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1
Jorge Angeles

ABSTRACT

This paper is a continuation of a previous one concerned wi=-h the
determination of the screw parameters of a rigid-body motiecn for
finitely-separated positions. A series of results parallelirz
-those presented in the aforementioned paper are d=2rived, whizh
are then applied toc devise algorithms for the computation of the
said parameters for infinitesimally-separated positions. Thszse
algorithms are then realised within a subprogram which is cuzlinec.

B set of numerical examples is included.

UBER QIE BERECHNUNG DER SCHRAUBPARAMETER DER BEWEGUNG EINES
STARKORPERS. TEIL II: UNENDLICH BENACHBARTEN LAGEN

ZUSAMMENFASSUNG

Dieser Bericht ist eine Erweiterung eines Vorhergehenden, d=r
sich um die Bestimmung der Schraubparameter bei endlich
. benachbarten Lagen handelt. Eine Reihe Ergebnisse, die ahnli:ch
diese im friheren Bericht hinstellt, wird abgeleitet und weiter
auf den.Aufbau von ARlgorithmen zur Berechnung der obengenann:ten
Parameter bei unendlichen benachbarten Lagen angewandt. Diese
Alaorithmen werden innerhalb eines Unterprogrammes verwirkl:cht,

das kurz beschrieben wird. Zuletzt wird eine Reihe numeriscii2n

Beispiele eingeschlossen.
NOMENCLATURE
: lower-case underlined charaéter, a n-dimensional vector.

pper-case undcrlined character, a mxn matrix

: the transpose of a vector or, correspondingly, of a matrix.

el £
=

): the gradient of ¢ with respect tor, a n-dimensional vector
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¢" (r): the Hessian of ¢ with ‘respect to r, a nxn matrix
r‘ru,r.u: the inner product of r and u

- o a ~ -~ ~

Hr”: the Euclidean norm of r, i.e. ,~I~

INTRODUCTION

The computation of the screw pafameters of a rigid-body motion
for finitely-separated positions was dealt with in a previous
paper [1]2. The present paper is concerned with the computation
of the said parameters for infinitesimally-separated positions.
It is shown that the well-known general formulae for the
computaﬁion of those parameters fail under. certain cases which,
very special as they may be, can arise rather frequently,however.

-

DETERMINATION OF THE PARAMETERS OF THE INSTANTANEOUS SCREW. GENERAL CASE.

The interest of counting with accurate means of computing the
screw parameters of rigid-body motions within the realm of
linkage synthesis. becomes apparent from the work reported -by
some researchers E2] R EB], |:4] In f:z,pp.56—59], formulae are
derived to compute the parameters of the instantaneous screw.These
fail, however, in some particular cases, as is shown within the

paper. Some results are derived first in the following.

Theorem 1. Any nigid-body motion {8 equivalent to a screw motion,
compcsed of a velocity v, and a spin w parallel to v,. The Locus

0f those points of the Zody having a uniform ve&ociiy v, arne

Located on a Line parallel to w, cafled the istantantanccus setew axds,
and Vg 48 of mindimum magnitude. letting a be the position

vecton of an arbitrarny podint of .the body, whose velocity (3

denoted by Var the point of the screw axis Lying closcst to the
onigin is gdiven by the position vector n,, computed as

o=t
II

[mxu - lw. a);_] (1)

2Numbcx:s in brackets designate references at the end of the paper.



Proof

In [5] it is shown that the rotation of a rigid body is given by

the angular velocity matrix Q obtained as

« T
=00 (2)
QO being the orthogonal matrix of the motion associated with
finite rotations. Using standard index notation f%], the components
of the angular velocity vector w are next defined in terwms ot che

components of Q as

W= 4x%5k (3)

The velocity of a point P of a rigid body rotating about the

origin with an angular velocity w can then be expressed as

VprUxI, (4)

whereas the velocity of that point, if the body undergoes a

general motion, i.e. one under which the velocity of no point of

the body vanishes instantaneously, is given by
vpVatfp -2l | (s)

Now, assume the velocity of a point P of a rigid body, v as

~P'
well as the involved angular velocity matrix are known. The
location of those points of the body having a minimum-magnitude

- velocity is now determined. Denoting by r_ the position vector

o
of one of these points, its velocity being vy /One can substitute
in eq. (5) a and Va for'ro and Yo and solve for Vo thus obtaining
=y _+ - (6
Yo"Yp 8[30 ol )

The location of the points of minimum-magnitude velocity is now
accomplished via a minimisation procedure. In fact, define a
quadratic objective function ¢, whose minimisation leads to the

solution of the problem at hand,

‘ 2. T .




which is, in fact, quadratic in Ty for vOis linear in it, as

can be seen from eq. (6). Then, an extremum of ¢ is found by
setting the gradient ¢'(ro) equal to zero. Thus, applying the

"chain rule",

sv_IT
¢'(r )= _:g ii_
~ ary | 3Y,

(8)

which readily leads to

T
9 Yo'g (9)

which shows that the minimum-magnitude velocity lies in the null

T . . . .
space of 0 and, since { is skew symmetric [ﬁ,p.21j, it also lies
in that of , which is a line in space parallel to vector w, for

eq. (9) can alternatively be wrjtten as

9x20=9 (9 a)

That the foregoing extremum is in fact a minimam, and not a maximum
or a saddle point, becomes apparent from the positive segmidefiniteness

of the Hessian matrix ¢", which results to be
¢"=_2[é%]T

Egq. (6) can be in turn rewritten in terms of w as
Youvptux[ry-r,] (6 a)

Substituting expression (6 a) for Yo in eq. (9 a) and imposing

the condition on r,. that it be the position vector of a point of

~0

the screw axis lying closest to the origin, i.e. that Ty be

perpendicular to w, one obtains expresssion (1), g.e.d.
From the foregoing result, one obtains readily the following.

Conollary 1. The velocities of all points of a nigdd bedy
underjoing an anbitnany motion have {dentical projecticus along

the {nstantauncous screw axds.



Corollany 2 14 at Least one point of a rigid body has a
velocity whose onthogonal projection on its spin vanishes,

the body undengoes a pure notation.

Conollany 3 The difference vecton of tne velocifies of any . two

points of a nigid body undergoing an arbitrary motion £is
perpendicular to the Lnstantaneous screw axis.

One more useful result is next proved.

Theonem 2 1§ the velocities of three noncollinean points of a

nigid body are identical, the body undergoes a pure translation.
Proof

Let vA,vB and Ve be the respective velocities of points A,B and
C. Referring these to the velocity of an arbitrary point P, one
obtains

VaATYptl [a-g]

Vp=Vptl D?'E].

ve=vpt2le-e]

~

Subtracting the third equation from.the other ones yields

Va~ve=l [a-c]=0
Vg~ Ve~% [5“3:! =0

Which implies that both a-c and b-c lie the null space of .

This space, however, is of dimension 1, as is clear from cqs.(9)and




?
5
1
|
1
!

(9 a). Since points A,B and C are noncollinear, vectors a - ¢ and
b = ¢ @&e lirrarly independent and hence cannot be simultaneously in the
null space of 2, unless Q = 0, the motion thus reducing to a pure

translation, q.e.d.

The problem that still remains, however, is that of computing w. This
is done readily, provided the velocity of three noncollinear points of
the body are known, and these velocities happen to be such that their

two arising independent differences are ncnparallel . 1In fact, let

a, b and ¢ be the position vectors of three noncollinear points of the

body, their corresponding velocities being v

A’ v_ and v .

B ~C

From the fact that

Veoa T wx (c-al (10)

then, cross multiplying the fOregoing relative velocity times VB/A X,

one obtains

YB/a*Ven T U X Eé x (f N 3{] =
h [;B/A° (c - E{] W= g, "W (c-a) O
But, as can be readily shown,
cTw=20

-7 N~

Hence, ohe can solve for w from eq. (11) as



X v

v
~ - ~C/A
e B'!{h-(c-fa/) (12)
~B/A° 172

and v (and hence, vectors

id h i iti
provided the relative velocities Va/a Yo/

and c¢ - a) do not happen to be parallel. As will be shown next,

YB/n

the said relative velocities are parallel if and only if, for noncollincar
points A, B and C, these happen to lie in a plane parallel to the axis
of the instantaeous screw or of pure rotation, if the motion has a zero

sliding velocity . Henceforth the term "instantaneous screw axis" will be

employed regardless of whether the motion is general or a pure rotation.

DISCUSSION OF PARTICULAR CASES.

In order to proceed further, the following result is next proved.

Theorem 3 The nonidentical velocities of three points of a rnigid body
are coplanar 4if and only Lf one of the three following conditions is
met:

L) the motion 48 a pure rotation
4L) the motion 4s general, but the points are collinean
4iL) the motion 4s genenal and the points are noncollinear, but Lie 4in a

plane parallel to the axis of the instantanecus screw.

Proof. In what follows the three points are referred to as A, B and C,
their position vectors being labelled correspondingly a, b and c, where-

as their velocities, Var v and ve- The angular velocity involved is

B

either referred to as matrix § or as vector w .

Sufficiency is first proved.
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i)

ii)

If the motion is a pure rotation, the velocity of any point with
position vector r 1is given by

v:
wich states that v 1lies in the range of § , which is©of dimension
2, given that its null space is of dimension 1. This means that
all velocity vectors lie in a plane perpendicular to the null space

of 9, i.e. perpendicular to the axis of rotation, thereby showing

that these velocities are coplanar.

Let A, B and C be three collinear points of the rigid body and

a, E and c be their respective position vectors. The velocities

of these points, referred to an arbitrary point with position vector
p are

Va= % * 0 (a-p)

vg = Vp + & (b-p)

Yo = vp + @ (eop)
Since the points are collinear, their position vectors are related by
c-a=a (b-a)

Now, adding §la to Ve and subtracting it simultancously from the

same expression, one obtains



iii)

whose first two terms can be readily identified with Var Moreover,

substituting c-a in the third term of the latter equation by

a(b-a), as given above, leads to

Ve = Vp *t oft (b-a)

But

Hence, the expression for v_ 1is transformed into

~C

= + -
Ve = Vpt o vy - V)

or, equivalently,

- +
Vo= (1ma) vy tovy

tnereby proving the linear dependence of

vectors !A’ v are coplanar.

and
Vs v

c

The velocities of the three given points,

to that of a point P on the screw axis.

v,, v. and v i.e. that

A’ B ~C’

A, B and C, are referred

These velocities take on

the form appearing in 1ii. Thus, the velocity of P, vp, 1is parallel

to the screw axis. On the other hand, the fact that A, B and C lie

in a plane parallel to the screw axis allows one to establish the

following relationship

c-a = a (b-a) + B Vp

or, equivalently,
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¢= (1-a) a + ab + 8 vp

Substituting the latter expression in Vo 2 given in ii leads to

=vy_+ Q (a-p) - aQ (b-a) + BQVP

~P ~ ~

whose two first terms can be readily identified as Va

term vanishing because it lies in the null space of {). Hence

Vo = Y, - 0 (b-a)
But ‘
Q (b-a) = v, - v,

Thus, the latter expression for vC is transformed into

Ve=va~ o (g -y
which shows the linear dependence of the three given velocity

vectors, i.e. that they are coplanar.

Necessity is now proved.

Assuming that the velocities vA, VB and v of three given points

and C are coplanar, the following relationship holds

det (!A, Vo gc) =0

B

: t v one has
Referring Vs and gc SN

its fourth

A, B
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Vg " Vp t O (b-a)

Ve = Va *t @ (cra)

Thus, the above expression for the determinant becomes

det [YA' Va + 53 (kg—g), Va + 8 (S-g)] =0

Subtracting the first column of this determinant from the remaining ones

does not change the value of the determinant. Hence
det Var 2 (b-a), @ (c-a)) =0
which is equivalent to

Q (b-a) %22 (c-a):- v_ =0

Introducing Gibbs' notation, and expanding the resulting expression,

]

Q (b-a) x@ {c-a) [wx(b-a)] X [wx(c-a)] =

"

-~

Lux(b—a). (c-a)} w - [wx(b-a).w] (E-a)

where the expression in brackets in the seccond term of the rightmost hand

side clearly vanishes. Hence

A(bma) «l (gma) vy ~ [9*‘?-e’-<s-e> -Va

which vanishes under one of the following conditions:
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.v_=0
1) w.v,

which implies, under Corollary 2,9.1, that the motion is
a pure rotation.

ii) (b-alx(c-a)=0
which means that points A, B and C are collinear

iti) wx(b-a), (c-a)=0

which indicates that vectors d,b—a and c-a are coplanar,q.e.d.

&~ v ™ ~ o~

a direct consequence of the foregoing result is the following.

Cornollary 4. Assume a nigid body under motion and thoose any thnree
noncollinean points A, B and C of the body. Letting ViV and Yo
be the thnee involved velocities, then the difference vectons
vatVe and vgTYe land, consequently, EA-XB) are parallel if§ and
only Lf the points Lie in a plane parallel to the screw axdis.

More results related to the computation of the screw parameters

are the following,

Conollany 5. The velocities of any two points of a nigdd body
cannot be parallel and different, unless the body underngoes a
pure notation.

Cornollany 6. 1§ two, and only two, velocities c¢f three noncollincar
points of a nigid body are parallel, then eithen ()the parallel
veloceities arne Lidentical and belong to points Lying on a Line
parallel to the screw axis, on i{] the parallel velocities anre
different from each othen, in which case the motion {4 a pure
rotation whose axis 48 parallel to the Line connecting the two
points of parallel velocities.

Conollany 7. Given thrnee noncollinean points, A,B and C, of a
nigid body in motion, such that v,=0 and vy and vg are parallel

~ ~

L.e. vp=By,, then the body undengoes a pure notation and Lt

L R e T . .
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and ¢ being:the position vectors of A, B and C, nespectively.

The computation of the parameters of the instantaneous screw
involves, then, the computation of’'the angular velocity vector
w,the position vector of the point on the screw axis lying

closest to the origin, and the sliding velocity, i.e. the

r
~0
orthogonal projection of the velocity fieldalong the axis of

the instantaneous screw. This computation is next described.
COMPUTATIONAL ALGORITHM

The computational algorithm is based upon the "tree diagram"
shown in Fig 1. In that diagram, a particular case is referred
to as a sequence of digits indicating which case one has at hand
for successive levels. For instahce, case 1.1.1.2 corresponds to
case 1 of the first level, case 1 of the second level, case 1 of
the third level and case 2 of the fourth level, i.e. the case at
hand is the following: no vector vanishes, vectors are coplanar,
differences are parallel, but at least one of these differences

does not vanish. Furthermore, the diagram shows that, for this

case, formula 1, which is next introduced, is to be applied.

The computation of vector w is crucial in the present algorithm.
Once this has been performed, the remaining parameters are
computed by application of identical formulae. Vector w,however,

is computed by application of one of two different formulae.

The computation of w is based upon case 2. For cases 1 and 3,9
is computed after the motion is transformed into case 2, as

"described next.

Before proceeding further, two results need be proved, which is
done next. All over, the notation introduced in Theorem 3 is

resorted to.

Theornem 4. Given a nigid body motion defined by the velocities of
three noncollincan points, such that no velocity vanishes,dcfine
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a new mot&an by assigning new velocdity vectons VA'UB and uC to
points 'A,B and C, nespectively. 1§ these vectorns ane defined a

'. -
VATVA Ve VBTYBTY( Y

then the angulan velocity of +the new motion is identical to the

gdiven one.
Proof:

From eq. (5), vA and Vs can be written as

v,=v +Q(a-c) " (10a)

YB=YC+Q(S—S) (10b)

Hence,

- =+ -
Va~¥e=0ti(a-c)

and

Ve Yc=0+8(b-c)

and recalling the definitions of vA vé and Vé the latter

equations become, then,

YA—VC+Q(a c) (11a)

-B YC+Q(b c) (11b)

which are expressions aﬁalogous to those of egqs. (10 a and b),

except that v',vB and vé have been placed instead of vA Vg and
Ve respectively. Q,a,b and ¢ remain, however, thereby completing

the proof.

Theornem 5. Given a nigid body motion defined by the velocities

0f three noncollinean points, such that two of these, and only
two, vanish, define a new motion by assiquing new velecdity
vectons v, vk and vi to points A,B and C, nespectiveLy. Letting
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Ve be the unique nonvanishing velocity, define

' oo [ v'=
VA= YcrYBT Ve Ve!

“Xhen the angular vefocity of the new motion 48 identical to *hat
of the given one.

Proof:

Since egs. (10 a and b) are valid regardless of whether any irvolved

velocity vanishes, one can apply them to the case at hand, i.=.

for YA ~B-9 and Yc#g. Thus,
O=vC+Q(a c) (1223)
O-VC+Q(b-c) (122)
Hence,
and
-!c=9+Q(b C)
Recalllng the definitions of vA B and vC the latter equatic:s
become
Yigfé+9(é-s) ' (13a)
[ ey | - 3n
yp=vetlie-e) (132)

and the proof follows by introducing the argument resortcd tc

for proving Theorem 4.

As an application of the foregoing results on¢ can compute W
for the given motion by first defining motions leading to case 2

of Fig 1.
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Next the computation of w for that case is discussed. Since

this contains two subcases, each is discussed separately.

Case 2.1

Case 2.2

One vector, and only one, vanishes, the remaining ones

being parallel. Let

Yp=BYa#0,v =0 (14)

Then, according to Corollary 7, w is given as

9=a[(§—g)-8(g—s)] (15)

Since the axis of rotation passes through C,vAca: be

written as

vamux(a-c) (16)

Upon substitution of w as given in (15), eq. (16} is

transformed into

Yamalk-gix(a-c)

and hence

LN
o= sgn[(b—c)x(a~c).vA1 (17)
|| (b-crx(a-c) || - T T

Eqs. (15) and (17) constitute what is referred t¢ as

"formula 1" in Fig 1.

One vector, and only one, vanishes, the remaining
ones being nonparallel. Let

- ' 8
Yc 9' xAngfQ (18)

Since the axis of rotation passcs through C, Va can be

-~

written as
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3A=9x(a -c)

and hence
v va EB (a c)jw-(v .w)(a c) (19)

where the scalar product M varishes, d.=

to the fact that the motion is a -ure rota=z:on.
Thus, one can solve for w from ez. (13) a:s

v xv
~B
W=

~ Vvg- (a c)

(290)

where the denominator does not vanish by —irtue

of Corollary 4 and the nature of this cassz. In-

18]

deed, the denominator can be wrizten as

Ve (a c)-wx(b C) (.g-g)

which vanishes if the given poinzs 1ie in
plane parallel to the instantanecus :szlrew

axis. Since the differences v a(— v.,) and

-~ ~n
Ve~ vC( vB) are nonparallel, by virtue of
Corollary 4, the points lie in a plane no:
parallel to the instantaneous scraw axis, indé

the denominator does not vanish.

g1

Eq. (20) constitutes what is refarred to =z
"formula 2" in Fig 1.

Once W is known, the position vector, of the point on too

Eo'
axis of the instantaneous screw lying closest to the origin,
is computed by application of eq.(1). The slidinqg velocity = iz
computed simply as the orthogonal projoétion of the velocity

field on the screw axis, 1i.c. as

s=gA.9/|[@]| . (21)
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thereby completing the computation of all the screw paramecters
defining a rigid-body motion for infinitesimally separated

positions.

A comput=r subprogram, INSCRU Dﬂ, was written, that realise:z
the foregoing algorithm. This subprogram was written in the
Fortran IV dialect of the Burroughs 6700 computer ~Z.the U. -f

Mexico, UNAM, and is available upon request.

A series of examples is next presented.



EXAMFLE 1

POINT COORDINATES
X Y r4

0.00000 1.00000 0.045000
1.00900 3.00000 -0.50000
0.00000 3.00000 1.00GG600
0.000300 3.,00000 0.00006
0.,00000 0.,00000 =12.00060C
vC 3.42000 7+ 86000 =9 . 75000
NUMBEER OF MANISHIMG VELOCITIES I35 ¢ 0

CCOwD
= D>

VELOCITIES ARE NOJCOFLAHAR

THE SFIN H&S THE FOLLOWMTHG COMPOMENTS

(VECTHR SPIND Gy 5000 2.28050 =0.I7QGE

THE FOINT Onf THE INSTANTAHEOUS-5CREE AXIS CLOZEST T
THE ORIGIN &S THE FOLLJWING X-» Y= AND Z COQORDIHATED

THE VELOCITY COMPORENT ALONG THE IWNSTANTAMEIUD -I0RLS AXKT
(SFEELD) ¢ 1.26704

EXAMFLE 2

FOINT COORDINATES
X Y : Z

A = 1.00000 0,00000 0.00000
B = 2.00000 =1.00000 1.00000
cC = 0.00000 1.00000 1.00000
VA = + 20000 1.20000 1.350C00
VE = 3.20000 320000 1.3000¢
VC = -0.80000 -0.80000 1.500GG

NUMEBER OF VANISHING VELOCITIES IS 3 0
VELOCITIES ARE COFLANSE AND DIFERESMCES ARE FdalonllLE!

THE SPIN HAS THE FOLLOWMING COMPORENTS
(VECTIR SFIM) ¢ Q.00000

THE FOINT ON THE TITNSTAMNTANEOUS-SCRCH AXTS CLOSEST 1)
THE ORIGIN HAG THE FOLLOWING X-y Y- ARD T COORDIVATES
(VECTOR RH0O)» 3 Q. 40000 . 0460000 0.

THE VELOCITY COMPONENT ALONG THE INSTANTANLOUS -SCIREW AN LS

(SFEED) ¢ 1.50000

0, 00000 2

)

-

(VECTGR RH2) 0.,423%C 0.BALST VI

RIPIVIN

SQGOG

19
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EXAMFLE 3
POINT COORIIINATES

X Y Z
A = 0.40000 0.60000 0.06000
B = 0.00000 0.00000 0.00000
c = 2.00000 1.00000 0.66G000
VA = 0.00000 0.00000 005000
VR = 1.2000¢ ~0.80000 0.0H000
VC = -0.80000 3.20000 0.03000
NUMEER OF YANISHING YELOCITIES IS

VELOCITIES

THE SFIN HAS
(VECTOR SFIH)

THE ORIGIHN HA

ARE NUONFARALLEL

THE FOLLOWING COMFONEMTS
Q. 00003
THE FOINT OH THE INSTAHTAHNEOUS-5CREW
THE FOLLAWIHG

wr
ATY

0.000G0
AXIS CLO%EST
I LODKRDINATES

Ti)

(VECTOR RHO) 0.40200¢ . Q.60000

THE VELOCITY COMFONENT ALOHG THE INSTANTANE'HUS-ZCREW

(SFPEED) 2 0,.00000
EXAMFPLE 4
FOINT COORDIINGT

X Y pa

A = - 0.00000 0.00000 0.00000
B = 1.00000 0.00000 0.00000
€ = 2.00000 1.000G0 0,0GG00
VA = 1.20000 1.20000 1.50000
VR = 1.2000¢ 1.20000 1.5¢000
Uc = + 20000 1.20000 1,50000

e

NUMEER OF VANISHING VELOCITIES IS

MOTION
VELOCTITIES HAVE THE FOLILLOWING X-9Y— MDD Z-

THE

15 FURE TRANSLATION

1.20000 1.20000 1.50000

COORBIRATES S



Three velocity vectors of
corresponding three noncollinear
points of a rigid body are given

— O\

No vector vanishes 2. One vector, and 3. Two vectors, and 4. All three vectors vanish.
A only one, vanishes only two, vanish. Motion is a zero-velocity
) Apply formula 1 pure translation
Vectors are 2. Vectors are . 1. The vemaining 2. The remainig
coplanar noncoplanar. two are parallel. two are nonparallel.
Apply formula 2 Apply formula 1 Apply formula 2
Differences 2. Differences are
are parallel. nonparallel
Apply formula 2
Both differences 2. At least one

vanish. difference
Motion is a does not vanish.
pure translation Apply formula 1

Fig 1. Tree diagram showing the different possible relationships amongst the velocities of three

noncollinear points defining a rigid-body motion.

%4
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