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DIRECTOR IO DE ASISTENTES AL CURSO DE DISENO Y CONSTRUCCION DE ESTRUCTU
RAS ESPACIALES Y DE CASCARON ( DEL 2 DE OCTUBRE AL 17 DE NOVIEMBRE DE

I'..'TQZZ )

NOMBRE Y DIRECCION EMPRESA Y DIRECCION
1. ING., JAIME CASTILLO VAZQUEZ COMPARIA DE LUZ Y FUERZA DEL CENTRO,S.A
Amatista No. 55 Melchor Ocampo No. 177
Col. Estrella México, D. F.

México, D. F.

2. ING., JOSE LUIS CERVANTES ELIAS COMPANIA DE LUZ Y FUERZA DEL CENTRO,S.A
Norte 85 No. 517 Melchor Ocampo No. 177
Col. Libertad México, D. F.

México 16, D. F.

3. SR, BALFRE DOMINGUEZ GUTIERREZ BUFETE INDUSTRIAL DISENOS Y PROYECTOS;
Brillante No. 80 S. A,
Col. Estrella Tolstoi No. 22
México 14, D. F. Col. Anzures

México 5, D. F.

L ING, EDUARDO ESCALANTE ROBLEDA SECRETARIA DE OBRAS PUBLICAS
PMéxico, D. F. Av. Fernando No. 268
México, D. F.

5. ING. PEDRO ESPARZA SANDOVAL BUFETE INDUSTRIAL DISENOS Y PROYECTOS,
Extremadura No. 189-5 S. A,
Insurgentes Mixcoac Tolstoi No. 22
México 19, D. F, Col. Anzures

México 5, D. F.

6. ARQ., JUSTINO HUERTA GONZALEZ COMISION CONSTRUCTORA E ,S. DE S.S.A,
Xola No. 1562-8 Cordoba No. 49-3er. Piso
Col. Narvarte Col. Roma
México 12, D. F. México 7, D. F.

7. SR, PABLO LE ROAL LEAL INSTITUTO MEX{CANO DEL SEGURO SOCIAL
Av. Cuauhtémoc No. 1103-1 Reforma No. 506-170. Piso
Col. del Valle México, D. F,.

México 12, D. F.

8. ARQ. GUILLERMO LUYANDO BUENO
Epigmenio Ibarra No. 11

Col. Romero de Terreros
México 21, D. F.




10.

11.

12.

13.

14,

15.

DIRECTORIO DE ASISTENTES AL CURSO DE DISENO'Y CONSTRUCCION DE ESTRUC

TURAS ESPACIALES Y DE CASCARON ( DEL 2 DE OCTUBRE AL 17 DE NOVIEMBRE

DE 1972
NOMBRE_Y DIRECCION
ING, ALEJANDRO MUNOZ DIAZ
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México, D. F.

ING. RUBEN QUESADAS MARTINEZ
Cerrada de Allende No. 36
México, D. F.

ING, ALBERTO RESENDIZ MOL INA
Nicolas Campa Nte. 1-Bis

Queretars, Qro.

ING, ENRIQUE SALDANA TOULET
Calle Convento de San Lorenzo 8
Col. Jardines de Sta. Ménica
Tlalpepantla,

Edo. de México

SR. DAVID SANCHEZ MARTINEZ
Xochicalco No. 94-4
México 12, D. F.

ING, ROBERTO ELEAZAR SUAREZ REYES
Av. Madero Ote. No. 691
Morel ia, Mich.

ING., PEDRO URZUA RODRIGUEZ
Playa Copacabana No. 127
Col. Marte

México 13, D. F.

EMPRESA Y DIRECCION

SECRETARIA DE OBRAS PUBL ICAS
Av. Fernando No. 268
México, D. F.

COMISION FEDERAL DE ELECTRICIDAD
Rédano No. 14
México 5, D. F.

ARQ. EDUARDO RUIZ POSADA
ING, ALBERTO RESENDIZ M,
Ocampo Sur No. 2-D
Queretaro, Qro.

BUFETE INDUSTRIAL DISENOS Y PROYECTOS,
S. A,

Tolstoi No. 22

Col. Anzures

México 5, D. F.

l.A.E.S.A,
Baja California No. 284-702
México {1, D. F.

FACULTAD DE INGENIERIA UNIVERS IDAD
M1 CHOACANA

Morel ia, Mich.
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CALCULO SIMPLIFICADO JUE LOS ESFUEREQS DE MEMBRANA EN UNA

CUBIERTA DE CONCRETO TIPC "CASCARGN" EN FORMA DE CONO

ARQ. JORGE MOLINA MONTES

Las exigencias de un proyecto arquitecténico en el cual

as cubiertas-de la bomba de una estacidén de servicio de ---

ﬁMEx, estaban resueltas con unos conos invertidos descanuan=-
do sokre una columna central, hizo posible la bfsqueda de los
esfuerzos de membrana en una superficie cdnica. Nos dimos ---
cuenta que el proceso se podia simplificar partiendo unicamen_
te de ecuaciones de equilibrio dadas por el sendido comGin, —--
En este artficulo presentamos dichas ecuaciones y las comparamos
con la teoria de la mgmbrana posteriormente.

En la Fig. 1 ase muestran las condiciones arquitectédnicas

de la cubierta y también las constantes geometricas que la defi

nen.
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I.- Ecuvacionos ds8 equilidrioc @ al mitodo simnlificado

las premisaz scbra lac cuales doscansa asto mbtodo con
las que 8o doscriben a contimuaciéng
las fuorzas extansionkles quo actﬁan sobre la membrana
Ba dividieron on unad radial, llamada S:x dada ¢n uni-—-
dad de peco entre unidad do longitud, y otra siguiendo
la direccidn de 1a tangente al cfrculo de corte llamada
Sn .Estos esfuerzps do membranad ©@ roprosentan on la-
Fig., 2. Sus proyeccicnes sobrs un plano horizontal las
llamamon G:x Yy Gz respectivamento,

Estas fuerzas son principales, estos &8 no oxisten-
fuaress cortantes pa-alelas a ellas. "

la carga extarior, denominada g o8 unacarga vartical -

dada en Kg/m2 gque actua sobre la superficle media.




cdlculo da_sr

Elegimos un corte cualquisera por uh plano -
horizontal (7) llamado r al redio del cfrculo en el -~
corte. El area arriba del corte serf la semisuma de-
los perimstros del ¢irculeo superior, o e frontera,-
de radio R y del cfrculo inferior de radic r, muiti-
plicada por la distancia, scbre el cono, entre los -
dos cfrculos, Si esta superficise la multiplicarss por
la carga por unidad de area g, obtondremos.la carga-

total del pland de corte,T

T (R—r®)
Areas S;ss

g (R®—r®)
Carga= cos B

Esta carga por unidad de longitud serds

= ...§;£ RE rz)
CcosOv’

|

En virtud deo que se han supucsto solamente =~
como fuerzas actuando en el corta a St y a Sk 13
proyeccidén vertial de Sy serd igusl a la carga total
por unidad de longitud en el corte citado,

Por tanto:

Si= 9(R”- r2) (ﬁIE

Y sen: 28

Cumplimiendo ad{ con el equilibrio vertical.



Cclculo dg Su

para el cdlculo deol asfuerzo Sy a lo lar-
go de la direccidn de la tangente, es necesario hacer
un corte unitario de la superficie, como 88 repreden-

ta &n la Pig, 3

El esfuerzo tangemcial inducido por la --

presién h en un anillo es;

Sg=hyvy

Por tanto:g 57
) | R —
T Yan B (2)

Las expresiones (1) y (2) nos dardn en cual

quier punto de la superficie los esfuerzos extensionalex
deseados.

En la expresidén (1) cuando r = 0, S;esta in-
determinado. Esto es, en la cercanfa de la columna, el -
valor de Sy es muy grande, Para evitar esta dificultéd -~

se aumenta, en un radio r tal que el esfuerzo S; sea el-



permisilrle, el espesor formado una placa Qﬁé’sendiaeﬁa
a flexo -compresiofi, Por no cumplirse la llamada teorf{a
de la membrana en ese tipo de placas donde no puede des
preciarse el espssor.

La comparacién de este método se presenta a con-
tinuacién partiendo de las ecuaciones da equilibrioc de-
membrana para sugerf;cies de revolué;én obtgnidas por -
A%élf'Pﬁcher. |

II.~ Ecuaciones de equilibrio en coordenadas cilindricas.

En la figura (4) se muestra el estado de¢ equjli-
brio de un elemento de una superficie cualquiera z=e, ")

de revolucidén.

e

Z, P, v ¢ son la carga actuando sobre la superficie pro-

yectada



+Gn9=‘éj{:“"‘"" Gz = S1 co3 &

GE =« 5
D= ¥ d‘f = 7T oos@
—— dr % = T
AD o —oo B

Lag ecuaciones de equilibrio smogin la diroccidn ~
radial, la Gireccién de la tangente y on la direccién-

del @je 2 song

(s . e L D48 Leeo )
@ g S gird -0 o
J(th':‘“ 9) . :" G.;‘\'ane <+ 'V JC‘;:MB‘)*Z Om}

Para obtenor la funcidn &o fuerzas em'mticaa, Ob=

gervemos que;

| 4 ¥ I 4%
Gr=—z Jor T v + A

(b) { GE= j“: ~ B

v ' ! JF‘)
_1 dr 1 g 4l
re dyg r drdl Jr.

berévando parcialmonta las ecuaciones (b) y ousti-

tuyuendo en las ecuacionos (a) quedanu

AL —J;--B“’P"'o A"“j (Pa—jso frd'(‘)dr
L L2, Fuo - B:-—f frdﬁf .
R e e e S0 5]




Aplicando a nuestro case particular la ecuacionzs -
obtenidas para el caso general arnteriormente; en primer-
lugar la carga 2 es la carga g obrando sobre la proyeccidn

de la superficie ver Fig. 5

o4 g= z cos D

51 ‘ ri
! l / é_.f—-:r.—‘l’dﬂs

la ecuatidn de una generatriz recta del cono €s —-
igual a z= - r tany 2= £ (r ) por ser un circulo completo.

A Yy B dependen ée P y ¢ que en nuestro caso son nulas
J F

vy :Opor las condiciones de carga y ovor la simetria.

ntonces de la solucudn de (d) .

51 hacenmos;

Z_ .\

tan®



Por tani:oa S —— XD

r
Intongrando; S — = £ Cy c
Jr = ()

* Poro da (c)

z
d°F _da 4

Sedg 9
y da (4) d 1==r<sc‘ _4,.255_530
Jt’? ALP oY

1o cual implica queg %_C.E_uo

Aplicando la condicidn de borde para r=R, g = O, =

ontonces de la la, ecuacidn de (b)

| SE L L ARE _
"= Jqt % (5-+c)=0 (<)
Por tanto ¢, =-aﬁ.§-z (M

Intruduciendo este valor da la acuacidn (£) en (&)

b3 AR? ST he2 2

+_ -~ r 2% _ A AR

Jd 2 Jr . = (a)
_‘.{.f_-:: Arxr '

Jr?



En la la. ecuacidn ée (b)
— z__R?
Gtr= ﬁ}.(f )

Gﬂ: A\’
& = O

las ecuaciones antericres dd las proyécciones—
de los esfuerzos de membranas en cwalguier punto de

g
la superficie, Cambilando Z por;;-é Y ag Y GgedoX s

Y s; resultag

. Z
St=Chp v SueGmeer® ¥ =iy

Sr. O (r3—R?)
2r sen®® cos©

S1e s 2 _R*
: \'s«mZQ(r R)

ST e 2
Iv +an O

Que son las mismis ecuaciones obtenidas anteriormente.

III.~ Solucidn de caso practico.

En el caso practico que se resolvieo donde g=200kg/ o

r= 7.00 mt y O = 16° =z 200x7 x 7.50 = 4555 kg/m.l.
Z.15

Cue si espagiamos las barras de refuerzos 20 cms., nos

daria una fuerza de 911 kls., que puede'ser tomada ame
!

pliamente porbarra de 3/81:.

El esfuerzo 5, max, se encontrd a la orilla del plato~

y susvalor fue des -



200 (49 = 2.25) 11,765 kg/ m.1l. por
' 1.50 X 0.53 unidad de espeso

De donde:

fo o 11765 = 28.82 kg/on®
500
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FORMULAS GENERATES PARA EL CALCULO DE ESTULRZGS -
CASCARONLS PARABOLOIDES-HIPERBOLICOS

por ¢l Sr. Arquitecto Don FiLix CANDELA

Datos sobee el Autor:

El Sr. Arquitecto don Félix Candela nacié en Madrid, Espara
cn 1910, y en 1935 recibis el titulo de Acquitecto de la Escucla
Superior de Acquitectura de Madcid, Radica en México desde
1939, y en 1941 obtuvo la ciudadania mexicana, Después de varios
aflos de practicar la Arquitectura en [México, fundo en 1950,
junto con su hermano Antonio, la Empresa "Cubiectas Ala, S. A,

i e N
2

.- espccialista en el diserio Yy construccién de estructucas de casca-
] L rones de concreto armado. Como Presidente de esta firma ha di-
! 2 W1l sedado y construido tan solo en la Ciudad de México més de 300
- \ V219 estructuras de cascaron. Ademés ha actuado como Consultor en
é.\- N varios proycctos dé cascarones en Sud, y Centro A@érim,; ¥ tant-,
Lets ‘\ P43 bign en los Estados Unidos, Desde 1953 tiene a su cargo una Céte-
%Z. . \EL dra de Proyectos en la Escuela de Arquitecturn de la Universidad

Nacional de México.

A partir de 1955, cuando en un estudio previo del mismo autor, publicado
por el Instituto Americano del Concreto,* aparec.6 la designacién “"FHVYPAR" **
ésta ha sido aceptada con beneplacito, tanto por los l.igenicros cuanto por los
Arquitectos, y es ahora amphamente usada en todo el mundo.

Poco después de publicado dicho estudio 00scevé ¢l autor varios errores
en c] texto que obscurecian la exposicién, y un canbio de variables que moti-
vaba que las férmulas finales se hiciescn inneccsa:iamente comnpiicadas.

En lugar de hmitarnos sélo estrictamente a coricgir el texto omiginal, he-
mos considerado mas conveniente, en vista del eninieo cada vez mayor e las
cubiertas constituidas por este tipo de cascarones de concreto armado, publicar
un conjunto de férmulas mas generales. Estas <on las que permiten calcular
los esluerzos en un hypar cargado con su projio peso, pero colocado en el
€spacio en una posicidn arbitraria, es decir, con carga que pri cnta componen-
tes a lo largo de los tres ejes del hypar. Las formulas mejor conocidas para el
hypar con su eje z en posicién vertical pueden deducirse como casos purti-
culates a partir de la serie de ecuacio
que présentamos. '

nes de caricter mas general quec son.las

* " Aplicaciones estructurales de los cascaroncs poraboloides hiperbdlicos”, por Félix Can-
dela, Revista del Instituto Americano del Concicto, Vol. 25, No. 5. Lnero-1955.
** Con objeto de simplificar, sc ha sugerido abreviar el nombre de para

d arcboioige hiper-

bélico empleando Ja designacién "HYPAR” que se ulliiznid de aqui ea adelante.

269



290 4 JUNTA -«°LGIONAL ACI, EN MEXICO

Los anolaciones y figuras son las mismas que empleamos em el estudio
antes lado, excepto en aquellos casos cuando se indiq - cosa en contrario.

Definicidn de la superficie

Supongamos dos rectas no paralelas en el espacio, las cuales no se cortan:
HOD y ABC (Fig. 1) y a las cuales provisionalmente llamaremos directrices.
Las lineas rectas h, que interceptan ambas directrices, y que al mismo tiempo

(1]

s
Definicion delo  Superficie -
FIG 1! .

son paralelas al plano xOz que llamaremos plano director son las que definen
la superficie. Estas ultimas rectas las designaremos como el primer sistema de
generatrices. ;

Las dos directrices precitadas determinan a su vez un segundo plano di-
rector yOz, paralelo a ellas. La superficie puede considerarse como generada
por un segundo sistema de generatrices i,, paralelo a este plano y que inter-
cepta cualquier generatriz h, del primer sistema,

El hypar esta constituido, por lo tanto, por dos sistemas de lineas rectas
h. e i, cada sistema paralelo a un plano director, formando ambos planos un
angulo arbitrario . Cada punto de la superficie esta determinado por la inter-
secaién de dos lineas rectas, que quedan dentro de la superficie,

Tomando como ejes de coordenadas a las dos generatrices que pasan por
la corona del hypar, y el eje del hypar o sea la interseccion de ambos planos

.

ESFUERZOS EN PARABOLOIDES HIPERBOLICC. 291

/
dircctores, la ecuncién de la superficie, en estas coordenadas birectangulares,
sera:

z =kxy (1)

siendo k una constante que representa la pendiente unitaria o el alabeo del
hypar (en la Fig. 1, k = AA’/[OB . OH]}); xOy = w pucde ser cualquier
angulo; xOz e yOz son angulos rectos.

Esta es la ccuacidn mas sencilla posible de segundo grado que liga simul-
taneamente las tres coordenadas de cada punto. é;uando los planos directores
forman un angulo recto (o = 90°) el hypar es equilatero o rectangular. Cuan-
do w es cualquier otro angulo, el hypar es oblicuo. Las secciones planas pa-
ralelas a los planos bisectores del angulo diedro director xOy son parabélicas.
Se les designa como parabolas principales, y su curvatura es, respectivamente,
hacia arriba (GOC), y hacia abajo (AOE): de aqui que la superficie sea
anticlastica o de doble curvatura inversa. Todas las demas secciones planas
Y sus proyecciones sobre el plano xy son hipérbolas o su degradacién en dos
lineas rectas, excepto aquellas para?e]as al eje z las cuales son parabolas, y
por supuesto, los cortes paralelos a los planos directores, los cuales son gene-
ratrices rectas. .

Como una superficie de traslacién (Fig. 2), el hypar puede considerarse
como gencrado por una parabola principal ABC que se mueve paralela a si

©

Lo superficie de! Hypar presenta dos sistcmas de
generulrices parobdlicos

FIG.2 ‘

misma a lo largo de la parabola principal inversa BOF. Por lo ' (o, I “uper-
ficie presenta dos sistemas de generatrices parabolicas. Cada sistema esta
constituido por parabolas idénticas situadas en planos paralelos

Ecuaciones para cl calculo de esfuerzos en cjes birectanyulaivs

Las ecuaciones para el calculo de esfuerzos de membrana,* en una .uper-
ficie representada por z = [{xy). en un sistema de coordenadas en ol cual
el angulo xOy puede presentar cualquier valor « y tanto xO:z, cuanto yOr son

* Debe considerarse que en el presenie estudio, los esfuerzos efcridos, wen, h blando
estrictamente, esfuerzos unitarios multiplicados por el espcsor del casos on,



JUNTA REGIONAL ACIL, EN MEXICO

angulos vectos, se obtiencn,® expresando el equilibrio a lo largode x, ¢ y 2
Je las fueizas que actian sobre el clemento superficial, mostrado en la Fig.
3, y en la inteligencia que_se desprecian las diferenciales de segundo orden.
Se tiene asi:

vy or
?-’f -+ “5"!}— = —Xsenw (2a)
or vy
v + By —Y sen (2b)
tve + vy + 25t = (pX + qY — Z) sene (2¢)
donde, de acuerdo con la notacién de Monge
_ 0z oz __ 9z 0%z . _ 9z
P=x ' T ST oy Ty ().
-‘C\l"—kto — KX o

[

N\

<
7/

- " o o S o O

§
[}
t
1]
¢
]
1
¥
[
i
!
t
|
1
1
)

El onquio ox estd tarmado por la
interseccion de 0os generalrices

FIG 3

ademas v, v y r son las proyecciones de 16s esfuerzos reales sobre el plano
xy (Fig. 3).

v = LI N A
£ = s 1+‘“E-.T- vy = gy “I""_i"_-'a-;: r=T (4)

3

)

'

ESUUERZOS EN PARABOLOIDES HIPERBOLIC

X, Y,y Z son las coordenadas de los componentes de las fuerzas externas me-

‘didas por unidad de supecficie proyectada sobre el plano xy.

Todas las fuerzas, esfueizos, y direcciones de los ejes de cooidenadas
representados en la Fig. 3, se consideran como positivos.
Ya que el hypar estd representado por la ecuacion (1):

p=ky q=kx r=¢t=0 s=k, (5)
la ecuacisn (?c’) je convierle en:
2kr = (kyX + kxY — Z) senw (6)

Diferenciando la ecuacién (6) con respecto a x, e y, substituyendo en la
ecuacién (2a) y (2b), e integrando las expresiones resultantes, se obtienen
las soluciones generales para vz y vy, que contienen funciones arbitrarias res-
pectivamente ya sea de y o de x las cuales deben determinarse para las condi-
clones de borde. La ecuacién (4) da los valores finales de los esfuerzos reales
O Oy Y T,

ebe observarse que o, y ¢, son componentes oblicuos de los esfucr-
zos, ya que son paralelos a los lados d's, y ds; del elemento de superficie. Por
consiguiente, el diagrama comin de Mohr o circulo diddico no puede usarse
para obtener los esfuerzos en otias secc:ones, excepto en foima sélo aproaima-
da en hypares rectangulares muy planos, ’

El angulo « (Fig. 3) formado por dos generatrices que se intersectan se
obtiene mediante:

Pq + CoSw

COSa = .vf(l +P2) (1+q2)

(7)

En forma analoga, el angulo 8 formado por cualquier seccidn contenida ¢n
el primer cuadrante, y la porcién positiva de la generatriz x que pasa por un
punto (Fig. 4) se obtiene mediante:

pqp + Cos wg

©OSB= VT 45 (1 + qia)

(8)

En el cual og es la proyeccion del angulo f sobre el plano xy y ¢a c> la
tangente trigonométrica del angulo formac?o por la linea recta que representa
la seccién con el plano xy. Con objeto de evitar ecrrores, es indispensable ape-
garse estrictamente al empleo de los signos convenidos. El signo del producto
pqp sera positive cuando ambas lados del angulo g son ascendentes o descen-
dentes a partic del vértice. Sera negativo cuando un lado va hacia ariiba y «l
otro hacia abajo en relacion con el propio vértice.

Los esfuerzos normal y tangencial eg y rg en cualquier seccion como la
indicada se obtienen considerando el equilibrio en las direcciones vy y 1y .2s-
pectivamente (Fig. 4).

sen® g

sen «

2 sen B sen (B -— a) ba sen? (B — «) (9a)

sen a Sen o

g == Oy

sen (B — a) cos (3 ——a)
sene

sen icos 8 sen {23 —a)
s = —a, — — gy
Sen sen a

- (Ub)

293 1
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Condiciones da Equilibrio

FIG 4

Se determinan las direcciones de los esfuerzos principales igualando 7
con cero en la ecuacién (9b)

2rsen o + ay sen 2a

10
o; + 27 cos a + o, cos 2a (10)

tg2 8 =

7y (90° — #) son los angulos de los esfuerzos principales con la parte posi-
y g

tiva de la generatriz x que pasa por el punto considerado. Los valores de los

esfuerzos principales son:
princip

20 @ 0 — 2 (8 ,
o= a sen + 2 sen @ sen ( a) +oa sen? ( a) (11a)
s5en a sen a SEn o
*9 ] g - 2 (8 —
S cos 5, Cos 6 cos ( «) o cos” ( a) (11b)
sen a sen a sen a .

Hypar con carga uniformemente distribuida en su superficie (carga muerta)

Supondremos en este analisis que el eje z del hypar tiene una posicion
irbitraria en el espacio. En consecuencia, la carga tendrd 3 componentes X,
Y,y Z,, alo largo de los 3 ejes del hypar. Estos componentes estan relacio-
1ados a las fuerzas X, Y y Z (tal como aparecen en las ecuaciones: 2a, 2b,
2¢), por la relacion entre el area real del elemento de superficie, y el area
de su proyeccion sobre el plano xy.

X dx dy sen v = X, ds, ds, sen « (12)
De la ecuacién (7) obtenemos:
] 2 2 242 022 2
sen?aq = + p? + ¢ + pg ~pq C?Sm 2pq cos w (13)
(1+p%) (1 +q°)- :
sen a = Vsen?w + p? + ¢* — 2pq cos w
VAT + p3) (1 + ¢°)
idemas (Fig. 3)
: ds, d e .
e T secy = V1 + p%4 ﬁ:‘:sec&:\/l + q% (I4a "

5
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Substituyendo las ecuaciones (13, 14a, 14b), en la ecuacion (12), sc
tiene: :

Xsenw =X, \/sen’m+p’+q2—~21)qc05w:: X, V¢ (15a)

siendo

¢ = sene + p? +q* —2pqcos w = sen®o + k%y* + k*x* — 2k’vycosw (106)

A:dlogamente .
Ysenw =Y, V¢ (15b)
Zsenw=2,Ve (15¢)
y finalmonte las ecuaciones 2a, 2b, y 2¢, se ti. asforman en:

aV_g af —

or ovy —_

IMAIRTELAd S 7

Py + 3y Y.Ve (‘l b)

Z,
r=( X+ ;Yl---ﬁ-)\/‘ (17¢)

La ecuacion (17c) es una expresioén algebraica la cual inequivocamente pro-
porciona el valor de r en cada punto. Diferenciando {17c) con respecto a
x, e y, sustituyendo estas diferenciales en las ecuaciones (17a, 17b), e inte-
grando las ecuaciones resultantes con respecto a y y x, se obtienen las ecua-
ciones para v; ¥ v,.

or
ay

—— X COS )

2V

:lé.xl\/:;‘.+ AL

x(y — x cos »)
1 5

+ kY kZ -
2V Y2V
Sustituyendo en la ecuacién {17a)
1 o~ k:X‘ y: ‘""“k ny
L 3X N -
Vi 5 J‘[ 1 Vo + vz +
k"‘Y — k2 w 2] X ?
+ ( 1 Y k? cos {l g+ k cos Z,)\. e ktcosw Y, __f‘__:] dxy
Ve Vi

Resolviendo la integral anterior se tiene

LN

1
ve = [—4— {cosw Y, —3X,)x +(-g—cos¢.;X,—-~£-. Y, + %‘:w yl)y__ 1
= ' )
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I}
—gpeosez, ] Vi [ (=3 )
o7 b 3 ksen’mX,—..:-i-.kcmmsen‘mY,)y +

1
+<--Z sen? \ A
S

Log, e — ky cos v 4 \/“

senu\/l +k’ it h)

0 en forma abreviada

Yy ::(Alx + Azy + Aa)\/;“‘(lq

en Ja cual

4_']2 + Asy 4 Au)LOQ» [X'I] + fl (y)

1
Al :T (COSN Y]““"BX])

A =2 1 3
2 = os:uX,---zY,+-4—cos’wY.

_ 1
A, = 5p s Z,

A :::~£ 3

A, y ksen’mx,—~—§-kcoslusen‘m Y,
. 1

A,ZTSEH mZ

A

_ l s L
g - ‘i’—‘-sen’m(.aX,-f-COSw yl)

X, = thA‘yCOSw-f-\/;; ’ ‘
sen w VI - IE’_;;.;

Analogamente

¥ i
'-( y 2 .'l) #’ ( 4 5 ) g [ ] f( )
v B *"B-x *‘B “ I B-x I B-x l BG L'on )T l 2\ X

donde, e
B =1
1= (cos:»X.~3Y1)
5
B, = — 0 I 3
: § °os Y,-»--z-X. “+ 05?0 X,

7 sen’ m(3X, ‘+cosw Y )]

(18a)
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1
B, = mﬁco.‘;w.ﬂ = A,
By = _____“15{ k sen’ o Yl m% kcosw: ntaX)

Bs __!. sen? v Zl Al’

[ 8]

(3Y: 4 050 Xi)

Ba:""‘a%senzw
ky —kxcoso + \/E

Y, = s
! sen w. V1 + kix?

Fo (y) y . (x) en las ecuaciones (18a) y (18b) son funcivnes arbitraiias
de integracién, las cuales nos permiten satzsfacer determinadas condiciones de

borde.

Casos particulares

Las sxmp]xfncacxoucs de las ecuaciones (17¢, 18a, 18b), para otras indlina-
ciones de los ejes en relactén con la vertical o para hypaies rectangulzies se
obtienen facilmente mediante la cancelacién de los valores correspondientes
en las ecuaciones generales. Las simplificaciones mas comunes son:

a) w = 90° (Hypar rectangular)

senw =1,cose =0 A, =8B,=0
Vé=VITRyF T i

w=(Z X g Ve 2 )V

(19a)

3 ) 5 1 3
TX,I-——"Z“' Yly)\/ii_"'*’ (..-....--4»—- kX1y2‘+ -i-nywfﬁ'X\) .

vo=(—

kx+\/—

- Loga —mmmer b
T T Ry

+ f1 (y) (196)

5 1 3
)\/_ -} (—w:—{-kylx' +——2‘le—‘47“ Y]) .

fz (-\) (1‘«'1)

b) X, = 0: ¥, = 0 (Hypar con el ¢je - wrtical) (Liig. 5)
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’ iz
Carga umformements rogarhido sobre lo "uperficie, y
actuando en la direccicn da Z
. FIG 5
T = — L Z, V¢
IE ¢ (203)
1 1 A4
= —--~-2'Ezl C(?im v;'i' "i‘senzﬁ.iz;y Logn_k;”r——k!j‘co-sw + $ +f1 ( )
‘ - : sena VI + k*y? Y
(20b)

l ” 1 T
=z COSw\/¢+-—-~se2 Z ky"—kaOSm'i' @
i n*e Z,x Log, h A
kh 2 g o VIiT oS + [ (x)
. (20c¢)

<) Xy =20, Y, =0, 4 == 00° (Hypar rectangular con el eje z vertical)

—— l |
T—““*"'z-—k—.zl V¢ (213)
1 kx + Vi )
'l«—."""'Z L nmq"‘—“i‘
=g Zylon 2t ) (21b)
L1 ky + Vg ‘
. =5 Z.xTog, ”\7‘1“";:7;;;{ + F (x) - (21
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d) X, =0,Y,=0,Z, = Z = g = constante (Fig. 6) (carga uniforme-
mente repartida sobie la proyeccion horizontal, siendo vertical el eje z).

r= -—-—g—;—e»ke—?- = constante (22a)
ve = fi (y) (22b)
vy = fa (x) "(22¢)

b (y). y F2 {x) son funciones arbitrarias de integracién y pueden tener cual-
quier valor, inclusive 0, lo cual da v, = 0, v, = 0. En este caso 0 =~ /2 y
ambos esfuerzos principales tienen el mismo valor absoluto de 7 y su direc-
cién es aproximadamente la que se tiene a lo largo de las lineas bisectrices

del angulo . _
Gy = Oy = lfl (23)

Corga uniformemente repartido sobre lo proyeccion horizontal
FiG. &

Este caso, muy particular, es ¢l mas cominmente conocido, pero debemos
recordar que tratindose de una simplificacién aproximada de la férmula ge-
neral, que supone a g practicamente constante y « casi igual a » en cualquier
punto de la superficie, sélo puede aplicarse en un ndimero muy limitado de¢
casos, cuando el eje z es vertical y la superficie es suficientemente plana pars
permitirnos considerar la carga efectiva, como uniformemente repactida sobre
el plano xy. Si la clevacién se incrementa sustancialmente, o el eje = deja de
ser vertical, se deberin emplear las formulas mas generales.

Debe observarse que en todos los casos el valor de r se define en form:
fija, mediante la ecuacién (17¢); pero los valores v, vy y vr ¥ a, pucden se
vaniables que dependen de los valores seleccionados para las funciones arhi
trarias de integracion f (y) y f: (x) que aparccen g las ecuaciones (18
18Dh). isto significa que los esfuerzos oblicuos en uu&pcrhcie nn ot

{

f
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son estiticamente indeterminados, o hiperestaticos. Para poder determinarlos
necesitamos fijar Jas condiciones de borde o arista. Esta propiedad nos da al-
guna libertad para seleccionar los dispositivos de borde o de soporte,

Condiciones de borde

a) Hypar-limitado por generatrices rectas

D':in)ndo los valores convenientes a las funciones arbitrarias de integracion

3 . '
fs pgsn le dejar dos lados contiguos de cualquier cuadrangulo alabeado exen-
os de esfuerzos oblicuos. Pero por supuesto los esfuerzos en los dos lados

Formas estructwales obtenidas por osociac:
Flg. 7

on de cuadrdngulos olabeados

opuestos t A ij i
apfuerzas c;?]?raln un va]i'or fijo y determimado, Y estas aristas estardn sujetas
Trge qos o Césts que Ff(}ben sopor]tarse proveyendo un apoyo coatinuo a lo
arg as. 0 stgnitica que en la practica sera ici
0 d suficiente encontrar el val
numérico, que debe sumarse a | cveratris (dens
. a los esfuerzos a lo largo de «ad i
franerico. a lo fargo de <ada ¢-aeratriz (den-
ntramado de ellas que queramos considerar) para poder satis'u:ér las

ESFUERZOS EN PARABOLOIDES HIPERBOLICOS 301

vondiciones de apoyo en determinado borde. Podemos por ejemplo, suprimir
] componente oblicuo del csfuerzo a lo largo de un borde, introduciendo
como Av,; o Av,, un grupo de esfuerzos iguales y opuestos a los resultantes en
ci propio borde segin las ecuaciones (18a) o (18b), pero esto involucra la
ntroduccion de los mismos esfuerzos adicionales en el borde opuesto, como
si cada-generatriz fuese un tirante o un puntal, y producird por consiguiente,
alteraciones en el estado de esfuerzos en los punins interiores de la superficie.

De estas considcraciones resulta que un cuadringulo alabeado sencillo
sometido a este tipo de carga, no puede estar en equilibrio, a menos que si~
wuiera dos lados contiguos estén provistos de miembros de borde o elementos
d¢ apoyo capaces de resistir cargas en cualquier direccion. Consideraciones de
simetria en la asociacion de varios cuadrangulos alabeados pueden motivar sim-
plificaciones de las condiciones de apoyo necesarias; pero cxisticin siempre
componentes de esfuerzo no equilibrados a lo largo de determinadas aristas
(Figura 7).

Dado que los esfuerzos cortantes a lo largo de las generatrices se han
considerado como fijos, es imposible que cualquier borde recto quede exento
de esfuerzo cortante. Las fuerzas tangenciales resultantes de la adicion de es-
fuerzos cortantes a lo largo del borde deben ser soportados por el propio-
borde trabajando en tensi6n o en compresién.

b) Hypar con bordes de curvatura arbitraria

Puesto que en las férmulas (9a y 9b), que dan los esfuerzos normales y
tangenciales sobre cualquier seccién no paralela a las generatrices, o, y o,
pueden tener cualquier valor arbitrario, es decir, son variables, es posible en
el caso de un borde curvo dar a ¢3 y 75, cualquier valor optativo, inclusive cero.
Cuando se anulan o3 y 73 a lo largo de dicho borde, es claro que estando este
borde exento de esfuerzos, no requiere ningin elemento auxiliar de rigidez.
Lsto pucde dar como resultado un borde de lineas extremadamente graciles.
Los valores de o, y oy requeridos para anular og y 75, se obtienen haciendo las
ecuaciones (9a, y 9b), iguales a cero.

] :,-‘:_,EEE‘.;(%‘E_E)_ (24a)
3, = sen (24b)

T sen {8—a)

Si por otra parte, fijamos de antemano los valores de o3 y 3 correspon-
dientes a cada punto del borde, los valores de o, y ¢, necesarios para equilibrar
dichos esfuerzos se obtienen mediante:

_ cos (B~ a) ‘ sen (8 —— a
B (s (p—a)

£ sen B sen 3 (252)
- sen 8 cos B
7 = (rp—r) sen (B — a) 7P sen (8 — a) (25b)
Una vez que los valores o, y @, en los puntos de borde han sido determ-

nados, los propios valores a lo large Jde las qencratijces oue miercentan duhe

l
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otde se consideran con un valor ya no indeterminado sino fijo. Cuando estas
eneratrices interceptan otro borde, los esfuerzos de borde resultantes ag. y 5
btenidos mediante las ecuaciones (9a) y (9b) se deberan soportar mediante
m apoyo integro, es decir, un apoyo que pueda resistir fuerzas en cualquier
lireccién., La distribucién simétrica de varios hypares puede conducir a sim-
hficar las condiciones necesarias de apoyo. Por ejemplo, en las aristas de cual-
juier béveda con aristas simétricas, sélo permaneceran fuerzas en el plano
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Boveda por arnis’ bre planta cuadrada L = 20 m, h == 10 m; w/2 == 26° 3%, espesor == 4 o7
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de la arista, puesto que las fuerzas normales a este plano se anulan una a otra
con aqucllas que provienen de superficies contiguas.

Hay algunas consideraciones importantes respecto al analisis practico.
Debemos tener presente, por ejemplo que cuando investigamos los puntos de
cualquier entramado formado por generatrices, estamos empleando un métode
de diferencias finitas, en el cual la longitud real de cada intervalo cambia cou
su posicion, pero los esfuerzos que actiian sobre cada punto de interseccidn,
son esfuerzos unitarios o esfuerzos por unidad de longitud. Cuando los es-
fuerzos sc transmiten de uno a otro extremo de una generatriz, la diferencia
de longitud del intervalo sobre el cual estos esfuerzos estin actuando en cada
cxtremo se deberd tomar en cuenta.

Por otra parte, si empleamos las proyecciones de los esfuerzos v,, y v,
v las proyecciones de los intervalos sobre el plano xy, los estamos distribn-
yendo de acuerdo con una reparticion uniforme, en la cual los intervalos son
constantes. Para transmitir Jos esfuerzos debemos primero encontrar v, a par-
tir de o, en un extremo, trasladar ». al otro extremo, y entonces encontrar
v, a pattir de v, sobre este Gltimo extremo.

En la Fig. 8, puede verse el caso de una béveda por arista sobre una
planta en cuadro: L = 20 m; h = 10 m; o/2 = 26° 34"; espesor = 4 ¢m
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SHELLS OF DOUBLE CURVATURE
BY ALFRED L. PARME A. M. ASCE

Witk DiscussioN BY Messrs, Tunag Au; W, Warrens Pacon; SANTI
P, BANERJER; MaRrio G, SaLvaDoR1; AND ALFRED L. Panmr

StNopsis

A comprehensive derivation of formulas for the evaluation of the membrane
forces acting in any doubly curved shell is presented.” TIor the specific case of
an elliptical paraboloid shell, numerical tables are given, thus simpli{ying the
determination of the stresses. The applicability of theso tabular values to
other doubly curved shells is shown together with illustrative examples,

INTRODUCTION

The great strength of doubly curved concrete shells with edges stiffened by
arches or ribs is due to their ability to support any continuous load principally
by direct stresscs—that is, by axial compression or tension. Moreover, the
gtresses for these shells, including those that are extremely thin, are relatively
gmall compared with the compressive strength of concrete.,, The shell is free of
flexural forces except for localized bending, which may occur near the edges of a

- doubly curved shell, due to the effect on the shell of the displacement of the

edgo members. This behavior is not restricted solely to surfaces of revolution
that are suitably restrained horizontually and vertically at the base, but is
typical of most doubly curved shells with edge becams. As will be described
subsequently, it is not necessary that the edge members be capable of resisting
lateral forces. .

The dircet forces acting in a doubly curved shell are obtained directly from
a considera. . of statics only. There are innumerable coordinate systems
that con be used to express the interrelationship between the internal forces
acting in a shell. It has been found, however, that for the general case the
Cartesian systcm leads to the simplest expressions,

Note.~Publisbed, easentially ns [;)rin_u:d here, in Septomber, 1950, in the Journal of the Structural
Divisian, aa Procecdinga Paper 1057, Positions and titlos given aro those 1a effoot when tho paper or dis-
sussion waa approved for publication in Transactiona,

3 Mgr., Struetursl & Railwnys Dureay, Portland Comient Asan., Chicago, TH,
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16. 1 —ELEMENT OF A SueiL oF DounLc CURVATURE

rorc.lzs CZ?S;I(I?rtuble sim}.)liﬁcation2 in the expressions for the equilibrium of
ﬁct;tioﬂ‘s ;1 el to the. various axes results if the actual forces are transformed into
orces acting on the projected area of the lower element in Fig. 1.

From geometry it is evident that -

- , dpcosy =dy.. ..ot (ia)

dgcosd =dr............ L(1b)

i

The horizontal component of the normal force, Ty, acting on fuce ad is Ty cos ¢ @P
y ¢ siscC

t "Qtre - Conditons in Shells N i
. d y 8 ! " < W
Dansk &Lt ub for Bugnmngsstatnk, C(Lﬁxffxl“:"')go?mllg;én.Pp.b.\(;1}284“ Johan<en, Bygningsstatishe Meddeleders
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Lq. la, becomes T'x (cos &/cosy) dy.

which, by introducing the notation of
al force acting on it as the actual

If the projected clement is to have the same tot

element,
T.pdy = T,z—g—z%dy ..... RO 2a)
or
T., = Ts i_‘(’:‘i ........................ (2b)
Similarly, - T -
Typ =Ty ‘;‘;‘:i ............... JURTOT @)

Equating the horizontal component of the shear acting on face ad to the shear

on the projected element,

S dpcosy = Sp Y. e reeeranennn (4a)
Substituting for the value of dp its value from Eq. la results in
S = Spueneeneenane e (4b)

Assuming that only & vertical load acts on the shell and recognizing that the
forces acting on the element vary from the near face to the far face, the equilib-
rium of forces in the o-direction expressed in terms of Tzp Typ and Sy (horizon-

tal components of the actual forces) yields

3Tzp o 95» _ 5
. 3z + oy TP (5)
Equilibrium of the forces in the y-direction results in
3Typ 4 355 _ (6
3y + 3z ) PR (6)

In order to cstablish the equations of equilibrium o
it is necessary first to obtain their vertical components. The vertical compo-
nent of the normal foree, T's, acting on face ad is T sin ¢ dp. Substituting for

T, and dp their values as given by Egs. 2b and 1a yields

- sin ¢ ’ _ QE G
. 7’.{’,, cos‘l/dy = T,,.J tangp dy = T 3z Yoo oearneror (@)
”. .

The vertical component acting per unit of length along

¢ forces in the z-direction,

the y-anis is, therefore,
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Trp (92/0z). Sunilerly, the vertical comj onent of 7, per unit of length along
the z-axis is Ty, (82/3y). ‘The vertical component of the shiear force on face
adis S dp riny, which equals $; (32/8y) dy which, per unit of length along the
y-anis, equals S5 (92/0y).  Similarly, the vertical component of shear acting on
face ab is S, (d2/0z). Taking into account the variation in the magnitude of
forees from one face to the other, the summation of forces in the z-direction
yields '

&(T"’az) +ay (T"'By) +;3—g;(S"517) +5'1; (Spa';;) +w, =0..... '(Sa)

in which w, is the load per unit of projected arca. qu Sa reduces to

C 9 9% 3z
Teoga + Torgs +28s555
32 (3T., , S, az(aT,,j as,,)
+az( 5% +’a7) ta\ Ty T/ T e ()
Y —_— ,
- % -

By Egs. 5 and 6, the terms in the parentheses cqual zero. Hence, Fa. 8b re-
duces to
‘m 0z &’z %z
T”6_55 + T"’a_y= +2 S"a_"zay

Eqgs. 5, 6, and 8a can be reduced to a single equation with one wixuown by
introducing the function, F, so that

a*F
"a—y—’ == T,p .......................... (90)

O 'F
ST = Tumee e (98)

) and

ar

az ay == Prrrrorc v en stk

These values satisly the requirements of Egs. 5 and 6 and reduce Eq. 8¢ lo

PR & F o *F ﬁ"z

YRR S B T TR S IR T )
RIGEIR a.r’? Uy! A ‘5“. X du £ (1 OJ
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Except for a few speeial cases, the algebraie solution of differential Eq. 10 is
difficult, ard n pumerical procedure such as finite differences must be used.

Fig. 2.~-SECTIONS oF A FIYPERBOLIC PARABOLOID SUKFACE
TARKEN AT 45° 10 THE COORDINATE AXIS

One of the simpler cases to solve is the hyperbolic paraboloid shell subject to
a uniform load. The surface of a hyperbolic paraboloid shell (Fig. 2) is formed
by a serics of straight lincs parallel to the (zz)-plane and (zy)-plane and, hence,
is defined by

The second differential of Eq. 11 equals zero. Therefore, for a hyperbolic
paraboloid shell, Eq. 10 becomes

aF b -
— ——ree 2 YN sk v mm e s e e n 2
Grayab = T (12)

which simplifies by means of Eq. 9¢ to -

. "ab i
Jp T nw .......................... (]3)

Beenuse the differential of S, with respect to y and z is zcro, when the direct
forces normal to the edge are zero, it is seen [~ a the relationships in Ty

5 and 6 that

a

Eq. 14 indicates that the entire chell is subject solely to pure shear of cor

1 H ey Ja N 253 Y2 ) T Y
intencity when uniforrly loaded,  Along the ed rs this unifer shear mst
trsisted Ly 1le edge meraber,

- ! .
I V] S | VG C .
AY

Py = Top = 00 e e e (1) ©

ant,
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This stale of pure shear, which actually resolves into principal stresses of
equal and opposite maguitude acting on sections at 45° to shear plane, can be
deduced from purely physical considerations without recourse to diﬂ:crcntial

As shown in Fig. 2, sections of s hyperbolic paraboloid surface
tahen at 45° to the coordinate axes form identical parabolic arches. In other

cquations.

words, the surface shown in Fig. 2 can be obtained by translating (moving)
a parabolic curve along curve om. The parabolas parallel to om curve down-
ward, whereas those at right angles to these parabolas curve in the opposite
direction. - -

Assuming that the load is cqually divided between the two sets of perpen-
dicular parabolas, it is evident that at the edge the parabolas parallel to curve
om cxert an outward thrust, whereas those perpendicular to this curve exert
an inward pull.  Although opposite in character, the magnitude of these forces

¥ic. 3.—Forces AcTiNG ox Epce Meupens oF PARABOLIC ARCHES

interseeting at any point on the boundary of the surface is equal because the
intersecting parabolas are identical. The net effect, as shown in Fig. 3, ig that
the outward force acting on the edge is cancelled and only purc shear acts
along the edge. This shear must be resisted by a rigid edge member. Becausc
horizontal reactions are supplied to the ends of the parabolas by the interaction
of one on the other, it is valid to assume that the load is carried by a series of
parabolas.

For most hyperbolic paraboloid shells of moderate rise, it is satisfactory
to consider the load as being uniform. However, when the rise is great the
dead load ean no longer be considered as acting uniformly on the projected
area. For this condition the dead load of the shell is

10

U, 7= e
* 7 cosdcosy

T
SHELLS Yito

which, by trigonometry, can be shown to equal

: w,'=m\ﬂ1+(%%)2ul+(%%)’] ............ -(1551

Neglecting , ,
) 41)
ab ab
: - a0,
because it is small, Eq. 15b reduces to - - ]
‘ Z
e\, (hyY
Wy = W l+(~&——) +(ﬁ) ...... (15¢)
From Egs. 10 and 13, ' . -
3 :
FF 2R _ g 2R \f ('if) +(’-‘l) ....... (16)
”azay?ﬂ;—s"abﬂw 1+ ab ab ;

I)iﬂcrcl}tiating Eq. 16 and integrating according to Eqs. 5and 6 yields

T;’p = w%log[%fb+\/—1—+ (%%)2 + (%‘%)2] '-}‘-f(y)...l.(ﬂ')‘

S
T hy+\}1+ ’l_:n_)2+(.’."_y-)2-\+f(x) r(lS)
T”=~w§log b b ab

i which f(y) and f(z) are constants of integration. With only one constant of

e

-

integration available for cach normal force and with two edges for each forece— -~

thatis, atz = Oandz =@ for Ty, oraty =0 andy = bfor .T,,,,——it is ev@er;lt
that, for pure membrane or direct-foree action, normal reactions are required.
oV

\
If normal reactions are not provided along at least one of the two parallel

edges, the surface is subject to bending moments.

~ ALt
[
i

i
k)

-

The elliptical paraboloid is another surface that is amenable to algebraic

solution, although it is slightly more involved than the solutio:.l for the hy}f)e]{'-
bolic paraboloid surface. This surface is gencrated by moving & para ohl.c
curve along another parabola, as shown in Fig. 4(a). The equation of this

surface 18

g i et

The sccond differentials of the forcgoing expression with respect to z snet y

P 2h .
axﬂwag“'..‘
Fz _2hy L. (20b)
d? B

and - )
A T . (20c)
91 dy ’
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(a) FORMATION of

ELLIPTICAL PARABOLOID

{b) FORCES ACTING ° v
ON SHELL \\\‘\4¢/’//

Positive

direction
of sheav}

(c) TANGENTIAL SHEAR

AN
e\ N
ALONG BOUNDARY \L
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Substituting these expressions in Eq. 40;-for a uhiform load, w, = w,

&°F | hya?0'F _ a!
AT REIR T T3k L (21)

Differential Eq. 21 is satisfied if

. e
=—1 3 Aa(coshB z) (cosX y)J By Wt RRREPEp (22)
n=13... b
in which ]
_ Jhinx
B R .. (23a)
and ! i
A= . (23D) 1.
b , A

PR VT i b s e e e———— v e e - ——

In"the forcgoing expressions, the values of n considered are the odd intcgers./\ .
This tan be checked by differentiating Eq. 22 and substituting the resulting
values in Eq. 21, If the value of F is used in accordance with Eqs. 9, the ex-
pressions for the forces are -

s ¢
Tep = [ 2~ -La? (cosh £ z) (cos y}] o R (24a)
n=1,8... £ . .
Tup =~ 2, Aaf (coshfr)coshy.....o.......(24b)

n=lt... .
and

@ - o .
Sp=— Y, AaBA(sivhBz)sinhy............. (24c)

ne=1.8.., . .

At the boundary, y == b, T,, = 0 becavse cosA b = 0 for all values of n.

In order to satisfy the condition that T, = 0 at z == g, it i3 necessary that

adw

2 hs
metric serics for a constant is

be expressed as a Fourier series. The general expression of the trigono-

i 4 (= 1) coghy (25)

nx =T
n=18...

Therefore, at z = d- ¢, Eq. 24a becomes

° . 4(~1 (n-'l)/! 2 '
Tep=0= > {A,.)c coshfa — ['“("‘6‘)7?"" ‘;}:‘:]}cosx y...(20)

ne=18%...

This e;cprcssion can equal only zero for all values of y if

A = 2a'w (— 1)-h2
" axh:XNcoshBa
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« e - .
Substitnting 4, in Bge. 24 and cancelling the coramon terms results in

) @
T =¥ 2 (= 1)-DB cosh gz
Tk [“’ ,,_,z;"_ ncoshfa coshy—~141..... (28a)
Typ =~ wbi2 zn: (= 1)~D2cosh gz ’ ’
. hy |7 nel®... ncosh S a coshyf....... (28h)
and ) ) i . '
-]
5, =--2ab f2 (= 1)V ginh gz
’ Vich, |7 ,,,,z',:“_ ncoshf a smAyl....... (28¢)

By means of Eq. 28 and Eqs. 2b, 3, and 4b, the nctual internal forces can
be computed as the sum of a serics. If hz/h, is greater than unity, rapid
convergence of the serics is obtained for most values, and, therefore or’lly the
first three or four terms (n = 1,3,5, and 7) are required to obtain’suﬂicient
accuracy. Ilowever, at the boundary z = + q the expression for shear con-

verges very slowly. In this casc one can restate Eq. 28¢ at the boundary
z = aas

S, = — wj_f’__ 25 sinh § a k—-l‘"""ﬁ .
? Jhshy{‘ﬂ',,_%m coghﬂa-1 +1 '—“’"",)1——'“ sinA y..(29)

However,

Z"": (— 1)=-1r2

n

sinl\y = 1] TY Ty\? .
n=l,8... y=qlog (sgc 5p T teng b) ........ (30)
T

Therefore, Eq. 29 ;educés to

wvabd 1 , ‘:
8y = — »—log(sec g—%+ tan 721—%)

\fh:h,, 2z

2 (— 1)t=nr"
: g'j (- tanhﬁa)_—-«%——-——smk yJ .. (31)

For values of %./k, greater than 1, for practical purposcs, tanh 8 a is equal
to 1. Therefore, the sceond term in Eq. 31 can be ignored; thus, the cxpression
for shear converges rapidly. ' ,

At y =:t b, scc (7 y/2b) and tan (x y/2b) are infinite. Therefore, the log
of these values is also infinite. Consequently, Eq. 31 indicates that the shear
at the corner is infinite. This would be true if the corner were completely
free of normal forces and if the shell had no bending resistance. However,
bccau.se of the integral action of the supporting ribs and shell, normal forces
do exist at the corner. These normal forees alter the resistance to the extent
that the shear does not necd to be infinite to satisly statics. Morcover, at the
corncr some of the load can be, and is, resisted by flexural resistance. From
studies made of cylindrical shells, it has been found that this flexural action is
confined to a distance of approaimately 0.4 v7 { frown the rib, in which r is the

BUELLS 999

radius_of the shell and ¢ is the shell thickness. Therefore, it is felt that Egs.
28¢ and 31 do not apply within the distance 0.4 v/ r { from jhﬁeﬂ@mégﬁ.iﬂSﬁgarﬂ
can be considered maximum at the point y = b — 04 \rt. ’
The symbols, Ty, Ty, and 8, represent forces per unit of length. In order
to obtain stresses, these values must be divided by the thickness of the shell.
The trigonometric functions involved in Egs. 2b, 3, and 44 can be readily
expressed as functions of z and y. Differentiating Eq. 19 with respect to z

yields

dz _2h,z
=TT = tang .. ..(32)
By utilizing ’
' 1
- 2 s —
tan® ¢ cosi g 1..... CRRTTRRTIRTELRIES (33)
Eq. 2b reduces to
2hoz \? 1
( a a) + vy S ERERRLPETRTRE T PP (34)
or
1
cos ¢ = AEREETETRREPRERppY (35a)
- 2h.z
1+ ( 3 E) )
Similarly, *

o
=1
[72]
<
I
(S
.
.
.
~~
(]
o
&
=

2h, v\
\/”(T”s) :
( 2h y)’
cos¢ _ 1+(—513
cosy 1+(2h,£):

and, therefore,

..................

a a

In order to avoid mathematizal complications, the value of w, was assumed
to be constant in establisiing Eq. 21. However, although the algebraic com-
putations become extensive and rather formidable, the procedure outlined for
the uniform load can also be applied to the case of any symmetrical loading,
such as the dead weight of the shell.  In this case the load is expressed in terms
of the double Fourier series,

L] L)

w, = E E BrmnCOSYZCOSAY. orvunenn. ... (36)

m=10.,, n=13..,
in which v = mr/2 a.

The resulting expressions for T, and T'yp, obtained by expressing w, in this
manner, indicate that any symmetrical loading can be resisted by direct forces
without the neccessity for lateral or normai forces at the boundaries. The
behavior of the elliptical paraboloid shell under dead load therefore differs
from that of the hyperbolic paraboloid shell, for which the dead load induces
some hending if no lateral restraint is provided.

1
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TABLE 1~ COEFFICIENTS F
ABLE I Corrriciexsts ror Covruring Forer Corronenis
oF Fruipric«rn ParanoLoip SuerL

VaLck of ¢/

Foreo (@) As/hy = 1.0
1/a co::mu- ' @ h/he =08
nent
o 0 j025 ]050 1075 |10 o lo2s Joso [ors |10
T, 02:0 } 0233 | 0182 { 01 -
000 Is 0250 1 0233 | 0182 ) 0 01 o lozss jo270lo02:13lonn| o
2 .395 { 0.500 | 0211 | 023 )
B 2 2 3 3 5 2 %o 0.2087 0%51 o%oo
Ty 0267 {0250 J 0198 | 0111
5 0 {o30
025 g 0 %33 0 250 | 0301 | 0380 } 0500 | 0 to0 | 0258 | o ggg 8';38 0 5000
0068 {0096 {0108 | O J 0031|0069 {0.100] 0114
Ty 0315 | 0301 {0250 {0150 | 0O
5 0347
0.50 1. ol8z | 0 (’,23 02350 | 0350 | 0500 | 0153 035 | 6308 2380 | 0200
0140 {0210 {0244 | O | 0065 [ 0138 | 0215 | 0.255
Ty 0395 | 0389 [ 0350 | 0250
. 5 2 0 041604
075 g 0 Bm g (1% 0150 | 0350 | 0500 | 0081 008? 0 5 g %g 0 goo
o o6 | 0210 { 035 |05 ] O | 00d1 | 0201 | 0353 | 0.480
‘o ;: 0500 0 %oo 0 %oo 0 500 8 03500 | 0500 0500 | 0500 | ©
5 0 0108|0213 | 0465 p of01 | 0229 | 0443 p
() b/hy =06 () hifhy = 0.4
T, 0336 | 0316 | 0252 | 0.143
000 T: 10164 {0318t | 0248 { 0357 | 0 9385 1 0374 1 0307 19350 | o
500 5
I 5 1 A 39 5 0105 | 0126 | 0193 o.:é)zo o.%oo
Ty 0345 ] 0328 | 0267 | 0155 0
2 o 0103 | 07
025 g. 0 552 8(1);1 0233 | 0315 | 0500 | 0087 | O ﬁg 8 ?é‘a’ 8’58% 0 5000
110067 ]0103 {0120 ] O | 0026 |00G0 | 0.101 | 0.125
Ty 0383 | 03567 | 0312 | 0.197 o (0
. 425
050 e 0})17 3(1)33 0185 | 0304 | 0500 | 0075 0050 034 gggg ogoo
000 | 0132 | 0216 { 0265 ] O | o0.018 | 0115 | 0.208 | 0274
Ty 0436 | 0426 | 0392 | 0208 ] 0 [045
)
0.75 I o %G-I g 07 0.108 | 0204 | 0500 | 0041 8 3515 8 :‘)gi’ 8 ?433; 0 goo
81 | 0.185 | 0342 | 0.404 0 |ooss | 0156 | 0316 | 0.508
100 ;‘: 0 500 0 :600 [ %00 0 %oo g 0 %oo o,%oo 0.500 | 0.500 | ©
N
5 o |oos9|oz208 {0413 ® o o070 oA?73 0 .‘?63 4
() As/hy =02
Ty 0462 | 0446 { 0383 J 0248 | o
000 Tt |oo03s {oosa jodiz {o2sz o
s 0 0 0 Pl
Ty 0465 | 0451 | 0306 { 0201
0.25 Ty 0035 1 0019 | 0104 | 0239 | 0500
K o |oo011a}o0010 0033|0128
T 0473 | 0462 | 0414 | 0303
050 Ts 0027 | 0038 | 0035 | 0197 | O 200
S 0 {0027 | 0071 } 0174 | 0.280
T, 0465 | 0450 | 0456 § 0353
0.75 Te 0015 {0020 | 0014 | 0117 0 500
S o |o0034]00us |o02i6]) 0510
T, 0500 | 0560
R IRARAE
8 o |o001s1io010s {0262 -

SUELLE 004

In ordei to expedite the analysis of the elliptical pareholad chills ard Lo
obtsin a better understanding of their load-carrying characlesictics, Teble 1
has been compiled on the basis of Fgs 28 and Ing. 4(p). The expressions
inside the parentheses in Eqs. 08 contain only the parameter, ho/hy. Therefore,
the behavior of this doubly curved shell can be expressed as 3 function of this

single parameter.
Coefficients are given for comput
and S, at the cighth points of a dome.

ing the three force components, Tz, Ty,
‘The forces determined by multiplying

the coefficients by constants are, -
o . i
T, ~ w8 coefficient). . ...} ... o reei...-(370)
. khy .
¥
| T.=-w:k(coefﬁcient)....'i........ ..... . (37b)
v * - ‘
tog =~ 220 (coefficient) e
z ity - o
and \ -
‘ »
N R ¢ ¥ /)]

_ \/T ¥ [ 2 h/a)(z/a)}
T [@R/0) /DT

t
.
t
-

T_bgse_qo,nstagtshnre'dgpepc!ep'q only on the sclected dimensions of the shell and
on the load. _1n this connection for the sake of completeness, the factor k has
Heen included. In practice the additional accuracy secured by the hi‘llclgsiq!_'l_
of this term is unwarranted because the stresses due to T and T, are never
c—r_it"iéﬁ:l;;:.Efxggi)-t_ir_x_.tbpv_@qgg near the corners in which the principal stress due
to the combination of the three force components is tensile, the stresses are 50
fow in_compression for spans being considered that an investigation of the
stresses in & dome is of academic interest only. Therefore, _the real reason
and need for computing gtresses in a thell with a fair degree_of accuracy are

t,ﬂg__obt&ih'_g reliable determination of the tangential load which must be carried,

by the supporting arches,_ .
For this purpose the tangential shear existing along the boundaries (Fig.
4(c)) at the tenth intervals of half the chord are shown in Table 2. Table 2
also_permits a _better evaluation of the tension near the corner because the
principal stresses are primarily related to S.

A graphical presentation of the values in Table 1 for Typ 8t midspan is

shown in Fig. 5 for various vanlues of h./hy. The values of T,p for hz/hy from
1.0 to 5.0 are obtained from the values of Tz, by symmetry. Tor example,
the value of Typ 8t ¥y = 0 for h;/hy = 5 is the same as the value of T':p at
x = 0 for he/hy = 0.2. Atz =0, for all values of hs/hy,

_05wlh _ 0125wl
hv hll

The last term in Eq. 38 is the thrust in a parabolic arch subject to the
This identity is not surprising because at the boundary

uniform load, sr.
the force normal to the edge was made equal te zero. Consequently, the

AU ¢:5:))

= .o s m 2

VP

t

e
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impoed cor Nlion of 1estraint compels the entire load in the immediate vieinity
of the ¢dge to be carricd by arch action in the y-direction.  Furthermore,
058 /by cquals the radius of the parabola at its crown. Therefore, the value
Tipatr = eandy = 0repicsents merely the thruet induced in a ring with the
apprapricte 1adiue due {o a radial load, 1.

Near the cruwn, marked variations in the value of Ty, occur as h;/ky varies,
W hen the rise in the z-direction is small compared with the rise in the y-diree-
tion—-for example, when hy/hy = 0.2—the curves in Fig. 5 are almost hori-
zonlal, indicating that a large proportion of the load is being resisted in the
y-direction. This can be anticipated from the geometry of the shell, As the

TABLE 2.--Suear Avoexc tHe Epces ofF Ervirticat PARABOLOID SHELL

Ra/hy
v/b
1.0 0.8 0.8 04 02
. At z~:%a
0.0 0 0000 0 0000 0.0000 00000 0 0000
01 00119 0 0389 00342 00307 00137
02 0 0834 00793 00701 € 0550 00286
03 01319 0123) 0.1096 00872 00481
04 015826 01721 0.1516 0.1254 00731
05 02432 02294 0 2081 01728 0.1075
06 03204 0 3066 0 2859 02483 01818
07 0 4071 0 3897 03627 03173 02296
N 08 0 5363 05178 04887 04400 0.3443
085 06279 © 6090 05791 05202 0.4306
0.8 07570 0.7378 07074 0.6667 0 5659
0.95 0.9777 0.9582 0.9276 08763 0.7741
1.0 L] ] @ - o
z/a At y= b
00 0 0000 0.0000 0.0000 0.0000 0.0000
0.1 00419 0 0444 0 0468 00488 0 0500
0.2 00854 00903 0 0950 0 0990 0.1014
03 0.1319 0 1391 0 1460 01519 ¢ 0.1553
04 0,1836 0.1930 02019 0 2095 02140
05 02432 0 2545 0 2652 02743 02798
06 03204 03317 03425 03516 0.3571
07 04071 04213 04348 0 4463 04532
08§ 9 5363 05515 0 5059 D 5782 0 5855
083 QG279 06434 0 6582 06707 06782
0.9 07370 0.7728 . 0.7878 0 8005 0 8081
095 09777 0 9935 1.0087 1.0215 1.0290
10 = B © © ©

curvature in one dircetion is flattened, thereby approaching a horizontal plane
as a limit, it is natural that the load is transmitied in the other direction.

With no normal forces along the edges, it follows that the increase in the
proportion of load carried in the y-dircction as hs/h, decreases must be accom-
panicd by an increase in the tangential shears along the edges, z === @. Such
an increase is confirmed by the coefficients listed in Table 2. Although these
cocfficients diminish at z =% a as h,/h, decreases, they do not diminish as
rapidly as N ho/hy. .

For large values of k./ky, the values of 7y, become appreciably gmaller as
the crown is ar—roached, and, therefore, for such ehells only the eaterior
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¥16. 5.—COEFFICIENT VALUES FOR VARIOUS VaLues OF hz/hy

fon i isti d in the y-direction.
ortion of the shell is resisting loa _ on.
?or hy/hy = 1.0 shows that half of the load is carr'led.m one

tnin d in the other direction, which is patur

remaining half is carrie
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Fio. 6 —Srorn COMPARISON ronr Vanious CURVES
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Aninteresiing question is whether or not the coeflicients in Tables 1 and 2
can he applicd to domes of other shapes with an equal rise and span. A
cited previoesly, the critien] stresers are a function of the shear near the ccu‘-ners5
Howevor, the summation of the vertieal components of the shear along an ed \
st .Ce;vnl the lead on the shell.  If the same varistion of shear along fr?
cdge.l? a< amed for all shapes, it is apparent that, to satisfy the foregoin
condition of equilibiium, the intensity of the tangential shear is dependent oﬁ
the steepness of the slope near the corner.  This is particularly true because
the maximum shear occurs at the corner. *

24
i ] ]

B
L -

Value of S at x = wa 1n 1000 pounds per foot

12 JR— -
8
L Circular curve

Midspan —>

4 \
>§\
Parabolic curve ‘\\

[« JR S

10 08 06 04 02 o
Vatue of y /b

Fia. 7.—CoxpatuusoN oF TANGENTIAL SHEAR

‘I'he slope near the corner of most of the commenly used shells of other
cunvature generally will be steeper than the slope of the elliptical paraboloid,
as shown in Fig. 6. Conscquently, the shear at the edge should be less for
the shells of other curvature than for an elliptical paraboloid of the same
dimensions.  The magnitude of the reduction is dependent on the relative
slapes neat the corners of the smifaces being compared. For donmes whose
edges arc elliptical, the magnituds of the shear shouli be eonsideratdy less thau
{hat for domes with other shapes. If the cdge of the dome is circulsr, the
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tangential shear should approximately "the same as for an elliptieal para-
boloid. )

To confirm this hypothesis, Fig. 7 compares the tangential shear computed?
for domes at a factory in Brynmawr, England, and that obtained for an
elliptical paraboloid of the same dimensions. The shape used for the Bryn-
mawr domes was a surface of translation generated by moving one vertical
circle on another.  Fig. 7 shows good agrcement between the two curves except
in the immediate vicinity of the corner, in which & finite value is given for the
circular curve in contrast to the infinite value implied for the parabolic curve.
The reason for this apparent discrcpancy is that, due to mathematical diffi-
culties, & numerical procedure based on finite-differences equations was used to
determine the forces for the Brynmawr dome. Because this procedure is based
on the nverage valuc between the chosen interval, a finite value results at the
corner, 1f a rigorous mathematical solution had been used, an infinite value
for the \circular curve would have resulted,

¥Fia. 8.—RooF DrsiaNeD IN ExaMPLE 1

At y = b — 0.4 V¢, the peint previously recommended as the breakoff
place for shear evaluation, the shear computed for the parabolic curve is
approximately 7% higher than that for the circular ecurve. Whether this
difference is real or merely duc to dissinilarity in methods of computation is
not known. However, the difference is in the pioper dircction, A

Ezample 1.—A hyperbolic paraboloid shell with a eolumn at the center is
designed.  The roof shown in Fig. 8 is obtained by joining four identical
seclions in & maaaer similaz to the method used in Fig. 2. Many other arrange-
ments can be used,! all of which are designed in the same manner by considering
each quadrant of a rectangular unit individually.

Assumingw = 60 1b per sq ft, the internal forces at the ciitieal points of the
shell roof shown in Fig. 8 are

« g_web B0XI5X320 g5 5y \bs /-
TTh T T 2xs T 7%

Ty, = — C, 1,800 X 20 = 36,000 Ib

4 The Nesign of 8 Rewnforced Conerete Facta y at Dy nmswr, South Wales,” by Ove N3 quist Arup
ard Tier =13 T¢ Laen, PU 1, Proccedings, Tust. C E, Londoz, Decemt er, 1953, pp 315-397.
Shlls,” by Tela Coodelr, Jewo o, A cY.

oS irpetaral And rtoe s o Hs, obahic I oarebalmansl
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and
T2 = — C3 1,800 X 15 = 27,000 Ib

Pecnuse the shell is subjeet to pure shear, the principal tensile force will also
Le 1,800 1 per Tl An allowable steel stress of 20,000 ib per sq in. results in a
required area of steel of 0.09 sq in. per ft. Therefore, No. 2 bars, 6 in. on
conters, are suflicient. This rcinforcement should be placed diagonally, ex-
tending fiom one free edge to the other.

The shell exerts a coustant shear on the edge members, which have been
vwifted in Fig. 8. The total thrust or pull exerted by this shear is equal to the
product of the length of the edge member affected and the magnitude of the
shear. In this example this equals 36,000 b, Bccause there is no eaternal
reaction acting on the edge beams, either at the corners or along the edge, it
is evident tl}at the maximum tension or compression in the edge members

TABLE 3.—IxTERNAL Fonrces IN AN ELLIPTICAL PARABOLOID
SueLL For Exampre No. 2

\ VALUE oF y/b
z/a Force
1] 0.25 0.50 0.75 100
T, k -4 300 —4.,100 3,200 --1,800 (1]
] T:?/k —1,900 -~2,100 —2,600 3,500 —4,600
] [\] a 0 U]
Te k —~4,600 - 4,300 -3,400 2,000 0
0.25 Te/k -1,800 -2,000 2,500 —3,400 —4,600
5 0 — 400 -~ BOO ~1,200 -1,300
Tek ~—5,200 -5,000 wq 200 2,500 0
0.50 T.gk -1,400 -—1,600 -2,100 —3,000 -4, 600
[(] - BOO ~~1,600 ~2.500 -3,000
Ty k -~8,200 —6,100 - 5,600 ~4.100 0
0.75 Ta/k — 800 - 900 —1,200 -2,100 —4,600
S -1,100 ~—2,400 4,100 ~5,600
Ty k -7.500 -7,500 —7,500 -7.500 0
1.00 T:{k 0 0 0
0 —1,200 ~2,700 —5,200 ©

occurs at the midspan. The tension and eompression in the edge member
diminish along the length to zero at the ends.

To determine the type of forece (compression or tension) present in the
edge members, it is recommended that frec body diagrams be diawn of the
member beirg considered rather than relying merely on a sign convention.
Thus, the possibility of making serious errors in complicated layouls will be
minimized. For this case the layout is so simple that the type of force present
can be ascertained by inspection. Because the shear is positive and the
coordinate of each quadrant occurs at the corner, the shear is outward along
the four horizontal edpes and inward along the four sloping edges. Hence,
the edge beamns at the exterior edges are in tension, whereas those extending
out from the column are in compression.

(
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Ezample 2—An elliptical paraboleid shell is designed.  Talle 3 shows the
internal forces divided by k or 1/E acting in an cllipticzl paraboloid subject
to a uniform load of 601b per sq ft and spanning 100 ft in one ditection and 70 ft
in the other with a total rise of 18 ft.  These vali s are obtained Ly multiplying
the cocflicients for h./h, = 0.8 shown in Table 1 by one of the following values:

For T)—
' wh 60 (50 _
T = 0 = 15,000 Ib per ft
For T',~
" 2 2
2e 99—(83-1”-)— = 9,200 1b per ft
For §— ’
wab 60 (50) (35)
= = 11,700 1b per ft
v Nh.hy VB (10) per

Because the stresses are small the effect of % is ignored. The maximum
compression due to an assumed load of GO 1b per sq ft on the shell is 7,500 1b

s

TABLE 4.—SHEAR 8 aAxp PrincipaL Stress 8 ALone Ebpge

Tr=a
/b . 0 0.1 0.2 0.3 04 0.5
3. .0 — 460 -~ 930 ~1,440 ~2,010 -2,650
& Y0 30 110 270 500 860
c oyt 06 07 08 085 09 085
s 3,500 —4,560 —6,060 —7.130 —8,630 ~11,200
s 1,440 2,150 3,380 4,300 4,880 8,060
y=b
z/a 0 01 0.2 0.3 04 05
0 - 520 -~1,060 —~1,630 ~2,260 —2,950
K. 0 60 230 520 920 1,460
z/a 06 0.7 08 085 09 085
[} 3,850 —4,930 -6,450 ~7.530 ~1,040 11,600
s . 2,210 3,140 4,550 5,570 7,030 9,500

per ft. If the thickness of the shell is nssumed as 3 in., the maximum com-

pressive stress is only
7,500 :
T%Iz = 208 1b per sq in.

Jo=

which is considerably lower than the allowable stress of concrete.

To obtain knowledge of thc tensile forces exisling in the shell, the minimum
principal stresses have been evaluated slong the edges in Teble 4. The value
of the shear, S, is computed by using Table 2, with the multiplicr in this case
being 11,700 1L per ft taleen from Table 3. The principal stress, §’, is computed

e

/
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andeseribed in most standard riechanice tovihooke,  Tha ditect forcent y - 3
o 1600 W frand the direet foree at z = o §s 7 ,800 1L per ft. In most of

L3 PPN
the ewres those prineipal values along the shell represent the maximum value
iy thoir sone

At the cotner the radius of curvature in the z- direction ean be computed

from
ERYY
R, = Ww____[l il <6$) ]__

T P (39)
. ) '
in which
_82 £ 10y
T S
and -
Bz 16 =
dz 35 \
9% 16
= 35

At the corner z = 35, Eq. 39 yiclds

R, = 3% (1 + (6/357 70

16 = 102 ft

and, similarlv,

R, = 156 It

‘The maximum shear can therefore be expected to be at

z_ 35— 044101 X1
- = = (.94
) a 35
and at
y 50 — 0.4 156 x 3
;= 50 = (.95

Therefore, from Table 4 the largest minimum principal stress along the
edges is 9,500 1b per ft.  Secveral points in the interior should be investigated
also to determine the extent of the tensile arca. Using the internal forces
shown in Table 3, the principal stress at y/b = z/a = 0.75 and at y/b = z/a
= 0.51s

s 1 - 2,100 2 0005
S = ( ! i 2,000° -+ 4,100’) = 1,100 Ib per ft
; vV 4
rnd
4200 -3 2 200 .
8 = <~-“5 32100 ,\’/: 00 1aob) =~ 1,000 1 por Tt
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Fic. 9.—Requirep SteeL For Eriipricar Parasoroip SHELL

Assuming a lincar variation in principal stress between these points, zero
tension would occur at z/a = y/b = & -

From a theoretical point of view, £
the reinforcement should follow the -
lines of principal stress. However,
this is not practical, and, therefore,
it is customary to place the rein-
forcement in the corners slong diag-
onal lines, as shown in Fig. 9. For .
this particular example and probably of-1 olo ol+1
for all instances, the controlling ten-
sion for any gioup of bars occurs at
the edge. 7The amount of reinforee- = e Sy >
ment, with f, = 20,000 Ib per sq in.,

+1{-1 +110 +1]41

computed from the principal sticsses shzlo oy oo i B
ghown in Tsble 4 is shown along the
edge ribs of one corner.

For most of the shells of double x .
curvature,even forsuch a simple case  Fia. 10.—Fivits-Dirrerexces EQuartons]
as a translaticnal skell formed by . Norarrox

moving one circular curve on the )
other, an algebraic solution beeomes extremely involved.  Insuch casesthe con-
version of the various diffurential equations into finite-differenees equation? is

oS dunes o O Tt oot e I Preblams by Fante 1 T enres,” by Alod PanseJeurnal, A C L,
Vol 22, Nusenles, 1650, pp 237-205

—
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more practical.  This numerical procedure consists of rubstituting for the suy.
face s grid of evenly spaced lines that simulate the behavio: of the su:face.  ¥or
cach intersection, a finite-difTerences cquation is cstabliched that eapiesces the
rchatfonship bebween the stiesses or functinrs of the stresses at this point, and
«t udiviibaring points an<d the load at the intersection.

Using the not ition in }ig. 10, the general finite-differences cquation equiva-
lent to differential g, 10 is

Foy —2Foo+ Foa+ ky (Fl'o — 2 Fo‘g + F—LO)

»
=05k (Fia~Foa—Froa+ Fo) =— ;%/‘;‘é;. . (40)
in which . :
8%z/92 8,2
ky = a!z/aﬁ:g:i; ............. REETRREETE (41a)
and )
_d%2/9zdy S} .
ke = —WE:—S; .......... feesaeinean (418)

The finite-diffcrences clquat%ons for Eqé. 9a and 9b are, réspcéti;e]y,

- Fo_1~2Fo o+ Foq

T,
2T P
) Su’

and .
_Fyo—2F 0+ F.1a
= 5 e e

T,

Because of the quantity of equations which result even with a coarse grid, a
dircct solution of the simultaneous equations obtained from Eq, 40 is not
feasible. Generally, an iteration process called the relaxation method® is used.

Eqs. 42 and 43 have a disadvantage in that a value for F must be determined
quitc accurately to obtain reliable stress values. With the stress equal to the
second differences in F (Egs. 9), minor errors in F greatly affect the value of
the siresses. In addition it is somewhat difficult to cstimate the initial values
to commence the iteration process. For this reason finite-differences equations
based on the internal forces are preferable.  For the general case these equa-
tions hecome cumbersome.  However, for the case of translational shells, the
resulting equations are no more complicated than Eq. 10.

To express the relationship in terms of the internal forces, first express Tzp
in terrus of 7'y, by differentiating Eqs. 5 and 6 with respect to = and y, re-
spectively, which yields

-ig.‘f — ‘?E_v_p = 0 (44)
57 o7 e . IR
Because 822/dr dy = 0, Eq. 8¢ can be rewritten as ,
T..+ T Qiﬁ/,a_y_. R, (45)
4 n . - - u
i VP gz/aat dtr /o7’
$UR Lan [ openie nty g 0 Use of Retavation Methade for the Solohion of Ordinery and Partinl

L
i oo bt Tt ations ™ Proceedir 5, Roy 1S~ of Tondan, Scner A-190, 1957,

Diffaentinting Lg. 45 twice vatl1es;
result yiclds
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neot Lo 7 and subta ting g9 from the

o~

&Tys 4 k;‘?—?? +2;;z‘lg_1;z bk Typ ==k oo ... {46).
) (417
in which . o2 )0 N
N TPYET S
I (a’z/ay’) 1o . ’
BTa\Fas) L @
ks = ar (a’z/ay’) ;
37 928\ 9%2/0x
) a2 W, )
! . k= az (612/6::’ ]

- .

Allawing T to equal Typ, the finite-differences equation corresponding to

differcntin? e 48 1=

B . .
Toy — 2 Too + To,—1 + (‘LSSE) kl.(Tl.D — 2 Too + T_10)

- ’—W—S§£ (Tvo — T-10) + ks Too =— k4Sv=~-(4$?

i

Ap=Te

ITy=T,

Tension tie

Moment arm=¢

Fio. 11.—Bexpika MoMENT IN SugrLs oF DousLe CURVATURE

1 o, 10l
The ribs supporting the arches must be dosxgned.to carty 1.1.10 tancon-i ol
shear Joad imparied to them by the shell.  Because this problem 1n\'o‘l\'95 only
2 routine subject will not be examined herein except

i salysi : :h, this
a routine analysis of an areh, s : )
to note thet the analysis of {he rich eon he made by dealing only with the

.

o

Lt
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tengentind shear obluined from the coeflicients in Table 2, or by using directly
the surfuce leads on the shell.? .

If the vertical Joads arc used directly for shells of double curvature, con-
sideration must be given to the bending moment created by the rise of the shell
in the direction normal to the arch.  This moment, as shown in Fig. 11, equals
the product of the summation of the T';p-forces or T'yp-forces from the midspan
to the edge and the lever arm between the centroid of the internal forces in the
shell and the centroidal axis of the areh.  The tensile force, Ty, must be super-
imposed on the thrust due to the end reactions in order to obtain the net thrust
in the arch.
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DISCUSSION

'J\ }‘, E . 23 B M
. {,:Z(;x:; t!}\].el\f. AS[CE.w;ll‘hc general equations for shells of double curyy
@ b nembrane theory have been presented in i y
e ! heor 8 4 systemati
1: :uix(} Ioa.‘icr, \:‘lllt]‘l sp(,;m} applieations {o hyperbolic pambo]oids)and clIi;ttilcnaC}
s1aboloids, 1ough only 2 limited number of load; iti
able to an algebraic solution. t} included the eueng of o pire fmen-
dpebraic solution, the author has included the f ical i
portance.  Thus, the solutions are obtai i atieal rivor, won
- : ained with mathemati ig
stn:]c;uml Lehavior of these shells is also clearly explained enl rgor, mnd the
he use of difference equations and th tion )
! b : ¢ relaxation method are suggeste
rtll:((: (s?llluchon ?f oth](*r shcl]s]of double eurvature for which the cln“icf]gcolufi;r?g
are atber extiemely complicated or unavailable. T f it may 1 i
able to indicate also that such t 1 . eptod to bypebrie o
. ate als cchniques ean be adapted to h i
clliptical paraboloids with loadi i P vortionl Toud oo o
. : s adings other than uniform tical ) i
different boundary conditions B ideri o e e and it
' 5 . y considering w, and w
force in the direction of the z-nxi is, vely, acting ot (o
-axis and the y-anis, respectively i
center of the element in Fip. 1. 12 1d 10 can be e, QCt_mE e Lol
pent g-1,Xqs. 5,6, 8,9, and 10 can be generalized as fol-
97, , 98,

E‘-—’l-‘a-y—-’*‘w;&o ..................... (49)
aTy, , 98,
3y Y Twoe=0..00 (50)

}“(15 8 remain unchan: I n
(]S, an 'Cd. hcn the 8 1 i
that > tress fl!nCtlD: f F, ean be eroduced 50

T, =% _[*
== o7 . Wedz. .. ... ..., ......(51a)
. OF v '
vep = “5; - f wy dy ................... (51b)
and , (] E .
S = 9F
8, ey AR LR R TR PP PP U (51c)
These values satisfy Eqgs. 5 and 6 and reduce Eq. 8¢ to
IR Pz OF 0%, F
dy* det 9zt dyt 0z dy oz dy ~

. .92 8z 3 * az v
w, s 5= 4 u,@-:i-:ﬂ;j; w,dz—i—a:ﬁf wy dy. . (52)

Lo

b So)11t3011s of thcs? cqunti.ous, either by algebraic or numerical methods, for
l\)'pcrbo.hc {)nmboloufs subjected to several types of lateral loads are ,\'.ell
nown in Luiopean literature.’ However, they have boen considered else-

v o
J Visiting Awociata Prof., Dept. of Civ, Ing, Caroeyle Inst of Technologs, Dittuburph, Pr

" Batrag 2ur Berechuung der by cten T i
Vol 16,1657, pp 2944 &8t iyperbeliselen Prraboloidselale,' by K G Tester, Inge nteur- Arehdr,
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-where! as Lieing only of academic significance beeause the distiibution of lateral

forces is gencrally simplified and assumed in & mathematically convenient
manner. Even though the assumption of the distribution of wind precsure in
these solutions may not meet the requirements of building codes in the United
States, the cficet of an earthquake can be simulated by a distributed horizontal
force. This latier problem is probably not academie, and a similar approach
has been used to compute earthquake stresses in spherical domes and in cones.™

There is 2 minor point in the paper, which is perhaps not pertinent in practi-
cal applications but which nevertheless should be clerified. In the derivation
of Eq. 14 for hyperbolic paraboloids with a moderate rise, it is stated that “be-
cause the differential of S, with respect to ¥ and z s zero, it is secen from the
relationships in Eqs. 5 and 6 that T., = Typ = 0. Actually, from the deriva-~
tion the following etjuations are obtained :

afd.
R L P (54)

The functions, f(y) and f(z), bccome zero only if the boundary conditions indi-
cate that no normal forces are actling on the edges. Hence, it is the boundary
conditions of the free edzes that preseribe the constants of integration, and
Eq. 14 represcnts only one of the many possible edze conditions. Mr. Parme
has not neglected this point for hyperbolic paraboleids with s great rise be-
cause the terms, f(y) and f(z), are included in Eqs. 17 and 18, respectively.

W. Warrers Pacox,? M. ASCE.—Many engineers and architects have
recently become intercsted in the use of the hyperbolic paraboloid as a structure,
The author’s authoritative presentation of this subject is of great value to
the profession.

However, a review of the deflections of shells of double curvature has not
been ncluded. In addition, although the hyperbolic paraboloid is considered
to be ;igid because of the opposing parabolic elements, no statement concerning
its limiting flatness has been presented.

For roof structurcs, dead load and snow are usually the essential loadings
because a wind load seldom will have a marked influence on domes. However,
there are three other load conditions that are not included—earthquake loading,
uniform radial pressure,” and a radial uniform pressure or suction. In 1956
the writer designed a building to house a jet-engine test facility. One of the
design conditions was a large unit load per square foot with either inside pres-
sure or inside suction. This caused large stresses and large structural members
that could have been avoided had a domed structure been used. ’

#  Strectuial Applientions of Hyperbolic Paraboloidicsl Shell,” by F. Candels, Journal, ACT, Vol

20, No. 5, Yanurry, 1955, pp. 379-413,
1 UEarthquake Siroses in &pherical Domes and in Cones,” by E. P. Popov, Proceelings Paper 974,

ASCE, May, 1236
2 Cons Dngr, BeMimore, Md
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Mr. Purme hes caarained only a squars or rectangular roof stab.  Could
et the hyporhohe proat aloid be used Lo house a exli=LVrirvelire, or struc-
tue s of hengonur! or ectazoral shape?

i I Ranerene,™ A M. ASCE.—The formulation of tlhe equatlons and
th lnLUIO(‘ adopted for their solution have been presented.

The dead load, w,, of a hyperbolic paraboloid shell with a reasonably great
rize has been represented by Eq. 15a, in which w is the constant weight of shell
membrane per unjt arca. Eq. 15a is nlso applicable to doubly curved shells of
other shapes.  The writer finds that, as the clements in the shell away from the
origin form oblique angles, w, betw.en their adjacent sides, the relationship

between the variahle load, w,, on the projected area and the unit weight, w,
should be shown as

Y, =

w .
Cos g eosy
instead of Eq. 15a. The subsequent related equations presented in the paper
also require modification.

With regard to the solution of Eqs. 5, 6, and Sc for the thrce unknowns, it is
cuslomary, as has been shown, to rcduce them to a single cquation with one
unknown by suitably introducing a stress function, F. The mathematical
solution of such an equation becomes extiemely involved, and, therefore, re-
lzxation or another similar iterative method is applied for a practical solution
of F. Ilowever, these procedures also require a great amount of time because an
estimate of the initial values is required to begin the iteration process.

However, the writer has found it mnore convenient to solve the three equa-
tions simultancously after representing them through algebraic expressions
olitained fromn the geometry of the shell form. A solution by this method is
1 -e direet.

To illustrate the procedure a hyperbolic paraboloid may be considered.
T'he fundamental equations are Eqs. 5, 6, and 8c.  The representative equation
of shiell form is given by Fq. 11 as )

Z*‘(a—b)zy—:ny .................... (56}
Thus,
dz dz
3 = O 3= Ce )
...... (Ul)
oz _ 9z P C
da?  dy” oz dy
1\‘:(',
fﬂn’."=(%y)~“;=0y .................... (58)
and

- [ ——_

w Cong Fagr,, Caloutts, Tndia,
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Thus,

¢ = tan' Cy
gy =tan' Cz } ................... (60)

w = cos™ (sin ¢ siny)

From Eq. 8¢, after gubstitution of values,

28,0 =— Wy vuuimnenencnnnn: RN (61a)
Therefore,
S = s (61b)
» 2C

When w, varics, due to the constant weight, w, of the shell slab, then

' 'sinw — ...(62)
= st et S WM e e nrnssesscnoe
W, =W (cosq&- COS\I/)

apd kEq. 61b becomes

LT 63)
Sp = — W ('2—0’) == u;'r ......... ( )
From Eq. 5 of the paper,
. Ty = — f a—a‘s—gd:{f(y) ..... s (64a)
and _
‘ ,,wwfmda:—i-f(y) ........ e (B4D)

The conditions at the boundaries require that, at ¢ = @, Tzp = 0. Therefore,

*ar
§(E)) =-wﬁ *é-l;di

L T S 65)
) =—wiz 20255
) =~ wiz Ks
in which . .
A = % Sy (
Therefore, . )
T, = wbz (@ - K,) ................ 7)
Similarly, from Eq. 6, .
’I‘“,»wﬁy(zoj-é;-—&) ................... (68)

. b 6:
in which Ky L 57
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Iigs. 63, 67, and 68 replace Eqs. 16, 17, and 18 of the paper, and, for pur-
poses of solution, arc suitable for represcatation in finite-dificrences forma.

The numerical values of r at ench nodal point of the working grid on the
(zy)-plance are known from the geometry of the shell form (Egs. 60, 62, and 63).

. Thercfore, the values of 9r/9z and dr/dy and those of the unknowns, S,, T,,,

and T, are easily obtained. _

Equations similar to those derived in the forogoing can also be formed for
doubly curved shells of other shapes.

/7
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Porfirio Ballesteros
Hyperbolic Peraboloid Shells

The followiag discussion is a brief resume of a talk
given &t the Thin Shell Seaimar im Chicago in March 1955.
This 1s not ixiended to be a complete treatise on the analysis
of hyperbolic paraboloid skells bult has beem prepared to gilve
a physical picture of the siructural action involved. Results
obtained agree with the exact solution presented by F. Candela in
the January 1955 issue of the ACI Jouraal as far as uniforay
loads are comcerued.
Figure 13

Cousilder tne horizontal plane AVCYE'G'. This surface
coatains the goenoeratrices i, parallel to thq vy axis and b,
parallel to tbe x axis. A warping of this surface is ackieved
by vertically depressing the coraers A' and E' %o new positioas
A and E respectively. During +this action the i, gemeratirices
pivot about the fixed axis FO3 walle the h, gemeratrices pivotl
dooul HZCD. The resuliing warped surface is the ayperbolic

paraboleid and contains two systems of straight lizes h, and
i,, these systems belng parallsl to the plames X0Z and Y0Z
- respectively which form an arvitrary aagle W, Every point ox
this surfgée may be comnsidered the intersection of two siraighti
lines coxntaiaed ian the surfaces. ‘
oUurs 23

The portioa of the hyperbolic paraboloid with which
wo arc coaceraed is tha square ABOZ, reprosenting a portion of
wne roof siruciurs in Jizure 8. JFizure 2, illusiraiiirz this

secvica, shows thait azy point ox tas surface may be dsiiasd Ix



terms of X, y and z where z egquals a constant multiplied by the
¥ and Y coordinates.
Figure 3:

For coanvenience, the axes 0X and O0Y showa. lm Figure 2
are rotated through an angle @ of\45°, so that the axis 0Y' aow
lies in a vertical plane with OA. TFigure 3 gives the staudard
formulas for transformation of coordinates by rciation. These
formulas are modified for applieation here by introduction ol
the angle § = 45°.

Figure 43

Ffigure 4 shows the iransformed cocordinates 0X' amnd OI'
in position above ABOH. A% the top of Figure 4 the equation
defining +he surface of the hyperbolic paraboloid im terms of
X, ¥ and z is tramsformed to the new coordina;e systen by means
of expressions given with Figure 3. VWhen x° ﬁs given a coanstaatl
value in the transformed equatiom the result is the equatiozn of
a parabola lying either in or parallsl to the ¥'2 plane. The
vertex of ihe parabola deflned by setting x* = 0 intersectS'the

X' axis at the origin of the X', Y' and 2 axes, but for any

ah 2
a3 ey
Sl iy

other valus of x' ihe vertex falls w&i<s the X'Y' plazne. In any
case the principal axes of all these parabolas are parallel <o
the Z axis aand lie ia the X'Z plane.

Ia a similar manner, for amy given value of y' the
gereral expression becomes the agquation of a parabola lying
sitner in or parallel to the X*Z plane. If y' = O the equatiion
Zs J{or a parabola havlng a vertex which intersects the Y' axis

at the origin. Any other value of y! defines a parabolia havizgz

s



{ts vertex below the X'Y' plane but with its principal axis
parallel to the Z axis and lying in the Y'2 Hlane.

It is important to note that for any given warped sur-
face either x' or y' may be varied without affecting the term
.ng.5k" in the parabolic equation. 4As a resuli, all parabolas in
both directions have the same shape. In addition 1t can be seen
that one of ihe expressions is positive while the other is nega-
tive. This difference in sign indicates ihat parabolas parallel
to the X'Z plane are concave upward while those parallel to the
Y'Z plane &re conceve downward.

If 2z 1s given a constant value in the general expression
the warped surface is cut’by a horizontsl plane, the elevation of
which depends on the particular value giveﬁ-to‘i. This cgtting
plane forms a hyperbola.

Figure 53

Figure 9 1llustrates the advuantage resulting from the
fact that the hyperholie paraboloid 1s made up entirely'of two
sets ol parabolic arches, ocne sei normal to the other &and all of
the same shape.

Assume that the total load w 1s divided equally in two

directions so that any given arch carries a load of intensity

%. The midepen simple beam bending moment due to this uaiform
72
load is %—.Kg. The only other force acting on any of the arches

is the horizonvai thrust H which; when multiplied by the arm b,
1s0 s o £
ulso produces & zidspan mcment eocual to 3 %3 but opposite in

(=]
Girection vo the unilorz load moment. To prove that K produces
the same midspan moment a5 the uniform load consider the para-

bo.ic arch shown Teiow.
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%
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i
]
i
{
H i
I i
The general equation ‘for this parabola is y = px?. The parameter

p may be evaluated from the fact that y=b, when x = g; therefore,

&1_3_
2

The general squation may then be writlen:

i

p“—'

4D
= = 2
I g
The general expression for simple beam bending moment in an arch is;
X g2 W W 72
_2 45 g2 _%] rxy2 ;

while the general expression for moment due to thrust H is:

-
o b _ayv . Xy 2
¥z = H (b-y) = H (b--J(2 x<) = Hbl:l—A (7)~} (2)
For the itwo-hinged arch carrying uniform load:

L
Ziva £
AE = 0 =j Hres = J(Mt + Mg) X2 (32)
‘ o

a3 .
frox whica:
\

or 72
Eb = - 5 -, (&)

Subsiituting (<) in (2) reveals that s and Mz are equal and

“
"

opposite and as & result undor uniforz load there is zero moment



td

throughout the arch. EKorizontal thrusit K may be expressed as

-

S o5 showa.

N

v}

& 1

Figure 6 shows the theoretical parabolic arches ol tha
roof in plan. It is evident that at any point along the odge of
the roof where %two perpendicular archés intersect the components
(normal %to the edge) of horizontal thrust H are equal in magni-
tude but opposite in direction. As a2 result there is no force
normal to the edge. Componenis parallel to thse edge all act in
tha same direction and, as shown in Figure 6, produce a constant
shearing stres§ along the edge cqual <o %%. This shear combines
wvita the vertical cozpoment of arch thrust to put pure compres-

de

sion in the edge beam. The accuxulated horxrizontal compreszsion at

b
D
-

A

the intversection of edge beam anpd column then equals %r‘as

~

shown on Figure 7.

Figure 7;

Compression at the colunn may be checked by statics

by referring to the figure below which represents an eloevation

view of the roof section ABOH cantilevered from the ceniral post.

>

AR
e o

L
{

~=—. Dividing
Y by thoe depth of the roof at that poinit gives the

~ a2

tude of horizontal compression at ke botioxm fidber equsl to



%R
% L _¥x.,L . .
EE—- hx - 2n 2° Therefore, thrust at the support, considering

—

the load w applied to an area ab where x = % = a is

a2 | p = ¥, &2
2h h 2

sunmary:

This material agrees with the derivations for warped
surfaces given on pages 402-404 of the January 1955 issue of

the ACI Journal.
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x=x' cosg-y'sing =.707 (x'~y)
: y)
y=y' cos¢ +x'sin¢g = _707(*+ y

Fig.3
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10.5kd?
0.5kd?

a/

05kd?

YI

z=kxy =05k (x'+y)(x'-y)=05k | KX‘)Zm(y')z]

when x' is constant -
z-k, =2'= 0.5k (=) (y")
when y' 1s constant
z—-ké= z2'=05k (x")
Is constant
= k] (2= ()]
Fig. 4
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Sirple  Beam Bending Moment = =5 "g~
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28 16b 4 4b

Equation of Parabola
y =px°  when y=b X?’l'z"
Therefore
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Parabolic arches —

S S
| Cdx
Y PLAN
Ny
"ofal Force = S = Hds sin ¢
Unit Force = s=S.= Hds sind . pgne cose
d ax
With ¢ =45° and H= % |
Combing effect of both arches
- 05wy _ w
ve 255 = 5%

Fig.6
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Porfirio Ballesterps

Elementary Analysis of

Hywperbolic Paraboloid Shells

Introduction

The rapid growth of interest in one of the newest
forms of shell roof construction—the hyperbolic parab-
oloid—is due largely to its economical use of construc-
tion materials, the simplicity of its structural action and
to its inherent beauty. ‘

The hyperbolic paraboloid is one of the types of con-
struction that make efficient use of materials by relying
vn -form or shape for strength rather than on mass.
Nouble curvature enables loads to be transferred to sup-

rts entirely by direct forces so that all material in the
cross-section of the shell is uniformly stressed.

Although intricacies of mathematics obscured the
analysis of hyperbolic paraboloids for many years, it will
bc shown that the underlying static principles are not

difficult to understand or to apply and that the design;

can be handled as easily as the design of many other
types of structures.

Economy in the construction and design of hypcr-
bolic paraboloids allows the architect to depart from the
conventional practice of forcing all structures to con-
form to networks of linear members confined to three
perpendicular planes and to make imaginative use of the
many graceful shapes that may be developed.

Surface Deflnition

The doubly curved surface of the hyperbolic parab-
oloid may be defined in two ways, either as a surface of

~

translation or as a warped parallelogram. In the first
case the surface can be defined by translating or moving
a vertical parabola having upward curvature over another
parabola with downward curvature, the parabola of trans-
lation lying in a plane perpendicular to the first but mov-
ing parallel to it. This is shown graphically in Fig 1 where
the saddle-shaped surface is formed by moving parabola
ABC over parabola BOF,

Fig. |
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The hyperbolic paraboloid surface may also be gen-
crated as shown in Fig. 2 by moving along the Y axis a
straight line that remains parallel to the XZ plane at all
times hut pivots while sliding along the straight line ABC.
The resulting surface is represented in Fig. 2 by the grid
of straight lines h, and i,, and every point on it may be
considered to be the intersection of two such lines
containcd in the surface. This surface can be visualized
by considering the horizontal plane A’C’E’'G’ to be
warped by vertically depressing corners 4’ and E’ to
new positions A4 and E. Straight lines h, and i, are, of
course, longer in the warped surface than in the pro-
jected horizonta urface in order that an intersection
such as A may remain directly under 4’.

Struciural Shapes

A varicty of roof forms may be developed either by
use of the entire warped surface or by combining parts
of it in various ways. A few of these are illustrated in
Fig. 3.

The surface in Fig. 3a has been used successfully to '

give a striking appearance to such diverse structures as
churches, banks and restaurants. This is the complete
warped surface identical to that shown in Fig. 2.
Surfaces in Figs. 3b, 3c and 3d are formed by com-
bining in various ways one quadrant of the surface in
Fig. 2. For example, consider quadrant ABOH in which
lines BQ and QH are horizontal, coincident with the axes

Fig. 3. (Edge beoms and ties not shown)
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Fig. 2. Surface definitions,

OX and OY. In Fig. 3b four of these quadrants are joined,
with the horizontal edges of each quadrant at the exterior
of the roof and all depressed corners A at the single center
column. This shape is commonly known as the inverted
umbrella, .

In Fig. 3c, edges HO and OB of the near quadrant
are horizontal, while the depressed corner A is at the
column. A corresponding arrangement of the other three
sections of the roof results in one horizontal ridge line and
two horizontal exterior edges. In contrast to Fig. 3¢, both
ridge lines in Fig. 3d are horizontal, the roof dropping
to each of the corner columns. Roof types in Figs. 3b,
3c and 3d are well suited for covering the large rectangular
areas common to industrial plants. '
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Construction

One of the principal economies of the hyperbolic
naraboloid is that its forming is simple, even though the
doubly curved surface has the appearance of posing a
complicated forming problem. Because the surface is de-
fined by two intersecting systems of straight lines, the
formwork requires only straight wood joist generators,
The smooth, warped surface may be secured merely by
"covering these joists with flexible plywood sheathing.

Stresses in the hyperbolic paraboloid roof are low
and require only a minimum thickness of concrete. In
fact, the roof of the Cosmic Ray Pavilion at the University
of Mexico has a thickness of only % in. Generally, how-
ever, shell thickness depends upon the concrete cover re-
qu?i’ed for the reinforcement, with 3 in. being an average
figure,

Geomelry

The study of the hyperbolic paraboloid may be con-
fined to the basic quadrant ABOH of the surface shown
in Fig. 2. Referring to Fig. 4, any point on the surface
may be defined in terms of x, ¥ and z, where z equals the
product of the x and y coordinates and a constant /ab.
For example, in triangle HA'A, by similar triangles,

c z S .zh
T =—0rc L -
h a a

Similarly in triangle Ed’d,

z v
c b
from which

ye v\ /zh\ . h
=5-()E) == (3)
Letting k = il
ab .
z = kxy (1)

For convenience in analysis, axes OX and Y shown
in Fig. 4 are rotated through an angle ¢ =45° se that the
axis OY"lies in a vertical plane with O4. Using the stand-
ard formulas for transformation of coordinates by rota-
tion and letting ¢=45° in Fig. 5, gives

z=zcos¢ —y sing = 0707 (' —y') (2a)

x

and
y =y cos¢ + 2" sing = 0707 (' + ) (2b)
Substituting equations (2a) and (2b) into equation (1)

gives
} (3)

z=kzy = 0.5k (' + y) (' — ¥)
= 0.5k [(z) ~ (v)*]
which defines the surface of the hyperbolic paraboloid in
terms of the new coordinate system, The rotated position
of the coordinates above the quadrant ABOH is shown
in Fig. 6. v
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A study of physical properties of the surface is
possible by mtroducmg specific values of %', ¥’ and z into
equation (3). When 2 is constant,

=05k =2~k =2 = ~05k(@)? @)
which is the cquation of a parabola lying either in or
parallcl to the Y'Z plane. The vertex of the parabola de-
hned by setting 2" =0 intersects the X’ axis at the origin
of the X', Y’ and Z axes, but for any other value of 2’
the vertex is above the X'Y’ plane. In any case the prin-
cipal axes of all these parabolas are parallel to the Z axis
and lie in the X’Z plane.

In a similar manner, if y* is constant,

24 05k ()2 =2+ ky = 2’ = 0.5k (z')?
Equation (5) is the general cxpression for a parabola lying
cither in or parallel to the X'Z plane. If ¥ =0 the equa-

tion represents a parabola having a vertéx which inter-
sccts the Y’ axis at the origin. Any other value of ¥’

dcfincs a parabola having its vertex below the X'Y’ plane

but with its principal axis parallel to the Z axis and lying
in the Y’Z plane.

It is important to note in equations (4) and (5) that
for any given warped surface the value of either x’ or

y' may be varicd without affecting the term “0.5k” in the ,

equation for the parabola. As a result, all parabolas in
both directions have the same shape. Also nate that one of
the, expressions is positive while the other is negative.
This difference in sign indicates that parabolas parallel to
the X'Z plane are concave upward, while those parallel
fo the Y’Z plane are concave downward. ’

If z is given a constant value in equation (3),

=k [@) - )] (6)

This is the equation of-a horizontal plane cutting the
warped surface, the elevation of which depends on the
particular value given to z. This cutting plane forms a
hyperbola,-thereby indicating the reason for the designa-
tion hyperbolic paraboloid for the surface,

Dasign

In Fig. 7, a typical parahalic arch is shown represent-
ing a strip cut parallel to the Y'Z plane, Since the surface

Fig. 7
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is made up entirely of two sets of parabolic arches, one
set normal to the other and all having the same shape, it
can be assumed that the total load w is divided equally
in_two directions. Any given arch will, therefore, carry
a load of intensity w/2.

The internal moment in any two-hinged arch is equal
to the simple beam bending moment minus the moment,
due to the horizontal reaction H. Midspan simple beam

2
bending moment due to uniform load is (%) (-%-) The

bending moment throughout a parabolic arch sup-
porting only a uniform load equals zero. Hence moment
produced by horizontal thrust must be equal and opposite
to the simple beam bhending moment. Therefore, thrust
moment Hk., at midspan is

w L?

H(~hka) = 28 (7a)
w L?

or H = -~ Z4h,, (7b)

" But the expression for all arches in this direction has

" Letting 2’ = h,; and y’ = <>

been shown in equation (4) to be:
2 = ~0.5k(y)?
L

g

! . L!
hey = —05k(4)

L - 1
4h,, 0.5k
-Substltutmg this in equation (7b) gives
H - 'w[__l]_ql_wab
T -4l 05k] 2t 2k (8)

Equation (B) gives t.he tensile or compressive thrust,
induced in the shell by a uniform load. The shell must
be reinforced only for this force. Actually, since the slope
of the surface steepens near the column, the load is not

s
strictly uniform; but the departure from uniform load-
ing is insignificant.

Proof of Analysis

In the foregoing it has been assumed that the arches
are properly supported at their ¢nds. The validity of this
assumption will be demonstrated.

Fig. 8a shows theoretical positions of typical para-
bolic arches and indicates their action on edge members
of the roof. Each arch exerts both a vertical and horizon-
tal force at its ends. It is seen in Fig. 8b that where two
perpendieular arches intersect an edge, the normal com-
ponents Hy of H are equal in magnitude but opposite in
direction. As a result both components cancel each other
and there is no forcc normal to any cdge.

The other components of the horizontal forces H,
called S, in Fig. 8b, act in the same direction for both



scts of arches and, therefore, are additive. When applied
to the surface of length ds, each force equals Syds or H
sin ¢ ds. To determine the intensity of shear S per unit
of length along the edge beam, an equation of equilibrium
is written for forces parallel to the edge acting on the
small triangular wedge: '

2H sinp ds = S dz

from which

S = 2Hain¢£= 2H sin ¢ cos ¢

dz
With ¢ = 45° rd H = — g
ith ¢ r 2%
) 0.5w w  wab
n =2 [ 2% :I 2%  2h ©

The effect of vertical components V along hotizon-
tal edges OB and OH is dilferent from that at the sloped
cdges AB and AH, In eithcr case, because the thrust line
in a parabolic arch supporting a uniform load follows the
centroidal axis, the combined vertical component at any
point due to the thrust in the two arches:is

dz
Hd ‘+ H T (10)
where the angle © lies in a vertical plane between the
arch thrust line and its horizontal projection as shown in
Fig. 8c. From equation (3), slopes of the arches are ,

dz

=Z I tano =

= (F0EREY) = =k ' (11a)
and

dz ,

— = (0.5k)(2z') = +kz' . {11b)

dz’

At any point on the horizoital edge OH, 2’ =y’ as evident -

in Fig. 6. Therefore by cquations (11) the slope of two
arches must be equal but of diferent sign. Vertical com-
ponents, thercfore, cancel because they are equal in mag-
nitude and opposite in direction. Vertical components
along edge OF also nullify each other.

Along slopmg edges, coordinates z” and y’ are not
equal at any point. With edge OB in Fig. 6 equal to a
and OH equal to b, the equation of line 4B is from the
general expression y=mx-+b:

y =z - a\/_ (12)

Substituting thig value in equations (11), slopes of arches
at edge AB are

£,= -k (x' —-a \j2—) (13n)
and '

L ek (13h)
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Substituting in equation (10), net vertical component of
arch thrusts at the edge is

v=H[- k(z—a\f)]+H(kx) }{ka\/—

(14)

. h .
With k = 3 equation (14) may be Written
a

]

Hh\/_

(15)

e

The force V is applled on the surface having the
length ds in Fig. 8c. To determine intensity ¥’ per unit
length of the edge beam,

Hh\/

el

Vidz = Vds =

V= V§£= Vcos¢=-—‘-Y—~
dz T NT

Therefore, from equation (15)

% Jﬂ‘i_z_( _1_> - HE (16a)
b \\z/ ¢
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In p similar manner it con be shown that the vertical force
exested by the shell along edge HA is

Vo= Hh (16b)
a

If there were no other force present along the in-
clined edges, the shell would require vertical supports.
However, as shown previously the arches simultaneously
exert a horizontal force in the plane of the edge. The two
forces, horizontal and vertical, combine as shown in Fig.
9 to produce a resultant force parallel to the edge.

In summary, the net result of the interaction of the
two systems of arch elements is that they exert merely
shearing forces parallel to the edges. Therefore, the as-

sumption that the ends of the arches are adequately sup-

ported is justified, proper support being provided by the
presence of members parallel to the edges only, as shown
in Fig. 10. ‘

Statical Check

The horizontal thrust given by equation (8) may be
checked by comparing it with the thrust determined stat-
ically using the total shell as a free body. In the elevation
view of Fig. 11, assume the structure left of section PP
to be a cantilever beam carrying the uniform load. w.

Moment at section PP equals 2wba— Dividing this by
the height h gives thrust

2wba? wba? ‘
T2 (‘h") T Th an

The force expressed by equation (17) may be thought
of as the force which occurs in the top and bottom flanges
of an I-beam, with the flanges represented here by edge
beams. In the lower or sloping edge beam this thrust is

the horizontal component of the axial force in the beam. -

The corresponding vertical component is

2
%5‘— (i) = wba (18)

a

This indicates that of the total vertical roof load
2wba applied left of section PP, an amount wba is car-
ricd down beam I/A4 and that the remainder, or 2wba —
wha = wha, must be carried down beams AB and AB’ as
shown in plan, Fig. 11. Shears acting on the shell ad-
jacent to thesc beams are shown in section PP, and verti-
cal components of these shears must add up to the load
wba. Calling S, the shear intensity per unit length in the
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sloped direction and assuming it unriformly distributed
along the shell, total shear in the sloped direction is found
by multiplying S, by the total sloped length, or

s, (2\/711—4-_51)

The total vertical component then is expressed as

» A .
S.2Vh’+b‘( v—~—--—->=wba
( ) VB + ¥
from which
wha w .
o o e 19
S, oh = ok (19)

which agrces with equation (9).

It should be noted that S, in section PP, Flg 11, is
not a vertical shear, but is the vertical component of the
thrust in the shell. The presence of any radial shear would
necessitate bending in the shell, a condition which does
not exist under uniform loads.



Skewed Hyperbolic Paraboloids

The preceding discussion concerns hyperbolic parab-
oloids that are rectangular in plan, However, the same
basic approach may be applied to the more general case
of roofs skewed in plan as shown in Fig. 12. In this case
the surface is defined by the equation

st (20)
ab
in which u and v represent skewed coordinates. In this
system the location of any point is designated by a dis-
tance u measured parallel to the U axis and a distance v
measured parallel to the ¥ axis. Hence the surface still
contains two systems of straight lines parallel to the co-
. ordinate axes, I/ and V.

As with the rcctangular surface, it is necessary first
to determine the directions of the load-carrying parabolic
arches. The procedure for determining this direction is
developed in the Appendix. Briefly it consists of rotating
the axes U and ¥ (Fig. 12), skewed at the angle w, through

the angle ¢ to new positions U’ and ¥’. The angle of rota- °

tion ¢ which dcfines the positions of ‘the parabolas is
given by the expression

sin w

v 2 ' +
Note that the parabolas as well as the axes intersect at
the angle w instead of being perpendicular to each other
as in the rectangular roof. !

As shown in the derivation in the Appendix, arch
thrusts in the skewed shell are

sin ¢ = T (21

wab \/E sin w
H ’ = (m)
' 4/ Sn (o — @) (220)
wab\ N 2 sin w
and Hy' = (T{>m (22b)

equations (22) correspond to equation (8) and give thrusts
induced in the ¥’ and U’ directions. Shear at the bounda-
ries is equal to

»

wab
o e 3
S' oh sin w (23)
Fig. 12

v
(Arrowa indicate directions
ol parabaios
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The derivation in the Appendix also shows that the
horizontal components of the thrusts of any two arches
intersecting at the edge of the surface combine so that
no force is exerted normal to the edge. Only shears par-
allel to the edge exist, and these can be resisted effectively
by an edge member.

Sloping Hyperbolic Paraboloids

In the previous derivations it was assumecd that each
hyperbolic paraboloid shell has two horizontal intersect-
ing edge beams. However, this is not a necessary condition.
The method is equally suitable for a sloping hyperbolic
paraboloid shown in Fig. 13. For example, each quadrant
of the structure in Fig. 13 is composed of hyperbolic
paraboloids with one horizontal and three sloping edge
beams. The magnitude of the forces acting in_the arches

can be determined by extending the shell in " quandrant
BCDO so that two edges BC' and C'D’ are horizontal, and

" substituting the dimensions of BC'D'0 in equation (9).
‘Since, in previous derivations, it was shown that com-

ponents of the arch thrust perpendicular to sections paral-
lel to the axis nullify each other, the force obtained for
quadrant BC'D'0 applies equally well to quadrant BCDO
even though edge CD is free. If the preceding operation
is performed in general terms the resulting equation re-

duces to ( . ‘ .
’ “wab ’ '
fndioid . 24
H = % . (‘ )
Fag 13 '

7

Ta ! Saction P-P .




Equation (24) is the same as equation (9). It should
be noted that dimension a is the projected length rather
than the true length of the edge beam. The same expres-
sion may be derived by considering quandrant DEFQ. The
horizontal edges in this case are E'F and E'D"” or EE’ and
E'D", and the dimensions of D"”E'FO or D"E'ED may
be used to substitute in equation (9). As previously, total
force in any edge beam equals the sum of the shear forces
acting along its length, For example,

wab
T = —2—}1— a’ ete. (25)

Desi{;n Example

The following example illustrates the design of a
typical hyperbolic paraboloid shell roof.

Consider a roof unit of the shape shown in Fig."3b
having exterior edges horizontal. A unit 40x40 ft. in plan
is sclected-as being typical of the unobstructed floor area
generally required for industrial buildings. Because com-
pressive siresses in the concrete are quite low, shell thick-

ness is controlled only by requirements of adequate  °

coverage for reinforcement, and in this case a thickness

of 3 in. is selected. Vertical rise & of the shell from column _

to exterior edge beam is chosen to be 5 ft. Adive load of
. 30 psf plus 5 psf to account for the weight of the edge
beams is added to the 37.5 psf for weight of the shell to
give a uniform load w of 72.5 psf.
Horizontal thrusts created in the parabolic arches by
this load are, by equation (8),
wab 72.5 X 20 X 20
H= g = =g x5
=+ 2,640 Ib. per ft.

Reinforcement required for negative thrust is

2,640 . -
¢ = = (.132 sq.in. .
20,000 32 sq.in. per ft
Compressive stress in the concrete is
2,640
= 2 = 74 psi
Je=g5qg = TP

Although no reinforcement is indicated in the dircc-
tion of the parabolic arches under compression, a nominal
amount should be used to take cate of shrinkage stresscs.
In Fig. 14, rcinforcement is shown placed diagonally, but
if due account is taken of the direction of the stress it
can be placed parallel to the edges.

Total force in any edge beam equals the sum of the
shear forces acting along its length. In the borizontal
edge members of this example, tension at the roof corner
18 zero and increases to a maximum value at the center.
Therefore, the maximum force equals the sum of shear
forces acting over only one-half the length of the edge
beam.

Tension in the horizontal edge beams is

Hs = 2,640 X 20 = 528001b

B T et T SR

from which ’ I
52,800
040~ 2.64 squin.
' 20 000 64 sq.in

The steel should be detailed so that its centroid coincides
with the line of application of the shear forces, otherwise
due account should be taken of the eccentricity. In this
connection, the effect of secondary bending moments in-
duced near the corners and discussed under the heading

of Secondary Stresses should also be included in the de-

sign of the edge members.
Compression in the sloped edge members is

. 20.75
20.75 2)(52800)(——0—

~

2Ha

109,560 1b.

Note that the shearing force at both sides of a sloped
member contributes to its total axial force.

There is some question regarding the allowable stress
and method of analysis to be used in determining the area
of the compression member in the valley of the shell.
Because this member is only subject to an axial thrust
with small eccentricity, the use of column formulas is
indicated. But since the member also ‘acts as the flange
of an I-beam having the shell as a web, the use of the
allowable compressive stress permitted in flexure is justi-
fied. For average spans the section area obtained from
column formulas is small and a design is not penalized
by this conservative interpretation. Furthermore, it is de-
sirable to reduce strains in edge members as much as
possible to minimize bending moments caused by the in-
teraction of shell and edge beam. Although analysis of
the shell does npt include effect of ro strains parallel to
the edge beam, strains occurring in the edge beam are

Fig. 14
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reflected into the shell because the two are joined inte-
grally. This effect is reduced when beams are slightly
larger than required.

Using the standard formula for tied columns with a
percentage of steel p,=0.01, the gross area required at
the valley for the sloped beam is

P
0.8(0.225f, + f.ps)
_ 100,560
~ 540 + 16,000 X 0.01

With a rise of 54 ft. in 20 ft., the depth ¢ shown in
section A4 of Fig. 14 is

20

A depth of 9 in. will be used at this point Lo providesufﬁ-
cient strength in bending for unsymmetrical loading con-
ditions.

= 157 8q.in.

Groined Vaults

The approach just outlined—examining a shell in
terms of the behavior of individual arches— can also be
cmployed in considering other shells. One of these is the
groined vault made by the hyperbolic paraboloid surface
as shown in Fig. 15. Although for clarity only the rec-
tangular plan is shown, intersecting barrels can also be
adapted in many ways to triangular or polygonal plans.

The chief difference between previously discussed
shells and the groined vault is that in the former case the

Fig. 15
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free edges were placed along the straight lines, but in this
case the free edges occur as shown in Fig. 15, parallel to
the arches. For one particular segment as previously de- -
rived, the equation of the surface is

h.
z = kuv = e WU (26)
a'h

This expression can be altered to the form

‘= -h.(——)+z,<’; @7

which may be more suitable in preparing a layout and
studying the general arrangement.

In the case of the groined vault it is advantageous to
consider arches that are parallel and perpendicular to the
free edges. It is apparent that the arches normal to the
free edge, being unrestrained at that edge, can offer little
resistance to the load. Hence, loads are carried mainly
by the arches acting parallel to the free edges.

In the case of a uniform load, these arches are com-
pletely free of bending, and thus the load is transmitted
directly to the intersection of the barrels as pure axial
thrust. The horizontal component of this thrust is mercly
equal to wa?/2h, or wb?/2h,, depending on the barrel that
is being considered. However, for this type of hyperbolic
paraboloid the dead load of structure cannot be assumed

_ as uniform, dince the weight per square foot of projected

area is considerably more al the support than at the crown.

For this loading condition, if" the shell is considered
as a series of independent arches parallel to the free edges,
each arch would be subject to bending as well as axial load.

T
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Although the calculated bending moments in the arches
would be relatively small, such moments do not exist in
the shell. Hence, a modification of the general arch treat-
ment is necessary.

If the arches arc to be completely free of bending,
the thrust line must follow the axis of the arch. The dead
load cannot by itself satis{y the requirement. However,
as an arch tends to deflect, it creates a difference in shear
betwecn itself and the neighboring arch, This difference
in'shear between the various elements can be regarded
as gn exlernal load on the arch. The magnitude and dis-
tribution of this shear must be such that the thrust line
produced by the shear and dead load lies on the axis of
'lhe»}'irch. Since the edge of the shell is completely -free
of shear, one could commence from this plane and by
trial gnd error determine the shear required at various
sections to maintain the arches free of bending. Such a
procedure is, however, very lengthy and involved. To
simplify the task, Table 1 gives force coefficients to permit
rapid calculation of internal forces throughout a shell.

To obtain a generalized solution it was found more
advantageous to solve the differential equations express-
ing the behavior of the shell, rather than a lengthy arch

analysis. Further simplification was achieved by assuming -

that the dead weight varied as

28

w=w,[k.+k,cos 1;3:)]

In Table 1, T;, T, and S represent the internal forcer

" acting tangent to the surface in pounds per foot occurring

in the shell at various points designated as y/b in the first
column and as (1 — x/a) \/k./h, in the top row.

As noted in Table 1 the formulas and coefficients ar:
applicable only to shells where &, » 0. If the dimensic.
h: becomes zero, the groined vault is no longer compos«d
of hyperbolic paraboloids. The component units are sec-
tions of parabolic cylinders. The formulas for the limit-
ing condition A; = 0 are transformed to

k,a? x\? Ty
Tr = — We 2 - pugng
[6h, wek [‘rr (1 a) co8s 2b] (29a)
klbz We k-z Y ]
T, = - i | -2
v T [kx c0s o + 1 (29h)
kaab z\ . ry]
iq = - - [; — 3
S ah, W, l:-n- (1 a) sin o0 (290,

The definition of the various symbols is the same as in
the table.

The foregoing analysis has been predicated on the
basis that the shell is rigidly supported along the inter-
scctions or groins. Since this is not the case, the groin
must be designed to transmit the reaction from the shell
to the support. Depending on the type of support, the
groin can be considered either as a fixed or two-hinged
arch. For small spans (because of the small stiffness oc-

(0

, curring at the crown) it is possible to consider the groin

as three-hinged.

To determine the moments and stresses produced in
the arch, it is necessary to estimate what portion of the
ghell acts as the arch. For a very conservative estimate,
it could be assumed that half the width of the arch is
equal to eight times the thickness of the shell. For a more
realistic figure, it could be assumed that the effective width
acting as an arch equals 1.52/r, in which r is the aver-
age radius at the intersection. Even-when a constant effec-
tive width is assumed, the moment of inertia will vary
because the cross-section of the arch rib depends on the
slope at which the two adjacent shells intersect, the angle
or ¥ heing most acute near the corner.

The analysis for an arch consists of solving for the
unknown horizontal reaction by means of the moments
produced by the external loads and the elastic properties
of the arch. Two methods can be used to determine the
loading which the arch is subjected to. The first and most
natural one is to compute the internal forces acting in
the shell along the intersection. These forces are then
resolved into vertical and horizontal forces in the plane

. of the arch, and used as external loads on the arch. This

method has the disadvantage that the determination of
the angle at the intersections and the components of the
forces parallel to the arch is complicated.

The second -method, shown in Fig. 16, consists of
treating an entire section of the shell as a free body. In
such a free body, the moment parallel to the direction of
the arch axis produced by the external loads and the in-
ternal forces can be obtained quite readily. For example,
the moment at C equals the algebraic sum of the moments
of the load w and the reaction ¥ as in an ordinary arch, and
the moments of the internal forces T, and S. The internal
forces are computed from Table 1. For these forces, only
the component of the moment acting parallel to the arch
axis is used. It will be necessary to find the slope of the

Fig. 16
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- x_.‘-.“_u el PSR NIPEY '
. w.= intensity of distributed load at the :
crown, (lb. per aq.ft.)
—
1+ [(2h./a)(z/a) ] "
. = 2
« 14 [ (2he/8)(y/b) ] ‘
e ’
k=l 1+ (2h,/b)* NOTE: &, # 0
ka=1~k; '
\ -
* xr
N (1 = D) hath
RE IR . a .
| b
1] 0.04 0.08 0.12 0.14 0.20 0.24 0.28 0.32 0.3 0.40 0.45 0.50 0.55 0.60 0.45 070 075
kg a’ .
T, = w. k (cocfficient)
2h, -

0 .0000 .0020 .0079 .0177 .0314 .0489 .0702 .0952 .1237 .1557 .1910 .2396 .2929 .3506 .4122 .4775 .5460 .6173
0.10 {.0000 .0019 .0078 .0175 .0310 .0483 .0694 .Q940 .1222 .1538 .1886 .23446 .2893 .3462 .4071 .4716 .3393 .6097
0.20 |.0000 .001% .0075 .0V6B .0299 .0465 .0668 .0905 .1174 .1481 .18146 .,2279 ,2784 .3334 .3I920 .4541 .5193 .5871 !
0.30 {.0000 .0018 .0070 .0158 .0280 04346 .0626 .0848 .1102 .1387 .,1702 .2135 .2610 .3123 .3673 .4255 .4865 .5500

. 0.40 |.,0000 .0016 .0064 .0143 .0254 .0396 .0568 .0770 .1001 - .,12359 .1545 .,1938 .2370 .2836 .3335 .3863 .4417 .4994
B | 0.50 |.0000 .0014 .0056 .0125 .0222 .0346 .0497 .0673 .0875 J108 1350 1694 2071 2479 2915 3376 .3861 .4365
0.40 |.0000 .0012 .0046 0104 .0185 .0288 ,0413 .0559 .0727 .0915 .1123 .1408 .1722 ,2060 .2423 .2807 .3209 .1428
0.70 |.0000 .,0009 .0034 .0080 .0i43 ,0222 .0319 ,0432 ,0562 .0707" 0867 .,1088 .1330 .1591 .1871 ,2148 .2479 .280)3
0.80 |.0000 .0006 .0024 .0055 .0097- .0151 .0217 .0294 .,0382 0481 . .0590 .0740 .0905 .1083 ,1274 ,1476 .,1887 .1908
0.90 |.0000 .0003 .0012 ,0028 .004%9, .0077 .0110 .0149 ‘0193 .,0244 ,0299 .0375 .0458 .0548 .0645 .0747 .0854 .0966
1.00 |.0000 .0000 .0000 .0000 ,0000 ,0000 .0000 .0000 .0000 .0000 .0000 .0000 ,0000 .0000 .0000 .0000 .0000 .0000
1
k] b, W, k2
T, = — — 11 4+ — (coefficient)
U

: oh, k. ki

0 [1.0000 .9980 9921 .9823 .9686 .9511 .9298 .9048 .8763 .B443 .B090 J604 JO7] .6494 .5B78 .5225 4540 .3827
0.10 | .9877 ,9857 .9799 .9702 9567 .9393 .?183 .8937 .8455 .8339 7991 7510 . -6984 6415 .5803 .5161 .4484 .3780
0.20 |.9511 .9492 .,9434 .9342 .9212 .9045 .8843 .8405 .8334 .8030 .7694 7232 .6725 .6177 .5590 .4969 .4318 .3440
0.30 | .8910 .8892 .,8840 .8752 .8630 .8474 .8284 .8062 .7808 .7523 .7208 .,8775 .8300 .5787 .5237 .4635 .4045 .3410

> 0.40 | .BOPO0 .8074 .8026 7947 7836 .74694 7522 7320 .7089 .6BI1 .6545 .6152 .5721 5254 4755 4227 .3673 .3096
[ 0.50 |.7071 7057 7015 .6946 .8849 .6725 .6574 .6398 .6196 .5970 .5721 .5377 .5000 .4592 .4156 .,3695 .3210 .2706
0.60 |.5878 .58646 .5831 .5774 .,56913 .,5590 .5465 .5318 5151 .4963 4755 .4470 .4156 .3817 .3455 .,3071 .24648 .2249
0.70 {.4540 .453%1 .4504 .4459 .4397 .4318 .4221 .4108 .3978 .3833 .3673 .3452 .3210 .2948 .,2668 ,2372 .2061 ,1737
0.80 |.3090 .3084 .30646 ,3035 .2993 .,2939 .,2873 .2794 .2708 .2609 .,2500 .2350 .2185 .,2007 .1816 .1615 ,1403 .,1183
0.90 |.1564 .1561 .1552 .1537 .1515 .1488 .1454 1413 1371 .1321 .1266 .1190 .1106 .i016 .0919 .0817 .0710 .0599
1,00 | .0000 .0000 .0000 .000D ,0000 .0000 .0000 .0000 .0000 .0000 .0000 .0000 .0000 .,0000 .0000 .0000 ,0000 ,0000
ka ab . .
S = ——— w, (coelficient)
hehy

V] .0000 .,0000 .0000 .,0000 .,0000 .0000 .0000 .0000 .,0000 .0000 .0000 ,0000 ,000O .0000 .,0OOO .0000 ,0000 ,0000
0.10 | .0000 .0098 .0196 .0293 .0389 .0483 .057¢6 .0666 .0754 .,0838 .0920 .,i016 .1106 .1190 ,1266 .1334 .1394 ,1445
0.20 !.0000 .0194 0387 .0579 .0768 .0955 .1138 .1316 .1489 .1456 .1816 .2007 .2185 .2350 .2500 .,2435 .2753 .2855
0.30 |.0000 ,0285 .0569 .0851 ,1129 .1403 .1671 .193]3 ,2187 ,243]3 .26469 .,2948 ,3210 .3452 .,1673 1871 ,4045 .4194
0.40 |.0000 .0369 .0737 .1101 .1442 .1816 .2164 .2503 .2832 .3150 .3455 .,3817 .4156 .4470 .4755 .5012 .5237 .5430

)| 0.50 |.0000 .0444 ,0886 .1325 1759 .2185 .2603 .3011 .3407 .,3789 -.4156 .4592 .5000 .5377 .5721 .6029 .6300 .4533
040 1.0000 .0508 .,1014 15146 .2012 .2500 .2978 .3445 .3897 ,4335 4755 .5254 .572V 6152 .56545 .4898 .7208 .7474
070 |.0000 .0559 .1117 .1670 .2216 .2753 .3280 .3794 .4292 .,4774 .5237 .57687 .6300 .8775 7208 7597 .7939 .82)32
0.80 |.0000 .0597 .1192 .1782 ,23465 .2939 .3501 4049 4582 .5096 .5590 .8177 .4725 .7232 7494 .8109 .,8474 8787
0.90 |.0000 .0620 .1238 .1851 .2456 .3052 .3636 .4205 .4758 .,5292 .5806 .6415 L6984 J510 7991 .8421 .,8800 .9125
1.00 {.0000 .0628 .1253 ,1874 .2487 .,3090 .,3681 .4258 .4818 .5358 .5878 .6494 .7071 JF604 .8090 .8526 .8910 .9239
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forces T, and S before proceeding with the summation
of moments. The angle ¥ which T, makes with the hori-
zontal is obtained from the relationship that

2hy

b2
and angle ¢ between force S and the horizontal can be
calculated from the relationship that

tan y = (30a)

2h.x

tan ¢ = —
a

(30b;

Design Example

The following example illustrates the design of a typi-
cal groined vault using Table 1.

Consider the unit shown in Fig. 17. The roof is 100x
100 ft. in plan with a maximum height k,=37.5 ft. The
rise of the central arch h;=6.0 ft. and the shell thick-
ness is 4 1n. The dead load of the shell, roofing, etec. is
w,=60 psf, with a uniform live load equal to 30 psf.

Before the calculation of internal forces the quan-
tities ky and k3 must be computed from the expressions
shown in Table 1.

ki = A1+ (2h,/b)* = \[1 + (2 X 37.5/50)* = 1.8
kh=1—k =1-=18 = <0380

and
ks -0.8

—]; = _1—8— = -0.444

The internal forces will be obtained forz and %' varying

at intervals of 0.2, therefore coefficient ¥ must also be
evaluated for the same points from the equation for &

shown in Table 1. For example at point 5 = 0.6,% = 0.4.
1 + [(2he/0)(z/a) ]
1+ [(2h,/0)(y/b) !

-
_ \/ 1+ [(2 X 6/50)(0.6) ]
1+ [(2 X 37.5/50)(0.4) ]*

= 0.866

The values of the coefficient k for the remaining points

on the shell are shown in the first section of Table 2.
All the constants required to determine internal

forces are now available. The procedure will be illustrated

by calculating forces at the same point :—: = 0.6,% = 0.4.

Fig. 17
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From Table 1, for % =0.4 and

X
(1 - ;>,/h,/h, = (1 — 0.6)+[6/375 = 0.16

the coefficients for Tz, T, and S are 0.0254, 0.7836 and
0.1462 respectively. Using the equations shown in Table 1,
szz

T, = o wek (coefficient)

- 2 '
- =08 X 50 60 x 0.866 X 0.0254
2 X 6

= —220 lb. per ft.

klb2 ‘wc k2 .
= - Xe, 2 (coefhi
Ty oh, ( . )[1 + P (coe clent.)]
1.8 X500 60
= — 1 — 0.444 7836
2 % 375 0.866L X 0783 ]
= — 2,709 lb. per ft.
k
-8 = aab w, (coefficient)
2\ hh, ‘
—0.8 X 50 X 50

= X 60 X 0.1462
2V 6 X 37.5

= —585 Ib. per ft. re

The internal forces due to dead load for the entire shell
are shown in Table 2. It should be noted that values below
the horizontal broken line in the tables were omitted be
cause these points lie below the groin. Calculations of
constants beyond the boundary of the shell are only
needed when it is necessary to obtain values at the groin

*by interpolation.

As mentioned previously, uniform load such as live
load is transmitted to the support by pure axial thrust;
therefore only forces T, exist for this loading condition.
The horizontal component T4 of this thrust with a live
load of 30 psf for all points on the shell is

wa? 30 X 50?

TH = = 1,000 Ib. per ft.

2h, 2 X375
The axial thrust is obtained from
Ty
7 cos 1/

where angle ¢ is evaluated from equation (30a):

2h.
tan ¢ = Y

b2
For all points along the line % =0.4,

2 X 37.5

04 = 0.
50 X 6

tan ¢ =

and therefore

cos y = 0.857



1,000
Therefore T, = ~

) ossr = T 1,166 1b. per ft.

B

and the final dead plus live load force is
T, = — (2,709 + 1,166) = - 3,875 Ib. per ft.

Internal forces T, and S are a function of dead load only,
and are not increased by the live load.

Examination of Table 2 shows that the forces are
eompressive throughout the shell. Furthermore, their
macnitude is very small. The maximum compressive force

T, occurs at £ =1.0, %/- =1.0. The live load force at this

‘ a

noint is — 1,803 Ib. per ft. and the dead load force from
Tahle 2 is ~6,316 lb. per ft. Thus the maximum com-
pFessive stress is

1,803 -+ 6,316 .
e = — = ~169
fe= = %12 69 psi

Compressive stresses due to T, are considerably emaller.
The maximum shear stress shown in Table 2 is
866 .

v o= 1512 = 18 psi
By inspection of Table 2 it is evident that the combined
stresses are small; therefore it will not be necessary to
compute them. Although the above stresses do not re-
quire any reinforcing, it is advisable to provide at least
the minimum steel specified by the ACI Code to accom-
modate unsymmetrical loads and stresses due to volumet-
ric changes.

The last step is the analysis and design of the groin
arch by either one of the two procedures already described.
The forces computed in Table 2 should be used in de-
termining the loading to which the arch is subjected.

Unsymmetrical Loads

In the preceding discussion it was assumed that all
of the quadrants were equally and uniformly loaded. In
certain cases, however, such as the inverted umbrella
shown in Fig. 3b, it may be desirable to investigate the
effect of unsymmetrical loading or the effect of lateral
loads.

To visualize readily the behavior of a shell under
unsymmetrical loading, it is preferable to consider the
action of the shell and the edge beams separately. Further-
more, in the initial stage the cdge beams must be con-
sidered restrained in a manner similar to the fictitious
clamping assumed in the moment distribution technique.

* From the physical relationship just discussed, it
should be apparent that a uniform load on any one quad-
rant will create internal forces in the shell of that quad-
rant in accordance to formulas previously derived. For
example, a uniform load on the two quadrants in Fig. 18
is resisted by parabolic arches which require only shear-
ing forces at their ends for stability. These shearing forces

i

2% T,

are computed by equation (8). Thus even though only
part of the structure is loaded, the shell proper is in
equilibrium with the stresses readily determinable.

0 02 0.4 0.6 0.8 1.0
¥
b
[1 - (a:/a)]\} hefhy
0.40 | 032 0.24 016 | 008 0
0 1000 | 1.001 | 1005 | 1010 | 1018 | 1.028
0.2 0959 | o982 | ovss | 0.975 | o83
| 04 0.861 | 0866 | 0673 | 0882
0.4 0751 | 0757 | 0764
0.8 0.652 | 0.658
1.0 0.570
0 |—i9t0|—1208! — 706 — 317} ~ 80| o0
02 1128 — 643} — 289 | — 73| O
wl 04 — 489 ] — 220} — 56| 0
B 04 — 139 | ~ 35 0
0.8 — 16| o0
1.0 / 0
{
0 | 2305 | 2195 —2101 ] —2030 | ~1977 | —1945
0.2 —2363 | ~2272 2196 | ~2143 | ~2110
=| 0.4 —2783 | —2709 | —2652 | —2614
Bl o6 —3581 | —3523 | —3481
0.8 ‘ —4769 | ~4720
1.0 —6316
0 0 0 0 0 0 0
0.2 — 596 | — 455 — 2307 | — 155 0
vy | 04 1 — 884 | — 585 ] — 295 0
0.4 — 805] — 408 | o
0.8 — 477 o
1.0 0

Note: Coefficient k Is dimensionless, Forees Tx, Ty and § are I (b, per f1.

Fig. 18
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Fig. 19

Tensile and compressive forces in the edge beams
can be determined from these. Assuming the column cap-
able of resisting horizontal forces, all edge beams are in
equilibrium except beams AHG and CDE. For these beams,
the shear acts in only one direction. To maintain equi-
librium, a concentrated force T is needed at D and H. If,
it is assumed that restraint exists at D and H, then the
force T can be considered as an exlernal load.

This is contrary to the actual boundary conditions.
Hence, a concentrated load equal and opposite to T must
be applicd at D and H. In this case, the entire roof is
considered to act as a unit (see Fig. 19). Determination
of the exact distribution of stresses credted by this hori-
zontal load involves lengthy and complex arithmetical cal-
culations. Fortunately, as in the case of flat plate foors,
such refinement is not necessary. The effect of this con-
centrated load ecan be bracketed within narrow ranges.

Since the concentrated load acts parallel to the edge
beam, it is reasonable to assume that resistance to the
load will be provided by nonuniform tangential shears
acting at the junction of the shell and edge beam with
the maximum intensity at center. Hence, the shell proper
15 subject to a shearing force parallel to the exterior edges.
If there was no warping of the shell surface, the shearing
forces would penetrate to the interior edge with only a
shight change in their distribution. However, because of
warping, the direction of the tangential shear at any sec-

Jion or at the interior edges is different than that at the

exterior. For equilibrium of forces of a section of the shell
as a free body, shears normal to the surface as well as
tangential shears must be created. These normal shear.
ing forces, generally termed radial shears, are naturally
concentrated in that area near the valley at which the
change in elevation is most pronounced.

{4

ASCE Manual No. 31, Design of Cylindrical Concrete
Shell Roofs, indicates that the bending moment produced
by tangential shears in a shell is very small. On this basis,
most of the shell is relatively free of bending, with bend-
ing moments concentrated only in that area near the
column support at which radial shears are developed.
However, in this area, since the edge beams stiffen the
shell, it is probable that only slight bending is developed.
Consequently for average spans, the hending moments
produced in the shell are not usually critical.

But the presence of radial shears near the column
produces bending of the two interior sloping edge beams
parallel to the direction of T, and torsion of the edge
beams perpendicular to the force T. Considering only the
concentrated load T, because it is antisymmetrical, the
moment resisted by the two interior edge beams must be
equal and opposite as shown in Fig. 20. In this figure, the
concentrated load is shown as T because the effect at the
two edges, the near and the far, are considered. A force

of T/2 is considered acting respectively on AH and CD.’

If it were not for the presence of the torsional resist-
ing moment M, provided by members HO and OD, the
moments M, acting at the junction of the members and
the column, could be determined exactly, and would be
equal to Th. Since it is difficult to ascertain how much
help the torsional resistance contributes, a conservative
approach is to' design the area near edge beams BO and
OF at the columns for a moment TA. From a considera-
tion of the geometry of Fig. 20 and strain relationship,
the magnitude of the moment along the valley reduces to
zero at B and F. A conservative assumption is that the
moment varies linearly from @ to B and O to F.

The minimum depth of the resisting moment arm at
the junction of the edge beam and column can be taken
as the depth of the beam. At this and other sections some

1
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of the shell will act together with the edge beam, form-
ing a V.section. From a practical point ol view the effec-
tive width can be considered as that defined by lines radiat-
ing at 45 deg. from the edges of the columns.

Test

To substantiate the capacity of hyperbolic paraboloid
shells to carry a variety of loads, a series of tests was
carricd out by the Structural Development Section of the
Research and Development Division of the Portland Ce-
ment Association. The shell tested was of the type shown
i Fig. 3b. It covered an area of 24x24 ft. with a 1}4-in.
shell thickness and a 2-ft. 10-in. rise. The reinforcing in
the shells consisted of No. 3 bars at 12 in. each way. All
edge beams projected above the shells. The perimeter edge
beams were 4x6 in. and were reinforced with No. 4 bars.
The dimensions of the interior edge beams varied from
15x5 in. at the columns to 9x1}4 in. (the shell thickness)
at the perimeter. They were reinforced with 3 No. 4 bars.
The structure was supported on a 15x15-in. square tied

column reinforced with 12 No. 8 bars and a 4-ft. 6-in.

‘square footing” which was anchored at four corners. A
uniform load on the shell was simulated by simultane-
ously applying equal concentrated loads on a 3x3-ft. grid.

The test program included three different loading
conditions on the same structure. Therefore, only the last
test was carried to destruction.

In the first test a uniform load was applied and in-
creased to a maximum 48.5 psf. The sum of dead load
and maximum applied load produced a calculated thrust
in the arches of 95 psi and a tensile stress in the perim-
eter beam reinforcing of 25,755 psi. No distress was ob-
served under this load.

The loading in the second test consisted of two equal
concentrated loads applied on the shell, near the center of
two adjacent quadrants. The contact area between the load
and the shell was a single 3x4-in. washer, or 12 sq.in.
Some minor radial and circumferential cracking appeared
at the points of loading when the concentrated loads
reached 4,510 1b. each, at which point the second test was
concluded. A concentrated load of 4,510 lb. will produce a
local bending moment of 1.0 kip-ft./ft. at the point of
application of the load* and-a punching shear of 322 psi.

Regarding the problem of concentrated loads, a
point loading P on a flat plate whese thickness-to-span
ratio is more than 0.033 will cause a positive moment
under the load whose maximum value is 0.42P irrespec-
tive of the support condition. For a spherical dome with

*The moment calculatinn is based on material presented by Eric
Re:saner, in Appendix [ of “Thin-Shelled Domes Loaded Eccentri-
cally by Voas, Peahody, Staley and Dietz, Transactions of the American
Seciety of Civil Engineers, Vol. 113, 1948, pages 312.314,

5

a thickness-to-radius ratio of 0.04 or more, the moment
created by a radial concentrated load with small bearing
area has been shown to be equal to 0.26P. For design pur-
poses, an average value of 0.34P appears justified. Where
the moment is critical, advantage should be taken of the
thrust produced in curved shells.

The third loading condition consisted of a uniform
load applied to two adjacent quadrants. This unsym-
metrical load was gradusally incressed to 58 psf. No dis-
tress was observed over the major portion of the shell
even as the ultimate capacity was approached. Cracking
occurred at the interior edge beams and in the shell in
the vicinity of the column. Cracks in the unloaded side
of the structure occurred at the underside of the interior
edge beam almost adjacent to the column. In the loaded
side the cracks started at the top of the interior edge
beam. Torsional cracks appeared in the other two interior
edge beams. The 58 psf load applied over half of the
structure produced a bending moment of 100 kip-ft.,
considerably more than the capacity of the two 15x5-in.

_interior beams. It is, therefore, evident that the partici-

pation of the 1%-in. shell acting as a deep V-shaped beam,
and to a minor extent the torsion in the other two beams,
were instrumental in carrying the unsymmetrical load.
Hence, the recommendation that the unbalanced mo-
ment is resi?ted by two edge beams is extremely con-
servative. |

This test demonstrated that hyperbolic paraboloids,
even with a shell thickness of only 1}4 in., can resist
large concentrated loads as well as unsymmetrical loads.

Secondary Siresses

One question that arises about these shells is the
degree of flatness that can be used without invalidating
the membrane analysis. This depends to a large extent
on the magnitude of the secondary bending moments
caused by axial strain. The analysis presented is based on
a satisfaction solely of the equilibrium of forces, and no
attention is given to the compatibility between strains
and stresses. For the usual rise, h/a=1/5 or h/b=1/5,
the effect of axial strains is unimportant and can be ig-
nored safely. However, when the ratio /a2 decreases,
the effect of axial strains begins to exert a dominant in-
fluence on the behavior of the shell. The departure in
hehavior from that indicated by the simple membrane
analysis in a flat shell is analogous to that occurring in
a two-hinged parabolic arch subject to uniform load as
the ratio of rise to span decreases. For very flat parabolic
arches, it can be shown that if the rib-shortening effect
(axial deformations) is included in the analysis, the hori-
zontal component of the reaction for a given span de-
creases as the ratio of rise to span decreases. With no
rise the horizontal component decreases to zero, and,
thus, the secondary bending due to axial strains ap-
proaches the simple-beam bending moment as a limiting
value,

13
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The -structural -action «of a -hyperbolic: ‘paraboloid:
shell is due to the fact that its curved: surface resists the:
load by two:scts of parabolic arches ‘perpendicular to
cach other, as shown in'Fig. 8a.- Therefore, some insight
into the effect of curvature.can be obtained by examining
a strip par'allel“tld the arches as‘é\'fr.éé'lﬁéd'y‘.ulf the shear-
ing forces and: normal-forces on: the two'.opposite faces
are ignored, and if it is assumed that the ends of the
arches are not [ree to move, then the secandary bending
moments .due to-lack' of ‘eurvature’can be determined ds
for an arch. The result of such a study is presented in
ht
ab’

The secondary bending moment at various distances
from the corner, designated by the dimensionless quan-
ity x/t, is expressed in terms of the simple-beam bending
momenis occurring in a strip of length L. Fig. 21 indi-
cates that because the ratio of rise to span approaches
zero at the corner, the load is carried entirely by beam
action, which is contrary to what can be expected from

Fig. 21 for various ratios of

-membrane theory. For strips farther away from the cor-

o

o
@

o
o
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)

Secondary momant in terms of -g-
o
’S

ncr, the secondary moment decreases. The rate of the
R . ' |

decrease.is a.function of%. The larger the ratio offl—bt-‘, -
\ . ) ! @

the more, rapid the decrease in the magnitude of the

secondary moments. The usual value of AL for the um-

brella type\“of hyperbolic: pambolioid isjapproﬂmateljr

1

Fig. 21
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" Fig. 21 shows another importaht’ charaéterisiic ob-
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served on sore of 'the shells that have been built, ‘At'the’ |

cf);fner the load - is:carried mainly by brdinary beam- ac-:
tion. Hence,, the, Joad is transmitted to the edge beams
principally by radial shears. The edge beams near the
corner are thus loaded vertically and act as cantilevers
for a small part'of their length. Consequently, the edge
beams in this vicinity should not only be designed for
the tension computed by membrane theory, but should
also be deepened to prevent excessive deflection and
should be reinforced for negative moment. This is espe-
cially desirable when the edge beam is upturned.
Because the value of L increases lincarly in propor-
tion to the distance from the corner, it is more expedient
to show the effect of ax.iall,sfraiins\in t:erms of the second-
ary flexural stresses tH?t are! created. Such values are
plotted in Fig. 22, which brings into sharper relief the
importance of curvature on the magnitude of ‘the! sec-

ondary stresses. For a!nf umbrella ty[}e‘of hyperbpli{;"pa-‘i

raboloid subjected to/a load of 72 psf andwith a ratio. of
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Figs. 23 o, b. The roof of St. Edmund’s Episcopal Church, Elm } oy
Grova, Wis,, features a 3-in, thick hyperbolic paraboloid shell sup- : ‘ N
ported on two narrow concrete buttresses, The tilt of the saddle :‘ B . o
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Figs. 24 o, b. Ralph's Supermarket in Wichita, Kan., has nine
adjacent hyperbolic paraboloid shells, each 40 ft. square, covering
the store, work rooms and outside walks. For a live load of 30 psf,
cach shell has an average thickness of 4.5 in. and 2.4 Ib. of
teinforcement per square fool. A roof drain is located at the low
point of each shell, with the drain line carried down through the

+ column core. Architects were Vanlandingham and Haney. Structural
enginoers were G. Hartwell and Co. of Wichita. General contractor
was H. F. Sell Construction Co. of Wichita.
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Figs. 25 a, b. Fifty-two hyperbolic paraboloid concrete shells form new roof
for Argentine reservoir in Kansas City, Kan. Measuring 45 1. 6 in. square
with a rise of 7 ft. 8 in., tho 3-in. thick shells were built with movable forms
constructed in two sections that match on centerline of the shell. Design
live load was 30 psf. An average thickness of 4.8 in. and 2.7 lb. of reinforce-
ment per square foot were required for each shell, Design was by Burns and
McDonnell Engineering Co. of Kansas City, Mo., for the Board of Public
Utilities, Kansas City, Kan. General contractor was Eastmount Construction
So. of Kansas City, Mo.
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Appendix

Derivation of Formulas for Skewed Hyperbolic
Paraboloid Shelis

The derivation of formulas for analyzing hyperbolic
paraboloid surfaces is somewhat similar to the derivation
for those rectangular in plan. '

With reference to Fig. 26, in accordance with the
law of sines,

_ v sin(w — ¢) v’ sin(w — ¢)

" =
sin(180° —~ w) . Bin w
and
AB = -u. 8in ¢
sin w
Fig. 26
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Therefore, since v = AB+BC,

Y =

sin

[ v’ sin(w - ¢) — u' sin ¢] (3D

v’ sin ¢

sin w

CE =
and

DE =

% sin [130° — (w + ¢)]

sin w
—u’ sin(w + ¢)

! 8in w

hence

81N W)

lu=CE-—DE= _l [v'sin¢+u’sin(w+¢)]

(32)

) Substituting equations (31) and (32) into equaiion
(20) gives . .
h h , .
2= E uy = g w{ [U sin(w — ¢)

~u' sin ¢] [u’ sin ¢ + u’ sin(w +¢)]}

Expanding this expression and substituting the trigono-
metric identity sin%w = sin?¢ for sin (w— ¢)sin(w-¢), gives

h . . '
m{aan&[(v')’ sin{w — ¢)

2 =

— (u')?sin(w + ¢)] + v'u'[sin' @ = 2 gin? ¢]}
' g (33)
The coefficient of v'u’ becomes zero where the value of
¢ is chosen so that .

8in w

N2

sing = (34)
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Designa—ting the ;;articular value which will satisfy this

condition as ¢, equation (33) reduces to

, B ' s
2= absin’wsm . [(v) sin{w — ¢;)

— (w)*sin(w + ¢c)] 7 ."'(35),

It should be noted that equation (35) is of the same form |

as equation (3) because w and ¢. are constants for a
particular angle of skew w. Therefore, the oblique sur-

face z = M2 can also be formed by translating one pa-

a
rabola along another. In this general case, however, the

parabolas are not perpendicular to each other as in the -

specific rectangular case, but are skewed at the angle w.

At the edge of the skewed surface horizontal arch
thrusts Hy' and Hy' of the two systems of arches are
determined in a manner similar to that illustrated in
equations (7) and (8). For example, thrust Hy' may be
expressed

, w/ L?
#y' = T( 4h,, )

if the term involving u'? in equation (35) is constant,
the expression for parabolas parallel tu the V7 axis is

L h sin ¢C ‘g 3 , ] ’
z—wmwbsmw c) @7
I.ei;ing Z = hgyat v' = L/2 gives
L? ib_[ sin® w ] 28:
Thy Tk Lsin ¢, sin(w — 49 (38

Substituting equation (38) into equation (36) gives

w( ab\ sin?® w
Hy = —(— ‘
Y 4(4/sin¢, sin(o = @)

dut from equation (34) sin ¢ = 8in w

wab [ Wsinw:' ,

; therefore

Hy =
Y 4h l_sin(w - ¢) (36)
In a similar manner it may be shown that
H,_wabrVEsinw] ‘
YT Tan Lsin(w + &) (40)

(36)

. 20

To prove that components of Ithg horizontal thrust

act.ag normal to the edge of the si.' ce nullify each

other, the combined normal components of both Hy' and
Hy' are expressed

Hy = Hy' sin? ¢, — Hy' sin*(w + ¢.) 41)

‘Substituting equations (39) and (40) in equation (41),

~ -

_ wab\/Esin “’l— sin? ¢,

Hy 4h Lsin(w — ¢c) ~ sinfw + ¢‘)]_
(42)
or ‘
CHy = wabﬁsin ”r2 sir.l" ¢, — 8in? w (43)
‘ 4h L sin{w — ¢.) )

However, the numerator of the term inside the bracket
was previously made equal to zero. Therefore, equation
(43) equals zero, indicating that the combined thrusts
exerted by intersecting arches produce no force normal
to the edge. v

Shear exerted along the edge of the skewed surface
is obtained by adding algebraically the components of
the horizontal thrusts Hy' and Hy' parallel to the edge:

S = Hy'sin ¢, cos ¢, — Hy' sin(w + ¢,) cos(w + ¢.)

Substituting for Hy' and Hy', their values given by
equations (39) and (40),

S = wab sin w [sm ¢ COs ¢ cos(w + &)

© 2yTh |sin(e — ¢)
(44)

Utilizing the identity that sin w cos w — sin ¢ cos ¢ = cos -

(w+¢) sin(w—¢), equation (44) reduces to
. wab sin w
2V2h

[sin . COS ¢, — 8in w €os w + 8in ¢, COS ¢¢]

sin w COB ¢, — €OS w 8in ¢,

Substituting for sin ¢, its value given by equation (34),

then
I .
wab sin "’I V2 sin  cos ¢, — sin w cos w
=
Ny ) €O8 w Sin w
2N2h l_ sin w €08 ¢, ~ —————
- '\/2
wab sin w
e

2h (45)

4
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, S.A,

TORNILLOS
PUENTE D

E NONOALCO



EJE NEUTRO,

TENSION,

ABANICO DE FIERRO CORRUGADO.,

PESO DOMO

1500 Kgr./cm2.

I —

T A

JUNTA ENTRE DOS TRABES,

~~4§;\~ _ﬁ//% -

FLECHA EN FORMA DE TRAJINERA
CUANDO NO SE PONE TRABE DE BORDE,



'

DETERMINACION DE LA FORMA.
ENTRAMADO DE LIGAS. '

0%
b

TRABES 25% CONCHA MAS PESQO PROPIOQ
TRABE
DOMO 75% CONCHA



)

1

\X//

{

ARMADO FARA MOMENTO Y ESFUERZO CORTANTE,

oo 4

o O O O O

CLUB DiPORTIVO FeMENIL, S.A.DE C.V. COAHUILA 164, CLARO; 15 METROS,

<

MEND:ZZz Y VILLELA, COLONIA INDUSTRIAL VALLEJO,



¥

IGLESIA DE FATIMA, COL. IRRIGACION, CLARO: 20 METROS,

CONCHA O VELARIA,
GONZALO RIO 132 UNIDADES DE 10 M., x 12.60 M.

NORTE 45 Y PONIENTE 134,
. COL. INDUSTRIAL VALLEJO,



TRABELOSA

PATENTE 613547,4 DE MAR7ZO DE 19L9

TRAVESANOS PARA COLAR UNIDAD PCOR UNIDAD,

EJE NEUTRO, !

—~— e e

PENDIENTE FACIL
DE COLAR,

\
.

CALCULO COMC TRABE

A PN A

—
CALCULO COMO LOSA, ‘

T

MALACATE,

CINE ERMITA, CLARO MAYOR 36 M,
AVENIDA REVOLUCION 67.

CIMBRA TiLLSCOPICA COMPLICADA,



1)
2)

4)

5)

7)
8)
9)
10)
11)

©12)

13)

14)
15)
16)
13)
13)

19)
20)

21)
22)
23)
2l)
25)
26)
27)
28)
29)

SR, GONZALO RI,
CiLLOMEX.
STANHOME DI MEXICO,

BODSGAS DBL SR. CARLGS

VALLLS.

DEPARTAMENTO DiLl D. Fi
DEPARTAMENTO DEL D, F.
DEPARTAMENTO DL D, F.
UGALDEA, S.A. ‘
BANCO ABOUMRAD, S.A.

LA TOLTECA, S. A.
LABORATORICS CIBA,
LABORATCRIOS LLPETIT.
IGLESIA Di LA SANTISIMA,
PINTURA SJRVICIO, S.A.
HARINERA DE MEXICO, S.A,
CERVECERIA MOCTEZUMA,
IGLESIA DE TECQMAN,

AMPLIACION A STANHOM=
DE MEXICO,

CEREALES INDUSTRIALIZA
DOS, S.A,

CIA, MEXICANA DE DiSA-
ROLLO INDUSTRIAL,

IGLESIA DX TBQUESQUITLAN,
IGLZSIA D ARMERIA.
IGLESIA DE GUADALUPE.
IGLESIA D: GUESERIA
IGLESIA Di FATIMA,
INDUSTRIAL PECUARIA,
INHCBILIARIA SAN CARLOS,
CINE sRiITA,

COAHUILA 164.

Norte 45 y Ponicnte 154
Col. Industrial Vallejo
Norte 45 Nam, 1013.
Col. Indusirial Vallejo
Poniente 134 Nln. 124,

Poniente 146 Nfin, 740,

Mercado de Ropa, Tepito
Mercado de Utensilios,
Tepito.

Morcado General dc San
Pedro de los Pinos.
Norte 45 Nam. 667.

Col, Industrial Vallcjo,
Tochtli y Santa Lucia.
Planta Atotonilco Hgo.
Calzada de Tlalpan 1779
V. Garcia Torres 235.
Morelia Michoacén.

La Presa, Edo. de México,.
Ciprés 277.

Orizaba, Ver,

Tecomfn, Colima.

Poniente 146 Nﬁm.§740.

Norte 59 Ntm.1100

Carreter& México Pachuca.

Tequesquitlén, Jal.
Colima,

Tuxtla Gutierrez, Chis,.
Colima,

Col. Irrigacibn.

La Presa, Edo. de México.
Col. Industrial Vallejo.
Tacubaya, D.F,

T0TAL EN MuTROS CUADRADOS,

16,650,00
1,600.00
2,200.00
9,500,00

4,000.00
4,000.00
4,300 ,00
T
2,400,00

o

1,800.00
1,200,00
800.00
6,500.00
2,200.00
8,500,00
650,00
4,000,00

1,000.00
10,000.00

1,000.00
800.00
1,200,00
800.00
900.00
2,000.00
1,600.00
1,500.00
600,00

110,250,00
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The continuing development of design and construction
techniques of shell structures Is resulting in an increasing
fund of information of practical interest to Architects,
Engineers and Contractors. The aim of furthering all br%an-
ches of this progress has inspired the formation of the
international association for shell and spatlal struc-
tures, whose purpose is to organise meetings and c‘on-
gres.ses for the interchange of Ideas and their dissemina-

tion by means of perliodical publications.

Cveryone interested In the various branches of sheil tech-
, t
nigques and their architecton!'c possibllities or realizations is

invited to join this International Association.

thie advisory board
. k. L. Baher (Gt. Britain)

. Esquilian (France)

. S. Jenkina (Gt. Britaln)

. W Johansen (Denmark)

. Lewi (itaty)

W. Olazak (Poland)

nxnzp

the executive council

Honorary President:
A, M. Haas (The Netheriands)

Prosident;
A, Paduart (Beigium)

Vice praesidents:

A. L. Parme (U. S. A)

F. de! Pozo (Spaln}

H. RUhle (German D. R.)

Troasurer: .

G. Lacombe (France)

Cocretary:
R. Ldpez Palanco (Spain)

NMombers of the Executive Counoll:
A, Aas-Jackobsen (Norway)

P. Batlesteros (Mexico)

T. Br@gndum ~ Nieisen (Denmark)
L. Finzl (italy)

K. A, Giukhovekel (U. S. 8. R.)
G. K. Khaldukov (U. S.S.R,)

J Kozak (Czechosliovakia)

R, Krapfenbauer (Austria)

J. Munro (Gt, Britaln}

E. P. Papaov (U, S, A)

G. S Ramaswamy (Indina)

K. Szmodits (Hungary)

¥, Teubol (Japan)

W. Zerna (German F, R.)

To become a membeur or to obtain more detailed information, please write to the Secretariat of the
international Assoclation for Shell and Spatlal Structures, Alfonso Xll, 3, Madrid (7). Spain.




1.2 Se

ANALISIS PLASTICO,

presenta en lan.siguientes hojas la momenclatura més empleada en -
o1 dosarrcllc del texto, con su respective significado. Més adelunte
en los lugares correspondientes se insistird sobre su significado y -
en caasc de ugilianr otras literalea para desoridbir coaceptos particu-

lares ae aclararda donde aparezcan.

2.2.la figura §.L representa una franja unitaria de cascarén con las fuer

3.2

sas y goemetrfa que en elle intervienen y ouyo significadc se deasori- ‘

be en la nomenclatura. La figura referida a la ocimentacién, se ha -
ditujado iavertida por cleridad, dado que so tienen mayor experiencia
en 1a solucidn de arcos y trabes con las cargas obrando haoia abajo.

De la figura 12,2 se puede eatudiar el equilibrio de¢ la franja. Para-

ento, cabe hacer la éonparnoidn oon una estructura mfs sencilla, por-

oaonplh, una trabe. 31 una trabe se corta en dos secclones separadas
por ung.distancia unitaria, se estudia en Estétioca que, la cargs que-
obra en oste tramo de viga queda equilidrado por los inorementos de -
fuora; oortapte ¥ momentc flexionante. En la franja de cascardn el -
incremento de fuerza oovtnnt; e5td representado porVT"- aT/ax. B
oconocimiento de eata variacidn de fuersa cortante ez importanve para-

ol anflisie transversal del cascardn. Estc no sucede en las trabes -

e general, porque la lfnea de acoién de la oarga ¥ el de la fuerza -
cortante es la miema, BEl incremento de las fuergas normales se estu-

dlaa partir de la flexidén longitudinal eseacialmente igual que en —

lae trabes, oon ligeras mndificacicnes.
En la figura 2.2 sc ropresenta en un planc la meccién unitaria de - -

c3gcarén sujeta a laa fuerzas Que intervendrda en el estudic de la -

flexidn'transversals El cascarén estd sujeto & una carga uniformemon

11

-



te distribufda 7 (t/nz) y su resultants os eguilidbrada por las dos -
fuerzas T'k cuya lfnea de accién se localiz‘a ;n la 1lfnea de fuerza —
cortante Fig. 2.2. (b). La posicién de lam 1fnsas de Puorza cortaate
50 pusden obtemsr a partir de la posicifn de los ceniroides de safuer
z0 1-2-3. Efectivamente basfndose en el Tsoroma de Bredt ss puede s&-

tablecer gque la resultants de las fuergas cortantes (T') que otran &

lo largo de una seccidn de paredes delgadss tiene el mismo valor y di-

reccidn que si estuviera actuande a lo large de la cusrda, La resul-

tante_pasa por el vértice de un tridngule gque tiens la cuerda como_dba

g6 y un area igual 2 la encerrada por el arce y la cuerda., En la Fi-

gura 2.2, (b) el ersa encerrada por la cuerda 1-2 y el arco 1-1'-2 en
igual 2 la del tridngulo 1-0.2, La direooidn de T'k es paralela a la
de la cuerds 1-2 de longitud k. 5Su valor es el producto del valor T!,
gue obra en el caascarén, por la longitud k, de 1la cuerda, Loa puntos
l, 2§ 3 representan el controide de los eafusrzos de tenmién o com—
presién que rcaultan de la flexidn longitudinsl. En general, para lo
grar que las lfneas de cortante @e intersectenm en la resultante, bas-~
te fijar dos centroides, por ejemplo los de tensién indicados con una
cruz y determinar el tercero.le compresifn, por tanteos haasta que se-
logre que lasa lfneas de fuerza cortante de los tramos 1-2 y 2-3 pg —
Gorten 9n la 1fnea de acciérn de q 1.
Si pe propone satudiar una seccidn simétrica, corn respcto = un eje —
vertical el centroide 2 quedard aituado al centira del olaro y el estu
dio se simplifica un poco.
La longitud ds 12 cuerda serds
eV @en? e 2

Por aimetrfa, las dos proyeccliones verticalea de T'k son-

iguales y con valor al

2

12

Resumen de /s Accon de Arco e influenci®
de la Flexicn longrivoinal

Nomancisbure-

% Candfenads pavicls o izs genersirees del cascooin,
Y Caordensas horizontal fransversa/

Z+ Coodienads rertxal

l. Clorm & ¢res oef oo

R. Radio del gy ol cascardy

f- Flecha & cascarcn.

$. Arpub dode unge, de smdria, def arco.

Jo Angub basts of arongue osf amo

Ay Incremenfoen y. Az : Incremerfoan Z
U Distarcis 0el centro de corpresiin (en &l 8rce) ol ararpre el asscarcn
o, Relacidn %—

b. Ancho de fa o de comprsdn desde iy clare de/ arco

t- aspescr el axscaron.

Fy Argub hasls darcle ermpeas i 1ons de campreson

e. Flachsce! arco deste & armsnpue fash JL

c: Distarcis o le canrds da arco (de/ar-anqlz a-%) hste [x /ines
de accion o la ferrs corfante.

0: Orsanca de (o clave o /o lines de scrdn de s ferxa cortante

dr a-¢

k. Fackr gels fooza cortante™ fongitud delg cuends def semisrco.

A A'/‘tb/a efachva de s confrafrabe.

> Constentes para b8 drierinaconce M8, Nd y Q6

wquzzWano»

J

EI Rigger de/ aro (Faria de (0Om de anci)
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N

He
Yz:

9v:

Ng:

Mo :
Ado:

My:
My

Ma,

Curvtura de la elsstica

Pendiente dela e/astics

Yarsacidn en o direccion 'y" ok la ebsshaa.
Yarsscn en s direccion *Z° de la els'stics.
Esfoerro o ruptura del cancrefo.

Reaccidn asl terreno

Yaruacknde b fuerza corfsnfe, en & sentidd kongriudinsl.
} Fuozas normeles palelss 8 los ajas definitos por los subindices

Fuerzs horizarrial en & arrargue del casasrdn gue hace cerp e/ momerfo
frarsversal M@, 0 en lo clve.

Coceo del arco.

Mod:ficscion & /s fuerza H.

Sumy de carpas que obvan en b direccidn I desda ef aranpe de/
aaxarcn hashs uns secchion en §.

0. direccian y-

@, @y, On,: Componentss de Qd debldasa Ny, Ny,y Ny repactivamente
Arrms cortanfe radisl en uns sexcion en @

Fuerza rormal fargercd) 8 uns saxidn end.

Kerrunto Yransverssl del arco, pars ba cordicion dal empotmmiento en s clare.
Momento fransversal correguto por A

Morerso transrersal finel.

Mamenjo correctino cebvob 8 H.

Momento correchveo debdo a Hy.

Momento flexrrante brgtvdinal.

Faclor o sepurichd pere 12.

14
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S1 se toma un intervalo de arco 2S5, dovéla, se tendrin ffcilmente lan

expresiones de las cargas que obran en ese tramos

q?; qd_y— T'AZ or /3 direccron del efe z.
(1)

qy= ]"A_y en I3 direccion del efe Y.

Las fuerzaa totales que obram en una seccidn serd la suma scumulativa
de las fuerzas de cada dovéla. Hacemos sata integracién desde el pun
to (1) Fig. 2.2. (b), hasta el arranque (fo) y desde (fo) hasta umn —
punto cualquiera (f). E1 hecho de proceder de ¥o 2 § y nd de ¥ = © u-
@ tiene por objeto considerar idnicamente la mccifn de la fuerza cortan
te T'y la de 1s cargs qj 8l se hiciera de f = 0 & {f so tendrfa que -~
tomar en cuenta 1s accién de 1la parte derecha del caacarén 2.3, FPig,
2.2. (b). Es decir, cortando el cascarfn en un punto (definido por -
@), conpsideramoa el "cuerpo libre" de la izquierda determinando el va
lor de lap fuarzas interiores Nz y Ny que lo mantienen en equilibrio.
4
Nz = % (g/ﬂy- TAZ)-Th

- EF. 7-175r
cama 7’9 g son constonfes y
(2) | £ 22 = Rlcos g- cos 4.)
%A_y = K(Scn/.,-senﬂ)
Obtenemos:
Nz = g R(sern g, -sen @)-T'R(cas d-cos gy Th - 2.2
Ny = 7'@(5”:;4 ~send) o A2

18

2.5 Llos momentos tranaverzales ¥ ,¢o, sa obtionen en forms andloga. Se —

corta puevamente en una sasccidn cualquiera (#) v ee estudia la acoida
del tramo de la izquierda sobre el do la derecha y la de la carga que
obra en sl de la derocha.

La aceidén de la 1zquierda ostd repressntada por las fuerzas Rz y Ny.
Las fuerzam Nz y Ny para produclr somento doben actuar enm loa intervae
los £y y As respectivanmente. los valorea de estos incrementos de or-

depsdas se pueden valuar dirsatamente de la flgura 2.2. {a).

( -ds sen@ = Az (en sentido controrio de/ ere Z}

ds csg=dy
pero ds= fd/
(3) ﬁz:—-ﬂd/senﬁ{
) dy = RAg cos #

L5 variacion del momenfo esfors dada por:

LAM,J,0=-/Vzﬂy+A5«Az

Sn esta expresién mo se ba indicado el término do la carga que actfla-
en el intervalo A8, Sin embargo, este estd inclufdo en Nz para la —
parte izquierda de cascardn y como la integracién del momento ae hard
desde ot hasta § su efeoto quedard inclufdo en la expresidn que ae ob
tenga. Substituyendo en AN ¢,0, los valores de Ns y Ny e integrando~-

de fo a @ se obiienst

Mg, 0 =~ E / (ser do- 5;n #) cas;ﬁq’;ﬁ?‘fﬁ‘://?énf/-asﬁ,k
Y /F‘ o - -TRE[Y (serfom 500 8) s J/

19



Arreglando loa términos para obtemer una exprealdén mis sencilla y ofeg

tuando las integraclioneas

.._g_ (sen o =Sen /J)z}

< ‘fn e/ centro ¢= o
M¢=a= A2 {7"[¢o-5en ¢o 7L'g";';en/a/-]*_‘_z—_ Serr *d. }

\ ’ -

Este momento en el centro del claro es en general muy grande de mano-
ra gque hadbrd que Yuscar alguna forma de dieminuirlo. Haata rhora el
problema ha sido isostdtico y pueds compararae con un cantiliver, Por
simetria el centro del claro se ha comportado ccmo un empotramiento,-
puesto que lss acciones ss han 1do sumando desde el fondo de 1la trabe
7 el arranque dal cascarén basta el centro del clare (@ = o).

Hab}ﬁ que introducir alguna fuerze, ya sea en el arranque o en el fon
do de la trabe, cuya accidn diesminuys los momentos tranaversales.

Por la forma del diagrama de momentos flexionantes isostdticos, como-
se vers mfs adelants, una fuerza borizontal (coceo) obrando em el - -
arranque del cascardn es la que hace mf{nimos estos momentos transver-
sales pues su diagrams de momento es el que mfs se aproxima al isos—
tdtico., Eldstlcamente las redundanciss en el borde (perturbaciones -
de borde) ee obtiemen a partir de condioionss de desplazamiento y gi-
ro en la orilla (condiciones de borde) como ze resuelve en el método-
analitico presentado posteriormente. Plisticamente las redundancians-
se pueden impomer sin otre limitacién que la de hacer mfnimos los mo-

mentos tronsversales. Densde luego que esta limitacién mfa o mencs ar

20

( 42... /l/;a',or,ez T’[ﬂa’;ﬁ"s-en(;i';ﬁ}'l",é/l(.Senl(f.,-Seogl)]

bitraria, como se indicé en 12 introduccibn, puede conducir a deforma
ciones fuertes. Sin embargo, como =e ver{ an el método nurérico, laa
redundancies obtenidas eldntica o pl&sticamente difieren poco.
g- e gro
. LI M
M -T ‘\ diagrama isastytico [de #,O)
ZIRS

v

D e )

momenfos producicdes por H

En 1a Fig. 2.2. se indica la forma gque tlenen el diagraga isostdtico~
de ¥§,o y el o los momentos de una fuerza horizontal H en el arran-
gue (¢o). De la misma figura se puede deducir que la condicién de Mo
mentgs transversales mfnimos se obtiene traslafondo paralelamente a -
si mismo el diagrama de correcciém (de H) desde la posicién (1) = la-
posicidn (2) en 1a que seo han iguslado los momentom en tres punios -
(con valor'i@). Son cualquier otra corrsccilm se cbLtenirfa cusndo me
nos en un punto un momento transversal mayor alﬁ-ﬂ.

Z1 valor de H cuyo morento mulifica all' @ = o se obtiene da3

H= _/4_;_:_0_ en la gue F es /s Flecho del cascaror

21



De /3

(5)<

i

ﬁ:gura 2.2 sededuce gue: o .
4 tn el irauscurso dsl ta2xto ae adoptard un valer de ﬂ g = 40, Zate -
f=R(r- cas &) ” '
2 valor es recomenlable por razonsa pridcticass
H g | T 4. -s 7‘-""’ ].—__3.5,,2
o /'m:’ﬁ' * en/., R Sen e z € f{' Jo.- La mezcla le concreto se adhisre a la cimbra sin resbalar con es
Le /s m/ismrs /;:70'/'6 2.2 ta pendients. En caso le usar un dngulo mayor en el arrangue habrd -

£=2$C/)do que utilizar una contra-cimbra.
20.- E8 la pendiente méxims que los trabajadorss, sin necesidad de es

5065#/)‘05//_700’0 este yalor y e/ de T’ en /a3 expre-

Sidn de

‘y- - Ser P »2 2 8.2 bt
1-casgdoe (f-cos;/.)—,# fjhr Sen/a 2 . Con 2ste valor de f, Substitufdo em 6.2, 7.2 7 se obtienss
los momentos producidos por 1, seran:

My = ‘Hﬁ(co: ;{- 6'05/-} A= aao_sa7[675/.b~/d-5en @.-;f)—a 23654 (cas/d-a 76604)_7

/
en lo gue £ (cos ’/'fa 7}( zes L st pesa vertics! (6) B-= 2./37/2{73595[/-”5572_cen/d]-(ms/-.zsew)}
/ab‘ocid:/.:’,/,yir/;¢ ’ue f.A st wn punlo deferminsdo Cro 72500@‘_,37;25(505‘5_605#./- 2.42052(&,7;{:—5@;5)"]

e
My = ?s:n/.@os?{- Cas/.)
Sumdndole ests correccion 4.2, % substs fuyendo

o5 valores de 70 Hy R seoblene. en ol valor de §
gt DL i et

calinatas, pueden subir.

Se indica en la Table 1.2 valores de A, B y C para varlaciones de 5°-

= cosgu Zb TABLA 1 2.
ok s < s y
(23 L S0 s o ._b_ A 8 c
_/_22509;4»}! -8 e 7L2f-cas )4 + cosd-cosdy_ 1 (&w;ﬁ.-&n/)"
fcasd.) L g f g f-cosd.)  Bzen'A. ° e e 0
&7 Ge
Fr est Y . 5 | -00/038 |-005965 0.0£956
77 ST edprasiOn se Puedf';’”{”.“" 1o | ~oor1703 | -0 r0z60 0. 05050
A Tsend)! [~ sen @fo-ﬁj%/é}rm—,)f/cxfc-mﬂ)] 6.2 15| ~0020% | -0 12850 0.06219
[}
20 | ~a02058 | -013716 0 06541
S A— S
5.—2(,.5,,,,;,){("@59‘)["5,—%}{’:]7‘5“9’—"-“’-" 5"} 7z 25 | ~0.01827 | -0 12850 Qoo60z8
&
30 | -porsra | -0 10260 0 04725
C-% “;fj;;",”" (""_’,ef',;,f"”” *] 8.2 35_| -000753 | -0 05965 0.02693
do o [®] [o) |
22
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Subatituyenlo laa-literales 4, B y C en la expresién de H B, o1

4
_ 445
W40=g¢"[ o5ty 11 9.2

7) .
/_/=gj[.f8§9?¥2.747442 —.65666] 0.2

3637872 8

Se incluye la tabla' 2.2 de dietintos valorss de B en funoién de %
Se pueds observar an laltabla que para uns relacién del peralte h de

la trabe al claro 1 (!y&) 1gual 0.04B el valor de B ea cero. Es do—

cir qus el momento M @, o en la clave no neceaita correocién por aer-

cero.

Para valores menores de Bfiel valor do H es negativo, es deolr, que -

habrd que Jalar horizontalmente el cascarén en el arranque con una —

fuerza H para nulificar el momento en la clave., Este hecho ea diffeilx
de oredr el los capoarones e protenden comparar con log arocosj sih -

embargo, se ha comprobade la inversién del signo de H en experiencias

ofeotuads en E.E.U.U.

Desde un punto de vista empfrico debe hacerse motar que sl valor resl
de h/ff pors que B po pulifique no tlene por quo ser oxactamente 0.048;
lo cual cbnduce 2 tomer madides adecuadas, por ejemple considerar um

olomento que resista una fuerza horizontal mfnima que obra en los dos

sentidos. cuando el valor de !5Q nes préximo a 0.048.

Sin tomar en cuenta, por ahors, la interacoién del terrenc, la prined

ral fuents de error, em lo do&ucido tasta abora, es la =uposioién de-

13 distribuocién de la fuerza cortante. Al principlo de cate sapftulo

80 dljo que la T' tione un valor conatante desds el centro de tenniénm

hasta ol de compresién (Ver Ref. 1 Pdg. 258. Fig. 160.3) lo cudl es -
25



8dlo una burda aproximacidn que posteriormente se podrd afinar cuando
en algin laboratorio experimental me logrdn hacer mediciones adecua—-
das de la tensién diagonal.

Cabe indicar que los métodos sldaticos adolecen tambidn da este impor
tante defecto y'por lo rmismo no existe ninguna Juatificacidrm para —
aceptar soluciones tan elaboradas que on ningfn caso puede afirmarse-
son mfs aproximadas que las obtenidas pldaticamente.

No obstante, como ya se indicd, no se ha encontirado ningin método ade
cuado paras encontrar las dsformacionss del cascarfn. 51 sflo intere-

aa el orden de estas se pusde recurrir a la teorfa ellstica.

26
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(hy [ Y ht /e /4
ocool- 18137 | lpo38|-o03140] | |0078.074471 | | 0114115303} | lars2] 21377
ocorl-.17661| | loosal-p 2814 | 0077 07676 | | |0115]| 15484 | | |ars3]| 21578
looozl-17194] | lnodo -0 2492| | l0078].07911 | | l0116].15667 | | lar54|.2165¢9
0003|-.16729| | \aod1|-02172| | lao79|.08745 O.1171.15839| | 10155} 217197
ocodl- 16269| | pod2|-0 1857\ | |0o80|.08376 a118] 160151 | |a156].21937
ocos|- 15814 | laod3-u15¢3 | loos1.08604 | | |01191.16197 | | i0157.22075
aoo6|-.15367] | lodd|-01232| | laoss 08822| | l0120] .16363| | |0158).22212
aoo7|-14927| | |a0¢5]|-00925| | |0083|.0%058 | | lor21|.16536] |10159|.22247,
0008 |- 14481] | |oodbl-02619| | [00sd|. 09281 0122 .26708 | 110.760|.2248>
0.009 |- 14044] | loodz . 0o376| | laoas| 09204 {1 122] 16879 | o 161].22618;
0010 |- 13613 | i0048| acooo | | l0086|.09726 | | [0124] 17007 | | lor62| 22753
Qor1|—- 13188 | |[6049| .00280 | [0087|.09945 | | 10125|.17216 | | 10.165].22885
corz|-. 12766 | |0050| ao576| | |0088|. 1016/ D126 17383 | [ lored!.¢22018
00131~ 12347 | ao51| coB68| | 10089, 10378 0127].17548 | 1 10 65].23149
oo |- 17936| | laos2|.0r159 | | bodo|.ro595 | lo128].17714 | | lare6|.23 2871
cors|- 17526| | [aus3| .01445]| | |aogr| roecs | | o129l .17878| | lor67].23¢410
aos6|-11120| | laosd|.0r1720] | 0092 11016 0130 .180471 | | |0168].23539
0017)= 107181 | 10055|.0201>| | 0093|./1226 0.137].18202] | lo169 ] 23668
co18|- 10322 | poss| orz9d| | 1009l 114235 | | bra2| 18263 | |0170|.23795
00191-.09929] | |a057{.02570 | |0095] 11642 0133,/8523| | |0177] 23928
0020|- 09544 | |aos58| 02846 | | 00396 11846 0134l 18682\ | 10172 28050
aozl- 09154 | laos9) 03720] | 10097 .12050 | | lar35 .18839 0173|.24176
oozzl.08774| | lageo|.03391| | 10098 12253 | lar36] 18996 | lo.174] 24200
0023l-08995| | laos7|.02659) | 10099|.12454| | b.r37] .19152]| | |0 175].24424
0 024|- 08020 | 10062|.02926| | 10 100|.12652 | | 10138|.19307 | | |0.176|.245¢8
voz5|-07649| | lacesl.ot190| [ o 107 12850 ||0.129] .19480] | l0177) .24672
ooz6l- 07284] | laoced|.0d453| | lo.102] 13048 |10 104 19613| | l0178].24792
o0z27\-06920 | |no6s|.047712| | 10.103].73242) | |0.141].19766 | | |0179] 24915
0028~ 06559] | |a066|.04970| | (0104| 13436 | |l0142).79917| | |ar80! 25086
0029|- c6702 | |0067| 05227 | |or05|.13629] | In143] . 20066 | |0 187] 25157
0030|-.05850, | [0068| .05481| | |0r06].13870]| | 0144 202716 0182 25275
b 031|- oss0d | 10069 ©05731| | lor07] 14011 0125 70364 | | |0 183 .25%95
0032|- 05153| | lao7a.05982| | |aro8| 14198 [ 10.146] 20572 | 0 184 .2551>
0.0331- 04809 | |@0771.062230| | [0.109| 14386 |l0147] .20657| | |0 185] 25637
003d|—-0247A | {@072| .06476] | |0.170|.14572| | {0 148} .20803| | l0186| 25747
0035|—04132) | |a07X .06719| | |0 117]| 14757 {10 149] .20948 | | l0s87| 25864
0036l— 03798] | |a074] 06961 | |lor12 14939 | lorsol 21092 ) 10 188| 75980
10037 03464 |10075] 07204 | 10112 15722 ||0157].212 01891 26096
28
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90 | . 26 209, 340| 38416 620 49884 1950 61275

191 1.26323 .3¢45| 38703 .6do| 49462 zoco| 61445

92| 26437 350 38984 660| 49920 | l2050| 61607

(93| 26550| | 1.355| 39261 .680| 50355] | |2 100} 61762

194 26661 3s0| 39533 1|.700} 50777 2 150| . 61910

195) .2677 .365| .22800 .720] 51168 7703 67053

19| .26884 ,370| doo6? 740| 51548| | |2¢50 62/89

197] z6995] | | 275|.40318 760| 51912] | ¢ 20d 62320

.198| .27 103 380| .40570 780| 52267 2350 2445

199] 27213 385| 40818 800].52595| | | 2400| .62566

.zo0| .27322 390} .£1062 820| 52917} | [2450 .62683

205| 27857 11.295] 41301 .840f 53225 | | 2500 .627195

210 283741 .d00]| 41537 .860| 53522

“215 26884] | | 05| ¢1767|]].880].52808

220 .29380| | | 10| .41995 900} 54083

.225| 29862 415| 42219 920| 54347

.23d 20333 L 420| 42438 qd0|.54605

.235| .30794 425 42654 | | .960]| .54850

240| .31243 4320] 42867 980| .55088

245 31687 435 42077 | |1 000 55318

250 32109 440| 43282 1 050} 558660

255 52528 445] 43485| 1 |1 700 563671 !

260! 37936 450] 43684 1 150| 56624

7265| 333365 455} .4388¢ ¢ 200 57253

7270] .33728 60| 44074 1250|.57652 i

275| .34 111 465| 442641 | |y 300 .58024

280| 344841 | 470| 4445/|| 1350 58372 B
.785| 34850 || 475| 44635, | |1 ¢oo| 58698, 1) | _ _ b
290 25209| | |.480] .44817| | |1 ¢50 59004,

.295] 35559 | | 485] 44996|| 1500 59292 ]
300 35903 | |.490] 45173|} |1 550 .5956,.};_T__ 50 DU B I -
305 36240 d95| 45346 | | 1600 59819 | ]
310 26570 so| 455171 |1 650 eooss!

315 36893] || 520 46177 |1700| 60290 f i
320 .37210] || sd0| 4e801}| 1750 60507 )] . 1 S I
225| 37520 560| 47391 1800 60714 o
330 378175 5851 47950| | 11850 60970 . ﬂ
335 38123 600| ¢48480] 1 |f 900] 61097 . _j_
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5.2

Se resuelve a continuacién un ejemplo que representa un caso frecuente

en cimentacidn de edificlos de oficinas o departamento e 6 pisos.

Supbogase el momento flexionante longitudimal despreciadle.

que se puede suponer concentrada la compresidm en la clave,

EJEKPLO:

Claro entre e jea 1= 700 cm.
Contratrabe h - 80 cm.
Arrangue 0 = 40o

Reaccibn del terremo q= 6 t/m

Es decir

quiera,

Nz, Ny y en 12 orilla la perturbzcidn He

Proyectando las fuerzas Nz, Ny y R sobre la tangente al punto, deterni

nado por el frgulo g, o obtlens la expresidms M;{=/Yyab¢'ﬂ/:2nfffﬂax/

Substituyendo los valores de Nz ¥ Ny dados por las expreaionea 2.2 7 -

3.2

TABLA 322

g |ato2 mwlismr| L[] P Mg

0 [o) 0 o 0 —. 685
5 | ~01780 | -.02902 | +00054 159 -, 526
10 | -02876 | —.08853 | 400177 .520 - 165
15 | =.03500 | -.05906 00513 .920 +. 235
g0 | -~.0326 | -.00119 o042 1241 +, 556
25 | - 03296 | — 05562 0466 1370 +. 685
30 | -.02957 | —ot305 | .oodzo| 1235 | +.550
35 | — 01435 | —ozd21 072 800 +. /15

L 4o o __0 o o —. 685 |

En la tabla 3.2 se indican las operaciones husta obtener ¥ $, o. La -
columna ¥ P (momentos transversales finalee) ae han obtenido despla

zando la correccidn para hacer los momentos lguales en tree puntoss -

PoO-UPa-ub85 Fa2C -upari685; § m 40° ~ EP a—u685 tm/m
2P « L0 - !_L@.L_;_m.‘..’.:.'.

El disefio del caszardny pura sus efectos transversales deberd incluir
aparte de los momentos tranverealsa oiros efectoss el de lap fuerzap-
normil N B y el 2s la cortante 2 f. 1 continuueién se desarrollan ex
Preciones para estos afectcm.

a) Fuerza normal N f.

En la figura 4.2 se indican las fuerzas que obran en una seccién cual
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rAaBLA 4e.

[ # D £ F ,

o .B7933 1. 37370 3 53205 .
.5 ~.8092¢ 1.44387 3. 63065

0 .75295 1.47957 A JO1865

15 | 65110 1481571 5. 74444

" 20 56429 1. 45088 3754753

.25 47320 1. 38976 574444 |
<30 .374850 1 sooré 370186

35 .28092 1. 18703 362066 I '

o .18120 | 105231 253205 |

Ejamplo. Se encontrardn ahora los valores 4e la fuerza bormal N § —

del ejemplo propueato anteriorments. Estos valores se presentan tabu

lados en la Tabla 5,2
TABLA 52

BN ot F
i T oMIF mead [ A% H
) 1.28301 3.36843 | 199473 4189 :
‘ 5 122417 2271397 {77010 3717 '
70 1. 15801 803502 | 155545 3260
5 107905 | 283297 | 135146 28 38
_20 .99387 | 260934 | 1./5846 2433
25 .90115 2385971 97615 2a5C_ |
.30 .80158 210444 .80370 1668
35 69587 182695 .8399¢ 19. 44
" 40 | '.584488 153558 .48321 .15 ||

Observando loa valerea ds 1a columna N # ae ve qus el valor miximo es
td en la clave ( # = 0 ) 7 el minime en cl arranque ( f = fo = 40° ).
El disefio de las secciopss del cascarén ae hard conesiderando sl momen

to U § y la fuerza N @ (1la accién Q P resulta despreciable como se ve
<

r{ mfs ajelants). Dentro de ciertos 1imites, paura un valor conafante

de ¥ P, lao eacclones del cascardn resultan mfs econdmicas para los -
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valores mayores de N ¢| comc se puede deduclr del diseflo de ¢zlumnas-
a floxo«comproaidn sn las que la accidn de los momentos flexloasintes-
ea mucho mda deafavorablon que el de la carga axial. Esto conduce a
pensar oo que la 1gualaci§n de los momentoa tranaversalea en tres puL
tos po o5 la mis sconémica. El procadimiento que 3o deba seguir, utl
1izando &l presente método,sardy

1.~ Encontrar los momentoalﬁdﬂ, oy -

2.~ Tranaladar y girar la 1fpes de corrscoiém por tantsoa, diseflando-
1as secciones nis desfavorablen.

Lla forms de efectuar la translacién de la 1lfnea de correscoifn ya se -

explic anteriormente.

El giro de la 1fnea correctiva se pueds efectuar variendo el valor de

"g@. Llas variaciones de B para llegar a la condicién mis favorable aon

pequefias y tienmen poca influencia en loa valores finales de N ¢, de ~
manera que el glro de la 1fnea correctiva so pusde hacer sin conside-
rar la variacién de H. Encontrada la posicién adecuada de la 1ineca -~
de corrsccién ae procederd a afinar loa valores de H 7'H .8

b) Fuerza cortante transversal Q ?.

la fuerza cortante Q § se puede encontrar por doa procadimientoss
lo.- Derivando la expresién do'ﬁ'ﬁ, oy sumndndole el efecto de H.
20.~ Proyectando radialmsnts.

Se optf por el 20, proocedimiento para que los resultados obtenlidos pa
ra 3 § puedan survir de comprobacién a los de ¥ §. Efectivacente, —
comparando las grificens 1,2 37 2.2 se puede obmervar, para el elouwplo-
citado, que:

l.- La curva de R ff corta a el eje horizontal "O" en dos puntos en ——

loa que M f e5 miximo. (¢~ 250 TP - Oo)'
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2.- El area Y jo la curva & §, conzideradc como congtante de integra-
cidn C = « 0.685 tm/m, a4 el valor de ufJ, en [ 25°, De igual mane-
ra se obtiensn dos valores de ¥ ff en otrm puatos. Por ejsmplo, el -

momento en § = 0° st se considera C = - 0.685 Tonm/m gerd la integral

o -
f¢ Q¢ dd que corresponde a la suma de las areas positiva y ne
(-

gativa bajo la curva Q@ g. Ahora btlen, en la grifica 2.2 se aprecia -
" a ojo ™ qus estas dos areae eon iguales de manera que au suma seri-
cero por tener signos contrarios. Por tanto, el valor de 1la integral
seréf&l@ﬁ d¢‘—‘0/(:f(el de 1la constante de integracién C=-0.685/;"/m)
gue es el valor de ¥f en §f « 0°. El valor de C depende de 1a trans--
lacién de la 1fnea de correccién do‘irﬂ, 0y Y no tieme influencis di-
recta en lag de Q ﬂ.

o
3.~ E1 tramo de curva, de 3 g, de 40° a 25 es aproximadamente una 1f

nea roctd, por lo tanto la veriacidém de ¥ § de 40° a 25° es aproxicada

mente parabslica,

4.=En g o 12° 1a curva que Treprepenta § § tiene tangente horizontal,
lo cual corresponde @ un punto de inflexién en el diagrama de X .
Como ss pueds apreciur en el diagrama de X ¢.

De esta vorrespondencia se puedem obtener, no s&lo la comprobacidn de
la expreaisn y resultados de M f, sino datos dtiles para el trazado -
del diggrama de M ¢. Por ejemplos La curva tienss tangente horizon—-
tal en P = 0y en P = 25°5 punto de infloxidn en # = 12° 3 variacién-
parabflica entre @ = 40" ¥ [ 25°,

De acuerdo con la figura 5.2 se v§ que proyectando Nz, Ny y H en di--

reccién radidl se obtisnen las sigulentes expresionsas
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(%) <

Qo = Q.z-o_y QH
GRE /’Q‘:25¢J=‘§2232?f£ (ggogﬂ ~ e

= sen Sao#; Fen d7
Wy = Ny seng - 9(r-wf.)ﬁs,$ 3

CQ //Jﬁn = s z'?'&ﬂv
. g "{""“‘f‘?*?w%‘ ) “%;‘.’;i‘iig;’ém
%- ?—[(‘“*‘“‘(iz‘:;:ff:é)z;fmm”w =
(15 Jeosph e senf ]
Hocienda :
M= ( /“% cosgd
- f-cas ;:n
Pz f-cos (fo-o )
71= JZnaf

Yy (eos dcosh, )y st
7-casd,) Flserp 2

sty [

S?n){

f~ cosde
47“ fsrnl anff
Q= [-m

”m’fa

PrEL5-T]-T+N
T f-cosfe 7 Tsend. § ] ------------ 12.2

Log valores de K, M,

P, Ty J, 3 S para fo = 40°,

se¢ indican cp 1a ta-

Na £.2 TABLA @& 2.

- M N r 7 v S ﬂ
o | 1o 0 23396 | 0O o 128558 ||

s | o611 | 23947 | 18085 | 26008 | 30785 | 128068 H
fo° L 77876 | 47709 1 13397 | 51817 51534 | 128605
78° ] 57700 | 71109 | 09569 | 77231 | 91417 | 124178

20 | 43969 | 93968 | 06037 | 102058 | 180803 | 120803

25* | 31043 11,1612 | 03407 | 126109 | 149272 | 116513

20| 19238 | 1.37372 | 01519 | 149199 | 176608 | 111333
—a5e | .08820 | 1.57588 | 00287 | 171155 | 208592 zoswaﬂ
—dor o 1, 76603 0 191807 | 2.27037 | 95487

Los resultadoo

1a Tabla 7.2

e W ;, p=r8 €} ejem, 1o cltado enten, se presentun ep-

TABLA T 2.
# -4 Sk ol D S R + 2[5 |55 PO L T Qp
0 | o0 |-1000 | 23396128858 {414598]+1000 | © o
5c | .11973 |-74138 | 16024 | .97283 | #1111 8 |+.71257 |-0z881 | -
1 |.23854 |- 48022] 09289| 65270 [407460|+ 43972 |~ 0to®| - 85080])
15 | 35554 |~22146| 03247 | 32700403744 |#-18388 |~03792 | - 7963¢]
27 | 45984 |+.03015 |~02059| © 0 |tosdos |-o02391 |-.s0811]l
25 | 38058 [+27013 | -.06590 |-.92760|-03744 |-.27130 |~00117 | -.0248
50" | 66606 |4.49448 |- 10208 |- 65270 |~07460 |~ 46647 [402801 |+ 58827
25° | 78794 |4.69974|~.(3186 |-97283|~.11/18 |~63807 |+.06167 |+129%0
#r | 88201 |4.88501 |-.15204 |-1 28558 |~.1459 |~ 78490|+.C5811 |2
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6.2 Se han conslderado hast: ahora los efectos transversales ¥ . N ¢ 7 -
3 $. in lo que sigue se tratard de explicar lo que sucede longlitudim
nalmenta y la coorrelacidn que guardan e;tre ef los efectos transver-
sales con los longitudinales.

Pera egtudiar los efectos tranevernales pe partid del anflisis de una-
frznja unitaria en 1la que sl incremento, longitudinal, de la fuerza -
cortante T', equilibrava & la carga unitarias (reaccién del torreno) -
que odraba en la franj)a. Posterlormsnts sa introdujo una fuereca § —
con objeto de reducir los momentos flexionantes tranaversales., Zate-

estudio se demomina Andlisis de la Accién de Arco.

Faltan analisar los eofoctos que longltudinalzente tiensn 1a fuerza cor

tantes T 1JE'dx ¥ la corroccién H. Asimismo doben analizarse 108 - -

efactos que resultan de la flexifn longitudinal: Homeazto flexionante-

longzitudinal ¥, la fuerza cortamte Qx (quc obra radialmente en una ca
ra x, determinada por un plano psrpsndiculsr al eje x ), los momentos FI1G. 6.2.
torslorzntes ¥ x y K x f y ol ofecto del momsnto K x mplicado en to-
do ol arco (este momento flexionants ae considera actuando en un plamo
que contiene a las generutrices del cascarén y pasa por el centro del
arco.)

El momento flexor ¥ se puede estudiar por sus efectos en la Becciéns-
Eafuerzos de compresién o tensién N x.

En la figura 6.2 me muestran todoa estos efectos actuando en un ele—
mento de cascarén.

la teorfa elfstica estudia todos eatos efectos conjuntumente con lag-
deformaciones que producen. 3n esta teorfa distintos sutores, para -
el anilisia, kan propuesto una serie de simpliffiosciones despreciando

loa efactos que no tienen importancia en el disefio definitivo. El — 39

Dr. J. J. Mo Kameo, Hef. 4, establece comparaciones entre los mitodos
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smpleados pors Dischinger, Jakobaen, Finsterwalder, Schirer, atce, y-
goR¥ala las limitacliones de aplicabilidad ds cada método de acuerdo com
laa simplificacionss empleadas.

Sn el presente mftedo no se conaiderardn loa efectos des

lo.~ Las deformaciones en general. PFor lo tante del cooficiente ds -
Poisson que ase pplica en la Qﬁoria eldatica,

20.- Los momentos torsionantest Mxf y M@x. De acuerdo com el equili-
brio directo hechs en cada aeccién en las que se han determinado la po
sicidn de los centroldes de ssfuerzo longitudinal, no cabe la posibili
dad de que exiptan momentos toraslonaptes.

Jo.~ Los efectos Ax y Mx son despreoiables en toda la longitud del cas
carén, excepto em la cercania de los timpamos cuyo efecto es puraments
local, como se eatudla en las tuberfas para el ofecto de anilloa atig
sadores, .
Se eatudinrdn por tanto, 8élo los efectos del momento longitudinal M-
¥ su efecto tramsversal y los de T' y H, Esto comprende lo qus se de
nomina Acciénm de Viga,

Ss empezard por plentoar sl efecto longitudinal ds T' y H. Légicamen
t® 1a variacién longltudinal deo la fuerza cortants T' esmdloga & la-
que se ogstablece para las vigas. Nusvamente, para mayor claridad, ae
recurre & una vigs de seccidn rectangular para comparar sus caracteris
ticaa cyn las do un caacarén. En la figura 7.2 se muestran en a) 7 b)
una vigs y um caacarén} en a) ss puede apreclar que la pendisnte del-
dingrama de Fuerza cortants, incremento V' de la fuerza cortante, tie
ne ol valor ds la carga uniforme W . En el czacarfm Fig. b), la - -
pendiente represonta la varimcidn de la fuerza cortante, total ds la-
seml-geccidn, €'k, que ea igucl a la carga q 1, por unidad de longi-

tud, multiplicada por una conatante de proporcionalidad. En amboa ca

pon la fuerza cortante en el apoyo es la integral del incremento V' -
40

s

8 T'k, desde sl centro hasta el extromo, Los espesores del caatarén=-
deberdn reviesarse para que resistan loa osfuerzoa ocortantea. Bl og—

fuerzo cortante v ae obtienas

¥e. T'1 " 13-2

2¢

osta férmula ea semsjante a la de trabeg de oconcretos

V= Tkl como 80 ve en b) Fig, 7«2
en la que b 2

i o] v -t
LI =X

Con respecto al disefio del espesor del cascardn se tlened, por lo qus
ae puede deducir, doa condicionsst Transversalmenta la accisn de Hf §
¥g. Longitudinalmente la fuerza cortants T'k (§ T' por unidad de lon
gitud de arco).
En las miamas figuras 7.2 a) y b), as indican esquomfticamente loa —-
apoyoa.. En la viga la fuerza cortants eu el apoyo ;n vartical y queda
oquilibrada por la resultante veriical de las reacolones que obran ea
el ancho b. El trozo gchurado de la viga trabeja al splostamiento-
sujeto a la fuerza cortante y al proplo del ancho b, Prioticamente -
sn las vigas para la revisién-del tramo apoyado, no se es ten riguro-
85O en incluir el peso del anmoho b, ya sea porque para el cdlcule se =
toze una longitud mayor de la pleza (distanclia centro a centro entira-
npoyon) o bien porque aimplements ae despracie el peoso propic de eats
ancho b, Ea deoir, el afecto del tramo apoyado es desprociable.
En los cascaronea se tiene una condicién de apoyo distinta pues la cor
tante T'k«% tiene componentes vertical y horizontal y ademfa porque-
¢l timpano, elemento que trasmite lcs fuerzas mormales y cortantea al
@poyo, no se apoys eun toda su longitud 1. Ademfs de estas componen—-

ton el apoyo debard resistir 1s reaccién d4e la fuerza ocorrectiva E,
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8:2 Tode 81 bords; arranque ffo, del cascardn estard sujeto longitudinal—
mente a la perturbacidén H. A esta fuerza ficticie se 14 denomina Co,
ceo del cascardn. El valor de ssta fuerza se puede deducir de la for
mla 10.2, o ben, con las proyeccidnes horizontalas de Qf y N 7 una

fuerza P, que como se demuestra a continusolén es iguael a H,

P= Hs“'@¢a Senfd., +/y;zf, cas/. =—L2.06X.6428 1015 x0.73¢4
=b6.447on

ML LTI 7. 114
H=6x7 [ seaviniit ]* 557]——- 6.44 7on
QOcea.—

SO PsH

Ng

qi/¢ (h4f)

N e

o |
\

-8 condiciones en el epoyo. -

Fl1g. 8 2.

-zcontrado el zalor ‘¢ H, se obtendrfn 1

1,2

%l «poyo directo del cascurén, como ya se dije, lc conatituye el tfm-

pane, cl tfopano o diafragma es un elemento rigido, e¢n su plano, que

recibe 1a accién del cascarén en todan 1z longitud del arco y la trasmi

te o losapoyos. I tromemieiédn de esta fuerza puade hacerse tambidn-

PoT nedio de urcom, jue se emplean mis frecuentemsnte en lgs cubier—
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tas. Lae figuras {24y 9.2bmestran los tipos usuales de travesafiosy
tfmpanos y arcos. En los emparrillados de cimsntacidn pe usan, como-

travesafios los tfﬁpanoa, que ademds de trabajar ¢omo so indics, asir—

yon como contratrabem en direcciém perpendicular & la de laa gonera--

trices del cascarén,

Como se puede concluir del anfliasis de la franja unitaria la fuerza -

cortante T' obra del centroide de Tensifn el de Compresién, En la fi

gura 10.2 se indica, seccién X =Q en 13 perspectiva, la orientacién -

de la fuerza cortaente. La sccién de la fuerza cortanto sobre el tfm-

pano tlene mentido contrario, es decir, obra del centroide de compre-

8ién al de tensidn. Dicho de otra formas E1 incremento de fuerza cor
tante T', obra del centroide de tensién al de compresidn de muners —

que sus resultantes T'k equilidbren a la de la cargs 1., La accide

de esta fusrza, integrada desde x«o0 hasta el tfmpano, debs ser squil}

brada en el apoye por el tfmpano con fuerzascortantes de nmentido coma

trarlo. En las figuras 9.2 y 10,2 ae ha marcado, en el corte longltu

dinel un ancho be, ancho sfectivo, achurado Junto con ol tfmpano. Ds

una analogfa con la accidn de los anllloa atlesadores Lundgren (Ref.l

Pdg. 133) encuentra ol valor del ancho efective con las sigulentes ex

Prosioneans

lor. Capo.~ Cancarén contfouo a ambos lados de)l tf{mpano.

be=076(1-029m 5 ) VIR __ ___ 47
Z* Casa- limpano extremo. Fig 10.2

be=038(11029m* E) VIR _____ 15.2
en las quel

bet ancho afoctivo, ecm.

ti  espesor total del cascarfn, cm,

Rt Radio, cm.

2
o P, Para cascarones sin trade de orilla,
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Firante

CORTE LONGITUDINAL

) PERSPECT/VA .

a) Arco por arribs del Cascardn.

b) Areo por sbgio del cascardn

F/G 9 2.

cCere LovGITUDINAL _A-A

PERSPLCTIVA  rie—ao

. FilG. 102
Q@ centroide de fernsion ——
O centroide de compresion
plety Bry
) YN |
2 -5 fraba
“
> 1 T
o 4 .
FIG 112 7 2 . timpano
1N ,-‘«""
Ldrante .
G 2 e

L

timpano !
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Rou= R




r o 1 jpura cascaroned con trabe de orilla,

Para el ejemplo citados

ler. casoi Suponiendo t =8 cme
R = -__.} - 700 o 505 cm,
2 zen o 2 x 0,6928

be = Co76 (1-0.29 x 1% 8- )
505

Y8x2505 = 48.1 cm

JdGes CHBO3

’

bve = 0.38 (1+ 0.2¢ x 121_8__) Y 8 x 505 = 24.3 cm.

205

Suporilendo que el tf{mpano terga um espesor b, Fig. 11.2,-el ancho toial
gue pusde considérarse cor el timpanoc ess b+ 2be.

Sf b e 20 cma

encho total = 20 + 4B.6 = 6B8.6 cms
';s gencralmente despre-

&n las f8rrmlas paru ba, el término 0.23 m2‘

ciable, de muxnera gue, les férrulzs pueden simplificzree. ZAnseguida
se hace una comparacidn, en loas deos cates presentados, con les férmm-

lags

be= 076 VER para el 197 caso, y

6.
be=038VER para el 2° caso } 6.2

F-T2 el eje. plo nuréricos

lere casos

t 1 = 0-76 Y B X 505 a 48-3 Cla
co., cugos

b92= bal/b - 242 cme
Loy valores odtenidoa con estas férrulzs aproximadans son bzetante bue

nog-
Pzra ¢l znflieic del tfmparno deberfn cunsiderzrss la wuccidm de la ~—
“uerza coriaonte a una Jictanela be oel ujuso0, €l de 13 reaccidn, la-

48

accién de g cctuzndo en cl ancho be y el del puso propio ¢ol timpano.

anYin culta 2 o8 Dm
Posteriormente se harZ una aplizccidn de los resultados anterlores |

ra ol c#lculo de un itfmpano.
10.2 El apoyo, alemis de las cargus verticales, deberZ resistir las c-rgas-
porizontalas quu reaultin de 1z B r ‘¢ la proywccién horizcntal do T'k
L Si para ¢a ¢’lculo del tfmpono mo se requicren correcclones hipe—-

restdtlcas, -1 7elor 1e la reaceidn porizontal, est.rf Jado por las of

5uiantas axpresionus:
(Ry=H7 7L4~(/1+f) 7 4

L [ 183994274744 ]
Ry=9{7| Tomizg % a

6839942 7¢7¢f;él . 68886
N394 2%

Suponiendo que L (longitud ‘el casc.rén), sea de 9.00 mts., se olilens

¢+ 1
"7 x%EF%Y

N

1

_9___.

——— - —— o7 1~ 2o~

para ¢l ejemple que o€ vierLe rusclviendos

(/g) Ry= ét7zar9fz

Esta fucrze horizont.l puule

L EB39942. 74744 x 11829 ] = 9423 ]op.
o 7 17775 68686

.eo ruaistida por tircmtea que vaynn len-
tro “el timprno y amclades vn sus wxiremdw al cagcearfn. Ver. Pi5,12.2.
S1 los tirsui.s fuerzn 2¢ acere Jrale duro, por cyrrplo tor 40 Jo Lec
Tos ucctepoc, tl Zrea do ucero serfas
fa = 2000 Kg./cmz ”
hY: £ —;; = ——2éf§l~ s 47.10 cm  Aprox.

10 var.1"

”~ o 5
11.2 Se hun mercion.do apteriorrernie lcs ccmtroldea Ao eafucrzos, reoultade

.49



de la flexidn longitudinul, de compreeidn y tensldn, los cuales han ser
vido rara orisntar la 1fnea de fuerza cortante ds T'k., En el andlials
transversal cel c¢ascarénm, se ha supueato que 1a compresiSm y tensién -
totales, longitudinales, se encuentran localizados en estos puntos., Es
ta hipStesis no es clerta pero ol bastante aproximada para los dos ca-
sos siguientess
lo.~ Cuando el momento flexionante longitudinal N, ea pequeiflo,que a su
voz depende de dos circunstanclaes:

a).~ Que el claro L sea pequefio.

b).- Que la cargs q =ea baja.
Ts4~s dos caracterfsticas se pueden presentar mfa fdcilmente en el ca-
so de canscaronss de cublertas que en el de cimentaciones. For e jemplo,
on cimentacliones flotantde, si L repreasnta el claro centro a centro -
entre dos colum;aa contiguas, looc momentos flexlonantes gque obran en laa
contratrabea dependen mfs del claro total del emparrillado de cimenta
cién que de la distancia & gqua se encuentren las colummas. Para fijar
esta circunstancis, supéngase una eatructura que tenga cuatro claros,-
definidos por columnas, em um eje. Un cascarén de cublerta tradajarfa
longitudizalmente como una estructura continua apoyada en cinco puntos.
En cambie, al se trata de una bdveda invertida de cascaroncs, tradaja
ria en dds formas, una como una estructura continua em 5 apoyos fijos,
las oolumnaa, ¥ otra como una viga que rscibe las cargas de las colum~
ras y la reaccidn del torrano, de um claro iguzl al claro total del ~-
oje (la suma de los 4 claroa). Loa momentos flexionantes que resultan
de trabajar em la segunda forma, como viga flotante, son generalmente-
mayores de 100 tm (para cimentacién de edificios de & pimos o mda).

20.~ Cuando se refuerza com acero la zona de compresién. La extemnién
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do la zops comprecaiva se pueds reducir apreciablemente con rafuerzo a-
comprcaidn, ain en las cimentaciones, de manera gue ae puada obtener -
tuena aproximacién con los centroides de esfuerzos., En caso de que —
existan momentos floxionantes grandes se requerirfa une drea de acero-
on la zona de compresidn bastante grande., Este aspecto puode conduolr
a dos rosultafiog indesoabless elovar ol costo de la cimentacién y pro-
ducir deformaciones apreciables para lograr el trabajo efectivo de sa-
te rofuersoe

Se puede concluir de lo anterior que en las cimentacionss de caacaronos
o5 convenisnte estudiar la extensidn de 1la zona compresiva. Yéase la-
discusién que sobre la posicién del eje meutro presenta el Dr. P. B. -
Korice, en su articule "Investigaciones sobre eatructuras de cascaro—
pes de conoroto™. Bef, 4y Pdge 99.

la Fig. 13.2 tuestra la oxteneidn de la zona b de compresifn. En la ~
misma figura se ha achurade el diagrama de esfuerzos cortantea T'. En
este dlagrama el valor de la fuerza cortants se hace variar linoalpenta,
dentro de la zona compreaiva, desde un valor miximo T', husta’'cera en-
el centro del claro, de acuerdo con lo propuesto por Lundgren y A.L.L,
Baker, 5in embargo Lundgrem, Ref. 1, P4g. 258, propone que se uae un-
ddagrama equivalents em el que T' sea constante hasta el centroids do-
compresidn (como se indica con 1fnea llena en la misma figura), Mien=
tras la zona compresiva no se exti;ndn michce, digamos gque b =« 100 cm.,
1. aproximacién en los momentos transversales HJ es adscuada,

Pero, si la distancia b es demasiado grande los momentos N¢ deptro de-
lz2 zona compr=siva ;ueden diferir bi.stante de la realidad. No obstap
te, se puede emplear osta sproxita.ciém, em cualguler caszo, como una -—

rrimera aproximacidn paras fires de anteproyectoe.
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Eytension de a zono combres! v
Errens.

Exfensicn de la
Zora compresiva
| -

centfroide de esfuerzos
X\ de compresian

Flg. 13.2

la extensibp le 1. zZoxa de compresifn ulecta simltfineamente el trabaje
trapaversal del cascardn, al ahmentar T', ¥ o] longitudinal al reducir
el brazo de pslanca del par realstente de la flexién longitudinal, Por
ety razén, como apteriormente se indicS, pucde peniarce en reforiar -
la zona de compreailér para reducir 1. ctona compreslva. £l efecto da -
reducir le zonma de compresidn ees pusde conclulr dohlo sigulentei
lo,~ Aurenta sl btrazo de pulanca por lo cuals
8).~- Dlamiuuye la cantidud de refuerzo on flexisn longitudinal,
b)e- iumente 1z realstencia a la fuerza cortants, disminuyendo a-
la vez ¢l vulor de lu fuerza cortanta,
20.~ Se obtisce mejor aprorimacidn, con el método de los centroides, pa

ra la obtencidn de X8, ¥d y A.

Se Lubfe sefuludoe iua el empleo Aol refuerzo, a compresailsn podfa enca-
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recer el costo de la cimentacidn (como aucede en las trabes dodlomente
reforzadas), Pero ahora me han establecido las ventajas qua puede aca
rrear el concentrar loa esfuerzos de compresién. Para el disefio defl-
ritivo de loa caacarones, como en general se hace sn el dimefio astruc-
tural, habrd que proceder por tantsos "pesando™, las circunstancias fa
vorables y deafavorablses que gravan el anflisis y ~doptando de acuerdo
con el criterio del calculiata una de las soluciones posibles para la-
estructura. Comoe se puede conclulr de 1la prictica y del anfliasis de -
<costos un disefio econdmico no siempre es el que obtiens la mfnima can-
tidad de material, pues la economfa de urna comstruccién esid afectada-
por una serie de factores independientsc de 1la teorfa, por ojemplos Fa
cilidad y-rapidez de ejecucién, costo de mano de obra, precio ds mate-
rialea, etc,
Las expreaicnes obtenides antoriormente, cuande la zona da comprosisn-
se extiende apreciablemente, dejan de ser aplicables y deberdn obtener
se otras que tomen en cuenta la posicién del ajs neutro, come lo hacen
Irost, Marlette y Borg em su artfculo sobre "Teorfa de la rasistencia-
¥ltima y pruebas de cublierta de cascarones cilfndricos largos™. Ref.ll,
las férmilas nscosarias para tomar en cuenta la poaioién del ejo neutro
800 un poco mids complicadas que las obtenidas em el presents trabajo.
Las férmlas presentadas en este capftulo como las que sa mencionan do
la Ref., 11, adlo resuelven un caso particular de cascarones cllfndricos
sujeto a las siguientes condicionea:s
a).~ Que el arrangue tenga una pendiente definida por ol Zngulo #0-4O°.
b).- Que la seccidn sea simétrica, es docir que el centroide de compre
sién est8 localizado precisamente en la claves del cascarén.

2).~ Jus la zonma de compresién mo se extienda demasiado.

El formulario mecesario para cubrir la generalidad de los camos de cas
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12.2

- 31 -

oaronss rasulta excesiva y complicada, poer lo cual, con las ideas fun-
domentales del criterio pldstico se presenta en el sigulente capftulo-
un mftodo numérico cuye campo ds aplicaciém no aflo cubre los casocs —-
frecuentes de ccscarones cilindricos, aino que se extiende al estudio-
de las deformaciones.

En las férmlas de este capftulo no se conaider$ la accién del peao ~
proplo, puasto que el orden de ca}gas que rapresenta la reaccidén g ~
baatants mayor y pueds conaiderarae despreciable su efecto. Ln todo -
caso el cdleulo, ain covsiderar sl peso proplo, resulta del lado de la
seguridad,.

Por ¥ltimo se prenenta en aate capftulo la grdfica’ 3.2 que salrve para-
disefiar el refuerzo transversal del cascarém, cuando les secolones o8-
tn eujetas a la fuerza normal N y el momento M. Como se v6 en la fi
gura de.la parte superior de la grdfica, el refuerzo estd colocado a -
la mitad del peralte % de la sesccién.

La incertidumbre en la distritucién de la T' conduce a penaar quo la ~
extonaidn de loa mozsntos tranaversales M@, de un mismo pigno 6a bag—
tante indetermineda por lo cual se puede prssentar inversilén de mignoa
en los momentos calculadom, en el contorno en el gue la grdfica de !ﬂ-
canbia de signe.

Adomds la colocacién del resfuerzo en eata forma resulta mfs soncilla.
Lundgren discute este mismo asunto en le Pdg, 296 Ze la Ref. 1 y cita-
la posibilidad le gque en los cuscaronea calcul«don cor base er la teo-
rfa olfstica puedsn resultar menoa »fectados puesto qus la reduccidn -
de los momsntos imostdticos ¥P,0 con lus perturbuacicnss de orilla son-
menorea, os decir, jue ne trabujs on el dlselio con momenton Uff mayores
que en la teorfa plistice.

Esto mo parece muy razonable cuando 88 - =~

Plonsa que la teorfa elfastica utiliza una diatribucién de la derivada-
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de la fuerza cortante Nxg, equivalante a la T', que lo mfs probable -
es que tenga que ver muy poco con la realidad. Sin embargo nada ce po

drd asegurar hasta que no se dispongan de mayor nimero de pruebas do-

laboratorio.

I

Los datos de las curvas de la gréfica 3.2 se obtuvieron de acuerdo con
el método planteado por Ch, S. Whitney, para el dissfio pldatico de —-
plezas a flexo—compresién. Ref, 12,
Para el estudio de] porcentaje de acero s¢ ha dividido el anflisis enm
tres otapas de acusrdo con la posicién que puede tener el eje neutroe
La distribucién de los esfuerzos de compresidém se ha supuesto constan
te con un valor de {; = 0.85 I: de acuerdo con lo estzblecido por —
Whitney en la Ref. 12. Lla seccidn sujeta a la fatiga 0.8% ;; en el
concreto y a la de fluencia, o 1l{mite eldstico, fy en el acero estard
trabajando a eu mfxima capacidad. (Resistencia €1tima).
Posteriormente para el trazado de las curvas se adoptaron dos factores
de seguridad, como se explica en la Ref, 10.
Factor de seguridad d; cargas
Coeficiente de seguridad para la carga muerta: 1,20
Coeficlente de seguridad para la carga vivas 2,00
Coeficlente de seguridad para carga accidentals 1.50
Se deberd usar un factor de seguridad que sea la combinacién de Satos
segin su importancia y frecuencia.
Ze opté por um coeficiente de seguridad en la cargas

P.s. carga = 2,0

El factor de ‘seguridad total estarf influsnciado por otros conceptos ¥
su valor empfrico puede raepresentarse.

PF.s. Total:s =« P.s. carga x P.s. resistencia de muteriales x F.s. por-
disorepancizs entre el cflculo y la ejscucién,
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gl factor de seguridad de carga y-o 3¢ establecid F.a.l = 2.0.

Bl P.s de 14 rosistencia de los materiales gerZ ~unor siemrre p.ra el

acero que pars ol concreto pudiéndose comprobar que los rvsultados de-

0 ta ac ore o . u
anﬁyos en Pr be 8 de coero daxn ipenores discropanuias en el acuro que

en ol concreto. Sin embargo suponiendo que so ticre un control adscua
do Jde la resistencia del concreto cn la obra lus discrepancias en la -
resistencia del concreto pueden qued.r ipclufdas eu el €ltimo Fictor -
do Seguridad denominados

P.S. pura las discrepancias del cflculo y la ejecucidn.

En general adn el c4lculo bastunte detallulo es irsuficiente para csta
blecer une Telacién real entre la hipStesis y l. rezlilad. Por otro -
1zdo ung obra slempre adolece de defectus en la ejecucibén. Se Fuedan-
citar como ejemplos errores en la colocacién dcl refu.rzo, <n lag di-»
mensiones ie lus plezas, etc.,

1sf el factor de seguridad que se adopta para cudrir saste aspecto se-
cupore de 1.25 pirz el concroeto y 1.00 pura el acero.

non esto resultan dos fzctores de geguridads

Para el concreto: )Fallus 2 compresién).

Ps total « 2 x 1 x 1.25 = 2.5

Para el acero (felles a tensién)

Pa total = 2 x1x 1= 2.0
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Estos factores de e:zguridad se ven apropiados si se compuran con los-
determinados para las candicinnes planteadas por A.L.L. Biker en su -
1ibro “The ultimate - load theory applied to the design of reinforced
and prestressed concrete frames", Beker presenta en la Tadla I, pdg.
Sy de su libro una serle de valores pzre distintos acontecimientos en

la ejecucidn y vida (til de la cstructura. El valor del factor de -3
p I
10

reprecentan los Jdistintos aspectos gue se "pesan" segdn su importan-

guridad se valda de la expresiéns F = + 1 ern que los términos W

cla.

TABLA,~ Condiciones gue controlan lz adopcidn del factor de seguridad,

Valores de ¥ pa-
ra las condicio-
nea mis e23d7versasy

CONEIDYRACIONES

’

[]
,
L4
[}
1}
]
3
H
1.~ Importancia de la falla (humana o econémica)...} 4.0
L]
'
20~ BJacuciblucesvosanncsnsstssascsvonsosannasancraey 2.0
1
L}
3.— Condiclones de corglescescsasccaosrsossssenensy 2.0
1
14
4.~ Importancia del miembro en lc estructurda.ecesse} 0.5
{
5-— Pos1bililzd de fallal--.ocu--oloa-l--ll.....l.l: 1.¢
1
6.~ Peduccidn en lso resiatechA..........-.........! 0.5
Z ¥ - 10.0

Pzra la elaboracidn de esta Tabla se han supuestos
cargd Wltima

li- Pauet .

Puctor de.seguridad « carge de Trebaje
2,- los cflculcs s3tin Lechos por la teorfa pllatica y los resultados
tienen un error miximo del 1%% cuando la resiztemclau, carga y condi—

ciones de apoyo y excentricidad se hLam supuesto correctamente.

3.~ Los cflculo eatfn basados en los valores limitea acsptables de:

58






]-1

2.3

Se presentarf un procedimlento basado en el curso de METODOS NUMERICOS,
impartido por el Dr. Emilio Bosenblueth en la Escuela Libre de Pcatgra
duados en 1956,

No se tam aplicudo estos mftodos al andlisis de camscaromes, sin embar
go se procede & adoptar los empleados para el estudio 4é arcos com al
gunas modificaclones fundamentalzs.

La teorfa general isl arndlisis numérico se explicarf a partir del es-
tudio de las cargas, momentos, flachas, etc. de una viga de sje Jnngl
tudinal rectos

Supéngase la viga cde la figura 1.3 .

Determinado el valor de la reacciém BI el valor de la fuerza cortante
en cualjuiser punto serd:

=
VzaB - J R

Por sjemplo en la secciés x, de la figuras’
vx, -Bl-Plon
El momento flsxionante sn la ameccidn (1)

¥, - B, (A!1+A12+u3) - P (Ax2+nx3) - Ppax

3

'31“31*(“1-?1) A X, + (B _P -P,) A x,

Llos términos dentro del paréntesis represeptan la fuerza cortants en-
los tramoe (o) a (1), (1) a (2) 7 (2) a (3) ai &ata en cadas tramc ae-
ropresenta por 71. Vz ¥y Vs,'al momento flexionante sastarf dado pors
- A
H3 Vl 11+72A22+V3A13
T
Un = ; Vn AlXn que es una expresidén conocida en Bae

tdtica M a dex.
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. x
la expresién de la fusrza cortante Vx o Bl - 2 In tiene sl término

l
constante Hl' que s8 pusde representar por eJemplo por C
x
(:) (:) VL =« C - Z Fn Para determinar la fuerza cortante em una
(:) (:) (:) (:) 1 seccidn curlquiera x deberd determinarce-
el valor de C.
_F dx " Are '_gd)‘:%4 A xa )'_J‘Ax_-,A
" l l ’ ' For lo tanto la variacién de la fuerza cortante, no depends del valor
X de C sino del sistema de fuerzas que obran en 18 viga, Eato propor-
7 7o P
J' r‘iil J' ciopa una primera idea para el andlieis de vigas, por ejemplo, resol-
; B ver la fuereza cortante a partir de um valor arbitrario de C que poats

riormente se puede corregir satiafaciendo condiciones de frontera pars

al momento flexionante. Supfngsse un valor arbitrario de C o Clol va

lor de 1a fuerza cortante sin corregir édstard dado pors

- 55 Mo ¢l valor correcto de V serd
1

V} = C1

x
Vi«C,+e -f?n oD la que ¢ ea el error en fusrza cortante,

El momento flexionante se puede expresari

1 DX DmX X D=X
Al ¥, = = ¥V'n AX « = (C, -=Pn) Aln o0, = Ax
e ’ B P 4 1 -§ 1 1l 1 1< n
il 1
M' DaX
- 7—; (Z m)ax,
1 el DnDeX
ux.clx-z(zh)Ax
n 1 1 n

El momento reals:

NeX NOaX
FIG. 1.3, Mxa(e,+e0)X - = (=mMm)AX
n 1 1 n

Encontrando la diferencia éntre Hlx ¥ Mxs

AH.I-OI‘

Como ge ve ol error em el momento flaxionmante A Mx tiene varizcidn 11

bsal definida por el produatc del error e de la fusrza sertante y la-

74 8baviea Xn al punto que se va & corragir,
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Ea senclillo encontrar el error del memonio satlafaciondo lap cordicip
nes de apoyo.

En la figura 2,) se resuslve un ejemplo numfrico con objeto de fijar-
laa ideas expuentas,

En la figura 2.} se indica la detorminacidn del diagrsma de momonton-
flexicnantes en forme tadulads. Em la columna igzquierda donomin&dn -
"Concoptoa”™ pe han marcado convencionalmente cons -

Py— las cargas conceatradaas, cuyos valores se indican en sus lineas -

de accifén. Se consideran positivas cuando obran hacia arriba.

e

5= la fuerca oortante supuestas Se inventa un valor inieisl ds la =
fusrza cortante en o) primar tablero de la izquierda y se vproaigue a
encontrar los valores en los domfs tableros sumando acumilativamente-
de izquierda a derecha al valor supuesto el valer de 1 concentracidn
P.

VxA x4- Bl produoto de la fuerea cortants por el intervalo em que obra.

Wi (momentos flexionante) Suma acumulativae de los productor v ox

empezando oon un valor oonocido, en este oaao cero por eatar la pieza
1lidbremente apoyada. Se llegs al apoyo derecho, an donde debfa ser cs
To, con un error de 4+ 59 tom., como se habfa visto, este valor dividl
do por el olaro 44 sl error, constente & lo largo de la viga, de la -
fuerza.gortante,

N correotivor.- Como se pusde ver la correcoién es linsal y es obtis-
ne multiplicando el valor del error e « 5.9 ton por la distancia deg
de 5l apoyo izquierdo basta el punto que me corrige.

‘Para eucontrar laa flechars de la elfotica so emplea un mStodo andlogo
8l anterior baesado en loa artificios de la vige conjugada. La vige -
8¢ supone cargada con ol dlagrama de M 7Y loa momontos floxionanteg-

3 4
que eo obtionen de esta carga corresponden a lam flochas de Ja vigs -

7?



criginal, producidas por lam cargas P, Es fdcil sstablecer las some-
Jjanzas entre las dos otapass:

Analogfa bdsicas

—

& =M ~ P curvatura anfloga a la oargs.
EIl

Dosviacién ds la tangente anf-
loga la fuerza ocortante.

r o [ ds ~ ver Lo

z t flechas anflogas & loas momen—
Yy = L¢’ dy ~ M,...[V,ds tos flexionantes,

21 procesc numérico consiste en una integracifm eucesiva de %a expre-

sién Bl :J_;% gque so estadlace en eatfticas

4
pn-EI"d—%
dx’
3
5] ix
Vsl 3
2
NM--BlL 4y
ax2
2
e dy
ax2
f= &
ax
Y= 3

En la figura 3.3 (a) se tabul-n loa valores de ¥ y en sl sigulente ren
§l6n ol de la curvatura M_ . La carga irregular ¥ _ ee coneiderars -

soncenirada sn las divi];iznos come sl €zta fuera f: acéidn de una sew

ries de vigas de longitudes AX como ss ve en la parte inferior de la-

figura 3.3 (b). Lae concentr.clonés de curvatura & ae pusden obte—

ner del formulario daio en la figura 3.3 (e).

La suma acumulativa de lus curvaturas concenirsdas proporclona los va

lores de la deaviacidén de la tangante g. Igual que para la fuerza cor
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tante me supome un valor inicial de § para el primer tablero que poste

riormente se corrigs al encontrar el error en la flecha, en igual for

ma qus ss hizo para el momento flaxionante. d) 1\, d@h- L

-

Se resuelve ahora una viga en cantiliver, que ez un case mfe parecide

al de los arcos que se presentard ponteriormentes PFig. 4.3.

w - -~ ~¥ -y +
Para la’'viga conjugada se vuelven a encenirar laa ooncont‘raclonea dod T -als -} b b 1 whmmzu
diagrama %T e las férmulas empleadas anteriormente aproximan la curva ¥V 0| -a5 | ~r5 | -23 | -as | wh (Fw;:nf;’“""“
a una poligonel inacrita a2 dicha curva. Si la curva es de segundo — M9 “a3 20 -5 —BOULA! '
grado (pardbola) como en el presente caso, puedenh smplearse con DayOP x* AZEI ﬁp rop Tae A48 e w.l,'/EI

X 15 +4B5 f2%0 #5590 105 Wwhdierl
exactitnd las férmulae de la aproximacién parabdlica que se dam enm 1lm

) ¢ 127 | rzas | 9as | das | wem]1gEl
Fig. 4.3 (v).

Y x5 zshS  rapo  &gs 6 wbhdf1zer
las sumas acumlativas, integraciones, hasta el renglén del momento fleg
xionante se ofectdam de izquierda a derecha pueste que se conoce la-

) Ymay=_2835 . thh! _ Wit
copdioséy de apoyo del sxtremo izquierdo. Pera la deaviaciénm angular 1e I3 Al

# ¥ laflecha ¥ se proceds de derschs a izquierdm.porque ee sabe gue-

f ¥ 7 on ol empotramiento =on.csro.

Xa = 23 (7da+6cfb"“c)

oo v 2 (Ka +105 +Ke)

Xe --,"-5— (7ete + 6ap-Xa,
FlG. 43

a1
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8) Convencion de Signos.

. i Acciin * o b .
Direccron *os los Oireccion T de los mamentos Desviopin
ges coordenados desplazarmentos flexionntes engular

—X @ Compreson +
| (Lt )i
y r

b) Tabulocidn del procedimrento.

1 e
Yab
—4 FlG. 5 3.
Yie AproxirmaciSn
[~
Xab Xée
Geometria | 1
Coordenadas | ' l
Yo Jb e
Yo e
Proyecciones.
Xob« X5- Xo Xoe » X - X6
Yabe Y5 -Yo Yoc « Ye- Yo
Estatres . !
M o (3 Me #ymn’hsm
exronen
* ol ﬁ; db '?}z e 'ﬁ; Curvature
o ‘b oA aa:’;-»':o’r‘#:a
¢ - e e Past Ky er;ﬁg:-dﬁ
Av m ¢.A ~Yoe Bbe SRR
Ay J1 Xab Fas Xoe Pbe C Pepiscemranto
“ s UpedatA L =Up +Ax[be
r Ye Tp- Vn‘A)’b Ve=28 1A8Ybc



203 al preceizmicuto guplenio gor. 3l czflisls i¢ arcos es préctlca-

rorie ol mlermo jue se ko prescnicdo hasta shora. En la flgurs J.0
se 1rdics cz une tobuloeién el desarrollo dsl andllsles

Loa memeiteg flsxlonuntes se pucden ancexntrar proyectande el arco
¥ lac fuerges zegun loo ejes xx y gy, ¥ tratando astas prcyacclones

cowo 31 fueruz dos vlgos suletas o las cargas p.:;rectadas. Da los

.
mozmentos flezicrartes obtenidos ez cada una, se encuentrar los del
arco surerpjorliezde log efectos,
Bl proceso teguido hastz ahora (parz encontrar loa 2emplozamientos)
es igual al =xyuesto artericrcente, exceptuando lo referents a los
cambios de projeccién que untes no se obtonfan.
A coztinuaci8a.se demostraxrs jie los ¢:rblos de rroyeccidns
“n-{x
AY « #I

~v les que =e despracian lag dcformaciores 48 la carga crizl.

b

" Y
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.n in figura caterior se muestra um tramo do urco ab en ios ;oslcio--
res: inizial, cntes de deformarse y fimal, después Jde la deformacién.
Como‘3610 intrresa estudiar los désplazamiantos reluativos AX y AY,
se traslada hasta kacer coincidir los puntes C y C',
En estc posicidn se cbserva ques

Ax = - .'mi a -g 1

Oy = ¥b] = ¢2

Qe6.do

Para visualizar este método se resuelve a‘continuaciﬁn un ejemplos Fig 1.3
En este ejemplo se encontrarén, proyeciendo rcdialmente y pobre lz tan
gente 1z fuerza P, la fuerza cortante ¥V y la fuerza nermal N, que son
conceptos que Junto con el momente flexionante L, se utllizan parc el
diseHo del arcos

la i.sviacibp angular §, =ef como los desplazamientos u y v se encon-
irarfn suymando de dgrechs = ilzguierda come se hizo en el cantiliverei-
Pzra tener idea 2e la maguitud 1e los desplazamientea u y v 2s ro—
suelve a coantinuacién numéricapmente el e Jjemplo dados

2 s 3,00 m.

P = 5000 Kgs.

sle = 500000 Kg. K2
us despl..zamiento horlzontals

w=3514 TP L 3515 2 3% 31416 1 5000, 6.c298 m

0

171, 10° x b 2 10°
u = cMme.

»

¥ a 50 ,?‘.F_P_.g 0506 Y,
5e10 I ETL 0,0506 Y

v = .1 cm.
8? -
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‘6.3 Ahora se aplicara al anflisia de cascaronea un mbtedo, gque comec as di

jo antes, es semejente 21 empleado en los arcos. Fn esta stipa pe —-
utilizaran dos procedimientos: uno en el que se iaventan laa redun—
dancias, por ejemplo el coceo, que hagan minimos los momentos trana—
versales Mﬁ 7 en 8l cual se6 encuentran los Zesplazamisntoa del ecacrne-
r&n -ometido a tales coniiciomes prelaterzinadaasj y el otro en el —
que & partir precisamente de los desplazamientos se encuentren IasArg
dundancizs. Este fltimo procedimiento no pueds decirse que ss base -
en la teorfa alﬁstica‘?bsolutﬂmente pusato que se seguird adoptando.-
la misma distribucién de fuerza cortamts T, en la asccidn transversal,
que se plantea an la teorfa plfstica. Puede decirse mis bien, que ae
aplica un mftodo que utilica concepios de ambus teorfaas. EI hecho de
que la teorfa pl&stica no estéd lo suficientemente desarrollada como -
para obtgner luas deformuciones de las piezas, ob&iga a aceptar algu—
nas ideas bdaicas de la teorfa eldstica.

El primer caso ge presenta em las Taublasl.d y 2.3 y enseguida se hace
la descripcién de lo srectuado en cadae etapa del enélisis.

Como se bubfa denominado anteriormente el e)e longitudimal por xx, so
emplean ahora los ejJes y y 2 puraz la seccifn.

Conceptos

1y 2-Proyeccién horizontal y vertical, Y y Z, de la Jongitud AS de la Adve—

la. la suma de l«m proyecciones horizontales desde el punto (2) hasta
el (10) debe mer igual al sexmiclare 2/2. La suma de las proyececio—
nes vertioalea deade (0) bu.sta (10) debe ser £ + h (flecha del arco

wfs puralte efectivo de la trabe).

I~la proyeccifn borizontal 3e la fuerza cortante, que gbra en cada inter

vulo A3, eg igusl 21 producto de lu fuerca cortante T', jue se supo-

be oorstants y obramdo @ lo largo de todo el arco, por el incremento-
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horigontal T no existiendo fuerzas, sxteriores, horizontoles que obren
en 12 d8vala T'Y gerX el velor de la fuerza resultarte qy en cad2 in-
tervalo A S. la suma de las fusrzas qy deberd per iguszl a T* E. e
10,125 x 7.00 = 15.438 T/ ¥. que checa con el valor de la ﬂltimﬁ co-
lumna. ¢

4- Se obtlenen los valores de la proyeccidn vertical de la fuerza cortan
te T'Z de cada intervalo AS. La suma Z T'Z dsbs equilibrar :» la re-

pultante de la carga q Que actda en el aeq&claro. ET'Z = g L.
2

S5~ la cargs gue actda en cada 448vela AS, varfa com la rroyeccién hori—
zontal Y y su vilor se encuentra fdcilmente por qY en que g ea la car
ga uniforme axterior;

6~ La carga vertical qs, totzl serd la suma algebralca de la carga exte-
rior q y la proyecoidn vertical de la fuerza cortante T'Z. Lo cuma -
acumylatfya ds qz en el punto (10) deverd ser cero para que haya equi
1iv 1o, Efsctivamente como se ve del renglém 4, X T'2 = SHE.( en-
realiiad esta auma ea negativa), Del renglénm 5,23Y = q 27 3 g_l_ -
(cor aigno positivo). La sumaz de umbos conceptos as cerc. :

7y B-En estos 1englones se obtienen los valorea de las concentraciones de-
q’ ¥ Qj en lus 1fneas divisorias. La obteascién fe o rep.rtiendo-
la mitad de la cergn en cada intervalo hacla lus lfnecas diviecrias 1le
la izgujerda y Jderecha, A cada lfnea divisoria le corresponde la semi~
sum: de lzs cargas de dos ipterval.s consecutivos., =8 lecir jue em -
cada 1fnea divisoria la carga 34. es vl promedis de las carc;; qq‘_‘
7 Qqul Je los 1:‘ervalos adyucerties,
Fara la obicnzién le los momenios trunsveranles (re:x;16a 11) habrf --
qua coa.iéurar ¢l hecho de yue l.a cargus q’ Yy q‘ =et’n . plicudas .1

centro Je cadi dévela. Est: consi.eracidn huace necesartii la obdten—ws
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¢ién de los incrementoo I' y Z' entre los centroa de los intervalos -

AS. la obtexcidn de estos incrementos en un procedimiento grdfico -

a lo largo del cascarén,

conduce & arrores myores por tener gqueefsctuar mayor nimero de medi-

2=~C -
ciones (eceda mediciém tiens unm error)j on un procedimiento snalftice 12-Como se hizo en el capftulo antsrior la perturbacidn B oe obtiene de-

aumenta la laboricsidad si se encucntran goomftricaments loa inoramea fAROTE que au efocto anule el momento ¥g,0 de la clave (# = o).

Se encuentrzn 1 % a
tus de lae ordensdas, En este "ltimo procedimiento se puoden considg ren los momentos Mg, multiplicazdo el valor @e E por lus or
denadas del arco. (La fuerza H se sidera .
rar en forma aproximada, lom ventros de AS a la mitad de loa imcro— ¢ cozulders actuando en el arranque -
del cascardn ¢ = 40%), E1 valor de E 1
mwentos Y y Z. Sin embargo, la tabulacidn del procedimiento se difi- ° ) € P se calcula con la expresidns
B = ¥4 c0,0 en 1. que Mf = 0,0 6p el momento ——

culta al tenmer quo trazar nuevas l{neas divisorias para los nuevos in o

tranaversal en lu clave, y £ 1z flecha del arco.

tervalos. Por lo tento perece mia indicedo distribuir las cargas q - -
137 14- Los velores de I se determinan restando a ¥f,0 los momentos Wy Ll-

en las 1lfnoas divisoriss actuales tal como se explicéd errida, -
momento Kf mfximo cirve para igualar los momentos K¢ en tres puantos.

¥y 15-Para eacontrar posteriormente los valores de Nﬁ 7 Qﬂ ac hace la suma Para esto bcota com restar a todos los momentos E% la mitad del va
acam:lativa, en los intervalos de q’ 7 Q- Lsta suma so hace precisa lor iﬂ Sximo. N
mente en lom intervalosAS, y n8 en las 1fneas, puestd que interesa = 16 5 17-Para deturminar los renglones 18 y 19 es necenario conocer los va-
la accidn de las fuerzas del intervalo eotre la secéiSn. Determinando lores de las fuacioncs coa f y sen $. Ez formn eproxim:de se pueden=
Rg y Qf @ partir de las concentraciones q 8s obtiensn errores dels - obtemer de lus expresiones ¥ _ y _2_ (=ceptando la cuerda del inter—
15% aproximadamente para N¢ y del 50/ para Qf. valo por 1 tangents). SinAEmbarzt? en este caso es hastante senmcl—

Para enteproyectoe se pueden uesr los valores de N§ obtenidos a partir 1o obtener los valores de cos § 7 svn @ do tublas puen el Zngulo cen

de las g. Bl valor de la fuerza cortante producida por Qf reesulta — tral estd dividido en B fmguloe igueles de 5° ccda uno.

18~2) vs Je
desprotiable, Las proyecciones ds las fuerzes totalea gue obran en cg } vzlor e Xfy como me imdica en la Tabla 1.3 (a) so obtieme fcil—

rente proyectando lo N : 2 :
da dévdla se denominan Ny, y Ne. La Ny, ae incrementa posteriormente- proy ® valores de Nz y Iy segln a2 tangente del arco -
) en el punto considerado. Aaf ¢l de N 3 ira
oz o1 renglén 15 con la porturdaciéa i, § 8¢ encuenirs dado por 1n ecuacidns
Kfg « Ky coe f§ + Ne sen §,
11~ Se encuentran fdcilmente loa valores de Mp’,'o gun=ndo acumulativaments .
A 19 - £1 valor de Qf ce determina pProyectando Nz y Ny on dircceids radial.
los productca de g 2 y —qu. Le convencidn de eignoas empleada es la
y Se obtiene la férmulas

siguiente: E1 moranto ¥p,e o8 positive si produce compresidén en la -
Qﬂ = Nz cos ﬂ - Ky gen g.

arte superior del cascardn tensidn en la inferior. El cdlculo hes
F P J - 20-la curvatura de la eldstica, considerando al orce 4. seccidn constan~

ta eata etapa es ouy semojante B la del arco presantado antcriormente. te, se calcula dividiendo los momentos trunoversales ea cita punto
La disorepancia principal 1la constituye la fuerza cortante actuapndo —~ For le rigidez EI en 1a que I « btl 7 3 on el ndiulo de eluaticidad
- a -
12
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31~ Las curvaturas corceniradaa (desviacién de la tangernte entre dos pub

tos) se puede caleular con &l formulario (aproximucidn parabSlica) da

do para el cdlculo del arco (Fig. 7.3).

22 -la desviaclén angular ¢ se encuentra sumando acumlativamente las cur

vaturas concertradas,

w274 98mm

/) /
I
i
!
!
|
I
I
I

|
24-los camblos en la proyeccidn (al deformarse la plezs) se obtienen mul r
\

tiplicande el valor de ¢ por las proyecclones Z o T. Lla desmostra— n\

clén de este agunto se indicd en la Fig. 6.3 . 5\

r 26-Los desplazamientos v § u se encontraros sumsndo acumulativamente los D

camblos de proyeccidn AY y AZ respsctivamente. 2™

En la figura B.3 se muestira, muy ampliada, la ¢l4atica del cascardn,

Cascarcn (posicion orgira

Se ve en esta figura que el hecho de ipventar la redundancia B 7 al-
A}

valor correctlivo de Eﬂ conduce a incompatibilidades dn laa deforma— ®

clones del cascarén:
. D

bstars eston foens de esca /o

( muy ampliacias )

v = 4,98 m.m. Debe aer cero. Por simetrfa la clave no puede- :
10 )
desplazarse lateralmesnte.

Los o

¢1° «9.52 A8 Debe ser cero. Por simetrfa la tangsnte o la - N
2e1 clavs dsspués de la deformacidn )

debe ssguir alenio horlcontal. o\

N

Es decir que la clave se comporta en forme andlogs a.un apoyo (desli-

zante) guiado em el que s8lo es posible el desplazemiento vertical, -

Fig. 9-3

FIG 83- DESFLAZAMIENTOS EN EL CASCARCN

99
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Dentro del eriterio plfstico es posidle pensar em gue la tangente on-
1a clave no sea horlzontal, esto e3, gue el cascarén se quiebre en la
clave., Fero el que haya un deaplazamiento del tipo de Y10 °° inadmi-
sible, lo cual aignlfica que para llegar a las condicipes fijJadas de
antenano, tanto en lo que se refiere 8 la perturbacién HE como la do -
la igualacién de los momentos transverssles Mg en tres puntos, dsbe -
kaber un proceso ds redistribucién de deformaciones enm el arco que -
no se puede atacar con base on la teorfa eldstica. Adomds en lo refs
rente a cuantificacidn e importancia de grietaa y deformaciém final,-
sobre todo en oimontaclones gque estdn sujetas a cargaa q apreciables,
el procedimiento pldstico no proporcicona una base sb6lida desde 1z que
rueda fljarse su campo de mplicabllidad. Pero ya se hs insistido am-
teriormente. en lo que esto repreczenta en el aspeoto generaljdol compor
tamiento de la cimentacidén. Fste msunto conduce a buscar otro procedi
miento en el que cuando meucs se cumplan los requieitos de que 10 F-
¢1° sean cero em la clave. Si blen es cierto que no se pueds asegu—
rar la vclidexz absolutae del procedimiento, aobre todo en lo ques reg—
pecta a la fuerza cortante T' y a la obtencidn de las deformaciones -
sl podré obtenerss una idea de la magnitud ds los desplagamientos y -

de las redundancias que debam actuar em el cascarénms

100

Te3

va cualquier modo al cumplir estos requieitoa 1 sracirédn ro sotard -
enr .ooren condicicnea gque en el caso de igualar los momentos en tres-
puntes, o en el de resalverlo de acuerdo con algin mftode.analftico -
"gxzcto™ puesto jJue cuando menos se satisface el ejuilibrio estdtico.
Bl prodlema mencionado se puede plantear en los sigulentes t&ruinoas

Introducir las correcclones necesarias para que v pean cero —

107 f10
on la clavs, Estas correcciones tendrin que obrar simultdneamente de
marera que su efecto combipado corrija ambos conceptes. Para corrs—
gir Vg 3@ ocurre introducir una fuorza P horizontal em la clave, do-
sentldéo contrario al, desplazamiento v10° La correccidn de plO ge lo-
gra mediante la accidn de un momente Mc correctivo, aplicado en 1la &
claves, don sentido contrario al giro ¢10. la figura 10.3 indica las -

correcciones aplicadas en la cluve, ambas produciendo momentos positi

voa, mfp ddelante se encontrardn los sigmnos adacuados.
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En 1la Tebla 3.) se resuslve el problema corn las corraccloncs W ¥ P.

CORCEPTO

29+~ Se obtienen los momentos producldos por M y P. Llos de Me con -
conatantes a lo large hel aroc y los ds P 8o sncuentran con la sumi -
scumlativa de los productos PZ a partir de la clave,
30.~ Para la determinmacifén e lgs curvaturas concentradas, no se incluy
ye ol de las curvaturas H/EI puesto jque las 7 se pueden encontrar-
directamente de loa mocentos, se empled” la aproximacién parabSlica —-
mencionada anteriormente.
31.~- Se encontréd el va%gr de ﬂio en funcidn W¢ y P.
32 ¥ 33.~ 88 calculareon los valorea de fZ Y el de vio en funoidn de -

Mc 7 Po
Determinado los valores de ﬂio ¥ vio se prooede a la correcclép tenlep
do sn cugnta ques

Prg #lo = ©

‘ AS AS
( - 96W - 41.4242F) 7557 - 9:6228 757 = O

.. - 96 W - 41.4242P = 9.6224 (a)
0t vio -0

(41.7636 Me ¢ 32,0218P) AS + 9.0947 AS o
12E1 1281 °

.« . 41.7636Me + 32,0218P & - 9.0947 evvveenaiveea(B)

Reaclviendo ») sistema de ecuaciomes (4A)- (B)s

96 x (B) = 2.29865 x (B)
41.763

s o 96 W 4 T3.6069P = ~20.9055 sssssrceersensrnnes(B

Sumando la ecuacién (A) cen (B')

P e- 11,2811 = - 0.2506 [m/m,
32.1827 /
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X (B) a 1-2956‘
12.02]

. 54,0262 Mo + 41,4242 2 - 11,7651 cerrerrieeraenael(BTY)
Sumande la scuaciém (4) conm 1a (B''),

- 41.9738 Me o - 2,1427

*
T 2.142;
41.973
El velor ds P = - 0.3506 T/m (tensidn) es bastante pequefio en compara
cidn con el de Nﬂlo

m
= 9.0510 T =

= 41.72 T/m (compresidn); asimismo el do K =0.0510.

Su efecto sobre ol cascardn rodrfa creersas despreciable; sir embargo,

sobre los momentoa transrersalea ¢s ipportante sotrs todo en 1la cerca

nfa del arranque dsl arco. Enp Po la correccidn P, que 68 la mfs ime
portants, produce una discrepancia apreciable con Tegpoecto al momenta
calculade primero (en 1a igualacidn de momentos transversaloa).

Se vuelve a insiatir ez la sensi bilidad de loa momentos tranaversalaen

€on pequoiflam variaciones em la fuerza N¢ puesto que con una disminu—

c18n de N¢ (en 1a clave) del 0.087% se obtiene un iscrem

del momenta en

onto del 65% -
el arranque lo cual afirma la necesidad de hacer prue

bas en el laboratorio para poder establecer la dictribycidnm real dg-

T' cuya desconccimionto Puede conducir a errores, rrobablements hasta
del 10Q% on los momentos tranaversalans,

la elfatica final de la figura 8.3 me produce si se considera Qus la.

trabe vertical em el bords no tiene desplazamientos verticales., En -

realidad para calcular los deaplazamientos verticales absolutes habrd

que considerzr la rlaxién longitudieal y gurar nue efectos a loa -~ -

trenaversalen,

Do eata oldatica adlo es interesants su forma T sl

orden de nug desplazomientoa puen ro ge podrd asegurar que la alave -
tonga una u

10 = 6+3 mm, Sdlolg; podrd decir que a) desplazarmionto



vertical de la clave es alrededor de 1 cm. Lo gue sl es irnteresante-

de obaervar es que el hecho de haber considerado las corracclores My

P reduce apreciablemente las flechase

La transformacién de u y v a milfmetros se hizo considerandos

" AS = 0.475 m.
EI = bt> = 1x0.76°

2 12

y B =8600kg/ 2 =CV fa  Obfeniden del valor tangen
te inicial del m8dulo .de e-

en 1la que C = 6000 V' X/ecn® lasticidad. B. Saliger.
£1 hormigén armado pAge. 80.
[
Tomando  f. = 210 14 E286700 Kg/ o2

) 'i%'% = 12 x 0.475 . = 0.000548 > u y v en metros
12 x 867000 X l.x 0.10°

0.548 —pu y v en m.me

En la figura 11.3 se muestra el nuevo diagrama de momentos transversa
les ¥g. No se considera importante modificar el de Ng ni el de Jf -
porque no hay mucha variacidn en estos valores. Como se puede apre—
ciar en la figura el dilagrama conserva aproximadamente la misma forma,
todos los momentos transversales son menores excepto em fo = 40°.

Gasta ahora s6lo se ha considerado la influencla de M# para la deter-
min.cin de u y v falta incluir la de N¢ y 3¢, En un célculo prelimi
nar, no presentzdo, se tond 1la influencia de estas fuerzas y se pudo-
observ;r que su efecto,comparade con el de Eﬂ, es despreciable. Sin-

embargo, se_presenta a continuacién la forma en la que se pueden com-

silderar sus efectos.
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3).- Deform_ciones jebidas a Ng

y

I

FIlG. 12.3.

Te acucrdo con la ley de Hookes

E o ﬁé{.& en la que N§ es la fuerza mormal a la ceccidn do
€ area A = dt.

E: m8dulo de slasticidad del concreto.
€, feformacidn unitaria. = AL
3

. Ry TgAS .. N AS=§&
I iE

Lo c¢-mhloz de las longitudes de les proyacciones seréni

N

AY = - d cos o = - AE AS cos B

AZ o § sen 8 = -N AS zen @
A

"
vl sa emplea lu longitud de 1la csuerda W’ en lugar de A5 Bge tondréd

108

AY « MY

AL

AZ - Fg z

Y-

L. suma acumilativa e AT Yy AZ 3el drrenyue a la clave dard lop

zamientos v y u debidos a la fuerza rormal

b).- Deformaciones debidas a 3 g

£1G. 13 3,

Lz detormimciGn

1o las deform.ciones debidas g Y 89 bace on forma
enfloga a lun de Nda -

2l m8dulo ae coTtantas 0 a X @
109

en la ques

despla



9.3

G: mddule de cortantes

Y4 o doformacidn unitaria = Ay
. AS

——

ﬁl nz & AS.
AQ
Los inmgrementos ae proysccién serfns;

AT = A 5en & = K Qfz
AG

AZ = Aycoa ® = E_ QT

“i6
1a suma acumulative de .A}' y & Z del arranque a la clave aard los —=
deaplazamientos v yJ u debldoa & la fuerza cortante.
En los casos a) y b) se pueden encontrar las varlaciones de fs

foih . T

2 T

Es decir, que el valor de g se corrige para los sfectos de Qf y g —
despufs des haber obtenlide los desplazamientos u y v causados por es—
tos conceptos. Ura manera mée ssencille de encontrar los valorea ads f
realee se obtlsne si se consideran loa desplazamisntos totales vy u
4e lom que con la expreaidn anterlor se puede encontirar los valorea fi
nales de g. Para el cnaoc resuelto bastarf con encontrar el valor de-
# en el tremo (9)-(10) y sumarle el valor de g del punto (10). Ejem-
plos
S1 § e ol valor sin correglr ea ol tramo (9)-(10) y o0 401 del camn—
bio de curvatvra em ol punto (10) el valor ds ’10 (en lugar del que -
se habia obtenido) serdf
Ug¥.
2

Uno de loa ampoctos sobre el que B¢ ha inalgtido frecuentomente se ro

+ 0,

fro= At

fiera a la accién qua al terrenoc tien® sobre el camcarén. Para expll~

car esta interaccién ss recurre a una analogfa an la gue la accién del

110

ter
Teno sa representa por umn serie da reaortes cuya constanto ds resor

te represonta el mfdulo del terreno. Como se v# og ffaica la conatan

te d a X
€ de resorte representa 1z carga W que hay que aplicar a un rosorte

para que seo deforma la uniJad,
SupJugase una viga sujeta 2 una
carga cualquiera que ge doforma

K-

como me indica en 1g figura 15,3

> W=
v ‘;/9’ ferm. (2). 51 ahora se gometes la viga
deformada a 1z aceid
,c..;y(%g/aﬂﬁ) ccidén de un —
sistem. de re t
F/G' ,4' s 30riens sn efectow

serd ol da reducir las flachas
¥ en la cantidad rq.
Somo vfa de fntroduccidnm =1 oftodo para encortrar la poeicidn de la

elfgtica final ge resuslve un ojemplo sencillo e minera que pueda vi

sualizarse al procedimiento y a la vez ir estatlezlendo los concaptoa

2
bfsicos que de otra magera remultarfan diffciles Je exrplicsr, Por

ejemplo ze propone uni viga cimplements 1poyzde cujeta a 1a accidn de

una earga concentrada le
&0 d Po - entro del claro y a un Teaorte de cong—

tantes X =
e XK = 48 EI[L3 t2bifn 21 ceptro lel elarc, Se deserg ancontrarp

¢l valor de la constante erfiica del resorte Pura este ‘slatemr y ol

valer de 1z flecha mirima, Todo en t8rominos de :1 ¥l

Se uateblsce an nétodon numfricos Bef. T, cue el Procedimiento
% 1 3 - .

couvergente cuando la constante de resorte K < k
€r
L5 img a
mportante .1 conocimiento ‘e lz constante erfties Pues en el 4
a LRS!
Trollo 3:1 nétodo ae cuenta conla oxprealdns
4y
Yy STt
1,1 M,
2% -2 1. qyue K, ropreeent. 1~ conastan 2 dc
2 te crftica 2¢l 2o

ide puede utili.:re, ~le=pre que k

modo,

Se proccle b/ n
+@ cnionces a determin-.r 1a conste r
- - b ~
tes crfiing del oaorta,
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@)

X _F/G. /5.3

W ¢)

Resortes

‘:ﬁﬁ fﬁ Vo Yetle Y
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Fig. 163

1.~ Se supons und oldstl

palidad.

2, - Se determina el vglor de la aceidn sobre el reserts Q

rsta literal Q representa u.: Puerza gus obra en gentido contrario a =

ja ‘eformacifn a del ranorts.

3.~ Se epcuentra el valor de 1a fuerza corteate, gue por simetrfa &s ~

igusl s la mitad de la fuerza J a cada lado de la 1Inea deo accién de -

-~ 2
Qe

4+~ Bl momente flexiorante es la suma acurmlative de The

cs en funcién de una constante 2 de propoTr

- - 8K,

Siendo h un~

valor constanta se saca COmoO factor comin en la columme dsrecha.

5.- Se determina directamente la curvatura concontrada > con la apro-

zimecién poligonal.
-z : (O+4x0.5+0)-2h
6 z
6y T.- Se obtienen lo® valoree de § ¥ yl.

Se deruestra on métodos ruméricoe qua al

T~ 7 1 X « Kez
a = a o aKer h;/GEI
... Ker = 631 = BEI 1
el ¢ =t (a7,/77)
. b L
8 a 13,:"1-'11 procedimiento bosta encontrar Ja J2 se expuso anteriormon=
te.

14 .- Loa valorea i se caleulan conb expresile

Tg= -7 = -05 7
Kee +1
K

loa de ’? = ¥y ys a 0.5,

s @

¥, ndx. = 0.5 PO BI/6E1 = o3 Po ;,_3_
4 34
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2@ hL

Fa - 57;;'[:[ conshirte

' K =48 _f_i.‘ 7
XG55
8- De’/zrfmruc/a'n e b conshante
a-/r‘/ca de/ Eldstica supuwesin
":5}:[“"‘ ? Nota-fara la deferminacisn de fa cons-

I~ Y%
2- Q

A
N
T =

™
¥
a XN

FA A

j !
l -1

- ?L,

. * ‘1
b)) ~Detertrimacion d

Aanfe critcas e/ rrs
or e, po
O a ra/asccdnde fa. ! @ necess -

1.
l akh
J— aKhYeEL

-1 a kA6 Er

a KHYEET
Ker = 48 EZ/;»

/a Fecha T—n'xxma debida & /s sceion de fa

'“"\r**-\\

——— Q_QQ___.Q_’_O__Q_‘é
1
a0
oL

2

) )
-a5 A

Rh
ﬁbyu_-z:
d

A f ysf:

”

3/
.
Qgé_r_ﬂ 5 =0.55¢

Homsx =05 / as , Lt
f-b’ﬂfl‘ -M f:Er

————s —-—-———....—QQ.Q
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s snece al grupe 4o los slatemn®

a acada de regolver pary

Bl problamn que 8
una estructura pua

gatablea. Guando no obré 1a accifm de lo8 regortes
de resuliart estable © jnestable; jpostdtica o hiperastdtica. la figy

teman qua pueden exiatire

ra 17.3 suentrad loa tipos de =13
table niperestdtico § ae

£1 capoarén portenoce al gruxo o 20. cago Eb

_ puede roprosentar como BO vo oen la figura 18.23.
erreno a partir do los

}e} En 1@ Tabla 5.3 B9 rapuelvs 12 ynteraccién del t

ipicialos de U ¥ usando 13 oxprosidn de gq_ .

valores

lere Ciclo.

.~ El1 valer fipal de los deep
de W4y (encontradee sin

lazamisntos varticales o, serd la dife~

1l
la jnteraccifn Aol tor¥e-

rencis entre las
de 1a accidn de los reaortes.).

no) y los de Wg (resultado

2,~ E1 valor de v, multxplicado por la

constante K del terreno PropoL

olona 61 valor de la fuorza Q producida al deformar el resorte.

empotradc el arrangus Be

procede a.calcular la fuerza-

o= Suponiendo
ente los valores -

rvelos sumzndo acunmlativam

cortante on los iote

sde 1la clave haata el arranqude

de0 Q Qe
su suga acumilatl

4.~ Se encuentrad Jos productos VI (o indicadoa) ¥
derochas @ jzquierda. Sa obtienen eon epta forms 108 moman—

M jgoatdticos.

g momentos de 1a stapa 4. se

va de

tos transveraales
5,6 § .- Con ol fin da correglr lo proece

de a oalcular‘loa valores de ¢10 b4 '10

Se obtuvieron loa erroronl

AS
ploﬂ 141.461 Tiif‘

v.. a = 91411 A58
10 126
Utilizando las configuracionsa corractivas de 12 tabla 3.3 ed poaib1°
scuacliones atmyltdneas que proporcionesd lo8~
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h e e UL K1z £ i o‘rojz’l’b —Joz_ 415 Tm

: .187 241 f . =

Vs [#] P o0 L ——-ﬂ"ﬁ"“ 175 T/mm

. %5 899 1080 1,090 :

3= ' 4o AT -
Gl ‘_“l!
=75 rr7m.
i -
- 2.008 1683 -1.144 d
7= M -24/ -2494 ‘2&1?5 : 5910 2.789 2887 “o5h Js/REL
y 218 19 562 1314 .
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v ey o9 / 1684 #1117 ~ 045 - 14 -2715 - 300 T/m
Ay 275 324 460 ¢z 741 736 595 . 370 7/ m
<= i 7Y% _1 756 577 1283 1109 A E) — 432 ~ 152 o T7m
£- 1 #0655 20447 8859 16 516 4746 3217 5347 7.947 240 JS/TTEL
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7- Es/‘ab/e Iysb’flfﬁ:

E 2-[mestable.
a E g L 3-Estsble Hpereskstica

e
e

Esisble Hiperes rrfics.

FlG. 183,

120

3.~/restable Hiperes fs'Fica.

valores de P y ¥e correctlvos,

96 Me - 41,424P + 141,461 = O

41.764Mc + 32,022P ~ 91.411 = O

Rasolviendo el sis*-za resultans

! 2
Yo » 0,593 7T o

P o 2.134 T/

8, - Sumando loa afectos de estas correcciomas a M (de acuerdo ¢on la-

configuracidn correctiva de la Tabla 3.3) se obtionom loam valores

de K'.

9,10 ¥ 11.~ Se racalculan los valores de #10 7 V10 para checar que —

sead cero.

12 y 13.~ Se obtionen los valores de u'Q on el rouglén 12 en funoién-

de AS y en el 13 en milfmatros.
12E1

Los valor.a de u'Q deberin mer iguales a los de o supusatos, ——

2in embargo, se nota uma apreciable discrepancia. El procedimisn

to ea en general lentamente convergente y una forma 4e acolerar -

su convargenclia, conulats en tomar promedioca pesados de loa valo-
A

res u'y obtenldos y loa uq supueatosn,

Por via de 1lustracidén se continfla el anflisis sceptando los deg—

pluzamientoa u'

.« 31 los valores que a purtir de u', reaultan nuse
3 Q -

vamente muyores, el procemo asrd divergerte,

Cicloe.
12.~ Con loz valores de “'q cn la miema forma expuesta se obtuvip
ron los valores u"a. Se puede oboervar jue los valorsa le u"q-

Yuelven a ger pegueilos de m.nera que sl sisztansa =8 convergents,
Las v.riaciones de los volorces uq aon 2, roximadamente como se in-

dieep an la figura 19.3. .n un puavo ciclo convendrd tonmar ol --
121



ompdio de ul, u‘; hg u"a_

UG media =pramedio de Ug,Uq, L'y
A, us - Yatdatit's
u’ >
| LA
! 2 3 Cicho
Supuesto
FlG. 19.9

Jor. ¥ 40. Ciclos.

A partir del promedio u'"Q se vuelven a obtenar los couzuptos uo,Q,f,
otc., hacta uIVq. Laa difarex}ciaa entro “IVQ ¥y u”']. son bustante -
pequefias de manera qua no habrd necosidad de otro ciclo, Se calculan,
loa momentos M {remglén 8 dsl 4o. ciclo) a partir del promedio ds = =
uIVq Fout? .Q'

En sl renglén 9 se prescntan los valores do Hﬂt quo 68 la suma, de X ¥
Kf {corregido elfaticmmente). En la figura 20.3 ce indicen las elfs=
‘ticas de loa dos métodos presentadds. En le figura 21.3 o¢ muestran-

dos diagramus da momontos tramsversales caleulados anterlormente.
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]

Para finen do disefo OR gonoral mo pgerg Rocesario tomar em cuonta la .

correocidn de P para log valores ds N¢ pues influyo bugtants PooO en -
21 valor tota],

La corroceidn P do1 40. clclo fus 1.464 T/m. do com—
Prasién,
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"On Questions of Shape and Scale in th> Design of Space Frame Shells"
by
F Castafio H, Triodetic de Mexico, 5. A., México, D. F.
and
D. T. Wright, Toronto, Ontario, Canada

Paper for
International Congress on the application of Shell Structures in Architecture

fexico DF - September 19 7
In the history of building, architecture has always been con-
strained by the limited capabilities, at any time, of current structural
technology = and great architecture has always exploited to the limt the
capabilities of current structural technology While the history of ar-
chitecture is usually traced stylistically, 1t is thus equally convenient to
trace 1t in terms of the development of structural technology, which de-
velopment has been usually characterized by fairly abrupt changes as
new technologies become adopted on a widespread basis It is interesting
to note, however, that changes in the building industry do not reflect
technological developments quite as rapidly as those in other fields -
e- g the conquest of the electronics industry by the transistor This 1s,
of course, kecause of the highly decentralized nature of the building in-
dustry‘and because of conservatism in taste which leads to initiél hesi-
tation until such time as leading designers have clearly shown the way

with new developments.

It seems worthwhile to point these circumstances out because



it seems that in the case of thc =pac~ ‘rame suell we are on the threshold
of another pervasive and radi~a’ change in building technology, correspond-
ing in significance to the introcfucliion of metallic skeleton building structure
to a world of masonry gravity btuilcding, or cor-scponding to the introduction
of reinforced concrete surfacc ct-uctures (plates ané shells) earlier in this
century

Interestingly, the space frame shell structure provides for the
conjunction of the benefits of ckeleton builuing construction with the benefits
of surface or membrane structurvs Just as the strong and efficient but
light-weight steel skeleton permitted a tenfold increase in practicable build-
ing heights when 1t was introcuced, so the space irzme shell appecars to ;
carry the well-established benefits of shell construction to a differen order
of scale The concern of this paper then is with a2 discussion of questions
of shape and scale in space freme shells

Shell structures have cunventionally been constructed in rein-
forced concrete, usually as moncliths, although an effective technology for
precast reinforced concrete shell structures has rscently tcen developed in
the Soviet Union. The structural significance of the shell has been the
realization of a generally mocm:unt-free structure of remarkable efficiency
as compared with structures acting flevurally over comparable spans. The

architectural significance ard ~vploitation of potentials o< shape and struc-

ture with shells is perhaps best illustrated by reference to the works of



architect Felix Candela-

Notwithstanding the preat fertility of imagination and realiza-
tion in the history of developmen® ¢i reinforrced concrete sieil structures,
it is evident that the technologv of such shell structu-es is severely re-
stricted While clear spans up tc 25 metres B2y te fa:rly common, and
clear spans up to 100 metres or so have been shown to be possibie, spans
much over 50 metwres are priactical cray in tesms of certain kinds of stif-
fened spheroidal forms and these cften are rel2tivz2lsy expensive In general,
in fact, the choice of geometric =irfzces for reinforced concrete shells is
severely limited by problems of lc.mirg and construction. The great
majority of all reinforced corncretc skells bLuilt “av2 been shaped to surfaces
of revolution. While some eliiptiz narzboloids have been coastructed, the
only commonly used translational surface for reinforced concrete shells is
the hyperbolic paraboloid. And perhaps the sreatest coggtraint on the ap-
plication of reinforced concrete shells in building has been the very high
co;t of construction - the fact th=% their construction is highly "labour in-
tensive", a characterisfic which pais thea at odds with the general trend
towards increased industrialization in building.

The notion of the spac: freme shell is %3zt cf a straciure formed
as a skeleton jin space with the nodes or connzctior.- tracing out a smooth
surface ~ or shell - in space Th~ space frace shell, wh:le skeleton, is

very different from the usual brilding skeleton Reflecting the abilaty of a



membrane structure to function without bending, members in a space
frame shell have only axial forces as primary loading, and for the sake of
industrialization and mass production, individual members in space frame
shells tend usually to be of morec or less ccnztant section throughout the
structure

The development of an effective tcchnology for space frame
shell structu;es has been concluded only very -~ecently The npioneering
work of such people as Buckminster Fuller has chown the practicability
of the general structural forms, and has popularized the entire notion
But for the realization on a consistent basis of eflective and economic
structures rather more was needed than the develonrent of notions of
form Perhaps the most difficult challenge has beer 1n developing prac-
tical and economic connection mcihods for members coming together from
all directions to points in space The other critical technological prob-

lem was the development of effective nicthods of analysis and design for

the proportioning of such structurco.

’

Within the past decade a number of connection systems, in-
cluding Triodetic, Mero, Octaplettic, SPC, etc , have been shown to be
effective It is not within thc ~cope of the present paver to deal in detail
with these various methods of connection It is perhaps svffigient to note

that effective connections arz =2vailable that peimit space frame shell

k%



structures to be designed as if the connections were perfect, so that atten-
tion can be focused solely on gencral gquestions of shape, geometry, and
member selection It is, of course, inevitable that in due time experience
in construction and with costs will identify the most suitable connection or
con;ections

» The structural design c¢f cpace frame shellé is challenging to
conventional Znalysis by reason of the very great number of members in-
volved. In a conventional multi-storey bhuilding, design considerations are
usually restricted to plane frames, and a framewosrk with 200 connections
and 400 members is already considered to be large Quite modest space
frame shells have over 1,000 jointz with sbme 3,000 members, and prac-
tical space frames may now be conzidered with up to 100,000 joints with,
perhaps, 500,000 members In a space frame there may be three to five
times as many members as joints and full three-~dimensional behaviour
mus; be considered with three unknowns per joint, if bendiné is" exluded,
and‘six per joint if it is to be consicdered

Three approaches arz ecvidently available for the anaiysis of

member forces in space frame systems The first consists in dealing
with the framework more or less as onc deals conventionally with struc-
tural frameworks, determining cxplicitly all forces and deformations in
discrete form While traditional manval methocs 6f analysis and calcu-

lation would be quite unthinkabtis for syste<ms of the sort described, the



capability of modern digital computers to invert very large matrices has
allowed disorete analysis to be used for some emaller space frame shell
structures, although larger stTucturer are still beyond the capability of
even the largest of current computers A second approach. which is
evidently in widest use, treats the space frame shell as a continuum and
involves the analysis of 'a shell havi,r elastic properties such that its
deformation under load would be identical with that of the space frame
>

structure, with the results from such a continuum analysis transposed to
indicate individual member forces and moments, etc  The third approach,
provides for the writing of differecnce equations reflecting the discrete
form of the structure and node spacing, etc , which are parallel in form
to the differential equations that are cnconntered with continuum analysis-

As well as the problem of determining member forces, etc ,
experience has shown that over-all instability is often the governing con-
sideration i1n the design of space frame shells - especially those of positive
Gaussian curvature So far, at least, only the continuum analogue approach
has been shown to be effective in providing analysis for instability  The -
usefulness of the continuum concept in dialing with instability confirms as
well the value of the continuum concept as providing & basis for general
understanding of behaviour in a qualitativec sense, cspecially as related to
the alreaﬁy well-understood behaviour ¢f ordin~r;” 3non*invous shells.

It may be appropriate no ‘o turn to a discussion of some of



the kinds of design decissions required 'ith space frame shell structures
The first and most critical consideration i3 that of over-all span and gen-
2ral shape  The upper limit of spanning capacity of the single layer or
reticulated spabo frame shell is of the order of 100 metres, although
considerations of cconomy and ersction may limit its effective span to
about 75 metres It has been shovn that the double-layer space frame
shell has an upper limit of spannine caoacitj>of the order of §00 metres
Design stu51es are already in hand in Great Britain for spece frame shell
structures with clear spans of the order of 500 metres and these have

been shown to be feasible and, indeed, remarkably economic Such spans
are, of course, much grecater than those of ény existing roof structure in
the world The development of a technology for space frame shell struc-
tures, as outlined above, thus seems to open the door to radical new de-
partures in building design, and even in the nature of building - in the
sense of providing environments for human activity which are not build-
ings in the ordinary sense VWhile specific cost data cannot be introduced
without specific notions of loads, and material and labour costs in different
countries, it is important to notzs that the influence of span on unit cost
with space frame shell structures is not even linear This contrasts