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INTRODUCGCCTION

Los avances techolégicos logrados en el diseﬁé y fa-

bricacién‘de coﬁlputadoras digitales, han puesto a la disposicién de

' ' v

la comunidad cientifica en general una poderosa herramienta de calcu
lo que ha dado pauta al ciesarrollo deAnuevas técnicas de solucién con
sidér_adas con anterioridéd como imposibles por su complejidad y la-
boriosidad, Estos avancesv a su vez han exigido por pérte del inge-
niero y del cientifico un conocimiento més profundo de los pfoblemas
y de las bases mateméticas necesarias para su planteamiento y solu-
cién,

El'sector éléétrico ha sido tradicionalmente uno de los
usuarios de computédoras de mag}or magnitud y se cuenta en;cré los‘que
requieren mayor .sofisticacidén en sus técnicaé de modelado y de célcu
lo, Lo anterior es comprensible éuando se toma en consideracibén el
Vccr>stror;criél 'equrip'o eléctrico de fiotrérfciajzy los ~éé\'/ei‘o:s”f’eﬁu’er‘i’mi’efitoé T -
de operacidn, necesarios para suministrar energia eléctrica en forma
‘continua y de buena calidad,

La planeacidn ,‘ el diserio y la operacidn de los siste--
mas eléctricos de potencia requieren de un anélisis detallado y éoﬁ'c_li
nuo que permita evaluar las condiciones ae funcionamiento del sistema,
y estudiar las diferentes alternativas de expansibn con objeto de ga- ’
rantizar, hasta donde éea posible, la méjor utilizacién del dapital -

disponible,



En adicibén a su uso en los diversos aspectos de la pla
neacién; disefio y operacibdn, laé computadoras digitales se utilizan
cada vez con mayor intensidad en aplicaciones de tiempo real del sis-
tema de potencia), a saber :

a) adquisicidén de datos en linea.

" b) monitoreo del sistema. ’
c) andlisis en tiempo real,
d) control en tiempo real,

Estas aplicaciones aﬁhadas al'desar.rollo de los nue-
vos centros de control han sido qgizés la's tendencias mas significati-
vas en el campo de los sistemas ‘eléc‘:tricos de potencia en los Gltimos
_ diez arfios, El trabajo desarrollado en este lapso ha consistido en -
parte en la adaptacibén de técnicas originalment‘e utilizadds en el area
de .planeacibn y operacidn a fuhciones de tiempo real del sistema . de
potencia, pero ciertamente las exigenciés de esfe tipo de aplicaciones
han demandado el desarrollo de nuevas técnicas y la utilizacidén de -

tecnologfia moderna para satisfacerlas adecuadamente.

El curso tiene como objetivo el de transmitir las expe-
riencias adquiridés en el desarrollo, implanta-cién y utilizacién de -~
nuevos m.odel'oys 'matemétricrqs; eﬁmple:adoys unos en fuinc:ione;s de_control : - - -
eﬁ tiempo real de una red eléctrica y otros en lva planeacibn de la ex-

_ _pansibn de la misma, con lo-cual se propone dar una amplia visién de .



la problemética de anélisis que presenta un sistema eléctrico de pofeg
cia en diferentes fases de su estudio, |

| Para facilitar la comprensién'de los diferentes modelos
‘de red vy las 'gécnicas empleadas en su solucibn, se han incluido, a -
modo introductorio, temas de algebra mafricial; probabilidad y e}stadfg )
tica y optimizacidn que dan al curso una'fnayor solidez pe;*mitieﬁdo a

'los participantes obtener un mejor aprovechamiento del mismo .

Eduardo Arriola Valdés

Enero 1979,
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C - -~ CONGEPTOS BASICOS DE ALGEBRA MATRICIAL APLICABLES

AL ANALISIS DE SISTEMAS ELECTRICOS DE POTENCIA

:
I

INTRODUCCION - -

Las técn‘ic,as de algebra matricial fueron inicialmente' uti
lizaaas en él analisis de sisfe‘maé ei’éctricoé vde potrencia por el‘r éim— '
‘:p?l'e' hecho de proporcionar.'un' métod‘o co.nciso % sistemé‘ticonpar.a la fol. .
mulacidén y'.soluciAc’)n“..de'._‘sis.temas de eéuaCiones. Entre »-lés prihcipa—'
les ventajas que pfesenta la ut—i‘li)z‘acién:dev'es't-a's técnicas se -puedven
mencionar las siguientes :

a) - Reduc‘en 'la‘ ‘probabilidad de cometer errores al efectuar -
célCuios mahuéles.v

b) Permiﬁen aAtravés> de expresiones concisas la formulacién
e interp‘retacién de fnod,el‘osv matematicos de sistemas -

complejos,

cas de algebra matricial ', es necesario -mencionar que da&a llé.x .impor—

tancia >que ha adqi,tirido la corr:i'putadora aigital en--el:'l‘a~n'é'i‘-i'si's_'-de}»S'i'éte&
mas de potenciaz.:el; estudio.de*estés técnicas se. hé 'conve’rtjido>,pa;'a

. _.:el,‘.ingeni'ero de sistemas de. poténcia en una imperiosa necesidad vya

Que .el anélisis con éompu£adora.de ios problema's que presentan las
- . . :

-grandes redes eléctricas involucran invariablemente operaciones so-

bre arreglos de nGtmeros,

En adicibn a estas ventajas que en si hacen atractivo el uso de técni-~~ 7



dos elementos, colocados de manera ordenada y sistemética en

-entonces que la matriz es de dimensién." m por n ",

columna se conoce con e

-

DEFINICIONES Y NOTACION ‘ o N

Una matriz es un arreglo rectangular de nimeros, llama-

m "

renglones y " n " columnas., Estos elementos pueden ser nimeros -

reales o n{imeros complejos y se ufiliza una nota(_:ién con doble subin-

dice. aj; para identificarlos. El primer subindice- i indica el ren;'-

glc’ﬁn y el segundo subl’ndricAe indica la columna dando asi una localiza -

cién Gnica a cha elerriento.. 'Usualmentve se ‘uti‘l-izan:letras " méyﬁ.s— :

culas. erﬁre paréntesis Acuadrados.-, p.e. [Al ' ,"para denotar una .

matriz; . | ' . _ - : -
Sea por ejémplo_ una matriz recténgular de la ‘forma

Y

all alz o o o aln | ‘ . A ' . \—/:
a1 822 .« .. 49y
; et

fal =

AT : :

— —J mxn

.’cuya dimensibn se define como el nimero total de renglones y el nf-

. mero total de columnas contenidos en la misma, Esta se indica en la

parte inferior derecha del arreglo como un producto mxn. y se dice

Una matriz consistente de.un solo rengldn o una sola -

1 nombre de vector, =~ Un.vector rengldén . _es . . =~

Y
2 .



e

una matriz de un solo rengldn, es decir-es una matriz de dimensibn , -
_ ~ o

1 x n. Unvector columna es una matriz de una 'sola columna, es-de-

cir.es una matriz de dimensién m x.1. .Algunos ejemplos de matrices

y vectores con sus dimensiones son :

] ! . —_—
| ? t ! : o
203120 | 6i0 [‘135,7]..._ 4
| 4 L | | S Tlxd | —
1] 6,51 ] 42 » 6
3x3 3x2 ' . S
- 4x1
Una matriz aumentada . se forma-anexando una matriz. - -

Sy . . . . o o . . °~k
(o vector.):de-dimensiones adecuadas.a la.derecha o a la izquierda de:

_otra, -Por ejemplo, si - o .
1,315 718
A= P‘—*'——[ y B =
|2{4]6 : : 6|9
2x3 . 2x%x2
la matriz aumentada A, B ser8 :

113 55,’{[7 8

[AVB]?'I -

2 {46619

Se dice que una matriz es dispersa..cuando un .porcenta-
- je significativo de sus elementos son igual a cero, Es usual que - -
‘L . . .' . .

cuando se escribe una matriz , los elementos de la misma con valor ce

ro sean simplemente dejados en blanco. Por ejemplo :



i de AT, st

 gonales y aquellos. enque- 1% j~ elementos nzo:—di'éréonales o elemen-

N

r
g‘.
g L2l L)
[al=
-
i

i
-
1
T
i
{

31148 ;

La matriz nula es aquella en la que todos sus elementos
son igual a cero, |

- ) D " ‘. . . »‘ ) . T
La transpuesta de una matriz -~ A , indicada como_ A .,

- se encuentra intercambiando los renglones y las columnas de A de

tal manera que cada renglén. i de A  se convierta en la <columna-

.
4

3T . | T
3 51‘ : -entonces A =

L N 2

A

lmble

- 3x2-

i

—

i A
a9

La matriz conjugada de una matriz compléja, indicada como A , se

encuentra reemplazando cada elementode A por su complejo con- .

jugado,

2+33| -5 o, le-j3 | s

A= , A= - _—

-j 8 .6 =j2 T T ji'8 A6+'j 2

MATRICES CUADRADAS® . . . -

Una matriz cuadrada es una matriz de dimensién m x m.

Los elementos aj; en que i =j reciben el nombre de elementos dia

tos fuera de la diagonal, . - ' e
4



(’\

M

//1 '“313
/

any

a P
222

a31

a3y 7533

.T

Gz

elementos diagonales

1]

elementos no-diagonales

. Una matriz diagonal es-una matriz cuadrada cuyos ele-- .

mentos no-diagonales son todos cero.. -

11

233

-~ Un caso especial de matriz diagonal es la llamada ma=

triz unitaria o matriz identidad y en la que todos los elementos dia-

gonales'son unos,

’

esta matriz se dencta usualmente por el simbolo

T,

Una matriz simétrica - es una matriz cuadrada con la pro

- piedad de que ,aijA =

aji peratoda iy toda:j .

1 -2 [0 '
-2 | 27
0 | 713




'Una matriz triangular es una matriz cuadrada cuyos ele

mentos en el tridngulo superior (elementos aij ‘con' _j>i )‘ o en el

tridngulo inferior ( elementos a;; con i < j' ) sontodos iguala’

cero,

Una matriz triangular superior contiene elementos dife~

rentes de cero unicamente en su tridngulo superior, mientras que una

. ) : . . '\ . .
matriz triangular inferior contiene elementos diferente de cero unica-

mente en su tridngulo inferior.

2 -4 75 1 9 |1 ’
| l 8 -5 -7 | 4
| !
6 2 -4 2 3
o l 1 (=710 |8 "
Triangular Superior " Triangular Inferior

OPERACIONES CON MATRICES

Equivalencia .- Se dice que las 'rhatr'ic;es ‘A y B son -

' equivalentes. .o iguales si y solo si: -
a) Son de la misma dimensién

b) ey = bij para toda . i" ytoda j .

Adicibn', = La operacién de suma o resta matricial se -
puede efectuar unicamente-si las-matrices son de la misma diménsibn."

La matriz C se define como la suma de las matrices A Yy B a- tra-

e B e ,,‘ cr— - B



vés de la ecuacibn’
A+B=C
y los element os de C/’ estén dados_por :
¢ Ay + bij =clJ para toda i ytoda j
T e
2 ,:4 ;6 1 1213 316 9
3!5}7 , ’456 S| 7]1013

Las leyes'ésocia'ti'va yAconmutativa se cumplen para ~ la
suma matricial, ésto’ es, para rﬁatriées A; B y.C ...d"e"‘la“"misma d1—
meﬁsién sef._clum‘pleA q‘ue: ‘ ' | T “

A+ B=B+A - o

y'_‘}'f‘A + (B+C)=(A+B)+C

MULTIPLICACION POR UN ESCALAR : B
El producto de un escalar V.k 'y una matriz- A 'se en-
- -cuentra multiplicando-todos y cada uno de los elementos de A por-el ~

. escalar k.

| an !312] ke | kar

agy . a9 | - kag) | kagy

'Tambi"én" ;zn este caso de multiplic,;acibﬁ por' un escalar se cumplen la.s>
lveyeéx conmutativa y distributiv.a ' | |
R kA= Ak
k(A+B)=kA+kB
7

e



M ULTIPLICAC ION MATRICIAL

El producto de la multlpllcacmn de dos matrices A x B

esta definido dnicamente cuando el nimero de chumnas de A es

. . ) /' ' ) ] .,
igual al nGmero de renglones de B, Cuando se satisface esta condi-

cibn se dice que las matrices son conformables, El producto esta da

do por .:

FB]

Xp. xn :
\ -/ .\-
Los elementos Cij se calculan sumando los productos

[A]-

" de los elemenfcos correspondientes del renglc;n ide Ay ia columna -

j de B mediante la ecuacibn

Ejemplos :

3 .01 15]  -|8x5+0x4| _ |15
1 |2 L4 | 11 xS+2x4| 113
2x2 2x1 2x1

y
P s -

1 )

at



Al efectuar el producto A 'x B = C. seacostum-

bra a decir que la matriz B es premultiplicada pdr la matriz A, Tam-

bién se dice que la matriz A es postmultiplicada por la matriz B,

La razdbn por la que se hace esta diferencia entre pre y post multipli-

cacidn es muy importante ya que la multiplicacién matricial no es

conmutativa, es decir

A x B'# B x A : en general

" 8in embargo, la multiplicacibn matricial si es ‘asocia-

tiva y distributiva con respecto a la suma

(A xB)C A (BGC)

Il

(A + B ) C A x C+ B x C

La'transposicién de un producto matricial es igual

producto de las matrices transpuestas en orden invertido es decir :

(as )y = pT AT

)T =

(AB C

por una métriz identidad de dimensiones conformables el resultado es

!

la matriz original

I A= A1 = A ; A matfi"z. cuadrada

OPERACIONES ELEMENTALES SOBRE RENGLONES Y COLUMNAS.

Las manipulaciones efectuadas sobre una matriz cono-.

~al

Cuando se pre o 'post multiplica una matriz cuadrada -

.cidas como Operaciones Elementales sobre renglones pueden ser de 3

tipos, a saber:

55



’a ) Intefcambio del renglén nogow y el renglén " 1" de una -

matriz

—

M 3>,< 4 6

1.4 6

b) Multiplicacién del renglén k por una constante diferente

de cero

1 T3] xz‘_\.@'rz 6 .
4 16 | I8 |12

—1 R [

-c) Suma al rengléh'” k " del contenido del renglén 1 " mul
tiplicado por " ¢ " siendo ¢ una constante diferente de

cero,

Rl : 1 [ 2] I 2
R2 : [ 3 | 4 |— s 0 | -2

Estas operaciones pueden ser aplicadas también sobre -
“las columnas de la matriz utilizando la denominacién de operaciones
- elementales sobre columnas,

DETERMINANTES -

Asociado a toda matriz cuadrada existe un escalar deno-

‘minado determinante y cuyo valor se denota como ]A | - El - célculo

del determinante de una matriz se calcula por técnicas-de :expansibn,
Por ejemplo el determinante de una matriz de 2 x 2 y de 3 x 3 secal-
cula de la siguiente manera :

10



11 12| o, S s
‘ _ =08 22 12 “21
81 %2 . |

91 819 a3

%31 %32 " %3] 1.7 % f32 %13
93 82 331
433

" Una'observacidn interesante en la expansidén de |A} es

. el hecho de que en cada término de la expansidn aparece un elemento.

de cada columna y uno de cada rengldn,

" El célculo de los determinantes se facilita-con la intro-

duccién de nuevos elementos como son los llamados menores y cofac-

tores de una matriz, El menor del término aj; de la matriz A se de

fine como el determinante de la matriz resultante de eliminar de la mé

triz original el renglén " i " y la columna " j " . Por ejemplo : |

R
si- A = |2
' 3

| ll _Aa, . |
i i My = szl =T2 -0 =

B[O
@[ [n

lag) @y @3] T 311 3 azz * a3y a3

El co-factor de un elemento es el menor del mismo con el - -

signo adecuado, esto es :

(i+j)

Ciy = (-1) My,

11



Estos elementos se utilizan en el calculo del “determi-

nante de una matriz cuadrada a través de las siguientes expresiones :

3

I'A { = aij C’ij ( suma /de productos en la columna j )

o

g A,i = a5 Cy; ( suma de productos en el renglén 1)

(U
I
=

~endonde n es el numero de renglones de la matriz A vy Cij' es el

cofactor del término aij . Ejemplo., Evaluar el determinante de una

matriz de (3 x 3 ) usando cofactores :

I

1 ' Ll
S i
3

+
i
|

A = !

S M

@ o 0o
Jor [N s

1

| ‘ : o, |
si seleccionamos el rengldn . 1 para el calculo tenemos :

.a

1 2 4l 6 7] I ,5 7’ ls 6‘
Al = |5 6 7]/= 18 6/l+(-1)21{3 6| :+4 3 8
13 8 6] | :

i

1 (36-56) - 2 (30-21 )+4 (40 -18) = 50

Observe que el valor de cualquier determinante de dimen
sién finita puede ser calculado por la aplicacidén sucesiva del uso de

los cofactores.

PROPIEDADES DE LOS DETERMINANTES

a) Si se intercambian dos renglones o dos columnas de un

determinante, el valor del determinante cambia de signo .

12



b).  Si todos los elementos de un rengli’)h'o todos los elemen
tos de una columna se multiplican por imia con_st_ahfé_a X,

‘el valor del determinante resultante es k A

L ¥

T ka11 kélz 3 -
o , . = kayy azy - kay; ap
. Q21 @22 : R »
= k (ay ey, —a, ay)

@) 8 se anade un r-“dl.ﬁplo de ',L-”'l?’»hfﬁea (renglén o colum-
“na ) a una linea 'paralglé el valor dél defc-efvminan.té_v.rip-,.s;e;;?_-_ o
- _a,‘lh‘t:e_ryai : | - .. : - ’
Rl X 0 P :

.- R2-.}5 -1 ~2|=1533|5 1 2 |— R2% 2Rl —+
" R3 |2 6 7 2 1 .

!\ [P
s+6  1+0  2+12 | - = 153
2 s vy 6 S 7 o [

Si una matriz tiene dos renglones identicos o dos colum=-
‘ 3 ' ] ’ ] v- . . .- '
nas identicas, su determinante cero. -
Para demostrar esto, observe que:sirestamos una de -~
. ] ’ . " . . ) ..
esas lineas identicas (rengldén o columna ) de la. otra, obtenemos:-co-
mo resultado una linea de ceros dando como resultado un valor .. ~‘cero = -

para el determinante, .

13, A
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Una matriz cuyo determinante es cero recibe el nombre

de matriz singular, .

' El determinante de una matriz diagonal o de una matriz

triangular se evalQia tomando el pfoductode los elementos sobre la dia

gonal principal.

Esta caracteristica se puede explotar para desarrollar -
" una técnica 'computacionalmente eficiente, que consiste en llevar una
matriz-dada a forma triangular a través de operaciones elementales so

bre los renglones y columnas de la misma y una vez logrado esto efec

00}

o

(e]

[y]

2x8x 5 = 80

4x1x3 =

12

~tuar el producto de los é_iementos de la diagonal principal. .

MATRIZ ADJUNTA

Si cada elemento de una matriz cuadrada es reemplazado

B

triz

réll.

por su cofaptor Y sertrans'pone' la matriz resultante,‘ob‘t‘enemos la ma-

adjunta la cual se denota por A+., esto es :

. T
Clz C1'3

S22 Cay o
‘C_ C .

32 B3 g

e Tt L R
R S VI
ol W c e LN
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La inversa de una matriz cuadrada; representada por A~

A"l A = aa”

'MATRIZ INVERSA "

se define de la sigiente manera :

w7

1\
]. = I . ,-‘--a._ ,

. Observe que la inversidén de una matriz-.es andloga a'la.

-operacidn algebraica de divisidn,

La inversa de una.matriz sé puede obtener de diferentes

‘formas siendo la mas explicita la siguierde

Otro método para calcular la inversa de.una. matriz:...

AT

gular ( su-determinante es cero ), = = . T .- .

"matriz unidad de diménsitn n'x 1 al 14do dérécho dela matriz A Cuya

. de dondé se_puede observar que no existe inversa de una matriz - sin-

volucra el uso de operaciones elementales y consiste-én anexar una

inversa se desea obtener, A c¢ontinuacibdn se efectlan operaciones.

elementales sobre los renglones de la.matriz aumentada, con el obje-

tivo de forzara la m

dimensibn n x n.

Ejempl

(@]

-

1

0

atriz A = a convertirse en una matriz unidad de

Cuando s‘e:—;;liioglﬁaw:este objeti>v,o, la parte derecha"..-v;.:-f.: L

de la matriz aumentada es la matriz.inversa de A, |,

: Encontrar la inversa de la matriz: . . ... . .. .

RN

A

« . T -

2 3

54

\

l‘\ 15 - ' . . - M g’.: .



efectuando a.continuacibén las operaciones elementales indicadas - en

"El primer paso es a.umentjar A con szz'

-+
+

2 [3 1 0 -
s |4 o |12

la siguiente secuencia :

1

Rl 2 ]
5

R2

el 1 3/20

1/2 [0
5

1ol 1/2r [T [a/2
Pl . 4

1] R2-5RL

372

73

0

__-7/2 .

- -2/7-R2 | 0

1

" - esto es ¢

3/7 |

-2/7 e

i 5/7

~2/7 _

R1 - 3/2 R2 ,%{ 1 |0 -4/7 3/7
' E 1 5/7 | -2/7
"Como la mitad izquierda de la fnatfiz aum"ér{tédé:_ésfigual '
Cala métriz unitaria, la mitad dereché} es la deseada .rriaﬁfinz".im./‘ersmé, -

ALGUNAS_PROPIEDADES DE LA INVERSA

: La»i_rivérsa de un producto matricial es igual al producto . L

- o(asg) b= gtloplatl T

La inversa dé una matriz diagonal es otra matriz diagonal , : .~ .-

E

‘de la's " matrices inversas en orden contrario .-

cuyos elementos son los inversos de los elementos de la matriz.or

-

igi-

! —5“‘
. . . : e - y
.‘Dglo e - — - e — A —— — s - e
. : ':‘
16 .
1



e, A .
T

2. A I/Z :
‘ -3 | = |- | -1/3

1/4

’

Una matriz éu‘adréda compuesta pi;xf blogues diagonales

puede ser invertida tomando las inversas de las submatrices ' respec-

* tivas :

-1

Cl- - : o 'C'.—l

SOLUCION DE SISTEMAS DE ECUACIONES LINEALES POR METODOS .-

MATRICIALES,

) La abl'ijc'acﬂiénh principai del algebra matricial al al.’léliSiS'
- de sistemas de pgtevncvi.a. (y 'e‘nj .general al andlisis ingenieril ) és_ i.af, ’
s.olucién’_,_de cgnJuntos de e.cﬁl‘aciol_n‘és linéalve's_ de la forma
..‘311-"‘1'_«: +aygXg  f . .t 81y - Xy, = b

o Mt e Mo K B K TP

Este conjunto de ecuacioneslpuede-es~cr'ibi}selen nota-
cién matricial cor.r_lo,:
A x = b
en donde__“: o

“ S A matriz cuadrada de coeficientes

A+

17




b vector de constantes

X vector de incbdgnitas’
El valor del vector de incbgnitas X se puede encontrar
premultiplicando ambos lados de la ecuacién por-la inversa de A ( su

poniendo que dicha inversa existe, es decir la matriz. A es no singu-

lar ),

O

‘En la préctica los sistémas grandes de ec‘uécionesv no se
resuelven por inversibdn dirécta , sino que se utilizan téénicas de dis-
persidad y algunode los proc'e,sos. de elimina’cién Gaussiana,

Un conjunto de ecuaciones lineales se puede resolver -~
mediante operaciones el'ementales‘ sobre los rengionés. El objhetivo“
de estas operaciones es el de transfofmar la matriz de coeficie.nt_es en
una matriz triangular sdperior, con lo cual es posible obtener la solu-.

cibn por sustitucidn hacia atrés, Si cada operacidn sobre los renglo-

nes de A. se efectlia.también sobre los elementos correspondientes
del vector b , €l nuevo conjunto de ecuaciones A x = b
tendré el mismo vector de solucién %  del sistema original, En

la préctica, las operaciones elementales se efectfian sobre la matriz
‘aumentada. [,A . ,b] ‘hasta que la matriz--A es convertida a forma~

triangular, Una vez logrado esto el vector X se obtieﬁe facil-

““mente por sustitucidn directa, como se ve a continuacibn :

18



Sea el sistema de ecuaciones lineales

— S alihe 7
aj1 &2 ... Ay X] by
491 89 -« Ay, | ) by
an1 VIR @nn Xn L_bn

e ) p— boate wde -

El proceso consiste en llevar la matriz aumentada

- e
11 %2 ¢ Fy b,
41 %2 -+ -+ 3pp | by
@h1 %p2 e e e nn bn
I . e
a la forma :
[4 v ) 4
1 .al3 ... ain | b
R v r B
0 1 e aZn ?2
. , s
0 -0 e e .1 bn
—— p—

mediante operaciones elementales sobre los renglones. La solucién
para x de este nuevo conjunto de ecuaciones se obtiene por susti-

: 2 1] ' . ] (]
‘tucidn hacia atras de la siguiente manera

4 4
X, = bn
[4 X
Xp-1= bpp - 8n-1,n*n
A v v : v
O R T S o M S .

19




P L ’
= - 2 a, . .
X by = %N
j=2
La férmula recursiva para el proceso de sustitucidén ha-
cia atras se puede entonces escribir como :
. ~ n 7
Xy = by - § aj; Xy i=n,n-1,n-2,...,2,1
j=i+1
Si se desea resolver un sistema de ecuaciones lineales
A x = b paravarios valores del vector b, resulta mas conve--

niente llevar la matriz A ala forma:

A = L U

en donde L es una matriz triangular inferior, v U wuna matriz trian-
gular supérior. Para ilustrar este procedimiento conocido como fac-

torizacidn triangular L U, utilizemos la matriz de 3 x 3 :

— r— o —
(a1 215 a3 1 0 0 ETRRSY U3
&) apy apgl = |lp3 1 0 0 Uy Up3
az] azy 233 137 13p 1 0 0 U3_3J

De esta igualdad surgen las siguientes relaciones entre

los elementos de A L y U:

n = "n A
a1 = Iy Up
— = T g =l U ; )




de donde podemos calcular los elementos de la primefé columna"f" de

Uy L. A continuacién tenemos
/a1 7 Upge
agy =l Uy + Uz

332" = la1 Uiz + I3z Uzp
relaciones que nos permiten calcular los elementos de la segunda co-
lumna de U'y L, Finalmente para nuéstﬁa matriz de 3 x 3 tene-

Ly

mos las relaciones

a3 = Vi3 |
a3 = 1y Uiz + Upj
‘agz = l31 Uz + 1l3zp Uzz + Uszg

de ias cuales se encuehtfan los valores de l'a'»'.-»te'réera célumﬁa “de las
mat'ricés L y U, - i
' Una Ve'z:‘lo'vgfada‘ la transformacién la solucién del siste- -
e »mé;de- ecuaciones-se oBtii'enézdéi:%' . e —— T
Axs= LUx.= Ly-=05> ' '(3)
‘rééolviend,o primero -péré y por sustitucién hacia adelante la ec, .
Ly = b ’ | @
y a continuacidn por sustitucidn hacia atras |
U x = y | (5)
B

en-donde la solucién de las ecuaciones. (4) :y (5) es bastante sim-"

ple d_ebido a la estructura triangular-de las mafrices L y U.

21




:_GRAFICAS Y MATRICES DE INCIDENCIA

\

Para describ’ir .la_eAstr«uc"cura geométrica de una red eléctri
éa'es suficiente reemplazar los componeﬁtes de‘ la red por segmen;cqs
de 1fnea ir;depend.ier‘ltem‘ente de las ce;r’ac'teristicas de dichés componen
tes. .Eistos segmentos de ifnea reciben el nor.nbre:de' élementos Y sus,

terminales se conocen por nodos, ~Un nodo y un elemento son inci-

" dentes si el nodo es una terminal del elemento, Los nodos pueden -

. , ‘
ser incidentes a uno o mas elementos,

Una gré&fica muestra la intercorieccién geométrica de los .

elémeptos de'una red y se dice que es conexa siy solb si,existe ia
posibilidad, a través de lla- conecciéh de varios elementos, de»vllegar.

part_iendg de cada 1‘1ln’o"_ de los ;mdos a todos los demés,, Se.dice ade-
més que la gréfi;:a es orientada si se asigna una direccidn a cada uno

- ' ! ‘ . . 2 ’ . .
de sus elementos, ' Un ejemplo de representacién de una red electri--

ca y su gré&fica orientada se presenta en la figura A

22
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A

Figura 1 . Representacidén del sistema de Potencia

a) Diagrama Unifilar
' _ b) Diagrama de Secuencia Positiva
. ' c) Grafica Conexa Orientada

23



'MATRIZ DE INCIDENCIA ELEMENTO-NODO

La informacidn de la incidencia de elementos a nodés
eh una gréfica conexa se.puede colectar en una matriz de iﬂcidencia -
Elemento - Nodo ’}T , en la que sus corﬁponentes estan dadas por}':

a;; =1 si el i - esimo elemento es incidente a y orien
tado saliendo del j - esimo nodo,
a,. = =1 sieli=- esimo elemento es.incidente a y orienta- .
do hacia el j - esimo n;)do.\
- a;, =0 si el i - esimo elemento no incide en el nodo i,

.La dimensién de esta matriz es e x n , endonde e es
el nimero de elementos y n es el m’lme'r:o de nodos en la gréfica.

La matriz.de incidéncia elemento - nodo para lé grgfica mostrada en la’

figura 1 es:

",ZN@@@@@
1
1

l H
2 , -1
A -3 x . -1
A= 4 ! -1 1
5 1 | =1
6 1 -1 .
7 g 1 -1
Por el hecho de que
> ay-0 is=i,z, ..
a,., =0 i=1, 2 e
1 ] 1. r i . o L
=0 | '

se dice-que lavs columnas de A son linealmente dependientes, -

24



MATRIZ DE INCIDENCIA MEDIDOR - NODO

La matriz de incidencia Medidor ~ Nodo tiene aplicacién
en las técni;:as de estimacién de estado. vy pér ser estas parte del -
Curso se incluy_e. en estas notas, Para formar esta mzétriz los elemen=~-
tos los constituyen los medidores de flujos de potencia colocados so-
bre las lineas o medidores de voltaje y/ o inyecciones de potencia no
| dales., Para el caso de medidores de flujo de botencia en las lineas:
la gréfica se ‘orienta de tal manera que si el medidor esta colocado. -
del lado del nodo " i"’ en la linea que conecta " i" con " j" entonces
la orientacibén es de i hacia j, En el caso en que existan medi~-
dores colocados en émbos extremos de la linea i - j la gréfiqa presen
tard dos elementos en ﬁaralelo conectando los nodos, i ~j§ , Si en
alguna de las lineas digamos k - m no éxiste medicidn alguna, en la

gréfica no apareceré conexidn entre los nodos k - m aunque la linea

este en operacibn.

Para ilustrar estos conceptos se presenta en la figura 2
una pequefia red con los medidores representados en forma rectangular .

y su respectiva grafica en donde los elementos son los medidores,

25



'

Figura 2, -Representacidn de una red eléctrica con medidores de Flu-
jo de potencia en lineas de inyeccibn de potencia
' y magnitud de voltaje [v)

~ ..a)-- - Diagrama unifilar -
b) Gréafica conexa orientada

26 .



' La matriz de incidencia medidor - nodo de la gréfica pre-

sentada en la figura 2 es :

' Graw Hill Book Co,, 1965,

PO ONONMONONO)
1 1 [ -1
2 1 -1
3 1 -1
= 4 , -1 1
5 L1 1
6 | -1 1
7 1 Q-1
8 1| -1 |
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NOTAS SOBRE MATRICES DISPERSAS.*:

INTRODUCCION

Defindicidn. -
La primer idea aséciada,COn matrices que tienen pocos elemen-
tos, es decir,[pocos elementos diferentes de cero, es tratar
de definirlas en términos cuantitativos'por la raz6én de los -
elementos de la matriz. Sin embargo, es mejor decir que una
matriz con elementos dispersos es aquella en la cual, se pue-
de aprovechar la proporcidn y/o la distribucién de elementos

igual a cero.
En términos cuantitativos, la densidad de una matriz estd de-
finida como el porcéntéje del nfimero de elementos diferentes

de cero al nfimero total de elementos de la matriz.

Existen varias ventajas -asociadas a los sistemas descritos --

-por matrices-dispersas. -La-més -evidente -se tiene en -el-manejo

de informacidn, su almacenamiento y recuperacidén. Este ahorro
que es considerable permite el an&lisis de mayores sistemqs y
modelos m&s exactos. Las mayores ganancias son obtenidas al -
realizar operaciones sobre estructuras "mantenidas" en forma
compacta. ©La computacién (el proceso de cémputo) deberi estar
organizada de tal forma qﬁe: Se eviten las operaciones'con ele

mentos iguales a cero (o unos), reducir al minimo los costos -

* Estas notas forman parte de la tesis de maestrfa en ingenie-
ria eléctrica, de la seccién de graduados, IPN, de Ricardo -

Mota 'Palomino.
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‘de drganizacién y las operaciones aritméticas involucradas. -
Cuando se utilizan métodos directos~para la solucidn del siste
ma de ecuaciones linealeé, es importanté el diseno de los algo
ritmos para preservar al mé&ximo el n@mero de elementos iguales-

¢

a cero del sistema original.

Problema.

El problema a resolver es :

La solucidn del conjunto de ecuaciones

Ax=b | - (1)

Donde : A es una matriz no-singular con elementos diferentes.
- de cero dispersos, de orden n, X y b son vectores n-dimensiona

les.

La mayor parte de los métodos directos para la solucidn de sis
temas de ecuaciones liheales son variantes de la eliminacidn -
gausiana. Aunque estas variantes tienden a comportarse de mane
ra similar en el caso de la matriz A‘siéndo practicamente llena,
‘la eficiencia de su éjecucidn con matriées dispersas es bastante
variadd y frecuentemente el algoritmo éScogido puede_afectaf el

.esquema de dispersidn.

" Forma de Eliminacién de la Inversa.

La descompos101on LU de una matriz A, es el producto de una ma-
triz trlangular 1nferlor L y una matriz, trlangular superlor U.

Esto lo podemos escrlblr

A=LU . '(72)

Las columnas de' L pueden ser. consideradas como los factores --

(elementos dlspersos) de lqﬁ@agr;ziL—l,que és’una. matriz-normal---

“mente llena. El 51stema de ecuaciones (1), puede ser resuelto

en forma sencilla por la eliminacién hacia adelante

Ly=D>b. : . (3)



seguido por la substitucibn hacia atrés

Ux=y . . - (4)

Ambos pasos son la solucidn de un sistema triangular de ecuacio
nes y es tal que la estructura de dispersibn de'las matrices L

y U no es altgrada por el procéso. El nﬁmefo de operaciones --
‘aritméticas involucradas es jusfamente el nﬁmefo combinado de -

elementos difefentes de cero en L y U.

Es conveniente hacer notar que por motivos de estabilidad numé
rica y de mantener las caracteristicas de dispersidn originales,

las matrices de permﬁtacién P y Q deberdn ser incluidas en (2)

' ‘ PAQ=LU ' ' (5)

En general, podemos decir que la mayor parte de los sistemas de
ecuaciones a resolver obtenidos de los modelos matemdticos en -
los sistemas de energia\eléCtrica, son num@&ricamente estables y
para propdsitos de la explicacidn sigUieﬁte, omitiremos ‘las ma-
trices P y Q. ‘ ‘



| CAPITULO 1.
Almacenamiento de Matfices Dispersas.
- 1.1 Introducc16n |
En ccmplladores comines,el almacenamiento de arreglos natr1c1ales de dos

dimensiones se efectua en localidades de memoria contlguas i por

ejemplo,para una matriz de orden tres almacenada por columnas:

111721

7 8» 9 localidad

Figura 1.1 Almacenamiento de un arreglo matricial
en localidades de memoria contiguas.

- De modo que cualquier elemento a, i3 del arreglo es interpretado por el
compilador como ; A(I,J)=A(MJ+I-M),donde M es el nfirero de columas para
un arreglo de oxden (M x‘M). Lo anterior significa que al requerir,por e-
jempld ,sun elemento A(3,2),en realidad nos estamos refiriendo é un elemen
to” A(3x2 + 3 - 3)=A(6) com se iiustra en la figura 1.1 .

La regla de expansidn anterior (i,j)=(Mx j +i -M ),*eé'construida en el
éompiladqr,obteniéndose la informacién en forma aptcmética al ‘referirse a
un elemento del'arreglo.

En el caso de matrices dispersas en las-cuéles no se desea almacenar los
elementos ﬁulos , se requiere disenar un esquema de almacenamiento en arre
glos.véctoriales(unidimensionaies) que nos permita referirnos a cualquier
‘elemento (i,j) del arreglovmatriciai'en forméisénciiia. Esta téénica es io
que se conoce como empaquetamaento de matrlces. Al empaquetar una matrlz

dlspersa a camblo de la reducc1on de localldades de memoria necesarias,



se tendr& que aportar una légica de programacidn mas-sofisticadq,ya que los a- -
rreglos utilizados para almacenar la ﬁatriz,no corresponderén visualmente a
un arreglo de dos dimensiones camo los utilizédos en 1engﬁajes de.programa-
cién convencionaies. ‘
1.2 Almacenamiento de matrices dispersas en forma de vectores.

Una vez conocida 1a naturaleza de los elementos de la matriz & arreglo por-
empaquetar, la infofmécién no nula puede ser almacenéda en -arreglos unidimensio .

nales reconociendo los atributos que definen a cada elemento del arreglo,esto es:

I nimero de fila del elemento considerado.
J " nfmero de columna del elemento considerado.
v " -valor del elemento,

En un arreglo matricial convencional,se almacenarian inicamente los elementos
V,pero el hecho de-manejar explicitamente (I,J) obliga a tener una gran cantidad
7. :

de elementos cero almacenados.

1

Se pueden en base'a lo anterior proponer diferentes esquemas para almacenar

una matriz dispersa,variando uno de otro por la forma en que se manejan los a-

.

tributos enlistados y se ilustra con dos de ellos,utilizables précticamente,

1ilustrando su aplicacién al almacenar la matriz:

Y131 Y21 Y13
YEL | Yo Y2 o3
T Y31 Y3l Va3

1,2.1 Primer esquema de empaquetamiento.
En este primer esquema ,se almacenan los treé atributos mencionados en la
seccién anterior,(inicamente para cada elemento diferente de cero del érreglo,

en tres vectores como se ilustra:



11 1 v . |
i
, : > > 11 '
1 i .
1 L3 Y.,
Ry
] Y52
2 .3 Y,
3 1 Yo, |
3 2 Ya,
3 3 b v,

Si la matriz que se empaqueta.es una matriz de_admitancias.de nodo de una red
eléctrica,el ordén de los vectores que se requieren para émpaquetarla seran,dadas
las caracteristicas de simetria de la matrié,si esta se empaqueta completa:
IFILE = N + 2ﬁ (Vector entero) . |

IOOL

N + 2B (Vector entero).

. VALOR

N + 2B (Vector complejo).
donde N es el nfmero de nodos be el nimero de ramas de.la red.

Un inconveniente de este esquema elemental seria que al ahorrar localidades
de’memoria ,se sacrifique flexibilidad por'ieéﬁérifééréé uﬂé>busqueda exahustiva
en los vectores IFILE e ICOL para obtener_algﬁn elemento de inter ‘&s del arreglo.
1.2.2. Segundo esquema de empaquetamiento.

En el esquema anterior se pﬁede observar due en el vector IFILE sefélmacena
informacién redundante, la cual se puede simplificar almacenando la informacidn
ya sea por fila & ?dr columna,suprimiéndose asi el vector IFILE ,& siéndo nece-
sario introducir un arreglo que informe la localidad en que se inicia la infor¥
- macién de la fila 6 columna I en los vectores ICOL,V%IDR?y-qﬁerdéhominérembér.7

INIC.



Inicio de INIC . ICOL VALOR Iocalidad -

_Informacién | I 1 1 Yiq ; 1
por fila. 2 3 —W\’ 3 Y13 2
3 5 2 ¥5s 3
3 Y,, 4
1 Y3y 5
2 Y3, ) 6
N :
3 Y : -7
B S

El orden de los vectores utilizados'seré ahora:
INIC = N (Vector entero).

ICOL N+2B (Vector entero). -

Il

VALOR =N+2B (Véctor compléjo). -
. En este‘esquéma.,la.incohveniencia apuntada en el esquema anterior es disminuida -
ya que al requefirse un elementovdel arreglo, la busqueda deleste se reduce a un
nGmero limitado de elementos de,ICOL,yé que de INIC se conoce el rango de locali-
dades en que se pﬁéde encontrar alojado el elemento buscado.
1.2.3. Tercer esquemé de empaquetandénto-
Lé inforMacién Slﬁacehada’meaiante;el=esquema anteriorfﬁuede ser mgjorada en-
" contenido si se coioca en la primera localidad de cada fila & columa I lo siguien
te: En VAiOR el elemento diagonal de la fila v en la posicin correspondiente

de ICOL el nfmero de elementos existentes fuera de la diagonal como sigue:

INIC  ICOL  VAIOR Localidad.
T L1 v, 1.
3 _\) 3L Y, 2
5 1 Y, 3
3L Y, 4
2 [ ¥y ‘_ >
1 : Yo, 6
2 bl Y., 7




El orden de los vectores utilizados en este esquema es el mismo que envél
esquema anterior pero por la informacién conténidavés mas sencilla la -busqueda
de un elemento de-interés,utilizando INIC e ICOL.

Es conveniente observar que en el caso de matfices simétricas,cuqlquiera de
los esquemas anteriores puede ser modificado a fin de almacenar inicamente una
triangular de ella,pero a medida que se compacta mas la informacién,va resultando
mas complicado el ééceso a lbs elementos del arreglo empaquetado.

Los esq&%as anteriores dan soio_una idea de la técnica para almacenar matri
ces dispersas y en general el esquema utilizado en una aplicacién debe ser’tal
qﬁe se obtenga un buen compromiso entré los requerimiento§ de memoria y la efi
_ ciencia con que se tiene acceso a la informacisdn empaquetada.

1.3. Listas encadenadas. |

La pbsibilidad de empaquetar matrices aun en localidades no contiguas de me-
\

a

moria se amplia grandemente mediante la utilizacién deilas llémadas "listas enca-
denadas". El encédenamientd consiste en agregar a ia informacidén de cada elemen-
to del arreglo empaquetado,ﬁn apuntador que indique la~localidad en que se en-

cuentra otro eleméﬁto con alguna ééracteristica cohﬁn_al considerado,por ejemplo

" en este caso el pertenecer a una misma fila 8 columa.

" Para el tercer empaquetamiento, se tendria ahora una lista encadenada como la

siguiente: _
INIC TCOL VAIOR ISP Localidad
1 1 Y : 2 ' 1
‘ > -1 “11 ,
3 3 Y. / 0 2
\ > 13
3 > Y23 / 0 4
2 Y33 . £ 6 ) ' 5
1 Yoy 7 6
2 s ¥ -0 7 )

El encadenamiento de la informacidn puede ser seguido para la fila 3 como

o



ejemplo. En la localidad INIC(3) se tiene un 5 alma;enado,que como lo indica

‘la flecha correspondiente,apunta a la locaiidad en que se inicia la informacidn de la
fila 3 en los vectores ICOL,VALCR e ISP; En ICOL(5) se almaéena un 2 que_significa que
existen dos elementos’fuera de la diagonal en la fila tres de la matriz Y. En VALOR(S)

'se almacena el elemento diagonal Y En ISP(5) se almacena un 6 que indica que en:

33°
la localidad 6 de ICOL,VALOR e ISP .existe otro elemento de la misma fila. En ICOL(6)
estd almacenado un 1 que indica“ que en la primera columna‘de la fila 3 existe un e
lemento diferente de cero. En VALOR(G) se almacena el valor de este elemento Y31 y
en ISP(6) se almacena un 7 que apunta a la localidad 7 de ICOL,VALOR e ISP indican
do que en esas localidades existe informacién ‘de la fila 3. En ICOL(7) se almacena.
un 2 indicando que en la columna 2 de la ‘tercera fila existe un elémento diferente
de cero ;el valor de este esta almacenado en VALOR(7) (Y. 2) flnalmente en ISP(7) se
almacena un 0,que significa que esa es la Gltima posicidn en los vectores ISP,VALOR

e ICOL en que existen elementos de la fila 3.

Se observa que para almacenar una matriz dispersa como una_listé eﬁcadenada,se re
quiere ademés.de los véctores mencionados en cuaiquiera de los esquemas de empaquefg_
miento presentados,de un vector de encadenamiento conocido como de "siguiente posi4
- cién" ISP de dimensién N+2B y entero. |

La desventaja de requerir un;;eétér Adiciéﬁél dérapunéadofesréé jdstificé amplia -
mente pbr la gran flexibilidad que se 1ogré para efectuar modificaciones en la infor
macidn empaquetada. -

' Se debe mericionar que ia utilizacién de listas éncadenadas para almacenér matrices
dispersas es solo una aplicacifn particular,siendo posible emplearlas en otras dreas

" dentro de.aplicaciones computacionales,
1.3 Médificacién de matri;es empaquetadas. )
La modificacién de una lista encadenada utilizada para almacenar una\matfiz dis
~persa se ilustra utilizando la matriz de la seccidén 1.2 .

1.3.1. Adicién de elementos. ‘ ' -;““”“i

Supbngase que‘la matriz Y estd empaquetada como se-muestra:

<



INIC = ICOL  VALOR ISP  Localidad

y..lo (vy..| 1 11 L]y 2 | 1

i Y3 > > |
Y=o Yy Y] 3 —\_3 Y, 0 2
Y30 Y| Y33 | 5 1 'Y22/4 3
3 Y 19 4
23
2 Y33/6 ‘ 5
1 Y, 7 6
- 2 Y32/0 7

El érreglo antefior se va a modificar para incluir los élementos Y12 Y Y21' Si el
esquema de almacenamiento utilizado fuera secuencial(en'1ocalidades de memoria conti
guaé,se necesitarian localidades de memoria auxiliares para recorrer toda la informa
cidén de los vectores ICOL y VALOR a fin de insertar los elementos que se desea agre
gar en las posiciones adecuadas. Lo anterior resulta imprictico en el caso de matrices
grandes. Sin embargo wutilizando listas encadenadas las modificaciones resultan suma-
mente senc111as Esto se logra agregando Y12 y Y21 y en general cualquier elemento
que se agregue, a1 f1na1 de los vectores correspondlentes y encadenando la informacidn

a 1a de la fila en que se agregan ,mediante el vector ISP como se muestra:

INIC .~ ICOL VALOR ISP Localidad

; Y11 Y1z | Y13 | T s 2 Y, 2 1
Y= 1YY [ Vo3 3,_\ 3 Y13/ 8 | 5
Y31 | Y32 | Y33 5 2 Y, 4 3
o 3 23 9 4
2 o Yzz /Z 6 5
1 ;Y31 70 6

i Ysz‘g/..o- T

o 2 —> Y12/ 0 -~ 8 | |
g o 1 Y54 0 9

W:Ngtgsé WQﬁe se modifica el vector ICOL en la primera posicidn de las filas 1y 2



para reflejar el aumento en niimero de elementos fuera dé,la diagonal de esas filas. El
vector de encadenamiento ISP se modifica en la posicién que contenia un 0 indicando el
fin de “informacién de 1la fila 1 y apuntando ahora a la posicién 8 que es donde se lo
caliza el elemento insertado Y,,. En ISP(8) se coloca un cero indicando que. finaliza

en e;aé posiciones la informacidn de la fila. Andlogamente ISP(4) que contenia un ce

ro indicando el fin de los eléméntos de la fila 2 se modifica para apuntar a la posi .

cién 9 en que se inserta el elemento Y,,,colocidndose en la localidad correspondiente

21°
ISP(9) un cero para indicar el fin de la informacidn de la.fila 2.
1.3.2. Remocién de elementos,
En la misma matriz empaquetada en el ejemplo anterior,supéngase que se desea eliminar
el elemento Y4q. Lo énterior se logra eliminando el encadenamiento del elemento a la in-
formacién de la fila como se muestré:

A\
s

JINIC ICOL VALOR ISP Localidad

Y0 sl e e Yy L\ 1
Y = [0 | Yy, |Y,, " 3 3 wa/‘o . 2
0 | Y, YSS'A 5 \ 1 Y, / 4 3
3 Y, £ 10 4 .
] | 1 Yoo 7 - '5_ o .
b X ’ 2 Yoo > 0 7. .

El elémento de ISP que. apunta a la localidad -6 de VALOR que contiene el elemento
que se desea eliminar (Y31) ,Sé modifica.pgra hacerlo ahoré apuntar hacia la posicidn
en que se localiza ellsiguiente elemento de la'fila; También el elemento diagbnal de
ICOL se modifica para reflejar la reduccidén en el ntmero de elementos'fuera de la
diagonai de la fila. | ’

1.3.3. Condensacién de listas & ''Recoleccidn de Basura'.
'En el caso de procesos de factorizacién matricial en que se presenta el caso de

adicién 6 eliminacién de elementos en el arreglo empaquetado,las localidades.dispo



“

. nibles para realizér el procedimiento‘pueden ser mejor aprovechadas manteniendo una
lista encadenada de’loéalidades disponibles para alojar los elementos que.se crean
durante el proceso. En el esduema'hasta ahora utilizado para ilustrar el empleo de 1:
listas encadenadas,esta lista de loc§1idades disponibles puede ser‘mantenida'en ei mis
mo VectOr'de siguieﬂte posicién ISP ,utilizando un indicador que apunte a la primera
posicidn disponible para alojar un'nueVO elemento creado. El mantenimienta de esta
lista se ilustra en el siguiente ejemplo:

Sea la matriz empaquetada:

INIC  ICOL ‘VALOR ISP Localidad

Y0 Y. 1 1 Y, 2 o

Y= 10 Y Yy | 3 3 Y, 0 2
Yo [0 | Yy, 15 1 Y,, 4 3

3 Y,s 0 4

S Iise |1 Yar 6 5

RN 1Y, 0 6

| | > 8 | 7

/\ 9o | 8

0 9

La variable entera IDISP apunta a la localidad 7 de ICOL,VALOR e ISP que son las
localidades en que puede ser introducido alglin elemento nuevo en el arreglo. Supbngase
que se agrega el elemento YSZ; los vectores se modifican como:

INIC ICOL . VALOR ISP Localidad

Y| 0t Yqsp (1T Yl |2 !
Y = 0 Y| Yy, 13 3 Ys 0] - 2
Y31| Y32/ Y33 L 1 Y22 4 3
: - 30 |Y,, 0 4 *
| o 2 Yool |6 5
A 1) 1, e T
8 2 Y., 0 7
S




Los vectores del arreglo se modifican envuna»forma andloga a la ilustrada en la seccidn
1.3.1. Ahora la variable IDISP apunta a la localidad 8,que es la_nueVa brimera locali- .
déd disponible para alojar un‘elemento. El elemento éorrespondiente ISP(Sj apuntard a la
siguiehte posicién‘disponible y asi sucesivamente hasta encontrar un cero que indicara
el fin de las posiciones disponibles para alojar nuevos elementos en el arreglo.‘

El caso de remocién de elementos se ilustra suponiendo que en el arreglb anteripr se
desea eliminér el elmento Y31.'Las modific;ciones en los yectores serian:

INIC  ICOL VALOR . ISP. Localidad

LYy 0 Yy | 1 N A N

Y = 10 (Y, Yy 3 3 Y1$ | 0 2
0 Yq, |Yeq s . 1 Y,, 4 3

| R O 0 4

\ . IpIsp 1 Yz 7 5

- Te L 1LY 8 6

- _ 2 Yszw/// 0 7

O . | 9 8
| e 9

3y 2hora ha si-

do encadenada en-la lista de elementos disponibles,ya que ahora IDISP apunta hacia esas

Se observa que 1a,loca1idadtqﬁegocupaba,la informacién del elemento Y

locélidades ée ICOL,VALOR: e 'ISP. El elemento correspondiente de IDISP se actualiza para
continuar ellencadenamiento hacia la siguiente‘localidad libre hientras que los vectores
ICOL,VALOR e ISP'se'modifican‘para reflejar la eliminacién del elemento de acuerdo al
procedimiento de la seccidn 1.3.2 .

Mediante el procedimiento ilustrado para‘méntener la lista de pdsiciones de memoria
disponibles,siempre la primera de estas posiciones serd la colocada mas arriba en los

vectores en que se almacena el arreglo,



_CAPiTULO‘Z.
Esqﬁemas de Ordenamiento.
2.1. Intfoductién.

Las matrices de coef1c1entes que resultan del andlisis de SEP,poseen generalmente
dlspersas simétricas y con dominancia diagonal. Resulta importante tratar de mantener
las caracteristicas anteriores durante la solucisn de algin problema en particular.,

Aanlquief procedhnienfo utilizado para mantener la dispersidad de la matriz de -
coeficientes duranée el proceso de factorizacidn para resolver sistemas de ecuacio
nes se reduce,dadas las caracteristicas de dominancia d1agona1 a seleccionar el ele
mento pivote ,en metodos derivados del bédsico de eliminacién de Gauss,lnicamente en
tre los elementos diagonéles de la matriz,obteniéndose implicitamente una buena pre-
cisi6n numérica y manteniéndose la simetrfia de la matriz de coeficiéntes.durante"
'_el proceso. |

\ .
2.2. Matrices de Incidéqcia y Grificas de flujo.

-Una manera simplé dé analiiar la efectividad de_brdenar las ecuaciones de un sis-
tema a fin de pfeservar la dispersidad de'la matriz de coeficientes,es mediante la
aplicaﬁién de conceptos'ébpolégicos'de‘gréficas de flujo y matrices de incidencia

La estructura de una mﬁtriz Y de-orden N se puede repfesentar por una matriz de
incidencia'B cuyos elemenfos‘seréﬁ:

i | bij = 1 Si el elemento y,. de la matriz de coefi
' cientes es diferente de cero.

bij = 0 Si el elemento'ij.de la matriz de coéfi
c1entes es cero.

A esta matriz de 1nc1denc1a le corresponderd una graflca de flijo que se puede cons

truir incluyendo un nﬁmero de nodos 1gua1 al orden de la matriz de incidencia y_donde a

cada uno de los nodos le corresponde una fila y/o columna de la matriz. Estos nodos son
unldos por segmentos de recta si las 1ntersecc1ones entre filas y columas correspondlen

tes a ellos contienen elementos dlferentes de cero.

-~ A comtinuaci6n se muestra un SEP -elemental ,la matriz de incidencia de su matriz de

admitancias de nodo y la correspondiente grifica de flujo:

¥

5



Yo Yool Yys Yyl Yos | 1] 11

Yy Yyl 0 |0 |0 111]0(0]0

Yoql 0 [Ygq|Ys,l0 | 11] O} 110

Yyl 0 [Yy=]Yy,00 tlof1l1]o0

; . Yo, 0 {0 |0 |Ye| [1]of0]0]T
ca) . o b) N ' c)

Figura 2.1. a)SEP elemental. b)Matriz de incidencia correspondiente a
su matriz de admitancias de nodo. c)Grafica de flujo.
Se debe notar que en el caso de SEP y de una red electrlca en general la grafica de
vfluJo obtenida de la matrlz de incidencia de la red ,derivada de su-matriz de admitan
cias de nodo,correspondera a la grifica lineal inherente a la propia red,lo que signi-
fica.que' existirad una‘corresponﬂenCia entre red—matriz.de admitancias de nodd yﬂgré-
fiqa de flujo-matriz de incidencia‘del sistema,que se explota en la obtenéiéﬁ de é~
_ X ) ‘ _
quivalentes reducidos de las redes
La utilidad de estos éonceptos para evaluar la eficiencia de ordenar las écuaciones
en un proceso de factorlzac1on matr1c1a1 derivados del metodo de eliminacién de Gauss

estriban e en el hecho de que al eliminar una Varlable del 51stema de ecuaciones que se

;resuelve se obtendrd una matrlz de coef1c1entes reduc1da que puede a su vez ser re-

presentada por una graflca de flujo reducida. Esta graflca puede obtenerse sin ne
cesidad de realizar el prpceso de eliminacién de la Variable algebrdicamente,simple-
mente eliminando el nodo que corresponde a la ecuécién de la variablé que se elimina

e interconectando todos ios nodos que incidian al nodo eliminado. En el caso de que‘
dichos nodos no estuvieran conectados antes de eliminar un nodo,sé introducirdn ramas.
Lo anterior:podria ser interpretédo,comb‘debido a la necesidad de que el estado de los.
nodos de 1a grdfica que se conectan a través del nodo que se elimina,debe de permanecer
invariable ante la eliminacidn. |

2.2. Efecto de reordendr 1gs ecuacionés de un sistema.

En unavred‘eléctrica,el efecto de reordenar ‘1a numeracién de los nodos de 1a'red,ori-

gina un reordenamiento en las ecuaciones de los nodos (en una formulacién nodal).

Esto se reflejard en la disposicién de los elementos cero de la matriz de admitancias




de nodo,y cohsecﬁentemente en la matriz de incidencia. Sin embargo 1a»gréfica de flujo ,
_ resultard la misma que antes de reordenar. |

Usando la matriz de incidencia y grdfica de flujo del SEP de la figura 2.1,$e pue
‘de simular la eliminacidn de variables de las ecuaciones de nodo,eliminando nodoé de
la éréfi;a de flujo como se menciond en la seccidn anterior,en el orden en que estdn

numerados los nodos:

2 11l 1]
. 111lololo

1
y 1lol1l1]0
1lol1]1]0
1lo]o|o]1

‘Al eliminar el nodo 1 de la grdfica,se obtiene una grifica reducida,que corresponde

a una matriz de incidencia reducida,que a su vez se derivaria-de eliminar la variable -

\

de la primera ecuacién de nodo de la red,como la siguiente:

i

AT B EIEIEIEIE
. P
!
3 RIRINININ:
S ~‘.|//’,’ .l - X B
R | gl 1] 10
R | At gl 1) 1) 0]
1708 8] 8] 1}

?Las lineas punteadas en 1a'gréficé de flujo reducida asi como los # en la matriz de
incidehdia represéntan los elementos que se introducen al eliminar algebrdicamente lé 4
primera variable del sistema.En este caso todos los nodos han quedado interconectados
resultando también una matriz de inéideﬁcia‘reduéida llena. E1 pfoceso de eliminacién

de nodos puede_continuafse en cualquier orden sin afectar la estructura de la matriz

reducida. }

Supéngase que ahora los nodos de la red se reenumeran de acuerdo a la figura siguiente:



110

0y 11 0-0}1
oo 1i1i1
o{o( 1171

Al eliminar la primera variabledel sistema de ecuaciones de nodo de la red,estruc-

turalmente ser”ia equivalente a elimiﬁar al nodo 1 de-la gréfiﬁa de flujo resultando la .

matriz de .incidencia y gridfica reducidas como se muestra:

—_
(e

01100,1_
0-20111 .
070111
HEAREERE

El ellmlnar la segunda varlable serla equivalente a eliminar el secundo-nodo de la

grafica de flu30 resultando

.Igualmente se puede proceder a eliminar el resto de las variables(3

1

11ol0]0]1
'6:1.0’6”1
0 of1\11
ol olt1|1]1
111k 1)1

y 4),momento en que

- algebrédicamente se llegaria al problema de resolver una ecuacidn en una incdgnita.

El ejemplo anterior

ilustra el hecho de que'el simple reordenamiento de

10s nodos de un SEP afecta en forma determinante. -~ la estructura dispersa de la

matriz de coef1c1entes que describe su comportamlento al apllcarse un método de fac-

torizacién matr1c1a1 para resolverlo.

En el caso del ejcmplo se observa que en el segundo orden de eliminacién no se intro-

ducen nuevos elementos en el proceso de eliminacibn,es decir se preserva la estructura



Jde dispersidad de la matriz de coeficientes original. En el primer orden dé elihinaciéh
en cambio,al eliminar la primera variable,esta estructura de dispersidad se destruye
dando 1ugé{aayuna matriz.llena. | |
2.3. Esqueﬁés de Ordenamiento.

Ai aplicar un método de ordenamiento de ecuaciones para resolver un sistema lineal,se
debe dé considerar que esta técnica es s6lo una herramienta péra mejorar la eficiencia
del método de solucién Qtilizado,de modo qhe'su aplicacidn deberd emplear un tiempo de

e3ecuc1on razonable 6 recuperable al flnal de una aplicacién. AGn cuidndo actualmente

‘se trata de obtener un algoritmo que proporc1one un orden que minimize el ndmero de

elementos introducidos durante el proceso de_solucién ,actualmente el obtener dicho
ordén para cada red en particular.resulta'prohibitivo en tiempo de.procesamiento lo que
a causado que se empieen métodos que proporcionan reéultados subdptimos pero que
emplean recursos computacionaleé moderados. Sé presentan tres esquemas de ordenamienfo
subéptimb que.han mostrado proporcionar resultados satisfactorios en aplicaciones de

SEP,aunque las modificaciones a realizar en la presentacidn bdsica para el caso de

-

matrices no simétricas o con elementos diagonales iguales a cero ha sido presentada .

Esquema 1, Este esquema consiste simplemente_eﬁ ordenar en forma aséendente las e
cuaciones de acuerdo al nimero de elementos diferentes de cero fuera de la diagonal
que contengan,d en otras palabfas de acuerdo al ﬁﬁhérq de ramas que incidan al nodo
éorrespondiente de la gréfica de flujo. Se dice queeste, esquema eé'de preordenamiento

estitico porque Gnicamente reordena ecuaciones de acuerdo a la informacién de la matriz

de coeficientes original, En este esquema si dos o mas variables cumplen con la condicién

- de tener el minimo nfmero de elementos fuera de la dlagonal se selecciona la varia-

de ellmlnquggl §1:dos-o maszvatlablesxCumplenﬁcon la condicién antérior,se selecciona

ble de cualqulera de ellas como siguiente a eliminar ,

Esquema 2. Selecc1ona como variable a eliminar ,aquella cuya ecuacidn contiene- el

© menor nﬁmero de elementos fuera de la dlagonal 6 el menor nimero de ramas ‘incidiendo

en el nodo correspondlente en la griafica de flujo reducida en cada paso del proceso

cualquiera de ellas,
Esquema 3. Selecciona como variable a eliminar aquella que al ser eliminada intro-

duce el mencr nfmero de elementos en la matriz d= coeficientes redi:cidda 6 menos ramas

-

>



+

en 1a grifica de flujo corresﬁondiente en éada paso del broceso de eliminacidn.

Se dice que los dos Gltimos esqﬁemas sbn dindmicos porque tdman en cuenfa la infor-
macidn de la matriz de coeficientes o gréfica reducidas y no simplemente la informacidn
de la matriz de_coefiéientes original.

" Los tres esquemas se listan en orden creciente de complejidad y recursos computa-
cionales requeridos para implementarlos. El esquema 1 es el mas simple y requiere
de un tiempo minimo de ejecucién,péro al ser aplicado‘a siépemas grandes produce un nd

mero de elementos creados durante el proceso de eliminacién de variables grande. El es-

quema 2 es el mas ampliamente utilizado por proporcionar un buen compromiso entre.

tiempo de ejecucidn y resultados obtenidos en dispersidad. El esquema 3 requiere
de mayor tiempo de ejecucidén asi como 16gica de programacidn,pero los resultados ob-

tenidos respecto al esquema 2 no son superiores consistentemente.

2.4, Ejemplo de aplicacién de los esquemas dc ordenamiento.

A continuacién se muestra la aplicacién de = las = . matrices de incidencia y
griaficas de flujo,aunadas a los métodos de empaquetamiento présentados en el Capitulo 1
para aplicar los métodos de ordenamiento subdptimos.

Considerando la red de la figura.Z.Z:

R x| xlolx|x 4 3
O X ]e :

' | o o|x|x|x|jo|

H__ Clx|olx|{x|o] 5 7 2

5 1 2 lx|olololx

- Figura 2.2, a)SEP elemental,su matriz de incidencia y grifica de flujo.

La informacién de la matriz de admitancias de nodo del sistema anterior podria ser al

-

macenado en arreglos unidimensionales como se muestra:



INIC(T) ICOL(J) VALOR(J) ISP(J) Localidad
1 3 Yiq 2 »1
2 1 Y12 3 z
4 Yia 4 3
2 Y5 -6 5
1 Y ~ 7 6
21 '
3 Y / 0 7
23 |
2 Yiz 9 8
2 Y25 10 9
4 Y2y n 10
2 Yya 12 1
\ 1 Y41 A//’////413 12
" 3 Y, _____/__9, 0 13
! Tss /15‘ 14
v 1 » Ye, 0 15
0 0 0 16
0 0 0 17
Un - orden de eliminaciéﬁ de variables desde el punto de vista de dispersidad

se .determina, segfin el esquema 1 de ordenamiento ,simplemente comparando el ndmero de

elementos que incide:. a cada nodo de la grifica de flujo. En Jas_arreglos en que se

empaqueta la matriz de admitancias de nodo,esta informacibn estd en las primeras

posicioﬁes de 1a informacién de cada nodo 6 fila de la matriz en el vector ICOL(J),

posiciones a las que apuntan los elementos de INIC(I) . El nuevo-orden de eliminacidn

‘de nodos 6 variables se podria almacenar en un vector NORDEN(I) paralelo al vector INIC(I)

como se muiestra:

(”'-



NGmero de elementos que in- Vector de nuevo orden de

ciden al nodo I. : eliminacién de nodos ,
ICOL (INIC(I)) ‘ - NORDEN(I)

3| - 5

2 ‘ | | 2

2 ' 43

2 ' | o 1a

1 - '_ 1

El orden de eliminacién determinado indica que los nodos del sistema deberdn orde;v_

narse como se indica: - : ‘
l’] .3 X10100]X 4 3
—O 01X |X]0|X
e 0 X|X X0
1 5 2 A — .
4-}___ 00 |x|x|x 1 5 2
T v _ . '
g X1 X]10IX | X . ‘

Figura 2,2, SEP elemental. Nodos reordenados de a-
cuerdo al primer esquema,

~ Para ver el efecto del reordenamiento,se puede observar la eliminacién de nodos en las

griaficas de flujo correspondientes a la red ordenada y sin ordenar:

| 4 3 - 4 3
; A » A | ] N - I - ——I
L3R | 1 5 2
Gridfica de la red original. Grafica de la red ordenada,

L3

"Eliminando. el primer nodo en ambas gréfitas se obtienen las siguientes graficas redu-

éidas:
4 3
q:::::I
)3 7

En la red sin ordenar al eliminar el primer nodo,se introducen tres nuevas ramas,



A

que representarian seis nuevos elementos en la matriz de incidencia reducida de la red,
_En la grafica ordenada,no se introducen elementos.

Eliminando el segundo ﬁodo de la grafica reducida resulta:

Al eliminar este nodo en ambos casos se introduce una rama en la grifica de flujo
reducida resultante. Finalmente la eliminacién de cualquiera de los nodos restantes
en las graficas reducidas no introduceh nuevos elementos en‘ninguno de los dos casos.

El aspecto de las matrices de incidencia en uno y otro caso al final del proceso

de eliminacién seria:

1{1lo]1}1 110001
111|808 001|101
, oj 1] 1|18 011 ]14p
| 1 gl 1|1]8 001 {11
: e slel1| (1|18

Una vez mas,f in&ica elementos que.se intrqdﬁcen en el proceso de eliminacibn y que de .
alguna manera necesitan ser almacenados y:procesados en alg(in momento.

| Envelnesqbema anterior se observa que los arreglos_en.que se almacena la matriz de
admitancias de nodo de la red no se modifica en ningun momento. Si se aplica el esquema
2 6 el esquema 3,se tendria que simular el proceso dé eliminacién de nodos de la grafi
ca de flujo para ir determinando el siguiente nodo a eliminar en el proceso. A continua
cibn se ilustra la aplicacién del segundo esquema a la red del caso anterior.

En este caso,de la informaciép almacenada en ICOL se seleccionaria inicialmente como

nodo a‘eliminér,el nodo que tuviera ei menor nﬁméroidg-elementos conectados a €l. - -

A continuacién se simula la eliminacidn de este nodo,desconectando las ramas correspon

dientes de acuerdo al procedimiento‘descritorgnrla seccién 1.3.2..En ICOL se debe de checar

la"conectividad del nodo que se elimina asi como la de los nodos a &1 conectados ,a fin de

determinar las ramas que se introducen. Al eliminar el primer nodo que seria el 5 de la



figura 2.1.,los arreglos se modificarian como se rmuestra;

CINIC  ICOL VALOR ISP, Localidad ~~  NORDEN
- .
1 2 ' Yo, 2 1 | o
5 2 Y12/ 3. 2 0
8 4 YM/ 0 x| 3 0
11 _\ 5 Yie 0 4 0
14 2 Y, > 6 5 1
1 Ym/ 7 6
3 Yz"/ 0 7
D
2 Y 9 8
2 Y32/1O 9.
4 Y34/ 0 10
2 Y >12. 11
>t Y44
1 Y41/13 12
3 vy "1 13-
43
- o,
0 > Yo SN 14
l 1. Y., 0" 15
51

"7 “Los (*) indican posiciones en las-que ha-habido modificaciones. en ICQL,C‘LSP:pgrq,sifﬂf;Tx

mular la eliminacidn del nodo 5, La grdfica de flujo resultante seria:

2
~ Y no se ha creado ningtn elemento al eliminar el nodo. Para determinar el siguiente riodo
a eliminar,se inspecciona el nmero de elementos que inciden a los nodos de la grifica .:.
reducida ;esta informacién se encuentra en ICOL(INIC(I)).
Todos los nodos tiénen ahora dos ramas congctaéas y se selecciona el 1 como siguiente

a eliminar,

Se procede a simular la eliminacién del nodo 1, Como los nodos 2 y 4 estdn conectados

~al nodo 1 pero no estdn interconectados entre si,se crea una rama entre ellos al elimi-

1



nar el nodo 1 ,como se muestra en la grdfica reducida:

4 -3
/ 11—\\}
’

Y los elementos de los arreglos que contienen la informacién de 1la grafica de flujo re

ducida quedaria n como se muestra:

INIC ICOL ISP localidad = NORDEN'
1 > 0 S| 11 2
s - 2 3 12 Iy
8 |4 ol |3 0
11 11 0 | 4 - lo
14 2 7 5 1
| 1 7 6

3 6| 7

u 2 I g 8

-

2 10 | 9

4 s 0 10

2. _/>_13 11

1 T

3 117 13

0 / 0 14

11/ 40 15

x4 0 ~1e
*?_; ol 17|

_* Elementos creados al eliminar el nodo 1.
Una vez mds se inspecciona el nfmero de ramas que inciden a los nodos aln no elimina-

vdog gpiiqgg(INIQILJ);%?ngs';ps:ngdosféin:ofdenanuiienen'el mismo ntmero de comexiones(2)”

seleccionandose el 2 como siguiente nodo a eliminar. La grafica de flujo resultante seria:



draont =

\\\.
 Quedando los arreglos como:
| e oL ISP Localidad NORDEN
- | 11 0 0 Y 2
St |2 3 - 2 3
8 I 4 | 0 3 .0
11 1 o] 4 , Q
14 0 > 0 5 1
1 0 6
3 7 7
1 > 10 8
| 2| 10 9
] sV _o| 10
1 > 13 N
1 |13 12
i 3B S0 i;ww_:13:'%_m -
0 0 ' 14
1 0 Y
4 ol . 16
2 Lo - 17

Nuevamente se inspecciona el nimero de elementos conectados a los nodos alin no elimi-
nados,resultando que los nodos 3 y 4 tienen el mismo nimero de elementos (1) conectados,
Se selecciona como siguiente nodo a eliminar el 3 ,resultando una grdfica como la si-

gulente: ‘ ' | .



. Finalmente el nuevo orden de eliminacidn proporcionado por el segundo esquema de or-
denamiento seria:

NORDEN

5

1

Si se maneja anidlogamente la informacién de la estructura de la matriz de admitan-
cias de nbdo almacenada en INIC,ICOL e ISP,se puede aplicar el tercer esquema de or-
denamiento. Lé diferencia respecto al segundo esquema seria que habria que eliminar
en cada paso del proceso de eliminaci6n,los nodos alin no ordenados y observar cual
de ellos introduce el menof‘nﬁmero‘de ramas al ser eliminado. Analizando la gréficé de

flujo del ejemplo:

4 3
ﬁ*‘“““““‘]
©
5 1 : Z

La eliminacién de cada uno de los nodos produciria cada una de las siguientes gri-

ficas reducidas,respectivamente:

b 3 4 3 A
. R ¢ . < 3
/ \\ : \\ . /
/ . ! ’ N9 /
Se — — - X2 b % 14 A 2
k=3 k=1 k=1 k=0

" k es un contador de ramas introducidas al eliminar cada uno de los nodos. Se observa
que al eliminar el nodo 5 no se crean elementos y por lo tanto se selecciona como pri

mer nodo-a eliminar , resultando:

-NORDEN

—lojojo|o
i
]
i
i




Eliminando cada uno de los nodos que restan por eliminar se obtendrian.las grafi-

cas de flujo reducidas siguientes:

4 3 4 3 4 SRS 3
- \\ . l/// | \\\\v ///
T2 1 1 o2 1 2
k=1 : k=1 k=1 k=1
Al eliminar cualquiera de los nodos se_intrdduce una rama. Se selecciona‘el nodo 1

como siguiente a eliminar,resultando:

NORDEN h ‘

/
/
/
/
‘l\)é———_—-()(ﬂ
—OIO|OIN

La eliminacidn de cada uno de los nodos que restan,producirian las graficas de flujo si

guientes,respectivamente;
1 ; 4 3
| L

S
(3]
(73]
[}

k=0 k=0 . | -0

Seleccionando como siguiente nodo a eliminar el 2 resultando:

~ NORDEN

— Q] OININ

Finalmente al eliminar cualquiera de los dos nodos restantes no introduciria nuevos. ele-
- mento,de modo que se pueden ordenar arbitrariamente resultando:

NORDEN

=l SR

Aunque'en este ejemplo los esquemas 2 y 3 han obtenido iguales resultados,es convenien



~te notar 1o siguiente: a).En el ejemplo del segundo esquema,se mugstra que al apli-
_qér computacionalmente un esquema dinémico 8 estdtico de ordenémiento,implica manejar
ﬁnicémentexla informacidén de la estructura de la matriz de coeficientes del sistema que
se resueive,iqformacién qug'se empaqueta en vectorés‘enteros,yvque se puede simular
el ﬁroceso de eliminacién en forma sencilla manipulando dicﬁa informacién. b)Existe
un grado creciente de complejidad‘ehtrelesquema y esquema. La diferencia existente .en
dicha complejidad entreel segundo y tercer esquema y la diferencia en resultados obteni
dos ~ han favorecido la mas amplia utilizacidn del esquema 2. c¢) E1 concepto de gré
ficas'dé flujo es una h¢rramienta para evaluar visualmente el comportamiento de diferentes
esquemas de ordenamiento y son la base para simular elimiﬁaciones.nodales o facto-
rizaciones matriciales. | |
2.4.1. Resultados de la aplicacidn de esquemas de ordenamiento.

El efecto dramétié?'de aplicar métodos de ordenamiento en la dispersidad de unaAma—
triz al ser factorizadé,se_muestra en la siguienté figura para la estructura de la ma-

triz de admitancias de nodo del sistema de prueba de 30 nodos del IEEE ,aplicgndo

el esquema 2 de ordenamiento al triangularizar:

P — e
%O KK IR T
20 4% 0o - - - )
XX KoK ® - ; T
Xootox ° ) ’
EOXOXXKRKYK O O
... Bx A oo0o () —_— . R - N
e .. ¥O0B 0O o —_— —————_—— . B __ Ao RXOXR X
o xoows%a - TN o SN T S T
- RGO XK 0O x __mA# ] e ——. R TR T T T
e - . .0 Xa a oo o K S xx
.__KOOO0O0oooXXX%XxQ , 000 o o .0x T X"
T S L oo o o s 7 T .oR
o o _Korx%oo a0 ° —_— ®y o - " Re
e _"maxteos oco0o0x ° — % o
e I TT.R000n%9 o000 o : Xt -7 0
“em —on—e. 800G OO XX o ©90c0 ° T s v & o
e el _ % @O WK @O0 0O o f e o %R 1
XK X O0O o . TR 2 ]
e+ ROOOOAOOOXK OQO ° D % AR
o X0000 000 Q9O KXo ° L R L S . 2
4ew@+w..., 0000009000 K ok o W T T, %o
e —————— . . _MOQQOCO0O O XK L] P B -3 3 3
- e Exazm ° T I awk
—— e - RX nso e, T TTTT T T e g v RO °
e ——__mrg oo REEE S . B ORrRgto o
e e e e .. BOXAKRK L e B ® g %K . X3 0 o0
d e (. MOR 900 0020000006000 00XXx00 % | 3 g0 . SoRgo
e e e e it o e e e ime - = m——— a — .Q"“} . 3 LX-X-] n [ ¥ ¥-1
. RORM® LR RS Q0 06 oKX
(a) . (b)

 Matriz de incidencia del-sistema- de prueba-del "IEEE(30 nodoS). a)Matriz trian-

gularizada sin ordenar los nodos de la red. b)Matriz tfiangularizadé'después'de

.aplicar €l scgundo esquema de ordenamiento.



En las matrices anteriores las X son los elementos originales de las matriceé,mientrasv
que los O son elementos introducidos al triangularizar.

En la siguiente tabla se muestra el resultado de aplicar el,segundolesquemaAde drdeng
‘miento a diferentes SEP de prueba; el coeficiente de dispersidad indicado es la relacidn-
entre elementos cero de cada matriz de admitancias de nodo y el nﬁmerb de elementos

totales de las mismas.

Matriz original Elementos creados al Matriz triangulafizada o

Sistema '~ Coeficiente de Triangularizar Coeficiente de dispersidad
Dispersidad Ordenando Sin ordenar Ordenando Sin ordenar

IEEE. ‘ ,

14 nodos 0.7248 8 ’ 44 . .68367 ’ .5

30 ramas

IEEE , o ' .

30 nodos 0.87555 28 174 : .8444 . .68222

41 ramas : : ' e

IEEE , o _ *

57 nodos 0.93444 118 L "790 . .89812 - . .69128

78 ramas ‘ :

CFE SIN. | |
| 98 nodos 0.96668 33 1 198 ' .9598 .85089
111 ramas . )

IEEE . ‘ : ,

118 nodos 0.96581 172 . | 1692 .95346 .84429

179 ramas| . _ .. . _ | _ B : I | B}

En la tabla anterior se puede observar la forma tan éceierada en que crece el nimero
de elementos diferentes de cero si el orden de eliminacién de variables se haée al azar
asi como la forma en que la dispersidad de la matriz de coeficientes original se mantie
ne mediante la aplicacién del esquema de ordenamiento.

Obviamente la no aplicacidn de un esquema de ordenamiento tendria como consecuencia
un aumento sustancial de la capacidad de memoria requerida péra procesar_uha matriz de
coeficieﬁtes ,asi como del tiempo de ejecucién empleado én procesar todos los elementos
que se introducen-durante el proceso. de solucidén del sisteha_de ecuaciones. Se observé
también en la tabla que resulta mis aplicable e impré%indible un ﬁétodo de ordenamiento

. i

a medida que el sistema a analizar crece en dimensiones.
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NOTAS SOBRE PROBABILIDAD Y ESTADISTICA.

Describiremos la teoria de la probabllldad en términos

e e et e e mmm mm mm e e

intuitivos. ‘
- Iniciamos nuestro trabajo con la nocidn de gue los jﬁi
cios probabilisticos contienen ciertas propiedades ob-
jetivas del fendmeno involucrado deracuequ 9QpAnu?s€—
' tro.conocimiento.empirico.‘El problema probabilistico

' lo enfocaremos de manera que cuantitativémente poda=~~
mos estimar la probabilidad de la ocurrenc1a de algu——
nos fendmenos que es razonable que ' se presenten bajo -
cier tas condiciones completamente definidas. Esto-51g
nifica que no podemos establecer ninguna probabilidad

de un evento aislado. Asi, por ejemplo, 1ma medicién de

energia eléctrica.

Ahora, si consideramos a priori gue existe una cierta
probabilidad de que el error en el valor que asignemos

esté expresado como una funcidn
. p(x) = af (x) ,

necesitaremos calcular a, -la cual caracterlza el valor

‘de la magnitud del error . Entonces, podemos preguntar
éen qué medida depende la magnitud del error de otras
condiciones, como son:la magnitud de la cantidad medi-

da, condiciones del equipo de medicidn, etc.?

En este punto podemos continuar con la suposicién de
que a cada conjunto de condiciones externas le corres-
poncde algln valor definido de a.~En todas las aplica--
ciones de la teoria de la probabilidad, "probabilidad"
- significa la probabilideid de que algln evento, ;laméJ—
mosle A, ocurrird bajd l.a realizacidn dé un cierto cbg
'junto de condiciones S,'las'cuéles en\pfincipio spn.rg

producibles un nfimero inf:inito de veces.



mentos es el resultado del experimento.

Denominamos experimento a cualquier evento cuyo resulta

do no puede ser predicho con certeza.

- Llamaremos espacio de la muestra S, de un experimento,

al conjunto de todos los resultados posibles del experi

mento.

Un. evento es un subconjunto del espac¢io muestra. Cada -

subconjunto es un evento.

Decimos que un evento ocurre si cualquiera de sus ele--

Aquellos puntos que son de interés determinarén el espa
cio muestra a definir. Al mismo tiempo, alguna indica--

cidn del nfimero de veces gue puede ocurrir cierto resul

.tado puede derivarse de consideraciones analiticas del

' experimento realizado y los mecanismos inherentes.

Un evento de un solo elemento A,ces un subconjunto de S,

el cual tiene solamente un elemento que pertenece a S, -
ésto es, si ahi existe solamente una xe& S tal que

xe ACS, entonces A es un evento con -un solo elemento.

Un evento cuya ocurrencia es inevitable siempre y cuando

el conjunto de condiciones S esd presente, se le llama

cierto . 8i el evento A no puede ocurrir cuando el con-
junto de'COndiciones S esti presente, se le llama imposi
Elg- . , —

Un evento que puede no ocurrir cuando el conjunto de con-

- diciones S esti presente, se le llama aleatorio.

Principio No. 1.~ La probabilidad de que el eventé A ocu-

rra, siempre y cuando el conjunto de con

diciones S esté presente, es igual a p.

leyes probabilisticas o estocésticas.

—eee oo - . .-Las -leyes- de este tipo son denominadas - T



Por ejemplo: la probabilidad de la‘péE
dida de ﬁna linea de transmisidn en un
sistema eléctrico de potencia durante
un cierto intervalo de tiempo. El con-
junto de condiciones estd formado por
el nivel de carga_del sistema, de =
frecuencia, voltaje, atmosféricas, etc.
El evento A es en si el hecho de la pér
dida de la linea durante el periodo de

tiempo considerado.

Es posible ‘encontrar mﬁchos.fenémenos en la vida real, -
en cualquier campo del coﬁocimiento,de tal modo que pode-
mos hablar de algfin juicio "bien defiﬁido" de un evento,
el cual tiene una mayor o menor probabllldad de ocurren—
cia. Esto, histdricamente llevo a la construcc1on ax10mé—
tica de la teoria de la probabilidad.

Definamos U como un cbnjunto de eventos elementales. .
Consideremos una familia F de subconjuntbs del cbnjuntoAU

Llamemos a los elementos de F eventos aleatorios.

Las siguientes 3 condiciones deberédn ser satisfechas:

1- _ F contiene el conjunto U como uno de sus elemen--
tos. - '
2- Si los subconjuntos A y B del conjunto U son ele-

mentos de F, entonces los conjuntos A+B, AB, A vy
B son tambidn elementos de F. Si F es cerrado
bajo estas treé operaciones elementales de los --
eventos, designamos esta familia de eventos F -

‘un campo de eventos. El conjunto F formado de es-

ta manera es denominado en la litqratura, un cam-

po de eventos de Boréll .



3- Si los subconjuntos.Al, A2, .oy An’

junto U son elementos del conjunto F, entonces las

sumas A1+ eeot An+ ... de estos subconjuntos

también elementos de F.

Axiomas.

del con-~

son

I. Para cada evento aleatorio A en un campo de eventos F, .

hay un n@imero no negativo p(A) asociado a &l, denomina

do su probabilidad.

II. | p(U) =1

III. Si los eventos Al’ A2, ooy An"" son mutuamente ex--

cluyentes uno al otro¥ entonces .

p(Al+32+ c..tA) = p(A)) + p(Ay) + ... + P(A)
n
= =
= pP(A.)
i=1 *
Propiedades.
S i) P(V) = 0 ; P(V) + P(U) =1 , donde V=§,
junto vacio,
ii) para cualquier evento A, P(A)=1-P(A)
iii) 0 € p(a) £ 1
iv) si A=>B, entonces
P(A) = P(B)
v) P(A+B) = P(A)+P (B)-P (AB)

del axioma I, P(A+B) & D(A)+P(B)

el con-

Si dos eventos aleatorios A y B son tales gue los elemen-

tos de U pertenecientes a A son distintos de ‘los elemen--
.tos de B, entonces los denominamos mutuamente excluyentes

Definimos U y U=V,

como los eventos cierto e imposible.



- 5 =
Extensién del axioma de la suma (I11).

Si el evento A es equivalente a la ocurrencia de por
lo menos uno de los eventos mutuamente excluyentes -

Al, ...,An, ... entonces |
P(A) = P(Al)+P(A2)+ ...+P(An)+,..

podémos reemplazarlo por el axioma de continuidad. -

Si la secuencia de eventos Bl’ B2,,°=, es el evepfo_
imposible, entonces P(Bn)—® 0 cuando n--o0 . La demos
tracidn de lo anterior puede encontrarse en la refe-
rencia 2. '

Si la Gnica restriccidn impuesta al calcular P(A) -
es el conjunto de condiciones S, :entonces esta proba

bilidad es llamada incondicional.

En muchos problemas el cidlculo de la probabilidad se
‘reduce a contar el nlimero de elementos en S y-el nti-
- mero . de elementos en los eventos que son de interés.
Las probabilidades estdn entonces dadas por la razdn
de estas cantidades. Esto es importante cuando esta-
mos construyendo modelos matemdticos para describir
la probabilidad de algfin evento. | |

La probabilidad condicional de Que ocurra B, dado -

que A ha ocurrido, P(B/A}), estd dada por la expre--

sidén siguiente:

P(B/A) = P(BNA)/P(A) , donde P(A)> 0
si P(A) = 0 , definimos
P(B/A) = 0

Decimos gue A y B son mutuamente excluyeﬁtes siy -
solo si ANB = § '



Decimos qu2 2 eventos, A y B son independierntes si

7 .sclo si

P (ANB)

P(A)P(B)

Nota.- Si A y B son independientes, entonces

P (A/B)

P (aB) /P (B)

P(A)P(B)/P(B) = P(A)

Un experimento estd formado de n eventos independien
“tes, si y solo si: ‘
1) S es el producto cartesiano* de 'n conjuntos

Sl' 52’ cees S_ ¥y

n
2) la probabilidad_dg la ocurrencié de un even-
' to de un solo elemento A S, es el producto -
de. las probabilidades de la ocurrencia de -
‘los eventos apropiados de un solo élemento
A; Si’ i=l,2,...n,‘ésto es,P(A)= Pl(Al)PZ(AZ)
...Pn(An) , donde A S, Ai Si’ i=1,2,..,n
y A, Al,'...,An, son cada uno eventos con un

solo elemento.

Supongamos n exhaustivas, mutuamente excluyentes e
2,...,An , de

igualmente posibles ocurrencias -Al,A
las cuales m son favorables al evento A, k al even~

to B,y r al evento AB (r£k y r=m)

- P(A/B) -

r/k = (r/n)/(k/n)

i

P(AB) /P (B)

*~ EI productso cartesiano AxB de Ay B es el con- -
junto de todos los pares posibles (x,,X,) donde
L 1772 :
xleA ) o yx2€B,Qsea,

AxB = g(xl,xz):xlg A,x2e13}.



De la misma manera podemos escribir
P(B/A) = P(AB)/P(A).

Las filtimas 2 expresiones ﬁos llevan al denominado -

Teorema de Multiplicacién:
P (AB) = P(A)P(B/A) = P(B)P(A/B)

el cual podemos expresar en palabras como sigue: la
probabilidad del producto de 2 elementos es igual al
producto de la probabilidad de uno de ellos por la -
probabilidad condicional del otro, dado que el prime

ro ha ocurrido.

Un evento A es estocdsticamente independiente —o sim--
plemeﬁte independiente— de un evento B si la relacién
P(A/B) = P(A)

es v&lida. '

De ello se deriva

P(A)P(B/A) = P{AYP(B)

P(B/A) = P(B)

]

Asf, la ocurrencia del evento B no afecta la probabi-
-lidad del evento A. La independencia es una relacién

simétrica. Si los eventos A y B son independientes,
P(AB) = P(A)P(B)

Un espacio muestra discreto es aquel que tiene un n

"mero finito o un nfimero contable infinito* de elemen-
tos. '

* Unlconjunto S contiene una infinidad contable de -

elementos si es posible'estableéer una correspon--

dencia uno a uno entre los elementos de Sly el con

junto de los enteros. positivos,



Un espacio muestra continuo (unidimensional) es aquel
gue tiene como elementos todos los puntos en algfin in
tervalo definido sobre la linea de los reales.

Se puede demostrar que para espacios muestra continuos,
debemos especificar una reglé para asignar las probabl
lidades a subintervalos continuos md&s que especificar
probabilidédés'para todos los eventos de un solo ele~
mento. Es sencillo demostrar que la probabilidad de -

alglin punto particular en. un espacio continuo es cero.

Podemos asignar probabilidades para espacios muestra
continuos unidimensionales, dada la longitud de S,
L(S), S = {x:a5 x£b }.y dado algfin subintervalo A=

'{2:cﬁx‘—‘d } , Siempre Yy cuando d>c, d<€b y a<4c, en-

tonces ' :

P (A) L(A)/L(S) ; ACS

- El enunciado anterior satisface los axiomas de la -~
teoria de probabilidad.

Cuando llevamos a cabo.una medicién, por éjemplo en -
un sistema de potencia, tenemcs un gran nGmero de --
efectos de tal manera que podemos decir que el valor
de la éantidad medida variard en forma aleatoria alre
dedor de cierto valor. Si repetimos el experimento en
las mismas condiciones (siempre y cuando ésto sea po-
sible), éﬁn en este caso obtendriamos Qalores difereg
tes cada vez. Esta variabilidad de los resultados es
descrita adecuadamente por la teoria de la probabili-
dad, por variabies aleatorias. Podemos decir éue todo
el proceso de medicién es un procéso aleatorio, pues-
to qué la variabilidad de los valores medidos depende
de tantos factores que no podriamos definirla de una

manera deterministica.. Asi, podemos decir que una va
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. /
-riable cuyo:valor estd determinado por el resultado de un
experimento del tipo antes mencionado es denominada varia

ble aleatoria.

Una variable aleatoria x es .una funcibn con valores reales

de los elementos de un espacio muestra S.

Una variable aleatoria x es discreta si su rango forma un
conjunto discreto (contable) de nfimeros reales. Una varia-
ble aleatoria x es continua si su rango forma un conjunto
continuo (no contable) de nlmeros reales, y la probabilidad
-de que x sea igual a un valor especifico en su rango es cero.
La funcibn de probabilidad para X és una funcidn, represen-

tada por P(x), de una variable real x y serd definida por

P(x) = P(X(w)¥x) para toda x real;donde X (w)

es una descripcidn funcional de X.

La funcidn de probabilidad puede ser derivada intuitivamen-
te de la medida de la probabilidad de los subconjuntos del
espaclo muestra y puede ser usada para7producir juicios -
acerca de la variable aleatoria.

La funcién de distribucidn para una variable aleatoria X,
expresada por FX (t) = P(XEt), es una funcidn de uﬁa‘va—
riable real t, tal que; 1) El dominio de definicién de Fy
es la linea recta,-y 2) para cualquier recta real t; :

FX () = P(X,t)

Para una variable aleatoria discreta X, podemos escribir

Fo (t) = > p(x)
4 X=t

La funcidn de distribucidn probabilistica para una varia-

ble aleatoria continua Y, definida por fY (y) es una fug‘

cién de una variable real y tal que: 1) el dominio de f?
es la linea recta y '2) para cualguier nfimero real t
' t
»FY(t),= fY(y) dy

- oo
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Se puede pensar que fYOU'esté midiendo laArazén de acumulacidn

de la probabilidad en cualquier punto t. -

Podemos calcular la probabilidad de que Y se encuentre en el -

intervalo comprendido entre a y b con la expresibn siguiente :

b
P(a< Y<b) = P(as¥Y<Dh) =J fy(y) ady
’ ‘ a '
Antes de continuar con las propiedades numéricas de las varia-
bles aleatorias, vamos alpresentar'en forma breve, una formula

importante para la teorfa de estimacién, la férmula de Bayes.
Foérmula de Baye S, La probabilidad de Ai dado que B ha ocurrido

P (A;/B) = P (Aj) P_ (B/Ai) / P (B)

®

n
donde P. (B) =;% P (A4) P (B/Aj)

La mayor parte de las veces, cuando hablamos de un evento, hay
algunos resultados con una mayor probabilidad de ocurrir y es-
pecialmente hay uno mds esperado, en términos numéricos hay un
punto, donde el valor promedid puede ser encontrado. A este va-
lor se le denomina, el valor esperado. Las dos caracteristicas
mis importantes de una variable aleatoria son su valor esperado

y su variancia o dispersién.
Valor -esperado o esperanza matemdtica.

Si X es una variable aleatoria discreta con funcidn de probabi-
lidad pxbd, el valor esperado de H (x), expresado por E{H (X)}.
estd definido por '

E{H ()} =2 H(x)py (x)
: rango
_ de x '
Siempre y cuando la suma sea absolutamente convergente.
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Si X es una variable aleatoria continﬁa con funcibén de probabi-
lidad fx(m, el valor esperado de H (X) estd definido por

E{H (X)) = JH (x) £y (x) dx
- oo

Siempre y cuando la integral sea absolutamente convergente. Si

la integral o la suma no son absolutamente convergentes, deci-

mos simplemente que el valor esperado no existe.

"E1l valor esperado de X, le denominamos la media o el valor pro

medio de X y lo representamos por iy esto es, )AX==EXXE'

El valor medio de la variable aleatoria localiza el centro de
la funcidén de probabilidad en el sentido del centro de_graveuol
dad. '

La media de una variable aleatoria proporciona una medida del
centro de la distribucidn probabilistica de la variable alea-
toria.

La medida de la variabilidad de una variable aleatoria frecuen
temente utilizada es el promedio del-cﬁadrado de la distancia
~entre la variable aleatoria y su media M. Si X varia relati
vamente poco, la mayor parte de las veces estard cercano a su
valor medio y su distancia promedio de la medial al cuadrado,-
seré rélativamente'pequeﬁa} si X varia bastante, entonces una
buena parte de las veces 'diferird por un valor relativamente
grande y su distancia promedio de la media al cuadrado seré re
lativamente grande. A esta desviacidn de la media al cuadrado

se le llama dispersidn o variancia de la variable aleatoria.

La variancia o dispersidn de una variable aleatoria X, repre-
o 2 - 2 _ _ 27 .
sentada por GX estd definida por 6% —-E{(X,ax) } ;

Su raiz cuadrada positiva le llamamos la desviacidn esténdar

_ 2
de X. BAsi, GX-— GX
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Si hay unidades asociadas a la vafiablevaleatoria X, la dis-
persidn ser& medida con el cuadrado de esas unidades. La -
desviacidn estdndar reviste un especial interés puesto que -
estd medida en las mismas unidades que'las de la variable a-
leatoria. '

La dispersidn puede ser expresada:

2 _ 20 _ 20 2
(S'X—E{(X—}JX)}—E{X} Mx
Es facil ver, que Gi: puede ser calculada como el promedio de

los cuadrados de variable X menos el cuadrado del valor prome
dio de X.

El momento k- ésimo de una variable aleatoria X, es expresado por:
mo=E {%} .

La media o valor esperado v 1la dispersién o .varfancia —--
de una variable aleatoria X son funciones de los primeros dos

momentos de X. El primer momento,.m, esta expresado por:
| - 1.}_ -
m, = E {X = E {X} , €sto es, m = My
El segundo momento m, estd expresado por:
m, = E {XZ} , entonces m, = G§:+ }Ji .

El conocimiento de m, y m, de una variable aleatoria nos permi

tird calcular la media y la variancia de la variable aleatoria.

Estos dos momentos proporcionan informacidn acerca de la parte
media de la ley de probabilidad y el grado de variacidn alrede-

dor del valor promedio.

La funcidn generadora de momentos, o funcidn caracteristica, ex
presada por my (t) de una variable aleatoria X estd definido =--

por: ' :

mx(t) = E {etx.}

Para ver ﬁm:quézink(t) se le denomina una funcidn generadora

de momentos, veamos sus derivados con respecto a t, calculadas
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"para t=0. Como se puede ver, por ejemplo:
mé“ (0) = E{X@} E{X}'=_ml

La expresidn E {(X - }Jx)kj} }Jk se denomina el momento

k-€simo con respecto a la media de X, donde k=1,2,...

.Para: k=1, }J1=0 ;

N

'k=2, .= 6

Teorema:

Para dos variables aleatorias X y Y con funciones generado-

ras de momentos mX(t) Yy mY(t), respectivamente
Entonces, mX(t) = mY(t) sivy so;o si FX(t) = FY(t) Para
cualgquier real t.

Teorema:

Para una variable aleatoria X con funcidn de distribucién

Fx(t), definimos Y = a + bX, donde b 5 0. Entonces,
_ t-a
Fy(t) = Fx( b )

Fy(at+bt) = F (t), para toda t.

La forma estéandar de una variable aleatoria‘x,es la varia-
ble aleatoria 2 =‘(X "Y}Jx)/ G"X .

Es fécilAver que:. }JZ = —FJX/ GX + )JX (1/ NX) =0. vy.
02 = (1/60) 6 ;

asi, la forma estdndar de una variable aleatoria siempre

tendrd una valor medio igual a cero y su variancia igual a

Teorema:

Supongamos que X e3 una variable aleatoria continua con

funcidn de distribuci6n_Fx(t). Si vy = aX2, a>0, enton-

ces la funcidn de distribucidn de Y es



F, (t) 0, -t <0

=-FX('E)— Fy (— g), t 20

'-y la funcidn derprobabilidad'de Y est
= 1 (J£> ' (—J§> t >0
Fylt) = 5—7=% [fx a/) T FX. a/| '’

0 para cualquier otro valor de t.

Teorema:
Consideremos una variable aleatoria continua X, y F(o) = 0.
Si y = X, entonces: ‘
FY(t)‘= 0 ’ ' para t<0
_ = FX(tz) para t=0
y
FY(t) = 0 para t<0 -

2t £.(t) para t>0

" A continuacidn presentamos algunos teoremas que expresan -
propiedades del valor esperado y la variancia de una varia
ble aleatoria.

'Las demostraciones pueden ser encontradas en las referencias.
" Teorema:

El valor esperado de una constante es la misma constante:

E {c} = Jz}c(x) dx = c . 1 =_c¢

Teorema:

El valor esperado de la suma de dos variables aleatorias es

igual a la suma de los valores esperados de cada una.

E {o< +p} =:E:{a} + E {p}
Corolario: El valor esperado de la suma de un nfimero finito

de variables aleatorias es igual a la suma de valores espera-



dos de cada una de ellas.
= B |
E {cxl LR cxn} = E {dl} + E{ocn}
Teorema:

El valor esperado del producto de dos variables aleatorias
independientesciy g es igual al producto de los valores es-

'pgrados de cada una.
e {=pd - rl) =l

Corolario 1: E1l valor esperado del producto de un nfimero
finito de variables aleatorias independientes (todas entre
si) es igual al'prbducto de los valores esperados de cada
ﬁno de ellas.

E{o(l A, Oty ..;cxn} = E{O(l} E{ ocz}..;E f{o(n§

Corolario 2: Un factor constante puede ser sacado Adel_sim~

bolo de valor esperado:
E {c‘u} =cE{a}
Teorema:

La variancia de una constante es cero:

E {[c - £ {c] ]2}= 0
Teorema:
Si c es una conStanté, y si ﬁ = «&cC,

E {Us - Ev{p}]z} = ¢? var ()

6 = Var(p) = c? cyf
Teorema: \

La variancia de la suma de dos variables aleatorias indepen-

dientes ot y p es igual a la suma de sus variancias:

Var (ot+ P ) = Var(x) + Var(p)-

2 2 2
= +
Cop = & * 0
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Corolario: La variancia de la suma de un nQmero finito de va-
riables aleatorias, tales que cada una es independiente del -

resto, es igual a la suma de las variancias de cada una:

Var(o(l + X, +...+o<n)_= Va.r o(l + Varo<2+...+Va1;o<n

funciones de distribucién mis comunes:

Lna variable aleatoria estd completamente caracterizada por
su funcidn de distribucidn.’ Una funcidn de distribucibén in
dica simultaneamente que valores puede tomar la variable alea-
toria y con qu€ probabilidad. En la préctica, sSlo necesita
mos una descripcidn breve de la variable aleatoria de que se -
trate y €sto puede obtenerse de su valor esperadc, su variancia

o dispersidn y los momentos de varios odrdenes.

Llamamos una prueba de Bernoulli a un experimento que solo tie-
ne dos posibles resultados, generalmente denominados €xito y -
falla.

Sea X el nfmero total de éxitos en n . pruebas de Bernoulli indepen-
dientes con probabilidad de &xito p para cada prueba. A X se le
denomina como la variable aleatoria binominal con parametros =--
n y p, entonces: '
Py (%)

-l

n X _n-x ‘ ,
(x) P g 7 x=20,1,2,...,n

=0 para éualquier otro valor de x.

El valor esperado y la dispersién, estén dados por:
- o 2 _
MUy =np; Oy =npq

Consideremos que X es una variable aleatoria binominal con paréa-
metros n = 1 y p. Entqnces a X se le llama variable'aleatoria -

de Bernoulli ‘con pardmetro p.

La variable aleatoria de Bernoulli es simplemente el nfimero de
€xitos que observamos en’una'sola prueba de Bernoulli y tiene -
como funcibén de probabilidad:



Py(x) =p para x=1
= q . para x=0
= 0 | para cualgquier otro valor.

" En muchas ocasiones observamos eventos discretos en un in-

tervalo continuo. Este tipo de eventos estéd definido como

sigue:

En un proceso de Poisson con paré&metro A, eventos discre-
tos son producidos en un intervalo continuo (por ejemplo,

tiempo) , de la siguiente manera:

1) Con31deremos un 1ntervalo suficientemente pequeno, de
longltud h, tal que°

‘

i) = la . probabilidad de una sola ocurrencia del;evento

en el intervalo es aproximadamente Ah, y

ii) la probabilidad de 2 o més ocurrencias en el inter

valo es aproximadamente 0.

2) La OCurrencia,dé un evento en un intervalo de longitud
"~ h no tiene efecto sobre la ocurrenc1a 0 no-ocurrencia
en otro 1ntervalo no. entrelazado de longitud h. Esto
51gn1f1ca que las ocurrencias del evento son estadis-

ticamente indepéndientes una de la otra.

Si ‘observamos un proceso de Poisson durante una unidad de
tiempo, el nGmero de eventos gue ocurren es una variable
aleatoria.

Un proceso de Poisson con pardmetro A es observado duran-
"té s unidades de tiempo.’ '

Sea X.el nmero de eventos que ocurren.

Entonces, llamamos a X la variable aleatoria de Poisson

con parédmetro As.

"Teorema: .

Si X es una variable aleatoria de Poisscn con pardmetro )s,



entonces,

P, (k) (xs)k'e'“/k: Lk =0,1,2,000,...

0 para cualquiér(otro valor de k.

El valor esperado y su variancia esté&n dados por:

px= XSW G§= XS

La variable aleatoria continua més simple es la variable

aleatoria uniforme.

X es una variable aleatoria uniforme en el intervalo (a,b)

si:
1) El rango de X es el intervalo (a,b).
. Y
2) Todos los puntos en el intervalo tienen la misma pro-
babilidad de ocurrir con el valor X (X estd distribuil
da uniformemente en (a,b)).
Teorema:

"Si X esté distribuida uniformemente en (a,b), entonces

f,(x) = 1/(b=a),  a<x<b

0 para cualquier otro valor de x.

Su valor esperada y su variancia esté@n dados por:

2
_ b+a 2 _ (b-a)
My == vy 0y = 12

La figura 1 ilustra la funcién de densidad de probabili-
dad y la funcidn de distribucidn de la variable aleatoria

uniforme.

Dado un proceso de Poisson con pardmetro 'X, designamos co

mo cero al tiempo.en que iniciamos la observacidn del pro-
ceso. »
Sea T el tiempo que transcurre hasta que se presenta el -

primer evento. A T se le denomina la variable aleatoria
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exponencial con pardmetro A. |

Teorema:

Consideremos a T una variable aleatoria exponencial con .

paridmetro A . Entonces,

FT(s) =0 s <0
_ = As
fﬂs)—e | - s>0
=0 para cualquier otro valor de s.

Su valor esperado y variancia estén dadoé por:
— B OA 2—- 2
M =N Or = /X

En la figura 2 se muestran la funcidn de densidad y la -
funcidn de distribucidn para una variable aleatoria expo-

nencial.

La funcidn de densidad probabilistica mds comin es la dis-
tribucién normal. La variable aleatoria.normal se presenta
frecuentemente en problemas pr&cticos. Ademds, proporciona
una ‘aproximacidn prdcticamente exacta a un nfimero conside-

rable de otras leyes probabilisticas.

Una variable aleatoria X se dice que es normalmente distri
_buida si vy solo si su funcidn de densidad de probabilidad
es:

L2, 2
£ (30 = (1/(6 JZ5) {e“‘x‘“) /28 )} para

toda x real.

El parémetro j puede ser cualquier nfimero real y el pard
metro & debe ser positivo.

La figura 3 muestra varias grdficas de funciones de densi-

dad para dos valores de M Y tres valores de 6 . El paréa-
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Fig. 1.- Densidad de distribucign y
Funcion de distribucion de una
variable aleatoria uniforme
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Fig. 2.- Densidad de distrqucién y
Funcidn de distribucion de una
variable aleatoria exponenc1a1i

fx(x)

Fig. 3.- Densidades de distribucién y .
Funciones de distribucion de varias
variables aleatorias normales
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metro M define 1la posicién de la curva "acampanada" y
¢ la hace més o menos aplanada. Para el mismo valor de
iy reduciendo G, la funcidn de denéidad_se hace mis
aguda, lo cual significa que aumenta la probabilidad de

‘'que cualquier valor de x sea cercano a WM.

Al aumentar ¢, se aplana la curva de la funcidn de den-
sidad, produciendo una disminucidn de la probabilidad de

que cualquier valor de x sea cercano a pM.

Teorema:

Si X es una variable aleatoria normal con la funcidn de
densidad de probabilidad definida arriba, entonces la fun
cidbn' generadora de momentos para X es:

. TR
e((tu +t

' 2
m (£) = 6 )/2)

El pardmetro j, en la funcidn de densidad, es el valor es
'perado de la variable aleatoria X y el parémétro 6 es la

variancia de X. }

La funcién de distribucidn para una variable aleatoria nor

mal X es:
t. ' 2 2
Fo(t) = (1/(6'ﬁfﬁ))e(—(x—‘4) /(267)) 4y
-w .
Si Z es una variable aleatoria normal con M= 0, 62-= 1,

entonces a Z se le -dencmina la variable aleatoria normal
estdndar. Su funcidn de densidad es:

2
Cny(2) = 1R e (T(E/2))

v su funcidn de distribucidn es

t

L
N, (0) = | 19T e (T(E/2)) gy

-O0
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La funcidn de distribucidn normal estdndar puede ser utili-
zada para calcular la funcidn de distribucidn para una va-

riable aleatoria normal con valores arbitrarios de n y Z.

Teorema:

Si X es una variable aleatoria normal con media }JX. y va-

. . 2 L
riarcia G'X , entonces,

_ t-
FX(It) = NZ(-—G_E-)

Hasta el momento, hemoé estado viendo ‘los conceptos'bésicqs
de probabilidad para variables aleatorias unidimensionales.
La extensidn al caso de variables aleatoriés multidimensio-
nales estd fuera del propésito'de las presentes notas. Sin
-embargo, lo fundamental estd descrito y puede ser apiicado,
no en forma sencilla, pero para componentes independientes
entre si de una variable aleatoria multidimensional, una -

gran pérte'de las propiedades descritas son vilidas.

En el Apéndice B se incluyen algunos conceptos de c&lculo
matricial,:variancia vy valor esperado para el caso multi-

variable.

Antes de proseguir con las distribuciones para muestras pe
guehas, haremos una breve descripcidn simplificada de pro-

. 2
cesos estocisticos”.

El estado verdadero de un sistema, para cualquier instante
de tiempo, no se conoce  exactamente debido a la interac--
cidn de una gran cantidad de eventos producidos'al azar o
en algunos casos gue parecen ser al azar, que actfian sobre

el sistema.

Podriamos considerar a los procesos aleatorios como la sum
ma de un sistema diné&mico determinista y una variable alea

toria cuya funcidn de densidad cambia con el tiempo.

42



A

Definimos un proceso estoc&stico de orden n como la histo-
ria en el tiempo de una variable aleatoria, la cual tiene
un valor medio, una variancia y todos los otros momentos

hasta el orden n, en el ihtervalb de tiempo de interés.

De una manera formal, definimos un proceso,estocéstico'co~

‘mo sigue:

Tenemos un conjunto de eventos elementales, U, y un paré-

metro contfinuo t.

Ahora, si tememos -alguna relacidn entre el estado del sis-
tema y el pardmetro t, digamos, la funcidn de dos argumen-
tos: ‘ '

X (t) = Ple,t) ; eeU
se le denomina un proceso estocdstico.

Para cada valor del par&metro t la funcidn (p(e,t) es una
funcidén de e solamente y, consecuentemente, es una variable.
aleatoria. '

Un proceso estocéstico puede ser interpretado como una co-
leccidén de variables aleatorias o (t) dependiendo del paréd
metro t.

Podemos describir un proceso estocdstico de dos maneras:

a) Considerar el sistema en un instante dado, implicando

gue en un cierto intervalo de tiempo el sistema no -

cambia, vy

b) considerar que el sistema est& cambiando, afin para in-
tervalos de tiempo relativamente pequefios.
Los procesos aleatorios pueden ser clasificados como, dis-

cretos y continuos.

Los primeros pueden ser representados por un conjunto con-

table de valores discretos en el tiempo, de una variable



aleatoria.

Los segundos pueden ser descritos por una serie en el tiem-
po, de secuencia aleatoria continug, de una variable aleato

ria.

Se puede elaborar una. descripcibén matemitica de la siguien-
te manera: ) '

Sea X un vector aleatorio cyyos componentes son variables
aleatorias y estén pepresentadas por (xl, x2,...,xm), en-
tonces x(t) es un proceso o secuencia de orden n de un

vector aleatorio si y s6lo si el vector esperado ;Jx(t) vy

los productos de los momentos
i J
. T T
E{[ﬁ(tx - “x(t)} [5 (t) -JJx(t)} }
existen para i y j tales que i+j=m.

Para nuestros objetivos s6lo estamos interesados en proce
sos aleatorios de orden 2, o sea, en el vector del valor

esperado y matriz de covariancia del proceso estoc&stico.
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Muestra y Poblacién..

"En el andlisis de un grupo de objetos, individuos, resul-
tados de un experimento, proceso industrial, etc., si el
nimero de elementos gque lo integraﬁ es muy grande y desde
un punto de vista préctico no es posible analizar las pro
piedades de interés de todo el conjunto, serd necesario

‘disponer de un método que nos permita de una manera signi
ficativa realizar el estudio deseado. Este tipo delanéli—

sis se puede realizar,por medio de muestreo.

Llamamos poblacidn al conjunto universal de los objetos.
de interés.

Una muestra de una poblacidn es una parte de los elementos.

de dicho grupo, la-cual'representa a todo el conjunto.

Muestra aleatoria., Un conjunto de observaciones x X

ll
forma una muestra aleatoria de tamafio n de una

2I
.oy xn,
poblacidn cuya densidad de probabilidad es (ﬁ(x), si cada

X; es.una variable aleatoria cuya densidad de probabili-

dad es (f(x) y estas n variables aleatorias sbn'indepen—
dientes.

Distribuci8n de probabilidad de un experimento.

‘Sea x una variable aleatoria.

Al realizar un.experimento observamos n valores de x, de

lés'cuales obtuvimos f., iguales a X1 f2 iguales a x,, ..

1
f . son iguales R
m g a X0

Es facil ver que fl + f2 R fm = n

Podemos definir las frecuencias relativas:
£ £ fm

; h,=-=2; ... h_ =D
n

hy = 2 m n

1 n

Supongamos una variable aleatoria y que toma los valores



vy, = %Xy, Y, = Xy .., Yo Xy ?on probabilidades h,»

Al conjunto de valores hi (i=1,...,m) se le llama
una distribucidn de probabilidad empirica de la variable

aleatoria x.

Tabla de frecuencias. Al arreglo en forma de tabla de
los resultados por intervalos de uh experimento, junto
con sus frecuencias de cada intervalo, se le llama tabla

de frecuencias.

En la figura 4 se muestra la gréfica de una tabla de fre-

cuencias. A esta representacidén se le llama histograma.

Densidad de probabilidad del valor esperado de una mues-
tra. '

Consideremos inicialmente que:

n
¥

A
X =

S

_ A ) .
donde X es el valor medio de la muestra.

Teorema.

Si se obtiene una muestra aleatoria de tamano n de una
poblacidn cuyo valor esperado es‘/ﬁg Y su variancia

O\i, entonces Q es un valor de una variable aleatoria
cuya distribucién tiene media /ﬁ;, Si la poblacidn es

infinita la variancia de esta distribucién'es(Ti/n.'

E1l hecho de que la variancia de la variable aleatoria _
{ sea iqual a G'i /n para muéstras aleatorias extrai-

das de una poblacidn infinita es muy importante.

Conviene describir en este punto una de las relaciones
mis importantes de la teorfa de la probabilicdad: la de-

sigualdad de Tchebichev.
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RESIDUAL ACUMULADO CON RESFECTOA 1.-,001 '
DISTRIRUCION DE FRECUENCIAS

INTERVALO OCURRENCIA FRECUENCIA - FRECUENCIA - ' ;

RELATIVA ACUMUL ALIA

O ",1 57 . 0116 0116
i -2 64 - 131 0247
2 -3 30 B 0061 + 308
3 - 4 51 .104 : « 412
4 - 5 53 - .108 052

5 - 6 96 114 « 634
6 ~- 7 40 082 716
7 - 8 S0 +102 818
8- 9 36 _ »073 .891
? - 10 53 .108 $ 999

RUIERES EL HISTOGRAMA 7 SI | -
'HISTOGRAMA DE LA MUESTRA? TEST

¢S50

+  FRECUENCIA RELATIVA(F.U.).
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T
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+
+
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+
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+
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+000.. LI B 0 & O ¢ ¢ & 0 e 0 L2 B ¢ 0 & 0 * ¢ b2 ¢ oo * & e
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. NOTA.~ EL ORIGEN DE LA GRAFICA CORRESPONDE AL VALOR

MINIMO ¢ 0 ) Y EL VALOR MAXIMOD( ,995749 ) AL INTER-
VALO MAXIMO. ‘
LA LONGITUD DEL INTERVALO ES: .995769E-1 .

Fig. 4.~ Tabla de frecuencias e histograma de una muestra .
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Desigualdad de Tchebychev.

Sea x una variable aleatoria con valor esperado/é(X y

_G‘X su desviacidn esténdar. La expresidn:
_ : 2
- > Z
?g | x =M =t G‘X}_l/t

muestra que si t aumenta, la probabilidad de una desvia-
cidn mayor o igual que t Txvrdisminuye al menos en la
‘relacidn 1/t2. A la expresidn anterior se le denomina la
desigualdad de Tchebychev.

Ahora, si en la desigualdad de Tchebychev substituimos x
por Ky ¢, por 0/ y hacemos €=t §,/yn , podemos
escribir: -
' ~ 2 .

' P {{X = HleQ}é S)E

nEz

Lo anterior significa que para éualquier € >0 por pequelo
que sea, la probabilidad de que X sea diferente de M, en
una cantidad mayor o igual que & puede hacerse tan pe-

guefla como se desee si se escoge n lo suficientemente =~

'grande.

Frecuentemente se expresa la confiabilidad de X como esti
macidn de i, a través de la expresidn GQ/JH , lo cual
- se denomina error esté@ndar de la media.

Estimacidn puntual.

Sea x una variable aleatoria cdya funcidén de densidad
fx(x,e) depende de un paridmetro desconocido 6 y sean

xl, x2, A 4 los valores observados en una muestra

nl
aleatoria de tamano n, de la poblacidn asociada a la va-

riable aleatoria x.
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Un estimador puntual del pardmetro 6 es una funcibn:
g = @(xl, Ros eoer X))

" que hace corresponder a cada muestra aleatoria de tamano
n un valor estimado de 6. Obs&rvese que el estimador 9 es
a su vez una variable aleatoria que para cada muestra tie

ne un valor determinado.

Una propiedad importante de una estimacién es que sus re-
sultados produzcan un valor estimado lo m&s cercano posi-
ble al valor verdadero de una manera consistente. Esto es,

que la dispersidn de_@ sea lo mi&s pequefla posible.

Lo anterior significa que un estimador debe tener las si-

guientes ‘propiedades:

~

I) ® - no-sesgado

II) 607z - minima

La propiedad I establece que:
B{8}=0
Esto quiere decir que la variable aleatoria ® tiene una #

densidad de probabilidad cuyo valor esperado’es igual a:6.

La propiedad II establece que si hay otro estimador, diga

mos 8, gque sea no~sesgado, ésto es,

E {é}= E{8}=09
Deseamos que

”E{(é - 9)2} <E{('§ - e_)'z}
y por lo tanto

2 .2
G5 < Op



Intervalos de confianza.

'E1l valor estimadé del parémetro € correspohdiente a una
muestra de tamafio n, es s6lo un punto, y puesto gque la
probabilidad de que el valor estimado 8 sea exactamente
- igual a 8 es cero, en casos précticos lo normal es que
8 no sea conocido. Es posible sin embargo determinar un
intervalo dentro del cual, con un cierto_grado de con-
fianza, se encuentre el valor desconocido de 8. Asi, se
dice qﬁe el intervalo (a,b) es un intervalo del (I-«)%.

de confianza del par&metro 8, si:
Pmsesbf=1-d

en donde los extremos a,b del intervalo son variables
aleatorias puesto que dependen de la muestra que se to-
me. Esto es, el intervalo (a,b) es a su vez una varia-
‘ble aleatoria. ‘ ' ’
Asi,,suponiendo que un experimento se repite lOO\EcaL en
cada una de las cuales se toma una muestra de tamafio n
y se calcula (a,b), se tendri en promedio que de cada
lOd inter&alos,asi obtenidos, (1l~«)% de ellos contie-
nen el parémetro 8. )

’

Ahora, en realidad se toma una sola muestra de tamafio n
y se afirma que el intervalo obtenido contiene el paréa-
metro 6. Esto puede ser falso o verdadero. Sin embargo,
se tiene una prbbabilidad igual a (1-«)% de estar en lo

correcto.
Los limites del intervalo de confianza para el valor es
perado est&n dados por:

5 'y
etfg:!__g

en donde B depende del nivel de confianza deseado para
la distribucidn de 8. '
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Para el caso en que la variancia de la poblacidn es des-

conocida, se estima cominmente calculando la variancia
2 ' ‘

,ng;de la muestra,.con .lo.cual- los intervalos de-confian

za para la media 6 se expresan:

§ - psy/VRi <0<+ psg/ VA

Pruebas de hipbdtesis.

Definicidn. Una hipdtesis estadistica es una suposicidn
acerca de la densidad de distribucibn de una variable -

aleatoria.

Las hipdtesis pueden ser simples”o compuestas. Si una
hipdtesis especifica los valores de todos los parimetros
de una densidad de probabilidad de una variable aleato-
ria,lse le denomina una hipdtesis simple. De lo contra-
rio, compuesta.

Las hipdtesis admisibles pueden agruparse de la siguien

te manera:
H : hipbtesis bajo prueba

H1 ;o hipétésis alterna

Si bajo la suposicibn de que HO es verdadera se encuen-
tra que los reéesultados observados en una muestra aleatgﬁ
ria difieren notablemente de los obtenidos basdndose en
la teoria de la probabilidad y el muestreo, se dice que
las diferencias observadas son significativas, y habrd
cierta razdn para rechazar la hipdtesis, o cuando menos
no aceptarla. | | ‘

A los procedimientos gue permiten decidir entre la acep

tacidn o rechazo de una hipdtesis se les llama pruebas

dé hipbtesis.
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Se llama regidn critica de una prueba de hipétesis a
aquella parte del- espacio de muestra en donde se rachaza

la hipbtesis H_. La figura 5 ilustra la definicidn.

Regidn Critica Regidn Critica

2.5 %

J

Fig. 5.- Regidn .critica paré H  con 95% de confianza.

Al disefiar una prieba de hipdtesis se elige un nivel de
significacidn, la mixie® probabilidad de rechazar a Ho

cuando &sta es verdadera.

Si, por ejemplo, se toma un nivel del 5%, existen apro-
ximadamente 5 posibilidades en 100 de que se rechace la
" hipdtesis cuando debia ser aceptada.

Veamos un ejemplo con una variable aleatoria normal estan

darizada z. Esto es, /ALZ =0 ; 0’2 =1 , que correspon-

de a la figura 5.

Como se indica en la figura, se tiene el 95% de confianza
en que si la hipdtesis es verdadera el valor de z caerd
entre -1.96 y 1.96. _

Si al extraer una muestra aleatoria se encuentra que el
valor de z cae fuera del intervalo, se dice entonces gue
la hipdtesis se rechaza con un nivel de significacién del
5%.

Se podrian elaborar las siguientes reglas de decisibn:
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a) Rechazar la hipdtesis, con un 5% de nivel
de significacidn, si el valor de z cae
,‘J;fueragdelwintervaio'(f&f96;li96)i*”

b) Aceptar la hipdtesis 'en cualquier otro

caso.

Si se desea otro nivel de significacidn, digamos del 1%,

bastarfa desplazar la regidn critica a los extremos del

intervalo (-2.58,2.58). Como estamos interesados en am-
bos extremosé a eétas pruebas se les llama pruebas de dos
extremos.

Para continuar con el estudio de las muestras, vamos a
describir brevemente las distribuciones asociadas a va-

riables aleatorias normales.

Supongamos que xi(i=1,2,,ou,n) Lson'variables aleato-=~
rias independientes normales. Ademds, el valor esperado
de cada una de ellas.es igual a cero y su desviacibn es-
té&ndar es igual a la unidad. En este caso, la suma de
los cuadrados de estas variables: '
5 n
y = = 2
i=1 71

tiene la densidad de probabilidad -Xz con k=n grados
de libertad. '

La densidad de probabilidad de la distribucidn es:

li
o

£(yy)

para y <0

£ly,) = (10252, k/2)]) ¥/ y*/2 71

para y<£0
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donde Mw) = ftw“l eet at

. \ o
es la funcidn gamma. En particular,

M(n+l) = n! ‘

Como se puede ver, la distribucidn "ji cuadrada" se deter-

mina por un parémetro: el nfmero de grados de libertad k.

Al aumentar el nGmero de grados de libertad,.la distribu~

cidén se aproxima lentamente a la normal.

La figura 6 muestra varias cuxvas -con diferentes grados de

libertad k para la distribucidn "ji cuadrada”.

Distribucidn t de Student.

"Supongamos gue z es una variable aleatoria normal estanda-
rizada, o sea,/{cZ = 0, C; = 1 y v una variable aleato-
.ria independiente de z, con una densidad de probabilidad

'>&2 con k grados de libertad. En este caso la variable

t = z/ Vv/k

tiene-una densidad de probabilidad llamada t o distribu-
cidn t de Student.

Asi, la relacién entre la variable aleatoria normal estan
darizada y la raiz cuadrada de la variable aleatoria inde
pendiente v, dividida por k, se distribuye seglin la ley
de Student, con k grados de libertad.

Al aumentar el ntimero de grados de libertad la distribu-
cidn t se aproxima ré&pidamente a la normal. La figura 7
ilustra un ejemplo. '



2
f(x%) I(xf,)
0.5 4
k=v
0.4 4 ye 9 |
0B o | e e
’ v=4
0.2 7 v=6
0.1 4 v=10
5 T — . —e x5 3 o x3
5 10 15 .20 - X

Fig. 6.- Densidad de distribucién "ji cuadrada”.

V} Vo ‘ . . f(F

V; ,VH

k, = v,
Ky = ¥, >
5 — s o, .
Fvlyué . V;’,Va

Fig. 8.- Densidad ' de Distribucién F .
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Distribucidn F- de Fisher-Snedecor.

Si u y v son variables aleatorias independientes, distri-
buidas por la ley»f&\z con grados de libertad k, y k,
respectivamente, la magnitud

u/k
v/k

F = 1

2

tiene una distribucidn llamada distribucidn F de Fisher-
Snedecor con grados de libertad kl y kzo Su funcidn de den
- sidad estd dada por: ‘ ‘ .

f(x) =0 para x <90
ke, ~2)/2
= COX 1 ‘para x >0
kl+k2/2
(k2+klx)
donde : : .
' \k2/2 k2/2
. -C _ P(kl+k2/2)' kl .k2
o

CPky/2) Tky/2) T T
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APENDICE A
Least Squares Estimator (3)

Let us have a sequence of measurements yl ' yz, 6 0.6 o g ym '

where m is the number of measurements, The measurements can be

written as: measurement = true value -+ noise, Or:

!

y=y tn (A1-1)
: - ~
and the expected value: -
Elyley, - - (AL-2)

Now, the feature of the linear estimator is that we have a linear

relationship between the state unknowns x which are to be estima-
ted, ‘

LYy TRE

\

(A1-3)
We also want that our linear estimates be unbiased: this means:

={n]- 0

and its covariance matrix:
b .

. R=E iqxf} (A1-5)

The th_eorir states (3 ) that the least squares linear unbiased esti

(A1-4)

mate of x is defined as the vector x , which minimizes the
quadratic risk function with respect to x:

: T, '
‘J(x) =(x- Ax) (y- Ax) (A1-6)
- We have to note that the matrix AT‘A “has to be non-sincjular, To

minimize (Al-6), differentiate with respect to % , and equatihg the
derivative to zero, we have:

- _ T T o .
Vx7(x) x=z = 2A7y + 2A AR =0 (A1-7)

and
£ = (ATA)"IATX (A1-8)

To show that {t is a minimum point, we write the risk function in '
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s

the form of the squared norm:

- o "iiHX‘Aiui_.;;r L%q' . (Al=9) -
If y=Ag% , , 3
W T Y

Then J has a.minimum if and only if x = g , where X is given by
(A1-7). ‘

The next step is to show that % ié an vnbiased estimate .

Let us write: :

E {(ATA)"IATQ'} - x,

t
.r—M
[
ot
!
‘—f
U
]

i

a7 ATE {y] - x

t
T -1
= (A"A) AA_}gt X,
- T =0

- This means that X approaches x, and weé do not have any deviation -
of this value., Therefore, X is an unbiased estimate of x.

The covariance matrix of ¥ can be written as follows:

Cov(2) = & {(2-x)(2-x)"]

2 {2 - |

£t
'I—%—\
14>
-
| USRS ]
. [y

= E{(ATA)_IAT}L:&TA (ATA)-lk - X, Ef
Define - ‘. |
B=@'a AT pT-anTat
Cov (2)=E{BXXTBT} - gtg{_f
- oToT] T) T T T +) | T
4E§Bxy_.8a—BE{xxlB BAgr_t;gt +E§q1‘1”8




e

=Ix g_c_TI + BE&qu} BT . (Al1-11)
Then
T Cov(R)

I
=

(A1-12)

(aTa)aTE ‘q oY ] aptay

Weighted least Squares Linear Estimator

Most of the tlmes we wish to assign a relatwe importance to the
measurements. Then we assign some weightmg factors to the risk
function associated with the different measurements_, Thus, we can
write: | | |

T (x) = (y-Ax) W '(g-2x)  (A1-13)

I~n"pra'ctical situations, we generally have that W—1 is a sym-
metric and positive-definite matrix, '

. The es‘tlmate &, which produces a minimum of the "lSk function

can be established by operating on J , as follows:

VT (x) =0 - | - (A1-19)
T T T -]
) . = -x A - A
vﬁI(z)lﬁ:ﬁ v)_c (y X | )W (Z x) x=x
=2atwly +2aTwlax = o
ATwhg-= ATw'lx o _' (A1-15)
el ATwly |
£ =% w” ImytaTw | (A1-16)

The proof that (A‘lv—l 6) yields an absolute minimum requires some
mathematical manipulations that are out of our present objectives,
Reference (3 ) deals with it in detail,

_The ccvariance matrix of the estimate is:

Cov(®) =
E(R) -

gl’—gT}" ERCR  (a1-19)
" (Al-18)

i
X m



&/

‘ 21 -1, To-1. T =1, ,Too=1, -1
E{fcﬁT}= E {(ATW 1y taTwly ywtaatw e K

By analogy with (Al 11) and wrltmg

c=atwla” ATW1~ ,

E{ggT} C{Ax xTAT+ E {:\q‘} ] ct (A1-19)

Substituting (Al-17) and (A1-18) into (Al-19):

A~ — T T T T ' T_ T
Cov(R) = (ax,x A G +CE{ny } cl - xx,
) T T T T
=iz x I+ CE it\q} O -xx
= CE %q qT} cf
= @Twtay” lATW E {qq H wla@Twia™
- | " (A1-20)

We now choose W =E {q "_f} ", which will providé the minimum
variance estimator K] ), In other words, any other weighting matrix

would give us a greater covariance matrix for the estlmated values,

Then, substltuting = {q q } . into (Al-ZO) we have:
cov(z) = A wla taTw lww laaTw iyt
= (ATWflA)°1ATW_l ;A(ATw'lA)"l
= atwlay Tt aTw e alway !
- (ATW“IA)-I
- Cov(g) = (ATR™1A)7 - (A1-21)
Now, if Wl # R, we state, without proof, that the covariance
matrix is: ‘ '
Ay o =1 T |
Cov(z:_l) = C,R " C . ) _ (A1-22)
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whe.re
-1

-1 T, -1
lA) A

w

C. = (ATw X

1

is greater than the matrix (Al-21). Then, we write:
I,

c,rRMc] 2 TR

Thus, oAur choosing of W= R gives us the minirnu_rh variance es-

~ timate., This expression is of more theoretical than practical use,
because in practical applications the exact values of the elements

of the‘cdvariange matrix of the errors are seldom known., However,

it gives us the possibiiity to state that we use some values as cldse -

as possible to the true but unknown elements of the covariance matrix.
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APENDICE " B

~* Conceptos Basicos de Calculo matricial .

La derivada de una matriz A, cuyos elementos son funciones
escalares de 1a,var1ab1e t, estd definida como la matriz cuyos
~elementos son las derivadas de los elementos de la

matriz-
original A. . ) _%T%%‘ o d adw'ﬁ
. E . dt
d-%—fm*n]: y ) ()
d4 - . d '
dd w, _JZJ‘”
T 4t
S IL T IF |
J.(AIB) d A o dB
=t - Te B +—/\ ;FZ (3)
AN LAy dA (4)
o dt T At AR I3 (
S¢ A es cuadvada ‘
B I S o
S N -
d t dt A : (5),
' Definfmos a]’operador de”derivédas parciales métricial,
como el vector ‘ N |
. = o= 2%, | 6)
K7& ‘ Y7[?)*:] N > ' (
27,
2

v
' b
S



como este operador estd definido como un vector,solamente ' -
‘puede ser aplicado a un vector transpuesto,

T { . 1
T R X, Za .o Xm | (7
v;_[mu] X licmy = ig' )
. ng .
2
Qﬁn
V‘ XTV - '
1 Cnx w7

a menos que V[ sea del orden de x,las reglas de diferencia-
cidn similares a (2),(3),(4)y(5) ,simplemente no son validas.

Por ejemplo 'V% (A R

).no puede ser. expresada como

Is ) .
lTa forma (3).Hay unnfygo egﬁg%ial en el cual Tla regla del pro
ducto es valida,el caso de - "3 entonces
‘ ACI%W]BE-M:H] 7 .
: T
viAB = (%A)B + Y B"A (8)

Si E%n*aes un vector- cuyos elementos no son. funciones de q ,
entonces A |

Vg BT? = B " (M.vn ,’\)éc"&'or) (9—4)
. | - o a'lfr( g - |

‘Ahora, en elrcqso dé fokmés cuadraticas, tenemos'
QA= a0 ¢ ax) - (10)

Si ® es una matka simétrica positiva-semidefinida, Opuede
ser escrita como 'sigue '

3= g's



- APENDICE B

.Conceptos Basicos de Calculo matricial .

La derivada de una matriz A, cuyos elementos son funciones

escalares de la variable t, estd definida como la matriz cuyos

elementos son las derivadas de los elementos de 1a

-

original A. d Q, ‘ J a
i - s . N
: dt 4t
lelfYn*ﬂ]f: " o )
dan, 0 d&mm
__Tt . . . (1

dt it T 17
d(ar) da 4B
1t T T B AT
d A® d A, dA
17 T A+A T3

—
>

- matriz-

(1)

'Cs )
(4)

(5)

Definimos al operador de derivadas parciales matricial,

como- el vector. PB R
- 27,
K7- §71Y)*|J é__

217,

2

i E;gﬂ

(6)



como .este operador estd definido como un vector,solamente -
puede ser aincadb a un vector transpuesto,

o B Leore]
T . L g, X (.7
.V-"cnm XLimy = i" . - -. /

. =
2:‘-"' 4
7,)

YV, xT — o

i v x w7

a menos que YZ sea del orden de x,las reglas de diferencia-
cién similares a (2),(3),(4)y(5) ,simplemente no son validas.

"Por ejemplo 'V% (A B

- ) no puede ser. expresada como
[1&WY

mewmy/
Ta forma (3).Hay un caSo especial en el cual la regla del pro
. ducto es valida,el caso de A B ; entonces
Lixn]~twa ] | |
T AT A
VY AB = (7,A)B + VB4 (8)

Si E%n*aes un vector cuyos elementos no son funciones de q ,
entonces

Vg_BT?:B : (Mvn ’Uec'{'or>- (9-4)

—

aT S (Uua matriz ) (9- b)
, 9D =D (s )
Ahora, en el caso de formas cuadrdticas, tenemos

A= a'(=x) 3 ax) (70)

Si ® es una matriz simétrica positiva-semidefinida, Opuede
ser escrita como sigue |

K> = <s'Ts



..£~

(€N

....

Entonces, | Q: .ﬂ.}—_) S aw)

D inuw > A .’-;__Z(x) T= - 4's B E S ()= S n
ée(g_) . v4 = V(AB):(VA)B.,_(VBT)AT '
chvo AT - sa-B |

Va= 2 (va)B

Ve =2(Va)ée
— T : o ' :
V& =2(v a"))8 ac) (1) .
- Un caso especial es cuando & (x)= X
Entonces,escribimos T
. < &= X & %
VQ=2 7(x)F % ]
—2¢ X (12)
Otro caso es cuando tenemos una matriz Bx)=8Bx:'g

T T 1



E1 operador integral puede ser aplicado como se i}ustra ‘

1 e—

| (a4t - - Japdt

| \jAZf)Jf -

‘ . (14)

| _ja-m&)& ; ,,/qw(f)ifw
- | A 1

El1 valor esperado de un vector cuyos componentes 'son variables
aleatorias,puede ser expresado en la forma siguiente.

1

T

rE [X'}‘ ‘f.f(,f(x,)'c! X,
Efxf=1] - L 0s)

. .
AJ {2’,‘} . }x“{m)c{xa |
I E 1

|1

E1 valor esperado para la matriz de momentos de segundo orden

[_z" Y"/ T )Xn]

del vector aleatorio x es

d=E{zx"f=E)|®

[V



el o femd] L,

-l b

donde lo0s momentos _ f. )
/’(4';" E{K'l"}
' | /7
Transformaciones lineales de un vector ateatorio X.

. Sea : , y =Hx E (7)) -

con E {5_§»= 0 , entonces la matriz de covariancia de y
es (podemos sacar H fuera del operador de esperanza matemd-
tica si no estd en funcidn de las variables aleatorias)

-
[

.TZ: E{j _‘ﬂ_ f= E{H’._X_)STHT]:H[E{xKTf]HT

R= H&H (18)

Si E{'éf # 0 , la matriz de covariancia R,se puede demostrar
que,tiene la misma forma que (18).

Si y .esta dado por la expresidn (19) y x tiene el -
valor esperado /4!x_:££6. Calculamos la covariancia de y ,
donde z y A son matrices con elementos constantes.

Y=Ax+ 2 (19 )
Cov ) = efye sy uy e
Eixz™{ = (M(g)ﬂﬁ/ﬁ{x/gjr | (21)

Efyge™g :E{(A;_:+§_)(A_><_+,§)_Tf (22)



.Usando algebra matricial y aplicando el operador de esperanza
matematica, se obtiene la siguiente expresiodn.

Cos (8)= A tomz) AT 9y
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Number of busses = 4 ; Number of Measurements = 8

- True flows perturbed in the 2 % ra- -~ with

S R 1. 0
Triang { At DA} = 1
o

H
[

-0.5454
-0.4808
1

6) Ref.- ''s = Bus No. 1 ; Ref, Voltage Manitude =1,02" “'CAISE A - ‘'random member generator
//'; ' ; ,._,.‘g . ‘A . . . . - {
g True |° * Flows *Measured" Flows | 0 |
‘Meas, # - Bus to Bus P Q "P LT Q .35% E.S,: Random #8§ Weight,W_l
1 1 9 514.8 +j 50.9 | 504.5 +§ 49.9 .052 ©~.9994 | .7895 %1072
2 2 1 -512,8 -j 35.9 -523,0 -} 36.6 .052 . 9969 .8254 x 1072
3 1 3 237.3 - 0,1 239.4 -j 0.1 052 .4260 .3358 x 1072
4 3 1 -235.8 -j 22,4 -235.1 -j 22.3 .052 -.1426 .3316 x 1072
5. 2 4 383.7 ~113.3 +379.8 -j 13,2 .052 ~.5097 .6504 x 1072
6 4 2 -382.4 +1 15,7 -379.6  +i15.6 .052 -,3591 .| ,5503 x 1072
7 3 4 30,8 -j31.2 31,2  -j3l.6 ,052 5754 | 1256 x 1072
8 4 3 - 30.8 258 | - 3l.2  -j26.1 . 052 .5937 | 41225 x 1072
- Optimal order is.equal to 6r'1ginal order using Tinney Scheme 1,
bﬁsses -
1 2 3 4 ] - -
1 [l ] 1.1394 % 10
2 | | 8 .1333 x 107 ; o
gt | o .3113 x 108 .599x107 0 ~.3272 x.10/
= 4. 1 £ ; Diag. elemts of D = .3153 x 10° ; At pa = - .1207 x ‘l‘.O,,'_7 -.5803 x 1’06‘
5 1 -lg ' - .1636 x 103 i o .3852 x 107
6 -1- 1l @ .1636 x 10 s
7 1 -1 = .2866 x 10°
8| RS ESY .2937 x 10° :



‘ .
: 1 _ ‘ ' ITERATTIONS
N | o

1 : 2 , 3 4
1t. Bus 2 | 1.0200 | +j0.0000 1.0120 -j0.0476 1.0108 -j0.0475 1.0108 -30.0476
“It, Bus 3 | 1.0200  +j0.0000 1.0101 -10.0710 - 11,0076 -30.0709 1.0075 -i0.0710
. Bus 4] 1,0200 . +j0.0000 1.0101 -j0.0868 .| 1.0063 ___ -j0.0869 1.0063 -j0.0870
Um= 0.0090 ' +j0.0466 0.0090 +10. 0466 0.0090 +10.0466 0.0090 +j0..0466
. Um=2 -0.0090 __ -j0.0485 -0,0094 -30.0485 -0.0094 -j0.0485 -0.0094 -j0.0485
_Vn= -0.0125  +j0,0717 _ 0.0125. +j0.0717 0.0125 +j0.0717 0.0125 +j0.0717
V=4 -0.0072 . -j0.0709 -0,0123 ~j0.0708 -0.0124 -j0.0709 0.0124 -i0.0709
_Um=5 0.0027 __ +j0.0392 0.0046 +j0.0392 |_0.0046 +0.0393 0.0046 +i0.0393
_.¥m=6 ~0.0011 -j0.0393 -0,0045 _ -j0.0393 -0.0045 _ -10.0394 -0.0046 -i0,0394
L Um=7 0.0003 +j0.0162 | 0.0012 +j0.0162 0.0011 +j0.0163 0.0011 +j0.0163
Vm= 0.0002 -30.0162 -0.0014 -j0.0162 -0.0015 -i0.0163 -0.0015 -j0.0163
T DUm)L | - .1566%105 - .1227#10% | - ,1019%10° ~j ,9976%103 | - ,1014%10°>  -j ,7617#10%|~ ,1013%10° =-j ,7612%10°
4+ DUm)2 | - .6164%107 - .3531%10° | - ,7054»10% i ,3522%10° | - .7060%10%  -j .3525%10°[- .7061m10% -j ,3525%10°
FDVmn)3 | - .6253%10% = .1377%100 [ - ,1557#105 -j .1379%100 | - ,1565%10°  -j .1382x100|- ,1566%105 ~-j .1382%10°
1: Calculated Flows Meas-Calc. Residuals * True-Calc. Residuals
Meas.# Bus to Bus P . Q P : Q p 0
1 1 2 515.3 51,0 -10.79 -1.09 ' -0.5 -0.1
2 2 1 -513.3 =36.0 - 9.73 -0.69 0.5 0.1
3 1 3 237.0 - 0.1 2.36 0.05 . 0.3 0.0
4 3 1 -235.5 -22.4- 0.34 0.07 0.3 0.0
5 2 4 380.9 -13.3 - 1,13 0.15 2.8 0.0
6 4 2 -379.6__ 15.5 - 0.02 0.09 -2.8 0.2
7 3 1 4 80.6 -31,2 0.62 -0,40 0.2 0.0
8 4 | 3 - 30.5 -25.9 - 0.63 ~0.26 0.3 0.1
g ‘ | ' ]
A/ 99.5% | : 1 r1.020 0,000,
]=2.92 ; X .= 25.2 ‘ _ 21,012 f- 2,694
N 104.t, : - Voltage Results 3 |1.010 4,032
Detection Test is Passed ' 4 11.010 (-4.940,

'

|
1
i
I
1
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CASE B S?me as Case A except that a bad measurement

of 0.+ jO0. was assumed.for Meas. 1,

Changes With Respect to CASE A

-1

Dy

w7t = 0.9187x107%

0.1198 % 108

(At DA )p,

Triag. (At DA )13‘

0.1658 » 105

-0.1973

RESULTS  OF CASE B ( 4 iterations )

A ] Calculated Flows = . Meas.- Calc. Residuals
Meas. # Bus to Bus P Q P .0
1 1 2 ~ 62,0 4.1 - 62.00 - 4,07
2. 2 1 - 62.0 -13.3 -461.03 -23.38
3 1 3 175.1 8.8 64.87 8.77
4 3 1 -174.3  -21.4 - 80.88 - - 0.90
5 2 4 415.7 - 9.2 - 35.90 - 3.92
6 4 2 -414,1 . 13.9 34,52 1.72
7 3 4 - 8.5 -33.9 39.69 2,28
8 4 3 8.5 -24.2 ~ 39.66 - 1.97
B ‘ -
99.5 % 1 {1.020 [.0.000
] =3540 ; = 25.2 , _ 2 11.019 /- 0,321
T T1od.f. voltage Results = 3 [1.013 /- 2.974
~ Detéction Test is Failed | 4 11.016 /- 2.739
| . : 4
Largest - ' E
Normalized *~ = Meas., #1 = .-3.78-j2.48 ; = 3.2
Residual :

Measurement # 1 is Identified as Bad. .




(At DA )~

F’

ﬂ
Normalized Flow | -
Residuals 4 -

=

Clearly‘lr , Measurement

| '
ICASE B} Continued

~3.78 -3 .248 1
~2.85 ~-j .144

7360 % 1077 ~,6740 %1077
“ 9075 % 1070 1642 % 10-6
.3416 % 1070

p o |

.702 +j .0957
.668 - j 0099
.355 -} .0388

.340 +j .0171

.698 +j .0397 ' _
.709—j.03512£ , .

No, 1 , is the largest and is the only one that fails the Student - t Test.
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THE AEP STATE ESTIMATION MONITORING AND SECURITY. SYSTEM

J.F. DOPAZO, S.T. EHRMANN, A.M. SASSON and L.S. VAN SLYCK

American Electric Power Service Corporation, 2 Broadway,

New York, N. Y., 10004 (USA)

SUMMARY _ ‘

The‘AEP state estimation monitoring system has been sat-
isfacﬁorily_Fuﬁctfonjng on line. The importance and justifi-
cation of monitoring a power system through state estimation
'calculétioﬁs is discussed in this paper. An intuitive fntrof
ducfjon to staté”egtimation concepts4serves as ,a backgroﬁnd
to the Forma} présentation of the AEP state estimation algo-
rithh. As an aid to those implementing similar projects in
the near Futgre, the paper presents many aetails on the pro-
granning system structure, the meaning of redundancy, the
choice of the.ﬁeasurement system and the implications behind
the solution of the equations in the AEP algorithm, Some
suggéstions are also made on procedures to test and debug:'the
real~time programming system. Fina!ly the present state and
pfans in'thersecurity area are detailed with emphasis on
contingency calculations and voltage'level correction proce-

dures.
CINTRODUCT | ON

The AEP state,estfmationvmohitoring system @nll] is
fully implemented and working satisfactorily. A small number
of companies or countries have already initiated similar pro-

Jects while many others are now considering the installation



i
i

of new computerized control cenfers that will include the%mon-
ito:ing function, .
What are the main cOnsid¢Eations béhind this trend? ﬁll
power systems are monitored to various degrees, whether m?hua
ally or simi~-automatic. :As systems grow and become more chb"
plex, thei; operation becomes more invéived. Security con=
sideratibns demand careful analysis before planned switchiég
:oﬁerations. Loading of facilities and veltage levels have to

be seen to be within certain limits. |In case of unforseen

outages or abnormal system changes, it is increasingly vital

to raﬁjdly assess the ability of the system to perform prop=-
erly under the new present conditions and to Be abTe to ini-
tiate corrective actions as quickly as possible if necessary.
Furthermore, security or reliability considerations make it
highly desirable to assess system performarce under contin=
gent conditions. |

tn order to fulfill better the aone tasks a greater num=-
ber of measuremehts have to be‘brought into the control cen-
ter. Conventional individual meter d:splays are clearly in=-
adéquate if operators have to visually éommunicate with large
numbers of them. In addition, the;e'is_the need for checking
limiting or abnormal conditions which the operatbr would only

be able to do in a slow manner by following each meter one by

one. Furthermore, as it 'is frequently the case, it is not
economical to measure all quantities that aredesired, such as,
all line flows and currents, all voltages and all injections.

While some of fhese quantities are -expensive to get, such as
voltage phase angles wfth'a common reFerence, others may res
_quire the installation of current or potential transFéfmers

at a prohibitive cost in some system locations. The need for

computing some quant]ﬁf§§ based on other quantities being
A :

measured becomes.@ppérgﬁt.

The justification of a real-time computer can be made on

the grounds of gnterfacing between an expanded measurement

system and opérators, presenting system conditions in a -



mean ¢ngful mannéﬁ. Further_justificatiph is based on the ca=
pacity of the computer to péerrm computations that will auto=-
matically check operating {i#its and cpmpute‘non-measuréd
qﬁantities and thus extend énd'complete the meésurement sySw
tem, | _ .

- The Fol|bwing*que§t%onkari$es;ﬁ—What~4f one-or-more --—- < -
measurements are bad, that is, outside the accuraéy rangel
'Cleprly,.if such measurements are displéyed or used to coér
pute others, an erroneous system conditiqn is communicated! to
the operator. It would be frustrating to cdhclude that after
all the expgnSe of installing'an expanded measurement system,
together with its associated and costly communications system
and that of a computerized control center, an erroneous sys-
~tem condition may -be Eepresented because a single measurement
or communication device has become faulty. The basic re-
quirement oF'insuring the validity of the system conditions
communicated to: the operator is—the_céntral task of state
estimation. While it is important to know when some measure-
ments arriving at the control center are. faulty it is equally

important to be able to prbsent system conditions to the
operator without the effect of the bad measurements. Thns is
also accomplished by_stéte estimation. In short, through l
cdmbutations-on incqminé ﬁeasurements,'state estihation quan-
tities commﬁnicated té the operator are guaranteed to be’ .
correct even if some measurements were bad. State esfimation
will not qnly detect and isolate bad measﬁrémenté but will
provide the means for compensating for such measurements,
such that in most cases,‘the presence oF bad measurements
becomes transparent.to the opefator Bad measureﬁents are
announced only for the purpose of maknng them evident so they
can be fixed. ‘ o

‘The point has beern implied, that for proper monntorlng,
a measurcment system cons:stlng of high quality on site de-
_vices, high speed simultancous communication, a real-tlme

computer, state estimation calculations and efficient displays

e O



are neqﬂed; All these pieces have to work together and all
are within present day‘tecHnology, The AEP state estimation
monitoring system has been desﬁgned with the above considera-=

tions in mind and has been performing as planned.

Using the knowledge of present condutuons provided throqgh,

_state estlmat|on, the securlty or reliability oF operation qan
be studied by performing contingency caiculatvonsn An lnporr
tant problem here is the representation of external or xnterqal
non-monitored systems as their reaction to internalvcontinn
gencies must be taken into éccount. This important problem .is
under study now. Another important security function is the

correction of abnormal voltage levels.

CONCEPTS IN STATE ESTIMATION

Consider the measurement of a flow in a transmission line.

If a single meashquent is made there is no assurance that it
is correct for a number of reasons. The meter may have  been
connected wrong or it may be faulty, in which case a bad

measurement results. In any case, measurement devices are not

ébsolutely perFeot and measubement error is always present,
The device could be calibrated every time a measurement is to
be taken which is clearly impractical when frequent measure-
ments are required. In practice, the performance of the de-
vice is derived from the pre;isiqn information given by the
“manufacturer. He will test a sample qF instruments manufac-
tured, to verify thaf they conform to design goals. His tests
will produce the plot of Fig. 1, where 4 is the known mean

value of the measured test quantity. Thevcurve most !fkely

will represent a Gaussian or normal distribution, where most

of the devices will produce measurements close to& , some will

be further out and few will measure even further. The measure-
ments themselves are random events. The average or expected .

value of all measurements will tend towards« the more measure- .

ments in the sahp!e. Clearly it is important to know the

4
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spread of these meaéuhements. The deviations of each measure=
[+ ' .
ment from 4 provides this information. A quantity ¢ can be

computed as follows,

e Om = \[Average[(Measurement ~/()2]

For a normal curve 68% of measurements Fail.withinib-of Al ¢
95% within *2¢and 99% within*30 . The term o= is called.

the standard deviation, and its square thé variance.

Considering our original measuremént of & transmission
line flow, the manufacturer test performance oF'thg instrument
actually used is not known as ohfy-samples webe.testedfi ALl
that 1is known‘isbthét the dev}ce used belongs to a class of
instruments whose sample test results produced a certain stan-
card deviationg .‘ The conclusion can be reached that with a

.09% certainty, the true valué of the'measﬁremént lies within
| i.BUf of the measﬁ%ed value. | | .

To improve on the above result, repetition of the measurem

ment is necesséry. Assuming the device haé a digital readout,
the human error of.reading a scale is eliminated, For the répe?
tition to be significant, different devices should be used.

because the precision of a single deyice does not change from

—

one moment to the next. Each new measurement provides addir~

- tional or redundant information. Their average will be much
closer to the true value the more measurements are taken. It

can happen that some of these measurements are indeed closer
to the true value than the average. This is not important.
What .is of importance is that there is a greater certaiﬁtythét
the avefage is closer to the true value than each individual
measﬁhement;A lniFact, the standard deviation qF the average is
less than o . "It is thus seen that redundancy will tend. +o
~reduce or filter normal measurement error. _

it has bgen tacitly assumed that during theirepetition of

the measurements the flow in the |ine has not changed. |n other

-5-



words, the measurements -are simultaneous in the sense that they

repreégnt the same system cdndjtions,

From a practical point of view different devices will not
be used to measure each flow in each line when a power systgm
is to be monitored. The concept of redundancy and filtering

“enters in a d{FFerent, although related way. Consider that -

a calculation will be performed with the measurement, as for
example, to calculate a bus voltage. In that case the equiv-
alent circuit impedances of the measured line are needed.

Alternatively to saying that a calculation is perFormed with
the flow measurement, it can be said_fhaf a bus voltage
"measﬁbement" is made with a "device”.thét perférms the phys=
ical flow measurement and the computation. Fromlthis Qoinﬁ"df
view, redundanéy in the “voltage measurement” can be obtained
by MQésUring the flow in severalzlines. It is élear!y seen

that information on impedance and on system configuration must

be used. This information is called the model of the system.

Note that the mode} only includes system information used in
the calculations. The measurements on the various !ines must
be taken simultaneously for the computations to be valid.

I'n the power.system'monitoring'application the "voltage
measurement” concept is uséd. While more than one flow mea-
surement. is used redundantly for each voltage, it is also the
case that each flow measurement is used in‘tHe computation of
more than one voltage. In fact, each flow measurément is used
in.the.computation of the voltages at both ends of the Iiﬁe.
In a power system, the nodal voltages;are the minimum number
.of variables that relate to all measurements. Such a set of

variables are called state variables wherefrom the term state

estimation is derived. When all the equations relating the

physical measurements to the voltages through the model are
written down, a redundant setvéf'equaﬁions result, with an
equation for each measurement and éaqh.equation befating the
two line~end voltages. In the éimultaneous solution of these

equations to compute the voltages, all measurements_fnfluence
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the value of each voltage. The epror component of éach mea-
surement” is filtered out in the averaglng process implied in

the solution of the redundant equations. In the same way that
J

the average of a repeated measurement differs from, and has
greater certainty of being closer'to the true value than eachs

component measurement it is also the case that the llne F!Q\S

computed From the resu!tung bus voltages have a greater cer=-

talnty of being closer to the true line flows than theelso!at%d
. . ‘

flow measurement taken on each line. In tﬂis statement it is
being inferred that flow measurements are used to calculate ;
veltages, which in turn are used to calculate individaul line. .
flows. This last calculétﬁonhis a direct one. - o

Why does the solution of the reﬂuhdant equations imply aﬁ'
aVeraging process? As was said, each equation relates a single
measurement to'voltages“through‘the model. If a trial by error

solution is followed, a set of voltages is guessed from which,

in each equation, a flow is computed and compared to the mea-

sured value. From this comparison a better guess of voltages
could be made. It is known before hand that a voltage set
that exactly matches all measurements does not exist because

‘'each measurement contains some independent ‘error component.

If there are n veltages,-a perfect match could be made with

n F]ows at the expense’oF'Iarge deviations for the rest of
the redundant flows. Clearly this is not desirable, ~The so-
luton sought is the one that averages out the deviations
amohg all flows. Methematically, one possible solution is the
one that proﬂuces the minimum sum of squares of deviations
between measured and calculated Flows.v Thus the name least
squares for this solution. .

it is freguently the case that measuring devices used are

not all of the same quality. The manufacturer ététed standard .
deviation will vary accordingly " In a power system current
and potential transFormers, meters, and analog to dngutal con-
verters are used to get a S|ng'e measurement. Each of these

components introduce error into the measurement. The case is
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that in power syétem monitoring the error component of measure
ments &re not all the same. .This information can be taken into
account by tending to believe more, or to put greater wej hé;
to the more accuraté measureme;ts. This can be done by making
fhe:averggfng process a weighted averaged one. In the sum of
squares to be hinimizea, different coefficients or weights'cén
be given to each term tod reflect the various degrees.oF cer=
tainty in each measurement . The. least squares soldtfon will
thén tend to produce voltages whoselcomputed flows aFe closgr
to those taken with more accurate devicesg One. way of choosing
weights is to make,thém be inveﬁsely proportional to the Qar?m
ances of the measurements. This makes each individual term to

be as follows,

[Measured Value = Calculated Value:Iz
U— ’ .

The §a!culated value is an approximation to the avérage,'mean
or true value. For exahple, consider two measurements_takeq
with devices of unequa! precision. A least squares solution
without weights would treat each equally and thus would con-
sider the less accurate measurement to be as good as the more
accurate one. The weighted least squares.-would treat them ,
unequally in favor of the more accurate one. Notice that iﬁ
the weighted least squares case for both measurements the
. éboye term would be equal to.1 if each measurement had fallen
at its own 107 value. o

The above term can also be éeen as a transformation. |If
" for éach point of Fig. 1 the méan»value is substracted and the
difference is divided by the standard deviation; a curve
results haviné zero mean and é Varianée of one. If the Fig. 1

distribution is a normal one, a unit normal distribution is

obtained. In the unit normal, a comparison for measurements:

taken with devices with different accuracies can be made with
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the same scale.

Because the calculated value is an approximétion to the
mean value, the weighted sum of sduares_is also’a point in a
curve of sums of unit normals. Such a curve is called a

‘ , L
chi~sguared distribution., .It is interesting to note that in a

~problem with no redundancy th e weighted least _squares solution __ ..

exact!ly matches the measurements independent!y of the Qeights°
Furthermore the sum of squares would be zero. There is no
averaging eFFectrtakfng place, the Flow,meaéunements producing
voltages that in turn produce ca1¢ulated'FLows equalntoAthe
measured ones, Only when there is redundancy does the averag-
ing or filtering effect takes place aﬁd the sum'oF‘squares'is“
poéitive. The redundancy, that is the excess of measurements

over voltages, is given the name degrees of freedom. Keéping

the concept of degrees of freedom in mind( the statement made
previously that the unit normal has a oo equal to 6n¢ is -
analyzed in relation to the chiﬂsqugred distrjbufionb \From
the definition of the standard deviation, it can be seen that
the unit normal‘sqﬁared has an expected value equal to 1. The
following intuitive reasoning will show thét the expected
value of a chi—squére‘distribution is equal!tojits dégrees'of

freedom. With n'vvbltagés or state variables, it has been

.stated that the weighted sum of sduares or chi'squared distri-

bution has a value of zerb, independegz'of the.measuréméht'
values, when there are N measurements. When the degrees of -
freedom is one,'tHe first contribution to the sum of squares

is made. The contribution of that single unit normal squared

term has an average value of 1. Thus the average of the

term sum of squares is also 1 and it can be said that the
expected valué of a chi-squared d}stribution with 1 degree of
freedom is equal toAl; Every additional term increases both
the degrees of freedom and the average by 1. There is thus.a
family of chi-squared distribufidﬁs, one for each degree of
freedom, as Shown'in Fig. 2. -

The chi-square distribution. plays an important role in the

e



detevtion and identification of bad measurements, that is |
measurements that grossly differ from the true value by many:
o values of the device usgd.} Considervthe case where one
_such'bad measurement exist. That measurement by deFinition;-
does not belong to the 3T range of the normal dfﬁtributioni
of the device: )

Knowing ﬁﬁe degrees: of freedom of the-particﬁ]ar problems
at hand, a chi-square distribution is fixed. The value of
the chi-square (the horizontal axis on Fig. 2) that includes
99% of the area below the curve is tﬁeoretically the maximum
value or boundary attainable by the yeighted sum of squares
if all measurements were within 30 of their paéticu!ar stan=-
dard variatidn. The presence of the bad measurement will
produce calculated values that for some terms will differ from
the méasured value by more than their individual 30 , thus
-making the sum'oF‘squaﬁes exceed the boundary Forva 99% confi=
dence ., Nptice_thaj it has not been said that sum of- quareé
term cofreéponding to the bad measurement is necessar?lylgrge.
'Iﬁdeed, it may berthatlfhe calculated and measured values at
the bad measurement location are ciose. However, this is at

the expense of other terms becoming large. It is this charac~

teristic that maKes the chi-squared bad data detection test so
powerful . _ ‘ - . '
Having detected the presence of bad data, the problem
remains of identifying which is the»badvmeasurement. It has
been hentioned that the expected value of a chi—5quared distri’
bution is equal to its degrees of Freedom. Consider that the
calculated vdalue of the sum of squares .is taken as an apﬁroxi~
mation to the expected value. Then the ratio of the sum of
squares to the degrees of freedom is a measure of how much the
sum of squares differed from the expected value. A ratio
somewhat near to one implies that the indfvidual standard
deviations used with each measurement corresponded to the
normal range of its'measured minus calculated values. A larée

ratio suggests that at least for one measurement this
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correspondence did not occur.  |f all measurement variances

o
are increased by this ratio, then correspondence wil! have been
forced to exist.

The term measured minus calculated value is called a

measurement residual. That residual is itself also a random’

_variable. _1f_ different compimte~setsgofumea&urement dev-ices- - -

were used to gather sets of measurements; and each set was
used to solve the redundaﬁ£ equations by minimizing the
weighted sum of squares, a set of residuals corresponding to
each measurement would be obtained. Each of these residuals%
describe a normal distribution with an expected value of zero.
The standard deviation of this distribution can be computed
from theoretical considerations withqut the need 6F.obtaining
sets of measurements;, extracting this ianrmation from the
redundancy present in ﬁhé measurement system., ‘The following

transformation from normal to unit normal can be made:

Measurement Residual - Zeroc
Standard Deviation of Measurement Residual

The zero is the mean value of the residual. In the same way

that measurement standard deviations were all increased by the

ratio obtained from the chi-squared distribution, the measure-

ment residual standard deviation also becomes increased by this

‘same factor. Theoretically the effect of the factor is to

increase the standard deviation of measurement residuals such

that the residuals of good measurements are enclosed within

the 3T range around the mean of zero. If the effect of the . .

factor is omitted and the results of the above transformation

»rankéd from.large to small values, the:resfdﬁal of the bad

measurement would tend to be at the top of the list. Intui-

tively this can be inferred considering that the effect of a

bad measurement is so strong, that the normal possible range

of all the other good measurements within their individual 30

will result in a smaller residual standard deviation for the -
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bad measurement than for the good ones. As in the above trans=-

formation the standard deviation appears in the denominator,

it will push the bad measurement term towgrds’the top of -

. | 4 . .
the list, even if its actual residual was small. With the
inclusion of the factor, the whole list is scaled down such"

that in the unit normal transformation the'good measuhement'.
terms will tend to be smaller than 3 with a 99% confidence. ?n
practiée, it happens that the Faétér cannot‘be'combutedexactjy
from the chi-squared distribution as 6nly one point of that
distribution is available and the approximation was made to
consider that point to be the expected value. The error in
the factor mékes the transformation be inexact anhd instead of
traﬁsFormingvinto a unit normal'it can be shown that it tFansé
forms into a very similar distribution called the Student-t
ﬂistribufioh. In fact, for degrees of freedom {arger than
about 30, the unit normal and the Studentmf are practically
identical. The effect of the Student-t is that the 99% confi-
dence insteéd of being at a level of 3 is at a number somewhat
smaller thaﬁ 3. The Student-t test to determine which of the
transformation terms is the largest of those above the 99%

confidence level, is called the bad data identification test.

The importance oF-the factor is that it makes.the bad measure-
hent identification more clear cut. QOccasionally it mayhapben
that several measurements are closely beyond their 3¢g- levels
such that the chi-square detection test flags the existencel
of bad data. The Student-t identification test finds that the
largest term in its ranked list is smaller than the 99% confi-
.dence level and concludes that no clear cut bad data exists. |
It was mentioned that the standard deviation of the resid-
‘ual d}stﬁibutioh can be computed from theoretical considera-
tions. Similarly, the standard deviation of the state vari-
ables, the voltages, and that of the flows themselves can be
also be'ébhbuted. Aééumfné tﬁéértﬁe éalcﬁfatedﬂQaf;é(is an
approximation to the mean, that value plus or minus 30  gives

a range in which the true value lies with a 99% confidence,
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assuming that the voltage and flow distributions are normal.
D .

These 30" ranges are called confidence limits. A small confi-

dence limit implies high accuraéy.

THE AEP STATE ESTIMATION ALGORITHM

In this section the equations of the AEP state estimatioﬂ
algorithm will be summarized relating_théiﬁ.presentation to
the concepts discussed previously. .

Line flows are measured at both ends of mosﬁ l'ines. ~The

FolloQing equation can be written:
§ =3 (F)+€ | )

where Sm is ‘a measured flow, Sé is a ca1cul§ted line power '
flow as a function of the state variables, the complex model .
voltages E and € is the measurement error. It is assumed that
3 belbngs to a distribution having zero mean and a diagonal -
covariance matrix W:leach diagonal term being the variancé of
the particular error. Egs. (1) are a redund;nt set of equa-"
tions. Its solution is obtained by minimizing the weighted

sum of squares

e
m

'J(E) - 5 -5 ) "W (s -5) (2)

Eq. (2) can be algebraically.trensFormed into the Fbﬁm

=y _ ot _ o '
J(E) = (vm vc) "~ D (vm - vc) | : (3)
‘wherc v s the element voltage across‘a l'ine, D a diagonal
matrix with |
| wilE.]2 _
T (4)
z
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and z -}s the impedance oF the Ixne where measurement j has
been taken. The relation between Egns. (2) and (1) infer that
the minimization of J(E) of Eq.l.(3) implies the solution of

the following redundant set,

v. =v (E)+V | (5)
m . c .
where v is taken as an element voltage “measurement” com=
m
puted ‘From the corresponding physical measurement 5 , the
impedance characteristics of the line and the nodal voltage E

at the measured end of the line. The term Ve :s the d:fFern'
ence of line end nodal.voltéges E, which in terms of an inci=-

dent metrix A can be written as

v = AE+Y - (6)

In the above equations simultaneity of ficw-measurements
are assumed. |t is to be noticed that the algebraic tansfor=-
"mation perFormed transForms-the non!inear problem (1) into a
-lineér problem (6) én which the nohlinearity is buried into -
the “measurement”

The minimization of J(E) of Eq. (3) with respect to rec=-

tangular components of E is accomplished by solving.

3J(E) _ ,t — =
dE A D (vm - Aﬁ) -

(7)

where the‘term Cvm’- AE) is an element voltage residual 'vector

and v has been assumed as constant and independent of E. As
m

this is not strictly true,'the,solution of Eq. (7),
E=to )yt At o v (8)
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has to be iteratively repeated after Vo has been updated for
the newovalues obtained for E. One bus voltage'is assumed
~known and used as reference. |

In Eq. (8) no actual matrix inversion takes place. Trian=-

gular Gaussian factorization technuques and sparsity are used

-~ to solve these llnear ‘equations, . ~

t = - . '
(A DA)E=AtDvm | | (9)
The importance of the algebraic transFormatfon performed to
get Eq. (3) is now apparent. The (At D A)matrix has the prop-
erties: ‘ o

1, Sparse, permitting the use of sparsity technfques.

2. Symmetrical, reducing by half storage requirements.

3. Constant, allowing the triangularization to be made once

for all iterations,

4. Real .decoupling Eq,(9) when rectangular components are
used and reducing storage requurements by another half.
Once convergence is obtained, then the chi-squared detec-u

tion test described in the previous section can be'performed;

“to see if J(E) satisfies the inequality

= 2 . - .

JE) <Xk b2 - (10)

h 2 is the th tical val f a chi-squared dis-
w ere;(k}b/z s e eoretical value of a chi-square s~

tribution for k degrees of freedom and a probability of con-
fidence.b . . If inequality (10)3i§ not satisfied this is taken

to mean that the existence of bad data has been detected. The
dégregs of freedom is twice the difference between the number
of complex measurementé and the number of complex nodal volt-
ages to be estimated. _ _

Once bad data has been detected it is identified by per-
~Form|ng the bad data identification tests on egch measurement

j. and finding the largest one for which,
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o (V. =7V ). - zero

>t p/2

sv/bgl - diag[A (At D a)7! thj | 1(11)
where tk;,b/Z Js the theoretical value of a S;Qaenf—t dis=
tribution for k degrees of freedom and a pfzgdbiiity of con=-
fidence b. The term s is the Factbr mentioned in the pre-
vious sect}on in relation to the property that expected value
of a chi-squared distribution is its degrees of freedom,

Tk

The confidence limits of voltages E is given by

C.L.(E) =-SV/g;ag[(At D A);IJ, ' o A‘ (13)

and those of Flows'by

C.L.(8) = sy/diag[K(A® D A) k"] (14)

where X is the Jacobian of P with respect to E for C.L. (P),
or K is the Jacobian of Q for C.L. (Q),

VPROGRAMMINC SYSTEM STRUCTURE

Up tovnow,'the mathematical considerations of state esti-
mat ion Have been mentioned. A real-time process confrol com-
puter.must be available in the control center to perform these
calculations and its programming system developed. There must
be programs which interface with incoming measurements and
pnograﬁs which define the problem models before any state
estimation computations may be donei - Furthermore, after state
estimation tHene must be programs that communicate results to

operators., In ths AEP control center this is done through
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'CRT’s ‘and through lights on a mimic board. The AEP pro-
.gramminb system structure is'presentedﬁih Fig. 3.

The teleprocessing prograos ihterFéoe with Jncoming.mea%
surements and peoiod{cally schéoule ths other modules unless
a breaker status has changed in wh|ch case the schedu|xng is
done immediately. The Conflgurator | programs analy e brecker

status to determine open- lines and separatsd substat}ons. The

Configurator 1| programs determines a basic'configuration con~

sisting of energized lines whose Flow measurements are avall—“
able and then analyzes the connect|V|ty of the system through
»that conF:guratron to determine separated subsystems contalno'
ing a reference voltage measurementf The Valndator performs a
pseudo~detecfion tssf by‘oompsring the thsonet;callchx—squared
bound to a sum oF-squares in wHicH the oaloulated vafues are
the most recent pastvrésults and the ﬁeasured values are the
‘new ones just read. I the tss£ es osssed: there is no need
to process the new measurements as the past results are stlll
valld. The Estlmator | programs pePForm all the non-iterative
portions of the Ieast 5quares solutlon algornthm, specxally |
the formation and trlangularlzatlon oF the (A D A)matrix and
the optlmal orderlng. The Estlmator 1] module performs the
iterative calculations descrlbed by éq (9) until convergence
is obta;ned. Line Flows are then computed in Flows Followed
 by the performing of the;Detector‘tests. ln case bad data is:
dotected;'thé ldentifier programs are used. |f there. is noﬁ
béd dsta, then Limits computes the conFidence‘limits-described
in Eqs. (13) and (14) for output purposes. The Screenjprograms
'ioterfaoe witH the QRT'S and drives them upon request entered
- via»the keyboard. Similarly, fhe Bosrd progrsms iotehface with
"‘and drives ‘the lighfs of a large mimic board. o
The“basic interfaces between modules‘shown on Fig. 3 are

intended to show the adaptive oharaoterfstics of. the program-
.ming system, by which only those modules that are stnfctly.
required for ‘the particular conditions.at hand are scheduled.

Impressive gains in efficiency are made this way and. justify
f

, .




he weedsd complexity of the proegramming structure and inter- .

*~

facas ., o

"OTHER TOPICS AND CONCEPTS IN A MONITORING SYSTEM’

Globa! vs. local redundancy

Redundancy has been shown to be the key concept for fil-
tering, detection_and ?dehtiFipation.' Thé degrees of Freedom
definition given is a measurguof the redundancy of the whole2
measuring sysfem, Fhe gldEal redundancy. Howeveh:this glbbaL
’figufe does Hot guarantee proper gstimatqr perFormance every-
‘where in.the systeh'sincefthehe may be localized Sect}ons
where‘the redundanéyfis nonexisting, as for examplé, in a
radial line with only one flow meaéurement. Locally, that
'measureMent and the voltage to be estimafed.atbthenradial end
of the line balance out leaving no local redundancy. In fact,
the radial end voitagelwill“adjust itself fhrough the.soldtfcn
 dF the equa£ions such that thé'compgted;Flow on the I{ne.v
exact!y matches the measurement, with no filtering. Detectibn 
and iaentification/oF bad data on that measurement is impo§;
sible. Ref. 15 discusses this }n more depth.. |

Solution process-

A " To gain a deeﬁer insighf into the.@eaning of the solution
-Qbocess and its relation.tb_fhevmeasukemeﬁt.gystem; Eq. (7)
should. be analyzéd. -Thése:are the set of simgltanéous equa-
tions solved, one equation per nodal‘vdltpge'state variéble.

In words Eq. (7) says that the algebraic (A); sum of all the

weighted, (D), element voltage residuals, (v. = AE), corre-
.o S i m :

sponding to all - flow measurements on lines connected to a bus,

(A), is equal to zero. -Considering the radial line with one

measurement, the equatipn.oF the radial end.bué has.only‘one’

t-rm, a + D, multiplied by an e¢lement voltage residual, equated
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to ;eré This Forces the reb;dual to be zero and defines the-
'radlal end voltage to correspond exactiy with the flow mea=
surement. |f the radial line has two flow measurements, then
there are two terms in qu (7) and the radial end voitage ig ‘
ad justed to correspond to the we ighted average of the two |
flows. Th}s aQEraging of two measu%ements-%s_§ ?iltering pro-
cess., If one of these measurements is bad, it wiWiihedetectédz
mainly due to the large flow residuals that will be obtained
on‘both measurements after the averaging. However, identifi=
cation is not’poSsible because there is not @& third'piece of
indepehdenf lnFormatuon to dec:de on a two out of three basis
whuch is the good one. In student=t identification test, this
case will show as two.equal and largest terms on- the ranked
list, and the action:taken is ‘the removal of both measurements,

the good with the bad one. Notice that this leaves the | ine

without measurements making imbossiblé the eétimation of any -

flows on the line or the radial end bus voltagé; That voltage.?.

would not appear in'énylof.the Egns. (7). Another conclusnon
that can be reached by studying the solution of Eq. (7) csthat
KlrchoFF's current law forcing currents or Flows around a node
‘to add to zero. is not used anywhere in the formulation.
Kirchoff’s voltagé'law forcing the difference in element vo!ﬁ—
ages around a loop to add to zero, while not difectly used, is
inferred by Eq. (7) when several equations are added together.
For a detailed treatment of the solution process Ref. 15 is

recommended,

Measurement system

From the above remarks on loéal redundancy and its relatien
to filtering, deteéﬁion and identification, it is clesr that

.the location, number and type oF;maasurements to be installed

has to be chosen judiciously. |F there are many loops in the
system, flow measurements at both ends of most lines is suf-
- ficient. On a radial string flow measurents on both ends of
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every line is a must For proper detection but insufficient for
identiFizatioh of a bad measurement without Eembving a good
one along with it_and leaving tbe rest of the radial étr?ng
hanging in the air as far és thé'estimator equations are con-
cerned. More measurements are required on the radial string%
As f!ow measurement |ocations have been exhausted, this lgav%s
two other types of measurements possible: bus voltage or bus
injection measurements. Of these two, the voltage one is to
be preferred as it will preserve the.eFFicient four charac-
teristics of the solution process mentioned in relation to

Eq. (9). These vbltage measurements should be processed as
recommended .in Ref. 12, Inject}oﬁ measurements ﬁéduce'the
efficiency oF the algorithms., For a good treatment of the
processing of injection measurements with the AEP aigorithm

Ref. 14 is suggested, complemented by Ref. 15.

Mode! and parameter uncertainties

For proper estimation it is necessary thaf_the.correct con-
Figuratioh mode!l is obtained and th¢ correct'impedénce aqd"
off-nominal tap parameters are used. An interesting property
oF'the.AEP algorighm is introdﬁced by the algebraic transForf
mation used between Eqné. (2) and (3). A ym'quédtity is COm;‘
puted from the flow measurement, |ine impedance and fap. Thq
resﬂlting v 1s used as if it were a measurement . Obviously;

v could bg bad dué to any of its three poséible components.
Thus, when a measurement i's identified as béd, it may not mean
that the actual flow measurement wés bad. Impedance and tap
errors were found this way during the final check-out tests of
the AEP estimator. | -
| Mode! errors are not identified precisely. dnly deener-
gized lines that are assuméd to be in seﬁvice cause bﬁoblems.
This is usﬁally untikely to occur if the line is taken as open

if deenergized at any end. That is, bad breaker information . -

must be received from both sides, Even then, the Detector
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Flogy hed daﬁ&.andg what is very uaefu!,'tﬂe identificator
will tendto flag as bad measureﬁents that are on lines in the
same loop as the incorrectly modeled one. The effeét of this

" is to break the IOOp.leaving theﬁline in question as part ofia
radial string where its damage is isolated to onjyithat string.
In effect, the mode! error has been neutralizea. More onlnodél
and parameter errors and their identification c?n_be found in‘

Refs. 13 and 15. . | . | “

Debuqging and implementation strateqy

For an efficient implementation of a real-time programming
system as the one for monitoring a power system, it is heces-
sary to prdceed inAceftain ordered steps. First, certain
essential programs aré written and independently tested under
simulated data for whicH results are known. Next, these pro-.
grams can be interfaced and again tested under simulation. At
that time limited, open loop real time‘testing can start slowly
" adding the various other modules dF the programming system.

Finally, full real-time, closed loop, testing can take place.

Led

This ordered approach was found very useful in implementingthe )

AEP system. No program is really complete and no inter?ace.is

final unti! the whole programming system is debugged. A strat-

egy is recommended by which.changés in the design of programs
‘are not frozen at any intermediate step in the implementation
process because much is learned about the performance of the

programming system during al] phases of implementation.
RESULTS

Fig. 4 presents actual results of the AEP state estima-
tion monitoring system on June 4, at 10:10 a.m. A map of the
monitored system consisting of approximateiy 60 busses and 80
lines is prepared off-1line and displayed on-line on a cluster

of Four CRT’s. Numerical results are superimposed on the map
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in various modes. The one presented in Fig. 4 displays line

Flows (P° and Q) wuth a dot signalling the P value alongsudethe

line, voltage magnitudes inside the substatlon box and voltage
. phase angles nearvthe box. The magnltudes are in per;ent and;
the angles in degrees, wHﬂ\onedecimal always implied. When'
measurements are missing or bad, and they can not be determih?d
from other quantities,'MM'or BB is displayed instead of the
numerncal value._ !F a substatuon is separated SS is dtsplayid
in place of- the - voltage magnltude and no phase angle is dlSm .
played. Nothing is dlsplayed on lanes and the: busses they are
connected to when their valid measurements could not be used
because their correspond:ng lines were in an |solated subsys-‘
tem with no reference voltage measurement évaolable, '
| Fig. 5 presentanﬂmerical results corresponding to the same
case shown on Fig. 4. fheSe printed output_results arevhot.
considered nbfmal means of output, they are intended more for

checking purposes.

MONITORING AND SYSTEM SECURITY
: |
The enii.ncement of the security of operation through moni-
“oring was discusséd in the tntroductlon of this paper. In
this section some of the concepts nnvolvung contingency studles
and voltage level corrections using the information availab[q
through real-time results wil) be discussed. A proposed con-
tingent situation is a non-existent one~andAthus cannot be
mpniﬁored. Through monitoring reliable precontingent system
operation information is obtained. For an island sy#tem, the
last‘sﬁate estimation results may-be sufficient as ‘a data base
from which contingency analysfs may be made. - The data preci- .
sion inFOfmation derived from the conFidenceA”iMits of resul-
tant estimated quantities may be used as input to a stochastic
load flow [16] contingency analysis; For interconnected sys-
tems; the vital problem of the reaction of external systems to
contingencies must be considered. Th{s problem

is under Study
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now and preliminary results available at the time of this writ>
ing éncou%agingly point to a satisfactory'solutjon}.BaSiélyr
while external system conF}gurétioﬁ and loadings aré not khown,
the known reaction of the externél system in past tlme as'
viewed from the monito;ed system, contains lnFormatuon thatnmy
- make possible the broper model ing of its future reactlon.under
contingent sftuationg.‘ Thé stochastic load flow also plays a
roile here. _ |

| 'Finally, on thevquestion‘6F’voltage_lchl-coﬁrection,.the
role oF optimal load flows, or operation Security load flows as
they can be called, together with reliable data From the mon=
Wtoring system, appears to hold much promise. A precise answer
tb the voltage correction problem is not néedeé in one step
since the monitoring makes it possible to follow the effect of

a sequence of corrections step by step.
CONCLUS | ONS

In this paper, the importanée and justification of cen=-
tralrzed computer monitoring of power systems. through state
estimation has been presented as viewed by the authors. Sta-
tistiéal concepts behind the.staté estimation have beén intro-
duced in intuitive terms to serve as a basis.Fof-the presenta-
tion of the AEP algorithm and pfogrammfng,éystem. Other con-
cepts that compliment and extend the understanding of monitor-
ing was discussed. The conclusion can be reached that the AEP
expériencevhas shown that: o _ | ' |
1. State estimation.monitoring is feasible with present”tech-

nology. This has been confirmed by months of on=line reafn

t ime experience at AEP.

ro -

Such items as number and location of measurements, pro-
grammlng syst.em . structure and dssplay 5/stems have to be
JUdICIOuS’y designed for the overall 'success of state esti-
mation monitoring. The problem is indeed much more complex

than that of the solution algorithm ltself although this
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4

plays a central réle in‘qverall perforhanceu Mu;h needs to
be done %omputationally in the related éeéurity area, although
it seems clear to the authors that the approach described in
this paper appears technically and practxcally feasnble in the
‘near future. At AEP work in this dtrectton is in progress at
this time. Through the combination of monitoring and security
calculations in a centralfzed computer, an impressive step for-
ward is taken in assuring a rellable operatxon of power‘systemso
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ABSTRACT

This paper presents design criteria and performance results of
the AEP real-time monitoring and contro! computer system. Included
is a description of the computer system hardware and the associ-
ated application software. The various dispiay modesare described.
The paper alsoinchudes real-time results and computer system avail-
ability performance. Jmmediate future developments are outlined.

INTRODUCTION

In 1969, managemen! al American Electric Power approved a
new real-time contro! computer project for its energy control and
dispalching cenler i Canton, Ohio. The objectives of the new sys-

- fem were to.monitor the EHV fransmission network {0 provide system
operafors with reliable, real-time information about the state of the
network and the status of its components. In addition, the system
would perform the eccnomic cispalch and logging functions then
operating on a second generation computer, (1) which was installed
in1964.

All the real-time functions have been implemented on one
moderate size process contro! computer. This paner will describe
the hardware components and software design of the computer sys-
tem. It will discuss the display system-opera‘or interface and
present cost figures and results. Fulure developments regarding
tie stiution of the system securily problem wili be mentioned.

" SYSTEM DESIGN OBJECTIVES
Overall design objectives for the new conlro! system were:

1. Limiting the scope of the project to real-time functions
which include:
creation of a real-time data base.
- the cconomic dispatch of power plants.

the monitoring of the transmission network by com-
ptiational techniques that would produce results of
assured accuracy and reliability for decision making
purposes. ‘

< {he acquisition of dala 1orregulatory teporting, inter-

company billing, and sysiem operator records.

. 2. Utilizing a single process control computer for the real-
time functions and interconnecting It to a general purpese
host computer for the off-line functions.

3. Crealing a modular design thal would permit handiing of
future problems, such as contingency analysis and sysiem

‘ Paper T 76 0369, recommended amd approved hy the TFFE Power Svstem
tnginceding Compttee of the 1LEE Power Fagineering Soctety o presentation at

the TEEE PES Winter Mecting and Tesle Symposiom, New Yok, N, fanoary

25.30, 1970, Munuscnpt subnutied September 2, 1975, made available tor printing
October 3, 1975, :
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security, with tomorrow's solutions as well as tomorrow's .
hardware cosls. .

4. Developing a staff of engineering personnel to handle the
interactive process of problem definition, mathematical
formulation wnd the selection of solution techniques. This
staff is essential to the continuing suppor! and solution
of power system operation problems as viewed from the
real-tinie lahoratory of the control center.

Based on the design objectives, research was ‘initiated in
1969 pertaining to lhe solution of the real-time generalion/trans-
mission operaling reliabitity problem. The implementation of this
syslem embraced analysis, design, simulation, promiamming, and
{esling and was carried out during the 1970-1975 periodt by a slaff
that ranged between 4 to 7, depending upon the project stage.-

" HARDWARE

CENTRAL COMPUYER AND PERIPHERALS

The AEP control computer is a dedicated, real-lime system
which provides the functions of stale estimation of the EHV nelwork,
study-mode and control-mode economic dispaich, and meégawatt hour

Jogoing through a variety of display interfaces 1o system operators.

To provide alt these functions, the compuler required a number of
input-output interfaces such as process 1/0 terminals lo interface.
with existing analog Load Frequency control equipment; extemal
interrupt structure “to inlerface with modemn display devices such
as CRT's, CRT keyboards, and a Dynamic Wall Display Board; and
binary synchronous communication adapters {o interface with other
computers at remote locations. Secondly, a high degree of reliabil-
ity was necessary because a second computer to provide a back-up
function was not planned. Finalty, a simpic-to-use, proven, and

relatively maintenahce-{ree operating system was required. Figure
1 presents the hardware interfaces required for the contiol computer.

Five different computers were evaluated and an IBM 1200
with a 64 thousand word (16 bil) core, utilizing the MPX real-time
muttipropramming executive was selectéd as meeting all the above
criteria. Two floating point processors complete will software
support for FORTRAN or Assembler Language progiams were added
lo impiove calculation speed. Additional hardware includes 1.5
Million words of disk storage, a line printer, a card reader/punch,
3 console typewrilers, and process !/0 such as analog inputs,
digital inputs and outpuls, and exlernal interrupt stiucture.

The average monthly availability of the system for the 19
month period between January 1974 and July 1975 was above 99
per cenl. The system has been on sile since January 1972 and
required only one complete operating syslen generalion since then.

- DISPLAY SYSTEM

Theie aretwo basic display devices used atthe conlrol center:
a cluster of 4 CRYT's and a Dynamic Wall Display Board. The CRT's
and Keyhoards were supplied by Dola Disc, Inc. and interfaced
through extemal process interrupls and digital outpol terminations,
A Gould eleclroslatic printer is connecled to the CRYT system for
hard copy and can reproduce any display diagam. The Display
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Figure 1. Control Computer Interfaces

Board System was supplied by Mavel! and Quindar and is interfaced
through external process interrupts and a digital output register.

A map of the EHV transmission system largely following
geographical lines is impressed on the 4 CRT's. For each measured
line end, one of the following display quantilies may appear:

- numerical real and reactive computed line flows.

- numerical current and MVA compuled values.

- xxx indicating a line is open at that end.

- (blank)indicating that flow calculations for the line were not
possible even though the measured flow was received in the
computer because the line was either eleclrically or mathe-
malically disconnected from a path to a reference bus.

= mmm indicating that the measurements were missing.’

- bbb indicating that the measurenient has been identified
as bad.

In the case of missing or bad data, it is usually possible to
calculate numerical flow values from the voltages at the terminals
of the line. These are then displayed inslead of MMM or BBB.

. For each electrical node or substation, the voitage magnitude
in per cent and angle in degrees are displayed. There are Lhrce
possible display modes for each substation:
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- numerical values of vollage magnitude and angle.

- (blank) indicating that the node is eleckically or mathemati-
cally disconnected from the voltage reference and numerical
calculations were impossible.

- sss indicating that the node has separated into two or miore
nodes as a resull of circuil breaker operations. .

The cluster of 4 CRT's is updated only on request by the
operator via a keyboard, allowing him to smdy a static map for any
length oftinmie. He has the ability lo obtain a hard copy of the screen
contents on a Gould electrostatic printer via another keyhoard re-
quest. Thus, there is fogic to insure that the contents of all screens
refer to the same state estimation case. Figure 2 presents a haud
copy of the CRT cluster contents for conditions derived from 123
measurements on June 4, 1975 at 10 hours, 19 minutes, and 47
seconds. All line flows are adjacen! to the darkened squares with
the real flow above the reactive flow and a positive guantity indi-
cating a direction “‘away from'" the node. Voltage magniludes (63)
are within the node box and angles are near the box. Figure 3
presents additional information about the calculated line flows
such as confidence limits, and the normalized and unnormalized
residuals. Figure 4 presents the confidence limits for the bus volt-
ages and angles and displays the reference bus availability and
its vollage. I a slation separates, its new configuration is printed.
Other than the new configuration print out, information on Figures 2
and 3 is used for diagnostic purposes and is nol normally available
to the sysiem operator. 1t is planned to have a confidence limil
display in the future.

Outside of the control room, there are single CRT's that can
display on request any of the four screens described above. Renote
CRT displays at regional control centers can be made ava.ilablc.

A large Dynamic Wall Display Board is criven by the control
computer. Appropriale. signals ate sent to activale lights on the
Board to reflect the following conditions:

- open-close position of circuit breakers.

- de-energized, energized or overloaded condition of a trans-
mission line or transformer.

- direction of power flow'in a line or transformer.

A memory of the current state of the Display Board is kept in the
contro! computer in order to drive the Board only on changes from
current conm tions.

The Board is driven directly from the compuler withoul opera-
lorintervention, in contrast to the CRT displays that require an oper-
afor request for an update. The normal use of the Display System is
for the operators to view the Mimic Board te obtain a broad, non-
numeric overview of system condilions. When breaker operations,
line oulages, overloads or change of flow directions occur, the oper-
ator can use the CRT's to study cerlain numerical values. Before
giving clearances for planned ouldges, the CRT's provide the de-
tailed numerical information required for decision making, In add-
ition; the effect of the clearance can be followed by making a CRT
request once the Board updale ieveals the oulage has occurred.

SOFTWARE

The algorilhms developed to estimate neétwork vollages from
line flow mecaswurements, to eslablish nelwork configuration and

. connectivity- from circuit breaker and measuremenl stalus, and to

detect and identify bad measuiements have been previously reported.
This section will discuss the software operation and design,
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The MPX aperating system supports multiprogramming with a
fixed number ¢! partitions. 1t allows overlay program structures and
also supports the scheculing of programs into one partition from
another Dd[tt“Oﬂ These two features were used extenswely in oyr
Syslem design. A functional cnre map of our system is presented in
Figure 5,

All core sizes aie expressed in 16 bit words. The Common
Aiea is shared by all partitions and conlains the following lypes
of data: raw measurements and breaker stalus transmitted from the
Data Acnuisition System, the veclor of calculated and measured
line Hows, all the analog inputs from the Load Frequency Control
equipment, input huffers from all display devices, a change list to
drive lhe Dynamic Wall Display Board, a number of system connec-
tivity matrices used hy the State Estimator, and many other quantities.
The idea is to use this area lo transfer data hetween partitions when
speed is essential,

The analog input area is dedicated to.continuously reading
anatog inputs from the Load Frequency control equipment and storing
them in the Common Area for use by economic dispalch and dtsptay
proprams.

The CRT and Keyhoard interface provide the function of
character echo-hack to the CRT's, cursor movement on the CRT's,
interrogating CRT requests and scheduling the appropriate display
application program into Dynamic Region !, and filling interface
buffers in the Common Area with data base changes from the key-
boards. This partition is dedicated to these routines to insure fast
response-on the CRT syslem.

The Data Acquisilion System (DAS) communicalion routines

transmit requests for data and receive data from three mini-computer .
dala concenlralors over three 50,000 bit per second binary synchro-

nous communication links., The cormmunication routine operales in
the following manner. Every second, a request for a status indication
is tiansmitted in para'lel to each mini-computer. The data trans-
mitted 1o the 1800 is a series of 1/0 flags indicating one or more of
the following states:

- no change since last transmission.
- a circuit breaker has changed status.

- megawatt hour values have heen read into the mini and are
availahle to be transmiited to the 1800 upon request.

- data base update from {he 1800 to the mini- computer has been
accomplished successfully.

- line flow measurements hdve been read mto the mini and are
available to be transmitted.

- data base-update from the 1800 is too large. A

o The mini-computers are polling the substations two or thiee
times every second, searching for a breaker change. If a change
occurs, the 1800 is notltted via the stalus indication and then pro-
ceeds to read the breaker status information from the mini-computer
and transmils a request to all nini's to initiate reading all flow
measurements in prepnrahon for a new state estimate. All readings
are available in the wini's wilhin 3 seconds and are transmitted to
the 1800 when requested. Flow measurements that are received are
placed in the Common Area and Configwation and State Estimaticn
routines are scheduled into Dynamic Region I provided that add-
itional circuit breakers have not changed stalus. A companiop paper
describes the operation of thesg toutines in more defail.d If no

Figure 3. Numerical Results Corresponding to Cose of Figurg 2 ——emijz
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changes in circuit hreaker stalus occur during a 30 second inferval,
aflow meastrenient scan isimtialed to check if a new state estimate
may be fequired due to foad changes or changes ia status of un-
monitored compoienls in the nelwork.

Megawatt-hour values are read automalically by the mini at
i hour or 1 hour intervals and notification is transmitted to the
1800. :The values are read in, placed into the Common Area, and
communication routines are scheduled into Dynamic Region [l to
transmit them to the N.Y, IBM 370 system. Data Base revisiens for
the mini-computer system are under control of the 1800 computer
to insure that no incompalibility exists between the three mini’s
and the 1800. Any revisions to lhe hardware monitoring sysiem are
entered inlo the 1800 which updates the mini-computers data base
and its own dala hases and transmils the revised dala base to the
respective mini. ANl the communication roulines are resident.

Dynamic Region | has programs scheduled there for some
megawatt hour lopging, communicalion restarts, and Valt Display
Board. Dynamic Region Il handles all application displays and dis-
play updates, study-mode economic dispatch and transaction evalu-
ation routines, some data base routines, and megawatt hour logging
routines. Dynamic Region 1l handles all State Estimation routines,
Controi-mode Econoniic dispalch, and the computer functions such

- as compiles, assemblies, and disk management functions.

- The dynamic regions were established to use the 64-thousand
words of the machine in an optimal fashion. All routines are sched-

uled, execule, and exit when complete. Displays are not refreshed

from the 1800 once placed onto the CRT's. They can be requested
again if necessary. Stale Estimation tesults are stored on disk and
transferred to the CRT's when requested. All Economic Dispatch
“displays can be placed on CRT's within a 2-3 second period. Study
mode Economic Dispatches can be run and the results displayed
within an 8-10 secend period. State Estimation results can be dis-
played on a single CRT within 12 seconds and the 4 CRT cluster
¢an be updaled within a 15 to 20 second period. It requires approx-
yuate!y 1 second per point to update the \Wall Display Board.

. The programs are efﬁciént because many algorithms were
designed to work by exception only. Stations where circuit breakers
fiad changed were the only ones analyzed by the configuration

routines. A memory of the Wall Boaid State was kept in the 1800-

and only those components that had changed were driven by the
1800. Estimation algorithms were executed only if the Chi-Square
test failed.(4) We believe that it is the efficient design of the com-
piilational algorithms and the utilization of the Dynamic Regions
that allowed us o use one moderate sized computer for the above
functions. 't is estimated thal at present the system includes 150
apntication programs fotalling approximately 90,0600 tines of code.

, CosTs
The hardware and development costs were as follows:
i.  Hardware
a.  IBM 1800 process control computer, 54k core slorage,
floating point hardware, communication adopters, disks
printer and miscellaneous peripherals. + §451,000

b.  Limited Graphic, Non-color CRT Display System
(DataDisc Corp.). § 54,000

é; High-speed printer for CR Displays
(Goutd Mfg. Co.). -

Figure 4. Numecrical Results Corresponding to Case of Fl'guré 2
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fMonthly Cosi (7 yr. tutt;payout fease)
a. Hardware $8,000/mo,

b. Mamtemnce $1,000/mo.
$9,800/m10.

2. Development

a.  General purpuse
vlation and analysis of solulion technigues.

computer usage for simulalion, form-
$200,000

b. Advante installation of IBM 1800 computer for prdgram

development. $180,000
¢.  Personnel (approximately 5000 man-days) §400,000
d.  Education $ 6,000
' : ' §876,000

3. Investment Tolals
a.  Hardware $564,000
b.  Development -Effort 786,000
i $1,350,000

FUTURE DEVELCPHENTS

T:ic monitoring function is an important application by itself.
By providing a picture of current system conditions, operators can
waich for impending abnormal conditions, authorize clearances and
power interchanges and corect abnormal situations basing their
judgments on reliahle. information, However, it is clear thal other
functions are necded tor further enhancements of reliability of
. operation. Two such securily oriented functions are currently under
development: the contingency evaluation and the corrective action.
determination function.

At ACP, the main problem in contingency evaluation is to

represent the effect of the reaction of external systems to contin--

MPX EXECUTIVE
26,000
6 000 | COMMON AREA
1,000 ANALOG INPUT READ
‘ CRT AND KEYBOARD INTERFAC
6.000 ' [ E
4.6‘-@0 D.A.S. COMMUNICATIONS
2,700 DYNANIC |
: DYNAMIC 1l
110,000 - :
! _
: DYNAMIC I
110,000

Figuro 5. 1800 Core Mop

-

gencles in a sufficiently accurate manner. Research has been
oriented towards the development of an adaptive equivalence of ex-
ternal system reaction that could be used for stochastic lead flow
calculations. 1t now appears that an equivalence, together with its
accuracy information, is possible to be developed from prior state
estimation results on the internal moniiored system. State estimation
results on current system condilions provide data on system loads
and voltages and their accuracies. The slochastic load flow will
combine all this information to calculate probable range of power
fiows and voltages throughout the system for a specific contingency.

Once the contingency evaluation function is ready, it is ex-
pected that it will-be manually actuated by an operator request.
Cerlainly, the effect of a ptanned outage will be studied with this
function. During other conditions, such as heavy System-loading,
the operator may test certain specific outages for the purpose of
being alert and .ready to take action should such contingencies
occur.

The corrective aclion determination function will be asecurity
load flow that will derive control actions requjired-to alleviate a
current problem by an optimization technique: Correction of over-
loads or abnormal voltage levels are typical problems that will be
treated in this way. State estimation-calculations not onty provide
the initial system conditions, but will make possible the tracking
of the effect of control action thereby providing feedback to com-
pensate for model inaccuracies. As in the contingency evaluation
case, operator assistance in initializing the corrective action
determination function and .executing |ts control results will
be requtred

CONCLUSIONS

The paper has described the design of the AEP contro! com-
puter. It has presented data that shows cosis can be minimized
without sacrificing response time or availability. Design concepts
that may be useful to others who are planning a control computer
installation are discussed.
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lMPLEMENTATlON OF THE. AEP REAL-TIME MONITORING SYSTEM
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ABSTRACT

During the final implementation of the AEP real-lime moniforing system a
considerable theoretical and practical experience was obtained which has re-
sulled in a deeper insight and understanding of ils perfoimance. The papet
presents the various modules and interfaces of the programming syslem and
discusses concepts rélated to radial nes, redundancy, identification, separated -
stations, weights, convergence, model and parameter vncertainlies and zero
injeclion measurements. The final part of the paper presents hinls on debugging
and implemeplation strategies. The information presented would be of use to
both researchers and to those with responsibilities in implementing estimation
monitoting systems.

INTRODUCTION

Our previous papers have presented and discussed the juslification and
theoretical aspects of the AEP real-time monitoring system, -t} Dusing the final
implementation. and checkout phases, a considerable experience was oblained
which resulted in. a deeper insight and understandiag of both theorelical and
practical consideralions of the AEP monitoring system. This paper witl present
some of this experience which may be useful to both researchers and those wilh
responsibilities in implementing state estimation moniloring Systems.

The paper will first summarize the AEP state estimation and configurator
algorithms to provide a basis for some of the topics discussed later, This will -
be followed by a block diagram piesentation of the monitoring system and its
interfaces. The cenlial portron of the paper preseats topics related to the ex-
perience and recenl insights gathered during implementalion, The paper ends
by piesenting debuggmg and |mplementahon hints, .

AEP STATE ESTIM/\TION ALGORITHM

) Line flow information of real and reactive power, Sm, is received for one
of both ends of most EHV 345 and 765 KV lines. Tne following equations can
be wiilten, ’

Sy o= Sy +o® (§}]

when Sc(E) is the calculated line power flow as a function of the complex noda!
vollages . The measuremcnl erors €are assumed Lo be zero meanwith diagonal
covariance mattix W, The solution of the redundant set (1) is accomplished by
m:nimizing the weighled sum of Squares

- R P
HE) = G -5 T W S,-50) (2)
which can be alglebraically reduced lo the form
. _ e
NEY = (Vp_¥¢) ' D (V@ - Ve ) (3)
where ¥ .is the element voltage across the line, D a dnagonal matnix with
N IIAL: ‘ .

: 0i = i (4)
and 7 is the impedance of the line where measurement j has been taken, The re-
lation between Eqns{2)and(1)infer that the minimization of J(E) of E£4.(3)implies
the solution of the following redundant set, '

Ty = V(B) 4P (5)

where V“{ is laken as an element vollage “measwremenl’’ computed from the
corresponding physical measurement Sm, the impedance characteristics of the

vaper ¥ 7€ 087-7, recomimended and approved by the IEEE Power System

Enginceding Committee of the HLEE Power Enginecding Sociely for presentation at
the 1EERE PES Winter Mecting wnd Tesla Symposium, New York, NY,,Junuary
2530, 1970, Manusaript subnnitted Aupust 28, 1975 made wvailable tor printing

October 31, 19785,
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line and (e noda! voltage E at the measured end of the line, The term ¥ is
the difference of nodal vollages E which in terms of an incident matrix A can

" be written as

Ve = AE+V (6)

The minization of J(E) of Eq. (3) with respect to rectangu'ar componeats of E is
accomplished by solving

%I{,E) = ATy - ADY= 0O (N

where the term (Vi - - AE) is an element voltage residual vector and v has been
assumed as conslant and independent of E. As this is not striclly true, the solu-
of Eq.(7),

E= (AL pay! Al 0 v, )

- has to be iteratively repealed afler ¥y, has been updated for the new vatues ob- -

tained for E. One bus volfage is assumed known and used as reference,

BAD DATA.DETECTION, IDENTIFICATION
’ AND CONFIDENCE LIMTS

In a previous paper, it was discussed that at its minimum, J(E)'should
satisfy the inequality

(E) < xh,v2 )

where sz, b/2 is the theorelical value of a chi squared distrinution for k degrees
of freedom and for a probability of confidence b, If inequalily (9) is not satisfied

“this is taken lo mean thal the existence of bad data has been detected. The

degrees of freedom is twice the difference belween the nuwber of complex meas.
urements and the number of complex nodal voltages to be estimated. '

Once bad data has been detected, it is identified as those measurements j
where the largest value of

(Vm - Vo) j-zero »
—_— > t,b/2
s 40j-1. diag [AAl DAYTAL )5 (10)

occurs, The value of ty pso is thal of a student- distribution and that of s is
JE)A. Since the (T - Veirterm is an element voltage residual, the expression
{10) is a noimatized residual with the denominator being the s'andard deviation
of the residual.

The confidence limils of voltages E is given by -

C.L. (B) = s Jdiag (A DAYT ] (1)

and those of the flows by

c.L. 8y =s Idiag (kAU pAyT k1) {12)

where K is the Jacobian of P with respecl to E for C.L. (P), or Kis the Jacobian of
Q for C.L.(Q) .

NETWORK CONFIGURATOR

The basic funclion of the network configurator is to define subsystems
internally connected by measured energized lines and containing a icference
vollage measuremenl, AS measuwements and breaker slatus data is rece:ved the
configuiator performs the foliowing tasks:

1. Analyzes breaker status changes to determine internal connections
of lines and busses at substalions,

2.- Delermines if there are deenergized lines,
3. Determines if there are separated substations

4, Determines if there are lines whose measurements. are nol availalile,



2o beteiniacs 2 basie wyslem copliguisiion containing only measured
energized lines.

6. Analyzes the basic configuration to delermine its conneclivity,

7. Determines connected subsystems containing at least one available
reference vollage measurement, :
The network conhgura!or desrgn concepls presented in Rels 6 and 7, have
proven in !he leal fime* cnvuonmcnl fo"be adeQuate to cope with ali-the above
lasks. T

PROGRAMMING SYSTEM STRUCTURE

The programmlng system structure p(esenled in Figure ! was designed lo
achieve efficiency feom the points of view of funning time and cote requirements,
As each sel of measurements is !o be processed, analysis is made to delermine
the optimum path through the various sleps. This adaplive characteristic of the
programming system increases ifs comp'extly, lo be able to achieve the flexibility
of decicmp on-line which programming modules are necessary to process the ip-
coming dala. '

"The ve.i'rio'u's modules and some of their interfaces will now be deScribed.
Many moduies have data bases prepated by off-line programs and these are not
shown in Figure 1,

MODULES N
'!e’emncessing e
This name summarizcs programs that interface with ine communication
sysiem, receive and store-incoming data, determine which data is missing and
schedule the moniteting process on-a lLime basis or when breaker changes have
oceutred.  Parts of this module ate continyously resident in the computer. In

, TELEPROCESSING | .
CONFIGURATOR I -!

e . S‘{ 9 .

1
CONFIGURATOR T iy | EXIT |
———

le, 2

R

]

- Yy
{ VALIDATOR
' 4
p{ ESTIMATORI |
5 o
’ !
[ ESTIMATOR I ]

L

Yy 4

i'xevnOARQH SCREENS ]

Fig.

1. Programming System Structure
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. effect on deenergizing lines or separaling stations,

atdition it has special functigns during syslem initialization where there is no
previous history.

2. Configurator |

The programs in Con..gutmul | analyze breuker status changes, and their
The module is by-passe.
if there are no breaker changes.

3. Configurator 1l

This médule delermines which lines are measured and. energized, studics
the conneclivity of these lines and determines the number and composition of
separaled subsystemS conlaining a vollage magnilude measurement, ‘Most of
this module is by-passed if thete ‘are no changes in lines heing measured and
encigized,

4. Validalor .
Although Eq. (9) presents the chi-square lest to detect bad data, a' simila

- testys made in the Validator lo delermine whetherthe mcomlng data is statistical;

comparable with the previous results,

5.- Estimator |

.Once a subsystem has been defined Estimator I proceeds with all the non-
iterative, portions of the estimator algorithm, Basically, o defines matiix D,
opluually orders the equafions contaised wn (8), calculates and lu'angulunzn'
the (A DA} matrix and petforms 3 series of prepalatmy funcllons lo mcrcase
the efficiency of the ileralive seclion.

6. Estimator Il

This is the iterative seclion, where Eq. (8) is $clved usmg sparsny tech-
nigues.
1. Flows !

The- outpit quantilies of line flows and vollages aie, calcula!ed in Hns
module based on the resulls of Estimator 11,

8. Detector

The chi-square test described by Eq.(9) is petformed. here to detect the
presence of bad data. |

9, Identifier
Once bad data has been detected, this module performs tne st.dent-t tes!
describedin Eq. (10) and removes identified bad data.,

10. Limits N : : ' ! -
This module computes the conhdence limits of voitages and Howb uescnbed
in £gs. (11) and (12) for output purposes.

11, Screens and Keyboard -
The .screen progiams piepate the ouiput that wnl! be dosplayed on CRT s
upon requests entered through the keyboard. ) R R

v

12, Board

The display board progfams analyze output dale and dnve 3 lalge mimic
0aid by acluating various lighls, L T PRI T e
INTERFACES

o

1. If there are;no changes in Subsystem conhguranuns Conhgumlron "
interfaces wnh the Validator,

2. When the Validator chi- -square test is syccessful, o mtesfaces back to
Configuratorill to pick next'subsysiem. Previous oulput remains valid,

3. 1 there ate changes in subsystem configuration, new measus ements nust
be processed.and Contrgurator tl interfaces wilh Estimator l. hy aSSmg
the Validator, ' y

4. When the Validalar chi-square test fails, measurments ‘must né 'processed.
The Vatidator linterfaces with Estimator 11 by-passing Estinator F

5. When there are no Changes in subsystem confipuration comng via 6.

6. When bad dala are identified and removed in the Identificr 1! interfaces

wilh Conhgugulor 11 to determine the effect of this removal upon Sub-

syslem configwation before tepeating the estimation process.

When Deteclor does not detect bad dala it mletlaccs with Limts to

provide oulpul for subsystem.

8. Aiter completion of all oulput,
process nex! subsysten.

9, 1 ati subsyslems have been.processed the programming Sys!em exits
from core,

¥

-

Board interlaces with Configurator 1 to -
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STORAGE OF INFORMATION

A teal time process such 2s the present one requires a carelyl oiganization
of tie transter of information between modules and the treatment of information
within modules, Specificatly, a carefu! batance must be decided upon on two
issues;

1. Quantities thal will be maintained in their original slate,
2. Quantities that will be transfeired into a packed slaté..

In both cases a price is paid. fn'l’ne first one, a series of poinletl may

“have to be constructed in real bme to selcctively access mformatmn whose

organization will remain static. Additionally, a series of checks may have to-
be made to determine whal 1s the pertinent information for the cunent condition,

In the second case, information must either be liansferred or formed to get
it into a compact state for processing. A seres of pointers may have lo be con-
structed during this operation to be ahle lo interpret resulls in their original
stale which is the physically meaningful one.

Both of these issues burden the interfaces belween modules especially
when they treat information differently, A process in which the problem size and
content can vary in real time, but within a certain fixed framework, is parhcularly
diff:cutt to design,

. In addition to the above issues.from the point of view of cuiren! problem
definition, there is another different leve! which also must consider the same

two issues, this is the concept of sparsity programming and its related issue of -

optima! ordering, The question here 1s whether certain information shouid be
packed or not spaisity wise, and shoyld it be orpanized in oniginal or optimal
otdering, Again on this level 3 price 1s pard eilner way and 2 careful program
design mus! be made,

When the above {wo issues are pfoperly resolved in its two tevels, an effi-
cient program is obtained from the poinl of view of both core. requirements and
speed of execution,  Bouth are vital in a real time process, .

RADIAL LINES

.For a deeper understanding of the eslimalion, detection and identification.
processes, some simple siluations can be examined in delail. Dutingimplemen-
tation, such close examinabion of isolated cases proved to be iavaluable in

defining the final function and stiucture of many programs and wn locating pro- -

gramming errors.  This seclion will exammne closely the radial hne. The next
section will exlend the concepts derived from the radial case tc lines belonging
to loops.

ABehav_:‘ior of Estimator

It is important to understand the behavior of tadial fings in the estimation,
detection and identitication protesses. Frequently lines become radial due to
the brijaking of a loop due to the opening of some other hine of lo measurements
being either missing or previously temoved as bad. The effect of the estimator
selution process on the measurements’ of a radia! line can be ptcdncled when the
fofluwnng analysis is made.

SYSTEM

-2
4t
L

Fl:g. 2. Raodial Portion of @ S.yslem

Consider Figure 2 where line 4-5 is open thus breaking 3 loop leaving a
Line 2-3 has one measvrement and lines 1-2 and 3-4 have lwo &

radial string,
measuremen!s each, From the pownt of view of £q. 7 the complex equations
solved by the Estimator include the foflowing for busses 2, 3 and 4,

Dy Ryz + Dy Ry1-Df R3p =0 (13)
DyR32 +Dg R34+ DeR3=0 ] (14
-Dd R34 + De Rq3=0 - (15)

where D are e v, variances and

R;j = v,ij ve,ij (fS)

and Vc|ﬁ - Ei; Ei . (17)
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- salistied, (14) becomes Df R32 =0 which imphes -that R3p =
“of Dy:

it is clear that i Eg. (15)

Ve, 34 = " Ve 43 (18)

thus,

-Dg vm,34 + Devin,43 - Dg (E4-E3) - D¢ (E4 - E3) = 0 {19)

and

Dy vm,34 4 Dg vy 43
Dy + Dg .20}

E4'E3 =

IF E3 was known, Eq.(21)shows that £4 is only dependent on weighted effect of
the two measurements on line 3-4. This is a.general statement for a radial line
with two measurements, Another characteristic that can be derived Irom Eq. (15}
is that if Dd == De, then R34 = Rq3 and Eq. (20) becomes 2n average.

-V, Vi 43
E4-E3 :‘m,342+ m,43 o

A compatison between Egs, (14) and (15) shows that 2“6[ (15) has been.
independently

E3-E = o m (22)

It E,was known, £ 5 is directly determined by £q. (22). Finally, a comparison of
Eqs. (14) and (13) after convergence of (15) and (14), shows thai (13) hecomes
the same type of equalion as was {15). Eq. {20), with subsctips 4, 3, d and e sub-
stituted for 2, 1, a and b, also holds.

The voltage al bus 1 is not affected by measuremenls or conditions in the
radiat string, from the point of view of the estimalor convergence process. That
voltage is determined by conditions imposed by Kirchoff's voltage law on the
system side and involving the reference voltage measurement, This can be seen
clearly by realizing that given Eyat any value, Eq. (13) determines E3, Eq, (14)
provides E5 and Eq. (15) fixes E4, so thal the radial slring does nol place any.
condilions on E;

in relation to Eq. (22), it is true thal Ey is ditectly determined from this
equation al every ileration of the estimalion process. However, R32 = € only
after convergence. The teim Vm,32 - Was calculaied using the flow measutement
and the voltage from the previous steration,  Thus "V 32 changes as soon as
a new voltage is computed except, of course, al convergence,

Redundancy -

From the previous paragraph it could be erioneously concluded that there
is ample redundancy for bad data identification on (he radial slring being examined
5 measurements and only 3 voltages to determine. This global determination of
the redundancy of the string is not meaningful. The examinalion of the solulion
process made on Egs. (15), (16) and {17) reveals the moie valid concepl of focal
redundancy. Whatever measurement [ is, good.ot bad, Eqs: (16) or (24} will pro-
duce an R3p= 0, thal is, a perfect match, adjusting £4 accordingly: Thus, there
is no way thal a bad measurement fcan be detected ot identilied. s local
redundancy is zero, one measurement affecting one vollage. fn lines 1-2, or 3-4,
there are 2 measurements to determine one vollape in each case. In these cases,
a single bad measurement will be delected because the iesiduals will be large.
However, it is not possible to identify which is the bad one of the twy. It any
of the two were o be removed, the residual would become zero as in hine 2-3,
The only step that could be laken is the iemoval of both measurements, the good
and the bad one, paying lhev price thal from that fine ontwards, the sting is losl,

Variance and Bad Data ldentification N

To see mathemalically how the Bad Data tdcntifier would remove both
measurements of a radial fine conlaining two measuiements, one of tiese hewmg
bad, the following example is enlightening:

REFERENCE

E
F. o
a [

Fig. 3. Two Bus Sample System

One wnd has been chosen as the reference bus with no loss of generality

-according o the reasons given in relation to £y, in Fig. 3, As in the previous

example, only one of the reclangular components will be analized,
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calling o¢ the denominalor of Eq. (10),

. Dhy/0D
= 2 b/ -a ‘
e = 5, 7 0y (23)
2 Ba /0y
«b = ST, (24)
From Eq. (15) it can be shown that
Dy .
R, = T, M R (25)
The normatized residuat used in the Student-t test is, accofding'lo Eq. (iO).
V Rn = _&i_ = R_a___.____. Af
- ]
%125(0 /Ob) /2 (26)
Substituting £4.-(25) into (26),
n_ ___Rb R n -
R,z = ) =
TV . en
PEET %%

demonslialing that both normalized residuals will be identical, As it has been
stiown that the bad dala wiil affect only its own line residuals in the ladlﬁll case,

Ry and Ry will be lurge. However, the normalized residuals Ry and Rp wi'! be
equa! and both measurements witl be simultanecusly «emoved as beinp the largest
ones thal fail the student-! test,

Effect ol Additional Voltage Measuvrements

i 3 system is predominately radial, some thought skould be given to adding
vollage magnitude measurements and processing these in the manner suggested in
Ref. 12. Such a measuremenl will no! change the advantageous charactenstic of
the Estimator in terms of sparsity, core and speed. A vollape measurement essen-
tially closes a loop by providing a voltage difference belween the measured bus
and the reference hus. 1his 1s a loop in the scnse of Kucholf H voHage faw and
aot of nelwork configuration, .

i Consider the elfect of adding 2 vo'tage measurement E as shown in Fig. 3.
o - Maliices A and D become,

1 o .
A [l D =] ‘o, i
i ] bt . 1
I L L v
where Dv is the weight of the voltage measurement, Eqgs. (23} - {¢/)- become,
) - g2 Op /at0y /D,
™1 D10y 7 Dy (28) .
= ? Da / Db +DV / Ob
s Za’l ‘b VD
b PERTER (29)
Op, - ‘ T30
Ra = —2Rp 4 -t (30)
a o, b+ 5 Rv
Ra
n =
Ra Db /Da t0y /Da | 172 3n
—D 10y + Dy ) .
h 1 R!i [\, / Db Rl\
s Da + Dp * Dv
" Eq.{32) concludes that the noimaltized residuals of a and b are no iohgcv equal -
! making 1t possible for bad data identification,

| a case in which 03Dy =Dy - D,
-
. n
R: - Ra _ R"4 Rv 3 8
o2 Rt sy 12 83
Rﬂ': Ry .. PO .
s(30)172 Y s/ 12 £34)
and Eq. (30) necomes,
Ra = R_b+ Ry ’ (35)

_a case is discussed in the section on radial lines.

_identification purposes.

“tities thal ate transmitted to the monitoring computer.
. has been detected, there-are two allernative quantilies that theoretically can be

For a simpler dnalysis, consider -

Consider that b becomes a bad measurcment, Then, Eq. (35).wilt force the ab-
solute values of Ra and Ry lo increase to offsct a targe Rh. AS i the case
analyzed, the dcnouunalor of R" and Rb ate equal, Eqs. (33) and (34) show thal
it g > RY then RY > rY and propcl identification is made.

In relation tb Fig. 2, if 2 voltage measurement is added at bus 4, it would
then be possible to identify a bad measuremen! on any of the five measuwements,
including f the single mcasuremenl on line 2-3, However, if measurement d were
to be missing leaving a single measuremen! on two branches of the tadial string,
a vollape measurement al 4 will provide bad dala detection 1f f or ¢ were bad but
it would not be possible tu identily ‘which of these two is bad. For proper iden-
tification between two measurements, il must be possible for the good one to be
removed and the effect of the bad one continue to be fell, In lhe case considered,
i either f ot ¢ is removed, the residual of the remaining one would become zero
making both defection and identificalion impossible. An additional voltage meas-
yrement at bus 2 would nol help because it has the effect of correlaling with meas-
vrements 2 and b which are good ones. An additional one at 3, however, will pro-
vide proper deteclion and tdcnllhcauon.

REDUNDANCY IN LOOPS

The concept of redundancy in estimalion tefels to the difference between
the number of measurements and states, This is a globa! concept involving all
measurements and states, There also exisls the concept of local redundancy
when a subgroup of measurements and states are relaled only to each other. Such
However, local redundancy

can exist with a network loop.  Consider the example of Fig. 4,

SYSTEM

-

) Fig. 4. Loop Portion of a System

where the portion of a loop that has no boundaries with other loops is shown.
Lines 2-3 and 5-6 each have only one measurement, If one of these dwo becomes
bad, bad data will be delecled because residuals all over the loop will be farge.
An analysis simifar to the one made for radial lines wou'd revea! that the moi-
malized residuals al ¢ and h would be equal and also the largest, making identi-
{icatron between the two impossible. As in the radial line case discussed, if
the good measurement were to be removed, the elfect of the bad one disappears
because the loop would be broken leaving two radial slrings., This appears to
be a valid test for determining the possibility of bad data identification,

If a system has-many loop seclions as the one of Fig. 4, serious consid-
eralion should be given to the inclusion of vollage measuremenls for bad dala
s. For the example just discussed, a voltage measurement
al busses’3, 4 or 5 would make possible bad data identification of either ¢ or h.

-'A voltage measyrement at busses 2-or 6 would not pruv;de this condition,

In the absence ol vollage measurements in the loop of Fig, 4, when a bad
data occurs at ¢ or h, both measurements would be removed. Conversely, if any

- of the olh_er measurements becomes bad, the loop and the remaining good measure-
~ment on the same line provide the necessary redundancy for eatifrcation,

IDENTIFICATION WITH FLOWS OR ELEMENT VOLTAGES

s It has been menlioncd that line flow measurements are the physical quan-
However, once bad dala

used for bad data ideiitificalion:

.1 Lide power {low measurements, S,
2. Derived element voltage measyrements, vy,

The second altéralive uses Eq. (10) for the identitication test,” In the
" st allernative, the. follawing relatioh must be used: .
(Sm - EEZ] '
> v/ (36)

sdw - diag (kA oAyl k')

when K is the Jacobian of S with respect to E.
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1 must be remembered that in denvung Eqs (12) or (36) Ine appioximation
was made thal Vi is a constanl, per iteration, compuled from Sm and the best
nodal vollage values available. This fincarizes equalions, enhances sparsily and
decouples equalions liom the point of view of the rectangutar components of nodal
vollages. The decoupled stale covariance matiix introduces 2 small eiror in the
compulation of the variance of §, which is normatly ncpligible. .When compuling
the vaniance of a flow that is the only measutemeal on @ radial hine, the result
should be exactly the inpul measurement-variance, This leads to 2 zero noimal-

izing tesm for the denominalor of Eq. (36) for the Studeal-l bad data identification
lest. Practical teal time experience has shown thal the smallcrior in the com-

putation of the variance of § is sufficient to somelimes provide a variance slight-
ly farger than the input one, resulling in a negahve term, within the square rool
of £q, (36). This is not so serious because this condition can be checked before
taking the square roof and the bad data identilicalion skipped. Whén the erior is
such thal the variance is smaller than the inpu! one ils dilletence is somelimes a
large enough number hal it becomes difficult to distinguish ii from those that are
indeed different from zero in order to skip bad dala idenlification,

Alf the above problems’can be avoided by computing ihe variance of v, using
altemnalive 2. Rea! lime experience has shown that the differences oblained are

several orders of magnitude smatler than the ones \hal should indeed be duﬂerent .

from zero, allowing proper discrimination,

However
mentioned is comp!elely negligible.

- ey

- -

EFFECT OF SEPARATEO STATIONS ON CALCULATIONS

It ‘has been mentioned that the configurator modules- wnll alter the system
configuration when breaker operalion result in 2 sepasated station. Al dala files
ate Cynamically changed to reflect the existing condition. It is clear that a
station separalion will substantially alter Hows and voltapes atound that siation.
In testing the abilily of the progiamming syslem to cope with separated stalions,
cases where provoked by atbiliarily considering open bieakers thal were closed
in the power system, Theoretica'ly, if all measurements and weighls were per-
fecl, such 2 non-exislen! separalion should nol aller any of the tesulls around
" {hat station, and the separated busses should turn out to have identical voliages,
. I practice some diflerences will be encounlered due to the change inlroduced in

focal redundancy. :

" Consider the Eq. (7) co{tesponding to the station .in .question, "Normally,
when stalion i is one electrical node, Eq. (1}isas lolloys,- e
m - .
ALDy: R = =0 NE
J_l (A" DY i’ C (31

considering that there ate m measuremen(s on fines connecled to. bus i Aller 3
sepatation in two parts i} and 12, Eq (7) becomes,

.

= 1
ay t - ‘ ‘
ji:l. (A D)izi‘ Rj = 0. ‘ o (39)

where m} +ma= m. Itis clear that to force m teims to add to ze1o is not the

same as lo force the my and.my terms fo separalely meet the same condilion, -
. A ..,)

WEIGHTING FACTORS

In previous published work it was advocated use of measviement variances -
. which would be calculaled as a function of the magnnude of the llow ang as a .

funclion of the full scate component as tollows:
1-

|

“ .o2- IMVA; +.0052 * FS; )2 ". S e (D)

Experience with the estimation algorithm has shown thal possibly such compu-

tation of the weighl may be undesitable, |

" For inslance, consider a bad line flow measurement of O +j0. More oflen
than nol, Such cases are few physically and such a 1cading may be a bad measufe-
ment,. tn thal case a very larpe hequl would be compuled from equation (40),
When uscd in the algorithm, Such a weight comparatively makes that measutement
mote accutale 1han others wilh smalter weighls making identification more ditli-
cull, The same. digument applies in feverse, il the.measyrement is relatively
close-to:the fu!t scale value, and is faully, when processed by ne estima' and
in relation to others which m‘!y be, say, near the mezn of the mng'.

Smce these coﬂsudcvahons could tvenlualh aficctreal hre nulon anceof -

for the. compulation of conhdence hmlls of S the small-etror- - -

welghl is used everywhere. . .

m B . . - belween 2ccuracy and number of 1levallons
b3 (A' D)i”:R;-'—-O . (3

ot (ig{ualioﬂ.

iventincalion. of bad measuremenls, the weighls were changcd’-“]o be constauts

depending only on the full scale of the measurcment assumingTa teading al the
mean of the scale, )
Wiz T Tee rein? -
17 o152 F8)) (40

g

Addmonany, If measurements are not faully, that is, il residuals are small, the
effect of weights on cshmalor performance are of second order.

" For bad dala delection and identification.il is essential 1o have-the correct
weight fevel, If all'weights are larger thaa their true level, the Delector will see
an abnormally farge sum of squares in Eq. {2) leading lo the conclusion that bad

- dala exist, The Idealilication may nol find any bad dala. If weights are smalles
than they should be, the risk of not delecting bad data exists. It has’ been found:
that there is room fof a fange of values alound the Live wexghls belween these hvo
extreme conditions; - - : . Coe

‘Concerning implementation, when a measuremen! is missing or bad, the
measurement on the olher end of the same tine is used in its place.” The cone-
sponding weigh! must a'so Le used in Eq. (8) in two places: the matiix (Al DA)
and the term Al D ¥, The we|ght is included in D as gwen in Eq. (4). An

'exceplqon lo the idea! choice of this we|ghl was made when the m:ssnng ot bad

" measurement occuts without the conliguration changmg at the same time. To

. avoid forming and triangularizing matiix Al DA-apain to retlect-the change in
weight, the term A' D vy, must 2iso use lhe weight of the missing or bad meas-

" menl, The measurement value used will be the one at the other end of the line,
Eventually, when the cenfiguration” changes due to breaker operanon of meas- .
vrement” unavailability, the Al DA matrix is updated, al whnch l.me -the right

o COHVERGENCE AND’NUMERICAL CONSIDERAT‘IDN

Estimator convergence characlerislics, ate generally good and conVergence

. can be expecled, from flat start, in 6 to 9 itetations with a. rhclangu:aﬁo!'age
loletance of-0.000005. Addmonal iferalions may cause slight unpvovemenls but
are not wéngnled.

M oz . et

Such a stalement can aid those who may be implementing this programming
system fo recognize -abnormalities of elfors in programming or data, Consideradle
‘debupping time was speal in the AEPR: final. imptementation because {he above
stalement was violaled in some mslances of l‘ne 63y in an apparenl. (andom fash-
ion. Small enors were eventually localed and cotrected.

There are two ciileria that could be followed for lesling convelgence tq.
“(7) could be compuled at the end of every iteration and ysed as a m:sma“;ch toler-
ance lesl. This requires additional compulation.. For this reason, the’ %ange in
the voltage of two suyccessive iterations, as compuled by Eq. (8), -as, used,
Various tolerance levels were lesled. The 002 chosen was a good ccmpmmuse

- At some slages of the implementéﬁon cellain_ problems arose Whic‘h;appeayed
to point towards some numerical round-olf problems in some computalions. At

- thouph later it was found thal this was not-the case, some efforls weré conducled

in testing.the need for double precision compulations. It.was concluded that
single precision round-off affecled the sixth and.-seventh digitof the trianguiarized”
A DA maliix withoul aHechng(he soluhon of the. equahonsma noticeable manner,

Striclly speaking, Eq (8) compules the nnda! vollages with lespecl to the
feference bus vollage. The reletence voltage must be acded lo each computed

* one for outpul purposes of fot further computations invelving vollages, once con-

vergence has been-obtained. An alle:nahve approach could be lonowed in which
Eq (8\ is tewnnen as -
~ ! . M

‘ =wtoa Ao (ia-apfe) 0 0

wheore the elemenls of Ag are 41 for measuiements on lines connecled to the tel-

erence and O for other measurements, and-Eg is the reference voltage, The com-

puled voltape would be automatically with respect to grouad. The numerical

tound-olf ploperlies of this alteinale lormutation dre not the same as with the one

nplemented and should be_kept in mind 3s 3 possmlmy in the c»cnl that numer-
. ical problems are cnco.mlered

e MOD[L AHD PARAMETER UH.CERTMNTI'ES '

I was previously mentioned that bad measurements can be dclerled ard
identified. For tis to happen, it must be assumed thal adequale parameter
values-and model are available. Parameters tefet lo ransmiscivn liot impedance
and vransformer taps and impedances. By model it is refersed lo the aclwotk con-
These two factors, yaragm:c'n_ and model, aflect the process in re.
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Tated bul different maaners. A rccent pape addresses this problein similarly as
presented hete, K N .

Parameter Entors
£q. 7 is the equation solved by the Eshmalo:
be . R v . =,

! (gm- ;. 3) .

A Vp lerm can be said to

“Vm o= L)
where 7.aie the impedances and ¥ the transformer lap selling, . As far as v is
concerned, it can be in gross enor due fo bad valves in any of its lhree func-
tivnal componenls, The theoretical conclusion -can-be reached that.erors in 2
and/o1 § wili be delected and identified as bad data wilhout theadenlitication

. p«owss reing able tu discrimnale between any of the thice sovices,

, G'oss enors in Z will occur only dunnp Ihe checkoul penod when lhe pro-
grams are fist Leing used-or when a new fine of tiansfoumef is added to lhe mon-
ored system, Such enois are fust taken Lo be measurement ertors. Only after
ihese e con'umed lo be coriect the suspicion anses that the impedance ielated
1o the line- end whese the bad {low measuiement is being 1dentified 1s lhe seal

This psychoiopvcal PLOCESS Was ‘rnuwnLed under both simulation and

ceal-tine checkon! phnsU. In every.case thet the measurement was seasonably .

theckhed 1o be correct & fugther check on lhﬂ mp("ance s'nowed that it was indecd

" oEH0i. | . l . .

LUy,

t

Trese same commenlts ate apphcable v liansformer lap senir}gs as they
aifec! Loth the reactance. and, the equiva'ent ciecuil.  Wronp tap seflings can
tappen tn a3l time operation. Is eflect will be detected, identifred end temoved
as hal were a Lal measvrement. During checkoul 11 was tound thal ciols wese
committed in select: ing the correct equivalen! circutl shunt element of an off-
nominat tap yanslotmer,  Care has'tu be erercrsed n determsnng whelher the
1ap iy ¢n the measuiement side of nol. This s because only the measviement

'.‘-e_' shunt branch is vsed with 2 flow moasurement to calculate ¥y in Eq. 8,
From the theofelica! consideralions and praclical experiences just mention-
&, ihe conclusion was tcached that with the estimation method used and the
- pedaace vaies that a Line Constant Program produced, thete was no need lo
;manvelet"es(ima'ion Ve have said ' serious enors nr{'impedances vere
-'.", y ideatified, Small inaccuracies i ther vatues procuce theeffect of alter-
ing the piecision of the ftow mcasu'remcn's ‘At the-estimator results are ‘accepl-
abile ‘¢ the Bad Dala Delectc' lhen !he unrcda'xce wmaccyracy is of no serious
censequence. VT e . ' Co

o ea na R
Pede T o le e L *

Model -Errors - -

Yongael enors ar: produced, by incorrect breaker stalus |nfotma!von Only’
these errors Ihat lead to the conclusicn of in rodncmr, 3 deenergized hine into
the mote! have to he conswdered. —Tte incerect removal of an cuergized line
ouly has the elfect of reducing’ measurement xedJm‘cncy and wilt not mhoduct

Twther errors in eslimaled rosplts, @ 5% Wite. -

In the AEP system most substations’ aie of a“-breaker-and-a-hall scheme,
(were thus being lwe Sieakers asscciated with-each hine-end. "For an open line
to be considered closed, wrong ‘bieaker status must be received fiom at least
one breaker on each enc. Asa salety feature, a line 1s considered open'if the
bieaters on one end are open. - Even then; the™Detector Tlaps bad data and, what

is very uselul, the tdentifier w:?1 tend to tiay mcasurements that wé on hines in -

the same loop as the incorrectly mute'vd one. The clect of {his «s 1o tieak the
lean ‘zaving the b€ i Question as part of a radial sliing where s damage is
isz aed to only fhal s'.ung_ In e!lecl, the modcl onor has heen neutiatized.

B g e bon e

ZERQ IHIECTION hEASUREM[NTS

The estimatiou, detection and ICcnlmcallon plo(esses depena on havmg
pioper plobal and lozal redundancy.  Redundancy, of course, increases by having more
menSytements, However, measutements are exgensive n dala acquisition equip-
ment 1nposing econcencal haatations to ther pumber. . Thete 1s one type of
measurement which s fiee fiam data acguisition expense, and thal 1s.a 2ero0
injechion measurement al a, bes wheee theie 1S no foad or generation. However,
) 'hhu'. |§ ltee 10 oite 3spect Can pecome expensive an another,

Ref. 14 presents 2 hc!a]ie'd analysi. of the liealment of the zero injection
measpiement in the ALY alponthm as was ong:ral,y suggesled i the Clesure to
Rel. 5. There are tno 1Imm'uve methods:

. Coasicer an ¥ 2 VI cquation 1iF each measmeieat of (his type wnh
- T=0. Ths mamtams the lineas aspect and Some olher characlenstics

ol the estimitlor. However, the prite 15 paidin substantially mucasmg

storage recunements as Y becomes pail of-mattix A and (Al DAY wit)

have-a complex. Hessian fike stuchue) consmerably niote dcnsc than
“the present adaiiliance bke structure, - :
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caf lhe iteration, obtammg the corfect curent at COHVE'EEHCE

establish firm loundahons on’ some details plevmusly overlooled e

2. The unconshiained minimization process behind ihe éstimation process
can be expanded to an equalily constiained ninimization one, imposing
the ‘zero injection 25 @ constiaint tc be haudled Lagrangidlty, Tms
avpments the s'ale bul ‘conseives spaisily. However, il has Lie addi-

“tional serious’ (onsndc:ahon that o chan[cs lhc udc .mcahon p«ocess

PR -t .

I a sys!em has'a serious tedundancy limitation, lhe alternative ‘of using
2¢10 injection mcasuremenls should be piven conndmahnn Otherwise, the puce
"ol usmg them ma) nol be worth the erha care, time and p:oglammmg complicalion.

The point can also ‘be made that the Iwo lechnmues desciibéd above can
also be used for non-zero injection measutements, AI! that has to be considercd
is thal the cutrent is computed fron the injection po-'.er and lhe vollage ava;lable

DEBUGGING AND }MPLEMENTATION STRATEGY . R

After the initial programming of Confiprator and Eslimalor modules il is
helpful to have 2 plan for debugging the evolving real-time programming systeim.
Such a plan is presented in Fip. 5, The arows indicate possible debupping
slralegies fhat were !ound from expenence lo be ellechv *Each box in Fip. 5
has been numbered, . ¢ :

1 .
SIMULATION WITH * | . '
> OFF-LINt DATA )
7 [ - [TREASURTMENT &
SN, S BREAKIR:RIAL-TIME
SIMULATION WITH [t INVERYACES
L REAL.TIME DATA * |0 o oo .
- Co B sy .
. T L Y
3 v IR “[Toreptay pevices
com«cuunoa. . SR :
ESTISAATOR . . l l“lUG-GING
INTERFACES oo ST a
6 y _ _

| DATA BASES (1MPEDANCES, ' ,

TRANSFORMERS, BREAKERS |
AEASURING SCATE FACTORS)|

AND MEASURERSENT
VALIDITY CHECKS ’

;.

L ON-LINE &

OPERATION
MR

8 7 ’ e -“‘, : :
PROGKAM SEQUENCING, ! !'.~A
»STRUC‘URE AND SCHEDULING | .

[EF 2T
I A PR

9 A v . ..
FINAL SYSTEM STRUCTURE

Fig. 5. Debugging and lmp]ementation Stiategy
1. Slmulallon with off-line data P
The initial Contiguralor and Estimator modules should be thoroughly checked
with simulated data before lu.lher lmplcmen'ahan be carried oul. Tms is one ur
the most time tonSummg but perhaps moie uselyl sleps, rcqmnng about 50%
60% of the debugging efforl,-

Lt Balt AN

2.Simulalion with real-time data  « Lo- ¢ e Tk

- Onte there is enough ‘conlidence in off-Tine petfoimance, real-time sinula-
tion can shn Real-lime measutenients and ¢ong ditigas an be obtained for-an
iuslanl of time and saved lo pmvude Fl conuollrd tesl ap eny tonment. Yiis nece

~nothe for the whole syslem. T !

3. Configurator-Estimator inteifaces”

Yith the help ol !lem 2, Conljpurator-Estimator nn!erta,es cou'd then Le
tested. This is one of the mos! crtical nterfaces in the system, The level of
absbiaction is such that 1t may be necessary to tetiace hack o itemns ! and 2 to
4, Measymnenl and Breaker real-lime mtn!aces o

Tcmpom«y programming of this funclion may Le mma!ly aecessaty for slem
2. Fmal programming and leshng tan preceed alter ilem 3 has been compleled.

.y - 1 . - -

S. Dlsplay d-vlces debupping - R .
Al this stage produclion ouo,,ram.ume 20f 1es|mg can pmcled o usp’.-y
modules. . . o \




6. Dala bases and measurement vatidity checks

~ After feaving the items 1, 2 and 3 loop, full system parameter checkout
should be;done., Impedances, transformers, breakers and measuring scale faclors
data bases must be hnahzed at this stage. -The Deteclor-1dentifier leam of
programs was found most useful in delecting and isolating many cata problems.
Psychologically, the contidence in the capabilities of the whole process is

built here.,

1. On line Operation
Ctosed-loop on-line tesling can slatl at this stage and be used in con-

" junction with item 6 for dala base checking. Interfaces with display modules

and their testing can be carried oul. The full implication of on-line operation
will become quickly evident as numerous details oniginally overfooked will have
to be coped with., The amount of debugging effort involved in this step is of the
order of 30% of tolal debugging time. Many of the problems that are encountered
are solved by making changes in many modules. Given.the complexity of the
programming system being tested, it is in many cases difficult to relate symptoms
to causes. This is especially so for problems that are related lo snecific system
conditions that do not-exist al all times making st dilticult, it aot impossible to
duplncalc for further testing. These problems appear sometimes' fo be random,
The possibility always exists that it is not a programming problem but a hard-
ware one, and special tests may have to be designed to answer this question.
8. Progtam sequencing, structure and scheduling -

In performing the tests of tem 7, much is learned from the operation of the
system in relation to the organizalion o( the various modules and the sequencing
of programs for specific system conditions to achieve added efficiency. This

new knowlcdge tanslates into changes in various programs requiing further

verificalion.

9. Final syslem structure

Item 8 siowly converges to the final system stivclure as lhe appeasance of
problems start being less frequent. Changes in interfaces for exlracling added
flexibitity and small changes n design derived from on-fine operalion experience
are the last implementalion and debupging chores. )

CONCLUSIONS

The paper has summafized the experience gained by the authors in imple-
menting the AEP real-lime monitoring system. Although the main algorithms had

been developed and reported in the lilerature, the final implementation produced -
a wealth of knowicedge that is summarized here. This includes many helpful hints

(of others who have or will be faced with responsibilities in implementing state
esnmalron monitoting Sys!ems The original-algorithms have proven to be ade-
QUate for the Tunction they were designed lo perlorm 15-16
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“Combined Discussion! 2

U F. W()”tll[)t‘l}, (Power Technologics, Inc., Schenect ‘ldy, New York):
I would hke to thank the authors of this paper for their willingness to
publish soaie Facts and figures relating to the development of the AEP

real time monitoring and control computer system, This was a real inno-

vative project which pushed the state-of-the-art considerably in regard
to the software development and ! commend the authors on their
achicvement.

To me, the value of this particular paper lies in what it reveals
about the process ol developing real lime systems: More specificilly, it
is véry usefu! to compare the figures presented to those which might
have been presented had the entire system been purchased rather than
(kvclopul mternally in AEP, Certain factors become inmediately ap-
parent and T will try to summarize them under the terms cost, schedules,
and risks.

Cost: The pcrsonne! cost of $400,000 for 5000 man-ddys as quoted
by the authors results in a personnel cost rate of $30 per man-day. This
figine is probubly in the range of twentytive to t‘il‘ty percent of the rate

Cwhich might be charged by a supplicr lor such work. Clearly, a different
miethod of accounting is used to obtain the $80 per man-duy figure. Dif-
ferences in accounting between utilities and suppliers are to be expected,
of course, but they must be factored in when comparing costs for in-
ternul versus externai-development work. 1t is also apparent that only
the direct costs. of the equipment needed specifically for this phase of

- the system’s development were included in the paper. | mention this be-
cattse there is a tendency in purchising such systems from suppliers to
purchase the entire system at one time. Thus, in comparing costs one
should bear in mind that the cost of remotes and mini computer data
concentrators are not included.

Schedides. Schedahing ot complex systems projects is a very diffi-
cult task. This is expecially true when one is pushing the state-of-the-art
as was the case with the authors’ project. Very often today a system
supplier takes on u progect with a fixed time schedute. The contract for
the project may inchurde a system of incentives and penalties which are a
function of how closely the schiedute is met, Without doubt, the mem-
bers of any group ciurrying out a stmilar development within a utility are
asked (o meet time schedules 1 ruther suspect, however, that comliance
with suchan internal schedule has far Jess weight tion it would were the
schedule imposed upon an outside supplier. The 1970-1975 period does
not seem unreasonable when one considers that power systém state
estimation was in its infuncy in 1970, However, il such a project had
been awarded 1o an equipment supplier, the supplicr would probably
have been expected to mcet @ much tghter schedule.

“Rish: As indicuted above, power system state estimation was in its
infancy in 1970 when the authors started this project. This means that
there was considerable risk involved as to whether their ultimate objec-
tives would be met. In fact,
that the details of the proidet objectives changed radically over time as
new developments apened new opportimities for enhancing the system.
For example, did the
ment-detection and identification scheme when they sturted? This is an
important point when porchasing such a system from an oufside sup-
plicr who has to minineze ks i e is to meet a Nixed schedule at a
fixed price. When such tisks do exist they ore best handled by carefully
identifying theni and treating them ditferently from other functions as
1o their schedule und cost.

fn summary, 'et me again commend the authors on their work, the
system described is one of the most advanced systems operating at this:
time. Comparison ot the figures presented here and those which may

come from an outside supplier cannot be made without adjusting for -

d'l'uemu in cost accounting, scheduling, and llsk: involved.

Munus,cnipl veceived February ]7, 1976

H. H. Happ (General Electric Conrpany, Schenectady, New York): To
my knowledge, this is the first impicmentation of State Estimation in a
Real Tane Computer, I represents a read achevement,

Costs for implementation both for Hardware as well as what the
authors call Developiment were mctuded and wilt be read with interest
by people who are considering a similar instaltution.

Since the tigures piven may inclade the costs required to develop
the basic technolopy used i state estimation, it would be helpful if the
authors could estimate what it may requite in developmental costs

Manusaiipt received Fehr.u;n‘y 13, 1976,

I
. l! E. Dopazo, S. 7. Ehrmann, A, T Gabrielle, A, M, Snsnn and'S. S. Van Slyq.k
Thie ALY Reul-Tune Monitoring and Contiol Computer System, this issue,
pi, 1012
2Ly anm\ S. T Ehrnann, O0 AL Kliting AL M. Sasson, and L. S. Van Slyck,
lmple nientation of the AEP Reat-hne Monitoring System, this mm pp. 1618

itwould not be at all surprising™to learn -

wuthors foresec having o complete bad measure-

starting from the present state of the art to implement the software
indicated.

In the Section entitted Future Developments, the authors indicate
that they plan to develop a stochastic toad flow for contingeney evalug-
tion to be executed upon operator request. They also plan to develop a

. security load flow for corrective strutepy. Two questions come to mind

to.which the authors may wish to ru.pnnd

1. Is it correct to assume that a deterministic LOnlnug.n&.y evalua-
tion program® using the data b.m gencrated by the state estimator is
presently not being planned.

2. Is the sccurity load flow as presently cnvnsxoned limited lo cor-
rective strategy, or will it be used as an optimal toad flow also.

REEERENCE

[6] “Economy Security Functions in Power System Operations”, a
committee report, IEEE Special Publication, 75 CHO 969-6 PWR.

J. B. Ring (Leeds & Northrup Company, North Wales, PA): This
description of the design concepts and real-time operation results of
AEDP’s control system is most interesting and educational. Some
additipnal information in some areas would have been helpful in
evaluating the performance of the system. For instance, does the state
estimator run on a periodic basis or upon a status or load change
detection? If the former, what is the period? If the latter, what is the
average number of stute estimnator.runs in a4 24-hour period? Indeed, a
summury of the 150 application "programs giving the functions per-
formed and the period of execution would be desiruble,

Concerning the authors’ comments on their use of the 64K of 16
bit core, additional data conceriing data base sizing is needeid. 1 appears
from the results given in the paper that the state estimator is currently
sized for 57 buses and 115 lines. Other real-time digital systems have
been implumnud which, for instance, run 500 bus, 1000 line load
flows 'in 48K of 32 bit core, and 1100 bus, 1667 line load flows in 80K
of 32 bit core.

Finally, is it antlcnpdted to replace the analog AGC with a digital
system?

Manuscript received February 12,1976.

H. Siemaszko (Instytut Energetyki, Warsaw, Poland): The authors have
presented very interesting paper dealing with practical aspects of the
AYVP-Iistimator being implemented and tested for something like three
years. .

This “hardware-software measurecment tool” cost “approximatcly
S000 man-days”™ which means nearly nothing in comparison with the
facilitics and possibifities of the AEP-Istimator as far as more exact
power systems operations is concerned. .

It would be interesting to obtain some information as to further
development of the ALP-Estimator. There is no doubt that the existing
“measureinent tool” is operation orient= " ne but is it possible to
estiablish with the aid of this tool perhaps . coriented one for the results
and calculations concerning the short term planning of the basic system
elements like: the more exact dates of individual tines construction, the
more exact dates of sub’s construction more exact voltage regulation
parameters and as far as phase shifting is concerned as well. If yes it
could bring significant savings in investment costs. -

Manuscript received February 11,1976,

Iz, HMandschin (University of Dortmund, 46 Dortmund; FRG): The

~authors of this paper and the companion puper (F 76 086-9) are to be

commended for a distinet contribution to the probiem of on-line estima-
tion and system monitoring. This kind of paper s especially important
because it does not describe what could be achieved with modern
theoretical results but what has been realized with a sound combination
of theory and ‘practical enginecring knowledpe, When implementing o
state estimation scheme - independent whether it is based on a weight-
ed feast-squares criterion or on the line-flow-neasurements-only-me thaod
= a very important practical question is concerned with the accuracy of
the measurements. Tndeed, not alt the measurements are taken with the
same type of instrument and transmission ways may ditfer from one
switchyard to another. Any comments concerning this problem would
be appreciated.

A Cery important practical question deals with the problem whether
the estimutor is able to find a unique solution or not. However it is be-
lieved thut the meter location problem must not only be treated from
this point of view but also with respect to a high probability for detect-
ing bad data, Refl [T} deseribes a method where o systematic procedure

Manuscript recelved Fcbrudry 17,1976,
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is given to find an optima! meter configuration. Is it possible to gencral-
ize the examples given in the paper for radial lines and loops?

The ALEP computer system is based on only one computer. In case
of a fuilure caused by hardware or software crrors what are the quanti-
ties displityed on the (|l\|)ldy board? It is felt that the display of line
flow mcasurements only is not sufficient for an emergency dispatch
solution. On the other hand, the display of infeeds or loads to the
operator when the computer ls not working, may require these measure-
ments. What are the operators’ experiences with tinc low mcusurcmunts
only when the computer system is not availuble,

REFERENCE

11} E. Handschin and C. Bongers: “Theoretical and Practical Consider-
atmm in the Design of State Islxmators for Llegtric-Power Svs-
tems”,in S5.C. Savulescu (editor):'Computerized Opera-
tion of Power Systems',Elsevier, Amsterdam,1976

H. Ijur:m (Sistecom LTDA, Bogota): One aspect of the AEP detection
and identification scheme that has been Ul‘i[iLiLL‘(l in discussions 10 earlier
papers.is the use of the scaling “constant’ " 02 which multipfies the error
covariance matrix W=1[ 11, It is apparent from equations 10, 11 and 12
that the authors still think that this procedure pluysan esscntlal role in
bad data identification. As far as detection i scemns that- there is no
longer such a claim.
¢ 1t appears that the 62 procedure is not essential to the ldentlrca-
tion scheme either, since the measurement with the lufgest value given by
expression 10 does not change il 1he normalized residuals are divided
by the sunme copstant s,
identiticd as bad would be the same provided there is at least one meas-
ment whuch satisfies the corresponding inequalitics.
It must be observed at this point llmt the test glven by 10 should

be changed to.
(Vm o Vc)_|

A5 - diag [AGTDAYTAT];
if the error covariance matrix is assumed known and constant. 7 0/2 is
the ‘value of a normal variate with zero mean and unit.standard devia-
"tion and for a probability of confidence b. It is well known that tg (/2>
1p/2 for all vatues of k; aho s>1 if bad daty has been detected. Hence
il inequality 10 is satisfied, the inequality above is also satistied, show-
ihg the equivatence of the identification schemes.

. The*'line-flow only’ scheme for state estimation is justified by the
résulting simplicity of the computetional algorithm and the consequent-
ly lower computer time and storage requireinents. The price paid by
this method is its luck of flexibility to accommodate other types of
measurements,such as injections, which, in some cases arg instrumental
ineaching the minimum level of local redundancy necessary to identify
bad data, This is particularly true in the case of rdadial networks, as the
authors point out. With the trend towards lower communications and
hardware marginal costs it is worth asking how do the trade-offs between
inciused flexibility and functionality and the corresponding bigger
conmumtron il requirements b.ll.mu, out today. Could the authors com-
meht on this?

> n6/2
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Plul H. Haley (Wcstmbh(mu Rescarch, Pittsburgh, PA)Y: The authors’
work is valuable not only four the knowledgeable application of statis-
hcal aud nuathematical analysis (0 power system monitoring and control,
but .llso for the very uscful and informative results about their pru-
jences in applying these methods. This discusser would like to add to
lhm p aper by elaborating on a few topies given in the paper.

IR reference 1, the ‘l(lvm(u,gs of interpreting the solution of
ll»ge equation

= t -1 t -
E = (A DA) A Dvm 7 m

in terms of an cquivilent network of resistors with branch elements.

having conductances equal to the elements of D, with an element-node
ingidenee matrix: A and with series branch voltages ¥y are discussed.
Thiese advantages are applicable here. Briefly, the line Mow measurement
systam of Figure' | induces the u)um\lcnl cireuit system of Figure 1b

Manuscript received Februny 11, l‘)76.

There-fore if the factor s is ignored the data -

Setting [gjij] = D, that is giving the conductance elements values equal
to the weights, we sce that:

o= L)%,

a) branch currents, 8 (2)
. . r R = v - by £- ] _l i
b) Residuals, Ro= vy -V, [gii] , ig 3
where = = - t 1t (4)
L&y, le,4] - [ay,] aa™[g,, 1a) A le,,]
1 2
a b ! c

%

Fig. I'a Portion of Measurement System

System

:

'

.‘ANet'wiork

Fig. b Portion of Equiva!eni Ciréuit

The branch currents 1g are a function of the errors in ¥y and are unre-
lated to the line Lurrcms of the actual system. If ¥}y, is a consistent set
of measurements i = 0. A simple circuit xmcrpru.mon exists for the

" normalized residuals. lLet

f,,2) = dtagonal (0% - ATA) Y (5
and

[8;4) = diagonal ([g;,) - [g,, 188" 1g, 10 "A (g, 1) (©)
then

[éii/gfih (0112] Q)
and ' '

: --n vl = b _1/,2—
normalized residuals, R = [ciij (vm— vc)=[gii] 13(8)
or

- ~ - J1/2- .
R = 15,1 (15,1755 o)
where )
. - -1/2 - S
ley,) = 1y )72 13,00 (5,077 (10)

The diagonal clement g is the driving point admittance seen by

the corresponding voltage source when all other volnbu SOUFCEs are
shorted..The nonnuluul matrix {L,U] is such tlut
’,
. giiul for all 1 an
[{;U [<1  for all i ¢ § (12)

since [2j;} s positive semi-definite. The detection and identification of
bad datu iscasily understood in terms of the civenit equationsand Fig.2.
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fevadily ey o it ail volieses are 2ove with
ine ucumur‘ oi one voltuge, vm a By usce of cquations (9), (11) and
(12) we see that

- J1/z
R a” (¢ vm,a
and
n - - \1/2
Roy= g,y (gaa) v for 1 ¢ a
Hence n n . .
R a,z!}{ 1’ _since ,gai‘i 1.
rx:e.twork | + 1§,p ‘| Network
| A Vm,p NAAANA/ B

(o3
%lig.q
3

Network
C

. - , =11 I
. . Bap 8,4 g,T

[ 1= 8" 1= 18|

Fig. 2 Measurement Elements in Common Series Loop -

The equality. sign holds when series )oops exist such that the cur-
rent’ in one branch equals in magnitude the current in other branch
elements as illustrated in«Figure 2 and expressed by, equation (8).
Obviowsly the driving point admittance scen by each of the voltage
sources s the same; hence the magnitude of the residuals is the sume.

fiesuch o case one can detect the existence of bad data but pot isolate”

or identity its tocation. By reiterating the estimation cquations with low
weight values for the high residual measurements, one can get voltage
Cestimates which are consistent within cach measurement “island™
the relations Letween Vishunds”™ will be corrupted by the error. The
radiad line with two measurements is a speciul case of a loop. Bad data
can be detected but the bad e measurement cannot be identified.

- I measurements are added to eliminate series paths, then the
strict incquality holds in equnation (11). FFrom circuit considerations it
is cax to show that if brunchi a is not in any common loops, then

- - - 2 - hel
Bag 811> (85) for 1 4 a
and thus
. = g yH2- 172
.’gajl Igai/(‘gaa) (g“) <1

2) By a casuallook at the expression

12,15 12
Dy =¥ 1B 177124 (13)
one might conclude that Hu weights Dy e mldly varying functions of
the series line impedance Zi. However if the full scale reading s ex-
pressed as a proportionality’ factor-times I/Jl'I then equation (41) of
the authurs’ paper shows
. 2
W, = .k /lz

and thus
‘D lF
3"

The sipnificant question is, UHow mudl do the pmportmn.lllly f}moxs
k or the weights DJ viny within a group of network elements, e, from
I'm to line, from {ransformer o transformer?™ By setting .xll ol the
weights D cqlml tk e sarme constant g simple suboptimal detection

but,

seheme wiay be implemented. When the weights. are equal, tite un-
normalized residuals R may be used to detect bad data. With only a
single bad measurement, the largest residual will correspond to the bud
measurement !, The bad data may be removed one by one iteratively
and on the finad iteration the exuct value of the weights, given by equa-
tion (13), used for the good data. This method avoids the need to re-
compute the scaling factors g atter a change in the estimation equation:
due to the elimination of a measurement. The one disudvantage to thi
scheme is that wider limits that are eltectively nonuniform among the
measurenents must be used in deciding whether (o accept or rejeet o
measurement. Assuming that the gross errors have & much broader dis-
tribution than the gaussian components, the percent of gross crrors not
detected by this suboptimal scheme is slight.

Perhaps the authors could comment on whether the kj's are nar-
rowly or broadly distributed for their system and whether lfw assump-
tion of a brouad distribution for the grosserrors is vatid. Answers to these
questions will help decide the viability of the proposed suboptimal bad
data detection scheme.
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1.S.T. Despo(ovic’ (Electrical Research Institute Nikola Tesla, Belgrade,
Yugoslavia): The paper is very useful and interesting from the theoreti-
cal point of view as well as from the practical point of view. [t has been
the result of a considerable theoretical and practical experience of the
‘authors during the final implementation of the AEP real-time monitoring
systemn, The theoretical and practical information und experience as well
as the original algorithms presented in the paper, it is necessary to point
out, will be of a great use to both researchers and those who have or
will be faced with responsibilities in implementing state estimuation
monitoring systems. .

The authors are to be congratulated for an excellent and very use- -
ful paper.

2 The AEP Real Time..... Paper Number F 76 086-9.

S. T. Despotovic '(Electrical Research Institute Nikola Tesla, Bel-
grade, Yugoslavia): The paper has given design criteria of the AEP rey!-
time monitoring and control computer system, a d;scnptmn of the com-
puter system hardware and software as well as real-time results and
computing system availability performance. Given design concepts ans
future developments may be very uselul to researchers and designers, a»
well as to companies which are planning a control computer system.

~ The authors are to be commended for contributing the valuable
and useful paper in the area of the design of the real-time monttoring
and control computer system.

Manuscript received February 11, 1976,

George Gross, Ronald P, Thompson, and Kichard M. Webster (Pacific
Gas and Flectric Company, San Francisco, CA): The sharp increases in
production costs experienced recently by utilitics coupled with the
imposition of Lomrduably tighter construints in the operation of power
systems have resulted in increasing empligis on economic production
scheduling. A prime requirement for the optima! economic dispatech of
a power system is the availability of an accurate real-time data buse. The
authors are performing a valuable service to the engincering comymunity
by imparting their experiences in the implementation of the ALP real-

_time monitoring and control system.

The state estimation program of the AEP system uses the line flow
measurements (real and reactive) taken at the ends of each transmission
line. Reltance on this hmited set of measurenients results in o rather low
level of redunduncy. In general, the quality of the estimates of a stale
estimator increases with the fevel of redunduncy, Larpe errors in esti-
mating the state variables can’be caused by missing wid bad data. This is
pirticutarly true for systems with a mininad number of parallel paths

- when line flows are the only duta availuble. H, on the other hand, addi-

“‘tional measurcments such as real and reactive power injections and
voltuge magnitudes at cach node were available, processing of this more
redundant data would result in an improved state estimate. Also, the.
problestss assoviated with radial portions of the system would be less
pronounced. Once the communication links are established, the costs
associated with the acquisition of these additionat measurements cun be
justificd in terms of the improvement in the accuracy of the state osti-
mation. Of course, we realize that certain wlgorithmic modifications

Manuscript received February 10, 1976, N
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would become necessary; while those associated with the use of the
injection measurements would be quite subslantial, the changes associ-
ated with using the nodal voltage measurements would be rull‘lcr small.
Has such additional data at AEP not been utilized because of the relu-
tively small dedicated computer used? ‘ )

tn the so-called emerpency mode a power system is subjected to a
variety of rapidly varying conditions. fow was the state cstim:xlo_{ used
during periods of rapid changes in the power sysiem network confipura-
tion? What uses have been made of the state estimator for post mortem
analysis?

A. Le Roy (lectricite de France, Paris, Frunce): I have read with great
interest the two papers on state estimation. I compliment the authors
for their new job and, niore genceratty, for their significant contribution
in the development of real-time static estimation,

However, 1 have some questions and comments. First, T am sur-
priscd that network topology and estimated quantitics are not re-
freshed once displayed on the CRT7s, In our systems we always display
updated ditta, in accorduance with the cycle of acquisition for measure-
ments and the cycle of calculation programs for computed quantities,
Sccondly, it is mentioned that when a mceasurement is missing or bad,
the measurement on the other side of thie sume ling is used in its place.
This means that the same measurement is used twice and this is a

questionable procedure. Thirdly, the proposed benelits of having addi-

tiona! voltuge magnitude measurements is not conlirmed by our exper-
ience. We think voltage measurements are not accurate enough to be
used in the same way as reactive power components, If instead of hav-
ing DA=Db=Dv, it was 10Dv=Da=Db the conclusions of the paper would
not be so clear, .

At lats | have noticed some typist mistuakes:

n
—Eq(33) n Ra
R =
a

s(2/3) p'/2
i

s(2/3) p'/?
. w o . n n n N,
some lines further if Rb > Ra then Rb > Ra

Instead of R" =
a |

instead of "oif Rb > Ra then..."

— on fig. 4 node numbers are omitted.

5 . .

Manuscript received April 21, 1976.
1

J. F. Dopazo, S. T, Ehrmann, A, F. Gubr.elle, A. M, Sasson, L. S. Van-

Styck, and O. A. Klitin: The authors ure-pleased with - the positive
response and suggestions made by thie discussors. We will comment on
the discussions in the order they appear.

Dr. Woltenberg inquires about the accounting method used to
arrive’ at our cost figures. The personnel costs of $80/per man-day —
cited in the paper - refleet the composite direct salaries of the personnel
invgived during the 1970-1975 time spun. Without question it does not
equate with chiarges that a supplier would need to charge to cover risk,
profit and overhiead. R :

“As mentioned by Dr. Wollenberg, the scheduling of complex state-
of-the-art systems is a very difficult tusk. The project was approved on
the Lasis of its cconomic, technical and operational feasibility . However,
much system analysis and engineering remained 1o be carried out at the
time of approval. In addition, the project encompassed the replacement
of existing economic dispatch, datd lopging and interconnection trans-
action study mode programs and installing them in the new computer
systemr. This of course required some systems analysis to take advantage
of new techniques and a completely pew system design, The ettort to
achicve ol these tusks - including inventing the future = when carried
out by adequately qualificd people in a motivating environment resulls
in the best scheduole attainable.

Dr. Wollenberg is correct that the rescarch aspects of this project
involve tishs which a supplicr could Aot be expected to mect at a fixed
pride and with a frm scheduale, However, those same risks had 10 be met
internatty in ters of price since our feasibility study committed us to
mangement that the project cowld be successtully achicved at a fixed

Ccapital cost for data acquisition and o small seale process control com-

puter and assoctated display peripherats, However, we were allowed

some leeway in terms of sehedule so long as the energy control center
X .

persanne! were not impacted.

Manuscript received Ayt 21, 1976,

At the heart of Dr. Wollenberg's perceptive questions concerning
cost, schedules and risk is the issue of inside or outside development of
computer projects. However computer projects are similar to other
power compuny projects. 1T a power company makes a committment to,
carry out its own full range of engincering services, it follows that it
should have its own staff of engincers devoted to the upplication of
computer analytic techniques, since engineering and the computer are '
integrated,

Dr. Happ asked for an estimate of costs to others now that our
research work has been published and implemented. While the develop-
ment of the algorithms is an important step that can now be by-passed,
we fee! that there is a considerable gap between having them and having
a finished implemented system. 1t is ot possible to condense in pupers
all the experience we obtained while carrying out the project. A pro-
spective group implementing a similar project will {ind that a decper
understanding of all the issues involved and their interrelations will
develop slowly as their work progresses. Their savings in relation to our

_costs might be in the 10% to 307 runge.
A recent paper! describes some of our current thoughts on con-
~ tingency evaluation and the related subject of external system equival-
ence which are based in non-deterministic formulations. Our security
load flow is of an optimal load flow type. '

Mr, Ring inquires about the periodicity of running the state esti-
mation gfrograms. At present, the programs are scheduled in two ways,
(1).every time a circuit breaker stutus change occurs and (2) every five
minutes. If in the former case the breaker change does not change net-
work configuration and the validator find the previous results are still
valid, a state estimation calculation is by-passed even if the programs
had been scheduled.

In the latter case, the validator program may also inhibit a state
estimation calculation. When a calculation is made, timings normally
vary between 50 and 100 scconds depending on which modules are
called upon. Data base dimensions are currently for 100 busses, 160 line
flow measurements and 320 circuit breakers and programs fit in a 10K
partition with some room left for future expansions. We have no plans
at present to replace the analog AGC with a digita) system.

Dr. Siemaszko’s comments are appreciated. Indeed the state csti-
mation monitoring results are being used for calibrating off-line load
flows for short term planning studies and for general information on
the performance of our system. These applications were not part of the
original project plans.

Dr. Handschin refers to his excellent paper on the question of
meter placement from the point of view of bad data detection and
identification. He presents a scheme whereby the covariance matrix of
the measurcment residuals is analyzed and shows that the effect of bad
data does not spread very far from its pliysical location, He then deter-
mines the probability of identifying bad data and how it can be in-
creased by better meter placement, which usuatly means a more even
spread of meters throughout the system. We have observed simjlar be-
havior on the effects of bad datu. Qur studies led to defining the concept
of local redundancy as one that is more meaningful than global re-

~dundancy. Meter plucement then reduces to the simple criteria that to
detect a bad data at least one other measurement must exist nearby that
would interact and prevent the residual at the bud data point from re-
ducing to zero. To identify properly, al feast two additional measure-
ments must exist that would verify cuch other and thus signal at the bad

Cdata one. A knowledge of the estimution procedure-is sufficient to de-
termine which measurements interact with cuch other under radial or
loop configurations. On the point of measurement weights, the D
weights are normally in the 100 and 108 range for our lines and voltage
levéls. At lower voltage fevels these numbers will become smaller. Final-

“ly, Dr. Handschin comments on the need tor injection measurcments,
specially for display as raw measurements when there are compiiter
software or hardware problems. Based on more recent on-line exper-
iences, we can say that the greater than 99% availability of owi control
computer over a 27 month period has indicated that the line flow plus
voltage measurement system is an adequate one. Moreover, because of
the frequent existence of one or a few more bad data points, it was
considered improper to display raw data.

Dr. Duran comments on the scaling constant 02, This gives us the
opportunity to clarify our position on this item that has been somewhat
controversial. When there is bad data present, the expression in his in-
equality yiclds Lurge numbers, much greuter than n or €. The vatue of o<
is also large, and thus its effect is one of sculing down the expression.
Under certain marginal circumstauces or when some types ol mode!
crrors aie present, the detection test is failed but afl memurements pass
the identification test, We take note of this situation, request a new set
of measurcments and, it it persists, consider the system to be under some
softwaresduifure or measurement system problem condition, This, ac-
curred frequently during the implementation testing phase and was
considered valuable in diagnosing problem areas. Under reul time operies
tion, we have rarely encountefed this situation and when it has oceurred,
it has not presisted, thus recovering normal operation when the next set
of measurements came in. On the question of injections, it is known
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i wut do iheir veduced aceuricy they ure not very heipful in the
estimnation process bat there is no doubt that they can be uselul for bud
duta identibcation. We would recommend that if (heir use can be avoid-
ed and still you are able to identity bad data properly,-then their im-
pact o1 the alporithny etficicncy should not be allowed.

D ey presents an nteresting scheme for interpreting the esti-
mation concepts with an cquivalent circuit analogy. We are sure readers
of ouwr paper will find itentiphtening, On the range of his scaling k values,
they fal’ in the 1043 to 105 ranpe for our measureinents,

We are very grateful to Dr. Despotovie Tor his remarks.

Messes, Gross, Thompson and Webster refer also to the (]ULS!IOI\ of
injection measirements. The decision on their use should be based on

Cthe ability of identitying bad dita without them. It had, in our case,
nothing to do with the size of our computer or partition. On our use of
the estimator duding periods of rapid system changes in network con-
figuration, we point out thuat it was not meant to do that by design.
After a breaker operates a delay of severdl seconds is introduced before
flow measurements are taken, I during this period, or while measure-
njents are being vead, there are Turther breaker operations a new delay
is introduced. The end resu't is @ higher guarantee of measurement
compatibility with cach other and with system configuration. The hard
copy provisions ullow cases to be saved for future analysis.

Dr. LeRoy comments on the fact that we do not update the CRT
screens after cach stute estimate. We on purpose wanted to avoid
changing screen information at the moment it is being viewed by an
operator and to aftow him to obtaina hard copy for further study. How-
ever, the mimic board, with its non-nunteric display, is updated dynam-
ically wnd alerts the operator to serious conditions for which he then

requests the most recent CRT display. We aie aware that the substitu-
tion of i measurement at one end for a missing or bad once at the other
end dues not contribute to sccuracy or redund: mney. However, it does
have the property of avoiding the formation and inversion of I‘IL ADA
matrix on many oceasions. We agree with the comments on the weights
of voltage measurenients. 117 in o particular system the voltage weights
are much smaller than those of other measurements then their effect on
scctracy is negligible, lowever, their effect on bad data identification
can be a very useful one. We appreciate and agree with the (ypoL,ruphu.xl
errons spotted by Dr. LeRoy.

The authors wish to point out a typographical error in thé paper
“The AEP Real-Time Monitoring and Control ('ompuur System”. In
the, section entitled costs, the total monthly cost in subsection 1 should
sead 39, OOO rather than $9,800 and the total development cost in sub-
section 2 should read $786,000 rather than $3876,000,

In closing, may we extend our appreciation to atl the discussors
for their kind remarks on our work and their helpful comments.
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INTRCDUCTION

In 1959, management at American Electric Power approved a’

new real-time control computer project for its energy contrel and
dispatching center in Canton, Omo. The cbjectives of the new
system were lo monitor the 765-345 KV EHV transmission network
lo previde system coordination operators with reliable, real-time
information ahoutthe state of the network and the status of its com-
ponents. !n addition, the system would perform the economic dis-
patch and logging functions then operating on a second generation
computer, (1-3:which was instalied in 1964.

CO\ITROL COVPUTER SYSTEH

Figure 1. shows the control computer interface scheme. Auto-
natic genzration contral is 2 digitaly directed analos function. The
1814 1300 cemputer is a data buffer and concentrator for the non-
real-time logzing ‘reperting -hilling functions performed tn the New
Yok |8Y 370158 computer. The slate estimation EHV monitoring
functicns are accomplisned in the 18% 1800, They process the in-

“formation receivad tnrcugh the data acguisttion systam (DAS)
which includes the three (HP) Hewlett Packard 2116°B minicom-
pitacs locats¢ in Roancke (Virginia), Fort Wayne (Indiana) and
Canizn (Qhio). Stats estimation ocutput is accomplished throueh ten
black and \*Hte CRT'S, six associated keyboaids, a orinter, copier
‘"d k| GYH
arx also US% for efo'xomc dispatch functions. The printerscopier
s part of the keyhoard CRT system and provides hard copy 13enti-
cal to a CRT image. The 2.7 by 6m display board is driven by
the- 1BY 1309 through an HP 2100 A minicomputer to ret‘ect the
fc!lewing conditions:

—-open/closed status of circuit breakers.
—onen/closed or overfoaded condition of a transmission ling
o. transformer.
~direction of watt flovi in a line or transformer.

The computer system configuration together with its costs are
mare fully described in Refergnce 4. The dispaltch and logging
funci‘ons are not greatly difizrent than described in (1-3v. The

ta gstimation algorithims and interfaces are described in (5) and
:e'er°nce> listed inerein.

Figtire 2 shows the contre! center functional ralationship. The
state estimation system compnised the functions of netwoix config-
uration, estimation, detection and identification of errors, and dis-
play. The n2twork configuratar funchons are to develep e ceon-
tiguily of monttorad circuit elemen!s oy analysing circuil diaaker
cad measurement status (s-ins. The display board is divven alter
every state calculation. '

THE STATE ESTIMATION ALGORITHM

In the AEP alsarithm the state vector is the complex nodal
H*g s 1El - IEter >, and the measuremant vector is the complex
ine Hows Sq Py« Qa Caiculated tine fio oS S- arafunclions
tha glate vector E, S - S {£). Tha state estimate is the value
AL 8 which minimizes the scalar residual;

. AMERICAN ELECTRIC POHEﬁ SERVICE CORPORATION -2 BROADWAY, HEW YORY, NEW YORK 10604, U.S.A,

‘dy board. The Reyboards and six of tha CRT's -

(T indicates matrix transpose
W is a diagonal weighting matrix

The algonthm is extensively discussed in previous papers, as
mentioned, and it was said that at its minimum J (E) should sattsfy
the inequality:

J(E) < szb/zu- ..... T '3

where the right hand side is the value of a chi sqmred dnstnbuhon
. for k degrees of freedom and a probability of confidence b. Ve use a
~ b value corresponding to the 3= paint, i.e. three times standard

- deviation: ‘
and k = 2m = 2(n-1)
-where

m = number of complex flow measurements, the dimension -
- of Sp '

~ n-1 = number of. complex bus voltages to estimate; *he dimen-
sion of E£. 5 is defmed at one bus a rererence whera
ft}!S measured)..

Subject to the vicissitudes of maintenance, equipment mal-
function and telemeter failure, m has a changing value through time,
and when several measurements are missing from a portion of the
network n also changes because voltages may nol be computabie in
the local area. Morecver, ineguality 21 may not atways be sausiiec.
This is taken to mean that bad data has been deiscted. Thus the
DAS has two types of infidelity:

~Some data missing, time variant where m varies wilh time.
-B8ad data, one or more conponents of Sy is grossly in error.

A This infidelity of the DAS. is the raison d'etre for state esti-
malion. The monitoring system must function in the presence of
these vicissitudes wiih as great 2 veracity as possible. The ac-
curacy enhancement realized, namely:

RO (Se-Strae), | <

where, ROIM means cosresconding “‘real or imazinary part”, is
merely a filtaring by-product of the state estimator and not a jus-
tification for it. (Of course, no one knows Sirye, ond the fact of the
latterinequalitiss, (3)can only beinferred from simulation studies).

RO (Sa-Strue)y |ovveenee (3

From a physical S4 a '‘measured’ branch voltage fer each
line flow measurement is aotained.

where:
Sis an element of S5 .
E is an element of £, at the bus where,S is tasen
2 is the series impedance of the line P section, and
y isthe shunt admittance of the line P{ saclion at the measure-
ment side. (The two shunt are of different value for traas-
former equivalents wilh otf-nominal top.)

For each measurement there is also a computed branch vel-
“tage, being the difference of twe nodal voltages. This can be
viritten in terme of a maasurement node incidence matrix A as:




Dace bad data has been detecled, it is identified as those
fgasorsmenls wheie the largest vaive of nomatized residual branch-
voltage: ‘ :

RO (v m-vc), >t b2 (6)
K, D « v e oo

s (Dli-diag (A(ATDA)TAT)

b
geeurs. (5)

Where:tx, v,21s a Student - t distribution:
sZsJ(E)/K
D Wi [Ei ]2 ¢

The numerator of (eq. 6) is the ROIM of the branch voltage
residual and the densminator is its standard deviation, a normal-
izing factor. The iceatified bad data is removed from S, and E is
then recomputed from the reduced Sy .

THE ESTIMATOR SIZE AND TIMING

9 The AEP data acquisition systém has had dimensions as
shown in Table 1 for the past year:

EMTE BUSSES MEASUREMENTS
March '75 62 ' 121
Seatember 75 63 124
December '75 - 65 ‘ - 134

Toble 1. DAS Size

Every second the 18\ 1800 polls the three HP 2116 B mini-
camouters for a stalus indicalien. (4) {f ng hreskers have changed
stalus, fiow measuiemants are r2ad into the 1200 every five minutes.
f the netwinrk confiowration has chargad, flow measurements are
then read aifter an 8§ second celay for transients to dis out. This
fong wait is because A. D converter and muitinlexor equipment has
a surge protection circutt wath a two second time constant (8-7). If
netwaik configuration has not-changed from the prior state estimate,
Sc (eid) is compared with Sm (new), using feq. 1), to obtain a resid-

ual. 1 this resicual satisiies (en. 2) the prior state estimate is
deemed to sti'l be valic and ne further computations are carried out,
it may be nzcessary, however, to ubdaie the map board with one or
more breaker changes which did net atfect network contiguity.

Thus, the state estimator is run following any network chanya

after the system transient has Cied, of at five minutz intervals * -

tha prior saiution is no 'onger valid. The five minute interval cex
easily be changed, but cur expenence has shown it to be complete-
ly satisfactory.

Figure 3 shous our exparience in passing the residual test
with new meastrements versus (e pridr state estimate. As one
wonld expect 1t shows that the systes is most steady in the early
morning hours, hut becomes ratiier ovnamic by 6to§ a.m. most prob-
ably duz to transmission Sywitcningingreparatidn for iine and equip-
ment maintenance. The droo of tii2 cuive prigi to midntght is gener-
ally due to lead drop after a § to 3:30 svening peak fatiowed by a
characiaristic Cnangs I1n sysiem energy saiss,

ilecent energy transfer exparience has been a daily transfer
“¢f aboyta 1000 to the south daytime and 1000 31 north nigntime.

. Figure 3 shows agsregate November data. The passing per-
<onlage was imaroved by Jaaut 3 ious-to-on2 ralio due to tuning

.+ ihe wetghting foctors. This will be Giscussed tater in the paper..

Sicure 3 shows about 240 trials per hour for 3 3C daye22riod;
ws ‘fa ja >iuul tast is bewna mada on an average of about 3 times
wce a slate estimale 15 iniated atout every five minutes,

of tb'd(s'e; when system contiguily has changed,

The AEP sys em covers a gengraphical are3 abaut 600 Km b,
500 Km. Therefore, a certain amount of data is often missing due
to communication anomalies and.’or maintenance. The natwork con-
fignrator mus! datermine a network mode! appropriate to this miss-
ng da'a This madel may be one, two or three separafed syslems
each mc!uj'ng at teast one of three passible voltage referen:
husses in order that the system state m3y be camputed ineach sub
system. As a result of missing data, certain line quvnmies‘v may
.2 compu!cd without redundancy which wauid guarante2 abserce of
srrors. + Therefore, a f2alure nas been implemented t3 flag nonre-
{undant resulls of the slate estimator output, (9)

BAD DATA EXPERIENCE

Figure 4 shows bad data experience for 29 days of November
1975. This manth is typical of our past years experience with OAS.
It-should be noted that if either watts or vars are bad we say the
measurement is bad; e always try to determine the cause far bad
data and we have found a full spectrum of reasons. In the begin-
ning, naturally, there were many bad data duz to miswiring, watt/
var address reversals, etc. The bad data identifier logic in the
state estimator was of great assistance in ldennfmg and correchng
these expected problems. (9)

When a measuremeat is removed as bad, we have found that
it is better to leave it out for a period of time rather than expecting
it to be only a momentary failure. An expedicious metiod to accom-
plish this has been to leave it flaggad as bad unlt!l the end of the
current hour. At the end of the hour then, we lock at the flags on

- all measurements and log those that are “on”. This log is printed

once a day which lists all the measurements so detected and lhe
number of times each had-been flagead. Therefore, the maximum
flag court would be 24 for any measurement.

Figure 5 shows our experience with bad measurement durati

also for November 1975, There is no regular fasahack to mete
maintenance personnel in re g1rd to bad measurements until the fcg
fs inspected the following morning. As an expediency while doma

certain maintenance work, field personnel may aitow bad dala t
temporarily exist knowing that the slate estimator will hindle |t
praperly. This would account for some bad 43ta up to severa! hours
duration. In regard to particular measurements, many Rave very
high fidality while a few are particular "bad actors” requiring re-
peated maintenance. vinether this will continua thrgugh ina second
vears' experience and bevond, we can't predict, but it has hesn
true to date. Certainly our bad data expanance alone has been
enaugh to justify state estimation versus a read-dispiay schene.
Bad data does not impair the veracity of state estimator resulls.,
e feel a read-display scneme with tne sama infidelity level would
have made system operators vary frustrated and d“nlaus aboutusing

its output.

WEIGHTING FACTORS

~ Many of our previous papers have included a discussion of
weighting factors, “3/" in eq. (1). Statistically the correct weight
to use is:

= [0S + 0652 FSY3] P (®)

which is the standard deviation of the measurement varience. The.
% factor is due to c.b. and potantial davice errsr as a percentage
-of Mva, The 0.52% factar 15 due to a./d convarier and transducer
error as a percentage full scale (FS) value. Thesz parcentages
correspond to the 3o error level of the measuremant hardware

FS, Full scale is the ¥va cotresponding to rated transduc.,
op'put As previously stated (5), ‘“'s made bad data identification
difficult so:

Cotsz Fs/3] ..., e *(9)
was proposed.  This resuited from feigning a constant IShye equal



to .5 FS. This afleviated the icentinication prohlem caused by as-
signipg-improper weights to had daty where Sm differed greatly from
S,,u, . However, it introduced a different undesirable effect.
Because the weighting factors are crucial to proper bad dala
identification Sm could not be subslituted for §,,, But the com-
nuted state veclor € 1s also o function of the .vathto Therefore,
hen {9) was used the salution was degraded to @ certain exlent
(not enough to invalidate the results for transmission monitaring;
but enough that occasionally, (once or twice per week) the inequal-
ity (2) would fail, yel no bad datum could be found via eq. (8)).
Also, we seidom passed the residual lest with the prior state es-
timate. -

Having gained this experience the compromise was apparent,
The Strue term in (8) must be replaced by a "base case” or “system
normal® value. That is, a constant value would solve the identi-
fication problem, and a typica! value would solve the detection
r‘roblem It was not necessary that. Sy,. he accurate, anaual res
view would seem sufficient. This change was made in October 1575
and it about doubled the likelihood of passing the residual test
with the' orior state estimate. No bad data identification failures
have orcurred since. :

J‘.PPLICAT!ON SITUATIONS

Two particular system condmons have made the state esti-

.mator an important too! for system operators: High voltage alerts
and line loading alerts. On saveral occasions at hoth 763 kv and
345 kv levels, transformers voltages have been within.0.5% of con-
tingency limits at a few locations throushout the system.” This
necessitated continuous monitoring of voltage levels. The state
estimator was important for this application and system operators
exnibited a great deai of conficence in it.

 The line loading alerts were that heavy loading on-an EHY
freuit caused a concern that if that circurt were lost the loading
1'a 133 kv line would exceed 1ts 20 minute contingancy loading
thereby requiring immediate action. Again the state estimator was
the best too! for closely monitoring the alert.

- System conditions projected for some three to five years in .

the future are for generally tighter generation capacity and heavier
line loading, Security alert and system reliability concerns will
mke the estimator an almost indispensible tool under these con-
"n.ons

CONCLUSIONS

Bad data suppression and avallabélity of system data when

mPasurements are missing maxe tha state estimator an invaluable .

tuo! for nelwork monitaring. ‘While the state estimator is justified
bacause cf its infidelities 1t also provides system data of enhanced
accuracy. This is particularly important for-voltage level monitoring.

State estimation together with economic dispatch and some
- olver functions can be accomnlishad in a relatively small comouter
main frame, The.CPU availzbility of our svstem has exceeded 99%
for the past tvi0 years, -

REFEREP«CES

}. G. W. Stagg, J. F. Dopazo, H Vatson, J. ..1 Cfa,vley. G. R.
Baliey and E. F. Alderink, A Tm:.S aring On-Line Control
System for Econmomic Operation of a Fower Sygtern " Proc.
lustrum. Sec. Am., Oct., 1985,

2 J. H. Kinshorn, G. H. McDariel and C. P. Zimmerman, ''Develon-
nent of f‘mrdmmon and Centrol of Generation and Power Flow
"'1 the AEP System,” Proc. Am. Pwr. Conf., 1965.

WS, Morgan, A H. Willennar, N. Cohn and C. Nichels, “Facil-
ities for tha AEP Sysiem Power Production Contro! Center,"
N o f‘m e, Con! 9 5 '

TR NLIY e llllj.ll T

4. J. F. Dopazo, S. T. Ehman, A. F. Gabrielle, A. 1. Sasson and
L. §. VanStyck, **The AEP Real-Time Monitoring 2nd Contro!
Computer System,’* |EEE PES Winter Meeting and Tesla Sym-
posium. paper F 76 086-9. New York; N.Y., Jan. 1976.

5. J. F. Dopazo, S. T. Ehrmann, 0. A. Klitin, A. M. Sasson and
L. S. VanSlyck, “‘tmplementation of the AEP Real-Time Mon-
nito:inn System.' 1EEE meeting as in Ref 4, paper F16037-7.

. K. A Clements, 0. J. Dennison and K. J. Ringlee, *‘Effects of
Measurement Non-Simultaneity, Bias, and Parameter Uncer-
tainty on Power System State Estimation,” 1973 PICA Proc.
JEEE, Abstract pp. 5 PAS-93, Jan-Feb 1974, -

7. L. S. VanSlyck, discussion of Ref. § IEEE PAS-83, Jan-Feb
1974, pp. 24.

"8. J. F. Dopazo, 0. A. Klitin and A. M. Sasson, “‘State Estimation
of Power Systens: Detection and Identification of Gross Measure-
ment Errors.'” Proc. {EEE PICA Conf., 1973. DISLUSSIOHS and
closures, IEEE PAS 93 Jan-Feb 1974 pp. 20.

9. A. M. Sasson, S T. Ehrman, P. Lynch and L. S VanSlyck,

. “Automatic Power System Network Topolozy Determination,
IEEE Pas-32, pp. 610-618, Mar-Apr 1973. :

19. A. 4. Sasson, S. T. Ehmman, “*Topological Considerations for

Real-Time Monitoring of Power Transmission Nebworks,' Proc.
{EEE Int. Symp. Cir. Th,, Toronto, April, 1973.

CAPTICN AREA

©ie e e m e e e mem e e e me 4 mee v e e e e e e WSe wem e e =2

ILLUSTRATION {

PFI\N ANEA

i
T T COASIATL A TIOAN (30 0N 11340 ™



[SOLUNMT 1 TEXT START

1

L ’ ILLUSTRATION

Ordinate = Number of

5 ' . days that N

41 ¢ i measurements
3} | : T T were flagge! i
SRR P |
1 P ; :
v H H { T N
o Ts”':?;’{ ‘ ; |
{ Lo b o ! :

O 2 4 6 8 10 12 14 16

Number of measurements flagged--N

; ILLUSTRATION

TION AREA

COLUMN 2 TEXT START

89|
i |
=l
2]
a 7?5‘7
L I g
£l
° 4rwmt
° 3}“1% !
B 270 B
'IU'.L” e L
4

8 12 16 20 24

Bad measurement duration -- Hours

ILLUSTRATION

CAPTION AREA

YECOAMIANMATIAAN Y A\ LIATNT 0




SOLUMN T TEXT START ‘ . runy SHAion

t
: - ) . ®? Jomarmns. Lid
1 ’ 2D e REBOTES 268
! : L} S,
. . )
j : \ .
. R . 39ud 20x8
i 21, 08AU0) .
! . i
i o \\ - HEW YORK
1 : : ‘
)
; ‘ .
- u
) 18 1800 m‘;?.u
{ - n:s;:l;-a CORECORE SYSTEM OFF-Lint |
. : : seon| | CTGLE STESL 2400 taL0 1
L | CEOrR0CL &4k AN STORAGE OnE asr 1
gt el f ] T N 181 1810 1 34 WORD CONvERLATION
- $79 10w CRANCES RATOW ComTACL $HAdY Oisx s SAEQUL LLAD
) routa s197C0 * 21w 186 rm:nmw:sf/ ML vru."-'
Anotmtnry . REYBCARD THEN OATA ETC
= > > L S . : 1~ 10 1033 PHINTER . "
. B L ~ I=18M 16442 CAND/
— r N Y : READS PUNCH
i 1, CONTROL, E2OROMC -
Contcarion ;'fo'i!&‘ l oisraicn }‘*“'——""‘L ‘°‘€o'."¥f‘:."j nxnnvuo . tomescone .| " '“;‘n;:v;gnunz -
; - >
pas! < - : ” roczsson|  CTCLL STEAL . J | RIYBOIRG
y SRR L v L~
dol ram o s ’ ,__3';‘_5_0«_?
i lane 1013 rSmana L Ssers T { FOinTS
# 1 R 600 015ITAL
M : : POINTS
- (%370 3 . -
T CniECaing ':
. : -t o : : ]
N l
3
. ) ANALOG LOC
- 4 e )
o0
‘ TOANSAH TSiOn CCNTOOL D132 Gy [t RATSACT Om € 7108 CSPLAY DISC
WOuITI@ | L it -T0 'l:aof! CAT SCALENS " car sc-t'::;u HMEHORY/ 2ErBOARD
(214 b.-uu‘ ) 0 1ew 370 AnD aBTaCamn AND AE 150480 MULTIMLESER e
. | OrEAATORY ¢ PN LT I T I &1 LT HINICOMPUTER
.~ - conTROL °
)
20480 HAP pPRINTER

?iquro 1. Functiona! Flow Chart of thea AEP Conllml Center (1976) ’ .; - - f..:i;:no' —2_. 'Co;fr;lv‘Cer.ﬁ; a.nd-DAS Ha}d\;ar'o ’

A
1207 200 L
S

801

LMmuwu> o

40+ . . »
2 4 6 8 10 12 14 16 18 20 22 24 !

HOUR ENDING © ILLUSTRATION

ficucs 3 Residual Test E'p;}ién_éo of Prior State Estimate CAPTIOM AREA
(Aggregaler Dota for Movember 1975).

TS U T TERMINATION OF COt LIt DO

IR, 00







centro de educacion contxmua ,f

divisidn de estudios superiores S
facultad de ingenlerfa, unam \q\“{;if;;’

ol

TEMAS SELEZCTOS DiZ ANALISIS DE REDES ELCTRICAS

TEMAVL.T USO DE EQUIVALENTES 2XTERNOS PARA
ANALISIS D& CONTINGENCIAS -

W. F. TINNZY

ENERO, 1979.

Paolacie fe #lnerie Cella do Tazuba 5, . primer piso. AERIzI Y, D F






[

Sy Tt I SARCO T, SY MPOSTU e

REN NETWORK REDUCTION FOR l’OWER SYSTEM APPLICATIONS -
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ABSTRACT

The RUD approuch 1o power network equivalents largely
overcomes certain ditficutties encountered with othier cquivalents
and permits o more favorable trude-off between accuracy und
computer requirements. In the RE! approuch a group' of
functionally reluted sctive nodes is replaced by un equivalent
Netitious: node. In the resulting equivalent the fictitious node
partially  preserves the identity and closely approximates the
elfect of the active nodes it replices, 1 also closely approximates
e original power input-oatput relationships. The rper outlines

the bisic ideus, shows low to make the RED equivalent
compatible with sparsity and - suggests  topics for furihier
investigation.
/
-

INTRODUCTION

Lictter power network :cquivulcnls are needed for steady-
state and dynamic simulation applications. All'hough a number of
ditterent power network equivalenty have been proposed, the
most widely used  equivalents are bised on straightforward
network reduction! 2. This. puper expliing the little known REI
approach which is an extension: of network reduction. The
designation REL which is derived from the words Radial,

Lyuivident and  Independent, is- used by Dr. Pau! Dimo of

CRonumniy for the power netwark equivalent schiemehe developed

in the carly 1960°53 3. flis work. has only recently gained
attention in the United States. *At Bonneville Power Administra-
ton (BI'A) RET cquivalents are now being used in power tflow
i stability The RED upproach offers
sipniticant advantages over conventional network reduction for
pti'wur netwark equivalents in gecuracy, compuier requirements

transient .studicx(’.

and dependahitity.

Power transmission systems in normal steady-state opera-
tion can be analyzed us networks composed ol linear admittance
clements, Power system network problems, however, are usually
nontinear because load wnd generution are specilied as complex
power tnstead of current and voltage, Therefore, equivalents for
powaer network problems are approximations whose accuracies
cin be deternined onty by compuring solutions obtubied with
and without ther use.

Portland, Oregon 97208

‘Because of the large difference between the power fre-
quency and the much lower frequencics of electromechanical
oscillations associated with transient and dynuainic stubility,
steady-state phasor analysis cun be used for the trapsmission
network in most power system dynumic simulation problcmé.
Therefore, improvements in steudy-state equivalents such as the

. RELapproach ure also relevant for these dynamic problems. -

The “lirgest interconnected p()wcf trunsmission networks
now being studied have from five to ten thousand buses (or
nudes): systems of two thousund buses are common, Network
problems of this size can be solved, but they tux the largest
computer systems. Often only u portion of a lurge network is of
interest. For these situations, efficient, accurate, convenient amd
dependable methods for reducing the problem to an eguivalent
representing only the area of interest would be of great benclit.
Equivalents also can be useful in overcoming other difficultics
associated with system size such as the luck or uncertuinty of
duty. Present methods for power system eguivatents fall short of
meeting the idea! requirements for most applications.

. I 3

In the REI approuach a group of functionally related uctive
nodes of u network is replaced by a single fictitious equivdlent
node. The equivalent node is connected thirough a lossless
fictitious network to the group of uctive nodes which it repluces.
The real and reactive power injections at the equivalent node are
the ulgebruic sums of the real und reactive injections of the group
ol nodes., After the connectiun of the fictitious network, the
formerly active nodes are passive and the fictitious nétwork
supplics the former injections through its connections to the
original network. The passive nodes may then be climinuted by
ordinary network reduction leaving only the equivalent node to
represent their effect on the remuinder of the original network.

in a typicul upplication the nodes that are not needed in the
output ure formed into a number of groups based on their
functionul sitnilarity and each group is replaced by an equivalent
REL node as outlined. The resulting network equivalent is exact
at a chosen operating point and a good Aapproximation at
neighboring operating points. The variables at the equivalent RED
nodes are physically meaningful and can be used to monitor and
control solutions obtained with the equivalent. In contrast to
conventional network reduction schemes the power input,
Outpult. and losses are approximately the sume for the R
equivalent as for the originat network.

Eurly work on the REl upproach was concerned mainly
with reduction in number of nodes in 4 network and ignored its-



cifects on sparsily. Since computer programs for all lurge power
systermn problems now employ sparse matrix techniques, it s
necessary Lo modily the RE approach to cope with sparsity.

This paper presents the RED approach tfrom a different
viewpoit than tuken by Dimo, 1t explaing the effect of the RE]
approach on spursity and gives puidetines for strutegies to
mitigate  the associuted sparsity problem. A more generalized
Stornt ol the RED cquivalent s suggested. Possibititics tor further
investigation which should be of interest to circuit theorists are
pobited out.

NOTATION

Upper cuse letters are used for complex’ quantities, lower
case fetters for real quantities, Complex conjugate is denoted by
AN matrices and vectors are enclosed i brackets |

¥l » nodul admittance matrix

1) : node voltage véctor

{71 D node current vector

Sty D complex power injection at node §

1; : complex current injection at node i
i Tcomplex voltuge at node §

¥, secamplex physical adimittince of branch 4,

(noi to be contused with trunster admittance)
s eomplex driving point admittance ol [Y)
ccomplex transter admittunce of [Y)

NETWORK REDUCTION JFOR
POWER NETWORK FQUIVALENTS

Since the RED approuch is essentiully an extension of and a
substitute tor conventional network reduction, it is helpful to
briefly review network reduction and its deliciencies in power
system applications. )

The relationship between node-to-ground voltuges und nodal
current infections i g network is

LYy (v =11 _ )
In discussing network reduction it is convenient to divide the
todes of the network into three sets as tollows:

(.1) Naodes to be retained that have no branches connecting

‘ “to nodes of set C :

(#) Nuodes to be retained thut have one or more branches

connecting to nodes of set €,

() Nuodes to be eliminated.

With these delinitions Eq. (1) can be written in partitioned form

;ﬁ"‘! 4 Vg | ] r vl IA.l
! (2
|

N

! Voi = il

{

) [, |

[ 2N I

L(J‘ L]

P Yea Yun Yue
|

L Y(.‘.’: ¥ 'C'(‘J

. matrix and o set of fictitious current injections (//)]
__power system upplications (these current injections must be

Eljininating VC gives

[Yii Vg Val 1y
= (3)
D

Yie  Yus Va Iy

wliere

(i) = Do) - [ (] (1] o0
[’Ié] = [’8}' - [Yac] [Yc'é-] [lc] (4b)

Introducing new symbols Eqs (4a) and (4b) can be written mbrc

compuctly as
() - [ (5

4
(78]
r " «

(5] = [w] - [5] (56)
The elimination of the nodes of set C introducts fictitious
brunches between and fictitious cum.nl injections into the nodes
of set B, known as the boundury nodes. Set 4 is unatfected by
the elimination of 'C because it is isoluted from set C by set 8.

Eqs. (1) through (5) outline linear network reduction in
which the injections are currents. In power networks the given or
known injections ure complex powcr instead of current. The
injection S; at node i is

S;=V1y BN

Ir .S'i un_g'['. V. are known, /; cun be determined. Theretfore,
various adaptations of the lineur reduction scheme can also be
used for power network cquivalents. However, it is finst nevessary
to obtain a solution to the nonlinear system ol power [Tow
equations in order to determine the current injections, Since the
set of power injections chosen tor this solution will afTect the
resutting equivalent, the choice of the injections for the buse cuse
must take into account the problems to be solved with the
equivalent.

Assuming a suitable base case solution for the entire
network is known, a power network equivalent can be derived
from the linexr recuction scheme. Following the procedure
indicated by Eq. (4) produces an equivalent noda! admittance
. For most

converted to equivalent complex power injections which can be
combined with the given power injections at the boundary nodes.
Stuiice the voltiages at the boundury nodes are known from the
base case solution, the fictitious injection S;'at each node i of the
boundury can be computed. from

Sr=vay . )

where V is from PB] and /* is from LI ] The .Ju"memcd
injection 5 at each boundary nodu is

§i=y,- 8 ‘ @)}

4 i i

where S, is the actual injection at the boundury node f.



A imporbant afternative of this procedure is to convert the
current injections [/(. Lo cquivadent shunt admitunces before
pertarming  the  reduction. This step modifics the  dingonal
clementy ol Y(_‘('] ol L. (;) and nnkes ‘/,C =[()] Each
diagonal element ¥ of [)'(.(.] is chunged to ¥ us tollows:
Yi=Y- LV, (8)

Hi

¢ i

where [ooaad Vo oare the §-th clements of [I(.J und '[VC]
respectively. .

1 the shant admittance alternative of Eq. (8) is used, there ure
o tictitious injections at the boundury nodes but [Y}}”] is o
function ol the base cuse solution. 1I the distributed current
schenie is used, [)'““] is independent of the chosen base cuse.
tntermediate schemes i which some nodes of Care treated in
one way and sonme in the other way are also used. Similarly, o
fruction of the injections at cich node can be treated cach wily.
Al of these alternatives fnfluence the aceuracy  and other
properties of the equivalent, but knowledge of the effects is
Lirgely cimpirical. :

The power flow problem is representative of most power
network  applications of equivalents; therefore, the ensuing
discussion will be bused onit.

T the power Tow problent nodes are ol three basic lypes7.

(1) VO nodes where [l’il and (2, are specified.
(2} PQ nodes where p; and ¢ are speciticd.

{31 PV nodes where p; um!lll/‘.’l:nrc specified.

The relutionships between injections p; and ¢; and the dependent
vanbtes 1 are

real {VI. Ly V;} =p, ’ ©4)
imag {VI. 3. Y‘-‘; V;‘( =y; ~ (9b)

In the polur formutation each PQ node requites Egs. (9a) and

), and eaeh PV node requires onty Eq. (9a). The VO nodes do.

not uppenr explicitly in the system of equations but their effect
is represented in Egs. (90 and (9b),

The nonlinear power flow equations cun be solved by
severa! iterative methods® but the pertormance of these methods
s problem dependent in ways that are not well understood and
the conditions necessury for the eaistence of a power flow
sulution are not known’. Far a given problem there may be no
sofution or many solutions, only one of which is physically
dceeptable. Problem conditions also affect the rate of conver-

genee of solution methods. Tn generil, it is.more difficult to solve

.|ln\v-:r Mow problems. after a network reduction than before. The
lollowing factors seem to be respounsible for some of the
ditticultios:
(11 The climination of critical PV nodes inset C.
(2) The great diversity of magnitudes of fictitious injec-
s [
tions 'L//"J" ‘ o
{3y IThe abnormal values of rY' 1 .
IRETY)

togeneral, the cquivalent does not represent the eficer of the

Cchmmmated system over o wide enough range of conditions with

Lonses ol plauraey.

Ditficulties in power flow solutions with conventionat eqiva-
lents ure munifested in the following ways:

j‘(l) The solution method fuils to converge although a
solution exists.

(2) The method converges to a physically unacceptabhe
solution.

(3) The method converges ta the desired solution but it
tukes more than the usual number of iterations.

(4) The accuracy of the solution is unaceeptable.

These difficulties cun be mitigated to some extent by transferring
certain critical PV nodes from set C to sets' A or 4. {f too muny
PV nodes are retained, it lurgely defeats the purpose of having
the equivalent; it too few PV nodes are setained, the difficultits
persist. Identification of the critical PV nodes that should be
retained depends on experience.

In certain applications it would be possible to eliminate
many more nodes of any of the three types if it were possible to
monitor the effects of the subsequent solutions upon them or to
modify their given conditions in accordance with problem
requirements. This cunnot be done with the conventional
equivalent because the identity of eliminated nodes is lost.
Accurucy is poor because the equivalent injections ut the
boundury nodes do not adequately reflect the influence of the
eliminated system. :

Another defect of conventional equivalents is that they do
not preserve the power input-output relutionships for the totul
network. In many applications it is desirable to be able to
determine the total system losses as the algebraic sum of the
complex power injections, Although the power flows and losses .
in the branches of gyA"{] and [Ylilt] are the same in the
equivalent as in the full system for the base case, the losses in the
fictitious branches of [Y'[;RJ are not the same as in the
eliminated network, The identity of generation and load is lost in

the equivalent. .

RE! EQUIVALENT

a.  Basic Development

The RE! concept c\an be explained with schematic diagrams.
Fig. (1a) shows a network at a known operating point with a set
of N active nodes, having complex power injections S;, to be
made into an RE! equivalent. 'he first step is shown in Fig. (1b)
where an RE! network is connected to the ¥ nodes. The REI
network hus one active node R, with injection SR' in uddition to
the N nodes connecting it o the original network. At this point
the REI network has no specific internal structure, but it is
assumed to be composed of "passive linear elemeiits with no
connection to ground. The injection S, must be equal to the
algebraic sum of the N known injections and the REI network
must luve zero real and reactive power losses. The power Mows
from the REl network into the N nodes of the original network
must mutcle the N ooriginul injections; the node voltages F; must
alves be the same as before. Since the N-connecting nodes, us well
as any hidden internal nodes, are passive, they cun all be
chiminated as shown in Fig. (1e) without affecung the conditions



al remining nodes ol the origingl network. Since Sg replaces the
A onpnal injections, the original power input-output relationship

N prescived.

(
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Fig. 20 (ad RED neiwork with known terminal values. (b) Star
conliguration of RED network showing branch admittances,
branclt currents with assumed  poluriies and  other derive

yrdsiies.

Except for some degenerate cuses of no practical impor”
tance, it is always possible to establish an RET network that will
satisly the foregoing conditions, Fig. (2a) shows the general cise
for«un REl network. of N nodes wlhose power injegtions
{direction reversed) und node voltuges are obtained from the
solution of a specific network problem. The RE! network must
satisfy  these known conditions us its terminals. The star
configuration of Fig. (2b) fulfills the requireménts. It huy one
internul pussive node G whose voltage can be assigned an
arbitrary value. Dimo always lets VG =0, but a more general
form of the equivulent can be obtained by allowing V¢, to

Cassume other values,

s

Lach current injection J; into node i must be

U - (10)

The currént Ig entering node R must be
N‘ .
=, L (tn

: N ' .

The voltuge ¥Vp must then be

Ve = Spll}- (13)
It VG = 0, the branch admittances are

Y; == 1y =- St |vi]? O (4

- - 2

Yp = ItV = 31 |%] (14b)
If VG # 0, thesbranch admittances are

Y =1 Ve -¥) (15u)

Yp = Igl(Vg - Ve) ‘ (15b)

Note that Egs. (10) through (13) do not depend on the topology

-or brunch adimittunces of the confipuration chosen. Eqs. (14) und

(13), of coaurse, apply only to the star configuration. Branch
currents do not have to be computed explicitly.

b.  Properties

Since the node G is passive, it can be eliminated withoiit
changing- the terminal conditions. [ts elimination Tesults in a
mesh network in which the A connecting nodes and node R are
fully interconnected. Hf N is large this star-to-mesh conversion
can greatly increase the number branches in the equivalent, As
will be explained, in some applications there is no reuson to
eliminate the node G unless or until it is advantageous in the
strategy for conserving sparsity. For other applications it may be
necessury or desirable to eliminate node G. It the REDequivalent
is bused on ¥, =0, VG will always be close to zero when
problems are solved. using the equivalent. Since suome iterative
sofution ethods depend on node voltages being, near to their
nominal vilues, the retention of node G for applications using
these methods may cause difficulties. o the examples in this
paper node G is eliminated.
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tetinitely many RED cquivalents could be derived from the
star configaration by the freedom ol choiee of Vi, One case of
possible mterest’ is when Veris set cqual to Vi, 11 this is done,
the branch RG has infinte admittance and, in etfecet, vanishes,
Any advantuges ol this special case have not been investigated.

Infinitely many topological contigurations would also fulfitl
the RLE requiremients. But stnce all configurations would be
reducible to un vV + 1 node mesh equivalent, there is no reason to
contigurations more complicated- thun  this
Whether any mesh that would not be the result of ctiminating
node G of the star would be of any use has not been investigated.

donsider

tn this paper the star configuration is assumed.

Since the admittances of the RED network are tunction, of
the operating point of the original network and the choice of
Vi [Y}}IJ of Eq. (5a) becomes u lunction of these sume lactors
when the” REL approach is used. The accuracy of the REI
cquivalent depends in part on how closely the computed values
of 1 udmittunces approxinuite the vatues that would give exact
results in each problem tor which the equivalent is used. 1t would
be desirable to know how the choice of Ve affects the
performunce ol the equivalent. This has been examined to some
extent experinentatly but not analytically. .

~ Experiment as well as reason indicates that V(} =0 is
probubly the optimum choice for most power network equiva-
lents. When ¥ = 0, the values of the branch admittunces Y,- of

Sthe RED network are the sume as those ol the shunt udmittances

wihich replace node injections. This canbe seen by comparing
Egs. 68y and (1) 1t is well Known that the equivatent shunt
;ulmiil;nl?c_ is o good appronimation for the nodal power
injection beciruse it iy sensitive only to changes in node voltage
nagnitude, not angle, and  the voltuge magnitudes remain
refatively constant v most power network problems, This same
reasoning applies to the choice of Vi = 0 for the RE cquivalent.

I l-'(,. =(), the brunch admittunces of the REI network uare

functions of voltage wmagnitudes only; i Ve # 0, they are also-

Yunctions of voltuge dangles which tend to change from case to
case more thay the mugnitudes. Nevertheless, there may be
application or probtems where the choice of Vi # 0 s better.

The other quintity of importance is VR which is a current
weighted average of the N node voltages to which the REI
network s connected. This voltuge is physically meaningtul and
ousing the equivalent in subsequent problems it can be
maonitored or adjusted in much the same way-as the voltage of an
actuud node.

¢ Applicition

The RELD equivatent can be used in inany diirerent power
systemn applications some” ot which have already been imple-
mented but most of which are stilh speculutive. Only a tew
suggestions can be given here. ’

The nodes to be climinated are organized into groups
accordimg to sone criteria and cach group is combined imto an
REDE node. As an extreme example, all of thie umieeded active
nades 0 an entire network could be tombined into one RE!
squivalent. More Lypically the nwnber of REL equivalents ina
nower petwork might range between 10 and 100, The grouping

mesh,

criteria would normally be bused on functional simifarity of
nodes. For example, in the simulation of electromechanical
dydamics, nodes representing machines whose oscillations were
known to be approxinutely coherent would be combined into
one REL node. Ina power flow problem nodes of the same type
would be grouped together. As will be shown, sparsity ellects
must also be tuken into account along \\}.i!h functionat similurity

. and other problem related factors in grouping nodes. Proper

grouping of nodes for RE! equivalents is an important sub-
problem requiring more study. :

REl equivalents can be used in conjunction with conven-
tionat network reduction for elimination of active nodes, some
nodes being handled by the RELD scheme, others by the
conventional scheme. However, when active nodes are eliminated
by the conventional scheme, their injections will be distributed
to the R nodes as well as to the normal boundary nodes of the
equivalent. If the G nodes are retained, the injections will be
distributed to them instead of to' the R nodes. In either case
these distributed injections must be taken into account properly
in using the equivalent, Also, when combined with the conven-
tiony! scheme, some of the advantages of the RET approach are
Jiminished. '

It is possible to have one group .of nodes connected to two
ur more RE! networks each having a different influende or
fanction in the problems’ to be solved with the equivalent. For
erample, the reul power could be supplied througl one’ REL
nztwork and  the rcuctive7 power through the other. {n a
decoupled solution scheme” the equivalents for each decoupled
part would not have to be the same. In some dynamic problems
woaere the load behavior ut each node is divided intu parts, the
perts could be segretated to sepurate REL equivalents. These are
utly suggestions of “possibilities; their practical advantages have
rot been expldred:

Atthough the R nodes are fictitious, they are physically-
meuninglful. In subsequent problems the dependent variables of
the R nodes can be monitored in much the same way as the
wdividual ehiminated nodes which they collectively represent.

““he “independent variables at the R nodes cun be changed

wccording to, conditions monitored during the problem solutjon
sr according to problem requirements prior-to solution, The
ability to control the independent variables at the R nodes and
thereby approximate the sume contro! at the eliminated nodes js
4 unique advantage of the appreach

SPARSITY ASPLECTS OF RE] APPROACH

yiien conventiona! matrix methods ure to be used, the
objective of network reduction is to eliminate as many nodes as
possible. When sparse matrix methods are to he used, the
objective of network reduction is to enhance the spursity
exploitation of the resulting equivalent. Practical suboptimaut
trutegies for spunsity enhancement in network reduction huave
“een developed und used Tor several ycans(). Network reduction
Cselr istimplemented with sparsity techniques and the matrix
aversions  indicated in Eq. (4) are used only for symbolic
onvenience. Since sparsity-oriented network reduction has been
Lovered elsewliere”, it will be reviewed only briefly hero
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HBefore performing a sparsity-oriented. nélworkf reduction it

is necessury to divide the nodes of the network into two sets; .

1y nodes that muast be retained and (2) nodes that may be, but
du nut necessarily have to be, elimnated. 1 the nodes of set (2)
are eliminated moa sparsity-directed order, the eftect is charac-
lz:}'i\liu.xlly as mdicated in Fig (3) in which the number of nodes
plos branches 1 the network is plotted as a function of the
number of nudes eliminated. As the reduction proceeds, the total
munber of nodes and brunches, which is o measure of the
computational complexity ol the network, decreases until it
reaches o minimam Cpoint L), then it increases untit ull of set (2)
is cluminated (point J).-1f the network reduction is stopped at the
nunimuny, the resulting cquivident witl be much better suited for
spansity moethods, Nodes remaining in set (2) (between L and 1)
at the minimum point are retained along with the nodes of set
(1) thetweend und Kj to enhunce sparsity.

Since the REL networks become a part of the total network
betore reduction, the way in which nodes are grouped to
establish the RE! aetwoiks can have a significant influence on
the sparsity of the Tinal equivatent. After the R networks have
been udded, the network reduction is no different than for any
othier problein. Therefore, the strategy for sparsity enllancement
of the R upproach mimt be apptied in the grouping of nodes
for “the RED equivalents. ta grouping the nodes, functional
sinifarity and sparsity eftects must both be considered. In some
cases these two factors cun be consudered tndependently, but
mur:: otten they conflict and a compromise must be established.

4“‘lfro'm the stundpoint of sparsity the grouping of nodes for
RET cquivalents should be based on topologicutly weakly coupled
subnetworks according to the swne prninciples that shiould be
observed i ordinury sparsity-oriented ruduction(). Each weakly
connedted subnetwork recognizad by the sparsity strategy can be
wonnected Lo one or more REL networks, but an REI network
should ot he estubhishied which would connect two atherwise
wealily connected subnetworks, This s particutarly important i

taw G nodes are to be eliminated,

v

(c)

Fig 4. (a) Main network A with subnetwork B which can be

eliminated. (b} Connection of RE[ network. to selected active
nodes of B. (¢) Situation after elimination of pussive nodes.

(A 6o

) -

Fig. 5. (u) Muin network A with radially connected subneiworks
B and C connected together through un REI network, {b) Situa-
tion after elimination of all nodes of B and C (¢} Sume sitwation

as (a) but with cach subnetwork connected 1o u separate RED
netwaork, (d) Situation of tef after elimination of all nodes of B

and C

[§)



The wea can be shown schematically. Fig. (da) shows a
subnetwork A, which is to be retained, and o subnetwork B, all
nodes of which may be climinated. Subnetwork A is connected
o It Ullly.lhfuc boundury nodes. Fig. (db) shows a selected
group ol nodes o B comected to an REI network. Fig (de)
shiows the result atters climinating ull nodes of subnetwork B and
retaining only node K. 11 the nodes of B had been eliminated by

the conventional method of Eq. (3), there would huve been

added, at niost, only three equivalent branches interconnecting
the three boundury nodes. With the REID approach three more
Lranches ure needed to connect node R to the boundary nodes.
Alsa there is the additional node R,

The way in which sp;nrsi('); can be sacriticed by establishing
an RED equivalent that connects two subnetworks is shown in
I'ig. (5). Fig. (51) shows two subnetworks B und- C each

connected to three ditterent boundary nodes of network A, I

nodes from B and C are connected o one REL network, thereisa

" potential fillkin of 21 branches as shown in Fig (5b). 1F ua separate

RET network s estublished tor cach subnetwork, as shown in Fig.
{Sc). the potential l'ill-in,. as shown in Fig. (58d), is only 12
brunches. Almost the sume conservation of sparsity could have
been achieved for the single RED equivalent if its node G has not
been eliminated. '

(R}

(b)

Fig. o, (a) Four subietworks with RE! networks connected 1o
selected nodes of cacl. (b) Sitwation after climination of all bt
the howdary nodes and B nodes of the REL networks,

As shown in Ref. 19], if all nodes of 4 subnetwork are
eliminated, the potential tilkin is an equivalent brunch connect-
ing cach boundary node to every othier boundary node. For A/
boandury nodes the maximum fill-in is (M: - AD/2, but same of
these brunches may already exist so the net {itl-in is usually less.
If an RET network is connected to a subnetwork that has been
properly identified by the sparsity logic, the boundury node
fill-in is the same as lor conventiona! network reduction, but
there will be Af additional branches connecting the 8! boundury
nodes to the node R or G. Note that the number of brunches to
R or G in the final equivalent is M, the number of boundury
nodes, not N, the number of original connecting nodes. Note ulso

- that whether the node G-is eliminated of not makes very little

ditference unless the REl network involves two or more
subnetworks. For each node G that is n‘c%t eliminated there will
be one additionu! branch RG and one sdditional node R. Since
these brunches are radial, they will cause no fill-in-in the spurse
trigsngular fuctorization of the equivalent. There ure situations in
which retaining node G enhances sparsity and others in which it
is better to eliminate it. '

The aim of the strutegy for selecting REl nodes should be to
avoid joining of subnetworks as much as possible. A simplified

“example is shown in Fig. (6). Fig. (6a) shows four subnetworks

with five RE! networks. Fig. (6b) shows the situation after
climination of all active and puassive interior nodes (not shown),
connecting nodes and G nodes; only the R nodes and boundary
nodes of the subnetworks ure retuined, Conventionul network
reduction has been combined with the REL upproach. The G
nodes were eliminated because thére was no advantage from the
standpoint of sparsity in retaining them.

Logic for automatic grouping of nodes for RE! equivalents
according to functional siimilarity is straightforward. But the
requirement to make grou;ﬁng computible with sparsity s more
difficult because the problem of identifying weukly connected
subnetworks has not been solved. A sparsity-directed ordering off
the nodes prior to establishing the RELnetworks can be helpfu!
in identifying subnetworks, In the BPA applications the input
data is always caded by control aresus which approximately
conform to the criterion of weuk topological connectivity, In
estublishing the RE! groupings, the logic restricts each functional
grouping to only one control area, For most powcr system

. problems the normuldata coding” pro'vidés's‘umci&nt clues to thie

network tapology for the purposes of sparsity exploitation.

DISCUSSION AND CONCLUSIONS

The merits of the REf approach have been cleurly estab-
lished in farge-scale practical applications in Lurope and the
United States. 1t appeuars to offer advantages as a replacement for
conventional network reduction schemes now widely used in
most power system applicitions. Furthermore, becase ot ils
unique propertics it could open the way for new upphications of

“equivalents.

Critical examination of the RE! approusch reveals it is not as

simple as it first seenis to be. Present knowledge concerning its

perforrmance is lurgely empirical und based on refatively tew of its



many  possible applications; Its present applications in power
flow aud  transient stability  have not been perfected and
significant improvements are still expected.

The urgent need for better power network equivalents and

the favorable results obtuined with the RED equivalent indicate

Sthat more research and development work should be devoted to

it. The REL equivalent should be studied both theoreticully and
eaperimentully and compared with alternative approaches to
puwer network equivalents. The puper suggests some of the
topics that should be considered in such investigations. Study of
the R cqu'ivu!cn( could be undertaken as an independent
research prablem or treated as a subproblem of a particular
upphc;l!idn. ‘ '
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Abstract - An equivalent model for exlernal systems to be used in on-line
contingency studies is presented. The equivalent uses Dimo's HE) network re-
duction technique together with a method for fracking on-line injection and ael-
work cnanges inthe external system by modifying the parameters of the equivalent,
This importan! charactenstic results in a dependable equivalent with excellent
response at a:l operaling points. :

Another impottant aspect of this paper is the facl that for the first time the -

testing of on-hine equivalents s caitied out in 3 real-time envitonment rather
than under simulated conditions. The response of the equivalent modet proposed
herein to the ovtzge of 3 major 765KV cicust n the AEP Sysiem is fepoited and:
the results provized by the equivalent are compared o the resulls providec by the
AEP State Estimator, The results obtamed with the model presented in this paper
'Ere superiof Lo the results obtarned with other equivalent models.

INTRODUCTION

A great dea! of altention has recently been given to the problem of obtaining
equivalents of exiernal systems to be used n the on-line static secunty 22alysts
ol intetconnected power systems, The need for these equivalents resolts fiom the
fact l"ha'. at a particu'ar power System computer monmitoning facility or control
cenlef, very little ~if any -real-time cata from the external sysiem ts available,
Although the recent tengency in the electric utihty industry has been tg ‘avor a
mote active intarchange of ¢ata belween neighbonng companies, t does act seem
feasible that complele cala hases-such &s those tequired by, for instaance, a
slale eshmahon hased momtoung system ~will be avarlatile to a particular control
cenler in the near fulufe. System secunly problems, nevertheless, are being -felt
with moie and more inteaSity impesmg 3 temendous burden on’both the system
and the operalor. Conseauently, 1% seems that the only viable alternative avail-
able loday o the control center designer 1s to forgo the possibility of baswng Lhe
desvgnor'hn use ofreal-imetatcemation from the external systems and concentrale
on:developing equivalent models of the exremal system that respond o both
internal and external network and tnjection changing conditions with suificient
accuiaCy for decision making. . \

Two approaches have been suggested for the de(ermmatnon of externat
equwalen!s QOne consists of the so-called topo!oglcal equivalents of the Ward
type {1, ?] or the REI equivalent type 3-61, whereby the equiwvalents.are’ ob-
tained, olf: line, using standard network reduction techniques and later coupled o
the. internal system to be used for on-hine calculations. The second approach
consists of the on-line determination of an equivalent of the Ward type by using
the teal-time measutements as wpuls lo a parameter estimation algonithm 7,87,
The formef methed requires the knowledge of atleast a base case system tondition
for the ex'ernal network, !n that approach, since the equtvalents are caiculated for
2 pamCu 3 base case operating condition, they far! to reflect the continvous
changes in both m;echons and network cc-figuration that take ptace at all times
in lne power sysiem, The on-line equivalent model,
advaptage of attempling to reflect current operating conditrons thal are manifest
in trie available measurements; however, this type of equivalent, being of the
\'ard lype, fails to provide an adequate measyre of reactive support lo the netwoik,
aside tom the inherent computational ¢ilfirulties of the patameter estimation
algorithms so far preposed (7,81, ‘

Inthe light of the above discussion,an mproved extetnalequivalent modeling
technique‘gha( overcomes many of the limitations of pieviously reported methods
is presented in this paper. The new method essentially benelits from the advan-
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on the other hand, has the

tages of both the topological and on-line equivalencing approaches. It comdines
an off-line topological equivalent of the Dymo RE{-fype with on-tine techniGues far
updating the parameters of the equwvalent. In this way il 1s possible (¢ rellect
both external system injection and network changes as well as any ~scehing
eirors that may be present tn the base case load flow cenditions consideiec 1 the
calculation of (hé off-hine equivalent,

The pro'cedure.lor calculating the equivalent cor{sisls of the foltowing steps:

1. Obtain 2 base case load flow condition of the interconnected systen for
peak, conditions for the present day. ’

2. Deline various external areas accommg to a certain criienon sych as
ownership boundaries, etc.

3. Calcutate 2 Dimo equivalent for each area with two equivalent nocas in
each, one for area generation and one for ares load.

4, Delermine unbalances between real-time boundaty conditions and rhose
given by the equivalents.

5. Ad]dst Dimo node voltages to minimize these unbatances.

6. Adjust equivalent transmission networl pasameters lo further minimize
boundary unbalances,

1. Tesi for acceptance of equivalents by examining the level of unbalances.

Steps 4 through 7 are repeated every time 2 state estimation solution is
obtained, ’

Resulls obtained with the eguivalent under a real-time testing envirgament
are presented in the paper. It was observed that the equivalent preciclec adn
remarkable accuracy the effecls of outaging a major 755 KV line in the AEP
System. Afso, by adjusting the parameters of the equivalent as indicated In steps
5 and & above the equivalencing technique is ahble to track changing fos 2nd
generation conditions as well as any nelwork changes or modeling inaccuracies
thatdo nol warranl recalculation of the equivalent. Another important charactersstic
of the equivalencing technique is the abrlity to detect any mayor 1ngection or nel-
work changes in the external system.!f a particular equivalent 1ails the acceptance
test, the corresponding company of Companies comprising the equivalized e
may be contacted for information pertarning to possible configuralion or severe
injection changes. The equivalent is then modilied to reftect the change.

I the following seclions of the paper the equivalencing technique will be
descrived in detdil and the resuylts of the real-lime tests perlormed wih the
equivalent witt be presented.

EQUIVALENT MODEL

The equivalencing lechnique described in the intioduction consists of,
essentially, a two patt method. In the frst part 2 topological equivalent of the
external system of the Dimo REI-type is oblained, off-hine, from 3 base case
system condilion. The second part censists mainfy of on-line tuning Drocedures to
correct modeling efrors and tefiect currenl operating condilions not ncluoed. in
the base case data,

Given a power system as illustiated in Fig. 1., the following dala 1s avail-
able from the base case load {low selution:-a)the complex voltages n magnilude
and angle, and the amoun! of ‘penesation and/or load al every node and: b)a
topological dc.f;;rxpr:on o! Lhe nelwaotk, With this anformation 1 1S possible lo
determine, ‘ofl-line, a Dimo REV-type equivalent ol the external system, The
external system can bhe divided v &S many areas as desired lo rellect cntena
such as exlernal company boundanies, inteichanpe areas of geapiaphical proupings,
etc., of if desued, the external system nodes can be prouped-according 10 spaisily
considerations (4], In any case, 3 Bimo REL equivatent s oblatned lor each dred
which consists.cf a peneration node and a fozd nude plys the nteiconneching
tines to each of the boundary nodes aad 10 the other Dimo nodes, Fig. 2 shows {he
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equivalent that would be ohtained for the power syslem shown in Fig. 1. After the
network teduction, the followinp informalion 1s available: a) the complex vollages
i mapnitude and angle at every node ncluding the Dimo generation and load
nodes; b)the amounl of injection al evety node, where the Uimo injections arc
equal to the sum of the exteina) arca wide generation and load four the base case
lpa¢ llow condition, 3nd, c)lhef!opulogucal description of both the equivalent and
the retarned infernal system. The calculations necessary to oblain the equivalent
¢an be performed olt-hine since they only require the information given by the base
case lpad ftow, The procedure descrived so lar corresponds to steps } to 3 6f Lhe
seven step logre lo cbtan tne equivatent given earhier. Notice that the boundary
mismalches are, of course, equal to zero for the base case condilions.

EXTERNAL INTERNAL
SYSTEM SYSTEM
, P
| A
P |
GENERATORS | ; ¥ BaﬁﬁﬁésY
| o
) |
ac H 3 [t_f‘

i
¢ v
LOADS

Fig. 1 Interconnected Power Systom

EXTERNAL INTERNAL
SYSTEM SYSTEM
EXTERNAL / r—-—— St
GENCRATON\\J/ .
BOUNDARY
NODES
EXTERNAL ' ,
Loap ¢ ; S

Fig. 2 Dimo REI Equivalent of External Systam

Yhe second part of the equivalencing procedure consists of the coupling of
the topologrcal REY equivalent to the real-trme tiansmission network monitoring
system. Thes system consists of the data acquisition and slate estimation monitor-
mg facility. The data previded by the stale estimator consists of the latest complex
voltages and node injeclions al evety ntetnal node (including, ol course, the
bountary nodes), and the coresponding retwotk configuration for the internal
system. Since syslem conditions at a particular time (both interna! and external)
may not agree wilh the base case condiltons for which the equivalent was cal
cuiated, misr.ztihes will appear at every boundary bus as shown 1n Fig, 3. These
mismalches 2te @ mantlestation of the fact that the power inlerchanges belween
the inlernal system and the equivalized external syslem are not in agreement be.
cause the wnjeclron conditions, n the external systems are the assumed peak load
conditions. 1t 1s clear, then, tnat n oider 1o reguce the boundary mismatches as
clese o zero as possible, the node voitages and, as 3 conseguence, the node
injections for the RE equivalent have 1o be different than those obltamed for the
base case conditions,

EXTERNAL INTERNAL
SYSTEM SYSTEM
EXTERNAL SN r-=--

GENCRATICON

/| _BOUNDARY '
- NODES

EXTERNAL
Loap < 1

s

POWER MISMATCH

Fig..3 Evundory mismatches ot boundory nodes of equivalent

»

Redundant Load Flow

To calculate the new REI voltages and mjections, a state estimation like
calculation will be performed where the ‘‘measured’’ quanlities are the boundary
complex voltapes and boundary injections and the ‘‘state’” would be given by tt
RE! genetation and load nodes at each of the Dimo equivalents. This problem i.
thus formelated as a “‘redundant’’ load tlow where there ate lwice 2s many equa-
tions as there are boundary nodes .and there are only four unknowns pes Dimo
equivalent (the complexvollages atthe gencration and !oad nodes of the equivalent).
In the expernimental work representing actval condslions for the AEP EHY system .
late 1977, there were 45 boundary nodes and only 5 Dimo area-equivalents, There-
fore, there were .90 equations and only 20 unknowas,

The redundant load flow problem can be solved in exaclly the same way as

R the Newton load flow, the only difference being thal at each ileration instead of

solving 2 linear System of equations where there are as many equations as there
are unknowns, an overdetermined system has lo be solved, The solution, in this
case, can be .obtained as the solution lo & hnear feast-squares problem, The
IEdundanl toad flow constitutes successive least squares solutions of the ovel-
determined jacobian-maliix equation

]
AP H .| N AS
-—— = _.._.._.E_.___ ——— (1.)
80 | L} M : éﬁ%
I

J

where the veclm [ap AQ]T is the veclor of boundary mismatches, the veclor

a8 bwviavi)Tis the vector of angle and vollage magnitude cotrections for the
REI node voltages and the J is the jacobian matrix, The solution to the system of
equations (1) is gwven by the system of normal equations for the linear least-
sQuares ploblem {9]:

a8 " AP
Sm=l= (0T T —==| (2)

The tedundant load flow iterative least-squares solution process is repeated until
the maximum voltage magmtude and angle corrections are smaller than a specified
tolerance. Nolice that this does nol 1mply that al tne soluticn point the bouncary
mismatches are smatler than a maximum prespecified nodal mismatch as is usvally
required in the load flow problem.

After the new REI nodal voltages have been determined, the revised RE(
injections, i.e.,-new geneiation and load values at each area equivalent, can be
calculated. These injeclion values correspond to the aggregzated external system
injections at the new operating point. With this procedure, 1t 15 thus possible to
‘“rack", on-hine, the external system ‘njection changes withou! the need for

recetving real-time measurements from the exiernal systems.

Equivalent Transmission Nelwork Adjustment

After the calculation of the current operating point REI node volages has
been compleled, the new boundary mismalches can be recalculated. These boundary
mismalches are parlly due lo transmisSion modehnp inaccuracies, These in-
accuracies might resull from modeling errors in the base case load flow network
data. For inslance, tines may have been included in the base case data although
these hines were out of service in the system. Also, duting 2 typical day there
ate 2 vanely of line Swilchings that could not possibly be inctuded in the base
case data and thal most cettainly will allect the parameters of the equivatent,
Another obvious reason ts thal both the base case gata and the load flow network
modeting are not exactly equal lo the real values in the system, Al these enors
manies! themselves as boundaiy mismatches,

Since the boundary mismatches are real-lime quantities, they convey certain
amoun! of information concetming the nelwork modehnp etrors, It thus seems



; appropriate to use lhis information to conect the parameters of the equivaleat
network. This can be accomphished very efticiently by using system rdentilication
dlgaxithms such as those described in references (8,10], Notice that this does

- not imply that all configuration erfors can be corrected with this method, Rather,
the paramelers of the equivalent are modified So as fo reduce !he boundaty mis-
matches that result from conliguralion errors,”

Al each of the boundary nodes the mismatch can be expressed as:

Aty s Z AY;V 3
whete Al is the complex cutrent mismalch, AY;eis the amount ol correction to the

equwalenl bys admittance matrix and VJ is the vollage at boundaty bus j as given
by the slale estimator.,

Equation (3) can de writlen in matrix form as:

bl s AYV
(1)

= {&lg v by, AYn(AGqAB) and V= (Vg v ] VM) equation (4) carn

of, with Al =

be rewrilten as:
Alg(k) = AG(K) Vg (k) - AB(k) Wy (k) (5.2)
Aly(k) = AB(k) Vg (k) + AG(kIVy (k) (5.0}

where the time dependance of the different quanhhes in equation (4 has been
nade evigent by the inclusion of the counting variable k,

,

justment alggnithm is schematically represented i Fig, 4,

.The problem r2duces to that of calculating the parameter cotrections J.G(kY
and OAD(k) given the real-time “‘measurements’” Algiky, Qly(k), Vp (k) and Ytk
The initial condition on the parameler matisces 15, of course, AG0r=0 any
£80)=0. The method of solution coasists of delerminng the real correclion
SG(K) given Bk using equation {5.,a) and then, using the calcylated vatue for.
AG(k) tn equation (5.b), determine the imaginary correction ABik). In general, each
of these subproblems can be expressed as

e(k)ﬂMk)u(k'). (6)

The algorithm for “estimating’ the malnx 'A(k) givé‘n ‘the measurement
vectors 2(k) and u(k} is given by [10]:

A=A + (200 -A D0} TS K)
. T .
Sk =5k LUk (030D
teut (k)S(k-1 k)

m

{8)

with initia) condilions A(0)=0 and S(O) any suitable positive detimite weighling
matnx reflecting confidence in the estimate A(0). The transmiss'on network ac-

| \ Yio}
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Fig. 4 Transmission network adjusiment scheme
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The procedure jus! described for "rackinp' the extems! syslem operaling poini
senditipns an6 agjusting the equivalent network paramelers on-hine o reficct
modelmg and other inatcuracies, 15 applied every lime a new state estimale is
calculated at the lidasmission System monitoring facily. The melthod is very
elficient and, more importantly, hiphly reliable, :

An smportan! aspec! of the equivalencing technique presented in this papes
ts the abihily lo detect apy major injechion or network changes in the external
systems, The on-line tuninp procedures gescnbed above would, essentially, give

"3 “smoothed” version of the otiginal boundary mismalches, Consequently, if
there 1s an tmportant change tn the external systems - that is, a change which is.
statishically “'defterent’’ from the history of ohserved values -, il will be possible,
by “‘obeerving’ the boundary mismalches, lo assess thal an important change in
the externa! system d1d occur and, .n particular, n what area-equivalent the
thange took place, The testing peiformed so far with this imporlant aspect of the
equivalencing techmgue has produced salisfactory results,

REAL-TIME TEST OF EQUIVALENT

For the purpose of testing the validity of the steady-stale real-time eguiva-
lencing techmique described in the preceeding paragraphs, the planned outape of
the ALP Dumoat-Marysville 765KV line was used as a conlinpency.(See Frpure
93 State estynation cases belore and after the outage of the line were saved fof
the pufpose o' comparuip the results of the on-line conlingency srmulation to the
actua! tesults as given by the stale estimator.

As has heen indicated before, the equivalencing technique consists of an
off-tine network reduction technique followed by the on-hine tuning algonthms, A
separate presentation for each part will be giveh next,

Off-line Equivalent Calculation

The fopolopical equivalent of the Dimo RE1-lype was calculated off-line
from the peak loading condilions base case load flow prepa- =¥ by System Qper-
alions persunne! for the day of the outage. T*+ sustem anc cuamponent data foi
the-case is given bel‘ow:

.,

.

MICH

-

1spp-a

Systom Dsts By MVAR
Generation 184,273 34,016
Load 181,030 " 45,330
Losses 3,239 33,339
Mismateh . . ! ]
Cap/Reaclors - 3,945
Line charging: 40,711
Components

Nodes 3,561

Lines 5,003

Transformers 757

Cap/Reaclors 379

Regulated nodes a

Systems ' Q2

Tie lines 469

Meter jumpers 0

The external systems (including the non-monitored AEP 138 Kv system) were
divided into five (5) external areas accoiding to a “‘geopraphical proximily"
criterson as shown in Fig, 6. A Dimo REI equivalent was calculaled lor each of
these areas. The total-area generation and atea load were appregated into one
Dimo generation and one Dimo foad node respectively, The totals per area are
given in Table. | The passive exteinal network {including the additional REI
nodes and lines) was reduced, using standard network reduclion techniques,
from a total ‘of 358] nodes and 8833 hines to 72 ncdes (45 boundary nodes, 10
Dimo nodes -and 17 internal nodes) and 1647 fines {the equivalent admillance
matrix is a full matrix). The equivalent matrix and the additiona! node data given
in Table | comprise the off-line Dimo equivalent of the exlernal systems.

On-line Tuning Procedure

The on-tine calculations described earlier are repeated every time a new
state estimate of the tnternal system is obtained. For the puipose of showing the
effect of both the redundant load flow and the network parameter correclion
algorithm, 19 state estimalion cases were processed prior to the cutage of the

-
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“this case.

Area RE! Generatlon Load ’ Voltage
! Hoda Ky MYAR. | MW MYAR | Mag. |Anplefrad)
I - A

1 Cen. 27,479 | 3,939 - - 1.060 |-0.127
' Load . - - |29,567 | 6,308 | 1.040 |-0.338
o Gen,  |13.521 | 1,788 | - - | 1.045 [-0.031
: Load - - 17,625 1. 4,100 | 0.935 |-0,239
f
{ 3 Gen. 32,423 | 6,042 - - 1.071 {-0.152 |
| Load - - 31,793 | 6,835 | 1.007 [-0.403
I P Gen, 37,412 | 6,482 - - 1.067 | 0.235
| Load ~ - - 33,905 {10,596 | I. o:o 0.020
s Gen,__ {19.309 | 3,845 | - - | 1.036 |-0.038
{ Load - - 19,158 | 5,524 [ 0.987 1-0.26Y

Table 1. RE| Node Vollages and Injections ’

Dumon!-Marysville 765 KV line on October 18, 1977, The first case calculated
by the state estimator corresponds to 5.542 am and the last case immediately-
before the contingency was calculated at 7.057 am, The outage of the hne look
place tmmediately after the Jast case. Figures 7 {a-e) present plots of the total
area aclive anc reactive mismatches. The tota!l mismatch is equal to the atgebraic
sum of the beundary mismatches for afl boundary nodes tn a parlicular area. In
each of the fizures, the totalmismatch is shown for a case in which the 19 state

. eslimation cases were processed without the network parameter adjustment algor-

ithm and with the algorithm.

To show the effect of configuration errors in the equivalent, the Dimo off-

“fine calculaticn was repeated withoul including the 765 KV tie hine Dumont

(AEP) - Willon Ctr (CE). The same-state estimation cases were processed with
this error on the area equivalent, Frpuies 8 {a-e)give the tota! area mismatches for
Not.ce that only the total mismatch for area equivalent | shows a
larger than “‘expected’ value, This tmmediate!y suggests that a !arge configuration
change has occurred in area one. Therefore, analyzing the ipcividual houndary
thangés it is thus possible to narrow down the location of the change o perhaps
2 few neighboting companies that can subsequently be contaclec¢ for information
pertammg the pessibte configuration changes,

Contingency Simutation

Th\e mos! important aspect of any equivalencing method, of course, is the
ability lo accurately predict the effects of a contingency, To test the method

" presentediheren, the outage of a major 765 KV hine m the AEP system was used

as a'con'ingency A loac¢ f'ow case simylating the ou'age of the lne was run with
the system condvlvons g:ven by the AEP state estimator just prror Lo the outage
of the line. Smce stale estimat:on results after the outage were saved, 1l was
possrble 10 com pare the results of the load flow with the system condilions
couespondmg to'the actual velues observed in the power system. Tables It and
11l summarize these results. Only the values in a few nodes and. hines in the
imme.'dia'.e neightorhood of the gutape are given. The resulls wm nodes and lines
!urth'e;r appart from the outage are, of course, even better.

“erors, as evidenced by the plols.

Ewe comparisen purposes, Similai results obtained with the Extended Waid
Equivalent (EW) of reference (2] and the ward equivalent of reference 1) are
3iso given in Tables [t and HI,

Discussion of resulls

Several imporlant charactgristics of the equivalencing technique are made
evident by the results presented i Lhis section,

1} The plots shown in- Fig. 7 :a-b) demonstrate the imporiance of Loth the re-
dundant load flow and the nelwork parameler adjustment algorithm, The regundant
load How will catculate the -RE! equivalent nodal vollages that mimimize the
boundary mismatches, By letting these voltages be adjustable quantities, the
inrection level of the equivalent will change in agieement wilh the syStem load
curve, This, in effect, 1s the “‘tracking’ effect of the recundanl load flow, in
addition, the parameter identification atporithm modifies the admillances of the
eauivalent to further reduce the boundary mismalches due lo various modehing
i1t 15 anteresting to nolice that the parameter
identification algorithm will cease adjusting the transmission parameters of the
equivalent after a few cases are processed unless a new change lakes prace in
the extemal system, .

2) The plots of Fig. 8 (a-e) show the abrlity of the eqmva!encmg methodo'agy to
detect exlernal system changes, It is cleatly shown i the piols tha! only ihe
mismalch In the_area where the transmissson change oCCurod responced o tne
change. In this way it would be possible to idantify the.change anc procsed o
correct the equivalent. If the effect of the <hange 1S minor, the nelwork par2~eles
adjustment technique corrects the equivalent without the neec of recalclating the
Dimo off-line equivalent.

3) The results presented in Tables {-lif strongly indicate the satisfactory pet-
formance of the equivalent in predicting the etfects of 8 major tr27sm:ssien
conttngency. It is alse shown in the tables thal the equivalencing tecnnigue
proposed in this paper responds more acCurately than the Ward or the Exiznges
Ward equivalen!s. ' :

CONCLUSIONS -

In this paper, the first~to the authers' knbuledge-Successful real-time
test of an external network equivalent tech wnique for on-line contingency analvéis

‘has been presented. The resulls obtained with the new metheo to the cvtage of a

major 765 KV line in the AEP system indicate thal the equivatent has excellent
response characleristics, .

The essence of the new technique censists of the combmaiion of a reliable’
off-line aetwork recduction method - Dido's RE1 method - with an-line turing pro-
cedures that adjust the REI equivalent to the changing conditions 1n the external
systems wilhiout regquining the transfer of real-time information between ¢ifferent
systems, Only real-time tnformation from the inlernal system is used i the
equivalenl adjustment algonthms, Although the resulls presented herein are Guite
encouraging, further testing ol the equivalencing methodology 15 presently being
conducted al AEP. For insiance, the following tesls are bewng planned for the
immediate future: '

1) testing of several additional lransmission contingencies.

ﬂ!ode SE - bhefore SE - after ’ AEP Method Ext. Ward Ward
N‘:me‘ Mag. ! Angle Mag. Angle Mag. Ang!e Mag. Angle Mag. A'ngle
CO0K3 1,026 -.055 1.028 -, 154 1.026 -. 153 1,026 - 15 1.026 - 153
cooXJ . 0.997 -.032 1.004 - 143 0.998 -, (43 . 0.998 -0139 0.998 Y
Duudnn 0.994 i ~.021 1.002 -, 138 0.995 -.138 . 0.995 NED 0.994 ~.136
DUMONTI | 1021, -.059 1,072 - 162 1071 -. 162 1,021 .. 159 1,020 | -:160
QUIVEY | 1.026 -.057 1.027 - 156 1.026 -, 156 1.026 -,153 1.02Y4 - 154
QUIVES 1.022 -. 064 1.023 -.163 1.023 -, 163 - 1.022 -. 160 1021 - 16]
THINURA 1.025 | -.076 1,026 - 172 1.026 - 171 1,025 -, 169 1.024 -
St 1,000 | .09 0.994 -, 104 0.996 - 10! 0.998 -.103 0.992 - 104
Thirysvs | 1o2s 1 -lo7s 017 -,095 1.019 -.098 1.023 -.097 1.018 -.097
MRYSVU " 0.078 -.107 0.967 .. 139 0.959 - 1y 0.972 -, 1u3” 0.569 - 143
[XARH 0.980 .21 . 0.978 -.222 0.980 -.228 0.980 -.228% 0.980 -.227
BELUINTI | 0.990 L2191 o.a87 -.226 0.990 =232, 0.990 -.230.° 0.989 -, 231
GAVINT 0,984 -.228 0.941 -.7237 0.8y -.240 008w -.238 0.984 -.238
LEOST 1 0.976 -, 190 50 7 Po-192 0.976 -.193 0.976 -.192 0.976, -, 192

Table Il, Complex noca voltages in Internal syslem
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Line Flows SE - batare SE - after AEP Method Ext, Ward ¥ard
From To nw MVAR My RVAR L] MVAR nw " MVAR MW NVAR
COOKI | COOKY - 320.6 43.8 | -~ 143.9 | - 15.7 - 147.2 28.7 | - 153.0 31.4 - 151.2 38.1
i OLIVED 16.9 - 15.1 26.0 - 3.8 22.6 - 12.8 !3.7' - 11.3 13.5 - 2.6
COOKT? '_(L0.0I\B | 320.9 | - 36.0 1440 17.3 2.3 | - 27.1 153.2 | - 29.5 LA J‘ff'
DURONTT ‘- 376.2 36.3 | - I44.0 | - 16.7 - 147.5 26.2 | - 158.3 _28.6 - 159.5 35.3
- HARYSVIZ 739.6 161, | - - - - - - - -
buMoNT? CO0KI 326.4 § -197.0 144.0 | -149.4 I47.5-| ~189.9 158.4 | -192.7 - 159.6 | -198.6
DLIVE] - 40.6 | -71.2 |- 8.2 | - 65.8 - 84.0 | -56.2 | - 89.0 | - 63.1 - '89.2 | - 66.5
DUMONT3 OLIVEC 63.0 | - 32.1 4.5 | - 23.4 12.1 | -.25.2 4.9 | - 27.9 4.9 | - 25.0
TWHIBRA3 366.6_| ~140.0 221.8 | =128.2 224.0 | -140.2 239.8 | -130.4 240.2 | -128.2
OLIVE3 €00K3 - (6.9 | - 5.7 |- 26,0 | - 17.4 - 22,6 | - 8.1 1~ 137 | - 9.6 - 13,5 | - 18.3
DUMONTI 40.7 58.6 81.3 53.5 84. | 43.9 89. ! 51.0 89.3 5.4
OLIVEC DuNONT i - 63.0 19.5 | = 4.5 | - 10,4 - 12,1 12.3 | - 14,9 15.0 - 14.8 12,2
D07 744.0 | -193.8 - - | - - - - s -
WARYSYD  SAVNT -1016.5 55.5 | ~Btt.4 | -ul.7 | -805.6 | -45.5 | - 8048 | -29.4 - 801.8 | =~ 53,4
: L HARYSVI3 950.7 54.5 1300.9 3.4 1331, 43,9 1330.3 1.0 | 13254 58,7
CKANER) = 733.2 | 106.8 - 558.0 22.9 - 579.0 25%.3 - 0791 38,8 = 577, _18.8
i [ BARYSVE] ; |o7u.oﬁ§ 182.5 | BI4.0 236.2 | 808.Y 239.1 - 807.6 222.4 804. 6 246.5
.| GRVINT _A0ST i 993.9 I 9¢9.0 161,61 1094 1218.8 4 945 1216.0 4,6 [219. 1 [ 94,5
! LOCLMONTY sy -242.2 185.8 | -246.7 131.5 | -2u5.u 135.0 | -240,7 S 135.0 | -238.8 |
AMOSY L GAVIND ' 9018 | -740.7 | <1158.7 | -235.5 -1215.7 | -247,3 | -1212.8 | -217.6: | =1215.9 | -217,2
MARYSYIZ R RARYSVI] { - 949.7 . - 234 | -1299.7 7.5 -1329.8 L% ] -1328.0 46,9 -1324.2 2.3
' 495. 6 65.4 582.7 60.6 584, 6- 64.8 590.4 66.6 587.8 74.1
SHLIMAY i - 489.5 | < 21.5 | -674,3 | 16,9 | -576.) 3.0 | - 581.8 12.6 -579.1 1 5.9
THINARAJ DUMONTS3 | - 366.0 111.8 .- 221.6 | 100.4 | - 223.8 112.6 | - 239.6 103,0 - 240.0 101,0
BEL‘MONU SRTAIRY - 1448 | -130.2.. - 185.7 | - 23.2 - 4314 1 -27.2 | - 134y.9 | - 31.8 - 1350 | - 33,7
I KANMER? 127.5 98.8 106.3. 98.9- 91.0 103. 4 83.8 97.7 83.5 85.3 .
KAMMER] DRELMONTT | - 127.3 | - 26.0 | - 106.2 | - 26.7 | - 90.5 | - 30.8 | - 83.7 | - 25.2 - 83.4 | - 22.9
i [ KA9YSVI] | 737.0 | - 31.3 560.2 19.5 561.5 20.4 581.5 6.8 579.5 26,6
Table 111, Line flows in the vicinily of the Dumont-Marysville fine
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2) studing the ability of the equivalent to predict the effect of ggne«élion and/or

load contingencies.’ :

3) determination of the response of the ‘equivalencing mode! to inter-system

enegy transters,
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Abstract - Results of various ieai-lime ltests performed on the AEP-
EHV System with the aulomatlic contingency selection algorithm proposed in [1]
are reported.

The first-order performance index sensitivities used in the algorithm
for line contingency ranking are recerived in a straight forward manaer and, more-

dver, the ranking algorithm is extended to accommedate secoad-order performance -

index sensitivities, Hany tests, However, indicate that - for the AEP-EHV Netl-
work operating conditions - the automatic contingency ranking algorithms do not,
perfarm reliably..

As an alternative, it is shown that a DC-Load Flow, although com-

putationally more demanding than the first-order automatic contingeacy selection -

algordhm (but less computationally complex that the second-order extension}, is
a reliable and efficient way of ranking line cuntingencies,

INTRODUCTION

The on-line steady-state conlingency analysis packages p(esent|y>

being used in energy contro! centers simulate lransmissien line contingancies
by either

selecting the outages to be studied from a pre-pigpared list of meaning-
ful contingencies, or,

hy operzior selection depending on current system conditions as given
by a state estimator or any other powe: system monitoring facifily.

The former approach is an off-line planning practice applied to the
on-tine situation. This method fads to recognize that system conditions assumed
fei the preparation of the cuntingency lists may be far from rea' time conditions.
In fact, what ts undesstood to be a sing'e contngency in a planning study may
very well be a dcuble or even a lriple conlingency 1n a red! time situation,  The
second mathod - e, operator selecthion - may prove to e burdensone even lo
exparienced opeiators, As operating conditions v most Systems get more strin-
gent, the numbder o! Cun{'ng"lcy chorces gets targer and no amount of experience
guaiantees praper selection of trogblesome contingent situations,

As a consequence, it is necessary to develop methods for automatic
selection of mean:ngiu) coatingency cases. A st approach in this direction is
the method procosed by Erehe-Woltenberg F17 (see also reference [2)). (n their
paper the 2utpors propose a methodology for ranhing transmission line contin-
gencies by eva'uating the normatized sensitivities of a system wide performance
index with respect to tine ovtages. The authors show that through the use of

- Teilégen's theorem the first-order sensitivities of the performance index with re-
spect lo changes in hine admiltance can be readily cetermined and efficiently
wre'zmented, The normalized seesitivities (or fiist-order changes in the perform-
ance indexi, aceordieg to Ejebe-Wollenberg, can then be used to rank contin-
aencias from the most important (largest posilive performance index change) to
e tugst partant arges! napative performance ipdex changed,
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Tests performed on the AEP-EHV system reveal, however, thal the
sutomatic contingency ranking method of Ejebe-Wollenberg is ynreliable, !n fact,
for the case of real power flow performance index the method may produce ex-
tensive misclassification of tragsmission line'cpntingencies resulting not only
in false alarms (i.e. unimportanl outages class:fied high in the lish) bul, more
critically yet, meaningful contingencies may be classified as unimportant (low
ia the list), The main reason for this unpredictable behaviour of the automalic
contingency selection method is that the peiformance index suggested in (1] s
not a manolonic function of the susceptance (DC-Load Flow formutation) of the
Lings, This monotonicily condition secms to be al least a nﬂcessary coadition
for the trustworthy peﬁormance of the method.

To lmprove the performance of (he method, the calculation of the-
normalized seasitivities of Ejebe-Wollenberg was exlended to include second-
order effects. Even in this case, however, the automalic conlingency seleclion
algorithm  was not found to be sulficiently reliable,

However, the use of a DC-Load Flow calculation-was determined to be
highly teliable and less computationally demanding than the second-order exten-
sion considered in this paper. 1 is concluded, then; that use of a DC-Load Flow
mode! may be a desirable altmnatlve lo the aulomahc method of Ejebe-Wollenber
for contingency aelechon.

In the following sections of the paper the first-order and second-order
sensitivities -of the real power flow performance index will be developed. The
approach presented herein for the development of these formulas is differeat from
that suggested by Ejebe-Wollenberg. Rather than using Tellegen's thearem, it 1s
shown that the same results can be obtained in 3 straight forward manner by the.
use of elementary differential calculus, A'so, resulls of the lests performed with
the first-order, second-order and DC-Load Flow weéthads are compared to the
“corcect’’ ranking as given by full AC-Load Flow outage simulations,

- CONTINGENCY SELECTION ALCORITHM

According to Ejebe-Wollenberg [1] (see also [4-5]), an-intuitively
cupealing index for quantifying the exlent of tine overtoads may be dehned in
*-ms of a real power performance ndex

NL 2 . .
Z e (1P N : :
Iaw = 2n (I}max‘) . Lot
e .

where
Pg¢  megawall flow in line £
Z megawatl capacity of tine £

w{ real non-negalive weighting coefficient (assumed equal lu unity in the
sequel)

NL number of lines in the system
n specified exponent (n =1 used in the sequel)

The DC-flow’in line A (belween nodes m and n) is

Pl= _ 819 : RN

where Bg is the susceptance of ‘tine £and 8¢ is the angle acioss the lme

(b{ = &m- Sn)

[EEE



Moregver, f it is assumed that the megawat! capacnty of hne,?(P"/’;x

1s & linear function of the sysceptance of the fine, that is,

P'"“ = Kg 1Bt (3

thew. substituting egs. (2) and (3} in (1), resuf!s in the performance index

NL

1 [19,1\2

My = 5 < Ed )
E Al
L= £

4

The assumption of eq. (3), a'though not mentioned explicitely, was )

aisy made by Ejebe-Wollenberg in thew paper (1), In this paper resulls for bolh
geifennance indeces (eqgs. (1) and (4)) will be given,

The-performance wdeces of eqs, (1) and (4) are normalized funclions
of the tine fows feq. (1)} and anglzs across the lines (eq. (4)) respectively, In
beth cases, the performance ndeces have a small value when al! the line flows -
are fess than the capability of the respective hines, and a high value whenever
thete are 'ine overloads, :

The purpose of the automatic contingency selection method is to
-efficiently idenlfy the contingencies ‘fine oulages) that warsant further study
by means of a full AC-Load F'ow so'ution, This is achieved by calcu'ating the
changes in the #W-flow petfornance imnfex lo changes wn susceptance of the lines
in the network, These changes lo.the performance index can be obtained from
the ‘sensitivities of J. yw with respecl to the susceplance of the lines in the nel-
work.  The firsts orde« and second-urder sensitivity expressions are glven next
(see appendix | for details)

First-Order Sensitivities

The firsi-o:dm sensili\i:ty of the MW-performance index of eq. (4) is
(stmitar fonnutas hotd for the peiformance index of eq. (1)),

3l A . .
R = -0 q( y =12, L Nt (5)
9Be -
wheré . -
(;( angle across line ¢ (between nodes m and n) for the -base case condition
a . .
c’X angles actoss line £ in lhe “‘adjoint'’ network (Note: the same notation

of [1] is uysed herein although the concept of adioint network as used in
that paper 15 nol vused in the present paper.)

The adjoint angle across tine f can be expressed as

A T ~
O = “l & (6)
where '
%¢ " column vector INBx!) which is null accept for elements m and n which
i are equal to 1 ant -1 respectively (NB = number ot nodesj -
” ’ . )
(NBx!)

& vector of adjoint noda' angles.

In eq. (6) the vector of adroint nodal angles can be obtained from

A A

Bs = P (h-
where
8 susceptance matiix (NBxNB)
A
P vector of adjoint injections (NBx1)
The adjoint injections vector can be calculated from

$1g0 (G ) M (8)
AR
[

B Z7

j=1

wheie 33w/ 317 1 can te calculated directly from eq. (4).

(8) correspond to anyles diifer-
This base case, for on-fine

Notice that the angles €2¢ of egs. () -
ences across e lines for the base case condrticn.

.

P S

’

applicalions, corresponds lo the cufrent angles at the nodes of the nelwork given
hy, for example, a state estimation monitoring faciity, The first-order sensitivity
method anly requires one forward and backward sctution funce B is triangulated)
as evidenced by eq. (7).

Second-Qrder Sensitivities
The second-order sensitivity of the MW-flow perfarmance index of eq.
(41 can be shown lo be (see appendix 1) '

3y =27 g T 1% a4 g
Sar Mg 8 M,a G+ ly BB B M, 6} &l
where
A . .
B ‘‘adjoint' network susceplance matrix’
The adjoint susceptance matrix of eq. (9) is given by
©ONL
A Z 32 Iyw g
_B__ = a|9j|2 El Mi (10)

ji=

Fof both cases - i.e. fust-order and second-order seansitivities .- the change in
the peiformance index AJy is calcutaled using the Taylor series expansion of
Jiw as a function of the susceplance B of fine ¢ (£71,2,...,NL). Thatis,

oy, ] 22
AR AR _.*a';;”’ (-8 (an

where the derivatives BJMW/MBX and BZJHW,’B Bj are given by egs,
tespectively, Notice that the “‘change"’
sesceplance of the hne so as to simulate a line outage.
etfects only the first term 1n the right hand side of eq. (11} is needed. Notice
thaltne second-order method requires NL forward-backward solutions (see eq.(9)).

(5) and (9)
in susceplance is precisely equal to the

DC-Load Flow

The tW-fiow in the lines of the nelwork alter a change in susceptance
g for Vine £ are given by (see appendix 1)

Py +bg ( H;\B‘M) kBes Kite -
ol e =X T" A (12)
- - 1 -
(Pr = 0Bg ) [1-bg (M B=1M )], k=f
where'P{is the new flow in line % for a change in suseeptance in lined and

- =1 T
be = (OB +_M_/(
Therefore, the effect of the outage can be easily simulated by calculating the
approximate line flows from eq. (12) and substituting in the performance index
of eq. (1), Notice that the compulational complexily of this approach is of the

Y2 (13)

same oider as that of the second-order sensitivity me!h"d as NL forward-back- -

warg solutions are required,

TEST CASES AND RESULTS

The automalic conhngency selection algorithm described above was
tested under real-time conditions cn the AEP- EHV system. The hase case con-
ditions corresponded to the system conditions given by the AEP State Estimator
at 6 AM on Octeber 18, 1977, The reaction of the extornal system to changes
in the AEP-ERV internal system was considerad by coaupling fo the intemal
system an updaled REY equivalent of the external system 131, A Ward equi-
valent (constant cwrentl) was also used to determine the effact of the equivalent
on the selection algonthim. The l“Su:(S abtarned with this type of equivalent
weia inferior to the results oblained wiln the REL eqmrcn!

Results with both performance indeces feqs. (1) and (4)) for the first-
order sensitivily, second-order sensitivity and DC-Load Fiow methods are mven
in the sequel. The “correct’’ ranking, as given by a {41 AC-Load Flow, is use
as reference for companson, Thus, tie no:malized seastt:vities and approm‘ale
DC-Load Flow performance index va'lyes afe orderes aolenieg Lo the tanhing
given by the AC-Load Flow.

For the first-order -



CONTINGENCY RANKING FOR PERFORMANCE INDEX OF E£Q.(4)

“TABLE I: CONTINGENCY RANKING FOR PERFORMANCE INDEX OF £Q. (1) . TABLE It
Line AC-Load First Order Sec.-Order DC-Load Line AC-Load First-Order Secand-Order
P Flow Sensitivity Sensitivity Flow P g Flow . Sensitivity Sensitivity
. B
7 '8 0.£3GC6EI0L 0.35523E+400 0.71958E+00 0.86371E+01 7 8 0.87901E+01 0.61241E+00 0.11135€401
11 1o 0.51172E+01 0.11832E+C0 0.25049E+00 0.8531SE+01L 11 10 0.028725+01 0.35925E+00 "0.77301E+00
5 4 0.70232E+01  ~0.115607E+00 ~0.13657E400 0.77251€+01 " 5 4 0.79739E+01 0.10160E+01 0.21343E401
10 9 0.752698+401  -0,874¢8E-01 “0.63056E-02 0.76032€+01 10 9 0.77740E+01 0.38803E+400 0.77703E400
14 9 0.74579E+01 0.70404E-01 0.13016E+00 0.75049E+01 14 9 0.76912E+01 0.20216E+00 0.407555400
3L 7 0.75506E401 0.33355E-01 0.1431SE+C0 0.74665E+01 9 21 0.7659%E+¢01 -0.71413€-02 | 0.894255-01
31 7 0.745C5E401 0.31032E-01 0.14507E+00 0.76666E+01 31 7 0.75517E+01 0.42261E+00 0.65526E4+00
49 33 0.7G2435401 0.026C6SEH00 0.44455E+00 0.77241E+0L 31 7 0.,76516E+01 0.42545E+C0 L0.,69213E+00
c 3 0.742055+01 0.174245+C0 0.27030E+00 0.755a6€+01 30 3 0.7535%E+01 0.1763SE+00 0.27333E¢00
9 1 0.74204E4C1  -0.13G%5E+00  ~0.16912E+00 0.75072E+0L 14 1S 0.76141E+01 0.204145+00 9.33228E.00
16 15 0.737228+01 0.2005%E+00 0.29771E+00 0.74%45E40) 49 33 0.75310E+01 0.239515+00 0.415C42+00
11 12 0.733938401 ~0.553545-01  ~0.84855E~01 0.73931E+01 11 12 0.73602E+01 0.76755E+00 0.17C515+01
10 19 0.73370E+01 “0.94446E-01 0.20765E~01 0.767728401 10 19 0.75382E401 0.797%51E+00 0.15221E401
43 a4 0.72934E+01 0.104256E4¢00 0.14971E+00 0.72641E+01 43 4% 0.74592E401 0.95305E-01 0.13314E+00
31 32 0.72516E+01 0.675038-01 0.1178LE+00 0.72320E+01 20 21 0.746%3E401 ©0.47570E+00 0.103355401
21 22 0.72577€+01 0.145705-01 0.4664%E-01 0.72665E+01 31 k¥ 8.74576E+01 0.73€355-01 0.12711£+00
20 21 C.722758+01 «0.92726%-01 ~0.134G6E+Q0 0.7278GE+0) ~ 2 ez 0.74448E+01) 0.23715£+00 0.42392€+00
29 39 0.700653+C1 0.49555E~01 0.85273E~01 0.72679540% 55 25 0.74265854+01 0.9676%€-01 0.1289E+00
55 2 0.723525401 0.9324SE-01  .0.12632E+00 0.72265540) 29 30 C.74253E+01 0.43425E-01 0.83631E-01
55 25 C.72232Er01 0.92792€-01 0.123538400 0.72255E+01 55 25 o 742318401 0.952%05-01 0.12A¢
] 5 0.721195401 0.7438%E-C1 0.1C6405+00 0.7216 38401 8 59 L74223E401 0.53540E-01 0.1122
8 59 0.721C0E+01 0.14557E~01 0.29611E-01 0.725955+01 25 5 o TA079E+0L 0.75099E-01 L0.20737E+00
28 1 0.71G0E+02 0.893793-01 0.11859E400 ~ 0.721973+01 16 13 0.73976E+01 0.61864E~01 0.85353E-01
1% 13 0.7152645+901 0.59547E~01 0.33195E-01 6.718456+01 s 1 0. 7395(.:*01 0.67555€-01 0.11654E400
42 a9 0.71845E401 0.62595E-01 0.9167SE-01 0.72024E+01 42 49 0.86945E-01
42 49 0.715.5E+01 0.6255% 0.91675€-01 0.7C024E40L 42 49 0.59C03E-01 - 0.E5745E-01
2033 €.717015+01 0.62 0.87572E-01 0.718642+01 2 33 0.57664E-01 0.8142%E-01
¢ 59 0.71601E401 0.55%55 -02 0.11187€-01 0.7279TE+01 60 . 59 0.19635E-01 0.6355%E-01
33 37 0.714455401 0.16G17¢-01 0.28295€-01 0.71450E+01 10 20 7657E-01 0.73592E-01
19 20 0.71354€+01 0.304858-C2 0.83185:-02 0.71335E+01 35 37 0.14684E-01
2% 28 0.7i321E+C1 0.154358-01 0.32353E~01 0.71648E401 29 ¢ 0.187305-01
T34 C.71291E+0L 0.21934E-01 0.33120£-01 0.7134GE+01 3% 35 0. 15=‘~== -01
I+ 35 0.71275E4C1 0.176932-01 0.261835-01 0.71163E+01 3 35
n 3% 0.71I71E+0L 0.17459E-01 0.23773%-01 0.7L1426+01 32 34 0. 195"55 01
13 23 0.711C2E+01 0.11C01E-01 0.17661E-01 0.71149E+01 13 2 o 11569E-01
37 33 C.71023E+01 0.42535€-02 0.69791E-02 0.709355+01. 13 58 . 781548-02
13 53 0.712145+01 0.70052E-02 0.10352E-01 0.70597E+01 37 38 o.}s GLE-02
350 3% 0.71C03E+01  ~0.39)325-02  «0,338406-02 0.70843E+01 35 36 -0.28353E-02
35 18 0.7073¢E401 ~0.355556~02  -0,33437€-02 . 0.70%G3E+01 35 36 -0.280038-02
39 18 0.709 0.22348E-02 0.335026-02 ~  0.70543E401 3% 38 0.202I0E~02
2 43 0.7¢ 0.425215-02 0.773C4E-02 0.71035E+01 42 43 0.39415E~02
37wy 6.785078 0.19759€~02 0,19343E-02 0.705235+01 EREET -0.30920E-02
&5 44 0.70855E+01 -0.15026E-02  -0.843C4E-03 G.70897E+0L 37 40 0.91564E~03
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. (it does not, however, piovide exlensive correction in other cases).

,Tab'e' gives the resulls obtatned foi the pedormance index of eq.
(1), white Tebie ! pives conespanding resulls obtained for the performance
mdex cf ed. (5 The results oblamed with the DC-Load Flow formulation are
shawn n Tabie § and they are the same for both performance indeces. The base
case value of tive performaice index for the results ol Table 1 is 7.087 while for
the 1esults gf Table {115 7.2829.

) From these results it is clear thal vithough the ranking of conlin-
genties accordug to the fust-onder and second-order sensitivity methods is not
totatty wnconect fas evidenced hy the “clusterng'” of contingencies according
to mmpostance), same of the possb's line outages were misclassified. For in-

witce, for the performance mdes of eq. (1), the oulage of hines (5-4), (10-9),
{9-211, etc., thal appear tv be importan! from the sankiag given by the AC-Load
Flow Wi u!d have bzen classified as vainportant contingencies by both the
hust-order and second-order sensitivily methods. Afso, for the resutls of Table

1, tine 192200 woutd have been classified as unimportant based on first-order

Use of second-order sensihivities corrects this particu'ar case
Cases such
as these are particularly dangerous and any automalic contingency selection
meathod shou'd avoid such situations. Qn the other hand, fatse alarms (unimport-
ant lines classified as important) are not as dangerous except if the misclassi-
ficatton is eatensive. inceed, if Some unimportant cases are classified high in
the list, they may overshadow important cases which otherwise would have been
consigared when renming the ful! AC-Load Flows to further sludy the outages.
This situation is atso to be avoided. Examples of false alarms can be seen
fiom Takle |1, For instance, hnes (61-4), (25-26), (43-53) would have been
classilied hioh by both the first-order and second-order sensitivity methods

sensitivities,

. although the AC-Load Flow flagged them s unimportant.

For the purpose of demonstrating the reasons behind the unreliable
sehaviour of the sensilivity methods, plots of Jyyy versus B¢ were made for 2
few tmes, Frum the p'ots it was discovered that the performance indeces (both
eqs. {1 and {3 2re not 2:ways monoton.c functions of Bp. Figure 1, for instance,
15 3 plol ol Sy (eq. (4)) veisus B¢ for Yine 115-18), MNolice that for this parti-
cular frne Jyyy 1S ot a monotomc function ot By, Moreover, the operaling point
{OF} is a point of negative slope and, withw '%e region of interest (from OP to

the nicinate axis), the slope of the performance mdex function Sy chauges sign.

Theretore, +f the hist-order seasstivity (and, in this case, even the second-ordes
sensilivily because Jyy is nol a second-crder function of Be) is used to “pre-
dict” the vatue of Jyy allef ou outaging the hine £8¢ = 0), the prediction would he
tae from the "'tive' value given by the AC-Loa! Flow. This behaviour of the
periormance index funchion ts, of course, system aund cperaling point dependent
and miy or may nol occur. This inconsisten! behaviour is, precisely, what
wmanes the metlod of automatic selection unieliahle and, 1o some extent, un-

atlractive,

Angther obvious reason tr the unpredictable behaviour of the method
is thal the approximation to the performance index function as given by eq. (11)
is, of course, vahid only in the neighborhood of the “‘operating point', and may
not ho'i true feven with second-criar e"ecls) when the susceptance change is
large, as 1s precisely the case when simu’ating 2 hine oulage.

A way of ovetcd‘mmg these dilficulties 1s provided by the yse of the
DC-Load Flow made! of eq. (12). The results given in Tabte ! for the DC-Load
low model {which also apply for the performance index of eq. (4)) shuw that
this approach is highly relable and accurate. Minor misclassification resulting
in false ataims (as is the case of 'nes {10-19), (7-6), {19-18), and (9-8)) may
occur as shown in the results, It is expacted, however, that lhese erors will
be more intiequent in cases where there 1S more separation between the impore
tant and winaporiant contmgencies, The DC-Load Flow methods is, of course,
mota ¢emanding, comoulationatly, than the fust-order seasitivity method, it is,
however, less so than the secunc-urcer seasitivity method.

CONCLUSIONS

The results of applying the avtomatic contingency selection method
of Dyebe-Yollenberg {17 to the rea’-time ALP-EHV system conditions were pre-
sented s thes paper, 1t was found that ties method, although conceptually high-
ty appealmy, is unighizble and, uncar cerlam cucumstances, may give incorrect
st Dwo types of anmnalous behavior were identified, .

Liasaificahion of wmimportant hine oulages as important (false alarms), and,
- classincatron of impoitant outages as unimportant,

The former type of error, although not extremely dangeroys, may in-
ciease the compglational load i winaing full AC-Load Flow cases for further

i H | A 7.0
320 240 160 80 [}
By R
Figure 1: Plot of the Performance Index of Eq. (4) vs. Susceptance {B})
for line (19 - 18)
studies. 1t may even mask important lines that otherwise would appear higher

in the ranking than the misclassified cases, The latler case - misclassilication
ol important outages - is, of course, highly inwanted in an on-line autcmatic
environment, Co .

It was shown in the paperf that the unretiable behaviour of the auto-
matic contingency selection method is due to the fact that the performance index
function'is not a monotonic function of transmission fine susceptances, This
is, in fact, at least 2 necessary condition for the acceplable performance of
the method. Even if the performance index is monotonic, a high degree of mis-
classification may result depending on the degree of convexily or cancavity of
the performance index function, This, however, is highly systzm and operating
point Cependent and cacnot be ascertained a priosi. All these faclors make the
method, al best, unreliabte. '

For the puipose of enhancing the performance of the automatic con-
tingency selection, the method was extended to include second-order effects,
Although the results obtained with the second-order extension were betler than
those obtained with the first-order methed, the nmprovement was not significant,
It was shown that, not only the first-order sensilivity bul the second-ordes sen-
sitivity formulas can be readily developed using efementary diffzrential calculys
providing thus an alternative, and clearer way of developing the equations, than
the use of Tellegen's theorem.

A
it was also shown in the paper that the DC-Load Flow provides 2
competitive alternative to the automatic contingancy selection method, f!is '
apparent from the results oblained with the DC-Load Flow, that this methsd 15
accwate and reliable.  Therefore, for on-line contingeacy analysis, serious
consideration should be given to the possibility of using a DC-Load Flyw model
far the seiection of meaningful tiansmissien tine contingencies.
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APPENDIX 1
First-Order Seasitivities

The gradient of the- performance iniex of eq. (4) with respact to
changes in susceptance of the lines in the netwerk is

3) Aluy ]
(Vg hyd T = | ZM¥ L, <28 (LY

where the fth element is

Slyw o | Ay ] '9' (.2
UB ¢ alt ! QBXJ ’ ’

with 121 a vector of angle differences across the lines in the network. Notlice
thal the efements of veclor [ojhm/ﬁl_,l_ in eq, {1.2), can be readily obtained
from eq.{4). On the other hand, elemenl jth of [angl/a@(] is equal to

o P- : .
_3_’:/_.1 = Slgn (9 } —_r "‘ ié 0 ) ° (.3
9By 3Bg

To calculate the derivative Dﬁj/BB’( in eq. (1.3}, consider the DC-
Load Fiow formulation

1
fx
[R5}

=P ’ (1.4

whete § 1s the vector of nodal angles and P is the vector of nodal injections,
rFrom eq. {14 it is clear that

38 387! . '
8 - . 987 »p
9 t -dB/( - (.5

but the derivative of the inverse susceplance matrix is equa'l- to

28 L BB g (16)
3[7 -8 3BX§

using eq. [L.6) and aoticing thal 3B o8B, = '1 MT it can be easily shown that

R . . (LN

and from egs. (1.3) and (1.7) it is finally seen that

BT TR gy
57 sign {/,}(gl B "'!'»() ’& (1.9)

Tu calculate the elements of the gradient vector, en. «£.2) can be
witlien as

NL

C 2y Ay oyl
'T'L‘i = Z —{—-'\‘ —~n “'9)
. J,? _— RN it :'B(

and using eq. (1.8) in (1.9) and the fact that 14 B ! yl =z 1_!_& g-! M, it is seen

that i

NL
Ay =

] iy P ’

I E sign { ﬂ)n.l z

Sbe AT 3 J £ (110
j =1 :

L NL

- Ay .
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and

oy

= .B'I

fory

(1.12)

Using eq. (1.12) in (1.10) and letting {’( = M}S, it is finally oblained

dInw A .
.- SN
55, <% % ‘ (.1

. ~
which is the Zth (,q = 1,2, ..., NL) element of the gradient vector of ¢q. (1.1},
Second-Order Sensilivities

From eq. (1.9) it can be shown thal the second order derivative
(Ayyy/OBy BByl is givendy ’

2 2 2 ' .
3 Juw Ej{amw T Ry digj1 319y
aBka& 316} 3BKk3By O1Gj1 OBk 3By

(1.14)

In this equation the only term thal needs further elaboration is the derivative

(a2 wj!/aak'a B’(). The other terms can be oblawed from previous results.

It can be easily seen that

2 2,

351851 ) R

S = O e, U (1.15)
36k 08, sign (7)) 35,98, *0

From eq. (1.8), and using similar manipulation as tha! used for the
first-order case, il can be shown that eq. (1.15) can be wrillen

B2 G Ty el '
m{—smn(q )(MIE M) (M B7) (M gk + Mk 6g) (L.18)

Notice that this is a general formufa that can be uéed to simulate theeffects
of double contingencies. However, for the case of single contingencies, eq.

C{1L16) reduces lo

'a
BB/_%

25(gn(9)(.dj 'H)(MT J) IR

Using eq. (L.17) in (1.14) (with k = ¢) il is obtained
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Let
%) .
2 Y, M, nT {119
al'/ I" - -'-j - .
=t
. Subst‘nuiing ed. (1.19) into (1.18) and simplifying it is finally ebtamed
that :
8 by =omTatnad o +u plp 2 1.20)
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which Cait bz used, togeter with eq. (1.13), to-calculate the changes in the per-
formance index to changes i the susceplonce of tine fusing ey, [ 11).

DC-Load Flow
From eq. (1.%) the nodal ang|és, after a change in susceplance for
Lae £ ot LABY, de given by

8= (n + a8, Mengdt P (1.21)
Using the well kpown matrix inversion lemma it can be shown thal

sd=5- by B Mebg (1.22)

where b¢15 given by eq. (13) and 8 is the vector of nodal angles corresponding
to the base case conditions,

The new hine Hows are

-["- B, o K ER
' (1.23)

e
P.k =
| ~(B ¥ABAIEL L ko g
Substil‘ul'ing Cl,fin eq. (1.23) from eq (i.?l) it is finally pblémeu
T..
2 Pi+bg (i, B M) B, G, k 7e

k= {1.24)
AR — b, (TR~ .
(Q AB4 8‘) (1 Q(Mlg Mﬂl.k-l

The new flows given by eq. (1.24) can be substituted in eq. /1) to catculate Ihe
value of the performance index. |
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This paper describes
elcnents of power

The distinguishing feature of

is the addition of monitoring and
related to security of system operation. The four
major elements of control center design = data acgui-
sition and control, computers, man-machine interface,

softwarq, and people -~ are discussed briefly,

INTRODUCTION
Throughout the electric wutility industry in the
world today, traditional dispatcher's offices are
giving way to modern system control centers [(1]. This
changé from the old to the new is not merely one of

modexnization of dispatching and supervisory equipment,
althéugh there are indeed many new centers which pro-
vide' little 'more. than what used to be done with old~
ctyle equipment. What is significant 1is tlie change
from a limited concept of generation dispatching or
supcrviQOLy control to a more comprehensive and inte-
gratedfapproarh Lo monitoring and controlling a power
system. This broader concept which we shall refer to
"security control" concept [2], has stimulated
ongoing developmant of the hardware and software func-
tJons ‘which characterize the current trends in power
sybten control center design,

: Oné may ask why a modern control center is needed
at all. Or rather, why should a control center be de-
signéd to do more than generation and supervisory con-
;prplé The answer, of course is that there are maﬂy
operating problems which -are;outside the
traditional controls. .The hature,
"these operating problems
to another. Bult whatever the

purview of these
complexity, and severity of

Lhebe day~to-day and even minute-to-minute operating
problem° had historically been left solely to the hu-
man operator. ° The operator had generally'been left to
his .own resources to make operating decisions with
little relevant information about the nature of a prob-
lem and of the implications of each decision alterna~
tive that he could consider. Ironically, in cases of
really serious and complex situations the
would be flooded with too much information which tended
to’ hamper or confuse rather than assist his decision-
mdkxng process.

. Over the years, imptovements were being made in
the traditional central controls. By the end of the
1990'5, the state-of~the-art in generaticon control had
evdlved from an analog system to a digitally-directed
analog and eventually to a full digital control system.
Sxmllnrly, supervisory control systems had evolved
from one hardwired master per recmote to one hardwired
mister for scveral roemotes and  eventually to a digital
computex master,  Thus, by the end of the 1960's there
control

the dispatch computer and the super-~
computer == using small computers and

data than what was essential for
supervisory control.

control
no more

its specific conditions, the resolution of

. Multi-Level Concept"

operator

Digital telemetry was also coming into use to replace
analog telemetry. Up to this time the man-machine
interface consisted of strip-chart recorders, logyers,
indicating lights, annunciators, console pushbutton
panels, thumbwheels, and other special-purpose hard-
wara. Later, black and white or color CRT's were in-
troduced in the design of these traditional centers
but the monitoring and control objectives still re-~
mained 1limited to generation dispatch and superv1sory
control.

The first significant step in expandlng the scope
of control centers was made with the addition of sys-
tem security consideration to the generation control and’
supervisory control requirements. This factor caused
radical changes "in the real-time data requirements,
the amount and sophistication of information processing,
the computer configuration, and in the design of the
man-machine interface. We can coxrectly say that the
difference between a modern control center and a tradi-
tional one igs the 1ncorporatlon of functlons related'to
security.

SYSTEM OPERATION AND SECURITY CONTROL

The goal of system control center design is the
implementation of security control. .

Security control requires the proper integration
of botli automatic and manual control functions, i.e.,
a total systems approach with the human operator being
an integral part of the control system design. Secur-
ity control requires that all conditions of operation
be recognized -and that control. decisions by the man-
computer system must be made not only when the power
system is operating normally, but also when it is
operating under abnormal conditions.

The nature of security control in terms of a de-
sign organization or structure was presented at the
1966 1EEE Summer Power Meeting in the paper, "The Adap-
tive Reliability Control System"” [3]. The concepts
advanced in this initial paper were further developed
in a succeeding work, "Control of Power Systems via the
published in 1968 [4]. I will
briefly discuss the basic ideas originally presented
in these two references.

The Overail'OperatingﬁProblem

The power system may be assumed as being operated
under two sets of constraints: load constraints and
operating constraints.

‘The load constraints impose the requirement that
the load demands mus® be met by the system. The oper-
ating constraints impose maximum or minimum operating
limits on system variables and are associated with
both steady-state and stability 1limitations. Mathe-
matically, the load constraints can be expressed in the
form of the familiar load flow equations. The opera-
ting coustraints can be expressed in the form of in~
equalities, such as on equipment loadings, bus voltage,
phasg angle differences, generator real and reactive
powers, ete.,

The cohditions of operation can then be .categorized



into three operating states -- normal (ox preventive),
cmergency, and resntorative,

A system is in the novmal state when the load and
operating constraints are .aLLnflﬂd It is reasonable
ro assume that in the normal state the power system is
in a qhusi— teady-state condition. tor any given time,
the intersection of the load constraints and the opera-
tjnq‘constrnints defines the space of all feasible
normal operating statcs.' ‘The (power system may be
‘operated anywheve in this space

A systum is in the emorgvnox_state when the opera-
complutely satisfied. Two

ting constraints are not

typus of emcrgency may be noted. One is when anly
Luduy state operating constraints are being violated,
e.yg. an cruipmunt loading limit is exceeded or the

The other is
is violated and
malutaln.§ta-
called

voltage at a bus is below a given level.
when a stability orerating constraint
as a result of which the system cannot

Lility. The first typg of cmergency may be
"ftuady—<“4Lc emergency” and the second type, “dynamic
cmutgeuc). For the moment, however, we shall not
distinguish between the two types of emergency.

A system is in the restorative state when the
load constraints. are not completely satisfied, This

means a condition of either a partial or a total sys-

tem shutdown. In case of a partial shutdown the re-
duced system may be in an  emergency state, This is
the start of a  cascading situation, and if uncorrec-

ted, would lend ro a Ffurther deterioration of the
system.

The uonunpt of three operating states breaks up the
complex overall operating problem into three cperating
sub-problems with different control objectives. Of
primary intervst and of major impact on the design of

system control centers is the control done in the normal

state. It is basically the development and implementa-

tion of functions in this area that represcnt the state-

of-the-art in system control centers. Emergency and -
résturative,controls are nceded for a complete security

Ldntrol systen, but so far their implementation at con-

tlol centcrs has been very limited -in scopp and in in-

g;nulty.

E The effectiveness of security control depends
heavily on the control done during the normal operating
state. If a system could be controlled so that it re-
mdins normal 100% of the time, then all the load con-
straints would be met without any problem*® and there
would exist the maximum opportunity for realizing the
fuil economic benefits of sound operation. The objec-
tiYe of security control may therefore be restated as
follows: to keep the power system operatinQ‘ in the
normal operating state, i.e., to prevent or to minimize
the departures from normal state into either the emer-
gancy or the restorative state. To realize an effec-
tive strategy  tor carrying out this objective let us
look more closely into the concept of system security.

The Concept of System Security

System security may be considered as the ability
of a power system in normal operation to undergo a dis-
turbance without getting into an emergency conditlon.
The system is then said to be "secure.” - On  the other
hand, a normal operating system would be "insecure" if
there were a disturbance which could bring about an
emergency operating condition, If one -considers all
possible disturbances it would be impossible to find a’
secure power system. In practice system sccurity is
determined with reference to an arbitrary subset of the
complete disturbance set. This subset is called the

"next-contingency” set.  The choice of the cumpogition
of the next-contingency set is dictated by the prob-
ability of occurrcnce of the contingency within the
- next short  period of time (in  the order of minutes)

and the conscquences to  the system should the contin-
gupcy;bccur. 1n  most power systems the next-contin-
gency set includes, as a minimum, the following types

of distuxbancé"'

1) any circuit out;
2) any generating unit out;
3) Any phase-to-phase or 3-phase short circuit.

Other types of disturbances may be added. The more
disturbances included in, the next-contingency set the
more stringent the system-security requirements become.

For a given next-contingency set, tho set of all
ndrmal operating states may be partitioned into . two
disjoint subsets--sccure and insccure That is, a nor-
mal operating system is either sccure or insecure. We
sec then that for security control to accomplish its
ob)eutxve of preventing or minimizing departures from
the normal state it would be highly desirable to be
able to identify, firstly, whether the system is nor-
mal or not, and secondly, if normal, whether the sys-
tem is insecure or not, and thirdly, if insecure, what
corrcctive action may be recommended to make the sys-
tem secure. This leads us to the functions of secur—
ity monitoring and security analysis which we shall
discuss a little later.

General Characteristics of Security Control

We should recall the previously stated objective
of system control center design as the implementation
of security control in the broad sense of integrating
all required automatic and manual functions for all
conditions of operation. From this prospective we can
see the general patterns in which system control cen-

“ters have been developing in the recent years.

The necessity for integration has brought together
the previously sceparately implemented functions of gene-
ration control and transmission control into one system:
For geographically small power systems the lntcgratlon
is carried out in the system control centcr. For large
systems or systems with existing regional or area con-
trol centers this integration is accomplished by linking
the centers at various levels into a computer hierarchy.

The new réquirement of security monitoring alone
has necessitated the collection of a large volume of
real-time system data évery few seconds and has brought
about the use of filtering and state estimation techni-
ques.

In addltlon, the integration of automatic and manu-

al functions lsbelng manifested in the form of advanced
display devices and techniques The CRT wLLh limited
graphics has. become the universal man-machine interface
for system control centers.
. Operating decisions by the human operator are heing
supported by the presentation of more complete and co-
herent information about the power system than was ever
done before,

"If we review the.modern system control centers
which have been placed in scrvice throughout the world
since the start of the 1970's and also those which are
in the process of xmplementatlon wit coma up with a to-
tality of real-time features and functions which inclu~
des-the following:

1. Hierarchical structures consisting of several

levels of computer systems.

2. Dual real-time processors’ or multl-processors
plus rgdundant peripharals.

3. High-speed digital telemetry and data-
acquisition equipment.

4. System-wide instrumentation of electrical
quantities and dovice status.

5. Color CRT's with graphics for inturactive
display.

6. Dynamic wallboard group display.

7. Automatic generation contrils

8. Economic dispatch calcutation.

9, Rutomatic voltage (var) control,

0

Supervisory crntrol (bruakors, capaciture,



. the requlating units,

transformer tapé, generating unit startup and
shutdown) . '
Security monitoring,

State estimation,

On-line load flow.

Steady-state security analysis.

~Optimum power flow.

Automatic system trouble analysis.

On-line abort-circuit calculation.
‘Fuergency control ==

automatic load shedding, generator shedding,
line tripping.

Automatic circuit restoration.

1.
12.
13.
14.
15.
16.
17.
18.

19.

all of the
expected .

no control system that has
enumerated, This is to be

There is
functions just

Operating problems differ due to different networks and’

generation resources. Operating philosophy and the
structure of operating responsibilities are not the
same ‘for all companies. A _few centers have adopted an
evolutionary approach, adding something new to existing
control equipment and telemetry.  Finally there is the’
significant time gap between the testing of a new idea
on paper and its implementation in a real-time control
system.

FUNCTIONS OF A CONTROL CENTER

we will summarize only the real-
are generally of widespread con-~
There are of course other

1n this section
time fﬁnct}ons that
concern to system operation.
functions which belong to the structure of security
control but which are "usually rxun off-line or in a
baxch_p:ocessing—maderé—-4hjs is not to say that these
latter functions are not important, but we recognize
that the difficult part of system control center design
lies in the implementation of functions which run 1nthe
real-time environment. : . -

Automatic Generation Control (AGC)

The function of Automatic Generation Control (AGC)
is to determine the generation required to meet the ac-
tual system load and to allocate this generation among
coordinating the requirements of
regulation with the desired base operating point of each
unit, The last part of this definition
important interface between AGC and some other function
which calculates the desired base points or settings.
Traditionally the basc seltings are determined by the
economic dispatch function. But in our concept of secu-
rity control this need not always be the case. During
certain operating conditions, other functions such as
security analysis or emergency control could establish
the desired hase operating points.

The basic AGC algorithms, i.e., the calculation of
area control error and the. assignment of regulation tb
each unit racognizing the desired base points, are well-
known. To apply these algorithms
centexr requirus‘the addition of modules which in effect
interface with the real-time environment. These modules
should initialize the AGC function, coordinate all in-
foymation from other programs which affect AGC, prepare

“and hand off to the data-acyuisition subsystem the sig-

nals to be sent to the plants, and communicate with the

-dlbplay subsysten,

‘'system control center

The use of plant computers communicating with the
offers felxibility for carrying
out the AGC function. An example of this application
is_ at the Cleveland Electric Illumxnatlng Company (CET}).
The AGC software at CET's system control center sends
icéirodmw signals for cach chulatlnq unit to the plant
:oﬁpgtcr . The plant computers act as local closed-loop
controllers for each unit (%], The control algorithms
at the plant computers recognize the individual rate of
response of each unit. Over the same data -links the
plant computers report to the system control centexr

~a new set of penalty factors is passed on to the

identifies an ’

" Supervisory Control (SBC,

in a system control -

every second the control statug of each unit and its
short.~tcerm raise and lower capability. This informa-
tion is used by the AGC algorithm such that the desired
me requested is within the dynamic capability of the
unit. - The computcer-to-computer link also handles spe-
cial requests by a unit operator to place a unit

Economic Dispatch Caleculation (EDC)

‘Economic dispatch calculation is performed every
few minutes wusing the 'set of coordination equations
which requires that the incrcmental cost of delivered
power from each generating unit to an arbitrary refe-
rence point be the same for each unit, The incremen~
tal cost of delivered power to a given point from a
generating unit is equal to the incremental cost of
generated power multiplied by a penalty factor., Tradi-
tionally the penalty factors are calculated using trans-
mission loss B-constants.,

In present day control centers, B-constants are
usually calculated off-line ‘and are updated very infre-
quently. There is an economic advantage to be gained
in updating B-constants on-line especially in these
times of high fuel costs.

In centers where a real-time 1oad flow is required
for other reasons, -1t would be possible to calculate
the penalty factors on line by adding a real power op-
timization routine thus - obtaining an optimum power
flow [5),1(6]). At CEI, every time there is a network
change or when the system load ‘has changed significan-
tly in magnitude or-in relative distribution between
arcas, the optimum power flow runs automatically and
EDC.,
The penalty factor calculation takes less than 40 sec-
onds on the Sigma 5- computer. This is the total res-
ponse time and includes network configuration update,
3 'to 4 fast decoupled load flows [7], Jacobian calcu-
lation at the optimum solution point, calculation and
transfer of new pcnalty factors to the data base.

Although EDC should be made only for those units
which are regulating, it is desirable to make another
calculation including all the other units on local con-
‘trol. This second-pass EDC is made everytime the regu-
lar EDC is run. The results of the second-pass EDC are

-displayed to the operator so that he may manually direct

the units on local control to be moved closer to their
optimum generating points. Considerable additional
economy may be realized this way.

SVC)

‘Supervisory control is not a new operating func-
tion. Its integration into a system control center is
new. Since supervisory control is a manual function it
is exercised via the man-machine interface or the dis-

play subsystem
- The Jntegratlon of ‘supervisory control of c1rcu1t
breakers (SBC) 1is not always straightforward insthe
case of a control hierarchy where, historically, super-
visory control had been exercised at a lower level,
such as a district or regional office. The common ap-
proach has been to retain this function at
level and morely report the breakcr status to the cen-
tral or higher level. Such a structure will need re-
examination of the ‘interfaces in the event that there
would be a vrequirement for breaker control from the
higher level, An example of this would be some form of
emnergency control such as load-shedding or system sp-
litting, ’ :
When there is a need, the control center may also
perform supervisory control of voltage regulating de-
vices (SVC), such as tap-changers, capacitors, genera-
tor voltage regulators.

the lower’

off
or on regulation or to chanqe a unit's opcrat1n9 limits, -



Automatic Voltage/Var Control (AVC)

The autematic control of system voltage and of var
allocation is not yet in wide use even by those com-
panies who feel they need it, primarily due to the ab-
sence of an efficient on-line optimization ‘algoritmm.
In Japan, however, AYC has bcen in use,ﬁor many yqéps
now. '

The AVC regulates the voltage profile and also
minimizes losses due to recactive power flow (8], The
control variables are generator reactive powers, trans-

former taps, shunt capacitors, and shunt reactors. The
control is a two-step operation. Voltages and var
flows are checked periodically and when there is any

‘deviation bLoyond certain tolerances the voltage profile
control calcutation is initiated. At less frequent in-
tervals  the minimum loss calculation and control is
executed, :

1n 1976, the Potomac Electric Power Company placed
in service their new control center (9] and one of its
unigue features is a closed-loop voltage control [10)
of distribution bus voltages, the first of its kind in
the world. )

~

Security Monitoring (SM)

Sccurity monitoring (SM) is the  on-line identifi~-
cation and the display of the actual operating condi-
*tions of the power system. This one function has made

the difference between the traditional dispatch center
and the modern system control center. ' SM requires a
systemwide instrumentation on a greater scale and

variety than that required by a center without SM. The
types of measurements include: MW and MVAR flows,
branch currents, bus voltages, bus MW and MVAR injec-
cions, frequencies, eneryy readings, circuit breaker
* status or operation counts, manual switch positions,

protective relaying operations, transformer tap posi-
tions, and..iscdlleneous substation status and alarms.
The SM function, in general, checks the analog

values against limits basically .to determine whether the
system is close to, or at, the emergency state. The
limit-checking also allows some kind of data validation
and the rejection of incongruous data. Limit-checking
is done as often as the data is brought in which is us-
ually in the order of every one tq a few seconds.

The display required for SM entails the use of CRT's
and a larye number of display formats. The dynamic wall
display is also used for SM. Part of the SM function is
the on~line determination of the network topology ({117,
(ra2y. In most cases it is sufficient to determine the
network configuration. In centers where there is a dir-
ect responsibility for transmission switching and safe-
ty is a paramount factor, the SM function should inclu-
de an identification of the electrical status (energized

or de-energized) or every physically isolatable segment.

Static State Estimation (SE)

State estimation (SE) may be defined as a mathe-
matical procedure for calculating, from a set of system
medasurements,  a "best" estimate of the vector of bus
voltage magnitudes and phase angles of the network.

‘ The measurement sct is understood to contain an
adequate  degree and spread of redundancy to allow the
statistical correlation and correction of the measure-
ments,  detect  and preferably identify bad data, . and
yield calculated values for non-telemetered quantities.

An excellent summary of SE and its methods is
given in the 1974 Proceedings of the IEEE paper by

_Schweppe and Handschin {13},

Although there are just a few control centers with
SE in operational use the value to operation of this
function {s becoming more widely acknowledyed. 'Recent
aspucilications for control centers itnclwle SE ag part
of the software requiroments, As presently practiced,
SE is used for the following purposes:

centers.

. same approach is

‘= bad data identiffcation

- c¢alculation of non-teclemetered or missing data

- provide inputs to security monitoring function

- provide vector of bus injections for anon-line
load flow, security analysis, and bus load
forecasting. ' . .

On-Line Load Flow (OLF)

By "on-line load f£low" I do nét mean a load -flow
that is made available to the* operator for planning or
study purposes. However such a load flow is run, either
by conventional batch processing or interactively, it
is still an off-line load flow. An on-line load fl?w
(OLF) is one which is used for real-time functions such
as security monitoring, security analysis, and penalty
factor.calculation, - and can also be used for stud9
purposes. OLF makes use of real-time data. )

The OLF requires a vector of bus injections. In
the general case, the bus injections are calculated
from statistical data obtained on-line and some off-
line historical information. The bus injections may
also be obtained from the results of a state estima-
tion program. These injections may be used as they are
or normalized to produce a sc¢t of load distribution -
factors. These distribution factors may be projected
to a future time for predictive purposes.

The on-line load flow is a necessary function for
system control centers. It should not be interpreted ,
however, as supplanting state estimation. As we have
seen, these two functions serve different needs. Since
the on-line load flow uses bus injections which are
statistical in origin, the ultimate OLF should give
results with some kind of statistical interpretation,
i.e., an stochastic load flow. Wd are not yet there
with the present state-of-the art. However, the basic
formulation of the OLF for penalty factor calculation,
for establishing the base case of security analysis, as
an alternative method for performaing contingency evalu-
ation is of value now at system control centers.

Steady~-State Security Analysis (SA)

The first function of Security analysis (SA) is to
determine whether the normal system is secure or inse-
cure. The ssecond function is to determine what correc-
tive action strategy should be taken when the system is
insecure, . .

The first function is commonly known as contingen-
cy. evaluation since by definition, the security of asys-
tem is determined with reference to a set of next-con- -
tingencies. In present state-of-the-art, only steady=
state contingency evaluation is done at system control
. That is, the emcrgency condition that is to
be avoided is overloading of equipment or poor bus vol-
tages. There is still nothing in the way of dynamic
security-anatysis.

' The earliest method used for contingency evaluation’
is the distribution Factor method derived from elements
of the bus reactance or bus impedance matrix [14],([15].
This method is used at several control genters. The
used for determining a feasible, though
not necessarily optimal, corrective action.

. Load flow methods are also in use for security
analysis. Among these techniques are: DC load flow,
Gauss-Seidel, Newton-Raphons, linearized AC {16), and
Stott's Fast Decoupled Load Flow. The last mentioned
method has the advantage of having the same algorithm
useéable to obtain -either an approximate soluticnora
full AC solution. The approximate solution -is compar-
able in speed to the method of distribution factors but
it is more rcliable and accurate in that the voltage pro~
file is taken into account. The flrst iteration of the
Fast Decoupled Load Flow yields the approximate sotution.
If a full AC solution is desired further iterations arxe
rin until the mismatch requirement Ls satisfled.

A recent survey of security analysis methods is



.,

given in [17).

Security analysis as presently modelled requires an
up-to-date equivalent of the external intercomnection.
So far, the only equlvalent available and used at control
centers lus  blen the  traditional Ward equivalent which
“has soveral rccognizcdlshortuomings. There is now a

“revived interest in equivalents for security analysis.
Two basic types are emerging: topological and non-topo-
logical. Topological cquivalents, like the Ward equi-
valent, are derived from prior knowledge of thedetailed
external system, HNon-topoloyical eguivalents require no
physical ncetwork information but arce derived from real~
time measurcements via stochastic approximation techniques.
Arecently developed topological equivalent {18] based on
Dimo's REI method [19] has fdatures for on-line applica-
tion not available with the Ward equivalent. Work on
non-topological equivalents 1is continuing and initial
results have been reportcd in the literature (20],[21].

As discussed previously, the space of feasible nor-
mal states may be partitioned into secure and insecure
regions. This, of course, 1is a dynamic situation. As
the system generation, load, and topology change so does
the space of normal states and so does the boundary be-
tween securce and insecure regions. In fact, either re-
gion could pp a null subspace., Clearly, as systém condi-
tions change the countingencies in the next-contingency
set which yields insecure operating points also change
If at times the system is very strong that no contingency
in the next-contingency set can cause an emergency, the
insecurce regionis null and contingency evaluation is not
required. At other times only certain contingencies need
be evaluated. This leads us to the idea that we should
have a more sclentific or systematic way of determining
qn%line whether there is any need to do security analysis
and if so, which contingencies we should bhe looking at.
Presently, we do not have any techniques for accomplishing:
this. -We are thus compelled to use a fixed list of
contingencies, perhaps with some spare room for opera~
tor-specified contingencies. Since the secutity analy-
sis routines could impose a large computational burden,
in certain centers the next-contingency list is pared
down to a small number of items. This is not always
possible. There could still_be enough contingencies to
cause loading problems of computer resources. Part of
the problem is the requirement that security analysis
be run periodically, 24 hours a day. An alternative
approach would be tou use the Security Monitoring func-
tion to determine whether or not there is aneed for SA,
This could he based on arbitrary levels of line load-
ings. ’

'A.detéil somet imes overlooked in  control center
specifications is the fact that in many power system
nétworks there are multi-terminal lines, such as lines
w%th a tap for a transformer connection. For a 3~ter-
minal line, a line outage would mean an outage of three
load {low branches and the isolation of one node. This
f?itl;s OEC?"‘loét sight of by a software designer with
el bower system background. The contingency evalu-
ation Program gets erroncously developed on the basis
of a line outage being a branch outage in the load flow

sense.

DESIGN CRITERIA

l..?he successful performance of control centver tine-
tions such as those described  in the preceding section
depends on the adherence to certain design and perform-
%“f? cr}teFLa._ Tpe tbree wost important design and
Rer ornuncg criteria for a system control center are:
sy§tem.r?sp?nse, system availability, and system main-
tainability.
System res < i
i ystem response is measured

: in terms of the ;time!
.¢ takes from the instant Y

, a funétion is requested un-

t¥1 the instant the outputs from that function are

awailable. The response time requirement depends upon

the nature of the function in question, The actual.re-

sponse time obtained depends upon the speed of ‘the hafd—
\

. to define let alone measure.

. tem.

ware relihbility or software reliability, or both com-~
bined, The measure of system availability also depends
upon system response. For any given function, the
availability, A, is given by:

Available Time
Period of Interest

A

Unavailable Time
Period of Inteéerest

= ] -

Unavailable time is the total time during the pcriod
of interest when the function is not available. Any
time beyond the maximum prescribed response of a func-
tion is also considered as unavailable.

- It is an extreme design requirement to specify the
same avallability for all functions, critical and- non-
critical. ..An overall system availability is difficult
. Besides, an  overall
system availability requirement does not necessarily
ensure a good response and availability of a critical
function. It would therefore be more reasonable and
preferable to specify two availability figures, one
for critical functions and ancother for non-critical
functions. A critical function which should have a
high availability is the man-machine interface. The
availability of this function could be used as a sim-
ple, readily measurable criterion for system design
and performance. The thinking behind this is that as
long as the man-machine interface 1is available the
operator is not completely helpless. Even 1if other’
operating functions were not working, the operator could
do something manually if the interface were there to
provide some information and to permit manual correc-
ions.

Achievement of good response and high availability
should be pursued from the very start of system design,
through implementation, and ‘during the life of the sys-
Very much a factor in this achievement is system
maintainability. The levels of response and availabil-
ith are obviously affected by hardware and software
maintenance. The repair times .following hardware or
failures depend upon the maintenance capability, diag-
nostic aids, and equipment that are available to main-
tenance personnel. Preventive maintenance, system de-
bugging, corrections, updates, tests, and enhancements
are on-going activities which have to be performed us-
ing the computer system facilities. The system design
from the very beginning should provide for this type of
work to be done at any time with little or no impact on
the performance of the real-time system.

Software maintenance could bhe a serious problemin
a system control center. Even with an adequate staff
of trained people, it is highly advisable to have enough
computerized maintenmance and testing aids in order to
reduce significantly the time required to do mainten-
ance. Just like system response and availability, sys-
tem maintenance must be designed into the system at the
start and not as an after-thought.

CONTROL SYSTEM COMPONENTS

A system control center consists of the following
elements or subsystems: data-acquisition and control;
commnunications; computers; display; software; uninter-
ruptible power supply; the building; and people. The
communication\éhannels, the power supply and the build-
ing facilities design are all important to the proper
functioning of a control center will not be discussed
here. Their fcquiremenps are not uas intimately woven
in with the control design problem as are those of the
data-acquisition, the computer, the display, and soft-
warce subsystems, and people. '

The Data-Acquisition and Control Subsystem

The data-acquisition and control subsystem con-
sists of: remote terminal equipment for interfacing



with power system instrumentation and control devices)
intexfaces with communication channels; and master sta-
tion equipment for interfacing with the system control

center. In some centers a dedicated channel is as-+
dgigned to each remote statlon, In others there are

less channels than remote statlons requiring more than
one remote to share a channel, Analoy data is scanned
periodically in the order generally of 1 second to a
few seconds. Each scan is triggered by the system con-
trol center at the prescribed interval by using a re-
quest to all remote stations to send in data. Data is
received at the master equipment in a random order.
The hardware equipment which converts the bit-serial
data into a bit-parallel word does error-checking and
raises an interrupt to the computer for each word re-
ceived. There are two approaches to this: one is to
have a single interrupt for all channels; the other is
to have one hardware interrupgt for each ¢hannel. The
. single-interrupt method requires polling by a software
routine to find out where the data word came from. The
multiple interrupt approach results in a much better
response time due to the very fast interrupt proces-
sing. ) .

Status data is also processed in the same way as
analog data except that there are two ways of reporting
status changes. The first way is to send in all sta-
tus information from all remotes at the required in-
tervals regardless of whether or not there has been . a
change. This approach requires a software routine at
the system control center to check each new status
with the old status to determine any changes. Consider-
ing the very large number of status points that ismoni-
tored in a power system this approach represents a siz-
able burden on the central processor at the control cen-
ter. The sccond way is to send status data from the re-
wote only when there has been an actual change of status.
Since normally the system is guiescent and since, if
there are any status changes, only a certain number of
stations are involved, the second method results in a
better overall system response for the same
computer resources. Thare are, however, many systems in
service which use the continuous status scan approach
and which apparently are not bothered by this processing
overhead. At least, now yet. Having a not-so-freguent
scan helps. Assigning data-acquisition to a front-end
computer also helps.

The use of front-end computers for the data-acqui-
sition function 1is a desirable option as it off-loads
the main computers which would be doing the rest of the
real-time functions. In some applications the front-end
computer serves only as a message - switcher. This does
not help system response.

The data link procedures and word structures are
different with each data-acquisition equipment manu-
facturer and sometimes with different models from the
same manufacturers, While this situation creates a
constraint "on the expansion of an existing system it
;hould not lock in a utility company to an obsolescent
model when, due to the fast-changing technology, better
and more cost-effective equipment way be available.
Microprocessors would resolve this industry problem by
making it casier and less expensive to convert from one
data format to another. There is now a trend to so-
called programmable remotes which would inecitably be-
come microcomputers or minicomputers. Eventually the

_data-acquisition subsystem would be a computer network
using a standard data link format and control.

The data-acquisition software besides managing the
collection of data and placing them in éomputerAmemory,
also performs: error-checking; conversion to engineer-
ing units; limit-checking; and interfacing with appli-
cation programs, For fast response, the data-acquisi-
tion software must be: resident in main memory; of  the
highest hardware priority of all application softwarc;
as indupendent of the operating sttem_ as possible,
making use of hardware interrupts for scheduling its

amount of
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own I/0's. .The real-tima dntabase must also be regi-
dent in mafin memory.

One should look askance at a system design inwhich
the real-time data base is not resident in main memory,
Such a design is handicapped from the start since al-
ready a large amount of traffic is being built {nto the
I/0 channel, Since the cost of main memory is no lon-
ger very high, the extra cost incurred to make the data
base resident is a small price to pay to ensure good

performance. . One should not readily yield to the ar-
gument that one's requirements are not too great any-
how and that the design would be adequate. Control

centers have a habit of expanding from very humble be~
ginnings. If it turns out that the reason the data-
base cannot be made resident in main memory 1is that
there is no more expandability; then the computer being

offered is not the right one to have.

THE COMPUTER SUBSYSTEM

Real-Time Computer Characteristics

A system control center is a real-time system and
the computers selected for this application must be
designed for real-time. Essentially this means that
the computer must have outstanding hardware features
and must have a. proven and efficient real-time operaw-
ting system, Some of the hardware features that have
been found to be important at control centers are the
following:

-=- memory cycle times of microsecond or lower

’
-~ multiple external interrupt structure with a
fair nunber of interrupts

-~ fast access disk in the order of less than
20 milliseconds access time and transfer

rate of better than 250 kbytes per second

-- multiport memory banks with provision for
interleaving

-+ memory expandability to, at least, 64K 32
bit words or equivalent

~--~ direct memory access (DMA) with multiplexer
for several peripherals sharing the DMA
channel
-- floating point hardware
-~ internal interrupts for various trap conditions
~= internal real-time clocks
: i

-~ watchdog timer.

The actual performance of a cumputer system for the

same hardware depends upon the configuration, the opera-

ting system, and the software design.

Computer Configuration

The design criteria of response, availability, and
maintainability dictate the use of more than one pro-
cessor. Placing all functions =~ real-time monitoring
and control, background processing, software malnten-
ance and testing--in a single processor makes it extre-
mely difficult or impractical to obtain a high level of
response and availability. One would have to limit the

scope  of functions assigned to the diglital computer
(such as use analoy for AGC) and also accept a  degraded
security monitoring function. But this is not repre~

sentative . of the new breed of aystem control centors
that we are investigating, where functlons such as AGC,

.
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ED9, 3M, SA, SE, OLF, SBC are being integrated into one
system and CRT response timcs of 1 second or better are
common,

There are some control centers with single pro-
cessors. All of these have analog AGC controllers
‘either au part of the  system or available as backup.

In such centers, the man-machine interface is evident-
ly not. considered critical as it is unavailable when-
ever the single processor is down.

In the majority of the control centers, the com-
puter configuration used is the "dual" computer system.
This is shown in greatly simplified form in Figure-la.
A and B are basically identical computer systems, each

consisting of a central processor, lmain memory, and
auxiliary memory. )
.1 There are several ways in which functions may be

assigned to A and B, This
‘availability requirements.
that all functions, critical and non-critical, as well
?ﬁfsome types of background processing, must be fully
supportable on one computer. This takes-us back to
the response problem of a Single processor.
;h this case the availability would be much better
since there ig a second computer.in stand-by. The more
common practice is to share the functions between the
two computers. Critical real-time functions would be
assigned, say to A, which would be called “primary",
and non-critical real-time functions, off-line func-

depends primarily on the
One way would be to say

tions, and background processing would be assigned toB}

designated "secondary". R

In case of failure of the primary computer, the
secondary can assume the critical real-time functions by
manual or automatic failover of the real-time.inter-
fages, such as the data-acquisition equipment and opera-
to;é' consoles, and initializing itself to the real-time
eqvironmentl Figure lb with the dashed line between
c?mputers, represents the failover érrangement.

A

p A , B A 'L-- B
) )
L L |
(a) (b)
Fig. 1 - Dual Computef Configuration
o] | J
] A B A - - v B
‘ ‘ | L o |
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@ ' ®
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(c)

Dual Computer Configuration with Front-End
Computers

Fig. 2 -

However, .

. computers FEl and FE2.

_ computers of a size large enough so that either one

‘

In actual operating experience, a computer system

will recover from most failures by simply starting it
over again. Doing this automatically is a desirable
design feature. Actually, automatic rectart (s more

benceficial to .system availability than is automatic
failover. The latter function entails some hardware
and software complication and works only if the other
computer system is available. -Failover also takes lon-
ger. A few control centérs have both automatic re-
start and automatic failover. Most have automatic

failover only. Definitely‘worth considering in'design

_is automatic restart only plus manual failover.

‘maintenance, testing,

.would be a purely

-enough to handle the

The automatic restart routine is designed for a
certain number of re-tries. Prior to each trial pre-
assigned areas of main memory would he dumped on disk
or on magnetic tape for later diagnosis. A minimum up-
time is also observed such that, after a restart, if
the computer does not stay up for so many minutes, re-
trials would not be attempted. Obviously if the fail-
ure is in the auxiliary memory automatic restart would
not be initiated. Failover must be resorted to.

. After a failover from A to B, there are some de-
sign options as to what functions should -be assumed by
B. B could take on only the real-time critical func~.
tions that A had been doing and .abandon all of .the
other functions. Or B could have all functions that
were originally assigned to it plus all of A's, as
long as we accept a reduced response and availability.
Now this .second option is not so bad if you have enough
main memory in each computer, This ensures good res-
ponse and availability most of the time but gives you
a slightly deyraded performance during the times that
the system is down to one computer, )

) The system design should make it possible to
operate one of the computers in a stand-alone mode for
or large program development. It
should also be possible to operate a computer in a
pseudo-real-time mode with one. console and a data-ac-
quisition channel or two attached to it so that a pro-
gram change or new program may be tested in a real-
time environment. '

Each half of the dual configuration need not con-
sist only of one computer,- As discussed previously,
front-end computers could be used for data-acquisition
thus enhancing the - respounse times of the main computer.
Figure 2a shows a dual confiquration with front-end
There are two possible schemes

for failover. The simple one, shown in Fig. 2b is to
consider FEl as an extension or slave of A and FE2 as a
slave of B, The other failover scheme, shown in Fig,
2c allows the front-end computers to be switched to

either one of the main computers.

Typically, the front-end computers are 16-bit mini-
can
handle all of the data acquisition channels. The other
redundant backup. If the nunbef of
channels (or remotes) increase beyond the expandability
of the minicomputer it would be time for a re-design
with qjlarget\front-end capability. One coulid at the
outset divide the channels between FEl and FE2 so that
both are sharing the work of data~acquisition. Such
arrangement—is—shown—in Figure 3a where both FE's now
have links with A and B. The failover scheme is shown
in Fiqure 3b. Since one minicomputer is not quite big
entire data-acquisition load then
or FE2, the remaining mini would
in a dearaded mode.

There are other possible configurations
those using multi-processors with
redundant high-speed data paths. Redundant I/0 chan-
nels are also possible, in fact desirable. And the
concept®of distributed processing in the sense of one
processor for one function has yet to be explored for
control center application. With regard to distribu-
ted processing, one should keep in mind the trade-off
in complexity of hardware and software for automatic
failover.

on a failure of FEL

have to do everything
such as
shared memories or

an____



(a)

Fig. 3 -~ Dual Computer Configuration with Task-Sharing
Front-End Computers :

In spite of the many possibilities in computer
configuration, the first-time wuser can only choose
from what thae system suppliers have to offer. The.sup-

pliers cannot afford to deviate too much from a stand-
ard configuration that they have already developed.
encae, cven hefore a new set of specifications are re-
leased to vendors one can -generally predict the vari-
ous computer cuonfigurations that would be proposed.
Most of these configurations are based on a pre-con-
ceived grouping of critical and non-critical functions.
is noihing wrong with this as long as the user
has the same yrouping in mind. Unfortunately this is
not necessarily true. For instance, if one subscribed
to the often-held arqument that for real-time monitor-
ing and control we must -Eirst of all have a reliable
data base, one would consider state estimation to be a
function as critical as data-acquisition itself and

There

would require that state estimation have the same avail-

ability as data acquisition, AGC,
interface. None of the currently offered configurations
guarantee this kind of availability. One utility engi-
necr has lamented the fact that although his company's
modern control center had been authorized on the basis
of impreved system security, the security-related func-
tions including state estimation had been relegated to
the non-critical category.

The Real+Time Operating System

Superior hardware features in a computer system do
not necessarily guarantee good performance unless used
effectively and to the overall system.advantage by the
real-time operating system. One of the more difficult
problems of
taining a computer with a well-designed, field proven,
real-time operating system,

Historically computer software has lagged behind
hardware development by at least a year. This is still
true with some of the new computers that are comingout
on the market today. Also some computers, not neces-
sqrily nev, are not intended by the manufacturers for
reul-time
by any real-time operatirg system.

The industry picture so far shows: special opera-
ting systems developed by vendors for an initial pro-
ject and offered on subsequent projects; standard redl
time operating systems with slight modifications and
with some enhancements to provide additional real-time
fé?tures; rcal-time operating systems operating as a
job under a gyeneral-purpose operating system; and time
sharing operating systems modified to handle real-time
procgssinq. The situation has improved recently. There
are now some standard real-time operating systems with
practically all of the Sfeatures desired for a system
control center, '

For a system control center, what 1ig a good real-
time opuration? I would say one that carriced out its
functions without unduly impairing system response. The
%usﬂ overhead  the operating system takes, the better
‘or the respdnse,

and the man-machine-

control center design and operation is oh-

application and therefore are not supported
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overhead, Is incurred and hence response is affec-
tod wherever there is a shared resource. Maln wenorysy
‘he I/0 channel, subroutines and files are shared re-
IOUTCOS. Operating systems differ in the way they
Lanaya these resources. These are key features of an
snerating system which. should also be considered In
software design. g

THE MAN-MACHINE SUBSYSTEM

In system control center's the man-machine inter-

‘face or the display subsystem consists of CRT's, dyna-

mic wall displays, trend recorders, loggers, and alarm
devices,

The CRT Display

The cathode~ray tube (CRT) display has become a
universal feature of system control centers. This is
because the CRT display can provide practically all of
the needed interaction with the human operator., While
other forms of display may also be necessary in a sys-
tem control room; these devices do not have anywhere
near the utility or the wide-ranging power of the CRT

as a device via which the operator can observe, analyze

and control .the power system,

THe CRI' display should be designed to meet the
needs for man-machine interacticns in: power systems
operation; control system diagnostics; software deve-
lopment; and control system maintenance. Detailed
discussions of these needs plus other CRT design con-
siderations may be found in [22) and ([23]. Specific
CRT applications at various control centers are des-
cribed in [5], (6], (24-28].

The CRT idsplay hardware consists basically of a
color monitor, display generator with refresh memory{
parallel interface unit to the computer system, cursor
control devices, and standard keyboard.

To 'insure fast response, the rate of data transfer
through the parallel interface should be in the order
of 300 kilobytes per second. The computer axchitecture
should have the facility for this__I/0 to take place
concurrently with CPU processing. - )

The use of special-purpose function keys should be
held to a bafq minimum. It is highly desirable to ad-
here to the standard general-purpose keyboard and to
one or more of the standard cursor control options.

The design of interactive procedures between the
operator and the computer should be aimed at minimizing
the amount of manual inputs required of the operator.
This is particularly essential
procedures for support programs such as the lcad flow
or security analysis. The use of one-line diagrams
both for input and output purposes is highly desirable,
It should be possible for the operator to indicate spe=-
cific network configuration changes by simple opera-
tions with the light pen on nctwork diagrams. To be an
effective and satisfactory man-machine’ interface, the
display subsystem must have a response time of about 2
seconds on the average, from the instant _the operator
makes a CRT selection to the time requested format is
completely on view. In the worst case, it is not un-
reasonable to require a maximum response time of 5 sec-
onds. If the power system is quiescent, response times
of 1 second or less should be readily obtainable.

The frequency of
display depends on the purpose of
on view. For displays used by the
log data may be updated every 10
age. Status data should be updated immediately’ after a
change. occurs, For displays used by programmers and
maintenance personnel the frequency of update could bhe
as often as the data is gcanned. Most ot the dynamic
data is real-+ime data and <ince this 1s assumed to be
resident in  wailn memory updating taster than cvery 10

the specific plcture
system operator ana-
geconds on the aver-

in des@gning the input .

update of dynamic data on a’ CRP -



. as an option,

seconds should not create a sorious problem in over-
head., The situation would be quite different if the
real-time data base were in bulk memory off the I/0
channel.

It is desirable to be. able to excrcise all of the
man-machine interface functions at any one of the re-~
dundant consoles. When the functions are broken up
into dedicated, special-purpose consoles, problems of
backup become more difficult to handle and the provi-
sions for rcdundancy become more costly. Having all
consoles alike and ecach capable of performing all func-
tions in the interface repertoire will make it possi-
ble to operate Lhe system even if only one console were
in working condition.

The Dynamic Wall Display ’ .

The dynamic wall display is intended to give an
overview of Lhe power systemn. The overview concept is
best accompliched by a simplified representation pre-
serving as much as possible the geographical orienta-
tion of the system. Details on the wallboard not only
spoil the overview perspective hut, actually, are best
left to the CRT's. For example, there is no point in
representing all the - substation details including man-
ual switches on a wall display when they can all be
presented more effectively on the CRT.

There arc differences of opinion on the need for
dynamic wall display at a control center. My own recom-
mendation is to exclude the dynamic wall display from
the control center requirements. It may be considered,
if the cost-benefit ratio could be more
attractive throuyh simplificationand a reduction of the
size to moderate dimensions so that geographical orien-~
tation could be perscrved. i would, however, recommend
consideration of an electrostatic plotter/printer to
provide in a-few seconds, whenever wanted, a real-time
snapshot of the entire systom in graphic form, If, in
addition to this diagram, something on the wall is still

desired, a completely static representation, should be
adequate. Again, it should he of moderate size, as
trying to cover an entire wall from floor to ceiling

distorts the reprcsentation to a grossly elongated rec-
tangle. .
THE SOFTWARE SUBSYSTEM

The software 1in a control system may be divided

into three categories:

1. System software consists of: the real-time
operating system; processors for assembly;
- compiling, loading and overlay structures,
file management, system generation, utili-
-ty routines for debuyging and testing. The
system software is usually -’ supplied by
the computer manufacturer.

w4
2. Application software includes all the pro-
grams which performs tasks for the operation
of the power system, suclh as data-ajuisition
software, display softvare, software to im-
plement various control functions, and opera-

‘repeated as
“ance tests

attributable to a poer analysis and design. This ini-
tial phase of software development specifies the in-
dividual program modules,. the inputs, outputs, tables
used, tables updated, and the algorithms. Design' de-
cisions are made on the database structure and access
method, table and file structures, data update require=-
ments, and backup requirements. All hardware~to-soft-
ware and software-to~softwaré interfaces are spelled
out. Initialization procedures, CRT and logger mes-
sages, maintenance reguirements, test procedures, and
acceptance criteria are all specified. All this must
he done, reviewed, and agreed upon before one line of
code is put on paper. K1l too often the ' natural ten-
dency to get going and start coding gets the better of
the software designers and the analysis and design ef-
fort gets hurried through. This is an invitation to
disaster.

The coding and debugging phase typically should
take less than 25 percent of the entire software deve-
lopment work. Most of the real-time application soft-
ware for control centers have been written in assenbly
language, However, the capabilities of Fortran for
real-time use have improved and there is a growing
trend toward more use of this language. Whatever Jlan-
guage is wused careful attention must be given to those
program features which affect real-time linkages, res-
ponse times, and program reliability. )

The real-timé linkages of a program consist of:
accesses to the database; I1/0 requests to use and/or up-
date files; I/0 requests for CRT display and logger mes-
sages; .program execution requests. Good response means
anefficient code, a minimum I/0, effective use of sub-
routines, and proper use of interrupt control Program
reliability means use of fail-safe logic, proper initia-
lization on system startup, avidance of timing prob-
lems, invulnerability to bad parameters, control of
possible arithmetic overflow, and proper handling of er-
ror returns on I/0 and program execution requests.

The checkout and test phase takes up the rest of,
the software development work. The individual program
Is tested in the foreground in as complete a real-time
environment as possible. The real-time environment is
built up gradually as each program is integrated into
the system. When the entire system s put together,
hardware and software, the individual program tests are

part of the system checkout. The accept-

complete the test cycle. The test drivers
written for the individual program tests are kept for
later use in system maintenance.

Support Software

There are two groUps of support software. The -
first group consists of foreground diagnostic programs

which are run on-line to monitor and control the perfor-

mance of the control systemn. These programs provide

the following functions:

1. Summary and control of remote station status:
- On request, the status of the data-acquisi-
tion subsystem 'is displayed on the CRT. The

tion planning programs.

3. Support software are programs used by support
personnel for computer system monitoring,
real-time diagnostics and debugging, main-
tenance and testing.

x
Application Software Development

© thoroughly as possible.

The software development cycle consists of three
parts: analysis and design; coding and debugging; check-
out and’test, .

Analysis and design is the most important phase
of softwarc development and should be carried out as

Problems in coding, debugging,
and in maintenance, are largely

1

checkout and testing,

display, which id dynamically updated, shows
the scan conditions of ecach remote. Using
"this display it should be possible to place
any remote off or back on the scan,

2. Display of all data received from a remote
station: - On the CRT, &all data being re-
' ceived from a selected station may he viewed.

This is a dynamic display and the data is seen

. ¢as it changes from one scan to the next. Color

“.is used to indicate when a picece of data is
not updated or when it is out-of-limits., This
function is very useful for checking data and
for trouble-shooting programs which use the-
database.



Swimavy of data link errors: - A summary of
all types of data link errors is kept on
file. The summary shows the remote station,
the type of error, tha number of times the
error has occurred, and the times of the
first occurrence and of the last occurrence.
This summary is viewable on the CRT. It ;is
periodically printed out on the logger for
review by maintenance personael.

Dynamic display of activity in computer
ovuriuy area: - This is a CRT' display
which shows dynamically what programs are

in memory cxecuting or walting for.I/O,

what programs called them, and what programs
are waiting in the queue.

Display of main or auxiliary memory and the
ability to patch any manmory locations: =
With this function an ared of main or auxi-
liary memory starting with a specified
address .may be display on the CRT. In

this munner, tables or seyments of pros
gram code may be examined. The patch
capability is useful for on-line debugying,
proyram testing, and an immediate correc-
tion of an erroneous condition. The patch
on the on-line system is intended to an
interim measure until a permanent system
revision can be made.

On-line measurement of computer system
performance: - This on-line function,

* sometimes known as "software accounting”,
gathers statistics at specified time in-
tervals about CPU utilization, CPU idle
time, I/O waits, nunber of 1,0 transfers,
what programs have run and how often, etc.
This function may run automatically or at
operator's request., The statistics are
useful for evaluating systen loading and
performance. The impact of adding new

. . programs may also be measured by taking

before-and-after statistics.

Dump of real-time data on tape: - Via the
CRT the operator can initiate the dumping
of selected real-time data at specified
time intervals on magnetic tape. The
operator specifies on the CRT the data

to be dumped and the time interval. The
dump continues until the operator stops
it by'a CRT entry. The magnetic tape is
later printed out on the ‘line printer by
an editing program on the secondary
computer.

Several control centers have some or all of * the
support function’s mentioned above. Actually these pro-
grams are of tremendous value during the implementation
of the control system and not just after the control
center is placed in service. The system design shéuld
thgrofore include such on-line support programs. These
should be completed by the ‘system supplier early in

the implementation period so that the development work

could be speeded up. .

The second group of support software consists of
programs for  system maintenance. These are off-line
programs which are used for wupdating files to match
changes or additions in the power system. A nccessary
file maintenance subsystem is one that updates all
files related to the man-machine interface. This in-
cludes a "picture compiler" which would allow a main-
tenance programmer to compose a CRT picture at a con-
S0Ye and then yun the compiler to  generate thae CRT
code of the picture and store it in the correct file

.location, In an interactive mode the maintenance pro-
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ned to the project.

1 B
gram will stop through whatever operator inputs are

roquired to update all other tables related to the new
picture. A good maintenance program design  should
minimize the amount of operator inputs. Other ~ file

maintenance subsystems may be designed for other fami-
lies of programs, such as the SE, SA, and OLF group or
the AGC, EDC group. Although it is not necaessary to
have one overall file maintenance system to update all
affected Files in one operation, some control centers
have such a support program. -
is in service at General

An  interesting prograwm
Public Utilities which allows updates of files on-line
in the primary computer system [26]. This interactive

application programs which are

proyram also updates
affected by the power system change or addition,
People or the In-House Project Team

The last, but certainly not the least, of the
elements . of system control center design which we
shall discuss in this paper is people. The correc-
ness of a control center design and its successful

people assig-
necessary that
team assigned

implementation obviously depends . on the
It is absolutely
this group include an "in-house" project
full-time to work on the project from the time “the
project is authorized by management up to time that
the contrél center has been turned over to the system
operators and has been rid of major problems,

The in-house team should have a combined'backgtcund
in power system engineering, digital hardware, computer
application, and system operation. The tecam should have

-enough software specialists who can understand and deve-

lop real-tipe software. ‘The team would be charged with
the mission -f becoming thoroughly familiar with the
control system and of making sure ' that it carries ‘out
the functions according to specifications.' Specifica-
tions, no matter how well written, caurot always be
interpreted unequivocally. The individuals assigned by
the vendor to translate the. specifications into a de-
tailed désign may not necessarily have a full apprecia=~
tion of what the utility really has in mind for certain
functions. Or the vendor may feel certain it has under-
stood an item 'in the specifications and on that assump-
tion goges ahead with the design. Numerous problems a-’
rise in software design and implementation. Real-time
software has to be broken down into small modules and
tach module is assigned to an individual programmer.
Hence, very rarely does a programmer know the full con-
text or significance to system operation of the module
he is working on. The purpose of the in-housc team is
to review very thoroughly, check, and approve all sys-
tem interfaces and all detailed design specifications,
In addition to checking .the correctness of the design
with regard to the functions required, the in-house
test would also check testing procedures, maintenance
features, and the design adaptability to future needs,
Close collaboration hetween the system contractor
and the in-house project team is esseuntial during the
software .coding and debugging phase. Interaction het-
ween the vendor and the team must be cncouraged at .the
programmer level -and not just at the supervisory level,
Such a rapport is readily achieved if the in-house team
were doing some portion of the programming. I strongly

recommend that.the in-house team reserve for some of
its members some of the programming cffort. -This not
only gives valuable training but also yives the team’

members the abllity to be of assistance to the vendor's
programmers, '

_In organizing the in-house team, consideration
must be given to the future work of system maintenance
and enhancement. Specialists earmarked for key posi-
tions in this future Eunction should be part of the
team from its inception. '

- SUMMARY

what has been presented in  this paper is & deg-

.



power system control center is  in-

Sription of what a .
what it consists

tended to do, how it should perform,
of, and how it should be designed.

As of thig writing there arce wbout 60 power system
contro). centers in service or under development which
have as a minimum, automatic gencration control and
security monitoring. About 20 installations in service
have supervisory breaker control, less than 15 do se-
curity analysis. ~ State estimation is in service in 8
contrul centers. For security analysis, the distribu-
tion factor megthod is used in the older installations.
Newer centers with security analysis use or plan to
use an on-line load flow method. The fast decoupled
load flow is in use¢ at one center. There are signs
that this approach will be used in more future centers.
Recent specifications for control centers now recog-
nise a need for state estimation. *Whereas in the early

investigations of this function the approach favored
meter placement to- £it known algorithms, the trend is
now to find the proper algorithm to fit the actual

metering already installed or plauned,

Currently two methods are in use in medium to
large systems: the AEP or "lines-only" method and the
basic weighted least squares. The Kalman filter or
sequential, approach is in use for a very small network
and has not as yet been installed for a large system.
Overall, the implemcntation of advanced application
coftware 1ls proceeding at a slow pace.

Innovations in the hardware area are taking place
at & little faster rate. There is a trend in the in-
creased usae -of minicomputers, new configurations with
shared memory are appearing, and computer-commuiication
hetworks are being studied. Although full-graphic color
CRT's have been available there is still no significant
movement towards their application.

A control center should be designed and built for
system operator. Admittedly, a control center has pres-
tige value as well. And a utility is entitled to ex-
ploit this aspect as  liberally -as possible, Still in
the final analysis one should stand back from the im-
pressive physical features and technical statistics of
a control center and ask what actually does the control
center do for opcratinn; .

If a contyrol center.is inadequate to the needs of
operation or performs very poorly when it- is most
needed, the system operator can take no comfort-in the
fact that he is in an architectural showplecce
or that redundant computers are gathering thousands of
data every so iany seconds, when, in fact, little use-
ful information is being produced and it is taking for-
ever to get a needed picture on the CRP screen,

It is not easy to desiygn, build, and maintain a
system control ceriter that will do the job well. But
it can be done.
work, smart work,
of luck, it can be done rather smoothly.

housed
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ABSTRACT

The object of this paper is to introduce
the reader to basic concepts in the area of
Power System Security from the operation view-
point, TFmphasis has been placed on concepts

w*her thzn derivation of equations which can
be found in the publications included as ref-
érenccs. The following topics are covered:

Power System Monitoring
Instrumentation
Redundancy

Stale Estimation
Network Configuration
Contingency Analysis
Corrective Strategies

s & &6 e o o o

Terminology and simple concepts of
Probability and Statistics are Included
thrquuhout the text.

None of the Lopics mentioned can be
~completely covered in this single: paper;
therefore, the reader is encouraged to study
the publications listed in the rcferences.,

INTRODUCTION

. 13

Power System Security begins at its
planning stage. A poorly planned system
cannol achicve a hirh level of security
regardless of how well it is operated. On
the other hand, because of economic consid-
erations, the amount of bullt-in security
has to be limited. Thus, regardless of the
strenpth plunned into a power system, its
day to day operation must be such that
maximum economy and security is attained
within the limitations of the system., To

accomplish this objective, the operation of
power systems is coordinated from control
centers.

In the early days, the coordination for
economric operation was performed through
telephone communications between system and
plant. operators. AL the same time, for per-
forming the security function, the system
operator depended on telephone communicatlions
with plant and substation operators for
monitoring the various facilities of the
power system, .

Generally, system operators had direct
access to the values of frequency and volt-.
age at thelr location. Xnowledge of these
variables permitted them Lo detect some
. system abnormalities. However, to identify
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nnattended substations,
the experience of substation operators be-

SECURITY

the abnormal condition, the system operator
had to rely on information from personnel

at substations where the abnormal conditions
could be monitored.

The relatively small amount of data
at each substation could ‘be analyzed by its
operator. Thus, the information received
by the system operator was sufficiently re-
liable to be ynthesized for taking correc-
tive action. The experience and good judge- .
ment of substation operators played an im-
portant role in power system security,

Also, in those days, the number of
strong interconnections was relatively small.
As a consequernce, the interaction amongst
the various portions of the network was not
as pronounced as it is today.

As power systems expanded in size,
voltage class, major concentration of genera-
tion and interconnections, their operatlon
became more complex, Furthermore, the
advent of remote telemetering, although a
progressive step, triggered a trend toward
As a consequence,

camne a missing Jink in the process, and the
system operator was burdened with substantial
amuunts of raw data.

Under these conditions,‘in addition to

synthesis of information, analysis of a large

number of individual pileces of data was trans-
ferred to a higher level in the hierarchy of

system operators.

During the early 1960's, process con-
trol digital computers became a valuable tool
for system operations. Yowever, the main
emphasis at that time was placed on the
economlic operation function as well as in
relieving the system operator from the wprk
load asspciated with the preparation of -
operation reports,

In 1965, the northeast ®lackout created
a major concern amongst electric utilities
and government authorities. System security
considerations became an issue of the highest
priority and the electric industry focused
on developing methods to ensure reliable
operation of plant and transmission
facilities.,

Since the late 1960's and early 1970's
major c¢fforts have been placed in the follow-
ing broud areas:



Power System Monitoring to improve
knowledge. ol current system conditions

contingency Analysls to determine the
el'feets of outares of system
facillities,

Corrective Strategies to provide the
system operator with real-time gulde- -
ines for eliminating undesirable
system conditions

Substantial progress -has been made in
Power System Monltoring. A number of
utilitiés have new control centers In which
some kind of improved monitoring system 1s
operational. Also, for contingency analysis,
a number of control centers have ‘access to
computer programs to simulate power system
outages.

However, it is the author's opinion that,
expecially in the areas of contlngency
analysis and corrective strategies, addition-
al work 1s necessary to satisfy the real-
time requirements of power systems security.

POWER SYSTEM MONITORING

Power System 'fonitoring has always been
a basic function for ensuring a secure
system. : .

The development of modern Data Aé¢quisi-
tion Systems coupled witn communication
networks and digital computers, permitted
‘the automatic collection of large amounts
of real-time data to be displayed at central
locations. The ability of transmiting any
amount and type of data to a central location
raised sthe question of which quantities
should be measured.

Representatives of some utilities favored
the philosophy of measuring those quantities
which permit monitoring of some key facil-
ities of the power system, Others have fol-
lowed the route of gathering “he necessary
data to perform conventional load Flow cal-
culations in real-time for monitoring all
system components, A third group of utilities
have used state estimation techniques in
their monitoring schemes, to take into ac-
count the reliability of the. measuring system,
To the author's knowledpe, this approach has
been followed by five or six nower systems
of various sizes around the world. llowever,
others are showing interest in the approach.
“The  4lP state estimator became operational
~in February 1975 and has proved to be a Vvalu-
gble tool t'or security of system operation,

The philosophy of monitoring key factl-
ities, In the author's opinion, yields an
incomplete monitoring system and appears to
be conflicting with good planning practices,
It 1s reasonable to expect that any facility
‘of a power system may become a key one de-
pending on the existing operatling conditions
@t a particular time. On the other hand, if
under normal conditions certain facilitie
c1n be selected as needing to be monitored
Pore closely than others of the same catego-
ry, this situation should be remedied by
buLCcr‘ planning. '
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- system simulation. for

) The approach of performing a convention-
al Load Flow in real-time permits the System
Operator to have access to measured quantl-
tles as well as to other quantities of in-
terest which can be obtained from calcula-
tions. This approach evcolved from ihe ex=
perience of using the lLoad Flow in power
lanning purposes.
However, for .the real-Ptime function, it has
several limitations:

(a) In the conventional Load Flow, the
input variables are restricted .to the
complex powers at load buses and the
real power and scheduled voltage at
regulated buses. - In real-time however,
this constraint presents a serlous
limitation because convenlently avail-
able measurements of other variables
cannot be used.

(b) Since the Load Flow formulation consists
of a set of independent equations, a
colution cannot be obtained if one of
the input variables becomes unavailable.

(e) If a piece of input data 1s incorrect,
the results might be rendered useless.

(d) It is not®possible to determine the
level of confidence that can be placed
on displayed quantities. This severely
impacts the System Operator in his
d€c1sion making function.

The justification for using state
estimation techniques has been based on the
facts that a certain amount of error is in-
herent in any measurement acheme and that
individual measurements can become grossly
incorrect or missing.

State Estimation provides the ability
for coping with measurement error, detects
and identifies incorrect or missing data and
ensures -the validity of the information dis-
played to the system operator, including
quantities whose measurements have been.
missing or identified to be incoerrect.

INSTRUMENTATION

Adequate instrumentation is a basic re-
quirement for monitoring any physical proecnss,
An -instrumentation system, in order tu °
adequate, must permit extracting the propoer
amount and quality of information from the
process such that the monitoring system is
trustworthy. It would be a paradox if the
monitoring of a process were less rellable
than the process- itself.

The main quantities of interest in
assessing the overall performance of a power
system are: complex voltages at the network
buses and complex powers and current flows

‘in the varlous facilities of the system,

In modern instrumentation systems, there
are a number of devices which collect 1nforr
mation at a remote location and transmit ib”
to a control center. These devices include:
instrument transformers, sensors and analog
to digltal converters.



Any one of these davices can fall and
none of them is perfect, 1.e, a certain
amount of error is inherent in 1its perfor-
mance.

The amount of error in a particular de~
vice is, in peneral, unknown, llowever, from
experiments in a controlled environment,
tne munufacturer can provide 1nformdtion on
the statistical behaviour of a device that
pclonys to a speciftic precision category.

" These experiments consist of taking a
§amp1e from the entire population of the
devices In question and,
the outputl of each device 1s observed,
the process of repeating the experiment,
the outcome varies from trial to trial in a
random fashion., Thus, the quantity of =
interest is said to be a-RANDOM VARIABLE.

In

A plot of'the various outputs vs the
number of devices assoclated with each out-
put is likely to be as shown in Fig. 1.
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This plot 1s called a GAUSSIAN or NORMAL
probability density function. The value .«
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with a fixed inputy,

the valious outputs ls pro~_
vidud by the VARIANCE, which is denoted by 7

"is required, !

.order to discriminate between correct

The STANDARD DEVIATION then provides
valuable AInformation on the precislon of
the various devices in the instrumentation
system. Tt permits not only estimating the
amount of error which is likely to be as-
soclated with any individual measurement
but, what is more important, 4t allows
discriminating incorrecct measurements from
acceptahle ones. Also, it permits mixing
measurements taken with devices of different
precisions. This 1s done by placing more
veipght in the information content of higher
nrecision devices.

REDUNDANCY

It has been mentioned that the error
ontent of an individual measurement is
unknown. Thus, the true value of a quantity
of iriterest cannot be obtained., Then, in
and
incorrect measurement as well as to improve
the accuracy in the values of the measured
quantities (error filtering effect) if it
{ENDUNDANCY is necessary, i.e.

.'more than one measurement of the quaptity

of interest must be taken.

. The amount and type of redundancy
requirements depend on factors such as: qual-

ity of the measurement system, requirements

for detection and identification of incorrect
measurements, feasibility of modeling the
process in some mathematical fashion, ef-
ficiency of solution techniques, cost, ete.

"In summary, adequacy of redundancy can-
not be determined from specific rules, but
rather from a good understanding of the

-process and the requirements of the monitoring
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systemn,

To illustrate the traln of thought in
the approach to the redundancy problem, lets
consider the simple case where the temperature
of a particular process must be monitored.
Obviously, a good quality thermometer could
be used. MHowever, if this temperature
happens to be a critical quantity, a single
thermometer might not be sufficient for en-
suring the reliability of the monitoring
system.

A second thermometer, for instance,
would provide the means of detecting malfunce
tioning of the monitoring system when tpe two
readings differ by an amount larger than the
preclsion of the instruments in question. Al-
though this two to one redundancy ratio per-
mits detecting an incorrect measurement, it
is still inadequate for identifying which one
of the two measurements is incorrect. Thus,
for this purpose, a third plece of informa-
tion is needed. This additional redundancy
can be obtained from a third termperature
reading or from a pressure already available
if a mathematical model can be formulated
to relate the two variables., Then, the
mon1f01jng system of thls process requires
a winlmum redundancy ratio of three to one -
to be adequate.



In a power system, a mathLmacical model
can be formulated and, in general, dupllecate
measurements are not taken. The model to-
pether with STATE ESTIMATION techniques
relates most of the quantities of interest,
In the process, each measurement contrihules
to the estimation of more than one quantity
_and each quantlty Is estimated from move
than one measurement.

STATE ESTIMATION

State Estimation techniques provide the
means of processing a set of redundant
information to obtain an BESTIMATE of the
StaATe VAtIAB'“S of the system, Once the
STATE VARTABLES are determlned, other
quantities of . lnter st can be obtained. A
fundamental property of the solution process
is that it determlines the averages or MEAN

values of the guantittles of interest. Thus,
the nq]culated vaLues, in general, do not
match any one of the measu1ements. Instead,
the ‘solution is reached by a BEST FIT of
the entire set of input data. .o

The procedure conslsts of minimizing a
function of the STATE VARIABLES.,: One pos~
sible objective function is the sum of the
squares of the deviations between measured
and calculated values. To take into account
the accuracy of each measurement, each of
the terms in the summation 1s weighted in
inverse pronortlon to the VARIANCE of the
assoclated measurement, Thus, the solution
.criterion 1s the weighted lcast squa“es

Lle. - v
- e - 047
— /
M;nimize J(x{ = £~1

where x 1s the set of state varilables
z 1s the set of measured quantlties
r.(x) is the functional relationship
of the ith measured variable with
respect to the state variables
N is the number of measurements N

The difference hetween the number of
state variables and. the number of measure-
ments is the redundancy and is glven the
name DEGREES OF XREEDOM,

At the solution point, the calculated
values of the measure variablns are approxi-
m1toly the MEAN values of these variables.

Inspection of the objective function
J(x) reveals that, at the solution, each
of 1ts terms is approximately equal to

(miz=)”

3

It was mentioned that the measured

value Z; has the GAUSSTAN or NORMAL probablil-
Ity :density function shown in Pjg. 1, If the
MEAN value 1s subtracted from 2 and the
result is divided by the STANDARD DEVIATION
77y a new probabllily density functlon is
obfained which has a MEAN value equal to
Zero and a VARIANCK equal to one, The new -
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LY A

curve 1s a UNIT NORMAL. Thus, the objective
function becomes a sum of squares of UNIT
NORMALS and 1s denoted as a CHI-SQUARE
distribution. A CHI-SQUARE distribution has
the property that its expected value 1s equa’
to the number of degrees of freedom, Flg, 2
shows a famlly of CHI-SQUARE dt tributions.

25}
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k= DEGREES OF FREEDOM

FIGVRE 2. CHI-SQUARED DISTRIBUTION

The chi-square distribution plays an

3

‘important role in the detection and identi-

ficatign of .bad measurements, that 1is -
meaqu1ements that grossly differ from the
true value by manye— values of the device
used.* Conslider the case where one such bad
measurement exists. That measuremen!t by
definition does not belong to the 3¢~ range
of the normal distribution of the device:

‘Knowing the degrees of freedome of the
particular probIems at. hand, a chi-square
distribution is fixed. The value of the
chi-'square (the horizontal axis on Fig. 2)
that; includes 99% of the area below the
curve is theoretically the maximum value
or houndary attairdable by ‘the welghted sum
of squares 1f all measurements were within
3 'of their particular standard varlation,

‘PThe presence of a bad measurement will
produce calculated values that for some
terms will differ from the measured value
by more than theilr individual 3¢5 thus
making the sum of squares exceed the boundary
for'a 99% confidence. Notice that it has
not been sald that the sum of squares term
corresponding to the bad measurement.is
necessarily large.  Indeed, it may be that
the calculated and measured values at the
bad measurement location are close, However,
this 1is at the expense of other terms be-
coming large, It is this characteristic
that makes the chi-squared bad data detectlion
test so powerful.

Having detected the presence of bad
data, the problem remains of ‘ldentifying
which 1s the bad measurement. It has bheen
mentioned that Lhe expected wvalue of a chi-
squiyod distribution 1is equul to 1ts deyrees



of freedom. Consider that the calculated
value of the sum of squares 1s taken as an
approximaLion tou the expected value. Then
the ratlo of the sum of squares to the
degrees of freedom is a mecasure of how much
the sum of squares differed from the expected
value. ’ .

A ratio somewhat near to one implies
that the individual standard deviations used
with each measurement corresponded to the
normal range of its measured minus calculated
values. A large ratio sugpests that at
least for one measurement this correspondence
-did not occur, If all measurement varlances
are increased by this ratio, then correspon-
dence will have been forced to exist.

‘The term measured minus calculated value
is called a measurement residual. That
residual is itself also a random variable.

If different complete sets of measurement
devices were used to gather sets of measure-
ments, and ecach set was used to solve the
redundant equations-by minimizing the
welghted sum of sauares, a set of residuals
corresponding Lo each measurement would be
obtained., Tach of these residuals 1s a nor-.
‘'mally distributed random variable with an
expected value of zero, The standard devia-
tion of this distribution can be computed
from the theorctical considerations without
the necd of ohtaining sets of measurements.
This information can be extracted from the
redundancy present in the measurement system.
The following transformation from normal to
unit normal can bhe made: -

Measurement Residual - Zero
S*annard Deviatlon of Measuremeni

Residual

“ual, In the same way that measurement stan-
dard deviations were all increased by the
ratio obtained from the chi-squared distrib-
ution, the measurement residual standard
deviation also hecomes lncreased by this:
same factor. Theoretically the effect of
the factor is to increase the standard
deviation of measurement residiials such that
the residuals of good measurements are en--
closed within the 3¢ range around the mean
of . zero. If the effect of the factor is
omitted and the resulls of the above trans-
formation ranked from larpe to small values,
the resicdual of the bad measurement would
tend to he at the top of the list, Intu-
itively this can be inferred considering
thqt the effect of a bad measurement is so
strong, that the normal possible range of
all the other pood measurcments within their
individual 3¢7will result in a smaller re-
'sidual standard deviation for the bad measur-
went than for the pood ones. As in the
above transformation the standard deviation
appears in the denominator, it will push

the bad measurcment term towards the top of
the List, cven if 1its actual residual was
small, With the inclusion of the factor,
the whole 1ist 1s scaled down such that in
the unit normal transformation the good
measurement terms wlll tend to be smaller
than 307 with a 99% confidence. In practice,

The zero is the mean value of the resid- -
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.the Student-t distributlon.

.confidence limits.

it happens that the factor cannot be computed
exactly from the chi-squared distribution as
only one¢ point of that distribution is avail-
able and the approximation was made to con-
sider that point to be the expected value,
The error in the factor makes the transforma-
tion Jnexact and instead of transforming into
a unit normal, it can be shown that it trans-
forms into a very similar distribution called
In fact, for
degrees of freedom larger than about 30, the
unit normal and the Student-t are practically
identical. The effect of the Student-t is
that the 99% confidence instead of ‘being at

a level of 3¢~1is at a number somewhat smaller
that 307 The Student-t test to determine
which of the transformation terms is the
larrest of those above the 99% confidence
level, 1is called the bad data identification
test.. The importance of the factor is that

it makes the bad measurement identification
more clear cut. Occasionally it may happen
that several measurements are closely beyond
their 3 levels such that the chi-square
detection test flags the existence of bhad
data. The Student-t identification test finds
that the largest term in its ranked list is
smaller than the 99% confidence level and
concludes that no clear cut bad data exists.

It was mentioned that the standard
deviation of the residual distribution can
be computed from theoretical conslderations.-
Similarly, the standard deviation of the
stale variables, the voltages, and that of
the flows themselves can also be computed.
Assuming that the calculated value is an
approximation to the mean, that value plus
or minus 3¢ gives a range In which the true
value lies with a 99% confidence, assuming
that the voltage and flow distributions are
normal. These 37~ ranges are called
A small -confidence limit,
implies high accuracy.

NETWORK CONFIGURATION

An important aspect in power system
security is the knowledge of the status of the
various system facilitles.

These facilities are interconnected.by
means of cilcuiL ‘breakers which may operate
at any time. Thus, monitoring of circuit
breaker status in real-time is essential to
determine the prescnt operating condition of
the system as well as for the analysis of
system contingencies, .

There are three basic effects of circuit
breaker operations:

s 1) Circuits may or may not be discon-
nected, ' .
2) Substalions may include one or more

electrical nodes. Thus, the
system nodes can be variable.

3) The power system may split into two
or more scparated areas.

total number of

Also, xnowledge of the status of tha
varlous measurements 1s required for state
estimation purposes because Lhe number of
equations 1in the system model depends on the
number of measuremenls avallable,



Therciore, in any monitoring -system, u
Network Configurator should be included. The
function of the Network Configurator 1is to
analyze the status of circult breakers as

well as measurements and to automatically
determine the current model of the power
system,

A possible Network Confipgurator 1s the
one developed at AKP which, although con-
ceptually simple, 1s general in the sense
that it can handle any breaker scheme at
the various substatlonsy

The logle to determine which facilities
are conneccted at a substation is the same
as that to determine if the power system
has” split into two or more areas.

An important complement of the configur-
ator logic is a Data Base in which every
circult breaker 1s defined in terms of sub--
station and facilitles connected at its two
terminals. Tt also includes identification
of measurements with dssociated facilities.
This Data Base 1s wmaintained current by
operations personnel in accordance with any
structural changes or additions at the
various substations.

The Network Configurator interfaces with
the Teleprocessing System, the State
Estimator and the Display System.

The Teleprocessing System continuously
scans the status of circuilt breakers and
in the event of a change, the configurator
is informed. The Configurator logic then
traces the paths provided by closed breakers
at the various substations where changes
have occurred. Lists assoclated with.each
closed path then include all those facili-
ties which are incidental to common nodes.

. Once the status of the network facilities
is determined, the same logic is used in
tracing the paths provided by facilities
energized at thelr terminals. Appearance
of more than one list of interconnected
facilities means Lwo or more separated

-areas. : .

At. this point,
to the Estimator
‘network model,

the conflgurator can pass
an updated version of the

When faulty measurements are detected .
and identified, the configurator function
1s to remove the measurements in questions,
analyze the effect on the model and return
the proper model to the Rstimator.

Finally, the configurator, through hig
interface with the Display System, drives
the proper 1ndications and alarms,

CONTINGENCY ANALYSIS

.The analysis of system contingencles has
been a function performed for system plan-
ning purposes since the days of the Net-
work Analyzer. This function consists of
simulatln; outages of generating units
and transmission facllities to study their
effect on bus voltages, power flows, and
the translent stability of the power system
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as. a wholel

With the advent of digital computers,
programs such as the Load Flow and rrnngient
Stability were developed in the late 1950
and early 1960's to perform the contingoncy
analysis function,

Substantial progress has been made in
improving the quality of 'these programs in.
terms of their calculation speed as well as
their ability to simulate more precisely
the various system components. Ior. instance,
the early Load Flow programs using the Bus
Admittance Matrix for its formulation and
Gauss Seidel as the numerical solutlion,
evolved through the Newton Raphson solution,
explolting the sparsity of the Jacoblan-
matrix and up to a decoupled technique.
this technique, the Jacobian matrix is
assumed constant and the variables of the
problem become decoupled i.e. real powers are

In

‘related only to the voltage angles and.re-

active powers to voltage magnitute.

This substantially improved the calcula-
tion speed of the Load Flow program, In
the Transient Stability area improved models
for synchronous’ machines, governors, excita-
tion systems, etc. have been developed.

For operation security, most control

" centers have access to these programs in an

off-line mode and some are adapting them to
the. real-time environment. In this case,
the System Operator has been provided with
means such as keyboards, lightpens and CRT's
to simplify the input data requirements and
the selection of the contingency cases to be
studied. B

Emphasis has been placed in adapting
the Load Flow program for the nna]ysis of
steady state contingencies. Also, various
techniques have been developed in which
iistribution factors are used to screen,
from all probable outages, those outages
wvhich are likely to result in unacceptable
loading conditions. These outages then, are
studied more rigorously using a conventional
A,C, Load Flow program,

There are some fundamental differences
between the contingency analysis to be per-
formed at a control center and that for
planning purposes:

1) Current System Condltions .

In real-time, the current state of the
power system must be known in order to pre-~ ,
dict a future state resulting from the outagg
of one of the system facilities. Also, the
selection of the contingency cases to ﬁe
studlied is strongly guverned by current operw
ating conditions., State Estimation and Sys=
tem Configuration programs provide the
starting polnt on which contingency analysig
can be based. .

2) Contingency Selection
- In planning studles, outages of system
facilities are simulated in accordance with
a single, double or higher order contingency
criterion. TIn real-time, depénding .on cur-
rent conditions, which may dlready include
one or more outages, a subsequent single




continrency case might correspond Lo a higher
order one in planning studles.

Planning studies focus on outages of
generation and transmission facilities. In
real-time, the status of circuit breakers .
at the various substations is important for
contingency selection, For instance, due to
construction maintenance, temporary arrange-
ments, etc., the breaker status at a sub-
station might be such that the operation of
another brecaker;, whlch normally results in
the outage. of a.single facility, might this
time result in several facilities Lecyming
out of service.

Proper selection of contingency cases 1is
a difficult problem. Pattern recognition
techniques appear to be promising in this
area. : i

3)_External System

External System s defined as that portion
~of an interconnected network which is outside
the reach of the direct monitoring system of
the networi of interest.

.The operating condition as well as the
reaction of the external system, affects the
results of ccntingency analysis of the
monitered portion.

This baslce problem of insufficient aafor-
mation could be solved by real-time inter-
change of data amongst the utilities of the
interconnected network and/or extending the
- range of monitoringy systems. However, the
interchange of real-time data is not a
simple problem, and various procedures o
cope. with Lhis fact elther are in use or
under investigation. ’

(a) Conventional Network Reduction

This technique has been used in system
planning studies where a portion of a
network is replaced by its equivalent
‘for reducing the problem size. However,
it does not tunc¢ into account the

. varying operating conditions of the
replaced portion‘of the network.

(b) fetwork Identification N

Several papers have reported theoretical
altltempts to iden%tifly external networks
solely from measurements taken in the
internal system, lowever, no approach
has heen announced that has been shown
to work under all operating condirninns
of the external system,

(¢c) Stochastic Fquivalent
In this approach, conventional reduction
techniques are complemented by internal
measurements in an attempt to compensate
for the assumptions made in conventional
reduction techniques. A procedure thal -
appears promising 1is as follows:

The portion of the external systenm
consisting of all lines and modes
directly connhected to inlernal bound-.
ary buses, 15 retalned as part of the
internal system. The remaining portion
ol the exlernal system 1s then re-
placed by an equivalent using

1
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conventional reduction techniques and
assumptions on loads, generation and
configuration.

State Estimation 1s then extended to
the new boundary buses.

Equivalent injections at the new
boundary buses are computed from
the algetraic sum of the total
flow into these nodes from the
internal system and. the flows in
the equivalent lines.

The equivalent injections are tested
using past history to verify thelr
validity. These tests also detect
if unreported configuration-and/or
injection changes have occurred in
the external system,

The above procedure is being tested
at AEP at the time of this writing.
So far, results have been encouraging.

‘L) Stochastic Load Flow

Once the external equivalent 1s avail-
able the problem remains of solving the
network equations with the simulated con-
tingency case, However, to account for the
uncertainties in the input data it appears
that the Stochastic Load Flow can be =ult-
able. The Stochastic Load Flow is a con-
ventional Load Flow with a post-processor
in which the variances of the input aquanti-
ties are considered to determhe the vari-
ances of the results.

CORRECTIVE STRATEGIES

The monitoring system keeps track of
current steady state operating conditions
whereas results from the contingency analy-
sls provides conditions which are likely to
occur in the event of system outages.

_Either one of these conditions may violate

some specified limits; therefore, the

system operator should be provided with cor=
rective strategies to bring the system baclk
to -normal. :

The principal means available to the
operator to take corrective action are:
power generation schedule, switching of

. reactive sources, transformer taps, voltage

schedules and power interchange with inter-
connected networks.

At present, corrective strategies are
based on operator experiecnce and guidelines
from off-line studies., With increased
complexity of power systems, it appears. that
this procedure may become inadequate.

Since the 1960's, analytical techniques.
have been developed in the areas of optimal
load flows. These technliques, in'contrast
wlth conventional load flows, permit
handlinpg additlonal constraints such as:
allowed range of voltage levels as well as

.capabilities of generation and transmission

facilities, Therefore, such techniques ap-
pear sultable to the problem of determining
corrective St;ategios.



Various methods have been pr..posed; how-
ever, to the author's knowledge, none has
been used In a real-time envivonment at g
control center.

The purpose of these methods 1s to
optimlze some system objective function,
such as production cost, losses, ete., sub-
ject to physieal limiting constraints on
facilities and the observation of the net-
work laws.

PolloWLng are brief description of three
proposed methods:

1) Reduced Gradient

In this method, a Lagrangian approach is

followed, 1l.e,:

The objective function is augmented
bv the constralnts multiplied by

their assoclated lagranglian
maltipliers.

The partlal derivatives of the
augmented function with respect

to the control variables is forced
to be zero at the solution polnt.

For the process, the control varlables
are corrected in the direction along the
reduced gradient, The reduced gradient is
the gradient of the augmented function
computed at the point where the dependent
variables force quality constraints to be
met. In other words, the direction of
travel 1is along the equallty constraints
and the amount of correction is determined
by adjusting fthe step size. This adjust-
ment is the most critlcal part of the
process,

The following simple example permits a
geometrical Interpretation of the process.

Consider the economic dispatch of two
generating unlts, one of which operates
at a '*’HLV.

The objective function to be minimized is

£ = Cl(Pl)+C2(P2)
subJect to the constraint h = (P ~Py - ) =0

. where Po is the total generation required.
The augmented function is
F=f+Xh
Taking the partlal derivatives,
VP = yT+2A¥h
whére? denotes gradient vector whose
entries are the partial derivatives of the

assoclated function with respec* to the
contro- varinbles.

EQUALITY CONSTRAINT h=0

P2

SOLUTION POINT

V.,——~—CONTOUR
LINES

Py
FiG. 3 '
GEOMETRICAL INTERPRETAT!ON
" OF LAGRANGIAN APPROACH

2) Hessian Matrix

The objective function 1s augmented
by the square of each constraint
equation multiplied by a weighting
factor.

The resulting augmented function
is expanded into a Taylor series
up to the first order term,

The partial derivatives of the
expanded function with .respect

to the state variables are equated
to zero. This results in an
equation containing a matrix of
second partial derivatives, the
Hessian Matrix. o

This last equation 1is iteratively
solved to successively correct the
state variables until -a minimum of
the augmented function 1is found.
During this iterative process, the
welghting factors of those con-
straint equations that persist in
remaining outside limits 1is in-
creased- to force the process to
‘concentrate on these constraints.

Similarly to the case of the Reduced
Gradient in which the adjustment of .
"the step size was critical, the
adjustment of the welghting factors
is the most critical part of the
Hessian Matrix approach.

3) Hybrid Approach '

This method is current]y belng developed

at AEP in an attempt to copé with the prob-

lembs of step silze and welghting factors.

The method uses a sensitivity relationship

to predict the effect on the constraints

when the control variahles are corrected,

'rhtg mechanism permits adjusting the step

slze and welghting factors in-'a stable’




mannef. This method is reported in a paper

presented at PICA 1977,
" CONCLUSIONS

Proper planning 1is‘an essential prerequi-
slte for security of system operation, but
planning studies cannot .cover all the con-
“ditions which will occur in real-time.

In the real~-time environment, the system
operator has to face the fact that the full
capabilities - of the system are seldom avall-
able. Nevertheless he has to do his best
in optimizing the secure and economic opera-
tion of Lhe system. A basic requirement to
perform this function is a trustworthy
monitoring system.

The complexity of present power systems
requires that means for real-time contingen-
cy analysis be avallable at the control
center, ’

Techniques for contingency analysis
should address the problem at tle substation
level, Phis 1s in contrast with the ap-
preach followed in system planning in which.

.outages of genceration and transmission
facilities are studied. A major problem
in this area 1s the proper inclusion of the
effect, upon the network of interest, of
those portions of the network which are
ocutside the reach of the monlitoring system,

In the area of corrective strategies,
additional efforts should be made for
applying optimal load flow technigues in
‘the real-time environment.
are ;Gitable for arriving at real-time
fuidelines for eliminating undesirable
conditions such as overloading of system
facilities and violations of scheduled
volgage levels.

Finally, although thils paper deals
with the subjiect of power system security,
the problem should bLe approached as a part
of 'the overall functions of a control
c?nter. Fipure % shows a diagram which
attempts to indicate these functions and
their integactions.
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NOTAS DE PROGRAMAGI ON NO-L | N E AL

_QAFAFEL CRISTERNA OCAMPO
DIVISION DE ESTUDIOS SUPERIORES
FACULTAD DE INGENIERIA
UNIVERSIDAD NACIONAL AUTONOMA DE MEXICO
ESTAS NOTAS PRETENDEN INTRODUCIR EN FORMA BREVE ALGUNOS CON

CEPTNS DE OPTIMIZACION DE PROBLEMAS NOL INEALES,

" EL PPOBLEMA DE PROGRAMACION NOL!NEAL,CONSISTﬁ EN SELECCIONAR
LCS VALORES DE CIERTAS VARIABLES, GENERALMENTE NO NEGATIVAS, DE MANERA
QUE SE MAXIMICE O MINIMIGE UNA FUNCION DADA, SUJETA A UN CONJUNTO DE -

RESTRICCIONES DE |GUALDAD Y/O- DE DES | GUALDAD,

EN GENERAL LA FUNCION POR OPTIMIZAR PUEDE REPRESENTAR UN BE- - 4'f=
" NEFICIO 0 N COSTO DEBIDO AL DESARROLLO DE ALGUNA(S) ACTIVIDAD(ES) ME-
DIANTE LO CUAL SE BUSCA CUMPLIR ALGUN OBJETIVO O ALCANZAR ALGUNA META

O DEFINIR EL PROCESO DE OPERACfON DE .ALGUN SISTEMA, ETC,

ANAL I TICAVENTE, EL PROBLEMA DE PROGRAMACION NO LINEAL PUEDE
EngESAESE’como; - /*¢§QV2/:2ﬁ§:)”
' sujeto a: y(é’)'zé
. (@

f@”@l'd.//ﬁen#e: -
ESCRITO EN FORMA DETALLADA: 20
poin 2,20,
_ LR :
S(I‘/.CA : ', (2")~____ -2,1) :él é (El "";).z“') écl
gz (2,)— "'-'".Z"\) =A2 kz\ CEU“---)E*‘) ‘-:TCZ " ( ’)

-V W = ey ey W -



CENERALNENTE : 2,20, 8,20, -com-- .20

LAS W VARIABLES 2,,2,,---- & SE DEFINEN COMO LAS ' COMPONEN-
TES REALES DEL VECTOR COLUWNA Z. LA FUNCION OBJETIVO F(Z) REPRESENTA -
AL CRITERIO PARA EL GUAL SE REQUIERE ENCONTRAR SU VALOR MINIMO. LAS <
FUNCIONES DE RESTRICCICN g,(i‘) 3-(2)_-,2(2) SON REPRESENTADAS POR ELVEC
TOR COLUMNA  G(Z) AST 50D LAS h(2) M‘(;) _-_\,\(z)chow*moAs EN LAS ®FS
TRICCIONES DE DESIGUALDAN TE BCPRECTNTAN POR EL VECTOR COLUMNA lﬂ(z)
235 0N TANTES by, b seeenbop ¥ GuCasr - -G,y SE DENOMINAM LS CONSTANTES
0 TERMINOS DERECHOS DE LAS RESTR!SCICNES Y SE REPRESENTAN POR LOS VEC-

TORES COLUMNA & ¥ € RESPECTIVAMENTE.,

SE ACEPTA NUE LAS migp+i FUNCIONES, F(2), ?,[z))--.jmta))é,(a))_,{,,@
© SON FLNCIONES DADAS, CONTINUAVENTE DIFERENCIABLES, QUE NO CCNTIENEN ELE
VENTOS ALEATORIGS, b ¥ € ESTAN FORMADGS POR MUMEROS REALFS Y QUE Z PUE
DE SER CUALQUIER VECTOR CON Al COMPONENTES REALES, SUJETO UNICAVENTE A

LAS m+p+4 RESTRICCIONES DEFINIDAS EN (1), /22 v P SON FINITAS,

ES COMUN DES|GNAR A LAS VARIABLES Z COMO LOS MNSTRUVENTOS! -
DEL PROCESO QUE SE REQUIERE CPTIMIZAR, LAS RESTRICCIONES DE DES | GUAL--
DAD REPRESENTAN GENERALMENTE LIMITACIONFS FISICAS O DE OPERACION DE AL
GUN ELEMENTO DENTRO DEL SISTEMA O LIMITACIONES DEL PROCESO. CUANDO SE
TRATA DE WN SISTEMA FISICO, POR EJEMPLO, APARECEN COMUNMENTE RESTRI Ce-
CIONES DE |GUALDAD, LAS QUE NORMALMENTE REPRESENTAN LEVES FISICAS DEL
COMPORTAMIENTO DEL SISTEMA, EN EL CASO DE UN SISTEMA ELECTRICO, ESTAS
ULTIMAS PUEDEN SER LAS LEVES DE KIRCHHOFF Y LAS PRIMERAS PUEDEN SER --
VOLTAJES O CAPACIDADES DE GENERADORES. CUANDO SE INVOLUCRAN EN EL PRO-

2 >



BLEMA RESTRICCIONES DE IGUALDAD (LEYES FISICAS O DE COMPORTAMIENTO), -
EN OCAS |ONES ES CONVENIENTE SUBD!VJDIR LAS VARIABLES Z EN 2 TIPOS DE
VARIABLES : VARIABLES DE cdwTRoL Y VARIABLES DE ESTADO DEL SISTEMA, YA
QUE EN COND I CIONES NORMALES £S POSIBLE EJERCER ALGWN' TIPO DE CONTROL
SOBRE EL SISTEMA PARA CONDUCIRLO A N ESTADO DETERMINADO, ES CONVE=-
NIENTE NOTACIONALMENTE EN CIERTAS OCAS IONES, SUSTITUIR LA VARIABLE Z

POR EL PAR DE VECTORES (X,U), CON LO CUAL EL PROBLEMA (1) OUEDA COMO

/gfﬁ'%«a FG#)

sjeto a4 (X, =b
| A (o) £ (@)
2"'”"*"/*“/1.‘ XL zo, 20

SIGUE:

_ _ NOTESE QUE EL CONJUNTO DE RESTRICCIONES oc;(xr‘)% v bz < es
LA INTERGECCION DE LOS CONJUNTOS (X,U) PARA LOS CUALES SE CUMPLEN S
MUL TANEAMENTE EL CONJUNTO DE RESTRICCIONES:

gi (D{QM)";:» E,:’ ' 44..23-2‘)~~~vcoc-)“:‘ -v

/73 (i,m) = <2 1'315%--'—-«,]?'

ESTE CONJUNTO (X;U) SE DENOMINA EL CO NJUNTO DE SOLUCIONES FACTIBLES O

CONJUNTO DE OPORTUNIDADES DEL PROBLEMA,

CPTIMI ZACION CLAS 1 CA

'CON EL FIN DE INICIAR EN FORMA SENCILLA EL ANALISIS DE LAS -
CONDICIONES NECESARIAS O REQU!SITOS.P'ARA OUE- (X, U} SEA UN PUNTO OPTIMO
SE SUPONDRA QUE M=p=0 , ES DECIR QUE NO EXISTEN RESTRICCIONES PARA
Z, SINO QUE UNICAMENTE SE DESEA ENCONTRAR UN VECTOR Z REAL QUE HAGA M|
NIMA A LA FINCION F(Z), A ESTE CASO Y AL CASO CON RESTRICCIONES DE I--

GUALDAD SE ACCS TUMBRA LLAMAR!_C\'BS COMO AL PROBLFMA DE OPTIMIZACION CLAS|



BA. LA SOLUCION SE ‘ENCUENTRA AL OBTENER EL PUNTO 2? TAL QUE PARA CUAL-

<k
QUIER cavBlo Az en eL vecTOR Z'sE cMPLE:

F(z*) « F(z™Az)

(EN TODO LO QUE SIGUE SE SUPONDRA QUE F €S DOBLE DIFERENCIABLE CONT(N-
NUAMENTE Y CON DERIVADAS FINITAS Y CONTINUAS), DESARROLLANDO EN SERIE

*
DE TAYIL.OR ALREDEDOR DE Z :

. 3FY " S*F(=%6 AE)‘IAE
Fz%ae) =FE)+ LSEJ;}E Tz 22 | W
| - o< 6< |

ENTONCES, SE OBTIENE DE (2) v (3):
- L T OF(e*+e Az , |
27 a2 + 02 [ sz 20

22, =2 (5)
EN DONDE =1
C% ES EL VECTOR GRADIENTE DE F(Z)
“RF) '
Y . == ES LA MATRIZ HESSIANA O DE SEGUNDAS

DERIVADAS,

“ESTA DESIGUALDAD SE ACOSTUMBRA LLAMAR "DES|GUALDAD FUNDAMENTAL", La

CUAL DEBE CUMPLIRSE PARA CUALQUIER VARIACION ARBITRARIA AZ, en ParTL
CULAR, S| SE TOMA LA COMPONENTE £ DEL VECTOR Az NEGATIVA v ToDAS -
LAS DEMAS NULAS, TOMANDO LIMITES SE IMPLICA %—Q.so‘ . S1 POR EL GON
T?ARIO! SE Toma AZ0Y T0DAS [ASDEMAS CERD, TOMANDO LIMITES SE IMPL =

2
ca 3z 20 POR LO TANTO:

2F
422’;_0/ . | ' (6)

AHORA, USANDO (6), LA DES!GUALDAD FUNDAMENTAL IMPLICA:
| 4



S 7
bt 3»»(3
A= — | AT =
> EQ'JE# (7
ES DECIR, LA MATRIZ HESSIANA  DEBE SER POSITIVA SEMIDEFINIDA PARA

QUE iﬁéEA UN PUNTO EXTREMO (MINIMO O PUNTO DE INFLEXIONY O ESTRICTAMEN
TE POSITIVA DEFINIDA PARA GARANTIZAR UN MINIMO LOCALMENTE EN LA VECIN-
oa0 DE 2%

,oPTIMIZAC!ION CON RESTRICCIONES DE

| GUALDAD

EL PROBLC'MA CONSISTE EN ENCONTRAR Z TAL QU& SE 1ENGA i ( 2)

Y AL MISMO TIEMPO SE CUMPLAN L8S RESTRI CCI ONES DE | GUALDAD g’z) =,

i F(2)
?(z) =4

PARA .QUE EXISTA SOLUCION A ESTE PROBLEMA, SE REQUIERE IMPO-

ES DECIR:

(8

NER ALGUNAS CONDICIONES MAS FUERTES QUE EN EL CASO ANTERIOR, LAS CUA-
LES PERMITEN TOMAR EN CUENTA LAS CARACTERISTICAS DE LAS  RESTRICCIO
NES DE IGUALDAD. LA CONDICION FUNDAVENTAL REQUERIDA, ES OUE. SEA POS 1.
BLE APLICAR ELMTEOREMA DE LA FUNGION IMPLICITA" AL CONJINTO DE RES—oo
TRIGCIONES DE |GUALDAD, ESTO IMPLICA QUE S| EXISTEN MR RESTRIGCCIONES
ES POSIBLE EFECTUAR UNA PARTICION DE LAS WL VARIABLES O COMPONENTES
DE Z, EN WN VECTOR X CON 1, COMPONENTES 'Y UN VECTOR U CON ¥==#7 COM-
PONENTES; v QUE, ADEMAS SEA POSIBLE RESOLVER PARA X A PARTIR DE LAS -
#91 RESTRICGIONES EN LA "VECINDAD DE LA SOLUCION & = (X ™ es pecin:
X =x) (9)
EN OTRAS PAIABRAS, LAS BELACIONES FUNCIONALES (9) SON EQUIVALENTES A

5



LAS RESTRICCIONES (8)5. SUSTITUYENDO ENTONCES (9) EN LA FUNCION OBJETIVO
POR MINIMIZAR, EL PROBLEMA PUEDE ESCRIBIRSE COMO:
min F(2) = ot FU A = noim FIXp),4) = teom, H (<) (10)

2 WA . nl P _
ESTE UW.TIMD PROBLEMA EXPRESANC EN (10) ES UN PROBLEMA SIN RESTRICCIONES
NUE IMPLICI TAMENTE INVOLUCRA A LAS RESTRICCIONES ?(3): é Y QUE SU ES
PACIO DE SOLUCIONES SE HA Qéouc'loo Al ESPACIO DE LAS #Z—#¢ VARIABLES DE
CONTROL U, ENTONCES LAS CONDICIONES DEL OFIMO PUEDEN OBTENERSE EN FOR-

MA SENCILLA OOMO SIGUE: LA CONDICION NECESARIA PARA UN MINIMO LOCAL ES:

;H. ).44-‘ . 8
_ 2Fk ) _ dF ' DF'3x (1)
24C . Dac Jar X

PUESTO QUE LAS RFSTRICCIONESZ(IJ*) LSE PUEDEN ESCRIBIR COMO

UNA IDENTIDAD

?(:(yog) =b " (12)

DERIVANDO: , '
:Eé{;_ —f';é€i~ 3235; =0 (13)

COMO LAMATRIZ {—3] ES NO SINGULAR, SE PUEDE RESOLVER PARA LA MATRIZ
2%

Y LA CONDICION (1) ‘SE PUfDE ESCRIBIR COMO: -\

o - 2F' _ ‘3'] ( |
S . S [ )
" OBVIAMENTE: F:' BF

' %—‘;L = ‘3}:] <4~) , (16)

INOTA: Para GARANTIZAR LA EXISTENCIA DE (9), ES NECESARIO QUE EL JACOBIA
NO DE LAS RESTRICCIONES CON RESPECTO A X SEA DE RANGO WA,

6



SE PUEDE DEFINIR EL VECTOR jz LLAMADO DE MULTIPL | CADORES DE LAGRANGE

' , ' ~1 :
0 EF ] B .
A=Al - S5 [:ﬁl - un

POR LO TANTO, LAS.CONDICIONES NECES&RIAS (15) Y (16) SE PUEDEN ESCRIBIR

COMO S1GUE:

coMo: - o 29 |
D ' =0 \
S T ;l Dk S (59
‘é‘:" ! Eju = ) ) 6!
S + A S O (16")
0 EN FORMA GLOBAL CON Z EN LUGAR DE (X, V):
C2F' L Y 24 -0 ‘ (18)

S| SE OBSERVA LA CONDIGION (18),. PUEDE _qgs;@mﬁasgéqus LAS CONDICIONES = I
NECESARIAS JINTO CON LAS RESTRICCONES ORI G INALES ?(2) = b puEDEN 0BTE

NERSE DERIVANDO LA FUNCION = (&) + A’ [_%(2‘3"\@] . CON RESPECTO

A LAS VARIABLES Z Y A, ESTE LLTIMO RESULTADO CORRESPONDE A LA TECNICA

DE LOS MULTIPLICADORES DE LAGRANGE APLICADA AL PROBLEMA GENERAL DE OPTI
MIZACION CLASICA. ESTA TECNICA CONSISTE EN LA APLICAGION DE LOS 3 PASOS
SIGUIENTES:, . - o | -

.- SE INTRODUCE UN NUEVO VECTOR DE VARIABLES A GON M COMPONENTES

2.- SE DEFINE LA FUNGION DE LAGRANGE FORMADA POR LA SUMA DE LA FUNGION

OBJETIVO F Y EL PRODUCTO INTERNO DEL VECTOR ;2 DE LOS MULTIPLICADO-

RES DE LAGRANGE POR LS RESTRIGCIONES DE | GUALDAD ?(a)-_-lo-:o.
L= FE+A[»-]
L= Frd + 2 [qd-b] a9

7



W, ' .
3.~ SE ENCUENTRA EL PUNTO (z";‘k )6 (:(’ixﬁi 2) PARA EL CUAL SE ANULAN
TONAS 1.AS DERIVADAS PARCIALES DE PRIMER ORDEN, ES DECIR:

L' 2F' L 129 Lo comncions

o—

Sz D=z Dz | (20
BL YWA. ECUACIONES

— = 2 )~ = O ¢

S5 = §@-b -

AL ANALIZAR ESTAS ULTIMAS CONDICIONES DESF NOTARSE QUE LAS PRIMERAS 1 CON
DIGIONES IMPLICAN QUE EL GRADIENTE DE LAFUNCION OBJETIVO EVALUADO EN EL
PUNTO OPTIMO, ES UNA COMBINACION LINFAL DE LOS GRADIENTES DE LAS FUNCIO-
NES DE RESTRICCION, EN LA CUAL 1.0S COEF ICIENTES CONSTITUEN L0S MULT‘IPL_I_ :
CADORES DE LAGRANGE, LAS ULTIMAS WA CONDICIONES SIMPLEMENTE REPRESENTAN
A LAS RESTRICCIONES DE I|GUALDAD, POR LO TANTO, LAS CONDIC»IQN:ES (20) IM-
PLICAN QUEMZ¥ESTA EN EL CONJUNTO FACTIBLE DE LAS‘.RE'STR"HT:'CIONF;‘.S 0 CONJUN=-
TO DE OPORTUNIDADES DEL PROBLEMA, Y QUE LA DIRECCION PREFERENTE DE VARIA
cmN PARA LA FUNCION OBJETIVO ES UNA COMBINAGION LINEAL DE LCS VECTORES
NORMALES (GRADIENTES) A LAS CURVAS DE RESTRICCIONES", ESTA INTERPRETA--
CION GEOMETRICA PUEDE OBSERVARSE A PARTIR DE LA DIFERENCIAL DE (85 ECUA

CIONES DE RESTRICCION 34.'('2)—\34.?0” UE:

. _ 29, : | 21

Jj-\' - 2'—&“ JE,‘ =0 ( : )
A v k= 2k .

Y PUFSTO QUE LOS ‘/'3k ESTAN EN LA DIRECCION TANGENTE A LA CURVA,

2494 = ¢
EL VECTOR ; —b =
£ 294 s NORVAL A LA CURVA%,‘(-E) L~ O,

LAS CONDICIONES DE 200. ORDEN ESTABLECEN QUE LA MATRIZ HESS|A-
NA DEL LAGRANGEANO DEBE SER POSITIVA DEFINIDA CUANDO SE EVALUA EN EL PW
-ﬁo MINIMO LOCAL SUJETA A LAS CONDICIONES DE QUE LA DIRECCION DE EVALUA=-
CION SE ENCUENTRE SOBRE EL HIPERPLANO TANGENTE A LAS SUPERFICIES DE RES-
TRll‘CClON, LO éUAL ANALI TICAMENTE PUELE EXPRESAPSE SEGUN (22) Y (273):

8



2L 2L .-~

a&“ 3237,
2L ;‘L_ ......
Az' >2.9%  F -
AN (22)
E 3 1 B
> 2,92, 22
SUJETA A: 5 '

CUANDO LA MA TRIZ HESS IANA ES POSITIVA DEFINIDA, SUJETA A LAS CONDICID
NES (23), LAS CONDICIONES (2'03 SON SUFICIENTES, NOTESE QUE LAS CONDI=
CIONES DE 200. ORDEN NO IMPLIGAN QUE LA MATRIZ HESSiANA DE LA FUNCION
OBJETIVO .SEAAE'O;SIT!VA DEF INIDA, SINO QUE, ESTO DEBE CUMPLIRSE PARA LA

MATRIZ HESS IANA DE LA FUNCION DELAGRANGE.

VINTERPRETACION DE LOS MULTIPLICADORES

DE LAGRANGE

SE HA VISTO NUE LA SOLUGION DEL PROBLEMA DE OPTIMIZACICN NCS
POCPORCIONA ADEMAS DE LOS VALORES DE LAS VARIABLES Z, "0S VALORES DE -
Los MULTIPLICADOD‘—“% DF LAF‘RANGE R QUE TIENEN MUCHA IMUORTANPIA VA
'QUE PROPORCIONAN UNA MEDIDA DE LA SENSITIVIDAD DEL VALOR OPTIMO NE LA
FUNCION 03JETIVO F¥A PEQUERRS VARIACIONES EN LAS CONSTANTES Lo Y € DE
LAS RESTRICCIONES, ES DECIR:

2 éF-"
- 36 | (24

PARA PROBAR LO ANTERIOR, DEBE PROBARSE ANTES QUE S| SE TRATAN
LAS lo‘s COMO VAR!ABLES, £S POS IBLE RESOLVER A PARTIR DE LAS GONDIGIONES
DE PRIMER ORDEN (20), PARA LAS VARIABLES Z v) EN FUNCION DE LAS VA&RI_A_

BLES b PARA ESTO, SE PUEDEN CONSIDERAR LAS CONDICIONES (20) 66MO S!i-

9



GUE: ?(—'E') "‘“’\O = 0

}F‘ .19—3; (zoi)
}2%»2_32_..0 . o

LAS QUE FORMAN M+ ECUSCI ONES CON M-+t variaeLes (bid @) , ENTONCES

LA MATRIZ JACCBIANA DEL SISTEMA ES:

(25)

2

LA CUAL, ACEPTANDO LA NOSINGULARIDAD IMPUESTA A %% , ES DE RANGO m+ih
POR LO TANTO,POR EL TEOREMA DE LA FUNCION IMPLICITA ES POSIBLE RESOL—-

VER PARA2 Y Z EN FUNCION DE L: 2=2 (L:>
z=2 (b)

- SUSTITUYENDO EN LA FUNCION DE LAGRANGE:

L.(L,)z F(a(sy) +2( b) [4&(2{5)))—'-%] ‘ e

(26)

DERIVANDO RESPECTO A L):

Y
oL - 3F'3= 3’385 [-b] 55 -

= D\"‘ 2 }gﬂ %214‘.[3(2)‘%] S’g""z (28)
: b

i
®)

«w ./1 e LM
= _..2 < Enla soludicia c’\asf““a-v
. _ 2 ' . ‘
EN EL PUNTO DE LA SOQLUCION OPTIMA ( ,2 LOS DOS PRIMEROS TERMINCS &

SE ANULAN, POR LO TANTO: . QLL?’Q? }F’g’ ,.2*(29) _
v s) a_lg éb '




JEBIDO A (29), AL OBTENER LA SOLUCION OPTIMA A UN PROBLEMA DE LA FORMA
DE (8), SE OBTIENE ADEMAS LNA MEDIDA DE LA SENSITIVIDAD, YA QUE LOS MUL
TIPLICADORES DE LAGRANGE INDICAN QUE TAN SENSIBLE ES EL VALOR OPTINO DE
LA FUNCION OBJETIVO A LOS CAMBIOS EN LAS CONSTANTES DE LAS RESTRICCIO-
NES, ESTAS CONSTANTES GENERALMENTE REPRESENTAN LA CANTIDAD DE RECURS(S
_ DISPONIBLES O REQUERID(S PARA LA OPERACION DE UN SISTEMA,EL leNfF;CA-'
DO ANTERIOR DE L0S MULTIPLICADORES TAMBIEN 5 VALIDO PARA LAS CONSTANTES

C DE.J.AS RESTRICCIONES DE DESIGUALDAD EN FL PROBLEMA (1),

PROBLEMA GENERAL DE PROGRAMACION

NO L INEAL

ESTE CASO FSTA PEPRESENTADO POR EL PROBLAMA (1), QUE ADEMAS -
 DE.m RESTRICCIONES DE 1GUALDAD EONTTEQEH}>xRES%R;CéfONEé DE DES 1GUALDAD
EL ESTABLECIMIENTO DE LAS GONDICICNES NUE SE DEBEN CUMPLIR EN EL PUNTO
0PTINOD O‘FN'LA SOLUCION, REQUIERE DE UNA GENERALIZACION DE LA APLICA--
CICN DE LOS MULTIPLICADCRES DE LAGRANGE, LA CUAL CONDUCE A LA OBTENCION
DEL TEOREMA DE KUHN Y TUCKER, EL QUE NOS INTRODUCE AL PROBLEMA . . .
 ZNERAL DE PROGRAMACION NO LINEAL EN VARiABLES~REALES (0 N EL
ESPACIO EUCLIDEANO M ~DIMENS [ONAL). EXISTEN DIVERSAS TEORIAS SOBRE FSTE
PROBLEMA, LAS CUALES SON ENCAMINADAS A LA OBTENCION DE PROPOS ICIONES GE
NERALES Y DEFINITIVAS .DE LAS CONDICIONES NECESARIAS Y SUFICIENTES EN LA
SOLUCION. CARE NOTAR NUE TALES RESULTADOS NO SE PnETENDAIOBTENERLOS ME-
. DiANTE UNA SIMPLE EXTENSION DE LA TEORIA APLICABLE A.LOS éRoaLEMAs OUE
CONTIENEN UNICAMENTE RESTRICCIONES DE IGUALDADG.DADO'EL CARACTER INTRO-
NUCTORIO DE ESTAS NOTAS, LA INCORPORACION‘DE LAS RESTRICCIONES DE DES!-
GUALDAD SE HARA EN FORMA SENciLLA PARA FACILITAR EL DESARROLLO DEL TEMA,

S| SE CBSERVA EL PROBLEMA (1), LAS RESTRICCIONES DE DES IRUALDAD PUEDEN
| [ '



CONVERTIRSE A RESTRICCIONES DE |GUALDAD MEDIANTE LA ADICION DE UN 'TEWL

NO POSITIVC EN CADA RESTRICCION DE DES|GUALDAD DEFINIDO COMO:

s; =<~ L‘i(z), (30)

DEBE NOTASSE QUE PARA HUE EL VECTOR Z ESTE CONTENIDO EN EL CONJUNTO FAC
TIBLE, SE NEBE CUMPLIR QUE S, 20, YA QUE ‘a,:(a)-s.ci, £5 DECIR, LAS --

COMPONENTES Si'DEBEN SER REALES,

ENTONCES, EL PROBLEMA (1) PUEDE EXPRESARSE COMO:
hin, F(Z) |
s.al ?(2)‘-_:5 S (31)
hi(@+si=c:  imfan-up
ESTE PROBLFMA CON P VARIABLFES AD!CIONALES DE HOLGURA CONTIENE UN!CAMEN-
RESTR!CCIONES DE IGUALDAD, POR LO TANTO SE PUEDE APLICAR LA TECNICA DE
LCs M;JLTIPLICADORES NE LAGRANGE, LOS PROBLEMAS (1) Y (31) SON .EQ‘UIVAU-‘I_N

TES AUN CUANDO ESTE ULTIMO CONTIENE PVAR!ABLES ADICIONALES,

SE FORMA LA FUNCION DE LAGRANGE:

L=FG) +2[a0- 5] + Z eilhe@rsi-e]

(32)
CUYAS VARIABLES SON (2)2)@.,5).’6_ (g, et 54, €05 8)
I.AS CONDICIONES DE PRIMER ORDEN SON:
- ’ ' dhe

DL_OF' 2244 = i$H =0 " wes, (33)
sr-ss+A5t 43z
2k = %(2)-L>=O - - SNBSS
> _ ' - .

2k = hi(@) +s8f—c:=0 p Ecs. (35)

P (<4



————y

Sl - 2(4_{ sg =0 | P s<s- (36)
28L ’
ELIMINANDO LA VARIABLE $:DE LAS CONDICIONES (35) Y(26), ESTAS SE PUEDEN
'ENGLOBAR EN UNA SOLA CONDICION, LLAVADA DE EXCLUSION O DE HOLGURA COM-
PLEMENTARIA, LA CUAL SE PUEDE EXPRESAR COMO:
s Ch;{z)mc;;) AL 2P (D)
£S POSIBLE PROBAR NUE L0S MULTIPLICADORES (DE KUMN Y TUCKER
ASOCIADCS A LAS RESTRICCIONES DE DES | GUALDAD £STAN RESTRINGIDOS EN SU =
S1GNO MEDIANTE CONDIGIONSS DE NC NEGATIVIDAD, TOMANDO EN CUENTA LA CON
DICION (33), LA ECUACION (23) v La DES1GUALDAD ruwowsm{m, AS | COMO EL
HECHO DE QUE VPAARA UNA RESTRICCION DE DESIGUALDAD ACTIVA (EN SU LIMITEY
SE CUMPLE QUE PARA W NOVIMIENTO FACTIBLE Az: - - ‘
Ak, = B'M Az ¢ 0 (38)
SE OBTIENE EN EL PINTO CPTIMO:

a;(Z%)A = e ﬂ&éhik )AZ = “‘Cf{, AL‘« =20 :( 39)
=

DE (28) v (39) 8E CONCLWE QUE:

“i =0 N CO

RESUMIENDO 1.08 RESULTADOS ANTERIORES SE PUEDE ENUNCIAR EL:

TEOREMA DE KUHN Y TUCKER

SEA z® W PUNTO MINIMO LOCAL REGULAR ! DEL PROBLEMA (1Y, EN-

TONCES " EXISTE UN VECTOR ) *%M-DMAENSMNAL Y UN VECTOR C,(?O P-DIVEN-

S 1ONAL TAL QUE i 4
“QF(E’Q 2 Ba(z S+ (¢ B_____i(zz_)

22

=0  uy

'[})(5’%‘“’ CJ =O ()

¢ LA REGULARIDAD DE 2 'MPLICA LA NO BINGULARIDAD DE LA MATRIZ CUYOS REN
GLONFS SON LOB GRAD|rNTES 13

o by




S' SE COMPARAN (41) Y (42) Y LA FORMULACION OEL PROBLEMA (1) CON LAS CON
DICIONFS DE LAGRANGE, NOTESE LA SIMILITUD EXISTENTE A TRAVES DE LAS CON-
DICIONES (41), YA QUE ESTAS PUEDEN OBTENERSE A PARTIR DE LA FUNCION DE -

KUHN Y TUCKER DEFINIDA COMO ¢
T = Fe) + [g@) b+ ¢ W?) ] W

SIN EMBARGO, EXISTE UNA DIFERENCIA MUY IMPORTANTE A TRAVES DE LAS CONDI-
CIONES (42), AS| COMO LA NO NEGATIVIDAD DE LOS MULTIPLICADORES (' DE KU-

HN Y TUCKER, YA QUE ESTO NO SlE PRESENTA EN EL CASO DE L AGRANGE,

’

14



E L METODO DEL CGRADIENTE

Ef. CONCFEPTQ NE DIRECCION

* CUALQUIER VECTOR |4 -O IMENS [ONAL PUEDE SERVIR COMO UNA DIREC-
CION. DADO UN PUNTO X, SE PUEDE GENERAR UNA LINEA RECTA QUE PASA POR X
S| SE APLICA WNADIRECCION @ (VECTOR CON YA COMPONENTES < —

'Y UM FSCALAR T TAL QUE ==0 £ TS e | ES DECIR, S| ,
“’a = 2+ Zd (44

46 RECORRE LA LINEA RECTA EN LA DIRECCION :‘:;J, QUE PASA POR X CUANDO
- T=0. - - '
PUEDE DEMOSTRARSE NUE S1 NO ES NULO, EL GRADIENTE MISMO APUN

TA EN UNA DFQFCCION TAL OUF UN PEOUENO MOV IMIENTO. EN ESA DIRECCION Al

MCNTA A & FUNCION; SEA:

(:( +7d) = ﬁ(x) +‘\7ﬁ{;(x)?"@/+ @(7“9 (45) |
St LA DIRECCION a/SE SELECCIONA. 1GUAL AL GRADIENTE:

fl+7 Vi) = *Q(I)+AV“Q3©f +O(TY (8
“"TON"F‘S EN LA VECINDAD DE X PARN Z50: |

fﬁ (x +°‘2"V1c(:z)> = “p(‘si') " | CT

FSTE ULTIMO RESU.TANO SUGIERE UN PROCEDIMIENTD PARA LA RUSAUE

N

DA DE LA SOLUCION CPTIMA AL PROBLEMA DE PROGRAMAGCION NO LINEAL SIN RES
TRICCIONES. S! SE TRATA DE UN PROBLEMA EN EL QUE SE REQU!IERE ENCONTRAR

EL MAXIMO, DADO UN PUNTO EN LA VECINDAC DEL OPTIMO SE EFECTUA 'NA CO-w

RRECF!QN Z-TAL OUE z+Az= 7 +7VF2) (48)

o
SE APROXIME AL PUNTO OPTIMO Z MEDIANTE L A-SELECCION DE UN VALOR ADECUA
15 '



D0 DE €, EL CUAL SE OBTIENE DE:

max FIZ+ TVFE) | (49)"

z‘ .
EN CAMBIO, COMO °VR?)APUNTA EN LA DIRECCION EN QUE LA FUNCICN F(Z) DIS-
MINIVE, S| SE TRATA DE ENCONTRAR UN MINIMO, SE EFECTUA UNA CORRECCION Az

EN LaDIRECCION =V F(2)SELECCIONANDO. EL VALOR ADECUADO DE T PARA OBTENER:
AR F[Z’ =TV F(Zﬂ , - (50)
ra .

~ COMO ESTA CORRECCI'ON SE HAGE A LO LARGO DE UNA LINEA RECTA Y LA FUNCION
F(Z) QUE NOCS INTERESA ES NO /LINEAL, SE GENERA UN PROCESO ITERATIVO PARA
LA BUSQUEDA DE LA SOLUCION OPTIMA Z‘s. ESTE PROCEDIMIENTO SE CONOCE COMO

£lL METODO DEL GRADIENTE Y SE PUEDE RESUMIR COMO SIGUE:

g;g}gg_g SE ASIGNAN VALORES DE ARRMNQUE Z=o

PASO | 'SE CALCULA EL GRADIENTEl'SyF:(é) . S1 LA MAGNITUD DEL GRADIENTE
| TIENDE A CERO, EL PROCESO TERMINA Y LA SOLUCION £5 Z%=2Z

PASO 2 SE OBTIENE AL que: T= {7 "'é"‘ F[?‘T_VF(?ﬂz

EASO 3 SE CALCULA UN NUEVO VALOR DE Z CON LA EXPRESION
' Zrveve ™ ‘Z+A2:2“’£UF(E}

Y SE REPITE EL PROCESO APLICANDO OE NUEVO LOS PASOS [,2 Y 3 HAS=

TA L.OGRAR LA CONVERGENCIA,

METCDO DEL GRADIENTE REDUCIDO

ESTE METCDO ES DIRECTAMENTE APLICABLE AL PROBLEMA DE‘F;QQGRAMA..
. CION NO LINEAL CON RESTRICGICNES DE 1GUALDAD, SU NCMBRE PROVIENE DE LA -
 FCRMA PARTICULAR QUE TOMA LA EXPOERION (15), Y2 NUE AL PIPRESENTAR A LAS
VARIABLES 7 COMC V*R!ABLES XY U (DE ESTADO Y DE CONTROL RESPECTIVAVEN.
TE), IMPLICITAMENTE LAS VARIABLES DE CPNTROL U TOMAN EL PAPEL DE VARIAmn

BLLFS DEL PROBLFMA Y ESTE REDUCE SU DIMENSIONALIDAD A WN=¥, VARIABLES,

16



BAJO O;l'RO PUNTO DE VISTA, ESTE ENFOQUE TAMBIEN PUEDE VISUALIZARSE COMO &

UNA TECNICA DE DESCOMPOSICION NO LINEAL.

EL PROCED IMIENTO PUEDE VISUAL [ZARGE FACILMENTE A PARTIR DEL ME
TODO DEL GRADIENTE YA ESTABLECIDO Y DE LAS RELACIONES (15) ¥(16) 0 (15')

Y (16'), AS| COMO DEL CUMPLIMIENTO DE LAS RERTRICCIONES EN EL PUNTO OPTI

MO (CONDICIONES DE LAGRANGE)Y,

E%QUEMA NEL MF‘TﬁOO DEL GRADI'—“NTF‘ RENUCIDO PARA OBTENER EL. MINIMO DE F(Z)

PASO 0 SE SUPONE UN CONJUNTO DE VALORES PARA U (VALOhES DE ARRANQUE)

PASO | SE CA!PULAN LCS VALORES D: X A PART!P DES
' XKy = =0

PASC SE CALCULAN LS VALORES DE?& A PAQTIR DE LA EC. (16%):

L e = () (Y Y.‘-_~

PASO ¥ SE CALCJLAN LOS VALORES DEL GRADIENTE REDUCIDO ?;ElfQUE EN GENE-

RAL NO SERAN NULOS, A PARTIR DE (15) 0 (l%‘)
VL=VE+ Vg, =28 . '3

PASO 4 SE TOMA LA DIRECCION DEL GRADIENTE REDUCIDO CON S 1GNO NEGATIVO
Y SE GALCULA EL FSCALAR “ZT¥TAL QUE: '

7%= {75 e L(xrwax, m+~z~m~)}

: @l
Am%mVLM Y AJC'-"-(, } (

RA..

PASO 5 SE CALCULAN LOS NUEVOS VALORES DE U APLICANDO EL VALOR DE Y
: %
= M T Aak = Al — T VL.

Aveya,
PASO 6 SE PRUEBA LA CONVEQGENPIA DEL PROCESC: S| LA MAGNITUD DEL GRA-
DIENTE REDUCINDO TISNDE A CERQO, EL PROCESO TERMINA, EN CASO CON-
~ TRARIQO SE REPITE EL PROPESO CON LOS MUEVOS VALORES DE U A PAR-
TIR DEL PASO I,

GEOMETRICAMENTE, EN EL ESPACIO DE LAS VARIABLES DE CONTROL U,

EL PROCESO PUEDE VISUALIZARSE GOMO SE MUFSTRA EN LA F|GURA SIGUIENTE,
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REPRESENTACION GEOMETRICA DEL PROGESO DE DISMINUCION DE LA FUNCION F(Z)

METODO DE PENAL I ZAC!ON

UN METODO COMUNMENTE USADO PARA EL MANEJO TANTO DE LAS RESTRIC
| CIONES DE IGUALDAD COMO DE DFS1GUALDAD, ES EL CONOCIDO COMO EL METCDO DE
LA FUNCION DE PENALIZACION, CUYA IDEA ES MWY SENCILLA, SUPONGASE QUE SE
QUIERE RESOLVER EL PROBLEMA (1); LA IDEA DEL METODAO DF;: LA FUNCION DE #E.-
NALIZACION CONSISTE EN REEMPLAZAR EL PROBLEMA (1) POR UN PROBLEMA NO RES -
TRINGIDO DE LA FORMA: | |

min F(2)+ (r/D(‘?) Csny
_EN nonps 6/128 UNA CONSTANTE POS I TIVA ¥ B(2) s WNA FUNCION REAL DE " VA~
RIABLES REALES QUE SATISFACE: ‘

A) P(Z) £5 CONTINUA

/L&) P(Z) Z0O PARA TODA Z CON COMPONENTES REALES

,u.,l) 9(2)::0 SlI Y SOLO S| Z ESTA EN LA REGION FACTIBLE.

EN EL CASC DEL PROBLEMA (1), WNA FUNCfON DE PENALIZACION UTIL

&

. - a P o h 2
P(@?g_(@(z)“bg) +%<’Wf°: 4@“’@3) (52)

LA SIGUIENTE FIGURA MUESTRA XP(E)'PARA EL CASO UNIDIMENS IONAL DE Z, EN
| g



. . ﬁ
EL NBE SE TIENEN 2 RESTRICCIONES DE DES | GUALDAD z-btg, A-ZL0

KP@) K__“u‘;@' ; _ o Kﬁ'mo oo -

%@

=10

{=1 Kﬁ!

¥ . ok = B

&, 'Eb‘

APROXIMACION DE LA FUNCION P(Z} A LAS RESTRICCIONES VERDADERAS

PARA VALORES GRANDES DE K ES CLARO QUE EL PUNTO MINIMQO .DEL PRO’
BLEMA (5!) SE LOCALIZARA EN UNA REGION-EN DONDE P(Z) SE HAGA PEQUEKA -

POR LO QUE PARA VALORES CREPIENTES DE 8’ SE ESPERA QUE LOS PUNTOS CORRES

*PONDIENTFS A LA“SOLUSION SE APROY!MARAN A LA RFGION FACTIBLE, LO CUAL TEN

DERA A MINIMIZAR A LA FUNG 1 ON F(Z).

ES FACIL VISUALIZAR QUE PARA EL CASC DE RESTRICCIONES DE IGUAL

DAD, EN CASO DE EXISTIR UN MINIMO FACTISLE, LA FUNCION DE PENALIZACION -

DEL TIPO CUADRATICA TENDERA A SATISFACER LAS RESTRICCIONES DE |GUALDAD,

o 3
7o [ 2= k] =o (53

- EXISTEN TECNICAS QUE PERMITEN GENERAR UNA SECUENCIA CRECIENTE

’YA QUE:

DE VALORES PARA [, LOS CUALES SE ASCCIAN A UNA SECUENCIA DE PROBLEMAS

CUYA SOLUCION TIENDE A LA SOLUCION DE (1.

EL METODO_EXTEND 1D0 DEL“GRADIENTE REDUCIDO

. ES POSIBLE ADAPTAR LA TECN!CA DEL. GRADIENTE REDUCIDO PARA MAN |

PULAR LAS RESTRICCIONES DE DES|GUALDAD MEDIANTE 2 FORMAS DISTINTASz.i)A-

. .19




GREGANDO VARIABLES DE HOLGURA (TERMINOS PCSITIVOS) A CADA RESTRICCION DE
DES IGUALDAD PARA CONVERTIRLA EN |GUALDAD, LO QUE EN GENERAL NO ES EFICIEN
TE YA QUE AUMENTA EL NUMERO DE VARIABLES 'Y AUMENTA EL NUMERO DE RESTRIC-
CIONES DE IGUALDAD O ) MANEJANDO LAS VARIABLES DE CONTROL EN FORMA D&
RECTA EN SUS RESTRICCIONES DE COTAS SUPERIORES O INFERIORES Y MANEJANDO
MED | ANTE TECNICAS DE PENALIZAGION A LAS VARIABLES DE ESTADO Y LAS RES--
TRICGIONES DE DESIGUALDAD ASOCIADAS A ELLAS. ESTA ULTIMA OPCION HA SIDO
UTILIZADA EN FORMA SIMILAR CON CIERTO EXITO EN LA OPTIMIZACION DE LA O-
. PERACION, EN EL CALSULO DE FLUJOS OPTIMOS ~ Y EN LA PLANEACIONDE SISTE--
MAS ELECTRICOS. ES SENGILLO VISUALIZAR ESTA EXTENSION AL PROCED IMIENTO

DEL GRADIFNTE REDUCIDO ¥ A CONTINUACION SE PRESENTA W POSIBLE' ESQUEMA &
PARA LA BUSQUEDA DE LA SOLUCION, EN EL CUAL, S| SE COMPARA CON EL ESQUE-

MA ANTERIOR, PUEDEN OBSERVARSE P AS DIFERENCIAS IMPORTANTES ENTRE AMBOS.,

20



ESQUEMA

EXTENDIDO DEL METODO DEL GRANDIENTE REDUCIDO PARA MINIMO DE F(Z)

PASO 0

PASQO |

PASO 2.

PASO 3

 PASO

i

SE SUPOME UN CONJUNTO FACTIBLE DE VALORES DE ARRANQUE PARA U
SE CALCULAN LOS VALORES DE X A PARTIR DE:

: ?(I .A/L> b = O
SE DETECTAN LAS RESTRIGCIONES DE DES | GUALDAD }’I(ZE)M)" &0

nUE SE VIOLAN Y SE INCLUYEN EN LA FUNCION OBJETIVO COMO FUNC!Qw-

NES DE PENALIZACION: ke
Flt,ed) = F e + ‘2'; fi Lhfso—c] |
SE CALCULAN LS VALORES DE 2 AF’L!CANDO LA NUEVA FUNCION F,(X,U)
R = TA>x ax |
SE CALCULAN LOS VALORES DEL GRADIENTE REDUCIDO APLICANDO LA NUE-

VA FUNCION PENALIZADA F,(X;U)

DL ﬂ + l
VLP“ = S Da T T ek
SE TOMA LA D!RECC!ON DEL GRADIENTE REDUCIDO Y SE CALCULA EL ESCAv

 LAR TTAL OUE

:?“ {‘Z” Mﬁ444, Lm (:D("F'Z?Z&Ji L&“%ﬁTZASAA:)}-
con A= =='=-—--=°’VL Y AI—~( (a“)VLFh‘.

SE CALCULAN LOS NUEVOS VALORES DE U APLICANDO EL VALOR DE Z’",

- SESTENIENDO LAS' COMPONENTES EN SUS LIMITES SI ES NUE LA CORREG.-

PASO 6

CION TIENDE A VIOLAR SUS COTAS. SE CALCULAN LOS VALORES DE X EN
LA MISMA FORMA QUE EN EL PASO I,

SE REALIZAN LAS SIGUIENTES PRUEBAS: S| EL PROCESO OBTIENE CON-
VERGENCIA’MEDIANTE LA MAGNITUD DEL GRADIENTE PERO LAS RESTRICCID
NES DE DESIGUALDAD VIOLADAS- NO SE APROXIMAN A SUS LIMITES, SE RE
ESTABLECEN LOS FACTORES DE PENAL!ZAC!ON,Y SE REPITE EL PROCESO
A PARTIR DEL PASO 2, CUANDO SE CUMPLEN AMBAS TOLERANCIAS, EL PRQ
CESO TERMINA. EN CASO CONTRARIO, EL PROCESO SE REPITE A PARTIR

DEL PASO 2 OON LOS NUEVOS VALORES DE X,
2\
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NOTAS DE PROGRAMACION LINEAL

Las presentes notas descCriben en
forma general, qué es un problema de programacién lineal y muestran,
aprovechando conceptos geométricos. cuales son los principios del

método. simplex.

Mucha gente considera a la programa-
cion lineal entre uno de los més importantes.avances cientificos de estos

altimos afios, su impacto desde 1950 ha sido extraordinario. Actual---

 mente es una herramienta de uso e&tandar que ha ahorrado rﬁuchos mi -
les de millones de ddlares en-todo el mundo. Docenas de libros sobre
el tema se han eétrito,y sehan publicado una gran canfidad de. articulos.
De hecho, la compaiifa IBM en 1970 estimé que el 25 por ciento de todo
el calculo cientifico en computadoras usa programacic‘m 1;’n¢a1 y otras

técnicas estrechamente relacionadas.

Véamos ah;)ra que es la programa_cién
Ifneal. Brevementé, la programacién lfneal trata tipicamente proble-
mas de ubicar recursos limitados entre actividades competitivas de la
mejor manera posible, es decir, de menera 6ptima. Este problema
de ubicacién de'recuréos se tiene cuando uno trata de definir el nivel

'

al fue har de desarrollarse ciertas actividades qué compiten por
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cierto tipo de reéursoé escasos, necesarios para .poder cfectuar dichas
activid.ades. . La variedad de situaciones dondc es aplicable esta des--
" cripcibn es sumamente diversa, pueden ser situaciones tales como
ubicacién de facilidades de produccion, seleccién ‘de portafolio‘s, se- -

leccién de rutas de envio de productos etc. '

La programacion h’heal usa un modelo
matematico para describir el problema. - El adjet-ivo lineal, significa
que todas las funciones en el modelo deben ser lineales., y la palabra
programacion tie_ne un sentido de planeacic‘)nv es decir la programacion
lineal es la planeacion de actividades para obtener qh resultado 6ptimo,
‘en otras palabrés, un resultado que cumple las metas especificadas de
la mejor manera posible de acuerdo al modelo matemético, entre Ato‘dos.

los resultados factibles.

Para entender con més claridad‘ lo qUe
es la programacion lineal, usaremos el s‘iguien‘te.ejemplo:
- Hay una compaiiia que produce varios
‘articulos de vidrio de alta calidad incluyendo éntre ellos puetas y ven-
tanas, tiene tres plantas; en la primera se tiene la forja para el alumi-.
nio; en la' segunda se hacen los marcos de madera y en la tercera se

produce vidrio y se ensamblan los productos.
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Debido a que han empezado a decli-
nar ios ingresos. la Gerencia de la corﬁpaﬁfa ha decidido descohtipua‘r
algunos productos, y dejar la capacidad sobrante para producir uno
o dos articulos nué\}os que han sido solicitados. El primer prbduc-
to es una puerta de vidrio con marco de aluminio, el segundo es una

ventana con marco de madera. El departamento de mercado ha con-

cluido que la compafiia podria vender cualquier cantidad de cada produc °

to que pueda producir con'la capacidad de produccién de la compaiiia,

sin embai‘go, debido a que ambos procu ctos deben competir por la mis

- capacidad de produccién en la planta 3, no es clarc gue mezcla de

productos es la mds conveniente. - . . o mm o — e

Despues de una pequefia investigacion
se determiné el porcentaj‘e'd'e capacidad disponible en cada planta, la
utilidad que puéde deja.f cada producto y lés‘requerimientos en porcerr
taje, de capaéidad de'-pI'OdLl’;Z-Ci(‘)l’l’q‘Lle cada producto'ti”eﬂe"pof minuto
en cada UT‘:El de las .plzmtas, Esta informacidn se re,sﬁme en lia tabla (]‘
Debe notarse que cuando la capacidad de produécién en la planta 3

es usada por alguno de los productos. ya no puede ser usada por el

otro

A t'4




Producto Capacidad usada por Capacidad
Planta » unidad de produccidn , Disponible
Producto 1 Producto 2
1 1 | 0 4
2 0 2 S 12
3 3 2 18
| Utilidad
’Unitaria 3 S
Tabla 1. Caracteristicas de la Produccién.

Para formular el modelo matematico

de programacion lineal para este problema, llamemos x, , el nime-"

1
ro de unidades del prlmer ‘producto que debemos producir y x5 el nime
ro de umdades del segundo producto y llamemos Z la contr1buc1on
por minuto a la utilidad. Entonces xl y x2 son las varlables de

decision del model oy hay que seleccionar sus valores de modo de -

obtener el maximo de

Z =3x '+ 9 |
sujeto a las limitaciones impuestas por las capacidades de produccién
disponibles en cada planta . En la tabla 1 se ve que cada unidad pro
ducida de producto 1 por minuto ‘requiere 1%de la capacidad de la plahta

1 y que s6lo hay 4% de la_capaCidad disponible, esta restriccién se



expresa matematicamente como
Xy < 4

Similarmente, la planta 2 impone la

restriccion

'2x2,\<; 12

El porcentaje de uso de la planta = 3
seleccionando los valores Xy y X, cOmo tasas de produccién es 3xl + 2x,,

entonces la ecuacién matematica de la capacidad en la planta 3 es

3% + 2x, § 18 -

y finalmente debido a que las tasas de produccion no pueden ser nega-
tivas, se requiere que x;30, x232 0.

En resumen el probleria puede plan-

~ tearse como
Minimizar Z = 3xl + 5x

sujeto a
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El problema anterior es muy peque -
. \ : .

fio, pues sblo tiene dos variables, y por consiguicnte, sélo dos
" dimensiones ', de modo que se puedeusar un procedimiento grafico
para resolverlo. Este procedimiento involucra la construccién de
una grafica en dos.dimensiones con Xl. y x2
es identificar los valores que las restricciones permiten tomar a
X X . L
17 %
Los valores permisibles para (x)» X

se muestran en la figura 1

X2
10
=18
X, = 4
2.’(2 =12
4 p==
-
2 ‘
- K
RN I oS Rickce BEIR Y \ | 1
0 2 4 6 8 x

)

Figura 1. Valores Permisébles para ( X0 X,

en los ejes. Lo primero
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Finalmente hay que seleccionar el

"punto dentro de la regién de la figura 1 que maximiza el valor de

Z=3x_, + S)g'2 . Primero podemos buscar por ejemplo si hay

1
algin valor que haga que la funcién objetivo valga 10, ello lo podemos

p Hoxy =10

como vemos en la figura 2 hay una gran cantidad de puntos sobre la

lograr dibujando en la regién de puntos factibles la linea 3x, + 5x
linea que dan una utilidad igual a 10.
Ahora podemos intentar un mayor va-

lor de Z, por ejemplo Z =20 = 3x; + 5%, Nﬁé‘Va'm:éIite vemos
Xg . I

236 = e l]

N

Z = 20 = 3x, + 5x,;

Z =10 =3x, + 522
o : D) o

RE
Figura 2. Bisqueda de la Solucién Optima.

que hay muchos puntos que producen una utilidad igual a 20.

 Notese que la recta que produce el
valor Z =20 estd arriba de la que produce el valor Z =10y que am-

‘bas rectas son paralelas. [Es decir este procedimicnio de prueba
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y error no es otra cosa sino el dibujar una familia de lincas parale-
‘as que contengan al menos un punto dentro de la regidn factible, y
. seleccionar la linea que proporciona el mayor valor de Z. En nues

tro ejemplo la linea pasa por"el»punto (2,6), es decir, la solucién

al problema es Xy =2, X, © 6, que indica que la compaiiia deberd

2
producir el producto 1 a una tasa de dos por minuto y el producto 2 a
‘una tasa de seis por minuto, con un resultado de una utilidad de 36 por

minuto; mds aun,no hay otra mezcla de productos, de acuerdo al mo-

delo, que sea tan buena como esta.

Ahora podemos genérali_zar elApI"o---
blerﬁa anterior, supongamos que hay un tdtai de m recursos limitados
de cualquier clase, que deben ser distribuidos entre n actividades com-
petitivas, también de cualquier clase. Sean X el nivel de la actividad
j» Z la medida de efecfividad total, Cj el incremento en Z que resulta
de producir una unidad adicional de la actividad j. Ademdis sea bi
la cantidad dispdnible de .recur'so' i para sér distribuido y finalmente,
sea aij %a cant’idad‘de recurso i consqmido por- cada unidad de activi-

dad j.

Procediendo como en el ejmplo anterior, -

podemos formular el problema de programacién lineal, el cual consiste

k)
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en seleccionar los valores x, , Xy soeeeeen Xp de modo de maximi-

zar Z = Cjxy + CoXy F ... + CpXip

1

sujeto a:  Qu X +a4a,(z.{. ch e XK < b, |
QuXi+Q Kzt - - Aen Xn S b2 | ‘

°
2 .

L4 » a .,
.

dm:ﬁ fama ko + - -+ Omn X & bm
)(l, Ki’-)-;'jxﬂ"%o v

Esta Gltima formulacién del problema
se conoce como forma candnica del problema de programacion

hneél.

Un problema més general de. progra-
macion - lifieal pﬁede incluir restq:iccibnes con signo _dé igualdad, es
‘decir-, por ejelﬁplo

Au Xy ¥ Riz g 4ers dRin X = bi

y ademads no todas las variables xj_tienen que ser restringidas a to-

“mar valqres no negativos.

A continuacién veremos los princi--

7

pios en los que se basa el método simplex para la solucién de proble-

mas de programacion lineal, usaremos para ello el ejemplo desarro-

- llado anteriormente. -
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En primer lugar introduciremos al-

guna terminologia bdsica en programacién lineal

- Una SOLUCION FACTIBLE es una solucién que satisface
todaé las restricciones.

- Una SOLUCION OPTIMA es una solucién factible que prb-,
duce el mejor valor en la funcidn objetivo. Ll mejor _yé-
lor serd el menor o el mayor, dependiendo si se trata de

un problema de minimizacién o maximizacion.

Notese que un bl‘oblema de progra-
macidn lineal puede tener una Ginica solucién &ptima, como es e}lv
caso de nuestro ejemplo; puede »también no tener soluciodn, coﬁd se-
ria el caso si al problema agregamos la restricéién de que deseamds
obtener una utilidad de cuando menos 50 por minuto. ( 3xl + SXZ.?, 50()» o,
finalmente,. pu'ede tener un ndmero infinito de soluciones o6ptimas, co-
mo seria el caso en el que la utilidad del producto 2 fuera igual a dos,

pues en este caso la funcidn objetivo y la restriccién serian paralelas.

Una SOLUCION BASICA FACTIBLE cs una solucién factible
que no puede representarse como combinacién convexa de

cualesquiera otras soluciones, es decir, que no esta en el
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- interior de, ninglin segmento de linea que cohecté cuales--
quicra otras dos soiuciones. Las soluciones bisicas fac-
tibles son brecisamente las soluciones que estdn en'las
esquinas del conjunto de puntos factibles. Dado que en
més de tres dimensiones no es posible identificar geomeé-
tricamente las soluciones basicas factibles, es copveniexi--
te ide.ntificarlas algebraicamente: lés’soluciones bésicaé
factibles eﬁ un problema de programacion linal con una
matriz de rest.ricﬁciones A de dimensiones mxn, se obtie-
nen de la solucién simulte'nea_. de un sistema de ecuacion-

.-« - nes de tamafio m¥m, haciendo iguala cerolas variables :

| "Cjue no intervienen en las ecuaciones del sistema reducido.

’

. Debe tomarse en cuenta que no todas

las soluciones basicas asi obtenidas son soluciones factibles.

A comntinuacién mencionaremos tres
propiedades importantes sobre las soluciones bdsicas factibles, ellas

constituyen los principios del método simplex.

Propiedad 1 Si existe s6lo una solucién 6ptima ésta debe

ser una solucién bdsica factible; si hay multiples soluciones éptimas

entonces al menos dos deben ser soluciones basicas factibles adyacentes.
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Propiedad 2.  S6lo hay un .nimero finito de soluciones bési-

cas factibles.

Propiedad 3. Si una solucién bisica factible. medida median

te la funcién objetivo, es mejor que las soluciones basicas factibles
adyacentes ' a ella, entonces es mejor que todas las otras soluciones

basicas factibles.

Ahora para finalizar, resumimos el

método simplex en forma de algoritmo

PASO INICIAL., Empezar en una solucién basica factible.

PASO ITERATIVO Moverse a una mejor solucién basica factible
adyécente.

REGLA PARA FINALIZAR Parar cuando la actual solucién bési-

ca factible sea mejor que todas las soluciones
basicas factibles adyacentes.. Esta Gltima

solucién es 6ptima
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RESUMEN: ~ Se presentan una notas de pro-
gramacion en enteros a nivel intruductorio, para una
platica de aproximadamente 90 minutos de duracién.
se ilustran los principales métodos de solucién de

problemas en enteros.



La programaci_én entera es unarama
de la programaci.én matemética . | Un prpblema general de programa-
: cién matémética puede establecerse como
min f(x), X€ S | - \ ' (1)
el conjunto S es llamado conjunto‘ dg restricciones y f es llamada
funcién objetivo . |

Cada x€ S es llamada solu_cién

factible al problema (1), y si _existe un X%S tal que -oo¢f (x°)¢sf(x)
para toda xXE€ S, entonces x%s llamada s’olulcién éptima para el pro -
blemé. -(1) . El propési£o_ d'e la programacilén matemdtica es estable ~
cer cudndo éxis;te una vsoluciién 6ptima y encontrar una o tal vez to-
das@llas .
Un problemé de programacién ente
ra es un problema a_e programacién matemética en el que ademds ' se
' pide como restriccién que lés valores que el vector x pueda tomar
sean enteros , Un problema de programacién entera mixta. , es un
problema en el cual al menos una, péro no todas, de las componen -

tes del vector x se restringen a tomar valores enteros ,

PROGRAMACION LINEAL ENTERA .,
El desarrollo de la programacién en

tera se ha encaminado fundamentalmente a la busqueda de algorit -



mos. cuando el problema es un problema lineal, es decir) cuando

»

fx) =cx..

s={x]ax=b, x30}
en este caso planteare'mos el problema de prolgra‘maciAén entera como
| min z = cx
sujeto a

Ax =b »
X2 0 _ @

x4 ,GTI\T,;Z{O,‘J,:AZ,'. "'"}Vjei o

dondé Jel = {1, 2; o o e n}

problema de progra

- Nétese gque si en’el problema (2) I)-":jthe:ne?ngs un
macidn lineall; si fcf" y J#[, tenemos un problema de programacién
lineal mixta y si J=[" tenemos un problema puro en elﬁter‘os o

Un caso particular muy importante
del problema (2) es en el que XJ-,'E _{Of 1‘; para toda,rj . es rdeﬁcizj,r
éuar;db las va.riables son\"bina’rias"' o "légicas", ell‘o_ se-debe a que
muchos ' problemas se plantean exclusivamerﬁe en funcién de varia-
bles binarias», por otro lado, los algoritmés de s'olu;ci'én son en gene
rai més eficie»ntes para este tipo de pfoblemaé, y ademds cualquier
‘brobléma en enteros'se puede transformar a un problema en variables

binarias, slempre y cuando las variables estén acotadas por arriba,

por ejemplo, si ij-N Y Xy € 13, sustituimos. X por



Xj = ‘j’oj 24 + 4—%;3 + €44
con . » S -
%C's e §O"k ) .(':‘ \'Zlgl 4
cualquier valor entre 0 y 13 puede expresarse como la suma anterior,

substituyendo los. v"alores‘ adecuados.de 0 y 1 para las Yij ,S1 es

! necésario podemos agregar la restriccién
4 \
Lu
22y <3
T

REDONDEQ DE IA SOLUCION AL PROBLEMA LINEAL ASOCIADO ,

El primer intento de resolver un pro
blema, en enteros es redondear la sblucién obtenida al resolver el
pro‘blema lineal asociado, sin.emba'rgo, ‘la_ solucién redohdeada y la
s'oluciién real puedén ser drésticamente diferentes, como puede ver
se en los dos ejemplos que siguen
Ejemplo 1 .

min {0X, +10¥2 +10K3 +10Xq +AXs +QKe

sujetoa: ’

Xk X2 ¥ - rXs 2
| Ko + X3 +X& +Xs 2|
X, + X3 Y4 ¥¥o 2\
Xy ¥+ Xe + ¥4 e 3\

XjeN  J=
| La solucién del problema lineal

asoclado, es declir, reemplazando la restriccién XJ- &N Vj por x % 0,

es



Kz Kz:k’gg.)f_q.c ’/3' s = X‘f:@ |
el valor de la funcién objetivo es
» I
ey a1
Z% = "13=
: 3

La solucién éptima del problema

en‘enteros es .
K.':))(z'?-)(3=)<4:0, gs;xbzi
con un valor en la funcién objetivo de
2% 12
Nétese ciue las variables que son

diferentes de cero son radicalmente diferentes , lo cual en términos

 précticos puede significar polfticas drdsticamente diferentes y que

~_ademds el redondeo de la solucién de=1—f——ppeb-1:éma—ﬁlinfeaﬁlﬁn'o'p‘roporc,ioﬁa’" o

una solucién factible si se redondea a cero y si se redondea a uno,

el valor de la funcién objetivo serfa Z* = 40, que evs més del-dvo—'

' ble del valor éptimo

Ejemplo 2

o max P & 85Xz

sujeto a |
6X +Kz € 56
5xy + 2X2 35
¥\, X2 €N
la solucién'del problema lineal aso

- clado es

X=w3(23, ¥azofez | 2¥: \esa/zs

mientras que la solucién al.problema discreto es



y
®
X\z 0) Xz = g ) 2 = ég ,
Obsérvese que nuevamente la solu
cién 6ptima estd muy lejos del 6éptimo del problema lineal asociado.
El problema se ilustra geométrica -
mente en la Figura 1.
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Figura 1. RegiOn Factible del Ejemplo 2-

1 4

MODEILIADO DE PROBLEMAS

-

El problema del redondeo discutido

anteriormente ,-no €S sin embargo lo que da la mayor importancia al
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problema de programacién de enteros, quizé la mayor importancia

del problema estriba en el hecho de pc_)déi: modelar condiciones 16qi

cas . A continuacién ilustraremos unos ejemplos :

Ej'emplo 3 . El problema del cargo fijo .

. | | Este 'problerr‘laves‘ de mucha impor-
’tancia en la pr;ictica, ya que hay multitud de. si‘.cua‘ciones donde, |
al vcontratar 0 ace'p,tar una activida\d.,‘ se debe pagar un cargo fijo,
ademds de incurrir en costos creciente, segin el ﬁive-l <;:L_1 que se rea

lice la actividad . Es decir, la funcién de costos es como se mues. -

tra: en ia figura 2 .

! . ' ! ! i i : i . ! 1
| . ! ! i i f e . ' !

i . : : i . B _
= oo B o e e g T i e TR AT T T e
e e I TR ' X ; )
g é ——— -+ + + M —~-----'---~+—-r'— . b fem e e
et T Bt e I R Sl - e
. [ ! . :
—_ > S e G S e B TR B b
‘ . ' : ! ) ’ )
— g - R R o R s S T -
————— .
-~ b - - - - -
— +- - -
-,J VR R e -
' m———— - - A gl o g s o gon —
. P oac
Y -‘J- i - w‘ K
o : ' .
’ — ‘_,_Ai o “e e me e d e mmmaed Mg e eie e e e
R s : L
e e e e
. : : § o . : . .
bt [ T AT o [
. ‘ i de- $ e S
- e ced sl b+ vt v d o b a i . ——— o medes o g et e ..

Figura 2. Problema del Cargo Fijo

En este caso.,. la: condicién 18gica es:
ipagamos. el cargo. fijo-fj, sl realizamos:la-actividad’ j°,. y/no.se:paga:

'
N



-8-
_eri ca}_s,o contratio .
Maj:em;’;ticamente el proble'ma lo p§_
demos. formular como sigue :
n
min 2= 2 (CJKJ + %3&3
L= :
sujeto a ¢ o
- Ax=b
X320
Xy S Upd§
Sk € %O, \&
se vv}eblaramente gue si

84}:10 = X&.-'-O

 83=1 = KU

j es una.cota superior adecuada para la variable xj .

donde u

- Eijemplo 4 . La variable menor .

En este caso se desea usar solamen
te la variable que tenga el valor mfnimo (0'm&ximo) de entre dos cua-

lesquiera . Consideraremos la variable

u =min {xl) xzk

Y supongamos que 'X] , Xj est'én acotadas .

M
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3 , v Para modelar la variable menor re

Q.ue,ritmos de dos variables binarias 8, ’~81 y de tres variables con

tinvas yy,vo v Y3 ., entonces

8 1 si X172X2
i ,

0 en caso contrario

82:’. {1 si _x2>xl

{ 0 en caso contrario
hacemos . . . .
| . $48: 1
Yt Mg,

finalmente
Xp = +Y3 |
Ke2'gad'ds
U='%
‘Para comprobar que este grupo de
'variables y restficciones resuelvan el,proble_ma, veamos el p_rocesov ‘

1nvefso: ‘
@ izl =y 8220 => Y €M, Y, SO => Yp=0
S XeEYa =5 =N d N % K st %0

S U= X




_, o o
®). Saxt=> §im0 2> U< Y <0 > B=0
AR S ':-%3':7' Xz=Yy ¥ 2K SU Y2 20
U= x |
" (c) Finélmente supbngase que %y < X entonces

\é\+%3<%l +%b => %\(‘éz = 833\ 3’;-7 B\SO

Fjemplo 5 . - Alternativas discretas .

Supbéngase que se tiene el problema si

guiente :
Co MIN cx
- sujeto“a

‘

Ax= b
x 20

yutXSBu 6 Vtx&{ﬂv pero no ambas .
i

s> *  Supbngase ademéds que se tienen

estas Lu y LV tales que ..
ube-pu €Ly
otk -y €Ly
entonces sea -

} ¥x-3- {px=b, %20}

' & ) 1 sila restriccién v debe ser respetada

0 en caso contrario
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La formulacién del problema queda

como
min ¢ x
~ sujeto a : ‘ Ax o= b
X 0

ux - SLu € fu:
vhe-(-B)lv s pv
delon}
entonces para Lu y Lv suficientemente grandres, sitg =1 se tiene

que -

u-x £1%u + Lu no es restrictiva, mientras que

vixSRv si es restrictiva .

Eiemplo 6 . la funcién "y"

Dadas x1, x,€40, 1]
definimos

: B- 1 st xy v %, = 1
) 0 en caso contrarib
entonces el p‘roblema se puede modelar como
S x,
S < Xe
3.3 ¥+ Xz =\ .



i -12-
“Ejemplo 7. La Funcién Negacién

......

Dado” x €40 )1} definimos

£ é | st x=o0

0 si x={
entonces :
8?- - X

Ejemplo 8 La Funcién "'o"
Dados X o .x2 vg{o,]} definimo‘s .

§.0 ' six, X0 ombas valen une

O on casc con trario
entonces ‘ , N

5?"', 0¥, S S xHXe

- Métodos de Solucibén

A continuacidén se mencionaran bre-
vemente los principales métodos de solucion de los problemas de

programacion lineal entera

a) Unimodularidad

Considérese el problema de progra-
macion lineal en enteros

min cx

. sujeto a Ax:b
| X0

)(}er\], jed
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nétese que si podemos garﬁntizar que, para cuélquier submatriz no sinzu-
lar: B formada por m columna's de A, que“B-’lb es un vectos de enteros;
“entonces la restriccion de integralidad es superflua es, decir, podemos
res_olver el problema en enteros simplemente resolviendo el proble--
ma lineal asociado. Para problemas de optimizéciéﬁ asociados con
grificas, hay vérios casos en los que esto . se cumple, debido a que

la matriz Ajque estd intimamente ligada con la metriz de incidencia

de la gréfica asociada al' problema tiene la propiedad de unimodularidad’

Una' matriz cuadrada B es llamada

___unimodular-si D = !'o\e{: Bl="1. ~ Una matriz A de.dimensiones - - -~ -

m x n es totalmenteunimodular si cada submatriz cuadrada no singu-
laresunimodular; es decir, si A es totalmente unimodular, cada ba-

-

se B es unimodular, y cada solucidén basica

( Ka:,)(g.); (?;“b,O) - |

es entera.

Nétese que una condicién nécesaria‘para que Una-
matriz' A sea totalmente unimodular es que
Qije {-1,0,1} |
~Una forma rigurosa de probar si una

matriz es totalmente unimodular, se enuncia en el siguiente teorema
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( la prueba puede verse en la referencia 1 ..)

. .
. . \

Teorema

Una matriz A entera, con elementos

aij e {-l, 0, 1} ‘para toda iy toda j es totalmente unimodular si

1., Cada columna tiene no mas de dos elementos diferen-

tes de cero

2. Los renglones pueden ser particionados en dos subcon-

. juntos Q }{Qz tales que

(a) Si una columna tiene dos elementos diferentes de
cero con el mismo signo, un elemento estd”  en

cada subconjunto.

'(b) Siuna columna tiene dos elementos diferentes de
cero con signo opuesto, los dos elementos perte-

necen al mismo conjunto.

L]
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+ Un problema particular muy conoci-
do en programacién lineal, que tiene la propiedad deunimodularidad

es el problema del transporte, el cual tiene la siguiente estructura:

Sujeto a - A’ l
a4 (4)
:2 i J’ §* ey |
(5)
E Xz Qi g4z, ™
' |
)

donde 'cij representa el costo de enviar una unidad de un bien desde
el origen i hacia el destino j, entonces la funcién objetivo ( 3 ) busca

el costo minimo de envio de la totalidad de los bienes; la restriccién

- (4) sigﬁifica que el total de bienes enviados desde todos los origenes -

hacia el destino j deb)e ser igual a la demanda bj del destino j; final-
mente la restriccién (5) significa que lo que se envia a todos los des-
tinos desde el origen'i debe ser igual a la disponibilidad{ai en el ori-

gen 1.
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b) Enumeracién Exhaustiva. -

El primér intento para resolver un
problema de programacidn entera es hacer una. enumeracion exhaus
tiva de todas las posibles soluciones, y tomar como solucién 6ptima
aquella que minimice el valor de la funcidén objetivo y satisfaga todas
las restricciones. Pensemos en un problema con variables binaria s,
y si se tienen dos variables, el nimero de posibles soluciones es

2 : " : : .
2 = 4; si el nimero de variables es 3, las posibles soluciones son
3 _ - . : . AN . .
27 = 8 ; en general con n variables se tendrdn 2" posibles soluciones,
muchas de ellas tal vez no satisfagan las restricciones,. pero sin em-
bargo habrd que analizarlas. En el caso de que el problema no sea en

variables binarias, habrd muchas méds soluciones posibles a analizar

A pesar de ser posible resolver este
tipo de problemas por enumeracion explicita, sélo es atractivo para
problemas muy pequefios, por lo que se hace necesaria una técnica de

enumeracion implicita para problemas grandes.

¢) Enumeracién Implicita .

En este procedimiento para resolver

problemas binarios, todas las soluciones (factibles y no factibles )
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son enumeradas, pero la gran mayoria son numeradas implicitamente,
- s6lo unas cuantas son explicitamente enumeradas. La nocién de
enumeracién implicita es ‘simple y puede ilustrarse claramente con

un ejemplo.

Considerese el problema

min L3 38 406 +X5 +16 Xe X5 (7>
,Suﬁjeto'a'
D0z =X 2, T6X3 -2X¢4 -3Xs 20 |
Qe (X)= - x) +3X3 +‘ZK4- _’ZKS %2 ' (9)
) .%3(“’ “X0 +5Xz -4¥3 +¥4 t2xsy 5 0 (10)
(11)

Xiedo} t=12...,5

/)

Hay 32 posibles soluciones, incluyendo

las factibles y no factibles.
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E Dédo que desjc;amos minim;gqr la
funcién objetivo f, y que todos los coeficientes en f son positivos, lo
. primero que podemés' hacer es igualar todas las variables a cero -
llamemos x° =( ¢,0,0,0,0,) a ésta éo].ucién;ello hard el valor dé
f'lo mas pequefio posible tomando en cuenta s6lo las restricciones @7),

Sin embargo,a menos que el problema sea trivial, violard una o més

restricciones.

En seguida buscamos las restricciones

que viola esta primer solucidén . Es inmediato que g9 Y 83 estan vio-

ladas, pues

g, (x°) =0

g, (x%) =0

Analizaremos primero la restriccion
9 si g9 debe ser mayor o igual a 2, entonces una o mas variables en
| gy, que tignen coeficiente positivo, deben tomar valo;r 1. Las vﬁria—
bles ep g, con coeficiente positivo son Xg Y Xg4. Haciehdo{xB = x4=.l,
llegamos a que gy valga Sy sc?lo"es necesario que sea mayor o ingal
a 2, entonces, dado que pretendemos minimizar el valor de f, debe-

mos intentar llevar al valor uno el menor ndmero de variables.
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Hagamos entonces X3 = 1 y conservemos X~ 0

o~

Llamémos x!=(0,0,1,0,0, )

En este caso g9 (.x1 ) =3yyano

esta violada.

La restricciéon 8 no es violada por

X", pero la restriccién 10 continda violada. Las variables con coe-

ficiente positivo en g3 800 Xy, X, YXg.  Notese que si xg =1
y todas las variables con coeficiente positivo en :gszvaien: uno, la res-

triccién gq seguird violada, ello implica que ninguna solucién con

Xq = 1 puede ser factible, por lo que podemos desde ahora eliminar

todas las soluciones que incluyen x,, = 1 y podemos decir que hemos

3

ennumerado implicitamente todas estas soluciones.

- Regresemos-ahora a las restricciones;
_ ,

con Xq = 0, 8y ¥ 4 sON violadas, a menos que otras variables tomen

‘valor 1 -entonces, tomando en cuenta la restriccién 9, x ., debe valer 1,

4

_pues es la Unica variable sobrante en g, que tiene coeficiente ‘positivo.

Con la solucién x2 = (0,0,0, 1,0,)
tenemos que g, ( x2 Yy =2, pero gé(;f\'z) =1, por lo que alguna combi-

nacién de Xy ¥ X debe tornar valores uno, dado .que son las variables

S
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remanentes con coeficiente positivo. El hacer solamente x5‘= 1 no
es suficiente para no violar gg, y no es necesario hacer que ambas

x2‘y Xg valgan uno, entonces analicemos

x5 =(0,1,0,1,0, )

' 3 . . e e , L :
vemos que X~ no viola a ninguna restriccién, entonces tenemos.-una
solucidn factible, es ademds facil darse cuenta que ésta es la solucidn
Ooptima, pues el hacer cualquiera otra variable igual a uno s6lo dumenta

el valor de la funcidén objetivo

¢) Ramificacidén y Acotamiento

" El método de-Ramificacién y Acota-
miento ( Branch and Bound ) es una generalizaciéndel método de enu-
meracion implicita , y es Gtil para programacién entera mixta, no
sblo para programacioén cero-uno. __

Para entender el método de ramifica-

ci6én y acotamiento se debe entender que un problema de programacion

Ilneal entera es un problema de programacioén lineal " mads restringido".
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Si afiadimos a un probiema de progra

macién lineal la restriccién de que alguna o todas las variables sean en

teras, no aumentamos el tamafio de la regién factible. El valor de la
funcidén objetivo asociada con la solucidn entera puede ser rmenos -
atractiva que la solucién asociadaconla solucién 6ptima no entera,

pero nunca serd mds atractiva.

Entonces el valor de la funcion objeti-
vo asociada con la solucidén 6ptima no entera, siempre serd una cota
inferior para todas las soluciones ' mds restringidas ' por el reque-

rimiento de integralidad de algunas de las variables.

Similarmente, para un problema de
maximizacién , . la solucién éptimia no entera serd una cota superior

"a todas las soluciones mds restringidas.

| En la solucion de pfoblemas por el
método de ramiﬁcacién‘y acotamiento se explotan las propiedades an~
teriores, se hace una particién de las variables, formando un drbol,
se busca entre aquellos subconjuntos con la mejor cota inferior o su-

kg ~ .
perior, dependiendo de si se minimiza o maximiza

s
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. * Resumiendo las caracteristicas antes

mencionadas tenemos

1. - Si la solucién a un problema lineal es una solucién con to-
das las variables tomando un valor entero, esta solucioén
entera es una solucién 6ptima al correspondiente problema

de programacion lineal entera.

‘2. - Si dividimos la regién factible de un problemd de progra-ﬁ
macién Jineal con ur;a‘resvtriccic')n del tipo, ya sea x3£4 o)
X4 b/ 5‘, reducimos lafegién factible del problema de
programacién lineal, pero se dejé invariante la region fac
tible del problema lineal entero correspondiente, pues ﬁo
hay enteros entre 4 y 5. Ahorapodemos incorporar este ti-
po de restricciones ) r'esoi\}iéndo dos prbblemas l;“neales)

un problema con cada una de las restricciones agregada

-al previo conjunto de restricciones.

Entonces seleccionaremos como solucién, aquella con valor .

mds atractivo en la funcidn objetivo. Este procedimiento
de agregar restricciones para formar Un nuevo par de
problemas se llama ramificacién. Llamaremos al proble-

ma al final de cada rama, un nodo.

L]
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w
'

El valor de la funcién objetivé en la solucidn del pro-
blema lineal de cada nodo es una cota para el valor
de la funcidn objetivo de los problemas que se deriven

de ese nodo.

Habremos encontrado la solucién al problema entero -
original cuando encontremos una solucién entera cuyo
-valor en la funcién objetivo sea al menos tan atractivo

como la cota en cada nodo terminal del drbol.

A continuacién-se da un diagrama del

algoritmo de ramificacién y acotamiento.



Resolver el problema lneal Sin
la condicidén de integralidad.
Temporalmente nombrar B a
este problema.

-24-

la solucién
de Bes
Entera ?

Optima para el pro-
blema original

La solucién de B es

Buscar cualquier variable de la solucién de B que no

tiene valor entero, sea X, esta variable, y z su valor.

Construir dos nuevos nodos agregando a cada uno de
ellos una de estas restricciones: '

(1) Xy 2% el menor entero mayor o igual a z
(2) Xa £ El mayor entero menor o igual a z

Resolver estos dos problemas.

i

4

De todos los nodos finales, renombrar B el problema
con valor de £ mdés atractivo ( el menor valor en la’
funcidn objetivo




Ejemplo;

‘Max_ f= 20,\:“l + 1Ox2

Sujeto a-
20xl + 10,\'2 2 75
12x1' +e 7x2 g SS
’25)(1 + 10){2 S 90

Xy, x2>',0

, .xl, x2 enter?s

/ max f= 20x]‘: + 10x2

1

12xl + 7x'2.

/
. < ;
25>\1 + ].Ox2 N ?O ;

s.a. 20x + 10xy % 75 )

< 55

x,rx70
172

Solucién

Optinn

Solucidn

-95-
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ESTUDIO DE FLUJO OPTIMO

El estudio de flujos convencional se puede plantear matemati-

camente,

neales.

donde X

y
~

e
o l

Para encontrar el vector

i~~

g (x,y) = 0O

como la solucidn de un sistema de ecuaciones,

i:lpn

No=li-

vector de. varlables dependlentes (estado)

vector de varlables independlentes

Rl

—_—
en '
nodos

P,Q <

e :

en iyJ:: P

nodos el W
P,V -

—_ P

’ v

lad

ciones de y igual al ndmero de.incognitas°

~

g(x, y)

]

ec.

Plx en nodos
ec.

ec, P }.en nodos PV

R
nodo.

slack

nédos
PyQ

nodos
v

x se seleccliona un nimero de ecua-

et



la caracteristica importante es que las variables indepen-

dientes tienen un valor fijo

ficados) durante el proceso de solucidn.

‘una solucidn dnica.

(potencias y voltajes especi-

Asi, se tendrd -

En el caso de 2 variables se puede ilustrar como

sigue; JC,‘%

N

C<o(<e

’_”;4?funcion objetivo

M\E‘

En la figura anterior se observa que si se tiene una fun-

cidén objetivo a optimizar al existir solo un punte que -

‘cumple con las restricciones esa es la solucidn optima del

problema. Es importante notar que las restricciones impi-

den escoger uha mejor solucidn de acuerdo a la funcidn ob-

jetivo, en este caso se dice que no se tienen grados de -

libertad.

Si solo se tuviera una restriccidn de igualdad en

el pfoblema, es decir solo una variable independiente to-

mara un valor fijo, entonces

1]
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Se tiene libertad para escoger el punto dptimo de acuerdo a

- la funeidn objetivo, existe un grado de libertad. La linea

doble en la figura . 1lustra el conjunto de puntos que'sam

tisfacen la restriccidn con diferentes valores de la funcidn

.objJetivo.,

— —— — = Bpn~el Problema convencional de flujos al tener las

variables independientes fijas se forza a tener una solucidn
sin tomar. en consideracidn ningin criterio econdmico o de

funcionamiento.

En la practlca el problema de flujos tiene un con=- -

wunto de restr1001ones extras que hacen mas dificil su so-

lucidén ya que se requiere control sobre las variables inde-

pendientes. Asi se manejan:

1. limites de reactivos de generadores
2, cambio automdtico de taps en transformadores
3. intercambios de potencia activa entre areas

4, control de voltaje en nodes de carga



Una forma de resolver el problema es utilizar un procedimien-
to de prueba y error en el cual las variables independientes
del problema se cambian entre iteraciones para fratar de sa-
tisfacer lac restricciones impuestas. Generalmente los cfi=
terios que se usan para determinar el valor de las variébleg
independientes son disefiados en forma aislada para cada res-
triccidn que se desea satisfacer, lo cual en algunos casos
crea problemas de convergencia yva QUe existen chflictos en-~
tre las variables independientes que se.manejan° Por otro
lado es importante notar .que en la solucidn de fldjos ajus-
tada lo que se desea es obtener una solucidn que cumpla con
las restricciones impuestas sin tener en consideracidn si es

la mejor en alguin sentido.

El estudio de flujos dptimo permite formular el pro-
blema de flujos sujeto a un cdnjunto de restricciones. La

solucién que se obtiene no. solo cumple con las restricciones

impuestas sino que es optima en algin sentido. Para lograr-.

lo se requiere que algunas de las variables independientes

controler el problema para obtener la mejor solucidn.

Funpiones Objetivo

En la formulacidn del problema de flujos Sptimos -

algunas de las funciones objetivo mas comunes son:



Costo de generacidn

Pérdidas minimas

Costo compensacidn de reactivos
Factibilidad de flujos

Costo de corte de carga
Generacidn de reactivos

Errores de potencia nodales

‘La solucién optima se obtiene encontrando las varia-

i

'bles de -control que cumplan con las restriceclones impuestas

y que al mismo tiempo minimizen la funcidn objetivo.

Una de las funciones méds comunmente usadas en la
operacidén y planeacidén de los sistemas eléctricos de poten-
cia es el costo de generacién y el problema de flujos dpti-

mos correspondiente recibe el nombre de despacho econdmico.

Determinacidn de Curvas de Costo de Generacidn

Los componentes del costo de generacidn mds impor-

tantes son: | .
Costo por combustible
X Costo de personal de operacidn

Una diferencia importante entre los costos anteriores es que

el costo por combustible se ve afectado por el nivel de ge-



neracidn que se tenga, en cambio el costo de personal se man-

tiene casi independiente de la generacién.'

Por lo tanto se considera como un cargo fijo que no
afecta la distribucién de generacidn, una vez que se a deci-

dico que mdquinas estdn en servicio.

El.costo de comﬁustible se obtiene.por medio de
pfuebas en las plantas generadofasg Exisﬁen dos curvas que
se determinan en la prdctica una que felaciona Poténcia Tér-
micé'coh’beenciaVElécfrica (curva de entrada - salida) y
otré quevréiéciona la'éficiehcia dé la conversidn de la ener-

gia con la potencia de salida (curva de consumo especifico).

g S T

(P . : CE(P)]
. M-Kcal/hr Kcal/Kw~hr
P '?;

La relacidén entre las curvas en la siguiente

‘ = C(R)

- CE(P) = -p—
Es decir un punto ‘en la curva de consumo especifico se ob-
tiene dividiendo 1la potencia térmica (Kcal/hr) entre la po-

tencia eléctrica correspondiente.



La determinacidén de los puntos de las curvas requie-
re de controlar el pfoceso térmico.y permitir su estabiliza-
cién. La curva de consumo especifico tiene un minimo a cuyo
valor de generacidn (X) el proceso de conversidn de energia

es mas eficiente.

Para obtener una funcidén analitica de las curvas se
asume un polinomio que ajuste adecuadamente los puntos obte-

nidos en las pruebas.

‘Tipicamente se utiliza una funcidn cuadrdtica o cu-
bica para aproximar la curva de entrada salida. Para una

.

curva cuadratica se tiene

2

C(P) = a P + b P4+ ¢

y para el consumo especifico

CE(P) =a P+ b+ ¢c/P

Para determihar las constantes (a,b,c) se requieren por lo
menos tres'mediciones de consumo especifiéo° Sin embargo en
la practica se requieren méds valores para determinar en for-
ma adecuada las constantes debido a lOs>errores en las medi-
ciones de consumo especifico.

Para n mediciones se tiehen las siguientes ecuacio-

nes



—/ — ] r 7 ™~ 7
cE, | lp, 1 2 | a €
“1 g ’ 1 ' p* !
s, > 1 % . ¢
: : i k-~ 2
e L L4+
I ;
b ' ’ . .
T ]
C“n Pn 1 T - | 5"
S o o |

En aleunos casos, con las mediciones anteriores se obtienen
curvas con el punto de mdxima eficiencia en un valor negati-

vo o muy pequeFo de potencia lo cual no es aceptable.

Para orientar la curva se requiere de una'restriccidn
extra. .En el punto de maxima eficiencia se tiene un consumo

especifico minimo

dCEi = a ~ ¢ = O
ap - Pz
" IPlzs' l(,‘f
Generalmente se.tiene
: Fer >
o¢ = 7T— = 85 - 100%
max

de donde se ohbtiene la restriccidn

) Cc



1

E1l conjunto de ecuaciones completo es

I N e B P
. 1€
o Prax 0 - ——— a .
: A Poax ' 2
CE, |. P, 1 1 b
: o ]
cep |_| P2 1 Pl c
2 -
CEp P, 1 e En

En forma compacta la ecuacidn anterior se puede. expresar

como

L a
¢t
]

= Hx + €.
R ~J
La suma de cuadrados de errores ponderados se puede

expresar como

F - (CE - H x)° W(CE - H x)
~~ ~ ~ ~F
donde

W' matriz diagonal de factofes de ponderacidn

Si se minimiza F se obtiene una estimacidn de las co nstan-

tes del polinomio -

=

a¥

o

b | = (H® wH)~1 H® weE

x¥* -
~J ~J

C*

P



Es importante notar que el procedimiento de ajuste es gene-
ral v en el caso de tener un polinomio cubico se tendrdn

cuatro constantes por determinar,

Valores tipicos de consumos especificos para plantas
del pais.
Unidad 1 Salamanca

Capacidad 158 mw

[ ~ .

. Generacidén Consumo Esp. Consumo

' % \ Kcal./Xw-hr. M-Kcal/hr

. 100 . 242 385.7

| 7.5 2459 . 339.5

- 81.25 2473 316.7

' 75 . 2489 _ 1 297,0

i 60,75 . 2512 273.9

l 62.5 . 2538 250.7

| 50 | : 2630 | 208.3

' Unidad 2 Tula
Capacidad 300 MW
r !
Generacidn Consumo Esp. ) Consumo

j % Kcal/Xw-hr. M-Kcal/hr.
100 , 2427 - 728
8745 . ' 2363 " 618.8
81.25 2349 575.2
75 2359 31.5
68,75 2395 95,1
62.5 - 2459 : L58,7
52,7 2657 419.8




Despacho econdmico simplificado

Este caso particular se caracteriza por no considerar
la configuracidn del sistema de transmisidn, sobre el cual

se lleva a caho el estudio.

Esto equivale a suponer gue, tanto la generacidn como

la carga se encuentran concentradas en un mismo nodos

O

]
| D
Y
Figura 1
La consecuencia de esta suposicidn es no considerar
flujos en lineas, con lo cual se excluye el efecto que las
pérdidas ejercerian sobre los resultados del Estudio de

Despacho econdémico, siendo ésta la causa.de su simplifica-

s &
clon.

Obviamente de la Fig., 1, se deduce que los costos

usados, , estan referidos en terminales de generacidn.

La formulacién matemdtica del problema de despacho
econdmico, para el caso de 2 generadores alimentando una -
carga D, con funciones de costo de generacidn cuadriticas

4

es como sigue;

11.



minimizar

2, . 2.

sujeto a:

1t F= D

Antes de analizar lés posibles formas de solucidn se debe
verificar la existencia de grados de libertad (no, de res-
tricciones de igualdad < no, de incognitas)n En éste caso
exiétevl grado de libertad, ya que se tienen dos incégnitas

(Pi y Pz) y una sola restriccidn <P1 + P2 = D).

%1 algoritmo de solucidn. es;:

1, Despejar P, en funcidn de Pl (P2 =D ° P1)
2. Substituir P, = f(Pl) en la funcidn objetivo.
© 3. Zncontrar el minimo de la funcidn objetivo con respec-

to a Py y sin restricciones.
L, Encontrar P, con el valor de P1 obtenido en el paso

anterior,

En forma desarrollada se'tiene

2=D-P1

2. F= C1+b1P1+81P1+CZ +b2 (D-P1)+ aZ(D-Pi

av R
3. c7 = by + 2a1Py + by 4 2a,(D-Py )k O

1. P
)2

ab,
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de dondeg

b2~b1‘+.2a2 D

Pl :7 2(8.1"&‘8.2 )

14’. P:D"’P

Este procedimiento aunque sencillo en el caso de 2 variables
’ ’ I3 ) o K3 ‘
se complica cuando ge tienen mas varlables y restricciones -

al despejar variables en funcién de otras.

Ejemplos numéricos sencillos;

O

caso I:

G— o

Las funciones de costo, de los generadores son
C, = = P° + 3,89 P 4+ 0,406
1= 1 ° 1 o THY

C2=

O e R

2
P2 + 3.51 P2 + 0. 44h

La demanda es Dv: 2.6

P1'+' P - 206
2

pd 206' et P1

1 | |
= €y + 3(2.6-P)% 3.5(2.6-P) + 0.4kl

(]
b
¥

OC+

é;p; = 2Pi - 2.22 =0



P 1.11

2:6 bl 1.11 = 101“‘9

—

e
N
6

caso II.
Se tiene ademds la restriccidn .

P, = 2P

IA) +' I:)Z - 256 o v : . ‘ -

s

~ resolviendo simultdneamente;

2P

2
I.J2 - ,.3 )

) 2.6
11 = 2(_"3.)

3]
[AV I AV
N O

No se requiere evaluar derivadas por no existir gra-

dos de libertad.

Multivlicadores de Lagrange

i1 problema de optimizacidn con restricciones se con-
vierte en un problema sin restricciones incluyendo un multi-

plicador de Lagrange por cada restriccidn de igﬁaldad.

La funcidn de costo aumentada (Lagrangiano) se obtiene

como

L=F+ /<(P1+P2-’D)

donde
/<' es el multiplicador de Lagrange y es una varia-

ble mas del problema.

14,



La condicidén necesaria para que ésta funcidn sea
un minimo es que el gradiente de la funcidn con respecto-

a las variables sea cero.:

dL =0, QL =0, - JL =0
o oFs Ak
Derivando:

,S{
!
3
g

o Ak .
i
QL_ QF = 0O ()
TN D= 5
o2 2%
.a'L .
57 P1 + P2 D 0
| QF _ afy o
- 3e puede observar que af& - ﬁPl ya que la variable
P1 solo estd contenida en Fyy ¥ lo mismo se puede decir para

_ DF AF2
la variable P,, por lo'que63P2 = ar,

Entonces

Eiﬁh = gﬁl + L =0
0P dPy |
L i

de cdonde se decuce que

ar : | 3

d‘}vi' = - A . (4)
ar, | ' . L
v = A , (5)

15.

(2)
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daF
dP;
dor 4§, v representa el incremento de costo debido a un in-

fde

La se. conoce como cogsto incremental del genera-

cremento en la potencia genherada.

I'tilizando el método de los multiplicadores de Lagrange
el prohblema consiste en la solucidn de un sistema de ecuacio-
nes simul*téneas, el cual se logra en forma directa o en for-

ma secuencial, segln sea el sracdo de las funciones de costo

de los.feneradores,

‘Funciones Ae costo lineales de la forma bi Pi + Ci

NDel conjunto de ecuaciones (1) se tiene que

!

H]
e
e

oL, + K = 0
57

MEERC 6)
Zl’i -1

%1 conjunto de ecuaciones (6) no se satisfacen simul-

i
o

QL
ok

tdneamente, de donde surge la necesidad de consicderar limites
las notendi , i e s . . i

en las potencias de generacidn (P; min < Pi < Py max) debido

a gue los cocstos incrementales de cada generador son en ge-

neral diferentes.

En éste caso todos los generadores se cargan inicial-
mente a su limite minimo y secuencialmente los de menor cos-

to incremental se cargan a su limite maximo.



1.
. 2°
3.

Nota.

Ejempl

17.

El algoritmo de solucidn para este casoc es:

Ordenar los coeficientes bl de menor a mayor -
Cargar todos los generadores en su limite minimo
Cargar los generadores en su limite mdximo de acuerdo

al orden del inciso 1, hasta satisfacer;:E;Pi =D

Obviamente al Ultimo generador se le asignard solo la

potencia necesaria para satisfacer t) P; = Do

o numérico- .

to son

En el caso de dos generadores cuyas funcilones de cos-

Cqy = 3.89 Py + 0,406
02 - 3n51 P2 + Ou“"h’“’

con limites

y demanda D = 8

W
A
o

us
N

A
g
A :
5w

Rl
|

!

i

|
I
!

3.99

‘N>\

- - - -—— . 3.54

v
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Paso 1
T
2~ ! 3e51
L] 3.89
Paso 2
}1 - 3
P2 = 2
Paso 3
PZ = 4
'Pi - D - PZ - 8-4 = 4

Funciones de costo cuadrdticas de la forma aj P§+biPi+Ci

Se observa que en este caso el conjunto de ecuaclones

(1)'quedé

i

I
o

P,
< Zpi'D?O\

La forma directa de resolver el conjunto de ecuaciones

©

(7)

N -
]

simultdneas (7) para los Py y K (que es una variable mds) in-
cluyendo ademés limites, se logra mediante el siguiente algo-

ritmo.
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1, Escribir el conjuntd de ecuaciones (7) en forma matricial

y resolverlo.

, - - .
28.1 [ @ ] O [} ] o O 1 “-1
L] ° L] ab.
O ° [ 2a5. o j Pi ..:-_: l
b [ ] [ O o o gan 1
1 1 1 0 y e D
— S— I SR

2, .Verificar limites

Si existen violaciones, sustituir la ecuacidn de costo

incremental por la del limite violado, en la siguiente‘formax

S : — — — -
2a 0 0 0 1 : P
1 | . 1 ”bi
0 0 1 0 0 P: - P; violada
0 0 2an 1 Pn --bn
1 1 1 1 0 D
b —_— “f< J | —

Resolver éste sistema y repetir el paso 2 hasta gue no exis-

tan violaciones de limites,
Ejemplo

Para el caso de dos ;generadores cuyas funciones de

costo son:



Mo

Cq

Co =

Do)

y con demanda

y limites

'\L)
n

X
A

Paso 1

v Yy
W
R 1§

Y/
]
™

-

=

.

P

=N

2
Rs

+ 3.89 P, + 0,406

+ 3.51 P, + 0Ll

Pi + 3.89 +/< = 0
. .
}2 - 8
- =
0 1 P1
1 1 _P2
1 0 K
PSS | S st

"La solucidn de éste sistema es

f( = = 7.7
P, = 3.81
P2= L.19

Paso 2

De acuerdo a los resultados del paso 1, el limite ma-

g

-3.51

20,
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ximo de P, se ha violado, por lo que, el sistema de ecuaciones

gueda:
1 0 1 P;‘ -3.8
| : | == Yy
0 1 0 P2
1 1 0 X 8
—— — —t - -

Para este sistema de ecuaciones la solucidn es

L = =7.89
o=l
P, = b

s ' 2
Funciones de costo cublicas de la forma ain+biPi+CiPi+d

. /
En éste caso el cunjunto de ecuaciones (1) gqueda

v
t

i

- 2 .
= 3a3P] + 2bsP; # C3 ¢ K =0

ZE: Py - D = o (8)

Para resolver éste sistema de ecuaciones cuadrdticas

Q
as

s
M

’;%?«j
it

se usa el método de Newton.,

B[]

L_ J :] es el Jacobiano de (8)

donde

[ax ] es el vector de incégnitas

[: g :] es el vectof independiente, cuyos elementos son




en un principio el conjunto (8) evaluado para

condiciones iniciales.

El algoritmo de solucidn es,

o o
1. Seleccionar valores iniciales Pi,/(
, 4 ‘
Calcular los elementos de {.J—J Yy [jg:]

Formar el siguiente sistema de ecuaciones

2.
3.
s —r 1 .7

%\aoi | i L
T L] ek ye 3¢yl
i i ° . | e ‘| Y ;: aPL
! o 2 L t .l [
, -9 Cp < A l .

H 4 — °
, oky 1 n | = .

Lo :

I o o |
: f ! o
; 1. ° L] L] @ j O AA ! ZP_’.L - D
S I B S . \

y resolver para AP;, AK

Iy, Corregir los valores de P;, K
5. Continuar iterativamente con los pasos 3 y 4 hasta
que zﬁP;,AK.sea menor o igual que una tolerancia

egpecificada.

Desnacho econdmico con Pérdidas

La inclusién de las pérdidas en el estudio de Despa-
cho econdmico de potencia activa (distribucidn Sptima de

generacién) da lugar a formulaciones que incluyen su efecto,

22,
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‘unas,veces;en forma aproximada y otros en forma’exacta.

Se describen aqui los siguientes métodos:
I. fdrmula de pérdidas (constantes B)

I solucidn de las ecuaciones de coordinacidn utilizando

el método desacoplado en el cdlculo de pérdidas incre-
mentales. (solucidn explicita)

Y. solucidn implicita (gradiente)

- IV. programacidn lineal

V. método de la matriz Hessiana

I.Férmula de Pérdidas

Determinacidn de constantes B, Las pérdidas son-una

funcidn de las potencias de generacidén Py = £(Pj)

Expansidn en serie de Taylor de las pérdidas

Py ' :
P = P£ +) ° L Ap, + 2 E Z L A4p, -~ (9)
, 57y aPJ- ] |

Las incdgnitas son los coeficcientes

2%, T 2my
o ' 3 PiAF

J

Para determinarlos se ‘requiere por lo menos el mismo

himero de ecuaciones.




Algoritmo;

24,

. . ) . o
1, Partiendo de un caso base de flujos se determina Py

2. Se calculan casos de flujos para diferentes incrementos

de 1qs Pi‘(

no debe ser menor al niumero de incdgnitas.,

se forma el sistema de ecuaciones

- ! —/
casos l i oPF
de { ! | } Sk
< AP Ar APt L
fluios ! | SP
; ! E
| | o
A ! — L

transformacidn lineal de la forma AX =

1

(o) .
,AEH) alrededor del caso base P;; su numero

3. Se calculan las pérdidas totales PLi para cada caso, Y

L, Utilizando la técnica de minimos cuadrados obtener un

valor estimado nara las incdgnitas (x) del inciso ante-

Ariorc
minimizar el error:
F = (Ax - b)"(Ax = b)

v ®
solucion

+
A A x = At v

5. Se determinan las constantes B como sigue;

( 13 4 '

comparando la ecuacidn (9'y 10)

(10)
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\ o aPL <~ ° azPL °
o= L, /i api.+4 /. torjory Y

: - F ¢ L J
. aPL . oa‘"‘P .
) J. -2 kR L |
Rl-api' Ea:ﬁaaa%

en forma matricial

4 .
2] P+ Pt

P, = B G

L - %o +

Desventajas del cdlculo de pérdidas con constantes B :

1. Se obtienen para éopdiéiones~papticulares y es dificil
" su géneralizacién
2. Se requieren diferentes grupos de constantes para diver-
sas condiciones de Qperacién{
3.. Su inewxactitud aﬁmenta para condiciones .de operacidn no

comvriendidas en su cdlculo,

Mota. e toma en todos los cdlculos la carga equivalente

del sistema com¢ variable dependiente,

Apliciacidn ce las constantes B

Min. % Ci<Pi)



sujeto a: .
E Pi =D 4 PL(_Pi)
min " max
P S s

- Utilizando multiplicadores de Lagrange

L(Pi-o /<): ZCi(Pl)+ /<.(.D+ PL(Pi) -z Pi)

Las condiciones necesarias para la existencia de un éptimo

sSOony i
oy  9¢ S F, )
api = dlni + /(( a Ijj_ 1) = 0. 11a
(11)
L N — .
%—Z = (D + PL(Pi) *Z Pi) =0 llb .

El conjunto de ecuaciones 1l1a son ecuaclones de coordinacidn.

La derivada parcilal oL son las pérdidas ihcrementales;
J T, |

significa el incremento L de 1las pérdidas dado un incremento

de Pi'

Gg;d FE':X: é%ng

26.
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Se obtiene el dptimo con costos incrementales iguales
que a diferéncia del Despacho Econdmico simplificado no se
obtienen en. terminales del generadof, sino en un punto co-
min a donde se refiere la carga equivalente (nodo compen-
sador); Debido a la derivada. oFfL By + 2 Zg: Biij"

. D,
. . . '. a 1 l s
el conjunto de ecuaciones {1 sera ho-lineal.

Nota. Si Eif& = O\i=1;NG el conjﬁnto de ecuaciones
se reduce SaPi conjunto 1  (caso sin pérdidas) .’

En adelante se hard notar
la éimilitud que existe entre ei multiplicador de Lagrange

de cada tipo de formulacidn.

Ejemnlo numérico

Las caracteristicas de costo incremental de produccidn

de dos unidades generadoras de vapor estdn dadas por

401'
- = Py + 2
dPy 1
dCo
—£ =P
dPZ 2 + .105

donde P estd expresada en por unidad a una base de 100 MVA.
Los limites de operacidn maximo y minimo para ambas unidades

son 20 MW .y 100NMW respectivamente, Los coeficlentes de la

férmula de pérdidas en por unidad a una base de 100MVA estédn



dados por:

0.10  -0.05

E{] = -0.05 0.20

| S [RoSm———

. —

1

a) Calcule la distribucidn dptima de generacidn
nara satisfaéer una demanda de 112.11MW dentro de

una tolerancia de 1 MW,

L) - Calcule las pérdidas por‘transmisién Py,
Solucidn
0.10 -0.05 | P,
P, - ',[P P ]
L V7200 solos . 0.20 v,
[ J -
_ sl | 5|
- lil P2_J i OulOPl “OlOSPz
-0.05P;  +0.20P, |

: 2 = 2
- OolOPl "OoOSPlPZ -0005P1P2 + 0920P2
_— ] 2 _ 2

ofL -

a})l = 002 I)ll - 001 PZ
=k o
-é—?-z-‘ - O.“’PZ -Ool 1:1

La funcidén de costo aumentada es

L =Cq+Cy+ A(D+ Py - P - Pp)



Las ecuaciones de coordinacidn son:

P _
9 L = dcl‘ . /( ( a‘p"'.L - 1)
of1 dP; o

Pyt 2+ /<v(o,.21t>1 -0.1P, -1) = 0

P
d02 9%

P

= Py + 1.5+ K (9°4P2" 0/1P =1 2

2L

| 2 2 ‘
a/( :D+PL -Pl-P2;1o12 +.(O° 1P1—O.1P1P2+0.2Pz)~Pl°P2 - 0

Para resolver éste sistema de ecua’c'ibnes cuadraticas

se emplea el método de Newton [ _] [AXJ [. J

, donde los elementos de J_—J

J(1,1) = o L _ 4 4 'o,z‘K o

J(1,2) = 2L - 0.1 K

J(193) = SR 002P - OaiJ.P“‘l
: aPlaK 1 | 2

J(2,1) = J(1,2)

J(2,2) = 2L _ 14 04K

J(ZDB) - azL hod OoL"P2 -Oolpl"l
9F, ok ' :
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3(3,1)
J3(3,2)

J(3,3)

'y los elemehtoéﬁ_ 

Py(1 + o.2/<)-¥b.'_1".‘/<'P2 K+z2
P,(140.4 K ) - 0.1 K P, -K + 1.5

0.1PF + 0.2P% - 0.1P

g(1)
g(2)
g(3)

El sistema de ecuaciones’ por resolver es:

— —
J11 J12 Al’l €q
I21 Jo2 AP | =—| &
I3 32 AKX, &3

Seleccionando valorggﬁlniciales de Pi = 5, Pg; :5,K =2.5

el sistema de ecuaciones queda

- —
AP, -.125
AP, |=| .125
AR ~-.1711
SR N
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Los valores corregidos son

1 0 o]
1.31 = Pl + AP - 5517

P% = PO+ AP] z 6435

L= L+ 8K= 5 67

Con estos nuevos valores se évalﬁan [J:] vy [:g] vy él sis-

tema por resolver en ésta iteracidn es

| 1.535. -.2675  -.95h AP, .7 x 1072
. -.2675  .2070  -.7977| |AP, | = ~.91x1072
~.9540  -.7977 0 AK -.36x1072 |
. — L. L —t

" La solucidn de éste sistema es

APl = b7 x 1078

AP} = ~.10 x 1072

AR = .71 x 107

" de donde
1312 - ° 556“’ v
2
PS5 = .642&
L*=2.68

el gradiente valuado en este punto es muy pequefio con lo

cual se tiene la solucidn, todos los componentes son meno-

res que 1073,
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Desnacho Econdmico de Potencia Activa-

1. Método exacto (solucién explicita)

£1 prohlema de Despacho Econdmico se formula como sigue

Min zz:'Ci(Pi)

Suieto a: -

ZPi = D+ Py (P;)

- | ,
min

s s

Utilizando multiplicadores de Lagrange

L(P;, LK) = Z'Ci(Pi) + /<(T) +PL'(P3_) - Z-Pi)

Las condiciones necesarias para la obtencidn de un 6ptimo son:

P L A1 A
aj)i dl)i ai)i

o (12)

%
~
i

. - »

Este método utiliza un algoritmo que difiere del anterior

(constantes B), en los siguilentes puntos:

1) Calcula flujos en cada ciclo, manteniendo el balance
nodal al cumplir con las ecuaciones de la red g(x,u )=o
variables de estado

X
~ .
7 votencias de generacién (Py)



2) .Calcula en forma exacta Pp, (pérdidas)y‘ gPL (pérdi- -
. P, '
i

das incrementales) en cada ciclo

3) El conjunto de ecuaciones (12) es lineal si las C; son
cuadraticas y es posible obtener una solucidn simultd-
‘nea .para P; y y4 1 sl las funciones de costo Cj son
dé orden > 2 existe la necesidad de linealizar el
conﬁunto.12 de la misma manera que 11, solo que las

pérdidas en este caso, se mantendrdn constantes.

) Las cargas permanecen en su situacidn real, tomdndose
una de las generaciones como dependiente del resto
(nodo comvensador).

Nota: Si se excluyen las pérdidas y por lo tanto ) PQ
o Fj

(pérdidas incrementales), el conjunto de ecuaciones

12, resulta el Despacho Econdmico simplificado.

Se derivan expresiones para el cdalculo de las pérdidas
incrementales ‘ '

como . ' Py, - f(Pl,PZ.on.Pn, Qre Qs «oo Qn)

<

P = f(vp'e')v Q = f(vv'e')

vor la regla de la cadena

)Y,

Q=%




en forma compacta

T ¢ - b -

b | ) |
S5 UH NS (13)
Rvi 1 J LI 2R |
DV Q
— A e

Utilizando el principlo de desacoplamiento (relacidn x/r) °

grande
—_— . L
o0 © HJ_C 5P (14)
- OP o¥,
EAEE T (15)

oQ

Simplificando 14 con base ai algoritmo del método desacdpla-
do para solucién de flujos.
[amr [BJrap . e
‘a<%JL LoPl ’ |

" E1 término independiente (vector) de la ecuacidn 16 se evalia

con la férmula siguiente:

%—Z L ZZSen(G 0)Gy (5-7’,
Jel , .

342



DIAGRAMA DE FLUJO DEL ALGORITMO

34a,

Lectura de datos del problema

i

‘Resolver despacho econdmico sim-
plificado (factores de penaliza-
cidén unitarios).

Ry

pm et o aaan s

B

Resolver estudio de flujo utili-
zando el método desacoplado

Encontrar factores de penaliza«
cidon mediante la ecuacidén 16

Suavizar 1os factores de pena-
lizaclon*

PF; = pEr +,5(PF PF)

ﬁ" - para evitar oscila-
cién numérica.

Resolver ecuaciones de coor-
dlhaClon del despacho- econo-

mico.
(<5 )Pr = 4
?[Di_: 'D+PL

l

Verificar convergencia®*®

|

!Solucién],.'

|#Se usé ﬁ=b.é |

#4859 ugd E£=.008
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EJEMPLO ILUSTRATIVO

3| —
@*-‘j '@_—'_———5 5  —
i

Figura 2

Sistema de prueba

Ecuaciones de costo utilizadas

Generador 1 ~ 5092 4+ 351, P4 4b.O
Generador U4 5OP% ¢ 245,0 Py + 105.0
Generador 5 SOPi 4 389. P, ¢ bo,6



DATOS DE LINEAS

DATOS DE CARGAS

BUS  BUS IMPEDARNCIA

| BUS MW  MVARS
b 5 0.030+50,103 1 0 0
2 5 0.080430. 262 2 30 . 12
3 5 0,105+ 0. 347. 3 70 3
2 3 0.033+j0.118 4 86 20
3 1 0.106+30.403 -5 80 10

Se mﬁestra el algoritmo a seguir y tablas de resulta-

dos de cada una de las iteraciones.

tan los resultados cuando se modelan como nodoes (P,V) i, 4 y

En la Tabla I, se lis-

Spgcomo nodos (P,Q) 2 y 3. En la Tabla II, todos los nodos

son (P,V).

TABLA I

Resultados del e jemplo de

\

la Fig., 2 (Mw)

ITERACTION
BUS 1 2 3 - L
1 53.0 53,9 53,10 53,10
2 0.0 0.0 0.0 0.0
3 0.0 0.0 0,0 : 0,0
Lo 176.4 172,2 171.7 171.4
5 ‘LW-oZ 46@0 4702 4705
COSTO TOT .
DR GEN. $1,159.2 1,153.55

1,153.6 1,153
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MAGNITUD VOLTAJES p.u.

BUS

5 A — = OO
68 79 W o *® Q ° L]
W O N} O W =4 OO0
OSONONC O O e [Va o~
o © o ° OO\ -t
HO O it =2 . e e @
. OO N
DAL ¢ , o
O "4 o~ [ &) - O O N
QO QO V. @ oD il e e o e »
COONO O — O N fixy A OO
...... < O NN\ [V o3
O O i <€ (oA e o o ] m : -t
()] - OO )
€| . m
= < A
\O O (= e op fual : oo
WO @ W\ <3 | N 5 o o = - N ® 2 e e o
OO O a OO e Ww OO N
o o o o o wn\ -2
OO Nw &= o -
o, O =
(@] 0 N fr}
B4 D ata (@]
: (& oo
LAY < -t e o o n
N &y «~ O O (@ - O O\0O W\
WO O VN =y a et { e 5 s o »
OO O - T oowVm
o.o e o e T 5 7!.“.
. e}
L 0
O =
Lo o
o
5
o Q 2 0
N O N o o A N Wy
. o m
- (&
J | AT S -

1,152.4 1,152,156

1.152.4
FACTORES DE PENALIZACION

1

GENERADOR




VECTOR DE MAGNITUD DE VOLTAJE (p.u.)

BUS MAGNITUD

1.05
1.0153
1.,0158
1.05
1.04

wm W NN =

III.. Método implfcito

En éste método la funcidn de costo a minimizar es

f(x,u), donde;

| X3 = O, i #{ N.C. son las variables de estado

it

ug Py, 1 i N.C. son variables de control.

gy (x, L) son las restricciohes de igualdad. (ecuaciones

de red).
La funcidn dé costo aumentada o Lagrangiaho es
. ,
= flx, w )+ K glx, &)

Las condiciones necesarias para la exlistencia de un

‘6ptimo (minimo) son;

ax: >

¢
_ of(me) <§3§a(§%))/~( =0 (18)

oL = 2f(x4), 85’(" “))/( o



oL _ , =0 (20)
== = &lxu)
donde ‘
ag(gr,gjz J es un Jacobiano.
ox . , o
| L \ 3{(xu)
, U
De la ecuacidn (18), (E!iéigﬁ)\,('= -
' a2x |/ X
la cual en forma extendida queda
I . . -
P 2Py . .. 2IPn A, 27
o2 092 o8y . - o2 |
: L= | (21)
P oP3 ... 9Ohn Ve
296h € 98y n of
N L ] ._96n |

de la ecuacidn (21) se deduce que las unidades dimensionales

de K

N

deben ser;

Qwﬂ

I

v
N

2

[ o

!

-3

4
2

n

(22)

 Por otro lado se sabe que en todo sistema se debe

cumplir el balance de potencia

38,



Zpi -D =P =0, 1=1N

[

Tomando una generacidn como variable dependiente (nodo com-

pensador (=.)

Py + ZpivD@PLgop 1#1

de donde

[A
Py =P 4D~ > Py (%
. | -t

Derivando con respecto a las variables independientes:

2R . 9R _ {5t
3P  9R ’
"-'aP=1;‘aB% , L#1t - (023):
o ) ' -

- R
1 27
- 2P
., dr :
K =1 e (2b)
~o dP1 o 3
. 28
aPL_

y sﬁstituyendo (24) en (19) se tiene

2he @g)hmo. i
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En forma desarrollada ¥y sabiendo que (aapg):
: i

el sistema de ecuaciones anteriores queda

™ e

¢fa 1. 20

aP, | ’ o P

) - 45 = 0 (25)

: ap, . :
n y - R

Pn Pn |

Diferenclas con las formulaclones anteriores

i) El multiplicador de Lagrange (A ) ecalculado con la

~ ecuacidn (18), es /( (= 9;.1.) de las formulaciones anterio-
dP ~ ‘

res afectada por el factor de penalizacidn, el cual

estd implicito en el cdlculo.

1i1) El conjunto de ecuaciones (25)no se resuelve en for-
ma analf{tica para las Pj, 8ino que se le da un significado

de gradiente reducido de la forma:

VF= 2F 4 (o8 )/ | (26)
o~ U o) ~ o | .



El cual se resuelve en forma numérica para obténer
incrementos en las variaﬁles (L que conducen al 6ptiﬁo de=
seado

U= U+ AU

Au= -c VF (27)

E1l signo negativo de (27) indica proceso de minimi-
zacidn (direccidn opuesta al gradiente); ¢ es un factor
que optimizae/AcL evitando oscilaciones alrededor del

minimo.

I3

Se llega al Jdptimo (mfnimo) cuando VF = 0, En la

préctica es usual especificar una tolerancia, [VF/<E

En el caso de que las variables ff (de control) es-

ten restringidas

Las componentes de YV F tendrdn el siguiente compor-

tamiento en el dptimo.

oFf .o « s u; s u™
ou; ,
. meay
a’C' <0 . dt' = ac
Ba;
rin
9F o0 U =4

oY



§31i1) Las restricclones de igualdad de la funcién aumentada

Lz k)= f(xa) + £ §’C.’C/‘f)'

g ((xou ) son las ecuaciones de red

En las formulaciones anteriores la restriccidn de i-

gualdad es:

g = PL+Pd=-ZPi = 0

Algoritmo de Solucidn

i, | Suponer un’conjunto de variables de control u

2. . Resolver un estudlo de flujos convencional para deter-
minar una solucidén factible (se utiliza el método de-
sacoplado),

3. Resolver la ecuacién (18) para f§

L, Sustituir £ del paso 3 en la ecuacién (19) para cal-
cular el gradiente V F

. of 5 t, .
ves 2f IV

5 Obtener incrementos
A(L: - ZF.
donde ‘
N ll," h
c= U -

vehL va
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| 4
6. Calcular U,

143

4 | h-i ’ me
uma.x Sl: u‘; + Au‘ 7 (/(4.

min
uhe wm s ube sue< d
b=t ; ﬂ-l mas
U, +4aU; U< o ou; < U
7. Verificar convergencisa
- A A—l
si W: U { < &

el minimo se ha determinado, de otra manera, regrésar

al paso 2.

Condiciones de Xuhn-Tucker

Minimizar la funcién objetivo con respecto a las va-
riables de control u . f es funcién de variables dependientes

(x)y de control (u).

Min f(g,g)

Sujeto a restricciones de la red, balance de potencias nodal

y sujeto a restricciones de desigualdad en las variables de

control
max

=
'
o
IN



by,

Condiciones necesarias para el minimo

VL=0

con respecto a (u,x,X)

/é‘(ma’n (a‘ amax) =0
/o(mm (amﬂ?_ w ) =0

/{maxzo /{_{m/ﬁzo

(28).

Si la variable de control estd entre lfmites

entonces

/(,{ max '/L(mm

Si la variable de control estd en un 1£m1te

/’(ﬂmrz O | o ‘ /é(lnln

z O

El Lagrangiano de la funcidn aumentada es

. + . N
= f(§03)+/< g({.u)+/gpax(u_umax)+ min((lmina @)

min
//{ ,,/{ multiplicadores asociados a las desiguald&=

des en las variables de control.

\ S _ D ’f,-_
VﬁLx O -—.Egé +<§f§>/( =

VL“ =0 = (aa//(Jr/% ©
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tambien puede escribirse como °

Vi = Vuf +H =°
-/c(-;-— V.f

Is

(29)

i el gradiente = 0 =) las variables de control estdn entre

limites

mas

umm S u S u

si ’

/L{ 70 _ | implica que se tiene la variable de
2f <o
a2U

si se libera la restriccidén la funcidn de costo disminuye.

control en el maximo y elkgradiente es negativo

si //%'<' 0 - => se tiene la variable de control en
el minimo y el'giadienté es positivo;-%%g >0

Como las condiciones défKuhnfTucker se deben cumplir,
no se permite que las variables de control violen 1imites y
las condiéiones de exclusidn se deben de cumplir en el épti-

mo

Vif=o = uU"susum™
%ffo | v a_.___ama:: ,(30)
' min

Vef 70 u=d
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Métodos para obtener cambios en las variablesg de

control.

Sea f(x,u) = fu(x,u) Ax + £, (x,u) Au 4+ £(x° Lf)
| A1(xou) = fy(x,u) 4x + £, (x,u) AU
las variables (x,u) estdn relacionadas mediante
glx,u) =
gx(x,u) Ax ¢ gu (§.B)Au =0

AX = - g;l(x,ix) g, (x,u) au

por lo tanto

Af(Jf,ll) fx(x u) { -gxi(x u)g (x.u) ALL}

+ £y (J'g,'g)‘AU.
Af(x,u) = vu'f AU - | (_31)

el problema es determinar los cambios AU que minimizan

f(x,u)

Vuf eradiente reducido de £

i.  Método d'e‘scenso fa’pido | |
sl AU = -c V. , (32)

¢ = constante



- luego ‘ Af();c’ptj) ==( Yuf . V, e

lo cual ciertamente minimiza f(g,g) sin eﬁbargo hay que de=-
terminar el rango de validez de U/ f y el valor C, esto -~
requiere una busqueda unidiménsidnél (Fibonacci, intervalo
medio, busqﬁédas dicotomica, etc,) Generalmente~se emplea

una interpolacidn, la convergencia generalmente es lehta y

oscilatoria.,
2, Método de programaéién lineal '
M V. f AW - (33)
Sa. ‘ B

A™s AU s AU™

AX™spx(au) = AX ™

estas Ultimas restricciones se obtienen por renglo-
nes de

4dx = - g;;i(:::(,vu).guL (x,u) AU

~oo~ ~

3 Método de Segundo Orden

Si se 'hace una expansidén hasta el segundo término

de la funcidn objetivo.
S . , -
flzu) = £ u) + G fau + 4 SUTH SU (34

V.f+ H, ad =o

u7,
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au=- M Uf, (35)

Aqui el problema es determinar la inversa de la ma-
triz Hesslana H, , una aproximacion es despreciar los ele-
mentos de fuera de la diagonal y obtener los de la dlagonal

mediante desplazamientos

M= A;(gradiente) -
v auy .

Como la matriz Hessiana debe ser positiva definida cual-

guler elemento negativo se considera como cero.

Esta aproximacidn es equivalente a tener una cons-

‘tante para cada variable de control multiplicada por el -

gradiente.

4, . Método Mixto

Se combina el método de deséenso fépido con el méto-
do de segundo brden) primero se usa el método de des-
censo rapido calculando el factor "C" en forma bpti—
ma. El método de segundo orden se usa cuando algun
componente del gradiente ha cambiado de signo (de una
iteracidn (h-1) a otra (h)) | '
3 b1
Hyi = (V. 5) - gzif)

-1
U, -

4

(36)



siempre y cuando esta “segunda derivada” sea positiva.

5. Programacidn cuadritica

M,’g, 4f = Vaf + gda*/% du - (37)

.S.'Q.' min m
M sAus su™"

AX"E Ax (du) < AX ™

el problema aqui es determinar Hu
o -1
sea S T = gy 8y

luego Hy = Lyy # S¥ Ly S + 2 8% Ly,

aunque esta expresidn se puede evaluar, fequiere de mucho
trabajo) por lo tanto es mejor evaluar Hy a traves de despla-

zamiento alrededor de un punto de operacidn.
Sea f(x,u) una funcidn cuadrética

€
£(x,u)=f(x%,u0)+ ath('gogﬂh(xeu)ﬁs h(x,u)
un cambio AW produce AA(?C,u)k

por lo tanto

4f= (at+ 2K (zu) A)M(;;g) ¢ ahtqu) A ahlze)

el camb’io Ah(x,u) producido por el z’lll._ se puede obtener como

~ o~



Aé(fci) - S,4u

donde la matrisz *Eih es una matriz de sensitividad

af= (af ¢ 2 Wixa) A) Sy AU # "Aa*(jfxl S ) au

(38)

' ¢
el primer término (aff 2‘4 (xu) A )5*!L

es el gradlente reducido GZ;F,

el segundo término S&_/4~JA. es la matriz Hessiana
Hy | | |

La matriz :SZ se obtiene mediante desplazamientos
AU y viendo su efecto en Z h, cada elemento. requiere de
una substitucidn hacia adelante y hacla atrds con un Jaco-

‘ biano codstante.

Restricciones Funcionales

En este tipo de restricciones se involucran variables

dependientes ' _ v .
P (x,u) < 0 i (39)

Como no se tiene ningin control sobre las vériables
dependientes, una forma de incluir estas restricciones. es

a través de penalizaciones cuando la restriccidén se viola

, 500 o
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£ = £(x,u) + ij‘

donde las penalizaciones son del tipo
2

w; = 53.((}53 - ¢a’.”“")2 Wy = S; (- ¢ ) "(uo)

donde Sy es una constante que modifica la penalizacidn de

- acuerdo al proceso

E ¢mm . (_})ma,( ¢

generalmente se empieza en una Sj.calculada de manera que’

. i .
la funcidn objetivo y las penalizaciones sean del mismo
orden,después los valores de Sj se van modificando en forma

arbitraria de acuerdo al problema, -Ejemplo,si un término de

penalizacidn ho disminuye en un factor de 4 la constante se

_muitiplica por 5.

Este es uno de los aspectos débiles del método ya que

requiere ajustes empéricos.

Otra forma méds efectiva de inecluir restricciones fun-




- 520 .

cionales es expresarlos en funcidn de las variables de con-

trol a través de relacidn de sensitividad

Plrs) = {:S“"“j ——Aa )

esto se puede hacer mediante calcular analfticoso o bien

mediante desplazamientos (estudios de flujos).

Al incluir las restricciones funcionales de esta ma-
nera se calculan los A4« las variables de control ni las

regstricciones funcionales.



Iv, Progiamacién lineal

En esta formulécién se requieren curvas de costo 1i-
neales o en segmentos.linéales y restricciones lineales.
El atractivo equue la solucidn se obtiene en un nimero fi-
nito de pasos, y no se t}enen problemas de convergencia de

las formulaciones no-lineales.

La funcidén objetivo a minimizar serd el costo. de ge-

neracidn total

F:zci :llzai-i' E ~bi PGi
. "L ‘ A L '

En forma alternativa se puede'minimizar el cambio de costo

s

AF =2 by AFg, | (42)

i

a partir de un punto dé operacidén especificado (PGi)

' Las restricciones que se deben satisfacer en la mi-

nimizacidn son:s

i. la demanda en todos los nodos de la red

ii, .la generacidn de las unidades,generadoras debe estar
entre un madximo y un mfinimo.

111, el flujo de pofencia activa en lineas de transmisidn
debe ser menor que un mdximo especificado én cual-

quier direccidn.

Las restricciones (i) son las ecuaciones de flujos

de, 1a red. .




las restricciones (ii) pueden expresarse matematica-

mente como / |

in | '
Py, =Py S AP € P = Py

Gy TG4 6~ (h3)‘

Las restriccioneé (111) se pueden expresar como

max _ '
APijé Pij - ?ij (44) para lineas que han

violado el 1limite
De -1a ecuacidn (23) se tiene que el cambio de potencia en
el nodo compensador se expresa como
' R ' ,
APy = E = A4rp (45)
G
o — 9k, 71 | .
#S | '

¢
{

Esta es una restriccidn adicional al probiema‘la cual pue=-
de ser manejada como restricclén. o bien se substituye en
la funcidén objetivo. Siguiendo la segunda opcidén la funcidén

objetivo se transforma a

AF =Z g+ 2R vy AR, e
: Y 8%‘ B i ’

C#+S
la cual solo es funcidén de las variables independientes.

Los términos dentro del paréntesis son componentes del gra-

diehte reducido de la funcidn (ver ecuacion (25))

Los cambios en los flujos de potencia ac%iva/también '
pueden expresarse en funcién de las generaciones independien-

tes



APijy = ap";} AP. ‘ | ()
| Z; SR, o |
(#S

ﬁellas ecuaciones (46) y (47) se observa que 8se requie-~

re 1 evaluacidn de a‘Pg N Qpifgv 1a oual se puede afactuar

b =ET
Q Gy oFay

mediante un cdleulo analftico o bien por des=

plazamientos a partir de un punto de operacidn.

Para elicélculo por desplazamientos se usa el Jaco-

biano del problema de flujos

-~ ~

" Higx=4 | - (48)
dondé ‘ _ |
H es el Jacobiano de la potencia activa con respec-
to a los dngulos de fase. |
Ax es el vector dé cambios en los dngulos de fase.
AU es el vector de cambios en las variables indepen-

dienteé.

4y es un vector de ceros éxcepto el elgmento con réspecm
to al cual se calcula la sehsitividado Con el Z{Jx produ=- .
cido por el {E}_se calculan los cambios en la generacidn
del nodo compensador ( 4 Pg) y el cémbiq-en la potencia ac-
tiva de las l{neas sobre cargadas ( ZSPij)Q Los coeficien-

tes de sensitividad se obtienen como

3% . A% hy . ARy
DPGi APGi aPGi,. APGi



Ve

El tiempo de cdlculo es minimo ya que solo involucra una
substitucién hacia adelante y hacia atrds en el Jacobiano
triangularizado. Este procedimiento se repite pafa cada

variable independiente.

~ Ei cédlculo analitico hace uso de las condiciones
‘necesarias paré el 6ptimo (ecuaciones (18)<(20) )
I = g, +2f =0
X oX

ML = - 2F

X

(49)

Como la Unica potencia de generaciéh depehdiente es'la}del
nodo compensador se tiene

WA - . 2fs (50)

cm———

o X

De 1la solucidn de este sistema de ecuaciones se obtiene f(

que se puede expresar como

_
i £ 3 .
o bien _ »
(51)
'-ca b
A = op °

que corresponde al segundo término dehtro del paréntesis

de la ecuacidn (46)

Para el cdlculo de coeficientes de sehsitividad de



i1ineas se utiliza la regla de la cadena

t. .. : - .
(@f)zsﬂ  (52)
38 26 o
donde |
7 = 25?%5

QP

La ecuacidn (52) se resuelve pars ca£a 1in@a que
viole su 1fmite de operacidn. Es importante notar que en
las ecuaciones (50)y(52) se utiliza eI_Jacdbiano transg-
puesto, el cual para mejorar la eficiencia se aproxima por
términos constantes (ecuacioni (16) ), . . La matriz
resultante es simétrica y solo se requiere'una triangula-

rizacidn,

| Al tener una funcidn objetivo lineal en 1asvvarian'
bles independientes, se requieren 1fmites para efectuar el
despacho econémico. El método de programacidn lineal per-
mite mane jar en forma eficiente todos los limites y res-

tricciones del problema.

De acuerdo a las condiciones es necesarics para el

Sptimo.

i. Las ecuaciones de flujos se resuelven en forma indepen-

diente (2L = o).
oK

N



2.

La parcial (é%%~° 0) se -utiliza para calcular coefiCién»

tes de sensitividad.j

La parcial (%%% = O)A(gradiente reducido) se resuelve me-

diante la programacién lineal.



V.

9.

Método de la Matriz Hessiana

En este enfoque 1la minimizacidn se efectda en fun- .

cién de las variables dependientes y se usa la técnica de

‘penalizaciéne ‘La funeidn objetivo del prbblema se pepaliw'

za con términos cuadriticos de las violaciones de restrie
cciones. En el problema de flujos no existe funeidn obje=
tivo pero las restricciones de igualdad del problema siem-

pre Se encuentran violadas,excepﬁ@ en la solucién; por lo

Z (gﬁm))z (53)

El mfnimo de este problema se conoce que es cero al tener

tanto

satisfechas simultaneamente todas 1as restricciones.

Linealizando F con respecto a x se tiene

L

| .
Fe ) (eGO) + ) 3¢ A7)
- 4 9%y .

en forma matricial

F = (g3(x%y)+d 4%) (g(x%,y)+J 4x) | (5)
Minimizando con resPectova '

VF=0=23%4x4+2 Jté(:5°ay)

J* 7 ax = - Jb g(g?,g? | (55)

Es interesante notar que al ser J una ﬁatriz cuadra-



.60,

da no-singular la ecuacién (55) se reduce a
JAx = - g(x°y) . (56)
que es el resultado que se obtiene con el método de Newton.

En el problema de flujos Sptimos existe una funcién

objetivo sujeta a restricciones de igualdad y desigualdad

F=£(x)
sujeto a 4
| grxy) =0 41, ceon  (57)
gj(gg,gn“‘) 20 J51, voo m |

.

Las restricciones de igualdad siempre estaran viola-
das por lo tanto se incluirdn en la funcidn penaliiaddg en
cambio las restricciones de desigualdad solo se incluirdn
euando estén violadas
P T (x) 4 Z (g1 (x,y))3- Z (g (x,y1im))2  (58)

L : Reet
& conjunto de restricciones de desigualdad violadas.

Si se expande la funcidn objetivo'hasta el segundo

término de la serie de Taylor

f ‘ + 2
P = of . f ax
£(x,) ¢ L Ax+ g AXFL,

= (&(x°y)46 a0 W (e(20y) + G 4x) (59



61.

- donde

W es una matriz diagonal de ponderacién

G es el Jacobiano de restricciones violadas

Minimizando con respecto a x se tiene

;2 ¢ " o € ° ni{ °
%{, +zGWG) 4x = =2 GW-g(I"&‘) ax/ (60)

la correccidn en cada iteracién es
xb = i1 4 BAxd | (61)

La caracteristica importante del método es que consi-
dera la matriz de segundas derivadas de la funcién.de costo

y maneja en forma sencilla cualquier restriccidn.

Es importante notar que la técnica de penalizacidn
se puede utilizar en el método de gradiente para controlar
las variables dependientes o funciones de variables dependien-

tes.
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RESUMEN: ~ Se enfoca’ como una aplicacién del méximo-

de PONTRYAGIN a la seleccién de equipo -

para el desarrollo de un sistema de poten--
cia. El problema se visualiza como un pro-
blema de control éptimo con el fin de obte--
ner una descomposicion en el tiempo. El ~-
proceso de solucién se basa en la aplicacién
del método del gradiente a cada uno de los-

‘subproblemas en forma iterativa, los que -

se coordinan a través de las ecuaciones ad

juntas, hasta la obtencidén de la convergen-—

cia.
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APLICACION DIL PRINCIPIO DEL MAXIMO DE PONTRYAGIN A LA SELECCION DE
EQUIPO PARA EL DESARROLLO D UN SISTEMA DE POTENCIA.

(FORMULACION SIBH’LIFICAISA PARA DESCRIBIR EL PROCESO DE CALCULO).

R. CRISTERNA.

Enero 1974,

SISTEMAS CON ETAPAS MULTIPLES.

Un sistema de esta clase puede esquematizarse segin

Lu(o) o luﬂ) B | o l u(T-1)

x@ | o x() ] ¢ x@p ol L xm

la figura 1.

N

>

Fig. 1 Sistema con ctapas miiltiples.

La obtencién de los controles u(o), u(1),74;ﬁ(T~1}
para llevar el éistema dégde el éstado x(0o) al x(T), de tal forma -- ‘\
que se minimice un cierto indice de comportamiento J = J f%(t),u(tz], _
consiste en la solucign de;ni ﬁfoblema de control 6ptimo discreto en
el tiempo, el cual se enuncia como sigue: |

"Para uﬁ sistema con etapas mﬁtipléS'desCrito por --
las ecuaciones del comportamiento (ecuaéiones de diferencias no 1i -

necales) secuencial o ecuaciones de estado de evolucién de sistema:

kg

x(t+1) = ‘ft l-x(t), u(ti] | , t=0,14---T-1 (1)

ult) s u®si)



Con x(0) dado, x(t) una secucncia de. n vectores de-
estado, quc son def1n1dos por u(t), una secuencia de m vectores de-
control. Si existe un indice de comportam1ento global del sistema --

que sea de la s1gu1ente forma (separable).

r ST - |
J= 0 [?(Tﬂ + r L [%(t),u(%ﬂ R ‘ (2)
' t=0 - '
el problema consiste en obtener la secuencia u(t) que maximiza (o mi-

nimiza) J".

FORMULACION PARA LA SOLUCION.

Las ecuaciones (1) pueden verse como un conjunto se -
cuencial de restricciones de igualdad, las. cuales se pueden adjuntar -
al indicemlla través de una secuencia de multiplicadores V¥(i) para -

obtener una nuecva func1on J: ' - ‘
. -t
T = [_'x('r] Lt u(t] " (e if [x@,u] -
x(t+1)§} - | ®
Se définiré una secuencia escélar it (Hamiltoniano):
- | . . A , ) .
H" =L [%(t);u(tj} + ¥ (t+1) f [%(t),u(ti] y  t=0,1,.,..T-1 (4)

Entonces, se puede escribir:

| iy | | |
T - 4»\}(1‘] Y(T)x(T) + & Ext - ‘Y*(t)x(t)] s 10 (5)
. t=1 L o =



Si se considera un cambio diferencial en J, debido a cambios difereg:
ciales u(t):

. T-1 t
. Ht aH
a = " STy v (1) ORI -gﬂﬁ v (1) dx(t) + ——B—m»,du(t)

B

A ' - .' : .
T "%g%BT dx(o) + '%g%BT' du(o) | . - (6)
Enfonces; las condiciones para obtener un puntd:extgp '
mo quedan: -
t . 1oy t . t t
. al{ - . % (4 Y=z i ms * e : aH = .‘AaL‘ . CRTT ) . af
F0] ¥*(t)== ol==pry (tz;} MOS0 Y (t”)“"”T'ax_t)
St =0,1,....,T-1 ‘ (7
S ) R Y | e
1W'CT) -axiTi (8)
SRR
ali _ t=0,1,...,T-1 - (9)
u(t) o -7

como x (o) éé-dado;'dx(o) = .
Es decir, para maximizar el indice de comportamiento

global e¢s necesario maximizar el ﬁamiltoniano H en cada etapa, Ec.
(9 resolviendo simultaneamente a las ecuaciones adJuntas (7) toman

do en cuenta las condiciones flnqles (8) .y 1as ecuac1ones del compor-
tamiento dindmico del sistema (1.

EXPANSTON ORTIMA GLOBAL DE UN SISTTWA DE POTFNCIA

El problema consiste en construir un modelo que per-
mlta determinar las politicas de seleccién de equipo a lo largo de un
cierto periodo de tlempo tratando de minimizar el costo total actuali

zado: N

Costo de la expansién = Inversiéﬁ + Operacibén + Falla. (10)



i

‘FORMJL/\CI'O‘N DEL PRdﬁLB\{A.
| El sistema se caracteriia por un cierto conjunto de
. medio§ de produccién (generacidn) ;
: Nuclear '
Térmica convencional
Térmica de pico
Hidréuiica
en el que para cada hediq de ipé anteriorcs, pueden existir varios ti
pos. . | |
Los costos'de operacién en un afio dédo,pgra las plantas
de uﬁ cierto tipo, son funcién de los conjuntos de las plantas de otros
tipos.disponibles en ese ajio. A |
N El'periodq de vida elevado de las plantas (30 o mas -
aﬁoS)'define que los estudios se hagan a largo'plazo.
| La formulacién de este problema se hard en base al --
_‘problema de control ébtimo establecido en las ecuacionés (1) a (9).
El sistema se caracteriza por las vériables ae esta--
dd xz que representan la caﬁtidad de poteﬁcia instalada hasta antes -
> ]
del afio t del medio de generacién del tipo_i,v(i=1,2,...,n)
E1 fiujo de inversién queda.direcfamente definido por -

la cantidad de potencia puesta en serjicio-el ano t del tipo 1 ,-

t

representada por el vector:de control 'ui,

(i"’],z,--...n).
' [ntonces, las ecuaciones de estado, que caracterizan
la evolucién dcl sistema de generacién se escriben a partir de la Fc,

(1, |



i X, = X, +u, , (i=1,2,...,0) (i
. o t 1 t =t ‘
- con las restricciones wu; o0 U s Vo g us (12)

-

FUNCION ORJETIVO.

Se debe escribir una expresién que defina el costo -

globallactualizado, de acuerdo con la Ec. (10).

El costo actualizado de inversién en el afio t, es:
‘ n
1= & 1fu S (3)
i=1
en donde I es el costo unitario actualizado de inversidn del equipo

“de tipo i en el afio t, (costo/My)
Gt\:_;t ,uq
b E(t ’ UE]

Se definirsn:

Costo actualizado de operacién en el afio t,

Costo actualizado de falla (o de la energla no sumi-
nlstrada) en el afo t.

L}

Los dos conceptos anteriores son completamente proba
bilisticos, por lo tanto deben considérarse como esperaﬁzas matemiti .

. cas de los costos.

K

-IEntonces, el problema de seleccidén Sptima de equipos

de generacién puede escribirse como sigue:

“Incontrar las capacidades instaladas ug (y los flu-

jos de inversién I; u?) optimos, de manera que el costo global actua

lizado

CCA= -
t=1 /i

I u + Gt(xt

-
"ot s

,u ) + Ft (x ,ut)‘_‘ (14)



sea minimo para el sistema que evoluciona de acuerdo con las ecuacio

" nes de estado

x§+1 = xg + u? : '(i=1,2,°.,,n) . QAD]

. e e e .0
con las condiciones iniciales dadas X5

2

CONDICIONES DEL OPTIMO.
El Hamiltoniano de la éc, (3) queda, para el caso de-

minimizacién:

”t = "{ X I; uE + GtE(t,uj + Ft _E(t,uﬂ }4- \l't+1 E(t;+ut (15)
. Cli=1 ,

Aplicando las Ecs. (7), (8) y (9), ée obtiene:

t t t

?.Ht = “’ﬁ S aGt e -aFt * ‘PEH === (16)
.- ax‘i A axi ‘ axi

- t t |

ey e B 2 e, m (6]

1 i ax. '
1

.t N : '_ t .

‘antl : I'ic _ ath _ aFt . w§+1 a7

aui > ' ou aui .

Sustituyendo (161)ven (17)3

ant t ek aFt t Gt sEt '
s T S T S - (18)

1 : 1 1

puesto que:



L]

ct (xt+ut) :
3Gt 3F oF*
t— Y t
aui 9X . u.

t .

aHt = - IE * WE

aui

aHE t -t
T~ Y Ii

au; 1

a9

(20)

(21)

(22)



. ALGORITM) DG SOLUCION.

Se utiliza el método del gradiente de ler &6rden (méxi

mo descenso).

»

Paso 0 ~ Se asigna una evolucién inicial u§ para toda i y t.

Paso- 1 ~ Se calculan las potencias instaladas x? con la Ec.-

(11) a partir de t=1

AL
i i i
Paso 2 Se calcula desde la frontera T, los valores WE con la
" Ec. (16).-
' LBt 3Gt sFt
e LT t Tt
L ) N 3Xi axi
Paso 3 Se mejora el control uE, corrigiendo en la direccién

del gradiente de Nt.

B P t _ .t
u; (9): 0 si u =06y ?i Ii <0
t oo ot sttt cte bt st
uy (Q) uid+ 8 K (Wi. Ii) Uy guy sy
Paso 4 s ot .t
Si i i " ot
< e, ¥i,t con u; > o
1t L a 1
l .

el proceso termina, en caso contrario se regresa al pa

SO 1"



CURVA DE DEMANDA.

La demanda se puede introducir al modelo, utilizando-
la curva de duracion de carga del sistema, la cual puede representar-

se con un polinomio de séptimo grado,

7 i
s(h) = I oay h
: i=o
en donde: - , o
- 8(h) = Demanda dé potencia
h = ~ Tiempo
. Lla curva de duraci6n de carga tiene la forma de la fi
gura siguiente. s
dmax-
ds

smin {_ :

dmax, = Demanda mixima del sistema.

l=n

i

Sdmin Demanda minima del sistema.

h
a

n

Tiempo total del periodo considerado,

El 4rea bajo la curva representa la energia E reque-

.'fida por el sistema, 5
: max

E = émin ha + hdés(h)

éfmin

10



8= 85+ O£, £ %

| gi(xi) = “hdé(h) + fbi fmi X5 ha
83-1

5.~ El costo de la generacién suministrada por cada grupo es:

- 6,
1

Gi(xi)= %i‘g‘h(s)da +ABi fbi fﬁi X5 ha
- 8. : ’ ' e
i-1

En donde:

o
]

Costo de'la generacion complementaria del grupo i.

Costo de la generacién del grupo i, cuando trabaja -

o
L)

~en el 1imite inferior de capacidad.

'CALCULO DEL COSTO DE FALLA.

Se supone que la generacién no suministrada por falla

en el sistema es

G = A€ ¢ ' M
D = Demanda mixima anual
X = Capacidad instalada

Gf = Generacién no suministrada por falla
XsD

11



*CALCULO DEL COSTO DI OPERACION.

- E1 costo de'operacién dependerd del reparto de genera
cién entre los distihtos»grupos de producci6n para satisfacer la de--
manda, .’ |

El reparto se hard en la'fbrma cldsica de asignacién
por orden de eficiencia bajo la curva.de duracién de carga. Si se tie

nen 5 grupos de produccién, su operacién queda asignada bajo la curva

de duraci6n de carga segln la figura,

- e —— —t— ——

(1-f .)x! Capacidad en operacidn complg
mentaria del grupo i.

}x!,= Capacidad en operacién comple-
mentaria, del grupo 1

\'Capacidad minima de operacién del -
[y! sistema, ' :

Tiempo.:

Sea X; = Capacidad instalada del tiempo i,

fﬁi = Factor de disponibilidad por mantenimiento del grupo i,

fﬁi_s 1.0

fﬁi = Factor de operacidn'de potencia minima para plantas de -

tipo 1.

12



p; = Probabilidad de servicio para plantas de tipo i.
§(h) = Ordenada de la curva de duracién de carga (potencia)
en funcién de la abscisa h que representa el tiempo.

’,
»

Debido al mantenimiento, la capacidad en operacién -

de cada grupo es

te:

El proceso de asignacién de generacién es el siguien-

A‘partir‘de la base § ‘0, se asigna la capaCidad minima de ope-

nacién del sistema.
1 - * 1

Xmin =.Zfbi X %L fﬁi Fni %3

A partir de la ordenada. § = x1min, se asignan las capacidades de
, : ;

' 6perac16n complementarios de cada grupo (1--fpi) X;, en 6rden de-

mayor a menor eficiencia. . s

Se obtienen asi, los niveles superiores de operacién para cada gru
po, que son \

| | B
i i-1 * a- fﬁi) X

i
= Siq ¢ (1'fbi) fni X

La generacién que suministra cada grupo es entonces:

13



Obtencién de los parametros A y o
a) Si x=o, la energia no suministrada es igual a la Energia requeri

da por el sistema.

E = ASD B (2)

b) Si la capacidad en operacién esta constituida por n grupos:

X = Exi : . | (3)

"y cada grupo tiene una probabilidad de servicio asociada P;» la capa-

-cidad esperada en servicio es:

T X ETEpX, : “4)
Tomando como punto particular de operacidén el cual --

x = D, se puede calcular la generacidén no suministrada cuando se tie-

‘ne la capacidad en servicio correspondiente x, o sea:

G = ae (0
f(x=D)‘
A=Gg(x=D), para X < x ' (5)
De (2) [ o = -}T—"m = | T (6)

Es decir, para cada intervalo.de tiempo,.los parémc-‘

"tros Ay a dependoldeilé\dcmanda mixima D, la energia requerida total

Ey la energia no suministrada en un punto particular de operacién .
Si w &s et costo del GWH no suministrado, el costo de-

G

la_falla es:

PO = @00



DIAGRAMA DE BLOQUES - ADICION OPTIMA DL CAPACIDAD

Lecfufa
de datos.

Asignacion de -

valores 8 y Kkt

CZIculo de 1os parame
tros de la Ec. de fa-
lla, A(t) y a(t)

Asignacion de Valores
de arranque del control
t

‘us.
i

>,

Calculo del estado del—
- sistema -
x?+1 = xF + u?
1 -1 1

Calculo de las derivadas
del costo de operac1on y
falla

_ 3Gt /axi,_aF /3"1

tr

Calculo de los valores de
uso.

t_ b i t
Wi Yi, BG/BXi oF /Bxi

Correccion, de los controles

X

Resultados
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LOCALIZACION DE LINEAS DE TRANSMISION
Y PLANTAS GENERADORAS

INTRODUCCION

La expansién del sistema eléctrico de potencia requie-
re de la localizacién de plahfas generadoras y lineas de tfansw
misidn para satisfacer la demanda de energia eléctrica° El
problema requiere para su solucidn dél uso de técnicas de op-
timizacidn para'obteher la alternativa éptima. La formulacién
1nvo;ucra un nmero de variables y restricciones muy conside-

rable , esto se debe a la caracteristica dindmica del proble-

)
ma que abarca varios periodos de tiémpo. Por otro lado se

. requiere manejér tamafios estandar de lineas'y plantasfgener&-'
doras para obtener una solucidn realista y poder aprovechar -

la economfa de escala.

" La solucién éptima . requiere: de una complejidad
matemdtica formidable por lo que se opta por hacer algunas
consideraciones que simplifiquen el problbma'y se obtengan

soluciones subdptimas.

FORMULACION

OBJETIVO

Localizar dindmicamente, en varios perfodos de tiem-



o, dentro de un horizonte especificado.

i) medios de generacidén en tamafio estdndar
i1) 1fneas de transmisidén de capacidad estédndar

jii) demanda industrial reﬁbicable.

de manera que

-

i) gse minimize una funcidn objetivo

i) se satisfagan restricciones impuestas

MODELO CURVA DURACION DE CARGA

El balance de potencia que se debe cumplir en cada
nodo fequiere de simplificar el modelo de la curva de du-

racién de carga.

La curva de duracidn de carga del sistema determina
la duracion de los modos de operacién del szstemag asi pa-
- ra dos escalones del sistema se tienen los modos de operao
cion.

1) en el plco
i1) en la base

La forma de la curva de duracién de carga eh cada

nodo puede ser diferente, solo se respeté la duracidn de en



cada modo deloperacién. Las figuras 1-3 muestran las cur-
vas de duracidén de carga de sistema y de dos nodos para las

mismas duraciones de los modos de operacion

A
cobe SISTEMA
PICO BASE
. 1 e
e b dp ! 145 G

5194 cDC ! NODO B
NODO A

dp i de de i db

MODELO DE PLANTAS GENERADORAS

Se deben considerar distintos tipos de plantas

:1. nuclear

2. carbdn

3. térmicas convencionéles
L, turbina de gas |
5. geotérmicas

6. hidraulicas



Y adn dentro de cada categorfa se pueden considerar varios
tamafos estdndar para aprovechar la economia de escala. Por

ejemplb térmica de~150MW y 360MW. ﬂ

La utilizacién de la planta se controla mediante el
uso de. factores de carga superiores e Inferiores, de manera

de que las inversiones en generacidén sean efectivas,

Se debe tener la flexibilidad de manejar varias uni-
dades del mismo tipo, esto resulta critico cuando se nane jan

tamafios estandar.

Se utiliza él'costo de inversidén por nodo y tipo de

generacién,_ademés el costo de operacién se utiliza por no-

R

do, tipo y modo de operacidn.

MODELO DE ENLACES DE TRANSMISION

En cada enlace de transmisién se requiere determinar
el nivel de voltaje a usarJV'Enfgéherél sé deben tener al-
ternativas en el voltaje de transmisidén. Se recomienda te-

. her dos alternativas de voltajes de transmisién por enlace,

La representacion de las pérdidas se efectia en for-
ma aproximada, esta se obtiene mediante el'productqldel flu-
jo eh las lfneas por la 1ongitud)todo afectado por un fac-

tor de pérdidas.
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Se utiliza el costo de inversién y costo de pérdidas

por enlace de transmisién.

RESTRICCIONES

Las'restricciones a considerar son las siguientes}.

1. balance nodal de potencia

2, demanda industrial reubicable

3. ufilizacién efectiva de generadores
4, limite de localizacién de generacién

5. capacidad enlaces de transmisidn

6. resefva de generacidn de demanda mdxima

7. energfa hidriulica disponible

8. A potencia'hidréulica médxima

FUNCION OBJETIVO

Se forma con el valor presente de

1. costo de operacidn de generacién
2. - costo de pérdidas de transmisidn
3. costo de inversidn en generacidn

L, costo de inversidn envsistema de transmisidn



DESCRIPCION DE RESTRICCIONES

BALANCE NODAL DE POTENCIA

Se fequiere que para todos los nodos de la red en ca-

da modo de operacidn y cada perfodo se logre un equilidbrio

de potencia.

potencia entraaa = potencia salida
nodo/modo/perfodo
E GR n,t,m,p + E FL n,n,m,p = DF(n,m,p)+DI n,m,p

'Tibo

DEMANDA INDUSTRIAL REUBICABLE

En cada modo de operacidn y para cada perfodo se de-

sea localizar en el sistema una demanda reubicada especifi-

cada.,
suma demanda = demanda reubicable
" reubicable en nodos = por sistema

‘modo/perfodo

E DI n,m,p = DTR m,p

Nodos



UTILIZACION EFECTIVA DE PLANTAS GENERADORAS

Se requiere que cada generador existente o que el
modelo 1ocalize. sea utilizado en cada modo y cada perio-’
do entre los 1imites impuestos por el factor de carga su-

perior e inferlor correspondiente.

(fci)(capacidad) < generacidén :_25 (fcs)(capacidad)
nddo/fipo/hodo/periodo '
fes factor de carga superior

fci factor de carga inferlor

GR n,t,m,

> FACI(n,t,m,p) {'GN n,t,p * AB+CAGI(n.t)}
< FACS(n,t,m,p)  {GN n,t,p * ABACAGI(n,t)}

p
GR n,t,m,p

.LIMITE DE LCCALIZACION DE_GENERACION

En cada nodo del siétema y para cada periodo se de-

sea tener un limite de capaéidad de generacidn a instalar.

total de capacidad a .-~ < = 1fmite especificado
instalar en un nodo ‘ .

Vnodo/%eribdo'

E GN n,t,p #* AB < GLIM(n,p)
Tipo



CAPACIDAD DE ENLACES DE TRANSMISION

Se requiere exista capacidad de enlace para transmi-
tir el flujo de potencia en lineas en cada modo de operacidn

y para cada perfodo.

capacidad de transmisidn

flujo de potencia <:'

por enlace , o del enlace

enlace/modo/perfodo

FL n,n,m,p E E Ln,n,v,p. * BA+CAPEL(n, n)
v Voltaje

RESERVA GENERACION EN DEMANDA MAXIMA

En cada perfodo se desea tener una reserva de genera-

cién de sistema para la demanda mdxima del sistema.

geéneracién total del < (factor'de (capacidad de genera-

s%stema en demanda reserva) cidén instalada en el
maxima., . ‘ gistema)
periodo

} > GR n,t,m,p <

Nodos Tipos

FACRE :> :> :> GN n,t,p # AB~ CAGI(n t)
Nodos tipos’ '



ENERGIA HIDRAULICA DISPONIBLE

9.

De acuerdo con los recursos hidroeléctricos disponi- -

bles.'se tiene un 1£mite para efectuar inversiones en plan-

tas hidroeléctricas,

energfa hidrdulica utilizada < limite especifiéado’

nodo/perfodo

POTENCTA HIDRAULICA MAXIMA

La potencia hidrdulica utilizada debe ser menor que

1

‘la instalada.

potencia hidrdulica en <  potencia hidrdulica méxima
demanda maxlima ’

s

DESCRIPCION FUNCION OBJETIVO

!

COSTO OPERACION

(:; = (potencia generada)(duracién)(costo ener-
' gia generada)

nodo/tipo/modo/transmisidn

Co

COOP(n,t,m)*DURA(m) #* GRn,t,m,p/DE



COSTO PERDIDAS TRANSMISION

C:F=ﬂ(costo energia)(duracidn)(fiujo de potencia)(factor de
| pérdidas)(distancia)

~ enlace/modo/perfodo |
C;;= COPE(m)* DLON(k) * DURA(m) * FL n,n,m,p/ DE

COSTO INVERSION EN GENERACION

8 " {de potencia ins- unidades a instalar

C. = [costo por unidad <nﬁmero de) (capacidad esténdar)
talada.

nodo/tipo/perfodo

Cfg:: CAPCO(n,t) * AB * GN n,t,p / DE
COSTO INVERSION EN LINEAS

C: = [costo por unidad longitud nimero de lineas
~q de longitud del enla-| { a instalar
: ce

enlace/voltaje/periodo
(C¢ = COSTOL(k,v) * DLON(k) * L n,n,v,p/ DE

10.



METODO__DE SOLUCION

E1 problema se formula con;

i) la funcidén objetivo y restricciones lineales

1i) La localizacidn de generadores y lf{neas con-
variables enteras 1/0

1i11) Lla generacidn y el'flujO'de potencia en 1i-

neas con variables continuas.

En la solucidn se utiliza un método de;

Programacidon Lineal Mixta

CARACTERISTICAS DEL MODELO

Se ha disefiado péra tener flexibilidad en la formu-

lacidén de diferentes condiciones del problema.

Las variables de decisidn para inversiones en gene-
racién y/o sistema de transmisidn se'pueden designar ente-

rag o continuas a eleccidén del usuario. -

La especificacién de planes de desarrollo en cons-

trupcién o préximos a realizarse se logra fijando varia-

bles en el valor decidido.

Se designa por excepcidn en que nodos puede existir

generacidn y de que tipos.

1.
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Se especifican los enlaces de transmisidn factibles

Y los voltajes adecuados por enlace.
13,
CALCULQO DI 1LOS COSTOS REGIONALES

, Para simplificar la exposicién del cdlculo de los costos re-
gionales, supongamos que el modelo de programacion lineal mixta
descrito anteriormente tiene la siguiente estructura

t t

Min ‘cpx . T CoXe (1)

Sujeto a .
Ax + Ax =D (2)

PD e ;
x_x_ 20 : ' 3
b Xe (3)
donde:

Xy es el vector de variables asociadas al costo por po-
tencia ( Inversién en generacidn e inversion en 1i-
neas)

Xe es el vector de incbgnitas asociadas al costo por -
energia (Costo de operacién y costo de pérdidas)
p es el vecltor de costos asociado a Xp
' Ce es el vector de costos asociado a X
A= [Ap AeJ es la matriz de restricciones, donde la
2 . . .

submatriz A_ toma en cuenta los coeficientes asocia
~dos al vectopxp y la submatriz A, los asociados a

Xe i

Notese que en Ja formulacién anterior se omiten las restric

ciones de integralidad de algunas variables, ello se hace -~

solo para simplificar la exposicién y no implica ninguna -
~ pérdida de generalidad.

En funcién de la formulacién anterior es posible es
cribir la i-ésima restriccién del problema como :

C@p) Xy F (g X, =Dy
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donde (ap)i y <ae)i' son respectivamente el i-ésimo renglon de  la

subm(jtrlz Ap y Ae .

En programacién lineal se cumple que la variable dual -y
. 1

asociada a'la i-ésima restriccion mide margim lmente el incremen-
to sufre el valor 6ptimo de la funcidn objetivo por el aumento de una
unidad en bi’ ¢s decir, indica el valor que la funcién objetivo toma-
ria ¢h un problema que fuera exactamente igual al definido en  las
ecuaciones (1), (2) y (3), excepto que el i-ésimo elemento del vector
b tuvicra una unidad mas:
\
p)i %, + (@) ¥, =by + 1

Aprovechando esta propiedad de las variables duales es po
sible cuantificar el costo que para el sector eléctrico tiene el sumi-
nistrar un KWh adicional en un nodo n, en un modo de operacion -
( pico y fuera de pico ) m y un periodo p, pues si la i-ésima restric
cidn representa Ja satisfaccion de la demanda del nodo n en el modo
de opcracion m,y el periodo de p, entonces la variable dual b que
podemos denotar mas claramente como pnmp cuantifica el  costo

b
de la satisfaccion de esta unidad adicional.

IZ1 valor M npm cuantifica el costo de la satisfaccion de un

KWh adicional en el nodo n, modo m y periodo p, sin embargo, el
satisfacer en KWh adicional implica erogaciones en dos conceptos
difcrentes que definen la estructura tarifaria actual: es  necesario
hacer erogaciones por inversion en generacién y en lineas, estas '
erogaciones se consideran imputables al costo por potencia de  esc
KWh adicional a satisfacer; y ademis es necesario hacer erogacio-
nes adicionales motivadas por el costo de operacién y las pérdidas

en transmisién, estos Ultimos gastos sé¢ consideran asociados al cos

to por cnergia del KWh adicional, es decir es necesario dividir  la
variable y en dos partes que cuantifiquen en forma separada el

nmp
costo jimputable a la potencia y el costo imputable a la energia mo--
tivados por la satisfaccion de un KWh adicional, y que cstas dos

componentes adicionadas den como resultado el valor de la variable

Homp.

- En el siguiente pirrafo se menciona la mancra de hacer es-
ta division. :
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Las variables duales se calculan con la f6rmula matllcml
‘siguiente:

= CBB

donde B-1 es la inversa dé la base del método simplex'y c el costo

en la funcién objetivo de los vectores basicos.

Como ya se menciond anteriormente el vector de costos de
la funcién objetivo (1) estd compuesto de dos partes, el costo impu-
table a la potencia y el costo imputable a la energia, de mnodo que si

la i-ésima variable dual ; estd dada por

= 2 -
Hi iCB.B

B .
donde g cslai-ésima columnade B ~ este valor se pucde descom

poner en dos partes, en la primera acumular todos los productos -

Cn. B . enlos que cp esunelemento del vector ¢, lamemos a
Bi P.i By , P

esta sumamj; en la segunda parte que llamaremos »; se acumulan -

todos.los productos Cg; -p; ©n los que Cp. €S elemento del vec-
. - B

tor ¢, Es obvio que

Usando la misma notacién anterior, anp mide el costc -
imputable de la potencia y nnmp mide el costo imputable. a la ener-

gia que para el sector tiene una demanda de un KWh adicional en ¢l
nodo n, nodo m y periodo p.
o)

Una vez que se han calculado los valores ¥
' "nmp " "himp,

: necesario analizarlos, pues no son valores que pueddn ser usados -
de inmediato para definir un costo regional de la energia, es posiblé
que por las caracteristicas propias de la programacion lineal, los

valores = y »n para un mismo nodo y un mismo modo tengan cambios

bruscos de un periodo a otro, por lo que habrd de "suavizarlos' pa
ra que tengan un comportamiento adecuado en el horizonte do cstudio
desde el punto de vista de su evolucion.
.Una vez "suavizadas" las varxables es necesario convertir
lar a pesos, ya que los costos marginales no pueden ser usados di-
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, rectamente para tarificar, pues si el sistema estd subequipado, los

costos marginales serdn excesivamente altos, y serdn sumamente

bajos, o tal vez valgan cero si el sistema esta sobre-cquipado.

Cuando los costos han sido convertidos a pesos es necesario
adicionarles los costos que el modelo no considera, éstos son por
personal, por materiales y mantenimiento y otros. Posteriormente
se considerard la manera de agregar estos COstos.

Como observacién final en cuanto a las variables duales, -

hay que mencionar que son ttiles cuando el sistema se encuentra en

el o6ptimo que indica el modelo, y que si se permite al modelo ha

cer un desarrollo 6ptimo en funcién de los datos que se le alimentén,

este desarrollo puede ser diferente al que se menciona ern el POISE
o en los estudios a més largo plazo desarrollados con el MN1-PROLOG-
LOG. : ' ‘ .

Por otra parte, "forzar'" al modelo mediante restricciones
adicionales para que obtenga un plan dc expansién dado altera el

valor de las variables duales y se pierden su significado.
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- OBTENCION DEL COSTO TOTAL DEL KW Y DEL KWH RIEGIONAL.

- L.a asignacién de costos en forma regional para el
KW y KWH en el nivel de consumidores industriales, se puede hacer
en forma préactica tomando en cuenta las distintas componentes que
ocasionan dicho costo. PPor ejemplo, si Cp y C, representan los

costos por KW y los costos por KWH respectivamente:

C‘p ) Cvp + ,Cfp

n

G - Cve

en donde los indices p,e,v y f sonlos indices de potencia, energfa,
costos variables y costos fijos respectivamente.’

A su vez, los costos variables estan definidos por 4
componentes que son:

' Costo de combustible $/KWH

c -
e ' ‘ ‘
| Cj. =  Costo por pérdidas $/KWH
' 'Cip = Costo de inversién en plantas $/ KW
C;; = Costo de inversi6n en lineas $/KW
Entonces: .
C ' = C + C]_]_ P

vp ip :
A ~ "Costos Variables"
S :
Cye™= Cc +C
"En estas condiciones, es facil identificar que las 4 -
componentes de costos anteriores forman los términos corrcspon -
dientes de la funci6n objetivo, para los cuales, a través del proce -
so de optimizacibén, es necesario encontrar su distribucién cntre to
dos los nodos.
Por otro lado, los costos fijos incurridasen el sumi-
" nistro son: '

-
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Cs'p = Costo del personal (sueldos y préstaciones)
$/_KW. . o
.Cmp= Costo por materiales y mantenimicnto, $/KW.
CO = Costo por otros conceptos, $/KW.
Entonces:
= Cop* Cmp * Co

In estas condiciones, es necesario estimar los cos -
tos fijos-y distribuirlos uniformemente en todos los nodos, para adi
cionarlos a los costos variables obtenidos en los procesos de opti -
mizacibn, separacién y suavizado de costos marginales ya descri -
to.

Por 1o tanto, el ajuste proporcional de los costos mar
ginales suavizados ¥j y 7j de potencia y energia respectivamente,

para obtener los costos totales @y, ¥ Bamp del KW y del
KWH, se hace como sigue: '

hmp - Kip "amp -+ Cip

Bomp = Kop "nmp

en dpﬁde K 1ip ¥ sz se obtienen de las relaciones siguientes:

. Costo Total de Inversién en Plantas y Lineas en el periodo P

Kip
M N
, % ‘:4’3‘; T nmp anp
m=1 =1 '.
Ko . Costo Total de Combustible en el perfodo p.
4P - : 4 ‘ :
m=1 n=1

Pnmp y Enmp son.las potencias y ecnergias suministra-
das al sistema en el nodo n, modo de operacién m y perfodo p.



NOMENCLATURA
~ Indices,
NodOS-
Modos
Periodos

Tipos de generacidn
Voltajes de transmisién

‘Lfneas
Datos y variables

. Ndmero de nodos
. Nimero de modos
Nimero de perfodos

Nimero de tipos de genera-
cién

Nimero de voltajes de trans-
misidn/enlace

Nimero de enlaces

. Costo de dperaéiénAﬁor:genéradpr.
Duracién del modo de operacidn
‘Potencia activa generada |
Costo de pérdidas

Longitud de la linea

Flujo de potencia en 1fneas

Costo de inversién en generaéién'

3

A ]

<

NN
NP .
NT
NV
NE

COOP(n, t,m)$/ (MH-HR)

DURA(m) HRS.
GRn,t,m,p Mw

COPE(m)  $/(MW-HR)

'DLON(k) - U.L.
fFLn,m,p_ ' MW
TCAPCO(n,t) $/Mw

19.
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‘Capacidad estdndar de generacidn .AB MW

Costo de inversidn de 1fneas : COSTOL(k,v) $/KM

Variable de decisién para instalar - 1Ln,n,v,p

l{neas '

Demanda fija : DF(n,m,p) MW

Demanda reubicable DIn,m,p Mw
'j Demanda total reubicable . DTR(m,p) = MW

“Factor de carga superior para generé- FACS(n,t,m,Dp)
dor v

Factor de carga inferior para genera- FACI(n,t,m,p)
dor ?

Limite de capacidad de generacidn a GLIM(n,p) Mw
instalar . o
Capacidad de Generacién existente GAGI(n,t) MW
Capacidad de Transmisidn existente CAPEL(n,n) MW
Variable‘de decisidén para instalar "GN n,t,m |
generacion :

Factor de descuento ‘ DE
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and
n
Ea.-,-x,—b. i=1,2, , m
i
b. IQI\Ixmmlze'
Qg ]
subject to
x>0 (1.2}
_and . N
ax = b {173y
where ¢ = (c1,¢3, . . . ,¢a) is a row vector, X = (23,73, . . . ,Tz) i85 &

column vector, A = (a;;), b = (by,b., ,bn) 1s a column vector, and

O is an n-dimensional null column vector.
c. {L\'Iinimiz.e'," . . ;
5%
subject to
K>Q
and
i'?lpl + .’L‘ng + : + x,, P, ~= Pol'
¥here P; for =1, 2,707
and P, = b.°

2. PROPERTIES OF A SOLUTION TG THE LINEAR-PROGRAMMING
PRCBLEM

In this section we shall state a number of standard definitions and describe
the more important characteristics of a solution te the general linear-
programming problem. Much of this material and that in Chap. 4 is
contained in Dmtzxg {17] and Charnes, Cooper, and Henderson {12].

A feaszble sofutwn to the linear-programming pmuiem ig"
z,).which satisfies conditions (1.2) and.

i{Dcfumtlon 1.
B veetor X = (24,22 o 0%

g1.3)7

efinition 2a. A basic solution to (1.3)is a solution obtamcd by settmg”

# — m variables equal to zero and solving for the remaining m. vans.--

%bles, provided that the detcrminant of the coefficicnts of these m”
Fariables is rionzerd, _The m Variables are called basic vargedles.? -

Definition 26, " A basic feasible solutionis 4 basic solution which alsa $atiss
Fes (1.2); that is, oll basic variables aré ndincgative.®

" Definition 5.

AY
A4
N
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N . \ '
Pefinition 3.

Ppositivel

Definition 4. A minimum feasible solution is a_feasiblé_solution which
%lso minimizes {1.1).

Unless otherwise-stated, when we refer to a solution, we shall mean
any feasible solution. :

on an n-dimensional vector space such that, for every vector
X = aU + 8V, /X) = f{aU + V) = of (U) + Bf(V) for all n-dimen-
sional vectors U and V and all scalars « and 8. For example, let

=(93),V=1(66),«=1358= —23, andf(X) = 213! + z:.. We
have aU + BV = {—1,—-3) and f{«U 4 V) = =5, of(U) = 7 and
BI(V) = —12. - §

We note that the objective function (1.1) is & linear functional for
those X satis{ying (1 .2) and (1.3). :

Theorem 1.
em 5 o convex sel.”

Proof. We need {o show that every convex combination of any two
feasible solutions is also a feasible solution. (The theorem is true, of
course, if the set of solutions has only one element.) Assume there
are at least two solutions X, and X,. We have

AX, = b forX, 2 C

and

A, =b forX. 20 )
For0 €. £ 1,letX = aX; + (1 — a)X,be any convex combination
of X; and X;. We note that all the elements of the vector X are non-

negaiive; thatis, X > O.
for we have
AX = AleX; 4+ (1 — )Xo = aAX, 4 (1 — «)AX,
=ab+b—ab=b .

. We then see that X is a feasible solution,

- In & similar manner, 'one can prove that the.sets of éolutions to
the inequalitics (4.4) and the equalities (5.1) of Chap. 2 are convex
sets. : :

We shall denote the convex set of solutions to the linear-programming

problein by X. Since X is determined by the interséction of the finite

A nondegencrate Jvsic feasible solution 'is a basic fcasible®
%solution with ezxactly m posmve z.; that is, all basic variables are

A IUnear functional f(X) is a real-valued function defined

The sct oj' all feastble sol utwns fo the Zznear-prog: amming probs
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set of linear constraints (1.2) and (1.3), the boundary of K (if K is not
void) will consist of sections of some of the corresponding hyperplanes.
K will be a region of E, and can either be void, a convex polyhedron, ora
convex region which is unbounded in some direction. If K is void, then
_ our problem does not have any solutions; if it is a convex polyhedron, then
our problem has a solution with a finite minimum value for the objcctive
function; and if K is unbounded, the problem has a solution, but the
minimum might be unbounded. Valid linear-programming models should
yvield K’s of the second or possibly the third type, as they are models of
situations that have a number of possible solutions. By Theorem 1, if 5
problem has more than one solution, it has, in reality, an infinite number
of solutions. Qut of all these solutions, it is our task to determine the
one which minimizés the corresponding objective function. - This work is
somewhat simplified by the results of Theorem 2 below. Before pro-
ceeding with this theorem, we should note the following: If K is a convex
polyhedron, then K is the convex hull of the extreme pointsof K. Thatis,
every feasible solution in K can be represented as a convex combination of
the extreme feasible solutionsin K. (B definition, a convex polyhedron
has a finite number of extreme points.) An unbounded K also has a

finite number of extreme points, but not all points of K can be repre- -

sented as convex combinations of these extreme points. For ease in dis- -
. cussion, we. can assume that all our problems have a K that is a convex
" polyhedron. As will be shown in later chapters, computational devices
exist that determine whether X is void or whether a problem has an
unbounded minimum. (For computational purposes, we always assume
that K is a convex polyhedron.)

With the assumption that K is a convex polyhedron, we can surmise
from the above discussion that we need only tolook at the extreme points
of the convex polyhedron in order to determine the minimum feasibie
solution. We prove this with the following theorem:

t g h_eoréin 2. _ The objective function (1.1) assumes ils ménimuni af an qa:_tv_{g'me_"}
Doint of the convex set X generated by the sel of fcasible'solulz'ons lo thet -

Unear-programming problem.” If it assumes its. mzmmum at more ‘than®
Pone extreme. point, then it takes on the ‘same vaiue for. every “eonvest
Bombination of those -particular. pojnts:’ :

Proof. Since we have assumed K to be a convex polyhedron, K has & . .

finite number of extreme points. In two dimensions, K might looi
like Fig. 3.1. Let us denote the objective function by f(X), the
extreme pomts by &, %, ..., ¥,, and the minimum feasible
solution by Xo. This means that f(Xo) < f(X) for all X in K. If
X, is an extreme point, the first part of the theorem is true. Suppose
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X, is not an extreme point (as indicated in Fig. 3.1). We can then

write X, as a convex combination of the extreme points of K, that is,

P .
Xo = Z d.'X,'

$=1

fora; > 0 and Z a; = 1. Then, since f(X) is a linear functional, we

have
f(XO) "’f(z a‘i) = flok; + aXo + - - - + %)
§=1 : N
= aif(X) + aof Ko} + - - + of (X)) = m
2.1)
where m is the minimum of f(X) for all X.in K.
7]
%, %
. FIGURE 3.1

Since_gil e > 0, we do not increase the sum (2.1) if we Su’bstitute
foreachf(X.) the minimum of the valuesf(X;). Letf(X,) = minf(Z,).

'Substituting in (2.1) we have, since E a; =1,

f(Xo) 2 af(Zn) +afXa) + - - - + aaf(xm) = f(im)
Since we assumed J(Xo) < f(X) for all X in K we must have
JXo) = f&a) = m ..

‘Therefore, there is an extreme point, £.., at which the obJectlve fune-
tlon assumes its minimum value.

To prove the second part of the thcorem let f(X) assume its -

ml'nmum at more th'm one extreme pomt say at Xl, X, ...

Here we have f(X3) = f(&.) =

oy dhq.

_“f(x) =m. If X is any

e
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convex combination of ‘the above X, say. ., .
e
X = E a,-X,-

i=1

for a ZTO and E a =1, then

] f(X) ?'f(axxx + @i+ -+ k)

af ) + af R + - 4 af &) = T am

I

=m -

The proof is now completed. By fnak'mg the obvious changes, the

theorem can be proved for the case where (1.1) is fo be maximized.

By Theorem 2, we need only to consider the extreme points of K in
our search for a minimum feasible solution to the linear-programming
problem. ' ~

Recall that a feasible solution is a vector X = (zy,z,, . .

. ,Za), with
“all z; > 0, such that )

2Py 4 2P+ -0 - 4 2,Pa =Py

Assume we have found a set of & vectors that is linearly independent
and that there exists a nonnegative combination of these vectors that is
equal to Pg.  Let this set of vectors be Py, Py, . . . , P.. Wethen have
the following theorem:

Theorem 3.. .If.a_sel.of k. K 5 veclors Py, P, L. . o Py can be found Hhal
%45 linearly independént and such, that’

Cz.Py + 5P 4o T Py = Py

dnd all z; > 0, then. thé point X'= (zyzs, .. Jn 0000 48 an
Dexireme_point of the convex sct of feasible solulions... Here X i3 an n=
dimensional vector whase lost n_— k elements are zero.

Proof. Suppose X is not an extreme point. Then, since X is a feasible © -

solution, it can be written as'a convex combination of two other points
X;and X; in K. Wehave X =¥, 4+ {1 —a)X; for 0 < a < L.
Since all the elements z; of X are nonnegative and since 0 < a < I,
the last n — k elements of X; and X, must also equal zero; that is,

X = (W2, ...

X, = (zt(z)ﬂ:z(”, .

: 4,0, ... 0)
.. ,2.‘_;(2),0, e ,0)

" [Chap.3d -

”gheorem" 4' o IJ*X '::_- (x-lii'z; :-‘0.
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Since X; and X, arc feasible solutions, we have’

AXI = b
and
AXg = b )

Rewriting these equations in vector notation, we have

VP + Izm.Pz e 4+ 2.0P;, = ?o
~and : . v :
£,0P, 4+ 2,0P; + - - - + 0®PP: = P
But P, Py, . .., Prare linearly independent, and hence P can be
P ) N
- expressed as a unique linear combinationin termsof Py, Py, . .+ P
Thisimplies that z; = 2, = z:®. - Therefore, X cannot be éxpressed
as a convex combination of two distinct points in K and must be an
extreme point of K. '

eclors associaled with positive , form &

&_1his it follows thal, af most, m of the Ziate positive.”

Proof. Let the nonzero coefficients be the first & coefficients, so that
3

E 2P, = P,. We prove the main part of the theorem by contra-
i=1 )

diction. Assume that Py, Py, . . ., Pu are linearly dependent.
Then there exists & linear combination of these vectors which equals

the zero vector,

AP, 4+ dP:+ - +dP:=0 . . (2.2)
with at least one d; # 0. From the hypothesis of the theorem, we
have

P+ 2P+ - - F =Py = Py . (2.3)

t This can be shown as follows: Let Py, Ps, . . ., Pcbes set. of linearly inde-
pendent vectors and assume that we can represcnt the vector Po in terms of these
vectors by two diffcrent linear combinations, for example, :

&Py + Py o+ - - - + ck?& = Po
and o .
flPA + f1Ps G+ - 1P = P,

To show hat these.combinations have to be identical, we subtract the second from

k3

- the first to obtain

(ex—fl)Px+(¢:—fa)Pn+ cost (e —fi)Pr =0 k

* By the definition of linear independence we must have each ¢; — fi = 0, which implies ,

that e; = fi .

JTa).48.an extreme. point of K, ﬁkcfz.lb&j
inearly indcpendent sel. ...Erom?



56 METHOD: THEORETICAL AND COMPUTATIONAL {Chap. 3

For some d > 0 we multiply (2.2) by d and add and subtract the
result from (2.3) to .obtain the two equatxons

f::z:P +dEdP —-P‘,

t=1 lﬂl .

E

KD —-dZdP _p,,

i=1 :=! . . o

~ We then have the two solutions to (1. 3) (note that they mlght not be
feasible solutions):

L=(+ddy, 24 ddy, . ..,z +ddy,0,...,0)
and ) .
Xg=(2:1—dd1,xg—'dd2,...,Ik—ddk,o,..._,O)

Since all z; > 0, we can letd be as small as necessary, but stilllpositive,
to make the first k components of both X, and X, positive. Then X,
and X, are feasible solutions. But X = 14X, + 14X, which eon-

tradicts the hypothesis that X is an extreme point. The assumption -

, Pi has'thus led to
the set of vect-ors

of linear dependence for the vectors Py, Py, . . .
a contradiction and hence must be false; i.e.,
Py, Py, . . ., Piis linearly uldependent

Since every set of m 4+ 1 vectors in m-dimensional space is
necessarily linearly dependent, we cannot have more than m positive
z;. Forassume that we did. Then the above proof of the main part
of the theorem would imply that there exist vectors Py, . . . , Puy
P41 that are linearly independent.

We can, without any loss of generality, assume that the set of
vectors Py, Py, . . . , P, of the linear-programming problem always
contains a set of m linearly independent vectors. If this property is
not evident when a particular problem is being solved, the original

set of vectorsis augmented by & set of m linearly independent vectors,

and we then seek a solution to the extended problem. This proccdure

. Wwill be explained in detail in the succeedmg chapters.

Corollary 1. Associated with every extreme pomt of K is a set of m linearly.
independent vectors from the given set Py, Py, . . . , P,

Proof. Theorem 4 has shown that there are k < m such vectors. For
k = m, the corollary is proved. Assume that k < m and that we can
find only additional vectors Piyy, . . . , P, such that the set

P], .. ,Pg,pg.*'x,’. . ,P,-

for r < m is lincarly independent. Then this implies that the
remaining n — r vectors are dependent on Py, . . ., P,. But this
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contradicts the assumption that we always have a set of m linearly
independent vectors in the given set of Py, . . . P,.. _Therefore,
there must be m linearly independent vectors Py, . . ., Pi associ-
ated with cvery extreme point, such that

-3 m
2 P + Z 0P; = po
=1 s=k+4+1

We can sum up the precedmg theorems by the following:

Theorem 5. = (:c,,xz, . . . ,Zn) 18 an extreme point of K if and only
if the positivc z; are coeffictents of linearly independent veclors P; in

]

E .’C,P,' Po .

i=1

As s result of the assumptions and theorems of this section, we have:

i. There is an extreme point of K at which the objective function takes
on its minimum.

2. Every basic feasible solution corresponds to an extreme point of .

3. Every extreme point of K has m linearly independent. vectors of the
given set of n associated with it.

From the above we can conclude that we need only investigate

-extreme-point solutions and hence only those feasible solutions generated

by m linearly independent vectors. Since there are at most (:;) sets of

m linesrly independent vectors from the given set of n, the value ( ::z)

is the upper bound to the number of possible solutions to the probléem.!
For large n and m it would be an impossible task to evaluate all the pos-
sible solutions and select one that minimizes the objective function.
What is required is a computational scheme that selects, in an orderly
fashion, a small subset of the possible solutions which converges to a
minimum solution. The stmplex procedure, devised by G. B. Dantaig,
is such a scheme.? This procedure finds an extreme point and deter-
mines whether it is the minimum. If it is not, the procedure finds a
neighboring extreme point? whose corresponding value of the objective

! Sce Saaty [88) and Quandt arxd Kuhn [85¢] for discussions of the upper bound to
the number of possible solutions.

* The name simplex method is due to the use of the equation Z z; = 1 as a con-

. . i
straint in a geometric interpretation of this procedure, as described in Dantzig [17}.
# Two extreme points are said to be neighbors if they are joined by a boundary of
the convex polyhedron
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function is Igss than or equal to the preceding value. In a fnite number
of such steps (usually between m and 2m), a minimum feasible solution is
found. The simplex method makes it possible to discover whether the
problem has no finite minimum solutions or no feasible solutions. Itisa
powerful scheme for solving any linear-programming problem.

Before going into the validity and full computational aspccfs of the

simplex procedure, we wish to introduce. the following computational

element of the procedure.

(3, GENERATING EXTREME-POINT, SOLUTIONS. 3
‘Hcre.w'e: assume that an extreme-point solution in terms of m vectors Py
f)f the original set of n vectors is known. We can let this set of m linearly
independent vectors be the first m, and let )

X = (21,73, ... ,Zn)0, . . . ,0)

' be the solution vector. We then have

where all z; > 0. With this information, the problem is to determine, in
a computationally efficient manner, a new extreme-point solution. (We
shall, of course, assume that a different extreme solution exists.) Since
Phe vectors Py, Py, . . ., P, are linearly independent, they form a basis
in m-dimensional vector space. - We can then express every vector of the
given n as a linear combination of these basis vectors. We can write

-
Zz;,-P.--?Pi j=1,...,1i

= ] : .

; Assume that some vector not in the given basis, say Py, Has at least one
element z; m41 > 0 in the expression o

x, m+lP1 + T, n+1P2 + R + Tm, m+an? = ,,;_,,1 - : (3.2)

Let ¢ be any number, and multiply (3:2) by 8 and subtract ihe result
from (3.1) to obtain ' -

(23; - 0271. ?-+X)Pl -+ (Iz - 93.’,'2. ,.+1)Pg + ..

The vector X' = (2, — 02y, my1, 22 — 625, mil, . .
a solution to the probiem, and if all the elements of X’ are nonnegative,

ziPr+ 2P+ - - - + 2P, = P ‘ (3.1)

+ (o = 02m, my)Pi + 6Ppyy = Py (3.3)

“ ) T — ozm. m+1y 8) iB .

X’ is a feasible solution. Since we want X’ to be a fcasible solution dif-
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ferent from X, we restrict 8 to be greater than zero.!  With this rostric-

tion, all the elements of X’ that have a negative or zero z;, mq1 Will also
- have a nonnegative z; = 02 »+1. We need only concern ourselves with
those elements having a positive z;, my1. We wish to find a 6 > 0 such

that

Zi—~ 0Timp1 =0 (3.4)

for all T;, w1 > 0.
From (3.4) we have

s >0
Ti, m+1

and hence any 8 for which
0 < 0 < min 2

i Ti,mtl )
will give a feasible solution for (3.3). However, as we are looking for an
extreme-point solution, we know by our theorems in Sec. 2 that we can-
not have all the m + 1 elements of X’ positive. We then must force at
least one of the elements of X’ to be exactly equal to zero. We see that,

if we let

§ = f, = min —
§ TP, m41
for Z;, me1 > O, then the element in X’ for which this minimum is attained
will reduce to zero. Let this element be the first, that'is,
Z; Z1

§o = min =
§ Zimgr X1, m4d

We have now obtained a new feasible solution

] v ’ ’
JCEPz + xgpa + e + Im?m -+ xm+xpm+x = PO

wnere
7 . 2
3,--’—‘2.‘—901:.',,1.5_1 = ,...,m
! v
a Lo = 9 . ) ) Ty
i The reader should note that this restriction causes us to assume (for 'il]ustrs_xtive

purposes) that associnted with an =i m. > 05 an z; > 6. This, in general, is not

ihe case and will be true only if nondegeneracy is assumed for all basic feasible solu-

tions. As discussed in Chap. 4, 2 value of ¢ = 0is an acceptable one; i.e., somez; = 0
for an z;. my: > 0. With & = 0, the transformation retains the old-extreme point but
selects & new feasible basiz. In sum, the simplex procedure allows for all values of
¢ > 0. The reader should review the app]icabiliiy of the above discussion to the

c888 § = min (£:/2i, mes) = 0f0r Zi, mys > O

g
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\ I{f; all the z; mt1 had becn g.qual to or less than zero, then we would not
1ave ; ecn able to sclect_a positive § that would have eliminated at least
oge 0 the vectors Py, . . . » Pm from the basis. For this situation we
ob tt}:lunh for any 6 >0a non-extreme-point feasible solution associated
r;:is sgtsnzzi + ‘1 ;gct:ers 1;,, . h v+ Pmy Pyt As will be shown in Chap. 4,
on indicates that the problem doe i ini
ol i | ] loes not have a finite minimum
o ’ - ’
Tcl)_) show that X’ = (z,, . . g T +1) Isan extreme point, we have to
{?rc;vel ,(,i .. d s Pa, ‘I:;,.H are linearly independent. Assume they are
inearly dependent. e can then find (from th iti i
depondeny ( e definition of linear

.dng + dspa + ‘o ' + dmpm + dm+lpm+1 =0 - . (3-5)

"where n?t alld; = 0. Since any subset of a set of linearly independent
'{ectors is also a set of linearly independent vectors, Py, . . ., P, are
linearly independent. This implies that dp4y 3¢ 0. From (3.5) ,werixave

e2P? + CIPJ + crr + e,,,P,{ =_ m+41 (3 6)
where ' .
—d;
e’- = ——
dmia

Subtracting (3.6) from (3.2), we obtain

21, m1P1 + (24, myl — Cz)Pz + (zs, mil — €3)Pg 4 - -« -
) | + (Tm, 41 — €2)Pm = O 3.7

Since Py, Py, . . ., P, are linearly independent, all the coefficients in
(3.7) must gqual zero. But z, .41 was assumed to be positive. Hence
the assumption of linear dependence for P, ... ,P.. 1 hasled ‘to a co
tradiction, and these vectors must be Hnearly'indépentlent. A >
?n order to continue this process of obtaining new extreme feasible
solutions, we need the representation of any vector not in the new basis

Py, Py, . . ., P, in terms of this basis, From (3.2) we have
1
Py = T1, m41 Pmsr ~ R ~Zm, ms1Pm) (3.8)
Let : :
Py =zyPy+ 2Py 4 - - - 4 2,,P, . o (3.9)

be an ectol' n t 1 t (] asls Sub : e e ex (53 (o)
y A (o) ll. lle new b S1S. Stltut th
» ( ) pr SS10n (3.8) fOl'

Pi'“‘(”v- Zs o1 ) P 2y : e
. 1, mi1 Lot [ P2 4 | 2y Trons Zamis JP3 4 -« - -
4- (Z ; — T Ty
" e Tt ) Pa P— Pt
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The reader will note that the formulas for complete elimination
required in Exercise 8, Chap. 2, arc equivalent to the transformation that
describes Py and P;in terms of the new basis. The procedure for obtaining
new extreme-point solutions isthat of selecting a new variable to be.intro-
duced into the system, determining which variable has to be removed
from the solution in order to preserve feasibility, and applying the com- .
plete elimination formulas to obtain the new solution and the new repre--
sentations of the vectors not in the basis. The criterion used to deter-
mine which variable is to be introduced into the solution is a feature of
the simplex procedure and will be considered in Chap. 4. '

Example. " We are given the following set of equations:

P, P P: P, P, P P,

3z — Z3+ 225 + = = 7
211 — 4z, + Zs =12
—"421 - 32:1 + 8.1:; + x4 = 10

We have as an initial extreme-point solution z; = 0,2z, = 0,2, = 0,

x4 = 7, x5 = 12, 75 = 10, which in vector notation is given by

7P; + 12P; 4 10P; = Py - (3.10)

Here the basis vectors Py, Ps, Ps are unit vectors. We wish to intro-
duce vector P; to obtain another extreme-point solution. The
representation of P; in terms of the basis vectors is simply

8P +.2P; — 4P = P, - ' ‘ . (3.11)
that is, -

Zyg = 3 Ty = 2 Tey = —4 .

-If we multiply (3.11) by 6 and subtract the result from (3.10),

we have »
(7 — 36)P, + (12 — 20)Ps + (10 4 40)Ps + 6P, = Po  (3.12)

Since z4 = 3 and z5 = 2 are both positive, we determine 6y by
evaluating, for these positive z,,

§ = 0o = min = = 14}
Ty

Substituting this value in (3.12), we eliminate P, from the basis to

obtain
224Py + 584Ps + 5Py = Py

{ We form the ratios for those £ in the current solution. Here ¢ = 4, 5, 6.

op

.~
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or the extreme-point solution T =124,z = 0,25 = 0 Ze=0,1, = 234
’ } = U,y =
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Tg = 595. 3

If . . . . . ’
»instead of Py, we tried in a similar manner to obtain an extreme

o solution with P,, where"

—Pc - 4P5 - 3P5 = P-'gj A s

we would have d yed - - o -
By by Py ;:r:e evgloped the following expression for P, In terms of

@+ 0P+ (12 + 40Py + (10 + 3P, + 6P, = B,  (3.15)

From (3.13) we see that any 6 > 0 yields a feasible solution z = 0
Tz = 0, 22 =0, 2 =7 + ¢, Ty =12 + 46, z, = 10 + 36 lHere'
since all z,; < 0, we do not obtain a new extreme-point soh;tion ’

A more efficient way of interpreting the problem is as a tra;ns-
fiortmailtmn gccomp.lished by the elimination. procedure. Here we
d ;b;zeca;u:the coefficients of the equations and set up the following

P, P, Ps P, , P P, P, . )
® - -i- 2 1 ) o | 7 | %o
2 -4 0 0 i 0 12 g

—4 -3 8 0 0 1 10. ,

As we want to introduce P, into the basis, we .again form the ratios
Zi/zq for £;; > 0. Since 6o = 74 is the minimum of these ratios, we
let the element 3 of P, be the pivot element of the elimination , r

cedure, as denoted by the circle. That is, we shall éliminaté z fp "
all the equations except the first. If we carry out the elimizlx lt-om
transformation, we obtain a new tableau. Hers z: =1 —-azlon
T = 583, and z; = Ty =z = 0. ‘ o b

.pz

A

P, B P,
1 -
0 —~10¢ —4 _;é
[4] —13¢ 33¢ 34

9

© - o

3
0 %
(i} 23¢
l’ 55¢

We now have a basis of P, P, P, wi .
1, 4’5y L', with P P P ‘e sl . .
terms of these basis vectors, that,is' 1 Fe, Py, Pyexplicitly given in.

—1/3P1 - I%PS - I%Pe = Pg
%Pl - §§P5+ s%pe == P‘
YP: — 24P+ 4P, = P,
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Hence if we wanted to obtain an cxtreme-point solution with P, in
the basis, we could start with the second tableau and determine 6, as
before and transform this tableau by the climination formulas. The
resulting tableau will yield the representation of the vectors not in
the basis in terms of the new basis vectors. :

EXERCISES’

1. Find all basic fcasi.ble solutions for the equations

21, 4+ 623 + 223+ 2z =3
61y + 425+ 4z, + 62, = 2

. end determine the associated general convex combination of extreme-point solutions.

2. Construct and graph linear-programming problems in three variables with a
unique extreme-point optimum solution, three extreme-point optimum solutions, and

four extrerne-point optimum solutions.
8. In the discussion in Sec..3, the extreme-point solution (3.1) can be degenerate.

Discuss the computation of ¢ and the transformation to a new basic feasible solution
if somez; = 0. Can there be any assurance that 6, > 07 Also discuss and interpret
the situation where the selection of min (z:/z;) for z;; > 0 is not unique.

1 . N

4. Thefollowing set of equations has a given extreme-point solution X = (z,,23,2,)

= (4,3,6). By the algebraic procedure of Sec. 3, obtain two basic solutions for the

bases Py, Py, P, and Py, P;, P. In each case, determine the expression for P, and
the vector eliminated in terms of the new basis.

P. Py P: P, P, P

zy +2z¢ — zs =4
Zg - Ty + Zy = 3
Zg _ +3$4 "‘2135 =6 -

5. Do Exercise 4 by setting up the tableau and applying the general formulas
developed for the complete climination procedure in Exercise 8 of Chap. 2. For
both bases, the variable z, is eliminated from all the equations except one.

8. For the 3 X 3 matrix formed by vectors P, Py, P, of Exercise 4 compute its
inverse by means of the adjoint matrix as described in Chap. 2. Do the same for

vectors Py, Ps, Pa. . .
7. Given the following set of equations:

21+4Ia—' z.=3
52‘+213+321=4

Determine the basic feasible solution involving z, and zi.

exist for x, and z; and for z. and z,? _
Discuss the graphical solution to this problem if each column of the matrix is

assumed to be a vector in two-dimensional space. .

Do basic feasible solutions

.~



CHAPTER 4 / THE SIMPLEX
COMPUTATIONAL PROCEDURE

o

We shall next discuss and prove the validity of the basic elements of the-
simplex procedure and related computational algorithms. By the simplex
procedure, we can, once any basic’ (extreme-point) feasible solution has
been determined, obtain a minimum feasible soluiion in a finite number of
'steps.  These steps, or iterations, consist in finding a new feasible solution
whose corresponding value of the objective function is less than the value
of the objective function for the preceding solution. This process is
continued until a minimum solution has been reached. From the discus-
sion of Chap. 3, we have that all extreme-point solutions, and especially
the minimum seclution, have m linearly independent vectors associated
with them. We then limit our search to those solutions that are generated

by m linearly indépendent vectors. We note that there are a finite num-

ber of such solutions.

"2, DEVELOPMENT. OF A"MIN: MU FEASIETE SOUOTIONR

‘We assume that the linear-programming. problem is feasible, that every
basic feasible solution is nondegenerate, and that we are given a basic
feasible solution.!. These assumptions, as will be discussed later, are made
without any loss in generality. Let the given solution be Xo = (210,220,

. »Zmo)T and the associated set of linearly independent vectors be
Py, P, . . . P.. We then have

210Py + 22Ps + * ©  + ZooPn = Py . (1.1)

Tt 4 T2Cz + 7 0 Twmolm = 20 ’ . {1.2)

t The definitions of these terms are given in Sec. 2 of Chdp. 3.

t In order to generalize the simplex transformations we now denote the solution
vector X = (5,23, . . .. ,Zm) by the vector X; = {210,720y - « - ,Tmo). We should
note that the remaining n — m values of the solution vector bave arbitrarily been set
equal to zero. ‘
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! where all z;o. > 0, the ¢ are the cost cocflicients of the objective function,

and z, is the corresponding value of the objective function for the given
solution. Since Py, P, . .. ,Pnare linearly independent, we can express
any vector from the sct Py, Ps, . . ., Pa in terms of Py, Ps, - « 4 Pm.
Let P; be given By

x;,P; + Iszg + ‘- '.' + I,,,jpm = P,' _7 = 1, R - (13)
and define C _ )
zier + Toce + 0 0t Tmitm = 2 i=1...,n S (14)

where the c;-are the cost-coefficients corresponding to the P.

Freorem L. Ij, for any fized j, the. condition’ 2 =26, > QLhalds, Then T3iB>
%S feasible solutions can be consiructed such thal z ,<zoj'oL %nyﬂlgm@ |
7 the sel, where (he lowér bound of 2 s either fimile or infinite, . TN |
$alue of the objective function for a.particular member.of the sot of feasihig
Rolutions. _ .

Case I. If the lower bound is finite, a new feasible solution con-
sisting of exactly m positive variables can be constructed whose va'!ue'
of the objective function is less than the value for the preceding
golution. o . _

Case II. If the lower bound is infinite, a new feasible solution
consisting of exactly m + 1 positive variables can be constructed
whose value of the objective function can be made arbitrarily small.

"The following analysis applies to the proof-of both cases:

Multiplying (1.3) by some number 6 and subtracting from (1.1),

and similarly multiplying (1.4) by the same ¢ and subtracting from

(1.2),forj=1,2,...,n weget
(z10 — ‘éicxj)Pz + (20 — 022)P2 4+ -+ + (Tmo — 62.,))Pr + 6F;
. : = P, (15) .
(z10 — 6215)cy + (T20 — Ox3)ca + - - - + (Zmo ~— 0Zmj)Cm + 065

=2y — Q(Zi —¢) (1.6)

where §¢; has been added to both sides of (1.6). If all the cocfficients
of the vectors Py, Py, - - - , Pa, Pjin (1.5) are nonnegative, then we
have determined a new feasible solution whose value of the objectiye
functionis, by (1.6),z = zo — 8(2z; — ¢;). Sincethe variables Z1, T2o,
« - ., Zmoin (1.5) are all positive, it is clear, from our discussion in
Sec. 3 of Chap. 3, that thereisa valueof 8 > 0 (cither finite or infinite)
for which the cocflicients of the vectors in (1.5) remain positive.
From the assumption that, for a fixed j, z; — ¢; > 0, we have
z='zo-—0(z,~—-c,-) < 20

’
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for§ > 0. Wesce thatin cither event a new feasible solution ean be
obtained whose corresponding value of the objective function is less
than the value for the preceding solution.

The proof of Case I follows:

If, for the fixed j, at lcast one z;; > Oin (1.3) fori = 1,2, . . .,
m, the largest value of 0 for which all coeflicients of (1.5) remain non-
negative is given by ' :

8o = min 22 > 0 o (1.7)
i Tij

for zi; > 0 (scc Sec. 3 of Chap. 3). Since we assumed that the prob-
lem is nondegenerate, i.e., that all basic feasible solutions have m
positive elements, the minimum in (1.7) will be obtained for a unique
i. If 8, is substituted for 6 in (1.5) and (1.6), the coefficient corre-
sponding to this unique  will vanish. We have then constructed a
new basic feasible solution consisting of P; and m — 1 vectors.of the
original basis. This new basis can be used as the previous one. If
a new z; — ¢; > 0 and a corresponding z;; > 0, another solution can
be obtained which has a smaller value of the objective function. This
process will continue either until all z; — ¢; < 0, or until, for some
2 —¢; >0, all z; < 0. If all zj — ¢; < 0, the process terminates.

For Case Il we have: :

If at any stage we have, for some j, 2z, — ¢; > O and all z;; < 0,
then thereis noupper bound to 8 and the objective function hasalower
bound of — ». We see for this case that, for any 8 > 0, all the coeffi-
cients of (1.5) are positive. We then have a feasible solution con-
sisting of m + 1 positive clements. Hence, by taking 6 large enough,
the corresponding value of the objective function given by the right-
hand side of (1.6) can be made arbitrarily small. :

“Theorem 2. If for any basic feasible solution X = (Z10,Z20, »... » ,%mo) Lhe"
‘conditions z; — ¢; < 0 hold for allj = 1,2, ., ., n, then (1.1) and’

" (1.2) constitule a minimum feasible solution.}

! This optimality criterion is sometimes varied. For a minimization problem we
could have computed, instead of the z; — ¢j, the numbers ¢; — z; and sclected as the
vector to be introduced into the basis the one corresponding to the min (¢; — 2;). An
optimum has been reached when all ¢; — z; > 0. 1f the problem was originally to
be maximized, we could use the following criterion instead of changing to a minimiza-
tion problem: Compute the z; — ¢; .and sclect a new vector corresponding to min
(z; — ¢;); an optimum solution has been found when all z; — ¢; > 0. Or compute
thee¢; — z; clements with the new vector corresponding to max {¢; — z;), the procedure
stopping when all ¢; — z; £ 0. It is much more efficient, however, especially in
developing a computational procedure for an electronic computer, to sclect one
criterion to be used in solving all problems. Sce page 71 for the discussion on the
criterion used to select a vector to be introduced intc the basis.

Sec.1]  THE SIMPLEX COMPUTATIONAL PROCEDURE o
" Proof. Let . o
y1oPy + y20P2 + + ¢+ + YaoPn = Po (18) -

and
YaoCy F Y2z + 0 0 F Yntln = z* - (1.9)

be any other feasible solution with z* the correspondin% value of the
objective function. We shall show that zo < z”_‘. (Note that the
nondegeneracy assumption is not required for this thcgrcm.) .
By hypothesis, z; — ¢; < 0 for all 7, so that replacing ¢; by z; in
(1.9) yields

Y121 + Yooz + - - . + Ynoza < 2¥ (1.10)

For eachj we substitute the expression for P; given by (1 .3)into (1.8),
to obtain : .

Yo (21 xupe) + Y20 (;il ICi‘-’-P-.’) 4+ Yo (‘2,1 :l:,-,,P.-)

= P
or, by regrouping terms, :
(i ‘y,‘oxxj) P, + (:‘: yjoxzj) P+ - + (21 yjoxm,') P,
e ! ‘ o p, qan)

| Similarly, for each j we substitute the expression for z; given by (1.4)
‘into (1.10) to obtain

’ n

T a -
(Z ?/iux!:‘) e+ (Z yi0$2i) 24 0+ (Zﬂ y,-orm,-) tm L 2
L £ =

- o ) (1.12)
Since the set of veclors P,P, ...,P.is linearly independent, the

coeflicients of the corresponding vectors in (1.1) and (1.11) must;:be
equal,! and hence (1.12) becomes

o .
Tty 4 Zaota + 0 0 A Tl S 2

or, by (1.2), zo < 2*. |

The results of Theorems 1 and 2 enable us to start with abasic feasible
solution and generate a set of new basic feasible solutions that converge
to t1.~ minimum solution or determine that a finite solution does not exist.

The nondegeneracy assumption was invoked to ensure the conver-
gence to the minimum solution. If we did not make this assumption, it

1 Soe footnots of Theorem 3, Chap. 3, for a proof of the cquality of the cocfficicnts

of (1.1} and (L11).

{
|
!
!
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would be possible to have at least one of the m i of the given solution
equal to zero. If this were the case, then 8, could equal zero and the value
of the objective function for the new solution would then equal the value
of the old solution. This lack of improvement in the solution could
continue for a number of successive steps. For this situation, the proce-
dure could conceivably repcat a basis. and heiice keep returning to this

basis. The simplex procedure is then said to have cycled, and the compu- .

tational routine for determining the minimum solution breaks down.

During actual computation, the phenomenon of degeneracy is reflected”
by basic solutions with less than m positive ., and/or by more than one ¢
yielding 8, = min (z:o/zy;) for z;; > 0. 1f the 7 is not unique, some of the

i ' )

7
Z:;0 1n the new solution will equal zero.

Dantzig, Orden, and Wolfe [32] and Charnes, Cooper, and Henderson

[12] have resolved degeneracy.from both the theoretical and computa-
tional points of view. Computational experience, however, does not

warrant incorporating their “degeneracy techniques’ into the standard

simplex procedure. Qut of the manv linear-programming problems con-

sidered by investigators in the field, only three have been khown to cyele.
These were artificially constructed by Hofiman [58] and Beavle__ (4] to
demonstrate that cycling could occur.  What is normally done in a com-

putation is to treat degenerate solutions as nothing unusual and to com- .

pute with 6, = 0 whenever the procedure yields such a value for 6. If
ties occur when determining 6, the usual ruleis to select 8o = min {(z;0/z:;)
, ‘

for the smallest index ¢. Degeneracy techniques and a cyecling probiem
of Beale are discussed in Chap. 7.

- 2. COMPUTATIONAL PROCEDURE

In this section we assume either that (1) we have selected m linearly

independent vectors that yield a feasible solution and have expressed all

other vectors in terms of this basis or that (2) our problem matrix con-
tains m vectors that can be explicitly arranged to form a unit matrix of
order m.

For the first case let the m linearly independent vectors be Py, Py,

.y P and denote them X m matrix (P,P; - - - P,) by B. The
matrix B is termed an admissible basts. To compute the corresponding
solution vector X and the representation of the other vectors in terms of
the basis, we must first compute B-!, Since

BXO = Po
we have
Xo == B_lpo



DIRECTORIO DE ASISTENTES AL _CURSQ: TEMAS SELECTOS DE ANALISIS DE REDES ELECTRICAS

o -+ 'DEL 15 AL 19 DE ENERO DE 1979 -

NOMBRE ' Y DIRECCION

BENJAMIN ACOSTA SEGURA
José Ma. Morelos No. 42
Col. Concepc16n
México 20, D.F.
Tel. 568—53 78

ENRTIQUE ACHA DAZA

" "Medicina No. 65 Dpto. 5

Col. Copilco
M&xico, D.F.

: Tel,f ‘

ING. SALVADOR ACHA DAZA

~* Bernal Dfaz del Castillo No. 275

Col. Chapultepec Sur
Morelia, Mich.

. Tel.

_GONZALO ARROYO A.
‘Apdo. 22-210

Col. Vergel de Coy.
México 22, D.F. -
Tel. 677-31-06

. ING. AUGUSTO AVALOS REYNA
' Berlfin No. 305
' Col. Campestre

Gémez Palacio,Dgo.
Tel. 4-23-93

ING. JOSE MA. ALVAREZ M,
José Ma. Iglesias No. 62
Col. Constitucidn

‘Hermosillo, Son.

Tel. 4-14-78

EMPRESA Y DIRECCION

DELEGACION ALVARD OBREGON
Fco. I. Madero Esg. Av.
Revolucidn

Col. Sn. Angel .

México 20, D.F.

" Tel. 559—25—33 Ext. 125

ESCUELA DE ING.. ELECTRICA

(UNIVERSIDAD MICHOACANA)
Morelia, Mich. .
Tel. 277-76

COMISION FEDERAL  DE ELECTRICIDAD-
Apdo.. 19099,

Col. Olivar de los: Padres
México, D.F.

Tel.

COMISION FEDERAL DE ELECTRICIDAD

Boulevard Alemin y Gunacevi
Gémez Palacio, Dgo.
Tel. 4-28-87 4-39-31

COMISION FEDERAL DE ELECTRICIDAD

Judrez y San Luis Potosi
Hermosillo, Son.
Tel. 3-27-13
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1L,

12.-

DIRECBDRIO DE ASISTENTES AL CURSO TEMAS SELECTOS DE ANALISIS DE REDES ELECTRICAS

DEL 15 AL 19 DE ENERO DE 1979

NOMBRE Y DIRECCION

MANUEL AVIIA ONATE
Asturias No. 62 -
Col. Alamos
México, D.F.

Tel. 519-07-48

ING. JAIME BARRIOS DIAZ
Cérdoba No. 480

Col. Valle Dorado
Tlanepantla, Edo. de M&x.
Tel. 379-21-61

“ING, LUIS CABEZA RESENDEZ
Clarfin No. 13

Col. Las Arboledas
Atizapan, Edo. de Méx.

- Tel. 379-00-01

JOSE LUIS CALDERON GARCIA
Presa Sta.. Teresa No. 177-201
Col. Irrigacién

México 10, D.F.

Tel. 557-68-35

ING.” JUAN. MANUEL CALVILLO ZAMUDIO
Taxquena No. 1818 casa K-12

Col. Coyoacan -

México 21, D.F.

Tel. 549—00—69-

ING. ARTURO CAMARGO RAYON
M. Ocampo No. 171-222
Col. Andhuac Lo
México 17, D.F.

Tel. 546-58-39

EMPRESA Y DIRECCION

SI C ARTSA
Lazaro Cardenas MlCh

COMISION FEDERAL DE ELECTRICIDAD
Rodano No. 14 C

Col. Cuauhtémoc

México 5, D.F. '

Tel. 553-71-33 Ext. 2182

INST. DE INVESTiGACIONES} ELECTRICAS
Shakespeare No.. 6-50. Piso

Col. Ansures ' .

México, D.F.

Tel. 511-34-74

COMISION FEDERAL DE ELECTRICIDAD
Av. Toluca Esqg. Don Manuelito
Col. Olivar de los Padres .
México 20, D.F.

Tel. 595-55-66

COMISION FEDERAL DE ELECTRICIDAD
Calle Don Manuelito Av. Toluca
Col. Olivar de los Padres.-

© Mé&xico 20, D.F.

Tel. 595-54-00

CIA. DE LUZ Y FUERZA

M. Ocampo No. 156-3er. Piso
Col. Sn. Rafael

México, D.F.

Tel. 518-00-80 EXt. 117
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14,

15,

17.

18.
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DIRECTORIO DE ASISTENTES AL CURSO: TEMAS SELECTOS DE ANALISIS DE REDES ELECTRICAS

DEL 15 AL 19 DE ENERO DE 1979

NOMBRE Y DIRECCION

ING. RAYMUNDO CAMPOS MILAN
8 Norte Priv. .C No. 2609
Col. Rincén del Bosque
"Puebla,Pue.

Tel. 41-93-42

ING. JOSE CARRASCO MORALES
Faro No. 79 Depto. 11
Col. vVallejo la Patera
M&xico 14, D.F.

Tel, 535-19-13

JESUS CHI INFANTE

EDIF. 136 Dpto. 1 Unidad Kennedy
Col. Jardin Balbuena

México 17, D.F.

Tel. 552-53-55

ING. ANTONIO DE LA ROSA SORIA
Palmira Apto. Postal 475
Cuernavaca, Mor.

Tel. 4-13-71

ING. PAULINO DIAZ MEDINA
Puebla No. 353-504

Col. Roma’

México 7, D.F.

Tel. 553-71-33 Ext. 2161

ISATAS ELIZARRARAZ ALCARAZ
A. Serdan No. 789-B
Morelia, Mich.

Tel.

EMPRESA Y DIRECCION

COMISION FEDERAL DE ELECTRICIDAD
Antiguo Camino Resurreccién Km.41/2
Puebla, Pue. '

Tel. 41~79-64

DELEGACION CUAUHTEMOC D.D.F.
Aldama y Mina

Col. Buena Vista

México 3, D.F.

Tel. 535-19-13

DEPARTAMENTO DEL DISTRITO FEDERAL
Tlalpan

México, D.F.

Tel. 577-00-55

INSTITUTO TECNOLOGICO REG. DE LA
TAGUNA

COMTISION FEDERAL DE ELECTRICIDAD
RAdano No. 14-406

Col. Cuauthé&moc

México 5, D.F.

Tel. 53-71-33 Ext. 2161

ESC. DE ING. ELECTRICA
(UNIVERSIDAD MTCHOACANA)
Morelia, Mich.

© Tel. 2-77-76
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20.

21.

22.

23.

24.

25,

26.

DIRECTORIO DE ASISTENTES AL CURSO: TEMAS SELECTOS DE ANALISIS DE REDES ELECTRI—

CAS ( DEL 15 AL 19 de ENERO DE. 1979 )

NOMBRE Y DIRECCION

ING. ADOLFQO EQUIHUA TAPIC
Gral. José Frontera No. 8
Col. Mercurio

Querétaro, Qro.

Tel: 2-44-22

ING. WOLF FAINSILBER

- Chilpancingo 14-702

Col. Condesa
México 11, D. F.
Tel: 5-64-76-~71

ING. ARSENIO FERNANDEZ AGRAZ
Sto. Santiago 3548
Jardines. de los Arcos
Guadalajara, Jal.

Tel: 21-59-70

ING. JAIME FLORES BOTELLO
Carolota 175 Int. 7

Col. Guadalupe Tepeyac
México 14, D. F.

Tel: 5-17-02-34

ING. ANGEL FLORES LOPEZ

Paseo de la Reforma No. 730-1501
Edif. Zacatecas

Tlatelolco

México 3, D. F.

Tel: 5-53-71-33 Ext. 2161

MIGUEL FLORES ORTEGA

Corona Boreal 92 Bis

Col. Prado Churubusco
México 13, D. F.

Tel: 5-81-21-12

ING. ARMANDO FRAUSTO SOLIS

Hda. Olivar del Conde 36
Fraccionamiento Prados del Rosario
México 16, D. F.

Tel: 5-46-58-39

CESAR FUENTES ESTRADA
Circ. Musicos Gustavo Campa No. 11
Cd. Satélite, Edo. de México

EMPRESA Y DIRECCION

INSTITUTO TECNOLOGICO REGIONAL DE
QUERETARO

Av. Tecnologico

Querétaro, Qro.

COMISION FEDERAL DE ELECTRICIDAD
R5dano No. 14

Col. Anzurez

México 5, D. F.

Tel: 5~53-71-33 Ext. 2084

" COMISION FEDERAL :DE ELECTRICIDAD

Km. 12.5 Carretera a Morelia

COMISION FEDERAL DE ELECTRICIDAD
Rio R&dano No. 14

Col. Cuauhtémoe

México 5, D. F.

Tel:5~53~71-33 Ext. 2400

COMISION FEDERAL DE EIECTRICIDAD

Rio R&dano No. 14
Col. Cuauht&moc
Mé&xico 5, D. F.
Tel: 5-53-71-33

COMISION FEDERAL DE ELECTRICIDAD
Rio R&dano No. 14

Col. Cuauhtémoc

México 5, D. F.

Tel: 5-53-71-33 Ext. 2677

CIA. DE LUZ Y FUERZA DEL CENTRO,S.A.
Melchor Ocampo 171-222

Col. Anghuac

Mé&xico, D. F.

Tel: 5~46-58~39

ESIME-SECCION DE GRADUADOS E INVESTIGACION

Unidad Profesional Zacatenco
Col. Lindavista
México 14, D. F.
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27.

28.

29.

30.

31.

32.

33.

34,

DIRECTORIO DE ASISTENTES AL CURSO‘ TEMAS SELECTOS DE ANALISIS DE REDES ELECTRI-

NOMBRE Y DIRECCION

AGUSTIN GALVAN MALDONADO
Herreras 117

Col. 20 de Noviembre
México 2, D. F.

Tel: 7-89-08-74

ING. ADOLFO GARCIA GARCIA
Arboleda de la Hacienda 68
Col. Arboledas g
Atizapan

Edo. de México

Tel: 3-79-26-91

ING. GUILLERMO GARIBAY BORRECO
San Marcos 11 Edif. AMALFT 102
Sta. Teresa Contreras :
México 20, D. F.

Tel: 5-68-71-56"

ING. J. JESUS GONZALFEZ HERNANDEZ
Ret. 3 de Manuel Rivera Cambas No. 28

Col. Jardin Balbuena
MBxico 9, D. F.
Tel: 5-71-42-06

ING. ENRIQUE GUERRA VAZQUEZ
Paseo del Reloj 47 M.-12-1~14
Ojo de Agua, Edo. de Méx1co
Tel: 80148 :

J. AGUSTIN GUERRERO FLORES
Edif, 4 Depto 3 Zona Hab. lLa
Orilla '

Lazaro Cérdenas, Michoacan
Tel: 2-03-33 Ext. 1367

ING. CARLOS GUTIERREZ R.

ING. ANIBAL HERNANDEZ IOPEZ
Golf No. 175

Country Club

México 21, D. F.

Tel: 5-49-94~26

 EMPRESA Y DIRECCION

SISTEMA DE TRANSPORTE COLECTIVO "METRO"
Delicias 67 Edif. P.C.C. 50. Piso
México 1, D. F.

Tel: 5~12-76-86

CIA. DE LUZ Y FUERZA DEL CENTRO,S. A.
Melchor Ocampo 171 N

" Col. Anghuac

México, D. F.
Tel: 5-35-16-10

COMISION FEDERAI, DE ELECTRICIDAD
Rio Rddano No. 14

Col. Cuauhtémoc

México 5, D. F.

Tel: 5-53-71-33 Ext. 2616

'COMISION FEDERAL DE ELECTRICIDAD

Rioc RAdano No. j4 .
Col. Cuauhtémoc
México 5, D. F.
Tel: 5-53-66-24

COMISION FEDERAL DE ELECTRICIDAD
Rio RAdanoc No. 14
Col. Cuauhtémoc

. México 5, D. F.

Tel: 5-53-66-24.

SIDERURGICA LAZARO CARDENAS"IAS TRUCHAS,
S. A, "

Domicilio Conocido

Lazaro Cardenas, Michoacan

"Tel: 2-03-33

COMISION FEDERAL DE ELECTRICIDAD
Rio Rddano No. 14 '
Col. Cuauhté&moc

México 5,.D. F.

COMISION FEDERAL DE ELECTRICIDAD
Rio R5dano No. 14

Col. Cuauhté&moc

Mgxico 5, D. F.

Tel: 5-53-65-08



'DIRECTORTIO DE ASTSTENTES AL CURSO: TEMAS SELFCTOS DE ANALISIS DE REDES ELECTRI-

CAS ('DEL 15 AL 19 DE ENERO DE 1979 )

NOMBRE Y DIRECCION

35, ING. RAUL HERRERIAS (QORZO
‘Castillo Velasco No. 44
Col. Periodista
México 10, D. F.

Tel: 5-57-30-23

36. ING. MARIO LARA CARMONA
Emilio Castelar 44-104
Col. Polanco ,
Mgxico 5, D. F.

Tel: 5-31-15-76

37. ING. FAUSTINO ILARA NURNEZ
Rio Panuco No. 137
Col. Cuauhtémoc
México 5, D. F.
Tel: 5-28-86-17

38. ING. ALBERTO F. LINDSAY"
- Colima No. 4
Hermosillo, Son.
Tel: 3-33~-86

39. RENE LOPEZ GUZMAN
Coahuila 156-38
Col. Roma
México 7, D, F.
Tel" 5-25-67-93

40. ING. CESAR ILOPEZ ALDRETE
Rio Janeiro 100-A
Col. Alta Vista
Monterrey, N. L.’
58-17-19 '

41. ING. ALEJANDRO ILOZANO G.
San Marcos No. 102-6

La Joya Tlalpan

México 22, D. F.

Tel: 5-11-34-74

42. ING. J. JESUS MALDONADO LOPEZ
M-5 1L~14 Lomas Santiaguito
Morelia, Mich.

Tel; 2-33-44

EMPRESA Y DIRECCION

COMISION FEDERAL DE ELECTRICIDAD
Rio Rddano No. 14

Rio RAdano -

México 5, D. F.

Tel:-5-53-71-33 Ext. 2410

COMISION FEDERAI, DE ELECTRICIDAD
Rio R5dano No. 14
México 14, D. F.

COMISION FEDERAL DE ELECTRICIDAD
Rio R&dano No. 14

Col. Cuauhtémoc

México 5, D. F.

Tel: 5-53-71-33 Ext. 2677

COMISION FEDERAL DE ELECTRICIDAD
Rio R3dano No. 14

Col. Cuauhtémoc

México 5, D. F.

INSTITUTO DE INVESTIGACIONES ELECTRI
CAs - ‘
Shallespeare No. 6-3er. Piso

Col. Anzures ‘

México, D. F.

COMISION FEDERAL DE ELECTRICIDAD
Carretera Antigua a Roma Km.5.1/2
Tel: 52-50-14

INSTITUTO DE INVESTIGACIONES ELECTRICAS

Shakespeare No. 6-50. Piso
Col. Anzurez

‘M&xico 5, D. F.

Tel: 5-11-34-74

UNIVERSIDAD MICHOACAN,ESCUELA DE
INGENIERTA ELECTRICA

Morelia, MIch. i
Tel: 2-77-76



DIRECTORIO.DE ASISTENTES AL CURSQO: TEMAS SELECTOS EE ANALISIS DE REDES ELECTRI-

'CAS( DEL 15-AL 19 DE ENER) DE 1979 )

NOMBRE Y DIRECCION

43. ING. WILFRIDO G. MARTINEZ FUENTES
Sierra Diamantina No. 8
Col. Real de las Lomas
MBxico 20, D. F.

44' ILUCIO. MAYA ARADILLAS
Av. 565 - 147
Unidad Aragdn
Mé&xico 14, D. F.
Tel: 5-60-34-75 '

45. EDUARDO MOLERD RAMIREZ
‘Milayo 11 Mayorazgo del Bosque
Edo. de México
Tel: 3-79-58-63

46. ING.- RICARDO MOTA PAIOMINO
- Divisidén del Norte 3000
Atlantida, Coyoacén
México 21, D. F.
Tel: 5~49-10-25

47. ING. ALFREDO NAVA SEGURA
Chiapas No. 135—804 '
‘Col. Roma -

México 7, D. F.
Tel: 5-86-27-38

48. SALVADOR NUNEZ CASTIEUD
Calle Industria No. 7
Col. Del Recreo
Azcapotzalco
México, D. F.

Tel: 5-61-84-22

49. ING. HECTOR NUNEZ DIAZ
Gardenia No. 18
Col. Jardin
México 21, D.F..
Tel. 549-51-45

EMPRESA Y DIRECCION

CCMISION FEDERAL DE ELECTRICIDAD
Don Manuelito Esg. Av. Toluca
Col. Olivar de los Padres

Mgxico 10, D. F.

Tel: 5~-95-54-00 .

COMISION FEDERAL DE ELECTRICIDAD
Rio RAdano No. 14

Col. Cuauhté&moc

México 5, D. F.

Tel: 5-73-71-33 Ext. 2161

.CIA. DE LUZ Y FUERZA DEL CENTRO,S.A.

Melchor Ocampo 171 Ofina No.. 407
Col. An&huac

México, D. F.

Tel: 5—18 00-80 Ext. 221

COMTISION FEDERAL DE ELECTRICIDAD
Calle Don Manuelito Esq. Av. Toluca
Olivares de los Padres

México 22, D. F.
Tel: -5-95~54~22

»

IPN-SECCION DE GRADUADOS ESIME
Unidad Profesional de Zacatenco '’
Col. Lindavista

México 14, D. F.

Tel: 5-86-27-38

SISTEMA DE TRANSPORTE COLECTIVO"METRO"

Ernesto Pugibet No. 8-60. PLSO
MBxico 1, D. F.
Tel: 5-21-86-20

COMISION FEDERAL DE ELECTRICIDAD
R5dano No. 18

Col. Cuauhtémoc

México 5, D.F.

. Tel. 286-20-94.
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56.

57.

DIRECTORIO DE ASISTENTES AL CURSO: TEMAS SEILECTOS DE ANALISIS DE REDES ELECTRICAS~

( DEL, 15 AL 19 DE ENERO DE 1979 )

NOMBRE Y DIRECCION

MAXIMINO OCHQA RIVAS
Colina de dos Rocas No. 52
México 5,-D.F.

Tel. 286-20-94

QUILLERMO ORTEGA RODRIQUEZ .
Gustavo Sotelo No. 1795-1A

- Col. Héroes de Nacozari

Mexicali, B.C.

ING. JOSE RUPERTO PENA MORENO

-Ebano No. 18

Col. Santa Marfa ila Ribera
México 4, D.F.
Tel. 541-15-19

ING. ARTURO I. PEON ZAPATA
Las Flores No. 60

Col. La Candelaria Coy.
México 21, D.F. '

Tel. 549-67-30

GUILLERMO JOSE LUIS PERALTA SOLORIO
Cali No. 323-A

Col. vValle Dorado

Tlalnepantla, Edo. de M&x.

Tel. 379-34-16

ING. RODOLFO PIMENTEL C.
Hda. Santiago No. 82
Col. Prado del Rosario
México 16, D.F.

Tel. 561-71-37

ING. LORENZO REYES OSORIO
Valle Dmieper No. 8

Col. valle de Aragon

Edo. de Mé&x.

Tel.

ING. VICTOR MANUEL RODRIGUEZ LOPEZ
Ayuntamieto No. 114 G-501

Col. Tlalpan

México 22, D.F.

EMPRESA Y DIRECCION

COMISION FEDERAL DE ELECTRICIDAD
Rio RAdano No. 14-413
Col. Cuauhtémoc

"México 5, D.F.

Tel. 286-20-94

COMISTON FEDERAL DE ELECTRTICIDAD
Benito Juidrez y lLazaro Cardenas
Mexili, B.C.

Tel. 878-01

COMISION FEDERAL DE ELECTRICIDAD
R5dano No. 14-4o. Piso’

Col. Cuauhté&moc

México 5, D.F.

Tel. 553-66--24

COMISION FEDERAL DE ELECTRICIDAD -. 93

RAdano No. 14-405

Col. Cuauhtémoc

México 5, D.F.

Tel. 553-71-33 Ext. 2677,2143,2084

COMISION FEDERAL DE ELECTRICIDAD
Ay, Toluca y Calle Don Manuelito
Col. Olivar de los Padres

México 20, D.F.

Tel. 595-54-00

CIA. DE LUZ Y FUERZA DEL CENTRO
Tlaloc No. 90-4o. Piso

Col. Andhuac

México 16, D.F.

Tel. 546-11-55

COMISION FEDERAL  DE ELECTRICIDAD
Rio R6dano No. 14-403

Col. Cuautémoc .

México 5, D.F.

Tel.553-71-33 Ext. 2781

COMISION FEDERAL DE ELECTRICIDAD
RAdano No. 14

Col. Cuauhtémoc

México 5, D.F.
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64.

~DIRECTORIO DE ASISTENTES AL CURSO: TEMAS SELECTOS DE ANALISIS DE REDES ELECTRICAS

( DEL 15 AL 19 DE ENERO DE 1979 )

NOMBRE Y DIRECCION i

ING. RIKICA ROMANO
Aldama No. 9-303
Col. Buenavista
México 3, D. F

Tel

ING. DAVID ROMERO ROMERQO
Edificio Libertad B-2-207
Col. Centro

México, D.F. N
Tel. 529-13-09

ING. HECTOR G. SARMIENTO
Cerxro. Coporo No. 46
Col. C. Churubusco

MBxico, D.F.
‘Tel. 549-10-46

ING. GERARDO SORDO LINARES
Cuzco No. 881

Col. Lindavista - )

México 14, D.F.

. Tel. 586-85-68

ING.  VIRGILIO VALDEZ CERVANTES
Salazar No. 827-A Pte.
Monterrey, N.L.

‘Tel., 74-34-47

ING. RICARDO VARGAS SALAS
Priv. del Rosal No. 37
Cuermavaca, Mor.

Tel. 265-67

ING. CESAR M. VILCHIS CERVANTES
Guerrero No. 387-0-713

Col. Nonoalco Tlatelolco
México 3, D.F.

Tel. 597-45-46

EMPRESA Y DIRECCION.

INST. DE INVESTIGACIONES ELECTRICAS
Shakespeare No. 6-5 - '
Col. Anzures
México 5, D.F.

Tel. 511-34-74 .

COMISION FEDERAL DE EIECTRICIDAD
Calle Don Manuelito y Av. Toluca
Col. Olivar de los Padres
México 22, D.F.

Tel. 595-55-11

INST. DE INVESTIGACIONES ELECTRICAS.
Internado Palmira Apdo. Postal 475
Cuernavaca, Moxr.

Tel. (731) 413-71

CIA. DE LUZ Y FUERZA DEL CENTRO
Melchor Ocampo No. 171

Col. San Rafael

MBxico 5, D.F.

Tel? 518-00-80 Ext. 213

COMISION FEDERAL DE ELECTRICIDAD
Anaya y Universidad ~
Monterrey, N.L.

Tel., 52-50-14

INST. DE INVESTIGACILES ELECTRICAS
Cuernavaca,Mor.
Tel.

COMISION FEDERAL DE ELECTRICIDAD
RAdano No. 14-40. Piso:

_ Col. Cuauhtémoc

México 5, D.F.
Tel. 553—71 33 Ext, 2003



'DIRECTORIO DE ASISTENTES AL CURSO: TEMAS, SET_EC’IOS DE ANALISIS DE REDES ELECTRICAS
' (-DEL- 15-AL:-19 DE-ENERO-DE.1979.).. - ..  _ .

65.

NOMBRE Y DIRECCION

‘Clarin No. 13
. Col. Las Arboledas’

Atizapan, Edo. de Méx. .

EMPRESA Y DIRECCION

COMISION FEDERAL DE ELECTRICIDAD

ING. DANIEL ZAVALA MALDONADO
Av. San Jeronimo No. 1363-8 Calle Don Manuelito Av. Toluca
Col. San Jerdnimo Col. Olivar de los Padres
"México 20, D.F. México 20, D.F. :
Tel. 595-58-30 Tel. 595-55-44 Ext. 224

66. C. ALBERTO BLANCO MONTIEL COMISION FEDERAL DE ELECTRICIDAD
Calz. Nino Perdido No. 580 Depto. 302 Rio R&dano No. 14
Col. Alamos Col. Cuauté&moc .
México 13, D.F. México 5, D.F. ; ,
Tel. 590-32-77 Tel. 553-71-33 Ext. 2189

67. ING. HORACIO CRISTIAN BUITRON SANCHEZ COMISION FEDERAL DE ELECTRICIDAD -
Herndndez No. 64 Av, Toluca Esg. Don Manuelito
Col. Tepeyac Ins. Col. Olivar de los Padres
México 14, D.F. México 20, D.F.
Tel. 577-94-86 Tel. 595-54-00

 68. RODOLFO CAIDERON GARCIA - INST. DE INVESTIGACIONES ELECTRICAS

Shakespeare No. 6-50. PlSO
Col Anzures
México, D.F.



