.0000 ...... ,. ...... 
31 1.0000 

2 0.0884 0.0620 0.0430 0.0296 0.020) 0.0138 0.009) 0.0062 O.CXl42 

' 0.2011 0.1512 0.1118 0.0818 0.0591 0.0414 0.0301 0.0212 0.0149 

• . 0.1575 0.1851 0.2237 0.1730 0.1121 ...... 0.0744 O.MSO 0.040) 

' 0.~2.89 0.4457 0.1690 O.l007 0.2414 0.1912 0.1496 0.1157 0.0885 
6 0.6860 0.606) 0Ji2.65 0.4497 0.3782 0.)1)4 0.2562 0.2068 0.1649 
1 0.8095 0.7440 0.6128 0.5987 0.5246 0.4530 0.)856 0.32)9 0.2687 

• 0.8944 0.8472 0.7916 0.7291 0.6620 0.5925 0.52)1 0.4557 0.3918 
9 0.9462 0.9161 0.8774 0.1105 0.7764 0.7166 0.6~30 0~814 0.5211 

ID 0.9747 0.9574 0.9132 0.9015 0.!62l 0.8159 0.76)4 0.1060 0.64~) 

" 0.9890 0.9799 0.9661 0.9466 0.9208 0.1881 0.1487 0.8030 0.7510 
12 0.9955 0.9911 0.9840 0.9730 ·0.957) 0.9362 0.9091 0.1751 0.8364 
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14 0.9994 0.9986 0.9970 0.994] 0.9897 0.9827 0.9726 0.9585 0.9400 
15 0.9998 0.9995 0.9988 0.9976 0.9954 0.9918 0.9862 0.9780 0.9665 
16 ...... 0.9998 ...... ...... 0.9980 0.9963 0.9934 0.9889 0.9823 
11 1.0000 ...... 0.909, ...... 0.9992 0.9984 0.9970 0.9947 0.9911 
11 1.0000 ....... ..... 0.9997 0.9994 0.9981 0.9976 0.9957 
19 1.0000 1.0000 ...... 0.9991 0.9995 0.9989 0.9980 

"' 1.0000 0.9999 ...... ...... 0.9991 
21 1.0000 o ..... 0.9991 . ..... 
22 1.0000 ...... ...... 
2! 1.0000 ...... 
24 1.0000 



336 

0.0 

0.1 

0.1 

0.1 

0.0 

••• ... 
'·' ... ... ... 
1.1 

1.1 .., ... ... ... 
1.1 ... ... 
'·' Z.l 

'·' Z.l 

'·' 
:.t. 
:. ' 
1.1 

'·' 
1.0 

1.1 

5.1 
i.) 

1.0 

... 
i.ll ... 

o 

O.JUI 

o.Jt7o 
O.llllO 

0.)114 

o.uu 

0.3511 

O.U]l 

O.Jlll 

o.21n 
O.U61 

0,1420 

o.un 
0,1U2 

0.1714 

0.1491 

0.1211!. 

0.1109 

O.OUI 

0.07110 

o.os•o 
0.0440 

o.ons 
0.0211 

o.on• 

0.0175 

O.OUII 

0.0104 

O.OG7t ...... 
o.ocw. 
O.OOll 

G,OOU 

0.0017 

0,001~ 

U.0009 

0.0006 

0.00114 

0.0001 

o.noo: 

Table E.3. Ordinates Y of the Standard Nonnal Dt:nsity 

0.)1 .. 

O.JK.S 

0.1!102 

o. 3102 

0.3661 

0,)50) 

D.JJU 

O, llOI 

0.2174 

0,2611 

0,21116 

0.2155 

D.IUII 

o. ll>t2 

O.iUif> 

O.ll76 

O,lalll 

0,092!. 

o. 0775 

O.ObU 

o.osz• 
0.0-ISI 

0.0)47 

0.0271 

O,Q21t 

o.:u11 
D.Oill 

0,0101 

0,0017 

o. 00~1 

O,OOH 

O.ll"ll2 

0,')02] 

0.0011 

O.O<IIl 

~.OOl'l& 

O.tkl~ 

o,oocw 
0,0003 

0,0"01 

O.SUI 

0.11161 o.,.,. 
0.1710 

o.uu 

O. J.IIS 

o.nn 
0.1079 

o.us.o 
o.uu 

0.2171 

0,21SI 

0.1195 

O.lliU 

O. lUlo 

O.IU7 

O.ICIH 

0.0901 

o. 076J 

O.Obll 

O.OS¡g 

o.:.4n 
O.tlllt 

0.0171 

O.Olll 

O.DIIoi 

o,ol:t 
O.Ot199 

0.001S 

o. 005(, 

ti.I:GU 

O.:l'lll 

u.o11:z 
O,fl0!11o 

a.nou 

li,O"Vll 

ll. ,1)(1¡, 

(1,0004 

O.!lOOl 

O.i!OOJ 

o.nu 
O.US6 

o. nas 
o .1111 

0,1U7 

O.WI>7 

0.1271 

n. JOS6 

0.2117 

0,2SS9 

o.nn 
0.2107 

0.1111 

0,1647 

O.IUS 

O.llll 

0.1DS1 

o.:~a,u 

IJ,f\7U 

0.0.10 

o.o~:u 

O.O~Il 

O, OH! 

U.O~M 

0.0101 

0,011>1 

0.012(1 

0,1)091> 

0.0073 

o.ooss 

O.OQ.I1 

O.Otl.\0 

o.oon 
n.oou. 
o.nott 

o.oonl 

0,0005 

o.ooOt 
0,0001 

0,00(12 

o.u .. 
0.1051 

0.1l76 

0.]71>5 

0.1621 

O.lUI 

0.]2§.1 

O,lOJ.Io 

0.210) 

:1.2S6S 

'l.llll 

o.wu 
O.IU!I 

0.11>21> 

o.un 

0.1!1!1 

0.11).1;0 

0.0111 

fl,II7J.I, 

O.;)MIS 

• (l,fl4!'1 

11,1).1;[1.& 

0.1132:0. 

o.OHI 

O.O!fll 

'l.D1S9 

O.OIH 

o.nou 
a, OOll 

o.oo.u 

o.oos¡ 
0.0021 

0.0011 

ll,nQPS 

0.0011 

n.nons 
o.ooos 
0,0011-' 

0,0/1(1] 

n.n:IOJ 

o • 

0.39 .. 

o.1o•s 
0.1167 

O.l1U 

0.1605 

o. :S.lt 

0,3210 

o. JOll 

0.2710 

1).2!.41 

0.22'19 

0.!059 

o. un 
0.1611<1 

0.1394 

0.1200 

O.JOH 

o.o~i · 
0.0721 

0.05olo 

O.OCII . 

O.Ol9t> 

ll,Olt1 

IJ.'l::'52 

O.OUI 

0.0155 

O.DH9 

O.OOSI 

o.ooc., 
ti.OOSJ 

0.0031 

0.0021 

'l.OOH 

0.0015 

0,0010 

O.f!.007 

o.ooos ...... 
0,()(1(1¡ 

0.0002 

• 
O,l,ll 

D.1UI 

o.nn 
o,nst 
0.1511 

O. :S. lO 

o.noo 
0.29U 

O,l7S6 

0.2SII> 

(1,2275 

0.2016 

O,U'M 

0.1512 

o:ln4 

0.111: 

O.IOOC:o 

o, :ll41 

0.0707 

o.osu 

0,0.,1 

o.nn7 
:l.llliO 

O,'I:U 

0,01"' 

o.ntSI 

Q,:IIH 

0,'1011 

0.00117 

0,0050 

0,1,1(1]7 

1'.00~7 

o.oo:o 
0,0014 

D,OIHO 

o.oon1 
0.0005. 

0,0001 

0,0002 

O.OOtlf 

O.JIIO 

o.stn 
O,lU7 

o.HU 
0,3572, 

0.1191 

0.3117 

0.2966 

0.2132 

0,24!12 

0.2151 

o.zou 
0.1711 

0.1!.61 

0.1354 

0,111>} 

0.0989 

O.Oill 

o.ot.u. 
o.o5n 

0.04t>l 

o. 0179 

O.OlOl 

0.11~41 

O.lliB!I 

:1.0147 

O,OIU 

0.0011> 

o.~5 

0.0041 

0.00~ 

O.tl02~ 

0.00111 

0.0014 

0.0010 

0.00(17 

o.ooos 
O.IIOCil 

0.0(1(12 ....... 

APPENDIX E 

O.l917 

O.lUS 

O,SIH 

O,S7U 

o.nss 

o.nn 
0.1166 

O.lUS 

0.2709 

0.241:11 

o.nn 
0.11119 

0.1759 

0.1540 

O.lll-4 

O.IUS 

0.0971 

0.0111 

O.OtoU 

0.0511: 

0.045t 

O.OHI 

0.0207 

o.on5 

0.0114 

0.0143 

0.0110 ...... 
o.oou 
0.0047 

o.oon 
0.002:> 

1!.0011 

o.oou 
0.001'18 

(1,!)(1117 

o.ooos 
0.0001 

0.0002 

0.0001 

O.lii?J 

0.1111 

O.llll 

O.)llt7 

O.SSH 

O.Sl51 
0.11U 

0.11120 

. 0.11115 

0.244oe 

0.220l 

0,1065 

0,1716 

0.1511 

o.u1s 

0.1127 

0.01157 

n.oao.t 
O,Ol.69 

CI.OSSJ 

0.04U 

O.Ol6l 

0.0290 

o.OlH 

0,0110 

O.OIJII 

0.0107 

o.ooat 
0.0061 

0.0046 

o.ooM 
o.oozs 
0.0011 

o.nou ··-0.­
o.oocw 
O,OOCIJ 

o.oooz 
o.ooo¡ 

. J 

APPENDIX E 

Table E.4. Areas under the Standard Nonnal Density from O to z~ 
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o. 2995 

0.321>4 

1).3501 

0.1719 

o.1n5 
0.4051? 

0.4251 

o.u1: 
0,4415 

0.45111 

O.U71 
0.47}.8 

o . .ru 
o.uu 
ti.417S 

!'1..9114 

0 •• 927 

0.41145 

0.41159 

0.4~1>!1 

0.4917 

o.•U4 

0.41111 

0.45192 

0.4ft4 

0 •• 11911 

0.41197 

0 •• 9118 

0.4099 

0 •• 1199 

0.4191 

o ..... 

o 

0,01119 

O,OSh 

0.0917 

0.1361 

0.1716 

0.2011 

0.2422 

0.2734 

O.lOU 

0.3119 

O.lU1 

0.3740 

O,JIIU 

O.CIIS 

O.UbS 

G.U94 

o.uos 
O.U9t 

0.4b71 

0.47H 

0.4791 

O.U~2 

0.4871 

o .• ll(l(, 
0.411211 

D':'IR6 

0.4160 

0.4970 

0,4971 

0.~914 

0.4919 

0.40112 

0.41104 

0,41196 

0.49t7 

0.49111 

o.u~ 

0.40011 

o .• ," 
o. sooo 

.. 

• 
o.o2u 
O.Obl6 

0,1021> 

0.1406 

0.1772 

0.2121 

o. 2~5<1 
o.n ... 
O.lOSI 

o. ll15 

0.)55<1 

0.1770 

0.3!161 

0.4Jll 

0.4279 

0 ••• 06 

0.4515 

0.4601 

0.4b86 

o.nso 

0,411)] 

o.•a.46 
O.CIIJ 

0.49011 

0.41St 

0.41148 

0.4961 

0.411U 

0.497!1 

0.4915 

0.4919 

0,41192 

0.41104 

0.41196 

o. 4197 

0.411111 

0.4999 

0.41199 

0.4119!) 

0.5000 

0.027t 

0.061l 

0,106( 

0.1.41 

o.uo1 

O.ZIS7 

0.2416 

0.2793 

O.S071 

O.lWO 

0.»77 

0,17110 

O. 39CO 

o.•ur 
0.4!9~ 

0.4411 

0.4US 

o. 4(111> 

o.•6u 
0,4756 

0.4101 

o.••~· 
0.4114 

o.cou 
o.•t» 
0,4MII 

0.4162 

0.4072 

0.49711 

0.4915 

0.4919 

o.•on 

o.n95 
0.4996 

0,41107 

0.411118 

0.41109 

0.4909 

0,4!11111 ...... 
. ... 

O,OJit 

0.0714 

0.1101 

0,1410 

O.ISU 

0,2100 

0.1517 

0,2U1 

o. 1106 

0,1)65 

O.UIIII 

0.3110 

0.111117 

0 •• 162 

0.4306 

0.4420 

o.uu 
0 •• 625 

0.4699 

0.4761 

o .•• u 
0,4154 

0.4U7 

o .• ou 
0,49).4 

0.4t51 

0.4961 

(1,41173. 

0,41110 

o ...... 

0.4990 

0.49U 

0,49tS 

• 0.4""' 

-0.4907 

0.49111 

0.49911 

0.4991 

0.4199 

o.sooo 
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o.ouo 
o.oru 
0.1141 

o.uu 
o.uro 

0.2224 

0.2340 

o.un 
O.lUl 

o.uu 

0.1621 

O,liJO 

o.•ou 
O,U77 

t1.41U 

0.444) 

0.4545 

0,46)3 

o.•706 

0,4767 

O.UIJ 
0.4157 

0.41110 

o .•• ,. 
0,4016 

· o.nsz 
0,4164 

O.U74 

0.41111 

0.4911> 

0.41190 

0.411U 

O.CIItS 
0,49117 

0,091 

0.4991 

0.491111 

0.411911 

o.•m 
0.5000 
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· . . : . 'th Degrees of Freedom--

5 'Pcrcentile Values Cto.,.,) for the t Dtstnbutton wt v TableE .. 
(shaded area ~ a). 

,. 

•• ·-•• ... •• 1 .• - •• ·- .. .... 
1.000 . 121 ~ .. .... 

GJI1 .... 1.3711 .u.z 
G:J.tW\ J\.82 tUl .,. ., ... 

1 I.OGI 

'·"" UD 2.112 ,., 
,765 ... .27'1 .131 

' ..... .978 
. S.a.t t.5<1 3.18 1.35 1.64 

.Hl ... .211 .1>4 
3 2.78 2.13 

,., .. , 
3.7& • .t.GO . .111 

. V lO • 721 .... 207 
3.3fl !J1j t.D2 ua 

.7111 ... , 265 .1St • 4.03 1.44 .... 
3.14 2.45 t.D4 .111 ••• .... .110 

' 3.71 U! ... 
I.DO 

,,,, .... .700 .r.<D 262 .ISO 

' ... 1.40 .... 
2.!10 2~11 .... .703 "'' >Gl .1!0 

8 '"" ·~· 
.... .... U12 2$1 1.83 • . ... 

,700 ... , ... 
1.81 

,., ., 
·'" z.;r, 223 . r.!l'l ..... ... 

10 s.n 1.110 ... .871i .... .121 
3.11 2.72 UD .R.73 .GUS 

., 
11 1.78 , ... .... .128 2Ji8 2.18 ,6D4. .,. 
12 3.00 1.35 .,. 

·'" 2.r.6 2.1G 1.77 .11!12 
.,, .... 

13 3.01 

·~· 
.81i8 

"!.DI 2f.:! I.U 1.76 

" .... .1!8 

·"" ,G!II ... 
1.7& ,,. ,128 

2.!15 2.r.O 2.13 .Gt!O .... .... •• U< .sr• .118 2.12 1.7& ... ... , 
•• :.:rl 2.6!1 .Bf>l ,&8') 

2.67 2.11 1.14 ,., ... ... , .1!'1 

" !.!10 
1.73 U3 ,!l{i2 .GBB ... , .127 ,., :u o .r.sa ..., .. !.M Ul .tu.ll , .. 1.73 •• ... ,. . 

. r.s1 .633 .. 201 .tl7 , .. 1.72 U2 ... ... , . .... 
:.!.63 , ... . .. .. .... 1.3~ ,8:1!1 .1!7 

~JI.1 :.!.S:! :.!.08 1.12 
.1158 ,GI\6 . , ... 

" U7 1.7:.! U2 ... .121 
22 2.R2 

,, .... ... .,, 
2.01 1.11 U2 .... .111 

:Z.RI ~.!.U 
~" .... .,, 

23 
2.011 1.71 U2 

" '"' 
'! ... !.1 

·"'' 
.,, .... • 1!'1 

1.11 U2 .... ,1!'1 
'! ... 8 '!.00 , ... .,, .... .. :.,!.ill 

:!.M 1.11 
,., ""' ... .111 

:!.ill ~ ... 11 .... , ... ... , .. 1.10 Ul .1!'1 
'!.~7 .... ,.., . .. .... 

" '!.11 
1.70 Ul .... .&:io .1!'1 

ZA~ 2.05 ·'"' .... .. !.18 
1.70 Ul .... 

'!..71i 2Aii 2.6t 
!~1 .... .1!'1 

~ .. .. , ... 
1.10 t.:u .... ,1!6 

:z.;& :z ... 1~ 2»4 

·"' ·"'' ... 
>O :!.02 1.68 J.;,O . 6:!7 .... .120 .. 2.70 :.~:! 

1.111 1.30 .11 .. 8 .Gi\1 
.IZO 

:!~1!1 :!.00 .G71 Jo2G· .... 
'~ 

'!foli ..... ••• .R~5 ... . • 1!8 
!.11:! :!.:ltO l.!ltl .... AH ... 

1:!0 
2.3:1 -1.1111 1.CI~i 1.21 . :!.5,¡ 
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Table E.6. Percentile Values (X! , ) for the Oti'Square Distribution with v Degrees o 
Freedom (shaded areá e a). 

. ,..._ ,. 
• .t~ • ,. 

u x' • .t~,. ,. • ,. 
n .t.~. ,. .• x' - .r!l ,. -

1 7.88 ... '·" .... Z.'fl uz .... .... ,OIU .0030 .0010 .0002 ,0000 

' 10.6 9.21 7.38 6.119 4.61 2.77 ,,. .616 .211 .103 ..... .&201 .0100 
1 1!.8 lU U5 7>1 626 4.11 1.37 Ul ... .... 216 .116 .072 

• 14.0 lU 11.1 D.Cll 7.78 6.38 .... 1.02 .... .711 . ... ..., 207 

• tU 16.1 , .. 11.1 .... 6.83 .... !Al 1.81 1.16 .811 A64 .uz 
• ,.. 16.8 IC.4 ,,. 10.6 '·" ·~· 

3.C6 uo , ... U< ., .878 

' 20~ ... 18.0 lC.I 12.0 .... , ... .... ,., ! .. 17 . ... U< .tl811 
8 n.o 20.1 ,,. ... 13.C lU , ... '·" 3.48 1.7J 1.18 .... 1.34 

• 23.0 U.7 19.0 IG.8 14.1 11.4 u• .... 4.17 1.33 ..,. .... 1.73 

10 !U 2U 10.6 18.3 16.0 lU 
·~· 

,6.14 '·" 3.114 .... 
·~ 

1.18 
11 ,.. 24.7 21.9 lY.7 ,,. 13.7 10~ 

,., 6.68 .. , 3.82 
,,.. 2.60 

12 ..... !G2 23.3 21.0 , .. 14.8 ,, 8.4C uo U :S C.40 3.57 3.07 

" 2!1.8 27.1 24.7 "·' ... ... lU uo '·" 6.811 ,,01 4.11 3.67 ,. 11, 211.1 ZG.1 23.7 21.1 11.1 11.3 10~ 7.11t .. , .... .... 4.01 

" 3!.8 30.6 ,,. .... !U lU lU ,,. .... '"" ... U3 c.co 
16 .. ~ 32.0 , ... 2U !U lUA lU Jl.ll 

·~· 
1.~ f>JII ... 6.14 

17 3!>.7 "'·' 30.1 27.1; ... ... lU !U 10.1 e.r.1 , ... G.U 6.70 

" 172 .... ,,. 28.9 26.0 21.6 ,,. )3.7 10~ 

·~· 
823 1.01 6.26 .. 38.6 ... 32.9 30.1 2U !2.7 .. ~ JC,8 11.7 10.1 8.1tl 7.03 G.84 

" 40.0 37.8 3C.Z :11.4 28.C 23.8 lU !U n.c tO.D ... .... 7.d 

" ct . .a 38.11 ... 32.1 !9.6 24.9 ... , .. lU ll.G , .. . ... 1.0'1 

" ... ..~ IU 3:1.9 ... 26.0 !U 172 IC.O !U ,,. ••• .... 
!3 .. ~ 41.0 38.1 IU 32.0 27.1 !U 111.1 , ... IU 11.7 102 .... .. .u 43.0 3!1.C , ... 33.2 !U -· ,. . 15.7 ,,. 12.4 10~ 8.89 

" .. ~ ... 40.8 37.7 :s ... c 20~ !U !U lU , ... 13.1 ,,. , .. 
" ... •u 41.9 38.9 3$.8 30.C "~ ... 17~ Ji.4 , .. IU IU 
21 .. ~ 47.0 ... CO.I :tts.1 . 31.6 "·' 21.7 11.1 iu 14.8 J!.D IU .. 61.0 •u ... .. ~ 37.Y .... ,,. 22.1 18.9 16.11 IU ,.. ·12.& .. ... 411.1; 46.7 42.0 39.1 33.1 "~ 23.R ,,. 17.7 16.0 JC.3 U.l 

30 63.1' &0.9 C7.0 ... .. ~ 3C.8 "'~ ... 20.6 tU 111.8 16.0 '13.8 .. .... 83.7 611.3 ... 51.8 45.8 3Y.3· 33.7 2U !G.Ii 24 . .& !U 20.7 .. 1U , .. 71.C ,,. ... ... ... 42.\1 :111.7 .... 32.4 Z\1.1 28.0 

GO 112.0 .... BU 7!1.1 7C.4 67.0 ,., .,. ... ... ... ,,. ... 
10 IGU 100.4 Y5.0 ... BU ,. ... 61.7 .. ~ &1.1 .... 415.4 •u 
80 1111-' 112.3 , .... tOU .... .... ,,. 11.1 GU .... 6U OlA '51.! .. 14':1U 12..1.1 118.1 113.1 107.8 1.18.0 ,., .. ~ i:U GU.l .... o u ... 

100 140.4': J:t5.1 12UA: I'Ui.l 118.1 IO!t.l ""·' .... ... ,. 1U 70.1 ,,. 

Sourn: C.thuln• 1111. Thomp.oo., Tabl• of p1n::~ntap polnt. of th• x2 dbtrJburlon, Blomltrlka, V~. i2 Ú941), b: 
peTm~on or d" •u!hor •ad publlsher, 
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/Table E.7. C\mmlative F D'¡stribution (m Numcrator and n Denominator Degrees or Freedom). 

a • m 1 2 J 4 S 6 7 8 9 JO 12 15 20 JO 60 120 ao 

... ]9.9 49.5 !1).6 !15.8 !17.2 !18.2 !18.9 !19.4 !19.9 00.2 ro.7 61.2 61.7 62.1 62.8 63.1 61.3 

·" 
161 200 216 "' 230 2)4 2J7 2l ,., 2<2 2« 2" 2" 25(1 212 "' l!4 

.975 1 ... 800 '" 900 922 "' ... 9l7 96l 969 977 ., 99l 1000 1010 1010 1020 

.99 
4,0l0 5,000 5,400 !1,620 5,760 !1,860 5.930 5,980 6,020 6,060 6,110 6,1(.0 6,210 6,260 6,)10 6,340 6,310 

.... 16,200 20,000 2l,fHJ 22,500 2),100 2),400 2),700 2),900 24,100 24,200 24,400 2',000 24,800 25,000 25,200 2!1,400 lS,sGO 

... 8.5] 9.00 9.16 9.24 9.29 9.)] 9.35 9.37 9.]8 9.)9 9.41 9.42 .... 9 ... 9.47 9.48 9.49 

35 
18.5 19.0 19.2 19.2 19.) 19.) . 19.4 19.4 19.4 19.4 19.4 19.4 19.5 19.5 19.5 19.5 .... 

.915 2 )8.5 39.0 )9.2 39.2 39J )9.) ·39.4 ]9.4 39.4 ]9.4 ]9.4 39.4 39.4 ]9.!1 39.5 ]9.5 ]9.5 

... 9U 99.0 99.2 99.2 99.l 99.l 99.4 99.4 99.4 99.4 99.4 99.4 99.4 99.5 99.5 99.5 99.5 

.... 199 199 199 , .. 199 199 199 199 199 199 ... 199 199 199 199 199 199 

... !LS4 5.46 5.39 '·" 5.31 5.28 !1.27 5.25 5.24 5.23 5.22 g~ 5.18 5.17 5.15 5.14 5.1] 

••• 10.1 9.!15 9.28 9.12 9.01 8.94 B.R9 8.85 8.81 8.79 8.74 8.66 8.62 8.!17 8.55 8.5] 

,975 ' 17.4 16.0 JS.4 15.1 14.9 14.7 \4.6 14.5 14.5 14.4 14.3 14.3 14.2 14.1 14.0 1].9 113 

.99 "·' ]0.8 29.5 211.7 28.2 27.9 27.7 27.5 27.3 27.2 27.1 26.9 26.7 26.5 26-3 26.2 26.1 

..,., 5!1.6 49.8 47.5 46.2 '4!1.4 .... ... 4 .... 43.9 43.7 43.4 43.1 42.8 42.5 42.1 42.0 .... 

... 4.54 4.32 4.19 4.11 4.05 4.01 3.9!1 3.95 J. en ].92 ).90 ].81 3.114 ].82 ].79 3.78 ).76 

... 7.71 6.94 6.59 t~ 
6.26 6.16 '"" 604 6.00 H6 5.91 5.86 . 5.80 5.75 !1.69 S.66 Ul 

.975 • 12.2 10.6 9.98 9. 9.]6 9.20 9.07 8.98 .... 8.84 B.n 8.66 8.56 8.46 8.36 8.31 8.26 

.99 
21.1 18.0 16.7 16.0 15.5 15.1 15.0 14.8 14.7 14.5 14.4 14.2 ... 1).8 1).7 1].6 1).!1 

.... Jl.l 26.] 24.) :U.1 22.5 21. 21.6 21.4 21.1 21.0 20.7 20.4 20.2 19.9 19.6 19.5 19.) 

- ... 4.06 ].78 ].61 3.52 ),45 ).40 ].37 !.!4 3.32 3.30 ).27 ).24 ].21 ].17 ).14 3.12 3.11 

... 6.61 5.79 5.41 !1.19 5.05 4.95 4.88 4.81 4.77 4.74 4.68 4.62 4.56 4.50 4.43 4.40 4.)7 

.975 5 10-0 8.43 7.76 7.39 7.15 6.98 6.85 6.76 6.68 6.62 6.52 6.43 6.31 6.21 6.12 6.07 6.02 

... 16.) 1).3 12.1 11.4 !1.0 !0.1 JO. S 10.] 10.2 \0.1 9.8~ 9.72 9.55 9.38 9.20 9.11 9.02 

.... 22.8 18.) 16.5 15.6 14.9 14.5 14.2 ' 14.0 13.8 1).6 13.4 1].1 12.9 12.7 12.4 )l.] 12.1 

.90 
].78 ).46 ).29 ).18 ].JI ).05 3.01 2.98 2.96 2.94 2.90 2.87 2.84 2.80 2.76 2.74 2.72 

·" 
.... 5.14 4.76 4.51 4.19 4.28 4.21 4.15 4.\0 4.06 4.00 ].94 ).87 3.81 ].74 ).70 ).67 

.. , • 8.111 7.26 6.6<1 6.1) S.'J'J 5.82 5.70 5.60 5.52 5.46 5.]7 5.27 5.17 5.07 4.96 4.90 4.8S 

... 1].7 \0.9 9.78 9.15 8.75 8.47 8.26 8.10 7.98 7.87 7.72 7.56 7.40 7.2) 7.()6 6.97 6.81 

.... 18.6 14.5 12.9 12.0 11.5 11.1 10.8 10.6 IO.o-4 10.2 10.0 9.81 9.!19 9.36 9.12 9.00 8.81 

.90 
].59 •].26 ).07 2.96 2.!!11 2.8] 2.78 2.75 2.72 . 2.70 2.67 2.6) 2.59 2.56 l~~ 

2.49 2.41 

·" 
5.59 4.74 4.)5 4.12 3.97 3.87 ).79 ).7] ).68 ).64 3.57 ].51 '·" 3.38 '·' ].27 ).ll 

.975 1 8.07 6.S4 5.89 5.~2 5.29 5.12 4.99 4.90 4.82 4.76 4.67 4.57 o-4.47 4.]6 4.25 4.20 4.14 

... 12.2 9-" 8.45 7.15 7.46 7.19 6.99 6.84 6.72 6.62 6.47 6.]1 6.16 5.99 5.82 5.74 5.65 

.... 16.2 ¡2.4 10.9 10.1 9.52 9.16 8.89 8.68 1.51 8.]8 8.18 7.97 7.75 7.!13 7.11 7.19 7.1>1 

.90 
).46 3.11 2.92 2.81 2.73 2.67 2.62 2.59 2.56 2.54 l.SO 2.46 2.42 2.38 l.l4 2.31 1.29 

.95 
5.]2 4.46 4.07 ).84 ].69 ).58 '·"' '·" 3.39 3.35 3.28 3.22 ~:M 

).08 ].01 2.97 2.93 

• 975 • 7.57 6.06 5.42 5.05 4.82 4,65 4.5) 4.4) 4.36 4.)0 4.20 4.10 4. ).89 ).78 3.73 3.67 

... 1\.J ·n 7.59 7.01 6.6) 6.)7 . 6.18 ;:o¡¡ ,.., 5.81 5.67 5.52 5.16. ~:lZ. 5.03 t~ 
4.86 

.995 
14.7 "· '·"' 1.11 I.JO 7.9~ 7 ... '"' 1.21 7.01 6.11 6.61 6.11 6. 535 

___ .....:-------------·.,.._,_~- -·---- ------·· .. ·--- -

.. 

J .90 ].)6 

·" 
].01 2.81 2.69 2.61 

.975 
!1.12 4.26 ].86 

2 . .55 2.51 2.47 

9 
3.63 ).48 ].)1 

7.21 5.71 5.0H 4.72 4.48 
3.29 3.2] 

4.J2 -4.20 4.10 ... 10.6 8.02 6.99 6.42 6.06 5.110 5.61 5.47 
.995 13.6 10.1 8.72 7.96 7.47 7.13 6.U 6.69 ... ).29 2.92 2.7J 2.61 2.52 2.46 2.41 2.]8 

·" 4.96 4.10 ).71 ).48 ].33 ].22 ).14 ].07 
.975 10 6.94 5.46 4.83 4.47 4.24 4.o7 ).95 3.85 ... 10. 7.56 6.S5 5.99 5 ... 5.39 5.20 5.06 .... 12.8 9.4] 1.08 7.!4 6Jl 6.S4 6.]0 6.12 

.90 ].18 2.81 2.61 2.48 2.]9 2.]) 2.211 2.24 ... 
.975 

4.75 ).89 ].49 3.26 
12 6.55 5.10 

3.11 ).00 2.91 1.83 
4.47 4.12 ].89 ].7] ].61 , .. , ... 9.33 6.9) 5.95 5.41 5.06 4.82 4.6< '·"' .... 11.8 8.51 7.2J 6.52 6.07 5.76 5.51 !I.H 

90 3.07 2.70 2.49 l.l6 2.17 1.21 2.16 2.12 ... 04 ].68 ).29 !.06 1.90 2.79 2.71 2.64 
.975 1S 6.20 4.77 •. 15 . 3.80 3.n ].41 ],29 ).20 ... 8.68 6.]6 !1.42 4.89 4.56 4.32 4.14 4.00 .... 10.8 7.70 6.48 ,,80 5.37 5.07 4.85 4.67 

.90 2.97 2.59 2.JB 2.25 2.16 1.09 1.04 2.00 ,., •. H ].49 ].10 2.87 2.71 2.6<1 2.51 2.45 

.975 20 !1.87 4.46 3.86 3 . .51 l.l ).ll 3.01 2.91 ... 

.99S 
8.10 '!' 4.94 
9.94 

-4.43 4.10 3.87 ].70 
6.19 ••• 5.17 •. 76 4.47 

),56 
4.26 4.1J9 

.90 2.88 2.49 2.28 2.14 2.05 1.98 1.93 1.88 ... 4.17 ].]2 2.92 2.69 2.5] 1.42 2.3) 2.27 ,_ 
.91S 30 5.37 4.18 ).59 ].25 3.0) 2.87 2.75 2.65 
.99 7.56 5.39 4.51 4.02 ].70 ].47 ).30 ].17 
.995 9.18 6.35 5.24 4.62 4.23 3.95 3.74 ].58 

.90 1.79 2.39 2.18 1.04 1.9-' 1.87 1.12 1.77 ... 4.00 ).15 2.76 2.53 2.37 2.2.5 2.17 2.10 

.975 60 ... 5.29 3.93 '·" 3.01 2.79 
7.08 4.98 4.13 3.65 

2.63 2.H 2.41 

'·" 3.12 2.9j 2.!12 
.995 8.49 5.80 4.73 4.14 3.76 ].49 !.29 3.13 

.90 2.7-' ... 2.1-' 2.13 1.99 
3.92 

1.90 1.82 o.n 
!.07 1.68 2.45 2.29 

1.72 
2-18 1.09 2.02 .. , 120 5.15 ).8<1 3.2) 2.89 2.67 2.-'2 2.39 l.J(I 

.99 

.995 
6.85 4.79 Ui 3.41 
1.18 .... 3.17 2.96 1.79 1.66 

l3l , .. , ).28 ,,.,. 23! 

• ... 
.9> 

1.71 ~:~ 1.08 .... .. , ).84 '· 1.60 2.37 
1.!1' 1.77 1.72 '·"' .. S.Ol ).69 ].12 
2.11 2.10 1.01 1.94 

2.79 2 . .57 2.41 Z."? 2.19 
.99 
.995 

6.6) 4.61 3.71 
7.88 5.3() 

3.32 3.02 2.80 Z.€4, 2.51 
4.28 3.72 3.)5 ).09 2.90¡ 174 

b lbridJcd from ''T•bl f ' - no ptrctnlarr points of lhr lnvrr11rd brl• dl•trli'"''""' "11;1,._,.,.-u. .• Thb rabie --
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2.]9 2.33 2.28 2.20 2.12 
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2.35 2.22 2.16 
2.78 2.61 l~l 
].12 2.92 2.81 

1.61 1.54 1.50 
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Table E.S. Cumulative Gamma o· t 'b fon 1 ts n u 1 

O.IXl2 o.cm 1 o.OO< o.cm o • 000 o .rm o .oos o .... o .oto 
.. - 0.001 .0030 o .0035 o .0010 o .0045 o .0030 

• • - 0.0005 O.OCIIO O.CMJ16 0.0020 O.~ O ------- .!l3820 o .03332 o .92871 o ...... o .11203< 

1 o. (17477 O Kf,lJ O~ O.'H\JS7 O.OUe3 O 
. 99700 o .WG.Sl o • Q9601 o _gQMl o .91i1501 

2 o.mMJ 0
·WPOO 0 ·99850 O.OfiSOO O.i0750 O 

.995188 o .mM o .mst o .W!I77 o _,..,. 
• 0 ...... o:mgs o:imG o.~ o.m9t o o _,ms o ...... o ...... o ...... 
• --- - - ---- - -- --- 0.08 o m o·.os 0.00 0.10 

o ... 0.05 0.050 x' - ().01 0.02 0.08 0.030 0.03b 0.040 o.ou 
0.010 0.016 0.020 0.02> 

• • - 0.005 --- --- -- - -- - -. 
0 . ..,.,. o. 7111S4 o. 77730 0. 76U8 o. 7618:1 

0.8&240 0.84148 0.82300 O.il~ O.tl.5123 
0.020M 0.887M 0.11704.5 o.~et 0.~7(1 1 O.DSSll 0.118020 O.D7~1 o. i9301 O.i91S4 O. WMll 0 ....... o. DQ616 o. ggsta 0.99412 2 (),(111863 0.99790 o.gg1o1 0.99902 0.9987i • O.tiXI73 0.1Xlli2S 

o.D99SO o.m6ll 0.99953 o.wuo o. (19922 o. mM 
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• - o ...... 
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• - - - -- - --- -
0.8 0.7 0.8 o. o 1.0 

0.2 0.1 o.• 0.8 0 ... 0 ... r'- 0.1 0.20 0 ... 0.30 o ... 0.4.0 
• - 0115 OJO 0.16 • J__ - --- ---- - - -- o.ot027B 0.37100 O.M218 0.1173 1 
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1 o. 75183 
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• O. 99879 

• 0.99984 
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11 
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-
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• TableE 8 lcontinued) . . 
x•- 2.2 :u 

• • -1.1 1.2 

---
1 O.lSSOt 0.12134 
2 0.33%87 0.30119 

• O.Ml'il.$ 0.4P363 

• o.ewm 0.88283 
8 0 . .,... 0.711147 

o 0.0000 0.87H9 
7 0.947i5 0.113414 
1 0.974.26 0.06623 

• O. 987110 0_98345 
10 O.D94.S7 0.092%5 

11 0.011766 ....... 
12 0 ...... 0.~8.50 

u 0.19'il61 o.m38 
1< (l. 011118.5 O.'il'il'il75 
1$ O.PV9N o ...... 

18 O.DW98 0 ...... 
17 o ...... o ...... 
18 
10 .. 
21 .. 

---
ll:l- 4.2 ... 

• • -2.1 u 

1 0.04.04.2 0.035H 

• 0.12246 0.11080 

• 0.24.066 O. 27130 

• O.J7062 O.:u4S7 

• 0.52011'il 0.40337 

8 0.64.i61 0.82271 
7 o. 75647 O. 73272 

• 0.83864. 0.81~ 

• O.BV776 0.88317 
ID O.'il3787 0.112750 

11 0.96370 o. 0.5672 
12 0.97'il.5!1 O. 117509 
11 O. 98887 0.98614 
1< O.'ilg.{14 o. 'il'il2.54 
10 O.D'il701 o. 09610 

18 0.11118.51 O. 09802 
17 o.m28 0.00902 

" 0.00964 0.11911.53 
10 0.1111985 O. 1191178 

"' 0 ...... 0 ...... 

21 O.OOW7 o. 'il0995 

" o ...... o. 'il0998 .. ....... 0 ...... .. .. .. 
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·u ... ... 
t.J l.f 1.1 

--- .....-- ---
O. lOMa 0.®426 0.08327 
0.272.13 0.246GO 0.2231! 
0.4!174.0 0.423.50 o.aotu 
0.82682 0 . .59183 0.!57&3 
o. 70137 0.7307'il 0.6'il91111 

0.85711 0 ...... 0.80885 
o. 111m o. g()287 o ...... 
O.IS6111 O.'i14628 o. 03430 
0.978(17 0.117170 O.'il0430 
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O. 09777 o. 99680 O.OIIMt 
O.DV'il03 O.'il'il856 O.PII7P3 
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o.mat o.mn o ...... 

o ...... o. 001189 o.ma 
0 ...... o.mva O.ll'illl93 
o ...... O.'il9908 O.'il'il997 

O.ll'illl'illl o.m911 

--- --- ---... ••• 8.0 
u '·' u 

--- --- ---
0.03l'il7 0.02846 o ...... 
0.10026 0.00073 0.08200 
0.203.S< 0.18704. 0.17180 
o ...... O.J0844 0.28730. 
0.40M2 O.ft077 O.fl588 

0.59604. 0.56971 0.64381 
0.70860 O.M4.35 O.G$000 
o. 7111135 o. 77872 0.757~ 
0.86769 0.85138 g,.83431 
O.'illO!S o. 1104.13 0.89118 

O.'i148118 O.'il404.6 O.'il3117 
O.'i17002 0.064.33 0.0.57i8 
o. 'i18298 0.97934 0.97510 
0 ...... o. 'il884.1 0.9~1 
O.'il'il.SOl 0.1111369 0.99213 

0.00741 0.90660 o. 00576 
0.9985'il O.D'il&211 O.'il'il7T7 
0.1191138 O.OQ914 0.1111886 
0.11996g o.m~ o. 'il994! 
0.119986 o.mso O.IID'il'TZ 

0.099!13 O.DIIG'ill o.m87 
0.00007 0.119906 O.IIVQD.t ....... 0.1191Jia O.OOW7 
0 ...... ....... o.mvv 

o ...... 

., .. 

u u ... 
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------
o.o'mt 0.06S20 0.06778 
0.201110 0.18248 0.11530 
0.30181 0.!3307 0.30802 
0.524.;3 0.4g325 0.46284 
0.6e918 0.63857 0.00831 

o. 78330 0.75722 0.73002 
o.woo 0.84570 0.82U2 
0.92110 o. 'il0681 0.89UO 
O.OSSSJ O.'il4631 o. 'il3572 
o. 'il7632 0.1170311 0.083!111 

O.'i18781 0.084.31 0.1180111 
O. 0113110 0.119200 0.98962 
0.00711 0.110606 O.'il94.76 
O.'il'il860 0.09813 0.119743 
o.vmo O.D'illll3 O.H878 

0.19974 0.001101 O.OW44 
o.m8v 0.09083 o.m75 
o.oms o ...... o ...... 
O.'il9'il98 0.1111997 o.~s 

O. 11999SI 0 ...... 0.09998 

o ...... 

------ ---... ••• ... ... .., ... 
---------
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0.07427 0.08721 O.OGOBI 
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O. m98 0 . ...., o ...... 
0 ...... o ...... o ...... 

o ...... 
;.. 
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• •• u 
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0 ...... 
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o. 
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0.1116 
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O.DJ oos· 
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fable E.S. Ccontinued) 

x1 -11.2 ... 6.6 ••• 7.0 
• "'- 3.1 .3.3 ... ... ... 

--- --- ---
1 0.01278 0.01141 0.0102{1 0.00!112 o 00815 
2 0.1).1505 o 04076 0.03688 u ~:..:; C.030:!0 • o 10226 o 09369 o ....... 0.07!!M 0.07190 

• 0.1&410 0.17120 0.15860 0.146Sfo 0.13589 • o. 2!!724 O. 269!!2 o. 25213 o. 23595 o. 22064 

• 0.401111 0.37900 0.35943 o .33Q74 0.32085 
7 0.51660 o. 49390 O. 47168 0.4~ 0.42888 
8 O 6:!4S4 o 60252 0.6803-t 0.~836 0.53663 • O 7HI75 0.119931 0.87869 0.1157113 0.63712 

10 O 7YIII9 o. 780el 0.76259 0.7UJ8 o. 72544 

11 0.85!169 O.Sts:Jiil 0.83GUI 0.81MH o. 79908 
12 0.~;;67 0.894511 0.88288 0.67054 O.S.S761 

" O. 935-H o. 93038 O.i2U7 0.1112111 0.{1()215 .. 0.~120 0.9~38 0.114903 0.94215 0.93471 

" 0.976111 o. 117222 o. 116782 O. 9628{1 0.11576.5 

" 0.9~79 O. 98317 O. 'i18022 0.1-76113 O. 117326 
17 0.119174 0.99007 O.IISS16 0.98.599 O. 98355 
18 O.W532 0.11'94.29 O.V930'il 0.99171 O.V9013 

" 0.119741 0.1196711 0.00006 O. V9S21 0.99421 ,. 0.99:i60 0.99824 o. 99781 0.997~ 0.99669 

" O. 99fl26 O. 99905 O.'i19880 o. 99S.SO O.'XISU 
22 0.9~62 0.999~ O. \19936 0.99919 0.99698 

" 0.99981 0.991174 O.ll'i1967 O. 99957 0.9911-45 ,. o. 999\10 O. VU987 o. 1191183 0.119978 O. ll9971 

" 0.99!:195 o. 999\H 0.1191llll O.ll!ill89 0.119985 

" O. 99998 O.W9!17 O. 999911 0.9'ilm 0.99992 
21 0.11119911 o. 9999!1 o. ll!l998 o. 999117 0.99996 

" 0.1191199 0.99999 o. 99991l 0.99998 

" 0.9991l9 0.9\1\MI 
30 

--- --- ---
-:'- 8.2 ••• ••• 8.8 0.0 . ... -4.1 4.2 u ... ... 

--- --- --- ---
1 o 004111 0.00373 0.00336 0.00301 0.00270 
2 O.OIIi57 0.01500 0.013!.7 0.01228 0.01111 

' o 04:.'0!1 O OJS43 0.03!111 0.03207 0.029211 

' o 0!1452 0.01798 0.07191 0.06630 0.06110 

• 0.14:.~ 0.13553 0.12612 0.11731 0.10!106 

• o. 22381 o. 21024 0.19736 0.18514 0.173!.8 
7 0.31529 o. 2986!1 o. 28266 0.2573~ 0.252116 

' 0.41418 0.3!l5-40 0.37715 0.3$943 0.34230 

• 0.!11412 0.4114311 0.474llll 0.45$84 0.43727 
10 O.&O'JJI o . .S89S3 0.!70U O.S-5118 0.$3210 

11 0.69528 o. 6710Q 0.65876 O.M035 0.62189 
12 O.i6031 o.n3u O. 73666 o. 719!11 o. 70293 

" 0.83D33 0.8166{) O.ii0:!44 O. 78788 o. 772it 

" 0.871)(¡& O.IW7411 0.11.!.57V 0.114365 O.S3105 

" 0.91$!11 0,g()67$ 0.1197~\1 0.88774 0.877$2 

•• 0.0421111 0.1136011 O.U2897 0.02142 0.111:«1 
17 o. 962()8 0.95723 0.1151118 O.!Hél3 o. 940211 
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Table E.8. (continued) 

r-n :n .. u .. .. 27 18 2t 10 • "'- 10.6 n.o 11.6 n.o IU 13.0 IU 14.0 11.1 11.0 

--- --- --- --- ------ --- ---
1 0.000(11 

' 0.00003 ~:~ 0.00001 1 0.00001 1 ¡ o. ooan ~-~~ "l"'o'YVV1 nnocm: 0.00001 0.00001 • 0.00l32 0.00020 0.00013 0.00008 0.000<>0 o.oww u.wuu.i: V.~: =-~· O.OOOOJ • 0.00081 O.!X'm2 0.0003t. 0.00022 0.00014 0.00009 0.00006 0.00001 0.00002 0.00002 

6 O.OOIM 0.00121 0.00080 0.00052 0.0003< 0.00022 0.00015 0.00000 0.00000 0.00004 
7 0.00377 0.002.>4. O.OCH7t 0.00114 0.00076 0.00050 O.OOOJ:J 0.00021 0.00015 0.00010 • 0.00715 D.OIMH 0.00336 0.00229 O.IX1155 0.001().5 0.00071 o. ()()047 0.00032 0.00021 • 0.01265 0.00888 0.0062:0 0.004.30 0.002117 0.0020< 0.00140 o. 0()095 0.000<.5 O.OOOCfo 10 0.02109 0.01!111 0.01075 0.00760 O.OOS35 0.0037t. 0:002$0 0.00181 0.0Jl2:1 0.00086 

11 0.03337 o.mn1 o. 01768 0.01271 0.00912 0.006411 O.O!MGO 0.00324 O.OO'Z27 O.OOISII 11 o.o:.ros 0.03752 0.02773 0.0203t O.DU82 o 01073 0.00713 o .00.1.13 0.00.194 0.002711 ¡¡ 0.07293 O.o.5538 o.oues 0.03113 0.02308 0.01700 8.01344 0.00905 0.006M 0.00471 .. 0.10163 0.07iól 0.00027 O.CH.582 0.03U7 0.025811 0.01&25 O.Oi423 O.OIOU 0.00763 

" O. 13683 0.10780 0.08-f,U. 0.06m 0.04.9\M 0.03802 0.0287f. 0.02157 O.OIOOQ O. 01192 .. 
" O.l7Mt 0.143HI o. ll374 O. Oml50 0.06982 O.OM03 O.CHUB 0.03162 0.0231M 0.01800 
17 0.22~ 0:18472 O.lf.g25 0.1104.4 O.tm71 0.0744& omg.; 0.0441M 0.03453 o.oo:w 
" 0.271Ml 0.23199 0.1~11 0.15á03 0.124112 0.(lW16 0.07 0.06206 0.04838 0.03746 .. 0.33680 0.28426 0.23734. 0.111615 0.16054 0.130111 0.10465 0.08313 o .065119 0.05180 .. 0.311i13 0.34~1 o. 2S880 0.242311 0.:!0143 0.16581 0.13528 0.1m0 0.08176 0.061185 

11 0.45894 0.3119~1 0.343118 omoo o 24716 o.w.~ O. 17085 0.14015 0.11400 0.0111" :n 0.52074 0.4flll811 0.40173 o. 3t723 0.211707 0.'25168 0.21123 0.17568 0.14486 0.11846 

" O. MllOII 0.52025 0.4&017 0.40381 0.350211 0.30087 0.'25.5117 0.21S78 O.ISOJI 0.141140 .. 0.63873 0.57\127 O.MIISO 0.461&0 0.40576 0.3~l7 0.304.46 o. 2GOCH. 0.22013 0.18476 

" 0.611261 O. 63574 0.577!16 o. !111137 0.46237 0.40760 0.35~ 0.30785 0.263112 0.224211 

26 0.14106 o.e!S70 0.63Zi5 O.S7507 0.518118 0.4&311 0.40933 0.35&16 0.31108 0.26761 
27 o. 786211 O. 73738 0.68501 0.63032 o. 67446 . O. 61860 0.46379 0.41097 0.3601Ml 0.31415 
28 o.S'lm 0.781~ o. 73304 0.681M 0.6:!7114 . 0.57305 0.518U 0.46445 0.41253 0.363::2 .. O.SbiiU 0.82019 0.176M O. 72!!93 0.67!!25 O.li2M9 0.57l71 0.517111 0.46!107 0.41400 .. 0.88789 O.SM04 0.81526 O. 71203 o. 72503 o. 67513 o. 62327 0.57044 0.51700 0.46565 

--- --- --- --- --- --- --- ---
x' -11 .. .. ,. .. 3<1 J7 " ~ .. •o • m-15.6. 16.0 tU 17.0 17.6 18.0 18.6 1V.O 19.5 20.0 

' --- --- --- --- --- --- ---
• 0.00001 0.00001 • 0.00003 0.00002 0.00001 0.00001 
7 0.00006 O.DOOOf o. 00003 0.00002 0.00001 0.00001 
8 0.00014 0.00000 0.00006 O.llOOOt 0.00003 0.00002 o.ooocn 0.00001 • 0.00030 0.00020 0.00013 0.00009 0.00000 0.00001 o. 00003 0.00002 0.00001 0.00001 

10 0.000511 0.00040 0.00027 O.OOOIV 0.00012 0.00008 0.00000 0.00004 0.00003 0.00002 
11 0.00110 0.00076 0.000>3 O.tx»36 0.0002.1 0.00017 0.00012 0.00008 0.00005 0.00004 
11 0.001117 0.00138 O.OOOD7 0.00068 o.ooon 0.00032 0.00022 0.00015 0.00011 0.00007 .. D.OOJ-37 0.00240 0.00170 0.00120 o.oooss 0.000511 0.00041 o.oo.m 0.00020 0.00014 .. 0.00~ 0.004.01 0.00288 0.00206 0.00147 0.001()( 0.00074. 0.00052 0.00036 0.00026 

l. 

" 0.00878 O. 00644 0.00480 0.00341 0.00246 0.01)177 0.00127 0.00090 O.OCO&f 0.00045 
16 O.OI:W6 0.01000 0.007311 0.00543 0.003117 0.002811 0.00210 0.00151 0.00109 0.00078 
17 0.01"7 0.01505 0.01127 0.00840 0.00622 0.00459 0.00337 0.00246 0.0017V 0.001211 
18 0.0287V 0.021" 0.0!668 0.01260 0.0®45 0.00706 0.00524 0.00387 0.002~ 0.00200 .. 0.04037 0.03125 0.0240fo 0.01838 0;01307 0.010.W 0.007113 0.00593 O. 00-442 0.00327 .. 0.05.518 O.ot330 0.0337t. 0.02612 0.02010 0.01538 0.01170 0.00884 0.00687 0.00500 

" 0.01388 0.0$855 0.04622 0.0382t. 0.0'2824 0.02187 O.OIIW 0.01289 O. 00981 0.00744 n 0.09612 0.07740 0.08187 0.041112 0.03875 0.03037 0.02306 0.01832 0.01411 0.01081 
23 0.12278 0.10014 0.08107 O.OM18 0.05202 o.ou~ 0.03~1 0.02M7 0.019&4 0.01537 .. o. 15378 0.12089 0.1()(07 0.08467 0.00&40 O.OM88 0.04376 0.03487 0.02731 0.02l:SV 

• .. 0.18902 0.15801 0.13107 o. 10791 0.08820 0.07160 0.05774 0.04626 0.030&4 O.O:NII .. O. 22827 0.111312 0.10210 O.l:l502 0.11165 0.00167 0.07475 0.06056 0.04875 O. 031101 
27 0.27114 0.23208 0.111707 0.16~ O.IWI7 O.llSJQ 0.011507 0.07788 0.06330 O.Ot.l24 
28 0.31708 0.27451 o. 2l574 0.20087 0.181187 0.142(10 o. tt886 0.011840 0.08092 0.06011 .. 0.3M42 o. 311187 0.2777-1 0.231120 0.204M 0. 173M O.U6l'l o.1m4 0.10166 O.OBaN 

10 O.t1541 O.a6753 0.3U$4 0.28083 0.242&4 0.20808 o.1n14 0.14075 0.12S7J 0.10486 

APPEND!X E 

Table E.8. (continued) 347 ... 
x•- 41 • • -21 

1 
~- = : 1 = 1 U N M -:--- 2G 21 28 

68 eo 
---- 20 JO 

-
lO O.to;x)1 
11 0.00002 
12 '-"""" .. O.IJOOOO .. O.OOCU2 .. 0.00023 

16 0 ...... 
17 0.00Qe7 
18 0.00111 .. O.OOJn 

20 o.oo2n 

" O.CXH.21 
22 0.00625 
23 0.00908 .. O. 01291 

" 0.017V? .. 0.02-155 
27 0.032112 
28 0.04336 
211 0.05410 .. 0.07167 -

x• -112 • Wl - 31 

--000()()¡ --
!Í.IJI.II.AJ2 o 00001 
O.OOOOJ 0.0000¡ 
o .IJOOOO o. 00003 

o. ooon o. ()(J()Q5 
0.0002o O.DOOJO 
0.00034 0.00017 
0 -000..S 0.00030 
O. 00094 o .lXWQ 

0.00151 0.00081 
0.00234 0.00128 
O.OOJss 0.00183 
o.D0.526 o.oom 
0.00763 0.00443 

0.01085 
0.01.512 
0 ...... 
o.oznv 
0.03570 

0.1:10642 
0.00912 
0.01272 
0.01743 
0.02348 

O.CJ<lOO( 
0.00001 

0.00003 
0.0000.. 
O.OOOOg 
0.00015 
0.00126 

o.ooou 
0.0001111 
O. 00108 
0.00J67 
0.002:,2 

0.00373 
O. ()()StO 
0.00768 
O. 01072 
0.01410 

O.QOOOJ 

0.00001 
0.00002 
O.OOOof 
0.00003 
0.000J3 

o.oom 
0.0003& 
O.D005V 
0.00092 
0.00142 

0.~13 
O.OOJ14 
0.00455 
0.01:1647 
0.00903 

O.Ofo7a; 0.03107 O.OUI83 0.01240 

o.oooo. 
0.00001 
O. 00002 
0 ...... 
0.00007 

o.ooou 
0.00018 
0.00()3¡ 
0.0005() 
0.00078 

0.00120 
0.00180 
0.00285 
0 ....... 
0.00515 

O.OCJOo¡ 
0.00301 
0.00002 
O.OOOOJ 

O.IJOOOt¡ 
0.00010 
0.00016 
0.D0027 
o.ooou 
o.oooo8 
0.00102 
O.OOJ:i2 
O.OOZ24 
0.00324 

0.007&2 0.0046Q ---
04 ---

O.OOOQ¡ -
O.tJOt~)l 
o.000o2 0.00001 

O.DOOQJ 0.0000¡ 0.00()()¡ O.OOOOJ O. 00003 0.00001 O.OOOOg o.oooo. o 00002 O.O(X)14 0.00007 0 ...... 0.00023 o. 00012 0.00006 
O.OOOJo 0.0002{1 0.00011 o.ooo.se 
0.000S6 

O.OOOJ¡ 0.00:117 
O.IJOO.ts 0.00026 0.00129 0.00073 0,()00.&¡ o. 00188 0.00109 0.00082~. 

0.00273 0.00160 0.000112 

32 : 
88 70 72 74 7----

·¡-----1--~ 35 36 37 38 ----
21 0.00001 
H 0.0000¡ O.OOOOJ 

0.00001 
0.00002 
0.00003 

---23 .. .. .. 
27 
28 .. .. 

0.00002 
O.OOOOJ 
O.IJOOOO 

o.oeooo 
D.OOOJ.I 
0.00023 
0.00035 
0.00052 

0.""""-< 
0.00008 
0.00012 
0.00(118 
O, 00028 

o.oooot 
O.OCKKJI 
0.00002 0.00001 

g-~ O.OOOQ¡ O.OOOOJ 
-~ 0.00002 0.0000¡ g-::)1 0.00004 0.00002 

o. 000 1J o. OOOClo o. 00003 
. 18 O.()V()Qp 0.00005 

O.<W<J1 
0.000()1 
0.(1()()()2 
0.00002 

O.f:!C:001 
O.OOOQ¡ 
0.000(11 

Compiled from E. S. Pa~n 
C1mbrid1~ UniY~tJ Pr~q. C and _H· O. H•nt.y (eg,J (19S4), "Biometrik.l 

0.0000¡ 

1. P(y), Wben y- x2 fl).. r ambridp, En&)_ud {by Pn-misaton). Tabl• )'1 lds·Tablu for Stttblicl•na." VoL 1, 
xl• 2'-y. 01'' I&Jnma dlatnbutfon ""'hh Puameto • e ' 

. n q "/2 lnd}. Entv tabla wilh ... 2qand 



HR APPF.NQIX E 
APPENDIX F. 

Table E.9. Critical Values for the Kolmogorov~Smimov Test Statistic. 
TableE. lO. Random Digits 

; . 
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Table E.ll. Random Standard Normal Deviales 
· Table E.12. Gamma Function 

0.335 - 1.117 0.379 -2-~73 -O.óbS 1.378 0.559 0.231 1.015 -0.168 
0.371 0.006 -0.863 -1.020 -1.213 0.507 -1.115 0.995 0.212 -1.374 

Va.lu• of r(•• - ~· ,............ dz· r(a + 1) r( ) 
' -· • 

-0.114 1.487 -2.508 0.69~ -0.797 1.505 -1.091 -0.530 0.337 -0.467 
0.182 -1.834 1.226 0.495 . -1.531 -0.579 -1.7~3 -1.250 1.364 0.314 

• r(a) ' • r(•) • r(o) • T(11) 
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0.212 1.175 -0.523 1.230 -0.761 2.161 0.108 -0.328_ -0.590 -0.256 
-0.687 0.758 -1.054 -0.374 -1.469 0.910 1.503 -1.050 -0.361 -1.011 
2.177 0.295 -0.051 -0.708 0.499 -0.322 2.213 ·-1.445 -0.560 0.552 
0.619 -1.050 2.406 -1.191 0.794 0.089 0.242 0.779 -0.200 -0.981 

-0.769 -1.773 1.139 0.22'1. 0.092 -0.642 -0.251 0.629 -0.018 -0.186 

0.005 -1.407 0.497 -0.326 -0.277 1.915 0.667 2.454 -0.848 -1.171 
-1.036 -0.892 -2.019 1.009 0.294 -0.972 -0.664 -2.436 0.003 0.043 

·l. 

!.00 !.00000 !.25 .QOMO !.00 .881123 1.01 ...... 1.20 .1104<0 
1.76 .IIJDO& 

1.51 .88450 !.1)2 .9888< !.27 .00200 
l. 70 .92137 

!.03 1.52 .88704 l. 77 .02378 .983M 1.28 .110072 l. U .88767 1.78 .02823 !.04 .978+fo 1.29 .89904 l. M .88818 1.70 .112877 
!.05 .973ro 1.30 .8974.7 l. .. .BBB81 1.011 .96874 1.31 .89000 

1.80 .113138 
l. .. .8896-C 1.81 1.07 .96415 1.32 .8946( ,V34i08 
1.67 .BV04.V 1.32 ,036& !.08 .95973 !.33 .89338 !.Mi .891t2 1.09 1.83 .03D69 .11554.8 1.34 .89222 1.59 .89243 ,_ .. .D-1.281 

1.780 1.044 -1.129 -1.580 1.315 0.432 0.119 0.863 0.379 1.152 
0.405 - 0.513 1'.848 -0.936 0.823. -0.050 0.035 0.467 -1.095 1.189 
0.691 0.095 1.620 1.686 -1.994 -0.879 0.377 -0.668 -1.396 2.156 

0.020 0.456 -0.451 0.247 0.830 1.824 -0.657 -1.120 -1.471 -0.360 
-1.077 -0.0:!2 0.273 0.547 -0.334 0.901 -0.344 0.623 -0.615 -0.553 
-1.~89 0.385 0.331 -1.149 0.908 -:?.:?13 0.193 -0.213 0.154 -1.779 
0.097 ---~.637 0.794 0.515 -0.394 0.129 0.609 0.937 0.720 0.070 
0.820 1.190 0.880 -1.392 0.084 1.416 -1.040 -0.395 0.496 0.194 

1.10 .95135 !.35 .89115 !.00 .89302 1.11 .94739 1.36 1.83 .GfMI 
1.12 

.89018 l.IH .89-fM ,_ .. .948611 .9-fo3.5V 1.37 ,88931 1.63 .89.502 1.87 1.13 .Q.5184 .oagga !.88 ...... 1.63 .89724 1.14 1.88 . 115507 .93642 J.Jg .88785 .... ...... . 1.89 .05838 
1.1& _gl304 l. <O . 88728 !. .. .90012 1.18 .tmBO I.·U 1.110 -~177 .88678 !.66 .90187 1.17 L~l . ga,s:z3 -~670 1.42 .88630 1.87 .00330 1.92 1.18 .96878 .92373 l.·t3 .88004 1.68 .oosoo 1.10 .92088 1.93 .972.0 l. U _....., 

1.89 .90478 .... .97810 

0.273 -0.644 0.58] -0.459 -0.428 -1.401 0.328 -0.089 -0.956 -0.494 
0.126 -0.805 -0.684 -1.313 0.825 1.722 -0.550 1.190 0.707 -0.740 

-0.051 -1.499 0.494 -0.988 -1.250 -1.458 -1.660 -1.380 -0.771 -0.326 
-0.157 -1.838 -0.800 -1.306 -0.968 -0.843 -1.087 -0.16~ 1.380 1.556 
1.058 0.779 -0.209 -1.247 -0.240 0.627 0.612 -0.423 0.583 -0.070 

1.20 .91817 J..(5 ...... 1. 70 .1108 .. l. 21 l. O$ .97988 .91SM l. 48" : .88560 l. 71 .910.S7 1.22 .... .9S374 .91311 1.47 .118563 !.72 .912M !.23 1.97 .98788 .91076 1. 48 .88575 1. 73 .91483 !.98 .9QJ71 1.24 .90832 1.49 .8859.5 l. 74 .01883 1.99 .90581 
2.00 1.00000 

1 
0.625 -0.707 -0.472 -0.327 -0.951 0.606 0.033 0.280 -0.459 -0.342 
1.974 -0.390 -1.804 -0.972 -1.336 -0.039 -1.453 -1'.268 -0.145 0.069 

• For br¡e poa.iüve Ta1um of z, r(z) a ximat.c. the u ppro ympt.oUo .ene~ 

~r· -~ [• +..!... + _1 __ ~-· 571 J 
V~ t:a 288:r• 61Wb:• - 2®2tb• + · · · · 

0.563 -0.775 0.735 0.106 -0.349 -1.603 0.930 -1.316 0.657 -0.421 
0.504 -0.1 S 1 -1.138. -1.464 -1.043 1.087 -1.015 . 0.473 0.229 -0.679 
0.186 1.032 -1.306 -0.088 1.057 1.291 0.166 1.656 1.631 1.768 

0.898 -0.210 -0.6~2 -0.585 -1.425 0.987 0.206 0.6Z6 0.326 0.356 
-0.542 0.~28 -1.~87 0.446 -0.08~ 0.489 -1.262 1.242 0.804 0.113 
0.838 1.166 0.775 0.241 0.890 1.080 -0.076 -1.548 -1.793 0.280 
0.784 -1.237 0.540 1.503 0.325 -0.371 1.079 -0.079 0.955 -0.060 
1.447 -1.855 -1.484 0.025 1.710 -0.7.78 -1.707 0.652 -0.632 0.637 

i 
' 1 

1 ¡ 
! ¡ ~ 
1 

----

. - !: 



Bibliography 

Abramowitz, M. and l. A. Stegun. 1964. Handbook of Mathematical Functions. U. S. 
National Bureau of Standards, App!ied Mathematics Series 55, U. S. Government Print­
ing Office, Washington, D. C. 

Alcxandcr, e: N. 1954. Sorne Aspects of Time Series in Hydrology. Joumál lnstilute 
of Engincers (Australia), September, pp 196. 

Andcrson, D. V. 1967. Rl'view of Basic Statistical C'oncepts in Hydrology in Statistic:d 
Ml."~lOds in Hydrology. Prm:ccdin!;!S of Hydrology Symposium 5, McGill Univcrsity, Frb. 
~4 and 25. 1966, Queen's Printcr, Ottawa, Ca nada. 

Am.lcrson. H. W., et al. 1967. Discussions of Multivari~te Mcthods.. Volume 2, P~oceed­
ings of lntcmational Hydrology Symposium, Sept. 6-8, 1967, Fort Collins, Colorotdo. 

Anderson, R. L 194.:!. Distribution of the Serial Correlation Coefficient. Annals of 
MathcmaticJI Statistics 13: 1-13. 

Anderson. R. l. and T. A. B.ancroft. 1952. Statistical Theory in Rescarch. McGrdw-Hill 
· C'ompJn}', New York. 

Am.lerson. T. W. 1958. An lntroduction to Multivctriatc Statistical Analysis. John Wiley 
;md Sons, Jnc., New York. 

B:.~g.lcy. J. M. 1964. An Applkation of Stochastic Process TI1eory to thc Rainf¡¡JI-Runoff 
Proccss. T ce h. Report 35. Dcp:.~rtmcnt of Civil En!tint..•t..·rin!!. Stanfon..J Univcrsity, Swn ford, 

:- C':.~liforniu. 

Baile y. N. T. J. 1964. TI1c Elem~:nts of Stochastic Proccsscs. Wiley, New York. 

Bart~N. C.. l. and H. C'. S. Thom. 1949. Ev<..~Juation of Orought H:JZard. Agronomy Jour­
nal 41 ( 1 1 ):519·5 ~6. 

353 



X = & 

354 BIBLIOGRAPHY' 

Barger, G. L, R, H. Shaw and R. F. Dale. 1959. Gamma Distribution Parameter.; from 2 
and 3·week Precipitation Totals in the North C'.entral Regio·n of the United S tates. Agri­
cultura! and Home Economics Experiment Station, lowa State University, Ames, lowa. 

Bc:ard, L. R. 1962. Statistical Methods in Hydrology. U. S. Army Engineer District, 
Corps of Engjneers, Sacramento, Calif~rnia. 

Beard, L. R. 1967. Optimization Techniques for Hydrologic Engineering. Water Re­
sourús Rescarch 3:809·815. 

Beard, L. R. 1974. Flood Flow Frequency Techniques. Technical Report 119, Center 
for Rescarch in Water Resources, Univcrsity ofTexas, Austin, T..-xas. 

Beer, C. E. 1966. Oass notes for Agricultura! Engineering 532. lowa State University, 
Ames, lowa.· Ditto material. 

· Bendat, J. S. and A. G. Piersol. 1966. Mcasurcment and Analysis of Random Data. John 
Wiley and Sons, New York. 

Bendat, J. S. and A. G. Pierso1. 1971. Random Data: Analysis and Measurcment Pro­
cedures. Wiley-lnterscience, New York. 

lknjamin, J. R. and C. A. Comell. 1970. Probability, Statistics, and Decision Theory for 
Civil Encineers. McGraw-Hi_ll, New York. 

Benson, M. A. 1950. Use of Historical Data in Aood Frequency An~lysis. Transactions 
American Geophysical Union 31 ;419-424. · 

Benson, M. A. 1962a. Plotting Positions and .Economics of Engine~ring Planning. Pro­
ceedings of American Socicty of Civil Engincers 88(HY6) pt. l. NowmbCT, 196:!. 

8\"nson, M. A. 19.62b. Factors lnnuencing the Occurrcnce of Floods in a Hum id Region 
of Diverse Terrain. Water Supply Paper 1580-B. U. S. Gl·ological Survey, Washington, 
D. C. 

Bc:lison, M. A. 1962c. Evoli.Jtion of Methods for Evaluating the Occurrénce of Aoods. 
Water Supply Papér 1 580-A, U. S. Geological Survey, Washington, D. C'. 

Bc:nsoli, M~ A. 1964. Factor Affectin$ thc Occurrl•nce of FJoods in thc Southwcst. U. S. 
Gc:Oiogic_al Survey Water Supply Paper 1580- D. Washington, D. C 

Bc:nson. M." A. 1965. Spurious Corrclation in Hydraulics and Hydrology. Procecdings 
Ame-rican SOéiety Civil Engineers, Joumal of the Hydrau1ics Division. J:IY4, July 1965. 

Bt•nson, M. A. 1968. Unifonn Flood-Frcqucnl')' Estimatin[! Mcthods for Fcdcr.tl Agen­
cies. Wakr R('SOUTCl"S Rcscarch 4(5):891~908. 

Bt•nson, M. A. am.l N. C~ Matalas. 1967. Synthctk Hydrology Bascd on RL-!!ional .Statis­
til:al l"aramt•tt.·rs. Water ResourCl'S Rc-scan;h 3(4 ):931-935. 

j 
' ·i 

1 
i 

l 
! 
i 
j 

S 

• 

. -_ ... : ,,.,,. Íf i . 

ll!BLIOGRAPHY JS 
1 

· Beyer, W. H. (ed.). 1968. Handbook ofTables for Probability and Statistics. 2nd editio1 
The Otemical Rubber Company, Oeveland, Ohio. 

Blench, T. 1959. Empirical Methods in Spillway Design Floods. Proceedings of H~ 
drology Symposiurn 1, Ottawa. Sponsored by National Research Council of Canad, 
Nov. 4 and 5, 1959. 

Bowman, K. O. and L. R. Shenton. 1968. Properties of Estimators for the Gamma Di 
tribution. Report CfC·I, Union Carbide Corporation, Nuclear Division, Oak Rídg 
Tennessee. 

Bowman, K. O. and l. R. Shenton. 1970. S~all Sample ProperÍi~s of EstÚnators for tt 
Gamma Distribution. Report CTC-28, Union Carbide Corporation, Nuclear Divisio1 
Oak Ridge, Tennessee. 

Brakensiek, D. L. 1958. Fitting G.eneralized Lognormal Distribution to Hydrologic Dat 
Transactions American Geophysical Union 39(3 ):469-4 73. 

- Bridges, T. C." and C. T. Haan. 1972. Reliability ofPrecipitation Probabilities Estimate 
from the Gamma Distribution. Monthly Weather Review 1 00(8):607-611. 

Brieman, L 1969. Probability and Stochastic Processes. Houghton Mictlin Campan: 
Boston, Massachusetts. 

Surges, S. J. and A. E. Johnson. 1973. Probabilistic Short-Tenn River Yicld Forccast 
Proccedings American Society of Civil Enginecrs (IR2): 143·155. 

California Sta te Department of Public Works. 1923. FJow in California Streams. Bulle ti 
5. Cñapter 5. (Original not secn, cited in Cñow ( 1964)). 

Carey, D. l. and C'. T. Haan. 1975. Using Parametric Models of Runoff to lmpro' 
Parameter Estimatc-s for Stochastic Models. Water Resources Research 11(6}:874-87: --
Carey, D. l. and C. T. Haan. 1976. Supply and Dcmand in Water Planning: Streamno 
Estimation and Conservational Water-Pricing. Water Rcsou.rl:cs Institute Rcport 9::!. Ün 
vcrsity of Kentucky, Lexington·. 

C1la)'l"S. F. 1949. On Ratio Correlation in Petrography. Joumal of Gl.'ology 57(3): ~3 1 

~54. 

C1lt¡>W, V. T. 1951. A Gencralizcd Fomlllla for Hydrologic Frcqucncy Analysis. Tnm 
al'tions American Gcophysical Union 3~C}:131-237. 

Chow, V. T. 1954. TI1c Lol,!-Probability Law and lts Eng.inc'crinS App!iCations. Proc~ct 
ings American Society of Civil Engineers 80:536-1 to 536-~5. 

.. , ... 
Cooll•y, W. W. and P. R. lohnl'S. 1971. Multivari<.~tr p<~ta Analys!_!. John Wilcy und SOn 



356 BIBUOGRAPHY 

lnc., Ncw York. 

Crutcher, H. L. 1975. A Note on the Possible Misuse of rhe Kolmogorov·Smimov Test. 
Journal of Applied Meteorology 14:1600-1603. 

Dalrymple. T. 1960. Flood Frcquency Analysis. U. S. Geological Survey Water Supply 
Papcr 1543·A. M:mual of Hydrology. Part 3, F1ood Flow Techniqucs. U. S. Govcrnmcnt 
Printing Office, Washington. D. C. 

D.avis, J. C 1973. Statistics and Data Analysis in Gcology, John Wiley and Sons, Jnc., 
Ncw York. 

Dawdy, D. R. and J. H. Feth. 1967. Applications of Factor Analysis in Study of Cbem­
istry of Groundwater Quality, Mojare River Valley, California. Water Resources Re-
search 3{:!):505-5 10. 1 

O~!Coursey, D.G. 1971. The Stochastic Approach to Watershed Modellng. Nordic_ Hy­
drolgy pp 186-216. 

DcCoursey, O. G. 1973. Objcctive Rc:-gionalization of Peak Ftow Rates. Floods and 
Droughts. Proceedings or the Second lntemational Symposium in Hydrology. Fort 
Coltins, Colorado. Sept. 11·13, 1972. Water Resources Publications, Fort Collins. 

DcCourscy, D. G. and R. B. De: al. 1974. General Aspects of Mulrivariatc Analysis 
with Application to sorne Problcms in Hydrology. Proct:edings Symposium on Statis· 
tical Hydrology. U. S. Dcpartment of Agriculturc 'Miscellaneous Publication No. 1275, 
Washington, D. C. pp 47-68. 

Ot:Vries, R. N. and D. L. Sveum. 1970. A StreamOOw Simutation Technique. Papcr pre­
scntcd at 51st -Annual Meeting of American Gcophysical Union, April 2~~4, 1970. 
Washington, D. C. 

Drapcr, N. R. and H. Smith. J 966. Applied Regression Analysls. John Wi~ey and Sons, 
New York. 

Duckstein, L., M. Fogel and D. Davis. 1975. Mountainous Winter Precipitation: A 
Stochastic Event-bascd Approat:h. Procecdings National Symposium on Precipitation 
Analysis for Hydrologic Modeling sponsorcd by thc American Geophysical Union. 
Junc 26-28, 1975, Davis, California. pp 172-188. 

Durant, E. F. and S. R. Blackwell. 1959. Thc Magnitude and Frequcncy of Floods on 
the Canadian Prairies in Spi!lway Dcsign Floods, Proccedings of Hydrology Symposium 
1, Ottawa, sponsored by National Rcsearch Council of Canada, Nov. 4 and S, 1959. 

Eaglcson, P. S. 1970. Oynamic Hydrology. McGraw-Hill, New York. 

Eiselstein, L. M. 1967. A Princip;ll C'omponent Analysis of Surfacc Runoff Data from a 
N..-w Z(aland .Aipinc Watenhed. Volume 1· Procecdings of lntemational Hydrology S)'m­
posium. Sept. 6-8, 196'i. Fort C'ollins, Colorado. 

i l 

. ' 

1 
1 

\' 

Bl BLIOG RAPHY 

Elderto.J:l, W. P. 1953. Frcgucncy Curves and Correlation. Fourth Edition, llam:n P1 
Washington, D. C. 

Federal Council for Science and T.echnolonr. Ad Hoc Panel on Hydrology. 1962. Sci 
tific Hydrology. Washington, D. C. 

Fe11er, W. 1957. An lntroduction to Probability Theory and its Application, Volum 
John Wiley and Sons, New York. 

Fiering, M. B. 1961. Queueing Theory and Simulation in Rescrvoir Design. Procccd¡ 
American Society ofCivil Engineen 87(HY6):39-ó9. 

Fiering, M. B. 1964. Multivariate Technique for Synthetic Hydro.logy. · ProccedJ 
American Society ofCivil Engineers 90(HY5):43-ó0. 

Fiering, M. B. 1966. Synthetic Hydrology: An Assessment, in Water Research edited 
A. V. Kneese and S. C. Smith, Resources for the Future, Inc., Washington, D. C. pp. 3 
341. 

Fiering, M. B. 1967. Streamflow Synthesis. Harvard University Press, Cambric' 
Massachusetts. 

Fiering, M. B. and B. B. Jackson. 1971. Synthetic Streamfl9ws. Water Resourcb Me 
graph 1, American Geophysical Union, Washington, D. C. 98 pp, 

Fogel, M. M., L. Duckstein and J. L Sanders. 1974. An Event-based Stochastic Model 
Areal Rainfall and Runoff. Proceedings Symposium on Statistical Hydrology. U. S. l 
partment of Agriculture Miscellaneous Publication No. 1275, Washington, D. C. pp 2· 
261. 

Freund, J. E. 1962. MathematicaJ Statistics. PrCntice HaU,Inc., Eng]cwood Oiffs, N 

Friedman, D.G. and B. F. Janes. 1957. Estimation of Rainfall Probabilities. Connccti1 

Agricultura] Experiment Station Bulle.iin 332, University of Connccticut, Storrs, O 
necticuL 

Gabriel, K. R. and J. Neumann. !962. A Markov 0\ain Model for Daily Rainfall Occ 
rcnce at TeJ Aviv. Quarterly Joumal of the ROyal Meteorological Sociery 88(375): 1. 

95. 

Gibra, l. N. 1973. Probability and Statistical lnfcrence for Scientists and Engin('C: 
Prentice-Hall, Englewood Oiffs, New Jersey. 

Grace, R. A. and P. S. Eagleson. 1966. The Synthesis of Short·Time lncrcment Rain! 
Sequences. Report 91, Hydrodynamics Laboratory, Department of Ovil Enginecri1 
Massachusetts lnstitute ofTechnology, Cambridge, Massachusctts. 

Graybill, F. A. 1961'. An" lntroduction to Line;r Statistical ModeÍs. McGraw-Hí 
New York. 



358 BIBLIOGRAPHY 

Grcenwood, J. A. and O. Durand. 1960. Aids for Fitting the Gamma Distribution by 
Maximum Likelihood. Technometrics 2( 1 ):55-65. 

Gumbel, E. J. 1954. Statistical Theory of Extreme Values and Sorne Practica! AppJica­
tions. U. S. National Bureau of Stand:tn!) 1\pplied Mathematics Series, No. 33, Washing­
ton, D. C. 

Gumbel, E. J. 1958. Statistics of Extreme Values. Columbia University Press. New York. 

GuttfT!an, l. and S. S. Wilks. 1965. Introductory Engineering Statistics. John Wiley and 
Sons, New York. 

Haan, C. T. 1965. Point of Impending Sediment Deposition for Open Otannel FJow in a 
Circular Conduit. M.S. Thesis, Purdue University, West Lafayette, Indiana. 

Haan, C. T. J 972a. Adequacy of Hyl!rologic Records for Parameter Estimation. JoumaJ 
of Hydraulics Division, American Society of Gvi! Engineers 98(HY8): 1387-1393. 

.. Haan, C. T. 1972b. Evaluation of Prediction Error Probabilities from ,Stochastic Models 
by Simulation. Proceedings of lntemational Symposiurn on Uncertainties in Hydrologic 
and Water Resources Systems. Dec. 11-14, 1972. Tucson, Arizona. · · · 

Haan, C. T. and D. M. AJien. 1972. Cornparison of Multiple Regression and Principal 
Component Regression for Predicting Water Yields in Kentuck.y. Water Resources Re­
search 8{6}: 1593-1596. 

Haan, C. T., D. M. Alfen and J. O. Street. 1976. A Markov O.ain Model ofDaily Rainfall. 
Water Resources Research 12(3):443-449. 

Haan, C. T. and ·C. E. Beer. 1968. Detennining the Maximum Likelihood Estimators for 
the Three Para meter Weibull Distribution. lowa S tate Journal of Science 42(1):37-42. 

Haan, C T. and H. P. Johnson. 1967. Geometrical Properties of Depressions in North­
Central lowa. lowa Sta te Joumal of Science 42(2): 149·160. 

Haan. C. T. and H.· R. Read. 1970. Prediction ofMonthly, Seasonal and Annual Runoff 
VOiumcs for Small Agricultura! Watersheds in Kentucky. Bulletin 711, Kentucky Agri­
cultura! Experiment Station, University of Kentucky, Lexington, Kentucky. 

Hadl<y, G. 1961. Unear Algebra. Addison·Wesley, Reading, Massachusetts. 

H<~hn. G. J. and S. S. Shapiro. 1967. Statistical Models in Engineering. John Wiley and 
Sons, New York. · 

Hall, W. A. and J. A. Dracup. 1970. Water Resoun:es Systems Enslneering. McGraw-Hill, 
Ncw York. 

Hannan. H. H. 1967. Modero Factor AnaJysis, Univcrsity of Chicago Press, Olicago, 
lllinois. 

l 
1 
1 

i 
i 
i 

1 

l 

BIBLIOGRAPHY 3 

Harter, H. C. 1964. New Tables of the lncomplete Gamma-Function Ratio and of p, 
centage Points of the Oti-Square and Beta Distributions. Aerospace Rescarch labo 
tories, U. S. Air Force. 

Hawkins, R. H. 1974. A Note on Mixed Distributions in Hydrology, Proceedings Symp 
sium on Stalistical Hydrology. U. S. Department of Agriculture Miscellaneous Publit 
tion No. t275, Washington, D. C. pp 336-344. 

Hazen, A. 1930. Flood Flows, A Study of Frequencies and Magnitudes. John Wiley at 
S~ms, lnc. New York. 

Hershfield, D. M. 1961. Rainfall Frequency Alias of the United States. U. S. Weath 
Bureau Technical Paper40. U. S. Dcpartment ofCommerce, Washington, D. C. 

Horton. R. E. 1933. The Role of lnfiltration in the Hydrologlc Cycle. Transactions, 
the American Geophysical Union 14:446460. 

Hudlow, M. D. 1967. Streamnow Forecasting Based on Statistical App1ications ar 
Measurements Made with Rain Gage and Weather Radar. Tech. Report 7. Water R 
sources Institute, Texas A& M University, College Station, Texas. 

Huff, F. A. and S. A. O.angnon. 1973. Precipitation Modification· by Majar Urba 
Areas. Bulletin American Meteorological Society 54(12): 1210-1232. 

Huntsberger, D. V. 1967. Elements of Statistical Jnference. Second Edition. Allyn an 
Bacon, Boston, Massachusetts. 

Hurst, H. E. 1951. Long-term Storage CaP8city of Reservoirs. Transactions Ame rica 
Society of Civil Engineen, 116:776-808. 

Hurst, H. E. 1956. Mcthods of Using Long-term Storage in Reservoirs. Proceedings Ir 
stitute of Gvil Engineers 5(5}: 519-590. , , 

lnter~Agency Committee on Water Resourees:.· 1966. Mcthods of Flow Frequency Anal 
ysis .. Bulletin 13, Subcommittee on Hydrology, Jnter~Agency Committee on Water Re 
sourCes, U. S. Govemment Printing Officc, Washington. O. C. 

Jennings, M. E. and M. A. Benson. 1969. Frequency CUrves for Annual Series with Som• 
Zero Events or lncomplete Da.ta. Water Resourccs Rescarch 5( 1 ): 276-280. 

Johnston, J. 1963. Econometric Methods. McGraw~Hill, New York. 

Julian, P. R. 1~67. Variance Spectrum AnaJysis.Watcr R:esources Research 3:831~845. 

Julian, R. W., V. Yevjcvich, and H. J. Morci~Seytoux. 1967. Prediction ofWatcr Yicl~ i,n 
High Mountain Watershcds Based on Physiography. Hydrology PapC:r 22, Colorado Statc 
University, Fort Collins, Colorado. 

Kaiser, H. ·F. 1958. 111e Varimax Criterion for Analytic Rotation in Factor Analysis. 



360 BIBLIOGRAPHY 

Psychornctrika 23: 187~200. 

Kendall, G. R. 1967. Probability Distribution ofa Sing]e Variable in Statistical Methods 
in Hydrology, Proceedings of Hydrology Symposium 5, McGill Univef>ily, Feb. 24 and 
~S. 1966, Queen's Printer, Ottawa. C.aruda. 

KendaJI, G. R. 1959. StatisticaJ Analysis of Extreme Values in Spillway Design Floods, 
Proceedings of Hydrology Symposium 1, Ottawa. Sponsored by Naiionai Research 
Council of Canada, Nov. 4 and 5, 1959. 

NsieJ,- C C. 1969. Time Series Analysis of Hydrologic Data. Advances in Hydroscience, 
Vol. S, Academic Press, New York, pp: 1·119. 

lane, L. J. and H. B. Osbom. 1973. Hypotheses on the Seasonal Dístribution ofThun· 
derstonn Rainfall in Southeastem Arizona in FJoods and Droughts. Proceedings of 
St'cond lnternational Symposium on ... Hydrology, September 1 J-13, 1972. Fort Collins, 
Colorado. 

Langbein, W. B. 1949. Annual Floods and the Partial Duration Flood Series. TranSa 
actions American Geophysical Union 30:879-881. 

Law, A. G. 1974. Stochastic AnaJysis of Groundwater Level Time Series in the Westem 
United Statl.'S. Hydrology Paper, Colorado State University, Fort ~ollins, !=olorado. 

lic:b~nnan, G. J. and D. B. Owen. 1961. Tables of the Hypergeometric Probability Dis­
lri~.!!_!ion. Stanford University Press, Stanford, California. 

Lindgren, B. W. J968. Statistical Theory. Collier-MacMillan, Ltd., Toronto, Ontario, 
C'.anada. 

linsley, R. K., M. A. Kohlcr and J. C. H. PauJus. 1958. Hydrology for Ensineefs. Me· 
Graw-Hill, New York. 

Uoyd, E. H. 1967. Stochastic Reservoir Theory in Advances in Hydroscience, Volume 
~:::!81-335. Ac.:ademic Pn:ss, New York. 

Lowery, M. D. and J. E. Nash. 1970. A Comparison of Methods of Fitting the Double 
:xpone_ntial Distribution, Joumal of Hydrology 1 0(3):259·275. · 

•fanddbrot, B. B. and J. W. Van Ness. 1968. Fractional Brownian Motions, Fractional 
~oiscs, and Applications. SIAM Rev. 10(4),422-437. 

''""~lebrot, B.· B. and J. R. Wallis. 1968. Noah, Joseph, and Operational Hydrology. 
latcr Resoun:es Research 4(5):909-918. 

tandlc:brot, B. B. and J. R. WaJiis. 1969, Computer Experiments with F~ctionaJ 
·.aussian Noises. Water Resourccs Research S( 1 ):228-267. 

larkovic. R. D. 1965. Probability F'unctions ofBest Fit to Distributions of Annual Pre-

• 

BIBLIOGRAPHY 

cipitation and Runoff. Hydrology Paper 8, Colorado State University, F'ort Cd 
Colorado. 

Matalas, N. C. 1966. Sorne Aspecls of Time Series Analysis in Hydrologic Studies. 
ceedings Hydrology Symposium 5, StaustJcal Methods in HYdrology. McGill Univen 
February 24 and 25, 1966. Queen's Printer. ~ttawa. Canada. 

Matalas, N. C. 1967. Matht!matical Assessment ofSynthetic Hydrology. Water Resou 
Research 3(4):937·945. 

Matalas, N. C. 1 ~67b. Time Series Analysis. -Water Resources Research 3:817-t 

Matalas, N. C. and W. B. Langbein. 1962. lnfonnation Content of the Mean. Jouma 
Geophysical Research 6 7(9):3441·3448. 

M a talas, N. C. and B. J. Reiher. 1967. Sorne Comments on the Use of Factor Analy 
Water Resources Research 3(1):213-224. -

Matalas, N. C. and J. R. Rosenblatt. 196~. Use of Correlation for Augmenting A u 
com:Jated Streamflow Information. U. S. Geological Survey Water Supply Piip 
(Original not seen, cited by Matalas and langbcin, 1962.) 

McCabe, J. A. 1962. Aoods in Kentucky- M':.tgnitude and Frequency; Jnfamn.tti 
Circular 9, Kentucky Geological Survcy, Lexington, Kc:ntucky. 

McMahon, T. A., G.P. Lodner and C. S. Joy. 1972. Reservoir Storage Yidd Estimar 
Based on Historical and Gcnerated Streamflows. Ovil Engineers Transactions, lnslitu 
of Enginee,., Australia, CE 14(2): 147·152. 

Meinzer, O. E. (ed.). 1942. Hydrology. Dover Publications Inc., New York.. 

Mejia, J. M., l. Rodriguez-lturbe and D. R. Dawdy. 1972. Strcamnow Simulation 2 
Thc Broken Line Process as a Potential Mcx:leJ for Hydrologjc Simulation. Water Re 
sources Research 8(4):931·941. · --
Mood, A. M. and F. A. Graybill. 1963.Jntroduction to the Theory ofSlatistics. Secan< 
Edition, McGraw·Hill Book Co., lnc., Ncw York. 

Mood,, A. M., F. A. Graybill and D. C. Boes. 1974. lntroduction to the Thcory o 
Statistics. Third Edüion, McGraw-Hill, New York. 

Mooley, D. A. and H. l. Crutcher. 1968. An Application of the Gamma Distribution 
Function to lndian Rainfall. Environmental Scit!nces Scrvices Administration Tc~hnicaJ 
Report EDS-5, U.'S. Dcparlm<nt of Commerce, Sil ver Springs, Maryland. 

Morrison, D. F. 1967. Multivariate Statistical Methods. McGraw-Hill, Ncw York. 

National Bureau of Standards. 1953. Probability Tables for the Analysis of Extre~e 
Value Data. Applied Mathematics Series 22. Washington, D. C. 



362 BIBLIOGRAPHY 

Ncuts, M. F. 1973. Probabil~. Allyn and Bacon, Jnc., Boston. 

Ostle, B. 1963. Statistics in Research. Second Edition, lowa State University Press, 
Amt's,lowa. 

Overton, D. C. 1969. Eiicnvector Analysis of Geomorphic Interrelations of Small Agri­
t:ultural Watersheds. Transactions American Society of Agricultura) Engjneers 12(4): 
506-508. 

Owen, o'. B. 1962. Handbook of Statistical Tables. Addison Wesley, Reading, Massa­
chusetts. 

PJnofsky, H. A. and G. W. Brier. 1958. Sorne AppJications ofStatistics to Meteorology. 
The Pennsylvania Sta te University, University Park, Pennsylvania. 

Parl, B. 1967. Basic Statistics. Doubleday and Company, Inc., Carden City, New York. 

Pattison, A. 1964. Synthesis of RainfaJJ Data. Technicai Report 40, Department of Ovil 
Engineering, Stanford University, Stanford, California. 

Pe3rson, K. ( 1896-1897). On the Fonn of Spurious Correlation which may arise when 
·lndices are Used in the Measurement of Organs. Royal Society of London, Proceedings 
60:489-502. (Original no! seen, cited by Chayes, 1949, and others.) 

Pt!arson, K. 1930. Tables for Statistícians and Biometricians·:'Part l. The Biometric Lalr 
oratory, Univcrsity C'ollegc, london; Cambridge Univers'ity Press: (Original not seen, 
cited in Olow (e 1964 ).) 

Pearson, K. 1957. Tables of the lncomplete r-Function. Biometriks Office, University 
C'oJiege, London. 

Potter, W. D. I 949. Simplification of the Cumbcl Methcxl for Computing Probability 
Curves. S~ TP-78. U. S. Dcpartment of Agricuhurc, Soil Conservation Service, Wash­
ington, D. C., May 1949. 

Pn...Ss, S. J. )972. Applied Multivariate Analysis. Holt-Rinehart and Winston, lnc., New 
York. 

Ralston, A. 1965. A First Course in Numerical Analysis. McGraw-HiJI, New York. 

Rand Corporation. 1965. A Million Random Digits with 100.000 Normal Deviates. 
Jñe Free Press. Glencoe, Jllinois. 

~ec-d, L. J. 19~1~ On thc Correlation Betwcen any Two Functions and 'lts ApplicatiÓn 
o thc General Case of Spurious Correlation. Washington Acadcmy of Science Joumal 
lol. 11:449-455. 

~cich, B. M. 1962. Dcsign Hydrographs for Very Small Watcrsh.:ds from Rainfall. Ovil 
:ngine-t."ring Scction, Colorado S tate Univcrsity. 57 pp. 

1 

: 
' ¡ 

. ! 

BIBLIOGRAPHY 
• 

Rice, R. M. 1967. Multivariatc Methods Use fui in Hydrology. Volume 1. Proceedings .,.... _., 
Intemational Hydrology Symposium. Sept. 6-8, 1967. Fort Co!Jins, Colorado. 

RodrigÜez-lturbe, 1., D. R: Dawdy an<l L Garcia. 1971, Adequacy of Markovian Mod 
with Cyclic Components for Stochastic Streamflow Simulation. Water Resources 1 
5earch 7(5):1127-114~ •. 

Rodriguez-Iturbe, 1., J. M. Mejia and D. R. Dawdy. 1972. Streamnow Simulation l. 
New Look at Markovian Models, Fractional Guassian Noise, and Crossing Theory. Wa· 
Resources Research 8(4):921-930. 

Rohlf, F. J. and R. R. Sokal. !969. Statistical Table• W. H. Frecman and Co., s, 
Francisco. 

l Salas-LaCruz, J. O. and V. Yevjevich. 1972. Stochastic Structure of Water Use Tir. 
Series, Hydrology Paper 52, Colorado State University, Fort (:olli_ns, Colorado. 

Sanga1, B. P. and A. K. Biswas. 1970. The 3-Parameter LognormaJ Distribution and l 
Applications in Hydrology. Water Resources Research 6(2):505-51 S. 

·Selby, S. M. (ed.). 1970. Handbook ofTables for Mathematics. The Chemical Rubb 
Publishing Company, Oeveland, Ohio. 

Shelton, C. H. and J. l. Sewell. 1969. Parameter Screening for Watershed Analysi 
Transactions American Society of Agricultura! Engineers 12(4):533-539. 

Shenton, L. R. and K. O. Bowman. 1970. Remarks on Thom's Estimators for the Gan 
m a Distribution. Monthly Weather Review 98(2): 154-J 60. 

.. Shreve, R. L. 1970. Mainstrcam Length versus Basin Area in Topologically Randor, 
OJannel Networks. GeoJogical Socicty of Amcrica, Abstracts with Programs. Vol. 2 
p. 682. (Original not seen,cited by Smart (1973).) 

Singh, K. P. 1974. A Two-Distribution MethOd for Fitting Mixed Distributions in Hy 
drology. Proceedings Symposium on Statistical Hydrology. U. S. Department of Agricul 
ture Miscellaneous Publication No. 1275, Washington, D. C. pp 371-382. 

Smart, J. S. 1973. The Random Model in Fluvial Geomorphology. Procct'dings Sympo 
sium on Fluvial Gcom~rphology. State University of Ncw York, Binghampton, S.:pt. 
28-29. 

Synder, W. M. 1962. Sorne Possibilities (or MuJtivariate Analysis in 1-fydrologic Studies. 
Joumal ofCeophysical Rcsearch 67(2):721·729. 

Solomon, S. 1966. Statistical Assodation Between Hyd rolol!k Variables. Procccdin~ 
Hydrology Symposium S, Statistical Methods in Hydrology. McGill UniveÍ-sity, February 
24 and 25, 1966. Queen's Printer, Ottawa, Canada. 

Spiegel, M. R. 1961. Theory and Problems of Statistics, Schaum Publishing Company • 



364 BIBLIOGRAPHY 

New York. 

Stammers, W. M. 1967. The Application of Multivariate Techniques in Hydrology in 
Statistical Methods in Hydrolo~'Y- Proceedings of Hydrology Symposium 5, McGill 
University, February 24 and 25, 1 9óó. Ql.c.:n's Printer,Ottawa, C'.anada. (Al so discussions 
of this paper which immediately follow·it.) 

Stcel. R. G. D. and J. H. Torrie. 1960, Principies and Procedures of Statistics. McGraw· 
1 fi/1 Book Co., Ncw York. 

Stidd, C. K. 1953. C\Jbe Root Nonnal Precipitation Distributions. Transactions American 
G,·orhysical Un ion 34(1 ):31·35. · 

Strommen, N. O. and J. E. Horsfield. 1969. Monthly Precipitation Probabitities by 
Oimatic Divisions. Miscellaneous Publication 1160, U. S. Department of Agriculture and 
U. S. Dcpartmcnt ofCommerce, Wash1ngton, D. C. 

Sturges, H. A. 19'26. The 010ice ofa Oass lnterval. Joumal American Statistical Assocj.. 
.ition :! 1:65-66. 

Sudler, C. E. 1927. Storage Required for Regulations of StreamOow. Transactións 
American Society of Civil En(tincers 91:622-660. 

Thomas, H. A. and M. B. Fiering. 1962. Mathematical Synthesis of StreamOow Se­
quences for the Analysis of River Basins by Simulation, Cñaptcr 12 of Design of Water 
Rcsources Syskms. Harvard University Press, Cambridge, Massachusetts. 

Thomas, H. A. and M. B. Fiering. 1963. The. Nature qf the Storage Yield Function, in 
Opcrations Research in Water QualityManagcment, Chaptcr 2. Harvard University Water 
Program, Cambridge, Massachusetts. 

lñomas, J. B. 1971. An Jntroduction to Applied Protiability and Random Processes. 
lohn Wiky and Sons, Jnc .• New York.. 

n10m, H. C. S. 1947. A Note on thc Gamma Distribution, Statistical Laboratory, lowa 
itah: Collcge (Manuscript). (Original not seen, cited in Strommen and Horsfield. 1969.) 

rllom, ti. C. S. 1958. A Note on the Gamma Distribution. Monthly Weather Review 
16{4):117·122. 

/an Montfon, M.· A. J. 1970. On Tcsting that the Distribution of Extremes is of Type 1 
vhen Type 11 is the Alternutive. loumal of llydrology 11(4):421-427. 

fiessman, W., T. E. Harbaugh and J. W. Knapp. 1972. Introduction to Hydrology .lntext 
:ducational Publishers, New York. -

~allis, J. R. 1965. Multivariate Statistical Mcthods in Hydrology- A Comparison Using 
)ata of Known Fum:tional Rdationshi~l. Water Rcsources Research 1(4):447462. 

'·-
-·---------- --------

• 

_.L 

' 
BIBLIOGRAPHY . 
Wallis, J. R. 1967. When is it Sare to Extend a Prediction Equation?- An Answer Bas 
on Factor and Discriminant Function Analysis. Water Resour~es Research 3(2):375-38 

Wallis, J. R. 1968. Factor Analysis in Hydrology- An Agnostic View. Water Resourc 
Research 4(3):521·528. 

Wallis, J. R. and N. C. Matalas. 1970. Small Sample Properties or H and K- Estimato 
or the Hur.;t Coefficient h. Water Resources Research 6(6): 1583·1 594. 

Wang, Leei-Luoh and A. C. Huber. 1967. Estimating Water Yields in Utah by Princip 
Components Analysis. Report PrWg 35a-1, Utah Water Research l..aboratory, logal 
Utah. 

Water Resources Council. 1967. A Uniform Technique for Determining Aood Aa 
Frequencies. Bulletin 15. Water Resources Council, Washington, D. C. 

. Weast, R. C. (ed.). 1967. Handbook of Tables for Mathematics. The Otemical Rubbc 
Co., Oeveland, Ohio. 

Weibull, W. 1939. "A Statistical Study or the Strength or Materials". lng. Vetenskap 
Akad. Handl. (Stockholm) Vol. 151, pp "!S. (Original not seen, cited in Otow (1964). 

Whittaker, J. 1973. A Note on the Generation ofGamma Random Variables with Nor 
Integral Shape Parameter. Procecdings of the Second Intemational Sympa:s.ium on Hy 
drology. Water Resources Publications, Fort Collins, Colorado. pp 591-594. 

Wong, Shue Tuch. 1963. A Multivariate Statistical ModeJ for Predicting Mean Annua 
Aood in New England. Annals of Association of American Geographers. 53(3):298·31 J 

Woolhiser, D. A., E. Rovey and P. Todorovic. 1973. Temporal and Spatial Variation ol 
Paramelers for the Distribution of N·Day Precipitation. Proceedings of the Second Intef' 
national Symposium on Hydrology. Water Resources Publications, Fort Collins, Colorado, 
pp 605-614. 

Yevdjevich, V. M. 1963. Fluctuations or Wet and Dry Years, Part J. Research Data 
Assembly and MathematicaJ Models. Hydrology Paper 1, Colorado State Uni~ersÚy. 
Fort CoJiins, Colorado. 

Yevjevich, V. M. 1972. Structural Analysis or Hydrologic Time Series. Hydrology Paper 
56, Colorado S tate University, Fort Collins, Colorado. 

Yevjevich, V. M. 1972a. Probability and Statistics in Hydrology. Water Resources Pub-­
Jications, Fort Co~lins, Colorado . 

Yevjevich, V. M. J972b. Stochastic Processes in Hydrology. Water Resources Publica-­
tions, Fort Collins, Colorado. 

Young, G. K. 1968. Discussion or Mathematical Assessment ofSynthetic Hydrology by 
N. C. Matalas. Water Resources Research 4(3):681-682. 



CURSO INGENIERIA MARITIMA. 
MODULO: "FUNDAMENTOS DE HIDRAULICA Y MATEMATICAS". 

DEL 11 DE MARZO AL 7 DE JUNIO 
MEXICO, D.F. 

Air1S ANO t1EANS IN TH!E SERIES ANALYSIS. 
1 

PROF. ING. JOSE RAYNAL. 
JUNIO DE 1985. 

Palacio de Mlnerla Callo de Tacuba 5 primer piso Deleg. Cuauhtoimoc 08000 México, D.F. Tel.: 521·40·20 Apdo. Poatal M·2285 



... ···~. ······- ... 

.... ¡ ~·.l 

,, 
'' ,. 
' 

: '¡ 

.... 

.' 1,' 

''· 

. , 

. , . 

1 
Aims and Means in . 

Time Series Analysis 

To orient and motiva te the reader, this chapter gives a summary of the most 
useful concepts and main objectives of time series analysis . 

1.1 TIME SERIES ANO STOCHAST\C PROCESSES 

1.1 .1 Deterministic and non-deterministic fimrtions 

lt is difficult to find any branch of science which does not lead to the study 
of data arising in the· ·rorm of time series. A time series is a random or non· 
determinlstic function x of an independent variable 1. In most situations the 
function x(t) will be a function of time, but in other situations it m ay be a 
function of sóme other physical para meter 1, for example, space. 

The characteristic feature of a time series is that its future behavior cannot 
be predicted exactly, as would be the case for a deterministic function of time. 
In many branches of applied mathematics it is convenient to assume that 

' certain physical processes can be described by dcterministic or mathematical 
functions of"time. For example, in the majority of electrical engineering 
calculations it is convenient lo assume that the mosl importan! features of 

· the supply voltage can be represented by the cosine function 

x(t) = a i:os (2.,/01 + </>), (l. l.\) 
' 

where fo is the supply frequency and a is the voltage amplitude. However, 
closer inspection of the amplitude reveals that it is no! constan! but fluctuates 
with time. Thus Figure 1.1 shows the voltage deviations at the terminals of a 
.turbo-alternator as a function of time. When two records of the voltage­
time curve are compared, they may not rescmble each other visually. 
However, when their statistiral or at•erage bchavior is compared, similar­
ities begin to emerge. This observation leads to the notion of a stochastic 
process . 

. ' 

·' 
' 
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1 .1.2 Srochastic processes 

Since different sections of a time series resemble each other only in their 
average properties, it is necessary to describe these series by probability laws 
or models. Thus, possible values ofthe time series ata given time r are assumed 
to be dcscribed by a random rariable X(t) and its associated probability 
distrihution. The obscrved value x(t) of the time series at time t is then re­
g:lfdcd as one of the infinity of values which the random variable X(t) might 
ha\"e to.ken at time t. 

'o!tage (kilo .. ·ohs) 

34.) 

J4.2 

)4. t 

0 '-----;8;----7_1 6-;--~2-:-.4:---;J:l--.J40':--.....l48:---5L6---64l...--7.J.l-.,l (S<Cs) 

F1G. 1.1: Voltage deviations at the stator terminals of a 50-megawatt turbo­
altcrnator 

The behavior of the time series at all times can be described by a set of 
random variables {X(r)} where the time variable t can take any value from 
-ro to +ro. Thus the statistical properties of the series are described by 
associating probability distributions with any set of times 11, r2, ... , tN. The 
ordered set of random variables {X(r)} and its associated probability distri­
butions is called a stochastic process. The observed time series x(t) is thus 
regardcd as one of the doubly infinite set of functions which might have 
been gencrated by the stochastic process. The set is doubly infinite because 
an infmite sct of values is possible at any given time. and there are an infinite 
number of time points. .. · 

Time series which occur in practice are either discrete or continuous. 
Examplcs of dirr-rctc Lirn~'; series are monthly figures of imports and exports 
or thc yiclds msccutiYe batches from a batch chcmical process (Figure 
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5.2). Examples of continuous time series are the turbo-alternator data of 
Figure 1.1 or the radar return signa! of Figure 5.1. 

1.1.3 Experimental and non-experimental data 

A more importan! distinction than that between discrete and continuous 
time s,eries is whether the data are non-experimental or whether they are 
obtained from a planned expcriment. For example, time series in economics 
and the social scicnces are examples of non-experimental data. The economist 
is usual! y in a position where he can only obserre the economic system and is 
rarely in a position to conduct planned experiments. A further difficu\ty 
associated with the analysis of economic time series is that they usually 
contain few observations. Therefore it is exceedingly difficult to check whether 
a given stochastic model provides a good lit to the data. Nevertheless, the 
tcchniques of time series analysis are of considerable importance in the 
analysis of economic data [1]. 

On the other hand, in engineering and the physical sciences, the time sea le 
over which useful data need be collected is"much smaller, so time series con­
taining many more values can be obtained. Furthermore, it is possible to 
repeat experiments unJer similar sets of conditions so that the validity of 
the analysis and of difTerent models can be checked. 

1.2 TIME-DOMAIN ANO FREQUENCY-DOMAIN DESCRIPTIONS 
OF TIME SERIES 

lt was stated in Section l. 1 that the stochastic process, from which the ob­
served time series is regarded as being generated, can be described by the 
probability distributions associated with al! possible sets of time points. To 
infer the nature of these probability distributions from a single or small 
numbcr of series is an impossible or. even meaningless exercise. In this 
section we discuss sorne of the most importan! simplifications V.:hich have 
becn made in time series analysis in order to make the analysis of observed 
time series tractab\e and yet fruitful. 

The most importan! assumptions made about a time series are that the 
corresponding stochastic process is stationary, and that a stationary stochastic 
process may be adequatcly described by the lowcr moments of its probability 
distributions. The 1ower moments include the mean, t·ariance, coraria11ce 
fimction and the Fourier transform of the covariance function, the power 
spectrwn. An alternative approach to the abo ve is. to _assume ~ha! the sto­
chastic process can be adequately describcd by means of a model containing 
a few parameters which may be estimated from the data. These simplifying 
assumptions are now discu~:-cd brieOy. ··~ 
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1 .2.1 Stationarity 

Examination of the·output·from a noise generator over a limited period of 
time shows that different scctions of the output "loo k· alike.'' In contrast, 
the characteristic fcature of an economic time series, such as the gross 
national product of an industrialized country, is that its leve! tends to 
in,.. .... ., .... "'~~~.~:~.:~:-;~ !:'::'.ce difTcrent sections·of the series will not be com­
parable. The output from the noise generator is said to be a stationary time 
series, whcreas the gross national product series is said to be non-stationary. 

Qualitatively, a stationary series is one which is in statistical equilibrium, 
in the sense that it contains no trends, whcreas a non-stationary series is such 
that its properties change with time. Series occurring in practice are usually 
one of three kinds: those which exhibit stationary properties o ver long 
pcriods, for example, outputs from noise generators; those which are reason­
ably stationary o ver short periods, for example, measurements of atmospheric 
turbulence; and series which are obviously non-stationary in the sense that 
their visual properties are continuously changing with time. 

Most methods of dealing with non-stationary time series are based on 
techniques for removing or filtering out the non-stationary part, leaving 
behind a series which can be treated as stationary. In sorne recent work [2], 
models which can describe non-stationary series have been given. 

Since the statistical propcrties ofstationary series do not change with time, 
these properties can be conveniently summarized by computing certain 
functions from the data. The function which was first used for this purpose 
is the autocovariance function. , 

1 .2.2 The autocorariance function 

In classical statistical work the measurements x, (t = 1, 2, ... , N) of sorne 
physical para meter can be assumed to be independent since the experiments 
which generate these obscrvations are physically independent. lf the proba­
bility distribution f,(x) associatcd with the measurements is Normal or 
Gaussian, it can be complctely characterized by its mean 

f' = E[X] = J_~~ xf,(x) dx (1.2.1) 

and its variance 

a' = E[(X- ¡.<}2
] = J_~~ (x - ¡.<)2/x(x) dx. (1.2.2) 

The mean measurcs the location nr con ter of gravity of the distribution and 
the variance its variability or spread. 

lf th.e observations x, form par! of a time series, then only for a purcly 
random series will neighboring values be independent, that is, the size of 
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x, is not influenced by the size of x1.¡, x1 _ 2 , ...• In general, neighboring 
values of a time series will be correlated. Hence, in addition to specifying 
the mean !" and the variance a2, it is ·riecessary· in the case of a stationary 
Normal series to specify its autocovariance function . 

y( u) = E[(X(t) - !")(X(t + u)-!")]. 

In practice y(u} can be estimated by 

where 

l N-_v _ _ 

c(u) =- L (x,- x)(x, •• - x), 
N r-1 

J N 

X=NL:x,. 
1•1 

(1.2.3) 

(1.2.4) 

is the mean of the observcd time series. The plot of e( u) versus u is called 
the sample autococariance funttion of the time series. lt is sometimes 
convenient when comparing series with different scales of measuremeñt tO­

·normalize (1.2.4) by dividing by the variance c(O). Thus the samp/e auto­
correlationfunction is defined by 

e( u) 
r(u) = -· 

e( O) 
( 1.2.5) 

The sample autocorrelation function for the turbo-alternator data of Figure 
J. 1 is shown in Figure 1.2. 1t is seen that the voltage is highly positively 
correlated after one lag, which corresponds to t second, is still slightly 
positively correlated after 1 second, but over the range 1! to 2! seconds is 
prominently negatively correlated. This means that if a Jarge voltage occurs 
which is above the mean, there is a good chance.that in about 2 seconds the 
voltage will be less than the mean, and vice versa. The estima tes r(u) for lags 
iri the range 2! to 10 seconds are ail very small, but persistently negative, 
which suggests that on the average a positive deviation from the mean tends 
to follow a negative one after 2 to JO seconds. However, the values of r(u) in 
this range are extremely small and hence inferences based on them may be 
suspect. The tail of the sample correlation function reveals a periodicity in the 
voltage waveform with a period of approximately 3 seconds. This periodi­
city could a}so account for sorne of the negative correlation near a lag 
of 2 seconds . 

. The autocorrclation function is useful 1n sorne situations beca use it gives a 
visual picture of the way in which the dependence in the series damps out 
with.-the lag or separation u bctween points in the series.' However, the auto­
c.or~elation function is sometimes difficult to interpret bccause neighboring 
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Fro. 1.2: Sample autocorrelation function for turbo-alternator data of Figure 
1.1, N= 1000 

values can be highly correlated. This means that the sample autocorrelation 
function may be distorted visually. A more detailed description of the 
properties and uses of the autocorrelation ~unction is given in Chapter 5. 
lts main use in this book will be asan intermediate step in the estimation of 
the spectrum. 

/.2.3 Tire spectrum 

Suppose that the time series x, consists ofvalues of the cosine funrion (U .1) 
at discrete times. Then for frequencies fo which are multiples o the funda· 
mental frcquency 1/N, it may be verified that the variance calculated accord· 
ing to (1.2.4) is a'/2. lf x, is measured in vclts, then this means that the average 
ac power or variance of the series is a2/2 watts. More generally, if x, consists 
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of a mixture of severa! cosine waves with frequeocies J. aod amplitudes a, 
then tbe variaoce is 

c(O) ~ :¿~. (1.2.6) 
' 

The result (1.2.6) shows thai if x, can be regarded as being made up of mix· 
tures of cosine waves, its variance can be decomposed into components of 
average power or variance !ai' at the various frequencies f. It will be shown 
in Chapter 6 that if x, is a stationary time series, the variance of the cor· 
responding stochastic process can be decomposed into cootributioos at a 
continuous range of frequencies according to 

where r(j) is called the power spectrum of the stochastic process. Thus 
r(j) Sf is an approximate measure of the average power or variance in the 
frequency bandftof + Sf 

The spectrum estimare of the turbo-alternator data oi Figure 1.1 is sh<:>·,vn in 
Figure 1.3. The main feature of this spectrum is that there is high !X>·~·.:r at 
low frequencies and low power at high frequencies. This is due m~iniy to the 
high positive values of the sample autocorrelation function at lags 1 and 2. 
Note al so that the power does not drop gradually from high to low frequen· 
cies. lnstead, there is a flat region over the range 0-t cps. There is also a well· 
defined minor peak at frequency 0.39 cps, or period 2.54 seconds, which could 
explain the small periodicity in !he tail of the sample correlation function of 
Figure 1.2. 

1t will al so be shown in Chapter 6 that the spectrum and the autocovariance 
function are related according to the Fourier transform relation 

r(j) = r 
00 

-y{ u) COS 2TrjU tfu, (1.2.7) 

and hence knowledge of the autocovariance functioo of the process is 
equivalen! to knowledge of the spectrum of the process. 

However, in the analysis of a finite length of record, the spectrum is often 
preferable to the autocovariance function. First, estima tes o( the spectrum at 
neighboring frequencies are approximately independent, and hence the inter­
pretation of the sample spectrum is usually easier thnn that of the sample 
autocovariance function. More importan!, in many physical problems the 
spectrum is of direct physical interest: Examples of the uses of spectral 
analysis will be given in Section 1.3. 

Digital filters. Although it is necessary to assume stationarity lo describe a 
stochastic process by its spectrum, in practice rhe srationaritv IJS:rtlmption dotl 
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F1G. 1.3: Spectrum estima te for turbo-alternator data of Figure 1.1, N= 1000 

not present serious problems. This is beca use the spectrum isolates the contri­
butions in the series which can be attributed lo differenl frequency bands. A 
non-stationnry series is usually characterizcd by the presence of large power 
at Jow frequencies. However, in many practica} applications, tpe information 
which is of interesl may be at higher frequencies. In such cases, aH lhat is 
necessary is lo filter off lhe non·slationary low-frequency componenls and · 
use the residual series for lhe spectral analysis. 

A particularly simple form of digital filter for removing low-frequency 
components is lhe first difference filler 

y,= (x, - x,_ 1). (1.2.8) 

The gain G(f) of this filler is shown in Figure 1.4 and measures the extenl to 
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FJG. 1.4: Gain function for first difference filler 

which a cosine wave of frequency fis lransmitted by lhe filter. 11 is seen lhal 
low frequencies will be considerably attenualed and hence will lend nol lo 
be presenl in 1he outpul from the filter. 

1 .2.4 Parametric time series models 

In many problems, such as those where it is required lo predict fulure values 
qf the series, it is necessary to cons_truct a parametric model for the time 
series. To be useful, the model should be physically meaningful and involve. 
as few parameters as possible. A powerful paramelric model which has been, 
widely used in practice for describing empirical time series is the moving, 
average-autoregressive process 

X
1 

- 1' = a 1(X1 _ 1 -p.) + · ··· + am(X,_m- p.)+ Z, + {3,Z,_, 
+ ... + p,z,_., (1.2.9) 
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where Z, is a purely random serí~, or whíte noise, and 1" is the mean leve! 
of X,. The model (l.2.Q) is ;>hy~lcally meaningful since it is !he discrete 
analog of the familiar linear differential equation used to describe linear 
systems. The model thus represents time series as the output from a linear 
system whose input is white noise. By introducing a suitable number of the 
parameters a and f3 in (1.2.9) it is possible, after suitable differencing [2], to lit 
.''1lf.J~! t-:;;p.ir]c;:} tir::e Stries '.4·ith a re!E!ti\·dy small num~r of parameters. 

The decision asto whether to use the autocovariance function, the spectrum 
ora parametric model will be dictated in practice by the needs ofthe situation. 
Different needs will require different methods of approach and hence it is 
importan! to realize that rhere is no one opprooch U'hich shou/d be app/ied ro the 
analysis of al/ time series in al/ situations. 

1.3 OBJECTIVES OF TIME SERIES ANAL YSIS 

Severa! different applications of spectral analysis will be described in this 
book. Since spectral analysis isjust one too! which is available for the analysis . 
of time series, it is useful by way of introduction to discuss the nature of time 
series problems in greater generality. 

At the risk of oversimplification, time series problems can be classified into 
those which require sorne form of mode/ building and !hose which lead to 
frequency response srudies. These categories inevitably ha ve a certain amount 
of overlap. ' 

1.3.1 Jlfodel building 
1 

One can usually distinguish between severa! dilferent kinds of models, for 
example, exploratory and sophisticated models; empírica/ and physica/ models; 
and parametric and non-parametric models. 

Exploratory and sophisticared models. In the early stages of an ínvestigation, 
one may know very little about a particular phenomenon. The main purpose 
of the time series analysis at this stage may be to look at !he datJ in severa! 
different ways to see what hypotheses are suggested. For example, a study of 
the spectrum of the vertical velocity field of atmospheric turbulence [3} 
indicated that the peak in the spectrum moved toward lower frequencies with 
increased solar radiation. This suggested that there were two different causes 
for the fluctuations in atmospheric turbulence, a high-frequency _componen! 
due to frictional forces and a low-frequency componen! due to heat con­
vection caused by solar radiat.ion. As a result of this exploratory analysis, it 
was possible to begin te c.onstruct a more realistic model for atmospheric 
turbulence. 

----·--

¡ 
1 
l 
1 

·. - ..... - \ ·-

1.3] Ji 

As in the above example, it often happens that a time series model which i< 
guessed initially may be preved inadequate subsequently. The nature of tht 
inadequacies in the exploratory model can then be used as a basis for modify· 
ing it and constructing a more sophisticated model. 

Empírica/ and physical models. In sorne situations it is possihle ro wrire d"wn 
dota.ilcd modols tora timo sories bascd on the physics of the situation. For 
example, considerable elfort has gone into the construction of physical 
models for atmospheric turbulence [3] and hydrodynamic turbulence [4]. 
In other situations, so little is known about the phenomenon being investi­
gated that it is necessary to resort to ·the fitting of a more empírica! model, 
such as the moving average-autoregressive model (1.2.9). A bíg advantage of 
physical models is that they usually require fewer parameters than empírica! 
models. The decision to spend time and elfort deriving a physical model orto 
resort toan empirical model requiresjudgement and insight. In general, sorne 
compromise is necessary and one should use whatever physical knowledge 
is available and start building on these foundations. 

Parametric and non-parametric models. The moving average-autoreeres:s.ive 
model (1.2.9) is a parametric model. To fit this model it is only necessary to 
estimate a small set of parameters from the data. On the other hand, the 
description of a time series provided by the autocorrelation function or the 
spectrum is non-parametric (or multiparametric, since an effectively infinite 
number of parameters is required to specify the process). 

:e,( 1) 
LINEAR SYSTEM 

INPUT OUTPUT 

Fto. J.S: Schematic represenration of a linear system 

A problem to which both of these methods may be applied is the estima­
tion of the dynamic model of a linear system as shown in Figure l.S. In the 
simples! case, where there is one input x 1 and one output x,, it is possible to 
estima te the dynamic model from records x 1(t), x,(t), of the input and out­
pul. For example, it may be known that a simple parametric model such as 

dx,(t) T-¡¡¡- + x,(r) = x,(t) 

is adequate. This .model involves one parameter T, called the tlm~ constant of 
the system. In other situations it may be more convenient to describe the 
system by a nonparametric model requiring specification ofthe gain function 
G(f) and the phase function </{/) of the system. These are :ions which 
describe the response of the system to cosinewaves of dilfere •qnenciesf 
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Thus an input cosine wave x1(1) = a cos 2wft appears at the .output as a 
cosine wave x2(1) = aG(fl co< lhft + ,P(f)), that is, the amplitude is 
changed from a to aG(f) and the phase is changed by ,P(f). lt will be shown 
in Chapter JO that cross spectral analysis can be used to estímate the gain and 
phase of a linear system. 

In sorne situations the gain-phase description is preferable, since the model 
may be needed only over a limited frequency band. In other situations the 
overall description provided by the parametric model may be preferable. 

Since spectral analysis is a non-parametric approach, its usefulness in the 
area of model building is limited. However, ás in the turbulence example 
mentioned above, it is sometimes useful as an exploratory too! for suggesting 
models which can then be fitted parametrically. 

1 .3.2 Uses of time series models 

Time series models are used for a variety of purposes. Sorne of the most 
common of these are (a) prediction; (b) estimation of transfer functions; 
(e) filtering and control; (d) simulation and optimization; and (e) generating 
new physical theories. 

Prediction. By prediction is mean! the estimation of future values x(t + T) · 
of the time series in sorne future range O ,¡; T ,¡; 1 from values of the series 
up to and including time 1. The prediction of economic and industrial time 
series is a very important application of time series and is discllssed in. 
reference [2]. 

Estimation of tronsfer functions. This application has been discussed above. 

Filtering and control. A more general problem than the one of prediction 
described above is that of linear filtering as formulated by Wiener [5]. The 
linear filler is a device which operates on the input x 1(1) to give an output 
x2(1) according to 

x2(t) = J. m h(u)x1(t - u) du, 
o ' 

(1.3.1) 

where Ir( u) is thc weiglrting function or impulse response function of the filter. 
Suppose that the input x,(l) = s(t) + z(t), where s(t) is the signa/ or useful 
information and z(t) is the noise or unwanted information. Then, as shown 
in Figure 1.6, the filter is required to produce an output which is sorne func­
tion of th~ signa! ata future time T. For example, the desired output might be 

d 
g[s(t + T)] = dt [s(t + T)]. 

The optima! filler is then defined as the weight function which minimizes the 
mean sq u are of the error signa! 

<(1) = x 2(1) - g[s(t + T)] 

' 
1 

l. 

1 
1 
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between the actual and desired outputs. If models are available for the sto­
chastic processes which describe the >Í¡,~J.l J(l) and the noise z(t), techniques 
are available [6] for calculating the gain and phase function of the optimal 
filter. In fact, the calculation of the optimal filter is made easier by working 
with the spectra of the signa! s(t) and.the noise z(t). 

In control theory it is requircd to follow sorne specified signa! s(t) with as 
small an error as possible. It may be shown [6] that this reduces toa special 
case of the filtering problem described above. 

Simular ion and optimization. Many systems, for example electronic guidanee 
systems, are much too complex to study or optimize analytically. In such a 
case, the system may be simulated using ana!og, digital or hybrid computers. 

z (1) 

NOISE 

+ 
x.(t) 

INPUT 

o(l) 

INPUT 

LINEAR FILTER 

IDEAL TRANSFER 
FUNCTION 

Fto. 1.6: Schematic of the general filtering problem 

x,{t) 

OUTPUT 

The disturbances entering the real system at various points can be measured, 
and if enough of these data are available they may be fed directly into the 
simulator. However, the quantity of data required for simulation studies is 
usually so large that it is necessary to lit models to the disturbances. The 
models can then be used to generate unlimited amounts of artificial data 
which can then be used in the simulation. 

Generating new physical theories. The above applications of time series 
models refer to engineering problems. In applications of time series analysis 
in physics, the approach is somewhat difTerent. The physicist is interested in 
producing theories for physical phcnomena which can be used to predict as 
wide a range of situations as possible. Hence the time series models devised 
are more detai!ed than those required by the engineer and must be constantly 
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modificd and cnlargcd as grcatcr physical insight is obtaincd. Thc use of time· 
series analysis in building pbysical modcls for atmosphcric turbulcncc is wcll 
illustratcd in (3]. 

1.3.3 Frequency reJpo= s:udies 

Although spectral analysis has an importan! role to play in time series modcl 
building, it is in thc arca offrcqucncy response studies that it is most relevant. 

1t has bcen mcntioncd above that the linear systcm (1.3.1) trans­
forms a cosine wavc input x 1(t) = a cos 2wft into a cosinc wave output 
x 2(t) = o G(f) cos (2wft + ,P(f)). 1t will be shown in Chapter 6 that if x 1(1) 
is a stationary time series, thc spectrum of the input is changcd by multi· 
plying it by the square of the gain. That is, thc spectrum of x2(t) is 

' r,(f) = G'(f)r,(f). (1.3.2) 

Figure 7.22 shows thc efl'ect of passing an input with the spectrum shown in 
(a) of that figure through three systems whose squarcd gains are shown in (b). 
In thc cxample illustrated in Figure 7.22, the input refers to the roughness of 
a runway, thc systcm is the landing gear of an aircraft and the output is a 
typical aircraft response such as the acceleration at thc centcr of. gravity. 
Using thc rcsult (1.3.2), it is scen that the combination of thc input spectrum 
with thc landing gcar response marked 3 produces an output spectrum with a 
very sharp peak, as indicated by 3 in (e) of Figure 7 .22. This indica tes that 
largc accelerations will result at this rcsonant frequency, producing passenger 
discomfort and largc strcsses in the landing gear. Knowing thc gain plots of 
thc landing gears of typical a;'rcraft at typical landing specds, it is possiblc 
to !ay down norms for thc roughncss of runways. 

In the abovc cxamplc, it was possiblc to change thc input spectrum by 
designing suitablc runways, but the characteristics ofthc landing gear would 
usually ha ve bcen specified from other considerations and hence would ha ve 
to be regardcd as fixed. The converse holds in thc design of suspension units 
for motorcyc!es or cars. In recen! years certain companics havc based the 
design of suspension systems on measurements of the roughness of thc roads 
in a particular country. Roads difl'er widely in their characteristics from 
onc country to another, and hence suspension systems may be designed 
accordingly. · 

Frcq uency response studies may al so be applicd to the design of aircraft 
structures and to the dosign of experiments to optimize the performance of 
industrial proccsses. Tbese applications are discussed more fully in Chaptcr 7. 

1.4 SCOPE OF THE PRESENT BOOK 

There is no doubt that 5pectral techniques have come to play an important 
part in the analysis of time series. However, it is importan! to realize that 

1.4] S cope ofr he Present /Jook 

they do ha ve limitations and should be applied judiciously. The pioneering 
work in the estimation of spectra from finite lengths of records is to be found 
in thc books by Bartlett [7) and Blackman and Tukey [8]. Their books are 
essentially concerned with the estimation of the spcctra of single time series. 
In the present book, these ideas are ~x~«lded to the cstimation of thc spectra 
and cross spectra of severa! time series and thcir subsequcnt use in thc csti· 
mation of gain and phase functions of linear systcms. 

Severa! topics in spectral analysis havc not bcen includcd hcre. An im· 
portant omission is the spectral analysis of stochastic processcs defined in 
severa! dimensions, for example, the clevation of ocean wavcs as a function of 
earth coordinates. Anothcr omission is that of higher-order spectra, for 
examplc, the bi-spectrum. Thcsc higher-order spectra are useful in thc analysis 
of non-Normal proccsses and non-linear systcms. Stochastic proccsses 
defined in severa! dimensions ha ve been omitted bccausc the book is already 
too long. Howcver, non-linear spectra ha ve been omittcd mainly bccause wc 
think that thc extra complication introduccd by thcse spectra will inhibit 
thcir widcspread use. On the present evidence it is felt that paramctric mcthods 
are preferablc in these situations. 
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2 
Fourier Analysis 

Spectral analysis brings together two very importan! theoretical ?pproachC:S, 
the statistical analysis of time series. a_nd the me~hods o~ Founer analys1~. 
The latter requires no detailed exposJtlon for engmeers smce much of the1r 
training is deeply rooted in these methods. Howe_ver, for the sak~ of com· 
pleteness and for the benefit of other -readers, th1~ chap_ter des~Abes those 
ideas in Fourier analysis necessary for the analys1s of t1me sen . I_n later 
chapters, it will be shown how Fourier techniqu~ need t? be mod1fied to 
deal with statistical rather than deterministic funct10ns of lime. 

2.1 INTRODUCTION 

2.1.1 The role of Fourier ana/ysis in appliecl mathematics ancl engineering . . 

The analytic techniques developed by Jean-Baptiste-Joseph Fou?er (1768-
1830) ha ve played an importan! role in the develop~e~t of apphed mat~e­
matics. They are particularly importan! in thre_e apphcat~ons: (~) for stud_ymg 
periodic solutions to physical problems descnbed by dJfferent1al equat10ns, 
especially partial differential equations-for example, the stud_y of wa~e 

t. of plucked strings or ,¡he transmission of electromagnetlC waves m 
mo IOn . ' 1 • d"" ntial 
waveguides or cables; (b) as an operational dev1ce 10~ so vm~ 111ere 
equations-for example, ordinary differ_ential ~quat10ns w1~h constan! 

f!icients may be converted into algebra1c equat1ons by Founer transfor· 
coe f . 
mation; (e) for approximating non-periodic unct10ns. . 

This book wiU be concerned primarily with the latter case ~nd onl~ ~~­
cidentally with solving differential equations. 1t will not c~ns1d~r penod1c 
solutions to physical problems. As an instance of appro~1matmg .a no?· 
periodic function, consider a deterministic function s(t) of time t wh1c~ Wlll 
be called a signa/ and which is to be approximated by. mean~ of. smtably 

h sen periodic functions. A deterministic signa! is a funct1on wh1ch !S known 
~x~ctly Jor al/ time and hence is a mathematical idealization. Examples of 

deterministic signals are 

1 

2.1] /ntrocluction 

or 

s{l) = a cos 2rr/11, -co 1!1; 1 -> co. 

1 
'INVES11; :: • ~" "" 

~E 
1 ' .. 1 . ,'.!jO, 19 11;? 
·su•c•,,.,. ·· 
• • ' ;.;r.t j. &..t ... 1 "'"' 

! INGENIEr? -- -·· . ---

Many practica! signals are usefully thought of as deterministic, for example, 
the supply voltage as a functiort of time, the output of a square-wave genera­
tor, the displacement of an object subjected to a suddenly applied constan! 
force or the curren! through a resistor which is suddenly shunted across a 
charged capacitor. The dimensions of the first two of these signals are volts, 
of the third, feet, and of the fourth, amperes. However, the dimensions could 
be feet per second if the signa! were a velocity or they could be units of 
temperature, pressure and so forth. For consistency it will always be sssumed 
that 1 is measured in seconds and s{t) in volts, since in móst practica! appli­
cations the physical quantity which is being studied will be converted into a 
voltage before recording. 

The first deterministic example cited above is non-perloclic while the second 
is perioclic. Periodic means that there is a number T, called the periocl of the 
function, such that 

s(t) = s(t + T) (2.1.1) 

for all 1. 

The function between time t and t + T can be of any shape whatsoever. 
A particularly simple shape is the cosine function example mentioned above 
which has period T = 1/f., since 

a cos 2"/1[1 + {l/f1)] = a cos 2rr/11. 

lt is possible to represen! non-periodic functions using any class ofperiodic 
functions. In Fourier analysis, the periodic functions used are sine and 
cosine functions. They ha ve the importan! properties that an approximation 
consisting of a given number of terms achieves the minimum mean square 
error between the signa! and the approximation, and also that they are 
orthogonal, so the coeflicients may be determined independently of one 
another. 

2.1.2 Finite Fourier SerieS 

Consider a signa! which is specified only at discrete times, and suppose it is 
required to expand it in terms of periodic functions. The discrete signa! can 
be regarded as baving been derived from a continuous signa! s(t) of duration 
Tby sampling the values of the signa! at spacing t., as shown in Figure 2.l{a). 
This produces N = T/ !>. sample values •., where 

s, = s(t = rt.). (2.1.2) 
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• 1 

(a) 

(b) V \1\/1~ \TV ., 
FtG. 2.1: (a) A discrete signa! obtained by sampling a continuous signa! 

(b) The fundamental sine wave and harmonics 

For convenience it is assumed that N is even and equal to 2n so that r may 
run through the integers -n, ... , O, 1, ... , n- l. 

Note that periodic functions which pass through the sample values may be 
eh osen in an infinite number of ways. For example, the finite Fourier series 

·-· .i'(l) = A0 + 2 L {A. cos 2"mj,r +B. ~in 2lTnif11} +A. cos 2Trn/11 (2.1.3) 
. ... •1 

contains N constants, the' A,. and !1,., which can be determined so that the 
discrete and continuous ~elues coincide at the points 1 = rtl., that is, .f(l) - s,. 
lt follows that the function .<(t) provides an approximation to the original 
continuous function s(l) in the intervai - T/2 " 1 < T/2. 

r . 

l 
1 

¡ 

1 
1 

1 

1 

! 
1 
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On substituting 1 = rtl. in (2.1.3) and setting J(rtl.) - s" a set of N cquations 
for the N unknown constants is obta;::.e.l. The equations are 

ft-1 ' 

s, = Ao + 2 L {A. cos 2"m/1rtl. + B. sin 2Trnif1rtl.} 
••• 
+ A, cos 2rrnf1rtl., (r = -n, .. . , O, 1, ... , n- 1). (2.1.4) 

Choosing / 1 = 1/Ntl. simplifies the solution of equation (2.1.4), beca use 
then the sines and cosines are orthogona/, that is, they satisfy the relations 

·-· "" . 2lTkr 2rrmr L. srn ---¡;¡- cos ---¡;¡- = 0, 
,. -· 
·-· ¿ 
,. -· ¡0, 

. 2Trkr . 2rrmr N 
S tn ---¡;¡- SI n ---¡;¡- = 2 , 

o, 

• -1 ¡0, 
"" 2Trkr 2rrmr N L. cos ---¡;¡- cos ---¡;¡- = 2. 

,. -· . 
N, 

k, m integers; · 

k,Pm 

k=m.PO,n 

k= m- O, n; 

k.Pm 

k=m-FO,n 

k = m ::s O, n. 

(2.1.5) 

The frequency j, = 1/ N tl. is called the fundamental frtquency of the signa! 
.i'(l), and it corresponds toa period equal to the length ofthe record, as shown 
in Figure 2.1(b). The dimensions of / 1 are cycles per second (cps) when 1 is 
measured in seconds (sec). 

The function .f(l) in (2.1.3) is thus composed of a sum of sine and c:osine 
functions whose frequencies are multiples or harmonics of the fundamental 
f., as is illustrated in Figure 2.1(b). The highest frequency present is n/Ntl.­
lj2tl. c:ps, which corresponds to a period of 2 sampling intervals. 

The coefficients Am or B., when / 1 = I{Ntl., may be determined by 
multiplying both si des of (2.1.4) by cos (2lTmrfN) or sin (2rrmr/N) and summing 
over r, then making use of the orthogonality relations (2.1.5). v·. 

The final expressions for the coefficients are · · 
.:.,.·· ·-· 1 "" 2Trmr A m= Ñ ~·Sr COS --¡;¡-• (2.1.6) 

r• -• ·-· B 1 L . 2"mr -=- ssm--. 
- N ' N (2.1.7) 

, .. -· 
for m = O, 1, ... , 11. A 0 is the mean or average value of s,. Similar expressions 
may be derived when the number of points N is odd, say 2n - !, the only 
differenc:e being that the A. term vanishes. 
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An uample._ Consider. the data of Table 2.1, which gives the intensity of 
reflected signals from one of the E-layen in the ionosphere. The figures 
given are averages, over several ;nonths, of the intensity at fixed times during 
the day. 

TABLE 2.1: 1ntensity of reflected signa1s from ionosphere 

Time o 1' 2 4 S 6 7 8 9 10 11 

Average 
intensity -6 -20 -28 -8 -1 7 -20 -6 -7 14 19 12 

Table 2.2 gives the values of the coefficients A. and B. computed from 
(2.1.6) and (2.1.7) using hour 6 as the origin oftime. The coefficient A2, for 
example, is obtained from 

A2 = 1~ {< -6) cos (-2,) + ( -20) cos (-7) + · · · + (12) cos (7)} 
1 

=12(-6-10+···+6}=-2.25. t. 

TABLE 2.2: Fourier decomposition of mean square for ionospheric data 

Source m R. . </>M(") · Contribution to 
mean square 

mean o -3.667 o 3.667 180 1J',44 
fundamental 1 -0.415 5.584 5.604 85 62.81 
2nd harmonic 2 -2.250 -7.073 7.422. -72 110.17 
3rd harmonic 3 - 1.250 -0.250 1.275 -11 3;25 
4th harrnonic 4 -0.667 0.577 0.882 41 !.56 
5th harmonic 5 - 1.715· -0.334 1.806 -11 6.52 
6th harrnonic 6 -3.500 o 3.500 o 12.25 

Total 210.00 

Amplitude and phase representation. It is so me times more convenient to 
write (2.1.3} in thc form 

·-· 
s(t) = Ro + 2 ¿ R. cos (2,mf1t + </>,.) + R. cos 2"n/1t, . (2.1.8) 

·-· 
where 

R. = v' A~ + B~, 

1 

B,. .¡,,. = arctan -y 
• 

(2.1.9) 

l. 
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and 

A. = R. cos 4>.,. B. = -R. sin o{>.. (2.1.10) 

R. is called the amplitude and of>. the phase of the mth harmonic relative to 
an arbitrary origin of time. In the above formulae the origin of time has 
been talcen at a point roughly halfway between the first and Jast value of s,. 
If this origin were changed, the amplitude would remain unaltered but the 
phase would change accordingly. The amplitudes and phases for the iono­
sphere data are shown in Table 2.2. 

Parseval's theorem. The mean square value or average power of the· aignal 
.r, is 

,_ -· 
Usiog (2.1.3) and the orthogonality property (2.1.5) it may be verified that 

this can be written 

a-1 a-1 

~ ¿ s~ = R~ + 2 ¿ R~ + R:, (2.1.11) 
r•-• ~n•l 

which is a special case of Parseval's theorem. In words, it states that the mean 
square value of s, or the aL·erage power dissipated by s, can be decomposed 
into contributions arising from each harmonic. For the zero-th and nth 
harmonic the contribution is R~ but for the mth harmonic the average power 
is 2R~. 

A more convenient measure is the mean square value of s, about the mean 
R0 • This is simply the variance 

•-1 •-1 

o' = ~ ¿ (s, - R0)
2 = 2 ¿ R! + R:, (2.1.12) 

r--• m•l 

or, in electrical terms, the average ac power. 
The decomposition of the mean square value of s, for the ionospheric data 

is shown in Table 2.1. Jt is seen that the mean, fundamental and first harmonic 
· account for about 89'7. of the total mean square, showing that the data are 

very well approximated by the model 

s, = -3.67 + 11.2 cos ("¡ + 8s·) + t4.8 cos (';"- n•)-
The decomposition of the mean square may be displayed by plotting the 
average power at the harmonic versus the frequency of the harmonic. This is 
called a Fourier fine spectrum and is shown in Figure 2.2 for the ionospheric 
data . 
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Comp/ex Fourier series. The above formulae are cumbersome lo manipulale 
and hence for operalional convenience it is preferable to express .f in term~ 
of comp/ex amplitudes s., where ' 

S,.= R,. e•'•· =A"'- jB,.. j2 = -l. 
Thus (2.1.3) may be written 

(2.1.13) 

·-· S(l) = 2: Sm e1<2•miiH4l, (2.1.14) 
ot• -· 

where S-. = s:. the asterisk denoting a complex conjugate. Similarly, 
formulae (2.1.6, 7) become 

. -· 
S, = ~ 2: Sr e-J(2runrJN). -n <: m " n - ], (2.1.15) 

and Parseval's theorem (2.1.!;) beco mes 
. ~-l n-1 

fJ ¿ s~ = 2: ¡s.¡•. (2.1.16) 
••-a M•-n 
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Hence the conlribution to the mean square, 2R~ in (2.1.11), is divided in 
(2.1.16) into two parts, each equal to ¡s,.¡• = R~, one lit the freqúency mf, 
the other at the frequency -n!f1• 

Throughout this book it will be found convenient to operatc with complex 
transforms. The resulting formu!ae can then be converted into real form by 
taking real and imaginary parts. For example, taking the real and imaginary 
parts of (2.1.15) gives the sine and cosine transforms (2.1.6, 7). 

2.1 .J Fourier series 

Suppose that a Fourier representation of a continuous signa! in the interval 
- T/2 to T/2 is required. Note in the analysis of the previous section that if 
the sampling interval !1 tends to zero, then the sample points 3, will trace out 
the continuous signa! s(l). The continuous signa! i(t); which is conslrained 
to pass through the sample points s., must then coincide with s(t), and hence 
in this limiting case the Fourier representation i(t) is an exacl representation 
of the signa! s(t) over the interval - T/2 to T/2. 

The Fourier coefficients S,. defined in (2.1.15) may be rewritten 

·-· S __ J_ " S f1 e- J<2•11'1r6/N6J 

"' - Ntl L.- ' • (2.1.17) 
,_ -11 

and if !1 tends to zero and N tends to infinity in such a way that Nó = T, 
then ró tends to 1, s,ó tends lo s(t) dt and the sum (2.1.17) tends lo lhe 
integral 

) JT/2 
S,. = - s(t) e-"2"""m dt. 

T -T/2 
(2.1.18) 

Similarly, (2.1.14) tends to 
e 

s(t) = .2; s. e''2"'"'m. (2.1.19) 

Parseval's theorem, (2.1.16), now becomes 

) JT/2 
- s 2(1) dt = 
T -T/2 

. ; . 
¡s,.¡2, (2.1.20) 

·--· 
since (2.1.16) may be written 

•-l •-1 
~A 2: slA = 2: ¡s.¡•, 

'"'" ... -· 
andas ótends lo zero and N tends to infinily, s~ótends to s1(1) dt. Equalion 
(2.1.20) states that the mean square of the continuous per ·~ signa! s(t) 
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can be decomposed into an infinite number of contributions at harmonics 
f~ = m/T, m = -coto +co, ofthe fundamental frequency 1/Tcps. Equation 
(2.1.19) is called the Fourier series representation of the function s(l) in the 
interval - T/2 .;; 1 < T/2. Note that although the above limiting arguments 
are heuristic, they can be justified rigorously. 

2./ .4 Fourier integra/s 

Up to now it has been shown that two types of signa! may be represented by 
means of trigonometric series. The first type of signa! s, consisted of a finite 
number (N) of equispaced ordinales, spaced !J. seconds apart. This could be 
represented over the given interval by a continuous signa! s(l) composed of 
N harmonics of the fundamental frequency 1/N.'J. cps. The maximum fre­
quency present is l/2.'1 cps, and hence thiisignal S(r) is said to be bond-limited. 
The second type of signal, a continuous signal s(t) available over the interval 
- T/2 .;; 1 .;; T/2, was seen to be represented over the interval by a signal 
composed of an infinite number of harmonics of the fundamental frequency 
1/T cps. 

More generally, it is necessary to consider a third type of signa! s(l) de­
fined over the infinite interval -co .;; t· .;;co; The·corresponding Fourier 
analysis is a limiting case of the analysis of Section 2.1.3 in which increasingly 
large segments T of the infinite record are analyzed. As T tends to infinity the 
frequency spacing 1/T between harmonics becomes infinitesimal, which 
results in a continuous amplitude distribution over frequency. 

To demonstrate this limiting argument, (2.1.19) may be rewritten 

s(t) = 

= 
" (TS ) eJ<2•mtm _1_. ¿ ~~ • T 

m•-a;~ 

(2.1.21) 

In the limit, as T tends to infinity, m/T tends to f, 1/T tends to df, and TSm 
tends to S(f). Hence (2.1.21) tends to the integral 

s(t) = r= S(f) el'''' df (2.1.22) 

Similarly, (2.1.18) may be written 

J
T/2 . 

TSm = s(t) e- 12Jr<mtTl~ dt. 
-T/2 

(2.1.23) 

which tends to 

(2.1.24) 

as T tends to infinity. The function S(f) is called the Fourier transform of 
s(t). 
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Parseval's relation (2.1.20) for the infinite interval case may be written 

which tends to 

J
T/2 

s2(1) dt = 
-T/2 

r = s2
(1) dt = r = IS(f)j 2 df 

(2.1.25) 

(2.1.26) 

The limiting operation in (2.1.25) may be thought of as first distributing the 
power or variance !Sml 2 at frequency m/Tover a band of width 1/T, giving an 
average power TISml 2 over the band. This average power then tends to a 
continuous distribution of power over frequency as the width of !he band 
becomes infinitesimal. 

Physically, the Fourier transfe>rm S(f) represents the dislribulion of signal 
strength withfrequency, that is, it is a density function. When s is measured in 
volts and 1 in seconds, the dimensions of S(f) are "volt-seconds" or "volts 
per unit off" sincefhas the dimensions of frequency, that is, sec-•. 

Mathematical texts on Fourier analysis give a wide variety of sufficient 
conditions for !he existence of the integrals (2. 1 .22) and (2. 1 .24). In this book, 
these conditions are avoided by using !he theory of distributions conceived by 
Dirac and made rigorous by Schwartz. An excellent account of this theory is 
given in [1], and [2] may also be consulted. In this theory, every generalized 
function has a Fourier transform which is itself a generalized function. One 
consequence of the theory is that it is possible to regard a Fourier series as a 
special case of a Fourier integral, as will be seen la ter. The results of Section 
2.1 are summarized in Table 2.3: 

2.2 FOURIER TRANSFORMS AND THEIR PROPERTIES 

2.2.1 Well-be/ta¡•ed functions 

As an example of the application of (2.1.24), consider the Fourier transform 
ofthe simple function s(t) = e-•tt. Then 

S(}) = Ja;l e-111 e-1211/t dt 
-= 

; .. , 

1 1 
1 - j2rrf + 1 + j2rrf = 

2 

Table 2.4 gives the Fourier transforms of sorne simple signals s(t) which 
will be needed later. 

These signals and their transforms are plotted in Figure 2.3. Re~cmbering 
that S(f) gives the distribution of signa! strength with frequency, notice in 
Figure 2.3 that !he first signal is quite smooth and hence its transform is 
dominated by Jow-frequency contributions. Also observe that sharp corners 
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4 
in s(r), as in example (b). produce ripples or side lobes in the transform and 

. <! that periodicities in s(r) appear as peaks in the transform, as illustrated by 
:¡ + S: example (e). • i 
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TABLE 2.4: Sorne simple functions and their Fourier transforms 

s(l) 

{
o. ltl > b 
a, ltl .;; b 

S(f) 

a a 
a' + (2rr{f + [ 0 )]2 + a• + [2a(f - [ 0 ))2 

\ 

The signals in Table 2.4 are all even functions of 1, and hence their Fourier 
transforms are real and even functions. In general this is not the case; for 
example, suppose s(l) is the odd function 

·{o, 1<0 
s(l) = e·•, O .;; t .;; oo. 

Then, using (2.1.24), 

This transform is complex and may be Wf.itlen as the sum of a real and imagi-
nary part, .;~ 

1 . 2wj( 
S(j() = 1 + (2wj()2 - } 1 + (2-rrj()2 • 

Alternatively, it may be written in terms of an amplitude and phase function 

S(j() = + t2wj()' exp (-j arctan 2wj() 

using (2.1.13), so that 

,P(j() = a retan - 2wf 

Note that all these transforms damp. out or "dissipate" as j( tends to 
infinity. Situations will now be considered where the transform does not damp 
out. :l • 

2.2.2 Generalized j(unctions 

Consider two special cases of the rectangular pulse wbich was the second 
example in Table 2.4. 

2.2) Fourier Transforms and Thdr Properties 

Unil lzeighl. If a = 1, then 

S(j() = 2b sin 2wj(b. 
2wj(b 

29 

(2.2.1) 

If b tends to infinity, s(l) tends to a constan!, equal to everywhere. The 
behavior of S(j() as b increases is illustrated in Figure 2.4, where it may be 
seen that S(j() tends toa spike atf = O. In the limit, S(j() tends toa spike of 
infinite height atj( = O and is bounded everywhere else. This is what is mean! 
by a Dirac delta or impulse function. Hence the Fourier tran~form o( a constant 

j~ a deltafunction. 
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FTG. 2.4: Unit height rectangular pulses and their Fourier transforms 
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Unit are a. lf 2ab = 1, then 

Fouria Analysis 

S(f) = sin 2"fb_ 
2rrfb 
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(2.2.2) 

As b tends to zero, S(/) tends to unity everywhere. However, as b decreases 
s(l) becomes toller and taller, as illustrated in Figure 2.5. It follows that s(l) 
tends toa delta function at the origin. 

Th~se two cases show that the Fourier transform of a constant is a delta 
funct10n and, con\'ersely, that the Fourier transform of a delta function ¡5 

a constan!. This reciprocity is to be expected from the symmetry of the trans­
form equations (2.1.22) and (2.1.24). 
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Deltafunclions. The sequence of functions {2.2.1) as b tends to infinity is not 
the only one which can be used to define a delta function. In general a delta 
function m ay be defincd as a sequence of functions li.(l) such that 

J:~ s.(r) dt = 1, for every n, _ 

and in the Jimit as n tends to co, 

li(r) ,;, ~0• 
l<Xl, 

ro~ O, 
r =o. 

(2.2.3) 

(2.2.4) 

Examples of such sequences of functions, togethcr with their Fourier trans­
forms, are given in Table 2.5. Note that S.{f) tends to a constan!, unity, 

for all fas n tends to infinity. 

TABLE 2.5: Sequences defining delta functions 

li.{t) s.{fl 

l. 2n 
sin 2rrnt 1, 1/1 S n 

2rrnt o, 1!1 > n 

2. v'~ e-n1112 e-11f2¡n 

3. !!. e-nl!l 
n' 

·2 n2 + (2,[)2 

4. 
n 

:;;. 112(2 + 
e-1211!/nl 

S. 
n sin2 (-rrnt) - !L!, Jfl S n 

(rrnt)' n 
O, 1!1 > n 

One physical interpretation of the delta function is that of an input of 
energy into a system. Using an example from mechanics, _suppose that a 
hard block is resting on aplane surface. If a very small but high-speed bulle! 
is fired at the block, an exchange of energy occurs whcn the:búllet rebounds. 
Assuming that the collision occurs so rapidly that the block does not have 
time to move, the bulle! may be regarded as having imparted to the block an 
impulse of energy in the form of a change of momentum. An alternative 
interprctation drawn from electromagnetic theory is that of a unit point 

charge at the origin. 
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Unir urea. lf 2ab = 1, then 

S(f) = sin 2,fb. 
2"fb 

. (2.2.2) 

As b tends to zero, S(f) tends to unity everywhere. However, as b decreases 
s(t) becomes taller and taller, as illustrated in Figure 2.5. It follows that s(t) 
tends lo a delta function at the origin. 

These two cases show !ha! the Fourier transform of a constan! is a delta 
function and; conversely, that the Fourier transform of a delta function is 
a constan!. This reciprocity is lo be expected from !he symmetry of !he trans­
form equations (2.1.22) and (2.1.24). 
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Deltafunctions.· The sequence of functions (2.2.1) as b tends to infinity is no! 
the only one whicli can be used to define a delta function. In general a delta 
function may be defined as a sequence of functions S.(r) such that 

j_~~ S.(r) dt = 1, for every n,. 

and in the limit as n tends to oo, 

s(r ¡ ;, { 0
• 

00, 

1 ,¡, o, 
t ~O. 

(2.2.3) 

(2.2.4) 

ExamPtes of such sequences of functions, together with their Fourier trans­
forms, are given in Table 2.5. Note that S.(f) tends to a constan!, unity, 
for alifas n tends to infinity. 

TABLE 2.5: Sequences defining delta functions 

S.(r) s.(fl 

sin 211m \, 1!1 .:n 
l. 2n 

27Tnl o. lf\ > n 

2. Vñ e-nnl2 e-nf2Jn 

!! e-nl!l 
n• 

3. 
2 n• + (2,[)2 

4. 
n e-12n/lnl 

.;;:: n2(l + 

S. 
n sin2 (7Tnt) - lll. 1!1 sn ("nt)2 n 

o. \/1 > n 

One physical interpretation of the delta function is that of an input of 
energy into a system. Using an example from mechanics, suppose that a 
hard block is resting on a plane surface. lf a very small but high-speed bulle! 
is fired at the block, an exchange of energy occurs when the bulle! rebounds. 
Assuming that the collision occurs so rapidly that the block does not have 
time to move, the bulle! may be regarded as having imparted to the block an 
impulse of energy in the form of a change of momentum. An alternative 
interpretation drawn from electromagnetic theory is that of a unit point 
charge at the origin. 
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The delta function may be used as an operational device for picking out 
the value of a signa! at a given instan! of time. This is contained in the result 

!~~ r~ S,(l- r,)s(t) dt = r~ S(t - t0 )s(1) d1 = s(t0 ). (2.2.5) 

In a similar manner, by considering the limit of the sequence of mth 
derivatives of S,(l) [1], it is possible to define the mth derivative of a delta 
function, namely S'"'(t). This can be used to select the mth derivative of a 
function a! a given point. This Jeads to a gcneralization of (2.2.5), namely 

J:. S'"'(l -: t0 )s(t) dt = ( -l)"s'm'(t0 ). _ (2.2.6) 

Referring to !he interpretation of a delta function as a unit charge at the 
origin, the first derivati,·e S'(t) corresponds to the mathematical idealization 
of a unit dipole. This is beca use the first moment of S"(t) is 

J_~~ 1 8'(1) d1 = -1, 

using (2.2.6). Hence, the moment of S'(l) is unity, which is the standard 
definition for a unit dipole. 

The unit step function. A function closely related to the delta function is the 
unil step funclion. This corresponds physically eithcr to the application of a 
unit force which is then maintained or to a change in a val ve position which 
altcrs !he ftow in a pipe by a unit amount. Mathematically this is a signa! 
described by 

··ro, t <o, 
V(l) = }, 1 = O, (2.2.7) 

1, 1 > o. 
The function U(t) may be regarded as the limit of a sequence of functions 
V,(t), for example, !he Jimit as n tends to infinity of 

{
!e"', t < O, 

U,(t) = 1 - }e-"', t ;;. O. (2.2.8) 

As n tends to infinity, U,(1) tends to zcro for 1 negative and to unity for 1 
positive. Differentiating V.(r) gives 

d n 
diV.(I) = "2 e-"'" = S.(r), (2.2.9) 

which illustrates the important result that the derivative of a step function is a 
delta function. " 

The Fourier transform of the unit step function (2.2.7) is 

1 
S([) = ! S([) + j 2,¡ · 

2.2] Fourier Transforms and Thcir Properti~s 

2.2.3 Fourier series as Fourier transforms 

Consider the Fourier transform of the signa! 

¡ 2"1 T T 
a cos T' - 2 ~ t ~ 2. 

Sr(l) = T 
O, 111 > 2' 

33 

(2.2.10) 

which is a "periodic" signa! in the interval-T/2 to +T/2. Using (2.1.24) 
directly, its Fourier transform is 

S([)=~ f Tsin ,T[f- (1/6)] Tsin "T[f + (1/6)]}· (2 2 ll) 
T 2 l "T[f- (1/6)] + "T[f + (1/:l)] .. 

As T tends to infinity, the signa! sr(l) becomes a truly periodic signa! s(l), 
periodic for a JI time, while the transform Sr(/) tends to 

S(f) = ;{s(¡- ~) + s(¡+ ~)} (2.2.12) 

since each of !he terms inside !he braces is a sequence defining a delta 
function. Hence, the Fourll!r transform of a truly periodic (infinite extent) 
cosine wave consists of a delta function of area a/2 centered at f = +(l/1~) 

anda delta function of area a/2 atf = -(1/6). 
Similarly, the complex signa! 

T T 
- 2 ~ 1 ~ 2' 

has the Fourier transform 

S([)= Tsin "T[f- (m/6)]_ 
r ,r[f (m/6)] 

Hence as Ttends to infinity, Sr(n tends toS([)= S[f- {m/6)]. lt follows 
that a periodic signa! of period 6 with the Fourier series representation 

~ 

s(t) = 2: S'" el{2::u'!lt/A) (2.2.13) 
m=-"" 

has the Fourier transform 

~ 

S([) = 2: Sm s(!- i)· (2.2.14) 
m=-<~:~ 

which is a train of delta functions. Thus, by allowing genera!ized functions, 
Fourier series may be regarded as a special case of Fourier transforms. 
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To find the Fourier coefficients Sm corresponding toa generalized function, 
the classical formula (2.1.18) is no longer applicable since a generalized func­
tion cannot be integrated between finite limits. The appropriate formula to 
use in these circumstances is given in [ 1]. 

In particular, it may be shown that the Fourier transform of a train of 
delta functions 

~ 

s(t) = ¿ S(t - n~) (2.2.15) 

is 

(2.2.16) 

Hence a train of delta functiq_ns transforms into a train of delta functions. 
Note that this result is symmetrical in the time and frequency domain. 

The train of delta functions is not the only function which has a symmetric 
transformation. A much simpler function possessing this property is given 

. by example 2 of Table 2.5 with n = l. Thus, s(t) = exp ( -rr/ 2) transforms 
· to S(f) = exp (- rr/2

). 

At .this point, the reader should satisfy himself that he is familiar with the 
various operational properties of Fourier transforms summarized in 
Appendix A2.1. 

2.3 LINEAR SYSTEMS AND CONVOLUTION 

2.3.1 Linear differential equations 

One importan! reason for the usertfness of Fourier and spectral analysis is 
that they simplify the analysis of time inrariantlinear systems, that is, systems 
whose behavior can be described by linear integro-differential equations with 
constan! coefficients. lt may be shown in general [3] that the solution to such 
an equation may be written as a convolution integral 

y(l) = r ~ h(u)x(t - u) du, (2.3.1) 

where y(t) is the solution and x{t) is the forcing function. lt will be shown in 
Section 2.3.4 that the solution is simplified by Fourier transforms. The 
transform of the solution becomes 

Y(f) = H(f)X(f), 

where Y(/), H(f) and X(f) are the Fourier transforms of y(t), h(t) and x(t) 
respectively. Thus, convolution Ht the time domain transforms to multipli­
cation in the frequency domain. 

2.3) Linear Systems and Convolution 

· An illustration of conl'olution. As an •example of a convolution integral. 
consider a simple linear system consisting of a spring and a dashpot, shown 
schematically in Figure 2.6. One use of such a device is to preven! screen 
doors from closing too violently when released. A force applied to the spring 
produces an input displacement x(t) which causes an. output displacement 
y(t) of the dashpot wiper. The differential equation obtained,by equating 
forces is then 

K[x(t)·- y{t)] = D'X· 
where K is the spring constan! in pounds per foot and D is the velocity 
constan! of the dashpot (in pounds per foot per second). Rearranging this 
equation gives 

T 'J: + y(t) = x{t), (2.3.2) 

where T = D/K is the time constan/ of the system (in seconds). 

00000 1 ]]r-----tJ . 
x- y-

FIG. 2.6: A first-order mechanical system 

Equation (2.3.2) may be used to describe the behavior of many other 
physical systems, for example, the temperature y(t) in the out1et from a 
·chemica1 reactor when the inlet temperature is x(t). Equation (2.3.2) then 
shows that the rate of change of temperature in the outlet is directly propor­
tional to the temperature gradient across the reactor. 

The solution to equation (2.3.2) can be written as a convolution integral 
by introducing the integrating factor e'IT. Thus 

J
t e-Ct-li)IT · 

y(t) = _ ~ x(u) T du 

= J_~~ x(u)h(t - u) du, (2.3.3) 

where 

. {1 .· - e-utT, u ~ O, 
lz(u) = T 

o, u< o. 
Hence the output y(t) may be writtcn as a weighted sum of past values of the 
input x(l), that is, the output is a conwlution of the input with the weighting 
function h(u). 
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1t rnay be: ::.hown in g~neral [3] that the solution to any linear time·invariant 
Jiff<rential equation may be written as in (2.3.3) or, by making a change in 
variable, as 

y(t) = j_~~ h(u)x(t - u) du. (2.3.4) 

The "eighting function completely characterizes the behavior of the 
system, just as the differential equation does. 

Time-inrariant linear systems. Equations (2.3.3) and (2.3.4) are general 
representations of what are known as time-innuiant linc!ar systems or filters. 
These are characterized by the following properties: 

(a) Linear prvperty: lf x,(t) and x,(t) are two inputs to the system, 
and y 1(1 ), y,(t) the corresponding outputs, then a linear compound 
¡..t 1x 1tr) + ¡..t~X:.!ll) of the inputs produces thc sanu..· linear compound of the 
output>, ,.,y,(t) + ,.,y2(1). 

(b) Time-imanal't prvpaty: lf the input x(t) is ddayed by an amount T lo 
give x(t - r), the output is delayed by the same amount and is y(t - T). 

1t is propcrty (b) which ensures thatthe weight function h(u) is independent 
of time. A linear system without the time-invariant property would have a 
v. c.:ight f uncti~._m whid1 Jepcnded on time r. 

Systems which can be described by means of linear Jiftt!rential equations 
with constant coetlicients can be shown to ha ve the time-invariant n:prcs~nta­
tion (2.3.3). Howevt:r, many non-linear systems can be Jim:ari=t:d ~o that, for 
small perturbations in the input, (2.3.3) can be used as an approximale 
represcntation of the system. 

1.3.1 Stl!p and impu/~·e fimctions 

For any physical system the wcight function h(u) mus! be zero for negative 
value!l of u, which means that the system cannot respond to inputs it has not 
yet received. This is called the condition of physical realizability. For physi­
cally realizable systems, equations (2.3.3) and (2.3.4) may be wrillen 

y(t) = L~ h(u)x(t - u) du, (2.3.5) 

or 

y(t) = J: ~ x(u)h(t - u) c/u. (2.3.6) 

Impulse rel-¡wnse fimcliqnJ. Suppose that thc system is giv~:n a sharp in~pulse 
at time t ·= O so that x(t) = b(t ). Then .. 

.1"(1) = J:~ h(u) b(t - u) du, (2.3.7) 
;, 

2.3] Linear Systt.·ms and Conculutioll 37 

which equals h(t) using (2.2.5). The weighl function h(t) is called the impulse 
response funclion [4] of the system since it meas u res the output al time t of a 
system subjected to an impulse at 1 = O. 

The impulse responses for a number lof simple systems are given in the 
first column of Table 2.6. Figure 2.7 shows the impulse responses for three 
of these systems. The firsl example (a) is a system with simple del ay for which 
the output or impulse response is another impulse at time -r la ter. The second 
(b) is a system described by a single time-constan! and represented by the 
di!Terential equation (2.3.2) for which the impulse rc:sponse is the cxponential 
curve of Figure 2.7(b). The third example (e) is a second-order system 
represented by the differential equation 

1 d'y 2' dy 
2 -d 2 + - -d +y= x(t), 
Wn 1 Wn 1 · 

(2.3.8) 

for which the impulse response is a damped sine wave as in Figure 2.7(c). 

Step rejpun1e functions. lt is also possible to characterize a linear system by 
its response to the unit step f unction ,tl.2. 7). Suppose, for example, that the 
inpllt is the tlow rate of coiJ water into a heat C"xchanger and the output the 
out\ct tc:mpc:ruture. Then the stc:p response is the \'ariation of outlet tem­
pt:rature with time when a unit change is made to the input flow rate. From 
(2.3.5), the r~:sponse at time t to a unit step at time t = O is 

y(t) = { h(u) du, (2.3.9) 

so the step response is the integral of the impulse response. 
From Figure 2.7 it may be secn that the step response toa system with a 

pure delay T is another step slarting al time T later, as shown in (a). For the 
exponential impulse response, the step response builds up exponentially to 
its ultimate value, as in (b). For !he second-order system (e), the step response 
overshoots its ultimate value and then oscillates aboul this value with 
decreasing amplitude. 

As t lends lo infinity, the step response (2.3.9) tends lo its limiting or 
ultimate value 

g = L~ h(u) du, ",'.• (2.3.10) 

which is called the steady sta/t.' gain of the system, sin~.:e it measurc:s thc ulti~ 
mate amplification of a unit slep change after the systcm has been allowed 10 

settle down to its new sleady state "value. 

Stahility. A system is said to be stable [4] if a bounde' 
boundcd outpul. Clearly this is desirable, since otherwis 

'U! produces a 
output would 
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t 
TABLE 2.6: Impulse, step, and frequency responses for sorne simple systems 

System lmpulse response 
h(l) 

Step response 

l. gain 

2. delay 

3. integration 

4. single exponential 

S. single exponential 
plus delay 

6. two time 
constants 

g S(l) 

S(l - T) 

o, 
.!__ e-U-!)/T 
T • 

1 < T 

1 ;a:: 'T 

e-!IT1 _ e-IIT2 

1 
Tt - T2 

(1 

y(l) 

g 

' o, 1 < T 

1, 1 ~ 'T 

·1 

(1 - e-IITj 

o, 1 < T 

_ e-U-UIT), / ~ T 

Wn e-(w,.t Sin (w
11 
~2 /) 

1-
e-cw,.t sin (wn '\~ t+t$) 

7. quadratic lag ~ 

8. differentiation S'(l) 

9. linear lead S(1) + T S'(r) 

~ 
sin</>=~ 

-S(1) 

1 - TS(r) 

increase without limit. Suppose that lx(t)l .:; K, in (2.3.5), where K, is a finite 
constan!. Then 

IY(I)I = ¡¡_~~ h(u)x(t- u) dJit.; J_~~ !h(u)!!x(l - u)! du 

.:; K, J_~~ !h(u)! du, 

so a sufficient condition for the systcm to be stable is that 
1 

j_~~ !h(u)! du < K2 , (2.3.11) 

------------------------------------------
Frequency response 

H(f) 

g 

+ j2rr[T 

e- j2n/f 

(1 + j2rrfT) 

Gain 
G(f) 

g 

1· 

{ 1 + (2rr/TJ'J'" 

{! + (2rrJT)2
)

1
" 

(1 + j2rr/T1 )(1 + j2rrfT2 ) {[1 + (2rr[T,)'J[l + (2rr[T,)']) 112 

- (J/J.)' + j2{(f/J.) {[1 - (f/J.)'J' + [2({///.)]')"2 

W" = 2-rr/n 

j2rr/ 2rr/ 

1 + j2rrfT { 1 + (2rrfT)2
)"

2 

Phase 
</>(f) 

o 

-2rr/T 

2 

-a retan 2-rr/T 

- 271'/-r - a retan 2rrfT 

- arctan 2njT1 

- arctan 2rr/T2 

" 2 

arctan 2rr[T 

where K2 is also a finite constan!. An altcrnative form for the stability 
condition will be given in the next section. 

2.3.3 Frequency response functions 

For inputs more complicated than an impulse or a step, the calculation of 
the output by means of lhe convolution integral (2.3.5) is tedious. This 
problem is considerably simplificd by making use of Fourier analysis. The 
approach consists of splitting up s(r) into its Fourier components S(fl, as 
in (2. 1.24). finding the response of thc system to a pcriodic signa! s 1(1) = 

e"'", and thcn adding up the responses according to (2. 1.22) to give 
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o<t) u(l) 1 

o o 
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¡ 

h{t) 

' 

h{t) y(t) 
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FtG. 2.7: Impulse ar.ci slcp responses for sorne simple systems 

2.3) Linl'ar Systcms afld Coneo/ution 41 

the final output. First it is necessary to know the response of the ,y<tcm to 
an input x(t) = cos 2rrft. Substitution of this input in (2.3.5) yields 

where 

and 

y(t) = So~ h(u) cos 2rr/(1 - u) du 

= f.~ h(u) [cos 2rr/l cos 2rrfu + sin 2rrft sin 2rrfu] du 

= A(f) cos 2rr/l + B(f) sin 2rr/t, 

A(f) = f.~ h(u) cos 2rrfu du 

B(f) = r h(u) sin 2rrfu du. 

Alternatively, (2.3.12) may be rewritten 

y(t) = G(f) COS [2rr/l + </>(/)], 

where 

G(f) = v A2(f) + B 2(f) 

and 

<f,(f) = arctan - ~¡ji . 

(2.3.12) 

(2.3.13) 

(2.3.14) 

(2.3.15) 

Hence the response to a cosine wave of frequency f is a cosine wave at !he 
same frequency but scaled in amplitude by a factor G(f) called the gain and 
shifted in phase by an amount f(j) called the phase ang/e. 

As before, it is operationally more convenient to consider the response toa 
complex input 

e12'" = cos 2rrft + j sin 2rr/l, 

of frequcncy f In this case the output is 

y(t) = H(f) e12
'" = G(f) e"

2
'"••""· 

where 

H(f) = G(f) e'"'" = J.~ h(u) r 12' 1
" du 

o • 

(2.3.16) 

(2.3.17) 

is called the frequency response function of the systcm. Hence the frequency 
response function is the Fourier transform of the impulse response function. 

Bode plots. The frequency response functions, gains and phases of sorne simple 
systems are given in Table 2.6 and the gains and phases are plotted in Figure 
2.8. lt is customary to plot the logarithm of gain against the logarithm of 

'·' 
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SYSTEM GAIN FUNCTION PHASE FUNCTION 
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l 1"" O{F) 2•1""' 1/T. logf 

FIG. 2.8: Bode plots for sorne simple systems 

.1' 

frequency and the phase against the Jogarithm of frequency. These graphs 
are usually called Bode plots [5]. The diagrams in Figure 2.8 fall naturally 
into four categories: 

( 1) Numbers 1 and 2 ha ve a gain which is constan! with frequency and are 
called al/· pass systems. 

(2) Numbers 3, 4, 5 and 6 are such that high frequencies are rejected or 
attenuated by the system and Jow frequencies transmitted with different 
gains. These systems therefore behave as Jow pass filters and are associated 
with sorne form of integration or smoothing of the input. 

, (3} Number 7 corresponds to an oscillatory system, described by equa­
llon (2.3.8). Here the gain plot has a 'ifsonance or peak at a frequency 
J = J.(l - 2'2

)
112

, where J. is the natural resonant frequency of the system. 

( 4) Numbers 8 and 9 ha ve gain plots which are su eh that the lower fre­
quencies are attenuated and the higher frequencies passed. These systems act 
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SYSTEM GAIN FUNCTION PHASE FUNCTION 
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o 

FIG. 2.8 (con!.): Bode plots for sorne simple systems 

as high passfilters and involve differentiation of !he input. A further difference 
between categories ( 2) and ( 4) is that in ( 2) integration of !he input results in 
negative phases .P(f), that is, the output lags behind !he input. On the other 
hand, in ( 4} differentiation of !he input yields positive phases, so the output 
/eads the input as in plot number 9. 

Bandwidth. A convenient way of describing !he gain function of a linear 
system is by its bandwidth [5]. Various definitions of bandwidth have been 
suggested, !he simpleS! of which is !he half-power bandwidth. For a system 
which has its maximum gain atJ0 , this is defined as the frequenry difference 
J2 - J, where J, and J 2 are chosen so that 



44 F ourier Analysis ,, [Chap. 2. 

For example. the maximum gain occurs atf0 =O for the single exponential 
systcm, and the half-power gain occurs at f = 1¡(2,T). Hence if T is large the 
bandwidth is very small, as may be seen from Figure 2.8. The impulse 
response will thus be very wide, and small in amplitude. On the other hand, 
for T sma!l the bandwidth is large and the impulse response very tall and 
narrow. In the limiting case as T tends to zero, the bandwidth becomes 
infinite, as for the simple gain of Figure 2.8, and the impulse response tends 
to a delta function. Hence wide bandwidths are associated with narrow 
impulse response functions and, conversely, narrow bandwidths are asso­
ciated with wide impulse response functions. 

Stability. The systems of Table 2.6 can be represented by a differentia! 
equation of the general form 1 

d"-y(t) dy(t) 
Gm -¡¡¡m + · · · + a 1 (jf + a0 y(t) = 

d"x(f - T) dX(/ - T) 
b, dt• + · · · + b, dt + b0x(t- T). (2.3.18) 

Substituting x(t) = e12
·'

11
, y(t) = H(f) e12·'" in (2.3.18), it follows.that the 

frequency response function is ·1 

H(f) = b.(j21Tf)" + · · · + b,(j2"f) + b0 •• 12 , 1, (
2 3 9 am(j21Tf)m + · · · + a 1(j2,/) + a0 e · · .! ) 

Substituting p = j2rrf in (2.3.19) and equating the denominator to zero gives 
the characleristic equation of the system, namely 

GmPm + · · · + a,p + Go "" O. (2.3.20) 

The condition (2.3.11) that the system be stable may be shown [4] to be 
equivalent to the condition that the roots 7Th 1r2 , .•• , 7T111 of the characteristic 
equation (2.3.20) have negative real parts. 

2.3.4 Response to an arbitrary input 

lf it is known that the response of a system to an input x(t) = e'"" is 
y{t) = H(f) e""". it is possible to find the response to an arbitrary input. 
The first step is to Fourier transform the input to give 

X(f) = J:~ x{t)e·l2nfldt. 

The Fourier componen! of the output al frequency fis 

Y(f) = r~ e' 12
"' [J_~~ h(u)x(t- u)du] dt 

= r= h(u) e" 12" 1" du r~ x(v) e'''"'' dv, 
J-~ J.~ 

(2.3.21) 

(2.3.22) 
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where r.: = t - u. that is. 

Y(f) = H(f)X(f). (2.3.23) 

Equation (2.3.23) states that the componen! at frequency fin the output is 
obtained by multiplying the componen! at the same frequency in the input 
by H(f), the frequency response function at that frequency. Finally, to 
recovcr y(t). it is necessary to synthesize or add up the contributions from al! 
frequencies at the same value of t, which gives 

y(t) = r ~ Y(f) e""" df = r ~ X(f)H(f) e12"1~ df (2.3.24) 

Equations (2.3.22) to (2.3.24) show that conro/ution in the time domain is 
equivalent to multiplicar ion in the frequency domain. Hence, if a relationship 
between two variables exists in the form of a differential equation (2.3.18), 
the solution is (2.3.24), where the frequency response function is given by 
(2.3.19). Hence, the Fourier transform provides an extremely useful opera­
liana! method for solving linear differential equations. 

The solution may be expedited by using tables of transforms. A table of 
transforms of generalized functions is given in [!] while Fourier transforms 
of more common functions are given in [6]. 

Serera!/inear systems in series. Consider k non-interacting linear systems in 
series, as shown in Figure 2.9. Repeated use of (2.3.23) gives 

Y(f) = Hk(f) Hk_,(f) · · · H,(f) X(f), (2.3.25) 

which shows that for linear systems in series the overall frequency response 
function is the product of the frequency response functions of the individual 

.l'¡(f) xit) 
-----i H, 1-----1 

x.(r) ruJ y(r) . ~t----·----

FIG. 2.9: Several linear systems in series 

systems. Using (2.3.17) it fo!lows that the overall gain is the product of the 
individual gains 

G(f) = G,(f) G,(f) · · · Gk(f), (2.3.26) 

and the overall phase shift is the sum of the individual phase shifts 

4>(/) = q,, (f) + q,,(f) + ... + 4>k(f). (2.3.27) 

The output of the system may now be computed by adding up the contri­
butions at all frequencies in the form 

y(t) = r~ H,(f) H,(J) · · · HÚ) X(J) e12'" df (2.3.28) 
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Note that only one integration is required, whereas the time-domain calcula­
tion would ha ve required the evaluation of k convolution integrals. 

2.3.5 Linear difference equations 

In the preceding sections, it was shown that a system described by a linear 
differential equation may also be described by means of an impulse response 
function h(u) or a frequency response function H(f), where h(u) and H(J) 
form a Fourier transform pair. The functions h(u) and H(/) are easily 
obtained from the differential equation describing the system. In this section 
it is shown how impulse and frequency response functions may be used to 
describe a system which is characterized by a linear difference equation. 

A linear difference equation is an equation of !he form 
t 

y, = a,y,., + "•Y•-• + ·~ · + «mY>-m + f3oJC, + · · · + f3.x,_., (2.3.29) 

and has a general solution 
~ 

y, = 2 h,x,... (2:3.30) 
., k=O 

The quantities y, y,_ h ... , y,_ m and x, x,_ 1 , . .. , x,_, could bcrvalues of 
continuous signals y(l) and x(t) at the instants 1 = r!!., (r- 1)1!., ... , 
(r - m)t., (r - n)t. respectively, that is, 

y(t) = a 1y(t - !!.) + a 2 y(t - 21!.) 

1 

+ · · · + «mY(l -m!!.) + f30 x(t) + · · · + f3.x(t - ni!.). (2.3.31) 

The Fourier transform of (2.3.31) m ay be arranged in the form 

Po + f3 1 e-J2nt!J. + ... + /3, e-J2ntn6 

Y(J) = 1 - a, e-n•t• - ... - «m e·J2ntmo X([), 

so that !he frequency response function H(f) of !he system is, from (2.3.23), 

(2.3.32) 

The frequency response function H(J) and the discrete impulse response 
function h, are related by 

H(J) = 2 h• e-J••t•• (2.3.33) 
k=O 

and 

J
l:(2ll.) 

h. = !!. H(J) e12
'

1
"

0 df 
- lH2.lU 

(2.3.34) 

Z transforms. The frequency· response function (2.3.32) is bes! handled by 
making a substitution of the form Z = e12·v• yielding 

2.3) Linear Sysums and Convo/ution 

H(ZJ = f3o + f3,z-• + ... + f3.z-: = ~ h.z-•. 
l-a 71 -···-a 7 L 1~ m~ k•O 

47 

(2.3.35) 

which is the z transform [7] of the impulse response function h.. · 
From an operational point of view, Z in (2.3.35) may be regarded as a shift 

operator with the property 

Hence the difference equation (2.3.29) may be written 

(1 - a,z-·- a.z-·- ... - «mz-m)y, = 

(2.3.36) 

(f3o + f3,z-• + · · · + f3.z-•Jx, (2.3.37) 

that is, 

, = (f3o + f3,z-• + · · · + f3.z=:> x, = H(Z)x, 
Y (1 - a 1 .(: 1 - · • ·- «mZ ) · 

where H(Z) is the transfer function of the discrete system. Expanding H(Z) 

in powers of z-· gives 

which is the general solution (2.3.30). 

Stability. Factoring .¿:- rn, substituting p = Z and equating the denominator 
of (2.3.35) to zero givcs the charactcristic equation of the discrete system 

pm _ a,pm -1 _ ••• _ «m = O. (2.3.38) 

The stability condition corresponding to (2.3.11) is 

2 1"·1 < x •. (2.3.39) 

•-o 
Similarly, the stability condition corresponding to (2.3.20) is that the 
roots "" ... ,"m of thc characteristic equation (2.3.38) lie inside the unit 

circle. 

Example. Consider the second-order difference equation 

(2.3.40) 

This has the Z transform 

(1 - a,.(:- 1 - a2.(:" 2)y, = X, 

and hence the transfer function 

H(.(:) = 1 - a,z-•- a.z-•· (2.3.41) 
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The characteristic equation is 

p 2 
- C<JP - a 2 = O, 

which has roots 

(2.3.42) 

The impulse response function for this system takes !he form 

(2.3.43) 

when the roots are real, that is, when a~ ~ - 4a2 . \\'hen the roots are 
complex. that is, ai < - 4a2 , 

where 

h. = R' sin 2nf0(k + 1) 
sin 2n{0 

11'1 = R e12:rr.fo, 

1T2 = R e-t2nlo. 

(2.3.44) 

The system is stable provided ¡.,.,¡ < !, ln21 < !, that is, provided a1 and 
a2 lie in the triangular region ... · · 

a 1 + «2 < 1, 
a 1 -a2 >-1, 

-1 <a2 <l. 

2.4 APPLICA TIONS TO TIME SERIES ANAL YSIS 

2.4.1 Finite-length records 

(2.3.45) 

In practice it is only possible to obtain finite lcngths of records. The statistical 
questions to be discussed later stem from the fact that it is necessary to esti­
ma te the accuracy of various functions obtained from finite amounts of data. 
E ven if s(t) is a detcrministic function, a bias or truncation error arises if s(t) 
is only known in a finite interval - T/2 .:; t .:; T/2. To see the effect of this 
truncation, consider !he data window defined by 

' ¡1, 
11~1) = 

O, 

T 
ltl .:; 2 

·r 
ltl > 2" 

(2.4.1) 

Jf s(t) is a deterministic signa! in the range -co .:; 1 .:; co, the signa! 
actually measured in !he finite interval may be written 

sr(l) = s(t)w(t). (2.4.2) 
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Thus, the operation of taking a finite length record is equivalen! to multi­
plying the actual signa! s(t) by the data window tr(t). Using (A2.1.8), it 
fol!ows that the finite-interval transform S,(f) is !he co.nvolution of the 
transforms of s(l) and w(l), 

S,(f) = r~ S(g)W(f- g) dg, (2.4.3) 

where the spectra!ll·indow W(f)"is !he Fourier transform of the data window 
w(t) and in this case is 

W(f) = T sin nfT. 
nJT 

(2.4.4) 

It is not necessary to restrict the data window to the form (2.4.1). Any 
reasonable data window w(t) will produce a spectral window W(f) which is 
concentrated aboutf = O but with side lo bes or minor peaks which damp out 
asfgets further away from zero. Fo·r smal! T, S,(f) may give a very distorted 
picture of S(f) since the window W(f- g) will be wide and hence va!ues of 
S(g) far removed from g = fwill contribute to S,(f) in the integral (2.4.3). 
As T becomes large- the distortion will be reduced. Finally, as T tends to 
infinity, the transform componen! at frequency f can be fully determined,_ 
since data windows will tcnd to the gcncralizcd function 1 as T tends to 
infinity. Hence, as T tends to infinity, W(f- g) tends to a delta function 
centcred at g = fand so S,(f) tends to S(f). 

The effect of window shape and width on the measured transform is 
illustrated in Figure 2.10 for a particular input s(t) whose Fourier transform 
consists of three delta functions centered at / 0 ,/1 and / 2 • Note that: 

( 1) Only two main peaks appear in the output transform for windows {a), 
(e) and (d) beca use the two input peaks at frequencies / 1 and / 2 are fused 
into one. This is the result of using a data window which is too narrow. 

(2) The output transforms forwindows (a) and (b) have severa! false peaks 
bctween the main real peaks. The false peaks are caused by the sharp edges 
of the data window. 

(3) The ability to pick out peaks (resolvability) depends on the data win­
dow width, as is illustrated by the output transforms for windows (a) and 
(b), which are of the same shape, bu! ha ve diiTerent widths. · 

(4) The ability to pick out peaks also dcpcnds on !he data window shape, 
as is illustrated by the output transforms for data windows (b), (e) and (d), 
which are of the same width bu! have diffcrent shapes. lt wi!l be shown in 
Chapters 6 and 7 that the window width and shape produce similar effects in 

. ;_,._\ 

spectral analysis. · 

In Figure 2.10, the frequeney spacing {f2 - ¡;) was chosen to be 1/T. Figure 
2.10(a) shows that with a rectangular data window of length Tit is no! possible 
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FJG. 2.10: Effect of data window shape and duration on signal spectra 

to distinguish the two pcaks atj; and.f2 • However, with a rectangular window 
of length 2T, the peaks are easily distinguishable. Hence, to separa te two peaks 
at frequencies / 1 and / 2 it is necessary to use a record length T of arder 

' 1 
T _,!:_!:' 

2 - l 
(2.4.5) 

for the rectangular data window. Figures 2.10(c) and (d) show that.for 
non-rectangular windows, the widths must be greater than 2/(/2 - / 1 ) to be 
able to distinguish peaks. Further discussion of the record length necessary to 
distinguish peaks is given in Section 6.4.4. 
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2.4.2 Time samp/ing and aliasing 

Impulse modula/ion. For purposes of analysis, rnost continuous signals s(t) 
will be read at sorne fixed interval !!. and converted into sampled signals 
which can then be used for digital calculations. The sarnpled signa! may be 
regarded as the result of rnultiplying the original continuous signal by a 
signa) i(t ), which consists of a /rain of impulse or delta functions, 

' Cl \.· 

i(t) =· 2: o(t - n!!.). (2.4.6) 

This produces a sarnpled or irnpulse-rnodulated signa! s1(t) where 

s,(t) = s(t)i(t). (2.4.7) 

Hence, using the convolution theorern (A2.1.8), 

S.(f) = r~ S(f- g)I(g) dg, (2.4.8) 

where I(g) is the transform of i(l). Using the expression (2.2.16) for I(g), 

(2.4.8) becomes .. 
~ 

S¡(f) = r~ S(/- g) ~ 2: o(g- x) dg 
11•- co 

=iis(¡-i)· (2.4.9) 
n=- co 

Equation (2.4.9) shows that the sampled or impu1se-modulated signa! s1(t) 
has a transform with period 1/ !1, and that if S(f) is zero when l/1 _, 1/{2!!.), 
then S,(/) is sirnp1y a periodic version of S(f) as in (b) or (e) of Figure 2.11. 
This means that it is possible to recover S(f) frorn S,(f) by multip1ying 
S.(f) by H(f), where , •. 

¡!!., 1/1 .; 211'. 
H(J)= 1 

O, 1/1 > 2!!. · 

(2.4.10) 

Since multiplication in the frequency domain corresponds to convolution in 
the time domain, it follows that 

J
~ sin (rruf!!.) 

s(t)= -~ (mi/!!.) s,(t-u)du. (2.4.11) 

The function sin (mt/!1)/(rru/:<.) is the ideal filter for recovering a continuous 
signa) s(t) from a samplcd signa) s,(t ). Alternatively, sin (rruf u)/(rruftl.) is the 
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ideal interpolating function for equally spaced ordinales, and (2.4.1 1) is 
somctimes refcrred toas H'hittaker"s inierpolationformu/a. 

Aliasing. lf the sampling interval is such that S(f) falls off to zcro befare 
1/1 = 1 /(B l as in (b) or (e) of Figure 2. 1 1, then it is possible to recover s(t) 
from s,(r). On the other hand, if S(J) is not zero abovefN = 1/(2:'.), frequency 

S{[) 

'"' -------~<----+----:1....._ ______ ___,~ 1 

SJ.IJ 

. "' -------""'"'-----::.+----="-, ~----,L_-- 1 

FrG. 2.llt: 

2-..\~ ~. 

Sü) 

~SI/) 
(nolc aliasing) 

~--~---............ --1 ... .,. • 1 

Transforms of a signa\ ar.d of thc samplcd signa! for various sampling 
pcriods 

2.4] Applicatiom to Time Series Ana/ysis 53 

components above 1 /(2~) in S(/) appear in S,(f}, as in (d) of Figure 2.1 1, 
in the range -1/(2~) .; f.; I/(2CI). The frcquency f,. = lj(2CI) is called 
!he Nyquist frequency and is the highest frequency which can be detected 
with data samplcd at intcrvals :'>. 

For example, if :'> = 0.1 seconds, the Nyquist frequency is 5 cps. The dis· 
crete transform S,(/) at 4 cps will then be madc up 6f contributions from 
S{f) at 4 cps, 1 O + 4 = 14 cps, - 1 O + 4 = - 6 cps, 20 + 4 = 24 cps. 
-20 + 4 = - 16 cps and so on. These other frequcncies are usually referred 
toas aliases of the frequency -l q)s. and the effect on the Fourier transform is 
called aliasi11g. lt follows that in samrllng continuous time series, adequate 
care must be taken to ensure that a high enough sampling frequency 
f¡; = I/(2CI) is choscn so that misleading v~lues of S,(f) will be avoided. 

The phenomcnon of aliasing arises in a number of practica) contexts, such 
as in the use of a stroboscope or in movie films. For example, the wheels of a 
stage coach which is accelerating from zero appear to rotate in the correct 
direction with increasing specd, then they appear to be rotating in the 
opposite direction with decreasing speed until they stop, then they begin to 
rotate with increasing speed in the forward direction and so on. 

An example. To illustrate the considcrations discussed in this section. 
suppose that it is dcsircd to calculatc the length of record T and s;:¡mpling 
intcrval ~ rcquircd to Jchicvc ccrtain ohjcctivcs. Supposc it is known that 
the signa! under study contains two sinusoidal componcnts at frequencies of 
100 cps and 99 cps. Then if it is desired to distinguish thesc peaks in thc 
Fourier transform of the finite length of record, (2.4.5) shows that ljT mus! 
be ofthe order of 100- 99 = 1 cps. that is, Tmust be ofthe order of 1 sec. 
In order to estimate a frequency as high as 100 cps, then l/(2.l) must be at 
least 100 cps and hcnce::, .; 5 millisec. Thus at least 200 data val u es would be 
needed. 

If it wcre rcquired to separate two frequency components at 999 and 
1000 cps, thcn a record of 1 sec duration would still be necessary, but the 
sampling interval would now have to be 0.5 millisec, so 2000 data values 
would be rcquircd. 

Hencc the lcngth T of thc record determines the extent to which peaks in 
the Fourier transform may be distinguished. On the other hand, the sampling 
in/erra/~ determines the maximum frequcncy which can be-·distinguished. 

REFERENCES 

[1] M. J. Lighthill, An !ntroducti<m tn F(luricr Analysis and Generali;ed Functions. 
Cambridge Univcrsity Prcss. Cambridge. 1959. 

[2) A. Papoulis, Thc Fouricr Jnrcgral and its Appfications. r'vf~Graw-Hill, New 
York, 1962. 



S4 Fouri~,r~nalysis [Chap. 2 

[3] R. Courant, Diffe"ntial and Integral Calculus. Vol. 11. B1ackie and Son, 
London, 19S2. 

[4] H. M. James, N. B. Nicho1s and R. S. Phillips, Theory of Servomechonisms. 
McGraw-Hill, New York, 1947. 

[S] H. W. Bode, Network Analysis and Feedback Amp/ifier Design. Van Nostrand, 
New York, 1945. 

[6] G. A. Campbell and R. M. Foster, Fourier lntegra/sfor Practica/ App/ications. 
Van Nostrand, New York, 1942. 

[7) E. I. Jury, Theory ond App/ication of the Z-Transform Method. John Wi1ey, 
New York, 1964. 

APPENDIX A2.1 OPERATIONAL PROPERTIES OF FOUR1ER 
TRANSFORMS 

'1 

During the course of this book. it will be necessary to perform various operations 
with Fourier tranSforms. These are now summarized. 

Time scalin~t and shift o[ origin. Tf s(t) has the Fourier transform S(/). then the 
Fourier transform of s(at + {J) is 

_!_ eiC'lnfl/c) S ([). 
.._ 1«1 " 

Example: From Table 2.S. the Fourier transform of e- 1112 is 

S(f) = e-nt'J. 

Hence the transforrn of 

[ 1 (' - ~-')2] exp -2 -a- (/ - ¡.<) 
=sV2rra 

is 

where 

{l/a = - 1-'· 

, (A2.l.l) 

Differentiation. lf s(t) has the Fourier transform SC/). then the mth d~rivative 
s'"n(r) has the Fourier transform -'' 

(A2.1.2) 

provided the deriva ti ve exists. 

Examp/e: As in the preceding exampk. using the transform pair 

s(¡) = ~- .. , 2
• S(/)= l'-"1'2. 

from Table 2.5. the Fourier transform of 

d d 
- s(t) =- (e-"12

) = -2rrt t"-"12 

dt dt 

is 

A2.1] Operational Properties of Fourler Transforn SS 

Integra/ion. Jf s(t) has the Fourier transform S(f) then the Fourier transform of 

l"s(t), where 

ls(t) = f ~ s(u) du, 

is 

(_l_)" S(f) + K1 ó(f) + K2 ó'(f) + · · · + K. 1;• -•(J). 
J2rr/ · 

(A2.1.3) 

The constants K., K 2 , .•• , K. in (A2.1.3) may be determined by using the values 
of the functions s(r), ds/dt, . .. , d"s/dt" evaluated at t = O since, for examp1e, 

s(O) = e S(f) df · 

Examp/e: From the preceding example. the function 

s(l) ""' _ 27T/ t!-nf2 

has the Fourier transform 
S(f) = j2rrfe-•1'. 

Hence the Fourier transform of 

s1(1) = f ~ s(u) du = e-••' 

is 
1 

S.(f) = j
2

rr/ S(f) + K,/;(J) 

= e-•r' + K1ó(f). 

Integrating both sides o ver f gives 

s,(O) = r e-"12 d/+ K, 
--~ 

= 1 + K 1 • 

But s1(0) = 1 and hence K 1 = O. 

Symmetry. If S(/) is the Fourier transform of s(t ). then s(/) is the Fourier 
transform of S( -1). 

Example: The Fourier transform of 

{,-• s(t) = o, • 
1 ;;, o 
1 <o 

is S(f) = 1/(1 + j2rrfl. Hence the Fourier transform of s(t) = 1/(1 - jhr) is 

S(f) = , . {
e-' J;;.O 
o, f< o. 

Similarly, the Fourier transform of s(l) = 1/(1 + j27Tt) is 

{
e', f,. O 

S(/) = O, f > O. 
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Hence the fourier transform of !1, 
2 1 

1 + (2rr1)2 = 1 - j2"1 + .,.-,+-¡""'2'rr""l 

is 

Com,olution and Parseva/'s theorem. This is a more general form of the theorem 
than the results (2.1.16, 20, 26) derived in Scction 2.1. The generalized form 
statcs that if s1{1) and s2(/) are two complcx signals with Fourier transforms 
S,([) ami S,([) rcspectively, thcn 

r~ s,(l)s~(t)dl = r~ S,(j)S~(f)df, 

whcrc thc asterisk denotes a complcx conjugatc. 
Three special cases of (A2.1.4) are somctimes useful: 

(a) When .r~(l) = h(u - 1), (A2.1.4Jireduces to 

'f~ s,(t)h(u- 1) di= r~ S,(f)H(f) el2•f• df 

(b) When s,(l) and s2(1) are real, (A2.1.4) reduces to 

r~ s,(l)s,(r)dl = r~ S,(f)S2(-f)df. 

(e) When s,(l) = s2(1) e' s(l), (A2.1.4) reduces to 

r~ ls(lll' d1 = r~ IS(fll' df. 

(A2.1.4) 

(A2.1.5) 

(A2.1.6) 

(A2.1.7) 

The form (A2.1.7) of Parseval's thcorem includcs the form (2.1.26) which was 
dcrivcd in Section 2.1. t 

Note that becausc of thc symmctry of thc Fourier transform, the roles of the 
signa! and its transform may bC rcverscd. For example, 

(a) 

(b) 

r·. S,(f)S2(g - /) df = J~~ s,(l)s2(1) e""' dt, 

j_"~ S,(f)S2(/) df = j_~~ s,(t)s2( -1) dt, 

whilc thc symmetry of the rclation givcn by (e) is already evident. 

(A2.1.8) 

/!(A2.1.9) 

lt should be noted that thc abovc operational propertics apply equally well to 
finitc and infinite Fourier series. Thc three forms of Parseval's theorcm derived 
in Scction 2.1 provide examplcs. 



DIV/SION DE EDUCACION CONTINUA 
FACULTAD DE INGEN/ERIA U.N.A.M. 

CURSO INGENIERIA MARITIMA. 
MODULO: "FUNDAMENTOS DE HJDRAULICA Y t~ATEMATICAS" 

DEL 11 DE MARZO AL l DE JUNIO. 
~·1EXJCO, D.F. 

THE SPECTRUM. 

~ .. --· 

PROF. JNG. JOSE RAYNAL. 
JUNIO 1985 

Palacio do Mlnarla Calle de Tacuba 5 primar piso Delag. Cuauhttimoc 011000 México. D.F. Tal.: 521·40·20 Apdo. Poalal 1\.4·2285 



6 
The Spectrum 

In Chapter 5 it was shown that a stationary stochastic process is simply 
described by its autocovariance function. In this chapter it is shown that an 
equivalen! description is provided by its power spectrum, which is the Fourier 
transform of the autocovariance function. The power spectrum curve shows 
how the variance of !he stochastic process is distributed with frequency. 

In Section 6.1 it is shown that classical Fourier methods fail when applied 
to time series. Thus the estimator of the spectrum obtained from considera­
tions ·of Fourier analysis, namely the sample spectrum, has the un fortuna te 
property that its variance does not decrease as the length of the time series 
increases. Hence the methods of Chapter 2 must be modified for time 
series analysis. These modifications lead to the definition of a spectrum ap­
propriate tostochastic processes, which is given in Section 6.2. This section al so 
deals with the spectra of linear moving average and autoregressive processes. 

In Section 6.3 it is shown that an improved estimator of the spectrum can 
be obtained by smoothing the sample spectrum. The more one smooths 
the smaller is the variance but the larger is the bias or distortion. Hence a 
compromiso has to be achieved between bias and variance. 

Further properties ofthe smoothed estimators, including the notion ofband­
width, are derived in Section 6.4. lt is also shown that confidence intervals 
are easily obtained at each frequency by using the logarithm of the spectrum 
estimate. 

6.1 THE SAMPLE SPECTRUM 

6.1./ Fourier merhods app/ied ro rime series 

Fourier analysis. lt was shown in Chapter 2 that the variance or average 
power of a signa! x(r) in the range - T/2 ~ r .~ T/2 can be decomposed into 
contributions at harmonicsfm = m/Tofthe fundamental frequency J, = liT 
according to 

'J"' s? = T- x 2(f) dt = 
-TI:I 

(6.1.1) 

209 
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x. is called the complex amplitude at the harm . f 
meas u res the amplitudes of the sine and . omc requency f. = m/T and 
T cosme terms at frequen r · x( ) 

he complex amplitude may be computed from cy '"m 1 . 

1 JT/2 
X m = T x(r) e-12:rmttT dt 

-T/2 (6.1.2) 
by writing 

e- J2nm!IT = cos 2TTm/ . . 27Tm/ 
T -}Sin--· , T 

Recall that the Fourier decomposition .of x(t) is 

x(t) = 2 Xm e+Jhmt/T. 

Similarly, for a discrete signa( observed at times 1 . • ( 
( l)tl h = -nu.,- n- 1)6 j;;,;;, nn~mber' ~fe haverage powfer is decomposed into contributions at ; 

N- ar':'omcs o the fundamental frequency ¡; = l/N t> 
( - 2n), and the relat10ns corresponding to (6.1.1) and (6.1.2) are 

'1-1 n-1 

s? = ~ 2 xr = ¿ 1x.12, 
,. -11; 

(6.1.3) 

J n-1 n-1 

X =- ' X e-J2nmtótN4 1 """ 
m N l~n 1 l,l, = N L.,¡ x, e-f2nrr¡t/N. (6.1.4) 

, .. -ft 

The contribution 1 Xml2 to the average ower ~t f . 
intensity at this frequency and the plot o/IX 12 v requ~ncy /.1. IS called the 
r ' m ersus mIS ca led the Fourier 
me spcctrum. an example of which is given in Figure 2.2. 

The pow~r s~ec/rum of deterministic sign'als. It is when the d 1 

::~dss::~~=~;¿' ~~a~atl~e :i:~~-d~~:~n~~s~:~~:: ti~e :ontalyesxipslao;~~d~;rmi:~;t~: 
eng· · · me m many 
(
6 II~e)enhng texts, wh¡ch use an argument similar to the following From 
· · • t e vanance of the infinite record is · 

(6.1.5) 

Ib·s called a Fourier "p~wcr spectru.~1." Using (6.1.2) the function TI X: l2 e wntlen • m may 

Tlx 12 , - l ~· rT/2 /2 
m¡ = (._,,(}) = r 1) x(t) e- 12' 11 dt . 

.. f -~·~~ 
(6.1.6) 
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Note that C,.(f) is defined for a continuous range of frequencies 
- oo " f " oo and is called the samp/e speclrum. For the discrete case the 
sa m pie spectrum is 

C._(f) = ~~ i x,e-12•"•\2 
r .. -n 

= !{(~. x,cos2nf16r +e~: x,sin2nf16)} 

1 1 
26 "f < u> <6·1.7> 

The frequency l/2;l in (6.1.7) is the Nyquist frequency discussed in Ch!pter 2 
and is the highest frequency which can be detected from data spaced at 
intervals 6 seconds apart. 

Note that if x(r) has a well-behaved Fourier transro·rm, the limit (6.1.5) 
for f(f) is zero. This is beca use x(t) must tend lo zero as t lendsto ±oo ifits 
Fouricr transform is to exist. Howcver, provided x(t) does not dissipate itself 
in this way, C .. ({) wi\1 usually tend lo a wel\-defined limit r(f). For deter­
ministic signals, the convergcnce of C,.(/) to r(/) is smoolh in the sense that 
the function C~.(fl obtained by increasing the record length from T to T' 
would be a smoother version of the function C .. ({) based on the record of 
length T. 

1t will be shown in the next section that the definition (6.1.5) is not a 
satisfactory one when x(t) is a realization of a stochastic process. The basic 
difference between the Fourier analysis of a deterministic and stochastic 
signa! is that the plot of C~,(/l obtained from a record of length T' > Tof a 
stochastic signa\ is justas erra tic as that obtained from a record of length T, 
that is, Cxx(f) does not conl'erge in any statistical sense to a limiting value 
as T tends to infinity. 

6.1.2 The samp/e spectrum of a white noise process 

To illustrate the effect of applying Fourier analysis to a stochastic process, 
a series of 400 random Nqrmal deviates (Gaussian white noise) was generated. 
The sample spectrum C,(f) was computed from the series consisting of the 
first 50 terms, the first 1 OO. the first 200 and the entire series of 400 terms. 
Figure 6.1 shows the values of the sample spectrum C,(j) computed 
according to (6.1.7) at the frequencies f = 0.02, 0.04, ... , 0.50 cps for the 
cases N= 50 and N= 100. with t> = 1 sec. Also indicated in the figure is 
the theoretical spectrum, which is shown in Section 6.2.3 to be a constan! in 

the range -! "f < !-
Figure 6.1 shows that the fluctuations in C,(f) are so erratic that it wouk 

be difficu\t to conclude on the basis of this diagram that '"e true spectrun 
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FIG. 6.1: Samplc spcclra for !he first ha1f (N = 50) and the who1e (N= 100) of 

a realization of discrcte Normal white noise 

was a constant and hence that the time series was white noise. Note also that 
~he. fluctuations in C:Af) for N= 100 are just as large as for N= 50, 
md1catmg lack of statistical convergence of any kind. 

Table. 6.1 summarizes the results obtained for the sample spectrum for 
senes w1th N = 50, 100, 200 and 400 terms. Since the theoretical spectrum 
has the samc value at all frequcncies, !he fluctuations in C,(f) can be sum­
manzcd by cvaluating thc mean. variance and mean squarc error over fre­
quency. 1t is sccn that the mean valucs for cach series are close to unity, the 

.1 
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value of the theoretical spectrum. Hence the C::(j) seem to be clustering 
about sorne central value. However, Table 6.1 shows that the variances do not 
decrease as N'increases, showing that the estímate of the spectrum obtained 
from a sample of N= 100, 200 or 400 is no better than that for N = 50. 

TABLE 6.1: Behavior of sample spectra of white noise as the 
record length is increased 

N -so 100 200 400 

mean 0.85 1.07 1.00 0.95 

variance 0.630 0.777 0.886 0.826 

mean square error 0.652 0.782 0.886 0.828 

Jt was seen in Chapter 4 that well-behaved estimators have the property 
that their variance decreases as N increases. Hence it can be concluded that 
C:lf) is not a good estimate of the spectrum, at least not in its present 
form. 

To show that !he sample spectra for random processes other than 
white noise do not converge in any statistical sense. consider the auto­
regressive process generated according to (5.3.36). The theoretical and sample 
acf's for a realization of 400 terms were shown in Figure 5.13. The theoretical 
spectrum and the sample spectrum for the same realization of 400 terms are 
shown in Figure 6.2. As for the white noise example, the sample spectrum is 
extreme1y erratic and bears little resemblance to the theoretical spectrum. 

Summary. For deterministic signals. the spectrum is the limit, in the usual 
mathematical sense, of the sample spectrum c .. (J) as the record length 
tends to infinity. However. the white noise example above shows that when 
c .. (f) is used to analyze a time series its behavior is so erratic as to render it 
useless for estimation purposes. The ba~ic reason why, Fourie~r analysis 
breaks down when applied to time series is that it is based on !he assumption 
of fixed amplitudes, frequcncies and phases. Time series, on the other hand, 
are characterized by random changes of frequencies, amplitudes and phases. 
Therefore it is not surprising that Fourier methods need to be adapted to take 

· account of the random riature of a time series. 

6.1 .3 The relarion betll'een the sample spectrum and rhe sample 
autocot·ariance function 

Befare giving a more precise definition of the spectrum of a stationary 
stochastic process, a fundamental relationship connecting the sample 
spectrum and the sample autocovariance function is proved. 



214 The Spectrum [Chap. 6 

Cl./ • k/100) 

14 

ll 

theoretical spectrum 

10 

g 

6 
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l 

o .1 .5 f (cps) 

Fra. 6.2: Sample spcctrum for a realization of a sccond-order autoregressive. 
process 

Using the definition (6.i.6) of the sample spectrum, 

J JT/2 fT/2 c •• (f) = - x(f) e- 12' 1' dt x(t') e' 12" .. dt'. 
T -Tf2 -Tf2 

(6.1.8) 

,, 
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If the transformation 

u = t - t', V= t' 

is made in the double integral (6.1.8), the region of integration is transformed 
as shown in Figure 6.3. Then (6.1.8) becomes 

C.u(f) = - x(v)x(v + u) dv e- 12"" du f.T [ J ftTI2>-• ] 
o T -T/2 

+. - x(v)x(v + u) dv e-'2' 1' du. J
o [ ¡ JT/2 ] 
-T T -(T/2)-u · 

Using the definition (5.3.8) of cxx(u), this becomes 

Cxx(f) = fT Cxx(U) e- 1" 1' du, -ro ,;;; f,;;; ro. 
-T 

(6.1.9) 

Hence the sample spectrum is the Fourier transform of tire sample acrf. 
The inverse Fourier transform of (6.1.9) may be written 

(6.1.! O) 

which, for u = O, becomes 

c.x(O) = s? = r = C •• (f) df (6.1.11) 

Thus tite sample spectrum shou·s how the r.:ariance or average pm,.•er of x(t) is 
distributed orer frequency. 

In discrete time. thc sample spectrum is 

(N-1) 

Cx .([) = !.l 2: . 1 1 
Cxx(k)e -J2n/lcl'>, ~J< . (6112) - 2/.l ~ 2/.l' .. 

which corresponds to (6.1.9). The in verse transform of (6.1.12) is 

(6.1.13] 

which corresponds to (6.1.10). 
The Foürier transform pairs (6.1.9, 10) and (6.1.12. 13) are mathcmatical 

identities which hold ~vhethcr x(t) is de¡crministic ora realization ,of a stochastic 
process. In the next scction. an inter~rctation of the limiting value of C.i.f. 
is given when·th~ function x(t) is a rcalization of a stationary stochastil 

process. 
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FIG. 6.3: Transformation of coordina tes for the samp1e spectrum 

6.2 THE SPECTRUM 

6.2.1 Definition al the spectrum o( a stochastic process 

To describe thc variability in C •. if) demonstratcd in Scction. 6.1.2, it is 
necessary lo rcgard thc record x(f), - T/2 :s; 1 :s; T/2, as bcing one of many 
possible time series which might ha ve been observed, that is, as a realization 
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of a stochastic process. Thus, the variability in the record is charactcrized 
by rv's X(t) for - T/2 :s; 1 :s; T/2, as indicated in Chapter 5. The sample 
spectrum Cxx(f) is then regarded as a rcalization of the rv Cxx(f), just 
as the sample covariance function c ... ( u) was regarded as a realization of the 
rv cxx(u). By deriving the distribution of C,,(f), or its moments, the erra tic 
behavior of Cxx(f) demonstrated in Figures 6.1 and 6.2 can be explained. 

Using (6.1.9), the first moment of the sample spectrum estimator 
Cxx(f) is 

which becomes 

E[Cxx{J)] = L yxx{u) ( 1 - 1'1) e- 12
'

1
" du T . (6.2.1) 

using (5.3.13). Thus (6.2.1) gives the average distribution (o ver all possible 
time series of length T) of power with frequency. As the record length T 
increases, E[Cxx(/)]tends in the limit to 

rxxUl = ~~"!. E[Cxx(fl] = r~ Yxx(u) e·t'-"• du. (6.2.2) 

The mathematics associated with this limiting operation is discussed méro 
fully in [1]. 

The function r xx(f) is called the power spectrum. but from now on it will 
be referred to more concisely as the spectrum. 

Equation (6.2.2) shows that the spectrum is the Fourier transform of the 
acvf of the }((1) process. Using Table 2.3, there is an inverse lransform 

)'xx(U) = f~ • r xx(fl e1
'"

1
" d.f. (6.2.3) 

Setting u = O in (6.2.3) gives 

)'.u(O) = a} = r T r xxUl d(. (6.2.4) 
• 

and hence r xx(fl sho><·s hou· the rariance of the X(t) process is distrihuted 
ot·er frequency in the same way that (6.1.9) shows how the variance of one 
particular sample of /ength T is distributed over frequency. Specifically, the 
variance of the X(t) process which is due to frequencies in the range 1 to 
f + di is ·approximately r xx<f) d.f. Note fro.m the definition (6.1.6) that 
r xx(f) is non-negative for al! .f. 

For discrete time, the relations corresponding to (6.2.1) to (6.2.3) are 

E[CxxUll = .él 

• N-1 

2: k) (1 _ ~) ,-12,•• Yxx( N , 
1 1 

- 2.ol " 1 < 2:. • 
k• -<S-Il 

(6.2.5) 
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r xx(f) = ;~"! E[Cxxif)] = t1 L Yxx(k) e~l2••t•, 1 1 
-26 .;,j< H' 

""-oc 
(6.2.6) 

and 

J
l/(26.1 

Yxx(k) = r xxif) e12
''" 

0 df. k = 0, ± 1, ± 2, . . . . (6.2. 7) 
-11(26.1 

Some examples. To provide sorile insight into the information corytained in 
the spectrum, Figures 6.4 and 6.5 show the theoretical spectra of the first­
order ar processes whose acfs were shown in Figures 5.7 and 5.8. Analytical 
expressions for the spectra of ar processes will be derived in-Section 6.2.5. 

Figure 6.4 shows that when the autoregressive parameter a 1 = 0.9, the 
series is smooth, and this is reflected in an acf which damps out smoothly 
with lag. lt is seen that the corresponding spectrum is large at Iow 
frequencies and small at high frequencies. Hence smooth series are character­
ized by spectra which ha ve most of their power at Iow frequencies. Note that 
in Figures 6.4, 6.5 and 6.6, the spectrum is plotted on a logarithrnic sea/e, 
which shows more detail in the spectrum over a wider amplitude range. 
Other reasons for plotting the logarithm ofthe spectrum will be given la ter on. 

Figure 6.5 shows that when a 1 = -0.9, the series oscillates very quickly, 
and this is reflected in an acfwhich changes sign. The corresponding spectrum 
has Iarge power at high frequencies and small power at Jow frequencies. 
Hence quickly oscillating series·are characterized by spectra which have most 
of their power at high frequencies. 

Figure 6.6 illustrates a second-order autoregressive process. As discussed 
in Section 5.2.4, this is a quasi-periodic series with an "average" period of 
about 8 seconds. The acf reflects the periodic behavior and consists of a 
damf•'d sine wave with a period of 8 seconds. The corresponding spectrum 
now has a peak at the frequency / 0 = O. 125 cps. Since the X(t) process is not 
truly periodic, the spectrum is not concentrated at the single frequency 
.f = 0.125 cps, but instead is spread over all frequencies in the range 
-0.5 .;, f < +0.5 cps. Most of the power, however, is near the frequency 

/ 0 = 0.125 cps. 

The spectral density function. Jt is sometimes necessary to compare time series 
which ha ve different scales of measurement, and in these circumstances it is 
useful to normalize r xxif) by dividing hy the variance a~. The function 

''Atn 
~ 

is called the spectra/ density function. From (6.2.2) it follows that 

r xx~fl = J~ Pxx(u) _-nntv du, 
ux -"' 

(6.2.8) 

so that the spectral dcnsity function is the Fourier transform of the acf. 
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•• 

(a) 

px_y(k) 

k 

100 l"n:(/l 

(<) 

.1 ~----+-----~--~~--~----~-­
.1 1 .1 .4 

FtG. 6.4: A realization (a), the autocorrelation function (b) and spectrum (e) of a 
discrete first-order autoregressive process (a 1 = +O.r' 
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F1G. 6.5: A realization (a), the autocorrelation function (b) and spectrum (e) of a 
discrcte first-order autorcgressi\'C proccss (a1 = - 0.9) 
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FIG. 6.6: A realization (a), the autocorrelatiqn function (b) and sp~ctrum (e) of 
a di serete second-ordcr a~toregressive process (a1 = 1.0, a2 = - 0:5) 
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Now, the spectral density..function, being the limit of a non-negative 
function, is al so non-negative .. Since it also integrales to unity, it follows that 
from a mathematical point of view it satisfies the same properties (3.1.8) as a 
pdf. lt will be shown in Section 6.3 that the similarities between the spectral 
density function and !he pdf al so extend to the estimation ofthe two functions 
from finite lengths of records. 

The method used to define the spectrum in this section is by no means 
unique. An alternative method based on the latent ro'ots of th'e covariance 
matrix of tbe stocbastic process is given in Section 11.1.2. 

Comments on definitions of the spectrum used by engineers. Criticisms ha ve 
already been given in Section 6.1.1 of the definition 

r(f) = J~"!o Cyif) 

of the spectrum which is usually given in electrical engineering texts, 
for example [2] and [3]. The objection to this definition is !ha! if x(t) is a 
realization of a stationary stochastic process, then !he corresponding random 
variable Cxx<f) does not converge in any statistical sense toa limiting value. 

A further source of confusion stems from the fundamental identity (6.1.9) 
proved above. lt is falsely argued that since the sample autl'lcovariance 
function c,x(u) tends in a well-behaved statistical sense to Yxx(u) as T tcnds to 
infinity, then it is permissible to state that 

Ji m c .. (/) = fT Jjm Cxx(U) e·t•ntu du 
T-a;> -T T-<10 · 

= J:~ Yxx(u)e' 12
'

1"du 

= r •• (f). 

As shown in Section 5.3.3, it is true that the mean squared error of the 
sample acvf estimator Cxx(u) is of order 1/Tand hcnce its distribution tends 
to be more clustered about Yxx(u) as T tends to infinity. Thus cxx(u) is a 
consisten/ esrimaror of Yxx<u). Another way of stating this fact is that the 
ensemhle arcragc Yxx(u) can be estimated by the rime at-erage cxAu). This 
is usually referred toas the crgodic properry and requires that Yxx(u) tend to 
zero at a sufficicntly fast rate. 

However, the fact that thc ergodic property applies to cxx(u) in no ll'ay 
implies rhar ir hnlds for its Fourier transform C .. (f). In fact, it is usually 
not true that, if there is a consisten! estimator of a statistical parameter, its 
Fourier transform is a consisten! estimator of the Fourier transform of that 
parameter. In other words CxiJ) is an example of a sample function for 
which the ergodic property does not hold. 
r Aif'in.iuitive way of iooking at this situation is to consider what happens 
to ex.( u) for fixed value ofthe iag u when thc record length Tincreases. In this 
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d more information in tbe form of products x(r)x(l + u) are 
case, more an . . · ( ) t ·ned in e (u) 
. 1 d d ·n e (u) and bence the informatwn about Yxx u con a• xx. 
¡nc u e 1 xx d . fi ·¡ lt will be seen later that the m­
increases indefinitely at T ten Sto ¡n n .. y. r ) 's spread over a band of 

formation cont~in~ ¡~ Cx·.~!h c~n~~~n:~~ut;u;.; T increases, the total in­
frequenc•es w•t . e ec. tve "{¡¡ . -distributed over an increasing number of 
formation conta•~ed md~"The ~~e! result is that as T increases it is po"ible 
bands of decreasmg wt · . . w r fre uency bands: 
to estímate the average power m narrov.er and narro e q . b d 

h ffi . cy of the estímate of the power tn the narrowmg an 
however, t e e c1en 
does no! improve. 

6.2.2 The integrared specrrum 
. 1 th previous section the power spectrum 

Cases where no spectrum exrsts. n e . 

was defined by 

. fr ) (1 lul) _,,,, du 
lim E[Cxx<Jll = ~'.:"~ -r i'xx(u - T e ' 
r-~ 

provided ~his limit exists. Clearly, if r.u(f) is to be finite it is sufficient that 

lfxx<.fJI = 1 r ~ Yxx(ul •. ,,,. du 1 

o( r ~ IYx.,(u)l du o( M. 
(6.2.9) 

where Mis a finite constan!. Hence if the spectrum is lo be finite, ~~ is su_ffi~ie~; 
(but not necessary) for Yxx(u) to tend to zero as th~ lag u ten s to '" m 
at a sufficiently fast rate so that the integral (6.2.9) 1S fimte.. . . 

1 f Stochastic process for which th•s cond¡!Jon ts not met. 
Asan examp e o a 

consider the process 

B . 2 .r r R cos (2-' t + .L) (6.2.10) 
X(l) = A cos 2rr/0 1 + Sin "Jo . = "Jo "' • • 

where A and B are indepcndcnt rv's with mean zero and varian.ce a2. For a 
iven realization, x(r) is a cosine wave, R cos (2rrfo r + .J,) havmg constan! 

g . f d phase Across the ensemble. the ampiltude and 
amp!ltude. rcqducncly anh.le the frequency remains flxed. From (6.2.10). 
phase vary ran om y, w 1 , 

E[X(rl] = E[A] cos 2rr,(0 r + E[B] sin 2rr.for ;,; O. 

Hence 

(u) = E[X(r)X(r + u)] . . ·· )] 
i'xx ·= E[( A cos 2rr/ol + Bsin 2rr/ol )(A cos 2rrj,(r ~u)+ Bsm 2rrf,(r + u) 

= o'[cos 2,¡,r cos 2-rr(,(r + u) + sin 2rr/01 Sin 2rr/o(l + u)] . 

= o2 cos 2rrj,u. 
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i'xx(u) does not tend to zero as u tends to infinity, and so the integral (6.2.9) 
dtverges. However, a spectrum can be defined in terms of delta functions 
using (2.2.12), so that ' 

11 

"2 
[' :u(f) = 2 [S(J- fo) + S(/+ /o)]. 

Hence the spectrum of !he stochastic process (6.2.10). m ay be regarded as two 
delta functions of area " 2/2 centered at the frequenciesf = ±lo· 

The integrated spectrum. E'·en when the spectrum contains delta functions it 
is meaningful to talk about the variance of the series accounted for 'by 
frequencies less than or equal to sorne frequency f'. This may be obtained 
formally by integrating the. expression for the spectrum. For example, 
mtegratmg (6.2.2) fromf = - f' tof = f' gives the integrated spectrum 

1 xxCf') = r·,. [' xxCf) df 

f~ sin 2"f'u 
= Y.u(u) du, 0 ~ f' ~ ro. 

- GO 1tU (6.2.11) 

This function is analogous to the cumulativc distribution function in the same 
way that the spcctral density function is analogous to the probabil¡ty density 
functton. Thus f 

/(0) =O, 

/(oo) = u> 
and 

I(J,) ~ /(/2 ) 

when f, ~ !~- lf the spectral density has a delta function at f = f
0

, that is, 
Yxx(u) contams a componen! k cos 2"/0 u, then the integrated power spectrum 
)Umps by an amount k at !he frequency f

0
• 

For the discrete case, the integrated spectrum is 

=t. "" ' (k) sin 2"1./' t. 
L.,¡ Yxx T'fk .:l ' 

/(a- fiC 

(6.2.12) 

6.2.3 The spectrum of u·hite noise 

In Section 5.2.1, the completely random or white noise process Z(l) was 
defined as one with an acvf Yzz(u) = "~ 8fu). This has infinite variance 
and as such cannot represent a valid stochastjc process. However. it was 
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shown that it could be regarded as the limitas • tends to zero ofthe Bachelier-
Wiener process Y(/) which has the acvf · 

lul > • 

{

0, 

m( u) = "! ( 1 _ 1~1) , lui ~ •· 

Hence using the definition (6.2.2). the Bachelier-Wiener process has the 
spectrum 

r,.,{() = f' "~ (1 - ~) e'"''".du 
-T 'T 'T 

= "~ (sin_;f•)2. -ro ~ 1 ~ oo. 
'"J 'T • ..... 

In the limitas • tends to zero, f' rrCJ) tends to 

li m f' nCfl = f' zz(f) = "~ • (6.2.13) ·-· 
that is, a constan! for all f 

The Z(t) process is termed u hite noise by analogy with the optical spectrum 
of white light. which has al! optical frequencies present with approximately 
the same intcnsity. True white noise is as physically impossiblc asan implt!se 
function; indeed, it may be regarded as the statistician's analog of the 
engineer's impulse function. 

Methods of generating "·hite noise. There are no difficulties in defining white 
noise in discrete time since the acvf of discrete white noise Z 1 is 

{"~· Yzz(u) = O. 
u= o 
u = ± ,l, ±H. ± 3,l, .... 

Using (6.2.6) it follows that 

1 1 
--~(<-· H · 2~ 

(6.2.'14) 

so that all frequencies in the range -1/2~ ~ l <: ll2S contribute the same 
arnourit of Power or variance. 

Discrete whitc noise may he g.enerated from- nOn-white continuou.<; noise 
very simply. For cxample. supposc a sourcc of continuous non-whitc noise 

· is available which has an acvf which is zero when u > u0 . Clearly, sampling 
the X(l) process al spacing ,l > u0 produces· a Z, process with the same acvf 
as (6.2.14). 

· Thefrequency'domain interpretation of this method of·gen~rating dis­
crete white noise from continuous non-whitc noise is that the sampling 
frequency 1/~ is so low that many· many aliasings of the.spcctrum r;~c(f) 
occur (see Section 2.4.2). Hence, the spectrum of the discrete (sampled) 
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signa! which is the sum of the aliased segments tends to a flat-topped 
function, that is, r zz<f) tends to a constan! in the range - 1 /2!!. .;; f < 
1/2!!.. The flattening of the aliased ~¡j!!Ctrum is demonstrated in Figure 2.11 
for one particular case. Note that in.<'fiscussing white noise, nothing has been 
said about the pdf of Z(t), that is, white noise may have any amplitude pdf 
whaterer. 

True white noise can never exist physically, but very good approximations 
to it can and do. For example, the fluctuating curren! in an electron tube 
provides a very good approximation, having an essentially flat power spec­
trum from Oto 100 megacycles per second. This noise is usually referred toas 
shot noise and is dueto the random emission of electrons from the cathode of 
the tube. 

Another example of a physical source of noise which is approximately 
white over a wide frequency range is thermal noise. This is the voltage or 
curren! in a wire of resistance R due lo the thermal motion of electrons. Its 
power spectrum is approximately constan! over a wide range of frequencies 
and is equal to 

r.u(fl = 4RkT, 

where T is the absolute tcmperature and k is Boltzmann's constan!. A more 
detailed discussion of shot and !herma! noise is given in [2]. 

6.2.4 The spectrum of a linear process 

An expression is now dcrivcd for the spectrum of the output from a stable 
linear system when the input is a stationary process. When the input is 
white noise. the output spectrum is the spectrum of a stationary linear p1 ocess. 

Consider the output process X(t) from a stable linear systcm with impulse 
response h(u) and input process Z(l). From (5.2.8), the acvf of the X(t) 
process is 

J. ~ f.~ 1 
Yxx(ll) = 

0 0 
h(r)h(t>')yzz(ll + " - v') dv dt•', 

and hence from (6.2.2) !he spectrum of the' out pul is 

rxxUl = f~~ Yxx(u) e- 12' 1" du' 

= J" e' ''·'1" s.· J.~ lz(v)h(r')yzz(U + t• - t•') d" dt•' dul' 
- G:l o o 

, . = J.~ h(¡;) e'2·'1'' dt• r•· h(t") e-12nf<'' dv' f~ Yzz(Y) ,-12ntv dy, o Jo -a:~ 
whcre J' = u + r, - l''. 

Hence 
l'x.,(f) = H( -f)H(J)rzzCf) 

= JH(f)l'rzz{[), -oo 'Ó.[.;; oo. (6.2.15) 
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This fundamental property states that the spectrum o[ tire output from 
a linear S\'stem is obtained from the spectrum o[ the input by multiplying 
by the square of the modulus o[ the frequency response function. 

If Z(t) is white noise with spectrum r zz(f) = cri, acvf Yzz(u) = al S( u), 
then X(l) is a linear process with spectrum 

rxx(f) = aiiH(f)l2, -oo ,¡; f ,¡;OO. (6.2.16) 

In discrete time, the relation corresponding to (6.2.15) is 

1 1 
- u. .;; f < 2!!.. (6.2.17) 

where H(f) = '2,;:'. 0 h. e- 12•t••. 
When the input is the completely random process with variance cr!, the 

output is a linear process with spectrum 

(6.2.18) 

From (6.2.15) or (6.2. 1 8) it is seen that, given a white noise source and a 
suitably versa lile analog (or digital) filter it is possible to genera te a stochastic 
process with any given spectrum. In the next section sorne cxamples 
are given of the wide variety of spectra which may be gcnerated by linear 
filtering of white noise. 

6.2.5 The spectra of autoregress~t1e and moving arerage processes 

Continuous first-order autoregressive processes. Consider the continuous 
first-order ar process 

dX(r) 
T (i/ + (X(t) - p.) = Z(t), 

whcre Z(t) is white noise. This has the impulse response function 

h(u) = {f 
o, 

and frequency response function 

e-u/T 
• 

u< o 

H(fl = 1 + j2rr[T 

Hence, uslng (6.2.16), the spectrum of X(t) is 

·;;;. 

"~ r xx(fl = l + (2,/T)' • -oo ,¡; f ,¡; OO. (6.2.19) 
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The function (6.2.19) has be~n p1otted in Figure p (a), whjch shows that 
most of the power or variance is concentrated at low frequencies. 

Discrete first-order autoregressil"e processes. In discrete time, the first-order 
ar process is 

X,- p.= a 1(X1 _ 1 -p.) + Z, 
with 

h" =a~, k= O, 1, ... ,00, 

and 
1 

H(f) = 1 - a, ,-J2n/A' 

Hence, using (6.2.18), the spectrum of the X, process is 

~"~ 1 1 
rxx(/) = 1 2 2 2 if!!. -2A .;; 1 < 2 A" (6.2.20) + a 1 - o: 1 ~f TT u u 

The spectrum (6.2.20) has been plotted in Figures 6.4 and 6.5 for a 1 = 

+0.9 and a1 = -0.9 respectively,!!. = 1 and al = l. As discussed in Section 
6.2.1, when a 1 is positive !he spectrum has most power at low frequencies and 
when a 1 is negative the spectrum has most power at high frequencies. Note 
from (6.2.20) that r xx(/) for a, > o equals r xx(l/2!!. - /l for a, < o. 
Continuous second·order autoregressive processes. Consider the continuous 
second-order ar process 

d 2 X dX 
a, dt' + a, dt + a0(X(t) - p.) = Z(l). 

This has the frequency response function 

1 
H(f) = a2(j2.tf)' + a1U2rrf) + ao' 

and hence the spectrum 

r (f)- ni 
XX - (a0 - a 24rr2/ 2) 2 + (2rrfa1) 2 (6.2.21) 

In addition to generating low-frequency spectra (a, ora, large), (6.2.21) 
can al so genera te a spectrum with a peak if the roots of the characteristic 
equation a2p 1 + a 1p + a0 = O are complex. 

Discrete second·oraer autoregressh·e processes. The discrete second·order ar 
process (5.2.31), namely, 

X, - p.= a,(X,_, -p.) + a2(X,_ 2 - p.) + Z,, 

has the frequency response function 

H(f) = 7

1
-- ,,,,. ,,.,., 

- a 1 e· · " - "' e 
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and hence the spectruin 

rxx(fl = l +a~+ a~ 2a,(l 
aa~ 
a 2) COS 2rrf!!. 2a2 COS 4rrf!!. ' 

r t 
- 2!!. .;; 1 < 2!!.. (6.2.22) 

For certain values of the parameters a,, a,, (6.2.22) can give rise to a low­
frequency or high-frequency spectrum like the first-order discrete process. In 
addition to these spectra, it is possible to obtain spectra with a peak or a 
trough a1 an intermediate. frequency / 0 • This occurswhen [a,(l - a2 )\ < 
[4a2 [. The frequency / 0 at which !he peak or trough occurs is given by 

a 1(1 - a 2 ) 
cos hfol!. = - 4 · a, 

For example, the time series shown in Figure 6.6 is based on _a second-order 
process with paramcters a 1 = 1, a2 = -0.5 which produces a spectrum with 
a peak at/0 = 0.125/l!. cps. 

HIGH FREQUENCY SPECTRU FREQUENCY SPECTRUM 

-2.0 2.0 

FIG. 6.7: Stability region and classification of spectra for discrete second-order 
autoregressive processes 

The four types of spcctra which can be generated with a second-order ar 
process are summarized iD Figure 6.7. An interesting feature which is brought 
out by.this diagram is that the rcgion for which al.+ 4a2 < O (and hence for 

. which the acf is a dampcd sine wave) lies partially in the rcgion for which 
[a,(l - a2)[ ;¡, [4a2 [ where thc spcctrum has no intermediate peak. For the 
high·frequcncy spectrum this is no! surprising. since a first-order ar process 
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with a, < O has an oscillatory acf even though the spcctrum does not ha vean 
intermediate peak. For the low-frcqucncy spectrum, however, the acf can be 
oscillatory. and .yet. no intermediatc peak is cvident. 1t is commonly assumed 
that a penodtctty tn thc acf Wlli appear as a peak in the spectrum, but this 
example shows that the amplitude of the dampcd sine wave must be large 
enough. 

General autoregressire-moring arerage 'processes. The general continuous 
ar-ma proccss (5.2.51) 

d"X dX . d'Z dZ 
a. dr• +···+a, dr + ao(X(t)- !L) = b1 dr' + · · · + b1 dt + h0Z(t) 

has the power spcctrum 

r (r) 
_ ,, bo + b,j2rrf + · · · + b1(j2rrf)1 

\' 
XX - Uz • 

· Oo + a1 j2rrf + · · · + a.(j2rr[)• 
-00 ,¡; f ,¡; OO. (6.2.21) 

Similarly, the discrete mixed process (5.2.50}, namely 

X, - 1L = a1(X1• 1 - ¡.<) + · · · + a.(»it.- ¡<) + Z, + {312 1_ 1 + ... +{3, z,_,, 
has the spectrum 

1 1 
- 2<l .;; l < 2<l . 

(6.2.24) 

The expression (6.2.23) for !he spéctrum of th; continuous process shows 
that if r xx<fl is to be a proper spectrum in the sense that it integrales out toa 
fimte constan! a~ corresponding to the variancc of the X(t) process, then 
1 mus! salisfy 1 .;; m -l. Note that thcre is no rcstriction on 1 for the discrete 
case. 

The rcsults (6.2.23) and (6.2.24) are obtaincd by substituting the frequency 
response functions (2.3.19) and (2.3.32) in (6.2.15) and (6.2.18) respectively. 
In general, these spectra may havc,¡nultiple pcaks or troughs if thc roots of 
thc corrcsponding charactcristic equations are complex. 

6.3 SPECTRAL ESTIMATORS 

6.3.1 Distrihution properties ofsample spcctral estiinatorsfor u-hite noise 

lntroduction. · Table 6.1. suggests that the sample spectrum estimator 

Czz(f) = ~H,~. z, cos Zrrft<l r + r~. Z, sin Zrrftt. }l 
... 1 1 

-2li .;;¡ < 2!1' (6.3.1) 
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for a purely random discrete process (discrcte white noise) has a variance 
which is indcpendcnt of thc numbcr of obscrvations N. On the other hand. 
thc average of the sample spectrum over frequency is clase to the theoretical 
value of the spectrum. These results suggest that the sample speclrum is not a 
consisten! cstimator in the sense that its distribution does no! tend to cluster 
more closelv about the tru'e spectrum as the sample size increase~. 

To see why this is so, consider the rv's associated with the real'and imagi­
nary Fourier components of a di serete process z,, - n .;; t .;; n - l. These are 

n- 1 

A([) = L Z, cos 2rrft t., 
t• -ll 

·-· 
B(J) = L z, sin 2rrft!:J., (6.3.2) 

!• -ft 

The sample spectrum estimator (6.3.1) is then 
<l 1 1 

Czz<f) = N [A'([) + B'(f)]' - 2<l .;; J < 2<l. (6.3.3) 

By investigating the properties of the rv's A(J) and B(J) it is possible to 
derive the sampling properties of the sample spectrum. In this section it is 
shown that if the Z, process is a purely random Normal process with mea!'! 
zero and variance a~~ then at the harmonic frcqucncies/" = k/N!l.: 

(/) The random variables 

Y(f.) = 2CzzCf•l, k= ±1, ±2, ... , ±(n- 1), 
~az 

are distributed as x~ rv's. 

(2) Whenf, = O or ¡, = -1/2<l, the rv's 

Y(f,) = Czz((•l 
Ó.az 

are distributed as a xl· 

(6.3.4) 

(6.3.5) 

(3) The rv's Y(f,) are mutually independent for k= O, ± 1, ±2, ... , 

±(n- 1), -n. 
Thcse results will be u sed t¿ derive a test for white noise in ··section 6.3.2. 

Section 6.3.3 contains a summary of more general results for the distribution 
propcrties of the sample spectrum estimators which apply fo~ all frequencics 
J and for non-Normal and non-white processes. Proofs of these results are 

given in Appcndix A9.1. 

Th~ chi-squared property o( Íhr sample specirum rstimator. Since E[Z,] = O, 

it follows from (6.3.2) that 

'"' E[A(f}] = O = E[B(f)]. 
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Hence at the harmonic frequenciesf, =k/ N !:J., 

Var (A(J,)] = E[A'(J.)] 

[Chap.6 

k = ± 1' ± 2, ... ' ± (11 - 1) 

Similarly, 

{

,N 
Var [B(f,)] = az 2' 

o, 
Furthermore, when k ~ 1 

k= O, -n. 

k = ± 1, ± 2, ... , ± (n - 1) 

k= O,- n. 

Cov [A(f,)A(f¡)] ; a~ I cos 2.,.f,t!:J. cos 2".f.ttJ. 
1• -n 

=O, 
Cov (B(J,), B(f¡)] = O. 

In addition, for all k and 1 

(6.3.6) 

(6.3.7) 

(6.3.8) 

Cov [A(J,)j, B(f¡)] = O. · (6.3.9) 

Now since A(f,) and B(J,) are line'GV functions of Normal rv's, A(J,) and 
B(J,) are also distributed Normally. Hence the rv's 

A'(J.) 2A'(J,) B'(f,) 282([,) 

Var [A(f,)] = Na~ ' Var [B(f,)] = Na~ 

are each distributed as xr. Moreover, "(6.3.8) and (6.3.9) show. that these rv's 
are uncorrelated and thus independent, since A(f,) and B(f,) are Normal 
rv's. Hence their su m 

N:~ (A'(J,) + B'([,)) = 2C~;f•) = Y(f,) 

is distributed as Xª· 
When k = O, -n, B(f,) is identically zero. Hence 

Y( r) A'([,) Czz(f,) k O 
1 " = Var (A([,)) = tJ.a~ ' = ' -n, 

is distributed as xr. Equations (6.3.8) and (6.3.9) imply that the rv's Y(f,) 
al distinct frequencies are uncorrelated and hence independent beca use of the 
Normal assumption. Thus the results (1), (2) and (3) mcntioned above have 
bcen establishcd. 

One immcdiate consequence of these rcsults is that thc erratic behavior of 
the sample spectrum in Figure 6.1 can be explained. Thus, for the purely 
random process, it was shown in Scction 6.2.3 that the spectrum is 

1 1 
- 2tJ. ,;;, f < 2~. 
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Using (3.3.6) and the results jusi derived, 

E [2CzzV•)] = 2, . 
tJ.a, 

that is, 
E[Czz<J,)] = c~tJ. = rzz<J,). 

Hence, the sample spectrum at the harmonic frequencies · provides an 
unbiased estimator of the spectrum for white noise. This explains why the 
mean values in Table 6.1 are el ose to the theoretical value. 

Similarly, using (3.3.6), 

that is, 
(6.3.10) 

Equation (6.3.10) shows that at the harmonic ·:rrequencies, at leas!, the 
variance of the estimator is a constant independent of the sample s;::e. This 
explains thc failure of the sample estima tes of variance of C.,(f,) lo decrease 
with sample size as shown in Table 6.1. lt is importan! lo note that even if the 
z, process is not Normal, the rv's A([) and B(f) will be very nearly Normal 
by the Central Limit Theorem. Hence the distribution of CzzCf! will be very 
nearly a xª regardless of the distribution of the Z, process. 

Analysis of r·ariance. The significance of the above results may be more 
readily apprcciated by considering the decomposition of the total sum of 
squares of the rv's Z,. Thus, using Parseval's thcorem (6.1.3) •. 

Making use of thc fact that Czz<f,) = C,,(-J,), 
n-1 n-1 

1 1 . " a' L Zr = tJ.a' [C,,(O) + 2 L.., Czi((,) + Czz{.f.)]. 
7. 1=-n. · Z . krl 

(6.3.11) 

Sin ce the Z,/az are independcnt Normal rv's ~ith.ze~o mcans and .unit standard 
deviations,·the left-hand·side of (6 .. 3.11) will be distributed as x}. The above 
rcsults then show that this x~ rv is decomposed into two x't rv's and (h - l) Xª 
rv's. Thus thc total degrees of frcedom i.s decomposed according to 

N~ 2n = 1 + 2(n '_ 1) + l. 

When N is odd, the single dcgree of frecdom compone~! corrc.sponding .to 
k = -n does not appcar in (6.3.11 ). The. decomposition is á special case of a 
technique callcd thc analysiú>[ niriance by statisticians. When é.'[Z1] ~ O, the 
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above analysis holds, but now the decomposition {6.3.\1) is more conven­
iently written · 

(6.3.12) 

where Z is the sample mean of the rv's z,. 

6.3.2 A test for white noise 

Needfor a test. Situations often occur in practice where it is necessary to test 
whether an observed time series could be regarded as a realization of a white 
noisc process. One such example has been given in Scction 5.3.5, where a test 
for white noise was applied to the Normal deviates gencrated by an. automatic 
computer. Another example is to test the adequacy of a fitted model, for 
example,the ar process {5.2.39). The model can be regarded as being adequate 
if the residuals from the fitted model constitute a white noise process. 

The test for white noise given in Section 5.3.5 is useful when onc wants to 
dctcct "local correlation,"' that is, whether ncighboring points of the time 
series are correlated. lt is somctimes necessary lo detect departures from 
whiteness caused by periodic effccts. For examrle, after fitting a modelto an 
economic time series containing s~fonal variation, the inadcquacy of the 
model might reflect itself in residuals which are periodic. In this situation a 
frequcncy domain test bascd on the samrle spectrum is more appropriate. 
Such a test will now be described and should be regarded as complementary 
to the test based on the acf described in Section 5.3.5. 

fhe test crit~rion. Equation {6.2.14) shows that the spectrum of a discrete 
white noise process is 

Hence the intcgrated spectrum 

' ,, 
is a linear function of frequency.' 

Suppose that the sample spectrum estímate C:,(fl has been computed at 
the harmonic frequenciesf• =k/ NI::., k= O, 1, ... , N/2. Then /(f.) may be 
estimated from the sample .integrated spectrum 

1 • 
/([.) = N :1 ¿ c,,(J.). (6.3.13) 

1. 1 

l 

1 
! . 
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Note that C,,(O) is zero if the mean is subtracted out. Since E(Czz(/.l) = 
r zz(f.) = 2 t:.u¡, it follows that . 

k 
E[l(f.l] = 2 t:.uU. = 2 .:la~ N !l.. 

and hence /(f.) is an unbiased estimator of /zz(/.1. lt is convenient in practice 
,¡.,. 

to normalize /(f.) by dividing by u~: in this case, /(1/2:1) = l. In practice u~ 
is not known and has to be replaced by its estimator S~ so that the final 
form of the estimator is 1(/.l/Si. Thus if the estímate 

/(/.) . 1 * 7 = N .:'u~ L. C::<J.l 
.. .. 1•1 

obtained from an observed time series is plotted against 21::.[., the points 
should be scattered about the straight line through the points (0, 0), (1, 1 ). 
Since 1(/.) is the sum of rv's with the same distribution, the Kolmogoroff­
Smirnov probability limits [4] applicable lo cumulative distribution functions 
can be used to assess when a significant departure from linearity occurs. 

Tn·o examples. Table 6.2 gives the values of C,(f.) for one of the samples of 
random Normal deviates used for the calculations ofTable 6.1. Here N= 100, 
t:. = 1 and hence ¡. = 0.01, 0.02, ... , 0.50. Figure 6.8 shows the plot of 
I(f.)Js' versus k for this series, and from it can be sccn that the deviations 
from the straight lineare no! large. To judge these dcviations more precisely, 
a test of significance dueto Kolmogoroff and Smirnov [4] may be used whcn 
N is large. This consists of constructing a band ± A/((N/2) - 1 )112 about the 
theoreticalline. For significance levels of0.95 and 0.75, A is equal lo 1.36 and 
1.02 respectively. For the present example, N/2 = 50: hence the 95 percent 

TABLE 6.2: Samp1e spectrum estima tes at the harmonic 
frequcncies for a sample of white·noise 

¡. C,.(/.) J. C,(f.l ¡. C.,(f.l 

0.01 1.13 0.17 1.91 0.34 1.75 
0.02 1.41 0.18 Q.l5 0.35 0.25 
0.03 0.74 0.19 0.85 0.36 1.84 
0.04 1.08 0.20 2.49 0.37 3.98 
0.05 1.28 0.21 3.89 0.38 0.22 
0.06 0.06 0.22 1.13 . 0.39 1.52 
O .o? 0.85 0.23 0.53 0.40 1.48 
0.08 0:23 0.24 1.86 0.41 0.44 
0.09 0.71 0.25 0.47 0.42 1.16 
0.10 0.79 0.26 1.87 0.43 1.20 
0.11 0.51 0.27 1.35' 0.44 2.73 
0.12 0.46 0.28 1.29 0.45 1.66 
0.13 1.38 0.29 0.06 0.46 1.34 
0.14 0.11 0.30 0.24 0.47 0.17 
O.IS 0.37 0.31 0.56 0.48 1.43 
0.16 0.50 0.32 0.68 0.49 1.03 

0.33 0.44 
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FIG. 6.8: A test for white noise using the sample intcgrated periodogram 

. ;•t 
ts are ± 1.36/v'49 ~ ± 0.19 and !he 75 pcrcent limits are ± 0.15. These 
ts are shown as broken lines in Figure 6:8, and it is-seen that l(f.)fs' falls 
within them. Hence there is no. evidence that the sample does not come 

n a white noise source. The intcrprctation of the 75 perccnt limits, for 
11plc. isthat in one out of four plots. on average. thc maximum det,iation 
n the theoretical line will lie outside thc limits if thc process is in fact 
te noise. 
·able 6.3 scts out the calculations for this test applied to the ionospheric 
' of Tablc 2.1, for which s; ~ 196.4. Thc values of C.,{f.l in Table 6.3 
1 be obtained by multiplying·the contrihutions to the :mean square in 
•le 2.2 hy N~ 12. 
"igure 6.9 shows that the sample integrated spectrum dcviates widely 
n a straight line, since /{[1)/s' is approximatcly twice the expecíed value 
white noise and 1([,)/s' is appro,'fimately thrce times thc expected value: · 
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The significance limiis .qiloted .above are not' applicable here sjnce N is s~ 
small. In fact, no test of significance is required in this case, since the values 
of I(f.) are so large when[. = 0.083 and 0.166. 

A 
/([,) ,. 

1.0 

0.8 

0.6 

0.4 

o.: 

TABLE 6.3: WhÚe. noise test applied 

¡. 

0.083 
0.166 
0.250 
0.333 
0.417 
0.500 

to ionospheric data 

C.,(f,) 

753.6 
1322.4 

38.4 
18.0 
78.0 

146.0 

o 

• 

2 ) 

• 
!>~ ' 2 C,([,) 

S ¡., 1 

0.32 
0.88 
0.90 
0.91 
0.94 
1.00 

• 

·4 

sampk values - o 

thcorctical linc --

5 

FtG. 6.9: Test Óf ionospheric data for randomness 

• 

:(),le. 
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6.3.3 General results for sample spertra for white noise 

In Sectio_n 6.3.1 the mean and covariance of the sample spectru"}.estimator 
were denved for the harmonic frequenciesf, = k/N!l under the :lssumption 
that the Z, process is Normal. In Appendix A9.1 are derived more general 
results which apply for all frequencies and for non-N9rmal processes. 

Moments of sanrp/e spectrum estimators Jor whire noise. In discrete time 
these general results are 

E[Czz(f)] = r'zz(/) =a~~. (6.3.14) 

and 

Cov [Czz(f,), Czz{/2)] 

K,~'+ a1!l' [(s~n-rrN!!.(J, +/2))' + (sin-rrN!!.(/1 -/2))'] 

----¡¡¡- ,\ sm -rr<l.(/1 + / 2 ) N sin -rrC!.(j~ - / 2 ) • 

1 1 
- 2tJ. ,¡; ¡,,¡, < 2!!.' (6.3.15) 

where K, is the fourth cumulan! of the distribution of z,. lt may be verified 
that (6.3.15) is zero when/1 and/2 are multiples of the fundamental frequency 
11 N!!. and the Z, process is Normal, so that K, = O. Hence, under these 
assumptions, thc samplc spcctrum estimators at the harmonic frequencies are 
independent, as shown in Section 6.3.1. 

For whitc noise in continuous time, the general results are 

E[Czz(f)] = r'zz(f) =a~. -oo .;;; J ,¡; oo, (6.3.16) 
and 

Cov [Czz(f¡ ), Czz(/2)] 

= K, + .,1 [(sin -rrT(/1 + / 2 ))' + (sin rrT(f1 - J 2 ))'] • 

T rrT(f, + / 2) -rrT(/1 J2 ) 

,,,[! -00 ,¡; ¡,,¡, ,¡; oo, (6.3.17) 

\\·here K, is the fourth cumulan! oí"the Z(t) process. 
Note that the' covariance between spectral estimators is of order 1/T for 

non-Normal processes, that is, when K, ,¡, O. Observe also th.at for Normal 
proccsscs K4. = O and thc covariancc bctwcen spcctral cstimators is of arder 
1/T'. In the special case where/1 and/2 are multiples of 1/T, the covariance 
is zcro. Ft¡rther, the variancc of spectral cstimator·s. ncglccting tcrms of order 
1/T and higher, is · 

Var [Czz(fl] =a~. 

Hence, the varianée is dominatcd ·by a constan! term which ·remains finite-· 
as T tcnds to infinity. This shows in general that Cu(/l is not a consisten! 
cstimator of l'zz(fl. .. 

,, 
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Chi·squareá properties of sample spectrum estimators for wlrite noisl'. lt 
was shown in Section 6.3.1 that for Z, Normal white noise, 2C2z(f)f:ia~ was 
distributed as a xª at the harmonic frequencies/. = k/ N:!.. In Appendi< A9.1 
this result is generalized to show that for Normal white noise processes, 
2Czz(f)/tl.aª is exactly distributed as a Xª· while for non-Normal processes, 
2Czz(/)/tl.aª is appro<imately distributed as a xª for al/ f when N is large. 
The results for continuous time are identical except that they refcr to 
Czz{f)/a~. 

6.3.4 Smoothing of spectral estimators 

Bartlell's smoothing procedure. One device which can be used to produce 
spectrum estimators which have smaller variance than C2 z(f) is due to 
Bartlett [5]. Suppose that instead o! computing C,(f) for a sample of white 
noise of length N = 400, as was done in Section .6.1.2, the series is split up 
into k = 8 series of length N/k = 50 and a sample spectrum C~1(f). 
i = 1, 2, ... , 8, evaluated for each sub-series. The mean of the eight sample 
spectra at the frequency f is 

' 
c,(fl = ~ ¿ c;'1(f). (6.3.18) 

'. 1 

and is called a smoothed spectral estima/e at the frequency f 
Figure 6.1 O shows C,(f) and C,(f) based on al! 400 terms, plotted at the 

frequencies f =O, 0.02, ... , 0.5 cps. Note that E:.<f) is smoother than 
C,(f) and much closer to r zz<J). Table 6.4 shows the mean, variance and 

TABLE 6.4: Moments of unsmoothed and smoothed 
spectral estimates 

C,(f) 
C,.(f) 

Mean 

0.95 
0.94 

Variance 

0.826 
0.139 

Mean square error 

0.828 
0.143 

mean square error of E,:(f) and C,(f) averaged over frequency. From 
(6.3.1 0), the variance of each cg~(f) is a~. Beca use Z, is white noise, it follows 
that the sub-series are independent and hence the variance of Ezz(f) is aV8. 
The observed ratio (0.139/0.826 = 1/5.94) of the two variances from Table 
6.4 is not inconsistent ·with the expected ratio 1/8. Hence by averaging or 
smoothing over sub-series, the variance of the spectral estimator can 
be rcduced to whatcver size is required. As an extreme case, sub-series of 
size 2 could be used, in which case the variance would be reduced to 2a~l N. 
To see why this is not sensible, it is necessary to examine the above smoothing 
proccdure more closely and to derive the moments of the smoothcd estimator . 
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FIG. 6.10: Sample spectrum and smoothed spectral estimates for Normal 
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Lag and specrral ll'indoll's. From (6.2.1 ), !he mean of the sample spectrmn 
estimator is 

E[C.u(f)] = fr ( 1 -,,~) YxAu) e- 12
'

1
" du. (6.3.19) 

This is !he Fourier transform of the product of Yxx(u) and the function 

1\~U) = {1 
O, 

lul 
-T·' lul.;; T 

lul >T. 

Hence using the convolution thcorcm (2.4.3), 

E[C.u(/)] = T -r- 1 xxif -.g) dg, f ~ {sin "r:~}2 

, 

J-<D . TTig 

(6.3.20) 

(6:3.21) 

1 

1 

1 
1 
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since the Fourier transform·of "~u) is 

W(f) = T (sin "T/)2
• 

-.rT[ 

241 

(6.3.22) 

Equation (6.3.21) shows that the sample spectrum estimator has an 
expected value which corresponds to looking at the theoretical spectrum 
r xx(/) through the spectralll'indou· W(f). In the terminology of Chapter 2, 
E[Cxxif)] corresponds to having passed the theoretical spectrum r u([) 
through a filter with an "impulse response .. W(/). The terms spectral window 
for W(f) and lag ll'indou· for u{u) were introduced by Blackman and Tukey 
(6]. 

Since W(f) in (6.3.22) behaves like a delta function for large T, it follows 
from (6.3.21) and (2.2.5) that 

lim E[CxxUJl = r xx(f). 
r-~ 

that is. CxxCfJ is an asymptotically unbiased estimator of r xxif). For 
finite lengths of record, however, (6.3.21) shows that the sample spectrum 
is equivalen! to looking at the true spectrum through the window (6.3.22). 
This means that e xxCfJ is a biased estimator of r xxUl with bias 

B(f) = E[Cxx([l]- r xxUl. 

For white noise. r xx(fl = c'.a~. and (6.3.21) reduces to 

E[Cxx(f)] = ~"~ 
. for all T. Hence for white noise, the sample spectrum estimator is an unbiased 
estimator of the spectrum for all T. 

The spectral window W(/) is a slit with width of order 1 !T, so that for 
large T it is rcasonable to assume. that r xxCfl is approximatcly constant over 
thc slit. Hence (6.3.21) reduces to 

· , J~ (sin .,r~)· 
E[C.u(/l] ::: 1 xxCfl _ • T . .,Tg. dg = r xx(fl. 

Thus, thc bias. of the sainple or. unsmo9thed spectrum estima te ;;_.i!l·always 
. be .sm·a!l provided T is reasona_bly large.. . . . 

The Bartletr speclraf 1.-indow. Now consider the expected · ·value of the 
. estimator Cü(f) used in Bartlett's smoothing procedure. Fram· (6.1 :9)~ for 

the k sub-series. each of lerigth M, -,~ 

C)!~(f) = r M c~~(u);- 12
'
1

" du. 

·J-:Ience, the smoothCd esÚI)lat~r, is 1 .•. -~ ,: 

k 

- 1';;:' 
Cxx(f) =k¿ 

j :0 1 

C'!' ( f) = J'"· e (u) e- 12
·'

1
" du Ji X. XX • 

-M 
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where • 
1 • {1 f.'"-· } c.,(u) =k L M 11-l!M X(t)X(t +u) dt • 

. 1•1 . 

u~ O, (6.3.24) 

and it is defined in a similar way to (5.3.9) when u < O. The expected value 
of i'xx(u) is then · 

E[i'u(u)] = Yxx(u) ( 1 - ~) ¡' 

and 

E[Cxx<fl] = r .. (1 - ~) Yxx(u)e-t••t• du 

f~ (sin "gM)
2 

= _ ~ 1' xx<f- g) M rrgM dg. (6.3.25) 

Hen~e. subdividing the record of lenglh Tinto k section of length M = T/k 
and forming the smoothed spectra1 estimator (6.3.23) · is equivalen! .lo 
smoothing the sample spectrum by the spectral window 

W(f) = M (sin "fM)·· (6.3.26) ,¡M 
1 n the time domain, this is equivalen! to multiplying the covariance function 
by the lag window 

n{u) = t iui iui ,¡;M -M' (6.3.27) 

O, iui >M. 

U:,(JI 
M 

6M 

.2M 

-4/M -)/M -2/M - 1/M O l/M )/M 4/M f 

F1b. 6.11; Thc Bartlctt speclral window Wn(/) = M(sin -rr/M/rr/M)2 
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The windows (6.3.26) and (6.3.27) are called the Bartlett spectral window 
and Bartlett lag window. The Bartlett spectral window is plotted in Figure 
6.11 and is seen lo be symmelric aboul lhe origin and has zeros al/= ± 1/ M, 
± 2/ M, .... Thus lhe base width of the window. that is, the distance between 
lhe firsl zeros on either side, is 2/ M. Hence by conlrolling the length M of lhe 
sub-series it is possible lo regulate lhe base width of the spectral window. 
lt has already been shown that by making M small the variance can be made 
small. Since lhis corresponds lo making the base width large, it follows that a 
small variance can be oblained by using a spectral window with a large base 
width. However. a large base width implies smoothing over a wide range of 
frequencies. that is. thc "impulse response"" W(f) is very wide and so the bias 
B(J) = E[Cxx(fJ] - r.u<!l may be large. Thus, as with all statistical 
estirnators, one is forced to compromise between variance and bias. ln the 
nexl section lhis compromise is examined for a more general melhod of 
smoothing sample spectra. 

6.3.5 Spectral windows ami smoothed spectral estimators 

A general class of smoothed spectral estimators. The Bartlett smoothing 
procedure described above shows that the large variance of the sample spec­
trum cstimator can be rcduced by introducing thc lag window (6.3.27). 
More generally, this suggests that a smoothed spectral estimator of the form 

Exx<f).= f~~ w(u)cxx(u) e-"'1
" du = f~~ Cxx(u) e- 12·'1" du 

(6.3.28) 

will have a smallcr variancc than the sample spectrum estimator Cxx(fl. 
The lag window u{u) in (6.3.28) is a function satisfying the conditions 

11"(0) = '· 

ll"(u) = 11"(- u), (6.3.29) 

u{u) = O, .iui > T. .. 
In practi~e. condition {3) is replaced by· 

(4) u·(u) =O, !ul ?- M, M< T, 

since covariances need then be computed. only up to lag, M. Examples of 
lag windows which are widely used in srcctral analysis are given in Table 6.5 
and plotted in Figure 6.12. The Fourier transforms of these lag windows, 
that is, the spectral windows W(f). are shown in Figure 6.13. 

Using the convolution property (2.4.3), (6.3.28) may be written 
. . -

Exx<f) = r~ W(g)Cx.Ü- g)dg, 
. . . 

(6.3.30) 
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F1G. 6.12: Sorne common lag windows 

where Cxx(f) is the sample spectrum defined by (6.1.6) or (6.1.9) and 

W(f) = J:~ w(u)r 12""du. (6.3.31) 

The inverse transform 

w(u) = J~ ~ W(f) e12
' 1" df (6.3.32) 

enables the lag window ll"(u) to be calculated from the spectral window W(f). 
Analogous to the propertics (6.3.29), the spectral window W(f) satisfies the 
conditions 

(J) 

(2) 
(3) 

f~ W(f)df= w(O) = 1, 

W(f) = W(-/), (6.3.33) 
W(f) is a slit with base width of order 2/ M. 

• The expected ralue o( a .,monthed spectra/ estimator. Taking expectations in 
(6.3.30) gives · 

E[Cxx(/l] = r~ ~(g)E[C,x(f- g)] dg. 

However, for large T. (6.3.21) shows that 

E[Cxx(g)]:::: rxx(g), 
and so 

E[Cxx(/)]:::: r~ W(gJrxx<f·- g)dg = fxx(/). 

(6.3.34) 

(6.3:35) 
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----- W,{f) Rectangular 

---W,(/) Bartlc:u 

----W,{fJ Tukey 

------- K'r(/) Parzc:n 
t 

F10. 6.13: Sorne common spectral windows 
• 

r xx<f) will be called !he mean smootlred spectrum. 
The material of Scction 2.4.1 is now relevan!. Since the spectral window 

W(f) satisfics condition (3) of(6.3.33), r'xx(J) will be a distorted version of 
r xx<f). This cffect is dcmonstrated in Figure 2.1 O, whcrc r xxUl corresponds 
to JS,(/)1. r' xx(/) corrcsponds to JS0(/)i and the lag windows 11'(11) correspond 
to the data windows 11'(1). From Figure 2.10 it is seen that thc narrower the 
base width of the lag window, thc more r xx(/l differs from r.u(/). Hcnce, in 
ordcr to kccp thc bias 

B(f) = E[Cu] - r.u(/) = i'xx(/) - r xx(fl 

small, M must be large. This is contrary to the previous requircmem that M 
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be small in order to kecp Var [Cxx(J)] small. lt has heen shown in Scclion 
4.2.3 that it is necessary lo compromise between lhe variance and bias of 
an estimator. Similar considerations apply to eslimalors of lhe spectrum. 
The bias can only be made small by making W(J) narrow or as clase to a 
delta funclion as possible. On the other hand, a narrow spectral window 
W(J) results in a large variance. Hence a sensible procedure is lo compromise 
by making the mse 

as small as possible [7]. 
The exact nature of the compromise which has lo be made will dcpcnd on 

the degrec of smootliness of the spcctrum r xxUl- For example, if r,_;(j) is 
very smooth, then the variance may be reduced by using a wide window 
without having serious effect on the bias. In particular, if r xxUl is smooth 
over the range -1/M .;; (f- g) .;; 1/M, then (6.3.35) is approximately 

E[Cxx(f)]:::: r.u(/) r ~ W(g) dg­

= r •• en (6.3.36) 

by virtue of (6.3.33) and (6.3.34). Hence, if the spectrum is sufficicntly smooth, 
a virtually unbiased estimator is obtained even lhough thc spectral window 
has been made wide to reduce the variance. 

Approximate expressions for bias. If the spectrum is not smooth relative to 
the spectral window, it is possible following Parzen [8] to compute approxima­
tions. to the bias correspondjng to a particular spectral window. Using 
(6.3.28) and (5.3.13), the bias may a!so be written 

8(/) = E [J:·~ u'(uk.u(ll) e- 12"" du] - -¡: • Yxxlu) e·,,_,. d11 

:::: J~ ~ (11'(11) - 1 lYxx(u) e· '2' 1" d11. (6.3.37) 

for T large. Substituting for the lag windows 11'(11) from Tablc 6.5, !he follow­
ing expressions are obtained for thc biasássociated with thcsc windows: 

(6.3.38) 
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In lhe above ~~pre~;ions, r<¡l(f) is' lhe second derivalive of lhe speclrum al 
frequency f These formulae show lhal: 

( 1) When l':fHf) is negalive. as in lhe neighborhood of a peak, lhe bias is 
negalive and hence peaks will lend lo be underestimated. Conversely. when 
r~'k(fl is positive, as in the neighborhood of a trough. the bias is positive, 
and hence lroughs will be overestimaled. 

(2} The narrower lhe peak or trough, the larger r'}k(J) and hi:nce the 
greater the bias. 

( 3) The bias B1;(f) for the Bartlett window is of order 1/ M and hence will 
he larger in general than lhe bias oflhe Tukey and Parzen windows, which are 
of order 1 f M 2

. 

( 4) The bias is reduced as i1f. incrcases, lhat,.is, as lhe base widlh of lhe 
window is decreased. 

( 5) For lhe same truncation poi ni M, lhe Parzen window has a Jarger 
bias than lhe Tukcy window. This is because lhe Parzen spectral window is 
wider lhan lhe Tukey spectral window, as is seen from Figure 6.1 3. However, 
the Parzen estimator has a smaller variance lhan lhe Tukey eslimalor for lhe 
same values of M, as will be shown in Section 6.4.1. 

f 
The results (6.3.38) are useful in describing lhe qualitative fealures of bias 

but to obtain a quantitalive picture it is necessary to plot the mean smoolhed . 
spectrum as a function of frequency, as will be shown in Section 7.1. 

6.4 FURTHER PROPERTlES OF SMOOTHED SPECTRAL 
EST1MATORS 

One importan! property of a spectral estimator has already been derived, 
namely its bias. Another important propcrty is its variance, for which an 
approximation was giycn in Section 6.3.4 for the special case of whitc noise 
using a Bartlett window. This result is now extended to any window and any 
stochastic process. Knowing the variance it is possible to construct a con­
fidence interval for the true spcctrum at any frequcncy. In lhis section it is 
shown that the covariance bctwcen two estimators at a sufficicnt1y wide 

·l frcqucncy spacing is approximatcly zcro. Hcnce_ in~cpcndcnt confidence 
intcrvals may be constructcd at this frequency scparation. 

6.4.1 Cot·ariance helween smoothed spectral estimators 

The precise dcrivation ·of the resu!t for the covariance between smoothed 
spcctral cstimators at two frcquencics is 'rather compJicatCd. H-ence the 

.. · dcrivation givcn in this scction. is hcuristlc, but a more dctajled ;:tnalysis is 
g;ven in Appendix A9.1. . 
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· The approach here will be lo u~e lhe resull (5 .. 2.6), namely, lhal any sloch 
aslic process X(l.). wilh speclrum r xx<f) can be regarded as having bee, 

· generated by passing while noise Z(l) lhrough a linear filler. Combinin 
(5.2.6) · with lhe resulls of Seclion 6.3.3 for lhe covariances between· lh 
sample speclrum .eslimators for while noise enables one lo derive expression 
for lhe covariances belween sample spectrum estimators for any slochasli 
process. Jt is then a simple slep lo .derive expressions for the covariance 
belween smoothed speclral estimators. 

Cor·ariance of sample spectral estimators. Consider a stochastic proce' 
X(l) with spectrum r xx(.f), genefated according to 

X(l) = t~ h(u)Z(I - u) du, -oo .; 1 .; oo, (6.4.1 

where Z(l) is a white noise process. Hence,_ from (6.2.16), lhe spectrum ca 
be written 

r x.,(f) = G~ [H(fl[ 2
, -00 '!f:/~00. (6.4.: 

For a finite segmenl oflhe X(l) process, (6.4.1) may be written 

X(l) = f.~ h(u)Z(I - u) du:::: Xr(l), - T/2 .; 1.; T/2, (6.4.: 

where 

X,.(l) = f.~ h(u)Zr(1 - u) du, - T/2 .; 1 .; T/2. (6.4.• 

In (6.4.4). Zr(l) is a finite segment of lhe Z(t) process. Over the interv 
- T/2 .; 1 .; T/2, the lwo processes X(l) and Xr(l) will be identical exce: 
near lhe beginning of the intcrva\, provided the impulse response h(u) ten< 
to zero in a short time compared with T. 1t will now be assumed thal ti 
"beginning effecl" can be neglected. 

The sample spectrum for the X(l) process; 

Cxx<f) = .!_\ fT
12 

._ · r: -T/2 
X(r) r12'11dr \

2

, 

m ay then 'be written approximately .. : 

... ·. 
Thus, lhc sample spcctrum for.the X(Í) process is appioxim:iiély' eq1 

to the sample spectrum for the white noise process multip\ied by the squ• 
. . . ·-· . . . ~ 
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of the modulus of the filter frequency response function. Since 2Czz(j)/u~ 
is approximately distributed as a~~ for all f, (6.4.5) implies that 

2Cxx<f) _ 2Cxx<f) 
a~JH(/)12- l'xx(f) 

(6.4.6) 

is approximately distributed as a xl. The results of Section 6.3.3 for the 
properties of spectral estimators of white noise may then be used to yield 
the following results. Since E[Czz(/)) = "-ª· from (6.3.16), 

E[C_u(/)):::: IH(/JI'a~ = rxx<f). (6.4.7) 
Similarly, since 

Cov [Cxx(/,), Cxx<f,)) = Cov [IH(/1JI'Czz<f1),JH(j2)J'Czz(/2)) 

= 1 H(f,ll'l H(J,Jl' Cov [Czz(.f, ), Czz(/2)), 

it follows from (6.3.17) that 

Cov [Cxx(j,), CxxC.f,)) 

:::: IH(f,)l'IH(f,)l' "~{(sin ,r(/, + .f,))' + (sin "T(f,- .f,))'}· 
"T(f, + f,) "T(f, - f,) 

(6.4.8) 

on ncglccting the K, term. Sincc r xx(fl = a:lJH(.f)J 2 , the covariance be­
twccn the two sample spcctrum estimators of the linear proccss at two distinct 
frcqucncies/1 and.f, is 1' 
Cov [C.xx(/1). CxxCf,)) 

:::: r (/ ¡r ( r.) {(sin .. r(J, + [,))' '(sin .. T(.f, - .f,))'} . 
xx 1 

XX JC "T(f, + f,) + "T(f, - .f2) (6.4.9) 

The rcsult (6.4.9) shows that for any Normal stochastic process X(t), 

Cov [Cxx(/,). C.d/,)) :::: O ( ;, ) • . /, # / 2 • 

Var [C.u(/J) :::: l'h(fl, 
and hcnce is an extension of the results of Section 6.3.3, which only applied 
to whitc noisc processes. Note that for T large, the quantity in braces in 
(6.4.9) bchavcs like a delta function of area 1/T. Furthermore, the covariance 
is identically zero when the frcquencies (/1 ± f 2 ) are multiplcs of 1/T. 

Corariance of smoothed .,pectral estimators. From (6.3.30), the smoothed 
spcctral estimator e xxUJ for the X(l) process is 

C.dfl = J:. Cn(R)W(/- Rl dR. 

and hence !he covariancc bctwecn é'.u<f1) and i'.\x(/2 ) is 

e ov [ E.,.(f, l. C.u<f2)) 

= r~ r~ W(f,- g)W(/2- Ii)Cov[Cu(g).C.dh))O:~c/h. _ 
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Substituting for Cov [Cxx(g), Cxx(h)J from (6.4.9) and in_tegrating ovcr 
h gives · 

Cov [e xx<f,), e xx<f,)) 

1 fm ::::: T -m rix(g)W(j, - g)[W(j, + g) + W(f,- g)) dg, (6.4.10) 
!". 

provided T is large so that the (sin "/T/"/T)2 terms behave as delta functions. 
Equation (6.4.10) is the final result, but a useful approxirrÍátion may be 
derived by making the assumption that r xx(.f) is a smooth function over the 
width of the spectral window W(j). Under this assumption, (6.4.10) beco mes 

Cov [Cxx<f,), Cxx<f,)) 
r• (j) fm :::::-7-- -m W(j,-g)(W(j,+g)+ W(j,-g))dg, (6.4.11) 

wheref, .;;; f.;;;[,. 
Equation (6.4.11) shows that the covariance between smoothed spectral 

estimators is proportional to the amount of overlap of the spectral windows 
centered at/1 and/2 • Hence, ifthe spectral windows overlap only slightly, the 
covariance will be very small. Sorne numerical values for the covariances of 
spectral windows will be given in Section 7.2. 

Variance of smoothed spectral estimators. When/1 = / 2 = f, (6.4.10) reducos to 

Var [Cxx(/))::::: r~~f) rm W'(g) dg, (6.4.12) 

negl~cting the term in J ~m W(g) W(g + 2/) dg which is small compared to 

f~m W2(g) dg. Using Parseval's theorem, (6.4.12) may be written in the 
equivalen! form 

Var [Cxx(f)) ::::: r}~J) J.~ m w2(u) du = r~x(/l; · 

For example, for the Bartlett window w8 (u) of Table 6.5, 

1 = rM (1- ~r du = iM, 

and hence 

Var [Cxx(/)] :::: r}~f) (!M). 

(6.4.13) 

This shows that the variance of the smoothed spectraJ;.•estimator can 
be reduced by making the trunca! ion point M of the lag window small. As 
discussed in Section 6.3.5, · however, reducing M increases the bias and 
causes more distortion of the theoretical spectrum, since then the spectral 
window is wider. In this event, (6.4.10) shows that adjacent spectral estimators 
will be ·more highly correlated since the spectral windows wilf overlap more. 
Hence, the exact choice of Mis ·a vital matter, and is discussed in ·ChapÍer7. 
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Note that 'siríce Var [Cxx<f)] :::': r}x(f), the ratio 

Var [Cxx(f)l = _!_J~ "''(u) du = 1/T 
rixlf) T -~ 

(6.4.14) 

represents the proportional reduction in variance as a result of using a 
smoothed estimator as compared to the sample spectrum estimator. The 
values ofthe ratio (6.4.14) corres~onding to the spectral windows ofTable 6.5 
are given in column 3 of Table 6.6. lt is seen that they are all of the form 
c(M/T), where e is a constan! depending on the window. 

TABLE 6.6: Pro.perties of spectral windows-

Variance Degrees Standardized 

Descr_iption 
ratio of bandwidth 

Spectral window 1/T freedom b, 

2M sin 2"/M 2M T 
0.5 

h[M T 1\f 
··rectangular 

1\f (sin ,¡M r M 3.I. 1.5 ,¡M o.~67 T M 
Bartlett 

M (sin 2"/M 
1 - (~/M)2) M T 

2"[M X 
0.75 T 2.667 1\f 1.333 Tukey 

~1\f (sin (,/M/2))' M T 
1.86 

"[M/2 
0.539 T 3.71 M Parzen 

¡ 
Suppose. for example, that the truncation point M is 0.1 T. Then 1/T is 

3(0.1) = 0.067 for the Bartlett window. Hence by taking a truncation point 
which is 1 0'7. of the record Iength, the variance of the smoothed spectral 
estimator is reduced to 6.7% of the variance of the sample spectrum. The 
corresponding values for the Tukey and Parzen windows are 7.5% and 5.4'70 

respectively. Hence for a given number of lags M, the Parzen window 
achieves the smallest variance among these three windows. Inspection 
of Figure 6.13 shows that this is due to the fact that the Parzen window is 
wider and flatter than the other two windows. As a result it tends lo produce 
a Iarger bias and hcncc comparisons made on the basis of variance alone are 
mislcading, as will be secn later. 

6.4.2 Thc chi-squared approximation to the ilistrihution of smoothed spe_ctra/ 
esfimators ' 

In Sectim1 6.3.5 it was shown that the sample spcctrum estimator Cxx(fl is 
such that 2C.u(J)/I'xx(/l is approxima!ely distributed as x~- In this section it 
i; shown that thc corresponding result for the smoothed spectral esiimator 

~ .. 

6.4] ·. FurÚrer Properties ~~ smoothed Speétral ~slimato.w 253 

is that-vEi,(f)tr xx(f) is approximately distributed a~ x~ where-v > 2. This 
"means that the smoothed spectral estimators will ha ve many more degrees of 
freedom than the sample spectrum estimator, a consequence of their smaller 
variancc:. 

Th.e ·saniple spectrum Cxx(fl is the Fourier transform of the covariance 
function estimator c,,(u), where <xx(u) is zero outside the interval - T .;; 
u ,¡; T. lf Cxx(u) is represented over the interval - T .;; u .;; T by a periodic 
function eh( u), where eh( u) = eh( u + 2T), then the function eh( u) has a 
Fourier series representation 

p ( ) ~ e• (-~-) e!(2."1'hii2T) Cxx U = L_. XX 2T · 
,_ - (10 

Since the lag window w(u) = O for iul ;;, M, the functions txx(u) = cxx(u)w(u) 
and txx(u) = ch(u)u{u) are identical over all u, and so the smoothed 
spectrum Exxlf) has the equivalen! representations 

Exxlf) = r~ W(f-g)C,,(g)dg 

and 
~ 

Exxlfl = L W (t- 2~) q, (2~). 
¡ .. -m 

But 

and hence 

Thu~ the smoothed spectral estimator is a "weighted sum of rv's Cxx(lf2T) 
at "the subharmonic frequencies I/2T. These rv's are distribut:_d as a x! and 

. hence, using the results of Section 3.3.5, the distribution of Cxx<fl may be 
•. approxi;,.,áted by aid. Using (3.3.14, 15), the constants ac and v m ay. be 

evaluaied from 
1 • 

2{E[Cxx(f)ll' 
V- ' 

- Var [Cxx<f)] · 
(6.4.15) 

. E[i'\;,(f)] a::::: . (6.4.16) 
V 

Under the assumption that the spectrum is smooth with respecÍ to the spectral 

· window, 
E[Cxx<f)] :::: r ,.{f), 

from (6.3.36), and . r• <n· f~ . . 
Xar [Cxx<fll :::: T -ro ll''(u) du, f 
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from (6.4.13). He~ce on substituti~f these results in (6.4.15) and (6.4.16), 

2T 2T 
v= --J ~~ w2(u) du - 1 (6.4.17) 

a= r .. (f). 
(6.4.18) 

V 

Hence the rv vé'xx(f)¡r xx(f) is distributed as a x: with degrees of freedom v 
given by (6.4.17). Thus the degrees of freedom of the smoothed spectra1 
estimator depend on the window 11'(u). 

·Column 4 of Table 6.6 shows the degrees of freedom associated with the 
spectral windows of column 2. For examp1e. if the Bartlett window w

8
(u) 

is used with a truncation point M equa1 to one-tenth of the record 1ength so 
that M/T = 0.1, the degrees of freedom of the estimator is 3/0.1 = 30. The 
1arger the number of degrees of .(reedom, the more reliable the estimator in 
the sense that its variance is smaiJer. However, there has to be a compromise 
between degrees of freedom and bias, as discussed above. 

Referring lo Table 6.6, it is seen that a wide window such as the Parzen 
window W,(f) provides a smaller variance and hence a larger number of 
degrees of freedom than a narrower window such as the Bartlett window 
Ws(f). This is in·accord with the previous remark that the wider the window, 
the smallcr the variance. 

6.4.3 Confidence limitslor the spectrum 

Since vCxx(f)¡r xx(/) is distributed according tc:i a x~ where v is given by 
(6.4.17), it follows that 

- t 

p { (") vCxx(fl ( ")} r x, 2 < l'x..(f) .;; x, 1 - 2 = 1 - a, (6.4.19) 

whcre Pr{x; .;; x,(a/2)1 = a/2. Hcnce by a similar argument to that used in 
Section 3.3.2, the interval between · 

x,(l - (a/2)) '. 
vC,x(f) 
x,(a/2) . ji ( 6.4.20) 

is a 100(1 - a)'7, c9nfidence interval for r xx(f). For a specified value of the 
ratio_ T/llf the value._of v corresponding toa given spcctral window may be 
ohtamed from column 4 of Tahle 6.6, and then the confidence interval 
obtained from (6.4.20) and Figure 3.10, which gives the multiplying factors 
v/x,(a/2f and ••/x,(l - (a/2)). For example, the smoothed spectral estimate 
shown in Figure 6.10 was based on the Bartlett window with M/T = 0.125. 
J::!ence from Tab1e 6.5. v = 3/0.125 = 24. At the frequency 1 = 0.1 cps. 
C,,Cf) = 0.804, and so thc 95% confidcni:e limits for l"zzUl are. from 
Figure 3.1 O, 

(0.61)(0.804) = 0.49, (1.94)(0.804) = 1.56. 

6.4) Further Propt!rlies o/ Smoothed Spectral Estimators 255 

Similar1y, the 95'7. confidence limits for r zz(f) based on the sample spectrum 
C,,(f) at 1 = 0.1 cps are 

(0.27)(0.622) = 0.169, (39.5)(0.622) = 24.6. 

These are considerably wider because of the smaller degrees of freedom 
associated with the estimate. 

Note that (6.4.19) gives a confidence interva1 for r xx(f).at a particular 
frequency 1 only. If a confidence interva1 is given for q frequi:ncies. at which 
the estimators are independent, the confidence coefficient will be ( 1 - a)". 

which will usually be considerab1y 1ess than (l - a). Note also that the 
variance will only summarize the properties of the estimators if the bias is 
small, as discussed in Section 6.3.5. Hence !he above confidence intervals will 
be of value only when the spectra1 window is sufficiently narrow so that no 
appreciable bias exists. 

Confidence intermls on a logarithmic sea/e. lt will be shown in Section 7.1.2 
that spectral estimates should be plotted on a logarithmic scale so that the 
variation in the spectrum can be accommodated. The logarithmic scale is also 
a sensible choice from an engineering point of view, since it is usually pro­
porrional changes in power which are importan!. From a statistical point of 
view there is also a good reason to plot spectra on a logarithmic sea le, since 
then the confidence interva1 for the spectrum is simply represented !)y a 
constan! interval about thc spectral estimate. 

Thus using (6.4.20), the confidence interva1 for 1og r u(f) is 

log Cx_,(f) + log x,(1 v (a/2)) • 1og Cxx(/) + log x,(:/2) · (6.4.21) 

Therefore, when plotting the estimated spectrum, the confidence interval for 
all frequencics can be indicated by a single vertical line. 

For example, consider the smoothed spectral cstimate Cx.ifl of Figure 
6.10 for which v = 24. From Figure 3.10 and (6.4.21) the 95'7. confidence 
intervals for log¡o r xx(/) are 

log,o Cxx(f) + log,o (0.61), _log1o Cxxlf) + lóg, 0 (1.94). 

With Cxx(fl p1otted on logarithmic paper, the 95% confidence interva1 
would he obtained very simply by plotting the points (0.61, 1.0, 1.94) from 
Figure 3.10 in a verticallinc on the log sea le. This procedure'will be illustrated 
in Section 7.2 and elsewhcre throughout the book. '> 

·~·'-::<. 

6.4.4 Band11-idtlr o( a spectralwindow 

lt has been· shown in Section 6.4.1 that one useful characteristic of a srectral 
window is 1 = f': •. 11'

2(u) du, si rice 1/T provides a meas u re of the reduction in 
variance ofthe estimator dueto smoothing by the spectral window. Hence. to 

•'. 
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obtain a small variance it is necessary to choose w(u) so that lis small. For a 
given window this can be achieved !i~y making M sma!l. A further useful 
characteristic of a window is its width. It will be shown in later sections that 
in order to obtain a good estímate of a peak in a spectrum, the "width" of a 
spectral window mus! be of the same order as the width of the peak. Since the 
spectral window is non-zero for most 1 in the range -ro .:; 1 .;ro, it is 
necessary to define more precise! y ihe notion of'' width" of a spectral window. 

One approach used by statisticians [9] to define the width, or bandwidth, 
of a spectral window is to consider a "bandpass" spectral window 

1 
W(f) = /i' 

This spectral window is reC!'IJlgular in the frequency domain and has a 
unique width h, that is, its bandwidth b = h. Using (6.4.13), the variance of a 

smoothed spectral estimator based on this spectral window is 

n r• (fl 1 nx{f) 
Var [Cxx(/)]:::: T"7i =Tí)' 

For an estimator based on a spectral window which is not rectangular, it is 
natural to define the bandwidth of the window as the width of a rectangular 
window which gives the same variance. That is, 

Var [Cxx(/)] :::: rix(f) .! = r~.(f) fe w'(u) du. 
T b . T · -e 

Hence the bandwidth is 

b=!.= 1 
1 J:'e w2(u)du = J:'eW'(/)d/ 

t 

1 (6.4.22) 

(6.4.23) 

For cxample, for the rectangular and Bartlett lag windows "'•(u) and w8(u) 
of Table 6.5, the bandwidths are I/2M and 3f2M respectively. 

lt is sometimes convenient to define the standardized bandwidth b1 corre­
sponding to M = 1, so that 

b = b, = 1 
M J:' = 11·

2(u) du 
(6.4.24) 

.1 
For example, the standarized bandwidths for the rectangular and Bartlett 

lag windows are 1 and ~ respcctivcly. Thc standardizcd bandwidths for the 
windows of Table 6.5 are shown in column 5 of Table 6.6. 1t is seen that the 
Parzen window wp has a standardized bandwidth which is approximately 1.4 
times that of the Tukey window "'r· 

Engineers will recognize (6.4.23) as being the invcrse of the definition of 
the noise bandwidth of a filter. The precise dcfinition of bandwidth is not very 
importan!, for example, sorne authors [lO] use thc distance between the half 
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power points. Our preference for the definition (6.4.23) stems from the fact 
that it utilizes the full shape of the spectral window and is therefore more 
likely to distinguish between window shapes than the definitior, based on half 
power points. From (6.4.23) it is seen that the variance of the spectral 
estimator is inversely proportional to the bandwidth of the spectral window. 
In fact, from (6.4.22) and (6.4.23), 

Variance x Bandwidth = Constan!. (6.4.25) 

Hence small variance is associated with large bandwidths and large variance 
with small bandwidths. Furthermore, (6.4.17) shows that the number of 
degrees of freedom v of the smoothed estimator is 

(6.4.26) 

Hence a large bandwidth implies that the number of degrees of freedom of the 
smoothed estimator is large and the variance small. Conversely a small 
bandwidth implies few degrees of freedom and hence large variance. Since 
it was shown in Section 6.3.5 that bias is reduced by making M large. it 
follows that small bias is associated with small bandwidth. 

In the next chapter, the concepts introduced here are applied to the prac­
tica! problem of estimating the spectrum of an observed time series. 
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7 
Examples of U ni varia te 

Spectral· Analysis 

In this chapter the theory of Chapter 6 is used to derive practica! procedures 
for estimating spectra from observed time series. To provide the reader with 
expcricncc in the numerical procedures involved, Section 7.1 illustrates the 
effect of varying bandwidth and wlhdow shape on the spectra of simulated 
time series. In Scction 7.2 a practica! method of estimating spectra, called 
window closing, is introduced. This requires the use of a wide bandwidth 
initially and then progressivcly smaller bandwidths until al! the importan! 
detail in the spectrum has been brought out. This procedure can sometimes 
be badly affected by the instability of the estímate due to the shcirtness of the 
time series. 

Section 7.3 discusses practica! questions which arise in the estim~tion of 
spectra and gives a routine procedure which can be followed in practice. 
The importance of prefiltering the data to remove low frequency trends is 
emphasized. In Section 7.4 examples of spectral analysis are given in thc three 
application arcas of model building, design of experiments and frequency 
response studies. 

7.1 SPECTRAL.ANALYSIS USING SIMULATED TIME SERIES 

In this section estimates of spectra are computed for simulated time series. 
This is intended to provide thc rcader with experience in interpreting spectral 
estimatcs. Section 7.1.1 presents the formulae for digital computation of 
smoothed spectral estima tes. togcther with a sample calculation. Secdon 7.1.2 
then illustrates the cffcct on spectra of changing the truncation point of the 
autocorrelation function. This is achieved by comparing r xxCfl with r xx(/) 
and E,,([) with r xx<fl for first- and second-ordcr autoregressive processes. 
To prepare for a discussion in Scction 7.2 of practica! methods of smoothing, 
an invcstigation is made of thc effcct of varying the truncation point (Section 
7.1.2) and the shape (Section 7.1.3) of spectral windows. 

2SS 
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7.1.1 Discrete estimationformulae 

The statistical theory of spectral estimation has been derived in the 
previous sections assuming the data x(t) are continuous. There are many 
situations in which the data are essentially discrete, for example, the batch 
data of Figure 5.2, and hence digital formulae are required. In addition. 
because of the accuracy, flexibility and relative availability of digital com­
puters today, it may be assumed that most spectral analyses will be done using 
digital computers. This implies that the continuous or analog signa! will ha ve 
to be sampled in the mam1er ofChapter 2 and the sampled values con verted to 
digital form. The process of converting from analog to digital form is termed 
quantizing, and a detailed analysis of its effects on correlation analysis has 
been given in [1]. !(will be assumed that the quantizing is fine enough so that 
no errors are introduced in the conversion from analog to digital form. 1 n 
practice this means that the data should be read to the nearest 1/10 lo 1/100 
of the fui! range of the signa!. 

Suppose that the digital data x,. 1 = 1, ... , N, corresponds to values of the 
signa! x(r) al intervals ~- In this case, the smoothed spectral estímate 
c .. (/) is obtained by replacing the integral (6.3.28) by the corresponding 
su m 

(7.1.1) 

. ""' -(L-1) 

In (7.1.1) the acvf estímate c .. (k) is 

N-· 
c .. (k) = ~ 2 (x, - x)(x, .. - x), -(N- 1).;; k .;; N - l. (7.1.2) 

•= 1 

and L = Mf:>. As before. 1r(k) is the lag window with truncation point M. 
but it is now only defined at the di serete time points u = k:>. Note that it 
may be necessary to filter the data according to (5.3.27) or (5.3.31) bcfore 
estimating the acvf. 

Since C,x<fl is an even function of frequency, it is only necessary lo calcu­
la te it over the range O .;; f.;; 1/2!!.. However, to preserve the Fourier 
transform relationship between the sample spectrum and the sample acvf. it is 
necessary to double the power associated with each frequency in the range 
O .;; f .;; 1 /2!!.. Hence. the formula generally u sed is 

E .. (fl = 2t.{c,x(O) + 2 ~ c,Ak)11{k) cos 2"/k!l.}, 
•• 1 

1 o .;; f .;; 2:-. • (7.1.3) 

and the acvf (7 .1.2) need only be computed for k ;. O. 
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F or purposes of- cornputation it is more convcnient to as sume that ~ = 1, 
in which case all sets of data may be processed alike. Thus the computing 
formula becomes 

C .•• (/)= 2{c • .(O) + 2 ~ c •. lklw(k) cos 2rr[k }· O~ [ ~ }. (7.1.4) 

If ~ # l. then the estima te (7.1. 1) can be recovered from (7.1.4) by multi­
plying by~ and plotting the estima te againstf~ instead off 

Finally, if autocorrelations are used instcad of autocovariances, the 
smoothed spectral density estimate ,{tAf) is computed according to 

where 

R,.(f) = 2{ 1 + 2~ r.x(k)w(k) cos 2rrfk }· o ~ f ~ .¡., 

e (k) 
r (k)=~· 

... .-x rxAO) (7.1.5) 

In practice it has been suggested [2] that R,.,.([l should only be computed 
at values off corrcsponding to f =O. 1/L:2/L, .. .• 1. This frequency 
spJcing is too wide, and it is recommended that lt.x{f) be evaluatcd at sorne 
fraction of this spacing so that a more detailed plot of R,x(fl is obtained. In 
fact, it is not necessary that the frequency spacing for the values of R •• ([) 
be at all related to the truncation point L. Thus, thefvalues may be computed 
al spacing 1/(2F), where F is 2 to 3 times L. Hence the final formula for digital 
computalion of the smoothed spc~tral density function is 

{ ·-· } - rr/k 
R,..(/) = 2 1 + 2 2: r,.,.(k)w(k) cos F . 1 = O, 1, .... F. 

1.:•1 

(7.1.6) 

A flow chart for digital computer application is presented in Appendix A 7.1. 

A samplc calculation. The sample autocorrclations for the discrete second­
order ar procéss (5.3.36) are given in Table 5.2. These values may be 
used to derive an· estimate of the spectral density function 2rxxU)!crx as 
follows. Using, for illustration, the Bartlett lag window 

\\~k) = {( 1 - ~). o ~.k ~ '-

0. k >L. 

the smoothed spectral density function estimatc is, from (7.1.6), 

1 =O. 1, ... , F. 

ji 
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For example, if L = 3, the estimate is 

R .. U) = 2{ 1 + 2m r •• (I) co~ ~ + 2m r •• (2) cos 
2
;} 

1 =O, 1, ... , F. 

If the estimates are required at a frequency spacing of 1/16 cps, so that 
F = 8, then using the values of the sample acf from Table 5.2, the calculation 
may be set out as shown in Table 7.1. 

These spectral density estimates are shown in Figure 7.1. lt is seen that 
a well-defined smooth curve can be drawn through the points. Also shown on 
the graph are the estima tes plotted at spacing! as suggested in [2]. lt is seen 
that this spacing is too wide for plotting and interpolating purposes. 

R,Afl !,, _____ ....:.::.____:....:.::._..::.:_:_:_____::____: _____ _ ~ window bandwidth , L = ~ 

frequency points 

• F = 8 

x F=L=} 

2.0 

1.0 

o .125 .25 .J7S .50 f tcrsl 

FIG. 7.1: A smoothed spectral density estímate for the second-order ar proccss 
(a 1 = 1.0. a 2 = -0.5) using the Bartlett window 

Also shown on thc graph is the handwidth ofthe spectral window used. The 
bandwidth for the Bartlett window, with L = 3, is 

b = b,/L~ = 1.5/3(1) = 0.5 cps. 

This bandwidth is equal to the whole of the frequency range and hencc the 
estima te has been smoothed considerably. 



' 262 Examp/es of Univariate Sp"tral Analysls [Chap. 7 7.1] Spectral Analysis Using 'Simulatcd Time Series · 263 

8 7.1.2 Effect of handwidth on smoothing 

+ In this section an empírica! investigation is made of the effect of varying the 

e bandwidth of the window, or equivalently the tru,ncation point L. on the 

+ o .., 
"' 

.,. o 00 .,. 
"' o smoothing of the spectral estímate. The time series used are realizations of 00 ,.... ,.... .,. 

"' 00 "' .,. 
"' 

,.... ..... .,. r-: -: ,.... 
"' "' first- and second-order ar processes with known spectra r.u(!J. The quantities ~ ..; ..; ..; ,..; o o o ..... 

computed are the mean smoothed spectral density function 
~ 

[ L-1 ] 
:::, 
' f' x:if) = 2 1 + 2 .::?; Pxx(k)ll{k) COS 2"fk ' (7 1.7) 

""' 
~1"- and the smoothed spectral density estima te Rxx<f) (7.1.6). The mean smoothed 
~ lt spectral density r xx<f)!a~ is the expected value of the smoothed spectral o 
V o ..... ..... ..... ..... o density estimator, and hence when plotted alongside r xx<f)/a; shows how ~ .., 

"' "' 
.., 

"' "' .., 
"' o o o o the bias varíes with frequency. By plotting a series of curves for different e: !S ~ o o o o o o o o o o 

-~ é 1 1 1 values of L, the variation of bias with bandwidth is readily displayed. Si mi-
:; ---.. larly, by plotting the smoothed estímate R .• Af) alongside ru(/)/a~ for V 

_,.., 
-¡;; --- various values of L, the cffect of bandwidth on the variancc of the estimator V ..... 
-¡;; can be displayed visually. 
~ 

ü 
" ,.... ,.... ,.... ,.... A .ftrst-order ar process (a1 = -0.4). The stochastic proccss used for these o. 

~1"- o o o ~ o q ,.... ,.... q ,.... ,.... q computations is the first-order ar process (5.2.26), with a1 = -0.4, .l = 1, " o o ó ó o ó ~ ~ 

o o 1 1 p. = O, that is, V 

.!! o. X,= -0.4X1 _ 1 + Z,. E 
"' "'"' >< Using (6.2.20), this process has the spectral density function " "' e o < V 

~ 
.,. 00 "' r xx2(/) = 2(0.84) ~ "' 00 .,. o 

"' "' o :::11 ..... ~ "' "' o~~~!. e .,. 00 ,.... 
"' 

..., ,.... 00 
1.16 + 0.8 cos 2,¡' ....: "' o ó ó ó o ó ó ó ó "x 

"' é 1 1 1 1 .... 
shown in Figure 7.2. lt is seen that the spectral density function is very smooth " ---.. 

< NIM 
¡-. --- with a wide peak atf = 0.5 cps; and that it varíes only over a small vertical ..... 

range. Also shown in the figure are the mean smoothed spectral density 
functions f',,;(f)fa~ for values of L = 4, 8 and 16 bascd on the Tukey window . .,. ,.... .., .., ,.... .,. 
Thesc curves show that for L = 4, the mean smoothed spectral density is N o 00 00 o ..... 

¡;¡u._ q "' 
,.... .., .., ,.... 

"' q 
ó ó ó o ó ó ó quite biased, particularly near !he peak, which is considerably underestimated. 

~ 1 1 1 Doubling L to 8 improvcs the correspondence between 1' xx(/l and r xx(fl, o 
V 

particularly for frequencies less than 0.375 cps, in which cases i".u{fl and 

-1~ 
r xx(/) are essentially indistinguishable. Thcrefore, L = 8 would be sufficient 

o ~ ... -e - ~ ... ..r- - to give an estímate with an acceptably small bias over most of the frequency 
11 

range. However, considerable bias pcrsists near the peak. and hence a larger .__, 
value of Lis necessary to estímate thc peak accurately. Doubling L again, to 

"-:::- o - .... - L = 16, shows that there is still a little bias near the peak. The reduction - - .... - in bias achieved by doubling L to 16 is considerably lcss !han that achieved by 
doubling L to 8. Hence a point of diminishing returns may ha ve been reached. 
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This is simply explained by noting that for k > 8, IPxx(k)l < (0.4)8 < 0.001, 
and hence increasing L above 8 results in s·mall changcs in the sum of 
the series (7. J. 7). Similar conclusions m ay be drawn from the mean smoothed 
spectra obtained using the Bartlett and Parzen windows. For the Bartlett 
window the number of lags which gives a good estímate is approximately 
L = 12 to 16 and for the Parzen window L = 12. 

Smoothed spectral density estimates using the Tukey window for 
realizations of N = 400 and N = 100 terms of this process are shown in 
Figures 7.3 and 7.4. For N = 400, shown in Figure 7.3, changing L from 4 to 
8 produces an appreciable change in the spectral estímate. A further increase 
from L = 8 to L = 16 produces only minor changes, and hence a reasonable 
estímate of the spectrum could be obtained with L = 8. The number of 
degrees of freedom per estímate in this case is 133 so that the confidence 
interval is very narrow. 

The situation is different for the estimates, shown in· Figure 7.4, obtained 
·rrom the realization based on N= 100. Here, changing L from 4 to 8 
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FtG. 7.4: Smoothed spectral density estimates for a first-order .... orocess 
(a, = - 0.4; N = 100) 
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produces significan! changes in the spectrum, but even greater changes 
occur if L is increased to 16 or 32. Note that well-defined peaks occur al ( = 

0.22 cps and 0.44 cps which are spurious and are due to the incre~sed 
variance of the estimator. ' 

Note that the number of degrees of frcedom per estimate is 33 for L = 8, 
17 for L = 16 and 8 for L = 32. The estimate for L = 8 is reasonably clase 
to the theoretical spectrum, b~t without knowing the correct answcr one 
would be faced with a certain amount of ambiguity in interprcting these 
estimates. In particular. there would be doubt whether to acccpt the smooth 
estímate based on L = 8 or to decide for the apparent greater detail, but 
grcater variance. of the estimate based on L = 16. 

The handwidths of thc windows corresponding to various truncation 
points ha ve becn shown on Figures 7.3 and 7.4. This is a very useful fcature 
sin ce it enables the extent of tire detail in thc spectrum lo be judged in relation 
to the bandwidth of the window. 

A first-order ar process (a1 = -0.9). A similar investigation was conducted 
using the first-order ar process J1J 

~~ .. -
X,= -0.9X,_, + Z,. (7.1.8) 

This has the theoretical spectral dcnsity function 

r n(fl 2(0.19) 
--;;r- = 1.81 + 1.8 cos 2Tr:f' o .;; f.;;; t. 

and is shown in Figure 7 .5. This speétrúm has an extremely narrow peak near 
f = 0.5 cps. Note that for this process thc spcctrum ranges in va lue from 0.105 
lo 38.0 and so the spectral density has bcen plotted on a logarithmic scale. 
This has practica) merit not only beca use it gives a better display of the detail 
in the spectrum but also because, as shown in Section 6.4.3. the confidence 
limits are the samc for all frcquencics and hcncc are casily displaycd. Thcre­
fore. spectral density estimates should always be plotted on a logarithmic 
scale. Because the bandwidth i~ constan! with frequency, the frequency 
scale should be linear. · 

The mean smoothed spectral densities l'x,{f)/ai for the process (7.1.8) are 
shown in Figure 7.5 for the Bartlett window using truncation points L = 8. 
16 and 32. As before. considera ole bias exists ncar 1hc peak for all these values 
of L and the bias decreases with incrcasing L. No obviously good truncation 
point is apparent from these plots and hence it is concluded that a larger 
truncation point, perhaps L = 48, is necessary. This is also apparent from 
consideration of the acf p,u(k), sincc IPxx(k)l is 0.034 for k = 32 and 0.0012 
for k = 64. Hence it may be concludcd that for this process a very large L 
will be necessary to produce small hias. Thcrcfore. in order to produce an 
cstimate with small varhmcc. it \~o·ill he ncccss.ary to use a very largc number 
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FIG. 1.S: Mean smoothed spectral density functions for a first-order ar process 
(cx1 = - 0.9) · 

. of data points. Figure 7.5 shows that for L small there are ripples in the 
· mean smoothed spectrum. These are due to the side lobés of the Bartlett 

window which will be discussed in Section 7.2.5. 
The difficulties of trying to estímate a narrow peak in the spcctrum are 

demonstrated in Figure 7.6. This shows R .. (/) for the Bartlett window using 
L = 16, 32 and 48 based on a realization of N = 100 terms of the process 
(7.1.8). For L = 16 a reasonably smooth estimate is obtained, but the peak is 
underestimated by a factor of three. Jncreasing L to 32 improves the estima te 
near the peak slightly but more noticeably al lower frequencies. However, 
oscillations now bcgin to appear due to the increascd variance. For L = 48 
the spectra1 estimate becomes very erratic, indicating that more data points 
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FtG. 7.6: Smoothcd spectral dcnsity estimates rora first-order ar process 
(a1 = -0.9; N= 100) 

are nccdcd in ordcr to get a more reliable estímate in the neighborhood ofthe 
peak. Note. however, that it is possible to obtain a satisfactory estima te in the 
frequcncy range O to 0.45 cps wllh L = 32 or possibly a lower value, say 
L = 24. 

Comparison of Figure 7.6 with Figure 7.4, which shows the spectral 
estímate for a 1 = -0.4 and N= 100. brings out the importan! point that a 
series of length N = 100 m ay provide an acccptable estima te of a smooth 
spcctrum but may be far too short to provide a good estima te of a spcctrum 
which contains a narrow peak. 

A second-imlcr ar process. To illustratc thc difflculties associated with estima­
ting a spcctruP" .,;hich has a two-sided peak. as opposed to thc onc-sided peak 
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in thc previous example, consider the second-order ar process (5.3.36), that is, 

X1 = x,_, - o.5X,_ 2 + z,. (7.1.91 

This has the spectral density function (6.2.22), namely 

r,.(f) _ 2(0.417) , 0 ,. 1 ,. ~ . 
a~ - 2.25 - 3 COS 2rr/ + COS 4rr/ , .: 

which is plotted in Figure 7.7. Also shown in the figure are the mean smoothcd 
spectral densities i" xx<Jl/a~ hased on the Parzen window_ with L = 8. 16 and 
32. As before, these curves ·show that as L increases, i'xxlf) more closely 
rescmbles r xxlf). From Table 6.6 it is seen that the bandwidths of the spcctral 
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windows corresponding to L = 16, L = 32 are 0.12 cps, 0.06 cps. The width 
of the peak, defined arbitrarily as the distance between the half power points, 
is about 0.08 cps. It is seen from Figure 7.7 that the peak is badly estimated 
when L = 8 or 16 but that the bias is acceptably low when L = 32. This is due 
to the fact that for L = 32 the bandwidth of the window equals 0.06 cps, 
which is less than the width 0.08 cps of ihe peak. This suggests that the number 
of lags of the acf necessary io give an estímate with acceptably low bias 
depends on the width of the peaks in the spectrum. This point will be returned 
to in Section 7.2.4. 
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Smoothed spectral density estimates Rxx(j) based on a realization of 
N = 50 terms of the process (7. 1.9) using the Parzen window are shown in 
Figure 7.8. The dataused for this example were the first 50 values ofthe data 
listed in Appendix A7.4, TableA 7.1. The acffor the first 50 val u es is given in 
Table A7.2. For L = 8 a smooth estimate is obtained but with no indicati{'ln 
of a peak. Tripling L to 24 produces a flat peak near 0.125 cps. the position 
of the true peak. 

As L is increased to 40, numerous other small peaks appear due to the 
increase in variance of the estimate, and hence doubts would rcmain about 
the true shape of the spectrum unlcss the theoretical spectr~m werc known. 
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FIG. 7.9: Smoothed spcctral density estimates for a Second-order ar process 
(a1 = LO, a 2 = -0.5; N= 400) 
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Figure 7.9 shows spectra1 estimates based on N = 400 for the same process. 
Thc data are given in Table A7.1, and the corre1ations bascd on <loo terms in 
TableA 7.3. When L = 48 the estima te is closer to thc truc spectrum than any 
of the estimates based on N = 50, but the improvement is not as great as 
might be expected. Since !he number of dcgrees of freedom per estima te is 31 
when L = 48, it wou1d probab1y be accepted that the peak is real. However, 
it is noticed that the peak is much narrower .than the theoretica1 peak. 

7./.3 Effect of window shapr on smoothin~ 

The second aspect of smoothing invcstigatc~;i.s the effect of using differcnt 
spcctra1 windows. Comparisons are madc bctwccn the Bartlctt, Tukey and 
Parzen windows. 

Thc fmt-ordcr process (7.1.8) has been used to calcula te thc mean smoothed 
spectral densities for the lag windows u·n· Wr and ll'r for fixed values of the 
truncation point. These mean' smoothcd spcctra. denoted by r n/at r r/a} and 
f plat are shown in Figure 7.10, together with the theorctica1 spectra1 
density l'xx(fl/aJr. All smoothed spectra are based on a truncation point 
L = 12. 

The large bias and ripp1es in !he estímate based on the Bart1clt window for 
thc lowcr frequencies are evidcnt. Howcver. near thc peak the Bartlctt window 
produces smal1 bias. This is to be expected from (6.3.37), which gives the bias 
for the thrce windows. Thus !he bias of the Bart1ett window is ·related to the 
first derivativo of thc srcctrum which is small in the neighborhood of a peak 
but largc when the srectrum has 1argc s1ope. Equation (6.3.37) shows that the 
importan! tcrm in the bias of thc Tukey and Parzen windows dcpcnds on 
the second dcrivative of the spectrum, and·this is small in a rcgion where the 
spectrum is linear and relativcly Jargc ·near a peak. 

On thc wholc. the Tukcy window has thc smallcst bias for a givcn number 
of 1ags. 1f thc Parzcn and Tukey .~ndows are comrared wilh equal band­
widths. howcvcr, the smoothcd srcctra are almos! identical in shapc. 

Thc same conclusion can be drawn if comparisons are madc hctwcen thc 
\"ariances of !he estimators corresponding to two windows. From (6.4.25), 

· Bandwidth x Variance = Constan!. 

Hence two estimators ha ve thc samc \"ariance if their bandwidths are equal. 
From Tab1e 6.6 it is seen that thc bandwidth of thc Parzcn window is 1.4 
times that of the Tukcy window. Hcnc~ a Tukcy window with truncation 
point L = 12 has thc same handwidth and variance as a Parzen window with 
L = 12 X 1.4 = 16. 

Sincc hoth the variancc and bias '"e approximately equal whcn the band­
widths are cqual. it fo!lows that. prov!dcd two spcctral windows ha ve rcason­
ablc shapcs. thr '<ti mates of thc 'pcctnm1 obtaincd using cqua1 bandwidths 
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FrG. 7.10: Mean smoothed spcctral dcnsity functions for a first-ordcr ar process 
(a1 = -0.9) ' 

shou1d be very similar. Figure 7.11 shows equi-bandwidth comparisons for 
the Tukey and Parzen windows for !he first-order ar process with a 1 = -0.9 
and N=· 100. Thc unbroken linc shows !he Tukey estímate based on L = 32 
and the ~rosses are the Parzen estima te based on L = 45. Simi1arly, !he broken 
1ine shows the Tukcy estima te bascd on L = 8 and the circles are the Parzen 
estímate bascd on L = 12. The agrecment is so c1osc that it can be safcly 
concluded that no significan! features in the spectrum wou1d be missed as a 
resu1t of using onc window rather than the other. Hencr the empirical remlts 
e~( this section show that the importan/ question in empirica/ spectral analysis is 
the choice nf handwidth and not the ·choice of windo1r. Thf" ... - qucstion!oo are 
discusscd more fully in Sections 7.2.4 and 7.2.5. 
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FIG. 7.11: Equi-bandwidth comparison of the Tukey and Parzen windows using 
a first-order ar process (a1 = -0.9, N = 100) 

'·'' 7.2 THE THEORY ANO PRACTICE OF SMOOTHTNG 

Section 7.2.1 contains a discussion of the various theoretical attempts to 
derive optimal methods of smoothing spectra. It is concluded that these 
thcorctical solutions are not satisfactory and that a more empirical approach 
to spcctral estimation is rcquircd. The rnain objcCtivcs in cstimating spectra 
are high stability and highfidelity. and-thcsc are summarized in Section 7.2.2. 
In arder to meet thcse objectivcs. an cmpirical approach to spectral estimation 
is introd uced in Scction 7.2.3. This proccss is tcrnied u·indow clos;ng and. is 
discussed "in detail in SecJion 7.2.4. The final section deals with "·indo11·· 
carpentry, that is, the choice of spectral window shapes. 
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7.2.1 Oprima/ smoothing ofsprctra/ estimators 

Severa! attempts ha ve been made to determine smoothed spectral estimators 
which are optimal in sorne sense. Tdeally, this involves.choosing a lag window 
w(u) in the range O ,¡; lul ,¡; T so that sorne performance criterion is mini­
mized. However, the practica! constraint w(u) =O, lul > M, is usually impc>scd 
in arder that the autocovariances need only be computed to lag M. Since 
the bulk of the computing time is spent on evaluating the autocovariances. 
there are good grounds for keeping M small relative to the record lcngth T. 

One criterion for determining an optimallag window, mentioned in Section 
6.3.5, is the mean square error 

E[{Cxx(/) - r xxUWJ. (7.2.1) 

suggcsted in [3). One criticism which has been made of this approach is that 
a good estimator for one frequency may no! be a good estimator for another 
frequency and hence a compro mise is needed which will be best in sorne sense 
for all frequencies. 

An overall criterion of optimality proposed in [4) is the integrated mean 
square error criterion 

r~ E[{Cxx(/)- fxx(f))'Jdf 

The lag window w(u) which minimizes this criterion is 

w(u) - Y~x(u) • O ,¡; lul ,¡; T. 
- rh(u) + Var [cxx(u)J 

(7.2.2) 

(7.2.3) 

Note that this estimator does not require truncation ofthe acvf. As mentioned 
above, the main function which truncation serves is to economize in the 
computation of the autocovariances. 

The expression (7.2.3) for the optimum lag window will be recognized 
by communi~ation and ~control engineers as being the exact analog of the 
cxpression for the frequency response for a minimum rric.an square error 
filler. Interpreting (7.2.2) in communication thcory terminology, l'u(f) 
corresponds to the message and E xx(!J corresponds to the message plus 
noise. Similarly in (7.2.3), w(u) corresponds to the frequency response function 
of the optimum filter, Y~x(ll) corresponds to the spectrum of the message and 
Var lcxx(u)J corresponds to Jhe spectrum of the noise. 

Another critcrion suggested in [5], in an attempt to obtain a comproinise 
estimator for all frequencies. is the expectcd maximum mean square error 

E[max ICxx(/)- fxxUJI'J. (7.2.4) 
1 

A further criterion which could be proposed is to minimize the integral 

f ~ ~ {E[{Cxx<l! - r u(/)}')} df 
-T fxx(/l 

(7.2.5) 
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This differs frollÍ (7.2.2) in that the expected·mean square error ata particular 
frequency is weighted in inverse proportion to the value of the theoretical 
spectrum at that frequency. Thus the integrated proportional mean square 
error is minimized. with the obvious advantage over (7.2.2) that the estimator 
is weighted inversely as its variance. t 

lt is shown below that !he value of !he above criteria in spectral analysis 
is very limited. The only useful purpose which they serve is to enable spectral 
windows. such as !hose suggested by Bartlett, Tukey, Parzen and others, to be 
ranked according to the various criteria. For example, the rectangular 
window ll'.(u) of Table 6.5 performs badly according to all criteria and hence 
can be rejected. The other windows of Table 6.5 ha ve similar pe,rformances 
according to these criteria. and hence it may be concluded that thhe window 
shapes are generally "good." However, other considerations. fL>r example, 
the amount of leakage through side lobes, may be used to help to decide on 
good window shapes. Thus, as shown in Figure 7.10, the Bartlctt window is 
inferior to the Tukey or Parzen windows sincc it prodUCeS large spurious 
ripples in thc mean smoothcd spcctrum. 

. .:· 
Criticisms of rhc optimality apprnach to smoothing. Seve~Í major criticisms 
can he made of the optimality approach to smoothing: 

11) The optimality criteria are arbitrary. Therefore each criterion will 
pr0duce a spectral window which is best is sorne arbitrary sense. 

(:?) The optima lit y criteria represen! too rigid a mathematical formulation 
of thc 0bjcctives of spcctral analysis. For cxampie, a physicist oran engineer 
may be intcrcstcd in specific fcatun:s of thc spectrum, such as thc \vidth of a 
peak or thc sl0pc of thc spcctrum ovcr a rangc of frcqucncies, and thcse 
criteria do not allow for this. Hcncc it will be shown in Scction 7.2.2 that a 
more useful and flexible formulation of the ohjcctives of spcctral analysis is 
neccssary and possible. 

(3} Any optimum lag window, for example (7.2.3). will be a function 
of the unkllown spectrum r x.,(.f). This criticism is not peculiar to spcctral 
analvsis since it is generally true that the bes! way to design anything mus! be 
bascd nn guesses of the true picture. lt is therefore of considerable importance 
to disting.uish vcry clearly bctwcen de.'il)!ning a srcctral analysis in advance of 
collecting !he data and analr:ing the data once they ha ve heen collected. Wc 
are thercforc prcparcd to use mean squarc error or rclated critcria in adtance of 
performing,a spectral analysis to decide, for example. how long a record to 
take. After the data ha ve been collected. it mus! be recognized that our guesses 
about l'xxffl may be wildiy wron~: Hence any practica! method of spectral 
analysis should be capable c>f standmg on its own feet and should not depend 
critically on any major assumptior.s about r xx(fl. In othcr words, the data 
must be allowed to spcak ior thcmsclves. 
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( 4) E ven if there were situations where precise information about r xx(n 
existed, the optimality approach only indica tes what is bes! lo do on arera)!e. 
Thus, the optimum lag window (7.2.3) is the bes! window 011 at-era)!e when 
judged according to criterion (7.2.2). However. it might be very bad for a 
particular realization of a stochastic process. For example, it is possible lo 
genera te two realizations of equallcngth from a ccrtain process, one of which 
requirés a large bandwidth to give a good estima te of !he spectrum, while the 
other requires a much narrower bandwidth. 

These criticisms are major ones, and hence it mus! be concluded that a more 
robust and flexible approach to smoothing is required. In order to be ahle to 
suggcst a suitable cmpirical proccd u re. it is ncccssary to reYicw the general 
objcctivcs of spcctral analysis and to state thcm in uscful precise tcrms. This 
is done in thc next section. where the concepts of ftdelity and .<tability are 
dcfined. An empirical procedure for smoothing of spectral estimates is then 
proposed in Section 7.2.3. 

7.2.2 Fidelity a11d stability 

The general objective in any spectral analysis is lo "estimate !he function 
l'.u(J) as accurately as possible. This involves two requirements: 

(/) that the mean smoothed spectrum f.u(f) be as close to r xx<fl as 
possible, that is, the bias 

B(J) = f' xx(J) - r xx(f> 

should be small. lf this is true uniformly for all /. then i\x(f) is said to 
reproduce l'.xxUl with high .fidelity. 

( 2) that thc variancc of thc smoothcd spcctral estima ter 

Var [Cxx(fl] ::: r',~fl (~~) 
be small. lf this is thc case, the estimator is said to ha ve high .<tability. 

To illustratc how the requirements of high fidelity and high stability 
conflict. sorne of the, cmpirical findings of Section 7.1 are now reviewcd. 

1/ieh tidclitr. First consider the plot of fu(/) for the first-cirder ar process 
with ;,, ~ :..0.4. shc>wn in Figure 7.2. Using.the Tukey windci,\·. high fidelity 
can be rc;:~lizcd for frcqucncics lcss than 0.375 cps with a truncation point 
L ~ 8, and hcnce a bandwidth b ~ 1.33/8 ~ 0.167 cps. The true spectrum 
has a wide peak centered on( ~ 0.5 cps and in this neighborhood a truncation 
point of L ·~ 16. or h ~ 0.083 cps. is necessary to give comparable fidelity. 

The first-order ar process with a 1 ~ -0.9 has a much narrower peak in the 
ncighborhood of 0.5 cps. Figure 7.5 shows that for the Ba··· •t window. a 
truncation point of at leas! L = 48, ora bandwidth.of0.03 ;is required 
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:•to achieve reasonable fidelity. Not~. however, 'that ;¡; xxU) is plotted 
logarithmic sea le so that fidelity is measured by · · :: · 

on a 

. ,;: ~ 41 

. lag r xxUJ - lag r xxV'l· ' 
¡; 

r .u(/) - r xx(/) :';. j, 
as opposed to 

as in the example above. In our opinion it is 111ore l¿~ical to meas u re fidelity 
on a logarithmic scale than on a linear scale. since it is proportional changes 
in power that are relevan t. Note that when L "'.32. the fidelity near the peak 
is as high as it is in the range o·- 0.375 cps.':Hencc a constant band\\•i.dth 
windO\\' is adequatc to estima te this spectrum1

::·: .. ' ·_ . 

The second-order proccss shown in Figure 7.J/has a more complex spcctrum 
in that the peak is now two-~ide~· and not m1e.:sided as irt the r.revious ex- · 
amples. Figure 7.7 shows i\x(/) for the Paizen window and it· i~1 seen that, · 
whcreas the plots for L = 8 and'L = .16 ten.d 'to· underestimate the peak 
badly, the plot for L = 32 reproduces the peakiwith high fidelity. Jfthe width 
of the peak is defined by th~ distanée between the half power points, it is seen · 
from Figure 7.7 that this width is approxiniately 0.08 cps. The bandwidths of 
the Parzen window with L ,; 16 and 32 are 0.1. 1 ·cps and 0.06 cps respective) y. 
Herice for L = 32 the window bandwidth is less than the width of the peak 
and high fidelity is obtained. · ';~: 

Figure 7.12 shows an e ven more complcx spi:¡:trum which corresponds to a 
stochastic process consisting of tWo narrow barld; whitc noise s·ources with 
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power in elosely spaced bands. To achieve high fidelity for this spectrúm it is 
necessary to use a spectral window whose bandwidth is of arder e, the fre­
quency width ofthe gap. Hence it can be concluded in general that to achieve 
high fidelity the bandll'idtlr of the windo"' must be of-tlre same order as the 
width of tlui narrowest important detail in tire spectrum. It follows that lo 
designa s¡iectral analysis in ad.Jance of collecting the data, it is useful t~ be 
able to guess at the width of th'e narrowest detail. This will be diseussed in 
Section 7.3.1. · -

The word resolution has been used in [2] lo describe a similar concept. 
. This optical analogy presupposes that one is trying to ·resol ve line.< in the 

spcctrum, that is, th'e spectrum is of the form · . . 

r~~(fj = ~1 [S(f-/ 1) + S{f + / 1)] + ~2 [S(/- / 2 ) + S(f + / 2 )]. 

! ~ . 
.-The delt¡[Junctions or peaks in the. spectrum are then said to be resolved ifthe 
. b~ndwidth of the window is less than the frequeney separation between the 
peaks. Jtis suggested that this is ·not a very useful concept in spectral analysis 
beeause real spectra can never be described in terms of delta functions, that is, . . 
the peaks are never of zero width. Further, as shown above, it is the width 
of the importan\ details in the speetrum that are importan! and not mere: y 
the separation between the maxima of the peaks. 

HiKir stability. 1t was shown in Section 7.1 that high fidelity maybe possible 
with a certain bandwidth but that bad estima tes of the spectrum may still 
resulfifthe record·length is too small. For example, Figure 7.7 shows that the 
peak of the second-o.rder process can be estimated with high fidelity when 
L = 32. However.": Figure 7.8 shows that the estima te of thc spectrum ob­
tained with N = 50 gives a very bad picture of thc peak. On the other hand. 
Figure 7.9, based on N = 400 terms. shows that a reasonable estímate of the 
spcctrum is possible with L = 32. This is predicted by the theory of Section 
6.3, since small variancc. or high stability, is obtained with a large T!M = 
N/L ratio. Hcnce an ideal spcctral analysis is one for which Mis sufficienlly 
large for high fidelity and T/M is sufficiently large for high stability. This ideal 
situation is approached in the estímate of the first-order ar speetrum shown in" 
Figure 7.3. However, in many practica) problems sorne form of compromise 
is necessary betwcen high fidelity and high stability. The practica) realization 
of this compromise is discussed in the next section. 

7.2.3 Empirical smoothing of spectral estimares 

Thc discussion of the optimal approach to smoothing in Section 7.2.1. and 
specifically !he criticisms of that approach. indica te !he need for an empirical 
approach to smoothing. In particular. criticisms (2). (3) and (4) call for an · 
approach which is. deliberately left flexible, so Íhat many coimes of action 
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suggested by analysis of the data are possihle, anda method which allows for 
!he possibility of /earning from the data enough about the spectrum r xx<fl to 
choose adequate smoothing for any frequency ranges of interest. 

In the terminology of the preceding scction, it must be possible to infer 
from the data when a reasonable compromise has been achieved hetween high 
fidelity and high stability. lf it is accepted that economy in the computation 
c>f the autocovariances is desirahle and that smoothed spectral estimators 
of the form (6.3.28) are suitable. then the smoothing of a spcctral estimator is 
complctcly dctermined hy thc shape or mathcrhaticalform of thc window and 
thc bandwidth or. equivalently, the tr;mcation point of the windOw. 

Since the effect of window shape on spectral estimates is of secondary 
importance, as demonstrated in Figure 7 .11. an empirical approach must be 
based on varying the bandwidth. The following is an empirical approach to 
smoothing which meets the requirements and falls within the framework set 
out above. First, use a spectral window with an acceptahle sl)ape. Then 
compute smoothed spectral estimates using a wide bandwidth initially and 
then progressively smaller bandwidths. This empirical approach to spectral 
analysis was suggested in [6] and illustrated in practice in [7] and [8]. From 
now on this procedure of using a progressively smaller bandwidth will be 
referred to as windoll" c/osing. lt is discussed more fully in Section 7.2.4. The 
less importan! problem of dcsigning spectral windows with acceptable 
shapes, tcrmed ll"indo\1" carpentry by J. W. Tukey, is discussed in Section 7.2.5. 

7.2.4 Windoll" closing 

The technique of window closing involves computing smoothed spectral 
estimatcs with a wide bandwidth and thcn using pr0gressivcly smaller band­
widths. The first objective of this approach is flexibility. so that any sig­
nifican! features of the spectrum which are of practica! intcrest, or which 
suggest themselves during the process of analysis, can be explored further. 

The method allows one \o /earn about the shape of the spectrum, and thus 
the initial choice of a wide bandwidth will usually mas k a certain amoimt of 
detail in the spectrum. By allowing the bandwidth to become smaller, more 
significan! detail can be explorcd. Finally, as discussed in Section 7.2.2. when 
the bandwidth of thc wind<>W is lcss than the smallest significan! detail in the 
spcctrum. thcre is no point in making thc bandwidth !'imallcr. However. 
practica! problcms of interpretation arisc due to the instability of the esti­
mates and these will be discussed helow. 

Since certain rccords yicld uninformativc spcctra in thc same way that sorne 
uninformative likclihood functions are flat, the mc\hod enablcs the best 
bandwidth to be chosen \o suit thc record available. 

The important practica! question is when to stop the process of narrowing 
the bandwidt' ·IJat is, when shou!d one stop looking for more dctail in .the 

'~ 
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interest of maintaining stability. No rigid rules can be given to answer this 
question, since the best time to stop will depend on factors such as the degree 
of detail in the spectrum, the amount of prior knowledge of f(f) available 
and the extent to which it is possible to discrimina te between real detail and 
sampling fluctuations due to instability. Nevertheless, it is possible to dis­
tinguish between three types of situation which can occur in practice. 

~· -~ 

( 1) It is sometimes possible to narrow the bandwidth sufficiently to reveal 
most of the significan! detail wlthout running into instability. In this case no 
major changes in the spectrum occur after quite large changes in ba ndv. idth. 
Such a happy state of affairs is illustrated in Figure 7.3 by the spcctral 
estima tes of the first-order ar process. lt is seen that only minor changcs occur 
in the shape of the spectrum as a result of a fourfold decrease in bandwidth 
from L = 4 to L = 16. 1t can be concluded that a satisfactory estima te of the 
spectrum is obtained in the range Oto 0.375 cps·.with a truncation point of 

· L = 8, but that a higher truncation point, say L = 12, is required in the 
neighborhood of the peak. 

( 2) Sometimes it is clear that in no sen se is the spectrum converging to 
a stable va!ue. An example of this is given in Figure 7.8, which shows 
estimates of \he second-order ar spectrum based on N = 50. The estimate 
for L = 8 is relatively smooth but it is impossible to conclude whether the 
large change from L = 8 to L = 24 is dueto instability orto the appearance 
of more detail in the spectrum. Hence it would probably .be concluded that the 
estímate based on L = 8 shows the broad features in the spcctrum but 
!ha\ a longer series would be required to reveal more detail. Notice, howcver, 
that the spectrum based on L = · 8 contains a great deal of useful information 
and hence the analysis is by no means worthless. 

(3) Usually thc situation falls somewhcre between (1) and (2). For ex­
ample, consider the spectral cstimates of the first-order ar proccss with 
a1 = -0.4, N= 100, shown in Figure 7.4. Note that well·dcfined peaks 
appear atf = 0.22 cps and J = 0.44 .cps when L = 16. Without knowledge 
of the structure of this process it mighfbe tempting to conclude that these 
peaks were real, since the estimate has approximately 17 degrees of.frecdom. 
Thc peaks become still more well-defined for L = 32, so there is doubt as 
to when to stop the window closing process. Similar comments apply to 
thc estimates shown in Figure 7.6. .,.,._ 

~--;-w:: 

These situations are all charac\erized by a .tcndencv for.:thc estima tes to . ~ ._. ... _.,... 
converge initially. bu\ then to diverge duc to instability.bc"rore definite con­
clusions can be drawn. Since it is not possible to say which of these spectra is 
closest to the truth, it is suggestcd that thrce spcctra should he presented in 
the region wherc convergence is followed by divergence. However, it. is 
importan! to remember that as the bandwidth is narrowed, !he spcctral 
estimate is a polynomial of high degree in cos 2-rrf and h•--e it is easy to 
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produce spurious peaks, In the limit 'as the estimate tends to that of the 
unsmoothed spectrum, it is possible to produce peaks almost anywhere, 
Hence a certain amount of caution is rcquircd in intcrprcting spcctral esti­
ma tes. Finally. the spectrum has lo make sense physically. or else the analysis 
is of little value. In summary, the main objective of window·closing is to aid 
physical insight in the process of estimating and interpreting spectra. 

7.2.5 Window carpentry 

It was shown empirically in Section 7:1 that window closing is m u eh more 
important than window carpcntry. Ncverthelcsf, it is of sorne importance 
to pay attention to the dcsign of the window which is to be u sed. As stated 
previously, one approach to the design problem is the optimal smoothing 
approach of Section 7.2.1. However, windows which perform badly on mean 
square error and related criteria can be shown to have bad shapes on other 
grounds. In this section a list is given of sorne of the importan! properties 
which spectral windows should possess. An analytic approach to this problem 
has been given elsewhere [9]; a more descriptive account is givcn hhe. 

( 1) For a given truncation point M, the bias due to the spectral window 
W(f) will be small if it is concentrated about zero. From Figures 6.12 and 
6.13, it is seen that w.(f) corresponding to the rectangular lag window 
w8 (u) is more concentrated about the center frequency than any of the other 
windows. As shown in Table 6.6. the spectra1 window W8(fj has the smallest · 
bandwidth. Hcncc bandwidth gives a measure of the concentration of ihe 
spectral window. 

(2) The spectral window W.(f) has the smallest bandwidth. but the price 
which has to be paid is that it also has the largest side lobes. as is seen from 
Figure 6.13. The effect ofside Jobes is to permit values of r xx(¡:) at frequencies 
distan! fromfto make large contributions to the bias al the frequcney f This 
effcet is known as lcaka¡:e. Figure 6.13 shows that windows W,, Wr and W, 
have much smaller side lobes than W,, Howevcr, the Bartlett window W 8 

has larger sidelobes than wind~ws Wr and W,, and Figure 7.5 shows that 
thcse can be troublesome if the spectrum has a narrow peak. lf side Jobes are 
to be minimized, then window fi/'1' is rrcfcrablc to thc othcr windows. 

(3) The spcctral windows W,(/). W,(j) and Wp(f) are of the form 

wu> oc {sinz':,'tt~~/nlf. n = 1, 2, 4, (7.2.6) 

and hence the lag windows 11'8(fl), 11·,,(u) and ll'r(u) are re1ated by convo1ution. 
That is. the lag window 11'8(11) = (1 - iui/M). O .; fui .; M, may be ob­
tained by convolving the lag window 11·8(f1) = J. O .; fui .; M/2, with itself. 
Similarly, the lag window u'r(u) is oht;¡ined by convolving the lag window 
wn(u) = l, O .; fui .; M/4, wlth itsclf four times 

U] Thr Theory and Praetire of Smoothing 283 

An equivalen! way of saying this is that window ll'n is proportional to the 
pdf of a uniform rv, window 11·8 is proportional to the pdf of the mean of 
two uniformly distributed rv's and window ... , is proportional to the pdf of 
the mean offour uniformly distributed rv·s. Clearly, the mean of n uniformly 
distributed rv's will tend to a Normal or Gaussian distribution as n tends 
to infinity. Thus the lag window tends toa Normal curve, and hence so does 
the spectral window (7.2.6), as shown in Chapter 2. In fact, Daniels [10] 
recommends the use of a Normal window for spectral analysis. 

One effect of increasing n is to decrease the height of the side lobes. as is 
evidcnt from (7.2.6). However, the spectra1 window a1so becomes ftatter 
and wider, since the first zero occurs at J = 2"- '/2M and hence requires a 
1arge M in order to achieve a specified bandwidth. For cxamp1e. the Parzen 
window ... , requires approximate1y 40'7. more lags than the Tukey window 
ll'r to achieve a given bandwidth. 

( 4) The effect of altering the window shape for a given truncation point 
may be shown by p1otting the corre1ation between smoothed spectra1 esti­
mators separated in frequency by / 1 - J2 . From (6.4.11) this correlation is 

(f !:) _ J:~ W(J,- g)[W(f2 + ¡:) + W(/2 - ¡:)]d¡:_ ( 
PCC " 2 - J 7.2.7) 

Figure 7.13 shows the corre1ation function (7.2.7) p1otted as a funetion of 
{, - J2 for the windows W 8 , w, and W, of Table 6.5. lt is seen that for a 
·wide window 1ike w,, the correlation betweeri neighboring estimators is large, 
whereas the corre1ation between distan! estimators is small. Conversely, for a 
narrow window like W 8 , the corre1ation bctween neighboring estimators is 
relatively small and between distan! estimators is re1ative1y large. 

Blackman and Tukey [2] have suggested that because of the correhition 
between neighboring estimators, only the uncorrelated estimates shou1d be 
plotted. This is a dangerous rule to app1y since it is possible. for example. 
to miss a peak whose frequency lies halfway between the uncorrc1ated 
estimates. In our experiericé it is advisable to p1ot thc estima te ata frequency 
spacing of at 'leas! one-ha1f the frequency spacing bctwecn uneorre1ated 
estimators, thát is, F ;. 2L. 

The above considerations .suggcst that windows W,. Wr and W, have 
reasonable shapes but that one shou1d probably rcject w. beca use of its bad 
side lobe properties. Windows H'n and ~Vp always give positive estimates of 
the spectrum, '"·hcreas Wr can sometimes givc negative estimates. which is 
undesirab1c. Although W, has smaller side lohes than W8 and Wr. it is a 

. wider window and hence rcquircs more autocovariances to achieve a givcn 
band.width. This means that ifthe windowclosing procedurc is app1ied to w,. 
the spectra1.estimatc will take a 1onger time to settle down lo a steady value 
than if Wr were used. 
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FIG. 7.13: Corrclation betwccn smoothcd spcctral cstimators for diff~'Tent win­
dows with thc same truncation point 

7.3 PRACTICAL ASPECTS OF SPECTRAL ESTIMATION 

In lhis scction sorne of lhc more practica! aspccts of spectral estimation are 
discussed. The fir~t of thcse, discussed in Scction 7.3.1, deals with lhc plan­
ning of a spcctral analysis. The next scction describes lhe pilot cslimation of a 
spcctrum. and this is illustrated using the batch data of Figure 5.2. Then 
Seetion 7.3.3 presenls a useful practica! procedure lo follow in performing a 
spcctr~tl annlysis. This proccdurc is il!ustmtcd in Scction 7.3.4 by two practical 
cxamplcs wl~ich show thc uscfulncss ofthc windowclosingtcchniquc. J n Scction 
7.3.5 it is shown how digital filtering can be u sed to improve spectral estimales. 

7.3./ The design of a spcctral aualysis 

lt is now shown how a speclraLanalysis calculation can be designcd in advance 
of collccting the · '1, and in particular, how lhe record length can be chosen 
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to mc;et certain specifications. There are four basic rcquircmcnts which have 
to be met: 

( 1) The sampling ínterval u must be small enough so that the spectrum can 
be estimated in the range of ínterest O .; f.; / 0 . Hcnce u must be. at the 
most. 1/2/0 • 

(2) Care must be taken lo avoid aliasin¡!. This may be done in one nf two 
ways. The first involves choosing ..'> so that l'.u(/1 is effecti,·ely zero fnr 
f > l/2t!.. This requires initial knowledge of the spectrum which may Mt be 
available. Furthermore. r xx(fl may only be required for frequencies leS' than 
sorne value/0. lf / 0 is much less than the frequency beyond which f,((l is 
effectively zcro, then it may be nccessary to read the data at a much finer 
samplíng interval than is really necessary if information is only required for 
frequencies/.; f 0 • The second method is to tilter the signa! hc(orc samf'lin.~ 
so that the power above / 0 is effectively removed. This is most easily done 
electronically. lt should be noted that a certain amount of care at this stage 
of the data processing may save considerable trouble and expense latcr on. 

( 3) Suppose that a guess can be m a de of the width a of the narrowest 
importan! peak in the speetrum, or alternatively lhal ít is required to "detect .. 
delail ofwidlh a or more in the spectrum. Then lhe truncalion point M should 
be chosen so lhal lhe bandwidth h is less lhan a. For example. for lhe Tukcy 
windcm· this mcans tbat h = 1.3_:\! lH ~ a, or Af = Lj, ~ 1.33/a. Thc number 
of lags of the discrete acvf which must be computed is then L ;, 1.33 o..'>. In 
general lhe lruncation poinl should be chosen according lo 

.M= h,, 
a 

(7.3.1) 

whcrc h1 is thc standardizcd bandwidth. Hcncc thc numbcr ('f bp rcquircd Í!-

L = M/!'. = h,/a..'>. (7.3 2) 

(4) For finile records. the cxtent 10 which thc width of peaks can !>e e>ti­
matcd or fine delail detectcd is also influenced by lhe variance of lhe estl­
mator. Hencc. lo be ablc lo trust thc fine structure in lhc spectrum. it must 
be possiblc to tic down thc estímate toa givcn stability. This may be accom­
plishcd by specifying the number of dcgrees of frcedom v dcsircd with each 
estimate. say 15 to 30. and toen detcrmining the lcngth of record T from 
{6.4.2(l) and (7.3.1 ). This givcs ·· 

and hence. 

¡•/lf 
T=--

2 hl 

,, 

N= _•_ = a·L 
2a..'> 2b 1 • 

(7.3.3) 

(7.3.4) 



286 • Examplt!s o/ Univariate Sprctral Analysis [Chap. 7 

using (7.3.2). From Figure 3.10 it is JPen pos>ible toread offthe width ofthe 
80% or 95'7, confidence interval for'

1
!he given number of degrees of freedom. 

lf the confidence interval so obtained is too large, increasing v and hence N 
will reduce it, bu! at the·expense of computing and data-gathering time .. 

A simple interpretation of (7.3.4) is obtained by considering smoothed 
spectral estimators scparated in frequency by an amount equal to the band­
width b of the spectral window. The covariance betweeh thesc cstimators will 
be approximately zero since there is negligible overlap ofthe spectral window 
at this spacing. The number of independent smoothed spectral cstimators in 
the frequency· band O to 1/2~ is therefore (ij2~)h = L/2h1 since b = 
b,jL~. However, unsmoothed spectral estimators separated by a frequency 
spacing 1/T = 1/N!!. are distributed as indcpendent x' with 2 degrees of 
freedom. Since there are T/2!!.. of these in the interval O to 1/2/!., the total 
number of degrees of freedom associated with each smoothed estimator is 
v = 2(T/2!!.)j(L/2b 1) = 2b1 NjL. Hence N= vL/2b1• 

The importan! featur~ of (7.3.:Jj is that the record length can be specified 
independcntly of the spectral window and that it depends only on v and a. 

An example. Suppose that it is required to estímate the power up to / 0 = 2 
cps in the spectrum and that it can be safely assu.med there is no appreciable 
power beyond this point. Thus there will be no trouble arising from aliasing. 
Then according to requirement (1) 

1 1 
Á = 2 r = ¡¡ = 0.25 seconds. 

JO • 

If it can be assumed that the width of the narrowest peak in the spectrum is at 
leas! 0.20 cps. and 30 degrees of freedom are decmed adequate, then (7 .3.3) 
shows that the record duration must be at least 

' T = 30/2(0.2) = 75 seconds. 

Hence N = 300 data points are required. From Figure 3.10 it is found that 
30 degrees of freedom give an 80'7, confidence interval for f' x.t(/l of ap­
proximately (0.7C .. (f), 1.3Cxx(/)), that is, a 30% proportional error. To 
decrease this confidence interval to, say, (0.8CxAf), 1.2Cxx(f)) would require 
v = 80 and hence T = 200 seconds and N = 800. f 

The above calculations areofsome value in deciding in advance how long a 
record to takc but it should be emphasized that once the data ha ve been col­
lected. a different approach is required. Thus, if thc analysis has been de­
signed to separa te pcaks of width a. it may be found when the data comes to 
be analyzed that our guesscs about a wcrc wrong. Hcnce, as dcscrlbcd in 
Section 7 .2, it is necessary to tailor thc actual analysis of the spcctrum lo the 
data available. that is, an attcmpt must be madc to lcarn about the structure 
of the spectrum from the data. This forms the basis of thc window closing 
procedure dcscribcd in Scction 7.2.4 .. 

7.3) Practica/ Asprcts of Sprctral Estimation 287 

7.3.2 Pilot analysis 

It is occasionally useful to obtain a rough estima te of !he shape of a spectrum 
without having to compute first the acvf and then .a smoothed estima te of the 
form (7.1.6). In particular, if it is required to prefilter the data, as will be 
necessary in certain problcms in Chapters 9, 10 and 11, then a rough pilot 
analysis may be sufficient to make a guess of a good frequency response 
function for the filler. Since these pilo! analyses are easily carried out without 
using an automatic computer, they also serve as useful exercises to illustrate 
the information contained in a spcctrum. 

The form of pilo! analysis described below is useful when the number of 
observations N is 2•, for sorne integer p. Anvill be shown in Section 7.3.5, it is 
capable of modification for use with any value of N. To explain the procedure, 
imagine that the first 64 observations of the batch data of Table 5.1 had been 
obtained from an experiment in which certain process variables had been 
deliberately varied according to the scheme in Table 7.2. In the experimental 

TABLE 7.2: A fictitious experimental design for the batch data 

Modification 1 2 

Week 1 2 3 4 

Da y 1 2 3 4 S •6 7 8 

Shift 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 

Batch 1 47 38 59 56 80 SI 44 25 56 45 48 so 43 55 34 68 
64 65 48 40 SS 58 57 59 74 54 55 62 52 41 35 38 

Batch 2 23 55 71 58 37 50 so 50 50 36 45 44 38 53 54 so 

. 

71 41 35 44 74 60 45 71 58 54 57 64 60 49 45 60 

arrangement it is assumed that the yields were influenced by the batch of raw 
material used. shifts. days. weekly cleaning of the distillation column and 
two major process modifications. Note that it is only meaningful to make 
comparisons of the type "bctween batches within shifts. within days. within 
wecks, \\•ithin modifications·· since the batches being used are different each 
time. Hence it is natural to analyze thcse data by a technique called the nestcd 
analysis of variance. Thus the total variance rnay be dccomposed as 

(7.3.5) 
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where the right-hand side of (7.3.5) denotes the contribution to the total 
variance from differences between replicates, batches, shifts, days, weeks and 

modifications. Thus '·'' . 

S 
(x2 - x 1) 2 (x, - x3) 2 .= 2 + 2 +··· 

(xa + X1 + x6 + x5 - x,. - x3 - x2 - x1)2 
Ss = 8 + .. ·, 

(X¡e + Xts + '· · + Xg - Xa - X7 - · · ·- X 1)2 

So = 16 + .. ·, 

(x32 + X31 + · · · + X17 - X¡e - X¡s - · · ·- ~~)2 

s •. = 32 + .. ·, 

lt is seen that S, is obtained by correlating the data with a square wave of 
period 2 and then squaring. Hence s. will tend to be large if the data contains 
stwng pcriodic componcnts with period 2. Similarly, S8 will be rcinforced by 
components of pcriod 4, and so on. Table 7.3 shows the contributions to the 
mean square from each of these sources. 

TABLE 7.3: Pilot spectral estima te ror batch data 

Contribution 
to mean Estimate of 

So urce square spectrum Frcqucncy range 

betwccn rcplications 99.30 397.20 0.25 -0.50 cycles 
bctween batches 15.24 121.92 0.125 -0.25 cycles 
betwccn shifts 11.77 188.32 0.0625-0.125 cycles 
bctwccn days 4.10 131.20 0.0313-0.0625 cycles 
bct\'<:ecn wccks 4.16 266.24 0.0156-0.0313 cycles 
hctwecn modifications 0.7.1 90.88 0.0078-0.0156 cycles 

The sum'of squares S, contains cont~ibutions not only from co~ponents 
with period 2 units but. as will be shown in Section 7.3.5, Sn represcnts 
contributions·from components with pcriods betwecn 2 and 4. that is, in the 
frequcncy range 0.25 to 0.5 cycles. Hence the average power ovcr thc fre­
quency range 0.25 to 0.5 cycles is 99.30/0.25 = 397.2 (yield units)2 pcr cycle. 
Similarly, S, rcpresents thc total power from frequencies in thc range 0.125 
to 0.25 cycles, and hencc thc average power ovcr this band is 15.24/0.125 = 
121.92 (yield un,~, ?~·per cyclc. 
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The cstimatc of the spectrum obtained from the pilo! analysis is 
plotted in Figure 7.14, togcthcr with the spectral estima te obtaincd from the 
more refincd analysis of Section 7 .1.1 using a Tukcy window with M = 12. 
1t is secn that the pilo! spcctral cstimate agrees quite well. with the refined 

estimate. 

7.3.3 A practica/ procedure for spectral estimation 

In this section a useful practica! procedure to follow in estimating spectra is 
described. This consists of the following four stages: 

( 1) Preliminarr stage. The series is examined to see if any ohvious trends or 
pcriodicitics are prescnt. This is helpful in deciding whether r~ "se thc original 
or filtered data as will be described in Scction 7.3.5. A part ly uscful and 
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simple form of filter, which \vil! be used cxlensivcly from now _on, is tlle first 
difference filler 

- J'r = Xr- Xr-1· 

A pilot analysis might al so be madc at lhis stage. Thc number of lags L,.., 
for which the autocorrclations or aulocovariances are to be compuled is 
decided. lnitially Lmax should bc.chosen to be approximalely N/4 unless this 
rcquires too much compuling lime. In rare cases whcre it is found lhat N/4 
lags are not sufficicnt, furlher autocorrelations can be computed. 

(2) First computation stage. The sa,j¡l'le acf for the original and differenced 
data are then computed for k = O, l. ... , L,.ax- P!ots of these functions are 
made to assisl in deciding whelher to use the original or differenccd data, and 
what range of truncalion va!ues.lo usc.The truncation points m ay be decided 
by scanning the chosen correlation funclion to sec where it becomes negligible. 
A set of truncation values L¡, L,, L, to be used in the window closing pro-

. cedure is chosen to cover a fairly wide range, for example, L,fL1 = 4. 

(3) Second computation stage. The spectral estima tes corresponding lo these 
truncation va!ues are compuled and plotted on a !ogarithmic scale, al! on the 
same graph. The frequéncy spacing I/2F should be chosen so that F ~ 2L 
or 3L. Horizontal lines corresponding to the window bandwidlhs (6.4.24) 
should be drawn on the graph to indica le the detail in the cstimated spectrum . 
relative to thcse bandwidths. Vertical lines corresponding to the confidence 
interval (6.4.21) should also be drawn for each bandwidth; 

(4) Interpreta/ion of spectral esri/l,at~s. In general, the composite spectral 
plot obtained at stage (3) will fall into one of three categories, which are 
described below as ideal, intermediate and poor. 

(a) Ideal spectral ana/ysis. The variation in the spectral cstimates is 
examined as the truncation point is incrcascd, that is, as thc bandwidth is 
dccreased. lf only minor changes occur in thc estimates when L is changed 
beyond a ccrlain value L •, then it can be concluded that the window·closing 
procedure has revealed most of the detail in the spectrum. lf the confideni:e 
intcrval for the spcctrum at a single frequency is considered to be small 
enough, then the estimate based on L • can be accepted. It is then concluded 
that the estímate has high fidelity and high stability. Occasionally the largest 
value of the truncation point L.u will be too srpall. 1 n this case the spectral 
cst1mate may show a tendency to converge to sorne limiting form, but further 
estimates based on higher valucs of L > L." may have to be computed to 
confirm this behavior. 

(b) [lllermediate spectral analysis. In practice. situations where high 
fidelity and high stability can be attaincd simultaneously are rare. Usually 
the estímate tends w converge for small values of L but thcn diverges with 

' i 
1 
1 

! 
1 

' 
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!arger values of L. This usually implies that the estímate has become unstable 
before the fine detail in the spectrum has been revealed. In such situations it is 
suggested that a series of spectra should be presented covering !he inter­
mediate cases where convergence of the spectral ~stimates gives way to 
divergence, so that these effects are evident when the spectra are interpreted. 
As shown in Section 7.1, it is very easy to generate spurious peaks in the 
spectra by narrowing the bandwidth and hence it is better to be cautious on 
the side of using small rather than large truncation points. 

1t sometimes happens that the spectrum converges very quickly in certain 
frequency ranges where the spectrum is smooth and slowly in other ranges 
where the spectrum changes quickly. Hence different values of L may be 
required in different parts of the frequency range. 

(e) Poor spectral analysis. In sorne cases the spectral estimates change so 
markedly as the bandwidth is changed that it is impossible to recommend 
even a range of spectra. In this badly-behaved situation, the spectral estima te 
corresponding to a small truncation va!ue may have to be accepted even 
though it is realized that there may be considerable fine detail ma~ked by the 
wide spectral window. However, the basic trouble is that N is too smal! and so 
the final conclusion should be to col!ect more data. 

1t is to be emphasized that the above rules are no! rigid and should be, 
regarded only as rough guides. Special problems may dictate othcr courses 
of action. For example, one may only be interested in a peak -'·hose frequency 
is kn01rn but whose width is only approximately kriown. Hence the bandwidth, 
could be narrowed at this frequency in order to investigare this particular 
peak without much concern for problems of stability at other frequencies.' 
The above procedure is now illustrated using lwo practica! examples. 

7.3.4 Two practica/ examples of spectral estimation 

Spectral analysis of the batch data 

( 1) Preliminar)' analysis. Jnspection of the batch data of Figure 5.2 dip not 
reveal any.obvious trend in the data. Het1ce the·acvf estímate (7.1.2) was uscd 
and computed up to 1 max = 18 lags. Jnspection of the pilo! spectrum, Figure 
7 .14. rcvcalcd that the spcctrum was quite smooth siri¡;e the range of variation 
was only about four. Hencc diffcrencing· was nOt considered n~ccssary. 

(2) First computa/ion stap.e. The ·sample acf rX\'(k) for thesc data was 
p1otted in Figure 5.6. From.lhis plot it is seen that the acf is esse'ntially zero 
for k > 1 O, and hence it was decided to use truncation values of L = 4, 8, 
and 16. · · · . 

( 3). Second computa/ion stage. The spectral estimates for. these values ol 
i. usirig the Tukey window werc computed·and plotted togetherin Figure 7.15. 
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FIG. 7.15: Smoothed spcctral density estima tes for the batch data 

Also shown are the window bandwidths and confidcnce interval for each 
valuc of L. 

The similarity in the behavior of this spectrum and the spectrum of the sim­
ulatcd first-ordcr ar process with a 1 = -0.4, N= 100. shown in Figure 7.4. 
should be noted. 1t is clear that the handwidth corresponding to L = 4 is too 
wide to reveal all the dctail in thc spectrum, but thc changes from L = R lo 
L = 16 indica te that the spcctrum is very smooth and that there is no point 
in closing the window any further. Despite the fact that N is small, it may be 
concluded that this is a s~tisfactory spectral analysis and that little would be 
lost in accepting the value hased on L = 8. The numbcr of degrces of frecdom. 
corrcsponding to L = 8 using the Tukcy window is 23, which is acceptable. 
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Speclral analysis of the radar data. As another example of the approach of 
Section 7.3.3, Figure 7.16 shows the sample acf of the radar retum signa! of 
Figure 5.1. Figure 7.17 shows estima tes of the spectral density function using 
the Bartlett window with L = 16, 48 and 60 for a series consisting of N = 448 
terms. The frequency range is shown as Oto 0.5 cps, since the actual frequency 
range is not of great importance. 1t is seen that the estímate based on L = 16 
is smooth and does not reveal the peak which might be expected beca use of the 
oscillatory acf. For L = 32, not shown in the diagram, well-defined pcaks 
appear at approximately f = 0.07 cps and f = 0.25 cps. lncreasing L to 48 
reveals these peaks nicely, and it is seen that Httle change in the spectrum 
occurs by increasing L to 60. Hence the final spectral window used has an 
equivalent bandwidth of 1.5/60 = 0.025 cps, and the estímate at any fre­
quency has 3(448)/60 :::: 22 degrees of freedom, which is adequate. Th~ con­
fidence interval and bandwidth corresponding to L = 60 are shown m the 
figure as vertical and horizontallines. 

r,..(k) 

1.0 

-0.5 

fiG. 7.16: Autocorrclation function cstimate for the radar return sig:nal of Figure 
5.1 

In this particular experiment it was riecessary to use 60 lags in arder to 
describe adequately the narrow peak at 0.07 cps. The spectrum for frequencies 
greater than 0.1 ·cps, however, is quite adequately defined ~ith only 32 lags. 
This again illustrates thc importan! practica! point that whercas vcry large 
values ';,r L mav be necded to show up a very narrow peak in a certain part of 
the spectrum.' the remainder of the spcctrum may be very successfully 
analyzed using much smaller valucs. In this radar example, the peak at f = 
0.07 cps was of little interest since it was related to the scanning frequency of 
the radar. In fact, the rcgion of greatest practica! interest is that beyond about 
0.1 cps, and this could be successfully analyzed with relatively small values of 
L, such as 32 or 40. 
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Figure S.! 

1 

1 
¡ . 

7.3) Practica/ Asprcts of Sputrnl Estimation 295 

7.3.5 Digitalfi/tering 

lt is sometimes apparent from preliminary investigation of data, such as pilot 
analyses or visual inspection, that the spectrum is badly behaved. By this is 
meant that most of the power is contained in one ora few very narrow bands. 
Beca use of leakage froni spcctral windows, such peaks can cause errors in the 
spectral estimates where there is !ess power. Hence it may be advan!agcous 
to filter the data digitally in order to improve the spectral estima tes at !hese 
frequencies. 

Digital filtering is simply the process by which a set of input data x 1 is 
transformed into a se! of ou!put data y, by means· of a lin.ear relationship 
such as 

= 
Yt = ¿ h,Xt-h . (7 .3.5) 

1•- co 

where. the h1 are suitably chosen weights. Note that it is not necessary to 
invoke the condition of "physical realizability" which implies h, = O, 1 < O. 
Hence the filter (7.3.5) can opera te on values of x to the left of y, (" past .. 
values of x) and on values of x to the right of y1 (" future" values of x). As 
shown in Chapter 2, the transfer function of the digital filter (7.3.5) is 

•= 
H(Z) = L h,<:,-•, (7.3.6) . 

1• -co 

using Z transform notation. 
Substituting Z = e• mió in (7.3.6) gives the frequency response function 

of the filter. A special case of sorne importance in what follows occurs when . 
h1 = h . 1• For these symmetricfilters, the frequency response function is 

= 
H(J) = h0 + 2 L h, cos 2,/f ~. (7.3.7) 

1•1 

Hence the phase shift between. input and output will either be zero or " sin ce · 
(7.3.7) contains no imaginary part. The gain G(f)is obtaincd by taking the 
modulus of H(/) in (7.3.6). 

lt has bcen noted in Section 7.3.2 that pilot estimation of a power spec­
trum corisists óf applying suitable digital filters to the time series and then 
squaring the output from thcse filters. An older application of digital filters is. 
the smoothing oftime series. For cxamplc. econoinic time series are somelimes: 
smoothed to. reduce the cffcct of short term (high-frequency) fluctuations. 

· ánd hencc to enable a study of.trends in economic variables to be made. · 

Examples o[ digital filters. Sorne simple digital filters are now dcfincd and! 
thcir properties discusscd. For simplicity, it is assumcd in thcse examples that. 
the sampling interval a equa!s unity. · 
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( 1} Smoothing by threes. A time series m ay be "smoothed by threes" by 
combmmg the observatwns actordíng to. 

Yt = h_lXt•l + hoxt + h1Xt-l· 

lf the weights are equal, this reduces to the symmetric form 

y,= t(x,., +.x, + x,_,), 

which has the transfer function 

H(Zl =HZ+ L+ ;:-'). 
The frequency response function is 

H(f) = Hl + 2 cos 2"/) = sin 3"1 
3 sin,¡' 

Hcnce the gain and phase functions are 

-t.;,f<±. 

1 
sin 3,¡ 1 

G(f) = 3 sin~;;,]' ' 

.P(f) = {0, 

-! .;,¡ < t 

1/1 .;, t 
"• t < 1/1 <t. 

(2) Summing. Consider the su m filter 

y, = (x1 + x,_ 1). 

This filter has the transfer function 

H«> = o + z-'l. 
and hence the frcquency response function 

H(f) = (1 + e- 1
" 1) = 2e-"1 cos"f, -± .;,f< .¡. 

The gain and phasc functions are 

G(J) = 2 cos ,¡, -1 .;, f < ! 
9(/) = ,¡," 

and hcnce it acts m a low-pass filter. 

( 3) Differencing. A difference filler is defined by 

y,= (x,- x,_,) 

and has the frcqucncy response function 

H(f) = 2je-m sin "f = 2r"'1 -"" sin,¡, -± .;, f < .¡.. 
The gain and phase functions are 

G(f) = 2 ! sin "/1. 
</>( (\ = {"'(.f + t ), -. ~v -- H. 

-!.;, f <! 
-f.;,¡< o 

b .;,J< .¡. 

(7.3.8) 

'· 
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Hcnce the 'difference filler acts as a high-pass filler. The gain function for the 
difference filter is shown in Figure 1.4. 

( 4) Sum and difference filters. Consider now a filler corresponding to m 
summings and n differencings. From (2.3.26) and (2.3.27), the overal! gain 
and phase f unctions are 

and 

{
"/(m + n) + n"/2, 

.P(f) = 
"/(m + n) - n"/2, 

--!.;,¡<o, 
o .;,f< l· 

Note that thc gain is a maximum al the frequency 

· 1 (m-n) !o = - arceas --- . z, m+n·. 

(7.3.9) 

(7.3. !O) 

Slutsky's Theorem. Using (7.3.9), if a time series with spectrum r zz(f) is the 
input to the above su m and difference filler, the output spectrum is 

r u(f) = 2m •• + '(cos "/)2m( sin "f)2•r zzCf), o .;, f.;, l· 
For white noise, that is, r 22(/) = 2, O .;, f.;, !. it may be verified that as m 
and n tcnd to infinity, such that thc ratio nfm tends toa constan! 8, r..:/Jl 
tends to a delta function 8(f- / 0), where 

1 - 8 
cos z,¡o = 

1 
+ 

8
• 

using (7.3.10). lt was shown in Section 6.2.2 that a stochastic process whose 
spectrum is a delta function is a sine or cosine wave. Hence this result shows 
that if white noisc is summed and differenced sufficiently, the output \'!cromes 
a sine wave. This result is dueto Slutsky [11]. who suggcsted that sorne 
apparently periodic or pscudo-pcriodic behavior in economic time series 
could be accounted for by the smoothing procedures used on the data. 

(5) Pilot analysis fi/ters. Thc filtcrs used for the pilo! analysis in Section 
7.3.2 are made up of summing and differcncing operations with suitable 
dclays. For example, the Z-transform of the filler associated with the su m of 
squares S.u in Section 7.3.2 is 

-
(~32 - 1)2 

H(~) = 8(<- !) ' 

and hence the gain function is 

G(f) = 2(sin 32 "/)
2

, _ .¡. .;, f < l· 
lsm ,¡¡ 

Similar expressions m ay be obtaincd for the other filters. As noted in Section 
7.3.2, thc filtcr corresponding tos. has a maximum atf = f •s and its first 
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zero at f = 0.25 cps. ·Hence· the output from this filler needs to be aver­
·aged roughly over the range 0.25 cps to 0.5 cps if an estímate of the average 
power in this frequency band is required. 

(6) Auroregressive-moring arerage jilters. Autoregressive-moving average 
filters are gencralizations of the above filters and are defined by 

(7.3.11) 

The m a in difference between the filter (7.3.11) and !hose previously considered 
is that the output y, depends on other values of the output as well as on 
values of the input, that is, these filters use feedback. The transfer function 
for the filter(7.3.11) is 

H(.('.) = /L,.('} + ... + f3o + /3,<;·> + ... + /3,<::' . 
a_mzm + ... + ao + a¡.(-1 + ... + a~~~.z-m 

Filters of this form ha ve greater flexibility than those described previously and 
are also more economical. in the sense that a good approximation to a given 
filler shape can be achieved with a small number ofterms using parameters on 
both sides of (7.3.11). This fact was illustrated in Figure 5.20, where it was 
shown that an ar process of two terms gave a better fit to the data than did 
an ma process of order ten. · 

For most applications of digital filtering, it is possÍble to use the su m and 
differen.ce filters _or generalization~.l#>f them. However, if special care is re­
qu~red m the deSJgn of the filler, then the parameters a, /31 in (7.3.11) can be 
chosen empirically as described in [12). First the ideal filter shape is specified 
and then the param~ters chosen so asto minimize sorne performance criterion 
at a fixed number of frequency points. For example, one could choose the 
pframeters. to minimize thc mean square error of deviations betwcen the 
actual and ideal filler shapes at selected frequency points. Altcrnatively one 
could use a Tschebysheff criterion, that is, minimize the maximum distance 
between the actual and ideal filler shape. With the aid of a digital computer, 
such calculations are easily performed. 

Uses of digiralji/ters. Sorne of the most importan! uses of digital filters are as 
follows: 

(a) For pilot estima/ion ofspecrra. This requires a bank of band-pass filtcrs, 
for example, thosc givcn in [13) .. , 

(b) For smoothing data. This" removes high frequency oscillations and 
rcquircs a low-pass filter. 

(e) For remo1·ing rrends from data. This rcquires a high-pass filler. which 
may be obtaincd by using a low-pass filtcr and subtracting the output of the 
low-pass filtcr from the original data. Removal of low-frequency trcnd is 
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often a necessary preliminaty to estimating a spectrum. An example is given 
below where failure to remove trends produced a serious bias in the spectral 
estímate. 

(d) For partitioning time series. In studying relations between time series 
it is often better to split up the original time series x, according to 

(7.3.12) 

by using a bank of band-pass filters. For example, prior information may 
suggest that the low-frequency components in x, can be predicted more 
accurately from a knowledge of the low-frequency components in so me other 
series y, than from either x, or y, directly. Hence each series x¡" in (7.3.12) 
can be u sed as a separate time series for further analysis. Applications of this 
approach to the analysis ofmeteorological time series ha ve been given in [14) 
and to economic time series in [13). 

Binomial jilters. A particularly simple set of filters which could be used for 
this purpose has been given in [15). These make use ofthe sum and difference 
filters introduced earlier. Thus, using Z transforms, 

x, = fl(l + ;:;->¡ + !(1 - z·')J"x, 
= <Wf<I + z·'>" + k(l + z-'>"-'<1 - z-•¡ +· .. 

+ (~) (1 + z-·)"-'(1 - z-')' + ... + (1 :- <: "')"Jx,. 

Hence the time series x, can be filtered into k + 1 time series using (k + 1) 
filters, the ith filler having Z transform 

Hence the output x¡0 from this filler is obtained by passing the original 
series through k - i summation · filters and i djfference filters and then 
multiplying by the coefficient m•m. 

Using (7.3.10) itis seen that the ith filter has a peak frequency at• 

. k- 2i . 
· cos 2"'/o = -k-' 1 =O, 1, 2, ... , k. 

For example, with k= 4, the peak frequencies are atO, 0.167, 0.25, 0.417 
and 0.5 cps. 

An example of digital jiltering. This example relates to the estimation of the 
spectrum of a radar return signa! and is described in greater detail in 
[16) .. For technical reasons the return signa! cannot be measured independ­
ently of the yawing motion of thc aircraft which is being tracked by the 
radar. Figure 7.18 shows a section of record where the yaw motion is extreme 
and do,;,inates the high-frequency noise whose spectrum .was required. 
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FJG. 7.18: Original and filtered radar return signals 

The record was read at 320 points and then filtered using the symmetric 
filter (7 .3.5) with 

Ir, =h., = 

1 
"· = 1- --· m+ 1 

i=l,2· ... ·.,m, 

and m = 9. These weights are the same as !he Tukey window ~~"r of Table 6.5 
but they ha ve been modified to ma~f; the filter a high-pass filler and normal­
¡zed to make the su m of the weights equal to one. 

The filtered series y, is shown above the original series x, in Figure 7.18 
and the effectivcness of !he filler in removing the low frequencies can be seen. 

The acvf's of the original and filtered series were calculated and spectral 
estimates obtained for different values of the truncation point L using 
the Bartlctt window. The estimate of the spectrum of the filtered series 
did not change for values of L greater !han 30, but a much higher value of L 
was required for the original series. To compare the high frequency ends of 
the two spectra, Figure 7.19 shows the spectra for the same value of L for 
both series. lt is seen that at higher frequencies the original series has a 
spectrum which is approximately 1 O times higher than that of the filtered 
series. This ·is beca use the low-frequency power is so great in the original 
series that it leaks into the estimates at high frequencies, producing large biases. 

Severa! records of this type exhibiting various degrees of yaw were 
available, and sorne contained n~ yaw motion at all. When the records 
containing yaw_ were filtcred befare cstimating the spectrum, excellent agree­
ment was obtam~ w¡th thc 'pectra estimated when yaw was absent. 
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FJG. 7.19: Spectral estimates for the original and filtered radar return signals 

7.4 USES AND EXAMPLES OF SPECTRAL ANALYSIS 

Since spectral methods were introduced by M. S. Bartlett and J. W. Tuk<:J 
about fifteen years ago, a wide variety of applications of !he technique have 
been reported in the literature. Most of these applications can be classifled 
according to the following three broad areas: model building, !he design of 
experimcnts and frequency response studies. 

Further applications of spectral analysis will be given la ter on in the book, 
but for the present it is convenient to show how knowledge of the spectrum 
of a single time series is useful in these thrcc arcas. 

7.4.1 Mode/ huilding 

The shape of a spectrum will sometim~s suggest features which need 
to be explained in any model which may. be proposed for lhe time series. 
For example. the rresence and magnitudes of peaks in the spectrum may 
throw light on sorne basic periodicities which require physical interpretation. 

In siluations where spectra are being studied to obtain a better under­
standing of the physicai' mechanism generating the time series, a single 
speclrum will rarely be very useful. The most importan! clues concerning 
lhe model may be obtained when externa! conditions change and hence 
severa! speclra need to be studied. These externa! conditions may be beyorid 
one's control as in the first example below. or may be deliberately varied in 
the form ora planned experiment as in !he second example. 

Example /. Figure 7.20 shows !he spcctrum of the horiumtal velocity 
componen! of atmospheric turbulcnce, given in [17]. The up, peclrum was 



302 

.010 

. oos 

¡ ,._q j Examplt!s o/ Univariatf! Spt!clral Ana/ysis 

A 
1 1 
1 1 
1 1 

¡ " 1 -'r_...., 
1 ' 
1 " , high radiation ' 

1 " 1 ' 
1 ' , ' / .... ,., ' ..... 

low radiation 

¡: [Chap. 7 

0.7---~7---~---L--~~--~~~----LL_. 
.04 .OR .1 .2 .4 .8 1.0 2.0 4.0 8.010 [Z(il 

Ftc. 7.20: Velocity spcctra for horizontal wind components 

obtained from measurements made under clear skies (high solar radiation) 
and the lower spectrum from measurements made under cloudy skies (low 
solar radiation). Note that the spectrum contains much more power during 
periods of high radiation and that most of this power appears at low .fre­
quencies. In particular, the peak in the spectrum moves toward lower 
frequencies with increasing radiation and the power at higher frequencies 
seems to be independent of radiation. These conclusions are borne out in 
more detailed studies given in [18], where the following physical explanation 
for this behavior is suggested: at high frequencies the main causes of atmos­
pheric turbulence are meclranical dt"frictional forces, and at low frequencies 
the main causes are heat com•ection due to solar radiation. 

In Figure 7.20 the ordinate plotted is proportional to fCxx(J), since the 
abscissa is logf As a result, the area under the curve is still the total variance 
or power. Since !he mean wind speed Ji' changes the intensity of turbulence. · 
and also its distribution with. frequency, in a known manner:· the quantities 
actually Elotted in Figure 7.20 are non-dimensional quantities fCxxUZ/V)!Ji' 2 

andfZ/V. 

Example 2. Figure 7.21 shows three spectra relating to measurements 
of !he vertical velocity componen! of atmospheric turbulenceinade at three 
different heights and described in [ 18]. The variables actu'álly plotted in 
Figure 7.21 are the non-dimensional qua~titiesfC".u{f)/P'2 and rz¡v where z 
is !he height from the ground. The figures show that the upper two spectra are 
very similar in shape and al so haye maxima at the same frequency. The lower 
speetrum is not direetly comparable to the others. On the basis of these and 

; 

!. 
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Fto. 7.21: Velocity spectra for vertical wind components 

· other spectra réported in [18], good agreement was found over the importan! 
regions of the spectrum, between the empírica! spectra .and two suggested 
theoretical expressions, 

r,.(h) = 2h(l + h)' 3 

fxx(h) = -'¡h(l + h)- 013 , 

where h = yZf/Ji' and y is a constan!. Further examples may be found in the 
litera tu re of explanations for complex physical phenomena which ha ve been 
suggested or partially verified by means of spectrar analysis. 

. 7.4.2 The design of experiments 

As a simple example of this type of application, ~uppose that it.is required to 
design an experiment to estímate the slope of a response surface ,(v., . .. , t·,) 
with a view to maximizing or minimizing TI· For example, when n = 1, 
~(t·) might be the yield or cost per ton of a chemical product and t· the flow 
rate of feedstock into the reactor. Two situations can be distinguished in 
practice. In the first, the process is a batch process and the variables t•, are set 
at the beginning of.a run. Alternatively, the process is a continuous process 
but adjustments are made so infrequently that the dynamics of the process 
can be neglected. In the second, the process is continuous and the slope is 
measured on i continuous basis as in a maximum-seeking or h.ill-climbing 
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control system [19]. On the basis of the estimated slope the control system 
can adjust the operating conditions in order to maximize yield Jr minimize 
cost. 

Suppose in the first situation that adjustments are made to r at unit time 
intervals according to 

.,, 
L'1 =DCOS7)' t=l,2, ... ,N. (7.4.1) 

Suppose that the amplitude a of the cosine wave is fixed and that it is required 
to choose its period 2b so as to minimize the variance of the estimated slope. 
Assuming a linear model 

Y, = 'J(t·,) + Z, = 81r·, + Z,. 

where Z, is a noise or error term, the usual least squares estimate of 81 is 

N N 
g ~ •• , y,r·, 2 ¿ 

t = o;;;:,.,· .2 = N 2 -Ytl't· 
.L.t"'l lt a ,_, 

lt is shown in appendix A 7.2 that !he variance of the corresponding estimator 
1\ is approximately 

• 4 ( 1 ) Var (H,] ~ Na2 rzz 2b . (7.4.2) 

Hence. for fixed a, the variance is a minimum when the frequency l/2b of 
the perturbation signal corresponds to the minimum in the spectrum 
of lhe noise. In other words, the signal-to-noise ratio a2/2rzz(l/2b) is 
maximized. 

For the second situation thc pcrturbation signa! is a continuous cosine wave 

t{l) = a cos 2rrf0 1. 

1t is shown in Appendix A 7.2 t~l thc ~ariance of the slope is then mini­
mized when the signal-to-noisc ratio 

a2 G2(/ol 
2r d/ol 

(7.4.3) 

is a maximum. In (7.4.3), G(/0) is the.gain ofthe system at frcquency [ 0 • 

Example 3. The batch data of Figure 5.2 was obtained from a process when 
no deliberate changes werc made in the process variables. Thus the smoothed 
spectrum E .. (fl shown in Figure 7.15 gives an estimate of the spectrum 
r zz(fl of the noise in the process. This information can be used lo design an 
experiment in which sorne process variable is deliberately varied according 
to the cosine wave (7.4.1) or sorne other periodic signa!. saya square wave of 
period 2b. 

,, 

!. 
! 
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·' 
Figure 7.15 shJws that the spectrum is approximately ftat betweenf =O 

andf = 0.25cps but rise~ sharply whenf > '0.25 éps. Since b. = 1 corresponds 
to f = 0.5 cps and b ;. 2 corresponds to the frequency range O to 0.25 cps, 
it is seen that any value of b ;. 2 would be acceptable. However, there are 
strong practica! grounds for using as high a frequency as possible, since Jow 
frequency drifts or trends are likely to occur and increase the variance at 
Jow frequencies. Hence b = 2 would be a reasonable choice on the basis of 
the estimated spectrum. .. 

7.4.3 Frequency response studies 

These applications of spectral analysis are centered on the relation (6.'2.15) 
connecting the spectra of the input Z(l) and the output X(t) to a linear 
system, that is, 

r xxW = r _.(f)G2(f). · (7.4.4) 

1t is possible lo distinguish between two types of situations which occur 
in practice. Either the gain function G(f) of the system is fixed and the only 
quantity which can be altered in (7.4.4) is the input spectrum r,,(n. or the 
input spectrum r ,,(f) is fixed but the gain function can be changed. 

Example 4. As an example of a system with fixed gain function consider the 
problem of runway roughness (20]. This presents a probtem lo aircraft 
designers which has increased in severity over the las! few years since it is 
responsible for structural failure, reduction of fatigue life of an aircraft, 
difficulties in reading instrumcnts and passenger discomfort. 

The way in which runway roughness affects an aircraft is governed by the 
frequency response characteristic of the Janding gear. For example, the land­
ing gear of a typical commcrcial aircraft has a gain plot which has a pre­
dominan! response in the frequency range between 1.5 and 2 cyclcs per sccond. 

One way of measuring the roughness of a runway is lo takc readings of the 
runway elevation at intervals of the order of a foot along the runway. These 
readings may be used to characterize the runway roughness by computing 
an estimate of the spectrum of the runway. The spectrum r zz<n would 
then be measured in terms of (elevation units)2 per cycle per foot, that is, 
ft'Jcpf. From a knowledge of the gain function of the Janding gear and the 
runway roughness spectrum, it is then possible lo invcstigate how much stress 
the wings of the aircraft will be subjected lo, and so on. 

Suppose. for example, that the roughness spectrum is as shown in Figure 
7.22(a) and has a definite peak duelo a Jarge concentration of roughness ata 
particular wave Jength. The squared gain of the Janding gear response is 
shown in Figure 7.22(b) for two different speeds V = 40 mph. curve 3, and 
V = 20 mph, curve 2, at constan! damping and at two different dampings at 
the samc speed V = 20 mph, curve 1 referring to light damoing and 2 to 
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heavy damping. The predicted response obtained from (7.4.4) is shown in 
Figure 7.22(c) for these three cases. 

Notice that at a given speed the effect of low damping is to increase the 
power under the spectral curve and hence to produce more damaging effects. 
Moreover, increasing the speed shifts the 'maximum in the gain to lower 
frequencies where the roughness spectrum increases and again the output 
power is increased. Finally, a shift in the gain plot as a result of an increased 
speed may interact with the roughness spcctrum to produce a very sharp 
reinforcement in the output spectrum, as in curve 3 of Figure 7.22(c). (An 
example of this occurs whcn a car is driven over a washboard road ata speed 
which produces vehiclc resonance.) ¡ 

Sorne typical runway clcvation spectra are shown in Figure 7.23. On the 
basis of the above calculations it is possible to lay down norms for the 
spectra of ncw runway constructions and for rullways nceding repair. 
These norms are indicated by the straight lines in Figure 7.23. 

An example of a system with fixed input sp~ctrum is the problem of de­
signing the suspension of motorcycles and cars. Sincc road surfaces tend to 
differ widely in different countrics, measurements of road surface spectra 
are beginning to have a considerable influence on the design of frequency 
response characteristics of cars and motorcycles, cspecially those dcsigned 
for export. Another example of this type arises in the design of aircraft to 
minimize fatigue due to atmospheric turbulence. This is discussed below. 

Example 5. Figure 7.24 shows !he spectral estima te of the ·tail shear on an 
aircraft ftown at low altitudc in gusty conditions. The spectrum is character­
ized by a narrow peak atf = 4.85 cps. corresponding roughly lo the natural 
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frequency of oscillation of the aircraft. There is al so a wider peak atf = 10.3 
cps corresponding to thc natural frequency of oscillation of the tail, as would 
be expected since the measurements were made on the tail. These spectra are 
useful to design engineers in suggesting how various parts of the aircraft 
structure need to be modified to minimize the risk of structural damage due 
to the buffeting of turbulent air. 
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APPENDIX A7.1 FLOW CHART FOR AUTOSPECTRUM 
SUBROUTINE 

The following is a flow chart for JI computer subroutine which accepts aU\OCovariance 
estima tes COVCK.J,J) or DCOV(K,J.J). K =0, MAXM. from program ~ULTICOR 
described in Appcndix AS.3. Additional inputs are the sampling interval DELTA. the 
number of frequency points NF at which the smoothcd autospectrum estimate is to be 
cornputed. and values of lag M :s;; MAXM for whic:h smoothed autospectra are to be 
computed. In general NF=2 or 3 times the largcst M used. The spcctral window uscd~ 
is the Tukey window (Table 6.5). Output consists of printout of the autocovarianCes 
(echo. check), the smoothed spectra valucs for cach truncation point M and a plot of the 
loganthm of the smoothed spectrum versus frcqucncy for each truncation point M. 
overlayed on one graph. 

Subroutine AUTOSPEC 

1) Input parameters N, MAXM, DEL.TA, NF. 

, 2) R•ad IDENT, COV(K); K= O, MAXM. 

3) Read M, ca/culate weights 

W(K) = 0.5•(1. + COS(~K/M)), K= 1, M- t. 

4) Calculare smoothed autospectrat csti~atc 

sP~C(l)=2~oE~TA·{cov(o)+2 :%. cov<K>•W<K>·cos"NKiF I=o. NF. 

This transform can be performed vcry rapidly using cithcr thc fast Fouricr transform 
[1 ), or thc algorithm listed bclow in which thc transform is obtained as thc solution 
of a differcnce equation. 

S) Ca/crilare the logarithm of the spectrum LOGSPEC(I)= LOGIO(SPEC(I)); 
1=0, NF. 

Care must he takcn hcre lo cnsurc that SPE("(!) is rositivc. tf SPEC(l) is ncgativc or 
zcro. sct LOGSPEC(l)= -100. for plotting purpmcs. 

6) Print the smoothed spectral cstimatcs SPEC(I) l=O, NF. thc bandwidth 
B=4/(3M•DELTA) and the deg!fcs of frccdom D=IR•N)/O•M) for the 
Tukey window and the appr~priatc valucs of N, M and DELTA. 

! 

1 
! 
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7) Plot and OL'erlay the. logarithm. of. the smoothed spectrum versus frequency 
for all \'alues of M used. 

A search procedure is uscd to find the ma;~timum value MLOG or LOGSPEC(I), 
which can then be used in plotting the graph. The proced~re used by the authors is 
to choose the nearest decade value D above MLOG and plot the logspectrum over 
four decades. For example, suppose that the maximum spectral value was 2, so that 
MLOG =0.303 and hcnce D =l. Then the Jogspcctrum Values woUid be plotted ovei" 
thc range -3 to 1 corresponding to spcctral values from 0.001 to 10. A rangc of f0ur 
dccadcs was considercd adequate for most purposes, since if more than four dccades 
are required it is probably better to filter the data in order to get a better spcctral 
cstimate at lowcr power levcls. A value of LOGSPEC(I)= -lOO will automat•cally 
be plotted a long thc lowest dccadc line. 

Algorithm 

To find SPEC(I), 

rrl 
Set C=COS NF~ VO=O., VI =0. 

Doi,K=M-1,1 

V2= 2.•C•VI- YO+ W(K)•COV(K) 

YO e= VI 

VI =V2. 

SPEC(I) = 2.•DELTA•(COV(O) + 2.•(VI•C- YO)). 

Example: Considcr the cxample given in Scction 7.1.1 for which M =3, 
DELTA= 1.0, NF=8 and COV(O)= 1, W(I)•COV(I)=0.430, W(2)•COV(2)= 

" 0.065. Then for 1=0, C=COSS(O)= 1, VO=O., VI =0., and going through the 

do-loop, 

K=2, V2=2(1)(0)-0+0.065=0.06S 

VO=O 

VI =0.065; 

K"' 1, V2= 2(1)(0.065)- 0+ 0.430 = 0.560 

V0=0.065 

VI =0.560. 

Then S PECIO)= 211){1 + 2((0.560){1)- 0.065)} = 3.980, which agrees with the 
value obtained in Table 7. L 

Fori=L 

. C=COS(,/8)=0.924, YO= O, Vl·;,o. Going through the do-loop, 

K= 2, V2 = 2!0.924)10) -0+ 0.065 = 0.065 

VO=O 

VI =0.065; 
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K= l. V2=2fO.n4)(0.065)-0+0.430=0.550 

V0=0.065 

VI =0.550. 

Then SPEC( 1) = 2(1)(1 + 2((0.550)(0.n4) -0.065)) = 3.772. 

[Chap. 7 

This algorithm. whilc not a!' fast as thc fast Fouricr transform. ncvcrthclcss cnjoys the 
advant<1gcs of rclati\'cly high spccd. high accuracy and thc nced to compute only one 
cosinc function fN each frcqucncy point. 

APPENDIX REFERENCE 

[1] J. W. Cooley and J. W. Tukey, "An algorithm for the machine calculation 
of complex Fouricr series." 1\fathematics of Complllation, 19, 90, 297 
( 1965). 

AI'PENDIX A7.2 VARIANCE OF SLOPE ESTlMATORS 

Discrete Time. The estima te of thc slope 81 in the model 

Y1 = 01xt + Z 1 , 

introduced in Section 7.4.2, is of thc form 
N 

. (Jl = L H'¡)'¡. 

'.' 

1' 

(A7.2.1) 

(A7.2.2) 

with w1 = (2/No) cos (rrt/b). Procecding· as in ihc ·ctcrivation of 
variance of thc corrcsponding cstimator is 

(5.2.9), the 

,.,. ..... 

Var [(;_,¡} = ¿ ¿ W1\l',yn(t - r). 
1 = 1 , ~ 1 

Now if thc obscr\'ations are m,adc at unit time intcrvals, 

Yn(k) = f'" r,.,.(f) e"'" df. 
- 1/2 . .. 

Substituting (A7,2.4) in (A7.2.3), 

wherc 

Var [<:J,] = ('" 1 W(/11'1\r(fl df, 
•. - 1!2 

·' 
U'(() = ¿ "'r r' 2 "'~. 

,. 1 

Now, supposc that wr = (2/Na) cos (-:Tt/h) a" in <7.4.1). Thcn 

- cxr[i( N + 1 )21T(f- l/2h)] 
l - expU2"(/- l/2hi] 

+ 1 - cxr[JCN + 112"(/ + l/2b)]}· 
l expU2rr(f+ l/2b)] 

(A 7.2.3) 

(A 7.2.4) 

(A7.2.5) 

(A7.2.6) 
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Substituting the modulus squared in (A 7.2.5) gives 

Var [0,] = 1 J'" {sin' (N+ l)1r(/- l/2b) 
Na' _,, N sin' 1T(j l/2b) 

+ sin' (N+ 1)1T(j + l/2b)} r ·(/) dlf, 
N sin' 1T(j + l/2b) n ' 

plus cross-product tcrms. 

Making use of the fact that the quantity in braces tends to 

S(/- l/2b) + S(J + l/2b) 

as N tends to infinity, while the cross-product tcrm.s are of order 1/N2
• g.ives 

• 4 ( 1 ) 1i~., NVar [01] = 02 rn 2b · (A7.2.7l 

For finite N, it follows that 

Var [0,] z N~' r,.,. (;J (A7.2.8) 

Since the model (A7.2.1l implies that r,.,.(1/2b) = rzz{1/2b), (A7.2.R) is 
cquivalent to (7.4.2). Thus the \'ariance is a mínimum if the pcrturbation fre­
qucncy l/2b is cqual to the frcquency for which thc spcctrum of thc noise is a 
mínimum. 

Continuous Time. Tn discrete time, the dynamics of the process were ignc.reJ. 
U a continuous sinusoidal perturbation x(t) =a cos 21Tf0t is applied toan input 
variable, thc model (A 7 ._2.1) nccds to be modified to 

Y(r) = 8,aG(f0 ) cos 2"fot + Z(t), 

whcre G(/0 ) is thc gain at frequency [ 0 • The analysis is then similar to that for the 
discrctc case. The final rcsult is 

V ¡0] _ ..i_ rn(/ol. 
ar 1 - Ta2 G2(/o) 

Hcncc thc \'ariance is a minimum if thc pcrturbation frcquency / 0 corrcsponds 
to thc maximum of the signal to noisc ratio G'(/0 )/1",.,.([0 ). 

' .. : 

APPENDIX A7.3 THE FAST FOURTER TRANSFORM 

A rcccnt innovation in spcctral analysis is the fast Fourier transform (FFn. This 
is an a\f!orithm for computing discrctc Fourier transforms much- more quickly 
than thc dircct mcthod given in Scction 2.1.2, but at the samc; time rctaining 
accurac\'. Thus, using the dircct approach, thc discrctc FouriCr'-.transform of a 
series of ¡\' tcrms would rcquirc appro:dmatcly 1\"2 opcrations, ~hercas thc FFT 
rcquircs·c:mly 2N log~'. ¡\' opcrations. Sa\'ings in computcr time can be very largc if 
onc is intcrcsted in thc Fouricr analysis of long series. For e.xamplc, computation 
of thc Fouricr cocfficicnts for a series of N= 819:! terms [1] rcquired about 5 
scconds on an IBM 8094 computcr,. as compared with almost 30 minutes u~ing the 
dircct approach. 

Thc rclcvancc of thc FFT to spcctral analysis is that it is now faster to compute 
thc samplc spcctrum dircctly using a FFT. then smooth the plc spcctrum 
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rather than compute the autocprrelation function, ·smooth with a ·Jag·window and 
finally transform. Despite this cOmputing advantage we do not believe that the 
case for using the FFT in spectral analysis is as strong as in Fouricr analysis for 

·the following reasons: 
(1) in the authors' experience, ~h~ fast computers which are now available are 

._more than adequate for purposes of spectral analysis. Our present computing 
facilities are greatly in exc~ss of Ol;lf ability to make sense_of practica! data. 

(2) We regard the autocorrclation function asan invaluable intermedia te stage 
in spectral analysis. Thus· th~ autocorrelation function of the original and an 
appropriately differenced series should be plotted to decide 

(a)_ whether differencing is neccssary or not 
(b) the choice of a suitable range of truncation points 
(e) the degree of alignment necessary when cross correlating series. 

DesC'(iption of the Fast Fourier Twnsform. A complete description of the FFT is 
given i'n- [l J and its history of discovery and repeated discovcry in [2]. These 
papers are part of a special journal issue [3], which also includes a paper on sorne 
additional uses of the FFT [4, 5]. The treatment here follows [1]. 

Suppose it is required to find the Fouricr transform X m. m= O, l, ... , N- 1, 
o f. the series xh t = 1, 2, ... , N, where N is even. One approach [5] is to partition 
the series x1 into two half-series y1 and Zt. where 

y,= X21-1; 

Zt =:= X2t. 
N 

t = 1,2, .. ··2· (A7.3.1) 

The series Y~o z1 each consist of N/2 values and hence ha ve ~ou.rier t4clnsforms 
N/2 

ycN/2) = ~ ., y e-IC4111m/N) 
m N ,L. 1 • 

<•1 
N/2 

Z~/21 = * ¿ z, e-1(-fontm/N), 

t-= 1 

(A7.3.2) 

\Yhere the superscript on the transform denotes the number of terrns in the series 
an_d the transforrn. But· X~' and Y~~--' 21, z::12 ' are related, since 

Al so, 

N 

X~' = * ¿ X¡ e-lt2nlm/NI 

t= 1 

" N/2 

= * -¿ {y, e -1(2nrn/NIC2t- 1l + Z¡ e- JC2nm/NX2tl} . 

. 1 .. 1 

N/2 N/2 

= el<2nm/N)_!_ ')' e-1{4nm//.'l) +.!..' z e-1(-fonmi/N) . N-4-' . NL' 
1. 1 1. 1 

e!C2nm1Nl ycN/2) + ! zcN/2) 
=--2- m 2 m ' 

ycN/21 . ' 
N 

O S m<-- 1, - 2 

N 
O:sms 2 -t. (A7.3.3) 
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· so that 
e1C2n/N)(P11+N/2) vtN/2) + !zcH/2) 

XCHl - J. m 2 m m+(N/2l- 2 

e 1' 2JJmlriJ y<J>."I2J + !zcN/2J 
---2-m 2m' O,; m,;~- l. (A7.3.4) 

Hence, summarizing (A7.3.3) and (A7.3.4), 
e1<2n ... /J>..l 1 

X <HJ _ yc"'"t2J + _zcr.-t2l 
.---2-. 2" 

e1<2·""''Nl yrl'12l + !zcNI2l 
x~N~0-1/2} = - --2- m 2 m • 

(A7.3.5) 

d ·1 ·1s seen that the Fourier transforrn for the series x 1 is casily obtained frorn an 1 • • 2 · h · 
the Fourier series of the half-series y, and z,. Likew1se, 1f N/ IS ev:n, 1 e senes 
y and z may be partitioned into two series, y;, z; and y;, z; respecuvely, and an 
a~prop:iate version of (Á. 7.3.5) may be used to construct the transforms y<m"'

121 

and. z::m from the transforms of the series of length N/4. . . . . 
For series of lcngth N = 2". the procedure is followed unul parUtions of_ only 

one term are obtained, for v.-hich the Fourier transfOrm equ~ls the term ~tself. 
Otherwise the procedure is followed until the reduced senes can be Slmpl_Y 
transformed or until a new factor of N, say n = 3, is encountered. The pr.o~edure IS 

the same as above then. except that the iemaining partitions are parutwned by 
threes. ·netails are given in {1]. An exarnple follows. 

· h d t f Chapter 2, with n ·= 12 = 2'3. An example. Consider thc 10nosp ere a a o 
The data are as follows: 

2 3 4 5 6 7 8 9 10 11 12 

-6 -20 -28 -8 -1 7 -20 -6 7 14 19 12 
x, 

Partitiqning into two gives 

2 3 4 5 6 

y, -6 -28 -1 -20 -7 19 '. 

. z, -20 -8 7 -6 14 12 

Partitioning y 1 and z, into two gives :' 
2 3 

y; -6 -1 -7 

z; -28 -20 . 19 

y; :..20 7 14 

·" -8 ., -6 12 
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The Fourier transforms of y;, z;, y~ and z; are easily calculatcd and each consists 
of three terms, as shown below. 

~ 
m 

o 1 2 rm ·• 
y•(3) 

m -4.6667 -1.1667 + jl.44B -1.1667 - jl.4433 
z·'3' m -9.6667 14.3333 + ¡~.3093 14.3333 - j2.3093 
y"'<3l 
• 0.3333 6.8333 + j1.1940 (>.8333 - j7.7940 

Z"I3J 
• -0.6667 6.3333 + j0.5773 6.3333 - j0.5773 

The Fourier transforms Y~61 , Z'!\ (0 s m ~ 5), are then calculatcd using (A 7.3.5). 
For example, 

r:'o' = ! y:••3> + ! z·•a, 
o 2 o 2 o = -7.1666 

no)=!(!+,. \'3) y•c3) + !z•r:l) 
2 2 2 l 2 -1 

= 6.2500 + jl.0103 

y~e, = __ + j- - r·f:ll + -Z'':l' 1 (1 \'])' 1 
2 2 2 2 2 -2 

8.0833 - ;1 .2990 

y~6) = - ! y•C3) + ! Z'(31 
2 o 2 o = -2.5000 

Y (6)­. - ___ +j-· y•ta, + 1 z·c3> · 1 (1 \'l) 2 2 2 , 2 ' = 8,0833 + ii.2990 

y~6) = 1 (1 ''3)2 ' 1 ' ' ' .¡'l 
- 2 2 + iy Y;"' + 27.;"' = 6.2500- ji.0103.· 

The transform Z~61 is obtainc.d similarly. to !!ivc thc following: 

~ 
1)/ 

o 1 2 3 4 T. 

y~6) -.7.1667 6.2500 8.0833 -2.5000 8.0883 
+ji.0103 -jl.2990 +jl.2990 

zr6) 
• -0.1666 1.5000 "4.8333 -0.5000 4.8333 

+j5.1~60 +j4.6187 -j4.6187 

5 

6.2500 
-j1.0103 

1.5000 
j5.1960 

Thcsc valucs are combincd, u~in!! (A 7.3.5). to givc thc final tran.,form ..\'!,1:.! 1• 
For cxample, 

= -3.667 

;-

X,,, 1 (' 3 ,1) ' =:z y+J2 y¡•• + ~ z¡•• = 3.204 + ¡4.598. 

1 

1 
1 

A7.3] The Fast Fourier Trans/orm 

The complete transform is as follows: 

m o 
-3.667 

6 

-::3.500 

3.204 
+j4.598 

7 

-1.704 
+j0.598 

1 
:000 1 +j5.485 

_:167 1 
-j0.866 

_:_250 1 _:167 1 
- jl.250 + j0.866 

9 

-0.250 
+j1.250 

10 

5.000 
- jS.485 1 

317 

S 

-1.704 
-j0.598 

11 

3.~04 
- j4.S98 

Exccpt for the phasc shirt due to the shift in origin, these are the same as thc 
results in Table 2.2, obtaincd using the difference e_quation mcthod of Appendix 
A7.1 or the straightforward method of Chapter 2 .. 
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AP~ENDIX A7.4: DA rA AND AUTOCORRELATIONS FOR A SIMULATED SECOND-ORDER AR PROCESS 

TAUU: A7.1: 400 values of the second-orde~.;tr process X,= Xt-t- O.SX,_ 2 + Z 1 

1· . x, 

1- 10- -0.88 -.0.12 -0.89 -1.38 -0.07 1.03 2.14 0.35 -1.10 - 1.78 
11- 20 -2.76 -1.77 0.98 1.00 -0.70 -1.01 - 1.30 -0.85 -0.46 1.63 
21- 30 0.06 -0.17 -1.01 -1.04 -0.66. -1.12 -0.51 . -0.71 -0.20 -0.13 

·: 31~40 0.14 .1.59 -0.76 - 1.08 -1.77 -1.20 0.45 -0.07 -0.63 -0.35 

' 41- 50 -0.87 -0.62 0.28 1.90 2.14 1.05 0.31 1.07 '7..67 2.44 
' 51- .60 1.31 1.10 1.94 0.33 1.82 1.15 0.61 -1.08 -1.62 -0.39 

61- 70 0.19 - 1.59 -2.25 0.29 l. 73 2.30 0.80 -0.40 0.30 -0.50 
• 71- 80 -2.11 -2.43 0.72 3.09 4.96 1.81 -0.46 -0.33 0.04 0.82 
', 81·· 90 -1.63 -2.29 -0.77 1.91 1.92 0.85 -0.65 0.35 0.78 1.62 

91-100 3.24 1.86 0.76 2.24 0.76 - -0.15 0.18 '0.60 0.92 -0.70 
.101-110 -0.03 1.07 0.28 - 1.38 -0.63 -1.48 0.19 -1.14 0.31 0.39 
111-120 .,-0.17 0.70 2.14 1.24 0.42 0.61 -0.76 -1.75 -0.37 1.21 
121-130 1.40 2.46 1.74 0.78 0.90 1.11 2.20 0.52 . ' -0.22 1.12 
'131-140 1.02 .1.1 o 1.72 1.80 -0.46 -1.27 0.39 0.93 ' 0.55 -0.45 
·141-150 -0.87 -0.90 0.64 2.29 2.75 1.43 0.47 '1.80 ·e 0.46 0.32 
151-160 -0.81 - 1.81 -2.07 0.96 1.20 0.77 -0.98 -1.46 -1.30 -2.29 
161-170' _; 1.81 -1.61 -1.01 -1.36 - 1.78 0.04 1.44 2.58 0.54 0.27 
171-180 -'o. 75 -0.70 0.45 -::o. u - 1.03 -1.19 -0.31 1.77 1.89 0.88 
l!il~190 . 0.58 0.70 -0.32 - 1.62 1.08 1.25 0.19 -0.93' -0.61 0.83 
191c200 .0.46 1.12 0.11 -1.11 -0.85 -1.86 -0.74 -:.1.04 -0.42 0.16 

. 
. ,: ,,) 

201-210 0.55 -0.37 -0.62 -1.23 -0.76 -0.79 -1.99 -1.56 -0.36 1.00 

211 ·220 0.02 -0.30 -0.23 -0.63 -1.61 -1.66 -0.80 -1.71 -0.87 -0.74 

221-230 1.55 1.39 1.51 2.39 1.68 -0.04 -·1.24 -2.24 -1.31' -0.10 

231-240 0.46 1.06 1.37 1.67 0.29 -0.31 -2.08 -2.67 -.1.50 ... -1.71 

241··250 -0.70 -1.25 -0.25 0.14 1.43 0.47 - 1.16 -3.68 -3.41 ::- 1.43' 

251-260 1.06 2.86 0.72 -1.79 -2.26 -1.87 -1.53 -Ó.25 1.40 3.37 

261 -270 0.85 -0.36 0.25 1.57 -0.08 0.78 -0.56 -1.22 0.07 -0.33. 

271-280 -0.15 1.56 2.23 2.01 0.42 -0.75 -0.47 1.55 3.60 2.07 

281 .. 290 1.32 0.06 0.87 0.51 -0.25 0.12 1.54 1.37 1.97 0.81 

291-300 -0.67 -2.41 -1.82 -0.45 0.31 0.12 - 1.01 -1.12 -1.69 -1.52 

301-310 -0.82 -0.81 -0.33 -0.65 -1.86 -0.94 0.50 1.05 1.40 1.52 
-2.14 -2.33 ' -1.01 0.42 311-320 0.20 0.64 ,. 1.95 1.55 1.74 -0.22 

321 330 2.54 0.86 0.10 -0.04 -1.18 -0.40 -0.53 0.70 -0.14 -0.20 

331-340 0.47 1.07 0.85 -0.35 -0.69 -0.63 -2.08 -1.56 -1.00 0.55 

341-350 2.08 1.74 -0.34 -1.85 -1.29 1.74 2.58 1.64 1.85 -0.01 

351-360 -0.16 -0.29 -0.66 -3.41 -2.33 -2.57 -1.78 -1.31 -2.69 -1.77 

361-370 -0.57 1.58 1.78 1.09 -0.54 0.29 -0.26 0.01 LOS 0.94 

0.98 0.50 2.12 1.68 2.28 371-380 -0.91 -2.09 -2.01 - 1.12 -0.02 

381-390 2.59 3.04 • 1.16 0.50 0.56 0.45 0.35 0.10 2.16 2.60 

391-400 1.40 0.62 0.36 -0.09 1.93 1.80 1.13 '- 1.34 -1.94 -0.89 

~ 
00 

t:' 
~ 

~ 
;¡-... 
~ 

~ 
~ 
~ 
~ 

§" 
" 
~ 
" Q 
~ 
~ -:.. 
~ 
~ 

~ ... ¡;;· 

í) 
:T ., 
'? 
.... 

> .... 
6 

tJ 
Q 

;, 
~ 

i!.. 
:.. 
" ;:; 
2 
~ 
~ 

" ¡¡-
~· 
~ .. 

w 

"' 



3:'0 Exomplc.'C oj Unit·ariatc Spcctral Ana~rsis [Chap. 7 

TABLE A7.2: Autocorrelation cstimates for a sccond-ordcr ar process, 
x, = x,_l - o.sx,_2 + z, N= so 

k r.,(k) k r.,(k) k ;..,<k> k r ,,(k) 

1 0.574 11 -0.068 21 -0.217 31 0.049 
2 0.086 12 0.124 22 -0.124 32 -0.051 
3 -0.166 13 0.109 23 0.035 33 -0.200 
4 -0.130 14 0.000 24 0.165 34 -0.213 
S 0.096 15 -0.063 25 0.137 35 -0.097 
6 0.225 16 -0.043 26 -0.045 36 0.004 
7 o.:44 17 0.062 27 -0.136 37 0.007 
8 0.032 18 0.103 28 -0.156 38 -0.060 
9 -0.180 19 -0.047 29 -0.027 39 -0.096 

10 -0.199 20 -0.152 30 0.109 40 -0.086 

TARLE A 7.3: Autocorr~hilion estimatcs for a sccond-ordcr ar process, 
X, = X1-1 - 0.5X,_2 + Z,, N= 400 

k ru(k) k rx,(k) k rx:r:(k) k r,_,(k) 

0.645 13 0.012 25 -0.075 37 0.019 
:' 0.196 14 -0.011 26 -0.1.16 3R -0.020 
3 -O. ORO 15 -0.074 27 '- 0.078 39 -0.045 
4 -0.099 16 -0.119 28 -0.038 40 . -0.035 
5 -0.009 17 -0.070 29 -0.013 41 0.021 
6 0.057 18 0.008 30 -0.036 42 0.083 
7 0.066 19 0.064 31 -0.044 43 0.081 
8 0.040 20 0.069 32 -0.037 44 0.017 
9 0.030 21 0.017 33 -0.015 45 -0.004 

10 0.051 , 
-0.026 34 0.047 46 0.042 

11 O.ORR 23 -0.032 35 0.080 47 0.081 
12 0.051 :'4 -0.044 3(, 0.066 48 0.069 

8 
The Cross Correlation 

·· .. 

Function and Cross Spectrum '" 

In this chapter the concepts introduced in Chapters 5 and 6 are extended to 
dcal with pairs of time series and stochastic proccsses. Thc first gcncralization. 
givcn in Scction 8.1. is thc cross correlation function of a st<ttionary bi,·ariatc 
stochastic proccss, which meas u res the correlation bctwecn the two procc~scs 
at diiTcrcnt lags. Thc sccond gcneralization is the bivariate linear pr0ccss 
which can be gcncratcd by linear opcrations on two white noise sourcc5. 
Important spccial cases of thc bivariatc linear proccss are thc bivariatc au~0-
rcgressive and moving average processes. 

The cstimation of the cross correlation function is discussed in Section X.:!. 
where it is shown that unlcss a filtcring operation is applied to both series to 
convert them to whitc noisc. spurious cross corrclations m ay arisc. Thc third 
gcncralization, the cross srcctrum of a stationary hivariatc proccs<.. is 
givcn in Scction 8.3. Thc cross spcctrum contains two diiTcrcnt t_vrcs of 
information about thc dcpcndcnce bctwccn thc two rrnccsscs. Thc f1rq is 
thc cohcrcncy spcctrum. which cfícctivcly mcasurcs thc corrclation hctwccn 
thc two proccsscs at cach frcqucncy. and thc sccond is thc phasc Spc1..:trum. 
which measurcs the phasC difícrcncc betwccn thc l\'-"O rroccsscs at cach 
frequency. In Seclion 8.4 the information <:ontained in the coherency and 
phasc spectrum is illustraied by simple examples. 

8.1 THE CROSS CORRELATION FUNCTION 

8./.1 /11troduction 

This chapter is concerned with describing pairs of time series or birariate 
time series. The melhods used are extensions of those de,·eloped in Chapters 
5 and 6. ahd hcncc al! thc general considerations rclating to time series discu~sed 
in Section 5.1 apply. 11 was hriefiy mentioned in Section 5.1 undcr the heading 
of multivariate time series that the individual series in a multivariate time 
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series m ay not arise on eqÚ~I footing. For example, co~sider the system shown 
in Figure 8.1, which has two inputs""(t), x 2(t), and two ~utputs x3(1), x4(1). 

xJt) 

" 

PH.YSICAL SYSTEM 

• x,(t) 

FIG. 8. t: A physical systcm with two inputs and two outputs 

Two situations may be disti!'guished. The first occurs when the two series 
arise on a similar footinf!, for example, the two inputs in Figure 8.1. Thus 
x 1(t). x 2(t) may be two correlated control variables whose interactions are to 
be studied. An example of a pair,

1
of time series which fa lis into this category 

is givcn in Figure 8.2, which shows rccords of the in-phasc and out-of-phase 
currcnt inputs toa turbo-alternator. 

The second situation ariscs \Vhen a pair of series are causal/y related, for 
example, the output x 3(1) of Figure 8.1 depends on the input x 1{1). In this 
situation it is usual! y required to estímate the properties of the system so that 

. .-the output can be predicted from the input. An example of a pair of time 
series of this type is given in Figure 8.3, which slÍows the input gas rate x,(t) 
and the conceniration x 2(1) of carqon dioxide in the output from a gas 
furnace. lt is seen that the input x,(t) lags behind the output x,(t) dueto the 
delay, in the transfér of the gases through the reactor. 

In ;the first .situ~tión .onc is intercsted in describing the interaction or 
corielation between. the two time series so that this interaction can be allowed . ' . . 
for in. any·fwther studies. For cxample, if an output x 3(t) is to be controlled 
by m~ans of two control variables which are cross correlated, then allowance 
must .be madi: for the cross correlation if the desired effect is to be produced 
at the oütput. On the other hand, in the second situation one is interested in 
relating x2(1) lo x,(t), for example, by means ofa relationship such as 

•'. . . . . 

. . x 2(t) = J.~ h(u)x,(r - u) du, 

so that x2 (1) can be ·prcdicted from x,(l), as discussed brief1y.in Section 5.1.5. 
This chápter and the next will b_e dcvoted to series which arise oO a similar 
footing, while series which are causal! y relatcd will be discussed in Chapter 1 O. 

8.1.2 Cross Co~:ariance and cross corrclationfunctions 

As in the univariate case discussed in Chapter 5, a uscful way of describing 
pairs of stochastic processes is by their lower-order moments. Thus the 

1 
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FIG. 8.2: In-phase and out-of-phase current inpu.ts toa turbo-alternator. 

observed bivariate time .series {x,(l), x 2(t)) is regardedas a realization of the 
bivariate'stochastic process (X,(t), X2(1)]. Thefour/v's X,(t), X2(t), X,(l_+u) 
and X,(t + ~)al times 1 and 1 + u will ha ve a joint pdfwhtch can be parl!ally 

d 'b d by 1·ts first- and sccond-order moments. lf ti tS assumed that the cscn e · • · - · · r · 
proccsses are stationar}\ thcn thcse momcnts will be· funct10ns o tJme 

.differences u and not of thc absolute time t. Thus the first momcnts are 

E[X,(I)] = f'!o i :d l, 2, 

and ~re indcpendcntof ti m; 1. The second: momcnts of the joint pdf are the 

autocot·ariancc functions 

'Yxlxl(i¡). = 
Yx,x,(u) = 

E[(X1 (1) - ¡.<1)(X1(1 + u) - ¡.<,)], 

E[(X2 (t) - ¡.<2)(X2{1 + u) - f'2ll 
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FJG. 8.3: Input and output signals to a chemical reactor 

and the cross corariance functions 

Yx,.,,(u) = E[(X1(1)- ¡.< 1)(X2(t +u)- 1, 2
)], 

Yx,x,(u) = E[(X2(1) - ¡<2)(X1(t +u) - ,...,)]. (8.1.1) 

The function Yx 1x./u) is callcd thf· cross cora~ia~1ce fimction (ccvf) of lag u 
with X,(t) leading X,(t) and Yx;x,(u) Jhe ccvf of lag u with X,(t) leading 
X,(t). For conciseness when no confusion is likely, thc notation Yu(u), 
y,( u), ydu) and y 21 (u) will be uscd to denote !he acvf's and ccvf's Yx,x,(u), 
Y.,,x,(u), Yx,x,(u) and Yx,x,(u) rcspcctively. 

Properties o.f corariance functions. The Pror!=rties of thc acvf's of a real 
bivariate proccss are thc samc as thosc for the acvf of a univariatc process, 
that is, 

y,(O) = Var [X1(1)] = a'fc,} . 
. 1=1,2. 

y.,( u) = y 1,( -u) 

Hence !he acvf's are el'ell functions of the lag u. 

The ccvf ydu) of two real proccsses has the1property 

Y12(11) = y 21 ( -u), 
since 

y 12(u) = E[( X1(1) - ,...,)(X2(t + u) - ,...,)] 

= E[(X1(t - u) - ,,, l(.\'2(1) - 1, 2)] 

= E[(X2(t)- ¡.<2 )(X,(t - u) - ¡.<¡)) 

.. .-_= Yz¡{ -u). 

(8.1.2) 

(8.1.3) 

ji 
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Similarly, y21(u) = yd -u). Hence the covariance between the two sto­
chastic processes can be described by means of !he single ccvf y 12(u) where 
- oo ,¡; u ,¡; oo. Note that although !he acvf is an even function of lag, !he 
ccvf will not be an evcn function in general. 

The cross correlatio11 fimction. In general it may be necessary lo study the 
interactions between Íwo processes with possibly different scales of measure­
ment or different variances. In this situation it is necessary to define the 
cross correlation [u11ctioll (ccf) 

Y12(u) Yl2(u) 
pdu) = 1 t,O)y (O) = -;;-;;-. 

\ Yu\ 22 1 2 

The first property of the ccf is that 

[p12(u)[ ,;; 1, 

which follows from the fact that the rv 

Y(t) = ~¡X1 (1) + ~2X2(1 + u) 

has positive variance. The second property is that 

p,.(u) = P21(- u), 

which follows from (8.1.3). 

(8.1.4) 

Like the ccvf, the ccf is in general11o1 an even function of lag. For cxample, 
Figure 8.4 shows the sample ccf of !he gas furnace data of Figure 8.3. This 
ccf has a large peak at u = 5 and is clearly not symmetrical about u = O. 

1.0 

í 

-.lO -JO JO lO )0 

-.4 

Fro. 8.4: Sample cross correlation function for gas furn' ata 
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Note also that most of the cross correlations are positive. This is dueto the 
fact that a positive change in the input gas rate results in a positive change 
in the output concentration. 

The most trivial case of cross correlation between two stochastic processes 
occurs when the cross.correlation function is identically zero for all lags. This 
implies that the two processes are completely uncorrelated. lf, in addition, 
the processes {X1(1), X,(t)} are Normal. then they will also be independe/11, as 
shown in Chapter 3. · 

Another simple case of cross correlation is when p12(u) is non-zero for 
u = O, and zero for all other lags. This implies that the stochastic processes 
are correlated at simultaneous tim~ but othcrwise are un.correlated. M.'ore 
general models for describing crtf!is correlation between two stochastic 
processes will be given in Sections 8. 1.3 and 8.1.4. 

8./ .3 The cross correlation function of a linear process 

One of the simples! ways in which two correlated stochastic processes 
{X1(r), X,(r)) can occur is whcn X 1(1) is !he input toa linear system and X2(1) 
is the corresponding output plus noise, that is, 

X,(r) = J.~ lt(u)X1(t - u) du + Z(t). (8.1.5) 

In discrete time, the corresponding model is 
~ 

x21 = ¿ hrXlt-r + Z,. (8.1.6) ... 
Examp/e l. As a special case of (8.1.6), consider !he simple regression model 
(4.3.5) which in this notation is written 

X,. = h0 Xu + z,. 
If X 11 and Z, ha ve zero means, the ccvf between the'input X11 and output 

X,, is, from (8.1. 1), 1 

• Y12(k) = E[X11(h0 Xu•• + z, •• )] 
,;, hoE[X11Xú.d + E[X11Z,. .]. 

If it is further assumed that· the noise Z, is uncorrelated with the input X 11 , 

then . 1 
Y12(k) = hoYu(k), 

that is, the ccvf is a constan! times the acvf of !he input. In the special case 
where X1(r) is white noise, the only non-zero cross·cOvariance ocCurs When 
k=~iliU~ . . 

y,,(O) = hoY u (0). 
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Note that while the noise z, does not seem to enter into these calculations, 
its effect is to increase the variance of X.,. Thus 

Var [X21 ] = E[X~,] 

=' E[(h0 Xu + Z,)'] 

= h~yu(O) + Yzz(O). 

Hence the cross correlation function for the above example is 

(o) 
_ hoyu(O) 

P12 - ¡ } _ \ Yu(O)(h~yu(O) + Yzz(O) 

--~~~"~·~~=7,"' V h~ + (Yzz(O)iYu(O))' 

p,,(k) = o, k # o. 

/ 

(8.1.7) 

Thus the correlation between the input and output depends on !he signal-ro­
noise ratio y

11
(0)/yzz(O), that is, the ratio of the input a?d noise variances .. If 

this ratio is large, then p12(0) is close to one, bu! tf 1! IS small, the n01se 
dominates and p12(0) is correspondingly small. 

Examp/e 2. To considera less trivial example, suppose that 

X2t = hoXu + h1Xlf-t + Ztt 

where XH and Zc are uncorrelated white noise_ processes with ·the same va.rie 

ance a2
. 

Then 
y12(0) = E[X"(h 0 X11 + h1X11-1 + Z,)] 

= hoa2, 

y,(1) = E[X11{h 0 X11 ., + h,X" + Z,.¡}] 

= h,u', 

y12(k) = O, k # O, 1. 

The variances of the two processes are · . 

y22(0) = E[(h 0 X11 .f_ h,X,H + ·z,)(hoX1~ + h1X11-1 + Z,)] 

= (h~ + ~~~ + 1 )a2' ~ : 
. . • (.O) : ; 

··.Y~.l =_a· 

Hence the ccf's are ... 
¡; 

Pl2(0) = V 1 + "~ + hl 

(1)- h, 
p12 

- ·.y¡ + h5 + hl 
p,,(k) =o, k # o. 1. 

. ~ . 
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lf the weights "" in (8.1.6) are positivc, thc two processes X
1
(1). X,(t) will 

tend to ••fook alike·· and the cross corrclation function will be positive. 
Conversely if the weights are ncgativc. thc two proccsscs will tcnd to be 
rnirror irnages of each other, that is. positivc changes in one process are 
associated with negative changes in the other. 

Tire cross corre!ation function _of a general linear process. The general ex~ 
pression for the ccvf of the modcl (8. 1 .5) may be obtained by multiplying 
(8.1.5) by X,(t- u) and taking expectations. lfthe X1(1) and Z(t) processes 
ha\·e zero mcans. the CC\'f is 

(8.1.8) 

provided Yx,z(u) = O for allu. 

Another result required Jater is thc exprcssion for the autocovariance 
function of the output. This may be obtained from (8.1.5)by squaring and 
taking e.xpectations. The final rcsult, assuming E[X1(1)] = E[Z(t )] = O and 
Yx 1z(u) = O, is 

y 22(u) = J: J.~ h(l')h(v')y11 (u + v - v') d1• dv' + yz2 (u), 
' -~. 

__, oo :s;; u ~ oo,~;. 
• 

(8.1.'1) 

which is a simple extension of (5.2.9). 
The cross correlation function is thcn obtaincd from 

•1 

( ) 
· ydu) p,, ll = v' ' (8.1.10) 

Yn(O)y,,(O) 

with y,(O) obtained from (8.1.9) by setting u = O. 

For discrcte processcs, the rcsults corrcsponding .to (8.1.8), (8.1.9) and 
(8.1.1 0) are readily obtained frorn (8.1.6). Thus 

~ 

y 12(k) = ¿ h,y11(k - r). k =O, ± 1, ± 2, ... , · (8.1.11) 
••• 

y,(k) = ¿ ¿ h,ft,y11(k + r- s) + )'zz(k), k= O, ± 1, ±2, ... , 
'"'o .s=o 

(8.1.12) 

(8.1.13) 
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8.1.4 Birarit;~te linear processes 

The model (8.1.5) assumed that the fluctuations in X,(l) caused the fluctua­
tions in X,(l). A more general model for cross correlation betwecn two 
stochastic processes occurs when it is assumed that the fluctuations in X,(l) 
and X2(t) are caused by two other sources Z 1(1) and Z 2(1) which atfect them 
in ditferent ways. For example. in thc simplest possible situation, 

X1(1) = lr11 Z 1(1) + h12Z 2(1), 

X2(1) = h21 Z 1(1) + h22Z 2(1),· 

where Z 1(1), 'Z2(t) are uncorrelated white noise processes with ,·ariances 
a!, a~. Hence 

y,(O) = E[{lr 11Z 1(1) + lr 12Z 2(1)}{1r 21Z 1(1) + h22Z 2(t)}) 

= huh2 1ai + lz12h22a~. 
y 12(k) = O, k # O. 

More gcncrally, supposc that the bivariate stochastic proccss {X1(t). X:it)} is 
gcncratcd according to the latticc diagram of Figure 8.5. Two white n0ise 
sources Z,(t), i = 1, 2, are fed into four linear systcms with impulse response 
functions h11(u), h12(u), lt21(u) and h,(u) respectively. Thc outputs from the 

Z,(t) 
hu( u) 

X,(t\ 

X~t) 

F1o. 8.5: Latticc representation of a bi\'ariatc linear ~SS 
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first and third systems .are summed. to gi.ve X1(t); and thc outputs from 
the second and fourth systems are summed to give 'X

2
(r). Thus 

X,(r) ~ r hu(v).Ú¡ - v) dv + r h12(v)Z2(t - v) dv, 

(8.1.14) 

X2(t) =f.':'. h2t(v)Z,(t- v) dv + (~ h22(v)Z;(t ~ v) dv. J •. 
The stochastic process (8.1.14) is called a bimriate linear process. 

Coz;ariance functions of a bh·ariate linear prOcess. If the white noise sOurces 
are mutually uncorrelated, that is, 

E[Z,(I)ZÁt')] = ~· all t,t', i = 1, 2, j = 1, 2, 

then using (5.2.10), 

Yu(u) = "~ L~ h."(v)h"(v + u) dv + a~ J.~ h 12(v)h 12(v + u) dv, 

Y22(u) = "~ L~ h21(v)h2,(v + ,,,. dv + a~ J.~ h 22(t·)h22(t• + u) dv, 

(8.1.15) 

Y2t(u) = "~ L~ h2,(v)hu(v + u) dv + a~ L~ h 22(v)h 12(v + u) dv, 

Y12(u) = "~ r~ hu(v)h2,(v + u) dv + a~ f~ h12(t·)h22(v + u) dv. Jo · Jo 
In the discrete case _the formulae are similar except that integrals are replaced 

. by the corresponding sums: The formulae (8.1.15) show that by adjusting the 
1mpu~se respo.nse functions hjlu), it is possihlc to generate a bivariate sto­
chasttc process {X¡(I) •. X,(l)l with any spccificd cross covariancc function 
and autocovariance functions. 

. A more general model still is possible by allowing the white noise processes 
tn (8.1.14) to be correlated at simWtaneous times, that is, . 

E[Z1(1), Z2(t')) = "" S(t - t'). 

8.1 .5 BiL·ariate autoregressire ami mol'ing arerage processes 

The simplest type ofbivariate linear process occurs when the impulse response 
functions h,iu) are zero beyond a certain point. For example, consider the 
discrete process · 

Xu = zu· + PuZH-1 + P12Z21-h 

X2, = z., + f3,tZuct + f322Z21-1· 
(8.1.16) 
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Theri if theZ1'.; Z 2j'are·uncorrelated white noise processes with variances 
"~· and "~; the ccvf Óf thebivarÍate proeess { iu. x,.j is .. . . . 

Yt2(- 1) = .812"ª• 
' . . . . ~ 

y,,(O) = f3uf32tc?. + ,8,,{322"2• 

Y12(1) ,;;,; /!~•"~, 
,,,(k) ~o. k~ o,± 1. 

~ .. 
Note that the above ccvf is not bne-sided like the one given in example 2 of 
Section 8.1.3. 

' 
Bil'Oriare autoregressir:e processes. These processes ha ve the propcrty that the 
impulse response functions h11(u) in (8.1.14) do not vanish after a finite lag. 
For example, it is possible to define a continuous firsí.l$,~C!er process which is a 
generalization of (5.2.24). Thus, if Z 1(1) and Z 2(t) arO:iWhite noise processes, 
cQrrelated at simultaneous times only, a bivariate:;\r: process is defined m 
continuous time by v~: .. : .. :. 

,... J.'"t 
dX1(1) ·.' .•'· di + a11 X,(t} + a12X,(t) = Z,(!), 

dX2(t) di + a 21 X1(1) + a22 X,(t) = Z,(t), 

and in discrete time by 

Xu = auXu-1 + a12X21-1 + Zth 

X21 = a21X1t-1 + a22X21-1 + Z21, 

(8.1.17) 

(8.1. 1 8) 

where without Ioss of gcnerality we assume the processes ha ve zero mcans . 
The computation of the auto- and cross covariances of the continuous 

process (8.1.17) using (8.1.15) is laborious and is achieved more elegantly 
using matrix methods to be developed in Chapter 1 l. For the prescnt it is 
noted that the auto- and cross covariances of the process (8.1.17) may be 
written 

y 1"1(u) = b11 e-«u" + b21 e- 11uu, 

Y22(u) = h12 e-«:.u" + b22 e- 1122 11, 

Y12(u) = b12 e- 11u• ·+·b22 e- 11n'\ 

y 21 (u) = b11 e- 1121 11 + b21 e- 112:~u, 

where the h11 are functions of the a11• 1t is inteiesting to note that the acf of 
the bivariate first-order process has the same form as the acf (5.2.35) of a 
univariate second-order ar proc::eSs: 

Explicit cxpressions for the auto- and cross covarianccs ofthe disrete process 
(8.1.18) are derived very simply in Chapter 11 using matrix theory. However, 
they may also be generated recursively using a sea lar recurrence relation for 
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the covariances, analogous to (5.2.43). Thus, multiplying the first equation in 
(8.1.1 8) by X 21 _ • and taking expectations gives 

E[X,_.X11 ) = a 11E[X,,_.X11 _,J + a 12E[X,,_.x,,_,¡ + E[X,,_.Z11), 

or 

Similarly, 

y21(k) = a 11y21(k ~ 1) + a12y2.(k - 1), . k ;i .f:. 
:~. 

Yt 2(k) = a21y11{k - 1) + a22y12{k -

Yu(k) = "uYu(k - 1) + a 12y 12(k -

" 1), k ;¡, 1, 

1), k ;¡, 1, 

y22{k) = a21y21 (k '- 1) + a22y22{k- 1), k ;¡, l. 

(8.1.19) 

Hence the values of the covari~nces at lag k are easily generated from the 
values at lag k - l. To start the process it is necessary to know the values for 
k = O. These may be obtained by squaring and multiplying the equations 
(8.1. 1 8): and then taking expectations. Thus 

y11 (0) = "~tYu(O) + a~,y22(0) + 2a 11a 12y12{0) + al, 

y22(0) = a~ 1 y 11 (0) + a~ 2y22{0) + 2a21 a22y,(O) + a!, 

Y12(0) = O:uO::ztYu(O) + cr:12a22Y22(0) + (alla22 + o:12a2t)y12(0) + 0'12• 

where at = E[Z~,]. "~ = E[Z¡,¡ and a12 = E[Z11Z 21 ). The values of y11{0), · 
y,(O) and y22(0) may then be obtained by solving the above equations in 
terms of the known parameters a 11 , a~, a~ and a12. 

Example 1. A realization of N = 100 terms of the process 

·'t X 11 = 0.6X11 _ 1 - 0.5X:z1 - 1 + Zu, 

x,. = 0.4X"_' + o.5x,._, + z,. (8.1.20) 

was generated using two independent sets of random Normal deviates with 
E[Zu] = O, E[Z11Z 21 ) = O, Yar [Z11 ] = l. The values of the two series are 
given in Appendix A8.1 and plotted· in F-igure 8.6, where it is scen that the 
pattern in both series is similar. Thus both series tend to ha ve the same sign, 
and there is also a tendency for a peak or trough in X 11 to be followed after 
one or two observations by a peak or trough in X21 • To explain this hehavior 
it is necessary to calculate the auto· and cross correlation functions of the 
bivariate proccss. Using the a hove procedure, the rccurrence relations for the 
corariances are 

Yu(k) = 0.6y11(k 1) - 0.5y,.(k ...: 1) 

y,;,(k) = 0.4y¡,{k - IY·+ 0.5y,,(k - 1) 

,.. .. (k) = 0.6y,,(k - 1) - 0.5y.,(k - 1) 

,..,.(kl ~ 0.4y,,(k - 1) + 0.5y,,(k - 1) 

k ;¡, 1, 
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with 

Hence 

4.0 

2.0 

o 
-~.0 

-4.0 

4.0 

2.0 

o 

-4.0 

x,. 

.\"!¡-

0.64y
11

(0) - 0.25y22(0) + 0.6y,.(O) = 1, 

-0.16y11(0) + 0.75y22(0) - 0.4y"(O) = 1, 

0.24y
11

(0) - 0.25y22(0) - 0.9y!2(0) ~ O. 

y
11

(0) = 1.15/0.52 = 2.21, 

y12(0) = 0.04/0.52 = 0.08, 

,..,,(0) = 0.96/0.52 = 1.85. 

JO e o 

lO ' 

' 

Realization and theorctical cross corrcla.tion function of a bi"ariate FJG. 8.6: 
autoregressive process 

The recurrence relations for the correlations are 
·~~,...,.., 

Pll(k) = 0.6p"(k- 1)- 0.5V(0.96/1.15)p,.(k-; 1), 

p,.(k) = 0.4v'(l.l5/0.96)p11(k- 1) + 0.5p,.(k- 1), 

p
21

(k) = 0.6p
2
,(k)- 0.5\/(0.96/1.15lp.,fk). (8.1.21) 

p
22

(k) = 0.4\'(1.15/0.96)p21(k) + 0.5p.,(k). 

with Pu(O) = p
22

(0) = 1 and p12(0) = 0.04/ \' ( 1.15)(0.96) = 0.038. · 

The correlation function values are shown in Table 8.1 and the ccf is 
plotted in Figure 8.6. It is seen that whereas p,.(O) is very' ·11, p,.(l) and 
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·TAnLE 8.1 :··Thcoretical correlations for the bivariate 
· ' aUtoregrcsSive ProCess (8.1.20) · ' 

k Pu(k).- p.,( k) p,(k) p,,(k) 

o 1.00 1.00 0.04 0.04 
1 0.52 0.58 0.46 -0.43 
2 0.07 0.14 0.48 -0.50 
3 ·-0.18 -0.14 0.30 -0.33 
4 -0.24 -0.22 0.09 -0.11 
5 -0.17 -0.17 -0.05 0.04 
6 -0.07 -0.08 -0.10 0.10 
7 0.01 0.00 -0.09 0.09 
8 0.04 0.04 -0.04 0.05 
9 0.041 0.04 -0.01 0.01 

10 0.03 • 0.03 0.02 -0.01 
11 0.01 0.01 0.02 -0.02 
12 0.01 0.00 0.01 -0.02 
13 -0.01 -0.01 0.01 -0.01 
14 -0.01 -0.01 0.00 0.00 
15 -0.01 0.00 
16 0.00. 
17 

p,(2) are large and positive. This explains the tendency, mentioned earlier, 
for?x,. to lead X 11 by one observation. Examination of Figure 8.6 also shows 
that there is a definite periodicity in .. the ccf with a period of roughly 10 ora 
frequency of 0.1 cps. This implies that any pattern in one series will tend to 
recur or resonate in the other series. The realizations of the two processes 
shown in Figure 8.6 indica te that \\tre is a tendency for peaks and troughs in 
xlt to be followed by peaks and troughs at intervals of about 10 in x,,. 

Example 2. As·a second example of a bi\'ariate linear process consider the 
process 

Xu = 0.6Xu_ 1 + Z 1, 

X,,= O.SX,¡,_, + 2X~t-to + Y2,, 
(8.1.22) 

where 

Y2, = 0.5 Y,,_, + Z 2,, 

and Zu and Z 21 are uncorrelated white noise processes with unit variance. 
This is an example of the model (8. 1 .6) givcn in Section 8.1.3. Thus the 

process X 21 is generated by passing X,. through a linear filter and adding non­
. white noise. Note that there is aH' initial dclay period of JO units befare X,. 
begins to affect X21 • 

... 
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Proceeding as above, the following recurrence relations ·may be derived · 

for the covariances: 

y,(k) = 2y"(k - JO) + 0.5y,.(k - 1) 
y11(k) = 0.6y11(k - 1) 1· 

k~ l, (8.1.23) 

y,,(k) = 0.6y,,(k - 1) 

y
22

(k) = 2y
21

(k - 10) + 0.5y2,(k - 1) + Yx,y(k - 1) 

with 

and 

Yx,Y(k) = O, 

Yx,v(k) = 0.5rx,v(k - 1) } 

YÚ¡:(k) = 0.5)'yx,(k - 1) + YYl'(k) 

Yvr(k) = 0.5yyy(k - 1) 

y 11(0) = 1/0.64 = 1.56, 

Yvv(O) = 1/0.75 = 1.33, 

all k 

k ~ ], 

-4y
11

(0) + 0.75y22(0) - 2y12(9) = Yn(O) + Yx,v(l), 

1.2y11(9) - 0.7y12(0) = O, 

0.75yx,v(O) - 0.5yyy(l) = l. 

(8.1.24) 

Solving the equations (8. 1.24) for k = O and substituting thc solutions in 
the recurrence relations (8.1.23) enables the covanances to be calculated. 
Normalizing these gives the correlations for the process, and these are 
tabulated in Table 8.2. The ccf has a fairly. wide peak centered at lag JO. as 
would be expected beca use· of thc deJa y of 10 units between the two 

proccsses. 

Bh·Qriate autoregressive-moving_m:erage processes. A more general bi-~ariate 
. process can be obtained by including both ar and m a terms. For example, !he 

discrete process 

Xu = a
11

X11 _ 1 + a12X21 - 1 + Zu + f3uZu-1 + fJ12Z2t-1' 

(8.1.25) 

X
21 

= a21 Xu- 1 + a22.f2t-1 +·Z21 + f321Ztf-I + fJ22Z2t-1 

is obtained by combining the models (8.1.16) and (8.1.18). . . . · 
As stated above. thcse processes are most easily expressed m matnx form 

for mathematical concisencss, anda more general trcatmentoft~eir properties 
is postponed until Chapter 11. ·. ... " 
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TARLE 8.2: Theorctical corrclations for the bivariate 
linear process with dclay (8.1.22) r 

k Pu(k) p.,( k) p,(k) p,(k) 

o 1.00 1.00 0.00 0.00 
1 0.60 0.84 0.01 
2 0.36 0.62 0.01 
3 0.22 0.43 0.02 
4 0.13 0.28 0.04 
S 0.08 0.18 0.06 
6 o. os 0.12 0.11 
7 0.03 - 0.07 0.18 
8 0.02 0.04 0.30 
9 0.01 0.03 o. so 

10 0.01 0.02 0.83 
11 0.00 0.01 0.77 
12 0.01 0.59 
13 0.00 0.42 
14 0.29 
IS 0.19 
16 0.12 
17 0.08 
18 0.05 
19 0.03 
20 0.02 

8.2 ESTIMATION OF THE CROSS COVARIANCE FUNCTION 

8.2.1 The :r:amplc cross corarianccfunction 

lt v.·as shown in Section 5.3.1 thJt a reasonablc cstimator of thc ccvf at lag u, 
if the mcans of thc two proccsscs are zcro, is 

r 1 JT.'2 -· ·'~' 

¡: -T X,(7)X2(t + 'u) dt, 
-T/2 

Cx
1
x,(u)_ = _ 

1 JT/2 - -
. -T X 1(t)X2(t + u) dt, 

- T/2 +u 

O~ u~ T, 

(8.2.1) 

-T ~u~ O. 

As with the estimation of autocovariances. thc divisor T is prefcrable to 
T - u sincc thc estimator has smallcr mean squarc error. 

Taking-expcctations in (8.2.1 ). 

( 
lul) E[c,,_,,(u)] = 1 - T Yx

1
x,(u), 

which shows that cx,x,(u) is a biascd estimator of y12(u) and only bccomes 
unbiascd as T tcnds to infinity. 

8.2) EstinwtiOTl of thc Cross Co::ariuncc Function J37 

Jf a11owance is made for a non-zcro mean by using thc estimator 

c,,,,(u) = 
T -T/2 

O~ u :s;; T, 

(8.2.2) I
r.!. JTI·-· (X,(I) - X,)(X,(t + u) - X2) dt, 

.!_ JT'' (X1(t) - X,)(X2(1 + u) - .\'2 ) dt, 
T -T/2+1.1 

- T~ u~ O. 

where 

- 1 JT/2 X, = -T X,(t) dt, 
-T/2 

i = 1, 2, 

then a similar calculation to that made in Section 5.3.3 shows that 

. E[c,,,,(u)] = (1 -~~)rx,x,(ll) + ~ fr(l- 1 ~)r.,,x,(u)du. 
Hence the bias is increased by a tcrm of arder 1/Tby introducing a corrcction 
for the mean. 

The sample ccvf suffers from the same disadvantages as the samplc acvf, 
namcly that neighboring valucs tcnd to be highly corrclated. 1t is shown in 
Appcndix A9.1 that the covariancc between the estimators Cx

1
x2(u¡), Cx1."tz(u2) 

at two diffcrcnt lags 111 and u2 is given by Bartlett's formula 

Cov [cx,x,(u1), Cx1x,(u2)] 

= } 2 {r [y(r) (1- ~!) dr- r· [. y(r) (1- ~!) dr}· (8.2.3) 

where 

T' _ T _¡u,¡+ lu2l, 
- 2 

r ~ lu2¡ - ¡u.¡. 
2 

and K(r, u" u2 ) is the joirit cumulan! of the rv's X 1(t), X,(t + u,), X,(l + r) 
and X2(1 + r + u2 ). • 

For large T, (8.2.3) may be approximated by the following cxpression, 
which is analogous to (5.3.22): 

1 J~ Cov [r,,_.,,(u1 ), Cx,x,<u2)] :::: f _ ~ y(r) dr. 

In thc discreto case, the approximation is 

Cov [cx,x,(k), rx,x,(/)] :::: 

(8.2.4) 

~- I {r.,,,,(r)y"x,x, (;+/-k) + Yx,x,(r + l)r;,,,(r- k)). (8.2.5) 
r• -CIO 

.............. 
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E.ffect of'a~iocorrelation·on ·the cross rorrelation hetween tll'o·time series. An 
interesting case of(8.2.4) occurs when Yx,x,(u)'= O for all u, that is, thc two 
processes are uncorrelated. Then (8.2.4) becomes · 

Cov [cx 1x2(U1), Cx 1x2(U2)] 

::: ~ r~ Yx,x, (r- u, ~ U¡) Yx,x, (r + u, ~ U¡) dr, (8.2.6) 

on oeglecting !he non-Normality term. l 
Similarly for two uncorrclated discrcte proccsscs, (8.2.5) becomes 

Cov fcx,.x,(k), Cx,x,(/)) ::: -1- i Yx,x,(r)yx,x,(r + 1 - k). (8.2.7) 

For X1{t), Xz(l) first-order ar processes with parameters a1 and {31 respec­
tively, 

(8.2.8) 

For white noise the corrcsponding result is · 

' a2a2 
Var fcx,x,(k)J ::: :V 2 

• (8.2.9) 

Hcnce if a¡{31 is positive, the variance (8.2.8) of the cross covari3nce estimator 
is inAated rclative to (8.2.9) for two white noise sources, whereas if a¡{3

1 
is 

negative, (8.2.8) is deAated. lt is usually the case that a¡{3
1 

is positive, that is, 
the two processes are either both positivcly correlated or both negativcly 
correlated. Equation (8.2.8) thcn shows that very largc cross co\'arianccs, 
all of ihcm spurious, can be gcncrated betu·ecn two uncorrclatcd proccsses 
as a· re~ult of the \arge autocovarianccs u·i1hin thc two proccsscs. 

1., 
An example. To illustratc this ciTcct, thc samplc ccf r . .-.x

2
(k) is computed for 

realizations of two indcpendcnt first-orJer ar processes with parameters 
a, = {3, = -0.9 and N~ 100. Thc cstimate uscd is based on the discrete 
analog of (8.2.2), namcly 

~ Cx 1xJk) 

where 
V Cx 1 x 1 (Ü)Cx

2
x

2
(Ü)' 

N-k 

cx,x,(k) = ~ ¿ (x 11 - .\'1)(x,1 H - .\';), k ~ O. (8.2.1 O) 
1"' 1 
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and 
N 

- 1 "' x, =N L., Xu i,j = 1,2. 
1 = 1 

The cross correlation estimate is shown in Figure 8.7 as a brokcn 1ine. Jt 
is seen that values of rx,x,(k) as large as ±0.3 can occur, whercas the theoret­
ical ccf is, of course, zero. 

0.) 

r,
1
,,(k)---­

r,-,,-}l-:.l--

-0.! 

-0.2 

-0.) 

1 

" " !1 
11 
~ 
1 

" " " " 1 
1 

FJG. 8.7: Sample cross correlations of two first-order ar proccsses befare and 
after filtcring 

8.2.2 /mprotement of the sample cross correlation function estimator 

To see how !he estimation properties of the ccvf cstimator can be improvcd, 
consider the following model for two cross correlated first-order ar processes: 

Xu = a:1Xu-1 + Zu, 
X,,= {3 1 X2,_ 1 +Z2,. 

(8.2.11) 

Suppose that the covariancc bctwccn 2 11 and Z 21 _" is zcro for k not cqua1 
to zero. Then assuming that 2 11 , Z 21 are bivariate "Normal. using ·(J.1.17). 
the log likelihood function of the parameters a 1 , {3,, y,, is 

/(a,, {3 1 , ydk)) = - (N- k) log 2rr - (N- k) log a 1 - (N - k) log a, 
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where 

Z2r-k = X21-t -_{jlX2)-I.:-1· 

On differentiating /(a, {3,, y.,( k)) with respect to all three parameters, and 
selting the derivatives equal to zero, the mle of y 12(k) is 

N-le 

Yr2(k) = Ñ ~k ¿ (xlf- a,xlf-I)(X2r-•- P,x21-k-1), (8.2.12) 
1•1 

where á,, P, are the mle's of a 1, {J,. The logic behind this estima!~ is clear: 

ff a test is required for non-:ero correlation between two time series. a filtering 
operation shoufd be carried out on the two series X u af!d x21 to com•ert them 
to U'~lite noise befo re computing tire cross coz•ariance function. 

For the two independent processes in the example of section 8.2.1, the 
parameters were estimated using the mle (5.4.5). For example, 

Then the two series were filtered according lo 

x'u = Xu - «tXu-lt 

x;t = X2r - P1x2t~1' 

and the ccf of the filtered series (x'11 , x;,) calculated using (8.2.12). This ccf is 
plolted as the solid line in Figure 8.7, and it is seen that the values are much 
smaller than those before filtering. Since the filtered series are random, the 
standard error of thc cross corrclation cstimate is \IJ¡N = 0.1. using 
(8.2.9). Hcnce the 95'7. confidence limits are ± 0.2 about thcir actual values. 
lt is seen that only one interval fails to endose zero. Since two intervals 
would be expected not lo endose zero on average if the two processes were 
uncorrelated, the observed ccf is not inconsistent with the hypothesis that the 
two processes are uncorrelated. 

8.3 THE CROSS SPECTRUM 

This section deals with thc frcqu~pcy·domain Uescription of bivariate time 
series. lt is shown that the sample cévf discussed in thc prcccding section has a 
Fourier transform called the sample cross >pecirum. This sample cross 
spectrum is a complex quantity and may be writtcn as thc product of a real 
function called thc samplc cross amplitude spcctrum and a complex function 

i 
i 
' 

1 

1 

1 
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called the sample pirase spectrum. Similarly, the theoretical cross covariance 
function has a Fourier transform called the cross spectrum, which can be 
represented as the product of the cross amplitude spectrum and the phase 
spectrum. The cross amplitude spectrum shows whether frequency compon­
ents in one series are assocíated with large or small amp1itudes at the same 
frequency in the other series. Similarly, the phase spectrum shows whether 
frequency components in one series lag or lead the components at the 
same frequency in the other series. The following section contains examples 
of cross amplitude and phase spectra. based on the cross spectrum of the 
bivariate linear process (8.1.14). A more useful quantity than the cross 
amplitude spectrum, namely !he coherency spectrum, is then introduced. The 
coherency spectrum and the phase spectrum are shown lo provide a complete 
description of a bivariate Normal stochastic process. 

8.3.1 Fourier analysis applied to bit"ariate time series 

Fouricr analysis may be applicd to bivariate time series as we11 as univariate 
time series. For cxample, suppose x 1(t), x 2(t) are two cosine waves with the 
same frequency [ 0 , different amplitudes A1 and A 2 , and diffcrent phases 
.¡,, and </>2 respectively, That is, 

x1(t) = A, cos (2Tr/01 + </>1), i = l, 2. (8.3.1) 

If records of length Tare available, then using (2.2.11) the Fourier transforms 
of x,(t ), - T/2 .;; t .;; T/2, are 

X(() __ A, [lo, {sin Tr(/- / 0)T} + -to, (sin Tr(/ + .folT1]· ¡ 2 ' 2 e -rr(J- /o) e l Tr(/ +/o) J i = ' · 

(8.3.2) 

Hence the sample spectra (6.1.6) of the two signals are 

IX,(/)12 
Cx,x,(f) = T ' i = 1, 2, 

which tend to 

lAnsu- fol + S(f + /oll 
as T tends to infinity. Thus thc variance or average power of a.c0sine wave is 
equal to (I/2)A1 distributcd as delta functions at the frequencies f = ±f0 • 

Suppose now that it is rcquired to describe the col'ariance bctween the two 
cosine wa\'CS. Then a natural function to use is the sample cross power 
spcctrum or, more concisely, the sample cross spectrum 

(8.3.3) 



342 
'C;: . . 

The Cro.rs Corrclátion Fwzction and Cross Spl'ctrum [Chap. 8 

where the asteris,k denotes a complex conjugate. Substituting (8.3.2) in 
(8.3.3) shows that the samplc cross spectrum of two cosinc waves is 

C,,,,(J) = A ,A, {e~,.: [sin "(f- folTJ + et•, [sin 11{/ + J 0)T]} 
4T "(f.- Jo) 1r(f +Jo) 

x {e"' [sin"(/ -/o)T] + e·t•, [sin"(/+ J 0)T]}· . 
.,(f- Jo) "(f +Jo) (8.3.4) 

which tends to 

iA 1A 2[e·i«, -•,• 8(f + J0) + eM,-•,• S(J -/0 )] (8.3.5) 

as T tends to infinity. 
1

: 

The definition (8.3.3) is a natural one to adopt since it surhmarizes all the 
information about thc dcpcndcncc hctwccn thc two signals. For the special 
case_ oftwo cosine waves. (8.3.5) shows that this information is summarizcd by 
the phase d(fference "'' - </>,, which shows how one cosine wave leads or lags 
the other. and !he eros.< ampliwde A 1 A 2 , which shows whcther a large ampli­
tude ata particular frcquency in onc wave is associated with a large amplitude 
at the same frequency in the other. 

Samp/e phase and cross amplitude spectra. More generally, suppose that 
x 1(t) and x,(t) are arbitrary real signals with Fourier transforms X,(f) 
and X,(f) rcspectively. Thcse Fouricr transforms give thc amplitude. and 
phase distribution of the signals, that is, 

X,(f) = A ,(f) etF,Ifl, i = 1, 2; (8.3.6) 

where. A,(f) is a positil'e. aen Juncrion and F.(f) is an odd Jwrction. From 
(8.3.3), the samplc cross spectrum is then 

c,,,,(f) = A,(/)A,(f) ei<F,<fl-F,<tn¡T, 

which may be written 

C,,(f) = A"(f) e""'n 

(8.3.7) 

(8.3.8) 

Hence the covariance between the two series x1(t) and x2(t) may be de­
scribed by the sample phase spectrum 

F"(f) = F2(f) - F1(f) (8.3.9) 

and the sample cross amplitude spectrun:r 

Adf) = A,(J)A,(f)/T. (8.3.1 O) 

The sample phase spectrum F12(/) shows whether the frequency compon­
ents in one series Jead. or lag t~c components at the same frequency in the 
othcr series. Similarly, thc sample cross amplitude spcctrum A .,(f) shows 
whethcr the amplitudc of thc componen! at a particular frcquency in one 
series is associated with a largc or small amplitude át the samc frCquCncy in 
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· the other·series. Note that A 12(!) is a positive even function of frequcncy and 
that F

12
(f) is an odd function of frequency. 

Sample co- and quadrarure spectra. Since (8.3.8) is a complex quantity, it may 
be written as the product of an amplitude function times a phase function as 
in (8.3.7). An alternativo expression for (8.3.8) is as a su m of a real and im­

aginary part, that is, 

C"(f) = L,,(f) - jQ12(f), 

where 
. . -

L12(f) = A 12(!) cos F,,(f), 

and 

Ai,(f) = Li,(f) + Ql,(f), 

Q12(f) = - A,,(f) sin Ft>(j), 

º"(/) 
F12(f) = arctan - L

12
(f) · 

l 
i 
i 
¡<8.3.11) 

i 

Note that L
12

(f) is an eren function of frequency and Q,,(f) is an odd 
function of frequency beca use A.,(f) is an even and F12(f) an odd function 
of frequency. To illustrate, consider the bivariate cosine wave example used 

above. 
In the limiting case as T tends to infinity, it may be shown that 

L
12

(f) = A4A'c'os(</>,- </>,)[S(f+Jo) + S(J-Jo)J 

= {A' cos </>
4
A, cos </> 2 + A1 sin </>

4
A, sin"''} [S(f + Jol + S(f _Jo)]. 

Sin ce the signals x,(l) may be written 

x 1(t) = A 1 cos (2,/0 1 + </>,) 
= (A 1 cos </> 1) cos 2"Jot- (A, sin </> 1) sin 2"Jot, 

x 2(1) = A 2 e os (2"Jot + </>,) 
,;; (A, cos q,,) cos'í"Jor - (A, sin q,,¡ sin 2"Jor. 

it follows that L.,(J) measures the covariance betwcen the tw? cosine 
· components and the covariance between the two sine terms, that is, the 

covariance bctween the in-pirase componcnts. Hence L12(f) is callcsl the 
samplc in-phase or sample co-spectrunL Similarly, 

A A · . -
Q12(J) = T sin (</>2 - </> 1)[S(f+ Jo) -f: S(f- Jo)] 

= {A' cos q,~, sin </> 2 _ A 1 sin</>,:, cos <b,} [ó(f +Jo) +. S(J _ Joll 

mcasures the covariance between the·sine and cosine crtmponcnts. that is, 
the_out-of-p!rase or quadrarure components. Hence Q"(f) is called the 
sample quadr:rture spectrum. 
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Similarly for general signals x 1(t), x,(t), the Fouricr rcpresentations 

L.,(f) = A,,(/) cos F.,(f) 
and 

Ql2(f) = A dfl sin F12(/) 

measure thc covariance between the in-phase and quadrature components at 
frcqucncyf 1 

8.3.J Thc rclation bct1rccn the 5ample cross spcctrum and rhe sample 
cross cO!·ariancefunction 

lt was shown in Chapter 6 that !he sample acvf and the sample spcctrum are 
relatcd by thc Fourier transform (6.1.9). In this scction, (6.1.9) is gcngalized 
to show that the snmple ccvf and the sarnple cross spectrum likcwise form a 
Fnuricr transform pair.-

From thc dcfinition (8.3.3) of the sample cross spectrum. 

C12(/) = ~ Xt(f)X2(/) 

= J_ Ir" JT;z x
1
(t)x

2
(t') e-J2.:rJw-o dt dt'. 

T -T{Z -T/2 

Making thc transformation t' - t = u. 1 = ,. ami procccding as in Scction 
~1.3, . 

J
T . 

Cdf) = c12(11) e- 12''" d11. 
-T 

(8.3.12) 

Thus the samplc cross spectrum is the Fouricr transform of thc samplc 
ccvf dcfincd by 

J fT/2-u 
c¡z{11) = T x 1(f)x,(t + u) dt .. 

• - T/2 
O~u~T. 

'IT/2 = T · x 1(t)x2(t + u) dt, · 
. -T/2+v 

=O, \u\> T. 
The transform (8.J.I2) has the invcrse 

cdu) = J:~ Cdf) e"·''" df. 

. Substituting (8.3.11) in (8.3.14) yiclds thc importan! idcntitv 

e ¡o( u) = r·~ (L 12(f) - jQ12(f)) e'0
"" df 

(8.3.13) 

(8.3.14) 

o:; e~ Ld.fl cos 2"/11 ;~' + r ~ Qdf) sin 2.,/11 df, (8.3.15) 

1 
1 

! 
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since L 12{f) is an even function off and Qdf) is an odd function off 
Finally, substituting u = O in (8.3.15) gives 

c.,(O) = r ~ Lu(/) df, (8.3.16) 

and hence the samplc co-spectrum gives the decomposition of the zero.Jag 
cross covariance with frequency in thc same way that the samplc spectrum 
(6.1.11) givcs the dccomposition of the sample variance with frequcncy. 

Now suppose that (8.3.15) is writtcn 

where 

c!2{11) = 112(u) + q.,(u), 

L.,(f) = r T /12(u) cos 2~/11 dll, 

Q.,(j) = rT ql2(11) sin 21'/11 du; 

lt may be verified that /12(11) is thc evcn part.of c12(u), that is, 

/12(11) = 1(c12(u) + c12(- u)). 

Similarly, q12(u) is the odd part of c.,(11), namely, 

qdu) = 1(cdu) - c12( -u)). 

8.3.3 The cross spec1rum 

(8.3.17) 

(8.3.18) 

(8.3.19) 

(8.3.20) 

The analysis ofthe previous section assumed that x,(r) and x 2(r) wcre mathc­
matical functions of time 1. lf {x1(r), x,(t)) are rcalizations of a stationary 
bivariate stochastic process {X 1(t), X,(r)}. the samc prohlems arise as for 
univariatc spectra. Thus if the sample co- and quadraturc spcctra are com· 
putcd for a rcalization of a bivariatc stochastic proccss. they do not tend toa 
limiting value, in any statistical scnse, as the record lcngth T tcnds to infinity. 
1 n fact, thcir hehavior is identical to that of tlie sample spectrum as shown in 
Figure 6.1. To sce why this is so it is necessary to examine thc properties of the 
rv Cx,x,{fl associated with the sample cross spectrum. 

From (8.3.12) the sample cross spectrum estimator is 

Cx,_,,(f) = Jr <x,x,(u) e- 1" 1" du, -ro .;; f.;; ro . 
-T 

Using (8.2.2). this has mean value 

E[Cx,x,<f)) = fr ( 1 - 1
;

1
) Yx,x,(u) e- 12

'
1
" d11, (8.3.21) 
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and as T tends to infinity, this mean ~alue tends t~ the cross powcr spcctrum 
or, more concisely, thc cross. spectrum. Thus 

,1~";, E[Cx,x,(f)] = rx,x,(f) = ¡_~~ Yx,x,(u)e~ 12 '1"du, -oo,;J,;oo. 

(8.3.22) 
Equation (8.3.22) shows that the cross spcctrum is the Fourier transform 
of the ccvf. Note that in !he stochastic definition (8.3.22), thc cross spectrum 
is a continuous function of frequency in the range -oo ,; f,; oo. 

It is emphasized once again.-that-the definition 

l'x,x,(J) = lim Cx,x,(f) 
T-~ 

usually given in enginccring ... tcxts has no mcaning for stochastic proccsses 
since the varianccs of thc real and imaginary parts of !he rv C.,,x,(J) do not 
tend to zero as T tends to infinity, as will be shown in Section 9.1. 

Co- and quadrature spcctra. Writing Yx 1 x:~:(u) as the sum 
A12(u) and an odd pan op 12(u) gives 

A12(u) = J(y12(u) + y 12(- u)), 

op12(u) = 1(y12(u) - y 12(- u)), 
and substitution in (8.3.22) yields 

where 
r,,(f) = /\ 12(/)- j'r

12
(J), 

and 

of an cven part 

(8.3.23) 

¡' 

(8.3.24) 

(8.3.25) 

(8.3.26) 

A,({) is called thc co-specrrum and ~-.,(.() !he quadrature spectrum of !he 
{X,(t), X2(1)) process. Equivalen! dcfinitions for these quantities may be 
obtained from (8.3.21) and (8,3.22). Thus 

.\ 12(/) = lim E[L,(f)J, ~-,(/) = lim E[Q
12

(f)]. 
T-oc T-«> 

Cross amp/itude and phase sp~ctr~-: The cross spectrum may also be writtcn 

rl2(/) = al2(J) e"""'. (8.3.27) 

where a,(f), </> 12(/) are callcd thc cro.u amplitude spectrum and the phase 
spectrum rcspectivcly. From (8.3.11 ). it is scen that 

a,(f) = v'.\r,(/) + '!'¡,(/), 
• 

(8.3.28) 

</> 12(/) = arctan 
~-,(/) 

- A,(J). (8.3.29) 
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Hence thc cross amplitude and phase spectra may be calculated by computing 
A,2(u) and o/•,(u) from the cross covariance function according to (8.3.23), 
by computing the co- and quadrature spectra using (8.3.25) and (8.3.26), 
and by substituting in (8.3.28) and (8.3.29). 

Summary. Table 8.3 summarizes !he spectra which have been defined in 
this chapter. 

.. 
8.4 CROSS SPECTRA OF LINEAR PROCESSES 

8.4.1 Simple examples of cross spectra 

Bcfore dcriving the cross spectrum of the general bivariate proccss (8.1.14) 
it is instructivc to consider sorne simple examples of cross spcctra. ThCse 
examples will be used to demonstrate what information is contained in the 
cross spectrum. For this purpose the cross spectra of sorne simple discrete 
processes are dcrived. For discrete processcs, the cross spcctrum is 

r, 2(f) = ~ ¿ ,.,<k)".-12'1\ (8.4.1) 
~· .. - 00 

In the following cxamples it is assumed ,that E[Z11] = O, E[Z21 ] = O, 
E[Zf,J = o¡, E[z¡,¡ = o¡ and ~ = 1 so that -! ,¡; f < !· 
Example 1. Suppose 

X2e = Z2t• 

where Zlt and Z2, are mutuatly-uncorrelatcd white noise sourccs. Hence 

Y12(k) = E[Z"Z2, • .J = O, all k, 
and using (8.3.22). 

r, 2(/) = a 12(/) e''e1
''""' = ' 1:\i,(f) + '1'1 2(/) =O. 

This implies that thc cross amplitudc spectrum is zero cverywhcrc and hence 
the co- and quadrnture spectra are idcntically zero. This \muld sccm to imply 
that the phasc spcctrum is indetcrminate. lt may be shown. however, that the 
phasc spcctrum is uniformly distributcd in the rangc (- ,¡2, "/2) so that the 
average phase diffcrence bctween the two processes is zero but the phase 
diffcrence at any frequency is cqually likely to lie anywhere in thc range 
( _,/2. "/2): 

Examp1e 2 (the birariate equira/e/11 o( white noise). Suppose 

X,. = Z2, + {l,Zu. 
so that 

.L\ 
(8.4_2) 

8.4] CroS.'i Spcctra of Linear Proccsscs 

Hcnce 
y1,(0) = E[Z11(Z21 + p,z,)] 

y u( k) = o, k ;é ·0. 

From (8.4.1) 

which implies that 

a,2(f) = {l,o~, 

A,2(/) = /3 1 o~, 

q,,(_(l = O, 

'!",(/) = o. 
Hcncc if the two processes are cross correlatcd only at simultancous times. 

the cross amplitude spectrum is a constan!, likc thc spectrum of white 
noise. Further, the two processes are in phase. since 4>,2(/) = O. The cross 
amplitude and phase spcctra for this cxamplc are shown in Figure 8.8(a). 
71ws (8.4.2) may be regarded as a fumiamenra! model for cross spectra in the 
same H'O)' that white noise is fimdamental for wtirariare spectra. 

Examp/e 3 (the effcct of de/ay). Suppose 

x21 = Z2e + {JIZH-d• 

so that 
X21 = f3tXu-a + Z21• 

that is. the two series are shifted by a time interval d rclative to each othcr. 

Hcnce 
k=d 

otherwisc. 

Thcreforc. from (8.4.1 ). 

r,2(/) = {l,o; e" 12
·"'. 

a 12(/) = {l,a;, ·<J>,2({) = -2rrfd, 

.\,(/) = fl,a¡ cos 2"fd, o/t12(/) = {l,o~ sin 2r'.fd. 
Again the cross amplitude spcctrum is a constan!, but the phase spcctrum 
is now a linear function o.f frequcncy as shown in Figure 8.8(b). This mcans 
that a cosinusoidal wave of frcqucncy f cyclcs pcr sccond takcs fd cycles to 
cover thc del ay time d seconds and hcnce the phasc lag is h/rl radians. 

Example 4. A more interesting case occurs with the model 

X21 = /3 1Z 11 + f32Z"_, + Z,.. 

which may be rcwrittcn 

X2, = fl,X, + P2X11-• + Z2i· 
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Therefore 

Cross Speclra of Linear Processes 

r,2(j) = al[/3, + f32e-12•1], 

u.12(f) = ui\1¡3¡ + /3~ + 2/31/32 COS 2"/. 

( 
-/32 sin 2"/ ) </>df) = arctan fJ fJ 2 1 

, 1+ 2cos 7T 

A12(f) = al{{J1 + {!2 COS 2:'/), 

'1',2(/) = arfl2 sin z,¡ 

351 

The cross amplitude spectrum shows that the covariance betwecn thc two 
processes is dominated by low frequencies if {!2 /{!1 > O and by high fre­
quencies if {!2 //31 < O. Hence cross correlations all of one sign produce 
low-frequency cross amplitude spectra and oscillaiory cross correlations 
produce high-frequency cross amplitude spectra. The corresponding phase 
diagrams are shown in Figure 8.8(c) and (d), and it is secn that when {!2 //3 1 >O, 
X 11 leads X 2 , and when {!2 /{!1 < O, X 11 lags behind X 2,. 

By using more sophisticated models it is possible to genera te a wide variety 
of cross amplitude and phase spectra. An importan! point which nceds 
emphasizing at this stage is that examination of the cross amplitude spectra 
of two empirical time series may indicate that a d~f!erent model may he 
required in differcnt frequency ranges. For example, a phase diagram made up 
of straight lines with different slopes would indicate that _One series was 
delayed relativc to the othcr but that the time domain delay between the two 
series changes from onc frcquency band tothe next. 

Hcncc it is 5ccn that <1 study of thc cross spcctra of crnpirical time series can 
providc a very ncxihlc too! for suggesting modcls to describe thcir hchavior . 
lf it is suspected that diffcrent modcls may be operating in different frcqucncy 
bands, a more efficient analysis results if, as discussed in Section 7.3.5, the 
two series are filtcrcd into componen! series using a bank of band-pass 

· filters. Then the cross spcctra are calculated using the componen! series. 

8.4.2 . The cross spectrum of a linear system 
·;:;. 

;;-. 

lt was.shown in Section 8.1.3 that two stochastic processes X 1(1), X,(t) are 
sometimes relatcd linearly as . · 

X 2(1) = L~ h(u)X1(t - u) du + Z(t). 

Thus X,(r) is the input proccss toa linear system and X2(1) is the correspond­
ing output plus.an indepcndent noise Z(r ). From (8.1.8) the ccvf of the output 
is 

··. (8.4.3) 
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Transforming (8.4.3) gives 

r,,(f) = H(fll'u(f). . (8.4.4) 
Hence the frequency response function may be determined from 

(8.4.5) ll(f) = 1' .,(/). 
I',,(!J 

•. Comparison of equations (8.4:3) and (8.4.4) shows how the ana1ysis of lin­
ear systems is simp1ified by using Fourier techniques. Thus the convo1ution in 
(8.4.3) is con verted into a multip1ication in (8.4.4). Rewriting (8.4.5) in the form 

ll(f) = G(j)e"""' = .\,(.f:,-1'1'.,{/) 
. :! u(/) 

yic1ds expres;ions for the gai'! G(JJ and phase </>(/) of the linear system. 
Thus 

G(/) = v Al,((l + 'l'¡,{.f) = a 12(.f)' 
lu(IJ r,,(j) (8.4.6) 

</>(/) = arctan - '1",(/) · 
A,(j) (8.4. 7) 

Remcmbering that the cross amplitude a 12((_) is a mcasurc of thc uco· 
variance" between X,(r) and X,(r) at frcqucncy.fand 1' 11(/) the '"variance'" 
in thc inrut at frcqucncy f, it is sccn that thc gain G(/) hchavcs likc thc · 
rcgrcssion cocnicicnt (4.3.7) but is now cva1uatcd at cae h. frequency f. 
Squared coherency specrrum. This ana1ogy may be pursued further using the 
rc1ation (8.1.9) for the autocovariance of the output, name1y·. 

y,( u) = f~~ J~ ~ h(r)IJ(¡·')yu(u + 1' - v') dr dv' + Yzz(u). 

On transforming this equation, 

¡' (8.4.8) 

which difTers from (6.2.15).on1y in that thc spectrum of the noise Z(r) is 
added to the contribution from the input. Substituting for (8.4.6) in (8.4.8), 

r (/) a~,({) 1' 
22 - l'u(IJ = zz{.f) 

or 

r zzCJJ = r ,,(f)[ 1 - Ki,(flJ, (8.4.9) 
where 

(8.4.1 O) 

is callcd thc .<quarcd cohcrrnrx bctwccn thc input and output at frcquency f. 
Thc plot of Ki2(f) vcrsusfis callcd thc squared cohercncy spL'Cirum. · 
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The resemb1ance bctween (8.4.9) and the ordinary corre1ation coefficient 
(3.2.19) shou1d be noted. In fact, the coherency p1ays the role of a corre1ation 
coefficient defined at each frequency f. Thus (8.4.9) shows that when the noise 
spectrum is identica1 to the output spectrum, thc squared coherency is zcro. 
In other words, the squared coherency is zero when the output consists 
entire1y of noise. When r zz<J) = O, the squared coherency is unity and the 
output spectrum is simp1y the input spcctrum mu1tip1ied by the square of the 
gain of the system. E1iminating r 22(/) between (8.4.8) and (8.4.10), 

K~,(f) = 1 + (rzz{f);G'(fll'u(f)) (8.4.11) 

Equation (8.4.11) shows that the squared coherency is small when the 
output-signa1 to noisc ratio G'(f)r 11(/)/r zz<J) is small and 1arge when 
the ratio is large. 

8.4.3 Cross spectra· of bitariate linrar processes 

1t was shown in Section 8.1.4 that a very general model for generatin¡ 
bivariate stochastic processcs is obtained by passing two whitc noisc source: 
7 1(1) and Z 2(t) through the system shown in Figure 8.5. The auto-anderos 
covariances of this proccss are given by (8.1.15). These resu1ts will no"· b: 
uscd to derive thc corrcsponding m1to- and cross spcctra. Denote by 

· -J2:rfu • • -f
~ 

H,lfl = -~ h.,(u) e . du, t,J- 1, 2, 

the frequency response functions of the four systems in the lattice diagram o 
Figure 8.5. The resu1ts for the auto· and cross spcctra may now be o~taine< 
by transforming thc equations (8.1.15). Transforming the first two cquation: 
and using (6.2.16), the autospectra are 

r"(f) = aiiH"(f)l' + a¡¡U.,(f)l'.-. 
l',(f) = ailll,.(f)l' + a;¡H,(f)l'-

(8.4.12 

To derive the cross spectrum, note that the last two of the equation 
(8.1.15) can be combined to give 

y 12(u) = ai f~~ h 11 (1')h 21 (t: + u)dv +a~ f~~ h12(t·)h22(v + u)dt•, (8.4.13 

which now ho1ds for -<YJ ,; u ,; <YJ. On taking Fourier transforms of botl 
sides of (8.4.13), the cross spcctrum is 

r.,(f) = al/1~1(/)H21(/) + a;li~2(J)ll22(f). (8.4.14 

Thus the computation of the cross spectrum reduces to computation d 
the frcquency response functions of the associated bivariate linear proce! 
(8.1.14). 
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The frequency re~ponse.functions·H,(f) may be obtaincd vcry simply by 
transformmg equatwns (8.1.14). On substituting thc H¡¡(f) in (8.4.12) and 
(8.~.14), explicit expressions for thc auto- and cross spectra may be obtained. 
Th1s proce~ure is best illustrated by an example. 

An ex~mple. Consider the continuo~¡.bivariate ar process 

dX,(r) 
""""""""([(" + auX1(r) + a 12 X2(r) = Z 1(r), 

dX,(r) 
""""""""([(" + a,, X1(r) + a,.X,(r) = Z 2 (r), · 

Transforming these equations and using the differentiation property (A2.1.2) 
g1ves 

[au + j2rrf]X1(J) + a 12 X2(J) = Z 1(J), 

a,X1(J) + [a22 + j2rrf]X2(.f) = Z 2(.f), 

which may be solved to give 

X([) = (a, + J2rrf)Z,(f) - a 12Z 2(J) 
1 

(a u + J2,7f)(a22 + J2rrf) - a 12a 21 ' 

X,(fl = -a,Z,(f) + (a 11 + J2rrf)Z2(J) . 
(a u + j2rrf}(a22 + j2rrf} - a12a21 

Likewise, transforming (8.1.14) gives 

Hence, 

X 1(f) = H,(f)Z,(f) + H 12(f)Z2(/), 

X,([) = H,(f)Z 1(f) + H 22(j)Z,{f). 

H ({) = a, + j2~f 
u. ... . D ' ll,(f¡ = - a~, • 

\"·" 

H (f) -a" 
21 = --. . D 

H (f) - a" + j2rrf 
. 22 - t, D ' 

whcre D = a 11 a22 - a 12a21 - (2rr{)2 + J2rrf(a11 + a
22

). 

(8.4.12) and (8.4.14 ), the auto- and cróss spectra for the 
are 

Finally, usirig 
hívariatc process 
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· Cross spec(ra 'of discrete birariate linear processe.~. Exprcssions for Jhe auto­
and cross spectra of discrcte bivariate linear proccsscs may be obtaincd in a 
similar way. To illustrate, considcr the discrete bivariate process (8.1.20) 

x" = o.6Xlt-1 - o.5x,,_1 + z". 
x,, = oAxtt-1 + o.5x,,_1 + z,,, 

where Zu. Z 21 are uncorrclatcd white noise processes. Taking Z transforms. 

X1(ZJ = 0.6.¿: - 1 X1(ZJ - 0.5..(:' - 1 X,(Zl + Z,(..(:'). 
X,(.¿)= 0.4.¿- 1X1(.() + O.S.(" 1X,(.() + Z,(.(). 

These equations may be sol ved to give · 

x (·7) _ (1 - o.sz- 1lZ1<Zl- o.5.¿:· 1z,(Zl 
1 .._.- 1 uz 1 + o.sz-2 . 

X ( 7 ) _ 0.4.(" 1Z1(.() + (1 - 0.6.(- 1)Z2(.(). 
2 

"\. - 1 1.1.(" 1 + 0.5.( 2 

Substituting .( = e12' 1 gives the frequency response functions 

(1 - 0.5e- 12 ' 1) -O.Se·mt 
Hu(J) = D • H,(J) = D 

where 

D = 1 - l.le·mt + O.Se·t<>t 

1 - l.1 cos 2rrf + 0.5 cos 4rrf + j(l.l sin Zrrf- 0.5·sin 4rrf). 

Finally, using (8.4.12) and (8.4.14), thc auto- and cross spcctra for thc hivari-
ate proccss are 

r (/) _ uW .25 - cos 2rrfl + ui(0.25l 
11 - 1 Dl 2 ' 

r (./)- uy(0.16) + <7~(1.36.,.. 1.2 cos 2rrf) 
22 

- IDI' . . . (8.4.15) 

r,(fl 
uy( -0.2+0.4 cos 2rrf)+n~(0.3-0.5 cos 2rrf}-j sin 2rr((0.4ur+O.Son 

IDI' 
whcrc 1 DI' = 2.46 - 3.3 cos 2rrf + cos 4~( 

In thc particular case whcre ai = aª = l, (8.4.15) reduces to 

1 .5 - COS 2rr( 
.1' 11 (() = IDI' 
r (/) = 1.52 - 1.2 cos 2rr/ 
" IDI' ' 

r1,(f) = 0.1(1 - cos 2rr.f)- j(0.9) sin 2rrf . 
. ¡n¡• 

(8.4.16) 
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8.4.4 nJe squared coherency spectrum 

1t was shown in Section 8 42th h . 
. d : . at t e corrclatJOn at frcqucncv (hctween the 
mput an output of a !mear systcm could he dcscrihcd ¡;,: thc 
co~erency Kl,([). This resembles a correlation cocmcient at ~ach fr;~~;~cd 
an measurcs the mfluence of thc noise in the svstem a 1· . cy 
resulting in a low d h · · · .trgc nmsc spectrum 
Chapter 11 that s~_are. co erency _and vice versa. lt will be shown in 

In this section. ;hn: b~:~:~~~:ast~c~l~~~~~r:roccss has a co.hcrcncy spectrum. 
spectrum of a bivariate linear process. 'ted by calculatmg the cohercncy 

Consider the bivariate linear process of Figure 8 5 wh· h h . 
cross spectra · • te as auto- and 

ru(f) = ofiHu(~i' + oiiH12{f)l', 
r,,{f) = .,¡¡11,(/JI' + o~IH,(f)l'. 
r,(f) = ofH,*,(/)H,{f) + oiH,*2(f)H,{f). 

(8.4.17) 

The :quarcd cohercncy spcctrllm of the hivariatc linear rocess 
obtamed by substituting (8.4.17) in thc dcfinition (8.4.1~. That ~:.n thcn be 

K 2 (f) - al,({) 1 r ,(/) 1' 12 
- I'u(/}l',{.f) = ru{f)r,(!J. (8.4.18) 

Sorne special cases of (8.4.17) and (8.4.18) are now considcred. 

Case l. Suppose that h12(u) = o, h,(u) =O, so that H {f) = 0 H (f) _ 
0 Then 12 · • 22 - • 

Kt,(/) = ol1H:,{f)H21 (/)i' 
oliH¡,(/JI'IH,,(fJI' = t. 

Rcfcrring to (8. 1.14), if h,{u) = o, h,(u) = O, 

X,(r) = lm h"(u)Z1(1 - u) du, 

X,(t) = J. m ·h,(u)Z1(t - u) du. 

Hence a squared cohercncy which is evcrywhere unity means that X 
could be completely recovered from X,(r). Todo this it w Id ,(t) 
to convert X,(l) to whitc noise Z,(t) using a filter wi,th fr~u be necessary 
function 1/Hu(/) and then generate X,(r) from Z,(t). quency response 

Case 2. Suppose that h,(u) =o, h,(u) = 0 in , 8.1. 14) so that 

X,(t) = f.m hn(u)Z1(1 - u) du, 

p ,_ X,(r) = J,~ h22(u)Z2(t - u) du. 
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From (8.4.17) it is seen that r 12(/) = O and hence Kl 2(/) = O. Sin ce Z 1(t) and 
Z 2 (1) are two different white noise sourccs, a squared coherency of zero 
implies that it is impossiblc to rccover or predict X2(1) from X1(t). 

Case 3 (example 2 o_( Section 8.4.1). Values of the· squared coherency 
between O and 1 corrcspond to situations where X2(1) can be partially 
recovered or prcdicted from X,(t ). For example, consider the bivariate 
process (8.4.2) for which 

Xu = Zu, 
X,. = Z,. + /3,211 • 

Hence H 11(/) = 1, H 22{f) = 1, H 12{f) =O, H21{f) = /31 and 

2 (/) /3! 
K¡ 2 = l + flf 

if ar = a~. Thus the squared coherency spectrum is zero if /3 1 = O and tends 
to unity if /3 1 tcnds to infmity. This is to be expected, sin ce when /3 1 tends to 
zcro, the noisc Z 21 dominates, and when /3 1 tends to infinity, the signa! 
{3 1Z 11 dominates. 

Case 4 (e.ffect of de/ay). Consider the bivariate process discussed in the thin:l 
example of Section 8.4.1, namely, 

X2t = Z2t + f1tZu-d, 

Xu = Zu. 

\\'hen ai = a~, thc squ:trcd cohcrcncy spectrum is 

" (/) /3! 
Kj2 = l + f3'f 

which is identical to that of the prcccding case. 
Howcvcr, it was shown in Scction 8.4.1 and Figures 8.8(a) and (b) that 

thesc two processes havc markedly diffcrcnt phase functions. J'hus the 
squared cohcrcncy spcctrum gives no indication of any phase diffcrcnces 
bctwccn thc two processcs. and hence a complete frequency domain descrip­
tion of a bivari~Íe process requires a phase spcctrum as wcll as a cohcrcncy 
spcctrum. 

Ca.<e 5. Considcr thc discrctc bi,·ariate process (8.1.20). which has the auto­
and cross spcctra (8.4.161 whcn a[ = a¡. Thc corrcsponding cohercncy 
spectrum is 

K•.(J) = ·0.42 - 0.02 cos 2rr/- 0.4 COS 4rrf, 1 "'- ( 1 ( 8 4 19) 
'· 2.88 3.32 <:os 2rr/ + 0.6 cos 4rrf -' ~ · < '' · · · 

which is shown in Figure 8.9. 
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FoG. 8.9: Th ·. 1 h . eorct¡ca co erCncy spectrum f h b" . 
(8.1.20) or t e tvanate autoregressivc process 

The most importan! feat~resofthiscoherenc . 
approximate1y 0.125 cps and the fact that th y ~ectrum are !he la~ge peak at 
low and high frequencies. The peak. t b eco erency tends to zero at both 
in the ccf and shows that the b 1kls t heexpectedhecauseoftheperiodicity 
ccsses is cotJfined toa ba' nd of fu o t. e ~orrclatiOn bctwccn thc two pro-

. req uenCICS In lhe ncghb h d 
Usmg (8.4.16), the phase spectrum for th.,s r ~ or oo of0.125 cps. 

. rocess ts . 

</>,(/) = arC:tan - 0·9 .tin lrrf 
o. 1 (1 - cos lrrf) 

= a retan (- 9 cot ,/), 
(8.4.20) 

8:4] Cross Sprctra o[ Linear Proccssrs 359 

.~ 

"r----------r--------~----------~-----------r-

-.'\0 

-60 

F1G. 8.10: Thcorctical pliase spcctrúm foi- thc bivariate auto~egressive process 
(8.1.20) 

which is shown in Figure 8.10. This figure shows that the Jow.frequency 
components of series 1 lag those of series 2 by esscntially 90'. but the phase 
diffcrcncc tends to zcro nt hi,ghcr frcqucncies . 

Praclical use of squared coherency. The_ coherency spcctrum is uscful in 
practi~e bccausc it provides a non-dimensional mcasurc of thc corrcl~tion 
bctwccn two time series as a function of frcquency. Thus it is to be preferred 
to thc cross amplitude spectrum, which depends on the sea le of measuremcnt 
of X,(t) and X2 (1). ·Hence the cross correlation properties of two time series 
can be described by t1;e squared cohcrency spectrum •i2(() and the phase 
spectrum ,P 12((}. In Secti"on 9.2 it is shown how to ·estima te these spectra from 
finite 1cngths of record. 

8.4.5 Linear operations on hirCiriaie time series 

In Scction 9.4.2 it wi\1 he ncccssary to prefiltcr the time series bcfore conduct­
ing a cross spectral analysis. In this section an invcstig¡¡tlon is madc of the 
effect of this prcfiltering opcration on coherency and phase spe~tra. 
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lt is assumed that different filtering operations are performed on the 
X 1(r), X,(r) processes leading to new proccsses Y

1
(r), Y

2
(r) according to 

Y,(r) = i~ h,(r)X,(r - t•) dv, 

Y,(r) = J.~ h2(t•)X,(r - v) dv .. 
(8.4.21) 

Proceeding as in Section 5.2.2, the cross covariance function of the filtered 
process is 

Yr,r,(u) = i~ i~ h,(v)h,(v')yx,x,(u + v - v') d1· dv'. 

On transforming (8.4.22), !he ,¡;ross spectrum is 

r r,>·,(f) = H.*(f)H,(f)r x,x,(/). 

ol~' 
r,.,r,(f) = 1 H,(f)l 1 x,x,(f), i = 1, 2, 

Sin ce 

!he coherency spectrum of the filtered bivariate series is 

2 IH,*(.f)I'IH,(.f)l'rx,x,(f) 
Kr,r,(f) = 1 H,*(fJI'IH,(fJI'I'x,x, (f)r x,x,(f) 

= K~1x2(/). 
Hence the coherency spectrum is unaltered by thc filtering, 

From (8.3.27) and·(2.3.17), 

and 

f X¡x.,(f) = axlx,(f) e1~x,x3<fl, 

H,(f¡ = G,(/) e"•"', 

r (f) = G (J)G (f)a (f) e'"•"l-•,m•o,,, Y1Y2 1 2 X1x., 

= G,(f)Ó,(f) e"•••n-o,•mrx,x,(f). 

(8.4.22) 

(8.4.23) 

Thusthe phase spéctrum is ch.angcd ·by ·4>;(!¡ - 4>
1
(/). Ho,;.evc;, note that ir 

h,(u) = lr,{u), </>,(/)' = 4>lf) and !he phasc is unaltcrcd. Hcnce, ir the same 
filtering operation is applied lo both processcs, thc cross amplitudc spectrum 
is altered by G'(/) bu! the cc>hcrcncy nnd ph"'e spectra are unaltcred. The 
residual spcctrum (see Chapter JO\ ror the filtcrcd data will be affectcd in the 
same way as the autospectrum l',.,,.,(.f). that is. the residual spcctrum ror 
the filtered data equals G~(f¡ times the residual spectrum ror the original data. 
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9 
Estimation of 

Cross Spectra 

It is shown in Section 9.1 that the sample cross spectrum has the same 
undesirable propcrty as the sample spectrum, namely that its 'variance 
is independent of record lcngth. However, it can be used to construct. a 
frcqucncy-domain test for cross correlation between time series based on the 
samplc intcgratcd cospectrum and the sample phase spcctrum. In Section 
9.2 expressions are derived for thc variances and covariances ofthe sm0othcd 
co- and quadrature spcctra and the smoothed cohcrency and phasc spcctra. 
1t ís shown that thesc depcnd on the uncontrollable influence ofth~ thcoretical 
cohcrency as well as the é:ontrollable inftuence of the smoothing procedurc. 

Sorne numerical examples of the estimation of cross spectra are given in 
Sectíon 9.3, where it is shown that very large biases occur if the cross correla­
tion function docs not ha ve a maximun1 at zero lag. Theoretical analysis of the 
.bias shows that it can be minimízed by displacing or aligning thc series so that 
the cross correlation function of thc aligned series has a maximum at zero lag. 
Scction 9.4 includes a practica} procedure for estimating cross spcctra and a 

practica! example. 

9.1 PROPERTIES OF THE SAMPLE CROSS SPECTRUM 

9./.1 Momei1ts of the sample cross spectrum for t11·o uncorrelated 

H·lzitc noi:r;;c proccsscs· · 

ln t_his sc;ction thc mcans, varianccs and covarianccs 0f thC samplc co- and quJd­
raturc spcctral Cstimators and thc samplc phasc and cross amplitudc srcctral 
Cstiniators are dcrivcd.. under thc assump_tlon that thc two processcs are 
u~cÜrrClat~d.whitc noisC proccsscs. Thcsc res u \ts wi\1 he tiscful" in two contc'(tS. 
ln Section 9.1.2 thcy wi\1 be uscd fof dcriving a test for correlation hetween 
two time series, ·a'nd in Scctions 9.1.3 and- 9.2.1 they will be used forderiving 

363 .... 
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the moments of the sample and smoothed cross spectral estimators under 
fairly general assumptions about the stochastic processes X,(l) and X,(t.). 

As in previous work, the two white noise processes are denoted by Z,(l), 
Z,(t) and are assumed lo have zero means. Thc sample Fourier transforms 
are denoted by 

Í
T/2 

Z,(f) =. Z¡{l) e- 1''" dt 
• - T/2 

~ A,(J) - jB,(J), 

where A,(f), B,(J) are the cosine and sine transforms of Z,(t ). On dropping 
Jhe dependence on fin the cosine and sine transforms, the sample auto- and 
·,~ross spectr:;t ___ are 

.-~~ . .... . 
··~~~ .. - · !Z(f)!' A 2 + 8 2 

C U)- '· ' 1 • 12 
jj\J' - T = T ' 1 = ' ' 

C,,(j) = !Z~(()72(f)! 
T (9.1.1) 

1 
= f [(A, + }B¡)(A 2 - j82 )] 

1 
= ¡[(A 1A, + B,B,) -j(B2 A 1 - B,A,)]. (9.1.2) 

Hence the sample co- and quadratuf spectra are ,, 
' . 
1 

L.,(J) = ¡(A 1A 2 + 8 18 2 ), 

1 
Q.,(f) = ¡(B2 A 1 - B1 A

2
). 

(9.1.3) 

(9.1.4) 

Now it has he en shown in Section 6.3.1 that if the Z,(t) are Normal processes, 
the A, and B, are Normal rv's. lt was al so shown that if the processes Z

1
(1) 

havc zcro means, · 

E[A,] = E[B,] = O, 

and for the harmonic frequencies .fm = mjT, 

\'ar [A,] = Var [B,] = { ot, 
·• 

Cov [A,, B,] =O, i = 1, 2. 

lf, in addition, the two.pr_ocesscs Z 1(1) and 7 2(1) are uncorrclated, 

Cov [A 1, A2 ] = O = Cov [81, 8 2 ), 

Cov [A 1• B,J = O = Cov [B .. A2 ]. 

(9.1.5) 

(9.1.6) 

(9.1. 7) 

9.1] Propcrtics of tht! Somp/c Cross Spccrrum 36S 

Momellls o(samp/e ro· andquadrature spcctra. Using these results it is possible 
to derive the momcnts of the sample co- and quadrature spectra. For e.ample, 
using (9~1.3) and (9.1.7), 

1 • 
E[L,(f)) = ¡(E[A 1A,] + E[B1B2 )} =O, 

and from (9.1.6) 

Var [L1,(/)) = ;, E(AtA~ + BtB~ + 2B1B2A,A,] 

Similarly, 

z 2 '2 2 
_ ~ ~ _.. ~ az +O 
-22.22 

. E[Q12(f)] =O. 
. (120'2 

Var [Q 12(/)] = ~ '• 

Cov [L.,(/). Q.,(J)] = O. 

ft mav also be shown that L,(f) and Q12(() are uncorrelatcd with C"(/; 
and e,;(/). Hcncc thc joint distribution of thc estimators C,~(f). Cn< (l. 
L 12(J) and Q12(/) may be characterized by the comriance matnx 

Distrihmion of the sample cross amplitude spcctral estimator. 
cross amplitude spectrum is defmed as A.,(()·= !C.,(f)\. so 
(9.1.1), the square of thc cross amplitude spcctral estimator is 

Al,(f) = \C"(f)!' 
= Lt,(/) + Ql,(J) '.• 

= ('z'V>l')('z·V>'') 
= Cu(/)C,(/). 

lt i~ convenient now to introduce the rv 

Y'(f) = 4A!,Cfl = (2Ct~<!l)(2C,;<fl) = UV. 
(7102 (71 °2 

(9.1.8) 

The sample 
that. using 

Making use of the chi-squared property of C,,(j) discussed in Section 6.3.3 
and the indepcndence property of l11e two processes Z 1(1),- ··1, it follows 
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that the rv Y'(n is the· product of two indepcndcnt chi-squnrcd rv's· U, V, 
each with two degrees of frcedom .. Hcnce · 

E[ Y'(f)] = E[U]E[V] = 4, 
E[Y'(f)] = E[U']E[V'] = (8)(8) = 64, 

using (3.3.6). 1t follows that 

Var [ Y'(f)] = 48, 

E[Al2(/)] (a:¡) E[ Y'(f)] = aM. (9.1.9) 

and 

' (a'a') Var [Ai,{f)]_= ;
6

' Var [ 1'2(/)] 3aia~. 

Note that whereas the variance of the sample spectrum is equal to the 
square of its mean, the variance of the sample cross amplitude spectrum is 
three times thc square of its mean. The incrcasc in variancc is dueto the fact 
that variability is now being introduccd by two proccsses rathcr than one. 

Distribution of the sample phase spectral estimator. Using (9.1.3) and (9.1.4) 
the sample phase spectral estimator is 

F.,(f) = arctan ~- Q.,(f)} 
l L.,(f) 

= arctan {- B2Ar - BlA2}· 
· A 1A 2 + B 1 8 2 

Now consider the ra!!-~.9!" variab1f L 12(f). The rv's A,, 8, are Normally 
distributed, so t~•!héJr]lnge of thc rv A 1 A 2 + 8 1 8 2 extends from -oo to 
+oo and henceit~is;féas'bnable to approximate its distribution by a Normal 

1,-,_,~r·' 

distributiory:,,Siníilar considerations arply for thc rv Q.,(f). Thus L.,(f), 
Q;,(j) are approximately Normally and indcrcndently distrihutcd and ha ve 
the same variance. Hence F.,(f) is arrroximately unifórmly distributed 
in thc range - rr/2 to rr/2. Thcse rcsults will be u sed in the ncxt scction to 

, derive a test for corrclation betwccn two time series.' 

9.1.2 A test for correlation heflt·een tim(' sC'ries 

Situations often arise where it is rcquired to test whether two time series 
are correlated or uncOrrelated. For example. it may he neccssary to test 
whether two control variahles are corrclated, or whether the rcsiduals are 
correlated after a suitable model Has becn fitted to two economic time series. 
The results of Section 8.2.2 show that, providcd hoth time series havc been 
prefiltcrcd to convert thcm to white noise. thc samplc ccf nf thc filtered series 
can be used to test whcthcr the two series are corrclatcd. Howcvcr, the·ccf 1s 

9.1 J Propcrtics of the Samp/e Cross Spcctrum '· .. 367 

uscf1i only i~ detecting certain types of correlation. For instance, if neighbor­
ing points in two time series are cross correlated. it would be expected that the 
ccf ~vill be large in the neighborhood of the origin and small at values distan! 
from the origin. o~ the other hand, if there is a tendency for the ccf to contain 
periodic components, these may not be detected using the ccf. Hence it is 
necessary to develop a frequency-domain test for correlation between time 
series which is a generalization of the test for white noise given in Section 
6.3.2. This frequency-domain test should be u sed in conjunction with the test 
based on the ccf. 

Choice of test ~riteria. The discussion in Section 8.4.4 suggests that the sample 
coherency spectrum K[,(j) and the sample phase spectrum Fdf) could be 
uscd as thc basis for a frequcncy-domain test for correlation between time 
series. However, it is noted that 

K?,(f) = ICd/W 
Cu(/)C22(/) 

\ m¡~x,u¡ \' 
IX,(f)i' IX,(/ll' 

l. 

T T 

Tlws the sample coherency spectrum is identical/y equal to rmity reKardless of the 
nature of the hirariate stochastic process. Hence an alternative approach is 
rcquired, based on the integrated sample co-spectrum and the samplc phase 
spectrum. These two criteria focus attention on ·two different aspccts of the 
cross correlation between the two processes. 

(1) The integrated samp/e co-spectrum. Consider the integrated co-spec­
trum 

which mcasurcs the total in-phasc covariance betwecn the two proccsscs for 
all freque.ncies Jess th.anf. Ther an estimator of J.,(/) is given by the sample 
intcgrated co-spectrum 

k 

~¿, L L.,(J.), 
j =0 

2i 
¡;=N. 

Howc\'er, it is more. convenient to use thc normalized cstimator 

(9.1.10) 

. whCrc si: Sz ar~ the estimators ofthe standard deviations ofthe two processes. 
lf thc two processes are uncorrelated, then ,\.,(f) is idenf\~ally zero and 
hence J.,(f.) is identically zero, but if the two processes are correlated, 
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112([) takes on non-zero values. Using (8.3.16). the normalization in (9.1.10) 

cnsures that j, 2([.) = rdO) whcn ¡, = 1/2.). cps. 
Figure 9.1 shows the cstimatc corresponding to (9.1.10) for samples of 

N = 100 from three bivariate Normal processes. These processes were of 
the form 

Xu = Zu + aZ2h 

·;"'"\. 
X2r = aZit + Zzt· 

~---' .. ,~-~ 
-wit~,Z,. Z2 random Normal dcviates and a = O. 0.1 and 0.3. Thus the cross 
!~o"'N~iotions are zt!to for al\ non-zcro lags. but pdO) = O. 0.20 and 0.55 
~f~JJ:l~étively for thc threc cases. Figure 9.1 shows that when p12 = O the 
in"tC·gratcd co-spcctrum fluctuates about zcro and indicatcs no -correlation 
bctwccn the two processes. ,When p12 = 0.20, the integrated spectrum rises 

•• 

' 

' 

FIG. 9.1: Samplc intcgratcd co-spectr~ for threc bjvariatc corrclated series 

steadily to thc value 0.20 at/ = 0.5 cps and shows clear evidence of correla­
tion. Since j(l/2~) = i 12(0), the value of 0.20 at f = 0.5 cps provides an 
exce!lent estimate of p1,(0). which is known to be 0.20. The curve for p12 = 

0.55 shows that there is marked correlation between the two series. Thus the 
behavior of the three curves in Figure 9.1 confirms that the test is a sensitive 
indicator of correlation between time series. The value of the sample co· and 
quadrature spcctra when p = O are given in Table 9.1 and could be used by 
the ·reader to generate the intcgrated co-spcctrum of Figu:e 9.1. 

(2) The phase spec/rum. Another inJic-:ltion of the correlation between 
two time series is pro1·idcd hy thc phasc spcctral cstimator F12(f). ·11 was 
shown in Sectio· '.1 thal if tite two processes are uncorrc!ated, the sample 

e 
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TABLE 9.1: Samrtc co- and quadrature spcctra for two uncorrclated 
whitc noisc proccsses 

¡. L,.<f,) Qd[.) Fdf.l J. L"(f,) Qd/.l F,(f,) 

0.01 0.08 1.5~ 1.52 0.26 -1.20 -0.47 0.39 
0.02 0.03 -1.44 - 1.35 0.27 -0.38 0.08 -0.~2 

O.o3 0.71 -0.67 -0.75 0.28 0.~2 1.24 1.40 
0.04 -0.10 -0.78 1.44 0.19 -0.21 0.05 -o.::! 
0.05 -0.39 - 1.17 - 1.25 0.30 -0.15 -0.45 1.:5 
0.06 -0.19 0.38 - 1.10 0.31 0.26 0.08 0.3~ 

0.07 0.63 0.81 0.91 0.32 0.1~· -0.14 - 0.89 
0.08 0.00 -0.04 1.47 0.33 0.37 -0.52 .. 0.96 
0.09 -0.03 0.28 - 1.47 0.34 ·: .. 0.02 -0.48 - 1.54 
0.10 -0.79 -0.15 0.19 0.35 ~· 0.01 1.11 1.56 
0.11 0.17 0.43 1.19 0.36 .i.,' 0.16 -0.60 - 1.32 
0.12 -0.15 -0.35 - 1.17 0.37 :,'::.0.86 -0.54 0.56 
0.13 -0.27 0.18 -0.57 0.38 ;·· 0.39 0.31 0.67 
0.14 0.09 -0.16 -1.09 0.39 '-1.05 0.29 -0.27 
0.15 -0.40 0.79 -1.10 0.40 -0.63 0.78 -0.89 
0.16 -0.42 0.78 - 1.08 0.41 .-0.50 -0.45 0.73 
0.17 0.21 0.31 0.97 0.42 -'0.53 0.18 -0.32 
0.18 0.49 0.04 0.08 0.43 ,0.~3 0.03 0.11 
0.19 -0.15 -0.76 1.38 0.44 -0.41 2.4: -lA~ 

0.20 -0.79 1.19 -0.98 .0.45 1.71 -1.00 ·- 0.53 
0.21 0.23 1.49 1.42 0.46 0.04 1.23 1.54 
0.22 -0.08 -0.31 1.31 0.47 -0.52 -0.25 0.45 
0.23 0.02. 0.04 1.06 ·o.4s 1.39 1.36 0.77 
0.24 0.90 0.61 0.60 0.49 -0.67 0.08 -0.12 
0.25 0.21 0.21 0.78 0.50 0.10 -0.91 0.00 

phase spcctrum will he approximatcly uniformly distrihutcd in thc range 
- rr/2. TT:'2. Hcncc the cumulativc distrihution function of thc phasc angle 
will he a straight linc in this ran~c. 

Thc numcrical valucs of thc phasc cstimatcs f0r thc two whitc noisc ~;crics 
with p = O are shown in Table 9.1 alongside the co- and quadrature spcctral 
estimates. The sample cdf of the phose estimates is shown in Figure 9.2. and 
it is seen that there is good agreement between the actual and theorctical cdf. 
To guide the eye in deciding whether deviotions from linearity are real. 95% 

confidencc limits can be inserted al distanccs ± 1.36!\'N.'2 and 75":'. limits 

at ± 1.02!'' Ni2 from the theoretical cdf. 
lt is seen that the empirical cdf lies wel\ within these limits when p12 = O. 

Whcn p12 = 0.20 and 0.55. the cumulative sample phasc spectra also lie 
ncar the thcoretical straight line. Thus when p12 = O. both the integrated 
samplc co-spcctrum and thc phasc spcctrum tests show.no c\.-idcncC of'Corrcla· 
tion. When p12 = 0.20 and 0.55. the co-spectrum test sh""' e' idcncc of 
correlation but the phasc spectrum test docs not. conf~r,,;~g that the 
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theoretic~l· Phase' SpeCti-Um is zero·. J n general, of cours~. a correlated bivariate 
process would ha ve a'non-zcro'co-spcctrlim and a ·non-zcrO. phase Specirum 
and hence a realization o f. su eh a series would bé expected to "fail" both the 
integrated co-spectrum and.phase spectrum tests. 

1.0 
Cllnfidcnce limit~ 

-------Q~"; 

------ 75":, 

o ~12 

FJG. 9.2: Sample integratcd phasc spcCtrum for a biv~riate series 

~ 9.1.3' General mamen/ properties of sample cross spectra/ estimators 

In this section the results ofSection 9.1.1 are g.cneralized lo include correlated 
iwn-white noisc proccsscs. The precise dcrivation of these rcsults is com­
plicated and is givcn in Appcndix A9.1. Thc mcthods used in this section are 
hcuristic and are gcnéra'i"i~:átiCms·of the mcthods used for univariate spectra in 
Section 6.4.1. • ;' .'f#"' . · 

The compi'i1~t¡,;.(or the covariance matrix of c,,(j), C22(/) •. L.,({) and 
Q,(/-1 for correlatcd non-Normal.'fi'roccsscs procceds in three st;ges: First. 

;; . .-).' the·"'matriX of covariances hctweCn· thcse cStimators·3t two Jistinct frcquencics 
"is eútluated for uncorfclatcd, non-Normal \vhitc noisc p"roccSscS. Then the 
covariancc matrix of C"(/1. C,(/). C,(f). C21 {() may be dctcrmined. 
Finally. the valucs of C"(/J, C,(/). C,(f) . .C21 (/) for any bivariate process 
may be expresscd in tcrms of C"((). C,( (). C12(() and C21(/) for uncor­
related v.·hite noisc proccSses. Using thc covariance matrix dcri~ed in 
the second step, the covariancc matrix of the general process may then be 

'Calculated. 

1 
! 

; 
! 
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GCne~alize({ c~rafidnce m"atrix of cross specrral estimators for ~ wicorrelated 
white nóises. The results ofSection 9.1.1 were derivcd for the harmonic freqúim­
cies fm = m/T ror' uncorrelated Normal white noise processes. In Appendix 
A9.1 more general results are derived which apply for<Jllfrequencies and for 
uncorrelated non-Normal wlúte noise processes. These results show that 

Further, the matrix 

E[L 12(J)] = A,(j) = O; 

E[Q,(J)] = '1'12(/) =O. 

WoK~n+oHW2(-)+ ~1"2(+}; O o 
O WoK12l+o~:W2(-)+W2(+)} O 

' ' o1o2 {W2( _ )+ W2( +)} 
2 o o 

o o 

o 
o 

o 

(9.1.11) 

.. 

(9.1.12) 

givcs thc covariances betwecn thc estimators C 11 (J). C,(j), L,,(f). Q,(fl al 
two adjacen.t frcquenciesf, and/2. For example, the element in the first row 
and the first column is Cov [C,,(/1 ), C 11(/2 )], the element in the first row and 
sccond column is Cov [C"([,). C22{f2 )] and so on. The matrix (9.1.121 is 
callcd thc ~enerali:ed corariance matrix of the estimators. \Vhen-/1 = f2 = f. 
this rcdu~es to thc ordinary covariance matrix betwecn C"(/). C,,(_(), 
L,({) and Q12(/). In (9.1.12), W0 = /:!. 2 /N, and 

W( _) = !'.sin '"N/:!.(f, - f,). 
N sin .,;).(j, - / 2 ) 

· !'.sin '"N /:!.((1 + f 2 ) 

W(+) = Nsin.,/:!.(j, +/
2
1 (9.LIJl 

for di serete processes. Similarly. W, = 1/T and 

W(-) = sin.,T(f, -f,l, 
. '"T(f, - [,) 

W( +) =sin rrT(f1 + / 2 ) 

. '"T(J, + ¡,¡ 
(9.1.14) 

in the cOntin~Olis case. K~1 ) ilnd Kfll are thé fourtti"'cumulants of the white 
noisc processes Z,(t) and Z,(t) respcclively. The fourth cumulan\S va~ish if 

the Z,(t) are Normal. e 

The matrix (9.1 .. 12) shows that the spectral estimators are uncorrelated 
with the othcr spcctral estimators at the samc or adjacent frcqucnCies. 
Furthcrmofe." thcv are uncorrclatcd with themsclvcs for sufficiently wide 
frcqucncy spacini. Note that when / 1 = f 2 , the variances of the estimators 
are constants which do not derend on T, the length of thc record. Hence. 
cross spectral cstimators show thc same bad hchavior as autospectral 
cStiniators·. Note t~lso that thc covariances of thc co- and quadrature spectra 
do not involve fourth cumulant tcrms, so thc c_ovariances of the co- and quad­
rature spectrá a~e ¡1lways of arder ·JIT' for (/1 - [,) 1arge, 
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Generali=ed comriance ma1rix of C.,(/)., C,,((), Cd.fl. C,(fl. Since 

C 12(/1 = L,,(f) - JQ,,(/). 
c,,(f) = Ld/1 + JQdfl. 

the covariance matrix of c.,. e,. e, and e, is rcadily dcrivcd from the 
matrix (9.1.12). For example, using elemcnts of (9.1.12). 

Co,· [C,(f, ), C,(/,)] = E[( L,(f,) - JQdf, ll(L,(/2 ) + jQ,f(/,))] 

= Cov [L,(f, ), L,(f,)] + Cov [ Qd/,). Q,(/2)] 

= n¡ni 11' 2(-). 

Thc final rcsult for thc gcncralizcd cm·ariancc matrix _,,r C.,(/), C,(f), 
C,(f). C,(/) is 

J·V0K~ 1 , o o o 
+aHW'(- )+ W2

( + )} 

o H'o"-·~2) o o +a;: IV 2
(- )+IV'(+)} 

o o aia~ JV 2
( +) a\a~IV2(-) 

o o ain~ JV2(- ) aia~W2( +) 

(9.1.15) 

which will now he used to derive thc covariancc matrix of thc cross spectral 
cstimators for non-white noise pro.ccsscs. Note that unlcss ( 1 and (2 are very 
close to one another. all thc cova~ianccs are approximateJ)r zcro.· 

Genera/i;~d corariance marri:t: of cro.'is spectral t,stimators for general 
processes. lJsc is now madc of thc rc~ult givcn in Scction 8.1.4 that any 
hivariate stocbastic proccss with powcr srcctra !'¡¡(./"). r~:.{fl. r¡~(/) can be 
gencratcd by passing I\\'O whitc noisc S(lurc~s thr0ugh a latticc nctwork of 
four linear systcms. Thus. on taking Fouricr transrorrns of thc cquations 
(8.1.14) and using thc samc arrrnximalions iiS ín (6.4.3). 

X,(/) :::: 11"(/)7.,,(/) .+ 11,(/)7.21 (/). 

X,({) :::: 11,(_()2,(/) + ff22(/)7.,(/l. 

where 7.,-(.{) is the Fouricr tronsform of 7.,( 1) ovcr - T'l "' 1 "' T/2. Hcncc 

C"(/1:::: 111"(/)J'Cz,z,tf'l + .• ¡¡ri,(/)J'Cz,z,<fl 
+ ff;',(/)11,1 flCz,z,.<f) + ff,,( ()!l,*z(_(iCz,z,C{). (9.1.16) 

C,,<_() :::: 1 H,(fll"Cz, z,<.fl + 1 H,<.fl!'C,.z,.</l 
+ IIJ',(_()I(,<.f'ICz,z,(f'l + I!,((IIIJ',(f)C,,,J_(l. (9.1.17) 

C,(_{):::: fli,<.f)lf,(flCz,z,(f) + lfU (111".1 (ICz,z,<_fl 
+ lf,*,(f)/fd/)Cz,z,(/1 + li,*,(f)llo,(f)Cz,z,(f). (9.1.1~) 

,. 
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Hencc, from (8.4.17), 

E[C,(/)] :::: JH,(/)\'a~ + JH12(f)J 2a¡ 
= r,(fl. 

E[C,.(/)] :::: \fi21(/)J2al + lli22(/)J 2a¡ 
= r,(fJ, 

E[C,(f)] :::: Hi,(/)H,(f)al + Hi,({)H,(f)a~ 
= r,(f). 

(9.1.19) 

(9.1.20) 

(9.1.21) 

The covariancc matrix for the C¡;( () is rcadily obtaincd fwm the dcf­
initions (9.1.16-18) and thc covariance matrix (9.1.15). For cxam¡ole. using 
(9.1.16) and (9.1.17) and rcmcmbcring that the covariance matrix is approxi-
mately zcro unlcss f, :::: / 2 , · 

Cov [C,(/1), C22(/2)] :::: JH,(/1)J'\H21(/2)\
2a1{W'(-) + W'( + )} 

+ JH,(/,)I'Jii,(/2)J 2a~{ W'(-) + U''(+)\ 

+ H,*,(f,)H,(/,)II:,<f,)H,(f,laio¡W'( + l 
+ HMf,)H,(f,)H,(f,)II:,<J,)a)a~W'<-) 
+ H"(f,)H~,(f,)lii,(/2)H22(/2)ala¡W'(-) 
+ H,(f,)H:,(f, )1121(/,)IIJ',<f,)alal JI''(+). 

The W'( +) terms are small compared to the W 2
(-) tcrms and may be 

neglccted. Thus, making the approximation H,¡(f,) :::: H"(f;) for f, :::: f, and 
writing H,,(f,) as H;¡ gives 

Cov [C11(/,), C11(/,)]:::: {IH,!'IH,J'al + JH,I'JH,J'a~ 
+ (H(tH12Hz 1 Hi2 + H11 HizH;¡Hn)a!.a~}JV2(-) 

= 11',(/,li'W'(- ). 
Thcrcfore, on dropping the Je¡oendcnce on f. thc gcncralized w,·ariance 
matrix ofC11 , C22, L 12 and Q12 at frcquencies/1 and/2 for a general proccss 

is 
¡r.,¡' I\,A, 

n. r22"'" 
1'22 A12 1!1',1', +Al,- 'l'l,\ 

r22'r~~ :\12'1-.12 

The matrix (9.1.22) was given in [1] and (2] and is applicahle for ll/,\-lf,JI 
vcry small. For frcqucncy Jiffercnces greatcr than I.'T thc covariances are 
approximatcly zcro. A more rigorous dcrivation of these results is gi,cn in 
Arrcndix A9.1. Note for futurc rcfcrcncc that for T vcry largc. W'(- 1 tcnds 
to (1fT) 1>(_(, - / 2 ) in thc continuous case. and to (l.' N:.¡ ~(_(, - r, 1 in the 

discrctc case. 
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9.2 PROPERTIES OF SMOOTHED CROSS SPECTRAf 
ESTIMA TORS . -

9.2.1 Smoothed cross spectra/ estimators 

1t was shown in .Section , 9.1.3 that- the cstimators of the sample cross 
spectrum have the same undcsirable properties as the sample spectrum, 
namely that their variances are dominated by a constan! term which does not 
tend to zero as the record length increases. Hence cross spectral estimators 
must be smoothed using a spectral window justas it was necessary~to smooth 
auto-spectral estimators. 

The smoothed cross spectral cstimator is defined by . 

• JT c,.(f) = w{u)c,.(u) .-l•nt• du, 
- -T 

(9.2.1) 

where the lag window w(u) has the usual p;operties (6.3.29). Writing c
1
2(u) 

m terms of the even and odd parts (8.3.19, 20) gives . 

_ JT JT c,.{f) = _ T M{u)/,2(u) COS 2rrfu du - j - T 1t{u)q,2(u) sin 2rrfu du 

= L,.(f) - jQ,.(f), (9.2.2) 

where r,.(f) and Q,.(f) are the smoothed co- and quadrature spectr3:1 
estimators. 

Expected ralue of the smoothed cross spectral estimator. The sample cross 
spcctral cstimator C12(f) is dcfincd by 

e,.([}= f~. c,.(u) e- 12
'

1
• du. 

From (8.3.21) this has expected value 

E(C12(/)J = f. ( 1 - 1~) y 12(u) e-12•1• du, 

which may be written 

f. (~)2. E[C, 2(f)] = -m T rrfl( 1 12(/- !()di!:::: r, 2(j). (9.2.3) 

Equalion (9.2.3) follows from thc fact that when T is suflicicntly large, the 
spcctral window is vcry narrow. Thus to a good approximation. C12(/) is 
approximalcly an unbiased estimato'r of r,.(f). on·'taking expectations in 

1 
1 -¡ 
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(9.2.1) and using (8.3.21) and (9.2.3), the mean of the smoothed ·cross spec­
tral estimator is 

E[C,Mll = r. w(u) ( 1 - 1;1) y,(!t) e-12•1• du 

:::: rm W(g)r,.(f-g)dg 

= r,.(JJ. (9.2.4) 

f 12(/) will be cálled the mean smoothed cross spectrum. Since E(C12(_()] = 

E(l12(f)] _:jE(Q12(f)], it follows that the mean smoothed i:o- ami quad­
rature spectra ar_e 

and 

' 
E[l12(/)] =f. 1\'(u)( 1 - ~~)~,;(u) cos 2rrfu du 

:::: rm W(!!.)ll.,.(f- g) dg 

= ;;.,.(!) 

:E[Q,2(f)]:= fT 1\'(u)( 1 - l~)f, 2(u) sin 2rrfu du · 

:::: rm W(g)'l',.(f- g) dg 

= .:r·,.([): 

(9.2.5) 

(9.2.6) 

In form, (9.2.4-6) are similar to (6.3.35) and (6.3.37) for the expected 
valuc ofthe auto-spectral cstimator. Howcvcr. therc is an important diffcrcnce 
in that thc autoc<wariancc function y 11 (u) in (6.3.37) is symrnctric ahout the 
origin. Hcnce, providcd ¡y, 1(u)l tcnds to zcro fairly quickly. thc bias B, ,(_{) = 

r,(/J - r,(/) can be expecled to tcnd lo zero quickly as thc lruncation 
point M of the lag window is increased. The situation is diffcrent for the 
cross ·spectral estimator since the cross correlation function is not sym­
metrical about zero. Thus in an extreme case where one rrocess is an 
exact copy of tlie othcr process but delayed by an amount •, the cross 
correlation function will be identical to the autocorrelation function but 
centered at lag T instead of zero. The cffect on (9.2.4) for the mean value of 
thc cross spectral estimator is that there will be appreciable bias if the 
truncation point Af is less than the delay .,._ Furthermore if.,. is·Jarge. the 
humerical value of thC lag window w(u) wil\ be small when u = ~. and hence 
verY Jarge truncation points may be necessary in order to reduce thc bias toa 
reasonable size. This effect will. be dcmonstratcd in Section 9.3. where it will 
be shown that the trouble can be remedied by alignilll! the t;.·o series to 
cnsurc that the cross corrclation function has a maximUm in thc nei'ghbo.rhood 
of zcro lag. 
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C01·ariance matrix o[ .wnoothed cro.u spectra/ e.ttimator.t. Usi11g the convo­
lution property (A2.1.8), the smoothed cross spectral estimator (9.2.1) may be 
written in the alternative form 

C,,(f) = J:z C12(f- g)W(g) dg. (9.2.7) 
Hence 

Cov [C.,(/1), é".,(f,)] 

= J:~ J:~ Cov [C,,(/,- .ü C,,(f,- 17l]W(g)W(17)dKdl7. (9.2.8) 

Using the c?variance matrix (9. L22): thc covariancc matrix for thc¡ smoothed 
spectral estJmators may be dcnvcd. For cxamplé. whcn T is large, (9.1.22) 
shows that 

Cov [C11(/1), C22(/2 )] ~ ¡r,{/,)1' S(f,;: f,). 
Hence 

Cov [C11 (/,), c,,{j,)J 

~ J:~ J:z ¡r,(/,- g)l' S(/,- f,T- g + l7) W(g)W(I7)dgdh 

= J: ~ ¡r,c¡,T- g)l' W(g)W(f, + g - /,) dg. (9.2.9) 

Making the assumption that r,(/) is approximatcly constan! ovcr the band-
width of thc srcctral window anU suhstituting h = .f

1 
-- g in (9.2.<>) givcs 

cov rc"u,>. c,<J,>J ~ ¡r,V,w J~T wu,- 17>wu,- 17)<117. (9.2.10) 

For f, = / 2 = f, (9.2.1 0) reduces to 

Cov [C"(fl. C",(f>J ~ ¡r,;rw J.~~ W'(g) cl¡r 

1 
= ¡r,(.fll'y · (9.2.11) 

using (6.4.13). Similar ~esults are"- ohtáiri'ed for the other spectral estimators. 
Thus the elfect of smoothing is to rcdúi:c the varianccs and the éovarianccs 

of thc unsmoothed estimators hy the fa~tor 1/T. Hcnce thc covariance matrix 
of thc smoothed estimators is obtained by multiplying thc covariance matrix 
(9.1.22) of t~e sample cstimators by liT instead of by W'(- ). A more precise 
derivation of these results is given in Appendix A9.1. 

The abovc covariancc matrix is n., of dircct interest but is rcquired as an 
intermediate stagc in the computation of the covariancc matrix of the 
smoothed cross amplitudc. squared cohcrcncy and phasc spcctral esti­
mators. This matrix is dcrived in the ncxt section. 
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9.2.2 Smoothed cross amplitude, squared cohcrcnry and phase cslimators 

As shown in Section 8.4.4, the correlation between two stochastic pro­
cesses can be described in the frequency domain by their cross amplitude 
and phase spectra, or more usefully by thcir squared coherency and phase 
spectra. 

There are severa! ways in which smoothed estimators of these spectra 
may be defined. ·One simple way is to substitute the smoothed estimators 
of the co- and quadrature spectra into the cxpressions for the theoretical 
spectra. Thus, using (8.3.28), the smoothed cross amplitude estimator is 
defined by 

(9.2. 12) 

Similarly, using (8.3.29), the smoothed phase spect~al cstimator is defined by 

- ( Q,{/)) F 12(() = arctan - L,(f) · (9.2.13) 

Finally, using (8.4.18), thc smoothed squared cohercncy estimator is defined 
by 

K' (f) - L~,(f) + Qt,(f). 
" - e" {flC,{f) 

(9.2.!4) 

Note that cven if T.df) and (},({} wcrc unhiO'cd estimatn"· the esti­
mators(9.2.!2-14) would be biascd. Howcver, the hias produccd in this way 
will be small compared with thc bias produced by truncation of the cross 
corrclation function and by the fact that it is not symmetrical a~out zero. and 
hencc it is unlikcly to inftate thc mean square error. Sincc all thc estimators 
are non-linear functions of thc cstimators [ 12(/), Q,(/l. C11(/l. C,(/l. 
thcir moments can be dcrivcd by expanding in the form of a Taylor series as 
shown in Section 3.2.5 and in [2]. Asan example, the mean and variance of 
the smoothed cross amplitude estimator- (9.2.12) ar.e. derived. ·• 

For convcnience, the dcpendence on frequency is dropped .. so that (9.2.12) 
may be written 

Now consider small perturbations SL12 and óQ, 2 about the expected values 
E[L12] = A,2 , E[Q,2 ] = .¡,,2 so that 

[,2 = A., + ¡,[,., 
Q,2 = '1\2 + SQ,., 

E[SL12] = O = E[SQ12]. 
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Similarly, 

.. ·:;; -~. 
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. '·. :1 

E[sn,J = Var [L,,], 
E[sm,J = var [Q12J, 

E[8L12 SQ12] = Cov [l12, Q
12

]. 

On expanding (9.2.12) in the form of a Taylor series, 

A12 = Y(A, 2 + oLd' + ('1"12 + SQ
12

)' 

:::: " ( 1 + A12 Sl12 + ~' 12 SQ12) 
12 2 • 

· a12 
Hence 

[Chap. 9 

·• 

E[A12]:::: ""' t (9.2.15) 

Var [Ad :::: Ar, Var [Ld + ~'r, Var [Q12J + 2A 12~'12 Cov [L
12

, Q
12

] 

- a~2 

From the covariance matrix (9. 1.22), with W'(-:-) repliiced by 1/T. 
(9.2.16) 

- 1 
Var [L"J "'2T¡r"r" + flr, - '~'M. .ll 

Var [Q"J:::: jT¡r"r"- A¡,+ 'l'r,J. 

Cov [[12, Qd z? :\12'1',; .. · 

Substitutirig these results · (9 2 16) h 
tn . . • t e rariance for the smoothed cross 

amplitude estimator is 

Vár [Ad :::: /T ai2 (i +"~J (9.2. 17) 

Note that when the X, imd X, processcs are identical ;¡- -
r and 2 1 H . ' 12 -" "" = _. ence m this case (9.2.17) yiclds 

Var [i':'1¡] z !_ rf1 ' T ' 

which is identical with the result (6.4.13) derived previously. Similar expres-
swns may be den ved for the covanances of thc cstimators A F d ¡;;2 
These are: 12• 12 an 12· 

Variance of smoothed coherency ami squarcd coherency estimator 

Var [jK12 IJ :::: 2~ (1 _ "[,)', (9.2.18) 

V ¡-• 1 . ar K1 2];::; 2T4K~2(1 - Ki 2 )2_ (9.2.19) 
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. . . ·. 

Variánce of smoothed phase estimator 

. - l ( 1 
< Var [F12] :::: 2T 2 
' K12 

- t}· (9.2.20) 

Note that this variance is independent of the theoretical phase function. 

Corariance properties 
Cov [i'12, A12] :::: O, 

Cov [i'12 , Kl2] :::: O. 
(9.2.21) 

The above results will be used in the next section to derive confidence intervals 
for the phase and,'coherency spcctrum. 

. ·. 
9.2.3 Con.fidence interrals.for squared coherency and phase. spectra 

In this section sorne practica! implications of the·results of Section 9.2.2 are 
discussed and used to construct confidence intervals for coherency and phase 
spectra. 

The results (9.2.17) to (9.2.20) show that the variances of thcse estimators 
depend on the smoothing factor 1/T. which can be controlled by window 
.closing, and the coherency spectrum "~2([) of the two processes X1(1 ), X2(1 ). 

They also show that in all cases, excluding (9.2.17). the variance of the 
estimator is zero when the coherency is unity and incre~ses as thc cohcrency 
tends to zero. In fact, the variances ofthe cross amplitude spectrum and phase 
spectrum estimators tend to infinity as the coherency ~~nds to Zero. This is 
to be expected. since a low coherency implies a large noise 1eve1 and hence an 
ineflicient estima te. Thus it is possible to make the, importan! practica! 
observation that the samplinK properties of the phase · and cross amplitude 
e.uimators may be dominatcd hy the uncontrollahle injluence of the coherency 
spectrum rather than hy tire co111rollahle influence of thc smoothinJ! fartnr /¡T. 

Cm~ficll'nce inlerrals for tht• c·oherency ."ifU.>etrum. Thc covariancc prnpcrty 
(9.2.21) shows that the phasc and coherency estimators are uncorrclatcd, and 
hence it is permissible to derive contidence intervals for these spcctra sep­
arately. Statisticians will recognize that, apart from the effect of smoothing, 
the variance (9.2.18) of \K12(f)\'is identical lo the varianc<i of an ordi.nary 
correlation coeflicient. Hence R: A. Fisher's z-transformÍÚim1·~[3] can be 
applied. Thus, using (3.2.28), the estimator ; :; 

i 
f 12(f) = arctanh !IK121] = 

_, 

has a variance 
- 1 ; 

Var ( Y12(/)] z lT'. (9.2.22) 

which is indcpendent of frcquency and which suggcsts that the c!'timate 
fd[l should be plottcd rather !han the coherency itsclf, since the confidcnce 
interval can be represented by a.constant interval on the Y scale. 
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To derive the confidence interval. it is reasonable to assume that the 
rv Y12(/) is approximately Normal. Then an approximate 100(1 - n)% 
confidence interval for Ydf) = arctanh K 12(() is 

.fdf) ± "'! ( 1 - ~) J ;T. (9.2.23) 

For cxample. suppose that the · observed coherency is K~2(/) = 0.64 or 
:Kd.fll = 0.8 and that /i2T = 0.09. Then Pdf) = 1.099 and the 95'70 

confidcnce interval for arctanh [<d/)] is 1.099 ± 1.96 \'10.09 = 0.511. 1.687. 
On transforming hack to the original scale. thc 9570 confidcnce limits for 

,,,1 (1 are (0.22. 0.87). In praeticc it is better to plot the eohcrency on the 
r ~cale and thcn insert thc constant confidcncc interval (9.2.23) on this 

diagram. Exarnplcs of trnnsformcd cohcrcncics and thcir confidcncc intcrvals 
will he given in Section 9.3. 

Cot~fidencc interrals .for tite pha.H' spectrum. lt is more difficult to obtain an 
appro,imation to thc distribution of thc phasc cstimator than th~t of the 
cohcrcncy estimator. In [1) an accuratc approximation to thc distribution 
of this estimator is givcn. but it is unv.·icldy. Howcvcr. it is possiblc to use thc 
result (9.2.201 to obtain erude confidence intervals for lhe phase speetrum [2]. 
rv1orc precise joint confidcncc intcrvals for thc gain and phasc will be givcn 
in Chapter 10. 

lt was stated in Section 9.1.1 that if the true eoherency is zero. thc:sample 
phase cstimator is uniformly distributcd in thc rangc (- rr/2. rr/2). Further· 
more. {9.:2.:20) shows that the cfTcct of Smoothing is to reduce thc variancc of 
thc phasc cstimator. Hencc it is to be cxpcctcd tlwt smoothing will constrain 
thc cstimator to he conccntratcd in a much narrov.·cr band than (- rrh. rr/2). 
For simplicity. it is desirablc 10 rinda trans.formation such that thc distribu­
tion of thc transf<>rmcd \'~Jriahlc is :1ppro:ximatcly Normal. Thc transforma­
tion tan F12 is suggcstcd bccausc thc rangc of thc transformcd variable 
extends from -oo lo +o::. Using (9.2.20) and (3.2.26). 

-. 1 ( 1 . ) Yar [tan F12] ::: scc• </> 
2

T. K~2 - 1 • (9.2.24) 

Hcncr on approximating thc distrihution of tan F1 -:. hy a Normal distrihution. 
arrro.ximatc confiócnce intcn·als for tan (1)12• with conlidcncc cocmcicnt 
100(1 - ni~ •. may be obtaincd from 

- ( a) ( 4 1 (. 1 
tan F 12(/l :t ., 1 - 2 .,1 '!:e ¿, ZT K¡, - 1 )· (9.2.25) 

Note that since the lrue cohcrency is unknown, it must be replaced by its 
eslimate in (9.2.24). Sinee (9.2.201 shr>ws that the variance of f\ 2 is inde­
pcndcnt of 1•". it would be expccted that thc intcrv;d (9.2.251. whcn converted 
back lo a eonfld•·••·c intcrval for {• 1,. will be appro~imalely indcpendent of </> 12• 
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confid~ncc band (dcgrccs 1 

. i 
1 ' : ---:- --~---, 
' 1 

JO 

(dcgr~c~ ('Ir hccdom) 

F 9 3 95o-: confidcncc Jimits for the phasc spectrum IG. . : lo 

F. 9 "1 shows the 9'""' Jimits for various degrees of freedom of the 
1gure .. . . 10 • 1 ·r . _ 27 

spcctral estima te. Thcs.c valucs. _are ada~tc~ fromo [4). For cxamp c. 1 " -

and Ki 2 = 0.5. thc confu.\cncc mtcrval IS ¡. ± 17 . 

9.3 CROSS SPECTRAL ANALYSIS USING SIMULATED " 

SERIES 

In this section the ideas introduccd in the previous sectio~ are illustrated by 
comparing thc smoothed phase and coherency spcctral est1mates of s1mulated 
series with their known thec>rctical phase and coherency spcctra. The f¡rst 
section presents the formulac for digital computatJOn of thc smoothed 
estimates. Section 9.3.2 is intendcd to give the reader sorne cxpenenee '" 
interpreting cross spectral estimates. 1t will then bce:me clear that the 
procedures described up to the present require mod!fJeatiOn m order to 
produce satisfactory cstimates. Scction 9.3.3 shows that th1.s can be_ achJC\Cd 
by aligning lhe two series, that is. moving one of the senes relat!VC to the 
·other so that their cross correlation function has 1ts maxui'ic, '·al zero lag. 
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9.3./ Discrete estimationformulae 

Thc formulae for the estimation of smoothcd cross spectra using discrete 
data are similar to those for autospectra described in Section 7.1.1. 
As in Section 7.1.1, it is assumed that the data x,., x,.,t = 1, ... , N, have 
been obtained by sampling at an interval of !1 seconds and that the spectral 
estima tes are computed for positi1·e frequencies only. For purposcs of compu­
tation it is convenient lo assumc"' = 1 so that o ,;; r,;; ~ cps. lf"' -f 1' the 
correct estimate can be recovcrcd ih· multiplying th.-com~utcd estima te by !1 
and plotting the computcd cstim:1tcs in thc rangc O ~ f::;; 1 /2~ cps. As in 
Section 7 .1.1. the number of covariancc Jags u sed in thc spcctral calculations 
is dcnoted by L. The smoothed spectral estimatcs are to be computcd at the 
frequencies O, I/2F, ... , !. whcre F is of the order of two or three times L. 
The lag window may be one of the three windows described in Section 7.1.1. 

lf trends are present, spurious coherencies may occur bctwcen, the two 
series. In such cases, it is advisable to difference both series. As shown in 
Section 8.4.5, the differencing operation will not alter the theoretical co­
herency and phase spcctra. In what follows. it is assumed that thc covariances 
are either of the original or filtcred data, as is appropriate in thc given 
situation. 

The formulac rcquircd and thc arder in .,\:hich the computations are 
pcrformed is as follows: 

( 1) For the x 11 data 

(a) The ac¡f estimare 

N-k 

c11(k) = * 2 (x.,- .x,l(x,.,,- x,), O,;; k,;; L- 1 1' ('1.3.1) 
,_, 

where .\'1 = (1/N) It- 1 X". 
( 

(b) The smoorhed spectral estimare 

{ 

• L-1 , } 

C11 (i) = 2 C11(0) + 2 6 c11 (k)11'(k) cos ";i ; O~i~F. (9.3.2) 

(2) For the x 21 data 

(a) Thc actf estima/e 

N-le 

c,(k) =} 2 (x21 - • .\' 2 )(x,..,- .\'2 ). O,;; k <; L- 1, ('1.3.3) 
1 .. ~ 

where x2 = (1/N) 2f., ¡e,. 

Cross Spcctral Analysú Using Simulatcd SerieS 

(b) The smoothed spectra/ estimare 

{ 

L-1 

E,(i) = 2 c22(0) + 2 :Z: 
k=l 

(3) Far thc xH and X 2t dat(l 

(a) The cCLf estima/e 

N -k 

TTki} c22(k)11'(k) cos T , O~i~F. 

c.,(k) =} 2 (x,.- .<,)(x2,..- .x,), O,;; k ,;; L- 1, 

1'•-" 
c.,(-k) = ~ 2 (x,. •• - .x1)(x,.- .<2 ), O,;; k,;; L- l. 

f = 1 

(b) The eL"en and odd cCLf estimares 

/ 12(k) = !(c12(k) + c12( -k)}, O <; k ,;; L- 1, 

q12(k) = !(c,(k) - c12( -k)), O <; k <; L - l. 

Note that q12(0) = O. 

(e) The smoothed co- and quadrature spectral estimates 

{ 

L-1 } 

[.,(i) = 2 /.,(O) + 2 6 l,(k)ll'(k) COS TT~k , O~i~F. 

º12(i) = 4 
L-l. . TTik 2 q.,(k)ll{k) Sin F' 1 ,;; i,;; F- 1, 
k=-1 

Q,(O) = Q12(F) = O. 

(d) The smonthcd cross ampUtudc spcctra/ estimare 

A, 2 (i) = \1 LJ,(i) + Ql,(i), O <; i <; F. 

(e) The smoothed phase spectral estima/e· 

- . Q,2(i) 
F12(1) = arctan - ~(. • 

L, 2 ') 
O~ i ~ F. 

(f) The smooihed squared coherency spectral estima/e 

'" ( A},(il o . F A,-, 1) = C,(,)C,(•) ,;; ',;; . 
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(9.3.4) 

(9.3.5) 

(9.3 6) 

(9.3.7) 

(9.3.8) 

(9.3.9) 

(9.3.10) 

(9.3.11) 

(9.3.12) 

Thc fac.:tor 2 in cquations (9.3.2, 4, 8, 9) is to preserve thc Fouricr trans­
fnrm rcbtionship hctwccn thc samplc ~rcctra and thc samplc covariances, 
as in Scction 7.1.1. Appcndix A9.2 givcs a now chart for bi,·ariatc spcctral 

calculations. 
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·¡ .. 

Figure 9.4 demonstrates very clearly the effect of window closing on the 
smoothed coherency estímate, the theoretical value being zero in this ex­
ample. For L = 4 and 8 the coherencies are rcasonably smooth and close to 
zero, but as Lis increased, and hencc thc handwidth is decrcascd, very large 
coherer.::ies begin to appcar. lt was shown in Ser:tion 9.1.3 that this i~ partly 
due to the Jarge variance of the .estimator whcn thc bandwidth is sma\1. In 
addition, as shown in Section 9.1.2. as the bandwidth is madc smaller the 
smoothed coherency tends to unity at all frcquencies since the sample co­
herency estímate for unsmoothed data is idcntically equal to one at all 
frequencies. :1 

Figure 9.5 shows the smoothed coherency estímate Kf, whcn L = 16 for 
the original series and the series after the filtcring operation described in 
Section 8.2.2. It is seen that fillering of the two series only marginally im­
proves .the coherency estímate. This is to be compared with the conclusion 

· drawn in Section 8.2.2 that filtering can lead to greatly improved estima tes of 
the cross correlation function. This behavior of the coherency es ti mate is •· 
explained in Section 9.3.3. 

A b;¡·ariate autoregressit'e process. The second process investigated is the 
bi,·ariate ar process (8.1.20), 

·' 

X u - 0.6X11-1 + 0.5X,. . 1 = Z 11 , 

X,.- 0.4Xu_, - 0.5X,_,t= Z,., 

,-, 
' ' / ' 

' ' __ .,.,.. \ 

' ' ' 

handwidth 

----ltl----- f1hercd 

--

' . ' \ 
1 ' 

' ' 1 ' 1 

' ' ' 1 
1 

' ' ' ' 

¡'1 

FIG. 9.5: Smoothed coherency estimates for two uncorrclatcd series: filterCd and 
original series · . 
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where zlt .. z,, are two . mutually independent white noise processes. 
The theoretical coherency and phase spectra are given by (8.4.19) and 

(8.4.20) respectively .. The theoretical coherency K¡, is plotted in Figure 9.6, 
together with the mean smoothed coherencies ;¡¡, for L ·= 4, 8 and 16. 1t ts 
seen that considerable bias cxists for L = 4 and 8, the peak of the coherency 
being displaced by about 0.1 cps for L = 4 and 0.05 for L = 8. For L = 16. 
good agreement between Ki 2 and K~ 2 is obtained, and for L = ~2 the t~J;}· 
retical and smoothed spectra are indistinguishable. Hence an esttmate ofilíe 

h01ndwid1h 

----lh---
.. ;ff¡-- _____ , __ _ 

·' ------- __ ,_ ------

.7 

.6 

._5 

4 

.) 

.1 

.. <7~ jf("~/ 

FIG. 9.6: Mean smoothcd cohcrency spectra for thc bivariatc autoreg:rcssive 

process (8.1.:!0) 
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coherency for this prooess with acceptably small bias should be obtaincd with 
L = 16. 

4>.-:</1 
~,,.(_(J-

o>r---~~~O~.I~c~5--------~0T.c~5--------~0.~~~75~------~0~.5~~ 
1 hand"'·1d1h 

-----lt>----- Od.fJ----- . ftcr~l 

-----------· ----
-----R -----

:1 

FrG. 9.7: ~·1can smoothcd phasc spcctra for thc bivariatc autorcgrcssivC' proccss 
(8.1.::'0) . 

Figure 9.7 shows thc thcorctical and mean smoothcd phasc \pcctra for thc 
prn~.:css (H. 1 .20¡ whcn L = 4, 8 and 16. Excc\lcnt ag.n:cmcnt hctWl:Cil tf,

12 
anU 

¿.,1:z is ohtaincd for L = 8, and for L = 16 thc mean smoothcd phasc spcctrum 
is indistinguishahlc frr>m the thcrorctical srcctrum. llcncc thc phasc spcc­
trum could be cstimatcd with fcwcr lags than are nccdcd for thc t.:ohcrcncy 
spcctrum. 

9.3] Cross SpC'ctra/ Anafysis Using Simulatcd Series 389 

Table A9.1 and Figure 9.8 show thc sample auto- and cross corrclation 
functions based on a rcalization of N = 100 terms of thc proccss (8.1.20). 
The original data for these series are givcn in Table A8. 1. Figure 9.9 shows the 
theoretical cohcrency and the coherency estimates computcd from these 
correlation functions. The estímate R?2 using L = 4 is considerably displaced 
from the theorctical coherency, as is the mean smoothed coherency Ki 2 . 

k 

fiG. 9.8: Samplc auto- and cross corrclatioi1s for thc.'bivariate autorcgrcssive · 
process (8.1.20) (N= lOO) 
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~moothed coherency estima tes for the bivariate autoregressive process 
(8.1.20) (N = 1 00) 

Doubling L to 8 produces a markcd change in K,',, but increasing L to 16 
produces httle change. Hcnce in this case the estimatc hascd on 16 or possiblv 
12 would be acccpted using thc window-closing tcdhniquc of Section 7.2.4. 
Note that _for L ~ 16 thcrc is quite good agrccmcnt bctwccn 1\f-

2 
and Kf

2
• 

Howevcr, mcreasmg L lo 32 produces wild oscillations in i\f
2

• 

The ~heo~ctical phase · spectrum and the smoothcd phase estimatcs are 
shown rn F1gurc 9.10 for L = 4, 8 and 1~. Thc window-closing proccJurc 
suggests that very little changc in phasc occurs ahove L = 8 and that with 

L '= 16, spurious pcaks appcar in the estimatc. Hcncc thc estimatc base9 on 

1 
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FIG. 9.10: Smoothed phase estimates for the bivariate autoregressive process 
(8.1.20) (N= 100) 

L = 8 would probably be acccpted, and comparison with Figure 9.7 shows 
that there is good agrcement with the theoretical phase spectrum in the range. 
Oto 0.4 cps. For frequencies above 0.4 cps. the estima tes tend to move down­
ward, wher~as the thcoretical phase shown in.·Figure ·.9.7 .. m oves upward. 
Figure 9.9 shows that f = 0.4. cps corresponds to the point where the 

·cohercncy falls to a· small valuc. Using an average cohcrcncy_ of 0.1 in this 
rcgion, Figure 9.3 shows that thc 95/o confi.dence intcrval for thc phase for 
L = 4 is approximatcly ± 30°. 

Noisc through a· linear system u·ith de/ay. The third process investigated is 
(!:<.1.22). whcre_ X:.;1 ·¡s thc outrut from a lirst-ordcr li;1car systcm with a delay 
of 10 time units 

x,. = o.sx,_, + 2Xio-!O +Y,. 
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The input X" to !he system is a first-order ar process 

X"= 0.6X"_' + Z". 

The noise Y, is a first-order ar process 

Y,= O.SY,_, + Z2 , 

[Chap. 9 

and Zu. Z2r are two mutually indcpcndcnt whitc noisc processes. The 
· theoretical correlation functións of this proccss are given in Section 8.1.4. 

The thcoretical cohercncy and phase spcctra, dcrivcd using thc methods of 
Scction 8.4.3, are 

K2 ([) _ 5 - 4 COS 2rrf 
12 

- 6.36 5.2,i"s 2rr.( 

,¡,,,([) = arctan {2 -sin 2rrf \ - 20rr(. 
- cos 2rr.fJ . 

_/ (Cfl!ol 

-7~0~ 

- 1080~ 

-1440" 

- IROO~ 

----l'i----
-------·-------

FiG. 9.11: Thcorctical and mean smoothcd phasc spCctra for thc linear process 
(8.1.22) (heforc alignmcnt) 
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The theoretical and mean smoothed phase spectra for this linear process 
are shown in Figure 9.11. fwm which it is scen that good estimates of the 
phase can be obtained with as fcw as 12 or 16 lags. 

The theoretical cohercncy spcctrum K¡, is plotted in Figure 9.12. together 
with the mean smoothed coherencies ¡¡¡, for L = -16, 24 and 32. lt is seen that 
the mean smoothed coherencies are markedly ditferent from the theoretical 
cohcrcncy C\·en for 32 lags. and that the diiTerence is not attributable to lack 
of smoothncss of the theoretical cohcrency. The reason is that bias is bcing 
introduced because of the large delay between !he input and output, as 
predicted in Section 9.2.1. 

¡;:-( (1 

_q .·;;,¡)--

.8~------~ 
.7 

handwidth 

.6 

--lb·___... 

-------------------------------------------

.. ' 
--------------------

.1 ----------------
o .S fCcrsl 

FtG. 9.1:!: Theorctical and mean smoothcd coherency spcctra ror thc linear 
process (8.1.22) (hefore alignment) 
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W,hen L ~- 8; the mean smoothed coherency is approximately zero, 
as \\Ould be e~pected stnce the delay bet'\'cen the two series exceeds the 
num~er of lags u sed. Hence in this instance thc hia~ equals the function' itself. 

, lt JS clear from this theoretical investigation that littlc would be learncd 
from a spectral analysis of a realization of 100 or so terms of this process 
un)ess c~re JS exercTsed. To demonstrate this conclusion. the auto- and cross 
~orrelatwns of a realization of N = 100 terms wcrc comp·utcd and are shown 
m Table A9.2 and Figure 9.13. The original data for this cxamplc are givcn 
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in Table A8.2. Figure 9.14 shows the coherency spectral estima te based on a 
realization .of N= ÍOO terms when L = 8, 16 and 32. 1t is clear lhat the 
estima le is not converging lo a slablc function, and thal for L = 32 it lends lo 
"blow u p." Hence no salisfactory conclusions can hedra':vn concerning lhe 
coherency estimate. The phase estima tes for L = 4, 8, 16 and 32 are shown m 
Figure 9.15. 1t is seen that the estimates are very poor whcn the number of 
lags is lcss than or comparable to the delay period. Once the number oflags is 
greater than the delay of 10. the cstimate improves rapidly and an excellent 
eslimatc is obtaincd with L = 32. 
·· Thc examplcs of this section illustrate the general point that good estima tes 
of phasc m ay be obtained in situations whcre the coherency is b'adly estimaled. 
In the next section it is shown that it is usually possible to obtain considerable 
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imprcwement in the estimates of coherency and phase by aligning the two 
processes. 

- 7~0" ••• 

··. 
- l(l~(l' 

·. 
- 1~40' 

·· .. 
- 1 xoo~ 

.... o l~ o ... 

----lb·--· 

---.-_, ___ _ 

< ....... ~ 

"-~=-=== 

·. ·. 
-----··. 

FtG. 9.15: Smoothed phasc estimates for thc linear process (8.1.22) (N= 100, 
before alig~mcnt) . . . 

9.3.3 lmprorcmcnt of cross .'ipectra/ estima/es 

1t was shown in thc last scction that la;~<' hias ~.:an occur in thc cstimation of 
c~hc~cncy spcctra, cspccially ,~,-·hcn thcre is largc Jclay. In this scction thc 
btas tn thc ph_asc: <Jnd cohcrcncy spcctr<il cstimah'P• are C\'aluatcd and .it is 
sh~wn that thts haas can he considcrably rc<.Juccd hy thc proccss of alh:mnent. 
Ahgnm~nt consists of centering the ccf so that the largest absolutc ~aluc of 
the ccf !S at zcro lag. . . 

Bias in coherrncy cstimator.'f. Approximatc cxprcssions for thc bias of thc 
smoothcd cohcrcncy C!'timators may he obtaincd hy fo!lowing a proccdure 

i 
i 

¡¡ 
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similar to that in Scction 6.3.5. For example, the bias in the smoothed 
cohcrcncy cstimator is 

B(fJ = E[i\f,(f) - K;,{J)] 

=E [ ¡c,,uw _ ¡r"<[>l' ]· 
C 11(/)C.,(f) r n<f)l ,,( f) 

(9.3.17) 

Using (3.2.23) the bias in the cohcrcncy cstimator may be approximated by 

B(f) = Ki,(f) [B;,<fl- ~ll(f)- B,Cfl]. (9.3.18) 
· · a¡ 2(/) 1 11(/) 1 2 ,(/l 

whcrc B12(j). B11(f). 8,(/) are the biases in IC12(/)\'. C11(f) and C,(() 
respecti\·cly. For the prcscnt it is assumcd that thc autospectra are sufticicntly 
smooth comparcd with the spcctral windows so that thc biascs in thc auto· 
spectral estimators m ay be ignored. First. the bias Bdfl.in the squared cross 
amplitude spectrum is calculated. That is, .. 

B"(f) = E[A?,(f) - a¡,(f}]. 
Now, 

E[iC"(f)\'] = E[f ~ C"(g)W(f- g) dg r~ ct,(h)W(f- h) dh] 

J
T. JT. 

= -"" - T 

But, 

IV(/- g)W(f- h)E[C12(g)ct2(h)] dg dh. 

(9.3.19) 

E[C,,(g)C~,(h)] = Cov [C',(g), ('i,(hl] + E[C,(g)]E[C~,(h)]. 

and from (9.1.22) and (9.2.3) this is approximately 

E[C,,(g). c~,(hlJ:::: ~ r,,(¡:Jr,(g) &(g- ¡,¡ + r,¡g¡r~,(h). 

Hence 

J
,. W'(f- g) - , 

E[IC,,(fli'l:::: -·~ T ri,(g)r,,(.~)dg + ¡r"(fll .• (9.3.20) 

Jfr,,(/) and r,,(f) are smooth relative to the width ofthe spectral window. 

thcn (9.3.20) reduces to 

(9.3.21) 

and 
nu,:::: !_ + ¡r,c(>l' -.¡r¡,<JII'. 

· T 1 11{()1 22(f) 
(9.3.22) 

using. (9.3.18). 
Equation (9.3.22) shows thal cven if the thcoretical cross spcctrum is zcro. 

thc mean smoothed cohcrency can be large. This explains the largc cohcrcncy 
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estima tes, obtained in Figure ·9.5, for the :two independent · first-order ar 
processes discussed in Section 8.2. For example, when L = 40, 

!_ = (0.75)40 = o 3 
T lOO . ' 

which agrees quite well with the average value estimated from the values 
of Figure 9.4. Note that as L 'increases (and 1/T increases) the average co­
herency al so increases. As indicated in Scction 9. 1.2, when M = LJ. tends 
to T, the cohercncy tcnds to onc for a JI valucs off 
. Al so shown by (9.3.22) is that filtering indcpcndent series will not produce 
1mproved cohcrency cstimates. This is Ucmonstrated in Figure 9.4 for thc 
original and filtered indepcndcnt processcs. wherc it is seen that the average 
coherency for both the origi',!al and filtcrcd data is about- O. L This agrees 
very well with the value 1/T = (0.75) 16/100 = 0.12 prcdicted by (9.3.22). 

To obtain an explicit expression for the bias (9.3.22), it is necessary to 
evaluate ¡r,(f)l'- ¡r,2(f)/ 2. From (9.2.4), 

so that 

Hence 

¡r,Cfw-

·Writing 

r,2(f) = J:~ u'(u)ydu) e- 12·''" du, 

¡r,2CfJ/
2 

= J:~ J:~ Y12(u)y12(r•) e-mr<•-••> (>i·(u)u'(r•)- l)dudv. 

(9.3.23) 

w(u)w(r·) - 1 = (w(u) - 1 )(u·(r~- 1) + (w(u) - 1) + (w(r·) - 1) 

gives 

¡r,2</W- ¡r,2<JW 

= J~~ (u'(u)-l)y,2(u) ,- 12
'

1
" du J_~~ (u'(r·)-l)y12(r·) e12* dr 

+ J~~ (w(u)- l)y12(u)e-'2·''"du J:~ y12(t·)e';,,,d1•• 

+ J~ ~ Y12(u) e-'2''1 " du J:~ (w(r•) .:_ 1 )y1,{r) e12* dr·. 

Using the approximations (6.3.37) for bias gives, for the Tukey window, 

1 r,.(f)/2 _ 1 r <JJ/2 _ (o.o63) r,2, (o.o63) r(2•• 
... 12 - ·M~ 12 ¡\f 2 12 

''(0.063) {l'"'r* ¡· 2 • + M2 12 1~ + 12r~:1 }. (9c3.24) 
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where P1
2J is- the second derivative -of the cross amplitude spectrum at fre· 

quency f Writing l'12{f.) = a 12(/) e'•""' and taking deriva ti ves with respect 
tofgives · 

- 2 1 12 O. 126 { <21 · 2 (.J.'")2) 1 r, 2(/)l - r 12(f) ::: M 2 "'2"12 - «12 "''2 , 

on neglecting terms Óf order 1/M'. Hence 'if the biases 8"(/), 8 2,([) in 
(9.3.18) may be neglected, thc bias in thc coherency estimator is approxi­
mately 

8 (1) _ 0.75M 0.126 (a 12aí"J- ai.{o:b\'d) 2
} 

- r + M' ' r r \.. 11 22 
(9.3.25) 

for the Tukey window. For the Parzen window, 0.75 is replaced by 0.54 and 
O. 126 by 0.304. 

The most importan! feature of (9.3.25) is that the bias is proportional 
to the square of the first deriva ti ve of the phase spectrum. lf the· constan! 
term and the term in a\2i are neglected, (9.3.25) reduces to 

B(f) - 0.126 ( 2 )(J.<ll)2 
_. .AJ2 K'¡2 't'l2 ' (9.3.26) 

so that the bias in coherency is dircctly proportional to the coherency and the 
rate of change <PW of thc phase spectrum. Hence if there are large delays 
betwecn two processes, .the coherency estimate can be very poor Since c//S 
will be large. The bias in cross spectral estimators was first pointed out by 
Akaike [5]. · . 

Alignment. The bias in coherency due to phase shift may be reduccd ap­
preciahly by alil!nment of the two processes. Thus, suppose the cross corrcla­
tion function has its largcst ahsolutc valuc, or peak. at lag S. Aligning thc 
proccsses so that the peak occurs at zero, changes 1'12(/) from 

!o 

Hence 

<P',T = ~(.¡,;2(/)) = <<PW - 2rrS), 

and.so the bias (9.3·.i(;) may be consid'erably reduced, as will be demó'n-~trated 
· - • . •w 1 •, • 

-in the next section. 

Use of tiÚ! phase ·spectrum to determine the aliKnment parameter. The choice 
of the alignmcnt para meter S by locating the peak in the ccf does not always 
lead to a satisfactory spcctral analysis. It may happcn that the phase spec­
trum of the aligned series still has a linear phase com'ponent ,P(f) = 2'!fd, 
showing that a further alignmcnt.dis_nec_e~~ary. As_a pr~ct~cal procedu_re, it is 

' . . . 
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recommended that a first guess of the alignment parameters should be made 
on the basis of the peak in the ccf. In sorne cases. the resulting phase!~pectrum 
will not cÓntain a linear component and the analysis can be terminated. 
1 n those cases where a linear componen! f(.f) = z,tif still remains, a modified 
alignmenl S + d can be chosen and thc analysis repcated. 

Bias in phase estimarors. Approximatc cxrrcssions for thc hias in phase 
estimators m ay be dcrived using an approach similar to that uscd above. The 
final result for the Tukey window is 

f - 0.063 [ 1 d ( 2 .1.<\) ] 
B( ) - Af 2 «I

2 
d( a,.,.,.) 

- 0.063 [.1.(2) .1.0> d 1 2 ] • - M 2 'f'l2 + 'f't2 df n a12 (9.3.27) 

For thc Parzcn window. (9.3.27) holds with 0.063 replaccd by 0.152. 
From (9.3.27) it is seen thatthc bias is proportionallo the second derivative 

of thc phase spectrum and is 'also proportional lo the producl of thc first 
dcrivati\'C of the phase SpCCtrum titneS the first dcrivati\'C of thc logarithm 
of thc cross amplitude spectrum. For bivariate processes involving Jarge 
delays the quantity f\'d will probably dominale f\'d. Since f','d is multiplied by 
d(Jn a 2 )/d(, however. the net bias may be quite small. Such a situation 
ohtains in thc linear filtcr cxumplc. shown in hgurc 9.11. which givcs the 
theorctical and mean smoothed phase spectra. lt is seen thal the smoothed 
and theoretical spectra agree very well, even for 16 lags. 

9.3.4 Dúcrcf(' cslimarionformulacfor aligncd prnn.'.'i.'iC.'i 

Supposc that the samplc ccvf has its peak at lag S. whcrc S cnuld he positive 
or ncgative. Thcn the aligncd cstimatc is hascd on thc ccvf ccntcrcd so that its 
peak is at zero lag. Thus thc aligned ccvf estimale is 

c;,(k) =' .. 12(S + k). (9.3.28) 
. ' . 

lf a lag window c>f Jcngth L is to be used with the aligned estima le, then 

-L ,;; k + S ,;; L, 

and it is nccessary to compute r.,(k) for 

-L - S ,;; k ,;; L - S. 

The usual furmulae given in Section 9.3.1 may then be applied using the 
aligncd ccvf estimate. The evcn and odd ccvf estimatcs (9.3.6) and (9.3.7) 
bccome 

t; 2(k) = !fc1;(S + k) + c12(S - k)l, 

q;2(ki = ~{c12(S + k) - c,(S- k)}, 

and (9.3.&) to 'h 3.13) 1113)' thcn be us~d ..\·ithout alteration. 

(9.3.29) 

(9.3.30) 

1 
1 
i 

1 
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9.3.5 Examp/es of cross spcctral estimation with alignment 

Figure 9.16 shows mean smoothed coherency spcctra based on L = 8, 16 
and 32 for the linear filter example, after alignment with S = 1 O based on the 
peak of the ccf in Figure 9.13. Comparison of Figure 9.16 with Figure 9.12. 
which shows the corresponding smoothed spectra hefore alignmcnt. indica tes 
that ~lignmcnt rcsults in a CC'Insidcrable rcduction in bias, that is, an improvc­

ment in fidelity. 

ri:<(/) 

.Q ~i:<f) --

.1 

.6 

.~ 

.4 

hanJwidth 

..... -ltJ--_____ , __ _ 
.1 

o 

FIG. 9.16: Mean smoothed coherency spectra ror thc linear proccss (8.1.2~) Caftcl 
alignment~ S = 10) 
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Figure 9.17 shows··the mean smooth.ed ¡)hase spectni.for L 4 and 32.· 
Comparison with the. mean smoothed spcctra hefore alignment, given in 
Figure 9.11, shows thaf.muéh more rapid convcrgence to the true value is 
obtained with the aligned estimator. ¡" 

·(,-:f./1 

ok---------~:~t'r'--------~·;'-~'--------~-'T'~'----------·T'-. 
f(CJ'I$) . 

-lOSO' 
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- 11\00~ 

handw1dth ___ ,2_ 

Fto. 9.17; Mean smoothed phase sp~¡ra for thc linear process (8.1.22) (aftcr . ,, 
. alignment. S = JO) · · · 

Figure 9.18 shows the smoothcd cohcrcncy eslimates aftcr alignment for 
the linear filter data. Comparison with the' unaligncd spcctra of Figure 9.14 
shows the marked improvemcnt in thc estímate. Note that oscillations begin 
to occur in the estímate bascd on L = ló and hcncc the estímate bascd on 
L = 8 or possibly L = 12 would be acccptcd. Note also that thc estímate for 
L = 8 is seen to agree very well with the theoretical coherency spectrum. The 
phase spectra estimates after alignment are not shov.:n, sincc they agree so 
dosel y with the_ phase spectra shown in Figure 9.17. As noted in Section 9.3.3,' 
the bias in the phasc cstimator is uSually small. and so the difTercnce betWecri 

. ' .. 
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F1o. 9.18: Smoothed coherency estimates forthe linear process (8.1.22)(N"= 100. 

arter alignmcnt. S = 10) 

thc _unaligncd and aligncd phase estima tesis not as drastic as the diffcrcnce 
between the unnligncd and aligned· Coherency cstimates. 

Hence it c_an be concluded froin this analysis that the process of alignment 
has transformed a vcry bad cohcr~ncy est~mate into a g:ood cstimate. 

Cm1fidence inten·als for cohcrc11cy and phase. The smoothcd cohcrency esti­
mates of Figure 9.18 ha ve be en replottcd in Figure 9.19 on the transformed sea le 
Y12 = arctanh JK,J, and the constan! confidence limits computed accorJing 
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___ , __ _ 
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FJG. 9.19: Transformed c.oherency est•'mates for th 1· e mear process (8.1.22) 
(N = 100, aflcr alignment, S = 10) 

to ~9.2.23) ~re_sh~w~. Sincc the bias bcforc alignmcnt is so small for thc phase 
cstJmator.' .'t 1s JUStJfiabl~ to_ attach confidcncc intcrvals to the unaligncd 
spectra \\ h1ch are sh(.Wfn m F1gurc 9.17. Taking an average cohcrcncy figure 
of 0.8 over !he whole frequency range, thc Y5'/~ intcrvals for L.= 4 and 
L = 32 are 5" and 1 5" using Figure 9.3. 

9.4 PRACTICAL·ASPECTS OF CROSS SPECTRAL ESTIMATION 

~his section contains a discussion of practica! problems arising in the estima· 
11on of cross spcctra. Thcse are analogous to thc problems arising in !he 
es11mat10n of autospcctra d1scussed in Scctio!' 7.3. 

9.4.1 The design of a cross specrraf anafysis 

As i~ autospe~tral .. analysis. it is ,c;!,csirah)c lo considcr thc choice of 
recoro length m advancc of collecting '11\c data. in all calculations of this kind 
n~ prec1se statemcnts can he madc, sincc lhe bcst choice of record Jcngth 

. dcpcnds on kno•"•n¡; !he exoct spectra. Howcver, if guesses can be made of 

9.4] Practica/ Aspt·cts of Cross Spcctra/ E.{timation 40~ 

how the spectra are 1ikely lo bchavc. thc problem of data-gathcring can be 
based on scmiquantitativc grounds rather than on wild gucsscs. 

As discussed in Section 7.3. 1, therc are four stages in the design procedure 
for autospectra: 

( 1) Thc sampling intcrval must be al most 1/2.(0 where [ 0 cps is the maxi­
mum frequcncy of intcrest. 

( 2) Electronic filtcring m ay be nccessary befo re sampling the record to 
ensure that there is no powcr or cross power at frcqucncies abovc .fo in the 
continuous traces. 

( 3) A guess must be m a de 0f thc width a of the fincst detail of intcrest in the 
cohcrcncy spcctrum. As shown in Section 9.3, it is usually more diflicult to 
estimatc the cohcrcncy spectrum than the phase spectrum and hcncc the 
design calculations can be based on the cohcrency. spcctrum entirely. High 
fidelity can be achievcd in estimating the cohcrenéy spcctrum if the band­
width of thc spcctral window is Jcss than the width a of the fincst detail. 
Hcncc the formula (7.3.2) for thc number oflags L applies, namely. 

b, 
L=-· 

a-l 

whcre h1 is the standardized bandwidth of the window. Note that thc ah0vc 
calculntion assumcs that the ·two series have bccn aligncd. Since thc shift S 
requircd to align the series will usually be small· compared with the total 
Jength of the series. this factor can be ignored al thc design stage. 

( 4) To trust the fincdetail in the coherency spectrum. it is neccssary that the 
conlidcncc intcrval he acccptahly small. In Scctinn 9.2.3 it was shown that 
conlidcncc intcrvals for thc cnhcrcncy could be bascd on thc rcsult 

- 1 1 L 
Var [arctanh IK12 I]::: 2T =;; = 2h,N· 

whcre h, is thc standardized handwidth of th.e window. The 95'70 ,confidencc 
Jimits for arctanh \<, 2 \ are given by (9.2.23), that is, 

± 1.96 íL = ± 1.96_ .¡ 2b;N ,;;; (9.4.1) 

Hence. from the dcsircd width of the confidcnce interval. say ±e, the numhcr 
of data points rcquircd tn achicvc this width on average is 

or. from (7.3.2), 

N= _I_ (~)2 
.. · 2h, .· e 

N = _1 (1.96) 2
• 

2a.l e 

(9.4.2! 

(9.4.3) 
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:1 
An example. Suppose that the phase and cohercncy spcctra are nceded up to. 
lo = 2 cps. lt is also·rcquired to estímate a peak of width a = 0.20 cps in the 
transformed cohereney spcctrum with a 95'7, confidcncc interval of ± 0.2 
using the Tukey window. 

Then 

1 ' 
ll = 21, = 0.25 seconds, 

1.333 
L = (0.2)(0.25) = 27• 

N = 2(0.2:(0.25) Co9:r = 960 .. 
The number of dcgrccs of frccd.om with ca eh c~timatc is approximatcly 95 and 
the record length should be at lcast 240 scconds. 

9.4.2 A practica! procedure for estimating cross spectra 

It is suggested that the estimation of cross spcctra should be conducted in five 
stages: 1' 

( 1) Preliminar y decision stage 
(a) The series are inspectcd visually to see if thcrc are any obvious trends. Jf 

trends are present they can be eliminated using the covariance estima tes based 
on th~ first diffcrence of each serie~ or onc of thc digit.iJ. filtcrs of Section 
7.3.5. . 

(b) 1t may be necessary to decide whethcr to analyze the data over a wide 
frcqueÍlcy range or whether to filtcr the data into component series rclating to 
distinct frcqucncy hands. lf brge variations of powcr can he cxpcc.;tcd ovcr 
thc total frcqucncy rangc, thcn a separ;.~tc analysis for thc low-frcquencv and 
high-frcqucncy componcnts woult.l he a minimum rcquircmcnt. This dc~ision 
requircs sorne prior knowlcdge of the spcctra. lf this is not a\'ailahle. it may 
be necessary to conducta pilo! analysis. Alternatively, stages ( 1) through ( 4) 
should he complcted and this analysis used as a basis for filtering, followcd 
by rcanalysis. 1 

(e) Thc maximum numher of l11gs Lmu choscn for thc calculaticm of the 
. auto- and cross covarianccs is dccidcd. . 

( 2) First compuration stage 
(a) The auto- and cross CO\'arianccs añd correlations for thc original and 

differenced data are computed. then plotted. 
(b) Even though trends may not he visible in the data. they may. be 

prcsent. Thcy can he dctectcd by a failurc of thc auto· and cross covarianccs 
to damp out. As indicatcd in Scction 7.3.5. trcnds prodw.:c brgc powcr ::.lt low. 
frcqucncics which Jcaks into thc ·spcctrum at othcr frcqucncies and causes 
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distortion of the.spcctrum .. Jn cross spectral analysis it al so produces spurious 
cohercttcies betwccn the two series. 

( 3) Intermedia te decision sta¡;e 
(a) A decision is made whether to use the original co.varianccs cu(k) or the 

dctrcnded covaria.nces e;,( k). · · 
(b) The cross covariance or correlation f~nction selectcd in (a) should be 

cxamincd and thc lag S corresponding to its maximum absolute value noted. 
(e) A set of three truncation points L 1 < L, < L3 should be chosen bascd 

on the way the auto- and cross correlation functions damp out. 

( 4) Second computation stage 
(a) Thc two autospcctra and the phase and eoherency spectra based on the 

aligned cross correlations (9.3.28) are computed. 
(h) The four spectra should he plotted for the set ofthree bandwidths. Thc 

two autospectra should be plotted on a logarithmic scalc, the phase on a 
linear scale and the cohercncy on the. transformed scale 

Y= arctanh IK12(fll. 
(5) Jnterpretation stage 

(a) The phase spectrum is examined to see if further alignment is necded. 
lf so, thc second computing stagc is repeated using the new alignmcnt 
parameter determined from the phase spectrum. 

(b) lf no further alignment is necessary, the effects of the window-closing 
procedure should be appraised and the analysis classified as good. inter­
mediate or poor, as described in Section 7.3.3. Final plots for prescntation 
of the spectra should be prcpared hased on these decisions. 

(e) Vertical lines representing the confidence intervals for phase can be 
addcd for each handwidth, using Figure 9.3. anO confidcncc intcrvals for 
cohcrency, using formula (lJ.2.:!3). 

(d) Horizontal lines corresponding to the handwidths of the spectral 
windows should be ádded so that the detail in the spectrum can be appraised. 

9:4.3 An accormt of ~practica! eros.<; .~jJectrcil estimation 

. The ·procedurc ~f Scction 9.4.2 was appÜed to data, a scéti00 of which is 
shown in Figure R.2. These data have been analyzed in [6) and a more 
detailcd dcscription will he givcn in Chaptcr 11. F0r the prcscnt it is sufficient 
to state that thc variables uscd for cross spcctral analysis are thc input in­
phasc and.out-of-phasc currcnts x 1(t l. x 2(t) toa turho~altcrnator. 1t is ncces­
sary to compute thc cohcrency and phasc spcctra of-thcsc two variahles since 
both are input ,-ariahlcs arising on an equal footing. This information will he 

· · rcquired in Chaptcr JI whcn it will be uscd in an input-output analysis to 
·determine thc frcqucncy response functions of the turho·_alternato.r. The data 
consisted of 4000 pairs of data points read at 8 points·per sccond. 
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( 1) Prdiminary decision stage 
(a) lnspection of the data did not reveal any ohvious trends. However, 

sincc the data covered such a long time period, it was expected that the analy­
Sts would have to be based on the detrended covariances. 
. (b) Since the data were read at 8 points per second. the Nyquist frequency 
ts 4 cps. 1t was known a priori that there would be little power above 1 cps, 
and so the data were filtered to remove power above 1 cps using thc filter 

H(Zl = {~ i z•}'· 
k= -3 

Since there was negligible power above 1 cps in the filtered record, only 
two points per second were retained. Thus the final data consisted of 1000 
pairs of data points. The first 100 values of the filtered curren\ data are given 
inTableAII.I. 1 

(e) A value of Lmax = 80 was chÓsen initially. 

(2) First computation stage 
(a) Thc auto- and cross correlations of the data described under (1-h) were 

computcd and plotted. Figure 9.20 shows the ccf cstimatcs plotted up to 
k = ± 70 lags. 1t is seen that the cross correlations damp out very slowly. as 
do thc autocorrclations (not shown). i 

(b) The diffcrcnccd cross corrclations are also shown in Figure 9.20. It is 
scen that the cross correlation function drops to zero very quickly and 

-7() 
:'iO .... _..... 70 

-toO 

FtG. 9.20: Samplc ccf's for original and diffcrcnccd curren! data (N = 1000) 
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oscillatcs about zcro with a well-dcfined pcriod. Thc main charactcristics of 
the cross correlation function are the delta-function type bchavior near the 
origin and the subsequent pcriodic behavior. lt is seen from Figure 9.20 that 
the low-frequency trend masks a great deal of detail·in the ccf of the original 
data. 

( 3} lntermediaiL' dedsion !iiOge 

(a) Thc above C(lOsidcrations indicatc clearly that the di~crcnccJ crtlSS 

correlations should he u sed for spectral analysis. 
(b) The ccf is almos! symmetric about the origin. The peak occurs al 

lag -2, and so the shift para meter S was taken to be -2. 
(e) Values of L = 32, 48 and 64 were chosen initially for the calculation 

of !he spectra. 

( 4) Second compurarion srage 
(a) The aútospectra. the transformed coherency and phase spectra based 

on S = -2 wcrc computed using the Tukey window. 
(b) The autospectra are plotted in Figure 9.21 for L = 64. The transformed 

cohercncy spectra and the phasc spcctra are sho,~.·n for L = 32 and 6~ in 
Figures 9.22 and 9.23 respectively. 

(5) lnrcrpretation stage 
(a) The phasc spectrum of the aligned series shows no linear trend. :tnd 

hence furthcr alignmcnt is not considcred nccessary. 
(b) The window-closing procedure suggests that a lag of al least 32 is 

required for reasonable estimates of all four spectra. For example. Figure 9.22 

1000 

100 

10 

" ' ' ' . 
' ' 1 \ .-.. ' . ' ' .. 

: ......... .., t'til·(,f·rha<oc ~:urrcnt 
1 ... - .. 
1 ... ,\ ~ ... 1 ... \ . \ 

t-amlwidth - .. 

• • • '..~-.. 

' '--,, ..._ __ 
......... ------------

.7~ t.n 

FtG. 9.21: Sample autospectra of differenced curren! data (N= 1000) 
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FIG. 9.22: Transformed cohcrcncy spectrum for diffcrenced currcnt data 
(N = 1000) 

shows that halving the bandwidth by cxtcnding thc lag from L = 32 10 L = 64 
docs not changc thc broad fcaturcs of the cohcrcncy spcctrum. With L = 64 
howcver, osc1llations bcgin to appear dueto instability. Hcncc a final valu~ 
o_f L=_ 4R (not shown on Figure 9.22) is considcrcd adequatc. Similar con­
stdcratiOns apply ~o the phasc c...,tim~¡tes shown in Figure 9.23. 

(e) Con~dcncc mtervals for phasc and tr~msformcJ cohcrcncy wcrc rcaJ 
off from F1gure 9.3 and formula (9.2.23) using 

2( 1.33) 1000 
,, = L ' 

with L = 32, 64. The 95% confidencc intcrvals for thc transformed cohcrcncy 
can ~e convcrtcd m_to confidcncc intcn·als for ~<?2(j). since thc cohercncy 
sea le IS markcd on F1gure 9.22. Sincc thcre are 1000 obscrvations in thc series, 
the confidcncc 1ntcrvals are quite narrow. 
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FIG. 9.23: Phase spectrum for differcnced current data (N= 1000) 

(d) Bandwidths are ca1culated from 

and marked <>n the figures. 

b = 1.33 
L[j. 

Conc/usions. The main features of the cross spcctral ana_lysis are the prcs­
ence of a large peak in the coherency spectrum in the neighborhood of 0.07 
cps anda flat region with an average va1ue of approximately K},(fl = 0.1 R 
stretching over the whole frequcncy range. The large peak near 0.07 cps is 
associated with the facts that the spectra of both currcnts ha ve peaks ncar this 
frequency and that the band O to 0.1 cps contains most of !he power. Hence 
it would be expected that the in-phase and out-of-phase currcnts are highly 
corre1ated·in this band. The phase spectra of Figure 9.23 show that the nut-of­
phase curren! leads the in-phasc curren! by about 2 scconds. Figure 9.23 al so 
shows !he phase spectrum for L = 32 aligned and dealigned, that is, corrected 
by subtracting 2"/S!:l from the a1igned phase. lt is seen that S = -2 very 
effectively removed thc linear phasc shift between th~ twO currents. .. 
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APPENDIX A9.1 COVARIAN~E OF COVARIANCE FUNCTION 
ESTIMATORS 

In this appendix, a derivation is given of thc covariancc bctwccn thc covariance 
function estimators (8.2.3). Thc covariancc function estimators may be rcwrillen 
in the symmctric form 

{

1 ,.,,.,.,, ( 
- X t 

c11(u) = : ~ -(T-Iull/2 
1 - ~) X, (r + ~) d1, -T~u~T 

\u\ > T. (A9.1.1) 

lt is assumed that thc stochastic processes X1{1), ¡ = l, 2, 3, 4, havc the properties 

E{X,(t)] = O, i = 1, 2,. 3, 4, 

Cov {X,(t ), X1(t + u)] = y.,( u), j= 1, 2, 3
1 

·4, -"' ,¡; u ,¡; ao 

and 

(A9.1.2) 

(A9.1.3) 

Cov [X,(I)X,(I + u¡), X.ddXr(l· + u 2 )] = y 11.;(1: - t)y11(l' - f + 11'.! - u
1

) 

+ y, 1(r - 1 + 11:_-)y,,.(v - 1 - ud 
+ K(l· - 1, 11 1, 11 2 ), (A9.1.4) 

whcre ¡.._· is thc fourth joint cumulant. Thc cross srcctrum bctwccn thc rroccsscs 
X,(t) and X,(t) is dcfincd by j: 

l'r¡(/) = J_rov YIJ(u) {'--J2!l/u cffl, !A9.1.S) 

Yo( u) = r"'· 1',,([) c':!."Ttli df. . - ~ (A9.1.6¡ 

D~rinuio'! of cor·ariancc. From ( A9.1.1) and (A9.1.4), thc covariancc bctwccn thc 
estimators r, 1(u 1) and C'~o;¡(u2 ) is 

Cov (c-11(u1 ), c,__.1(u2 )} 

= ~ ¡•tT-Ju¡l)/.2. tT-J~<:Ill~ ,· .. -

T• f ·~y". (r:- '-~ u2; "').}'¡! (r- 1 + 112; u,·) 
••tT-ili¡lll~•-tT-tu;ztr:2. _ :. 

+ ( ,2 + 11¡) ¡· 11;! + 11¡ ·¡ y, ,, - t + --- y v - r - --- + K<•· -2 ' J-'1;' 2 ' 
1 

t, U¡, u2 )j· dl' cit. 

(A9.1.7) 
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Substituting r - t = r. t = s transforms thc rcgion of intcgration from a 
rectang.lc toa parallclogram, as shown in Figure 5.11. This gives thrce rcgions of 
intcgration, dcsignatcd (1), C2) and (3). Hence, for the case \u2 \ > \u1 \, (A9.1.7) 
beco mes 

where 

{region ( I)J 

{rcgion (2l) 

{region (3)) 

(A9.1.8) 

y(r) = Yl"(r _ u2; 111)y,1(r + u2; U¡)+ Yu(r.+ u2 ~ li
1)Yik(r- ll2; "1) 

+ K.(r, u1 , 112 } 

Jntegrating (A9.1.8) with respect tos and combining tcrms gives 

1 r f'" ( 1 r\) f'' ( Cov [c,1(u1), c.,(u2 )) = T' lT". -r· y(r) 1 - T" dr - T". -r· y(r) 1 

wherc 

T' = T- \u,\ + \u,\, 
2 

r = \u,¡ - \u, 1 

2 

- i'l) dr 1. 
T' ·' 
CA9.U 

\Vhcn ]u 1 \ > \u2 \, thc rcsult is (A9.1.9) with T" = (\u1 \- ]u2 \)/2. 

Simpli!if'(lli<"' ofn•.HI/1. Considcr now thc contribution duc to thc fourth cumula' 
tcrm 1\."tr, U¡, 112 ). For .\'1 Normal. K = O, and so thc following rcsults are e'a 
for Normal processcs. For non-Normal stochastic processes which are linc 
proccsses of thc form (5.2.6,7), thc contribution due to 1\.'(r, u1 : u2 ) from an inl 
gral of !he form 

¡~ orthc ordcry, 1(11 1)y,__.1(u:.zl. using: (5.2.15). Hence thc contribution from thc foul 
cumulant tcrm may he ncglcctcd in (A9.1.9) . 

l'or T largc, the terms of order 1/T' may als~ be neglected, and (A9.1 
reduces to 

1 • s· 

Cov {c, 1(11 1). rk1(u2 l) ~ T j _ 
00 

y(r) dr 

1 í' r ( u, - u,) ( u, - "') - ·;y,~o: r - ..,_ YJ< .' + --r-T. _, . -

1 u., + 111 ) ( 112 +. u,\·,_. dr. + Yr1 \' + ---2-- y 11r: r "'"" (A9.1 
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Setting i = I= k =.·i = 1~ in· f-A9.1.101 .-·and making the tra·n~formation 
r = s- (u2- ul)/2 g1v~~-_thc Bar~_lctt fo_rmula (5.3.::!.). In particular. for u2 = "t. 

• 1 r· Var [c"(u)] ::o T y[1(r) dr. (..\9.1.11) 
~ •-a; . 

Corariana of spectral esrimator~. Thf. ccwari:::.;)c;,- bctwe~n sr.cctral estimators 
C.~(ftl and C"¡(/2) m~y be dcrivcd.from thc resulte; of thc preccding scction as 
follows:· 

Cov [ c.ltfl), C,<l(/2)] = Cov .r J~ T Ct¡( 11¡) e- 12"' 1 "1 du¡, .e T C¡.¡(U2) e- 12:tf2u:l _du2] 

= r j·T Cov [~,,(u~), Ck¡{ti2)] e_·,~ .. t!¡U¡ ~/:U:!) du. du 
.. _T -T 1 2· 

(A9.1.12l 
To simplify (A9.1.12), an alternativc form of <A9.1.10) is derived. 

Altunatil·e form for Cov [c1,(u1), cdu2 )]. From (A9. 1.9) and (A9.1.6) 

CÓv[c,,(u,), c.,(u,)] = ;, {r (~. y(r) (1- ~~) dr- T" (_Y(r) (1 ~!)dr} 

1 r~ ¡· T2.- ~ - ~ {~~p,{g¡)f,¡(g2) e'
11

u¡('7¡ -q2) e-J."IU:!(Ol -o;t2) 

+ r'H(g 1 )1'1¡,:(.g2 ) el:tul C91 - '21 e , ... u2cg1 - '72 1} 

x [ T' J~~. e 1~ 11 " 1 "'1• 92l { 1 - ~~) dr 

- T" J~~. e1211'("'t: g2l ( 1 - ~~) dr J dg 1 dg2 • 

This reduces to 

whcre l t': stands for thc quantity in hraccs ahl,\'C. But 

sin
2 

aT' - sin2 aT" = sin a( T- ju 1 \ t sin al T- ju
2

\), 

and hence, substituting g 1 = f + g, g 2 =: f- )! so. that c/¡:
1 

d;!
2 

= z df dg, 

~ov [cCJ(u¡), c~< 1(u2 )] = ;
2 

f_,.,..,.C.., sin '2TTf~~~- 1
1t:tll sin '27Tfi:>- \u2 )) 

X { rrk{/ + g)r,,{/- g) e'2"'Q(U¡- U2) + ro(/ -t- !! )1' l~tf./ - 1!) e·'::!,,'l(U¡ + U2)f df dg, 

(A9.1.13) 

which pro.vide~,an altcrnati,·e form fnr IA9.1.Q¡ and 1'- L',act if thc ,\"
1 

are Normal. 
For \u¡: and 111:· ~mal\ and Tlargc, ¡ntc~r;l\L!l).! 1 .. \!J ~.21 tl\Crfgi'-'CSj 

Cov [c,.(u 1 ). c-._ lu 2 )} 

1 .• . ,..._ :¡J_.., {i",.,(j!)l",,(-¡.•)('':~ .. ~. 

(Á9.1.14) 
since [(sin 2rr/T)."~rr/T]2 tends to ( 1 l2TI 'h!f ¡ v. hcn T 1., \:.n¡.:.c. 

A9.1] C(l/"(/t iancr fll Cn¡ ariancc runcrion LH Inwtrrs 

Substituting fA9.1.1:\I in fAQ.l.1~l. 

Cov [C,//.> •. C.,(/2 1] 

(
T { ., _ .... ·sin, fíT \u 11)sin !7tf(T- :u2 !) = e- r2 .. 1t 1u 1 ... 1 2 ~o 2 1 .;.

2 
1 j .:.':"1'" ., -

• - T· T . - ". -711 2r._f 
x ¡':1"([-+ ?ll_".1(t- ~} !"' 2 " 0~"1-"2' ..,¡_ fuf/ .l. glr.,Jf- J!) c<"'lc·"t • .... •. 

x df d? du 1 du 2 • 

lnterchanging orders of intcg.ration, collccting terms and simplifyin~ 

Cov [C,.(/1 l. C"(/2)] 

_1_ (' ·;. · ( ·)'sin ,n¡, -'- x)' sin -rrTUi + x) 
T 2 • _..:. ;k J.: 71(/1 - x) 71{/2 + x) 
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sin TTT(/1 + y) sin '"T</2- y) d 1 (' r 1 sin r.T(/1 - x) 
X ¡: )' + "T"'2 1¡(.\" TT(/1 + y) TT( 2 y) 1 - • _"" .. f / 1 - x) 

x sin '"T</2 - x) f"" r (_\')sin -rrTC/1 +y) sin 7TT<f2 + y) d\· 
,([,- x) . -~ " · ,,,f, + Yl ,(/, ~ •·1 · · 

(A9.1.15) 

Simplification ofresulr. Thc rcsult (A9.1.15) is cxact for Nor'mal r,··s. lt may be 
simplificd for random proccsscs whose spectra are appro,imately c0nstant cner 
the rang.c / 1 to / 2 • since thcn thc tcrms ru.</1) may be taken out si de t~1c ¡nt("g.ral. 
Hcncc for noise which is approximately white in the frequcncy range f; \•' r 

Cov [ C¡,(J, ), C.,(/,)] :: 

\A9.1.16l 

Equation (A9.1.16) is cxact for Normal whitc noi"c rr0cc<;,scs.. f"Pr non-,~h1te 

and/llf non- Normal proccsscs, thc rc~ult is only apprcnimatc. 
A\1 thc abovc rcsults apply in thc discrete case, c".:cpt that thc tcrm" in 1'1 (1 

are multiplied by_\, and thc frequcncy range is - 1 ,"~J. ~ f < 1 ~S Thus fnr thc 
discrctc case, {A9.1.16) bccomcs 

Cov[C,(/¡),C.,(f,)]:: !1'1' (/)1' (-/)jsin,N!I(f, +/,>.' 
Lk 

1 11 1 LNsinTTj,t/1 + [ 2).' 

'siri rrN _\(/1 - [ 2 )' 2 

+ "'1',(/,)1',,(-/,)· 
·xsin~.J.(/1 - / 2 1 

(.'\9 1.171 

'Scltin~ .'(,=X.= X" X.-= Z in iAQ.t.t61 and 1·\Q.l.\71 ~~,e~ thc rc .. u\t'\ 
lfl.).\7¡·<"Jnd 16.:0.151 for whitc no1~e .• and more gcncra\ly Ch . .l.9¡ for non-\~h1te 
noi~c. 

T\1(" rcsu\t<: tA9.1.1f•l and tA9.1.17l !'how th<l:l' fN T \..1r~c. thc C0,ar1ance 
"'ei\~CL'n t~<' ~o,p~ctral t.·~Lim:-ttor" is of ordcr 1 T:-c,c~:pt "her. r.· ·= f.,, Hcnct.IP a 
g0Ód dcg.l'ce of aprr<•"mat~<.m. sPt.·Ctra!'ec;timator~ at ~p:.L.:m~.~rc;uu tl1.111 1 T 

· m3y he rc);JnlcJ .a<, unCtJrrclatcd. 
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G('!ICrnli~cd ccwaricmce matrix. Thc {!.Cncra 1 rcsults (A 9.1. 1 6) and (A 9 .1.17) may 
be uscd to derive the gencralizcd ccwariancc matrix (9.1.2~). For c.xamplc, 
thc tcrn1 CoY [L 1::!(/), Q 12C/J] may be d¡:rivcd as fol\ows: 

L'.JI,() = 1{C,2(/I + C.,t -f¡; = !{C,2(/) + C,cf):, 

· Hcnce. 

1 ' 1 Q,2(f) = 2.{C,2(f)- C,2(-fl, = z:IC,(/)- C,(/)}. 
J .f } 

Cov [L,(f). Q,(f)] = Cov [C.,(/) ~ C,.Cfl. C.,(/) ~j C,(f)l 

1 . = ;¡-.!Cov [C,i/1. C,if)j - Cov [C12(/), C21(/)j 
./ 

+ Cov [C,I/), C,2(/ll - Cov [C21(/), C211/)]:. 

Substituting for Cov [C.,(/), C"(/)] from (9.1.15) yiclds 

Cov [L,<f), Q,<f)] = }j(l'11(/)1"22(-f)W2(+) + r,2(f)l'.,(-f)JV2(-) 

r,,(JJr2,(-f)W2(+)- f 11(f)l'n(-J)W2(-l 

+ ¡·2,(f)l',(-f)IV2(+) + f22(/)f,.(-f)W'(-) 

- 1",</)1""(-/) W2( +)- 1" 21(/)1'12(-/) W2(- ):, 

using the notation of (9.1.13) and (9.1.14l. This reduces to 

Cov [L,(JJ. Q, 2(/)] 

~ { IV2( + )(- t'l2(f) + t'l2(-/)) + W'(- )(J'l,(f) - l'r2(- /)}\. 

Since 

J'f,(f) - 1'¡2(-/1 

= .\1,</) + Zj.\,Cfl~·.,(fl - 't"¡,(/J - { .\!2(/)- 2jA,(f)'J".,Cf)- '1"12(/li 

= 4j.\,ff¡~·,cn. 

on ncglccting thc tcrms in JV 2 ( + ), 

Cov [L,(/J. Q.,(/)] ~ .\.,(/)'l',(f)W2(- ). 

Chi·squarcd propcrrú:s of autosprctral l'!ilimators. Considcr thc stochastic rroccss 
XtCl ), whcrc X¡(t )·is r...:ormal with mean zero and~ variancc o-f. Thc srcctral cslí· 
mator C11 (/) is 

1 
= T { X?(Jj + Xf(/)), j (A9.1.18) 

\\:hcrc Xr( [) 'and X.(_{) are thc Fou.ricr cosinc and o;,inc transfoi"ms of XJ(r)· rc­
spcctively. Sincc thc f'ouricr transform is a linear opcration ·and X1(/) is a 
Normal proccss, it follows that .1",</1 and .1".1/1 are Normal. But from (A9.1.18), 
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C¡
1
((1 is a sum of two squarcd Normal rv·s and hcnce C11 (/) is distrihutcd as a 

chi-squarcd rv with two dcgrccs of frccdom. Thc rcsults of Section 6.3.3 fo\low 

immcdiatcly. 
For non-Normal procésscs, thc Fourier transforms Xr(f) and X.(/) are 

weighted sums o,·cr time 1 of thc random variables X,. Hencc the abovc rcsults 
will be approximately truc for non- Normal processcs. 

Cm·arionce af ... momhed spcrtral estimators. The smoothcd srectral cstimator 

C,C/1 is relatcd to C,.([l by 

C.,(/) = { ~ C.,(g)IY(/- g) dg, CA9.1.19l 

whcrc U'(/} is the spcctral window corresponding to thc lag window n1 r ). Hcncc 

C,1(f) = fT c11(u)w(u)e- 12 ~ 1 "'du. CA9.1.20) 
• -T 

Thc covariancc bctween smoothcd spectral estimators may be dcrivcd as fol\ows. 

Sin ce 
i'.,(u) = c.,(II)W(II), (A9.1.21) · 

Cov [f11 (u 1 ), f,. 1(u2)} = M'(U1)w(u2) Cov [c11(ut). ck1(ú2)}. (A9.1.22) 

Hence. from (A9.1.121 and (A9.1.2ZI. ..,,. ,;.,_;;\~,}~i:o; 

Cov ¡C,,(f,l, C.,<J,ll 

f
T ·T 

= j w(u 1 )H'(u::!) Cov {c, 1(u 1 ), ck1(u2)} e- 12-"Hi"'l .. 12"'::J du 1 du2. ( A9.1.2~) 
•-T•-T 

. . i 
Now w(u) is zcro for ]u\ > J\1. where M<< T. Hence the apprmamatlon 

(A9.1.14) may be uscd for Cov [c.,(u1), c.,(u2)] in (A,9.1.23). 

Thus. 

I·T I"W(U¡)H'(U2) -JZ'I!f 11 •f u 1 ~ __ , __ {" 11 22 

• -1· T 

x J_~ :r, .. ;fg)T',¡{-f!)e·'2~"'",-"::-' 

+ 1', 1 (}!)1',~-;( -¡:)e' 2
""'"' ·"~':di! c/u 1 clu2. 

lntcrchanging ordcrs of intcgration gives 

~.! f' wcr,- gJ:r,,cg¡r,,c-g)wr¡2 + g) + r,(g)I""(-g)WC/2-.I.'l:d¡ 
T.- T. • 

(A9.l.~j 

Making thc as_o;,umptiori that the r·s are smooth ovcr the width of thc spcct11 
window allows us to rcnlO\"C thc r·s from thc intcg.ration:··and hcncc CA9.1 j 
beco mes 

"' ( r,,<f,ll",.c-J,¡ ¡'" 
Cov [~ ,(/,), ,,(/2 1] ::o T • _, 

IA9.t.: 
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.. He~ce, pro~·i_d~'a' th/~~-~t~r~.-~:ln-~b\..·s ar~; rÍári-ow an·CJ~·8o no'r ()\·~flap vCrY -~iuch. 
the covarianc:e betw~en smoothed spcctral CstimatorS '-'·ill be vcrv small .' 

For f, = f,, (A9.t.:i6) 'becom¿s · · • · · . . 

··Cov [C.,(f,), C.,(f¡)J :i'r,;(f¡)f,(-f,){~ .wc¡,- ¡:)W(J, +g)d¡: 

4'. ru(/,)r,_(-f,)(' W'<f _, •)d. 
. . . T . - ao J. ); g. ( A9.1.27) 

. . . dt· . 
Neglect1~g the first term on the right-hand sidc of (A9.1.27), since it rcpresents 
only a s·mall amount of ovcrlapping. 

cov rc.,r¡;¡, c .. u,>J"' ¡· .. u,¡r~<- J,J .C~ w'<gJdg 

·.: ru(f,)l',.(- J,) J" '( ) d - T _ ao w u u, (A.9.1.28) 

·by Parseval's theorem.· The res~lt ( A9.1.27) may he used to derive thc gencralizcd 
covariancc matrix bct\.ycen smoothcd srcctral cstimators. As st<itcd in Section 
9.2.1, this matrix is the same as thc matrix (9.1.22) cxcept that the muhiplier 
W'(-) is replaced by 1/T, where 

1 = JM w::!(u) du. 
->< 

,¡ 

APPENDIX A9.2 FLOW CHART FOR BIVARIATE SPECTRAL 
CALCULATIONS · 

The following is a flow chart for a comrutcr program CROSSPEC which acccpts 
auto- and cros.s covariancc estima tes COV(K.I,JI \lr DCOV(K.I.J). K =0. MAXM. 
1 = 1,2. J = 1.2 from program M UL TICOR dcscrihcd in Aprcndix A5.J. Additional inruts 
are DELTA. NF, M~ MAXM -ISI. and S, !he numhcr of lags ncccssary hl align thc 
two processes so that thc largest cross covariancc is ccntcrcd at zcro. OutflUI consists 0f 
printout of the covarianccs (echo check), thc smoothcd auwspcctra for cach truncation 
point M. and thc pha~c and squarcd cohcrcncy spcctra. and plots of thc logarithm of thc 
autospectra. the squared cohcrency, and the phasc spcctrum with ovcrlays for additional 
truncation points. 

Pro¡;ram CROSSPEC 

1) Input parameters N, MAXM, DELTA. NF, S. 

2) Read IDENTCI). COV(K.I,li. K=O, MAXM 

IDENT(2). COV(K,2,2), K=O, MAXM 

COV(K,1,2), K=O, MAXM 

COV(K,2,1), K=O, MAXM. 

3) Read M, se/ COV(K)=COV(K,I,I), K=O, MAXM. 

F/on· Chart for Bi!·ariate Spectral Ca/cu/atioT. 

4) Cal/ subroutinc AUTOSPEC [Appendix A7.1]. 

5) S1ore SPECÚ()J=SPEC(K). K=O,.NF. 

61 Sc1 COVCK)=COV(K,2,2), K=O, MAXM. 

7) Cal/ subroutinc AUTOSPEC. 

8) S tare SPECC K,2) = SPECC K), K= O, N F. 

9) Ca/1 subroutine EVOD. 

Suhroutinc E\'OD 

Calcula/e EV(K)=COV(K+S,I,2)+C0V(K-S,2,1), K=O, M 

OD(K)=COV(K+S,I,2)-COV(K-S,2,1), K=O, M 

(NOTE COV(K,I,2)=COV(-K,2,1)). 

10) Cal/ subroutinc CROSPEC. 

Subroutinc CROSPEC 

419 

Ca/enlate smoothcd co- and quadrature spectra and the ~quarcd cross 
amrlitudc. ~. 

M-1 '· ·._·. TTKli 
COSPEC(I)=2.•DELTA•{EV(0)+2.• '~' EV(K)W(K) COS NF f 

M-1 . . . 7TKI 
QSPEC(I)=4.•DELTM 2: OD(K)W(K) SIN NF .. , 

SQCII =COSPEC(I)•COSPEC(I) +QSPEC(I)•QSPEC(I). 

As in subr(,utinc AUTOS.PEC. thc Fourier transf0rm can be rcrformcd very 
raridly using cithcr thc fast Fouricr tra.nsform or thc al¡;t,rithm Jic;.tcd ~c!0w. 

ll) Calcula/e PHASEC K)= ARCTAN(- QSPECCK).!COSPECCK)) 

COHSQ(K) = SQ(K)/(SPEC(K, I)•SPEC(K,2)). 

12) Calculai' LOGSPEC(K, 1) = LOG IO(SPEC(K; 1)). 

LOGSPEC(K,2) = LOG IO(SPEC(K,2)) 

obscrviOg thc cau.tionary notes in _(5) of AUTÜSPEC subroutine. 

!3) Print thc smoothcd auwspcctra SPEC(K:I), SPEC(K,2), the phasc PHASE(K). 
thc s(¡uarcd t2ohcrcncy COHSQ(K). thc bandwidth B and the dcgrces of 

frccdo111 D. 

14) Plut and orcrlay: thc LOGSPECCK,l) foral\ valucs of M used 
the LOGSPEC(K,Z) f?r all values of M ?sed 
the PHASE(K) 
the COHSQ(K). 
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Al~.:orithm 

To find COSPEC(I), QSPEC(I), 
,¡ 

set C=COS NF' VO=O., VI=O. 

,¡ 
SN =SIN NF, ZO=O., Zl =0. 

Do l, K=M-1, 1 

V:= ::!:.•C•VI- VO + \V(K)•E\'(Kl 

Z2=2.•C•ZI-ZO+ W(K)•OD(K) 

\'0= VI 

VI = V2 

ZO=ZI 

Zl =Z2 

COSPEC(I) = 2.•DEL TA•(EV(O)+ 2.•(VI•C- VO)) 

QSPEC(I J = 4.• DEL TA•ZI•SN. 

[Chap. 9 

APPENDIX A9.3 SAMPLE CORRELATIONS FOR DATA OF APPENDIX A8.1 

TABLE A9.1: Sample corrclat.ions for thc data of Tahlc AR.I 

k 

0-7 1.000 0.505 0.071 -0.139 -0.137 -0.092 -0.124 -0.092 
8-15 0.009 0.103 0.110 0.028 - 0.1J97 -0.096 -0.025 0.011 

16-23 -0.031 -0.019 0.116 0.195 0.138 0.049 -0.010 0.058 
24-31 0.083 -0.031 -0.167 -0.140 -0.069 0.025 0.026 -0.080 

Autocorrelations rll(k) 

0-7 -0.075 0.409 0.452 0.320 0.195 0.080 0.123 -0.004 
8-15 -0.050 -0.035 0.056 0.133 0.082 -0.033 -.0.098 -0.048 

16-23 -0.039 -0.071 -0.121 -0.110 -0.059 0.044 0.072 0.156 
24-31 0.234 0.245 0.153 0.026 -0.037 -0.027 -0.020 0.004 

Cross corrclations r12(k) 

0-7 -0.075 -0.498 -0.485 -0.278 -0.114 -0.050 0.042 0.109 
8-15 0.087 -0.005 -0.066 -0.067. "0.017 0.040 0.043 0.001· 

16-23 -0.049 0.085 0.175 :l 0.101 -0.077 -0.102 -0.042 0.043 
24-31 -0.014 -0.064 0.001 0.081 0.063 0.027 -0.1J64 -0.049 

Cross corrclations r:11 (k-) 

0-7 1.000 0.536 0.186 -0.056 -0.121 -0.080 -0.066 -0.048 
8-IS 0.006 0.054 -0.020 0.005 -0.060 -0.042 0.018 0.025 

16-23 -0.051 -0.084 -0.063 0.014 0:166 0.107 0.019- 0.032 
24~31 -0.063 -0.081 -0.155 -0.045 .:..0.049 -0.011 -0.080 -0.096 

Autocorrclations ,.22Ckt 

1 

1 
1 

A9.3) Somp/c Corrc/atious for Data o[ Appc,dix A8./ 4~! 

T A9 ' Samnlc corrclations for thc data of Tahlc A8.2 /\OLE .-: t' 

k 

0-7 1.000 0.540 0.335 0.219 0.~6~ 0.274 0.151 

0.058 0.017 -0.035 - 0.113 -0.139 -0.101 --i 
8-15 0.030 0.024 -o.o::7 

16-23 -0.107 -0.123 -0.066 0.026 0.037 
-o. o:~ _¡ 

24-31 0.059. 0.052 -0.030 - 0.0-H -0.062 -0.055 
Autocorrelations r11(k) 

0.013 0.098 0.114 0.116 0.176 0.~64 O.JJR 
0-7 
8-15 0.369 0.-160 0.75:: 0.661 0.505 lUR5 o.:~:x 

16--23 o. 195 0.0~1 0.017 0.038 0.031 0.033 -0.012 
0.034 0.062 0.074 

24-31 -0.016 0.003 0.012 0.008 
Cross. corrclations. r12<l..-) 

0.013 -0.057 -0.131 0.147 o. 152 0.172 0.171 
0-7 0.003 0.018 
8-15 -0.120 -0.089 -0.074 -0.071 -0.042 

-0.185 -0.209 
16-23 -0.101 -0.095 -0.105 -0.109 -0.143 

-0.163 -0.079 -0.026 0.003 -0.013 -0.009 -0.007 
24-31 

Cross corrclations r21(k) 

1.000 0.848 0.67R 0.546 0.473 0.400 0.29Q 
0-7 0.044 0.051 
8-15 0.145 o. 124 O.OR4 0.071 0.043 

0.028 0.024 0.026 0.020 0.010 -0.012 -0.018 
16·23 0.037 0.002 
24-31 0.045 0.058 0.029 0.023 0.030 

Autocorrclations r22(k) 
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Equation ( 1 0.3.11) im¡ilics \hat .. thc tw<> degrces of freedom nssociated with · 
Czz(fl are taken up entirely hy the rcgr~ssion tcrm IX1(f)j211Í(.f)- H(fli 2• 

Thus a consequence of the narrow handwidth associatcd with thc sample 
spectrum and cross spcctrum is that thc information at a given frequcncy 
f is absorbed entirely in estimating the gain and phase and gives 110 ill/or­
mation about the noise spectrum. 1t is now sh0wn that this can be rcctificd 
by smoothing. . . 

10.3.3 Smootlted lcast: squ~r_cs anc;l_rsis in thrfrcquency doma in 

In t~is scction it is shown that thc lcast squarcs analysis of the rrcvious 
section can be modilicd to givc cllicicnt smoothcd estimators of the gain and -
phase of the linear system ami al so of the noise spectrum r "(fl. 1t is then 
shown how to use thcse cstimntors to derive an approximate test of sig· 
nificance for whethcr the true cohcrcncy is zero, as well as approximite 
confidence intervals for !he gain and phase of the linear system. 

Suppose that smo<>thed estima!~ of the gain and phasc have been com­
puted according to (10.3.71 and (!'0.3.8). Thcn (10.3.11) may he replaced by 
the corrcsponding smoothcd formula 

(10.3.13) 

In applying a smoothing operation lo (10.3.11). it is assumcd that the true 
frequency response function H{f) remains approximately constan! over thc 
bandwidth of the spectral window. · 

As indicated in Section 9.2, this assumption will not be va lid unless the two 
series ha ve been aligned so that the ccf has its peak al zero lag. To derive the 
approximatc distribution propcrtics of thc cstim:.~tors it will now be assumcd 
that the two series ha ve been aligned. 

Suppose that the smoothing procedure applied to the auto- and cross 
spectra produces v ~cgrecs of freedom pcr estima te. Then 

il vCzz(f) 

rzz<!J 
is distrihuted as a x; rv, and (10.3.13) may be written 

V~zz(f) ::;: vCii(j) + v~,((liH(J) _ H(/)12. 
1 zz</J r d/l 1 d/l . 

(10.3.14) . 

The decomposition (10.3.14) shows that the chi-squarcd rv with v degrecs of. 
frecdom on the left-hand sidc is dccomposcd into two component chi· 
squared rv·s. The first componcnt is distrihutcd as X~- 2 and can be uscd to 
estimate the noise spcctrum. Thc sccond componcnt is distributcd aS x~ and 
can 'be u sed lo estímate the gain and phase. This result follows from the fact 
that thc right-hand ter m in ( 10.3.13) can be shown to ha ve two degrces of 

' 

1 
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freedom, regnrdle~s of the amount of smoothing. using thc statistical differ-
ential technique of Seétion _3.2.5. . • . 

ll may he further shown th-~t t.he (\vo components on.the right-hand side of 
(10.3.14) are statistically indepcndent. Hence. using the additive propertv for 
chi-squarcd rv"s given in Scction 3.3.5, thc ·othcr cofnponcnt has (,· - 2) 
degrecs of freedom. 

Finally, using the smoothed version of (10.3.12),- the smoothed noise 
spectral estimator may be calculated from 

Eu<.fl = E2,(f)(l - Kf,(!J). (10.3.15) 

The ab0\'C results 'are now uséd tci"solvé thc following prohÍem.' 

A te.'it nf sign((icancc foi- non-=ero coherency. Suppose that H(_f) is 
itlcntica\ly zcro for allf that is. the input and output pr0ccss are complctcly 
uncorrclated anJ hcncc thc thcorctical coherency is identically zcro. 

For H(f) =O, thc second term on the right-hand side of (10.3.14) is 

•·C"((lí'J'(f) 
r zz<f) 

using (9.3.12) ancl (10.3.71. 

vE22CfiKMfl 
l'zz(() 

(10.3.16) 

The dccomposition ( 10.3.1-1) shows that the rv ( 1 0.3.16) is approximately 
distrihutcd as x~ and 

vCii(() 
l'zz(/) 

vC,2(f)(l - K[,(f) l 
I'zz(IJ 

is approximately distributed as x: _ 2 • Hence the rv 

(v - 2)K'f,(f) 
2(1 - Kf,(/)) 

is approximately distributed as F2 .,. 2 if H(/) = Q. 

( 10.3.17) 

Asan example, suppose that an estímate of KM/) = 0.3 has been obtained 
using a Tukey window with C. = 1, L = 20, N= 100. Then 

and 

8 (100) 
v=:\"'20=13 

,, 
(v - 2)/í.;' = 2.36. 
2(1 -K,) 

The upper 95'7o point/2 • 11 (0.95) is 4.0. using Figure 3.12. Since the obser\'ed 
value of the criterion (10.3.17) is less than 4.0. it could be concluded that 
thcrc is no evitlcncc that thc truc coherency is diffcrent from zcro. 

1t is only in rarc situations that it will be ncccssary to apply a test of signifi­
cancc of thc abovc type. For cxample, it could be used as a rough test for 
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cross correlation between time series which involves less cofnputation than 
thc test based on the integrated sample co-spectrum described in Section 9.1.2. 
1t happens much more frequently that the object of the investigation is to 
eslimare the gain and phase. and to give approximate confidence interrals for 
these functions. This is discussed in the following section. 

/0.3.4 Confidence interralsfor gain at~d phase functions 

The results of the preceding section may be used to derive approximate 
confidence intervals for gain and phase: From (10.3.14), it is seen that if 
H(f) is known, 

Pr Jv ~ 2 C,¡(fiiH(f) - H(fJI" ";;_,._,(1 - a)}= 1 -a. 
l - Czz<fl 

Hence, if H(f) is unknown, a conlidence rcgion for H(j) with confidence 
coefficient 1 - a is given by 

IH<J¡- H(jJI" " _2_ ~;;(_() r _.(1 
V - 2 Cll(/) 12'' -

J n terms of thc gain and phase (1 0.3.18) m ay be written 

(G cos .¡, - G cos F12) 2 + (G sin.¡, - G sin F12)" 

-a). 

<: - 2- C;¡(j) r (1 - a), 
'! v- 2 EuC/)'2.~-2 

(10.3.1 K) 

(10.3.19) 

on dropping the dcrendt:nce on frequcncy.f In terms of the parameters 
G e os q,, G ~in 4~. ( 10.3.19) Jefines a circle of radius k as shown in Figure 
IO.I(al. \\'hcn mappcd into the (G, </>) planc, this hccomc' the re¡;ion shown 
in hgur< IO.I(b). As a rough approximation, this rcgion can be encloscd by a 
rcct:~nglc. Thu' the conlidcnce interval for the. gai1i is OT ± TR and the 
confl(.h:ncc intaval for the phase is the angle between the tangents OP and 
OQ 10 thc c~rck. This is thc region 

sin 11> - ~1 

Noting that 

k" 2 1 - Kf2 r ( 
{;2 = ., - 2 Kfa 12.~-2 1 - a), 

the'IOO(l - uJ'?u contidence iritervals for G may be \\·rÍtten.in the.alii:'rnálive 

form 

(10.3.20) 
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and similarly, for .¡,, 

f,.(f) ± arcsin )_2_
2
¡. , _ 2( 1 - a) ( 

1 
- Kf2(f)). ( 10.3.21 ,Í 

''- . . Kf,(f) . 
Note that the confidence intervals are small when the number of degr<es oi 

freedom v is large and when the coherency Kf 2(/) is large. · 

G!>in o 

G 

------(:AaCI 

- --- - -- - approJ.imatc 

R' 
r- --- -::.;---..:·-::..-- ---, 
1 1 
1 1 

S' 

t 
t 
1 

' \ 
\ 
\ 

Q' 

\ 
\ 

...l 

i' • 

FJG. 10.1: Confidcnce regions for gain and phasc 
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An example. Suppose th':_( the cstimated coh~re~cy is')?f,', O.S and the.gain· 
and phase esttmates are G = 10, r" = 70°, hased on V= 17. Then the 95'7, 
confidence intervals (10.3.20) and (10.3.21) are · · 0 

JO{' - ),27 (3.68) (oo.s2)1¡,; e,; JO~' + /2 (3.68) ¡0.2)~ • 
. . ... . '~17 \0.8) 

70 - arcsin }
1
2
7

(3.68) (~:·~) ,; .¡, ,; 

that is. 

70 + arcsin j 
1
2
7 

(3.68) (
0

·2). 
0.8 

6.7 .; G ,; 13.3. 

Bias ¡,~ gain estimaror.'i. Thc 'c0nfidcncc intcn·als ( 1 0.3.20) ami ( 10.3.21) for 
t..!'c gam a~d phasc wcrc dcri,·cd undcr thc assumption that thc cstimators 
G(j) and F({) are unbiascu. As shown in Section 9.3.3, the bias in phase and 
cohe.rency estimators can be minimizcd hy aligning thc two series. 1t is now 
sh~wn that the bias in the gain cstimator can also be reduccd by aligning the 
senes. A mcthod of dcrivation similar to that in Scction 9.3.3 is followcd. 

By definition, the bias in gain is 

B(f) = E[G(f) - G(/)] 

= E [~.,(f)] - a,.(f). 
c,,tfl 1'¡¡(/J ( 10.3.22) 

Assuming that the bias in the inrut spectrum is ncgligible: (10.3.22) bec;mes 

8( () ::- E[Ad.f)] - «d/), 
. 4' r .. cn . 

so that. it is only necessary to determine thc bias E[A.,(/)j - o.,(f). Pro­
cccdmg as in Section 9.3.3. the bias in thc gain cstimator is 

- 0.063 1 f t21 f\1.., 

B(f)- M' G"; ,a., -a,(</>.,)·+ 2"'1'N•W sin 2</> 12}, (10.3.23) 

using the Tukcy ~indow. 

. Note that thc term a¡:l!//11
2')

2 occurs in thc cxrression for thc bias in gain. 
JUSI as it did in !he expression (9.3.26) for thc bias in cohercncv. l-lene~ the 
b1as in gain is reduced by alignmcnt for thc samc rcasons as v.~cre stated in 
Section 9.3. 

10.4 EXAMPLES OF FREQUENCY RESPONSE ESTIMATION 

In this section the methods devcloped in Sectinn 10.3 are used to estímate 
frcque~cy rcsp~mse function·s or simul:Jtcd ami real physical systcms. Firsl thc 
st~ges 111 thc estimatio!l. of frcqucncy response ítnlt:tiuns are summarizCd. 
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1_0.4.1 A practical,proccd_ure for es~irna(ing .ft:eq~e.ncy resf?~ns~ functi~ns 

Discrete estimation·formulae. The computations required in the estimation 
of frequency response functions are almost identical to those described for 
cross spectra in Section 9.3.l.·The·only additional calculations required are: 

( 1) The gain estimare. 

G( () = ~,.(/). 
· Cu(/) 

(10.4.1) 

(2) The residual or nm'se spcctrum esiimal<' 

C;:(fl = c,,(/)(1 - R.f,(f)). (10.4.2) 

(3) Approximate 100(1 -o)':'" con(idence interralsfor gain 

- - - j 2 . (' - K'f.(f)) 
G(f) ± G{j) ,. - 2[,,, .. ,(1 -a) 1\f.(f) . ' (10.4.3) 

where ,. is the number of degrees of freedom associatcd with the smoothing. of 
the output spectrum andf2 ., .• 2(1 -a) is the upper 100(1 -a) '7. point ofthe 
F2 ,,._ 2 distribution. 

( 4) Approximate 1 00{1 - a)% conjidence interwls for phase 

- . J 2 (1 - Kf,{fl) . F,.(f) ± arcsm ,, _ 
2
¡,_,_,(1 -a) Kf,(f) · ( 1 0.4.4) 

Stages in rhe esrimation of gain and phase. The five stages suggested in 
Section 9.4.2 for the estimation of cross spectra apply equally we\1 to the 
estimati~n of gain and phase. Thc only major changes are to the scc0nd 
computation stagc which should now rcad; 

(4) Second computation stage 
{a) The two autospectra, the noise spectrum and the phase and gain 

spectra based on the aligned cross corre\ations (9.'3.28) are computed: 
(b) The above spectra are plotted for a range of truncation points. The 

two áutospectra and the noise spectrum should be p1otted on logarithmic 
sea les. Bode p1ots should be made for gain and phase, that is. the logarithm of 
gain should be plotted against the Jogarithm of frequ~ncy. and phase plotted 
against the logarithm of frequency. . . . 

(e) In sorne cases it may be necessary to plot the transformed cohcrency. 
The .only othCr change is that in stagc 5.2 the confidcnce interva.ls are ob­
tained from (10.4.3) for gain. from (10.4.4) for phase and from (9.2.23) ·ror 
cohcrcncy. A flow Chart for frequenCy response calculationS. 1s given in 
Appendix A\0.2. 
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10.4.2 Analysis of a simulatl!d system 

A linear second-order !'ystcm was simulatcc.J in this cxpcrimcnt. The output 
data x2, was generated according to the model (10.2.1), namely, 

X2, =X, +.Z, 
and 

X,= 0.25X,. 1 - 0.5X,. 2 + Xu. ( 1 0.4.5) 

wherc Z, is whitc noisc and X11 is thc input. 
Thc input data .\"11 uscd was~l rcali7.ation of thc sccond-ordcr proccss 

(7.1.9), that is, 

Xu = XII-I - O.SXu-2 + z;. 
The input and output data a're listed in Appendix A lO. l. 

The input process has thc theoretical spectrum 

2 
rll(f) = 2.25 - 3 cos 2..( + cos 4,( o" l" 0·5 cps. (10.4.6) 

which is shown in Figure 7.7 as thc solid curve. Sincc thc noisc spectrum is 
white, 

l'zz(/) = 2. o "f" 0.5. (10.4.7) 

The theoretical frcquency response function of the linear system (10.4.5) is 

H(() = 1 - 0.25e·"·'' + 0.5e·'''' • - 1 "f < 1-

Hencc the thcoretical gain and phasc functions are 
.'f 

and 

G(f) = ~~:;:=~~==;e=;===;= 
v·l.3125 - O. 75 cos h( + cos 4,/ 

J.(/) t ~•,..in:c.c::.2"-"f¿..( 4..:.,:..co:..:s..:2:..:"f,_-~l)~ . ~ =are an ..- · 
2 + COS 2"/(4 cos 2rr/- 1) 

( 1 0.4.8) 

(10.4.9) 

(10.4.10) . 

The gain function (10.4.9) is shown as a solid curve in Figure 10.3, and the 
phase function (10.4.10) appears as a salid curve in Figure 10.4. The the· 
orctical cohcrcncy is 

This functi<;>_n is shown as l. he solid ·line in Figure 10.5. lt";, seen that the 
·· cohcré:rii:y is fairly high over thc~range Oto 0.25 cps, where the input spcctra 

and gain are high. Howcv~r. the cohcrcncy is cxtrcmely small ovcr the range 
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0.3 to 0.5 cps. where both the input spectrum and sy,¡em gain are small. 
Hence it is lo be expected that good estimates of gain. phase and cohcrency . 
could be obtaincd for the frequency range Oto 0.25 cps and poor estimates 

1 

for the rangc 0.3 to 0.5 cps. 
Since the data are simulated, many of !he decisions required in the five-stage 

procedure of Scctions 9.4.2 and 10.4.1 are not necessary. Nevertheless it is 
instructive to follow thesc stages through as if the data were obtained from 
a real proccss. 

( 1) Preliminary decision stage 

(a) The data showed no trends, as would be expected since hoth thc input 
and output wcre generated from stationary models. Hence no digital filtering 
to remove trends was necdcd. 

(b) No filtering into distinct frequency bands was needed. 
(e) Since the input and output series contai~ed N= 100 terms. the auto· 

and cross correlations were evaluated initially tip to 30 lags. 

(2) First computa/ion stage 

The auto· and cross correlations were computcd for the original and differ· 
enccd data. The corrclations of the original data are shown in Figure 10.2. 

·-and thc covarianccs are given in Appendix AI0.2. 

( 3) Interm~dia~e decision stage 

(a) The original correlations were used for the spectral analysis. 
(b) Since the cross corrclation function had its maximum value al zero lag, 

no alignment was rcquired. 
(e) Bascd on the way thc correlation functions damp out. truncation points 

of L = 8, 12 and 16 werc uscd for the subsequent analysis. 

(4) Second computa/ion slal(e 

(a) Thc autospcctra, gain. phase. coherency and noisc spectra bascd on the 
Tukey window were calculated from the non-aligned corrclations. 

(b) The gain, phase, squared cohereJ1CY and noise spectra are. plotted in 
Figures 10.3, .10.4, 10.5 and 10.6 respectively for L = 8, 12 and 16. 

( 5) Interpreta/ion stage 

(a) The window-closing procedure shows that there is s~me change in all 
spcctra whcn L is increased from 8 to 12 but little change when Lis increased 
to 16. Hcncc the final spcctra accepted were those based on L = 16. Note that 
the gain, phase and s4uared coherency estimates agree very well with the 
theoretieal values in the range O to 0.35 cps but that large discrepancies 
appcar a hove this frequency beca use .the coherency drops sharply. The. 
residual spectrum of Figure 10.6 shows excellent agreement with the theo· 
retic~l valuc over thc whole range O to 0.5 cps. 
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FlG. 10.2: Sample auto- and cross correlations for simulated linear system 

(N ~ 100) 

(b) Confidence intervals for gain and phasc hascd on (10.4.3) and (10.4.4) 
are shown in Figures 10.3 and 10.4. lt_ is secn tllat thcse intcrvals diverge 
rapidly above 0.35 cps beca use nfthe dwp in cPhcrcncy. Hcncc thc confiLicncc 
intervals provide valuable guiJes in thc intcrprctati0n of thc g:.1in and phasc 
plots. 

Calculation of the impulse response fzmction. To make dircct comparisons 
with the timc-domain estimation proccdures used in Scction 10.2, the impulse­
response function corresponding to the cross spcctra bascd on L = 16 was 
evaluated from 

hm ~ Jf'" ~,((ff) cos 2rrfili df + J."z q,(f) sin 2~fin df. (10.4.12) 
o Cu ) o Cu(/) 
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FIG. 10.~: Thcoretical and cstimatcd gain ful"!ctions for ·a simulated linear 
sySiem (N ~ 1 00) 
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FIG. 10.4: Thcoretical and estimated phasc -fu~ctions for a simulatC:d lihear 
systcm (N ~ 100) 
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This impulse response is compared ":ith the direct and parametric impulse 
response estimates in Tabie 10.4. !t is "Seen that it is smoother !han the direct 
estimate_ and agrees reasonably well with the theoretical impulse response. 
However, it is not as good as the paramctric cstimatC. 

Follo;.ing a suggestion in [4]. \"alucs of "· 1wcrc al so ·computed for m 
negative, to determine whether the phvsical rcalizability condition was 
satisfied0 The largest value was ir _1 = o: 11. all othcr ·values bcing lcss in 
magnitud e than 0.1. and so it ,,·as cóncluded that th~ gain and phasc estima tes 
approximately describe a piÍysically realizable system. 

/0.4.3 Anaf.I"sis of gas fu mace data /' 
Description of t!Je data. Thc data of Figure R.3 werc obtained from a gas 
furnace producing carbon dioxiac. The output variable is thc conccntration 
of carbon dioxidc meas u red as a pcrccntagc of thc outlet gas from the furnace. 
~The concentration is affected by two input variahlcs. the air ratc and the gas 
rate. In the cxperiment dcscribcd hcre. thc input air ratc was fixed so that the 
frcquency response function hctwccn the input gas rate and the output 
concentration could be dctermincd. 

Continuous mcasurements wcrc avililahlc nf hoth the input and output. 
Examination of thc continuous rccords rcvcalcd that no disccrnihlc changes 
occurred at intervals of lcss than about 9 to JO scconds and so thc rccords 
were read at intervals of 9 scconds, yielding 296 pairs of data points, which are 
given in Appcndix A 1 0.1. 

Estima/ion ofgain and phase. A description of thc cstimation proccdurc will 
be given using the basic stages d~scribcd in Scctions 9.4.2 and 10.4.1. 

( 1 )' Preliminary tlecision stage 

(~) Jnspection of thc d"ta (Figure R.J) did not rcvcal any olwinus trcnds. 
Howcver, the auto- and cross corrclations of thc original and diffcrcnccd 
data were computed "ccording to (9.3.13, 141. 

(b) The Nyquist frequcncy corrcsponding to ~ = 9 seconds is 1/IR cps. 
(e) As a preliminary step, it was ·dccided to compute thc correlations 

up lo a maximum lag of Lmu = 80. 

(2)_· Fi~.tt comPuta(inn stage 

The auto- and cross corrclations wcrc comrutcd and cxamined. Thc cross 
correlations of the original data are shnwn in Figure 10.7. togcthcr with the 
ditfcrcnccd cross corrclations. Thc approxim<~tc 1..'1'\·arianccs for thc diffcrcnccd 
data are given in Appcndix A 10.1. 

( 3) Intermedia te decision stage 

(a) The presence of trends can be sccn in thc original ccf. so it was decided 
to use the diffcrcnced correlations. . 

10.4] Examples of Frequency Responu Estirria./ion 
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F!G. 10.7: Sample ccf"s for original and differenced gas furnace data 
(N= 296) 

(b) The ccf of thc diffcrenced data has a maximum at S = ,5 .. 
(e) On the basis ofthe damping ofthis ~f, truncation points·~fL = 20.30 

and 40 were chosen for evaluation of the spectra. 

(4) Second computatimfstage 

Thc autospectra. gain. phase and noise spectra were computed for the above 
truncation points using a shift S = 5. Thc gain function is plotted in Figure 
JO.R. thc phasc function in Figure 10.9 and the noise spcctrum in Figure 

10.10. 

(5) Interpreta/ion stage 
The window-closing procedure suggests that very little change occur~ in 

thesc spectrafor values oft above 30. The values shown in all figures refer 
to L = 30 and L = 40. and it is seen that increasing the bandwidth has little 

, cffcct on frcqucncies less than 0.02 cps but produces unstable oscillations 
aho\·c this frcqucncy. 

Jntcrrrl'/atinn ofgain estimare. The Bode plot of Figure 10.8 shows that the 
svstcm is sccond-ordcr. The estimate of the time constants, obtained by 

- fi.tting various second-ordcr systcms until a good visual fit was obtained. are 
""'/"

1 
= 6.7 scconds and T2 = 13 seconds. Note that the 95'"". confidence inter­

,·als diverge rapidly above 0.025 cps beca use of the falling off in cohercncy. 
Thc gain estimate at zero frcqucncy_is 3.1. and hcnce the de gain of thc 

systcm is 0.31. . 



446 

1.0 

.5 

.J 

Estimar ion o[ Frrqurnr_r Rc.10ponse Ftmrtimrs [Chap. 10 

Gtfl. L ,. .•o 

uppt."r Q5"-~ confidencc lirnil 

··' r--=_ -==--=-~-=-:::....::-=~=-=---==~-==-=-::::.. :----..,. 
.1 

-~~~ 

.O!l 

.OJ 

.o: 

.01 

.fKIOb 

---.... 0,_ 

""' \ \¡\~ ~ 
V 

\ 
\ 
1 

.0001 .000:! .0004 .(Kll .00:! .00-l.IK.l6 .01 .0:! .04.055 {(¡;psi 

Fra. 10.8: Gain cstimalc for gas furnacc data (N= 296) 

.OI.lQ .0~7R .0~17 .o~:. 
0~------.--------,------~.-------~~ f (C¡"JS) 

-!RO 

-.160 

---fltlcd rh<t~ with dclay ,- ~1 o.cc. 

''t' 
F1o. !0.9: r'hasc cS!im>tc for gas furnocc dala (N= 196) 

10 4] Examph•s o/ Frequency Rrspcm.'fe Esrimation 447 

100 

10 

1.0 

o 

handwidth 

40-

.'0 .... ---

20---

.0139 .0278 .0417 

FIG. 10.10: Residual spectrum from gas furnace data (N= 296) 

lnterpretation of phase estimare. A discrete sccond-ordcr systcm with 
T, = 6. 7 scconds and T, = IJ scconds has the phase function 

.J. (f) 0.13 sin hf- O. 76 sin 4rr{ 
'1' = arctan · . 12 1 - 0.76 COS 2rr.f + 0.13 COS 4rrf 

o.;; f.;; ~- (10.4.13) 

Thc phase estímate for L = JO in Figure 10.9 is much largcr than,this. sug­
gcsting that there is dcad time or dclay. The difTerencc bctween the phasc 
estima te and thc phasc ( 1 0.4.1 J) was plotted. and a straight linc approxima­
tion to this curve was drawn. Thc approximating linc intcrscctcd thc line 
f = 0.055 at q, = -11. ami hcncc lhc dclay el= ll/[2rr(0.055l] =JI scconds. 
Thc rcsulting phasc function F(fl = [ 12(.{) - 62rr{ is shown in Figure 10.9 
as a dashed line. 

lt can he concludcd that the furnace hchaves like a secom!-order system 
with de gain of 0.31 units. time constants of 6. 7 and 1 J seconds anda delay of 
31 seconds. 

ltrtcrprrtatio11 of noi.<e .<pectrum. Sincc the data have been filtcrd hy difTer­
cncing. it follows that the noise :; actually measurcd is related to the original 
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noise by z; = :t - Zt-l· Hcnce. using (6.2.17), the noise spectrum estímate 
E~;(/) can be recovered from the filtcrcd noisc estímate E;.;.(f) by using 

E· ·(f) = E;.;-(fl . 
,, 4 sin' rrf!!, 

Thc spectrum C;;(f) is shown in Figure 10.10. which indicatcs that approxi­
mately white noise h~s bccn passed through thc Jynamics of the systcm. 

Further examples of /requency response estimation. An examplc of the 
application of cross spectral tcchniqucs lo thc cstimation ·of the frcqucncy 

;,;-·"response function of a hcat cxchangcr is gi\'en in [2]. A wide variety of intcr­
esting applications is also given in thc collcction of papers [3). 

As a general conclusion, spect•al methods are oftcn vcry useful in suggest­
ing dynamic models for physical systems, as in thc gas f urnace example. 
_How.e_ver. since spectral mcthods involvc estimating a parameter Ál each 
frcquency, the efficiency of thcse methods is not high. More positive rcsults 
may usually be obtaincd by parametcrizing thc problem, using models such 
as (10.1.3). 
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TABLE A10.2: Covariance cstimates for the data of Table A 10.1 T ADLE A 1 0.2-contiuued 

k r 11(k) k C¡¡(k) k c11(k) k r 11(k) k r 21(k) k r 21 (k) k r 21(k) k C2t(k) 

o 1.948 10 0.219- 20 0.070 30 0.119 o 2.374 10 0.41S 20 0.082 30 0.158 1 1.1S3 11 0.08:' . 21 -0.136 31 -O. OSI 1 1.376 11 0.1S8 21 -0.471 31 -0.109 2 0.180 12 -0.138 . 22 -0.136 2 0.095 12 -0.152 ~2 -0.460 3 -0.257 13 -0.174 13 0.142 3 -o.4n 13 -0.095 23 0.080 4 -0.105 14 -0.095 <!4 0.391 4 0.101 14 0.040 24 0.608 
5 0.164 15 -0.067 25 0.297 5 0.371 1S -0.124 25 0.596 
6 0.123 16 -0.063 26 -0.056 6 0.331 16 -0.310 26 -0.040 7 0.049 17 0.000 27 -0.233 7 0.044 17 -0.193 27 -0.405 
8 0.081 18 0.168 28 -0.173 8 0.030 18 0.1S5 28 -0.212 
9 0.206 19 0.210 29 0.034 ¡ 9 0.389 19 0.322 29 0.250 

Input autocovarianccs Output-input cross covarianccs 

k e'¡:!'( k) k C12(k) k C¡2(k) k c 12Ck) k r,(k) k r,(k) k r.2(k) k r 22(k) 

o 2.374 10 0.184 20 0.155 30 0.283 () 4.400 10 0.412 20 0.449 30 0.:'80 
1 1.185 11 -0.007 21 -0.19S 31 0.039 1 1.522 11 0.142 21 -0.564 31 -0.203 
2 -0.645 12 -0.349 2:2 -0.:197 :' -0.991 12 -0.605 :'2 - 1.0:' 1 
3 -0.972 13 -0.205 D 0.081 3 - 1.521 13 -0.:'56 23 0.044 
4 -0.064 14 0.107 24 0.5:'6 4 0.302 14 0.333 24 o.n4 
S 0.615 15 0.19S 25 0.501 5 1.220 1 S 0.349 2S 0.903 
6 0.234 16 0.04:! 26 -0.064 6 O.S73 16 -0.:!72 26 -0:338 
7 -0.283 17 -0.019 27 -0.447 ·7 -0.530 17 -0.233 27 -0.769 
8 . -0.:'44 18 0.126 28 -0.073 8 -0.499 18 0.073 28 -0.257 • 
9 0.150 19 0.184 29 0.304 9 0.366 19 0.526 29 0.688 

lnput-outrut cross covarianccs Outrut autocovarianccs 



.... 
1 9 1.09 0.00 1.78 3.39 3. 7] 4.41 4.61 .3.48 1.27 ~ 

·~ 10-18 -1.80 - 5.X8 -10.55 -14.21 -15.20 -13.02 -8.14 -4.75 -1.9] 
19-27 0.88 4.35 7. 71 8.66 8.75 8.91 9.87 12.6] 17.75 
28- '~ 19.76 19.]4 1~.66 18.32 17.67 

' • 1.15 0.88 3.31 
16.08 '·. 12.65 7.90 3.60 

6.45 9.60 14.09 26. 70. . 28.34 28.12 

4b-A 24.~3 19.29 14.85 12.14 12.39 16.08 19.05 20.23 18.15 
55-(,] 5.35 l. 22 0.09 1.64 6.71 10.19 11.46 11.55 11.12 
M-7:! 11.21 '12.:!3 12.57 11.57 9.1 J 
73-81 

6.20 2.55 -2.80 -10.80 
- 15.51 -17.99 -18.25 -14.56 -9.44 ~ 

82-90 -16.16 -18.75 -18.91 
-5.70 -4.31 -5.77 -9.60 

-17.46 - 14.74 -12.01 -9.27 -5.24 g· 
91-99 7.88 9.43 9.30 10.06 

0.40 

100-108 -3.14 
11.37 11.98 10.54 5.95 -0.80 

-2.88 -1.53 -1.09 g· - 1.87 -2.55 -2.29 -0.07 2.54 
109-117 J.JO 1.02 -4.23 -11.39 • -22.75 
118-126 

-25.94 -27.16 -25.10 
-13.46 -10.81 -9.10 -8.76 -8.85 

-17.90 ~ 

127-135 0.00 
-8.00 -5.44 -4.16 -2.71 

4.0] 8.41 12.85 16.07 17.46 ~ 16.83 14.85 9.9] .;; 
1)6-144 6.48 5.77 5.77 6.32 7.47 9.00 9.93 r 9.68 
145· 1 j) 3.99 -1.61 -5.53 

7.90 ~ 
15-l-16:! 3.01 

-6.0) -4.:!-l -1.94 -0.49 0.60 1.61 
5.17 5.66 5.60 l.Jl 5.92 ii:71 

~ 
9.33 13.37 

16)-171. 14.1>0 13.53 7.72 2.18 -:!.37 -7.14 -IO.Y9 -12.69 
17:!-180 -6.76 0.33 5.56 6.4] 4.84 1.09 

·-11.75 "' - J.IIJ - 6.1J7 -10.47 
.; ., 

181 -189 -12.1~ -11. 8] -8.73 -J.l6 0.63 0.84 0.00 0.01 ;: 
190- !98 5 56 7.82 H.SH ·9.18 

2.09 
8.62 4.16 -3.36 -9.59 f; -18.13 

199 ~07 - ~J.7,11, -24.99 - 2.t.73 -23.30 -20.53 -17.39 
208 21fl -0.2-l -0.50 -1.35 -2."16 

-12.61 - 5.6~ -1.37 ? 
217-225 

- 5.)4 -8.71 - 12.43 -14.39 -14.22 
-11.75 -8.13 -6.34 -5.82 -6.25 -7.13 5. -8.48 - 10.)9 - 13.46 ~-

221í-2.1-t -16.2~ -16.19 - 11.49 -4:88 -1.60 -0.01· -0.92 -6.20 -10.86 -~ 
235-:!H -15.25 -18.58 -20.29 -20.24 -19.61 -19.52 -17.94 -13.02 - 10.30 
24-1-252 -9.18 -7.98 -8.67 -10.47 -11.23 -8,76 -3.95 1.85 ó.h2 

253-261 7.09 6.05 5.01 6.0) 9.43 12.2) 12.49 8.24 1.02 
262-270 0.25 ).82 9.22 10.32 8.66 5.27 0.93 -4.58 -7.48 

271-279 -9.47 -10.29 -9.28 
r¡ 

-6.45 -4.24 -2.76 -1.58 -0.3) 

280· 288 2.51 2.80 0.00 -4.93 -7.59 
.. 1.02 "" 

289-296 

-8.24 -7.40 -5.28 -2.04 ~ 

0.34 2.04 2.53 1.95 1.31 
? 

0.17 -1.82 -2.62 
o 

[actual gas rate (cu. ft. per min.) . 0.600 0.004 x (coded t.•alue)] 

), ...... 
·'·ti' 

TABLE A10.4: Output CO:z concentration ('7o) from gas furnace 
> 

1-9 5).8 53.6 5).5 53.5 53.4 53.1 52.7 52.4 52.2 "' 
10-18 52.0 52.0 52.4 53.0. 54.0 54.9 56.0 ·56.8 56.8 

I!J--27 56.4 55,7 55.0 54.3. 5].2 52.3 51.6 51.2 50.8 

2H~J6, 50.5 50.0 49.2 48.4 47.9 47.6 47.5 47.5 47.6 1:::> 

37-45 48.1 49.0 50.0 51.1 51.8 51.9 51.7 51.2 50.0 ~ 

46-54 48.3 47.0 45.8 45.6 46.0 46.9 47.8 48.2 48.3 
¡; 

55-63 47.9 47.2 47.2 48.1 49.4 . 50.6 51.5 51.6 51.2 ~ 

64-72 50.5 50.1 49.8 49.6 49.4 49.3 49.2 49.] 49.7 
¡;_ 

73·81 50.3 51.3 52.H 54.4 56.0 56.9 57.5 57.) 56.6 6' 
82-110 56.0 55.4 55.4 56.4 57.2 . 58.0 58.4 58.4 58.1 ~ 

~ 

91-99 5i.T· 57.0 sn.o 54.7 53.2 52.1 51.6 51.0 50.5 ' e· 
100-108 50.-l 51.0 51.8 52.4 53.0 53.4 5).6 53.7 53.8 ~ 

109-117 53.8 53.8 53.3 53.0 52.9 53.4 54.6 56.4 58.0 ~ 

118-111> 59.4 60.2 60.0 59.4 58.4 57.6 56.9 56.4 56.0 '¡;> 

127-1)5 55.7 55.3 55.0 54.4 53.7 52.8 51.6 50.6 49.4 ' 

l)h-144 48.8 48.5 48.7 49.2 49.8 50.4 50.7 50.9. 50.7 ;; 

145-153 50.5 50.4 50.2 50.4 51.2 52.3 5].2 lH 54.1 
<:i 

15-t -162 54.0 . 53.6 53.2 53.0 52.8 52.3 51.9 51.6 51.6 ~ 

lflJ-171 51.4 51.2 50.7 50.0 49.4 49.3 49.7 50.6 51.8 ..; 

17~-ISO 5).0 54.0 55.3 55.9 55.9 54.6 53.5 52.4 52.1 5 

181 189 52.3 53.0 53.8 54.6 55.4 55.9 55.9 55.2 54.4 
~ 

" 
(l}Q .. ((J8 53.7 53.6 5J.ó . 53.2. 52.5 52,0 ... . 51.4 51.0 . 50.9 :.. 

H)t) 207 52.4 53.5 55.1> 58.0 59.5 60.0 fi0.4. 60.5 fi0.2 
~ 

:-ti 

.OH -216 59.7 59.0 57.6 56.4 55.2 54.5 54.1 54.1 54.4 Q 

217-225 55.5 56.2 57.0 57.3 57.4 57.0 56.4 55.9 55.5 
~ 
~ 

" 
2~h -234 55.3 55.2 55.4 56.0 56.5 57.1 57.] 56.8 55.6 ~ 
2.\5~~43 55.0 54.1 • 54."3 55."3 56.4 57.2 57.8 53.] 58.6 

~· 

24-1-._"~52 5R.8 58.8 5K.6 58.0 57.4 57.0. 56.4 56.3 56.4 5· 

25.\-~lll 56.4 56.0 55.2 54.0 53.0 52.0 51.1l . 51.6 51.1 ~-

2h2-~70 50.4 50.0 50.0 52.0 54.0 55.1 54.5 52.8 51.4 ~ 
~ 

271--279 50.8 51.2 52.0 52.8 53.8 54.5 54.9 54.9 54.8 

.,,11.0-:"KH 54.4 53.7 5 ). J 52.8 52.6 52.6 ·5J.o 54.3 56.0 

'" < .18.3 57.8 57.3 ~7.0 
.... 
~ .... 
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TARLE AI0.5: Covariance estimatcs for diffcrenced gas furnace data 
T ABLE A.l O.S-collliuued 

·<",":" 

k ("ll(k) k <u(k) k <u(k) k <u(k) 
k ('2l(k) k c,.(kl k c,.(k) k ('21 (k) 

o 10.9 JO 0.8 20 -0.6 30 -0.8 
1 8.1 JI 0.9 21 0.1 31 0.0 o 0.79 10 0.17 20 -0.05 30 -0.27 
2 3.9 12 1.0 22 0.7 3:! -0.9 1 0.89 ll 0.26 21 -0.01 31 -0.15 
3 -0.2 13 0.9 23 0.9 33 1.7 2 0.79 12 0.30 22 0.01 32 0.02 
4 -3.1 14 0.3 24 0.6 34 1.8 3 0.55 13 0.29 23 0.04 33 0.09 
5 -3.9 15 -0.4 25 0.3 35 1.4 4 0.29 14 0.24 24 0.09 34 0.12 
6 -3.6 16 - (1.6 26 -0.1 36 0.6 5 0.05 15 0.13 25 0.12 35 0.15 
7 -2.9 17 - 1.0 27 -0.5 37 0.0 6 -0.15 16 -0.02 26 0.06 36 0.11 
8 -2.1 18 -1.4 " 28 -1.1 38 -O. S 7 -0.20 17 -0.12 27 -0.10 37 0.02 
9 -1.1 19 -1.3 29 -1.3 39 -1.0 8 -O.lS 18 -0.13 28 -0.28 38 -0.13 

Input autocovariances 9 0.02 19 -0.08 29 -0.33 39 -0.20 
Output-input cross covariances 

k e,( k) k c,(k) k ('12(k) k ('12(k) 
k C22(k) k r,(k) k ('22(k) k C:zl( k) 

o 0.79 JO 0.69 20 -0.12 30 -0.13 
1 0.43 1 1 0.74 21 0.01 31 . 0.00 o O.S98 10 -O.OS4 20 -0.060 . 30 -0.056 
2 -0.30 12 0.68 22 0.17 32 0.10 1 0.46S 11 0.002 21 -0.027 31 -0.054 
3 -1.23 13 o.ss 23 0.30 33 O.lS 2 0.294 12 0.034 22 0.004 32 -0.025 
4 - 1.92 14 0.42 24 0.32 34 0.20 3 0.093 13 0.038 23 0.025 33 0.037 
S -2.10 lS 0.22 2S 0.2S ·3S 0.20 4 -0.073 14 0.028 24 0.032 34 0.064 
6 - 1.70 16 0.00 26 0.10 36 0.17 5 -0.168 1 S -0.004 25 0.036 3S 0.075 
7 -0.94 17 -0.15 27 -0.06 37 -0.01 6 -0.201 16 -0.030 26 0.033 36 0.061 
8 -0.14 18 -0.23 28 '-0.10 38 -0.20 7 -0.193 17 -0.065 27 0.024 37 0.0::!6 
9 0.42 19 -0.23 29 -0.14 39 -0.36 8 -0.156 IR -0.083 2R 0.004 38 - 0.(J02 

Input-output cross covarianccs 9 -0.116 19 -0.083 29 -0.03S J9il . -0.020 

Output autocovarianccs 
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=·· ·' 
APPENDIX AI0.2. FLOW CHART.·FoR· I'RE"O.U(Nc"i'" RESPONSE 

CALCL'LATIONS 

Thc foltowinp is a now c.han f0r a comrutcr rn)!!r:Jm FRQRSP "hich acccrts thc same 
inru~s as a rrogram .('ROSSPEC fAprcmh\ · AY.~l.' l'rin'tcr ('li1tput' from FB.QRSP 
com.1sts Clf thc ci:oYariancc<; fcciH• chcc\...L thc '11\l,l'lhcd :lutn~r~.·~.-·tra fN CLII:h truncatinn 
PL,int M. and thc gain. rhasc. <;{pzarcd Cl•hcrL'n::y ;:nd n.:~idu;d ·.;rccira. tt•gcthcr \\Íth 
ap,prll,Ínl.:!IC Uppcr and ](mcr 1))'.-, Ct>nlidCOC'l' Ínll'r\;tl'i. fo>r thC ~a in and rhJ<;(' fUOL'IIIlO~. 
PIClttcr outr~~ CClmist~ tlf thc inrut. Cltllput _:y;¡d .rc-:idu;z_l 1~·~-..rl'l·tra. the 1~'!! gain HTSU" 
lt1~ frcqucm:~ plot. \\tlh uprcr and ll•\\Cf (t\n1tdrncc tnlcn·ai-:. p]u-.. thc ph:.~:-.C \'Cr\U<; 
frcqucncy rlot. all '~ith l•Ycrlay< for cach adt.litiPnaltrunl'Litinn 1'1•int u-..L·d. 

Program FRQRSP 

1) through 11) as in program CROSSPEC. so that at this point in thc program 

thc foiiO\\.'ing quantitics are aYailable, ror K=O, NF 

SPEC(K,Il, SPEC(K,:!), S()IK) 

Phascl K), CO 11 SQI K). 

1:!) Calculare GAIN(Kl~SQRTiSQIKl)/SI'ECiK,I) 

RES !Di Kl = SPEC( K.2lll.- COIIS()( K ll. 

13) Calculare approximatc / 2 •0 _ 2 probability point as 

D~S•N/(3•M) 
!1 

E=D-2 

A~ 2.•1:!.93 + 11.7/EliE. 

14) Calculare uppcr and lowcr 95',.....0 gain and phasc crmfldcncc intcrvals as 

G(K) ~ SQRTIA• RES! DIK l. SPECI K.ll) 

Pi K 1 = ARCSI NIGI K liGA IN( Kll 

GUIKl = GAIN(Kl + G(Kl 

GL(K)= GAINIK)- G(Kl 

PU(K)= PHASE(K) + P(K) 

PL(K)=PHASEIKl- PI K). 

15) Ca/culatc logarithms to give 

LOGSPECI K,ll =LO(; l!lCSPITI K.ll) 

LOGSPECt K.~l = I.OCi IOiSPI:CI K.~)) 

LOGRESID(Kl= LOG 101 RI:SIDI K ll 

LOGGAINIK)~ LOG !OIGA! NI KJI 

LOGGUIK)= LOGIOIGUI K 11 

LOGGL(Kl~ LOGIO(GLI Kl). 

AIO."J F/ou· C!wrt .fár Frcqncnry Rr.~pmtJC Calculatioll~ 457 

16) Print autospcctra !input. output, rcsiduall. squarcd cohcrcncy. phasc. gain . 
. ph;·s upp~r and lO\\ CE' 95";."conliilcncc·linli'ts fór phá~c-J.nd gain. 

·17) Plot and orcr/ay·l0g:spcctra finput. output. residual) versus frcquency, phasc 
. p\uo;, urrcr and \cnvcr 95"~. confidcnce limits versus frequcncy. log gain plus 
'urrcr ¡Jnd lowcr 95.,.;, conf¡Jcncc limits versus log. frcquency. 

NOTE: Bccau:-.c thc rha ... c·can changc abruptly from +90' to -90'. rha<,C rlot<; (JO 

hcc~mc rathcr dillicult tl' dccipl~cr_ \o..hcn overlay" are maJe. and when a_ IPgfrcqucnc~ 
.,calt is u:-.cd. For thcsc rca•wn<;. tt ts suggcstcd that cach phasc srcctrum l'lC' rlrottcd 1'" a 
sing.~c g.raph. andas a funt.:tion of frcquency. not logfrcqucncy. 
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M ultivariate Spectral Analysis 

In this chapter. the methods of Chapters 8. 9 and 10 are generalized to deal 
~\'lth any numbcr of time series. In particular. it is shown how to describe 
m ~he frequcncy domain q time series arising on an cqual footing and how to 
~strmatc thc multi\·ariate frcquency rc_sponsc function of a systcm h::1ving q 
mruts and r outputs. Up to now matnx thcory has bcen avoiJcd in arder to 
minimizc the amount of mathcmatical tcchniquc rcquircd to undcrstand the 
basic ideas in spcctral analysis. Howcvcr. furthcr progress is impossiblc 
without the introduction of matrix thcory. 

In Scction 11.1 ~o me of thc conccpt~ u sed in thc analysis of univariatc and · 
bi\'ari.ate time series are recast in tcrms of matrix theory. In particular, the 
~O\.·ar~ancc matrix ofa time series i~ dcfincd. and it is shown that thc spcctrum 
IS llltimately connected with thc latcnt roots of this cov~iriancc matrix 
In Sc.ction 11.2 a multivariate linear system is introduccd. A fincar multivariat; 
process is dcfined as the output from such a systcm whcn thc inputs are a sct of 
uncorrelated white noisc proccsscs. lmport<Jnt spccial cases of a multivariate 
linear process are the bivariatc ar and ma proccsscs. 

In Section 11.4 the basic ideas in mulli\'ariatc srcctral an~llvsis and frc~ 
quency response function estimation are dcvcl0pcd. To int;oducc thcsc 
conccrt.s, thc i~porta.nt ideas in multiplc r~grcssio_n and muhivariatc analysis 
are rencwed 10 Scct1on 11.3. Finally, in Scction 11.5. the more practica! 
aspects of multivariatc frequcncy response cstimation are discusscd and 
an cxamrle is given hascd on !wo inputs and I\'Hl outputs from a 
t urbo-altcrnator. . 

1t is con\·cntional to use Jowcr-casc lcttcrs f0r \·cctors and capitallettcrs for 
matrices. Sincc this notation has hccn uscd to distinguish hctwcen timc­
domain and fn:qucncy-domain quantitics, it cannot always he uscd hcrc to 
distinguish bctwcen vcctors and matrices. In this ho0k matrit.:cs and vcctors 
are denoted by bold-facc typc. \\'hcrc possiblc. uppcr-case hold lctters will 
rcfcr, to matrit-cs. hut occa:donally lhcy may rcfcr to vcctors. thc cxact mcan-
ing being made clcar in cach case. j 
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11.1 PROPERTIES OF THE COVARIANCE MATRIX 

11 .1.1 Tlu: col·ariance matrix of a real storhastic process 

lt was shown in Scction 3.1.5 that the second-moment -properties of a set of 
rv"s can be summarizcd by their covariance matrix (3.1.20). A stochastic 
proces5i can be charactcrizcd by an infinite set ofrv's, and the second·momcnt 
propcrties of thc proccss can be described by the covariance matrix of the 
rv·s at any suhset of times / 1, / 2 , .•. , 1,\·· For a di serete process. thcse times 
will be equidistan! and so, if the process is stationary, 

Cov [X(r,). X(r,)] = a2 p(i- j). (11.1.1) 

whcre p(k) is the acf at lag k. The covariance matrix associated with these 
N times is the array of numbers such that the element in the ith row and the 
jth column is Cov [X(r,). X(r¡)]. Thus, using (11.1.1 ), the covariance matrix is 

p(l) p(2) p(N- 1) 

p(l} 1 p(l) p(N- 2) 

v ..... = a 2 p(2) p(l) p(N- 3) 

p(N- 1) p(N- 2) p(N- 3) 
(11.1.2) 

A matrix of the form (11.1.2), which possesses the property that the elements 
on symmetric diagonals are identical, is called a Toeplir: matrix. 

Positire semi-definite prnperty. As indicated in Scction 3.1 .5. the covariance 
matrix of a sct of rv·s is positive semi-definite. For a stationary stochastic 
process. it follows that thc matrices V.,. for N = 2. 3 ....• 'YJ are positivc scmi­
definitc. that is. all principal minors of the dctcrminant of V_.,.. are positive or 
zcro. This implics that thc autocorrclations of a stationary time series satisfy a 

. wide rangc ofconditions. For example, if N= 2, IV 2 1 ;, O implies that 

Similarly, by considering the rv's X(r ), X(r + s), 

lp(s)l .; 1 

for any s. 
A more intcrcsting example occurs when N = 3, in which case 

1 .,p(l).,p(2) ._ . ., 

¡v,¡ = p(ll 1 p(l} ;, o. (11.1.3) 

p(2) p(l) 
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It may be verified thaqll.i;3¡ im'plies• .. ·· 

lr(2JI .;; 1, 

1 

p(2J - r'(l ~~ .. "' 1. 
1 - r'(l J ~ • 

[Chap. 11 

(11.1.4) 

: ¡·: 

The first of the concÍitio·ri~ (11.1.4) does not introducc·anything new, but 
the·second defines a constraint ,\·hi~h must be satisfied hy p(l) and p(2). 
To illustrate this constraint. considcr thc flrst-on.lcr ~r process for which 
p(2) = p2(1), p(3) = p'(l), and so on. The function 

rr(2 ) = p(2l - p'( 1) 
) p'( 1) 

. 
(11.1.5) 

is ze'ro ifthe proccss is first-ordcr :1_r. ~ncc. whcn 11(2) is non-zcro it meas u res 
the excess correla~ion ovcr and aho,·c that c:<.pcctcd if.thc, process werc first­
ordcr ar. -Thus 7T(2) can be uscd to check whcthcr an cm pi rica! time scri~s can 
be adequately fitted by a first-order process, as descrihed in Section 5.4.3. 

More generally, by considering l\',l, it may be shown that 

'1\ .. 11 
rr(k- 1) = ~ 

1' k-11 
(11.1.6) 

lies between -1 and +l. where !1\\![ is the determinan! ofthccofactor ofthc 
ciernen! in the first column and kth row of V,. The plot of rr(k) versus k is 
called the portia/ autocorrelatio11 [u11ction. lt has the property that if the 
process is ar of order m, 

rr(k) # O, k .;; m 

rr(k) = O, k > m, 
·1 

and hcncc it can he uscd to check' whcther an cmpirical time series can be 
fitted by an ar proccss of a given order. 

11.1 .2 LAten! roots and tire spectrmn 

In this scction it is shown that the latcnt roots of thc covariance matrix v ...... 
are approximately equal to the powcr.spcctrum ordinales at the frequenc!es 
i/ N. Thc reader is referrcd to Appcndix A 1 1.1- for sorne clcmentary propcrties 
of latcnt roots and vectors which are n"CcCssary for this scction: 

Transforma/ion of correlated random rariahle ... tO oh rain indcpendcnce. Suppose 
that the rv's. X' = (X 1 , X2 , ...• X.-.:> ha ve covariancc rnatrix V. Now considcr 
linear functions 1;x, líX'of these rv's whcrc 1,. J,,are left-hand laten! vectors 
of V. Then using (A 11.1..7),' . · · 

Co~ [í;x, líXJ = J;VI
1 

;, ·{A" . 
o, 

; = )"". 
i#j 

(11.1.7) 

1 t.t 1 Propt'rties of thl'. Corarioncc ftfatrix 
.~. j . ~ . 1 ' '. • ' • • 

, ., <: Ht:ncc·thc transfor~ations · .. ,. 

o 
J 
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(11.1.8) Y, = .1;~. , i = L 2, ... , N, 

h 1 l d rv's ;· into uncorrclatcd rv's Y,. Further, the variance 
con\'ert t e corre .. a. ~- . , · 1 • • • •• • h h :1· t t cctor 

.. ¡· . 1 t. o A- the laten! roo! assoclated Wl! t e a en v of thc rv ¡ IS equa ,. . 
, . 1 ·r N _ 2 the latenl roots are obtamed from J.. For ex.arnp e, 1 - , • 

1 . ' •• 

, . ·'~¡~~ ~~J=O,· 

so that ,\, = ... 

Hencc 

_ p. Similarly thc laten! ,·cctors are 

l~, ~. ( ~:2·_- ~2)' 

·; = c~2' -~~2) · 
'· 

1 
)'

1 
= -

1
_ (X1 + X,), 

~ 2 .. 
1 . • 

Y, = -¡= (X1 - X,) 
~ 2 . 

' ' 

(11.1.9) 

(11.1.\0) 

(11.\.1\) 

V [ y ] _ 1 + P Var ¡Y,] = 1 - p. as may he 
are uncorrelatcd and ar 1 - • 

1 ·c. d d' ·t\v The in verse transforma! ion to (1 \ .1.8), na me y, 
VCrlllC lfeC • · 

X,= 1;Y = lu Y1 +/~,Y,+ ... +/"' Y.-. (11.1.l 2) 

. . . .. ·l,·near'function of the u'ncorrelated 
h h X mav be wntten as a 

shows t at t. e rv • '. . f X mav be decomposed 
rv's Y,. Finally, using (3.2._18), the vanance o ' . 

according t_o ,. 
Var (X,] = L IJ¡A,. (11.1.13) 

1. 1 

. ha'ltic processcs. The latcnt vectors of. the co-
"/.atrnt roots of nrcu/ar.stoc . 1 . . cess are in .general complicatcd 

. 1 · ( 1 1 1 2) of a stoc 13Sl1C pro • ' .. 
va nance ma nx . . . . 1_1 . ver therc is considerable simplthca-
f . f the autocorrelattOns. -,o~' e ' . ' Th. 
unC!IOnS O ,. . · · /'e or ciréu/ar with penod /> • IS 

tion if it is assumcd thnt the process IS pertoc t . . . 

mcans that 
X(t) = X(t + N), 

and hcncc thc autocorrelatinn satisfJCs_ ~he furthcr condition 

r(k) = p(N - k). 
(11.1.14) 

. ·. t ds to the actual process. Hence 
As"! t_cnds toh~nfinity. tl~l~ :~~cttl~l:rc~~~~~~~sp;;cess providc approximations to 
for fimte N. l e proper te 
thc propcrtics of the actual :rocess. 
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The corrcsponding laggcd cov~~riancc matrix may be cvaluatcd, usmg thc 
definition ( 11.2.1 ). and is 

v_,(k) = {[3, V zf3; H + (3,V 7.13;" + ... + ¡3,_kv zi3;. 
o. k >l. 

The process (11.2.24) has the frcquency response function 

H(/) = 1 +·(3, e-'''1 + · · · + (31 e·"'". 
and hcncc thc spcctral matrix is 

1 

( 11.2.25) 

rx(/1 = (1 + (3, <"" + ... + ¡3, e'''''l\\'(1-+ (3; e'''''+ ... + [3;c-''-"'). 
( 11.2.26) 

Autoregrrssirc prnccssrs. Thc general discrctc ar proccss may he writtcn 

X,- fL = "r(X,_ ~- fL) +···+J.( X, .• - fL) + Z,. (11.2.27) 

and the lagged covariance matrix satisfics the matrix differcncc cquation -

V,( k) = "r V_,(k - ·¡) + · · · + "• Vx(k - m). k :- O. 

In the special case m = l. this has the solution 

f 
so that thc laggcd covariancc nH1trix is casily ohtaincd by taking powcrs ofthc 
a:t matrix. Howevcr. it is ncccssary to C\'aluatc \'x(O) hy dircct mcthotls. ~;s 
illustratcd in thc cxample of Scction X.J.S. Rcgarding ( 1 1.2.27) a-:;; 01 linear 
system with frcqucncy response matri.\ 

H(f) = [1- a, e·''''-···- a.e-'2 ·'"']-•. 

thcn using (11.2.21 ). the spcctral malrix is 

r_,.<.f) = {1- Cl¡ c•2:tl - ... -a,., (',;:o..,..,,J··l 

x W x [1 _ a~c-Jz..,t -···- a~r-;z_,..,, 1 .¡_ ( 11.2.281 

Similarly. thc laggcd co\'ariancc matri\ of thc continuous ar process 

d"X(I) 
a. ---;¡¡;.- + · · · + a0 X( 1) = Z(t) 

satisfics the differcntial cqu<tti'on 

d"'\'(u) 
a.--- + · · · + a0 \'(u) =O. du .... 

For examplc. suppose m = anda" = l. Thcn 

\'(u) = ,.-•,·•\'(01. 

( 11.2.29) 

The spcctral matrix corresronding 1<• ( 11.2.291 mav he ohtaineu hy 
_rega~ding itas a Hriear syst~~l with rrcqucncy response n~~ltrix: 

H(f) = [•c~(j2" f]' + · · · + m0 1]' '. 

e 

-~-----~ -----·-------
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Mixrd processes. More gcncrally still, it is possiblc to define. a multi\'ariate 
mixed ar-ma proccss 

X,- fL = a 1(X,_,- fL) +· · · + a"(X,_.- fL) + Z, + ¡3,Z,_ 1 + · · · + (3,7,_,. 
(11.2.:101 

The model ( 11.2.30) gi"cs risc toa wide class of laggcd CO\'ariance matrices and 
hcncc pro\'ides a very powerful model for the litting of multi,·ariate time serie .... 

11.3 TIME-DOMAIN MULTIVARIATE ANALYSIS 

1t was shown in Chapters 9 and 10 that cross spcctral analysis and frcqucncy 
responsC cstimation rcprescnt cxtcnsi0ns io the frcquency dnmain of ordinary 
corrclation anO regrcssion analysis. Similarly, multivariatc spectral analyo;;ío;; 
and mullivariate frcqucncy response estimation reprcsent extensions of thc 
ideas of multiplc corrclation analysis and multivariate analysis to thc frc­
qucncy domain. In this section. the basic ideas in multiple correlation <md 
rcgrcssion analysis and multh·ariatc analysis are reviC\\'Cd. Cnmplctc undcr­
standing of thc lcast squares theory nf Aprendi.x l\4.1 is now ·assumcd. 

1 1.3.1 Alu/tiple rcgn•sshm mw~t·sü. ,\·ingle out¡mt 

Tite mndel. Considcr a spccial case of thc multivariatc dynamic modcí 
( 11.2.1 0) in which thcrc is only onc output. and assume that !he systcm 
rcsponds so quickly that it can he eiTcctively dcScrihcd by its stcady-statc hc­
ha\'ior. Then with an appropriate change of notation. (11.2.10) may be wrilten 

x,,,1 , ll - 11<1. 1 = h1( x,l -- .f1 > + h-l x~~ - .f";!l • ... + h.,f .r,., - f.,l + ¿,. 
( 1 1..1.11 

whcrc 7, i~ a noisc tcrm. As noted in Scction 4.3.4. it is uscful to "uhtract !he 
mcans from thc rcgression variables in a least squ;uc" modcl to makc thc 
paramctcrs orthogonal to thc constant term ¡1.,1 , 1 . 

Normal equatinn.'i. Assuming that the noise Z, is whitc ·and that ohscrvationo;; 
are madc at times t = l. 2 •. ...• N. thc normal cquations (A..t.l.7) 1trc 

whcrc 

(

XII - .\:, 

X:zt .\' 1 
X= . 

. Xq•- .\\ 

(X'X)h = X'x, 

Xtz - .\'2 

.\":.!:.! - .\'2 

h' = (11,. 11, • ...• 11,). 

Xr, - -~') 
X2q - \q 

·''\·q -=- Sq . 

x' = (x 1q~l- Iq+t•X2q+l- -~q+tt····X:-.-q+l- :·~). 

( 11.3.2) 

( 11.3.}) 
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Equations ( 11.3.2) can be. writtcn in term~ of covariance esti~ates 
. N 

. . 1 . 
l'¡¡ .= N ¿ (xu - .v,)(x,1 - .i1), (11.3.4) 

. 1"' ~ . 

as 

cqqh . = cq ~ 1 • 

J1
q ... J = ·'"q•J• (11.3.5) 

where Cqq i_s the covariance matrix of thc inputs, and Cq+l ¡5 the vector of 
cross covanances hetwecn the inputs and the output. 

An example. For q = 2, the model ( 11.3.1) is 

X., - l-'3 = tr,(X11 - .Y1) + fr 2(X12 - X,) + z, 
and the estimation equations ( 11.3.5) are 

1 1.3.2 Multiple eorrclation 

h1r 11 + h2c1; = c1 A, 
h1c21 + h2c22 = C2:~o 

¡L3 = .\:3. 

t = 1,2, ... ,N. 

The expression (A4.1.11) for the residual su m of squares r h r 
regression is rom {t e Itted 

L :f = x'x - h'(X'X)b, (11.3.6) 

or, using (11.3.4) and (11.3.5). 

(11.3. 7) 

E.quation ( 11.3.6) ~hows that thc residual su m 0f squarcs can he written as thc 
thfTcrcnce hctwccn thc total or output su m of squarcs <mJ a positi.vc qua.nlity 
callcd thc rc>J.!rcssion sum of Jquar~.'i. lf thc rcgrcssion su m of squarcs is ex~ 
rrcsscd as .a pro~ortion r1~~ 1 , 12 ... q of thc total sum of sq~arc~. then (11.3.7) 
may be wntten 

and r~~•1112 . 
output ."t0 • •1 

written 

.V 

¿ =f = (11.3.8) 
'•1 

. (/ is the squarc of thc multiple correlation coef]icient hctwccn thc 
and the q inputs. Altcrnativcly, thc outpui variancc may be 

Ctq-+tJcq•t• = r,~•lu2 ,e, 1 ,, 1 + (1 - r'J. )e 
.. q~ q+- J tq~ 1112 .. Q lq+ IHq•ll· (11.3.9) 

Equatio~ ( 11.3.9) shows that !he output variance can he decomposed into 
!he regressoon su m of squares, which represcnts that part of the out pul which 
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can be "accounted for·· or predicted from thc inputs. plus a residual sum of 
squarcs which is due to noise and cannot be predicted from the inputs . 
Hence the square of thc multiple correlation coefficient represen1s tha1 pro­
pon ion of the out pul variance which can be accounted for by !he inputs . 

Equating ( 11.3.7) with (11.3.8) shows that the multiple correlation coef­
ficient may be cstimatcd from 

( 11.3.10) 

Substituting for the estimates has given by (11.3.5) gives an alternative form 
for the multiple corrclation coefficient, 

, __ 1 _ ¡c(Q+l)Cq+lll 
rtq ... 1112 .. q 

C(q+lXq+liiCQQI 
(11.3.11) 

WhCfC C~q + IJ(q .¡. l) is thc C0\'3fiaOCC matfÍX Of aJl tJ:te q + VariableS and Cqq 

the covariance matrix of !he inputs only. Equation (11.3.11) may also he 
\\.'ritten Ín terms of thc corresponding correlation ·matrices. Thus 

- 1 - IRlq+l)l~+lJI, 
'~~ +-1>12. ,q - IR.,I 

An example. For q = 2. ( 11.3.10) becomes 

Using !he alternativo form (11.3.12), 

r., r13 

r,. '" 
dl2 = 1-

r31 r32 1 

1 ~21 ~"1 

(11.3.12) 

(11.3.13) 

(11.3.14) 

Distrihution tlr~ory of multiple correlation coefficients. To develop a distrihu~· 
tion theory. the samplc quantities in !he above formulae are replaced by the 
torrcspc:mding rv·s. Note 'that these rv's are assumed to be Normal. as are the 
rcsiduals 7, in ( 11.3.1 ). Then (11.3.9) corresponds to the decomposition of a 
x~ _ 1 . into a x; and x~· -q _ 1 . Thus. under the null hypothesis that a11 the 
paramctcrs lz, in the modcl ( 11.3. t"} are zero, thc rv corrcsponding to 

r~~ .. l\12 ... q N- 1 - q 
1 - rc~+-1H2 . . q q 

(11.3.15) 

will be distributed as F,,.-. 1 .,. 
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Confi<knce inrrrrals. More general! y. if thc paramctcrs in thc modelare non­
zcro. thcir joint confidcncc rcgion is gi\'cn hy (1\4.1.14). which in thc prcscnt 
notation becomes 

• • q . 
(h - h)'C,.(h - h) ,;;; !Jf, _ _,._,_<(l - o)J'. (11.3.16) 

where s' is lhe estímate of the residual variancc. For examplc. if q = 2. the 
confidence region for (Ir,, h 2) is 

(h 1 - h, )2c11 + (Ir, - h,)2c22 + 2(/t 1 - {,, )(/r2 - fr,)c 12 

(11.3.17) 

Formulae for theorrtical quamiries. Thc ahnn: fnrmulac wcrc dcrh·cd using 
samplc functions. By suitablc intcrprct:Hion. thcy apply cqually wcll to thc 
population or thcorctical quantitics. For cxamplc. ( ll .. l~) bccomcs 

(11.3.18) 

wherc p~q .. 012 .. q 1s the theoretical multiplc cnfrclation coctlicicnt. 

11.33 Partial correlation 

Thc m u! tiple corrclation coefficient measurcs thc corrclation hct,,·ccn the out· 
put and thc hcst prcdiction of thc output using al/ thc inputs. Iris al so uscful 
to be ahle to mca.surc thc corrclation bctwccn the output anda sinelc input. 
This leads to thc notion of a partial correlation cocfllcicnt. .. f 1 

To illustrate thc ha sic idea. surpose q = 2 so that the model ( 11.3.1 l is 

Xr:'l- 11.3 = h¡(Xn - .fd + h~,_LYr·~ - f",ll + /1· 

Clearly. if both h 1 and h-¡ are non.zcro. the n· X:1 will he C()rrclatcJ with hoth 
X 1 and X2 • Howcvcr. the corrclation codlkicnts fl:q and P:1:2 which dcs(.'rihc 
thc sep<:~ratc (.'orrclations hctwct:n (X:~o .\" 1 ) and (.\".~o.\':¿) are not ,·cry mc<lll· 
ingful, sincc X1 and X-¡ may he Ct'rrclatcd. Asan extreme c.xampk, it might 
happen that X:t and .\'1 are highly corrclatcd with .X,!· \Vhcn allowancc is madc 
for P":l'.! and p 12 • th~ actual "direct ·· corrclatinn hclwccn .\':1 and X, may he 
very small. 

Thus it is ncrcss~try to rcnHwc thc ¡_~1flucm:c of the ,·ariahlc .\";¿ hcforc 
computing: thc corrclation hctwccn X:t antf .\" 1 • This is a(.'hicn~d hy con· 
ducting a lcast squarcs rcgrcssion of .f:1 on X:.: and of X 1 on X~. Thc partial 
corrclation <:ocfficient is thcn d.cfincJ to he thc corrclation hctwccn rhc 
residual.s from thcsc two rcgrcssions. \Vith lhc rcsiduals may he associatcd rv's 

X, - 1'1 - Ylz (X:: - IL2). 
}'z2 

x" - ,,';/ - '':.:.,' r - ,~.:.!.~· 
y, .. , . ' 

11.3) Timr· D(lmain Afultit"arülfc Anolrsi:r 

whcre y,~,: is thc CO\"ariancc between X1 and X~-- Then 

l 
Y12Y23 

Cov {E,. Ea = Yta - --· y, 

Var [E,j = Yu(l - p~,). 

Var [Eal = Yaa(l - Plal. 

Hcnce the corrclation hctween Ea and E1 is 

_ P1a - P·nP12 • 

p"'"- 'ti 2 )(1 2) \ - P12 - PzJ 

471 

(11.3.19; 

(11.3.201 _, 

~ .. ·hich is callcd thc·parlinl (:orrclarinn bctween X 3 and X 1• allov.:ing for X2. The 
cnrrcsponding samplc partial correlation coefficicnt is obtainc~ hy replac~ng 
thc population corrclations p¡, hy their estima tes rli. The partml corrclatton 
coefticient p

3211 
is obtained hy interehanging the suffixes 1 and 2 in ( 1 1.3.20). 

Note that in the spccial case where the rv's Xj. X1 and X2 rcfcr to thrce 
consecutive times of a stationary time series, Pta =- p(l>. P12 = P2a = P( 1 ). 
wher<; p(k) is the acfat lag k. In this case (1 1.3.20) reduces to 

p(2) - p'(l) 
1 - p2(1) 

which is the partial autocorrelation coefficicnt discussed in Sections 5.4.3 

and 1 1.1. J. 
In general. for q input variables the partial correlation c~efficient betw:cn 

the output X,, 
1 

and any input X,. is defined · ~s the ordmary correlatron 
coefficient between (X,, 1 - X,,,) and (X, - X,). where X,., . .{', are the 
Jcast squarcs prcdictors of X~ .. 1 , X~.: obtained from the other vari~1hlcs 
cxcluding X,. Thcse ha'e índices 1.2 ... .• k- l.k +l. .. .. q and are 
dcrwted hy ¡.;_ Jt may he shown [1] that the general form for the partoal 

cnrrelatinn cocfficicnt is 

( 11.3.21) 

whcrc 711 '" is thc minor of the el.ement p1'" in the correlation matrix·R1 q-<~,,q .. l, 

of all q + 1 variables. · 

An cxample. Equation (1 1.3.20) may be obtained using (1 1.3.21) as follows. 

and so 

which yiclds ( 11.3.20). 

R, = (:, P12 :1 ::) • 
P:n Pa2 

.,.JI = PIJ - Pl2P23• 

.,.~~ = - Pf2, 

rr 11 = 1 - Pª:J· 
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Analysi~ of rariance. Using (11.3.14) and · (11.3.20), with the theoretical' · 
corr~.~~-~ton~ r~pl_aced by their sample values, it may be shown that 

.. . •. , ' (1 - r;f,2) '= (1 - r(f2)(1 - rJ112l· (11.3.22) 

The significance ~f (11.3.22) m ay· be seen by refcrring to ( 11.3.8), which 
shows

2 

that the res1dual sum of squares aftcr fitting x 1 and x 2 ¡5 a proportion 
1 - '2.12 of the total su m of squarcs. Equation (11.3.22) then shows that the 
reductton m !he sum of squares as a rcsult of fitting x 2 is proportional to 
(1 - r$2) and that thefurther reduction as a rcsult offitting x is (1 - r 2 

) N h · 1 :u 12. 
ote, owever, that x, could be fittcd first so that (11.3.22) has the alternative 

form 

(1 - r$12l ;, (~ - r]1 )( 1 - r;i211 ). 

Th~s ~he de_composiqon (11.3.9) may be set out in the form of two analysis 
_of ~an~nce tables, as shown in Table 1 t .l. 

TABLE 11.1 : ~naly~is of variancc tablc for a multiple regrcssion 
analysJS 

Source 

fitting x 1 

fitting_ x 2 , ~i~en x 1 

residual 

total 

\ · .. ·> 

Source 

. ~tting x~ 

fitting x 1 , give~ x2 

residual 

to~al 

Fitting x 1 first 

Su m of squarcs 

Fitting x2 first 

S~ m of squarcs 

Dcgrces 
of frccdom 

N 3 

N 

Dcgrccs 
of frccd/lm 

N...:3 

N 

Assumin~ that x, does notcontribute to the prcdiction· of x,, thc ratio 

· ' ' (N -· 3)rg
1 

1 - r?12 . 

may be compared with the'F1,·N_ 3 d.istribution. 

1 1.3) Tim~-Domain ¡\iulth·ariate An_alysi! 481 

Similarly,. und~r the ~ssumption that •x2 does rÍot contriblite 'to .. the pre-

diction of'x
3 

after x, has been fitted, .. .. . _., .¡ 

<N _ 3l {'~,. ""';s'}. 
1 - r¡¡l2 -

may be compared with the F1 .N_ 3 distribution. 

An example. To illustrate the above ideas, the power station data of Figure 

11.1 were filtered using the low-pass filter 

H<<.J =1-t.-<Z" +···+·z·+ 1 + z-' -r_·"+ z.- .. n•.-
i'he output variable was the alternator frequency F and the input variables· 
were the in-phasc· current id and the out-of-phase current i". Sin ce thc filter 
rejects most of the power above f = 0.04 cps, only every twentieth value of 
the filtcrcd series was retained, giving N = 41 values. 

The model 
X,. - ''' = h1(Xu - X1) + h2(X21 - X'2) + Z, 

thus involves thc steady-statc gains h 1 from ia to F, and h2 froin i, to F. The 

normal equations (11.3.5) are 

1 OO¡i.3 = 82.558, 

5.819h, + 2.907h2 = I.l45, 

2.907h, + 43.4881i, = 2.033,. 

yielding estima tes ¡i.3 = 0.8256, h1 = -0.2253 and h, = 0.06181. The mul- · 
tiple correlation coefficient, calculated from (1 !.'3.14), is 0.977 and the partial 
correlations, calculated from (11.3.20), are r31 , 2 = -0.98 and r32 ,, = 0.97. 
The analysis of variance for this data is given in Table 11.2. 

TABLE 11.2: Analysis of variance table for·current-frequency data 

So urce 

fitting 
in-phase 
current 

Su m 
of 

squares 

9.1265 

fitting 6.5825 
out-of-phase. 
givcn 
in-phase 

residual 0.3655 

totaf 16.0745 

Degrees 
of 

frccdom 

38 

40 

Su m Dcgrees 
o( of 

So urce squares frecdom 

fitting 3.8958 
out·of-phase 
current 

fitting 11.8132 
in-phase, · 
given 

· oUt-Of-phase · 
.... 

residual 0.3655 38 

total 
. .·.:: 

''16.0745 40 
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The Fratios from Table 11.2 are all ''Cry largc. and hcn<"C it m ay be concludcd 
that both currcnts contribute stron!!IY lo the prcdicrion of frcqucncy. This is 
apparent from the large values of thc parlial aurocorrclations. Tablc 11.2 al so 
shows that the in·phasc current is the more important single variable. since it 
accounts for a greater proportion ~f thc total su m of squarcs. Th;s is beca use 
r 13 = O. 75, whereas r 23 = 0.49. Howc\·~¡,. thc largc valuc of thc parlial corrcla­
tion r 3211 = 0.97 shows that thc out-of·lihasc curren! also makcs an importan! 
contribution to the prediction of frcqucncy. 

11.3.4 Afultil·ariatc ana/ysis, multiple outputs 

Thc model. In thc preceding scctions. it has bcen assumed that thcre is one 
output variable and severa! input variables. In general thcre will be severa! 
output variables, so that thc rcgression modcl may be written 

X 11q.q)- J-Lq•t = htq•tll(Xn 

Xrcq+2•- J-Lq•2 = htq+2lt(Xrt 

Xl) + · · · + hc11 .. t,.:CXtq- X11 ) + Ztq+OI 

Xt) + · · · + htq+2¡iXrq- I',) + Z4Q•2¡t 

.f1 ) + · · · + htq•nq(X,q- %.,) + Zcq .. , 11 • 

¡1 ( 11.3.23) 

The brancl1 of slatistics which dcals with models of lhe form ( 11.3.23) JS 

callcd mullivariate analysis. an account of which is givcn in (1]. 

Normal cquations. lt may he shcnvn f1 J that thc cstimatcs of thc p;uamctcrs 
which minimizc thc dctcrminant of tl1c covariancc matrix of thc cstimatcs are 
thosc which scparately minimizc thc residual sum of s4uarcs 

k = q + 1, q + 2, .... q + r. 

This means that. as far as thc estimation cquations are conccrncJ. muhi· 
variatc analysls c:ln he reduccd to q scparatc mltltiple rcgrcssion analyscs. 
Hcnce, using (11.3.5), thc normal equations are 

(11 .3.24) 

Thc equations ( 11.3.24) can be assc01hlcd. aftcr transposition, into a sin¡!lc 
matrix equation 

He~.= e~,. 
i 

(11.3.25) 

where c •• is tlie. q x q matri~ or covarianccs of thc inrut. and C., is the 
q x r matri~ o( cross covarianccs behH.-c:n in.puts and outputs. 

11.31 Time· Doma in Afultit"ariute A,alysiJ 

A 11 example. CCtn!"iJcr thc t\n)·input. two·output system for which 

.\"1:1 - ft 3 = lr:n(Xn - .f1) + lr32(Xr7. - .X2) + Z3,, 

x .. - ,., = lr .. (X,. - X,) + h.,(X,, - X,) + z ... 
Thc cstimates ti3 and [1.4. are 

jL3 = ~T3, 

p .. =.~ ... 

and thc normal cqualions (11.3.24) are 

('" 
C21 

Thc single malrix cquation (11.3.25)·hecomes 

(
h.1l 
.h41 

= ('"). e,. 

Residual corariante matrix. Since the modcl (11.3.23) rcprcscnts an i.ntc 
conncctcJ svstcm. the n··s Z,q ... ~·)t• Zcq .. nr are usually corrclated at s1m1 
tancnus tim~s. so thcy pnsscss a covariancc matrix \Vith clcments af¡. 11 
cstimatctl covariann." matrix V~ has clcmcnts 

.\' 

(IU.J 

.• 
Corarinnce matrix o( esti.n•atnrs. Sincc ·the normal cquations are obtaincJ 1

· 

lrcating cach rcgrc;sion i:~ (11.3.23) scparatcly, it follo'':,s from (A4.1.9). th 
thc co,·ariancc matrices of thc cstimators associatcd with the md1,·1tiU 

cquatit.lllS are 
\' [hiJ. ~,..} = (X'X)- 1a~ + klfQ ... kl 

= c;o 1 a~q ...... lfq•k·· 

Using ( 11 . .'.2~). thc rcrnaining covariances in thc covariancc matrix "f • 
cstimators of all pai-arnctcrs are dc~iv~d f~~m. 

• •. ] L'((X'X -•x· ' X(X'Xl- '] f::"(hq. ~·· h,, . ..¡ = · . . ) X 0 ... ".x,, .. ¡. • 

(11.3.~ 
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Hence the qr x qr covariance ~1atrix of thc cstimators of all para~cters may 
be written 

· (C.,af, + "" , , 

V(h) = C.,ar,.,x,." 

CqqO"fq + r)lq + 1 l 

C,.a~, + 
1 
"'. ") 

cqqof.,+21(q+r) 

. . 
cqqOtq + rl(Q + r) ( 11.3.29) 

where h' = (h,.,, h,, 2 ..... h,.,). THII'matrix (11.3.29) may be written more 
concisely as the direcr product matrix 

( 11.3.30) 

of the input covariance matrix Cqq and thc residual covariance matrix Czz. 
The matrix (11.3.30) can therefore be cstimatcd by substituting the estimatcs 
(11.3.27) for the a~, in (11.3.29). 

Using (11.3.30), confidcnce intervals for the extended vector of parameters 
h' may be obtained from 

.. • .. . ... qr 2 
(h - h) V(h)(h - h) .;; N .< /,.. 01 _,- -l- .,(1 - a). (11.3.31) 

An example. For the two-input, t wo-output systcm discusscd abo ve, thc 
estimated covariance matrix of the residuals is, using ( 11.3.27), 

'1 2 2 • ' • • . • 

V = (Saa Sa•) = (Caa - h~nCJa - h32c2"J • C;,., - h:.uC 1.i, - h~2c24) . 
zz 2 2 • • • . • • 

S.¡a s.,. r.,a - h.¡¡C¡a - h1 '.2C2 .1 C 41 - h.11 C 11 - h., 2 c2 " 

The covariance matrices of the cstimatcs associatcd with thc individual 
equations are 

where D = c11 C 22 - c~2 . 
Hence 

V. [ r J e, 2 ar ""2 = D "H . 
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Thc covariari"ce 
then 

niairix (11.3:29) of the estimates of all the pararñeters is 

V(h) = (

Cov [h31 , ii,¡) Cov [h31 , h32] 

Cov (fr32, Ir,,] Cov [Ir,, li32] 

Cov [fr 41 , Ji,¡) Cov [Ji41 , li,2] 

\cov (h 42, h3¡) Cov (h42 , h3,] 

Cov (h31 , h,¡) 
Cov ¡{,,,, li41 ) 

Cov (h 41 ,1i,¡) 
Cov [li, 2 , li41 ] 

Cov [Ir,., Ji.,]) · 
Cov (li32,1i.,) 
Cov (li41 , li, 2 ] • 

Cov [h42, fr.,] . 

Finally, the estima te of V(h) is given by 

V(h) = C.,® V., 

or 

C'!' 
cus5 ... C12S5a <•":) 

V(h) = 
1 C11Sta C 11S~ 4 C12S~3 C12SH 

D c2ts5a 
- 2 c22S~3 C22s~, · C21S34 

C21S~a c21si. C22sia c22si. 

11.4 FREQUENCY DOMAIN MULTIVARIATE ANALYSIS 

In this section the methods of Section 11.3 are generalized so that they can be' 
applied in the frequency domain. There are two main points:of diffcrcnce 
between the models used in this section and !hose in Section ·1_ 1.3. First, the 
mode1s in Section 11.3 desctibed regressions and correlations bctween 
processes at simultaneous tim~s and so they describe only the steady-state 
behavior of systems. The models considered in this section are the dynamic 
generalizations of these mode1s. Second, the noise, or residua1s. in the models 
of Section 11.3 were assumed to be white. In this section. the noises can be 

quite general stationary time series. 

/1.4.1 Mulripl<• .f'equency response analysis, single outpur 

In this scction. it iS shown how to estímate _the freqUency response funCtiom 
a<Sociated with the model 

x,,.,,(r)- "'"'"=S:'~ lr,,.l)l(u)(X,(r- u)- X,) du + ... 

+S~ • fr~o+II,(u)(X,(r- u)- X,) du + Z(r), (11.4.1 

which is the dynamic gcneralization of the stcady-state model (11.3.1 ). T' 
clarify ideas, it is assumed that infinite lcngths of record are availablc for th 
single output X.,.,,(r) and the q inputs. To simp1ify the prob1em _still furthe> 

consider thc special case of q = 2 inputs. 
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Procecding as in Appcndix AS. l. it may he shown that thc minimuni mse 
estimates of the impulse response functions h"(u) and ha,( u) are obtained by 
solving the simultaneous \Vicner-Horf cquations 

Yl3(u) = f~~ h"(t)y,,(u- r·)dt + s:~ h02(1")ydu- r,)tft, 

y,( u) = .r~ ""(r")y"(/1 - r·) dr +· f ~' ""'(l")y,(u - 1") dr. ( 1 1.4.2) 

Note that thc equations ( 11.4.2) can al so be ohtaincd hy multiplying thrnugh· 
out in ( 11.4.1 ), first by (..\'1(1 - 11) - X,) anJ thcn ny ( X,U - 11) - S',). and 
taking expcctations. 

Taking Fourier transforms 0f ( ll'.:i.2) givcs thc frcqucncy domain cqua­
tions 

r,,(J) = H,¡(_f)l'"(.f) + H,(fll'd.fl 
r,,<JI = H"tnr,,(fl + H,(f.ll',r.n. (11.4.3) 

Solving for H 31 (/) and H.,(/) gives the following cxprc"ions for thc frc­
qucncy response functions. in.tcrms of thc auto- and crnss spcctra: 

H.,(/) = 

r'"r.nr,u1 - r,(fll"d.n 
rll(nr,r_n- ¡r,,(/1/' 

r,"<fi1" 11 (fl - r,,.r_nr,(/1 
1' 11 tf)i'd.fl - ¡T,<fll' ( 1 1.4.4) 

To obtain cxpressions for thc gains and phascs, it is ncccssary · to takc the 
modulus and argument of (11.4.4). For cxample. · 

•1 

G3, = ,,-Aff1 + B:~~- rP:n = <ITC.'Ian ( 11.4.5) 

whcrc 

( 11.4.6) 

For q inputs. (11.4:2i may be written 

y,
0

• nhtl = f~·-T yqq(1i":_ ~_·;·)h1 ,1 , ll(l') cfr. ( 11.4.7) 

where Yro• u(u) is the laggcd vector of cross cO\·arianccs Octwccn thc output 
q + 1 and all1hc inputs. h;<l ~ P = (/rlr¡. 1 JJ. ht,1 , 1 ,2.' •••• h!<l, 1 ,0 ) and y,111(u) is the 
lagged covariance matrix of the inputs. Transf,mning ( 11.4. 7) givcs 

r,,. ,(fl = r.,.,r.nu .•. ,,<.fl. ( 11.4.8) 

. where rc,.. ... 11(() is thc vector of crnss ~pcct-ra· hctwccn thc output Xl0 .. 11(1) 

S.lld the inputs, '1',.(/) is thc spcctr;¡l n:atrix of thc inputs anJ H;, . 11(/) = 

11.4] FI"Cf/IIC"IU'Y nomaiu ,\fu/tirariatr AmdyJiS 

(//
1

<l .. 111 (.()./11 q~ 1 .~( () ••••• H,<l. 1 ,q(,f)). Thc gain a~d pha~c function!' ma~ he 
obtained by solving thcsc cquati,,ns and taking thc1r moJulus and argllmcnt 

as describcd above. 

11 .4.2 The multiplc cohcrcncy Sfl'Cirum 

Jn this scction thc multiplc cohcrency spcctrum is dcfined. This i~ ~~ gc~crali­
zation 10 tl~c frcqucncy domain of thc multiplc corrclation cocm~u:nt lntH

1
-

Uuccd ¡11 Scction 1 l.~.2. First ·it is ncccssary to dcrh·c an cxprcss10n for thc 
residual or noisc spcctrum. which is onc of thc basic quantities of intcrest. 

apart from the estima tes l'"~f gain and phase. 

711c rrsic!twl srcctrulll. Tn C\·aluatc thc residual spcctrum rzz(fl corrc~~ond­
ing to thc model ( 11.4.1 ). it is first neccss~ry to c_omput~ thc uut0CO\·anam:c 
function of thc residual prücess. Proceedmg as m. Scct10n 11.3.2. thc <Hit0-

·covariance function of Z(t) is 

Yzz(U) = Yl~ .. llfq"'"ll(ll)- .e· h{q•lll(l')y<,..•lll(u- r)cfl·-

... - fo"T h(,..~ll<1(1')y(""lliu- r)dr. 

Taking Fouricr transforms gives the residual spectrum 

r,,(fl = r,,,,, 11,,Jf)- H,,,,,(f>r.,._,,(f) -··· 

which is the frequency Jumain ;inalog of ( 11.3.7). 

11,,,' ·~( ()1"., • .. ,((l. 
(11.4.9) 

T/1{' squar(•d multiplc cohercncy spedrum. Procceding as in Scction 11.3.2. 

( 11.4.lJ) may he writlcn 
tll A.tll) 

whcrc 

K~,; \l\2 .• ,</l = 11lQ .. ,,tC.f)r¡q"'" lJl(f)_ .-+ · · · + H,q., lljcnr(</. 1 1·1! n 
is callcd the squared. multiple coherency spectrum of thc output process and 
the q input proccsscs. The multiple coherency spcctrum measur~s thc 
pruporti<>n of thc outputspcctrum which can bcpredicted from the mputs. 
As shown by (11.4.10). thc rcmaining proportion [1 K~''''"·_,(/)) ,,r the 

output spcctrum is noisc. 
On suhstituting in ( 11.4.91 thc cxprcssions ( 11.4.K) for thc frcqucncy 

response functions. an altcrn::tti\'C form for thc squarcJ multiplc cohcrcncy 
spectrum is ,,btaincd which is analogous to ( 11.3.11 l. namely. 

' 
(11.4.11)1 
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~n (11.4.11 ). r., • '"' . .,(/) is the spcctral matrix of al! q + 1 variables, and 
.,(!) 1s the spectral matnx o f. thc q input variables. When q = 2; ( 11.4.11) 

becomes, on dropping the dependenec onf, 

rll l\2 r.a 

rz1 rn l'2a 

ra. ra2 raJ 

r,,l r" 1'¡,1 
~'21 r 22 

which corresponds to (11.3.14). When expanded. (11.4.12) becomes 

.¡
12 

= r,¡r,,¡' + r" ¡r,,¡'- 2 Re ¡r12r,,r,¡J 
r,,(l'ul', 1 l"d'J 

where 

(11.4.12) 

(11.4.13) 

Re [rt2r2ar'ad = A12A2a:\ta + ,\t2q.·2311··ta ~ 'l·"t2'~,.2aA 13 + lJ:~ 12\l.-13 ..\ 23 
(11.4.14) 

may be expressed in terms of the co- and quadrature spectra of the three 
processes. 

11.4.3 Par tia/ rro.fs. squared cohc•rt•,~~· ami phasr spectra 

As in multiplc rcgrcssion anal~sis. it is uscful to be ablc to meas u re thc cross. 
~pcctrum between the output and onc of thc input processes after allowance 
1s made for the effect ~f !he other input processes. This leads tothe partial 
cross spectrum, wh1ch JS the frequency doma in analog of the partial corrcla-
llon coeffic1ent (11.3.21 ). · · 

To illustrate the basic idea. it is assumed that there are just two input 
vanablcs .. Generailzmg the approach of Section 11.3.3, the output X,(t) is 
first pred1cted from past values of the X,(t) process only, Jeading to residuals 

•,(1) = (X,(t) - ¡<,)- f.~ g32(u)(X,(t- u) - f'z) du 

where _.r,,(u) is. given by the solution of the appropriate Wiener-Hopf integral 
equ<lllon. SJmJlarly, the mpul X,(l) is predicted from X,(t) only, lending lo 
res1duals -

•1 

•,(t) = (X,(t) - '.'•) ~'J.'' .IÍ.,(Ii)(X,(t - u) - 1,,) du. 

The portia/ rross corariance function. The partial cross covariance function 
between X,(t) and X,(t +u). after aiÍowing for X 2(t). is then defined by 

y,,,(u) = Cov [r,(t), c3 (t +u)] 

= ydu) - f:· ¡¡,,(¡·)y.,(ú- r) dr - f., .. ~.,(r)y23(u + 1') d1· 

(11.4.15) 
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Thc par tia/ eros.\· spccrrum. Thc partial cross spcc~rum is dcri\'cd ~Oy taking the 
Fourier transform of ( 11.4.15). and substituting G12 = r,,¡r,, G32 ;= r,;r,,. 
namely, 

l
. (. ¡¡ :.._ r (fJ _ r,,(f)r dll: 
n 12 - 13 r·

22
(f) (11.4.16) 

The parrial cross spectral densily function 

r ,,,(fl 

(11.4.17) 

is obtaincd by normalizingethc partial cross spcctrum. 

Portia/ cohercncy spectrum. The squarcd ·partial cohercncy spcctrum is the 
squared modulus of ., 312(/). lt is most simply calculated using the spectral 

analog of (11.3.22), namely, 

1 - •5,({) 
1 - .~,,(.{) = 1 - •Mfl. (11.4.18) 

Thc partial c0hcrcncy K~:1 1 ·if) mcasures the squared covariance •• at fre~ 
qucm:y f ·: hctwccn thc prot:csscs X;1(!) and X 1(/) whcn allowancc is m a de for 

the inOuence of X,(l). 

Partial phase spectrum. The partíal phase spectrum 4>1312(/) is the argument 
of (11.4.16) or (11.4.17) and is given by 

(11.4.19) 

Similar expressions for thc partial squared cohcrcncy K~:1 1 ¡({) and the partial 
phase .p

2311 
([) may be obtaíned by interchanging the índices 1 and 2 in ( 11.4.18) 

and ( 11.4.19). 
The difference between the partíal phase ,¡,.,, 2( f) and the phases ,J.,,( (l. 

.¡,,</). obtained from the frequency response model ( 11.4.1 ). sh'ould. he 
noted. The phase .¡,;,([) meas u res the phase diiTerence between X,(t) and 
X

1
(1) when a sinusoidal change is made in X,(t) but there is no change in 

X)ll. Howcver. the partía! phase ,¡,,;.,( f) meas u res the "direct .. phase 
diiTcrence betwcen X,(t) and X,(t) after allowing for the phase diiTerences 
hctween X

2
(1) and X,(t) and between X2(1) and X,(t). When there ¡, just 

one input variahlc. thc partial phase angle is cquivalcnt to thc ordinary 

phase angle. 
For q ínputs, the partía! cross spectrum is gíven by the spectr~1 analog of 

(11.3.21 ). namely, · · ' 

( 11.4.20) 
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whcrc "trr: is thc minor of thc clcmcnt r,.,, in thc spcctral matrix ()r all (q + 1) 
\'J ria hles. 

The partial coherency and ph:~se spectra may then he c:~kula!cd from 
(11.4.20). 

Swnmary. As in the analysis of bivariatc 'lime series. intcrcst is focuscd on 
diffcrent typcs of spectral cstimatcs. dcpcnding on whcthcr all thc series in a 
m u !tiple time series arisc on an cqual fonting. or whcthcr so me are inputs and 
sorne outputs toa physical s~·stcm. lf all thc series arisc on an cqual fnoting, 
then thc main spcctrum of intcrcst is thc multiplc rnhcrcncy. This is l1sually 
surrlcmentcd by information ahout thl' partial cnhcn:ncy :md partial phasc 
spcct ra bct wccn se lectcd p:ti rs 0r t he Ya ria hh.·s. 1 r t he seri~:s rcprcscnt in pul!' a nd 
corrcsponding <'utputs to son1c physiL'al systcm. thc most important part nf 
thc analysis is conccrncd with thc cstimatinn of thc frcqw:ncy response func­
tions of the systcm. The othcr important cstimatc is thc residual spcctrum 
which describes the noise in thc systcm. In this case, thc multiplc cohcrcncy is 
only of intcrest insofar as it ~lffccts thc conlidcncc intcrvals fnr thc gain and 
phase m::~trix. Thc cstimation l)f thc m u! tiple t.:nhcrcncy spcctrum is discusscd 
in Scction 11.4.5 .. Conlidcncc_ intcr\'als for gam and · phasc function!' are 
dcrived in Scclion 11.4.6. 

1 1.4.4 ,\!ultirarialc frcqucncy response mw~¡·sis. m u/tiple outpllls 

The model. In this section thc tim¿~~ipmain multi\'~niatc an:tlysis Jiscusscd in 
Scclion 11.3.4 is extended lo !he frequeJK"Y dnmain. The slcady-slale model 
(11.3.23) is gcneralized to the dynamic model 

x.,.,,(l)- fL<o.,, = ¡_··~ h(u)(x.,(t- u)- x,)du + z,,, .. ,(i), (11.4.21) 

whcre x,,. .. t)(t) is the \'ector t"'f output \';triahlcs. x)t) is a ,.c<.:tnr of input 
variables anJ l

1
,
1

• ,.(1) is a \'CCI0r of rwisc \·ariahh:s. For cxamrlc. whcn thcrc 
are q = 2 inputs and r = 2 outputs ( ll.J.:!J) i~ 

X3(1)- l'a·,;, f~~ h31 (u)(X1(t - u) - .1',) du + 

J~, h.,:(u)(X,(t- 11)- .\',.) du + Zo¡(t), 

X4(/) - ¡t4 = f~a;> hu(u)( .\;1·{( - u\ - .\\) du + 

J:~ IT,(u)(X,(t- 11)- .'I,Jdu + 7.,(1). 

(11.4.221 

As in thc prcccding scctions. it is ao,~umcti initially that inlinitc lcngths of 
record are available for aH thc input' and <Hltputs. 

' 
·' 
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- . . · /\..;;in Scctinn 11.3.4. the minimum m~c estim~te5 of the 
[WIIIlllflnn rquawms. · · · · · · 1 
i~"'pulse response funl'til'll!' h, 1(u) are 0htained hy scparatcly mtmmtztng t lC 

mean squarc crrors 

c{f~ Zt(t) dt)-

This procedure ieads toa set of equations of the form (11.4.71. namely, 

y, • .,(u) = r~ y"(ll- r)h, •• ,(r) dr, . - ~ 
k = l. 2, .. . ,r. 

Thcsc may he nsscmhlcJ into a single n:atrix equation 

y,,(u) = L ~ y"(u - r)h'(r) dr, 

(JI A.~~~ 

(11.4.241 

·h ( ¡ ·
5 

the Jaoged cross covariance matrix bctween the q inputs ~nd_r 
\\ ere Y qr u 1. 1:' ( ) • h 1 d covan·mce 
outputs. h(u) is the impulse respCtnse matrix and yqq !J 15 t e aggc ' ' 

nntrix or the inpuls. . . . . r lh 
'on taking Fouricr transforms 0f ( 1 \.4.~3). the cstimation cquattons or e 

r respon.;;e function.;; mav be wntten requcncy . · · · 

r,, •• .< n = r,,(fiH.,, .,(fl. k l. 2 •.... r. (li.J.:''· 

( 4 2'il b assembled inlo the single As in ( 11.4.24). thc equati0ns 11. . . may e 

.... matrix cquation 
(11.4.26) r,,(/l = r"(f)H'(f). 

The residual s¡,ectral matrix. 1n addition to cstim~ting the fre~ucncy .:e.s_pCtnse 
·ttrix it is ncccssarv to characterizc thc propcrttcs of thc nmsc. Thts 1':' done 

m~ . . ~ . . 1 . tr'x r (j) whosc clcmcnts 
hv c·tlculating. thc rcstdual or no1sc srcctra m.t 1 zz · . 

. ·, . s< spectr·• 1" ( {") hel\\eCJl !he processes z,.(tl and Z,(l ). Pwcccdmg 
are t 1c ~ro.-~ · ' u . . h ·, s 

S 
. · 11 1 4 thc noss ccwariance functton bctwccn t e proct.:ssc 

as 111 ed1011 ·~ · • 

(11.4.27) 

On transforming ( 11.4.27). the cross spectrum is given hy 

r. <n = r,.,.,,,.Jlfl- H".,,cnr".,,,cn- · · ·- lf._,.,,ulr".,,cn. 
7.~Z¡. (JI_4.28) 

Asscmhling a matrix whosc elemcnts are (11.4.28) givcs 

r~zUl = r;,. "" . .,(Jl - wnr;,(JJ. (11.4.29) 
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EStima lÍan equations. ';Estimatio1~ cqu~Itinns m;~; he obt:~incJ by rcplacing- the 
spectra in (11.4.26) by thcir·smoothcd cstimators. Thus 

-------"'--'-- ~------~------'-·---·---

o 
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Note that (U .4.29) enables the residual spcctral matrix to be calculated when 
the 'frequency response m~trix H(f) and the tl;eore_tical values of the output 
spectral matrix r,,.;", • .,(/) and inp\1t-output cross spectral matrix r.,(f) 
are kno'wn. The corresPoñding estimation· problcm is considcred in Section 
11.4.6. 

11 .4.5 Estimar ion of multirariate spectra 

lt was shown in Sections 11.4.2 and 11.4.3 how lo compute multiple and 
partial coherency spectra in térms of the input and output spectra and cross 
spectra. In this section the prohlem of cstimating thesc spcctra is considcrcd 
when finite lengths of record are availahle. The analysis is a straightforward 
extension of that given in Sec,¡ion 9.3.1 and hence the details are omittcd. 

Estimation of multiple coherency. ~he definiiion (11.4.11) expresscs the 
square of the multiple cohercncy in tcrms of auto- and cross spcctra. 
The sample estimator of the multiple coherency is obtained by replacing the 
theoretical spectra by their smoothed estimators. For example, when q = 2, 
the smoothed multip!e cohercncy estimator is 

where 

E, ¡E,31' + e, ¡E,31' - 2Re [E,E,3C3,] 
C,(C,C, - IC,I'l 

(11.4.30) 

Re [E,.E,,E3,] = L,.L.,L,3 + ~i¡Q,,Q,, - Q,Q,,L,3 + Q,Q,3L,3. 

Sin ce the estimator ( 11.4.30) is a function of spectra and eross spectra. its 
variance can be evaluated using the statistical diiTerential technique ofSection 
3.2.5 and the result (A9.1.2R). namely, 

- ~ • 1 
Cov [C,1(f,). C,,(f,)] :::e 1 11(/1)f,.(/1) T · (11.4.31) 

~roceeding as in Section 9.2.2, the final result is 

Var [K~12] :::: 2
1T•4K~ 12(1 - K~12)2 , 

which is the same as the' ~ariance (9.2.19) for the ordinary coherency estimator 
R? 2 . In Section 11.4.6, an a·ppropriatc distrihution for R~~~~ will be dcrived by 

· regarding the problemas one of multiple rcgression analysis in the frequency 
domain. ,, 
Estimar ion of portia/ coherency atid phase. The smoothed partial cross spec­
tral estimators are obtained 'hy suhstituting smoothed estimators for the 
cross spectra in (11.4.19). The smoothed partial coherency spectra and partial 
phase spectra can then be obtained hy taking the modulus squarcd and argu­
ment of the smoothed cross spectral estimators. For example. when q = 2,. 

() 
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thc iwo partia! cohcrcncies may be cstim .. ted from the smoothed multiple 

coherency i\J 12 using thc rclations 

Ri3,1 
- K~12 

1 - K fa ' -
- K5l2 

1 - K?312 = K' - 23 

(11.4.321 

Similarly, the smoothcd partial phase spectra are 

. - . [[,Q,; - Q,L, - Q,E,]· 
F,, = arctan 1- L- + Q- ,Q- _ L,C, ' 

-12 23 1~ 23 

(11.-1.33) 

[Lt::.Ot:~ + q12~1:1 - <?_2:1~11]. 
F,31 1. = arctan - - Q Q L ( 

L1 ~L 13 - 12 13 - 23 11 

( 11..\.:q¡ 

¡ ¡ .4.6 Est iniation of multiple frequency response Ju11ctions 

In this section it is shown how to cstimatc thc frequency res~onse functions 

d
. t ti odel ( 11 4 1) and to derive confidence mtervals for the 

corrcspon mg o lC m . . . . . f h 
c.ains and phiu.cs. Thc rcsults are obtaincd by a stmple cxtenswn o t n'c 

;lcrived in Scction 1 0.3.3. 
· h d. · ¡ rra As in previous work. n··s are associJtcd Estmwtes ase on .wmp e spec . . 

with thc transforms of the data, namely, 

X,(f) .~ S: X,(t)e- 12
'" dt. 

f · th del (11 4 !) and making the usual assumptions that 
On trans ormtnf! e mo · · · ~ . · h 

" · ¡ ( l t d t zcro qUJckl\' comparcd w1t 
thc impulse rcsr_on~<:_ functwns 11q~ \li u. en o . . 
thc rccon.l lcngth. thc output transform IS 

X.,.,.Ct'l;:: if.,,,,(J)X,(() +···+ H.,.,;(f\X/[1 + Z,..,.l[l. 
( 11.4.351 

P d
.· · · S. ect·

1
·
0

n 10 3 1 the !east squares estimators of the impulse rocce mg a~-m . . . , . · . 
response funi:iions are olitained by replacmg the theorellcal auto- and cross 

corrclations in (11.4.71 hy samplc values. Thus 
. ¡ 

- T ~ 11 ~ T.· (11.4.3ó) 

4 ") h r cncv dl)main estimation On taking Fouricr transforms of ( 11 ... 1n . t e rcqu . 

cquations are 
( !1.4.37) 

which are thc samc as thc ~quations (1.1.4.8) hut with thcoretical spcctra 

replaced by the coiresponding s~mple spectrá. 
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Residual samplr speC'Irum. Procccding as in Scction 10.3.::!. thc residual 
samplc spcctrum is 

Czz(f) :::o C¿¿(f) + ~\X,(j){H,,.",(/)- ¡;"""(.fl! + 

11.4] Fr~quency Domain Multh·ariate Analysis 49~ 

Procccding as in Scction 1 0.3.4. thc decomposition (11.4.43) leads to a joint 
confidence region 

C11 \H31 - H31 \' + E,,¡H,,- H,,¡' +2\C,\\(H,,- H3 ,)(H,,- H3,)\ 

"------------__ ·_·_·_+_.:_X~,(()r H". ",(/) - /f"_._.,,(/)1 !::',_(ll.,l.3.8) -------- Cu 
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11 .5.2 A practica! prncedure for cstimating multirariatc spcctra 
• 

The stages in thc proccdurc fnr multh·ariatc frequcncy resronse cstimation 
<~re \·cry similar to those givcn for thc cstimation 0f crnss spc~.:tra in Scctinn 
9.4.2 and for thc single·input. singlc·nutput frequcncy response cstimation 
in Scction 10.4.1. Hencc only a bricf summary of thc stcrs is prcscntcd hcrC. 

( 1) Prcliminary decision stage. As in Scction 9.4.2. plots of thc data are 
ins.pcctcd for Clb,·ious trcnds. for possihlc filtcring into diffcrent frcquency 
hands and for dcciding on thc maximum numhcr of lags for thc computation 
0f thc acvf's anJ cc,f's. 

( _.,) First cnmpuwúon stagr. Thc auto- ~md cro~s corrclations of thc original 
and difTcrcnccd data are computcd and thc cnrrclations ph,ttcd. Thc corrcla­
tion plots are inspccted f0r failurc to damp l'lll. in which case thc necd for 
dctrcnding is indic~ttcd . .:tnd for tlclays imlicated by the pcaks in thc ccf. 

( 3) 1ntcrmrdiatc dccision stagr. A dccision is madc whcthcr to use thc orig­
inal l ... r diffcrcnced c0varianccs. Thc shift \'alucs for alignmcnt are Jetcrmincd 
and thrcc truncation points for futurc spcctral calcub.tions are sclectcd. 

( 4) Second computar ion stagc. Thc spcctral calculntions are pcrformcd and 
correspnnding !'pcctra o\·crlaycd fnr thc thrcc truncatinn valucs uscd. 

( 5) lntrrpretation stage. Thc plots are analyzed and interrrctcd, or additional 
spcctral analyscs are pcrformcd using thc information glcancd from thc 
prcscnt analysis. · 

11.5 .3 A nalysis nf turhn-altcrnator data 

Thcse drtta havc hccn analyzed prc\'iflu~ly in [3} and consist nf TH'rmal 
npcrating data rollcctcd from a 50 mc,!!.awatt turho-altcrn:1tor opcrating in 
parallcl with an intcrconnectcJ system ha\'ing a capacity of apprnximatcly 
5000~ mcgawatts. A turbo-alternator may he regardcd as <l two-input, two­
output systcnJ as shown in Figure R. l. Thc inrut variables are. thc in-phasc 
(or active) rowcr and thc nut·of-phasc (or rcacti\'C) powcr which mcasurc the 
load on thc systcm from thc ~rid. Thc Ptltput ,·ariahlcs an: thc amrlitudc 
and frcqucncy of thc ,.Ctlta,¡;c gl.'ncratcd at thc statllf tcrminals. Knowlcdgc 0f 
the transfer functions rcLÍting th~c \'ariahlcs is importan! in thc dcsign of 
control _systcms. particularly' for h1ad distrihutinn and frcqUL'ncy. 

By a ch<~ngc of \·ari.ahlcs. the in·phase and out-of.phase powcr can he 
rcrlaccd hy thc c0rrcsponding <.:urrcnts. Hcnt.:c thc 'ariahlcs meas u red wcrc 
thc dcviations from thc ratcd values (lr thc in·pha:.c ami out-of phasc currcnts 
and thc corresponding de\'iations fn,m thc r:l!cd amplitudc and frcquency of 
thc volta~c .. Thc cuíTCtHs and ,·n\tagc wcrc. ~amplcd ~ times pcr sct:ond. 
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yiclding 480R data \-alucs. and thc frcqucncy was samrled 2 times pcr !'>ecnnd. 

vicldinc. 1202 data \·alucs . 
. Linc;rizati0n 0f thc thcorctical systcm cquations [2) shPwed that thc turhl'· 
altcrnator could he rcprcscnted aprroximately as a linear bi\'ariatc systcm 
with thc in·rhasc and out-of-rhasc currcnt dc\'iations as inputs l<' thc 
systcm and the corrcsronding \'0ltage and frcquency dc\'iations as outputs. 
In thc notation ofScction 11.4.4. x 1(1) is thc in-phasc currcnt. x,(l) thc out­
of-rhasc currcnt. x;1(1) thc output voltage and x 4(tl thc outrut frcqucncy. 

An analvsis l!.i\·cn in {2) on similar data from thc samc syo::..tcm sh<n\'cd that 
thcrc was ... littlc .. r0wcr in thc currcnt and \'Oltagc signals ;:¡hove 2.~ cr" and. 
fr'r thc frcqucncy Jata. aho\'C 0.8 cps. Hcncc it was dcciJcd t0 liltcr the currcnt 
ami voltage data using a digital lilter with transfcr function 

lllZJ = n<Z" + Z' + Z+ 1 + .¿-' + .;:-' + z-'ll'. 
which has thc frcqucncy response function 

. {sin7,(!:J.I._' 
H(f) = 7 sin ~¡,:,f' 

1 1 --.:.J<-· a~ B 

This frcqucncy rcsronsc function is low pass, with negligiblc transfer ofpowcr 
abovc 0.75 cps. and so thc tillcrcd data was samplcd ata rate of 2 points per 

sccond. 
Thc first 1000 valucs of thc flltcrcd currcnts and vohagc and thc frco,.::.'ncy 

variations \\·ere thcn analyzed. following thc stagcs outlincd in Section i l.5.2. 

( 1) Preliminar\' decision sta¡;e. Thc plots of thc data gi,·en in Figure 11.1 
wcrc inspectcd for trcnds and other conspicuous behavior. No trcnds werc 
arr:1rcnt, hut it was cxpected that beca use of the largc numhcr of obscn·ations 
snmc trcnd rcmoval. might be rcquired. A maximum of 125 lags was !->clcctcd 

initially. 

(2) First cOIIIflllfaficm stagr. Alito· and eros~ covarianccs for thc original 
and diiTcrcnccd Jata wcrc computed, antl thc Cl'rrclation functions wcrc 

plottcd. 

( 3) lntermediate decision stage. Thc acf"s rn(k) .and r.,(k) for Lhc in-pha'e 
currcnt and the frequency showed a fairly strong oscillation with a frcql~cncy 
of approximatcly 12 to \5 cps and very littlc trend. By contrast. thc aef"s. 
r

2
:.(kl for the 0ut·nf·phase currcnt and r31(k) for the ,·oltagc showcd con~ 

sidcrahlc trcnd and \'cry little oscillatory heha\·ior. 
Thc ccf rdki is plottcd in Figure 11.2. r 13tkl and r,tkl in Figure 11.' and 

rH(J..-l anO ':·~{k) in Figure 11.4. Thcsc again cnnfirm that tr~nds are prescn1 
and that thc c0rn:lations of thc difTerenccd data should he used. Truncation 
points of 32. 48 and 64 lags were choscn initially sincc it was felt that thc~ 
would be sullkient to rc\'eal thc pcaks apparent from so me of thc co~rclation 
functinns. On thc hasis of the pcaks in thc ccf"s, thc shift parametcrs wcf-~ 
choscn to be S 12 = -2, S1 :~ =O, S 23 = 2, Su= 3 and e_,= 5. 
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( 4 )• Second compulalloiJ,slage; Thc.spcclra1 calcu1attons dcscnJ,cd m Sect10n 
11.5.1 were pcrformed, using thc shiftcd corrc1atioi1s of thc dilfcrcnced data, 
and lhe spectra were p1otted. 

. 1 
(5) IIJierprelalion slage. Si1icc thcre are so many spectral p1ots in this typc of 

' analysis. only the important spectra are prCsented herc for discuS.Sion. For 
all spectra, the window-closing proccdurc showed very 1ill1c changc in going 
from L = 32 lo L = 641ags. Sincc !he ana1ysis was ha sed on 1000 data points. 
!he va1ue L = 32 was finally acceptcd. giving 83 dcgrccs of frccdom pcr csti­
mate for the autospectra. 
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F1c.. 11.2: Cross corrclation function bctwccn input currcnts 
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F1a. 11.3: Cross corrclation rlmctions hctwccn currcnts and voltagc 
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FIG. 11.4: Cross corrclation functions bctween currcnts and frequency 
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Colterency specrra. The squared cohcrcncy spcctra bctwcen thc in·phase, 
out-of-phase currents and frequency are shown in Figure 11.5 and the 
multiple and partial squared cohcrcncy spcctra bctwcen the two currents and 
frequency in Figure 11.6. 
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Fto. 11.6: Muhiplc and partía! cohcrcncy spcctra: currcnts to frcquency 

Thcsc figures sh0w th:1t thr in-phasc turrcnt and frcqucncy dcviations ha ve 
high cohcrcncy ovcr much t"'lf tllc f"rcqucncv ranJ.!c. hcurc 11.5 alsP \lU!CCsls 

that thcrc is a high cohcrcm:y hetwct·n IIH: n~lt-nf-rh:Jsc~~.:urn:nt anJ fn'ljl;~rll:y. 
Howcvcr. thc vcry low partía! cnhcrcn~..:y .;;pcctrum hctwccn frcqucn~.:y and 
out·of-phasc currcnt givcn thc in-rh;¡sc curren t. which ¡, slh•wn in Fil.! u re 11.h. 
indicatcs that this high cohcrcncy is duc tn thc vcry high úlhcrcnc;: hctwccn 

:·:. thc.currcnts ano not to anydircet rc1ah<>nship bdwccn frcqucnioy <in<f out-cif­
phase currcnt. Hcnce uninformali\"C g~tin and phasc cstimatc' hctwccn thc 
out·of·phasc currr-nt and f"rcqucncy ,·ariahles are to be cxpc~.:tcd. 
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The squarcd cnherency. multip1e coherency and partia1 coherency spcctra 
bctwccn thc two curren !S and the vo1tages are ·shown in Figures 11.7 and 11.8. 
The in-phase to vo1tage cohcrencies are re1ativcly high and uniform to 0.5 cps. 
wherc they drop and thcn begin to rise again at 0.7 cps. The extreme1y high 
cohcrcncics abovc 0.75 cps are probably spurious and are discountcd beca use 
of the cxtrcme1y 1nw power le\·cls at these high frequcncies. Thc out·of-phasc 
to ,-oltagc c0hcrcncics are gencrally lower, with high cohcrcnclcs ncar zcro 
and in thc rangc 0.25 tn 0.5 cps. Again. the extremely high cohcrencies a hove 
0.75 cps are prnhably spurious. 
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FlG. 11.7: Currcnts to voltagc cohcrcncy spectra 

Gain .flmctions. Thc four gain functions are shown in Figures 11.9 to 11.12. 
The in-phasc curren! to frequency gain function shown in Figure 1•1.9 has a 
peak at approximate1y 0.12 cps with a s1ope of 2 decades per decade. suggest­
ing a sccond-order system. Thc damping factor for the system. obtained using 
thc ratil, of peak !!a in t() de gain. is about 0.2. Thc out·of.phase to frequcncy 
!:!;1in functitm siH.l\\ n in Figure 11.10 is cx..tremely erra tic, as cx..pectcd from thc 
parti~1l :-.quarcd cnhcn:ncy function. lt is concludcd that the out-of·phase 
CU\Tcnl and frcquctH.:y are probab1y not lincarly rclated. 

Thc gain functi0ns fr0m thc two currents to voltagc are similar, hut the 
pcaks arr.: much lcss clcarly delincO. Thus thc in·phase currcnt to voltag:e g.ain 

. runction shnwn in Figure 1 u 1 has a 1ow flat ·peak at abnut 0.025 Cf'< and a. 
s1npc of 2 uecaJcs per'Jccade. suggesting a s1ight1y oscillator) sy<tem "1th a 
break point of 0.05 cps and a damping factor of 0.6. Thr •.·of-phasc to 
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FJG. 11.8: Multiplc and partial cohcrcncy srcclra: currcnts tn voltagc 
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FJG. 11.9: In-phase currcnt to frcqucncy gain function 
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Fl<i. 11.11: ln-phasc current to voltagc gain function 
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voltage gain plot suggcsts a third-ordcr systcm consisting of a single time 
constan! of 20 seconds and a second-order system with orcak point at 
0.04 cps and damping factor of 0.5. In this analysis. the gain information 
abo ve 0.1 cps has bcen discounted hecausc of thc low power lcvcls in thc input 
currcnts abovc 0.1 cps. 

Pitase' speclra. A difficulty arises· in the intcrprctation of thc phase spcctra 
obtained from the shifted corrclations in that cross spectra calct1latcd with 
difTercnt shifts en ter into the calculation of thc phascs. To avoid this difliculty, 
thc phasc functions shown in Figures 11.1"3 to 11.16 were bascd on thc un· 
aligncd corre\ation.functions. Sincc thc phasc spcctra are les.;; scnsitive to bias 
duc to non-alignmcnt of the time series, this was not considcrcd lo be scrious. 
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FtG. 11.13: ln-pha!'c currcnt to frcqucncy phasc function 
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FlG. 11.1 S: In-phasc currcnt to voltagc phase function 
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FIG. 11.16: Out-of-phase current to voltage phase function 

11.5 .4 Summary 
Thc src~:tral analysis of thc powcr station data may he convenicntly . .;;um­
marizcd ¡11 tcrms of frcqucncy response functions Jcrivcd from thc gam and 

phasc rlots. 
Jn-phasc• curren! lo rollage frequency res(1onse fimcri_on. ~sing Figures 11.11 
·~nd 11.15, the frcqucncy response funct10n H31(/) 1s est1matcd to be 
.. • 0.55 
.,.~ H 31 ({) = 1 + j48f - 1600/2 ' 

that is .. a sccond-order systcm with damping factor 0.6. resonance frequcncy 

0.025 cps. de gain 0.55 ami dclay O. 

In-pitase ("llrrent lo frequenc.r frequenc.r response function. From Figures 11.9 

ami 11.13. 
• 0.26 e- 14 ' 1 

H.,(f) = 1 + j3.3f- 70f' • 

that is. a sccond-order system with damping factor 0.2. rcso"""Ce frcqucncy 
0.12 cps, de gain 0.26 and dclay 2 sampling intcrvals. cqua. sec. 
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Out-of-phase currenr to roltage frcqurncy reJpnnse fimction. From Figures 
11.12.and 11.16 

Cl + Jl25fl!l + .i2Y- 625('1. 

lhat is, asecond-ordcr system w!th damping factor0.5. resonancc frcqucncy 0.04 
cps.dc gain 0.22.delay 1.5 sec ami a first-onJcr systcm with time cnnstant 20 sec. 

lt should be emphasized that the graphical cstimation procedurcs used for? 
the estimation of thc parnmctcrs in thesc moUcls are IH)t vcrv cflkicnt. 
Thercfore. thcy should he rcgarJcd as t~ntnti,·c nH)Jcls ,,·hi~·h sho~ild now be 
fittcd. if necessary. by paramctric mcthods Ji k e thnsc illuslratcd in Chaptcr 5. 
Howcvcr. for many ~ontrol puqihscs. kn(w.:lcdp.c of thc gain and phasc plots 
given by Figures 11.9 to 11.16 would be sullicient. 
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1. 
APPENDIX All.l LATENT ROOTS AND VECTORS 

The latem rnms A .. i = 1, ... , N. and corresponding righr-lwml /atenr rcctors 
r1 of a matrix A satisfy 

The cquations (A-11.1.1) written in sea lar form imrly that 

a 11 ru + a12r21 + · · · + c1 1sr.'-· 1 ,\ 1r 11 

U21r11 + n22r'.:!1- + · · · + t12sr,.,-t = A1r21 

!A 11. t. t 1 

Geomctrically (A\1.1.1) mcans that in thc ¡\'.dimensional vector spacc, thc 
vcctors r, i = 1, 2 ... , N.- are invariant undcr··-thc~lincar transforrnations 
)'1 = Ar1• Relatcd to thc invariant ri!,!ht-hand vcctors r 1 are thc tluol or mfjoint 
systcm of vCctors 11 which satisfy thc ldt-hand cquations 

!Ait.!.Z) 

lt is possiblc to show that the lcft-hand \"Cctors are orthogonal, or at right anglcs. 
to thc right-han~ vcctors. Thus on postmultiplying 1 A 11.1.:!) by r 1, 

I;Ar1 = .\l;r,. 

All.l} Latrm Rools ami Vcctors 

Using (A 11.1. 1 ), .this. implics 

tA, - A1)J:r, = O. 

Hcncc, assuming that the latcnt roots are distinct, 

1;r1 = O if i # j, 

1;r1 * O if i = j. 
By suitable normalization, 

1;r1 = 1, 
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that is, thc ri~ht-hand and lcrt-hand vcctors are orthonormal. lf thc latcnt 

_vcctors are asscmhlctl into ~na trices 

L = Cl 1.12 , .••• lsl and R = (r 1 •••. , r."·) 

so that thc columns of UR) are thc left- (right-) hand latent vector<:. of A. thcn 

thc ahcwe conditions imply 
LR;, 1, tAti.Ul 

where 1 is thc idcntity matri.x consisting of oneson thc diagonal and zerosclscwhcrc. 

Snnmcrric marricrs. Thc covariancc matrix of a sct of real rv's is real and sym­
n~ctric. Hcncc thc \atcnt roots and vectors havc thc propcrti~s that thc latcnt 
roots are real, thc latent vcctors are orthogonal and thc matrices L and R are 
orthogonal. Thc sccond propcrty implics that the vectors. which are in\·arian1 
undcr transformation. are orthogonal. To dcmonstrate, it is convenicnt to assemhlc 

thc cquations (A\1.1.1) and (t\11.1.~) in matrix form 
AR = Rh, tA!I.t.4 

wherc A is.thc.diago"nal maüix of latcnt"roots. Similarly, 

L'A =AL'. 

On tr~tnsposing CA11.1.5), using thc fact that A' 

AL'=L'h. 

llcncc nn comparing with (A\1.1.4) 

R L' 

and CAI1.1.3) bccomes. 
LL' = 1 =;'R'R, 

A. L' 

tAtl.l.5 

L. 

th l 
· tl

1
c latcnt vcctors are <;>rthogonal. Hencc. on premultiplying (A 11.1.4 

3 IS, 

hy R', ,. 
tAl l.!.' R'AR = R'Rh = h. 

Thc gcomctrical significance of (A 1.1.1.41- whcn A is a. symmetric. matri'- is th: 

thc quadratic form · · 
y'Ay = C · CA! l.!.: 

rcprescnts a ccnt ral conic whosc axcs intcrsect at thc origin. t? n_der a transforma ti< 

·,·=Rx . <All.t. - . 
t A 1 1.1.8) beco mes 

x'R'ARx = C, 
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that iS. 
x'Ax = C 

or 
A 1x~ + ..\ 2x~ + · · · + ..\,..x;. = C. 

Hence the conic is transformed to canonical form by the transformation (A 1 1.1.9). 
and the latent roots give the inverse of thc lcngths of thc princip<JI a;-o;cs of the 
conic. 

APPENDJX AIJ.2 FLOW CHART FOR MULTIVARIATE 
FREQUENCY RESPONSE CALCULATIONS 

Thc following is a How chart for a computcr pn1gram ML1L TSPF.C which acccpts 
ccwariancc cstimatcs for two input ~crics XIUI. X~tf) and IWtl outpul series XJ(r), 
X4(t) and Ctlmputcs thc frcqucn~;.v response functi\l11S lfJI. /1~:!. /141. 1141 rclating 
thcm. Printcr 0utput of importan! functions is rHwidcd, but thc most importan! outrut 
is via !he plol!cr. Plottcd outrut includcs all autospcctra (lo¡;~pcc vcrsusfrcqucncy). both 
residual spcctra (logsrcc versus frcqucncy), alltotal and rartial squarcd cohcrcncics. and 
all gain and phase plots, with ovcrlays for additional truncation points. 

Program J\IUL TSPEC 

IJ Input N, MAXM, NF, DELTA, M. 

2J Input COV!K,I,I), K=O. MAXM, l= 1,2. 

3) Ca/rulare autospcctra, SPEC(K,I), K=O, NF, 1~ 1,2 .using AUTOSI'EC 
subroutine (Appcndix A 7.1). 

4) R•adCOV(K,3,3), K-0, MAXM. 

5) Cci/culare SPEC(K,3) usin~ Al!TOSPEC suhroutinc. 

6) R.ad COV(K.I,2). COV(K.2,1), K~O. MAXM, shift 512 

COVcK,I,Jl. COVCK,3,1), K=O. 1\!AXM, shift SIJ 

COV(K,2,3), COVcK,3,2), K=O, MAXM, shift 523. 
j 

7) Use EVOD subroutinc (Appcndix A9.2) .to calcula te cvcn and odd parts, 

8) Cal/ CROSSPEC subroutinc (Appcndix A9.2) to calcula te 

COSPEC(K,1,2), QSI'ECOU ,2). SQcK, 1,2) 

COSPECCK.l,3), QSPEC<K.I.J), SQcK,1,3) 

COSPEC(K,2,3), QSPECCK,2,l), SQ(K,2,3l. 

9) Calculare DENOM(K) ~ SPEC<K,ll•SI'ECC K.2)- SQ( K, 1 ,2). 

10) Cal/ subroutine ENDALL. 

't) Store -all quantitics :n ENDALL whi:.:h are rnarlcd with a m;1rginal oJslcri<ik. 
for futurc plotting. \ 

'· 
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12) R•adCOVcK,4,4l, K=O. MAXM. 

13) Calculare SI'ECCK,4) using AUTOSPEC subroutine 

14) R.ad COV(K,1.4l,.COVcK.4.1), K = O. MAXM. shift SJ4 

COVC K,2,4), COV(K,4,2), K = O, MAXM. shift 524. 

Repeat stcps 7 through 11. Then rcad another value of M. and use thc stored 
autocovariances and cven and odd parts of cross covarianccs in thc sub­
routincs AUTOSPEC. CROSPEC, and ENDALL to calculatc thc gains, 
r'hase$, squarcd cohcrencics and residual spectra. When the desircd values of 
M havc beco uscd, p\ot and ovcrlay all logspectra and log residual c;;;pcctra 
\'Crsus frcqucncy. all phascs and squared cohercncics \'CTSUS frcqucncy. and all 
log gains ,·crsus log frcquency. 

Subroutinc ENDALL 

This subroutine calcula tes gain. phasc, total and partial squared cohercncies. and rcc;idual 
spcctra. Dropping thc indcx K, the calculations are as follows: 

A31 ~ COSPECC 1 ,3)•SPEC(2) + QSPECC2,3)•QSPEC(I,2)- COSPECC2,3l• 

COSPEC( 1,2) 

SQA31 =A31•A31 

831 = QSPEC(I,3)•SPECC2)- QSPEC(2,3l•COSPEC( 1,2)- COSPECC 2,) l• 

QSPEC(I,2) 

SQB31 =831•831 

• PHASE 31 = ARCTAN e- 831/A31) 

GAIN JI ~SQRT CSQAJI +SQ831)/DENOM 

• LOGGNJI = LOGIO(GAIN 31) 

AJ2 = COSPECC,3)•SPEC(I)- COSPEC( 1,2).•COSPEC( 1.3!- QSPECC 1,2l• 

QSPEC(I,3) • • 
SQA32 = A32•A32 

832 = QSPECC 2.3l•SPECC 1)- COSPEC( 1,2)•QSPEC(l ,3) + COSPECc 1,2)• 

QSPECCI,3l 

SQ832 ~ R32• 832 

• PHASE 32 = ARCT AN (- 832/A32) 

GAIN 32 = SQRT cSQA32 + SQ832)/DENOM 

• LOGGN32= LOGJO(GA!N 32). 

• COHSQc 1 ,3) ~ SQC UJ.'CSPECII)•SPEC<3)) 

• COHSQ(2,3) = SQ(2,3J/(SI'EC(2)•SPEC(3)) 
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R = COSPEO 1.~l•COSPE02.3l•COSPE01,3) 

+ COSPEC( I.~)•QSPEC(~.3)•QSPEO 1.31 

- QSPEC( 1,2)•QSPEC(~.3)•COSPECI1.3) 

+ QSPEO I.~)•QSPEC( 1,3l•COSPf:0~.3) 

• ~HW f 

[Chap. 11 

= ISPE02l•SQI1,3) + SPECII l•SQI2.3¡- ~.•R)/(SPECOl•DENOM) 

COMP=I-COHSQ 

RESID= COMP•SPECi3) 

• LOGRESID= LOG101RESID) 

• COH 132= I-(COMP/(1-COHS0(2.3))) 

• COH 231 = 1-ICOMP/II-COHSQII,3))l . 

APPENDIX A11.3 DATA FOR POWER STATION EXAMPLE 

TAIIL!" A11.1: 100 valucs of codcd powcr station data 

0.92 0.95 0.99 1.07 I.B 1.16 1.15 l. OH 0.97 
0.89 0.85 0.76 0.65 Ó.59 0.59 0.58 0.5R 0.60 
0.60 0.55 0.54 0.60 0.62 0.54 0.50 0.58 0.65 
0.65 0.69 0.74 0.76 0.12 0.69 0.71 0.81 0.96 
1.09 1.10 1.05 1.04 1.05 1.0.1 1.00 0.92 0.81 
O. 73 0.60 0.48 0.45 0.44 0.37 0.30 0.27" 0.30 
0.33 0.33 0 .. 14 0.36 0.38 0.41 0.46 0.50 0.50 
0.47 . 0.44 0.47 0.5~ 0.52 0.50 0.50 0.49 0.48 
0.47" 0.46 0.43 0.42 0.46 0.52 0.58 ().(,¡ 0.6(l 
0.72 0.72 0.6X 11.70 ll.77 0.75 O.l,4 0.5h 0.50 
0.40 0.2H 0.24 0.2h 0.21 O.lh 0.18 0.1 q 0.18 
0.19 

ln-phasc currcnt dcviations 

-0.75 -0.92 -1.04 - 1.01 -0.83 -0.64 -0.55 -0.46 -0.31 
-0.14 -0.02. 0.12 0.32 0.54 0.68 1 0.72 0.77 O.M.:! 

0.87 0.91 o,98 · 1.10 1.17 1.09 1.00 1.06 1.17 
1.18 0.96 0.64 0.60 0.80 0.84 0.68 0.63 0.74 
0.81 0.67 0.38 0.17 0.17 . O.:!Q 0.41 0.52 0.67 
0.77 0.80 0.86 1.01 1" 1.41\ 1.49 1.44 1.47 
1.54 1.64 1.60 1.46 1.41 1.4) 1.39 1.26 1.04 
0.89 0.99 1.21 Ul 1.25 l.) J 1.04 O. tJX 0.9.1 

0.86 0.79 0.80 (\.91 1.10 1.2h l.:!h l. 1 o ¡ 0.92 
0.79 0.67 0.5.1 11.44 0.41 O.JlJ 0 .. '2 0.29 0.34 
0.38 0.37 0.33 0.2ú o. 25 11 . .11 11.40 0.47 0.45 
0.36 

Out-of-phasc currcnt Jc\'iations 

(c<~llfi•w•·•ll 

A 11.3] Datu .for P(JII'l'r Stution Examplc ~ '-' 

TAnU A.il.l-nmtinncd 

-~.11 -~.08 - ~.10 -:.:: - ~.39 -~.50 - ~.49 -2.43 -:.J7 
- :.~0 - :.:5 -2.21 -:.:o -2.22 -2.21 -2.20 -:.:o -:.:: 
-2.22-2.21 '" -:.:5 - :.2ti -:.:o -2.15 -2.18 -2.21 
-:.:5 -2.27 - :.:H - 2.1R -:.26 -2.19 -2.13 -:.15 -2.25 

- 2.JJ -~_,):; ---- -2.21 -2.23 -:.:8 -2.32 -2.33 -.2_:q 

-2.32 -2.26 ' " -:.:3 -2.27 -2.30 -2.30 -:.:8 -:.:6 
-:.26 -:.25 -:.23 -:.:1 -2.23 -:.:5 - :.:fl '" -:.14 

-~.10 -2.15 - :.23 -2.27 -:!.26 '" -2.20 -2.19 -2.17 

-2.14 -2.10 -2.09 -2.14 -:!.24 -2.32 -2 .. H -:.JO -2.2R 

-2.28 -2.26 ' " -2.20 -2.20 -2.17 -2.11 -2.07 -2.05 

- 1.98 --1.90 -1.83 - 1.78 -1.77 -I.?S - 1.81 - 1.83 -I.~C 

- 1.77 
Voltage deviations 

4.75 4.75 4.74 4.75 4.75 4.77 4.78 4.76 4.RI 
,-.· 

4.81 4.84 4.8R 4.94 4.96:. 4.99 5.05 5.11 5.11 

5.10 5.10 5.05 5.00 s.od 5.00 5.00 5.01 5.04 

5.09 5.09 5.06 5.06 5.04. 5.01 4.99 4.97 4.99 

5.00 5.01 4.97 4.88 4.8L 4.81 4.79 4.79 4.R5 

4.88 4.90 5.00 5.11 5.15· 5.24 5.20 5.20 5.20 

5.~0 5.21 5.20 5.15 5.15 5.14 5.10 5.11 5.10 

5.10 Ül9 5.11 5.08 5.10 5.10 5.15 5.15 5.15 

5.10 5.15 5.10 5.10 5.10 5.11 5.11 5.10 5.11 

5.11 5.08 5.05 5.01 4.90 4.90 4.95 4.94 4.90 

·4.96 4.97 4.99 5.08 5.16 . 5.21 5.19 5.19 5.20 

5.16 
FrCqucncy deviations 

.... ----...... 



,¡ 

DIVISION DE EDUCACION CONTINUA 
FACULTAD DE INGENIERIA U.N.A.M. 

INGENIERIA ~1ARITmA 
DEL lo. DE JULIO AL 30 DE NOVIEMBRE 

1985 
t1EXICO, D. F 

HITRODUCC IOtl fl. LOS t·100E LOS JI 1 DRAULI COS 

DR. GABRIEL ECHAVEZ ALDAPE 
ING. VICTOR BURGUET. 

Palacio de Mlnerla Calle de Tacuba 5 . primar piso Oeleg. Cuauht8moc 06000 México, D.F. Tel.: 521·40·20 Apdo. Posta! M·2285 



.. 
d 

( ~ u 

n 
b 

. 1'• ' 
¡·1 ' ¡J 

n ' .. •. :1 

r¡ 
' i L 

,· ... 
! 
1-

! 1 
Ll 

'' . 1 
; i ' . d 

''1 ' ' ~ . t 
¡,;.. 

¡9 .. 

. I' L ' . / 
. _h l f'OdUCC..\CYf\ 

-· 

1 
1 

1 
1 

1 
'•,r 

1 • 

·Q \o'::>-·-1 

\-\\ \j?\~Ul\CGS ?-

... 

¡.,,. .• 

:-- \ 

C( J ¿e ··L"'--
1 -., {O) o ¡\'\ -· .r 

• / J,:_l -- ,· - " j 

··:_o.,.-tf ,r,., J-a .,;-



L 
,. 
1: 

L 

r 
1 . 

. ' .. 

lí 
1
,, 
j 

' 1 
1 ' 
¡_~ 

í 
Lí 

1'• 

L 
r •: 

... 
'·1' l·• 

i'_¡l 
j 't 
; -~: 

••• 

I. 

II. 

2.1 

2.2 
? .. ... ) 

., r 
L. 1 .. ' 

2 •. :) 

2 # '1 

T T" .... --l. 

IV. 

·~ . ~~-

IN!JI']E 

r;rr:t o~u ce 1 :u 

'):; et ivo 
~---

J.'::. C.'l'("~~.:3 r.::; ~~t!C ':in ·:h:.l!':'t-\fe.nchy -·-------------------------~ 

... _ •. : . • ! 1 ;_ r; .:; ;.!.,., __ .. ______ _ 

;k.·r-:.·.',-;:·~.J~:-;.·;n.-3 de d·-· ·· .- -·~~·¡:!:~ j_,..-;i3-
!Tr~:: l.-;; ~~-:.-~-;:e~------- ----------· 
. ------------·----

···.l~l:- 1.:·· ~- .-~1::-:~: ·_1¿: -'~:·· _. ~:-n:-r·e ""~r·.)t)t:~,..~:J 
-----····. .. ------ --------------· - ---·-----·----------- --v :a·):.! :_ j a.------------· 

1· 

[: 



rl u 
11 u 
n 
u 

''': '. iJ 

'-. 
' ! 
i' ... 
. , ., 

1 . ~ 
;. • .lo 

1 j 
u 

~--: 
' .. 
¡j 

1 . 
1·'-·­:,J 

\ 
• ,. 

vr. 
5.1 Do~inn la peometr{a 

5.2 

VI. 

6.1 

6,2 

6,3 

v rr. 
7.1 

7.2 

7.3 

VIII. 

8.2 

8,3 

8.4 

8,5 

8.7 

f.l.7.2 

r'luj o i_a"linrtr e 1lid::·•.Íu1. ica"le nte 
TI so 

t 
-. . , 

.!::].u i o ie ,rans w t"ln e hidrdulicamente 
ru.c-o:--~0 

M Ouin ).J CON SU P:::lF IC IS 1 IDR.Z 

fl'J:j.). de tr.::tnt=iic tón e .hidr:Í:ul ica.:J~l1tQ_ 
ru.cro~ ·1 

e t b
, . 

O!'J"-~0;10:1 es ~SlC0.S 

I.ío.:io 1 ''· Sclecci.on ·r r;·)n.strue:·~:i'1n -·--· 
· "~lJl'J~·-- e ; '1n ·1 o, ....., "Vl r..l J •.1 1 ,(. - •• ·-~· : • .• 1J~ ...... -· 

• 
-.h'nc 1· ........... , i ~ ..... .f· <""\ l,., ur¡ ·,3.:,.., +o "l,<:'l de r•e :l i c1· ~n ::__'-<_.,. ,..;~-!~.~__:.-:,:.:.,__ , o.•J v . ..:.l. ,·, ... l .. . '.J 

Inst:ru.r:-·~n ·t) do ")rdG(l cero 
--~-------------

l!lstru·:·c''P1t) de :-.:c:~tuF1·) •Jr:-lo~t -----------------------

'iccJ ic 1. Sn 

fJ, 7. 3 !.!wl le i )¡¡ de r·'¡ C• ~- ~1 
; ·, 0:. •.J ·~ .. 



lJ 

1~ 
Lil 

' ' . ' 

fl 
' . ; 

; ,¡ 
Li 

• . ¡ 
'1 

"'' 

! 
1 
' 1 

IX PEl X~DI~JISHT O ~;c:P~!l IT~IIT.-\.L 

9.1 And:l isis de err0res 

9.2 

9.3 Planeac i 5n :l. e 1 3Xl1er i"JGn t o 

9.4 

XI. 3J3:J?L03 

11.1 

11.2 

11.3 

11.4 ~·1;(',...'l :~11 
./. --' J.... <.:.; • 

. DI 

. . 

i-. 
·' i< 

., 

. ... 



rJ 

u 
r·· 

! 
. ' ... 

!_ -~ 

-.... 
'j 

1' 
<.J 

n 
11' 
¡j 

-- ... .. , ... 

' . I. IN'rRODUCCION 

Si bien la cxperiment.:~ción es un arte que solo sr puede 
dominar pracl::ic.:ánd_ola, es indispensable entender los princi­
pios btisic:os y conocer una serie de rccomendacion8s deriva­
das de la experiencia. 

En este manu.:~l, orientado a Ingenieros, se presentan los 
conceptos básicos para hacer experimentación en hidráulica ]" 
se dan criterios que ayudan a la soluci6n de problemas en mo­
delos hidrJ.ulicos de fundo fijo. Como los resultados depen­
derán no solo de lo acertado del modelo sino tambiGn. de la 
calidad de las mediciones, se complementa el tema anterior 
con la inclusión de teor:í.a de mediciones y manejo de elatos. 
El primer tema, teorfa de modelos, ~e desarrolla en .el aspec­
to básico en los capftulos 2 y 3,y en la parte aplicada, ·en 
los cnp5. tu los 4, S y 6. El tema de mediciones se prc!;enta 
en los capitules 7, 8 y 9. En el Gltimo capitulo, 10, se 
muestran varios probl~mas que sirva11 de ejemplo ilustrativo Y 
en el apéndice se incluyen gráficas y·tablitS con informa.ci6n 
nQccsaria al trabajar con modelos hidráulicos. 
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II. A!IALISIS DIHEHSIONAL 

• 
1. Qbjc_!:_ivc_:. El An~ilisis Dimensional es una técnica que 

da infonua~.i.ón utilizando las dimensiones de~ las variables que 
intervienen en u~ problema. 

En Ingeniería se usa frecuentemente en la ,rerificaci6n de 
fórmulas, comprobando que las unidad·:os ele los dos lados de la 

· ecuaci6n sean ·iguc:.l0s y en la tr;¡asformaci6n de fó.t·m:_¡L-,s· de Uil 

sisterna de unid.;,dcs a otro, usualmente del ingl~s al métrico. 
' 

_ Otro uso, que es el que se ver5 con detalle mls adelante, 
perinite r.educi.r el nC!mero de variables de un ¡:>roblcma¡ simpli-
fici'.r:dolo er1 fDrn~a importante. · 

Ant2s de iniciar el estudio del An&lisis Dinensio~al es 
convcnic~,t.e aclc,rar algu::1os de los conceptos que se utilizan. 

2. Antecadc~tes. Cuando una ecuación describe un f~n6ma­
r,o f.l!;.icO;-·la.SV.:u:i_a-bles, l.í.gadi!~; E!!ltre 5Í por. sllnbol.os :~c'.t.e­
r.L~ti.c:o~ y constu.nte~s dt:: tal mc.uera que s'e logre un~:1 .iguald~~id, 
reprosantan l~s caracter!stic~s o prbp~edad?S· clcl fe11e~8no. 

Cadé'. variable además dG tener un valor numérico ~Lene una 
<.lil~F~l~:':iión, o sea un u. corn!Jinació.r.. de unidades 1-J:üHTa-€iú.r; d;:; re~ fe-~ 

~-.. '.·, ... \;,, ;,- ,··•,• .. \';",•,~-·~ e;;. ,..<-:"L•· .• ~.'••'~,) . '0 ..... , 0 

¡:c;!cJ.a~/ quo denota la forma en que s;;, dof:lnJ.o la varJ.a::->le. . 

2.1.. Unidades de referencia. 
usuales son: M, masa; L, longitud y T, tiempo; o en forma equi­
valenlL• F, fuerza; L y T. Donde F y !·~ está:_\ ligadas po.t: la sc­
gun(!u h,y de Ne-v;ton 

y )os p:•r6ntcs.i.s r.ectanglllares indican que se tr:e.-~.:1 C!c ~.;n.:¡ 
ign¿¡ 1 dc;r1 un Lr0 cU.mcns ion(~ S .. 

('or;v.i.ene dur:.~-2 c:uc~ntn qu~~ la selt;cci6n de ~~;to.s nnidades .:1c 
refC~l~enclz·t L:S ¿n-:-. .d.t..:caria y aun~;uc t-:robabl8r:.L8nte s:Jn las '.:.ni.dccJc~·> 
m1s fficile~ de hlcdir, podr1nn 11oljcrsc escogido otras vnri.;l!;les 
como \.!nid¿uJ . .:·.t.,,· po.r. ejemplo,: E, .::rh:·~rtJ.Í.a.; V, t...'elúci.d~~d; 'r, ·~.:iempo .. 
EJ. único requJ.si to e-s qtw el srupo de unidades üc r . .-ei'c:rencia se.:. 
coi<tplcto e in•:Jcpe11rliente (ref ).) .• 

En rro},) c:~1:1o> conde inter:vcr,;¡u la tc~¡c¡pr~¡:atu:ca o va~·.-i.¿d:llr:;¡ 
el(c!.:r:L,·.-,~~, t:strl!.~ ~;e reducen n .;o;L1b.i.naci.o:1es cJ¿: 1·,, I. y~~ D se 
.:i.nt:rodn\:l~n n;~s :.:n:ld.J.des _cic rt~.::er~::nci.a, Cúmo: f,: tcmpert:.~·.ura:, 
Q, car9.' c~lC<:LJ:_ü::., e.tc. (ver li.¡A~udi;;c:). 

" 
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En la ·r~bla 1 se presentan las variables más cor.\Unes y 
1 sus-C-irecrrJ-iones. \" 1 ~"~~ .:),.,..Q v\ .p.::. O.... \ o~ :l J ~ ""'---:. '1~ 

·~-~, \ ,__ "'\.le ··•L'- ~· . ~ \e_,)C,( !--\\...\ o ~'c.\ 5Js '"""'-"'-t• ':J-42 ~ 
TABLA 1 

Variables rntis comunes y sus dimensiones 

M L T F L T 

Has a 1 o o 1 -1 2 
Longitud o 1 o o 1 o 
Tiempo o o l o· o 1 
A!· ea o ¿ o o 2 o 
Volm:,cn o 3 o o 3 o 
An9ulo o o o o o o 
Velocidad o 1 -1 o 1 -1 
Gas Lo o 3. -1 o 3 -1 
Ac.::lcrac i.6r. o l -2 o 1 -2 

Densid¿,J 1 ··3 o 1 -4 2 
Pcr;o c:.;pcc!.fico 1 -2 -2 1 ~-!o ;r;:J o 
FL~erz<.-:. 1 1 -2 l o o 
Presión 1 ., -2. 1 -2 o 
P;;n· 1 2 -2 1 .1 o 
Encrg5:u, 'I':::-2.baj o 1 2 -2 J. 1 ... o 
l'oter.cia 1 2 ·-3 l 1 -1: 
Cé<nti<laa de r:,ovimien to 1 J. -1 . ' o ' , 
Impul~;o 1 1 '·-1 l o 1 
'l'~ ni~ j, (; ¡-t s~pel."ficit:Ll 1 o -2 1 -1 o 
Vi. se.:.~; i.C.i!.d dir.t~rnicZ! 1 -1 -1. 1 -:{ 1 
Vi-'lc;::,sid,;tl cinet¡:átic.:a ú 2 -1 o 2 ··J. 

Hódulo de cla.sticid~lcl 1 -1 ... .- .. J. -2 o 
coii,prcf.ibi 1 i.d.id -1 1 2 ·-1 2 ll 
Fr<!CU(":\·cia o o -1 o o -1 

1 

2. 2. \V:ttt~4l@§C'J4·i!'BmflA.4f'inrhes o · nd e t di .. nt e p. En e;.;pe:~~-

mentacidrl l~s varinble& se clEtsifican en doe tipas: variables 
dcp~:·¡Jj_ontcs (~independientes. ¡ ar;·).ls i' rz a·assbc ss•9.tl. 
c_,ucs bt.t"'"'er:c:oa :!LE!eJ.tn:;i;¡¡lf't·; ~n }ll.ó.r.Ólili.ca es c.omún qu.:: üst:a Sd.:l la 
veJ.ocidnd o la prssi6n, o aJ.sut~a variable derivada d~ est~\S dos, 
cofr,o: güf:Lu, emf:uje, su~;tcntación, ele. 

hf' "~'rjt¡'l)Jq iP'"1 SF'f!!J'irljJtlt1""e €:S J.a CjUC jtlnto COn ot·ca~ i.n1·c~r.­
·vi crlc en Lln pl:obl~,:·v· .. y- en funeión de J. as ctJales inlr.~x:t!Sti ~..l~~t.er-· 

min:.tr l'a variable Ccp2r!o.Li.ente. fJJ1'It hid'!Niel4!Cu ~ ·· 11rr 1
'::et? 1·tn enn .. 

LV.i.t.:Ci¡d:d.AVrQ'·'+"nrc:left<ftttti .. btttfl •. i JC.C.ilf11'k!IW.áe dp) f.:.l.ujm 1 oonu 3 c1oli Íre"PO*b 'i'(.\ 

<li;i.....MU...l.W-l.<~,.,c • .;;;;,¡_hh;¡;;.¡,. o ·.; ¡,r ii1bl er_, que r.::p .r '" !iCn tan p:rop j_ ctL!Cl e:; 
cl..:-'1 flu.i.do, COI~1o: den~~i-:1ad, vi.sc.~~.i.c·~~v:1, Cte .. · 

Si C!n u11 ciorto problema o .exp(!rj.mf~nt0 unrL vnrinlllé ~~~ con-· 
~lel."v~ co;-,~;L\-,ntc se .l..:! 'lJ.runa pa.rtünctro. 

"> 
'.) 
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As1, en la f6rmula para obtener la velocidad, V, del.~_gua 
en un orificio a una profundidad h. 

donde 

V= /2gh 

g aceleración de la gravedad. 

V es la variable dependiente 

g par::imetro 

h variable independiente 

En forma general, la ecuación anterioi se puede represen~ 
tar CO~lO 

V = f (g, h) 

• 

T~mbifin hay que observar que el aceptar que una ecuaci6n 
rcp.r:esenta un fenómeno físico implica rcstricci.ones, en esa ecua­
ción; así, ad~n5s de que se debe satisfacer la igualdad numé­
rica se tiene que: 

é<) J.as di.mcnsi.ones de los términos deben ser iguales.' o 
sea deb.;, ser dimensionalment:e homogénea. 

~b) La ecuación sólo es válida ~6ra ~ierto rango de las va-. 
riables. 

1 e) No se pueden hacer 
ella, por ejemplo: 
t, tiempo y· 

la-operc.ción 

todas las operaciones matemáti.cas O:)ll 

si V, velocidad; ~. desplazamiento; 

V :: S 

t 

log V = log s - log t 
-y· ' r e· .. ' j - • " \c. \. ;\, :J <L,_ 

e <: l'r¡V-:'ll'cla. e~..-\"- \~.::·r · ~,('"~ ·r ........ -

~ .... ' > \ J."- (·~( •. t.\:''~ . 
.:J Y,;~/ .. (.t ('. :. .-".._~ .. \.A..t\l-::,1' ;c.-. t\_J € 1.\Ct t.:: .. '- CL.:-.I~~c ..... il-:1•\.(,¡ {' ~ e- (•..1 

Una cvnsccuencia dc.la limitación a) es C]Ue la ecuación sc·­
r5 indepcnd icnto del sistcmrr de unidades en que se e:xprc>e. 

' 
2.3. Malriz de los C}:ponc!lLcs. Si se ponen en tlll reng16n 

las varli•bl;cs que. intorvc>n-:ran en un problema y en una columna 
f',us t1fJ:tt..~'lLS

1

l.onc~·-•, Bh! podrfl hilCC.r lct matriz de lofr cxponc:nt(!.S c!"::~­
crJl:'li.í~:·¡r.hJ én el cruc0. r(~~~p...-:ct.f~,:o el cxpont'.nte de la l.l!lidad cO­
rr:espondjcn~ e¡ ¿l~~:r., zi F, fu,~.r:za, V: v~..~lo::::Jdu~l, p, (1en~:Jdad, y 
l., .1on\1ilud; lü watriz de lo~.; !.~);ponentes ."fC:;spectiva, vc:.c 'rabla J., 
es: 

.. 
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l 
l 
.il 

] ' 

;] 

j 

l 
"' 

'l 
,j 

l 
1 

·' 
1 

.l 

' i 
' 

... 
' _j 

'1 
' .~ 

: 

J 
., 

\ 
" .J 

"1 
.\ 

.J 

~ 
~" 

; ·~ 
1 ,! 
~~· 

'" ¡}, 

' l.:.:·· 

1"~ ,. 
L" 1 

M 
:i:. 
T 

·, . 

F 

1 
1 

-2 

V 

o 
1 

-1 

. ' > ·' l >:.¡ ') 

p l.· 

1 
-3 
o 

o 
l 
o 

1 • 

El rango de esta m~triz será ~1 orden de .la mayor matriz 
quadrada cuyo determinante sea no nulo (ref. 1). Para el caso 
anterior el rango será 

r = 3 

pues el determinante de la matriz de orden 3, fom.ada. por ejem7 
plo con las tres primeras columnas, es diferente de cero. 

El teorema básico que permite reducir el ntimero de varia-· 
bles de un problema es el -teor;:,ma de Buckingharn-Vaschy'o teo­
rema JI que se enunciará EL continuación y cuya demostración se 
puede ver en las refs 3 6 4. 

3. Teorema de Buckinqham-Vaschy. Una ecuación dirnensio-:­
nalmcnte homogt=nca en donct'e intervengan m var~ables y cuyo, ran­
go de la mat::-iz de los exponentes sea r, podrá expresarse como 
una coniliin1rci6n de m~r nuevas variable~ adimensionales o pro­
ductos c.c~i.mcnsioualcs, esto es en cada uno cie cllotl ·las u~•ida·­
des Jiund¡;,u·r:;ttl""'·~ se como~nan de tal manera que se simpli.ficn.n' 
las del nUI~eJ:ador don las del denominador, 

Aunque en la mayor1a. de los problemas r es igual al 
mero de unid¿¡des de referencia, es conveniente comprobarlo 
_truycndo la matriz· de ·exponentes y determinando r. 

btra forma de prese~:1tar el teorema es: 

Si se tiene una función qua relaciona m variables Xi 

f (X, X, •...• Xn1) = O 
1 2 

nú­
con!J-

.­.. · 

(1) 

y r es el rango de la matriz de los exponentes de ias Xi¡ exis­
tir& otra función •. 

f (IT,!! , ..... 11 ) 
1 2 ln"l: 

e O (2) 

·donde los fii scrfin ·productos adímcnsionales, 

~sta rcducci6n de variabl.cs no solo tiene la ventaja de 
simplificar grandemente al problema sino que, fxc~uentem0nte, 1a 
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naturaleza de los produetos ar.~imensionales da informaci6n t:it.il 
·acerca d.;, l corr:portamien to d-= l f cn6meno. 

• 
' Para hacer ·esta simplifi,·.oci6n, o sea pasar de la ecuaci6n 

(1) a la (2), se hace lo· sigu1~nte: .. · ~· 

" 

... 
1) Se forma la matriz de los exponentes y s·e determina su 

rango. 

(Cero~ ejemplo se proseguirá con una. funci6n en donde inter­
venga fuerza, velocidad, de1a~i~ad y longitud, o sea m= 4 1 cuya 
matriz de los exponentes estE 211 el inciso anterior, y cuyo ·ran­
ye> es 3; por 1~ que~ h<:brá'una función equivalente con m- r = 1 
varieble adirn0nsiona1j. · 

·2) Se construye un sistema de ecuaciones utili.:a:1do como 
coefj cien te 1 ~s elemcn tos de 1<:: matriz, .~sí: 

X + X ·- o 
1 3 

X + X 3X' + X = o 
l 2 l ~ 

-2X -· X = o 
1 " 

0l>::(rvcse que X1 re[)r;.-s¡, .. ,,.;:: el exponente de F, >: 2 .sl (lee. V, 
x, el (:·;· p y x, el de .t: y c:;u,. cada unidad de referencia gcn<,:ró 
un¿, Ccl::-~ c-:.~ón • 

. 3), f.e cncue'ntran m ·- r "''luciones a este s:i.stc:na. Cadu ~;(;·· 
luci(,r· It·U~:~lraJ:.-fi· los ex!:)oncnt ·:.u les que se debt:=n L·l (:'.'¿"\r la~~ \l'fl·· 

r.ial.JL'" c~ri.ginales (V, F, p, l) para obtener un. ¡:•L·oc1ucto ad:i.mcn··· . 
!;ion;ll. 

(:{lo:":, el si~Jtema es homo~Jé:--.é:o, sin t~rminos i.nd.:!pon6i~ntt2f; , . 
y lwL. ;·, ,·,demás, c;n gen-:;ral, u:;~; inc6gnitas que ecuaciones, lvcy 
que ·~f;j •_;:1tLC valo:r.es a las v<:r: .:bJ es redundantes por: lo qu-:! -c:s 
nf:cr:;;;:t:ir' ~ .. ::gni~.- ciertos crJ L2:·::iü!.> -que facilitPn el cnco;)t:c~;;:r 

r:,rc.(.1·.l._t ._!::.; .:.tc~imensionalcs ::~i9o.i :icat.ivos. 

· \!L.f';_zti~fSimtit~Cíj;t¡¿J. tJr\a rc::C:Jla es ht:.ccr que! 1 r:: v¡_lr:lul1J.r~ 
tJ .. ¡,t.::id.i;_::.Lc 2.par:.:.·zc;;1 0r~ l~l nu::H~cador de un r.;olo prc.~:hlct:(J <l:.li_ItLen-­
f>iun(: 1, eh: :)L í.~feicnc:i.a con C;J: L!XiJonc:!nt:c 1, y no dp;u··:....::-~C'-1 ün l1i~1·-
~,C:, (·t 1 1 ¡1ro<.~ucl'.o. ~~st.:o ~;e 1cc_1ra ht-:Ci.cn<]o el co•~fJcir_-¡,L.e r8~~pr-':>· 

t1\'f' ·ir, ... ~·,_ é:t la Úni.óncl, ¡l:lrn L:IL;<..."Jltt:-u..r Ut) prochJcto (Hl.i.¡nens.i.olltJ.1: 
y l!f:~·J'"··!j c.:.:ru· 0n i:t:Jdi.~s J ,:1:·• Gt·.~·<lL ,r;,JlucJ .. ones. 

u~~'~ c:H:f:r,c·: .. '~!"l :imrH¡,-t:dtlt'.' :~ f_·~;tn l~cc:omr~-n·dacj_(.¡¡ ,·:.-~ J;1 vc'.)<lc(· 
d . e' ( ll"• ('l·-l,·i ' 10 ·¡'¡ l)'••,~] , .. ,, .~ : 1'1""" .·1' 1 ('"1'• ro•). lo<· Jll·-·,i),('l(' l'' . ' .... ,t .t j l., o'. •~- ,._ ,: • - O..•¡·L. .._.,,: , , ¡," l ,· • .' • ..., -··': r· ...._¡.¡ -..> ~·- ..... \._ •' r f!~l·l 

1 

J-~~f;l.' t 1'·-~c:uc.:nt.c~ntC!nt.:e en J.:¡ ·J~.ri ... !.d~:~~JC~¡\',:~ú\Jlc:1t(;l y t.'JI ],-,:.; itH.k:pc:n­
<.1.1. t": p j t.: •;. 

c. 
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Para el caso que se está usando como ejemplo y aceptando 
que F es la variable dependiente, deb~ra hacerse X1 = 1 en una 
ocasión y en todas las dem&s igu~l a cero. . ,. •· . 

·! ..... '•' • •• ......... ,u."'· • i 

C sea, para X¡ = 1_, el sistema se reducirá a: 
~ ........... '· ~ ...• ,., , •• '·· . ...-. ! 

que tiene una solución inmediata 

xz "' ··2 

x3 = -1 

. " 

X - -2 
~ 

por lo que el producto buscado :;er.fi: 

-.• !,:, - , ___ _ 
' ' ' ; 1 •: f 

... --
. ' \ ¡.-·' f' ·- ' 

,' / 
el cual es adimensional: 

ií''t"2"'-Sagunc;r@pl3W?i\¡i'M Una segunda recomendación e:; tratar de 
f<•rmar productos adimensionalcs ya conocidos, o e~tjndar, como 
por ej~r;q,J.o: Número de Reynol<l!;, de l:'roude, etc. En la 'l'abla 
2 se muc~Lr~n los productos adJ:ncr1síonales ·crn~Qtles en do11~s irJ-· 
tE:rvier,l:n las variablEs depcmdü•nt:es y en la 'l'abla 3 l~ Jn.~smo 
para var i<d..>lC[; i¡¡dependicntes. 

Apl.jcnndo esta regla ¡1l 
lli•nclo, :ce puedo ver qU:e í1 1 
pues 

C:jL~hlplo que se hn· c!:;t.:·H1c) des\lrro­
<"; proporcional ·al nC!uwro de r::ulc:r, 

c¡uCc: e· 
que: t 

0(..: ,i,"· .. 

\
¡­
L 

V -- ----------

~,u:!] d ·•-l/í ~;J.' ''C "X<'ell~t·• }·l "Oll':['¿¡ql,-, 'l-l;'' l'L')>" lo lll .... ._..-.•~c. _,.._., .. ,, __ .,, 1.; __ 

·J l:ll ~;l' l•Odl-Ll h::bc•r ciJ':...-.n.i<-~0 dil-cC"t.-!.,\'::~ntc ~:jn lJ0:;::;:::illiJd 
. ] Vcl·. el -· !~~-:_;t.r:nt;, ele~ l'CUiiC iol~ ... -~~~ . 

"( . 
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TABLA 2 ·' 
~ t. •. : l. 

:: t"'• . 
. ;;'." ~ ;. 

Productos adimensionales con variables 

. !lependien~· 

Hombre Simbo lo 

Húmero de Euler [[ 

Número de Strouhal S 
Número de Thoma lf 
Coeficit::nte de presión cP 

Coeficie:nte de arrastre CA 

. Coeficiente de Sl,lstentación es 

Coefic:i.c;,te de cortante C.r 

A tj 1~ca 

r' A fuerza de arrastre 

Fs fuerza de sustentac:cón 

V velocidad 

,.dP diiímetro, longi.tud 
~ --··- -;:=> ~-~-~------·-"< .. 

h J {\"' cargc: de presión 

hv carga de vapori?.uci6n 
·n f.recu(,nc ia 

bp .incré,mcento de prcsi6n 

p dcnsi.dad 

' esfuerzo cortante 

) 

.. ~::-;¡~ ~:::;:. 
,' . \/ ;¡; 

,...;·;) f""IJ~I<;-. 
1 . 

P-- . ' 
¡)-

Definición 

6h 
. v;,r2t>.p/p • v 2 /2g , 

. V/np<i) 
' 

.. · (h-hv)/(V 2 /2g) 
. . 
1/[2 

¡1 2 FA-,:-P,VA 

¡1 2 F 5 "2 p V A 

</~ .P v2 
-· .. 

1 f 
~ .,. v' V '·--.o.--

VJC:r)p, ;; !:..;j¡J. 

• 
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.~· .... ¿¡;:rerc®al.;tl}g~¡ La tercera. recomendac i6n es que las 
varia~lcs que describen la geometria ael problema, y cuya di­
mensión eG una longitud, se pueden hacer adimensionales simpie­
J~ci~~~ seleccionando una longitud como carariteristica y divi­
diendo cada· variable ·entre. esa l'ongitud. l:'or ejemplo: en un 
proLlc~a dotJde intervengan t, x, y, dos productos &dimensiona­
les serán 

X 

.t 1 

·1 

En forma slinilar es fácil construir números del tipo 

P¡ YJ TI· --p2 1 
Y2 

1 T2 

cuando aparecen váriables con las mismas dimensiones. 

R~J¡· Finalmente, en los. c<.<sos Eon que desru6s de aplicar los' tres 
critcr'Los anter.io:r.es aún qucct.1n prod1.1ctos · po:r. determi:1ar, será 
nece~crrio. asJ·.:-Jnar valores a lo:-; otrcs coeficientes para obtener 
las ~:~·!.l.:cJ:on,.s L1ltantes, obs":cvando de preferencia las indic«-
cJones s:i':pli8r!l".:::s: . · ·.. ,· ~ ¡- _¡. -. • . ·i 1,{·.',. ¡ : ~ V~("(1:.~" ,~ r(,¡/.,.-/F-x. Y??í-:.-Y'"?o. :>-..-.<h.¡¡e.){-\.J,~"!!'~_;, 

§JJ J.as ..:.z.1·iables ¿ue representá.n las propiedu..des dc,1' ·fl·u:t<-, 
excf_!r:t.U~!r.c:o a J._q clenside.(1, corno: viscosidad, móUulo de t:lasti­
Cilli;¿·~----¿..;tC·:--g~J~-9~11-api'f_cc~"j ~oJ.(ls en t.!I!__sól_9 _ _l?F9d:=:-,cto .:~din~~:n~;io-
nn.1.. ' · ·-:--·· 

Así, u u producto Bn donde aparezcan vi.scosidad y módulo de¡ 
cléi~:t jci.dad, o visco-.sic1z.d y tensión superficial deLe· evi·t2-rse.' 
Igu;¡J¡,:0nte sólo debe hn~ar un ~reducto u.dbnensional en donde ea­
tfi lu. viscosidad, tensión superficial, etc. 

f§it::,JJ!«y que buscar productos no solo correctos s:i.uu tarnbi6n 
que satisfagan ciertos cr.·iterios de sencille;: y llatur~1lidad. 

Aunque 

1 . . 
tcur.bi(~n (!.-; r>ol\tcJ.Ón dc~l ~li.!.~tc:nt\ de: ccuaciorl(:~r.; antcr:ior, no se 
r.(~(;~_l¡r,J.c~J"·!:-~ ·p~.~~-~::; C:!S C!\'J·(.:'~~i1t:.:~ 1)UC. ~iC! puede ~;i.!üplif:J'.cal·. En c.:tr;CJr; 
c;i c1orH:i~~ inl('J.'V,_.:~·l(Jt.n m:i.r:; .. vt1J:i.u.hJ cr:, o 1n:,::; b.i.cn cton<~c: m ..... r 5Cn 

\ :) 

• 

; 
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'i. . 
mayor que 1, aunque los productos de los núw.eros también sean 
solución, son poco naturales y por lo tanto deben preferirse 
otros. 

~o deben aparecer demasiadas variables en un producto 
adimensional. GeneraLnen te ~n tcrv.ienen 3 6 4., aunque ~ay al­
gunos con m5s de 4. 

~En los productos adirnensionales deben estar todas· las 
variables que aparecen en el problema. Si falta alguna obvia­
mente.la solm::i6n, está

1
equivqcada •.. 'c4il· <·.,:1,, .; 1 '

1 ~~r.:~';.¡\;.a·~···'li.:'J'-·'::> ¿;~(-f.Jl··J·,-~(J¡)(•l ·~,' ¡¡..t :F .. 

5. Ej<?_mplos_ •. A continuación se resolverán dos. probler~as 
que servirán como aplicación de los conceptos ante¡:j_ores. 

'Ejemplo l. Pérdida de energía en una tuberíil. En un trarr.o 
l. c;le tubería de diámet::ro D, fig. 1, con ~na rugosidad eql.)ivalen­
te k por. la ·que escm:re un fluido ds= viscosidad dinárr•icé\ · p y derb­
sidad p, a una velocidad ~; la pérdida de carga Ah, depende de: 

~ . ' . 

. ·Ah -~ f {V, D, !. 1 k, ll 1 P 1 g) 

donde g es la aceleraci6n de la gravedad. 

Ah 

l -----------:-

~;-· l :----:¡ 
~- ~. o-=-_;;··~ .. --.-·=~--'-'-------~-D-- --'--'-''-i' ¡ ~~J) 

. 1 . 1 
- L -------"-->-1 

. 1 

.. 
Pig l, P6rdid¡, de c;1 1:gn Cll una t:ubc~r1.a 

• . .1· ' ' .•. • . 

\\ 

. (3) 

·. 
·. 

~ - .• = 
~ : . . 
:"l .~ ·- ..:" -~ 

~:?J~¿ 
•. 
-· .~ 

-· ~- ~ 

•· :.. ·-
~ 'J m 

.j t- ;..J 

"":­
-· ·;:; . 

' ¡, 
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Ahora se sustituyen estas nueva::; vari.D.bles en la ecua-

ciÓn .~1), lo que :Je hará t5rnino l10r tériüno 

~ • .. 1 

.J "',,~~.,e-¡"""~ 

. 1 1 

-d- ti 

. dC.-
(o ~· 

de. o<­
Z>.r· ~ Ot. 

d~ ' 
Cl\C 

~ 
Jt' 1 --- to( .;) i; . 

'* -:. t., / 
a-t' : 

d c. ) 
-- ~ -~ 

(o -- J~l to 
1 t.\ 

... ... / 

·- ]) j) l,.d . 
- o --J\( 

,. 

- ])., C.o - ')<o 

]) 1 _:l. 
· dx 

- })o(o 
' • 1 
' 1 

])1 
x.,;¡. 

• ' (>... por lo ¡f!UO la ecu~·.c 10n 1, es i;ual !}~: 

j)(J (o 

. 'X. " ,_ 

donde los té:..·u:i.no:o;· C·ll co:in s::>n aL!:i.:~en::;i•1n:>..les,' .uivi.\icmda 

lar; dos tó~- 1iJ10:J 0~:t1~e Co/tg j, flUeda 

1 . ' .,· 
·' • • .: r • '· • 

) 

) 
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-l> 

l 

. 

])oto 
--~--::.-y.. t¡ .. 

::li se ace!_Jta que le. mismél. ecuación se a~1lica tanto al 
"""'~ ..f . 

prototi 10 e.;m ::~o.Jelo, entonces deberá 
e{ 

manten~rse i~al.f;¡ 

· , ... O~ t .. 
paramc.ro~~----- en los dos óasos 

" 'f. ..... 

~nt onces se tendrá se::tejanza si se mant iene¡l. , 
"1..> ........ ("0 

~rot::rti!iO .y 

c.· --c .. 

::¡odelo, o sea· .. x:. .1;;) 
~,-

/ ( _\k."'=-",· .. 'f.... f. ' 
'{" \. ~o • e <"t:JOll4.. J 

'1--" 
con rineo praétic:>s, obsérvese que po.ra pasar de la 

'··~ ecuaciÓnll) :1 la adi!lension<:.l(2) se hicier·:>n 2perac iones que 

-·~-

J 

·equivalen .en el 1·esulta.~o a s'üJ.'.é)~es¡ sust ituc i·.ma·s algebrat¡cas
1 

poL· seL c:;onst~1ies. ·...n el caso ae ·ac.L·~¡vactas suces1va:o, la 
. 0?_.\. . .! V 

variable ac ·.L'OlULunc1a as;e~?.de. el cwno;nmaaO.L ap:n·ece ele-
. c!l(. (\ ~ "'l-..a- . 

vaaa al cuacu:aao s1 es¡...ae seg-unao OHH::Il, al cubo fll <;:o a\:1 

•uL·o.,L ~· u ~c. ~ ~ .. e ~~e-~\-o 

·- "::. -. 'l-o"' 
-

pO.L lo qud :,OO.L có;a).llcaaa quo <Jea la ~:~cuac 1.Ón, el ].)L occa 1- . 

micu~o ~::o tsencllJ.o. 

., \ 

• 



donde 

t 

p 

,. 
111· 

co;nponentes de 13. velocj.dad 
,en dirección x; y, 3, 

tiempo 
. , 

pres~on 

1 • 

distancia en .lo. d irccc i:5n que. 
actua la. arave~ad, e 
densidad : 

viscosidad cinem:hica 

se define ~::o:no 
"\. '\.. . 

ó ..V. ó JJ,. . =---..._.._.._, 
~)'..'- \'!,~'-

Si se util:.:~.:l.!:\ co¡;¡o va:cin.llles ·de referencia 

to. . tic:.1po 

Po 
. , 

pre;;; ~on 

.vo, velo.cidad 

Lo, lont;itud ~ 

con:Jt.m·ten, se po;lr::'~'l defin.i.r 
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Sustituyendo estas variables 

ecua.ciÓn {3) queda· J . • 

.:: V o.,, c},...u.....) -- -:--
-Eo di 1 

.M. -e)~-::. 
' .... ~ ..... , 
"" ,¡.A' -- ""'> 

Jx Lo · cl x' 

1 

1r /r.¡ ~ ."'""- :..Jo"!- ' 
?.> .v..' 

___,... - .,./) 

-::. - ó~ • 
.Jj Lo 

\) ,'- d,....' 
-:... --- w' ---

Lo ~e' 

• {.)..) 1 - 1-<..J --V21 

en'_cada término de J .a 

. 
1 

Vo QV-~ 
to ~ 

-~-~ 
\)~ "'! "'-M- ::. 

v ~.._M) 
. . ~( 1/o >;¡¡a- \ 

-!) - -,J•I/o V V. V:.) ~. u.. 
L" -· 

; ~..-.:-
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(en este Últ ino término, a!)arece Li pues 54:. 

, 
esta 

derivando don veces). 

Por lo que ·la ccu.'l.c iÓn (3), des;:¡ués de dividir todo o " ... , los térl'ilinos entre 0
/\..o queda: 

\..o ---

JSsta ecuación tendr.<l la ni::~me. solución en dos s1stcr.ms 

~~.f/!J (' sc::.¡cjante:::; ge on:ftr ic¡J.;aente si los coei'icient~::: ad1,oi.ensicna-o ft . ~ 
~;/ les ne raan·1:ienen constantes en l)s dos sistemas. 

,, 
1 

...l 

'! 
. J 

l ...... 

J 

g --

fi¡··: i-... 

.. 

u sea, lla:JonJo a 

"') c:no l:~s otros coefic :i-"JntcJ son ¡lrO)Orci·)n::.lcs "'-los 

nÚ:Jcr•)s de :::ule¡·, .ltroude. y Heynolds, o ~ea 

- 1 .f~~ 
\Jo"' 

v • . ... 
\• 

~--~ . v .. \..o 
y se recue~da que 1 

el nu;¡er::> de l!iuler: es, . ecne¡·al•'mnte , 

la varial:lle de;?en::iente, se po.Jrá decir que se 
deberán r.Jantcmer 

\1 
--- 1":' ··-
·u~' 

temer e 1 n is 10 \E. 
constantes en pro-totipo ;¡ noJclo pD~·c 

c.1\..o e~ • 
en puntos corresyndicntes, ¡.1 ~ 

. ,. 

3sta fo:..•!:1.:J. do rc)l'enontar la rcl·.ción entre l·:Js co~ 

cfi.¿.cntc.:; l:illbei'icJ1on \len, C:l c?nvcniento y ::;e oont1nu:-.r:ll.l-

sando , . . ' . 
en 1 c:>.s ~lr o;~ i·'l XI ca:) L tu l. O:J .¡ 

ba. ~·,a.,. eweJ.:.:-"' 
Co::t::~ c:·,:¡os COIJ<.::cia.J.a-sf\;·:o ~mcde P')!1Cj': 

.... 1\ . 

,r~ 
" ~ 
d~ 

. 
• 
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Para flujo;:¡ ~er:!lanentc:J, lque no var{an en el tie:1~1o): 

. PE:.ra :~luj{' :r.>ermo.ncn_tc e .)n front e1·a.:; r Íc;idas, o 

sea sin ~u:J·.orficie. Ubre. 

t·a:ra flujo pero:tnontp turbul8ilto con su:x;rfic ie 

1 i.bre • 

1 . 

' . . 
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a) donde la geometría e~ más impor~ante 

b) flujo laminar 

e) escur-r-imiento hidráulicamente liso 
~,_,·~:-

En el primer caso la geometría" determina las característi­
cas del escurrimiento, por ejemplo: el modelo de una transición 
en un t6nel, de placas orificios para introducir pérdidas, de 
empujes en obstáculos, etc. En estos casos la geometría juega 
e! papel central y. como el flujo es turbulento, o sea las fuer­
zas de viscosidad son despreciables al lado de las de inercia, 
el criterio para tener 5emejanza dinámica es la semejanza geo­
m6trica y mantener en el modelo un ~scurrimiento turbulento. Nó­
tese que no es necesario conservar el número de Reynolds sino 
simplemente que sea mayor que un valor crítico para garantizar 
que el e5currim.iento en el modelo también sea turbulento. 

En este caso la ecuaci6n (1) se simplificará a 

cte 

y, por lo tanto, la relaci611 entre velocidad y presión, por 
ejemplo: 

V -----
\ 2/lpfe 

1 6h 
o 1 

será constante para todos los puntos correspondientes. 

b) Flujo laminar. 

En est~ caso se tendrá semejanza dinámica manteniendo el 
mismo n6mcro de Reynolds. La rugosidad, siem~rc que sea de un ~0' 
orden de magnitud inferior al diií.metro o-a!W-hG- del conducto no 
influye. 

\-\,,·,e 
e) E-scurri1n-iento hidráulicamente liso. 

{-1 • .-~ ... 
Con este escurrimiento las protuberancias de la rugosidad 

cst6n 9ubiertas por una subcapa laminar que no pennite que 6s­
tas influyaÍi~ ''Par~j\''sahci '(!n 'qu6\- 1cil.sos el <*!-6-\-l-F-J;..ir;ll'Ül-tG se pue­
de conE:idct·al· hi.drfluU.camcnte li'5o se utilizan pa:cámetros, que 
sc,v-r;~_riin con detullc en 81 siguiente cap~tulo. Igual que en el 
O>Jt~unc/wi.-"nto laminar se tendrá semcj;,n~a diná1~i.ca mantcni.endo 
el mü;mo n(uncro de Reynolds. 

\'\·:.l-.,1 ... ~, ... \{.. ~ ........ \.\. 
6. 2 i( nlcrvi.cne la rugosidad. 

La ru~¡or;idacl es un factor importante en dos ca:o;os: 

.... ' ·. ~ . 

) 
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1 
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'1 

~'!t.._<> 
a) &&GU:IIi'J.m1."1!1t•-IK:i de t:nmsici6n 

bl flujo hidráulicamente ·rugoso.· ·, :. ' . '; : •• ··"•' h"' 

"'~~\0\ . 
.. , ,. . .l1in los ~tut±m:i:entos que es't:án 'er(·lá ·zona da transicÚSn : .. 
-~.:. impo:r.:ta el erecto viscoso y la rugosidad J:OJ.<il~; para ¡¡¡er mo- . ·· · .. 

, · aelados hay que considerar al·nOmero de. Reynolds i mantener 'la·-. -· 
·,semejanza geométrica "de lh rugosi'dad. Co'mo· esto ElS diH.cil- ha-
brl quo recurrir a técnicas ~xp~rimentales especiales, que se · 

"' · describir.!in en el siguiente' cap1tulo. · ... 
¡ 

.. .. Para. flujoc en re§imcm hidráulicamente rugosc•11 o soa com-· 
plot:amcnto turbulento, la influencia de la villcosj,dad es m1n.inia 
y o e· ten dril. semejanza din!imica c:on la semejanza geomé c:r ica, in­
cluyerido a la rugosidad, y m~nteniendo el nGmero Je Reynalds · . 

. arribR de .un valor'm1nimo·pa~a ~araritiz~r q~e tanto modelo cierno 
prototipo están en el mismo rágimen . 

. . . Como modelar l,a rugosidad es .impdictico· se .. p•Jedc recurrir·:a·:. :· 
una aproximac16n que utiliza la rugosidad equivalente y la cual 
se encuentra tabulada para diferentes tipos de super~icie; por ~·1~~ 
ejemplo vidl·io, acero, asbesto, .etc. \.l..,_c- \c..':::>\._ , ' 

7 i !:!_odclos ·con superf:.".cie libre 

En este tipo d~ modelos la .ecuaci6n a satisfacer es . 

\t = f (\F, rugosidad, geom.) 

y tumbHin ahora\ hay casos donde la rugosid'aü e~ importante y 
otro~ en donde juega .un papel secundario. · 

. . .· . ' 

r- Antes de ver estos ca~os con m&s detalle, es conveniente 
defjnir los parfimctros que se.utili~an para representar el efec-
to da la rugosiclnd en escurrimientos a superficie libre. 1 

7.1 Coeficiente de rugosidad . 

J,;Js f6rlnjllas mlis cpmunes en la pr.áctica. para enccmt~·ar p~J:­
cHdus, son la'¡:Che?.y y la· de Manning- dadas por: 

donde 

7.1.1 Fórmula de Chezy_ 

0 = CA J Hs' 

A, &roa de 1<1 secci6n hidr&ulica, f.i.q 
e, coeficjentc do r.hazy;- \.J9'1 = (L 1 1~·r1 
Q, yasto, ú,';•r] ., 
n, J:aclio ld.dr::iulico, rr~ .. 
s, pcudicntc, (0.\ 

1 

.·· .... 



. ' 

.: 

donde 

: 1' 

7.1.2 F6rmu1a de Manning 

1 número con dimensiones, \J9'1 "'LL 1
/

2;T1 
g gravedad, (L/'1' 2

} 

n coeficiente de Manning, ver Tabla 5, [L 11 6 } 

.r .· 

J 
1. 

! . 
;. '·. 

'r. 
que se pueden relacionar con la fórmula de Darcy-Weisbaci am­
pliamente usada en conduelas cerrados 

donde 

D 

f 

'1 
'" .• •(' 

·-. 
li (:t 

. ··,·. J:::. t..'~·;{ 

1.¡ .\ 
'~· . 

diSmetro del conducto, que para secciones no muy dife­
n~nles de la circulur se puede sustituir por cuatro ve­
ces el r<tdio hiclritUl ico, l_L) 

coeficiente de Fanriing, que se valQa con el diagrama.de 
Hoody, f i9 7, (01 

hf pérdidas de carga entre dos puntos que distan L, LL\ 1 

V velocidad, rL/T1 
L r ' ' 1 • c...._ ...,-.;:.<.•v.-)·."- ,~ ~·,c:.~ ... \t,• .. r..., 
.f:s.t.a-ecuaci-ón se puéde poner en forma simila1.· a la de Chozy 

-;, _S{. oLc .. cC·J(;- '\-.Q'• 

. ·, ("Q ~ A ¡·a-,)' ~ RS' 
' . í: 

.'> 

7 .1. 3 Relación entre los coeficientes de p_érdi.da::; 

Los coc!i'ici.entcs anteriores satisfacen las siguientes rela­
ciones entre sí, 

HI/G 
e=--­n 

as5. como.\ el cortante medio en la pared 

'-e:, 

orfo .!L "' - 51!!.~.- '-' 

pV2 c"J~ f( 1/) 
•. 

clo;~tle ,. '· . 
(l dC!IWJ.dact del f:l\l~do, t~l/L 3} 

.-, '· 

del conducto, 

'l 
! 

f 

' /~) ! ),.-_. ~· ,-.. r¿ .. !.:.-.:. -.:.t;.. -r 
' 
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Los coeficientes n ~ C se encuentran en funci6n de la rugo­
sidad del conducto, ver Tabla 5, y f de la rugos~da~ relativa y 
del nOmero de Raynolds, fig 7: Esto representa una aproximaci6n 
burda pues en la realidad f, y por lo tanto n 6 e, son funci6n -·.. ' . . 
de (ref 12) : .. 

a) nrl.mero d·e Fraude·· ·./ 

b) geometr!a ·de la secci6n ; 

e) rugosidad relativa / 

d) uniformidad,. e.n perfil y planta, del canal..-

e) nG.mero de Reynolds ( 

.n \'ariación del escurrimiento en el tiempo, 
\)c'l!::J.c v,,., .L.. .... u "'-" 

7.2rNo interviene la rugosidad 
'\ ' 

Cuando• la..;..geome.tq¡,t¡h.9ti!l,e.fé¡,l;;,de~~lil!! 1~f.ltdlldMl~ 
~.!.lO¡¡_~}..,, e p~~cl)J[i:ll~~~ltQi~ como por e j ernplo: vertedores, obra'-' de ton.1a, 
compuert<!S, trans1.c1ones, etc.· ~·iQll3ttr•'SI!fmrams,.en.,mJillll.,_l 
t'étma ñccleJ~(mQd~lpM.¡d:IIJ:lririeuuetrwHMdesa?e!f6iltMm'l!1l!MñiMnrfi;jm~ua.a 't>.JJl!i 
~\!.\JOI>.<.il1ª-~; no es nccesar.io escalar la rugosidad con cuidado y es 
suficiente aproximarse a ella, utilizando e~ material o el aca­
bado que tenga un <l. n adecuada. Recuérdese· que de la Tabla 4 

_cuando se sigue.la ley de Froude, 

.. ' 

.. 
y corno Le generalmente es mayor que la unidád, también ne lo 
ser&, esto es: 

por lo que el modelo usuéd.mente es. rnfis liso que el prototipo. 
Cuando esta condición no puede_ sat,is¡facerse por tenerse urli:1. ru-, 
gosidad en el prototipo y un~ éscala t~l que impliquen una rugo­
sidad de modelo menor quo la que se puede dar con un material muy 
liso, :por· ejemplo si · 

0.008 . ' 

es suficiente construir el m6delo con un acabado lo mfis liso po­
silJle l' no tomar en cuent.~ a la ne. Aunque e~ recomendable re­
ducir a la Le (construi.r ul modelo ·un poco mayor.) pa1:a obviar 
este problemil. 

·' .. · .. 

Otros dos casos donde J il,. n1~¡o;;idad no es import.:~nto es cuan-· 
do el·. (isc:urFúnicnto es lam.ir.ar o 0s hidráulicamente: lú;o; como en 

\o ~ f J. u~ n il e un ~·u pe 1: f it:ie···ljbJ:<•. .. ' . 
. \-,...,.,....\t--\t_ \V,.\ .,, 

• 

l. 

'"l 

'' 
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7.3~Interviene la rugosidad 
'., ~ ' ·' 

.Esta es importante en los siguientes casos: .--.-~.~:-::·.~·.·~~-·· .... __ , 

a) escurrimiento de transici6n· ·· ~ · . ~-::. r· ~ (--,\ 

b) flujo hidráulicamente rugoso . ' ,•.,. . .. .. .. ~<.';"'.¡ :·· 

...... Para modcla1.· estos escurrimientos hay que calibrar el .. mc..i-"· · =. 
delo modificando la rugosidad, por medio de tanteos, hasta qu~ 
se tenga una semejanza cinemática aproximada. 

·Solo en el caso, poco com(¡n, en· que ·la rugosidad. del rno-· 
.dcl.o se pueda reproducir manteniendo semejanza geométrica con 
la,del prototipo, o sea 

~e. 
I:K! = Le 

no es necesario calibrar y se tendrá semejanza dinámica conser­
vando el m.i.s1no número de Froude. 

7.4 Modelos distorsionados 

Debido a que hay problemas en que las distancias horizonta­
les sbn de un orden de magnitud mayor que las distancias vcrti­
ca J. f,s, po1· cj cmpJo: ríos, playas, estuarios; se /isan modelos 
d . . 1 d d ' \ . • . . J.!:Lor~~l.OJ1l:1COS 10I1 e \c.._ _?:.e:- _e_ cL.c. "-=--\.'~6.., 1 ~(\l..-a-.\.1·~"··· t.; 

........_c...v.)-,c_ •\JC. \C... Ct.,. .J~l.uc.~(''\ _
1

• el ..!~r.._ 

.,, 

y el cociente 

r/.é 4' Xe > Ye 

X e 
= r Y e 

es la distorsión que se trata de mantener pequefia, por ejemplo 
menor gue B. 

El usar !ilOdelos d.i.storsi.onados dificulta la posibilidnd de 
tener semcjunza dinámi.ca y además implica que las reluciones de 
escala se !llodifi.quen, pues la Yc es un nuevo partimctro, asi: 

y 

Ac ~ XeYe 
'!>¡ 

o~ ;e Y-e '<e z etc. 

en la ~'abla 7 s0 muestran las nuevas relaciones gue se debcri sa­
tü; f.:wcr. 

'' 
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7.2.1 Ventajas y desventajai de modelos distorsionados 

Algunas de las ventajas de usar modelos-distorsionados son: . . . 

-1) Los tirantes, alturas de ola y pendientes se exageran fa­
cilitando su medici6n. 

2) Ayuda a reducir el tamaño del modelo 

3) Aumenta el número de Reynolds del modelo 
1 

~~ . ; ... 

4) En modelos de fondo m6vil se facilita el movimiento del 
material. 

y desventajas: 

1) Se distorsiona la semejanza dinámica 

2l El escurrimiento puede s~r diferente que en el. prototipd, 
. ·por ejemplo. en modelos.dc oleaje. 

3) ·Aumenta l.a posibilidad .de error y produce una impresi6n 
desfavorable al que lo observa. 

4) En problemas de fondo m6vil puede ser imposible reprodu­
cir las laderas y pendientes si el material es suelto •. 

1 
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TABLA 4 
1. : 

Características del f1ujóy escalás de semejanza 

. Car~ctcrS.stica 

Longitud 

Are a 

Volumcr: 

Tic,mpo 

Vel··,.;;Jdad 

Aceler.aci.ón 

/' . /¡ 
..,p¡.r¡'/f. ,·n(t(f_l?7l1"'--¡--

I~ de Froude 

ÍLLepe/ycj 
' 
\:Leye/re·~ 

ye/pe 

Ley de Reynolds 

Le 

Le 2 

J,e 3 

Le 2pe/!JC 

!JejLepc_ 
1) ; 

!J€!2 /pe2Le 3 
--------,,-----

:LeS/2 (ye/pe) 1/l Gan Lo:-; 
3 J,e pe 

----------------------- ---
. Pre!:li(:n 

Impulso y cantidad 
de mcw .i.r.l"L en te• 

Enc:r.g5a y tr.abiljO 

Potencia. 

---- ·------
Le 4 ye 

· 1,e7/2yol/2/Pel/2 
-----

Nota.s: 

Lepe/pe 

Lc 3 pe 

IJC2/p~ 

Le 2 ¡te 

Le¡¡e ~/pe 

pe 3 /Lepe ~ 

l. Si. se" usa el misJ:to flui.c.lo en prototipo y m~delo: 

pe '~ ye - pe = 1 

2. C:uancb gc - 1, y e/ pe ~ 1 

1 

T 1 /,\ 

. 1 .• ,) 

1 '·· 

1 
( •'¡' . 

[_ '· 
--1-

l,,¡ 

-c .. .:. i 1 -: 

( ,'i ·:. ~ . 
. 1 ., . \' 

.. -.~':· 
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TABLA 5 

¡' 

, Valores del coeficiente de Manriing (!?l. 

Para Tablas más extensas ver referencias 13 y 14 

, . 

Tipo del conducto y acabado 

l1uy lis·o. Vidrio, lucita, bronce. 
Pa~edes alineadas 

Madera lisa, metal, concreto liso. 
Paredes alineadas 

Madera lisa, metal, concreto liso. 
Paredes razonablemcinte alineadas 

Madera en buen estado, superficies 
de concreto con algo de curvatura y 
con algunos depósitos, acabado con 

·plana 

Madt:1:a con· d'ep6sitos, concreto liso, 
acabado con plana. Metal con proyec­
ciones leves o liso con curvaturas 
excesivas 

Canales de.metal con proyecciones 
grandes. Madera,o concreto con 
depósitos de algas o fuertes 

;. ' 

., 

0.009 y 0.010 

0.011 y 0.01:1 

0.013 

. . 
0.014 

0.015 

0.016 

··-··' 
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(.)o¡;¡o se vió en el cn..JJ.tulo anterior una primera división 

en:mnJelos ~uede ser: 

Con SU:Jerfi_c ie libre 

quü obvia•.:onte n'J !Jre;:;cnta :1roblcr.a en su identüic'.l.ci.Ón •. 

gn c~::t,, ca_'lf.tUl'J se ex_r:<ndrá c·m rJayor detalle y d1'1.;1d0 

cri.tc!'ios cuél:'ltitct'~·i/>s, las c.)ndici..me.:: eenel'a:lc~, crite:o: 

r1:•s Jo se~<;f)j::mz<l. y recr:;:~c:nd<J.c l·Jnes J1~ra. las tres cate-

J 1 1 ' e J'.l fl'' •)!'¡·:· ·')r::"; r:,, r 1'.".1. ' 1 o:..'~ -~ g .. n~ le.~~ e nl 1J: ü 'JS u ...... ... ~... ...... ~~ ..... -

l. 

3. I'lujo ele tra:-Jsict:Sn e 
r:unte ru_::;,Js o 

A •. ' .. , ' 

. . 
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FHON'l'E!tAS RICIJJAS 

1. Jlomi nn 1~-- ·.ge.omn tría 

'-· .. 

l.l. Condiciono~ gcneralea 
·' J_ : 

.-.~ 

)!odelos con 'frontcra!3 rígida~ donde domina. el cfoctq de la geometría •.. 
{.. 

·La rugoaidad _jueg;;. un papel scf!wldario. Flujo turbulento. No hay aupe!. 

· · fioie libre. El fluido puede sor líaui.do o gas. Ver aeooi6n 2.3. ·, _; 

\.2. F.iempios · ,,..._ 

Válvulas, codos;''transici'ones (ampliaóidnes o contracciones) en·.·· 

tuberías y· t'Únel'es llenos; can.bios de direcc.i6n 1 placas-_ .. orificio, cr~- . 

puje en: rejillas, obatáouloa, edi.t¡oios .Y cuerpos en general. 

'· 3· 
Cri torio::; de acmc ian?.a · - -.=..u.-
.En "atoa prótilcmas cG ua~ta!' ,,ue el f'lujo,· tanto en prototipo oqmo-

en modelo, sea fl·anca.nento turbulento, por lo que so toJ;drá semejan&a 

din,mioa si se tionds 

.c.. ) . Semejan::a· geon,ótrica 

l ~ ) Escurriuliento turbulento en modelo y· prototipo, 

lo <.Ue· so logra satisfaciendo c,ue 

En ¡_;e¡;c¡·al 1 os ¡·coolr.cndable tener no solo. eSOU-l'rimiento turbclento 

oino ,.,ue ~d?más. tone~m turbulencia parecida, por lo •,uc oonvieno :,úe 

loa mímo¡·o<J do lteynolds no oec;n rnuy.~tfcrcntell 1 por ojeu1plo .._ucl 

··' ··'\ ... :AA.) 
1 

-.• ' - \, 

\0 

., 



2 

uun .. ,uc e e ta reo tri coi ón no es de la importancia .. de. las dos, an.tei·ioros •.. '; _ .. 

-·P" si !:;¡ia sa tisfaacn ea ta.u :x:ooomenda.cioncu, la._ couaoi9n dináw.ica .•• ~ .. da.. . ... · 

t _ <; (geometría)• c..\.t:..". ( .. "'.'·!..:-:; · •• :::!' 

,. por·lo ·,ue oo tendrá el adamo número de Ji.'ulor, en puntos correspondien-: , .. 

tea do wodolo ¡ prototipo, para todas las condiciones do eacurrirniellto, 
; ([.. 

' .... ·Lo ·lmtci·ior oienifica .,uo I:Jaatu. con· un enfla,yo' bien hecho,. Cj,UB' pc1·Uli..ta.. 

onooutra.r loa núnoeroCJ do F~'Ulcr en leil divcrooa puntos del problema, p!\ra, 

tonar la di~tribuoión de precione~ debidas a oua.l~uier volooida.d del 

:!'luido. 

• fr. convoni.ente seguir lu.o si[;u~ntcs rodomcndacionea J 

\,4.1 ¡-;;.o<>las 

30 

\O D (__ Le ¿_ '2.oo 

Adc111i1:; se dobo G(L tisfilcer: 

l.4..:S Hu¡;oúdO'd relativa 

Y-/b". 
/t ...... 0.001) 

ru¡;o~i<l"d·c~• l<lii.)'Orotl so dobc•ll conoidorar como frontera.;; irr!)¡::ul.aro!l y 

por 1 o t:ut to er;c:d.aroc ¿;co:!H~ iricnuwuto. 

IA•4 ¡.;11 r.l ca:JO .,uo un ol l>~odclo e> pro~otipo . ol fluído uca airu 1 lao 
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1 

velocidauou no deben-exceder 100 TJe'para evit"-r efectos de comprcai-

·~·-···· ·- ···-~··· 

bilidad. '',:; 

1, 4~5 E:l .. flujo do llet;::>:da. debe tenor una .diatribució_n de ve_looi~ad lo 

m:.a parecido poniblc nl prototipo. Si é'ste tiene v,elooida·i uniforme1 el 
'2.0 0.. 

modelo debe reproducir una longitud de\)0 diámetros· aguas !l.rriba del_ 
. L . 

punto de intei·c'g para -:,ue ae uniformi¡:o el·cacurr.imiento. · ., _ 
t...._ -....--<- , ¡,_.. "'-":>•<..> .,_._e:,~ .!<-\ ..._~1.. .~L-.,_ .S...... "- ._..._~ ... \.. 
\\ c.-_0 1 ' ~ .:JC l....> Lt ........t.. e;_ .J t!. U--1 • II!..J ""-} ~ \,G\.( '-"" C... "'-y r-o'""'- (..~ e:- J.,.':\, 'O 

1.5• .2.!?.!'¿_t!2!_S.'l!..!!~ ~~' ..... .,_~:_ ~~ ~"'> "'~1, ..r<..\J.Jlc.., /J -\-,c...,_~, ~ """"'- . ..._ \ <..... 
s,_\\c.,~. 

So oonatru,ya el modelo con material resiotcnte y li<Jo, reproducier.do q 

escala 1 o :.,u e a e vaya a ea tudiar. Se recomienda usar un m:~tcPial trans-

parontc, por ojeoo,plo lucita, o proveer cl.e ventanas de obso;rvaoién, 

Es conveniente medir la velocidad media y la. presión antes de la ¡_¡eome~. 
l:... 

tría -.uc so vaya a ostudi= para usai·l~J.s coco referepci.7 ,.-,\derná:s do oo.., 
~ 

looar picr.é•·•etl·oa en j>untos críticos o de interea,~oonaiderando .;ue 9 
. ' -

en -eeonoriü, o o mejor <,U e sobren a .. u e fal ton. 

' . 
l 6. • Ope:raci§.n 

Una. vez ootat.lecido ol flujo y ccb:>doa los aparatos de medici6r:, .·e 

oon la velocidad du r~ferencia se comprueba ~ue se oa.tisfaacn los cri-

terios. enunciados- en le. e¡eoo¡.6n-3. Eu caso de <¡ue .no ae- puedans«tisfaoer 

o de ;,uo lle tengan. ducjau cbz~aoerQ.a de: si, influ,ye la visco3idadl o sen, •¡ue ·­

iuterven¡;a ol uúmcro de Reynold~;)J se hace lo siguiente: se mide la. prc-

ci6n en un punto de la (;:eOme_tria a ofltudiar, p
1 

, y se encucntr:\ el. 
"> ~·e~.e., e(¿._ Ó 

número de li.~llor corr¡,upontliontc utilizando la preai6n/~¡}.o referencia o 
! 

sec. 



donde 

.Este· valor oe erfrioa contra el númel'Q.de ne.vnoldsJi¡_yir::. f:i:c.'·'· ·~·-'~:· e··; 
¡~~;: . -. . . 

y uél repito el proce~o basta· teuer una gráfica oomo· la' mootrada ·en la'-·;'-·. 

fig. .. . ~·el punto en ·¡,ue lo.n [ dejan de ·estar en una; horizontal·;. 

ein tomur en cucu ta las diaper:1i unes n.~ tw-!ales del exporiJOen to, 
lí) . r-~-~ -~~"!_--'- e\ \\:V..\\": d·~(,~~~~-"~:..c:··) 

el ¡jc -'"'' .. 7\o.Óll ;;i l;l\·;··Se .. dcbe--opcrar af DlOdclo. 

ae en-

oucntra 

1 • 1· . Q!.c9EY..~~'! 

· Aun•.uú como yu se dij9, ai ao tiene aemcjanzá ¿oomoi'trioa· y· el"· flujo' 

eu turbulento se toncirl. semejanza dinámic.:. rro solo· entre pDototi¡Ío ·-y 

D\odelo cino te~ml.u.cn para eua.L,uier velocidud1 O sea el númc:r·o de Eulcr 

permé!nccerá coae t:m to en puntos correo poñaiontea $para diferen tet> ve-

• lociJnd.cs .ll ea;tos, no hay ;.uo olvid¡,r .,ue la aemejam:;~ din,icnica ue 

sean .Reme jc.n tc:J 

linean de 
1 '"'A coi·I·i en te:~ dd fluíu.o, y no solo las frontoraa, · 

r;oometr·ica•rlCntc. Por· lo tanto en 
c-;¡,z· e~~~__._?;:; ~.::~. , ·~ <~ ~~) 

\\o'.) 
problcu;as doi>cic -1-a. 

e:; cm·¡·if:¡j en t.j\, dopeondc de la vol ocidad 
~ . . 

flujo, por cjomplo en ¡qJllacioncs nuavcs o.rodonde..,.das, se debe tener 

aemcjan::a tar,lbion en la frontc1·a libr·o (ver fig. ) lo ~ua se lo-

{{l·a manto¡¡üu;do n~111eroc de Ücynolds parccidoa. Si lao front~u.'as son 

angulor;¡w la. scpuración ocurrirá cm los vértices do ·la gcometl~!a Y no 

dcpondcr4 tanto dol nd111~ro de ~eybbldu, 

AfortutH.1.dauwu to para un rane;o amplio de número o de f(o,ync.tds los 
/ 

., .· . 

: . . ! 

- . --·--------·-------------·-- ----------- --------- ---,-~_ ..... ··--··-;·?'-, ": ., 
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puntos de sepáraoi6n"no varian·di:.masi'acto,· aun<iuechay.ca.sos, como el clel , 

flujo alrededor de una esfera. o cilindro en donde para números de Rey-·· 
"?>X \0.5 

nolds de aproximadamente · ,1()- · · ··el flujo oa.u1bia llrusoamente de oo!lfi;.. · 

guiáci6n. 
~· ·-
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O sea •. uc parn vol.oeid<ld("' ha:Jta de 2.37 m/o la rugc.sid"-d 

no interviene ¡.~uc:-> el flujo efJ lcuuinar o hid.r<lulic.:J..uentu liso. 
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V ,:. 1"f ;, _ - ____ ,. 

'(.~ -Jf 



"' .. 
m 
j ii'HOI!'l'J:,i.AS HIGID:,:j 

" 

l 
l • 

} • Flujo d.c tr:J.nsici6n 
O hil,l"ü.Ullt.::.'!,JiCOté 1"1.1,'.j030 

i . 
~ 

~ .• l.~. Condic.ion•w rren::r;~J_t>o 
· }loU.cloo ·con l'rontcno rigidaa y sin superficie libre. In-

1' 

l 
j 

tervienon la rugoJidad y el efecto viscoso., Velocidades hb 

mus altas y altas. 

")., 2, E,icmplos 

Bombas, turbinas, tuberías y oonduc:lbs 11 o nos, oomo: túneles 

nlioa si so tiene acmejan~a geOUiétrica, inclu.ycndo 1< la r~:.~oaidad, 

y se mantiene el miamo nÚIIoero de Heynolds en prototipo y modelo. 

O a o a . . 
lE ::. \- ( \\L) ~Ü>·"". , r .,~:"~) 

En este ti(JO de o:.;currimiento el o3pee or de la subcapa liiminar 
. .... 

1 

ca del millmo orde:n '<ue las rugo,;ida¡io's de la fvonter<-, y Q' gr_j y 

dondc-laa-vuriable3 fueron definidas en la oecci6n anterior, 

Cua11do el oaourrinlionto o_a hidrXulicatoont_e ru~oso, o ¡¡ea ol 
. ~' . 

producto aJill;enuionJ.l lllJtex-icJ.:- on Jnayor ,ue 19!l, ya no <:JCieto 

uubo<~pa l<J.rni.n::r puea lu •m:~yor rueo:;iuad no deja '-Luc ~>C formo. 

1 
. 1 

1 

e,\ 



. 

En coto oaso el oritero de oemcjan~a so reduce a. mantener la 

sewoj••n:r.a gcDmétric<.< 1 inolu,yenuo a la rugouid<.<~y tener un 

número de !ioyno.bd3 lo máJ granue posible;· 

~ ..... - .~ 

Coo.o ce:oo.lar a la rugoúdu.d rc;¿uiere ·reproducir las pequeñas··.·:.,. ·1 <. •. ~ 

irrc[;ularidadoa Cie la superficie ·del prototipo de tal manera · :: ~-:·n · '· 

t¡ue_ oatisfngan la clis1na escala de longitudes le, <,Uc relaciona . -. ... 

lao; otr«o dimenuion'"" de prototipo . .r modelo,· y eato·eo impráctico·¡· ·· 

se .rcow.·r(; a. una a~roximación utili~ando la rugo.:.id.ad tabulaaa 1 _. 

on tu.l fo1·ma : .. uo: 

·o ec• hu.oo una calibl'a.ción que ro'luiei·e medir alguna caractel'Ío;tt-

O.J. en prototipo y motlclo (por ejemplo: pórúiils 1 velo:nd~eies, nú-

mero a de F,'tllcr) y si no son o eme jan tes .a e modifiou. lr. rugosidad 

hasta lc•¿;r:.~í' la oemcjcm~a. ii;3to ee desorillir.l con más detalle 

en la t;ccoi. ón 
'\JC. ~~~ 

p.:¡r &e-i' donlie ce usa con wáa frecllencia. 

•• 1 •• 

,~. Jl, ·Jlccn;ncn:l.:cione:o. 

Si el ll!nntcncr· Ve-,..le_ implioa uaar un material en el modelo 

cxooDivan•CIJtc: .liso so rec:ornicnda llaocr el modelo d:o más i;1·antle· ~,-~,t..'c 
~- el 

y con lt~· v•,·loohlt~cl- (;asto¡( mo.yor¡{(! e, u e se ¡>l\eda. 1 do tal forma 

de tener un líc.y1lolda lo Hlib parcoülo posible al del prototipo. 

'5L le L..10 

Le '""-· ':S o 

\OL_\ci .. ':)O 

Bombas utilizando ucua 
Hombas utilizando aire 

Turbin-:." d..:llld.o oo repr·oducc J.,, tubería 
a. prcsi6n o el tubo de !l.3piruoi6n. 

'l'tírwl(.!u llouorJ 

Conducto~ n proaión. 

l., 
-l 1,.. 
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~, 5• _l!.2~los de bor,\ba~ v turbinas, 

'·· ' 

Como un ca.~o ilu3tru.tivo tl~ er;te tipo de modeloa eo .·vor~n loa .... 

criterio~ para modelar bomba~ y tubbinas. 

En el funoiomL9•icnt_~ de 'una bomba o. turbina interesd. encontrar 

··-····1'1.• 
la efioicnoia¡en función del 

.. \ 

D 
diámetro del rodete 

oarea 

velocidad. ongular 

Q gasto 

gravedad 

le-. rugosidad 

O sea 

',o 

·Si so construye ·el m.:>delo lo mái! grande y liso -.uo se pu<·d(!. 

y oe opur·a con el Q mayor podiblc 1 la rueooidatl se potl1·á 

oaoalar o· juga1'á un papo·l l'•ccundaxio y el eoourrimicnto se1·.i 

turlilllonto, por lo que la lii:Jco~idad no ocrá llmportantc;.. 
' 

· Entonco3 ln ecuación. <interior ae sid1pllficará a1 

.,uo a;,;rup:~Jo on productos adim-~n<:ionáloH quEJdá¡·á: 
V 

. ' : . \) 

'1.. ~ \- \ ~~ 
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Entonco.J loa critc1·ioo de scalojanz«·scl·án: · .... ; ; .. ~- .. :· ... 

1.- ... 

V\c.. Ve: 
---------
~e. \\<. 

- \ 

- \ 

que 1 haoicn-.J.o op<.:raci OlJos, y :;u" ti tu,yenao l)e "\ se -~ueden poner 

como: 
=\ -------

f\\~\ 

J -~=---;_ -r-:--
De ~ \\<. 

-· \ -· •.. t"l..) 

la potencia 4adacpor: 
. . 

·.,uc; con i¡:;ual fluiao, '6 •. -:. \ y di1ninanJo a 1<> 0c:.. can la 

ecuación (2) 1 ,uoda: :Pe : &~ !(e " o/ -Jij;_. f{ e. 

?e. 
_.....--- ";:...\ 
De-... \\c. ~h 

?e 
-:: -¡,-··:y¡ ·' 
D4 )/ • • • l"'>) 

Las tres ecuaoione~ antcriore~ por·miten escalar lu.iJ propio-

t.l;;tlc"J entro prototipo y mot.lelo. Sin.cmbar¡;o, en la pl·.1otioo. eo 

oou:úu .d~filli.l' 01 valo1·os uni ta1·1ou" .,no corronpoudcn u unn turbiw~ 

<;· 
o bomba gccmétrioan,<.:nto aomoja.ntc: llon un 1·odeto do 1 m y operando 

,. c.- ~ 
._) • 1 • 
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.. 
bajo un:t C<u¡;a ncd.a do 1 ar, 

{9tmor·vu~c ,u e no "hb.y" una.'" cliferonuio. funtiaurental entre uanr 

las ecuaoiorw3 (1), (2), :¡. (3), ·._p:e. son ·ndimonsion&.loJ :¡ los v~-

lore~ u ni t¡1ri os , : :..uil. no lo <~on.. Se continuaré con los valores 

·unitario<~ por ser· la .forma usual como encuentra ll:1lo resul tadoo). 

. Entonces, de·laa ·ecuaoioncJ 

V\\) 

anteriores 
--;6:: .. ," -- ": 
.. ~ 
''7 

:61. -1 ¡_ r 

•. -v.. - ~ ,-, L T 

donde ol uubíndice, 1, !'ndica unitar·io y las otns variables so 

miden en el modelo. 

De las pr·uebau es común obtener las si¡;uientc:J gráficas. 

~· :\ r-. 

~\ \ . ) 

'Y, 

' ----·· ~,---~ --- :'"\ 
j ..:.--------- ~\ - " 

\ 
_______ .. - ·---~------.. --- -- V\ 

1 r•. 
y.do. este diagrama .! 

l. ' .. 
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\ S•\ Cavitaci6n 

__ Si a e de a ca encontrar en I)!Odclo le.:: oonaioipncs en .. ue se --\e .. ¿(".,:;· 

. . , 
c."'-U,,c..._.,,_ ""- utili•.a el cri torio de 'l'hom<:./ d<..do por: -· .. , .. 

/ 

lf- ~~- \-\~ - \-\~ 
\\ 

don <lo 

\:>._ e, 
presi6n o.tmo~>férioa --

\-\" p:cesi6n do vapor de ag\la. 

\-\ ~ carga do succi.5n 

\-\ -carea de la bomba 

l'ar·a bombas la prueba con~iute en mantener la volooiciad ·y 
d 

carea oon::.JtantcS y en autucntar (o a ca dinminu~~ndo 1,\ 

'o/ !JOl' mr:dio d.c una vúlvula en el tubo de auooióu 1 hasta -..uo 

oe produce cavitaci6n 1 la cual oe re"onooc por el ruido -<Ue hace 

) , 

y por la roc.J.ucciór, en ol-¡;auto. };.;to valor de T se denomina •:ol 

cooficie1; to CIO ca vi t!~oiÓI;. orí tico. 

~ 
En la fl.¡;ur·a oo muo~tr;> una ¡;ráfica dol gasto y ln )'oton-

ci~ oontru. l:l ín~ico de c<~Vl t:..o1ón. 

5G 

., 
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Para turbinas lo .,uo se mantiene constante es la. velocidad 

"' .- '"'~" \-<c..s se 
y la aboi·turu de los va~¡j.os m6vilea, ;4J determinat la. eficiencia. 

y el ga3to pa.ra diferentes valores <le \\. 
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VI f.!ODEL03 C '1·! SU p¡.;;1F :U::]~ LiiJRE 

A ~ontinun.ciÓ:ri se .:::>re::;entan los noJclos c·:m ::JU!Jerfic ie 

libre que cof:l.o fJe dijo n:nteri·:>rmcljlte se ;:¡ueden· a3ru~1.r 

en: 

1, Dorni.nn la c;eomt:tría 

2, . Flujo ln.m:Umz- e hi.Jrái.tlicnmcn te li:::n 

). nujo de transicdn e hidráulicam"nte 
rue ')SO 

--

r .. 1\ 
.. J •. ) 

J)) /)d n ,,.,,__ (,;_ 2 e.-.....,¿ 1)7 .... ~ 

6) r 0 :, lo )..,-,/,.. r 
é) /Ir :Yrc-~- /, r,;. >-. ,;._J« f.,~ <1 

' ~ ,$-.,. n $ 1c 1 UY'\ 



] 

"1 
J 

] 

., 

., 
j 

'~· . 

FLUJ'O A, SUP¡,;jil•'IGH; Ll!.lltE 
·•· •'. ' .. : :. 

·. \ .• Domina lu ¡;eomutrí<;, 

.. \.,l. Condiciones -~cncro.los. 

)lodcloa con supcrfioi-s libre. No pinb la ru¿;osid.ad. 

~\ ~ 
Flujo turbulento. Afluido es -~!~uictosC,~ 

1.~. '.' 

l. 2. _!;;icwpl 02, 
., 

L3. mayoría ele los modelos '<ue intAl'O~an al IngoniCl'O !lidráu­
< c.. 

- lioo 1 oo1no:. vertodore.il, . .ob_ru\3 Jo toma, ~ápid<ts,· pilas, oan1bios da 

seoci.ón en c:;naleo 1 salto hidr~li.co, tan,ues de amortiguamiento, 

cubetas deflootoras 1 saltos de oki. Túneles, alcantarillas y 

conductos en l.{Cncral con Eiupcrfici.o libre. 

Se debe: e,;c;Har- la georn~tz·ía y rJ:intZJner el mismo míu1cro de 
FrouLi.c 1 o sea 

Aun.,ue la ruBosidad .. juega un papel. seounda.ri.o ea conveniente 

escalarla lo u1ás posible 1 en tal forma ;,ue: 

.. ' 

o más común en o:ocurriwiontoa a supcrfioie libre, 

"" Hooomcnd:.Loi oncs --- -
V\ t.. 

v .... __ Le. 

c.\ ....... (~ .... \~ 

' 

Como la ru¡;osid"d m!ni.ma <,ue so puedo dar en modelo eo~ 
,·! ' ;. 

n .. (),QJ.O Ó a io' uiu'cho. n•;O:ÓOI.J' ao'collvicllo haoeJ' 
, .. , . . , " . : .. . . . . . L~ '1 '"e 

uiuuo ohico ( <..--·-· y por··¡ o"tanto ·' (>l'Bndes)., 

. .. ,.. 
~ "\ 

ol· Ulodolo noma­

s; ..... e....,.l,..:~c'\ o, 



r \ .. 
. ........- l-a eouaoi6n (1) se debo considerar COIIlO algo <,ue sería 

~~.J<. 

".deseable o u tl3t'aoer ~- no como un ci1:orio pa.ra .. f'ijar. esoa.laa.; ~~'' . "'· :·,.: . 
. -~-~~x\:·. . : ~-·, 
• "··_!¡ "• . . . 1 . ~ il 

:-~' ~ aoa., oimplc1f.cnto se ·l·ccoad.cnda_cdOalar la .rugoaido.d.-lo.:mas -~-;- .. ~~~- ~ .. ,~ .. ::..:.~' . .: 

pooible. 

l, 4.0:1 !•::S calas nJCOIII"ndadaa 
_,.~JO"'e7'<>" e .• _..~-- •. \"!::=:-

~ 

\O L. \...e.¿_\.:<::> Vertedores .. ---·· . -...... ...._ ... · . .-.. -~ . 

·:-··.:.: ... · --· --~ 

3L_Lei..l.O ·Estructuras en canales:¡ oa:ídaS.-< '.: 

SoL. Le /_\-=>0 Obras de toma:¡ excede:.oias '-':-"-

... ---
<;.para esto puedo. ser ncoc.;ario eon;:;truir en el modelo una ~ona 

• 
'i~r' J¡ 

awplia a..;ua¡¡ arriba, a.n! com~ t1·an-.uilQ :¡ enouufa.r .al. a¡;ua . 
. ~ ~ 

pox· u•edio de enhua.o<lladoa, mallas,. muros, va~·~ou 1 ·oto. 

\ J\··1• Los tirantes on el modelo deb"n ser mayores do .1 oro, oi el r• 

. r~gimcn oo aubcr!tico o lento, coto es s~ 

:¡ U•ayorcm do 1 cw oi es uuporor!ti~o o rápido, ~&r&·~ 

------- -· -- . --··-·-·· ·-·-·----=----· 

menol·e:J el efecto de tenoión au¡JOx·fioiul eu 

inlportan te. 

' Oboorvoao c;uc, a vocea, no co....n.osi ble satiofacor e u tD. con-

diclÓll CJII todo ul a•odol.o po1· lo .,uc eo eaturá haciendo un modele 
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~ .. J 

¡ .. 
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.J 

o 

n 
; l 
w·· 

• 

parcial, en ol i;uo oo cop.;era Belllejan:u~> dinámica oc5lo en oierta.s 

zonas del modelo, por e3omj>lo 1 las ¡;ue ·tengan tiril.nteo maycroo, 
. ·····. --:-- .. ~ ... ··~ -- -· ......... 

;¡ no en todo el ~odelo. 
. ·.:..;.; . 

Otra aoña dondo no se eate'ri escalando 10·a efeCtos .es e~ o.l ··. 
-: 

"-";)J'~ e.. -. 
pería10tro dclA,ue eot<1 11 cpntaoto ·'?~~,la:~ pared,es del mod9to 

•. _,._. 
en-o-'...-·p<>l::.Í~~-G-<I.el -..B""'" ouand.o hay régim.en lento,. pueo el menls-. ; ,-

. ' oo obvir.n10nte no ec presentará !l-Ufl!~}ltado en el prototipo. 

.. - , . 
\,4•4 Para conatruoci6n ;¡ operaci6n do eete tip& de modelo voAse 

1f 
·el capítulo ~.:[U. • . . . ·-·-·-··-

. ' 

... 

... ,, 

... __. .... 
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1 
l 

.... z¡,-- ~--

':_ r t'LUJO A ~up¡,;¡¡¡.'lC1~ LLlkE 
. "~ 2, .J::bljp l::min"'1:,_!2 hHtru.<l.lc«montc li'lo 

,..-....... 

Modclo!l con superfHe Ti.brc. · .ii'lujo la.min:ir· ·o pldráulica-. 
·morito liuo, 

. . .•· .· . .•. .. > . 
Velocidades bajas·, dimcnJionea rodllcidas o flu¡.¡os 

visooaoo • llo interviene.·. la ru¡;osidad· de las fronteras. 

..; 2 .... F.,ioroel o3 

l:!n la Ingeniería Hidráulica son poco conounoa. Esourrimiimto 
. 1 . . 

de lluvia cobre pi.sos o carreici·ao, ~;lu~o del vidrio en los 
...... 

tan•,ucs do fundición. 1 ¡}¡esaa para laminar oolu.losa,Ala fabrica-

ción del papel. 

1.,3•· CJ•itel'io" el<; RP.Plü,jan~!i• 

\•!. 
Se dcbe<\l•lantener o! misu:o.sr.úaoaro¡ de Fraude y de Rcy;lolns, 

además de la a c:ne janza geomé t1·i ca, Como la esc¡(~a. de erave ... ...... 
dadcs no e:J flicil de r.wd.ificfal' 1 esto as ~e.,.\ lo anterior 

obJ.iea u tener diferente lí ,uido en p¡·ototipo y mooielo o a 
.,.. 

utiliv.a1• una o3co.la do longitudes ieual 91r uno, ljlOdelo d.o1 mian10 

tar,lil.ño c,ue el p1·otóti PO.• E3 to último no es difícil para pro-

blemas de pe,,ueiíaa dimcusiones e inclusivo pucd;¡ ser l'CCO~len-

dable baoc1· el aoodclo mó,,yor .,uo el prCitotipo. 
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.. .J. 

). Flujo do trangioión- o 
hi<lraulic.::...J•on to rl'.;:oHc 

._, ,:,. 

:; 

1 - .. 

. ... Modoloo con superficie libre.-: .. Int_cr~Jioné.la: rugouidad.: 
. ., .· 

Y!Jl~cidadca modio.u y _altas. _ Fondo fijo •. · 

Bjemolos --
Ca.nale~ y aau9ea -de ríos cjo_ndo la.. rugosidad es importante. ,, 

1~anura:J· de inundación.~ . -::· ... · 

Critcriou de s~mcio.nza 

Si so tie~o .,ue 

:~r-__ -q_'_R: ___ -s--..: v--~: 

·v 

'. 
" ' 

donde 

. ~. •. 

'3 't;rav~dad 

R í·adio hidráulico o tirante si. 
la. seoción es n.u,y ~ncha 

- ' 

eradiente hidráulico 

wcl;ocidad. 

eJ. escu1•rimicnto scrií de transición y, para tonar B<JJIIajan:~~a 

C.\~"'~"'."' hubr!f ~uo mantener la. aemcjam.a geométri.Qa y ol 

miumo númoro do ~'rouao 1 HoynoldJ y u3 cala 9-e :ru¡¡o.¡idaáeo • 
.. ------ ---- -----

'·. 

.. 

;;,.; 

' ' 

' ' 

'. 



1 .. 

.. 
1 

.i 

J 

., 

' ; 

•• 
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'! ·• :&¡J. 
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:Jueclo ut Llizo."· aü·o :¡:_u·a. sümbr fluj CJf; .:e s..:;ua, y vicevel'S:l. 

Co:ao el c)d.cntc ent:·e v:Lscosidadcn cinoniticus a te;np~ratura 

a:;1bicnte entre el uü·o y·a.;ut>- es: 

hay qvc 

" 

• -- \0 

',, 
. L 

~--
. • . 

e :m 

A ,eD~r de e~t~, e · ve·"'·-. ·• Y' J l\ .L ; 1 i ~-. ·• a; c'e 'J o4 U ... ,J 'I,J' ... '• -i'..l<...v..l, .1,._ }UC.J e )i':J.O 

"U JO .. " ·i·'·> '¡ ~"._.,.,.·¡-; .. ,.. C" -.1-•r..l].,·j )>' C1 0 l'lJQ ve·~--. M •'l"'l',Ol' •'}ll'-' r->] . .., .,,,, ... ·.· .. · ................... , u "-· '-'• v' - ' '[) ''-''-''~ . " - .. -

• ~ r:"'·, ,., ··¡..,e (.1 ... _, ; -~- ·.'"; 
..... ..,...~~,..~.(... • ~- ..... :..1 ... "'~ .. 

c.c.r.ba. 

'1.2.2.2 

.Ji al flui..-::·.) e;:; Q..::·,:a e·_\1ccc~;;·~~ ... i) h.:.C3:i.. .. eJ. 1.1)íl()lJ cJtl 

r 3 ;J ::.:.:; t :.)!1-~ e. 

¡I,!J Lc.r.· L "Jl'. ·¡ 

l 
. . , , 

·-•¡¡·.1•'"• 1· :.1<.:~·. lC: J~l lJ;¡ 1 _::; . • ..;. ¡...... • ~;. 

:i' i . . (, \7. ::.: :J,l.;'i "·' 

• ( 1 ,, 
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Ele vL;ntcJ ·u:ra <:m:1a:rm C)l1 at>"e, 
.; 

--··· 

.-, ..... . 
J.unc::ue lu. o:)n·scdn del 1JO•lelo depende de 1~ condi.e. 

e i 'P'"~; os nc cff ico. ·; tle cad. :•. t :p5 de ¿nb 1::::1~, a e JJÚ :Ln· .u:r!Í:lipil ·>-
.• 

se d ·.:r.:b una serie do· re e o::Jondac ion es ecnc.r.~.le:J, 

Antes de in ic .L?.r lo.:: enrJay OfJ es e 1nvcn ion te hac0r· los 

si.:;uiente:J:/: ~J.ju:;te~:: en e]; .. o;¡;}jelJ P''.l"a mejJ:ca1· lec corresi.JonJcn­

. ci'l é:m el ¿r:Jtoti!o y obtener •ncjo¡·es resultaclo¡¡;~J:v~-~ifi~~r 
A--·----------------- --------- ' . 

. -;f que· el [t ::un. lle~;ue al mod•Jlo en l;t forr:1!l lo rn<fs lXlreci.(!a, o . 

'( que se croo. m<h :nrecidu1al prototi:>o. 

f 
' 

2. ver que los a;x:• .. ratos de mcd ic ~ ón estén C•Jlor·,o.l1os de 

1· 

1 

\ 
1\ 

, 
· acuerd ·J a las e:J;)cc if icr.cj_ Jn•J ~l y,. adema;:; 

1
quo no alteren al 

escurri:üento, 

. ' 

urJadr;.s _:.:2.-~a-. d:tr l·Js cas.tr.>s 6--k¡Cirantes dc,tJen.d. )S. 
' ~ . 

J 

En al::unos 

ca:>03 o 1 flujo tard ·. en e;,tab il:~1rsc de;nas :lg,do 
' 1' J. 

que hace. que l?.s ncd ici on es sean tm¡adas e inexactas, Para 
, 

evitnr eoto hay c1ue ')On/er e mtr:Jlcr; eficicntez, c;¡mo C0!1l-....., 
--)ucrta~; con flujo Gl\')CrLJr y de suficiente cresta, :f:i¿¡, 12, 

c-mtralé:; :JJ:r rm.d .io cic v2.lvu1J.s u ori.fici·Js. 
1 1 

Ob::;crvar que el escurrimiento aca rn.z -:nablc¡¡¡ontc. 
'/ 

paree id o o.l llc 1 )r ·Jtot i ':l? 0 que cote sea . 

\..,. . ·rYI . '" _'=!, , mod 1 ) ' .- t:l~ e 'JI'l'''l"'-'" ,<·,'r J.'(:''"'l,'>' y fll.':{l,'.'o . -'•. .~.u::;:.l.::cc:L0:1oT .. e.¡.. e .. : ·:>:.l',t, 011 · " '-'~ _ cu ·-· 

7._ 
o i·n '':r :H:all i.l i¡tJ'l > :: i < ··' l~ ' ~~ ') 
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11\ 
E¡f mw.c: la etn··"" ele ensayen; ea .inPJO:tantc sccuir un 

pL1n que ·xn·;,¡it:t obtener el mnxlno de información, L.1.s mcdi-. 
~t-¡..... .. 
·l ".. 1 ·' 't . , d 1 . . 1 í'''"'(¡·(c,._.-. '• ciond·: deben ser muy cuic auosas, re:n 1cn 0 :1s var1 .s voccfl <K 

~:S.L'··~H!.\..~~-".,C .. ~. ¿_'>; ,L.;, ..... .J~'e._.~~ \\o....JCd'' ~v..t'- '=>l~r:t o(C ... ,...., ,-' 

por cjc•I~llo un.:d.ibrcto.,dc tr<Íns ito, donde se recistrcn no so:ID 

las ructl ic i<>ncs s lno cual·IU i.vr obscryac iÓn: o e o:·¡enturio que s.e 

ocurra durante la prueba, Ho es rcco2lendallle usar .hojas suel-

.· , r~ • ta:s que facil·lc:ntc se deso¡·clen~n y at:r extra~::_an, Una 

ticr, que ~~cjOl'il. ;;mcho la cmfiabl.J.idad de los resultad-Js es 
S. 

hldcr J.a;; c;ráficc..3 de las variables medido¡!; de ~¡referencia 

en for~Ja adi:.~i:m.al, como~ No. de Sulcr, Proude, Gcefi.:ien-

te de deacar.::;a, etc,, c::nfor.Je se vayan haei.endo lar.; medicion 

1 • , 
error J ano:n~cl.Ja 101entra;; B0 est:•. haciend ·)el ensayo y- ~1acer 

la::: rect if icf\c -¡_,)ne~; nccew~r :L::l.1. 

Un a~;:·JJcto ~ c:';cnc bl es no olvUar :-<unca el obje­

tivo final de l'J.1 ensayos que es· dnr infor!1r~c L5n acerca de 1m 

fenÓnv,lJ ·rc"-l en prototi~Jo y, adcTÍ:o;, usar er>ta infor!,'.CL ón 
.. 1 

en l><:ncflcio do lrt obra, ::JOr J.o que debe haber un e::~trk'bo 

cJnt¡Lcto entre el CX-!lori'liCntador y los in[;"enleros de discii~<¡ o 

en Dll caso, los encttrGadJs de la ci.•,ra
1
• 

Una VC3 ter m incvl·.)s los enun.yos, se !l :eran ln:l b :nbas,r1 

IJC drena el 1w.: e.l o~ ne rctka o protece el equipo de mecliei~ 

l1l'll<lcntc que aull ter;~inad? el cstmlt·J se deje el niOdGlo Uil 

Cicr'i;.) tic~:i'J0 GÜ1 dc::;trcd.r:;o, 
• \. 1 . { e'-'. .... 1,\ h:ul.;, 

··~-'-·-·-¡ ao·'u'lo--· r.ue • • • - ..J • •• 1 • j .. •) .:. 

¡->ue.s en var :Lo:.1 c::>.s Xl ::;o ha~~l{'r 

.. , .::, 
t ..• 

. . -
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vnr f:!'_i~D IG I ·¡.¡:~:..; 
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. ( 
rJn'l. vez .cons·l¡,uiJ:? el :~o.Jc:lo se h::tcen mod ic i ~nos en él de 

!J;t;ucl·d;') a .un .cierto .;:>lan,· . LOG rcsultad:J;:; cleponcler!.h, en 

t:·r•·.n p·1rtc, de lo. culidn.d y confiabilid •.el de estl'l. mcdJ.cioncs 

t.o.l) i COJO de SU 'l!'OCCSUIÜCnto, 

¡;fJ or-;te ca.nftulo se y¡ro3entan los c<:ncey¡tos b<{sicos de lo (¡ue 

(Jil un .r;istea:t -de mecli.c tón 'j se derJcr'iben 1-:>..D form·>:s de f:Jed ir. 

·¡;,_;: v"ri·.1bles r11:ÍZ co•nun.os qüe se ::>resentan. en m~lelos hi-Jra~ 
o 

tj'l í e o;; que son: t.i.r~ntcs, veloc:ip.des Y, castos, 

··! ¡,. 

o 
:;:: r;•,x!'Jrtiente c·Jnsi.c.lerctl·. a un imtru!aentciA'\ un siste:nn. d,e 

( . L ")-" • ':}':'"!;!lV-o.J• 

/' , ... , , ... 
,_. >·¡ 

(fT¡ed iO ).--· 
( {aqua.) ·.:> . ....; 
t f ...... "' . 

. Pre:;en tr.tc i:Sn 
de do. tos ------7" 

~ 
;;·1 :¡f~T.I"'f:C o 'Jl. :i;:¡···.cio ;¡ro.lucc una :::erhl reJ.nc5. on8.dn 

¡z 

¡, 1 4()..ri :··'Jd Ha, 
"'"'\~O 

UouaJ.··d;~to est:Í e!l c::Jntacto con el . . . 
pa<" ejft ·~ c:,l a:o;un., y es co:mn quc_,.to;no encrrprJ. del 

. . . . 

con l~ can-

r.ted 'i o, 

w ir.;:n o 
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cant icl:tt! .rnr :.1cd ir, Un buen in :>tru':lcnt o se d ir.ciiu en f orr.rt1. 

'}Ue pertubc lo :aen•1:J :nos :ih.lc la. c1.nt:i.da.d medida, 

mác ad•:cur.>.da. _:)'J.ra au transmir; i.Ón y procesanien to. 
, 

Asl, un 
. ' , 

des~>laz".micnto o un:·t pros1on se 1Hcdcl1 convertir en una aeiíal 

eléctrica, 

Co•r.o esta seíial :medo acr TJUY déb'u ser :fa no cenar :!.o a!llill i­

ficarla o, tal ve:;, C)nvcnca eli1ainar los rui<loS que se !Jre-

sontan en cierta!> frocucncü~~L.rJJr medi.o de filtros, \~ste 
. - . 

ti!JO de OJ!Jl':o!c5. Jnes De hacen en el eleracnto m:J.niymJ.o.Jor, 

El transmi::nr lleva. la so:ic.l doJ:í<lo el !JUnto de medición 

ha:Jta d:mJe e;:¡t¡Í el o1Jt:ervad:>r Y~, finabr.nte1 el ole mnto 

de pres~'nt n.o iÓn de da.. \os , que _:¡u o de :>cr l.' na r>ántaJ.la, una 

nsuja crnfic;:.> .. d )ra, c~tc. !Jcr:·1itc 'IUO c.l observador vea n. Ia 

sefial. mE:dida, Un·eje~J)l1.de l·J anterior ;_:JUc;'l~ sr:•r la celd<::. 

de preniÓn, el )n:l e el elo:1cnt·J scnfJf ~el' {a el d ia.fra.:¡;.¡:~ en 

cont:::ct '> c:>.._,n el fluÍd:Jj '1..¡}~. al :Jir;:¡o tie:a~o, convierto a 

la sc;!al, presión, en un den:llaza'¡ümto. :~ste dc:Jpla:.~u:1iento 
0.. e.v-

se vuelvo ~ convertir V( una sefial cléct.r.i.cn. r!HC es a!'l,llifi-

tr".n:n irnr, o. travé:J ele c8.bl cs. Insta el ,)nd e puede oer obser-

varLt o re,~iutr:td:t ;:>O!' medio del e.lc·1cnt J de prei;cntr.tc i.Ón de 

.Cactn vez que so ca::!b ü~ de modio, 



l1 

., 
.. 

., 

, 
J 

1 

r 
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; :· .· 

qui.n:t-ho;;¡bre se rli.::o r¡uc IFLJ' tun intcrf:1.ser· C'>mo .cado. 

elc1annto y cada 'i.nterfanc ;¡uGrlc j.n'Lrnducir errores cnn.,. 
~' :. . .. 

. .. . . 

,,. 

v it.nc) r~antencr e.l sistema de inod i.c i0n, o· inn trumcn to, .lo-·. 
':: 

mds oencillo ;¡ouiblc, 

Cada elr:1nento !lUJde .intro'.lucir errores por lo que. ·conv~~i}e 

mantener al siste:na de medici·Ón, o instrumento lo más· sen-

cUlo pO;liblc, 

e • "2- E~llf.9i.2l!'lDÜ..r?TJJ ;>._t}EUill s :!...~tº:_:J¡¡, __ ~l.~-!~~9 i .e:!. Jl!_, 

' 

En for-ina esquemática un sistema de raediciÓn ·se ,9uede re·pru-· 

sentar co:;JO :· 

3efíal Si:~e·Ja--] Seíínl 
de ::· _._,_, ... '--_.,.. de 1-'----?- ·de 

a ;tnh<ldn: medie i-5n_ _ "'tal id a 
(:~) (3) 

La func L'ín que l.i..:;a la scfial de entrada, ?.
1 

c0:1 

llama .fu no i.5n de transfe<·cn OÍ[]., 

, 
As1, ;;or ejer.J"llo,{ un inutru~:wntn l.ineal d Jncle la seiial de 

S(.t\.. • 

entrad[t~ e ~;tá tic~ 112-

,,¡en te 

"" 

1 

funei/Í!l de trn.nsfereneia serÍa GÜnle,-

5= \<-E 

don:Jc K es un:i c::m-:tante de pro.porc Í)nalidad, 
, . . . 

' r~ t1Gl>~l~'t ten cr :1.i.~S l\!1 idar]O::l rOS[l·:JC'~ :i.V::'.S, n tl e 
·' 

; 
... 
' 
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j 
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· Bn el cnn 1 !~CÍG c,cn;;>rnl_~o¡n~h~~~ent:g· !JllO ln func.~JIL!l!:!.L 

li[;a ~ __ la s_ci1al_~lg __ 9.!ltrnja_q_Q.!Ll!! __ de ·s~lida e13 _1:\.Uª-. __ _g_gu,,ciÓJ} 1-

d ife'::.·cn c:i.al 1 inca 1 _ orq_inn.r la con .J< oe;t:ic 1Rnt e cQll!llnn t~ 

Aunciuc e:;tn ccun.c iÓn !JUCuo ser de Ol.'den l'\ , a1uí 13e COl1s~-

/ ' derarnn s?l? los 1¡j.stem::-.s ·le cero, IJrinero y sc::unrto orden, 

qu.c frc~u.:md:e¡:¡cnte ocun·cn 
1:""'l,;ec .. ?s.c~""'- ~~ ca....so~ -: . 

en l'\ r>ráct icn, 

1 •. Se tiene un s j.stc·1n de 
. o, . ~ 

med 10 1011 y se dc.ser~ ene ontrétr sus 

ca>.·ncter í:;t_ ic:J.s d :lná:ücnrs e s ca nu func i .Jn de trn.nsfe1·en cic.. 

2. Se C')U:>cc la neátl de sal:lrJa, 

cioncs o nn re(;ictr-:> c.-:mti::1u1; y se ;j;;t~ quiere conocer la 

señal ele en trud::~ que 
. . , , 

vari:::Lble de Jnteres, cx10: vele>-

do una so~al de entracl& C~llci~n, 

nenrt~)Ül~tl, en ccc~ .. 1·~1:l, cte.·, ~' o:i. se acc:r~o. .:p.te 
'-" 

os de c!.-Jrt? o2·•.:cn, ;¡·)r ;1Jscrva.c i'Jn de l[~ se!ínl 

el [j i~to··~·~.:.t 

ae ~ulü1a.. 
,, . 

cnrnctcrt;tictw diná·1icns del ::1 is-;moJen cncmtr:::.r la.rJ 

tona, 

n--1. hc~ccr un:~ i:lí!d 1c lSn f;C .)btienen u¡na sc:ial de ~nlidn. y };) 

que intc:!:cr;o.H fJf; c:m JCc~· ln. de cnt:cnda, r1uo puede r;cr rmy 

·• 
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\:. "' sens ibU LLid eatá'l<.ica 

;-~Jc!n;llo.s! :p,Jtcnci:S:·¡otr:> J.t.e_de~;,l~z.¡.:lic~to, ~nnt6 xaf5.-. ~le.r 
( \<\ \. . 1 1 

Observa e i. :>hes: La. lo e-tu rn. do sC~.l ida es pr:> rnrc i::ma 1 a .la' 
' . ·. .. , ·- . 

seiial de 0!1tr:1.dJ. s:Ln nin.:_,"\1iH1. :listorsl m, atr"S·) o def:!sa.·, 

L1ionto, Aun:¡ue esta concl ic iSn es ideal hay siote:.~.:J.:; que oe 

dola c1n 1~ Je saliJa, 

D·::tc~· 1i:J".c!.·b ·.1c -;: 
. . . 

---------·-------

cntr:cda, :;'::1. aeCJ. e;y~¡{tica ·) d'Lná:üca, divtaenLlO el re~;i.'Jtro 

de :-;;..,_l:i.l~-~ cn·~re la k , 
. '' 

- --- e~; 

1 1 
t_., 1 flf¿,_ (.QIO , 

' . 

d .n.l e 
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.Ejcm'110D: tcr.T·bctr J •lo bulbo. 

Oh:JC!.rv:1 e i Jnc::; : <~ 
--~ 

C,:,o;.,-1-~~Í~-~r.o. de 

to a ln Je entrada, 
, . , 

i;ante de ti.cm;o, ni este es ccr:.> el inr;trmmnto .res··>Ondcrn 
t.: ¡1. 

inotanta.no!l.::wc;l o ;;ea, co;,¡o un inr;trlnent<) de orden cero.· 
l.-.. sc...,o.. \ de:. 

con rcu:nct·1 a lfl variuci6n· de Ji 
entrada, tcnJ ¡·1 muc::a :i.lwrc ü:t y n iccJ:>re irá n. trasada lo que 

e¡ ..>e 
.hace" lB. scíial. Je sali•.ia :>l~rla. ccr muy diferea te a la. de 

entrarln. .. 
Calil:t·ac i.6n: La cens ihilicl::td estñt ica. se ~uodc cnC•Jntrar 

) , . "' 'd C;'JCD. .oa ucr J~11r a 

t~o 

t:/o 

, . 
qne f:t:; icr.:·¡.::mte so !JUcdc obtener vnrir::.nl\,) la seíial de cero 

• 
s:to.. ln. 

scííal uc cnt:cada es un'l. ::n-c:-J:i.Sn so puede intr::>duc .i.r el sen·a 

s ;r en un :·;lobo y· reventar Óatc en cierto momento, 

----

t. 

. 
1 • (" • \,. 1 
''. •(' 1•\.'',);,:lo .... -·~. "'··~\·''"·. ··,··•, (' 

-.\ 1 



.•. 

J . ' 

1 

J 

1 
1 

,_ 

1 

, 
J 
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;._ 
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' 1 ... 

. ~- . . ..• 
• 

• t¡Y] !J '}?"\' d e/4t z¡¡,~ :· (f c:"?l:l g·~ :l'l:t-e-1!"0" 

tfn4wvJ:'Ia dc/¡Jrlmer > ücn. · ~--v 
L iOt'l""ttl. ~Y'r --~ll:i'l't-t-«, . . ' 

. . .. 

La serial de ~a1idu sc[;-uirá la forma de lu función esc9.1.5n 11 
.. 

;a.\ 

Pira calibraciones más co'Ilpletas, ·o· con sefíales .oenoida-

le~· ... . ' ' d '"' '1 l . 1 f' . t . que ::J.:m E~cl. os lo SH.JU. ar 1S1ca;1en e, se ou(pcre 

ver · .la re forenc ia 2, 

.:·~ 

·-. '•. 

Conocida~. ~ y 0 se ~JUcde encontrar la oeflaÍ de ontrndP. 

por _;necl i.o de lá ecuap iÓn. (2), .En. 1.9. TAJ3Ii,. I SG dan las 

.. soluci.?ne¡;, p<n·a sciialeo t.i.:Jo y al final de la secciÓn se 
. , 

co:·10ntarnn las-·sc{íales aleatorias, 

... . .. 
:; .:. :' : ••• ·, 1 

-~ '" . 

·' ·-

'• .. 
. 'i. :,: ~- ' 

· ... · ·~ ,. ' -

.... 
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J.nf;"trl~'<Wi'l L J 1lc. s:. ·;:1n:i < -,rclcn. 

~ 
--·••--;-· -w•· •• • ,' -·~· ,.,,....,..,._ -~·--;·.,•-·~----

. , 
l';cu~c~·Jn ; " 

:. 

1 
j 

d ond o 

J :i 
" 

! 
....,:)-~- o· '('().~ /A frocuencü1. na.tural, .. , 

~ a:nort i¿-u.:v1ic,n t o·, advtteins ~ 'Jnal 

] - y-las dc·~:ls varhhles ya fueran definida:J. 
. ' . 

1 
' " ver fi;;~. 

J Calibrac :l5n 

J 
·' ' 

.' ., . ',., ~ ~~~ 

La \e se enc;.Hm tr:,:.:~ .. ;~::_::_e~~ i~r_.:~~ dn er;t~:.:?~ J5\ fre ~ 
· cuenc h natur:~.l ¡(1:1 a:.¡r¡rti:;u:micnt ')Jéc·:;;:;~dcm ene mtrc;.r 

. '"''"····-·--- ---....... _____ -········-.--·· ~ . 

utillzc.n . .\o un~. funciSn cscal5n y aplican\~J las forutÍlas 

1 

\ 
-----------------~ 

( ]'r l w-~ ~lf f 
~) 

---- • 

•. J 
·.J 

. ·., 
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c!c. .., c.. ~ \, . S~~...,._.._ .· 

T:ubién r:;c ··uodcn cne·mtrar los :nrámetros del sistc;,¡a de · 

d . . , 1 me ~e 1-:m v :.:r:>.n: ·) ¡:¡c:·ialEJS de entra:la senCJidales, lo •1\IC:-I es-· 

e 1.r o y ti1-rd -?.do, 

"' 
' 1 o sc?:alcs i"l•Jubo 1::> que se !JUC:le ver en 

·-~ . 

la re fe :e· e)? i<t 2. , 

.Q2tcr;~in:•.ci:~n_dc S, 

Una vez detor·•¡i!-r•,é]OIJ lo;; /<'.r<Ír•Jotr-or:; del si..T~cna ::;o rel:>.ei:u 

] ~ n··~.-al ~.e a"li"¡~- ~ e"~ 1~ ¡¡'•· en+r••:l" ,l.., ........... ._ ,. o.J.w •• o.,"-"J :.;,)J -'.Ol• -~ \;.; \1 ,,·, (.,, 
., 1 . d .s, por rnec .lO e 

1 . , ('< ) • a e ctw.e 1-:m -' ~n le. o '.L'.tJ IJ .·~;) II a V se d o.n las s olnc ion 

es ~~ra las soJal.e8 ti~o. 

'1 \ 

l· 1 
·:. ', ..... 

• 
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se uo~n vertedores de di-

•Jo.:l.r r·)trí !etr J;; :1 a 'i:~p.lerJ¡mte se nicle el volu:Jcn en· un 

cie1't J t :i:: nl'>O, _ · 

·-

-· . 

se· reco·üend[l. ut il.izar verted Jres ·de cre:::t~. dclc;ac.h;, ITectan.:.. ·.· 

¿¡ulé'.ro:; !Xi.ru c;ast os entre 

(1::tst·Jn r.JenoreG de. 7 

7 y m3.C3 y triangulnres.m.ra, ... ··-

:.)ara que el chorr·J de:::!)o.r;uc .lfi.lre·~entc· de 

irn'[Jor·hnte cCJlJc:l.rloc vert ical!üC!Üe y e :m 

lo.- !J".red ,·. Zs 
\.-. T-

J.a crestn ,ZorijlcJn-

tal, 

Üny' ·v~.r:iJ>~: t :_~1s r.Je verted '>res ver fi~. l'"2.- , por cj eT.)lo: sin 

canal de lloe;:::tla y cuyo t;:'.st•J no deter:'lina C·1l1 ln. · f.)rr.m.ln 

... 
donde 

Una vr..ri:1ntc ele oGi:e t~ó de vertedor es el Cipolleti _.~ 

t"f:ir; ,\'1.>}. d )ndo J. os J:.1.d o¡; de 1 vertedor se ... ,br.cn r>nra reducir 

el el'cct·J 
1 

. . 
i . 

En cstc··cnso el ;·;a.sto ' est~ 

dnc.lo !lor: 

CJ' ,_ 

Ú' 
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J..:J.-

se pueden util i.:;ai' vcrtedor0s trÍ::Li¡r.;ul:.t;.·e::¡ cJn diferente 

. , . ' t • . J • , 1 d 90() anJulo contr,ll, u~Jn.:tl·•lnrr.o se .ln l .l3a un. n.n,;u o e • 
1 • • .• 

~n ·1n. tabla r ·se da el· crn1Jto corre:oP10lld icnte para d iferen:"' 

tea tirantea, ' · · · t ., 90° se ut il izn. la · P.:tra .:-.n;:uJ.ow d 1fornn es ~ 

:fÓru.nula de 

. _._ 
··--. 

,. 
dende 

., anauJ.o central 

·::. 
~.1 tir•mte· so dc:;c medir n partil:· de l:1 cresta, en verte-

... ~~ 
d¡ore.'J roct::tne,~;.J.-,rcs, o''de:~ .vértice del trián¿¡ul')Y en un 

punt:> nloj::td J ctw.n\lj ·:nen ~ 3 vocea el ti~·"tnte D:tra salir::;e· . ' ·.· ~ 

de la z na d )i1-:ie el a_sua so abato al :¡dquir:i.r carga de velo-

e id3.d , 

3i la inst.ó\l::>.cdn es adecu:>.da se· 1:m~de es.1e1·ar un~J.a:;r·n.:i:i-

3 ., 
por ci.ent) (rcf. ) 

~ "l " .. 

''.e ·:.e:-;-.,· 

. 1(! ~.e 

. ' . ! 

, . 

i 

'· 

1 
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IX 

Al.h.:1cer un .. cx;::¡cri;;¡cnto, o ncric de enr;;:..yos cote c:t mismo 

. pro·1Ósit:J, .. .en im!Jortante so[;,lir lOJ s~suicntes-·y.i_:::_r;on: 
·- ..... . 

-l. · Plá:near el experi:nento · _ 
.·-· - .. · .. 

2_. <;on trolar las var ir.tb les ........ --· .. 

· 3. T O [llar ·da. t :>s a u r; cu(,.d os 

4. Detectar lo::¡ !lr:Jblemn.s. 

5. · Interprcta.r J.::>s resultad os· 

lf"rr/rv 
:Sn ).a ryianc 'tC iÓn, "[l.dC~l<tS a C e 1:w ider:iT. ia fact ib il "LJ1.d " 

"· 
el 

r;o.';to,_ se dec;idc un ;¡ro::;r:H.1". que c::>n _míniu) de e::>fuerz,o dé 

un náxi.:;¡J de infn·;¡c:.c i.Ón, 

?oxc- ."!.\_\..,.. , e.s (.O.s~_.....~~l·J. 
~"l. S var i r.:b les in de ·¡ond ien te:;¡, •J sea }Odcrlos a-si_:ne.r ~al~)ros 

-
¿re.i'ijnd·Js c:Jn cierb. ft~r::>:.cir.J1.C: i-5n y mnntoner eso:3 vil >rer;' 

... 

de"'1ca:licntes, se ncce.Jita 'tTJ'U.' datos sufj.cicntc::wnte 

.Aun u id ir-md,) con ·e Del o cuicldd:J, y sJbre t )(lo en cxpcrimcntot_¡ 

1,1:; c:r. cuc;lt<'-•· ;n.nc.l.'.JuntciJ in:; d··.t.Js olJtc:lü10s su j..nter¡n·o:. 
o. 

. .. ,, 

1. ,, ' 

·,' . 

.... -·-··· . 
-~ 

... , 

.. ' 

.. ' 

. ~ i 

'· 
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, . , 
l'nra ilustr<:r la !Jropaco.clon de crrorcG se vor::tn dos cjcm-

~loo: ~ 

Ejemplo 1 
. , ·' , J Con r¡ue error oc estar a cst imanrh la ~ de !.!:1.nn in,:¡?, si se 

us2n los vnl_or es ~ 

R.,_ "2. ~ o.osw-.. 

'5 :: 0 • O O \ !_ 0 ,OoOO) 

V = _o. a.-o :!: o. o 5 "/';. 

y la fÓrmul!l es 

V\= _.:.-.--···-

1'\::. o.\"2..5 
7/. ,, 

?as,:'-
~V'\ Q ~ o, 3\~ 1 1 - =- ---··----- - ' -ov " ,,l.-
~V\ '2. ~ 

"' - ---- ::: o. o a.-\'(,~ -- 3 \)~L'n ~\L 
'2./?. 

~"' \ \2.-. (;,¿,¡l\ll.o. - ----- --- ::: '2. v s,'tz. 
d~ 

:por lo que a·Jlic:<n;i) la ecuaciÓn (4) queda: 

_.f-·-"'-..,. 

1.. l.- l.. ,... ~ \1.-
(l_IA. =-l;:o.:,\~1\ (o.oS\1.1-(~..,.oM'-6:.,) (o.o5\ .... -~,--(<,7..11\-'\(...¡ lo.c•>-''.).:.>J 

• 
1 no 1 qnn V\ 

1 
!)e_(r....._ • • 

• 1, ......... ..:.:u.: .. '1~-}..;.~r.-··)··¡,;_~'..;.}" ¡__ ~-., 
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NDtl: Vl e 'lUC el C; ner cuéllqu icra de lOG ' l . lllt 1CCS 1 C'J'i0! ~ 
1 .. 

1 

A J S•)lO debe nor el IÜSfi!O en tod~s lrt.c; var hi.b lfJS, 

EjÓ~:>lo 2, 

l~nc:mtar la !Jrcc'.JÚÓn con.que se está mídicnJo cl·zn,sto, Q., 
~ .... 

e-m un verted0r de crcsb:: del¿:adu. ·con ..contracciones lnter~Ics 

si la fÓrmul:'l es: 
l 

L 1' :Yz.. Q. ::. \. 'O í\ 

donde 

Jf carga· del vcrtcd.OD, e ....... """ 

·1 louzitud efectiva ele la creesta "'r 

y las medici1nca 

~c.~ c.. \'"'< L ::: ~ -:.o. 2 \-\ , ~ 

1 1 I,onc-itud real , e':"' ""'-

sen': 

1 1 ::. l..Sc t o .. ooo') "'-'\ 

H =-o.c;o 
> 

t. o. 00\ ""'/; 

Es ru1s. sen e illo I;lani;enar scrnradas la3 eros ecu:<.c.t'mes 

~\_ 
\ -- :: 

óL 

e\\... 
9\-\ 

" - 0.7__ ·-

·¡ 

tiq ---- -
ÓL-
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Critcr '.J de Ch:tvc:net 

P~tra rcc~laz:J.l" !'U~1tJs dir;~Xl!"U..~1.J:;, :.¡nc·:.ns voces c.?nsect~C:"lci.t!S 

""~ ~ ele err.Jl"Gi~ c:-3:)1.l:~:L:J;J, ;;;e ·:1aedv uti.J.:i..t~:t:" e~- c . .:-·:i.·Cc:c) d3 c;F~·trc::k~ 

nnr.o C·)·¡c· ~, .. fe o·¡ 1 ) ,. ¡' ~.·¡• ·i · l'¡t t:\ • :.a.""""' • •;.l .L,...,., ' ·- j,) ._. i ........ v. 
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Jo tienen ·¡cJi.C':. )i1cr; de v.:1" Ii::n::-t vo.l. )Cicl:-:.d. 

2.3 
2.u 

2.4 
2.2 
2.G 
2.2 

1-:-U. 0625 - O. 9)75 

1 . ' })Jj_" J r1uc ~Jo roe l:-:.zarJ.il .,, 

2 
·2 .275 +·J. :;¡n - 2. Go;, 

2.27~ ~u.327 Q 1.94) 

r;o -le;J 

. . 

"' 

C\ l ¡_-l,} ¡ ... :..'.·2 )S , 

·"'·'·1·•1¡···1·'· 1 'r··)'·J·_..,. . ....-,, .. , .... ,. ·~ 1·· .l.l.!:,., ... ! ¡,í; ... ."·. 1• J.. q,¿l ·~'• .Lv.~ ... J.,,, ll.V -~" ct.~al so recllnzo.:cán los mn-
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l _________ e·)¡¡;) Cll el ejc:1_.1_1_"_· ·-(~-=:~ Q 
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¡. (!/'.~'~ ~-'<. 
\~ -t 

1 

l 
i 
J 

l 
1 
) 
" 
.. J 

vez quu éste¡;~ '1Usa!l de e ierto m!;:H.Jr~ es ine0ntab 1e o muy 
h 

tnrdnu0 tr~t'tr do mcj ora!:· la e·'..l:Ld1.d dc~rc.<Jult::>.dos. 

En· :noje.los hidráulicos' se !JUC<'lc ·c·msider::Lr e'?mo un buen 
...tAo<-<> r o \ <;,-""-' "-

result:ld'J o.qucl que tinc u.n error .r.mt dé 5;·; ·y aceptable 

13i es ncnor de 10.: usi 'rruc, en ~en'"r:1.l, n0 er; neceoario 

obtener un cr·.m mhr"ro de ~)tmt·n ':ue :'JUClcn, incluso, 

hncor conf,tD•) el rcrmltado. 
1 ' 

loa hai que to:!l::tr en cuenta dos eritcrj_ry;:;: 

l. L'l. preeü;i·5n que se requi:rc en la::; ·c1Lfel·cntcs reaioncs 

? ·- . , - . , 
~a 1 une 1 :m 

·lo:J d'lt Jc, puede ser, '¡ro:.•orc i 'Ji1to.lmcnte, ~mc:1'J r,1:-:.y n· quo ~nra 
·. , . h , ' . . val0ro:J altos; pnr lo que sera ncccr:ar1.0 ucer mas !ne(tlc·L~les 

.en (J.'Jrt z •na. Para ctw.nt i.ficar lo un tc:ri•Jr se ?mee! en u:;t~r 

1 t 
, . (~,..... , 

.aa ·actllc:ts ex~u0ni:n~ ¡ analis·is de errores, 

desee clctcr:ün2.r. i3i Ó.sto._.o;; · co'·t:1lico.dQ, con vnri'J:; qnio'brc::;, 
~:)r e. ... ~e ...... ,?t .~): 

sorú ncec';:t!'i 1 tener CJéÍ:J ~unto:;, Si co scncill<:l.,Auna roctü 

o una curv:_,, su::.ve1 con relatiV:llltc:nLe !l'JC·Jrl :·1tllrLrn,l so ~JUeclc 

do tu r "1 in ,.,_r • 

¡15 
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. ;~ .. · --

como mucit".r: voces el (<!JOl'i~tuntaé!or tjci!o una idea de c<>i10 

va a ncr la curv:1. uúr; anteo de ·inicinr loo ensayos, ~medo 

-· util.i.z:.r un e:;~acia t.Lento tal que lorJ :mntoa queden, mári 

o mcn ?s, a i.:;ur-tl distancia unos de otr:)S ·sobre J.a curvo., 

verf f'i:~ .4-

/ 

. ' 

Para hEJ.ccr ésto :::e :nueJc trazr-.t la curv~ en forma a:r>roxi.'~ada 

' ]' 1 , • 1 <5 1 . S • , _·'l , en ,;re -".'3 Vf1. .. ore>: rn:-: lLJOZ ~,- run 1moz que se ':Jlerwe meu u· ~~ 

~10ll i::- un oH cuP.i1t 'J<l v~üorcc en t~·.l? el. rFm _;) y con ellos "tl'a.-

zal'll), en forma ;¡rol iminar !XI.ra poder hacer el :p:?::~ ospaci'~--

miento. 

Orc!cn o .socucnci:c:t (le la medición 

La secueuc I:1. ;n:Ís rccor:wnun.blcs CIJ la nlea.toria IJUes mmqno 

tal'!._ voz con ella rJO tencta mayor d iS!)Ors i.Ón, er:rtá será a.lrc-

dcd•'r dol val,)r ·real y se evita.r~Í:n la.s tendencias in::Jtru;:wn-

.. 
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' 

de' 1. (J ,. 1' ,, . 
: J. ) j OJ ) ' 

un bolutfn rlc la ~Jc<;e;i.:Ín rle .;;ervici.'Y' J;:JH:Jrütlc,o rlcl ·' 

1 : 

Insti tuL a de In,'•:en iCJ"l'.". de la Ul:l'JT · - - • • . 11 ; •• 

J")i'l' .. 'l,. 
, 

1' J.t >.:1 :J ---·-
DaLe c.1unc:l::o.r lo cscnc iD.l del tcm.:c e:.;tud i.:.•.do; .se 

que· :;e:>. rJrcvc. 

-El ~;rJe:n lo fijaf·.:~n lü!'"J aútoreo, de rtcuerU-1 e JU su :x?.r ~ici-

"'' (' ¡' !, .• Ji.. • . j cm el tra'b·'l·jo, . ' 

1~-~ ~u·?~Jl 

1; ·;¡ti· ... e ·-::~·r 
l. r.;·l.~~~J.OiJGC I~T-r 

l. J. ~-l i_c n.JJ' i.r: .. :.:.i.l-.Y._-~ll"'-1~'1S~LiJ;2_ü e l .. ~n.-~u-~1_ _~,:J 

' ' . llli.J. -~CO J r.; intctl~-:.L o J. 

¡.'1''• ·.··l ···~·,···¡1) ,.n.o·¡cJ·., e] +,,.,.,. (>] l'('''>lo't"{l 1 ') cl""'·'l""0-1 1¡· rr • ,¡, lo.l..•~--- _,,,,,J ,,., , u.._., . ._._,....,, ..,.,_>,, ........ ·- VUv•-"· ....... 

/ 
., 

c11 f lJ'''·' e )n,Jc:1:,:.d :L. c;onv icnc h·~,r:llc L·l.o al inzlell (11\'.>,,~¿r,c-(l-

) 
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l. C«.racteros lo.tino3: 

IT· , <:·.... 1"1 t: .. ayu.,<.:tt. <--d . 

' oub fn: 'leo letra. flayuccul:1a C'lll 

' b ' 1 • ' !.1<1YU<3 CU 1 c;::; con su LJL J. e e · nu 1~1ero 

, .... -- sub'--'·¡~-· letra ~.íinnr:~cul:.1.;-; e 11 . .ld~.J. .. ·'t.;; 

·¡ . ' ] 1 
i.C8 

1 

•. lntWCU .O.D e: ·m .c;ub 1nd. nu,Jer;:~ 

2. Caractcre::; cr ice o: 

1 ! 
J,as \Uicl::>.r],;:; 80 CX)1'0 ~-~.il D.l f in.·ü,· '1')1' CjC"l:ll,J! 

. \ t 

. 1 ., ., 
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2, ... ~ .. ··--e·i~·t'CB~-it:~-~!J: / 

3 . . 1 j 11'-:r:"l"' ~ 

.. ~-- "'"~~'"''~~" ,;;.::~~~ :~~~.b,~'l.,• :ro!--ejc:.1_.!o·: 

. 1 1 

t --~-( . ~.e~ t 1!.~""-'r 
<.. \ "'-"\..;.: 1 l• . 4a.- Á ~ 

. Dl'l'HOJJUCC U! 

En cnt:l ;nrtc se hr1:)1::-.r~Í de las neces id.:->.des titíe d icr~n or i­

.:;-o:t ::1 tragajo; de lnn fi.nalid<\den y ::.>r0,ós it"Js del miwJo; 

del :'r:>~l'"'.:Ja sei;uüh y de los méto-Jos e!:I:11Cé!dos, 

c.stuC. ;_o. 

br.j o c:J rnrt :Lcu 1·:1·, e >:lO: 

1 
Al f in··t1 u e ~:c:lía}.t'. que ~Jcr;;-1nr.tu o :tn¡:t Hu e [·me::; han e olab o e 

rad0 !J:.u···t l'C.r!.l i~r:r el tl'::bajo; uerJ ·uÓD arnr-cccn la:> reforcn-

'11' . e :i [.J ~r.. '1 Jl" u .;~.J. ,].') 1 t .,., 1 t'" ,, ·" ¡· '"L"r·~ ~ ' '• ) .• : ,J .¡ l ...... ~ .:~., • 
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F o':". 1 ~ l n 

Su'Ju· 1''" l.~ ¡'•Jn~-- ~_,., .. ," --e l. V ·~ ' V .:.J ,:, (J .._,...,V 0:.. di::; t i.nc;u ir:(n con cifr1~3 dccim~lcs 
1 1 

en ;1 í tul o : 

1. · m'l·~t ODU ce n·: 

2,1,1 Gr~ficas cnrea-caato 

Par;J. profund i.z .. r 
, 

!:•as en el teL111:;: y, de p:,~so, dar un cjom-

se llo'ocn ;:¡o•wr l;~s rcfercnci··.s, se rcco:.!iendu: 

l ... ,· "IJJ. avent-uro. del tzq,lmjo intelecta~L1", 

(' :, """ . . ... , I.ícL: i<? _9_ ( 1969 ) 

,.. - - - .. 

rosue.J.·~r")G e J(l ·J:i.foro:1tc .. "; ti~)·:> .. ~ De !:tJ..loi.J~J, ciue ilustr[l:a ~..._1 

·;un.'l.r; .Jo l{"l.r: i 11C·'t:J c·~:1ac;:r",;:·).n on l'J:J C:l,pÍtu'lo.o C'..ntur.L:>!'cn y 
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THE SIZE OF 1\IAN 

By F. W. WE:\T 

I X .nr::' follo\\ing article, I want to_ show_ how important his phy8cal 
stze IS forman and bow many of his a~t<unments, su eh a.s the develo]}' : 

ment of a technology, wcre po"Ible only because of his spccific size. In 
the course of tbese con~iderations, it will beeome clear that many 
phy:::JOlogJcal and mecha: Ji cal proc~5-CS ha ve grave limit:ltions in reb.tion : 
to !':i-ze. "'e-cannot iqdi::criminatcly magnify or reduce proces.ses from 
the mieroseopic to the m:1cro~copic Ievel or the reven:e \\ithout physi~ 
loglcal ilistvrtion. 

To emphi.-=:izC the ~ignificance of size: frequent comp:uiE=ons will be 
made ·between man and ant. In ::pite of thc cnormous dificrence in sizc 
(linearly, three orders of magnitude; on the basis of mass. S orders of 
magnitude), both ha ve developed ·highly complcx social ;ystcm~, and 
;.tnts (like bces, termites, and other ~cial insects) have also effective 
cornmunic::ltions system..s. \Vhere3..:: the soci:1l in:-:~ts devcloped nUliions 
of years ago t.o their high degrec of speci:1liziition, they ncver developed 
a technology "itb which they could h.we dominated the earth. On thc 
other hand 0nce he attained l. certain degrec of socidl differentiation 
man explosiYC!y developed to his present state i.n the course of onlv lO.ooO 
years. \"\'hereas I cannot possibly attempt to discuss all contribu.ting 
factors to man's ·emergen ce, I w:1nt. to point out that "his physic:-d size 
wa.c; a dominating factor. 

The rclative imporfance of size wa.s compleicly unkno\m. until ma.n 
started to probe into the.n:úcroscopic world V~ith lenses and microscopes. 

When, in the sccond half of the se\·enteenth ccntury, man looked. for 
th,_; first time througb 3_ rillcroscope, he suddeniy became 3\'>::'.TC of an 
e:rttirely new world-until ~hen almost unsuspected, the inicro-.:world. 
The gen..ius of thesc first microscopi_sts m::.de thcm realize what 3.11 im­
f.JI'Jrtant step they wcre taking. and thc· sho~"ID:-tnship of sorne of thcm,_ 
Mt;,.b]y Lceuwenhock, brought tbe significance cf this ncw world also 
to the attention of nom:cientists. The common man: and royalty, flocked 
to the door of Leeuwenhoek's simple house in Delft to catch a giim!Jse of 
this new world, so full of unsuspected wonders. Suddenly, highl;· im­
portant prin_ciples, such as that of preformatiou and gcncra.J.io sponta.'ÚXl, 

could be approached \isually and experimentally. Curiously enough the 
b~sis not only for new understanding but also for a schism wn.s hid. 

One of the first men who spetulated on the rem3.rk:.~ble pos::ibilitics 
v:hic:h mab'Tlificatio? or climinuiion oí phy~ical ilinlen~ions p>o\·ides ... -as 
Jotw.than SY.ift, who, in Gullú;er~ s Trar~cls, drew sorne conclusions as to 
what dwarfs and giants would really look like, and what sociological 
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eonsequenccs size w·ould have. Some time ago_ Florence ~[oog <?CO:e~lifi;, 
American, :\ovcmber 19-lS) sbowed that Smft was a bad bwlog¡>"i-, 
or Gul!iver a "poor liar." She sbowed that a li.neruc reducti.on i.n si.ze woul<¡\ 
carrv with ita reduction i.n tbe number of bmi.n cclls, and berree a reduc­
tion- in intell('ctual capacity in Lilliputians, where~lS the enormous 
Brobdin¡;aagi:"'" were physieally i.mpos.<ible; tbey eould have ~:Ui 
physic:1l rc:üity only if thei.r necks :;nd lcgs h:;d been short :md thick. 
Thcse 9G-ton monstcrs could ncver haw w:üked on dry bnd, nor "?uld 
their trcmcndous weight h:we been c:u-ried on proportion:üely-stzed teet. 

Eve:1 though s,,iff:- in his phanb$y, conmlitted a number of physcal 
errol'3. beca~e he wa.s not mfficicnily aw:;rc of thc bct th:;t wme physi.­
cal p~perties of a body ~uc proportional to the ~ncard_imcnsions (hcig?t), 
where~15 othcrs Y~J..ry with the third power of line~J..r stze (such a:' wc1ght 
and cell numbcr)~ yet he surp~"300 l).is medie\·n.l predcce:;..~rs .1n m.:.Uly 
reEpects and dr~w a. number of e.xcellcnt conclu.sions, bnngmg both 
gia.nts and dw~uis clase to physic:U rc!llity. · . 

Since I want to· m:1kc ~\n :ugumcnt, th:1t betwcen the m~crosrop~c 
world ('-isible by the n:~ked. eye) and thc rrúcroworld (of_ nucro5cop!C 
dimcnsions) a dcfinite discontinuity e.-xists, we first w1ll cons1dcr \Yhether 
the oppo5ite vie\V of a gr:JdU:ll transition ha.s sny merit. Fo: inst:1nr~ the 

· nUcroscopic embryo already h:\.S n. number of fe:J..tures_ wh1ch the yo~ng 
or m

3
turc indi\·idu:1.l shOws; s:1.nd gr:\ins tmder a nucroscop~ are like 

rocks, ~md a ('Opepod se-~n~s nothinb: more th:1.n a mini:1t~~re ~hnmp. A.11d 
vct. it is curi.ous th:1t con1.monly_ there is :10t justa quautltatlYe, but also 
~ q.ualitatiYc diffcrence. where we cros.s the bordcr betwecn maCI'\."- ~nd 
1
nicroworld: For in:::.t:1ncc) all an.imals in the nl!lCro-world h~1Yc. he:1rts or 
more prim.iti,·e me~l.U.:5 of cin:ubtion of body ftuids. On the. other ~d, 
the cell. the unit of life activity. is almcst. without- cxc_cptwn a n~cro­
.scopic structure. :3imil:uiy~ the legs of :.uüm:lls, and wa.lkmg: :lre achieYe­
ment.s of thc m:u'ru-world: wherca.s chcmical cell reachons c~u1 be undcr-

stood only on the moleeuhr lL"vcL . ·. . 
Thc spceifie ,¡,, of eaeh org:uüsm i.s partly detcrnuned by Its hfc 

h:J..bits. An elcplunt who e:lts br:\nche.s (whi.cb are thc food stor:1ge org:ltl3 

of münV trce~) must h:we enonnous teeth to grind them) whcre~\S ~­
vcstcr ~nts. living on tiny sceds gle:l.n.cd from the :30il, could, not po5:31bly 
be brgc und still ~ollect. enough food. Simib.r1y p:.u~ites must be sm3.ller 

than thc org:uUsms they grow on. . 
In spitc of thc cnormous diffcrenccs in sizc bct\veen spcctes, cclls of ~U 

on:::tni~m::- :\re cqu:d ia :::ize and h:n·c an :1\"Cr:l.ge voh~n:c .of 10l.u
1 

m 
anim:\ls :md 10".~;; in pl:mt.s. Thcrcfore, sizc ditTcretH'L~5 1n pLu1ts an_d 
·:tniauls nrc almost· cxclu.::Üveiy due t.o differences in ccll nm:1ber. T~us 
suggc.st:; th~1t fundari.Icnt:lll.Y a cell functions wcll only ~it~:\ thc SlZC 

ra~~c whirh. x~orm:J..lly occurs. This is cveu more clearly mclic:Itcd wl~en 
wc co:np:1rc c('ll ~izcs withiu a single organi.sm. In pbnts the mo.st :lt'tl\'C 

-· 
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celfs, whir:~ : t;"Towi~1g and dividing and ha~.-e thr greatc'5t metabolic 
rate~ are tho:~e :!1 the grm,ing point of :-:trm alHi_ ruot tip;:;~ and these are 
much smalle:- ÜJ[tn the mature cells and more !!early equ:d in sizc. Thev 
r::.r~ge from 1 tv :: ~ 101,u. 1 for the mcri~tern:itic t"C'li~ of thc~ i:t:~tr.=:t growi:

1
g 

p!2.nts, :tnc.l :.ire m thc 104;t: rangc fur the t:lo'H'r gruwi¡¡g ones. 
Thü: uuiform c.:dl size ~ugge~t;;: that thc mo~t iund~mrnt:1.l cell acthi­

ties are: dependent upon sizc .. This conclu~iun is strrngthcnM bv the 
con.sidcration that the most active eclls :1rc ~malle~t and are most r~carlv 
alike in ~ize, both in pbnts and animals. Actu~dly the ía.ste:::t gro\\in~ 
cell:: an: those of bacteria, ''ith a gfmcration time as short 2.-'i :?() min~tes~ 
Force]!_;;; in thc grO\\ing point of a plan t .. the time cbpscd bctwecn 3uc­
ce:~iYc- dh~sion.s is 24 hours or more: or about 100 time~ a.:; long. where3.5 

• 
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FIG. l. H•.:btior,,hip between ditTu.:~ion time" (ordins.te) and dioo:t.ance where hill 
~s.tur:1tirm i.:; :t:aeheC (al¡;:,Ci:-.~!i.) for a num~r of ~ubst5.nces with difíerent mole-cttlar 
v.-eigh~-=. Over ~hort di.:::::1nc-e-: diffll.'!ion i.5 very fast, v.-heres..s over long distan(."t'::': dif­
ÍlL~irJn i.~ f::..nta.'itically !';lrJW. Ihta ba...~ed on c.alC'U.lation.-; by Dr . .K. &vier. · 

the: linear dimen.sions are in the proportion of 1:10. Therefore, we might 
contlude that the dhi~ion ratc and the acth-ity of the C'ell are coritrolled 
by a proccss which dccre3.<=:C5 in rate ''ith thc square of the dia;neter of 
the tell. This is typical for a difiuEion proccss a.s shown in Figure l. 
~fa.~~ n:~ction..~ would presum:1bly not be much inflú.enccd by thc degrc-e 
to whith thc rcaction mixture i~ di\·ided into srnaller cells. Frorn Figtlre 

~ 1 we can also c.Onciuqe that if a diffusion pr~cess in the cell is r:lte­
limiting: thls must be a procc~s irl\·oh·iug very large moleculcs.- for ~m['.ll 
rnok·f;Ulés, like sugar, bccome cqually divided within a ccll by diffu::;ion 
in te:rrns of sccond.s. H, on thc other h:md, food distribution in the body 

.} 

of a rn!!n depended on difrusion, it would takc a lifetime to gct sug~ir fcd 
into the stomath to difiusc into tbe fcet and hamls, and it would be . ¡. 

'-"· 
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~--~ible to t.<J.ke only s iew steps in a lifetime. This shows thst, dcpen<l 
on size. difierent oroce&;cs are difierentiallv controlled. At the size of 11 

ceU, mi:cing of ev~n brger niole~·ules is alm~st in.stant, :md protopbs~c 
streJ.ming would .. io~ instance1 not spt.."'t'd up t.he equ!1iiz:1tion of sug:U' 
distribution in ~. rcll of ~1bout 0.1. mn1. in di~L'11Cter. On the othcr h:md, 
stream.i~1.g ~nd m:L~ flov • ." bC'come almo~t imperati.ve to get f~d dis­
tributed in a.n org:1ni;:;m, w!h~a ít is more th~u1 a nllllimeter in size .. 

In this conncction it i~ intcresting to note that, almost without excep­
tion. active anim~d::: of morL' th:u.l 1 nm1 :::ize ha ve a heart or other orga.u 
fpr ~ircubtion of :3t.:.bstances through the body: above 1 n1m size hy-

Too~:· 

Str...1ctur~: 

Cultiva.tio~: 

Communic.ations: 

Societies: 

FC'Od Stor.!l.se: 

Air Conditioning: 

T.unx 1 

Califurnis. Se~ Ottcr c:1rrie; s. ::;tone as anvil to crack shcllfuh 
Bird.-; :;w!Uhm· ~ra\·el 10 g:rind f0<......J in ~tomach 

. Lobster.:: \L"<:' :o:l.nd :"\.S otoli:hs in :l.nt('naac 
A1~t li~1n pel:.s victi:m with .S.'\!ld to let them slide into bis ~d 

tr3p 
The f.sh, Túxotc::: js.cubtor, aim....:; water-drups st insects sbo-..·e 

thc \..·ate; whit"h the:1 drop into.-y,·s.ter and are es.ten 
).l~mk~\":' use .stirk.s tú rt':\L"h fruit 
?\t"':<t.;;. 1:1i hinis, bC't.!5, w~~ps, :mts, term.it~, \Ye..!!.ver bird.s) 
Wt>hs snd trspdoo~ of spidt>r.s · 
Hidinf;: ~trul':~:e oí.Odopt:..s n!s.de with stone;:;. 
C'l.•nt.:'l.iner m:u!e (ro m ::.s.nd grai....~S by the protist Di....IJlugis 
Fun~i (l('a.f cut t-er ant) 
Flúweriug plant-5 (t>piphytic s..nt gs.rd.ens) 
Aoh:~i.s (s.n~) 
S...~u:1d (m!"Lmrns.h nnd bird:5) · 
Smdl (s.n; . ..:) ·· 
T~mch (s.:~t.,;} . 
Yi...:ion: Ds.:lct~ {bee;) · 
R><lM (b,;:.<) 
Ant~, bee:', termite:s 
~lonk('ys 
Be:1\·ers 
Wt>.:wer birti.s 
G::"1.1U:1d ~ú~ 
&¡-..:.ir~ci...: .:1-;d msny other rOdent.s 
.\:H.~. br't>:S, t.ermitt-.s 
\"e;nil:ition •..Ji .\tt!l nest.s 
Burrvw·~ of t!(~t'rt animal$ 

draulic ffow has to substitute for food distribution by diffusion. And " 
major re:.L"--n why in:5ects :uc q.il small w.hcn compared with the higher 
anim:1ls, is th:~t thcy dr.'pt.'nd for oxygcn supply to thcir tissues m:ünly 
upon diffu:5ion throug:h tr~u·he~1e: Some of the larger insect.s do h.."t.VC 

ventil:l.t¡·~"'il in their tr:\cht.·:lt.' and do not. get cixygeH on.ly by diffusion. 
For :!t:v brL:cr :5iutl :mim:d. lun~ or gil!::; with active ventibtion a.rc 
L':'~l~nti:~l. Tl~c cxo-:-;kl'let<Jn o.f in~;d:3 would makc lung VPntibtion vcry 
d.itDcult. .-\ri.hropod.~ with gill:::. p~l.:::t whil'h they pump water havc beeome 
eon:-ider:lbly 1:\rgcr (cr:lb:-:.. ld~::::tcr:5). 
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Toe crn~.gt.:ucc of a man as :1 thlnking crC'ature with a full-fled..,.0d 
techn~lug:r, í~~ among the terL:: of millions of~:timals which have li~~ 
and. st1l~ are In:mg o.n e::rth. has be~n attr:ibuted toa variety of factors, 
a~2.~.0ffilca1 ano mecnamr:al. A favonte among the::e i.3. his bra..ia vo1urne· 

ohitsh"u-~ ar¡echi~_ erect !d>ustcdurehaud ~hefdevelo!;ment of hands. Then.agci~ ~i. 
. ';:,e o 11:c IS con.s1 cr . t.: mam actor ·which differentiate-3 man from 

beo.et. I be lleve that as good a ca.' e (or perhaps e\·en a bct ter one) can be 
m:.:.r~~ _ny to:_Istdenng. man's physic:d ~ize 2...'3 the crilic~'.l fart.or •vhich. 
m~cr: 1t possible for h1m to de·,·elop a technology ::.nd to use fire. 

!n rnqst :e:5p~cts thcrc are nu clifierenCes in pri~1ciple Lctween msn and 
arumals. \\e w1ll not con~ider any action:3 for which the ntllmal bod,. 
shü·.·:.~ special adaptation, or any instinct actions. Thé accor.lpan:rin~ 
TrdJifc 1 sho\\'S that many anímals have le:trned the use of tools, ~e 
elahrJr:.!te structures (u.sually ne.sts), cultiv~tc plants aad :mi:-:13.ls, hsve 
meaíls of communicatirig '.\ith each other, Je\'eiop s.ocictie.s (\'.ith hicr­
ar~hies of authorit: .. · and di·.-ision of bbor); .store food, and make use of 
air-C"rmdi ti o ni ng. · · 

In most of these respects, however, thcre are quantitative di!Tcrcnces 
bctween man and thc animals. ~Ian's tools are infinltely more ·refi.ned 
his structures more Si"Jphisticated, his co:nmunication s•:stem incorn: 
par~b!y more comp!ex, his food storagc :1nd air-conditio;ing of a com­
pletc:Jy· diñerent arder of .magnifude. But there are also qualitative 
difierences between man and all other animals. ::\mong thc...'C I want to 
stres.-;: 

(!) 
(~) 

(3) 
(4) 

(5) 
'(G) 

the u.'5/: of fire 
t~e capture n.nd u.~ of animal and mechanical energy (hor:::cpowcr,, 
Wind and water pü\ver, the steam and intcrn:l.l combustion co­
gines, atiJmic encrg:r·) 
the u.~ oi the wheel 
the production and use, first of stone implements, and later of 
metaL<; 
thc: dt:H:lopment of ::;cript 
tht: storage of information, avaibble. for ed:Jcation aad develop-
ment. · 

'\Yhen we analyze these six functions, wc find that each one of 
them could not have beén devclopcd or used bv ants or other small 
animal.sl no m~tter how far advan~cd their socict)· mig!1t ha ve beco me. 
This is a result of the principies of critical mass and critical sizc. 

Just 2.s an example of what is mc2.nt bv the bttcr statcmcnt. let. us 
con.c:ide:r for ~ moment the dimension::d limi-tations of firc. A fhme .cannot 
Le srnaller than severa! miliimcter::; h.:ngth (:md c,·en then is rcbtin~ly 
unstaLle), a!ld rcquires a vobti!c combustible matcri:~L such ~t5 c;:l.S or 
alcohol. :\"onvobtile combustible rnatQrial su eh .:J.S ,~~·ood or co:1.l ~h.3-S 3. 

much larger critica! m:::l.SS for cornbustion. The rea .. '30u ior the lowcr limit 
of fbrne· size is that the ignition point of gases and vapors lic~ rathcr 
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· high~ ususlly many hur.drcds of degrees centigrade. Whcn the tempcm­
ture of the fiame · derrr:\.5(';3 below the ignition point; the fb.me r_~tin­
gui.5hes. Sinec thc ñame h~l.S to be m:tinb .. ine-d v,ith thc oxygcn of thc :tir, 
snd this llir is coid! thc fb.me mu~t be l:uge enough to heat thc inn1shing 
air to the ignition point, and pro\idc cnough hcat. to vobtilize the fucl 
to be buhlcd. Wbcn thrre is "ind, the critica! !lame size incre:J.Ses 
bcc:1Use of thc strong c-ooling by the inrushing air. Thcn candirs are 
impractir:ll~ Uilll':S3 :::hicided from thc wind .. ~tnd· tor<'hcs ~re requircd 
í\ith fhmP.s of sufficlcnt size ro that the :Ur brought in by thc "ind can be 
ht~:üed to the ignition point of thc burning·matcrial. · 

The critic:1.l ~izc of a wood or CO:ll fire is consid~~bly greater tha...'l. for 
:\ fbme.- b~c,g,u~e not ónly thc a.ir .. but also the ba.sic ma .... "-5 produring thc 
eombustiblc m:1tcri:1ls h~t.S to be he~1tt:d to thc point th,ü either vobtiie 
matcri:1!s 3re libcrateti or th:1t- th~ ignition point of the .solid m:üerial is 
rcached. A t. th.:ü tcmper:1ture :30 much hc:l.t is rsdiated th:lt surh a fire 
can oniy be ms.int:-..ined if the burnlng piece of wood or cüal is .5U!J:!?Unded 
by other burning picces. Interc:::.tingly cnough1 a wood or ro:\l fire ~1bove 
the criticalsi:c produrcs just. the right 3.mount of he!lt to ws.nn-m~1n in 
a c:-avc, or 3 room. or 3 camping sitr. But 3nt.s or small rodent.s would 
h~1·;c to keep too f:u :1\\':\y to m:1kc a firc economical. or r:ühcr, thcy 
would Le unable to bring up caough wood to ·kecp t he fire going .. Therc­
fore in an ant wcicty tire is not 311 economiCai pos.sibility, ~md they haYe 
dcvc!opcd ''ithout its bcnefit::, by oper:1ting only while out::;ide tcmpera­
turc~ are \\ithin the phy5iologic:'l.l range. ~bn on the other h:1nd h:1...'3 been 
:.1bk to move into Yery cold :lrc:ls by u::;ing firc. 

Let- us con~ider aant1wr 5ignific!lnt ditTerencc betwe-en the world of 
the arlt and thc world m:.m liYe~ in. This i::: al~ a con~cqliencc of dinwn­
~ion. ?\1:1..._'5 and wcight ~h:-c·e:L"'C \\ith thc third JX)wer of linear sizc. The 
wcight of a body in thc nl:l.rro-world of the c:uth rn1st has pr:'l.ctic~l.lly 

nothini:;: to do \\;t_h its po:::ition in rcbtion to othcr ohjccts sillre the 
gra·:it:Hion:d pull of thc c~uth complctcly oYei?3hadows all othcr forres 
sueh :\.5 thl' 1-rr:n;tational efiects oi thc surrounding Übject.s. 

But a.s the dimcnsions dccrcasc :Hwthcr force hcc-ome::; important 1 :1.~1d 
this is molccul:u attr~H·tion or cohcsion .. also manifcsted' in :lb&1r¡)tion 
phcnomcna. In Figure 2 wc sPc how gr:n;U\tion:ll attr:l.ctioa inriT:l~es 
with thc third powcr oí the 1ine:tr dimc:t:::ion of aa objC'ct'.. ~Iolecubr 
attn1ction on thc othcr h:md incre:t:::.cs ";th thc sccond powcr of the 
linc:1r dimcnsion, and decrc:tscs "ith thc .squ:1rc root of thc distancc 
bdwecn thc surf:\ces. Sincc with :l dcerc:tsc in sizc thcrc gcncr:1lly is also 
a deerc:tst~ in cffcctivc dist:l.IH'C' hetwl~cn bodics in physienl cont:td, thc 
forLe with wlüch touehing bodil':3 :tre :tttr:tdcd onc to :wothPr im·rc:~('s 
approxinutdy with the linc:1r ~ize whcrcas m:l..."$ i:; incre:L:;.ing: witl~ thc 
third powcr of the di:unctcr. This mc:ms th:tt. :l. 1 nun3 cubc with ~l rea­
sonably ftat surf:tt'L~ (:5uch ~t.s a wocden cube cut with a r:tzor bbde) 
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does not d_rc:'f¡ ~ut can _he ~upp~~~~J l~y adhe5ion to another fb.t ~ur­
fac(!. In th1s e:..-..::;~ tne g:-a,,tat10nal :orce 1~ b:>.rcly bab.nced by adhe5~on. 
On the other ha~d, for a 1 cm: biotk; iravity is fifty times g:€:1ter thnn 
ádh0:ion, wh('re!lS íor a cube of a 0.1 mm rib size adhr~ion is .50 times 
stronger than gr:n;ty. At sti\i ~m~~Úcr sizes, gr:nity lo~es all significa;H."e 
in rebtion \o molecular a\traction, reprdle<-" of the shapc of the body, 
and particles of dust will sti~k n.ny·,\·here to any surface. Basically! 
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FIG. 2. Dependence of (1) cohe~ion between ~uríacec:, (2) ms..ss (weig~t), s.nd (3) 

kinetic ent'~gy (relative values indic.s.ted on ordinete) :.~pon linesr ¿imension {s.b­
sci::.ss.). &~h ~0ht~ion 8r~d kinetic ene:g_\· vs.iues are only approxima:e, bMed on 
avemg~;: roughnc:-s of Hn-!acc B.nd on avcr:i¡;e veioci:ie:; of ma.<>sc:; of va:-iou.~ ~iu:s. 

e1ectros.tn.tic attraction is simiiar to molcrubr attrartion: ~incc it iS 
proportional to the surface of the charged bociies and innr.oely propor­
tionzl to the ~quare of their distanr.e. The ahsolute v:1luc of electrost3tic 
attraction i~ a fundion of the chargl2_ and is potentially more than a 
thousandiold grc2.ter than mole<:ular attra~.tion. But when bodies are ir! 
contact ?.-ith cach other1 ~hey lOse their ch~uge: and only inolccuhr 

attraction remains. 
The foregoing considerations make it clear why mnn C'!l.nnot- ·walk up 

a:z:a1nEt a vertic:2.l surface sin ce at his size gravitational attrartion e.xcec--ds 
~olecular adhesion more than a millionfold. A fly, on the other hand; 
with its flat s-ole surfaees (not suction' cup.s) is just in. the sizc rangel 
where Fif:,"lire ~ sho>vs that gr-a·.ity and adhcsion are of the same arder of 
mr~z-nituCe. Thereforc it can walk aga.in3t ~uríaces in any position, ever. 
up~idc dO\Y:I against the cCiling. Consequcntly •ve find a complete 
change in the physical ·world of org:uüsms, bct,vcen the size "iVhere 
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.-it3tional forc-cs c.xcce-d molccuhr forres, and the size where nwlr<' 
forc--es predomin~te. I propose to nan:;.e th~c two worlds: Thc m~'­
worid, or !\ewtonian world whcre gr:1\~t:1tlonal forccs hold sw:1y; ~d 
the micro-wor1d or molecubr worlci, .,,·hcre not cls.s5ir!il m~hn...Lics but 
thennodynan1ic and st~1ti~tiral bws s.rc donünant. A good criterion asto 
whether a process bclong-s in thc ci.:1-~icai, mech:uüral, or thern~ody-! 
n:\mical catcgory is thc Ccgrec to which it is dcpendent u pon tempcr~\ture. 
In general) we can S:\y Üt!'l.t. gravit::ltional attraction. or th~ velocity of an 
object is brgcly indq)endent of tempcraturc. Chemic:ti reactions .. or 
~:::motlc W3ter movcn~eat: on the other hand~ depct~d on the s.cti\-i.ty or 
~pccific temperaturc of thc p~uticip:1ting mqlecdes. 

Consideratioa~ about kinetic cncrg:}: :::how us another fund:1ment::U 
difi::rence betwC<'n th~ m:1cro-·world of in~1n ru1d thc micro-world of 
i~1::;ccts and 5i!t:1lkr ert>:l tu res. The numcric:'.l v:tlue5 of kL.Jetic energ:y 
actually give usa good clue :.\..'3 to thc op~ima! size of m:m. A 2 nl t.3.ll m::m1 

whcn tripping_. "--ill h:we :1 kinctic encri.)· upon hitting thc ground 20-100 
timC's grC!l\cr than a smali child who lC:lrns to ívalk. This expbinS why 
it i::s S:l.Ú~ for a child to lc:1rn to w!llk; where:l.S :1dults ol'l~a.s-ion:1.lly bre3k a 
bone when t:-ipping1 chiidren ncver do. If a m:u~ wen.~ t\'1-ice a.s tallas he 
is no,v, hi:5 kir.dic energy in f:llling would be w gn':ü (32 times more 
th:1n at norm!l.l ~iz~~) th:-..t it would not- be s:1fc for him to w:llk upright. 
Con::::cquently m:1n i.s the b.tirst rreaturc which rould rt~1-<:.0n:lbly walk 
upright on two leg5. The brger mammais cm bcct'me b.llcr, be-t.·~ntse 

thcy :1rc more st:•.ble on their four Icgs. Yct, thcy bre:1.k bone,:; more 
c~'-3i1y whcn they bll. Thesc :1rc ail c~1Scs indir~'.tlng thc d~\.ngcrs invclved 

.in living in the maCio-woild, and the limit:1tions it Ünposcs on thc m:lcro­
anlr:l:ll.s. The micro-~'mimal~, sueh !l..S inscc.ts and n1icro-organism~ live in 
:\ tot:diy diffcrent world .. un:1.ttcndcd by the forccs (:~nd d:1.ng;t:~) of 
gr:.nity and kinctic cnergy. Howcvcr~ thcy depcnd upon thc equally 
exaci.ing (orcC's of thcr;:-nodyn:lmics. Pcrh:lps wc shmild c~1ll these 
Gibb.::im forl'C'.::> in rm:.tr:l.~.:E~tiactioa to ~rwtoni:1n forccs bee:ntse of 
the cmph:u~is Gibbs pl:H·c-d on the" forccs :md hws of thcm10dyn:lnllcs. 

From thcsc con~idrr:ltions it sceni~ Clc:1.r why m3.u could not. be much 
b.rgt~r th:ul he is, nor rould an anim:.J of thc size of an ant have conqüered 
the \Yorld with :1 tc.._·ht~olor•-v. But the que~tion rem:1ins opcn, why could 
not :\Il :1nimal of rat or r~bit ::;.i~c h:l.YC cór~1e to domin:1tc the ,\·orld? 
At th.:l.t ~ize: thcv cou!d havc devdoucd fire. a.s thc amourit of wood 
collected by be~1.~·crs ~1.ttr~ts . .:\nd iro~1 thaf:-,· cvery othC'r tcchnologü~~,l 
dcvt'lopmcnt might concciY:\bly ha ve :::-prung asit. did in the c:1se of m.:ill. 
lit~wc,·er. thC'rc :u·c other primitive aetivities for whieh m~l.n-sizc is 
r('{"juircd. :l:ld \\ithout IYhich m:m rould. not haYe re~lched ami crosscd 
tl:c brink of tcrhno!Ot::··· 
Tn~ c:nlic~t tools :lt~d wc:1pon::: of >n:1.n :lll are limitcd in their cffective­

.nC'~.') by ~izc. A club ·of a s.izc to kill a br¡;er :1nimal could not be S"ii'Ung 

•' 
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A!though most of the diffcrcnce; betweca the marro- ond rrucm-

wor!d~ 2.re mu_ttc~ of eommon knowlcdge: the implie:J.tions Of thc5c dif­
ference;;; are o'ftcn. iorgottcn 3.ild thus ;::,n ar~1azinf" numbcr of inrorrN't" 
ini.t:rpretutior!3 are sugge::ted by magnification of the micro-,,·orld i:lto 
the dimr;rJ.=::ions üf the. m!!tro-world. Lct me e:iumer;te ro me oí the~ 
difíerer!te3. 

In the mzcro-world we cun wCigh object.:: by measuring the gr~nita­
tion:1l puli on them. 1t i.s ea.~y to <:ompare wcight::: in the pound or kilo­
gram cl2..-:E, but whcn we eome below the miiiis:ram.~ \\·c:c::ht ·lo:::~ its 
signific:J.!lCe: for molccub.r uttrac:tion so mueh c:xt~rd::: gr:ni't:~.tion::.l puli 
th2.t wci;~"lt is an abstraction r:lther than a rcality. Then we prcfer to 
spe2.k in mo}ecular equi,·:!lt::nts. 

The same thing holds for length. In the marro-worlci a meter ha.s a 
very concrete meaning; it is a de!ln.ite and fixed di::t::u:ce ~o be mc::sured. 
But as '\Ye reduce size, thc ·wavc length of thc u::ed r:HL\tiOn :::t:i..rts to 
li:;:it the :-!tcurncy of our mea.~urements. At a :-:till sraaller ::c~1le! thcrmal 
motion oÍ moleculcs and molecular aggregat0: make d..i:::taace a St:!ti::tical 
average; it is no louger a re::dity. 

Our time scale i.s Cf-tu~Jiy precise in both worlds but' the d.imcnsions 
are entin:ly differtnt. In the macro-ivorld we are dcaiing 'i\'Í.th ~·:ronds 
to miliion::: of l.ight ye~r=;-; in the micro-wo:-id we fren1.;~ntiv are con-
fmntc:d·>\:ith mÚli- ~-r ~~kroscconds o'o: leSE. . . -

\
1,1:en we are considering \·olume in the micro-worlq, g·as bubble.s can­

'!HJt o:i:::t any more. A gru3 bubble of l,u diameter in ·w2.ter cari exist onlv · 
when the gas is under pressurc of three atmo::phere5; :'!·bubble of 0.1~ 
i:: ph:;·::;icaily almost impo::~ibl~ bec3.use of t.he extreme surf:\CC tension oÍ 
t:tr.: W!i.te: c:au.sing a preSsure of 30 atm in:::ide the bubble. Thi.s rc.:5uits i..'1 
thf: ·.•;dl-known property of cohc:::ion of ',•;:::.ter: preventing it frorn pulling 
~·.vay :"roma thoroughly StJaked hydrophilic surbte.~urh :l.5.the \\·all of a 
tr:iche:id or ve.s:~el in wood. 

TL<:re ha:-;been mul'h discussion tlur:ing the ln.'3t yc2.rs \~·i1cthe~ water 
cohe.::ion could 2.ctu~l1y account for the enormous neg:\tive ten:::ions nei?e:::­
s~;y ~o move water intq the highe.~t brand1es of the tal1est trees. In 
phy::i.cal model.s it never \":as pos.~ible to rcach through cohe.::ioa nC:t:::3.tive 
t<:n.r:ions of .severa! hundred atmo~phere.:::.- a.~ are claimed to cxi~t ~1. for· 
inst:ince, Crying annulus cells of fern sporangla. However: herc the dat.s 
of Figu:e 2 give the solution. In a miciü.:::copic syst~m: the kinci.ic cnergy 
of the m:lS.s of water enclosed in a ccll remains very small e..-cn niter a 
sharp ÚJI')r;k of the cell. In a brger sy.:::tem! such as ·a gbss tu be u~Pd in 
a phy~icál model, slight vibrations tan build up kinetic energie~ of the 
v:ater in the tu be a million tim!.:S a.<: grtat a.;; that in inili\·idual plant cells. 
such as tracheíds. Si:1ce thi2 kit1t;tic ener&.Y can tcmpoiarily excced th~ 
cohesive force of thc water, umler tc:asioa1 a·water column bre:J.k.s much 
sooner in a rnacroscopic than in a microscopi.c system. 
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This· pro·.l.de-5 anotl:ter strikir..g differencc bet\';een the macro- :1nd 

m.icTO-\Yorld. Ha tree h:1d a plumbing 5\'~tem likc that of a house. con-· 
si~tin; of hiriy brt::e and wid~ tubt~.ih~~ cohe:'ion of water would. be in­
sufficient to r:Ü5e w~lter to t;llOrc th:u~ 10m (3Ó ft) height, and ··,vithout a 

prc.~.::urc sy5tc~n!· pu:::hi:1g .w:1tcr beyond the 10 m lim.it, tr"e{'!': C"Ould not. 
reach any grrater height. . .\.s a m~1..tter of iact, \\i.thout !1 h}~cira.ulic water 

tr311.::part sy5tCnL no l:lnd phmt.s could be mo~ than a fe\Y millimetrrs 
high nor eould thC'y be YCI}' ditTereat in form frvm a li-..-crw~rt or :.1 fen1 

proth:"dlium :::incc o~nwtic and other thern:.odn"::\raic S\'Stcm~ beromc 
pr:J.rt:caily incfTct·tiYe.if difiu:::ion or o:::.mo:::;i::: h~:1.s to t:w~·c watt.~r mole­
rules beyond thc rairro.::cC!pic raage ~l..S seen in ·Figure l. Thcrefore thc 
fir~t ~uccr~iul landpl::.nt~ .. ra.i:::ing the:n:::f'i·;rs CY<'n :::iightly aboYe thc 
sur{:1l'l' of the wet ground. hRd to ~:.ugment thcir osmotic or. more 
ger1e:-:dly :-pc:1king, thcrmodyn~lr:.<.iC. w~\tcr mov.i:1g systcm "ith a hy­
draulir sy~tcm; or~ in othcr word.s: they had to gr:!du~1tc from the m..icro­
to thc m2.c-ro-world. 

..\11 thcse f'X:lmp!es: show the ch~m. which cxi:3.ts betwcen n1acro- and­
micro-;\·orld, 3 ch:~m iYhich .a.s biologists we h:\\'C to cros.s. rontinuou:::..ly _ 
in boL!: directioa:! without h:lving bren alcrtcd to th.c pitf:üls of thc cross­
ing. For instancc. whcn wc obstTYC' :1 rell undrr the micro~cope, the m:1gic 
of w:1ve--n~ech~l!Ücs tr:1n:::;po:-:e~ the b~1~ic unit of 1ifc from thc n1icro-\vorld 
into ~1 body with the :1pp:1rC'nt :::;izc of a pea or :1. footb:1llJ and in our mind 
it beromc.s p:.ut C!f thc m:1cro-world. Its pmctlc:ll wcightlC's5-ness: its 
dlrninutivC sizc disappc:1r :w.d wc think of it carrying out its funetions 
on :1. nucro ~c:1lc. Let u::: considcr how :1 ::::ug:u cry::::tal introdw .. · .. ~d in thc 
foo~bail-:::ize rdl ,.,.ould di~~h·c :1nd'r.üx throügh ditTu~ion \l"ith thc cell 
ct.m::cnt;o:. It wou1d requin_~ wcc-ks befo<c concc-atratioa cqu:1iity would be 
n':h·heri. But a proportion:1tciy :::mail sug:n p:1rticle in thc m.icro-sizcd 
cdi \\·ould dis.:::oivc :md reach ditiu~ion et1uillbrium in :1 minute. This s:1me 
cdl ·,\'hcn tbr:cid c:ln takc up thc necess:uy "\\':'ltcr to becomc fully turgid 
in J. :~::li.tcr of n;.i;:utc:':. But :.1. p\:'!.~molyzt~d footb:1li would rcq:.Lire d:l)"S 
to !wco:ne turgid :lg:ün. 

les.::; extn:'i11t' e:\.::: e:;:. would invoh·c the pcrfori'i1:1.nee of :ln :lllt ·which can · 
e~1..:3:1y lift ten times its own weight. ,.,.,hich: tr:1nspo:3ed. in htún:l.Il dimcn­
.:::ion:::. would m:'l.kc it sirnplc for m..ii:ldy :::hopping to carry hcr co~1p:1ct. 
C':lr off the :::trcet into :he parking lot.. Or alcafcutter ant. cuttingoff :\ lc:\f 
:::l'~mcnt hig-h in:\ tret.' hunJred:5 of time.s its own hei;ht wi.li Ltll clown 
with it without b:lti.ing an cyciid (tf1cy do not. h:.1.-;c any), in contra.st. 
tn :1 srccph.•j:u·k .'\ thou.-::1nd fct.:'t up in a tower. \Ve :·.lso oitcn compare 
a whe:lt phni 1} ~ m high) h:1Ying: :1 ::::tcm d.i:nnctcr of 7 mm: ·with ~1 

::! m wide tüWer. ~:}0 time:-; :1~ high (.tOO m .. abo u t. thc hcight of thc Empire 
St:ltc Btlildiilg). Thc Llt~cr cxamplc shows th:lL\YC do not. need to move 
from rn.irro- to m:H.-ro-world to nukc impcrmi~::-;ibh:: compari:30n:s by 
p:-~•portioaing an object. f ro m. onc into anothcr dimcn::ion. 
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3. SOLUCION DE ECUACIONES EN UNA VARIABLE 

Ecuaciones no lineales 

·"!" Bisección 

Falsa posición 

Newton~Raphson 

Secante 

Otros {lü tken t::, 
2

, aceleración de métodos iterativos, Monte 

Carlo, etc)_ 

Aplicaciones 

4. SOLUCION DE SISTEMAS DE ECUACIONES 

5. 

Sistemas lineales 

Eliminación de Gauss 

Métodos :i'terativos 

Sistemas no lineales 

Apli'caciones 

ECUACIONES DIFERENCIA,LES ORDINARIAS 

Métodos de un paso 

Ser ;te~ 

Métodos predíctor-::-corrector 

Solución por series 

Diferencias finitas 

Sistemas de ecuaciones diferenciales ordinarias 

Aplicacj:one~ 
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l. INTRODUCCION 

Estas notas tratan de ser una introducci6n a los métodos numé~ 

ricos que se aplican en la hidráulica, se ha intentado evitar 

demostraciones, teoremas y otros requerimientos matemáticos 

con objeto de no hacerlas complicadas, buscando propiciar en 

el lector el conocimiento y empleo de ciertas técnicas numéri-

cas utilizadas para resolver problemas de hidráulica y mostrar 

la aplicaci6n de tales técnicas. 

Algunas veces en el estudio de presas los ingenieros enfrentan 

problemas como el tránsito de una avenida. Sea el almacena­

miento mostrado en la fig 1.1; para calcular el tránsito-de un 

hidrograma se requiere resolver la ec 

1.1 

- ----------- --- - -----------________ .._:___ ____ ----------·-----
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donde V es el volumen almacenado, I y O son gastos de entrada 

y salida del almacenamiento respectivamente y t es tiempo 

fig l. J, 

De la fig 1.1 

V= Ah (l. 2) 

mientras que el gasto des-

cargado según la ecuaci6n 

de vertedor rectangular 

O = K(h-h ¡312 (1.3) e 

al tomar en cuenta 1,2 y 1.3 en 1.1 

dh I 
"' dt A 

K (h-h ¡3/2 
A e 

(l. 4) 

la cual es una ecuaci6n diferencial ordinaria que no e's lineal 

porque la incognita h aparece elevada a una potencia diferente 

de la unidad. 

Para resolver esta ecuaci6n los métodos anal1ticos resultan 

ser complicados de aplicar, sin embargo, una soluci6n aproxim~ 

da de esta ecuaci6n puede ser encontrada por medio de un méto-

do numérico, la cual generalmente es·tan útil como la exacta. 

Se entiende por método numérico aquel procedimiento por eL 

cual problemas matemáticos se resuelven mediante operaciones 

aritméticas.· Dado el gran número c¡ue se requiere de estas 
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:operaciones es conveniente emplear computadoras. La combinaci6n 

del m~todo y computadora se ha constituido en una poderoso he-

rramienta para resolver problemas matemáticos. 

Se entenderá que las soluciones de los problemas matemáticos 

son dos clases, la analítica o cerrada que corresponden a la 

soluci6n exacta y la aproximada o num~rica o abierta que_dará 

una s~luci6n muy parecida a la exacta. 

Por ejemplo, la int~ral /senxdx tiene por solución exacta a 

/ b senx -cosx+C mientras que dx tiene por soluci6n aproximada a. x 

a b-a (sena + senb) . 
, 2 a . b 

Como se recordafá esta última integral: no. se puede encontrar 

mediante las técnicas analíticas elementales del cálculo inte-

gral, sin embargo, num!!ricamente es sencillo obtener una solu-

ci6n aproximada, 

La mayor parte de los fenómenos que estudia la ingeniería ci-

vil quedan representados por modelos matemático·s; esto es, por 

ecuaciones: lineales, no lineales, diferenciales ordinarias, 

di~erenciales parciales. 

En algunas ocasiones, las ecuaciones resultantes scin difíciles 

de resolver; en otras definitivamente no se conoce soluci6n 

exacta. Afortunadamente, en el propio campo de las matemáti-

cas se han desarrollado métodos numéricos de soluci6n, los 

... 

.. 
'· 

-~---·~- --~-------·--'---'·~--------- ---- ------- -­
~------------- -----------------



La energfa especifica se define como: 

y de continuidad: 

(1 

V : X 

que sustituida en (2) result~: 

2 . 
y como A : bY; y definiendo el g~sto unitario como: 

q : Q 
1:i 

( 2) 

( 3 ) 

( 4) 

donde b es el ancho del canal, la energ,a espec,fica .final­
mente puede expresarse como: 

( 5) 

Con esta expresión, conocido Y1 se calcula E1 ; 

Escribiendo la ec. 5 en lugar de E2 en la expresión 1, se 
obtiene: 

E, Yz + 
qz 

2gy22 + t!.Z ( 6 ) 

ordenando: 

lfz + 
q 2 

2gyz2 + t!.Z - E¡ : o 

y multiplicando por y2 
2 se obtiene finalmente: 

lJ 3 + (t!.Z - E 1) Y{ 
qz 

o 2 . + 29 
: (7) 

6 
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La solución de esta ecu~ci6n proporciona el tirantr ~ 2 • bu! 

cado, puesto que se conocen ~Z y Q; y E1 se puede calcular 
dado ~ 1 • 

En casos como este, el método de solución más evidente, pe­
ro también el más ineficiente, consiste en asignar valores 
a la variable mediante ''tanteos'', hasta que se cumpla la 
ecuación. 

Por otra parte, el prtlblema de resolver una ecuación en una 
sola variable, cuando ésta es implícita, ha sido atacado 

por los matemáticos desde hac~ ~~s de un siglo, existen mé­
todos eficientes para computadora; y aOn ahora se siguen 
proponiendo otros nuevos. 

El problema puede pl~ntearse sencillamente como; dada la 
función 

6 1 X) = O ( 8) 

encontr~r los valores X¡, x~ •... , Xn que la s~tisfacen. Es­
tos valores se denominan raíces de la ecuación; En la figu­
ra 2 se muestra una interpretación geométrica. 

El nOmero de raíces depende de la propia ecuación; pudiendo 
ser infin1to, por ejemplo la ecuación 61X) = SenX = O. 

A continuación se proceder& a presentar algunos de· los méto 
dos más usuales para la solución de la ecuación (8). 

2.2 METODO DE BISECCION 

Considérese el ~roblema de encontrar una raíz ·de una ecuación como se 
muestra en: la figura 3,a . 

Supóngase que se eLigen dos valores de X; a y b, a ambos• la 
dos de la raíz; yse toma el promedio de ellos (P 1 ). 

7 
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El uso de la instrucción VEF FNF, permite además una mayor 

flexibilidad en el uso del programa, daco que bastar~ cam­
~ 
bi~r la función en esta linea del list~do para que se pueda 
resolver con problema dif~rente. 

En la fig~ra 5 se presenta el listado de este programa para 
el método de bisección, con comentarios suficientes para su 
empleo. 

Para ejemplificar la aplicati6n de este método, considérese 
nuevamente el problema de flujo sobre un escalón, planteado 

en la introducción de este capítulo. 

La ecuación para el cálculo del tirante en la sección 2,·es 
1 a 7: 

2 q 2 
+ \A Z - E 1 ) Y2 + 2g = O (7) 

En el ejemplo, se tenían los siguientes datos: 

b = 1.5 m 

Y1 =0.15m AZ=0.10m 

El gasto unitario será: 

y por la ec 5, la energía específica en la sección 1 valdrá: 

~ 0.45 + 
o. 333 2 

= 0.402 
1 9. 6 2 1 o. 1 5 )

2 

sustituyendo este valor en la ec. 7, los otros datos y hacien 
. do operaciones, se obtiene finalmente: 

3 y2 y2 - 0.352 2 + 0.00566 =o (8) 

12 
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una de cuyas soluciones es el tirante buscado. 

Para ilustrar el funcionamiento del m§todo de bisección, se 

procéderá a operar el algoritmo inicialmente sin auxilio 
del programa. 

El tirante en la sección 1 es supertritico, por lo que el 

tirante sobre el escalón lo será tambi§n. El tirante criti­
co es: 

IJ e • ,: ~ • O • 2 2 4 m 
1 g 

Entonces el tirante buscado estará en el intervalo: 

0.15<1Jl <0.224 

por lo que se pu~de escoger a • 0.76; b • 0.224 

En la tabla 1 se resümen los cálculos efectuados con el al­
goritmo del método de bisección. Si se considera aceptable 

una tolerancia de 0.0001, con el tercer cálculo se obten-
d r i a e l res u lt a do : IJ2 ;;; O • 1 8 4 

Utilizando el programa, el procedimiento seria como sigue: 

l. Antes de ejecutar el programa se teclea en la linea 140 

la función 6(X) • a la que se ~usca raiz en el intervalo 
a, b. 

1 ----l----'b=--~~ _.c:._P __ ____,6'---'("--p--'-J _ _____,' 6 ( P ) • p 3 
- • 3 5 2 p 2 

0.224¡0.192 -0.0002382 +.00566 
1 • ' 

U :t e.Jwc-<-6 rz -i---C! 
1 o. 1 6 

2 

3 

o . 1 6 o . 1 9 2 ' o . 1 7 6 o .. 0 o o 2 o 8 2 

0.176 0.192 0.184 -0.0000278 
' ' 

0.0000278< 0.0001 lj = 0.184 

Tabla 1 Ejemplo del método de bisección 

------ .... --- --------·-·-------------------·-
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· 2. El programa da al usuario información gener¡¡l: 

-METODO DE BISECCION 

ECUACION A RESOLVER 

EN LINEA 140 

3. El programa pi de datos: 

INTRODUZCA INTERVALO DE BUSQUEDA 

VALOR MINIMO DE BUSQUEDA? 

Teclear: o. 16 

VALOR MAXIMO DE BUSQUEDA? 

Teclear: 0~224 

TOLERANCIA? 

Teclear: 0.0001 

4. El programa informa inicio de proceso y, segundos des­
pués, anuncia resultados: 

*** SE ENCONTRO .SOLUCION*** 

LA RAIZ ES: 

X= 0.184 

*************************** 

14 
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: ~~1 ~·t:-.···1 ~·c·,·~~:f.·.:¡~·n:; !=·rito·~¡ ·:·'-''L.U( 1 ~~~t~ [1 

[ E1~i_1~( JU1~ t=n GE[:J-·~.l·~·H. 
~· L~, ¡;·E t.l. ·t ~· r·1F T 1:1 [!U DE [: I ::.E C C 1 Ot~:i t 

•:~ F: F t·: 
40 CLEAP@ OISP ''llftJ~t1ttiltt 

t1'' t.!' [.J~:F· .. r·~~T(1[11:1 [lE. E:l:.:.ECC 
l Cl~l .. •? [1 !':.f-· 

:,(1 [11 ·::F "ECUA(!1~1 t·J H F.:E:::OL' .. 1E.F': '' · 
•? C•i ::F " El' L.liiEH 14ü" ti [1)':. 
p 

6•' [1 l :::F· "l t¡ Tl''l)[ll_ :CA EL l tHEF:'.!AL 
O DE'' @ DISP '' BUSOUEDF1'' @ .D 
1 ·:. F· t~ [1 l ::: F' 

71'1 pp¡ ·:.E f-· I DEii l•ATO·::. 
t:O F:Er-1 
9 ~~1 D! ·:· F-· .. 1.,1f=1!_'~' F' t·~ 1 H I r1 ü [,E E: lY:: C! U E 

DA" 1 ~~ J IW U T F1 
100 DISP ''VALOF' ~A)(!MO DE BUSQUE 

DA" 11? ll:lF'UT E: 
110 CLEAP@ DISP ''TOLERANCIA'';@ 

IIWUT T 
12<Ct R.D1 
!30 REM EN LA SIGUIENTE LINEA SE 

DEFINE LA FUNCION 
140 OEF FNF(~' = X•3-.352t~~2+ O 

1 ':00 F:E'1 
160 PEM SE INICIA PROCESO DE LHL 

CULO, SE INFORMA A USUARIO 
170 CLEfif-': (~ E:EEF· <? DI :::P "SE ItH C 

1 R PPOCE·::~:t" 

1 :::o ~·= < H+S) ···? 
190 I F AE:·::c "ti'· F· ., :• < T 

200 IF F~~FiA)~O lHE~l 
210 IF FNF(P)\0 lHEN 
220 A=P @ GOTO 188 
230 8=P @ GOTO 180 
24() !F FtJF(F•)<(1 THEi'l 
::::5(1 GOTO 23ü 
2 ;; .-! p Et·1 

THEti C:.OTO :· 

GOTO 240 
(;(IT 1:1 23ü 

GOTO 22(1 

270 REM SE E!ICONTRO PAIZ, Y SE 1 
t·lFOF:t·1P A I_!'::Uf1F'1 o 

2:::0 REt·1 
290 CLEA~ @ BEEF' @ D!SP ''t#~ SE 

Et~CütiT~:ü ·:;OLUClü!·~ _t:r:l-'' 1? [11:=; 
F' 

300 D!SP ·'LA 9AI= E~.:·· ~ D!SP ''~ 
= t ~· 

3!0 nrsF· ''#1#ftt•t*~'**r*tit~t»'' 
?.~:(· 

Figura 5.- Listado de programa mdtodo de bisec~ión 
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Para concluir estas notas sobre el mPtodo de bisección con­

viene mencionar que, si se cumple la restricción de que 

= ó (a) y ó (b) sean de signos contrarios, el método es siempre 
convergente, es decir que se aproxima gradualmente a la so­
lución. 

Un método no converge cuando se aleja, o no se aproxima, a 
la solución conforme aumenta el nOmero de iteraciones, 

La convergencia es una caracterfbtica importante del método 
de b i se e e i ó n , s i n e m.b argo es e o m p a r a t i va mente 1 en t o ; es de­
cir que se ~cerca a la solución con un mayor nGmero de ite­
raciones que otros métodos. 

2.3 METODOS DE .FALSA POSICION 

El método de falsa posición, o de Regula Falsi, opera de m~ 

nera similar al de bisección, .sol.amente que en lugar de uti .. ' -
lizarse un promedio aritmético para eval~a~ aproximaciones 

' 

a la rafz, se emplea una relación de triángulos semejantes. 

Considérese que se desea calcular una rafz de una función 
como se indica en la.figura 6, donde se han elegido dos va­
lores de la variable, a y b, tales oue se cumple que 
Ó(a)Ó(b) <0. 

El punto en que la recta que une a ó (a) y ó (b) cruza el eje 

X, se denota por la letra C. 

En la figura se pueden definir dos triangulos; el mayor con 
vértices en ó (a), d y ó (b); y el menor con vértices 

16 
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b-o. 

Figura 6:- Geometría de 

el ·método de 

1 
~(b) 

'b 
X 

una función para 
1 1 

falsa posición 

en e, by 6(6). Estos tri~ngulos son semejantes, de manera 

que se puede pl·antear la relación:. 

6 ( b) 
~= 

6(b) - 6!a) 
b- a 

y despejando el valor de e, se obtiene: 

= 6(b) (b -a) 
e b-6!61-illa) 

( 9) 

( 1 o) 

Calculado C, se aproxima a la raíz por un procedimiento ite 

rativo similar al del método de bisección; es decir cerran­

do el intervalo de búsqueda paulatinamente; cuidando de con 

servar la condición de que 6(a)n(b) <O. 

------------------- -----------------~-···---------
---~__..,.__._..------- -~-- -~---
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Si 61e) es negativa, entonces a se iguala a e; en caso con­
trario es b la que adopta el valor de c. 

En el caso en que la curv~ fuera decreciente, es decir que 
6ia) fuera positiva, entonces la ecuación del método es la 
siguiente: 

6ia) lb - a) 
6ia) - rilbl 

El algoritmo del método sería el ~iguiente: 

ALGORITMO METODO DE FALSA POSJCION 

( 1 o ' ) 

l. Local ize dos valores de X; que se denominarán a y b, localice 
tales que 6ia) 6(6) <0. 

Di fina una tolerancia T 

2. Calcule 6(a) y 6(6) 

3. Calcule c: 

Si 61 a) < o con 1 a ecuación 
Si 6 1 a) > o con 1 a ecuación 

4. Calcular 6 (e) 

5. Si 1 6 1 c) 1 < T vaya a 1 paso 9 

Si l61cll >T continúe 

10 

10' 
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6. Si 6 {e 1 < o haga alguna de 1 as siguientes operaciones: 

Haga (l " e S i (¡ {a 1 < o 
Haga b " e S i tí {a) > o 
y vaya a paso 8 

7. Si 6{e) >O haga alguna de las siguientes operaciones: 

Haga b" e si 6{a) <0 

Haga a" e si 6{a) >O 

continúe 

8. Regrese a paso 3 

9. Algoritmo terminado: la raíz es C. 

Para ilustrar la aplicación de este método, se utilizará 

una vez más el ejemplo del flujo sobre un escalón. 

La ecuación a resolver era la número 8: 

y} .. o . 3 5 2 y} + o . o o 56 6 " o ( 8) 

y los valores iniciales de cálculo serían: 

a" 0.76 y b " 0.224 

En la tabla 2 se resúmen los cálculos efectuados. 
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r . 
1 J.te.!ta: a 

. ·1-·---·---~-
b 6 (a) 

! 

·-----, -----:--,·----------, 
: • j 

6 ( b) e 6 (e) 
1 

c-t6t~ i 
·-----------------·-·····- .... ·---.! - ·-----·--·-------------- ____________ 1 ______ -----~. _______ ·- ·------· 

' o . 1 6 o . 2 2 4 . o . o o o 7.4 4 8 -o . o o 07 6 2 5 ' o . 1 9 1 6 ' - • o o o 2 2 9 

2 0.16 0.1916 0.0007448- .000229 '0.1842·-0.0000325 

Tabla 2 Aplicación del método de falsa posición 

Si se fija una tolerancia de 0.0001, en el segundo cálculo 
se habrá ~ncontrado la ra,z: 

1}2 = 0.1842 

En este cálculo se ha utilizado la ecuación 10'. 

E.l algoritmo de falsa posición es también de sencilla pro­
gramación. En la figura 7 se presenta un diagrama de flujo, 

1' ' 1 . ' 1 1 • • • ' 

y en la 8 el lisiado sorrespondiente. Como en el caso del 
1 1 1 ' 

método de ·bisección,· al utilizar la definición de función 
por el usuario aumenta la generalidad del programa. 

Una corrida típica sería como sigue: 

PROGRAMA METODO DE FALSA POSICION 
******************** 
FUNCION EN LINEA 130 

INT~RVALO DE BUSQUEDA 
VALOR MINIMO DE BUSQUEDA? 
o. 16 

VALOR MAXIMO DE BUSQUEDA? 
0.224 

TOLERANCIA? 
0.0001 

L ___ -~ --- - - --- -- ----- ---- ---- ---· 
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Cálculo e 
ecvac.ión 10' 

Figura 7 

SE INICIA EL PROCESO 

******************** 

SE ENCONTRO RAIZ 
X= O .184188 

********w*********** 

. Leer do.tos: 
A,B,T 

Dettmr tonc.uSn: 

DEF FNF(x): 

A 1= FNF(A.) 
Bl=FNFlB) 

Cci\culo C. 
ecuo.c.tOn 10 . 

CI=FNF(C) 

RA\7.::. C.. 

1 1 

Diagrama de flujo método de falsa posición 

21 • 
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10 --~¿~p @ DJS~ '' PROGRAMA DE F 
.~ ~ ·:; ¡:; ¡:· 1:1 :3 I •:: I O t·i " 

;;:0 DI';F' " itlTI':IIi:il:t:Y" (? 8EEF' 
?0 OISP ., FIJ~~~:roN E~t LINEA 13~ 

" 
40 REM SE PIOEt·l ~ATOS 
50 F:Et·1 
6•) O! ·=:P r~ DI :;:p '' ItHER'./ALO DE 8U 

:=:Cri_IEOA. "' r~ DE:F· 
;'(1 DI :::P " '-'ALOR M It-1 HIO DE BIJSt;rU 

EDA " '~~ l tlF'UT .A 
:;:<) [1 I :=:P '' '..'RLOR :·lA>< l ~1ü DE E:U:31)U 

EDA " . tP l ~lF'UT 8 
90 DISP '' TOLERANCIA '';@ INPUT 

T 
lüü CLEAP 
1 1 ü O ! :=: F' " ·=:E I ~~ 1 C lA P R U CE S O " ri! 

E:EEF· 
12ü REM EN LINIR SIGUIENTE SE DE 

FIHE FUIICIOtl. 
130 0~~ F~~F(~J = ~·'J-.352'tXA2+ .. 0 

140 AI=~NF(~) @ 81=FNFl8J 
150 IF A1<0 THEN C=-(81:t:l8-AJ/(8 

1-A1JJ E~SE C=A+All(8-A)/~Hl 
-E: 1 • 

1r::l} Cl=FffF(I:·) 
170 IF ABS<,:t)~T THEN GOTO 260 
feü IF Cl<O THEN GOTO 220 
l~R IF Al'O THEN GOTO 210 
200 R=C @ A!=Cl @ GOTO 150 
210 8=C ~ Bl~Ct @ GOTO 150 
220 IF A1'0 THEN GOTO 200 
2.30 GCITi~l 21 (1 

240 F:E'·1 
250 REM SE ESCRIBEN RESULTADOS 
2~0 CLEAR @ BEEP @ DISP '' l:t::t::t:l:t: 

t.t:n:n:t.t. " 
270 tJI::;p u :3E Et·tCOttTF:ü RHIZ" ~~ O 

J ::;:,,::· u::·=u; e 
2::: O C* I ·:. P '' t: t: -~- ~- r t_ -~ .;.l.t t ·f. ' 1 

29C .. Et·1D 

-
Figuta 8 Listado del programa para método 

de falsa posición 
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El método de falsa posición, al igual que el de bisección, 

es convergente siempre que se cumpla -la condición de que 

6!a) 6!b) <O, y su velocidad de convergencia es del mismo 

órden. 

2.4 METODO DE NEWTON-RAPHSON 

Un método muy conocido de solución de ecuaciones en una va­
riable, es el de Newton-Raphson, que utiliza el concepto de 
de r i v.a da. 

Considérese una función como se muestra en la figura 9.a; 
en la que se ha propuesto un valor X~ para la raíz. En tér 
minos gene~ales esta primera elección no será la solución, 
es decir que en X~ la función tendrá un valor 6{X~). En es 
te punto, le derivada, que define la pendiente de la fun­
ción, valdrá 6' {X~) y esta recta cruzará el eje X en el 

punto X~+ 1. 

Los vértices X~+l• X~ y 6{X~) forman un triángulo, y la tan 
gente del ángul~ a indicado en la figura vale: 

.tan a = 
6 {X~) 

x~- x~+' 

y como .tan a = 6' {X~)¡ se puede escribir: 

Ó{X~) = 6'(X;) 
X~ -X~+, ~ 

( 1 1 ) 

( 1 2 ) 

\ _____ --------------------------------------------------------------

1: 
1 
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i 

(o..) 

(b) 

f(X) 

t(X) 

Figura .9 Esquematización de una iteración. 

del m!todo de Newton-Raphson 

Despejando a X~+ 1 se obtiene: 

X~+ 
6 (X,¿) 

= X~ - il' 1 X.{ T ( 1 3 ) 

Si en la siguiente iteración se sustituye el ~alor de X~, 

por el de X~+ 1 de la anterior, el valor de la función se 
aproximará más a la ralz, y con un namero suficiente de 

cálculos, se obtendrá la solución, dada una tolerancia. 

El algoritmo del m!todo de Newton-Raphson, puesto en forma 
de diagrama de bloques, se muestra en la figura 10. 

24 
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NO 

1. eer dt1 tos , 
X,T 

C.ó,kolo {lx) 

Cólculo t'lxl 

SI 

Figura 10.- Diagrama de flujo para el método 

de Newton-Raphson 

Debe obs~rv8rse que, contrariamente a los métod¿s anterio­

res, solo se requiere un valor inicial p~ra comenzar el 
cálc'ulo. 

Para ilustrar la aplicación de este método; considérese el 

siguiente problema típico en hidráulica. 

PROBLEt1A: 

Calcular el tirante normal de un canal trapecial, para un 

gasto Q = 0.75 m 3 /-~>, que tiehe ancho de plantilla b = 1.70 m 

talud K.= 2 y pendi~nte So = 0.001, y coeficiente de rugo­

sidad ft = 0.10 . 

Solución: 

De la ecuación de Manning: 

( 14 ) 

25 
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donde: 

R.= radio hidrlulicc' 

V = velocidad 

de la ecuación de continuidad: 

donde: 

y 

Q 
V " A 

Á 
R " 'P 

A= área hidráulica = lb+ Ky)y 

P = perímetro mojado • b + ZlJ 11 + K2 

(15.a) 

(15.b) 

S.ustituyendo las ecuaciones 15 en las 14 .y ordenando: 

Qn 
s)z 

es decir que la función a .resolver es: 

-4 =o 
s.'fz 

( 1 6 ) 

en la cual A y P son funciones de ''Y''. Derivando para la 
aplicación del método de Newton-Raphson: 

6 1 1 y) 

y ordenando: 

6 
1 

1 y) dA Z A dPl 
dtj - 3 p dy ( 1 7) 

l ____________ _ 
-------·~------ ---------~---·---~-------
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y Ae las expresiones para §rea hidráulica y pertmetro moja­
do: 

di' ·-----;:-;:;-

aii = 2/1 + K· (lB. a) 

dA b + 2Ky ay = (18.b) 

Entonces, la. ecuación recursiva del método se puede escri­
bir: 

y.{+ 1 

donde 6(Y) se calcula con la ecuación 17 y 6'(Y) con las 
ecuaciones 17 y 18. 

En la figura JI se presenta un programa, en lenguaje Basic, 
1 

para el cálculo del tirante normal con el método de Newton-
Raphson. Debe notarse que, por comodidad, en este programa 
se han definido cuatro funciones; una para el área hidráuli 
ca, otra para el perímetro mojado, una más para calcular la 
función del problema (ec. 16), y otra para su derivada (ec. 
17) . 

Ejecutando este programa para los datos del problema se ob­
tendría: 

PROGRAMA PARA CALCULO DE TIRANTE _NORMAL 

METODO DE NEWTON-RAPHSON 
*************** 

GASTO (m~3/S)? 

0.75 
ANCHO DE PLANTILLA (m)? 
l. 70 
TALUD? 

1 2 
1 

1 

1 

1 
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18 CLEAP ~ DISP ''PPOGPAMA CALCU 
L'-' C•E Ti !''A liTE WIF't·1AL" 

20 OISF @ D!SP ''METOOO DE NEWl(• 
tj F:APH::.ot~" 

3 C1 r• 1 ::: P " ll .1 11 l ~ l t :1 rl. :n. : .. 
4A PEM -ENTRADA DE OATOS-
:.e [tl ·::t.· "GR·:.1Ct(t·,···-?.-··::::··•· _; ~~ It~F'UI 

C! 
6(1 [11 ·::P "Atj•: HO [lE F'LHIH 1 LLA U·L•" 

: 1~ 1 H~·I_'T E: 
70 D!SP ''TALUD'';@ It~PUT ~~ 
:::(1 [1E:F "COEFICJE.IHE DE MRIHHijG 

".: 1:! 1HPUT lj 
90 DISP ''PPQPOHGA UH TIPANTE<Ml 

": ~ IHPLIT Yü 
100 [IJ:::F,." PEIW1EirTE.DEL GAijAL"; 

~ II'PUT ::. 
1 10 [1 I :::F· "TOLEPRtrC 1 A";¡~ I IWUT T 
12(1 PEM ~:E DEF lt,EH FUijC I OljE::. A= •. 

X'=APEA;P'X'=PERIMETRO M. 
130 REM F(Y)=FUHCJOH R RESOLVER 

D ( 'l) =DE~: I l.! ADA 
140 DE¡:- FtHi··:··:· = o:E:+fU>:lt>: 
lS•:t DEF FtrP·· >::• = t:+2l>.::t·::OR( 1+t::-··2 

·, 
1t.ü' DEF Ft~F('/"·· = IFt-~Ar.',·_·,,·--:./FHF'('{ 

> ... ·.2>····-< 1----3}-[tlt-~ ..... ~:OR•- :::> 
170 OEF ~t-J~¡_y~ = (Ft·lA(~') ..... Ft~P(Y)) 

,· .. ( 2 .. -3 :_. r < :~ . ...- 3 ~ ,._E:+::,· :.r r-: f '/) + ;;:· _... 3 :t. .:_ F 
t-~p(y~ ~NP~\))t2i.~:0P.(l+K-~2)) 

1RA PEM SE INICIA ALGORITMO DE N 
nn 01~- f''A F·H·::Ot• 

. 190 H=FN~~_Y0)/FND(Y0) 
2ttü !F PE:SO::H"• <.T THEtj GOfü 240 
210 \'(1::: \·ü-H 
~·2o .c;oro 19ü 
23(1 F:Et'1 :::E Et~C(ttHF:ü LA F:Al Z: ·:.E 

l t!FCif':t'lR AL u·:.:.1F1P 1 O . 
240 CLEAR@ BEEP ~ L1SP ''tftlttt 

l:t::n::i" 
2':,0 [II:3F "TIF:RrHE rWF:t·lriL •t·J:··• 1~ 

[1 1 :::p "\'="; '/(1 ~ D 1 :::p ... ; .jll:f1 :j 

.n:nt" 
:.·t-o Et·~r~ 

Figura 11.- Programa para el cálculo de tirante normal de 
un canal trapecial, método de Newto~-Raphson 
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COEFICIENTE DE MANNING? 
o o 10 

PROPONGA UN TIRANTE (m)? 
0.45 

PENDIENTE DEL CANAL? 
0.001 

TOLERANCIA? 
0.000001 

****************** 

TIRANTE NORMAL (m) 
y = 0.9513742 

****************** 

El método de Newton-Raphson es mucho más rápido que los mé­

todos de bisección y falsa posición; sin embargo no siempre 
es convergente. 

El método de Newton-Raphson es convergente si se cumple que: 

lnrx¡ 6"rx11 
{ 6' {X) )2 

< .¡ ( 1 9 ) 

Recomendaciones de tipo cualitativo serían que, si se elige 

un valor Xo como punto inicial, se debe cumplir que: 

a). X o debe ser suficientemente cercano a 
la raíz 

b) 6" (X.) no debe ser muy grande 

e) ó'(X.) no muy próximo a cero 

1 

o 1 

' . ' 

' '' 

: 
. ' 

' 



3:5 METODO DE LA SECANTE 

El método de la seca~te es un~ variante del método de Newton 
-Raphson, útil para casos en los que la derivada de la fun­

ción, cuya raíz se busca, es complicada. 

En. la figura 12 se presenta la gráfica de una función 6iXI, 
a la que se desea calcular la raiz, Se han elegido dos valo­
res X1 y X2 ; a los que corresponden valores de la función 
6¡x,¡ y 61X.I. 

Los valores de X, y x. no tienen la restricción de que 6(X 1 ) 

6(X 2 )<0. 

El arco que une niX 1 ) y 6iX 2 ) corta el eje X en un valor X3 

y, como se observa en la figura,· se pueden formar dos tri~n­

gulos semejantes con v.értices en X3 , X2 , 6(X 2 ) y 61X 1 ), e, 

6iX~), Entonces se puede plantear la relación: 

61X,) niX,) = 
x •. - x, 

y despejando x,: 

61 X 2) 
x. - x, 

(20) 

Si el valor de X3 no se aproxima suficientemente~ la raíz, 

se sustituye en Xz, y se repite el cálculo. Con este proce- · 
dimiento X3 se aproximará gradualmente a la solución. 

En la figura 13 se presenta un diagrama de bloques d~l métQ 

do de la secante. Para ejemplificar su aplicación, considé­
rese un problema de interés en· hidráulica: el cálculo del 

tirante crítico en un canal trapecial. 

El tirante crítico se presenta cuando el número de Froude 

es igual a la unidad, condición que puede escribirse como: 

i . . . 

30 
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, __ 

( 21) 

Kx) 

fiXz) 

1C --- -
.1 

Figura 12.- Esquematización para el método de la secante 

lee datos·. 
')(¡,'Xz.,T 

C.ó.lc.Lllo tt)(z.) 

C.á.\c.ólo f<x,) 

NO 

-flxt) ('l(~-x,) 

t\X,) -h)(,) 

Figura 13.- Diagrama de bloques método de la secante 

~-------- -~----------· 
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donde Tes el ancho de la superficie libre, que para un ca­
nal trapecial est~ determinada por la ecuación: 

T = b + 2 Ky 

La ecuación 21 se puede escribir: 

y sustituyendo las expresiones de A y T: 

6(y) = [ll.J + Ku)!il..:_ 
6 + iKy · Q' = o 

g 

( 2 2) 

( 2 3) 

Esta ecuación es la que debe resolverse para encontrar el 
tirante crítico. 

En la figura 14 se presenta un programa para 1~ solución de 

este proble~a con el m~todQ de la secante. 

Utilizando los mismos datos que en el ejemplo de cálculo del 

tirante normal, la ejecución de este programa sería como si 

gue: 

PROGRAMA CALCULO DE TIRANTE CRITICO 
METODO DE LA SECANTE 
***************** 

GASTO (m'3/S)? 
0.75 

ANCHO DE PLANTILLA (m)? 
l. 70 

'1 
32 1 
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1 C• 

.2(1 

3[1 

40 

-':·l~1 

f,ü 

7(1 
::: (1 

9 ~-) 
1 (1(1 

1 1 (i 
1 2:ü 
1 3(1 

1 4 ,,, 

1 ~~~;:1 

1 t. O 

C.LEA~· ~ OISP ••pr 
LO DE. TIRANTE CR . 
DJSR ''METODO DE Lt. 
~ OJSP ''tttttttt:i:tt 
O!SF· ~ OISP ••GA~:TO(M 

I HF'UT O 
[IJ;:;f-· "At!CHO [•E F'LAt!TlLL 
·' 1? 1 t·WUT E: 
DJSP ''TALUD'' ~ INPUT K 
C• 1 ';:F' "PF:OGF:At1A DO;:: T J F.:At!TE .. 
'(1,Y2<M)•';@ INPUT YI~Y2 
DJSR '' TOLERANCIA'' @ INPUT 1 
OEF FNF(X).= ((8+V~X)t~)A3/( 

B•2tKtX)-0"2.'9 81 
F2=HlF 0:'/2) 
F1=FtW·'t'l> 
H=F2t(Y2-Yl>,tF2-Fl 
Y2-~'-t'2-H 

JF R8S(Y3-Yl)<T THEN GOTO !5 

Yl=Y3 ~ GOTO 100 
CLEAR 1:! BEEF' 1! DISF' "lln.n~ 

:i:ltlt" 
DISP "TIRANTE CRITICO" @ [IJS 
¡:::- 11 ' ' " '-'-' 't = .: 't :-

170 D!;::F· "·t:p;t:tnnttl" 1~ E:EEF' 
1 :~:(1 E.~~[· 

Figura 14.- Programa para cálculo de tirante crítico, 

método de la seclnte 

TALUD? 
2 
PROPONGA DOS TIRANTES VI, VZ(m)? 

0.20, 0.40 
TOLERANCIA? 
0.0001 

-------- --·-----· ~-·--------~-
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*************** 

TIRANTE CRITICO 
y • 0.2445 

*************** 

Las caracter,sticas del_m!todo de la secante son similares 
a las del m!todo d~ Newton-Raphson; aunque tiene una veloci 
dad de convergencia ligeramente menor. 

Exi~ten otros m!todos de solución de ecuaciones algebráicas 
que pueden encontrarse en textos generales de m!todos numé­
ricos . 
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3. SOLUCION NUMERICA DE SISTEMAS DE ECUACIONES LINEALES 

3.1 INHODUCCION 

La solución num€rica de sistemas de ecuaciones lineales es 

uno de los problemas fundamentales del análisis numérico, no 

solamente porque existen muchos problemas que, por si mismos 

conducen a un sistema de este tipo; sino también porque otros 
m€todos numéricos, como los esquemas implícitos de diferen­
cias finitas, quedan finalmente expresados como un conjunto 
de ecuaciones lineales. 

Los sistemas de ecuaciones lineales tienen s6lución analíti­

ca conocida; como se recordará más adelante; y sin embargo 
tambi€n e~isten varios métodos num!ricos de solución, y se 

producen continuame~te otros. La razón de est~ sit0ación es 

que , dad a 1 a m.a g ni tu d de 1 os s i s te mas a res o 1 ver ! y su va r i e­

dad; debe elegirse entre estos el más eficiente para un pro­
blema dado; con el fin de minimizar el tiempo d~ computo. 

En este capítulo se presentarán algunos de los métodos numé­

ricos más conocidos de solución de sistemas de ecuaciones li 

neales; y se ejemplificará su aplicación a un problema impor 
tanteen hidráulica: la solución de una red de distribución 
de agua potable. 

• 
3.2 SOLUCION ANALITICA DE SISTEMAS LINEALES 

Un s i s te m a 1 i n e a 1 es un s i s te m a de 1 e e u a e i o n es de 1 a forma : 

Ecuación 1: 

Ecuación 2: ( 1 ) 

Ecuación m: 
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c. <1·ll>A) D lil·l>IA 

d.I·A=A 

3. ~roducto de dos matrices 

Sean A laijl una matríz lm, p)y B. lb,¡jl una matríz lp, n). 
Su producto e : e = A·B se define como: 

Propiedades: 

a. El producto es asociativo: 

A·IB·CI = IA·BI·C 

b. El producto no es conmutativo 

A·B 1 B·A 

c. E~iste una matríz cuadrad~ I(la matríz 

identidad) tal que: 

I·A =A 

d. Existen matrices no nulas cuyo producto 
es la matríz nula 

e . E 1 prodUcto es distributivo respecto a 

1 a suma: 

A· 1 B + e 1 • AB + AC 

lA + e 1 • B • A·B + C·B 

f . El producto por un escalar la): 

niA·B) • A 1 n · B 1 
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La multiplicación de ma~rices puede ser un cálculo prolonga­
do, dado que cada elemento de la matr,z resultado es un~ su­

materia, que requiere realizar P multiplicaciones y P adiciQ 
nes. Conviene contar con una subrutina que haga esta P oper~ 
ción; como se muestra en la figura l. 

Para estudiar la solu~ión anal,tica de un s·istema de ecuacio . -
nes lineales se requiere recordar previamente algunos conceE 
tos. 

Dada una matrtz.A lm, n); con elementos a¡1, su transpuesta 
AT In, m) se obtiene realizando la operación: 

Es decir intercambiando renglones por colvmnas de la matriz A. 

Una matrtz simétrica es una que cumple que A = AT. 

(, LE.ER E.LE~E.-.IT05 
MATRIC.c~ A y o· 

1 . 
F"C6R.l•i 10M / 

_L 

f0R J" 1 TO r...l 
1 

l '5=-0 1 
1 

F012. K"' 1 ro P " _/ 

1 
1 ~==-;,+A (":1.,\<.)•to(i::,J) 

1 
1 ~E)(T ~<-s 

1 
1 C("l.,K)='::> J 

_l_ 

J NEXT J".J 

l NEXT ~.J 

{ Fl"' ) 

Figura 1. Diagrama de flujo para una. subrutina de 
multiplicación de matrices 
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Considérese una matriz cuadrada (n, n}, A. Denótese por M~f 
la submatriz' cuadrada qu~ se obtiene quitando a A el ~-ésimo 

renglón y la j-ésima columna, 

El determinante de esta submatriz ( IM~JI'l se denomina "el me 
·nor" del elemento a~¡ de A; y se define "el cofactor" de a~f. 
denotado A~f· como el menor con signo dado por la operación: 

( 3) 

Los cofactores integran una nueva matriz, la matriz de cofac 
tores, que se denotará por Ae. 

Se define la matriz adjunta como la transpuesta de la de ce­
factores: (A e} T. 

Si A es una matriz cuadrada su inversa se denota por A-l ; 

con la que se cumple: 

y se puede demostrar que: 

Entonces, si se tiene un sistema lineal A·X 

ma tiene solución (si A es invertible) para 
da por: 

o bien, de acuerdo a lo a~terior: 

( 4) 

= b; este siste­
cualqt.iier b, da-

( 5) 

( 5. a) 
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Si existe e~ta solución cJLrfa preg~ntar sobre la necesidad 

de disponer de métodos numéricos como solución alternativa. 

Este requerimie-nto se origina en. la gran cantidad de opera­
ciones· que se_deben efectuar para cumplir con (S.a). 

Para resolver el sistema se necesitan: 

a. Determinar IAJ requiere n-n! multi_plicaciones y 

·adiciones 

_b. Ac tiene n 2 terminos, y para calcular cada cofactor 

se requieren {n-l)·{n-l)!multi·plicaciones y adiciones 

c. Efectuar la operación {Ac)T requiere n 2 multiplica­
ciones 

En total se requiere de n 3 {n-1)1 operaciones; que resulta 
im~osible aGn para sistemas pequeAos. 

3.3 METDDO DE GAUSS 

Los métodos numéricos de solución d~ sistemas de ecuaciones 
lineales se ¿lasifican en dos tipos: directos e indirectos. 

Los primeros son aquellos en los ~ue la solución se obtiene 

de manera inmediata, mientras que en los segundos se requi~ 
ren varias iteraciones. 

Los métodos directos aprovechan para la solución las propi~ 

dades de un sistema con ~atrfz de coeficientes diagonal o 
triangular. 

Supóngase, en el caso mis sencillo, que se tiene un sistema 
de· ecuaciones A X" b; y la matriz A es una matríz diagonal 

{a_{_ j "0 S i A.. f j ) : 

• 
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; 11[ 
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1 
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1 . 

1: 

1 11 ' 
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.1 
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' ' 1 
' ' 
d ' ' 

:1 

1 

1 

'·¡l li··l-
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·_ ¡11 

'11 
1 ¡ 

! 11 

: ' 
' 

-1 

J 
1 11 

1 1; 
' 1 

11
1 

1 

1 '1 :1 

~
li ,¡ 

1 

. l 

- m31 R1 + R 3 : 1 o 7 7.333 41.6667 1 

Entonces el nuevo R3 es: , 

R 3 : 1 O 7 7.333 41.6667 1 

La nueva matríz aumentada es: 

3' 1 • 5 4 8 

o o . 1 2 5 o. 7 2 o. 27 

o 7 7. 3 3 3 41.6667 

Paso 6. Se hace ,¿.,¿.¡ • 1+1 • 2 

como 
1 

i < n! 
' 1 

( 2 '< 3) .se regresa al paso 3 
1 

Paso 3. a,¿,¿ • a 22 • 0.125 "'O. Se cont.inúa otra vez al 

paso 5 

Paso 5. Para j•,i.+1•3 

a 3 2 7 
m32 "a22 "0.125" 56 

La operación IRj - mj,¿ R,¿) + Rj 

es: 

Numericament~o:: 

o o. 1 2 5 o. 7 2 o. 2 7 1 

-m 32 R2: 1 o - 7 -40.32 !-15.12 

-- -----~~~-------------~~--

48 

•.. 

; 
~: ' 

J 

' 
' , 

'·· 
.;r 



1 

1 
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, __ 

R, : o 7 7. 3 33 41.667 

1 o o -32.98 26.5467 1 

Paso 6. Se hace A.=-<.+1 = z + 1 = 3 y como )_::n; se continúa a 1 
paso 7 

La matriz aumentada final es: 

3 1 • 5 4 8 

o o. 12 5 o. 7 2 o. 2 7 

o o -32.98 26.5467 

Paso 7. La aplicación del procedimiento de vuelta atrás pe! 

mite calcular la·.solución: 

26.5467 x3 = 3z. 98 =- o.8o5 

(0.27- 0.72(-.805)) 
0.125 = 6.797 

(8- 4(-.805) - 1.5(6.797) 
3 

Paso 8. La solución del sistema es: 

= 0.3415 

x3 = -.805 x, 6. 79 7 X1 = 0.3415 
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La programación del algoritmo del método de Gauss es relati 

vamente sencilla. En la fir;ura 3 se presenta el listado de 

. un programa en BASIC, y se incluye en las p~ginas siguien­

tes un breve manual de usuario. 

Utilizando este programa los resultados del ejemplo ant~­
rior serían: 

xl = 0.3419 X2 = 6.795 X 3 =- .8047 

Como puede verse, existe una ligera diferencia respecto al 

resultado antes obtenido; y se debe a que la computadora 

opera con un mayor número de cifras decimales. El error co-
. metido se ·denomina "de redondeo", y está presente en todos 

los métodos numéricos. 

3.4 NETODO DE JACOBI 

El procedimiento de Gauss', con ser más eficiente en cuanto 

a tiempo de cálculo que los procedimientos analíticos, pue­
de aún dar origen a pérdidas de eficiencia en determinados 
casos; por ejemplo cuando la matr1z de coeficientes tiene 

muchos términos nulos. 

En situaciones como la anterior se puede utilizar algún mé­
todo indirecto; que son métodos de naturaleza iteraiiva, es 

decir probando a partir de.un vector inicial propuesto x •. 
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1 

·- ·::... ~ r~-
- •· r·:! -;:F- "-~·~ TF ~·F·(~t~t-:·rd·l¡ .. ~ [·;.t_:[L .:L 

'-'!. :: T "·H. r·t >"1 [1 [ t 1 ~ '· 1.1 ,:¡ ,- J C111 L ·é 
·~ ,_-, t l E '- !=-¡ L (, (1- -- ~: 1 1 f·lu Lr [ (. rlU':· ·:_. 

• ~ ~¡ l : ~ " t .• ·¡ ' -~ t '1 ~ * ~ * ' t ; * 1 i : t ,, 
--:.;·_. !-,! ·:>- "LO::. ((lE¡:: 1 (lE. tJl E·:. ll[ LH 

~·~ ~ T ;.·· ! : HU r·t E r 1 T H [t H ·:.:_: 1 u T F (1[. 1_1 

CE :.r E 1 i F CIF'r-1 f1 [lE F: E IH~ L üW 
25 D!SP ''111ttttt1111111ttrt'' 
30 O!SP ''TECLEE EL PAtiGü OE LA 

~RTPIZ DE COE~ICIENTES·' 
.:: ~=· Dl ·::::F' "t-~-::. ·:·u 
51:• 1 IWI_IT ti 

·.~~---' r ~~~¡;: I = 1 T:) t·4 
f: ü Dl 'e F· " 1 E C LE E L ,-, ''; C: O E F 1 C: 1 E 1-' TE 

·:: DEL F'EHGLOt·~ 11
: I 

90 FüP J=! TO N+! 
1 O (t D I ~:; F- "A •:. u _, I _: " .- " : __1 _: 11 

."• = " ~~ 1 N F-' 
U T f1 •: 1 . _, ·, 

'!. 1 (1 . ~tE:·:; T ._1 

1?0 1=1 
14~ IF R( .I)#0 THE~~ GOTO 260 

~0 IF R<I}P)#0 THEt~ GOTO 190 
~o IF P'=N THEN GOTO 410 

180 P=P+l @ GOTO 160 
190 FüP J=l TO N•! 
20 O C ( I .. _! > =A ( I . --' ) 
21 O ti L. T J 
220 FOR J=l TO N+J 
2:.1: pi 1 .. J.:-=AO::P. J :o 
240 A(P.~I)=C('l!~l) 

::":'·<:< IJE >:T J 
260 FüR J=I+I TO N 
-::.·?ü t·1 (_ ._1) =A ( ._1! I ':t /R ( I! 1 
:::·eo IIE:•:T J 
28~ FO~: ~1=1+1 TO N 
2?0 FOR P=l TO N+! 
2?2 A(J.P)=A(J.P)-M(J~~:A(!!P~ 
?96 ~JE:<T F' 
2~:=: tiE::T _1 
?:0<:• l=l+! 
310 IF I <'t~ THEt-L CCtTCt 14(1 
2'2'C1 1 F H 0:: J. L• =ü T HEt~ !,CITO 41 O 
2:::0 :••:.-:t! :o=AO::tl. t·I+J.:o -'"AO:tl .. H.• 
3?~ FCIR I=N-1 TO 1 STEP -¡ 
'340 ~:;=O 

350 FOR J=I+! TO H 
'3€.(1 ~:=';:+A •: I . J >:l.>·:,- ._l) 
3?0 t!E>O:T ._1 

380 ~~(!)=(A(J~~l+lJ-S:1 /A(I~ 1) 
3S<C1 IIE:•·:T 1 
41~(1 ·:;r:·T 1~1 420 
.:.~1(1 CLEHF' ~~ DI·::;F· 11 EL ::;ISTEf'1A tJ(¡ 

T J E tl E " ,;· [1 ¡,:: F " ~:O L U C IC'i' 1_1 i·' I 
(' H 11 1t 1::; O T O 4 t- t.1 

Figura 3. Programa método de Gauss 
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ti ['EL ·:: 1 ·:. T Er-1FI [·:: " 

440 ~!~;p ··~·-~': I: ··~='':~-:(f) 
4~.1~; t-~E:-:T I 
4 ,· ,:, ,, 1 ·=:o· " ru t"t..n 1 :n 1 :1 *'* u 1 ** ·;. , , 

·t "i :~" ~~- E •J[I 

Figura 3. Continuación --------

La idea fundamental de la mayorfa-de los métodos iterativos 
consiste en transformar el sistema original: 

A k = b 

en otro con la forma 

( 1 1 ) 

que de manera recursiva quedarfa 

-K X = ( 1 2 ) 

siendo K el namero de iteración. 

Considérese por ejemplo el sistema: 

10X 1 - 7X 2 + X3 = 73 

X1 + 8X, - 3X 3 = 23 (13) 
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Entonces se tiene: 

1 o - 7 3 73 

A = -3 b = 23 

3 -9 1 57 

Si se despeja en cada ecua~ión ~. la i-ésima variable se 

obtiene: 

X1 = 7.3 O. 1 X 3 

X2 = 2.875- .125X¡ + .375X 3 (14) 

X3 = -6.333 + 0.111X 1 + 0.333X 2 

Es decir que en términos de (12), el sistema. (14) tiene T y 

e: 

1 o o. 7 -o. 1 7. 3 l 
e 1 

T = - • 1 2 5 o . 3 7 5 - 2. 8 7 5 

) • 1 1 1 . 3 3 3 o -6.333 

y se pueden escribir 1 as ecuaciones recursivas: 

K K-1 K-1 X¡ = 7. 3 + O. 7 X 2 O. 1 X 3 

K 2. 8 7 5 • 12 5X 1 
K-1 + .375X 3 

K-1 (14.a) K2 = 

K, K =-6.33 + 
K 

• 1 1 1 X '· + . 33 3X 2 
K 

, .. 
. ' 
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El mfitodo podria mejorarse si para calcular X¿K se utiliza­

ran los X~_ 1 ya calculados anteriormente. 

La ecuación iterativa para este c~lculo serfa: 

( 16) 
a¿¿_ 

Este mfitodo es conocido como el de Gauss-Seidel; y su algo­
ritmo, muy semejante al de Jacobi; quedaría como sigue: 

ALGORITMO METODO DE GAUSS-SEIDEL 

Para resolver el sistema AX = b 

Paso 1. Proponga una solución inicial xo = 

Paso 2. Sea K = 

Paso 3. Para todo-<.= 1, 2, 3,---,n calcule: 

Ef=-i-+' (a¿¡ x/-'l + bj 
a¿_¿_ 

Paso.4. Si XK es suficientemente exacto conti~ae a paso 5; 
en caso contrario haga K = K + 1 y regrese a paso 3 

Paso 5. Procedimiento concluido 

Para ejemplificar la aplicación de este mfitodo; considfirese 
el sistema antes resuelto con el mfitodo de Jacobi; y· que ya 
en 1 a forma XK = T XK-' + C , está dado por: 
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x, K 
7. 3 o. 7 

K~ 1 o. 1 K- 1 = ' x, - x, 

Xz K 
2. 8 7 5 o. 1 2.5 K- 1 

0.375 K-1 ( 1 4 . a ) = - x, + x3 

Xg K 
-6.333 = ' a • 1 1 1 X~ + 0.333 X~ 

El cálculo se organiza en la siguiente t~bla: 

I:teitae-i.ón 
x1 K x2 K 

Xg K 
K 

. 
o 1 1 1 +- Propuesto 
1 7. 9 2.2625 -4.7027 
2 9. 3 54 o -0.0578 -5.3140 

3 7. 7809 -0.0914 -5.4998 

4 7.9599 -0.1824 -5.5102 

5 7.7233 -0.1567 -5.5279 

6 7.7431 -0.1659 -5.5288 

7 7.7368 -0.1654 -5.5293 
1 

Se encuentra la siguiente solución aproximada: 

X1 =7.7368 X2 = -.1654 X 3 = -5.5293 

y como puede verse se reduce el número de iteraciones. 

Es conveniente antes de seguir adelante establecer criterios 
para determinar cuando un métod.o será 'convergente; para i o 

cual se presentarán algunas definiciones y ·teoremas, a con­
tinuación. 

Definición: 

Una secuencia { J<K} ~= 
1 

de_ vectores se dice que converge a X, 
con respecto a la norma 11-11; si dado cualquier E>O, existe 
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un entero N(c) tal que: 

llxK-xll<c para todo K>N(c) 

Pude demostrarse que cualquier norma cumple esta definición. 

La norma infinita de una matriz A está definida como: 

max 
< "< 1 . .{. .. 11. 

11. 
¡: ( 1 7 ) 
j=l 

Es decir que la.norma infinita de una matriz es la máxima 

suma de los valores absolutos de los elementos de cada ren­

glón. Por ejemplo la norma infinita de la matriz del ejem­
plo anterior: 

1 o - 7 

A = 8 - 3 

3 -9 

Se calcula como: 

Suma en renglón 1 : 1 o + 7 + = 1 8 

Suma en renglón 2: + 8 + 3 = 1 2 

Suma en renglón 3 : + 3 + 9 = 1 3 

Entonces 11 A lloo = 1 8 

Se puede demostrar el siguiente teorema: 

K oo -K -K-1 -La secuencia {X }K=O ;definida por X TX + e ; para to 
do t ~O y K~ 1; converge al vector X para cualquier vec-

tor inicial xo; si i!T!I < 1 , para cualquier norma. 
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En el ajemplo anterior: 

o o. 7 -o. 1 

T = - • 1 2 5 o 0.375 

• 1 1 1 • 3 3 3 . o 

es d~cir que su norma infinita es: 

liT !loo = O • 8 < 1 · 

y por lo tanto'el método de Jacobi o Gauss-Seidel convergen 
para el sistema de ecuaciones. 

La revisión de convergencia puede fácilmente introducirse 
en un programa del algoritmo de Gauss-Seide~~ 

En la figura 4 se presenta un programa para solución de 
temas de ecuaciones con el método de Gauss-Seidel. 

.3.6 METODO DE SOBRERRELAJACION (SOR) 

Tanto en el procedimiento de Jacobi como en el de Gauss­
Seidel existe un vector residu~l; diferencia entre el vec­
tor solución real y el vector de aproximación. 

Denótese: 

( 18) 

el vector residual del método de Gauss-Seidel; correspondí en 
te al vector de la K-ésima aproximación: 

.K K K K- 1 K · K -1 
(X-~_, Xz , ___ , X.i.-1' X.{. , X.i.-n·---X 11 1 {19) 
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5 _ :;p ~~ rr·;p ··~-~•) 1~;:~r·1H PARA S 
OLUlJON DE SJS'~-MH DE ECUAC 
Il•IIE':." ,; [IJ'::f· "t.ln:nc;:tl:n:tt 

.1 ·t r :; r :r" 
r:r 1 <: f·· " 1·11' r r) [11) U E ~~ t'IIY:: ·:·: -:::E l U F. L 
" ,,. 1:r 1 ·c:r· " t .n ·¡: r t:n :~ :n: .n::¡ :u: tt: 

1 O D 1 ~-1 :··: < ~; (t -, . ~-t ( ~· ü _. 5 U ) _. ~3 ( 5O ) 1 T ( 5 
(1 > _. >~ 1 • .. :. (1 ·., . t~ < ~. (1) ~ H 1 < 5 ü) 

20 o·¡sp @ D!SP ''EL RANGO OEL SI 
:':TEt'H1 ES'" 

:O:ü ItlPUT ti· 
4B DISP @ DISP ''ELEMENTOS. DE LA 

MATRIZ'' @ OISP,"OE COEFICI 
ENTE:3" 

5[1 FOF: I=l TO t·l 
60 FOP ._!=! fl) ~~ 
?O HIF'UT P(J..~I) 
:3o t<E:·n 
9@ t-~E~<T : 

100 O!S~ ··~~EMENTOS DEL VECTOR O 
E" ~~ Dr:;p "TERtHtl0:3 1tiDEF'Et~D 
I EtlTE:3" 

110 FOF.: '=1 TO N 
120 HlF'IJT B< I) 
1 3(1 tiD:T I 
140 D!SP ''VALORES INICIALES DE X 

( I ) u 

150 'FOR !=1 TO ~~ 
160 IHFUT X(!) 
1 71) ti E:< T l 
1 >:::1) O l ·;f:· "TULERA/IC I A", 
191:1 lt<F'UT E 
1?5 1~1_E8~ ~ QTSP ··•:t~~~~~~~*Xt~~l 

l'' @ DISP ''PROCEDO A VERIFIC 
AP COHVEPGENCIA'' @ O!SP "l*l 
:t:LU IE'::PERE" 

1 :?6 1-JA l T 31300 
28(1 FOP !=1 TO N 
21ü :3=0 
220 FüF: ._1=1 TO N 
230 IF J=l THEN GOTO 250 
241) ·;=·3+AB·::(A( l, ._l;o,···A( 1, 1)) 
250 tlE:<T ~~ 
260 TU :>=:3 

. 271) t·ID:T I 
290 Ll=T(!) 
300 FOP 1=2 TO N 
310 F=L!·-HI) 
320 IF F>O THEtl GOTO 340 
331) L!=T([) 
341) t·IE:,<T I 
350 IF L1)1 THEN GOTO 74(1 
355 CLEAP @ DISP "ttt~tttttttttt 

" 
360 CLEAP @ D!SP ".trtttrttrtttl" 

@ OISP ''EL SISTEMA COt~~JERGE 

" 
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! i .'f.- f"l f. [ ·~ 

-_'?·,:-c-. [•! ·:.;:. ·~- [1; ·:.F' I rll C I Fi 1:,~:¡1_!':· 

- ··. [ 1 [1 EL " f> [1 j :. f · •· 1 l1 1 ·¡; 1 1 1 :p 

' ' t 1 1 1 1 1 1 1 1 H. ··:. r· E r.· E " 
1-Jf-.Il 3(1(•(1 

4üC' ·:-.=(1 
410 !F J=I THEN GOTO 450 
42C' ;· ':'F .1= 1 TO 1- 1 
4 "? ~:1 ·: 7 ·:::: -A .:. I . .J > ·t :·< 1 •.: ._1 _.~ 

44(· ·~~:--::1 ,_' 
-=+~·~=· ·:: 1 =(1 
~~t.~-::1 I F I =t-~. THEt~ GOTO 5ü·) 
4~0 FOF J=l+l TO N 
•:t-:::"(1 ·::1=::.1-H<I .__l):t::.:;(.J> 
4 so.:- tn:·-:1 ~' 
:-üü :.::!··l·:·=(·:.+::;t.._E .. I .1..-H•.l· 

-5ie•H::::-:Tl 
:: 21) C =AE:::: (_ >-: 1 < 1 ·-, -::.:· •: 1 ':t 
':·:?C· 1::1 =HE:::<:·-' 1 < 1 :·· > 
54 (1 F•:1r;: 1"=2 TO ~-~ 

55 (1 H ( I .-' =A E: f: < >: 1 < I .1 - .:-:. •. 1 _., :• 
5t-(1 1-ll<I>=AE::::<>::t.: •.1 

~:-,::, t1E::T 1 
~:;:e:, FOF: J=2 TO t·l 
:; :? ,-:-,f e =H_·· ._r >-e 
~--00 IF G<ü THEN GOTO 620 
...:·:(' C=H•.-J> 
620 't~E><T .J 
6?ü.• FOF: k=2 TO tl 
640·· G!=Hl (V:-•-Cl 
65e JF Gl~O THEN GOTO 670 
6f-O Cl=Hl<V> 
67C tlE:<T 1·. 
~-::::0 D=C '"C 1 
690 IF O~E THEN GOTú ~'~5 
cCC· FO~: l=l TO tl 
7! L:• :-<< I )=;:<t < I )-
~·:::.:· tlE:' 1 1 
7?0 L_=t-.· 1 ~~ GOTO .39Ct 
7~~ CLEAR@ OISP liJ:J1·~·i·~:l~1:i .. t'· G 

cr ~ ·~ e· 11 E~ ·: r :: TE r·1 A .- < 

.::e ·: L C- ;;: ·~ - - •• ·Lt :f l.. :: .;: *· ·; 1 : l .-

~ -~ í"'.: ~ ~ í .f : j";' ·: I ·:: ~· •. L h ::: ü ~ 

-:- = " : 1 ·. 
'.'. - ,, . '·. 

,,-¡,-, 

' 
Figura 4 .. , .... Continuación 

-----------
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4. ECUACIONES DIFERENCIALES ORDINARIAS 

Una ecuación diferencial ordinaria es una ecuación que 
contiene derivadas ordinarias. Una ecuación tal puede escr1 
birse en términos de diferenciales pero generalmente no es 
conveniente a menos que la ecuación contenga s~l~mente .la 
primera derivada. 

Se dice que se ha resuelto o integrado una ecuación di­
ferencial que contiene a x,y y derivadas de y'respecto a x, 
cuando se ha encontrado una función de x y y que no contiene 
derivadas, que sustituida en la ecuación diferencial, la re 
duce a una id~ntidad. 

El orden de una ecuación diferencial es igual al de la 
derivada de más alto orden que hay en ella. 

Una ecuación diferencial ordinaria es lineal si contie­
ne x y si y y las derivadas de y respecto a x aparecen a la 
primer potencia. La forma general de una ecuación difere~­

cial ordinaria lineal de orden n es 

y no 

Po·r 

x2 

es 

. n-1 
+ b¡(X)d y 

d n-1 
X 

ejemplo, es lineal 

d2 y_ 
+X* + (x 2-4) y dx2 

lineal 

x2(~)2 + s ~ 
dx dx + (x2-4)y 

(4 .1) 

= 5x' 

= 5x' 

Para encontrar la solución de las ecuaciones diferencia­
les ordinarias existen muchos procedimientos anallticos,· co­
mo son el de separación de variables, factor integrante, 

variación de parámetros entre otros. 
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. Desafortunadamente, muchas, a caso la mayoría, de las 
ecuaciones diferenciales que se presentan en la pr~ctica no 
pueden ser integradas por métodos analfticos o cuando lo son, 
el obtener su integral es muy complicado. Sin embargo, ecua­
ciones del tipo 

* = f(x,y) , y = Ya en x = xa ( 4. 2) 

pueden ser integradas numéricamente. Para conocer la solución 

1 o 

xn 

en el intervalo xa S X < 

en N intervalos de ancho 
= óX n+xa, Yn = y(xnl se 

/

Yl 

dy = 
Ya l

xl 

f(x,y)dx 

xa 

xb, se' pu.,de dividir tal interva­
ax (fig 4.1), y al considerar que 
plantea la solución de 4.2 como 

Y1 =Ya + r1 f(x,y)dx y del mismo modo 

xa 

( 4 . 3) 

: Jxn+l 
Yn + x _ f(x,y)dx 

• - n . 

= YN_ 1 + Jx" f(x,y)dx 
x n·-1 
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f(x,y) 

Por lo anterior. 

xrrl xn xn+l 

como 1 a integra 1 abarca dos i nterva 
los ax, ahora 'se tiene 

11- bx..-. bx--11 

F i g 4. 4 
ly =y +2f(x,,yn)ax¡ n+1 n-1 _ 

Se observa que esta fórmula trata de compensar el área 
bajo la curva entre xn_ 1 y yn+ 1 no cubierta con el rectángu­
lo (~rea identificada con 1 ) con el ~rea del rectángulo do~ 
de f(x,y) ei menor a f(xn• yn) (~rea se~alada con 2 ) por lo 
que es una adecuada representación de la integral. 

Este método tiene el inconveniente que no se puede va­
luar y 1 , pero si Yz, y 3 , ••• , etc. Para estimar y 1 se reco­
mienda utilizar la ec. 4.5. Una vez conocida Y1 y con la co~ 

dición inicial y 0 , ya no se tienen limitaciones para utili­
zar la ec. 4.6. 

4~4 Método basado en la serie de Taylor 

El método de Euler o bien lo comentado en el subcapítulo 
. \ 

4.2 hace pensar que una estimación de f(xn+l'Yn+ 1) permite 
representar la integral de una mejor manera. En efecto, cons1 
derese que la fig 4.3 ahora se presenta como en la fig 4.5. 

Sea el desarrollo en serie de Taylor 

ax 2 ax 3 
y(x+ax) = y(x) + axy' (x) +2T y" (x) +-----:rry" (x)+ ... 

si X = X n • ax = xn+ 1 - xn~ entonces 

* Hornbeck R.W., "Numerical Methods", Ed, Quantum, QPI series, USA, 
1975 o .-
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. De acuerdo con la ec. 4.2 se tiene 

y' = f(x,y) 

y" = ~ = f' = ~ ux . ax 

df' 
Y lit = = f ti 

CfX 

( ) . df(P-2) 
Y P = dx = 

dx· ~.2..lx=af+af 
dx + ay dx ax ay y' 

Sustituyendo los resultados anteriores en 4.7 

Si .se considera que 

La ec (4.8) se puede e~cribir como 

(·4. 7) 

(4 . 8) 

(4 • 9) 

(4 .lO)-

La ec. anterior cor~esponde al llamado método de Taylo~ 

de orden p. Nótese que el mi f(x,y) 
todo de Euler corresponde al 
caso especial en que P=l. En 
la figura 4.5 se muestra. que 
T(P)(xn,yn) corresponde a una 
estimación de la ordenada del 
área sombreada 

Fig 4.5 
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El método de Taylor tiene en ocasiones el inconveniente 
del calculo de las.derivadas f', f", f"' •... las cuales pu~ 

den ser difíciles de evaluar o complicadas de calcular; 

4.5 Métodos de Runge-Kutta 

La dificultad para conocer .el valor de las derivadas 
f'(xn,yn),f"(xn,yn), f"' (xn,yn), ... del método de Taylor, ha 
sido salvada por Runge (1895) y Kutta (1901) a través de un 
procedimiento basado en valuar varias veces la función f(x, 
y) obteniendo una precisión equivalente al método de Taylor. 
Aparte de ello, los métodos de Runge-Kutta tienen .la vent~ 
ja de usar una fórmula de suma pesada, similar a la utiliza 
da en integración numérica,con lo cual se logra una adecuada 
aproximación de área bajo la curva f(x,y) ·entre xn y xn+'1 . 

A continuación ·se hará la defivación del procedimiento 
conocido como Runge-Kutta de tercer orden. 

El problema consiste en planear como ecuación del método 
a 

(4 . 11) 
' 

donde 

(4 .12) 

(4.13) 

(4 .14) 

e interesa conocer los valores de a,b,c,m,p.y q. los cuales 
son Onicos e independi~ntes de la ecuación diferencial por 

. resolver . 
.. , 

Sea el desarrollo de la serie de Taylor 4.7 que incluye 
hasta términos de tercer 6rden 

\ . 
.. 
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fÜ 

i 
1 

1 

si 

y 

• 

t:.x y' 
n ( 4. 15 ) 

Según lo planteado en el subcapítulo 5.4 se tiene 

y. = 'f 

y• df = af +li = fx + fy f = dx ax ay 

y 111 = df' = d 
(fx + f y f) = fxx + 2 f xy f + f f 2 + f ( f + f f) dX dx - Y'/ y X y 

(4.16)' 

(4.17) 

entonces 

y" = A 

yll1 ::;= B + f A 
y 

y por lo tanto la ec. 4 .15 tamb'ién se escribe como 

A + t:.x' -6- ( 4. 18 ) 

En esta última ecuación se entiende que f, fy, A y B se 
calculan para x = xn Y Y = Yn 

Por otra parte, el desarrollo en serie de Taylor de una 
función de las variables x y y es 

h2 
f(x+h,y+k) = f(x,y) + h f (x,y) + k fy (x,y) + --2 f (x,y) + hk f 

X XX ry 

k2 
(x,y) + :2 fyy (x,y) (4.19) 

Asi, al desarrollar 4.13 (siendo h = mt:.x y k = mt:.xf) se 
tiene 

71 



:r----------------------·-·-----., 
' y' ~y f.0..~(k¡+2k2+k¡) 

n+ 1 n 6 

donde 

k¡ 

k, 

k, 

= f(xn,yn) 
= f(xn+óx/2, yn+ 6; k1 ) 

= f(x +óx,y +2óxk 2 -óxk 1 ) 
n n 

(4.24a) 

(4.24b) 
(4.25c) 
(4.24d) 

Las ecs. 4.24 corresponden .al mltodo d.e Run~e-Kutta de 
orden tres. 

De manera semejante se pueden deducir las ecuaciones 

del mltodo de Runge-Kutta de orden cuatro: 

Yn+l = Yn + /!,X {k¡+2k2+2k,+k4) (4.25a) 6 
donde 

k¡ = f(xn' Ynl {4.25b) 

kz = f(x + llx + 1\Xkl) (4.25c) n 7• yn ~ 
k 3 = f(x + llx Yn + ') ·(4.25d) n 2 ' 

k4 = f(x +llX,y n n +llxkJ) ( ~.25e) 

y Runge-Kutta de quinto orden: 

(4.26a) 

donde 

k¡ = f(xn,yn) (4. 26b) 

k, = ( ' 1 f xn+Jllx, 1 Y n +31\xk¡ ) (4.26c) 

k, 
2 ' 4 16 ' 

(4 .26d) = f (X n +56 X, Y n + 251\ xK¡ + 25 ll X k 2 ) 

k4 = f(xn+llx, yn+!llxk 1 - 3Mk2 + 11Mk3 ) (4.26e) 

ks 
2 2 10 50 8 ' 

f(xn~llx, yri + 27 llxk1 + g-llxk2if'xk 3+ 81 t~xk 4 ) (4.26f) 

k6 
4 ' 2 12 2 -8 (4.26g) '- f ( xn +s'M ,y nt25 t~xk1 1 25 i\Xk2 + T5llxk3 +]5/'Xk4) 
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4.6 Fórmulas de Adams 

. , 
El desarrollo de Taylor planteado en 4.8 tamb1en perm_i' 

te un enfoque distinto para resolver numéricamente la ecu~. 
ción diferencial ordinaria 4.2. Se ocurre ahora, basarse en 
la idea de integración numérica. En general,se propondrán 
dos clases distintas de ecuaciones, unas donde es explici­

to el cálculo de Yn+ 1 (se llaman cerradas), y las otras en 
las que se requiere de un método ~terativo·(se denominah 
abiertas~ Ambos casos corresponden a las fórmulas de 
Adams. 

4 .. 6.1 Fórmulas abiertas de Adams 

Considere 1 a expresión 4 • 8 

Yn+1 ~ + lixfn + liX 2 
f' + liX 3 

f" + ... 
1 Yn 2! n 3T n (4 • 8) 

o bien 

~ +ti X (fn + liX f ' + liX 2 
f" + ... ) Yn+1 Yn TI n 3T n (4 . 27) 

Si la serie incluye hasta términos de derivadas de pri-
' mer orden: 

ñx 
y n + 1 = Y n + 11 x .( f n + 2 f' ) 

n 
(4.28} 

Ahora, si fn' se aproxima por medio de una diferencia 
hacia atrás (cap. 6) 

fn' = El = fn-fn+J + lix. f " + a(t>x) 2 
dx llx 2 n (4.29} 

Sustituyendo 4.29(sin sus términos de segundo orden)en 

4.28 

(4.30) 

75 

' ----------



la cual es la fórmula abierta de Adams de segundo orden 

Cuando en la expresión 4.27 se considera hasta la deri 

vada de segundo orden: 

Y = y + ( 6X f' 6X
2 

f") n+1 n ax fn + :2 n + --6- n 

considerando la ec. 4.29 

df' f11 = = 
n dX 

f' - f' n n-1 
lix 

Según 4.29 

f ' . & f 1 - f 2 - n- n-n-1 

Sustituyendo 4.29 y 4.33 en 4.32 

(4.31) 

(4.32) 

(4.33) 

' ' 
(4.34) 

Si ahora, en la ec. 4.29 se considera la derivada de se 
gundo orden y esta se sustituye por 4.34: 

f ' fn - fn-1 
n = + ~ 

11X 2 (
fn-2fn-l + f n-2) ( )2 ~--~~----~~ + o 6X 

.11 X 2 

Después de simplificar: 

f ' 3 f 3 f f 2 
n = 2 n - 2 n-1 + ~ + o(ax) 2 (4.35)-

Si se desprecia el términoo(!1x) 2 de 4.35 y se sustitu­
yen 4.35 y 4.34 en 4.31 se obtiene 

Yn+l =- Yn + at [fn + (l f ~l f +fn-2) +(~- 2fo-J + ~)] 4 n .4 n-1 - 4- o . 6 6 

. '. 
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o bien 

(4.36) 

la cual es la fórmula abierta de Adams de tercer orden. 

De manera similar se podría obtener 1 a fórmula abier-
ta de Adams de cuarto orden: 

~1 [55 fn 
59 \ 

= Yn + lit 24 fn-1 +24 f - 24 f 24 n- 2 n- 3] 

(4.37) 

Estas expresiones abiertas también se conocen con el 
nombre de Fórmulas de Adams-Bashforth. ·Como tienen la des­
ventada de no iniciarse por sf mismas, es decir para em-

' plear en un principio a 4.30 se conoce f
0 

de las condicio-
nes iniciales y0 = y(x 0) pero no a f_ 1 , se recomienda uti­
lizarlo a partir de n=l, como en este caso no se sabe el v~ 

lor de f 1 se sugiere aplicar la ec. 4.5 para conocer y1 y 
luego con este valor y x1_=x 0+.llx valuar f 1 , definidas f 0 y f 1 
ya no habrá dificultad en utilizar la ec. 4.30 

Se recomienda aplicar 4.36 a partir de n=2 y valuar 
previamente f 1 y f 2 calculandp y 1 y y2 por medio de las ecs. 

·4 .24. Al igual para usar 4.37 es conveniente empezar con 
n=3 y calcular y1 ,y 2 y y3 por medio de las ecs. 4 .25, con 
ellas se obtienen f 1 , f 2 y f 3 . 

4. 6.2 Fórmulas cerradas de Adams 

Sea el desarrollo de la serie de Taylor 

y(x-11x) =y(x}- t,xy'(x} + 6.;t y"(x} _6.;,' y'" (x)+ •.. 

S i X = X • n+1 , 6.X = xn+l - xn,entonces 
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( ) ( ) · '( ) t,x
2 

"( t,x3 "'( ) Y xn =Y xn+l -óxy xn+l +;rr Y xn+l)-;rr Y xn+l + ... 

Como en el subcapítulo 4 .4, Y~+ 1 =f n+l' Y~+ 1 =f;;+ 1 ' Y~+ 1 . 
etc. y resolviendo para yn+ 1 ' se encuentra: 

2 3 

. Y n + 1 = y n + X ( f n + 1 - _6~ f ' + ll X f" _!!.X f '" + ) 2 n+1 :3f n+1 4T n+1 · · · 

( 4 . 38) 

Como. antes, si se considera hasta la primera derivada 

(4.39) 

Despreciando los términos de segundo orden, de 4.29 se 
tiene: 

fn+1 - fn 
= 

!!.X (4.40) 

i 
A 1 sus ti tu ,i r 4 . 4 O en 4 . 3 9 y si m p 1 if i e ando 

(4.41) 

esta ecuaci6n corresponde a la fórmula cerrada. de Adams de 
segundo orden. 

Siguiendo un razonamiento semejante a los del inciso 4. 
6.1 se obtienen las f6rmulas cerradas de Adams de tercer 
(L42) y cuarto orden 4 .43 

1 

5 8 1 
.. Yn+l = Yn + ax[ T2 fn+1 + T2fn - 2fn-l] (4.42) 

('!\.43) 
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Se observa que en las ecs. cerradas aparte de la dif1-
cultad de no iniciarse por sf mismas,' que no se conoce 
f 1, por lo que se propone resolverlas por iteraciones, n+ , : 
y una vez que ya no hay problema con el principio (ver 
inciso 4 .6.1), se resuelven por aproximaciones sucesivas 
proponiendo un valor de yn+ 1' con el cual se valúa fn+l y 
al sustituir en la fórmula cerrada en cuestión se obtiene 
Yn+ 1 ' si este es aproximadamente igual al supuesto se ha 
encontrado Yn+l y se incrementa el valor de n para conti­
nuar con el siguiente óx ; en caso contrario se necesita 
escoger otro valor de Yn+l y se repite el proceso. 

4.7 Métodos Predictor-Corrector 

Una ventaja de las fórmulas cerradas de Adams es su pr~ 

cisión, sin embargo, en ocasiones el proceso iterarivo se 
hace largo y se contraresta esta ventaja. Cuando el valor 
propuesto a Yn+l no es muy diferente del correcto,el núme­
ro de iteraciones se reduce en forma importante y nuevamen 
te hace útil la fórmula cerrada. 

De esto'se desprende la idea de escoger un valor ini­
cial de yn+ 1 adecuado. Para ello se sugiere utilizar una 
ecuación diferente a la fórmula cerrada. Esta ecuación ser­
~ir~ para "predecir'' el valor de Yn+ 1 con el cual se comien 
zan las iteraciones. Luego con él se emplea la fórmula ce­
rrada; como en cada iteración se mejora el valor de Yn+ 1 se 
dice que se esta ''corrigiendo'' ~ste. Por esto a esta clase 
de procedimientos se les conoce con el nombre de "métodos 
predictor-corrector''. En la fig.,4.7 se muestra la forma de 
utilizar estos métodos. 

79 



··¡ PREDECIR l 
·~-------y~n~(~~i~----• ~ 

• 

CALCULAR 
.(0). (O) 
fn+l =f(~+l'yn+l 

CORREGIR 
( j +1) 

yn+l 

CALCULAR 

f (j+l) =f(x y (j)) 
n+l n+l' n+l · 

(j+l) (j) 1 < E 1 _!!Q_ lj+j+l 
Y n+l -y n+l . · 

continuar con el 
siguiente intervalo x. 

* se usan las fórmulas predictor-corrector 
Fig. 4. 7 

También se ha observado que incluyendo una ecuación que 
modifique la estimación del predictor, el número de itera­
ciones se reduce, inclusive en muchos de los casos sólo se 
requiere una iteración; 'para esta variante,el diagrama del 

método predictor-corrector queda como se muestra en la fig. 
4.8. 
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* PREDECIR 
(o) 

yn+l 

• (o) 
MODIFICAR A yn+l 

• 

'1-(0) 
PARA OBTENER yn+l 

CALCULAR 
''l>(O) . ~(O) 

fn+l=f(xn+l'Yn+l) 

CORREGIR 
( j +1) 

Yn+l 

CALCULAR 

f(j+l~f(x , (j+l)) 
n+l n y n 

(j+l) (j) 
Yn+l - Yn+l 

(j+l) 
Y n+l+y n+l 

Continuar con el siguiente 
intervalo flx. 

* Se usan las fórmulas predictor, 
modificador corrector. 

Fig. 4.8 

j + j+:t 

Entre los m!todos predictor-corrector se anotan los siguien 
tes: 
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Método de Adams 

Predictor: 
( o ) .¡: t::.x [~ fn 

59 
f n-1 

37 ~fn-3] -Yn+1 = Yn - 24 + nfn-2 

( 4. 44) 
Corrector: 

y{j+1). 9 ( j ) 19 5 1 
fn-2] {4.45) y + t::.x[nf n+1 + nf - 24fn-1 + 24 n+1 n 4 n 

(Estas ecuaciones ya fueron discutidas e.n el subcapftu­
lo 4.6, corresponden a las 4.37 y 4 -.43). 

Método de Milne 

Predictor: 
{O) 8 4 8 

Yn+1 =yn+llx[3fn- 3fnc1 + 3fn-2] (4.46) 

Corrector: 

Y(j+1)- y +llx[!f(j) + if + -
3
1fn_

1
] 

n+1 - n 3 n+1 3 n (4 . 4 7) 

Método de Hamming 

Predictor: 

Y~~~ = Yn-3 + llX[~fn - 4fn-1 + ~fn-~] (4.48) 

Modificador: 

y{O) _ y(O) + 112 (y _ y(O)) 
n+1 - n+1 121 n n ( ~- 4 9) 

Corrector: 

y(j+1) .! (9y -y ) +llX (lf(j) + ~f _'_83f_n-1) . n + 1 8 n n- 2 - . · ... 8 n +1 8 n (4 • 5o) 
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Sé observa que las fórmulas pred1ctoras no se inician 
por sí.mismas (ver comentarios a las fórmulas 4.36 y 11.37). 
Para disponer de los valores iniciales necesarios para su 
aplicación se recomienda utilizar los métodos de Runge­
Kutta de cuarto' orden. 

Una de las ventajas de los métodos predictor-corrector 
estriba en el hecho de que cas:i siempre se requiere una ite 
ración y que,por tanto,se requieren menos c~lculos que en 
los métodos de Runge-Kutta (nótese que para el método de 
Adams se requiere calcular y~~I y con este a f~~I mientras 
que para las ecs. 4.25 se necesita valua·r k2 , k3 ·yk 4 impl.i_ 
cando mas op~aciones aritméticas) 

Tambi¿n los métodos predictor-corrector tienen un as­
pecto a su favor en lo referente al cálculo del error que 
se comete con ellas, pues la forma de determinar este 
error es muy simple. 

4.8 Métodos de parámetros indeterminados 

Dentro de esta categoría de procedimientos se agrupa el 
método basado en el cálculo de variaciones (Ritz) y el de 
Galerkin., 

4.8.1 Método de Ritz 

Cuando un alambre doblado en forma de una circunferen­
cia, primero se introduce en una solución jabonosa y luego 
se extrae, se observa que se forma una delgada película de 
jab6n, formando una superficie. Este experimento inspira 
el siguiente problema: Dada una curva cerrada encóntrar la 
superficie limitada por la misma de modo tal que su área 
sea m'ínima. 
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1 

En C~lculo Diferencial se trata como encontrar un pun­
to donde.la función es m&xima o mínima. Ahora no se desea 
definir un punto, sino una función que cumpla con ciertas 
condiciones y que haga máxima o mínima una propiedad; esto 
último se estudia por medio del c&lculo de variaciones. 

Algunos de los problemas del Cálculo de Variaciones 
consiste en encontrar la función (curva.) que une dos pun­
tos dados y que maximiz~ o minin1iza una integral. 

Ejemplo 

Encontrar el arco y(x) que pasa a través de los puntos 
(0,1) y (1,2), que minimiza 

J = Jl 11+y'2 dx 
y . 

o 

Generalizando lo anterior, se.desea incontrar una fun­
ción y{x) tal que y 1= y(x1) y y2= y(x 2) de manera que para 

'' 
una función dada F(x,y,y' ), la integral 

x2 
J = f F(x,y,y')dx (4.51) 

xl 

sea máxima o m1n1ma. La integral que toma un valor numéri­
co para ciertas funciones y(x) se llama funcional. 

Para encontrar la función y(x) se propone la familia 
de funciones 

Y(x) = y{x) + En(x) 

donde 

n(xd = n( x2) = o 
entonces 

Y(x) = y(x) +En(x) 

y o (X) = y' {x) + En' (x) 

{4.52) 

(4.53) 

(4.54) 

(4.55) 
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1) 
se observa que para c=O se tiene la función que hace míni-

J . ,• 

ma a 4.51 si se reemplaza y y y' en 4.51 respectivamente 
por Y y Y', se forma la integral: 

J(c) = Jx
2

f(x,Y,Y')dx 
X 1· 

(4.56) 

Para encontrar un extremo (máximo o mínimo) de J(c), 
se deriva respecto a E y se iguala a cero, tal como sucede 
en el Cálculo Diferencial, así: 

dJ(E) -
de fx

2 (lf ll + li ~)dx = o 
_x

1 
aY ac aY' ac 

y el mínimo es precisamente cua~do: 

dJ(O) = O 
d e 

según 4.54 y 4.55 

aY 
~ = n(x) 

ll'=n'(x) ac · 

(4.57) 

(4.58) 

(4.59) 

(4.60) 

considerando 4.59, 4 .60, y 4.54 y 4.55 para .=O,,se tiene: 

aJ(O) 
a e f

x. 
2 aF "F ( + 0 n')dx = x 1 ay_ n ay' 

dx + Jx
2 

-ªl. n'. dx n ay, 
X¡ 

integrando por partes la segunda integral: 

n 'dx = li 
ay' .<L [lf ] dx dx ay' 

(4 .61) 

~--···----'· 
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1 

1 

1 
1 
1 

1 

1. 

,. 

dientes p(x) y q(x) tales que cumplen con: 

J
x 2 

p(x)q(x) dx = O 
X¡ 

son ortogonales en el intervalo x1 ~x~x2 

El método de Galekin consiste en los siguientes pasos: 

l. Sean 1 a ecuación diferencia 1 

L (y) - f(x) = o (4.66) 
y 

y(x¡) = y¡ y Y ( xd = Y2 (4.67) 

2. Escoger un conjunto de funciones l1nealmente indepen­

dientes ua(x),u¡(x),u,(x), ... , u (x) dondeu 0 (x) satis-. n 
face las condiciones 4.67 y u¡(x), 2(x), ... , un(x) se 

anulan en (x 1 ,y,) y lx2, Y2l· 

3. Se forma la solución 

(4.68) 

4. Sustituyendo 4.68 en 4.66 

5.. Las constantes a¡, a2 , ... , an· se encuentran al conside­

rar que R(x) es ortogonal con las funcionesU 1 (x),U 2 (x), 

•.. ,ti
0
(x). 

J
x2 

Esto es R(x) u¡(x)dx = O 
X¡ 

J
x2 

· R (x ) u,( x ) d x 
X 1 • . 

(4.69) = o 
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1 

· 6. Al resolver el sistema de ecuaciones 4.69 se encuen-

tran a 1 , a2····· an. 

7. Sustituir los valores de a1 , a2,. .. , an en 4.68, con 
lo cual queda definida la solución aproximada. 

4.9 Ecuaciones diferenciales de orden mayor a uno. 

Una ecuación diferencial de orden mayor a uno o un sis 
tema de ecuaciones diferenciales que involucran algunas 
derivadas de orden alto, pueden deducirse a un conjunto de 
ecuaciones de pri~er orden haciendo un cambio de variable 
simple. La ecuación de orden n: 

y(n) = f(x,y,y',y", ... y(n-1)¡ (4.70) 

se transforma haciendo 

Y = go 

y' = g l 

1 y"=gl=g2 (4.71) 

:1"= 
1 

g:', = g2 = g, 

Y (n)= =g' =f( ·," .(n-1)¡· ··.· n-1 x,y,y ,y , ... ,y 

Las ecuaciones anteriores se pueden tomar con cualqui~ 

ra de los métodos descritos. El cllculo se hace en parale­
lo, se realiza el ctlculo para el primer 6X para todas las 
ecuaciones antes de pasar al siguiente, y así sucesivamen­
te. 

En el caso especial del métddo de Runge-Kutta se espe­
cifica para el caso de dos ecuaciones ordinarias de primer 
orden, el conjunto de ecuaciones siguientes. Ellas corres-
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a·_un método de orden cuatro. 

Sean %f = f(x,y,u) (4.72) 

1!1 dX = h(x,y,u) (4.73) 

donde y y u son conocidas para x = x,. En particular, las 
fórmulas de Rung~-Kutta se generaliian como sigue~ 

con 

k1 = f(xn,yn,un) 

6X 1 1 k2 = f(xn+=f• yn+ 2 .oxk 1 ,Un+z-6xm¡) 

· ( 6X 1 1 k3 = f xn+:f, yn+z-6Xk 2, un+z 6xm 2) 

y 

m1 = h(xn,yn,un) 
6X 1 1 

m2 = h{xn+:f, yn+z 6Xk 1 , un+z6xm 1) 
6X 1 1 m, = h(xn +;r, y n+z6Xk2, un+Z6xm2) 

m, = h(xn+6x, yn+6xk 3 un+ 6X m3 ) 

(4.74) 

(4.75) 

(4.76a) 

( 4 .. 76b) 

(4.76c) 

(4.76d) 

(4.77a) 

(4.77b) 

(4.77c) 

(4.77d) 

Una consideración de esta forma indica,como cualquiera 
de las otras fórmulas de los métodos pueden ser usadas. 
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4.10 Errores en los métodos numéricos para resolver ecuaciones 
·diferenciales. 

En la solución de las ecuaciones diferenciales, se e~ 
tender§ que la diferencia entre la solución exacta de la 
ecuación diferencial. (por ejemplo aquella obtenida por mé 
todos an§l iticos con todas las cifras ·decimales) menos la 
solución obtenida con un método numérico con un número li 
mitado de cifras corresponde al error total E(r.). 

E(x) = S(x) - p(x) (4. 78) 

donde 

S(x) es la solución exacta 

p(x) es la solución mediante el método numérico con un 
número limitado de cifras. 

Introd~ciendo Q(x), la solución mediente el método nu 
mérico con todas las cifras necesarias, en la eé. 4.78; 

E(x) = S(x) - Q(x) + Q(x) " p(x) 

Llamando error de truncado o discretización a D(x) = 
S(x) - Q(x) y error de redondeo a R(x) = Q(x) - p(x) se 
tiene 

E (X) 

E (X) 

= D(x) 
1 

+ R(x) 

_t. + t.x M2 
1 
\ 
\ 
\ 
\ 

t.x 2 

/ 
./1\.-­

/ 

t.xM 2 error de 
-2- truncado 

' : / P error de _ 't',. -.. ___ $. _ ~ redondeo 

t.x óptimo t.x 

Fig. 4 .B 

(4 • 79) 
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En la elección del tama~6 del intervalo de integración 
ax aparecen involucrados estos errores, ya que por un la­
do, al asignar un valor ''grande'' a ax se comete un error 
de truncado grande (a continuaci6n se discute porque) y 
si por otra parte se escoge muy pequefio puede haber erro­
res por despreciar cifras decimales (error de redondeo), 
(fig. 4.8). 

La elección de valor óptimo de ~x no es sencillo, lo 
más usado en la práctica es escoger un ~x relativamente 
pequefio y aplicar el procedimiento numérico, luego seto­
ma otro ~x menor y se utiliza el procedimiento otra vez, 
si los resultados no difieren mucho,se acepta uno de los 
cálculos como bueno; en caso contrario, se escogen otros 
dos valores de ~x. si no se llega a un resultado.adecuado 
suspende el cálculo y quiza convenga probar otro método 
numérico diferente. 

En atención al error de truncado, la ec. 4.8 dice: 

r:,xz 6 , 
Y =y + r:,xy'(xn) + -2-, y"(x )+ _x_ y'" (xn)+ ... - n+l n n 3! 

Al compararla con la ec. del método de Euler, se ob~ 
serva que esta no toma en cuenta los términos de segundo 
orden en adelante, es decir la ec. 4.8 se ha truncado, y 
ello implica un error de este tipo. 

Según la serie de Taylor, el error de truncado es tal 
que: 

0 (X) $ (4.80) 

Suponiendo que: 
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1 

nw ¡ =M 
d x 2 máx 

Así, en el primer intervalo de integración el error 
de truncado es: 

En el segundo intervalo, vuelve aparecer un error de 
truncado sea 

d = M ( 2) 
2 

/::,X 
.-2-

suponiendo que 
tiene qu~: 

M (1) = M para cualquier iteración se 

t,x2 t,x2 
d1 + d2 = M --2- + M ~ = M t,x 2 

'' 

tamb i e'n 

y así sucesivamente, hasta que en la· iteración N (N >3) el 
error acumulado: · 

dl+ d2+ d 3 + ... + dN· = N !it,x2 
2 (4.81) 

Por otra parte: 

xl = X o+ t,X 

x2 = Xl+ óX = X o + 2t.x 

XN = XN-1 + t.x = X o + Nt._x 

de esta última ecuación 

N X!j - X o = 
t,x (4.82) 

·"--~-~----~--. 
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Sustituyendo 4.82 en 4.81 

Si 

y 

entonces el error acumulado de redondeo es 

"(4.83) 

Y se afirma que en el método de Euler el error acumu­
lado de truncado es proporcional al tamaño del intervalo 
de integración óX. 

En general,se ha notado que este error tratandose de 
ecuaciones diferenciales ordinarias es mas importante. 

Se puede demostrar o encontrar en libros sobre el te­
ma los errores acumulados de truncado para cada uno de 
los métodos aquí descritos. Según la potencia a la que a­
parece óX se dice el "orden del mitodo", que tendr~ un me­
nor error de truncado mientras mayor sea el orden (óx 2 , si 
óX es ~enor que 1 es mejor que óX). En la tabla 4.1 se re­
porta .el orden de algunos de los mitades. 

Mitad o 

Eule.r 
Euler Modificado 
He un 
Nystrom 

Serie de Taylor 

TABLA ~.1 

Orden 

1 

2 

2 

2 

2,3 ,4, ... según el número 
de tirminos 
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Runge-Kutta 
Adams 
Predictor-Corrector 

4.11 Ejemplos 

Ejemplos 4.11.1 

2,3,4,5 

2,3,4,5 

2,3,4,5 
según se espe­
cifique 

Calcular el tránsito de una avenida a trav~s ~el alma­
cenamiento mostrado en la f1g. 4.9. Se sabe .que la avenida 
es constante e igual 1 = 10m 3 /s y que el gasto que sale 
del almacenamiento esta dado por la ecuación: 

Q = C0 a Y29fi = 5 h {4.84) 

El área de la base del almacenamiento es 100m 2 • El ni 
vel en el almacenamiento al tiempo, t=O s tiene una carga 
h '; 16 m. 

F ig. 4. 9 

Solución: Se trata de resolver la ecuación de continui 
dad: 

dV 
dt = 1 - Q 

como: 
V-- Ah+6 

·-·~~-~·-- --~----~---· _ _: ________ .. 
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1 
1 

• 

'--------'---
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así 

dV =A dh 

dh = l..:-º 
dt A 

sustituyendo valores y la ecuación del gasto de descarga.· 

---·------- ·--~--------------.....-.--~ -------'---·-·-------------·------ ··-·--·---------------- -



1 
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1 

1 

. ·'· -· _. 

k) Cornparaci6n de los resultados del método de Euler Mejorado·y la soluci6n 
exacta. Valores de hn· 

tiempo llt = 1 llt - 2 ót - 3 ót = 4 EXACfA 
. 

1 15.90031 15.90031 
2 15.80125 15.80125 15.80125 
3 15.70281 15.70283 15.70280 
4 15.60498 15.60499 15.60503 15.60498 
S 15.50778 15.50777 
6 15.41118 15.41120 15.41122 . 15.41118 
7 15.31521 15.31520 
8 15.21984 15.21986 15.21994 15.21983 
9 15.12508 15.12514 15.12507 

10 15.03095 15.03095 15.03092 
11 14.93738 14.93738 
12 14.84444 14.84447 14.84452 14.84459 14.84443 
13 14.75210 14.75209 
14 14.66036 14.66039 14.66035 
15 14.56921 14.56931 14.56920 
16 14.47866 14.47870 14.47885 14.47865 
17 14.38871 14.38869 
18 14.29934 14.29938 14.29945 14.29933 
19 14.21056 14.21055 
20 14.12237 14.12242 14.12260 14.12236 
21 14.03489 



1 
1 
i 

1 

' i 
1 

' 

j) Compar~ci6n de los resultados del Método de Euler con distintos intervalos de 
tiempo y la soluci6n exacta. 

h 
tiempo M - 1 1\t - 2 1\t - 3 llt-4. EXACfA 

1 15.9 . 15.9003i 
2 15.80063 15.8 . 15.80125 
3 15.70188 15.7 15.70280 .. 

4 15.60375 15.60251 15.6 15.60498 
S 15.50624 15.50777 
6 15.40935 15.40751 15.41118 
7 15.31308 15.31520 
8 15.21742 15.21498 15.21006 15.21983 
9 15.12237 15.11690 15.12507 

10 15.02793 15.02492 15.03092 
.11 14.93410 14.93738 

12 14.84088 14.83730 14.83369 14.83006 14.84443 
13 14.74826 14.75209 
14 14.65624 14.65211 14.66035 
15 14.56483 14.55598 14.56920 
16 14.47401 14.46933 14.45987 14.47865 
17 14.38378 14.38869 
18 14.29415 '14. 28894 14 .. 28369 14.29933 
19 14.20511 14.21055 
20 '14.11667 14.11093 14.09934 14.12236 
21 14.01679 

"' (X) 
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i) obtenci6n de la soluci6n exacta de la ecuaci6n diferen­
cia 1 : 

~ = 0.1 - o.os h 

Por separaci6n de variables: 

dh = dt 0.1-0.05lfi 

integrando 

I dh = t +.e 
0.1-0.05/h 

si 
X =.lfl 

2xdx = . dh 

así: 

como 

f dh 
0.1-.0.5 /Fi 

= f -"'-'2 x"-'d'-"-x,___ 
0.1-0.05x 

J 
x dx 
ax+b = 

X b 
a - a2 ln (ax+b) 

entonces 

2 J xdx = _2 - 0.05x-0.1 

= -40x +SO ln(O.OSx-0.1) 

por lo tanto 

=- 2 1· xdx 
0.05x-0.1 

J dh = -40 1h - 80 ln (0.05 lh- 0.1) = t +e 
0.1-0.05 lfi 
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como: h = 16 para t = O 

e= -O -40 ''lf6 - 80 ln (0.05 lf6- 0.1) = 24.206807 

la solución es: 

j t = -24.206807 -40 lh - 80 1 n (O. 05 lh -o. 1) 

Ej emp 1 o 4 . 11. 2 

Encontrar una solución aproximada de la ecuación y'' + 

y = x la cual pasa por (0,0} y (1,0) sabiendo que tiene aso 

ciado el funcional J = e (y' 2 - y 2+ 2xy)dx. 

Solución: (Método de Ritz, subcapitulo 4.8.1} 

Sea la solución del tipo y =uo(x) + a1 u1 (x), donde u o 

(x) = O y u 1 (x) = x-x 2 , ya que u 0 (x) sati~face las condici~ 

nes Y(O} =O y y(l) =O, y la funciónu¡{x) se anula en (0,0} 

y (1,0}, es decir u (O)=O -0 2=0 y u1 (1) = 1-1 2=0. 
\ 

y= .a 1 (x-x 2
) ••• (m) 

Y el problema consiste en encontrar el valor de a 1 . 

con base en la ec. a 

1 
a1 (1-2x) y = 

y" a~ (1-2x) 2 2 
(1-4x + 4x 2 ) = = a¡ 

••• ( B) 
y2 = 2 ( 2 2x 3.+ x") a1 x -

2xy = 2a¡{x 2
- x3) 

,. 

sustituyendo las ecs.a en·el funcional 
1 

J =Jo [a~ (1-4x+4x 2
) -a~ (x 2-2x 3 +x 4

) + 2a 1 (x 2-x 3 }]dx 
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i 
! 

.1 . 

.. 

' .1 

1 

1 
1 ·¡ 
1 
1 
! 

l 

Integrando 

J =a; [x-2x 2 +~x 3 )
1 

-a~ [lx 3 -lx•+lx 5 )
1

+2a 1 [lx 3 -~x') 1 

3 o 3 2 5 o 3 '+ o 

2 1 2 1 3) (1) 3 2 1 J =a¡ (3) -a¡ (yTQ +a¡ b =ro d¡+ f)al 

Para hacer mínimo el funcional 

así con base en la ec. o 

aJ 
a a 

3 1 
= 2a 110 + 6 = O 

a¡ = - 5 
18 

••• ( ó ) ' 

entonces, una sol~ción aproximada de la ec. diferencial es: 

1 y = -fa- (x-x2) 

Ejemplo 4 .11. 3 

Encontrar una solución aproximada de la ecuación y'' + x 
= O de manera que y(1) = O y y(2) = -1. 

Solución (Método de Galeflkin, subcapítulo 4 .8.2.) 

Como no se dispone del funcional se proceder~ mediante 
el método de Galerkin. 

Se supone una solución del tipo y = uo(x) + ~·ur(x) 
' ' 

1.01 
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siendo uo(x) = 1-x y u,(x) • x'-3x+2 pues u 0 (1) =O y 

Uo(2) = -1; y tambien u1 (O) = O y U¡ (2) = O, de modo que 

y =( 1- X) + a 1 (x 2 -3x+2) ... (o.) 

se trata de encontrar el valor de a, 

con base en la ec. o. 

y' = -1 + a 1 (2x-3) 

y"= 2a, (Zx-3) ... (a) 

Al sustituir la ec. a en la ec. diferencial 

2a 1 +x:<O 

2a, + x = R(x) 

Por lo que 

2 

J R ( X )U i ( X ) d X = 
1 

( ( Za1 +x)(x 2 -3x+2)dx 

f 
2 

. 2 a·1, ( X 2 
- 3 X+ 2 ) + ( X 3 - 3 X 2 + 2 ) d X 

1 

= 

2a_, x
3 

- -
2
- + 2x + 

[ 

3 Jx 2 · 2 

= o 

= a 1 3 7 
·3·n= 0 

por lo que una soluci6n aproximada es 

y = 1-x- :q.(x 2 ·-3x+2) 1 
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~) Solu~i6n mediante el ·m~todo de Euler 

. 
• 
2 

4 
5 

11 
12 
E 
:14 

lt 
17 
1:3 
19 
20 

.-. ·-· 
·' ~ 
.-, 
~ 

4 

" ·-' 
6 
7 

1ü 
11 ... -, ....... _ 
A-:· 
..1..~-

15 
it-
17 
.( ,-, 
..I..Ü 

19 
2[1 

.hn+l = hn + t.t f(tn,hn) ; f(tn,hn) ·" 0.1 - 0.0~ 

METüf•ü [>E EULEF' (DT= 1 ) 

1 
.-, 
< 

4 

" _, 

-' 

11 .. -, 
..L.::. 

B 
14 
15 
1t:; 

1? 
1::: 
:19 
.20 

4 

,-, 

12 
14" 
16 

.-,.-, 

.:....:... 

.-, -~ <0., 

26 

-:---. 
..:-.:... 

34 

40 
42 

16 
15. 9 
15 80062t:. 
15. ~'01876 
15. 603:7..;::: 
15. 5062401 
15. 4ü9!.5lG 
15. S13ú76tS 
15. 2174169 
15. 1.'223694 
15. 02793:2 
14. 9341026 
14. 8408792 
14. 74~:2599 
14. 6562426 
14. 5648252 
14. 47'4005:::: 
14. J:t:3:7t:22 
14. 2941524 
14. 20::1144 
14 :1:166€t. 

15. ::: 

15. 2:149:::~:::: 
1..5. 0249199 
14. :nn 
14. 6521ü7::: 
14. 4693271 
14. 2889414 
14. 11ü9:AJ· 
13. 9352f:9 
1J. 7619S9 
13. 591ü175 
11. 4223575 
13. 255992:1 
13. ~3919(143' 
1') 93.0(17-;' 

12. 7?04928 
12.6131346 
1") 4579848 

F•.TtL HIJ) 

-. 1 
- 0993740204 
- 0987500062 
-. 0981279636 
-. 0975078987 
-. 0968898177 
-. 09627:!7265 

0956596316 
0950475387 
0944:>7454 

-. 09]8293:834 
-. 093:223:~:s: 
-. 0926193:0:::7 
-. 092017}165 
-. 0914173622 
-. ü908i945i6 
-. 090222590::: 

. -. 08962978~A 
-. o:::90s804B 
-. •3884483:642 

0:f:786(17597 

F<Trl.. HW 

1 
os:::: 460t.:.=-~ 
ü975ü004 s~~: 
(1962619:?.1;::·. 

-. (;95031944::: 
0938(;9957t~ 

- 092596079,:: 
-. 091390~:59 
-. 09(11.92~:::4 .?.6 

089ü(ü58[1::: 
-. (1878226:1.75 
-. 0::~66500001 
-. OE:54857745 
-. 0843299858 

-. 082043896? 
-:-. 08091368:~4 
-. 0797920811 
-. 0786791315 
-. 0775748754 
-. 0764793529 

l:i. ::> 

15. f:Oüt.~·~. 
15. ?.ü1~::7t. 

15. 60?74~: 
1:t. 56624(~1 
15. 4(19]'503 
15. 313076t. 

. 15. 2174it.9 
15. 1223694 
15. 0279J:2 
14. 9341ü2·~ 
14. 840t:792 

14. 65S2~2t. 

14. 2'94:152.; 

14. 116E:~S 

H<~:-+1) 

::. e 

1S. o¿~s:::s·:? 
14 f;J(~' 

14. 46:?~27::':. 

14. 2::~c:9414 
14 :1.:1Cr3JA3 

13:. 7S1:?:::9 
1-~ 591(1.175 
13:. 422:;:575 
12:. 2555'92J 
13'. ~391904 :: 
1') 930ü77 
1·::· 7704?.2:::: 
F' 6EE4S 
12. 4579::;4e 
12. 3B502C1 
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.• 
•, ( 

Listadodel programa utilizado 

·5 PF:'# 1: PR!tiT ""; 
1ü RE11 METCIC•O (JE EULEP <EC 5. 4} 

15 D!l1 H<21> 
20 PEA[• DT 

.-;. Sü VRTA ~ 

40 F::Ei'l SE DEFINE LA FUNCION F(T, H' 
50 DEF FN F(H) ~ 0. 1 - 0. 05 * SQR (H) 

r, · 60. F:Ei'' DATOS iNICIRLE::. 
•; 

6:1 Ttl :::: (1 H<0> = 16 
70 PF:HH "11ETO[l[l DE EULEF: <DT~ "[>T'' ; 
71 PF'H•T 
72 PF:I~n nn 

H<r~+:l) li 

::'0 F:EM El~ PE 1 EZR EL ME TODO 
9ü FC~~· N = (1 TO .20 

TN 

···. ::u~1~1 F = Fr~ F<HO::N>) 

,. ... 

o 

o 
(' ' 
'--

e 

110 H(t~ + 1) = H(N) + DT ~ F 
120 Tll = TN + DT 
l:iü. F·F:IIlT rt HJ, HOf>, F, H•:ti + 1) 

14[1 r.JE::-·:! N 
15;::; EU[:: 
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\ . _ 1 ___ ,_..,.,wu· •l'li:\.ltQu ... ~ '11:1· Ult;"VUIIJ UC '-"-ler. MOQlflCaCJv '\.· -lit 
. . hn+l"hn+ [!( tn,hn)+f( tn+l ,hn+l U-r 

](15 
METODO ~E EULER MODIFICADO <DT= 1 ! 

N TN H\Nl F\TN. HrD F Orlt 1. HTJ 

\. o 1 16 - 1 -· o:~·;·l:; ~· 4ü~:L)4 

1 2 1~1 9l'031:? - ü~~~~:? i':"·~·f:~:f; - (1~~:::7~'·1 '?•: .• ::4 
'• ~ 15. 801249 '· - O~'l8';"'5~?~:4 7 (l~"é'l''' :·(:?(. 

e ~ 4 15. ~ 7028061 - (\~"l813:;~:: .: :? - 097:.137 4:::; 
4 " 15. 604982} -. (1975157104 - 09tS:3~=J7t~ü-1;. -· 
" -· 6 15. 5077.757 ü96t:995663 0~152:3344:-:::. 

6 ' 15. 4111842 0962t:54(t:.,; - 0956712726 
7 o 

-· 15. 3152058 - (1956732342 - 095(161696:; 
<· 'J 9 15. 219t:?E:7 - 09506:?05'::2 - 0:?4452:?22~ 

9 1(1 15. 12508(17 - 094454:::::·:·4 - 093:84t.?5:·2 
1(1 11 15. (JJ09299 - 093:t:487159 - 093242601 
" 1"• 14. 9373842 - e9324456j_4 - 092640465:; ¿~ " 12 13 14.8444417 - 092642425'? - 09.2040255:, 
E 14 14. 752~003 - o?¿o~¿315 - 09144227:·2 
14 1~ 14. 660158 - 0:?:1.4442247 - 63•21:::4623:.24 
.;~ 

~-• .t 16 14. 5692128 - (19[184?19::::~ - (1~025225:1.1 

' -.J.t· 17 14. 47t;t.62t. 0:?025418t'3 - ü89E.bü2777 

( 
17 1C• 14. S8B7053 - 08966223.4:::: - (1~:9(··7ÜJ"777 :-· 

" 18 19 14. 2?9339 - (1890?2::~.42 - o·::·:A·::;::s: €~~ 
19 2C1 14. 21ü5E.:E. 0884:::44:?2? - \}:·7:~:?€? €-·~=-
?0 21 14. 122?.71 - (~t-7:::9?715":: .- e·::7:=:17·:~t5::: 

e 
~1ETOD::: [·~ ,_ EULEF: MO() I F 1 CA[)Ü 1-.DT= 2 } 

( 

t·¡ TIJ H(fD Fnn. HrJ> F(TrhL H::·: 

( Ü' 2 16 :!. - üs-·:::7.:; o:.c',;9: 
A . ; 1Z:• . ... ~ :3C.12539 - 09:::7539:.:,~. - e::r;:-5::.:17;:::·:,:"": 
.-. t 15 6ü49921 0975157722 09-:277€1: ~ 

r' 
'· " 

<• C• 15. 41119t? ü9-:2t:549:::¿ 0~5ü5529::: 

~ 10 1~·- 2::.98':·79 ~)95ü6:u ~:1~. ~~93::::409:;;.:-;: 

5 12 1~ 
-~ c:~e9537 - ü?38.:;.::;8699 - 092€34 ?J:¿:;. 

( 6 :14 14. 8444701 (1926426105 - 09143€57:·: 
~ 16 14. 66(12909 ' - e-914444499 - 0Sü24.:.:.f.4 
~: 1"' e• 14. 4?86999 - 09[12544:qs - o::·.:-rc-t~.:;. 7 ~~: 
9 2(1 14. 2993808 e::;9ü7261o~ e::-729llt.;;::¿ 
10 ..... -. .::..::.. 14 . 1;::2417 - ('.~:~789'30"22 - G::::t:¡¿:.e.t.i :, 
11 24 13. 9477921 - et:67::3714~::: - o:::ss.::s:::·::t .;. e .12 '>' ~t. 13 7754895 - 085576732::: - o::~442ü2~·~¿ 

E 28 13: 6~54925 - cr::44281"194 - ot~:~2t:ü~~e?s 

14 30 B. 43:77843: - 083287917:. - 0E:.214E~3492 

15 ~ .... 13. 272}48 - 0821561694 - 08102510f.S _:.,~ 

16 34 13. 1<391667 - 0810329165 - B7991ü4e.~.;: 

17 36 1'' ~- 9482234 - 07991t:i99f. - €17880427:6 o • o 
J.v 

..,,, 
~" 12 . 7895009 - 0788120588 - 077;'067587 

19 40 12. 6:S29821 - 0777145333 - 0766179~)ü2 

2ü 42 12. 4786497 - 0766256614 - 075537733.7 
o 
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e 
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5 PR# 1: PRI~IT '''; 
(• . 10 REM METODO DE EULER MODIF !CADO \EC ~. s; 

'15 DIM H(21) 
20 READ DT 

(;) :<0 DATA 2 
35 Di ~ DT * 0. 5 
40 REt1 SE DEF!NE LA FUtiC!Drl F<T.H.' 
50 DEF FN F(H) = 0. 1 - O. 05 •· SQP <H) 
60 REI•1 DATOS l ta C l RLES 
65 TN = 0:H(0) = 1E 
70 F'fWIT "i1ETWD DE EULEF: MOC,IFICADO O:[>T= "[>T" ) " 
7:1 PF:Hn 11

· " 

72 PF:HIT "N m Hnn 
F(TN+L HT> 11 

;-:-~ F'R!tJT .. ,, 

f:[; REI·1 Et·1F'IEZA EL P1ETQ[>O 
.. 90 FOR ti = 0 TO 20 

) 

100 Fi ~ Ft·~ F(HdD) 
1t1!:1 HT ;:; HnD + [_.¡ ~t. Fi 
1ü8 F2 = FN FOHT' 
:1..10 H(N. + 1) = HOJ/ + C'1 * (F1 + F2> 
12121 TU :::: TN + [JT 
:1::5:0 F'f.::INT N., TU .. H<N>~ F:L F2 
140 t~E::<T r: 
:!.:,ü Etm 
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4 
5 
6 
7 
8 
9 
1ü 
11 
12 
1:? 
14 
15 
16 
17 
:1.8 
19 
20 

.-, 
~ 

4 
5 
f. 
7 
C• ., 
9 
10 
1:1 
12 
F 
i4 

. '15 
16 
17 
18 
19 
20 

.hn+l • hn-l + 2At f(tn,hn) 

·METODO DE N~'STROM ([!T= 1 ) 

TN 

1 

4 
5 
6 
7 
S 
9 
:1.0 
11 
12 
E 
14 
15 
16 
17 
18 
19 
20 

METDL<'J DE fNSTROM ([,T= 2 

TN 

-, 
~ 

4 

6 

iü 
12 
14 
16 
1t: 
2ü 

24 
26 
28 
3(1 

32-
34 
36 
38 
40 

15. 80~~·4S1i1 
1':::· 6((. 73(14 

. 1-:•. f.ü74765 
15 4086674 
15. 4149378 
15. 21bü48t: 
15. 2~4t:602 
15. 0258583: 
15. 03?2282 
14. :::::::·0797 

- 14. ss2o~·:.sr 
14 G5~'b964. 
14 t.t.92::.75 
14. 469692 
14: 4~::;.::(:47 

14. 2:::9049:3 
1'4. J'·l ¡J':~:;-:::4 
14. 1.:!.CC5:=.'1 

H<N-:1..> 

15. 4:1.::.9::. . 
15: ¿:.;.:?•}4¡:4 
15. c~:-~:~s:-~:7 

14. t;4~447J. 
14. 66üJt,t:::· 
14. 4:""::67ü:1. 
14 ;;::St:?Z5:i'.? 
14. 1¿238~34 
1}. 94 7756::: 
1:'. 7754465 
13. 6[15451 
13. 4:?773:51 
13. 2723007 
13:. 129111::: 
12. 94817(15 
12. 7t:944t14 
12. 6?.2924 

-. (19:::753.~~:.~ 
··. cr.:•::·:'Cl7'4~ ~ 

- o~=:-t-·26·?~ :-;~ 

(196:09?-ü.:: 
os:.ü:~t.77üt. 

-. 09509:.2:~46 
-. (1938160103 
-. 09J:s:::93254 
-. 092t.011Aüi 

-. ü'31::942ü:.~. 
- (1S:150.22ü: 1 
- .. 0~~[1195.;-:4;..· 
-. 139C<S21090::· 
-. o::~~=-::eci42::·~"('? 

-. ~,~~7·;;·~··;.:;~ .. =~~, 
-. [1:~'79t:4ü1;;::7 

-. ü?02542::::c 
-. üB9G724:1:.?:: 

-. o:::673347é;:.:· 
-. (t35576443.":.. 

or::4427t:::::::::;;: 
-. 0832E:?s~:r¿::: 
-. (182155844:: 

- 078:31161.57 
-. 077714:1.24;: 
-. ü7E.t.2~51'3:··? 

15 8ü12t'"·?:7' 
1:0 81'1?4<•;:1 
15. 603'~;~(1~ 
15. t.(t7476:. 
15. 408667~ 
15. 41493.78 
15. 21604:::::: 
15. 2248602 
15. 025858:. 
:1.5. 0372282 
14. 83E:0797 
14. ss;;:·0259 
14, 65269S4 
14. 669~::75 
14. 46969"2 
14. 4E:·::e-+7 
1.4. 289ü4?::· 
14. ].10:::3t!O:. 
1.:1.-11.07:·31 
14. 135:1.956 

i.5. 411191 

14. 844447:· 

14. 47t:670l 
14. 2993519 

1J. 947756e 
:1.3. 775.4465 

13 4377~:51 
13. 2723(1(17 

1? .. 1091·118 
12. 94817(1:! 
1') 7894404 
12. 632924 
i'J 4785839 
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5 PR# 1: PRINT ""; 
1e REt·l METO::'>O DE tNSTROM o: EC 5. t.' 
15 DIM H(21) 
2ü READ DT 
?ü DATA 2 
35 Dl = 2 * DT 
4(1 REM SE DEFINE LA FUIK!Otl F<T, H> 
:.o DEF FN F<Hl = 0. 1 - ú. 05 * SQF: 'H) 
60 REM DATOS INICIALES 
65 TN = O:H(l:l) = 16 

· 67 RHI DATO . TOMADO DEL METO DO DE ELIL EP i1(1['l F i CPDO 
f,f: H(1) = :!.5. 8012'539 
7(1 PF.~ItJT 11 METODü DE tJ'r'STF.:Ot1 (DT= "DT 11 

) '' 

71 PRHH n u 

72 Pf=~HH "U 
H(U) 11 

74 PF:INT u 11 

80 F:EM E~1F'IEZA EL MEE:C{! 
90 FOP N = 1 TO 20 
190 F = FN FCHCNl' 

T •• " 

110 H(N + 1l = HCN - 1l + Dl ~ F 
12(1 Ttl = HJ + DT 

(· 13[1 PP!tH tL Ttt HOJ - 1>.· F .. H(ID 
140 tJEn tJ 
150 EtJ[·· 

(' 

o 

e 

o 

o 

o 

,_ 
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3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
1]. 

14 

:16 
17 
1t: 
19 
20 

·r: 

1 
-, 
~ 

4 
5 
6 
7 
8 
9 
HJ 
11 
12 
B 
14 
15 
16 
1? 
18 
19 
20 

de h) h -h·+·tr!lJ . n+ 1 - n u 
TP = T(l)=f +f'llt. f ,;,0 1=0 05/FC·· f'=-0 025 l_ 109 

n nT' n · · n' n · ·.METODO DE ~;¡','LOR <I'T= 1 

TN 

1 

4 
5 
6 
7 

9 
10 
11 
12 
:1.3 
14 
15 
:lt-
.i""l' 

"' 
-~o 
-'-'-' 

19 

21 

Tt-~ 

.-, 
e 

12 

16 
18 
.-.. -. .:.... ._, 
--r-:• 
.:.....:.... 
.-,A 
"'~ 
26 
.-....... .r:..•:· 

?2 

4(i 
42 

HdD 

1t· 
15 SJ687:; 
15 7941f::.r:. 
15 E-9i5294 
15.' ~.·~1305 
15. 4::-<(17101 
15. 390743 
15. 2914(116 
15 19.268:?9 
15. (1945:379 
14. 997111::: 
14. 90~:1 25:~5 
14. 804011 
14. 7083823 
14 t~13?.654 

14. ]31965€ 
14. 2::?:759 
14. 1.:!.73C?~·. 
14. 05595'94 

1t, 

i r: 1:;"""':'"'7C" .-._. -
.. J ._.; .. ·-·-:.·_.:. 

14. 76:A1ü4 
14. 5t.f:165b 

14. 17':.+¿27 
13:. 9:392926 
1 (: E'0190:1.8 
13:. 61693:4 

- 1?. 43"4~73: 
1?.. 2542022 
13: 0764051 
12. 9(1ü:j651. 
12. 7278653: 
12. 55701:'::9 
12. 3886192 
12. 222439 

. . . IF,;" 
TF' 

-. tlF125 
-' 1 \~24€:~;,¡:,4; 
- 1018'::~'1.)2'~ 

-. 1012244~5 
-. 101)59482€· 

(1999671525 
09914144 

-. 0987176944 
-. 09t:095?218 
-. 09747612:'4 
-. 0968582:2!:,2 
-. 0962425024 
-. 0956286:342 
-. (1950168684 
-. 094407ü€2J' 
-. (19:~799i7:"..::: 
-. (19J:19J:~.~=~::: 
-. ü925t'9?6~5 

ü919f:!::~:· 5J:C. 
091J:ge:;e:. 1 

-. 09079ü7t::::: 

10=~t::t.:<s·: 
'l024ü·.L:..7 :¿ . 

-. 1ü113J?::;. 
-. 093::;7412::.? 

-. 096142::~:.~:·::· 
-. 094915(1'7:. 

093:6954~·-::.J: 

-. 09248?.8644 
09:1.2805109 

-. 090ü:35J:t:::'·3 
-. 088t:9854 54 
-. (1:B?72(~tJ~7 3 
-. 68t.549é~:327 

0853E:815S5 
-. 08423489::..:.¡.· 
-. 083(1901353 
-. 08195]:~~~.06 

15. 896875 
15. 794 38'5'5 
15 692'5294 
15 591305 
15 490711211 
15. 390743 
15. 2914016 
15. 1926839 
15. 0945879 
14. 9971118 
14. 9002535 
14. 804011 
14. 7083823 
14. 6133:654 
:1.4. 51t:9584 
14. 4251591 
14. 3:319656 
14. 239]759 
14. 147387::" 
14. 055~99-i 
n 9652086. 

15. 1E542t,¿ 
14. 9t.:{f:~:::7 
14.' ?E.J41~i4 
14. 56616::16 
:1.4. ~:714C:r34 
14.1791227. 
B. 9892926 
13. 8019C11t 
1S. 6169:3:4 
13:. 434Z7J 
13. 2542ü22 
13. 0764051 
12.9009651 
12. 7278653 
12. 557089 
12. 3886192 
12. 222439 
12. 0585311 
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5 PRI 1: PRI~T "";· 
Hl REM MFiCü'' DE TAVLOF CEC ~. 1((• 

15 D!M HC21'• 
20 REAl• DT 
30 DATA 2 
35 01 = 0. 5 *· r. T 
40 REM SE DEFINE LA FUtiC!Otl F<T. H: 
50 DEF · FN Fdi) = 0. 1 - 0. 05 * SG•I' df• 
55 REM 5E L•EFINE LA DERI'JA[,,:¡ L'E LA FUtiC!O'I F• ·r, H) 
58 DEF Ftl FF'(H) = . - 0. 025 / Sc!r.~ (H) 
60 REt1 . C•RTOS PI!CJALES 
65 TN = 0 : W O = 16 
70 PRitH 11 t1ETOC.O DE THr'LOr;~ ([)T= ''DP' ) '' 
71 PRINT " '' 
72 PF.~HH "t: 

HOI+l> ., 
74 PRHH '' ·u 

80 Ra1 Et1PE 1 E::A EL t1ETC>D•:: 
~<' FOR ti = 0 TO 2\C\ 
100 TP = Fn Fú-iULr) + Dl * FU FF<H~ ~r.) 

110 HCN + 1) = H(N) + DT * TP 
120 TN = TN + l•T 
130 p¡:;::INT t( T~L Hnn~ TP .. Hn; -+ 1> 
140 NEi:T t·: 
150 HIC• 

110 

TP 
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e) Solución mediante el método de Runge-Kutta de tercer orden 

4 

6 
7 
8 
9 
:10 
11 
12 
13 
14 
15 
16 
17 
1::~ 

19' 
20 

[i 

2 
..::-

~ _, 
6 
7 

B 
9 
::U3 
11 
A.-, 
.LO:: 

1 ? _, 

14 
15 
16 
17 
18 
19 
20 

:1ET0['0 DE RUIJ!j[ -I'JJTTA [>[ TEPCU' (olé[HJ ([,T=· 2 ) 

tt. 
15. 801?474 

15. 41117:::¡3 
15. 219::~:?2~· 
15. 03(1:?21f: 
14. 8444:?21 
14. 66CC469 
14. 47};:65 
14. 299~:25 
14. 122}::.55 

13 .. 43770(:;¡::; 
13:. 2722593 

:12. 78::G97 

:1.4. 47864B? 
14 12~353E: 
::..::. 7754148 
:1.: .. 4:::?69:::5 
1::. 10'3~·.7~:..:~-­

:1.2. 789:<942 
12. 47:35:r~~: 
1¿_ 176].4:::3 
11. 8827üü4 
11. 5974486 
11. 32045:1. 
11. 051564::: 
~0. 7906463 
11.?. 53:75509 
1(1. 2921331 
10. (1542471 
9. ?2374602 

1.1 

-. 1 

-. 0_~·506?C16S 
-. 0?3·::4:36641 
-. ('.9264~'3638 
-. 0'?1444:1624 
-. C\:~02541064 
-. 0~:So~?:"2414 

-. 07?9i75:122 
-. ü7·::~::::..:.:.3J:24 

' .. 
OS'264~·J572 

-. üSJ254B975 

-. e:es11::122 
-. Cf;: t,t:24~::s~5?. 

-. C723564649 
-. (1:-:'~2751346 

-. 6662194698 
-. (l64i455962 
-. 062J0797cc.:: 
-. 06[14067732 
-. 0585421637 
-. 0557:1.42784 

1' o '< 

- 0:'1:?374(12(J4 
-. 09813.1859:5 
-. 09689758}f. 
-. 0956712417 
-. 0944528811 
:-. 0932425495 
-. 0920402937 
-. 09(18461604 
-. 08966019·55 
-. 0€:84824445 
-. 0873129526 
-. (1861:1:1. 7t41 
-. 0849989229 
-. 0838544722 
-. (1~~271.84546 
-. 081590?:!.2 

(1:::0.47:1.:~855 

-. C1?~G61415>:. 
-. (178~·5954:1::: 

e77166~:e31 

-. o?6e817373 

1/·-, ·,.:::. 

ü9r::746ü692 
09t.27752es 
~393:84ü8:;:"ü6 

[1914:~(]2]¡:) 

(1~:906441 

(1867254445' 
0844197819 
08214776:37 
(17990973.97 

-. 0777060:18 
-. 0755369:1.43 
-. 0734027251 
-. 0713037322 
-. (1692402015 
- 0672123818 
- 0652205035 
-. 0632647784 
-. 0613453978 
-. 0594625]17 
-. 057616328 
-. 0558069115 

.K3 

- 0987t:181~::: 

-. 0975235921 
- 0952932762 
-. 0950709171 
-. 093€:565624 
-. 09.:::65(12593 
-. 091452054€ 
-. 0902€19945 
-. 0890801248 
-. 0879064907 
-. 0:367411371 
- 08558410~: 

(1844354469 
-. (1E:329519E7 
-. 082163:~9~:~ 
- 08104(1(1975 
-. 07992533(:' 
-. 078819:1394 
-. 0777215627 
-. 0766326?.91 

0755524061 

1::3' 

(19754766:!.7 
0950949t:~::: 

-. 0879305042 
qg560Bü::t63. 

-. (183:319:1.31 
-. 081ü6::97::A 
-. 0783429573 
-. 0766563844 
-. 074504563, 
-. 072387782 
-. 070306}152 
-. 0682604196 
-. 0662513:?348 
-. 13642762818 
-. 062338462 
- 060437(1562 
-'. 0585722232 
-. 056744(1995 
-. 054952798 
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5 PR~ :. PRPi~ 

El i'H1 METQ:·:c f•f F:UIIG[ -f:IJTTI'I 'E,-.,, ~~ 24' 
~5 DH1 H~';;.t··, 

~~~ REt1f · ('l T 
:so r)An-1 4 
4L' REn SE [ 1 E~!~~~-LH FUtJCIOr~ Fc.T,H) 
50 DEF FN FtH' = 0. 1 - 0 05 • SDR (Hl 
t.Ci ~~Et·~ DATOS PnC IALE::. 
65 Tt: = O:H<O> = lt. 
7ü PF.'ItlT 
71 PP.Itrr 

"tTíC:[•D [•E ~·utmE -KUTTR DE TEe'CH: OR[,EN <DT= "[>T" ) " 
ll u 

72 F'F'!IiT "ti 

74 PP!tn '' " 
8ü RE~1 E~1PIE:F: EL METO[(' 
9ü FOF~ ti = ü ;;:: .2(1 

~'¡_ü~=~ t::1 ::: Ft~ F < r .. )n) 

HO::: 

:1.:ll', K2 = FN F-~~.:tL• + [)T ~- f~:l ·+· (· .. 5> 
120 K3 = Fr~ F~~C~J~ + DT ~ ( ·- ~: + 2 K2)) 

K1 

1::::~ H:: ~¡ + :1.':· = i-:•;U) + DT *· 0<1 + 4 -+ K:;: + KJ:> 6 
1.4[1 n~ = rr-: + e-
150 PF.:HH N,. H• !;: .' VL ~<2_. K3 
160 
170 

NE>=:T 
Er-iL• 

• ! ~ ,. 
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f) Solución mediante el método de Runge..:Kutta de orden cuatro 

o 
' • 

4 
5 
6 
7 

11 
-~ .-, ..L.-_ 
'-. .J.".:.·-... • ·-•e .1.·-· 

19 
20 

,-, ,_, 

1 
.-, 
" 

4 
5 
6 

10 

n 
14 

19 
20 

~1ET[I[.>O DE RUW,E-f·UTTA DE CUAF:TO ORDEN <DT= 2 ) 

:1 t~ 
15 ~:(.U;:~:4 

:15. 219::·:.?:. 
1: •. ~C0922 
14. t:444J:¿:::-
14. 6603:471 
14. 47:::6502 
14. 2993:252 
14 122:~557 
1:1. 94772::2 
1~:. 7754171 
:t.:. 6054147 
:l.J' 4J?7ü:1.1 

:1.:. :l.O::¡n;:·;::_· 
1'.;::_ 94~:1:~451 
1~' 7t:9J:974 

1:~. 4 78s:.t.s 

H::"t! ) 

1~:. 43:77011 
:13. 10907:5.2 

.1.1. 59745:::;: 
11. :?.204559 
11. 05157 
1~3 790651::: 
10 5:>75566 
10. 2921391 
10. (1~4¿:.}:2 
9. 823:75242 

- 1 
-. 09875;:9144 
-. 097515t:9 

O~E-2853749 

-. ü~j5063ü174 
-. 09].:348665 

(1:?26423.647 
- 0?144416:$6 

0902541077 
OE:90722429 

-. o:::7t:986_145 
-. ~·E:67332672 
-. o:::s57E-24~·J: 
-. or.~427592 

o:.::2:i555t.29 
ü::ao::;;::2707 

-. 079917:.148 
-. ü?é:t;11::::~:52 

07'77137711 
(17662486ü8 

1 

095(162:(11. 7 4 

-. (1g?:::·3.::614E"· 
Ct:5576245J: 

-. ·Ü?;?f~11:C5.i: 
-. ü7~,t.·24~:·.f,i 

(1744731514 
-. 0723:564959 
-. 070275:1.682 
-. 06S2294258 
-. 066.2195084 
-. 06424563:74 
- 0623{18(1141 
- 0604068193 
-. 0585422123 
-. 0567143294 

K2 

lt":J~~~ 4(1204 
-. (!:>,::1318594 

-. 0?56712421 
-. (1?4452::::::18 
-. (19J:24255¡3J 

0920402947 
-. 0908461615 

0896601967 
oe:?4:::24459 

-. 087312?541 
-. 086151765::: 
-. 08~99::·~~24€; . 

0:?'27:184569 

-. 077166J06:1 

-. (~:3t-72~t4:·t:·:.: 

-. o:::44197971 
~382:1. 4 ?7865 

-. ü799t}?(f, 
0777060409 

-. (1?:.:!3E.S:.9~:: 
~173.402753:1. 

-. 071?.037629 
-. 06924()2347 
-. 0672:1.24175 

065220~418 

-. 0C2648193 
- 0613454411 
-. 0594625774 
-. 057616:5761 
- 055::::069619 

K3 

0SI~":!~.7:"'945 

-: (1~~:1J:.7t:3"9 
-. 0:4€.9(115('79 

095€. 75165?. 
-. 0944:·6803.~: 
-. 09:~246471 

09.2!)44213:6 
-_ (19(1850(1783: 

089664111 
088486:~571. 

-. 08?3168624 
-. OB6155t~706 
.:._ 085(10¿825f 
-. 083t:5837ü8 

e:::ls:?.:+r:~c ... :. 
o:::o-+?5769:::· 

-. 07::c652:=c~:: 
-. O?~;;¿r;:AJ.)-3 
-. Ct7717016t'7 
-. (176üf:5.596 

-. (179925:3:575 
-. 07772:1.5:397" 

-. C1?::418184S 
-. 0713191258 
-. 069255522 
-. 0672276222 
-. 0652356568 
-. 06:<279837 4 
-. (1613603551 
-. 0594773802 
-. 0576310604 
-.0558215204 
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99144414~~4 

-. 090254üt;;;.::_: 
089["7222·:.: 
08789859-: 

-. 0867332-!SE 
08557622::;; 

-. 08442757:=-~ 
-. o::c2:3?:--¿·:::-
-. 0::::2155':·~~=~~-

-. 07'9:?17.::.?:.·.~ 
-. ü?t::::-·:.·1.::~.:.-: 

-. ü77(1~ 74::·; 
-. 0766¿4s:::::::· 
-. 075544f.:::·: 

l;s;::.:._ ::-~.~-.=: 
-. o:=6ü=:.2:~ . .:.·:: 

-. 076624>:".::'·~·:: 
-. 074-l-729·:s.~ 
-. 072?:5t.::.:.:.~ 
- .. 07[12"?49~:..;-

-. 0662193:2: . .: 
-. 06424:~:.':·"1.7 

. 06040€S~2S 
-. 0585420.~·: • .;. 
-. (~~.671414:~.:-
-. ü5492i:ü:36~· 



:10 REt·i t1FTC:~r:- r:.¡;· r;·¡_¡n.JE-I~UTTA (EI~:S. '5 25,. 
1~ Co!t1 11>2L 
2ü F.:Erl~-' DT 
::.) [;fnA ¿ 
40 REt1 SE r··EFPI:C LR FUIIC!Otl F<T,H• 
50 [:rEF Fr; FO-! -, = C 1 - C. 05 * SOF.' üD 
t~C F.'Er-1 [)ATCI::- Hd C! RLES 
65 TN = O·H(ü' = ~6 
7(1 pp¡r;¡ "t·lETO[<' OE ¡;:UIIGE-I;UTTA (¡[ C:UAI'TO o¡;;C>Eii ((>T= "C.oT" l" 
71 PF.·rtn " " 

K4 11 

74 PF.'ItH n " 

8ü REr"r E~·1P IE::F: EL t1ETO[;Cf 
9~:. FOP U = O T :.J 20 
l~3o t--~ = n; ¡:- • .-~ -~;_:: :: 

FU r- . :--:. ~:-) 

F/1 r-: '-'·."-~i> 

+ 
• 

C>T * DT :+ 
u 
r:2 

.• .-.~ 

..!..:..-.. • Fr; c---.. ~ci:·: · + [:oT :+: ~en 

HOi ) 

:t: ü. 5) 

* O. 5) 

~ DT * <K1 + 2 * K~ + 2 * YJ + K4) !. ~ 
,. -~ .·. 
J. ..,.t, 
.. ¡::,, 
..0.-.Jú 

160 . -: .-. 
_¡._' ·-· 

:-)F:•HJT N .. H<h>_, ~:::1 .. K2- ¡-·-:: K4 
t;E:<T N 
Et ¡~-~ 

,. 
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g)" ·solución mediante la fórmula· cerrada de cuarto orden de Adams 

MF:TO[•O DE ADRM~. W T = 2 l 

. (' 

( 

e 

e 

(; 

( 

1~ 

.; 

4 
5 
6 
~ 

' 
8 
9 
10 
11 
12 
1"' "' 
14 
15 
16 
_;,_,· 

:!.E: 
,1 .:¡ ... _ 

20 

~· 
6 
7 

9 

11. 
... . -. 
.;,_.:, 

16 

18 
19 
20 

----e --- --- - -~---~ 

TrJ 

(. 

8 
10 
1.:" 
14 
:16-
1,-, 

O< 

2ü 
.-,,-, 
.:,._,:; 

'"··· ~~ 

26 
. ·,·:· 
~·-

:;e 
,:_~¿_: 

-;4 

::.; 
?~· 

4~~-

.... -, 
.;...;:, 

-..-, 
~-..: 

5t 
6ü 

68 
72' 
76 

HOI> 

15 4111794 
l.5. 219832~~ 
15. CG0'?2? 
14 8444:?25 
14. 66(11~7~' 
14. 47t:6502 
14. 2993252 
14. 12235:.::: 
13. 947725~ 
13. 7754171. 
E 6054147 
B . 4::77012 
1' 272;597 
E. 1(190?3:2 
1''' 9481¡_'.:!5 
1"' 7:::93975 

12. 632t:?J.:: 
12. 4?:::5:·-:s 

H(N) 

:1.4. 8444::¿:~ 

... -.·-:o-:=~··""'· .J....:: ,. 1 ._ • ..,. ..;._ , • .J._ 

1J: . .:!:~77ü1: 
1:s. ~es-:-.7:.;_· 
1-, .:::.. 7::~9::97 ~ 
.. ,, 4 7:::5"3:65 .L.:... .. ·• 17635~:!. J.. O:.. 

11 . 8827ü45 
11. 59745:. 
11 S2ü.:;s~.: 

1i 0515t.S~, 
1.:<. 790€515 
10. 53755€? 
10. 29¿1};::::: 
1(1. 05425?: 
9. 82375211 

F<tD 

((1t,¿8537:.;: 
- 09':.0630177 
- (1~38486652 

- 0926423.65 
- 0914441638 
- 0902541079 
- 08907224]1 
- 0878986147 
- 0867332674 
- 0855762454 
- 0~:44275922 

0832873507 
Ot:21555b31. 
08l0?2270:J 
0799175:15 
0788113:?:;5~ 

- 0(7713.7713: 
- 076624f:61 

F(Nl 

(1:.=t~t:..;2J:~.;:? 

-: ü9;):;-::Ai.~=;:·:· 

07::::::11}3:49 
0766248604 
0744731.507 
0?2:~56495 

07[12751672 
- 068~29424~ 

ü662195ü7 
- 0642456i:5~:: 

-. ü62J08(112? 
-. 0604~368174 
-. 05::~5422101 
-. 056714327 
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(' 

( 
:. ru 1. r·r;·Itn "": 
HJ REM M[TO[•(I DE Al'I'II1S <EC ~. Jc:· 
15 Dit-1 ~C:l ~ 

iO READ DT 
( 3C' DATA 4 

32 F:Et1 COilSTArHES 
3? AO ::::. 55 / 24: Al ~ ·- 59 / 24 

(i 35 A2 = 3. 7 / 24 :A:: = - 9 / 24 
40 REM SE DEFINE LA FUNCJON F<L H) 
50 C•EF Fll F(H) = 0. 1 - 0. 05 + SQF; (H) 

(' 6ü REM C•ATOS !ll!CIALES 
65 Tll = 0:Wü) = 16 

. -. C REI'1 [)ATCIS TDMRDOS DEL METODO [![ RUilGE-I:UTTA DE CUARTO OF:[Hl 
r-. 68 Hr:'1) = 15 6[14?791: H(2) = 15. 219832~: 

69 H(J:) = 14. ~:444?.23 

( 

e 

( 

( 

( 

(, 

'(. 
i 
1 
re· 1 '-

1 i (_1 

j .t' • 

7ü ~:Et·l CK~.C:ULOS PRE 1·/IOS 
71 ~J = F~: F(h(0)):F2 = FN F<H(1)) 
72 F1 = Ft~ F(H(2)) 
77 PPit-JT ~~~·1ETO[r::! [lE AC~Att:. ((!T= 11 (:;Tn ) 11 

?S F'F:IUT 
. 79 
8(1 

;¡ t• 

" 11 

90 FoR tJ = ::. Tü 20 

130 FJ = F2·F2 = Fi:F1 =.Fü 

HOD 
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h) Solució~ mediante el método predictor-modificador-corrector de Ha11111ing 

N 

4 
~, 

f."; 

7 
8 
9 
10 
" u 

12 

--.L..5-

14 
-~ L·J 

:l. f. 
-~..., .._, 
1'' . ,_. 

19 
~-) 

" " 

4 

,-, 
C• 

10 
1:1. 
' ' .le 

19 
20 

1'\ETÜ['O DE HAMM!NG (DT= 2 ) 

TtJ 

t: 
10 
1'':> ~ 
:J..4 
16 
1 <::• e< 

20 
2¿ 
24 
26 
28 
](1 
-¡..-, 
_ ... t:_ 

~-· ~ 

36 
-.. -, 
-"'-Ü 

40 

TU 

.-.... .::. ..... 

-.. -. 
.::.~' 

44 
4::: 
;::-.-, ... ~~ 
56 
bO · 
64 
68 
72 
76 
8(1 

' ·. ~ ) 

H1'N) 

15. 2198];::: 
15. 03092~' 
14. 8444323 
14. 6603471 
14. 4786502 
14. 29932:.~· 
14. 1223557 
n 9477252 
13. 7754171 
13 61354146 
n 4377(111 
H 2722596 
13. 11)90732 
12. 94t:124~: 
" .~, 789::974 "-"· 
1') 6:~287?:3 
12. 4785~:6(. 

HW> 

14. 1222557 
:!3. 7754~ 7-:. 
13. 437701i 

12. 7:::9::974 
12. 4 7t:3:3:6S 
12. 1763522 
11. 8827[1.;¿, 
11. 597453:1 
1:1. 3204559 
11. 05157 
11). 79(16517 
10. 537556~, 
10. 2921:91 
10. 0542':·}:2 
9. 82375239 

F(N) 

0950L;30174 
- 0938486tA9 
- 0926423€47 
- 091444163:, 
- 09(12541(176 
~ 083D722428 
- 08789:::614] 
- 0867??2671 
- 085576245 
- 0:34427591::: 
- o~::s2:::7:~sc:: 
- e::·21ss:~...:.2? 

- 0810322706 
- 07991751.4 ·:: 
- C17'8~:11:G51 

- 0?77137709 
- G76624~:.;o·:· 

FOD 

-. (;;:;:~·.:.:;:.·276':· 

-. (17::~:::11]35]: 

-. (174473:1.5:.1.:. 
-. ()72356495~: 
-. 07027516E:1 
-. 0682294256 

0662195:.:182 

.-. 062~~08ü139 
-. 06f:~4-üe:;19:i. 
- 05:::5422122 
-. e:.t-714::29J: 
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5 PR~ 1: PR!NT ••, 
1(' Rn\ METCIDO ['[ HAt\IWIG <EC.S 5. 4[: tl 5. 50) 
15 C•lt1 H<¡·1> 
;:o:; RERD (.lT 

:SO DATA 4 
4.:! REM SE DEFlNE LA FUtiC!Otl F<T, Hl 
50 DEF FN FCHl = a 1 - a 05 ' SQR rH) 
6(; REM DATOS INICIALES 
65 TN = ü:HCBl = 16 
67 REM [)RTC:S TOMAC•OS DEL METODO DE RUIJGE -LIJTTR DE CURF:i>:' •:<F;[>Etl 
6:) H(1) ~ 15. 6049791: H(2) = 15. 219832? 
69 HC;:> = 14.844~323:H(4) = 14.4786502 
70 REM CRLCULOS PREVIOS 
71 F3 = FN FCH;1)l:F2 = FN FCHC2'l 
72 Fl = FtJ F<H~-3:) > 
7:' Pi\HIT "1·1ET0C'Ci DE HRM;~ING CDT= "DT" )" 

3:::: REt1 Et·1PIE:¡.:._ EL- METODO 
f~9 T~-i = 3 :t: (¡ T 
9ü FüR N = ~ i C• 20 
92 Fü = FrJ F<h:._~D) 

93 Hr = H(rJ - 4J + 1. 33333 ~ DT * C2 * 
95 H1 =: H<U - :; :, + 1. 3::::::~;:: * DT t: <2 :+ 

9t' H = H1 + (!-1(~i':: - Hü) ~: (112 / 12:1.~· 

Fe. 
FO -

H(t-:> 

F2 • .-. 
* FJ> ~ 

F1 .. ; 
:~: F.;:·:¡ ~ 
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5. ECUACIONES DIFERENCIALES PARCIALES 

Una ecuación "iferencial parcial es aquella enlla cual apar~ 

cen derivadas parciales de una función desconocida con res­
pecto a dos o mas variables independientes. Un ejemplo de 
una ecuación de este tipo es: 

= ah 
TI ( 5 • 1 ) 

La solución de una ecuación diferencial parcial en una 
región R es la función definida en la región R, al igual que 
todas sus derivadas parciales incluidas en la ecuación dife­
rencial parcial, y tal función reduce la ecuación a una iden 

.tidad en cada punto de la región R. Se dice Que esta función 
satisface la ecuación en R. 

El orden de una ecuación diferencial parcial corresponde 
al de la derivada de mayor orden envuelta en ella. 

Una importante propiedad de las ecuaciones diferenciales 
parciales es si posee o no linealidad. Por definición, una 
ecuación diferencial parcial es lineal para u(x,y) si tiene 

·la forma: 

N M 
E ¡: = g(x,y) ( 5 . 2) 

n=O m=O 

donde anm(x,y) y g(x,y) son• funciones 
son constantes enteras positivas. (Se 
cuando g(x,y) = O se dice que también 

conocidas de x y y N ,M 
a 0 u acepta que axoayo = u) 

1 a ec. 5. 2 es homoge-
nea. Como en el caso de ecuaciones diferenciales ordinarias, 
el principio de superposición de 5.2, sea el conjunto de fun-

ciones udx,y), 
5.2 entonces·se 
así : 

u2 (x,y), ... , u (x.y) soluciones también de 
p . 

debe satisfacer 5.2 para cualquiera de ellas, 
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N M 
r ¡; an

01
(x,y) 

n=O m=O 
n+m 

¡¡ Uj = Q 
¡¡xnay01 

j = 1,2, .. ,p 

entonces si a¡, a,, ... ,ap son constantes cualesquiera, por 
sustitución directa en 5.2 se demuestra que: 

tambien es solución de 5 .2. 

Sean las sfguientes ecuaciones diferenciales parciales 

x'uxx + uxy - n
2 

a'.p + Ú = o 
ax' ay'· 

u xyy 

u xyy - u -
X 

1 
<~>xx - 2' = o 

u + Ju ~u = ex+y 
yy X 

(5 . 3) 

(5 . 4) 

(5 . 5) 

(5 . 6) 

(5 . 7) 

(5 . 8) 

(5 . 9) 

' ·' 

Son ecuaciones diferenciales parciales lineales, 5 .3, 5.4, 

5.5 5.6 y 5.8 de estas, son homogin~as 5.4, 5.5 y 5.8. N6te 
se que 5.7 es no lineal porque la función u(x,y) aparece a 
una potencia diferente de la unidad y que la 5.9 .es no lineal 
porque tiene una derivada al cuadrado. 

Raras veces se puede hacer un progreso formal en las ecua 
ciones no lineales, afortunadamente, muchas de las ecuaciones 
de interés práctico son lineales o casi lineales. 
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11 

1 
1 

1 
1 
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Una clase de ecuaciones que es frecuente.encontrar son 
del tipo: 

A ~ + B ~ + e ~+ o .ti ... E .ti + F 4> + G = o ax2 axay ay2 ax ay 

(5.10) 

Cuando A,B,C,D,E,F, y G son funciones de x y y, correspo.!l_ 
de al caso de una ecuación.diferencial parcial lineal de se­
gundo orden, como se dijo antes. Pero si estas funciones de-

d d ~ 2.1 d' . l penen e x,y,4>, ax, ay se 1ce quas1- ineal. 

la ec. 5.10 se dice que puede ser de tres tipos según re 
sulte ser B2 -4AC'respecto a cero, esto es, cuando: 

.B 2
- 4AC <0 es elíptica 

82 - 4AC = O es .parab6lica 

82
- 4AC > O es hiperbólica 

en atención a esta clasificación la búsqueda de su solución 
puede ser diferente como se verá adelante. 

De acuerdo con esto, la ec. 5,4 es elíptica (es ·la ec. 
conocida como de laplace), la ec. 5.1 es parabólica (ec. de 
calor o difusión) y la 5.8 e~ hiperbólica (ec. de la onda). 

·En la práctica ingenieril muchas de las ecuaciones di fe-· 
renciales parciales son difíciles de resolver o _bien no es­
tan resueltas por métodos analíticos. Algunas veces se ha e.!l_ 
centrado su solución para condiciones iniciales o de orilla 
particulares; sin embargo, algunas de estas ~oluciones no 
son útiles en la ~ráctica. Para resolver las ecuaciones dife­
renciales parciales se puede recurrir a varios métodos numéri 
cos. 

·. ' 
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f (X) 

Fig. 5.1 Aproximaciones a 

Cuandc se trata con deri 
cienes anteriores también t' 
que t~ner. cuidado en variar 
bles, esto significa: 

Sea f(x,t), "las diferf 
x y t serían: 

(1.!:) = f(x+llx,t)-f(x,' 
·()X t [IX 

(1.!:) = f(x,t+llt)-f(x 
at x 11t 

de igual manera se pod 
tral o hacia atrás. 

f(x+lix) 

DERIVADAS DE ORDEN DOS ~N ADELANTE 

a 

20) 

o '- 1 ) 

~ n-

En función de los operodores involucrados en las ecs . 
5.17, 5.18 y 5.19 pueden plantearse las aproximaciones. a 
las derivadas de orden dos en adelante, sin embargo, por 

el momento se va a pref~rir utiliZAr la serie de Taylor. 

Para mostrar como se obtienen las a~roximaciones de 
las derivadas se planteará encontrar a~ d 3 f 

ax 2 Y dx 3 
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Si se suman las ecs. 5.12 y 5.13 se tiene: 

(5.22) 

donde 
' 

0 3 (óx 4
) = 01 (tx 4 ) + 0 2 (óx 4 ) (5. 23) 

De la 5.12 se tiene: 

f"(x) = f(x-óx)-2f(x)+f(x+óx) + O,(óx") 
6X 2 

(5.24) 

si se desprecia el error 0 3 (t.x") y se considera que f = 

f(x,t), con base-en· la ec. 5.24 se t"ier.e: 

con 

( a2 f) f(x-t.x,t)-2f(x,t)+f(x+t.x,t) 
ax 2 t= t.x 2 (5.25) 

Por lo_que se refiere a la otra derivada de interés. 

Al restar la ec. 5.13 a la 5.12 se tiene: 

3 
f(x+t.x)-f(x-t.x) = 2f' (x )óx + f'" (x)g_ + 0 4 (t.x') (5 .26) 

3 

Si se sutituye la ec. 5.14 en la ec. 5.26 

3 
f(X+óX) - f(>t-óX) = .2 f(X+6X)-2f(x)+f'" (X}g_ + 0 4 (6X 4 J-

3, 

(5 . 2 7) 

A 1 despejar f '" ( x) 

f '" ( X ) = -Tf ( X - 6 X ) +f f. Í X ) -±f ( X+ 6 X i + 0 ¡( ó X 2 ) - Q .( 6 X 4 ) 
6X 3 36x 3 

(5.28) 
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si se desprecian los errores 

f'" (x) = -tf(xllx)+tf(x)-}f(x+llx) 
liX 3 (5.<:9) 

Las ecs. 5.25 y 5.29 son las aproximaciones buscadas. 
N6tese que al igual con las derivadas de primer orden pu~ 
de plantearse varias aproximaciones a las deriv!das, como 
hubiese sido si en lugar de sustituir la ec. 5.14 en la ec. 
5.26 se sustituye la ec. 5.15 en la ec. b.26. Desde luego, 
aquí tambien habr~ meJores aproximaciones que otras, dado 
que mientras mas chico sea el error de truncado la dife­
rencia entre la derivada y el cociente de diferencias será 
menor y se :·har~ una adecuada .aproximación (desde el punto 
de vista de discretizaci6n como se discutir& despufis). 

5.1 Ecuaciones diferenciales parciales parabólicas 

Sea el problema d~ flujo con potencial mostrado en la 
fig.6.2.Se desea calcular la línea de saturación Q'PQ en 
el transc~rso del tiempo. 

La ecuación diferencial que describe el problema es: 

siendo 

donde 

a, = kFI 
s 

K coeficiente de. permeabil·idad 
S rendimiento específico (cociente, 

volumen que se puede drenar entre 
el volumen total de la muestra). 

h nivel promedio en el espacio y el 
tiempo de h. 

(5.30) 

(5.31) 
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Se puede ver que se trata de una ecuación diferencial 

parcial lineal de segundo orden parabólica, ya que al com 

parar la ec. ~.30 con la ec. 5.!u se tiene: 

A = a2 

B = O 

e = o 
B2 

- 4AC = 02 -4a 2 (0)=0· 

. ~t!f~kr---_._l_h -~-t=~O 81 l'::::J 

L 
1 X ) 

Fig. 5.2 ~roblema de flujo con potencial 

Se ocurre sustituir las derivadú de la ec. 5.:>0 por 
diferencias finitas. Si se representa a~~ en función de 
.una derivada hacia adelante y a~:~. por una ec. ~imilar a la 5.24, se 

obtiene: 
h(x,t+at)-h(x,t) = 

8
2 

4t 
h(x-6x,t)-2h(x,t)+h(x+ax,t) 

4X 2 
-

(5:32) 

Con objeto de simplificar la escritura se propone la 
siguiente notación: 

x = max x+ax = (m+ 1) 4 x 
(p+1 )4t t = pat t+at = 

h(x,t)=h(max,pat) = h m,p 

x-óx = (m-1)4X 

de modo que la ec. 5.32 se ~uede escribir: 

h -h m,p+1 m,p.= 
at 

2h -2h +h a m-1,p m,p r.1+1,p 
6X 2 (5.33) 
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o bien: 

1 hm,p+1 = Ah 1 +(1-2A)h + Ah +1 p rn- ,p m ,p m , (5 .34} 

siendo: 

( 5. 35) 

Para cálculos con calculadora o la escritura de un pro ,. -
grama de cómputo es útil representar la ec. 5.31 por la "m.Q_ 
l~cula" de-la fig. 5.3. En la mol~cula aparecen en los ''á­
tomos" los coeficientes de los distintos valores de la fun 

ción. 

m, p+ 1 

= 

m-1,p 

Fig. 5.3 "~1olécula" de cálculo según la ec. 5 .33. 

Ejemplo 5.2 

Para la aplicación de la ec. 5.34 considérese que en 
la fig. 5.2 la longitud L se divide en cuatro tramos de 
longitud 4X, en x=O y x=L la carga h es nula en todo tiem 
por y las cargas en el tiempo t=O son en x=4x, h=1.5; en 
x=24x, h=2 y en x=34t h=1.5. 4t=l S y a 2 /4X 2 = 0.5 1/s. 

Así las cosas se tiene A = 0.5 y 
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Para m=1,p=1 

h1 , 2 • 0.5h 0 , 1 + O.Sh 2 , 1 = 0{0.5}+{0.5}2=1 

Para m=2 ;p=1 

h2,2 = 0.5h1,1+0.5h3,1 = 0.5{1.5}+0.5{1.5}=1.5 

Para m=J,p=1 

h3,2 = 0.5h2,1+ 0.5h4,1=0.5{2}+0.5{0}=1 

De esta manera, se han obtenido los valores consignados 
en la siguiente tabla: 

t p m=O m=l rn=2 m=3 m=4 
o o o· 1.5 2 1.5 o 
1 1 o 1 1.5 l. o 
2 2 .o 0.75 1.0 o .. 75 e 
3 3 o 0.50 0.75 0.50 o 
4 4 o 0.375 0.5 0.375 o 

Asf, en el tiempo t=4s, las ~arq~s serian: 

Ct=4 ----.it---- ---
t:.x Ux · 3llx X 

Fi g. !i.4 

Hasta aquf, todo parece sencillo y parece demasiado bu! 
no ·para ser cierto, sin er:-;bargo, cuando se escoge un inter· 
valo de tiempo de t:.t=2s a efecto de llegar con menos c~lcu­

los al tiempo t=4s, sucede que ).•1 y entonces: : 
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• 

hm,p+1 • h 1 - h + h 1 m,p- m,p n1,p+ 

y por tanto 

r 
t p m=O m=! m=2 m=3 m=4 

o o o 1.5 2 1.5 o 
2 1 o 0.5 1 0.5 o 
4 2 o 0.5 o 0.5 o 
6 3 o -0.5 0.5 -0.5 o 
8 4 o 1 -l. 5 1 o 

Se aprecia que las cargas como que "bailan", suben y bE_ 

jan, " como que no'' corresponden al problema ffsico. Por 
tanto, SE DESE TENER CUIDADO EN LA SELECCION DEL INTERVALO 
DE TIEMPO, pues a veces no se esta encontrando .una solución 
aproximada a la solución de la ec. diferencial. 

La ec. 5.34 recibe el no~bre de esquema de diferencias 
EXPLICITO, en la ecuación solo aparece una incognita y para· 
valuarla no se necesita resolver algGn sistema de ecuacio­
nes en mas de una incognita. 

Siguiendo con la ec. 5.30, si· ahora la segunda derivada 
respecto a la distancia se representa como: 

y la derivada respecto al tiempo se aprn~· · como antes, o­
tra versión en ~iferencias finitas de 5.30 es: 

h -h _m,p+1 m,p = 
llt 

o bien: 

Ahm-l,p+l- (1+2\) hm,p+l + Ahm+l,p+l = - h m, P 

( 5.37) 
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siendo: 

(5.38) 

Ejemplo 5.3 

Para la fig. 5.4, tambien con L=46x y las mismas condi­
ciones de frontera del ejemplo 5.2; el esquema 5".37 se pla_!! 
tea de la siguiente mar~era: 

Para p = O 

m=l lhO,l-(1+2l)h 1 , 1+lh 2 , 1=-h 1 , 0 
Ah 1 A _ 

l,l-(H2 )h2,1+ h3,1--h2,0 (5.39) 
m=2 

.m=3 

como.por.las condici.ones de frontera, h
0

,
1

=h
4

,
1

=o, las ecs. 

5.39. forman un sistema de ecuaciones lineales eón incogni­

-tas hl,l' h2 , 1 Y h3 , 1 , para conocer su valor se necesita re 
solver tal sistem?. 

Los esquemas de diferencias finitas corno el de la ec. 
5.37 se llaman IMPLICITOS porque en ellos aparece mas de u­
na incognita y por lo tanto para conocer a estas se necesi­
ta resolver un sisterr de ecuaciones. 

Para la ec. 5.37 la molécula de cálculo aparece en la 
fig. 5.4 

1 

m-l,p+l 
-1(1-21) 
m,p+1 

= 

- 1 

m,p 

1 

m+1,p+1 

· F i g. 5 • 4 M.o 1 éc u 1 a <:!e d 1 e u 1 o de 1 a e e. 5. 3 7 
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La ec. 5.39 se puede escribir en forma matricial C Or.IO; 

1(1:2>) ), o h 1 , 1 -h,,~ 
-(1+2>.) A h2 -h , 1 : 2, o. 

A -(1+2>.) h3,1 -h3.0 ¡__ 

o en forma abreviada: 

al resolver el sistema anterior se conoce [h 1 ]; para el si­
guiente intervalo: 

. 

nuevamente al resolver el sistema, se obtiene [h 2], y así se 
puede proszguir hasta el tiempo de'··inferés-:-

Dos comentarios adicionales sobre este esquema son: 

a) Este problema se puede simplificar si se toma en 
cuenta la simetría y se resuelve solo la mitad de 

L x=O a x=~ con lo cual se reducen las incognitas. 

b) El sistema de ecuaciones anteriores se puede resol­
ver. mediante el método de la matriz inversa, así: 

h1 = rAr 1 
[-hoJ 

hz = rAr 1 [-h1] 

hp+l= [Ar 1r-h J p 

y entonces la matriz inversa se CALCULA SOLO UNA VEZ, para 
p=O, y luego para p=1,2,3, ... ya sólo se efectua el produc­
to de ella por el vector obtenido previamente. 
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Ejemplo 5.5 

Para· drenar un terreno de cultivo se han hecho dos cana 
les paralelos a una distancia de L=16m. El suelo tiene un 
rendimiento específico de 0.10 y"una permeabilidad de .2m/ 
hr. El nivel freático promedio es de 0.5m. Se sabe que h=O 
en x=O y x=L J que las conditiones iniciales son h=4x(L·x)/ 
L2 si t=O. ·Obtener el cambio en el tiempo de la superficie. 
freática. 

Solución 

La ecuación por resolver· es: 

dividiendo 1 a distancia en 10 tramos de longitud t,X= l. 6m se 
tiene: 

a2 = (0.5)(0.2) = 1 
m2 

o. 1 "!ir 

A = a 26t 
---¡;-¡- = 16t 

D 

escogiendo 6t=0.42667hr, A = 1/6. 

Por simetria se resolver& s6lo la mitad, asi la ec. 5.34 
resulta: 

h = .!. h + ,~, h + .!. h 
m,p+1 6 m-1,p 3 m,p 6 m+1,p 

Para p=O 

si m= 1 

hr, 1 = i (o)+(~) (0.36) + i (0.64) = 0.34667 

' 
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S i m=2 

h 2. 1 
1 . 2 1 = 6(0.36)+(3)(0.64)+b(0.84) = 0.62667 

S i m=3 

h 3 • 1 
1 2 1 = 6(0.64)+(3)(0.84)+6(0.96) = 0.82667 

y así sucesivamente se obtiene 

Tiempo m 
(horas) p ¡u l. 2 3 4 5 6 

o o o 0.36 0.64 0.84 0.96 1 0.84 

0.427 . 1 o 0.34667 0.62667 0.82667 0.94667 0.98667 0.94667 

0.853 2 o 0.33556 0.61333 0.81333 0.93333 0.97333 0.93333 

l. 280 3 o 0.32593 0.60037 0.8000 0.92000 0.96000 0.92000 

15.360 3'6 o 0.1.7653 0.33568 0.46184 0.54276 0.57061 0.54276 

NOTA: h6 =h 4 , h1=h3, h8 =h 2 ,h 9 =h 1 

La ecuación diferencial del ejemplo, para las condicio-
' 

nes de frontera e iniciales 

h m,p = 32 
n 3 

1 

tiene como solución a: 
-2i+1) 2 n2 p 

6m 2 
sen (2i+l) mt>x 

L 

Se ha resuélto el ejemplo para diferentes valores de at 

.usando los. esquemas ex~lícito e implícito para un tiempo 
t=15.36 horas y se comparan .los resultados con li solución 

exacta. 
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Núrrer'o de 
h, hz h, h, hs cálculos (p) " Método 

0.17655 0.33570 0.46187 0.54278 0.57065 36 1/6 explícito 
0.17362 0.33398 0.45957 0.54014 0.56700 18 1/3 explícito 
0.17480 0.33203 0.45752 0.53711 0.56543 12 1/2 explícito 

. 0.07684 0.11140 0.20124 0.18005 0.2487.5 28 0.55 explícito 
------------------------------------------------------------------------
0.17793 0.33826 0.46526 0.54664 0.57465 72 1/12 implícito 
0.17839 0.33911 0.46637 0.54790 0.57596 36 1/6 implícito 
0.17931 0.34079 0.46838 0.55039 0.57853 18 1/3 implícito 
0.18073 0.34246 0.47075 0.55282 0.58104 12 1/2 implícito 
0.18093 0.34736 0.47706 0.55985 0.58628 6 1 implícito 
0.18824 0.35672 0.48888 0.57284 0.60159 3 2 .implícito 
o. 20682 o. 38811 0.52741 0.61462 0.64426 1 6 im~l ícito 

. 0.17655 0.33541 0.46188 o. 54280 0.57066 Solución exacta 

De los resultados anteriores se observa que en el esqu~ 

ma explicito requiere que el inter~alo de tiempo sea peque­
~o y que puede dar valores ilógicos para cierto tama~o 
(A=0.55}. 'El esquema implícito no presenta este' último pro­
blema pero si a medida de que se aumenia at se encuentran 

resultados mas apartados del exacto. 

Adel~nte se verl, que el esquema explícito requiere que:. 

< 
A - t 

y que el implícito: 

A > 0 

o sea que prácticamente no existe restricción, aunque si es 

conveniente que sea A peque~o a efe~-to de no tener una dife 
rencia grande respecto a la solución ex~cta (luego se discu 
te el porque). 

\ ~ 
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. 
~PrGXIMACION DE PROMEOJOSPESADOS 

Aunque el mét0do explícito es simple de usar tiene el 

inconvenien.te de requerir un paso de tiempo at muy peque~o. 

A efecto de reducir el volumen de cálculo se sugiere·una 
mas general aproxima~i6n de diferencias finitas a la ec. 
6.1 mediante: 

ah 
at 

donde 

h -h m,p+1 m,p 
Llt 

[ e(h -2h +h ) + m-1 ,p+1 m,p+1 m+1 ,p+1 

(1-e)(h 1 -2h +h +1 lj-m- ,p m,p m ,p 

o => e ~ 1 

(5.40} 

(5.41) 

Se observa que esta última ecuaci6n corresponde a una 
aproximación a la derivada segunda respecto a x (ec. 

5.24) tanto para t=pi\tcomoparat=(p+lillt_Y queambas se prome­
dian de acuerdo al valor del factor e. Si se desea darle ma 
yor importancia a la aproximaci6n en t=(p+l)llt, e adquiere 

un valor mayor a 1/2 y menor o igual a l. 

El esquema de diferencias finitas ~esulta ser: 

h -h =>-[e(h -2h +h };íl-e) m,p+l m,p m-l,p+l m,p+l m+l,p+l 

(h. -2h +h . )] m-l,p r.1,p m+l,p (5.42) 

siendo 
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·El esquema anterior re~resenta ta~bi~n tres casos de in 
ter~s. dos de los cuales ya se comentaron, los cuales son a 
saber: 

a) El método explícito (e e. 5 3 ~ \ . . . ' cuando e - o 
b) El método implícito (ec. 5. 3 7) cuando e = 1 

e) El método propuesto por Crank y Ni col son en 1947 Si 
e = ' 

En 1 a fig. s: 5 se muestra la molécula de cálculo del es 
quema dado por 5. 4 2: 

. 
Fig~ 5.5 Molécula de cálculo del esquema-de promedios 

pesados. 

5.2 Convergencia, estabilid~d y consistencia 

Para que la solución de las ecuaciones d~ diferencias fi 
nitas tengan una razonable aproximación a la solución de la 
correspondiente ecuación diferencial parcial para~6lica .o h1 
perból i ca sé -~eben cumplir algunas condiciones; estas es tan 
asociadas con dos problemas interrelacionados, el primero se 
refiere a la tendencia a parecerse la solución del esquema 
de diferencias a la solución exacta, el segundo esta relaciQ 
nado al decaimiento controlado o crecimiento desproporcion?­
d o de e u a 1 q u i e r err--or as o e i a do e o n 1 a so 1 u e i 6 n de di fe re nci as 

finitas. 
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5.2.1 Convergencia 

Sea H la solución exacta dela ec. 5.10 y h la solución 
exacta del esquema de diferencias finitas usado para aproxi­
mar a la ec. 5.10. La ecuación de diferencias finitas se di­
ce CONVERGENTE cuando h tiende ~ H en un punto fijo o a .lo 
largo de un nivel y cuando 6X y 6t ambos tienden a cero. 

Lo anterior significa que el error de discretización o 
truncado (ec. 4.78) tiende a cero a medid~ que tambflrr lo 
hacen tlt y 6x. 

Ejem.plo. 5.6 

Sea e = H-h ah 
Y at 

H es conocida para: 

D<X<1, y 

D<x$1 cuando t=O y en x=O y 1 cuando t~D. 

Considerando el esquema explícito y que 

De acuerdo con la definición.de error de truncado de la 
serie de Taylor (ec. 5.11) resulta: 

·n 
e(llz ) = • rnax 

donde os es1 (5.43) 

lo anterior significa que e se debe escoger entre O y 1 de 
modo tal que la derivada de f de orden n respecto a z sea 
mlxima entre z y z+óz. 

Con base en lo anterior se tiene segan la serie de Ta••lor: 

aH · ) H(x,t+ót) = H(x,t) + at(x,t+e16t (5.44) 

-- ---------------- --- --~--------·--·---- ------------ -
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de donde: 

aH ) H(x,t+ót)-H(x,t) = at(x,t+e 1 6t tt (5.45) 

ahora desarrollando en serie de Taylor según x 

H(x+óx,t) = H(x,t) + 

y 
aH . a'H · • 6X 2 

H(x-6x,t) = H(x,t) - ax(x,t)6X + ~(x+S36X,t) -2-

sumando y arreglando 

a' . H(X-6X,t)-2H(x,t)+H{X+6X,t) = ax,H(x+e,6X,t) ( 5. 46) 

Usando la notaci6n con indices en 5.45 y 5.46 

(5.47) 

H - 2H + H T'l-1,p m,p m+1,p ( 5. 48) 

. 
Por otra parte, segun el esquema de diferencias y la de 

finiéión de error: 

H .-E m,p+l m, p+1 

ordenando 

-cm,p+1 +1cm"1,p+{1-21~Am,p+Acm+l,p +1(Hm,p+l-Hm,p)-

1(Hm- 1 ,p-2Hm,p+ Hm+ 1 ,p) =O (5 . 4 9) 

sustituyendo S .46 y 5. 48 en 5 .49 

Em,p+ 1 = 1 Em- 1 ,p + (1-21) cm,p + 1cm+ 1,p +M 6t (5.50) 

·------------- -------- . ·-----~-'----------- ......:...:.. ____________ .__··-~--~----·---·---~---~-'--·--'-------- --



. donde 

( 5.51) 

Para asegurar que los errores tengan signo positivo y 
continuar con el control del error en este an~lisis, se to­
mará valor absoluto de 5.50 y así: 

JEm,p+1J ~ !.JEm-1,pJ + (l-2>.)J¡;m,pJHJEm+l,pJ +/M/6t 

(5.52) 

esta ecuaci6n es cierta cuando los coeficientes son positi­
vos o iguales a cero. Si el mayor de los errores para cual­
quier m en el instante p es Ep, al ·asignar: 

Ep-> E:m-1,p 
Ep -> E:m,p 
Ep-> Em+1,p 

La ec. 5.52 sigue del lado conservador (pues se esta 
considerando mal error que el real( y se transforma a: 

< >.E + (1-2>.) Ep + 
p 

así, si M se considera constate 

~ Eu+ótJMJ 
< E1 +ótJMJ, E2 
s E2+t~tJ~J. E3 

E +1 s Eo+1p+1)6tJMJ 
p . . 

~ E0 +6tJMJ 
$ Eo+36tJ~J 

(5.53) 

como al tiempo cero no existe error E
0 

= O y por tanto 

Ep+ 1 ~ (p+1)6tJMI (5 .54) 
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si lit ... O >. ... O y 1 a ec. 6. 51 M-. O 

por tanto 5 .. 54 tambien tiende a cero. Y POR LO TANTO LA SO­
LUC10N h CONVERGE A LA H. Para esto se requiere que los coe 
ficientes de 6.52 sean positivos o iguales a cero como se 
apuntó antes, para que lo sean 

1 ó~ >. ~ i 1 

lo anterior coristituye la llamada conditi6n de convergencia. 

5.2.2 Estabilidad 

Si ahora se estudia el c0rrortamiento exclusivamente 
. del error de redondeo (ec: 4.78), se afirma que, cuando a 

medida de que se utiliza un esque~? de diferencias. finitas 
para una ec .. del tipo de la 4 .10 y a medida de que se avan­
za .en "y" el error (de redondeo) acumultado tiene a un 1 ímj_ 
te de magnificación el esquema de diferencias finitas es ES 
TABLE. 

Los textos sobre este tema, al tratar estabilidad se re 
fieren al erroi de redondeo y se~alan que es dificil esti­
marlo, ya que depende del tipo de computadora usada; en re! 
lidad el error que se analiza puede ser de un tipo distinto 
al de redondeo, como seria aquel debido a una equiv~cación 

y si tal error llega a estar l~mitado después de un gran nQ 

mero de pasos en ''y", el esquema de diferencias es estable; 
cuando el error crece sin. tender a un valor definido se di­
ce inestable, y la mayoría de las veces adquiere valores 
que oscilan y difieren.cada vez mas. 

Para tratar la estabilidad se puede aplicar el método · 
de von Neumann o de la serie de Fourier, el método consiste 
en expres~r el error en un punto fijo x=max y y=pay como: 

• 
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(5.55) 

donde 

~n = nn/Nt>x , Nt>x = L e i= R 

Se considera que analizando un término de la serie de 
Fourier, se conoce el comportamiento de toda ella, y que 
los coeficientes An pueden ser despreciados; ast el error 
se toma como 

(5.56) 

y ~e .deduce que el error no crecerá al aumentar p cuando 

(5.57} 

Este criterio permite establecer las condiciones que se 
deben cumplir para que un esquema sea estable. En la prác­
tica, el representar de este modo el error es útil aunque 
no est~ completamente justificado el método que a continua­
ción se enuncie. 

Ejemplo 5 ~ 7 

Realizar el análisis de estabilidad del esquema expltci 
to(ec.5.34}. 

Sea el error (de redondeo) 

E " h-N (5.58) 

siendo h la solución del esquema de diferencias finitas con 
todas sus cifras .decimales y N la solución del esquema co~ 

un número limitado de cifras. 
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Expresando el error (de redo~deo) en t~rm1nos de los 
sub,ndices m y p se tiene 

(5.59) 

N = h - E m-1,p m-1,p m-t.,p•··· 

Según el esquema dado por 5.34 

Nm,p+ 1 = ANm- 1 ,p + (1-2A) Nm,p + ANm+ 1 ,p (5.60) 

Al sustituir las ec. 5.59 en 5.60 

h +1 - E +1 = A(h 1 p- Em- 1 ,p) + (1-2A) (hm,p-m,p m,p m- , 

arreglando términos 

h m,p+1 Ah - (1-2A) h m-1,p m,p 
h . E 
m+1,p = m,p+1 

Ya que h es la solución del esquema de diferencias fini-
tas, h +1 =Xh 1 + (1-2A) h · + Ahm 1,p' y por lo tan-m,p m- ,p m,p 
to TODO el miembro izquierdo de la ec. 5 .6T es nulo. Así 

Em,p+ 1 = AEm-l,p + (1-2A) Em,p + AEm+l,p (5.61) 

Nótese que la ec. t.61 tiene exactamente la for~a del es 
quema de diferencias finitas. 

Ahora si se expresan 1 os errores E como en 5.56 

eiBmliX 
~ 

p+l = Aeis(m..:l )llx ~p + ( 1_2¡, )e i Smllx ~p + 

AeiB(m+1)liX ~p al dividir entre e i Smllx~p 
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~ " 
>.e-i Bflx + ( 1-2>.} + ACi6/\X 

~ = >.(~ÍBflX + e-ÍBllX} + ( 1-2:1} 

~ = , (e i e flx + e-iBflx_ 2} + 1 - (5.62} 

Por. otra parte, de las propiedades de las funciones seno, 
y coseno tiene que t(e 1e+ e-te} = cos e 

·así 

tambien 
sen 2 e 

s en2 e 

= 1 -
2

cos 2~ por lo tanto 

= 1 _ t (ei2e+ e-12~} 
2 

o bien 
i2e · -t2e 4 sen 2 e= 2 - e - e 

si 
si28=Bflx 

- i Bfl X ·e 

Al considerar la identidad 5.63 en 5.62 

- 2 

~ = 1~(:14 sen BflX} 
2 

ya que para que no auménten los errores 

entonces 

-1 ~ 1- A4 sen 2~ ~ 1 

caso 1 

1-A4 sen 2 BflX S 1 
2 

( 5o 63) 

,-
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simplificando 

->.4 sen 28 flx ~ O 
2 

lo cual se cumple para >.~ O, pues sen2~ es una cantidad 
.positiva. 

caso 2 

-1 ~ 1- >.4 sen2 BllX 
2 

reduciendo 

-2 :5- >.4 sen 28 fiX 
. 2 

como el valor mas grande de sen 28 ~x es uno. 

por 1 o tanto' 

lo cual constituye la condición de e~tabilidad del esquema. 

El lector interesado puede realizar un análisis de esta 
bilidad para el esquema. 

h - h m,p+l m,p-1 = 
2llt [ h -2h + h ] m-l,p m,p m+1,p (5.64) 

el cual es muy parecido al explícito; la diferencia consis­
te en que se ha aproximado la parcial respecto al tiempo, 
por una diferencia central. 

El an(lisis de estabilidad lleva a 

1 t; 1 > 1+4>.sen 2 a~x 
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lo cual s1gn1f1ca que la ec. 5.64 es siempre inestable. Es­
te resultado'resalta la importancia de atender las propied~ 

des matem~ticas de las ecuaciones de diferencias. 

Ejemplo 5. 8 

Plantear un esquema de diferencias finitas para resolver 

a2 h= -ª..b_ + e a2 h 
ax• at at• 

Escogiendo 

•"h h 1 - 2h. + hm+1,p a = m- , p · m, p _ axz . r.x• 

ah hm,p+1' - h 
= m,p-1 

TI 2H 

a• h h m, p-1 - 2h + h rn;p+1 
'af:2 = r.tz 

m,p 

(5.65) 

(5.66) 

(5 .67) 

(5.68) 

Al sustituir 5.66, 5.67 y 5.68 en 
rios pasos ~lgebráicos se llega a 

y después de va-

\ hm,p+1 
= (t - i{lhm,p- 1 + 

donde 

Ah .
1 

+ m- ,p 
e t + .1\t 

(-2>. + 2c)h + r.t m ,p A~ ~p 1 

i 

( 5. 69) 

(S . 7 O) 

Si por alguna raZón se escoge un valor para r.t igual a 
2c la ec. 5.69 deviene en 

hm,p+ 1 = lhm- 1,p + (1-21) hm,p + lhm+ 1,p (5.71) 

Pero la ec. 5.71 es el esquema de diferencias finitas 
de la ec. 
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CUANDO EL ESQUEMA RESUELVE UNA ECUACION DIFERENCIAL DIS 
TINTA A LA QUE SE PRETENDE RESOLVER SE DICE QUE EL ESQUEMA 
DE DIFERENCIAS ES INCONSISTENTE. 

5.2.3 Consistencia 

Para encontrar el error de discretización o truncado en 
de un paso a otro del!. x se refiere a la serie de Taylor, p~ 

ra aclarar esto, cosidere que. interesa valuar el error de 
discretización local del esquema explicito (ec. 5.34). En­
tonces se requieren estos desarrollos en series rle Taylor. 

así 

a a' 6x 2 an H(x+óx,t) = H(x,t) + --H(x,t)óX+--H(x,t)---21 + ... +~ a x. a x . a x 

( 6Xn 
H X, t )---1 n. 

= H . - (-ªlf). óX+ (a 2 ~) óX'+ ... +(-1)" 
m-l,p ax m,p ax m,p 2 

sumando y ordenando 

H -2H +H m-l,p m,p m+1,p = 
6x 2 

6X' 
360 + ••• (5.72) 

Ahora, por lo que s~ r€fiere al tiempo 

----------------- -- --------- ------------ -·---·---
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De esta exprexi6n se llega a 

H ~H m,p+l m,p = 
llt 

( 5. 73) 

Al sustituir 5.72 y 5.73 en 5.33 y después de ordenar 

= o (5.74) 

por l.a ecuación diferencial por resolver, el primer parénte­
sis es nulo, lo que queda se conoce corno error de truncado 

T(H}m,p' esto es 

T ( H ) · ( a 2 H ) · ll t + ( u 3 H ) . ll t 2 + ( _4 a 4 H ) m p ll x • 
m,p= at>m,p2 at 3 m,p6 ··· 0 ax• '12-

(5.75) 

·si at +O y l\X + O·se observa que T(H)m,p+ O 

O e f i n i e i.6 n 

Si el error. de truncado local tiende a cero cuando las 
diferencias discretas t~t y 6x tienden a cero; el esquema de 
diferencias finitas es CONSISTENTE 

Por otra parte, la ec. S.75 s~ puede escribir cerno 

T(H)m,p 
[lt (a 2 H a' a • H 4X2 ;jlH ot 2 

= 2 6t~tlm,p+(at 3 )m,p -6- -at> ax' 

- (as a6 H liX" 
ax 6 )m ,p 360 + ... ( b • 7 6 ) 
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al e o n s i ·de r a r 

resulta que el primer paréntesis es . 

a2 H -a•a'H 
.W ax• 

C O P.'. O 

se tiene que al Cderivarla respecto al tier:1p0 

y que al derivar 5.78 dos veces respecto a x 

(5.77) 

(5.78) 

( s. 79) 

( S. 80) 

come se puede interccrbicr el arder de derivación, al igua­
lar 5.79 con 5.80 

así 

T(H)m,p 

o sea que se involucra a errores en términos de 6t 2 y óX 4 , 

es d e e i r e ( 6 t 2 , 6 x' ) , por l o t a n t o es m e j o·r p u e s a s í e 1 e­
rror de truncado es mas pequeno. Esto. significa que 

para A= i en el esquema 
reduce el error de truncado, 
e(Ú,6x 2 ). 

explícito es conveniente pues 
1 de otro modo, A ., 6 implica 

La extensión de diferencias finitas en la Hidráulica es 
muy amplia y así pueóe plantearse la solución de las ecuacio 
nes de flujo no permanente entre otras. 
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5 ,;; Método de las caractedsticas 

Recuérdese que la diferencial total de una función 

u(x,y) es 

du - ~ dx + ~ dy a x ay (5.81) 

sin embargo, se puede pensar en un método que simplifique 

el c§lculo de du, para ilustrar esto considere el siguien­
te caso particular. 

·Ejemplo 5.9 

Encontrar la función u(x,y) que satisface a 

au + 2x ~ =y (5.82) 
ax ay 

s u j e t a a 1 a e o n d i e i 6 n u ( O , y ) = 1+ y 2 p a r a 1 < y < 2 

Sea la derivada total 

d u = .~ + -ª-!!_ Q..)'_ 
dX ax ay dx 

comparando 5.83 y 5.82 resultan 

2x = . .91 
dx 

du 
Y = dx 

De 5.84 

Y = x 2 + .el 

Sustituyendo 5.86 en 5.85 e integrando 

X 3 

3 + c 1 x + c 2 = u 

Si la ec. 5.87 pasa por (x 0 , y 0 ) 

(5.83) 

(5.84) 

(5.85) 

( 5. 86) 

( 5.87) 
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así 5.86 queda 

(5.88} 

Para encontrar a C2, se sabe de .la restricción que 

u = 1 + y 2 en x = O 

así, según 5 .88 y 5.87 

Q3 
= 3 + C1 (0}+Cz 

por lo que 

de este modo 

como {x 0 , y 0 ) puede ser punto de la región sombreada de la 
fig. 5 .6, se tiene 

y 
2 2 
+y -X o o 

----------------r---------------~x 

Fig. 5.6 
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E
-¡---------------------·--·--·----·--··-··· .. ,. ·¡ 
3 x' + (.~-x 1 )x + l+(y-x') ___ , __ .....;. ___ , ___________ , _____ _ 

u Gnicamente esta determinada en la zona sombreada, no se 

sabe nada de ella fuera de tal lrea. 

Obser~aciones sobre el ejemplo 

a) En lugar de resolver una ec. diferencial parcial se 
resolvieron dos ec. diferenciales ordinarias. 

b) La ec. 5.84 permitió conocer una función a 1 o largo 
de la e u al varía independientemente de a u a u u a-xY ay· 

e) Como u varía según l a ec. 5.84 se pudo determinar u .. 

5.3.1 r~étodo de características para una ec. de segundo orden 

Si 

Sea la ec. diferencial paracial lineal de segundo orden 

2.1. p : 
ax 

q : 2.1. 
ay 

S : ....i.L : ....i.L : iB. : ~ 
axay axay ay ax 

Sustituyendo 5.91, 5.92 y 5.93 en 5.90 

A * + Bs + C * + E : O 

Por otro la do se sabe 

~ : 1.2 +lE il 
dx ax ay dx 

~ : .E_g_ d X +.E_g_ 
ax dy ay 

(5.90) 

(5.91} 

(5.92} 

(5.93} 

(5.94) 
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por lo que a 1 cons i der,Jr 5. 93 

iU?. = ~ - S -~~ (l X 

.B = 
-~ 

S 
dx - dy ay dy 

Al sustituir S.95 y 5.96 en 5.94 y ordenando 

s[-A ~ + B -
dx . 

e i!<.. J dy 

Multiplicando por* 
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(~.95} 

(5.96} 

+ A É.E. ~~ + e 8_9. ~ + E i1_ = O 
dx dx dy dx dx (5 o 97) 

cq~o s corresponde a. la derivada mixta y para simplificar 

la ec. anterior convjene hacer nulo el primer término ésta 
ecuación, de modo que 

-A (.'!1. / + B ~ - C = O dx dx (5.98} 

Al resolver es·ta ecuación dé segundo orden 

~ = -B± 18 2
- 4AC 

dx - 2A (5.99} 

A efecto-de garantizar dos raices reales distintas 

8 2
- 4Ae > O (5.100) 

L1 ar;1ando 

lt = -B+IB 2
- 4Ae 

-2A = f J (5.101) 

1* ~8-/8 2 - 4Ae = = -2A g (5.102} 

(f y g se llaman características}. 



La otra parte de 1 a ec. 5.97 

A ~.P .9.1_ 
d x dx + e .2.9 it + 

dy dx 
E~. 

dx = o 

al multiplicar por dx 

A dp .9.1_ + e dq + Edy = o dx (5.103) 

Si se considera 5o 1 o 1 

'A d P. f + e dq + Edy = e (5.104) 

y Si ahora se toma en cuenta en 5o 103 a 5. 102 

lA dp g + e dq + Edy = o 
1 

(5.105) 

Esto significa que la ec. diferencial parcial de se­

gündo orden puede transformarse (cuando es hiperbólica, pues 
B2 -4AC>o) a cuatro ecuaciones diferenciales ordinarias 
(5.101, 5.102, 5.104 y 5.105). 

Para la solución de 5.94 se considera 

d~ = ~ dx + ~ dy ax ay 

o sea 

1 d 9 = pd X + q dy 1 

El método de solución consiste e-

1. Encontrar f y g según 5 .101 y 5 .102 

2. Sustituir f y gen 5.104 y 5.105, con .lo cual se 
forma un sistema de ecuaciones con incógnitas p y q, 

al resolver1o se conocen estas .. 

3. Conocidas p y q se sustituyen en 5.106 y se i~tegra 

para conocer q,. 
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En la fig. 5.7 se ilustra este procedimiento 

EC. DIF. PARCIAL SE OBTIENEN SE RESUELVE EL 1 SE PLANTEA LA EC ·1 
LINEAL 2 ° ORDEN 

~ 
f y 9 

~ 
SISTEMA DE ECS. ~· DIF. TOTAL Y SE 

(HIPERBOLICA) (CARACTERI5 6.104 y6.105 PA ,; RESl!I:LVE ·¡ 
B2 -4AC>O TICAS) RA CONOCER p y q 

Fig. 5.7 

Cuando las ecuaciones diferenciales ordinarias son difí 
ciles de resolver o no tienen solución mediante métodos ana 
líticos, el plateamiento anterior se puede realizar en dif~ 

rencias fin·itas, para ello considérese las aproximacion·es .a 
las ecs. 5.101, 5.102 5.104, 5.105 y-5.106. Para ello, tome 
se en cuenta a la fig. 5.8 

y R 

Q 

X 

Fig. 5.8 

. 15 7 

Én los punto p y Q se conoce el valor de x,y,f,g, p y q, 
mientras que el punto R no se ·conoce nincuna. 

De las ecs. 5.101 y 5.102, al integrar se definen dos 
rectas, características, cada una de las cuale~ tienen pen­
diente f y g. En la intersección de ellas, se define el pu_r:¡_ 
to. R. Cuando ellas se definen en término? de val ores conoci 
dos (dei paso t1y anterior) se tiene, para f 

(5.107) 



y para g 
¡:::---··-y - ·-yq¡ 
~Q = x~-:-fu (5.108) 

Al resolver simultáneamente 5.107 y 5.108 se encuentran xR Y yR. 

Por otra parte, la ec. 5.104 en diferencias puede ser: 

(5.109) 

y la ec. 5.105 es 

( 5. 11 o ) 

por último, la ec. 5.106, sería apoyandose en P {podría ser 
en O) 

se considera una mejor aproximación a 

El procedi~iento de cálculo consiste en 

a) Calcular fp y 9Q según 5.101 y 5.102. Esto es 

f P = _-.::.B.é..p +_I_:B_2__r:P_:·_-_4-..A.!_p C--'-p. 
-2Ap 

9 0 
= _-_s o~+_l_s ...c2 o,;_-_4_A"'-o c...c0"--­

-2Ao 

b) Encontrar xR y yR a.l resolver 5.107 y 5.108 

(5.111) 

e) Definir pR y qR de la solución del sistema de ecua­
ciones forma.do por 5.109 y 5.110. 

d) Encontrar $R de la ec. 5.111 
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Ejemplo 5 .10 

Escribir las ecuaciones necesarias para resolver la ec. 

diferencial de onda 

donde !hes la aceler_aci6n de la gravedad, d la profunidad 

media. En ella aparece implfcita la ec. ut+u ux= -ghi donde 
u es velocidad y los fndices s~fialan respecto a cual varia-

, ble aparece derivada de la funci6n. Se consideran como con­

diciones de frontera a u=O en x=L y h= asen wt en x=O. Las 
condiciones ini~iales son h(x,O) = m(x). En la fig. 5.9 se 
muestra el problema de interés. Se considera un ancho uni­

tario 

h en t=O,h=m(x) 
h=asen wt+m(o 

d u=o-. 

L 

Fig. 5.9 

' Se considera que para la frontera izquierdacon u=O, 

ux 1 O por lo que ut+u ux= -g~x implica que O+ O ux = 
o se.a hx = O. 

ut=O y 

-ghx, 
1 

Al comparar la ec. de onda con respecto a la 5.90, se 

tiene (se toma t. como "y" y cp como h) 

A = gd = e 
1 

B = o 
e = - 1 

E = o 
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asf B'-~AC =O -4(gd)(-l) = 4gd 

como 4gd>~ se trata de una ec. hiporbólica y por ello se 

puede a p 1 i e a r e 1 mé t o d.o de 1 as e ara e ter í s ti e as . 

así 
dt o ± 02+ 4dg + 1 ± 1 . 
dx = -2gd = - • e .rgp 

1 

f = 1 
e 

g = 1 -e 

como e es .constante, las ecs. S.l07 y 5.108 resultan ser 

C(tR tp) = 

-C(tR ~Q) = 

por lo tanto, al sumar 

conocida xR, de 5.113 

1 tR = 
+ t ' 

Q 

(5.112) 

(5.113) 

(5.114) 

(5.115) 

Las ecs. 5.109 y 5.110 para los valores de A, B; C y E 
definidos antes quedan 

cz(pR-pP) (é¡R-qP) = o (5.116) 

-C2 ( pR-pQ) - {qr-oQ) = (l ( 5. 117) 

así al restar 5. 116 a 5. 115 

qQ-qP + cz ( Pp+qQ) 
p·R = (5.118) 

2C2 
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un a vez va 1 u da p R , entone es de 5. 116 

Así entonces se tienen definidos los valores de interés 
para los puntoi interiores. 

Para la frontera, se tiene 

a) frontera izquierda (en x•O) 

q = ah = a w cos wt TI (5.120) 

p = ah = o ax (5.121) 

por 1 o tanto 

(5.122) 

y como a el llega la característica negativa (fig 5.8), al 
considerar xR=O en 5.113, se obtiene 

+ to] 
por 5.120 y 5.121 

b) frontera derecha (en x=L) como ~ = O se tiene ax 

( 5 . 12 3 ) 

(5.124) 

(5.125) 

XR = L 1 (5.126) 

al llegar la característica positiva (fig. 5.8), al conside­
rar x =L en S.ll2 R 

'----t_R_=_L_,~,_x_P __ +_t_~ _ ___J! (5.127) 
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'h como ~--- = O 
~) X , 

( 5. 1 2 f3 ) 

al sustituir 5.128 en la ec. asociarla a la característica PQ 
sitiva (la que tiene f), la ec. 5.116 se tiene 

En la fig. 5.10 se resumen las ecuaciones encontradas. 
Nótese que en este caso, se pueden usar los índices i-1 para 
q, i ¡:;araR e i+l para Q; y escribir las ecuaciones de una 
forma sencilla de manejar en un progra~a. Todo ello porque 
lai características siempre tienen la misma pendiente. 

h=a cos wt 

t 

• 

1 

t 8 

5 

.... . .,_ . 
pun~os 1n~er1crcs 

frontera izquierd< 
frontera derecha 

Para cualquier punto R (interior O 
fronterr) 

l 
9 

hR=hp+l( pR+Pp) ( XR- Xp l:H qR~p)( tR-tP) qR 

Fi~. 5.10 

10 

6 

3 

>x 

X = L R 

f 
7 t _Ltp + t 

}-· 
, R R . p 

p = o R . 
(1 = qp-C 2 Pp p R 

El método consiste en encontrar hR en el plano x,t op~ 

randose de este modo 
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a) Calcular xR, tR' pR qR y hR para los puntos interio­
res ( con ello se definen hR en los puntos 1, 2 y 3 

·.de la fig 5 .10). 
r. t . 

'. ~ 

b) Con la condición de frontera iiquierda, valuar tR, qR 
hR (asf se define hR en 4) 

e) Repetir el paso a. para definir hR en 5 y 6 

d) Usar las ecs. de frontera derecha para encontrar tR, 

qR y hR (asf se define hR en 7) 

Este procedimiento se continua hasta donde se desee. 

5.3.2 Método de las características para dos ecuaciones diferen­
ciales parciales. 

El método de las características corresponde a una técnl 
ca donde·el prob1ema de resolver dos ecuaciones difer~ncia-· 
les parciales simultáneas es reemplazado por otro donde se 
resuelven cuatro ecuaciones diferenciales ordinarias~ Ello 
implica una situación de continuidad y de definici6n para 
todas las derivadas. 

Sean ·las ecuaciones fundamentales de la hidráulica en u- . 

na dimensi6n 

aD + v aD + 0 av = 0 at ax ax (5.130) 

av av aD ( ) at + v ax + g ax = 9 so-sf (5.131) 

• m u lt i p 1 i e ando por g 1 a e e . 5 . 13 O y 1 1 a r:1a n do C 2 = g D (e e 1 e r i -
dad de aguas profundas) se tiene 

~ + v ~ + gD ~ = 0 at ax ax 
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o sea 

ac 2 ac' c2lY 0 at+vax+ ax= 

al derivar 
2c ~ + v2c ~ + c 2 n = o a.t ax ax 

al dividir entre e e introducir el 2 en las derivadas 

a2c + a2c + e lY = 0 ~ vax ax (5.132) 

la ec. 5.131 se puede escribir como 

(5.133) 

Al sumar 5.132 y 5.133 

a2c + av + v· a2c av av a2c 
at at ax + v ax + e ax + e ax = O + g(s

0
-sf) 

(ec. 5 .132) 

lo anterior se escribe tambien como • 

a 
at 

o bien 

(v+2c)+v(lY ax 
1 

+ a2c¡ 
ax 

2 

+ c(lY + a2c) = 
ax ax 

3 

a (v+2c)+(v+c)2(v+2c) = g(s
0
-sf) a t ax . (5.134) 

de manera similar al restar 5.133 a la 5.132 se llega a 

__?_ ( V- 2 C) + (V- C ) __?_ ( V- 2 C ) = g ( S O- S f) 
at ax 

(5.135) 

Por otra part~. la derivada total respecto al tiempo de· 
cualquier cantidad q(x,t) es 

.Q.9. = -ª..9. . ~ + -ª-9. 
dt ax dt at (5.136) 
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al comparar 5.134 con 5.136, se tiene 

q = v + 2c 

dx dt=v+c 

y de esta última 

d(v+2c) = g(s
0
-s¡l dt 

y al comparar 5.135 con 5.136, se observa que 

siempre que 

dx liT = v-e 

{5 .137) 

{5.138) 

(5.139) 

(5.140) 

Las direcciones en el plano x,t definidas por 5.37 y 

5.140 son llamadas DIRECCIONES C~RACTERISTICAS y las ecs. 
5.138. y 5.139 se ~onocen como INVARIANTES DE RIEMANN. Las 
ecs. 5.137 y 5.140 son ¿uatro ecuaciones diferenciales ordi­
narias que reemplazan a las dos ec. parciales 5.130 y 5 .131. 

Dos casos de interés por analizar son 

a) Flujo subcrítico ( F < 1 ) 

El número de Froude F = V 

e es menor que 1 • por ello 

V - < 1 e y V < e (Si e > O) 

de acuerdo a esto; 

V + e >O por .1 o tanto dx (según 5.137) liT > o 

V e <O por lo tanto (según 5.139) dx o - dt < 
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. 
y la pendiente de las caracterfsticas son positiya y negat1· 

va. 

así 

y 1 a 

b) Flujo supercrítico (F > 1) 

como F > 1 , Y. > 1 y v > e e (si e >O) 

V + e > o por lo tanto (según 5.137) 

V - e < o por lo tanto (según 5 .139) 

pendiente de las características son 

dx crr> 
dx 
dt > 

del 

En la fig 5.11 se ilustra lo anterior. 

o 

o 

mismo signo. 
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Flujo subcrítico Flujo supercrítico (hay 2 .casos posibles) 

A A+ -h_ 
cuando V > 0 cuando v < o 

F i g. 5. 11 Características s egú_n el tipo de flujo. 

Ejemplo 5 .11 

Expresar las ecuaciones de aproximación para resolver 
mediante el método de características las ecs. 5.130 y 
5.131. Considere flujo subcritico y que las condiciones de 
frontera son en x=C el gasto Q es conocido en todo tiempo 
t y que en x=L el. tirante O es constante. En x=O se conoce 
una curva gastos contra tirantes. 

Las ·ecuaciones de interés son (ecs. 5.137 y 5.140) 

~ = v + e dt 



• 

1 ! 

.! -• 

¡ 

'. ¡F'') 

F'' 

• 
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por lo tanto expresando 5.137 y 5.140 en diferencias 

XR-XP 
tR-tP = Vp + Cp (5.141) 

XR-Xg 
= \( - e . 

tR-tQ Q Q (5.142) 

' al resolver tR par XR y 

- Xp+XQ 
tR = -. (5.143) 

conocida tR 

Ahora, al .escfibir 5.138_y 5.139 en diferencias 

(5.145) 

(5.146) 

al despejar a vR se-encuentra 
,.------..;__ _______________________ . 

vR = g[s 0 -sf)~(tR-tP)+(s 0 -sf)Q(tR-tQ)] + (vp+2cp)+(vq-2cQ) 
2 

_(5.147) 

conocida vR 

(5 .148) 

---~- ·---- , ______ , _____ -~-- ·-
_: _____ ._ '-------~-- ·---~-- -~ --

--~····-··-------·-···· ----- ------. -----------=-· -------""=--
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El procedimiento anterior tiene la desventaja de que 
las intersecciones de las características (coordenadas del 
punto R) no quedan igualmente especiadas ni en x: ni en t 

por lo ·que si interesan conocer algunas propiedades del flu­
jo a distancias y-tiempos regulares (fig. 5.12) se necesita 
hacer algunas interpolaciones lineales. Existen métodos don­
de se fija la intersección de las características y ,lo que 
se determina son los punto P y Q, con lo cual se obtienen 

1 

las propiedades del flujo en mallas regulares. En ambos pr_Q 
cedimientosaparece un error por la interpolación y depende­
rá de las aproximaciones empleadas al decidir cual de las 
dos versiones es mejor. 

. t 

X 

No están alineadas las intersecciones 

Fig. 5.12 

S.4 Método de elemento finito 

En el subc~pítulo 4.8.1 se comentó brevemente sobre el 
cálculo de variacioneJ, y se discutió la ec. de Euler­
Lagrange. Ahora se puede extender esa idea al caso de un 
funcional. · 

J = 
(( . JJ:(x,y,z, ( 5 • 1 5 7 ) az a z) :;- , :;- dxdy 

oX oY . 

siendo su ecuación diferencial asociada 

( 5. 158 ). 

-· 
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'tt ·. ~ 

í 

1 

~t.) 

donde: 
az p = ax y az q e ay (5.159) 

así 

Ejemplo 5.12 

Encontrar la ec. de Euler del funcional 

Según 5.159 

F = p' + q2 

aF 
= o Fp aq, 

a Fq, - Fp ax 

(--ª·.1)
2 

] dxdy ay 

= 2p F = 2q q 

_l_F _l_zp = o -ay q ax 

= 2 a (-ª-1.). 2 a (.-ª.1) = o - ax ax -ay ay 

a -2q = ay 

o • 

o 

+ ~~t = o 1 (5.160) 

Por otra parte, tratando de aproximar lo mejor posi­
ble una área irregular como la mostrada en la fig. 5.13 

se observa que al dividirla en triángulos se cubre el 
área con mayor detalle que con una serie de cuadrados. 

De una ~anera similar al método de Ritz se hará una 
introducción al del elemento finito, por lo que sólo se 
tratará el enfoque del cálculo variacio~al y no el de 

Galerkin. Conviene aclarar que se preferiran 16s triángu­
los únicamente por la razón señalada antes y que en el m~ 

todo de elemento finito se pueden tratar triángulos, cua­
drados, rectángulos, etc. 
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Solución 

' 1. La ec. por resolver es 

~ + ~ =o ax2 ay2 (5.165) 

con las condiciones de frontera dadas por los valores co­

nocidos de ~-

2. Se considera la fig. 5.14 

y 

20~ ¡~3=-----~~~----~~5~~----~6 
CD 

9 w 30m x 
Fig. 5.14 10m 

3. Según el ejemplo b.l2, el funcional de .la ec. di­

ferencial es 

X = J [ [ (-ª--1) 
2 

+ (-ª--1) 
2 

]dxdy 
;A a x · ay 

'4. Para la fig. 5.15 

Fig .. 5.15 

j 
( l< • ,y . ) 

J J 

(5.166) 

(5.167a) 

(5.167b) 

(S.167c) 
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5. Al sustituir la ec. 5.162 en 5.166 

X = J f.[ Q" + R 2 
) d y d x 

'A 
N 

X = E 
t=1 

15.168) 

siendo Ne.l número de triángulos y A
9
_ el área del tri 

ángulo L 

6. Para minimizar !>.168 

ax a N 
= E (Q" + R2 )A 

a~v a~v t t t 

N. 
~ ili = 2 E (Qt + Rt )Ai i=1 a~v a~v 

al igualar a cero 

(5.169) 

lo anterior se puede escribir 

N 
=i¡,; 1 {c(t,v,il~; + c{t,v,j)~v + c(t,v,k)4Rl =O 

(5.170) 

Para el caso particular de la fig. 5.14 se tiene 

TABLA 5. 1 

TRIAtlGULO VERTICES APARECE V = 1 APARECE V = 2 
i j R 

1 3,4,7 
2 4 ,1, 7 1 
3 4,5,1 1 
4 5,2,1 1 1 
5 5,6,2 1 
6 6,8,2 1 
7 7 ,1 '9 1 
8 1,10,9 1 
9 1,2,10 1 1 

10 2,11,10 1 
11 2,8,11 1 
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1 
f 

si • . = ~ s6lo se considera en 5.170 a los trilngulos 
V 

donde aparece el vértice 1, o sea los trilngulos 2,3, 

4,7,8 y 9. 

Si <l>v =•2, se toman en cuenta en la suma 5.170 a los 

trilngulos donde aparece precisamente 2 o sea en 4,5, 

6,9,10 y 11. 

De este modo 1 as sumas son 

~~ 1 = {c(2,1,4l••+ c(2,1,1)4>1+ c(2,1,7)<)>?}+ {c(3,1,4)q,,+ 

+ c(3,1,5)<Ps+ c(3,1,1).¡}+ {c(4,1,5)•, + c(4,1,2).,+ 

ax --

+ c(4,1,1)4>1}+ {c(7,1,7)q,7 + c(7,1,1)4>_! + c(7,1,9)<1>
9

} + 

{c(8,1,1) ••+ c(8,1,10)• 10 + c{8,1,9)q,g} + {c(9,1,1)~, + 

+ c(9,1,2)4>z + c(9,1,10)<j>¡o =O (5 .171) 

{c{4,2,5)•s + c(4,2,2)., + c(4,2,1)<L!} + {c(5,2,5)q,s + 

+ c(5,2,6)• 6 + c(5,2,2)q, 2 }.+ {c(6,2,6)$G +.c(6,2,Bl•a· + 

+ c(6,2,2)4>2} + {c(9,2,1)h + c(9,2 ,2)h + c(9,2 ,10)¿"}+. 

c(l0,2,2)q, 2 + c(10,2,11)4>, 1+ c(10,2,10)q,, 0} +{c(11,2,2)0,+ 

+ c(11,2,8)q, 8 + c(11,2,11)q,11 } =O (5.172) 

176 

Como en 
se tiene: ¡ 

las ecuaciones anterioes sólo son incógnitas 4>1 y 4> 2 al factorizar 

1 

au 

a21 

= 

= b, 

De 5.171 

'los términos que multiplican a q,, . 

(5.171') 11 

(5.172'). 

a 11 = c{2,1,1)+c(3,l,l)+c(4,1,1)+c(7,1,1)+c(C,1,1)+ 

+c{9,1,1) (5.173) 

'los coeficientes de 4> 2 son 

a 12 = c(4,1,2)+c{9,1,2) (5.174) 

' 
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'Los. tfirminos independientes 

b 1 = - {e ( 2 , 1 , 4 ) -e ( 3 , 1 , 4 ) l ~ • - ( e ( 3 , 1, 5 ) +e ( 4 , 1 , 5 ) } ~' + 

-{c(2,1,7)+c(7,1,7)J~, - {c(7,1,9)+c(8;1,9))4 9 + 

-{c(c,1,10)+c(9,1,10)J~ 10 ' (5.175) 

A partir de la ec. 5.172 se tiene 

·coeficientes de ~1 

a 2 1 = e (4 , 2 , 1 ) + e ( 9 , 2 ,1 ) (5.176) 

·coeficientes de ~i 

a,,= c(4,2,2)+c(5,2,2)+c(6,2,2)+c(9·,2,2)+c(10,2,2)+ 

c(11,2,2) (5.177) 

·y los productos donde no aparecen ni ~ 1 y ~2 

b, = -{c(4,2,5)+e(5,2,5)J~,- !e(5,2,6)+e(6,2,6))~, + 

- { e ( 6 , 2 , 8) +e ( 11 , 2 , 8) ~ • - e ( 9 , 2 , 1 O ) +e ( 19 , 2 , 1 O ) 0¡ ot 

- { e ( 1 O , 2 , 11 ) +e ( 11 , 2 , 11)} ~ 1 1 ( 5 . 1 7 8 ) 

Se aprecia que conocidos los coefieie~tes e, se cal­

culan a 11 , a12o b1 ,·a 21 , a 22 y b2 y se resuelve el 

sistema de ecuaciones lineales formado por 5.167' y 

6.168' y así se definen h y ~ 2 concluyendo el ejerc_i_ 

e i o. 

~in embargo, surge la pregunta ¿c6mo calcular los cae 

· ficientes e? 

Cálculo de los coeficientes c(~.v,i) 

Como para cada triángulo ~se conocen las coordena­

das de los v€rtices, resulta que a trav€s de las e-
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6p 

[:, = a 

6 = R 

cuaciones 5.167 se pueden obtener P¡, C1• y R,. En efecto, 
si su solución se plantea mediante la regla de Cramer. 

Determinante de la matriz de· coeficientes 

1 X; Y; 
6 = 1 xj yj 

1 xk y k 

en geometrfa analttica se den1uestra que 

6 = 2A 
~ 

siendo A
1 

el área del triángulo 1 

Determinante asociado a la incógnita P
1 

~; x. Y; 1 

(~.179) 

~j xj y. = 
J 

~ • ( X • y k- X k y . ) + <j> • ( X k y . -X • y k ) +~k ( x". y . - X • y . ) 
1J J J 11 11,1J 

~k xk y k (5~177) 

Determinante asociado a la incógnita Q
1 

1 ~; Y; 
"1 <Pj Y¡ = ~.(y .-yk )+<j>. (y k-y. )+~k (y .-y.) 

1 J J 1 1 J 
( 5. 178) 

1 ~k y k 

Determinante asociado a la incógnita R! 

1 Xi ~; 

1 X. 
J ~j = ~ • ( X k- X . ) + ~ . ( X . - X k ) + <j> k ( X • -X . ) 

1 J J 1 J 1 
"(5.179) 

1 xk ~k 

Por lo que resulta ser 

(5.180) 
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! 
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Q . e 
l 

R = 
i 

Al sustituir 5.181 en 5.169 . ¡ l!_ = 6 at. 0 t. a . ¡; . ~v 1=1 ~. a~v. + (2A1)2 

. ¡ " a t. R = ¡; 6 _Q + llR 
1=1 Q a~v a~v 

a6R 

a~v 

l A1 
4 

Al sustituir 5.178 y 5.179 en 5.183 

. ( 5. 181 ) 

(5.182) 

) A1 = o 

= o (5.183) 

ax N 
a... ¡; 

"'v 1= 1 
[~l.(yJ.-y,,)+q,J.(y,,-yl.)+q,k(yl.-yJ.)] [(y -y) lli + 

' ' j k a~v 

+ (y 0 -Y.) lli + (y.-y.) lli] fu..+ 
· " 1 ah · 1 J a~ 4 . V 

+(x.-x,.) 2..4
3 

+(x.-x.) 
1 ' ~V J 1 

Al factorizarq,i, q,j y q,k 

N 
ax _ ¡; 

~ -1=1 
V 

- _:_ ___ ----. 

+ 

+ 

+ 
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1 • 

1 

.+((yk-Y;)(yk-yi)+(xi-xk)(x;-xk)) ::; + 
V 

+((yk-y.)(y.-y.)+(x.-xk(x.-x.) 'ª-.tk:] ~4-} q,j + 
1 1 J 1 J 1 aq,v 

+[(y~.-y.)(y.-yL)+(x.-x.)(xr.-X·)] -~ + 
1 J J ' ·J . 1 ... J o" "v 

son iguales a cero o a uno 

según sea v. 

Al comparar 5.184 con 5.170 se tiene 

a)siv=i 

c(l'.,i,j) = ((yk-yi)(yj-yk)+(x;-xk)(x~-xj)] ~i (6.186) 

c(R:,i,k) = [(y.-y.)(y.-Jc)+(x.-x.)(xk-x.)l A4~ (6.187) 
1J J' J1 J-

b)siv=j 

Nota: 
En 5 .184 se 
consideró: 

lli-a-' - 1 
"V . 

lti = iPk. = o 
acpv acpv 

Nota.: 
En !i.184 se 
consideró: 
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c)si v=k 
Nota: 

c(g_,k, i) . ( . A t 
(5.191) En 5.184 se = [(y .-yk) y .-y. )+(xk-x. )(x .-x.)] T 

consideró: · J 1 J J J 1 

C:(i,k,j) At = [ (y k-y . ) (y . -y . ) + (X . -X k) (X . -X . ) ] T 
1 1 J 1 J 1 (6.192) .E.!k. = 1 y 

a~v 

. . A . lli lli c(P.,k,k) [(y;-YjHY;-Yj)+(xj-xi)(xj-xi)J-f (6.193) = =·O = a~v a~v 

Los coeficientes anteriores dependen solamente de las coor 
de nadas'de los vé~tices de los triángulos, porqu.e conoci­
das estas (paso 2) ya se pueden valuar ellos. 

Para el caso particular de interés se calcularan algunos 
de los coeficientes c. · 

a) c(2,1,1) 

j j 

como corresponde al triángulo 2 y ahí i=4, 
j=1 y k=?, se usará la ec. 5 .189. 

fu_ c(2,1,1) = [(y7-Yi)(y7-y¡)+(x,-x?)(x4-x7)] 4 
de l.a fig. 5.14. 

c(2,1,1) = [(10-10)(10-10)+(10-0)(10-0)] .A¿ 

c(2,1,1) = 100 A¡ 

b) c(5,2,6) como corresponde al triángulo 5 y de la tabla 
k j :5.1 se ve que i=5, j=6 y k=2; se usará la ec. 

5.192 ,.. 

c(5,2,6) = 

de la fig. 

c(5,2,6) = [(10-20)(20-20)+(20-20)(30-20)] A4 
c(5,2,6) = O 

.. 
--- -- ----~-- -- ------ -- ---------- --------~-- -
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A efecto de disminuir el nGmero de cálculos se toma en 
cuenta que: 

segGn 5 .186 y 5.188, 

de 5.187 y ó.19l, 

de 5.190 y 5.192, 

c(9.,i,j) 
c(9,,i,k) 
c(~,j,k) 

= c(9.,j,i) 
= c(9.,k,i) 
= c(9.,k,j) 

Como se observa en las ecs. anteriores el m!todo de elemen 
to finito implica una cantidad considerable de c~lculos p~ 

ro ellos son muy simples y fáciles de incluir en un progr~ 

ma de cómputo. 
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TERMINAL DE CONTENEDORES. 

ANTECEDENTES: 

Los costos elevados en el manejo de carga. general fraccionada. por los 

puertos d~ los pa.í'ses industrializados, principalmente por los altos s2; 

la.rios de estibadores; aunado al gran número de movimientos. (25 en -

promedio a. nivel mUhdial), entre la. zona. de producci6n y de consumo,-
l \ 

que repercuten en los precios de venta. de las mercancías, propiciaron 

la. modificación del sistema. tradicional por medio de la. Unita.riza.ción -

de la. carga.. 

La unita.fiza.ción de la. carga se logró con la. a.dpción de cajas con dime:!; 

siones compatibles con los diversos modos de transporte, Aunque los - . · 

contenedores se bienen usando desde mediados del siglo pasado, por m_!: 

dio de la. utilización de cajas de madera. de diferentes tamaños para la. -
' 

unitarización de cargas específicas que por su precio y densidad lo a.m_!: 

rita.n. 

A sí' en 1960 se inicia la. utilización de los contenedores en los E, U. las. 
'· 

' 
compañías , Sea Trein, Sea. La.nd y Ma.tson, inician el transporte de CO_!! 

tenedores de 8 1 de ancho por 8 1 de alto y 32, 35 y 24' de largo que cum-

plia.n con las normas de transportación via F.C. y carretera. En 1968 

la ISO de la ONU fija como contenedores standar los de 20 y 40' de largo 

de 8' de ancho y 4, 8, 8 1 ,6" y 9' 6" de alto con las·dimensiones esta.nda.r 

se logra c:;aptar una. gran cantidad de la. carga. general fraccionada. suce_e 
\ \ 

tible a. unita.rizarse bajo este sistema., y per'miten cumplir con las normas 
. ' . 

' 
de carreteras y ferrocarriles de la mayoría de los países. 

_________ ..:..... ____ ~--~· 
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Con el empleo de los contenedores se logró. dar un gran impulso al 

transporte intermodal interruccional al permitir estanc!arizar una "uni 

dad de carga" compatible con los diversos modos de transporte, re--

dundando en beneficio ·de distribución de comercialización de mercan-

cias. El hecho de iniciarse el manejo de contenedores por los puertos, 

el sistema repercute en el interior del'país ya que se requerirá esta­
l . . . 

blecer "centros de carga" con el equipo adecuado para la carga/des-

carga de los contenedores. 

' 
·La alta tecnología y valor de los equipos de carga/descarga y de los ba.! 

' 
ces especializados que implica la contenedorización," proporcionan la 

~­
\ 

formación de monopolios mundiales, alejando a los países en vías de 
\ . . . . 

desarrollo en la participación directa del sistema, beneficiando indirec 

tamentc al paf~ que lo adopta por la reducción de costos de transporte -

en el proceso de distribución y comercialización de la producción y del 

consumo. 

A continuación se muestra la evolución cronológica del transporte ínter. 

modal. 

··~. 

' .. 
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EVOLUCION CRONOLOGICA DEL TRANSPORTE INTERMODAL: 

1830: 

1847: 

1930: 

1940: 

1950: 

-1957: 

1958: 

1960: 

1965: 

1966: 

1967: 

1968: 

En Inglaterra con la introducción de las plataformas de F.C., 
se inicia el transporte de carga en contenedores de madera Pi!: 
ra prestar un servicio de estación a estación. · 

Bn E. u. S e 1IDC1a EÜ manejo de contenedores de m.ádera en pl!!; 
taformas de F.C. dando servicio de estaCión a estación.· 

Se inicia en forma incipiente el servicio de Plooyback, es de­
cir camiones sobre plataformas de. F .e. para prestar servicio 
puerta a puerta 

En E. U. se inicia el empleo de las paletas o pallets y con ello· 
los montacargas. 

Con el desarrollo del autotransporte con trailer, tuvo un· gran. 
impulso el sistema Piggyback, al permitir transportar unica-­
mente las cajas de los trailers sobre plataformas de F.C. pr2_ 
porcionando de ésta manera un servicio puerta a puerta • 

Se transportan las primeras cajas de trailers en la cubierta y 
en celdas practicadas en las bodegas de barcos. 

Sea Train, Sea Land y Matson, inician el manejo de contenedo­
res en barcos transformados, de 8 X 8 1 de sección transversal 
y 32; 35 y 241 de largo respectivamente. Se iP..icia el manejo de 
contenedores en patio con grúas "U" (Straddle Carrier), consi~ 
derados de la. generación con. 6 ruedas y transmisión de cade-\ 
na y de motores hidrostaticos, con dos al~Úras de estiba. 

Se contruyen las primeras grúas especializadas para manejo de 
contenedores, entre las costa oeste de E.U. y Hawai, dando ini 
cio el manejo de contenedores como sistema. 

Matzon , opera el primer barco especializado para contenedo-­
res con sisj;ema Lüt/on - Lift/off (Lo/lo). 

Se inicia el manejo de contenedores en Europa. 

Se inicia el manejo de contenedores en Japón. 

La ISO de la ONU, fija como contenedores estañdard los- de 20 1 

y 40 1 de largo, por 8 1 de ancho y 4, 8,· 8' 6 11 de lito. 

------------· -· -··-------·· -··-· _:.......:..__:_:., .. ____ ---------- --------------- ···----------- __________ ._..:.._...:..,;_· ................. ....: _____ ~~ . .:.:::...:..---l 
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1970: 

1977: 

.·. ·1978: 

1980: 

1981: 

1982: 

1983: 

1984: 

- t} (f. 
La compafiía Sea-Land continúa con sus contenedores de 35' -
de largo.· 

Se-inicia el empleo de grúas portico de pátio, sobre.neumati­
cos y/o sobre rieles (Transteiner; Trave Liit; Rubber, Rail 
Gantry Crane), para almacenamiento de c'ontenedores en pa­
tio. 

Se introduce la .. 2a. generación de Straddle Carrier, con 8 rue 
das y .transmisión mecánica por fl~cha y tres alturas de esti: 
ba. 

Se inicia el empleo de grúas hidráulicas ·con plUma teiescopi­
ca con movimiento en un plano vertical para manejo. de cante­
nedores en patio. 

Se inicia el manejo de contenedores en MéXico por el· puerto -
de Veracruz,_ Ver. 

Se Establece la Empresa Me,:icana de Transporte Intermodal. 

Se instalan las primeras grúas portacontenedores en los puer­
tos de Veracruz, Ver., y Lázaro Cárdenas, Mich. · 

La Co:mpafiía Americana President Line, introduce los conte­
nedores de 45' de largo para tráficos especüicos entre E. U. y 
Oriente, permitiendo 'un aumento del 25% en la capacidad de -
carga respecto al de.40', para cargas de alto valor y baja det:~­
sidad. Se introduce Straddle Carrier, con 10 ruedas, transmi­
sión mecánica por Ílecha y 4 alturas de estib.;,, que algunos de 
nominan de 3er generación. Este tipo movera 'equipo para tria­
nejo de contenedores, es el qÚe mayor modüicaciones a sufri-
do desde su implantación. · 

En los E.U. se inicia el agrttpamiento de carga en bodegas de 
consolidación, para formar bloques del·totál de la capacidad -
del contenedor, los cuales son introducidos al contenedor por 
medio.·de rieles, reduciendo notablemente el c'osto de consoli­
dación de carga. 

JP/ 26/m/84. 

.. 
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Para. la. implantación de la. contenedoriza.ción se tendrá que tomar en 

cuenta.: 

La. redllcción de ma.no de obra., en·=a. terminal de contenedo 
1 

res respecto a llna terminal convencional. de ·carg~ general,-

que varia aproximadamente dé 4 a 1 dependiendo del grado -. 
\ 

de mecanización. 

Una terminal·de contenedores tiene ll n rendirri.iento en el ma. · 
. -

nejo de carga del orden 5 veces, respecto a una terminal de· 

carga .general con una inversión tres veces mayor. Por lo que 

el costo por tonelada manejada por efecto de las inversiones.-

realizadas y los rendimientos, equivale del orden de la mitad. 

Repercución directa e indirecta en la producción y consumo. 



· . . •'· 

... 

Pla~eaci6n de una.terminal de contenedores. 
. ~ .. . 

1.~ Flujo de carga. Actividades de la teiminal. 

- Carga/descarga de contenedores: 

Recepción y d.espacho de contenedores vía transporte 

terrestre. 

- Almacenamiento en patio. 

-Consolidación y desconsolidación de conte~edores: 

-Mantenimiento y conservac·ión de contenedores~ vehi-

culos y equipos ~e manipulación de carga. 

En la siguiente figura se muestra el flujo de la carga 

en una termina 1. 

PATIO A GRUA. VEHICULO A PATIO 
---------·.~ 

.. . ¡ 

G~RCO ~· 

DO 
PATIO. 

(ALMACENAMIENTO} ~~~~~~~~o RE 

'--' -~ 
BARCO A GRUA GRUA A PATIO '~ __ __...PATIO A VEHICULO 

Las figu~as muestran las líneas de flujo de contenedo­

res de exportación y de importación. 

' . 
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No. ·-~· .. CONSIGN.f\TARIO BODEGA DE 
~ATIO BARCO CONCEPTO . pESCONSOLIDACION . 

1 DESCARGA 

2 ENTREGA 

3 REGRESO CONTENEDOR VACIO 
.VACIO 

4 -TRANSLADO CONTENEDOR CARGADO 
' 

5 REGRESO CONTENEDOR VACIÓ·· ·VACIO 

6 TRANSLADO POR CUARENTENA cr--- ----D 
7 . o--o 
8 ..-REUBICACION DE CARGA ,. 

. '·. '() 

! ® 
-

BODEG . 

® DE 
.¡ -·----- -- DESCO PATIO Q) 

1 
-

SOLIO "" ® 
\. -

®( 
.- CION CONSIG- VACIO 

NATARIO. <.V ·-· . . . 

j (j) 
BARCO 

'® VAC ICl. · ...... ...... 

' . 

. ' FLUJO DE I~1PORTAC ION DE CONTENEDORES 

- _, _ __;_ __________ ~--:----------



No. 

1 ENVIO DE 

2 RECEPCION 

3 RECEPCION 

4 A BODEGA 

5 . RECEPCION 

6 CARGA 

,' 

CONCEPTO EMBARCADOR 
BODEGA DE 

CONS0[11JAC ION" 
PATIO 

CONTENEDOR VACro· VACIO. 

CON CARGA 
. . . 

0---..:.- ~- -->() EN BODEGA .. 

D-E CON SOL I.DAC ION,. -VAtIO 

EN PATIO 

. o 

. 

® 
CONTENEDOR ON ODEG.o(. 

CARGA · 
DE ! 

. gT • ONSO .. . PATIO • "'-' . . . ---1 IDAC ON ® ~-~-----

-EMBARCADC R CD i.vACIO ® 

® ~ARCO_..... 

•' 

FLUJO DE CONTENEDORES DE EXPORTAC ION 

• 

¡ 

BARCO -- . --

. 

-o 

. . 

1 

·. ~ '·v r:J:) . 

' 

• 
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2.- Aspectos Generales. 

La terminal se proy~ctará de tal manera que los bar-­

cos porta-contenedores .no tengan estadias prolongadas 

en espera de muelle. 

- Que las operaciones de carga/descarga se puedan efec­

tuar las 24 horas del d,a y durante todo el aijo. 

-Disponer de ~mplias zonas de de almacenamiento, dota-
-

das de acceso carretero y ferroviario. 

r 

3.- Localización. 

- El volGmen previsto de tr§fico determinará la longitud 

de atraque y la extención de los patios de ilmacena---

miento de contenedores. 

NOTA.- Con frecuencia, la importancia de las areas de almacenamien 
to de contenedores, impide la utilización de los muelles con 

vencionales de carga general, por sus dimensiones reducidas~ 

- Lás condiciones'fisicas influyen en la localización, ~ 

por lo ~ue la zona elegida debe. estar protegida de la 

agitación ya que el manejo de contenedores requiere una 

posicion estable del barco (altura máxima de la ola de 

O. 75 m.). La calidad del suelo es importante por las -

grahdes descargas prodticidas por los contenedores apil~ 

dos y el equipo de manejo. 

-Es deseable que la localización de la terminal no pro­

voque largos trayectos del bar~o entre la bocana del -

. ·-'·----..:.·:~-- _, _ _._;;.::: -~----·-········ - --~-------····-·----:, __________ --------- . - - -~--· -·---
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puerto y la terminal -p-ara- reducir el timepo en puer.to .. 

- Se deberá contar con re-s-erva territorial para amplia-.. 
ción de patio y prever el aumento en el tama~o de los 

barcos. 

la sigui~nte ~ig~ra muestra una distribu¿ión general -
de una terminal. 

4.- Muelles. 

- Si la predicción del tráfico indica la posibilidad -

del envio de embarcaciones de la 3a. generación, de­

berá preverse una profundidad de 13 a 14 m. 

- Los barcos de la 2a. generación requieren 11 m. de -

profundidad. 

El muelle deber~ contar con una vfa para la grQa por 

ta-contenedores, cuyo peso fluctua entre 500 - 800 -

tons., y cuya altura es de hasta 80 m. con el brazo 

de carga elevado. 

La longitud media de un atraque varia de 250 a 300 m. 

para los barcos de 2a y 3a. generaci6n. En el caso de 

requerirse varios tramos de atraque, estos deberán -

tener el mismo alineamiento para poder desplazar las 

grúas porta-contenedores de un tramo a otro. 

- Para el empleo de barcos porta-contenedores alimenta-. 

dores que comuniquen puertos peque~os con gra~des ter 

minales, es conveniente prever atraques de menores d! 

mensiones, sin interferencia en su manejo. 

·'· 

' . 
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'ACCESO 

PIEZA DE CONTENEDORES 
+ .. + 

_TACION DE COMBUSTIBLES 

PATIO 

PLATAFOffi.lJI DE 
. TAABAJO-· 

LONGITUD 

DISTRIBUCION- GENERAL DE UNA 
TERMINAL DE CONTENEDORES. 

1 

' 

- u 
(ij) 

. -_BODEGA DE CONSOLIDACION 

SUMINISTRO DE CORRIENTE 
/1ütfRICA A CONTENEDORES 

/ REFRIGERADOS · 

/o --TORRES DE ILUMINACION 

.·· .. 

- RIELES _QE_GRUA 
0. /~ PORTACONTEI'!EDOR 

IITAl::íllil[$DORES 
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La utilizaci6n cada vez mayor a riivel mundi~l de bari 
' 

cos mixtos,. es decir Lo/Lo y Ro/Ro, en donde el .au;to· 
. . -.;<- ,;:::-

transporte·juega un ~apel preponderante .no obliga a: 

prever rampas fijas en un extremo de la terminal 6 . ' 

bien el uso de rampas flotantes moviles •. 

s . .:.. Patios; 

- Una de l~s caracter,sticas del sistema de transpo~te 

por contenedores ~s la gran extensi6n de terreno nece. · 

saria para almacen~miento. 

- Cuando s~ inician las operaciones en una terminal y -

hasta 20 000 TEU. se requieren del orden de 300 m. de 

ancho, llegando a 500 m. para un manejo de 100,000 

teu/afio por.termi.nal. 

- Cuando existe un gran movimiento de contenedores va--

cios, las experiencias en otras partes del mundo fijan. 

a 600 m. el ancho del patio. 

- Un patio de contenedores, se compone de tres partes-

pricipales: · 

A.- Zona de·prep~raci6n del plan de carga (instalaciQ 
nes de control) 

B.- Zona d~almacenamiento de contenedores. 

C.- Circulaci6n de vehículos y equipo. 

1 
t . ' .... _., ... : .. : .. ..:. __________ . ____ _ 
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L'a s d i versa s ~ re as de 1 a te rm i na 1 se de f i n i r a n en fu n 

ci6n de los volumenes previstos de contenedores de 

importación y explotación, con carga y vacíos para -­

contenedores de 20 6 40', refrigerados o con cargas -

peligrosas, lreas para los que ~equieren reparación y 

fundamentalmente el tipo de equipo. para la transferen 

cia y estiva de contenedores. 

Por regl.a general a una mayor dens.idad de almacena-­

miento de contenedores, se requiere una administra--

ción ri·gurosa y un mayor valor del equipo para la es 

tiva ~ gran altura . 

El conjunto de patios debe proyectarse de manera uni 

forme pa~a poder modificar los limites de las diver­

sas lreas, de acuerdo con la demanda de los flujos -

de los tipos de contenedores que se manejen. 

Es importante proyectar adecuadamente los patios para 

obtener un dren. de aguas pluviales eficiente y alumbra 

do general que per~ita el trabajo nocturno con segur! 

dad y eficiencia.· Estos conceptos representan del or-. 

den del 30% del costo de ·los patios, y los patios .tie 

nen un costo en su totalidad de apro~imadamente simi-

lar al del muelle. 

Los patios deberán proyectarse a nivel po·r la gran econorrúa que 

repre'senta el ahorro de energia (el Zo/o de pendiente representa 

el doble de consumos de energia). 

La eficiencia· en las operaciones de carga/descarga y almacena-
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\ 

·--~-·---------- ···- ·-- -~-:.,..::--:..::·_-:-... :.7:: ..... _______ . •• ·-· 
·. núento de contenedores en patio, deberá: ser igual o mayor que -

la del equipo de carga/descarga en muelle para obtener suma---· 

xima eficiencia. en la operación. · 
-., 

Comunicaciones terrestres. • 
'· ···. 

Dado que el ritmo del ·transbordo del ·sistema de trans­

porte terrestre es menor ·que la carga/descarga de bar-· 

cos, la terminal deber contar con una vialidad expedita 

y con·estacionamientos de vehfculos terrestres para evi 

tar congestionamientos. 

·.El ·diménci~namiento de la vialidad, tanto carretero co 

mo ferroviario estar~ en función del vólOmen de carg~ 

del trHico marítimo. 

El proyecto detallará la operación ferroviaria, la cual' 

formará por tres vias, equipadas congruas .sof:!re rieles 

que permita la carga/descarga de vagones. Las vias pue­

den instalarse ya sea perpendicularmente o paralelas al 

muelle, .lo cual dependerá de la dirección de ampliación 

de la terminal, dado que es deseable no cortar los pa--

tios de almacenamiento con vias ferreas,. géneralem~nte 

se localizan é'stas, al fondo de la terminal, es decir­

en el extremo contrario a la direcci6n de ampliación de 

patios. 

'· . 

!<¡ 

1~--­
_, i 

'1 
··:--;!.·:! 

, .. 
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GRUA PORTICO DE PATIO PARA 
MANEJO DE CONTENEDORES -

· (TRANSTElliER, TRAVE LIFT,ETC) 

; 1 



!CJUIPO PARA EL IIANEJO DE COHTENEOORES . 

• 

,.. 
'-" ¡.:' 

...r::_.--
1\. ; 
• ' •'1 . 
! X 1 .. ·. ~ 

1 . 
1 

-r--L-, 
. 1 1 

f-~ 1"--"'"' 1 

} Grúa de Pa t i.o so b re 1 l a n t a s : a n e h o 2 + 1 1 
Altura 1 sobre 2 
(Trasteine Travelift etc.) 

• 

. . 
/S :;BJ .... '·· ' , ... ' 

· :· : ~ ac. . ' \· .. 
. .··:-: . . 

' .· ::: . -.. ' . 

(\''. ! ·.)( 
.· ~ 

.Montacargas 
e) To a~er: contenedor de 20 pie 

... 

) . G r ú ¡¡..de pa t fa sobre ll a n t as : 3 + 1 1 
1 sobre·3 

' \, 

' ' 1 

e) Grúa de patio sobre llantas: 6+1/1 
e 

Montacargas 
f) Top l_oaaer: t~ntenedor de ·40 pie 

--,?-
1 

_ _:~~--­
. 11 ",>(: 

sobre 4 

quinta rueda 
,• . 

g)Tractor +.Chasis 
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DATOS ESTADISTICOS ANUALES DE MANEJO DE CONTENEDORES PAR~ 
FINES DE DIAGNOSTICO DE OPERACION' DE UNA TERMINAL 

20' ... 40' 

-
. : . 

. 16 
@. 

e o N e E p T o IMPORTACION EXPORTACION IMPORTACION EXPORTACION . ' . ' . . . . . . . 

. 
SERVICIO PUERTA A PUERTA . . - . . 

' SERVICIO PUERTA A.PUERTO ' . ' .. 

SERVICIO PUERTO A PUERTO 

CONTENEDOR CON CARGA COMPLETA . ..... . ' . ' . 

CONTENEOOR CON CARGA MIXTA ' 
(DIVERSOS.EMBARCADORES) . . . . ... '.' . . . . . . . . '. .. ' 

YACIOS . . . . ... , ... 

REFRIGERADOS '' . . . . . . . '' .... 

CARGA PELIGROSA .. . . . . . . . ' ' .. 

EN CUARENTENA '. '. ...... . . . . 

DAAADOS. 
' 

. .. . . . . 
.. . 

LIMPIEZA CONTENEDORES. .. . . 

RECEPCION CAMION FF .ce ... . . . . . . ....... ......... .. . ....... . . . . . . . 

. 

ENVIO CAMION FF .ce ... ....... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 

.. 
TOTAL NUMERO DE.BARCOS. ............. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

TIPO DE BARCOS la. GENERÁCION 
2a. GENERACION. 1 

3a. GENERACION ..... . . . . . . . . . . . ·.· ....... '. . . .. . . . . . . ... 

• 1 



CONCEPTO 
-

CONTENEDORES: 

C/CARGA 20' 
C/CARGA 40' 

VACIOS 20' 
, VACIOS 40' 

CONT. REFRIGERADOS 20' 
11 11 40' 

N~ DE CONTENEDORES.POR 
BARCO 

' 

. 

MANEJO ANUAL DE CONTENEDORES CON OISTRIBUCION MENSUAL· 

tNt F B 
1 E 1 E 

I = IMPORTACION 
E = EXPORTACION 

MAR 
I E I 

Al ~R .·M, y >\_ 

E I E 

-

. . . . . . 

JUN J JL AGO S 
I E I. E I E 1 

. 

.. -

. 

. . . . .. . . . . .. . . . 

( 

:P Ol :T N 
E I E I 

. .. . . 

>V. 
E I 

! .,) 

01C 
E 

-

. 

1 

! 

. 

,' . 
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EQUIPAMIENTO DE UNA TERMINAL DE· CONTENEDORES. · ...... 

• 
Una-vez concluidos lo~ estudios'e¿on6micps .a nivel nacional 

y regional que determinen la necesidad de c~ntar con una -­

terminal de-contenedores, s~ desarroll_o puede ser por esta-·-

pas. 
., 

18 

La primera comprende la planeación general de la term-inal,-· 

tniluyendo largo-y profundidad del muelle, extensión de --­

~réas de tierra y los accesos terrestres.· El muelle de refe 

rencia debera estar con la preparación para loi rieles de ~ 

transito de una grúa de portico portacontenedo~es, los patios .. 
. . ' 

para almacenam~ento de .contenedores y la bod~ga di consolida 

ción y desconsolidación de contenedores. En esta.étapa se­

pueden utilizar las grúas del barco, una movil sobre camión 

y el equipo para transferencia y estiba. 

~ Lo anterior obedece a que ·la grfia porta-contenedores tiene 
'· 

\ 

·un costo del orden de $ 700 millones (lg83), la cual se jus­

tifica económicamente a partir de los 20,000 TEU/~~o. 

La segunda etapa consiste en que una vez logrado .el-manejo 

mtntmo de:contenedores por a~o para ser rentable la_ grúa, se 

anal:tse al sistema de equipamiento total mas adecuado. 

Una grua porta-contenedores de portico puede manejar un ~ro 

medio de 20 a 30 contenedores por ·hora y aproximadamente --.,-

40,000 contene~ores al a~o. 
u 
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La selecci6n de .las dimensiones de grúa porta-contenedor~s 

depende principalJ!lente, del tamaño de lo.s 'barcos a los que. 

servirá la caq¡a útil, varia de 30 .a 40 tons., el alcance 

va de 25 m. para barcos de pequeños h~sta 40 m. para barcos 
". 

de la 2a y 3a generact6n. 

Las condiciones de operación fijan separaci6n entre rieles 
' 

~ue dependen de la desición de pasar vias bajo el portico. 

Dicha separaci6n varia entre 15 y 20 m. 

El .nQmero de grQas de portico depende del -tr~fic6 q~e se re 

ciba, y e~ proporcionalmente mas elevado para ~n nQm~ro redu 

cido de tra~os.de atraque. En general es necesario ~na grQa. 

más que el número de tramps de atraque, es decir·., dos grúas 

para un tramo, tres grúas para dos tramos, etc • 

• 

• ...• · 

Las siguientes figuris, muestran dimensiones; detales de cons 

trucci6n y operación de u~a grúa portacontenedores. 

-.-- -

·MARCO "A" ,._ . , 
11 hU. ' . 

. . . . 
TIPO'DE GRUAS PORTACONTENEDORES 



CONTENEDOR -·-- . 

1 

MORDAZAUL..IUEL_ -·~-' 

ANCLAJE 

(~· ro 
<;:). r.::;, 

1 

.. 
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· PORTICO .. 
'-..._ _____ ......_ ____ / 
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~!STA GENERAL DE UNA GRUA PORTACONTENEDORES 

. -- +•-~ -- ·-~ 

!. 
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.CONCEPTO 

BRAZO 

• 

SEPARACfON RIELES 

.BRAZO PQSTERIOR 

/ 
_/ 

ti ·-·' --
' A 

w 

FACTORES 

o MANGA . ·:. 

o ESTABILIDAD 
0 N'1 CARRILES 

• DE EQUIPO DE. · 
TRANSFERENCIA o: 

' 
\ 

\ 

= 

.D ANCHO o LARGO.DEL CONTENEDOR 

E ALTURA SOBRE MUELLE . o CALADO 

F 

G 

ALTURA ELEVACION BAJO 
. EL MUELLE 

BALIBO 

o · CALADO 

0 'ALTURA DEL EQUIPO DE TRANS 
. FERENCIA . 

.... 

.. -~. t; ·~ ¡,. 

-- ~ -

!::::, 
y 1-

... _.., 
¡u¡ 

.. 

'~-~-" -- n 
...,,~ 1 'i· E• 

~ - D ,¡ 
.•. 

• .. 

DIMENSIONES 

500 TEU .. 27.5 m 
1000 " 30.5 m 
2000 " • 35.5 m • 

2 LINEAS 13 m 

,3 11· 18.5 111 

• 1-LINEÁ' 4 lh 

2 LINEAS ·• 9.5 m • 

40' . : 14.5 1'11. 

500 TEU • . : 21 m 
1 

1000 • " . : 22 m 
2000 " 25.m 

500 TEU. ·: 9. m . ~.,. 
1000 " 10.5 m "'"' 
2000 ... : i2 111 

Strlldd1c cñrricr ·'t!F. 3 . ALTURA DE CONTENE~~J 
(for· 8'6" 'CONTMDORES·l ·10m · . 1 
(foi:-9'6"." "":11m ·.·.~) ' 

:s DE UNA GRUA POTA-CONTEN.EDORES. 
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VELOCIDAD 
.VACIO CARGADO 

IZAJE 70-120 in/rnin. ·JS-,50 m/min; 

' .. 
TRANSLACÍON 

CONTENEDOR -

·. TRANSLACION 
GRUA 

. ' 

J 20-150 m/min. 

abt. 45 rn/min; 

.. 

BRAZO 7-9 min./cycle 

VELOCIDADES DE OP.ERACION: 

. 
REQUERIMIENTOS DE 

·. ENERGIA ELECTRICA • 

(APROXIMADAMENTE) 
330 kW 

75 kW 
.. 
. • .•. 

• ... -•. 

8 X 12.5 k\ol 

7S kW 

l •• 
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CICLO DE DESCARGA EN CUBIERTA DEL 
BARCO·. •••·•····· llOsec. 

(32 lmits/hour) 

. . 

CICLO DE CARGA.E~ BODEGA-DEL . 
. BARCO • ~ ••• ,... 150 scc •. 

· · - (24 units/hour) 

. . 

. 

... ... 

. . 
.. 

. . 
• 

; . 

~--. 

,_ 



·. 
VELOCIDADES DE VIENTO ~16 m/sec. EN OPERACION 

• 

r ·-··---·__:----.CARGA DE IZAJE 

. ' 
.. 

CARGA DE IZAJE . 

.. • PESO BASTIDOR · . (8 - 10 ton) 

+ PESQ CABLES . 

+MARGEN DE SEGURIDAD 

. ' 
1 

' ·. ' • 
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SISTEMA·ANTI-PENDULO 

.. 

• 

. ··-

. , . 
. . . . . 

FIJO 'EN LA PIERNA LADO 
MAR DE·LA GRUA 

• BUENA VISIBILIDAD EN 
. CUBIER'l'A .DE BARCO 

FIJA EN EL TROLE 

• BUENA VISIBILÜlAD EN 
BODEGA DEL BARCO 

1 1! 

• SISTEMA MAS EMPLEADO 

, 
M OVIL 

.- . 
. SE ELicrE LA MEJOR 

VISIBILIDAD 

• ALTO COSTO 

. ·-.- . 

.. ., 

...J 
1 

r 
' -

.. 
.. ¡-:.-

:-u . 

' 
11 1 ·1 

L 

1 
1 

1 ~ . 

....-;-r- [! \' '· 

1 ! 
, ... 

1 
1 
1 

1f 

3:EEt. 1 j ·.- r-rr-
. . 

.--r - • w . ( ·. -. LOCALIZACION CASETA --DE OPERACION 

.. 

¡. 

-.-. 
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SlSTEMA DE MANEJO DE CONTENEDORES EN PATIO. 

Los sistemas de manejo, se pueden dividir en: 

A~- Sistema de chasis •• 

B·.- Sistema de grúas \racto -apiladora (Straddle carrier.) 

C. - Sistema de montacargas. 

D.-

E.-

Sistema de Grúa Portico de patio 
(Transteiner, travelift, etc). 

sobre neumaticos 
\ 

·, 
Sistema de Grúa de patio sobre rieles. 
(T ranst ein,er, tr avelift, etc.) • . -

A continuación se describen io.s diversos sistemas: 

·A.- Sistema de Chasis. 

La grúa portaconten edores deposita el contenedor sobre el 

chasis que. un tractor transporta al patio, el cual es almacenado 

sobre el chasis. Este sistema es el empleado por la CompañÍa 

SEA -LAND y presenta las. siguientes ventajas~· 

1.- Es el sistema ideal para el servicio puerta a puerta. 
/ 

2.- Los contenedores se rnanejan con mayor facilidad y rapidez 

que con cualquier sistema. El manejo de contenedores por -

afio es del orden de 2 a 3 veces el de los otros sistemas. 

3.- Se reduce la frecuencia de movimientos directos de los COE 

tenedores, por lo que se reducen a un mínimo los dafios • 

. , 
~ ... 

... ,":-: 

2·8 :> 

'· \ . 
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4.- Dado que no existen vehiculos pesados, la superfi­

cie de rodamiento no demanda una pavimentación pa­

ra servi~io pesado. 

Desventajas: 

1.- Se requieren tantos .chasis como coriienedores en -­

Patio, lo que élevara el val~r inicial del equipa­

miento. 

2. -. Dado que 1 os contenedores no pueden apil arse en ca 
-

pas multiples, los patios son de gran amplitud: Lo_ 

cual aumenta l.a inversión en intalacipnes y serv1: 

cios en tierra. 

3.~ Los chasis no solo se utilizan internamente .en los 

patios,· sino tambi~n fuera del mismo, por· lo que 

re q u i eren s e-r e ha s i s d e e a r re ter a e o n a 1 t o va 1 o r y 

······ 

costo de mantenimiento. ( s r u,,, e ,e- \" L.H n -," ~ f'vt· .:-..:) 

·Este sist~ma requere de 40 m2./TEU de patios. 

En la siguiente figura se muestra uan terminal operada 

·bajo el sistéma de chasises. 

_, 
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"-DEFENSAS 
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(31' •,__..· ' B.- Sistema de grúas tracto-apiladoras. 
{Straddle Carrier) 1 

No obstante que este tipo de equipos utilizaron desde el incio 

de la contenedorización en 1960, es el equipo que a sufrido un m¿: 

yor número de modificaciones en su sistema de transmisión. La 

primera generación contaba con 6 ruedas (neumaticos), trasmi-

' 
sienes mecánica por cadena e hidráulicos. 

. . 1 

Los de .trasmisión hidráulica a la fecha no se perfecciona cau 
. -

sando trastornos en las zonas de circulación por las fugas de acei 

te. 

La Za. gen e ración, con ocho ruedas, de trasmisión mecanica por 

flecha y motores eléctricos han mejorado su funcionamiento • 

Estos equipos diseñados para el transporte y almacenamiento 

(uno sobre dos alturas .de estiba) de contenedores en patio requie-

ren gran habilidad de los operadores ya que ccin frecuencia se --­

presentan daños en los contened~res y en el propio equipo; por los 

pcqueftos espacios libres disponibles a ambos lados del contenedor, 

su velocidad de transito es de 15kmjhr. ; cuando el número de co.!!: 
' . 

tenedores por embarque ocupa una gran parte del bloque de canten_!; · 

dores de ex_?ortación es posible estibar a tres alturas para los de -

importación a dosalturas por la necesidad de hace~ entregas par--
'•, 

ciales a través del autotransporte. 

Actualmente existen del orden de 500 terminales de contenedores en 

el mundo, de las cual es el 40% utilizan este sistema. 

• 
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El si~¡¡tema presenta las siguientes ventajas y desventajas: 
. · .. _.' 

Ventajas: 

l.- Es flexible para hacer frente a las modificaciones de la dis 

tribuci6n de contenedores en los patios • 

z.- Baja utilizaci6n de personal eilla operaci6n de transporte y 

almacenamiento de contenedores en patio. 

1 

3.- Es posible despachar rapidamente l~s contenedores. 

4.- Dado que.los contenedores pueden apilarse en capas multiples,." 
'· 

se utilizan en forma eficiente los patios. 

5.- Aumenta la utilizaci6n de la grúa 'portacontenedor es al colocar 

• ·el contenedor directam.ente en el muelle • 

. _,. 

Desventajas: 

l.- El pavimento de los patios deberá diseñarse para soportar una 

T ·• 
mayor carga. 

z.- Dado que la mayoria son de accionamiento hidráulico' por lo &!: ' 

neral presentan gr.;_n número de .escapes de liqUido que dificul.,. 

tan el transito de otro tipo de vehículos ypersonal. 

3.- Requieren de un alto costo de mantenimiento y alta. habilidad -

para operarlos, que los demás métodos para eltransporte y -

almacenamiento de contenedor es en patio. 

4.- No es posible la carga/desca~ga de contenedores en platafor-. 

mas de ferrocarril •. 



5.- Baja disponibilidad, (del orden del 80o/o) por fallas Y,' trabajos 

de mantenimierto. 

Este sistema requier_e del orden de 25 mZ.jrEU de patios para 

dos alturas de estiba. 

En la siguiente figura se muestra una teri:ninal ma~ejada con el 

sistema de grúas ''tracto-apiladoras" 

.. 

¡ . 
• 

\, 

' 
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C. - Sistema de Montacargas , 

. .· .... 

3 (l,. 
t~6,l 

Los montacargas pueden estibar los contenedores a dos altu 

ras (los proveedores recomiendan 3 alturas, pero se reduce la -' 

eficiencia) y dos hileras • 

Estos equipos operan en los patios unicamente estibando con 

tenedores, siendo alimentados por equipos de transporte como 

tractores y chasis es. 

Dado c¡ue lqs contenedores de 20 1 en un 95o/o cuentan con períora-

cienes para las horquillas, se pueden utilizar montacargas. 

Los contenedores de 401 estan diseñados para izarse por las cua 

trq esquinas superiores verticalmente, por lo que los .montacar-

gas requieren bastidor de izaje de contenedores. ·El 50% de estos 

contenedores (aproximadamente) cuentan con perforaciones para -

las horquillas del montacargas. 

Este sisbema requiere del orden de 40 a 50 mZ./TEU. de patio en 

promedio. 

Este tipo de equipo es el adecuado para la. carga/descarga de con~ 
' . . . ' 

tenedores transportados por barcos Ro/Ro. 

Una variante de este tipo de equipos, lo íorm:a la grúa hidráulica -

con pluma telescopica· que permite la estiba a tres alturas y hasta· 

cuatro hileras de contenedores, dado el. alcance de n1 pluma. 

._.. 

u 
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D.- Sistema. de Grúa Portico de patio sobre ~eumáticos • 
(Rubber tire t'ransfer crane :rransteiner) •. 

37 

Con este sistema. de grúas se pueden almacenar hasta 7 hile 
. .. . . -

.; ' 

ras y apilar 4 contenedores. 

El tamafío rrúnimo de este tipo de grúas es para 3 hileras más 

un carril de transito, y 3 alturas de estiba. 

La velocidad de transito varia de 100 a 150 m/min. y la transver -. 
sal dcl bastidor de izaje de 40 a 70 m/min. 

\ 

Este tipo de grúas requiere de un pavimento pa·ra s'er'li. cio pesa~, 

sui embargo dado que esta limitada la ruta de transito, se requi~. 

re reforzar el pavimento en el área de desplazamitmi:o. 

Este sistema requiere dcl. orden de 10-15 mZ./TEU de patios, de-

pendiendo de su capacidad de almacenamieDto estático, ya que va-

rian de 3 X 3 a 6 X 4 • 
: ... 

En la siguiente figura ~e muestra una grúa portico .de patio. 

.... ' 
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F.- 'Sistema de GrOas Portico de patio sobre rieles. 
(Reil Monted transfer Grane) 

Estas grOas, denominadas· "del ma~ana", permiten el 

máximo de almacenamiento de conte~edores en la menor 

área de patios, permiti~ndo la total automatizaci6n.del 

sistema. 

La translación y movimiento del b~stidor de izaje son a 

bas~ de motores electrices con toma corriente paralel~ 

a uno de los rieles. 

Aunque, en patio se pueden apilar hasta 8 ~ontenedores~ 

seg~rid~d, ante todo por sismo y viento, de acuerdo. cop 

la nor~a 150 1496 (pro.visional), sección uno, fija en 5 

la altura máxima de contenedores cargados del mismo ta 

ma~o. 

Por lo anterior, para este tipo de gnGas la ~ltura máxi 

ma 9e apilamiento es de 4 y 5 contenedores. 

Las dimensiones máximas en la práctica son: 35 a 45 m. 

de claro con do~ volados en uno. 6 ambos extremos de 

5 a 7 m. 

40 

En su interior pueden almacenar hast~ 15 hileras de con­

tenedores con 5 alturas de apilamiento, uno delos vola­

dos es para ~a carga-descarga de plataformas de F.C~ 6 

u 

'1 

' 1 
.' 1 ,. 

í 
i . ·f 

' 1 
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' 1 
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.. 
tracto-camiones; en el otro ~olado se almacenan de 2. a 3· .. 

·hileras de contenedores. 

La velocidad de transito es lOO a 150 m./min. y la de o. 

desplazamiento transversal del bastidor de izaje de· 80 

a 100 m./min. 

Esta grGa requiere de un disefio especial de cimentación 
1 • 

por las grandes descargas que provoca. 

Este sistema es adecuado para un alto manejo de contene 

dor.es sobre todo transportador cori barcos de 3a. gener! 

ción, donde se requiere una total a~tomatiz~ción . 
.. ( 

L~ tra~sferencia de contenedores de la grQa a los p*tios 

se realiza por medio de tractores y chasis. Respecto a 

los tractores, se prev! para un fut~~o sercano la trans 

ferericia de mas de 4 a la vez. 

Este tipo de g~Qas es la que requiere menos costo de ma~ 
. . 

tenimiento y de operación con ~especto a los otros·:siste 

mas. En patio se requiere del orden 'de 9 m2/TEU. 

En la siguiente figura se muestra una. grO~ de este tipo: 

..}) 
. ., 
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COMPARACION DE~ ~OS DIVERSOS SISTEMAS DE MANEJO DE CONTENE 
DORES EN PATIO). 

Dado el alto ccosto de los equipos, esconveniente ~ealizar -

t estudios de laJ demanda en en campo de los contenedores, pa­

ra elejir desd'e el punto de vista. económico a largo plazo -

el sistema adelócuado. 

Los equipos ma~yores, tienen vidas económicas que varian de 

15 a 25 afies pror lo qu~ la decisión debe incluir horizonte~. 

de análisis de·l mismo orden. 

v' A continuación se presentan una tabla mostrando el equipo -

·y áreas necesarias en cada si s tem.a. Una compara e i ón de e os-

'.¡ 'tos· en función del sistema· empleado y el número de contene­

dores manejados por afio y por Oltimo un diagrama mostrando 

1 ' 

·' ' 
\ 

•· 

' 

el costo relativo ent_re valor de terreno, el muelle y patios~ 

1 os se r.v i e i o s y e 1 e q u i p a m i e n t o en te r'm i na 1 e s d e e o n te n.e dore s 

d'l Japon. y una comparación cualitptiva de los siste~as·. · 

• 

'. 
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COMPARACION CUANTITATIVA DE LOS DIVERSOS SISTEMAS PARA 
MANEJO DE CONTENEDORES. 

-

EQUIPO DE MANE_JO 
-

·SISTEMA 
GRUA GRUA GRUA DE 

PORTACON CHASIS DE PATIO S/ 
~E DORES PAHO NEUMATICOS 

CHASIS 2 . 720+ 30 

. . 

GRUA·. "U~ DE PA"- 2 9 
TIO 

GRUA POR TI CO. 
DE PATIO S/ 2 10 + 30 5 

NEUMATICOS 
1 

GRUA .PORTICO 
-DE PATIO . 2 lO + 30 
.S/RIELES 

e . _,:~ '.; 

:~ 

(CANTIDAD = 100,000 TEU) 

AREA EN CAPACIDAD 

·TIERRA DE 
GRUA PATIOS DE PATIO TRACTOR (HA) S/RIELES (TEU) 

18 + 2 10.77 1720 
-

. 

12.60 2904 
. -

- -
10. + 2 9.60 . 4086 

.· ,. 

, - .. 
2 10 + 2 8.37 _4012 

•1 • . 
. 
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50 
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50,000' 100.000 

MANEJO DE CONTENEDORES POR AÑO 

COSTO DEL MANEJO POR CONTENEDOR 
... 

. ]50,000 
TEU 

... 

.. 

.• 

•, 

.Y 
! 
'' 
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CHASIS 

(GRUA DE_ PATIO) 

• 

. -\ 

o 50 

INVERSION INICIAL 

SERVICIOS 

COSTO RELATIVO A LOS DIVERSOS SISTEMAS 
DE MANEJO DE CONTENEDORES EN EL JA~ON . 

lOO 

(i¡8". 

.48 
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COHPARACION 'CUALITATIVA DE SISTEMAS PARA MANEJO DE CONTENEDORES 
. 

... . .GRUA DE . GRUA S I S T E M A ·· TRACTOR · GRUA .. 
C O N·c E P T O CON CHASIS DE PATIO . PATIO S/ ; .. D-E PATIO .• _ .. 

NEUMATICOS _S/RIELES . 

CAPACIDAD DE ALMACENAMIENTO D.. o o O> 
COSTO INICIAL l.:::. o o o e 

SIMPliCIDAD o o .. L\. ~ 
EFICIENCIA .EN LA TRANSFERENCIA O· o ~ ·o· 

' 6 o 6 6 EFICIENCIA EN MUELLE 

FLEXIBILIDAD DE lAS O~RACIONES o o Ll 
.. 

6 
SEGURIDAD DE LOS CONTENEDORES o ~ o o 

· COSTO DE MANTENIMIENTO DE EQUIPOS o :6.. . . (} o . . 

FLEXIBILIDAD DE LAS OPERACIONES o o . . 6. 6. 
POSIBILIDAD DE AMPLIACION PE AREAS o o L1 6 
ADAPTACION A LA AUTOMATIZACION 6,. ~ o o 
CARGA /DESCARGA A F.C. ~ 6 • o o 

. 

. _ @EXCELENTE Ü BUENO 6CUESTIDNABLE 

.. 
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NOMENCLATURA DE EQUIPOS PARA MANEJO DE CONTENEDORES 
• 

Equipo 

f) Tracto apiladora 

Z),. Grúa p.prtacont enedores 

3) Bastidor de izaje 

4) Montacargas lateral 

5) ,Montacargas 

6) Grúa Pórtico de Patio 
sobre ne~ticos y/o 
rieles. 

' 

7) Grúa Hidráulica con 
· pluma telescopica 

8) Silo para contenedores 

9) Tractor Ferroviario 
> 

JP/ Z6/In/84. 

Denominación 
· Generii::a en 

Ingles 

Straddle Carrier 
', . 

•'. 

,· 
' 

. : 1.: 

Nombres 
Comerciales 

Straddle Carrier 
Container Carrier 

Container grane Portainer 
Ship-To - Shore • Container Crane 
Container Gantry Crane ' 

Spreader· 

Side Loader 

Fork Lift truck 
Frontend Loader 

Rubber tire Gantry 
Crane 
Rail Gantry Crane 

Co.ntainer silo 
' Sto:rage System 

Spreader · 

Side Loader 

Fork lift 

- Transteiner 
- Sbifter · 
- Straddle Hoist 
- Stacker Crane 
- Straddle Crane 

Hidraulic Crane 

Silo Cont·. · 

Track Movil 



1 f.o·---------, .. ':..,~--~------.j 

A new tele.scoping troiler is revolutionizing container trans'porration by making it possible 
for onf" rroilrr to handle al/ container sizes, inc/uding the hi-buJk, 9 '6'' cOnroiners. Conracr.· 
John Lu (4/5) 986-3868. 

The ronllf')'Ors are pumped up roising the pallet 
dror oj rhe container /loor. 

... 
•, 

INOVACIONES TECNOLOGICAS 

~ whok load is rollf!d dear o/ the container. 

For descriptive brochure contact: 
McQuade·Cormany Associatcs 

26 Broadwa)', Suite 741 
N"" York, NY JO<Xl4 

I?D\ •P~-I.R:"Hl 

EN MANEJO DE CONTENEDO-

RES 

. . 



. . S. C. T. 

1 1 
:ubsecretar{a de Desa Subsecretaria de In--
~rollo Tecnológico: fraestructura: 

' 

~ 

Dirección General -
de Obras Marítimas 

' 

(_ 
P/ Abril 2, 1984, 

1 
Subsecretaria de -
Operación: 

Dirección General 
de Marina Mercan 
te: 

Dirección General 
de Operación y D~ 
rrollo Portuario: 

' 

' 
Empresa de Servi. 

. .- -
cios Portuarios: 

-

e- -{CNCP 

-

-

1-

Secretaria de Gobern; 
ción,- Migración, 

S,H, y C.P •• - I·npu• 
tos de Importaciín y 

t----i e-'q>ortación 

S .S ,A, •- Sanidad L"'l­
t ernacional. 

S .A .R ,H •• - Sanidad 
animal y vegetal, 

S • C • • - Perrrúso de 
Importación y Expor · 
tación. 



·Barco mixto para el transporte de contenedores (Liit on/Lift off Lo/Lo) 

.)' tr,ansbordo de carga por rodad~a (Roll on/Roll off -Ro/Ro), parale.:. 

lamente al inicio del manejo de contenedores con equipo de tierra· y ba_:: · 

cos ·especializados (1960) surgio la necesidad de contar con una embar-

cación capaz de realizar el transbordo de la carga con el mínimo de e--' . . 

quipo, para atender a los puertos que carecian de él..Estos barcos deno-

'minados "de transbordo por rodadura" (Ro/Ro) existen de la primer~ ~ 

neración, o transbordadores
1
de laZa. , con rampas externas nor.JJnal=~ 

te con un s'entido de circulación de velúculos y los de la 3a, generac'ión 

denominados con/Ro, por rampa con doble circulación para cargaRo/Ro 

bajo cubierta, y sobre cubierta' transportar contenedores con el sistema .. 

Lo/Lo, Estos barcos por su alto costo, son empleados por los pa.i'ses In 

dustrializados que manejan grandes volúmenes de carga de alta densidad 

económica en viaje redondo ó en pa{ses ~ntituidos por infinidad de islas. 

Sin embargo se considera el barco del futuro por su alta eficiencia. A con 
1 

tinuación se muestra este tipo de barcos. 

'. 

., 
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• 

• Buco Tipo 1500 y 1300 

~ .. ..... :: .. ' 

!-:'-"~· 

· Barco Tipo 1100 y 900 

. -, 

Tipo 1500 

Eslora total 198.00 m. 
Eslora -P.P. 183.00 11 

Manga 28.00 " 
Pu.ntal 17.70 " 

. Calado· 9.30 11 

TPM 23,900 t 
Area de carga 12,210 m2. 
N'! de contenedores 1 ,340 TEU 
Velocidad 16.3 km. 

FUENTE: WWS/WORLD PORTS 

' ! 

' 
1-

-- .. L ..... - ..... ------- ------ • 

. . .. ..-. ·" 

'> . :: .. 
. ·~··.; ·. . .. .·· ;;.. 

1300 1100 900 

182.26 m. 166.53 m. 150.80 m. 
167.26 11 151.53 " 135.00 -.. 

28.00 11 28.00 11 28.00 11 

17.70 11 . ).7 .70 11 17.70 11 

9.40 11 9.50 11 9.50 11 

21,1<?0 t 18.,200t 14,800 t 
10,690 m2. 9,170 m2. 7,65Qm2. 
1,161 TEU 999 T.EU· 840 TEli 

16.8 km. 16.6 km. 17.1 km. 
....__. 

__:----· 
-- . 
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ANEXO 1 

CLASIFICACION Y DIMENSIONES DE CONTENEDORES 

• 

. ' ·· .. ··'·· 
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VALOR DE CONTENEDORES (A DICIEMBRE DE 1983) 

Contenedor standar nuevo de 20' , puesto en México. 

'$ 20,000.00 U.S. usado 1/3 de nuevo 

Contenedor nuevo de 40', puesto en México 

$ 30,000.00 usado 1/3 del Valor de nuevo . 

*El contenedor usado, requiere mantenimiento menor. 

' 
Los contenedores refrigerados (autonomos) ttenen un va or aproximado 

del doble respecto a los contenedores estandar nuevos. 

JP/ 26/III/84. 
. ··....__/ 

.., 



' ¡l 
,i 11 

LOS CONTENEDORES ESTAN DISEÑADOS PARA SER APILADOS HASTA 
,. 

SEIS ALTURAS EN PATIOS DE ALMACENAMIENTO (EN LA PRACTICA' :.e:'-. 
' . 

CINCO ALTURAS, DEPENDIENDO DE LA VELOCIDAD DE LOS VIENTOS -

DOMINANTES Y REINANTES). A BORDO DE LAS EMBARCACIONES,LA AL 

·. TURA DE ESTIBA EN BODEGA ES DE HASTA NUEVA CONTENEDORES Y -. 

SOBRE cUBIERTA Y TAPA ESCOTILLAS DEL 25 AL 35% DE LA EST!BA 

EN BODEGA, O SEA DE TRES A. CUATRO CONTENEDORES,NORMALMENTE 

VACIOS. 

CONTENEDORES FUERA DE LAS NORMAS 150: 

LOS CONTENEDORES DE 20' ESTAN DISEÑADOS PARA OPERAR CON CAR 

GA BRUTA DE 2-0,3 2 O KG. , SIN EMBARGO EN ALGUNAS RUTAS SE MA 

NEJAN DE 24,000 KG. 

LOS CONTENEDORES-TANQUE GENERALMENTE ESTAN DISEÑADOS PARA -

24,000 KG., DE PESO BRUTO, PERO EXISTEN DE 25,000 KG .. EN-
' 

LAS RUTAS MARITIMAS DE AMERICA DEL NORTE SE UTILIZAN CONTE­

NEDORES DE 40' X 8 1 X 6" (2900 rrun.). LOS CUALES NO SON UTI-

LIZADOS EN PAISES CON LIMITACIONES DE DESCARGA POR EJE Y GA 

LIBO DE PUENTES. 

CONTENEDORES SEALAND (35 PIES DE LARGO) 

EN ESTE TIPO DE CONTENEDORES LOS PUNTOS DE IZAJE DE LAS ES­

QUINAS ES DIFERENTE ·A LOS CONTENEDORES-150, POR LO QUE HAY 

QUE PRJ:VER ESTO EN EL DISEÑO DEL BASTIDOR DE IZAJE DE LOS -

CONTENEDORES. SI:A-LAND INTRODUJO UN NUEVO cÓNTENEDOR DE 40' 

CON DOBLE SISTEMA DE·IZAJE. 

... 

) 
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CON,TENEDCJR DE 4 5 PIES DE LARGO. 

EN LAS ~lL""I'AS ENTRE FILIPINAS, JAPON Y EE.UU. SE INICIO LA -

UTILIZACI":ON DE ESTE TIPO DE. CONTENEDORES, POR LO QUE SE TEN 

DRA', QUE CSTUDIAR SU POSIBLE UTILIZACION EN UN fUTURO EN ---

·NUESTRO F.·AIS. 

TIPOS DE CONTENEDORES 15 O. 

1. -. COI\':TENEDORCS DE CARGA GENERAL. 
-: 

CO~-~RENDE 10S CONTENEDORES CERRADOS CON PUERTAS EN UN 

EXTREMO Y EN LAS PAREDES LATERALES; LOS DE· TECHO ABIER 

TO; LOS DE PAREDES LATERALES ABIERTAS; LOS. DE PAREDES 

' 
Y 'i"':SCHO ABIERTO, PLATAFORMAS, MEDIA ALTURA Y LOS VENTI 

LA[•JS (NO ISOTERMOS) . 

• 
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2oxsxs' 
DryCargo 

CARGA SECA 

Manufactured according to ISO and ASA 
recommcndations and standards. 

·JLCU containers approved by Germanische 
Lloyd and/or American Bureau of Sh1pp1rig. 
BSLU/EACU containers approved by 
Lloyds Register of Shippmg. 
Cer!ified for inland transport under customs sea l. 

2oxsx8'6" 
DryCargo 
CARGA SECA 

Manufactured accorlling to ISO and ASA 
-recommendations and standards. 
Approved by Lloyds Regís ter of Shipping. 
Certified for inland transport under custcims sea l. 

40'x 8x 8' 6" 
,, _9ryCargo 
J · CARGA SECA 

,¡ ~0[ .. 
¡; -~- .. 

· · Mrinutactured according to ! ; ~ 
ISO and ASA rccommcnda- · 1i'•' · / · 
t1ons and standJrds. JLCU con- '~i; .:·: : 
.tamers approved by Gcrman~>che · · .J ¡ 1 
Lloyd ¡,r,d 1or A_ menean Burcau of Ship· "':J t.---:::::. 
ping. BSLU:EACU contamers approved 'U---""' 

1 
by· Lloyds RegiSter of Sh1p¡:Hng. Cert1fied for 

j inland transport undcr TIR opproval. · 

1 -1 1 

.·· 

6 ·l. • !'-,¡,_.'. 
J ·-~--

i 
' 
1 

1 1 

fiHings: .. ~ lork podets 
o fumJgatJon point · 

-. 
..... 

¡. 

' ¡ 
. i 

1 

i 
¡ 

j 
' • 1 ..... 

.~.!---· 

,.; -·· . ! 

filling~: 

" Goose nec~ 
,¡ Fumigz:1on pci_nt 
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2oxsxs' 
OpenTop 

-------.-- -:.._.. 
--- ----1 

F· - - - -~""'~ 

~
·~-,¡¡_- ---~- :;;.:-----~,~~-

1 . ::; f·--"=-~~ 
' 1 1-:::-- ~· 

1 SIN TECHO 

1 
! . 
1 

l . ' 

1 1 ' 1 . 1 

11 
' 

1 - ¡: 

i' 
1 

i . ' 

' ' { 

' 

1 • 

' 

1 

', r~ , ~ 

Manufactured accordmg to ISO and ASA ',-.,¡ . t , [~v L/ L/ ..,.u 
recommendations and standards. ':, L..-:;: . 
Approved by Lloyds Register of Shippir.g. '-1.1:( 
Cert1f1ed tor 1nland transport under TIR approval. 

' 2-O' 8' ,... '6" ! X XO 
¡ Openlop 

. :. SIN TES::IIO 

1 ... 

1 

1 

l~ 
~- .. _ .. 

FiHiligs: 
P.einvvat:te 
headDars. 

e tarpaul!ns 

-~ 

Fíllings: 
Removable heaC:bars. 
tarjlauhn:; 

/ 
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40'x 8'x 8'6'' 
OpenTop· 

SIN TECHO 

Manufaclured accord1ng lo ISO and ASA recommendatlons and standards. 
Approved by Lloyds Register of Sh1pping 
Cerlif1ed for mland lransporl under TIR approval. 

20'x8'x4' 
Bin 

MEDIO CONTENEDOR • 

Manufactured according lo ISO and ASA recommendations and standards. 
JLCU conlainers approved by Germanische Lloyd and/or American Bureau of Shipping. 
BSLU and EACU containers approved by Lloyds Regís ter. of Shipping. · 
Not cert1fied for mland lra~sport under TIR approval. 

40'x8x4' 
Bin 
MEDIO 
.GONTENEDOR 

Mantifacturcd Jccorcl_mg to ISO.and ASA rccommcnd.:.Jtions arict standards. 
Ap¡,roved by Gcrn\~r.,sche Lloytl and ·or Amencan Burcau úl Shippmg. 
Not cert1f1Cd tor mland transpon undcr T!R approvül. ·. . 

..• 
l.í-63,./) . -::_/ 6 a: 

,;.,. -

fiHings: 
Removatlte 
headbals. 1.11; 
paullr.!. and .· 
IJft oul bbw~ · 

'. 
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40'x8),4'3" 
Bin 

MEDIO 

.. ' -ÜJ.lJ,~ = ~ 0 ' 
CONTENEDOR 

. Illlmrrr~~r~~ff~rnm 1 , 11. 1 , , •• ¡¡¡, ¡q~ 

i 
1 

' 

.__,_,__ __ ~ . 1 1 1 1 ~ ~~-
· 'u 1 -__ J. • 

.· ·. ~ 

. ' -, ' 
-

· . nd standards. · . d ASA recommcndatlons a cordmg to ISO an 
Manufac~u~~~~~~ds Reg1ster of 7h'~g~~~IR approval. 
Approve f d for lnland transpor u Not certl 'e 

8'6" 40'x8'x 
Flats 

1 . d 

. . . . . d tions and standar s. 
d. g to ISO and ASA recommen a -d ccor 1n · · 

Manufactubre Ll~yds Register of Shipdpm~IR approval. 
Approved Y land transport un er No! certified for m · 

-··-"-~---· ··-- ____ __...=.~--....:...:.....:..:.---- - •... ·-· ... -------· 
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2.- CONTENEDORES CISTERNA PARA EL TRANSPORTE DE LI-

QUIDOS A GRANEL Y DE GAS COMPRIMIDO. 

3.- CONTENEDORES TANQUE .- PARA CARGA SECA A GRANEL, DE 

DESCARGA A GRAVEDAD O POR PRESION . 

·zo'x8x8' 
.. Tank 

TANQUE 

• 

•• 
·, - 1 

,¡ -J 1 

1 

1 

1 
l 

r 
1 

' 

Manutactured accordmr, to ISO ancl ASfl rccomrncndations and standards. . . 
JLCU contamcrs approvcd by Gcrmanisctw l.loyd anr¡ Arncncan Burcau ot Sh1ppmg. 
BSLU. EfiCU contamcrs approvcd by Lloyds RCGIStcr·of Stllpp¡ng. 

OOT ccrtificat~s: JLCU Nos. 6253.6858. E!SLU EACU No. 6o00. l Ccrt1ticd lar llllanc: transport unclcr TIR approvat · r. 

4.- CONTENEDORES ISOTERMO. 

2ox8x8' 
. lnsulated · 
lSO TERMOS 

--.-

. " ,. 
Manutactured according to.ISO and ASJI. recommendations and standards. 
JLCU containers appreved by Amencan Bureau ot Shipping. 
BSLU. EACU contamers aoproved by Lloyds Re~1ster ot Shipping. 
Certitied for inland transport undcr custorn> sea t. · · 

1. _... 

'. 
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5.- CONTENEDORES ESPECIALES.- PLEGABLES, PARA GANADO Y 

CON PERFORACIONES PARA PIERNAS DE SOPORTE. 

... : ... ·~ 
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:;ilSTf.MA ·PAJl.A lZAJf: y" FIJACIOI~ DE CONTEt~EDORES · ¡:¡¡ CUBIER'lr. 
. ' 

'DEL BARCO. ·.• 
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.DIMENSIONES DE TUNELEs·PARA.HORQUILLAS DE MONTACARGAS 

: -· 

1 . 
. 

. L 
.. / .' 

l ; . 
. . .. • . . . . 

•. . . . - ~ • . . 
. . . . . 

. . . . 
. l 

r~ 
.. e·· • 

f:o~~--
. J e· e JJr ~-f·'· . ',, 

1 1 o j . r ; l 1 ! 1 . ! l 
1 1 ' ' . ~ T T r 

.. 
r 1 ¡ . 1 1 1 ! 1 . ! y X - . r~ 

1 i i 
·.·.• ·, 

. 1 
• 

1· 

., . A' 

'A 

• 

. . . ...... 

SECCION · SECCION. 

\ . 
. DIMENSIONES 

TUNELES PARA CARGA/DESCARGA DE CON TUNELES PARA ~ARGA/DESCARGA DE 
-TEIIEDORES CARGADOS .. ' CONTENEDORES YACIOS 

CONTENr.-
'in mm· in 

DOR mm -
1 e ·o A' 8' .e A' 11' . e· 

1\ ll e o 1\ o 

1 

ÓB !Í:l:J 305 102 J!'¡Y, 17 ( . '11':(: ~ C'!·:l 1 J~~.,.11S 1 :'O 81 1( (y., 

! ~o m in. !2 rn;n . mir1. 
'1;: ~. !.,:; r.'hh. r.'l•~· nun. ! 'l m•" rn•n. '"'"· m en. 

----·-- .. 
'10 !1'00 305 10~ 20 J~'l. u. < OB. 

--: !'\{J OUt\, n.,n. m in . , m•" m;n, m in . _, .. : .. - . . ., ,. 
•' .. 

t.:f\H : C ~ M.11lP.A LIBaE .. l . ' . . . -. ' . 
'. 
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Conferencia de las Naciones Ur.iJJs sobre Comercio y Deserro!lo 

JUHTJ\ DS·CC>!·IU.CIO Y DZSL'U:CLLO ·· · 
Grupo P¡·c!)arntcrio Intc.::-:::c:bcm:mental pr.rr. un Convenio 

sobro el trn..'13T)arto intc~Tiadal intorncc:;.onal ·. 
Torcor pododo.<1~ so~ioncs 
Ginebra,· l.6 dl! fob•·cro du 1976 
Tcr--4 2 Q.) del :p:-o¡;rc::,n provioione.l 

.. 

, .· . 

... ·-· ·-- .. ..:.....; __ ,,. __ ... 
. _ .. ·· ·_:;,._ -· .... ,..-':"":"""'- ... 
:.~: ,_ . - ~- ·- -~-. 

:.: _..·;. L; ~~)_-.-: .. ~ 1- -== ::::-:-::- :--:· .. -:. ~.: .- .,.. -. : - . -··. - .. -·· . 
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!.';?D::TOS T:Gll:íCOS Y fr<t..NGI:::,'los DE LJ,S TEC!iCoLOGLil.S liC'DE:'.;IAS DE ·rrtA?iS?G:::.:-;;: N: 

,, ,., :· . . UJ'II,IZJ..::lAS r:: LJ..S ~PL!lf,CIW::'.S DI:: Tj'll..;~ SFO!ITE l;1JL:i':JJ10iJA1, ' ' ... ·, ,. 

Infor;:;n <::3 Ja sr-cretr.r{a de JE ·tmCTAD 

• 
pp-• un convenio .souro el .tronspu:-te :ntc.r:-..::.:lcl 1nter.ú;c.:ional se hizo patente r,uc ::..1 ; 
t . , . '.• , 
"í._.a·.do j;¡fort·.adon ;¡de datos ~decuadoa scbre los P.spec:tos t&cnicos y financ!.c-ros ,1~ · 

• .. üS tocn.olo¡;!as · u,;¡dei·nas d¡: · trans?ort.o ·util!.zcdas. en las opera e iones d.e trancr•'-l·tc. :-:,'1'-l-
. . . .. . 

- Jrlol conn tiiula ptlra :lc:J po fu r:s cm d·3sauollo: \111 prob1 o::mn do capital :b!)o~~t.:;nc i<:i. E1 

~ :cscnt.¿ infomo ilol ~ido ¡:;>reparado ;¡o,ra· cyudor C los p~{ses én de:Hll'l'OJ2C.O to;r.:ll,' ;'.¡'~1:, 
Rtono:JI'·; C\0· rolaciC:n con lc.):¡ trabn~os del Crll¡)o y en· el' c-:rdon pr.lctico, con l'c:.!;pcct.o <:! 

. -· . : , . . . . . . 
uni.tatü-ocion rn 0\1.9 'puct·to:J. • ,. 

2, P~ro que la prc:;;mtaciÓn G-'~ la info•·i,ociÓn y io.s u"ntos ¡¡ertincnte:~ fue:·¡¡ Jo ;;¡~:; 
e ,oro y encinto pouiblo, lo sc::reúr!s ¿e J.n· lf•iCTAD con::;idel·Ó quo lo ¡,;~s opropiJcio :;e·{~, . . . 

;-rosonLnr un texto rr>q¡¡ciodo on fon::u do uno :.~C:l'ic ~o prC[:.'UT!tün y rc5puc~tüs, Por ~e::~.·.-

; ~e.~to1 lo nccrotarío oncnrg¿ nl:S::.", A. Dch::•:n, cl~l L·¡¡lr, . . ,. quo prcparaoe las rc~~uc~~~-= 

tipoo princip:1lcs y ol costo é!ol IMt~rial '-':>:: i-a una oorio 

:' 'c1o en .J¡¡s ' . . t.écniCólG L\údernil:J 00 "trn!'lsportc Dj-.llcnclas en· lll:l O¡lCrHCionc:J de tran~p:J:"!.•: 

·,uJ.Li~o,Jo,l. ! •• 
. . ... ... 

.. ,,. le. .Jl-ltc dc J•N¡:IU¡tos y r~")uo,d.nn flr;l.l;'o nn oln:H:):o ol p:rc:Jnnt.o· i~:'o:r.:.c-¡ n~·,::: ''" 
• • . ( . . . 1 

... trannportc t:;1t'l t.Jr:n -iuclul;!o:J )o .•. bt:q\lc·~- y J.v:~ ¡:u"rt.os, os{. cor.'Q ol tr:Jn~¡:o!·t~: ¡;.:.· 

~:¡n•Jl, po:- cnrrc:~•:r~, P•\l' \·San co nnve:'r,i!cif.n in·t·;;r:lo~ y pi1r~ v.!u n~¡·cn. · J..n!; ;>:·(· ·::·~ 
'.i'hn ~~~ .1-vrnq n J"''· 1!\:.lt.tnt.-.:J ¡·.:.t.~t\;¡~ e.c l>n.i':¡¡;i::1c1~;¡ ·,¡,¡·i, cnr,~!l quo·,· si"b~h'n !ll 

.-· 

. ·.. . .. . . . 
r:!n:J¡i\g :ov :Ion nc~l!:ludoa 'p·q·;¡ c;no p·.'lt•.h ¡,.,¡,<~r t.rnn.;r;u·to ·;:¡Últlr.;odnl, cc:Jli'Jlmyo':l • ·.: • 

.t3",u~~·~~-~:ii:'l 1~Jn tr .. ·~xit.ou Vl.·.:t!'·~n:J ,-:o t':i'l 1\,¡·::-.'\ ~.lo trnn:,;,c•l.'lo, 
··b. ' .::.~. • • 
1.':•·.·.0 ~ • 

rv{~riWP '·l 1! . .• i·' 

. 1 

·. 
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· .. .ülSI. 

ccc· :· 

. J,rr.orlcn:> .!ntioru:U Sto:ld.erllo lnüt.!.tuto 

·carga caipleta de co:¡toncdcr 
~ . . .. , 

·' CPC · ·. 
¡ 

parcial de contenedor 
• 

carea 
: • •• : •• 1 

DtJC disposit {vo de unid~d de carr,n 

ECC Estocltn do cor¡;n co conten6do~~ .·. 
FAK 

. ISO . ' •, 

. ' . 

J 

LASII 

Ro-Ro 

Soabee 

T 

TM 

: 

TPI'\ 

.floto urü.for.:..a porn toda cle.9o co oercanc!(¡~ 

. Orcnnitn~ión Inturnnciom~l do J:or;~!ll~o:oc~ {._, 

buque porto¡;abarras del tipo LJ.S:I 
. l. • . • • 

operador ¡do transporto t:ru..1 tir.odnl 
1 • . • • . . 

: \Juque de .tronsbordo po¡o rcd~::d=a 
' i 

' 
buqua pc~~·a¡;abarras de tipo Soatc::; ·:. 

1 . 

tonel&de:i . 
.· 1 

· traMpor ;;o cul tioodnl .. - . i 
tonolndoo do peso L1uorlo . .· ¡ . 

.. 

' 
. •. r 

.:•. 

TEU 
. ,• . : Uru.dnd e:quivalonte ¡¡ 20 pies 

: 

(r-ndicla· uru.fcr::o nern oxo:·uo.a::- la cu·+.idad 
de contenodcroo q~ dl::"eréntos tc::-.._:·,o:•) 

•• 1 . o • 

UniÓn .Ir.~•.r . .aoio."l!il co 'Forro-:orri1ae (c6d:¡;o) 

\· ' . t •• • ••• ~¡. . . . •' f .• • 
• • • • ,.. •• .. o ••• ,.··.· ..... 
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~ , c;!r.t 2 

" .. . . : 

' ' . Grnn pr.rto do lo ir.forz:.!lcion oun.ini3traa¡, en el c·,cx.o ticr.o 'l]."l ccructcr pur~:::~:.t.u. 

twcn:lco y en d¡:or ~ulz~o no r.cn pcrtinrm~c puro lil~ ·. · ·.· .. ,:jco Úl G::-t.T•O f'!'c¡:.arn:.c:-.!c-_· 

:r~tor¡;ut.orr.n::.critol.; So i.ncluyo pc:-quo pucxle ec.r ,;til .'·":·a leo. !J(;TVicios tl,:::üc;:;o c:e· 
' J s· cniiu~<doo y· or¡;ani::aclonco que ne ocu;;nn üel tra:.;;,';:-to do loo pli{:;es en cic:c.:·:·dlo 

: . , 
tol!:cn docisicnc:J sorra tt"litr.riz.ocicn. 

. , . 
r.nlinclo, en la practi:o, 

' . ' Los dotoo de orden fbr.u'lcicro proporcionados en el onr.xo ol pr.esonto i.:-'.: . .fc;:::~ so· .. 

r(:fioren nl costo J:.~r tm:.dt.cl do le~ prbdpolps t.ipca de. r..:Jf.cr.:nlcs ne:;!;r,;:,:ios 

¡ ploU:ci~n da un c;~rvlclo r.ulti=dul y no r.l coste ¡:;lcbnl de todo al cr¡:;.~pc·.· ;::o;t . .-, 
, , . , , 
últir..o' varii..ra se~ el r.lll.'-,Gro do ·unidncC"s qua se precisen, c.l c.ual, o· :.u Ve;., 

1 ,_ . d ' r' . u· csce..LU do· op~~ncicr.os P.h e~ a po:..:J. 

t:~tcn.r. i:ol.coslo toLal <!e la 
¡ 

1 l'O eY..:iotonto C¡llO r¡,qu!ercn 

quo 1.r.r..bién variaréi: no'[il.'l }o¡¡ paiseo, pero se prcporcícn.n iitfc::-:-..3ei6n riee:::-eu de lo:::· 
1 . . i .. 

t ~alea lnlnhms que -es ;;:.cuestor establecer. 

J.!J: . . 

b. Do tcuos m..;rlnsl' la jnforr.:aci¿n r¡uo fjgur.a -~;,el ~,r.c>:o pene cJ.:o.-re.:r.~nts de J::!.:lii'l\;¿._ 

~·' q~e ·J.a -introducelqn de dsteJ:.ns de unidad da cr.r¡;r., especiske:1te ]...;¡, conte."lc.:c:·~ ~('.-' 
' 1 t a· · t · · t · · · a · t· , J/ ¡;,~.on on un ll s coa . tl puc.ro:.a o puc.r a, requxere ell!in losas l!lVcrs:tonos e cLpl ·n--· • 

l' .a::J fuY.c1·siones de; tal r..scnitui teridr~~n que sor costt.)ados e:l div!.sas y, sin ci~:d•1 .• 
1-~·mtoa.rÍcn ¡;ro.ves p~oblec:!ls· fjnoncic.rcs o la r..nyor!a de los pdses en dc~ll.7'rcJ.l::> .. 
J ~tc~ns, tcndrÍ~n c¡u~ eo!:;,<:tir con lbn invasio:Je3. en los. ¡¡&e~.~rcs ¡¡:¡r{cola e 
. . • 1 . . 

~.en otro o ncetorcs priorit:..rio:J ele lll econc.:r.ú:ri cio. esos paises •. . . . . - . 

7. ~a cb!lcrvacii:.nco que anteec.:icn ponc<r. de ;:;n~ificsto J.:. ncccsiC:,:d e;? q1:..l 

ir;C us tr :i h 1 

Jo;; ' jlC!j;,(-.1 

' ' . ~ • don&t·rollq proccdnn con cautela nl 1.ot:ur u:1a dcciGl~n' ncerct\· de lo :)JJtz·,.>~~>cdc:: ,;,¡ 
' . . 

esos ll,.:;to;r;.~!l do \lllirlcd do cnr¡;a r.::..;¡ cor:plcjon que pcr:utcn l1cn,;r n. c:Jbo c.;::t,_-:.cit,n.:::; 
' ' 
:l 1.1.tlJnodolrin, Da· OSlllU obs&rVndonos !JO dc:;¡Jrendo odc::~:; la nc.cosicüd de f¡\10 }c:J .:;cl•.!L:'-
• . 1 

. ;:i y lno inGtltndonoo i"in¡¡r.cicrn::; de .l~!l j'l!l.bos dc:z:;rrolJ.r.ücó, !l!l{ cc~D lo~ o:,~:.:d:;::.;;" · .. 
: ..nnnciorou intc•rnncionul\1~, ineluidoa el :Junco. !-llJ:-.dinl y l:::~ b1:l.:no rc;:icr;nJ.es rl" J·.';;r,::-v­

ilo., f,lcililcn n_ l~a pnÍ!1c~ t~ ll~·!JnrJ·olJo 1!:1t:d7 o c::-&litO!l e:& c.:;j·,.Jicicz:cn picf~_=:t.~r•: . .:..;l~··:l 
· l todon nquullo!l Ch!lo:J, en quo co con:.;.~Jt;ru qt~é en ·wi pnÍo ·t..::J c¡-¡crtuno i!:;>)!_:.nt~o~ oj)::!-~~-­

Cionr.~ r.:llllLvJnlo:J ·,¡t;o of¡·, c•·r,\n Vton.tnj,:r ccot:6I1icnn · ¡:¡•:lU'tÜu3 
. . . . . t 1 } l'C'l"'\'' 1 L .. o C'I'-OO o:J F" :.; '·• • ·'· · • 
, yunl.o:J on una co1Ti~nto f.¡¡. ktÍ.!'1co ue~l.c:·~:!nu:lo, · ¡ 

1 

.. ~ J/ J\ ·c·:;to ro:.!lO:.!io, ... ·'-·t::n.·!~;:\0 !jl.;iittlnf' r¡u~ ~o "~~.o~1 ,}f;!,c:.\.:.oL;o:J t!o c:·ptt.ü'i ].··,y ii~ld f!!·· ,_. ... 

: \:" ),,:¡ ,:nal.,lfl tln t:·:o¡d .. l!l~l~ ... u·y,'\•o l ... p.··:i•tl~ 1o:lti'i.;:l!:;:.,,j,t.';:.¡ r...,r C:(.ll.~·-~t-tl .:.; (.";;}.·.:·::!··' .. :., 

.-tJp~11•:1~-•)U "y l'''illlrtl\:.1.t.··nt!.'l, q\:,." .. i:•,1~!t~~ t'\1t·.1l.1 d,J Jn. r·~~~~ ~\11!: al":,_', ).'l t.:•,:: •. :· 1 1·l~·Lll ~:••l ;::~1··-
:·inl t~•"'Cl:lto ,.n ul hn••-.:t•, \::l pcul:hb.l'-' ,~\l:l ú.a:ll-,l .. :Hn a\ 11 u::.:I.:J Ct.:u;1.1\h.:..¡·!.,"t.il"·'• · 

1 
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A, . TO::liOLf..GHS I-\00I::U:A.'3 J.lE Tfv.J:Sl'Oitl'~ .Y Qpffil,CI Ol1r.S HUL7D:C.1:J~<:.S 
. : .. 

.,;. .. 

lo . ·, 
I·J. trnn:;pcrtu mulii'llciu:ü intür;¡acio~ul co.,"dst~ en el porte de· ~.erccn::Ls clil u:1 

pllh c1 otro por uo!l o z:<.Ís nod:J:; do tron~p.orta ea v:.rtud du un ccntrc:to úr.:../.o 

~·Cll Co-:u::~ntO. O con'"\. rato .de tron~.porte ~ul ti::c.cl.al '('D~)- o:·:pcdido pe:- la 

cr.¡>rcs!i. que orcaniza e:;o :¡ervicio -ol o¡x:rodor de trbnspcrt~ ¡¡¡'J.lt;i::'.ooal 

llS"..U~o odcr.".<Ís lo re:.por,cobl:lld.:::d do lo ojccucióz~ do toda lo ciper:Jción. 

co:~trnrnw:¡to al transporto ¡~ul t:IJ~cdol os ol transporte fro¡;;:•entodo, 

pe:~.:;o:-~c -o 1-~--
' 

( r~·,•'- ·• r·'' u. •/ J ,..,,., .. 

~ ~--i rf ,-:.~ ~ 
........ ~ ....... \.< ......... : 

h, •••• : 

Lo que cnractcriza al t:::cn!.:pnrtc multiz:.o:lel es ·lo nct¡¡¡-alc;za de lo reiac'i0:~ .• 
•:·•ntrocluol cnt:ro ol OI'H y el ce:q:;udor. El Ul'!·f o:túa ·éc.o:o entid¡¡d con pe~·sn."l:,l:L·;.::l 

j.n·Ícll;:.o )H'O}Jia qua ofrece o los. ce.r¡:;~dores u;¡ co:~trato único puro el porte ¿,, 

¡ .arcon::{ os por más ele ur, c:c:do dn transporte, 
• 

~. J.Sll:~ ~o rmticl!'!~~8 r.or trnn~norte de p11ertn a p:1ertn? 

El porto ccr::Ploto do la r.!crcn.ncía der,de el local dol e:>.-p_G::Jflor hasta ol l r..-..: 1 ___ .... .:.: ..... 

' lol'dP.stinatario. _1:.:.. 
., 

. 4. 

·---

llo. I'ucde ser d6 muelle a puerta, de ¡;¡uellci o almacén .en ol lntoriar, e o ¡ .,:,,·t ,, . 
. a muollc, 'do puorta a ·~}l,;¡fcün' en ~1 lnterlor' y .de .al.t:.::cén en el inkrior a al.:o;~c/;. 

··.· .. 
on ol interior. Ahora bien, l~s. v~nt~jas )'i.wdcn ·ser rr.ayo¡oes si tcde la opcnd.<Ó;i ':.: 

re alba -'cn1lo Úna cporación única .~e puerto a pu_e¡o~n. t.ranr.por1;o se 'pl~nea y 

·j ~Todoo los mcxlos 

r ,rroc~;l'll, por' vía 

~on lai; ·~U1tc!n,ioo .da 

.. -... .. :·. -- ... · .... ~--- . - - ..... • . . ··:. . . ,~--.-~.:,1_., .. 
u.~ tra:J:::¡1;:.rto 1 es d()cir, .Por Y.l.c.~_i::<ir:!.tizu! 1 por co¡o¡oetura, i' .:· 

.. · .. ' •.. ·¡·.·· ....... ·: 
' . ' . d . ' " • t . i • . Ll coreo o po:: Vl.a~ . e nuvccnc~cn.-~r! ·cr or 1 quo _seon ce--:~po .. -1 . !!i. 

.• . • .• :· 1 . , d morcancla& ocnrrca as, . ; 

. J 

J (., 

'1 

;,,;.. ....... -·· ................... _,,... 

lio,' · l'~ ·t;;,~~:(~~-coi"t~·nn~po!'Lo r..nlt.bc.l:ll es :cc:~potiblo tD..r.lbiC:n cea l'l c:>·:;cl ;'·• .. ;:-
· .. 

. .. . . 
cion.'lll:J. SLt cJ::b.:Jr 1·u .. CG''O . . 
1:r.rd ¡n\ln'c ié:a ,]~· ln ci;ri·.~• on 

::ca olirfdl c¡~o 1111 :.;olt' cp~rtHl<'r t~t111:.u¡ ln N~pon~:~bil!:h~ do lc.in l..1 r.p.,::ad•~a ~· 

un dr.:¡~;.111Lo \Ú!l .. ..:o dn l,¡•;,a:•¡ú•rl.o clin:cto. · il:. uhi' quo el tr~r.~pv•·t.o =~~~UJ: .• ·:·.!···, 

cloanlu.L'n::.:cn :•u r.u;>:J1..:, u~li..i.::u•l on l'•:lnd0n cr.a -cl.L;-~n:;pu~ln un'..t::d:·.,:~lt~; <>':' .. .'!>:· 

ui~lt::r.u do coat.ot~ul}r.irl~~ O!i el. ,~lt•J r-t"'.f~·r ::!..! ;,:·. · • ., 

11l l•·•·t•:•v•rl·• ~::ullll:,<> h 1 
. , ·. 1: 

.tu~ut·n~~~ivn11l 1 :/,., ctt.'.' p)l'iill~c lo· J;.uxJz~,n pl"iJ 1 .hC~~~'~:1 c,:n~.rn 

1l .. iloll · •. .,. . . ::.:::-· 

(1 



• ''JI· · · 'l . .& ...,, "'"'•-J. ) 
Anexo 1 
pÚGirlll 4 

1 

il. Oi'L!ü~Cl O; ::SS HL'LTH:CIJ::.LES Y TR!úlS?C:1T!: y..:,:"J.Tll-:0 

?. JQur! t:ioon ñn l.,ún,!r:il !in u1~~1 i:-.nn nn t:1 t'!"rt~..:!"0;t.c r.:~l t:!'"',():"it'!l ?. 

...... 

Caao ol t):on'sphrtc. r:.ult:Wc:lnl os cc.:::pa-::iblc, ü ;:ono5 en principie, con 'Lc.dc.s 1"5 
. 1 . . - ... 

'tecnalog!o:J do trnncporte, se 'llucd~n utiliz5r b-.;.qucs ele, EP..~: ~n;dicio::r.l o buqucn· ;1~!, 
. . , ·: .. . ........ ~··;-~.:~ .. ·· ~ ... 
cn:-;a unitori:ndo. fu e~tos ültb.oJ1 lo5 ti,POD princ' ,.~¡;¡j' :.0:1 los sitr..úc:.tc": 

8. 

.i l. Duques portacc~.tcnccioroo: 
1 • 

11) cxclu~ivPt:ntc c~lulo:.::-os 
. 1 

b) pt.rciili::c,nL¡¡ colule:::-es 

e) Ro-Rol celuln::es 
' ; d) porta¡;nbarra!l con bcdeGns celultr. ;, ~ 

• • 1 

. e)· celulács frigorÍficos 

.?.. · Duques de\ tren~bcrdb por rcxilldu.ra (bu' ¡u es Ro-r..:. i 
1 . 

3. · 'Buques poi·ta¡:;ab<:::::rao 
1 4. Buque~ poi:tq:;nleta!l . 

.· 

. · ... 1 . . . . 
5. Buques de¡ carca frsccio:u;do tr:ms.fon:ados 

: 6, E!!quos gr~nelc~-as . ' 
: 1.. Buques de¡ e aren (;encrsl pol,ivolents:J 

Ou , h' . 1 ., . 
.IJ,!!!Q r.on 1os "'¡;tes ~Rlt!. n:;2s? 

r .· 

·. 
~- . 

Buques cspecia~.cnto dcstü.ados ¡¡l trr-.nsport<l ele coater:adorns y c:~1;ras bodeGas 

·están provistas do ~Ólulc.s ¡¡or;;;.¡¡ne:ntcs dotadno de ¡;u.Ía~ verticales por las que p~od.::n 

desli:or:JO lo:; cont11nocloros de modo qua éstos ~uoden fi:r::c::.enta ~;pilndos y so enc1:"nt:-en 
. '! ••. 

sujotos on todnn lo~ osquina!l,_ 

9, \ ¡QtJÓ·nn·l"l.h::nuc dñ·t:-iln~hc•rrlo T'Dt' rCY.lnrlnrn? 

1 . 
Es un tipo da buqud on ol qu<l ln r...:~rcnnc Í!.! so ~ra sldo por rododu:::o y no por . . 

olovoción •• La e~ reo puede o:iLiuarso o.n las cübicrtos del bu;uo 

.J 

' Lao princlvüo~ d.it~ua,Jio:10a do. lo¡¡ buquu~ p~rLhcont,~r:vtlcrcs h~n v~'rhJo cc•:l el 

tior•po conr,.:~:.o ltn .i<l~ uvolupic•::.:ndo ln t.ocnolo·:í .• li¡¡y-1 ji~Ju 1 . v¡¡rillo "r,c,z.":ucicn ::~" 

do bl·:,ta~ púrtucO:lt . 'dc:·.~ul 

.. 

•' 



J. 
. . 

J 

rJ 

'] 
• 

] 

l· 
. ' 

] 

]-. 
•. 

] 

J.·· 

.•' ... ¡· ¡···. '·/1' .•.-'..:. J." .... :...~.;) 

.. 
• . 

. ··.~· . 

úc.::c- "i 
p::;_:i.:.L." ~ 

'.ñt. do cntrodii . 
en ·!:crvi,j Q 

, .. 
·rrimera· concroci6~ 

l(l96~) . . . , 
So¡;unda concrocion , 

•(1970) . .. ' . , 
· Torcero g·enerocion 
. (_1972) . . . 

Vnl odd nd: 20-:>5 

Cop~cidod de 
tron::¡:>C'l' to do 

?50 TEU 
·. 

1· 500 riu·: 

2 400 TEU 

1 i •.• • • •• 

Peso·. 
[11\nrt.o 

, . ... . . . . 
12 oqo T 

' .. . -
JO 000 T . •. 

35. 000 T-
50 0C:0 T 

Esloro 
t,ntn l_. 

175 m 

.. 
225 ¡;¡ -
Z75 m 

' 

. .. 

25 ¡¡¡ B ¡;¡· 

\ 
·29m . '11 1.:.. 

.• 

32 m 

· ( n1cuno:; clcan:on 
·-los 33 nudos) · .. 

: 

·. 

·. 
Vnloci cbcl: 

.. 

. ¡ 

D t ~ . . 1 t d. ugues l·t'll coo o e cn.rra r?.n~ra y ccr;; e!ie or.r·~ 

Capacidad de 
transporto. de 
. cont.c1 J(~J c.!'t! ~ 

?92 TEU 

2.3.3 TEU 

fsJ ora t.otrl 

202 ·ro 

' 1-!nnpo ·total 

23 m 
:. :· .. ·· .•.:. •,, 

. 23 In 

Cnlcclo 

10 m · 

. 9 
. 24'1 TElJ: .. 

1?1 m 

:150m ..... 
. . . ... 22 l1t • ., .. g.m·· 

Duguen 

Cnpocidncl dó tronzporto 
de contl'~cdoros 

,.:.... _ __:.o:.._!' r, ),n rr ~ 9 . 

2BB TF:lJ y 
?1. ¡;ouurraa 

• 

. ·. ... .... 
L.ASH 

..•. 
'.·. 

...• ·' .. ... .·· . 
' . '!"'". ·' 

. · . . . .• 

,712 m )0,5 ¡;¡ 

1 • 

' n.l t:I. l>ur¡no pot·~nr.ubnrron tipo r;:,!;l! tlcino uno popo nnch:l en for;:'.ll <h) \J ) ;w:i::kt 
.. do unnu u:¡L:"Itc'.urn:t q::u :.;ohrc:;nlcn clol c::::co y uirvon J'-Gl'J ln:J o¡,-.,roclc'a~:• '''" ~:.:·,:.1 
. d 1 1 ' '11 . , ' . "l () • ' . y o!jcnrf~n. ·Pu1·n l ,):i~:lr¡:nr H!J ('''.10l"ro~ !:.O U\.< _:..-.:.u \:nn ·r.~\~U-p0r~ico on :.> ..,;.~~l' ~.~...:.rt~l 

lllo:ltndo·. oc-uro roÚ•':" lJ. uu:1u11· ,·.; .. fnl U:10 :u cubi.orth {,:ica ce.:¡ ~.•J :;>:)'>0l'c::L:·,:,:!.<~:'Et 
Í../ ; ,'l o 

ll r.rc.n. 
·, 

1 . _., ___ ,. 

. 

.... ~ ....... .. ...,..._. ___ ..,.__-....,.~-""""l""-··~. 
' .. , . 



.. V, I.JI ,,., .. _..,.. --

;,:JC Y. O 1 
-1>~ ¡;lno' 6.. . . 

·~·o) ociclcd; . 20 m:.k. 
. ¡ 

1 .. 

Pcr.o :our.rt? ¡::~1 oril tnt.nl 

. ..... . 
'Ro-Ro {pnnudin) 

Calodo Cnpnduoc1 ao 
· tron~nort.n 

' 
( cnrrndo) 

5 TE!J. cubic,r\,a do 
· vch:Cculos 

21+ TE'll cubierta 
·Puparivr . . ,.,. . . ; . 

110m· 17m 4m 

·: .~ .. ~·- ......... ·, 

,·· . Bo-no co:1 rP.::;nn en la pona 
!: \,, '0},.11o0,---M~0 •·- •. 

cnrocidnd d~ tranq-¡orte :· • : P t 
d t . · "'-'"-e ""s o~mu:.::::.;• e:.cr.:.:'-:<0 ·_: o ccn r:nnucrnn .. . ... --:-. 

.. 

•' 

Hnrirn 

llj')O m 

1 CT/2 

. : . 

... 
Hrmge · 

l ·200 TEU 
1. 

..... 
: 20 650 T 199m 9¡6 !TI 

' 
.... ··. 
.. ·. ; 

··! 

.•. ; ·.Yfloddnd¡ 
1" 

?.2 m)clns 
: . . . 

··. 
' 

·. 
1 

· Cannc:lclncl rle trnnsnorto ·.· 
. . . . ! 

845 TEU y 990 vehÍculos 
• 1 

Vn1 od•~nd: :?1, nndo1• 

Buouc celülnr Ro-Ro 
{Claoe A tkn tic Ch.ounp;,--ne) 

· )';slorq. 

212m 

'. 

· . Ca1Ado 

' . . 

'· 

1 . . 

&o ':Jl25.~i:Y··o. 

18 fl50 '.í: 

• 

. . . : 1 . • 

. :. \. • '!!} El buquu pe 'tn¡:abnrros tipo Scab.Cio tiono troJ' cubiort:J:J do car¡::o co::'t:i nu~1:::. 

., 

· ... ·Pora i:ur las Gobarran. oo utili;:;n unn plotafor;:-.n mur.ei:¡;iblo, con unr. cup.:~ci:JoJ 
·: do 2.000 to;:oludas, ¡quo zo· h!lco doocondcr dontr.o dol a:;:w. Puoden o:;tibnr~o J.:~ ¡;r,bo­
. ·· rroo en la cul>ir:-tr ,_.orior1 otrn:J 12 on. 19- cu~iorta principal y 14 on lo Cl<l·:i.vrtu 
;' · ·.·:portill';. · ~ · · · · .;· 

.. : .. . . . . . ... 
.' ·. . / 

.. 
..._ .. 

.. · . ... 
.' 



1 
¡· 
J 

'1 
' J 

I.:~L·"Z.U .:.. .. ri;::i.:::J 7 

·11 • 

. :-:JJ.{,'\Ifif':J j,;!t!lhJú pr..rtJ•:ontc:1t.dC!.r::; no V!Jn pr.:>vi5~0::r rlc <l!lJrojos do ·ca::-¡;¡¡, ::::1 lo:;· 

J .. -.··· n r ro:dbh. c<t:ür¡u~or cr.;¡;,::in:J:i~!l del. si~>uonte l'lat~r.bl do J:.ani;¡'.!lacié:ii" "": ... J, ..... J.' : u 

. . , .......... 

t ·-,. ~ •. n ¡••,. . .., ~.::r-t~n1'0• rlr• r-n.., _,...,... .... ,.1."' pCSC"!'tn• do C·"rr'!·• _'"',e:-o .\l,,r,r:~r, •'2.::.. .. =/ _ _.:_,.!}~:_~.:....:._··....:.~-·-·:-" --'-~~·-··· •!..• . <..l 1 .... ~ ·- u L. ... ~..o .... c.; ·,;.,, 
1--- ·-- . 

· pl·ovlnto th , :><; a:;~:1t:J.lo:; cc:::clo::. C!':.:O pornit.:n un r:Ú;vl-:iento ¡:;.ir¡¡to:-io ;¡. 

bu;~cuic'r,to nir. tcnt;.f.r>r.~:; -cxcnsiv:,D, 

··- firi~r:n t~,2.SJJ1.lJrn:!·.fLr'<!-.,~l~~: {;rÚüs rr:o:1tc.thts so~ru U."l.:t plutafo~¡:,a· ~iratc::in cc..7.Ú:l 

Q:> ~.::1 1!':&1:0.rn qn . .) pi.!eclcn .funci.:.1~nr jl.l!lJ~~~ o indé~cr:tdien:.cr;,onte ~ · 

. pr\!..ft:~· .. h~rt.!r.~~ , c.p;;¡rato dp olovncién· raó-:il c-..:yo·s pies se dcspl~;.a:1 a- lo lú~i:? _r..!6 

J_,ú vit;a entra c.:nbos pies !iOStiene un. ca,rrUlo e··~·,,(;_ .. ; .,H'"'" _ •• (.:;; 

. el lll-:'\t.oriJl CLl iz¡¡d;:¡ Y que est!Í dotado UO un l:lOVi~ento de trz/sJ.<iciÓn pc;r C::!. 

tr¡¡vt~:; do] buque. 

ll,:.:r,t.u~'\l:C.~n.J..bqg_tt·~ :1· nc~rt_n ... .r:~; b-:~rri"J ;; l:· -·····-.·-- r..ccc.ni~110 do ~levaci6n lúd:Ót:..":.ico 

1~ J1·r~l~ dt .. ~ Ü~(.!.'!O que JY ... nr~.·Lto la cc.rcn o deGcor¿;a clo lbs cont·eneg.o:-Gs ·(en g;:t_:.:·::,!:::;. 

!~!i1:l!l0-!:l?.9Ji_n1.~nt1p .. : di3po~itivcs outc:\utizado,;; da las boOcg'lS pora fc·cili"~ . .:;.~· ~"!l 

ec:;j'liuza:ólior:to horh.c:.tul y la es1.ib3 do los ccmtcnodores. 

Yi~E~l'Jlo.:'!..!.!S...!Ü:1!:2fomn \:.1..1!1: tipo uo ro.::clc¡uil qt\O por;:.i'vu ·la :n:.á_xi::ln util:b.:d!.i1 

t.k:l· C!jpDCiO üJ1 l~s· ';>Ul~UC:J flc-fio . 
. .. .. - -.. 

. ;D¡.t:,lr.r.~.r.!)c'l. 9.·1..~.~: tJJlos cn."lo rn:.:pas. en 1& ?Opa ·o la aleta de los b'·'Cl'to:s 

Jlo-ilo q1:o ~o¡·¡.dton el acceso ~el cc¡uip~ do tr.cnsbordo. ' 
~:r·.n.~r.9.:f;.:!.JJJ·.i-Q..~~tjc.o ·do si~.JE.:J.Lh.i!JJi: equipo utjlizado en lo!i buqtH~5 no-Re p_.-:rn 

·. e::Jl..:n·car r· d.:::.;crü:t.l·co::· contcnctiores, ¡::ronclc:J ¡olrit~for:~a~ y otras ¡rrfinclcG v-:L':<J<:. 

' . e 1 · J.!':uXl ('~ ('1 CC•.'ltC\ ~r.c~i·~~t.1vc· ~~ r.J.r~u:!Ofl r-111 ~~~·:-: •. l~~:r.ur~n:•.:::/ ... _ ... -----·- ------..!:1---~---

\do cnri!a ~ncn y !;00 contf:uodcrou . . 

. , . 
frigCJrlficos 

. . . 
(25, b:x> T'i:'H-2< nudo!:) 

··· •. 

. · 

.. 1 ! ,·;: 

5 0
1 
6 m.i.ll c.::c ~ c..· 

c]ÓlL.:;:, .• 

·•"1 .., ·, 



.. --)- "':' ..... 
'!r..';JJ.·.e~ l!l/l!i 
An~xo 11 
pn¡;inn o 

--,· 

Duquo do cure .. :>~c::-r:.l pol!.·;:!lcnt9 con u:1n · ccpa::!cod do 
l : 

·trnn"P~~~o uo ccnt~n~uo~s de JCO T~ (11 •• 000 
. . 1 

o 15.000 TPI-l-16 nudo:J) 
' 

Buquo· do l!noa rorru].r.r do i:o¡,'ltr.de. r,e.no opto pc.ra su. 

trMsl'cu».ac1Ó.¡ y cuyo n:io do con~trucciÓn ea e!.tbt ontrc 

fines dol decenio do 1950 y fir,oa del docc,~o de lS~O 

~13.000 n 20. COO T~1) 
·'. -.. 

·:Jq. : Lf.SH 

'• 

4 a 9 11 

'50 r;J.llc::e;s ¡:o 
. ·, d6larcs 

1 

oproxi::. r1:·: :::.~.:: :-. :.::; 

lhLarroo (IJ,Sil) 

. jruqua Scubee 

75, 000 d6luro s }H~:.· 
uniclac1 

53,1 millonc~ de 
dÓlnro:J 

· Astill~rcs Vr,'lll:at lle1sinki) co:1tratedo n ¡n·i.•cipios do 1975 ·. 

· Gr. barros S col-: a ·lOO; 000 
, 

dolüres: l···,~~xi-

mad~entu, p_c:-
. unidcél . 

.. ·.· 

.1.:3. ¡ .'!~1 po~:lh1o 'tr~~¡~fo~~!lT J. o~ ·b·.~~:!~S Ge cr.!"~o rre:-.t?.r~l -~~~ .. ~-:-·i~nt.e5 nr!rn el 
~· trrinsnorto do c.T4¡tn '~nitrrri7.:::::.!?. ~>~~~~~7·>~;: 

1 • . . 
S!. Los Luq·.¡es ·de carga r¡encral corrientes pueden ser adaptados i,ru.·a el t¡·cr:r.¡.~:-t.L 

c:c. contcnodoros, p:llctoc y wrldadcs prcesli.'1[ud~s o CC?!1VCrtidos en bu::_ucs Rc-:\o. ?ero 

·.:latan tranr,i'.oi-¡o~cion~s 1 lo3 buques IoSs adocund.os son quizás lo::; buques de lÍr.ra 

do: io._ooo !1 lJ, 000 TI'-l-! conztnrldo~ a ~:edia;Jos del dccc.i'lio do 1960 •. 
. . 

l4; J,Cu{l o; el costo dn 11r.:1 t;.nnr.fo.,-r:nc:iÓ!1 r1o ;o~t." ú~:~? 

·.El co::;to, do 1d iron~or;;;ciún clc¡,on:lci do I~Úit!.plc.s foc.toros, ontro otros tlo' la· 

clnno do. buc¡tio 1 ou o~ad )" c:;tado1 el lucor en c¡u'<J ~e ·cfoctúc lo tr¡¡n~<for:~.~ci~n 1 ol 

mar.onlo 'on qtio r.o ll~vo a cabo y ln:J J~cd.ificac:i.¿,las accc~oriao rcoli:::ndcs. 
\ . 
. ' ¡ ··. 

15. L~.:...'."~1~t·1? 
1 . . 

. Uno 1~~1e~o lHl u(•a !.t;rl~;:n o pluLiifot~~!l clo n;,.:•c:tkdc>r c',o 3:. x l;B Ó l,O x 1 ~ 

¡:cnornlJr.(>uto ,Jo J~::d~ra, 
. ' ' . • • 1 

unu uniL!nu uo c::,l"¡¡~l cc:n 
. . . ·.¡ 

)~~r r..i~lio'n l:tlCJÍ:~"-~o·¡. 

·. 

en 1u <¡uo 

<-bJota·..:~ 

. ' 

., 
. J •. , .. 



•' 

~· /' /' -,- r ¡· .. • .: .• "., ; . .:..·; .1 
' .. . .. . ' .. ' ::· ., ....... .., J 
- n' ... , - ~ C>· ,1 ,......... , 

........ 
droctcrfntica:;, pucco ut!..li;:a.r::o-I'C'p:)Ú.:l,=nto . .o c.:-r co:;vc!JabJ.o. El t.é:-.-_:.::o ;:..::.lote:; 

.• ·~+OI¡Jl'\1.ll!.iU lau plllCt.JC f..lC.IWS 1 1;3 pcJ.CiDJ-COj!l y ltJ:; pn.\C~OS Ce~ t::Oiltt\!',tu;;c 

- La rnlcta rl.::n;o oo ur.o .o.ir.:plo bn~o do uno o ::os pbo~ dn nin¡;-..:r.o 

tuJ')oro~tructurnj . . 
· • ·· Lo ;::¡olot.o-c.:::.i<~ oc uno paleto .puma cea ·UJ\.:1 o:;t¡-u::iuro ei1. for:r..l cic c::.jr,, c:.v•os 

·lodos pucc.lon 3-:!r ele rccl o L:oc:i::o:; y que p·,¡c~e tonel· :.o no un.:~ cubiürto; .: .. 
. •. • ,. • .)',.¡¡ p:~lota con ~;o:¡t.~r.t.:¡:; o;; una :¡:>n,lota .. pl~n::¡, .CO!'l rr,o;;tantes de c::;qui.-.a .üju~t~blo; 

'· 
.. 16 • 

. . 

.. 

• / 

. . 

.. 

Los rcco~:oncJ¡¡ciono:; 'ao 1::~ IsJI sobre los di::cnsicncs nor::-.:Uos 

·.doblo pi o o para el transporte directo do oc.rcanc!o::; y.' do paletas do 

de la:i pale:t;;:; .dé 

D:B,YOr t~cñ·o p&ro 
' . .. 

los milllllos tinos 1 <On .la:J si¡¡uicntcc: . . .. 
. '•. 

.. 

:"; 

. . .. ... 

· P,ü r~ocln s 

.32 x ~e 
40··x 1,0 
.32· ·x 40 
4fl X 69 

·48 X 72 

•, J.1i1 {metros 
" 800 :X 1 ?00 

. l . 000 X 1' 200 
.. 800 X 1 000 

i'200 X 1 600 
l' 200 x 1 aoo 

· 17. lQ\\& e:~ .un cnntonNlor? 
·, 

·So lia dado dnl cont<lricdo.r.ln oi{;u.i.cnte. doi'iniciÓu 

·. . un ~lo1~cnto del' oquipo de transporte . . . . o) . do carácter pcrr.ltl;1onto y ·por tant-o ou.ticiant.c:.:cnte rcsist<i.nta püro pQr:::::.Ur. 
1 . . 

au uoo r:!pctido; . ' 
. . 

; b) copccinlJlolito itlcatlo paro 'facilitor el porte de rncrconc:Cos por uno o yc.riop 
. ·, 

lbodos do t~·on::;pol:tc 1 :;.l.n t\nnipulpcion intcrtr.ucl io do l ~ cor¡;a ¡ 

e} . provioto u(! clicpo:::itivoo quo por1ata~ cu fácil r.'..::ll1ojo y, en particnln::-; :n¡ 

· tr~n::;bordo ·do un modo do' tran:;pcirtci n otro¡ 

d) ·cti:::oiiotlo do r..ancl'~ ·quo· sen fÓcil: do l!prau.' y vnciar ¡ 

~) do un volu~•c•i iniori?r d.o un. rr.atro ciÍbico (J.'i,) pioo cÚb.J.cio:;) 1 por lo :~.m~~i. 
El tÓ1·aino COnto;1Cclor 110 c0:.:;:rondo 'le):; \'<lhi~tÚ_o:¡ ni loo O.ühcl_ajoo do tij>O co:·rientc· 

• ' • 1 
• • : • 1 • .: •.• .~· .. . ' • • • • • .. ' ' • • 1 • ¡· • 

~Ir-o l9!ll')úl y n.j~ l')é>J. ·• 

~j'lt;O (.6~, . . . ·· 

• . . 

... . , 

• • 
• . 1 • 



•· 
1' 

' . 

. Tr,jiijJ.': .• 1 r;/15 
J.ncx~'·I 

p.{r,iM lO_' 

18 .• 

.. 

r.on 

---.,.Si bien loo cont~n~dorca deben acr ·de cor.ztrucción ricid.1., i>.lcunoo ¡,on r;:c¡;"\;lco,· 

.. o pueden acr.dcmnoflt¿:d.oo y luego nct· r:Jontadoo n1l~vá..'T~cntc, en tanto ·qu~ ot:~1~J c~:t.~n 

m:mtados de m~ do pE:re.aT,cnt~. Pueden ¡;;~::: de acer::> 1 alu':linio 1 madera con t l"i>.r.l' .. ". ¡--::·la o 

fibra de vidrio o Je una combinación de eL..>s rr.aterialco. El i:::ontcnecbr puc-d.:; tr::icr 

t::la puerta en un ~:xtrcm:> o en UNl. po;.r.cd lateral :o abertu:cas en su· ;;=te ~~j"ericr p:1ra 
? 

011 llo11ado y V1>ciudo. r..ou principo.lco ti¡:.oo de· conter.od::.r~D que oc cmplc;:,.n ·,.~-..u;,1.:.2:1te 

non loa· ?e. 20' pico, con un· pc¡;o bruto ll'.áxilo:J de 20 toneladas y lofJ do •iD ¡Ji e¡;, r.c.:1 un 

peso: bruto I::..G:i::::J de :..;~ toneladas. DebiC.o a su eoto;.nq~oidad, loe contt::·.a,!orcG ··!·'·:;,tcccn 

la carga da la intc~peric. . .. . . 

\ 

. :, . 

.oe con.ten;:)doras pui:den clus~ficarsa en ¡¡eis tipos principal•. s: 

· .. ,.t<¡)nedores· do éüiia· icneral ·' 

... 
. . 

. l$otemos 

.... .. . . 

: . .:. .. : . 
cobpronden los cont~~eiores cc~~~~lí~S cpn 
pucrt:!s en U.. "l. cxtrc::-:·.J y en ~ ::.s ~.:1·::·:~·.: ::. 
lateralcn¡ los de• teGho abi~:·:,-·; · h•s ú,_­
:fx;.rcdcs la tcralc~ abiCr"ta~; ) (· :·; d(: 
pa:!:cdes 2ateralc~ y t0~i1o ~ibic¡·:~~~:;. loa eL: 
paredes laterales, techo y cxL~c~~ 
abinrton¡ lo~ de .::;edia o:.:i.t:ura j' lo~ 

veJJtilac.lo5 (no is_otc~_o.s); . 

contenedorc3 aislante a, rafr.i ¿:.:·!·~~l~.).3 o 
con calcfaccién; 

.• . .. i . 
para el tr<'-ll!lporte de l.íquicon ll [;7'<tncl 

' y :de ¡;as coopriroido; 
• 1 

.,contcncdo:rce r•u:·u carca seca a gr3.riol ~ . do· deucar.:;a :po:r. c;ravcdr.d . . . ... 
: ' . 

·- .. 

.• 

. . :• .. 

Contcncilorcu copCJcinlco 
'· . . 

... 

·.a :presión; 

[nipcrc~;tructm~a que no fo:.1~;:l.....) 1::~r~.c .lo 
·:los !:is'LC'r' .... "1S l'lcn1u:.~"'!nte llut~J~:-~~t i.~· .. ~ :·.:¡=:¡ . . . 

l de:' t.r2.r1sr..ortc. c~n CO!l t.cr~t:d.1l'l~:; :: ~ .. ·¡~:a:: 
: ca:r~~ccn de r:\ri.o ~U!·~·r.ilJr !"o\1:." ,;d; .. l.: 

pu.ctln.n !lér i-.:.~1.don con G\; C!l.:.·~:: .. ; . 
con t "neJo J'(o !1 

'¡, ]¡· t:~• Ll e:;¡ 
purA.. ,:;a~1:.!.L1o y ~..·r,nt·.· :i···:t>l't)!l · 

lo¡:, contt"nr.:lcrce~ J•] :11;0 n coll en ~ ·'·' 1 i .L. 
. {::r,:ndcu r:l1~L.~!1, COl) ¡•:Lr,_•,l!•:i O ~;·j li • t }.:·~·:1 •. 

"'('bt.:n r::."'.!l'Í!'nlar.:;.c ccn l·;,·l;·:"tú:'l _, .. •':.:.';:l. · 
.i•.)!íd()~1 d(_! b~~~·~h~n (;;:i't'•l:i:l)i•:J Jl d',~ : .. ~- rJn. 
lür. cn;l1•:FII·f!t)1", ... !1 pl:n·.r:'ln ·t'~<l\ ;·.~¡·, ,¡. ;_; -pl~..:­
[,\1·)(~!'1 1'\\h~•:Jl l.'Ut.Jh\t.'tHl C\! ·.: .. \.) ! :1:1 



•' 

.. .,. 
Contcnc<!or de ac<Jro ~o 

Contenedor de ilCCrO 40 
Contenedor refri¡;erado 20 

·.Contenedor refriccrado ..;o 

CJ, 

pies 

rica 

pica 
. 

pies 

,., ... ;'/:.-¡··- '": ;·;~ r 
.... , _. • ...., .. -,¡ - .... 

. J.:.~r.~ I . . 
;..~:;..::. 

1 9C0 a ~- 5C0 C:Óli!I·c3 

' 900 a 4 500 uólnre~ 
4 500 a 7 000 dó~arcs 

11 000 a: 14 oco cólares 

En general, aí. lh obctc.nte, los cont~¡,eC:orea tra.'1sportados por bü.;ues ce· aju8t~ill 

¡;cn!.:rnh~e:~tc a las n-:-n:as de lo. ISO· y no con campó. tiblcs cvn d ".:ra.ncp:>rte z.érco. 

22. J.Cu:!l~s t~~n Jz,s cliv~rso·3 r;istr:r..as de t:'~-.utr..>.ie.c.ién de los contencdo!"cs? 

l· 
'2, Sistel!'.a de tram:bordo por elevación (].ift-c,,/li.ft. off) 

·. ,:-" ;. . Siatéco. .. de · tranobprdo por rodaduia (roll-or:/roJl .. off) 

.. ·:·::. 4• . Sfsteflla de transbordo por flotación (float-on/float-off)· 
.h.: -~. . '• 

-- ··~: ,¿f.n n"J.é consiste e1 r;istc!;':a. or~~ir:ario de ~ani~tl1Ftción de-contenedores? 

.. , .-.::Este· sio:tet:ia &e suele· emplear Ct:.'l.ml.o el rnovimieEto de contenedores eG lici t,c::lo,· 

copCciiliente c~do ·.éstos son tr:c..nsportados en buques de línea corrientes. lo:;• . ... . . 

c.on.tcr.oñorea :puocl~n car¡;:u-se en el buque ciLplcando loo ?.parejos propio!'! de é:;tc, . .Y ~'-' 
.;._ .. · .. :..-. . . : . . . . . . , . , 
· d~ocnré;B en el ~ruolle. B$1 efect= con ezt.os npa.rcjos o ,con ¡;ruaa instaladas en t~i:!'r::>. • . . 
'JDB Contenedores pueden ser tr:u1sbord:J.dOG dircctó.men:c del buque ll. ·Y<!¡;ones de fcz:-roc<!.­

:\'ir~~ o vch!culos. de .carretera; o bien traslü.c!ados con cP .. rnioncs platafor...a o r-"r;-.o:s'.lcJ 

·do lll\lcllc R. w1.a zona de alo;>cciL:lcicnto cer..:a.na, k. carca y dcscar¡;a de los va:;c.r . .:o 
' . 

' . 

.. 

do ferrocarril y vohículoo de carrctcl'a :imntlc efcchLi.rso con (;rÚaB l.l'.6yiles, ¡;TÚ<!a 
• 

l:-1.,•Uoo 1 . <lll1'1'n~il.loHI llu h<H'o¡uilln <~h·vallol'ó\ :r 0~1·:' 11~1~ul'l11l c•nLÍlc¡(>o• 
• . 1 . 

24• ¿Qllt~ 1'!1 Un SlSÍP~"\ _c\c tr::>.nn'\oorc\o ror f!1t~V::>.ciÓn? 

Se trnta de un oiotc:r.a unual C~"l:l.o ·el tr;ifico de contenedores os rcsuJ."r y 

connicl.:orablc, I.ou- contnncclorcs oc <lc8car¡;:m del bu~ue utili:::lllclo loo aparejo~ tic 

6olo o b.icn v:únci do e-ran rotenci:l. inaialndao c:n ~ic::-ra¡ r.•n lil rn.1yor P=•rte do· )en 
• cnuc ·1 loo conlcncclorco oc colocan dü·ccii'Jr.c'nic en un c::>.nión plo.tnforma 1 en. un cl~'l.:;to. 

:'~1irrc~i~lquo IHTi>ot.¡:-ndo ¡>:>r un trnctor J.c carrctcrü ·a.rdin•rio, o ·en un tr~n c1r r:l· .. \:JÚI 

ce>nnillter¡t.a en un lr.1c!.or que nrr;1.otl·:\ .cioL·to r.\:mcro '.!!:! cont·cncuor•)O h:JUt."l. 1:\ ·:.or .. 1 ,1,, 
' 

¡,. • S/ Coli:o.!lcioncn do fnbrirn.ntt'' do l11 nc:l'úblic.1 l;'cdcrnl de Alcllr..:l.nin 1 oujot:\o n 
r; nuc:llpclOJH!n (febrero de 19:/).) •. 
t 

•, 



~ !/:'/!.~. J 5/l ~ 
},J:C'XO 1 
¡.l¡;i.J'.lL 12 

. . .. 

11 :U:~c~n;u:.icnto. Una vez en c:ll:l loo conter,(·dore6 oc dejan cobre ·lOG ch.c.cio y I"~L·::<:••·¡ 

1,ér rc:tiro:uloo dir.octüJncnto par loo trJ.ct·noo de cá..:ITctc'ra jllra' o'.l re¡;-.:¡Jq'.le r.z..;;tJ. r:. 

punto Cp UOUtir.O dcfitú ti YO j 
•·. - ' tbn:le 1 . por ¡:,odio dc .. :ur•• ¡;rua 

·tw;.bi0n pu'!dcn ::;e:r.t:-D..:;lndaGoo a \1r..-J. zor.a. do r.an.iob:-~1> 

rr.Svil, occ p:>zible doGp.:lc]';arlo~ en V2.é,"'nes do fcrroc:l::-:::oil, 
1 

f:ol';....l.qc o uervlcio ·.de enlac¡, do cabotaje. · 

...• ~ .. Con e etc ais •ero también !JO p'.l~den d.::s::ar,;::u: loo ccnte;;edorcs d.ixccta.wcntc s~'.:::c . . 
el· r.ruollc, donde una carretilla-pÓrtico los .. ~eco se.~. ¡JQr uno y los. tr.:;.r.spq_rt.:;. a h. 

1-onn. ¡le nltaa.ccn.?.ciento, dcndll donde con tri:~lncc.doG. J,uc.co, por t:edio de ca;rrc':i} :,,"._ 

l;.ci6n ~n clr.ruelle c<l.bo c;;;plen.r cn.rretiEi:.s-r¿rtico, cn-:::-etillas de elc·/aci6n 1.:. ".c:-:.1, 

c;,l·rotillan do horquilÜ1.. eJ.c'.'<•dora o· carretillas en· U (le ca?-etillc en U GQ cr.:T,lCJ. 

·r·ni"a lcvan't,ar y tranG~rta.r contcinodor~;n: ~stos quedan sujetos a 'loa braz.oo c;p :~·:":":.:. 

:lo U de la carrcitilla por r:1cd.i.o .~.e- un siste¡:¿¡, .de en..sanc:.:: ·-n·cye.ci.a.J..r:;.ento ndr-pt.c:~nO i!. 

lao pic::ao. de esquiro 
l 

.. : .. . ' 
ordir~•¡·J.o.s. de loo _con~r.r.~dorca;. 

. -----.....-- .. , .. ___ , ·-·- ........ -. 
i 25. · J..0ué es el ·F;bt:-?"· de tri!nshor-:o 

1 
! 

j !ue opor?.Cioncs de CO.I[;"- y de~·cart,a COnduC~H:UO directar.:ente a. tordo O a tierra, . . . J ~ travéc de :por~<lo~~G }~teraloo, ~e pro~ 'o da :¡:opa, y de .las ra1<:pas del buque, el 

equip¡~ de t·racc16n o equ1po do t:anlpu.laclon de poca· altura, co= ,por cjeDplo · c..-.r,'"ti-.· . . . . . 

·1 llan·de horquilla elcvé:íloi:a, Para el trar..:Jborao:de la· carga (conient:ciorcs) del bt::¡u~ 

J nJ, ~~i~c 1 ca JXlsibl~: ut.ilhar tar:;bién tod~¡¡ lo~· sistc::-.z.s de n:anipulaci6n ecpÍc:o-.'do:; . ' 
] 

en ~~ -trana.bor~o por c.hvación •. LJa contcr.c>rlor1s m:Jntado:J en se::iin-¿;:x¡lquca p"Jc•d•'ll 

conducü.·Gci cliri!ct<,rr.cnto :¡. bordl'l del buque o a ticrrn. P~· 'el tranzb6rdo de co:1t~nc-
. 1 ' • 

J 
do~ca con cGtc aiotcJca cCLbü c:nplca.r t=bi.5n cn=::etillJ.!J C.~: ·.elevación lat"r~l ¡¡a·,,~:'.:.;~:>· 
do' bnstidorcs de .ounpc1;nl~n u ho":'quillr.p. · El t:9.torial rlo nunipulnci6n suele roer de 

' . ¡ 

oiluct.a bnjn debido n ·ln·o' lj¡Ji tncionaa· do nl bra en loa buque o. 
¡ .1. i . . . . . 

.JI " ···(El bnotidor do. ou!:lpc·noién O!:tó: oUGp~r.dldo .. dc ur~1. dh ... El bn.stido'r so ¡:,¡l:>J'a 

~~ 'itparto ~upcri~; ·~~ u;1.c.o~tcne:uor y r.or r::c<'do d~ ~ oiotc= de cerrojos ~il"n~-:.:·i::>o 
1!! . l o~jútl\. nl· l:ontcncdor r•l::n ~;·.nrlo.) . ·-·-· ... ' ... 

/• '\ 1 . 
'!" ~.G/ .}f.!!(, '~:! t>l rd ni!'E:_l_~•~ Ú:11l':Í~rcln nor fl,2_~~.d._i0n? 
il. En o oto oiull'~:-..• tu\ lHtquo J'1rtn¡;,\l>arr.l~ trar.~¡,ortu ¡;abarrJ.r. de lOO n · ~CO 'j·¡·;.¡, · 

. ......... . 

Jllll·,tJIJ i·:.r•r 11111 ,.;r•\'.1r1.";u• 11 l-orclo o .:,•uc¿ru~rlnu con una f;1-ú:1 o \u".l. pJ;d;,!"•·:·:~·., 
' • . • 1 •.• . • 

L<Ll ¡;nb.,lTI'I:l dL't1Cün:ii,bn 1hJ!lJC ~1 bc;¡uc p:1cJ0n r;;er nr;·.u.ll.1.":\u.lG J'vL' n ::.01-. . 

I
·. 011dor~a. Ioo conlf:IHJ.h>l'•~D t<<-lltij'.Vrli\

1
,\oo c:1 ~;.1h..~rr.1n uc tranr;hor.1;',~ dc'·f:u.i<lO nl r.~:·,ill! 

coa ~;¡¡(¡¡u; t1Ü IICHl"L'I'O ('1\ t!l tl•lu[¡ml U\1.,1·1! h:.cc:·,¡c con el rü,,r.,:> ••:¡ui¡X> que ¡;e u ti} L·11 
~. 



.. ,... ... '-: ¡.,... .. -~¡l·r _• -·f .J, r ....... - .,1 · .. .1 

. 'i'.J'.(./1.~ : 
.. -~ ..... r_¿). -:...,. 
~l ..... -~ 

1 
·-' 27 _ .. _ ;,Cu.íl en aon 1 on _c!_ifc~C'n t<:~~ r.r::1-:-l O\l"!~ 0\1!' ~.e cro:Jl can en 1 a 

• 

. t.i."lni:pul.Lcit'Sn y Pl 1.-:-:ln;'!~Y)rtr· r~.; contP!·,r·:'!:!'(:s'~ 
~.·.l. 

Rc.a:olquo pla tnfor.:-.a: · 

1lcLl:>lquo de c}Jn¡;ia ocncilio: 

· • ··om.J,r'romolquo 1 . ,• .. 

. . . .. 
. ! •• ' .. • • "· . ··~ ..... 

·Rcw.olquc con ejeo e::t tár.cicn: 
Cha~is plan:>: :':::''~:~:-~ . 

Chaaia de carrete~: 

• 

Un cb.lri~ con. \Ulil :¡:la tc.for:.•a ele r:::adera y c•·neral­
'ccnte cor. W1 ·t<Lblen del<!.ntc~. 

.il.lstidor ¡;¡obre nJ,:,c1aG en el que se coloc:;,n los 
~cntc:-iK:dorct;¡ par~ transportü.rlos por car:::ut~ra .. 

lic~:>)c¡u~o cin rncdnn · rlcl¡¡.ntt::ra!:. L:l p;n·;.c 
dolantcr3 ... r.o n¡oo.Y·1 r.olJro 'lt> \:nitl.~d "" tn•cc'ltlri 
o 1 cunnt!o optii

1 
r:cp,-:!r·at!a L'.c ést~, en pt~t~~- cic 

sopol'tc. · · · 
·: ·· .... • 

ncmlgue o nei~~rcmolque dotado de eji):J doble::;.· ... ..... ·~ .. - : 

ChtlDis rcrtn}·q1~·~···~·~~ superficie totüllr¡(:r>tc· f.lt!.na, . 
s~ lo5 rebordea de los rec-~o;t.ques ccr.r·icnt\!·t- .. 

El rei:'Dlr¡uc ezpccinl en que se coloc~n lo::; c:)r.- · 
te.nedores p?J.ra ner transport.tJ.dos ]"X)r trr', vbhfcu.lc 
o una unidad·dc tracción de carretera • 

' . Re'!lolqua bájol . .. Remolque ce oilucta baja, empl~<:do en lo u 
buques nO-Ro . 

. · 
1 ' . 

... 

. . . . . 
Cemirremolque· de t.oldo 1 

. ' 
'! 

•. 

Semirrcmolque cxtenaibl~l, 

~amirrcmolquo do volqueto: 

. 
·•. 

llogio: 

'l'rcn dclallio:.ro: 

'1:. •• 

... 

.. 

Sautirrcmolr¡ne !le costados. bajos y pared p:>G.tcrior 
abatible. rl'OYisto de ani').:J.S t:etálic.1~ ;¡ lür..O.• 
in,pcrmcabilizada • 

Sernirremolr¡ue que puede extenderse, en cnn~c::nl 
de 40 a Go piFJ~; tiene ranuras y c.lavij<L~. de 
cierre sirJé~.ricao • 

SemiJT~ruolque con dispositivo ncu_~tico ~c. 
descarga. Levantando un extrcr:Jo del cor~l.c.:wdor, 

·per~ito volcar la carc<L a erancl en si)r,,;, ••in 
ncc'eoidad de cmplcn~· otro equipo ci.e rr.ünir,;.:lc,ción 
en loo puni.oo. do cni.re¡;a • 

Jucco do ruerlno cnpecinlrr.Gntá' destir.n<:no :1. • 

crnplcnroc coroo rue:clan trnscrao bajo ]on coillvnc­
dorco o chaDi.o.· · 

Ju'c:'co do rucdao que puede colocar.ne en ];J. ·pr,¡·to 
delnntcr;t do un u~mirrc:nolr¡uc para· convertir~u 
on \m rc•::,;¡]qno de cuatro ruedno.·. 

Exiotcn modo loo ndnpindoa n loo divoroou n{u:.cioo y lon&i tudcs de cont.::nc·dor~n <id . 
oiotc~~.modulur de ln ISO. . ! 

. ' 
Joo vor.ún:cr.:.Jlr¡uou .cupocinleo p:<.r.n el trruw.porto de contcncdorco co¡·rc<>r>on.l.:n ••n 

>•tnC81 n \\l'\.1. do doo cnt~¡;or!no princip .. 1.lo'n: loo dcu.iin.>c!oo n irD.Jlilf<Ol'tc•r cor.l•·ll•••h••·,·,:; 

·nt del pol'.Ír.:otro do 1111 i•~Fllnt\l o en .l'on 0¡'•1rnciom:o ilc tr;U1nl.oV'L'uo de ·un l:.ur;ue ¡¡,,-Jlo, 
,· •• • 1 

'lon ooplo. doo parn irim:o;-ort,w conic:nrd:...-cu por carl·ctcr:\, 
.• . . 

\
. ,, 

t".' 
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• l--aCXJJ I 
;.&s-iiU' 14 

• • 
. , ;:a. 

1 .. . ... ... . . 
• : o .•• 

li- ·· ·: · ' ... ., . ·. Peoo Peso 

( 
Altura ) bruto muerto 

oilf:::ctm~ ( . 1 i ) ( ) 

1 -~- . .r:l_ ::;:;tron .. ' t~!'lcJ.i!d?.n 
_,_ . --~ .... --"-'! •.·-~-=--- --- . .. . 

1 

· Conten'eJ.or de 20 pi(:O 1 350 2413 3175 
·:·C~ntenodo.r de 40 pleq 1 360 31 ·' 41 63 

•. . · . . ! 

· Ta.rr.ailo 

.. 

car¿;-a 
. útil. 

· (tone>]¡,,!::>.!l) 

20 551 

. 26 371 
1 

Chn.!'lút" r~~:J1cuc··~ri.~conten~daref1 n?~:-n trf!.nnb:;rCo nor ro1r~dt1rn. . 

, .. 

. ~-

Car[)~ por 
· · e ,ic . 

( ' -,~ ..... :< ,_ /1 o~) l. • • ,l '~ ....... 

16 
. 20 . 

· loruri tud · · · 
;. 
.Ancho Altura de )a n)r:.tñfo:::;!\. Can.'!dr.-,d 

! 
~ 

; 

• 

. . 6, 055 ·ll 

.·. - 12119 m 

2, 435 I:l . 

! 
• 

• . 

01 515 u 0 1 826 m 

.. 29· ¿Cuál es 'el costo P.'OroY.i!:'.'!dCl de E'<.OS r;:;;,.;]cues?.d 

. 
O:!Jasia portacontencd.orea 

Cha.sis p:¡rt~.COJ~tenedores · :· · 

20 pies 

40 pies 

Re~lquo pr.rn transbordo .. : : .. :;: ... : 
:-··'por rodadura · .20 ·a. 25 pico 

:.lcoolque ·p.:;¡·a transbordo-- " .... , ... • ...... : .: ,.: 1 • .... 

. _·por rodadura . . .. . . . 40 ll 60 pi~-~.. . 
. 

•• ¿Q,ié ~Js út":~·;.:n;,a_ci6ñ. ·ú_.Ja"car.:.a? · 

9· 500 d6lareR npro.·o.:.c"?di!!~cnte 

10.000 d61areG aproxi '\.:i<;::c:_:'"; · ·.] 

-··.: 

; .. 

ÉJ un cervicio que .penti te ;~u."lir en ur. s~i;o contenedor, para oÚ trn.."'lsr.:>l't.c, 

envío a jpcquciíoe_ o diferentE;:¡ que ·ocparadamentc n? ·alc&.nzun a llcr.ar un contcni!dor. 
'. 

¡ ~ : .. ~~.! 1 .puco,· -lno cnrt7<1s que 
'", • • 1 

oo a¡;;rupun oon "car¡;ad p:J.rcialcs do contenedor" 
l . 

¿ . . ' . 11 :;1 .•. : Oun r.nn 1:\!:: c.:r. n 
1 

Tli1.rcio.1c~ cin cor.~-:n)<:or" 
1 

1 

Son loa cnv!on dé cnr0J-. . .,. ..... 
. o uouario qua ca trannportun en U,.-¡· nism contr.nn~or, t::l contenedor pt:~rie ll e:r.·.:-.:<• con· 

~xpcdida n n:1o rlil 1m dcnt ir-".tario , 
J 

• 

CPC. en un:J. cnt:tci.Sn do car¿;a do contcnc.dorcn j'lar~• q1:c 'oca cntrcc~uh co~:o C·"-1·/·t co::;,1ct..•. 

·~o ·con~cncclor (ccc) ri un dccd.imt<.rio. Eo pooiblo tru:lbión que un car¿;.1¡\or c·q .. \C1·"~ la'.·:· 
• • o : • • • •• 

~ 
11 

~· 

.J 

mo¡•canCÍil coro CCC f<lrJ. ocr cntrc¡;ndn C(Jr..:J Ci'C 1 O .qllo In C'lllp:lC)\10 CCtr'c GPC ¡;;tl':\ r¡.;·) 

i 
. el • 

oca. en rc¡;;l<\r\ co•"·l . -· 
. . ... . . 

:· e/ P•·oclnn l"u:.l<>o en coti~.~doncu r-oll.d .;1ao n f."l.t>ricrll\tc:n .le ·la 'P.r·¡níhlic.\ 
Fe:dor:tl un AJ•.': .. 1nln,1 úo'urcro <ln 1~'15· Tr.u coti~.'<lt:loncu n5Jo JnJic~m 110\ OJ'o!toTI dol, 

c .• ¡;n_iiuu y 'l'"\!.n Lll,i~·tau n· flur.t~::r~!on".U• 



1· • !• 

Fo, en tal caoo el c=¡:;ador:·pac;a ·u,, ·fletE! .·t>asú.d:>' en 'un rcsb' o vol=cn t:i:!'..i.!:.::> 

do utili:i:aci6n. 

O.' " "c'r.,...,. - ...... ,~l"t' cl.n ·c.-,r.t' •'.r,,·,>.~ •• or" (ere)~. ¿. ll'l e~ un.> .. ~~ -''""· .. •• " . - . .. ~ -.... 
Bs la enviada en un _cont• .. medor, ¡_;.:.ncmlc:~nte carE;<::.do por ".m ca.r¿;-adcr o un «¿;<::;·.e . . . . 

de ¡::rupaje, a un destinatari~, y por C\.1,)'0. tr"'-'1Sporte r;e 'pa¡;a la tarifa de contcr.e:.ior· 
. . . , .' . '· . . . . e compl cto. . ., ·:·· ... , ·.-... . .. ~--- ... 

. . 
¿Córco !i~ as~iban lo~-a col:1r::1nGo:'c~r. Pn los ber¡· ... h:~? ~4· [] -·.:. . . 
la estiba de, los -conte~edo::-cz ·.•aría r;¡;[;Úri el tip::> de buque. En los tugt:es 

· corricntc-5 t!c cerGa f_raccior~da, loo conter.elicrcs nc .colocan unos junto a o"~ros en 

[i. ecnUd~ l~n<;ituqinal', en la ·-~ubier~n y cobro leG tapas da llls escotill¡;,s y Ge nfir~"l::~.:• 
modio.nte di!l,!Xllli \ivoa inmovilizadorco. En loa buqu¡;o portacontene_ dores celw.ürc s ,· ~e 

[
1. . ~;ilan vcrtic.'llmente. en célula~ con capacidad do ta~ta nueve contened.ores. las c&h:.J..;,s 

están provistn~ 
'1 . • 

L. 
.edorea •. El! .la 

do guÍas esp8cialce que. pci"''.i ten el _fácil desli:-.a:ci_1mto' C. e los e en'.:.:>-: 

rr..:JYoría d~· loa_ buques port?..conten~cl¿:rcs se apila del 25 al 357> ¡1.~ \e o 
cÓnt~nedoros sobro las .t~pa!;!_ ~? las escotillns, qt:e tienen disp::>sitivos de anclr,j"' 

f · adecuad,!.. En loa buques po:rtacont'cne:dorcs cio ·pequeños que carecen de célulco, lon i . - . . . . . . . .. . . 
- contenedores oe .. ll_~.v::m en l':s .. !x>cierao aujctoa con qarrae, 

r 
1 

. ·.En lO.o buquoo P.a-Ro, lea contcnedoreo. oo eotiba.'1 sobre cubierta·~, &e afiam.~n 
1 • ~ 1 • • • • • • .. • 1 ' • 

éon diupooit~yoo da ~~~' o pet~~ccon Gobre re:~l9ucs do rliverGoD tipcs du=~~t~ 

¡ .. el tran~po1·.to. , ..... · "" 
.:· • • • • ! •.•• 

l. .. 

¡' ' ' 
• ' 1 

. 
\ 

[ ' . . ~ 
. •: . 

., 
.. 

. .. 

1 • . . . , 

. . 

. ... 

. . 

· . 

r . .. 
: · . r 

... . ·: . .· . . ,. 
. .,· ... 

.. 
.. 

··· .. · . 
. . 

.. 

.. • 
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[l·. C. L/.5 GP!JL~CIC!:ES H'JLTil'.JO/J,ES Y LOS PUü~'IúS 

nJs. 
u 

. :Jn movim!unt.o r:&; rópido de la!l mc:rcC!ld'ns (,7?cie.> a la unitnri;:r,ciór.. /,hora t:én, 

jt~ t:';.¡~:;porto r.mlti~ocl.nl crir;c invcr!:ionc3 suple:1.:mto.rias en le.s instclnc:icnez qt:.r; z~ 

~.::;o::c.sit!!..'l pn.-a rr.unipulo.r ln co.reil tL'1itari:: .. da y una rcorgcnL.nción de la estruct-.:.:-::; . 

Jt.D-o¡)C~iic~on'es del pue~·to'~.e"o·br_o.t.odo en lo que respecta ala nano de ocra • 

.;5. ¿On6·sc né•cr:::itn r:n los r>twrt:>, n!lrn o::~1ru1"r r¡:;¡::-r:-P. \<.•ütr.~·i~~ds.? . . . . 

Lr.:J ncces:ldo.des de los puertos t " 'd'f' ' ' 1 .... ' en es e e...sfCC\..0 1 1 :.c:re!1 r:ucno. SCb\!.."l c. ulp-:> c.:c 
. . 

~itariu,ción quo 

.. }u o:; e>:i.:; tan y !J.~ 
lr!~ :instalacionGs da i:".P-"1i¡YJ.lacién y cor. trol que ~:; 

·Entre h.s diversun formn.s ce unit..ri::nci6n,.la r::G co::.;:a:tiblo c..;~,· 

l!l!l i:ln.tnlncionon portua.!'ics tre.dicionalcs es la p:U;;tizccién, sie::;p:-o qu~ so di~¡:~.-.;;.:~ 

Jo ~,. ul1'1lc.r~· suficit·nt.e de cw:rotil1 :'.!! olcivadort.s, que ~s t!l.S. t~:on~an vía libre p<:=u 

L',¿,:Ú.oi..rti.r y que so cuénte c.n el terminr.U. con una exple.."lüda provista d& un .::.12e.ro, 

Juticic:ote do pi~t~. . 

. : . El G:lste::"n de eabe..-r:c.~ t.spoco crl¡:c muchos Ca2l:.ios en la disposicié:1 

~1 e.'lp:-o que el 

· ao disponga de 

lllUelle • tener• profu."!didnd · sufici anta 'p::.rn gabnrras do escaso 

unn ione. pt•.ra ~e.niobra. 'Los b'Jqlles port~abarras requie:rc:1 E-.siz:i.s~s 

·.f. :~~~~.n:l~o :de ¡¡¡:¡plitud suf'icienb ·:ue _ten¡;~. de, uno n cu~:-ro pu."!tos de e:.,arr~.· . · · .. 

. ·" ~ mon~mto de contenedores,. ~1 el trái1co es rcducJ.ao, -PUede r..s.ccr::;e tE:.!nbJ:J 
. t .• . •• • • . . •. :. . . • . : • . . • . 

L~ll.ii::n{'ll'e de tipo corrir:~tc si~pra ·que se disforuZil de cie::-t:es elc..:-.c,ntos r::atc;:-.i r_! -~~ 

e:a · oofo · cr~n.s y re::10lqucs p.J.ra L1tuüpu.1nr la c~ca fraccionada ordin:u-ia de los 

,¡ontcnotl?rcs. Ahor·u. bien, contraria:ac:-Lt.a a lo que ocur-ro en el caso de los r:mollc~ r• .. 
Jr.lolon, .o.l.ter:nintü csp~cinlucnto construido pnr~ cont~:-.odore:s. es r1uy distinto d.:: ·.::, 

· r.uollo pnrn cor¡;a frnccio:1da en cur,nlo n J.o9 con4ioioncs r::ntcrialcs que dcb.3 i·cJnir 

~ n ln or¡;ú!li~acil':n intornn. ED pruebo contar ccn equipo do ¡¡.uelle id6nc:> pare. J.n .. 
. ·:· . . 

t.•nnirll!.laci6n, como, por cjr,'Jplo,. ~~~r.!l-p6:·tico y currctilln5-p6rt.ico, _nsí co:r.o .. :na ::.-::.·. 

]xtcn:;n do tiucllcn rcfor::"tl(l:~ p"-!'n clCL~ificar y ·c~tucionar los. contmcdorcs. El t'<:·:· .. : ... -~ 
duLo C9lnr tlotndo r.t:..,:~f.:: do Uucletlon 1 sc.:vicios riv ;con~c~·nción 1 ü:.l.lcrC!o do i··::¡:-;;-r,~; ·:;. 
i p~~,r~¡uc;~ do ro:olr¡a~·~> . · · / .. , . . . .. / 

·J?;.' ·¿r:(;!:!..¿;-innt..or ·"~~~"~Lo ,,··.1:1 r,.'\:iJ:)lr:.ci<'n d~'t t.~.~:'Lr~it!·'·i7wl0? 1 . ~> 
, ·¡-'~ lr.nyllrín,tlo 1~·~ ¡.,:t·;to~ o~tr.:/,:n·¡,r,:lr!icionr;s <lo·r~:.n.ipttln.r ]n9 \L'Útlo~.!c·s '·•'"!•' .. A· 

111 tipo_ ~~t.:¡ n<·ncl~.lo; -: .. -:-o'lt, ~:· .11~.llt~<~L~:1 rlo· •;;d.l..:lc:~ r~l!l co::í;lo.lrw :; ·:clt::~.l:¡-;¡:;,.;, •···. 
i\ lf'l·(l~ Ct~~~~· '\:J, ·. 

.• 



.. 
. ·- ~.,.,.. -:~·.t-:- . . .. : .......... __ ., -~ 1 

\ 

- / Ante la p'crcpcctivn do una ll!lÍ t<lrizc.cié¡¡ ücbcn kncr:;o e::L cucot.D...lor• ~"~" ~- ,· .. 
oJ r""'""· ...... ~. ..t..: 

fr:lil:; oorrio ·y ln infraD5 tiuctura qu.z el ¡:r~ertO purdc ofrcc cr. H:;y r.uc. ciotcrc·, .. ,_ .. ·.,-!.·• 
"'1. ·-··-) ..... -.-~, 

h:isto c¡u6. pimto 1ot. cc.rcotlorc~ o uzu¡;.rio~ Sü p~rcntán de lo qu'e ~:z ·10: uni tl!l'i ~r.:i (,~.y 

est&n en ccindicio•Jcs de or;:nnizu- !lll!: opcrncior.c~ a· br~c uc U.'l.Ídc.cc~ de car,~n. LL~ cJ.cccii 

. del ~:~Ct.odo ·tle unit.c.ri::<!¿i6n, que inf.luirú en definitiva. ;,n'las invc~sicine5 dc~::.:-.nc!E..'J 
n los. s~,¡•vicio::))(')i·tú.::.z-:j,cs,· dcpc:¡C:crá ';.a;:biéo clol tipo de mcrC81clll5 que h&:J ce ;:.~rU" 

. ' ~ . . , 
-~- i>P.!'. el ptl<'l' .. o; ·· .· -- . 

. \<: Dt'bc dotc.rac ol. :J'ac,:t.O óo _equipo aC:ccundo pc.ra la mN1!pulad.6n o nodif.icn:.- el uc¡uipo 

.. exii;tc:Jt-~ •. T~.r..bi.'~n-· d'eb~n efect~use en le rlü:posici.ón n'aterial óá puerto los cr:1bics 

·. que SCc:l ncc~.Hit'ÍO~ p:¡,!-e ,ü r.:::vi;;cc:1t0 de les .unidades de r.areo quo, s·e¡;Ún ze ¡:.:::''cvf:). . . .. 
hllll de rse.r por r.l J.'U.:lr~o, f•or cjcbplo, habilitn.r lugares para e~taciOnú!:'..i,cnw, prcp::ru: 

' . ..-
. ··. \lna zonu ::el;;, ¡¡k._occ;:ol!'':.¡ .. en_t'? d.~ _cc;~t~n~or_en. o E:n_struir .!"ll:~P.r:s udecl!~os .• .. . . 
. . : 38.· ¿(,] hrr.!m ele nuc d novimic:1to ele nerc~nd~~o;ehn."ll no'!' r:6t.c::los mtltirc.r.rl~!c·~ 

supone un cr.':lbi.o · Pn ·1 ~s oncrncione" del r-ue;:,t-2? . 
.• . 

. sf: Cucndo al lDOYir.úcnto de r.lCrcnncíus !J(; hace pOl'_EE.I:>CCdi.i.ientos I:Jtllti~n-1:}.~?· 

~ :- · ·· oporndoncs 'del r<.ierto son princip..altl.cn'te do t.áosito, La manipulución de 1n carrru. 

-.,,j ... ~ti u~ se 'r_educcn o.l ·L'l.Íniml", Sin cwbar¡;o 1 ,en un 'puerto·de tipo corriente ~c. 
pl.antenrt1n'diversos problCIJo.s nuevos 1 sobro todo oo el caso de la entreea dirC'c7.:J.. . . . ' 

Habrn qno proceder a una vasta reorganizaci6n del puerto de modo que se rcúnnn lr¡:; condi-

.\~onc:J nc~o::n.:ic._s .P~a _l_o.s_ opcra~~on_e~ .d7. en.?-ec:n. ~i_;:o~_t_n_ a v_o)l;{c~1~os de cr .. rN~<orn, · 

tr~n·~!l· -~· ¡;~b~rao, . Por· cj cmplo, la r:t~ioi.Jra ·-de ·Íou · vacones: de. fcr~ocarril e o;¡~ tHuir!l 
' ' . . . . - . 

·un :ProLll!iu ilLportnnto a menos quo ::;·o·.crccn las in5to.laciones nccesarins. Ln ro¡:;;tlación 

~e~ tl;"lif~co por· carrokrn es otro ejc1:tplo de ello; 1~ planificación. de es~ trLfico Y 'J.n 

·., medida c,n que pucda'·sntisfaccr lo.s -exiecne~ns del transporte .cn.ll tbodo.l infh;ir~ <:~ ln!l 

.;_ oporacionco del· pue:rto. Los operaciones rcqucrirt:'o r.tcnor .dc~sidnd de r~nno do oLrn Y 

· ·:.'·oxieir1ín n&l espacio nbicrt:o del quo ·so dhponc en ln j;¡oyor'ía de los pucrt.o.s de '..i;Jo 

1
, •• COl'l'icnto. llabr/L que mcjorar·J.o:¡.mÚodo5' en; materia do doctr.:ent.nci6n y de info1·::."d0n. 

' El covJr.~\c:¡to oultü:ocJ.tU. de lcs·~:~crcnnCÍ1).!; zupono ·una co::nmicucié.n ;:-.~s activn c0:1 ]c,s 

clico t.c·:1 y los de:~ ttnn lodos •. 

. J'). 
. . . 

111. ~ • •, •• ·1 ..... rl (• •> 
1 •••• ___ :_ .. _.' 

f.:;lo dcpondc~ft .de Jn c5.cnln ut11L:c,dn y r\ol :ii:Jt~::tu do unitnl'i.::nción. C11:,n,i0 d 

1>--IJrnh:nlo <lo ·ccat<:nci:l·.lt'cs·no e~· r.rnntlo lu '"r"lipulodón·¡mcdo huca:-:;o on lo~. :::u,•11<.~ .. " . . 
corri¡,¡o{.,~:¡ do C¡,¡'¡· l rt•,iccionr.:ln c¡uó oUo)c;~ Cú~3i~~ ir' en \ll1 cspnl'io O nr.ciÍ:n IU\C.:Ll:O l;)~ 

·. 
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. ¡\lo s6lo ~on npropldoo .¡:.cia los buque~ portocontencdorcs :::~ pequeños -o pc.rn;f~'s.,'k .. ;!1 

.corrionton ele cc..rca frc.cciona:!n quo trruwportan contcocdorc:J, Debe dis¡:lOncr:.c r'<.: e:pncic 

suficiente poro li1l:l.nccnuácnto dctrf!.!l del r.molle; do otro t.Jo:lo 1 los conknedcrl'~ ho.n cio 

sor i.rnslnc!odos direct(;l.':lcnto do lo~ buques a veconeo do .ferrocarril o. a vehiculos do 

-::-.-,;<'"'.:er:. En todo 'ca:Jo 1 lo~ pü.tios de ,los n:uollcs co::-:Si~t;~;s de C!r¡¡a fraccior~da no .. .·~:· .· ···';:··.·.~: .. ·.·. 

&Uelc'n ser opropia:!os poro la b'.lcna oe_z:chn de los Operaciones, 

:. Así', puco, para poder kplant.nr ·en ¡;r!lll esc.dEÍ el :nHodo dal translx:m::ci de 
• • • • • 1 • 

contcnodores ¡>O!' cle\'a::16n1 los l!lUellcs tendrtÚl que· ser má~ rcfor::ados Y l'.:l.S 5(;c:.:5 j·.into . . . . . . . \ 

a ellos' m~ proftlodE:S que· cilendo a6lo han de prestar servicios a los l:;.,¡qucs coiTic:1-:-c:; 

da 'c·o.r¡;a fraccion¡i:Ja, y au.s servicios de tl!lllipule.ci6n hcbrln do ser r.ás cc:nplcjc: • 

... 4o','· ... ;.n~ouier" ;~n r:·~ell e ncra con'l.e:'lC::l::lres r.svor esm~cio nuc 'm ~1elJ e 
·~· .. frr.ccio:1n~in? 

•··· ... ·.···· ....... -·······-- .. ·~-- .. ··· '1!,- En vista dc•l· cioyor tncviuiento de tr.orcnncíe.s que la ccntenerizc,ci6:1 llc\'D. 

··~01\1 ~ o rud: oor~o tlol r1ünc más ocelcrodc do los opor~ci.~n~~ ... do ·Iar.n.i.pulacir:ín 1 rlcl ·.1ac ce 
1111111.(l do r~.aniF'Ulúcir:íll du uonton:;dorcs · suplem~mtario o e~peci!llir.adc, y cio 1:..::; r:;.J.yorcs 

ditr~nniones de los b..:.qucs portaconte:ncdorcs de t~rcera ¡¡ener&ci6o en comperac.:.:::1 eco í 

- .los luqucs corrientes de cnrga fraccionada,· es eviciente que los ¡Tiestos do nt,roci:.Js 

<·lmbt·tn 'de tener noyor mnpli tud, .. . . 
• 

: . . .. · . . . • . . 1 . · :41. &tJc:ra neCC!".r·.rlo cuc en U!1 r..uel e de Cont.enr-~r:rr..cs le. ::on?. de dcscr.!"r"n v c:.::-..... r.·-:;;·~l~ c:-:t:: 
. . .!:!:!!fn una r·'C·r.i:::~:Jtr.ción es:-Jecirü'/ ¿Cu.H!'S c-,:-r{r~n leo. costoc? .b/ 

1 . 
.'·SÍ, Los cestos tlependcrln del tipo de pavi.-:rmtoci6:1, q'.le a su vez depcr.i:;ri::l 

1 . • 

. dol volu::~c:J. y la dc:J.~idocl del tr6.fico, Do to:l~~ ;:;odos, CO::JO cifras indic!ltiYi!Z, ruede 
... calculr.r:oo 35 d6lnrcs do los EE. UU·, por m~tro cucdrado de povL':1entnci6n do la :on~. del 

r.:::ll 1 t!:::inada a les oporoc~ono9 do carrctilia~-pórtico, y .'JO d6lnrcs por r;.t'tt'o 
. • . 1 

cundrc.rlo para ln pt:.vir.:c.otacir:ín do lp:r tin¡;L¡¡ioa, a bose do lo~ precios rc¡;ist:dr.: <'n ju::. . . 
.do.l9'/5 ni tnino Unido, E.l·c.ost.o do coastrucci'6n do los tin¡;l!ído:; ¡¡e:r/í clo C:lCS :7J ,¡(.1¡,-c 

por ::c-1-t·o cunr'.rc:ao, a l:E:So do ~ca procioo rcr-:1·, .rndoo on jU:¡\c- dn 1975 e:n .íidr.o t:::\•.io. 

-·-
h/ .· l.!!:J tvt!: .. c.:lc::,·J fuCJo'ü,, co:,¡unlcndn!i ¡'O~ ;:.:1n ccT.r·r"sn 

dol f.~io' Unido '! dc·~:c-¡ condcle;ráoo ¡\nicn;Jrrl'\o' rc.:-'J. 6rdt~1co 

;i, ... ·. 
·--··-··· 

<.lo corwul toru!l 
<lu r~Cl(;ni t::d. 

·, 

'·" 

·- -~-------~----~- --~··· ~··"T·-
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D. T.Eí'J.:DIALCS DE COI!TE!IE!XJRES, Di:r"USITOS E DIST/.IJ,CIO!IES CO:il:YJ,s 

¿Cu/{1 0 ;, la clff!:'r~!1dn antro un r.1•.wlle ele cont.oncclorcs y un ter.oir.al ele 
coni.c n r:~brc "?. . . .. 

' . 

Las .oxprosione.:. 11 muollo" 'Y "terminal" puedan denotar idér.~icns·instalncio!'los. 

JAh?~a bio~~· dozdo un punto do:v:J,sta tlícnico el muelle es un andé¡¡ donclo ?trncun los l:.u-
c¡uos y dondo los co!'ltcncc1oros son .cnr¡¡ados n loo buquoo o ·uoscar¡:;adoo de ellos, rr.ic;-.1..¡:'ns 

. !!~u e ~a pnlnbrn "ton:Unnl" puedo a~n~tar ei ~ello y ln zona, por lo general· con tiC"'~ 
~,Q···~~eilo, dando los contencdoros son nlrr.nce!'ll!.dos, llenados, vaciados y t.rasludüüo,; a 

]trenes 0 vehÍculos dCl carretera;· Pueden. establoc'erso también tcri:únales de contcn<>c.k.:·.::s · 

... en puntos ,situado:~ en el interior, :· 
. . 

~43.: ·:¿En' g~6 .. c~n!d.;,to la e>:nlr.!'lnc'ia ·en {,~ tc;r;:-.i!'lal narn cor.t.c!'lcclorcs? , 

Por lo conornl ol t6m.ino "oxplar.acla" se refiero nl andón paralelo al =o dol 

~IUuoU~ Y. adynccr¡to .n .éste. donde se .. clasifican los .contenedores para proceder n :;u, car "'' 

o doocarga. con ¡;rlias, 

...... ..... ¿Cu6lcs -'~"n los cost.o::; nnro:: .. ::i!:'"1dos ele cor~strucdón del' r:'..lro del :::uelle v de J n • 

expl n nnii.• 7 !. . :; .. 

1: M\U'O del muollo·: por .metró· cundl;ndo Útil poro gl'Ún de 

•' 

.. ·· · .,,, . ·_, .·l.,Oo<i n 20.000 d6laros .. . ~ 

• ' • • 1 •,:,,-..:_,, .. ~ •• '.' 

., ·Rolluno do. c>.:plru;a~~ por m otro cuadrado· ... ·,¡ y,;;•) .. .'. :?-B n · 1.2 d6la.ro a EE. UU 
•.. ·. · · . . · . . r~ .......... . 

•, ·• Pavin~onto de horroic6n lo aural·to, por ·:;~'·;:,':~·:·:: ·.·. . . . 

.. · ~:oiit.onotloriHI KC. tn.l. 

'rootro cundrado '. ' 7 ·d6lnros EE.UU. 

·· '45¡·. · ¿Cu6lcs !'011 1ns pnrtos 1ntt'r;rnntcn clo w.n tr,:mir..1l c1o c~n~enctlo·!'os'? 

~ ··:- a) . ·Ln zonn· do clnsificnci6n c¡uo vn del muro c.i~l rJuell·o a la zona de npi.inJc,'ic·:~;.r.. 
... . . . . . 

b) . Lns ~.onns do npilnmicnto y. el ospr,cio reservado prcra. cont.cnodorcs"v'acion'"· 

.. : -~ .. - avorlndos: :;. . · 
'\ 1 . • 

.. ~ : . . ·. 
o) Lo:1 i':tl'<IUD!l no remolque o, ,,., .. .... . .. . . .. u,· 

·~ .Jj Ln:1 cifrn!l 0:1Ún l•a:;mb!l <.:t datan public.n.t!on on "·'"PO¿.__,n".t'ocnicou do lo:;·:;~~-

' 

rto:nno do lrnn::¡,orlo do ¡;r~ndnu· coalci:"dot·c¡:¡" (Sl/C.Ct./l'/0) ;;-.:<:v•t Yc,:-k l'/70, p•~;:r •• ]Gu 
'll2, y 'runj\t:dn.k>:l con n:Tot;lo n io11 JH'OCÍO!I rct:iuLraúon ·en j'unio dll F//5 en ol 
'}no Unirlo, ""at\n~:.o n un .tn:: 1 e o '\1l'Oj)OI'aior~'Hlo p)r u•:•¡ firL".'l do· con~11l toro a l•n i n;;• .:oL·-
~a clo ono }l't(u. · . . . .. u \' 

·-. ···--··----····- ... , ·-·:-; 



'ID/I\//..C,l5/15 ·-
.knc:r.o I . • J>uc1nn -20 '··~ 

1 . ·. .. . .. . . . . . : 
.Lo!l nrulo:lOO ÓO l'CCOpc:i6n y ontro¡:a. d) 

. o) El Únclndo do u¡:rt:pnci6n do la car¡:a (c¡uo .no ,DO .COC\ICntrn nc.co!lnrin:~únt.o en ' 
oi tcnr.in!Ú) • 

·. r) El tc.llcr :de conc.crvoci6n y roperacioncs • 

g) Espado. pilra oficir..:J.D, 
. ; .. 

·' 
.:h) • Otro::~ iustc:.lc.cicnoc Won como la torro do control de ·operaciones, 
-: .... :. .. ' . . . . . . 
:"'. bÁscula, enchufes paro. contonedoren refrigerados, las instalaciones 
. . . ·. . . . do ' ... ~ .· 

~!;., ... ~.o. 

· ·:'-do· conte:1edcrr.:!:, etc-...· _,.. ··· ··· · 

{t. '·¿Lt.~cr. no~ ·l!l~ f\l~ci.·or.~·s cie. un t.r.rr.ir.Al d::? cont~nero:·ns? .. 
1 
l . . ·.·. -::·.• ~s opcrncionco que .so. ree.liz!l.l1 en U.'1 tei'!r.inal do co. r: :.,·:;¡adores .. ·:. ··""'"' . , .. .. . . . c.on lD;.C!l:"~!~·"/ c:~n-

~nrco. do coritencdorD!I 1 SÜ alr..n.cenamionto y a¡;¡·upeci6n y su ·c:-2.slaco a vchÍculcd ,;:; e~·-
· .. ·. 

~-rot.ora y· trenes. El termi=l de conte':¡cdorcs puc:le divic:.:·:· J ·on los ·el.;::;or.t.~::;· .. . . . 
··iguicntes:. 

_. .. , .. ~) Zor.!l ·de maniobro. y ¡;¡nbe.la~,2ara receJ>ci6n de lfl ::":-ga y servicios t:~ 
# - --- • 

... :t>) 

.. :: e) 

,: ·d) .. 

trens;>orlo !1, 

Zol)a qo ma.nioJ?r!l y clasificaci6n para le.'t.'.n.nipulr,ción -del ec1uipo, . . .. .. . \ 

Zona do alr..acenillllÍen to · pr.ra contoiJCdorc s ce.rgr,do s, 

Zona qc nlr..nccno.miento para conte;Jcdores vacíos~ 
• 

Zona· p!lrll u·o·nar y vaciar contenedores,_ 

• 
. ~-··· 

e) 
f) 

g) 
Sector dcsUJ1ado o. servicios· de co:1~eL-vil.ci6iJ del equipo y tJ. ncl..-úniGt.::-¿¡c~ :::. 

¡ • 

Zonari do estaciona.;:-.icnto pnra rc!tolqu,es d~ chasis' bstidor vacíos, 

. de ferrocarril¡ vagones plataform~ y ~~-~ories de carrotc~a. 
~ . . 

: .. 47. ¿A.muS n!vnl "3 tr:~flco ·~e h:-t!'c C't'on6··!c~.c:ent.:" vi?.b)c· un t.cr;c-.. ::-,-,l de c:1:_L~::.::j 
1 ! 

do precios, :;o.cr..lcule qt:u ..:,-,.-;" ',..;;•. ~- .... " , . }3a!;~ndoso Gn 1!!.!1 ¡>rñcticno 'a~l..t;alos en rr.!ltcria 

·:: 1nvor916n do 10 roillor.u:; c1o d6le.ron en un tcrr..i:".n.l do cont·~ncdo~cs pe~·!,· ¡:rnn~:lo~ l::·. ·· "" 

U·.· tondr.!a ;.uo hnhcr .1m mo~lt~iont.o do )0.000 n Js.;ooo cnjoncs ·por nño, pnra qu~ lr:; 1::, : ,.., 

ooo compon,::;nrr.n loG ¡;notos. 
1 

[.:~. .. . . 

o En osl..nu c:ll.nciono!l do cnr¡;e, llt~::,tdno t::;.ibl¡;n "ccnLrou t3'o en;pnjo 11 o 

n¡;r.:;¡r.o16n" ll<' ;_,\ o~r¡;tt oo rocibon lo:J llulto:; o J:'F'cnnc!n:-~, que son t:,;nt¡.iielr.r. ,j' 
: ·-:;. r· . ·• 

do o ,.n oon:.~nHloroo üo:~r.orcnc1oo uu nlloo y .l1i uLriuuluou, Ll"n dl•¡->S:; l t<>o cio 
' . . 

. 'H1 

[ . ·, ' . ,., 
·. 

r 

. ; 



' .. 
'' 

• 

•' -¡- , .... .... -: ,..,. 
JU ;;.,.l._ .... ~,~ 

•' .,i~.-::zc : 
· ..... . ' . . 

p0.3!.r•; 

• 

- Ct:nt.cnodoros ofrecen una f6nm!lr. ofico,z, on nust.ituciÓn ele:). movim.icnto da co;-;;:¡,::durc':J 

do pUCrUl ll pucrU11 para lofl cnr[!UdO!'e!l O UGUO.rloo qllO tlonon CO.r[!:l!l p~rci;,l.:;" t: C!:rL;ó'l~ 

coc:plctno d¡¡ contenedor(; S poro no cuc;ntan con modio~ opropic.dos po.rn efe e tt;=.r ~u os ln 

e~Area. 

49.· ¿QuHri nucdc c-rrc.niz!!r una cr.U!d 6n ce cnrcu ele . conte~edora s? -. ,_ .... 
, Lns estaciones do c~;r¡;n de contenedoras. pueden ,ser org<.nizados por lrr:; c~:;!:-Ü::ns 

nayi.ern:;, los transportistas por currotcrn, los co;;¡ercic.nte:; nl po~ ocnor que c.¡,cn.n co· 

mercancia·s hcit.ogl:neas o. bien por el Estado en fom.a ce una red nacióncl de ~s t.·,"ctc.nes. 

de Ca.rga ~uipiciild!l.s por é'l,· f6nnula ésta ·que puedo ser más ventajosa que la e:~ un ¡;ran 

.número do centr9s do .grupaje administrados por entidades p2.rticul::u-es .• 

50~ ¿Son nccconrias las est.nci.oncs ele r.~!''"rt clB contenedores en ll!LP.ll.e.r_i;o __ ciondc_ ::ólo: 
so mueve un p'3(;U2~·o mí:nE:!ro de contc¡¡edcrcs't. 

No, ' 
Sobro 'todo si los .contenedores pueden traslaclr-rse dirccta.:.:entc afucrfi di.:l puc: 1 

tin¡;lado corriente de carga fraccionad::! donde sea posible .cfcctu.::r ~u. }lcnr.do 

vnciadq, siempre 

sin obst.lculos dol 

r¡ue las diJ;¡ensionc:; I:lll terial us de los tinglados permitan lu. :~·iln.iobra 

equipo do traslaci6n, ..... 

51. ¿Es posible instnlar l~s servicios :-onexos, f'S c18cir, el ti:Fln:::o c~'l_S"'.0:,::2!:i•.:Oi C.n 
do la cnr;:n, la ~.nnn do'nlm:1cr.nr:micnt.o '*.' n•,i'lt.;;¡icnto. lr4s Z0:1:'-S r.(! r:~]"_~.:_:.:.::._::: 

' · conservación Go contf!ncdoro:, en un lurar o··~; no st:!'l. c0!1tir··,.to ¿!l :¡:::t;ll;.;? ' . •. -·· 
~r. Aunque os posible contcstur ol'irrrntivarnente a est.a pregunta, debo ~uiialc.r:;c c¡ue, 

on caso do que el tr~fico awncnte considera blc¡;¡¡:,nte 1 esta soluci6n ir;pondrá d c::-L::s li­

Jcl.taciones n las operaciones do rnanipulnc.i6n de cont.cncdores, A¡;imi:;mo, ol c:;L,,t,l<>ccr 

loQ sorvicioa concxr:s lejos de ;too' servicio::: do cr~íns nUJr.cntcu in los c;ustoa do c:i¡Ji.t,rQ 

en oquipo do traolnci6n, dis:uinuirú el rit:r.o do ¡;,eJÍip·..tlnc·i.ón do la car¡:a y ::o ¡···::.':::-

rá 0cY.ibilidad 1 sobro todo· en lo quo. co refiere ·a la elección del equi.po do t.:;.:·.J.;,ci'6n • 

Por oj Cl:Jplo las carro tcrilla:;-p6rtico no :;on npropicH~n s p:1ra la ·Ll'.:\Slnci•~n r. dL U111.:i n. 

52 • 
' . ' . 

¿C.t.~t:JO 11\le~lr-n ut11 t :-a r:-:n J O!l ti nrrln(1n[i ,le c:-tr,~n f¡~:lc:c·i CJr~nrln en rn~c~11 r..!l_~~·~~!:~·-· .. ~:_.::~::._:·:. 
. r.nnt.enr.Jnrt::2-L'2;··fl (~l.c~;~~--;;;~~1-~~~;t::·:.~.;;¡-z·-,:r- L: .. :f!:cr;~-:!;~_·:.::_:_: _:~:. ·.:.~l_l~'!. 1 

i 

Si oo t.rnn::.for;:-.."1 ol muollo pn1·n uonLtnnrlo cixclusivn:o,,nto nl movJ:n.ic:n~o ,,-,, co11V>;¡o-:-
. ' ' 

-oa, loo liu¡;lodoopuorlon utili;:¡¡r:IO pnra ol llc-nndo y vnciatlo do cont-.-neJ.:.¡·,·:: ~: l f~!_:.¡H'C 

• 
'l"ll ol:;o:J lin¡;lndoo, pnr ~-,¡ nnclu\l''n y .nllura; \'Or:nit>ln ln 1r.nuio!Jra dol uc¡uipo <io 

· . 
• 



.. . 

. . • 

-TD/iJ/J.C.l5/J5. 
ll.ne.>:o I 

' pn¡:ina 22 

'• . 
. .. 

. . 

.: . -- r 
: ... 

. . 

o menor· ar.;pli tud·. so¡:;~"l 1:-.!l nece­

a tendiendo al m1cero da. t.:>ncledL!s 
' 

l trnslaci6n, La zonn da tinclndo~ habrá de tonar mayor 

Bidades del tráfico, ·.Su cxtens16n puede dcterminll!'se 

] · , que han de inn.nipuJaree c:J 'ol tin¡;lc.do e.l año.' · · 
¡ • • " • i 

·. ·: Si los tinglados a·~ car¡ra fracdonada no son 'S:decillldos para lv.s operacic:lC:J do llG-

J ... ' nado y -vacio.do; hnb¡·il que des~ont.'lrlos y ut:!Jiz&l' .el es-_pn'cio p=a nlmaconlli' ·l:o:Jicnndcreo 
: • • -~ . '::. 1 • • • • •. ":. . . . 

j 

1 
] 
. . l 
r . 
1 
1 
1 
1 

· sobre todo ·on reserva • 

. Si on nl¡;und!l puíscs en dczarrollo :;e. const~ijC.n terminales' que c~tén .C):prc~:l::JOnio ·. 

de~Únadoo a ntcnder-n .ln vo;:: el tráfico do "contenedores y· el de .cari;a ·f¡:nccio::!lr.ln, - :s· 

llii;l.ndos que :;o" instalen 'no· deben ~6r ocll.'ficios .de· cnr~ctor pcrn'n~mito,·\:;ino: c~t.l"U~·tu-. . ,. . . 

rno do~:onteblon ::onsÜ tuidns d~ _pref&rencia por olcmen~s prafnbrl~ado's'.: · . . . . . . .... ......... -... , •.\ .... :···· .... . ............ ·~ :"'; ··.::-' ~ ·:·.. •. . .. . . : . .. 
........ 

'' 

· . 
. . /'_.. .. ,¡. 

~. ,, ., 



._, .. : ... 
E, UlllTARIZhCIOJI Y !·:A1'.::.JlL'.L L:. )I,A!IIPUT.J,CIOil ffi IJ. C!.!lGA · .. 

O "':5.3. J.!~\1 t!,l_q_!Lel_ ~p torial. r.cco:;r.f\r.l o·_nnr~ I:::tnipulnr le.. cnrr.a u ni tari ;;;¡da_cn .el.J'..~J;_rtY.:J!/' 
n. . . El mnte:dnl diferirá_ de un puerto a otro ~c¡;ún la~ düt.:.nt.llll vnricdad'cs de \11'1\t;,~.:, 

: . dos de c~rGn nc¿;rr 1dcs n trnv6:; .del puerL. y según la confiL.troci6n física de .:s te •.. 

r' S;!r!n il!lponihlo hacer una lbta completa de todo el equipo de mnnipuleci6n p;u-a toe,:¡:¡, 

·¡ la~ ·for;nns de un.i ~rizeci6n. /lhorn bien,. ol oquipo para r.w.nipulnr la cnrea unit.:..r.i;:::l, 

.. f ::da'_ on .los_ pucr;os puede cons:sti~ en c~l~i~r co:::bi~c~ón ~e. lo8 clc:;,cnton ni L"'lir:nt .. ~:,:. 
'l.: . _; a) GrJc.s martillo, grues ue torre, ¡;runs para la l!'.n.m.pulación de contcn,.dor<':>, . . . 
r 

¡·: ~- ~ . . . . .c;:-úas-Fucmté, ¡;1-úás I!)Óviles, ma tcrinl paro. trang¡orte so.bro va¡:oncs plct::rar-
.. :· · · _.: ·lllll (:;istcrna ·ucaneuro"),. etc, . 

[ ... _· 

·· Cnrretillns clo carca le.teral, disponitivos de elevaci6n lateral y uniclndo:;. 
•• •• . f 

'de transbordo lateral, . . . 
. . e} . Cnrre~illas _elevadoras provhtas de una variedad de dispositivos: rr.'ccuni::::JQ;. . . ' 

L .. .. , :::t':do · dosplc.zar.ü.'ento lateral,· horquillan exténsiules, sopor~os con vástcco,: • ,,. . . . . . - . . . . . 
· .'. ·_":dispositivo port!!ba.rriles, brazo con ga.,chc,, disposit:vo portablclone:>, 

!- . . - ~-~··":'7' . . . .... - k/ . . ... . . . . . . ---.-f•• . . prcnsore:J, etc.- • .' 
._FJ'·, , . ·.d) . G~tos rodantes, gatos accionados I:!CclinicD.mGnte, 

.. .e) J.laterinl da acceso para los eontenodoran:. rru~pus de andén do 
f - . . . 

Cll.l'G'D.I 

- .. -· 'in6vilcs, ;rm::pus levadizas, plataforr.:as elevadora:¡, etc, . . . . . 
... , 

r) 
i 1 

; 
' ' g) 

Cnrrctillas-p6rtico, ·: . . . 
Hntorial de tracCi~n: rec::olqut:1s~ chazis, tractores,· sistemas. rodant.::: .. nm,.f.- · 

r ; tices o hidrnalieos portátiles, "inul tifits 11 , etc,_ ---- ,· ,_ 
.1./ 1-J. :;i:;ter:.\ do trc.nsbordo por rodl'_iur.:>. y, hnsÜl cier•o punto, el sistc.o•n·. do: 

.... transuorclo por í1.otJlci6n, !'1<' n<::c<Jsi.i;.o. el mi~r.:o ronterial c1.e· c·levuci0n de· er:m po.t•;a::·!'r~­
,quo' el :;i:;L"¡;:a de contenedores, Sin cmb..'lr¡;o, ol roatcrinl utili::...1cio para el '.;::a·n:::~;,r...,: 
do y ·la t.ra:.lación rlo l11~ unid2.dcs GC cc.r'¡:a en todos los sistc:nas no és físic:\::;t:n.~'q' 

1
•
1
.diforcnto,. /lnnquo. esta pra¡;\u1ln h:1 ::ido for::~•:ledu con rc::;pcr;to a los pue:rto~! !'·:•::t;o, 

, : j dol matul"inl cnll!::orado e o nacar.ario. pare l:.,nipulp.r co.r13ns uiu tnri 1:.11d:ls an Cll!l.Lq~u ••r· 
''" punto co trnn:;borJo ~ an lon lund.r.nlcs d.u collté!ncdorcn, 

' lc/.J,on iioportcs C0!1 vfiswr::o :;o utilL:..::!'I p;~rn ir.nr nlfo:;¡brn:J, tl1bos, ot: •• 
- • 1 

El di::ponitivo poriaoorrilas con~ir.to on do:; pnron do \c;·n::os' ~upcr¡:>uo:J\·:>:J '1110· • t:.- -· 
'ci¡1on ol h')l'l'il. ' !. ¡·~ _ . El um:·.o con r,no1cho en un accccorio c¡uo hnhili tn ln c:u-rotU.ln olciv:~tlorn· !)fll~:t, 
\mcic-nar Cll!:lO t:nb ¡:¡Óv.J 1, • ! 

1 

··. ¡ 
··'' 

f f:.l ill:po:d liv:l po¡·l~tbidonJ~ O:J un 1:p:i¡•ato ·.do o}l)y,,r.i6n con movir:i0nt.o V<'l'ti'.!'ali :t ,_ t \Ul cnncl•O J>:OI'll ir.nr y ¡::¡tnipuin.l' u:;o o cloa'Lil!on0u. :Jimül!.ncw:.uulu u lf.uUO U.:l llll~'_.~'-•:;t:i:¡:¡;;•~-~·· 
'J,on J'I'Cn:;ol.:J:J r.on un cHr.¡¡odilvo r.on~i:1tn:~lo on tlo~ br11:oo coloc~o,ion <•n-lli;~:n•· •!••• 

r._· ._ lna hnr¡¡ll ll l ;1:1 (lllll · po:n:ol Lron n:• i l' 1 11Uj tl t{ll\;o.l.<l por lo~ ln<los, uno. m: i dad do c;u·;;t:: a: Ml\ 
t :.L·l·' ru·LÍcltlu uln r.yucb t\o p;Ü.,\<~n. , .. 



... : 

., 

"b) Acco'sorio!l de r:umipulcd6n do ln cc.r(:a:·· bu~tidorcs ele m.t:;pensi0:J, n;¡ercjo 

:··-.... de ootebilizo.ci6n nutcr:-.Litico. d& lo cirg!l., c!.i~positivoc co rot.o.ció!'l, do ·la. 
·-· .. ' . ' ' ' . . 1/ 
• . :•,l c~rgo, pulpos, dispOGitivo_O 00 VÓGtugo y 'su'jot.o.clor- . 

. . .. : ... , ... . ... ~ -~·:. ·.··. .. ..... . .... . 

, ) 'Tiañ~O.:.:j":.n.;J o~.é"'-trl-::t::: o ;nanualo5. . . . 

~~~ ·:. Es~~n~_o.r. y estrobos, :·. • . . . 

. . : . . . ~1 . i .. j' • ,r./ ]4 .. ¿guñ.e:n un~ v-.h-o~rti r:j v ct:.. es r.u r.os ·o nor::>X r.qco ,- · 

·· ·· ' ·. Lo· grúa-p6rti.co os una ¡;Í'ún pn:·o la mnrújjulaci6!'l ce contcnc::iores y carea· frocc'::.c:::l­

}.!1." ·. Cuo.nclo c:;tá Ú5ti'.lacla n bordo, abarca teda lo a;1c!lu.a d_el bquc, E..v-...'..stcn téb:.[n. 

··buches 'tipos de grúas-p6rtico do muelle para la r::,ffipule.ci6n de ·co:1te:1e::iorc·:'l, Len 

}roas~p6rÜco púa el transbordo ferrocnrrilfcc.rretora, por ej c::plo 1 pue~cn ser cut.:);:-.o-

torca y dcoplazn.rse con rucda!l que corren ::;obre riele:> 6 con :nwdns de ·C!!ucho,:.·. 

··J . Las ·d1Inonsionos do unn r;rún..:p6rtico vnríe.n se¡:ún su di:>cEo y cnpacidnd. Ur1n· i::"•~n 
: típicn do 20 o. ;a· tonelncb!l con tm'r:~eCllllir.no de iZ!lda auxi.linr d~ 10' tor:elnd!ls puc::o: V 

: ~pular contenedores tic 20 o. 1,0 pies, Ln velocidad de izada cs"de· 45 n/¡:dnuto j'. :;ofll: 
· lllinuto 

1 
rc:¡pcctivnr:8nto, · • · . ·:. ·' . . 1 · :. Um1 gnía p6rtic'o do t~minal típicn para la ~n:lpulaci6n de co!'lte::c5ores tic:1c t!!:n . 

. r,~pacidad do elevación ·en bastidor de sucpond6n de ;,o tonclacino. La al t=J de i ::Gc!n 

~oo da 10,1 rn y lo. vclocicind 

ll¡;rno. es do 12J I;lir.ún~t<.>·, 
de izndo. de 9 m/ minuto, Ln'volocidnd de tras1Rci6n ~e la 

... 
Lo. luz do lRD r;rúnn-p6rtic.o de mayor tn:;:nño puado vnrio.r 'entro 10 y .2) e. 30 m. 

:':"Ln cnpncidad doJ carga o:;cila ont.ro JO y 40 tone~l.".cias', ·· 
. . 

.l. · )j Ii di;'~~itivo tlo rot..nci6n d~ ln carca es un· e por~ ~o 'que pcrmi to hacer p:::-ccr 
ln cnrr,n, una vez i.::adn por ln ¡;:r.ín, J(-{) 0 tn n:¡¡b..~s dirc:ccio!'lCJ po:::- r:cdio do un rc.ot.:r 

~«Jllíciri'co con.,Clt!liO c~n u;:a t.rr,n:;rni:;i6n hldrt:'4-ic~. :Jitu_r::d:l dentro d:cÍ sopor;o c.;ir;,¡.c;_rLo¡ 

1 ·El pulpo os un du:pod ttvo cdapt::tdo n lno: a!1llnr;n:J do ln cda y dcstin~.do a Jr, ,.,,:-­
¡:n Y dcsc~tr¡;n ci~ l':ÜnJ <l•l p:1:•tn do 1rJ1durn, So; co::por\o do vcn·io!l olc:;:catos pre:n:;or<.·.: Ddo ~occl6n rccum¡;11lnr y b:-n::o!l nju~t<lbloo, · · 

1\l. dl.:.poait.Jv,, ·tlo vf.~\.n¡:o y :."ujdnG..'lr ca U.'1 nc~c:;odo' cq:·:cinl p!lrn ln r~anlp::::JcUa 
dol popal. on l-vhl:::\n, i·:l v;;al<l!;u !l.: in::crtn en ol a.l.J"a cio ln Loobinn y \t:lOO :::uj ,;~.lll:v;·,·J n ~O cic¡·¡~nn ~lO c:Íni r.•;:::cnl<l !'<l 1'1\ ln .l, ::Id !l.. . , . . • .r' 

• '1!!/ I,oo )lrcdon indlc~llb:l 011 lnn rc:1llWntao O. ln!; prcr;unt..r.:; 5/, O. 62 .!lon·prvcio:; ."r, 
Íl{urlcn 114lro:.:1~-~tl,,:L m:::llnl ~·Lr:tciorr pur y;¡:-[n:J fllbl'lc:l!l\.o:J clol Huino· Uai( .. .JJ lc1 1\.·;,,:¡,u :·_,, uf· lcrnl du 1 :c:.:nuln ul 'C:\.; ,¡!,{, · • '"IlJl'n ::J;t·~.ou n vv.:-i • . .:i• .. •..;, 

·' 

., 

.. 
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· Ell' costo npro:dr..ndo do. una ¡:;t'1Sa~p6rtico ·e:¡ o1· ~;iC"' . .Ücnt.o :. 

·. Groa~p6rt.i~o ocod:nica para. le. r..nnip:U uci6n 

•do:contcnodorc9, :0 t.oneleda~, contcnocc~ 
Is:> 2fJ•/JDI/4D', utillz11co on b!U'cos dosti-

. '.: 
"'!'/''/. ~ l"i ....... \, 
... 1 ~ ~---. ,,,.;J( 

. ¡'..;¡~;,:0· t . . 
ptlC.ii4a 25X 

n_o.do:¡ o. travc~Ín:J cor~s·:·,: ·• :. · .. ~úd:·ooó.d6Í~·c:¡ EC:.uu. 

•.. 

...... 
·· Gruo.-p6rtico do ~O tonolncie. s pura le n!U",~ pu-. . . . ' 
·laci6n dÓ-~ontc~c¿orea, de un ~canco útil 

. • .• d.!:! 115 pias con bastidor do m~spcnsi6n, so¡:ún 
~ . ··~ . . 

el:. ¡p:·a:.lo do auto•nntizaci6n 
, . ' .·• . .. 

?..J
1
• ¿Qu6 os U.i!l ;:n~n r.:Ó\:1.1 y c\!:Íl es ~ C:O!;to :~p!·oxi.~.:~~'J? 

• • .Una. ¡_;roa r..6vil e~ una grúa cut.or.-.otriz dcstineda a i'uncioriar ·:.;obre U."la !:uperfiCio:;:. 

· vio.J.. Tiene C!Últiplc::; C!pl:i.cack:ncs ·y' suele. ests.r pr~v"lsta do· csÜÍ1¿;es y l.n·nzo~ de. · 

BUsp~msi6n, L!ls ¡;Mínn IT,6viles pueden utili::=!le. para la rns.nipu}nción do co::L<•n.o•ini·on .. •· 

-cuando el mk.ero do .0r.tos. es pc·::.••qiio·, 
... 

] -{ •. _EJ. costo do ll!:; ¡;r.!as mévne·!l,.· según !lU ca~ncidnd, que oscil!",. cr.tl'o n 

. ·· ladaa1 ·y la longitud del aguilón, _se sitún entre 43.CDO y 215.000 déln.rea. 

.. 
/ (..0 .to:Jo• ... 

] 

] 

l 

¿QU6. es u:1a cr.rr_otllla de t.o::~s -~ateral y cu{,1 en w costo a~rol~~;::Ado? 
~ . . 

: . Un~ .Clirrotilla do toma lillcrnl os. ur.n Cal'r~ tilla ülcvnclora cuy~ ncr-;t<~li.r.mo tlO b:,.,¡,l.-t, 

es~ ei tundo .en .un ludo dol vehículo para ln m~ipuluci6n de contonedc;:cs, L1¡s:' c11r:'o'-­

tillas do to:::!l lateral proviritas de bc.stido~os do nu~pcmsi6n y horc_uil.¡as ¡;o ;:t.ili?.en· - . 
~.ll!llbiGn p¡~rarln_ carcn y dcscar¡¡n. clo buque::~ Ro-Ro y ·para el tr;~sbordo do: conV:n"rl"l~o:s·t~ 

doad·o laa zonc.s do n:t•r-~ccnnnicnt:o y hasta ella::~, El 1dstil ·de oluvr.ci6n P"O<iu rlo:,pl:l;o .. 

. · zo.r.oo do r.."odo que 1'1. t:ontencdor do!lcn.nse srlrc el chnsis de ] :\ c..tr¡•ot.Uln du~·;"¡t.o o].>.·. . . . . . . . ' . 
trnnuport~. fus c~pccificacionc!l · tGcnica~ i.:on len oi1.:u.i ontos: 
• , ... .. • • . . • . 1 . 

.• l 

Copncidod do olcvnci6n: ::D n 35 tonolc.tlaa. : 

Apilil..•ürmto: 2 n 3 nlturns c~o _.conto:1et'oron .do ·:xl x 8 x $6 1,0 x 8 :' 8, 

Voloc.iciuu e o 1 :.liclll: 12 ¡:¡/mir.a to a 15 rn/dn~"t.o, cn;·cr.dn. . . . ' . 
Uon · cnrrcl1.lln cl(l c:1rcn lntC':-nl con 1:.:~n cnp~tcic1c.:u l\) olcvnci6n :tCl 35 tn::,:·~ : .. :,·~- · 

· poini. to ¡;-.~n1pulrJo por l ,<nrlno _J::o,lio do 12 n 15 ·con LOno:loro::J por }¡;,;.~ 1 ('n 1c.: e::::·¡:/\ o."¡,;:;.;, 

·. l:ar{;ll do vn¡;onoo do f,,¡·;'OCIU"l'iJ. O C(lL"ÜOnuO, 
¡: 

. ' 

.. ~ . 

. . ---#· ... ·-··· .,.-~: .... _ ... : .. :_¡,·. 
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El costo nprcx:ir.ulo oc t!!l!l..cc.rrctillri do·c.'ll"Gn lateral os el.d[;Uic:¡to: 

Con urin capacidnd oCl 20 y 25 tonclndr.~ puro. 

... 
·, 

·c~~tontJdoro3 ZJ 1 /30 1/1.0 1 100,000 n l.4D.OOO dólc.ros ü"':,UU, · 

Con uno cnpncidod co 35 tonelúd~~ par~ 

lllllnipul ar """+-:nC'~.n~s. dr _;''J 1 /JO 1 /40 1 ;:>or 

medio do tm bastidor d~ ,usp~nsi6n 

· : .hidráu:!.i ce 221.000 d6lc.rc s E::: ,\Tú, 

?".':. '1oú6. e'~ lln~ c1rrot:i.ll!1 cl\?vncinr.:t v r:\lál es s.t co~to :!pro:dr::.:.do?· 

L~ ca;._otil~n clcv~<forn es e:i. :c.D:s versátil do todos los ma tcrialos de :o!l!Ji¡:.t:.1nc:i.5n . 

y consisto on un veiÚculo nutoCJotor provisto Cle horquJllas do acero n.fiL,da:;· ¡-..;;r;.- o:•:c¡i-. . . 
pulnr cargn~· pnleti~ndns sobr2 patines y de horquillas do gran potencia. para tc.:!ni;;tllnr 

contenedora~. Ln carretilla. elevadora puedo es wr provi ste de una serio de accc~:'orio·:; 

diversos pnrn operaciones 

Úpo ~cizo o no~tico, 
. . . ., 

· pular los contenedores al .· ;, .. 

especl:ali zado.s· •. Puedo ir equipado coñ lluntaa do 

Con. una 

costado 

cnrrotilln olevndora de ¡¡ran potencia es po:1ible ·r..r111 
:~: 

del buc¡ue y trc..?sportnrlos a la zonn dd a)J:.:.cr.:r:~,d cnto 

o. cargnrlos on cruniones do. carre_tera o en vn¡;oncs'. de ferrocarril. La.s e~;pocific<.!cicn'?o. 

'·t6cnicas de lns carretillas elevadorns son las sir;uiento~: 

.- La. cnp:H:id~d de elcvaci61; osciln entro O, 5 y .50 tonclado.s. La al tu.ro. ul• i"rtclu 
. . . " 

normal oscila antro 2 y mñs do 5 ¡:¡otros, Una carretilla cilcvo.dora con t.mn e!!Jll'cilhd c_]o 

elovnci6n do 25 ·.tonoliu:as pormi te Tr.!lnipular por t.6t-:nino ·,ocdio do 15 a 20 con t'cr.c.Jorús 

por hop, 

aloyÍiclOI'R 

· bhblo i:lo 

en la cnr¡;n 'y descaren do cruuionco y· vucones do ferrocarril, Unn ClllTüt.iJJn 

clu urnn potouoJn dotnda do un bnotidot• do olcvnci6n ele 
. . ¡ . 

ron JO ~i.c:¡ .pcnnito npi.lnr tros contcncdore!J, . 
contoncdoror; iu t\,~l·ctu':l­

¡ .. 
· Un11 c~rr-:';,ill:. ::ln:::l?~·n ::on ·una capacidad :do corea do 25 tonelndno puc:iu rc.::::>.::(lr 

La volocid.:~d do t.n~:;;:,Ci6:-, · 
• ' ,·¡ ; 

o dosc..'lrcnr un contenedor en tm tie~pci do 1 a 2 minutos; 

. · c)s 4o. 3Go 1"/Jllnuio,: . 
.. 
. El cont.o nprox.ir.>..1do do una car:. · i.Hln oloVE!tlo:rn es el ui¡;uicnton 

. j 1 

.. 
) n 5 ~nnlndnD : ·: 

7 n l2 tonolnd:ü1 

2:) 11' 2~ u·:· ·lndnu 

., 

. . 

25.CCO d0l'uro::: 
• 1 

50.000 
' 13:> ,( ·.l~ 

··· . •. 

70.000 

,\ J Go ,0<\.1 

t16lnro o · 

?· 
' 
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1 .. · . . 
1 ~~'. ¿Qulí e~ ll:'l •r.i ::po!'l ti v~ do el cvnci t'in 1 nt~rr:l v r.u!!l r:~ "'' costo .~.,rm:jn~iln? .. 

, .. · .. Lon .:dl::po~i.Uvos. do o~e.,.~ción latcrc!l son .. ;;a.cnni!:r.lo::; do tr.nnipuli::ci6n do con(c:o~-
1 cloro:~ rno~ltldo:J cn.cru~l~nc9 1 r·~:toÍquo:J Y ti(>clrranolqÜ:l!!; clo trnn!;portc. por currotcrn y 

conoinlun' o:t dos br~~oa cle·;adorcs accionarlos hi.b·úulicn:;,~l)tc ~on eslincus o bn:::!.ic1.úN9. 
; '. • ' • • • ' 4 

J 
~o GU~:per;'d6n r::onl;.doo en coda o;c~re:::o do U.1 chzlsis~ Estos e:lc·iadorc:; .lütcraU::: ·p~1 c:::cn·· 

· · nl:r.n.r un :contenedor. del suelo. y dopo:;i tMlo sobro .c;u propio chasis o sobre el de un ca-. ' . ' . . . . . 
lll16n o \In va¡:6n do ferrccnrril. La ccrn'cicod y las pspocificocione~ t~cnicn!; do lo.o 

J d.1::-!lositivo:~ de ele:vnci6n J.c:ttr!:.l .~o:1 l~.s siÍ;'nicnto~: ' 

Ull olc;,Óntt.l do h.ada ln toral 

1 , .,q2_pndo ;p!U'Il éontcnedore S I !X) dO 

do CJ/ !,O pie::~ r.!on.tado sobro un oci::úrco:.olque c:.ct•:nr.i Llo 

';.0/!.D pios perin.ite el tru;1:;bordo de contenedor.::~ ·clc::;do · ·.· 
···el suelo, un 'v!!¡:6n d9 !'errocP.rril o un rc:r.olque s6lo por un lndo y npilo.r do~: co:'it.c:1e- · 

J, .dore a de ·S 1 6•. Un elevador la ternl, con \.L"la c::apacidad de- eievaci6n' do ;o ton.el':':¿c~, 
poncl.lo·L1!lnipulnr p<Jr l~I'lnino :;,edio' do 6 a 7 contenedores por hora, iin ln .cur¡;a o·.·do::;­

,. c~¡:n do wohÍculos. u3 curreto::-a o va¡;nncs do fcrroc:1rril. 

El costO nproxill'.ndo do U!l diopozi tbo do clevnci6n lo.teral es de eo.ooo d6l:::.i·c~. , .. 
1. ~ .,/_i.C)·ll6 non ln~ nnicbr1e5 d¡; tr!\r.~hor~o lntcrnl v c~uh es zu cost" ~.oroxlr..~rlo? . .... ) 

1 , Lns:umdideo de tro.n.::rordo latc:~·nl consisten en. brazo:;· accionados hibáuli";::::;cnto 

¡;.··quo 'dd:;plnznn lr.teraloente los contcr.od.n·c:s crlpuj6.ndolos o n~ro.~trá.ndolos. E~t6.n pro-

l
. viatns nde¡r~s do GO.tos r~ivoiacloroo hiJ:-iulicos, .(los ~n cado. extremo da .chúsis .• lo que 

yeri!Úte el t.ra~~bo;do intol'Jnodo.1 en r.u;:¡orhcins. o. diferente nivel •. Esto slst~rr.a .:;e 
. . ' 

'

. utilizO:. p~. a el tr~obordo ~.? co;¡tt.;nc:doríls ontro cr.Jni'oncs da ce.rreten y vr.¡:on•,:~ cio fc-

·r:o~ri]; y.para el al.Ir.nccnr.micnto intcn;·,cclio !labre ·pntas '? ·soportoo·~ El costo c:pro>:.i'­

' . mndo, ~olt.matorial· (·¡a trr~sbordci\u temu o~ de 60 .OOo dtSl~rc:; por Ur.idnd. 

1 ,r· / ¿Qu6 es lln• ~~to<·d~n1.;.. V ·~\•.~1 Cl~ ·~Jr·.~,SÍ-9 lln~~xjmnco? 
. ' 

¡·.' Lo:~ ¡:ato:~ rocantcs oe com~oaon' tlo dos ojus: indüpend.icntos provict.~::~ de :;cnu:>~ 
•~ocnnl ~Jcoo hid..·,~ulicor. dCI elr.vnci6n ~, bn ~ t.lrlc ro!J ." . J,os do~ bn ~ti dores Ü o non n ::u "":: 

~ dlt::p':l::.illvos do ciorro prirn ::~ ~c~pln::iu;:W o. 1~/c~ntonorns de lo.a cont.cncc!o¡·c;:¡ ih:' tipo 

co~¡·lCinlo. Ln olO\':Icif.:l ·;o ·;Jfo~tti,, tH.l:l ~111 bo.1oh1 a'G ·~ano. Unu.v'oz iznclo el co:;t. .. ndor·, 

1 

110 :t'Cimolca. tod:.~lq. \,\nlu!lu d~~-~¡;' ol cu:.t:.cl
1
o .d::Jl :~\l([uo ha:¡(.D. la :JO~o. ·do alr~r..:uncl/1\.:.L·nt;> 

• e~.,. un tr;c~~ :CJrdl~.'l rio. l. :J.' e 'c:•¡;ecil'i .e ·~cion'l~ u;~l·;¡cria ¡lo un r.a to r;cl!.n to :;ori ln :1 

1 

.. . . . . . - . . . . .. . . ' . ll•w••'-'llt....,.',.:,J 

• ·t . . . 

1. 
J. 

'•. 
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Copni:'hled do clcvr.cióo:. ·2q n .25 toncluc:u:;,, ·. · .. .':-~i~t~} 
· .utura' do i::!ldll: ... 1, 70 r.1 (th,9 pul¡:;c.c.n). ... . . . 
'El.coilt9 de un ¡;atn rodrmtc o;cila entro S._E.oo y 6.jDO dÓlares,· 

• • .... ,.¡,,, • ........ _....... • ···-·· ~ --- .• . • . • ' .. . 

{¡l ;· . z.ciu6, <::!! ~- •r.rn:l y cul,l e~ :;'1 cczt.o :.>.nro~:i.r::~-~o? . 

'· . Js rr..n;pao ·son una clnso do tr.atcric.l que so utiliza para salvar U!'l OS?ac.io ha:·.:.-
.• 1 . . . . 

zontal y/c;>_.vortic~l entro el püó do un r,t,~1.Gn de Ct-~rt:.!l y· el pi::;o de 'l!I1 .co:;tencdor e d¡:: 

: !ll cani6n o vn¡:6n do !'errocnrril. I.as rar.;pr..c son da divcrscis t.i?OS y tnr::niiós. L¡;s. · 

. rempoD m6vilos rnru _la rna:úpt•luci6n do cont.cnociores pe:-;:i ten qcw las· C-'J--:-otElu~ cl.::·;n­

ioraa 1ntrodu~.cnr: !lirtllct..,-;¡e!'\tc las ·car¡;ns en los cont.;o,ncdoros, loo cm:.ionos o los v"1:o..,­

···ne~ uo for:rocnrril de puerta ancha. 

;'Jl!i!P.!lS CC ~~_rU.ohr:t ,p.ÓviJ.cs. · 

. -lnpn~idad: 7,_26 a 11,3~ toneladas. 

.í;on¡;Hud: 9,25 a 10,97 m. 

/mcl¡urn: 1, 77 m. 
\ . 

}'o:;;o cstir.Jado: 1,6 a 1,96 toneladas. 

!!!tr.!l:!lS do· m:miohra u<:!cueiins: 

.~.Cp.pncidad~. 7 1}6 n 9,10 toneladas, 

'. ·.1-on!Jitud~--6-;lo a7,93 m • 

.Ancln¡.rn: 1~77 m. 

rc:~o cst.il:\!ldo: 1,19 a 1,52 toneladas, 

ii11y do::; Üpos- de r=pns de estn cln~o: 

• .. . .. 

.• •. 

• 

. 

. . 

: .. 

. ' ' ~. 

Ln r::unpa do carca dll paleta~ para ln cntrnftn ·horizontal en el contenedor q::c ~o 
· ost6. )lcn~ndo ;_1~: ;mr.pa do carca direct-a quo phr::'.ite llc¡;ar 'sin 1.ntc~~-;:>ci6n h!:St:: 1il 

' ~ol~ ¡lol voh.Í::'Ul~.- -n q:D d~::;c::n:;:. el contenedor', 
. . .. : . i . ' . 

·}:1 costo uo \Ulll rnmp~. osciln·cntro J,.)OO y¡7.ooo;d6larc:;, El do ,:·1 :-n:.,.a uo p-

"l'lltns pnrll r..\lvnr Clcsnivolo!l o:;cÜii. eotrv. 750 yil,lOO; d6ln.rc~. 
. • . • • • • ' 1 • .. . . 

. 62. ¿gn.~ .!!l!...,_lJt":!'. r:nrr?.t.il1r.-~)t~l·t.ic~ v r:\t~l C!~ ~;H C"n-~t.O nn1~o:o:i:-:~!~i~J·: 

' ...... ·. : :. ··¡::':·\:·:· .......... " .. . 
. ;,n:r cnrl·otl.lln:J-p.Srtico non 1~.~c¡úl r:n~ 1111t0::10\.or;r,:;· c'ori'~i6í.o~•.cs on 11:1 p::\::.ir.o c-.;:, 

•1nt.no q1io Ot\1:\,'\l'crt n1:~:onttmodor, l:J. pórtico ll~v:l tHl"di~oui tivo C.o clovaci6n c;uo 

'.molU llCil' Un banl.ldor do ;:\t!.¡~cn~16n¡ · Oll d¡;ur;o:¡, C:l'-05 ·.ln C,'lrÍ·ctilln 'o:¡\J. t.::;~ui~a r:·~ ~r 

viat.r\ 110 Lrll7.o.>:J oiovlltloruo quo l:.'l~ lo'o coalu:w:Jorcs po.r, :1u p!trl.o infudor, J,n 
·.~· ;. 
;• ... .•. 
vi 
ti . 1 .. ·. 
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cnrrotilla-pértico rcco¡;o los contenedores y·los trnn~?o~tn a lo ~cna de 
' 

t -~ r. .'"!i e Li :; 't9 y :puada 'lriclu~o cc.r¡;o.rlod en CO.'l'.io'nc~ de carrototn'," Lns es~_ccificncio~•t::> 

d.o las ctuTotillos-r.:5rtico ~on las d¡;uier.tes: 

1 

5 r:retroz y ¡iuede~ apila~ hasta -i..;-c5 o.l tu.r.::J.!;. Óú con 
. ' ·' 

rrP.niobrnr hccin adolo..'1. to, hacia n tr&s .. do 1· :, . Sl.l J ·' .... ::> • 

El costo cpro)j:,~do da ·una ccrretilln-pé•tico es el si¡;uionto: 

'"'·"'· ... ·¡ ... <-u' •~ .. ;_~::,J:c_:,.:· '::;" éc'' •• .... • • -... .. 

<: L¡ \C_t;-, y h 

~- : Carrc~uin-:-pór~ico copnz de· opilar tre:J 

. . ··~onte~odci~cs rs) do 20;/30~/40• ·. 180,000 a20Q.OOO d6lnrc5 l:E;lJU, .. 
' . '' . ' ' ' 

Tractor 11 1\J¡,~~Jlsto•·" para. r.ontonodorr.s ISJ 
,' 

· '2fJ•/30 1 /1;0 1 r;r>t.ro remolque, utiliwdo . ' . . . . . . . . ·. 
'principaL~entc en ol sistc~ do 

'., 

.· . 
'17.000 délr.•os 

'· 

· trnnsborco por robdurn . _ . . ~)7 ,080 d6lax0o 

. · '¡.:í ··c¿st.~- da l~s bautido;co ,do 5Uspcnsi6n. e!l ol · si¡;~ivnto i 
·· .. Gr6~ do. i,o· to~clnd!~:i -¡;~.rn ln rr.anipulnci6n do. contor:cdoros 

• • • . • o • • 

;::~¿·do 1.0 t.onole~dna do dcspla::r.r..icnto hori,wntcl f.e la carea 

60.000 

' •• 1 1 . . 

. ' 
,. 1 • 

:. ·. . ... . . •. : .. 
. ' 

• 1 ~ .· .. 
' . '• 

-:-i ... .· '• 

.. ~-., . . . .. . . 
. . . . 

·1 

.... 
,. ,. . .... 

•· ... 
• 

' . ' ,.~, :.·:, ,-. 
. ' 
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F~ or:;a:.CIGt:L:S l·fuLTIJ.:CJD:..L:::S Y TPJJ;S?O.-:.:.. POR c;...r:;.z;;r;::;¡;, 

. '. 

'J ·', 
' . :.. í 

6.). ·Out: con:'li.rinnt"'., rlnho ~CU!lir ~1 t.rr!n,r-.~rt\1 n:->r C:t!"':-ctcr~ n.r!rn , !'1~ flnrr 11 cir:nr;!l 
de trr,:'l~PrJJ·t.c ¡ ..• J} tlr.~dnl? 

La muyor!n de lan carrctcres· se han construido prtra rcr.pond~r a las nccc~idó:·!co · 

localO:l :y atecdicn::o a las cv.racterÍ!lticúB ¡:uo¡;réficcs CO la rc¡;i.6n. ?uedCJ ::;cr <1l!C, 
.·. . .. . 

talÍu; cn:rctcras. no oatiafacan las oxj c~ncbs dpl trcn;;porte !;:'.;l tino cal y en j)úrti c:"lr..r 

do~ tz:r.n::;portc: de contenedores y otrac erandcs u.·üthdes de carga. Por este :r.oti·:o ce 

posible que sea necesario cxc..~nr lno cxi¡;cnc.i&s :::nteriale::; del trru;spo:-\.e po:- veh!c~~ 

.los do carretera y la regler::ontuci6n apliccble, en lo que respecta n la ico:¡cid.:l:i do. 

:. ias cnrrctera3 1 as! co.:o el peso, la car¡;a y la~ di:.:en.siones de los velúculo.; e¡~ e :.;·r:r.s .. 

~.portan ~.'as lmicudcs de carga. Por 'ejcr;:plo, pera los efectos del transporte de los c:oo.­

·: t~n~dor.e:a de ¡;¡¡¡y.or te.=ño, bastarán car¡;as pvr· eje sencillo de 10 ·tonclucln;. y car¡;;¡::; ¡>::>r 

~u) e~ en tándeu do 16 ton.elndas · ;ono clxi.~..o. ¡·fin de e.u;;:entar al. mkd.J:¡o lr.s .cv.r¡;a:; por 

. ajo'rdtori::adno, os posible utili.zar rc.:;¡olc¡ues de plnte.font.!l baja que puodrll1 trc.::5portr,r 

contenedores apilcdos, · sie::;prc quo no exintzin li.::.itaciones en cuanto ·a la alt·..>.r::~.. l.o!l 
; . . "' 

trnnsportistas por c::rretera· tendrén que raorgc.n~~ar sus servicios e :!.nstr..lr.:· cic¡::ó:.;it.~ J 
. La r~d da carrctorns . debe proporcionar un ccccso edecu.ado a los puertos 1 lo!l t cr:-.:ir.r.1cs 

de. coiitcncdorec y la e cstecioncs de c&rge d~ contenedores. Ahora bien,. a fin. de ~ncz.r 

. o:)._ máximo provecho do las ventajas del transporte !oult:l.i:ocal, la ini'raE:struclc:ra de es-

' rretoras dcboria dcr,,urolJ.c.rse de tal t:: .. ~ .. !'l!H'! ":JC 1 !! la larga, pon:.ita efcctUI'.l' entre¡;ns 

· puortn a puorta, 
.j ' 

64. ¿CI!Í}.!!!! .. ..!!'-" 1n:> c-nrncl.r:r{"t.lcnr. f!c.ic~.s v t{cvicos ""e deb!m reuni.r 1'~o. r.é,rl'df:ill 
. . pr,rn el t :·nn!~no:-~.c. Wl:.1 tir.-,od:-¡1? 

. \_ . . . 

Un rcqiúnito :-Ílili!.o de ln infraestructura vial os quG ln cnp::~cidad de cct·¡;o. e!.:: !l.a re 

·do co.rrctcrnn roer, por lo tr.cnoo ·i~al· a las c~o'rcas :por oj 13 ocncillo y por oj e::; cm .tf:ndcr,¡ . ' 
·.Y nl pO!lO bntto da lo!! volúculos GO corrctcrn quo trf!r.5portün ~ contcr.odor C!!r¡_;:.rlo 111 

·l".o.'Ú:il:lo. Pnrn ol tl·:m~:p~rt.o do contúnodoros c·n 20J JJ y ,~o pico, las cnrr• tüi'II!l ,;.;¡,,,::. 

.. ' /.11chm·n. del CUITil: 

CÚ v n ho r l :·. C' n t r.l r.:.ÍIÚJ:_'\ 1 

r.::ndh·n tll ¡·/,,._t:o/11 
Vi~lihllhhll d::~:.!l do pnmdnl 
J~tul·n liu:"' ·~~:·~• . i· · · 

.. .. 
•' 

· .3 t:!ot.r"o 
JO r.:ot.ro!l 
10~ 1 

25 r.otr~o 
4 .L~otm,¡ 

.. 

1 
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!.nexo·¡ 
p¡Í ¡;inú 31 . 

.J .. ~tc.o clfrn!l .:111 ba~:~n ~<n1un clldn•,bi•~:quo 1per.r1\.·~' ur.~ .. volocidad do JO )G¡¡. por hora. 

(l"rll J>:lrto, on .~tncho!l pa 5ü~ 1 ó -u~ ·n an li.:.....tn:::~ones del oistcJ::!l de .corrclL•·a:;, 

a!l.:hu:n ro!.tir..n.outo•·.L::•da ou da 2,40 r.1 y la nl t=n m.'ui.Io~ do 1 1 2Q m. 

La:~ •cnrrctcrun dd .. ~n conut:r.úrso con c;,¡p:~cidud suficicnto purn !:.aportar c:.:·e:~:J ¡o..>r 

r.P.nta do 1) ton:::lc.(!t.s a:!. :;e prov~ m: trEficq. do todos lo~ tipOS· de cc::¡ter.údQ.!:\'r. ¡;;.;), 
~ . 
·J::.l .nú;.1é~o do. carrll.o~< dé·pendo 

] 

·f1co 1 .. pueden .bnstar l11!l c!l.!'retere.s 

so c~:'l::;trt:.;..rnn .7.or.c.·s do cr~.tc.·~. He.y· 

ce lll i¡ ::on:;id:hi. del trifi .o· •. !Jl zor;ns llt• JlOCO t,¡-j~ .. 

de un Eolr· cnrril, sier::¡n·e qu0· e3tén bien truu.~.;~ ··.:t 

' . le. ·rcsis!.c:1.ci~ Ce lo.J ~-.i.¡L:¡:-;..~::...; 

. 
1 

:b •cn:rrotcr:::,. Sl la rosisttmdc del puente s6lo ¡;cr;üite c¡u3 ;>ase Ht:'"·-fc•·lc , ........... · .. -·.-"· -1- · .. • '-l. ...... ......... • .. ......... . 

j. r.ec;or C808 VOZ 1 hatrÁ ~t:e I"t:k,'\:lcr el tr.ifico 00 CO:l5€1CUC:nci.a. Si el 

·6:.sts1:cia ;.·bnstt:illta 1:¡¡rn cc¡:-.-.rtar. ol pD::o dG un c:;r.tr,:::tedor 1 .l:.'lb.L·á. qua i':l'!cer 1.>:-,n c<:.sv.~,,­

] ci 6n
1 

a· meces ·_que so ¡;ur,d:l rcforze.r t'l pue::1to o con::trulr u:r:o nuovo • 

. ·1 (,S.~. ··¿~~.~t_sq__n2ñ.:_l~·,:-._s_r.•n!fE-.Q·~~Qf.:ft~l!_(;cL5n '" r.:cio!"!'l de 1s.s e.::::.:_etP~?.~ y_.:_de 1~ 
~-~_. ........ ~.n~rr1·o r. t:r1.!Cti.: ..-~ . 1!1.."! ¡: !1 r!'(·\..orn~? .· ... 

.. 
~· . . .. · ...... : . .:.~. 
· . Pnvi:-.~::.t.acióu dl•. t>;:!l cr.l':-otcrn co ·e:-ava, 

' 
, 

'JI !'~

1
- ·. 'r.6,rr.,ter·n~!i/. ......... ·- · '":.'<·.·,.' .. · :,.:. ·. 

1 a· u.otro~ J.'oj"T"!I poCUll~!lrio.s d¿,l trr.·• .. do Cacto total unos J.J3,0C0 d6J.._r~s •;:·;-· i~1:.. 

• A · ·. Conflt:~cc¡6n "'d: tn:u · co.;~etero. p:-ir;::¡;~ .~e do e carriles p::1rn velccid::dr.Jo 

1 da lOO lo.yhora, 

JI ro11 por •lill. 

: .. nc!1~n·n del pn5J!J:entoj 8 ;:otros. r-osto total¡ unes )/,0;500 c.::::-.-
.. 

Construcci6n. co ur.a cnrret¡,r'r. con fineti da d~snrrollo 1 i.ncl~Jicc.;; \'e::-io.!!. ¡¡~;'r;:,, .... 

~ pi>qUO:'i::>fl, 
. 

'JJ1i:l•ci :dol p!.vir:rnto,: 6 ~r:otrog; 
'· 

. \lno9 

l ·' }.1 tcon:Jtrüir C!lrrotorns n·.lt:'Vas1 ol co.Jto ilup~cwc.:.t.n!'io 
1 

:ojo ::or.S. rolnlivr.m .• to ¡·cducir.lo, 

1 

Costo :c:>tal 

J. p,/ 'U;.~ C"O~~to:~ :u1 ¡·,ü'ior.:on nl.Pnl:i.c;tf.~ :: .. r.u ~:~::rÚl c:n ctf.. .. n~1 t !_,bii.:n(~a::1 :n a:·:=····· 
't',.·i 1 1· ·'l •. , .... ·1,, '!•· .. , •• r·o¡·> c'o , .. o -,...ro •. • • • ,.,'1 -~···· ....... 7''' ·V"-1 C0!l e o u!l :_,J~' .... 1 ~· ~ ............ , • .,,, ~~··!..;·.\ .•• ~.: .. •Jll.Lll·.:OllOl,·...:· \·.JJ.,'¡,.\..:.,'J. u},:··· .. 

· J.a ~-17; njunt.:H~a:a n .1,~.: ¡.rt.,•..:.cu c...o 1:0:.> n¡>l.i.cr_'l.ci.,.., \.r~ _(_t.dt~o b·l:-~H~O l::i u~¡lJ':l·n~ ... :·: . ....: .•.. 

f, \J)!\ ..:-:.:prutl~ \lll t;;.n!iU~.t~ll'll~l dtl tr:;:~·!l~t:ri.!\ ,::1 n4.1ir,CJ Unid->. Lnii cifrad d·J ,~"'J:Jt.O:i ,; ~. 
1.1 . .inJ.lcun ·GI"th'nuo ...!tl ;.:q;n.ttut.l ¡¡;··rcnt::::tlu~, · , · . · 

•• .. 
~ ,., . [ ..... . ' : •.. 

• 1 .. .. . ·-- !·-..--·-·~-··-

,, 



· .T!J/f./J,C.l5/!: n .... ~·=>::.O 1 
l\..S¡;b;. 32 ... 

• f"'=7~ .. • - •. 
cj e n~rct. po:-1 . 

a'.llorl~l.lc!c.· ls"t 1 onc ú.-::'18 

.. r 
CG 11 t:> uiaratr.:ü do lJ1.l ce:.rruteru 

1 do¡ o ' 
J· -,, .' 

• es cor.r-1lo3 . ( ~.:,; üé~~l-eG po~ }:;: ) 1 
.J 

1 f'""• ,; oh''" do. ""'"" 
. 

· ¡ ~n c!6lo re:; r0r !:!.::} 

\~ . . t 1 .• ' f.,~ru~r~o_ l.~:ta 1 . -..t.t•(!cl r.cr OJ_O QC Ull .Int:n~.~a 
- . .. ~ 10 tor.cit:d"s 1 
rr:~V~A=t.:!lfi cie· cc-.rcn por oj G • . .. 
' . ' 

l r· . . .. •l •. 

,!f.O t~nolt~cla:::~·~· • ..,l . 
•. 

500 10 ' ;1 tonolr.dna .. 
b.!. da 8 tondedas 18 e::.\) --'.!lOS 1 
L 

. ,;. ...... . · ...... , 

... ' 

10 tonela•hn .. 1 lJ ton,·laua~·:: - ,, i 

5 1,00 .. lC eoo 
. 

1 
.. 

. 
Rc!\w¡·zo i!.:i :; t.:-. 1 .. .. . 
lJ toncl.hri~:_;l {1 -~ ' .~ 1 .. .. ··car~.q, po:· c.~ t! i 

J 

' ·1 • .. 
' .. 12 OelO i . 16 500 1 

28 500 ' 

'· u :• · l•••t,llt·¡,,,,,,,,,¡,·,_," ,,, .• ,. '"4 1•1t;o,,L:1i ol·• ,,,,,.,,. u;,.,;,Lr~wd._Gn-)·u~>:"·n:cp.lcul.üdv':; ~:.::-u 
uoi:lt~ _ll!l!l..cnr¡;a _por &je ¿¡; por lo. ~:nos lJ tonel:!dno, o el eorrcspo_~?á-cr.t.e po::o ;··;' o., 

;('i~~fo Y r~cGo V..tcl, t'J.-. ~os to ;;-,ar¡;Í!;nl para n<:I:Ionto:.- la carga por ojo da· 8 n 10 Ó l.l .. t :-.~'' 
i...l¡¡c,Jnur.::J Cllelo 6C:r ddico, t.:."l nJ.gu:.~o CCl ~e~ h::y la por.ÚiiÜ.dad de .rcfo':-'z.ar lo·::: j)<l.:>C, ~-:· .1 

. . . 1 . . '" · ..• 
r·~e>:iste-hto::; c:::t ~ .. ez do recurrir a nuovnn ccnst¡i.lccion~s. 

. U : - ·/'.! . 

!!.1f_in)o r.~ r':"·i~1rl"!!' 
o ) 1 tn,-¡1"1 !\~"-:!-J q 

. ·.· .... 
._ ' .• . : ·. 

f'n :"'-lF•r:tGs ni:tr.s:·· n_ll;;:c~nt.n._!· 

. . 

D. 
r--:--------~---------,--.:..._~---------~----; 

. . ,. . !· 1-~j--r·ll 1 Co ,t.o 'Ti¡:o de' ¡,uentci '-' v "_ ¡, ___ ..:_ 

1 Tr.Ücro do .r'-"do::ro : Vigél c!o ncc:·o r.•:¡¡le:.:r.ontr:rin ;oá -
r Vlr.n de nc<:ro y tt;bl oro 
•- de hor.:-.i¡;:ó¡ ·. · · 

:z 
1'.!: 
:• ¡ . . 

/,r::.¡¡zl.n tln rlo:.lr:t::J P.e!'.10r<.o uol :ll'::_•::{n! 2 250 -· 22 500 por 
·~-----------~--~---------~--~~~--.---L ¡-

450 po~ tonal:~ci~ · 

Tablct·o m:.c\'o. ! 1,5 . 75 por 
• 

' ' ' 'J · r/ L .. ~:l oo¡;tnn p:.rn i'\::-opu ~¡¡ ¡,;, .. ,,..r: en l;"' cJf¡:a::J. p~:l>lient!:;JI en ,11 f,:;nccl.ou t{,-: '.:· · 
: do loo nJ at.t.·!.~nu tiu l.r 1 d~!iP,:\l''...t.' 'l~ü ¡:n.-r:~~!t to7:1:'!"'•tt:r.vdo:".1:; 11 (!;T/ECt/1'."0) .'t.~·.t.•Jl.;~-! .. 1~ r. ~- .. : 

fl"l'C1oh· d•J l'll!i r.'>l!~:r,r .. i:.i·t~!l !:rd: .. ·u l•.'t!~~uu· c:n c:;li:.:!lCior;f:~ <l.• \~J!'.l· ,<:::Jr:.1:>:l dl.l c .. ·;·;,:• • ·_ 
1 • . . . • • ··1 l\.•!1 'In Jr\!m:1·~r-Í•l 1l·.•l· L·.•1n-:l Unt.Jo.: ·I.:lO c11·r.. J d'"l r.:.~t.o.l ::;~lo llidlc:~.tl 0rJ~:I\OfJ d~~ :: 

' ¡,\l\\' ú1'1:n).~1:.•1! ,.. · •.• . ""'. . .... 
• 

] 
' ' 



.. .... 

. ,·, 

Tipo de pucnt~ • 

Puente col¡;s.o.te 

Pucbtc de celosía 

Okos tipos 

-· • 1 
1 < 

.. 

MD/"· • .. • - , ¡-, e J. l:.·f.n ....... _,·,-~. 

J..r.c/.o : 
p!Í¡;ir~ ·JJ 

.,. 
Costo (en dóle~es por ~~) 

4~0 - 900 

)OÓ - 375 

150 - 375 

o 

1 

. i 
~~------------------------~----~----~------------------~----~ 

CostO. ·do conotrucci6n da túnel e o por k:il6I::etro 

;{rnJ.os: 750.000 -: 1'.500.000 d61Llroo • 
.:..:.: 

.~cado para un.s CRrretcra do c!6s 

o. 

• 

1·. 

·--·--
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TD/D/AC.l5/l$ 
&no:.:o 1. 
pd'cina )4 

G. oP..:R:.CIOilES lMTD:ODALé:s Y TRJJlSPOP.TE FE.!1i\üv'IIJUO 

6. · ¡Qur{ r.('l~1'1!rdr~'"!~ dr-h~n ·rrt:ntr los r.er:ic·1 O!l fr.rr-ovif!ric~ T'f:~n ,..1 -~:-''"·n~-- :~~-,-_1 ·· · 

r.ml ti:nd '· 17 . 

' ' ·~ , ... 

. La odopt¡,ciÓn dol equipo exi:;tentc o lo ocl.quisicién de r..lltori.e:.. mÓvil ::t:~vo p;:;rn 

quo las unidades r"lc:J intercnr:;büths1 yn :;o trate de contooedoro:l o .-¡¡1 0 + '1 ,. 
~ - v~.l J 

quo se cuente con lo c.:.pacicad ca o.c¡¡rrco y la copocidcd cúbics · q¡:e requié·ru .nl. trt.ns­

porte.u-:u.·;id~.:.l~~- dc:·~ur¡:c. E:~ indlsíl;~;ol:lo. ~~utor c~;l te~~~:llon prcr:i,;¡,;~ ·'" oq,t!ipo. 

do transbordo s:.üid~nte y Gituridoo en les in:::odiocionos de los te:::illn.:lc ~ ü.:: ~C:1to'­

ncdoros. ,U plcnificor rodas n::avas o la ~plíaciÓn de ln6 ya ·existentes co:CG tencr:Je 

"·..on·.cuonta lo posibiljdod do ae;rupar loG envíos de morcanc.Ía on contoncdorc::; e ,,. ~e tos. 
':" 1 Las roror::!lo no t.ion~n por quó ¡;or ~:.·JY on.bicio:;os ni lluvur::;o o cfCJcto ccn c.:::.o:::.o.:lo 

1 

aprosura!!licnto. P(o~~~.icndo. 8 \L"la ad~ptación po:::- etapas se' pcdráu cllcr:ar G':.~t./~ulo9 • 

. ;j· Tal voz sea nccc:;otlo adcptor un 'nister.:a de trenc·s-bloque. Un trc::-blD:lt:C sr> ce.:: pone 

';¡ de una serie co vogo:1e:3 y locrootoros per:::annntc.mcnto onganchnd'os que funcic:-. .:,· .. 1or-:' 
~ . . ¡ 
~. mando uno u."'idtld cr, una". dctor.ninr:da r..:to, quo el tren recorre en H'JUOS Cilnti:::·:::;, con .. ;--

'-· 

breves porocl11S en lo3 puntos de transbordo. fu e5tilmonorn a11 posible rcduc~· l\l 
' ' 1 ' ' 

n.{n1mo ol tic:;;po ~ espora en lo:; ter:-J.nolc·:l, :¡obre todo si ::;o trata do tr<l,}·t.~tc:: 
J 

• 1 

:cortos o c:cdicnos.! Ta;r,bién es ·accnsojoblc adcntor el sist~ de transporte ":::.;.,::::ro"nf 
. • . .. • 1 • .. ... 

:·Esta:· sistc::-.a JX'l':r.i~c trasl¡¡dnr rlpidL.-:.onte los rc:~olquo:l por. ferrocarril e o t·.:: t, r;;J.r .. !ll·. 

:~ otro y cc.-:binn 1~ flo?:ibilidad clo les c¡;.'!l.i.or.cs rcciolquos r.oro .las Cl?<';·ncic.·::c. ,:e ro-· 
• • . • . ·j . . ; . . 

·. conido y cnl.ro¡,:a ccin ul .trm!spC·rt¡, en ::os~ c¡UG e S lü vento jo UC los fcrroc:::rri:.c :; . !'<"r:do se: 

"noc(tbario di:;po:lLlr: do vnr;~ncs plotaro::-:::o proviston cÍ.o bo¡;ics poro ¡;ron volo~iL;.l c¡uÓ 

'pqrclton tr!ln~port6r los contcncdCU"cs ISO r.:.1u (,'l"an:los. Es rocmcndoblo ol u:;n (''' 

..... 

. . ... . . 
,\cpé~nos 'con bout.itlor do acero c¡ue n9 llcv~n lo plotafor:;¡a corriente :r sen ¡,_.j':;; ·Li··,crc!l. 

,~iJ c~nl;;;~u~rl'~ ·O~ t~::l~~~~~:·ton;~ d~o~tt.::on~c n.obro ol hnGt.id~r do acero, :'J. ¡-.:::;1 que 
'11 '• , . . . .,C-'"' . ~o e; orrn con un V.lC'In bnz~!G.cr, Cll ce--:pnrncion con loG VnG~nos ccA.~ri=:~'ltO!i 1 c~1 ~"' ... ' .... ~ 

0 J. deo kr,. Tol ve::.'::;,,.:¡ ncccsnrio rcvbcr lG orGcni::.uci.Sn, la vol1ti.:t: JI! ¡·:.:~ir~ Y ln 

l:ú'roo~t•u.:t.tu·u tlc lo red fürro•d:J:rio cc- olJj<:t.o ele ro~ponJcr n lu:.: m:cv:~:; r.·c::,:::;.::t:.wa. 

·· r./ l.l. :d::t.,·!:-1 'ncon!7..lr0 11 ccn:i~Lc en <)1 trlon~í'ort.o cln cn:niono::-rc~o<'l•;t>••, r:. :· · :,;,.¡¡ 
O vocfo!l 1 :¡r.:oro \'Of.C/1011 pl:1tofC':":-,1, l:::o du~lr:n:Jci{o:l 1~.~:1 r.i'icilll "!1 lÚ d11 t 1'1:!: '· ::.co 
do rc.::-.olqun M·hl~' vo.:5:1 pl::Lnfc:~.n (TC;·\:), :io,o:J' :dJJO una mo..ltü:,;,;J do tr:dL';•··,·~ .. ;·o;­
ccmt.oncdol'1l'n1 '1'"' ,.,:· cc::·:J.¡,i·Lo¡l, .ua '.'J:nolquo3 ci:·n:Jo 'r loa t\co:.lu \:n jnLl¡;:> du ;·¡:· .:u:l , 
trasor,na (ho1)c111). · :· - ..... 

(l .. 

.' .• :#~ •, 

. , . 
''T, ";' 

' .. 
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. TiJ/i:-/:.:.'..5/: ~ 
!;r,é:f.o l 
pócir1LJ .:;s 

~ 
fE 
l:r; 
tt:; 

, 
Hao del 6W. do ,las l!n-::oo forrovillrins do to:lo ol mundo. tienen un ancho d;, V!·ú 

de l
1
4J5 f.?• Otro¡¡ LlnChOJ do vÍ.O:; son 11 675. r.:."l Y 11 52/. m .Pa.r:~, ?o:J. t~;JO~ do v{a 

'ti~clul~ ··:{.".Qt7 :¿,;.~pr,rii-i~·;'·\·:(8; ·d.~ o"co'b·ó·;;:i~·eoó ';.11 j)oi-o la vtñ e~G~cri~~·: .. r:~-~as 
. . . . ' 

.curvas do pequeño radio so neco~ita un cierto en::;¡;nchu:ie~to do l_a Vlo pnrn c;ue p-..:r:dG:¡ 

rv: 

,as~~ los ~a¡:onao .do ds de .d.os .. ojos •. Po;~ una vol-~:idnd .m5xir:a de 7,0. b/h,· ~1 r~.diD 
c:Íninio io 1,11. ~urvaiura d~bo ;;e~· de 5.QOJ·m· y p&¡.-Ll vclocidados !:Wrir.:ao. d~l o;dl}~ dc.'/5 

a 100;}~~~¡ ·:o{ ·;cdi~ de c~~tura ~Wmo ~cb~ .. sor. do 1~. 000 ~ •. fu be ~cnersc c'n c:.;~n~r. 
• . ~ • ••• .. • .• J. 

'~ 

i[J 
los. movWootos littorolos y ol hecho do que el peralte de los carriles Y.la fuc,r;:a .... 

~eotr:!ruga·. hc.r.án ·que les· ve¡¡oncs ecbresr.l¡;ao nás de los. cal-rilo:; cuando. el t::-"n ~ 5 ._,; e 
. . . . . ' ' 

. :ell m~xir.:~ento •. Por ccnsi¡;uiento1 el espacio libre deberá ser rr..vor que lo ·sccció!-, · .:w . 
~P' )·rn~sver~nl ¡¡¡¿'~do los vo¡;o:1os junto con sus cargos: L~s perfiles do c¡¡r¡:n ·cJr:;:;n) 

'dieeñnrso tooiondo on cuento las dil:eosionca del espoc~o ll.bro 1 los r:.ov'...r.d.cnto~ l¡,:o.:-.·- · ?.¡'. 1 . . . 
r · ralee dol trae sobro los carriles·¡ las posiciones extremas da los vogoncn. en la~ cuJ';·an 
'• Los J'orroco.rrj_los con perfil.::·:.~. t' .. y los reA'r¡;enos do seg-.:.ridad nocose!'iqs p!ll'a túneles, 
\ ......... . . 
·¡ :arga· de 1n UIC pu<Jdcn traospo;:-tar osioh.üo to:los loa contenedores lS O de ~o :.or-io .l. 

En ló~ forrocorrilos do ~enor perfil.do cargo, el 

verse··utilizcndo. vecor.cs osjieciolll's con plotafor...a 
~i:- . 

: pequoño diár..ctro. ' · 

probleo:a da lo el turo podrÚ re ~el­

boja o bien vagones'con rucda3 do 

' 
' ' 

·' 

.68. 
'1·· .¡. 

¿Qllr\1t~!l ~on 1nn' nn:~!~~~ on C\lnnt.o n 1n~ cnr~c"t.c~{!'it.1cns·r.ntcl•1r¡l.os .Y 1..t~r:nir.(]:; 
.).Os '\.'¿•r•nnnn rlc f'r·rro~orr":ll ut:il:i ... r.~Cl~ rn el trli~~por".::.·:J rr:~Jlt:~ .. n0~.~l? 

[¡; Jlay rnuchoa tipos ele va¡;onos platnfo:or:o p!lra el tronsp9rto do contenedoras JSO. 

''
7 

. :En loa Vn¡:oncs platnfor:::a ordi.narios puedo instnlal:SO. un dispositivo do .sujcci6n 'l~lO .. , . . , 
'i .;_ 

•: 
' 

. . 
pc)rmita trun::portc .. do:¡ contcncdoroa . . do 26 pies on codo vagÓ.;. Puedo sc:>r nccc<.úri o .. 

hacer ciertas J.nod.ificaciones en los va¡:cncis plotnforr..o do usci genorol 1 de Jauncre c¡:JoJ' 

loa contonrdaN:J qucdo11 p:~rci.irlmonto sujo~oe. Loe va¡;onos· portocontcrlt'doro:; or.pncL.lu!l· 

tionon simpl.09 'bnutidorc:¡ d.o hierro en vez do plotufor:u:; do tipo ccrricnto¡ c~tu ¡-•·:·-. 
1 • 

lllito oconado:J il~¡>or\.¡:ntllu on la tara, y ~or tonto1 unn m:>ycr c;¡rr,a útil. J,l¡;ur.c:; :'<:"' 

1 ,l_ cono:~ ocpociuloo out.Jn pt"ovi:>t.o:J do dir.po;Hivo~ do :;ujoci6n do .:outcn;do:·o:; <¡U•J ~u. 
accionun p.1l9unuo un botén y do r.ot1nloo l\~~ino!:no qua j11dicon ,a·i loa cont,1r.;-dcn'" .. ::t::;¡ 

~· J.'· !'11111• .ronto r.ujuLo·e o lo:¡ vucCinc!l, •UL"lUlO~ out:r~ Jli:OVi:;too da placuo do 

'! tUc •.. r.n un\' .. ·b ,.;qu1.¡: .. :lo c~n 12 d>l out·u pl~c.::;,'·quo )XJI"lllton \Ul 

,\ .[.... \' 
:; i 
li¡ 

i l: 
1 . •. 

··--·--··· . -- .. -..... , .. 
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. :~¡ 
, I;O l4 pul¡:;ncl.!ln un ,¡;~cla diracci6o,_al colltooudor:.quoda .. etianzado y .. pro~¡;J:lo cor.•rn'"'~ .... 

:::.oviiüontos violentos. · Los·vagones··deben esta-r ·dotados de-dispos':i.tivos ·u:::orti¡;:.:.:écre:s . . 
,·-pQcinlcs paro cviter los iliiños durant-e las 'm.aniolirae •.• · 

1 •• •• 

59.. ¿Es r;osiblP Pl t;;!!~~";lort-c b'~tlti::::-::~1 !i!"l rede~ ferro·.riar-l1s co:rt d:!~~.::.::t~s r!nt:h('s_ 
de VJn? · · •· · ., , 

J • s!, en la codida en qU:o aste probl(:JM puada _superarse· de mo.:lo que so 
., .. evito el 

Lronsbordo 11 baso do ceJ:.Lier los ajes en los puntos do empa)J¡;a de v:!as de distiut"o 

!JlCho', So con51dcra que· el nuevo tipo do vagones do t. justo autcclátÚo suprinirlÍ f•Z1 
. ·, . 

,n,·.•e ) o a· problc!:'.!l'• qua pl: :1tcn~ .los c:iifcrantas anchos do vía. 

:·· ... 
, . 

. . · 
\ 

••; ;::,¡: lLL :) !. '. l .... 
• • • 4 



.. 

• 
·' 

H. 

7o. · z.Qi;·~· ~-;~ ~-~-]-~-; f~-F,-~--~~, ~~-ñ-. r-n-,_!.ni r ,· ~--6-. \·fc'r.-)~~! ~-n·r~·/ñ ~"e i tr-:1· .l. :Jtt~·f:: ~;~~ ·r~ ~n ·-""i·f._~~·:· r.-:-~---~1~ r. i r.:-:r· 
; · · · dn tron~:.o!'-:.t~ r!i~ 1- ::.i~o-~~1? ~.::\'.:~ 

'··'"~;-~:-.-.~-- ·,:, :·.·.· ;- -~··:;::·-;.;,_.-.:·::; . . • ..· ••. t~; _; •. ' .. · ·: 

.. Ltlo v!.na. do navc¡;aci6n interior deban c~tar coordi.n.ndas' con los. oti·o~ '!;-,ojo~' de t:- . 
.. :J.· *·. ·; -~~_;_; ::: ~-,._ .. , ... • . - • . ri., . 

po:-to. E:;to· puodo c>:lgi= inveroionos on divcrs·os pro¡;:-!leas: relativo:; o lri:. · c::'::n'rco'cio · 
•• ,.! ~!1.':, .... ~ ..... ·.·:.i . .'.J (, ~ .-; '· •,.. • - ... •.'1 • '· •• .• • . ' " 

.. rioo y él"oqiúpo. Tnl vez coa ne'cocsrió ún 'sorv'icio c'onDtanto' para núr:.cr.~r 'c·i ·6~io¿o:: 
:. --.·..:&~; ·· .. :.< ... \/_~- ._-·¡-: .. -;.·-. :· ' . . , :; ,•·t·_~. -~ r:~_-._ ..... _,·. :; .. · ... · •.. •· •.. ; ·.·. .. . . 
,l(}U ~q do: nGY~G~ci0!1 do !ú;xlo quo esto o pü.odon ser utiLiz.ada's todo el' U':"d)'i"':, i'::J' 1r;lGU:J:> 
¡ , .... :.~ -',, .. !,•·,\,.,•~'.,¡ Ao',o-•: \-' •• ~•,: , •-. _·,-.,•. ,., •, '( , :' 'o ' ·,' ' o• .' .•' • 

"palGO 3, ~U de.~ar:r:~l? lea V leo. de naVe "¡;(lcitn' inte'riOr punden hÜbÜÜr,r:io 'p!,i!.:. 1'c:!.'1;c/Ód,:-
::· ·.~ .... (' ···~·-··~. :!1,, •• '-· . : . . -!_""':,:; :.- .•. ~ • ·;.· • •.. ~:' '.· l. _, ·. ····- . :.. ' .. ~' 
miont9 do ¡;a barran L,',SH Y Saeboo, Ea indbpenoablo, pa8s 1 quo. la's vías,¿¿ 'rib~'Fi·;!ci{n · 

-·· 'o':.;;:. ~':.i' ••. •. .;"~.':' ·: ·,1· -J .. • - • • . t ... • .. ,•, l. ... , _\ .-.. • ·, •. ' • • • . •• •• :~. :. 

intóz:~or tot:J¡;~n ~!,o~·~os. dir::onsiones z:Jinil::as r¡uo po¡-:;U~¡:n el poso cia. aot.Jn~;:c B''¡~í.:;;'¡' ';''. ' , 
........ -., .-.. ~,··-•·/1-r-·· ··1 • • • -.''. . .• 1.~ ._ .. '· '•' . do o'ti·o tip9 clWl. :rr.tcc!nn transportar unidmfoii do. carga. En vias·paco p;aúi.:::~n'~~tcii:J~.'s'·. 

," ,- .,; ... _._.._;~J;-.;,..]-.,t~:~,.: ·_ ... . . ' ',',~¡:·, :~.:1 :¡,· .. · ··'· .. :· .. =·.·.· -~·. ·-~· .. .· ' 
d~', un,· cnMl;.~!l ;:;_\¡ucgc_i6::~. cuyt! anchura y ra,dio do curvatura sean Guficiéntu s;'·'~l"tror..:J' 

""' 1 •·-·~"r,~-~.··· .. ·~~ .,~~ e.~.~ '.l.~.v .. • "· · . ·;,; d:: .. ···¡..-•• :-1 -;;:--.( .-·:_. ··, · · 1 ·• ••.•••·•· ··...._· . r - ' 
· :r.~to, eD.,pu9go .9f9c tuilr _eficaZz:Jento en grupos Y. "trena ri" do ¡;oban·as·: <~: í•rcf&'31:c¡ti'o ··a¡.·• 
¡• .J~~ .... ,_ """·~-· +~M Loo• V~.· ~·~ • , . •, ' :.1-·r- .. : . , · · · · , .. • , · • 

.'~~~o",,,.ofroco -~~~~\~~jos ~obr~ los dtcx!on. tr~~do:;alos da desp~a~c:r'·lcíii '(;ü:'•r:::tn':iwil'ih ' 
•.. - .J ~ ~-'~' . ,_,,,l_, . .,..iJ . ., . ' .. "', •.•. --, ... ···,~···· . -~ '. •. 

l ·-.-Q;pV4qiqp pr~piiJ •. ~os r~i!!olcedoros do einpU:je .dJ.:iigon _rr.ejcr los ¡;abr:rrns 1 ':.,r,:,¡;.'~\~Gtódo'< 
1 • ., ..... ~ .. .:'!! -~ .!..~:··:·.··~·! ·..; .. · • •... . . '. ~-_, ' :·,., .··· .. - .• . • •. . . . . 

. ~-, il io~. canelos ,_cstracho!l. y sinuosos. da 'poca· ¡irOfuild'idiid;_:·Los. c'sclu:;os 'dcb~n ti:JÍ1t:i- .'J.át•Í 
- ~~~ .!.t} ~;.r··_,'";,•,;:;<:•.t ..,, . ·.":' · ,··~ · ~- · ·.-. ', ~ ·,· .. ,. •w .• -:.·~·1·.~.'"'•/:·. ",;'.·, . • P ·'· . : 
Buticionto á~uuJJ,lnd," oncbura y l'on¡;i\:.ud '¡)'uro' qu·e quepa tcdo.el trcn.do'c't.l•oi"l·i:n·o'ir'·;; 

4 ,.._i; •. -~ . .J·.~•-i_,;._:~.·-·.~.;f,'.)t,;r-;._•'l:~ ...... ·•·· · · ···t.•¡: • :,¡ •.. ,'_ ~ ····• .• \ ... ·.··•.·. ·-.· · • _, 

el cuenco,!' En loa p:tnto!l de diGtribu9i6ri \:lol ,-:ll1t'or'ior debo .iñ5talori:o eaúi.íJ6.ld~)\l¡.:'t;'!i'f:.." 
o , ......... ~' •~W 0 A .... , )~~~.:-: ... ~.:..:·.:·,__._:; ,j' •• , o 1; _:'t\1'' '•'¡ r1 > O >O :·:• ·.::. ;, ,: 0 :: • .,.··_O' ~-O o 

pul:ooipn,do' cnrt;l!,\talos.'ccnc (;l"Ú!ts de tierra 1'irmo, jun'~o Q :J.os rÍos .. o''c:m'clo~;.u,ti)' ... 
. --..., .. ~ ..... .. ;:~ -_ ... · . . ~ .-.. · ~~-::;.'J ... :.·. .. ·'•L. .·.-. ~ •• . ; ... ~·· ,•'''!'¡ "'-~¡-¡;··. ( 

ol.gunoa .cusos .. puodc.:J utlli::¡¡;roo ponto::.os ¡,'l'Ua, I'uodo ·oor no cosario ador..<f:J' t.::d;.':r cicr-
.... _ .. _ : ..... •.• .. ·.···~--· .• '·J •. ~·.'!.-' •. ' .. :. :.::·.··. :-',',·,_,,1·.~ ..•• ·,_._. . ., 1 : • ' '.; • . , ~ - ... . • .• . .• ( . . . ~· • .~ p··" .. i_¡ 

·las .zcnao r ... 'l.ra J]l'Q\.::¡:cr do ln into:::p;Jria ht: Cpl't:danos de ,.Cárgo ;¡ dosec:i-c·a''clcl''i;U".l,-:·. 
·~-t:o~~~~o .. < ·-.r·:}~-:r:.~:·· · · .... · .. ·-~~:~_. ~·~·~ _.-..... ·.: · ··· ·· l •• ~·-~ (i'i t.i·~ ;L:~···#1" 
.' • . 1 -.: .. ~:: ·:f :y\)~1t~ ~ • .---. ~·-··-~~-~n~!::l~-:~_.:; i .;; ... : .·. · ' '•' ··.[:,·.,,_ ., 

/ 

• '· .• ;·.'~:.ü./.f~J¡,T':·' 
·,~:-.·;~·:.·:.- .. :\-,"~· -~ .~.l..t~~¡-~~1:~:·.· ..... ·. :._.1.·~-:..~· :.:-.- .. -. .-~-~ .; ... ·.... ..,t.", .. 
·""·. .... · .. ·:• ·-:~·x·.··· · • .... ·-·· 

: '-: .• : ••• ,• ••• ,· J 

·"' • ~~ ~- .> .• ·. -~ .. • 

. ' 
r' .. 

• o ' ~,... 1 . r;·· .;~: -: ~· · .... · -~ 
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.;. l.' ; .... ,_ 
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l. OPE.RJ,Clúlié:S HULTD\ODil.,ES Y 'l'RtJIS?c;::rE J.E:\EO 
~ • 'J 1 

' 
Los C!lntenedores pnra el transporte aéreo difieren en tón:año, constru:c~tn y c~:.pn­

cidad de los t:tilil..odos en otros modos de tron~porte, Los contenedores ~:ércos y los 

"dliíp?sitivos do unidad do carga DUC, contcnodoro!l iglÚ o contenedores do cubi.ctL& ir.fc• 

rior aprobados por la lATA,· eon mucho. ¡n¿s lige.ros que loa contenodc:-cs ItO, p'.ic:: rc::­

~onden a la preo::upacitr. principal de los. pcr.tadorcD nér(!os que es, evit~:.r to:l:> :l~ño ·al 

·avión y aligerar el peso del contenedor. Los contened oros aéreos no tir.non t::.ntc•nt'!"~S 
nf montantes pesados ni están provi~tos de uno estructur'o que per:ni te el trr.n::;o.~:;to · 
integrado por U~r y no poddon resistir el transporte l':larÚimo ni la manipuioc!::':l qué 

'·~sto .entraña. Ade,..ás lo for::l.!l de iglÚ no. es co;;¡patibla 'con las t:'arnéte:dsLic;:;s •:::o .. 
exigen los l:'..atGrieles de ¡:oJl.Dipuloción de conten~dores ISO tales cc:>~o las r;r&.:i ¡::tr!-ico 

'o ·~a de contenedores y sus bestidcros do suspen~ión. Los dispositivos dtl 1:.-..l ccd co 
• • o • ,_,... • •• • • 

cn~ca DUC son co=pwtiblc~ con lds operaciones do_ transporta por cerret~rs. r~ro ~cJev! 

ha~e r~lto di:;erlo~· tui contenedor ~ntemodol quo ·seo sp.-opiodo tanto. rora el tro::::,¡:orlr 

a&rao ·co:no por~ l~s qeds modos da troospcTta. Los. aviones de ~~~· ius~lejo ·de lra 

riu.ev~ gen~rocicSn CD-747, 00-10,· L-1011) 1 que pueden transportar ~~~taned~rco !ll\.W;;lc.-

·.ci.ol~s 8~~/c~r·r~t~~~n 'de 20 pies, tienen ~ &erVicio .de 'transporta ~bicodol 'f .L:Üt3 cie:--· 
• • • • • • • • • • • . . • •• ,! • \ , ' 

!.o punt._o .hacen inoecesorio la csniobra suplcmontariil en t<:rnliJ:?ales acreo:;,: Se. treta, 

. :;,n~p~bor¡¡o, do avlonos que suponen cuantiosa!' irive~~io~e~· d~ oapÚ~~. · To'l ve:~ r.c:o · 

posible on ol futuro que los contenedores utlli2ndo's p~r las li.'leas céreos en el tron¡;-
1 . . . . 

·porto n.ultkodol tcn¡¡on los d.il:onsiones ticiioladas por la ISO y vayan provj::;ton de 

. c~ntonoros nor...clizndn!l •. Es~s· contcncdcrc~ hobrícn. de .t.cn"!r re¡;i:;tencia' :-:¡f;t:dor.ta 
• , · • • ; 1 , •. , •• ~·· ·1 ·r.·,· . . . 
para ooportnr el transporto po;t>·~iro y por ti;erro. ·.: ~\~f.~}71dir.j)!lnsablc 1 r.in c:;.b.'lr¡;o, . 

quo nu pooo ¡¡o o J:n.icho J:.ilncir quo ol do lo¡¡ u:;epoD en el· .t'ransporto do aupc:·fj cio. K!.9r.-
• • . , t 

trno t.nnto, o fin do lo¡,"Tor un tron:;porto r..at;: intccrodo, h"ny qua uDar lo:~ ce:~'..;;·., ,:a:-ca 
• • 1 

,Jlroscritcs por ln I.~Tt., t~';.ilc•!l Jlarn cien vioj~:i ]lOr lo t:cnos, 'qt:o cut1fn co:·,r.:.:·;l:.!o;; .~.:m 
' . 

P.anelos í'or::-..lldo:; por un nln!l do r.ndoru do bol:.a on cac'citn tron¡¡vcr:;el r1H:uld ,•:·~;,; 11~r 

IIJ:lboo·lndoa ccn lr~:úno~ tlo u.'la oleoci.!n do 'ol:::J.inio, H!\Y q~e coutnr' con r·.nL,·;·;:~lol:J ' 

oopocialo~ do. r.:onlpulnci!a tn.lo:J cmo troct.o; 11 p!~.~(la do heda, o~rot.o:•. du ¡o'),.·;,,c16r; 

d.b¡~oait.ivcJ tr6r..•;: 1'1.udo;-oo1 l'l.c, . . . ' 
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LJ..S Oi'E?t!.CIO;n:;s HULTr:;óo!,Ll:S Y LC6 P.AlSi;:S SIN LITCili,!. 

· .. 

. ~~.·'¿F.~ l.!)...J!nit.r.r:l:-.nci{, r.'.~1n rr.rl'~ l'l"r.~f1.rio~~ Tl~rn 1os nn{~,.~ r.1r, LtcrD1,7 

• · n .·:S! •.. Sobro tódo pur,1uo la unitai•L:~citn supone \llia mayor ropic!sz del tr~n:-.:!.'.o, 
_¡· n simplific&ciÓn .do los trórutcs do nduc,:Jn s 1 lo roducci6n u o lo C.oc-w~ectcd.Ó:: 1 y la 

··Jt•únución i1o los h\U'to:; r aver!Js •. ' . 
i. " \ . . • 

'14. ¿F.!l ne>~ibl(· 1'1 trnn:.nnrt.c ma:.ltb,.-;.~1. r•,rn lns nn{!1~:J r.in li.t.ornl? . 

J Wpondo do la ir..fr;¡¡¡slructiJ.ra que co:::unicn al- po{:; oin .litord con .lo:; }iuo:·t.c:; 

:_lo otro!l p!.lf:Jb:;. Pam!;to qa~<J al d¡,nc;!\:i.:wdcr cc-~JÚn en lo~ princ.)palcs t.l!rvi.cio$ (;~ . 
·]' • 1 . • • , . un~ppr .. c t:ultirJcdol o:; ol. U$0 do con~tJnodú:-oJ 1 ol trnnGportc r.:ultb.::.:Jal s.~r.¡ pú::j•_,¡u 

· rlndpclnont.tl ui lou c••nt.m-.•dcron pt:<,dun t;-cJ!J:;r.,):·tr;r~o por 1lna rrd clo f!l!'l'D~·;;Til•:: 1 

Jn:otoruny vfn~ üo ll!i\\1¡;ocibr. intcdN' quo cmuni!luo u lo:J pr!Ír.:3s vi., l.iL.,rr.l cvn 

• :1 l'"~··l.ou, 

'·· 

'• 
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DIVISION DE EDUCACION CONTINUA 
FACULTAD DE INGEN/ERIA U.N.A.M. 

11 INGENIERIA MARITIMA MODU~O: PROGRAMACION Y CONTROL 
DE OBRAS'' DEL 1! DE JULIO AL 6 DE SEPTIEMBRE 1985. 

[: 

D O C U M E N T O S . 

ING, PO~FIRIO LEÓN RUIZ. 

Pala~i0'de "'híeria" _c'a)le de·_Tacuba 5 "pfl_me~ piso. O!leg. cu8uht8!'Jloc:~ ... MéJIC~, D.F .. -.: !el.; 521-40-20 
_. _·_--.1~_· ·~· _' _._· .. {).;;_~-~:::~~-:-~:?:~.-~ .... ,~-~~~~' >,·.-· . ._. ' 

Apdo. Postol M-2285 
~· -~ ... _\ ; ., :. 
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C; , 
secretario dE' ' 
P.resenre 

DOClJM':NTO <ij -~--­

ESCRITO I'HOl)OSJCIQN 
2 

.. 
dE' 19~ 

.Eii atención a la convocatoria número :'·.. . .de fC'cha 
, de dP 198 que se publicó e] dfa · de JE'l aiío en 

curso, por medio de la cual esa Dependencia invita a participar en e¡ con -
curso número· relativo a: 

'comunico a usted que esta empresa c. :c;:¡lió con los requisitos est<JL•lCci<1o<o, 
quedando inscrita para •participar en dic·~1o concurso y por 1oi'anro como r;c·-
presenranre de · --------------------------------------------
-'------------------------------- -----------------·----·------

.. · manifiesto a usted lo siguiente: 

·Que o¡:¡ortunamente se recogió E'l Pliego de Requisitos y sus apéndices reJaci 
:: vos al concurso de que se trata y se ha tomado uebida nota de las bases a -
., que se. sujetará dicho ron curso y cbnforme las cuales se nevará a cabo la -:-
,•; .. obra; se ac~ptan íntegramente las condiciones en e¡ citado pliego y sus ap·~'n 

dices, los que para tal efecto se devuelven debidamente firmados t"llr E'l ses--::: 
c·rito e[¡ los re'rminos de la S':XTA CONDICION del documento citado. 

' , .. 
•' 

t'',' 

·. Asrmismo, expreso que se conoce la Ley de Obras Públicas y dE'mlis t.P s¡xr,: i­
ciones administrativas para la contratación y ejecución de obras públicaoo;, ':-~s 
especificaciones y Normas de Construcción que nene en vigor esa secretarra, 
y que se acepta que tales documentos rijan, en lo· conducente, r-<?spC'cto al con 
curso indicado y demás actos que dé é¡ se deriven. -

Igualmente comunico a usted, que se conocen los planos del oroyecro que nos 
fueron proporcionados y conforme a los cuales se realizará la conscrucciún de> . . . 

la obra. 

oe confOrmidad con lo anterior, se presenta la proposición respectiva conte -
ni~ndd los docum-:omos que a .continuación se·derallan y que se encuentran inte­

-grados proaresivamente, de acuerdo con e¡ orden estab!e>cido por esa secre,a-
. rra ~n.la S-XTA CONDlCION del pliego respectivo.· . 

Firma dCJ poqor 

. : 
;' '. :,_'.; ¡ -,, . •, ;!" ., ' ·" 

. ·'t '. ·•· •.• 

. " 

.. 
• 1 

--'-_;,_-' _ _i~~--- l.:,:_ ........ .. ;!< :·;:·; -. '· 
. :___·-•_:_:____.__.:_' -·-· _.:.._:.__:__.:_..__ __ . -·-·-----· . -----· ·~-------~ 
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a).·-DOCUM'SNTO CT-4, Garantra para sostener e¡ cumplimiento 
de lá ·proposición con un 1m porte de $ . · · · · 

a favor de la S'!cretarra de O:>municaciones y Transportes . 

b),' -DOCUM'SNTO CT •6a; O:>nstancia de visita al sitio de la obra, - · 
·o manifestación escrita de conocer elstio de los trabajos. 

. . .. 

Debidamente conste·stados, uenados y firmados en todas sus hojas, 
los documeñtos siguientes: 

a) • ..:oocUM'SNTO CT -3, e¡ presente E'sc:i-ito Proposición 

b) •. -DOCUMENTO CT-7, Programa de trabajo y mo~to~ mensuales -
de obra. · · 

e); -DOCUMENTO CT -8, Relación de, equipo que se etnplearli en la 
obra. · · 

· d). -DOCUM"='NTO CT -8a, Calendario de utilización del equipo. 

e). -DOCUM"='NTO CT -9a, Relación de co.nceptospara los que debe.-· 
rán presentar anfilisis detallados de Precios Unitarios. 

. ' . . 

f). ~DOCUME'NTO CT -9c, Anlilisis para la determinación del cargo 
.indirecto,éle acuerdo con e¡ ejemplo contenido en e¡ documento·-

. CT-9b, . 
. , 

. . . ' .. ' ' ~ ( ' 

· g). -DOCUMENTO CT -9e, O:>sto-hor'ario'de maquinaria:, de acuerdo 
con e¡ ejemplo ~ontenido en e¡ Documento CT :-9b • . 

h) • ..:ooeuME~o CT :-11, CatAlogo dé conceptos y··cantidades de obra· 
para pl'oposlción de precios unitarios y monto.:rotal cte la propo - · 

'. sidón. · _, 

· · · · i) • .:ooct.JME'NTO cJ -15, Procedimief1tos' de cons~~~~clón eón sus ane-
xos correspondientes. : . . . . . . ·, . . . . .. 

' j. '... .' ' '. 

Fqrmuládos por e¡ s~scrlto en papel meml:)rerado. i::on nuestra razón·-
soCial y debidamente firmados en todas sus hojas.· . . : : 

.• ., . ' . . ·' 

·.·. a)>· DOCUMENTO CT -9c-l, Prograiria de utllizaci~~ ctel ~r~nal en -
. ' ' ' . . ·~ . ' . . 

.' . cargado cte; la direcclOn, supervislOn y administración .cte los tra 
. ·baJ·os_. ·.: · .. ~ · · ···· · .. · · · _ .. - .. '· 

. . ·' .·~i.J .... . ' . ,, . .. 
···. 

··.· -:··. 
.;· 

·. •. 
. , 

·\.:",.· 
'• . .. · ·Firma aetpostor 

! \,~~ .. ~,:·::. 
. . 

i 
i 
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b }. -DOCUMCNTO CT -9c-2, Anlilisis dele osto financiero. 

c.). -DOCUM'ENTO:CT -9d, Datos b!lslcos relativos a ma~o 
·de obra,. ma~rlales y equipo que sirven de base al postor 
para elaborar anfllisis de costo dirécto. · · 

d·). -DOCUM'ENTO cr -9f, Anlilisis detallado de ·precios unitarios • 

. 'oebidamente firmados en todas sus hojas. 

a,.). -DOCUM'ENTO CT -6, Pliego de Requisitos y 'Especificáciones 
· Particulares. 

b )~ -DOCUM'ENTO CT -9b, Modelo para análisis detallado de pre-. 
cios unitarios. 

e ). -DOCUM'ENTO CT -10, Modelo de Contrato 

d ). -DOCUMENTO CT -13, Circular'{es) Aclarator.ia(s) en su caso. 

Finalmente manifiesto a usted que nuestro representanre técnico -
,en la óbra con amplias facultades para tomar decisiones en no m -
· bre de la empresa, ser.fl e1 lng. · . . . . · 
. con cedula .protesional No. expedida por la Dirección 

. General de Protesiones de'la secretarra de 'EducaciOn PO.blica. 

hojas • 

Nombre y firma del postor 
o su :i:~presentante autoriza-
do. · 

'.; 

~--· ·-----------· :..._ _______ _ 
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FORMA CT-4 
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QUE OTORGA EL POSTOR: 

"0-t>~• o •o•O"' •o .. lal. 

n ~- ·;"'...;~ 
¡ ., i j '·¡' · - r 1 · F ·: '· ! ; 
,' . '. 1 ' ; r. r:' \"'""é,. . ; , ... ,_ .. -.,. ~ ';-¡ 
, ~ ~ .1 : ' 

¡ ' ~ ' l 
t ~ ¡ ~ ;.~ 

¡) ~- ·•¡ tl 
1 j ' . . ···.¡ 

~ .-1 l. 1

; ~~) 
¡ .. :l ,; } ~J 
L~ t .. _.~ (¡;! 

'llnQropor acuí el ch~oue o eertlfleodo. 

(e., co•o ~~ ce .. !lfleodo.dobtor \-oC.lero ttr f,.en•o •o cor•e •uo•r'o .. d• o "~!O 

po,.o Qu• ~ .. o Vl!\!biC"" '"'' •r•uto "gorontlo">. 

' ' -~ 

1 ~- TIPO DE DOCUMENTO-...,....---------------

NUMERÓ . DE: FECHA:----------

IMPORTE ~ ____ .:_ __ CON CARGO A~-------

PARA PARTIC! 0 AR EN FL CONCURSO~.~-.,..-----
... .:. .......... 

R::::L..A>!VO A-~-----------__:__: ________ _ 
"~••.o:•·n~•.-

-------·--···---··---------------~----
,.·· ------ --,.-"-·---
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S.CCRET ARI:\ DE _ . ·- '-'- · 
SllLlSE':CRl:-.• T.\!U:\ ,Qrc:_ .. 
OIRECCION CI~:'\ER:\L DE·· 

DOCUMI::NTO CT-6 ''l'UECO DE !U:Qt:1;;1'J'OS" 

Corc urso No. 
___ ., .. ' .- ... ' 

Para los fines de J. presente Pliego ce Requisitos,. en lo sucesivo se deno­
·minará "SECRl:.1 ARIA'' a la Secrerarra de ComuniC3cioncs y T rans¡x:>r -
tes, "POSTORES'' a los Conrotisu:s invitados a particip:Jr en el Concur -
so y "COi\'IRATIST A" al que resulte favorecido con la adjudicación dd 
Contrato. 

La Secretaria y los postores aceptan que para la p.cesentación de este con 
curso y demás actos que de él se deriven, rijan las siguientes: -

C O N D l C 1 O N E S: 

PRIMERA. -El acto de presentación y apertura de las proposiciones con 
toda su documentación debidamente firmada en toc'·Js sus tontos, y colo 

·cada dentro del sobre cerrado en form::~ inviolable (de preferencia sello 
do con cinta achesiva ), se efectuará ex11ctamente a las ••. ,e,- •• -••••••• -

horas .. -...... -".minutos del dra .~~ .... >.~.~. del mr:s de ... ~-.-.- .... .... . 
d 19 1 S , ' : . - -· . .- . ·. . . . . - - . . 
1 ~ ~ .... _.en .a. aJ.~_oe.,¡_··"-:.~-.;-";.-. .._!,.f·--._;;;;.-~:~.-;-~-~~--.-~_: .. ;~";_.;:_~-."';-:: .. ·.·;·-:'-.. 
_ .. , stto en.'-·· .. ·--~-··•-·-> --·-- ..... - ....... -~-- _ -

'\. ~w '!: .• .• •• e e •-• • .. • • • • •• e • e • • • .,..- • e • e ~ • • O e e • e • • • • • e e • e • • e • e O e • e e • • O • e • •' • • o 

~ . ' - . . ................................................................. 
y ser~ presidido por el C. Funcionario que designe la Secretarra, quien 
de inmediam· iniciará el acto y sólo permitirá la prticipaci6n de los pJS 

tores que se encuentren presentes a la hora citada, aun cuando no asís -: 
tan el Representante de la Secretarfa de la Contnüorra General de la Fe 
deración y el invitaco de la Cámara Nacional de b. Industria ée la Cons-: 
trucci6n, pasando lista de asistencia se prciceder2. a la apertura y re vi -
sión áelos sobres que presenten los postores,- ver::icándose que los docu 
rrentos estén completos y que satisfagan en princ~;¡io los requisitos est~ 

· blecidos para el concurso. · 

-Se levantar~ el· acta primera que ser~ firmada po:- todos los particip2n 
tes e invitados al acto y se informar{! del lugar, :~cha y .hora en c;ue se -
dar~ a conocer el fallo, dentro de un plazo que no exceder~ de ( 20 ) •:ei~ 
te dras hábiles, contados a partir de la celebraci<·n del acto de apertura 
de las proposiciones. 

SEGUNDA. -La obra deberá iniciarse a m~s tard2r el dra ,..,.., • Lle,,,., ..... ; .• 
d,e 198· ••. v la fc;cha lrmite para la conclusión Cé· la misma ser<1 ~.l. ... -. . . . 
..... -.-;·o• . • -; ;-.-. ;:. ;.;; •..•..•..•.•.• • .......•......•• • .•• -.............. • 

Firma del ¡•ustor 

----------------------.!------·.:.....~-- ______ .::.____;___:, ______ :_~-· --·-· -· ~· ___ .......... ~--

•• 
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TERCt::R,\. "P:1ra :~sc•~l:rm· \:1 scr!cd:id de su prorosi<.:ion. c!·:h: · 
...... ·rá ocC>mp:~nor~(: ::~!:.~! .. r:xx·.~-~¿.•;',::---•T<' :--··~ C\'·•\. 1111 ~:h~~~;ty:,t.:_n!~'~~~) pnr ';1 : 

.cantidad de: .1 •...• ·.-, :-.--.--.- :'"·, ....... - ··.· · · .•. ·,·· .·: .·.·.: ...• ,.., ,., •... ·. ·.·.·. 

•• ' •• ·' ••• ' ••••••••• • •••••••••• o •• o • o • ¡ o ••••••••• ·O .. o • • ••••••••••••••• 

• o •••••••• o •• o o • o •• o • • • • • • • • • ••••••••••••• o ........... : •••••••••••••• 

expedido a nom!n"e de la SC:::::RETI\Rl¡\ OC~. ·~ ·:. 
. i •: · ·.--.·por 13-canridad n1ericionada con cargo a cualq;·_¡ler institución de -

~ ~ . ' ( . : 
.. , · .. banca y crédito debidamen:e autorizad~'- Todos losdC'!2umentos re!ati\''JS-

·.,.. ·:.· • y las garantías otorgadas pe:>: :es ?OS"':'CRES serán corr.servados p'or b SE­
CRETARIA hasta el atto de[ fallo o adi,:dicación v su Cievolución se h:Jr8 

·conforme a lo disp~esto en los siguientes incisos': · . 

' .. ~' ... ' ' ' 

. ' 

·.,. 
' ... •, 

a) Las garantfas otorgadas por los POSTORES serán devueltas 
·por la SECRETARIA en el acto en que se dé a corio'cer ~~fallo. a cambio 

del recibo original expedido por l_a misma, excepto aq•:Jélla qc1e correspo.Q_ 
da a la proposición del CONTR.A:J.STi\ a quien se haya: adjuócado el Con:ra 

to, la que retendrá la SECRETARIA \':asta el momento en que dicho CONTRA 
·nsTA firme el Contrato respectivo, constituya la Fiaor.7.a correspondiente -:-
al mismo y ent:Teg1.2e la totalidad ce los análisis de Pre~ios Unitarios y el 

·Programa de Ejecución de los Trabajos detal~ado por conceptos. 

b) Si transcurrido el plazo señalado para dar a conocer el fallo 
, (dentro de los veinte días hábiles siguientes al ce la apertura de las propo­
sicionés), la SECRETARIA no lo emitiera, lo hará del conocimiento de los 
POSTORES fijando la nueva fecha y hora en que da~á a conocer el f3Uo de­
finitivo, esta nueva fech8 quedará comprendida dentro de los veinte di8s ha 
biles siguientes, contados a partir de la fecha fijada en primer término. -

·.CUARTA. -: La SECRETARIA mostrará a los inYitados a 1 conccrr 
so por una sola vez el (los) dia (s) ...... :.·.-< ..... :del mes .... ·,~ ... .-:'.--: .. 
de 198.' '" a las ... . ·: . .-.~:· ....... horas ..... · .. ·~~: .... ' minutos, el sicin' 
· clonde se construirán· bs obrns: deberün ocurrir al :. ;:~; .~"~- ;:_ ... :,; ... ~.;. .. 
:>:··.-;~~~;-~-.-: .. ~.-':-:-:-.-~: .:~:;;;<~~:'.o':.·.,(';·, • .~. _.-..... :-;-:·~: ;~~; .. ~· .. • • .' .. • •,• •. • • • .. ~ • • 
.•••••••••••• o ••••••• o o o •• o •• o .... o o ••••• o •• o • o ••••••••••••••••••• o ••• 

-' . 

• • o •••••••• o •• o •• o •• -••• o ••• o •• o o •. o o •• ·• • • • • ................. : •• o ••••••• o' 

quien acompañará a los POSTOR ES en la· vis ita por pa::-te de la SECRETA--
RIA, debiendo rec:~bar la ·constancia respectiva. · · 

. ' ? 
. ' 

· . . ' 
. ' 

Firma d._.¡ Poswr . 

• • "1, :· .;:· ::-..... 1. '• - '. ' ' 1: ... • ,' .. • ,. - ¡'. 

\ ... 1 1 J • •• ' •• ',},' ··f .• •.• !' •· .• · .. · ..... • ... ·.· •• ·.·,· ..•. '." .. · !• ,, •. : .,...,,~. ·•' •, :¡,..),,. .,., - :~-· '-· -'--~~f._~.i:__~-
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·'· 
' ;. Las dudas ¡:4nnteadas nl Rcpdres,~nt<lnlc <k~ lo SECRETAHlA p~)! lo~ POS-

,1: .. TORES en la visista a la ohra deberán conflnnnrse p()r est:rito, en !t)S :C:nnirws 
,1 de 1~ QUlNTA CONDlCION; en c::~so .contrario-se darán por no habidas t2ntO l<ls-

.';,. p~eguntas como las 'respu~stas. · 
. ' ' 

;, • l• 
. ·¡. 

r · .. :~octi~e~~~Ad;l ~%~:~~~';u~~~~~u~~~l~~~ l:o~~~f~t~a~:r~:!~~~ re:;¡¿~-t . de·la.proposici6n, los POSTORES podrán ocurrir al ;_: · · -- ·• ·· ... · · __ ~-

~1 ·:~~if:i·::' .. ~~. ;~~>-· -~· ___ - j, :i:·.. . ·-;:_ .. . ·, -·~~-~-i·~; 1 

:;:~ .~-~.:::.~: '1•• • .. ·-~ ___ .~,·-~-· •· .. _ __ .• , como lfn·1tte vCHO d~as antes. de .t3 fecha-
:·, · 's~llalada para la ptesentací6n y apertura de las proposiciones. en la PP-1:-.i.:::-­
, 'RA'CONDICIO:\ de este Pliego. Las dudas sr:-án aclaradas por escritQ 2 más 
!:.' tardar TRES días antes de la cele\Jraci6n del acto de apertura, con copia 8 les 
~: ·de~as POSTORES.· 

~.· · , SEXTA.- Para formular la nroposici6!1 se utilizará el OOCUrv!'ENTU 
Y, .··N~ Cf,.3 el cual deberá estar debidamente firmado por el POSTOR v cendré 
1•: ·. , toclós los a~exos que a continuación se mencionan, eXigidos por l<:o SECRE--
;! · TAR!.}; y ordenados en forma progresiva, precisamente después de cada 
r· . Úná de las hojas fndice que se prq:Jbrcionan para tal objeto. 
' '' 
\, DOCUMENr O N~ CT-3: 

,, . DOCUMENTO N~ CT-4: 
~· 

·' ~· ¡ ' .. 
¡. 

1' ·' .·· 

· OOCUMENTO N~ CT-6: 

Escrito Proposición. 

Garantfe de cumplimiento de la Proposición 
(engrapada en la hoja respectiva), lega!me~ 
te e:\-pedida y que satisfaga los réq•Jisicos -
exigidos por la SECRETARIA en la TERCE­
RA CONDICION de este Pliego. 

'1', 

El presente Pliego de Requisitos que debe!'~ 
tener anexas las especificaciones pa rticu: a~ 
res. 

·'·. 

'J DOCUMENTO N~ CT-6a: 
,• 

DOCUMENTO N~ 'CT-7: 

OOCUMENTO N~.CT-8: 

l. 

··: ( 

. -~ ' o 
,"DOCUMENTO N- CT-Ra: 

. ' ,, 

• 1 • 'oocUMEJ:>.'TO N~ CT-9a: 

-~~~--- .. 
·rr. . : ~· ..•. . ;·_ "'' •' 

'.; ' ' ¡ • : ~ . .._ . 

Constancia de visita al sitio de la obra, o 
manifestaci6n escrita de conocer el sitlo de 

--los trabajos. 

Programa de Trabajo y Montos mensualt:!s de 
Obra. 

Relaci6n de equipo que se emplear~ en la o­
bra·. 

Calendario de L'til ización del Equipo 

Reiación de Conceptos para los que do.::.e~h 
prescn~ú aniil!sis detallados de ·?red·-•,.: t ·::¡­
rarios. 

. . ~ 
.1 i.,· ,.;:. Firma cct·psstur. 

·--'-'-'.:.._--~·"""~·."'·"'::--":-~"-'"'··c.:· ,.c.:J_·~~~-y:.~~:· __________ . . .. _.: 
·------~--·-----~----

.. 
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DOCUMENTO N'" CT -9b: 

DOCUMENTO N~ CT -9c: 

DOCUMENTO. N'! CT-9c-1: 
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Modelo para análisis ~~·tallado de P~·cclus 
Unitarios. 

1 . • • 

Análisis para- la determinación del cargo 
indir-ecto de acuerdo eón el ejemplo conte 
nido en el Documento N'! CT-9b. · · -

•, 

·Programa de utilización_ del personal en­
cargado de la dirección, s~rvisión y a<!_ 
ministraé:ión de l9s trabajoS. 

Análisis delcosto financiero. 

Datos básicos relativos a mano ele obra, 
materiales y equipo que sirven de base al 
postor para elaborar, análisis de costo -
direc ro; de cada Uno de tos conceptos de­
trabajos de acuerdo,Ccin lo esrablecido en 
el Documento N~ CT -9b; · . · . ' 

Costo horariode maquimiria, ·de acuerdo 
eón el ejemplo contenido eri el Documen­
to N'! CT~9b. : 

·. ·. 

Análisis detallado d~ precios unitarios. 

Modelo de. contrato de obra's a base de "­
precios unitarios. debidamente firmado­
en todas sus hojas: . : .· 

. -, ' 
-' 

Catálogo de conce~t6s y cantidades de o­
bra para proposición de-precios unirarios 
y monto total de laproposición~ 

Circutar(es) Aclaratoria (s~ en s•.1 caso . 

Pr~edimientos de construcción que· el pos 
tor deberá presentar. Estos procedimle~ 
tos deberán estar claramente explkados y 
el equipo en ellos propuesto será congruen 
te con la relación contenida en el documeñ 
to Np. tT -8 "Re ladón de equipo que se em 
pleará en la obra": Deberá contener los _-: 
anexos solicitados en el··documento CT-I:i .. 

· Firm~ del postor. 

' . 

.. ' . ' ' •' . . -~-~....__...,_ __ ,..._.__ __ ~_ --
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lr ;::~'~ SEPTIMA.- Para satisfacer todos los requisitos a qu(! se re-
~' ,,f·i~re lá·SEXTA CONDlClON. además ele los ancxos·c¡ue se soliciten y­
~~· -·-~q'\:ie}s~an prÓporcionados por el POSTOR se deberá~· utilizar precisa ~e_ll 
~-·::te' las .Formas e'impresos propm:-cionaclos por la SECRETARIA que. 10- · 

;~,,~ :\iégia'ii·'la carpeta correspor.d¡(''-;e ál presente Ce>ncurso. Para presen-­
~:··,·:t'la:rJIÓs;.·docufi'lentos cuyos .f0rmatos.no se proporcionan, el Postor urtl_~ 
~~f :,,i,'~átá'pápel membretado de SU empresa y llenará estos documentOS· en la , 
f;··~:.to~~é(~ue t;cmsidere m~s coriveni~nte. ·· · · 
'"'),' l• f' ', ';' ;~"\ ·~ " • ' ' • • ' . ' t 

f; .. ,, >: · IMPORTANTE.- 5erácondición indispensable para que la pr~. 
L•. , :puesta sea aceptada que se incluyán los 19 (diecinúeve) documentos des~ 
;'; · · éritos·en la SEXTA CONDléiON de este pliego. . · · · . 

1. '· r ' ' • • ' 

t: ·.- .. :·. "i .. ,~ :-~- " ' . 
• ;¡;_;, .,.,, ,-> · · . Los doccme·ntos que forman la proposición deberán estar inte.· 
~~; ¡->:gradÓs 'y ordenados en la forma anl ·•::ia en el primér párrafo de la SE'8 
>.¡,'' -', ',T'A 'CONDIClON, después de cada- hoja índice. · 
\" : j ' ' ' ' ' 

~ ' i'ai" .' • · . Deberá evitarse engrapar o encuadernar todos los documentos 
·:~ ·.'::.,.de'la proposición en un solo jtJego,: · ' ·· 
~~ ' !., > • ' • : • 

. t -~ 
t·; 

., 
}¡( 
·;~ . 
. $.·, -. 
;~:•·• 

Para presentar la proposición se·utilizatA el scbre qi.Je para • 
', · ese objeto entrega la SECRETARIA, a notando en e,l.lugar correspondiente, 
· el núniero del Concurso, la fecha',' el nombre de lá obta y el nombre y car 
·~o-delapersona·queaslstealCon~urso._ ::- . ·· - -

l:: : ' .OCTAVA. -
#~:. ·, • .TORES lo, siguiente: 1 ,:: 

Al formular la proposición 13e aceptará por.'los POS- . 

i"-(, . . - 1 . • -·' ·._ '_/. ,. • • ' 1' ·-· ' 

i:l, 1..- .;'Que la obr~ se llevar~ a ca~ con sujeCión a(: i:..as ~pe(;ificaci.ones• 
'•\ · .. ;: . , Particulares y complemenratias de la Dire<;ción. Gemez;a l de Obras -
~;t " :·Maritimas, las cUales forman parte & esta,.carpeta .ele cipncurso :y~ 

< , ;las Normas de (."onstt..x:ción de ta S. C. T •• :.elP.r:oghima:~'.Tl\"abajo J:. '. ' ··y Montos Mensúales de Obr:ÍÍ, los Precios Unitarios,ano'tad9s en el. 
;_/, ,.-.··' . Catálogo de Conceptos y C~ntidades de obra·,··~onfor:m~ a la's Claús~ 

·: ·-las del MOdelo de Contrato'• de Obras a Bas·e'de Precios :Unitarios y~. 
(·'· :::.: · · · ~~ 1ás'condiciones oe este Pliego de Reqúisitos.': . · -;.: , . : : ' . 
s~~ .. -! • . · :-:; · - · • :,' - •. : -_ . •. __ : . - .. -~~; .. :··~: • • 

1 
.• • -. :·.-~·~ -::. .:.:. 

:• 2.- '¡Que tomaron en. consideraclóh las condici~ffé~ metebrólógicas(llt#ias}. 
~ . . . ' .. ' . . ... . . ' ' 

~· :'' ,: topográficas y geol6gicas de la región. asL'como.las yias de comunica 
~; ·. (' ción existentes, compenetÍ;ándose de'las condiciori~s 'gfineral~s y·es--:=. 
:~: : ;: peci,ales del lugar específi~o de las obras.>y que' erdesconócim,iento -
:/i. . , de lascoridi~iones anteriores, en ningún ca'so servirfi:¡)oste:r:iorn,iente. 
D' ;j ~·para aducir ju8i:i.f1caclón póf incumplimiento 'de!' Contrato y pet·Pr.Pgra . rt ; ·. ·. . ~ ma ~e Trabajo;,,:o pa.r:il,solisitar-.bonificaciqnés a· los Pft;:i.:,lós Vni tarios 
·•· : ·:; ·,',,.'Consignados en:la pr.o'posic_ipn. ··· · ··· .,··:.;\' ·' > ' '.• 
"··1· • . . ~ • • . ':.';;: ,, • • t ' •, ' •. ;' ";·-:'·". · .. ·. "•·' ... ·.,:··· , __ ;_ . ·. '•· :._._;· :· .. t., ·~·-"':>.---::.._·f.: __ .-/·.: .. 
'' . · :' 3. 7 • Que habr~O jU2'gaco v"tomado.eO C'JE''lta tCxJ:j~·.Jas CondfCiones(q'(.K:i''¡,,'pue 

' ' ., 

~-: :.: .• :: •:. <.~. ·:_:· _·,.· ::·.~- _;_;s: .. _ .;:·~· ... ~: . . ~ .. 'i::·:} ·.·:·:'.:,•_-... · ... :.:.·:.:.;\;.· __ (.-~.·.:~y_.::;··;, :-:~~;'~ 
·~r,;~_ . .-::~};~~ ,· ~- ,·: . \ \ ' .lo 'l 1' •• ·;·•,_";;¡~- ',i">. } ¡. ·':_·:~:-.:</ - . ~ ~ 

· ·. · ·~ · :;-;· · ·· ; ·:,·r¡~;·~. :; : 'r,;\'~Y:':~?t.~::I!:~i:~. ~].~r; ;:;,~· . ./: :S;;·.l .r -·;'.!{ 'iLI·._,1r'-;~i""/""'.l""t""'-:~::o-1""1 ·"'~r'"'"t"": .• :"":Íi""~p~ • ..;.r;_:_ . ..:._.!.,.._:-;:-:-; ( - . \) -. 
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14 
En caso de encontrarse E'rrores en l;;s operaciones ai:-itrnNic:¡,s. se reco­
nocerá como corn•cro el pro..:J·xto ck: ]as Cantidades de obra :1!1•\[é!Clas pur 
la SECRETARIA y los pn:dos uniwrios o notados con letn p•)r e\ !'OS T'OR 

; : 4 ~ -. Deberá anotarse, el importe total de cada una de las partidas coménid::~s­
enel OOCUMENTONc. CT-11, inmediatamente después del últimot·nn­
cepto de la JT)isma: ?ste impone toral deberá ser la suma de los import<:s 
de todos los conceptos que intervienen en la partida correspondiente. en 
su caso . 

... .. ·, •. 

' ' 

' 
J 

,, 
· •.. 

' 
... 
· .. ' 

. , ' . 

'·' 

.; . 

. La suma de los importes tora les de todas las partidas, representará el Monto 
Total de la Proposición la que deberá a notar se con número y letra en la últi­

ma hoja del OOCUMENTO No. CT -11, en el lugar asignado para ello. 

· 5.- De acuerdo con las correcciones t.¡ue en su caso se hagan. se modifica­
rán los importes de los c•:·n.ceptos y 01 monto total de la proposición que 
resulte, será el MON:o 1 . .' RREGíOO para efectos de la adjudicación. 

DECIMA.- Deberá señalarse en la proposición el nombre del Técnico 
titulado que sea el representante del POSTOR en la obra objeto de este con­
curso. el cual deber:'i estar registrado en la Dirección General de Profesio-­
nes de la Secretaría de la Educación Pública y además, deberá tener suficien 
te experiencia en las obras de la índole de la que se llevará a cabo: tE'ndrá ::: 
también obligación de conocer ampliamente las especificaciones generales­
de construcción, d proyecto y lns especificaciones complementaria" en su-

. caso . 

. DECIMA PRIMERA.-. Serán rechazaqas por la SECRETARIA ~n.el 
acto de presentación y aper~ura. las proposiciones: 

l. - Cuando el sobre no esté cer:i-ado en forma inviolable . 

2. - Cuando el Posttlr· no presente uno o más documentos en los términos de es­
te Pliego. . 

DEClMA SEGUNDA.- La SECRETARIA se reserva el derecho de desea­
lificar, posteriormente al ~cto de apertura y durante el estudio de l::ls mismas, 
aquellas proposiciones de las personas físicas y/o morales.: · 

l.-. · Que contengan uno o varios precios unitarios no remunerativos. 

2. ~ Que en los at•álisis detallados de Pre<.:ios Unitarios hag<Jn irÍtcrv<'nir tlt!s~. 
t;:¡jos o lotes por con<.:t:pto de mano de nbrn, matcri;Jlcs y CQ\Illl"· 

:~.·-... En las que n•• coincidan los precios ••nitnrios annliz,ados dcwlhc.J;nn<'n-­
tl' con l.os nn •tatlos' con lérra l'n el JY.X'l!Ml:NTO No. CT- 1 l. 

4·.- <~uc- omitan vn uno o m;i.<:: -.:0nvcp!n<:: b c,'•tiz.,..:irm con h:tra v nÍ!m..:ro v11 
,, rvv·t 'M':t·•t·o r-..< ("r-11 . ,(, L/'",~ •. 1 L . 1 .). ... 

~ .... --- ... . . Firma .c\e.1:nó.-:o~ . 
_,. . _. -'·~· ---"---' 

•' 

'· 
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5.-

8 ., ...... 1 ~í 

Que n(> conteng:111 cotnpktt,r; lo>; clatc.>S hfts\c:os rtJ!etlvo!-1. n Mlnrlos dP-1 
personal obrero, prE'cir)S unit<trlc>s de rodos los materiales que ínter­
vengRn en la obra y costo hor11:rio de la maquinaria y equiro:[X)('l'-~­
MENTOS Nos. CT -9d, CT -9e y CT -9L 

6.- En las que no preser.~er completos los datos requeridos, en el anftli­
sis para la determ:ri<Jci6n 'del COSTO INDIRECTO, en los términos -
del modelo respectivo. 

7.- Que no contengan la tota!idad de los análisis detallados de precios uni­
tarios solicitados por In SECRETARIA en el OOCUMENTO No. CT -9a. 

8.-

9.~ 

10. -

Que propo'1gan a !terna r: vus que modifiquen las co.ndiciones estableci­
das por·la SECRETARlJ\ e:· •:ste Pliego. y conf9rme a las cuales se de­
sarrollará el Concurso y la Cbra . 

Cuando no contengan los dccumen~os requeridos completos o que hayan 
omitido algún requsito. · · 

Cuando el POSTOR o su representante 'no firmen alguno o algunos de· 
los documentos básicos que integran la proposición. . . . 

·, • 
1 l.- Que se les haya rescindido ~ cancelado por incumplimiento un contra­

to. 

12.- Qué haya cometido hecho ilícitos en perjuicio. de laSE<:RETARlA. 

13.- Que se encuentren sujetas a suspensión de pagos o declaradas en esta­
do de quiebra, con posterioridad.de la apertura del Concurso. 

14.- ·Que estén al servicio de la SECRETARIA percibi.endo tina retribución 
por nómina u honorarios. 

15.- Que no satisfagan los requisitos de forma o de fondo; detcrmin:Jdos.-
en este Pliego y sus Apéndices. · 

,. 16.- Que contengan información que, ai ser verificada por la Stcrerúía. , 
no coincida con la indicada en la propuesta. 

DECIMA tERCERA.- LA SECRETARIA se reserva el derecho de de­
clarar desierto el Concurso.: 

l.- Cuando en el acto de presentación y apertura de las pn)posic-iont's se 
presenten m• ·nos de· tres POSTOR ES. ·· 

2. ~· Cuanoo.:il St'l estudiadas las propos.ié:'iones·r;,stefiorrncnte·. 'sean u~~ 
ceprild:-~s o n ·su !ten s:-~ t isfactori:.1s menos de. trvs propos i.:.inn<'s. 

·-·~----

. ~.· 



1.5.-

Mlf - 1d 
E. P. 2 

CONCURSO N~ : 

ACTUALIZACION DE PLANOS. 

Una vez terminada la obra o sus¡péndida por -
cualquier motivo, antes de hacer la entrega, 
el contratista deberá e.jecutar tt:on todo deta 
lle el levantamiento de todos Jl.<os trabajos -::: 
realizados, vaciando los datos <en lós planos 
correspondientes, sin costo alguno para la 

_Q_ecretar_ía, revisados .y. autoriz-ados por el -
J;t~pr-e senta,nj:.e. 

. ·. ~. 

• 

, Ir--., 
'v' 
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1.6.-

: 1.6.1.-

1.6.ll_...;. 

.~· .,.; ..... 
E~ P. 3 

éONCURSO ~ 

GENERALIDADES: ---

El contratista en la· visita de ins,pecc:Í.ón .al sitio de la 
obra deberá obtener todos los da tcis aue considere necesa 
-rios con relación al abastecimienoo de agua potable, ---= 
energía eléctrica, accesos y servitcios necesarios duran­
te el período de ejecución de los· !trabajos; además debe­
rá obtener de las autoridades cornesuondientes los imDO!" 
tes ·de las conexiones que requiera. ~ebi~ndo asími~mo---= 
considerar sus consumos durante el tiempo que duren los 
trabajos, ya que es.tas actividades; no le serán pagadas -
en forJJE. adicional debiendo por la tanto co:1siderarlas -
dentro de sus precios uni_tarios. 

El Representante entregará al conbrát'ista al inicio de -
los trabajos y éste se dará por r~ibido d~ los trazos y 
bancos de nivel necesarios para la. eje<:uci-en-~~la--"'BtiTa,c.e---=­
debiendo tomar las medidas que req:uüera para -tener rere::.-e.~-: 
rencias de comprobación de trazos -y ni veles. 

:Durante el proceso de toda la obra., el contratista ejecu 
-tará los trazos y nivelaciOnes que se requieran basado·-­
en los datos que proporcione el R~resentante, de acuer­
éio con el proyecto •. 

~ Representante solicitará. al com'tra tista cada vez que 
lo considere necesario verificar trazos y ni veles de J.a 
obra y este suministrará lo necesario y proporcionará --
los da tos requeridos. · 

'.a localización general, coordenadas, dis tanciéÍs y tra -­
:=os de los ejes principales de la obra aparecen en los -
?lanas de. p¡;:oyecto. Con base en los mismos, el contra-­
~ista debera-proceder a su ejecución haciéndose respons~ 
'!:lles de cualquier futuro error cau:sado por negligencia -
o pérdidas de una o varias referencias y/o por interpre-
~ciones erróneas.· . 

- . 1 

. ::..Os volumenes ·de obra contenidos en el ca-tálogo de con--
=:eptos scin aproximados. 

~ contratista al elaborar el precio unitario de cada -­
:::oncepto ·del documento CT-11 "CATALOGO DE CONCEFTOS ••• 11

, 

.::eberá tener en cuenta las especificaciones particulares 
'"'"S especificacj ones cOrrtpleinentarias y las norrras de --­
::::onstrucción en el entendido que lOs números de las nor­
~s de construcción que se marcan en los conceptos del -
-::::=. tálogo antes- mencionado, s6lo son indicativos pe.ro no 
-;;mitativos; por lo tanto, Si existen algunas especifiC5_ 
-5 enes dentro de las normas, aplieélbles al concepto en -
::::1esti6n cuyo número no aparezca, dichas especificacio--
:::es deberán ser consideradas pa1:a analizar el precio y/o 
-~ectuar .ios>. traba'jos cprrespon'dientes. · .. · . . , ' . . . ' '· . ' . . . - . . : ' . 

·---·--··--------~·-~··._ / __ .. · '.·.·. -·- ·-·-· ···-·~.:_:_..:_:__ . - --'--- - - ---'~--"-"--- ~---"'-'---· _____ ,_._. __ . ---·--
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l.6.g.;_ 

1.6.10.-
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CONCUIWO N~ •. 

Si las normas de construcciÓn t!e e~ta Secret;~ría , se 
contraponen a las ·especificaciones comnlementarias; se ., , - -
ran estas ultimas las que rijan, asimismo, las especi 
ficaciones particulares regirán sobre las anteriores. 

En los precios unitarios que presente el postor debe­
rá incluir todas las erogaciones que tenga que efec­
tuar para poder realizar las actividades en cuestiÓn 
de acuerde con el proyecto. 

Si por necesidades propias de la obra fuera preciso­
que de uno a varios conceptos de trabajo se efect~a­
ra un volumen rrayor o menor al_ indicado en el catalo 
go de conceptos de obra, el contracista realizará ei 
volumen que resulte,- ·no teniendo por este motivo ni_Q 
gún derecho al cambio de lo_s __ pre~:i-.91LUnita:r:ics_g_r_i¡Q. 
nalmente aprobados, i'_uñfc--:-¡¡_menté se7~.g2._r4{rí;:J,_os tra-
bajos realmente ejecutados. - · · -

El contratista que ejecute la obra, objeto del pre­
sente concurso se obliga a realizar la misma, a· los 
precios unitarios propuestos por él aun cuando por­
_·necesidades de Úl 'tima hora de la Secretaría o uor di 
ficultades del sitio· originalme~te escogido sea ne-­
cesario modificar la localizacion del lugar de los­
trabajos, si las condiciones_del nuevo sitio son i­
guaies o semejantes a los del original. 

Si el contratista ganador dé este con~urso, no hizo 
las debidas consideraciones en sus análisis de pre­
cios unitarios de acuerdo con las normas y especifi 
caciones del proyecto, el hecho de otorgarsele el -
contrato no significa que la Secretaría lo exima del 
estricto cumplimiento de todas las condiciones ori­
ginalmente establecidas. 

El contratista ganador del presente concurso se obli 
ga a presentar.al Departainento·de Concursos y Contr~ 
tos los originales de los análisis de precios uní ta-. ' rios que complementan la totalidad del catalog9 pr0-
porcionado en .un plazo no mayor de diez días habiles 
contados a partir de 1 a fecha del filllo. 

El contratista-ganador del presente eoncurso se obli 
ga a tener en el sitio de la obra, un técnico resi~ 
.dente ingeniero civil titulado· . con al!lplia experien 
:cia en el tipo de obra que se ·va a e;!ecutar, el cua1. 
tendrá poder amplio ----- · 2 

.. ' 

' .. ' . : ,. ·.¡ ','• 
·( . 'í_· t..:..<:: 

. : . -~ ' .. 
; ~ ..• '- ., -~ 

•. . ' . 

' .. 

1 
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1.6.13.-

J..6.J.4.-

J..6.J.5.- - ) 

' 

·; 
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CONC:UHSO N~ 

y bai:-.t.itntc l):.trí..~ ac~.u::~r en 1!1.")1:11.·ró del l'C•:·~·.:rr~t-.1:.:\·.n 
y cunJ.ciu:i.er. ~"Jrdcn t::~(:a l'ur el ~(:l-Jrf"~!3ún L::~::·t.c al -
m:i.::-1no se cons:l.Ucrá co~no t..r.!.nsmi. ti da al r :...~~:pi o 
contTatista. 

Dicho .i11geniero será a qt1ie~ se dirija e~ Rcpr~­
sentan~e DR~·a tra~ar asu11tos re1acionadc~ con la 
obraJ motivo por el cual eJ lusar c;e rr:~::_cenc:_a 
del ingeniero debe :o-=r, ·-·"· .. ;. · ---· -" 
debiendo nroDorclOrJ2.!" e~ esta D:l.rec.:ió:-1 C-.::~cye..l -

~-~ ,.... e- -~ y. en e' o' ..., . ..... ;"- .. ~,....o .:. ,.., ¡ e"'· o' ..... i e.- .. ,..,., el su noL.D~ ) o __ ... - >J J 1~~.~____ L.r:: __ ·-- ...... ._._,,_ __ 

objeto de ser localiz?.do c:.:c.:-,do c.si se ::-2-::_:.Jie::-a; 
en igual forrr:a est~ré. autorizado }:'.c..:ra ::._'""'-: ~::::-:.?~:- l2.s 
es-timaciones por !=·arte del contratista :: Ge'::Jerá ~~ 
uetme.necer c:.l :f!~ente· de las o·ora.s .du::e.nt= todo ~ 
e1 .1.'?-P.~Q~Clu.e_.-.du~ªD::-_;<i-~_:_-f:i:S:!:;aS--.- En .caso :":e e.use_Q 
cia ter.:uorB.l o tóta.J..--=Del --té. e ni e o ren:ce s r::: te. :-:tte -
Gel conT.ra tista_, "éste se obliga a dár <::.-\-::..so a la 
Secretaría e o"!! la é.rl:.icipación óe"t·iCe. y ; or es-­
crito del ncr:~":Jra!ri.er.-... o leE:El del nl.levo r..::yreser~­
tanté técnico, el cu2..l ce:::,-=yé. ct:r:.plir e~::. los re 

• ·.L. .,. • -1 ~ . qUlSl00S y OD_lE2.ClC~es ce 2.n0erlOr. 

E:t contratista estaré. o .. oliEC-do a a tender cual~uier 
llamado del :Revresentante .cuando su u:re~enc:ia ssa 
requerida en 12. obre. por Ínotivós de tra·~ijo. 

El contrátista ganador de este concurso, se oblj.gc. 
a cumplir 'con el plazo de ejecución de l=. obra a_ue 
se menciona _en la cláusula ség;.mda del P' iego de -
requisitos. • 
,.-
En caso de violación o falta de cumulim;ento uc.r-­
cial o total del inciso anterior, el con~rati~ta ~ 
se hará acreedor a le. sanción estiouladc. en la 
cláusula quinta del' contrato. -

Si eJ. equipo propuesto no es el adecuado :para-. los­
trabajos por ejecutar, el contratista se c"oliga a -
sustituirlo, sin.que este hecho motive c~~bio en­
los precios unitarios propuestos, ni que se compu­
ten tiempos perdidos. por dicha ca~.:sa .. 

u4.\~:.-...-· 
Todos los !II'l. teriales que se utilicen en :!2. construc 
ci6n serán nuevos y d<! pri.IDera calidad, 2. cenos -­
que se indique lo contrario y pe. sarán sa -:::isfacto--:­
riamente las pruebas que indiC::ue la Secrec.aría. 

. ' .. } . 

··' ___ • __c';_'' ----'' '' --'~~~ ~-· ·--· ___ .:... __ _ 



1.: 6.16.-

1.6.17 .-

~ ··-
E. P. 6 

CONCURSO N':. 

Al término de los trabajos, deberán que::.ar com­
pletam!=nte limpias las obras, por lo q~:e el con 
tratista tornará las providencias necesc.::-i.as ya 
que dichos trabajos no le ~er~n pagados por se­
parado. El' contratista se abstendrá de ~rrojar 
al fon·ao marino· cualquier tipo de objet::::s cuan 
do asi sucediera la limpieza respectiva s~rá --=­
por cuenta y cargo. 

·-

Sera· requisito indispensable, nara firir:ar la ~1 
tiiD3. estimación y levantar el acta. de r=cepcióti 

_ de obra, que el contratista efectué el ~evanta-
c miento de los trabajos realizados, vacie.ndo los 

-).:.} .. 

. , . da tos ~n los _I!lanos co:r:J;:!O_spcmdientes, re-,risados 
. ---~ --~--=~:-: ----~'?u;tori'zaoos ·por ~-1 Representante. 

" 

• - .• . ~ - ~ • "'-:7 - - - ' 

l. 6.18.- En el docume~to CT-8 "RELACION DEL EQUI?D QUE SE 

1.6.19.-

1.6.20.-

1.6.21.-

1.6.22 .-

EHPLEARA EN lA OBRA .... ", el contratista descri­
·birá con todo detalle, las característi~as de di 
cho 'equipo, como son model?, capacidad, . etc. 

La medición del acero de refuerzo para ~oncreto 
hidráulico, se efectuará cuantificando ~ longi-

. tud geométric" que indica el proyecto,s' "1 incluir 
desperdicios, ganchos, traslapes, doble~es, ----' 
alambre de amarre y/o soldadura. Los pesos uni­
tarios se tomarán de la tabla 11-1, Tom~ VIII. de 
las Normas de Construccion de la S.C.T. :Pag. 193). 

El hecho de que la Secretaría otorgue el contrato 
objeto de este concurso, a u:1 determinado contra,.. 
tista, no quiere decir que aceuta todas ~s condi 
ciones que éste indica en su proposicion y estara' 
en el derecho de exi~irle, el estricto c~limien 
to de las Normas de Construccion y _espec~~lcacio­
nes correspondientes. 

Cualquier trabajo no considerado en este concurso, 
sólo podrá ejeéutarse previa autorizacio~ por es­
crito del Representente, debiendo quedar asentada.- . 

. en 'la bitácora oficial. . . ! -

Cuando algÚn siniestro d2bidamente catalogado como 
tal por la Secretaría, afecte obras en proceso o -
ter.minadas, pero no recibidas por la Secretaría, -
Únicamente tendrá derecho el contratista al pago -
de daftos causados por el siniestro, cuanco.su avan· 
ce de obra esté de acuerdo con el-calendario y que 

. -· .. . . ~ 

.. - . ~ .:.. . .. . 

•• 

.- .. , -~-· _. ·_._:__!'...._:._ ··'----'..-:;.:A..._'-_,__,_.._··----
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1.6.23.-

1.6.24.-

1.6.25.-

~ ·- 23 
2.(, 

E p. '7 

CONCURSO N~ 

las mismas hayan· sido efectuadas de ac::erdo -~-­
:al proyecto, las Normas de Const.ruccié>:J, espec.!_ 
ficaciones y a_satisfacción oel Representante. 

El control de calidad 
indicaciones que gire 

' se hara de acue~~o con las 
al respecto la ~-=:cretaría •. 

El contratista se obliga a mantener l~~pia y or­
denada el área de trabajo, durante toe~ el tiem­
po que dure la obra. 

A la firma del contrato.corr~$Pondien~~ el con . , - -
tratista ganador entregara el progra~ de ejecu-: 
cidn de los trabajos detallados nor cc~centos --_,__ ________ - - # ' - ": 

-- _s_~nsignando por perlados ·la·s cantidade:s por eje-. 
--- cutar e importes correspondientes. -

•" . .,)• 

Cuando en la .cotizac'ión se propongan ;:oductos o 
o materiales de calidad similar a la e=necifica­
da en el proyecto, estos deberán ser cescritos ~ 
detalladamente en la proposición a fír: de que se 
pueda comparar la calidad de los mism-:::s. 

··''· ··;-· 

,. . .:·i . ; ..... - .. - .. ' 
--------~--"'-~---~::...::_ ____ ~i.~:_;l.__._: _ ____.:'}r _' ,;•_ \. { .: •• i:..ill~) ;: } . ~:-1 !, ;~ -~~ ,J~--~~:. _'¡ .. :_<-..:.!..~-~_.:_~-....:.~---~· ~-::._:,:----'-'~·' ' 
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1.7 .-

" 

1.7.1.-

~y ~ 

E. P~ 8 

CON CU l-::~0 ¡-;~ . 

': . 

L3. niedra. D"'.ra la construcc:\6n de Ja esco1"l•.o!·a )a· 
obt~ndrá ei contra~ista del banco ~er!omi~1ado ----

··-;, el cual }o ;nos~rará el ~c­
'presentante el d1.e. Ce J.a visita~ se E:ncuc::::~-ra ---
situado a una C~.s·l.e.nci&. ?..Dró>:ii:zda Ce ~:n; Gel 
lugár de la obra. -

El banco 16 explotará el contratista de acuerdo -
al método que proponga y que acepte 1~ Secretaria~ 
en c~so de usar exvlosivus. su ~dauisici6n, trans­
porte, almacer1amie~to y us~ ·estar~ sujeto ~.1 cu~-­
plimiento por parte del contratista de lo que in-­
di·quen los re[lamentos en vigor Ce la .Sec!'e~:aria -
de la Defensa f~acicnal: en caso de accidente y/o -
daftos a terceros el contratista .será él Jnico res­
ponsable, debiendo. nacer las re::,z.~e.cio:~es ;Jecese.-­
rias por su cuenta y cargo, 

Estudiará cuidadosamente el contratista el banco -
·en lo cbe resDecta a brechas interiore~ aue se e~­
cuentrin muy ~ronunciadas a fin de definÍr l~s -­
rraniobras y lugares donde deberá clasificar y al~a 
cenar la piedra, pa~a los pesos correspondien~es a 
núcleo, capa secundaria, coraza én tal forma que -
faciliten las r.aniobras de carga: 

El dia de la visita, el contratista se documentará 
en· todo lo relativo al transporté·· de la piedra des 
de el banco hasta el sitio definitivo de su coloca 
ci6n, contando el tipo y capacid~d de ios vehicu-=. 
los que puedan circular por los·cáminos a recorrer 
permisos que se necesiten/y en ~neral todo lo ne~ 
cesario para transportar la piedra. 

... . ~· ¿ 

Unicamente se cargarán los vehiculos con piedra -­
que reúna los requisitos de proyecto, no nermitien 
:dose que en el mismo vehiculo se cargue piedra que 
sirva para. dos o mis capas diferentes~ 

. - .. 

-. •' . ··~ - .... , ' 

,, 

,:.; 1, 
·,.. ·:· .... 

·~.~ . .:.--~-----· ---
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1.7.2.-

E. P. 9 
---" 

Las operaciones para colocar la piedra en la esco­
llera podrá efectuarse con grúa de, tierra y/o con 

-grúa flotante según requie~a, debiendo tener pre-­
~ente el contratista que unicamente en la construc 
ción del núcleo podrá ser a volteo,completando los 
taludes con grúa, ~n la formación de los tal_~¿ 
des de la escallera, as~ como en la capa secunda­
ria y coraza se requ1.erc;t. de acomodo de lás piedras, 
con grúa equipada con almeja, gancho, red de cable, 
charola o cualquier otro equipo similar. 

A fin de evitar daños durante la construcción de la 
escollera, no se permitirá dejar. trañí:os de núcleo 
sin protección, una vez terminado uh ·tramo de núcleo 
a las lineas y niveles de proyecto de··u-na··-lo~gttmt~O.ococ:c::-:~ 
tal que estará determinada por el alcance -de la plu- ~-~-

-ma de la grúa empleada, se p·rocederá a cubrir las -·-.­
áreas expuestas con piedra de capa secundaria, ~uan­
do esta capa este' terminada se procederá a recubrir 
su área expuesta con piedra de coraza, y as! sucesi-
vamente,_ hasta terminar la construcción de la esco­
llera . 

El contratista tomará en cuenta. todo ·lo anterior, -
ya que sera' responsabilidad de e•l exclusivamente, 
el evitar que durante la construcción- de la escoll~ 
ra se produz.can degradaciones en la misma, por la 
acción ordinaria del-oleaje. -

En caso que se produ?ican estas degradaciones el con 
tratis.ta tendrá que reparar los daños por su cuenta 
incluyeñdo el valor de los mateiia~es, sin que por 
esta circunstancia se le releve del cumplimiento 
del programa de obra, aprobado por la- Secretaria -Y 
de las especificaciones respectivas. 

M E D ·I C I O N. ' . 
La unidad de medición será la tonelada. El Repre-­
sentante computara' el peso neto de la .piedra que -­
efectivamente se coloque en la escollera de acuerdo 
con el proyect,o. El destare de los .'(ehiculos se .;-­
efectuará pesandolos sin carga, se- pesarán en ·las -
mismas condiciones que cuando esten .cargados. 

. ' 

:.. _-~· , :~-":~_!, ,·L :,;.. ·~ t')t~/~ ~Jt;:,i;:,:; fJ,1¿ :~' :"_,::_--.-'-. _--""r~_·;~:;i ~~ .. _'!1_~ .. ·~· -'--__ <~,·.e·: '"':-,.¡,_· ~-_: ~·--~~='-'-,-'-.:.:""';,¡~· '-' ______ -_:_ __ ---~ _·_:_._ _. _. ___ _ 
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1.7.3--

------ ~----' 

lilil ·­E. P."IO 

CONCUHSO N~ 

BASE PARA EL PAGO • 

En el precio unitario respectivo, el contratista 
incluirá despalme del banco y retiro del material 
producto, acondicionamiento de áreas para alrnace~ 
naje de.piedra, explotación del banco, selección 
acopio, carga a camión, acarreo al prinér kilóme­
tro, descarga y colocación de piedra en la esco-­
llera, desperdicios,_-bre'chas de acceso al banco y 
a la ·obra y su rnanteiümiento, durante el tiempo -· 
que dure la misma, capa de_ r_()da_mi_e.ni{)-'--4\l-8--C~.P--Stru.­
ya el contratista en la- corona: de la .e:s-e:GI'le~ pa 
ra operar su equipo de éonstrücci6n, retornos y ~ 
en general todo lo necesario para efectuar el con 
cepto de trabajo. 

'·, 

" '] 
• 

':· .. · 
--~ 

·,. ... ,, .· ... 
--''-'---'-.,_ ... _ .. _. ''--' '_. --___ ---~--~-.:~--· -~--~-----~--· 
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l.8.l.-

l.8.2 .. -

l.8.3.-

~··-
E. P. lJ. 

CONCURSO N~ 

• 

ACARREO DE PIEDRA FARA ESCOLLERA EN KILOMETROS 
SUBSECUENTES AL PRI!•lERO. 

El dia de la visita el Reuresentante indicará -­
la ruta que seguirán los veh1culos para acarrear 
la piedra desde el bR.nco al lugar de la obra. 

La distancj,fi. . .,.d~,}',§:CO.fJ':i®.pa.r:a ,f'ines de -pago se 
:retfqnd~ar'á -al kll;)r;ig-t:r'o,----.cuamlo hfi.ya-fracción y 
esta exceda a un hectometro, se tomará el kilo-

- metro subsecuente. 

M E D I C I O N. 

La unidad. de rredici6n será la tonelada-Kil6metro 
cuan.tificada. _teniendo en cuenta el producto que 
:resulte al multiplicar el peso neto de la piedra 
por la distancia de recorrido previamente señala 
da por el Representante. 

BASE PARA EL PAGO. 

En e.l precio urii tario respecti-vo el contratista 
inelui:rá el acarreo en kilÓmetros subsecuentes al 
-primero de roca, teniendo en cuenta,. mano de obra, 
-equ_ipo, permisos y todo lo necesario para efectuar 
el concepto de trabajo. 

' •• • ·.... 1 • • ' ------___ .-:::...~--~---:.~:;_/, :~;' .":_(:::.:. ·. ,:. -~~ \:·.·:, ·, ___ .. __ <·· ·--~: __ :...,_._. ·...:.:~_;_ ___________ . -· ~..,__:__:_ __ ........................ ___ ._ ____ _ 
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1.9 .2 .-

E:,., P · 12 ""' ,.... 

CONCUH~;o N~ 

INSTAL~CION DE F.ASC\JT.A. 
-'-'---=-=-:.:..=- -------------~--

La báscula que se usará para pesar la 
para la construcci6n de la escollera, 
cuentra actual11~nte en:_ 

piedra 
se en-

- -el dia de la ·v:.s-i ta el Rt:nrescn~~aa~:.e :::cs-::.r·a-
ra/, el· "l.,_io a·onc·e se 1--,,...·.:.ll·~~ -~a 1"'":sc•¡l .... " ..... L._ • - . 'J._c;-,_ ._.(.:<. ••• ~-~ ... __ c.~ J 

condiciones de funcionamiento en que se en--
cuentre. la misri":B.. 

El contratista instalará la báscula. en el si 
' -tio .donde indique el Representé.-nte., apeg:..n-

dose a.las recomendaciones y especifisacio-~ 
nes del fabricante; ya instal~da, se obt~n~r& 
el visto bu~no de la Dirección General de -­
Normas para poder operarla. 

·Una vez terminada la· obra el contra tiste. efe e 
tuará el traslado de la bás-cula a _ 

, .,colocándola en el lugar que· se-
ñale el Re-"2·esentante, quedando correctac.;ente 
embalada. El contratista deberá tener en --­
cuenta aue durante el traslado de la báscula 
no debe;á .sufrir daHos, de ser as{ el contra­
tista será el lfnico responsable, debiendo ha­
cer las reparaciones necesarias por su cuenta 
y cargo. 

M E D I C I O N. 

La unidad de medici6n será el !..ote, cuantificado 
directamente en obra. 

1.9.3.- BASE PARA EL PAGO. 

En el precio unitario el contratista incluiiá el 
transporte al lugar ae la obra, construcci6n d~ 
obra civil, instalaci6n de báscula, dotaci6n de 
boletos foliados, mantenirnientc, limpieza, emba­
laje de l3. misma y transporte al lugar ·de 

· ....... _ _., que indique el !'.epresentante y en 
general todo lo necesario para efectuar el con-­
.cepto de trabajo, además consicerará en su caso-:. 

·-- _ la repa r?-:: i ón. _á e .la bá scu.la. 
''•. 

! ----·~~.-~.·, __ .j;'_,::.-~~:-j :~'"- ~ ... ;:·:, ... ·1~~·_' _-_· -~----'----'-~-
-----------~-"-·-.:-.. _.._:. ____________ _ 



... 

. ' ------·- -· '.!· 

••• 2 fl 

E. P. 13 

CONCURSO N~ 

El Representante efectuará la estimación de 
la siguJ.ente forma: El 8CY,Ii del valor del -­
concepto al estar J.nstalada, verificada por 
la Direcc1.6n General de Normas, y funcionan 
do la báscula; el 20% restante al te'rmJ.no­
de la obra y que la báscula haya sido emba-_. 

·lada y depositada en el lugar que J.ndique 
el Representante . 

. '. 
·' '. 

., 
,.,.~ .. '' -~ .. / 
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1.10 . .., CAMPAMEN'rO. ----- COJIC.:URSO N~ 

ESTRUCTUl\ACION DE CONCRETO ' 
l.. --------------

l.lo.1.:. TRABE PERlMETRALL._CA.2Tl1J.O~ .. X~A..l.:.[\ 'bE !~E~_{I~f~: 
l'.io~l.l. El Contratista retirará la basura que se encuentre en el área 

de construcción de¡ campamento, despalmará dicha área, de­
positando basura y producto del despalme al lado de la obra. 

El día de la visita se documentará en relación altipo de mate­
rial que será necesario excavar, anres de colar las trabes pe­
rimetrales de cimentación se apisonará el fondo de la excava­
ción. 

La cimbra y obra falsa podrán se_r de madera o de metal, debien­
do tener la suficiente rigidez para no sufrir dEformaciones durante 
el colado y vibrado del concreto, antes del colado el acero de 
refuerzo estará J impío, 1 ibré de o~i{lo;·.:gra'SaYpm y~;:·.::;:::~ · ~.;~: 

El Concreto se elaborará con cememo:tipoll, llgregados y agua 
limpios, libres de materia orgánica. 

1.10.1.2. MUROS Y TECHOS DE MULTY-I'ANEL 

1.10.1.3.-

• ,!"' 

Los muros y techos que se usen serán a base de láminas de 
la marca indicada en el proyecto o de marca similar en calidad , . 
y caractensncas. 

En La instalación tanto de muros como de techos, el Contratista -
se sujetará a las especificaciones, recomendaciones y medidas del 
fabricante, pg:ro en todos los casos, el Contratista será el único 
responsable de la calidad de los rra teriales y trabajos efectua-. . 

dos. 

RELLENOS, FIRME DE CONCRETO Y PlSO DE CEMENTO 
PUUDO 

Para efectuar el relleno, se usará el rre terial, producto de ex­
cavación de cepas y de materiales obtenido.en banco de pre'S­
tamo lateral. Todo el material que se use estará limpio, libre 
de materia orgánica, y se efectuará el relleno en capas compac-: 
radas al 90% de su P~ V. S. M. con espesor máximo de 20 cm. 
el concreto del firma se elaborará con cemento tipo 1, el pi so 
de cemento pulido será del color que in&que el Representante. 

·, 
' .. , 

·,'! ·• •' t'-·· . . ••. 
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1.1•J.l.4.-
',• . . . ' '. 

1.10.1.6.-
/ 

.. E; P •. -15- . ··::; .... .. . 

CONC00€0--l-1~ : · 3 l 
I'UEH.TA, VENTANAS Y CANCELIZS I.)E ALUi'-.11NIO ANCHTlACO --------.. -----· ----···----~-------···---- ···----·----·-- .. -~-.. ~--· ·- .... -.. ~----.. -- -·- ... . ..... 

Las coras·anotadas en el proyecto, sc.;riín vcrificé!clas <..:ri obrn Ml· 

res de fabricar las pi<:las, emplc<mdo para ello.cl perfil aclecua­
clo, debl en do tei1er en cuenta en puerra s o veñt a nas y ¡n cancel es 

· el costo de vidrios y¡o mosquiteros y¡o rnultipanel y sello de si-
. licón, las pueáas interiores l!evara'n cerradura de intercomunica 
ciOn y la puerta de entrada principal llevará cerradura de doble-::­
cilindro todas de !á marca Schalol:flo.de marca similar en carac­
terrsticas y calidad. 

INSTALACION DE GAS 
C"' 

El Contratista efectuará la instalación de gas tanto a la 
estufa corno al calentador de a¡pJa usand9 tubería de cobre, 
.debie!lQQ_ p_1_PP(![.<=i9!laL.o19:S tJ! nqu7~S.:.P~!_!atj_l e~ ca da JJ_IlQ __ con . 
capacidad de 30 kg y p.fm'eér-=aur:e_nt('! todo ~1. ti.ernpo q\;e dure 
la obra del gas necesario pará estufa y calentador. de agua del· 
ca rnpa 1nento. 

INSTALAC!ON HIDRAUUCA Y SANITARIA 

Además de lo indicado en le proyecto, se incluirá una cis­
terna con capacidad de 5, 000 L y born(Ja con motor eléctrico 
'de 1/2 HP, el agua necesaria para llenar la.cisterna !á 
proporcionará el Contratista durante todo el tiempo que dure 
la obra, usando una pipa para el suministro y acarreo respec­
tivo. 

En caso d.e no enwntrar en la zona de la obra tabique rojo 
recocido para construir registros y pozo de absorción se 
usar~ tabicón o block.· 

La fosa séptica será marca Sanimex ó de marca similar en ca­
lidad y características .. 

Los mueble; de baño y accesorios respectivos serán marca Tde 
al Sta.ndard o similar de color, WC Mod-zafito, Lavabo mode-=­
lo- Veracruz, regadera marca Helvex o sfrriilar. con chapetó"n y­
brazo,. fregadero blanco marca Cinsa o similar.. ·. . 

El día de la visita se documentar~ el Contratista de las fuentes 
de aprovisionamiento de agua potable, así .com·o la cantidad que~ 

· deberá'suministrar diariamente p~ra cllÍ:!rir las necesidadesdel 
campamento. · · · · 

1:1·¡.-. ' ' ' . . . -. ·'. 
1 • 11 ... 
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CONCURSO N~ ... -·.·.· 
~~~ 

LtO.l.7.- INSTALACION ELECTRICA. 

¡~ 

< 1 

1, •• 
:: . ·. 

~:¡. 1 
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: 

En las oficinas, cocineta, baño y pasillos deberá hacerse la ins 
talaciOn eléctrica para una lámpara y un comacto, en Jos talle-:: 
res. habrá dos lámparas y cuatro contactos, en igual forma se -
construirá la·instalacibn eléctrica para cperar la bomba de la -
cisterna. -

La instalacibn eléctrica deberá quedár ·funcionando por lo tanto 
el" Contratista considerará gasws de pago de derechos de ínter 
conexiOna la linea que indique la ComisiOn Federal de EJectrC 
cidad y pago de per¡nisos respectivos. -

El Contratista deberá entregar el campamento terminado y en­
.. -corrdjt;;i'Qlle·sc~-:~sea·-pos+ble-hacer uso·-de este como tal 

· antes Cle empezar·acconsfruir el rompeólas. 

MEDlClON . 

La unidad de medicibn será el lote. 

BASE PARA EL PAGO . 

·En el precio unitario el Contratista incluirá .todo lo necesario pa 
'ra' construir el campamento conforme a proyecto teniendo en - -:: 
,' a.:enr·a excavacibn, trabes de cimentacibn, castillos, dalas, mu-

ros y techos de Multy-Panel, rellenos, firme de concreto, piso -
· de cemento pulido, puertas, ventanas ·y canceles de aluminio ano 
. cñz.ado, instalacibn de gas, dos tanques portlitilés para gas con-:: 
c:cyacidad cada uno de 30 kg., instalaciOn hidráulica y sanitarfa, 
ciste_rna con capacidad de 5, 000 litros, bomba con mowr eléc-­
trico de 1/2 H. P., fCí~a sé¡:tica, pozo de absorci6n, muebles de -
baño y a·ccesorios, calentador de .agua automático~ de 40 litros y­

.fregadero, instalaci6n eléctrica de oficinas,: cocinera, baño, pe­
.. sillas, talleres, bomba, limpieza y en general todo lo ne·cesario 
. ·p.cra efectuar 'el concepto de trabajo. E~ Contratista tendrá en -
c:;:.enta que tanto el Camparnento como lás instalaciones respecri­
v-=. debel-án estar terminadas funcionando perfectamente antes de 
hiciar el rompeolas; El Representánte efectuará la estimación -

._. a! terminar e).cónce.Pto de trabajo,·. de acuerdo al·proyecto y a su 
. e::liera sati'sfaé:ci6n. . . ' ' . . ' .. . 

,;,•. 

' 
~r_ ft-~ismo, deberA incluir dos unid~des de ventana climarisadora 

.. · ~' · ·: ~:~!ire.:~e·H:200,irr¡ü/h, .marca Y(?rk o similar. 

~~L,:~·· ·.·~~~-- ~ ···~~~- ·:~¿~i.,;; ... .',\;;~~..~;;:i:];J{:¡:~~:L·,;j .. u~··¡·: .. ::'~_~it~-:.t:.L,:;.·.,·.·;:,_;_: .. :·.~ ... ,. . -, .. 
··. '~:~.- '• .. ; .. ;.: .. •f -. :·-\ ·-.:. i l .... ·.> '. · •• •• 
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CONCUi\SO N~ 

RELACION DE PLANOS; =-"--'=---=-=---=-· 

-------
'NUMEP.C RUBRO. 

PROYECTO 03RA EXTiliTOR 

- -~---

S/N.-

_ _:_.__' 

CAHPP.!-!.Sl'!'l'O 'l'I PO.- . 
PLANTA, !"ACKn.Dr,s, CORT=::S Y 
ESPECIFICACIONES. 

Cl\HPAJ;1EN'.r0 rri PO.-
. INSTAL.I\CION HID:'i..l'\ULICA Y 

SANITARJ.A. 

REIACION DE ESPECIFICACIONES C0!•1PT.:;::¡.:!".¡n_~.RJ.AS. 

ROMPEOLAS. 

... -.' .. ·, 
,c..c_~...cc..:_~~ -~----~--e~• 
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CONCURSO N°· 

o I 

.. ,,., 
~ '·· 'J .. 

~·' 

SIGNIFICADO DE LAS ABREVIATURAS MAS USUALES EMPLEAD.AS 
ÉNEL PROYECTO. 

SCT. 

·D. G.O. M . 
. ~.~-= --::.; -~---- .. _,____ : .·..: 

c. F~ E. 

E.P. 

E. C. 

N. C. 

N.B. M. l. 

N. B. M. 

N. P. T. 

P. V. S.M. 

C. R. S. 

V. R. S. 

P.V.C. 

c. a. c. 

fo. fo. 

fo. ga. 

-Secretarfa de Comunicaciones y TranspO_!' 
tes. 

-Dirección Genral de Obras Maricimas. 

- Comisi6n Federal de Electricidad. 

-Especificaciones Particulares. 

-Especificaciones Complementarias. 

-Normas de Construcción. 

-Nivel de bajamar media inferior. 

-Nivel de bajamar medio. 

~Nivel de piso terminado. 

-Peso volumétrico seco máximo .. 

-Capacidad relativa de soporte respect0·t' · 
al peso. volumétrico ·seco máximo. 

- Valor relativo de soporte. 

-Cloruro de polivinilo. 

-Centro a Centro. 

-Fierro fundido. 

-Fierro gai van izado. 

'~ .... 
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CONCURSO N': 

ANEXOII. 

3 
.. 
~) 

El Contratista canador del presen.te concurso, deberá -
incluir entre sus· indirectos el. costo de un J.etrero­
aue se debera colocar y permanecer todo el tiempo que 
dure la obra, en el.lugar que indique el Representan­
te. 

ESPECIFICACIOnES PARO.. LA CONSTRUCCim~y CO:t.O­
CACION DEL CETRERO. DE IDENTIFICACION DE-LA-: 
OBRA: 

l.- El tamaño del letrero, será el que se marca en el 
croquis adjunto. 

2.- El letrero se podrá construir de madera, metal o 
cualquier otro rra terial que proponga el Contra ti..§. 
ta y apruebe el Representante, deberá ser fabrica 
do de tal m=.nera que resista a las acciones mete-=­
orológicas de la zona. 

3-- El letrero se deberá colocar en la zona de ·la - -
obra, y de tal manera a~e sea visible desde cual­
quier punto de la misma . 

' . 
. , 

.· 
., .. 
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·· SCT.- SE PESCA 

REALIZAN OBRA Dt:..E-----------­
CON UN MONTO DE_ 

FECHA DE lN!ClO ------..-------
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FECHA DE TERMINAClON ----------
CONTRATISTA _ _____:. ___ __..;__ ______ _ 
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LAS OBRAS SE REALJZARAN CON FINANCIAMIENTO PARCIAL 
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CONC:URSO N~ , 

INFORHACION ADICIONAL. 

Por tratarse de una obra que forrra p&.rte del 

PROGRA:t-1.1\ DE DESARROLLO REGIONAL PESQUERO ME:>:ICO­

- BID~ PRESTAMO '(2/I.oC-HE, se incluyen en este do­

cumento ( CT-6 -" PLI:EG? -pE 'REQillSTTCJ5l-='~~-'.:" ~los--~ 

siguientes anexos que el Post"or deberá conside-

rar para hacer su Proposición. 

ANEXO N':. H. 

. ANEXO N':. III · 

ANEXO N':. IV· 

ANEXO N~ V. 

- NORHAS SOBRE NACIONALIDAD . 

-ORIGEN DE LOS.BIENES. 

- MARGEN DE PREFERENCIAS. 

- ESPECIFICACIONES PARA LA CONSTRUCCION . 
- y COLOCAGION DEL LETRERO DE IDENTIFI-
- CACION DE LA OBRA: 

____ .........__._ __ ~------~ 
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ANEXO III 

NORl-lAS SOBRE NACIONALIDAD. 

Contratistas de.Construcciéin. El Eanco, para determinar 
la nacionalidad de una firma Constructora y su elegibili 
dad para participar en la lici t.ación de contra tos f'inan-= 
ciados por el Banco, utilizará las siguientes normas: 

Que esté constituida u organizada de otra manera·, en un 
país elegible; · 

Que tenga la sede Principal de. sus 
elegible; 

negocios en un país 

~~·-======·~~_;_ .... - .. ,_ ' " 
- ( i) QG;~ ;;;¿_~s -~d~l soj,;-. cf~---s¡f; éa!Ji tal sea· ·p-ropiedad de una 

empresa o empresas en uno o más países elegibles (dicha· 
emoresa o emoresas también deberán calificar en cuanto 
a su nacionalidad) y/o de ciucadanos o.residentes "bona­
fide" de esos paises elegibles, y (ii) que constituya -
una paree integral de la economía del país elegible en 
que ~stá domiciliada; 

- Que no exista arreglo alguno en virtud del cual una par 
te sustancial de las utilidades netas o de .otros benef'i 
cios tangibles de las empresas sean acreditados o paga-:=­
dos a personas que no sean ciudadanos o residentes ''bona 
fide" de los paises elegibles; · 

- Que por lo menos el 80% de todas las personas que pres~~ 
ten servicios ronforme al contrato de cons trucc:i.ón en el 
país donde éstá se lleve a caúo y esté:1' empleadas di.rec-. 
tamente por.él Contratista o por un subcontratista, sean 
ciudadanos de un país elegible. Para los efecoos de es­
te cómputo .Y respecto de una firma proveniente de un país· 
que no sea el de la localidad de la construcción~ no se -
tendrá en cuenta ciudadanos ·o residentes permanentes del . 
país donde se lleve a cabo la construcción. 

- Las norrras anteriores se aplicarán a cada uno de los --­
miembros de un "joint venture" o consorcio (asociación -
de dos o más empresas) y a cada empresa que se proponga 
para subcontratar parte del trabajo. 

- El banco tiene reglamentos detallados relativos a los -
requisitos de nacionalidad que se proporc:i.onan a pedido. 

!:'ichos reglamentos estarán. también disponibles de parte -
del prestatario en· los dOcumentos de precalificación. 

' 

. . 
-------------- ---- -L.--~-~-----~ 
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CONCURSO N° 

ANEXO IV 

Respecto de los lllfi teriales y/o equipos por adquirir,. 

"-á u. ·u 1 ·, se en cencer que -~11. or1 g~n .. es e __ pals. en que di--
··--·- ·---~ '_,;.::e:~----,.,.-:-·.-::::_.-::--:-:-•.• __ .... -···---- - -- .. -

· · -chos -ma teriaTet 'y le/ equipos- s"'e- han extraído, 
( 

cultiva 

do o producido, ya sea mediante manuf&ctlira, procesa 

. miento o montaje: El origen de. un artículo "produci­

do" es necesariamente el país en el cual, por condu~ 

to de dicha r.:3.nufactura, procesamiento o montaje, se 

elaboré otra producto, comercialmente reconocido, -

-que difiere sustancialmente en sus características -

básicas, finalidad o utilidad de cualquiera de sus -

componentes importados, para determinar el origen de 

·esos bienes y equipos, es indiferente la nacionalidad 

de la firma que produce o vende los bienes o equipos. 

----------~------------



CONCUHSO N~ 

\ 

ANEXO 

HARGEN DE PREFERENCIA. 

El Banco autoriza un determinado margen de preferencia 
para los bienes producidos en el pais prestatario, en 
las adquisiciones realizadas mediante licitaciones in­
ternacionales, sobre la base de las siguientes reglas: 

~~ 

(a) Un bien se considerará de origen local coando el 
costo de los materiales. mano cie obra y servicios 
locales ernoleados en su fabricación renresentan 

----~'--menos--&el JJo% del pro-auéto terminado. 
----- -~.:'..:..:=·_-_-_---~-:-· -----:- ---=--:- .. - -- ----· . 

--
(b) En ia comparación de las ofertas locales y extran 

jeras, el precio propuesto u ofrecido de articu-~ 
los de origen nacional será el precio de entrega 

-en el sitio del proyecto. una vez deducidos: (i)­
los derechos de imnortación na&:ados sobre nBterias . . ~ 

primas principales o componentes manufacturados -
y; (ii) los impuestos nacionales sobre ventas, al 
consumo y al valor agregado, incorpcrados al cos­
to del articulo o artículos aue se ofre-zcan. El -
proponente local proporciona~á la prueba de las -
cantidades a deducir de conformidad con los inci­
s-os (i) y (ii) que anteceden. El precio propuesto 
u ofrecido del extranjero será el precio CIF (~­
cluyendo los derechos de importaci6n, los consula 
res y los portuarios) al cual se agregarán los· -~ 
gastos de manipuleo en el puerto y el transporte 
local del puerto_o frontera al sitio del proyecto. 

En la adjudicaci6n de licitaciones, el prestatar~o 
podrá agregar un determinado margen ¿.e preferencia 
o el derecho aduanero real, según cual sea menos, 
al precio CIF de las ofertas extranjeras expresa-­
·das en el equivalente de su moneda nacional. Para 
los contratos de construcción no se autoriza un -
margen de preferencia en favor de los Contratistas 
nacionales que cornpi tan con Contratistas- extranje­
ros. 

i 
j 
1 
1 
1 
i 

i 
l 
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ESPECIFICACIONES COMPLEMENTARIAS PARA LA. CON:;THUCGION 

DE ROMPEOLAS, ESCOLLERAS, ESPIGONES Y PEDRAPL!~N1~::. 
' 

l.- LOCALIZACION DEL PROYECTO. 

2.- DESCRIPCION DEL PROYECTO. 

3.- PLANOS DEL PROYECTO. 

4.- SUMINISTRO DE MATERIALES. 

5.-:- ESTRUCTURA DE ENROCJ.I.mENTOS .. 

6.- EQUIPO REQUERIDO, 

7.- PLAZOS PARA INICIAR Y TERMINAR LA ('';fU\. 

8.- PRECIOS UNITARIOS .. 

9,- LIQUIDACIONES PARCIALES Y FitlAL ~S ·) ?"\. 

10.- SANCIONES 

11.- PERSvNAL DJ.!:L CONTRA TIS'!'A . 

1'' - · 1;0NCLUS:"ONJ·:3 . 

. ~-~~----·---· ---~-·-·-~~ 



,, . 

2' 42 
ESPECIFICACIONES COMPLEMENTARIAS PARA LA CONS'l'RUCCJ.ON 

DE ROMPEOLAS, ESPIGONES Y PEbRAPLENES. 

D E F I N l C I O N • 

Las especificaciones complementarias para la construcción Qe 
rompeolas, escolleras, espigones y pedraplenes, regirán en -
.todos los contratos que al respecto la Secretaria de Comuni­
caciones y Transportes Subs·ecretaria de Infraestructura, por 
conducto de la Direcci6n General de Obras Marftimas. l'ara ca 
da proyecto se establecerán. " Especificaciones Particulares.,. 

· estas contendrán toda la informaci6n y requerimientos re la ti 
vos, las que justamente con· estas "Especificaciones Comple-7 
mentarias " y planos formarán parte integrante del proyecto. 
Cuando estas " Especificaciones Complementarias " , se contra 
pongan en al~na parte a las " Especificaciones Particulares.,.., 
serán estas ultimas las que rijan. 

Son estructuras formadas por capas de piedras naturales de -
~eréntes tamaffos, protegidas por una o más cubiértas de ~ 
piedra de un mayor peso colocadas cuidadosamente para obte-­
ner secciones de forma trapecial. 

La cubierta mencionada .anteriormente puede estar formada tam 
bi~n por elementos precolados como tetrápodos, bloques de ~-= 
concreto, doma, stabilits, .etc. 

1.- LOCALIZACION DEL PROYECTO. 

La Secretaria proporcionará todo lo relativo a la localización 
del proyecto, asf también una informaci6n de los medios de co­
municación, servicios públicos y servicios sociales con los -­
que cuente la localidad donde tendrá verificativo la obra. 

2.- DESCR!PCION DEL PROYECTO; 

2.1. Trabajas por ejecutar.- La Secretaria proporcionaré. una -
informac16ñ lo ííilís completa posible, referente a la ccns :,uc-­
ci6n de rompeolas, escolleras, espigones y pedraplen~s ce ---­
·acuerdo con el·proyecto de que se trate. 

Será definido todo lo relativo a· las operaciones de e:xtracci6r,, 
clasificación, carga, transporte y coiocaci6n· de materiales -­
pétreos y/o e¡ementos fabricados que intervengan transversales 
la·disposici6n·de los materiales pétreos y/o elementos fabri-­
cados que integren el proyecto, definiendo el rango de pe::o:.; 
de roca admisibles·en las diferentes capas que constituyen el 
enrocamiento. Se especificará todo lo relativo a la construc-­
ci6n y aplicaci6n de los elementos fabricados que contencan e} 
proyecto, entendiéndose. que la fabricación de elloi:l estArá su-

. jeta al control de calidad, por parte de la Secretaria . 

.. 4-·/- ' . 
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2.2.- Tipos de materialE;s.-

Los materiales más usados en- la cons truccl6n de rompeob :; , 
escolleras, espigones y pedruplenes son: 

a).- Fragmentos de roca de diferentes tamafir:JG, 
extraidos por medio de explotación de canteras. 

b).- Depósitos de roca natural fra0mentada 
( piedre. de pepe na) . 

e).- Elementos manufacturados tales com0 blo·,_:•-.:· 
de concreto, tetrápodos, doms. stabilits, dolos, etc. 

2.3.- Datos pronorcionados por la Secret.ad_·, .. 

El Representante indicará la localid'ld de la.:: rorm:~ci.o:1e~: -
rocosas, canteras· y/o bancos de agregados de donde ¡;üdr', -­
extraerse todo el material para la construcción de lus r:n-­
rocamientos a que se r~fiere. el proyecto, indicando ~~du lo 
rel.a tivo a la potencia que se espera obtener de ello, densi 
dad, dureza, absorc16n~ resistencia al desgaste y resis•,~ri: 
ci~ al intemperismo. 

El contratista tomará en cuenta todos· los aspectos -que ¡.;re­
sentar. las operaciones para la extracci6n, clacificaci6::, -
carga, transporte de ina teriales y colocación de ellos, p:¡.r-o:. 
la formaci6n de los enrocamientos del proyecto y si asi le 
considera conveniente, "podrá efectuar por su cuent'l las <;:-.­
ploraciones, sondeos, calas en general estudios y prue!,as -
que juzgue necesario realizar, a fin de verificar los da tl.: 
que proporcione la Secretaria en relación a calidad,y poten 
cia de las formaciones rocosas, en el entendido que la 0e-: 
cretaria al proporcionar datos de formaciones rocosas paru 
extracción de material para el ·proyecto, lo hace como 1~uia 
para la formación de precios unitarios. Podrá haber cam'.lc..·: 
posteriormente en relación con la localización de dicha .. zo­
nas rocosas, si es que estos se justifican. 

La Secretaria no garantiza la exacti tuci de los sondeos <'U u­
lógicos entregados al CoSJ-tratista, si,no como anteriormén~e 
se dijo los proporciona unicamen te como cuia. 

2.4.- Trazos y niveles . .-

En todos los casos de estas especificaciones que ::e , ndJ ·ll:t': 
trazos y niveles del proyecto, est.6 ::-ig¡,if'.'.cará: 

' a) .-Las lineas, niveles,.- acotaciones ;; en ,·,·ner·,:• 
todas las indicaciones que aparecen en los planos. 

b).- Lo contenido en r;l incís'> antc-:ri.•Jr, ;.•:r-·, e ... 
las modificaciones que en é;u caso ;,.-,r~a t.:.'. !{eprcscn'.'"·'·'' 

. ' ' 
-~---------~_. ______ . _____ _._ ___ .:__ _______ ..,, __________ .l........:....~·--··-·-·-·---~---~---------...... --~-'-.. - --~~---
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e).- Las lineas, niveles o indicaciones que establez­
can el Representante directamente, sin estar anotadas en -
ningún plano, los que serán proporcionados al Contratista 
y registrado en la bitácora de obra. 

2.5.~ Programa de tra~ajo.-

. El Contratista estará obligado a proponer el progra!l'.a de -
trabajo, el que se de"iierá sujetar al plazo establecido por 
la Secretaria, de tal forma que implique todas las opera-­
ciones, para realizar el proyecto, el que contendrá el su­
ministro y secuencia de colocaci6n del material en el en­
rocamiento, atendiendo a los volúmenes correspondientes de 
los diferentes tipos de roca que requieran las capas que -
integran el proyecto, y asi mismo cuando se utilicen ele~­
mentos fabricados para la coraza, para el cuerpo y/o para 
el morro del enrocamiento. El programa será revisado oor -
la Secretaria sin que exista por parte de esta Última: --­
obligaci6ri de aceptarlo, pudiendo én su caso establecer :· 
aprobar el programa de operaciones que más convenga a sus 
intereses. 

La Secretaria está facultada para ordenar la alteraci6n del 
programa de operaciones aprobado al Contratista en lo con­
cerniente a suministro de materiales y colocaci6n en la -·­
obra, cuando asi lo considere necesario. 

El Contratista podrá sugerir alguna modificaci6n estr~c:u-­
ral al proyecto, pero no procederá a efectuar cambio algunG 
hasta obtener la au~o.rizaci6n escrita de la Secretaria. 

3.- PlANOS.-

}.1.- planos del proyecto. 

-·41-

La Secretaria proporcionará al Contratista todos ·los planos 
que contengan la localizaci6n y estructuras de los enroca-­
mientes a construir. En la estructura de los enrocamlentos 
estarán definidas las lineas y niveles de las capas :'..nterr~~~ 
tes de los mismos, indicandQ los tipos de roca que correé­
penden a cada capa. Las estructuras de los enrocanientos e~ 
tarán referidas a la cota 0.00 según el N.B.M.I .. (Nivel·;~ 
Bajamar Media Inferior), en el Océano Pacifico. N.5.~. (::~­
vel de Bajamar Media), en el Golfo de México y ~~r Caribe. 

En planos complementarios, estarán definidos, si es el caso 
.los elementos manufacturados que deberán ser emplead•..;:; pan. 
formar la capa final. de protecci6n (coraza) cuando no se -­
disponga de roca adecuada para formarla •. Sus elementos :·,-­
bricados pueden ser bloques de concreto ciclópeo, te~rápv-­
dos, doms, stabilits, dolos, etc., quedará definldoei sj.>­
tema de suspensión usado para cada caso en particul3.r. pe.!:; 
manejo y :colocaci6n de estos elementos. · 

~~---· --~----
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Las secciones tipo de los enrocam1entos estarán referida<: 
.a los. niveles antes citados según Gea el caso donde se lo 
calice el sitio de la obra y·contendrá la batimeria con-~ 
tigua, indicando 01 tipo de suelo, donde serán desplanta­
dos los mismos. 

Se proporcionará tamb:!.én el regimen de los vientos de la 
localidad, pudiendo el Contratista tomar las medida~ ~ec~ 
sarias, para definir ·.los periodos del mejor tiempo aprov~ 
chable para el desarrollo de los trabajos, debiendo tamaL 
los en cuenta para la· elaboración de su programa de trabajo. 

4 • :- SUMINISTRO DE MA Th'RIALES.- · 

4.1.-datos informativos.-

El Contratista deberá verificar de inmediato y antes c~.­
·indicar la operación para la extracción de roca, todo.:; -­
~os datos relativos 'a la calidad y potencia de las zc~as 
rocosas que establece el proyecto para la extracc:.6-¡ :!e -
materiales petreos, asi como tendrá en cuenta lo s:'..~·.;.ien­
te: 

a).- Los fragmentos de roca para ·aplicarse al prCJye_:: 
· to en su estado natural pueden ser: 

l.- Igneas In-trusi vas.· ....•••.•• : •...•• Granito. 
(Grano Grueso) ....••.••... ; .•• · .•..•. Diorita. 

2.- Ingenias Ex trusi vas •.•.•.••.•..•••.• Rioli ta 
(Grano fino) ........................ Andesita. 

Basal te. 
Toba 
Brecha Volcá­
nica . 

3.- Sedimentarias ....................... Ca.liza.s. 
Travert!.n::.. 
Arenisca 
Conglomera:·-· 
Breci1a. 

4.- Metam6rficas ....... . · .. ·.· ........... . ·.Gnes:~. 
. ' 

Las normas que deberán satisfacer las rocas naturales ~~e 
se apliquen al proyecto, son las· siguientes: 

l.-Resistencia a la Compresión en estado húmec·,· .... 
. 1~"' ,_; ' "' • • • • .. • • • • • • • • • • • • • • • • • • • • • • • • • • • • .• • • • ' l.. :..g: \,. r.l.:.. 

· minimu. 

2.- Resis tencla a la compresifm en es ~a do hút:~e,l<' ":- _ 
cando la c''rgo. paralelamente· a los p2.:1:~0c; ti·?· •'-. :--

!M.ci.óq, ·cuE.;ndo ;.os haya .....•..•... -.100 ~u(~r:--:2 
" ' ' -· ' • ,; • ·-'! nun.!..mc. 

--------·--·-------------·· -'--'-----------'----~- ,-. ,. 
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3.- Absorción en por ciento ••.•.•••••.••• 4 maximo. 

4.- I:>ensidad • ••....•••••••••.••••••••••••• • 2. 3 m.i.nimo 

5.- Resistencia al intemperismo acelerado 
(sanidad), porciento de p~rdida en peso lO máximo. 

6.- Resistencia-al desgaste determinado-
por la prueba de los angeles, en por-
ciento •••.• · ............................ 40 tná.ximo. · 

b( .-La d_eterminaCión de la potencia de las . zonas ro­
cosas que indique el proyecto a fin de comprobar si satis­
facen los requerimientos- establecidos. 

4.2.- caracteristicas de los bancos.-

Las formaciones p~treas pueden presentar frentes de ataque 
naturales, que por su altura, longitud y aspectos que ofr~ 
cen en si mismo, faciliten definir la conveniencia· .de su -
explotación.· En otros casos el Contratista deberá realizar 
pruebas según se requiera, para establecer la conveniencia 
de su explotación, -cuando asilo ordene la Secretaria, 

El Contratista podrá iniciar la explotaci6n de bancos roco 
sos, una vez obtenida la autorización del Representante -~~ 
sin. que esta autorización releve al Contratista de sus re~ 
ponsabilidades en relación con las operaciones y equipo -
que emplee para la extracción del material. 

Cuando el contratista obtenga el consentimiento del Repre­
sentante para iniciar la explotación de. una formación roco 
sa, procederá eón su personal a efectuar el levantamiento­
topográfico del banco, en presencia del personal de ~a S~ 
cretaria que indique el Representante. El levantamien~o -

topográfico se utilizará también para fines de pago de de~ 
montes y despalmesnecesarios en su caso. El seccionamientc. 
de bancos y los sondeos geológicos, podrán proporcionar -­
aproximadamente la potencia del banco. Durante todo el pro 
ceso de extracción se continuará el control topográfico, a 
fin de determinar el volúmen·de desperdicio pudiendo esta­
blecer la relación i~ntre el volúmen -de roca fija media en 

· la cantera y el vol{imen geoml!trico del rompeolas. F.l o'.epr~ 
sentante indicad. a::_ Contratista la secuela que dei.Jc:rá ::e­
guir en los desmontes y despalmes de los bancos. 

4.3.- Extracción del ·Material.-

La explotación de la cantera la debe realizar el Cunt n ~-~ s 
ta, en forma tal, que la· obtención de materiales cunc•1crde 
con los requerimientos de la secuencia estabJccid~ ~ar~ ~a 
construcción de las dife~entes ,capas de rocH q~e.inte~ran 
la estructura del enrocamier1to_. logrando ·el m:.ni!!to de =-
terial de desperdicio. · 

- ~1 ' , -· - .. 

~~----· ----~~------·~~--------
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Los procedimientos clásicos de extracci6n de materiales por 
medio de " explotaci6n por bancos ·", a(ui se considerán vi:-­
gentes para obtener resultados satisfactorios, con un m~n:­
mo de desperdicios. Aún cuando el'proyecto requiera grandes 
volúmenes de roca,no se recomienda emplear sistemas de ex-­
tracci6n que produzcan grandes masas de roca derrumbada en 
una sola voladura tales como el de túneles de coyote que -­
emplea grandes car@as de explosivos depositadas en ellos, o 
cualquier otro sistema similar ya que estos aumentos conside 
rablemente, con el consiguiente incremento del material no -
utilizado. 

La fragmentaci6n de una secci4n tronco piramidal a lo largo 
del frente de atraque y en la base del mismo, de dimensio-­
nes convensionales; puede proporcionar resul tactos sa tisfac.:. 
torios, en una voladura_. 

El C.ontratista deberá selecciQnar la piedra que debe ser mo 
neada, la cual será aproximadamente el 7.5% del volúmen ex~ 
traido • 

Cada formaci6n recosa presenta· condic:iones tipicas propias 
y· en consecuencia no se ·consideré. conveniente delimita!" .s.i~ 
temas de extracci6n de material a emplear.y solamente se es 
tablece lo anterior con carácter informativo; queda a la ex 
periencia del Contratista elegir los sistemas 6ptimos para­
obtener el material requerido, pero se establece claramente 
que si por··el empleo 'de operaciones inadecuadas eh la extrae 
ci6n de roca, el Contratista lle@ará a fisurar la rormaci6n-

.rocosa en explotaci6n,-en· forma .tal que inutilizare el ~an­
co, para seguirlo explotando eficientemente, sera' por su -­
cuenta el importe de los trabajos que resulten necesar:.os, 
para localizar acondicionar y abrir una nueva formaci6n ro­
cosa que resulte aceptable, asi como todos los importes que 
resulten~·cte~·acoñdicionamiento de caminos nuevos de acceso J 
obras complementarias. Si el nuevo banco de encuentra a ma­
yor distancia del deteriorado, la Secretaria no pagará e: -
aumento que ·resulte por tonelada k.il6metro de acarreo. 

Esta circunstancia no justificará ninguna modificación a lfl 
fecha de terminaci6n aprobada. 

li.4.- Clisificaci6n del material en el Banco;-

El Contratista después de cada tronada. y ahtes de efectuar 
operaciones de· carga debe clásificar la roca derrum~ada de 

acuerdo· con los diferentes r~ngos que mar~ue el proyec':.o 
y de acuerdo con el in~iso 5,4 ''Tolerancias de estas e~pe 
cificaciones." El Contratis':.a podrá cargar el. materjal de -: 
roca para transportarlo a- la, ()t'r-a sol.?.met'lte Ce lo~ ·~.:.rlilc~-

'. ·~ 
.J .. ~ .. 
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El Contratista deberá contar con el equipo adecuado para 
la carga de los eJ_ementos de la coraza.· 

Si la transportación del material fuera por carretera, -
El Contratista proporcionará el equipo de tra nspor '"e re­
querido, para cumplir con el programa de traba.jo. :.:~ Cog 
tratista construirá, acondicionará, reparará y conserva­
rá los ca!!'inos de acceso del banco y/o bancos, a los :'_u,­
gares de descarga. Si utilizarase caminos federales; es:~ 
tales o vecinales, gestionará con quién corresponda la -
autorizaci6n de servicio, teniendo en cuenta '-{Ue debed 
repararlos y conservarlos, mie tras lo use igualmente·-­
deberá obtener la informaci6n sobre el tipo de vehiculo -
máximo que podrá transitar. sobre el camino a recorrer. 
Si el caso lo requiere, el Contratista const.ruirá las li­
neas, ramales y .espuelas de ferrocarril, para el t.ranspor 
·te del material debiéndo el Contratista efectuar los con.-: 
venios para estos servicios con los organismos que corres 
pendan, teniendo en cuenta el cumplimiento del programa -: 
de trabajo. 

4.lo;- ~lementos .Precolados.~ 

Cuando no pueda obtenerse en la localidad roca .del pese -
requerido para la coraza de protección y/o morro, pocré 
ser sustituido por elementos precolados, tales como blo-­
ques de concreto, tetrápodos, stabilits, dóms, étc., ~os 
que quedarán definidos según lo. requ1era ·el proyecto, en 
todo lo relativo a su fabricaci6n, almacenamiento, .. ~ar;~a' 
acarreo y colocación en la obra. - Para la fa~ricación 1Jo;:l 
·concreto cicl6peo, concreto armado· y concreto simple de ·­
de los elementos de referencia; el Contratista se sujeca-

. rá a '"Las Normas· de Construcción de esta Secretaria", y a 
·las Especificaciones Particulares. El Contratista aconc i_­
cionará las mesas de colado que se.requieran para fab:ri:::>r 
los elementos. precolados· del proyecto. Los moldes em~~e~ 
dos estarán debidamen-te dimensiomidos y estructurados e,, 

· tal forma, que e vi ten deformaciones y /o escurrimien •:os ,_:;_ 
efectuarse .el colado. 

Para cada caso"en particular la Secretaria indicará el ~-i 
po de cemento a utL!.izar en la constr•Jcci6n ce los eJ r:rr.·:n­
tos precolados. 

--J7-
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5.- ESTRUCTURA DE ENROCA!.UENTOS.-

5.1.- ?·!o.teriales Constitutivos.-. 

La estructura de los enrocamientos para rompeolas, esco­
lleras, espigones y pedraplenes generalmente tienen :a -
forma trapecial, y están constituidos por un nó.cleo for­
mado por materia:. p~treo m,uy fragmentado cuyo ran;¡;o :le -
peso pueda considerarse entre P/200 a P/600, siendo ~ el 
peso de roes considerada para la coraza. Al n{¡cleo lo -­
cubre una capa secundaria de protecci6n, las rocas q'le '­
forman esta capa pueden tener un rango de peso de P/10 a 
P/15. A la capa secundaria la cubre la capa principal o 
sea coraza, constituida por- roca de peso según proyec:o. 
La base superior del trapecio, según lo especifique el -
proyecto, puede rematar en un coronamiento de dimensi6n 
y tipo estructural que quedará definido en el mismo, :.os 
rompeolas y escolleras pueden terminar al final de s~ :e 
sarrollo en su ensanchamiento (morro). . 

5.2.- Secuencia en la Colocaci6n del !-la terial.-

F.l primer paso para la.construcci6n del enrocamiento es 
la formac:i6n del-núcleo, se pueden presentar dos Cll.sos -
cuando el nivel de la corona del n{¡cleo es:é co:'..ado e.l -
nivel (o.oo) o más bajo y cuando está se encuentre a!'ri­
ba del nivel (0.00). 

La elevaci6n 0.00 estará. referida al Nivel de l".area Baja 
Media Inferior en el océano Pacifico y al Nivel de ~area 
Baja Media en el Golfo de ~éxico y Mar Caribe. 

. ' 

En el primer caso para acomodar el mater.ial a sus lineas 
y niveles, es necesario que el Contratista utilice chala 
nes de volteo manejadas con :gr(¡a, o cualquier otro' siste 
ma similar que pueda depositar el ine. terial a las lineas-. 
niveles bajo el agua. · 

En el segundo caso, el núcleo podrá construirse en ·~na -­
parte con camiones a volteo, pero los taludes finalme~~e 
deberán ser terminados colocando la piedra, utilizanc!'l 
charolas de vol te o manejadas con grúa o cualquier o·.ro.­
sis tena similar·. 

Para evitar que la acci6n del oleaje desaloje el mav~-­
rial de los -taludes y /o corona del núcleo, al se:r t.err.:! 
nado un cierto tramo de éste, el contratista procec!•.;rá­
de inmediato a cubrirlo con la roca de la capa~sec~nd~­
ria que le corresponde y cubrirá .. toda el área terminada 
del mismo, de manera tal, que la roca de la capa so; ;:-:­
daria ho perrr.i ta Gc.· sea desalo,jado el .na terial dd ----

-------.. ·~----~--- ---.. ------------~--~--
. ·-'-'---'---...__ ____ ............,._. -· --------
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tramo dé núcleo en cueati6n, llevándose.a término totai­
mente el espesor del tramo de capa secundaria en término 
totalmente el espesor del tramo de capa secundaria en la 
zona de que se ~rate. Si la construcci6n del enrocamien­
to ae está realizando con un cierto grado de agitaci6n -
del mar, deberá procederse a recubrir de inmedia~o la e~ 
pa secundaria con la capa de roca de coraza, segun lo -­
indique el Representante • 

. El Representante determ1nará.·en caóa caso y dependiendo 
de la violencia del oleaje, la longitud de núcleo que -­
pueda permanecer sujeta a esta secc16n, sin ser removida 
por ella, antes de ser protegida por la capa secundaria, 
El Contratista cumplirá estrictamente con lo especi:~ca~ 
do por el Representante.& este respecto. 

Antes de continuar con la construcci6n de un nuevo tral:lc.. 
de núcleo, se cubrirá con la roca de .la capa de coraz~ -
toda .el área terminada de la ·capa secundaria y una vez -
cubierta esta;· como lo indique el proyecto , se continc;a 
rá la construcci6n de un nuevo tramo de núcleo, repitieñ 
do la secuencia ya descrita. -

En la colocaci6n 'de las capas que forman el· .enrocamien­
to del· proyecto, siempre se empleará la grúa adecuada -­
que garantice que ·estas sean construidas a las lineas y 
niveles de proyecto. Eluso de tractores en la coloca--­
ci6n de roca, serán Únicamente empleados en acciones coo 
plementarias de las operaciones fundamentales de las gri 
as. Todas las capas del enrocamiento siempre deberán ---= 
construirse colocando los elementos que l'iS .forman del -
pié del talud hacia la corona y nunca empujand::> éstos ha 
cia los taludes. Se deherá evitar siempre toda operación 
que en alguna forma tienda a degradar alguna· capa. :,:n a_! 
gunos casos será necesario el empleo complementario de -
grúas flotantes, el contratista deberá tener en cuer.•.g -
estas circunstancias. 

La parte superior del rompeolas no terminado puede usar­
se ·como acceso del equipo de transporte, teniéndose en-­
cuenta que antes de que se coloque piedra adicional, los 
materiales usados en el acceso anterior deberán rern•) ··:·· 
se dejando limpio el mismo. Esta remoción peruíi tirá ~;~:!e,. 
superficies 'de piedra limpia, de tal maner'i que un:; c3-
pa nueva quede colocada directamente sobre la arit<?r:i '.1!" -

amarrada perfectamente. 

A fin de disponer de un ancho mayor para las malüut:ro;. -
podrá permttlrse que el núcleo se construya en tbs '"'.;,e;,, 
de acuerdo con las condiciones reinantes '!'1 el riiit e " · ·,:; 

.. ·-'----· ------...L..--~ __ .!..L...____ _ __,___~.......:. •. :__. ____ ____c: ___ _ 
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. ; .· :s1 fuera indispensable suspender t'emporallllente. ·le: obra, deberá 
.protegerse lo suficiente el' área í'rontál expuesta 'del nucleo -
por medio de la capa ·secundaria y esta a .SU vez COn roca de CO 
raza, ·según lo determine el Representánté con él·fin 'de evitar 
que la acci6n .del oleaje, mi~ntras dure la suspensión, desalo­
je los materiales del núcleo y ca.P,S .secundaria; al. reanudarse 
la obra, se continuará la construcc16n sigUiendo la miama se-­
cuela.e.qni descrita • 

·;· 

' . - 1 . • • '. • ' 

Si por. la falta de observaci6n de .parte .del. con~ratista a la ~ 
·· · secuencia de operaciones aqui establecida: motiva' _que -se compú­

ten valores a la tolerancia que sefije para el.tonelaje total 
de roca empleada para el proyecto, la. diferenCia no será paga-

" . 

. da al .contra tia ta. , . 

.Cuando se trate de la· construcci6n de rompeolas que no arran-­
quen dé ·tierra, sino que sean paralelos:a la·costa. o.formen -­
ciertos ángulos .con ella, deberá el.contratista contemplár la 

·.misma 'secuencia ·aqui descri~a. para la construcci6n .de . enroca 
uiientos. · · · ·' -

·5.·3·- .. Consol1daci6n de la coraza • ..; . 
- . 

Cuando se. dispon~ en la .lÓcalidad ··iie roéil lo 'suficien'temente 
pésada, requerida para ia construccil.n' de 18. coraza, uri siste-
ma .de consolida'ci6n de estas, consiste ·.etl rell!':!nar los espac!.os 
que quedan entre las .rocas al construirlas¡ qon. una mez.cla as­
fáltica, similar a la empleada. para.la conetrucC16n de-carpetas 
asfálticas de carreteras a mayor temperatura que le permita flu 
ir ·dentro del agua. y rellenár los vacioe .entre ilEi.s, rocas· de. la:-

. coraza. ' ' ' : . ' . . . . . ,' . ' . 
:Oespulls de colar la :Primera capa .Cie piedra de ·coraza, ·se p!'oce­
. derá a colocar la me.zcla asfáltica hirviente utilizando cajas - · 
metál:l,cas de volteo, .cubos de fondo compuerta, manejando con'--

f gr(¡a o cualquier otro oistema similar. Previamente.· serán se!'lala 
dos los lugares de descarga del .material en la zona .de. ·coraza ::­
bajo el agua, en la zona fuera del agua· estarán a ·la· vista les 
lugares de descarga si .se requiere. una ·segUnda .capa dé coraza 
·se procederá en forma similar. · · · ·' · . :. 

Las temperáturas a q_~'e se 
. a 230°C. según el clima y 
. cla •. · .· .' . 

V '• 

'·:' : ·.: }- ._ ... :-. • .•. ••• •) ¡ ' • 

colocará la inezcia ~ariarán de 10,'" .·. · 
la. profundidad. de··coloca·ci6n de 2.2. e:·. 

•' . .'.-; . ' ~ ' 

·.- ·,·. 

,, .... •' 

',. ... · ... 
... 
' .. . . ' . 

·'· . 

·' ., . 

_.........!....--·-··----'--- ·-----

1 

1 

1 

1 

. 1 

1 

1 

1 . ¡ 

: 1 

;l. 1 

' ' ' 



·• ·., . ' . ' '\ 
•¡, 1• ~ ; _:... ', ~--·. 

'. ·,· 
. ". ,,,. 

. " . . :! .. 

. ···: 
' 

'1_', ;, .:,\ 
' \ ~: 

~&u 5" .... o. 1 .. 

·. i ,;' l!:l proporcione.miento de ·la u:ezcla a r~s~x4a · q~e ·el'' pr,óy.ecto. 
,:,,indique.· lo contrario.será: · ···. .:. ··. : ·. , ... · · .· 

.¡, .. ' . ' . , ' . r -~ '·'' • 
;.1, .. ' ~ '. • . : .. ' . ' ,' ' : ' ; • ...;, ': ., " ·' • .• > 

' . ; :• 75% de árene. fina, 8% de gravilla con tallliiflo úiá.ximo de .6 mm •.. · . 
. : .. y ~'N6 de as:faltó No.· 7 o también: 48~ de arena para. concreto 
.··'•'. hidráulico, 33~ de. grava. triturada, .lO% de gravilla menor de• .. 
:-_.¡. 6. mm. y 9% de. asfalto. En cada caso la Secretaria indicará.·-'· 

. ,; ;:~· ei proporcionamiento de. la mezcla. . . '· .·... " 
'; > \_' .. .'i . ' . - . ,.-,• . . . ' ' .· - ~ ~ -. .· .,.. . . 
·';':'' .. ta.·conso~idaci6n de· enrocamiento con la mezclA asfá.ltica'.se : 
:·>•'' EÍm;p~eará también p()r ser un· método sencillo. y ec9n6m1co, pa-. ·' 

. ' ·,; '· ra.•reparar roíDpeola'.s, 'insuficientes o detei'ioradas~ . .·: . 
. . · '1~ . ··:_-:.. . ' . " . . . . _. ,-- .. _:'. . . . \.·~··. . '/• 

• ·. \ 5.4~- Cua.nt1ficaci6nde proyecto.- '{' 

. . · -,:. Para cuantificar el. voJ,ó.men .aproximado de. roca fija que re-- . 
T .,.,···:'quiere ·~a construcci6n .del proyecto, se procederá .como .. sigile: . 

·--~·-··-. -- ... ~ ~;··. ·._ ... ·, .. ; ~ . . :·.:_:\-,. ',·• '· ·., __ · .. ,''; 

:··~::·'Solo cuando se omita la~ cantidad~& de obre;, del rcat~logo de 
·. ., Conceptos ••• " Se. indicará el: cri'l;erio de, ;cll&ntif'icaci6n que ,-

·. e~· Contratista empleará. .· . · . · , .·" . . ·. · ··. · . · . 
-r •. ·:~·-·· •. 1:- - • t ·~ . '.--';-¡_-;.;: · . . : •· · · 
1

' Ei: obte~er el:,vo~~men ~btai'.de roca flja l!;pl1~da al p~oyect() 
.. . ~· .;.. .. :dará un 'indice· ·de la· pot~ncia qu!l! debe tener:: el banco~ · ·' · 

,-·; .. 
¡- ·': 

' ... 
),, . '·· 5·.5'~-· CUBICACION DE LA ROCA. 

~ . . . . . . . . - . . -,: 
'·.' 

• '•, ••• • ' '1 

-.~ . _·!:,; -. ·_ '. :. __ · . ·.' . -~. . - : . .:·· ·. . : . . ' .. ·:·!,~~: ':, ¡ ·.,. .. --~ ..... 

:. !'' . · · La cub~caci6n: de la obra. se reaJ,izará pará; efectos. ,de me di·--. 
· · •·. · :• ci6n y ,pago, cuantificando el tone~aje tota~ .de material útil 
: .. ;-. · .. ·. pesado en básc~a, aplicado .al proyecto; .pare. e~ caso c~ndo · 
·t:,.' · :. asi's.e :establesca el Contratista proporcj;oriará,· instalará ·y ~. 

•:. p!)@rá en operaciones la bá.sc~a y/ó las. básculas del. tipb y 
.. · ~pa.cidad requerida para pes!ir la roca en., los .eqttlpos, a proba-. 

dos. para el. transporte· del material a la obra,: las básc~as "' 

~.. ' 
'• 

· ya instaladas deberán ser verificadas· por las. autoridades e o,:. 
rrespondientes de la Secretaria de.Comez:cio y·F9111Bnto Irídus-­

. trial, en presencia delRepresentante quién en su caso,· orde­
.' nará el uso de ellas. \ ;n Representante podrá. ordenar: al Con­

.tratiáta,. cuantas. veces lo requiera durante ei desa.'rrollo ·de 
· ~os trabajos, proceda a verificar e~ correcto funcionamiento 

df! .las bá.'sculas ~ Independientemente de la. yer~1Ce.C16n que _;.:;. 
~~e' el Contratista, este debe afectarpor 1~dio de :ros ... .,.. 
técnicos fabricantes de la báscula, ·revisiones y ajustes que. 
se requieran a la misma. con· lapsos . de 2 meses entre c.ada re vi 

· si6n, o con la periodicidad que recomiendan los fabricantes. 
En caso de que el Representante encontrará' funcionamiento ~e­
featuoso de ~lgurie. báscula .suspenderá. de ,inmediato su. o:¡;e'ra.-~ 
ci6n~ hasta no ser reparada· ·o ajustada. por- el Contratista á "' 

· ·· !!~~~lil~9ci6n. del R:epresentll,~te ·de. ácuer.d~; 9on ,l,()S. :r.eq1:1e,rimie!}_ 
tos •. El'·Contre.tista se. sujetará a todas y·;·ca4& 11nfL·'de ·rae. par 
tes del instructivo para el control de· pesa·;¡ e,· que se· ad.junta 
a .e. atas Especificaciones~ . . · 

. ' . .-

.. 

··(:,/- . . . 
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,,¡· .' .. ;S·· ::. ,:, ~5.6.·.,., Localizaci6n de báscúlas.-r.,: :. :· .. _, :·, ·.·e 1 

·.· .. ' 

· ··. . - _ .:··:W!.te]:'ial útil áplicl'!-do al proyecto. deberán;'instillarse lo. más· ,·_:_': •... :.·:.·····,'_._._.¡;:·_.··:,;!.:_,:,·· ... ~_: .. ,···.~.'·.·.?.~.:.·.···.· .... ·•·•·.· ...• ::,·· •.. ;.::',' .. ·.·.·.•,:.. . : ~La. bá
1

scu{a y/o bás'c~las requerid~¡¡· p~ra regi·~~;~~. ~i pesd del 
,. : . cercano posible a la localización. 'deLm1:sriio f' eí:{: lli' ruta de ,,-

·:.•': ,... ·.''ilos vehiculos que transporten el material'' a: l'os :enrocamientos .· :. 
··.¡.'• .. ·. ·' ··~.:· .J , .,"r . ·: ·;·_;:,_..·.' .' .· .. íl :,· )·;··:,·. ::.-.,,'. .· 

·;;\ S·-:-;-::,: · .. :. , :r.a marca y tipo de b~sculas que proporcione 1é'!. c9ntra tlsta ·d~ .•. 
· .·berán ser aprobadas por la Secretaria, para el .caso, el Con--· 

' ~:'··::· 'tratista proporcionará a la misma con la debida anticipación 
_;. ·· lOS planOS Y especificaciones de· .. eStOS · eqúipOS'I y Urla V!!Z apr_Q. 
'l. ·' . bados por la Secretaria proceder~ el Contratista _a su adquisi 
.:·: ·· · ·, .ción e instálaci6n en el si.tio de 'la obra ·de acUerdo como ·lo-
''::·' •:' ·: :indique el Representante. ras báS~ulas estarán.:capacitadás pa 

·:·· \...-' . . ·ra registrar en una sola· pesada las unidades' de mayor ·peso --= 
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'· 
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que transporten el material para ·el proyecto.' Podrán ser s ~ .. 
asi :ro indica el proyecto básculás. de.· ejes. Estarán pro·•ist&-> 

.. Si a si lo indica el proyecto de caseta, de control para. el pe:_: 
.. sonal tanto de la Secretaria como. del Contratista, con '::odo -
el equipo .Y ma.tE¡rial necesario para el· registró de pesos ( T&-

·. · ras de verificación) Las taras de verificaci6n deberán set cg 
<InO, minimo d~ la vig~sima. parte .de la. capacid~d -máxima de la -
'báscula · · : · ·. '• · · . . •·. : . ·· . · . . . . . . . . ' ' '' ... ' . 

. 5.7.~· La instaiación de las báscul.ils.-
... 

. . 'La.s efectuará el ~ontratista de acuerdo· cbn_io,s 'planos, espe-
· .. cifiéaciones y•reco~ndaciones. que establezca .la ·!!asa provee­
_'dora de estos equipo"!• El RepresE!,ntánte;, supe'rvisará .los trab!_ 

.. ·jos de. instalaci6n de. M.sculas, pero .su presencia no eximirá 
· al 'Contratista de la responsabilidad .de .eficiencia de las ins 

·• 'ta,lac~ones~ El_ fabricante ó_vende,~or _su¡)er:'!:isar.fla:instala'--: 
ci6n.de la báscula, as1 tambien· cualquier cambio de lugar de 
ella;' · · · . · · ' ·: · · · ·· · · · · · .. . . . , ... 

'·-~ :· . . . 
: •. ,·. ·.¡ • 

·~.8.;.. Ver1f1ciíci6n~ <" 
' j, ... . , . 

. ··Una vez termiriada la Úl.Stalacióh:de.la O las báscula::, -=2 . . e· 
, tra tis:ta deberá solicitar . a la Se.cretaria de Comerc':i:o : : J: .·. ·:. 
'to Industrial la verificación de ,l!'sta.s, 'debiimdó, obtener '"l ·:: 

· •documento oficial de aprobación ·prbpordofi\l-ll.do el· orir:inl3 1 9.c . 
Representante. . · . ·.. · 

l • . : .. , ~ ·. . ' 

·: . . . . . . . . . . . . :,. - ·: . . . . '. ; .· ... , . . ~ .... 
·-Las recomendac1ones :que haga el. proveedor .:para' efectuar el· nar1 • 

tenimiento de estos.equipos,·los·deberá llevar.á..cabo estr:.c·.r.- · 
mente .el ConJ"nttistá. a satisfacción.-del ·~ep:r:e'se'n'tance .. 
. . •. • . '• . . . . .¡:: . .-;. . . • ¡ . ' :· .. :: .· ~.;;. ,; • : ¡ .. ;,1.· ;.. • .'' •. ' 

· .. Siempre que el-Representante· ~o g:bhsi:_dét~·;:;cdhv,~n~ente ;or:';~;a,-1. • ... 

· :· al· Contra tis t11· realice la ·ver~ficación··of'icial·, de:' las 'lJ6.:~t:ulH · 
,·:si-encontrare alguna irregularidad· proceder'!·: écimo .lo· indica -1,, 

· ·.:presente .especifica:ci6n er{el párrafo: 5~5·, ó.UBicACION. m .. ~A 
. . ROCA ... " . '·. . . .1.~:- • . ., .·,, ' 

'¡.,;~~·: .. ·-::'·;·. <_J,'.·.,·._.:_;_·.-, .·,·. .·,'. \ .. ·-. ;., 
,.. .:.;: .::'·' .'; . . ¡.'-' . " " '- ..• '. ' .... ~ \ ~- J• • . .• ' 

. . ·~· \ . ,.,• .. ' 

:·) /. :···~¡ . . .. 
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5.9.- Peso de Materiales • .:. 

5'o9 .l.- Personal.-

58 

La Secretaria mantendrá personal :que ·nombrará el H~pres~nta:1·.e 
para cada jornada de trabajo, debiendo perllianecer ~:1· le case·.? 
·de control del pesl'1.je, todo el tiempo correspondiente quié:1 .,_ 
fecMe.rá la operación de pesaje de las unidades qu~ ~o;. ~enga~ 

'la roca destinada al proyecto; ningun pesaje será ::0:-.s:'.r;erad'. 
si no se realiza en presencia y autorizado ;:>or el aux:.::._;_,,_,. s<;: . 

. Representante. El Contratista !ll8.n:endrá un rte.present'ln~r: ;,:;.:o­
, rizado por él para que esté presente en el pesado de::. r:,·1·,er:'.3.l 
.dando su. conformidad al registro de pee<o del materia: ':,'..le se -
pe,se para· ser colado en la obré' .• 

' 5;9;2,- Control de oeso.-

. Dependiendo de c.ada caso en particular;·. el Representan ·,e 2.e :.~, 
dicará al Contratista en que forma se realizará el con:;rol de­
las unidades vacias, y2. sea efectuando el· peso de las r.-.i3C".~.s .. 
después de descargar cada viaje o sacando un promedio de los -

.pesos del vehiculo en el' primero y último .viaje que res~:'.ce :~ 
da dia. Estos datos quedar6.n registrados en una libre';a espe-·::­
cial que el auxiliar del Representante tendrá pe!'!l18nen:;e:nen·.e 
en la caseta de control. 

Cada unidad debe pasarse, cuando esta se encuentre estacionada 
totalmente dentro de la plataforma para pesaje o cen:rand·:J c:.­
da eje si la báscula por sus <:iimensiones no admi t<; el ve'l~cu2.c:. 
completo. 

·'· 

El auxiliar del Répresentante antes de que una unidad en~re a 
ser pesada, se cerciorará que el fiel de la báscula se encue;,­
tre en su posici6n de equilibrio y ajustandolo si se he.ce ne·:-= 
sario, unavez logrado esto, dara la orden de entrad:. p'l.ra S":-;: 

pesada, a la plataforma de la báscula. El registro de peso ce. e 
rá ser marcado cuando la unidad se encuentre totalmente est'"cio 
nada y toda ella se encuentre dentro de la plata:"orma de pesv 
y sensiblemente centrada, a no ser que la báscula sea de ejes 
en cuyo caso se pesará cada uno de estos. 

Las tarjetas de registro para el peso, estarán foli:ldas 'j el. -
Contratista entregará al Representante por medio de un es.cri to 
la cantidad de tarjetas suficientes para el consumo de· un me~ 
de trabajo, en el escrito· indicará la can ti dad de tarje Las :i -
el rango de folio correspondiente; la entrega de tar,je'.as la -
deberá hacer el co!'l.tratista con toda puntualidad, y3. r¡ue s:. -­
llegaren a faltar tarjetas de registro en la caset~ de C:Jntr:~, 
se suspenderia el pesaje de material, con el consi;:u!.en ,,., pe r- · 
juicio en el retraso de las ·obras, no jus:;;_fic:.:,:;le "::.'!'~. •· 
tra tj.s ta. 

' 

-------~------~- --~· _! ~---· -·---···-· -~: __ ._. ---· __ ._. :...._._·_~c..·--
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. Las tar,jetas de pesaje tendrán orig1n,Al y copia, al marcarst.l 
la tarjeta, quedará. impresa J.!l. cantidncJ que indica el peso, 
en.el original y copia; en loa renglones correspondientes el 
inspector del Representah'e escribirá con tinta la fecha, h2 
ra, número de la unidad, .tipo de roca que contiene, peso co­
rrespondiente a la unidad vacia, cálculo de peso correspon-­
diente al material, al deducir del peso bruto al peso de la 
unidad vac1a y su firma; .estos mismos da.tos ·estarán conteni-

. dos en la copia de la tarjeta, el original de la tarjeta qu~ 
dará en poder del inspector del Representante y la copia de 

. ella en poder del Representante del Contratista. 

Diariamente se registrará en la Bitácora el total de roca en 
las secciones transversales correspondientes, mismo que fue 
acarreado a la obra. · 

Si la báscula. es de ejes, el vehiculo deberá encontrarse -­
sensiblemente en posici6n horizontal, al pesar cada uno de -
ellos ·sobre la báscula, en caso. de no ser asi el Representan 
te no permitirá se efectue el pesaje de las unidades.· -

El inspector ·registrará todas las tarjetas que se hubiesen -
operado en su turno, en la libreta de control, incluyendo to 
dos los datos correspondientes de cada tarjeta, y as1 mismo­
elaborará una relaci6n, vaciando todos los datos de las tar­
jetas en una forma especial, en la cual tendrá una columna -

·para registrar el peso total de material y tipo de roca, co­
locada en la obra durante el turno; esta relaci6n deberá es­
tar ~ebidamente firmada~~or el inspector de~ Representante y 
por el Representante autorizado del Contratista, ~ate último 
expresará su conformidad con los datos en la relaci6n. Una -
vez terminado el turno, el inspector entrésará al Represen-­
tante la relaci6n del pesaje del turno, debidamente firmada, 
adjuntando todos los originales de las tarjetas de pesaje r!:_ 
gistrados en el turno. 

En Contratista se obliga a proporcionar la papeleria requer1 
da para el control del peso de material, como lo indique el 

-Representante. · 

Cuando sean empleados elementos precolados porque as1 lo in­
dique el proyecto, el Representante decidirá si deben o no -
se~ pesados estos elementos, en caso afirmativo, ~l. mismo r~ 
glamentará lo necesario para el control de peso. 

Los elementos manufacturados s6lo despúes de 28 dias de fa-­
bricados se·podrán manejar, transportar y colocar en el si-­
tio de la obra. 

En el caso de elementos precolados por lo ~neral su medici6n 
áer' por Metro cúbico o por pieza prefabricada, para lo cuál -
el Contratista deberá considerar todas las partes que integ,an 
el colado' de la pieza en cuesti6n a si como· su colocaci6~ er.. e:. 
sitio de la obra. 

i 

1 

1 
! 
l 

i 

i 
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Una vez efectuada la estimación mensual el Representante archivará 
cuidadosamente todos los comprobantes y la relaci6n de ellos aue -
servirán para la formulaci6n de la estimaci6n respectiva, esta ~o­
cumentaci6n podrá utilizarse para efectuar cualquier verificaci6n 
que fuer!l' necesario realizar en cualquter tiempo. 

El Contratista. se compromete a. realizar la. obra, con la cuantific~ 
ci6n que finalmente resulte, y ya sea de aumento o dism1nuc16n de 
los volúmenes de obra, sin que tenga. derecho a. modif'1caci6n alguna 
a. los precios unitarios aprobados. 

5.10.- Tolerancias.-

La tolerancia en los perfiles del nócleo 
nos de dos veces el diámetro mayor de la 
para esta capa, en las.áreas bajo agua y 
áreas fuera del agua será de una.y media 
do en más o en menos y en, zonas aisladas 

no será mayor en más o me 
roca de más peso empleada 
en zonas aisladas. En las 
veces el diametro indica­
únicamente • 

• 
La tolerancia en los perfiles de la capa secundaria de protecci6n 
no será mayor en más o mer;¡.os a una vez el diametro ma.yor de la !'O­

ca de más peso especificada para. esa capa, en zonas aisladas y e~ 
las áreas dentro y fuera del agua. 

La tolerancia en los perfiles fitmles de la capa de coraza no se­
rá mayor en más o en menos la. mitad del diametro mayor de h roe:~ 
. de más peso especificado para esta. capa, tanto en áreas den •.re. e::: 
mo fuera del agua, pero en zonas aisladas únicamente. 

Con el fin de lograr una. mayor trabazÓn del material se ad!l".i · ::,,~ · 
las siguientes tolerancias máximas: 

a.).- Que el material para el nó.cleo no contenga. más del 2:'!. 
en peso del misljlo, en tamaf'ios menores de los que a':aY­
quen el rango, teniendose como limite inferior piedra 
de la mitad del· peso del valor minimo del rango. 

b). 7 Que el materia·;!. para la capa secundaria, no contenga.­
más del 15~ en peso del mismo, en tamaf'ios menores de -
los que abarque el rango, teniendose como limi t(: ~ inf~ 
rior.piedra de la mitad del peso del valor minimo del­
rango. 

c.). Que el material para. la. coráza, no contenga. !M.s del l'. · 
en ·peso del mismo, en tamaños menores de los :1ue abar-­
que el rango, teniendose como 11mi te inferior piedra ciE: 
la mitad del peso del valor minimo del ranEo. 

En la coraza puede admitirse roca de mayor peso del espec.1f~·:'1do, 
como lo indique el Representante. 

No se permitirá el uso de tierra suelta, arena y polvo d": roca ,, :. 
cantidades mayores de 5% (cinco por ciento) en peso dt:: :Les !fo2~e''.::: 
les pétreos. 

.. ---C-~-"-----·------ ---' -·-· ··--· ---•· ''--- -------- _· ----~- __: ____ _____:___. ___ . -'~---·~--
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•·-i .... 6J 
·El exceso de tonelaje de roca, del calculado para el proyecto 
de acuerdo con el "concepto 5.4" cuantificación· del proyecto, 
estará comprendido entre el 5% y el 15% sobre "el" volúmen de 
roca útil aplicada al proyecto multiplicado por el peso espe­
cificado del material empleado. Dicho exceso de tonelaje que 
puede ser provocado por asentamiento del enrocamiento debido 
a su peso propio o P.,l acomodamiento de los bloques de piedra, 

.se determinará por medio de secciones transversales que se le 
vantarán al dar por terminada la obra. -: 

En casos mUy esporádicos por ser un volúmen pequeffo y para pie 
dra chica, se podrá cubicar ésta por m3 'medido a bordo de los­
vehiculos de transporte_ en el sitio de la obra, a los cuales -
previamente se les habrán cubicado.sus capacidades marcando -­
claramente el nivel de cada uno de ellos. La secretaria incica 
rá al contratista estos caso¡¡ particulares. -

Por ningun motivo se permitirá que el contratista coloque pie­
dra de pesos diferentes a las especificaciones y fuera de las -
tolerancias establecidas, sobre todo durante la construcción -­
del núcleo y la capa secundaria. _El Representante podrá ordenar 
al contratista· el retiro de la roca que no cumpla con lo esta-­
blecido, quién la_colocará donde se le indique, o la retirará­
definitivamente de la obra, si asi le fuere ordenado. 

La profundidad de desplante de'la roca de la coraza tanto en el 
talud exterior, como en el interior que marca el proyecto, po-­
drá .iniciarse perfectamente más abajo de lo indicado en el pro~ 
yecto, esta sobre· profundidad, no serámayor, del valor de un -­
diámetro de la roca empleada, en la coraza. 

Para la capa de coraza tanto del cuerpo del enrocamiento cvmo -
en la extremidad de este (morro), se podrá admitir ·roca de "l!l.yor 
peso de lo especificado, según lo indique el Representante. pri.!.' 
cipalmente en el talud exterior. 

'- 6.- EQUIPO REgUERIDO. 

6.1.- Equipo que proporciona el Contratista. 

El equipo que a cont1nuaci6n se relaciona, . formará parte de la -
proposición del contratista, ya' sea parcial o totalmente según -
lo indique la Secrete,'ria para cada caso en par,ticular. 

a).- La .extracción de material.-El equipo necesario par~ -
la extrl:l.cción de roca de la cantera, consistirá :Jrinci 
palmenta en máquinas perforadas con sus corre.:pondi~r.-=­
tes fuentes de· aire comprimido, con todos su::- ac:c"'~'--­
rios, repuestos y materiales necesarios, aai ';~rr~u:i.•:r¡ ; 
los explosivos, herramientas, accesorios y e':] ·:~rr- ':]u•: 
satisfaga el suministro requerido. 

·' .. 
-~-~-· -L-' -------~- -



b) .-

e).-

Clasificación y carga.-El equipo necesario pa 
ra clazificaci6n, almacenamiento y carga de Ia 
roe€. extraida de la cantera, consistirá pr~nci 
pa.lmente en groos con garra, palas mecánica .o,,­
traxcavos, tractores y equipos auxiliares.· 

Transporte y descarga del materiaL-Si el tran.§_ 
porte del material se efectuará por carretera, 
de la cantera al lugar del proyecto, será requ~ 
rido equipo de camiones de volteo y/o de plata­
formas, provistos de charolas o cajas metálicas 
de volteo.-Si el transporte se efectuará por ::~ 
rrocarril, proporcionará las charolas de vol te e 
necesarias, para cargar las plataformas del --­
equipo ferroviario en la cantera. 
En la descarga y colocaci6n del material para -
formar el enrocamiento el contratista orooorcio 
nará las grúas para descarga y colocaclón~de r9. 
ca Pli,OVistas de garras para el l!lil.nejo de ellas,. 
chalanes tolva, o chalanes de cubierta plana y 
tractores. 
Pa.ra la totalidad de los casos el contratis-:a. -
deberá, utilizar una grúa provista de garras o -
equipo similar en la colocaci6n del material ~e 
capa secundaria y coraza. 

--¿q ... 

Todo el equipo estará en buenas condi::iones de trabe.···: :·.· ":!'?. 
:revisado por el Representante cuand'J se encuen'~re '" · •:e, : ~­
gares de trabajo, verificando su eficiencia; capa e~ .c.·J . 

tado general que deben coincidir con lo propuesto ~-= ·~ r· .-. ~­
tratista. 

Si el Representante encontrase deficiencias o faltan:es en -
el equipo proporcionado por el contratista le exigirá que lc 
complemente y/o adecúe, púes se considerá que las deficien-­
cias en el equipo del contratista,' no modificarán el plaz.:> -
de terminaci6n de las obras, no lo eximirán de ·las responsa­
bilidades por incumplimiento, de acuerdo con las cl~usulas - · 
correspondientes del contrato. 

Cuando se trate de fabricar elementos de concreto para la :'.:Jr 
macl6n de lA. coraza c,-,de protejer con estos elemen:os enro·: .:: 
mientes ya existente.>, el contratista proporcionaré. todo t:l -
equipo para extracci•jn y adecuaci6n de materiales pétreos P~. 
rala fabricaci6n del conc.t'eto y. para fabricaci6n de e2:cs.-



. '• 

. ,. 

e: ,. 
-~ .;::.:'­

') 

aei como para transportar y colocar en el sitio de la obra 
los elementos .precolados ·que. sean 1·equeridos • 

Por el hecho .de que .la Secretaria le otorgue al contratis­
ta el contrato no adquiere responsabilidad alguna, si el -
equipo, para extracc16n, car~, transporte y colocac16n -­
del material para formar el enrocamiento. proporcionado por 
el contratista, no sea el adecuado para la realizaci6n 
eficiente del proyecto. 

Si el proyecto trataré de.construcci6n de rompeolas que no 
arranquen de tierra, sino que sean paralelos a la costa o 
formen cierto ángulo con ella, el contrátista proporciona­
ra adicionalmente el equipo flotante requerido para el --­
transporte y colocaci6n del material que podrá consistir -
en grúe.s flotantes·,.· chalanes de volteo, chalanes de cubier 
·ta plana y remolcadores en la cantidad y capacidad que re~ 
quiera el proyecto. · · 

6.2.- Aprovisionamientos.-

El suiniriistro o aprovisionamiento que se haga necesario pa­
ra la operaci6n de -los eq1üpos, debe ser selecéionado por -
el contratista; la gesti6n .de permisos para la adquisici6r! 
de explosivos y accesorios, debe-realizarla de inmediato, ya 
que las- demoras que pudieran presentarse en la obra, como -
consecuencia de deficiencias en el abastecimiento de combus 
tible, lubricantes, explosivos y accesorios, partes, repue~ 
tos .•. y materiales en gen~ral requeridos, no pueden justifi­
car.los retrasos que puede. sut:rir el programa de obra. 

La Secretaria auxiliará al contratista haciendo el of!cio a 
'la.· Secretar18: de la Defensa Nacional para que está de su -­
autóriilaci6n para el consumo de explosivos, debiéndo el con 
tratill;'ta proporcionar a la Secretaria sus requeremientos -~ 
mensuales y totales, tanto de explosivos como de accesorios. 

6.3.-Ipspecci6n~ 

.La. obr~ · se .realiz.ará bajo las directrices generales que es­
tablezca la Secretaria y será·inspeccionada por el Represen 
tante y/o por lcis inspectores designados por él', quienes -~ 
cuidarán que se cumpla estrictamente_ con los requerim~~ntos 
del proyecto, en los términos del contrato_; el Re:oresE!ntan­
te llevar& un registro de contrOl de las secciones del enro 
camiento, donde gr~.ficamente quede sel'lalado el perfil ':!e e~ 
da capa terr.-.inada .hasta la. capa de coraza, en _el ·.ramo de·­
que se trate pero la presencia de los inspectores, ~0 rele­
vará al' contratist>!!. de SI-' resnonsabilida.d de efectuar c:Jrrec 
tamente la obra. · 

' ' 
' ' 



6.4.- Retiro del Equipo.-

Pare. hacer el retiro o sustit.uci6n parcial del equipo en 
el avance de 1~ obra con relaci6n. al calendario de ejecu 
ci6n, ~l contratista deberá r•~cabar autorizaci6n escrita 
del Representante, pr~via aproba~16n de los adelantos r~: 
gistrados. 

' 7,- PLAZOS PARA INICIAR Y TERMINAR OBRA.-

7.1.- Plazo para iniciar y fecha de terminaci6n.-

Se fijará la fecha de iniciaci6n de la construcci6n del 
enrocamiento, despúes de entregada. al contratista la --­
orden de trabajo, fijando la fecha en que debe dar por -
·terminada la obra, con base en los rendimientos de los -
equipos inclúidos en su oferta y apoyado en.ellos pre.:;e!! 
tará su Programa de Trabajo. 

Una vez presentado el Programa de Trabajo por el contra­
tista indicando la fecha en que se dará por terminada la 
obra, dentro del periodo que se le di6, la Secretaria lo 
estudiará y en· su caso lo aprobara .Y será el que en def1 
nitivo se adopte, En vista de lo cual, las sanciones por 
retrasó en el cumplimiento del programa se harán efecti­
vas a partir de la fecha · indicada en este. 

Cuando el proyecto incluya la construcci6n de dos-o más 
enrocamientos, la Secretaria indicará el procedimiento a 
seguir en la construcci6n-de acuerdo con el programa\'(! 
obra o modificaci6n lo que convenga a sus intereses. 

7.2.- Retrasos.-

Si por causas imputables al contratista sufriere retra 
sos el Programa. de Trabajo para la ejecuci6n de las Obras 
estará obligado a operar en el tiempo extraordinario sus 
equipos o reforzar los mismos, hasta lograr la nivelaci6n 
del mismo, siendo por su cuenta las erogaciones que le --
ocacionen. · 

7.3.- Ampliaci6n de Plazo.-

La alteraci6n de los ·programas de trabajo por incremento 
.en la longitud de los enrocamientos o reforzamiento adi­
cional en el morro o alguna otra zona, justificará l.na -­
ampliaci6n proporcional en el plazo para· terminar la obra 
sobre el tiempo computado originalmente pa~a las o~e'~~io­
nes: no siendo ~ustificada una ampliaci6n de ~iel'l}J~' e:1 ni¿_ 
gún caso, excepto po:~: alguna otra causa tal como a r.rmU.ne~ 
ci6n se indica. 
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a).- Si por c~uae. de tuerza mayor imputable a re-
. n6meno me teorol6g1co extraordinario, pertur­

.be.ci6n del orden público, asonada, etc., la 
obra eutre retrasos en el desarrollo del ca­
lendario fijado, el retraso será computado -
pare. ampliar el plazo de term1ne.ci6n en el -
lapso que corresponda. 

8.- PRECIOS UNITARiOS,-

8.1~- .Consideraciones que deben tener en cuenta e1 Contra':ista. 

Para fijar el Precio Unitario en'la obre. de construcción ue 
enroce.miento, el contratista deberá .tener en cuenta ~amo ~ac 
torea primordiales. 

a).-

b) .-

I.e.a caracteristicaa de la formaci6n p~t!'eas :_~e 
se requiera explotar para la obtención de los -
materiales requeridos para la construcción e~ -
rompeolas, escolleras, espigones y pedre.plen·:: s. 
I.e.a caracteriaticas dé"explote.ci6n para ~~.ez:~~ 
ci6n de loa agregados necesarios para la fe.:ri- -
cac16n de concreto,cue.ndo sea requerido emplear 
elementos precoladoa para la capa de la eoraz~, 

I.e.s distancias y caminos de acceso de las for!:lll. 
ciones rocoaac a la localizaci6n de los enro~a~ 
mientos,y de los bancos a loé patios para la :'a 
bricaci6n de elementos de concreto. 

e).- El programa de operaciones que se establezca p~ 
ra coordinar el ataque dé las formaciones roco­
sas y/o bancos ·en concordancia con la. secuencia 
requerida para la conatrucci6n de loa enroca--­
mientes. 

d) .- Explotación y apertura de nuevos bancos que p·;~ 
dan ser necesarios, 

e) .• - La explotad.6n de una forme.ci6n rocosa requie~o;,; 
desmontes, levantamientos topográficos, desp .. : ·· 
mes y abrir el frente y/o frentes nece&arios '''·' 
ataque extracci'ón de la roca,· acondicionamien •.o 
de patios de claaificaci6n de materiales, ·clas:!. 
ficación del material. · -

f) .-

____ , _____ {_ ____ -----------

Construcción de caminos, acondicionamiento de -
los existentes, reparación y conservac~6n de ~8 
das las vias de comunicación entre los '·:'leos -
la obra .. 
Acondicionamiento y uso de vias férreas. 1 

1 

1 
' - 1 
~~~-~-'_] 
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ProgramE!. de la:; operaciones a -oegu:!.r en J.r1 ex t,p..:: 
ci6n_, carga, trasnportes y colocación del ma t.e---::: 
rial rocas y/o elementos prefabricados. 

8.2.- Lo gue inc~uyen los Precios Unitarios.-

Por el Precio '}nitario del contrato por tonelada de roca :la­
tural extraida, clásificada y cargada para la construcción 
de rompeolas, escolleras, espigones y.pedraplenes se cubrirá 
el importe de los gastos que requiera erogar el contratis:a 
para condicionar y explotar las formaciones rocosas, clasif~ 
caci6n y carga de material, pago de-alquiler o derechos por 
extracción del materi~l del banco y/o bancos. 

Por el Precio Uni tar.' '} Jel contrato- para transportar el ma :e 
rial pétreo para la e,_. ''~ttci6n del proyecto, se cubrirá el ::.:;:, 
porte de los gas.tos que requiera erogar el contratiste para 
transportar el material del banco y/o bancos al lugar rle de­
sarrollo del proyecto, que incluya, además del importe del a e~ 
rreo en si, los gastos para~ondicionar, construir, r€parar 
y conservar los caminos de acceso de los:_,bancos al proyec :o. 
a si como pagos por servidumbre que fuese necesario cubrir, -­
permisos, etc., cuando se tra·te de utilizar via férreas exis­
tentes para transportar el ll'.a terial del banco a la obra, se -
cubrirá al contratista el importe de los gastos que requiera • 
erogar para construir, espuelas o laderos r1€cesarios, fle ::.es -' 
ferroviarrios, alquiler de plataformas, pago de fletes a--
F .F. e·. C-., a si como levantado de vias y retiro del rn te-:-:a:_, 
al terminar el trabajo si asi lo requiere la Secretari·_,. 

Por el Precio Unitario de descarga del material y conscruc­
ci6n de los enrocarnientos que implique el proyecto se :·.;:,r:rá 
al contratista e:!. importe de los gastos que requiera ey-ogar -
para p'esar el ma.terial, consistente en suministro, ins:al;;.--­
ci6n y puesta en servicio de báscula, conservación y ver:::.c:a 
ci6n de ella durante todo· tiempo el importe de los ga.>tos ::e­
des-carga y colocación del material de acuerdo con el proyec '-O 
para formar los enrocamientos. 

Cuando se trate de rompeola,s que no arranquen de tierra, sic,o 
sean paralelos o formen cierto ángulo con la costa se le C'.l-­

brirá al contratista además de lo anterior los gas tos por car 
ga de chalanes y transporte y colocac1.6n del material en el -::: 
rompeolas. 

Para cada caso en particular la Secretaria le indicará al c-.:m 
tratista que actividades de las anteriores enümeradas para _:: 
extraer la p:Ledra, transportarla y colocarla deberá ccnside-­
rar en cada concepto de trabajo que se solicite, pudiend< 
ser uno o varius conceptos seg6n el caso. 
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- Cuando se requiera el uso de elementos precolados para la coraza 
en el cuerpo del rompeolas y/o el morro, se le cubrirá al contr~ 
tista el importe de todos los gastos por la extracción, tritura­
ci6n, clasificación, lavado, carga, acarreo, descarga de los --­
agregados para la fabricación de elementos as1 como todos los ~­
gastos para la construcción, almacenamiento, carga, transporte y 
colocación de ellos en la obra. El importe de los _gastos que en­
rogue el contratista para acondicionar terrenos, construcción de 
mesas para colado, demo:'.ici6n c.e estas y limpieza de terrenos al. 
terminar las obras, deberá cargarlo al Precio Unitario de fabri­
caci6n de los elementos. Igualmente las actividades anteriores -
podrán estar involucradas en uno o varios conceptos de trabajo -
según sea el caso. 

El acondicionamiento de la .t'0rmaci6n rocosa para su explotación 
incluye todos los gastos que requiera erogar. el contratista pa­
ra desmontar, despalmar~ seccionar y abrir frente de atraque,··--

_listo para ser explotado. · 

Cuando el ma. terial pétreo para la formaci6n de enrocamientos pro 
ceda de bancos de almacenamiento, los conceptos de trabajo incl~ 
irán la élasificaci6n, carga, acarreo y su colocación de la obra. 

Si durante el desarrollo de la obra, se presentasen para los -~ 
enrocamientos aumentos en peso del calculado, que sobrepasen la 
tolerancia, como consecuencia de operaciones inadecuadas del con 
tratista en la secuencia de construcción de estos. La Secretaria 
no cubrirá est.os excedentes al contratista, salvo algún caso no 
previsto, fortuito, incontro~able a juicio dé la Secretaria. 

8.3.- Cambio de bancos.-

El Representante podrá ordenar al contratista, cuando el caso lo 
requiera, proceda a localizar nuevos bancos de roca para materia 
les de reserva. El contratista presentará al Representante los = 
planos y programas que pretenda llevar a cabo para. lograr el ob­
jetivo, los cuales serán aprobados por el Representante en su ca 
so, antes de ser puestos en marcha.·. Los trabajos se desarrolla-= 
rán en tal forma, que quede definido todo lo relativo a potencia 
y calidad probable de las formaciones rocosas por explotar. El -
pago de estos trabajos será cubierto por la Secretaria. al contra 
tista en los términos que indica el contrato. -

La Secretaria podrá, si asi conveniese a·sus intereses recomen-­
dar estos trabajos a terceras personas. 

Si. la pedrera y/o pedreras en explotación, llegasen a presentar 
condiciones inconvenientes, tales que fuese necesario suspender 
la .extracci6n de los materiales pétreos, parcial y totalmente, el 
contratista deber,~. eambiar total o parcialmente su equipo a las-

--~·----- --· ---·---"---~-------'---~. 
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nuevas formaciones rocosas de reserva, según-se indica en el 
concepto 4.6 "Otros bancos", ~e estas especificaciones. El -
Contratista presentará nuevos precios unitarios para su estu 
dio y aprobaci6n en su caso sirviendo de base para calcular~ 
los, las condiciones que se hic~er6n en su propuesta inicial. 

El contratista. adjuntará como parte integrante de su propos~ 
ci6n, el precio de hora máquina de los siguientes equipos; -
gr6as provistas de ~rra, palas,tractores, cargadores, com~­
presores, camiones para transportar el material, chalanes, 
tolvas, gróas flotantes, remolcadores y en general todo el -
equipo pesado .incluido para su oferta. 

-Si por motivo de algÓn cam.bio en el, proyecto que det<:rrni.n•: 
la Secretaria se generasen -~uevos c::::nceptos de obra, ~ '· ·:·.:. 
tratista. presentaré. su propc-;c;iciÓ•;_ ·_o¡¡,ra su estudio y :>.¡jc•:.-- -
ci6n en su caso de los precio:: lit!~ :.arios nuevos, sirvi!': 
de base las consideraciones dP su óferta inicial. 

9.- LIQUIDACIONES PARCIALl-~~; 'i FINAL DE OBRA.-

9.1.- El cálculo de volúmen de obra, qu.edar¿, establecido e:. 
el proyecto. •• 

El volúmen de obra que se liquide al contratista mensualmen~~ 
será el computo de los registros diarios del· tonelaje de· roc."l. 
que esté coloque en el enrocamiento de acuerdo con el proyec­
to. Con fines informativos las estimaciones mensuales de obra 
deberán ir acompañadas de las secc·iones transversales CJ.Ue sir 
vier6n de control en la construccl6n de las capas del enroca­
miento en el tramo de que se trate. La distancia entre las -­
secciones de control se podrá ser entre los dos y diez metros, 
segÚn lo det.erm:!.:l<" tel' ctepresentante. 

Si duro>.r,te la reallzaci6n del proyecto, la Secretaria, consicl:' 
rase conven:llente modificar las estimaciones de los enroc,.mJ.er"::' 
tos y por motivo de ello aumentar el tonelaje de roca el con-­
tratista se obliga a suministrar y colocar el material e>:r;~:-:éo 
en la obra, al Precio Unitario considerado-en su propo:::l.ci6n -
inicial.. · 

, . 

'Igualmente si por alguna razon fuera necesario e,jecutar men•:-s 
obra de la prevista, el contratista realizará la cantidad :ce eL 
cida de obra, no teniendo derecho por este motivo a pago e ~-o-=-
nificaci6n alguna. · 

9. 2 . - Deduccio_nes.-

Cuando orde11e e.1 !;,,presentante el retiro de algún ma te:rie 1 i • 
deseable <.ie la oura y es te hubiese sido ya pecado, su pece• .;., -
rá dedu.cido_de la· est:Lmac-i/•:'. mensual correspondiente, 

-----~-------'~" ~---~-· __ :...._'-~----~-·----------·~--
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9.3.- Derechos de la Secretar~a.-

Queda el ,juicio de la Secretaria la admiaion y aprobadJlTl de 
secciones de cnrocamiento, que queden fuera de l.9.s toJ.ere.n-­
cias, en cada caso resolverá finalmente si el contnl.t1st.a d~ 
be reparar alguna zona con secci6n escasa según el proyecto,· 
lo cual será por cuenta del mismo. 

9.4.- Divisi6n final de la obra.-

Tan pronto como sea posible , despúes de terminar él trabajo 
setá revisado detenidarrente todo lo realizado, cuando se ~n­
cuentre ·toda la obra en condiciones satisfactorias, será fi­
nalmente acept~da. 

9.5.- Retiro de equipo.-

Al ser terminado y aceptado ;_., totalidad del proyecto, el -­
contratista.· deberá retirar tacos sus equipos, incluyendo r:e.­
teriales sobra.ntes, de,je.hdo libres las áreas de treba~o, de 
cualquier objetó producto de sus operaciones que n':.> tenga.r. -
función alguna en el proyecto· . 

.. 
lO.- SANCIONES.-

10.1.- Atrasos en la terminaci6n de la Obra.-

La falta de cumplimiento por parte del contratista para la -
conclusión de la. obra, en el plazo :fijado en el contrato oca 
sionará que se haga acreador. a las sanciones· que fija la ---= 
cláusula correspondiente del mismo a menos que hubiese obte­
nido con anterioridad autorización expresa de la Secreta.ria 
de .ampliaéi6n de plazo en la terminac:l.6n de la obra por cau­
sas no imputables al contratista, como se indica en el pá~ra 
:fo 7.3 "Ampliación de Plazo",. La ampliaci6n del plazo canee 
dido al-contratista en su caso, modificará el plazo de termi 
naci6n de la obra en el lapso correspondiente. 

11.- Personal del Contrátista.-

ll.l.- Di:ferentes tipos de personaL-

Los precios unitarios estipulados en el catálogo de concepto< 
de traba·jo, deberán incluir las organizaciones por parte del 

'contratista para sostener una planta de personal idóneo y efi 
ciente que pueda llevar a cabo la realizaci6n del proyecto y~ 

· cumplir satis:factoriamente a juicio de la Secretaria, c.on las 
siguientes actividades: 

a).- Personal directivo.-Este person'l.l 
citado para dirigir y mane.jar l'l.s 
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.- Camilin·~-. volte'o de 6:00 m·'. 
.' ~~?volvg(r;7a de un saco 
:: Vi:Jrador ~~ ;~~Pr:'ón de 8 1U. 
Ap:~nador' '-'·.·~~· d~ 3 •odi' ~:. 
1'1!o~1r.on~c-·rnadora Cat. 120-B 

88 
f.,CT!VQ 

1.51.sa 
n~s 
Gé.S4 

.:'73.22 
727.83 

,.,. ·; 

.INACTIVO 

137.57. 
61;09 
52.88 

153.44 
374.83 

los cafQ:,:¡s ind~r-attos ccrr:!sponr.c.~ :: :~~~:-:~.:os ~~ner~i_;s neces~r¡os bara la eje'='; Ció, n-de la obr~. nó inr:lui· 
': . dos en jo~ carpcs dirgc~'s qe~ re~:i:.~- t:': S!1!r:ot~is~¿', ~ar.·to en ~~.;s oficinas centrale·s cómo en la ~Llra, y 'que 

.,-
'· 

comprendsn, -€!1tre ·ot~IJS, íos g:as~c:. :~; r:·~ani;::!s:é.,, ~ir~c'=i~!l téCnica, v¡gilahcia, súoerVisiñf!.".admin:s~r~­
ciór., fiñanC:z~l9nto y ·pre:;tatil)r.cs :~o::~:~s ~crrs~·-Qr.éicrttes al Dersona! dir?.i:tivO v adrnin;-;~~a_tivo v Ja::.·~e­
galiM qu~ procedari, en su caso, -p·a,. ~~ •Jn r!~ ~aten~l?s. . · 

Los cargos indi,ectos se ex·presartr :ocno un pw:~r•aje del costo dir~cto de cada concepto de trabaje.· Di­
cho pon:P.ntai~ se c81cu!ar~ ~um;rdc :os -im!:'~rtes de 'o(" j8S!O!' generales QUe resulten aplicableS y dividien-
do el resultado rle esa StJma entr~ e;! -;ost~ ~~~~; G!recto C. e \3 obra de que se trate. · 

' 
Para nuestro ej~niplo a con~im•C~ción se ~~::s:~r1 romo !;us:rat;¡ó~. !os gastos gen~rales.i"n§s frecuen~ de po­
sible·aplic~t::iOn; cue deberán torflar~r·r::1 cc:-:~:~r:·-~ció" u;ua ;ntegrEr ~! carga·i~direct9. Estos gastO:i so" SU· 

, _puest~>( por io _q•Je el CfJStor a~:j~~~f~ c~~-0S pr-:!':iL•:t: de ~!J ~xperie,cia O i'1vcstigación: . . 
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5.3. Si;uacibn de foodos 
5.4. Cooios v duplléndos 
5.5: Luz, g~ y otros consumos 
5.6, ·.Gastos de,concu~s:i 
Fianza v financiamientos. 

~·· 

6.1. Pr.ifT'as.por fianza 
6.2. ln~l'!~es~r. por fina~ciemiento~ 
·Trabajos previos v auxilicres. 
7.1.· Consirucción y co~servacié~ de 

caminos de accesá . 
7:2: Montajes y desrr.an.telamientos de 

':equipo, cuando ~sí proc~d3. . ~ . . . ·¡~rf.~,:· 
-~ ~ 

;.· 
.; . Administración Central_: 

( 
j 
} f!' 

l· ,.,, _, 
'::? 

t·' 
:, 1 

;.,_.· 
;,, "~ 

::' 
'1· 

.Í"/.· 
J';· ,. 
· .. 

. ,.,. 

' : .. 

1'500.000.00 = 10.0% 
15'000,000.00 

. Administración de Obra: 
'J ,792.090. 75 
_15'000,000.00 

12.0% 

89 
XXX 
, ,21)0.00 
L,QQ~;OO 

..,s,oqo.oo 

10,00C:OO 
631,944.00 

XXX 
XXX .. 

. -
S'J'-: f.1S: · .. 1'500,0CQ.OO 

: ~·' 1 
. , 
! : . r!. .,,. 

'·. ~{' EXPRESION OE {OS CARGOS ,POR 'JTI'.I'JAO Y AOICIONÁLES 

·' 

0.00 
1,200.00 
3,500.QO 
XXX · 

XXX 
XXX 

15,000.00 
0.00 

1'792,090.75 

¡ '' ·.'f:..:. Cargos i¡oi utilidad. · •· 
.. ,: . ~· :¡ ... ,: , ., . ~oriesoonde .a-:la ganancia que percibe ei co•Hr~tista por ia ejecución satisfac~oria del concepto ce traoajo, 
.·, • ~ .. , . . , · mcluyendo e; 1m puesto sobre la renta y queaara 'epresentada o o( un porcenta¡e sobre la suma de ,los cargos 
.. ~: e¡· J e· .··: directos '!láS l~s. indirectos de ~.'cho conc~P'O d~_trabajo. ~n el Documento CT -9c., déberá consignme el 
~·! ,..1 ·:t~. ), ·ca~go·por le utl!tdarl corresponc!:entz; en r'on;en~aJe. · 
i; :'"j ;:¡:. ... ,· ., . :- . Para este ejemplo: ·c. U .... 12.0% · • ,; ·: o¡..· .. • . . . . . ·... . ... 
, '• .1 .:;· :, ··.,. ' ,B . ..,. Cargos Adicionales. ' . ·~'¡ · Ji :·.·,,! ··• .. ·,. ,'. So1n !OS correspondientes a fas erogaciones ~u e .realiza el conir~ti~ta por estipularse expre$amente en el CQO· 

· · ¡!¡;· : :\; , •.: :. ·;··:!,, , tra)p d_é cpra to!iJ.? obl igáci.opes adici 'na les .. 'y que:rip estári.c~!1lp!~iidi?ps ~~ntro. de los:c~rgo$ diJectos. ·; i 
·;' ·i'.,:, _ . · , .. ·e, ' • : en l_os ~~d~ro.ctos n1· en la ut1[1c~.d ,'1 s~ o.xpr;.,sarán como porcen_ll!!~ sobre'.!' suma de-l~ tp"JOS d.rectos o· o~ 
;i,:::·;.-;. t · :' ..... · '·. P indirectos más u!ilidad. En é!.forméto CT- 9c ·deberán co~sior.arse~est'os cal]o!.i · ·;f ·' ~ · 
., ~ -~···. • 1,,, • '"r .: • 11.- - • •, ~ • ••• • · • • .... r - ;, , "'• ·· ~~"'~ , .. /t . ,., • f.~· ··i., 'i:¡, :;: f··: _-,¡'.:, -.' Para este ejemplo: Oenichos·.cor 'nsoíiccián.v vioi!an'cii. ' ·· ·.~~ ~:~ · ,-:;. , / · ~; · '·. ?r.--"\.~,¡"}l l_.,~~.,s~~-\ ::·.-~., . ·"· ,. ·n.·· , :. : ·f.-t •• ~.·Jo. ., ~: ~ ~--· _:-.:--;· :t,...... / ' ··\~'><,.,· '/..!'·."$; .';\, , •. -......... · -r ... ·.· ,..¡ .·· l'l,f .,." •• ~ ···e A.-· osO"'If'. ·,·... .;>~ •• ~. • t')J~,t.~'!().tí~'¡l .. ,',J~'-'.'¡~~~. ~'rl.'li :.·,, ·-~·-·"~-' ;;~;>•' •,, .,: ;; .,.:.•~.····· ,t'·, ~.;, '~· - .. ', .t0
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ACLAHACIONES 

Oeprtciación ~or ~ora c'ectiva ~~ trJ~~i~-

Valor de rescat~ ée !a máquina. 

Vida económica ~e la méqu:na en horas. 

N0rnero de hor:::!s efectivas C~ trJ~aio de-!a m¿~'Jina en un il.;:;,. 

Cargo por inver:sión equivalente a !os int~rts.es dr! cz;::¡i~al irwe""'iéo· .. ., !ct -:,?'JL';I"'d. 

Cargos por segu''J~ flece.:>Jr:o$ Para r::;brir !co; ~:~s:;·c~ :J qL'!! est~· ~:~·?. !z ·-.aqu·nari.:. de con:!ru..:ción d•;¡qro 
te su vi Ca ecor:O,..,;cJ por acciCcn:es. ' 

Coeficiente en función ce los costos de los loca: es para g~mdar !a maqviMria, de los salarios d•l person~i· 
de vigilan6a y éel tiempo. éé guarda cons'éeraé~. 

Cargo por rnantenimien:o m.?y'Jr y menor.- Cc.morer.~~ t;:~:JS 1::s erog3(onll! f'\!C?~riG$ pnra CC"ns~rta.• 
la maQuinaria e:: buena:: condicio:res Ce t:J~aj'J. !nduye r2d~ición de ~ieZ~"i .. csmbio-; C~ ~t;);:car.t:-s y 
1alarios devengados por el persona~ .er'cargz~o c~1 nis:no; ta~:c- en ~allen~~ np~cia:izaóo.~ tomo P.'l 'Jl tJm· 
po. 

Coeficiente dad~ en base a expe·'encias estacrsticas que incluye el r'aotenimient~ m3'(or v mer.~r .. 

Cargos por combust'b!e que incluy~ los conS\1'1'1CS ~~ n~o!ina o c:ese' ~ce u:i!i¡a la m5qu'na. 

Cantidad ntcesaria Ce com:~stib:e pe~ ~Ora ef~c:;v2 é~ ~rabafo. 

Precio unitario de comSus~ib~~ pu~s·'J '!n !a máou:na. 

Cantidad· de aceite necesario por hora efe~tiva de tr~ba}o ~e acuerdo con. 'a~ con~icic.,e~ m~dia~ Ce oct·. 
ración. · 

Cargo por Han~2S, s)'o :Jara !a ~~~v:r;:;::-:~ ~,!a_ -:ua! af ':2 1 cu'~r s:.: e~:-':":i~":.:6n .. !! .,C'(3 C'!~uc;:jo e! val o· 
de las llantas e el val,¡r inic'al e'• !a"' 'smo. . 

Valor de aéquisiciér ·de !Z!s !lant?.:: r"~U'!"J~.::. 

_________ · ----'-----·-· ----'-------~----------· .. ---· ______ · ~-------'-'------
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dencias y Entid,desde ln_ Admi.n!~trtJcHm­
PC1blica Federal; ;t"s{ como las nonl\.ft5 pnrn 
const·rucci6n e iiJStalaci6n, normas de cnlL 
dad de rnal:erialcs vigentes en ''LA DEPENDEI_! 
CIA" y tas especi ficaci·ones de ,la _uhr::i, el 
proyecto,· el pn~grama de trabajo, los mon­
tos mensuales de obra derivados del mi!-;mO 
y el documento en que se consignan los··pr~ 

cios uni.~ari.os Y. las cBnt idades de t r.1bUj o 
aproxirnadas, que, como anexos rlchí d<nncnte 
firmados por las partes, fnrm.:tn p:trU! intq_ 
grante de este cr1ntrato. 

!1.4.- !i~1 i_nspe.::cionado debidamente el si ti o d(~ 

la ¡.l~ra objeto ele este contrato, a fi11 <le! 
considerar todOs los factores que i.ntervi<: 
nen en su .:!jecuci.6n . 

111.- Las partes declaran que: 

Ill.l.- Se obligan en lo_s t{,rnúnos de este C<>ntra_­
to y del. contenido de la secci6n corr{~SJHJI). 

diente de léÍs Reglas .Generales para la Con 
Lratacibn y Ejecucibn de Ohras Pbhlicas y 
de Servicios relacionados con·· las mi 5m,;J~• 
para las Dependencias y Enti.dades de la A~ 
ministraci6n P(1blica Federal, mism.'ls que 
se tienen por reproducidas como parle intc 
grante de est~ contrato. 

C L A U S U L A S 

PRIMERA.- ,Objeto del contrato.·- "La Dcpendcricia~~ encomien na. n 
"El Contratista 11 y éste se obliga .a realizar para elln huHtH 

su total tcrmin'ación, de conformi.dad con las normas de con.sl rtH' 

ci6n e instalaci6n, normas de _calidad de materiales vi.gt!nt~s · 
en "La Dependencia" Y las especificaciones de la obra, Pl pro·­
yecto, el_programa de trabajo, los m_ontos mensuales de obra de 
rivados del mismo y el doc.umento en quC se consignan los prc-·_=­
cios- unitarios y las cantidades de trabajo aproximadas, quL' -­
forman parte integrante de este contr;lto," uOa obra conslsttmtc 
en 

uhi.cada en: 

. .. - - . 
_----.-·:--:.·--_----:--------'--"--------""--'-'-

---~-------
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SECalNDA..- Monto dr:l. Ct..~n!r:!to.- Elu.;unt'o lot.a! <kl jll'l:~''lll.t' f·on 

t raLo es de: 

TERCERA.- Plazo de .Eje.(:ución.- 11 El Contrat iSta 11 se. nt!l i.ga a 
·.iniciar las obra'; objeto de estr- contrato el día de 

de y a concluirlas a más tardar el día 
de de de conformidad cou el pr2. 

grama. 

CUARTA.- "La Depend'encia" se , obliga a tener oportunamente la 
disponibilidad legal y material de los lugares en qu(! tlc,h<:rAn 
_ejecutarse las obras materia de este contrato. 

• QUINTA.- Sanciones por Incumplimiento del Programa.- "La De-
pendencia" tendrá la facultad de verificar si las obras objeto 
de este contrato se están ejecutando por "El Contratista" de 
acuerdo con el programa de obra aprobado, para lo cual "La De-

. pendencia" comparará periódicamente el avance de ] as obras. Si 
como consecuencia de dicha comparación el avance de las obras 
es menor que lo_que debió reálizarse "La Depcndenci.a 11 pr(lCl:de­
rá a: 

l.- Retener en ,total el' 17. ( uno por ciento ) de. la di_ 
ferencia entre el importe de la obra realmente e.i~. 

cutada y el importe de la que· dcbi6 realizarse, -
multiplicado por el número de meses transcurriduu 
des.de la fecha ¡>rogramada para . la iniciac! 6n de 
las obras, hasta la de la revi•i 6n. Por lo tnnt<•. 
mensualmente se hará la retencibn o d_evolucibn qúf~ 

• corresponda a fin de que la retencil'>n total sea la 
procedente. 

Si al efectuarse la comparaci6n correspondiente al 
último mes del programa, procede hacer alguna re-

. tenci6n, sU importe se aplicar.á en favr:'r del Erariu 
Fc~deral, como pt!na convc~1cionnl por· el rctr.uHú l:n 

t~l cun:plimi,ento de las obligaci on<:B a ._;;¡q~o de 11 El 
Contra"tista". 

Y. G. 'N • . __ , . _____ _;_' --~ .-.-:.:.-•• ___ • ________ ·:.....:.~. 1 . 
-----'~-·~...1--....! .. -.:.. __ ~ ____ __:: ___ . ~· ----------·------------
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li.- Aplicar, para el caso de que "El Contratista" no -
concluya la obra en la fecha sef\alada en el progre_ 
roa, wta pena convencional consistent;.e en una cant!_ 
dad igual al 1% ( lUlO por ciento ) del importe de 
los trabajos que no se hayan realizado en la fecha 
de termi.naci6n seftalada en el programa, que cuhri­
rá 11El Contratista 11

, mensualmente .y hasta el mom~ 
to en que las obras queden concluidas y recibidas 
a satisfacción de "La Dependencia•'. 

Para determinar la aplicél:ci6n de las sanci ~1nes es­
t~pulada!., no se. tornarán en cuenta las dc:'moras mo 
tivadas por caso fortuiLo o fuerza mayor o por 
cualquier otra causa que a juicio de 11La Depcndf!Il­

·cia", no sea l1~1.putable a "El Contratista"~ 

Independientemente de la aplicaci6n de las penas -
convencionales· señaladas anteriormente, '1La Dcpen­
dencia" podrá optar eritre exigir er cumplimiento -
del contrato o ·la rescisi6n del mismo. 

En .caso de que "La Dependencia 11 ·opte por la resci- · 
sí6n del contrato, en los t()rrninos de las Reglas -· 
Generales para la Contrataci6n y Ejecuci6n de Obras 
Públicas y de Servicios relacionados con las mi.smas 
para las Dependencias y Entidades de la Administra 
ci6n Pública· Federal·, aplicará a "ElCootratista"­
una sanci6n coosístente en un porcentaje del valor 
del contrato, que podrá ser, a juicio de .,La Depen­
denCia", hasta por el monto de las garant[as otor­
gadas.· 

Las cantidades que resulten de la aplicacim\ de - .. 
las penas convencionales que se impoogan a "El Con 
trat~sta" se· harán eí"ectivas con cargo a las canti 
dades 'que le hayan. sÍ.do retenidas en los t()rminos­
de dichas Reglas, .aplicando, si ha lugar a ello, 
la Fianza otorgada conforme a lo estipulado en las 
propias Regliis. · ' 

SEXTA.- Otras obligaciones de "El Contratista".- "El Contra· 
tista acepta que de las estimaciones que se le·cubran, se de­
duzca el- 17. (uno por ciento) del monto de los trabajos contra­
tados para el desarrollo de los programas que "La Dependencia" 
tenga establecidos en materia de obras y serVicios de Benefi-­
cio social. 

'··:··;, 1' 1). l. 

-~--~~~--------- ~- ~···-'-----~-------~·-----~---- -- -----~--- --- -~--~ ___ :..... ___ ~ ______ .... __ ------ -~--
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SEPTlMA.- Formn rlc'Pago.- ·11 El Cnntnttista'' ri:c[hirt\ de. "La !Ji.:~ 
pendcncia 11 como pago t,ot:nl por la ejt•c:uci.ón .•;:¡t·i:; f;H'lorin de · 
los tr;:Jbnjos ordinario.s y r·xtrnordinnd oS ob.il!t'.(• dl•l cunl r;tto, 
el importe que resulte de .1pli.cnr los preci us unl t:At'i os :t l:w 
cantidades de trab~jo rcali.zarlas. · 

11 La Dependencia 11 expedirá el documento que corresp<•nde a cargo 
de la Tesorería de la Federaci~, por el monto de la asigna- -
cibn anual del contrato. 

Las estimaciones de los trabajos. eje~utados deberá elaborarse 
y datarse .los clias últi:nos de c;¡da mes y en caso de que.• h:lt· -

sea festivo,. en el primL'l.' día h:\bil siguiente y !"C pagarftn nna 
vez satisfechos los re~uisit(lS establecidos para Stl trA!nitc, -
en un plazo.que no excederá de 30 (treinta) dfas h~hi les, ~lm­

tados a partir de la fecha de su aprobaci6n en la ubra. La -­
falta de pago dentro de dicho plazo dará lugar a cubrir los -­
gastos financieros q:Ue ·hubiere causado su demora, en los t6rm.f:_ 
nos del: articulo 44 del Reglamento de la Ley de Obras Públicas. 

En las estima"'ciones correspondientes, se abonar<'\ a 11 El Conlrtt·· 
tista 11

, en los tra~ajos .ordinarios. y cxtraorrlinn.r.ios a base de 
precios unitarios, el importe que re~ulte de aplic.ar dlchos 
precios a las cantidades.de trabajo realizadas. 

Las estimaciones y .la liquidaci6n aunque hayan sido pagaclar. nc 
se considerarán Como aceptaci'ón de los trabajos, ya que "Ln· lk 
pendencia", se reserva expresamente el derecho de reclamar pu;­
trabajos faltantes o mal ejecutados o por pago de lo indebido. 

Sí "El Contratista" estuviere inconforme ero las estimacitme.s 
o la liquidacibn, tendrá un plazo de 30 (treinta) dias calenda 
río, a partir de la fecha en que se h~ya formulado la estima--=­
cibn o la liquidacitm para hacer por escrito la reclamacl 6n. -
Sí transcurrido este· plaz<;> 11El Contratista:" no la efectúa, se 
considerará que la estimaci6n o liquidaci6n quedará definitiva 
mente aceptada por l!l y sin derecho a ulterior reclamaclbn. · ·-

OCTAVA.- Revisibn de los Costos.- "El Contratista" cuando du­
rante la vigen.cia del contrato .o'curran circunstancias de orde.n 
econ6mico no previstas, pero que de hecho y sin dolo, culpa o 
negligencia o ineptitud. de cualquiera de las partes, determi.­
nen· un aumento o reduccibn en un 57. ( cinco por ciento ) o más 
de los costos de los trabajos aún no ejecutados, dichos costos 
podrán. s~r revisados en los términos del articulo 46 de la Ley 
de Obras Públicas y 27 fracci6n V, 50 fraccibn ___ · __ y 51 de-
su Reglamento. 

___ • •• ..e __ ,_·-·---~~.:..;__¡_____;~_..::____:_~-~---~'-'-'-::.___ ___ .:._~.-'--- ----- -------
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SlCRETARIA DE COMUNICACIONES Para la ini.ciací6n de los trabajos· "l.a Depend<:nda" ntnrgar:l O 

-

-· 

Y "El Contratista" un anticipo de $ 
TRANSPORTES 

equivalente al 107. de la asignaci6n anual autorizada y de -
$ 

para la compra de equipo y materiales de instalaci6n p(~rmanen­
te equivalente al 2ifl. de la cit~da asignaci6n, 

P'ara los ulteriores l~jeciciGs 11La Dependencia" otorgará los al_! 
ticipos que procedan en los términos del articulo 27 del Regl'!_ 
mento de la Ley de Obras Públicas. 

'-'~ 

El o los anticipos que se otorguen a "El Contratista" dcberJ\n 
·ser amortizados por éste tOtalmente en el ejercicio para el 
,cual fueron otorgados, mediante deducciones proporcionares en 
cada una de laS estimaciones que por trabajos efecruados se 
formulen a "El Coritratis~a" o en Su ca_so con la liq11Ídaci(m. 

Si al término del ejercicio no se ha amortizado el o los anti­
cipos, el o los saldos correspondientes deher.'\n ser devueltos 
por "El Contratista" a la Tesorería de la Federación. 

DECIMA.- Fianzas, 

Para garantizar .la correcta inversi6n del 'o los anticipos "El 
Contratista" dentro de los lS (quince) dfas hábiles si.guienle~ 
a la fecha de la firma del contrato o revalidaciones rlcl mismo, 
deberán presentar -a "La Dependencia" la fianza o fianzas - - -
por el importe total del o los anticipos otorgada u otorgadas 
por instituci6n· mexicana debidamente· autorizada a favor de-la 
Tesorerfa de la FederacHm. · 

Contra la entrega de la o de las fianzas por parte de "El Con-. 
tratista 11 "La Dependencia' 1 iniciará de inmediato el tr:l.mite p!_ 
ra la entrega del o los anticipos. 

La fianza o fianzas otorgadas para ganmtizar la C(.)rrecta in-­
verSt6n del o los anticipos se cancelarán cuando "El Contratl!!_ 
ta" haya amortizado el importe total del mismo. En caso de -­
que "El Contratista" no baya devuelto el saldo del o los anti­
cipos dentro de los lo (diez) dias posteriores al cierre del 
ejercicio presupuesta!, se harán efectivas la o las finnzns. 

.r 

'•. 
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Para garantizar el c\.uuplimicnto de las ·o_blignci.ones dcrlvo111a~ tic 
este contrato, 11 El Ccmt~atista" se obliga a exhi'bir <lenl:ro r\e 
lus 15 {quince).d!as siguientes, contados a partir <le la ,f<:cha 
en que suscriba este contrato, una p61iza de fianza por valor 
del 107. (diez por ciento) del importe del contrato o '"' su c.1So 
de la ~sit,rnaci6n anual, otorgada por instituci6n mexicana d~~bid~­
mente autorizada a favor de la Tesorería de la Ft·uerac16n y en 
los términos del arttculo 26 del Reglamento de la Ley de OhrA" 
Públicas y de las Reglas r.enerales para la Contratacibn y Ejecu­
ci_6n de Obras Públicas y de Sc:t;"vicios relacionados con las 111is -­
mas para las DependenciaS y Ent·.i.dades de la AdnünisLrac~(m P(lhl.i 
ca Federal. 

·La pbliza 
· gui ~nt es 
gue: 

en que sea expedida la 
declaraciones expresas 

fianza, deberá contener las si­
de la inst.itHci(m qut• .1a nt:or 

a).- Que la fianza se otorga atendiendo a tc~as las estlp••· 
laciones cont(·njrlas en el contrato. 

b).- Que en el ~aso de que se prorrogue el plazo "slableci­
do para la terqlinaci6n de los trabajos a que se rcfie 
re la fianza o exista espera su vigencia qur>dar:\ aut(l­

mática'mente prorrogada en concordancia con dicha lli'P-­

rroga o espera. 

e).- Que la fianza .garantiza la ejecuci6n total de los trn­
bajos materi8. del cOntrato, aún_· cuando parte de e11.os 

·se subcon~~aten con au~orizaci6n de ttLa Dependencia". 

d ). - Que para· cancelar la fianza sera requisito i.nui spensa -. 
ble la solicitud expresa y por escrito de la DL'P<mdc'.'. 
cia contratante a la Tesorería de" la Federación c¡uc 
procederá de inmediato en dicho sentido al recibl ,. la 
petic.i6n respectiva de "La Dependencia". 

e):- Que la instituci6n afianzadora acepta expresamente lo 
.preceptuado en los artículos 95 y 118 de la Ley Fe<l<·­
ral de Iristi;:uciones de Fianzas en vigor, 

La fianza se cancélará 
cu~lido con todas 'las 
contrato. 

cuando "El Contrati sta 11 hay u -
obligaciones que se '·derivL'l del 

DECIMA PRlMERA.- Otras Modalidades Especificas. 

. ./-.. 

·-·-~-:L . .:_ ___________ ·~_...........__ __ . __ . ~:+ ____ . __ ,_. _·_· ____ · _· _:·---~:... .. _;_/__·:.. _ __,__:_~+-·¡_...;;_ ________ . __ ~.:.:.. ___ . __ : __ , __ . -----·---·---
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"El Contrati~ta 11 señala como d0mici llo para los f.it~t·:; dl'l pr··-

SC'\Ite Contrato, la cHs.1 No. 

y la Dept.·ndcnci.'a en 

:El presente conti.-ato se firntLI·cn la Ciu<iad de t-léxi"cu, l.J. F., í¡ 

los 
--~·------- ·-- ------· ·- --· 

EL SUBSECRETARIO DE EL CONTRA TI 'TA 

.l . 

. ... , .•. " --·' .1..:.. 

R E V l S A D o 

EL Dl RECTOR GENERA.L DE EL DI RECTOR \.ENER,\!. lli·: 
ASUNTOS JliH!DlCOS 

.] ' !t 

. • t __ . -· _______:.__... ____ . -----· ~~---· ---~~_:_- ___ '_. --·-"--~·~...:·e_.~-""---'~~'------·-·-------------
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SlesB::RETARIA DE INFRAESTRucTURA 

O!RECCION GENERAL DE OORAS M,\fl\TI!.lAS r= '] 
e o N e E p T o 

OfSCRIPCION. Y E SPECIFIC 4.CIO HE S 

:-:tE11itH ;:r¡,, y ..::oloc~lCI :.n Lle pieJra natur<JI par:J. núcleu de e::;culle­
r:·:¡ , .:ur~ ln,!rer·:otl pnJJu..::tu de !i.l e·~plowción del b:mco de-­
prC:;rn::\o.J "~ · ~ _;··, con uq peso comprendido emre 
10 '! lil:J \:;~. I:-:c!uye: l:c;:;mome, Je.,;p:.~lme, explot:.u.:iVn, selec-­
ct:..n, :.JC.,;:~.~ • ..:::1.,..~,1 a .::arni•5n, a-.:~trr._~ll :.1! prim":"r ki!Vmetro, des 
p-:r·;Ji...::u;:;; :-:~.iJL1mi..;,;o:o c:arrtcerv, d::.:;copc[e Je la barra, pesa­
....::, Je :--::::.::'.1, rn.m~:::::imiento Jel..:aminv (!d bó.lnco a l.:J. obra y Je­
:ll.',:; c~:,::.J-.; ..:orn .. ·:::-...;rh!i~mes. (1'' -:._s/n Rompe­
ul.t:' ~· f:·:~F~-:~:·¡..;·,~~''ces l';lnkular-•.'!.s) .. 

:;;;nitrt_:s:nJ y ccJJuc·h:-:Jn Je pit.:Jr:l !ldtUr:Jt p~ra C<!pa ~I:!Cllndar!a-­
t.::l t::o..:ult:r.t , .;Gn tiUteri<.d producw Je b e:-:p!Q(.it:hJn Jet ban· 
L·J .:e r:~·e"':.!:-::,) :_!l ,-. ___ -~:.L ... ;, con un p·~so compn~:1di~!o 
::'":.:r~ -l5tl y IStJi'l k; .. hduyl:!: de~flltliHe, Jesp:.J!me, explmn~.:iún, -
·_;;~le~:;.:i.:J~1, ,!:::,piv, ,::!:;a ,1 C:!nti<"':ln, ;.~c¡rreo ,¡(primer kilúm~crn, 
,:~··=;'::r.:i.::: ;-:'. ~::::-i.1.~J--~c pi(._'.!t·:.t, .::ef.:tl:unie;;:o c::t-r·:~er~. m;m;:~­
r.!;r::::.-::•J ,!e~ ...:__¡:1;; :J J•.:l iJan..:;J :t la obra y Jem;1,;_car-;os corres-­
p.):~.!i:·:::(·s." (>..:.c.. . s1 n Hornpeol-1s y E!:ipe­
c!ii,; .~.;io:;e_:; i'.:! 1: icul.! re~)-

S"tltll::li::ocr • ..i ~- ,_)_lJo,::¡;_::,Jn de p(eJr.1 n<HUr~l para capa secunJ~ria­
.:r; e.:;..:uller.l , co.Jn nutet·: ti prudu~·to de la explotación del br~n 
c .. d~ p:é~;.rm·J ·•:_-.. ~-. - :!", con un pe~o compt·cnL~iJu 
en: re: llri: --!SO\..:~ .. !n..:luye: Jesmonte, despalm~. explou.::i~jn, ~~­
.l~..:<.:il•r:, rli.:oJ~io, c:,r,:.! a L';trniún, :.1carre.J al prim~r kilórn~:ru, -
p~:;:l .. !a -~e pie~:r.l, .!!'~~p.:r.lici•l;;, se:'lJ!amL:!!HO c-2rr.=::tern, nunte­
ni:niemo ..!t:l ..::u11incJ ...!·.!1 b!Jnc<-> u la obra y Je:-m1s car¿,JS cur-r..:s· 
r-Jno.!ienc~.~. í: ~ ,, ........ sjn Hompeobs '! E:;¡;(;:.:ÍtH>1CÍU 

r.e:; P:.~nicuLu·es-). 

s,: mini S[ r ,J y .:o lu<:~tL" :(",:¡ de pi e.l ra n:rlll r:tl p~rt·a ..:u !""~tza de esCll 11~ 

r.r , ~r.J.:u,:::1 ,!e J,¡ c:<p\ot:!~:it'Hi tkl banc .• Je ¡n.¿:i:n:~l<• .. -
.. ·', cur: ·~:~. 1 ;,?:::o ~:'-'nlpr·:.;nJi-:b .::nc~·e l:)i:() i' -lU:Jil k.;.~~ 

el":-·,:: .!,~:.::· .. xr~. ;·~:::~·.dm·~. explu1::l:iün, sek.:...:i<'m, :l<;Vpic.•, c:tr· 

CANTIDAD 

ton 22, 000. 1){) 

ron 5, 554.00 

ron 10,546.00 

( 

CATALOGO DE CONCEPTOS Y 

CANTIDADES OE OBRA PARA 

PROPOSIC!ON ·o E PR~CIOS lUT.AR1QS­

y·wONTO TOTAL DE LA PRCPOSICION. 

PREC 10 UNITARIO 
L E T. R A 

- /-: J 

1 FORIIA CT-ti IIHOJA 1 DE 3 

COHCURSO lli• ,_.; 

CONTRATO Jlil• 

PRECIO UH!T.l~IO 

NUMERO 
I~POP.TE 

. 
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SIRSS:RETARIA DE lNFRAESTRUCTUlA 

OIRECCIOH GENERAL DE OBRAS MARI TIMAS 

~~. ] 
p T o 

CANTIDAD 

CATALO~O DE CCHCEPTOS Y 

CANTIOAOE:S 0[ OBRA PARA 

PROPOSIC\ON DE PR:C!OS \.tSTAR10S 

y t.dOHTO TOTAL DE LA. P'R<:R'OSIC.ION. 

PREC 10 UNITARIO 
N OESCRIPCION Y ESPECIFICACIONES L E T R A 
~0~-~----~~~~~~~~~~~---1--+-----~--~~~--~ 

S 

o 

7 

,;.1 :1 ..:::Iml,Jn, ac:~.rreo al primer kilómerro, t.lesp~rdicios, pesado 
.Je pie-lr<:.!, se:"i:.~bmienw carretero, m:1menimiemo del camino del 
luncv a b 0~1r~ y ~lem.\s cnrgos correspon.liences. (N. C. VI-2, 3.- .-
E.C. ::;."n, Rumpe0!:~~ y Esp. P.::~rc.) · ton 19,000.00 

:!~~!linistru y culo;.:;.¡~[ún ~le piedr~ natural parn coraza Ue morro 
;: e.:;(:o\le:·a , .~?n m,uerial pro:.!uc;~ Ue la e:-.p\O:<..~.ción del b:10 -
," , 1e pr e:.~ tn v .._ ...•.. ~ , c0n un peso compren\!1do -
-!:Hre -:, 1)-E' y 7, L)d:) '..:;, incluye: desrn.Jme, Je::>palme, explowciót' 
:::{•!-:-::...:i-:-n, .tcopiv,· ...:ar)p. a cnrni.jn, 3correo ai prim~r kflómdro 
;·~_.:;;¡J_, .~e pit!,:r:,, Jeoq>~rJlct;Jo;, seiLli:Hniemo carn~~er•->, tn:tnte -
nir.:;:e:itv ¿el ,:.1n~t!IO ;!el h:HlC<) ;__¡ 1~ '>hr;t y dern;'s cor~ll::> cOtTes 
P··ll·.~:~~~:e.::. (~.C. Vl<!.3 E. C. S.'rl, l\ornp¿_--v\:ls y Esp. Pare) 

.-"'. ... ·:n-rc--l :~rr-=s:re .::1 ki\ó:ndrU>O stitJ:·:r:.:.:ue:l~C.:i :1l prilller<) de pie 

.lr.t n:l!tlr.d ;1.1ra nú..::le--', l::.lp~t se::unJ,¡¡-i~, co¡·,¡z;¡ de cucr¡Xl y~ 
é:·u ~e ..-;,;;,:uller~t dd b~mco Je pt·é,or._wH.> ~ l-1 obr<t. (Esp. P.l~t.) 

li\H'iJl{'lE PAHCL_:\J .............. . 

~L~SCULA 

T1·ans¡•-lr'e e insr.Jl3ción de unt~ b:'lsctila cun capudJnd pesadorn 
Jc 50 ton. ~~e en eje. Incluve: rransporte Je la bfiscub desde::- ~-

ron 15,018.00 

on kn· :\,023, 788.00 

: ·-··. h:1sca el.süio U e l3 O~lra, f:-tbricacióq de fosa y-_ 
.::1:;e:a p.lr:.l la bolscuÜ1 de DcuerJo con las canH.:terrscicns de é·sra, 
·:erific<1c¡ór. v \'o. &>. de b Dirección General Je :-;,H-mH::>. (Esp. 
l'.lrt.) · lo:e. 

ll\lPOWrE PAHCtAL •.•.....•.... 

"'·'. ,. 
OIRECTGR GEI!ERAL ,n-, D. ·. .. ·: . , :¡ 

~j . .. . : 

-,IIJ2-
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SlnsECRETARIA DE INFRAESTRUCruRA 

01 RECCION GENERAL DE OS RAS MA.'(1TIMAS. 

e o N e E p T o 
OESCRIPCIOH Y ESPECIFICACION E. S 

C .-\ ~~ P ·,\ M E N T O. 
.8 Suministro, transporwc!6n y munraje de campamemO tipo, f3bri­

ca .. ~n a b:1::e Je p:1r-=Jes multy-pnnel H y ~í en mlj,!ulos Je S6 cm 
..:•Jn espe~;:¡r L!e 1 l/2", tedn..:rr;bre multy-p:mel RL-80 con :-efuer 
zvs y Jp.Jyo::; de :~cue:-Jo a n:.>rm.is Ce! iahri~a:ue, incluye: firme 
..!e cunC:re:n je 10 cm. Je espesor ac:tllado Jfinudo con.color, pi­
su Ce azul~;o, muro Je ~Jbi.;Cin o block recuhien:o con a~ulejn, -
C:ls:il!ws y ,!.1bs ·.~e CLJ!1Cre;:o :~rm;¡do, carpimer[;:t, · ventaner-fa de. 
J\'1\Tlinio c<m viJrio, pintur~l, inst:ll:ICÜJne;; c\éctrica,.hidraülic:.l, 
s.mlC.!ri:l y ..:!e;~:> ~~e :.Kue:-Jo .11 í)bn~J 0:v. O.P. 0:3:>:3, Jos L!tlida­
·.~e::: ~e •:e::;:m:¡, ,.:lir:~_;:iz;;<or.\s.Je .:J.ire Jc 12. 2uo·b:u_iHR rl"'.:J.rca 
Yurk o sirn:L!r en ..::.¡J1J.l~l, fosa sE:p:ica con 1-::lp<KiJ~i•.! p<Ira tOpe: 
2:Jr~:1s, p:no ~!e :lb.S>Jrciún, ci"s(ern<J p:.1ra 5, 000 lürus, boml:<l de-
1 -~H. P., tin.1.::v cun ~u bn~e. unqucs·d~: gas y el ::;umini:::::-0.Je­
.::1:> y J.,:::.1 Jur:.Hire !:"\ tienq).' r¡L!e -~ure la obr:1, tudo LO!nJ le. indi­

,:.¡ el p!:Jr:J :"o. !J. P. ~..¡-17-t-A. {E.sp .. Part_.) 
• 

li\lPOtnE P:\1\Cl:\l..· ...............•.... , •... 

IMi'OinE DE LA PROPOSICION.·, ............. . 

[. V. A • 

1~11'01tTE TOTAL. DE LA PROI'OSICION ...... · ..• 

CANTIDAD 

lote 

11 

CATALOGO Oc. co,~CEPTOS Y 

CANTIOAOES UE OBRA PARA 

PROPOSlCION 0(. PR::C!OS ltlTAR10S 

y YOHTO TOTA~ CE LA PRCPOSICION 

P·RECIO UNITARIO 
L E T R A 

NOMSRE Y Fl R:.;A DEL POSTOR l 
1 

COMCURSO 111•. · 

LUfiiiA.R Y ffCM~ 

CO"'TRATO N• 

PRECIO UXrTA.P.\0 

NUf.IERO 

- ; ..;. ... -

-l 
J 

l 
_¡ 
-· -
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1 

l 
1 

¡ 
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11~ . ·- ,/ ()/,... .. 

CONCURSO N'O 
RUBRO:'\_. 

~;1 ·¡•.:;¡:e ·¡u: 1 \!U,, 1 JI' . 

DIHI·:Ct'ICI"' c;J::i\1:1<:\1, IJI: · 

DOCLJ i\1lo7\'TO C Te fs 
PF OC EDJ \'~ F'<TO.S DL: CONSTR GCC!O'.; 
EL F'OSTOH D83ER,\ PHESENTt\H 

('l; '' ..... J~ 

-~--, 

EL POSTOR DEBERt\ PRESE:'\T,\R EN ,;RIGI:-'AL Y COFIA LOS SIGUIENTES \ 
PROCEDii\11ENTOS DE CONSTRUCCIOc\: 

A.- EXPLOT¡\CION, CL\SIFIC\CION Y ,\COPIO DE :\l.c\TERL\L ROCOSO. 
(Llenar anexo "A"). 

B.- COLOCi\CION DE PIEDR,\ EN Nl.'CLEO, C:\Pi\ SECCND:\HIA, COI\:\Z:\ 
. Y MORHO. (Llenar anexo '11" ). 

i -
' ! 
' 

1-"' - 1 

l Noi\u\RI·: 1)1: l .• ,r-:·i\-rr-. rii::sx:-· ... -- __ -_-_-_·¡_~_--~--_ ---- _________ -_------ .. -------------~ 
-. __________ .. ______ - --- ·- --------

--------------------------,--- -'---------~------- -~--- ----------·-------'-'-------- ---~ ---~ .. --~ ------
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CONCURSO N~ r 

RUBRO:" · 

N~ N0!-12RE 
MAQUINA 

f'--- . 
EL F(;;_;'i'OH DE EF~t; 

DE LA 
o i':QliiFO 

. 

?:\ESE:'fTA!"~ 

NOMBRE DE LA EM?R ESA: 

- - -

s~r 

-

··•-: ... ··: t·' 

11:1 
- 1 :_:.:-

~;1 '1\Si\CIH·:T:\IU ,\ r1F : 
I)IJ\I·:('I'ic'JN \:1·1\1:1\i\1 .. 111: 

,\NL·::\U CT-!S ":\" 

HEL:\ClUN DE FQUll'O Ei\lPLI::.\l:U EN 
EXPLOT :\C\ON. C L\S\ r:IC: :\C \0[': Y .\C0\'\0 
DE Mt\TEHL\L RO~OSO. 

CAPACID.".D l 
¡,¡ A R e A 

1 
¡..¡ o D E L o ~\~or.rrNJ\L. • 

-------~ 

ORTGT:fAL ., 
COPIA :: -:.. 17'1..~ Do e 1.: t·~::!~ ¡r~':J • -- . -
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CONCURSO ~~ ' 
RUBRO: "C -'' 

I{~ NOHER:S DE LA 

1 
HA QUINA o EQUIPO 

1 

' 

' 

/" 

1 

. 
. 

EL Pú:.:TOR DE::'EHA PRESEt:TAR -¡;-·· 
_.:1 

11 ,¡ 

su:::q··1, 1·"1 ·\ 1\L\ lll·: 
Dll\Ll'C10N c:u~LIC\1.. IJI: 

ANEXO ·CT-15 ''G" 

RELACION DE EQLllPO E~!PLE¡\DO EN 
COLOC:\CION C!:: Pli~!::'R.\ l:N Nl'CLLO, 
SECLNO:\Hlr\, COR,\Z,\ Y l\10HRO. 
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PROGP.AfiAC!Otl Y CONTROL DE OBRAS. 

PROGRAMAC ION 

La max1ma· "gobernar es prever" da una idea de la importancia que se·­

atribuye a lá previsión en el mundo de los negocios, y es cierto que 

~i. bien la preViSiÓn nO eS tOdO el gobiernO. P<; ~1 m''•""" .. .,. • · 
"("..., .... -·~ ", nenus una parte ~-

esenc1a1 de él. Prever, aquf, significa a la vez calcular el porvenir 

y·prepararlo; prever, es ya obrar. 

La-·previsión tiene una infinidad de ocasiones y de maneras de mani--­

féstade; su principal manifestación, su signo sensible, su instrumen 

to más eficaz, es el programa de acción. 

E~ programa de acción es a la vez el resultado a que se tiende, la 11 
nea de conducta que se ·ha de seguir, las etapas que se han de fran--: 

9uear, los medios que se han de emplear; es una especie de cuadro del 

futuro en el que los acontecimientos pr6xinKJs están previstos con 

cierta claridad, según la idea que hemos hecho de ellos, y en el que 

los acontecimientos remotos aparecen cada vez más vagos; es la marchá 

de la empresa prevista y preparada para determinado tiempo. 

El programa de acción se basa; 1° en los recursos de la empresa (in-­

muebles, herramientas, materias primas, capitalés •. personal, capaci-­

dad de construcc1ión, mercados, relaciones públicas, etc., etc.); 2°­

~n la naturaleza y en la importacia de las operaciones en cúrso y 3° 

en las posibilidades futuras, posibilidades que dependen,en parte de 

la~ condiei6nes técnicas' comerciales' financieras y otras, sometidas 

toda's a cambios cuya importancia, ni el momento en que ocurrirán pue­

den determinarse de antemano. 

La preparación del programa de acción es una de las operaciones más -.. 
importantes y más diffciles de toda empresa; pone en juego todos los 

servicios y todas las funciones, y particularmente la ·función adminis 

· trativa de la obra. 

o o o# 
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lo qué Es, en efecto, para desempeñar su función de administrador, por 

el ingeniero toma la iniciativa del programa de acción, indica su obj~ 

to y su amplitud, fija la importancia de cada servicio en la obra co-­
mún, coordina sus partes, armoniza el conjunto, y decide, finalmente, 

la linea de conducta que se ha de seguir. En esta línea de conducta es 

preciso no sólo que no haya nada que choque con los prinai¡iios: y léis -

reglas de una buena administración, sino además que las disposiciones 
adoptadas faciliten la aplicación de esos principios y de esas reglas. 

A más de las diversas capacidades técnicas, comerciales, financieras 
y otras, necesarias al jefe yfo ingeniero de la obra y a sus colabora 

. . . ' -
dores, para establecer el programa de acción, debe poseerse una seria 
capacidad administrativa. 

Características generales de un buen programa de acción. 

Nadie discute la utilidad del programa de acción; es necesario que a~ 
tes de actuar se sepa lo que se puede y lo que se quiere. Sabido es -

que la ausencia de programa va acompañada de titubeos, de falsas ma-­

niob.-as, de cambios de orientación intempestivos, que constituyen o~~ 

tras tantas causas de debilitamiento, cuando no de ruina para. los ne­

gocios, La cuestión de la necesidad del programa de acción no se plan 
. tea siquiera, por lo tanto, y creo expresar la opinión genera,l dicie.!!_ 

do que el prograr.1a de acción es indispensable. 

Pero hay varias clases de programas: los hay simples,complejos, suci~ 

tos, detallados, de larga o de corta duración ... ; los hay que han si­

do estudiados con una atención minuciosa, y otros tratados ligeramen­

te; los hay buenos, medianos y malos. 

¿cómo distinguir los buenos de los otros? 
Sobre el valor real de un programa, 'e·s· decir sobre los servicios que 

puede rendir a la empresa, únicámen'te la experiencia puede pronunciar 

se de manera soberana. Y aún así hay que tener en cuenta .el modo co-­

mo se aplica. Hay el instrumento y el artista. 

! 
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Existen, sin embargo, algunas características generales 

les es posible entenderse previamente sin esperar a que 

ciase haya pronunciado. 

sobre las cua .. -
1 a experi e~~~ 

La unidad de programa, por ejemplo. No puede aplicarse más que un pr~ 

grama a la vez: dos programas diferentes provocarían la dualidad, 1a­

confusión, el desorden. 

Pero un programa puede dividirse en varias partes. En la gran empresa 
se encuentran, junto con el programa general, un programa .técnico, un 
programa comercial, un programa financiero, etc., o también un progra · 

.ma de conjunto con un programa particular para cada servicio. Pero t~ 

dos estos programas·están encadenados, soldados, formando uno solo, y 

toda modificación introducida en uno cualquiera de ellos se traduce 
.. a]. punto en el programa de conjunto. 

La ace<ión directiva del programa debe ser continua. Ahora bien, los -

limites de 1 a perspi cae ia humana 1 imitan también forzozament.e 1 a du­

ración de los programas. Para que no haya interrupción en la acción -

directiva, es preciso que un segundo programa suceda al primero sin -

intervalo, un tercero al segundo y asf sucesivamente. 

·En uha obra cómpleja, el programa anual es,g'e un uso casi general. 

Otros programas, de más larga o de más corta duración, siempre estre­

chamente arroonizados con el programa ana~·l , funcionan si mu ltáneamen~e 

con este Qltimo. 

El programa debe ser lo bastante flexible para plegarse a las modif~­

caciones que se juzgue conveniente introducir en él, ya sea bajo la -

presión de los acontecimientos, o por cualquiera otra razón. Antes y 

después, es la ley ante la cual h<wque inclinarse. 

Otra cualidad del programa es la de tener toda la precisión compati-­

ble con la incógnita que pesa sobre los destinos de la empresa. 

., 



~.),;i}~abitualmente, es posible trazar la 1 ínea de conducta pr6xirna con un ...... . 
grado de precisi6n bastante grande. 

Una simple directiva conviene a las operaciones lejanas; ante~ que -

v·- haya llegado el momento de ejecutarlas se habrán adquirido luces que 
·permitirán fijar mejor la 1 ínea de conducta. Cuando la parte que co­
rresponde a la inc6gnita es relativamente·muy grande, el programa no 
puede tener ninguna precisi6n; la obra toma entonces el nombre de a­
ventura. Unidad, continuidad, flexibilidad y precisi6n, tales son 

los caracteres generales de un buen programa de acci6n. 

En·cuanto a las demás cualidades particulares que debe poseer y que 
dependen de la natu~aleza, de la importancia y de las condiciones·de 

la abra para la cual se hace, s6lo es posible fijarlos de antemano -

por comparaci6n con otros programas que han sido reconocidos como '-­

buenos en obras analogas. 

Lo~ buenos programas no faltan; se adivinan por la marcha de la obra, 

·.~ero no se les ve con el suficiente detalle para conocerlos y juzgar_ 
·-los bien. Sería, sin eJrl/largo, muy atil a todos aquellos que deben aE_ 

ministrar, saber c6mo redactan sus programas los jefes experimenta-­
dos. Bastaría una docena de ejemplos bien elegidos. 

ING. PORFIRIO LEON RUIZ 

\ 

1 
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CONTROL 

Eh una obra, el control consiste en comprobar si todo ocurre conforme· 

al pro~ra111a adoptodo, o lus 6rdenes dadas y a los principios admiti-~ 

dos. 

Tiene por objeto señalar las faltas y los errores a fin de que se pu~ 

da reparar y evitar su repetición. 

Se aplica a todo, a las cosas, a las personas, a los actos. 

Desde el punto de vista técnico, hay que observar la marcha de las o~ 

pe raciones, sus resultados, sus desigualdades, el estado de conserva-· 

ción, el funcionamiento del personal y de las máquinas, etc. 

Desde el punto de vista administrativo, hay que asegurarse de que er 
programa existe, de que se aplica y se mantiene al día, de que er or-· 

· ganismo social est~ completo, de que los cuadros sinópticos del perso .. - •·.·-
nal se emplean, de. que la dirección se ejerce de acuerdo con los pri~ 
cipios, de que las conferencias de coordinación se celebran, etc. 

. . 
]esde el punto de vista financiero, el control se ejerce sobre los 11 
bros y la caja, sobre los recursos y las necesidades, sobre el empleó 

de fondos, etc. 

Desde. el punto de vista de la seguridad, hay que asegurarse de que 

.los mé:ctios adoptados para proteger los bienes y las personas se en 
cuentra'n en buen estado de funcionamiento. 

Finalmente, desde el punto de vista de la contabilidad, hay que com~-· 

probar que los documentos necesarios 11 egan rápidamente, que permiten 
obtener una visión clara de la situación de la empresa, que el con--­
trol encuentra en los libros, en las estadí~ticas y en los d.iagramas.­

buenos elementos de verificación y que no existe ningún documento o -
estadística inútil. 
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;,Jodas estas operaciones corresponden a la vigilancia, en la medida en 
_,t¡li~;¿'~puedan ser ejecutadas por el ingeniero de la obra y sus colabotá~ 

dores jerarquizados. 

Pero cuando ciertas operaciones de control se hacen demasiado nulllero­
.. sas, o demasiado ·complejas, o demasiado extensas que· pwedan ser rea11 

zadas por los agentes ordinarios de los distintos servicios, es preci 
so recurrir a agentes especiales, que toman el nombre de supervisores. 

Para que el control sea eficaz, es preciso que se haga en tiempo opor 
·tuno y- vaya seguido de sanciones. 

Es evidente que si las conclusiones de un control, incluso muy reali­
zado, llegan demasiado tarde para que sea posible utilizarlas, el co_!l 
tr6l liabrá sido una operaci6n iriútil. 

No es menos evidente que el control será inútil si las conclusioes pr~c­
:'ticas que de él derivan son voluntariamente desatendidas. 

Estas dos faltas son de las que una buena administraci6n no deja com~ 
ter. 

Otro peligro que hay que evitar es la ingerencia del control en la di­

rección y la ejecuci6n de los servicios. 

Esta invasi6n de atribuciones constituye la dualidad de direcci6n ba­

jo su aspecto Jl'ás temible: de una parte, el control-irresponsable, Y 

sin embargo provisto del poder de perjudicar a veces en amplia medida; 

· dél otro, el servicios ejecutivo que no dispone más que de débiles m~ 

dios de defensa contra un control malévolo. La tendencia del control 

a la invasión de campos ajenos es bastante frecuente sobre todo en -­
·los negocios muy grandes, y puede tener 1 as más graves consecuencias. 
Para combatirla es preciso ante todo definir de una maner~lo más'preci 
sa posible las atribuciones del control, indicando bien los 1 ímites 

J 
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que no debe franquear; es preciso después que la autoridad superior 
vigile el uso que el control hace de sus poderes. 

J 

_Conociendo el objeto y las condiciones en que debe ejercerse el con 
trol, podemos deducir que el buen supervisor debe ser co~petente ~-­
imparcial. 

La competencia del supervisor no nec;esita demostraci6n. 

Para juzgar acerca de la calidad de un objeto, del valor de un pro­
cedimiento de fabricaci6n, de la claridad de los escritos, de los -
medios de mando empleados, es preciso evidentemente, en cada caso., 
estar provisto de la competencia adecuada. 

La imparcialidad reposa sobre una conciencia recta y una completa· 
independencia-de interventor con respecto-al intervenido. El con--­
trol es sospechoso cuando el interventor ·depende en un grado cual-­
quiera del intervenido. e incluso únicamente cuando existen entre -
ambos relaciones demasiado estrechas de interés, de parentesco o de 
camaradería. 

Tales son las principales condiciones que-el verificador debe lle-­
nar: la competencia, el sent imi enfo del deber, la independencia con 
respecto al intervenido, el jui<lio y el tacto. 

_Bien realizado, el control es un valioso auxiliar de la direcci6n,­
puede darle ciertas informaciones necesarias que la vigilancia je--, . 

rarquizada sería a veces incapaz de suministrar. 
Puede ejercerse sobre todo; depende de la di recci6n que su funcion~ 
miento sea eficaz. un· buen control previene contra sorpresas enoj~­
sas que podrían degenerar en catástrofes. 

Conviene poder responder siempre, a prop6sito de cualquier opera-~­
ci6n, a esta pregunta: "¿ C6mo se efectúa el control?" 

·-- .... 
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·Como se aplica a las operaciones de todo género y ¡¡ los ¡¡gentes de t~ 
dos los niveles, el control se ejerce de mil maneras diferentes. 

( 

. '. 
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