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ABSTRACT 

This paper is a continuation of a previous one concerned wi~~ the 

determination of the screw parameters of a rigid-bodv mo~io~ for 

finitely-separated positions. A series of results paralleli~~ 

.those presented in the aforementioned paper are d~rived, wh:=h 

are then applied to devise algorithms for the computation o: t~e 

said parameters for infinitesimally-separated positions. Th~se 

algorithms are then realised within a subprogram which is c~~li~~­

A set of numerical examples is included. 

DBER DIE BERECHNUNG DER SCHRAUBPARAMETER DER BEWEGUNG EINES 
ST,RKORPERS. TEIL IT• UNENDLICH BENACHBARTEN LAGEN 

ZUSAM~:ENFASSUNG 

Dieser Bericht ist eine Erweiterung eines Vorhergehenden, a~~ 

sich um die Bestimmunq der Schraubparameter bei endlich 

benachbarten ~aqen handelt. Eine Reihe Ergebnisse, die ¡hnl:=h 

diese im frÜheren Bericht hinstellt, wird abgeleitet und we:~er 

auf den.Aufbau von Algorithmen zur Berechnung der obengenan~~e~ 

Parameter bei unendlichen benachbarten Lagen angewandt. Diese 

Alnorithmen werden innerhalb eines Unterprogrammes verwirkl:=ht, 

das J..:urz beschrieben wird. Zuletzt wird eine Reihe numerisc::;c!n 

Beispiele einqeschlossen. 

NOMENCLATURE 

r: lower-case underlined character, a n-Jimensional vector. -
A: uppcr-case u~dcrlined character, a mxn matrix 
~T T 
r ,A: the transpose of a vector or, correspondinqly, of a c3trix. 

~' ( r) thc gradient of <P with rcspcct to r, a n-dimcnsional \"<!Ctor -
1Profcssor of t!echanical EnqineerLng,National Autonomous University 
of M~xico, c. Universitaria, Apdo.rosta! 70-256 M6xico, 20,D.F., 
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♦" (r): the Hessian of • with -~espect to~~ a nxn matrix 
T ... 

r u,r.u: the inner product of r an~ u ... 
the Euclidean norm of r, i.e. -

INTRODUCTION 

The computation of the screw parameters of a rigid-body motion 

for finitely-separated positions was dealt with in a previous 

paper 0] 2
. The present paper is concerned with the cornputation 

of ~he saiñ parameters for infinitesimally-separated positions. 

It is shown that the well-known general formulae for the 

computation of those parameters fail under certain cases which, 

very special as they may be, can arise rather frequently,however. 

DETERMINATION OF THE PARAMETERS OF THE INSTANTANEOUS SCREW. GENERAL CASE. 

The interest of counting with accurate means of computing the 

screw parameters of rigid-body motions within the ~ealm of 

linkage synthesis. becomes apparent from the work reported by 

some researchers [2] [3], [4]. In [2,pp.56-59], formulae are 

derived to compute the pararneters of the instantaneous screw.These 

fail, however, in sorne particular cases, as is shown within the 

paper. Sorne results are derived first in the following. 

TheoJt.em 1. Any Jt.lgld-body motlon la equlvalent to a ac1t.ew motlon, 

c.ompoaed 06 a veloc.lty ~O anda apin ~ pa1t.allel to ~o· The locu6 
o~ tho6e polnta 06 thé body having a unl601t.m veloclty ~O a~e 
located on a line pa!t.allel to ':!, c.all~d the ú1l-fontanta11c.eu6 le'u.'1l' ax..il, 

and ~O la 06 mlnlmum magnltudc.. Lettlng ~ be the po6ltlon 
vectoJt. 06 an a1t.blt1t.a~y polnt 06 :the body, who1e velocity il 

denoted by ~A' the point 06 the 6c.1t.ew axla lylng clo6c6t to the 
otig..i.n la given by the po6.i..t.i.on vecto1t. '.:O' c.omputrd a-~ 

Jt.o•a.+ l [wxv,-(w.a)w7 (1) 
- ~ 11 ~ 11 - -1\ - - ':;J 

2 Numbcrs in brackets designate referenccs at the end of thc paper. 

• 
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Proof 

In [s] it is shown that the rotation of a rigid body is given by 

the angular velocity matrix n obtained as 

• T 
íl•QQ (2) - --

Q being the orthogonal matrix of the motion associated with -
f ini te rota tions. Us ing standard index no ta t ion [6], the components 

of the angular velocity vector w are next defined in te!"mc_; ,,¡- 1...h,~ 

components of íl as 

The velocity of a point P of a ~igid body rotating about the 

origin with an angular velocity w can then be expressed as 

( 3) 

( 4) 

whereas the velocity of that point, if the body undergoes a 

general motion, i.e. one under which the velocity of no point of 

the body vanishes instantaneously, is ·given Ly 

( 5) 

Now, assume the velocity of a point P of a rigid body, ~p' as 

well as the involved angular velocity matrix are known. The 

location of those points of the body having a minimum-magnitude 

- velocity is now deteimined. Denoting by :o the position vector 

of one of these points, its velocity being ~ 0 ,one can substitute 

in eq. (5) a and v for ºr
0 

and v
0 

and solve for v , thus obtaining 
~A ~ ~ - ~O 

!o·!p+~Q:o-:p] <6 > 

The location of the points of minimum-magnitude velocity is now 

accomplished via a minimisation procedure. In fact, define a 

quadratic objective function ~. whose minimisation leads to the 

solution of the problcm at hand, 

(7) 
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which is, in f ac t, quadra tic in :o, fo,: y0 is linear. in i t, as 

can be seen from eq. (6). Then, an extremum of ~ is found by 

setting the gradient ~• (~ 0 ) equal to zero. Thus, applying the 

"chain rule", 

which readily leads to 

'i' íl V =O 
,... -O 

(8) 

( 9) 

which shows that the minimum-magnitude velocity lies in the null 
'1' 

space of íl and, since íl is skew symmetric [s,p.21], it also lies 

in that of íl, which is a line in space parallel to vector w, for 

eq. {9) can alternatively be written as 

( 9 a) 

That the foregoing extremum is in fact a minir:t,tm, and not a maximurn 

ora saddle point, becomes apparent from the positive s~rnidefiniteness 

of the Hessian matrix ~", which results to be 

♦ "z-2 [~2] T 

Eq. (6) can be in turn rewritten in terms of w as 

( 6 a) 

Substituting express_ion (6 a) for ~O in eq. (9 a) and irnposing 

the condition on ~O that it be the position vector of a point of 

the screw axis lying clpsest to the origin, i.e. that :o be 

perpendicular to~• one obtains expresssion (1), q.e.d. 

From the foregoing result, one obtajns rcadily the following. 

Co1totlct-'r.1f 1. The vetocit.i.e& 06 a.te po.i.nt.~ o~ a. 1t.i.gi.d Lwdu 

u.ndt1i:11.1i11~1 a.n a1Lb.u·,uu1y mot.i.on ltavc .i.deuti.c..aC p,'r.ojectilnl~ along 

th~ út~ tau tmH'<llU ~oiew a.x.<A. • 
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CQ~ol!a.1ty 2 1n at lea6t one po..i.nt 06 a 1t..i.g..i.d body ha6 a 

veloc..i.ty who6e 01tthogonal pltoject..i.on on ..i.t6 6pin vani6he6, 

the body unde.1tgoe6 a pulte 1totat..i.on. 

Co.1tollcr.1ty 3 T he d..i.6 ñ e.1tenc.e v e.c.tolt o 6 the. ve.lo c...i..t..i.e.& o f, any ::two 
po..i.nt6 06 a 1tigid body u~de.1tgoing an a.1tbit.1ta.1ty motion ..i.6 

pe.1tpe.ndic.ula.1t to the. in6tantan~ou6 6c.1tew axi6. 

One more useful result is next preved, 

Theo.1tem 2 I6 the. ve.loc.ltie.6 06 thnee nonc.olline.a.1t point6 06 a 
1t..i.g..i.d body a.1te. ..i.de.nt..i.c.al, the. body unde.1tgoe.6 a pulte t.1tan6lat..i.on. 

Proof 

Let ~A'~B and ~C be the respective velocities of points A,B and 

C. Referring these to the velocity of an arbitrary point P, one 

obtains 

v =v +íl[a-pl 
~A -P ~ -.... --

Subtracting the third equation from.the other enes yields 

v -v =íl[a-cl=O 
-A -C - -... -- -

V -v =íl rb-c7 =O 
-B -C ~ L.::'. ::,.J ~ 

Which implies that both a-e and b-c lie the null space of íl. 

This space, however, is of dimension 1, as is clear from cqs. ('J)and 

1 
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(9 a). Since points A,B ande are noncollinear, vectors a - e and ... 
b - e .-elirearly independent and hence cannot be simultaneously in the ... ... 
null space of íl, unless íl = O, the motion thus reducing to apure 

translation, q.e.d. 

The problem that still remains, however, is that of computing w. This 

is done readily, provided the velocity of three noncollinear points of 

the body are known, and these velocities happen to be such that their 

two arising independent differences are nonparallel. In fact, let 

a, b ande be the position vectors of three noncollinear points of the - - -
body, their corresponding velocities being v, v and ve. 

-A ·-a ~ 

From the fact that 

~C/A s w x ( e - a) ( 10) 

then, cross multiplying the foregoing relative velocity times ~B/A x, 

one obtains 

= ~B/A" (e - ~J w - (~B/A • W) (e - a) (11) 

But, as can be readily shown, 

~B/A • w = o 

Hence, 011t': Cdn sulve for w from eq. (11) as -
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(12) 

provided the relative velocities ~B/A 
and V 

-C/A 

!e/A and e - a) do not happen to be parallel. 

(and hcnce, vectors· 

As will be shown ncxt, 

the said relative velocities are parallel if and only if, for noncollincar 

points A, B and C, these happen to lie in aplane parallel to the axis 

of the ins.tanta1eous screw or of pure rotation, if the motion has a zero 

sliding velocity. Henceforth the term "instantaneous screw axis" will be 

employed regardless of whether the motion is general ora pure rotation. 

DISCUSSION O~ PARTICULAR CASES. 

In order to proceed further, the following result is next preved. 

Theol!.em 3 The no~de.ntlc.al vei..oci..Uu oó th!Lee po,¿nh 06 a ,ug,¿d body 

Me. c.opla.naJL ,¿ó and only ,¿ó one oó the thl!.ee óo.U.owi.ng c.ondi.,tJ..oM 1.-6 

me.t: 

,l) the mo.tion. 1.-6 a. pWl.e 1!.ota..tlon. 

U) the mo.tion. 1.-6 gen.eAal, but the pohu:..~ a/Le c.ol.Li.neall. 

-lU) the mo.tion. 1.-6 geneAal a.n.d tite po,i.n;t~ a..te n.onc.olUne.a.-'l., bu..t U.e --<..n a 

pi.a.ne pa!ULU.ei.. to the ax.U oó the .in-~-tln.úmec•a~ -~Cll.ew. 

Proof. In what follows the three points are referred to as A, B ande, 

their position vectors being labelledcorrespondinqly a, b ande, wh~re-
~ 

as their velocities, ~A' ~B and ~e· The angular velocity involved is 

either referred to as matrix íl oras vector w. 

Sufficiency is first preved. 

i 

f 

1 

1 

l. 
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i) If the motion is apure rotation, the velocity of any point with 

position vector r is given by 

... ... ... 

wich states that v lies in the range of íl , which is of dirnenl;;ion 

2, given that its null space is of dirnension 1. This means that 

all velocity vectors lie in aplane perpendicular to the null space 

of íl, i.e. perpendicular to the axis of rotation, thereby showing 

that these velocities are coplana~. 

ii) Let A, B ande be three collinear points of the rigid body and 

a, b and c be their respective position vectors. The velocitles 

of these points, referred to an arbitrary point with po'sition vector 

p are 

v = Vn + íl (a-p) 
... A -

~B = ~p + íl (b-p) 

!e= !P + íl (c-p) 

Since the points are collinear, their position vectors ar¿ related by 

e - a= a (b-a) ... 

Now addl.• ng na to v and subtr,ctin.:t it simultancou:::;ly from thc , ~- ... e ... ., 

same exprcssion, onc obtains 

V = V + íl (a-p) + íl (e-A) ... e .... p - ... .... ... ...... 
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whose first two terms can be readily identified with v Morcovcr, ... A. 

substituting e-a in the third terrn of the latter equation by - ... 
a(b-a), as given above, leads to ...... 

But 

V • V + aíl (b-a) 
-C -A 

íl (b-a) = V - V 
~B -A 

Hence, the expression for ~e is transforrned into 

or, equivalently, 

tnereby proving the linear dependence of ~A' ~B and ~e' i.e. that 

vectors ~A' ~B and Ye are coplanar. 

iii) The velocities of the three given points, A, B ande, are·referrcd 

to that of a point P on the screw axis. These velociti¿s take on 

the forrn appearing in ii. Thus, the velocity of P, ~p, is parallcl 

to the screw axis. On the other hand, the fact that A, B and C lie 

in aplane parallel to the screw axis allows one to est~blish the 

following relationship 

e-a= a (b-a) + S ~P 

or, cquivalently, 
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e • ( 1-a) a + ab + S vp - - ... . .. 

Substituting the latter expression in !e as given in ii leads to 

• V + íl (a-p) - aíl (b-a) + $ílv ... P ... ... ... ...p 

., 
whose two first terms can be readily identified as !A' its fourth 

term vanishing because it lies in the null space of íl. Hence 

~C • !A - aíl (b-a) 

But 

íl (b-a) • V - V -B ~A 

Thus, the latter expression for !e is transformed into 

which shows the linear dependence of the three given velocity 

vectors, i.e. that they are coplanar. 

Necessity is now proved. 

Assuming that the velocities !A' !a and !e of three given points A, B 

and C are coplanar, the following relationship holds 

Referring and V ... e to one has 



• 

• 

◄ 

11 

v .. B - V + íl (b-a) .;.A ..... 

!e• ~A+ íl (e-a) 

Thus, the above expression for the determinant becomes 

det (vA, v + íl (b-a), v + íl (e-a))= O 
- -A -A - -

Subtracting the first column of this determinant from the remaining 0ne:c: 

does not change the value of the determinant. Hence 

which is equivalent to 

íl (b-a) xíl (e-a)· ~A= O 

Introducing Gibbs' notation, and expanding the resulting expr~ssion, 

íl (b-a) xíl (e-a) = (~x(~-~>) x (~x(:-~>) = 

= [~x(~-~). <:-~>) w - bx(~-~) -~) (-::-a) 

where the expression in brackets in the sccond term of the ri9i,unost hs111d 

side clearly vanishcs. Hcnce 

which v.:rnishcs undcr onc of thc following conditions: 
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which iMplies, under Corollary 2,9,1, that the motion is 

apure rotation. 

i i) (b-a) x (e-a) = O 

which means that points A,~ and C are collinear 

iii} wx (b-a) , (e-a) =O - .... ""' """' .... 
which indicates that vectors w',b-a ande-a are coplanar,q.e.d. 

a direct consequence of the foregoing result is the following. 

Coll.olla.ll.y 4. A~~ume a. ll.igid body undell. motion a.nd ·thoo~e a.ny thll.ee 

nonc.oltinea.ll. point~ A, B a.nd C 06 the body. Letting ~A•~B a.nd ~O 
be the thll.ee involved veloc.itie5, then the d,l66ell.enc.e vec.toll.~ 

~A-~C a.nd ~B-~C ta.nd, c.on~equeijtly, ~A-~B) a.ll.e pa.ll.a.llel i6 a.nd 
only .i6 the point~ lie. in a. plan.e. pa.ll.a.lle.l to the. ~ c.ll.e.w a.xi~. 

More results related to the computation of the screw parameters 

are the following. 

Co1r.olla.ll.y 5. The. ve.loc.,lile.~ 06 a.ny two point~ 06 a. ll.igid body 
c.annot be. pa.ll.a.llel a.nd di66ell.ent, un.le.~~ the. body unde.ll.goe.~ a. 
pull.e. ll.ota.tion. 

C 01tolla.ll.y 6. 1 6 two, a.nd o nly two, ve.lo c.,i,t,le~ o 6 th1r.ee no nc.olli.nea.ll. 
poi.nt~ o 6 a. ll..lg.ld body a.Ir.e pa.1ta.llel, then e..ithe.ll. .l! t:he. pa.1r.alle..t 
veloc..it.ie.~ a.ll.e. .ide.ntic.al and be.long to po.int~ ly.ing on a. l.ine 
pall.a.llel to the ~c.1r.ew a.xi~, oll. iil the. pall.alle.l veloc..it.ie~ a.ll.e 
di66ell.ent 6Jr.om eac.h othell., in wh.ic.h c.a~e the mot.lon i~ a pull.e 
Jr.otation who~e. a.xi~ .i~ pall.allel to the line c.onnec.ting the two 
po.int~ 06 pall.allel veloc..lt.ie~. 

Coll.olla.ll.y 7. G.lve.n thll.e.e. nonc.ollinea.ll. point~, A,B a.nd C, 06 a. 
ll.ig,ld body in mot,lon, ~uc.h tha.t ~e=~ a.nd ~A a.nd ~B a.ll.e. pa.ll.allel 
,l.e.. ~8=B~A' then the body undell.goe~ a. pull.e. ll.ota.tion a.nd it~ 
axi~ pa.~~e~ thll.ough C a.nd ,i,~ pa.ll.a.llel to vec.toll. b-c.-Bla.-c.,a.,b - .... - - - - -

• 

• 
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ande being:the po~ition vecto~~ o~ A, B and C, ~e~pec.t.i.vety . ... 
The computation of the parameters of the instantaneous screw 

involves, then, the computation of'the angular velocity vector 

w,the position vector of the point on the screw axis lying ... 
closest to the origin, :o and the sliding velocity, i.e. the 

orthogonal projection of t~e velocity fieMalong the axis of 

the instantaneous screw. This computation is next described. 

COMPUTATIONAL ALGORITHM 

The computational alqorithm is based upon the "tree diagram" 

shown in Fig 1. In that diagram, a particular case is referred 

to as a sequence of digits indicating which case one has at hand 

for successive levels. For instance, case 1.1.1.2 corresponds to 

case 1 of the first leve!, case 1 of the second leve!, case 1 of 

the third level and case 2 of the fourth level, i.e. the case at 

hand is the following: no vector vanishes, vectors are coplanar, 

differences are parallel, but at least one of these differences 

does not vanish. Furthermore, the diagram shows that, for this 

case, formula 1, which is next introduced, i~ to be applied. 

The computation of vector ~ is crucial· in the present algorithm. 

Once this has been performed, the remaining parameters are 

computed by application of identical formulae. Vector ~,however, 

is computed by application of one of two different formulae. 

The computation of ~ is based upon case 2. For cases 1 and 3, w 
is computed after the motion is transformed into case 2, as 

described next. 

~efore proceeding further, two results need be proved, whicl1 is 

done next. All over, the notation introduccd in Theorcm 3 is 

resorted to. 

TheoJr.em 4. G.ivcn a Jr...i.g,id body mo.t.i.on dcfü,cd lllf .tl,e vc.f.oc..itir.~ on 

.th1tee tioncotlú1ea11. poi.nt~, HLc.h .that no vceoc..i.t,¡ vauillic.! 1 dc~i11c 
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. 
4 new motlon by a~6lgnlng ne.~ veloc.lty vec.to~~ ~Á'~~ and ~6 to 
point¡ A,B and C, 1te6pe.c.tlvely. 16 the6e vec.to1t6 a1te de6ined .tl 

vA'•vA~vc,vs'=v 8-vc,vc'=O - - - - - - - -
then the angula1t veloc.lty 06 t~ ne.w motlon i6 ldentlc.al to thc 
glve.n one. 

Proof: 

From eq. (5), ~A and !s can be written as 

v =v +íl(a-cl 
~A -C ~ ~ ~ 

( 1 Oa) 

( 1 Ob) 

Hence, 

v -v =O+íl(a-c) 
~A ~C ~ ~ ~ -

and 
v -v =O+íl(b-c) 
"!"WB -.C - - - -

and recalling the definitions of ~i' ~~ and ~C the latter 

equations become, then, 

v'=v'+íl(a-c) (11a) 
~A ~C ~ ~ ~ 

v•~v'+íl(b-c) (11b) 
... B -C ~ ~ -

which are expressions analogous to those of eqs. (10 a and b), 

except that v',v' and v' have been placed instead of v ,v and 
~A ~B ~C -A -B 

!e' respectively. ~,~,~ and c remain, however, thereby completing 

the proof. 

Thco11.em 5. Glven a ~igid body mo.tion de6lned by the vcCocitie.6 
06 tlu1.ce 11onc.otlinea1t pol.nt~, ~uc.fi .tha-t two o~ tlte.6e, aud onty 
two, vM1.i~lt, de~ine. a new m,,tion by ,B~-<!111i11g ncw vcfocit;r 

ve.c..toltl ~A•~s a11d ~é .to po.int-6 A,B and e, 1tc~pectiv~l1r. L,•ttúig 

• 
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~C be the unique nonvani~hin9 velocity, de6lne 

v:•-vc,vs'=-vc,vc'=0 -~ - - - - -
thtn the angula~ veloclty 06 the new motion ¿~ identical to ~hat 
06 the given one. 

Proof: 

Since eqs. (10 a and b) are valid regardless of whether any i:-.•,olve:i 

velocity vanishes, one can apply them to the case at hand, i.e. 

for ~A=~ 8 =~ and ~ci~- Thus, 

O=v +íl(a-c) 
... -C - - -

O•v +íl(b-c) ...... e .... - -

Hence, 

and 

Recalling the definitions of v' ,v' and v' the latter equatic~s 
~A ~B ~C' 

become 

v'=v'+íl(a-c) 
-A -C - - -

v'=v'+íl(b-c) 
-B ~C ~ ~ ~ 

(13~) 

and the proof follows by introducing the argument resortcJ te 

for proving Theorem ➔. 

Asan application of the foreqoinq results onc can compute~ 

for the given motion by first defininq motions leadinq tocas¿ 2 

of Fig 1. 
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Next the computation of w for that case is discuss~d. Since .... 
this contains two subcases, each is discussed separ~tcly. 

Case 2.1 One vector, and only one, vanishes, the remaining oncs 

being parallel. Let 

Va•BvA ,o, V =O 
- - - -C -

( 1 4) 

Then, according to Corollary 7, w is given as 

( 1 5) 

Since the axis of rotation passes through 

written as 

C,v ca:: be 
~A 

v •wx(a-c) 
-A""' - -

( 1 6) 

Opon substitution of w as given in (15), eq. (16) is 

transformed into 

v sa(b-c)x(a-c) 
-A - - - -

and hence 

l l~A, 1 
a=----------

11 (b-c)x(a-c) 11 
sgnr(b-c)x(a-c) .v 1 

- ~ ~ ~ ~ -A-
( 1 7) 

Eqs. (15) and (17) constitute what is referred u, as 

"formula 1" in Fig 1. 

Case 2.2 One vector, and only one, vanishcs, thc r"'maini11-: 

ones being nonparallel. Let 

( 1 8) 

Since thc axis of rotation passcs throuqh C, 

writt~n. as 

v can be 
~A 

• 
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v =wx(a-c) 
-.A ..... .._ -

and hence 

v xv ==rv . (a-c)]w-(.v
8

.w) (a-e) 
~B ~A '-'::a ~ ~ ~ ~ -

where the scalar product ~B-~ va~ishes, d· ~ 

to the fact that the motion is a :::·..ire rota-::.0r:.. 

Thus, one can solve for w from e~. (19) a:: 

( 2 J) 

where the denominator does not vanist by ~~rt~e 

of Corollary 4° and the nature of this cas'=. I:1-

deed, the denominator can be wri~ten as 

which vanishes if the given poin-:s l:e in; 

plane parallel to th~ instantane~~s s=re~ 

axis. Since the differences v -v_(=v.l an~ 
-A-'- ~n 

~B-~c(==~ 8 ) are nonparallel, by v:rtue of 

Corollary 4, the points lie in a plar;e no-: 

parallel to the instantaneous sc~2w axis, ?n¿ 

the denominator does not vanish. 

Eq. (20) constitutes what is ref2rred to~~ 

"form~la 2" in Fig l. 

Once w is known, the r-osition vector, ~O' of the r-0int on t:·.~ 

axis of the instantaneous screw lyinq closest to thc origin. 

is computed by application of cq. (1). 't'hc slidinq \"t.!lo,:ity =' is 

computcd simply as thc orthogonal proj~ction of thc vclocit\· 

ficld on the scrcw axi~, i.c. as 

( 2 1 ) 
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thereby completing the computa~ion of all the screw paramct~rs 

defining a riqid-body motion for infinitesimally s~parated 

posit•ions. 

A computar subprogram, INSCRU [7], was written, that re.alis<=;:; 

thc foregoinq algorithm. This subproqram was writt~n in the 

Fortran IV dialect of the Burroughs 6700 computer ~~ -t~e U. ~f 

Mexico, UNAM, and is available upon request. 

A series of examples is next presented. 



• 

.. 

EXAMPLE 1 

POINT COORDINA TES 
y 

A = 
B = 
e = 
VA = 
VB = 
ve -

X 

0.00000 
1. OOO(h') 
0.00000 
0.00000 
0.00000 
3.42000 

1.00000 
:3.00000 
3.00000 
:3 • 00000 
0.00000 
7.86000 

z 

0.00000 
-0.50000 

1.00000 
O. 00•':'!00 

--12.00000 
-9. i'~:000 

NUMBER UF '.'ANimlIUG '.JEL()C I "7" I ES I'.:; • • 

VELOCITIE3 ARE NONCOPLANAR 

THE SP 1 N Ht1~; THE FGLLCJI.J I UG CiJMF'Oi··-!EiJT:; 
(VECTIJR SF'IN) : ··-4 •. =l,:;i),'Jf) 2.28()(_;() --(). -:-7()¡:,C 

THE F'OlNT Ch) THE 1:r;T{úHt,i!::::oui:;•-'.::,Cf.:HJ ,0i:.-'.IS CUJ:3[ ::T T'1 
THE OFIGIN ~AS THE FOLLJWING X·-• Y- AND Z LOORD!NATr3 
(VECTOR RHLl) : 0.4389C 0.8216? -o.~~370 
THE VELOCITY COMPONENT ALONG THE INSTANTANEGLlJ-:CR~~ A~;_ : 
(SF'EED> : 1.267().4 

EXAMPLE 

F'OINT 

., 
.;. 

eoorrnIN,!, TES 
y X 

A = 1.00000 
B = 2.00000 
e = 0.00000 
VA - 1.20000 
VB = 3.20000 
ve = -o.soooo 

0.00000 
-1.00000 

1.00000 
1.20000 
3.20000 

-0.80000 

z 

0.00000 
1. 0()00·.) 
1 . \)()()()1) 

1.500ül) 
1.50000 
1. 500ü(, 

NUMBER OF VANI/:;HT.NG '..'ELOClTIE~i I .-··. • ;j • o 

THE sr·IN H{,~; THE FOLLUI.JJi✓ i; CtHff'Cli)[i,il':, 
(V[Cl,~)I:;; /::FU!) ! ().1)0000 0.00000 :.'.,Hh-J(Jl 

THE F'O I NT CltJ THE J l'!f:il t',t!T M~EDI ¡~¡ ... ::;cr~Ll,J .~.x n; \'.L(J~,1-:>i r 1 t] 

THE OIUGIN Ht"',f.i THE FOLLi:iWUW X-·, Y-· ~1ND 7. ,··oof;;t:1J1J,'i!Fi~; 
( VECTOF~ RHO) O. •h)OOO O. 6000·."' O• .'1 10,,,:; 
THE \.'El..OCITY CDMPUUENT t,UJNG Tl·IE lNSTi''1NTi",NUII.J\3 -'.:iC:h'I l•J f.',\·. ·3 : 
< SPEE O) ! 1 . 50000 

19 
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EXAHPLE 3 

POINT COORfllth"\TES 
X y 

A = o.40000 0.60000 
B = 0.00000 0.00000 
e = 2.00000 1. 0()()()0 

VA = 0.00000 0.00000 
VB = 1.20000 -0.80000 
ve = -0.80000 3.20000 
NUMBER OF 'JAN I SH I r·JG 1.JELDC I TI ES I 

,~ . 1 ;:, . 
VELCJCIT IES AF:E NONF'AFHLL_EL 

TH[ SF'IN HhS THE FOLLOWING COMFGNEi,iTS 

z 

O. 000~)(, 
O.OüOOü 
O. c,r;;oo0 
O. 0•,00(, 
O. (oi)()00 

O. O,)OOü 

(VECTOR SF'IN) : O.()l')()C•J 0.00(;(;0 2. >)Ol:•,~.• 

THE F'OINT on THE INSTA(!T~:.NEOUS-··'.3CF:EW ,;;r:rs C ... OSE3~ Ti) 
THE ORIGIN H,~·,s THE FOLL:JWiilG X-, ·t- MW ::. UJDFm:.;~¡.''.¡TE'.3 
( VECTOF~ R:~o) : O. 40•')0() O. 60000 0. C •. )O< 
THE VELOCITY COMF'ONENT ,~,LONG THE I1·,!ST.::-,NTt,N[!dJ:3•-:~.i':R[I . .J AXl. ; 
( SPEED) ! O. 00000 

EXAMPLE 4 

F'OINT COOFUIINi":,TE::i 
y X 

A = 0.00000 0.00000 
B = 1.00000 0.00000 
e = 2.00000 1.00000 
VA -· 1. 20')00 1. 20()0() 
VB = 1.20000 1. :!.0000 
ve = 1.20000 1.20000 
NUMB[I:;: GF t,,.•¡:;NI:3HING ',,'El.OC I T TE~; I ,-. 

;:, 

MOTION IS PURE TkANSLA"fION 

() 

... 

0.00000 
O.OOOOü 
o .(i¡;,ooo 
1+50000 
1.5ü00() 
1 . ~;úOOO 

HIE IJELUClíIES Ht1;,1E ThE FOLLUlJTNb '.<-,Y·- t'\Nll ?.··· C(J()f::J:rn,;;¡_::;: 
1.~0000 1.20000 1.50000 

• 

.. 



.. . .. '. ·• • 

Thrce velocity vectors of 
correspondinq three noncollinear 

-.------------?•,.:ig~re give_n _________ __ 

1. No vector vanishes 2. One vector, and 3. Two vectors, and 4. All three vectora vanish. 

""-.... • ,______ Apply formula 1 pure translation 

/

""-.. only one, vanishes only two, vanish. Motion is a zero-velocity 

1. Vectors are 
coplanar 

2. Vectors are . 
noncoplanar. 
Apply formula 2 

1 . The t·emaininq 

l 
1. Differences 

are parallel. 
2. Differences are 

nonparallel 
Apply formula 2 

1. Both differences 
vanish. 

2. At least one 
difference 

Motior. is a 
pure translation 

does not vanish. 
Apply formula 1 

two are parallel. 
Apply formula 1 

J.. The remainig 
two are nonpar~llel. 
Apply formula 2 

Fig 1. Tree diagram showing the different possible relationships amongst the velocities of three 
noncollinear points defining a riqid-body motion. 

·,,i)lffiA,?, h,4i lf. A\A,!4 A/ ~; 

• • •• 

~ -
~~1:Q¡;:;:;.µ.;;e:;;;w,: ifGA .'%@ qn¡;¡:¡¡¡;!\i!.~M\l,1\'11 .::;.;:;¡;;ii+",IP.\lf)ip ;z;;;¡tq¡ ,,b ;;.,;;o;;,; Ji!!d¾))IH A!JIMIJl,.,\tf.t;fJ,'1{!9 ¡; AV i,@M, i,!,$..SQMUU4lkQ 

AAMW\<J#S;;.; )!':lith ¡e;;; ,#N;iijiiii(1W!J±~,1~-J'!l!N;{J.))ij!,¡s;;;,w¡,11ii\.,\J,.:n1p,}.li,.i,,, ;_;3x !&4,!!% 111<,""17, .~f,ef4!Jd. g. p W IMM,;.;:t.MM/.$'.!<O:;u ¡:: $$ ;.;¡¡,¡a;;;fü\$4*:¡e@ -
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