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1. Introduction

HYDROLOGY VERY broadly defined is the study of water. An Ad Hoe Panel on
Hydroiogy of the Federal Coundil for Science and Technology (1962) defined hydrol-
oy us i
.o the science that treats of the walers of the Earth, their occurrence,
circubation, and distribution, their chemical and physical f)mpcnies,
and thetr reaction with their eavironment, including their relation to
living things. The domain of hydrology embraces the full dife history of
wuater on the carth,

Ttos detimstion is much broader than the onc that would be arrived at through the
study of most books on hydrology, Traditionally, hydrologists have concerned them-
sefves with the “ruinlall-runoft process™ and have devoted relatively little time to many
ather aspects ol hydrology. This situation s clinging, however, as many studies on all
aspedts of the bvidrologic cyele have been undertaken in the pust two decades, Most of
the exampies in this book deal with problems that anse in the stady of the rainfall-run-
il procesa, Fhe resson for this is not that statestical methods cannot be applied profit-
ably in other arcus of vdrology bt rather ecause miost work and most statistecul
applicationts i byvdrology have been in the ramdi-runo!? area. As other aspects of hy-
drology are more tully developed, statistical &-L:L\ will be upplicd to them as well.

The viphiass m the 1960% and 19707 on the yuality of the environment and the
preservation of the balances of nuture bas broadened the science of hydrology until it
iy entbraces the full Bife history of water on the Farth, This broadening of the science
of by drotogy has presented many new chatlenges to hydrotogists and makes it even more
mmperative thial o varely of fools be ivatlable 1o aid in the analysis of hydrologic prob-
lesis, Al iy drologic problems are visualized und anudyvzed through the use of 4 model,
The mondel may be a mental concepiualization: an empirical relationship: a physical de-
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vice, ur g voliection of methematical, statstical, and, or canpirscal statements,

Most quantitative hydrologie models can be clissified us deterministic, parametrne.
stochastic, or a vembmation of these The division between these three basic types of
models 1 not at all distinet. One cun think of models as being made up of some combi-
nation of components each of which represents @ point on g contimuous spectrum of
model “iypey” rungime from completely deterministic on the one hand 10 completely
stochusti un the other.

A completely deterministic moade! would be one sreived ot through consideration
of the underlying phvsical relationships and would require no experimental data 1or s
apphication. A parametric model may be thought of oy deterministic in the sense that
onve todel parameters are determined. the model always produces the sume output
from o piven input. On the other hand. o parametric madel is stochastic i the sense that
patameler estumales depend on observed duta and will chanpe us the observed data
Changes. A stochastic model s one whose outputy are predictuble only s o statistical
swise. With a stochastic model repeasted use of a given set of maodel inputs produces oult-
puts tiat are not the sume but Tollow certain seatistical patierns.

Most hydrology books are based an models that full near the center ol the model
specirum i thut parametric. ampirical models are emphasized.-kagleson’s (1970) treat-
ment of hydrology fulls toward the deterministic end of the model spectrum in that
eimphiusis 1s placed on tiw underying theory of the phenomens being described. The
treatinent Tound in this book lies toward the stochastic end of the model spectrum in
that the statistical and apparently random behavior of hydrologic quantiries is empha-
sized.

The digital computer has made possible great advances in all types of hydrologic
models, These advancements are noteworthy tor both stochastic and deterministic
maodels and have Jed some hy drologists 1o religiously adopt the phitosophy that all hy-
drologie probiems should be attacked stochasticully und some the plulosophy thut they
shiould be attached deterministically. The purpose of this book is not to promote the
stochastic upproach bul to present some basic statistical concepts that have been found
uselul as aids tur the solation of hydrologic problems.

Muny hydrologic problems can best be solved through the joint application of sto-
. chastic and deterministic methods. For instance, in the future it may be possible 1o de-
ternumstically predict the runoll hydrograph from a simple watershed given the raintall
mput. It is unlikely . however, that rainfalls that will occur during the life of a walter re-
sourges project will be deterministically predictable. Thus, one approach te project evalu-
ation would be g statistical simulation of raintall, deterministic conversion of the raintall
1o stremilow, amd o probabilistic analysis of the resulting streamflows,

Repardless of the type of stochastic model that is used, model parameters must be
estrmated in some way from observed hydrologic data, The validity and applicability of
¢ stochastic model depend directly on the characiensiios of the datg ased 1o estinuate
model paraimcters. A stochasticomedel can be no better than the data avadable tor
patameter estnnetion. | he duty wsed Tor parameter estunation inusi be pepresentatng of
the situgton n wihagch the maodel s going 1o be used. Obviousdy 3 one s atlempting 1o
ool streamBlow tragn an urban arca, sodel parimeters cannot be estimated trom for-
ested watersheds., Simularly future hyvdrologie behavior of o watershed can be modeted
stochastically only of available histencal duta are representative of future conditions. I
drustic land use changes are to e made. then the model parameters must be adjusied
avvordingly .

In sclechmg dute for moded parameter estunation, 10 s imporiant 10 establish that
the dity are homogencous aver tme or can be adpested Tor any noshomugeneitics that
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i be prosente D any Hong Bas occursed 1o caese o change i e B aa e b
analy sed. the duta muast enber besidjusted o aecount for the change or wraby/acd i o
sections  oiwe betore twe change and one after,

Some common causey of nonhionogencity are relovatng pages, especially raingag
diverting stevanitlows, construction of dams, watershed changes such as urbameation
detorestation. stecame channel modifications and possibly weather modification as w
ay nutural events ol a cotastrophie nature such as carthguakes, hurrcane floods. ele.
solne instapees the data can bgvorrected 1o chunges. One possible ndjusmlcm_}_pﬁ‘h}
Dy reverse reservolr routing to dedermine wlit stresan flows would have been had 2T
vuir ol heen vonstroe ted, Some changes such s gradual urbanization ut @ watershedd ;
ditticult to vorredt ror.

The statement that the duta must be representative mesns, lor example, that s
from only anusually wet or dn periods shoubd not be used atone as this will bus the,
sults of the anabysis. 1 there are only a few vears ol record available for unalysis, 1
chances are pood that the dals ane not representalive of the tong term variability tl
actually exists. Throughout this book 1t is assumed that the data being considered
homogencous and representative,

The concept ol the return period ol hydrologic events needs (o be understo
betore proceciing, The return period s delined us the average elupsed time betwe
oceurrences O aim event with o certain magnitude or preater. For example, a 25-y¢
Peak discharge is @ discharge that is equaled or eaceeded on the average ohve every
yuears over a tong period of time. IU does nop mean that an excecdance occurs every
yuirs, but that the average time between uAl"\:cdunccs is 25 years. An exceedunce is.
event with a magnitude equal 1o or gn:u[ui' than a certain value,

Sometines the actual time bhetween exceecdances is called the recurrence interv
With this definition Tor recurrence interval, the average recurrence interval for a certs
evenl iy eyual 1o the return period of that event. In this book, recurrence interval 15 us
in the sume sense as return peniod.

Of course, the concept of return period van also be applied to low flows, drough
shortages, vte. In this case the return period would be the average time belween eves
with a certain mugnitude or less. Such an event might still be called an exceedance in t
sense Bt the severity of a drought eaceeds suine preset level, .

iegardless of whether the retury period ss referring to an event greater than sot
value or 1o an event less than sotne value, the return period can be related to a probat
Hy of an eacecdunce. M an eaceedance occurs on the average once every 25 years, th
the probabelity or chance that the event oceurs in any given yearis 1/25= 04 or4 p
cent. Prohability, p.and return period, T, are thus related by

1= }, #L'* (.
This s o fundamental definition in statistical hydrology.

The voneept of a random sample is used throughout this book, A sample might-
thougeht of as g cotlection of objects selected from a larger collection of these same ¢
weets, The larger collection of objects, it it cantuins all of the objects possible, is calt
the population. For example, 20y cars of peak flow duts from a certain river is a samy
of the possible peak flows on the rnver. A random sample Is one that is selected in su
a fmhion that any other sample could have resulted with equal likelihood. If the |
years of peab 1low daty are considered o random sample, then one is assuming that the
20 vears of duta ure just ws Dihely as uny other possible 20 years ofda‘la and vise ven;

\
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i some 1ypes of analyses 1 assumied that the erder o8 occurivnee ol e data s
nat impartant, only e data vadees are important. The traditional hydralogic trequeney
analysis 1y an example of this, A a sample contains eloments that sre independent ot
cach uther, then the order of occurrence of the duta s not pnportant. Thes iy the sanne s
saying that the magnitude of an element in the sample i pot wifected by the magnitude
ol the other elements in the sample. FEach clement i the sample might be thought ot as
a random sample of size 1.

Un the other hand there are situations where e order oF ocourrence o1 the events
Is inportant. In designming o storiage reservolr 10 mieet projected watler demands, the fact
that low flows tend 1o Tollow low flows makes il nevessary o have a larger reservoir
thun would be required i the low Tows oceurred randomly throughout time. This is

Koown ds persistence and indivates the elements of the sumple are not iidependent of

vacli uther In thes case the entire sequence of data values must be considered the tun-
dont sanpple. Fhat s, the sequence contained tn Hie sample s assumed 10 be s Hkely s
any other sequence. The mdsvidaat ovents in the sanmple are net independent.

Ir one wunted 4 rundom sample consisting of 7 observations of dudy Tows on
river daring o particalar year. the duily Nows in o particutar week of that vear could not
be used. This is because the flow on the second. third, ew. day of the week would be de-
pendent on the flows on the preceding days. The low on duy 2. For exumple. would not
reprosent all possible daily flows but would be highly dependent on the Tow during day
1. Tu ger a random sample of duily flows. cach of the 365 daily {lows would have 1o
have an cqual chance ol being selected. The sumple of flows during the 7 consecutive
duys coudd be considered as a random sample of size b ot weekly flows (i1 the week was
randoniy selected ) but not a randoin sample ot size 7 o daily flows.

in uny hydrologic duty there are errors of vanous kmds. The errors anchude mica-
surenrent ersors, data fransmittal errors, processing errom and others, The erram miy be
systematic crrors and show up as a bias in the date or they may be random errors. In
miosl vrror analyses it ks wssuimed that the errom are raindom erfors and Tollow the nor-
mal distribution. The treatment of hydrologiv data contasined in this book is not con-
cerned sa much with these types of errors as it is with sampling error.

Sanpding error is 2 misnomer I that there are no errors i the wsual sense involved,
Sampling errors should .more properly be called sumpling variability, sumpling fluctua-
ton. or smanple uncertainty. What is meant by sampling error is simply that & random
suriple has statsstical properties that are siinilar 1o the population parameters but only
vquial to the population properties as the sample size gets very large (or the entire popu-
Lion s sampled ), 1 iwo sumples are selected from the sume population, their statistical
propertes will zgain by similar but equal 1o cach otlter anly us the sample size gets very
Large. Flas varability or uncertionty in the statistical properties of a popatation hased on
eslitates of the properties Trom samples o5 called “sampling error™. Ty clear that error
Iy e setise of hstahes o Taaity data or carelessiess are pol mvolved m sampling errors,
Samphusy errar s sanphy an msherent property of randon sainples. 0B weren't Lor sam-
phing crrors. Lhis book or handreds of olhers on statistios would not be needed snee
papubitions would then be vompletely specifiied by any sample from that population.

Faumple 11 The mean annoygl suspended sediment toad for te Green River neor
Montondvlie, Kentacky, cn be estimated from the data contained in Appendix ¢, This
ot and the resulting estemated mean mmial sispended sedioent load may contain
iy Dy pes aof erraes.

Systentatic vrrors could resuft it the Now was sampled for sedimeni only when the
depth of Now enccvded o proeset stiee, This bs becase fow Hows woukd not be sampled.

INLRODUCTION 3

Ceonenglly the sediment coneentiabion mi low fTows s dess than that in togdier Jows, Thus
a Bl an Bras o1 syatematic orror s produced.

Measurement crrers coold result Tronr plugged samplers, samplers not properly
abzned with the direction of Now aflowmy the ssmipler to pick up some bed Joad, and ¢
numbes of ather reasons.,

Dty transminttgd errors and processeng orrors can resulbt 1rom mistahes i transerib-
ing datu trony duty Forms, punching duti in the wromg columns on computer cards, il
fegibly wridten data, aid olher sourees.

Sampling crror can be itbustrated by assuming that the tabalated data are exacty
correct teontm nu svatematic, measorement trunsmittad or processing errorsy, 11 the
mcn sl suspeaded sedinwent Joad s calouiated tor cach suceessive Tieey cot penod.
the reanits are 640827, 354,739, 397004 and 400392 tons per year. Under the no-
errog asstimphion Tow dillerent vadues of the mean anoual suspended sediment docharge
have been calcalated ¢ach of whiich contans no erromn yet none ol which are the sante.
The ditlerence m the towr extoiates s caised by natural vanability m the phenomens
tadunent ) hemy sampled, This ditterence s cudled scunpling error. IF condidions on twe
watershed comtributing to the Green River aear Mintordyville never changed and it the
inmtic conditions do nol change, then the sampling error can be made as smalt as de-

sired by an Increase i the sample size above the fve years used in this illustration,

Thus much of the statistival machinery discussed in this book is concerned with
swnpling errors and the estmation ol popuelation characteristics from sumples of duta,
The #act that saupling crrors are mherent in rindom data does not mean. however. that
statistieal mampadations and soplustication can i any way overeoniv taulty duta The
duabity of any statestcal anabysis is no better than the guality of the duta wed it cim
Be worse bot ao better. Duribermore. statigical consuderations should not be used to re-
Place radpamen! and caretul thought o anabyvang by drologic data, In many instances
sonie telbieent thaught s worth remns of computer ottpat boased on i statistical analy-
sis ul soe dati, Statistivs should be regarded as a tool, an aid 1o understanding, bug
never s a replacenient for uselul thaught.

Rarely will one find o hydrologic problem that exactly fulfills all of the require-
muents for tw application of one statistical technique or another, Two choices are thus
available, One can redefine the problem so that it mecets the requirement of the statisti-
cal theory and thus produce an exact™ answer to the srtificial problem. The second
approach is to sher the statistival techaique where possible and then apply it to the real
probein readizing that the results will be an approximate answer to the real problem, In
s case e degree of the approximation depemds an the severity of the violuted assump-
tons. Thas Tatier approach s pretesable sad requires knowledge of available statistical
teclinpgues, of assuwmpiions and theony underhying the techmques, and of the conse-
quenees ol votatng the assumptions, Fos 1omard this lutter upproach that this book is
arwnivd, ‘

Maost of the examples wnd excrcses used 1 s book were seivcted for pedugogical
feasonts  not 1o promote g particubar techmgue, Thas when a probleny involves fitting a
nonnal distributton to annual peak flow, the purpose of the problem revolves around
leaming about the nonal distribution and is not to demonstrate that a normal distnbu-
tion is applicable 10 peak Nows. Similardy many examples and problems had to be sim-
Mihed so it they could be realistically sobved swith attention being focused on the sta-
tistica! technpque and ot the nnny fascinating intricacies ol most real problems. That is
not to say the weehnwgues do not apply o real problems — quite the contrary. However,



o CCHAPIER )

must real problems invalve multiple wspects, lots of data. and many considerations other
thun statistical. Rather than get mvolved in these other impartant aspects. muny of the
exampivs and problems ure ideddizations of read situations,

Since the exercises were selected as a learning aid, it will be instructive to at leust
read the problems ut the vnd ol cach chapter. Many of the problems present uselul re-
sulls that suppliement the material in that chapter.

Muny actual problems in hivdrology require considerable computation. Digital con-
puten afe used for this purpose. Special statistical-numerical procedures have been de-
veloped to simplity the computations involved and improve the accuracy of the results
obtained from many of the analyses presented in this book. These procedures are not
presented here. Ruther the emphasis 1s on the principles involved. The multivariate tech-
nijues of chapters 10, 120 14 and 15 often require extensive caleulation and consider-
able efficiency s gained by using special purpose programs incorporating numerival
shorteuts and sateruards against roundoft errors,

Frsally there are many important areas of stalistical analyssy applicuble o hy-
drology that are not included in this book. These omitted techniques for the most part
require knowledge of the matenial contained in this book betore they can be applied,

For exumple Buyesiun Decison Theory. which is not covered. requires a thorough knowls ”

edge of much of the material that is covered. Thus this book is an imtroduction to sta-
tistical methods in hydrology. Furthermore the book is not intended as @ handbook or
stalislical “cooklhook™ for hydrologists. The puipose of this book is to enable the reader
1o hetter apply statisticsl methods to hydrologic problems through 4 knowledge ol the
methods, their foundations and limitations.

2. Probability and
Probability
Distributions—
Basic Concepts

2,

HY DROLOGIC PROCLESSES m;jy be théueht ol as stochastic processes. Stochdstic
i this sense means involving a variate at cach instant of time where the varate is a vari-
able that may take on any of the values of u specified set with a certuin probability. An
example ol a stochastic hydrologic process is the annual maximum daily raintall over a
perod of several years. Here e instant o time would be one year, the variable would
be the maximem daily raintall for cach year and the specifivd set would be the set of
puositive numbers,

The mstantuncoos maximmune peiak Tow observed during @ year would be another
example of a stochastic hydrologic process. Table 2.1 contains such a listing for the
Kentucky  River near Salvisa, Kentucky. By oxamining tus table it can be seen that
there 1s soie order 1o the salues yel o great deal of randomness exists as well. Even
though the peak fow for cach of the 66 years is listed, one cannot estimate with cer- |
tainty what the peak flow for 1961 was. F'rom the tabulated data one could surmise that
the 1961 peak Now was “probably ™ between 20,600 ofs and 115,000 cfs. We would like
ta be able to ostimate the magnitude of this “probably”. The stochastic nature of the
process, however, means thal one can never estimale with certainty the exact value for
the process (peak discharge) based solely on past observations.

The defimtion ol stochastiv given above has soe theofetical drawbacks as we shall
see. Hydrologic processes are continuous Processes. The probabiliny of realtzing a given
value Trom g continnots probahility distribution ts 2ero, Thus the probability that a
variable will take on a certain value from a specified set gy zero, if the variable is contin-
uous. Practicully this presents no problem sinee we are generally interested an the proba-
hititivs that the varate will be i some runge of values. Fornstance we are gencrally not
intervsted in the probability that the Now rute in a stream will be exactly 1000 ¢fs but
may destre 1o estimate the probubility that the Nlow will exceed 1000 fs or be less than
1000 cfs or between 950 gnd 1200 ofs.

With this introduction several concepts such as probability, continuous and proba-
bility distribution have been introduced. We will now define these concepts and others

-
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Tuble 2.4 Peuk dischurges (ofs), Kentucky River, near Sulvisa, Kentucky
{McCube 1962)

1895 47.300 1917 111,000 1939 84,300
96 53.400 18 71,700 40 15.000
w7 87.200 1% Y6100 41 2K 400
iy 63,700 20 Y2500 42 46,000
Sy 91,5300 21 KENIT . 43 S0400

tadu L3500 a0 09000 34 35.000
ul 0T 500 23 73,400 45 . 72900
02 T0.000 24 Y. 100 46 71.200
(3 00,900 28 79200 17 I m00)
04 33700 26 6:2.000 IR K400
03 35,000 Al Y3, 70U 34 61300
) $7.000 Ty 68,700 50 BT 00
U? 606 300 24 80,100 St 70500
0K 30900 30 32300 52 77.700
oY 50,000 3l 43,100 53 44200
10 532300 32 77000 54 20600
11 58,000 33 33600 - 55 ES O,
P2 07.200 34 70,800 56 82900
13 115,000 35 849 400 57 88.700
b4 30,100 y 62600 S8 60200
is 82400 37 112,000 59 40.300
I Y, ?Uu R 44,000 6l 30500

as u basis for vonsidening stabistical methods in hydrology,

PROBABILITY )
I the mathematical development ol probubility theory, the concern has been not
st anuch bow 1o assign probability to events. but what can be done with probabil
ity onee these assipniments are made. In most applicd problems in water resources,
one ol the most important and difficult tasks is the iitial assiginent ol probability.
Considerable tirne is devoted e this book o determining the probubibity that should
be usmigned 1o events.
The detition of “probability™ has been lubored over for many years, One delini-
tron that s casy To grasp s the Classical or o privn delimition:

Iow ramdom ovent can oceur aon eyqually bhely and muatually esclosive
way s, and i 0, of these wins hine an wtinhate A, then the prohabifity
of the vecurrency ol the vvent Baving attribule A s ng/n wrilten as

probeAl =g n (2.0

Flns defimtson is an g prion definetion because it asswines that onecan sdeternnng
betore the tect all of the cqualby Tikely and matuail osclusie was s that an eveat can
vt and all of tlie wavs that g event wiln atinbuie A can ocenr. The defington s
somewliit cavadae oF et cquathy bikedy o aunther way o saying cqually probable sl

P

PROBABILITY .. - ) "

(]

ff,n.oo— HT, T, M, H,T.T,F T, 1T, 4,THTT,

I H T,H,H A HH T R H G HHLTLT

'S

(=]

[++]

o

x

o

o

w

|— “

<

=

— 0 1 1 1 i 1 1

u“j o} 5 10 5 20 25 a0

NUMBER OF FLIPS
Fip, 2oL Com epping expernnent,

we vl up using the word probuble o deline probabilin .
The classical definition of probabitity tubes o more utility in hydrology in terms
ol welative frequencics and limits. #x
Ry

It & random event occurs a karge number of times n and the event has at-
tribute A in n, of these occurrences, then the probability of the oceur-

rence of the event having attribuie A is ‘
wobtA) = TEH , N N -
pra e 1,0 1220

The relabive frequency cancept ofF probabalinn as the source of the relationship
given an Chapter 1 between the return periad T of an event and its probability of oceus-
rence.

These two dehinitions of probability can be iHustrated by considering the probabil-
ity of getting o “head™ in o single Mip of @ coing 15 we kaow a prioni that the coin is bal-
anced ind not biased toward “heads™ or “taily™, \u can apply the first definition. There
are 2 possible outeomes - heads or tails - so nis 2. There is one ouwtcome with 2 head so
n, is | Thus the probability of a head is %16 the coin is not balanced so that the two
outconmes are not equally “tikely., we could not use the o prior definition, We had to
kinow the answer [0 our question before we could dpp!) The a priosi detinition.

This s 0ot the case whep the relative !uqmm) definition is used. Obwiously we
cannol Qip the coin an infinite number of times, We huve 10 resort (o s hinite sample of
Mips. Figure 2.1 shows how the estimate of the probabilits of a head changes as the
number of trigks CTips) changes. A rend woward ' s noted. This s called stochastic con-
vergeney Lowards bx One quuesiron that meght Be asked s, “m the comn unbiased ™ Onies
il reaction i it more thals are needed, This s the phight of the hydrologist, e
ey ey needs more trals or observations but does not have them and cannot el
then, SHll the data does not clearky indicote a sigle answer. This s where prabatulity
und statistivs come into play.

Equation 2.2 allows us 1o estimate probabilitios bascd on observations and does not
require st outeomes be cqually likely or thar-they all be enumerated, This advientape s
somewial olfsed i that estimates of probubility based on ubservations are cmpincal and
will ondy stovlusticatly converge 1o the true prabability as the nimber of abservations
bevomes Jarge, Botwo indepemdent seis ot ohservations are available Gsmmples), an est-
muty of the probability o the cvent A coudd be determmest rom cach set ol obscrya-
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tions. Thuse two estimales of ['Huhl,-\l would not necessardy cquat vach other nor wouhld
either estiate nevessanth cgual the true cpopulaniony prodeA T tasad onan afimiteh
large sumple. This dilemma resudts moan impurllml area ol concern ta hydralogisis - how
many ohservabons are required 1o produce “aceeptahle™ ostintates for tiie probabilities
ol events?!

trom cither equation 2.0 or 2.2 01 can be seen that tie probability scale ranges
front 2ero to one. A probuhility ol zero means "newdly ™ mypossible and o probatadity or
une means Cabmost™ certain? Sometines probability iy expressed as u percent clianee
wilh @ scule runging from U .to 10U percent. Care mst he tahen toinsore that one does
not confuse the pereent chance vidues with true probabibiiies. A probabitity of | s very
ditferent from a1 pereent chance of oveurrence as the Topmer implivs e event will
“ubmost™ certainly bappen while the Litter mcans 30 will heppen onby 1 time in 104,

In mathematical statistics and  probability, set and vvasare theors are used m
deninmyg and mampulating probabilities. Consider that an expermnent is amy process that
gencrates values off random varubles. Al possible outeomes o a expernment constitute
the sample space. Any particolar point by the sample s o scnple point or clement. An
event bs a collection of elements Known as o set. .
11.\.unplc‘-. L. The discharge o the Keptucky River near Salvisa aver the period of u vear
can be considered as an experiment. The sample space represeniing all possibie outcones
uf the experiment would be the positive numbers, The possible annual maximum dis-
Charge duning the year could be considered as elements or sumple points in the sample
spave. All unnual dischurges above 100.000 L'I_'.s_“gtt)uld represent an event.

To cach ¢lement in the sumple space ol an mpcfimcnl a non-negative weight i
assigned such that the san of the weghts on all of the clements is one, The magnitude
ot the weight s proportional 1o the likelihood that te experiment will zesultin o pan-
gcular element. Ian clement s quate hikely to oveur, that element would line g weighi
of nesr one, I an clement was quite unlikely 1o oceur, that element would e o weight
ot near zere. For elements oulside the sample space. o weighi of 2ero s asstened.

The weights asstpned 1o the clements of Hee simple space are httown as probabil-
itivs. Letung S represent the sample spacec I for e =1, 20 0 represent clements in 8,
A and B represent events in 5o and probtl)) represent the probahitity of |
that

L 1t Tublows

U probek ) | 12,3
Since the samiple space is made up of the totality ol clements in 5. we have

S=u Lt

I.  The term “acceptableis left purposcely vague at tis point,

2. As shall be shown later, the prababiliny of o particuatur value of o rand o variable
being drawn from z continuows probabihity distribution is zero, Yet in sampling
some vabue must be selected. Theretore even though the probability s scro, tie
wevent does heppen, Simitlurdy the probability of not gettimng that value s Loven the?
event ol pot getting the value does not happens This s why the adjectives “nearly ™
and “almost™ are used wath unpossable and certain,

PRORBITY ; S |

und
probeSi= S probeli) = (2.4)

Anevent i made up of o subset of elenients in § so that

A = U:I' m i‘:l
andd #1'
0 problA) = 2 ]‘lroh(liil = (2.5)

These coneepis are illustrated in figure 2.2 as o Veon diagram,

Using notation from set theory and Venn diagrams, severul probuabilistic relation-
ships can be iHustrated. 1A and B are two events in S, then the probability of A or B
shown s the shaded ares of figure 2.3 s given by

profdtA U B = probtA) + probtB) - prob{A 0B) 12.6)

Note that in probubility the word “or™ mcans “either or both™, The notation U repre-
sents o union so that A U B represents all elements in A or B or both, The notation N rep-

L. 2.3, Venn disgram showne AUB and AN B,
‘



S

!1

L Y N

Fesenls un temechion so Ut A B represents all elements i both A and Ho Phe st

tern ol cquabion 2.0 s necded smee probeAs wd probey hoeh inchde probe Y lie
Thus probt A 1E) must be subtracted once s the act result onhv one mchustoneed prob
A B on the night hund swde ot the citation. A wnd Boage mtuatly exclasne tien
hoth cannol oceur and prabeA oBy =00 In s case

probtA L By = prabiAy + probiBi .

Frgure 2.2 itlustrates the case where ovent A and 13 wre muioally oxclisine winde tigure
2.3 shows A and Bowhen they are not mutually exclisne,
If Ac represents all clements i the sample spoce S that are ned .\, then

AL AT =S
and from equation 24 we e Hial
|ﬁuh(A UAYES

Thus statettient says that the probability of A ar Ac is certainly sinee one or the other
atust oveur. Al of the possibilities have been exhausted. Sinve v amd A are matoalhb
exclusive

probt A U AS) = probt A+ proif Ay = |

of we have the very useful result that the probubitity of an cvent A CUCHTEINE 10 3 -
desn experiment is

N -

probtA} =1 - probtad) : ‘ ’ 2.7

Lguation 2.7 many times makes i casy 1o evalugte prababibity by st ovaloating the
probahility an outlcaniv will not aceur, A s hnows s Hiwe compleinent of AL

It the probabibity of an event B depends on the oocurrende o event Al then we
write probiB 1A and soy the probubility of B given that A has occurrad, T proabilB i
is 4 conditiung! probubitity. The probiBris condinonad on the tact thad A e oceurred.
Referring to figure 2.3 it is apparent that conditiening on the vccurrence of A restrcts
comsideration (o A, Qur total sample space s now A, The ovcurrence of Buiven that
has accurred is represented by AVB. Thos the probfB 1A i miven by

probtB A = probtA BBy probtAy (2.8

asstitiing of course that prob(AFU. Equation 2.8 can be rearraged 1o give v probalbil-
ity of A und B as

problA HB) = problA) probil | A

Nuw it problls iA) = prubt B we say that B is swdopeadent of A Thus for olepomlont
evenly .

probiA 1B = probi Ay prond t2h

— ProbtAnB) = 0444 5 G = 0407

PROBABILILY ) I

~
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Faample 2.2 Laine the data shoswn i table 200 estimate e pm.l';uh‘i!‘il}"-lilAlgl-_u”p?ukk

How in excess of 100.000 ¢fs will occar in 2 successive years on the Kentweky River near
Sulvisa. Kentuchy.

Solution: From tble 2.1 it can be seen that o peak fow of 100,000 ¢fs was exceeded 3
times in the oo-vear record, I is assumed that the peak Nows trom yeuar (o year afe in-
dependent, then the probability of exceeding 100000 crs o any one _\‘cur‘is 4pproxi-
{;1;|1L-|3- Fo0 or U435 Apphing cquation 2.9 the probability of excecding 100.000 ofs
BN LW sttcvessive years s Tound 1o he g.0458 ?_\'_9._!1455__L!}'_(_J_QQ:Q?_;_ o

Exumple 2220 A stody of daily rainfiall ar Aslland, l\'cm.ucky. lhas shown that m fuly the
probubility of o ruiny iy Collowing o rainy day is Q. 3344, 5 dry day following o dr». duy
is U724 ruiny duy Tollowing wdry day i 0.276 apd o dry day Tollowing a rainy x.iuy |§
GLE56, 100 s observed that o cortain July day s rainy, what is the probability that the
nexd two davs will also be ruiny?

So]mu‘m: Lt All'w a Fui’r)y day | ::.nd B be @ rainy day 2 following the intial rainy
day. The probability of A is (434 since this is the probahility of 2 rainy day lollowing
a cainy day, e

- prubtANH) = problA) probiB | 