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centro de ·educación cor1tinua 
división 

facultad 

de estudios superiores 

de _ingeniería, un a m 

A LOS _ASISTENTES A LOS CURSOS DEL CENTRO DE EDUCACION 
CONTINUA 

Las autoridades de la Facultad de Ingeniería, por conducto del Jefe del 
Centro de Educación Continua, otorgan una constancia de asistencia a -
quienes cumplan con los requisi·tos establecidos para cada curso. Las 
personas que deseen que aparezca su título profesional precediendo a ·­
su nombre en la constancia, deberán entregar copia del mismo o de su ~ 
cédula a más tardar el SEGUNDO DIA de clases 1 en las oficinas del Centro 
con la ~efiorita encargada de inscripciones. 

El control de asistencia se llevará a cabo a través de la persona encar 
gada de entregar las notas del·curso. Las inasistencias serán computa= 
das por las autoridades del Centro,. con el fin d,e entregarle constancia 
solamente a los alumnos que ~engan un mínimo del 80% de asistencia . 

Se recomienda a los asistentes participar activamente con sns ideas y 
experiencias, pues los cursos que ofrece el Centro están planeados para 
que los profesores expongan una tesis, pero sobre todo, para que coordi 
nen las opiniones de todos los interesados constituyendo verdaderos se=· 
minarios. 

Es muy importante que todos los asistentes llenen y e~tregen su hoja -
de inscripción al i~icio del curso. Las personas comisionadas por al­
guna insti tuci6n deberán pasar a .inscribirse~ en las oficinas del Centro 
en la misma forma que·los d~más asistentes, entregando el oficio respe~ 
tivo. 

Con objeto de mejorar los servici.os que el Centro de Educación Continua 
ofrece, al final del curso se hará una evaluaci6n a tráves de un cues-­
tionario disefiado para emitir juicios an6nimcs por parte de los asisten 
tes. 
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UNIVERSIDAD NACI ON.A.L AUTO NOMA DE MEXICO 
FACULTAD DE 1 NG ENI ERIA 

DI VI SI ON DE ESTUDIOS SUPER! ORES 
CENTRO DE EDUCACI ON CONTINUA 

DIRECTORIO GENERAL 

REGISTRO DE ASISTENTES Y PROFESORES. . ' 

NOMBRE DEL CURSO....,: ----=-------- F O L 1 O .--1 -.--1 --.--1 --.-1-----.1---.1 CLAVE A S OC 0J 
5 6 7 

ITI 1 1 l~j 1 1 1 1 1 1 1 1 ! 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
8 _ 13 14 NOMBRE (S) APELLIDO PATERNO APELLIDO MATERNO 41 

REG. FED. CAUS. l 1 1 1 1 1 1 1 1 1 1 CED. PROF .1 1 1 1 1 1 1 1 
42 51 52 58 

TEL. PARTICULAR 1 1 1 _! 1 1 ! 1 TEL. OFICINA 1 1 1 1 1 1 1 1 EXTENSION 1 1 1 1 1 
59 65 66 72 73 7 6 

MARQUE CON UNA CRUZ 

ASISTENTE D PROFESOR D D [D 
77 80 

l 1 ~ 1 1 1 1 1 l 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ' 1 1 1 1 1 1 1 1 1 1 l 
8 . DOMICILIO PARTICULAR (CALLE. NUMERO Y No. INTERIOR) . 41 

O 1 1 1 1 1 1 1 1 -1] 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1· z.p. DJ 
42 COLONIA 71 72 73 

DJ 
ESTADO 74 75 

DJ rn· lTI 
TITULO PROFESIONAL 76 77 ESPECIAL! DAD 78 79 80 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ! 1 1 1 1; 1 1 1 1 1 1 1 1 1 [ 1 1 1 1 1 
8 DOMICI UO DE OFICINA (CALLE, NUMERO Y No. 1 NTERIOR) 41 

[ 1 1 1 1 l l 1 1 1 1 1 1 1 1 li 1 1 1 1 1 1 1 1 1 1 1 1 1 l 1 ' z . p. []] 
42 COLONIA 71 72 73 

ESTADO 

~OCIACIONES A LAS QUE PERTENECE. 

rn 
------[]] 

rn 
74 75 

FCEC-01 

DJ 
rn 

GJ 
80 
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'--~-'~t0!)HAI-1A PAkA 081Et-.JEk LA HUTA CRITICA UE UN CúNJUNTO UE ACTIVlllA- l4HUC00l - •t¡ J• 

.l>_t~S. l~J.IWCOUc 
[L SIGf..dFICAOU DE. LAS VARIAbLES USAUA~ ES 19HUC003 
~ 1 = C 1\ N T 1 U A 1 > lJ E A C T l V ll> A U E S , G =M A T R 1 Z U E S U H thW 1 N A C 1 O 1-J u E A C T I V I nA- 1 Y¡~ U C O O 4 
LJES, G8=MATHIZ 1-'AHA OHTENEH LA HELAClllN AL HlCúHHfR LA HE.U EN SEN-19HUCuU~ 
TIPO INVEHSU, U=DLJRACION DE LAS ACllVIIJAUES, CS=CONTAUORt EST=Fl- lYkUC006 
Ct1A 1·1AS l[;-1PIU~I\!/I. DE lNlCIOt EFT=FECt1A MAS TEI'-1Pf<Af\IA lJt TER~\li-,¡U, 19RUC007 
LST=ULlll-1~ f-lCHA UE INICIO, LFl=FECrlA l>E TERi"llNU MAS fARUlA, I·~Clif\l=l4t<Ut:uUI::i 
C O~ n 1\l' U h • F F = l ll M 1-' U L I Y HE f L O 1 A IIJ 1 E , H = T I E H P U F L U 1 A 1\i T 1:. T O T AL , k C = l Y k U C O O Y 
VARIABLE E-N-LA <~UE SE AHCHIVAN ·LAS ACTIVIUAOI:.S UUt: PEIHENECEN 11 Lill~kUCOlO 
HUTA CRITICA 19r-<Ueull 
INTEL?[R G( 20t ?UltGH( 20t 20lt0( 2Ul,I::Sl( 2U)tfFT( 2Ll},LST( 2UltLlYHUC012 

1FT( 2.0ltFFC 20ltTFC 20ltCS( 20ltL( 20J,Re( 20ldDASH( 20) l9HUC013 
eALL .IOCSl <2•':>> 

___ CALL IOeSlC5tbl 
DO 1 I=ltlOO 

1 IDASH<ll=lH­
LEeTURA DEL 
CIUN DE LAS 

2 kEADC5tl00) 
IF CN) 3 9 3,4 

3 CALL [XlT 

NUMERO DE ACTIVIOAUES,SUHUkUINAeiUN ENTRE ELLAS Y 
MISMAS 
N ! ;· 

./ 

4 NMl=N-1 
DU 5 l=ltN 

5 HlADC5tlS0) (G(l,J),J:::};N)_.· 
READC5tl60l (()(J),I=l,NL'-: .. ~ , . 
lMPHESION Ol LA MATRIZ UE SU80RDINAelON · 
WRIT[(bt200) 
DU b l=ltN 
wHl TE (6,240) 1 

6 WklTE(6,250) (G(l,J),J=ltN) 
DO 9 I=l,N· 
CSCI)=O 
lJO H J=ltN 
Gf-'(J,J)=O 
IF((;(J,J)) 7,8.7 

7 GHIJtil=l 
H CO~H 1 Nl!E 
Y cor,i I 1 ¡·wr. 

Of'TU·JCJON DL t:Sr Y tF.I 
l~>1(ll=O 

1 ¡: l ( 1 ) =ti 

L Si 1 l l :: IJ 

lll<ll=O 
C~dll=l 

1 o hi e o¡,; = o 
IJU 14 J=2•N 
IfCCS(Jl.EU.ll GO lO 14 
f'-¡l!f-'I::U 

1) u 1 2 l = 1 • f-J 

I F < I • U~ • ,JJ (;O l u 1 2 
lf(G(J,l).r_(J.O) GU T<l 1?. 
IF<CS<Il.f•j.l) bOTO 11 
NCUN=NCUN + l 
GU TU 14 

' 1 l'l u ~-1 = 1~ u t-1 + l 
L ( r,~ U 1·: ) = 1 

1 2 C o h'l li'HJ E 
1-'iAX=lFl (L ( l) l 
DO 13 l=l,NUI'1 
IFCMAX.GE.LFlCL(})}) GO TU 13 
l-1 A X= E F 1 ( L ( l J ) 

13 CONllNUt:: 
. ___ E S T_ ( J ) =HA X _ 

l9RUC0l'+ 
lYHUCúlS 

l.lURA191-<UCUl6 
lYRUC017 
19RUC018 
l9RUeOl9 
19RUC020 
l9RUe021 
l9RUeU22 
1YHUC023 
lYHUe024 
l9RUeu 25 . 
l:'JHUC026 
1YRUC027 
l9HUC028 
l9HUC029 
l4RUC030 
l9RUC031 
l9RLIC032 
19RUC033 
l4HUe034 
1 q~wco 3':> 
lYRUCU3b · 
14HlJC037 
lYRlJCO~t\ 

lC!i{IJCOJ'-1 

i ;' •-?,: e 11 <+ ;¡ 

l'-1i-iUCU<,l 
l lJi~:lC\l-t e'. 

.l'fr~UCil·-+J 

1'-II<UCO-i 4 

lYkUCU'-+':> 
lYHUCOLtb 
19HUeo4·l 
l ':11We041i 
l':lklJC04Y 
l4KUett~O 

lYt<Ueu~l 

1 YIWeo':>c­
lYHUCú'::l3 
l~JHUC05'+ 

lYkUCU':>':> 
lYRUCU':>ó 
1YkUeo':>'7 
lYHUe05H 
l41-<UC0~9 

1 q~WCObO 
·1 (JHUCObl 

. l9RUC062 ........... _. ________________________ ~_ 



U-l(J):::t,1AX + I)(J) 
CS!J)=1 

) 4 CC~l-H 1 NUl: 
IFINCON.NE.Ol GO TO lO 

C UHTlNClUN Dl LST Y LFT 
LFT (N) =EFT (N) 

LST!Nl=LST (N) 

f-F(N):Q 

TF!N)=U 
RC (N)=''H.C.'' 
I.JU 15 1=2,Nl-1l 

15 CS!l>:::O 
16 NCON=O 

UO 20 1=2,NM1 
ll=N+l-1 
l F <e S ( J I l • E<_,¡. 1 l GO T O 2 O 
NUt-1=0 
DO 18 J=l,N 
IFIII.EQ.J) GO TO 18 
lFIGI:HII,Jl.EO.O) GO TO 18 
IF!eS(J).ECJ.l) GO TO 17 
NCON=NCON + 1 
GO TO 20 

1 7 NUt-1=NUt-1 + l 
L!NUM)=J 

lH CONTJNU[ 
1-'tiN=LSl (l(ll) 
UO 19 J=l,NUM 
lF<MIN.LE.LST!L(J))) GO TO 19 
MIN=LST !L (J)) 

lY CONTINUl 
LFT!lll=MIN 
LST!li)=MIN-0(11) 
CS<IU=l 

20 CONTINUE. 
IFChleuN.NE.Ol uO TO lb 

e UHTENCIUN DE FF , TF Y ACflVJDADES UE LA HUTA eHITICA 
IJ O 2 5 J = 1 , N i-1 1 

e 

e 

NUM=O 
IJU 21 1=lol'J 
1 f- < 1 .[U.Jl GO TO 21 
11 (!,H(J,Il.t.').Ol GU lO r-:1 
l~l!i·=f•Jllf"·i-l 

l.~ í •IW):..! 

1 ' ] ( 1 í IJ 1 ] 1·~ <; f 
··-ll'l=~ ~ 1 (1_ ( i)) 

!JtJ l?"l i=J,,JUí·~ 

H ( í-1 1 i J • Ll .• t-. S T < L ( l ) l l G O T U ¿ 2 
1'• 1 1-.J = F ~ r < L ( 1 > l 

,~ 2 e o r·n 1 I·HJF 

r r- < J l = t-' I N- í::. ¡: 1 < J > 

11- (Jl=LST(Jl-[~f(J) 
Ir (I:.Sf <Jl .L(,¡.LST (Jl l GO TO c4 

23 HC(J)= 11 11 

GO TU e~ 

24 IF <EFT (J) .t'IE.LFl CJl) GO TU 23 
kCCJl="H.C. 11 

CONTINUE 
JI-H->Rl S 1 ON DE k E SUL T ADOS 
wRITE(6,300l 
WHITE(6,340) IDASH 
DO 26 I=l,N 

26 wHITE(6,350l },()(!) ,[Sl (J) ,UT(l) ,LST Cll ,LFTCI) ,FFCI) ,TF(ll ,kC(l) 
Gu ro 2 
FORMATOS Ul LECTUHA E IMPHlSJON 

lOO FOHMATCI3l 

l'J~UCUt>J 

19RUC064 
19HUCOt>5 
19RUC0óó 
l<JRUCOb7 
lYRUCOt>ti 
l9RUCOó~ 
l9RUCU70 
1YHUCU71 
l'JHliC072 
l9RUCU73 
19RUC074 
1YRUCU7S 
l9RUC07ó 
l9HUCu-/7 
l9RUC07.ti 
19FWC07~ 
l9RUC080 
l9RUC081 
l9RUCOH2 
l9RUC083 
l9RUC084 
l9RLJCOH5 
l'JkUCUHb 
l9RUCOH7 
19HUCOHd 
19HUCUH9 
l9RUC09U 
19RUCOY1 
19RUC092 
l9RUCOY3 
19RUCUY4 
1YRUC095 
19RUCOY6 
19RUC097 
l9RUC09H 
l9HUCU9'J 
l9RUC}OU 
l9RUC1Ul 
l9RUC102 
l':H<UC103 
}<-Jl{LJC 1 04 
1 --mue 1 (J') 

1 y ;-w e 1 u b 

l'.,J~UCldf 

}<-i,<UCll)'¡ 

lliHUC}u':i 
lYHUCllU 
l'JklJClll 
l9HUC112 
l9RUCll.J 
l9HUC114 
l~RUell':J 

lYHUClló 
19HUC117 
lYkUCllE:i 
lYRUell9 
l9RUC12U 
1YRUC121 
l9RUC122 
l9RUC123 
l9RUel24 
l9HUel2~ 

l9RUClco 
19RUC127 
l9~U~l2H _ 





1~0 FORMAT(3bl2) 19HUC1¿~ 

lbO FOHMAT(14I~) l9HUC130 
20~ FOH~Al(1Hlt4(/),40Xt•MATHIZ DE SUHOHDINACJON DE ACTIVIDADES•,//) l9RUC131 
c411 FURr-IAT<It2Xtl3) l9HUC132 
250 FOHMAT<6Xt29(llt3X)) l9RUC133 
300 FORMAT(5(/) 9 46X,•LOS HESULTADOS OHTENIUOS SUN•t/l/tl7Xt•ACTIV1UAD•l9HUC134 

' , 2 X , • 1) U k A C 1 O 1-.J • , 4 X , • E S T • , 7 X , • E F T • , 7 X , ' L S T ' , 7 X , ' L F T ' , 7 X , ' T F l ' , 7 X , ' 1 F 1l.J R U C 1 3 5 
Te,¡¡ l9RUC136. 

340 FURMAT<llXtlOOAlt/) 19RUC137 
350 FORMAT(/t20Xtl3t5Xt7(15t5X)tA4) l9HUCl3H 

END 19RUC139 
1 XEl~ RUTA 
12 

1 
1 

1 
1 

1 1 
1 1 

1 1 
1 1 

1 
1 1 

1 
o 3 2 4 6 2 1 2 4 2 2 o 
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PkOGRAMA GRAN M 

•---------------- SIMPLEX ----------------

lHIS PkOGHAM USES THE HIG M METHOD IN THE SIMPLEX ALGOHITHM TO 
SULVE A LINEAH PHOGRAMMING PHOHLEMt AS AS PUT FUHTH IN 
lHE. BOOK BY HILLIEH ANU LII:.BERMAN, E:.IHl TLEO 
THIS PHOGHAM WAS WRITlEN -HY ANOHEW J. eANFIELU IN APHILt 1973. 

-------- eOMMON AREA -------­
AC10tl5) -lHE TABLEAU 
HClU) - THE HlGHT HAND SIDE 
FMC15> - FACTOHS OF 81G M lN THE OHJECllVE FUNeTlON 
eci5) - UNIT TERMS IN OBJECTIVE FUNeTION 
AIClOtl5ltBIClOtl5)tFMl(l0d5)teiclOtl5) - SAVES INPUT DATA 
IHVC10) - INOJeATES HASie VARIABLE FOH EAeH ROW 
LAHP(35)tLAARClOt3ltlAHeCl5t3) - LAHI:.LS 
FMZ - FAeTORS OF BIG M IN CURRENT VALUE OF Z 
ez - UNIT TEHMS IN eURRENT VALUE OF Z 
M,N,LAHLStiBTCH - CONTROL VARIABLES 

MAIN PROGRAM 

e O M M O N A I C 1 O , 1 5 ) , B 1 ( 1 O ) t F 1-11 ( l 5 ) , e 1 ( 1 5 ) ' A ( 1 O , 1 5 ) ' ti ( 1 O ) , F M ( 1 5 ) t 
1e ( 15>, IHV ( 10) tlABP (35> tLAHR ( l0t3) ,LABC ( 15,3) tFMZtCZ,M,N, 
2LAHLS,IHTeH 

eALL IOeSI (5,3) 

e INJTIALIZE 

e 

lOO IFAIL = O 
CALL INIT(lFAIL) 
IF CIFAlll 105tl05t400 

05 ISTEP = O 

e TEST IF CURRENT HASIS OPTIMAL 

e 

l 1 O [)0 115 J = 1 , N 
IF (FMCJ)) 117tll2tl15 

112 IF cecJ)l 117.115t115 
115 eONTINUE 

1F CHiZ .r-.JI:::. O.Ol GO TO 500 
c,u TO 200 

C L () C :', l !:::: [ f'! T ~ ~ l N 1; h f... S l C V 11 f~ i fl H t E:. 

!ll rr·r = o.n 
e f = o.() 
LU li'li ,.J = lt f\J 
1 f- ( r· 1-1 < J 1 - f- f'-1 r_ > 1 2 ~ , 1 2 2 • 1 2 H 

12? IF (C(Jl-CI:.J 125tl2Utl¿H 
lí~s Fr-1[ = n1 < J > 

CL = CCJ) 
J[NI = J 

12H Cür>JT I t~UE 
e 
C LOeATE LEAVINb HASIC VARIAbL~ 

ILEV = O 

e 

00 138 1 = 1• M 
IF CK<I>> soo,I30,l30 

3 O J F ( A ( 1 , J E f\1 T ) ) 1 3 H , 1 3 H t 1 3 2 
132 IF ClLEVl 135,135,133 
133 IF ((B(I)/ACltJENT))-RATIU) I35.135t1JU 
135 ILEV = I 

RATIO = ~<Il/A(l,JENT> 
1 38 CUiH J NUE 

IF ClLE::V) 300t3UU.l40 

51~00010 

SIM00020 
S 1 r-100 030 
Sl:'-100040 
SlM00050 
SIM00070 
S 1 t-10 O O 80 
SI t-10 O O ':JO 

SIMOOllO 
SIM00120 
SIM0013U 
SlM00140 
511'1001~0 

SH100lb0 
SIMOU17U 
SIM001HO 
SIMUU1'JO 
SIM00200 
SIM100l0 
SHHOU20 

SH110050 

511-110060 
SIMI0070 
Slt-11 0080 
·SlMl0090 
SIMIO lOO 
SIMIO! lO 
SIM1U120 
SIM10130 
SIM10l40 
SIMlOl:,O 
Slt-11111 bU 
SIM10170 
Sii"rl0175 
S I •"1 1 U 1 r5 tl 
Sl~1}Ul<.:JO 

S 1 r-: 1 O 2 O U 
s 1 r1 1 o ¿ 1 u 
Sl'"110¿2u 
SlV!!OiJd 
S 1 '"'liJe'+ o 
S !•..., 1 Ul:'5U 
s 1 r..., 1 02b u 
Sli-11 U27U 
SIM102r5U 
SJ!"rlOc'JO 
SIM10300 
S 1 ~-11 O ~ 1 O 
SlMlú3¿o 
SIMIUJ40 
Slt-110350 
SlMlOJbU 
SlMl0370 
SIMlOJHO 
Slt-110390 
Slr-110400 
SIM10410 
Slr-110420 
SIM10430 

"""! 





C PlVOT 

e 

140 CALL PIVOT CJENT,ILEV,ISTEP) 
l42 w~ITEC3tll) 

11 fORMATC3óHO-----------------------------------) 
CALL TAHPRCAtBtCtFM) 
bO TO 110 

C OPTIMAL SOLUTION FOUND 

e 

200 \\HITE. (3,12> 
1 2 F OH M A T ( t O * * * * * * * * LA HA S E A C T U AL E S U~ T 11'1 A * * * * * * * * t ) 

GO TO 400 

C SOLUTION 15 UNBOUNDED 

e 

300 IF CLAHLS) 310t320t310 
310 wRITE (3,14) (LABC CJENT,K> ,K=l ,3) 

14 FOHMATC•0//////1/ SOLUCION NO ACOTADA, 1 t3A2t 
1 1 PUEDE SER JNCHEME~TAL>O SIN LIMITE //////// 1 ) 

GO TO 400 
320 WH1TEC3t15) JENT 

15 FOHMATC•0/1////// SOLUCION NO ACOTADA, 1 tlbt 
l' PUEDE SER INCREMENTADO SIN LIMITE•) 

400 WHITEC3,}6) CLA8PCK),K=lt35) 
16 FORMAT(}X,35A2) 

IF CIBTCH) l00t410tl00 

C FOLLOWING CARO MAY HAVE TO REAL> 11 CALL EXIT" ON SOME SYSTEMS 
410 CALL EXIT 
500 WRITEC3tl7) 

17 FORMATC•O******** SOLUCION NO FACTIHLE ********') 
GO TO 400 
END 

1' 'UP 
* ~E WS UA bRANM 
11 FOR 
*ONE WORO INTEGERS 
*LIST ALL 

~UHHOUllNE INIT<IFAIL) 
e 
e lf'lll REAIJS lliE DATA AND eALLS FUR AN INITIAL SOLUTIUN 
e 

e 

e 

e O,.., •'-1 O hl f1 1 C 1 U , J S l , fj J ( 1 O ) , F 111 ( 1 S l • C 1 ( 1 ~ ) , A ( 1 U t l 5 l ' H ( l O ) t F t-1 ( l ~ l t 

l C C 1 ~ ) • 1 h V C 1 O ) , lA H P C 31:J l • lA H k ( 1 O , 3 ) , LA ti e ( 1 5 , 3 l t F 1-1 l • C L , t-1, f>j • 

2LM~LSoJI;TeH 

l ¡) r 1 Jt~ r i i- 1 ( _j 'í f\ e ) 
! 1 1- (H-< 1 i 1\ T ( 1 l 1 () l 
l? f lJi{I·Í/IT ( ( (3Aco4X)) 
1 : i 1- o 1-< t-~ 1:. 1 < 7 F 1 n • n > 

e RtAD IN UATA 
eALL 10e~lCI:Jt3l 

f< t A ü C 2 • 1 O l ( l A 8 P ( K l , K = 1 ' 3 ~ l 
kEAUC2t.lll M,N,LAULS,IUlerl 
IF CLAHLSl ll0tl20tll0 

110 h'lA0!2tl2l ((LAHI<CltK),K=lt3lti=l,M) 
h'EAO cz, 12) ( CLAHe (J,Kl tK=l ,3) ,J=l ,N) 

'?O HEAU(2tl3l CFMICJ),J=ltNl 
RE A 1J ( 2 , 1 3 l ( e 1 C J ) t J = 1 ' 1-.J ) 

00 127 1 = l , N 
127 HE.AD C2tl3) CAl ( ltJ) tJ=1 tNl 

REAI>C2t13l CHlCiltl=ltMl 
h'EAOC2t1ll CIHVCI),I=l,M) 
FMZ = 0.0 
Cl =U.O 
WkllE C3t31> CLABP(t\) tK=1t35) 

31 FUHMAT(/,_•0-------- DATO~ INICIALES -------- 1 t35A2) 

SlMl0'+4ll 
SlMl0450 
51Ml0460 
SIMl0470 
SIMl04tiU 
SIMl0490 
SlMl0500 
SlMlO~lO 

51•-110520 
SIMlO~JO 

SI 1'11 0~40 
SIMlO~~O 

SIM10~b0 

SIM1057U 
SIMlO~dO 

SIM1U590 
Slr...,l0600 
SlM1Ub10 
SIM1062U 

SIM10640 

SlMlOt>6U 
511-1106.70 
SIM1068U 
SIMlOb90 

S 11-110730 
SIM10740 

SH-l20Ul0 
SlM20U2U 
SIMcOlJJU 
SlM2U04U 

S 1 r., 2 O u 1 o 
~ 11'12 (J ll<.Hl 

~ 1 i"' 2 () r¡ '1 o 
~u-;,¿oluo 

SlM2UllU 
SIM20120 
S 11-1201 JO 
SI t-12 O l '+O 

Slr-120170 

SlM20220 

SIM20260 
SIM20270 



e 
e 

e 

.. 
" 

139 
32 

I~ITIALIZE lAHLEAU 
e'ALL TAHhlliClrAIL) 
lF (IFAIU l3Ytl3CJt40CJ 
wRI rE (3t32) 
rOHMAT<•o-------- TA~LA INICIAL --------•) 
eALL TAI1f'H(A,H,e,FM) 
HETllRN 

e fHRUH - 1N111Al HASIS UNINVlRTA8LE 
400 wR1TEC3,33)_ _ 

33 FOHMAT<•OEL JUEGO INICIAL U[ VAkJA8LES HAS1eAS NO SE PUEOE USAH 1 ) 

f~E TUHN 
ENO 

11 UUP 
*STOHE ~S UA INIT 
11 FOR 
*ONE wOHO INTEGEHS 
*L1ST All 

SUBROUTINE PIVOT (JENltiLEVtiSTEP) 
e 
e PIVOT PERFORMS THE JTERATION, EITHER BY THE NORMAL SIMPLEX 
e P!VUT, OR HY HEeALeULATING THE TABLEAU FROM lNlTAL DATA. 
e THE DIFFERENeE 15 TRANSPARENT TO THE USER Mm, 15 NEEDED ONLY TO 
e ~PRESEHVt AeeURAeY. 
e 

e 
e 
e 
e 
e 
e 

e 

l 
1 1 

103 

12 

COMMON Al (10tl5) tHI <lO) tfMl (15) ,e¡ (15) tA(iOtlS) ,(j(JOl ,FM(l5)' 
1C(l5) ,IHV(lO) tLABPC35) tLA1:3H(l0t3) ,LAÉse(l5,3) tFMz,ez,M,Nt 
2LABLStlBTeH 

eALL IOeS1(5,3) 
IF (LABLS> 103tl0ltlÓ3 
wRITE<3,11) JENT,IBV<ILEY) 
FORt-1AT(/ti5t 1 EI\ITHA A LA: HASE, •tl4t 1 SALE DE LA HASE') 
¿o 10 I05 · · · i · 

l = IHV<ILEV) 
kRITE C3tl2) (LABC (JENT,K) ,,K=lt3) t (lAHe <L9K) tK=l ,3) 
f OH r4 A T ( 1 , 1 X , 3 A 2 , ' E N T HA i A lA l:i A S E , 1 ' 3 A 2 • ' SAL E DE l A 13 A S E 1 ) 

1 

i 
. ¡ 

1> ~-e 1 í 1 L .,., H l 1 ti EH T O O O 1~ 11/ U H 1·1 Al S 1M P lE X P l V U T 
Ut< ·¡(l tiLCO!·~PIJTE Thl Ttdjq::AU FkOt-1 THt::. UR1GP4AL DAlA 
A!-itJ 1 •il ! 1~VFf-<~.L UF TI1E CiHn<[l\11 HASl S 
~:L H!-_CUI'.PUll:. 1-:.Vt~kY f-IVE Illl·~/,liUI'>IS 

1 o ' :, 1 ~. T [ 1-' = 1 ~ T U-' • 1 
l 1 1 1 S 1 i:. 1-' - '1 ) l J O , l l u , 1 l O : 

e hiCOMPUlE TAHLEAU 

e 
e 

e 
e 
e 
e 

e 
e 

1111 ISTE:P =O 
IHVCillV) = JENT 
eALL TAhNUCieANT) 

1 1 S 

130 

135 

1~ CICANT) l90tl90tll5 
IF bASlS IS Uf THAT HAHE TYPE WHieH eANNUT 8E INVEHTEU BY TAHNU, 
k[ INSTEAO OU A NORMAL SIMPLlX PIVUT. 
1STEP = 5 

NU~MAL SIMPLEX PIVOT 

NOHMALIZE PIVOTAL EUUAllON 
TEHM = ACILEV,JENT) 

IJO 135 J = lt N 
A CILEVtJl = A ( ILEV,J) 1 TEHM 
liCILEV) = IHILEV) 1 TEH11 

ELIMI~AlE ENTEHING VAHIA~LE FROM All OTHEH EUUATIONS 
00 1 4 ti I = 1 , M 

~ 1 ,.,¿u J u u 1 

SlM20JlO 
S 1 r-120320 
S 1 1~c033U 
~IMcOJI+O 

Slr-120J70 ¡ 

Slt-'1203b0 
s 11'1c0390' 
S lt-12 O 4 o O 1 

1 

SIMc04JO· 
SlM20440' 

SIM30010 
snuoozo 
SlM30030 
SIMJ0040 
S 11-130 U 50 
SlM30060i 
SIM30070· 

1 

SH-130100 l 
SH130ll0. 

SI 1-130140 l 
S11'13Ul50 1 

i 
1 
1 

S 1 "'\3111 H O j 
s 1 r-u u 1 9 o¡ 

1 S 1 (·i30cOU 
Slt-nJt•clO i 

i Sl:1Ju¿¿u ¡ 
") ! ...... 13 ,, (-' ..3 (J ! 

S J ,_, :1 t' ¿ 4 L1 '¡
1 

S i .. ~ ~ u í:' :::> O l 
S J·.;Jul:'bO .

1 ~ 1 !·~ j o ~ r u 
S1MJUcHO 
S 1 ~-13 021.} O 
S~l:0300 

S 1 t-1311 31 O 
S1MJ03c0 
SIM30330 
SI i-13034 O 
S1M30350 
SIM30360 
S 1 r-1]0 3 7 O 
S 1 r-1] 03130 
S 1 i-130 31.}0 
Slr~30400 

SlM304lO 
SIMJú420 
S 11-1304 30 
SlM30<+40 
S 1 M30450_. 



e 

.. 
" 

142 

145 

IF (1-lLEVl l42tl48tl42 
~ATIO = ACitJENTl 
tJU 14~ J = 1t N 
TERM = ACltJl - A<ILEVtJl *RATIO 
A(l,Jl = CLEAN(lERMl 

TE.RM = A<l) - lHILEVl *RATIO 
B<ll = CLEANCTEHM) 
CONT I r.,¡UE 
lHVClLEV> = JENT 

C ELH1INATE EIHERING VARIAIKl FHOM Ol:jJt.CTIVE FUNCTIOi-.J 
CALL HMUVE<ILEV) 

190 RETUHN 
ENO 

11 OUP 
*STORE WS UA PIVOT 
11 FOR 
*ONE WOHO lNTEGERS 

· *LIST ALL 
SU~HOUTINE TA~NUCICANT) 

e 
C TABNU USES CHOUT 11 S METrlOD TO IMPLICITLY FIND THI BASIS INVERSEt-
C THEN USES THIS lO REGENERAlE THE SIMPLEX TA8LEAU FROM THE 

1 C IN1TIAL DATA. 
e 

e 
e 
e 
e 

e 
e 

COMMON Al <l0tl5l tBI (lO) tFMl (15) tCI (15) tAClOtl5> tEHlO) ,FM(l5) t 

lC<l5l tlBV(lO) tLABP(35l tLABR(10t3) ,LABC(l5,3) tfMZtCZ,M,N, 
2LAHLSt11:STCH 

OIMENS10N BASIS(l0t10lt IPSC10), SCALEC10) 

THE-ARRAY 11 liASlS 11 1S USED AS A WORK AHE.A 

FINO SCALE fACTOR TO PRESERVE ACCUHACY 
DO 120 1 = 1, M 
IPS(l) = 1 
ROMAX = 0.0 
DO 115 JH = 1tM 
K= IAV<JB) 
1 ~ R t-i = A l ( I , K ) 
flASlS<l.Jh) = TERM 
JF <TEHHl llldl~dlJ 

1 ll 1 t K'~ = - 1 f-J~i·1 
l 1 i 1 F ( 1 :U t.; r, X- 1 E f~ '·1 l ! l'' , 1 l :, , 1 J ~ 
1 i ,.~ r-:1tl':;1 ;; = T 1 ''r-. 
1 l ':. C''1: 1 J :~:JL 

J f ( ; :U r; ¡,X ) l O (J , l U tl , l 1 H 

1 l ~¡ ~ C f1 L í: ( 1 ) = 1 • O 1 ,.¡U H /1 X 

1 ,~o e or·n HWL 

C lMPLICilLY lNVERT HASIS 
lJO lYO JH = 1 9 t-1 
IF (JH-2l l~OtlSOt131 

131 JHMl = JH - 1 
DO 140 1 = 2t JUMl 
LE.SS = 1 - 1 
JP = IPS(l) 
lERM = HASIS<IP,JB) 
UO 136 K = ¡, LESS 
KP = IPS(K) 

136 lE.RM = TERM - HASISCIPtKl * BASIS<KPtJHl 
TERM = CLEAN(T[RM) 

140 BASIS<lPtJ~) = TERM 
150 RATPV :: 0.0 

00 170 1 = JH, M 
I P = .1 PS ( 1) 

SIM3Uo~tb0 

SIM30470 
SIM304HO 
SIM30490 
SlM30500 
Slr-130510 
SIM30':>20 
SIM30530 
SIM3lb40 
Slt·1J0550 
Sli-1JO~ó0 

511"130570 
SIMJ05tiU 
SIM30~90 

SIM400l0 
Sl1'140020 
SIM40030 
SIM40U40 
SIM40050 
SIM40060 

SIM40090 

51"'140110 
SIM40120 
Slr-140130 
SIM40140 
SIM40150 
SIM4Ulb0 
SlMo~tOl70 

SlM40ltlO 
SIM40l90 
SlM40200 
SlM4U¿lO 
S 11'1~ OC:20 
S I •,¡ 4 v? JO 
S 1 ;14 o rt;. o 
~ 1 r-14 { l r:' '-:> O 

S 1 :.·; '-+ tt ? !.1 O 
S 1'·14 U í:: l U 
SI t-~4 U cd O 
Slt140C'YO 
S 1 r-1-. 030 O 
S J 1·14 O 31 O 
Slt-14 OJeO 

SlM4lU30 
SlM40340 
SlM403SO 
SIM40360 
SIM40370 
SIM403HO 
SIM40JYU 
SIM40400 
SIM4041U 
~IM40o~t20 

SIM4U430 
51M40440 
SlM40450 
SIM404b0 
SIM40470 



1Uü1 = hASlSliP,J8) 
IF CJH-1) lb2t lb2t 157 

1~7 lf~S = JB - l 
DO lbO K. = lt LE.SS 
K.P = lt'S(K) 

lhO TEHM = TERM- BASJS(JP.K) n EiASJS(KP,JI:i) 
TEHM = Cl[AN(lE.HM) 
HASISCIP,JH) = TEHM 

162 IF ClEKI-1) lb5d70tl66 
lllS lEHM = -TEkM 

, lbh lEHM = TERM ~ SCALECIP) 
IF CRAlPV-TERM) lb8tl7Dtl70 

IbA HATPV = TEí~M 
IPV = I 

170 CONTINUE 
IF (RATPV) 700,700.174 

174 IF (M-JH) 190,190,176 
17b JPVUT = IPSCIPV) 

IF CJB-IPV> 17Htl7H,lel 
178 lPSCIPV> = IPSCJB) 

IPS(J8) = IPVOT 
1Hl JHPl = JB + 1 

DO 188 1 = JBPlt M 
IP = IPS(I) 

188 BASIS(JP,JB) = 8ASISCIP,J8) 1 BASISCIPVOT,J~) 
lYO CONTINUE 

ICANT = O 

SOVE FOR THE PROPER RIGHT HAND SIDE VECTOR B 
IP = IPS(l) 
-~(l) = Bl(lP) 
00 224 I = z, M 
IP = IPS(I) 
SUM = 0.0 
KLIM = 1 -1 
DO 222 K = lt KLIM 
KP = IPS(Kl 

222 SlJM = SUM + BASlS(lP,K) * BCK) 
224 !HU = 8l<IPl - SUM 

,_.. P = 1 1-> S ( 1-1 l 
ll. H M = H ( 11. ) 1 d A S I S ( 1·1 P , M ) 
11 e 1,~ > = eL uu\¡ < 1 un~ > 

L U L ! 1·1 = ll - 1 
iJ < ' ¿ ~ h l "¡ L h = 1 • L O L Jr·, 
! :: 1-: - J Id. u 
l~ = Ji':.!ll 
S U 1-t = o • 1) 

Kl 0<'1 = 1 + 1 
[) O 2 ~ 4 K :: K l O W , 11-1 

2':>4 SlJM = SUI-1 + !3(K) ~ HASIS!lP,K) 
1 [ R r~ = ! b ( 1 ) - S U 1-1 ) 1 H A S 1 S ( 1 P , l ) 

2':>6 ~(J) :: CLEAN(llHM) 

SOLVE FOR THE PkUPER MATHIX A 
1>0 2HO J= lt N 
IP = IPS(}l 
A!},J) = Al<JP,J) 
D U 21J 2 I = 2 , t-1 
SUM = 0.0 
IP = IPS(I) 
KLII-1 = 1 -1 
DO 260 K = lt KLIM 
1\P = IPS(K) 

2h0 SUM= SUM + bAS!S(IP,K) o ACK,J) 
262 A(J,J) = AJ(JP,J)- SUM 

HP = I PS C t-1) 

~l1'14U4tiU 

SIM404\/0 
SIM40~l0 

SIM40520 
Slt-14US30 
S1M4ll':>'+0 
S 11-14 0':>50 
Sl"-140S6U 
Slr-140S10 
S 1 r-14 OSHO 
S I r-1 '+ U S'} O 
SlM406UO 
Sh"140bl0 
SIM40b20 
SIM40b30 
SIM4064U 
SIM406SO 
SIM40t>60 
51M40670 
SI!-140oi10 
511-'140690 
SIM40700 
SIM4U710 
SIM40720 
SlM4U730 
SlM40740 
SIM40750 
SIM40760 
SIM40770 
SIM4078U 
51M40790 
SIM40800 -! 
SIM408l0 
SIM40820 
SIM40830 
SIM40d40 
51M4LJB50 
SIM40Ho0 
SI J-'14 O 11/ o 
SlM40rJ.tW 
S l t·1 1~ o H'J U 
~P141lliO!J 

~ J :-1 L, \1 <J J (1 

51=141,<-;¿u 
~ 1 t·) 4 1 i I.J .:! J 
~ I ;-; '-! iJ 'J 4 u 
~ 1 1'14 ()y') iJ 

~1H4U':'60 

SP"'4lJYIU 
Slr~'+U tilJ 
SlM409YU 
~IM410UO 

SIM41010 
SIM41020 
SI 1-141 03U 
Slt-141040 
Slt-141050 
SIM41060 
SIM4l070 
SI"141UHO 
SIH41U9U 
51M4ll00 
SlM4lllO 
SIM41120 
SIM4ll30 
SIM4ll40 



e 

li:.:HM = A(M,J) 1 bASIS(M~,M) 

A(M,J) = eLEANCTEkM) 
LOLIM = M - 1 
DO 276 INEG = lt LOLIM 
1 = M - 1 NEG 
SUM = 0.0 
1~ = IPSC1l 
KLClw = 1 + 1 
lHJ 274 K = KLOw, M 

2 7 4 S U M = S U r-1 + A ( K , J ) * 8 A S I S ( 1 P, K ) 
T E H t-1 = ( A ( 1 , J ) - S lJ ¡v, ) 1 li A S 1 ~ ( 1 P ' 1 ) 

276 A(J,J) = eLEANCTEkM) 
2HO eONT1NUE 

UO 310 J= lt N 
FMCJ) = FMI (J) 

310 e(Jl = eJCJ) 

e REGENERATE THE 08JEelJVE FUNeTlUN FROM INITIAL UATA 
FMZ = o.o 

e 

ez = o.o 
00 320 1 = 1t M 

320 eALL RMUVECll 
RETURN 

e BASIS NOT ArJEQUATELY INVEFHAHLE 
e SeALlNG MAY NUT HAVE HEEN SUCCESSFUL 
e ZEHO ROW IN BAS1S 

700 IeANT = 1 

11 lJUP 
*S- ·~E 

11 JR 

HETUHN 
ENO 

WS UA TAHNU 

*UNE WORD INTEGEHS 
*L1ST ALL 

SUHHOUTINE HMOVECIJ 
e 
C HMOV[ HEMúVES THE 1-lrl BASlS VAHIAHLl FkOM THE UHJEeTIVE 
e FUi'IICTION. 
e 

e 

C l l •·1 rv~ t J N í-l. l ( J O , 1 S ) , B 1 C 1 ú l , F t-11 ( l S ) , e 1 t 1 ~ l • A C 1 fJ • 1 ~ l • tj ( 1 l 1 l , F ..-1 C 1 ~ l ' 

1 ( ( l '; ) ! 1 H V ( l O ) t L f\ f}fJ t 3 ~ l , LA lll< ( 1 [1 f 3 l , L f\ H C ( J ~ , 3 ) , t-" r-·, l • C L , ~~ , ": , 
: · 1 ,, 1, '· ~ •• 1 ,_ re:, 1 

l ::- [ ·<V ( l l 

l ~ '" ,."' ', = ¡ · r-~ ( L l 1 /1. ¡ l , l. l 
1 l h'•·~ C = C ( L l 1 A ( 1 , L l 
lt ( J l 1 ll ,J = 1 , N 

1 ~ ~ r~ = F 1-1 ( J ) - A ( 1 , ,J l * T El-< M M 
HI(J) = CLEAIHTI:_t-<M) 
1 t H 1·1 = C ( .J ) - 11 ( 1 , .J l * 1 EH t-1 C 

1 1 O e ( J ) = eL E A i'l ( TU-< M ) 
l 1:.: I·H-1 = t- t-1 Z - B ( 1 ) * 1 EH M r-1 

FMZ = CLEANCTEHMl 
llHM = CZ - H(Jl * TEH~C 
ez = CL[ AfH TEI~M) 
1-<ETURN 
END 

/1 lJUP 
*STORE 
1/ FUk 

WS UA 1-<MOVE 

*UNE wOklJ INTEGEHS 
*LIST ALL 

e 
e 

F lJI\IC T 1 UN CLE Ar~ ( HEAL) 

CLEAN 1-<ETUHf>~S A VALUE wH1eH 15 ZERO lF lHE AHGUMENT IS w1 THIN 

~1M4ll~U 

SlM4llóO 
SIM4ll70 
Slr'14llHU 
SIM41}1jU 
SIM412llU 
S H14121 O 
Slr-141220 
SIM41cJU 
S1M4lc40 
SlM4lt:'50 
SIM41~60 

SlH4127U 
51r-14lt:'HO 
SIM4lc90 
SIM413ll0 
Slr-141310 
SIM4L:!2U 
SIM413JO 
Sll-141340 

/ Slt-14lJ5U 
SlM4l360 
SIM4l370 
SIM413d0 
SIM41390 • 
SH1414ll0 
SIM414l0 
SIM41420 
SIM41430 
SIM41440 

SIM500l0 
SIM50010 
SIM50030 
Sir-150040 
~ I o1 '::> {) ()';)U 

~] ··hL(;:,() 

:, l i•. '-¡ 1) 1 ! ) u 
S 1 r.~ '' !J 1 1 ll 
~ 1 ¡.t, ':"> (J J ¿ o 
SlFt':>Ol3U 
Sl'·1'_)tJl40 
SlM':>Ol~U 

SP1'J01b0 
SU-15ll l 70 
SlM~U1tlU 

SHóU l ':JO 
SI t-15020 U 
SIM50210 
SlM~0220 

511'150230 

51M600l0 
Slt~60020 

Sltwlo0030 



e ._.LU~ Of-< MlNlJS 0.001 O~ Llf-<Ut AI'~U WtileH lS THE VHLUE. OF 1111:.. 
e ARGUMENT OlHEHWlSE. 
e 

l f ( 1~ [AL- O • O O 1 l 1 1 1 ' 1 1 O , 1 18 
111 1F (R[AL•0.001l 11H,)18,115 
1 1 5 eL E AIJ = O • O 

1-<E_ TUHN 
1 eLEAN = RlAL 

f{f. TURN · 
END 

/1 UlJP 
~SlURf_ WS lJA eLEAN 
11 roR 
*ONE WOf-W 1 Nl(G[RS 
*LIST ALL 

S U IHW U l 1 N E T A 1~ P 1-< ( A W , I:HI , e W , f M W l 
e 
e lAHPI-< PRINTS OUT THE SIMPLEX TABLEAU 
e TABPR USES 115 PRINT POS1Tl0NS 
e 

e 
e 

e 
e 
e 
e 

e 
e 
e 

e 
e 

e 
e 

e 
e 

103 
105 

200 
12 

1.1 

14 

eOMMON Al <l0tl5l ,81 <lOl ,FMI (15) ,e¡ (15) tA<lOtlSl tt3<10l ,FM<l5)' 
Ietl5l ,IBV!lOl tlAHP(35l tlAI:JR(10t3l ,L~8e!l5,3l tFI-lz,ez,M,N, 
2LAI:iLS,IHTeH 

DJI-1ENSION AW(l0tl5lt RW!lOlt CWC15lt FM~1!lSl 
eALL IOeSl !S,3l 

DETERMINE LENGTH Of FIRST llNES 
Llf-1 = 7. 
IF !N-LIMl l03t105,}05 

LlM = N 
IF !LAI:JLSl 200,300,200 

LABELED OUTPUT 

FIHST L1NES SEeT~N 
w 1-< 1 TE ( 3 , 1 2 l ( C LA H C C J , K l , K= 1 ' 3 l , J = 1 , L 11"~ l 
FORMAT!/,8HOI-<ENGLON,SX,14H L.D. HASE t4X,7!6X,3A2ll 
WH1Tf!3,13l FMZ, CFMW!J),J=ltlll-1) 
FU~MAT!7HO FM ,Fl2.3t12X(7F12.3l 
11. R 1 1 [ ( 3 , 1 4 l C Z , ( e lo¡ ( J l , J = 1 , L 1 M ) 
FORI11\TC1X.bH -e .F12.3,2XthHZ t4Xt7Fl2.3l 
\·.1~1 r!:: (J.n()) 

t-. n ¡ '· · ,, '~ r ... 1 < 1 ¡ 
I = 1 , r...¡ 

r' J '' ;·.1• 1 T l C J • l '"> l ( L f, 11 1-< t 1 , K l , K= 1 , 3 l , 1 i ~-¡ ( 1 ) , ( L 1\11 C < L • 1\ ) , r, = l , 3 1 , 
1 ( /• t·i ( J , .J > , J :: 1 , L 1 t·l l 

l S F O flr-: Á T ! 1 X , J A 2, F l e. 3, 2 X, 3 A e~ 4 >. , 1 F 1 2. 3 l 

R f_l.l; A l N 1 hi h 5 E e 1 1 U 1-.: S L O O 1-' 

LOW = A 

1> [TE H t--: l I'J E l F F I ¡...¡ 1 S HE !J 
231 1F (1~-LOw) 400.233,233 

DtTLHMJNE LINES LENGTH 
é LJM = LOw + 8 

JF (I'J-Lll.l\) 
235 l 1 H = f...¡ 

P f-< 1 IJ T S E. e T l O 1-.1 

2 3 6 vi 1-< l T E C 3 , 1 7 l ( ( l t. R e ( J , K ) , K = 1 , 3 l , J = L O v: , L 1 H ) 
17 FOHMATC//,JX,6rlHENG ,q(bXt3A2ll 

W H 1 TE C 3 , 1 H l ( F H ...; C J l t J =LO ~! , l l M l 
18 FORMATC7HO FM t9f12.3) 

Sll-\t>U\140' 
Slr-160050 
SIHóOUbO 
SlM6U07U 
SlM601JHU 
Slt-1oUOl)0 
S 11-11'1 O 1 O O 
SlMoú 11 O. 
s JI'~ 6 n 1 2 o 
SlMblllJO 

SIM7U010 
SlM70o20 
51M70030 
SIM70040 
SIM7U050 

SJr-170080 

S!t-170100 
SJM7Ull0 
SIM70120 
Slr-170130 , 
SIM70140 

.Slt-170150 
SIM70160 
SIM70170 
SIM70180 
Slt-170190 

S 1 '·1 f iJ r. (: \J 

~ i 1•1 1 u r. 1 " 

S Jt-·, 7 o 24 U 
~ 1 r-·, f !l J O U 

S 1 '-17 o] 1 U 

SlM70J30 
Slr-17UJ4U 
SIH7UJSO 
~1Ml03b0 

Slt-1703""/0 
SlM7UJtiO 
Sll-170390 
SltJ;70400 
SI,.,70410 
Sli-'1704¿0 
SlM70430 
Slr-'.70440 



e 
e 
e 
e 

e 

}9 

245 
e O 

300 
32 

w 1~ I T l ( 3 , 1 q l ( e w ( J ) , J = L O W • L 1 M l 
FOHt-1AT(7HO -e t9Fl2.3) 
~,J.(~ I T E ( 3 , ó O ) 

l>O 24 5 1 = 1, M 
WHITI=-<3t20l <LABR(It~l ,K=1t3l t <AW(I,J) ,J=LUw.LlM) 
FOHMAT<IX,3A2t~fl2.3l 

LOW = LOW" + 9 
GO TO 231 

UNLABELED OUTPUT 

fli-(ST SEeTION 
WkiTE (3,32} (J,J=l tliM) 
FOHMAT(/•HHORENGLUN,5Xtl5H L.D. UASE ,7(9Xtl3)) 
WHITE.<3tl3lFMZt <FMW(J) tJ=ltLIMl 
WHITE(3,141ez, <eW(J),J:I,LlM) 
wHITE<3tb0) 
DO 314 1 = 1 t M 
L = IHVCJ) 

314 WRITE<3.14llt tjw(l), Lt (AI'J(J,J),J=ltLlMl 
35 FORMAT<IX,I3t3X,Fl2.3,15t7Xt7F12.3) 

e HEMAINlNG SECTIONS LOOP 
e 

LUW = H 
e 
e !JfT[H~~lN[ IF FINISHED 

J31 IF (N-LOW) 400t333t333 
e 
e IH: TEI·H-11 Nf LINES LI:.NGTH 

333 LIM = LUW + A 

IF (N-LlM) 33St33ht33o 
,5 LlM = N 

e 
e 1-'H 1 I·JT SEeTION 

33o wHI Tt. <3t311 (J,J=LOW,LIM) 
37 FORMAT(//,}X,3HRlNt9(9Xtl3)) 

wfd TE (3, lHl <FMw (J) tJ=LO\'I'tllM) 
wHllE<3tl91 (eW(J),J=LOWtLIM) 
WRITEC3tó0) 
00 345 1 = 1 t M 

34•) ~HlTEI3t40)1, (AW(},J) ,J=LOW,LlM) 
40 FORMAf(lX,I3t3Xei.JF12.3) 

LOW = LU\'1 + 9 
GO TO 331 

e 
400 HETUI-(N 

li\IO 

SIM70~30 

SIM7U~'+0 

SIM70~~0 
SlM7U56U 
SIM7U~l0 

S P.17o~~O 
SIM70~~0 

SIM70b40 
SIM70b50 

SIM70ó70 
51"170680 
51M7061.JO 
SIM70700 
SlM70710 
SIM7Q1¿o 
SIM70730 
SIM70740 
~IM70750 

SIM7076U 
SlM70770 
SIM70780 
SIM70790 
SlM7UI:iUO 
SlM7UB10 

S ll-1"7 OB60 

Sll-170~90 

SlM70900 
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1/.'~ím· .• 
11 1 o~ 
~o~E WORO INTEG[kS 
~IUCS(CAHD 9 1403 P~JNl[~) 
~;v - INVEI 
*S 
e 
C PkUGRAMA MOPASIN . 
C MODELOS PA~J' SISTEMAS OE INVENTARIOS 
e 
C TARJETAS OE DATOS 
e 
C LA PRIMERA TARJETA ES UNA IDENliFICASION, 
C CON UN MAXIMO DE CUARENTA CARACTERES 
e 

_OIMENSIUN BETA(lO) 
CALL lOCSl C5t3) 

1 REAO (2t26) BETA 
WHITE (3,27) BETA 

SEGUNDA TARJETA (CONTROL CAHO) ;·DONDE: 
N= TOTAL DE SEMANAS POR ANALIZAR 

.L 

e 
e 
e 
e 
e 
e 
e 
e 

1 R=A= PORCENTAJE APL 1 CADU _AMENUOEO _ _ 
-r.w:;;B::: PORc'ENTAJE ·APLI-CADO -AL VALo:R ___ DE MAYOREo-··-.- - ---~ --.- "' >·· 

. - . ~ . . 

e 
e 
e 
e 
e 
e 
e 
e 

LW= FACTOR OE MANUO UE TIEMPO APLICADO A HAYOHEO 
LF= FACTOR DE MANDO UE TIEMPO APLICADO A LA PRODUCClON 

READC2t2H) N,JR,Jw,LW,LF 
-1 F ( N • E <J • O ) G O T O 4 O 
IF (IR .GT. 0) GO lO 3 
A=l.O 
GO TO 4 

3 A=IR/100.0 
4 IF (JW .GT. 0) GO TO 6 

5 R=l.O 
GO TO 7 

6 H=IW/100.0 

Rl= NIVlL DE INVENTARIO DE LA-SEMANA ANTERIOR P~Ri MENUDEO 
HO= ORDENES MENUDEO = WS = PRODUCCION OE FAH. SEMANA ANT. 
Wl =-NIVEL DE INVENT. DE LA SEMANA ANT. PARA MAYOREO 
W02 = ORDEN DE MAYOREO PARA LF NO = .O 
~101- = ORDEN DE MAYOREO PARA Lf = O 
FR = PRECIO DE FABRICA 

7 HI=100.0 
HO=lOO.O 
ws= 1 oo.·o 
WI=200.0 
W02=loo.o. 
WOl=lOO.O 
FH= 100 • 0-

IMPRIME ENCABEZADOS PARA LA SALID4--SEMANAL--

\~.:HITE C3t29) 
WHITE (3,30) 

EMPIEZA EL LOOP PAkA LAS COMPUTACIONES OE LA SEMANA 

DO 24 l=l,N 

LEE Y-VERIFICA LAS TARJETAS DE DATOS OUE CONTIENEN-LAS VENTAS 
SEMANALE_S_:_ _ _ __ _ _ .. __ _ ________ _ 

i 

-[ 

! 
1 



--. 
; 

1 
1 • ¡ // joH 

// FOR 
0 0NE WOHO INTEGEWS 
O}OCS (CARI), 1403 PWJNT[H) 
fNAME ·1 NVE l 

0 SAVE 
e 

' e 
e 
e 
e 
e 
e 
e 
e 

e 
e 
e 
e 
e 

. e 
e 
e 

, e 
e 
e 

, e 
, e 

e 
e 
e 

e 
e 

e 
e 
e 

PROGRAMA MOP~SIN _ . _ . 
MODELOS PARA SISTEMAS DE INVENTARIOS 

TARJETAS DE DATOS .. .. 
LA PRIMERA TARJETA ES UNA IDENTIFitASION, 
CON UN MAXIMO DE CUARENTA CARACTERES 

DIMENSION HETA<lO) 
CALL IOCS1 (5,3) 

1 READ (2,?6) 8ETA 
\oiRITE (3t27) BETA 

-- . 
SEGUNDA TARJETA (CONTROL eAWD)t DONDE: 
N= TOTAL OE SEMANAS POR ANALIZAR 
JR=A= PORCENTAJE APLICADO AMENUUEO 
IW~B= PORCENTAJE APLl~ADO AL VALOR O~ MAYOREO· 
LW= FACTOR DE_ MANDO DE_ TIEMPO APLICADO A MAYOHEO 
LF= FACTOR DE MANO~ DE TIEMPO APLICADO A LA PROUUCCIUN 

REA0(2t28) N,¡R,IW,LW,LF 
IF (N .EQ. 0) GO TO 40 
IF (IR .GT. 0) GO TO 3 

2 A=l.O 
GO TO 4 

3 A=IR/100.0 
4 IF (IW .GT. O> GO T0-6 
5 8=1.0 

GO. TO 7 
6 8=IW/IOO.O 

RI= NIVEL DE INVENTAR_IO DE LA SEivlANA ANTERIUH PAHA MENUDEO 
RO= ORDENES MENUDEO =·ws-= PRODUeCION DE FAH. SEMANA ANT. 
WI = NIVEL DE INVENT .-DE L-A SEMAN.A ANT. PAHA -MAYOREO 
W02 ·= ORDEN DE MAYOREO PARA LF r~o :~.O ---- _ 

WOl = ORDEN DE MAYOREO PARA LF = O 
FH = PRECIO DE FAHRICA 

7 RI=lOO.O 
RO=lOO.O 
WS=lOO.O 
WI=200.0 
W02=100.0, 
WOl=lOO.O 
FR=IOO.O 

IMPRIME ENCA8EZADOS PARA LA SALIDA SEMANAL 

\f.!RITE (3t29) 
wRITE (3,30) 

-

--. 

EMPIEZA EL LOOP PARA LAS COMPUTACIONES DE LA SEMANA 
' . 

DO 24 l=l,N 
e 
C LEE Y VERIFICA LAS TA~jETAS DE DATOS UUE CONTIENEN-~AS VENTAS 
C SEMAt~ALES _ . _ _ __ _ __ _ _ .. _____ _ 

• 



( 

·, 

e 

( 

e 

c. 
1 e:· 

e 

( 

( 

{ 
~ 

( 

( 

( 

(_. 

··.( 

e 

,, 

\omiTE <3t34) NtiR,IWtLWtLf 
eS C UIH 1 Nll[ 

GO TO 1 
26 FOHMAT (l0A4) 
27 FORMAl (1Hlt22HPRUGRAMA MOPASIN PAkA ,lOA4) 
2H FORMAT (12tBX,I2tRX,l2tHX,Jl,9X,Il) 
e~ FOHMAT (49HOSEMANA----------MENUDEU-----------

127HMAYOREO*********** FAHklCA) 
30 FORMAl <lH t46HNO VENTAS RECIHO INVT ORUEN 

130HRECIHO INVTO ORDEN RELACION) 
31 FORMAT <I2t8X,F3,0) 
32 FORMAl (24H ALGUNOS DATOS ESTAN MAL) 
33 FORMAT <lH ,¡2,5X,F6,lt3f7,lt2f9,1,2f7.l,F8,1) 
34 FORMAT <IHO,I3t17H SEMANAS CORRIDAS// 

l29H VALOR EN % , QUE INTERVIENE , 
238HEN LA FORMULA DE OROENES DE MENUDEO = ,13// 

= ,¡ 3/1 

/ 

' 
**:*.¡¡.******• 

EMBARCO 

329H VALOR EN % , QUE INTERVIENE , 
438HEN LA FORMULA UE ORDENES DE MAYOREO 
549H FACTOR OE MANDO DE TIEMPO APLICADO 
b54H FACTOR DE MANDO DE TIEMPO APLICADO 

AL MAYOREO = tl3// 

40 CONTINUE 
CALL EXIT 
ENO 

A LA PRUDUCCION = tl3) 

• 



.. 
1-'i_WGt-·U~t-1 NE 1 

C 1-<CIY () HA~H 1 S !'\AY 1972 
.C lHIS PkOGRAM Wlll SOLVE NETWORK PHOdllMS 
C FOR SHOklEST PAlH(S) 
C F O R M 1 1'1 1 i-1 U M C U S T ( A T · 5 P l C 1 F 1 E D F lO W HA 1 E) 

C FOH MAXIMUM FLOW 
C "THIS VERSIUN FOR CDC 3100 

COMMON 1 (200) ,J(200) 9 JWIN(l00) tKADJ(20U) tKARC(200) tKASG(200) ,KCUH( 
1 2 O O ) , K F L O W ( 2 O O ) , K I S 1 ( 1 O O) , l AH EL ( 2 O O ) , "'A X ( 1 O O ) ' 1 T E R M , J F LAG • K Al l , K K E 
2 N[) , K F L , R F S 1 , K E hJlh L u O P , N A • N 1 N , N OUT, 1 L P HA ( 1 O ) 

C 1<200) fHOM NOUE NUMBER 
C J<200) lO NOI>E NUMBER 
C KAHG(200) ARC OISTANCE UR CUST 
C MAX(l00) ARC CAPACI1Y 
C NA NUMAER OF ARCS IN NETWOR~ 

COMMUN /DATA/ IEND 

e 
e 
l 
2 
e 
e 

e 

D A T A ( 1 [ i\1 D = 4 H S 1 U P ) 
ISTOP=IE.ND 
NIN = 5 

.I\IOUT = 6 

RETURN 10 HERE UN NEW DATA SET 
DU 2 N=1tl00 
LABEL (t~> ::g999 

\ 
1-<[A{) ANO ~IlE USlRS NAME CARO 
RLAI1 (NJhJ,33l lLPHA 
wRll[ (NOUT,34l lLPHll 
IF ( ILPHA ( l l .f_IJ. ISlUP) GO lO 32 

e t-< l id) M-! lJ d k I T E N E. 1 \oJO R K I N P U T [) A T A 
v,· k I TE ( N íHJ T , 3 5 ) 
'rii~IlE (I"\JUlJT,3h) 
NA=O 

3 ~ E. A IJ ( ~.J 1 hl • 3 7 ) A l , A 2 , 11 3 t Á 4 
e gg IN FlHST FIELO STOPS NETWORK INPUT 

IF (Al.GT.4A.) GO T0-4 
NA=NA+l 
IF <NA.bT .44) 1,0 TO 30 
I (NA)=Al 
J(NA)=f\2 
KARC(N4l=A3 
I'-1AX(NAl=A4 
II=Al+l 
LI\HEL<Il>=Il 
J~J=/1.2+ 1 
LAHEL(JJ)::JJ 
'til~ I T L 0'J0 U T , 3 H ) 1 ( N A ) , J ( N Á ) . , K A ~ C ( N A ) , 1-1 A X <r J A ) 
GO TO 3 

4 WRITl (NOUT,39) NA 
e 
C lHIS SECTIUN CHfCKS OUT THE INPUT NElwURK 
C THE N[lwORK 15 SOIHEO ANO TESTEO FOR HAll DATA 

DO 7 11=1 9 1-.JA -
NAl=Nfl-11 
DO 7 K K = 1 , i\1 A 1 

C CHECK llA T A AS SORT BE l I.JG MADE 
IF ( I (KI\ > .EG.J !KK)) GO TO 30 
IF (}(KKl.Ll.Ol GU TU 30 
lF (J(KK>.LT.Ol GO TO 30 
lF (KARC(KKl.Ll.Ol GO TU 30 
1 F ( r-1 A X ( K K ) • l T • U ) G O T O 3 O 

C SUtH O~.J FRU"\ NUI>E AI·W 1 O r...rOUE 
"-I<.K=t<K+l 

.1 
A l 
A 2 
A j 

A 4 

A ~ 

A b 
A 7 
A ~ 

A y 

A 10 
A l 1 
A 12 
A 13 
A 14 
A 1 S ... 
A lb 
A loA 
A 1 1 
A lB 
A 19 
A 20 
A 21 
A 22 
A 23 
A 24 
A 25 
A 26 
A 21 
A ce! 
A l:''-J 

A, 30 
A 31 
A 32 
A 33 
A 34 
A 35 
A 36 
A 37 
A 311 
A )':;# 

A 40 
A 41 
A 42 
A 43 
A '+4 
A 45 
A 4ó 

A 47 
A 411 
A 4'-J 

A ~u 

A· :,¡ 
A 52 
A !:>3 
A 54 
A 55 
A 56 
A 57 
1:1 5H 
A 59 
A fJÜ 

A o1 
A h2 
A b3 



. 5 
9" 

7 

H 
e 

e 
e 
lO 

e 

e 
e 

e 
e 

l 1 

] ;> 

e 
e 

e 
e 
13 

lf (l(t\l'd-1(1\1\1\)) !,S,o 

lf (J(KKl-J(KKK)l 7t7t6 
.·Js=I (KK) 
JS=J<KKl 
KA=KARC(KKl 
KI-1=MAX ( KK l 
1 (KK) =1 (KKK) 
J(KK):J(KKKl 
KARe<KKl=KAkC<KKKl 
I'-IAXCKK)=MAX<KKK) 
J(KKKl=IS 
J(KKKl=JS 
KAHC(KKKl=KA 
MAX(KKKl=KM 
CONTINUE: 
WRITE (NOUTt40) 
wkJTE (NOUT,Jól 
DO 8 Il=l,NA 
WRITE CNOUT,J~) I<IIl,JCllltKARC<IlltMAXClll 
FINO AND PRINT NODE NUMrlERS IN NETWURK 
IJ=O 
DO 9 Il=I,tJ9 
IF CLAH.ll<lll.l0.9999) GO TO 9 
IJ=IJ+l 
LABELCIJ>=LAclELCill-1 
CUNTINUE 
wRITE (NOUTt41) lJ 
~Id TE CNOLJT,42l <LA~t.LClll dl=ltlJ) 

Rt.AlJ M~U Pkli'Jl AI"~!>LYSIS eUI>~TROL eARlJ 
kt:AU (N!N.43) 1i-LAGoXltX2,X3,JflA\; 
t<.fSl=Xl 
Kt 1\IU= X2 
KYL=XJ 
I f,'I)=KF l. 
9 IN FlkST FIELll--I<ETUkiJ FOk NEXT lJATA SET 
H (JFL1~<1,Gl.'+) GO 1U 1 
dd 1 E UW U T , 4 4 ) l L P HA 
'td< I 1 E < !·JO U 1 , 4 ':> > 

ld<lT[ (NOU1t4h) 
l·d-d TE (NOU1,47l lFLAG,KFSTtKENDtKFL 

CHf-_CK ArllALYSlS COI>JHWL eAHD FOR HAD IJATA 
lt CKFSl,Lf.Ol GO TO 31 
IF CKEI-ID.Lf:,Ol bO 10 31 
H < 1'-. F S 1 • [ lJ • K E 1\J 1 1 ) G U T O 3 1 
lF (lFLAG.EO.O) GO TO 31 

CHECK IF KFST AND KEND EXIST IN NfT~UH~ 
lNFlS=Y 
..J~ES=Y 

DO 12 11=1 ,NA 
IF (JCII>,NE.KFST) GO TO 11 
INFES=O 
IF C..JCII> ,Nt,Kti'Jül GO TO 12 
JFES=O 
CONTINlJE 
IF ( INFES.E0.9) GU TO 31 
IF (..JftS.EU.9) GO TO 31 

RRANCH TO TYPE OF ANALYS!S DESIHEO 
Gl1 TO C}3,l8•25l• lFLAG 

SHUHT hNALYSIS CONTHOL SECllON 
1-- H l T E ( hl O U T • 4 lj ) 
DO _1_4 1 1_ = J .__r_IJ ~ _ _ _ _ _ _ _ _ _ ____ _ 

A h-+ 

" b~ 
A b6 
A b7 
A otl 
A b'J 
A 70 
A 71 
A 72 
A 73 
A 74 
A 75 
A 76 
A 77 
A 7H 
A 79 
A 80 
A Hl 
A tl2 
A ts3 
A 84 
A t15 
A 86 
A H7 
A ob 
A !:i'J 
A YO 
A ':11 
A y¿ 
A ':1J 

t\ ':14 

A ~5 

A lió 

A '-J7 
A '-JCS 

A '-~'J 

A lOO 
A 101 
A 1 (i ¿ 

A 1 O J 
A l 04 
A l 05 
A lo b 

A lúl 
A ltlH 
A lO'J 
A llU 
A 111 
A 112 
A 113 
A 11 '+ 

A 115 
A 1lb 
A 11 7 
A llB 
A l 1 '1 
A 120 
A 121 
A 122 
A 123 
A 124 
A 125 
A l ¿6 
A 12 f 
A ll:'H 

A 12~ 



.. 

14 LP..HEL<1ll=O A LiU 
LOOP= O 

' 
A 131 

· ·¡ T t::Rt-1= O ~ A lJ¿ 
CALL SHORT A 133 
lF (ll[RM .NE. 40) GU 10 15 A 134 
Wt-n TE (N0Ult49) A 135 
Wh'ITE (N0Ult50) A 13b 

.. - WRITE (NUUT,51) A 137 
L>O 17 ll=ltNA A 13~ 

1F CLAREL ( 11 > .NE.5l GO TO 16 A 13':1 
INRI TE (N0Ult52l 1 ( 1 1) t J ( 1 1) t K ARe ri 1) t KCUM ( 1 I) A 140 . 
GO TO 1/ A 141 

16 WPITE (NOUTt53) I ( I 1) , J ( I 1) , K ARe (JI) A 142 
17 CONTlNUE A 143 

1 e RETURN FOR NEXT ANALYSIS CONTROL CARO A 144 
GO TO 1 o A 145 

e A 146 
e MJNIMUM CUST FLOW CONTROL SECTION A 147 
1H LOOP=O A 14~ 

ITERr-1=0 .A 14~ 

DO 19 II=lthJA A 150 
19 LABELCill=O A 151 

CALL SHORT A 152 
l F (!TERM.Eil.40) GO lO 29 A 153 
IF ( J F L A G • Et~ • O ) GO TU 20 A 154 
WklTE (NOUT,&Yl 1'~ 1~5 

20 CALL FLUW A 156 
\'IR 1 TE (NOUT,54l A 157 
IF ! I T E R t·l • E O • 3 ü ) GO TO 21 A 15tl 
H-IITE (N0lJT,55) lND A 1~~ 

1 r·-.!IJ= l NU-KFL A }t>U 

\';HITE CNOU1.':>o) 11'-ll.l A 1 b 1 
~·RilE CNOUTtS"Il A 1 t>2 

e SUt-1 TUl AL FLOi•: 1-\NIJ TOTAL e os 1 ·A l td 
1--JA=f..JA/2 P. }IJ4 
KUST:::O A lh~ 

.;, !) (J 22 1\:::},f'JA A lbb 

*~CUMCKl=KAkC(K)*KFLOWCK) A lb ( 
?.¿ KOSl=KOST+KCUM(K) A 1bd 

DO 24 r,=l ,r'llíi. A }b'-J 

IF ( K F L OVI ( K ) • E. U • O ) GU 10 c3 A 170 
V. 1< 1 Tf_ CNOlJT,~I:.ll J !K) ,J(t\) ,KARC!r\) ,MAX(Kl ,t<FLOviCI<) ,r<CUM(K) A 1 7 l 
GO TO 2'+ A 1"12 

23 Id~ 1 Tt:: <Nuul,~a> I ( K l , J ( K l , K ll. R C ( K ) , 1-1 1\ X < K ) J\ 113 
24 CONTINllE A U4 

vll-f I TE (NüLJT,59) 1 :>j() 1\ 175 
v1f~ 1 TE ( MlUT, bOl 1\0Sl A 176 

e k!-_ fURN FOk 1\JEXT A !·.JI• L Y S I S CONTROL CARIJ A 177 
GO TU 1 o ' A l7tl 

e A 17~ 

e MAXIMUM FLOw CUNHWL SECTIUN A 180 
2~ KFL=99YY49 A lt:sl 

l r\!D=99Y999 A 1112 
LOUP=O A lt:!3 
I 1 E. Rr·l= O A 1~4 

*DO 26 II=ltNA A lH5 
u·-d~EL<lll=O A 1Ub 
CJlll SHURT A 1117 
IF ( ITEHI•/¡.[U,40) GO TU 29 A 18H 
1 F ( JF LA h • UJ • O l GU 10 27 A 1H9 
WRITE C 1-J O U T , 6 Y l A 190 

27 CALL FLO'rl A 191 
J.iRITE (NOUT,bl) A 1'ic 

·.1-iR 1 TE (NUUl,bcl A lY3 
NA=NA/2 A 1~4 
00 28 K=loNA A 1~5 



2H 

e 

e 

WRITE (N0Ultb3) l(K)tJ(I\),1\1-\RC(I\),MA.X.(I\),1\t-"LIJw(K) 

I I~IJ= 1 ND-RF L 
.wRITE <NOUT,5Q) IND 
kETURN FOR N[Xl ANALYSIS CONTROL CAHU 
GO TU lO 

r THIS SECliON PHINTS ERROR MESSAGES 
WRITE (NOUTt64) 
GO TO 32 

30 WRITE (NOÜT,65) _ 
WHITE: !NUUTt66) 1 <KK> ,J(KK) 
GO TO 32 

31 WRITE (NOUT,6H) -
1 32 'wRITE (NOUT,67) 

e 
e 
e 
33 FORMAl ClOA4) 
34 FORMAl (17HlPHUGRAM NET FOH tlOA4) 
35 F OR;-1AT ( 24HO**~'* 1 NPUT NETWORK AS Rt:AIJ***) 
36 FORMAl (29H·FROM TO AHC DATA MAX FLOW) 
37 FOHMAT C2CF2.qt3Xlt2CF5~o,~X)) 
3A FORMAl <1Xt2(12t3X),2(15,5X)) 
39 FORMAl ( 1HOt J2,26H OMTA CAkU~ (ARCS) HEAD 11'-J> 
40 FUI·<t..,Al C29HO----SOHTED INPUT NETwOt~K-:----) 
41 FOHMAT <1lH01HERE ARE tl2t1HH NODES IN NETWORK 
42 FORMAl <1Xt515l 
43 FOHMAT Cl1•4Xt2CF2.0t3X),F5.0,ll) 
44 F"U~t-'.AT (l7H1Nt::1 l<tSUL 1S FOH ,lOA4l 
4~ F"OR~lAl C32H0{'-r-''Atvf,LYS1S COI-lTROL CMW IS**~'l 

4b FUH!-IAT C32H ~H'***COilE FROt-1 lO FLUW<W****) 
~ FORMAT ChH ***ltllt4At12tlXtl2t3X,l5tbHl*****) 

I-UH~'-1A1 CJZHO**''**SHOHTEST PATH RESULTS*''***l 
t¡ '-1 nJR t-1 A T ( 3 2 H O >H:· * M.l R O l Jl E l U T E k M 1 N A L N u D E. * '' '"" l 
~~O f"OHI-1Al (32H -lh1PARTIIlL SULUTlOr·~ SHOWi..J tiE.UHJ~!) 

5 l F ll H ~-H., T ( 3 2 H F RO t·l T O A 1~ e DA 1 A C U t'l HU L ¡, f 1 V E ) 
S2 f-URI·I/1.1 ClXtl2,3Xt12tJ!..•l5,JX,I7,9H "'St10~~1·:1-) 

53 FORMAl (JX•l243Xtl2t3Xtl5l 

\ 

54 
5~ 

':16 
S7 
51\ 

5Y 
bO 
(") 1 
62 
h3 
b4 
6~ 

6b 

67 
6B 
h'-J 

t· OfH11A 1 
H>f<MAT 
F"URMA T 
f. O iJ r-1 A T 
Fl)Hr-1AT 
F Ot-<!·1/\ T 
F Uf~ i·1/\ l 
F {;Kr·lr, 1 

( l) 1 HO ~' >HHHHHHHHHHtM l N 1 ~iUi·l e os T FLOW RE SUL T S*·:<*·'¡***'-'**·:<**) 

e 

e 

e 
e 
e 
e 

r m·<r-1 '' 1 
F Uf~ t-I A T 
f- (H<t-11\ T 
F 0R 1.ifA 1 
FURt..,AT 
FORr"'AT· 
F OHI•íA T 
F0Rt-1AT 

( 2 b H * ~f * * 'HH; * "' * F l U W ll E M A N D O F t 1 5 , 2 OH t..J O T FE S 1 ti L t: * .:; * * '' *-~< * ) 
( 2 b H >< * * ·:< i:· * >.· * '' f-T S 1 ti L E. F L O iv UF t 1 ~ , 2 O ti S H U w f'J t1l L U V.O .¡;..;¡..¡; * * '.! * * l 
( 5 1 H F r< O 1--i 1 O AH C O A T ¡, t·i A X f L U ~~ ~; * * F L U .-J >! * * ---C u S 1 --- l 
ClXt2!l2t3Xl•2Cl5tSXlt2X,15t3X,l7) 
C23H **~*******TOTAL FLOW tl7,JlH **********) 
C23H **********TOTAL LOST tl1t11H **********) 
( 4 1 H O ·:Hí * i:· * * * * >H< M A X I t'l U t-1 r L O Yl H t S U L T S * * * * * * \:· * * * l 
C 4 1 H F k U r-1 1 O A fi C D Al A M A X F L U ~J * * '.! F L U W * * * l 
C1Xt2!I2t3X),2C1St5X),J7) 
C3HHOFLO~ NOT POSSIHLE FROM SUUHCE TU SlNK) 
<3'::it10SOt-ltTHihiG WHUNG WITH INPUT NEH~ORK) 
(1brl CHfCK ARC FHOM tl2t3H TOtl3) 
C23H PROGHAM NET TtHMINATED) 
C35HOANALYSIS CONTROL CARO lS lNFlSlHLE) 
12hHO****FLUW ASSIGNMENTS*****) 

E NI> 
SUHROUTINE~SHOR1 

THIS SUHRÓUTHJE FII~DS THE SHORTEST PATH ~tTWEU..J 

NOOES SPEC1FIED ON CONT~OL CARD 
US 1 NG A UYf..,AI'~ 1 C PHUGRAMt1 1 NG APPROACH 
UWd"l O f-.1 1 ( 2 O(¡-) , J ( 2 O O) t J vil N C 1 O U ) , K A D J ( 2 O O l t K A R C (e O O) , 1\ A S G ( 2 U U) t 

1 K C U r-1 ( 2 O O l , . K F L O vi ( 2 O O l , K l S T ( 1 O O l , L A U t. L ( 2 O O ) , M A X C 1 O u ) , 1 1 E H M , J F 
?li•Gt KALL, KKEt\JUt KFL, KFST, Kt.ND, LOOP, NAt '~HNt í-JOlJT 

'LIIf:iEL ( 1 l l COfHAINS A COUE FOk STATUS UF ARC 
O = Ur-JEVALUA1ED 
1 = U hll > E H C O N S 1 U E R A l 1 O 1'-l 

... -.-- .l ........ -= -... ~- .-:<" .._ ........ _____ ...... ---=------------ --~-- .. ----:---:;...~-----------------__....,. 

1\ }lfb 

A 1~7 
A 14d 
A 19Y 
A 200 
A 201 
A 202 
A 203 
A 204 
A 205 
A 206 
A 207 
A t:>Od 
A 209 
A 210 
A 211 
A 212 
A 213 
A 214 
A 215 
A 216 
A 217 
A 2ltj 
A 219 
A 220 
A 221 
A 222 
A 223 
A 224 
A ¿zs 
Á ?l:.'ó 
A 227 
{\ ¿¿tj 

A 22Y 
i\ 2Jü 
A cJl 
A {'j{:' 

J\ 233 
A 2:34 
A 2J:> 
A 2:Jb 
A 237 
A l::Jd 
A 2 .iY 
Á 2<t0 

A 241 
A 2<+c 
A 243 
A 2<+'+ 
A 2'+:, 
A 24b 
A e'+ r 
A 248 
A 24'-J 
A 2~0 
H l 
u 2 
1::3 3 
li 4 
fj S 
ti b 
¡; ., 
y d 
ti '1 
ti lo 
rl 1 1 



C S = ON SHOHTESl PA1HCS) 
C Y = ELIMINATED 

' C.·· .:JW 1 N ( 1 1 l CON1 A 1 NS THE. ELE::Mt.Nl NUM!:iEHS OF MUL T 1 PLE 
C POlt.NTIAL ANU ACTUAL SrlUHTI:.ST PA1HS 
C ~ISTCIII CONTAI~S OISTANCE FHUM TEH~INAL TO THAT NODE 
C KCUMClll CUNTAINS CUMMULATIVE OlSTANCE FROM SUURCE 
r 
L tLIMINATE ARCS LEADING TO SOURCE ANO HWM TEI·H1lNAL 

OU 2 J 1 = 1 , NA 
JF CJ(}J) ,NE. KFST) GO TO 1 
LAHELCIIl = 9. 

1 1 F ( 1 ( 11) .• NE • KEND l GO TO 2 
LAHEL!lll = 9 

2 CUNTINUE 
C INITIALIZE KIST ANO KCUM 

DO 3 1 1 = 1 , NA 

e 

3 KCUMCill = O 
DO 4 11 = 1, lOO 

4 KISTClll = 99q999 
KKK = KEND+1 
KlSTCKKKl =O 

C HACKWARU PASS 10 FINO OlSTANCE TO EACH NOUE 
C H l M A 1 N 1 N(, f> 1 S T A 1'1 CE FU H E A C H N O O E S T OH E O I N K 1 S 1 

DO 6 1 l = l , 1 O O 
JALL = O 
00 5 KK = }, NA 
JJ = NA-KK+l 
1 F ( L f\ H [ L C ,J J l • l:lJ • 9 l G u TU S 
Kl = ] (JJ)+l 
KJ = J(,JJ)+1 
lF CKJSl (Kl l .u::. CK/\kCCJJl +KIS1 CKJl l l bO TO 5 
KIST(Kll = KlSTCKJl+KA~C(JJ) 
JALL = 9 

:, cmn 1 N u E 
1 f < J fl L L • ~- \J • O l G O T O 7 

C C<lln!í-vlJL Cür-~PIJllh!G etJI'rhdLATlVE OIST/If,JC!.:S UNfll t-JU iv\Ut~t. '::iHit-T::, 
h (. U i\i r 1 i·W E 

e IH G ¡, T I V E C Y el E l F T H I S P U 11'-:l H !.:_A C H t. U 
IhFLS = l) 

K/, LL = O 
bO lO 1 S 

e 
e F- U R v: A ¡..¡ 1> IJ i\ S S T O f- 1 1\1 D M< C ~ U N S H O R T l S l P A T H 
C I f\J I T 1 Al I l [ :::,E A t< C H A T 1\ r S 1 

7 1'\ /1 L L = O 
,J v- = l 
,J 1. 1 ¡..¡ ( J \'1 ) = K F S T 

C FJr·JD ~-JODES TU t~E. CONSlUC:KI:lJ NEXT 
C POf[~TIAL wiNNlRS LA8EL SEl Al 1 

ti JNFES = Y 

1 ) o 1 o l l = 1 ' J ~" 
IJK = JWIN(lll 
PO 9 JJ = 1, NA 
1 f ( 1 ( J J > • I\J E • l J K ) G O T O '-J 
IF <LAHEL<JJ) .GT. ll GO TU 9 
L/\11 ( L ( J J l = l 
1 1-JF E S = O 

9 CONT I ¡._¡lJ[ 

10 C.ONTINUE 
e CHECK IF ANY MUkE NOULS TO bf CUNSlUtHtU 
e I F 1-..¡ O MOR E 1-.J O U E S -- S H U 1 DO 1'; N 

lF < U~ F t:: S • E !J. '-J l G O T O 1 5 

e 
e f-IN!> Wli'-INEHS Af-1UI\JG LAHELEU NODES 
C ACTUAL WlHNtHS LAHtl SEl AT 5 

k 12 
~~ lJ 
fj 14 
B 1~ 

H lb 
H 17 
H 1~ 

ti lY 
H é'U 
fj el 
l:j 22 
ti 23 
b 24 
B 25 
t:i 26 
B 27 
ti 28 
H 2'-i 
B 30 
d 31 
ti 32 
ti 33 
fj 34 
H 35 
8 3b 
H 31 
tj ~H:J 

ts 3'1 
b 4U 
ri 41 
H '+¿ 
M 43 
1-; tt4 
H 4:, 

r'l 4h 
t"{ 4 1 
t-l ~~ rl 

H 4LJ 

H ~ti 

H ~1 

f1 ~¿ 

H ~] 

H ~'+ 

H :,::> 
b ~(o 

h '->7 
t1 ~H 

rl ~LJ 

H o O 
rl o1 
~j oc 
H 6] 
H 64 
B h~ 

~ 66 
~j 6T 
fj 61j 

H 69 
H 7U 
H 71 
H 7c 
H 73 
H 74 
H 75 
l:i 76 
B 71 



JW = O 
lJO 14 11 = ltNA 

,. ..:JF (LAI~ELClll .NE. 1) GU TO )4 
Kl = ICIIl+l 
KJ = JCII)+l 
KADD = 1\ISTCKll-KlSTCKJl 
lF CKAHOCIIl .G1. KAIJD) GOTO.l3 
LAREL<lll = 5 
KKK· = KFST+l 
KeUMCil) = KISTCKKK).-KIST(KJ) 
JW = JW+l 
JWINCJW) = JCill 
IF CJCill .EQ. KENDl GO TO 12 

e ELIMINATE AkeS LEAOING TO ThlS WINNEk 
DO 11 JJ = }, NA 
lF CJCJJl .NE. JCill) GO Tü 11 
IF CLA!:iELCJJl .E.u. 5l GO TO 11 
LAI:iEL(JJl = 9 

11 eONTINUE 
GO TO 14 

e SFT FLAü IF .lEkMINAL NODE RE.AeHED 
12 KALL = 9 

GO TO 14 
13 KeUMClll = 999999 

LAHEL<Ill = 9 
14 eorHINUE 

e GO TO FII~D hiUDE.S NEXT eoNS1UERfD 
GO TO H 

e 
e SHUKT TEkt-HI'IATEll 
e S [ l F l A G S F U K E 1\1 D 1 N<) e 1 li-J l> 1 1 l U t ó A hl u k 1:: 1 U R N 

.'1 IF CKALL .En. 0) GO 10 lo 
lvürmAL END 1 f1JG, T 1:: kl1 li~Al NO DI:. 1-U. 1\eHED 
L fJ tH-> = L u O f-J + l 
\)U Tu 1P 

16 JF <Lt)l)P ,bT, Ul GU TU 17 
C f\JO Pí¡fti f'UUI'JD FIKSl Tir-IL lH~OUbH 

I T [ ~~ '-1 = '~ O 
bU 10 ltl 

e t-..; O F lJ 1 H t:H ~> A 1 d S PO S S l fj LE , N -1 H l T E k/\ l 1 U i\1 

17 11E'-<,....: =S 
l li k E T IJ k r ~ 

U< U 
S t ' rH~ lH JT 1 í·~ f F L O ~~ 

e 1 Hl S SlJHfWUllt>Jf_ f\SSlbNS FLUW TO A r~t:Tv.·Of-<K 

e HY USE OF lHt: SHORIL~l P1\TH 
C ¡,N[) C A fJ A e 1 l A l 1 f-.J tJ k E V f k S E F L ü W 1 N A k e ~ W 1 T H 
C PtlSJTIVE FLO~J ASSlG!~I·\[1\IT 

e MAXIMUM fLOW IS FUUND ~y ASSIGNING FLUW 
e UNTIL THE ENTlHL NETWOHK IS SAlUHAT~U 

e 
e 
e 
r 

'e O M M O N l ( 2 O O l , J ( 2 O O ) , J 111 1 f'l ( 1 O O ) , K A D J ( e O O l • K A k C ( 2 O O l , K A S G ( e O U ) ~ 
l t<.eUM(ZUO), KFLUW(200), KIST(100), LAi:li::.LCZOOl, 1'-1AXC1Ulll, llEk!·h JF 
2LAG, Kf\Llt KKEII!Dt 1\FL, KFST, t<ENI>, LOUP, NA, Nll\lt :-JUUT 

KAIJJC200l 
KJ'..SGC200l 
KFLOW(200) 

TEMPORAkY FLO~ ASSIGNMENT TU ARe 
REMAINlNG ARC eAPACITY 

eUMMULJ'..TlVE FLOW ASSIGNMI::.NT TU Ake 

e SlT UP MlkkOR lMAGE OF NET~URK 

[)U 1 N = l • 1\IA 

NAX = N+lo,JA 
1 C r~ A X) = J C N l 
J ( N A X ) = 1 C 1'-l l 
KAkC(NAXl = 994YY 
Lt\H[L(I'-JAX) =Y 

!:',fd)J U~L-::'--~A_!< cr~_l .. - -- . .---7::.::--::-:-c=-:·-·> -=~ -~.--:·:..--::-::=::-- ---=--:-:::: -:.:-:::-:------- -------:--~----

ti lti 
lj 7Y 
H HO 
H 81 
u t)2 
H H3 
~ H~ 

t:l B5 
H H6 
H t;7 
lj tiH 
8 t)Y 
d YO 
d Y1 
H 92 
H Y3 
t:l 94 
H Y5 
H 96 
H Y/ 
H Y ti 
R 9Y 
H lOO 
t1 1 o 1 
H 102 
.ti 103 
8 104 
rl lO~ 

rl 106 
B 1 ¡¡ -, 

H ltiH 
H lOY 

)H l l Ll 

' h 1 l l 
tl l l ¿ 

'' , .. ll J 
t• 1 1 -t 

t) 11=> 
h 1 Hj 
t:1 1 i 7 
¡_¡ ll d 
Íi l 1 y 

rl ¡¿o-
e 1 
e 2 
e J 
e 4-
e :> 
e b 

e 1 
e d 
e y 

e lú 
e 1 1 
e 12 
e 13 
e 14 
e 15 
e 16 
e l -, 
e ld 
e 19 
e 20 
e ?1 
e ¿¿ 
e 23 



....., .r- --..---- • .- -··- _ .... .,. - .. ..,_--,_~-. ...... --- ~~ --' - ...... =---.- ... - -••--.. ._ .. ..,.,. . ..__ ·•---•- -~-- .... - ~·r ~._, - ... -- ... -~.- • .,. .~ _.,.,._,..,,, __ __._ 

KAOJ(NAX) = O . 
-~--f'iAl-:: -NA+r-~--~---------- , 

t· ... 

C IN"CkEASE SIZE UF NETWOHK TU INCLUDE ~t::VERSE (MIRHOR> AHCS 

e 

e 
e 
e 

NAX =NAX = NA 

2 

*NA = NA+NA 
I~ITALILE THE STOHAGE VECJUHS 
00 2 N= 1, NA 
KFLUW(N) = O 
KASG(N) = O 
1F (LOOP· .EQ. 1) GO T0 __ 4-

MAIN LOOP HEGINS HERi 

3 
e 

CALL SHOHT TU FINO ~HbRTEST <CHEAPEST> PAiH 
CALL SHOHT -
CHECK IF FESIULE. PAT~ FOUND HY SHOHT 
IF <ITERM .EQ. SO) GO TO 24 

e 
C FINO NEXT NODE IN FES1HLE PATH 
C SlARTJ~G Al SlNK ANO WORKINb HACK 
C MAKE TEMPOHAkY ASSIGNMENT UF FLOW TU PATH 

e 

4 DO 5 1 X = 1 , N A ... 
IF (J(IX) .NE. KEND) GO T0-5 
IF <LABEL<IX) .• E·(~. 5) GO lO 6 

5 CONTlNUE 
o NEXl = l<IX> 

KA~G(IX) = KA(),J(JX) 
7 IF <NEXT .ED. t\FSl) GU 10 10 

1...-os = r-JA•l 

i j 

! ~ U K K X = 1 • t·J 11 

11' = li'CJ':J-r,x 
H (,J(!PJ .~~L. ¡\;L!.l l r1c1 T¡) h 

H tL:~tíLL<ll'l .fu. '1l 'i\l lU LJ 

! \ 1, ::-. i ~ i ~ f -- r·. 'i 1 ~,: r i t-- ; 

.. 1. i ·} 1 

'' • 1 : ¡, 
• • .. • ~ 1 

~ ; r 1 l :::: l , · -, , ; 
i :. ( i; ¡'_, ~e \; ( t' \ 1 ) • t·_ '; .. () i (;e 1 \) l l 
l r ( ~- 1l >tl { :-\ 1_:) .·t-. T o !\!.....-)._~X> ~-:tJ 1 () ll 
·,;,·,.),::: !.;.'~~dt\-,1) 

/ 

l f ( i ~ f-': 1 1. • L T • ¡, f- L i ~._;u 'ru 12 

¡,:!' l\1. = "'F l 
¡ ? r) u 1 3 r-. u = 1 • ¡ d'-

IF (KA~lJ<t",Ul .t-11. U) (;!J 1() 13 

r, A S tj ( K U ) = i'~ ~~ p, X 

1 J Cüi'~T 1 i-.JUF 

C P 1:: D U e F 1 > [ t,1 MJD H. Y F L O \-J A S S 1 b 1\l t-1 t:: N l , 

KFL = r.FL-hlr:-'!AX 
e CHECK l F FLOw ["¡EivJAI\!fiE.!> 1 S SAl l SF J EU 

JF (Kfl .GT. 0) GO TU 14 
I T EHI-4 = 30 

14 euNilNUE 
e 
C U P DA Tt:: C U M t-1ll L A 1 l v t F LO W A S S U; N !-J. UH S 1 1-,¡ K F L ü w 

1 ¡ O 1 5 t'J l = -1 • N A X 
NZX = NZ+r-~AX 

1 5 K F L U 1~ (N Z ) = K F LO W (N Z ) +K A S G ( r,¡ Z ) ~_K A S G (N l X ) 

e Uf'DA TE HEr·1A IN 1 N(~ CAPA e I TY 
ll O 1 6 N~ = 1 , 1-J A X 

,· 

--~ ·--- ~ ·-
e 24t 
e 25 
e 26 
e 27 
e 211 
e 2lJ 
e ::su 
e 31 
e 32 

-e 33 
e 34 
e "35 
e 36 
e 37 
e 3H 
e 3lJ 
e 40 
e 41 
e t+C. 
e .. 3 
e 1+4t 
e 1+~ 

e 1+6 
e 47 
e 411 
e 49 
e 50 
e ~l 

e ')¿ 

e SJ 
e .... l+ 

e s::, 
e ~~ b 

L :. 7 
~ l:: 



fJf ~. = '.r +hJ•\X 

t-.~-<IJJ(NPX) = O . 

; ·1 h , 'r A ll J ( N fJ l = f-'1 A X ( N P ) -K F L().., ( N fJ ) 
e LAiill = ':.l FUH ~ATUI-<A1EIJ AHCA~ 

1>0 lH ll = lt hl/IX 

e 

IF (i\ADJ(JZ) .NE. 0) G(l 10 17 
LABEL<Il) = Y 
GO TU 1 H 

17 L/\HEL(1l) =O 
l H eorH l NUE 

e CA~AeiTATE 1-<EVEHSE FLOW UP TO POSITIV~ FLOW ASSIGNMENT 
e HUT AT NEGATIVE OF eosT 

IJO 20 IZ = ¡, NAX 

e 

12X = IZ+NAX 
I F (K F LO W ( 1 Z l • El~ • O ) GO T O 1 9 
KAUJ<1ZXl = KFLOW(ll) 
LAHEL<llX) =O 
~AI-<e<IZX> = -KARe<IZ> 
GO TO 20 

1Y KAllJ(JLX) = O 
LAKEL<IZXl = 9 
KAHe<IlX) = 999Y9 

20 eONTINUE 

e PRINT OUT lNTEHMlDIATE RESULTS IF REYUESTED HY JFLAG 
1 F ( J F L A G • E lJ • O ) G O T O 2 2 
~HITE tNOUT,25l LOOP, NMAX 
DO 21 11 = lt I~A 
lF <KASb(ll) .~u. 'ol C:,O TU 21 
\>: H 1 H_ ( ¡·JO lJ T • 2 b l 1 ( 1 J ) , J ( 1 l> 

-;, 1 C(JI\11 l NUl 

e 1 F F L O W D E. t·~ A N D 1 ~ ~ A 1 1 S F 1 E ll ~ Q U 1 T 
¿? H (lT[I-it-1 .E,~. 30) c,o TU 24 

e F L (l\.¡ N U 1 S A 1 1 ~ 1- l E 1 h 1-< E 1 U H N F O 1-< N E X 1 1 1 U~ A 1 1 O N 
no 23 1\l = 1. NA 

e 

23 KASG(K1) =O 
GU TO 3 

24 f-<tTUI-IN 

2~ FUHMAT (lOH ITU<AT10Nd3t8H FLUrJ =tl~l 
20 fOHMAT (1Xtl2t3Xtl2l 

R~- TURN 
E NIJ 

e ~l..) 

e ~1 

t e y¿ 

e '13 
e Y4 
e Y5: 
e 4o 
e 97 
e Y8 
e 99 
e 1u0 
e 101 
e 102 
e 103 
e 104 
e 105 
e 106 
e lU7 
e 1llti 
e 109 
e 110 
e 111 
e 112 
e 11 j 

e 114 
e 11~ 

e l1o 
e 117 
e 11ti 
e 11 9 
e 1 e u 
e l 21 
e lec 
e lc.J 
e 1?-. 
e 1 é:':, 
e lcb 
e 1 c. r 
e lcu 
e lt:'-J 
e l::iO 
e l.il 
e }]2 
e 133 
e 134-



( .. 
'// JOH 
1/ FOR 

( *UNl WUkD_ INTEGERS 
*IOCS<CAHD,l4U3 PRlNTEH) 
*1\JAI-IE MOCDE 
*SAVE' 
(*************?*****************************************~************* 
C* * 

(. C* * 

e 

C· 

C* 
·C* 

, C* 
C* 
e u 

.PROGRAMA MOCOE. 
-

MODELO CUANTITATIVO DE URDEN ECONOMlCO. 
PROGRAMA PREPARAUO 1-'0H LA SECCION DE. COMPUTACION 
DE LA FACULTAD DE INGENIERIA DE LA ** U.N~A.M ** 
OCTU(jHE. DE 1974 

* 

, e· 

C* 
C* 
C* 
C* 
C* 
C* 
C* 
C* 
C* 
C*, 
C* 
C* 
C* 
C* 
C* 
C* 
C* 
C* 
C* 
C* 
C* 
C* 
C* 
C* 
C* 
C* 
C* 
C* 
C* 
C* 
C* 
C* 
C* 
C* 
C* 
C* 
C* 
C* 
C* 
C* 
C* 
C* 

* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
o '· ' 

¡ ,, 
¡, 

(' .J 

e 

() 

c. 

e 

e 

a 

(:· 

u 
/ 

e 

(; 

VARIABLES QUE INTERVIENEN EN EL PROGRAMA 

R= HEbUERIMIENlO UEL.USO ANUALt NIVEL DE OEMANtiA 
CP= COSl O UE UNA ORDEN' DE C0~1PHA. 

FH= COSTO DADO (SOSTENIDO) COMO PORCENTAJE DEL 
PRECIO UNITARIO 
P<l>= PRECIO POH UNIDAD ANTES UEL DESCUENTO, P<l>=Pl 
P(2)= PRECIO POR UNIDAD EN tL MOMENTO QUE OCURRE EL PHIMER 
l>E~CU~_NlO. 

PU>= ¡.>HE.CIO PUH UNIDAD DE~PUES [)EL PHif"1ER IJESCUtiHO, 
P(]): P2 
P ( 4 ) = P HE C 1 O PO H U N 1 D A D E N t:. L M O t-1 E. N T O QUE OC U H RE EL 
SEGUNDO IJESCUENTO, 
P (5) = PRECIO POR UhiiDAO DE~PUES DEL St.GUNDO DESCUENTO, 
P(~)= P3 
Pl6)= :HESTRICCION: PRECIO 1-'0R UNIDAD A LA CAPACIDAD 
UE LA 80DEGI\. 
ECO~= LOTE ECONOMICO A SER.ORDENADO. 
b(l)= PUNTO OONUE OCURRE EL PRIMER DESCUENTO, 8(l)=Hl 
A(2)=-PUNTO DONDE OCURRE EL SEGUNDO DESCUENTO, B<2>=H2 
CS= COSTO EN CASO DE ESCASEZ, <D{FICIT>. 
W= ESPACIO MAXIMO DISPONIBLE EN LA HOUEGA, 
lCST= COSTO TOTAL DEL LOTE ECONOMICO. 
WC3)= LOTE ECUNUMICO PARA P(3) 
Q(l)= LOTE ECONUMICO PARA P(l) 
U(5)= LOTE (CONOMICO PARA ¡..>(5) 
(~ ( 2 ) = b ( 1 ) 
IJ e 4 > = H < 2 > 

0(6)= w PARA E.L CASO EN QUE CS=O 
Q(6l= LOTE OPTlMO PAkA ENV=C6) = W CUANDO CS NO ES O 
~CCI)= COSTO TOTAL. 
TC<I>= COSTO TOTAL PAHA U(l) Y ENV(l) PARA l=lt6 
ENV(J): NIVEL ECONOMICO DE lNVENTAklO PARA CUANDO EL LOTE 
t.CONOMICO = Y(l) I=l,5 
ENV(6l=. W 
ENVT= INVENTARIO OPTIMU CUANDO CS NO ES CERO. 

* 
* 
* 
* 

* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
o 

* 
* 

C*************************************** .. **************~*******O****** 
e 
e 
e 
C LAS TARJETAS DE lJAlOS SON IJUS : 
C I> IDENTIFICACION, FUHMATO lOA4 
C Ill DATOS RtCP,FH,P(lltCS,8(1),P(3),ti(2),P(5),W, FORMATO llf5.0 
e -·- - ___ .. __ -



e 
e e 

( 

( 

.,-·e 

e 
e 
e 

e 
e 
e 

, e 
e e 

e 

( 

( 

e 
e 
e 

e 
e 
e 

AL Tl.Ht-·,¡ ~J/\í~ OE PHOCl~AH UN JUEGO l)t IJJ.1 1 OS 
lL PROGRAMA REGRESA A LEER OTHO JUEGO • 

OII-1ENSION P!6) tlJ(ó),ENV(6) tlC(o) ,H(J) ,ALPHAClO) 
CALL IOCS1C5.3) 

LEE Y ESCHIHE LA PHIMEHA TARJETA DE UATUS 

1 REAOC2t7U ALPHA 

LEE Y ESCHI~E LA SEGUNDA TARJETA DE UATOS 

REAUC2t72) H,CP,FH,P(l) tCSt~(l) tPC3) ,tj(2) ,P(5) ,w 
WRITEC3t73) ALPHA 
WRITEC3t76) H,CP,FHtPCl) tCStBCl) ,p(]) ,t:i(2) ,P(5) ,w 

CHEQUEO DE OATOS, SI R:Q, TERMINA EL PHOGHAMA. 

IF CR) l9tl00t2 
2 IF CCP) l9tl9t3 
3 IF CFH) 19tl9t4 
4 IF (P(l)) l9t19t5 
5 IF CBC1)) l9tl4tb 
6 IF (P(3}) l9tl9t7 
7 IF (8(2)) l9tlfHti 
H IF (8(2}-B(})) l9t9t9 

OOS PUNTOS DE CAMBIO DE PHECIO. 

9 N~EG=3 
lO IF CPC~)) 19,19,11 
11 lF CW) 19tl2tl3 
12 W=l.E25 
13 8(3)=W 

IF CCS) l9t20t2U 

NO HA Y PUIHU DE CAMH 1 O DE PHEC 1 U. 

14 NSEG=1 
HCI>=l.E25 

r IF (P(3)) 19tl5tl9 

e 
e 
e 

15 PC3)=PC1) 
IF (HC2)) l9tl7·,19 

UN PUNTO EN EL CAMBIO UE PHEeiO. 

( lb NSEG=2 
17 H(2)=l.E25 

IF !P(5)) l9tltitl9 
( lA P!5)=PC3) 

e 
e 
e 
e 

GO TO l(J 

ERROR EN LOS DATOS 

19 wRITEC3t77) 
( GO TO 1 

20 P(4)=PC~) 
PC2>=PC3) 

( IF (PC5)-P(3)) 22t22t2l 
21 P(4)=PC3) 
22 IF (P(3)-P(l)) 24t2<+t23 

(. 23 PC2)=PC1) 
24 P(b)=PC2) 

IF (~1-B(})) 2tit3Ut25 
\. 2~ IF CW-HC2)) 27t29t26 

26 P(b)=P(5) 



( 

,.-
1 

uO lO 30 
21 PCfl):P(3) 

GO TO 30 
2H P(6l=P(l) 

GO TO 30 
29 P(bl=PC4l 
30 tH2l=HCU 

U(4l=I3C2) 
Y(bl=tH3l 
IF ces> 3},3ltól 

( e 
e NO SE PERMITEN UEFICITS. 
e 

( 31 DO 32 I=lt3 
J=2°I-l 

C0 UN= NUMERO DE OHDlNES POR A~O DEL LOT~ EeONUMieO. e c-

( 

e CALCULA(~(!) I=h3t5 
e 

e 
e 
e 

32 U(Jl=SWHTC2.*CP*R/(FH*PCJ))) 
DO 35 1 = 1, ó 
IF C0<ll-l.E25) 33,34,33 

CALCULA TCCil l=ltó 

C 33 lC(Il=CCP*R/QCI)+PCil*R+PCil*FH*QClll~.l 

r· 
' 
,r 

' 

r ... 

e 

( 

e 
e 
e 
e 

e 
e 
e 

e 
e 
e 

GO TO 35 
34 TCCU=l.E2:, 
3~ CONTlNUE. 

[)() 36 1=1.6 
3 h f:_ N V ( 1 ) = lJ C 1 ) 

PRUBA DE F AC T l H 1 L liJAD COl·~ RESPECTO f~ LOS PUNTOS DE 
CAMBIO DE PRt:..elO. 

J7 lF (0Cl)-lJ(2)) 39,39t3H 
JR TCCll=l.E25 
39 H CDC2)-QC3ll 40,40,41 
40 lF (Q(3)-U(4)) 42t42t41 
41 1CC3l=l.E25 
4 2 1 F C lJ C 4 ) - (l C 5 ) ) 4 4 , 4 4 • 4 3 
43 TCC5l=l.E2!:> 

E.NCUENTkE EL LOTE OPTIMO SIN DEf-ICIT. 

44 KFLH=l 
lCST=TCCll 
E COlJ=U ( 1 l 
EI~VT=E.NV C 1) 
[)() 46 1=1 t5 
IF CTCST-lCCUl 46,46,45 

45 TCST=TCCll 
KFLH=I 
ECOtJ:::Q C 1) 
ENVT=ENVCll 

4h CONTINUE 
ON=k/ECOO 

IMPRIMA RESULlAUOS ANTES DE LAS LI~ITACIONES PUH DEFICIT. 

~IRJTE<3t7fil 

(.,. H C w- 1 • E 2 5 l 4 -¡ , 4 8 , 4 7 
47 wRITEC3,79) 
4H W~lTEC3tHO) ECOU 

( IF CCS) 49t50t4~ 
49 wHITE C3t901 ENVT 



( 

1 . 
"1 

e 
e 
e 
e 

~O WHITE C3t81> PCI\FU:i> 
wHITE C3tB2> TCST 
~¡ f.\ 1 T E ( 3 , 8 3 ) o 1\1 

lf CW-l.E25) 5ltlt51 

PHUE~A OE fACTI~ILIDAD CON RESPECTO A LAS LIMITACIONES OEL 
OEFICIT. 

51 DO 53 1::::1,5 
lf CENVCl)-W) 53,53,52 

~ 52 TC(l)=l.E25 
53 CONTINUE 

lf CTCCI\fL~>-l.E25) 54,55,54 
(~ 54 W H 1 TE ( 3 , 8 4 ) 

( 

e· 
( 
..... 

r 
" 

e 

e 

( 
'-

( 
'-

( 

"-

e 
e 
e 

e 
e 
e 
e 

e 
e 
e 

GO TO 1 

ENCUENlHE EL LOTE OPTIMO, CON LAS LlMlTACIUNES DEL l>~FICIT. 

55 1\fLH=l 
TCST=TC(l) 
lCO<J=Q C 1) 
ENVT=ENV(l) 
DO 57 l=ltb 
lf (TCST-TCCI>> 57,57,56 

56 lCST=TCCI> 
E COIJ::(J C I) 
KFL1:3=1 
E N V T= E N V ( I > 

':J 7 CONT 1 NUE-~ 
ON=R/ECUQ 

IMPRIMA LOS RESULTADOS UESPUES UE LAS LIMITACIONES UEL 
UE.FJCIT 

wkiTE C3tA5) 
WRJTE C3tH6) 
~HUlE C3t87) 
WRITE (3,78) 
wRITE. (3tAo) 
WRITE C3tH0) ECOQ 
IF CCS) 58t59t58 

5H WRITEC3,90) ENVT 
59 CONTINUE 

WHITEC3,~1) PCKFL~> 

wHlTEC3tH2) TCST 
WHlTEC3tH3) ON 
IF (1\fLH-6> ltbOtl 

oO ~HITEC3,8Y) 

GO TO 1 

DEFICITS PERMITIDOS. 

fll ENVC6)::U(6) 
DO 62 1=1 ,5,2 
ENVCll=SWRTC2.*CP*R*CS/(fH*PCil*CFH*PCll+CS))) 

b2 OCI>=S<JHTC C2.*CP*R*CfH*P(!)+CS) )/CFH*P(l>*CS)) 
DO 65 1=1,2 
J=2*l 
IF (Q(J)-l.Ec5> 64,63,64 

b 3 E f..¡ V C J ) = 1 • E 2 5 
GO lO 65 

b4 FNVCJ)::(Q(J)*CSJ/CPIJ)*fH+CS> 
65 CUNTINlJE 

If CENVCbl-l.E25) 6f..tb7tbb 
66 WC6J=SWHT<<2.*CP*R+ENVCb)**2*CCS+P(o)*fH))/CS> 
h7 uo 70 1=1 ,6 
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e 
e 
e 

e 
e 

If (0Cll-l.lc~) oU,b'JtbH 
bH lCCl)=CCPQH/Q(})+fH~PCl)~ENV(J)Q*2/(2.*0Cl))+H*P(l)+(CS*(U(l)-l 

l~V(}))*Q2)/(2.*U(J))) 

-&0 TO 70 
69 TC<I>=l.E25 
70 CONTINUE 

úO TO 37 

TA8LA DE fORMATOS.~ 

71 FORMAl (}0A4) 
7 2 F U H 1-1 A T (1 1 F 5 • O ) 
73 FORMAl (42Hl 

ll2H ---------- 111_ 
P~OGRAMA MOCOE PARA tlOA4, 

____ .. ____ _ 

24BH ooao~oooo~ LOS DATOS OE ENT~ADA SON ********** 11 
3b2H H CP FH Pl es Hl 
427H B2 P3 w ) 

76 FORMAl (3XtF6.0tlXt9F9.2) 
77-FORMAT (49HOERROR EN LOS DATOS DE 

llOH OTRA VEZ ) 
ENTRADA, VERIFICA Y PRUEBA, 

- -
7H FORMAT (54HO*******~******~ LOS RESULTADOS DEL ANALISIS SON ****~, 

IllH*****>.<ol)ooo ) 
79 FURMAT (48HOANTES DE APLICAR EL LIMITE DE ALMACENAMIENTO DE, 

111H LA HODEGA ) . 
HO FORMAl (54H LA CANTIDAD OPTIMA ORUE~ADA ES O~ -------------------, 

ll7H-----------------,Fl0.2) 
81 FORMAl C54H AL PHECIO UNITARIO DE -------------------------------, 

ll7H-----------------,Fl0.2) 
H2 FORMAl (54H OBTtNIENOO UN COSTO TOTAL DE INVENTARIO DE ----------,_ 

ll7H-----------------,Fl0.2) 
83 FOHMAT C54H DONDE EL NU~ERU DE CICLOS U[ OkOENES POR A~ú tS UE --, 

ll7H-----------------,Fl0.2) 
84 FORMAl (48HOEL LIMITE DE LA 80UEGA NO TUBO EFECTO EN MOCOE ) 
H5 FO~MAT (51HOL~ CAhTIOAD ORUENAOA ESTA LIMITADA POR EL ESPACIO ' 

120HFISICO DE LA ROOEGA ) . 
Bh FORMAl (4RH Y ESTA RESTHICCION NO ES UPTIMA. SE ELIMINA LA ) 
H7 FOHMAT C54H RESTRICCION Y SE CORRE EL PROGRAMA DE NUEVO, ORSERVl , 

IlOHEL EFECTO.) 
8H FORMAl (53H DESPUES DE HABER APLICADO LA LIMITACI6N A LA ~OOEGA ) 
89 FOHMAT C52H ESTA ORUEN ESTA SUJETA A LA CAPACIDAD MAXIMA UE LA -, 

17~1HODEGA ) 
90 FOHMAT (J}H CON UN INVE.NTAHIO OPT!r-10 IJE ,sux,Fl0.2) 

lOO CONTINUE 
CALL EXIT 
[ND 
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1.! 

YHOGHAM UYNAM 
~OLVES OYNAMle PHUGHAMM!NG 
S1ZE UP lO 9 STAGES ANO 30 
WlLLIAM G. LESSO,UEe 1~71 

-TH1S VEkS1UN FOH eoe 3100 

Pk08LEMS 
STA TES 

REVISEO kOH 4/73 

DIMENS10N llLEC1Q), G(9t30)t f(2t30)t XC30), FXC9t30), XUPTC'h30), 
1 XOUT(Ylt IHC12) 

COMMON /DATA/1DATC12) 
DATA C10AT=lHAt1HBtlHet1HOtlHEt1HFt1HGtlHHtlHlt3HMAXt3HH1Nt4HSTUP) 
lNTEGEk X,XUPT,XOUT 
OU l I=1tl2 
1 H C I ) =IDA T C 1 > 

llUT=O 
NIN=5 
NOUT.=6 

REAU A~O WRITE USER NAME eAHD 
1< F A D ( N 1 N , 2 1 ) 1 T L E 
~/HITE CNUUT,22) ITLE 
lF CITLE:.Cl>.EU.IHC12)) GO TO 20 

RLAD ANO WRITE DATA CONTROL CARO 
REAU CNIN,23) MCOUE 9 MSTAGEtSTATE,MCOPY 
t-1 S T A TE = S T A T E 
WRJTE CNOUTt24l MeOOE,MSTAGl,MSTATE,MCOPY 
IF CM~TAGE.LT,2) tJO 10 17 
IF CMSTATE.GT,30) GU lO lY 

k~AU ANU WHITE STATE HETUHN~ 

\'if.<l TE CNUUT,25) MSTATt 
1> U 3 1 = 1 • ~1ST A G E 
~~ ~ A ll ( I'J 11'!, 2 6 ) C G ( I , J ) , J = l , M STA TE ) 
1l=MSTAGE-1+1 
WHITE (NOUTt2B> lHCll) 
WRllF.: (NUUT,27) CGCltJl,J=ltMSTATE> 
lF CMCUUE.U.J,IHC11)) GO TO 5 
IF CMeOOE.I-JE.IH(lO)) GO TU 13 
UO 4 l=ltM5TAGl 
1>0 4 J=l•"15TA1E 
li ( I , J ) =-G C 1 , J) 
bci,J>=-Gci,J> 
C Oti/T 1 NU[ 
COt'll 1 NUE 
U U h ,J = 1 , M S T A Tf. 
XCJl=O. 
FCI,J>=O. 
CONTJNUE 
vi R 1 H.: ( N OUT , 2 Y ) 1 T LE 

,_,AlN DO LOOP ·THROUGH EAeH STAGE 
00 14 15G=l,MSTAGE 
DO 8 l=l•I-1STATE.. 
FC2,Il=99999. 
X<I>=o.o 
1 I = 1 
DO 7 J=l•ll 
1\=11-J+l 
SUM= tJ ( 1 SG, J) + F C 1 , K) 
lF ! S U t--1 • {;E • F ( 2 , 1 I > G O TU 7 
F !2tl1) =SUM 
XCIIl=J-1 
COtH }1-.¡UE:. 
CUNTII·JUE 
IF !MCOPY.GT.Ol GO Tú Y 

A 1 
A ¿ 
A 3 
A 4 
A 5 
A b 

A 7 

p. 9 
A 10 
A ll 
A 12 
A 13 
A 14 
A 15 
A 1 b 

A 1l 
A 18 
A 1 'J 
A 20 
A 21 
A 22 
A 23 
A 24 
A 2S 
A 26 
A c7 
A 28 
¡.., 2'J 
A ]0 
A :11 
A 32 
A 3.3 
A 34 
A J~ 

A 3b 
A J f 
A 3~ 

A ~9 

A 40 

A 41 

A 42. 
A 4J 
A 44 

A 45 
A 4b 
A <tb 

1\ 4 7 
A 48 
A 49 
A :,o 
A 51 
A 52 
A 53 
A !:>4 
A 55 
A S6 
A 57 
Á !:>8 
A 59 
A óO 
A bl 
A 62 
1.1. td 



J l ::f-',::, 1 ilbl-1 ::,(1+ 1 
e WRlll OUT CURRlNl HlSULlS 

•. WHI_l[ (NUUlt30) IH(lJ) 
• WRilE CNllUTt3U 

9 00 lO l=l,MSTATl 
10 fC1tl>=FC2tl) 

lF (MeULJE.EfJ.IHCll>) GO 10.12 
00 11 l=l,MSTATE 
f(2,J)~-F(2d) 

11 CONTJNUE 
12 CONTJNUE 

00 13 l=l,MSlATE 
XDPT(ISG,I>=X(I) 
FX(lSGtl>=fC2tl) · 

'· IF cMeOPY.G'J.O) GO TO 13 
IOUT=l-1 
WRllE (NOUT,32) lOUl~X(J),f(2,1) 

13 eONT 1 1-JUE 
14 CONliNUE 
e 
e WRITE OUT OPTIMUN RESUllS 

wRilE CNOUT,33) ITLE 
~:RITE CNOUT,34) 
WRITE CNOUT,35) (lH(J)tl=l•f·~STAGE> 

00 16 l=l,MSTAlE 
IOUT=I-1 
ITUT=l 
DO 15 1SG=1,MST~GE 
1-I:MSTAGE-ISG+l 
XOUT(ISG>=XOPTCMtlTOT) 

15 JTOT=ITOT-XOUT<ISG) 
WRITE (N0Ult36) lOUT,FXCMSTAGEt1),(XOUl(J),J=1•MS1AGE) 

16 CONl II'JUE 
e RllUHN fOR NEXl DATA SET 

GO TO 2 
e 
e lHIS SECTION PHlNTS ERHO~ ~1ESSAGES 
17 ~·RilE CNOUT,37) 

GO TO 20 . . 
1 ti rl R 1 TE C NO U T , 3 9 > 

bO TU 20 
19 ~RilE CNOU1,40) 
20 \o<fUTE (NOUT,38) 
e 
e 
21 -roHMAT (lOA4) 
22 FORMAl Cl9HlPHOGHAM OYNAM FUR tlOA4) 
23 fORMAl CA3t2X,1lt4Xtf2.0t3Xt11) 
24 FORMAl C1HOtA3t8H-MlZE ,J},]OH STAGES ,12tlOH STATES ,11) 
25 FOHMAT (~2HOSlAlECl)-----------STATE HETURNS AS HEAO-----------,bH 

1ST AlE ( 12, lH) 
2 ó F OH 1--1 A T ( 6 F 5 • O ) 
27 FOHMAT (bf10.4) 
28 FOHMAT C7H STAGE ,Al) 
2~ FORMAl C18H1DYNAM RESULTS FOR ,1QA4) 
3 O F ORt-1A T ( 27HORETUHN FUNC T 1 ON FOR S T AGE , A 1) 
31 fOHMAl (25H STAlE DEeiSION RETURNS) _ 
32 FORMAl C3Xti2,4X,I2,1Xtfl3.4) 
33 f OHMAT ( 22HOOP11 MlJN DE e 1 SI 01'4 FOH , 1 OA4) 
34 FOHMAT C1HO,BX,30H DESIRED DEeiSIUN Al STAGEl 
35 FU~MAT ClbH STATE RETURNt9CSX,Al) 
3b FOkMAT C3Xtl3,fl0.2,9Jo) 
j 7 fU R r-1 A 1 C 3 4 H O S O i-?k Y , A T lE A S T 2 S T A G E S HE tJ U 1 HE U ) 
3H FUK1·1AT ( lt~HODYI\IAM HUN STOPPLO) 
3 ~ f O K 1-1 A T ( 3 )ti u e A 1'-4- T T El L 1 f M A X U R M l N 1-' fW U LE r-1 ) 
~O fORMAl C2RHOSUR~Y, 30 STATtS IS MAXIMUN) 

l r~u 

i 

A l>'+ 

A h~ 

A bb 
A bi 
A btl 
A bY 
A 70 
A 71 
A 72 
A 73 
A 74 
A 75 
A 76 
A 71 
A 7H 
A 79 
A 80 
A dl 
A H2 
A 83 
A- 84 
A 85 
A 86 
A b1 
A 8tl 
A 89 
A YO 
A 91 
A 92 
A 93 
A 94 
A 95 
A '-l6 
A '-}] 

A '-}d 

A '-}I.J 

A lOO 
A 101 
A 102 
A 103 
A lO'+ 
A 105 
A 1Ub 
A 107 
A lUtl 
A 1UY 
A 11 o 
A 1 1 1 
A 112 
A 113 
A 114 
A 115 
A 11 ó 
A 117 
A 11H 
A 119 
A 120 
A 121 
A 122 
A 123 
A 124 
A 125 
A l2b 
A 121 
A l2d2 
A 12~2 

A 1302 
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..-~UbfÚ\M <JUllJES 
f-1.ARCH. l ~7 2 M J MAGGAHIJ 
llllS VlHSION ruH CDC 3100 
PICllONAHY UF VARIABLES 
ATTJHE HtE HOUkS OF SYSlEM IULE lHlE- TOTAL 
ANlJI-1 9 SNUM NlJr.HiEH (JF HlAlJS IN ARIHVALS AI.JD SlHVlCE 
AH(500) AI-J AHHAY Of HEI\D IN ARRIVAL Tlf-1[5 
AkH Hl,ARH 1M THE AHRIVAL HAlE ANO liME _ 
eH AN AkHAY OF ARHIVAL ANO SEHVJeE ON FIRSl 20 CUSTUMEHS 
CIDLE THE COST Of EYETEM IOLE TIME - TOTAL 
CUMUUEelOO) AN AHRAY WHJCH STORES IULE eUSTOHER HOURS 
COSTS lHE COST PER TIME UNIT Uf llJLE SEHVICE 
COSTA THl eosT PER TIME UNIT Of !OLE CUSTUMERS 
CUSERV9KCUS THE NUMRER UF CUSTOMERS HEING SERVEU 
C\'t'I\IT THE CúST Uf eUSTOMEHS HOUKS IN UUEUE - TOTAL 
IH:P tH • IJEP H1 T H[ SERV 1 CE kA 1 E ANO MI:: AN DUHA T 1 UN 
h k S 1--J (J T HE HU U H S UF e U S 1 O M E R T 1 l1 E l N tW 1: U E - T O 1 AL 
1 , J T HE e HA NI-JI: L NlJtw"tHER HE l NG PHOel S SEU 
1 Z N U 1-1 U E k UF f~ K R 1 V AL S W H l eH HA V E O e e U RE. U 
t\ ~. , f- S CW 1 I U N e U U E S FU H A R R l V AL S A N D S 1:::. R V l CE 
t~, l·lA !(S Hl G 1 i'Jt·H I·JG, f'.'tA X 1 MU1·1 r..JU~1BE R CHANI'-J[L S 
Pe U 1 1 L T HE PE Re E 1-.J T U 1 1 L I Z A T l O N O F T HE . S l H V 1 e E F A C 1 L 1 T Y 
U U F. Tli l. N U 1-1 11 E. H Uf e U S 1 O M E K S 1 N (J U E U E A T A N Y PO l N T 
S~e~OO) AN AkHAY OF kfAD 1N SEHVJCT TIMES 
TeOOP lHE TOTAL eosl OF THE SYS1EI-1 
1 1 1"' [ , T T I ~1 E e L u e K T lt-1 E , t-1 A X S I r-1 U L A T 1 U N T 1 M E 
ll'w Af{ V T H L LA 1 E S 1 A tHH V 11 L 1 1 M E 
1 N 1 H' H 1 H 1::. P l::.f-' /d <T U 1 H:: T P.~ t O F T h L L A T E ~ 1 DE P A r< T lJ k E 

ii,AY ti!-. S~_T Atnlf-IeALLY f!lt-< PRUGi~At-1 [rFlCll::.rJeY 
,;r..;i·H~.~.xr-:¡n>;. ~>~t:./;1~ vUdl ll!·H.d1EAN rJUt.t,HLh: lr.J CJll[ 
1\V~I\l~/\ AV[_kl'>.l;E tdWl VALS 1-'~ H Tlt~f. llf'-:1 T 
r, \1 S F K V Avli<Ab[ SEKV!Cf: lH1t:. 
í,t:,¡.¡J:~ I',E/~1~ NO. lhl liil: SYSlfl·1 
1\ ,., T 1 ~ 1-~ l/1 :'J T H: [ 11-J 1 11 [ S Y S T E ""1 
VCOST lOl!1L VlddAtiLE. eosl OF CWI:RAllUiJS 
V C í l S T S V r, ,.,. l A H L f. e O S T 1-' EH U t-1 1 1 
FtUSf TliTAL FJXE.!J cosy·(¡f OPU<AllONS 
f-CU~fS FIXED CUST PEk UNIT 
l~~veT AI..J At·H-?AY UF IJUlllEU SEkVlCE. T !Mt::S 
1'-l<lJU. SCt1EUULt HULE CODI:: e1=HAioJD01'1t2=FCF~tJ=SOT) 

C 11 H HU N J L P H 1\ C 1 O ) , r, N U 1.:. , AH lü~ T , A k H 1 M, e t1 ( 211 t 1 O ) t e lJ M U T L , e U S E k V, l) [ P H T , 
1 IJ E P 11-1 , I , 1 U S E K V , 1 l ~ K A , K C U S t K S , N , N f lAG , S r-JU M , S T A 1 U S e 4 ) , T , 
2 1 1 ~E , l TI t·1 t::: , 1 N AH V • T N D P k C 9 ) , A V A R 1-< A • A V S EH V , A 1-1 N 1 S , A M T 1 S , 
1 V C O S T , V e O S 1 S • F e ú S T • F C O S T ~ , K RULE , l lJ U E. • C U 1-1lHJ E e 1 O 1 ) , 
4 !JSVeTCI01),-Ak(S00),SkC500) 

Clii·H-':UtUDA 1 A/ 1 t:r~[J 
()ATA <llND=4HSTOP) 
JSTUP=J[NO 
NJN=5 
N(IUT=6 
HE A() 1\ MJ P H 11\11 lJ S E k N A M E e A k IJ 
eor.n J r..rul: 
RF.AD (NJN,311) lLPHA 
Lo-kllE CNOUT,J2ll ILPHA 

IF CILPHAell.EU.ISTUP) bOTO 301 
RE Ai.J AI.JlJ PH 1 iiiT t.HR J VAL IJA T A CAHO AIW seHEDUL E 
h'[AIJ eNFh33ll KAtARkHT,COS1A,KHULEtllf~Ut-1 

~HITE CNOU1t34}) KAtAHRHT,CUSThtKkULE 
IF <t<A.L l. 1 l GU Tú 2':11 
IF lKA.Gl.4) Gú 10 ?':11 
JF eKHULE.L T .1) GU TU ·2q1 
IF lKHUU .• b1.Jl GO lLl c'll 
Gr.> 10 l21.31.41l• KkUU .. 

; e ur n 1 r J u E _ .. _ . _ _ _ _ . _ _ 
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1 
2 
2A 
3 
4 
~ 

b ., 
8 
lJ 

lO 
1 l 
12 
13 
14 
15 
lb 
1 7 
lH 
l'i 
é:O 
21 
22 
23 
c4 
25 
cb 
27 
t:'H 
?Y 
.jl} 

31 
~.¡¿ 

33 

3o 
J7 
3H 

1 

1 
1 

1 

3':1 ·j 
40 
t+l 1 

4t?. l. 

43 
44 
45 i 

4b -1 
47 1 
t+~ 

<tlJ 1 

1 

:-
' 



41 

e 
51 

61 
e 

71 

e 

K} 

e 

e 

e 

e 

e 
e 

Yl 

~h. 11 t: (NUUT, 3~1) 
GO TU SI 

clH-H 1 NUt 
WHITE (NUUTt361) 

GO TO 51 
eONTINUE 
\>!HITE (NOUTt371> 
klAD AHHIVAL SlAliSTieS 
CUNTINUE 

IF <ANUr-i.LE.O.O) GO TO 71 
I.JUM=ANUM 
ARRRT=1.234 
KA=4 
WRITE (NOUT,39U NUM 

IF CANUM.GT.?OO.O) GO TO 291 
READ CNINt381) CARCI>tl=!tNUM) 
WHITE (NOUT 9 40ll CAR(J),l=ltNUMl 
00 61 1=2,NUM 
J=I-1 

IF (AHCJl.GT.AH(l)) GU lO 291 
CONTINUE 
~ET AHHIVAL liME Al l~VE..RSt OF ARHlVAL kATl 
CúNTINUE 

IF CAHRI-n.LE.O.Ol bU TU 291 
t..~ln 1·1= 1 • 0/tdH-<Id 
H l A 1> fd'.JU P IH N l S E.. R V l e E.. [)A T A e A R IJ 
k!: A U ( N 1 1~ , 4 1 1 l K S , DE. P T!-1. F C ll S 1 S , V e O S 1 S , S N U r.., 
IW f·d TE ( N O lJ f , 4 2 1 l K S , D t:.P H-1 
Lo. H 1 T E (I,J O 1 JT • 4 3 1> F C O S T S , V C ll S T S 

I f"" < 1\ S • U.,l • O l G O 1 O 2 Y 1 
Jf- II'\S.l>T.4) l:iO 10 2'-Jl 
Jt :~-,~-~~H- .• U:".O.Ii) H• TU S'l 

1 ) t : J ~ ¡ .... ::. J • 1) ~ 1 i: 

.-.f-tJlt- ¡r-.uui,4t+l> ~\:tJ'1 

lt- (:)r-Jill"'·~uTo' .. >L'O•Ol '>IJ .. TU 2(d 
¡,- t- 11.11 <I hl. J r~ 1 l c ~; ~d 1 l d = 1 • u1 n-~ l 
t· .. P l 1 l C 1\l O¡ J l .- '+ O 1 l ( S H < 1 l ~ I = 1 , N l! '-'~ l 
DO Hl l=l.rJlJf-1 

If (S~{l).LT.O.Ol GO Tll 2':11 
CU!~ 1 J M JI-_ 
S t T ~ t k V 1 e E R A T [ A T 11\1 V E. R S l O F S E 1~ V 1 C l ·¡ I 1-1 t: 
((JíH I NUI-" 

IF <Ul~TM.LE...U.O) GO TU 2Yl 
IJLPRT=l.O/IJE..PTI"'l 
H!:.AIJ S l t·1U L A T I O N CONTROL CAf·W ANO fJH HJ 1 
1-<EAIJ ( N 1 I·J , 4 ':> 1 ) hltMAXS, TllME 
\:'R 1 TE <t~OUT,4bl) N , t--1 A X S , T T H-1 E 
CHECK SIMULATlOI~ I~UN LHH TS 

If (hi.EtJ.O) GO TO 291 
IF" (MAXS.LT.Nl (;() TO 291 
IF (lTlMI:...Ll.O.Ol GO TO l'Yl 

E NIJ OF INPUT DA .. TA CHteK 
HCOU~=':I9Y999.Y 

~IMULATION OF 
1
A GlVEN NU,....d-3U-< OF CrlANNtlS 

INITIALIZE SYSTEM FOR NEXT ~IMULAT lúi--J HUI\! 
CC1NT 1 NUE 
T lt-1[ =O. O 
TNARV=O.O 
lf1LJE=l 
CUI-'IUTL=O. O 
CUS[RV=O.O 
IZ=O 
KCU~=O 

Nf-LAb=O 

(N l HEGINS HERE 

A b'+ 
A 65 
A óó 
A b7 
A bd 
A bY 
A 70 
A 71 
A 72 
A 73 
A 74 
A 75 
A 76 
A 77 
A 71:3 
A 79 
A HU 
A Hl 
A b2 
A RJ 
A H4 
A RS 
A bo 
A h7 
A Hi:i 
A H~ 

A lJU 

A 91 
A Y2. 

: ~ \.; f ) 

11 ..... i 
¡.. lit\ 

P. ... y 

{..., l 1• u 
¡_,_ ~ () l 
A ! 11 ¿ 

A ltd 
~ lu 4 

1\ 1 o':> 
A 1 IJb 
A 107 
t\ 1 u d 

A lO~ 

A 11 o 
A 1 1 1 
A 112 
11. 113 
A 114 
A 115 
A llb 
A 11 7 
A lld 
A 119 
A 120 
A 121 
A 122 
A 12J 
A 124 
A !25 
A l2b 
A 127 
A 128 
A 12~ 



1 1 1 
e 

e 
1 2 1 

e 
131 

e 
1 4 1 

llJSI:~V=O 

~~ t T =HA N O ( 1 2 3 4 56 7 • O ) 
DO 111 M=lt100 
lJ S V e T ( M ) = O • O 
CUM<JUE (M) =O • O 

CONTJNU[ 
I>ETE~MINI: SERVICE TIME FOH TriE IST ARI-<JVAL 

GO T O ( 1 21 • 1 31 , 141 , 151 ) ' K S 
PUISSON SE~VIeE RATE:. 

CONTINUE 
H=HANOCOt9l 
T=AHS(OEPRT*ALOG(R)) 

GO lO 161 
NEGATIVE f_XPOI~ENTIAL SERVlCE TIME. 

CONTINUE 
R=RAN0(0,9) 
T=AHSCDEPTM*ALOGI~)) 

GO l U 1 o 1 
CONSTANT SERVICE TIME 

eOI>~ll NLJE 
l=UE .... TM 

GO 10 161 
e RtAfJ IN SERV!Cf_ TIMI: 

1 ~ 1 COIH] j-.jlJ[ 

l=S~~<ll 

1 b l C Ohll INLJ[ 
U~VeT<l>=T 

!l U 1 7 1 L = 1 • 1~ 
1 ¡.., D P k ( L ) = Y 4 lJ y 'i 9 • '1 
~ 1 A TliS (U= O. O 

1 1 1 eH, r 1 r-,¡ u r_ 
¡,~l !hJ 1=1·20 
' ; ' ' l ' l ,J =- ! • ] :; 
( 1 • ( J • ,) ) :: i) • (: 

: r' ! ( 1 .• : 1 I i .l ¡ í 
( ¡·¡; 1 •. 1 ¡.[ /-\[lj :dJ ~uf, h~ ~l¡l_ 1::, 

\ · h l l t ( 1 ; r l! ! 1 ~ t~ f ~ ) 1 'i 

~·.i1l TI (f·J(¡t_l1.4kl l 

><ilf. (f!l)lti.4~jl) 

C "- f T 1 I k~ 1 id :K T V i' l lJ el U h lHK L ¡, 1 1 1 ~1 t L t R u 
l "'t.. 1' V=. (¡ • IJ 

e 
e 
e 
e 
e 
e 

191 

Cf-l(],ll=O.O 
1/=I/+l 
t·1f,II..¡ ~lMULATIOI·J Hf.ii'.NCH PülNT 

CtiECK lAeH CHhi•JI..;I:.L lí\1 lUHN FOR ¡..>QSS1Hlt UEPAHTUHt. 
IF All CHANNELS AkE IULE CTNUPR = 9YYY~Y.9) THEN GO TO AHHlVI: 
lF All CHANNELS AHE HUSY (lNAHV 15 .bl. TNDPR) THEN GU TU AHRlVI: 
I F A D 1::. PAR T I S hJ E X T ( HJIJ P R 1 S • u E • T N AH V l T H ll\1 G O T O !J EPA R 1 
~lT ANO IVALUE Kf_I:P MUlllPLE OEPARTURlS IN COHkECT TIHE St.WUlNC~ 

CONTJNUE 
SF.T=HHHA8!i. 
IJO cOl 1=l•N 

JF ClNDPHCll.bl.1NAHV) bO 10 201 
I F ( l ~~U P H ( 1 l • G T • S E T ) G O T O 2 O 1 

SE T=l NDPH ( 1) 
IVALUE=I 

-·~1 eONTIIWE 
l=lVALUE 

IF <SET.LT.tH.~~tHH.1.) GO TU 211 
CALL Alü< l VE 

bO TO 1Yl 
e 1 1 cur\IT 1 NUI::.. 

e A L L ()El-' /1 ~ T 
C 01\! HI::..TURN fRO"'l DE.PART CHECK Sli-1ULAT10N TIME LIMIT 

IF <111Mf.G1.11MI::.) GU TU 191 
e fi•D UF SIMULATlON RU1\I---PHll\ll FIHST TWU'JTY Tt-~lALS - . 

A l...1ll 
A 1 31 
A 132 
A 133 
A. 134 
A 135 
A 13o 
A 137 
A 1Jd 
A 139 
A l4ú 
A 141 
A 142 
A 143 
A. 144 
A l4S 
A 146 
A 14/ 
A l4d 
A 149 
A lSO 
A 1~1 

A }~¿ 
A 1'"'3 
A 1~4 
A lS~ 

A l~b 
A 11:17 
1\ l '-, t1 

1\ l~Y 

A 1 ¡-- 1) 

P.. l ¡·. J 
1\ l t '-

1\ i 1) .) 

1\ l r ... '-.4 

!', J r l ~' 

1\ l r. o 
/1, H-. 1 
i\ 1 (11\ 

t. 1 !>~ 
1\ l ., u 
A l 7 1 
A 17c 
Á }'fj 

A. 1 14 
A 17-:J 
A 1"/6 
A 17 1 
A l7d 
A 179 
A }HU 

A 1 H 1 
1\ 1H2 
A 1~3 
A 1~4 

A lb~ 
A leo 
A }H7 
A }I:H~ 

A ·1 HY 
A lYU 
A 141 
A. 1<:~2 

A 143 
A l '1 '+ 

A ~~~ 



221 

241 
e 

2~1 

261 

N;l=N+1 
·¡r <CUStkV.GE.20.0) Gu 10 221 

NXX=CUSEkV 
GO TO 231 

CONTINUE. 
NXX=20. 
cor-n 1 I'IIUl:. 
UU 241 1=1 ,NXX 
WRITE CNOUT,SOll CCH<l•J),J=1,Nl) 
CONTINUE 
COMPUTE HOUkS lN OUEUE FOR SUMMARY PklN OUTOUT 
h~SN!)=O • O 
fvlAXQUE=O 
DO 261 fvl=2d00 

IF CeUt-HWECM).EO.O.O) GU TO 251 
MA XtJUE. =M-1 
CUNliNUE 
XM=M-1 
HkSNU=HHSNO+(XM*CUMUUE.(M)) 
corH I NUE 

lf CMAXlJUE.LT.99) GO TO 271 
\oi R 1 T E ( 1-.J O U 1 , 5 1 1 ) 

271 CONTlNllf 
l~ (NflAG.NE.76) GO TO 2tll 

vi K 1 H. ( 1\l O U 1 , 5 ? l l 
cB 1 CUh!T 1 1-JUL 

).j.,¡: 1\j 

lL=l7-l 
Xll=Il 

e f> K l r ~ 1 S 111 Hl¡/1 K y ~ l {¡ 1 1 ~ T I e~ r u k T H 1 S N u fv\ ti t. K ( 1\j ) Ct-1/, 1 ~'"EL S 
•·:hl-tf_ (i,.tHJi.~~~ll Il,CliSLHV,lJ~l 

e 

e 

e 

e 

e 

e 

e 

e 

\1 1- 1 1 1 ( IW U 1 , ~ 4 J l 1 1 /~ .1, U U r 
>J~i~ f ~.=tif-:~::--J•-</T i ¡-;L 
i·. f--< 1 T [ ( r H 1 \l 1 ~ 1

) l:l 1 l >, r-~ :-Jl /.. 
X,_, : ~ f t/ = 1' t : S¡-.; U 1 ~ 1 l. 
1dnlt. (I·Jmn~~bll x~~NTr-1 

f' e U T l t = ( ( e U ¡.·, l J 1 L 1 l 1 r--: E l "f 1 O O • l 1 X N 
~-¡ < J T 1 ( r J li 1_1 T f ~ 7 l ) f--' e U l 1 L 
e ,, J\ I 1 = ¡-, r < s r·; LJ -:: e o ~ 1 A 
1>. J 1 1 t' L = ! T I r-; L ;¡. X N l - C lW U 1 L 
CU>"if>uTf-_ AV!:.RAGl llf<HlVfiLS PEH TP.1E LJ¡·nl 
ll=IL 
¡, V AH K '' = T < 1 T 1 M E 
\\klTE (NUUl,SHll AVAI-WA 
lO~PUTE AVlRAGE SlRVleE TIMl 
AV SE H V=ClJII-1UTL/elJS!:. kV 
YIHITE CNOUT,S9ll AVSERV 
COMPUTE r--1EAN NO. IN THE. SY~TEfvl 

AMNIS=XMNTX+(AVAHHA/(1.0/AV~EkV)) 

'~>iRlTE CNOUTt60l) At--1f\JIS 
COMPUTE MEAN TlME lN THE SYSTEM 
AMTIS=XMNTM+AVSERV 
~!1-nlE Cf-.iUUTtbl1) AMTIS 
V. k 1 TE C 1-J OUT , 6 2 1 l 
~IHITE (NOUT,631) HRSNlJteUSlA,eWAIT 
COMPUTE lOTAL VARIABLE CUST 
VCUST = CU~ERVoveUSTS 
COMPUTE TOTAL FIXE.D COST 
fCUST=XN*FeOSTS 
PR 1 NT sur.-,MAHY CUST 11-.JFOKMA T 1UN 
r1f-<ITE cr'-jouT.64ll cust_Kv,vco~rs.vcusr 
v.·I<ITE CNOUT,65U FCOSTS.N,FCOST 
TCOilP=FCnST+VCO~l+C',¡/All 

wl--iiTE (NOUT,bb1) TCOOP 
S 1 O P k u~..¡ 1 F T C O ll P 1 N C k E A S E IJ F H O t--1 lA S 1 l"<lJ N 

IF (TCUúi--'.GI:..8COOPl GO TO Il 

...... 
1\ 

A 
A 
A 
A 
A 
A 
A 
P. 

A 

1'-ll> 

lY7 
l':IH 
l'-1':1 
200 
2Ul 
2ul:' 
203 
2U'+ 
¿(JS 

A 2U6 
A 207 
A 2Utl 
A 2UY 
A 210 
A 211 
A 212 
A l:'lJ 
A 214 
A 215 
A 211:> 
A 217 
A l:'ltl 
A el Y 
J\ el:' O 
P. l:'21 
A 2!!2 
A é'cJ 
A ¿24 
4 2i::'J 
A eco 
{\ -¿¿¡ 

1\ ¿ é'l1 

A ¿ ,~':) 
A ¿_-¡u 

{\ ?.31 
A f>J2 
A ¿jJ 

A l:'J<+ 
A l:'J~ 

A 2Jo 
/\ 2J ( 
A 2]1:1 
A c~i'-J 

A 240 
A 241 
1\ l:'42 
J\ 243 
A 244 
A l:'4S 
A 246 
A 'r.'+7 
A 2'+tl 
A ¿'+lJ 
A l:'~O 

A 2~1 
A 252 
A é:.'53 
A 254 
P. 255 
A 256 
A 257 
A é:.'5tl 
A 25':1 
A 260 
A 261 



e 

e 

e 

e 

e 
e 

J 

2Yl 

301 

31 l 
321 
331 
341 

3~1 

3b1 
371 
381 
3SI1 
401 
411 
421 
431 
441 
4~>1 

471 

4':11 

501 
511 
521 
531 

~41 

5~1 
5h] 

571 
5111 
5Yl 
bOl 
611 
621 
631 

f.¡, l 

~ lUP HUI..¡ 1 F MA X 1 ~~U t-I 1-JU~It!LR Of ~U~ Vl H S k t. A Cr!t 1) 

~ IF <N.GE.MAXS> GO TO 11 
ll~'llA 1 F NUHtiEk U~ CHANNELS AND eUPRENT Tul Al COS T 
N=fH 1 
HC U<H-'= TCllOP 
t<ETllkhl FUI-< 1-JEXT IHJN l"llH MOI-<E. eHA.I'Jf-JELS (N) 

GO lO 1 O 1 
P k 1 I'J T O U 1 U A T A E_ k k U H t-l E_ 5 S A G E. 
euNl1NUE 
WRITE (NOUTt67l) 
\o: R l T E ( N O U T , 6 tJ 1 ) 
COI-.!TlNUE 
~. 1< 1 l l ( N O U ·¡ t b '--l 1 ) 

f(JRMAT ( 1 0A4) 
r U k r-1/\ T ( 2 O H 1 P t.? ll G f-\ J\ 1•1 O ( J E U E S F O R , 1 O A 4 ) 
F O H 1·1 A T ( 1 1 , 9 X , ~ S • O , ~ X • F 5 • U , S X , 1 1 , ':J X , F 3 • O ) 
f- O R ;-1 A T ( 1 4 H O A R 1< 1 V Al T Y PE • 1 1 , B li H A T E = , F H • 2 • H H e O S T = t F H • 2 , 1 b H 

1 SCHEDULE HULE tll) 
F O R M A T ( 5 tt X , A H ( ~< A N U ü M ) ) 
FO!·H1AT (55X,6H CFCFS)) 
FORMAl "(55X,5H{S0l)) 
HlRI~AT <12F5.0) 
FORMAl ClH tl4,2HH AHHIVALS HEAO IN AS FOLLOWS) 
FOHMAT CIH tl2F5.0) 
FUHMAT (}1,9X,F~.o,5X,FlO.U,flO.OtF3.0> 

FOHMAT (}4HOSlHVIeE TYPE tl1 9 8H Tl~E = ,F~.2) 
FOHMAT CHXtl3H FlXEU eosT ~,F8.2,HXtl6H VAHlAHLE eosT !tf8.2)· 
FORMAl CIH ,J4,27H SfRVICI: RU\D IN AS FOLLOWS) 
FORMAT ClltYX.ll,YX,F5.0) 
FOHMAT C20HONO. CHANNELS SlART tllt~H MAX tl1t~X,}Orl MAX TIME tfb 

1 • o) 

F CH~~A T 
1LS> 

FURi-'IAT-
1----) 

F UIH-1A T 
lNJ!.,¡f) 

FO+<t-'.A T 
F O 1-H·i 1\ T 
F o~mr, T 
FOHMI\ l 

}) 

FOHt-1/\ T" 
F OHHA T-­
FOt~MA T 
FORI·~/\ T 
F OHI"iA T 
FOHMAT 
FURMAT 
FORMAT 
FúRIYIAT 
1-- 0Hr-1AT 

ltF9.2) 
F0ki-1AT 

1 ,f-9.2) 

C31HOFIRS1 l~'ILNTY oecURRf_NCE.S FUH lltlHH SEHVICE CHANN~ 

( B t-1 A f.' R 1 V Al , 4 X , 4 4 rl------ f) E P A 1-< T lt RE T 1 M E A T eH A N 1\j El N U 1'-l d t.l-\--

( H H T P.l 1:- -- , 4 X , 4-+ H O 1'-l E. hi O T liR 1: E. F O U H f 1 V E S 1 X S E V E N t 1 b H T 

ClH tfb.lt3Xt9F5.1) 
(50HO***~AkNING****UUE EXeEEUEU PHübRAM LIMIT OF 44***) 
C 4 U H O * * * \'J /11-HH N G * -t~- * * OUT O F U Al A I:H:: F l>k E 1 l H 1: l 1 M IT .¡¡. * * * ) 
(6HUAFTt.Rtl6 9 ~rl AHI<lV~U,F6.0t7H SEHVED,F6.0tl1H TIME UNlT~. 

C22H OUEUE-MAXIMU~ LENGlH t8X,l7) 
(22H -MEAN LENbTH tHX,FY.l) 
C22H -MEAN WAIT TIME tHX,F9.1) 
C22H SEHVlCE UTILIZATION ,~X,FY.1tHH PEHeENl) 
(32H AVti-<AGE. AkklVALS PER TIME UNlT tflU.4) 
~32H AVERAGE SERVICI: TIME tfl0.4) 
C32H MEAN No. lN THE·SYSTEM tF10.4) 
( 3 2 H M E/\ N T 1 1"1 E 1 N l HE S Y S T t: M • f l U • 4 ) 
C31HOeOST INFORMATlüN UF OPI:HATIONS> 
C20H eUSTS-WAIT HJ UUI:.Ut::, FY.I,-llH LJNITS Al :t.,F6.2t4H = l-

C22H S~kVJCE euST VAHlAHLEtF7.1tllH UNITS AT ~,Fb.2t4H = i 

FUI~•·\AT C22rl Sl~VJeE eOST FIXEU tf"f.2t6H wll11 t11,}4~i CtiANNEL~ 

1= l>,FY.2) 
FUHMAT C20HOT:lTAL eOSl OF OPEHATIONS ~,f-9. 

1 2) 
F(H<HI· 1 
FPRH/~ T 
~ Ut~r-~:. l 
t: _f'..:l) 

C3!::>HO->:·{H..t;-f_R+-WH li.J IJlJESlM DATA 
(3~H ·IH'**CUHklCT l)/IT/'. AN[) Ti--<Y 
C22HOl-.tUE.LJE.S KlJ!~ TEkKJI,¡/,lEDl 

SU!H-<UI J l 1 ~-,¡¡-_ Akin V_E 

C 1--1 f-·H) S ;; * {> * l 
A G A I ¡;¡ ;; .:; * * > 

A ct'2. 
A 2ó3 
A 264 
A ~bS 
A 2n6 
A 267 
A cnH 
A chY 
Á 270 
A 271 
A 2-f 2 
A 273 
A 27'+ 
A 275 
A "¿7b 
A 271 
A 27d 
A 2·ry 
A ct1U 
A 2rl1 
A cH2 
J.. 2H3 
A 21:14 
A 28!:> 
A 2Ho 
A cH7 
A cHtl 
A 2HY 
A 2YO 
A 2~1 
A 292 
A 293 
A 294 
A 2SIS 

·A 2':16 
A 2Y7 
A 2LJd 
A 2':1'-:1 
-A 300 
A 301 
A 3U2 
A 303 
A Jl.f4 
A 305 
A 306 
A 307 
A 3útl 
'A 309 
A 310 
A 311 
A 312-
A 313 
A 314 
A 315 
1.1. 316 
A 317 
A 31~ 
A 31Y 
A 3é:'O 
A 321 
A 322 
A :ji'] 
A 3¿4 
A ]2~ 
A ..:itb­

H l 



r ¡ 
1 

' 
1 

1 l. 

~ ~: . ! \ 
} e 

n 

e U~1f·l ~¡,-¡ 1 L Í' H Á ( 1 u ) • :. ; ; u ¡vj. A R tm r ~ A i--< t{ 1 t-1 9 eH ( 2 () ' 1 o ) 'e u I"!U r L 'e u~ E~ V 'i)[: ¡J n i ' 
l 1 J E P f rt. , i , 1 U:; i:.l-< \1 , I l , K i:. o l\ L l 1 S~ t< S t ¡-.J, f-: F LA ti, S 1-J U H, Sr A fU S ( ·~ l , T , 
2 í i r-1 t , T T I ~H--. • T i\ t\ H V ~ T N U!-' H ( e¡ l , f, V A~~ H J\ ~ ~\ 1/:; t 1 < V , M"l hd S , M·1 f l S , 
J V 1.~ 1 l S T , V C u:~ T C.... , F C o S T • F C U~; T S , r\ ~ L; L t:. • I ll ll E , C ¡ J 1·1\W !::_ < l o J 1 , 

lhi':-; Sl},Jf~uur[!'Jr_ CALU.LJ WHtr! 1\i't t;t'•~lViiL l.:> l1:t. Nf:_;.;,í UCCUH('''"_:f:_ 
I r ,_:~:: 1 ·d ::.. J 1 HE:. l I r'1t. St-)t.i"·H lf• UUt--_ 
ll Ur'i-ii\ff-:s r~IE CLUCK TO fliE riHt_ OF Hll: M::~ Md-{{Vt::L (;'Ht:VlOUSLY 

SLLEClt.Ul 
ll c__:¡:{-_l!'', CAeH C'i":,;-;t_l_ TI) Si:.t- lF r11t_ f\it.l'i M~f<iVrL (:;\.,,¡ rn:.tjtr: 

lF :~ CfiAI!h!LL IS 1--\':fdLM\LE ll uUI-_S ír-k í-l~<Si f-'•11<1 df- ¡,,t 
-I)Ff--'tYl 1-'t-<üCESSING-()fHtHwl::)E:. l r AIJIJS ()¡·:t. _fu Ttil l}tJL 

L'-1\STLY, IT St:LECTS fh!:'.- T[Mf. fU;( Tri!:. Nt.kf i-\fúdVt~L fd 1!CCUU 
:- Il- < J(,}UE_'I L T .-100 )- GO TU -11 _ 

Ct-tECt< u::r•H.JTH- (IF uur::-~- IF úVt.l-< '-)9 HULÜ- i\T 99 --.---------

_ UPU.1\-l f_: HtH.HiS _SPt:,.;_:T I ¡-,, -Ül"it:lH:. 
. Cüf\Jflt_liUE _ --_ ----------- · · --". -_ 
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'i 1.03 1 07._ 1 48 48 o 
8 2.06 63 2 55 59 57 ~2,2 
,~. 2. 18 12 1 83 83 o J 
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Sohc thc g;11nc Jnd show that the sc"~'ulinns lo thc lin<:ar-programming 
problem ;tnd its dual corrc~;)ond lo 1hc upt;mal p~obabili1ies of thc 
gJ me pl:tyers. · 

5 20 Gi\<:11 bclow js an inpul-output 111.11rix. 
(a) Set the prohlem as a lillL:.tr program 
(b) Solvc it (use a computer). 

---------- -·--- ~--· .... ------------··-
OUli'U"fS (l'fiODUCTS) 

·-------------- -------------------

COM.I° CO M. 2 COM. 3 COM. 4 COM. 5 CO~!. 6 COM. 7 COM. 8 ,---·-· --- -----· --· .. ·-·-- ----------------
fAClOR ) 1 o o o 2 2 o ------------

o o 1 o 1 1 
--

fACTOR 2 o o 
·-----!----
f,\CTOR J 4 ¡ 1 2 o 2 2 3 

-------------
o o 1 1 2 o 

------~------

---¡ lO TAL 

SUI'P~.: 

150 
--

7S 
-----

325 
-----

100 ~~C"TOR _4~_0 _0 -------
~AClOR S o o o o o o o 2 

--------- ------- ·----------- -----
fAClOR 6 2 3 5 3 ! 1 2 o r- --------- ----------· 
.ACTOR 7 2 ! 3 3 o 3 1 o ------------- -------

1 (J o o o 1 3 
----------------~ ~~c_:r_~~~ O· 

2; COM. 1 o o .2 o 0.1 o o l o 0.1 --------· --------
COM. 2 o o 0.1 0.2 

<:OM. 3 0.! o o o 
-

t"OM. 4 0 0 .1 0.1 o 
--------------

COM. S 0.2 o o o 
COM. 6 o o .2 O.! o 
CúM 7 0 0 0.1 0.2 

r-·------- ------------
COM. 8 0.2 0 

r-·----- -----
PROfiT 

PER LNIT 80 9 S 

O.t o 

1!0 liS L _____ _ 
--------

• Com. "= Commociily 

o 0.2 o 0.2 
··-

0.2 o o o 
0.1 0.1 o .0.1 

--
o o 0.3 o --
o o O.! o 

·-
0.2 o o o 
o 0.1 o.t o 

120 12S 140 200 

so 
----

425 

27S 

12S 

5.21 Explain why, in a transportation problem, a solution with m +n -l 
occupied cclls i: n basic fea~ible solution. 
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6.1 

f·NTFGER 
PROGRAMMING 

INTRODUCTION 

6 

Linear-programming modcls assume divisibili!y. In other words, any non­
ncgativc continuous valucs c;¡n be as!>ign\!d to the solution variables. How­
ever, in many practica! ca5cs, this assumption is unrcalistic. for e\umple, an 
optimal solution c:Jll;n¡; for schcduling 2.3 machines does not havc an opera· 
tional mcaning. Wc must schedule l\\o or three machines-no! 2.3. Simihlrly, 
in shipbuilding onc l;¡nnot procced to build 7.5 ships. Thc ussignment 
prob!cm represen!" anotha example in which divisihility is nol :lppropri;¡te" 
(However. thc as>ignmcnt algorithm always yicids · an integcr ~oh.aion.) 
.All of thcse cxamplc" suggest the ncclJ for imposing an ;¡dJitional constraint, 
n::1mely that some, or alí, of thc solution variables must be re~trincd to 
integer values. 1 Thc resulting model, wh:ch is called integcr (linear) program· 
mfng, consi~ts of ( l) a linear ohjcctive function, (2) a ~ct cf linear constraints, 
(3) a sct of non-nc¡;<~tiVIIY wnstraints, ;:nd (4) in:egrr-vclue constraints for 
0r.c or more variables. 

Whcn a!l the mriables of the optimal programar\! :equircd to be i11tcgcrs, 
we h;ne an a/1-integcr p10hlcm. lf only som<: of thc variable~ must·bc intcgcrs 
we. have a mixcd-integer prüb;cm. 
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1\dding thc inrcgcr rrquircm~nt crc:Jll'~ nwrc Cl•nqrdlllts. This n;c;¡¡¡s that 
thc optim:Ji intcgcr solution 11 ill :dways he rqual to or !c~s f::l·or:.ble tl::1n the 
optinl:Jl non-intc¡;cr sofution. In 0thcr \l(•rtfs, thc deci<i,m m:Jl..n lhll:dly 
pays a price for imposing !he Í;HliiÍ·.·~-.¡¡,¡) icc¡uirc·n;L·nts. 

Intcfcr progr:1111111ing is ntrcmcly in1p(lrtaní l1Lll only h·L:Iu~e it .dlm· .. -~ 
to sohe practica! problcms with indi1i~ibility rcquirc1nL·nts, hut abo hLT:Ju~e 
11 can be u~cd as an auxiliary too! in the ~olution of severa! com'plicated 
rrohlcms that c:tnnot othen1i~e be ~olved. For c.\.tmplc, many nonhncar, 
uonconvex, comhinatorial, and di.~crc:c prL1hkms can be rcducl·d to intcgcr 
lincar-progr;11nming form. 

As in thc case of nonlincar progra1n1ning we cncnuntcr Jifficulties in the 
solution of mcdium- and large-size prohlcms (for n:1mple, more th:1n 100 
constraints and 100 VMiahles to be integcritcd). Some o[ the difficulties 
arise mainly in the process of vcrifying the optimal solution (optirnality 
test). 2 

V;¡rious rncthods are a1·ailable for sol1·illg the intcgcr-programming 
problcm.

3 
In this chaptcr we shall discuss thc fo!lowing: 

l. Rounding off a nonintcgc.:r solut10n. 
2. Complete cn~.mcration. 
3. Graphical approach. 
4. Gomory's nll-inkgcr mcthod. 
5. L:~nrl :lnd I)oig's mcthod. 
6. ilrJnch-and-bound approach. 

"7. Heuristic progra~1n1ing. 

In addition, wc shall discuss, very briefly, discrcte programming, the 
dual-integer problcm, and the nonlincar inreger problem. \Ve shall also 
illustrate ~neral important applic;¡tions of intcger programming. 

6.2 
ROUNDING THE NONINTEGER SOLUTION 

A practica! .tpproach toan intq_:;;:··pnlgr;:nJming pr,)nlem. in somL c...~scs, is 
lo salve itas a regular linc;,r-prC>g::lln:,;ing prohlem and thcn round off the 
optimal rcsults. The majar ndl'an!agc (lf \uch an approach is cconomy of 
thc time and cost that would have bccn rcquircd for formubting and solving 
the special integer-programming rnodcl. ~incc thc intcger rcquirements usually 
result in additional itcrarions. Thc major di~:Jdvantage or the rounding 
approach is that we may arrive ata ~olut10n that may be dJfTcrent from the 
optimal intcgcr solution, and possibly irJcasible. 

In ordcr ro illustrate this point ~e summarizc in Table 6.1 the "rounded" 

2 
For C\,lillple, an cxtrc~1c point c.1n !:e locJI:y l'pli>nal among ncighboring "all­

intrger"' poiills und '' '11 not be glohally· u pi imal. 
3 For a S\Jf\ e y~ iinski [6, 71. 
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and thc ;,ctual inic'·:.-r ~<·\;¡;,;ns to ,.,,o d1!Tc.:rcnt pr•ll'!c.:m~ ín 1:1.: fir-;¡ c:1·-c \'>e 
\1 ¡ .. t ~ --· ·• · ,· ., t' · --111 . 1 h i ..... ;, ... f· · nL ¡ion 0f i r

1 
+ 2 r

2
• ~u hjcct l ,¡ t he L ,, n~ ¡·r" i nts ,! lt \J 1 ....... A. ,,¡ • '-.. ' ' ....... 1 ¡ ..... , • • • • 

IO.r 1 + 5x 2 --; iOO :.nd ::¡_1 ,- 1 + <Ox 2 <.:: <oo, ::nd in thc 't·cn~l? ::wc \\,,nt to 
11 ~::\ÍillÍIL' an ohjr:ctivc fur:c!i1>n of IO,OOQ.,-3 +::0,000.,·4 , ~liPJc..:t to t!.c con­
'ir..:ints x 3 s4.5, x 4 S3 5, :wd x 3 +,·4 s7. In cach c.t~c ''" prc~~rH for com­
parison the nunintcgcr· n:sult, a rc1undcd re~ult, and thc upttmal intcp:r 
solution .. 

Ta!Jie 6.! Compari~on of infcgcr :tnd nonintc-gcr ~o!utions 

CASE! 

CASE 11 

O~~~w~:~~N~~-- --~-- OP-~~MA~ I~HGER 
~~------~~~- -i·=-~~~-~ --~~~x}_ . 

x, =8 
$31 x 2 =4 $32 

XJ=3 x,=4 
x4=3 S90,000 X4=) $100,000 
---------- --- --- ---------

It is quite nidcnt that in thc first case the rounding did not lcad ~s to the 
true-intcg•:r optim:.il :-.olu!Íon. but it did lcad us toa roundcd solutton that 
is only $1 ::J\'-:JY from 1he l'l"'n,a!.nteg.:r solution. In thc sccond case, how­
ever, :he diO'.:~r.:nce bct11ccn the optimal in1eger solution and the rounded 
solutiun is subs!antial (510,000). 

Another 1ariant of the rounding method is the trial-vnd-errM approach, 
in which one must enurncr.l!e ~clecrcd intcgcr ~olutions in thc nci¡;hborhood 
oftllc nonintccer ~(llution. In T:tblc 6.1 for oarnplc, one can check (in case I) 
the value of tl;c objcctivc function givcn by thc pairs (7,5) and (8,4), and thcn 
sclcct the pair wirh thc highcst valuc of thc objcctive function. One wor~ of 
caution: Rounding n:ight rcsult in violation of onc or more constraJnts. 
Thcrefore, 11hen rou11ding, one must check al! constraints that inc/ude the 
row11kd l'Jiriah!cs ae:íinst p,)\~ible violation. 

An ir;krc<;t,ng a~pr:1ach to tl.c r,)unding mcthod is a systl'l~l.llic "rüun~­
ing al,:;ornhm." (Scc G,1n10ry's \\Ofk [23] involving the use of dynamtc 
programrning.) 

6.3 
c(fMPL-ETE ENUMERATION 

Thcoretically, any all-inll'gcr program C<lll he sohed by cunlpletc_ tnumcra­
tion. ll is possiblc to a''ign all possiblc intcgcr valucs to al! \anahlc_s an_d 
check all possible fL·a~tble solution con~bin:J!ions (if thc fc:J<>h:c reg10n _ts 
boundcd) to determine th;,t comb::1ation wh;ch yiclds t!.c l. st valuc (m 
m<>ximization) of the objc-ctive funclion \\tthin thc l1J01Íts of il~c c,m;trJ¡r.ts. 
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In C:t~cs "hac thc numhcr of\';¡rÍJbks and thc rc~'ihlc comhir::1ti0n~ i~ sm:lll, 
this metlwd might he dlicit·nt. lfo,,~o:\'cr, in 111nq pr.tctic.,: prohlcms .,,e find 
an :1\lrQnornie:d numbcr of (Omhinations, ;tnd thc n.ctilod is ¡J,ncfore 
impra.:tical. 

Thcrc is onc ,¡·.cci:d CI'C in 11hich n•mpktc cnumcr:llltln ltii~ht he u~c:d 
with aJvant<~gc: For namplc, SC\'cral business and cconomic J.:lision prob­
kms can be so formulatcd.that the valuc 1 dcsignatcs a "ycs'' chpice, and the 
valuc O dcsign;¡tcs a "no" choicl!; thus, the variablrs are rcstrictcd to the 
valucs of cithcr 1 or O. ror such cases an implicit cnumcr<1tion scarch has 
bccn dcvclopcd by Balas (3]. This mcthod has ::bo bccn us('d in a nroblcm of 
allocating funds !o ind.:pcndcnt rcscarch and dcvclopmcnt pr.ojccts (see 
Pctcrson [4.3]). and has bccn found to be vcry cfficicnt with as many as 50 
variables. Enu1ncration cfTorts, in general, may be r<~duced with the bwnC:1-
and-bound approach (scc Scction 6. 7). 

6.4 
GRAPHICAl METHOD 

6.4.1 GENERAL 

All 2 x n integCí-programming problcms can be solvcd by the graphical 
mc!hod. Problcms of !he cimcmion 3 x.n can also be sohed graphically, but 
fhe sülutíon is not as casy to obtain. The major advantages of the graphical 
method are its simplicity and its applicability for solving both the all-integer 
and thc míxed-integp rrobicms. 

Thc gr;1phical :1pproach to all-integcr and-mixcd-intcger problems is 
similar to the graphical <•pproach for solving regular lincar-programming 
problcms. The difTcrence lics in thc nature of the fcasiblc solution spaces for 
the ·two problcms. Whcreas in the regular case we construct the convex set of 
fcasiblc solutions bounded by the linear constraints, in integer programming 
we obt«in a collcctior. of lattice, ;¡l\-integer points.4 

G.4.2 AN ILLUSTRATIVE EXAMPLE 

a. The Problem 

fhc A f:iC Com~J:my is a lar ¡;e: manuf3cturcr of household app!iances. Re·.:-ently 
its board ofd!~cctors :1ppruwd a $12.5 million budget for constructing addi­
~io~:al plant~; andjo; w¡¡rchc-uses. The construction of e<Jch warehouse will cost 
';1 million, aiid :he milnagc.ncnt docs not wam more than eight warehouses. 
fht construc.~inn of eac:1 plan: wil! cost $2 million, and thc rnann:;ernent 

' Points whcrc all coordinates a~e given !:.y integcr nUJnber.;. 
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docs not p!an to construct more th3n f1vc plants. It is cqim:Jtcd that cach 
warchousc will contrihutc S3! .000/month.to the con1pany's proiit and e:1ch 
pbnt 1\ill <..ti11lr;huh: ~60,000/P10!11h. Thc prot>lcm is 10 determine thc ortimal 
numbcr of phnts and wJr.:houses. 

Since wc cannot build íractions of pl;~nts or warchomes, our problt:m 
is ckarly ¡¡n intcgcr-progr:.~mming one. 

The problcm can be mathcmatic:~lly stated as fol!ows: 5 
_ 

s/t 
x 1 + 2x 2 S: 12.5 
x, S: 8 

x2s S 

and x1 and x 2 must take non-ncgative intcger values (x1 =number of w~rt· 
houscs and x2 = numbcr of plants). 

b. Graphical Noninteger Solution 

Using thc mcthod sugge~tcd in Chaptcr 3, we have solved the problem 
graphically, as shown in Figure 6.1. Point C (2! plants and 8 warehouses) 

8 

7 .. 
;: 
., 6 
Q. • x2 =S 

FIGURE 6.1 

+--+---i-%1 
13 

: · •: . '!'Cite th •. Jt wc ha\ e sc~kd ihc o~jt.'ClÍ\•..: functio:1 ~s ~c.!i :lS tht! h.rst cons¡ra.int. 
1 

1 ¡ •• •• 1 ' • • • 1 t .•. ' ' • t • 1 1 ; ' ' •• ; ' .. ~ 1 : \ \._ ; ' j • .._ 1 ' ' 1 ) l \ •• : • 1 1 1 : ¡ • • ~ . ' ' 1 t ' 1 ' • 

1 
. .# 



r~¡orc<~·¡¡¡s thc c>ptimal pn>gr.tm. Such a prl'gi.¡!l1 1•.dl rc~.uit m a p~ufit of 
S31 ,ooo x S+ S(,Q,POO x 2a = s:.i'3.000,'n;onth. 

c. Graphicol lntegcr Soiution 

Our firq ta~k. as in thc noni:Jtcgt:r ca,~:, is lo Jclt:rrninc thc fL.t'thk ~olulion 
set. In this ·~implc e.\ample, this c:111 c.1~ily be :tLC<•mpli~hcd by m.trhing afl 
~ws~ihlc in1cgcr sulution combinations (latttce P<'Ínts) >1ith a "+" sign 
(Figure 6.1). lf we construct a convcx sct with a rnin11num arca CO\ering 
afl the inh:;;cr-~olution sc:-t, we gel the .m·a (OALFD), 11hich is a convc:>. set 
smallcr than OAfiCD. To solve this prohkrn \le Jraw an arhitrary ¡:rofit 
linc 1-l, d~riwd from 3l.t 1 +60x2 =-= IR6, anJ thcn wc draw profit lincs 
parallel to thc line ·1-1 until the optimal ~,Jiution, at point F (8, 2), is 
obtained. Thc expectcd profit in this case is 8 x $31,000 + 2 x $60,000 = 
$368,000. 

d. A Ncw Constraint 

The diffacnce h..:t_ween the noninteger fe::~ible arca (OABCD) and the 
integer feasiblc arca (OAEFD) is the r.:::pi:JC'cmcnt of the constraint x 1 +2x2 

$12.5 by a ncw constraint (line EF) x 1 +2,- 2 ::::;12. The major problem in 
intcger progran1111ing is lo f!nd a constraint of this type that eliminates non­
integcr CO!ilcrs, such as B :-~nd C, from cousideration. 

6.4.3 COST OF !NDIVISIBILITY 

The inlegcr solution indic;¡tcd a monthly profit of $368,000 as co111pared to 
$383,000 for thc nonintcgcr solution. The value of the objcctive function is 
thus rcduced by $15,000/month. This difference is callcd the ros/ of indirisi­
bility. Jn our namplc thc cost of indivisibility is actually smallcr than 

· $15,000/month. This is berause the intcger solution, under the assumption of 
the prublem, lca'l-es $500,000 idle funds (\.Ve use only $12 million out of 
the $12.5 milli,ln available). This moncy can be invested in, say, the bond 
market, and thc yicld can he dcductcd frlllll the SIS,OOO figure just c!lculated. 
Tfwc a~>ume th.ll the bond investrncnt yiclds 4.8 pcr ccnt ayear, and we invest 
$500,000 in bo:1ds wc will nct 5>2000 each month. Thus thc actual cost of 
indivisibility in this case is $15,000-$2000=SI3,000 per month. fn other 
words, the indl\·i~ihility requiremcnt has forccd us to dirat some rcsources6 

from thc m.,st prolitahle projects to lcss profitJblc r¡ojects. T!ws the actual. 
cost of inclivi~ihility is thc diffucncc betwecn LJtifi¡_ing thc re~ources in the · 
most profitalole ¡)utlet provided by the probkm al hand and utilizing them in· .1 

the most profitable alternative. . .. . .. , . , ............ , ... .. .. , ·. , 
¡, ,·r , .. , .... ¡,' 

6 l n so me e a>e' · ~ .íí'·.Jracieristics of !he unutili1cd f<:'uur~es .u e w.:h that they c .. nnot 
l;~ dJ'<-rlcd to alt, ,,·e uses. 

5.5 GOi\10RY'S NIETHOD-All-IN J'EGER CASE :>61 

6.5 
(;Qrv10RY'S Mt:THOD-----All-INTEGER CASE 

6.5.1 CONGFiUENCY 

8cforc Ji;~.·u~.~tng Gumory's mcthod [21} it is helpful to pr.:~~nt thc me~thcrnati· 
cJI no! ion of congfllcncy used in this mcthod. 

Dcfinition 

Two numhers are ~ilid to be congruent if, and only if, their diffcrence is a 
p0siti\c or il ncgative inleger. Thc sign == denotes congru~;ncy. 

Exarnples: 

(a) 4.5 == 1.5; (bcc:tu~e 4.5- l.:- :'·), :111 inh.:ger) 
(b) -2.75'=3 25; <-2.75 -3 :·s= ·-61 · 
(e) 3 == 5; (3- 5 = - 2) 
(d) 2.625 ·= 0.625; ( 2.625 -o ó25 = 2) 
(e) -0.7=0.3; (-0.7-0.3~- -1) 

Tlie jracrio11al part J. of a real numkr x is dcfined lo be the smalfest non­
negath·e ,¡¡,n¡bcr congrucnf \\ ith x. 1 n <)thcr \\ ords, /" is the .11nal/est frac­
lional part tha: onc can suhtract from a nonintcger number in order to 
con'l-ert it into an intcgeí number. 

EJ\umples: 

(a) Givcn x=5.3, thcn/ .. =0.3; (5.3-0.3=5) 
(b) Givcn x= -2.25, thcnf_.o.=0.75; (-2.25-0.75= -3) 
(e) Given X= -6, thenf,=O 
(dJ Givcn x,=0.33, thcnf.=0.33 

Properties of Congruent Numbers 

If we have two numbers x and y such that x = y, then 

(1) f .. =fy 
(2) f .... y=f,+[y 
(3) x+ c==-y+ e, for all e 
(4) -x;:;;-y 

Also, if k is an integer, then 

6.5.2 GOMORY'S BASIC IDEA 

.-¡ -· 

Gomory's major idea was to construct a convex area co•cring al! lattice 
points. He accomplished this by constructing "cutting piar " with the aid .J 
of additionai constraints im,')n-z~d on the problem. Thesc .tting planes," 1 
\\hiel:¡ ¡¡re.irJtrqduced <me at,a llnu¡',_rcduce the original f,·,!~ihle area to the • 
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desired inleger configuration. Gcltnory's conslr:;ints h<ne the followir.g 
properties. 

l. Thcy ll'l•:Jlly cut a CúJl\'ex ¡¡rt:a out of t!1c rrcv:ous fc:l';iblc arc~t. 
2. Thc culling planc g0es th10ugh al l<·asr one l.ittiL.C point (nut rh:,;cs,anly a 

fe:J~ib!c one). 
3. Each cutapprL'acht's the smalleH <lrea that is rcquiro:d to co•cr all fcasible 

lattice points. 

Thc method insurcs usan optimai solution in a finitc nurnbcr ofiterations. 7 

The Gomory method is dcscribcd bclow: 
First we·solve the problcm without p;:¡ying any attrntion to the intcr;er 

constraint<;. Thcn wc e>.amine tne optirnal ~olution. If each variable is an 
integer, the probletn is soh·ec1. Ü! hcrv. i~e. v. e comt rurt a G<,morian constraint 
and impose it on the origin:il problcm. This conqraint is our "cutting plane." 
The adJition of the Gomorian cunstraint tun;s the optir.1al and fcasible 
(nonintcgcr) ~olution into an cptimal but infcastbie (r~onintcgcr) solution. 
Henc::. thc ncxt stcp is to employ thc dual-simpkx method lo arnvc ata ncw 
optimal and fca~iblc solution. rr this is an all-integcr so!ution, the proulcm is 
solved. Orhcrwise, wc ket.::p on adding Gomoriaíl constraints, one at a time, 
urail an optimal integer solution is obt:tined. Thcse steps are summarized 
in Figur~: 6.2. 

~-Add a Gu~orian 1 
1 constramt --I_ 
[ Rcopll~ 

L ____ _j 

FIGURE ó.2 

1 Th1s may not be lrt.- -,·hen compu;at1on ;s n~.:u:.:J by a com¡;Jier, bcc;;u>e of "ro,,nd­
ing" erro:-5. 
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G 53 rORMULATION 

Thc: following i~ a cntod·:nscd prcscntation of lhe mJ!hcrnatical formulation 
of Gomur)\ mcthc.i. 

If wc examine th¡; optinnl sol!Jiion lo a lincar-prügr .. unming pwblcm 
wc can i~olate a givcn row, ano writc this row in thc form of an equation 
such that 

where 

x, are basis variables 
q, i~ the value of variable i in the solution 
á, 1 are the subst;tution ratios in lhe optimal tableau 
x, are the nonbasis variables 

(6.1} 

If all q¡ are integers, we have an ali-integer soluticn and thc problcm is 
soh·ed. If not all q, arr intcgers, we add a Gomorian constraint. The addition 
of the new constraint follows these s!eps: 

l. Wc divide all nonin;cgcr q1 valucs into an ir.le¡;cr and a fractional part; 
th:lt is, q, =k,+ f, (\~herc k, is an intcger and f, is a non-negative fractional 
pan of q,). 

2. Divide thc st.:bstiiUtion rJt:os in a similar way: 

á,¡==kl}+f,¡ 

Thcn, we subs!Ílute thcse new values into (6.1) and get 

m+11 

x,=k,+f,- :I: (k, 1+f,J)x1 
J-m,.l 

=(k,- 'J:.k 1JX¡) + {f, --"':,f,¡X¡) 
intcger (6.2) 

In order for x1 to have an integer va!ue the e>.pression (/¡- 'i.J;
1
x¡) in 

Equation (6.2) musl be cither zcro ora ncsativc intcget ;8 (that is, 

(6.3) 

(6.4) 

where s, ~O is a new slack known as a Gomorlan slack; it has a zero 
pricc c,)cffici cnt). 

Equation (6.4) is tiu: c:quiition of <he cutting plane. 

"Firsr of al!, x1 ~(¡ bccac,c of 1h..: ncn-nc¡;a:rvi1y rcquirti.Kllt; ;•nd x, hy rlcfi•u:ion are 
ini~gns S~c•Jnd, if x,"s ar~ lO be ::1tq;crs, ([,- "::-[.

1
x:) ;;-,ust t>c an mtq~cr 51flX (k

1
-

~J.,1'\1) is an iiiit'!.~!.!r. Ho,~~.?vcr. 1f (_(, -- ~-f~r't;) i~ to b..: an !l:it:gcr, q C;.!:~nol he ::s rJ\)Siti'/C 

,r. ,~~~~ r b~~ .. ·.:-1 u~e b ~ /. < l. ;; "ld : Lt.: \ ·1: i> '•'> .1; t.) h...1\ f..' x, ctn inltb~·r i-s , 0 h;\ ve '::..f,;.t:J largr ~noogh 
U.~ fll,~¡..,_C (¡~ - L.fuX;) ~¡inc; ::t:;o ._.¡¡-á ll~o.~.:i:J\C ln4egcr. 



6.5.4 AN ILLUSTRATIVE I:XAMPLt 

In order to dlustratc Gonlvry's mclhod we shall ~olvc the s:•mc ir.\ c:~trnent 
pro~·km tha¡ w,,s ~c.lved gr.q•hic:lly in Scc:t¡on 6.4 2. Wc can forma!ly write 
thc linear integcr-prugrdmming prübkrn as ' 

:,.ft 

and 

max z=31x1 +60x2 

x 1 + 2x2 ~12.5 
X 1 ~ 8 

X2:!5: 5 

Solution, Step 1: Solve the Problem by thc Regular Simplex 
Method 

The optimal solution (di"l'g,lfCling thc intcger rcquirements) is shown in 
Table 6.2. Thc optimal solution c;¡Jls for x 1 =8, x 2 =2.25, ~md s3 =2.75. The 
value of thc objectivc function is $383,000. Thc value of s3 indicates the 
unuscd capacity of thc third consiraint. 

The solution is not "ail-int{;ger," and thereforc we proceed to the next 
step. 

Table 6.2 Fourth ;¡nd optimal t:Jbk.ltr (nonintí·gcr) 

~:~-;·:;'-l~u:~= 1 •;x~--;~: 
sl O 2.75 0-0- 0.5 0.5 l 
Xz 60 2.25 O l 0.5 -0.5 O 

-~ET EVALU~TION__Í_ 3.83 0 0 + 30 -~~~-

Solution, Stcp 11: Se!ect the "Key Row" 

In this step we examine al! the nonintegcr entries under the quantity column, 
divide them into inkger and fractional parts, and designate the row with the 
largest fractional part as the key row. In our case, 

From second row: q3 =2.75 =2+0.75 
From third row: q2 =2.25=2+0.25 

Integcr Part Fractional Part 

2 
2 

0.75 
0.25 

Gomory suggested the foilowing rule of thumb9 for selecting the key row: 

9 This ruJ humb docs nc-i guaré>ntee !he rnoq efTicient com_rutation. Howcver, it is 
~.intpi!! and it •~ _.c:teí !!-lan n1aking a randoin ci1oice. 

Sdcctthc.: íOV. that has iho.~ hrgc~t fr.!ctional pan ofany rl'lll ·~ri .• hl\: 10 ir.: 
"quantíty'' coit,mn. In thi5 ca~e. tf w.e fnllow Gnmory's rule, \ve selc-ct t 

third rc•w as tlw hL·y rO\\' (x 2 bc1ng tlae only re:~l n0niillegcr van:lhk). 

Solution, Swp 111: Write the Kcy Row in an Equ.Jtion Form 

Wc; prc"ICCCd now to write thc J.:ey row of ~tcp 11 in thc form of rqu:uion (6. 
This cquation can c:1sily be deri,cd from the third row of the optin 

tablcau (Table 6.2). The rclcvant information is shown in Table 6.3, t 
results of \\-hich can be stated as 

Tahlc 6.3 

Solution, Step IV: Build the Gomorian Constráint 

We build the Gomorian constraint according to inequality (6.3). Recall th< 
in order to obtain an intcgcr solution thc foliO\\ ing condition must hold: 

An examination of Table 6.3 indica tes that 

f, =/2 = 1/4, hccause x 2 = 2 + 1/4 and the fractiona1 par! of 1 !4 is 1/4. 
/23= J/2, hvC,IllSC the fractÍ0naJ ['art of 1/2 IS l/2. (á2Jo: +0.5.) 
fz• = 1 (2, L;,:c.wse the fractional par! of - 1/2 is l/2. (á l4 = -O. 5.) 

(6.3 

Note: Thc t\\-O nonbasic variables s1 and s2 in Table 6.3 are givcn th 
subscripts 3 and 4, rcspcctively, while using 6.3. We will make similar adjust 
ments throughout Chapter 6. 

Hence, according to (6.3), 

1° A r.:al v~¡¡ j;¡hle m th.o C3>e is ;,n) ofthc original variJI:-!cs SI"~ 1 artdic,:¡J v;n;. !ole~ 
-are au\ihar) \&nabks and by th1s ddinillún are nol real. !Jo;,evcr, it is ;ulliCiicw"s alsc 
po;sible lo inkgcn;.e such ;wxíllary variabJ.:s.'' •' 
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If wc Jdd a ncw slack variable 11 ~4 , we gct thc Gomory cuuing plane a'S 
;m cquation: 12 

~+s4=~s 1 +~s2 or s4=-l-( -~s~-~s2) (6,5) 

Nore: We can cxpress this new constwint in tenns ofthc origina! vari2.bles 
x1 and x2 • For this purposc we reproduce the original constraínts 

(2) 

and, from Equation (6.5), 
s~+s2 -2s4= 0.5 (3) 

Substituting rclations (1) and (2) ihto (3), we gct 

12.5-X1 -2x2 +8-x1 -2s4=0.5 
or 

or 
(6.f) 

This is the cutting planc in it~ cxplicit form. It expre:;scs the Gomory con­
straint in terms of thc 1eal V:lriables only. The rcad.::r is referred now to 
Figure 6.1, from wh ich we can se e that 

l. The cutting plane x, +xl :S 10, (line ll-IT), gocs through point F. 
2. lt bars point e (nonintcgcr) from the fcnsiblc area. 
3. Tt allows al! intcger latticc points (markcd with +) to remain in the fcasible 

arca. 
4. It reduces thc original. fcasible ;u-ea, 

Solution, Step V: Revise the Noninteger Program 

V/e can take onc of two approacl:es to revise the nonintcgcr program. One 
approach is to takc the exp/icit form of Gomory's constraiiPt, Equation (ó.6), 
add it to thc original constraints, and rc-solve the problem witr. thc cnlarged 
sct of constraints. The other and more cfficient approach (to be dcmonstrated 
he re) is ro add the implicit form of the constraint, given in Equation (6.5), to 
the optimal ~olution (Table 6.2) as the last row and change it to Table 6.4 
and thc;: ;eop!ÍJOÍ7c the modified problem. 

Wc st;;rt by adding the new constr:1int to the optimal solution. Ho\vever, 

u The ne,·• sbck v;:~ial:-les (r.:quired by Gomory constraints} will be idenlified in the 

t;;b:caux b:-- scparating thcm by doublt: venicallJnCS.. . , . 
12 This is the implicit form of thc Gomory constra¡nt. I• is arranged in the form: 

s, =-¡,- ~- ::.¡,,xJ) so th~r it can be tr.~trted dircctly mto the optir,;alt;;bleau. 

.i 
l 
l 

1 
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in <l0ing so, wc introduce a ncg;Jtivc sign into thc quami:y column (~ce 

T<~bk 6.4, fine uf s4 ) This mcans thar thc solution bccomc~ llOnfc;,~iblc; this 
is b,"L"au~c. thc so!utior. is cquiv,dcnt tó point C (Fig. 6.1), which is now 
out,i(!c thc- ft:.1~iblc ;,¡ca. Our ncw solutron (Tablc 6.4) is optimal btJ! not 
fcasihlc. \\"e can now sohc thc prühlt:m by the dual-simplcx mrthod. The 
dual-si111plcx computations wifl not be givcn hcre. The rc;,¡dcr can vcrify that 
the optimal intq;er soluti~n to this problcm is: 

x1 =8, x2 =2 

Tablc 6.4 Go11JOry's constraint added to op!imal solution (noninlcgcr) 

PROGRAM PROI-lT QUANTin: ll!"¡ 

x, 31 8 1 
SJ o 2.75 o 

X a .f¡ Sz s, s. 
----

o o 1 o o 
o -0.5 0.5 l o 

Xz 60 2.25 o l 0.5 -0.5 o o 
s. o -0.25 o o -0.5 -O. S o Added Gomory 

constrair:t 
--- -------

NET EVAJ.UATION Z¡- CJ o o +30 +1 o o 
------------- --· --------· 

Let us make another obscrvation befórc wc !cave this example. lf 
wc take the first approach (using the explicit form) we dcvclop an intcrcsting 
situation that is typical of thc Gomorian mcthod. We gct a nonintf'ger 
optirnal solution (Tabie 6.5) that c:Jnno! be il11cg,·rized brcause all substiw­
tion ratios are i:1tcgcrs (that is, thcir frnctional part=O), so an additional 
Gomorian constraint cannot be addcd. This solution is sccn in Figure 6.1 
(point G). For this reason, Gomory's "all-integer" :J.Igorithm assumcs that 
all variables, including the slack variables must be intcgcr. This can be 
accomplished if al! cocfficients and constants in the original prohlem are 
madt> intcgers. In this example wc should have mu!riplicd the first constrain& 
by two bt'fore we started our compu<ation. 

T:1blc 6.5 Op:imal soiution (non!ntegcr) 

__;.!~-~~ -~-R-~FlT Q~~~nTY ! x~~-:_J---~--~-~3- L~-
~~ · 31 i.S 1 I O -1 O O 2 
Sz O 0.5 ' 1 O · O 1 O -2 
x 3 60 2.5 : O 1 O O -1 
S3 0 2.5 1 0 0 -- J 0 1 1 

=-~-r E~~~~~~~~~~~~=-=~-Jo --~~j9 · ·o __ o~J 2__ . 
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6.5.5. SOME SELECTED EXAMPLES FOR BUILDING GOMORY'S 
CONSTRAINTS 

Example 1: 

An l•rtimal ~olu¡;,,n is shov.n m T;ihlc 6.6. nlllh x2 and xl ar~: r.,.:.::k¿;érS. 
Follvwing Gu111ory's rule of thumb, we sclcct x 3 lo be intl'C:l'í;LI.'d íirst 
(beca use 2/3 > 1/4). 

Table 6.6 
------- --- ------r- ------ "-- ------ -· --------

PROGRAM CCIST QUAI'-'TITY x, x2 x, s, s, SJ 

-----
x2 22 10! o 1 o 1 o o 
x, 10 6f -1/4 o 1 -2/3 l/3 o 
s, o 4 1!2 o o 3/4 -1/2 1 

g )Optimal 

0 tablcau 

-----'--- ------ --------~---· ------------
,\dded 

o -2/3 . -3/4 o O -1/3 -l/3 O Gumory 
constraint 

In order lO derive equation (6.4) for this problem, WC note from 
T;~blc 6.6: 

2 3 1 1 /3=-, /3,=:¡· r34=- J~s=-
3 ·' 3' 3 

Putting these values in Equation (6.3), 

2 3 1 l 

3s 4x, +3s, +Js2 

or 

s4 =-~-( -~x1 -~s 1 -~s2 ) 
Th~omorian constraint equation just derivcd is now added as the Jast 

row in Table 6.6. 

Example 2: 

We write in Table 6.7 only that row of the optimal so!ution which is to be 
integerized. We note from the table that 

6 6 i,::>.ED-Iri:TEGER f'ROGR/lMMING :?69 

s6~ -·~-( -~).'2 -lx3-~s,--~s2 -~s3r 
This Gor:-lOr:an COil~.lr.iint 13 is 1101\ ;,,!d~J ;¡~ row S~ in T;,ble' 6.7. 

T<~hlc 6.7 

x, 6i o -3!5 l/4 o 1 -1/2 7/4 -7/3 o 1 

-5{8 o -2/5 -114 o o -1/2 -3/4 -2/3 o o 

s6 
(:-;rw) 

O Rowto be 
ir.rcgcrizec; 

1 Gomory 
constraint 

G_omory's method has somctimes hccn known to run to ~cvcral hundred 
(or cvcn thousJnd) itcrations without convcrging to thc optimal solution on 
e ven rclativcly small prohlcms. Anothcr major disad vantagc of this, methoc 
is that it docs not yicld any intcgcr fcasible solution until it terminales 
with the optimal solution. For thcse reasons Gomory's mcthod in the form 
prc~cnted has more of a theorctical intcrest than a computational value, 
although it can be cfiicicntly coded into a computcr routine. For mor;; 
emcient COr.1pll!Cr codes see Section 6.13. 

6.6 
f'!iiXt:D-INTEGER PROGRAMMING 

6.6.1 INTRODUCTION 

\Vhcn some, but not al!, of thc variables are rcquired to be intcgers, the 
problcm is l;,bclcd as a mixcd-integcr pro:Olcm. Thc value of the objectivc 
function in thc optimal solu!ion of a mixeJ-intcga rna>..imization problem is 
always largcr than or cqual to thc Oj)timal fun.:tional valuc for thc same 
problem under thc all-integcr constraint and al\'. ay::. smallrr than ·or equal to 
the opt11nal functional value for the same p10blem without imeger con­
straints. The opposite is true for a minimization problem. The rea~on i~ 

that eilch intr~cr rcquircmcnt has a non-negative (zero or positive) indivisi· 
bility (oppurtunity) rmt. 

13 The s;!;11e constramt can be daived by f:rst utililing Equation (6.3), in v.h1ch cas;­

f(x) will dcsi¡;:;atc the fr"crional part ofx. For Table 6.7, Equation (6.3) will be Y.n:tcn al> 

1(~)- [t(- ~)xl + t(l)xl+J( -~)s, ~>{lfs, +/(~~)sJ + fh··> J $0 
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Severa! cc•rnputation;il mcthods v.crc .-:nl'IPpc,j to !rc:tt thc mixcd-intcgcr 
;Jroblclll. 14 Prohlcms \\Íth l\\0 or th1ec 'an::~hlcs (or co~~~:raints) c::~n be 
solved r;r.~phically simibrly to thc all-intcgc~ problcms (:.ce Scction 6.4). 
G(J;nory [22) has extended bis method ro~ !he .:dl-intcger G!~C to ·c-wcr ihe 
solu:i0r. for thc mi\ed-intcgcr c.:sc. In Section fi.6.2 we shall !•rid-:y f<."\i,~w 

thc mctbod dcvclopcd by Llnd and Doig [33]. 

6.6.2 THE BASIC IDEA OF U\ND AND DOiG:s METHOD 

Land and Doig's mcthod is hascd en a syste1natic: scarch for án optirnum 
solution. I! can be applied both tn the mixcd-inkgcr and thc all-intcgc: ca;;e. 
As in the Gomorian approach, tl~c starting roir.t in l:~nd and Doig\ iílcthod 
is an cptirnal rc¡;u!ar simplcx solution. lf this soiution violatcs one or more 
of the infegcr reqc~ircfllcnts, 0!1C of two ;tppro:tc:Jcs can be used. fn on:! 
flpproach we considcr onc vuiabie é!l a time <:nd use paramctric program­
mir:g to determine thc range of feasible intcgcr values for variables to be 
j¡¡tegcrizcd. Within this rang~, all intc¡;e; JJt:ic-:. points are •..:hcckcd with 
rcgard to their impact on thc nbjccJ.ive functiof! Once rhe optimai integer 
laitice point \\ithin :he ran¡;c of Di'c v,l;i,,ble hJs hcen found, \\C p1occcd toa 
seco~.ci v:,riJhle, a¡¡J. 5'J on until :he iast ·, ari:1b!e required to be intcger if; 
integcri7ed. 

Th::: :;::ernative computatiord mcthod is b:~sed on the solutior. of severa! 
$Ímp!c linear-programming subprob~.:ms ibt are crcafcd whcn additiona! 
lntege constrain!s are <!dded, one at a t!me, to the initial program. TP.e 
~econd :t;-Jpwach is simplcr than the fir~t, al!hough it does involve more 
romput::.tions. E~arr.ples of both approachc> ;:¡_re givcn by Land <tná Doig [32-] 
and by B3.iinski [6]. Thc (lfigina! fowt oí t!!e method sccmE to be vcry in­

efficic;¡t in iuge problerns handled by computt:rs, a!tho~tgh it is fairly efficient 
in r~:anual calcu!aticns o; small problems. TI-::: modifie-d ¡nethod is a base for 
scvcral computer codes (see Section 6. i3). 

6.7 
- ---------

BRANGH-Aí\!D-BOUND 1\llETHOD 

T!1c brar•ch-ancl-br;und approach devc!opcd cy L.itrle et al. [3ti] is ;n: itcrative 
redmic¡u'e for an inlcliigcnt pawal enu¡;;enJtivc ~carch (see Lawler and Wood 
(:.4) and ;-.,fittcn [39]). It ca:: be used to salv~ boíh all-integer and mi;.ed­
integcr probli:!mS. The idea is to solvc the prob:em first w!1hout paying 
~uentioa lo the integcr rcqu;rement and t!-:,~n if the solution violates the 
i:1¡cgtr T-':c;uircment, to cmploy the branching. 

The approach is !o split the problem into !.wo parts by aiming the search 

14 A cornputational difftcuity skrns frvrn the fa.:t ¡(¡;:;_¡ a mixed-in•e¡;a problerr. i.l r.ot 
a spcc,Jl case of an all-i:-ttc¡;;er prot-km and it rcqttircs a spc·ci~l al¡;¡orithrn. 
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••.1 l\\O intc¡;rr v.duc~, fo~ thc \,lli.\i·.lc t\1:11 i·; r.o:;intq;cr. TLc 111~c~·cr \;d•:c-\ to 
he ,c.~rchcJ a.-c 1hmc i:.tq:ers lh.tt ate imnwdi:1tcly ncxt to thc nonintcgcr 
v;!luc. /\ssurnc, for c>..l!llp~c . .that <1 v;1r.::lhlc x 2 in thc ~olution cqu:lls 2.25. 
Thcn, wé ~plit thc pr•Jbk~n into two parts by introducing two ncw con­
str:Jints, x 2 ~ ~ and x 2 ~ 2, one in c1ch b·:~nch. Thc following cxarnple 
ilicstrates thís branch-and-bound approach. 

We reproduce the problcm that has alrcady bccn so!vcd gr:¡phically: 

niaxz= 3lx1 +60x2 

s/t 
x1 + 2x;; ~ 12.5 
X¡ ~ g 

x"'::;; S 

The optímal nonintegcr s0!ution is 

X¡ =8 
x 2 =2.25 

We now create two :lC\J problerr.s: 

s/t 

x 1 + 2x2 :<:;: 12.5 
x 1 :<:;: 8 

x 2 ~ 5 
x 2 ~ 3 

sft 

x 1 + 2x2 :<:;:12.5 
x, :<:;: 8 

x 2 :S ::i , (redun(hnt) 
x2:::;: :¿ 

Since in our optirna! solution x 2 =2.25 is iPfea~ible (bec::.use it i:; nonintege:), 
t.he intcger fea~ible solution must Le eithu in í.ht: regíon x ¡_ ~ 3 o.· in l. he region 

· x,::;: 2. We sol ve the t·.;·o ne\v prob!ems, the optimal soiution bcíng: 

For problern A: x 1 =6.5 
Forproh!emB: \" 1 =8 

X2:=3 z=-..:38!.5 
x 2 =2 z = 368 

We srop the search in problem B ~ince it h:.s an ali-int~6cr solution. Probicm 
A is Sl'.tl ci1ed furthtr :;ince the val u!: of its übjcct;ve iunction is larg.er than 
z = 3fi8. ít is possibk that íhe optimn! mtc:.,~: ::c>lution to A could yield a 
Z> 368. 

We b;anch the solution x 1 =6.5 a:1d x 2 =3 by splitting it into two sub-
prob1enu., one wilh x 1 ~ 6 and the other with x 1 "?. 7. Roth problerns resalt in 
a z ie~s than 368. He•1cc the optimal solution to our problem is: 
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lmllal 
SOIUIIOn 

XI a 8, 
Xz e 2.25. 
l" 383 

FIGURE 6.3 

In the search proccss, branching is stoppr.d when (1) wc havc no more 
branchcs that can be further parti!ioned, or {2) a solution results in a z 
value less than an uppcr bound. In 0ur solution, the first uppcr bound was 
established with a z value of 368. 1 ~ 

When the search is terminated, we declare as optimal thc solution with the 
highest (in maximization case) value of the objcctive function. The entire 
branching is shown in Figure 6.3. 

The branch-and-bound ;,¡pproclCh can be efficicntly coded into a com­
puter routine; it works wcll in problems whcre only a fcw variables are 
requircd to be intcgcrs. !Iowever in problems requiring a large number of 
variables to be inkgers, and in c:bes \\hcre the nonin!cgcr solution is (ar from 
thc optimal, the numher ofitcrations may be too lar¡;¡: for a p1actical applica­
tion. The algorithm is being used, combined with other methods (such as 
Land and Doig's) as a basis for irr.proved ·computer codes (see Section 6.13). 

15 lf "e find an intcger solution whosc z is more th;m 368, and the problem can be 
f~:nhcr part 1tioncd, then that ncw solution b,·~oml'S the rnodificd upper baund. Any branch 
"hose \ah.: e of lhc nbjcctive fÚ;,ction is los than !he up¡¡er bound should not be con• 
sidered any furthc1 ~ ~earch process. 
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Thc de k in,; • .;l! 1..>11 ,1i n ¡-.: ¡ ;n.d ~u lut ¡., n, to '("lil' l'•.>: ~'1 p!c >. i 1.1 cg~; ~·¡ir(l ~r .1 n 11ru ng 
:::·J .;,;,:.l·:ll dv::.:l-t) ¡-;: j'f•.·hk::l' .:ot:!d inn;lve 3 p;t,!:,biti\'C Jmount oi time 
and CP~t. In ~lh.h ~!tu:Jtion' it i~ f''·~''"k to Ufi\C .JI "e:,wJ cnough" ~,·!utions 
by u~ing a ~L'l of hcuri~tics(that i~. rules of thu111b) that proJucc an cconomy 
of scarch, llt:uri~:ic programs :Jr.:: crnpluycd lo yield an acccptably high \oalue 
(r,s opposed to lhe optimal) of the objcctivc function, and are usually cxccuted · 
by a computer. Heuristic progr<tllllning has \\Orked well in a number of 
practica! applications. 16 The intercst~.:d readcr is refcrrcd to Wicst [53]. 

6.9 
DUAUTY, SHADOW PRICES, ANO ECONOMIC 
INTE~PRETATIONS 

f 9 1 GENERAL 

As in thc case of a regular linear-programming problcm, cach intcger-pro­
gíamming probicm has a corrcsponding dual problcm. Gcncrally speakir.g, 
the du::ll intcgcr-programming problcm has an intcgcr solution with values 
lhat can be intc:qm:tcd as implicit (or shadow) priccs. In this scctior, we sllall 
derive the dual to an :J.!l-intcgcr problem, and prcsent the economit~ 

interpretation of and the relationship between the dual solution and the col>~ 
of indivisibility. 

6.9.2 AN ILLUSTRATIVE EXAMPLE 

Given an all-integer problem: 

max zo-=6X¡ -2x2 + IOx3 +x4 
s/t 

x 2 + 2x3 $ 5 
3x 1 - x 2 + x3+x4$10 
x 1 + x 3 +x4 $ 8 

The optimal (r.onintcgcr) :,olution is given in Table 6.8. Since thc solution 
is not intcger, we shall try to integcrize variahle x 3 by adding a Gomorian 
cünstr.;int (in an implicit form): 

16 So:ne ofthe integer prob:crns t.h~t ha ve t-ren sol ved by hcurist1C píog<Jmm1ng are thc 
tr~'clin;;-,alc"n.1n f" clblcm (~ce Cr.aptcr 5) 3\s.:;nb!y-ilnc balancing, job schcduilng, fJctli­
tlcS ;C\CJfJon, •1n .. ~ Lh·!ivcry r:-~"~bkn1s. 'A'11h su~~c~"·nt illt;('luily onc can c':~v¡<;c an 1nt<.:;;cj~ 

prot;r.::dil:;1;ng rt..;"';..:--.<..r~tati0n of Jhli\l<iil uny (l).ilt¡Jílalunal optiu1Jzal10 b:cri1 ('ee, fo¡ 
er.;:,mplc, the mach::"e-s,,qucnc;ng p1ob\cm.n Scci~em 6 10.4). 
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or 

S4 = -~-( -~x2 -~s1 ) 
Ifwe<tdd this asan additional row to Table 6.8 we get an ir.fcasible solution 

and, with the- a id of the dual-sí;nplcx mcthoó, we ob!ain, in one iteration, an 
optimal all-integer solution {see Table 6.9). 

T¡¡bll' 6.8 

-~oc:~~ J_:~~~~~J~~u:~~~~-~~~-=;~=--~!-=~~-- •·--=~:__ __ --.~J 
:x, 1 !O 1 5í2 \ O 1!2 1 O 1/2 G O 
x, l 6 i S/2 ! ! - :/2 0 i /3 - i /6 1 í3 0 
s, 1 o __ L __ ~ ___ __j o o o 2;3 -:: l/3 -~-1!3 __ _l __ 

NH EVALUA110N 1 40 1 0 4 0 l 4 2 0 ________________ ____[ _______ J_ ________________________ _ 

T:;ole ·:5.9 Op!:m:1l aH-intq;cr s:;Jution 
------- -- : _ _. -----~--~---------- ------------------- ------ -----

PROGRAM 1 PROFIT 1 Q f X¡ X 2 X;; X4 s, S1 S3 1 s, 

---x. ----í-jü- 2 1 o o ! o o o o ¡-¡--
.>:, ¡ 6 3 1 l o o l/3 l/~ l/3 o ¡-l 

-- -~' ____ _!-- ~ -~~~-.J g ___ L_ -- ~--- 2~3- ~ :~~¿/3--~-~--=-L-
• 1 • 

N":T EVAL'JATI()N ¡ 3ó ¡ G o o 1 o 2 o l S 
--·--·-----·------'--------------------~----------'-----

Now, writine the GomoriaJ¡ com~raint in its cxp!Jcit form, we gct x~ ::5 /.. 

The expiicit fc:rm i:. obtained by suhti:uung s 1 =S -xl-2x;, in thC' imp1i::i·~ 

form oit he Gomory cons:ni nf '-'·'': ;¡.-Jd this ror.st ,·a;nt to the ori¡;' nal m:-:xi :n;z­
ation f'!"Oblc.m am:i w¡-i[f, lhe d:m/ lO Ün~ ¡nociíied probkm: 

3u1 + u3 :::: (i 

l)!- U:¡ ~ -2 
~u~-1- ul..:. t(3 + u4~ 1(1 

¡¡2 -.- 11 ~ 1 3 •. ,, 

The op'thn<ll s~luti~r. to tl1e óu;;l probkm is .~hov-m ir: Tablc 6. W. -

6.9 DUt.LITY, SHt.i)OW .->f11CES. AréD ECONOMIC INH.ilPRETATIONS 

--- ---T -- -- ---r- -- ----- ------- - --- ---

!_~~-AM___ t, e~~¡ ; 1! -~~---~~~~ ---=ú~f3 ___ u; -=-~~J --~z -f ;·-
ul . 5 1 O 1 O !fj O -l/3 -1 O O 
u. i 2 : 8 1 o o o l 1 2 - 1 o 
Uz 10 1 2 1 0 l l/3 0 -1/3 0 0 0 

---- -------1------~------------------------------

: 1 - e 1 36 · O O - 3 O - 3 ~ 1 - 2 O -·--- --- _, --- ___ l_l_ ___________ ,. ---------------

6.8.3 ECONOMIC lNTERPRETATION 

Al! the .:har.'lcteri~tir.s uf ordinary dua! prices, including p;icc condit:on 
(Sec~tion 3 4.7), a¡:;p!y hcre as wd!. An c.daitior.al properly ís thai du<!! price 
are integer in r:n: op:imal prog~am. Jt is in!cresting to compare the rest~l!s o 
the all-intc.:ecr ;¡nd oonin:cgcr optima.l progrnms (Table 6.11}. 

T:-;bk ó.Il 

=-~~-~==-=--~-l--~-_?~;I~~-~;~~~~N ---~~=~ ~~~~~~= 1'~~~!·;~!7----- -· 
l"ON!~T[GEi'. ! X; =x3=2.5 U¡=4, !!:""L ro ------- ------· -- ---¡---- --------------·-------------------

·-----~~~~~-~~--- 1 X¡= 3, X;¡= 1, X)~~~~_:=2, 11~=-~-----J_:_ ___ ----

Tn the noninrc:~cr sollrtion we had an orHirn:!Í progr;;m th:d t:iilizcd, in 
lull, bo\h !hr ti;~< ~1m! th~ scconó co:1s!raints. For this rcason ·.•.e h::tve n.)n­
zero dual prices.(u 1 >0, u2 >0) that CO!rcspond to the~e t\>·o cons!r::tints. In 
the optimal integer solutior. we mow: :o :1 n..-1--· soiuri0n poim, and ;;ccording 
w ~he !~rice conditi0n~, u1 and :tJ n¡us! be ::ero l-. .::cause wc dn r:·:·~ ;,,¡¡¡¡¡_.~ fully the 
¡¡ i~t a nd ( h•.: ( n Í rJ :.. O r.sl raÍ¡-¡¡ S c~~ee 1 a ble f). ~l). ; il Ot hr:~r •vord S, WC h.l v.:J'ri!C guds 
who'c s.h]dow pncc-: <Jre ze:o. 

Q¡,r ~c;t::!Oí1 in T;:ble 6.ll G!!l:> f,lr u. ,c;_ T!-:i\ shJdC,'v ¡-•;ice c,,¡r.:: 1:.onds 
to th::: (]:)rnor;an ~or.':.traint x 3 + .J4 --= 2. 1-bis con~:r~!Ínt is fL:ny utii1t~e·;} !n the 
optin1~d ~chnion, and rhcrefo1_; !'"' !s gH:2.te.r rh¿¡:1 zr..:~·o. This \:J1uc can ht 
ÍlHapr.:ted é\S 3 :~i~::>.~Urt:: of tl~c rCSt :1f L.-1,'¡•fsif·ifif.;.• (o~p!:.rtuni1} cost). ~f 

we -;:o¡y,,larc tnc noni:-Jt•?gc¡ ~·r.ci u·.~ ;;;!~·;.> ~ .. J:'~oion::.." we wiil note tiwt the 
in:rgcr ~obtinn r.:ducez .::: 3 by i//. '-'1~it (fr<>m 2~ ~v :2). Thi~ n:duction rcsultcd 
in 3 lo>s of 4 111 n:ir cbjrctíve íu.~crio,1 ~fwm 40 t.o :liS), w1!d-. i:; ~ca~ured by 
.\x~u4 "'l/2 x 8"" .:!-. 

F'-•r a dc;:!:ké dis¡;uss!{¡r; of lh~ GU.Jl prict•s and their re}:-J!¡enship-to th~ 
rr.cd·~j¡·:dj v¡cL:.~ cf ~:~a¡·cc jndiv!:;~ble r•:s:¿lJrc~ .. ~~ 3iJd thcir cfi!::ieni aUoca~iün, 
.;:- ~_. ;~ .. \ ~ r r _.,' 'J - 'T H ,.., l ....,._ l "'") 1"; ' ' o ' H' •'' 

•. • .............. L •• nu.~.· ~-~·J ~ .... t:.u,!:.~.l.~ ·~..::..: ~: ..•.... , .... ,, ... •· , 1 



CHAPTER 6 li';TEGER PROGHIH.11.',:NG 

6.10 
-

lf\JTEGER PROGRAMMING AS AN 
AUXIliARY TOOl 

6.10.1 GENERAL 

A bost of combinatoria! prohltms thal al thc pr.:-;cnt !r;n(' á re ll<>t amu;:tble 
to an: .. dytical ~olution proL·cclllrt:~ c.m be convated into inlct:cr-pr~>gr:llllllling 
prohlems. In such cases inlegcr programming, and cspccially mixcJ-intcgcr 
progt•tmming, can be uscd cilher lo solve lhe prohh:ms compktely or lo 
derive one or more appro>.imale solu1ions. Thus, the pntentiaf appliratíun of 
integcr programming asan auxiliar-y too! is indccd impressive. In this scction 
\\-C shall prescnt so me intcrcsting uses of intq;cr programming asan au>.iliary 
1•)01. 17 

6.10.2 BOOLEAN VARIABLES 

Boolcan variables, by ddi nition, 1 ake a bi r::.~ry for m; in ot ha words, they 
can assume a value eithcr ofO or of l. Thc\e variables rnay be denotcd by d1• 

They are used in severa] forms of problcms, as we shall sec nexl. 

6.1 0.3 MUTUALLY EXCLUSIVE CONSTRAINTS (AND SETS OF 
CONSTRAINTS) 

~fulually e>.clusive conslr;:lints (~r seis of c,•nstraints) can frcqucntly be 
found in practica! cases. For examplc, consider thc optimilalion problcm of 
an electric power generation and distribulion system. The system is to be 
designed undcr the assumption that only one of two alternative mocles of 
power generation (nuclear or fossil fue!) can be used. Associated with each 
mode is a set of one or more constrainls lhat must be honored if, and only if', 
that particular mode of power general ion is being used. This is obviously an 
eithcr-or type of problem. In cases such as just mentio~ed, the variables arr 
reslrained by either one constraint (ora set) or by anolher, but not by both. 
Constrainls of this type are callcd mvtual/y eyc/usit'e constraints, dichotcmous 
constraints, or "eirhcr-or" constraints. 18 Integer progralllming olfers an 
c!egant way to solve problcrns involving mutually e>.clusive constraints. 19 

11 The bJsic ideas for thc<e applications v.cre CL'vclo¡oed by D;111lzig [ 15]. 
18 We hJ\'C alrcady mcntioncd thal the more thc nulllb~r of a~tiH const raints, thc lower 

the \Jiuc of the objective funct10n of a pr0granuning P~<'blcm. The valu~ of the objcctive 
function in an cither-or type .problcm, therefore, wil! be equal to or grcater :han the case 
when al! C0n<;t rain!s mtJ<;t hold stmultancously (in a n'a).Íill¡7.ation prübkm), unless the 
constraints create no feasible arca for solution. 

19 lt is pc,ssible to solve the eithcr-or problcrn by solving it or1cc w11h one conqraint (or 
set of Cl'DStrJinrs) and once with the second con<;traint, th.:n ro.;;pJring the rcsults and 
>elect:n¡; thc tx:tter solution. In m¡¡ny <:.tses thi~ app;oach may be more eiT,ient than the 
r~~eg;:.nt in~c:&...:r .. prugramr:"~;Tlg solu1ione 
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\Ve :,hafi ··lO'•> iliu-;: rate an "cit ha-or" typc prub!L·m by considcrin¡; the 
c:\:\f:lj'!~ d;',CU\<C:c~ in Cl:t¡>!er 3. This· rroblcrn involv.:d a pl;¡nfing deci'>ion 
f.~;,,·d t·y ;; f·r H':". \Ve >Oh' e! the rrohlcm ¿r:tp!lic:;ily ::nd tl~ll:tlil~d an 
u y in .:11 ;'·· e',, :n tlf 2-WO ,._. ,· ;•l.tnts :1 ntl 1100 tom:1to pl:~nts, \\ it h a prc.fi¡ of 
SiO,OOO. O:,r f::r1;;a w;,,; cun·.:~:·;ncd by upper limits on bolh l;¡i1or ;Jnd l;:nd. 
Let us rc;;roduce th·.: rrvhkm · 

sjt 
x 1 + 2x2 $ 4000 

4x1 + 3x2 $12,000 

Let us now assume that eilher the labor or the land constraint must be 
faced by lhe farmcr-but not both simul!aneously. In other words, our new 
problem can be formulated as: 

s/t 
cither 
or 

x 1 + 2x2 $ 4000 
4x 1 + 3x2 $ 12,000 

A glance at Figure 6.4 indicatcs that instcad of the constrain~d area 
OAP D in the c::1sc of the t\> o c~1nstr:.ints holding simullaneously, we ha ve 
either the constrained arca OBD or the constrained arca OAC. They give rise 
to a nonconvex rcgion OCPB, and therefore the simplex method cannot 

X¡ 

4000 B 
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bt: :pplicd dircctly in solving thi~ probil·rn. The ,(,¡¡,:;::n is dcri\.:d bdow 
(a) by cornparing all po~siblc con.tún:.tioifs ofth~.: q_.h¡:-.rl'h:~ms (thc cnumera­
tion ;¡rpro:1ch) and (b) hy thc use of int~:ga prL!gr:;•nrning. 

So!ution, 1\/.cthod A: Enur.1eration Approach 

The problcm can be srparntcd into two subproblems: 

(J) 

(2) 

maxz=3x1 +3.5x2 

s/l 
x 1 + 2x2 :S: 4000 

max z=3x 1 + 3.5x2 

s/t 
4x: + 3x2 ~! 2,000 

The s••lution to the :lrst problem is X¡ =4000, with a profit of $!2,000: 
l he solution to the ~econd rro blc:n is x 2 oo- 4000, with a profit of S 14,000. It is 
Jbvious that the solution for rhe eithc:r-or probicrn is x 2 =4000, X; =0, and 
. ó= S\4,000. The e;'lumcr:liion arpro:~ch i> l·fficicnt ir. solving small píoblems 
Jnvolvrng a small number oí altern;_¡trvc (.::ithrr-or) constraint~. 

Solt.:t¡on, Method 8: lnteger-PrcgrJrnrning /-\pproach 

I_n this a~prov_;::,, we modrfy tre consiraints ofthc prob:•. m befor~ thc applica­
tion oi integer pro¡,;;;:nP<~il:g. In order to iiJustr<~te th:s modification, we will 
ag:1in utilizc í'llf f¡;rmer's probkn;. 

Lr;f u~ C0:'lsid~:r th~ Hd(lition of a ~·cry large nurnbcr M !o the 'right-ha!ld 
sioe of the two conslr;,ints. 20 

Thc f:rst cor.<;tra!nl b.:-wme: x 1 +2x2 .::;4000+ M and the second con­
~éraint becc:"'les 4x 1 -:- :·x1 :5. !2.000-f- M. The nurnbcr M should bf: su;l;·.::icntíy 
l:;¡_ge íÓ al!ow x 1 r.nd -r~ to tak!;: thcir highc~t !-easible vaiues (x1 =4000 and 
x 2 =4000 in onr case). Fo~ Cl;:'\11\pl::. if we set "~.1 = JOO,CJUO w~:: get. in the íirst 
COftS\rJir.t, 

40GC + SOOO -·- J C4.CJO (!íL't) 

1 G,ooo -r- l 2,000 <! ~ ?.,ocr~ (i !U~) 

.. :he r~~~~üi1 fcí· :::aking ;'.[ ~Effit"'itn~!y !.:1rg~ 1~ to a' ~)íd r!J:lJ!~c.~ting ~r,y 

,·~·:.';·,.¡~ ~c~·j~io:-.s fr·~·m c::rsi.:er:1:íon. y;,~ rt'Siil~ or ;¡.idtng :'ví t0 any c.on­
:;!:·;;1;-.r is ;i-,;.;.:, C\en ¡r, ~h::: t:>.~n.:;11e l ~~e, ·"·e wili not ful!) u¡,]¡z~ t'hat con[;tiaint. 

~-(~! u:., f:Jrfher ~nodiry t~1e COIJ3~.rairds by u:~Jiz.ij1g tb~: D0oh:~an variDb!e a' 
~,,'.:~ Tauic 6.!2). Aa :~.\an·.i,-a~t;on of the ;¡wd::~ed cn:r;;;aints in Tahle ó.i2 

2" !L ~~ r'll.l5~¡b\e ¡o ~,c.:i-;:t,:,. !:!;:>et::iñc }d, ior,c..lch t.:o~<;;(;~int i, v.J.cr!: ..\:1 i.) !!le up~~r ~·oPn-.1 
c·n (.~J:"'-:,tr;...\:1\ L P,cr;, for ~implicily. v,.e vse !vf ?~ :he -wp¡;-~: i)o~...•1d for t~e ~ntn·e se1 Df 
1 "'' .... ¡ ·.., • n~i 
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~hows that if d=O, our first constraint ¡clurns lo its original fo¡m, :wd the 
s~cond modified comtrz,int br.comes 

4x 1 + 3x2 :S 12,000+M 

In this form thc ~eco.~d con~train: is not binding and, hcnct>, can be climi­
natcd. Thus, only rhe first constraint will hold, 

ORIGINA<- CONSTRAINTI:' 

Eithcr x, + 2xz ~ 4000 
or 4x 1 + Jx2::; 12.000 

Table 6.i2 

Mülll r;[J) CONSTRAINTS 

x, + 2x 2 :5 4000-+ dM = 4000 -t 1 OO.OOOd 
4x. + 3 >: 1 s 12.000 +(l- d)M = l ¡,oC~)+ 

(1 - d)! OO,GOO 

On th'.: o:her hand, if d-=: l, !he secor.d co;-:strai:-.t holds and thc first 
coP.straint i:; no: bindi:-~g ar;d car. be elimll1ated . 

We have thus sh0wn lhe cquiv:dcncc of the original and the n",Cidifitd 

constraints. 
The origi:la: eithcr-or rlrObicrn Cflfl :li)W be prcsented as2L 

mo.x z=3x~ +3.5x2 7Cd 
sjt 

(1} x 1 +2Xz-l00,000d:-:;4GOO 
(2) ~x!+3x2 --(J-d)!GO,OOO:;:;i2,000 or 

4x1 +3x 2 + JOO,OOOd~ l 12,000 G=:;d:::;,! and ir;I::;;er 

fhis is a 1nixcd ... :, n t cg.cr pr()ble:n \\.'Í t h ~ h re e ,...'aria bies a.~1U th re e c,_,n~i raj r!!~. 
-,he iniíi:tl solution is given in Table ñ.i3. 

The üpti r:1al sol u ~ion ir. 

The :airher-or prohl~n1, '1.: e:-_r~~ctedt ga·;e J. h!gt;~'~í ·:cti~e th~!"! ti-Je 1egu!ar 
probkD (S! 4,o:xl vs. S; ü,OOCJ) 

--------~-rl~~~~~~-~~-- ~~~~-1--- 2----- r-;~---- --;=~--- d -- ----~~-----~-~ ---~:3 -------
------------------1---- ----~- ---- _____ j- -- -- ------ -------- ------ --- --------

J, · ! o ! ..;oor: j 1 e 
~. 1 o 1 i 1 2,00::; 1 4 e 
s, : {} 1 ! 1 ú 

----·-----~----- -----------,------

2 ·~ : ~O,IX.'Ú 0 
·.¡ JX·.:}::..:) 1) 

o ¡ o o 
------- -- -- -------

,.·~-;- ¡ •.-;,:_t_;p,T;,-:)1> ;;:.'- C; \ ·- .3 \) -3.5 o r • o ... . . - -- - ---- -- - -~-- - -- --· 
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\\'e cJn use a similar ;'i";'lcl.lc h f,,r l: .• r~c!iing ;¡ny f':Jir of ciéhcr-or con­

~lr,;ints. for an inlc¡c,;ting ;¡p¡olic.l:i,m in capital bud:_:e;ir.g prL•i,kms sre 
Wcingartncr [52]. 

\Ve shali 110\\ co;1sidcr thll'.:' nl(lfC e:.~,~¡:~ _.,f .~;,¡t:::l!ly t\c:L:,ivc p!v>!c;ns. 

Suppose th:Jt we h;,ve N nl!lfu,J/Iy e.1dusil e cotdlr.;ints: 

i=l, 2, ... , N 

and ci1her g 1, g2, g3, ... , or gN is binding. The cq1:ivalcnt intcgcr-program­
ming formulation is 

{1) g,(x., xh .. . , x.)~b,+d,M 
N 

(2) L d,=N-1 
¡. 1 

(3) O~d.~ 1, and d, i~ ;:n 111:l·gcr, for i= 1, 2, ... , N 

It is obvious from (2) ;¡nd (3) that :111 ,·xcept one of the d¡'s must equal 1: 
that is, only onc ofthc constraints is cffcctive. 

This case can be extended to cover a case irwo!ving mutually exclusive 
sets of constraints. 

Let us illustratc a simple c.\ample of !luc(' mutually exclusive constraints: 
either 

(I) 2x1 +3x2 -x3 ::;;4 
or 

(2) x 1 -2x2 :::;6 
or 

(3) x2 :::;! 

The equivalent integer-progr;:unrning set ís: 

2x1 +3x2 -x3 ;s;4+d1M 
x 1 -2x2 ::;;6+d2M 

x 2 :::; I +d3 M 

d,+dl+dJ=3-1=2 

O~ d1, d2 , d3 :::; 1, and d, is an integer. 

N Constraints, of Which k M ust Hold 

Given below is thc gencralized equivalen! inrcger program for the Cí!Se 
involving N constraints, of \>vhich k musl hold; 

' g,(x1, x2 , ... , xn)<:~b¡+d,M 

N 

L d,=N -k 
1=!. 

and O~d1 $1, ' i á¡ is an integcr, für l=i,· 2,' .·.·.,N: 

_~t liS Jnu~tratc ihi:; (\1\1~ by qa:.!ng Ih~:! any tv.o of 1hc t~í.:.~ ... ~..~.¡-~tJ-tJr. 

('(ltl''J\:C'f·~d lll !he r·;·-'~'klll ll:da th~ rrc:l·cding rh>s nli:St holci. Tn O!h 

''q)J'ds, (').J.er {!) "fld (2). tlf (l) ;¡n.J (J), or (2) "nd (3) n;u',i !lcdd (hcre, ~\'= 
.1 nJ J~- -= 2). 

Thc equi,· .. dt:nt !nil·~(_·¡-rrPfi.JJ~!~ni::¿. f\,:n-:l~~ation is: 

2.\' 1 + J.r 2 -- X 3 S -l t d 1M 

x 1 - 2x 2 -:; 6 ·t- d 2 M 
x 2 S 1 +d3 M 

rl: +d2 +d3 = 3-2=1 

O~ d¡:::; l, and is an integcr. 
Note that since d 1 +d2 +d3 = 1 and cach d1 may take cither lhc value üf' 

or 1, our solution will show that onc d,= 1 :~nd thc othcr two d1's=0. 

Sorne Additional Combinations 

First, Jet us :1~~ume that \1:c have two constrnints and it is required that a 
leas! onc of thcm \1 i!l hold. Then \vC add lo cach constraint thc usual Md, anr 
in ~1ddition we add d1 +d~ $1. 

Example: 

O$ d¡ $ 1, and intcgcr. 

x,+2x2 ~ 4+Md1 

2x 1 +3x2 ~17+Md2 

(a} Thc first constraínt will be active only if d, =0 and d2 =l. 
(b) Thc sccond constraint will be ;¡cti\c only if d, = 1 and d. =0. 
(e) Both con~traints will be active only if d, =0 and d2 =0. 

The Jnst three conditions can be cxpressed by adding the additiona! 
constraint 

(Note: In practicc ''e will rarcly flnd such a situation. Howevcr, we chose it 
to dcmonst ra !e the powcr of i ntcger progra mming.) 

Sccond, lct us ;:¡~sume that a gi\·cn vari.thle x 1 can takc only onc of a 
givcn set of integral values. Jf x 1 can he cithcr 2 or 3, we can use Boolean 
variables d1 and d2 and add thcsc constraints: 

x. =2d¡ +3d2 
O:::;d,$l,and integer 

d¡ +dl ~ 1 

A simpler way to s:atc th.! same rcquircments 1s to add a constrain(: 
O:s;~~~"I.:;;·¡ and x 1 is inkgcr. Ar.vthcr si:;;ple way: 

2$x 1 $3 x 1 =3-d1 or 
.x 1 ir;tcg··: d1 Boolcan 

>¡ 
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).10.4 MULTIST/..,GE MACHINE-SEOUENCING PROBLEM 

•1D shop manufacturing operations ~~~·ually involvc a numbcr of b:tlch-l)pe 
obs th~t mu~t he proc.:·,-,cJ thll'llgh ~C\cral machines in a \crtarn ~ClJUL·nce. 
\n C\:tmplc is ;¡ m:1chinc ~hop \'. hcrc parts are ~h2.~rcd, titen d! illcd or 
JUnckd, th:.:n b•:nl, and finally \\Cidcd togcthcr. Usu:dly, 0nc m.,c!":inc can 
lfOccss o::l) 0nc job ata time. Thc problcm is to find a s¿qllcncc (c•r ~d1cJ•dc) 
o fccd thc jobs into various availablc machines, ancl minimizc thc O'drall 
•rocessing cost (or time). 

Th~ major dJ.fTiculty in ~oh·ing this typc of prohkm is thc cnormous 
Wlnbcr o!"possiblc sc.;lutions. Thc thcurctic:..tlnu:11bcJ ofall pussiblc scqucnces 
Jr combin:;tions is (n~)"' (w:1crc m :s thc munber of m:~chi:1cs and n the 
1U m be:· of iobs). 1 r. i he sin 1 plr: c:1sc of Íl ve jobs a r~d fi ve nwc 1: i ncs, f or e '\a m ple, 
"'C bve úr:.ut 25 billion pos5ibie combinativns! Tr:tditior.:J.lly this type of 
-,roblc;-n has lx-en solvcd by tria! :wd error or witi1 schcc!uling chart~ such ::.s 
.he Gantt ;J,-m In somc vcry o.i:~1pl..: problems this approach mit,ht, by 
~~1;1:1:<:, hi¡ !hr oí:t:n~Jl ~o:u:;cn 01 clvsely a¡'pro:.im~:te it. Rut in r.:os~ 

~asee; !he ~o:utic.n wi!l mo,;t probJbly befar fron1 íhe optimal soluilvn. 
Jnlff',Cr prog;a!J1JliÍI1g üfTÓS <lTl ;lna!y:ica! !TtCthod for arriving at ihe 

Df!l !1'1a! s·.:<LJ<ion tc- such probltms. lt should be notcd that although inte¡;er 
[lfGgr,1i111l1ÍOg r¡_¡;¡¡-;:¡¡~t·~~S :J.n Of:[;rnaJ ~olut:on, thc calcJiatÍOllS (givcn the 
prc~cnt stJ.!e Gf tl1·.: art) drt· ;-;~thcr icl~glh;·. AJso,;.;. ~Cltsi1~'..-Íly dnalysi~ rcqui~e.; 
a c_omp:etdy n•;,., •,e: of c~lcuLltio¡;s of ¡];_, optimal ~o!utior. for c:tch assun~ed 
eh:! nge in t he givrn (laia. 1 ir.:nce, t. he intcgí:r program:-rüng <: np:-l'ach can b~ 
co~tly and irnpr?.c\ic:::l. 

T·.-vo-Job T '/JO- M achine Case22 

\'.'•.' Pow procced f.o illu~tratc the :rdtist:Jee mnch!nc·seq"Jcnring prd;lem by 
C(·n~id•:ring a simple cxampi::: invalving two jobs c.nd two machines. 

A <;:1i;_;l\ machine ~ho¡:¡ has onc slicur and one punch pres~. Two jo'o~ ;;.re 
to be pr,>cess~d !ÍnO\~gh t~;c s!wp. lt !'i}.t's 4 iJr,t.:r:. to pr(lCi·s~ job l, :::nd 7 
Í1(:ur~ !o fl0C~SS jo:; 2 en 1ht.: shear. Jl't' 1 í\'Q~Iif~S ].2 bnu~~ üf runchi:lg7 
·.-,:!ere::l~)j~~ 2 requ:r~.~ 10 ht:ur~. B~c:tu~~ 0fh¡1~e c;,et-lJy .:,;:,LS \',"..: \,·aot to run 
Ca;,-h job í..!:Hil ~t is ~'Oi~l;J!;~te~.i. ~)ur rrobic~p is :e l~f:ier~11ine the optirntll 
~t-h\:d~li~--tiH·.t J-~s ~he Oi·:!f2r in .,...,b;ch tv prc·.:~'\S :bt; jobs in ~he s},op so ~ha! 
~!l\.'- nv-.:-r:-:li 1::"~;-occ::;~ing iin~;; (c;.-dr ndar ti1r.e} i~ rnir:ÍnilzeG. Sin¡:.e \v~ h;l\!f c-rdy 
í \··r, j·.·h·; .a t~r~ ~ t·/O ·:n:.ch~~{?S, \'t·e Í:(i ·.,:~ cn:y {2 ~)::-=- ~ ¡:os~ib1e Cür:·tbi rj:a;or'·;. J~y 
·::~q.r·¡:-ra ioh ""·e c: ... n e(lc.~!y 5•ld !:tnt :h'~ or·tiJn,i: "\D}~~\;on :s t··; prccc.::.s job 1 
on t::~ s!~.~ar~ Lten jvb 2 o:: the ~he;ar \>t-;1i1~ ~t ¡;-;e~ .. ~ rne :ir:¡~ perf.:;nr~ir.g t!ic 
pJ.r.c.h!~;g cp~~·atív:a .Jr¡ j'·t· i ~t-""i.;¡_'rt: 5.~). 'fh~ tota¡ c;oc;e ü: 26 hours. 

;é. The tWC.• fo,,:ch~n;; ~c-qucn.,;:¡-;g pr0~j:_:;l 1 S h~VC b.;('p S'J~V~d =F!aiytir"l!: l:/ }of.n:.nn (29) 
ir~ !liCIC cfficH.!l:t ... ~y lha¡·, •nl~'i~! r:\•t_.:í.H11rn:ns Jir.;'..,c.''.--~·r. J~.l.·:~~.:·.:-¡''~ '11t~--~.!>d IS gc~0L 4."~:11y 

fe: !\\G~n1achinc ~ch·:dH!ingf \vhcíca:.iJ¡:o;,:gcr proi;r;l;nm::~,t; can De a~¡--~ic..:d !:..i ar<~ r.urr:bcr of 
rr.:j:n.incs. 
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FIGURE 6.5 

Intcger-Pro~r2m:-ning Formuhlion 

Y,; =~íarting ¡ir,¡e (c;¡lcndar t!mc) (Jf job 1 •Jll the ~l,r.cr 
x,, =sr:..rtin¿; !itT,c (c;;lcndJ:- lime) of job 2 o.1 ti¡::: shcar 
>:" =sl,nting l~r.,c (c;¡kndar l!mC) oí job l 011 thr. ¡;unch pn:s;; 
x .. ~=~l-Fl•ng ;,;nc (cal·:11dar ¡,~,e) of jot1 2 on thc ¡>unch o;css 
k''= pro.:css t!n'c oi jub 1 on t'1c ~kar = 4 hows ' 
k,,~ procc~s ti'l•c of job! on thc pune!; P>CSS= 12 hours 
.~,, = proc;;~~ tin,L· e~ ;e o 2 01~ t!1e sl;c;>.: '= 7 hou:-s 
k''= ¡'!"(h,;css ; ¡,~~e oi' jcb 2 o:1 · l·,e p~¡,·,c!·; prcss ,- ¡ ü hc;urs 
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and let xt be the ~otal c!;¡p~cc! (c-yclc) time. Thc pr,-;blem thus is to i11inimiz,­
X: SUoject (O the foJio-.\Íllg COilStr:lÍnt~: 

(a) No job can en ter a sl<dicn beforc' i~ has left 1i1e pn:·.·ious o:.'c!J!Í0i: f:'o; 
exa~:.r.ie, punch!ng cannot be s(a:-kd hcfore ~hcaring h::~s bt~r. CGn1;1let~d}. 

J hts comtrnil1t cn;l be cxprt~scd as: . 

(1) ForjL•b l: x,,;:o::x, 1 +k 11 ,orx12 ":!x
01

+4 
(2) For job 2: .~- 22 ;;:::xn +k, t, :.Jr .r,Jd;:x21 .L7 

(b) Th:; tot:::l :imc mus; be grr<Jtcr tbn or qc:;-dtc• tiv:: stan¡r.;;: iimc o[ 
H ·. t . l . -

¡.ql JO"' c~He:nP.g a~')t !r.to lhc ;a~! ¡;!·Jc::s~ing s!:-~~;<..~n (~.~'.Jnc-h 1_,rcss in our (~'!:..-:') 
plu::: t~H: prc·crs~inz :;rn;? of this joh :-o.t that f,tJtic_!~: 'T!us ~·o!)Str?in't. Cln be 
exr•rc~:;c·J as: 

(3) For job:: x,~:., 2 i :{u, or x,~x 1 ) ¡.¡¿ 
~·l) .Fcr job 2: X:~·,·J 2 +k.n 

(5} :::irhe.r 
(ó) o;· 

:(lt- X 11?.. í.- 1 1 (ií _iob 1 ¡:;r::r: . .;dc~ 2) 
x,,-x~,~k1, (if_io!::: 2 p•e:;:des J) 
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(5A) x 21 -x,,+d,M~k, 
(6A) x 11 -x,,+(l-ri,)M~k 21 

(whcrc Mis a I:Irgc positivc nu.nh·~r :tncl it ;,..:ts :1~ .111 uppc·r bounJ) Sitni!arl), 
for thc punching <.:Otl'>lraints, 11·c get: 

(7) Xn-Xorl-ti,.H::::;k 12 (fur th:.: Cl\C 1\J,cn jnh 1 pt~c,:dcs 2) 
(8) x,,-x, 1 +(1 -d,).\f:::::.kn (for lhc r,,,¡; "llc·1Í j,•b 2 p¡c·.-~dcs !) 

Constraints (7) and (8) are not rrquired in our ca-.e brc:tu~c it is ob\ious ti•uc 
thc scqucncc :tchicved on t!te ~hcar 1\ill he nt.tint:;incd for !he pum:h press. 
Howevcr, \\hcn wc havc scwral jobs, a J:;rgc rwlllhcr of cithcr-or typc con­
straints must he built for afl pos~iblc p:1irs of johs. The rcadcr wJII quickly 
realize that the problcm can thus hecome quite cornp!ica!ed. In a probiem of 
six jobs and thrce machines, for C\amplc, wc ha ve about 100 constraints. 

The practica! value ofthi~ analytic:ll mc1ho<.l in thc prc~cnt state ofinteger­
programming comput.tliuns, lhl'rcfnrc. is quc:>tic•t::Jhle. Thc intcrestc<.l rcader 
is rcfcrn:d lo 1\futh and Tho:np~on141]. 

6.10.5 ALLOCATION OF RESOURCES (SELECTION OF PROJECTS) 

Th~ ;JIIGc;~tion of lirnitcd rcsourccs to various p1ojccts is a familiar problem 
faced by many org.tni.tations. 

A ccr::-~in class of such prubk!l1s can be formulatcd as intcgcr-program­
·ming probiems. 23 \Ve shall illustratc by thc follo,,ing cx:1mple. 

ExJmple: Fi\e difTcrcnt sitcs for iocating ncw manufacturing p!ants are 
availahlc to the ABC Company. Expccted comtruction time is three ycars 
and the company can spend no more than S30 million the first ycar, $34 
millionlhc ~.ccond ycar, and $36 million thc rhird year. Jt is estimated that the 
expcclcd rrturns (prcscnt valuc) of thc pl:wts in thc various allcrnative sites 
are: S 1 15 mili ion if a plant is built on si te 1, $SO mil! ion on si te 2, S 132 mil! ion 
on site 3, SI02 million on site 4, and $65 million on site 5. Table 6.14 gives 
estimatcd cost projections for cach of thc availablc sites. 

Tl1c cor.1p.111y cannot huifd on al! five ~itcs b,·cau~c of thc unavailability 
of rcqui1cd funds. Thc problcm, thcrefore, is to maxi1nilc e:>-pcctcd rcturn by 
choosing !he proper numhcr of si tes in vicw of thc d:1ta given in Table 6.14. 

ln forrnulating thc cquivalcnt intcgcr-prog:.lfnming problem, we shall 
t.ljJj¡e the Boolcan \';triables d,. ff d, = 1, wc prlKccd lo build a plant on si te i; 
n vnluc of d, ,Q implies that we should not builcl on si te i. 

The objcctive function is: 

max z= ll5d1 + 80d2 + 132d3 + IU2d4 +65J5 ' 

subj~ct to thc following budgct wnstraints: 

"For a cn,J,piclc di,LU>,JOn oí ·,he me of integcr prc¡;ramming ir: budgcr alloc<lliori, see 
Wc;J·,¡;o:.'incr [):i.]. 

""!d1 ! 6d2 + 8d.1 + 7d4 + 5ds '$ 30 
9d, + 7d1 + J0d~ ·i; f.d~ -1 f!.ds ~ 34 

lld1 -1 RJ2 + l2d3 J9d4 +Id;~ 36 

:Jncl abn lo thc: rcqui,·cmc:nts ~hat 

and d; i:. an intcger. 
We :.ha!! no! actually so!vc rhe proh!cm. fhc intcrcstcd rcadcr is rel"crred 

toa special, more efficicnt cnurneration algurithm dcvcloped by Balas [3] for 
thc 0-1 type of pwblem. For other applit·ations in the allocation arca see 
Bcgcd Dov [13J and Moodie and i'v1andcville [40]. 

T¡¡hlc 6.14 

6.10.6 INTEGER PROGRAMMING USED IN INCREASING 
RETURNS TO SCALE 

One of thc major problcms in noniltt,ar ¡Jougr,¡mnHng is thc case of an 
ohjective function \\Íth incrca.li11g IC!UIIlS lo sea/e. 

An intcrcsting :q;pr0.1ch was sugg•.·c;tcJ by M;¡rJ...owitz and MJ11nc [37] 
whcreby !he nonline:rr incrca~ing-rcturns-to-scalc problcm can be appruxi­
matcd by an integcr-programming problcm. By using thcir approac.h, the 
optimal solution of thc intcg..:r-progralllming problcm can npproxiillatc the 
optimal solution for !he nonlincar incrcasing-rcturns problem. An cx~'n;ple 
of this approach is !hcjilcd-chargc prob!t•m, \\hich \\C dcscribé next. 

In a product-mix prohlclll \\C assumc a linear objcctive furÍction. Since 
profit pc:r unit is the diffcr..:n..:c herwccn thc unit selling pricc and lhe unil 
manufacturing cost, the linear a~sum¡otion rcl¡uires that both, or the dif'­
fer..:nc(; bcl\\ccn the h\O, r.:n;~in ~.unstJnl Tllis mÓjy not he the case in SC\nal 
t'Llctical ~ituutions v.herc ~ct·ur cost-; .!:~,ll>thcr char6l.'S :ne f; for a ;;¡\en 
r;;n¿;.: ofactivity. Jn ~uch cases, :~.e p:ofir function is rhc su mol u ,¡xcd ch;,r¡;e 



;.nd a v;¡¡j;¡blc chargc (function of thc nu!llhcr of units produccd). Thus, the 
c¡:¡q P<'f unit will he n:btivc!y smallcr at higl1cr lc\'els, and :clati1dy I:Ht:cr al 
l•.tllCf kldS of pr0ductil)n tl'igurc 6.6) As~u;11Íng that thc j'fi,·c r-r unit 
·,::¡;~ains cümt;~nt, thc ¡)r,•fit pL·r unit 1<111 he in..:rc:t~cd at l.i.;hcr !c1 <:ls of 
,'rodllction. That is, 11c "ill h;¡1·c incr..:;J\Íng r.:turns !o ~cale. Thc ohjcctive 
fi!nction thus is nonlincar, l<ii<:I<:JS thc cumtraints are linear. lntcgcr pro­
gramming providcs an intercsíing mc:~hod of convcrting such a problem 
into a linear intcgcr-progrJmtllÍí'.g probkm. Ncxt, we formulate such a 
p:<>blcm as a mixcd-intc¡::,er probicm. 

t 

ti \ 
51 \ 
"¡ '~ 
L_ __________ -=._ __ ..,. 

~u:nhrr of umts produ·.::ed 

FIGURE 6.6 

E>.am¡)lc (:li~crete case): Thc i\BC machine shop is rcquircd to supply 
prls íor 750 units·. WorL can he ¡)crformcd onanynffouravaibbie machi:1es. 
~-h~ sct-up l-os.ts ior cach m1..:hi:1e, thc tcchno!ogy of tt.c miichine, and the 
co:-;t· involvcd in producin¡; parts for O\'C unii on eJch mad,;'1e He Silm·· 

n:;-;;i;ed in Tabk 6.15. 
:he rrobiern is to fin<! the qua;oiity x.i te be: produc:ed on e;~ch macl1ir~e 

D .:-uinimiz¿: ro·ta! cost. 

( 

We .intrl'C.Ít•ce 3U".i!iuy Boolean •:;;•i:lhk~ d_. v •• tb Ü;e .Jefir.itinn thal: 

' S~i·UP 

\..l'STS 

l":thle l).lS 

l·f<lXL~Só~C ;.<AXI~~U"" 
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--' 4(iij 

B 270 ,'). 30J 
e .!90 ~. 

·' 
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D 5:'0 i ;ooo 
-- ---------

1 

!· ¡ 

' ,. 
! 
i 

' ¡ 

s/t 
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Thc prc•hkm can now he formula1c9 a~ a n1i.\cd-intcgcr prohk¡¡¡; 

mm z = ('¿f:'Jd1 + 270á1 -r ..;9Qd3 -r 5~•'1d4) + (2x 1 +4x
2 
+ 3x

3 
+ 3x

4
) 

(set-up co;;t) (procc-~~ing cost) 
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Intcger progra101ming flds a!so bcen used (se~ Balinsky .• r6J) .,0 · , 
f JI 

· 
11 

· 30l'"e tne 
o owJr.g wc .-known problcms: 

L Thc warchouse location problcm 
2. Thc ddivcry pl vblcm 
3. Combinatoriai-typc problcrns 

(a) The marriagc problcm 

6.11 

(b) Thc assignmcnt problc:n 
(e) Thc tran·-porl<.iion problcrn 
(d} Thc. Pctwork llvw p10blcm 
(e) fhc catcrcr problern 

6.11.1 TRAN~-rORfv'IAT'OI'J TC ~~~T::c..··.: 

Ex~ r:·lpl~ ¡: 
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\Ve introduce a ncw variable x 3 = !6x 1 . Th~ trar.~fonncd pr• " 1 ~· 1 1 is an 

intcgcr program: 

sft 

and x 2 , x 3 are intcgers. 
Aflcr finding an optimal solution for x 2 and x 3 , we scale back by utili1ing 

íhe relationship x 3 = 16x1• 

Exampl~ 2: 
min z=2x1 +3x2 

sjt 

x
1 

can take decimal valucs 0.1, 0.2, 0.3, ... only, and x 2 can take discrete 

values 1/2, 1, 3/2, .... 
Transformation to intcger progrLumning rcquires two new variables Y 1 

and y2 defined below. Let 

y 1 = lOxp or x 1 =0.1y1 

y 2 =2x2 , orx2 =0.5y 2 

Our transformed problcm wlll be: 

min z=~(O.ly 1)+3(0.5y2)=0.2y, + !.Sy2 
s/t 

and y 1 , y 2 are integers. ' 

6.12 
INl:EG-ER NONUNEAR PROGRAMMING 

Our discus~ion thus far has been limitcd to the c:Jsc of integer linear pro­
gwnuning, which involvrd a linear objcctive function subject lo linear 

constraints. 
In nonlincar progr;¡mming the objective function, the constraints, or 

both, are nonlinear. In such cases, the additional inkgcr rcquircmcnt on sorne 
or all variables will iramform thc problem into intcga nonlinear program­
ming. The methods of rounding nonintcgcr solution (Section 6.2), complete 
enumcration (Scction 6.3) and the graphical melhod (Scction 6.4) can be 
u~cd in solving such problcms, provided tbcy are of small s1ze. Analytical 
mcthods such as Gomory's can be employed only in limiled ca~cs, and both 
d¡namic programming and the branch-and-bound tcchnique can be used in 
rrlatively small and simple problems. For larger nor.l;near probkms, no 
effective solulion r "lods are currently available. One a11cmpt is to reduce the 

6.13 COMí'UTATIONAl ASPECTS ~~-e' 

int.:'gcr !;C&:lincar pr(•;;r;,m¡r,ing in\o ;niega linear progrnr:lmir.g, and 
succc~sinl uan~fon:1~dicn in ccr\aÍ!i q<.es (such as separabl<" functions) is 
rcp(•rlcd by \Voiier i5•f}. 

6.13 
·- - -
COM PUT P. TIONAL ASPECTS 

6.13.1 iNfRODUCTION 

\\'e mcntiuncd .::1rlicr (sce Section 6.5.2) that Gomory's cuiring-pbne meíhod 
yiclds an optimal >olution lo integcr pro¡;r:unming in a íinite numbcr of 
stcps. This "fi ni te number" has becn found to be excessively largc-," 4 or 
even prohihitive, in nwny cxpcriments and attcmptcd applications. Hcnce, 
cvcn with !argc-~\.:alc high-spced clcctronic digital compulcrs, we face C0m­
pulatinrwl difficultics in the actual aprlica!ion of intcgcr programming. 
Ncvcrthclc~s. cornputaliona! cxperic·nce has dcmonslratcd that somc com­
putcr CPdcs can ~olve dTicJcntly certain pr<~ctical prohlcms wirh up to 1.00 
variables and 50 conslraints. Tbis si1e is modcst comparcd with thc prescnt­
daycapahilily for solving lincar-prngr:11nming problcms with severa! thousand 
\<Jriablcs ;llld con~traints. But the siale of !he art is in rapid flux and it is 
reasonable to expcct lhat modcl5 cont:1ining severa! hundrcd intcgcr-v::Jiuec 
variables v.ill be so!vablc in the ncar future. 

Thc pu1 po;;;c of this section is to p1cscn1 a condcnscd survcy of thc major 
computer codcs availablc and to discuss sorne compulational e\perience. 

6.13.2 CODES 

Thc SHARE Cétlalogue is a good source for computer codes. Sercral Sürveys 
list ihe codcs induding f_ormat varicties a1:d computational expericnce (for 
example, Haldi 11nd Isa;¡cson (25}, Ralinski and Spielhcrg (in Aronofsky 
[2)), :~nd Trauth and \Voolscy [49}). Some of the most acceptablc codcs are 
listed below: -

(a) Jf'M 1 is :m all-il'lc'g~r p1C'gl.lnlllli1,6 codc (rlclcle>p.:=d hy 1[1!11) and avail­
ahk tiiro11gh SI! ARE [:'iO]. Thi'> CPdc 'Ccms In havc h3d tlic k.!S! cuollj'Ula­
twn:~l success, accordmg lo Ralmski [6], p. 304. 

(b) JPM 2 Í<; an aii-H•ttg.:r pn>gr:~mm1ng ende availahlc through SI! ARE [51]. 
IPM 2 1~ un C\h.:n~ion of JPM 1, mcluding ~c,cral addltiPnal ~ubrc,utinc~. 
and has gcnerall: provcd to t>c st1pcrior to JPM 1 a<; wcll asto nwst o1hcr 
intq;cr-p[(•grarnming codcs. The code ran h ... ndlc prot>lcms with n $ iOO 
and n +m s 200 aná was found lo be very cffcctivc with small problcms. 

(e) JPM 3 though primanly hased on Gomory's fractional al¡:n1 1lhm, also, 
mal,es u~e ofall-imcger constraints. The code JS a\ailable lhrough SHARE 

24 This hrgc n~m~cr <ícm\ C'>-n!tJIIy f~tm' ¡;·~ .,.·-.. :._rJ manner ¡r ''h1ch ,·ull:i g 
planes can t>.: .nl~<>Jl:(c·d du11ng thc ~olution pr0.:e\<; 3nd thc fact lhat, onc, ,r,,,,-cd, thcy 
r~m:w1 as addilt,>nal cc,nstratnts. 
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(d) 

(e) 

(f) 

(g) 

(h) 

(i) 

( ., 

'"'' 

INTEGER PROGR:.I\~1\t.ING 

[35]. Jt can handlc prl•hlcms wilh n;S: JOO and n+m;S:200 and "a~ found 
to be dlicient in l. u gc probkrns. 
LJP is a fr.tc1Íl'l1al pr0gr;J111111in¡; al¡;orilhm. Onc of i:s m;tjor advantagcs 
¡, i:s ahility lo p;inl contimJou~ly the intcJrn•:di;~lc so!uliors whid1 are 
v:duablc lo lhc \1\Cf. Thc n•dc \\;ts dcvch.prd by I!Jkli ancl ls;t:lLSOil (26) 
and is avail;;blc through SIIARE. TI1c Ctlc1C, wh;ch ha;, lwo \Crsrons 
(Ll r 1 and Ll 1' 2), is l!~pccially clfr<.:icnt whcn ll'l'd on largc problcms. 
1 PSC is ;¡n all·intq:cr pr o¡;r :rrnnrir1g coclc, which is ust:r-oricnicd, ha' in¡; an 
unlimilcr..l llnibilily for thc u~cr in modifying thc cor..lc to suit indi\'idua! 
prohlcms. Thc c,ld:! c~n be u~cd cvcn by an opcralor who is unfamiliar 
with intq;er prugJan1111ing. For dct<1ils, sce Woolscy and T1auth !55). 
llfl/1-1/P is a branch-and-bound mixcd-intcgcr programn1ing c•·dc, ba~ed 
on 1hc Land and Doig :tlgnJilhm. Thc ende is rnachinc-indepc:ndcn~ and 
rnay be run on any rortr;¡n lV compilcr. Thc oulpul is casily intcrpieled. 
For dct:Jils se.: Sh;llc~hi:tn 1~7}. 
iL!'If is a h<.:t!ri~liC ll·~c-scarch tedmique ror inlcgc1 iint:ar prngr<.Jrnming 
[lt,}. TJ1c CP.Ic i~ rn;rcllinc-indcpc·;H.Jcnt and may be ru~> on ;,ny Fortran IV 
compdcr. Ti1c t't•!¡;ut is c::,iiy int•:rrJcicd. 
Thc CEíl\ Ll''J0:'.'•4 -:ode 1s 3 ;;cncr;_¡i culie \\Íih a provision for intcger 
p1 (>gr.u:~rn .. 1g. 1! is ;.¡ blc lo JCCt:pl pr ob!r.:ms of grcalcr d1.ncn~ion than 
:!r:y othcr cod: ~m.:c i! 1s 1101 ¡¡Ji in :he cure lt> lhcureticzl hao.is is similar 
lo H !!1'·-11!'. rur ,le"!:: 'b ~ce Tk;ilc [ 1 2j. 
lhc ,'1, 1' 7 Cl''.k ·ya_; Jn•:hpcd l'y ::L!fnllV."J~. as .1 (\mtrol OJI~ Co:-poralion 
co(k. il is b:lscd u:xJn Gt'~i>ory's ;;.li-imcgcr rr~cth0.i. 
lí'Ll' 6 ;, MI IP.M c.'p~:rimcn~J~ codc. l:\pcricncr;; ••iti-: IPLP 6 lcd w a 
et>rr.,,:,·gcr.-:-~· (t:pimul ~ciu!;on) i:1 rcmarkably kwc¡ ;;.cps !han lP!vJ 2. 
O,nh.•lie Í$ a mixed-¡nlcgcr codc .::rvc!o¡:>d for CDC 0GtX\ lt has s.::vc~al 
\t:rsions. 

(l} JIJJvl's ncwest cc,;jc i;, 1\If'S/X MIP opti.Jr .. 

hccr(·st!ng rc~nlts are repo1 tt>J by Ro y el al. [46] ;n the use- of Ophelie II; 
für t:-:arnple, a prohlem \vith :~~S4 c(·ntinuo¡,s variables, 24 integer V<'íiables, 

l '¿4~ cnnstraints, ar.d 20,233 nonz:::rc malrix cocfficier1ls 10ok ~bvut 6 minutes 

l•J 50II'e (core til!·.e o•, CDC 6600). 

"> 13.3 SOfv1E COMPUTf\TiC:NAL E.XPER!ENC'= 

Th .. ~ :Jv,;ii:-".hi~ity .')[ s.:vc;::d ~o·:~es trJ¿!f~:~s it (~dGruit [or the u~·cf !o sc!rct. the 
vop,:r •J.l('. /\s M c:ns and U:l\vk; ns L~S] poi nt uut, the proper selection o: í he' 
best aig.Jr!thf:1 fv:- inieger pr:)grnrn;n~ng: ;s ar; o.rt. T'he cornpuL1lÍ\.'nai ex­
r,c;i~ncr.: :.:<~: r: ~d O\'~r t h~ ycr~ rs .. ~.'i !í be e;-. t r~!~rn~ !y h~Ipr .. u! ~o use rE;. Sorne 0f 
tÍH.: :n;::jor er·~dc•,ir:·!l~ fo-.md by DalinsL:i !6J J.l.d by M¡:c.n, az:d Dawki;¡~ [38] 

l. Pn~h!r·n1s fre~1.:~nt~y c:..r\·cd th..! s:'....:ra.t.:~ ~:;lftaf'Í~.J' of lhe rod~s. 
¿ !)¡:f .... :-;·nt ar.-2-n,:r.·!nt:~its of rO\"-S (~..:or-s:r~:irH.$) yit:~d diiT~:erH nun:bt!!S of 

itt:~.1!iom:. 
~. •· R~:su!r~ are -..erv •11Í.\cd: c:1ch :J~goJ i1h1n, :_1 P L j!•~.1 2 a~:d IPfvf 3~ ;::; b~tte .. r 

for ~ornc, ~('_.bi;n1s thar. i.hc oth-l!rs" (Dai:n~k! -~6}, p. 3G'i). 
4. A Jimita:;:.m or all cocks l.::~:.xpt the BBi~:IP) is t!Jat u:~k~5 ~h~ v;'::tna! 

~...:J~ution is .a~t:.tincd. thc u~r d'-'cs no! ~~.J.;:o an)· u~cft;l int-.=¡nlcC,:.úc:. f:.J~a .. 
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5. C'umubtivc rounéo!Tcrrors wcre cnco11n:crcd. 
6. The 1 LPH codc was iound inferior lo the .cnuing-planc constraint codcs 

(IPM 1, 2. and 3, a11d !..11' !). 
· 7. 1 he B!H'v11P ¡~ f.1s1cr ard mure rdiüblc tn.m th~ ILPH hut .;Jowcr t!1;¡n the 

et:r i·mg· plan.: cunstr .ti m endes. 

8. li'M 2 1equir..:~ ft:\,::r i!c:a:ions th;;n oihcr c;,ílin¡;-rl.Jne con•.lraint codcs. 
9. Thc numbcr '.lf !tCiatiom 1cquircd hy IP!I.! ~ and liP 1 can be dcscribcd 

by linear mcdcis (~ec ~-lc,,r~ ;¡nd D:.,~kin:. ¡J.ti]). 

BascJ on t he ;J iHhors' ..:xrcríencc -with ~m::.!r · and rJlcJium-si7e problcms 
(up lO 50 con~!rain!s), the 813\'!IP wa~ f<"•und to bt a rci:Jtivcly cfficient pro· 
gr:-:rnmin~ codc. 

Sorne of thc probiems •:ncou;;{cred in inlcgcr r,rogr<llliS (basc¡j on 
Gomory's cutting-_¡:¡lane mcthod) :Jre: (J) Bcc2u~c of the llí!(ure cf the 
methoú~;. thc optimaf :;nswcr m:1y not he :1chicvc~! in a rca<;oPab!c numbcr of 
Í!cr:1ti,1n~. lJ;¡fnr!~Jn;n:ly, ~incc thcrc if. PO wa~ w cic!c:·minc in a(h:1ncc ho-.v 
many itcra:ior.s ::trc nccde:d lü ob!ain 1hc solution, this syqcm can be verv 
Íqc:fTicicnt. (2) Thc optimrd int.:ger solution o!>toirlcd bv 1h.e cullint!-D!Jr.~ 
mcthoris is dc!crmJ:H~d by íc~t.ing !he sé".iut!ün f"cr ¡:;tc~c:r va!ut:s--~il~t is, 
th(:~c \:ari;:blcs that U!C rcc:¡uircd ;o be intcgers. CL:rnplllt'r~ with :: r.c;liing­
polnt lraiUIC, lro••.c\cr, m¡¡y havc an in;;ccu;;¡cy (rcundoff t:nnr) pr.:Jbi::rn, 
resuiíing in a n<:"cd for speciai tcr.~s io ider.lily tl~t ¡,¡tcgcr opiimal solu\,o•-:. 

F . '1 i iiW! y, comput~;::ona o:p<'r!cuc.-; rcvcalcd :hat prot>lems tha~ :>.fl; ex-
Lr::Jr,,~ly d1fi1cult or impossirlie 10 solve using: a given codc- m;¡y b.: easiiy 
so:·,cd with anmhcr. (Fo; severa! into::resting exanra!e:; se<.: Tnuih and 
W,1oiscy [55]). -

6.14 
-------- ·-

COf\!r:;LUDING RD/IARKS 

This kxt is dcvotcd to thc applied asprcls of mr:~':c.:natic::d-p:o_sí:Hnn!ÍIW 
... rl '<{V i ~ f' . d ~ 

rnetn0· ... 1~. "·e .l.'"!'.'e; nus a~ rc:strrctc Ot;r !~~r· .. :~:.,nf:.t:ioí1 to Jj¡;cJ.c- :!rH...i in·L~i!.CL·· 

pro;;r:·::llmÍnQ modcls. Our n<:xt tilsk !s to "''pl;·,1·n ~,,,i 1"1J·J~I•"I, 'Jt .,. ,,•,,,,,.:-n.,_ 
... ... .. C1 ' • • .... .. .... .... .. (. ~ ... .) , ·- ~.! '1..! ~ 

tary a :e:,·r.~ :~~ po~~);n~::~ ~()!llc af rhe r.or.fin~;1r ;nvdo;'Js. Thr r.e·xt \:i~2;_.~t:~- if 

rlcvot~d U1 L!1is ic.sk . 

EI.RLJOGl~APHY 

l. J\n,,r,;:~ j·~ ~d.\ t:r.tr·per '·"d ."-: .... ,::,¡_~, ~~ ··, .. 
1-l o¡,~ nd, r~:c 

2. A E.•JNu; s.; ;'~ l. ::)_. e d.~ .Pu...-::¡ ~ss :,: C~,--.r! .Qtiu•?:i J~~..· .. c:Jf t·h .. - T!J.:: /~clt:riu:z.\!1 ~; 
B::'!H ~('í'J Opci._..~¡·OhJ i~C' .. --ccrcÍJ ü!1d ;he c·,,_.¡,_,.-.~ .. ,er. NC\\ )'crk: \\'iley. ! c;63. 

3. F,':>._:_As, E., .. An Aodir~vc- Ah;:1.·!thíP Í•Jr "3·:-i·~i~.~ !_in~.:¿-.~ Prc·!.).L.lit:IS \~_;fh z~ío-Gnc 
Y;,riabic<···.~:a-;.'l(Jt:.; R··:'c.11d:. \·::-:!. 13, n~. 4, Ju!:, lYGS.-

~- Br'\LAS, E.;. ~-·.'j¿¡;;!y ~~ [)J.-.~T·.!l<; r.~ogr.'l:C.f:llfl~.·· f:¡ Kuhn [31!. 

5. ~;: L~,~~~~¡,t; :._.~'~'7c~·~:lll:~~~j~~:;' ;~;:: ~=~';,:~~~-,::~,/:._:;.~,:~~~ ,,~,~~l,:~~ !~~~::; :~-~({~~r·:~~~ w· 



292 CHAf·:ER 6 INHGER PRCJCRA:•1r.11NG 

6. IhU'-'SKI, M. L., "fnlc):!Cf Progr:'lnuning: M<.:thod~, Use~. Compu:.tiim•:• 
,\!an"gcn~t·nr Scicnec, vol. 12, no. 3, 1\:~v. 1965, pp. 253-313. _ . _ ,. ., : 

7. Bo\LI!'>SKI, M. L., "lnlegcr Prograf1lil11ng; Mclhods, u~cs, Cülli['Ul,lLIOil, .n 
Kuhn[JI]. .. . 

R. .\11!'-~KI, . ., "'''- ' . n M L "On n ··-·nt DcH:i,,¡··rncnls in lnlcgcr Progro~rnm!ng, m 
Kuhn [31]. f .. 

9. BAI.I~SKt, M. L., A!'.D R.[. QUA!'.DT, "On an Jnll:gcr Prc-¡;r¡,m or ;¡ Dcuvery 
Pr,1blcm," Op<'JUfions Rcww eh, vol. 12,' 1964, pp. 3?0--304. .. . . 

10. BAt;MOL, W. J., AND P. WoLrE, "Warchousc Locallon P1oblcm, OpC!af/ons 

Rncarch, vol. 6, ! 958, pp. 252-263. . . . .. 
11 R-AL" E' M. L. P. A. U. Ht:GJlES, A:-.10 R. E. s~1o\LL, "[\pcncnccs m lJSing a 

• 

1 

"• • • '1 1965 Dl·c0 mp1•sit•on Pwgram," Thr Com['utcr Joto na!, vol. 8, no. 1, Apn . · 
·12. Bf.ALE, E. M. L., Atarllrntattcu! l'trJi}HIIIIIIIin¡; in l'wetice. London; S1r Isaac 

Pitman & Sons Ud., 1968. . 
B - o v A G "O¡,rional As~icnrnent of R & D Projccts 111 a Large 13. [(,f.O O , . ., . 

C'c>mpany u~ing an lntcgcr Progr;unming MnJcl," lt.~E Truii.ICIC/101/S on 

E.n¡;inccring .Hanagrm, ni, \ ol. [ ~ 1-12, no. 4, De, en bcr. 1965. 
(' •ER L ANO e- DIU 1!1 S /¡;¡ C.lí .... ,,,¡,,11 in lllíC¡:cr Ltll('(lf /'wgrlll/111111/g by 14. Of)l • . , • · • ~ f A r d 
Dbect S cm eh Af<'lhud.L Rl·rort ~o. l'00-1493-1 O, Ol·rar tmcnt o. pp.le 
Marhematics and C'on1purcr SéJCrKc, \V.1shingwn Univcrsity, St. Lou~s, J\·to. 
DA1-'TZIG, G. B., "On thc Signilll-.llk'C of Solv!ng Linear Progr:.tmmu1g Prob-

15' Jems with Somc lntc¡;cr Va¡¡;,b!es," EnmonJ.:Irica, -.ol. 28, 1960, PP- 30--44. 
D .- G B o 1' FL•LL'I J\SON AND S. M. JiJll;--.;~oN, "Solution of a Large 16. AN f71G, 1. ., . '-· · " · • , _ 

Sea le Travclmg S:dc-.m.1n Probkm," Joumal o[ rhc Op,·rarwns Rc.1cardr SoCicty 
n[Am!'lica, vol. 2, 1954, pp. 393-410. ,, . ... _ 

17. DANrz1o, a. B., D. R. FuLHRSON, ANO S. M._JoH1~soNS, 1
on a L~w~,!'~O:: 

gramming, Combinatoria) Approach to !he Travc mg a c>man ro e • 
Opcrations Rcsearch, vol. 7, 1959, pp. 58-66. . , . , . 

18 F 1 R JR A•·o D R FL:LKERSON Ffo,.·s 111 NcrworKs. Pnncdon, N.J .. , ORn, ..... ., ., J~ • • , 

Princcton Univcrsity Prcss, 1963. , . . . 
'9 GtLMORE, P. C., ANO R. E. Go~101lY, Scqucncing a Onc Stafc ~ arwb!c A·fuchm~ 
J • A Soll'fJblc Case of the Tm~cling Sa!C'sman Prohlcm. Rcport RC-1103, lB 

\Vatson Rcsc,nch Ccnter, Yor"town Hcights, N.Y., January ~4, 19~. 
20. GIUIORE, P. C., ANO R. E. GOMORY, "A Solvable Case of !he ~ravclmg Sales­

man Probkm," l'rocccdings of the Narional AwdC'Ill)' of Sc1cnccs, vol. 51, 
1964, pp. 178-181. 

::·1. GowJkY, R. E., "Aii-lntcgcr Prl)gramming Algorithm," in Mu9th ¡l¡Dn~1TI~ompsr~~ 
[41j, pp. 193-206. Firsl issucd as Rcscarch Rcport RC-18 , ' csea 
Ccntcr January 29, 1960. 

22. Ge>Mu~Y, R. E., An Al¡;urirhm .for thC' Mixcl~ ln:ege~_P,Jo~fe,;r. 1 ~~;d Rcport 
R l\.l-2597, Thc Rand Corpor;¡tion, Santa Mon1ca, Calll., ':·Y , · 

1 
. 

G R E "On thc Rclat 10n Bctwccn Intcger and Non.nlegc:r So,uuons 23. OMORY, · ., · !965 
¡0 Linear Programs," Proccedings o/ rllf' Narional Acadcmy o/ Sc/(·nces, . • 

pp. 260--265. d p . . .. 
24. Gu:. 1o1;v, R. E., AND WILUAM J. BA L'MOL, "íntcgcr Progr;.,mmmg an ncmg, · 

Ecúnon/( trica, vol. 28, l 960, pp. 521-550. ' " . 
25. HALDt J., A~-<D L M. lSAACSON, "A Comrurcr Code for Intcger Solutto:1s to 

Linc;;; Probkrn~;· Opcratiuns Rcs¡·arch, vol. 13, Novcmbcr--n, (<:mucr l 965, 
pp. 9-~6-959. 

Ellí-:liOGr.Arl)y 293 

26. r{.,r.D;, ;,, ".óm L. M. i~•.•\CS0:--1, U.l!'fJ Af(J/::ml: l.i.-tc,¡r h:rc¡;a f'u·~·tanl!ning 1 
\Uf' 1). SHARE (;:_·nc•::! Pru[:r;sql Libr:.~ry. :--.:cw York: !!l\1, 1%5. 

27. 1 li!, T. C, htf<·¡;cr Pwg.- :1!1/llti,:¡; c;l/{i i\',:r~ nrk f1u11·.1, Re.lding, Mas\.: Addlson-
W(•-;!,·y.· 1 \)(;9. , 

2.S. l h \1. '< r,,,- ·':,- utir ,¡/ p, 'P.'"":.-.-!,,, . . -;:. ,ton/360. ;,_;o~. 1! ~0-0-D6-0 ;111d 11::!0-0! 36-
~- l!l\1 T,··.hn:ca: Put>J,c.dHlll O<.p,¡flnl•cll!, \\'l:ilc Pl.11ns, N.Y., 1967. 

29. jc_,¡¡~.\o:~. S. M., "( l¡,! :ma1 T11 11 ;1nd Thrn~ Sro~¡:c f'rodu<twn Schduks and 
Set-up Time~ llll'luded," ,'\',11af Rc.1,•md1 J...~,_,:i.ltirs Q11artcrly, vol. 1, March 
1954. Al.,o Chaptcr 2 in ~í.1th ;u1d Thornp-;on [41). 

30. K L:HN, H. W., "On Ccrtain Conl'l'X Poi) lll'dra," Eull<'fin o[tlic Amctican 
,'1-1arhcmaticu! S{lci,•ty, vol. 61, 1955, pp. 557--558. 

3!. KuHN, H. W., ed., f't<iff'{'(/ing.r o[ th(' Princo"lcm Sympo.1ium on f¡fathcmaricaf 
Progran;mi11g, Princcwn, N .J.: Princcton Univc1 sir y Press, 1970. 

32. K U:'-IZ!, H. P., H. G. T J:SC!Il!CH, A!';D C. A. Zt:II/\:DI.R, N111ncrica! Afcr!tods of 
Af.:;¡{¡cmrltira! Optimi::(/fion. l'\cw York: Ac!dcmic. Prc~s. 1968. 

33. LM:o, A. H., A:>ID A. G. Doro, "An Auromatic l\fctl1od of Sohing Di~crcte 
Programn~ing Pwbkms," Ec(lnnmctriro, vol. 28, 1900, pp. 497-520. 

34. LAWLFR, E. L., A~>-D D. W. Wnoo, "Hranch-;wd-13ound Mclhods, A Survey," 
Opoations Rne<~~rh, vol. 14, 1966, pp. 699-719. 

35. LEvrHN. R. E., /P/1! 3. SIIAHE Distrib~tion, No, 1190, Scprernhcr 196!. 
36. LirTLF, J. D. C., cr al., "An Algnrithm fM thc Travcling Salcsman l'roblem," 

Opcuuions RC-Iearelt, vol. 1 1, 1963. 

37. l\.L\RiWWITZ, H. M., AI'-;D A. S. M!INI>:E, "On the Solutwn of Dío;crctc Pro­
gra:mning Probkms," F.c,,nvm•'fliea, vol. 25, l957, pp. 84-110. 

38. t\1<:1'.RS, \V. J., ANO G. S. DA\\'KI!'.S, CoJii{IOI'I.WII oí lntQ:er Pm¡:rumming 

Algurir!uns. Papcr prcscntcd at tf)c 1968 Joint National Meeting of ORSA and 
T!MS, San Francisco, Calif., May 1-3, 1968. 

39, MITTEN, L. G., "Brand¡ and Bound Mcthods: General Formulation and Propcr-
lics," OpcratitJirs Rcscarch, .lanu;_¡ry-Fcbruary 1970. . 

40. MOOOIE, c. L., 117'.;0 D. E. MAI>.I)EVILI.E, "Projcct Re~ourcc n<J!ancing by 
Asscmbly linc lblancing Tcchniqucs, ". Thc Joumal of lndusrrial Engineering, 
vol. 17, July 1966. 

41. MUTH, J. F., ANO G. L. TIIOMI'SON, eds., Industrial Schcduling. Englcwood 
Cltffs, N.J.: Prcnticc-Hall, 1963. 

42. ORCII-\RD-1-lAYs, W., "Str11;:1urc of M~thcm:Jiical ProgrJmming Systems," in 
AC/i-1 Pr<'C<'edings of 2JI(/ 1\'ariuna/ Con/c1C'11ee. Princcton, N.J.: Brandon/ 
Sy~kms Prcss, 1966, pp. 439--458. 

43. PETí.RSuN, C. C., "C'om;'u!;,tional Expcricncc \\Íth Variants of thc B;:llas 
Algorithm Applicd to thc s~Jc..-tion of R & D Projccts,'' Managemem Scicnce, 
vol. 13, no. 9, May !967, pp. 736-745. 

44. PEHRSOhl, C. C., "lnkgcr Linear Programming," Thc Journal of Industrial 
Enginecring, vol. 18, no. 8, August 1967, Opp. 456 464 .. 

45. RAPPAi'ORT, A., "fntegcr Prt'gr<~mming :;nd Man;¡gcrial Analysis," The 
.-1cru11nrmg Rcdew, April 1969, pp. 297--299. 

46. RoY, B. ct ai., "From S.E.P. Prc-::~durc to thc Mi.xcd Ophclie Program," in 
· Ab;JJie [1]. 

47. SHAR[SiliAN, R., UJCr's ."-frmua!: BIGnch and Bound Afixcd In!<'¿ 
ming-BRM!P. File No. 3600-15.2.005, IBM Corporation, 1967. 

'tngram· 



294 

4!1. Tll\fliA, J. A., "J1r;.¡nch ~lnd n:•und .\lc¡f;,•,l~ f.•r !ntcp:¡ :¡nd ':\.'tlll·Cvll\CX 

Pn•¡;r.J:;JJllinr.," in ,\bo~dic [1). 
49 T!ull'f!i, C. A, .IR, "';o R E. D. \\'o<H~rY, "fn:,-rc:r Linc:.r p,,-,C,!.,·;¡::·o~ng: 

A Stll.ly in C"<>I11J'Lii:IIÍ•.·:J:d LfTici,'ncy," ,\;,.,,.,_ ""''·' ,r,,-;. nt(', vc.L 15, no. 9, 
\i,} ¡r,l_.9, J'P .¡g¡ 493. 

50. \\'1111f, C. S.,/\~;¡¡ 1~. E. G••\h>HY, II'M /.Sil AH r. ~o. l !9\ S:: 1>!cmb.:r 1961. 
51. \\'t-i>f. C. S., A'D R. E. Grow.P.Y, ll'M 2. SIJ.\RF, No. 1191, <;,¡liemhcr !961. 
52. \\'u,C,\H 1:'-;I.R, !l. M., /lfa:hoJ!<i/Ími/'JogliJII!IIU!I.J: (illcl ;J/(· ·i.'lld)'.\ÍS (11 rfl¡•ii;J[ 

flurl¡:ctmg l':oh!,·m.l. CtJrc.1go: M.trl..ham Pub.IJ\hing Compar.y, i967. 
53. WrrsT, J. D., "1 lcuri<tic Progr;uns for Occi~i,)Jl l\Lking," Jl.,¡;·wd llu1mcss 

Rcricw, S<'Jlicrnbcr--Ocrobcr l 966, rp. 129-143. 
54. \VorLER, S., fllip!iiil Üllllll<''afion Af;;orill•111s fvr Discrctc Opii!Jii=mivt: Prob­

lcnts. Rcport 4, Dcr.tr!JT:cn! of Jr¡duslnal [nginccring, St;;nford U:;Í\'crsJty, 
Slanhrd, C;;lif., tv1ay l%7 

55. W<)()!_SCY, R. E. D., A>.;D C. A. TRAUTII, jR., IPSC, A Muc/i;"ne /ndepcndcnl 
lnícgcr Lin(',¡r J'r:~g¡a;,¡_ ·se-K R·6IJ-433, S;;nJia Corpora\ion, Alouqucrque, 

N.Mcx., July !966. 

PROllLEMS 

6.1 A ~J.S. :·z.ut!(';-,t o¡gani1a1ion !S clwrt..::inr ,·:igh:s 10 E1zrope cach 
:;un11ner. !n )9"/0, 2000 slu,:cnrs í::gis:crcd íor !lw fiigh~s. '1l.e \VW 
(" o'mpan:,:, \\ hich ['fO\'ides ! he ~~ irpiancs. Íl:.~ t h re e a \'31 ];¡ hle 1 y¡;:~: 
í)'j•t: ) (';~,1 c;tff~' 1Jp 10 90 StJdcP;5, wj¡f¡ a CICIV of ) and a. COH of 
S~OOO (IS such flights anilahlc); ~ype 2 c:1n car:y up to !50 students, 
.,.,¡¡¡, a crcw of 9 ar.tl co~~ of Sl !,000 (lO such n;r.,hts ava¡Jabie); and 
tyre 3 can c;¡rry np ío 360 students, \\>ilh a-crcw of 18 and 2 cost of 
S2:. .. COü (only C•fle seci1 P.igh¡ avaibble). Thc co1~1pany can sp:-trc i20 
cre•\'in(>;:. for •he e~:i:c mi:.sion. Fi!id the bcst schedule for thc \\'W 
company. 

6.1 Ex;J1ain why t!;e :-..iidi;ion of íj.Jrnory's conslr~,int cuts tl;e rca;i!J!e 
~:.:ü of ·.oíutions. 

ú.3 ·Frt.'du:~t~ , ... \ .. B, DtHJ e:, ;1[1'; t~~ be ~~-:~d:"' on thrce rn~¡(hiJJf_;~. ;Jet p¡•JíJf per 
ü,:!t e' A., B, aild C res re·~·¡, ~i;r, i~. S~:, S~(;., Jr,d S22. Ltch rrQdu~t is 
:.:·r0r:t":,sed Oy thr::c. diiTti·..:~H 1"1achir:':~:. P{occ:ssir!t: (nH:· pc3 tJnit ef 
pH.Y.!:.:ctit)D and da~a e:¡J r:~2.ch!nc av !;11iJFlit~/ .1,--: 3hcn~T; 1!1 1he t.:lble 
::.:ekw: 

A 

i !'i3 
2 • ·¡~ ,.,, .. 
3 í· ~ 

71 

R 

21.! 
442 
182 

e 
374 
187 
!59 

"1ACftP<í ".\'AJL;,I'l'L~rt 

t_r-!;:-<LiitS 7tP. TY.G-\Tvi[;c 

SCH[:.>UL!"-G PF.klCr•) 

-?282 
·~28:?. 

4i32 

6.4 
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:\~\llnliPg no s;·t-up rcquirc:ne;:ls, find tlic best protluct mix (that is, 
what products ~hü.J!d he prcxluced and in what qu::r.tiiÍL'$) if the 
prodl!("tion ~c!H·duie n,;,st n:Cl'f ,¡lJ-i!~'c:;.::r constninrs; that is, no 
f'r;-.crions of prr,,!:;crs C.:'l be :>roduced. Use Gc,morv's r.1ethod · 
hOIIC\'Cf, jf you do flOI f¡nd ,¡i] Op~Í¡:¡;il Íntega SOlU!ÍOil th~CC: it·~r:tíion~ 
aftcr you add Gum••ry's cnns!raint, stop. 
(a) finll the all-intcgcr solution u~,ing Gomory's mcthod. 
(b:l Set thc dual to the ;,li-ir.,cgcr problem and solve it. 
(e) find thc opporruniry co~t of ¡:1divisibility with the aid oí the 

dual's optirnai variab;es. 

Given: 

sjt 

7.5X1 + 7.9 Xz ~ 75 
aná either 

or 

+5.8x;, ::;18 

(u) Formulate tbc prG~km as a rr:;xr:¿·int\:gtr programming Foblt'm. 
(b) Wrítc the init;;:J! :oimp:cx tah1cu lo p;.~:t (a). 
(C,I sl)lve tÍ:(' problerr¡. 

6.5 Gi·m;: 

s/t 

(a) find an ;:\1-iníq~<:r soJt,ti(,n 3r;,¡llJJ(:,,¡;,·. 

(bj F1nd ;_:¡n ~di Írd~.'gcr ·.-otütiun by f.YDn~o:.·y\ r;,c~i:n\\ n:ar:uc~Jh .. ~ 
(e) ¡\s~,l.J:ilinr:. th~.H cid1c:r d~c~ ilrsr cr tlw· s•·c:.J··,\ . .; CL~i•Jst.-:~¡r ... , '¡....·•)'~: •. c. ... ·, 

<.. - .... .., • .... • ~~ ....... ¡..,, • -

:!1e prc'l~J-;nJ ;"ts :!:·; .:)1-intcg·.:r progr·=~~!IJ:-!ir:g: l1rvb!~J;L S~lve 
gr¡:¡ ;.olú;;-:~ily. 

5.6 GiY<:!l: 

s;t 
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(a) fom111late as an all-intcgcr prol··~cm. \\'¡itc the first si:11plcx 

t~.blcau. 

(b) Solvc thc problem. 

6.7 Given: 

6.8 

s/t 

:.:;.d x 11 x 2 are intcgcrs. 

4 
l3.¡x1 + 10x2 ~ 100 

l0x1 ~ 35 

1 Ox 1 + I5x l ~ 120 

(a) Find ·the all-inh:g..:r ~olution using Gomory's mcthod. 
(b) Set the dual to thc <lll-intcgcr pcobkm and solve it. 
(e) Find thc oppn1 tunity co.;t of indi\'i~ibility with thc aid of the 

dual's optimal vari;Jhles. . 

The Elster M achine Corporation has a department specializing in 
job-shop ord..::rs. One day the foreman rec.::ived an ?rdcr for t~ree 
jobs, whosc pron:,sing times on one of sc:vcral avatlable machmes 
with equiv~.lt:nt c;-¡p¡;bilitics, are 

JOB TIME (HOüRS) 

A 4 
B 6 
e 7 

Each joh is proccsscd through onc machine only. Once a job is started 
on a m<1chinc it 1nust be complcted. The dl:"parlmcnt can ~p<>rc only 
one employec for thc Mder. The employec can handle no more than 
two machines siullllt:-~neously. The forcman's objective is to minimize 
the total clap~cd time rcqtlired for one production run. Find the best 

scheduling. 
(a) Solve by enumeration. 
(b) Set up as a mixed-integer program, but do not solve. 

A.(stune: 
l. No sclups are involved. 
2. Processing times are constant. 
3. The ·m:j.::hines ;:;re working without in-:.erruptions. 
4. Only one job can be processed on a machir.e at one time. 
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6.9 The ABC (\)p;r;n1y ís prC'duci;•g tlin.:c l)p"s ofcanncd hccf. Type l i5 

[' .. :ct.-:·d i:1 :-!'i,l!Wl .~an~. \~pe 2 is";•-•dcd irfl-round c;;ns, ;md ty¡-•e 3 
¡, [ .. :e\ ·:d in 3-p,•ll:l'! e:."'' ;--;('i p1ufit f1om ~L·lling C<•lh pc,unJ of 
c.-,"~'d h·.,·f is !4 r:~·n:s for lypc 1, 20 ccnts for typc 2, ar·á 10 n:r;ts 
for type 3. Productior. i~ subj,·t:t to the fo!lowing constr;dnts: 

6.10 

6x 1 + J0x 2 + 3x3 ~lOO pnunds 
8x 1 t-10x2 +6x3 ~ 120 pounds 
4x 1 + 8x 2 + 9x3 :o; l50 pounds 

whcre x 1 is the numha of pnunds of product i. Thc objcctive of the 
company is profit maximi;anon. 
(a) Find the best product mix if thc number of cans produccd must be 

integer. (Hint: A tran~f<mna:ion is advisahle.) Nnre: lf you do not 
have a computer ptogram for intcgcr programming, stop aftcr 
three ilerations. Try to cnumcrate for optimlll solution. 

(b) Determine thc bcst production pl<m if thc number of cans pro­
duccd must be integcr, and if at le:1st 10 can~ and no more than 40 
cans of bccf type 1 sh.1uld be in the program. Note: lf you do not 
have a co111puter program, try to enumerate. 

The research dcpartmcnt of ABC is selccting projects for thc next two 
y·~;.¡rs. St:\e!l propo~ed projrcts are to be cvaluatcd. The ycarly cost of 
each product iri 111an-hours rcyuircd and the data on avadJble rnan­
hours are given in the table helow. Also, ihe expccted profits (dis­
counted to time zero) are givcn. The research dcpartment wants to 
maximizc its profits. Find the projects thcy should selcct. 
(a) Set up as a mixcd-intcgcr prugramrning problcm. 
(b) Solve (use common scnsc if you ha ve difficulties in gctting rcsults 

with Gomorian constraints). 

PROJECT 

A 
B 
e 
D 
E 
F 
G 

AVA!Lo\BLE. 

MA~- HOURS/ 

YEAR 

---- ---- -- r-------- -.. ---
~IA!\·l:•.·,::rS kfl<' IRI D DISCO\,;" THl r \l'FCTFO 

--- -- -- - I'ROFI rs IN 

]ST YEAR 2r-.n TéAR THOL;SA ... 'DS OF f>Ol LARS 
---------- - --- ------------- - --

1000 4000 120 
1200 2000 100 
1800 1600 80 
2000 2400 140 

. 1200 1800 

j_ ___ 
100 

2600 :!000 160 
2200 2~00 14{) 

------------- -- ·---------

!0,000 : 12,000 ' : -~ ' ¡ 
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6.11 r-our <f¡{f.:rcnt prn.:.:c:s'lt:S are avad;,blc for prPOth.ing a ccrLtin paint. 
Thc proce~\ing CO\t of C.\Ch ga llnn in :llly of 1 h:' four a\;: i !.thk rroc::s~cs, 
with thc m;~>.imurn c:1pacity of c::~ch pwcc~s. and its sct-up costs are 
¿;\en in th~: t..b!c bdow. A.,sumc that a d:1ily dell';:nd of 35,000 
t_:.1lk)ns rnust be supplicd. Find thc. bcst proc~:ssing ~chcdule (mini­
'':izc total costs). Base your solution on an elap~cd time of one day. 

PROC:ESS 

A 
.B 
e 
D 

--------------- ·-·--------
SET·UP COST, 

DOLLARS 

500 
600 

1000 
600 

PROCFSSING COST, MA"-IMUM CAPACITY, 

CE!'.IS PF.R GALLON GALLONS 

6 
S 
4 
3 

20000 
15000 
40000 
25000 

(a) Formufate thc problemas an intcg::r-programming problem. 
(b) Which proccsses should be uscd, and to what e.>.tent, in order to 

minimi.Ú total cost. Sol ve this part with the a id of a computer. 
(e) Find the hest and the second-best production s~hedule by a 

common-sense approach. 

6.12 Explain why inkger progr:~mming can be vicwed as nonlinear pro­
gramming. 

- 6.13 Given: 

sjt 
5x1 + 6x2 + 3x3 + 4x4 ~12 
3x1 -J- 3x2 + 5x3 + 4x4 ~11 
2x1 + 2x2 + 5x3 + 6x4 ~10 

x 1 ~O, and x 1 can take either the value of O or the value of l. Find the 
optírnal solutíon by enumeratíon, and cxplain why cnumcration is the 
best technique in this case. 

6.14 In solving an all-integcr prcblem by Gomory's method ít may happen 
tbt after wc add the Gornory's cuttíng plane, the r~:sulting program 
(not nec.:-ss~•rily all-intcger yet) will have multíplc solutíon. Illwstrate 
graphicclly this son of situatio~. exp!2in its s0urce, and suggest a 
way to avoid it. 

6.! S Wríte the follówi!lg sets of constraints as ~omtráints for the mixed­
integ;:r set. 
(a) Either 

Oí." 

or 
2x2 - x3 s 8 

(b) At least two of thc following constraints hold: 

2x1 +x2 :S JO 
x 1 -x2 :S 2 

x 2 :S 1 

PRC6LEMS n9 

(e) Given four sets of constraints, any two sets mu~t hold. 

(1) 2x1 + x 2 s 6 

6.16 Given: 

s/t 

X¡ :S 1 
(2) 2x1 - ·X2 S 5 

x 2 s 1 
(3) 3x1 +2x2 ~ 12 

x,.- x2~ 1 
(4) x,+ xz::;; 8 

min z=2x 1 +3x:+x3 

x 1 +2x2 -x3 ~ 20 
x 1 +3x2 = 18 

3x1 -x3 $16 

Formulate the prcblem as a mixcd-integer problcm whcn 
(a) At least any two constraints must hold. 
(b) Eithcr the first constraint, 01 the second one, or any combin.uio>::t 
involving two out of the three constraints must hold. 
(e) A new constraint is added: X:; mus~ be either 2, :;, or 4. 

6.17 Given: 

s/t 
(!) X 1 + x 2 + x3 ~.l6 
(~ 2x 1 + x 2 - x3 ~18 
(3) x 1 +-3x1 +5x3 ~24 
(4) X 1 - J:;.~ .;:·'''• 

Use integer programming to expr·.:ss the fo!lowi:1g: 
(a) Al lcast thrce of the constraints must !:o!d. 
(b) No more than any two constraints must holc. 
(e) No more than any :.ingie co~straint must ho!d. 

6.18 Given a fixed-charge fH obk.m: 

min z=f(xJ+g(x2 ) 
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6.19 

6.20 

whcre 

and 

subjrct to a sct of constraints. 

ifx1 >0 
jf X¡ =0 

ifx2 >0 
if x 2 =0 

(a) Formulatc as a mi\cd-integer problcm. 
(b) Givc the general formulation of this type of a fixed-charge 

problem. 

The pipdine design problcrn (Problem 3.18) allows any combination of 
sizcs in onc span. Suj1posc that we r..:quire that there will be only one 
si;:c in each span. 
(a) Formulare the problcm asan integcr-p1ogramming problem with 

the a id of Boolc.tn \':uiables. 
(b) Solvc the pro!-llcm. 

Thc ABC Corporation wants to mJ\IIlliZC the prc~cnt valuc of íhe 
dividcnds it will pay. Thc discount r:uc it must use is 10 perccnt. 
Thc firm has SGOO now, it will rcccivc 5200 in the ncxt time period, and 
$100 in thc third time pcriod from invcstmems no1v outsranding. At 
this time rhe flrm knows that thcre are nine ·invcstmcnt :dtcrnativcs to 
look at for the next three time periods. Thc firm's policy is to ignore 
the possibility of future advantageous invcstments until thcy are 
dcfinite. The relcvant data are given in the accomp;¡nying t:1ble. 

INVESDIENT 

AlTERNATIVES 

J 
2 
3 
4 
5 
6 
7 
8 
9 

200 
300 
400 

lOO 
200 -
400 --

200 
- 200 
-300 

RETL!R!'IIN 

I'ERIOD 

2 3 4 S 6 

lOO 90 80 
150 300 

300 200 
120 

lOO 200 
180 !80 180 

100 150 
- 150 80 
- --- - 500 

~--'---------- -------------

Thc firm always has the option of euning 5 pnr:ent on mom:y not 
pJid out in dividends, but inves<ed in bonds. · 
(a) Find the best investment scht:dule. Fonnubte only (write first 

tablea u.) 
• '1 

,, 

1 

6.21 

PROFIT.U,,S :>01 

(b} Find !he ¡·11"/•;sr;ncnt allcrnJIÍ~cs lhat rhc co¡np;¡ny shou!d sclect · 
1 h;u is, ~o he pan (a) by u~e of a c0mputer. ' 

(e) 11ow Jllllch shn11ld he pald in dividcnd~ c-ach Íll\~'\llllcnl paiod-; 
(frJc·luüc :di ~.i;,. reriods.j . 

(d) \\'hat Í\ the j)resctll valuc of the Jividend stream? 

.llint: This ~s a pr.1hlem in. mi,eJ-intcg..:r progr;u¡¡ming. Lct x, -~ 1 if 
I!H'esllllcnt IS m:tdc, x,o-=0 1fno imcstment is m:1de, and i== 1, ... , 9. 
Let.-~1 ~0. }-' 10 to 20: dividcnds or 5 pl'fccnt money can be at any 
po~l!Ive v.duc. (.r 10 lo x1 5 are dividend payments; x

1 
~ to x

20 
:lrc the 

5 pcrcent nllc¡n:1tive<;.) 

A contrnctor must decide which of 12 contraer ofTcrs he should aecept. 
Thc only com.traínts that are binding are on thc capital needed to 
finance thc difTcrcnt contracts. Thc~e 12 contracts are the only .ofTcrs 
that will be made in rhe next fi\e y.:ars. The conlractor can hold his 
moncy.Jn 5 pacent liquid securities, if he finds it desirable to l.:ecp rhe 
money ;H·;tiLlhle for futurc contr:Jcts. Thc contracto~ 11Íshes to maxi­
mizc thc prescnt value of thc money he draws from tite firm. He \vi!i 
cvcntu:dly draw al/ thc money from thc firm. He discounts future 

· drawings by a facror of JO pcrcent for each pcriod. He fcels tlnt a one­
doll.:lr dra11ing ma"de ninc pcriods fr~m now is worth 0.424 dollar 
now. The cun!ract ofTcrs are given in Tahles 1 and 2. All va!ues are 
givcn in millions of dol1ars. The con tractor now has 60 million dollars 
which he can use for drawíllrs, 5 per cent sccurities, or two contrae¡ 
offers for thc first pcriod. 
(a) Find the bcst po!icy. Formulare only. 
(b) Sol ve (use a computer): 

Table 1 Expmditurcs 
-------- -----

J>ERIOD 

C0:-1RACT 2 3 4 
----- 5 

---- ---------
1 20 
2 30 
3 JO 
4 30 
5 20 
6 30 .-. ~ 
7 20 
8 10 
9 - 20. 

lO 30 
11 20 
12. ¡ ' Ti '' 

...._ ¡- 30 ·.• ------- -- -- --------- -· -- -- -
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T:1hlc 2 Returns 

l'l 1!100 

tli'-TRACT 2 3 4 5 6 7 8 9 JQ 

Disrussion: 

l 
2 
3 
4 
S 
6 .. . 
8 
9 

10 
11 
12 

--- ------- ----- ----
10 15 
10 10 10 10 

7 7 
9 15 21 
5 7 6 

11 27 
8 JO 

7 
8 

---- ----· -- -- ----

10 

6 6 

11 
6 
8 8 3 

12 12 11 11 
9 ,9 9 6 

JO Iü 10 9 4 

This problcm is dcsigncd to show how moncy strcams can he so 
intcrrcbted that thc objcctivc is not ncccss;.¡rily to pick thc contracts 
with thc highcst rate of rcturn. Thc time at which the capital is rcturned 
to the company is very imporlant. Thc ratc of rctúrn that makcs the 
p1csent value of e:tch contrae! 7cro· is givcn in the accompanying 
!abulation. It can be secn that none of thc contracts h:~~ a ratc less 
than i O percent. 

CO;>;TR~CT 

1 
2 
3 
4 
5 
6-
7 
8 
9 

10 
1 1 
12 

RATE OF llETURN, 
PERC[NT 

15 
20 
25 
20 
15 
15 
20 
20 
!5 
20 
25 
15 

--------

Thcsc raics are for the ye::r whcn the contract starts; thcrcfore 
what thc c;.¡pital wa5 uscd for bcfore thc conlract was st:lfled is import­
an!. lf the capital had to be hcld in 4 pcrc~·nt liquid st:curities untilthe 
contrae! p:::riod started, it may have a truc J~ltc of rcfl,rn that is ·lo.:ss 
than thc rcquircd JO p·.:rcent. On the other hand, if the capital h:-~d 

6.22 

6.23 
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prC\iously bccn in othcr contr<tcts, this rale may stlll be in uru1. 
fkL-:lll~C th.:: acccplallCC of UllC COiltraC( may g¡op thc <JCCC¡)la11CC Of 
othcrs, its r;;tc necds to be adjusÍcd. 

Pu! rhe p10hkm in thc f(•rm of a mixcd-intcgcr progrJmn;ing 
prohlcm. Thc f•hjcctivc functiL•n ~hCI\•S thc prc~ent valtlC of thc Jraw­
ings madc in each of ihc 10 pc:riods. This is done by mak111g th-; 
cClcfTi~·icnts of thc dra\\'ing in thc ohjectivc function thc appro¡:riate 
10 pcrccnt discount f;:ctor. All othcr >ari:1hlcs have zcro cocfficicnts 
in the objcctivc function. The first i 2 v;¡r;ahlcs are for thc wntracts 
:lnd thcy mu~l have a v;J!uc of zcro or onc. Thc ncxt 10 \Jriablcs are: 
for the drawings and the las! four variables are for 5 pcrccnl liquid 
sccurities. Thcre is a cons!raint for cach period, w;-¡ich rcOecls ihe 
sources and uses of capital in a pcriod. Thesc constraints are aH 
_strictly equ~l to constants. 

Given bclow is a minimization problcm prcsentcd in thc form of the 
first tableau (original consliaints were in the ~ form). 

.·~ ,~;;~-1~,-~~~; 2o '~-'~!~ 2G~ , .>2.-'.'.''..'.'-''--
QUANTITY X¡ X2 x 3 X 4 Xs X¡¡ X 7 Xa X 9 .Y¡o X 11 X 12 X u X¡ 4 X¡s 

-------- ------------------ --------------------------
16 3 3 7 4 2 4 3 5 4 2 3 6 3 4 2 
21 4 2 5 5 ó 4 _6 1 5 9 5 J 5 5 7 
26 4 4 9 7 5 7 6 7 6 5 6 8 5 7 5 
26 4 3 6 6 7 5 7 4 é 9 6 5 6 6 8 
14 o 4 1 3 5 4 2 s 3 o- 4 4 4 3 2 
9 2 1 3 2 1 2 2 2 2 3 2 2 2 2 2 
5 103221101001011 

15 3 1 1 1 1 2 3 4 3 9 6 2 4 4 5 
14 4 2 3 l 2 3 3 5 3 4 4 4 3 4 3 
17 1 4 o 1 3 4 2 9 4 5 7 4 6 4 4 

Tt i~ also rcquircd rhat atl variables takc cithcr the value of zero or 
thc >:J.Iue of 1 (that is, x,=O or 1). Find the opiimal solution, using 
any mcthod dcsired (for cxample, Balas [3]). 

Consider the following transport:ttion probícm. 

JI 111 
------------------

0.2 0.3 0.4 
fROMA 

.. 100 
7 5 4 

0.3 0.2 ,0.5 
FROM B ., 200 

6 10 ¡ 1 
------ ---- -------------.. 

60 70 ~q 



Thc uppcr (kfl) ¡~¡;mbcrs ¡n tÍic n·lls ;Jíc !J:Jnsportation costs per unit 
shippc·d, and thc IO\ICf (n~ht) numbcrs are f.>cd el-. '!;CS. F1nd thc bcst 
shipmcnt plan. 
(a) Sct up asan intcga-progr .. m111ing probkrr .. 

(b) Salve. 

6.24 Salve thc illu~lrative nample in Section 6.9.2 by thc branch-and­
bound approach. 
(a) If x3 must be intcgcr. 
(b) For thc all-intcgcr >olotion. 

6.25 Salve the assignmcnt problcm prcscnted in Table 5.36 with the aid 
of the branch-and-bound lcchnique. 

6.26 A salc~man has n citics to visit. He knows the cosl of tr:ncling from 
city i to city j (e,¡). He mus! vi~it all cil ics and c.w be in ca eh city only 
once. Thc p1oblcm i~ lo find the !rast cxpcn~i\C roule. Thc salcsman 
starts from his h.omc city and ¡cturns to it. Proposc a general solution 
to the problcm using intcga programming. 

6.27 Use the branch-and-hl1und a¡1p1oach (manu~llly) to solvc thc travcling­
salesman prohlcm givcn in prublcm 8.5. Thc ohj~?ctivc is to minimize 
the total distance. Thc tour s:ans and cncls in Ncw York. Each city 
must be visitcd once and on!y anre. Show thc trc.'e and the branches. 

8 

í 

1 

7.1 

NONl_INEAR 
PROGRAMMING 

~.:!N frtODUCTlON 

In n_¡:my real-!i;,-,¡w;¡ti<>ns thc Qbjcc:in:·f¡mction au~c!¡'oí rr.~·c.jn\fr.i.ints are 
~o.I~lii:c:lr. Thc branch of mathcmatical programming th:Jt dcals with thcse 

typcs of problcms is bhclcd as ¡q•.:!:},ú'ar. progrt'ilnming (NLP). 
U:.!ik.::l tr.e :;implex >mcthod, which is a general modcl for solving lincar­

programming problcms, thcrc is no-ge:!c:ral mL'1hod for r;í,hiíir! r:/1 i1C•n1ir.ear­
pw~ri! in:ning ~:::roblcms. I nstrad..variou\. ->·;:,,n~p.: ¡;¡¡-;·i));;il .' ~~~hn i-q~cs ba\'e 
bccÍ1 devclopcd to: :;'.']':e di!'T.:rc[)l··_calq,;Pries ·of n,¡;-;)¡r.ear p~oblcms. In 
general, nQ;;!i:Jcar_. p!-üfL•:n¡;¡,ng .r~quires ·u· higr. icvel of í:'.all->em:~rical 

b&ck;_;niü_ild. !n thJS tcx.t WC ~hall limit OUf di~CUS!>ÍOn (O th~se- noñJi;-.ear· 
programming mctbods that are rclatively simple. 

7.2 
CLASSlf:!CATION AhJD SOME ASPECTS OF 
NONUNEAR-PROGRAMMING MODELS 

In Figu;c 7:1 ·v.·~··~;-;,w. ·a--"·bssific:ltr<:-.11-of de;c:rmini~:ic-nt">nlir.c::::·r:-pi.-ci~ram­
miN\ pr,•l;lcms (h;1~cd on Dan:zig [JI], p. 8). Of thc \ ;:rious calcgories shov.n, 
n>Ds.t>of thc.for:l>a!-1'.0rl h:E .. !>..:cn.¡.,aforJ~;::d- in·rh:::·uea cf · ··-.o:::_pro-
t;.r.J:rm;ing (co:i\'é.xíty and concavity arc.discuÚ~d- in /i.ppcnJix ---
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fiGURE 7.1 
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roturns IC' 1 
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M any !u,· al· 
mJXIma 

prohlcms 

7.2.1 DEFINITIONS 

a. Nonlinear Relations 

-~:un~t;;;;,--;;';~~~~~i-~hi;s th:~t conta!n such terms as 2x3
, _Iog (1/x), .and 

2r', as weli as noncontinuous functions, are termcd ntJllft,i~·w:.~f.mc~¡?ns. 
In general. aoy functional rcl<llion that t~ocs n~t mcet the li!;cant_y c:o:~~JtJ~ns 
is considcrc-d nonlinc<lr. In a tw<J-d;r;¡cmionat s¡nce, such relatJ,ons ~lor .he 
case of continuous functions) are repí:::sc:nted by curves ratn~r than by 

stmight line:. (sec Figure 7.2). 

b;.~Nm;\ína::;r'--P'-r-ogrammirtg 

A_ fe·.'' -:!xarnpks of non!inear-p;ogramming protllcms are as follcws: 

(l) 
s/t 

3x +4y~ 12-
X -y~ 3 

x,y2: O 

7.2 ClA~<;JF!Ct..TIOI\:, t..SPF.CTS NONUI\:EAR-PROGRAMMING MODElS 

{2) 

s/t 

(3) 
s/t 

FJCURE 7.2 

o 2 
mm z=2.\.:'-­

- X 

3x2 +:!y S lOO 
X +)'

3 S 80 
x,y ~ O 

maxz=5x +1y 
x 2 +2y3 ::;65 

2xy+- y ;::50 
x,y ~ O 

;· 

¿\;-\\ide- r:1 n1:.:_:_· nf" pr~cti..:al_- .r:oblem~- w:tlrcon~niüñed"m;n:imi7<n1c•ry J or 
mini,mz~úT~n) :1od .. i!ivolving: dc~,t~.J~~.Jg-- ;-elu~;~s..:-1-~ :;cale· fa!(-~micr -th(; 
\?,tc:;ory o_f 1Wl11l'n--:ar-¡'rl)gratnming n-.odds. Lét us-i!l;J~traie: -

----'rhc linear-prc,grrtmming example discus;cd !O Ch:>.pter 3 bad a linear 
objeciive: íuEction 3x1 +3.5.-;1 b;;scd on the ;¡:,su:11ptio:1 th;lt nc, matler wha: 

quantirics we sciJ, our rrofit fmrn producing onc u1.ir of r.ggpbnt (x 1) wi!l 
be $3, and from ene tomato pbnt (x;,} wiH ue S3.5. Lct us now ~s~umc tha~ 
'"e facc an ob_i·.:ctiYe furJC!Íon in which tk•:re.:_,;:,g, r3ther th:;n comt:mt, 
returns to scalc e:-;ist. 1 Let us furthcr assumc that i:1 our example thc profit 

' Thi~ ¿an ~ccur hcca,Ise: as volume ¡, incre~,~cd. dis.tribution costs may go ~r dispro­
'· portionat('!y. Anothcr common rca~on is !hat as vcbmc is in.:rca~ed, pcr-untt rricc declines. 
.. This i:; sho\Ho lO FigL-•re 7.3, -..hcr.: :1., shifl in thc su¡>,!y curve from S, lo S

1 
rc~ults in a 

d·:cr ... asc in r~ice (fror;J p, ro p 2 )_ lUso, d.:cn:asing rcrt;rns lo SC.llc cJn rc,uiJ if produ;:tion 
cost pcr unit n .. i11.l;ns cvrls~~íl~, or oc~,.·,c.:a:;('s ata rate slc·:.cr :.han thc corrcspoíH.!;ng dccr~.~: 
inpriccpcrun;t. ,,J .. '\"' ...... '·.._.. ,_. "' ·,, 
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FIGURE 7.3 

-~~.:gg_ela~12ts~) is dccrcasi~~ linca~y according to the relation 

X¡ 
z =3 ----

1 1000 

añd the profit from selling tomatoes (z 2 ) is decrcasing linearly according to 
the relation: 

Then the total-prolit function that we would like to maximizc bccomes 

z1x 1 +z2x2 =(3 -¡6¿o}~~ +(3.5- ;fÓ~ )\:z 
3 

X¡z ~ 5 x/ 
= x,-iooo+-'. x2 -40o 

This total-prolit function is clcar!y nonlinear. 
ki0t!Jeo -example-of •. nonlincarit-y can- be illuwattd. by -con~idcring• the 

question of ~resource·.:. utilizat;on .• We-· 1:1ssumcd ·in lin~.:ar-rrogr;tmming 

mqdels_tbaL tJ)e_-;;;cfficicnts o[ tl1e -con~lraints (in¡'ut-output codTicients) 
[~.m;.¡in constant (c¿nst~~t t~chnology). This is not a!1•.ay~ true. \V¡th incrcas­
lng uí¡j¡~~tion of a ccrtain process and/or machine, we may find that the 
processing time per unit may increasc becausc of CJ.ccssive hcat or decrease 
bccause of savings in set-up times per unit. In ~uch cases the constraints 
bchave in a nonlincar manna. _For cxarnple, the co:~straint x 1 + 2x2

2 :::;4000, 
is clcarly a nonlinear constraint. 

A graphical cxa· 'e of partialiy nonlinear boundary of a fcasible arca 

1 
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F!GURE 7.4 

;onv.ex program:ni~~ iu-\:0lvc:s p.·Dolem:.~0f:..-rr.1nimi7in.rs,·z·.or.vt)(róbje,"tive 
I.!~UC(¡pr. .(or n:~:lXImwng a c?ncavc objcctive function) over convex regions. 
(A-ora dJscuss1on of convcxtty and concavity, see Appcndix C.) 

d . ._y y pes ·of. Constraints 

To facilita te understancling of the material in this chapter, note thc following 
four typcs of constraints: 

l.,C~·¡:"~~.lir.:o::¡h,¡r :"om¡'coi-ii.'t:.X-rcá-í3'ns (scc Figure 7.7a). 
2. C'-'">;T:.:r::~,~~;;¡:·ro.-rn ;wi1COavexTegions-(se~Figure 7.7b). 
3. Cuns:;a~nt~ tllilt .. ;¡rc ll(Aivc or t!ef.uin~·con:.tnlints (scc Figure 7.5). 
4. C(~i12~-~~~ni~-J.tlal-u r-~ 1r'-'aioc ur•rcdrurdártr'éon-stfififlts (sce Figure 7.5). 

y 

l11t1Ct1Ve 'on~lr.Jints 

__ , 
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e. Setun\S"fo ScaiP. 

Dimirrtshil1g returns to scale imply a'~Mn~,ina/ profit or ~¡g 
~u:alcost. 

7.2.2 GENERAL STRUCTURE OF THE NONLINEAR­
PROGR~MMING PROBLEM 

A reasonably general rwn.linear-programming can be e:..pr~:ssed as follows: 
End 

1 
so as to rnaximize 

s/t 
1 . , 

and 

X 1, X¡, ••. , Xn 

gt(x1, ••• , x~) :SO 
g2{x1, ••• , x"):s;O 

... : . . . ... ~ . 

x,, x 1, •• • , x.cO 

(7,1) 

. . . ~ .... 

Any or all of the fand/or g,, .. . , gm may benonlinear. ~~ro­
g~~~ we assume 

l.~~iy (that is, d•·tcrministic models). 
2. ~e>H..,~<:p.>tMT)""Gf.;..::ii•r,:anabl"e~exéepf''tli~ff'ffi"?6~io1e""'?6"Ylar.·dte"'n free 

vana bl~~..JYM.~¡.;pres .. •:.i.ug,.!~~ ~ff erenre"'\5MWOi'!o·r~J~tw:=nrl't.i bies). 
3. J\'i!I'\lmi7r1titmo~immiziZIU.:lJJ;-rM!l~.only gcal. 
4. ~ilii.!ity. 

7.2.3 DIFFICULT!ES lN SOLViNG NONUNEAR­
PROGRAMM!NG PROBLEMS 

~en~~ al 

r .... ~.;d l!~}d;;-itf.-fvl:.,i¡;~ .)¡¡¡j!¡lf")-:'Tfl'gf'ífrí'iifling :)roblems a re bascd on the propcrty 
tEat ihe o~~¡r,-:;J¡-()tütíon ¡:l)-b7Jú1Jnu 2.1 í:' tremcpoirifs oT~-~~ s~T-~~~~~2~ 
T!liS :pwixny--=t-nab!~$ \ú; lo lizr.!l TlÚ' ·scar..:h t~ _ct~_rn~_ r9J~'li.~ __ oL!i_lC _r.sg,:nn 
of k~~:F.re:~c·~¡::;¡¡;:¡l· and th'ús obta.in,.a.i~~op•_imal·&~Úllion .in a finite rmrr:_kr of 

·-;;;;aí:i(;ns~ -U~fo'?t u mi tely, no;Jct1--\¡(1iversaiit·y--rcg;¡~(l!figtl1e- .nátllrt:- of 
npti-;;aTso!ution:; can be establishcd in nonlinear-programming models. In 
n::>nlinear programr.1ing th~ptffiml·~?iutinl! ..... {'áf¡'::U~-ñ'ñfY.oíi_f'1if"OD]Jhe 
beun<iari~·::Of ::th·~§ea~ib~~it'Hl, oml,t.,o~~~t-~:~lih.iv:::-1~.J.t:~~ibk·:r¡;gi?n. 
i1iW.:~.;ir.6 dcmonmates thcs~ two cases (the point Pis thc o;>tlmal solutwn 
in each case). 

•• 

1· 

1 

7.2 CLASSIFICATION. ASHCTS J\IONL.III.EAR·PROGF!AMMII\IS ~- ::ELS 31\ 

-oo;ectr'e 
fur:ction 

FIGURE 7.6 

In general, we face ~1i::..-j~lifficultie-s in solving nor:lir.car-program­
ming problems.&-.!.."' bccause of thc ~_l)~·~~~y-of_!~·-~t-,&~iv~~on 
~d/Of-lhe-constraints, it can u¡;.4,j!Ji..;uli-'i.tll.'crlain cases to distmtrulsh betwt~ll 
t11c k!cal aad th~ rloba!_"soil!r-~i-;nS'!' -This-: for · ex~1nplc~-~oui~i1ic · ilie-case 
when, 1n a mi\xim1zation problern, the objcctivc function -is convcx. Also, 
the same ditlku!ty·~ill-~risc.; _-when,-·in·-a-:-ma~imiwtion- probh:,l·haYzng a 
l~Es-..r...ol;>jccti\'c f un el ion,... thc rcgion of-fcc.:.ible ·solutions ::. nnncnnvrJC (sec 
ijigt.u-e·7.7b). ~c~d; it-is-someumcs diffic-u!t -r?ne~.!.'!'Ptlm:l!ity-ln- ~5mhnear: 
P~·9.1l~arnm~g~r~o~lerns. Thc reason is that it is neccssary to iJcn:1í)r and 
evaluate al! extr~me points unlcss thc functior.s involvcd are cithcr strictl;· 
conn:x or stri.:tly 1;oncave. This task bccor,¡c:s increasingiy more díl'iicult 
when we deai with highcr-o<der {highci'-dcgree) polynomials. Furthermore, a 

8 

FlGUR.E 7.7 
2 See Apper.dix B. 
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,. ~ticoof-ubjet!rfve'' mñF'f :&f'~fc:lfáiñf""ñg ñ1: ft::orcei"-varl?t b 1 t5 ~1~ha t 
s¡,i¡ajf.._-10cremcnral·cn~nges -1n-.the---va. na hle!;- 'tan~ qUJre:,ofrcn ·rerult~'¡~-.:_!-~ r,qe 

-c~x~·in -the vnlue-- M the· fonCiimr.-Thus::t'3nc-auempr~:to~·~h':'l'l!C:.:::r:l:,:~:O'r. an 

e->-.iJ·J;tll:"lpOTittr"CiJll'DO:".exceecim gl~cb F1c u l 1. 

~onlirrearxOT'fSTraints•witlr 6'-l:inear'ObJecriv~ncuon 

TlrRectil ft't!(frrz'f"'rfói1 ff 1'1 e-:rr:r·r~rammi n nro hll'Trn'''gTYe\PtÍSe-"f{'f-'T'WtY't'f~es 
of sitcanons: (l) a ~~Jl-regron·~fftll'~iht'é·~ollJTi('l-rí~·-a'í1d·a lin~.1T''(IhjrctJve 
f41Hl'C't'inn (Frgure 7.73¡; ar.a (2) a_!!?TI~-:reyJnn·-<'ffe·a~ahl<:·~óltlnon•twd a 
linear o~uv.e-funcuon-(FJ!!Urf 7.7bl. 

Jn the first case it.rtrrelanvt'l~~~1í!iY'"'tZ5-rcfcri1ily'lheoptirñ5Fso1ntiTjif and 
n ~1~opt'Tr~1alr1y. Foc,.extt~pie:-:the-opti.m:t_t-smuntm--('~~mízation) 
U ¡n F~...,.-,Wl:.-gtverr-~b)-the-·pomt"'P;..-whrch rs a rangenC)"' pomr,o the 
\\ boundary. ~w_lfllmOVt:-mt!rrt'tíWtl)"'fffltf!"'fhtS"flNnt'will reducCI'!'he"Val~e-·of the 
~ object-We-rftme-t1on. For exarnplc, ¡f we move from point P to pomt Q or 

point R, the valuc of thc objcctivc function is dccrcascd from V 1 to _v2.
3 

1~be'!".SÍtuation-rin-t.he"UI~..,<If'R--mmct~nv~·'ieg¡on¡--however,·rtS•not~~o 

l
,B,~ ~11plc. Hcre, thc flilÚll::P1;·,·lhough:-a -tllngency-point~·:-is··obviously-a._l~cal 
~ n~xi-mmn. ln this caae.-.ar....moveml'nr·::~inng'the·h0llndnry•·will''bringl1s~first 

to Pcr.:(..,wJ¡ere..J..:..¿~+'-(11' tmt ·t hc~a:Yi't'lel5""Pj'( wh eré"}' v' V¡)':~Thfn~pe of 
sÍI<w!tmrrT'OTrmUr t he diffic-u lty)n- rde-n rifyrng'fn.:c 'gl oh;: n~xfrcma ¡-ñ-nonf¡ near-
pn:&grnmming problems. 

Jn addition to Lile problem of finding extreme points, the prookm of 
identifying local versus global extrema can also be difficult. The utilization 
of calculus to idcntify extrema (see Appendix B) beco mes· quite difficult 
if the nurnber of variables contained in the fui1ctions becomes large and/or 
the functions contain variables of a high order. As the powers of the variables 
increase, thcre is a corresponding increase in the number of stationary_ points 
and thus thc search for thc set of possible points can become very drfficult. 
Difficulties also arise in functions of the logarithmic and/or exponential 

form. 

7.2.4 SOME PROPERTlES OF OPTIMAL SOLUT!ONS 

a. Economic lnterpretation 

~li\'e<Gbjeorivt:r·fum1imr;"ffh'tri~ ~firf~rt<'m;"t~resents- !i" sin~ ti o~ 
itWOiving<dimmishing·Tetum~n&if-it""'Were"'tt''"Tepresenra--cost"fonctton 1t 

wcvld-be-orte""i nvO'!Vin g' .¡ n&reasi ng»>i'el ums-s.( decreasing ·~rna rgi nal··costs .. as 
t. o~r<pands). Simtla-rl~~nvex-ubjective",function-rt1J1-esenn~~n 
i~~~mn-profit·...f uncüon~-diministri'ng"rctuli'i"-"C{')st"'f\lnction. 
TW:..~~~~~m:~mroñs~~r-

• 1 ' , , 1 j \o • • 1• j ~ '• ,lot 1) 

J Note that ir. Fi· '.7a V, i~ closer to the origin than v. and Vt < v •. In sorne cases, 
mnvementl<w .. ·ard th. _u;:in could very wcll yield a bctt:::r solution. 

1 

1 

j:•hl¡!.n\:m~lif,g!pr(l\"11élil'Witna 'écinvi:x ·¡ é.1SÍ bk-3 re:J:'oiie C~ n ,, J'i'l .1 ::.: -cb:;:::-.:-a 
llki ! .. ;id-( P.ppcndlx- Bp,-f-·Jocmrng --extremll-if~·--am:l "ó'TIIy 1f. {!) thf'- -0!'-Jrcfivc 
fu.¡,!~ ll~l!l _j:,-;- p~t;;UO(K.vnC.ct vt""-or- st.nctly · co:rr:nve-:(sec-:Apfi<'l~d 1 X C'F-t r,a F is, 
d ir•w•i~Lio!! · n;Hnm-- m :Le C3,)~_..fo~Lma.u:Ht4.1!.Uoa-~l'<·._21- p.eu:in;;mweHt o! 

strJCt!~ C':'il.H!.\.:Ú·~~;j,¡_:p~;;J~,_ C) 7 lh,.l-Js,-.HlC!CaSJOg reruwH:. thr case ot 
mrijipÜ¿\ltion. 

b. The-Number ot VarlabJe~;;n··arrOp~!tnar-SollJ'ltarnollq 
NQ.n:inem-Programming Problem 

As the reooer:;;;.wiibrecal!, an lmponantqrm~ffl""áff"b"f\tí.'iiTI"Tiñear-pro-­
gr:~mming solution ts that tlre.mmnh~'<'~-hnm·"•:rri:tt>l:.>~·¡ntl\v::ys-••eé¡Uaho 
olt"Jcs;:"than'' the numberc<c,f<norrredundant--stn:ctural consttamts. Thüi~~ 
th~.n.~~e--ocwr.s_,.w!,en -thc---optimal solution 1s ·degenera te. 

In the:.opiimal solution1cr·a nonlinear-progra-mming pi''6Dlem7ilie-riuñi.'Ber 
o~~imibn ·va:riables-éañ-!5e lesnh:m;·equaho; or greater-than the 11umoer-of 
s.tt:·PClurah:onstntint: .. This·property-cun ~:~Iso-be cxplaincd by the fact-that ir1 
nonlinc:tr-• rrclhlcms, oplim:th~olutions :carr-exisr· at points other· than •thf:J 
''corn~~''J"(íints. for cxnrnplc, in Figure 7.6a wc ha ve two solulron variables 
and only one constraint is ful!y utilized; that is, there is only one activ~ 
constraint :!.nd ¡wo variables in thc optimal solution. In Figure 7.6b there 
are two solurion variables, and none of the constraints is rcstraining. 

Thus, fm-~rmlme¡¡·r ¡1·rogr~m1Trirrg;· unlike-&-inear."progn:mmmg-.-v..."e canno<.. 
smke·any·-gcn~i'al srarcm·e111$ rcgardir:g theTelationship hetwéL-ri tne-ñúrúbe': 
&f.·rs-oioti!')n~ariable~-and the num herof strat"'mfál'ccüñsfralri rs. 

7.2.5 METHODS OF SOLUTION 

As the rcader wiil rccall, thcre is no general efficint algorithm for the solution 
of nonlinear problems. However, for prob!ems with ccrtain identifiablc 
structures efficient algorithms havc bcen dcveloped. In addition, it is often 
possible to transform the given nonlinear problem into one in which these 
structures become apparent. In Appendix D we present a method of solving 
nonlinear constrained optimization problems. A relatively simple method to 
handle such problcms is prescnted in Chapter 8 (see Section 8.2.2). For more 
sophisticated rnethods thc reader is referred to Bracken and McCormick [8], 
Fiacco and McCormick [18], Graves and Wolfe [21], Lasdon [35), Mangasarian 
[39J, Wi!de [56], and Zangwill [60]. 

QUADRATIC PROGRAMMING 4 

7.3.1 INTRODUCTION 

Qlladratic,.p1:ogra mmirrg~p.yi's"t~est-m:m!i~-ogramming-fo¡;m. I t 
deak..withd~¡; p.mQl¡;;z;n,.gC..J'Wni.mizi~m~ng~üf'-' --~b~e 

4 For an excellent treatment of quadratic programming, see Boot [71]. 



314 CI1APll.. 1 NOI\ILINEAR PROGRA"-"V.ING 

W.U;jue~btet.lf-fo~anea.....cornttr.rints. ~l:Jny p;acncaf prc·hlcms can be 
íormufated as quadrat•c programs. and f;nrfy ctT,ctent mcthoós have bccn 
devclor~d for soiving such problerns. 

Thc nccl·~sary mathcnia:icJl Cl'ncc;-ts for c;uJ,!r;wc rr···rr:!:nmu¡g are 
given in Secuon 7.3.2. w·e sha!l fi\C a- b!id iilloOLh.:.:II•Jn to thc~e four 
spccific typcs of quadrat1c programmmg mcthod~: (l J Frank and \\' vlfe's, 
Dan:zig's, and ~imdar mcthods; (:.) Bcalc's method; (3) Thcif and Van de 
Panne's method, and (4) Lemke's method. Of these, only one mcthod 
{Frank and Wolíe"s) w!ll he illustrated- by a numerical example. 

7.3.2 SOME MATHéMATICAL CONCEPTS FOR OUADRATIC 
PROGRAMMING 

~~s. Function 

.~:-hoati~furu.:t:io..n.iiúh~!mo7'R'I'tlr!'ft~"i't~s-.¡¡mlynumtn! func­
tiQlli-l...hat·.con.l:tÚ!Ilf-.tg:l.~xts·.ufttlll.iMcle~-h-&gheN~h~eGVnd (for example, for 

1i. •inzle variable x, thc híghest order is x"). The general form ofsuch a function 
. is 

f(x 1, X_;:, ••• , xn)=-=c11 x1
2 +c22x/+ · · · +c.r.x/+(c12 +c21 )x1x 2 

+ · · · +(c,_ 1,,+c,,,_ 1)x,_ 1x,+c1x 1 +c2x 2 + · · · +cnx,+c0 

" 
(7.2) 

~~1 ;, we ob!ain a~xtin~tim"i! and the c11 +c11 lerrn 
becomes 2c;;· . 

A q ~hc!':Í"tii.W.inn-:ln-..:twarnraricrbtes.~rr:-Nf:t\vri tten as 

ft'J:i;'!Ji. :r7~~~~r-+i~f.~qi1xfxl-~_..>:::r+.c2x z +e o 

An cquivalcnt matrix form of the quadratic function is most uscful and will 
be discussed Jater in dctail. 

Quadratic functions are \·,·::11 known in geometry. For exampk, the ~­
t1-&,;pa.r<iliolb.tbhyperbolrr,-and.1.he~liiT'St?\F~'ür'f7:Ep:rca11' lcrci·1jf-special 
~ (w1th some cocllicicnts equal to zero in each specia! case) of a quadratic 
equation given in Equation (7.3). 

~71,¡¿,...~-~~·:¡.d)x~y--4'..P~ (7.3) 

where A, B, ... are parameter,; equivalent te the c1j of Equation (7.2). 
Qz~~;.~m:>"with-1.hTeef_v:.r.i.a;~ JesJ 1a "!te:-the-rgenera~wr;n 

f(x,y, z)= Ax2 ·+ By2 +Cz2 +Dyz+Exz+Fxy+Gx+Hy+iz+K (7.4) 

Ae-~rP,"t-l=t'-"-~·~"k~~·~~"tt'~.e!llp~)'firrc!i!r,"'!llipso~l'fp'fic. 
!i.1~7·'~"".r--;,.r¡p-~l':'}~,J.hd~fine,.d..·by,~~F-Cfi':>eS"'tlf"'-ttri!;'-ger.e;ai 

' In a nonsymmc:tríc functi~m c,1#-cJ,. lt can, however, be easily made symmetríc by 
defi ning new coeffidenls e;, 113: e;;= !{e,;+ e¡:)-

Crrcle Parabc,la 

_v 

1 

Hypcrho!a Elhpse 

FIGURE 7.8 

/(.-...1, .': 2) = 3x /-X/+ X 1 X,: - 6x ¡ + 6 

f(x 10 x 2 , x 3 ) =x/-2x1x1 +x1x 3 -Sx2 +x3 

b.C!-ik'Jmld¡•atiry form 

/'\ q ua~t;~,¡-O'r.I"Yf.'!ÍFr'P fOTict'ÍO-&;!hat.eooi.P.Jn;"-'•my:rseCCT!tFO'ftie"f+fc:Yms. '¡- j¡,, .. 

it is a special case of quadratic function; ~f!'J.OC~l'-'f~mn.:atí"'l.5e~--pr-ti:t."'O as 

/(XI, X1.,· • ••• , Xn)=(C¡¡X¡ +C¡¡X.:;¡+ • · '+c 1,.x,.)x1 

+(cHy 1 + r.,_1x~ + · · · + C2r.x,.)x2 

J{:x1 , x2 ) =2x1
2 + 5x2

2 -x~,x2 
j(x1 , x2 , x3)=x1

2 +2x,.-~2 ·-x.,x3 +xl 

(7.5} 
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/ 
l 

1 
/ "X 

Ellipllc paraboloid 
lconvex func110n) 

z 

Hypcrhollc parahol01d 
(ncithcr convcK nor .:om:ave; 
h•~ 'a saddle pmnt) 

fiGURE 7.9 

Elhp'o'd (half) · 
{COnl..¡t\lf) 

~.aadrn7Rmfoti'n"08rít~-bedjnewrlys"t!'Ali'~f6fi'i'i'Cd 'ro-o¿'· síifn (o r .diff..erence) of 
squarcs of.uW-depe!!Joobhomoge.ueous-linear-·.ex-pressions. For exampie, 

~'QI.t2."b:l.D.A~.,:zr~..lh~J.J~"+..M.,.)~.....,(2x.¡~2'} 2 

This prQPeE&~fmi,;..qua'ci:nüio~fO:~n;..letrdrtcwthe""-foltO'I\frrg-f0tli""iY~s of 
ql,l~:ri.wlCtiousJ..poaili~~t~·.defutiie.·'JXISÜt~emiJefiniterrnegatif.remicfinite, 

and negam~·~fflfdefinite. We shall return to thcse functions. 
';- !1 

~sl!Th·~'!g"efW~tiowohr-Ouadratt~"Eín·o'-'a"'QITaCfta'tic 
~~tion 

~rn~~~re~produe~cl'~etri"G"o-'"Wiltrix 
(mad~';!!~~ <m:!Wlts) a~pw;entation::.of ~iabies 

l 
!. 

7.3 OU!WRATIC PROGR/.tMJ1!NG 

;:1. Considcr, for e.\<imph:, the g<.::nera! two-variable symrnernc quad1 
form: 

Lct us dellw.; 

anda 2 > :i .-; lllfl1C!fiC ¡: afrix e1 as 

el= [Cu C¡l] 
C12 "22 

Then the ~~Óm..-:f~n-ca.n.tre<Dpaw:aedilas 

(7. 

Simi!ar!Y, any polynomial of the second degree (order) with n tcrrns e:: 
be ·expressed in a matrix form as follows: 

(7 < .. 
wheie 

X= e= 

e,. 

xr and cr are the transposes of X and C, and ~pftltlMl:>-~llll!mowsi~ 
(tM~_,¡.$li:ICj¡), which can be expresscd as 

- [ c.lt ••• c.¡"l 
C¡- . . 

Cn¡ CnnJ 
Examp!es: 

~~22 

=[X¡ x2J [ -!.s -~·5] [;:] +[4 2] [;:1 
~hoatd::note:rlmf.~;:.a:ruit-bw:J'gr~~ 
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=tX¡ u~ 
where 

2r12 = 4 ... 
c,2= "' 

2c 13 =- 5 c 13 =- 2.5 
2c23 = 8 C23 = 4 

e,¡= 2 C¡= 7 

C2z= 3 c2 = -9 
CJl =- 1 c3= l 

d. Types cf Quadratic Functions 

Positive Definite FuncUon 

If VJe ha vean n-variable quadrat!c form and we can reduce the funct i_on in~ o 
squares, all squarcó terms preceded by a positive sign~ then the_ fun_ctwn _v.'?ll 
always be non-negative. If it is positive foral! X¡:;i:O, the functwn :s p~sw~e 
definite. If it is equai to :.::ero with sorne xi not eq~al to zero, th_e f~nctJOn JS 

pos:tive S<!midefi,lite. (See Figure 7.10a for a functwn of one vanab.e.) 

1 \ 

;¡---/ 1/ ~ 1~ 
1 L: ___ L ___ L __ 
~------- d 

b ~ 

" 
FIGURE 7.i0 

Sl<:.~·:é mathl:;natically. a function is_ po~-~~~~n_ite ;r 
xrc1X>0 foral! X::;éO {7.8) 

Since this function can be el;(pressed as 

f(x 1; ~2)=(x 1 +x2)
2 +(x 1 +lxaf 

1 
i 
i 

¡ 

1 
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it is posillvc ddmltc :l.CL-úrd•ng ~o thc dcfiniti.:m. Note that trie or.¡y vatue!> oi 
x 1 , x 2 whi.:h m;d,t> x, ;- x, and x1 + 2X"~ simuftaneously vanish are..\ 1 =O, x 2 =O. 

Positive Semiúcfi~ite Fl.lncdon (Figl!;·.,: "t.Ulb) 

I! we c:...r. reJ~JCe a:: n-v:n:'ah!c q:JadratiC' form into squues. all ~quJrcd Ier:ns 
p:cc;:Jcd by a posi~1ve Sif!n. and the fun::tion can be equal to ze:o for sorne 
x1 not eqt:a! to zero, it JS a posi!IPC scmidcfinire function. Th: value of such 
a.function is e1ther posiuv:: or zero . 

Stated formally, the functior. is positive s~midcfinite if 

for a!l Y (7.9) 
Example: 

f(xp x~, x 3)=2x1
2 +5x:/ +x/ +Óx1x 2 +2x:x3 +2>:2x 3 

=(x 1 +2x2)
2 +(x1 +x2 +x3)

2 

This function, with threc variables, has been reduced to a sum of squdrcs, 
all with positive coefficients. Further, for X 1 =2, X2=-l, x 3 =-l, th'.! 

function is z.ero and henet:, by dcíinition, ií is posi:ive semidefinite, and is 
convex. 

Ncgative De:Jnite Flmction (Figure 7.Hk) 

A function f(x) is negative dcfinite if - j(:::) is positÍ\'e definlte. A m'gative 
definite function is always strict!y concavl'. 

Example: 
f(xi> x2)= -2x1

2 -10x/ -4x1xl 

= -(x 1 -x2 )
2 -(x1 +3x;)2 

This function, according t.> our definition; is ncgative t.d1nite, and is strictly 
concave evcrywhere. 

Negative Semidcfinite Function (Figure 7.J0d) 

A functionf(x) is negative scmidefinite if - f(x) is po3itive serni~kfinite. 
Exampic: 

j(x1 , x 2 • x 3) = -- 2x 1l __ 5x2 ~ -x3 
2 +2x1x2 +2x 1x3 -4x;¡x3 

= -(xJ + x2)~ -(x 1 - 2x2 -x3)
2 

This funclion, a•.:cording to our dcfwít;on, !s negative semiddinite and Js 
concave. Note thar f(x)=O when x 1 ='. x.·"'·- '. ,;:_::=3. 

e. Tests of Convexity 

l. An easy test of convexity for quadratic funclions !s to check the values of 
the detcrminants of the matrix C1 of the quadr:;ti.: .!orm pan of the function" 

G Thc rel!,llar' test of con\'e"i•Y (discusscd in AppcncÜx' t), which is more comp!J<.:;ued, 
~1'1 be usd -for ca~cs not c0vcred by thi5 m~tiwd Appendix C also disc¡¡sses thc test of 
conH:xily :uouild a s:ationary print .. 
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Let the first determinan! be D 1 = ( 11 

1 e c 1 2 , 
Let thc second determinant be D;. = 1 1 

1 
j C¡2 C;J.2 j 

le¡¡ C¡: C¡31 

Let the third determinant be DJ = 1 C12 C22 c23 

i C¡J C23 CJ3 

and so on. If the signs of the determinants are ali posmve, that is, if 

(7 .10) 

then the function is strictly convex. lf, starting with a negative sign, the 

signs of the dcterminants alterna te, that is, 

D1 <0 .'2 >0 D3 <0 

Then the function is strictly concave. 

Example 1: 

~[x,x,] [:~ ;J [}[3 -3.~ [] 
-1 

D 1 =c11 = 
1000

; hence D1 <0. 

C¡t Cu -1 ol 
1000 l 

Dl= = = --- ; hence D2 >O. 
-1 400,000 

o 
400¡ c 12 c21. 1 

(7.11) 

The signs aiternate (starting from a negative sign), and therefore the function 

is strictly concave and has a ~m~~Í~_ll~ 
Exampic 2: --~=- ~ :·: -· -::.:-

f(x)=2x¡2 +x22 

=[X¡ X2) [2 01 ( Xt ] 

O 1" x2 _ 

D1:=c11 =2; hence D 1 >0. , . . 
1 

._._3 OuADRAT!C PROGRhMMIN(.; :-!21 

:..: v 

:o J 

Al! ~1g.ns are po:;itive; hcncc thc function is stw::ly cnnvex and has a ¡;loba! -­"J;,-·---- ~""' 
2. Another lt~~~ of convexiry extsts for all two-variable quw ...... me fimcrions 

(second-degree polynomíal) of the form 

f(x, y)=Ax2 + Bxy+ Cy2 + Dx+Ey+F (i 12) 

If 4AC -B1 >O, and A> O (or C> 0), the funcrion is strictly convex. 
lf 4AC-B2 >0, andA <0 (or C<O), the function is strictly concave. 
If 4AC-B2 <0, the function is neíther stricdy convex nor strictly concave. 

Example 1: 

He re 
f(x)= 3x2 +4y2 -6xy-x+2y 

A=3 B~ -6 C=4 D= -I E=2 

4AC-B2 =4 x 3 x 4-36::48-36>0 and A >0 

Thercfore, the function is stri.:tíy convex. Notice that convexity (concavity) is 
indcpendent of the first-degree parts. Noricc al so that the sign of the coeffic1ent 
B ofthe product x 1x 2 is not relevant since the term is squared in thc test. 

Example 2: 

f(x)=2x 1 -3x2 -5x/ + 3x/ +4x 1x 2 

He re 

// 4AC-B2 = -4x 5 x 3-16= -76<0 

The function is neither strictly convex nor strictly concav~-

f. Mathematical Presentation of Ouadratic Programming 

A quadratic-programming problem can be srated in various forms. In 
Equation (7. 7) we presented the objecrive function in a matrix form. We now 
give two different presentations of the objective function as well as the 
constraints. 

l. 

sft 

ma~J(x)=CT X +!XTC1 X 

AX$.B 

x~o 

where B is an m x 1 column vector of scalars b1 (i= 1, 2, 
·an m x n matrix of the coefficients a u. 

(7.13) 

">"~) and A is 
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2. An ahcrnate hut cqUJv:.dent mathematical statemer.t of the general 
concave 7 quadratic-programmmf problem is: 

(7.14) 

Síl 
JI 

L OijX¡~bl .i= ), 2, .... , 
]=1 

and 
j= 1, 2, ... , n 

7.3.3 OUADRATIC-PROGR/\M~~!NG METHODS 

Of al! thc mcthods of solving quadratic-programmmg problems, four types 
.-¡f m.::thods wcrc found to be of ~pccial intcrest 8 (and cflicicncy). They are 
(a) Frank and Wolfe's, Dantzig's, and similar mcthods; (b) Bea~'s method; 
(e) Thcil and V.m de Paune's mcthod; and (d) lemke's mcthod. 

Since it is beyond thc scope of thi~ text lo discuss ca~h type in depth, we 

shall prcscnt only somc major elemcnts of thcse four typcs and íllustrate 
one method (Frank ~nd Wolfe's) with a concrete example. For further 
details, thc intcrestcd rcader is referred to Bool [7], and to Kunzi el al [33]. 

a. Frank and Wolfe's, Dantzig's, and Similar Methods 

These methods are based on Kuhn and Tucker's generalizatiorts of the con­
ccpt of Lagrange multiplier~ (Appcndix D). Thcy modify the quadratic­
programming problem so that the simplex method can be used. An example 
of Frank and Wolfe's method (which falls in thís catcgory) will be given in 
Section 7.3.4. For severa! other variations, see Wolfe [58], Dantzig [10}, 
and Barankin and Dorfman [4]. 

o. Beale's Method 9 

This mcthod, which al so makes use of the simplex algo1 alhm, convens the 
inequality constraints to equations, and starts by finding an initial feasible 

7 'fhc objectivc function is concave if 

k !: C¡_,x¡X/?:. 0 

for al! valucs or x. At present there as no suitablc mcthod for solving thc general quadratic 
¡1rogram with an arbitra!)' symmetric C1 matrix. Conscqucntly, wc wil! rcstrict ourselves to 
a concave objcctivc function for which thc qu:.c!ratic form h ner;ative scmidefinite (i:t 
maximizatioa}. TI1is rcquircmcnt will always be assumed f;_¡r the n:m::.inder of thas chapter, 
whethcr or not it is so statcd. 

8 Thc discussion in this scction is bascd mainiy on Dorn's survcy (14], pp. 181-196. 
S.:verai compulational examples are given in that a nicle. For other mcthods see Abadie [1), 
Zangwill [60], and Kuhn [31]. ~ ! · · ; : i 

9 For an example of Bealc's.meth~d see Vajda (53}, PP·. 223-:BI; see also Beale [S]. 
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,Cllu!lon for Ihc constratnt equations. 10 ·1 he ncxt stcp 1s an a:ic; .• p< tv un­
provc the val u e of the objective function. With the aid of parua! dcr1 \ .~ta\e!> 11 

and aux¡li;ary vanahlcs. it i~ possibie t'o check whethcr the intrr.jucuon ,,: :! 
ncnh.~~ac v:mar-le wiii improve the value of the ohjective funnwn. lt i~ aiso 
po~~ible to show that a final solution can be ot:.ained within a finite numbcr 
of iterations. 

Houthakker [28] develop.::J .; special method, called the capaciry mcchod, 
using parametric programming. This method complements Bcale's method. 
It can hand!e cases in which all coefficients of the constraints are non-negative. 

c. Theil and Van de Panne·s Method [52] 

In this method, al so bascd on thc Kuhn-Tuckcr co!ldition:., a system:.tic 
search is made for those solutions that lie on the boundarics of structural 
and non-ncgativity constraints. Thc unconstrained problem is solvcd first; 
then the constraints are added, one at a time, until a solution is found that 
sati~!ies all of thc constraints. By devising ingenious rules, the authors were 
able to limít the scarch to a small number of all possible solution combina· 
tions. 

d. Lemke's Method [37] 

In lemke's mcthod, which is rclated to his dual-simplex 1dea (Chapter 4), 
we so!ve the problcm by solving the dual to the quadratic programming 
problem. The algorithm suggested by Lemke is similar to the one pr~posed 
by Beale. 

P. Comparison of the Algorithms for Ouadratic Programs'2 

Wolfe's method has the advantage that it can be easily generalized to includ; 
positive semidcfimte objcctivc functions. The other three methods are restricted 
to positive dcfinite quadratic form:·. 

Both Wolfc's and Be<~le's mc~hods appcar to rcquire approx1malely the 
same number of computations. Wolfe's method, in general, rcquires more 
iterations than Bcale's, but each iteration involvcs fewer computation~. 

The mcthods dcvelopcd by Theil and Van de Panne and by Lemkc will be 
preferable to the othcrs if th"e solution líes on rclativcly fcw of the constraining 
hyperplanes. In fact, if the solution lies in the interior (an unconstrained 

10 This st-;:p in quadratic programmíng is no di!ícrcr.t !'rom findü~g t!1c first fcasible 
s;Jiution in linear programming, for thc first fcasible solution is usually detcrmjncd by the 

· constraint equations alone, withou: considcring thc nat::r~ of thc objcctive function. 
11 The rcadcr will recall that in linca.r programming thc improvcmcnt in thc objcctivc 

func:ion j:.a~t aftcr thc initiaf solution was sought by checking thc c1 (cocfficicnts of the 
objccti"c function). Note that thcsc cocfficicnts are, in fact, thc pauial dcrivatives of thc 
objective f~nction. In quadratic programming, wc a1so make use of thcse partial dcrivativcs 

u Sourcc: Dorn [l~j. 
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mínimum) both the Thcil and Van de Panne and thc Lcrnke prvcesses are_ 
idcmical and converge 1n one step. 

Lcmke's mcthod docs not requtre fmding an inllial pnmal feasible 
solution, but it docs rcqUJrc the invcrse o! the C 1 matri>. Bc;,¡c and \\'olfe. 
on the othcr hand. do require an init1al pnm;,.l feasible so1urion but do not 
.need C~ 1 . The computations involved in finding a primal feastblc soluuon 
are approx¡m;ucly equivalen! lO finding C~ 1, and 00 this basis therc can be 
no cho1ce hctween the three mt:thods. 

Any further compansons do not sccm possible at thts time Thc advan­
tages of each of the methods secm to balance each other and Jea ve little or no 
room for c;hoice. Thc relative merits ofthc four mcthods will become apparent 
'lhrough extensive computational expenence. 

Finally, it should be noted that Wolfe has modified Kellcy's cuuwg-plane 
mcthod [30) for more general non linear programs so that it too becomes finite 
for quadratic objectivc functions. 

7.3.4 FRANI\ ANO VvúLFE"S. DANTZIG'S, ANO SIMILAR METHODS 

We have chosen to discuss in de!ail this family of methods mainly because 
they utihze the simplcx algorithm. 

The mcthods in this family include Frank and Wolfe [19], Wolfe [58], 
Dantzig [!OJ, and Barar:kin and Dorfman [4]. A complete guide to this 

. family may be found in Boot [7], Chapter 9. 
Th1s c!ass and related methods, ba:.ed on the Kuhn-Tucker conditions, are 

capable of minimizing convex or strictly convex functions, or maximizing 
concave or strictly concavc functions. 

To provide a numerical illustration, let -us app!y Frank and Wo/fe's 
method to the foliowing product-mix problem: 13 

s/t 

x,l x2~ 
max z = 3x 1 + 3.Sx2 -

1000
-

400 

x 1 +2x2 S 4000 
4x 1 + 3x 2 S 12,000 

XI, X2G'!:Ü 

Solution, Step 1: Determine the Nature of the Objective Function 

Since the method can handlc only semidefinite or definite quadratic functions, 
it is necessary to firid out whether our function meets these requiremen.~s; 
Using the test proposed in (7.3.2e) we get 

4AC...:.:B2 ~4(-1- x·-
1-)-o= 1

· ;·that is >0' 
' 1000 400 .. " 100,000 . 

13 This problen · also be solvéd by classlcal calculus (Appendix B) and by the 
Lagrange-multiplien. •• ,ettwd (Appendix D). 

7.3 OliADRATIC PROGRAMMtrJG 3: 

and 
_! 

A ::O ___ ':; th:l!IS <0 
!OíJP ' - "-. ~ -

~h~ fu:1CL1on is Etrictly concave (negative dcllnite) and thus suitable fo. 
max¡m¡zatJon by Frank and Wolfe's method. 

Solution, Step 2: Write the Problem in Matrix Form 

The objectivc funcuon may be statcd as 

In our case, 

Thus 

C=[3 3.5J and cr = f 3 
] 

l3.5 

e,{¿;] 
Tbe objective function can be rewritlen as 

/(x)=[3 3.5] [ :: ]+[x, x2] ¡~~ ;] [ :: ] 
The constraints are written as 

AXsB 
In our case, 

' 
and . .X~O. 
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~"' ''J.~::..,.>.:>: lransform the lJr1~"'"'' 'roblcm into a 
Linear- Programming Form,. 

J h1~ ~~ con~ by muv~unng non-ncgativc ~lack v:Jr:ao,e:., un~. •··" ..:dch 
inequality constrJint and thcn by usmg auxdiary varí:1.hies. The transformed 
problem has 2(m+n) variables and (m+n) constraintf>, and the following 

general form: 

• 
max z= -· ~7Z (7.15) 

&/t 

1Z=D and Z=:!O 

wherc 

. [ A T-
-2C 

Q 

and Z=[S., U s; Xl'] 

In these equations, 

S., =non-ncgative slack vector for original problem (m x 1 column vector) 
U = thc dual variables (m x 1 column vector) 
ur = dual's transpose (1 x m row vector) 
S?: = slack vector for dual (transposed) (n x 1 colwnn vector) 
I.. =m x m identity matrix 
I. =n x n idcntity matrix 
0 .. =m x m zero matrix 
o. =n x n zero matrix 
o ... =n x m zero matrix 

If wc write our constraints TZ = D according to the transformation, we get 

0: 0, ] [ f, ] = D 
A -1, c-T 

•-'u 

!, 

Onm 

InserLing lhe data of our problem, we get 

14 The ongin;,l problcm is. in a linear-programming form except that lhe objective 
function 1s quadratic. This transformation is based on lhe Kuhn-Tucker conditions 

(Appendix D). z in (7.15) is not the transpose of Z. lt is instead a row vector whose 
elements are obtainerl, in each step, from the solutioo at haod. 

7 3 OUA.DRATIC PRQG¡:;AMMING 321 

X! 

: 1 r~ ~J r: :l r : :Jl 
1/:001 r: :1 G :1 r~ J j 

X¡ 4000 
3¡ 

12,000 
s2 = u, 3 
Uz 

s3 3.5 
$4 j 

1 

Solution, Step 4: Write the Constrair.ts in Their Explicit Forms 

x 1 +2x2 +s1 

4x1 +3x2 +s2 

= 4000 

= 12,000 

_, 

These data were derived from the 1Z = D relation after the pertinent data 
for our problem were insened. 

Solution, Step 5: Find a Feasible Solution 

By examination, the following fcasible solution is found: s, =4000, s2 = 12,000, 
u,= 3, and s4 = 2.5, and aii other variables are cqt.:::d to zero. These values now 

Q 

become the components of Z. 

• 
Z=[s3 s4 u, U:t s1 s2 x 1 x2J=[O 2.5 3 O 4000 12,000 O O) 

Solution, Step 6: Transform into a Linear Objective Function 

A new objective function is wrilten 

In our case, 

1 ~ 
maxz= -;,ZZ .,. 

1 $ 1 . 
-2ZZ= - 2 [O 2.5' 3' O 4000 12,000 O O] 

1 • 
1 

5 .3 ·1 2 = --:;.:. -í--s1 - 000u1 -6000u2 4 .. - 2 ! 

j 1.'.1"' 1 l 

X¡ l 
X;z 

.r, 
Sz 
U¡ 

U:z. 

SJ 

s4 

(í.l6) 
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1"his ohjective function is to be maximized subjt'ct Lo the cor:~traiJ>ts in 
step 4. Th1s is now a regular Jmear-prograrnr.ling probíem. 

Solution. Step 7: Use the Simp1ex Method 10 Obtatn Progressiv::::iy 
Better Solutions 

.. o;. .. 

Now we continue to find solutions Z¡. Z 2 , •••• unul a Z 1 1s found that 
satisfies the following condition: 

(7. 17) 

which indrcates an optimal solution to the quadratic-programm1ng problem. 
Note: ll may be necessary in certain cases to follow a second phase m this 
algorithm. Fordetails, see Frank and Wolfe [19]. 

* It should be noted' that, according to this method, success1ve Z 1 might 
yield diffcrent functions as calculated by (7.15). In our c:xample, we srart the 
algorithm with the objcctive function (obtaincd in step 5) and the constraints 
(from step 4). The reader can verify that, after three Jterations, test of opti-,. 
mality (Z1Z =0) is satisficd. The oprima! solution, in terms of real variables, 
turns out to be x 1 = 1500. x 2 = 700. 

7.4 
SEPARABlE PROGRAMMiNG 

7.4.1 SEPARABLE (CONVEX) PROGRAMMING 

Separable (convex) programming is a technique for obtaining an approximate 
solution to sorne nonlinear problems through the device of "separating" the 
objectivc function tcrms into severa! single-variable functions. The basic idea 
of the technique, as developcd by Charnes and Lemkc (9], is to transform 
the nonlíncar problem into an approximately equivalent linear program. 
The solution to the approximate linear program provides an approximate 15 

solution to the original problem. 
The separable programming problem may be expressed as: 

n 

min/(x)= L /¡(x1) (7.18) 
j=l 

sft 
~ 

g,(x)= L g1i(x1)?::.0 i= !, ... , m. (7.19) 
J=l 

The objective function is a separable function, as are the constraints . .A .. 
separable function can be expressed as a linear combination of severa! single-... 

,. The error of the approximation can be estimated ;. see Abad1e (1], p. !80. 

7.4 SEPARABlE PROGRAMi\~I~~G 32. 

vsriable functl()m: that lS, it is a funct1on that can be wn!lcn as ~ .. ~.il uf; 
func:.ior.s. each oC which inc!udes a singie variable. 

In gener-'ll, a sep;;r,,h!e fu:~ction/(;) is 
,, 

· J(x)= ~ fp. 1!=[¡(x 1 )+/:tx2)+ · · · -rJn(x,.) {j.2í.J) 
j= j 

where Osx1 ::.;h1• and 1;1 is an upper bound. 

Examp!e: 
f(x,. x2 )=2x1

3 -x/+3x 1 +5x2 

This function can be. wnttcn as equal to 

/¡(e,)+ f2Cx2) = (2x 1
3 + 3x1)- (x2 

2
- 5x2) 

Essentially, the variables of. a separable function are coupled together 
only in an additive fashion. 

The first step is 10 wnte the ob_1cctive function as a sum of severíl! 
specilic functions .f/x¡). Each f/x) is thcn approximated by a !mear 
function [¡(x¡). (See Figure 7. i 1.) The problem can then be solved, aftt.:l 
proper transform:J.tion, as a lincar-programming problem. Funhcr, since 
the curves fix) are al! convex (in the minimization case) or concave (in 
the maximization case), the problcm can be solved for a unique soiution. 

Severa! functions that do not seem to be separable can be separated afte.7 
proper transformation (such as x 1x 2 , ex'+"', and x 1-'"). 

Separable objective functions often exist in practice. For example, if we 

f, (X¡) 

"' .. 
~ .. 
1:.> .... 
e 
u 

" u 
e 
" e 
~ 

Lin~ar 
approx1ma11on 

I 1tx1) 

~ l---f---t-----f---+----+-~ft X¡ 

- . , .. ,_._--e_ .. , . 

o S lO 15 20 25 

Weekly lravcl t1me (hours) 

.¡ l 1 •\ '·' 1 1 ,,ltld .• .l 

- FIGURE 7.11 
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check the total maintcnance cost of an automobde. we find that as long 
as the car is used for regular trips to work and for shorpmg. the c::>st~ are 
almost constant (sec Figure 7.11. point K to p0int A). But for those weeks 
v.hcn v.e take extra out-oC-tov.n tnps, thc ma1n:cnance cost nses rapidly 
(from pomt A to B). Also if wc u.<.e the cu more than 25 hours per week, the 
maintenance cost w¡Jl increase even faster (from B to C). 

We shall discuss here two basic types of conve;; separable programming: 

j i. Nonlmear objcctive function with lineaí consiraint~ (Scction 7.4.2). 
2. P:ecewise linear convcx objec:ivt: function wl!h )mear constraints (Section 

~ ,' 7 a ~) · 

Sinc:e a ·rhird type-namely. non linear separable constrnints that form a 

cM.vcx r.::gion-wiil not be óiscussed here the intercstcd reader is referred 
w Hartley [24); Hadley [22), Chapter 4; and Miller (43]. 

Note: Theo:-etically, any separable problem can be solved with tbe aid 
of mixcd-integer programming. Thc computation feasibility of the pro­
ced'.lre is high!y qucstionable, howe:ver, since there are few efficient computer 
progr::ms for ~clving very large mixed-integer programming problems. Thus 
we are lirnited in practice to separable convex programming, with these three 

l:Jasic requirements: 

l. The fca:;ible arca is convex. 
2. The objectivc iunc:ion is separable. 
3. The objective function is convex in the case of minimization (concave in the 

case of maximiza! ion). 

7.4.2 NCNUNEAR OBJECTIVE FUNCTION WITH LINEAR 
CONSTRAINTS-AN ILLUSTRATIVE EXAt"PLE 

s/t. 
min z=x 1"+x/-6x1 +4x2 

x 1 +2x2 ~10 
x 1 + x2 :5,';l2 

X¡,X¿ ~ 0 

Solve by separab:~ programming. 

Soiution, Step 1 : Wdte íhe Objective Function as a Sum of 
Separable Tcrms, Each of Whic.h lmtolves a Sing!e Vudable 

1, =X! 2 +x2
2 -6x1 +4X¡ =f!(X1)+f1 (x2):-.:(X1 l_ <JX1)+(.\2

2 +4x2) 

Soludon, Step 11; Test for Convexity fo; f¡(x.l) in tha Area X1<:!0 

,~a) Porj1(x1)=x/-6x,, 

f'= a¡ #=2xt-6; 
OX¡ . 

1.4 SEPARABLE PROun.AI\~MING 3~-

The first and stcond derivatives are continuous, and/' >O. Thus, the funcuon 
j 1(x 1) is convex everyv>here. 

(b) ·For/2(x2)=x/+4x2 , 

Again, the firs! and sécond derivativés are continuous, and /">O. Hence 
the function fz(x 2 ) is convex everywhere. Nore: In rr.aximization cas~:s aH 
/j(x1) must be concave. 

Solutivn, Step 111: Break Each f1 (x1) into Separa:e Parts, Each 
Part to Bf: Approximated by a Linear Segment 

The decision where lo break the functions is an imporwnt on::; the smai!er 
the segments, the better the approximation, but the longer the required 
computation. The segments do not ha ve to be equa!; the closer somc pans 
of the function are to being linear, ihe larger the segments can be in these 
parts. In our case we dccided to break the function at ínteger points. 

Solution, Step IV: Compute the Coordinates of the Break Poin2s 

For/1(.x 1), 

----,--···-------
5 6 7 8 9 10 11 12 x. 1 o 1 2 . 3 4 

-5 o 7 16 27 40 55 72 J.(x,). o -s -8 -9 --8 

For/2(x2), 

---, ----·--------
X2 o 2 3 4 ~ 6 7 8 9 10 11 12 

-----·--------~----

/1(Xl) o S 12 21 32 45 60 TI 96 J 17 140 16$ !92 
-----------

In building lhe approxirnation we have to make an additionai decision: 
What is the upp-.:r Jimit on cach ''ar¡able? In our case, since we ha ve a 
constraint, x 1 +x2 :512, we will compute the valne ofjj{t1) <o the point x 1= !2. 

In addition, a glan.;:e at 'the curves (.Figure 7. 12) indica tes that there is no 
:;ensc in computing valucs right up to the Hppcr !imit, sinr.e the variable x 1 

starts t0 contributc in,:reasing ma:giGa.; ~o:O!;b (;~ "' .:!:t ¡:.;oi11t x1 =3. Similarly, 
the variable x~ starts to contrib•Jte incrcasing marginn! costs from the point 
x 2 c-=o O. Thus, in view of the constraint x 1 -;- x2 ::; 12, we should consider 
the variable x 1 up to x 1 = 3 and not consider variable x l at aiL But, sin ce we 
ha ve an additional constraint, x 1 + 2x2 ;;:: !0, we ha ve to check x 1 up to point 
x1 = 10 and x2 up to point X¿ =5. 

Ir. practica/ cases, such ar. 'analys!s "may ·~ave considerable computar lona! 
work. ~ , • ' ~ •' 1 /. 1 i 
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In this case, for purpose of demonstration we shall compute all points to 
the upper limit. 

So!ution, Step V: Decompose x1 into Auxiliary Variables x1, 

This step i"> necessary in order to write the separated or piecewise lineár 
functions as an ordinary linear function. The subscript m corresponds te• 
the t;.¡tal number of pieces into which the functions have been separated. 
In our case, 

m=l2 

The auxiliary variabl~s, X¡m• are defined 16 jn such a manner that 

.. xJ.=Xn +x12 .t · ·; +~ím (7 .. 2!) 

16 A consequence of this definition for each x1 is that the value fm h' 1) can be approxi· 
nated by multiplying the auxilia.ry variables x1 ,, x12 , ••• , x1 . ., by their respective slopes. A 
-eview of the basic definition oi the te~ "slope" will support this argument. This argumen t 
i the ratiooale ior step VI. 1 

¡ 

1-
¡ 
l 
' 

In ou¡ r,a~e. froor: Fi¡;urc 7-l:!, . 
x 1 = "'¡¡ +x, 1 + · · · +x1. 1 ~ 

• .. 

Note again, we have decornposed here up lO the upper hmiL Also' note that 
the auxilia¡y variabies are imear segmenrs. 

Solution, Step VI: Write the EqUivalent Linear Objective 
Functions That Approximate f, (x1) 

ln order to v. rite the equ¡valent funcrions, wc need to compute the :::oeffi­
cicnts of the auxd1ary variables x,m· These coefficients are the slopes of the 
segmems into which eacb separat,;;d or piecew1se linear function has been 
divided. We distinguish two cases: 

(a) !n the positive-slope case (Figure 7.13) the slope is given by d1/d2 • 

f->----dl----col 

fiGURE 7.13 

The distances d 1 and d2 can easily be computed by subtracting the co­
ordinares of A from the coordinates of B. For example, the slope associated 
with the auxiliary variable x 15 is computed as follows: Since we have point A 

(4, -8) and point B (5, -5), we obtain 

Therefore, 
d1 = -5-< -8)=3 d2 =5-4= 1 

d¡ 3 
Slope=-=- =3 

d2 1 

. (b) In the negath,e-slope case (Figure 7.14) the slope is given also by 
d¡/d2 and we subtract the coordinates of C from those of D. For example, for 
the segment 'Xn, we ha ve points· C(l, - 5) and D(2, - 8), from which we 
obtain · , 

d,=-8-(-5)=-3 d2=2-l=1 
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d, -3 
Slope=-=-= -3 

d2 1 

Note that the coordinates ofal! points. such as A, B, C. D, .. . , are obtained 
from soluuon step IV, in which .x 1, / 1(.x1), x2 , and j 2(x2 ) values are com- ' 
puted at the break points. 
· Similarly, we can. compute all slopes and write the two separate linear 
objcctive functions: 

/ 1(x1)uncar=- 5x 1 ¡- 3x12 -x13 +x14 +3x1 s + 5x16 + 7x17 

and 
+9x18 + 1ix19 + 13x1, 10 +I5x1 ,11 + 17x1 ,12 

/ 2(x2)1inear= 5x21 + 7x22 +9x23 + llx24 + 13xH + 1Sx26 

+ 17x27 + 19x28 +2lx29 +23x2 , 10 +2Sx2 , 11 +27x2 ,12 

Solution, Step Vll: Write the Equivalent Constraints 

Utilizing step V, we write the constraints in terms of auxiliary variables. 
Constraint 1 : 

(xu +x12 + · · · +x1 , 12)+2(x21 +x22 + · · · +x2 , 12)~ 10 

Coostraint 2: 

(x11 +x12 + · · · +x1 ,12)+(x21 +x22 + · · · +x2 , 12):S:: 12 

The other constraints are 

o~ x1,12 :S 1 
O~X2¡Sl 

OSX2,12 S 1 

The upper lim"it (in th;s case, I) on the auxiliary variables is the result of 
'~11e(9eoaking-point deci~ion (integral in this case). As mentioned ear!ier, the 
,eg•ncnts do not have to be either equal or in:cgra!. · 

Solution. Step VIII: Salve the Problem as a Regular linear Program 

Now the problem has been teduced to a regular Iinear-prograniming prob­
lem. In Table 7.1 w'e.' enter the i'nitial solution. 
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Cil. -5) 

T, 
l 1 
1 1 
! 1 

d, 1 

1 ¡ . 
J r 

l L----·---~---
FIGURE 7.14 

D (2. -8) 

This formulation is especially appropriate to thc upper-bound tech­
nique (see Section 4.5.3 and Dantzig [11]). 

Tbe optimal solution is: 

x11 =1 x12 =1 x13 =1 x,4=1 
x15 =I x21 =1 x.u=d x23=0.S 

Solution, Step IX: Transform to Origina! Variables 

m 

x, = ¿ x11=x11 +x12 +xu +i14 +x¡s=S 
JaJ 

m 

x2 = ¿ x21=xl, +.X:u+x23 =2.5 
Jal 

The approximate solution (5, 2.5) is very close to the actual solution (5.2, 
2.4), which can be found by dynamic programming or by other methods. 

PRQ-· QUAN• 

GRAM COST TiTY 

a 1 l M 10 
Sz O 12 

o 1 l 
.. •. . .... l . 

... :·· 1 < ·1 ': "¡ 
l,·h~·.·~· 
····~~.__..~,-

Tab!c 7.1 Initial solution 
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1 1 . ' 1 2 
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1 o o· o o 

. ,, 1:. 

.. ',,loo 1 . 1 . 

o·.'; .. ot J ' o, ... o ¡· 

M+~ /V!+3 1 
M-17 2M¡5 1 2/o:f-27 

1 S1 ''41~ Í- i o o 1 

1 o 1 o o 
1 o 

o o o 
'•' 

o o . 1 o 

-M o o o 
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7.4.3 PfECEWISE LINEAR SEPARABLE CO~"IlVEX OBJECT!VE 
FUNCTION-AN ILLUSTRATIVE EXAMPLE 

Consider the example 

max z=3x 1 +2x 2 

s/t 
x 1 +2x2 si O 

The per-unit contribution of x, drops from 3 to J .5 after x 1 > 5. 
This is a typical business problem of decreasing rcturns to scale. 

Solution. Step 1 : Write the Objective Function as a Sum of 
Single-Variable Functions 

z= 3x1 +2x2 =/1(x1)+ / 2(x2)= (3x1) + (2x2) 

This is a special case of separable convex programming where the 
separated objective functions are already piecewise linear (Figure 7.15). 

Solution, Step 11: Test for Convexity 

The separated functions are linear; and hence separable convex progra.mming 
can be used. 

l:i::~-----+----.----t- x, 
o S 10 

FIGURE 7.15 

1 

~1 

7 4 SEPARABlE PROGP.AMMING 

Soiution. Steti 11 i : Write the Equivalen! Probfem . 
Break c:;ch .~\x¡J 1n:o scjJ;,rate pan~: (;.'.) We IJic::lk j 1(x 1

) al pOlil[ x
1 

= 
(bl We ncc-:1 not breakj2(x 2 ). 

Solution. Step IV: Compute the Coordinates of the Break Points 

o 5 lO 

o 15 22.5 

o 10 

o 20 

So!ut¡on, Step V; Decompose x, into Auxiliary Variables x
1

m 

In this case it is not necessary to dccompose x 2 • The variable x
1 

is decom 
posed as follows: 

Sofution. Step VI : Write the Equivalent linear Objectiva 
Functions That Approximate f, (x¡) 

f1 (x l)lmear = 3x 11 + I.5x 12 

/2(x2)¡¡near= 2x2 

Sol :tion, Step Vll : Write the Equivalent Constraints 

x 11 +x12 +2x2 ~lO 

x11 :S 5 
x 12 :S 5 

X¡" xt2• x2~ O 

Solution, Step VIII: Solve the Problemas a Regular Linear Program 

Our equivalent linear-programming problem is 

s/t 
max z = 3x 11 + J .5x 12 + 2x 2 

x 11 + x 12 + 2x2 sl0 
x 11 :S 5 

x 12 s: 5 
.X:¡p Xt2• Xz ~ O 

The optimal solutio"n to th~ above Ünear-programming pr{)blem is 

x11 =S X"u,;.,,,- ·~z~o 
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Solution, Step IX: Transformation to or;ginal Variables 

~ __ .i + x .• = S + 5 == 10 
.A¡- 11 ... 

;=. o 
O O) and the value of thc objective 

Hence the opuma\ solution is (1 • • 

function. z, is 3(5) +l. S(~)= 2.2·5· . 
1

· ·s the optimal solution and not 
N ore. The soll!tion m thls specla case J . 

. . ' \ution as was the case in the prevwus example. 
án approxm1a.e so • 

7.4.4 EVALUATION . , 
---------- . cars to be an efficicnt techmque for so:-
s,~parab!e convex programmmg app . o problems ffor example, those 

· · of nonhnear-progammm, \ · ) 
ving certam classcs. · 

1 
• rnall numbcr of nonlinear constraints . 

p:cb\cms that ar~ lln:ar ~xcep. tofr la s. b <ic requirements that limit th~ use 
. d . S t on t 4 . a ser o t ¡ree a. - . 

We !Jste m ec 1 ' · ·' · . . t that the separable funcuons 
1 . Of these •he requll ernen - . l 

of this tcc 1n1que. · . . ·. ' · d , (;n minimization) is of spec1a 
h: concave (in maXJffill::ltiOn) an comex • 

intcrest. Let us e>.aminc. f¡gure 7 .16. d b is concave with decreasing slope 
The nonlinear functlon represente y a 

for segments x J2 ~nd x 1 J· . n that is to be maximil.ed, we ha ve no 
If f't:nction a 1s a profit fun~uo would include first the more 

problem in arriving at the soluuon be~ use 7; \ nnd. then in elude X ll if 
profitf!ble progr~m •. •.víth. the steeper s ope JI'• .. 

additional capac1ty JS. avall~ble. f . part x. should be included in 
However, if funcuon a JS a cost uncuon, .l 

{(Xj 

'FIGURE 7.16 
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the so!u1ion before x 1 , is included. ,This, howe,·('r ir not fc:.t~1hle in mal• Y 
re31 ca_ses. For example, x 11 may represen!. rc.~ular :ir::l'. and .\ 1; O\'crume. 
It 1s ciear that t•ne cannot opt:r;nc e:,,:L.h1'-ÓY üil O\'Cftl!i1C . 

Sirnilarly. it is meamng!e~s lo .talk abcut ma"X1rniz:..:íon of the convex 
function c. bccau!>e our solu1ion wili indicalc thc prefcrence of x 32 over x 31 
since the contribution of x~ 2 is larg.er than .x 31 . We can, howcver, rnH1imize 
the functio.1 e since x~ 1 is included first into the solution; and reality is in 
accord with the prograrn ourput. 

In the case of function b, we have a convex function up to point P, :mci 
then the function becomcs concave. In such a case neither maximizing nor 
minimizing the entire function makes any se11se. Instt:aJ wc focus on maxi­
mizing or minimizing segments. 

The three cases depictcd in Figure 7.16 llave been discussed he re to show 
why the requircmcnt of convexity (minimization) and concavity (maximiza­
tion) fit the reaiities of practica( prob!ems. Of special interest is Mi!ler'!; 
extcnsion of this approach to nonconvex functions (43}. 

Finally. another difficuity is that separabie piOgramming yiclds a linea:: 
program of rather larger proportions. 

7.4.5 SEPARABLE CONSTRAINTS 

We ha ve thus far presented mcthods that deal with separable convex objective 
functions, linear as well as nonlincar. Although the procedure is quit~ 

complicated, it ís possiblc to make any nonlincar objectivc function !mear by 
introducing add~tional nonlinear constraints. 17 This means that any noniinear 
problem can be transformed toa problem with linear objcctive function subject 
to nonlinear constraints. The implication is that if we can find an efficient 
method of solving the transformed function, we can solve ;¡ny r.oniinear 
problem. Unfortunatcly, this is not easy to do. Howcver, we do have a 
developmcnt in this area by Mi!ler [43j, known as separable progrommli;g 
(of the constraints). As in the case of the separable objectivc function, it i::; 
assumed l1ere that al! the nonlincar cor&straints can be separated into sums 
and/or differences of nonlinear functions of single variables. The m;;:thod 
guarantees only local optima. 

7.4.6 PRODUC1 TERMS 

A major reqlliremeni in separable programming i~ that the functions in volved 
be separable. In many real-life problems this condition is satisfied. But in 
some problems there is an in~crdependence among variables in such a way 
that product terms ~such as 3xx x 2 , 4x1 i 2 X:,, ::,nd -2x1 x/) are found 
in the. objective function and/úr .. in · the' ·cons~raivts.'· Ordinarily, separable 

- --· \ 1 
¡) 

1 7 For a proof see W nlfc {58}. 
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/l
?ogramming cann·•t .be ¡,pplied !O ~uch s:ru::won~. Howc·\~f, in so me. case!. 
t is po~sible 10 lían~iorm the product term tnlo a sep:u..;bte form an::l then 
pply Sl:parable programmm[. 

Of special mterc!>l is a qu<~dratic form. A quadraric form o:~ be easily 
'.piessed ás a sum or dtfTcrcn.::e of squareó. 

\. Example: A quadratic form x 1x 2 can be wriuen ~s 

By the simple transformation y 1 =x 1 +x2 , y 2 =X¡-X2, we get 

1 2 1 2 
X1X2=4)'1 -4Y2 

which is a separable function. 
Once the transformed function has been solved, it is easy to calculate 

the optimal value of the original variables. For example, assume that we get 

Then we have 
. h=-6 Y2=2 

x 1 +x2 =6 

X¡-X2 =2 

·This is a system of two iinear equations, which yields 

x1 =4 x2 =2 

Thus, any two-variable product term can be made to behave as separa.ble .. 
Another possible transformatio·n for x 1x2 is with the aid of loganthm1C 

transformation; that is, let 

then 
log y=log x 1 +log x2 

Hence the problem of maximizing x 1x2 is equivalent to 

maxy 

s/t 
logy=log x 1 +!og x1 

If we assume that both x 1 and x 2 are positive variables, then the problern 
is separabie. The last transformation shows that an expression can be made 
separable by introducing additional variables and additional constraints. 
With sorne ingenuity it is possible to pul into sepcrable forms many nonlinear 

expressions. 
' 1· 

7 5 !;OLV!~JG NO!\:li~~E;l.R-PGCGRAMMII\/G PROBLEMS 

7 4.7 Thc PROPU\TY OF ADJACEf\IT WflGHTS 

Sorne :;cparabk-pro¡:.-ammin.f! problems have a certain propcrry rcrmcd t 
"rroper:~ oí ;:d,,;,ccrt! v.etghts" Su,·h problcms must h.:nc ;..ll linc:1r co 
S~f;lJ!'!lS and :1 COncavc (lll lll:J)..ÍillÍZation) ohjcctJve funCtlOll h S\JL:h 3 CJS 

the:- si:~1plex method can be adapted. For dctails scc \lv.agncr {5-IJ and Zangw 
[bOJ. 

7.5 
OTHER METHODS FOR SOLVING NONUNEAR-
PROGRAMMING PROBLEMS -

7.5.1 INTRODUCTION 

The calcu!us optimízation approach (Appcndix B) and the Lagrangiar 
method (Appcndix 0), though of important thcorctical value. are ver; 
ineflicient as comrutational deviccs for most of the pro~rammtng problerns 
More cfficient compulalion;;l tcchniques. such as separable progr~mming. are 
lirnited to a smJil ~cgment of thc problems encountercd in nonlincar prc:, .. 
grumming. Thus ir is logical for researchcrs to divcrt their attcntion toward 
devcloping a gcncr:.Jl :.Jnd cfficient nonlincar program. A!!cmpts to ftnd a 
general. clllcient. nonlincar-progr:unming rncthod that is cqtJJvalcnt to the 
simplex method in llllcar programming have thus far bcen unsucces:,fui. 
HO>\cver, severa! intcrcsting methods have becn dcvcloped, cach with Hs 

own merits and limitations. 
r n the following scction we will survcy sorne of the more classical mcthods. 

Largc numbcrs of the spccial methods are being published in thc p;ofcssional 
literature (for examplc, in Opcmtions Rcsearch). For furthcr detaíls scc 
[2], [8], (18], [31]. [33], [35], (39], and [60]. 

7.5.2 THE GRADIENT METHODS18 

Gradient methods are procedures that guide us in obtaining a bctter approxi­
mation of the optimal solution. A search for the optimal solution starts from 
some initial fcastble solution such as point A in Figure 7.17 and procceds to 
new points B, C, and so on. 

The dircction of movement is such that we improve the value of the 
objective function (that is, we search "uphill" on a profit funcrion or "down­
hill" on a cost function). Wc search only ~hose points that are within tbe 
feasible area. The "target" of the scarch is the' stationary point (maximum. 
mínimum, or saddle point) .. 

· , ' 6 For a· detailed discussion :and examples.see Had)e.Y [22J, C.hapler 0 
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FIGURE 7.17 

Basic::dly, the method makcs Ul'e of the vector of partía! derivativcs of 
the objective fun·.::tion: 

/Jt= 1 . 

Lf' 
J "" 

The vector f:x is known a~ the gradicnt off 
From the vicwpoint of ir.iproving the t>bjective function in a mosl 

efficient manner, whcn we move from a given point A toa point B, we move 
in the direc!ion of !he vector fx· This is done by evaluating the partial deriva­
tives at point A and chcosing the direction of greatest advant:J.ge. 

Thc mcthod is similar to mounlain climbing. Assuming that we have only 
one peak (concave fimction), we may search for this peak by adopting a 
policy of staning from a point A and gcinr, to a point B, which appears to 
be the highest point in th~: neighborhood. At point B we again !ook for the 
next hirrhest ooint, say C. We continue to search till we arrive at the summil 
and fmd that no mor~ ÍP.Jj)iovemer,t in the objective function can r;e made. 

When we :ry io ~ol·•e a constrained problerr: by this method, we change 
t!v:: const;ained probierr, to a non~o:1st:aineJ ene, use ¡he Lagrangian 
frJrlCLion, 2nd the.-. try to search for a saddle poínt on the Lagrangian function. 

This me;hc.d p~cscnts severa! prac:ic;ti difficulties in connection with 
convergence, stopping ¡uJes, pararncter selec!ion, and computerization. Of 
tht severa! versior.s that exist, a prominent one ·is Ro5:on's grad!ent pro­
jection method [4"/, 48]. 

As is true for most nonlinear-prograrnming methods, the gradient method 

., 
¡ 
1 
1 

.7.!1 SOLVING NONLINEAR·PHCGFlAMI\IIIt.i'- ¡,e¡;,[ MS 343' 

\\ili \\Ork succcssfu!lyonly in th:! prcscn(;e ofdiminishing r:: .rn5. lnc llll'i'luo 

can also be uscd to solve lir.ear-programming problcm5. \\'hcn thc gradicnr 
rnethod i~ app:ied lo linear-programming prablems, \\C can arrive at ar. 
approximate :;,_¡~vtion faslcc than we c.,;:; ~F;.,,, r;¡ thc opumai solution b,1 
the simple;w. method. 

Thc grad;cnt rncthod can be. u sed in w¡i omtrai11cd as we!l as in con· 
srramed opumiz.uion probiems. The mcthod is more cfficient for those 
problcms that lwve linear consiraints. 

Gradicnt mcthoJs al so ha v~ bccr~ l:.tbclcd as mC'llwds nf fc·asible directiom 
About half of the mcthoJs liSil:d in Table 7.2 bclong lo thi:) f..1mily. Of 
special intcrrst is Zoutend1jk's algorithm [63}. Thls mcthod has bccn exten­
sivcly tcsted (sec Scct¡or~ 7.7). espccia!ly for cases of linear con~iraints. for 
additional discussion of these methods sec Hadiey [22j. 

7.5.3 CUTTING-PLA.NE rv1HHODS 

Culting-planc mcthods (scc, for cxamplz, Kellcy [30]) aucmpt to convert 
the givcn fl(lnlinear pro;.:;Jcm to onc of minimizing (or m~n.imi-.ing) a linear 
objcc:ivc function whílc approximating lhc boundary of thc fcasib!c arca 
by a convex polyhcdron. This i5 done by solving a scqucnce of linear­
programming problems whose solutions, in thc limit, approach thc solution 
of the original problcm. The mcthod rciies ninwst cxciusivcly ;,m tl.te fact 
that the tangcnt plane lo any point on the boundary of a convcx region lies 
entirely ou:side the rcgion. For this rcason it is not well sui!ed to nonconvex 
problems. Even for convex problems tlle computationai expcrience hüs not 
heen extcnsive. The cutting-plane rncthod is restricted to objective functions 
that are twice difTcrentiable. 

7.5.4 SEOUENTIAL UNCONSTRAINED MINiMIZATION 
TECHNIGUE (SUMT) 

A more rccent method, dcvelcpd by FiL:cco and McCormíck [IS], is known 
as SUMT. The basic idea of tl1is tcchniqw:: is to transform the origi;1al 
problem into a sec¡ucnce of unconstraincd optimization problems. Thi~ is 
d\!sirab!e becausc n nu.mbcr of :ncthoJs of nnconstraincd optirr.izaiion are 
available (for example, classic~l ca!cu!u:; and !he steepe:..t-·ascent method) 
and many nt>.wer ones are being dcvt;,·,;.c ' ";:: :. , .. ., __ :.-. <":G A tb:; r,¡:Jst pro mis-· 
ing uwls for :>ülvi:1g nonlincar-p:·og;ammÍI:i; ;;rookm:>. Rcsearch efl'orts are 
being cnrrentiy conqucted to i:nprove its efficicr.cy._ 

.. 7:5.5 éRANCH-AND.·ElOUND APPROACH 

For all-integcr and mixed-integcr convcx nonlinear problems, the bmnch­
and~t,ound approach (s~e Sectión' 6. 7) 'may be used. · 
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The !GCJ is IL~ snlve the prohlcm firq v.ithout p:.~ying attcnucn to thc Jntegcr 
requHement, thus finJin¡: the D~'l''1d (upp<:r fc.r r:~axin:!zatin!l. lown for 
:ninmnzation) on thc .,objccti\c function lf t!Jc SLliJéklJ1 ~~. ¡;,,;-¡¡f.~q;er (for 
·:xample, x 1 =5.i) instead oi mteger, the prohlem IS ¡,,,~,;.·.'~~· .. ' InlCl two 
problems· (a) thc ongmJI problcm with <~n adJ:tlOnal cons!rJin! x 1 S 5, and 
(b) the original problem with an adJI!ional con~traJI1t x 1 :2:6. \\e then solve 
the two n~?w subproblems. lf one of them satJsfies the mtegcr requm;ments 
and its objcctlve function value is heuer than the other one. we have the 
C>ptimal soiuuon; othcn' 1se we continue ro branch cac:h subproblem further, 
until \\e arrive atan intcgcr soluuon. Each timewe ha veto use sorne mcrhod to 
proceed from the noninteger solution to an integer solution. The difficulty is 
that we add more and more constraints as the branching goes on. The process 
is similar to the one presented in Secrion 6.7. 

7.5.6 GEOMETRIC PROGRAMMING 

The geometric approach is ba~ed on the mathematical theory of inequaiJties 
and on the use of an associated dual problem, For a nonlmcar problem with a 
special structure the solution rnay be obtained simply by solving a set of 
linear cquations. Overa!l, the techmque uses mathematics above the leve! of 
this text. 

The interested reader is rcferred to the work of Duffin et al. [17]. 

l.5.7 OTHER METHODS 

Many other me!hods have bcen developed both for convex and nonconvex 
programming. Most of thcm are limited w special applications, which are 
usually rather complicated. The interested rcadcr is referred to such pro­
fessional journals as Opcrations Rescarch, lvfanagement S cien ce, Econometrica, 
SJAM Joumal, Bulletin of the American Mathemalical Society, and Naval 
Research Logistics Quarter/y, in which a large number of articles appear on 
the subject. Sorne of the methods of spccial interest are: 

J. Charnes and Lemke's [9) extended tcdmiqur. This is an extension of the 
technique of separable functions (Scction 7.4) to the nonconvex case. 
Howcvcr, the extended method docs not insure global extrema. 

2. Usr o/ inrcger programming. This spccial approach is chscussed in Chapter 6. 
The bas1c idea is that many nonlinear, and evcn many nonconvcx problerns 
can be approximated by, or reduccd to, an mtcger linear-programming 
form (see Gomory [20)) • 

. . Use o/ dynamic. programming. Dynamic programming can be applied to 
convcx as well as to nonconvex nonlinear-prograrnming problcms, with 
varying degrees of success. In sorne instanccs the comput~tion is very 
!engthy. It has becn applied quite successfully to transportallon problems 
with two origins having nonlincar costs. AltcrnatJve mcthods for such 
problems are not, .in general, efficient. See Hadley [22] and Nernhauser [~]. 

4. Heuristic search. There :is an increasing trend towards the use of [lcunst;c. 
~carch methorls for sÓiving complcx', espccially nonconvex, nonlincar pw-
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gram~ Ut.II7J'l!!- ~l!ch;,. <;c<Jrch ~~ s¡·nilar !G th;: cnumcration a;'í'~Pa<.:h How­
e,·er, v.:,t''':.:'. 111 t!le e:-:t:~cr;,iton ar:-·roach w:: check all rc•,,;hk ,,.jt:r10ns. 
1r; :1\e hcur:•tt;: app:<.>J<h we cJ:cd,· oniy a finlle. rda!IVt:!} ~¡:¡,,l:, r.ur:lbcr of 
>t;:u; .. •n:. '[) .. ~ proccJure, of coursc, docs not guarantec, opl ;;naiHy. See 
W;:.gncr [54]. 

7.5.8 STOCHASTIC PROGRAMMING 

Stochastic prograrnmmg deals with situations in which sorne or all the 
parameters of t.he problem are described by random variables. 

A nonlinear stochastic-programrning problem can be stared as 

S/t 
rnin F(x)+G(y) (7.23) 

i= 1, 2, ... , m 

where b=b1 • ••• , bm is a stochastic m-dimensional variable and x. y are 
produc:ion and purchase vectors at two stages, with corresponding cost 
vectors F(x) and G(y). 

An exarnple of an actual situation is that of a two-stagc manufacruring­
inventory problern. The random vector b represcnts a dcmand for m manu­
factured products that can only be specificd in advance by its probabilny 
distrihution. The vector x determines the arnount of each product that will be 
rnade during sorne pcriod bcfore tite actual dcmand is known. This first 
stage prod uction of prod ucts is givcn by the vector x at a cost of F(x). 
Once thc actual demand b is known, we are forced to choose the optimum 
value of y that will compensate, at mínimum cost, for shortages. This is the 
second stagc, and results in a production or outs1de purchase vector y at 
a cost G(y). The problcm is to select the first-stage production vector so as t·:· 

• rninirnizc the expccted value of the rotal cost F(x) + G(y). 
A linear two-sragc problcm has bcen discusscd by Dantzig and Madansky 

112] and Madansky [38]. Mangasarian and Rosen [40] have taken the rcsults 
of Madansky (who obtained upper and lower bounds on the optimum solution 
to this two-stage problem for the completely lmear case) and extended these 
resu!ts, under appropriate convexity, concavity, and continuity conditions, to 
the two-stage non linear case. Bui Trong Lien, in Abad1e [1 ], attempted to 
point out certain possibiJities of generalizing the inequalities found in the 
references cited above. 

7.6 
SOME APPUCATiONS OF OUADRATIC 
PROGRAMMING 

7.6.1 GENERAL 

Until· recently there· was· very ·Jittle evidence'·for ·practica! applications of 
nonlincar• programmirig; 'Most · known · applitations· were j '1e area of 
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quadra11c pro_f!ramming. However, with impro\cd c.oz~.rut¿¡uonal cJlicicnc .• · 
thc1e is increaJing eL'iJence for the use of nonhncar pr0s~amr.:ing in many 
areas of marketing, production, finance. and servJcc:s. (See \\"¡!!iams (57].) 

In this secuon we present sorne examplcs of quadrauc programming that 
can be considered, for the most part, as classJcal. 

7.6.2 OPTIMUM ALLOCATION OF RESOURCES 

Allocation of resources under perfect competition is n classical linear-pro­
gram:"!li!"lg problem. In lmear programming, the optimal solu!ion is such 
that the total net revenue equais the toral margi¡-¡al net rtvenue. lf prices are 
not constan! but instead are a function of volume, t!le problem has a non­
lieear, usualiy quadratic, objective function. 

7.6.3 POilTFOLIO SELtCTION 

A we!l-known quadratic programming model, dealing with the problem of 
seiecting an investrnent portfolio that will yielcl a given expected total return 
with minimum variance, was devcloped by Markov:itz [41]. The problem, 
ofteu referred 10 a:; the portfo!io sek;:;tion model, as~umes that the investor 
wishe5 to ma:\imize his anticipated returns, and considers variance of return 
as rmdesir~.ble. Minimizing vanance of course minimizes the risk involved. 
The abovc objcctives are reasonL!h!e because thc portfolio with maximum 
expetted return is not nece!_:sarily the one with mínimum variance. Thcre is 
a rate at which the invcstor can gain expected return by accepting greater 
variance or reduce variance by rrading off expccted return. 

Assuming that thc only constraint to be satisfier' is that of investing al1 
available funds, then the forcgoing problem bccomes an optimization 
pmblem .and the solution can be obtained by using quadratic-prograrnming 
techniques. The problem ís as follows: 

An invcstor has a fixed amount of d.ol!ars to invest in n available poten tia! 
acüvities. Howcver, these n activities yield varying returns (dividends, in­
tere'it), and also thc ratcs of appreciatio11 fluctuate different!y for the n 
activities. The variance {when the ac!u.1l rate is different than the expected 
raie) can be cunsinered as the risi~ invoived for each individual activity. 
A :¡uadratic pn .. gn<nuni••8 problem :s generat('d if this vari:lnce, in equation 
fonn, is incorpor:-.t~d in the objeccivr. function. 

The )Jroblcm in thls case Clln be sclvf"d wi!h the Kuhn· Tt:c.ker conditions, 
usi~:g L<;range mnllipliers, 

7.o.4 1NCOME VARIATION .L.ND SELEt::TION OF ENT!:RPRiSES [50j 

A con~idcrable amount of time, m_or.ey, nnd effort has been devoted toward 
developing mcthods h aidíng farrricrs to maximize their ci\pected or average 
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profits. However. the variance of expected · farm incorr.e (see f¡gu¡ e /.: 8) 
ha~ bccn $eriously neglected. although it is recognized. as being an impvrtanr 
componen! i_n a farmer's dcci~ion-rnai,ing 'process. The method mcJ In th:s 
probl..:m is similar \ü that u:ed in ti~(;' ponf;.·i~·::J sd: ,;..._;_ '·:l'i:;.cussed previ,)usly, 
exccpt that in this case the objective IS lC! rninimíz.e lOtal income vammce 
when decisions are made concen:ing farm planning. In this case, total income 
variance Vis given as follows: 

n r. 

V= ~ r XfX}'71) 
i= l }=1 

where ail =covariance between ith and jth enterprise 
u/ = va!"Ümc:= of ith enterprise 
a/ =va.riance ofjth enterprise 

2 2 f . . o1¡=v; =cr1 , or l·-=J. 

·1 t 
1 

~ 1 \ 

("7.24) 

í 

J 

~---------------------~ 
Ex¡>e~led cos! (E) Expccled profil (fl 

F70URE 7.Hl 

The mini111U•'1 variance is a conv<"x function oftk ~xrected cost or pwfiL 
Let us now see how income variance can affect a farmer in ch0osing tüs 
enterprise rnix. Referring to Figure 7.19, assumc that the shaded are:;. 
indicates a se: of all enterpfises that yicld cie,irable- expccted incom::s and 
their corresponding variances. Each point repre3~nts the expected income 
and variance frorn a specific entcrpri!>c mir 

Point B rep:escr.:~ tb mix ciiving the :naxiJ~t;rn expc;::!ed incomt:, but 
likewise, the largest variance. Of course it is possible that rnaximum variance 
may occur with a mix that does not yie!d the maximllm in..:ome. but we v.ill 
not comider such a situation hcro;:. Points on the curve OAB yie!é thc "effi­
cien! cntcrprise mixes," since for any speciiic íncc-111e le"Cl the mix with l.hf. 

minimurn variancc wili be found on this ct1rve. For e:\amph:, point A has ~ 
lower varil.nce than point e, yet ha!; an equiva)ent expecfed income. 
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v. 
(:ncomc 4 

vanance) 

M.i\lllHIIIl 

/J 

Mmimun. 
variance 

E1 (e~pected mcome) 

FIGURE 7.19 

Now if the farmcr has a good equity position, he may choose a mi>. 
representcd by point B (the most risky, but yie!ding the highcst cxpccted 
return), whereas the conservative farmer or one with a low cquity position 
might choose a mix on curve OAB closer to the origin. Using a linear-pro­
grarnming analysis, maximizwg returns would indicate the optimal mix at 
point B. 

· What we have arrived at is a total variance function in a quadratic form 
that can be minimizcd, subject to linear constraints, including a resource 
restriction (land) and an income restriction. Let us illustratc. 

Assume that there are two enterprises availabre: x 1 and x 2 • Each is being 
considered for a farm. The average net income per acre for x 1 and x 2 are 
g 1 and g 2 , respectively. Let us also assume that we know the variances 111

2 

and u/ and the covariance 1112 of the net incomes g1 and-g2 • The problem 
then becomes 

s/t 
g1x 1 +g2 x 2 ;;::;b 1 

x 1+ x2 sb2 

(income) 
(land) 

where b 1 =" de&.red income leve! and b2 = amount of land available. 
Through the use of quadratic programming the quantities of x 1 

that will minimize the income variance can be found. 

7.6.5 SURPLUS MILK IN THE NETHERLANDS 

(7.25) 

and x 2 

A surplus of mil k poses a problem ín sorne" COUiltries .. Theor'etically, the 
farmer should be willing to inqease his milk production t0 that point at 
which his marginal cost equals·hls marginal revenue. However, 'there a~e two 
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11Jjor rrücticai d¡fficulli'.';; !Íl:J.t contradiC'l !he theordic<Jl viewp..>iíil f¡r~t. the 
t •• arglll~ll .;ost thut the fa: rncr ";!1 calct;j:nc for the short. ru11 is pr0bah!y 
iCJCorrect bec.lu~e he :J~ua!Jy exdudrs im 0\\n labor from thc co~!s St><..ond, 
evcn ifthe farmcr C<dcuL,r~:s r11~ cü~rs wrrcdl~. hl' cannct su~v:ve in thc long 
run bccau~c of :>uch faclNS ac; ~.kpcnJahilll~ of supp!y to cu~tPnh:rs. and so 
on In any evcnr. thc Clrcumstam.:c~ are,!-uch that in sorne countries thc mil k 
indu~try JS subs1d:zcd and re~uiated by thr governrnen:. 

Th1s, for example, 1s 1he ca~e in the Nctherlands. The farrncrs deliver al! 
their milk to a government agency at a guarantced price. The agency resclls 
the milk and milk products, such as buuer and cheese. Since the agency 
sets the pricc for both the producer and the consumer. it acts as a monopolist. 
Our problem in wch a case is to determine how a given amount of milk 
(production in any year is predictable) should be allocated lo milk, butter, 
and cheese, and what price should be charged for thesc." products in order to 

minimize the subsidy the governrnent must pay to the farmcrs. The problem 
has been formulated and solved as a quadratic program. For details, including 
sensitivity analysis, see Boot [7]. 

7.6.6 ELECTRICAL NETWORKS 

An eleg;mt analogy betwecn the theory of electrical networks and the notion 
ofduality in nonlinear programming is prcsen.red by Dennis [13). Primal-dual 
presenwtion of linear and quadratic programming is discussed, in electrical­
network term<;. 

7.6.7 STRUCTURAL MECHANICS 

Quadratic programming can be used in structural mechanics. Dorn [16] has 
presented the case of elastic-plastic analysis of trusses as a primal-dual 
quadratic programming problem. 

7.6.8 PRODUCTION SCHEDULING 

Holt, Modigliani, and Muth developed a model that minimizes the cost of 
producing a product over a number of time periods. Details are given in 
[26], [27], and [51]. 

:7.7 
COMPUTATIONAliEXPERIENCE 

7.7.1 .GEN~RAL 

·Numcwu:, algurirtlrns have been· programmed for· compufer t••A It is very 
'difficult''to measuré and·coinparei·the .. effectivenes& of.these al._ .hms. The 
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mo51 d~.:tailcd stuu;, IJnolvrng 34 dJITcrent computer ce>d~~. has bcen rnade b:: 
Coville (m Kuhn [32]¡. For other general suneys and codes, sec Aronoísk~ 
[3) and Kunn eral. [34]. 

Thc ma.1or conclusion of C.wille's compar<.t!J\e stuJy i~ tha¡ thee!~lc-i::ncy 
and pcrform:tnce of a nonlinear-progrJ.mmmg code can be grea:iy atrected 
by the method of implementing it on a computer. Anothcr import:.wt con­
clusion is that many of the methods were quite efficient with regard to one o: 
more srecific problems and less efficient as to other problems. 

7.7.2 CODES 

Of the ma;,y available codes we chose to list in Table 7.2 the major codcs 
studied by Covil~e. Many of the codes are available through SHARE. 
ínformation about the codes can be obtained from the "panicipants" listed 
In Table 7.2. 

Tnbli! 7.2 Nanlincar programmlng codcs• 
-------------------

WEIGHTED 

AVERAGE 

PARTICIPANT ft.fFlLIA TI ON DEklVATIVES SCORÉ' 

l. SE4.RGf METHODS 
OP:rtM Boas Mobil non e 0.37 
Scqucntial s~arch Coopcr Washington Univ. none -0.67 
COMPLEX Davies lCI LtJ. non e -2.84 
Rose:nbrock Davies ICI Ltd. non e -1.74 
Klin!;man & Himmelbla-u Grace PandG analytíc 1.08 
r· .. 1ulr. :;radient summation 

techniquc Himmelblau Univ. ofTexas analytic -4.54 
CANDiDE Himmelblau Univ. ofTexas non e -5.00 
Simplex search Miller Sht:il Dcv. non e 0.38 
PRO BE Suilivan IBM non e 0.56 

2. SIVIALL-STEP GRADIENT METHODS 

POP/360 Coh·ille IBM numeric 0.94 
R ichochet gradicnt Grcenst~dl JBM NYSC analyti~ 0.70 
POP 11!7094 Grigsl.:>y Phillips numeric -0.73 
Carüidc opt!mizat!on 

par:;:age Hutt0n Union Caroidc num·~ric 
Cenera láeJ gr;.dient 

;;e¿¡n .. P Kej)harl Union C.rbide nurneric -0.32 
Mcthod c:,f approx. 

p;-o¡;ram.rr;ing Milier Shell Dev. numeric -1.13 
Defk·;.·ted !'.SC(:fll Milkr She!l Dev. numcric 

¡,. 

3. LARGS-STEP GRADIPIT METHODS 

Generalized reducerl 
gradient Abadie: EdF 3JJa!ytic .. !.05 

GRGH Abadie' EdF .. analytic ... 2.64 
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T1:!JJ.;- 7.2 l'onlincar programming codcs (conrinued) 
----
Hethod of iásible 

di:C('IIOJ1S Anthc.,ny 
D, <lo:""! \-\'it~1 CRST Davic~ 
e,., . ex rro¡;rammi!'lg Gauq1ier 
Cor._,uptc gradicm Goldfa;·b 
Reliuccti gradient Huard 
Gratlicnl p1 OJCCtiOii 

corrigé Ka!fon 
Gradicnt projection Miller 
Vanable metric 

proJrction Murl;,gh 
Rcviscd redUI.:ed gradient Rib1cre 
Mod.ílcd feasible 

directions Tzschach 

4. SECOND·DERIVA"f!VE METHODS 

Courant 
Gauss-Newton-C.arroll 
SUMT 
SOLVER 

5. MISCELLI\NEOUS ITEMS 

Separabic programming 
Meihod of centers 

Ba!!o! 
Bard 
McCorrniá 
Wilson 

HaíVey 
Huard 

;¡;.~": ::.~::;,;.,:.;~. :.~: ~,·,aJytiC 

iO Ltd. analyuc 
IBM. france analytic 
Cour.:1nt lnsti:ute analyttc 
EdF 

EdF 
Sheil Dev. 

Imperial Colle~e 
IBM, Francc 

IB M, Germany 

CCSA 
IBM-CSC 
RAC 
Sthnford Univ. 

Std. Oi! of 0!1. 
EdF 

analyt1c 

anal y tic 
analytic 

analytic 
analy!ic 

analytic 

analytic 
analytic 
analytic 
analytic 

non e 
analytic 

0.28 
0.70 

-0.31 
-0.11 
-1.21 

1.56 
0.53 

0.86 
1.49 

0.95 

J. O;¿ 
0.6i 
0.'35 
0.87 

-2.46 
-0.3ó 

-·------·---
e Source: Kuhn [32). pp. 497 and 498. 
"The positive numbcrs indica te more: efficient codcs. 

7.8 
CONCCUDING REMARKS 

It should be noted that there is similarity in ali the modeis discussed in 
Chapters 3 and 7. Ir. linear, as wcll as nonlinear, models we havc been 
essentially dealing with only single-stage problems. 

The readcr mus! by now rcalize t!'le powcr of thcsc singlc-stage models to 
solve seven•l practica! problems. However, the 'iUCstion of muhistage pro­
cesses rerr:ains unresolvcd. Dynamic programming, the :;ubject o[ our ne;.,.t 
chapter, ceals w;th mu!tistage dccision prc.blems. rt also can be uscd to solve 
noni¡near-programming p:roblems. 
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PROBLEMS 

7.1 What are the majar hazards in approximating nonlir:car programming 
by linear programming? 

7.2 Thc In!ernativnal Chemicai Corporation uses two raw materials A a:-~J 
B in rnakir.g one ofits lcading products. In each batch it is required that 
at least 4 tons of raw materials be inc!ud~c! ~nd not less than 2.75 tons 
of raw material B. 

The cost assodated with the matcrials varies with thc quantity in 
thc foPowing way: 'For.materia! A the cost per. ton is x 1 -.1 (where X¡ 

is thc numbcr of tons bought); for material .3 the cost per ton is 
:;2 -4 (where x 2 is the uumber of tons bought). 

The company's objectiye is to minimize the cost of the raw materiais 
in each batch. 

l 

' 1 

1 

l 

PROBLI:MS 

(u) Forrnulate as a mathematical programming proo1.:i .. 
(b) · Solve (optional). · 
(e} Comm~nt on 1.hc results (oplio:J_,;;.. 

7.3 The ABC Company manufactures two products A and B. There are 
four departmcnts whose capacities, pcr month, are gtven ín the table 
below. 

UPPER CAPACITY IF UPPlR CAPACITY IF 
fllPARTMEI'o:T ONLY A IS PRODUCED ONLY BIS PRODUCED 

í 250 400 
JI 250 

Il! 360 
IV 200 iOO 

The produ::ts can be made by any department as long a~ capa·;ity is 
available (at 1 he same cost). Deparlmcnts l and IV can produce either 
product, or both (in a linear propor!ion). Product A can be so!d at 
quantities up to 600, yieldingp 1 =$5000 per unit sold. Producl B, how­
ever, is facing rough compctition and in order lo sell largcr quantitie~. 
considerable advertising is required. The net yield for unit of prod1.1ct B 
is given by 

P2 ~ 10,000 -20x2 

where x 2 is the number of units of product B to be prodl!ced. 
Find the product-mix and the production schedule that will 

maximizc protit. 
(a) Formulate as a ma:hematical programming problem in !wo 

diffcrenl ways. 
(b) Solve by the graphical method. (Show the feasible arca and the 

objective function.) 
Note: Whcu solv:ng this problem do not use common sen~c anci 

shoncuts that could b~ employed in tnis specific ca:;e. 

7.4 The Lehigh Computing Corporation is making two types of srnall 
spc:::ialized computers, A and B. The company cannot produce more 
rhan two compurcrs a week. Of their '.hr. ~, ·, :·,.;.,¡.: ~c:Hns, two are 
rcquired for thc ¡;;·oduction of typt: A and one for the production of 
type B every week. 

The company profit (in thousands of dollars) for each unit of type A 
sold is 6-- 3x 1 (where x 1 is the amount so!d 0f typc A) and for each 
unit of type B so!d is 2-x2 (where x, is the number sold of type B). 

· Fint1 the mosr. proft~}tbk produ::tit'>n pia'n for the company. 
(a) Formu!<~.te as· a pro'gram'mirig ptoblen\.'· 
(b) Solve (optional). 
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7.5 Show that in a quadratic form, 

IIc,¡x,xJ = X 7 e X 

the matrix e will always be symmetric. 

·;.6 Write thc following quadratic forms as a sum (dilference) of squares 
of indepcndcnt homogeneous linear expressions. 

(a) 3x 1
2 -3x/-8x- 1x2 (e) 2x 1

2 +5x/-x1.:.\ 2 

(b) 2x 1
2 +2x/ (d) x 1

2 +2x 1x 2 -x 1x3 +xl2 

7.7 Show that the product term 4x 1x 2x 3 is separable. 

7.8 Given the following functions: 

6x1
2 +3x/ +x/ -x1x2 +2x1x3 - 3x.zXJ 

2x1
2 +x/ +6x1x 2 

(a) Write thc functions in a matrix form. 
(b) Check the convexity (concavity). 
(e) Find and identify stationary points. 

7.9 Given: 

sft 
x 1 +x2 =>:2 

2x 1 +x2 =>:3 

(a) Presentas a separable program. Separate x 1 at 0.5, 0.8, l, and 1.2. 
Separare x 2 at 0.5, 1, 1.3, 1.5, and 1.7. 

(b) Solve. Find a second oprima! approximate solution and comment 
on the results. 

7.10 Solve Prob!em 7.9 by Frank and Wolfe's mcthod. 

7. t 1 Given: 

sft 
x 1 + x2 ;:::5 
x 1 +2x2 ::;;8 

and when x 2 ~ 2 the contribution of x 2 is 3. 
So!ve this problem by separable programming. 

7.12 Given: 

s/t 
x 1 +2x2 S 4000 

4x 1 + 3x2 S 12,000 

PROBLEMS 3!>7 

~~ohe h) SCfl:Jnhle programn;;ng and shO\\ graphically thc sep;:,:ated 
func!iO:l~ Sc¡~.n~,r~ X: atO. 100.0 .. 1500, 2000, and 3000. Scpa~ate x~ 
at 0.- Sf.10. ?0Cl_ WOO, cr:J ~ü\.10 

7.13 Si1ive Probie::1 7.4 by scp:uable. programnung. 

7.14 Provc that a positive definite function is always strictly convex. 

7.15 Test for convcxity "(using determinants): 

x1
2 x/ 

(a) 3.5x2 - 3.\ 1 --------
1000 400 

(b) 5x1
2 +20x1 -3x/-24x2 

7.16 Show that a quadratic programming problem ts separable if, and only 
if, the matrix C1 is a diagonal matrix 

7.17 Explain why all lincar-programming problems are essentially scpa, .. bk· 
programming problcms. 

7.18 Is the quad;:nic function with the general X;Xjxk term separabl~'/ 

7.19 Show that the funclion e"''+"l is separable. 

7.20 Gcneralize the quadratic assignment problem and suggcst a possible 
general method-of solution. 
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,!. orj e: tu 1 

Tcr¡,;:to 2 

Tc-rjr.:~o 3 

.TARJETAS PARA USAR EL PROGRAMA GRANM 

Columna 1 
1 
' 
// JfÍJB T 

// XEQ GRANM 1 

*L('/)CALI NIT, PIV~T, T AbNU, RM0VE, CLEAN, TAUPR 

T orf etas de datos CV er póg ino 3) 

'-
T('lr;da /* 

f!-nol 

NOTAS: 

- Este programa estó_ listo para usar:oe en la computadora 1 BM 1130 de CECAF l. 

- La tarjeta l es lo tarjeta anaranjada ·obtenido del CECAFI. 

- El número l que aparece en fa 2a. _tarjeta se perfora en la columna 17, 

- El programa en lo IBM, tiene una capacidad de 1 O rest_ricciones y 15 vor!'Jblc;:. ii~Cl~-
yendo de holgura y artificiales.. · · 

- Este progro~o también se encuc:ntra disponible en"la Burroughs del CIMAS S,. bajo el 
nombre de 11/SIMPLEX. Las in-strucciones pera correrlo ei1 d CIMA SS aporect:n en 
lo :r.igu!ente hoja. Este admite lJno capacidad mayor sobre el número tle ¡.;:slri cci."J"1:~s 

y variables cerno se inciico en lusegundo hoja. 

- Este programo utilizr:~ el método de lo gr~n M. 



T!Jrit')la 1 

Tarjeta 2 

i'or/efo 3 

T rirj~ra 
finaL 

"Ló..RJETAS PARA USAR EL PROGRAMA 11/SlMPLEX 

Columna 1 

11 USER clave 1 -
N RU N (JR82) 11/SIMPLE X 

11 DATA FILE 5 

Tarietos de doro~ C:Ver página 3) 

#E NO 

-Este programo esta listo para usarse en la computadora B 6700 de CIMAS/CSC. 

~ lo tarjeta 1 es la tarjeta rojo obtenida del CIMAS$. 

~F.! :.i'r11bolo u# .. significa un carócter inv61ido. Este se obtiene presionando las te­
clas MULTIPUNCH Y NU/v~ERI~ simultóneamen!·e y perforando los números 1, 2, 3; 
4. . . 

- fste programa t'iene una capacidad de 30 restricciones y 40 variables incluyendo de 
holourc y artificiales~ . 



TARJETAS DE DATOS PARA EL F-ROGRAMA GRANM O 11/SIMPLEX 

LCJ !.Í3uiemc información deberé porpordorlarsa en lo que se indica como torj;;;t.:1s Jól 
datos f:n lo~ ho¡os anteriores. 

TI,P.Jf.T.~ .DE. 1 DE NTIFICACI ON DEL PROSU:MA. 

Er. este tarjeta puede usar desde la columna·¡ a lo 70 para· poder dar cuaic¡uJer identi­
iicoc.ión q.;.,_, desee dar o !>U problema. 

lA:..tET.li. DE DIMF.NSION Y ETIQUETACiON DEL PROBLEMA Y CONTROL PARA CO­
f'.I~ER .t..MS Oc Llt·J :>~OBLEMA. 

El ~suaril,) tfeue dc:r cuatro números enteros con formato (41 1 O) en la siguient·e formo : 

Colum~os 1-10: Número de renglones del problema. 

' Cofvmnas ll-20: Número de columnas del problf:tna. 

Coiumna 30 

Columna 40 

N01AS: 

Escribo el número 1 si desea poner etiquetas o los renglones y n los 
columnas. 
Escribo el número O en caso contrario. 

Escribo un 1 si desea correr un problema odi cion.:.~l • 

:?~cribo un O en coso contrario. 

El' n¡jmero de renglon~s no incluye la funci6n objetivo. 

Si· escdbe un 1 en la columna 30, el usuario, después de la tarjeta deberó dar el,.grupo 
c.ir: !~!.!!tos poro etiquetas de rP.n~ fo_~e~ y el grupo de tarjetas pt?rO etJguc_!OS de columnaS. 
Si t>:• lu8or de un 1 escribe cero deberá omitir aste grupo de tarjetas y posar o bs torjc­
t(JS de coefici~ntes de los variables ort~ficiales en lo función objetivo. 

5¡ cscribu un 1 en lo tarjeta 40 ve-:; los noto$ generales. 

TARJETAS PARA ET! QUETAS DE RENGLONF.~. 

los· (;ti~ut!tC'!s paro ;...;e;,tificar ,, lo!! renglones de las rP.stricciones,. P'.Jed~n t~r.e:- corno n:?_ 
ximo 6 caracteres de cualquier ~ipo. 

En una to~jeta puede e'icribir ha~ta 7 etiquetm. Estos etiqu~tos deben ir e::: 1\)~ columncs 
1-6, 11-16, 2i-26, 31-36,41-46, 51-56,61-66. 



T/\iUi 1 ;\S ii.RA ETIQUETAS l.Jt COLUMN/"S (VARI.A.BLES) 

Lo~ !.H jc::ta~ ¡:.uío identificar o los columnas o sea a las variables involucrada:. en el 
problen~o (incluyendo de holgura y artificiales) deberón escribirse de acuerdo a los 
reglas anterirjres paro etiquetar renglones. 

TAI\JETAS DE COEFICIENTES DE LAS VARIABLES ARTIFICIALES EN LA FUNCION 
OBJETIVO. 

A codo vorioble artificial asrgnele un 1 y o las variables no artificiales osignele un 
0,. htos r'll:ÍHlr:ros escribalos en las columnas 10, 20, 30, 40, 50,.60, 70, de acuer:.. 
do al orden en que etiquetó o sus variables (columnas) 
IMPORTAt·HE. Esto tarjeta es requeridcJ aún si el" problema no tiene variables ar-
tificiales. 

TARJETAS DE COEFICIENTES DE LAS VARIABLES NO ARTIFICIALES EN LA FUI'JCION 
OBJETIVO. 

Esdiba los.c~eficientes de la función objetivo con el formato (7 F 10.0). Estos coefi­
cie,ntcs.. rlt:::be escribirlos de acuerdo al orden en que etiquetó sus vcriables (columnas). 
Los coeíicientes de los variables de holgura y artificiales deberá ser cero, 

IMPOf.:T ANTt :Los coeficientes de la función objetivo deben corresponder al proble.ma 
dd rnlnirnizor. Por lo tanto, si su problema es de maximizar multiplique por -1 y cansí­
de! e los coeficientes que resultan como los datos de entrado en este programa. 

TARJETAS DE LOS COEFICIENTES DE LA MATRIZ DE RESTRICCIONES. 

· Cada 'renglón de restricciones va· en una o varias tarjetas, escribiendo los elementos su ... 
cc~s¡vornente en una tarjeta con un forrnato (7 F 1.0.0). Cada vez que proporcione un nu~ 
vo renglón debe empezarlo en otra tarjeta. 

TARJElAS DE LOS LADOS DERECHOS· DE LAS RESTRICCIONES. 

Los coeficientes del lodo derecho de restricciones se proporcionan sucesivamente en unu 
torjéta o en coso de ser insuficiente use otro tarjeta. El formato es (7 F.l OoO) 

TARJETAS PARA 1 NDICAR EL CONJUNT-O 1 NICIAL DE VARIABLES BASICAS. 

En una tmjt;to programe sucesivamente los números de. los columnas que van a ser uscdas 
corno colurnnos (variables) bósicas iniciales. Use formato (71 10). 

• 

-· 
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NOTAS GENERALES: 

1. (1 orden de las tarjetas debe ser como el· indicado. 

2. Si en la TARJETA DE DIMENSION Y ETIQUETAClON e~crib!ó un 1 en la GOium·· 
na 40 entonces su nuevo problema debe ir después de la TARJETA PARA INDICAR 
t:L CONJUNTO INICIAL DE VARIABLES ARTIFICIALES. ~s importanta que en E!l 

·nuevo problema empiece con lo TARJETA DE IDENTIFICACION D.EL PR<DBLEMA. 



EJlfv'',flll) l, Cvnsidere t:l píobl~.:rna llllt:Jai 

S .o o 

2x2 - x3 - x4 + x5 > O 
-2x1 +?.x3- x4 + xs > O 

)q- 2 x2 - x4 + xs > O 

X]+ X2 + XJ :;:: 

x. > O ,-
Debet-,·:rnm multiplicar la función objetivo por- 1 paro que el problema sea de minimiza­
ción y tarnbión Ltgregar variable~ de holgura a las primeras tres restricciores para que -­
!!.eguen a ser igualdades. Con t$IC1S observaciones el programe lineal estará en forma esto~ 
dard, lo cual e~ una condición p(.Jra aplicar el programo GRAN M. Si definirnos z'=-z, -
nué:~!m pl'oblema en formo estondard es 

• D • 
m 1 n z = - x4 ·!- - x 5 

2xl - 2x3 + x4 - x5 

·-x 1 +2~ + x4 - x5 

X) + ~ + XJ 

X• > 0 o ¡- 1 

> 
s· - O¡ 
1 

i=l, 2, ••• , 5 

j=l,2,3 

=O 

=O 

=o 
= 1 

Obsérve~e que OL·11que el programa lineal ya estó en forma estondard, todavia no est6 listo 
paro crnpczc¡r t:l nlLJOritmo de la Gran M porque en la última restricción no existe una varia..: 
b!e que opu1c:.:co en esta restricción pero no se encuenfre en las otros restricciones. (le., no 
so tlent.:: uno so.lución bósica factible inmediata). Por lo tanlo, deberemos agrt:;gar una varia 
ble artiricial que.: llamaremos t1, o lo cuarta restricción poro asi completar nuesrrc solución­
bósica fnctible ~n la cual se inicia el alr¡oritmo. Sin embargo, al introducir esta vadoble"" 
artificial en la restricción deberemos agr¿.gorla en la función objetivo multiplicada por una~ 
cc;wlicJod positiva M muy grande. Asl nutstro problerno resulta ser: 

') 

""xl 

-xl 

xl 

min z' = ~ x4 + x5 + Mtl 

-2~ + x3 + x4 - ><s + sl =O 

-2x3 + ::<4 - x5 +s:? =O 

+ 2x2 + >C4 - xs +s3 =O 

+ ~ + ~ 

X• 
1 

S• 
1 

tl 

> -·O; 
~ O• , 
~o 

+ tl = 1 

j <-= 1, 2, oeo¡ 5 

j=1,2,~J 



, .. 

Es co~vcniente taprese11tar el programo lineal en u~ tablero (o tableau), paro poder enten­
der rn6s f6cilmente la información que deberemos proporcionar al.progromo de Ó.:)mputodora 
GRAf'J M ó 11/SIMPLEX. Esta representación aparece abajo 

Fu,,cion Ob¡. (F.O.) o o o ' -1 

R~ngfl·n 1 (R ."1) o -2 1 1 
.. ~ 

R , .• 2 ens.on- .(R. 2) 2 o -2 1 

-1 2 o 1 Renolón 3 (R. 3) ... . 
Re ~'9' 6n 4 .(R. 4) 1 1 . 1 o 

l 

-1 

-1 

-1 

o . 

o o o M 

1 o o o . ! 
o 1 o o 
o o 1 o 
o o o 1 

* * _! ~ 
Var .Holgu- Var. 

ra Art. 
....... _.....,., 1 , 

Solución inicial 
b6sico factible 

z' 

o 
o 
o 
1 

' . 
E,tc ta~lero contiene toda la información necesaria y lo notación apropiada para c()rrer el 
programa GRAN M ó el 11/SIMPLEX, A continuación se presenta su codificoc:i6n paru el 
GRAN M. Poro correr el 11/SIMPLEX lo codificación es idéntico excepto por los tarjetas 
dd control corno se mE:ncionó en la explicación de estos programas. 
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fJE~PLO 2 
.. ' '•' ~~ · .. / .. 

s.a. 
. . <: . ~1 ~ x2 ~ 1 

x1 + x2 ~ 1 

-~1 + ;\2 21 
><¡ ~ p 

Explt:~ando lo flínci6n objetivo ~n términos de minimización e introduciendo 'I.:Jriables 
.úe k lgtHa, artificio! es; el problemc es equivol~r.te a : · · · · 

min (-z) =- x1 -x2 + Mt1 

x1 + x2 - s1 + t1 = 1 

x1 - x2 + ~ = 1 

-x1 + x2 + s3 = 1 

En i,rma de tobleou: 

Fu il e • Ob j • (F • O • ) , 
~englón 1 (R ~ 1} 

~Qnglón 2 (R. 2) . 
~· 

~~nglón 3 (R .3) 

-1 -1 

1 1 

1 -1 

-l +1 

o 

-1 

o 
o 

M o o 

1 o o 
o 1 o 
o o 1 

* .. * 
Solucióry bó-· 
sic,a factible 
inicial. 

-z 

1 

1 

1 
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E~5MPLO 3 Resolver el dual del siguiente por de problemas primal .. dual. 

Pri~ol min z -= 2x1 - 3><2 

2x1 - X-;? - XJ ~ ~ 
> x1 - x 2 + x3 - 2 

X¡~ 0 

i.)uol max w = 3 A 1 + 2 A2 

2).1 + ~ ~ 2 
A L ~ -3 + ). + >.2 > 3 

- 1 - 2 1 -
.. >.1 - .>,2 < 0 

>.~ ~o 

E'ste duol es equivol ente a 
1 

min (-w) =- 3 >.1 - 2 >.2 + Mtl 

21.1 + "2 + Sl 

Al+ ~ -~ + tl 

->.1 + "2 +~ 

En formo de tobleau; el dual estó dado por 

F ~O a 

Rl 
R2 

R3 

-3 

2 

1 

-1 

-2 o 
1 o 
1 -1 

1 O, 

o M o 
1 o o 
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o o 1 

* * * 

==2 

=3 

=O 

-w 

2 

3 
o 
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EJEMPLO 4 

s.a. 

3x3 

~+ 2x3-

- ~1 

s .a. 

En formo de Tobleau: · 

F,.-0. 

R1 
R2 

R3 
R4 

-1 

o 
o 
1 

o 
* 

X3 

1 -1 

o 3 
1 2 

o o 
o 1 

* 

+ xs 
X4 

x. ~o 
1 

3 -1 

o 1 
-1 o 
o o 
o o 

+ X6 

+ x6 : 

+ x6 + X7 

1 3 

1 o 
o o 

-1 o 
1 1 

• 

=6 

=10 

=O 
=6 

=6 

=10 
~o 

=6 
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10 
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~n el capitulo 1 se seAaló que los métodos de optimización 

pueden clasi ficar·se en !!!~_todos d~~-!:adi_ente y métodos de 

_büs__g~da" *Er. los capítulos 3 y 4 se estudió e1 método de 

gradiente. En este capitulo final se estudia el método de 

nrlca un método de optimización de. búsqueda. Este últ,imo 

m6todo, todavia m~s quE el ~e programación lineal requiere 

del uso de la computadora digital. *Como se trata de una 

técnica ent...rr~erativa~ los tiempos de cómputo para este 

mªtcdo son en general grandes, asi como los requerimientos 

de m~nori&. Debido e elle el empleJ de esta t§cnica es un 

c:F·Jnto l~mitado, a pesa_r de su exte~1s~ número de aplica-

e iones po t:(~nci a 1 es,, 

7. Programa(ión din&mica 

7.1. Introducción 

7.1.1. Teoria B5sica. 

*Métodos de optimizaci6n'de gradiente y 

búsqueda 

*la pl"Ogramaciót~ cinámica{p.d.)cs un rr:.ftodo de 
' " 

biisqueda 

*Requiere de mucha memoria y largos tiempos de 

com~;Jtaci ón 



*En los métodos de optimización estudiados en los capi- *E11 p.l,. progri:liiV:ici6n c-:ntera o no 1 ineal se toma una 

tulos anteriores, lineal, entera y no lineal todo el sola decisión m~ltiple 

problema se resuelve en una sola etapa. 

~n p.d. (programación dinámica) el problema se resuelve *En p.d. en cada etapa se toma una sola decisión 

en forma secuencial~ descomponiendo un problema de toma 

de decisión múltiple, en una serie de etapas, donde en 

cada una de ellas, es necesario tomar solamente un nú-

mero reducido de decisiones o de preferencia solamente 

una sola. 

~a programación dinámica es una t~cnica de optimización *Puede aplicarse a problemas no lineales 

enumerativa aplicable a problemas con restricciones y 

funciones objetivo· que pueden ser no lineales y regiones 

factibles no convexas. 

"'Se ap"lica en forma natural a problemas aue pueden deseo!!!_ *El problema debe poder expresarse en forma 

ponerse en etapas a lo largo del tiempo, pero también secuencial 

puede emplearse en problemas no secuenciales o con es-

tructura en serie. 
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*La programación din&mica se basa en el principio de *Principio de optima1 idc.d de Be11raan 

optimalidad expuesto por R.O. Bellman: (ref. 2) 

-
11 Una set·ie de decisiones ópt"irnas (políticas 

óptimas) tiene la propiedad, de que cualouiera 

que sea el estado inicial y la decisión inicial. 

las decisiones rest~ntes deben ser óptimas con 

réspecto al estado que resul (:e dP. 1 a primer decisi611'~ 

7 .1. 2 Ejemplo. 

kEl principio de optimalidad de Bellman implica, que *La decisión óptima de una etapa en adelanto depende 

e~ cualquier etapa del proc2so de toma de decisión, la de las subsecuentes y d!:l estarlo del sistema. 

nulitica óptima para las etapas subsecuentes solo de-

pEnde del ~stado del sistEma en dicha etapa y no de la 

fnrmcl en que e1 s·istema llegó a esta etapa. 

*Para ilust~ar el CJ~cepto de optimalid~d de 8ellman *JltJstración de! r:onceot.o ·de uD'~".úna ·. i dad de 

nreviam2nt.e enunciado. Cüílsidérese el siguiente ejemplo Bellmar. 



Este problema muestra además el carácter ennumerativo 

de la técnica de programación dinámica y 1a forma en 

que el principio de optimalidad de Bellman permite 

reducirse número de posibles alternativas por explorar. 

1<La fig. 7~1.1 muestra una serie de posibles t¡~ayect.Q_ 

rias entre un punto D y algGn punto del 1itorial. 

Estos puntos son los puntos A1, A2, A3 y A4 . Los 

números asociados a segmentos de recta dirigidos mues-

tran la longitud de 1os diversos segmentos de las posi­

ble3 trayectorias del punto D al litoral 

Ejemplo 7, 1.1 

*Tr~yectoria más corta de D hasta 
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Fjg, 7.1.1 Red de caminos de D a1 litoral 

Determine 1H trayectoria m~s corta del punto D al lito-

ral enpleandq 1a ldee de optimalidad. 

- , .. 
~O,UClOn. 

Las pos1b1es trayectorias del punto O al litoral aprlre-

ct.::n en ·la fiJ. 7 .l. 2 y son en total 8 con las longitudes 

ind·icadas. 



1 . . J···J/)•'"' 
CJ(A....yf! /t~d ,., \j -----v----- -·-

Fig. 7.1.2 

1 

1 

D 
1 

i 

5 

a 1 1 i tora 1 . 



*Esta figura muestra de inmediato que la trayectoria 

más corta es la que pasa por los puntos intermedios 

c1 B1 y llega al punto A2 y tiene una longitud de 18 

+Para llegar a este resultado fue necesario explorar 8 

a1ternativas si se hubiese querido explorar las posibles 

a·l teniat·ivas ·con ayuda ·de una computadora., *deberían 

de haberse conservado en la memoria de la m&quina las 

localidades intEr~edi3s~ el punto al que llega cada 

ruta y su longitud, es decir un 

total de: 

y la selección fina1 tendría que haberse realizado bus-

cando un m1nimo entr2 8 datos. *Una vez localizado este 

m .. inimo hubiese sido necesario t~ecuperar de la memada 9e 

la m§ouina la designación de la3 localidades intermedias 

y dei d·=st'ino para po::ler .::specificar 1a trayectoria 

óptima. 

*Trayectoria m5s corta D c1 B1 A2 

Longitud 18 

*Se exploraron 8 alternativas 

*Datos que deben conservarse en ~emoria: 

2 local idade~ 
l destino f X trayectoria 

1. longitud ) 

(2 + 1 + 1) x 8 ·~ 32 dates 

*Par~ especificar la trdyectoria 6ptima es necesario 

' conocer localidades pqr las que pa~a y su destino. 

7 
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A continuación se muestra como el principo de o~+im~ 

lidad reduce el nGmero de trayectorias ntre l~:·q~l-es 
_¡J., .S ,..~ 1 

----- 1 

necesario buscar el mínimo *Además como se convierte 
1 

un problema de decisión múltiple en un problema de 1 

uan secuencia de decisiones tomadas una a la vez. 

Si al iniciar el recorrido en D es 

donde es ir al litoral es necesario 

*El número de decisiones que hay 

mente grande 

. d "d .1 necesar1o ec1 1r 
1 

1 

decidir si se va 
1 

por 

por 

*Múltiples decisiones_p~29r~m~ci§n_ ~ 
eh namlca 

Secuencia de decisiones tomadas una a la vez 

8 



*Supóngase por otra parte que se ha llegado a s1 y hay 

que decidir cuál es la ruta más corta al litoral. La 

decisión es simple, evidentemente que por s1 A2 que 

tiene una longitud de 6. 

*Si se des_igna con F1 (B.i) a1 mi'nimo de la distancia de 

1a población n1 a·l l-itoral, el comentario anterior per­

mite establecer: 

Y para las poblaciones s2 y s3 

íiJ$ ~Y! rcr efe 

&~s j?r.>st' bkJ_ 

/ ' 
o' e t'/ "~j 

d 

A 
8 _,.~1! 1 ,.,p ... 

F
1

(B
1

) = 6 

F1 (B2
) -- 8 

F1(B
3

) = 4 

il .Pos/¿ /t's a/r/;,-·¡Jc~f;·v¡;;r.s ~J1 

---~é k ¡;o 6 h c<d'/.1 __ ". 

· ¡",·- Aat";i-7 a/Yt·· 6 a-
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¡;r1'u-te..r e!cT/or; rvn~1¡;:-.H.4"/; ·,e-'-"~ or Cc1 ~ 
pv.r16k ¿¡lerdo /~/r/tE/ s-e ~~/kv,· 

# ·El principio de optímalidad establece que si la trayecto­
ria óptima llegase a pasar por, B1, de ahí en adelante sigue 
de B1 a A2 y no de B1 a A1s si llegase a pasar por B2 con­

tinuaría a A2 y si pasase por B3 continuaría a A4. Pueden 

1 

S 

8 

S 



descartarse las trayectorias 81 A1, 82 A3 y 83 A4 de 

futuras alternativas, ya que la ruta más corta no pasa-

ría por esos segmentos. 

El problema en este momento es que se ignora si la 

trayectoria más corta pasa por 81, 82 6 83. Continuando 

con la metodología de la programación dinámica se pasa a 

decidir q~e hay gue hacer al pasar por las poblaciones 

el :./ c2. 

Fig. 
~ , ¡;;­
/ .J. ;..t}! Posibles trayectorias al 1itoral desde 



Si la trayectoria óptima pasa.?~ por c1 de ah'í en adelante 

debe ser la-más corta posible hasta el litoral. Para de-

terminar esta trayectoria se hace el siguiente razonamiento: 

*Si sigo de e
1 

a 81 la longitud es 7 y de 81 al litoral lo 

más corto es 8
1 

A2 con 6 de longitud, por lo tanto la ruta 

el 8Í litoral tiene una long~tud de 13. Si se sigue de c1 a 

8
2 

igual razonamiento lleva a concluir oue lo más corto es 

e1 B2 A2 con longitud de 16. Obsérvese aue la decisión fué 

entre: 

Si se designa con F2(c1) al camino más corto de e1 al 

litoral puede escribirse: 

y concluirse que 

el camino más_ corto de c2 al litoral. (F2(e2). es: 

·¡G 
~- --"{( ..-· 

1( ,?' 

,/' 

Bu / 
1 

e, 
* 

\ 
\ 
\ 

' ' ........... -----
7 + F

1
(B

1
) = 7 + 6 76 

y = 13 

8 + F
1

(B
2

) = . 8 + 8 

= 16 

F
2

(e
1

) = min{ e
1 

B
1 

+ F1(B1); 

el B2 + Fl (82)} 

F2(c1) = min (13, 16) = 13 

F2(c2) = min{ c2 82 + F1 (82); 

e2 82 + Fl (B3)} 

-..... 
...... 

~ 

/ 

(7 .1.1) 

(7 .1.1) 



y en este caso 

Nótese que el ~rir.cipic de optimalidad ha simplificado 

1a búsqueda del camino más corto de c1 ó c2 al litoral. 

*Si no se hubiese empleado el principio de optim.alidad, 

la mínima longitud de Cl al literal deber~a ?e haberse S~ 

leccionado entre-los 4 caminos mostrados: 

21 

_ ;=.; (~) = mt/1 (/~ l3)=./l 

j..! ,-­

/ 

1 

\ 

*Si se desconoce el principio de optimalidad 

_ff.Ci!__fJ'it/10 ele e; a 1 / 1~/e:r/ rr;pt-~/f'/· e 
andh:ZQ7r 6-'i 



* 
1 

1 

1 
1 

1 

es decir: 

*Gracias al principio de optimalidad la búsqueda del 

camino más corto se redujo a 2 posibles trayectorias. 

es decir: 

{¿;n ¡:',¡-/os- rC;;u//orol'aJ 
/JwP~ cla . r-lo ¡e;a 

..)é'-

Pw 
i 

ra 

F
2

(c
1
):-.: ;nin [ 7 + 8. 7 + 6, 

8 + 8, 8 + 9} 

*Por el principio de optimalidaq ___ so/o 

_ reyw1"f>~e bu..s-édv- ~nle .. ~ 
8,// 

F 2 (- C_2) = mi n [7 + 6, 8 + 8 J 
= 13 

J'l. Tin n1e k ..reu UH o/cr 
ef¿~a 
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permite reducir en forma sensible, sobre todo *Si se emplea el principio de optimalidad se 

en problemas con muchas decisiones, el número de alterna-

tivas entre las aue hay que seleccionar el óptimo, redu­

ciéndose de esta manera el tiemro de cálculo y 1as necesi-

dades de memoria de computadora que se requieren para rea-

lizar la búsqueda. 
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./??;~cr rt-: rt.J/t k')- ,/.?/ ~7/:"'/ ·H'J ~~c?s 35' 

{e/¡! lo ~ :7J ól/ A-;{;,¿ f' ¡/'Jtf'~r4 
t':rJ:.11r/tvf¡tJ ~"/ dj<.////V<-.o (7. /. ~ . .· . . . 

Nue' -*/l"h- "'~/"/ ¿>-j c/Pr/r.• 7; (.xJ)= :;,úl(t;A.J aV i-

. el camino óptimo de D 

al litoral F3(o) estará dado por: 

es decir: 

El camino más corto deDal litoral tiene una lonqitud 

de lB.l 

F3{D) = min 

= 18 

d 7;(~:~Jj(ZIB) 

{ DC 1 + F 2 { C 1 ) ; 

DC 2 + F2(c2) J 
¡ 5 + 13' 10 + 11 l ... . J h (<t )=13 .2 ,, 

r;(C2)=1/ 



i...___---------... 
~ . '~ 

~/.~<j/:h-o/ ~/ (é'Pf/ HO "', 
r~ ¡ 

A~ ll1tiJ ~ t"'~Pvr/v ~ 
.¿!¿J n~C~Jc'?l <.J ?'.P?rv,/kc·~ ji~ /¿;¿' &,-é &>-"'S(~k2;;>. __ . __ / 

Para saber :. por donde pasa.dicho ca-

mi no E: -- ,: '':'" ,_ lrrutt~J't' ;l-(e: 

K De este razonamiento se concluye que el camino pasa por 

c1 y de ahí en adelante sigue por la trayectoria cuya 

1 ongi tud"' es: - f --· 

reconstruyendo el proceso se sabe que: 
1 

*es decir el camind lleva de c1 a B1 y finalmente se 

sabe aue 

.. ; ·y*este t'rayec.to de 6 ~de longitud y que parte de B
1 

llega 

a A2. *Por lo tanto: el camino más corto es: 
1 

tal como se había concluido con la búsqueda exhaustiva 

ilustrada en la fiq~ 7.1.2 - ', 

Antes de forma 1 izar' este método de optimización estable-

ciendo un alqoritmo: de búsqueda conviene hacer hincapié 

sobre los aspectos más relevantes de este procedimiento. 

F2(Cl) 

F2(Cl) = 7 + Fl(Bl) 

*Pasa por C1 Bl 

F1(B1) = 6 

*Fl(Bl) = Bl ~ 
*Camino más corto: 

DC1 B1 A2 

*Aspectos relevantes de la p.d. 

1¡ (13,) 

A2 



Se trata de.un procedimiento de enumeración de alterna­

tivas y posterior búsaueda del óptimo entre éstas. El 

princip~o de optimalidad reduce el número de posibles al-

ternativas entre las que se encuentra el máximo ó mínimo 

reduciendo el tiempo de cómputo y los requisitos de memo­

ria de m~quinaria. *A pesar de esta reducción, estos úl­

timos son la principal 1imitante que se presenta al apli: 

car esta metodo1ogía. 

Recuérdese que la trayectoria óptima en este ejemplo fué 

reconstruida a partir del dato sobre longitud de dicha 

trayectoria de 18, en la forma que esquematiza la 

figura 7.1.5 

*Los reau1sitos de memoria limitan la aplicación 

de 1 a o roa rama e i nón di náHii ca 

37 



18 = 5 + F2(c1) ~~la 
1 

trayectoria pasa por el 
F (C ) = 13 = 2 1 7 + F1 (B 1)~ la t~ayectoria pasa por 81 

F1(B1) = 6-:>la trayectoria pasa por42. 

Fig. 7.1.5 Obtención de la trayectoria óptima. 

.jf. 1 

Hasta no haber encontrado el óptimo es necesario conser-
~ ' 

ll€f-1t-te (r.J¡;serJ/Jr ~rJ 

var la siguiente información: 
' 

~ además hay que saber: como se originaron estas trayectorias 

F2(Cl) y F2(C2) 

,¡¡ Í Clve lrayeclonJs 
de longitud mínima, así por ejemplo se sabe que: F2(C1) = Cl 81 + Fl(Bl) 

n;~mof/a.· 

son 2 



es decir la trayectoria de longitud· 

*rarte de c1 y llega a B1, y de B1 al litoral tiene 

como 1 ongitud 

este camino 11 ega a A 
2 

Además de recordar que 

Es necesario tener en memoria que esta trayectoria que 

parte de c2 y tiene una longitud de 13 pasa por 

3'1 



En resumen es necesario conservar en memoria los siguien-

tes datos: 

E.:~ /¡~/P;;nt:~t'iv'rl óf/'&ll'~é'~ t"rt ~ #4 -marco 

' "r1 /c. /e, 6 /o· 1 7. l. 3. 
El lector puede vislumbrar facilmente que en problemas de 

mayor dimensión la cantidad de datos que hay que conser-

var en memoria puede llegar a ser muy grande. 

1 
1 

*Finalmente conviene aclarar que en la bGsqueda exha4stiva 

fué necesario explorar; las 8 posibles trayectorias que ap~ 

recen en 1 a fi g. 7 .l. 2: para encontrar e 1 óptimo. 

-Aplicando el principio' de optimalidad la búsqueda no tiene 

que incluir las trayectorias que aparecen punteadas en la 

fig. 7 .l.~- tlf ¿,:: jJ•"7'rn~r ~/p?c" . A,-¿1'/ /e 
_ h S~14t.f""t 4 :e ~~e:- se ~.r~d,~~¿ or-

tk/J.tiiJ ks ,tw~ ~/f!'l'flp-¡ l'vt ~ 

Lonqit~d de 13 de la trayectoria óptima 

F2(c1) aue pasa por c1 y recorrido del camino, 

Cl 81 A2 y longitud de 11 de F
2

(c2) que pasa 

por c2 82 A2 

*Búsqueda exhaustiva: 

8 alternativas 

D 
o 

lo 

I'J· 7.!. ~. 
-rty. 7. l. 6 Trcn?o.J' (;'~ rc:n>"' krc-
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2 
lLOCATION PROCESSES 

~.1 GENERAL 

; allocation problem is an example of a single-period, static (deterministic) 
J:iacticity process that can be transformed by dynamic programming into a 
lltistage process with a finite number of stages. The allocation problem 
~QnstGJ.tes that a_"stage'_:__need.not-be -relatcd to time. --. 
A!location of fixed resourccs among sorne potential recipients is a major 

Jblem of organizations. How to define and mcasure the return on allocated 
estmcnt seems to be one of thc major obstacles for the decision maker. 
1er.ever thc returns can be quantificd in some way, the problem can be 
-semed as a progra-mming problcm. fn the rare case where thc return (or 
,ectivc function) is linear, the problem muy be presented as a iinear­
;gramming problem. However, in many real cases the return function is 
!linear, or evcn discontinuous. Dynamic programming· offcrs a way to 
1dle complicated nonlinear allocation problems (for ¡;xample, problems 
h discretc or nonconvcx objcctive functions). (See Simone [27]). 

. 2 ONE DIMENSIONAL ALLOCATION PROCESSES­
FORMULATION 

lnc-dimcnsional allocation problcm ir.volvcs th.: following charactcris~~cs 
: assumption;,: 

Characteristics 

l. A ccrtain (limited) quantity x of an cconomic rcsource (such as labor, land, 
machines, or water) is to be allocated. 

2. Thc resourcc is uscd in !he production of certain products or serviccs. 
3. Thc lnnilcu rcsource c:tn be usc.:d in two or more a!tcrnativc ways. Each such 

po~sible way is c:.~llcd Lln actiL'ity. 
4. Each single activity, whcre the re~ource is used, yields a return (or rcward). 
5. Thc process may involve stochastic clcmcnts (which will not be d1scussed 

hcre). 

, .. 
';. 
/' -. ,. 

' 

1 

~·1, 
1 5sv-, __ 

4.ssumptions P ~"~ 
l. Rcn1rns from"'difTcrcnt :tllocatiOJis can be coi/Iflan:tl; that is, thcy can be \ :; 

mcasurc.:d in a common u:lit (Jollaí, util1ty, r.!larc of !he markct, anJ so on). 
2. Thc rcturn from any allocation is inó:pcndent of Ú:r !illocations to other _ j- {/ 

activ1tics. 1 
3. Thc total return that can be obtaincd is thc wm of individual r<'turns: that / 

is, additivity or common unit is e>scntial. • 

'"l-.c prob!em ¡s how to allocatc ihe res;)UfC<! to the altcrncttive activíti.::~ 
o users) in s<.l'~h a way that the wtal return (or r~wnrd) is n:~>..ir:~:r;~d, 

¡· 
! 
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a. General Formulation 

The most general mathemat!cal fonnulation of the onc-dimensional problem 
involves maximizing an objc_ctive function (total return) as follows: 

max R(x 1, x 2 , .•• , Xn)=g 1(x 1)+g2(x2)+ · · · +gn(xn) (8.3) 

subject to one constraint:-that ís, to the total availability (capacity) of the 
resource x, which may assume any posítive value: 

where 

n 

x 1+x2 +···+Xn=X= Ix1 
1-l 

x is the total amount of the resource 
.t1 is the quantity of thc resourcc a~sign!!d to the ith activity• 
g, (x,) is thc rcturn from thc itl1 activity 

(8.4) 

n= number of por,sible activitics (n may assume any positive integcr valuc) 

If thc objcctive function is linear, then wc have a linear-programming 
problem, Howcver, for thc more general case, whcre thc objective function 
can takc any form, we can use thc followin'g dynamic-programming approach: 
First, we have to conven the problem to a dynamic process, which is done 
as follows: 

l. The first allocation gocs to thc nth activity . 
2. Then, wc allocatc to activity (n- 1). 
3. Thcn, wc allocate to activity (n- 2). 
4. We proCL:;:d in this manncr until, finally, wc allocatc to activity n-(n-1)= 

(11 -n + l ), whid1 is thc lirst activJty. This succcs~ivc allocation rcsult~ 10 a 
dynamic proccss. 

b. Recurrence Relation 

We now procecd to illustrate how thc allocation problcm givcn in (8.3) 
and (8.4) can be sÓlved by dcvcloping a sequen ce of rccurrcncc rclat ions. 

Lct /,.(x) = optimal rcturn from an allocation of x to 11 activitics. As­
surning g,(O) =0 for all i, which is usually thc case, ít follows that 

/,.(0) =0 (8.5) 
Al so 

(8.6) 

Lct Xn be thc allocation madc to thc lllh activity, whcrc o~ -"n :s; x. Thc 
remaining quar1tity x- x" will-bc u sed in thc (n- l) rcmaining activitics. 

Letus assume that we have alrcady allocated x-xn lo (n-1) activities in 
thc oplimal (best) ·.vay. This allocation yiclded a return of fn-l (x-x"). By 

6 Wc u'c he re thc notation X¡, instc.1d of thc x1 uscd prcviou~ly, to be in Iinc wuh most 
literaturc on dynamic programming, 

1 
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écfinition, the return from the allocation of xn to thc nth activity is g,(x,). 
Thus, the total return of al!o.:ating x to alln acti vi ti es is 

(8.7) 

Usually thcre are severul ways of alloca~ing xr. to the nth activity. Obviously 
the optímal one is that which maximizes R; that is, 

f,(x)=max R= max {gn(x,)+/,_ 1(x-x,.)} (8.8) 
O:Sx,.~x 

for r. = 2, 3, ... , and x ~O. Equaticn (8.8) is known as the recurrence relation. 
Thus, the allocation problem given by Equations (8.3) and (8.4) has been 

reduced from the original probh:m to that of (3.8). We now have two sub­
problems: 

l. Ho•v to maximize (3.8). 
2. How to oblainf._, (x-xn). 

Answering these two problems will tmabte us to solve Equation (8.8), which 
is equiv:.lent to the original prob!em (remember that gn(:Xn) is given). The 
answer to 5ubproblem 1 is that (8.8) is maximized by one of severa! possible 
t~~hniques of maximization (see 8. !.6). The answer to subproblern 2 is that 
we can write 

/,_ 1{x)= max {gn_ 1(x"_ 1)+/,_ 2(x-x,_ 1)} (8.9) 
\i'$..tn-~ :Sz 

whtre xn-t is the amount allocated to the (n -l)th activity. Note that, as 
in (8.8), ·;.~e are asked in (8.9) to rnaximize a function in which it is required 
t.hat we find fn_ 2(x-xn- 1). Herc too we can use one of the maximization 
techr.iq.;es, and we shall again need the results of the previous stage, 
/,._ 3(x- x,_ 2). We must continue in this process backward un ti! we arrive at 
the second stage. In the second stage we will use the optimal results of the 

~:first stage / 1{x). But / 1 (x) is given according to Equation (8.6). Thus we can 
~ soive the entire proccss. Note that / 1(x) determines / 2(x), f 2(x) determines 
l 

~(x), and so on. 

8.2.3 AN !LLUSTRATIVE cXAMPLE 

The management of the ABC Corporation i~ considering the allocatíon of 5 
million dollars among its thrcc plants. ft was decided that the al!ocation per 
plant wil! be either O, !, 2, 3, 4, or 5 m;llion dollar3. · 

Each plant submitted the er.pccted returns for thc next 4 yeJrs correspond­
ing to di!Terent Jevels of moncy invested. Th!! d:lta 0n expected returns were 
discountcd to ti m¡; ze; ;:, <:>nd are given ir; Table 3.2. For exampl(!, an initia1 
investment of $2 million in p!ant A will yicld a total discounted return of 
$0.5 million. (In this case, the assumcd n:turns were: 0.1 mi!Eon after 1 year, 

, 0.15 million after 2 years, 0.2 mílliun after 3 years, and 0.15 million after 
4 years. Using an intercst ratc of 6 percent. this strcar:1 of returns, discounted 

,C:: V.J"'V 
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back to time zero, yields S0.5 million.) fn Table 8.:L, we rea~ 0.5 zr.illiví• in 
the column for plant A and in tne row where K= 2. Ail numucrs U!;dcr ~he 

· columns for plants A, B, and C are subject to similar int(!rpretaticn. Lr.t T 
($5 million) be the total amount available for allocation and !e! K designate 
the total amount{ithat is set for allocation at a given stage. 

Table 8.2 
------------·----------

AMOUNT ALLOCATED (K), 
IN MILLIONS Of DOLLARS 

o 
1 
2 
3 
4 
5 

EXPECTED RETURN g¡(K) 

:;>LANT A PLANTB PLANTC 

o o o 
0.2 0.3 0.4 
0.5 0.4 0.8 
1.9 1.2 1.1 
1.8 2.0 l. S 
2.5 2.2 2.0 

Our problem is to determine the cptimo.l allocation to cach pla~é in order to 
maximize the overall expected return. 

So/ution: In order to visualize th:s singfe-period allocatiün problern as a 
sequen tia! problem,let us view stage 1 as the decision point at wnich allocation 
to plant A alone is determined; and st~.ge 2 as the decision point at whích 
allocation to plants A ai1d B (and none to C) is determined; and stage 3 as 
the decision point at which allocation to all thre::- plants is determined. 7 In 
each stage we have six possible states-that is, plants or combination of 
plar.ts that may receive O, 1, 2, 3, 4, or 5 million dollars. 

Let x 1 be the amount allocated to the ith plant, ar.d g1(x¡) be thé return 
(reward) expected from the allocation of x 1 to the ith plant. The problem 
of maximizing the total expected return ER may be stated as 

3 

max ER= Lg;(xJ (8.10) ,,., 
Since we face Iimited resources, our objective function is subject to the con­
straint 

(8.11) 

where x 1?: O and is an integer, and Tis the total amount we ha ve for allocation. 

7 We ha ve arbitrarily madc stage 1 as the dccision point al which allocation to plant A 
is dctermincd, and stagc 2 as thc dcc1sion point at which allocation to p!ants A and n is d.:ter­
mincd, and so on. Of coursc, stage 1 could ha ve been de~ignatcd as the d~ision point at 
which allocation to B (or C) is determined. Dcpending on thc first allocation dccision, stag.: 2 
would be the decision poin: at which allocation to cither A and B, orA and C, or B and C, is 
madc. 
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Let K be the amount considered for allocation (K is not necessarily equal 
to T; in sorne ca"ses thc best policy may turn out to be an allocation of 
K< T). The expected return is a function of K and the relationship c:m be 
formally expressed as 

f,.(K)= max {gn(x,.)+f,._ 1(k -x,.)} (8.12) 
O:Sxn:SK 

where f,(l\.) is-the maximum (optimal) return. 
We will now present a step-by-step dynamic programming solution to 

this problem. 

Stage 1 

In this stage we consider the allocation of K dollars to plantA only and we 
designate this amount by x 1: The optimal expected returnfA(K) in this case is: 

(8.13) 

where g 1 (x 1) is the expected return from investment in plant A. 8 These 
values are given in the column for plantA in Table 8.2. We ha ve, in our case, 

g 1(0) =0 and 
g¡(1)=0.2 
g¡(2)=0.5 
g¡(3)= 1.9 
g¡(4)= 1.8 
g¡(5)=2.5 

fA(0)=0 
f.t(l)=0.2 
f.t(2)=0.5 
fA(3)= 1.9 
1~(4)=1.9 
/Á(5)=2.5 

Table 8.3 gives a complete enumeration of g 1(x1) and/"(K) values for stage 1 
analysis. 

Table 8.3 

K O 2 3 4 

o o 
o§ 

0.2 ~ 1 
2 

3 

o 
o ··~ 

0.2 0.5 (!.9) 

o 
0.2 

0.5 

1.9 

L9 4 o 0.2 0.5 (~}) @ 1 

--~~----0.2 o.s ¡ .9 _1._8 _:!._1_ _______ ~·-s _____ _ 

8 l:é¡u;ition ¡ d¡ff",:r::; from Equ;;.t;o.-. (8.6) bccausc g\(x¡) is not :1 monotonically 
:nr.n::J.S,¡i\'j funct~--·· 
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Note that when we set K=4 and search 

fA(4)= max {g 1(x 1)} 

0:Sx1 :SK 

we find that g 1(0)=0, g 1(1)=0.2, g 1(2)=0.5, g 1(3)= 1.9, and g 1(4)= 1.8. In 
other words, the expcctcd return is maximized for x 1 = 3; and thusfA( 4) = g 

1 
(3) 

= 1.9, which is the highest value a111ong g 1(0) through g 1(4). This means that 
we should allocate only $3 million of the $4 million set for allocation. The 
reader can further notice that an allocation of $3 million will yield more than 
the investrnent of $4 million, which is an unusual, but possible, case. 

Stage 2 

At this stage 'We split the dollars to be allocated (K) between p!ants A and B. 
We allocate a certain amount x 2 to B and the remaining (K-x 2 ) toA. Note 
that from our analysis of stage 1 we airead y know the optimal allocation to A 
for any amount K. 

Since x 2 is the amount allocated to plant B, and (K-x 2 ) to plantA, the 
optimal· ailocation for the two-stage process, according to the principie of 
optimality, is given by 

(8.14) 

where g 2(x2 ) is the return from investment in plant B. The values here can be 
computed by enumeration, as illustrated be!ow. 

For K=O: 

fAs(0)=0 

For K= 1 we ha ve the following alternativcs: 

(a) Allocate 1 to plant B and O to plant A 

gl(l) + /,.(0)=0.3 +0=0.3 

(b) Allocate O to plant B and 1 to plant A 

Cz(0)+/.-~(1) =0+0.2=0.2 

Note that the values g2(x 2) are obtained from the "plant B" column of 
Table 8.2, whereas the values f"(K) are taken from the results of stage 1 as 
summarized in Table 8.3. We can write this manipulation as 

¡ () . {g2(1)+/A(0)=Q.3} 
JAB 1 = max (O) 1" (1)-0 2 =0.3 

O:Sx,$1 g2 +JA - · 

SimiJarly, for K= 2 we get 

(gl(O) +fA(2) =0.0+0.5 =0.5] 
rA 8(2)= max jgzC1)+/A(l)=0.3+0: ).5 =0.5 

e~ "•~\g 2 (2) + fA(O) = 0.4 +0.{) =0.4 
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1n this c~se we have two equiva!ent alternatives. 

For K=3·we get 

{

g2(0)+fA(3)=0 + 1.9= 1.9' 
fu,(J)= max g 2(l}+/A(2)=0.3+0.5=0.8J =-1.9 

• O:;;x,Sl gz(2)+/A(l)=0.4+0.2=0.6 
g2(3)+/.¡(0)= 1.2+0 = 1.2 

Clearly, the best allocation is 3 to plant A. 

For K=4 we get 

. g;z(l)+/}3)=0.3+ 1.9=2.2 ¡ g2(0)+JA(4)=0- + 1.9=~•9 ¡· 
1Ai4)= max g~(2)+/A(2)=0.4+0.5=0.9 =2.2 

0Sx,S4 g2(J)+/A(!)= 1.2+0.2= 1.4 
g2(4)+fA(Ü)=2.0+0 =2.0 

Thc test allocation is 1 to plant B and 3 to plant A. 

For K=5 we get 

[

g2(0)+JA(5)=0 +2".5=2.51 
g2(1)+fA(4)=0.3+ 1.9=2.2 

r (""'"- g2(2)+/A(3)=0.4+ 1.9=2.3 _ 2 5 JA.B JJ- max .., - . 
O<x <3 gz(3)+f.i2)= 1.2+0.:.>= 1.7 
- ,_ ~ g2(4)+~A(1)=2.0+0.2=2.2J 

\g2(5)+}A(0)=2.2+0 =2.2 

To sum up, for the second stage Wt;; get the following optimal a!location 
polhy: 

IAB(O)=O : allocate nothing 
1As0)=0.3: I to plant BandO to plantA 
}~ 8(2)=0.5: either 1 to B and 1 toA, orO to B and 2 toA 
/.4 8(3)= 1.9: Oto B and 3 toA 
/A0(4)=2.2: 1 to B and 3 toA 
/A8(5)=2.5: Oto B and 5 toA 

A '>Ummary of the analysis for stage 2 is given in Table 8.4. 

Stage 3 

Hcre we divide dollars. to be a!located among all three plants. We allocate a 
certain amount x3 to plant C, and al10cate the reméiining (K-x3) between 
plants A and B accr.:-cing to the optimal policy fA¡,~·~ derived in stage 2. 
The optimal p~/icy for thc three-stage process, accoo·ding to the principie of 

optimality, is given by 

(8.15) 

where gix3) is the return from investment in plan•. C. Let us enumerate 
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Table 8.4 
·---· 

Xz 

--- /,u{A")= max {g.(xz) + f,.(K- Xz)} 
K o 1 2 3 4 S 0Sx2 SK 

o o o 
0.2 @ 0.3 

2 @@ 0.4 0.5 

3 @) 0.8 0.6 1.2 1.9 

4 1.9@ ·0.9 1.4 2 2.2 

5 @ 2.2 2.3 1.7 2.2 2.2 2.5 

values of fAse corresponding to difrerent allocation · policies for spccified 
levels of K. 

For K=O, obviously,f..tsc(O)=O 
For K= 1 we get 

J: (1) - {g3 (0)+/,~~ 8(1)=0 +0.3=0.3}. =O 4 Ase - max ( ) .t: r . O . . 
0Sxa:51 g3 1 + .48\0)=0.4+ =0.4 

For K=3 we get 

J: (3)- gi1)+j¡¡s(2)=0.4+0.5=0.9 =1 9 

t
, g3(0) + fAB(J) =Ü + 1.9 = 1.9} 

ABC - 0~..,~~3 g3(2)+fAB(I)=0.8+0.3= I.l . 

For K=4 we get 

For K= S we get , 

f..tsc(5) = max 
OS.z¡~S 

g3(3)+/.(s(0)= I.l +0 = 1.1 

gi0)+/A 8 (5)=0 +2.5=2.5 
g3(1) +fAs(4)=0.4+2.2= 2.6 
gi2)+/A 8 (3)=0.8+ 1.9=2.7 
g3(3)+f..tsC2)= 1.1 +0.5= 1.6 
g3(4)+/ .. u(l)= 1.5+0.3= 1.8 
g3(5)+/.4B(Ü)=2.0+0 =2.0 

=2.7 
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Table 8.5 Ana!ysis for stage 3 

XJ 

K IABC(J() = max {gJ(xJ)+/,u(K-xl)} 
o 1 2 3 4 5 0:5xl:5K 

o o o 
1 0.3 (§ 0.4 

2 0.5 0.7 @ 0.8 

3 @ 0.9 l.l 1.1 1.9 

4 2.i@ 1.3 1.4 1.5. 2.3 

5 2.5 2.6 @ 1.6 1.8 2.0 2.7 

The analysis for stage 3 is summarized in Table 8.5. Table 8.6 sum­
wrizes the values undcr the Jast columns ofTables 8.3, 8.4, and 8.5. Severa! 
ements of valuable information can be retrieved from the data in Tablc 8.3 
trough 8.6. First we, note that for every value of K, one can immcdiately 
etermine the optimal expected return and identify the plants among which 
\e investment must be divided. Second, wc can determine. the marginal ex­
ected return for a given allocation policy as K is increased in units of $1 
1illion. Third, as soon as we ha ve chosen a specific value for K, we can utilize 
1e information of Table 8.6 to determine the optimal allocation policy. 

Searching for the highcst value of Table 8.6, we note that the optimal 
ipectcd return is $2.7 million. Hence the investment must be allocated 
!tween plants A, B, and C. An examination of Tablc 8.5 (for A, B, and C) · 
wws that an expected return of $2.7 million requires that x3 =2, or $2 
,illion must be allocated to plant e, and $3 million must be allocated 
!tween plants A and B. We now examine Table 8.4 and note that the 
ptimal allocation of$3 million between A and B requires x 2 =0 (allocateO to 
ant B) and $3 million to plant A. Hence our overall optimal allocation in 
<is case is: Allocate $2 million to plant e, allocate $0 million to plant B, 
1d allocate $3 million to plant A. 

K 

o 
t 
2 
3 
4 
5 

Tablc 8.6 OptimaJ solution 

! ... U<) 

o 
0.2 
0.5 
1.9 
lS 

f..,n(K) 

o 
0.3 
0.5 
L9 
2.2 

J .. '.J .• :( K) 

o 
CA 
o.s 
l.~ 
2.3 
?..7 

i 
8.2 ALLOCATION PROCESSES 375 .) 

Sorne Comments and Generalizations 

1. For m plants the ¡ecurrence relation will be 

fn(K)= max {{g.(x.)+f._,(K-x.)} n= 2,3, ... ,m (8.16) 
0:5xn:S:K 

where 11 Jesignatcs the stage number. 
2. Sensitivity analysis can be easily performed. For example, if management 

cut the available funds to $4 million then it is easy to observe that the best 
policy is to allocate Sl million toe, and $3 million to A ata profit of $2.3 
mi Ilion {policy /A8c(4)}. 

3. The dynamic-programming solution can give us indirectly the second-best 
alternative. ln our case, if we allocate $5 mi Ilion, we get for the second-best 
al!ocation: ! to e, 1 to B, and 3 to A, at an expected profit of $2.6 million 
(see Table 8.5) Similarly, we can get the third-best solution, and so on. 

4. Adding a new plant to the problem merely adds an additional stage. 
5. 1t is customary to summarize the results of the optimal policies of all 

stages in one table, as shown in Table 8.7. 

Table 8.7 Tabular solution for the allocation problem 

K XJ f,.(K) X1 X¡ f,.s{J() X:; X1 X¡ fe se( K) 

o o o o o o o o o o 
1 ] 0.2 o l 0.3 l o o 0.4 
2 2 0.5 o 2" 0.5 2 o o 0.8 
3 3 1.9 o 3 1.9 o o 3 1.9 
4 4 1.9 1 3 2.2 1 o 3 2.3 
S 5 2.5 o S 2.5 2 o 3 2.7 

1 

"For stage 2, and K= 2; x 1 = 1, x 1 = 1 is an alternative solution. 1 

8.2.4 MULTIDIMENSIONAL ALLOCATION PROCESSES 

a. General 

The one-dimensional process involved an allocation of one resource subject l: 
tooneconstramt-:-M ultidl"mensioñaTaifocation processes involve one of the 
foÜoWlng·:-· ·- ·---------------·· - l. Allocation of one rcsource subject to two or more constraints. · . 

2~cafi0ñonwo<rr-ñmreresúurcessü0Jcct iótwoormOre'Coñstraints. 

We sha!l statc herc the two simplest possible cases-name~. the allocation 
of ()Jle.~e:;..:u-t:;;suo_)eCWO,t;O,~nstramts, a.o<Wf1e.aHocá'tro,;..of--two.:¡.esoa-;:-¿~s 

"':"-1- -~ -- ~--- ---·-

:w,bject. to two constraints. 

b. Allccation of One Resource to n .A.ctivities Subject to Two 
Constraints 

Such an ;:lllocation problem can be prescnted as: 

rnax ER(.v:., x., ... ,.x")=g 1 (x 1)+g2 (x2~+ ·. · · + 6 .,..c.) (8.17) 
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subject to: 
~ 

}2a¡(x¡)~x ,,., 

and 

where 

l. x and ·y are the capacities of the two constraints.(equivalenUo b, and b1 
in the general Iineai-progr<Jmmir.g formulation). 

2. x, is the quantity of the resource allocated to activity i. 
3. g,(x,) is the return f.-om the ith activity. 
4. a,(x,) and b,(.r:,) are monotonically increasing functions of x, (they approach 

ro when x,-~>co). 

The general recurrence rclation in this case is 

f,,(x, y)= max 
.x,.,!a/t 

DnC.rn)$X 
bn(.>"n):Sy 

(8.18} 

Example: A ship is te be loaded with severa! items varying in weight, 
:ize, and valve (all known). Also the ship's maximum capacity in tonnage 
lnd cubic fect is known. The problem is to find which items, and in what 
¡uantities, te include in the cargo in arder to maximize total value. This 
'rototype problem is an extension of the well-known cargo-loading problem 
.ubject to weight consmdnt. The solution of this problern is !eft as homework 
~-roEieíñ"-101). 

c. Allocatien of Two Rescmces Subject to Two Capacity 
Constraints 

\ straightfcrward extension of the allocation of one resource te n activitics 
s the allocation of two resources to 11 activities. Let (1) x and y be the avail­
.ble quantities of the two resources, {2) x 1 and y 1 be the quantities of these 
esources allocatcd to activity i, and (3) g1(x1, y 1) be the return from the ith 
.ctivity resulting from the allocation of x 1 and y 1 to that activity. The problem 
'1 this case is to maximize total rcturns subject to thc. availability (capacity) of 
he resource,;. Formally, 

n 

L x 1:;x; and 
1•1 

X¡,J¡<!_Ü 

l1 

(S..!9) 
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The dynamic-programming approach to this two-dimcnsional al!ccation 

1
. 1 

process is the same as in the one-dimcnsioc.al allocation process. The recur· 
rence relations are · ¡ 

/,(x, y)= max max (8.20) 
0$Xn$.r 0$)'n$Y 

and for the case n = 1, we ha ve 

f 1(x, y)=g1(x, y) 

An example of su.::h a process is the ailoca:ion of limited land and labor 
among various vegetables. We have introduced and solved a similar example 
in Chapter 3 by linear programming. However, the reader can note that the 
a<>sumption of linearity, which is essential in linear programming, is not 
required in dynamic programming. In other words, the objective function 
(8.19) can take any form, continuous or discrete. ~e,will-~o;J_ll_ustr.ate~ad 
s~_-s,ucb:-a.-problem"heret"-but'Tathel'-'lea-ve"It:'~~-~um-cy'~k,(~e~?r~b!em 
~20). Dyñamic -programming can also treat problems that have stochastic 
aspects (for example, a problem in which the demand for a product is described 
by a known Poisson distribution). This abiiity to deal with stochastic aspects 
is, in fact, one of the great advantages of dynamic programming. 

d. Computation 

1 
1 
'1 

Multidimensional allocation processes can be solved in various ways. Prob-¡ 
lems with two variables andfor two constraints with a smal!Bumber of stat~s 
can be solved by using recurr'!nce rela!ions Íi:. a way similar to that used m j 

solving the one-dimensional problem. For large problems we can use { 
Lagrange multipliers, and for even Jarger problems we can use an approxi­
mation approach (see Bellman and Dreyfus [6]). 

Us~ of Recurrence Relations 

As in thc case of the one-dimensional problem, we can break thc unknowns 
x and y into intervals (say at integel"s). For each pair of x1 and y 1 we have a 
reward or cost function, usually givcn in a matrix form. Using basically the 
s~me approach as employcd in Section 8.2, we write the general recurrence 
relation as given in Equations {8.1 8). and (8.20) and then, by successive 
allocation, .find the optimal va!ue. · 

Tr.e r:1..1}~r d..-.l\~:..1.:-k c: .. ¡!'"...:s r;:~¡!:~ is L'"'.-:t o.::~:J ,._~ !:.1': :-:: ........ -:-: :...~:: ~~ 

\:ui.l~:~ ..:.::~ ....... : \\::..::: n: ::~\~ r::.l::~ ~:..::~ "~ ~::"'"\.":.:....-:::: ,, .. :-:-::.:.:..t::, ... :-:.x: 
dif::.::...ti\i~:s.. s~.:!'l ..1.s r:\~.-~i::.;; :!':e ::~~r:~'-'=: J.r:J s:,,r..t=-~ ""~r ... t .. :·i::~ ,,f t,,:..l~ ·s 
compute¡-:;. The re:1d~r shuuiJ r.:memlx-r that \\C mu.>t ::;imult.w;.·~,u~!y 

reta in the function f, _ 1 (x, y) and compute the rcturn functivn J:(x, y) and 
the policy function. In small problems the method is quite effective. Although 
not illustrated here, stochastic a~pects can be incorporated into this approach. 
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Lagrange Multipliers 

In solving multidimensional allocation processes, Lagrange multipliers A¡ (sce 
Appcndix D) can be uscd as a means of n:ducing the dimensionality of 

_. dynamic-programming problems. For examplc, examine the case of alloca­
tion of two rcsources in (8.19). Suppose that the second constraint is an 
equality 

Then we can include the objective function and the equality constraint in the 
Langrangian function; reducing the problem to a one-constraint problem. 
Formally, · 

n 

max g 1(x 1 , y 1)+g2(x2 , y 2 )+· · · +g.(x., Y.)->.(~)~-y) 
i- 1 (8.21) 

sft 

We then maximize over y 1 indcpendently of the maximization over x 1; that is, 

h1(x1, .\)=h1(x¡)= max {g¡(x1, y,)- .\y1)} (8.22) 
y¡?;O 

'fhus we reduce the problem to 

max h1(x 1)+h2 (x2 )+ · · · +h.(x.) (8.23) 

s/t 
x 1 +x2 + · · · +x.~x 

:.Jow (8.23) is equivalent to the 'ene-dimensional problem presented pre­
viously (see Section 8.2.2.). Thc 'solution to (8.23) will be of the form 
x,(.\, x), which is a function of .\., Similarly, the values of y 1=y1(.\) result­
ing from lz1(x;) as given in Equation (8.22), are a function of >.. We thus 
vary .\in such a way that the following restriction is met: 

(8.24) 

We can treat problem (8.17) in a similar manner; that is, assuming an 
equality for the second constraint 

n 

¿ b{c1)= y 
¡, 1' 

we forma Lagrangian function: 

g 1(x 1)+gix1)+ · · · +g,.(x~)-.\[h 1 (xJ+b2(x2)+ · · · +?,.(x") ·-y] (8.25) 

te be maximized subject to 
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Here we ha ve the recurrence equations: 

f,(x) = max {g.(x.)- >.b.(x.) + f, _ 1 (x- a.(x.))} 
x". s/t 

Dn(x,)s;n 

Again, the resu!Ps depend on .\, whicil should be varicd until the following 
constraint is met. 

Approximation ...- _...-

In severa! cases, approximation can be used as a device to save computational 
time. The majar problem with approxirnation is that it does not guarantee an 
optimal solution. In sorne cases it can guarantee the local maximum but not 
the global one. In our d iscussion we shall use the following notation: 

x = (x,) =a set of allocations of rcsource x to activities i at thc starting stage 
y= (y,)= a set of allocations of res o urce y to activities i at the starting stage 
x, = (x ,,) =a set of allocations of resource x to activities i al the second search 

cycle 
y,= (ji.,)= a set of allocations of resource y to at:tivities i at the second search 

cycle 
and so on. 

Let us examine the allocation of a two-resource example. ln such a case 
we can employ the following successive approximation: We start with guessing 
initial values for x 1• Let these values be such that x = (x 1). For this set we then 
determine: 

n 
R.(x,y)=max ¿g1(x 1,y¡) (8.26) 

y, 1= 1 

s/t 
n 

LYI~Y 
1= 1 

This is done by the following ene-dimensional recurrence relation: 

J,.(y) = max {gn(.xn, y.)+ J,._,(y-Yn)} (8.27) 
o ::;y" ::;y 

where n = 2, 3, ... and / 1(y) =g 1(x 1 , y). This approach yields .Y=Ü'1). 

Next we take y and int.roduce_ it int? the objective function. Then our 
next step is to 

n 

max L g1(x1, o¡) (8.28) 
X¡ 1= 1 

sft 



330 CHAPTEI DVNAMIC PROGRAMMING 

This problem again is solvcd by a onc-dimensional recurrence rclation. Now 
wc get a solution .~, = {:( 1 .). This solution is pluggcd as a constraint into a new 
problem similar to (b.2{.1 , ar.J ~: new solution j/1 =(j/¡¡) ls 'found. 

The process is rcpcated and the value ofthe objcctive funct!on is monoton­
ically increasing. We continue the process until we can achieve no further 
improvement in the objective function. Schematically, the successive approx­
imation method ·can be represen.ted as shown below: 

Starting stage 

Second c.ycle 

Third cycle 

and so on 

---+0 x 
. /o 

--"'¡ -- .) Y!----.-- --

x /.Yo 
2 -- 2 ' / 

,¡¿""' 

This method can be used to find a local maximum. There is no guarantee 
for a global maximum. The method can also be used to test the optimality ofa 
proposed solution. As in the case of the Lagrange-multiplier approach, we 
can always identify,a nonoptimal solution, but a solution·that will pass· our 
test may be a local maximum and not necessarily a global maximum. 

3.3 
. NETWORKS ANO DECISION TREES 

· 8.3.1 INTRODUCTION 

Onc of the ne\\<est and most promlSJl}_g_proto~pe dynamic-pr01fu_'1_[11rniDg 
2!Qblcms is the one invoiving trakctories. T_h~- m'!jor use of models involving 
traiec~<;Jri¡;_~ju_n__!bus~.;.l.L9.Lspac_G .. J<:sear..ch._artd....cmc.rciaLaucLm.ilitar:t­
aircrafr. One important seg~~!!!_...Q[_~raje_c;toJ.ies,_n;¡mcly_ne.Lwr.ks_.and 
d~i~~_!rees, is receivi_~gJn.E.~~-~~i.ng__~!!_tiqnJ~9!11._¡p;t_nagemcnt. In this 
section we shall introduce the majar concepts of_r:J.~t\.~or.k~.JLilG thetU.h.Q!Y 

! ÜJ<!Ír_ ~s~_lfl __ mar~5~gc_rhlj__d_~_ci];j.Q.I!..Dlaking. Ncxt, we shall show the use of 
· dynamic programming to solvc both deterl!lJn:stic a~1d S~Q.~g.stl~ti~~ision 
:-~_s_ar!([Jú);Úiy t";;~sptve t~,_e_ ~~;11-~!!Q~vn ma!J!!~!Tlent contro!.J2.!:2blcms of 
· PERT (Program Eva!uation and Rcvj~y¡ T.t:.C:!lD..Lq0!<Land_.CeM_(Critical 
· PaÜÍ.Mcthodj. · . --------··--··· . - · · 

· --·:B;r;¡;;-introducing nctwork problems and their solution, iet us define 
certain basic terms. 

A nc!u·ork is a m.;; .. ~::-: ,_,f.:: system consisting of interrclatcd activities, such 
as construction projects, re;;earch ar.d dcvelopment programs, and main­
tenancc programs. Nctworks are usually rcprescnted graphica!Jy as in Figllrc 
8.2, which shows a simple network consisting of e;;ents. (or nodes) and 
acricities (or ares or branchcs). 

An eren! is ao identifiaole point of ;Jro;;ress <!tlring the COr.J?le!ion of !~e 

' 
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project. The circlcd numbers l through -, in Figure 8.2 ¡¡re evcnts or nodes. 
The begiñning node, 1, is called the source, or start, <>.nd the last ncde, 7, is 
called the sink, or dcstination. 

An activity reprcsents a task requiriQJL a certain .Q.C.ric~ of time for its 
comp!etion. In Figure 8.2, 1-2 and 4-6 are examples oftwo activities. Activity 
1-2 connects "nodes" 1 and 2 and it takes two weeks for. completion; that 
is, its duration is two weeks. 

FlGURE 8.2 

We note that a "node" occurs at the junction of certain activitir.s. Dcpend­
ing upon the type of work, the numbers along the ares (activities} can rep­
rcsent units of time (dumtion) or units of moncy or sorne other measure of 
efl"ectiveness. Networks somctimes employ arrows to indica te the l!irection of 
progress betwcer. nodes. When no arrows are used, we assume that the 
nt:twork prc6res.>.:s from left to right and that no loops are permitted. The 
objective in most network problems is to find the shortest or longest path 
through the network. 

When networks are employcd to depict sequential dccision proccsscs, they 
are usually called decision trees. Similar to thc graphical represcntation 
of networks, decision trees consist of nodes and branches. 9 Any time a node 
is connected to more than one other nodc, the decision maker must choose 
for progressing along a specific are to reach the next stage. Two types of 
nodes can be identified in decision t:re~s: decision nades (usually dcsignated 
by ·a square 0), where the choice for direction exists, and chance nodes 
{usually designated by a circle 0), where the progression is by chance rather 

9 One dastinguishing characteristic between networks and de.:ision lr~-.:s is that ai:hough 
diffc:rem lime scquenccs for nctwork nodes e:Üsl, al! actavitaes are perfor.ned .1:-:d "':pass 
throug.'l al! noJcs J.S the "ork progrcsscs. In decision :rrx:s, on the othcr har.d. a~"ta.):l 

choices rt:SL;lt in sli;>p:.r.l 5C'e::U br..:..:!-..es·a."Af ooJes.. 
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than by choice. A decision tree in which no chance events are included is 
called a dcterministic decision tree. 

A decision tree portrays various possible courses of action, and chance 
determined outcomes, along with. their respective payoffs. The payoffs or 
rcwards are either constants or are determined by chance or other uncon­
trollable factors, in which case they are represented by probability distribu­
tions. 

8.3.2 DETERMINISTIC DECISION TREE, 
(NONDYNAMIC-PROGRAMMING SOLUTION) 

To illustratc the use of a decision trec Jet us assumc that the management of a 
firm is facing a machinc replacement problem, with different paths and their 
~ssociated rewards. Figure 8.3 indica tes that if the machine is replaced at this 
time (T=O), wc will gain a net profit of $50,000 during the first year, and 
$70,000 during thc second year. ün' thc other hand, if we do not replacc the 
machinc at this time, we will enjoya net profit of $70,000 during the first 
year and, aftcr one year at T= 1, we will again face a replacement dccision 
with the rewards during the second year shown in Figure 8.3 (55,000 if we 
rcplace a!)d 40,000 if we do not replace). We have, in effect, thrce differen~t 
alternatives. Replace now, replace aftcr one year, or do not replace at all. 

The solution to thc problcm is achievcd through simple enumeration of 
the three possible altcrnatives, and by comparing thcir associated rewards. 
The results are summarized in Table 8.8, from which it is obvious that the 
optimal decision is to replace the machine after one year (assuming that all 
data are already discounted to time zero). 

$70,000 

sss.ooo 

S4o.oo_o __ _ 

o 
Torn~ ( T) 
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Tablc 8.8 
--- ------------------

ALTERNATIVE REWARD, DOLLARS 

1. Replace now 
2. R$1ace after one 

year 
3. Do not replace 

50,000 + 70,000 = 120,000 
70,000+ 55,000= 125,000 

70,000+40,000= 110,000 

We solved the replacement problcm by actually identifying all possible 
paths through the network, calculating the projected profit for each path, 
and then selecting thc path with the highest profit. This type of approach is 
aii right for a small problem, but a complete manual enumeration of al! the 
possible paths of a large network would be extremely time-consuming and 
costly. Dynamic programming provides an elegant and efficient way to salve 
large network problems. 

8.3.3 DYNAMIC-PROGRAMMING APPROACH TO 
DETERMINISTIC NETWORKS 

A cost-minimization problem in the form of a network is depicted in Figure 
8.4. Our objective is to find the shortest path10 (equivalcnt to cost minimiza-

~-----------B-----------C------------O------------E--S-1~-~-,,¡ 

FIGURE 3.4 

'" 1~ n-~·kr '''"'"~ "'''~ 1~1 m 3ny n;:t_.,,,,.. ,.,. Cd'l ¡,,,l .ll a 

~~ ~,~,_, .J !'r-: 1..-n.t{'"ni t":;l'\ ~~'<#·~ .:;¡~t)t h~ f) ..rn..¿~~un,J.at....,•n ;""'i·"~q-m) 

.. rr .. r>km-1~1 
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tion) from node 1 to node 11 by the application of dynamic programming. 
We !>olve the problem backwards. The first time a decision problem exists 

i~ at stage D. 11 

Solution, Step 1 : Check Stage D 

Nades 7, 3, 9, and !O are the four possible states in stage D. There is only 
one branch linking nade JI to each of these states. · 

The cost involved in going from each ofthe nodes 7, 8, 9, and 10 to node 11 
is computed below. 

Let us adopt the following notations: 

J.í.d) = minimum cos~ involved in proceeding from the nth node lo the last node 
(along the shortest path) 

d1;=actual cost involvcd in moving from the ith node in one stage tojth node 
in the nex.t stage 

Then for our example, we have 

/7(d) = d7-11 = 6 
/ 8(d) = d8•11 =5 
f9(d) = d9-11 =4 
/so(d)=dso-11 =7 

So!ution, Step JI : Check Stage C 

Nodes 4, 5, and 6 represent the three states of stage C. Our problem at this 
stage is to find the mínimum cost (shortest path) between stage C and stage E. 
We could check a!l possible paths of progression bt:tween stage e and stage E, 
compare the associated costs, :wd then choose the least-cost path. Starting 
from node 6 in stage e, for examplc, we can reach stage D via nodes 8, 9, or 
!0, with costs of 8, 10, or 9 respectively. To these costs must be added the 
optim.l! costs of proceeding from nodes 8, 9, lOto node 11. 

This can b~ accomplished by utilizing the principie of optimality. The 
total cost of proceeding from each node in stage e to stage E, (TC CE;), is 
made up of two components: 

where 

d1J=actual cost of pmceeding from the ith node in stage C to thcjth node in 
stagc D 

/;(d) = the r,1\r.!mul":J ·_·; .. ~t of procccding from the jth "odc in stage D to the 
last (E) stag.! 

Now we would like to find the lowest possible value of TCcE· This is done 

" The br.:akdown into stages hcre is arb:trar;:. The <:nalysis can ron with each node 
being a stage. 
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.. 
by simple enumeration. The Iowest possib!e cost of progressing from node 6 
in stage C to stage E is designated by /::,(d): 

. (d6-B +fs(d) = 8+5= D) 
/ 6(d)=min d6 • 9 +f9(d) = 10+4= 14j = 13 

d6-1o+/10(d)= 9+ 7= 16 
• 

Note that there are three alternative ways to proceed from node 6 in stage 
e to stage E. The least cost f 6(d), however, in·;olves proceeding from 6 to 8, 
and then from 8 to 11, with a cost of 13. 

ealculations for proceeding from nades 4 and 5 in stage e to stage E 
are as follows: 

¡
4
(d)=min {d4_,+f7(d)= 7+6=13}=!3 

d4·8 +/8(d)= 12+5= 17 

fs(d)=min {d5 • 8 +/8(d)= 11 +5= 16} =9 
d5 • 9 +/9 (d)= 5+4= 9 

Now we can find, by enumeration, the lowest value among / 4 (d), / 5(d), 
:,1nd /6(d). This value represents the lowest cost of moving from stage C to 
stage E. 

It is evident the shortest path from stage e to E is 5-9- I 1, ata cost of 9. 

Solution, Step 111: Check Stage B 

Our next task is to find the least-cost path from stage B to stage E. The prc­
cedurc is similar to the one in step II. The required calculations are as 
follows: 

¡ 2(á)=min {d2-4 +/4(d)=8+ 13=21} = 14' 
d2-s + / 5(d) = 5 + 9 = 14 

/l(d)=min {d3 •5 +/5(d)=9+ 9= 18} = 18 
d3-6+/6(d)=6+ 13= 19 

This stcp illustrates the economy of effort made possible by using dyr.amic 
programming. Instcad of calculating the costs of seven possiblc paths from 
stage C to stage E, we make only four sets of calculations. 

Note that the best path from stage B to stage E is 2-5-9-11, with a cost 
of 14. 

Solution, Step IV: Check the Final Stage (A) 

The rationale in this step is the same as explained in the earlier steps. The 
actual calculations of this step are as follows: 

[¡(á)= m in {d1.2 + /2(d) = 10+ 14=24} = 23 
d¡.) +lid)= 5+ 18=23 

Thus the optimal solution is 1-3-5-9-1 l,·with a cost of 23. 
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Evaluation 

We can see thatin addition to solving the original minimization problem ·we 
ha ve information now as to which is thc shortest path from any given state 
i to the final stage. . 

The recurrence relations for the problem are given by 

f¡{d)=min {dii.f.Jj(d)} 
j 

(8.29) 

The application of dynamic programming to networks can be extended to 
solving stochastic networks. 

8.3.4 A STOCHASTJC DECISIQN TREE 

The decision tree in Figure 8.5 portrays the decision problem of the ABC 
Corporation, facing a machine replacement problem. 

The management has two alternatives: repair the old machine at a cost of 
$1000 or purchase a new machine at a net cost of $10,000: Each of these 
aiternatives takes us, along different branches, to chancc nodes 2 and 3. Each 
chance node may result in one of two differcnt payoffs with given probabili­
ties. All the relevant data are given in the decision tree of Figure 8.5. We 
solve this rcplacement problem by calculating and comparing the "expected 
value" of each altcrnative. · 

In any discrete probability distribution, the expected value is ca!cul::r.ted 
as: 

(8.30) 

where p1 = probability of ith outcome and K,= numcrical value of ith outcome. 

HIGH DEMAND {30%), SSO.OOO PROFIT 

LOW DEMAND (70%), S 15.000 PROFIT 

HIGII DEMAND {JIY:Ol, $2'1.000 PROFIT 

LOW OE\11\ND (70'?0). $10.000 PROFIT 
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In our example, the expected value of the "replace" alternative is given 
as follows: 12 

( -10,000) + {0.30(50,000) +0.70(15,000)} = $15,500 

The expected value of the "repair" alterrfative is 

-1000+ {0.30(20,000)+0.70(10,000)}=$12,000 

Our optimal decision in this case is to replace the machine. 
Conceptually, once the cxpected-value calculations have been made, our 

probabilistic decision tree of Figure 8.5 can be represented as the equivalent 
deterministic tree of Figure 8.6, in which it can be seen that the decision 
choice is simple and straightforward (replace). Similarly, large probabilistic 
decision trees can be changed into equivalent deterministic models that can 
then be solved by dynamic programming. 

SIS,SOO 

$12,000 

FIGURE 8.6 

8.3.5 APPLICATION OF DYNAMIC PROGRAMMING TO 
PERT ANO CPM 

Dynamic programming can solve PERT (Program Evaluation and Review 
Tcchniquc) and CPM (Critica! Path Method) problems. The objective in 
PERT and CPM is to determine the longest path in the network. Each node 
in a PERT or CPM nctwork is a stagc in itself. 

PERT and CPM are planning and control techniqucs based on network 
theory (sce Modcr and Phillips [22]). Both techniques are used in large pro­
jects (such as construction, research and development, and equipment ovcr­
haul) involving many interrelatcd activities. In both techniqucs, the major 
objective is to idcntify the critica/ path-that is, to idcntify thc bottlencck 
activitics. 

The major idea ofboth CPM and PERT is a graphical prcscntation ofthc 

ll In this case thcre is an outcomc or -10,000 {that is, cost. 
words, thc probabíl1ty is equai to J. 

1 ccrtainty; in othcr 
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project using a ne~work, where the nodes represent events and the branches 
rcprcscnt activir.ieo;;. A usual distinction between CPM and PERT i;:; that 
CPM deais with dc,um¡;.i:.ric cases whereas PERT handles probabilistic 
cases. The duration of añ áctivity" labded '~· in the PER:f approach, is com­
puted asan average of the followlng estimates: 

a= optimistic estinule u 
m= most Iikcly estim<>.te 
b = pcssimistic estima le 

acccrcting to the following formula: 

6--
t.= ----

a+4m+b 
(8.31) 

and it is this number that is written along the branches in the PERT network. 
The CPM, on the other hand, considers single estimates for the time required 
to perform different acrivities in the network. 

An ill&~strative Example 

Find the longcst path of the PERT network of Figure 8.7. The numbers 
along thc branches :1re the average expected duration of the activities (t.,). 

Solution 

A. Stage 8 

Let node 8 be thr.; first stage to be cor.sidered, h'orking backward. The 
longest path from node 8 to node 9 is 6 days. Formally, we write thi!: infor-
mationas:14 - -

fa =ds-9=6 

R Stage 7 

We have two alternative ways of proceeding from node 7 to norle 9. The 
direct path 7-9 takes 9 clays; the other path, 7-8-9, takes 8 days (2+6). 
Formaily, 

td,_C) +0 = 9+ 0= 9} 9 f =m::~x ( = 7 
· td1-s+fa= 2+ 6= ·8 

Proceeding backward to stage 1 and analyzlng the intermediate st-ages, we 
obtain the follo~víng resuits. 

13 The thrc~ ~i~~:-c;;: ·:ír:1e eslima!c:; for ccmplcting thc activity are b;;scd on the 
a5sumpti~n that the t-eta c1istribution is thc probability d:stributwn re;Jrcsentin¡; thc vurious 
possiblc comp!etion times for the activity. Thus, a rcprescnts the optimistic time estlmate 
(with a probability of 1 in 100), b reprcsen:s the pcssimistic time ~!im2te (with a 
probability of 1 in 100), and m is thc modc of thc distribution a!' -estima red by the project 
analyst. 

1
'" In this problem we shal! write /¡in place of /.(d). d,_1 dc~otcs r. of activity ij. 
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FIGURE 8.7 

C. Stag.;; 6 

{
d +};- 3+ 6= 9}-. ¡: =max 6-6 s- 6+ 9= 15 -15 

S d6.1+f1= -

Thus the lcngest path between 6 and 9 is 6-7-9 with 15 days. 

E. Stage 4 

G. Stage 2 

H. Stage 1 

. . +" /4=max la4-6 J6= 
\d4-s+fs= 

- {d2-4+/4= 
/ 1 =max d r. 

l-s + ... s= 

7+15=22}=25 
4+21 =25 

4+ 9= 13) 
3+25=281=28 
2+15=17 

2+25=27} =27 
5+21 =26 

5+28=33} 
9+25=34 =34 
7+27=34 

As the last set of calculations shows, we ha ve two equal longest paths; 
that is, we have two optimal solutions. 

The first is 
I -4-5-6-7-9 at 34 days 

and the second is 
1-2-4-5-6-7-9 at 34 days 
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The recurrence relation for this problem is given by 

f,=max {dn-i+/¡} 
j 

(8.32) 

where n_,_.j represents all possible • direct paths from node n to connecting 
nodesj. 

8.4 
ONE-DiMENSIONAL SMOOTHING ANO 
~rcHEDü LiNG-Pl~ o~ss __________ ----
8.4.1 INTRODUCTION 

In Section 8.2 a static (_9~~urr~ in a single time~riod) alloc~tion proce_~s 
was· portraved as a_9Y.!lll.IJ1~PJO.cess and t!!eQ2_Q)ve~síng.Q.Y.n~.!!ll.<:_.PrO­
gramm.0g. In Section 8.3 we applied dynaJ!lÍC....Qr_Qgram_rn_i_nz..i!LS.ci.Ying 
problems that dealt with eithcr single-dccision situations (such as finding_the 
shortest pat~J.~~ network) o;_~itiiatLons il).7ó[;i~i~{u.l_~_IJ_~c!_e_~!~i9~~__QQj_l!_tS 
(such _ ~~.d~cJ.~~n-tre~ .!tl1e~~~ _pr_o_bl_c,f!ls). Th_e pro~lem~--~_f_Sect0_!1__?_:3, 
though of a multistage nature, did not necess~rily __ r~pr_~_~e_!!t_ .!1.1~!titime 
periods.' Ín-th.{s' seétion we..iur;v-o-~r:·att~ntiÓ-n~tÓ:Vroccsses-rinvolving"mOre 
~ha~:::.sL11gt~~i~1~· perjod~Thcs~ dynaro.ior..-rather:ih'an:-:5~us~-PrQ~scs 
tak-e.-place-- rn·such busirresS"'prc blems as r.i.n'>!entoq-oontc.ol,~erlacemenl'~11nd 
~odu~~;on smo()thin¡,fa~d~~5iledo(~~- . . - -- . : :=-- - --
.. -.. - ···- ·- -~ -~--. . . . . ~ - ... 

a.A-2..-...sMOOTHING PROCESSES 

~S:l_!00t~,i ng_:_R~_2cess..is -one ·in-w hich. two:-opposi~g-· C()St~-:~!.e.::.J::!alan~d _ i.!l 
Hdel'-t0<"1lchieve''lHr·optim:tl' le:rst=cost-solution. To i!lustrate: Assume that 
,y~-are dealing-~vi'iti a system '[!l~i s'hould operate in a certain specified state. 
!J the system is not operating according to the spccified state, a known cost 
: 1 is incurrcd. This cost is a function of the magnitude of the deviation from 
he specificd statc. A second cost el is incurred whcn we attcmpt to transform 
he system into the desired state. A smoothing process balances c 1 against el 

n such a way thaLt~e ~veraf! gl?ic.~~vc~of oiicra_t.~ng .!~.Jysteñl ,~_qP.~§'!f~ 
::xamplcs of su eh ·p~occs~c'5 ·are_ e~lp~o:y:mc:_nt·lc~~l'_d_etcr_!Tlinati~!_1 ~¡ ~iew__~C~ 
:ucluatrng dcm:-~nd for-manpowcr (where the __ ~ost ~U~!~-~-fl]_p_IQyecs_js 
>alanccd agitlnst co_s.ts.of hiríng and firing) <Hil!: ecor.omic ordcr quan~~ty_in 
i!Yiñt..u~y·pr:oble~;, :~h~re-¡¡;·~- ~~t=~p~ c~sl is.b.alar.ced ·against holding- cost. 
;1 a~ y --in ven ¡c;;:y·:-·.:cr;lace-m~li~-:;~~r¡;ród úct ion .. schc-d ~~ir~g p~a' b·,~·¡~s ais-;;· f.iii 
Jto this category. Sc\ci'al complicatcd enginccring problcms, such as feed­
ack control (sce Bellman and Dreyfus [6j), can abo be considered as. 
:noothing proccsscs. 

In thc rer;1ainder ofthis sectíon v•e will i!lustra.te severa! typical smoothing 
¡ocesses in busi· ··s and econorni~s aAd sofv,: thc:m o;, d::<:;é:>:~,; "'!·~:: ~~W1 • 
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8.4.3 OPTIMIZING EMPLOYMENT LEVEL 

Let us COf!SÍder a manpower scheduling situation in which 

l. Fluc;_tuating manpower rcguirement~c time period are knawn with 
certainty. 

U_~(':_Ye.~ for being "out QUlQ~K::JS iltobi.hi.tble.. (that is, all demangs 
must be met). 

· ~=--NOovcrti~e work is ~!!!litle.fL~f<!.U.~...a..tlm:~flsl;b.eduJ.c..an.d.li.m 
facilities). 

Since ~e. ~.e_EealiEg with hl!~sources, manpower cannot be stored 
~_0e sen_~e-~~~,ehysic~g_oods are store.~. 

An lllustrative Exarnple 

The ABC chemical plant is being opcrated around the clock. Manpower 
requirements for plant maintenance are assumed to be known with certainty. 
Beca use of minor and major ovcrhauls in différent quarters, yearly manpower 
requirement varíes as shown in Table 8.9. Thc problem is to find the optimal 
leve) for the working force during the year. 

Table 8.9 

QUARTER 2 3 4 

'viEN REQUIRED (r1) 54 60 120 80 

At the outset, we can suggest these alternative solutions to this problem: 

Alternative l. Keep the employmcnt level exacrly equal to the demand level, for 
each quarter. Th1s can be accomplishcd by hiring ( or laying off) as the need 
occurs. This approach will probabiy be quite costly, due to excessive recruit­
ment, training, and layoff costs. 

Altcrnutice 2. For thc cnlirc planning period, kccp the cmployment level equal 
lo the highcst demand level. This means thal our crew sizc will rcmain con-· 
stant and although we avoid high costs associatcd with layoffs, we incur the 
costs of idle crew. 

Allt'rnative 3. Vary the crew size, but not necessarily in each quarter. The 
objective of lhis policy is to find the optimum employment level to balance 

. the opposing cost·; of id le crc\v on the one hand and costs of hiring and layoff 
on the other. 

Dynamic programming is used to determine such arr optimum employ-
ment policy. 

Let us adopt the following notations and/or assumptions: 
/J ..-- -. 

L._<;::ost p~t:_ld)~_!!m¡~!.9Y~Per ,..illl..a..Qg = $2~00. !} ~' · ' ; 
2. x, '-= lt:vcl of cmployecs in :he irh stage. : 
-l:.-.:'.~~--:-,-:.~:1 1 --¡:--~-:'~-~-;;; ;o-t-¡:,~(:"·~;~;J:-c~:ln~;(~c·\.·::- (r·;n~c:.J:"':: lt[_,_;' --'~;~; _ne"{r ~ragc, 

- -f' n. ~~, .... r-, 
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4. d, = numher of _CBlPJ.ovecs hired or Jai<;l ofLill...th~_itn .:tta~~.Jlll.mber is 
given by thl! rei'!tion 

(8.33) 

S. Part-:ime employees are avair<lblc. This means íhat crew sizes invo!ving 
fractio"ii,!f¡mswers-are pcrñ1i~~ble. · ---

~.i= policy employmc~_UeveJ_jn ~ giyen_qua_r_ter. 
7. r, = manpower required for a given quarter i. 
---·- -------------

Our objective is to flnJ the rr.aintenance crew size for each period that 
will minimize total costs for the planning period. 

Solutíon 

.!..lli~Y.l!Íy_en_g_a~ ( qyart~¡j, !h.~gc;cisÍQ!l abput_tb_~2.P.timaLeJ!I_QI_oymen_t level 
wi!l.be. _based_Qn_thc mao ppy¡er_r_~_q uir~n:teDLiJL~h¡g_q~a[!e~r:!4.Q!l_!_~c _level 

~ 9f et!!Q!.Q.YD~nt_in .!h~J2_rev_iQ.!!.~~rter. In ~a_c.J¡_qu~n~~~--~-~·e __ a.!l_ upper 
limit l~!nPloyn_lt:;.!l.L..~~hic~ j~ gí~~I)J>Y .. !lt~ _h!gh~_s_L<!.~-~-an.4. !~_::_el_c_!uri.ng the 
e_!ltire Jili!n.níng hori?BEl!JO in our case). "fhe state_y_¿¡ri~J?I~_fj_l}_~_system in 
~~se is q!..e_poli<:Y __ <;.I)lE~~yt-;},~f!!J~vel s (the only unknown variable). 

In order to solve this problem by dynamic progmmming we shall assume 
that our proces5 continues for severa! years with. a constant ycarly demand, 
and ...,vith the same quartedy fluctuations as shown in Tabie 8.9. For com­
pu:ational purpose!>, we :.hall use a planning horizon of seven quarteis 1

.5 

(see Table 8.10). 

Tablc 8.10 

STAGE 3 2 4 3 2 

QUARTER 

Mf.N REQUIRED (r1) 

2 3 4 5 6 7 

. 54 60 120 80 .54 60 !20 

We_ st:ut our analysis with gu::u!er 7 und procccd backlv.q_~d. Since the data 
frOI!J quartcr 7 to quartcr4 fom~~~Jllp.!_~~t;,9:_cle __ {2._n~ear), we can conclude 
cur a!l:DY~~--~~~!!. we h~E-~!i~lyzcd_th<::._(o!!n.r~qt_Ia_~_~r_, The problem will 
thc!~ ~~~L_V~-~~C!! ~-?~<.:_~_.:_l_~ld!l~~-answe~-o_~t,ai~.~d ~_ill_ be y_alid for any number 
of ye~rs, so lo_~!?-~!2..on~ .?~ ~~:-~?.n?ít~~-5-~~= ~h~~~:~_:_!:.~t 

x, = the emp!oymcnt levd :u qu~!rt;;:r 7, (as well as at quarter 3) 
xl = thc emr:loymcnt !cvel al qu<~rtcrs 6 and 2 
xJ = thc cmploym~nt leve! :.:t quancrs 5 and 1 
x .. = thc employm.::a leve' at quartcr 4 
.X, = the rJ':l::m::.! cr:~p!oy;ncnt leve! at s!age i 

IS The !ast ql!arter should be thc onc 'Ñ¡th :he high~fl dcmand. This simplifks comj)uta-. 
tions considcr:óly. Also nore that we ha ve Lúcd a slight!y d;íT,;rcnt notation in thrs iilustra­
tion. In tht: earlicr examplcs, thc last sta¡;c= was g¡vcn thc high.:st numrrica! ·:al u e. !·\ere, the 
lates! sta¡;e is bcing dcnotcd a~ ~tage l. Of coursc, th<" m.::hou and the sequcr,..:c ol an.;.lysis 
docs not change .. Hcre, a3 in prcv:ous exawp!es, wc srarl wrth the "!ast" stagc and work 
backward. 

. 
1 ,, 
1 

·.1 
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The total cost at each stage is composed of t•.vo parts: 

l. Id le crew, whose size is givcn by the diffcrencc of ernployment leve! ar.d the 
manpower requiremcnt-that is, (x1-r,)-and whose cost is givcn by 

2500(x,- r,) (8.34} 

2." Changeover cost, which is giv,.n by 

c,=250(x,-xl+ ,)3 (3.35) 

Once the employn;ent leve! for a given quarter is decided, this leve!, s, is 
the state entering the n~:xt qua:"ter which is the previcus stage. 

Our functional equation in this case is, as usual, based on the principie of 
optimality and is given by 

(8.36) 

Stage 1 

For qt:arters 7 and 3, obviously, x 1 = r, = 120. Thus 

/ 1(s) = 250(120 -s)2 + :Z500(120- 120)= 250(!20--sjl (8.31) 

In other word;;, the only cost here is the changeovcr co.>t, which depends 
on s, our po!icy decision on employment leve! in quart-::r 6 (the next stage). 

Stage 2 

Similarly, for quartcr ó we ha ve: 

lis)= min g 2(s, x 2)= n1in (250(x2 -·s) 2 + 2500( . .-2 -r6)+f1(xJ} 
x¡;::60 

= min {250(x2 -s)2 +2500(x2 -60)+250(120-x2)~} 
.>:¡;::60 

(8.38) 

Wc shail attempt to llnd the mínimum of this function, for any fixed value of 
s, by the classícal caiculu:; mcthod. 

l. Take the first partial dcrivativc of g 1 (s, x;) and cquate it to zero: 

éJgz(s, Xz) 

a = 500(x1-s)+ 2500- 500(120-x1) =0 
Xz · 

Solving (8.39) for x,, we obtain thc optimal valuc: 

• 51,500 + 500s 
x1= IOOO 57.5+0.5s 

(8.39) 

o 

(8.40) 

2. Check the identity of point x1 • The sccond partial derivative of g 1(s, x 1 ) 

yields 

(8.41) 

Sincc the second dcrivativc is positivc, wc ha ve a global mínimum at .i~. 
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3. We now check values of sin order to satisfy the constraint x, ::2:60. We know 
from Equation (8.40) that .\·, = 57.5 + 0.5s is a global minimum. E ven if s:5 5, 
x 2 must be 60 beca use of the statcd constraint. For -~, to be greater than 60, 
s must be grcatcr than 5. 

It is not neéessary to consider s:::; 5 because it is constrained from below 
by 54. Thus w~ 'wish to examine' only s > 5, for which .\: 2 = 57.5 + 0.5s. 

Please note that s is limited from above by 120. We now introduce all 
this information into/¡(s) and obtain the following: 

fis) = 250(57.5 +0.5s-s) 2 + 2500(57.5 +0.5s- 60) + 250(120- 57.5 -0.5s)2 

Again. in this last expression, the optimal policy is a function of s; 
therefore the value for s must come from the next stage. 

Stages 3 and 4 

We continue in a similar way and express the oplimal polícy at stage 3 as a 
function of s. The procedure is repeated in stage 4, where the optimal policy 
is achieved when s = 120. When this value of s = 120 is introduced in the earlier 
stages, we can calculatefis),f2(s), and/1(s). The reader can verify that this 
will yield the fo!lowing optimal values: 

X 1 = 120 X 3 = 115 1 

1 
x 2 =ll7.5 x4 =112.5 1 

Note that this solution indica tes excessive id le time. This is beca use of the , 
large changeover cost. 1 

1 
1 

1 

', 8.4.4 EOUIPMENT REPLACEMENT POLICY 1 

l
¡ Of the smoothing-process types of problems, the replacement and main-

1 

1 
tenance problems are of special intcrcst because they are almost uns~lvable '¡ 

l by other analytical techniques. Here, we shall illustrate the dynam•c-pro- . 
; gramming approach toa simple rcplacemcnt problcm. 1 

Therc are severa! circumstances in which individuals as wcll as firms must 1 

make perioJíc replacemcnt dccisions. The rcplacemcnt of the family auto-
mobile .is pcrhaps the bcst illustration of this type of an individual or family 
decision process in our socicty. Many replacemcnt and maintenance -prob­
lcms are mult{stage problcms involving periodic ~reventive maíntenance 
and/or replaccmcnt decisions. · fn addition, maintenance andjor repair 
scheduling can involve many variables in complcx functional reíations. 

.A.n lllustrative Example (Single Machine Repiace:ment Pwbkm) 

Ld us assume that eách ycar a new rnodel of a c..::-rain machine is av:1ilable 1 

for use on the j:irst day of J;mu:.:ry. The manager of a mant.:facturin.; dcpan- : 
• rnent using t' type Óf-m::lchiw:. faces tho;- ::7n!)ien~ r;i' :cr;iaci ~~s: ,¡-," dd f 

r::2.chine h~ · =-~ek-.. ~· .-,-iti in c:::,,;r . : · · :;·r: · - ·_<.. \_::. , 
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assume that .sufficient data on costs and revcnucs :ue_j!Yililable lo enable our 
manager lo set up.aplanlllng fioriz;;-,lhat-~~vers four yea~~~-

- The. replacement cost 'i"s -a-··ri:iñclio;oTthc-ágeof lhe machine to be 

replaced and the year in which the "new" machine is produced. As shown in 
Table 8.11, if a~ 1969 machine is replaced in 1971, thc rcplacement cost is 
$10,000. The replacement of the 1969 machine by a 1972 model will cost 
$15,000. A complete schedule of replacement costs, covering the fou¡ years, 
1969 through 1972, is given in Table 8.11. ' 

Table 8.11 Replaccmcnt Cost, R 11 

.___ ________ . 

y 

D 

EAROF 

ECISION 

NEW MACH!NE) 

1969 

1970 

1971 

1972 

1969 
j1.!7~ 

7 

10 

15 

lf\ 
Let us adopt the following notation: 

YEAR OF OLD MACHINE 

1970 1971 
l ,~ ;.) ¡-;:•¡ 

9 

11 10 

13 

1972 

l~i.? 

14 

r 
j 

R, 1 =cost of replacing old machine of year j by new machine in year i, in 
thousands of dollars 

i = year of dccision (new machine) 
j= year of old machine 

111= revcnucs gcneratcd in the ith year when the machine modcl is of the jth 
ycar: i¿j · 

M u= machine opcrations and maintenance costs for the ith year when the 
machine model is of thejth year; i';;;::_j 

Assuming that both 111 and MIJ for the planning pcriod are known, our 
manager can calcula te the expected net rcturns (111 - M 1¡). Table 8.12 contains 
the nct returns data, P11 = (liJ- M 11). , ¡/ ,-J· 

Table 8.12 Net Return, P.1 

~ 
frJ 

1/S_ 
--------------------------------------------~ 

J YEARpF OLD MA<{HINE L¡ .u r 
J969 1970 1971 1972 -1 ,' ) 

::--:-~· 
-- J-

,._1_9_69--j-__ 19 ___________ 1: 
YEAR OF t 1970 
DECISIO!'I 

' 197! 
(NEW MACHINE)- t-----

.: i ¡:l72 j 
->- -~----·-----

15 

12 

22 

18 23 
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Solution 

The problem c~t: bf:' ~aivcd cithcr by an enumera! ion approach · or by the 
applicarion of dynnmi(~ programming. If the problem !:Íze is smail, the 
enumcration approach is quite practica!. ~or l:irge-size problems, however, 
the tlynamic-programmin¡; techniquc is prcferable. 

Enumeration cf All Possible Alternatives 

\Ve siart with the knowledge th~t the old machine had been replaced on 
Janu:uy l, I 969, with the 1969 model. Then, our manager h&s only eight 
availablc alternativ'!s 16 for the. planning horizon. Let R = repl~oe·the machine, 
K = keep the machine. 

The eight alternativcs are listed in Table 8.13. 
It is easy to enumerate and arrive at the payoffs given in Table 8.13. 

Obviously, alternative 2, with the highest payoñs, is the best scrategy for our 
manager; that is, replacc in 1970 and in 1972, and keep the 1970 model during 
!971. 

( 

. 'J.~ 
v ... ~~~ 
' ~1 r.J 

J J'J 

~$;0 

'\ 
"! "-,, 

¡¡'j . 

Tablc8.13 

1 REPLACEMENT POLICY 

Jol.TERNATJVE ~ 
1 197ll 197l 1972 

PAYOFF, 

DOLLARS NUMBER 

----~-~ R R R 64,000V 

2 1 R K R 67,000 
3 R K K 64,000 / 
4 
5 
lj 

7 
8 

R. R .'( 63,000 .¡ 
K K K 56,000 

1 

K K R 

1 

57,000 
K R K 62,000 

L~ ___ R_ ~ _ _j_ 63,0~ 

(' The Dynamk-Programming Approach 

Letj¡(j) = Maximum total nct p:1yoff from beginning ofyear i to 
the end of the horizon, when the equipment on hand 
was purchased during the ycar j (j'<. i). 

Then, at each decision year i, with equipmeot purchased during j, the two 
eh o ices a!"e: 

Keep: 

Rephcc: 

Payoff 

P;¡ +/1+1{j) 

P,, -R¡1+fi+1(i) 

(8.42) 

(8.43) 

16 Two alternatives each at the beginnir.g of 1970, 1971, and !972. Het.!:"e the iolal 
ava;lable alt::rnativcs are 2 x 2 x 2= 8. 
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Therefore, the rec~.;rrence reíaticn becomes: 

'{p .. ..¡.(,~l(i.)) 
/;(j)=max '1 

• · ' -~ ~, 
P,¡-RjjT/¡ ... ¡(I)J 

i= 1,2,3,4 (SA4) 

Since the fourth year is assumed to be the end of the planning horizon, we set 

fs<i)=O (8.45) 

This initial condition allows a backward induction using the recurrenc~ 
relation. 

Stage 4 (1972) 

The recurrence relation at this stage is 

/ 4 (j) = max {pp41 R } , 
44- 4} 

/= 1,2,3 

From Tab!cs R.ll and 8J2 we obtain: 

Stage 3 (1971) 

f. (l)=max ~ = 11 'IO } 
4 l26 -15 

/ 4(2)=max g~_ 11 }=15 
/4(3)=max {

15 o}= 16 
26-1 

The recurrence relation now becomes 

fJU) = m~x {p lJ + f4(j)} , 
P33 -RJ¡+/4(3) 

Substituting again ftom Tables 8.11 and 8.1 ~. 

f,(l)=max =29 {
12+11 } 

~ 23 -10+ 16 

/ 3(2) = max = 33 {
18+ 15 } 
23- 9+15 

-
Stage 2 (1970) 

j=1,2 

f¿,{j)=max {p21 +fij)}, j= 1 
. P22 -R21+f3(2) 

Hence 

/ 2{I)=max =48 {
15+29 } 
22- 7+33 

(8.46) 

(8.47) 

t8.48) 



398 CHAPTER S DYNAMIC PROGRAMMING 

Stage 1 (1969) 

Here there is no decision since a new equipment is purchased. Hence 

/1(j),;, p 11 + /2(1) 
= 19+48=67. 

From stage 2 we see that the equipment should be repl:lced in 1970. Stage 3 
is thus ente red with equipment pun;hased at j = 2. From / 3(2) we observe 
that dUring 1971 it should be kept. Stage 4 is entered with j=2 also, and 
from / 4 (2) it can be seen that it should be replaced during 1972. The total 
payoff is/¡{})=67. 

8.4.5 THE WAREHOUSE PROBLEM 

a. lntroduction 

The warehouse problem involves the purchasing of a single commodity at 
specified periods or stages, &Wl"ing .for..some.time. period,.and-thcn selling to 
~c~customers. In this sense the warehouse"problem·can- be<viewed· as--an 
inventory-control""'problem; i~.also .. an..extcnsion .oLthe .• transportation 
p¡:oblem. 

The warehouse problem is a classical example of linear dynamic program­
ming. The dccision maker must make periodic decisions. Each specific 
decision dcpends on the "state of thc system" as dctermined by the prcceding 
jecisions. Severa! complex production sc!1eduling, inventory, and allocation 
problems can be formulated in terms of the warehouse problem. "In its 
>implest form, the warehouse problem can be solved by linear programming 
:_Dantzig [10], p. 55). 

Sorne characteristics and assumptions of the warehouse model can be 
IOted. 

An..uppcr .limit. ex.ists-to-the"bur,storc;-atid ·se JI transactions·involved in a 
:ypical.warehouse·problcm. Sorne of ~he factors dcterminingthe·uppci'"Jiñ1its 
¡re a.vailable capital, av.ailable· supply, available·storage ·capaciry;·-and ·size·of 
lemand. We assume that both-·costs and -prices are· constant during the- plan­
:ing horizon. We assumc, furthcr, tha4.the·demand-is:known-with certainty. 

01!;:-problern-is--to- maximize profits by ·detcrmining'thc""CiptiliiLim kvcl to 
l~~y.(or produce) •• storc; nnd selhn ·ea eh perioci -of'the·planñirig horizon. 

b-An-lllustrative·Example 

.et us assume that a young man has decided to enter the r.onf~rrous-metal 
íOkcragc business. He starts by rcnting for five months a small warehousc 
·ith a stoiagc capacity of 150 tons. Assunll~, furthcr, that tht! cost anJ price 
::hcdulc is av;1i' · 'e to our ent:cprencur, as givt:n in TatJJ.:: 8.14. Othcr 
nown facts an\:., 'assumptions are ::l.S fo!Jows: 

1 _, 
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rvi Handling, storagc, ami al! orher costs are negligible and can be assumed L to be includcd in thc cost and price schedule of Table 8.14. 
2. A monthly purchase order is placed on the last day of each month (at the 

curren! price). 
3·. The monthly shipment is rcceivcd on the first day of the following month 

(that is, a lcad time of one day). 
4. Sales are made from the second day of each month through the last day of 

that month. 
¡5:'-;rhe warehouse contains 50 tons at the beginning of the first month. 

-17 ~1 The warchouse must be empty at the end of the planning period (fifth 
'month). 

Our problem is to determine a ~ng, s~ge, and se_!!0g strategy in 
order to maximize profits. 

Table 8.14 Cost-price schedule for thc planning horizon 

5. 

Solution 

1 
2 
3 
4 s·-

COST PER TON, 

Ct 

$850 
800 
750 
650 
750 

1 
PRICI! PER TON, 

PI 

$800 
900 
750 
700 
800 

Our small-size problem can be sol ved by three difTercnt approaches: 
(1) by enumeration, (2) by linear programming, and (3) by dynamic pro­
gramming. The last two are the only practica! approachcs for solving large­

size problems. 

Let 

c. The Warehouse Problem-A Linear Programming Formulation 

k= warchouse cap:rcity (k= 150) in tons . 
x, = numhcr of tons ordcrcd on the last da y_ of mont~ L 7 
'y,= number of tons sold during month i 

s, =stock, in tons, on thc lirst da y of month i, after arrival of shipment 
c1 =ordcring (or buying) price in month i 
.?1 == sclling pricc during month i 
·z, =·un u sed storagc capacity {slack) in monrh i 
a1=artificial vari:lblc in rnomh i 
w, =stock carricd o ver to ncxt month 

We can now make the following observations: 

1. Our objcctivc is to maximize total profit, wherc total profit = total nwe­
nucs - total costs; that is, 

' ' Tot:ll profit = ~ p,y,- :E c,x, 
¿.- 1 J.,.,¡ 
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2. We canr.ot sto1e more goods than permitted by the capacity of our ware­
housc. This mc:.ms that 

(8.50) 
Ol 

(8..51) 

As noted previously, the slack v;:¡:iable z1 represents the unu!:ed slo::age 
capa;ity in momh i. Also, k~ 150 tcns. 

3. The stock (in tons) on the first day :Jf each month equals the stock on the 
firs: day of the prcvious mc,1th less sales during the previous mor.th, plus 
stock ordered during th<: prcvious month. This means that 

(8.52) 
or 

or 

or 
(8.53) 

Note that s: =so: . 
4. Sincc we cannot order more than the leve! required to fill the warehouse 

complctely during month i, we have the rcquiremcnt lhf:it 

x,~k-(s,-·y,) (8.54) 

5. Sincc we cannoc seil more than the stock on hand, we ha ve the re,wirement 
that 

y,~s, (8.55) 
or 

From these observatiom we can state our problem in linear-programming 
erms as 

:ft" 

~nd all variables ~O. 

max ( ± p¡J·1- r c1x¡) 
1=1 lal 

S¡+Z¡=k 
sl+ 1 +y1-x1+a1=s, 

y 1-s1+w¡=0 

(8.56) 

A t this stage it appears that we ha ve:; an qbjective functioP. and three;; 
tructural constraints. However, n'Jte that sincc our planníng horizon covers 
ive periods (i = 5}, there are act.ual!y 15 structural constraints in this prob­
!m. Thc limitaticn !mpo~;:d at íh'! end of tht.' horizon (no inventory kft) 
educcs thc problem somewhat, by reducing the nur.1bcr of variables. That ís, 
, -0 y -s a -O and w. =0 We now ha ve sufficient informatior: tv '5- • 5- 5• 5- • ~ . 

lerive a basic feasible solution and solve the problcm by the sirnpkx metho¿. 

11 Note that we havc only th~ce active (nonrcdund::mtj constraints per period. 
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d. ThP. Warehouse P;oblem--Solution by Dynamic Programmíng 

Conceptual!y, we are dcaling here wit;¡ a five-stage problem, lS shown in 
Figure 8.8. We will now proceed, stagc by stage, bar:kward from stage 5 10 

stage l. 

Stage n = 5 (the First Stage to·Be Considercd) 

On the first day of Lhe last month we receive the quantity x4 ordercd on the 
last da y of the preccdi;1g (fourth) month. Our stock on hand at the beginning 
of stage ·5 (first st<tee to be considered) is s5• We ha ve to make two decisions 
during the last month: (l) how much to sell duri11g the month (y

5
} ,and (2) 

how much to order on the last day (x5). 

Slages n = l n ,. 2 n ~ 31 ti = 4 n = S 1 

Months l' = 1
1

1 = 2 1 = 311 = 4 1 = S¡--
F:GURE 8.8 

Because of our requircment that the venture end at the conclusion cf the 
fifth pcriod, x~ must equal zcro. While deciding un thc levei of y 5 , we must 
obey the constraint: 

Ys5Ss 

The problcm requires, however, that no stock be on hand at the end of the 
fifth month. Hence Ys must equal s5 ; that is, se// al/ stock. 

The maximum profit at this stagc is given by 

Since x5 =0, 

fs(ss) = max PsYs 

and since Ys =s5, the maximumprofit is given by 

/5(ss) =p5s5 = 800s5 

Stage n = 4 (the Second Stage to Be Considered) 

(8.57) 

(8.58) 

On the first day of the fourth month our stock on hand equals s4 • Again, we 
ha ve to make two decisions: (i) how much to sell during the fourth month 
(y4 ), and (2) how much to buy on the last day of that month (x4 ). Using the 
principie of optimality we get 

/ 4(s4)=max {P4Y4-c4x4+ fs(ss)} 
return during optimal returns 
the 4th month in 5th month 

(8.59) 
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Obviously, 

Also, 16 

fs(ss)=psss 

If we substitute (8.60) in (8.61 ), then 

/s(s4 +x4-Y4)=Ps(s4 +x4- Y4) 

If we substitute (8.62) in (8.59), ~nd rcarrange terms, we obtain 

/4(s4)=m~x {xiPs- c4) + Y4(P4 -ps)+pss4} 

In addition, we have the following upper limits (constraints): 

y4 :S s4 (for sales) 

x4 :S k- (s4- y 4) (for ordering) 

(8.60) 

(8.61) . 

(8.62) 

(8.63) 

{8.64) 

(8.65) 

In other words, analysis of stage 4 (second stage to be considered) leads us 
to the following linear-programming subproblem: · 

max {x 4(p
5

- c4) + y4(p4- p 5) + p 5s4} = max {I50x4 -100y4 + 800s4} 
(8.66) 

Y4:SS4 
x4-Y4:Sk-s4 

andx4.Y4 ~0. r 

Since the problem involves only two independent variables, y 4 and X4, we 
can easily solvc it by the graphical method shown in Figure 8.9. We know 
that our optimal solution must lie in one of the corner points of the convex 
polygon OABC. Let us determine the value of the objective function at each 
of the corner points. These valucs are given in Table 8.15. 

It is obvious from Table 8.15 that the highest value of the objcctive 
function occurs at point B. Our optimal solution, therefore, is given by 

CORNÉR POI:-á 

o 
A 
B 
e 

Tablc 8.15 

, (0, O) 
(0, s~) 

(k, s.) 
· (k-s~. O) 

~OO.r~ 

?GOs. 
700¡4 + 150k 
650s. + 150k 

--------------------------------

(8.67) 
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x4=k-(14-y4) 

or 
y 4 =(s4 -k)+x4 

FIGURE 8.9 

The optimal solution at point B corresponds to: 

The fact that x4 =k means that we should order to full capacity, and then 
sell the entire stock during the fifth month. As Table 8.16 shows, this is a 
logical policy, since wc pay only $650/ton in the fourth month and we can sell 
at $800/ton during the fifth month. 

'-'v , -;¡.. Tabre s.t6 
~ 

MONTH SELL BUY S¡ PROFIT, DOLLARS 

S l o lOO so 
q 2 150 o 150 7,500 
3 3 o o o -'l. 4 o 150 o ¡ 

~ 5 \ 150 o 150 22,500 

TOTAL 30,000 

The fact that Y4=s4 means that whatever stock we have at the beglnning · 
of the fourth münth should be sold during the fourth month. The value of 
S4, howevcr, is not known at this stage of our analysis. 

A similar analysis for stagcs 3, 4, and l can be made in order to determine 
optimal policics. The rcsults are givcn in Table 8.16. 

Before givíng the functional relation for this problem, Jet us go back for a 
moment and examine Equations (8.61) and (8.62) .. Note that the optimal 
poiicy for the fifth month / 5(s5), is a function of s,h x~, and y4. Also, as 
shown by (8.63) and (8.66), x~ and ~cañ-eventually be ·expresscd'as functions 
of k and s4 . As we proceell backward, stage by stage, we will find that rhe 
opilmal·policy for any stagc c~n eventually be exprcs· 1s a function of 
k (~~H',; V...'(~r~hot·'·~e c~~:;t!('ity) rlnt.~ ,~ ~ (U~e stnrt~ri:?; in,\lfnt·o .. .~J" 
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Thc functional equaticn for this prob!cm !s given by 

(8.68) 

Also note that 
(8.69) 

This is subject to two ccnst&aints: 

y,5,s, (8.70) 

which ml!ans we cannot seH more than our st.Jck at a given stage, and 

(8.71) 

. which means we cannot order more than our capacity to store at a given 
stage:. 

Note: Dynamic progmmming can solve lincar-progra_mming problems 
as shown here and in the al!ocation examples. Gcnerally, the simplex mcthod 
i:. much more effic:ent th:.m dynamic programming. However, in certaín 
linear programs that are dyn:1mic in nature, such as the warehouse probiem, 
dynamic programming may be used efficiently. Large probiems are difficult to 
solve with most linear-programming codes. Dynamic programming in such 
cases is superior to linear programming. 

tM •. -6..-AN·iNVESTMENT-PROBtEM:fBtiYINrr-GA'tt'LTPTIONS IN 
e ·---'!:_~.E.~to'C'f(:MAFfKET) - -----· 

~-evcml. Íl)~~~~t_f!lt:.nt decisions c;;n be multis~~g~QLI!l~J!.i.R'!.riQ~_c!_~i~_i.Q!1S· The 
outcome of each de_c:j~i_Q!l_.!=!fJec_t;:_l¡,:..~-Eecj~ion__f.Q~~~~i<?..J:!.~- for su.Q~g_l!_cnt 
stages. 
-For example, Jet us considcr the following simplified piOblern: 

1 J. An investor has the su m of $5000 at the prescnt time (1 =lo). 
2. He wishes to buy six·rnonth call options for a certain stock at $lCOO each. 
3. lt is assumcd that thcre is a 60 perccnt chance of maki_ng a net profit of 

S ION for each six-month opticn. In such a c:ase, the cprions will certainly 
b~ exercised. 

4. It b :m; u mcd that thcre is a 40 percent chance of no~ ex<::rcising the option~. 
-t!1:<t is, 1 ne! loss ,,f $1000 for each six-month option. 

1_~9bie_,:_~ive .:_of ·thu!1~C:S~9_!_js t~• d.::t~rmin~ _a!0_n_v~~~l!le_r!~_ poli e y~ th¡u. 
,.,.¡u. maximií'e the-chcmccs·of making__a·!!f!t_jJ!ofi!_·of_~}OQO _dur}ng the next 
J.SÜ1oriths~éonsidcring c;c"h7i.i-'.momh·~ pcriod to be one sra:ge', ti".e investor's 
QbSé~t.i.\~JJ.~v.U:.tQ~L.o!:.S.lfOO.a:it.,J.b .. t;,;:]ia.:.Qf:;te;ili.U:d. sta¡;e. 
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Analysis 

A possible invcstmcnt al!crnatívc is to buy five options ~~.t tinu; te ar.d ¡-.,,p~ 
for a "statc'' aftci six :nonths that wouid rcsult in ·3 toial of $ 10,00\J. Thi:; 
alternativc has the obvious danger that, if the stock price decli¡;es. ou¡· 
investor would lose al! his capital at the end of the very first stage. In view of 
thc stated objcctive, it is reasonable to suggest that tht: optimal investment 
policy would ca!l for the purchase of less than fiv.: nptions (say two or three) 
at time t0 . Then. based on the outcome of the fir::.t :;tage, additional options '1 
would be pur..:hased at the begir.ning cf the second stage, and so on. !11 o!her ' .. 1 

\'IOrds, the decision at the end of each stage would depend on the ''st<>te" of 
our investor's capita.l at that stage. This is a typical ~namic-programming 
problem. · . 

Solution 

As previously, \Ye,shall.so!ve·the· problenrby"J)rocet;?9_ing· frorrct.h~Ja:tt:at~e 
~:Ji.!!.~ -stag~. ~e_t_l!_s __ a.Q.o.Q.t.J_~~_[QUQ.I:Ying_np_(<l tiQn.~ 

k= number, in thousand!l of dollars, under the control of the investor, at the 
beginning of each stagc 

'1 , . 

XJ, x, and x, = optimal number of options to be purchascd, respectively, at ·t 

thz beginning of the third, sccond, anct first s!agc5 
/J(kJ. /2(k), and f,(k) == highest possible probabilitie~ üÍ aGhievi!1g the goal f0r a 

gaven k at the bcgir.ning of third, second, and fi!'st stages 

We now proceed to invt>stigate, for all possíble !eveis of k, the respective --· 
optimal probabilities at the beginning of each stage. : ·" 

Decision Conditions at the .Beginning of Last (or Third) Stage 

The tjmc is one year after t0 , since cach stagc equals six months. Should the r 
investor end the second stage with $8000 (k= 8), he wou!d ha ve achieved his 
objectivc. fn such a case the best policy for him would be not to buy any 
additional options (that is, x3 =0). If he ends the second stagc with, say, 
$10,000 (k= 10), he can, ifhe wishes, purchase one or two additional options ~. 
(x 3 = 1 or x 3 = 2). Similarly, if he has $7000 (k= 7), he must invcst at lcast. 
$1000 (x3 = 1) in order to have a 60 percent chance of achieving his goar _ 
(success), since with k= 7 if he. does _not invest, his chance of achieving his · 
goal of $8000 is zero. 

In other words, for each leve! of k at the bcginning of the third stagc, wc 
have an optimal x 3 and the probability of achicving the goal. These values 
are entered in Table 8.17. 

In ordcr to find the bcst policy / 3(k), we select in each row of Table 8.17 
the highest probability of succcss and the corresponding value(s) of x 3 • For 
example, if k=4 th.:n the best policy is to buy four options, a co.urse of 
ac:ion having a 60 pcrccnt chancc of success. 
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\ i\¡- \, ' . Table s.11 ., \. 
" PROBA81LITY Of SUCCESS WHEN, 

FOR A GIVEN k, X3 EQUALS 

k o 1 2 3 4 

o o 
1 o 
2 o 
3 c_=-..g-=-~~=~~=-~~~ -,_:-- =~~o.-6 --4 

--·- --
5 0.6 0.6 
6 0.6 0.6 0.6 
7 o 0.6 0.6 06 0.6 
S 1 
9 1 1 

10 1 1 1 

\ 

e' i .\.'~-1 
c\, 

/J(k) OPTIMALX3 

o 
o 
o 
o .,--,_~~--- ----¡ 
0.6 
0.6 3, 4 
0.6 2, 3, 4 
0.6 1, 2, 3, 4 
l o 
1 o, 1 
1 o, 1, 2 

-- ---v. 

--
--

Decision Conditions at the Beginning of Second ~tage 

l>lh.le:-&!J..cont-ainso.the.necessary--infonnaticmfor-ch·onsing·-an--optimal,..policy 
él.kthc ... .bcginning,.._.of~the . ..th i rd· .s tagc. Theo.ia vcs.l~··mus t.-no w,-. dccidc .. .Q o an 
opr.im.aL....\1f"'with---<he· objl!ctive--of <having. at--lcast..Sl::OOO aH he-·errd"of- the 
thl.r.d...slage--anrl·knowing :f'j(k) .-alues-•from"-Table-·8.17. The calculations are 
based on the following formula: · 

-k"'-),..=;o.......maY=.{0..6h(k.-hX:~.·)ch0.4f:s{/c--x iH .. (8.72) 
xz$k 

For example, if k= 2 at thc bcginning of the second period, we must purchase 
two options (x2 = 2) in ordcr to ha ve a shot at k= 4 (rcmembcr, probability 
of success cqu:tls 0.6) at the beginning of the third period. Also, as the values 
in Table 8.18 indicate, if k indecd equals 4 at the beginning of the third stage, 
the invcstor has a probability of 0.6 of having k= 8 at the end of the third 
stage. 

Now wc constr.uct joint probahilitics. Thus, if k= 2 at the beginning of 
the sccond stagc, the probabiiity of having k= S at the end of the third stage 
is 0.36 (0.6 x 0.6 = 0.36). This value is ente red in Table 8.1 8 .. We apply 
Equation (8. 72) and en ter the results into Table 8.18. 

Decís ion Conditions at thc Beginning of thc f-'irst Stage 

At this stagc (t = /
0
), k takcs on only ont~ value, 11amcly S. The investor must 

now decide on the vaiue of x 1, knowing/1{k) andf~(k) fror:t Tabk5 8.17 and 

8.18. 
The cakulations are based on thc functional equatioa: 

f 1(k) = max {0.6/l(k +.:e¡) .. ~ 0.4f2(k -- x J)} 
;!l ~.&: 
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k 

o 
1 

() __ -

Tablc 8.18 

PROBABIUTY OF SUCCESS WHEN, FOR A 

GlVEN k, X 2 EQUALS 

o 1 2 3 4 S 6 

o 
o o --
o - o 0.36 --- ---o 0.36-0.36 0.36 
0.6 0.36 0.36 0.36 0.6 

OPTIMAL 

7 /l(k) X¡ 

o 
o - ---

0.36 2 
0.36 1, 2, or 3 
0.6 o or 4 

3 
4 
5 
6 
7 
8 

0.6 0.6 0.36 0.6 0.6 0.6 0.6 o, 1, 3, 4,or 5 
0.6 0.6 0.84 0.6 0.6 0.6 0.6 0.84 2 
0.6 0.84 0.84 0.84 0.6 0.6 0.6 0.6 0.84 1, 2, or 3 

j_l 1 o 

Since k= 5, this relation beco mes 

/ 1(5)= max {0.6/2(5+x1)+0.4/2(5-x1)} (8.74) 
X¡$k 

The computation is done by simple enumcralion, and results are given in 
Table 8.1 9, an examination of which indicates that there are two equally 
good investment policics. These policies say that if wc huy one or three 
options at the bcginning of thc first stagc, we havc a probability of 0.74 of 
achicving our goal of k= 8 at the end of the third stag~:. 

Tablc 8.19 
---

1 
PRORABILITY OF SUCCESS WIIEN 

X¡ EQUALS 
OPTIMAL 

k o 1 2 3 4 S /,(k) X a 
-

5 0.6 0.74 0.65 0.74 0.6 0.6 0.74 1 or 3 
-

A schematic prcsentation of the two bcst policies at all stages is given in . 
Figure 8.10. 

The functional equation describing this problem is 

/, _ 1(k)= max {0.6/n(k +Xn-1) +0.4/,.(k -Xn- ,)} (8. 75) 
Xn-1 :S k 

8.4.7 OTH::R SMOOTHING PROBLEMS 

Many business, enginecring, and economics problcms can be presentcd· as 
ene-dimensional smoothing problcms. For example, cr · ier a typical pro­
duction scheduling ~Jroblem involvíng known lluctuating ,,nands and known 



408 CHAP. 8 DnJr~~.I\!C PAOGRAMi\.lllNG 

1 . 
r"-f¡r,t s!age 

r ='o 
(lod:.yj 

k= S· 

Soluii·::>n 2 (x 1 "'.1): 

·--:,:----S~cond .;¡:;go_--t--Third st;,c~---i 
1 1 . 1 

1-~;. '"''· t=tJ. 
;af¡cr (o mon:hs; (after 12 ~!Jnths~ (:¡fter 1 ll monthsl . 

ic= 8 

k=O 

~=--2 =_o --~~xJ =4 ~-k= s 

k=4 

k=O 

~k=8 

x3 ~4.~ 

~k=O 

FIGURE 8.10 

cosls. Le'. '..!S a~~ame tnJ.t the penalty for being out of sto~k is intlnite: Thc 
objcct:ve is to satí~iy al! rJer.1and at mínimum costs subject to the restrictíon~ 
of avaib.ble pcoducti,>n r·~sources (such as matenal and labor). 

At the OU\S<.:t w~ c~r~. thit!~( or three approaches to finding a solution. 
First. regaidlt:ss .:.:· ¡i1c cost of hiring, iraining, !ayufi', and so 0n, we faithfuliy 
follow the dc!nand curve by p¡-oviding thc rec¡uirecl reso;,¡,rces. Thi~; approach 
usualiy is nota minimum-cost approach. Second, we can sch:!duk a consta:-~t 1 
work force for the entir~ p!anning horiwn, accumulating fini~hed-goods 

1 invcntorics during low-Jcmand pcriods, and using cxt.:ess inventory ro :::up~!y 1!~ 
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· /,:¡ ~lo9 ' 
1
• the rcquircmcnts of J:¡ir!IH1emand periods. Third. we can tlívidc rh~ piannini!. :i ~ -:j horizon into severa! periods, and scht.:dulc '1. constant wcrk force for eJch of; 

J¡ these pcriods so that the exccss invcl'\c•)rÍcs cf pedods of low de;'l~and ca:1 be: 
¡j used in pcriods ¡?f high demand. \ 

I:Í\ obj:~i~~c;u~c~:~b~~' t~; ~~r~1~t::~~ ~~~~~~~:~~ are usually linear and :lle J 
. . . 1 

l. A linear cost fu!lction. 
l~ 2. A convex cost function. 

3. A nor.convex cost fun~tion. 

'.Vhen the cost function is linear, we ~an so!•re the prub!em by linear program· 
ming. Convex programming can be employed to solvc probkms with convex 
objective functions. Ir. the case of a nonconvex cost function, howevcr, 
dynamic programming is the only avaiiab!e analytical too!. 

If, ir: addition to the s~ructural constraints, we impose the requirement 
that tht solution be an integcr soiutíon, tne probicm is ve¡y simiiar lo the 
warehouse problem (Section 8.4.5). The pwbiem is also similar to one of 
optimizing the employmt>nt leve! (Sectic.n 8.4.3). F<.'r detailed examples 
see Vazsonyi {30], pp. 79-87, 194-202, and 238-342. 

Another problem is the caterer prob!cm, \liltich was sol•;ed by iinear 
programming in Chapter 5 as a trar:sportatior¡ problem. Thc problem has 
been solvcd as a dynamic programming proolem by Be!lman <!nd Drcyfus (6]. 

Severa! other problcms th••,t were so!ved by other methods can also be 
so!vcd by dynamic programnling, som~times more efilciently For example, 
the classica! "n jobs sequencing through two machines" is presented by 

. Bellman and Dreyfus [6] as a dynamic-programming problem. 

8.4.8 MULTID!MENSIONAL SfVIOOTH!NG AND SCHEDULING 
PROBLEMS 

Many real-life situa:ions can be formulated as multidimcnsional problems 
with more than one constrainL For example, in the empíoyment-levcl prob­
lem, we could add another constraint by stating that the leve! of employment 
in any given month should not be less than a minimalleveL In such cases, the 
dynamic-programming approach remains basically the same, but the solutions 
tend to get more complicated. (See Bellman and Dreyfus (6].) 

8.5 
MARl<OV PROCESSES IN DYNAMIC 
PROGRAMMING 

8.5.1 !NiRODUCT!ON 

ef thc zc\lcr:iÍ auempL-i -tu c.:on:!:txu~t:tvge:lerai-Jyuauuc...p.r.ogr~m¡:¡1il~ formula· 
~~~ti;e"ffiüitsucccssrul-moderís-~.iun..mo~~~¡,¡.;.-LQ}:.~9.-I .. Y:wi 
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chapter 8-

ELEMt-NT ARY 
INVENTORY lV!ODELS 

It is understandable that businessmen are concerned about the 
probiem of inventaries. lt is not uncommon for a manufacturing 
company to ha ve 25 percent or more of its total in~ested capit:~ 
tied up in inventaries. On Dccember 31. 1969, thc ,TRW 
Companv had 26 percent of its assets in inventaries and the 
Lockhecd "Aircraft Corporation had· ·over 5500,000.000, o~ 
about 39 percent of its assets representcd by inventaries. The 
General Electric ,Campan y had nearly S 1 ,48:.000,000 and thc 
General· Motors Corporation more than 53.700.000,000 in 
inventaries in Dccember. 1969. Naturally, if good inventory 
management could change any of thcse ·totals by as much as 
evcn a few percent, we are talking about rcally big money. 

The currcnt emphasis in management science began wilh the 
analysis of invcntory systcms. Jn 191), F. W. Harris [9] de­
vcloped thc first economic lot size equation .. and this was 
probably thc bcginning of the use of mathemmical models to 
rcprcsent managemcnt problcms. In .1931. F. E. Raymond 
publbhed his Quuntity (Jiu/ Emnumy in .\lmw/áctllre [ 14] in 
which h..: developcd this ide:t much further. attempting to 
a~.:colint for a widc vari..:ty of conditions. In th..: rosl\\·ar pcriod. 
thc manag~:m..:nt scienc.: litcraturc has bcen fllkd \\'ith imalyscs 
or invcntory and productiun control systcms. p:utly i:iecause or 
thc: gn.'at intcrcst shown by thc _govcrnment ~md thc military. ~ts 
\\C:ll :1s tlu.:. intcrcst shown by such progr-:ssive companic.:s as the 
Ea,;tman Koduk Company, thc Proctcr and Gambk Company. 
Juhn:.on and John:WI'I, and m~my othcrs. 

227 
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Management Objectives and Cos~s 

Jt .is important that modcls of imentory systerns rd1ect truc incremental 
costs associated with altcrn;1tc plans or polici~~. These costs rcprescnt 
.. out-of-potket"' cxpenditurc-s or foregone opronunities of profi1. Cost 
figures dcrr\'ed from the normal accounting re~..·ords usually do not fit the 
rcquir~ments. Thc following typcs of cnst items ;ne oftcn incremental costs 0

: 

in inventory modds: Costs dcpending on the numbcr of lcts. produCLi011 
costs, handling and storing cosrs. cost of shortag-:s, <1nd capit:1l investment 
costs. · 

Costs Depemlin;: on \'umber of Lots. In deciding on purchased lot quanti­
ties, there are certain ~~~c.l!_ costs of prcparing purchase ordcrs that are 
the same regardlcss of rhc quantity ordered. Thcse costs are important in 
deriving economic purchase quantities as we shall se e; howe\ cr. tbe cost 
figure used must be the true incremental cost of order preparation. It is not 
correct to derive such a figure simp!y by di\'iding thc total cost of the 
purchasing operation by the average number oí purchase orders processed. 
A large segmcnt of the total costs of the purchasing operauon are fixed. 
regardless of the number of orders issucd. There ts, however. a \·ariable 
component, and this is the pcrtinent figure. Qu:.muty discounts and shipping 
costs are other factors which influcnce thc qudniÍl) of matcrials purchaS'ed 
at one tiJ!le and, thcrefore. influenc:-e the levels of material inventorics. A 
~uesti~n. parailel ~o the purchas~ qu::mtity occurs ~nttin a production syste~ 

1

. 

m dectdmg the stze of productton orders, that ts, the number of units to 
process at one time. Here, thc preparation costs are the incremental c~sts of 1 

preparing production orders. settmg up machines. ar'ld COntro!ling Lhc flow 1 
of orders through the shop. Intraplant material handling costs affect 
purchase lot quantities. 

Production Costs. Sorne of the components of production costs which 
have a bearing on inventory models such as _set-up, Cfu'!E_ge-~r, and 
materia! handling costs, have bccn discussed in thc preceding paragraph. 
Certain other incremental costs, however, also have a d1rect bearing on 
inventory models. For example, overtime premium and thc incremental 
costs of production fluctuation, such as hiring, training. and scp:1ration 
costs necd to be babnccd against the cost of ..:arrying additional inventory. 
In this latter contcxt system inn·ntories bccome an important part of the 
devclopmcnt of production-inventory programs which we · cover ir. 
Chapter 13. 

Costs of Handling and Sroring lm·cntory. There are certain incrcment:t! 
costs associatcd with thc leve! of invc:mories. Thcy are reprcscntcd by the 

1 
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cos:.s o! n:.no·1r'.~ r:-,2teri:.~l in and out of inventory :md StOi;:Jge t:o:;:s. 
such a:; msur2nce. u:.e-;, rer:t. obsoiesccnce. spoil<1ge. and capital c0s~: 
Th.:sc increm>i:\"!!CJ.; .!..~é;,~ are common!y in proportitm to invcntory lcveis. 

Cosr of S!umagcl. An t:"<!rc::mely important cost which nevcr appcars on. 
accounting rccords is thc cost of running out of stock. Such costs may 
appcar in sc\'cral \\ays. For examp!e, within a proJuction system :1"par' 
shnriage ·can cause idle labor on a prodw.:tion !ine or subsequem llicre­
mcntt~llabor cost to perform operations out of st:quenc~:, usualiy at highcr 
~han normal cost. There mav be costs of avoidin!! shorta~cs. such a~. 
expcditing spÍit íots. Short:.Jgt:. cosrs can be represcnt~d by pr~l foregOt;•~ 
as when impatient CU$tomers take their business elsc\'v hcre. Thc ;ealiz¿¡·tio:-· 
of the importance of shona~c ·costs raises -¡he question. "What leve! t'l. 

se!"vice is appropriate T' 

Capital Costs. Thc opportunity cost of capital invested in invcntory i~ ar; 
incremental cost of significa!"lce in designing invcntory models. Thc...roE· 
fi.~~he produc~yW!"\._ventorv value pcr ~ the time that the ur:'!. 
is in invcntory,anthtíeappropriate intcrest rate. In general. the apr)[opri::: ··: 
í.1terest rate should rcftect the opportunitics for the im·esrment of comp:, 
ablc funds within the orf!.:Jnizauon, and, of course. it should not be !ow::, 
than ihs: cost of borrO\\ ~ci money. Since thc funds are ued up in inventarie.~ 
they cannot be used for the purchase of equipment. butldíng.s. or other 
profit-producing invcstmcnts. There ís, thereforc, an opportunity cost •J~ 
having funds investcd in inventory, and inventory models reflect this co~:L 

lVfa~~agement Objectircs. The overall objective 'of management is to desigr: 
policies and decision rules which view inventaries in a "systems" context se. 
that the broadly construcd set of costs \Ve have discussed genera!ly are 
minimizcd. J na production-distr.ibution system. thc functions of inventarie:; 
and their effects on costs are distributcd throuzhout thc svstem m r<m 

....--:--,____ - - --· 
material mta ·e through a mtenne ~ate stages to the na! point of sale. 
The result is that there are intcractions between basic invcntory policy and 
production planning, labor policy, production scheduling. facilities 
planning, customer scf\·ice, etc. Although there are sorne operJtions which 
may be regarded as ai~ost purely inventory situations. the most usual 
structure involves an intcraction bet\\·cen what wc think of as the limited 
inventory prob!cm and many of the broad policil!s for opcrating thc entcr­
prise as a whole. \Ve sha!l bcgin our analys1s of im·.entory systems with the 
more limited and simple concepts and attempt to build a structure of 
conccpt and techniquc which tries to account for many of th~ intcractions . 
with the cnvironmcnt in which inventaries cxist. 
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The Classicallnventory Model 

The classical inventory model assurnes thc highly idcalized situation 
shown in Figure l. Q units are ordcrcd or manufac!lrrcd at one time. Thc 
order is placcd when the im·cntory kvcl falls lo a point whcre the normal 
usage would just use up the invcntory within thc fixcd procurr.:mcnt lc.Jd 
time. Th~ reccipt of the order of lüt sizc Q is pcrfcctly rimed so that at just 
the point in time when thc in\'cntory balance f~llls lo zero, the ordcr of si~ 
Q is received, the inventory balance is increased by Q units. and the cyck 
repcats. We will ñnd this modcl useful in establishing the ovcrall concepts 
with which wc will be dealing. Let us establish thc following list of syrnbols: 

TIC = total incrcmeníal cost 
TJC0 = total incremental cost of an oprima! solution 

Q = lot size 
Q0 = optimal lot sizc 
R = annua! rcquircments in units 

c8 = inventory holding cost per unit per year 
Cp = preparat.ion costs per ordcr 
c5 = sho.rtage costs per unit per year 

N0 = number of ordcrs or manufactunng runs per year for an 
opti:nal solution 

Q -lot ~ize. '>umber purtha~ed o: ma!'.ufactured 
atone timE>. 

e= lhe !imt> between procurement orders 
or r.~anufactunng runs. 

FIGUP.E l. Graphí:; reprcsentation of invfmtory /evels in the classir.ili inven­
tory model. Q = /ot size. numbc: purch;1sed or manufacrured at one lime: 
t :.: !he time beilveen pracurement orders or manufar::luriny runs. L ead time i.; 
!ess than order cvcl-::: tlfi:e. 

1• 
1 

1 
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1 = time hct\', cen ordcrs or manufJcturing runs 
1'0 = time betwecn ordcís or manufacwring runs for an optimal 

solutior. 

Objectil·e. Our objccti\'e is to establish a mathcmatical modd which 
expressc.s thc relationship bctween Q. the variable undcr man:Jgcrial comrol. 
and the incremental costs associatcd \'. ith the systcm. The incrcmen¡al 
costs for the simple system we havc defined are the costs associated v.ith 
holding inventory and the costs associated with the procuremcnt of an 
crder of size Q. Thercfore. the co:;t function we wish to minimize is: 

TIC = invento!)' holding costs + preparation costs 

\Ve can ~ee from Figure X that if Q is incrt!ased. the averag~ inventory icvel. 
Q/2. wili incrcase proportionately. If thc inventory holding cost per t!nit 
per year is c1~> the annual incremental costs :1ssoci3ted with invr.nt_ory are 

º C·¡-• 2 

lf the cost te ~Jcid a unit of inventory (imerest costs. insurance, taxes. etc.! 
for a specific example was e¡¡ = SO.IO, we ~ould. express !he inventory 
holding cost fur.ction as (0. J OQ/2) = 0.05Q. \Ve could then plot this 
invcntory holding cost function for diffcreut values of Q as we ha~e dor..e 
in Figure 2 curve (a). 

Similarly, the annual preparation co!'.ts depend on the number oi times 
that orders are placcd per year :md the cost to p!Jce an order. The number 
of orders requircd for an annua! requircment of R will vary with the lo! 
size Q of e~ch ordcr, or, R¡Q. Jf it ccl~ts Cr to place an order, the annual 
preparation costs may be expr:!s:..ed as 

R 
Cp-• Q 

lf. for <! specifk cxample. R = 1600 tmi!s p.¡:r ycar, and Cp = SS.OO. we 
..:ould cxpress the annual pr~parJtion costs as (5.00 x 1600. Ql = 8000'Q. 
:\s w;th inventory holdin~ costs. \\e 1.:1.n plot 'thc prep:.mHion c-osts for this 
1.':\;unpk for diO'aent Y:.!lucs of Q, :JS \\·;:- !lave dont in Figure 2 cur\'e (h). 

Fig.urc :! cun·c (e} shows a graph!c nodd of cost vcr:;us lot s1z~. sho<•:mg 
lh~ toral incr.:mcntal cost cun·c. tht' c::dcub;ions for wlllch ;~r~ sho'.·.·n in 
T:.rhh: L looking at either Tabk 1 or Figur,.; 2 curve (e). wc note that thc 
minimum !ctal incr...:mcnta! coú, T1C'0 , o..:-:uos when 4(l0 units are oróered 
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90 

80 --

l ¡ 

(e) Sum of •nv•ntory holdong and 
/ preparal1on roses = TIC 
~ 

(b) Prepara!ton costs 

=~=~ 
Q Q 1 

1 
1 
1 
; 
1 
1 l 1 

300 400 500 600 700 
Q (iot size) : 

1 
1 

Qo = min1m1.!m cost lot quanbty 

800 

FIGURE 2. G,-;;p!1íc representation ol' classical invetltory modef. R = 7600 
units per year. cP = $5.00. and eH = $0.10. 

TABLE /. Computaüon of points for cost versus lot s1ze for curves of Figure 2. 
R = 16,00 unit<.: pe: year. Cp = $5.00. and eH = s0.1 O 

(1) (2) (3) (4) 
lnventory Holding Cost Preparation Costs 

Lot Q =~=8000 TIC= Sum of 
Size. 

=: 2 X CH = 0.05Q 
Q Q Columns (2) + (3) 

Q (See Figure 2a) (See Figure 2b) (See Figure 2c) 

100 5.0 80.0 85.0 
200 10.0 40.0 50.0 
300 15.0 26.7 41.7 
400= 00 20.0 20.0 40.0 
500 25.0 16.0 41.0 
600 30.0 13.3 43.3 
700 35.0 71.4 46.4 

,at one time. This is a solution for the specific data giv~n. and we can scc 
that the general form of the total incremental cost curve has a sin!!k 
minimum point. Note that though the intcrsection of thc preparation a~J 

1 
.' 

1 h.oldt~1.g cost fun.;:iio¡¡:; do~~ correspv~d to lhe mínimum point of rb: 1··r( 
fU!iCI.loll (ur this modd. tfm is not gC'naal!y truc;. 

A Gcnl!r.:!l Salution. R.:-g::¡rdkss of thc (!:Jta uscd for sp:cific exam!·,:..~~­
the gcnerai form oC thc CUf\'C!> are sírml.tr ro thosc shown in Figure. 2. and 
we can,exprcss thc rciationships in a complete!) general way, 

cHQ CpR 
TIC=--·+--2 Q 

This is an "quation for thc total incremental cost curve. and we wish t::J 
find a general e\pression for Q0 • the lot size associated with the mjnirnw.~ 
ooint of the tot.::l incremental cost curve. I\:Jathcmatica!ly, thís m:;;y lx 
done by finding the ,·aiuc of Q for which the slopc of thc total incremental 
cost curve is zero. Using the caiculus. the first differenual of ( 1) '' tth rcsp::n 

to Q is: 

(2) 

1 recalling that the rule for differentiation of a simple variable x = a/' h­
dxidy = nay"- 1 • For the nrst term of (1) the equivalem form \'> hich m u:. 
be ditferentiated is c¡¡Q 1 /2. where cui2 i:; equivalent to the constant, c. 
Therefore d(TlC)/dQ = (l)(cH(2)Q 1 - 1 , sine~ Qt-t = Q0 =l. d(TIC)jdQ 

= cH/2. 
Simiiariy, the equivalent form of the sccond term of (l) is 

where cpR is equivalent to the constant, a. Therefore, 

The value of equation {2) is, in fact, the slope of the line tangent to the 
total incremental cost cune. We wish to know the value of Q when this 
slope is zero; therefore. we sel (2) equal t~ zero, and solvc for Qo: 
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;md 

Q - ,r;,.· -¡.;·!,-:-
" - " - 1' ~, 11 

The cost of an optimal solution may be .derived by substituting the valuc 
Q0 • in equ<1tion ( 1). 

C'uQo R 
TIC0 = -- + cp-

2 Qo 

C0mbining the two terms with the common denominator 

· 2 j2cpR/'C;, 

we have 

and 

(4} 

The number of orders or manufacturing runs per year N0• and the time 
between orders or manufacturing runs 10 , for an optimal solution are: 
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5.00 . . 
x \600 x --

0
- = .J 160,000 = 400 umts 

O.l 

i 
neo = J2_x .. fi'lo-~-o.lo--;T6oo = ,h6oo = s4o 

1 N
0 

= lJ(iJ = 4 ordcrs or manufacturing runs per year 

1 
1

0 
= ! =' 0.25 years bctween orders or runs 

1 

jAn lnventory Modelwith Shortage Costs 

i ¡ lf thc assumption t hat back orders are zcro in the classical moJel is re la xcd. 

1 

we have thc graphícal structure of Figure 3. Our prol>icm now is to deter­
mine the mínimum cost arder quantity whcn short:1gcs an! allo\\Cd at cost 

1

' cs. The invcntory leve! riscs to only 1 m•• on th.: rccc:ipt of Q beca use thc 
difference Q - 1 mox is assumcd to mect back orders in~tantaneo1.1siy. 

1 When shortage costs are accountl!d for, thc classical modc! hccomcs 

1 
slíghtly more general-t~e modcl reprcscntcd by equation (3) being a 

¡ spccial case. Th~ r~tionale for derivation parallcls that gi\·~n for the simple 

t 
-¡¡ 
> 

!!l 
~ 
~ 

1 
¡¡; 
> 

-= 

1 
" .. 
e: 

...; 
O' 

.. 

t¡ = 11m~ dunng wh•ch lhere are 
mventory balances on ha~-1 

t2 = t•me .dunng wh.ch there :s an 
mventory shortage 

ta = éycle time 

. R 
No=­

Qo 

1 

(5)., 

Qo i 
lo=·--=-

R N0 

lf wc ~ubstÍlllil! ihc \'alm:~ for R. cp, and c 11 uscd m 
· obtaín, 

1 

(6)·1 

1 

our cxamp!c." ''" 1 

'1 
F:GURE 3. 
,¡1/nwe:J 

lrj.ealizcd struc;ure of inventor'( leitels wifh back orders ola - ¡m•• . 
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case, but _it i~ !-.0111~\\ hat nwrc comrk.x mathcm.aticall}. D::rivation!; mar 
be found m rcfercnccs lJ, 7]. ;uH.l ¡h;; r..:~ulting formulas are 

Q0 = j21·p-Ri~·;1 · ¡c;.~;+~·s)fcs 

TIC0 = fi~~:¡,R · ,J:s![C;+CJ 
/muo = fo·rR/c, · Jcsf(c, + Cs) 

(7) 

(8) 

(9) 

Note that when comparing equations (7) and (8) with the comparable 
formulas -~and (4), with shortagcs, Q0 is incrcascd by the factor 
j<:u + Cs).'cs. and TIC0 is decrcascd by thc factor Jc.·sf(c 11 + es). The 
mllucncc of shortagcs, then, is depcndent on the rclativc size of c11 and cs. 
lf c11 is large rclativc lo cs. the cflcct of shortagcs on Q0 and TJC0 is 

; consider:_tblc; that is, Q0 will be incrcascd and T/C0 decrcascd compared 
'to cquallons (3) and (4), lf, on thc otht.:r hand, c11 is small rclativc to es, 
: minor changcs in Q0 and TJC0 will rcsult. 1 he nct efTcct of shortagcs costs 
.on Q0 :md TIC0 may at first sccm to be strange. Rccognize, however, that 
whcn thc model pcrmits short;_¡gcs, average holding costs are rcduced 
becausc or smallcr <tVCragc invcntory balances. This will rcsult in a largcr 
Q0 . For thc shortagc case, TIC0 is smallcr than whcn shortagcs ·are r.ot 
includcd becausc both holding costs and annua! prcparation costs are 
somcwhat lowcr. For cxample, if we consider shortagcs in the previous 
e>.ampJe whcre R = !600 pcr yea!', Cp = $5.00 per order, cu = $0.10 per 
unit per ycar, and in addition, es= $0.50 per unit pcr year, we have the 
following result:;: 

Q0 = J<2 x 5.00 x 1600)/0JO j(O.IO + 0.50)/0.50 

= 400 "/1.2 = 400 x 1.095 = 438 units 

TJC0 = j2 x s.oo x 0.10 x 1600 Jo.SOí(O.lO + G.50) 

= 40 j01m = 4Q X 0.9!1 = $36.50. 

Thc limiting v~liucs of '\ pro"idc \'ahwhlc insight. As t's bccnmes infinitcly 
largc th\! factor in cquation (7),, (, 11 + ,_,)·~~,. hcromcs 1 in thc limit and 
\\C ha\'c thc da"11.:.d im~ntor~· modd 11f c4uation 01. This corrc,pnn1h lo 
a poht·y of rlll ,hclrl,t¡!C:' r~:rrnllt~·d ')n thc othcr haml if 1\ ¡, 'l'l .11 /l'f•' 

thcn thc f.¡~·!l,r· .1:1d th,·r-·t.•ro: '} .. 1-..:.nml·, ~t·r,,_ '1 h¡., ~.:.,rrl"'l"'''hf, "' .1 
polil'y ol illllnlt." h. a,~ • '1·~- 1 1:1( _ h n .. l ¡,, llh•llth "'11;'1'1-.. •'f ''IJ'I<\ ,,.,t., • "1 

lh1.· h,¡,¡, ol! ~f"\.'d .l ,.¡,~:r 

? ~, ' 
... ~~ 1 

¡h.:· 1-.t ... il· l'l"l'l:<.lml~· h~ :-ilc i'ormula ""'lillh:~. a ll\t:d pri1...: \\ h,·n qu HW.~: 
LÍh(llilllb catcr thc ricum:, aJJI\ional ~imrlc cakuiation' wtll t.ktl'flll!i'o, 

if ¡ftcn: is a nct ad\'antagc_ As <Hl il!u'itration, assumc thc h;p.ic J;¡ta of G;\: 

rrc\ IOl!'> C\:unplc, th;H is, R :; 1 (¡()() units pcr year, e,. = $5.00 pcr orJ..:;' 
and l 11 = 10 pcn:cnt pcr ycar. Rccall that the cconomic ordcr quantHv 
was compute<.! as 400 units. 1 n addition, howcvcr, assumc tha t thc ptm:ha~,:,, 
priccs are ·quotcd as$! .00 p.:r unit in quantitic~ bdow 1:\00 and SU.\':t; pu 
unit in quantities above 800. lf wc bu y in lots of HOO we ~ave 532 pcr y..::¡;: 
on thc purchase price plus $1 O on ordcr <.'Osts, sin ce nnly 1 ''o ordcrs n·~cd ~o 
to be pbccd pcr ycar to satisfy unnual nccJs. Thi~ o,aving of 5~2 pa )t.:::: 

must be grcater than thc additional invcntory costs that would be incuncd t( 
thc pricc discounl is to be attraclive. Undcr thc 400 unit onl..:r ~izc, av;;r;¡f!:: 
inventory is 200 units and invcntory costs are 200 x 1.0 x 0.10 = S~U. ·-¡;· 
orders of !500 units werc placcd, the inventory cost~ wou!d be 400 x 0.% -: 
0.10 = $39. There is a nct gain of 42 - {39 - 20) = $23 by ordcring út 
lots of 8ú0 inste:td of in iots of 400. If !he vendor had a second pric~ br·::• :· 
of $0.97 per unit for lots of 1600 or more, a similar an'alysis shoV:·s tha! !Í1'. 
incremental inyentory costs outweigh the incremental pricc and o~(l·: 

savings, so that there is no net advantage in purch;_¡sing in lots of 16-::-_: 
Table n summarizes the calculation for all three cases. 

TABLE 11. Incremental cost analysis to determine net advantage or disadvanti;f_if: 
when price discounts are olfered 

R = 1600 Units per Year: cP = $5.00 per Order. eH = 10 percent per Year 
Lots o/400 Lors o! 800 Lots o! 76G:"· 
Units. Price . Units. Price Units. Prict. 

= $1.00 = $0.98 = $0.91' 
per Unit per Unit per Unit 

Purchase cost o! a year's supply 
(1600 units) $1600 $1568 $1552 

Ordermg cost (cp = $5.00 per 
order) • 20 10 5 

lnvcntory holding cost (avg. inv. 
" unir price adjustment >< eH) 20 39 74 

$1640 S1617 $1631 
----
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Formal.\lflt!t•f, ..-irl! Prin· lln•ul.. '· \\'e may l!Cncralilc .our ideas <~hout thc 
cf~cct of quantit~ di,counh hy C:\aminin~ a formal 'modcl which t.t!..~·, 
pncc hrcah into iiCI:ount. Rccall that thc lot sizc cquation {3) did not nccd 
to considcr ~rice or value of thc ítem beca use for cvcry valuc of Q con:;id­
ercd, thc pncc was the samc, that is, price was not an incremental cost. • 
Let us now considcr a lot si7c model which includes the value of the item 
as a factor. To reOcet this idea, thc total increme~ta! cost associated with 
su eh a systcm may be exprcssed as follows: 

TIC = (annual c.:ost of placing ordcrs) 

+ (annual purchase cost of R items) 

+ (annual holding cost for inventory) 

= Cp ~ + kR + ki·Fj1 (10) 

'.Vhtre k = cost · or price per unit, and Fj1 = fraction of inventory value, 
representing inventory holding cost on an annual basis (kF11 = c11 ). 

Follo.wing _t~e ~ation~le dev~lopcd prcviously, we seek the value of Q, 
Q0 , wh1ch rmnJm¡ze~; th1s total mcremcr.tal cost 1;quation. This leads to 

Qo = .. j2c,.RjkF11 

TICo = j2cFkF11 R + kR o 

(11) 

(12) 

The derivations of equation~ (11) and. (12) parallel the derivations of 
equations (3} and (4). 

\Ve may _no": use formul_as (1 1) and (12) in ·the analysis of inventory 
syster:ns wh1ch mvolvc í.l pnce break. For comparison, lct us assume the 
d,\l:t of Tahk l l for thc. fir~t pricc bre;lk at h = 800 units. Rccall lhat in this 
e'<ampk. thl! pricc pcr unit b.:low thc break poinr was k 1 = $1.00 and that 
abo·. e XOll units. tllc pric.:c was kz = $0.98 per unit. To fit in with thc prcscnt 
modd, wc .will now cxprc:>s thc invcntory holding cost factor as F,1 = 10. 
pcrccnt of mvcntory \·atuc. Thc othcr dala remain th:.: same. that is, R = 
1600 unih ¡-xr ~c;tr. aml 'P = SS.llll pc1 orJcr. 

lO t!IC (,¡~jo,: of tll!r :mal~,¡..,, kt ll'> tir~t OtHC that thc llll;tl ÍI1CH'Illi:Jlí;:! . 

C~)Sl Cllf\~o' TIC~ \\lll f.dl hdtl\\ th~ l'tlr\C nc,. Thi~ is .,¡¡0\\'ll in Fit!llfC ·t 
Th~.: lo:!!l'al th:n~ ¡,,''''·titen.¡,¡,, l.'.tkul.ttc '1! .. tn ~ce if it Ldh \\Ítlt!ll th.: 
_ran¡;:: 1'; ''!¡~·¡..: ·llh: j'fl•l' t.: ~tl'l~ .tppltc,. l>uin¡.: thi, ,,..: lin,i l);.st 

H!., -= 411-l Wllh. u''":' l'.JII.Ill•'•: t 111. '' h:~·!t " "'' tl1.1n th-: br .. ·.,l... 1" •:11!. 

• ,.;¡ 1!.: 1/1 

\ 
\ 
\ 

\ 
\ 
\ 
\ 
\ 
\ 
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Qlo"" 400 

1 
1 
1 
1 
1 
1 
1 
1 ~"' 1 ,. ... 
1 ..,.. .... 
... ~ 

', _.~ ... Qo = b 
' • .............. 1 ........... _..... 1 ...... _"""""___ 1 

q20= 404. l , 
¡ 
1 

o ~...-~--1--L-L r 1 1 1 _1_j 
o 100 • ;:oo 30ú i!DO 5CO 600 ·mo noo soo 1oco 1100 1200 L ,_Ha~ge P

1
, p;·ice __ Lo_t_:.:,_z'! ___ LRange P2. pm:e_j 

ks e: $1.00 b . k?.= $0.98 

FIGURE 4. Total incremental cost curves for inventory model with one price 
break at b = 800 units. R = 7600 units per ve3r, e: P = $5.00. F H = 1 O perceoc : 

of inventory value. i 

curve, we know that thc Jowcst possible cost of TIC2 withi!'lthe range wherc 
the pricc k

2 
applies is al the· lot si1.e h == 800 units. Jf it had happcncd that 

q
20 

was in the range P
2

, this would ¿1:1vc dctcrmincd imnu:uiatciy that thc .: 
economic lot size for thc system. Q0 , was thc ·:a!uc calculatcd tf2.,· Sincc this : 
is aot thc case, howcvcr, wc must cont:nu~ our anal)sis lo scc if thc mini- : 
mmn point on the curve TIC~ is bclow T/C2 at lot si1c h = 800 units. \Ve : 
may calcuiate TJC

1 
casilv from equation (12), and its valuc is Sl640. Also,: 

o J 1 

wc may calculate T!Cb using cquation {10), and this wc lind to he Sl617. : 
Tl:c dccision is tlow clear; Q0 = b = ~OO. sine;~ TIC1 at lot sizc h is lcss than : 

T/Clc' 
CompJrc thcsc results with those obtaincd hy thc incremental cost 

analy·.is ir. Tahlc !l. This of coursc t:an he sccn ca~ily fr.ml thc graphs of, 
1 •cure 4. Conqructing the curves for cach ca~..: woulJ he laboriou~. i 

h,;\l,cvcr. con.lp:trcJ :o- thc simple comput;•tior.s rcyuircJ to come to a 

'Ji 
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dccisio_n. Figur.:? ~,l~ow~ a d~ci~ron flow chan for ar. wventory rnodcl .with 
onc pnc~ hrcak. mdH:a~tn_:.> thc llow of cakulations arld rcsultmg lkcisions. 
In sorne _wstan~:es. _tlw fmal rcsult is oblainL:d with one calculation. as when 
qzo falls JO thc: lot SIJ.c rangc P2 whc.:rc thc pricc k 2 is valid. Wh!!re this is not 

Smce TIC2 must 
be monoton,cally 
1ncreasmg over the 
pnce range P2, s'"ce 
920 < /J, leas! cost 
lor rance Pz occurs 
ai Q"' b 

FIGURE 5 ¡,,., ·· · ,. ''····~ t '• ot t .• , '"• ,.,,,tt,y ,,11./rl ""''"' ,,,. 1.,,.,.. ,.,,.. ,, ~· •• , 

Jot StiC h 1'''' ,. • .. , ·. f '' r t -. , .. ,. t.l'l·i" p 1,, ,. tJ .,
1

,, ,. , .•·,. 

StLC r,l/.t/1! p 

¡;::, .t·,·. •l!;T!._: ~.:i..t.l.rllllll, fpr l.Oiilp:!LIIl\( ¡,q,d llidl."lllcl~ 1 .d ~.h\ :.¡.-¡._¡ : 

l!11.t 1 ~-..: '(ll í 

t .,,,,~tite s;:nh.: g\:ll~r.d rationak \\"C l:an dn-.:lur Jn:hl<•n pruü·,,,:., inr 

:mt'tlhlr~ müdcb \\ ith two or more pri!.:c hrc;~h. Al.,n. modcl-. cnuld h~· 

nm:..tructcd (or qu<u11ity disc,Hmt situ:~uons that al~o took a~:count of 
()thcr Lctors. ~uch as shortagc cnsts and thc valuc adJrd into imcntor:,. 
through thc accumulation t'f prcparation costs [ 4. ~]. 

Determining the Length of Production Runs 

Production orJer quantities and runs are bascJ on. th..: samc genera~ 
concepts as purchasc ordcr quantitics. as \\C havc notcd pr.:-viously. hul 
the assumption that thc ordcr is rct·civcJ and pl.tccd into im-cntory all 
at one time is oftcn not truc in manufacturing runs. r'or many manuf;'<:·· 
turing situations thl: production of the total ord.:r quantlly Q takc~ pl:h~c 
ovcr a r·-~rioJ of time, ami thc parts go into mvcntory. nnt in l)nc Ltrgl' 
batch, bt.:t in smallcr quantitie~ as production continu::s. This re~ul!s in an 
invcntory pattcrn similar to Figure ó whl~n thc run c~tcnJs ovcr a con­
sidcrabk pcriod of time. Whcn thc run time is paf1aps :10-60 pcrccn! of 
¡he total cycle time 1 shown in Figure 6, thc dl~.:ct on tlu: average invcntory 
of the sy~tcm ~hould be <ll."countcd for. Lct r = daily u~.tgc ratc ;.¡mf¡, = 
dally proJuction ratc--assuming, of cour;.c, that p > r. Othcr ~) mtJüls 
remain as previously dcfincd. During thc proJuction pcriod 'r· invcntory 
is accumulating at the rate of thc dilfcrcnce betwccn production ratc and 
usage rate, p - r. This rate of incrcase continues for the production pcriod 

. t P' so that the peak inventory is 1 P(p - r), and thc avw~g~ invcntory is 

tp = time penod of a production run 
t = trm!!"between the start o! 

productron runs 

L_,p_.J_ 
1 , ______ -- J 

Time__,.. 

1 .; !~[ ,; (l .. o:J'·'"' "' '"• ,.,,.,.,,. /r. 1!, 111;'t' 111 tt;l.llmtr lo,,.,,. ,\ '"'"''"'lo: O t.l 
' "·, t/ j , .... , .•. ; • • , 1 • f •.• 1' .. 

.\ 

.. 
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and since n is the s~mc for all products, the total annual sctup cost is 

m 

n L e,., 
1= 1 

(22) . 

The total incremental cost associated with the en tire set of m products is 
then 

TIC = annual setup cost + annual invcntory holding cost 

"' 1 "' ( r) = 11 L e,., + -
2 

L c11 ,R1 1 - . ..!... 
. i=l ll¡~) p¡ 

(23) 

Our objective is to determine the mínimum of the TIC curve with respect to 
n, the numb~r of production runs. The first derívati·¡e of TIC with respect 
to n which we set equal to zero is 

d(TIC) ~ J m ( r ) 
• ~ .,., ') 2 ..... • 1 -- = '\~ r- - ----- ). Cn R. l - p 1

1 

= 0 
.c//1 ¡ = 1 ... n i = : \ 

ar.cl the optimal number of runs, N0 is 

(24) 

The total cost of an optimal solution is found by sub5tituting N
0 

for n 
in (23), or 

Sub~titu!ing thc t\pn:~·.ion for N0 :.hown in (24) :md simplifying lcad~ to 

1 
- -- ---------
·~~. ~ r ~-

TH · .. =- ~ \ 4·,. \ c11 R, ( 1 -· - ' ) 
.\ .~. . .-, . p, 

h_;n~ ft~'t{Ul:,_'!,~ .. ·:·:-. r,·r -¡H,.,:lhil 1 'n ti.¡·.,. i41f lh~ . .' Hhf1\hh •. d i' l • ,, ~ ... : ... 

d J. d ~; p: dt \u .. ~ :. , : l r . :~e . • · '1 ~ : . L t : • ~ • • : ! ... l: p r "~ ~ \ ... : , ~ 
11 

! • ... · ..... 
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f":r unit. p~r ~car for the indiviou~J products, C'p, = !.~lup COSIS pcr run 
for thc individual products, and m = thc numbcr of proJucts. 

L.ct us work out ;~n cx¡ur.pk for thc dctermin:.nion of thc cycle length for 
th~ group of ten products shown in T~blc !H, whi~h shows th_c annual 
sales rcquirements, sales per product10n day, datly product10n rate, 
production days requin:d, annual invcntory holding costs, anJ setup costs. 

TABL~ 11/. Sales. production. and cost data for ten p1oducts to be run on the 
same equipment 

---- ----------
(1) (2) (3) (4) (5) (6) (7,1 

Sales per Dally Produc- Annual Setup 
P/od- Annual Producrion Produc- tion Jnventc·ry Cosl 

u e; Sales. Da¡ (250 days "tion Da~·s Holding per 
Num- Únits peryear) Rate Re- Cost Run 

¡_¡er R, r . P, quired e,. Cp 
' 

1 10,000 40 250 40 $0.05 $' 20 
2 20,000 80 500 40 0.70 15 
3 5.000 20 200 25 0.15 35 
4 1.1,000 52 600 27.7 0.02 40 
5 7.000 .28 1000 7 0.30 25 
6 8.000 32 800 70 0.40 37 
7 15.000 60 500 30 0.02 42 
8 17,000 68 500 34 0.05 50 
9 3.000 12 200 15 0.35 16 

10 1,000 4 125 8 010 12 
230.7 SZ92 

~------------

Table IV then siwws the calcu!at¡on of ~he numbcr of runs per ycar ca!­
culatt!d by cquation (24). Thc.: !llinimum C(JSl numbcr of cycles which 
rcsults in four pcr ycar, cach cyde ia~ting appm;>, imatdy 59 ciays and pro­
d:lcíng or,c-fourth of thc sales rcquir'-'t:.le:-:ts curing cach nm. The total 
incremental cost fwm !:qu;!tion (25) io.; TlC0 :..: 12·+?0. 

lt i~ interesting to coÍnp:.1rc now the joimly JctcrmincJ numbcr' cf rum 
pcr yc;¡r with th.: numb~r th::t woti!J ha·:r. r;;~uih::d hatl r~ns bct>n ddcr­
mrrh:c..l indcp..:ndcndy Cor cach uf thc ten prcó:~·,s. ·rabi-.: V summarizes 
th.;,c: ..:akubtions. Note thl!t producls 4, 7, ;:nd !O h'Ould hav.:: tw0 or 
k··~~·r r;_¡n-; pcr y.::1r, and pr¿c!ucts 2, 5, und ó would havc !n•)fC than six 
r,,n\ ¡x·r Yl':tr. !\!agcc [10] st~tcs a ru!e of üwrnb that tf '"thc rninimum­
. .,,:_n;,¡::h~.:r ¡)f run~ f•1r th•: produci alo!"le, for a<!y one or more products is 
•· ' ' •! .. ::-~ h.df I~h· \,du..: for a!l produc!s, the pr0duct is a possibk candidate 

'" 
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TABLE /V. Determinatiot7 of the number o! wns. jointly. tor ten products from 
equation (24) · 

(1) (2) (3) (4) (5) (6) 
e R = 

Prod- Ratio r.Jp, 
H, ' 

Col. 2 x eH R CP,' uct Col. 3/Col. 4 Col. 6 u- 'r)p.> Col. 7 
Num· from from =Col. 3 from 
ber Table JI/ (1- rJp.) Table 11/ x Col. 4 Table 111 

7 0.760 0.840 $ 500 $ 420 $ 20 
2 0.160 0.840 2000 1.680 15 
3 0.100 0.900 750 675 35 
4 0.087 0913 260 237 40 
5 0.028 0972 2100 2.041 25 
6 0.040 0.960 3200 3,072 37 
7 0.120 0880 300 264 42 
8 0.736 0.864 850 734 50 
9 0.060 0.940 1050 987 16 

10 0.032 0.968 roo 97 72 
,';10.207 $292 

J 10.207 
No =

2 
x 

292 
~ 4 cycles per year 

for oniy occasional runs." Table V al so summarizes the total incremental 
cost which would result if thc number of runs for each prqduct were 
dctermined indcpcndcntly. The figure of $1932 is $488 less than the total 

·incremental cost ,figure of $2420 given by equation (25) when runs are 
dctcrmined jointly. The apparent cost saving through individual determina­
tion of production runs is, of coursc, illusory because it does not take 
account ofcongcstion costs or p_ossible shortage costs that might result 
from independcnt schcduling. On the other hand, at low shop loads the 
intcrfcrcnces and schedule conflicts should not appear with independent 
schcduling. 

SUMMARY 

Thc modl·l ... di.·\~o·l,•p,·d m th" l..'h,,pt~.·r are m .. ·.,nl te• huild " er..·n~.·r.al ,·.m. 
~ ccptual fr.tllle\\t~rl l••r llu: _,,,_,)\,,,o( lm~nt.•r~ .,~,t~:nh Al.thn11.:h :!:,-, 

ELEil/!ENT/J.RY !ii/VENTORV MCDE!..S 247 

IA.8( E v. Calc:~: 1¿,fié>n ot ruos. indf!pendently for ea eh produc<. from equfltron ( / 7) 

(1) 

Product 
Number 

1 
2 
3 
4 
5 
6 
7 
8 
9 

70 

. (2) 

CH,R, 
(1- r/P,) 

from 
Col. 5. 

Table IV 

420 
1680 
675 
237 

2041 
3072 

264 
¡~~ ,j-y 

987 
97 

(3) 

ep' 
fro!n 

Col. 7. 
Table 111 

$20 
15 
35 
40 
25 
37 
42 
50 
15 
12 

(4) (5) (6) 

Col. 2 
2xCol. 3 N, =JCol. 4 TIC O, 

105 3.2 $ 730 
56.0 7.5 224 

9.7 3.1 217 
3.0 1.7 137 

40.8 6.4 101 
42.7 6.5 477 

3.7 1.8 149 
7.3 2.7 277 

30.8 56 178 
4.0 2.0 48 

. $1932 

may certainly be useful in some situations, they are not mcant to be 
transplanted without modification into practica! situations. Rathcr, they 
are meant to show so!'hc of thc kinds of situations and factors that ha ve bccn 
accounted for in simple invcntory modcls. Actually, many more situations 
have been covercd in the litcrature [2, 4, 6, 7, 8, 13, 15, 17, 19, 20]. Wiih a 
knowlcdge of the general functions of inventaries, managemcnt objcctives, 
and thc nature of costs which en ter invcntory models, wc are in a position 
to consider the influcnce .of vari:.~bility of demand and basic syst~ms of · 
control which take accout1t of thcsc .risks, as wcll as thc clfccts on inventory 
píanning of production planning and scasonal sales paneros. 

REVIEW QUESTIONS 

l. What is the naturc of costs affected by inventorics? Outlinc thcm and discuss 
c .... h. 

2 What ;~re thc kinds of costs rclatcd to invcntoric!> hut dependen\ on lot 
·• ·•":••H:~, In,, p(:u:tio.:.tl ~itu;,lion, how do wc derive ll:c~ o.:u:.h'! 
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3. \Vhat ;m: rn:~nag.:m.:nr\ ohJ•·.:tivcs m Jcsigning invcntory ~ystcms"! In thc 
classrc:d imwtory mndd. whid1 of thc vari:~blcs :~re control_lahle :~nJ whil.:h ¡1rc 
outsidc thc '-·ontrol of m.rnag.:mcnr! 

4. What is thc g.:nrr.rl cfli:~·t of shortage costs on iot silcs? 

5. \Vhy nHI'>l thc classic.rl lot sitc formui<J be modified if we are attcmpting to 
take quantity di~.:nun:s into account '! 

6. Orulinc th.: rationalc for drtcrmining thc mínimum cost purchasc quantity 
Q11 whcn a pricc Ji~<.·ount i:. involvcd. 

7. How is thc dct.:rmination of a production run difTercnt from the determination 
of a purchase lot siz:c"! 

8. !·!ow Jocs thc production run problcm change when a number of products 
sharc th<: use of thc samc eqUlprm:nt on a cyclical basis? ls the problcm thc same when 
the op.:rating lcvcl is somo:wh¡¡t be:Jow capacity'! 

PROBLEMS 

!. Compute the o:;tinwl lot size, Q0 , "lo'.hen R = 10,000 unirs per year, cp ~ $5, 
and eH = S 10 p.:r un¡! rc:r ycar. 

2. What !s thc ~ot:~l in<:n:mcmal cost for thc conditions of Problcrn 1? 

3. How much \vt)uld Q0 c:hange if our c~timatc of Cp was in error and was actually 
only S't in Probl:!m 1? What woulll be the áiflcrcncc in actual total incremental costs 
be!\'Cen tlu! two solutions? 

-4. How· much would Q0 change if ou¡ estimare of c11 was in error, being only 
SS, in Probh:m 1? Wlw wouid be tile dJITcrcnce in aciUal total incremental cosis 
betw.:en thc twn solutions'! 

5. \Vhat i~ rhc ciT~ct on Q0 for Problcm 1 lf shortagcs cost c5 = $1 per unit 
pt:r ~car? \Vhat is thc tot;:i incremental cost oí this 30lution? 

6. Suppú~c that slwnagcs art• vcry cxpcnsive, pcrilaps $100 pcr unit per ycar. 
What i~ !h.: a:h\I'Cr lo l'robkm 5? 

7. Suppo:.c that fur l'r¡Jhkm i a prícc d!,coun\ rs ofl;:rcd so that orJcrs placcd m 
quam:iic, b.:lov. 125 t'<bt SI<HJ ~:::.:Ir !);¡¡ for urdas of 125 or abov.: t!li~ quaniity thc 
priü: i~- 'W5 <.:a·~h. im:.:nlory lhlldm!! Cthl ¡, no;v c\pn:~sct! a' 10 p..:n.:.:nt of th..: valuc of 
th..: il..::n. ln ·.•.h.11 ..¡u.lll\1111:~ 'houlJ th:: itcms :1c pun:ha~cJ'! u,c thc ralionalc of 
1-i~ur.: 5. 

~- iktc'o!lllllc" th,· rnuilh-:.- ,,¡ pr.r,b.d~<Hl filO\ fur ar: u,•m 1f R o l~_llllflurur- r~o:r 

)<;-ll. ' 1, .. ~2~., 11 '~ pcr l:l!li po:r \,".11. .u;.l !' l!KI lllllh fll:r \lllflo.H1¡: d.1~ 1 I.,·r,· 
ar.: 2~(1 ''''11-rn:: .!.,· .. ¡-..-: ·,.' ,. 

"J. Jh:h'IIHi:. t 1 . .: j ~ ... ' ••• ·:.' ~..· • ..,'· t.•r tlu: ;,.' . . • .. 11; ;:d.if' PI ['i•"': L·• 
a)~\!nlinr~'O"··~! ... · .. ; .. ·. :r 
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Annual Daily Annual Sett,JP 

Product Sales. Production Holding Cost Cost 

Numbe; Units Rate perUnit p!'rRun 

1 ' 5,000 100 $1.00 $40 

2 10.000 75 090 25 
3 7.000 50 030 30 
4 15.000 80 o 75 27 

5 4.000 40 1.05 80 

Total -~202 

10. Carson M;.znufaciuring Co. finds ordcring CC'iiS !or its matcri:.ils :~ml ~upp!ies 
fa!l into thrce majr!í categorics dcpcnding or. urgcr.cy and thc ordin:lry ;¡mount of 
follow up req~ircd. lt thcrcf.""lrc wishcs to simplify íts u,;c of cqu:ninn (]) for t!>c by 
ordering rlcíkS. Fo:- dass ! , 2, :md 3 itt!ms ordering costs are r.:sp..·crivcly S5. 515, anJ 
S40. 

(•~) Derive formulas for thc threc dasscs of it.:m~. 
(h) Furthcr cxaminat!on !>hows that inventory carrying ('OSI i~ vir iu<ll!y con~tant 

al 18 ¡xrccnt or CGSl \ aluc for all itcms. Derive furthcr silllpliticd fomllJI;,.¡ for 
thc thrcc classc~ of ircm~. 

JI. Carson 1\·íanufa<:turing Co. cnnvcrtcd its cntirc orúcring prüc.:durc lO thr 
EOQ basis dt~scrihcd by pmblcm !Oh. On cxamming onc of thc Cl;;s<; 3 itcms (,·P = 
$40), howevcr,thcy notcd ve¡ y high annua! frt:igl:t c:ost:; undcr thc n.:·.~· policy. Frcigllt 
cost5 have bccn $200 per ordcr undcr thc EOQ poli;:;y und would wst only S-tOO fc-r a 
c;¡rload lol of 500 units. R = 5000 unit~ ¡x:r year. un:J thc avcragJ valuc uf ;he itcm i~ 
$222.22. Should Carson ordcr in rarlo;1d lots? 
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cl¡apter 9 

l1VVENTORY 
CONTROL SYSTEMS 

Some of the majar defects in the modcls dcvclopcd in the 
prcvious chaptcr, so far as practica! invcntory policy ~s con­
cerned, are thc assumptions that rcquircmcnts wcrc known 
exactly and th<tt thc Jclivcry of rcrlcnishrncnt orders \Vas 
pcrfectly timcd. Also. thosc modcls diJ not place the invcntory 
system in thc contcxt of thc opcrating cnvironmcnt of thc 
broadcr production-distribution sy~1cm. In this chaptcr \\'l' ~hall 
attempt to introduce thc idea of variability of demand and its 
intluence on inventory po!icy, consider comparativc systcms for 
inventory control which t::ke account of dcmand variability. and 
consider the impact of inventaries on the prohlcm of ~.:ontrolling 
production levels. In part V we shall dcvclop moJcls which 
focus on thc impact of inventaries in m~tking aggrcgatc pro­
duction plans or programs, particularly in Chaptcr 13. 

Variability of Demand 

Thc source of our problem in dcaling with variabiiity of 
Jcmands or requircments is focuscd on thc lags inhcrcnt in thc 
'j\lcm for rcplcnishment. If wc could fill rcquircmcnts im­
n:n!a.ttcly. thcrc woukl be no problcm. Thc clcmcnts of thc 
¡·rohkm'i causcl.t by lags in thc system wcre introduccd in 
~ :-: .t¡'h"r 7. · · 

\< "(' l.nnw, thc dcmand for an itcm may v:1ry con~idaahly 
....... ''' r.11;,! .. m. ¡;ausc-;, ·upward or downwar!-1 trcnd:-. in 
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tkmanJ. \C.I'>IHlal ami c)dic \'ariations. Figure 1 ~hows a S:Jics curve which 
dcnwn:.lrat~s thrc~ of thc:-.c factor~ (cyclic variatic~ns dcaling with thc 
conc~pt of thc husincss cydc are bcyond our scopc). Let us hcgin with a 
considcration of cxpcctcJ random variation and how rcalistic invcntory 
polil.:y might takc it into account. Figure 2 abstrarts from Figure 1 just th'c 
random variations in sales from average cxpcctcd lcvcls. Such a distri­
bution cou!J bi! ahstractcd from sales rccords from which thc trcnd and 
scasonal f:JctOrs ha \'e hccn removed, thrnugh commonly k no\\ n sta 1 istical 
proccJurcs. Thc rcsidu:JI variation is thcn simply the variation Juc to 
ch:lllCC cau~c~. comparable in cvcry way lo e.\pCl'ICd random variation in 
any procc:-.s. 

Bt!{já Srock:c Thc variations in dcmand are ahsorhcJ through the 
provision or bu/Ter stocks which mm:t be maint¡¡incd bccausc or our 
inability to forcc:Jst r:mJom vari:JlÍOilS in dcm;!nd of thc type shown by 
Figure 2. Tlw <;Ízc or thcsc plann¡,:J extra inventaries depcnds on thc Slability 
or dcmand in r~lation to our \\'illingncss lo run out of stock. If wc are 
detcrmi:1c:d ;t:most 11cvcr to run m:t of stock, thcse pi:Jnn..:d minimum 
balances must'bc vcry hig.h. lf scn·ice requircmenl!> pcrmit stock runouts 
and b:1ck ordering, !he safcty stocks can be rnodcrate. Figure 3 shows the 
g"ncral strncturc of invc:l!ory b;J!ancc with a fixed-order quantity system. / 

J f r.l A t.• J 
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FIGURE 2. Distributlon ;epresenting expected random variafion in L'>;eekf.¡ 
sales, exclusive of seasonal and trend \'ariatians. 
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f:.·;uR[ 3 :Jrwcrure of mvenf(>Ty balance for a lixcd ordcr q:J.Jntity system • 
.. • ,, 1 r',.:v unds ro. <JIHorb !luctuations in demanrl and 111 supp/y ilfne The 
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Th~ hu:T~r ~dock lcH:I is ~~~ 'o that invrn!ory h;danccs wou!d be dnm·n 
tlown to 1ero duri11g thc con~tant lead time for supply, if we shoukl 
cxpaicncc m'ar-111:1\fmum dcmand. 

Thc: rational tkt~lllltnation of hufrcr stocks, thcn, turns on a knowlcdgc 
ofth~ probability distribution of dcrnand Wgcthcr wi!h a dcci~ion rcgarding 
the nsk or stock runout that we are willing lO acccpt. To be most llscful, 
the probability di~tribution of demand can be cxprcsscd in a form shown 
by Figure 4. Figure 4 wa!) comtructcd from Figure 2, Ílrst, by plouing the 
number ~f ~criods that adjustcd dcmand exccedcd a givcn lcvd, sccond, 
by cstabltshmg a pcrccntage scale to represen! a derived probability scale 
and thin.J, by idcalizing the distribution as shown by the dashcd curve of 
Figure 4. Sincc thc approximate average two-wcek usage is 1214 units, and 

"' C,) ... e .. 

100 

90 

80-

70 

60 

50 

120 

110 

~ 100 
~ 
e 
"' > 90 e¡, 
ro 

"' Q) 80 "'O 

"' "' u 
>< ., 

70 
"'O 
e: 

"' E 
"' 60 
"' .., 
"' ';;¡ 
:o 
"6" 
"' "' "' .g ... 
c. 
o .. 
"' .o 
E 
"' 2: 

-
'~ 

l 
\ 
\ 

X-= 1214 units/2 weeks 
N e 113 

u 10~ó 
~ 10 ----- --------------------

--~~--------~~----L~~---o ---0 ________ ..,. ____ J _____ .... _ 

400 600 f.OO 1000 1200 14VO 1600 1800 2000 
1 1 1 

1 ~20 1 fA O 2000 
u -.rr·!- ...... 1 or C:ctr.,¡r.1. unlt~ 

_J 

J 

FIGURE 4 [).•,fr,f•:Jf,,,, 1 '1'•" r•lt of f'r,odi t 1:,lf driTI,Il>d rlfrrdr./.1 •• •" • 

leve!. dr.:w:lu;. ··d f• · "' 1 ; .·r ~· 

I·'Vllf'\!Or71'' CONTROL c;vsJEMS 

;\'•'·Ul~'Í:\g ,¡ tll•rm::l k;\d time of!. ,,.~·;:b, \\:." L.:Juló be 'JO pcrc•:nt surc of no! 
:-utH:íng oc~t of ~tock hy having t!Jc 1520 units on hand \\hcn thc~ rc:ph·ni,h· 
mcr.t ordr.:r is pla~\.'Ú. Tht: bullá ~íock is tllcn 1520- 1214 = 306 un~\" 
lf wc wi!>h to h~: IJ5 1'•:rcen! surc o!' not running out of 'tock, th~ huffcr 
stock tnust be 1640- 12i4 = 426 units. Sin1ilar!y. lo. he surc that wc han! 
only a 2 pcrccnt risk of running out of stod, thc butTcr stock h:\·cl must 
be incrcased to 768 t•nits. 

lt is easy lo scc from the shapc of thc dc111and curve tlrat. for high leve!¡; 
of protcction, the buffer stock JCqtÍircd gocs up rapidly. and. thcrdorc, 
the cost of providing tltis assurancc gocs up. This is !>hown by thc calcu­
Jations in Table 1 whcre we have assumed thc dcmand curve of Figure 4, 
assigning a valuc or $50 to ihc itcm ;tnd inv~ntory holding costs of 20 
pcrccnt of value. The :.~vcrage inventory rcquired lo cnvcr expccted maxi­
mum usage rates during thc lcad time of 2 weás is calculated for tite three 
scrvice lcvels shown. To offcr scrvice al the 95 p~:rccnt level insrcad of the 
90 pcrccnt ievcl requires an incremental $1200 pt.!r year. but to movc to thc 
98 pcrcent lcvel of scrvice from thc 95 pcrc..:nt lcvel rcquircs. an aJditional 
$3600 in invcntory cost. 

The dcmand curve, thcn. provides a rationa! basis for thc dctermination 
of buffer stock lcvels by hclping to eslabli~h a reasonablc maximum u~a¡;e 
rate dl!fing thc lcad time. To cstablish this ratc, how~\'er, managcmem 
must decide what risk of stock runout is acccptahlc. In somc instanccs th;:; 
must be a judgmcnt, but whcre a cost of shortagcs cdn be rcalisticai!y 
assigned, a simple incremental cost a na lysis can determine whethcr addi­
tional protcction is worthwhile. For cxamplc, for the data shown in Table I, 
there would be an incremental saving of $3156 in moving from the 90 

TABLE l. Cost of providing the three levels of service shown in figure 4, when 
tfle ítem is valued at $50 each and inventory holding costs are 20 percent 

Service Leve/ 

90% 95% 98% 

Expected maximum usage for 2-week 
rep/enishment time 1520 1640 2000 

Buffer stock required 306 426 786 
A vcragc inventory required lor service 

leve/ during rpplcnishment period = 
Cl_.,- Bufler}/2 +Buffer. 913 1033-- 1393 

~·' :-:- ol .:ut't.Jf/1.' invcnlory at $50 per unit $45.650 $51.650 $69.650 
•~·. l-1/ory C05f iJl 20% $ 9.130 $10.330 $13,930 

,_ -----
-. 
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¡~rl·cnt tn thl· l)~ plTl'Cnt lc\'cl of ~l·rvicc if thc CO'il of a shortagc was SI 

cach ( 1214 x 26 x 0.05 x 1.00). This incremental gain cxcccds thc incre­
rncnwlcnst <ll' SI201J :.hown in Tahlc l. On thc othcr hand. to movc from 
thc 95 pl-rcent to thc ':JX perccnt kvcl the incremental gain is only $950 
whcr~as thc incremental cost is SJ600 ·as shown in Tablc J. The 9R pcrcent 
le\ el of -.cn·icc is obviously too cxpcn-;ive in this instancc. 

In summary. we h:1vc a fairly general proccdurl!. To determine hu!Tcr 
stod.s. \\C¡ mu~t Jcll:rmine rcasonablc maximum usage rates during the · 
lead time:. f,md this rcquircs thc dcrivation of a Jcmand distribution wi1ich 
rdlccts onl) thc vanation duc lo randmn lluctuations. llcre, howevcr, 
managemcrh nH~:>t decide on a. risk leve! for running out of stock, or if 
rcalistic shortagc costs can be assigncú, an incremental cost study can be 
made to determine thc hcst risk level. lf dcrn,¡nJ for the ítem is subjcct to 
sca~onal variation or an upwanl or downward lrcnd, the average of the 
Jistribution shifls, and it is nccessary lo r~~a~se~s bufl"cr stock leve! periodi­
cally. In su::.:h an instance. it would be bettc.:r to express the dernand 
di~trihution curw shown in Figure 4 in tcrms of dcviations irom expected 
mean \i.!ltiCS. 

Practica/ Metho_ds for Deíermining Buffer Sr.ocks 

TI: e gencrali.'cd mct hodology f'or sett ing Juffer stocks whcn lead times are 
cGnstant (just discusscd) is too cumbcrsome for use in practica) sys:cms 
wh::re large numher~ of itcms may be involved. Computations are simplified 
cow .. :dcrably if wc.: can justify the as~umption that the demand distribution 
f:)llows sorne panicul:tr mathematical fúnctio,t, such as the normal, 
Po;:;son, or n~gativc cxponcntial distributions. The general procedurc is 
!he same for all clistributions: (11) determine thc applicability of the normal, 
PoissNl. or negati\'e cxponcntial distribution of deli1and during leod time, 
(h) cstah!ish a scn,ice leve! ha~ed on managcriul po!icy oran asscssment of 
the b.:bncc ot' c0sts, (e) define D .. w. during 1e:1d time ha~ed on the appro­
priatc t:i~triburion and thc ~cn·ic:c !evcl, for ex.a¡r.¡+::, ¡¡- we ha ve sclccted a 
s..:r\'i~-~ k\c! of 10 pcrccm then D 111 .. is 1520 units in Figme 4, and (d) 
compulc rhc r..:quircd bu!i.:r :;tod .. l'íOm B = D

10
., - l5 wherc 75 is avcrag:: 

<.klr:.:n:J :1nd hoth /)..,_,. :111J J5 :1re baseJ en the ÚeJJlcl:1d úistrihution owr" 
thc Clln ,¡,¡nt t.:.~d ti m~. · 

Tk thr.:'-' di,tr ihut1on~ ·fl.!,·-: hc~.:n fo11nd lo he ar~licahlc in a numha 
of ~itL:;¡I¡¡nh :,, d!ll..::.-'lt ,¡;,¡2, . .., m th:: ::uprl;.-rr•~th!~.·rion-di,tnhllth':l 
sy~.tcm. l-'·.1r ,.\.11!11'¡,._ t!h· n<~rm.d .Í;\Inbution ha-, h.:~·n IPtiiHI ltl d,·· . .rl!-...· 
adt.:.:¡•.Lt:cl~ r:>.tll:O d,·l~l.>lhl 11111-!:.•rh .~1 rht.: i':tl'I•H~ k\cl. th,· _p,.,_. .. ,. 
<.li:-tiihllll<lll .lt rf,..: r.-t.ld ¡,_,,·!. .• ::.!!he lll'~.~\1\l' nr•lflL"Illl.d dJ,fld• .·. 

.. 
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•11 :h~ \\ ¡,,,~t;~ak and r:.:taillev~:J... 1-ll When hoih d~ma11d :111tl katltimc are 
·\:1ri.1bk thc d~termination of hufr~r !>locks is more compl..:-.. In thi:. situa­
tinn. \\'C are fal'CO with an intcraction betWCC!l Ouclt:ating U~llland and 
!lul'luating lcaJ times, and th~.:rc i~ no ~implc rnatl:..:lllatic;d anal~~i~. 

Ncvcrthcless, hu!Tcr stocks can be Jctermind through :1 prnccss of l\lnntc 
Cario simulation as long a'> wc have a knowlcdgc of thc d~:m.tnJ and kad 
time distributions. Sine.:: the simulation mcihodology is hcing uscd in ~uch 
a situation, the distributions ncL·d not be Jl·~crihcJ by any of th~ standard 
mathcm::~lical on..:s. Dctailed examples of invcntory rnodds with variable 
demand ano lcad time are dcvelopcd in rcfcn:ncc [ 1!]. 

Basic Inventor¡ Cont10/ Systems 

In altempling to dcvelop autonwtic control S)Stcm~ l'oí inwnh)f~cs. it _1:; 

necessary lo take accounl or ranJorn fluctuations rn dcmand as JU~t dts­
cusscd ancl actual shirts in average dcmand of cither a Sl'il\<jnal or :ong-tam 
nature. The variabh:s of the systcm which can be manipu!atcd by m;tnagc­
rnent to dcvelop a control systcm are the si1e of thc rcpknishmcnt arder. 
the frcqucncy of replcni~hmcnt orders. the frr.:quency of r.:vicw and !'ore<.:a~.t 
of us;~ge lcvels, and the methud of information feedback on which thc 
rcvicws are bascd. /\ltcrnatc invcntory control sy~tcrns hknd thcsc fa;.:tors 
in somewhal dilkrent ways. 

The Fixeti-Ortle•· Quamiry Sy.Hem. This :.yste:m is diagr.nnmed in Figur.! 
3. The syslcm has a rcordcr lcvel set v-.·hid1 ailows 1 he im cntory Jc,·ci lo be 
drawn down to the buffer stock k\od wi!hin thc lcau tim:: if a\-cr:..:gc usage 
ri:ltes are expericnced. Repl:.:nishmcnt ordcrs are placcd in a fi)..cJ pre­
dctermined arnount (nol ncccs~arily the mi1~imum cost quanti!y, Q0 ) 

timed to be reccivcd at the cnd of ihe h.:ad tirr.,~. The ma~.imum im·cntory 
leve! beco:r.es thc arder" quantity Q p!lls th.: buffa stock i min· Th_e :l\'cragc 
inventory expccted is, thcn j ""n wi- Qi2. Us:'g': ra!cs ar.: fC\'!cwcd pcriodi· 
callv in an allcmpl to rcact to season:tl or !ong-t.:rm trcnJs of !he typc 
sho~vn in Fi!.!.urc l. Al the time of lhc pcriodi~: rcvicw~. thc onkr qu.11Hity 
and buO'.:.:r ;!ock lcvcls may be changcJ to rdkct thc n.:w l'PrH..litinns. 
Dcmand for an ítem is ordinariíy !akcn from thc suh-.L·qucni op~raiion. 
A ... ~umc that v-:e are considcring tl11:: c:.~n of ~he c:lp:!citllr ·,\:o\'. n in Figure 
-1 nf Chaptcr 3. Tb6 c;tpacitor is madc in thr~<' ~ii'c~ tlf d·.'ctric.tl C:1p:1city. 
lhc c;~n which houscs the cap:.tcitor, how.::vcr, is idcntiL·:d f'or all thrce 
\1/¡,''.. 

1 ~~~tire 5 ,J.tt\\S th~ ch:1in of dcmanJ for lhc cJn as rclkcted hack t)~rough 
,. - ''~;.-, of·:.tod; po1nts and marn:facturin¡; opcr;1tiorh. Clhlum•:r ordcrs 
··: ;--:.,,<".¡ .11 tbc \\;:rdwu,c which main!ain:; ;m im~liln:y '~ilh cuntrob 
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il;VENTORY COIVTRtJL S'i'STEMS :::>;_,~; 

; 1 ~ dl'·.c·r ,:KJ Gy hgu;·;,: 1. V.'hcn tilc w;trc!Hnrsc in\TIItory k' el fall' to \he 
rCtlrdcr noint. <l J"t:picni:.lllJ:;.;n! (•rd..:r is ~t:nt !O thl! fa.:tory. ;rnd thc facl<)ry 
·~hips fr~m its fini:;hcd goods ~.tock. \Vhtn thc ftni~hcd goo_d" ¡,1\ cntory 
fa listo a rcordcr pninl. ilowcver. a rcqui~ilion is sent to tht: manur.Ktlll ing. 
tkpartmcnt, and more concknscr!. are a~sc111hleJ. To :h~emhle thc cou­
<kn~crs. howcvcr, cans and othcr parrs are rcqtmitinncd fr<)IH ~tnck point 
3, a stock of fahricatcd cans. \Vhen tilc stock of fahricatcd cans f:d!s toa 
rcordcr leve!, a shop arder is writlcn for <1 run of cans to be fahric!lcd. 
The shop arder requircs raw stock which is clrawn from ~tock point 4, 
raw material storage. When thc invcntory for the raw material falls to the 
reordcr lcvcl, a purchasc rctjuisit ion is issucd to vcndors for rcplaccmcm. 
Thus the dcmand for thc capacitor can is rdlcctcd back in a chain invol\'ing 
4 stock püÍIIlS am) 2 factory OpcralÍOI1S. figure 5 rcprC'>CiliS lhe SlfliCillfC of 
thc information feedback systcm. 

Fixcd-reorda qu:rntity sy!->tcms are common whcre a p.:rpo.:tual invcniory 
record is kcpt and with low-valucJ items such as nuts and bolts, whcrc thc 
invcmory leve! is under rathcr contir111ous survcillancc so that noti.:t.: can 
be givcn whcn the rcnrdcr leve! i:-. rcachcd. Onc of thc sirnplcst mcthods for 
maintaining this CÍOSC \\';I!Ch on ÍllVCiltOry leve! ÍS tl!c liSC Of ti1C "1\\'0 bin'' 
S}'SICll1. [n thi:, SySklll, lhc Íll\'t.:lliOry is physicaJiy scparatcd Ínto l\\'0 bin~. 

onc C}f which contains an amount cqual to thc reordcr lcvcl. Thc halancc of 
" thc stock is rh;ccd in the othcr hin, ami day-to-day nccds are drawn f'rom 

it untii it is cmply. Al thal point it i" olwious that thc n:on.kr lncl ha~ b:.:~.:n 

reachcd, and a stock rcquisition is issued. From that point on. stock is 
drawn from the second hin, which contains an amount e4ual lo a\crage 
usage over the lcad time plus a buffer stock. \Vhcn thc stock is rcpleni!>hcJ 
by the rcceipt of the order, the physical scgregation into two hins is madc 
again and thc cycle is repeated. 

. -
Fixed-l'('onla Cycle Sysrem!i: Thesc systems focus control on a pcriodic 
basis, so that ordcrs are placcJ wcckly:monthly, or hy somc othcr cyck. 
The sizc of the ordcr. howcvcr, is varicd for each cyclc to ~ih!->orb thc 
fluctuations in usagc from p~:riod to pcriod, as shown by Figure 6. Thc 
amount ordered covcrs normal usagc during thc procmcmcnt lc.rd time 
plus thc quantity ncccssary to rcpknish inventaries to thc le\ el n:quin:d for 
one cycle's usagc plus buffer stock. This is, of COllf!.C, thc /"'" k\'cl shown 
on Figure 6. Just i!S with 'lot sizc modcls, optunal rclation~hip> for the 
reorder cycle and /n,.x·can be dcrivcd. Sce rcfen:nc~~ [9, IJJ.Jb \\ith thc 
fixcd-quantity system, pcriodic rcviews of usagc rateo; are n:quircd to rcact 
to changcs in the average usagc ratcs of thc typc ~hO\\ n in 1-'igur;; 1. Fixed­
n:ordcr cyclc systems· are prominent with highcr \'alucd itcms ;rnd \\ hcr..: a 
l.1rg\! numbcr of itt.:ms are rcgul;¡r)y ordcrcd from thc ~ame ,., lf. \\'ith 
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fi:H·d-cyde oHkring. frc.:ight co~t ad\'antagcs can oftcn he gaincd hy 
grouping thL':o.t: ortkrs togethcr for shipmcnt. Thc tommon information 
fcedhack ~ystcm for fi.xcd-cyclc ~ystems is diagrammcd in Figure 5, bascJ 
on a chain of demand. 

Thc m:tin opcr.!llllg difliculties with !he fixcd cycle system dcscrihcd lie 
in the time bgs in the information chain, and thc apparently irrc-;istihlc 
tcmptation to outgucss shilh in tequirement rates. The shifts in usage ratcs 
are most often simply r;nH.lnm shifts, and the buffer stock has hccn designed 
to ab'iorh these ,·ariations. lf wc rcspond to thcsc random shifts in rcquirc­
ments \\e will sun:ly dri\'e our:-.dvcs insane. Suppo!>C wc are ordcring on a 
monthly cydc the fabrication l)f cans for stock point 3 cf Figure 5. Average 
rcquiremcnt'i havc b.:cn 500 cans nwnthly, but last month's ¡equircmcnts 
jumpcd to 600 units. Jf wc as~ume tltat this will be a continuing rcquircment, 
we might decide to plac.:: an ordcr for the currcnl month which not only 
rcptcni!>hcs thc 600 units drawn, hut adds anothcr 100 units ro build up 
imentory to mcct th.: cxp~ctc.!d continuation of 600 units pcr month. This 
makcs a total ordcr of 700 units. Supposc, howcvcr, that last months 
incrc;~~e was ~imply a random fluuuation. and in a true cxprcssion of the 
capriciou~ncss of random proc~s:-.~s. rcquircments for this period turn out 
to be only 300 units. \Ve now hu ve a 400-unit exccss invcntory, and w.e nced 
place an ordcr for only lOO units for the coming pc.!riod to mccl average 
rcquircments. Thc rcsult is that the random variations in dcmand from 
600 units to 300 u:1its have bccn translated into variations in shop orders for 
cans ranging from 700 units to 100 units. Demand variability has bcen 
amplifi,~d. leadi!ig to severc problcms on the production fioor in attcmpting 
to accommodate thcse widc variations. 

Reorder 
c.ycle 

--?~-- Reorder---' 
c.ycte '1 

l··•J ~\ •·.lel 

'----------------· . . ~ ,. 
! .• 

------- lmu 

FIGURE 6 F,.,•dtr•nr:f•·tr;·• '" ~. ·.tt·m of u~t>ttnl Ati ntrlr!r ·-~ pt.u·t·d .>r,:. •· 
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·¡he quc~tion of :linrltliution of tkm¡¡nd variability is of C\lrl.'mc 
imponancc in dcsigning. stable producticlll'-invcntory conlío! systcms. <md 
wc _!'lh:!ll consid..:r it more carcfully ata la ter point. Thc immt•di:llc qw:~tiün 
i~. howcver, "f low can wc te!! if a changc in th:mand is m~rdy a ranJ,>m 
fluctuation ora truc shift in a\·c:·agc rcquircmcnts?" \Ve ha\'c an ob\ious 
arplication of thc princirlcs or statistical control. t\ppropriatc control 
limits could he cstablishctl and rl.!quircmcnts ploltcd in rdation to the 
control.limits. Variations in rcquircmcnts that fall wtthin thc n>nln>! limits 
may he ignorcd, sincc buffer stocks wcrc dc!>ign~:d to ah\mh thcm. \Vht:n 
points fall outsidc thc ccintrol limits ihc quc~tinn may be rai-.~d wh..:tlll!r 
planning figures ror average rcquircmcnts shouiJ be r..:' i-.cd. E ven thcn. 
adjustmcnts in planning figures for rcquircmcnts should be rebtivdy 
modcst, taking a wait and scc attitudc, in ordcr to avotd thc ~:nstly re~uhs 
of fluctuations as in the situation dc:-.cribcd in thc prcvio'us paragruph. 

Control Theory Applil'd ro !m·curory Systems. Enginccrs havc bccn 
intercstcd in the dcsign of au!omatic control systcm!>. and thc rcsult has bccn 
the dcvclopmcnt of conccpts and systcms of contro! \\'hich havc bccn 
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arriicd br¡;cly in atlh)ll1atinn anú othcr rhysic:d sys¡cms. Thcsc ~clr­

corrcctmg sy~t-=ms c~tahlish automati<.: con: rol over. somc variahlc (a 
dim.:n~ion. tcillp.:ratmc. rrc ...... mc. etc.) through a feedback loor. ("'on­
ccptually. thc ICcJhack loop is compriscd or some .\C'I/.I'ÍIIg 11/1/[ which 
mcasur"cs thc output of thc variable hcing controllcd, a comparator which 
compares thc actual output with thc dcsircd leve!, and a tlecision nwh·r 
which intcrprcts the error information and finally commands thc t~fli•dor 
to makc a corrcction in thc propcr magnitudc and dircction so that output 
will mcct standards. figure 7 shows a schcmatic rcpr::scntation of the 
maintcn;.tncc of thc tcmpcrature of llowing water undcr aulomatic control. 

Many managcmcnt control prohlcms can be vicwcd in thc samc con­
ccp!Ual framcwork. For cxamplr::. Figure R shows a di:Jgram for infonnation 
feedback, for thc control oi inventaries and production lcve!s. Thc parallcls 
bctwccn thc physical sy~tcm and the invcntory systcm are dircct. Fromthe 
principies of pron:ss control, we can lcarn some basic control conccpts of 
consid.:rablc value in <.:ontrolling invcntorics. Thcsc conccpts are rclatcd to 
time Jags and thl'ir dTcct on thc st;.tbility of the systcm. Let us sce what 
actual dynamic cffects we might cxpect from an inventory system which was 
origina!ly stable and now is stimulated by a JO percent step incrcase in 
rctail sales, the ncw s:tles IL'vel rcmaining stable. 

Forrestcr [8], using a dynamic simulation modci of the systcm sh0wn in 
Figure 9 dcmonstratcs the dynamic cffects dramatically. There are three 
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Ordets (ron. cu:.lomen 
(O!t~umed r(J te) 

Oelr•ery ol QOOd~ 
10 Cu'i-IOmer$ 

FIGURE 9. S!ructure o! a production-distnbution systern So/id fines represen! 
physical fíow. fines with dots represent information flow, and circled numbers 
represen! time defays in weeks. From J. Forrester. Industrial Dynamics, [8]. 

levels of inventaries in the system: factory warehouscs, distributor, anó 
rctailer. The circlcd lines show thc flow of ordcrs for goods from ct;sto"mcrs 
to rctailcrs, rctailcr~ lo distributors, distributors lo factory war.::housc. and 
finally from thc warchouse as ordcrs for thc factory to produce. T.he sol1d 
lines show the flow of thc physical. goods hctwe.:n c.~~:h of the lcvcls of th::: 
slructure in response lo thc ordcrs. Thc cin:lcd numhcrs rcprc~cnt thc time 
dclays in wccks for each of thc aclivitics lo take pbcc. Figure JO sho\\S the 
cffect of the JO pcrccnt step incrcasc 111 rclail sales on im·cntorics at thc 
thrcc leve!~. as v.dl as on factory production output. \Vhacas thc s:dcs 
incrcas.: was simple and orderly, thc response of thc invcntory :ind prl)duc­
ti.,n sy,;tcm shows wild oscillations which incrca!>c in magnitudc a~ \\C go 
op !.trc:tm in· tln:: system from the rctail l.:vcl to thc di ... trihutor, factory 
'~·•ro.:lhntsc. anJ to the :tctual f:.~ctory outpul. As wc \\tll dl'mon~tratc in 
1 : .. •;1:.:r ~1. rcdt~~.:•ng th~.: ·time lags in thc systcm. for namplc, by ' 
(::·r.:.::.tti:l).! thl!. di,tributor le• el. or rcducing "thc time for dcrical delays will 
, .. : .,; '-•'ll•••k~.thly rhc magnitudc of thc lluctuatums. 



8 o o -

~ ·¡: 
2 
e:-
o e: ... 
> 

·= ·¡¡; 
-¿; 
a: 

:;< .. .. 
? 
e 
3 

5. ·,; 
o 

~ ·¡: 
3 
~ 
o -e 
~ 
·= o 
-;-

E 
"' o 1 
"'{ 

1 
1 

1 
1 
1 
1 
\ 
\ 
\ 

8 
"' ...... 

t:.~ 

"' -+ 

o 
8 ,.., 

_______ L 
;;· 

liiJ ... y •••• 

,•, 
"• 

1 

o 

\ "···,., 

e 
..... 
o ., 
~ 
(1) ... 

:::::: 
"' ... 
Q) ... 
-~ 
Q) ... 
"' Q) ... 
u 
-~ 
g. 
¡;; 
(1) 

~ 
:¡ 
S 
:;:, 
o 
:>... ... 
o u 
~ . ,....., 
"t:l co 
e:: ~ 

"' .,; 
~ -~ 
Q) E ::.. 
~ 111 

e: 
Q) > 
e¡, o ... 
~ m --... 
C1) ¡¡; 
... :J 

.S,. 'O 
'- -= o 
~ ..: 

Cl> 
Cl> -::. "' .:; ~ 

...... o 
o .... 
Q) "") 
"' e:: E o 
c-.. o 
"' .:: 
Q) 'ti e:: ... a 
e ... .., - ' 
·• 

INVENTORY CONTROL SYSTEMS 1 265 

\!ore Órc..:t inf"orm;¡{l\lll kcdhack lO lbl! \"ariou~ ~~ll~k poÍilh Ílh!C;IJ 

of thrnugh thc chain oí dcmantl ~hown in hgmc 5 \\ill h;\\c 1111port.1111 

dlcct:. in stabilizing the cntirc sy·;tcm. \Ve con~idcr thc~c dyn;,mic clfcct!. 
more carcfu!ly ami in grcatcr dctail in our Chaplcr 21 cli-.cu~,jon of brgc· 
scalc systcm simulation. /\1 lhis point. hvwcvcr, a cnndu~ion wc might 
draw is that a more dircct information feedback sy~tcm ~imibr to th;tt 
showr: in Figure 11 f'or thc c;qx~eitor can production-invcntory ~):.tcm will 
have a stahilizing ciTccl so that no amplilicalion of dcmand rariuhilay 
will takc place al stock points up strcam from thc con~umcr invcntory lcvd. 
At cach stock poinl in thc ~ystcm, thcn, we arl! working ag;lin~l actual 
consumcr Jcmand rathcr than against thc sccondary and tcrtiary ctTccts of 
dcmand as re!kctcd back through thc chain. l{cducing thc lag in informa­
tion ftmv has a stabililin6 ctTcct, rcgardlcss of thc invcntory systcm uscd 
and would be appropriate for both thc fixc<.l quantity and !ixcd cyclc 
systems. 

/Jase Stod; Sptcm. Thc hase st0ck systcm [!O) is a hknd of th~ fixcd 
quantity and fixcu cyck systcms which uses an iBfonnation ll:cdhack 
systcm simii<Jr to that diagrammcd in Figure ! l. In thb sys!cm, ::.lock le\·cls: 
are rcvicwed on a pcriodic ba:;is. bui ordcrs are ph!ccd only whcn inve;Hoiies 
ha ve fallen to a prcdctcrmincd "rcordcr leve l." At this poiQl an ordl!r is 
placcd lo rcplcnish invcntorics to thc ''ha-;e ~toe k" kvcl. \\ hid1 is suflkicnt 
for bulfer !.lock plus a li,\cd qtwltily Gtkulall:d to covcr cum:nt u~.agc 
nccds. Pcriodic rcvi..:w~ of t·urr..:nt uo;ag.c ratcs can rc~ult in upwarJ or 
down\\ c.ml revisions in thc hase stock k"ck Th~ ba-.c stock ~),¡._:m has thc 
advantagcs of closc control as~oci:Jtcc! with the rixcd cydc sy~tcn1 which 
makcs it possihlc to carry minillllllll hullcr swcks. On thc lllhcr hanJ, ~incc 
replcnishmcnt ordcrs are placcd only when thc n:ordcr po:n: has hccn 
reachcd, fewc:r ordcrs, on the average, are placcd so that ord..:r co~ts are 
comparable to thosc associ::tcd with thc fixcd quantity '~y~t..:ms. Sincc all 
stock poiats are working against consumcr tkmand, wc do not have the 
amplification of dcmand variabilítyat point-; up :.trcam. Thcn:fon:. bufl"cr. 
Mocks can be rcduccJ cvcn furthcr, sincc the cxtn.:mc kvcb of maxinmm 
<.h:mand are not cxpcril:nccd. Anothcr rcsult is u rcdLH.:tion in thc CO!>l of 
production fluctua!ions (hiring, scparation, and tr;1inin~). !>Íncc smallcr 
rrllductinn nw . .:tual i\)ll~ are a !so a~:-.oriatcd with thc 1~ pe of infnrm;,tinn 
•~·c,lh.u:k systcm u sed. 

In thc -.cl·lions just complctcd wc tricd to show the inf1uc1Kc of 
·. '~l.lhlli!y or dc"n1a11J (JO Írl\Cil!Of)' moJds, and thc Ílllp<~rt.l!lCC of time 
'' :, 111 ti:,· ··~'-klll ;¡,a wholc. Thc importan! COill:cptto'-·;ur~ O\cr into this 
'· · ·· ·:·, : ... th .• ! 111\ cnt.1n modd., musl tal\ e aú:ot!lli uf th,· ~·nvirunmcnt in 
~ ·. ·. !' r; .• r.,: ''í'l'LII.:cÍ .111d c.:ann,ll he con-.idcn·d a' :ill ,,pf;st::d prnhkm. 
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IX,· ... ~;;di ;(,c_:s c)n t11.'~ nrc•hkm cf op(·¡·,~tíng a produUion-inventory s;~~lt:fi"l 
¡hwu~d1 1hc cu:ltrnlii11g n; production levd:.. As wc sh;,¡lj scc, ímtnlor.e.:: 
play a m<!jur :-.-de. 

Controlling f'roduction Levels 

Whcn a basic r~oduction-invt:n\ory program has bccn"_dcvclopcd. th·:' 
rcsuh ís a ~chcdu!e of planneJ production icvcls and invc.ntory ba:;¡ncc!o 
bascd on forccas!s of rcquiremcnts. As sales procccd, howcvcr, wc must 
have somc system for compcnS<lling for thc dillercnccs bctwccn planncd and 
actual rcquircmcnts in onkr to maintain inventaries at pH)pcr lcvcls. lf 
acillal rcqt!ircmcnts cxcecJ plans, we run thc risk of running out of :;tod:, 
with rcsulting poor customcr scrvice and possihk adJitional cosls rdatd 
to shortages. lf actual rcquircmcnts are helow e.\pcctations, invento~íc-s 

wi!l b!.li!d up with rcsultíng high carrying costs. Thcrcforc, a control plan 
is needcd which adjusts production and inventory lcvel~ in kccping wilh 
sales cxpcriencc. Such a control plan might be ¡¡ccomplishcd by comtructing 
pcriodically a ncw production progr~101 that taki.!!> into ac.;count c:-.isting 
invcntorics by adjustmcnts in thc short-run lc:vels or prmlu.:tion. 

Our objcctivc in this control plan is to inum.1f! ur dcn!'a.1c ¡11ot!uction 
lel'e!.~ in the pcriod alll'wl, pro¡wrtional lo dilfácnccs hl'IIITI'II' tu lito!(///{¡ (11 e­
cast sales, h.1• an amolllll tlwt minimi:c.1· tllC inacmcllltil n11'H o{lllll'níuru's 

ami f/uc/ua/itms of ¡noduction /el'c/.1'. lf thc planning paiod is fairly shorl, 
this adjustmcnt oflevcls would continuously corree! in.-cntory h:vcl-; to be in 
keeping with presen! dcmand, lhus prevcnting stock-outs or thc buildup 
of cx.::essive inventaries beca me of changcs in ul.!mand. The ba.,ic clcmcnts 
of lhis control plan are comparable to those describcd carlicr in this cluptcr 
ami illustratcd by Figure S. We wish to con!.truct a ft:edback control systcm 
wherc information on dcsircd lcvcls of invcntorics (indicatcd by currcnt 
requircmcnts) is comparcd with actual inventaries to determine an cmlr 
func1ion which is fcd back and co;nparcd with information on pbnned · 
production kvcls for thc coming pcriod. 13y somc prcdi.!tcrmincd rule, thc 
proJuction leve! is thcn adjustcd lo compcnsatc for the demand nuctuation 
ami bring inventaries into linc. 

/Jcci1ion Rult•s for ControllinK Prucluction Ll'l'l'h.. Lcl us firsl ~tatt: an 
··h\ iou~ k ind or rule for controlling production lcveb a~ actu.a) fi.!lJll in:mt:nts 
\,¡r~ frnrn forccasted n::quiremcnts. The rule we will me ro~ introductory 
r-·.rp.,~., i ... that whcn <Jctual rcquircmcnts dcviatc frorn fnrt·~a~l~. w¡;: will 
• '! •.•r '''htr.ad the diffcrl.!nce as soon as po~ ... ihl~ to the ;un.ounl produccd 
;· · :.!rr ¡,, cor)lpcn ... atl:! fnr thc variation from pl.111111:d ill\cntory lnds. 
• ... -·\ .;:,;,t:.;!c '"th thc forcc:ht of rcquircmcnt~ for 111 ,,c..L:s ~ho~\n in 
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,,,J¡ 11 nn ~ of T<1hk 11. Column 3 'how~ thc plannctl production progr.1m 
,-;;r 1h~ prt1duct. anJ tk pLmnl·d imcntorics are c:.-;!!y GtkulatcJ in c"olumn 
.t. ,\~. we would rxpcc!, howcvcr, act11al rcquircmcnts vary fr,Hn forccast as 
~llllWI1 in column 5 ar.d th\! difTcn:ncc bch\ccn :ktual anJ forccast rcquirc­
mcnt's in column 6. Thc production icaJ time is 2 wccks. sn that \\hcn a 
dcvbtion from forcc.J!>tcd rcquin.:mcnts ocr.:urs wc can changc rroductton 
f:.JIC for the production rcrilH.l IWO wceks hcncc. Tlwrdnrc, no change 
occurs from production phn1~ in thc f1rst 2 m.:cks shown in colu:nn 7, hui 
thc third wcck's proJuction rclkcl~ !he ~hortagc in planncd rcquircmcnts of 
fivc units. Similarly, thc fourth wcck rc!lccts the ovcragl.! or lóO units which 
occurrcd in thc scconJ wcck, and so on. Act~1ÓI invl.!ntory lcv.cb 11hown in 
column 8 are simply hei_\innir.g invcntory plus thc amount produccd Juring 
the w~ck (collimn 7) lcss tite actual ·rcquircmcnts (column 5). 

We scc that this rule docs ~mh:cd compensa te t"or thc \ ;1riations. "' ith :1 

2-wcck time lag. but at what cosl'! /\ctu:\1 prodm:tion lcvc!s v;.:ry from 50 
units to 1000 units pcr wcd: in thc short spacc of 10 wcl'ko;. But, IIO!icc that 
ovcr thc 10 wccks, actual total rcquircmcnts wcrc quite c!,¡~c to forcca~tcd 
total rcquircmcnts. Variation from forccast W:.JS· largcly wcck-ta-\~cck 
variation. As a mattcr of fact, thc wcck-tn-wcck "vari:1tion icnects thc 
random v3riations dcscribcJ in thc dcmand distrihution of Fig11rc 4. In 
othcr worJs, it was vartatior. that we should h:..~vc ex¡x:ctcd tu cccur. 
Pcrhaps thcrc is a bcUc1 way to :..1hsorb thi~ variation than by dircctrh:mgcs 
in thc production kvcl. 

Lct us test thc idea just ~t:1kd. Why not tbmp thc dfccts oi \ariatiun in 
actual rcquircmcnts frnm f'orccast by ch:111ging production lcvcl by only 
50 percenl of thc di!Tcrcncc instcad of 100 pcrccnt as \~e did prcviously. 
1his is shown in Tablc 111, 11ndcr "'50":, Rcaction." Thc original for..:ca'>t 
of rcquircmcnls and production and invcntory pi.ms an: id.:ntical 10 t\wsc 
ofTablc Il, but noticc that violen! !>Wings in ho:h proJuctinn ant1 invcntory 
levels havc bc..::n d:1mp..:d (Hit COil~idcrahly. Why nnt carry ¡J;;o.; itka f:::·ihcr'? 
What hap¡x:::1s with a 10 or 5 pcfL"{:ili rcaction r;ttc.:? Thi:, 1~ abo ~.llown in 
Tablc 111 with additional stahili1.ing fac!ors in t!Jc formo!" ~i111p!c hcuri~tic 
rules. With tht 10 pcrccnl rcaction wc havc inclULkd rhc ;Hldiiional rc:-.tric­
tion that wc will not rc~pond to thc variation frorn fotTL:l~l al :dl unks~ iO 
pacent of thc din·cn:nc;; cxcc-cds iO tt:ús.· In adJ1tion. \\ith thc 5 pcrccnt 
rcaction wc havc includcú the 10-unit mini::wm anJ th..: rc~tric!ion that 
l.tr¡;cr ch.tngc·s :n produl!ion kvc! are m:;.dc oniy in inc-:,:;n~rl!~ of lO units. 
·¡ h~:rcfo1c, if ·s pcrccnt of tl"'.c difT.:rc~cc is 27.5 uniis ;)' ¡¡ is in the fi!th 
\•n·k. a changc ir. production ícvcl of ::,o units i~; madc in thc ;;c\'cnth \\cck. 
'":t,·L· tlh· rL',uib of progrcssivC:y dccrcasing rcaction ratc~ 111 T:th!c i 11. The 
:.-.·,!!, :1r~·m•lrt ~1.1hk p1~1duct1on ar.d inv(?nlt1ry lncls. Abo note, ho-.,cvcr, 

•· .l\C.s;·~ !11\t"lllnry k\t:l ... h;;,·.:: lfH.:rca~,.-d <~S rl.."action r;ltl.." wa~; ckcreascd. 
'·-: .-:!.· .. 1 ·•1 r.·d.s~tn<! rL·:¡,·tion ratc could havc hccn l"or...-ca~l. Uy u~ing a 
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TABLE 1/1 Actual production .7nd inventory levefs when on!y SO perccnt. 
10 percent. or 5 percent of the difference between forecasted and actual require-
ments is absorbed by changes in production leve/ lrom plan, 2 we~ks f>r!nce. 
Buffer stocks absorb the balance o! t!le variation. Data for !orecasted and actual 
requirements and planned production and inventory levels are shown in Table 11 

5% Reaction 
10% Reaction 10·Unit Mínimum. 

50% Reaction 10·Unit Mínimum lncrements 1 O Units 

Actual Actual Actual Actual Actual Actual 
Production Jnventory Production lnventory Production lnventory 

Week Leve/ Leve/ Leve! Leve/ Leve! Leve! 

o 500 500 500 
1 600 505 600 505 600 505 
2, 600 675 600 675 600 675 
3 603 688 600 685 600 685 
4 520 208 584 269 590 275 
5 600 758 600 879 600 825 
6 805 938 641 835 620 820 
7 375 743 545 810 570 820 
8 613 781 600 835 600 845 
9 585 686 600 755 600 765 

70 587 568 600 650 600 660 

Average lor 
70 Weeks 589 655 597 684 598 688 

relativcly low rcaction rate we are assuming that most deviations in actual 
rcquircmcnts from forccasts are simply random deviations, so why bccome 
excitcd ahout thcm? 1 f thc deviation looks large. perhaps we should increase 
or dccr.:ao;c pn1duction ratc a/iulc, just in case it rcally marks thc heginning 
oC a trcnd. Thc quc~tion i~. thcn, whal should be the rcaction ratc for 
Oplitnal CO:>l pl:rft1fnl,tncc'? lt j.¡ a ):!\lOd lJl!C~lÍOn, hut Íl i~ slig.hlfy pr~malllfl!. 
Lct us lir ... t di ... :u:-.:-. thc ~o..'tk-ral ·''Pl'U~ of thc dcci~ion rule and dl:v,.:lllp th"· 
iJl:as of rcal.'tll•ll ratl:,, fl:\ Íl:\\ p,-rj,,d,. anJ thcir intcrrclations. 

Our dcci,iun ruk r~.·all~ Pp~.·r .• tl'' 111 thc foil m\ in¡; conll:~t: 

1. :\ lon~n-h'rrn f·•rn·.ht ••1 fúJlllrl't\l,·n(, on "hi...:h ¡, h,,,l:d ,, i•r •..•. ! 
prndl.-.'"'!1 ¡,:,,·:.un 

h'\.¡111' -·;:.·:.· •.. 

30 íJ;¡seJ on :Li~ sho:'l-ierm rcv\cw and fort:cJsl of rcquin:mcntfi eH' 

can: 
a. Determine ¡1 rr·>dtiCliCJO plan for lhcsc pcriods. 
b. Sct planncd invci1Wry lcvcls for thcsc pcriods. 

4. In the shorle~t-tcrm p\~,nning p:::riod which is equal lo the produc­
tion lcad time (thc ~honcsl noticc uscd to change production k\·cls 
in the pcriod ahead), wc can make a final adjustmcnt in production 
leve! which takcs accounl of the latcst information wc have rc­
gardin¡; the comparison of actual and forecastcJ rcquircmcnts. 

5. The decision rule uscd is that production lcvd in thc immcdíate 
pcriod ahcad will be adjuslcd by somc fraction k óf th~ diiTcn.:ncc 
betwecn actual and forccastcd rcquircmcnts for thc currcnt p.:riod. 

In this context, wc scc that thl.!rc are rcally two paramctcr~ we can 
manipulate to dcvelop a modcl for the control of production Jc,·cls. T!1cy 
are the value of k-thc reaction ratc--and the lcngth of the rcvi.:w pcriod 
ment!oned in numbcr 2 and 3 in the preccding outline. Thc importancc of 
the reaction ratc has alrcady bccn dlscusscd and dcmonstratcd in thc tcxt 
material relatcd lo Tablcs 11 and 111. In summary. k may t:.tkc on ,,;¡Jucs 
bctwcen thc numbcr O and 1 .00, rcprcscnling no rcaction 10 dcviations from 
forcc;¡c;ted rcquircmcnts whcn h = O, to 100 pcrccnt rcaction and com­
pcnsation whcn k = 1.00. In general tcrms, low valucs of k lcad lo ~tahl:: 
production lcvcls ;wd rclatively high buOi:r stock rcquit cmcnts, ~incc 

variations from thc plan must he absorbed by invcntorics. Con\'cr~dy, 
high valucs of k lead lo largc production fluctuations and rclativcly low 
buffer stocks hccau<;c \'ariations from plan are aho;orhcd by ch~tnging 

production lcvcls. Thc significance of rcaction ratc!> in smoothing prnduc­
tion ratcs is comparable to thl.! smoothing con~tant 7 uscd in the npom:n­
tially smoothcd forccasting. methods discu~~cd in Chaptcr 7. 

The frcquency of rl.!vi<.:w also has~ dircct ciTcct on hoth thc magni1udc 
of pmduction fluctuation~ and thc si1.c of nccdcd hulfcr stocks. Thc rcason 
is casy lo scc in rclation to thc general principie of proces~ control'' hi •. :h we 
di!-.cussed in conncction with figures 7 and 8. Thc longcr thc pcriod hct\\ccn 
rcvicws, P, the grcatcr thc chancc thal forccasts of rcqutrcmcnh may not 
rt·tkct thc most currcnt trcnds. Thcrcforc, it is more likcly that rdatJ\cly 
l.•r~:c di!Tcrcnccs bctwc~n actual ami forccastcd rcquircmcnts. \\ould accu­
n:ui.ttc. For a gÍ\'CI,l vahíc of k, longcr rcvicw pcriod' kad l<l hl1th rclali\cly 
:.H:.: i'flldUl'(JOn fluctuations and bulfcr ~tocb in ordt:r- lq provtJc the 
~- ,-.!:.! ,tliJIJX'Il'.tlion. Shnrl pcriods hct\\ccn re\¡.._.,,-,, th~.·r'¡· k.,,l 10 clo:-.cr 

·l ·""! rl'l.~t··-l'ly ''nall production llu.:tu.tlhllh an:l hulkr !>tocks . 
• ·. ' •• : .. : •• ·,·r r~·ll .. ,(, h,:t\\ú:ll f<.!\'it'\\\ kad 111 hl<"t:r t'<llllrlll and brt:a 

· -: '' ··: :,•, .. ;,, ·••~<! hutkr ,¡od. rú¡uirt·nt~·nh. 
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DL•tcrminin¡: k wul P. Mag~c [JO] derives two approximate formulas 
usc:ful in solving thc probh::m of d..:t..:rmining thc rcaction rate k and thc 
rcview pcriod 1' for ~p..:cific situations. !-le shows that the expected magni­
tudc of production nuctuations is approximatcly proportional to 

o 
"' N 

iñ 

"' & 
.1: 

CJ ... 
¡¡; 

00 

75 

FiGURE 12. 

0.20 

0.20 

.jk P/(2 - k) 

0.40 0.60 
Contri)! number k 

(aJ 

Penod: 1 week 

0.40 
Control nuonber k 

(b) 

(1) 

0.80 1.00 

0.80 1.00 

(.1) l\1.lyntfudc ol ruvtl:u:tion 1/uctuiiCIOns versus cuntrolnuml>t' 1 

and lcnyth of tL'''tl.'W ¡¡.·uorl (hl R•:'.i'tvc mvP.nroty fl~r¡w··~-d vr.'lsus ,,,._. •. 
numbcr ,1/td lt·ÍH¡tlo of u·. u•.•· ¡1.-t•t>ll f/y ¡u.>flllt~~~~~~~ lttJ/11 Ptodu• 1"'" p· ,. 

ancl lnvcr;tor·,. C:llll:/(1: "· J r ·.·' ;···· ·''"' {) '.1 llnll(/.'11.111 ·.•. · .•••..•. 

Rook Con.p.•n,·. ;1nd t./ , ... ',·.·. ,.,,., .•;•, 1 ·'1·'': 7 -., l 
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;~nd that thc r..:quircd factory hull"er stock will be approxtm.Jtcly propor­
tional to 

(2) 

'owhere T = production lead time. P = lcngth of rc\"lew period, and 
k = rcaction ratc in tlecimals. 

Thc cosl of production nuctuation, thcn, !s proportional lo (1) and thc 
cost of buffer stocks are proportional to (2). figure 12 ~hows thc rclation­
ship ofrcaction rates and rcvicw pcriod lo thc sitc of produLtion nuctuation:; 
and reserve invcntory rcquircmcnts, cxprcsscd in cyuivalcnt hours. For a 
specific case, then, suppo~c that at k = 1.00 wc cxp..:ricnc~· a p10duction 
tluctuation cost of $5000 and a bufTcr· !>iock co~t of 5500. wl:cn thc rcvicw 
pcriod and productinn Jcad times iii:C cach 1 \; cá. U~in~ formulas ( J) 

and (2), wc can compute points for'thc curves shl)Wn in Fi);!urC 13 to find a 
va!ue of k approximating 0.075 for minimum lota! int:~.:mcnt:tl cmt. 
Furthcr similar caknlations with diiTcren~ rcvicw pcriods would yidd a 
combination of k and P which would minimize incremental co~ts for thc 
entirc systcm. Ohviou~ly, thc right con1bination for a ~rc.:cilic ca~c likc that 
shown in Figure 13 dcpcnds on thc rclativc magnitudes or invenlory Cilff}' 

Íng COSt and thc COSl cf production chang('S, 
Lct us summarizc at this point somc of thc aspccts of thc control of 

inventaries under unccrtainty in a production-invcntory systcm. Prcviously 
in this chapler we discusscd systems for controlling inventaries that 

o 

Facrory buffer stock cosl 

---L---L--~---~'---L, __ -Ll __ _L __ ~ 
0.5 0.6 0.7 . 0.8 0.9 1.0 

h. reactoGn rate/100 
11 ri!JRE 13 Relationship between mcr(;menta/ costs anrt k. wl1cn the costo/ 
• ' '1·,¡-~,.,n fluctvations anc/ /,1ctury buffer stocJcs ¡¡re 55000 .me/ 5500. :espec-
. • • • ~: "- 1· R t'vtcw period ilnd lcaú rime iJtr: 1 w~·r·k 
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involvcu fixing thc qu;lllllt)' ordcrcd at mH' tirne, kllliig thi.! frL·•.¡u.:ni:Y o! 

ordcring vary, fixing thc fr cquc1H.:Y of ordcring, ktting thc quantity orJcrcd 
vary, and thc ha:>c !>lor.:k sy~tcm whir.:h wa~ a r.:ombination of thc ckmcnls 
of thc t wo d Jfkrcnt S) stcms. A J~o. d iffcrences in thc inlonna t ion f'ccdhack 
pattern ¡¡mi thr.:ir clli::cts wcrc notcd. In thc opcration of a p¡oJuction­
invcnlory sy~tcm \\C lwvc not~.:J that thc cost of proJuction lluclllations is 
al~o an impnnanl f;¡r.:tor to take into accounl. By way of summary, Jet 
us now con~idcr thc 1l\ cr;tll r.:omparison of sysh.:ms of control. 

A Cump:tr:.llhc Ex:unplc 

M:~g..:c [ 10] relates a hypothctical C<JSC ca1h:d thc Hihcrnian Co. wlllch compares 
op.:r;¡tion and ..:0~1~ for diii'.:J..:nt hao.ac ~yslcms of prnduction ami inwnlory control. 
Thc cxamplc considcrs a company that manufactures and sclls aboul 5000 smaH 
machir.~s pcr y..:.Jr for SIGO cach. Th..: l'actory supphcs four warclwuscs localcd in 
slrat..:gic ¡¡rca~ ;¡round 1hc ..:ountry, 1\hich 111 lurn supply 1he cu~lomcr. Wc 5hall show 
thc calculalcd rcsuhs for four ahcrna!c systcms cif control: an (;Conomícal ordcr 
qu:mtily sys1cm, a two-wcc.:k fi:o.cd rcordcr cyclc sy~ll:m, a base stock sysh:m w;ih a 
rcview pcrind of 1 w..:~k and rcact10n ratc of 100 pcr ccnl, and a base stock ~ystcm 
wi1h a 1-wcck rcv1.::w pcriod but involving a p10duction rcaciion ratc of 5 pcrccnt. 

Each of thc fnur hr.!llchcs sold an average of 25 units ¡x:r w<'ck, or 1300 units pcr 
}L';.Ir. This average ratc wa,, of cour:.c, subJ.:cl lo cvn,iderable varialion, and Tab1e 
1 \' ~hmvs di~lrihutions of tkmand al ..:ach of 1hc f<Hir br:nH:hes for 1-wc..:k pcnods, 
2-wcck pcriods. etc. h)r cxamp!c, al .my given hranch, s:dcs would be cxpccled lo 
exc.:cd 37 unils p..:r wcc1; only 1 pcrccnt of thc time, 6 7 units pcr 2-wcck pcriod 1 
pcrccnt of Ütc time, Jnd so on. Rcqui1cmcnts aggrcgatcd al the factory warehousc, 
rcllccting dcmand from al! four of thc branchcs, are shown in Tab1e V for cight 
áiiTcr.:nt time groupings. Figure 14 ~hows the structure of thc production-distrihulion 
sy~tem. 

l. Enmomiml fixed n•order q11a11tity syslem ( EOQ ). Using an economical fixed 

TABLE IV. Distribution of demand ac each of tour branches by eight di!ferent 
time-period groupings 

Percenc of Uni!s of Sales Period, Weeks 
Periods Exceedmg 

Levels Givcn 2 3 4 5 6 7 8 

90 ·19 41 64 87 111 134 758 182 

60 24 46 71 95 124 744 1GB 193 

50 25 50 75 100 125 150 7 75 )•jl 

20 2~1 !;t; 82 108 134 160 IHti ..... . , . 
10 .IT.J . 1 ¡;¡; 113 1J9 1 {jtj , .... 

'· 
7 ... , /. ~ '~ 1 7 :·.? 11• 1 , l.• 

------
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TABLE \l. D.ístnbuucn oi' d1:t11and on !actor¡1 warf:lwuse from branches by etg!Jt 
ddlctctiC ¡,me-pe¡¡od group:n['" 

-----·---- ----
Per::ent of Untts of Reqwremencs in Peflod. Weeks 

Penods Excecdinr¡ ---·------·------ ·· 
Levels Given 7 2 3 4 5 6 7 8 

··---·-
90 87 782 278 374 471 569 666 764 
60 95 193 291 389 488 587 666 785 
50 100 2ú0 300 400 500 600 700 800 
20 108 212 314 417 579 621 722 824 
10 113 .?18 322 426 529 631 134 836 

1. 123 233 341 447 553 658 762 866 

reorder qwmtity sysiern, wc nHJ~I an¡¡ly1c the rcquircmcnt~ for huiTcr slr.cks. C\'clc 

stocks, transit stocb, ami rcordcring ·co~ls for lhc hranLIJcs, as \\.::11 as, hUIT.:r slo~ks. 
C}'Cle Stocks, Ín·p!OCCSS invcntory ordcring COSIS, ami thc CO~I of prouudiun flu..:lu;¡­
tions at tht.: factory and warchousc. 

llrm:cht•s. Al cach brancl1, thc cconómic;;l quamity to he ordcrcd al onc time m:.~y he 
c¡¡lculalcd if wc know th.11 < 1' = Sl9 (')6 clerical co~t. SI~ cn'>l of p.1cking. ,hipping. 
recciving, and stocking), R = !JOO, and (u = S5. Q 0 i~ thcn. 

J(~--;-·¡9·~- .1.300)/S = 100 units 

Therefore, cach ur:1nch would place an otdcr for 100 uni1s ca..:h. 4 \,ccJ..s on thc 
average, and the average C)'c/e .llock in cach branch wou!d be IOn 2 = 50 un11s. The 
hranci¡ bz¡ffer stock is ba~ed 011 a 1 perccnt risk of running OUI or ~lot:k. Sincc thc 101:.11 

1 :r; liRE 14 .c-truccure of .produci1Dn· dist"hution systcm lor Htbernian 
' ., e o 
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l.::1d timl' 11:1~:! IIL'l'~'- 1\L' canlktamin.: rh~·rl·a,on;.hlc •n . .:~Íillllnl dcm.md durin~ that 

pamd lflllll Tahle IV ,1, {!7 unil~. SinL·e norm.d d.:n1.md during thc 2-w.:ck lcaJ tim.: 
11 nulo he 50 unit,, th.: hurr.:r ~tllcl.. •~ thcn thc dilli:rcm:c. or 17 units. Finally, thc 
al'cr.l¡;c tnu11it 1tock is cyual to thc dl'li\cry time multipiicd by the average dem.111d 
raJe. or 50 units. Average hr.1nch ÍIHL'Illory is thcr; ;1s follows: 

Bufkr stock. 4 x 17 = 6S units 
C)dc stock. 4 x 50 = 200 · 
Transit sto.:k. 4 x 50 = 200 

46!! units 

Sin~c l'11 = SS pcr unir p..:r ycar. thi~ average invcnlllry of 468 units has an annual 
Clhl of S2l~O . .Sincc L'ach hranl·h pl:•c:cs ;,sn ordcr once cvery 4 wccks. on the average, 
th.:rc are 52 ordcrs pcr yco.~r from thc four branches which cost $19 each ora total 
:Jnnu;,sl rcordcring. co~t of 59!!8. 

Fncwq ll'an·lwu.lt' ami Fac:ory. The factory warchousc is, of coursc, rcnccting 
Jhr aggreg:1tc d.?mand Úo;n thc four hrar.ches so th¡ll its economicai order quantity 
~enccts annual rú¡uircm..:nts, R = 5200 units, and its own invcntory holding and 
pr.:¡•..Jratlon co~t~ of l 11 = $.3.50, ;md e,.= Sl3.50. Calculating Q0 , a~ befnrc. we 
<)btain Q11 = 200 unit~. lvla>.imur.l 2-wcek dcmllnd from thc branchcs (using a L 
p.-rccnt run-out mk critcrion) und..:r thc economic:~l rcorder quantity systcm is 233 
unii';. 50 that ./ÍIL'Iory warclmu.'c hu{/á .l'luc h are scl at 233 - 200 = ]] units. (rde 
.1/ocl...l W<' ~()0·2 = 100 umts. ami in-proce.1.1 inrentaric·.~ in thc factory average onc-half 
th.: onkr 4uantily or 100 units. Total average inventory al thc factory warchouse is 
thcn:forc 233 units. On the ::vo.:ragc, :!6 factory production ordcr~ pcr ycar must be 
i~~ucd ata co~l of Si3.50 or $.351 pcr yc¡¡r. Tahlc VI summarizcs thc invcntory and 
ordr.:ring cos:s for th..: cco:~omical ordcr quantity system. To this total wc mus! add 
the co.1t nf prmluctim1 nucH>:Jtions which occur with thc cconomical order quantity 
systcm. Figure 15a ~how~ a typicll p.1llcrn of ordcrs on the. factory and the resulting 

factory production l..:vcls sct. Note that vay large fluctuations in production levels 
rcsull and th..:sc fluctu:tlions cost 5!:!500 pcr ycar. 

TABLE VI. Summary of incremental c:osts 
of economical órder quantity system for 

Hibernian Co. from Mage~ (10] 

lnventory costs 
,four branches 
Factory 

Rcordcr costs 
Fnur hrJnc:IJes 
F.11 tnry 

P11uf•n :•on flur.lu.llwns 

$ 2.340 
816 

988 
351 

8.500 

S12.~.'6 
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.., Fnrcl R. ·cmlcr (n 11' St 111'/111. 

Rruncht·s. Cndcr !he fi,.cd 1 cor<kr cyclc ~y~h:m, 'cach hram:h I'J;1rdwu~c maintains 
lis inwntory sufficicnt to f11l re;,s~onabk ·,n;¡ximum rlcmands duri1:~: thc rcvicw pcriod 
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FIGURE 15. (a)' Factory orders and produccion leve/. ecanomJc reorder 
•J·•.mflty system. (b) Production leve/. fixed teorder cyclc systcm (e) P1oúuctJon 
'• ,., b,JSc.,tocJ.. system: reaction tate : 5 perccnt. Adapted by flCilnission from 
"'· .·: •n-on Plan{llll\1 and lnvcntory Control. by J f_ Magcc .mil D J.!/ Boodman. 
.v .... ..,. 11:11 DonA Comp.my. 2nd ecl .. Ncw York. copyuyhl. 1!:167. 
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FIGURE 15. (Continuad) 
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·¡abk VIL Cycit· ;tori.. w.;uld <JVt:r<1gc onc-h¡¡!r of thc normal \lllpnh:nl. 1\ ~luptn.:ll: 

~~ m;1dc once each p~-riod '0 th:•l tht_· :.¡vnag.: amount sluppcd \•ouiJ be ]5 x (thc 
.. umhcr of wccks ir. thc ¡-.criod). Tablt: V!l shows thc appropriatc ryclc ~locb fur 
cac.;h review r~'riod. Trmr.111 stm k rem:tin~ at 50 units for c;n:h rnicw p~·riod. Yhc 
numhcr of ordcrs ph.ccd vnrics invcr~~.:ly with 1 hr lrngth of thc rc\·icw p.:riod. thcrcfor.:. 
i-wcck pcriod rc~ults in 52 ordc.:r~ p~.:r Yl'ar at Sl9 ~r ordcr or S')~!! p.:r )Car. Tlw 
br¡¡nch ordcring costs for thc othcr pcriod~ are sumrnarilcd in T.1hl.: \'11. 

TABLE VI/. Comparison of system costs for different lengths of rcview periods 
for the fixed reorder cycle system· 

Length of Review Period. Weeks 

2 3 4 5 6 

U1anch warehouses, 
. each branch 

lnventory 
Buffer stock 20 23 26 29 ~ 31 33 
Cycle stock 72.5 25 37.5 50 625 75 
Transit stock 50 50 50 50 50 50 
Total 82.5 98 7135 729 143 5 158 

Annual inventory 
costal $5 S 412.5 $ 490 $ 567.5 S 645 S 7175 $ 790 

Ordermg cost 990 495 330 250 195 165 --- ---- -----
Total $1402.5 $ 985 $ 897.5 $ 895 $ 9125 $ 955 

Total. tour branches S5610 $3940 $3590 $3580 S3650 $ 3.820 

FIJctory warehouse 
Bufler stock 41 47 53 58 52 67 
Cycle stock 50 100 150 200 250 300 
ln-process stock 50 100 150 200 250 300 

Total 141 247 353 458 562 667 

Annualmventory 
cost at 53.50 $ 493 $ 865 51235 $1630 $1967 $ 2,335 

Ordering cost 700 350 235 175 140 720 
Totalfactory ware-

house cost $1193 $1795 $1470 $7805 $2707 $ 2.455 

Cost of changing pro-
duction levels $7ti00 S2250 $2760 $3180 $3560 $ 3.900 

Total system costs $8403 S7385 S7820 $8565 $9317 $70.7 75 

· 'Modified lrom J. F. Mág'Ce and D. M. Boodman, Production Planning and lnventory Control. 
McGraw-Hi/1 Book Company, New York. 2nd ed, 7967. 
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SUMMARY 

In thi.; ch:1ptcr ~'e haYc tricJ lo Jc\clop thc import~1ncc of lhc factor of 
dcmantl vari:1hdity and its impact on invcntory planning. In doing this, wc 
ha,·c dcvr:lopcd thc rational dctcrmination of buffer stocks and discussed 
syslcms irn·cntory control which takc account of thc resulting risks. In con­
ncction with thcsc sy,ll:ms of invcntory control, thc conccpts of proccss 
colltrol :.~nd informalion feedback wcrc imroduced and thc importan! ciTccts 
of time lagc, ~ho\\'n. 

In COJbilkt ing thc problcms p•Jscd by inventaries, wc are forccJ lo 
comidcr severa! kvcls of planning covcring dilfcrenl time spans. Thcse 
are as fol !ows: . 

l. Long-i'rJJTKe plan.\ .fi11· plan! mpacity. Plant capacily may be aifected 
by s~::..,ona! r~aks, and thcre ¡¡re capita.l costs associatcd with this 
capacity. What comhination of in-plan! capacity, use of scasor.al 
iw:··.:ntorit:s, o,·~·nimc, and subcontracting will minimize thc com­
bill.:d capital c.:osts, scasonal invcnlory costs, labor costs, production 
r.uctu.tlion cmts. antl o::xtra costs of subcon!racting? ls ncw capaeity 
ju~tiii·:d? 

2. lntemw./iatC'-I'<I!lgi' ¡¡fml\for a.f(·~r Jllrmths E o ayear in advancc, which 
attcp·,rt to d~tcnninc for thc expcclation!> of sales what will be the 
hcst allocation of the rc~ources of cxisti11g caprlcity. We a1e asking. 
what u:mbination of proJuction \vJthin pcriocls, sizc of work force,. 
and s~:1sonal inventarie.> wíll minimizc thc combincd costs of 
::rodu<:tion tluctuation, sc.:asonal invcntory cost, le1.bor costs, and 
~Xlf~l subconlí;lCtÍllg COSIS. \Ve :,haJI p:.!)' rariicu!ar attcntion lO 

this subj.::¡;t in Chapl.:r !3. 

3. Slwrr-rcm~e plan> for the immcdiutc period uheacl. Sincc actual 
rcquircmcnts will change frcm foiccasts, we must take a last look 
within the k~1d time to changc production lcvcl, but ncithe;r can 
\\'(' ch.1nge production le\'cls cc:priciously beca use largc costs can be 
invoh·cd, noí can Wl! ignore what might dcvclop into a hugc 
in\'cntory hui!dup. The rc~ull is that we nccd a control systcm th:.~l 
minimitc~ in thc shor! rangc thc cost of invcntori~~ allll proJuclion 
11 w.:t u:11 inn;;, 

4. In tlw ,/¡un,·,t rclllgc· o( l'!unni11g, \\'1.! n~:cJ autom;1ti<.: d..:l·i,.itlll ruk' 
th.1t di'['.lldl \'.nrJ... tn L'.l1..h :1ml ..:\l·ry wnrkpl.1c•: ,111d m.1. hllll' 
Tll..:rl· '' 1111 lillll' t.: [1"1hL:r thc· qu.:,lÍ<lll .1t 1h1' P"llll. \\'~· 11'11•! 
,kl~,.·l·•l' .111 .lt:l•':ll.o!l( ruk 11h1~·h <lf'<'Lik'~ tJIIi,U~ .1lld ,,,,1::.1:::. 

llhil .... lllll'.' t!:,· h,,¡ ,c.¡l:.'!l-<: 111 11h1:.-h "' f'l•••L" ••r.!:r' .11 .1 

!ll.ll·h:J:.: "' 1::.1. h:1·.: , e·:.:.;¡ 1 [;r~,.· 11..: .Ir,· ¡ ••.• ~ '!L' t .. r :· · · 

/NVENTORY CONTROL SYSTEMS 1 283 , . 
Oow. such as tho-;e cov~n:d in Chaptcr 17, whid1 will mininlll~ 
invcntorv ;1110 id k l.1hor l'O:-h \\hile providing. a hi!•.h kH:I of .,en ic.: 
to cu~to1;,ers by compktmg their work on time .. 

Inventaries havc an importan! impacl a~ al! stagcs. of pbnning and 
exccution. Thc rcsuit is that wc must vir.w invcnlürics in thcir mullifunction 
role in thc broad systcm from raw matcrh•l input, nm~· through thc 
production-distribution :.y~tcm, and· lo thc con~umcr. Thcj' canrhlt he 
~xamincJ in i~olation with rcalism. 

REVIEW OVES T/ONS 

1. What are thc thrce kinds of variations which we might C.\['IC<.:I in sales curves. 
which result in variability of demand? 

2. Why is it tbt wc w:,J¡ to ahsHact ju~l th:: r:tndDm varialion~ du~ S('kly :o 
chancc causes from thc total variation in dcmand curves from all cause~:. for me m 

detcrmining bulfcr stoc.:ks'! 
3. How can wc determine what stock runout leve! to use for a ~rccific situ;:~tion?· 

4. Dcsc1 ibc cach of thL' 1hrcc inventory control ~}~tcms \'.'hich takc ;:~rcounl of 
variah1li1y of Jcnwnd which ;:re Jc~cribcd in this rhaptcr. 

S. Whal are thc v:mahlc~ in invcnlory control sy\lcJm that ¡¡re· subjcct . to 
managcrial control'! 

6. Which ~ysJem .has closcr Cl)nlrol mcr irwcntory leveb. lh,· fixcd n·order 
quantity :,ystem .or the !l:-.ed rcordcr cyclc system '? 

7. What techniqucs illay be applied lo dctcnninc if •·n appa•cnt changc in dcmand 

is mcrely a random nuciUation ora Lrue slul't in ;1\'CJ.:t!c rcquirrmcnts'! 

8. Relate thc gencml rl inciph:~ of prOll''i'i control io in~cnlory control S)~lem;;. 

9. Describe thc ciTccts vn rctail Í!lVcnlori"s, di:,Jnhui~Jr· mvcntorics. f¡¡clory 
warchouse invcntoíics, and on faclory production beis when ron~umcr dcmand 
changcs, a~suming 1he 'stnlciurc of' :! p:roJuclion di~lrihuJion ~y~1cm a' ,¡hl,\n in 
Figure.9. 

!0. \'/hal is thc nature of our objr:ctivc in controlling prouuct1nn lc\cb'! 

1 f. Compare th.: cxpccled rcsull~ whcn a production contrni r11k ¡, u~cd wilh 
n:ac1ion ralcs of 100.50. 10. aud 5 pcrc.:nt. · 

1~. ln con1rolling production icvcls, what are tr . .: •wo main \anahlc ... thal are 
ur .. kr nur control? 

l.'. \\'hal i~ H11: gcn.;ra1 rcl.•l!on~!Hp hrlwc::n r.::..:tiPn mk' :tnd th.: fr.:qucncy 
··' .l.!pl'llln:n! of prlldiiL'lÍOn I.:I'Cb'! \\'hi<:h <."Oillhlna!HHl' produ,;<: !Jigh t:o•,t~ Of 

•r .~ ":1•111 Jiu, lll.lff<lr1'1 Jll_t!h <:<l~b vr rr:>•:f\C Í!i\Cnf<'liL'\·r 
- . 

:! 1 ! ... , , ''l ,·.¡n.alloll\' 1!) ;md e) hdp lO t.kl.-fllllr,:: ti:.: h,:,J r<.:.Jl'!Íilll r.ll.: lO use 
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PROBLEMS 

l. Wecldy dcmand for a producl C.}clusive of seasonal and trcnd vanalJons is 
rL·pn:scntl'Ú hy thc emlmical di~trihution givcn bclow. What buffer !>lock would be 
rcquircd for !he itcm lo insurc that one would noi run out of stock more than 15 
percent of thc tune? Fivc pcrccnt of the time? One pcrccnt of the time'! Normal lcad 
time is one weck. 

Weekly Frequency. Number 
Demand. o! Weeks Demand 

Umts Reached a Given L evel 

o o 
20 2 
30 5 
40 10 
50 9 
60 20 
70 30 
80 25 
90 18 

100 17 
110 10 
120 8 
130 6 
140 3 
150 2 
Total 165 

2. lf the it.:m for ''hich dala is given in Problcm 1 has a unit valuc of $100. 
~horlagc~ l'll~l' nf S 10 cadh anJ an annual invcnlory carrying co~l of 25 pcrccnt of thc 
:¡\ crage inn:ntor) \'al u.:. wluch of thc thrcc lcvcls of scrvicc wnuld be mosl :tppro­
pnatc'! 

3. :\n or~.,ni/itlh>ll ¡, allc·mplin!! lo :t~'-C's thc co~t of incrca,Ín¡! ¡,, ,,·n•.:c 

lc\d \du.:h "uur,·ntl~ ,,¡ .11 onl~ MI p<.·r,·.:nl. t\\cra!!C dcmand dunn!! k:hl llflll' '' 

1~ tllllh. and .km.n•d " H'.l"'ll,,hl~ "''11 ,fc,nilx·d hy thc· 1~'"'">11 '"''"""''''" • 
lnvcntory hn!,lm:: '"'" .u.- ·~i'i'IP\1111.11\'•' h~ 4 11 ,. Slll r"-:r 111111 1'•."1' ~,·,¡¡ ( .• : •• :: .. 

thc huiTcr inH·nt•••~ ,,.,¡, ~o·.¡.w,.! t••r ,,·ntú' lc\cl, ,,, MI. ·'111. '''· .• 11.! '''1 ;• · 

\Vhat ~an: &h~ "'' 'l.lll'·l' , •• ,• ~ rl ' 1h: ,1:,~:• 11 •~1:''" ul ,kl ... ,r·d d·.r1!:~ !.- .•. ! :1.· 
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;h.: nq;.1t1\.:: e 'l'"'lC!lll:,l dÍ·-'ribuiJon? 1hc nr>nnal dic,((ihution '' ith r.IJ ~ ::. 4. an,l (J 

olllh ·• 

4 (/ivcn a COillrnl 1\lllllhcr of O.f:, a dccrcascd dcmand nucl\latinn of (,()0 II!Üis" 1' 

m thc lif\1 pcriod, anJ a forcca~tcd production lcvcl of 15.0110 unih in th.: tlmd 
pcriod, v..hat would oc thc rcviscJ protlurtion ql!anlity ~.:t for paiDd thr.:c? 10" ing 
to iead times, it ts not p0~sihlc Lo adjust thc production lcvcl for t~c :-crond pcriod.; 

5. A company manufactures a singlo.: product for which the following tab!c 
rcpre~ents a ~chedulc of lorccasled and actm•l demancl in units for one ycar. 

Forecasted Actual 
Month Demand Demand 

----- ----
Jan. 23.000 23.000 
Feb. 24.000 25.000 
Mar. 21.000 20.000 
Apr. 23.000 22.000 
M ay 20.000 22.000 
June 19.000 24.000 
Juiy 7 7.000 22.000 
Aug. 14.000 15.000 
Sept. 8.000 6.000 
Oct. 10.000 13.000 

Nov. 9,000 10.000 
De c. 10.000 14.000 ----- ----

Total 198.000 216.000 
Average 16.500 . 18.000 

Thc initial invcntury is 15,000 units. The dc~Jrcd endlllg imcntnry is 20.0()0 unH•. 
The cosl of stor;1ge is SI pcr uni1 pcr month. lt costs S 1000 lo dtangc prnduction from 
zero to 3000 unit~ ami SJOOO to changc production from .1000 h• (•OliO unih. 1\:o changr 

largcr than 6000 unil\ is ptN•ihlc in one pcriod. llack ordcrs an: pamitlrd ~11 a co~t 

of $5 pcr unil pcr pcriod. 
(a) What is the hc'l prodm:tion plan for the forcc.•~tcd dl.'m,,nd tf onc \\'hhc~ lo 

minimi;c pcrtment cosls? 
(b) t\ssuming that lhe ycar i~ ovcr. wl1.1t is the hcsl produ.:lion plan for thc 

actual dcmand utilizing thc hcncfil of hind!>ight? 

(e) To corrcct for <kviations in actu;d dcmand as comparcJ to fnr,·ca,tci.l dl.'mand. 
cvalualc the choice of a conirol numhcr of 0.25 \cr'u' one or 0.75. "'sume 
lhat al the cnd of a month sullil·icnt time exi~l~ to alter thc planncd producllnn 
fnr thc ncxt month. : 

l•h \\'h.tl \\nulo he th.: co'l impact of thc~c twn control num~r!o if thc follm,ing 
.ul.huon.tl rulc!o \\Crc formul.lt.:d. 
111 lkt,·rmml' thc pl;mncd pwdul·ti•lll chant!c. 'r* 
1:1 \•1.1 or 'ut-rr.11:1 lhc .tddllinnafl·hanfC \luc 111 llu.: l··rc,·;"t error ffi(>dilicJ 

~~ :!., Al'l''•'i'"·•:•· l•Hllrnl numlx:r f;•ctnr. ..;· 



DIRECTORIO DE ASISTENTES AL CURSO: APLICACIONES DE LAS COMPUTADORAS A LA 
SIMULACION Y OPTIMIZACION DE ~ISTEMAS DE INGENIERIA Y ADMINISTRACION DEL 
1 O O E· MAR Z O ' AL 8 O E A B R 1 L O E 1 9 7 o 

NOMBRE Y DIRECCION 

1 • i NG. GU 1 LLERMO CAÑ 1 ZO LECHUGA 
Lamarti ne No. 404 
Col. Polanco 
Mé x i e o 5 , O . F •. 
Tel. 545-20-41 

2. ACT. RUBEN CHAVEZ MIZRAHI 

3. FIS. BORIS DOBIN ROSENTHAL 
Cerro de J~rencia No. 79 
Col: C. Churubusco 
Mé X i .e o h 2 1 1 D • F • 
Tel. 549-28-11 

ING. HECTOR ENENES GAXIOLA 
Bca. del Muerto No. 280 
México 20, D.F. 
Tel. 5.34-11-20 Ext. 150 

5. SR. JAVIER ESPINOZA CACERES 
Londres No. 17 Depto. 203 
Co 1 • Coyoacán 
tvléxico, D.F. 
Te 1. 

6. SR. LEOPOLDO FERNANDEZ GARCIA 
Cerro del Vigía No. 14-6 
Col. Campestre Churubusco 
Méx i e o 2 1 , D . F • 
Tel. 549-63-19 

7. SR. 1 NG. JUST 1 NO C. GONZALEZ ALVAREZ 

8. SR .. XAVIER HARO SOLORZANO 
Blvd. ·Miguel Cervantes de Saavedra 647-9 
Co_l Irrigación 
México 10, D.F. 
Te 1. 

EMPRESA Y DIRECCION 

INFONAVIT 
Bca. De 1 Muerto No. 280 
Méx i e o, O • F • 
Te 1. 

CENTRO DE SERVICIOS DE 
COMPUTO 
U.N.A.M. 
Te 1. 548-82-13 

CENTRO DE SER. DE COMPUTO 
U.N.A.M. 
Tel. 548-82-13 

INFONAVIT 
Bca. del Muerto No. 280 
México 20, D.F. 
Tel. 534-11-20 Ext. 150 

INSTITUTO DE INGENIE~IA UNAM. 
Cd. Universitaria 

· Méx i e o 2 O, D. F • 
Tel. 548-97-95 
' 

ESTUDIOS DE ING. PLANEACION 
Y PROGRAMAS, S.A. . 
Av. 1 nsu rgentes Sur 559-401 
Col. Nápoles 
Méx i e o 1 3 , D • F • 
Tel. 536-48-22 

S. A. R. H. 
Balderas No. 55-2°Piso 
Col. Centro 
Méx i e o 1 , D • F • 
Te 1 . 51 O- O 2- 94 
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DIRECTORIO DE ASISTENTES AL CURSO: APLICACIONES DE LAS COMPUTADORAS AL~ 
SIMUL.ACION Y OPTIMIZACION DE SISTEMAS DE INGENIERI1~ Y ADMINISTRAC.ION DE 
10 DE MA~ZO AL 8 DE ABRIL DE 1978 

NOMBRE Y DIREC010N 

9. SRTA. MA. ANGELICA HERNANDEZ SUAREZ 
Amores No. 1707-401 
Col. Del Val le 
México 12, D.F .. 
Te 1. 524-1 9-07 

1 O. i NG. LUIS MEDI NA CRAVI OTO 
Sta. Gertrudi s No. 22-1 
Col. Industrial 
Mé x i e o 1 4· , D • F • 
Te 1 • 

11 . AC T: F-eo. DAV 1 D ME J 1 A RODR 1 GUEZ 
Vieents Suárez No. 132-201 
Co 1 • Condesa 
Mé x i e o 1 1 , D . F . 
Te 1 • 55 3 - 7 3 - 84 

12. SR. CESAR NIEMBRO AVILA o 

Miguel Laurent No. 840-2 Piso 
México 13, D.F. 
Tel. 559-95-01 

13. !t\!C. SERGIO PEREZ USCANGA 
Pa~co de 1 ta 1 ;_:; :;1c;-. 1 O l 
Col. Lomas Verdes 
Naucalpan, Edo. de Méx. 
Te 1. 

14. ING. DANIEL REYES BUGARIN 
González de Cosio No. 24 
Col. Del Valle 

·,, 

Mé x i e o 1 2 , D • F • ' 
Tel. 523-27-61 

15.' SR. VICTOR MANUEL R!OS NORIEGA 
Viaducto Piedad No. 580 
Col. Magdalena Michuea 
Méx i e o 8, D.F. 
Te 1 • 7 6 8- 7 2- 90 

EMPRESA Y DIRECCION 

S. A. H. O. P. 
Insurgentes 
Méx i e o 1 2 , D. F . 
Tel. 567-52-21 

1. P. N. E. S. l. A. 
Edif. 4 de la Unidad 
Profesional Zaeateneo 
Col. Li ndavi sta 
Méx i e o 4 , D. F. 
Te 1 • 5 86-96 -4l.j 

CENTRO DE SER. DE COMPUTO 
U. N. A. M. 
México 20, D.F. 
Tel. 548-82-13 

S. A. H. O. P. 
Miguel Laurent No. 840 
Méx i e o 13, D.F. 
Tel. 539-95-01 

BUFETE INDUSTRIAL 
Tolstoi No. 22 
Col. Anzures 
Méx i e o 5, O. F. 
Tel. 533-15-00 

ICATEC, S~A. 
González de Cesio No. 24 
Col. Del Valle 
Méx i en 12, D.F. 
Tel. 536-85-60 

COMISION DE AGUAS DEL 
VALLE DE ME X 1 CO 
Balderas No. 55-2o. Piso 
Col. Centro 
Mé x i e o 1 , D • F • 
Te 1 . 5 1 O- O 2 - 94 
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DIRECTORIO DE ASISTENTES AL CURSO: APLICACIONES DE LAS COMPUTADORAS A LA 
SIMULACION Y OPTIMIZACION DE SISTEMAS DE- INGENIERIA Y AOMINISTRACION DEL 
10 DE MARZO AL 8 DE ABRIL DE 112_ 

NOMBRE Y OIRECCION 
e 

16. L 1 C. JOSE PAUL 1 NO SANCHEZ PEREZ 
:nsti tuto de Higiene No. 13 
Col. Popotla 
Méx i e o 1 7, ·o. F. 
Tel. 

17. ING. FRANCISCO SANDOVAL PADILLA 
Santander No. 76 
Col. San· Rafael Azeapotzalco 
Mé x i e o 1 6 , O • F . 
Te 1 • 56 1 - 6 8- 84 

18. SR.· MARCO ANTONIO TAPIA LIZARRAGA 
Coyoacán No. 312-7 
Co 1 • Del Va 1 1 e 
México 12, D.F. 
Te 1. 523-49-73. 

19.- 1 NG. VICENTE VAZQUEZ ZUÑIGA 
Abasolo 505-5 
Pachuca,Hgo. 

EMPRESA Y DIRECCION 

COMPAÑIA MEXICANA DE 
EXPLORACIONES 
Río Balsas No. 101-4o. Pi~o 
Col. Cuauhtémoe 
fvléx i co 5 , O. F. 
Te 1. 528-91-38 

COMISION DE AGUAS DEL 
V AL LE O E ME X 1 C O 
Balderas No. 55-2o. Piso 
Col. Centro 
Méx i e o 1 , O. F • 
Te 1 • .5 1 O -O 2 - 94 

DIV. EST. SUP. FAC. ING. 
U.N.A.M. 
Cd. Universitaria 
México 20, D.F. 
Te 1. 

INST. TEC. REGIONAL DE 
PACHUCA No. 20 
Te 1. 



j~, 1 •• 1 

j 
j 

j 
j 
j 
j 

j 
j 
j 

j 
j 
j 
j 
j 
j 

-
- :-- ,. ---~ j 

!~/ j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 

j 
j 
j 
j 
j 
j 

j 
j 
j 

\ j 

j 
j 
j 
j 
j 

j 
j 

j 

j 
j 
j 

j 
j 
j 
j 


