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centro de educacion continua

divisidn de estudlos superlores

facultad de _ingenieria, unam

A LOS ASISTENTES A LOS CURS0S DEL CENTRO DE EDUCACION
CONTINUA

Las autoridades de la Facultad de Ingenierfa, por conducto del Jefe del
Centrc de Educacidn Continua, otorgan una cecnstancia de asistencia a -
quienes cumplan con los requisitos establecidos para cada curso. Las
personas qgue deseen que aparezca su titulo profesional precediendo a -
su nombre en la constancia, deber&n entregar copia del mismo o de su -
c&dula a mds tardar el SEGUNDO DIA de clases, en las oficinas del Centr
con la sefiorita encargada de inscripciones.

El control de asistencia se llevard a cabo a través de la persona encar
gada de entregar las notas del curso. Las inasistencias serén computa-
das por las autoridades del Centro, con el fin de entregarle constancia
solamente a los alumnos que tengan un minimo del 80% de asistencia.

Se recomienda a los asistentes participar activamente con sus ideas y
experiencias, pues los cursos que ofrece el Centro estén planeados para
que los prcfesores expongan una tesis, pero scbre todo, para que coordi

nen las opiniones de todos los interesados constituyendo verdaderos se=
minarios.

Es muy 1mportante que todos los asistentes llenen y entregen su hoja -
de inscripcién al inicio del curso. Las personas comisionadas por al-
guna institucifn deberin pasar a .inscribirse: en las oficinas del Centro

en la misma forma que los demds asistentes, entregando el oficio respec
tivo.

Con objeto de mejorar ios servicios gue el Centro de Educacibn Continua
ofrece, al firnal del cursc se hard una evaluacién a tr8ves de un cues--
tionario disefiado para emitir juicios anSnimcs por parte de los asisten
tes.

Vi






UNIVERSIDAD NACIONAL AUTONOMA DE MEXICO
FACULTAD DE INGENIERIA

DIVISION DE ESTUDIOS SUPERIORES
CENTRO DE EDUCACION CONTINUA
DIRECTORIO GENERAL

REGISTRO DE ASISTENTES Y PROFESORES.

: 1 5 6 7
M
8 13 14 NOMBRE(S) APELLIDO PATERNO APELLIDO MATERNO 41
REG. FED. CAUS. CED. PROF.
42 51 52 58
TEL. PARTICULAR . TEL. OFICINA EXTENSION
59 65 66 72 73 76
MARQUE CON UNA CRUZ
ASISTENTE L] PROFESOR ] L] ‘
77 80
8 . DOMICILIO PARTICULAR ( CALLE. NUMERO Y No. INTERIOR) A4l
[] . Z.p.
42 COLONIA ' 71 72 73
ESTADO 74 75
[ ] -
TITULO PROFESIONAL 76 77 ESPECIALIDAD 78 79 80
8 DOMICIUO DE OFICINA ( CALLE, NUMERO Y No. INTERIOR ) 4]
L i‘ I Z.Po
42 COLONIA 7 7273
13
ESTADO 74 75 80

"OCiACIONES A LAS QUE PERTENECE.
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~PHOGRAMA PAKA OBTENER LA RUTA CRITICA DE UN CONJUNTO UDE ACTIVIDA=- 19RUCHO]
DES, 19RUCLU2
EL SIGWIFICADO DE LAS VARIABLES USADAS ES 19RUCL 03
M=CANTIDAN DE ACTIVIDAVES, G=MATRIZ DE SUBORUDINACION UE ACTIVIDA= 19RUC004
DESs 6B=MATRIZ PARA OHTENER LA RELACIUN AL RECURRER LA RED EN SEn=19RUC0US
TIPO INVERSUs D=DURACION DE LAS ACTIVIDADESs CS=CONTADORs EST=FE- 19KUC006
ChA MAS TEMPRANA DE INICIOy EFT=FECHA MAS TEMPRANA Db TERMINO, 19RUCOOT
LST=ULTIMA FECHA DE INIClUs LFT=FECHA DE TERMINU MAS TARUIA, NCUNZI9KUCUOS
CONTADLUKe FF=TI1EMPO LIBRE FLOTANTEs TE=TIEMPO FLOTANTE TOTALs KL= 1YRUCOOY
VARTABLE EWN-LA GUE SE ARCHIVAN ‘LAS ACTIVIDADES WUE PERTENECEN A LAJT9IKUCO1O

RUTA CRITICA

INTEGER G( 209 20)+GB( 204 20)+D(

20)sEST( 20) sEFT(

19xUCO11

2UYsLST( 20)sL19RUCOL2

LETC 20)eFF( 20)4TF( 20)9CS{ 20) 9L ( 20)9RCC 20) «IDASH( 20) 19RUCO013
CALL 10CS1(2+%)
CALL TOCS1(54+6)
DO 1 I=14+100 19RUCO L 4
IDASH(I)=1H~ 19RUCO 1S

LECTURA DEL NUMERO DE ACTIVIDAUES,SUBOUKDINACION ENTRE ELLAS Y UURAL9RUCODIG6

CION DE LAS MISMAS 19RUC017
READ(S5¢100) N 19RUCD18
IF(N) 34344 . 19RUCO019
CALL EXIT 19RUC(020
NM1=N=1 19RUCV21
DU 5 I=14N Lo el e 19RUCV22
READ (54150) (G(loed)ed=1eN)y . 19RUC023
READ (S54160) (D(I)gI=lyN) "o o - - 0 19RUCO024
IMPRESION DE LA MATRIZ DE SUBORDINACILION - 19RUCV25
WRITE(64200) ) - 19RUC026
DO 6 I=14N 19RUC027
WRITE (69240) 1 - l19ryUCOZ2B
WHRITE(64250) (G(Ied)ed=1eN) - 19RUCD29
DO 9 I=1N- : 19RUCH 30
CS(I)=90 19RUC031
D0 A J=1sN 19RUC032
GR(Js1)=0 19RUC0O33
IF(G(I1eU)) ToBa7 19RUC034
GR(Js[)=1 19RUCH35
CONT INUE 19RUCU36 -
COMT UL 19ruCo37
OPTERCION DY EST Y tF1 19RUCO 38
t STy =0 19RUC0 439
FFET (Y)Y =u THRLC DG
LSi(i)=0 1eifUlual
Ll (l)y=u TUiCuse
CH(i)=1 1enutCo4 3
NCON=0 191#0Co44
DU 14 J=72 N 19RUCU4ab
[FICS(J)EQ1)Y 60O TO 14 19RUCO406
NUM= 0 16RUCU4 7
DU 12 1=1,4Ni 19RUCUL 48
IF(l.EGad) GO T 12 19RUC(O4Y
IF(o(Jel) L0, 0) GU TO 172 19RUCOS 0
TFACSCI) oFs1) GO TO 11 19KUCUH]
NCON=NCUN + ) 19RUCOLZ-
Gu TO la 19RUC0S 3
NUM=NUM + ] 19RUCO054
LiNuUk)=1 19RUCO5SS
CONTINUE 19RUCUSH
MAX=EFT(L(1)) 19KUCOST
DO 13 1=1sNUM 19RUCUS8
TF(MAX,GELLFT(L(1))Y)Y GU Tu 13 19RUCO059
MAX=EFT (L (1)) 19RUCU6O
CONT INUE -19RUCO061

EST.AUY=MAX _ . .. e .

. 19RUCo062

-



14

15
l6

17

18

19

20

322

23

24

EFT(ID)=MAX + D(J)
Cs(J)=1

CONT INUE

IF(NCONJNELO) LU TO 10
OBTENCION DE LST Y LFT
LET(N)=EFT (N)
LST(N)=LST(N)

FF(N)=0

TF(N)=0

RC(NYy="R,Co"

DO 15 [I=2,NM]

Cs(l)=0

NCON=0

DO 20 1=24NM]

I11=N+1-1
IF(CS(II).EQ.,1) GO TO 20
NUM=(0

DO 18 J=14N

IF(II.EQ.J) GO TO 18
1IF(GB(11+J).EQ.0) GO TO 18
IF(CS(J) EU,1) GO TO 17
NCON=NCON + 1

GO0 TO 20

NUM=NUM + ]

L(NUM)=J

CONTINUL

MIN=LST(L (1))

DO 19 J=14NUM
IF(MINJLELLST(L(J))) GO TO 19
MIN=LST(L(J))

CONTINUE

LFT(1I)=MIN
LST(1I)=MIN=D(I1)
CS(Il)=1

CONTINUE

IF (NCONJNE.O) 60O TO 16

UBTENCION OE FF 4 TF Y ACTIVIDADES DE LA KUTA CRITICA

DO 25 J=1,Ni1}

NUM=0

DU 21 1=1eH

IF(I..EQLJ) GO TO 21
(6B (Jds 1) abER.0) GO TO 21
sttt e ]

borivhyin) =1

CNT Jietst

it RS i (1))

HO 22 1=1 40U

T (MINeLL JEST(L(L)))Y GO TO 22
MIN=EST L (L))

CONT I UL

FE (Y= InN=EFT (J)
TE(J)=LST(J)=EST (J)

IF(EST(J) QST (JY)Y GO TO 24
RC(J):II (2]

GO TO 25

IF(EFT(J) JNELLFT(J)) GO TO 23
RC(J)="R,C."

CONTINUE

IMPRESION DE RESULTADOS
WRITE(64300)

WRITE (6+4340) IDASH

DO 26 I=1sN

WRITE(69350) 1eD(L1)eEST(I)obFT(I)oLSTII)sLFT(I)sFF(I)sTF(1)oRC(])

60 TO 2

FORMATOS DE LECTURA £ IMPRESION

FORMAT(13)

19RUCUOL 3
19RUCO0O64
19RUC065
19RUCO66
19RUCOB7
19RUCOob8
19RUCO6Y
19RUCOT0
19RUCOT1
19RUCOT2
19RUCLT3
19RUCOT74
19RUCYT7S
19RrUCOT6
19RUCL77
19RUCO 78
19RUCOTY
19RUCO80
19RUCO081
19RUCO82
19RUCUB3
19RUC084
19RUCH8S
19RUCOL 86
19RUCO87?
19RUC0O88
19RkUC0D8B9
19RUCY90
19RUC0O91]
19RUCO92
19RUC093
19RUCUY4
1YRUC095
19RUCuUY6
19RUC097
19RUC0Y8
19RUCHYY
19rRUC100
19RUC1U1
19rRUCl 02
19RUC]1 03
F9RUCT 04
19rUC I US
19RuUClub
fovruCiaf
JuwidClon
19RUC]l vy
19rUCT LU
19RUC111
19RrUCL L2
19RUC113
19RUC1 14
19RUC1 LS
19RrRUC116
19RUC117
19RrUC1 1S
19RUC119
19RUC120
19RuUC)21
1vRUC122
19RUC123
19RUC124
19RUC1Z2S
19rRUC1 2o
19RUC127

19RUC128







150 FORMAT(3612) o T ) 19RUCL2Y

160 FORMAT (1415) ) 19RUC130
200 FORMAT(1H194(/)940Xs*MATRIZ DE SUBORDINACION DE ACTIVIDADES's//) 19RUC131
240 FURMAT (/42Xs13) 19RUC132
250 FORMAT(6X929(1143X)) 19RLC133

300 FORMAT(5(/) 946Xs'L0OS RESULTADOS OBTENIDOS SUN's///eXTXs*ACTIVIDAD*1I9RUC] 34
Ve 2Xe tDURACION® g4 X g tEST o TXo "EF T o TXo 'LST 9 TXo 'LFTY 97X ' TFL'97Xs'1F1YRUCL35

Tve/) 19RUC136.
340 FORMAT(11X9100A/) 19RUC]1 37
350 FORMAT(/920X91345XeT7(15+s5X) sA4) 19RUC1 38
END 19RUC1 39
/ XEQ RUTA
12
1
1
1
1
1 1
1 1
11
1 1
1
11
: 1
0 3 2 4 6 2 1 2 4 2 2 0
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_ PROGRAMA GRAN M
e LT L SIMPLEX =mem—cmo=ee—cce-

THIS PROGRAM USES THE BIG M METHOD IN THE SIMPLEX ALGORITHM TO
SOLVE A LINEAR PROGRAMMING PROBLEMs AS AS PUT FORTH IN
THE BOOK BY HILLIER AND LIEBERMAN, ENTITLED

THIS PROGRAM WAS WRITTEN BY ANDREW Je. CANFIELD IN APR1Ls 1973,
-------- COMMON ARFEA =====w=-

A(l0+15%) =THE TABLEAU

B(l0) - THE RIGHT HAND SIDE

FM(15) = FACTORS OF 816 M 1IN THE OBJUECTIVE FUNCTION

C(15) -~ UNIT TERMS IN OBJECTIVE FUNCTION

AT (10015)eBI(10915)¢FMI(10915)9CI(10+15) =~ SAVES INPUT DATA
IBV(10) = INDICATES BASIC VARIABLE FOK EACH ROW
LABP(35) s LARR(1093)sLABC(15+3) = LABELS

FMZ « FACTORS OF BIG # IN CURRENT VALUE OF Z

CZ - UNIT TERMS IN CURRENT VALUE OF Z

MeNs LABLSSIBTCH = CONTROL VARIABLES

MAIN PROGRAM

COMMON AT (10915)+BI(10)sFMI(1I5)9CI(15)9A(10s15)s8(10)9FM(1D)0

1C(15) s IBV(10)9LABP(35)9LABR(1093)LABC(1593)9FMZeCZyMyNy
2LABLS,IBTCH

CALL 10CS1(5+3)

INITIALIZE

IFAIL = 0

CALL INIT(IFAIL)

IF (IFAIL) 10541054400
ISTEP = 0

TEST IF CURRENT BASIS OPTIMAL

DO 115 J = 1y N

IF (FM(U)) 11741124115

IF (C(J)) 11741159115
CONTINUE .

1F (FtZd «NEs 0.0) GO TO 500

GO TO 200

LOCATE ENTERING BASIC VaRiAKEE
Fr'e = 0.0

Ct o= 0.0

LO 1es Jo= 1 N

e (P (J)=FivL)
IF (C(u)~CLk)
FME = FM(J)
Ct = C(J)

JENT = U
CONT I NUE

12541224120
12541284128

LOCATE LEAVING BASIC VARIABLE

ILEV = 0

DG 138 I = 1+ M

IF (B(1I)) 50041305130

IF (A(IsJENT)) 13841384132
IF (ILEV) 135+135,133
IF ((B(I)/AUL1+JENT))}=RATIO) 135,135¢138
ILEV = 1

RATIO = B(I)/A(I+JENT)

CONTINUE

IF (ILEV) 300+¢3004140

SIM0001L10
SIM00020
SIM00030
SIMO0040
SIMu0050
SIM00070
SIMp0op80
SIMB009IY

SIiM00110
SIM00120
SIM00130
S1M00140
SIMU0150
SIM00160
SiMoLlT7UL
SIM00180
S1M00190
SIM00200
SIM10010
S51M10020

SIM10050
SIM10060

SIM10070
S11M10080

-SIM10090

S1M10100
SIMl0110
SIM10120
SIM10130
SIM10140
SIM10150
SiMloled
SIMI0170
SIMI017%
SIMIu1HBY
SImlulvo
Sir10200
SIvloZlu
SiMl0c20
Sivioegdd
SiMiuca0
SiMiuesu
SiMluzeu
Sitl1o0e270
SIMioensuy
SIm1o2Y0
SIM10300
SIM10310
S1M1032¢0
SIM10340
SIM10350
SiM103060
SIM10370
SIM10380
SIM10490
SIM10400
SIM10410
SIM10420
SIM]10430






P1VOT
140 CALL PIVOT (JENTZILEV,ISTEP)
142 WRITE(3411) .
11 FORMAT(36HU=m = e m e c e nc s e e n e e c e )
CALL TABPR(AsBsCyFM)
60 TO 110

OPTIMAL SOLUTION FOUND
200 WRITE (3412)
12 FORMAT (tpsasnesnsst LA BASE ACTUAL ES UPTIMA sttuuuntainy)
GO TO 400

SOLUTION IS UNBOUNDED
300 IF (LABLS) 310+3209310
310 WRITE(3914) (LABC(JUENTK) ¢oK=1,43)
14 FORMAT('0///777777 SOLUCION NO ACOTADAs '93A2»
1'* PUEDE SER INCREMENTADO SIN LIMITE ///7/7/7/777%)
GO T0 400
320 WRITE(3415) JENT
15 FORMAT(v0///777777 SOLUCION NO ACOTADAS
1* PUEDE SER INCREMENTADO SIN LIMITE")
400 WRITE(3416) (LABP(K) sK=1+35)
16 FORMAT (1Xe35A2)
IF (IBTCH) 100+410+100

'y16

FOLLOWING CARD MAY HAVE TO READ *“CALL EXIT'" ON SOME SYSTEMS
410 CALL EXIT
500 WRITE(3+17) .
17 FORMAT (rQ##eauuisdt SOLUCION NO FACTIBLE #usussasy)

G0 TO 400
END
/° "UP
#*, RE WS UA GRANM
// FOR
HONE WORD INTEGERS
#LIST ALL
SUBROUTINE INIT(IFAIL)
C )
C IN1IT READS THE DATA AND CALLS FOR AN INITIAL SOLUTIUN
C
COMMON AT(10415) o8BI (10)eFMI(15)sCI(1IS)sAC1UILIS)sBI10)eFM(1S)
LCLIS )Y s TRV LTOY s LARP(35) « LABKIIDe3) LABC(1543) sFMZeCZeMeNNa
PLABLS« T TCH
C
10 Fohie T {3502)
1] FORGAT(ZTITO
17 PURMAT (M (3A2¢4X}))
13 FORMAT(TF1040)
C
C READ IN DATA

CaLb TOCS1(He3)
READ(2+10) (LABP(K) oK=]1935)
KEAD(2911) MeNJLABLSIBTCH
IF (LABLS) 1101204110
110 READ(2+412) ((LABR(I+K)sK=193)91=14HM)
READ(2412) ((LABC(JeK) eK=1493)sJ=1eN)
Y20 KEAD(2+913) (FML(J) ed=14N)
READ(2+13)Y(C1(J) eJd=1eN)
DO 127 1 = 1s M
127 KEAD(2+13) (AT (1 9J) eJd=19N)
READ(2+13)(BI(1)eI=14M)
READ(2911) (IBV(I)oeI=14M)

FMZ = 0.0
CZ =0.0
WRITE(3+s31) (LABP(K) 9K=1935)

31 FORMAT (/9 ?0mmmmmauen DATOS INICIALES ~====a== 1,35A2)

S1IM10440
SIM10450
SIM10460
SIM10470
SIM10480
SIM10490
SIM10500
SIM10510
SIM10520
SIM1I0530
SIM1I0540
SIM105%50
SIM10%bUY
SIM10570
SIM10580
SIM10590
SIM10600
SIM10610
SIM10620

SIM10640

SIMl0660
SIM10670
SIM10680
SIM10690

S1410730
SIM10740

SIM20010
SIM20020
SIM20u030
SIvMZ20040

Slwzooufo
STi2tansi
S1M20090
SIM201u0
SIM20110
SImMz0120
SIM201309
SIM20140

SIM20170

SIM20229

SIM20260
SimM20270



139
32

400
33

CALL TABPRIAL 1 ClyMl)
INITIALIZE TAHLEAU

CALL TABNUCIFAIL)

IF (IFALL) 1399139,400

WRITE (3432)

FORMAT (*0 TABLA INICIAL
CALL TABPRUAWBsCsFM)

RETURN

ERRUOR - INITIAL BASIS UNINVERTABLE
WKITE (3,33),

FORMAT (' 0EL dUtbO INICIAL DE VAKTABLES HASICAS NO SE PUEDLE USAKY)

RE TURN
END

// DUP

*«STORE

wS UA INIT

// FOR
#ONE wWOKD INTEGERS
#L1ST ALL ¢

OoOOO000O0n

CcCOoOO0O0

-
H

Ie

oo (@M e]

OO0O0

SUBROUTINE PIVOT (JENTILEVyISTEP)

PIVOT PERFORMS THE ITERATION, EITHER BY THE NORMAL SIMPLEX
P1VUT, OR BY RECALCULATING THE TABLEAU FROM INITAL DATA,

THE DIFFERENCE 1S TRANSPAREN1 T0 THE USER AND: 1S NEEDED ONLY TO

"PRESERVE ACCURACY,

COMMON A1 (10915)+81(10)sFML(15),CI(15)sA(10515),6(10)4FM(15)
1C(15) 3 IBV(10) o LABP (35) sLABR(1053) yLABC(1543) sFMZ3CZsMyNy

2LABLS, IBTCH

103

12

101

1o

CALL I0CS1(5,3) ]

IF (LABLS) 103,101,103
WRITE (3511) JENT,IBV(ILEV)
FORMAT (/4155 ENTRA A LA: BASE,
GO TO 105 Lo

L = IBV(ILEV)

WRITE (3412) (LABC(JUENTsK) 9K=143)
FORMAT (/51X93A2s¢ ENTRA[ A LA BASE,
CNORMAL SIMPLEX P1VOT
UORIGINAL

'9]49% SALE UE LA BASE?)

(LABC(LsK) sK=1+3)
ty3A2s* SALE DE LA BASE")

WHLTHER TO DO A
Ok 10 1’E.COMPUTE THE TABLEAU FROM THE
Ao Tk INVERSL OF THE CURKENT BASIS
vii RECOURPUTE EVERY FIVE TTERATICNS
1STEP = 1STErR + 1 :

it (ISTER-S) 1301105110

DECIDE
DATA

Kt COMPUTE TABLEAU
ISTEF = 0

IBV(ILEV)Y = JENT

© CALL TABNU(CICANT)

130

135

IF (ICANT) 19041904115

IF BAS1S IS OF THAT RARE TYPE WwHICH CANNOT BE INVERTEUD BY TABNU,

WE INSTEAD DO A NORMAL SIMPLEX PIVOT,

ISTEP = 5
NORMAL SIMPLEX PIVOT

NORMALIZE PIVOTAL EQUATION
TERM = A(ILEVsJENT)

O 135 J = 1 N

A(ILEVsJ) = A(ILEV.J) / TEHM

B(ILEV) = B(ILEV) / TERM

ELIMINATE ENTERING VARIABLE FROM ALL OTHER EQUATIONS
DO 148 1 = 19 M

S1m2030V0
SiM20310
SIM20320
SIM20330
SIM20340

|
SI1mM20370
SIMZ20380
SIM20390!
SIM20400 |

SIMZO430:
S1M20440

SIM30010
SIM30020
SIM30030
SIM30040
S1130050
SIM30060 |
SIM30070 -

SiM30100

S1M30110

SIM30140
SIM30150

SiM30180
SIM30190
SIw30200
SIvm3nllu
Sinsucly
SI~306230
Slm3ucsy
Si2uesh
Si~3ule0
SI1sierlo
SIM3u2sl

SIM30290

Sa1:0300 ¢

SimM30310
SIm30320
SIM30330
SIH430340
SIM30350
SIM30360
S11430370
S1M3038¢0
S1iM30390
SImM30400
S1M30410
SIm30420
SIM30430
S1M30440
SIM30450



142

145

-48

190

// DU
#STOR
//7 FO
#ONE

#LIST

OOOO0

OoOO0O0

111l
113
Yia

iy

114
o0

oNeNe]

131

136

140
150

IF (1-1LEV) 14291484142
RATIO = A(I,JENT) _ )
DO 145 J = 1y N
TERM = A(IsJ) = A(ILEVsJ) * RATIO
AllsJ) = CLEAN(TERM)
TERM = B(1) = B(ILEV) # RATIO
B(I) = CLEAN(TERM)
CONTINUE
1BV (ILEV) = JENT

ELIMINATE ERTERING VARIABLE FROM OBJECTIVE FUNCTION
CaLL RMUVE(ILEV)

RETURN
END
P
E WS UA  PIVOT
R
WORD INTEGERS
ALL

SUBROUTINE TABNU(ICANT)

TABNU USES CROUT"S METHOD TO IMPLICITLY FIND THI BASIS INVERSEs .

THEN USES THIS TO REGENERATE THE SIMPLEX TABLEAU FROM THE
INITIAL DATA,

COMMON AI(10+15)sBI(10)sFMI(15)sCI(15)5A(10915),B(10)sFM(15),
1C(15) 3 IBV(10) +LABP (35) sLABR(1093) yLABC(1543) sFMZyCZyMyNs
2LABLS, IBTCH

DIMENSION BASIS(10510)s IPS(10)s SCALE(10)

THE -ARRAY "“HASIS" 1S USED AS A WORK AREA

FIND SCALE FACTOR TO PKRESERVE ACCURACY
DO 120 1 = 14 M 4
IPS(]l) = 1

ROMAX = 0,
DO 115 JH
K= 1BV {JRB)
TERM = AT (T4K)
BASIS(leUbB) = TERM

IF (TERM) 11151154113

0
= 1M

Tt R4 = = TE R4
TE O (ROMAX=THERMY TlaellShellb
HUOMAA = T}
Crllinul
IV OGtihr) T00eTUQ611H
SCALE (L) = 1.0/ROMAX

CONT INUL

IMPLICITLY INVERT BASIS
DO 190 JHB = 14 M

IF (JB=2) 15041504131
JHM1 = JUB = 1

DO 140 1 = 2+ JBMI

LESS = 1 - 1

IP = IPS(D)

TERM = BASIS(IP,.JB)

PO 136 K = 1s LESS

KP = IPS(K)

TERM = TERM = HASIS(IPsK) # BASIS(KP,JB)
TERM = CLEAN(TERM)
BASIS(1P,JB) = TERM
RATPV = 0,0

DO 170 I = JBe M

IP = .IPS(])

SIM3U460
SIM30470
SiM30480
SIM30490
SIM30500
S1M30510
SIM30520
SIM30530
SIM30540
SIM30550
SIM30560
SIM30570
SIM30580
SIM30590

SIM40010
SIM40020
SIM40030
SIM40040
SIM40050
SIM40060

SIM40090

SIM40110
SIM40120
SIM40130
SIM40140
SIM40150
SIM401060
SIM401T70
SIM401480
SIM40190
SIMa0200
Simalel o
SImMma 20
Siticur30
SIMaurs(
SIMgurso
SIvaquesi
SiHg 210
SIM40csl
SItie 0290
SIMa 300
S1M40310
SIMa0320
SIM40330
SIM40340
SIM40350
SIM40360
SIM40370
SIM40380
SIM40390
SIM40400
SIM40410
SIM40420
SIM40430
SIM40440
SIM40450
SIM40460
SIM40470



L)\

AN R

157

160

162
165
l66
l68
170

174
176

178
181

188
190

222
224

260
262

TERM = BASISUIPJB)
1F (JUB-1) 162¢1624157
LESS = JB - 1

DO 160 K = 1y LESS

KP = IPS(K)

TERM = TERM = BASIS(IP.K) # BASIS(KP,JB)
TERM = CLEAN(TERM)
HASIS(1PyJB) = TERM

IF (TERM) 16541704166
TERM = ~TEKM
TERM = TERM # SCALE(IP)

IF (RATPV-TERM) 16841704170
RATPV = TERM

1PV = 1

CONTINUE

IF (RATPV) 700470045174

1IF (M=JB) 190+190,176
IPVOT = IPS(IPV)
1F (JB=-1IPV) 178,178,181

IPS(1PV) = IPS(JB)

I1PS(JB) = 1PVOT

JBP1 = JB + 1
DO 188 1 = JBPls M
1P = IPS(D)

BASIS(IPsJB) = BASIS(IPsJB) / BASISU(IPVOT,Jn)
CONTINUE
ICANT = 0

SOVE FOR THE PROPER RIGHT HAND SIDE VECTOR B
IP = 1PS(])

-B(1) = BI1(IP)

DO 224 1 = 29 M

IP = IPS(D) ~ .
SUM = 0.0

KLIM = I =1

DO 222 K = 19 KLIM

KP = 1PS(K)

SUM = SUM + BASIS(1PyK) # B(K)
B(I) = BL(IP) - SUM

MP o= 1PS (M)

TLRM = B(F) / BASIS(MPsM)
(M) = CLEAN(TERM)

LGLEM = 1~ ]

DO 256 196 = 1. LOLIK

T = b = IRILOG
IF = TIPS (1)
SuM = 0.0

KLOw = 1 + 1

DO 24 K = KLOWLM

SUM = SUM + B(K) # HBASIS(1PsK)
TERM= (H(1) =SuM) / BASIS(1P,1)
B(I) = CLEAN(TERH)

SOLVE FOR THE PROPER MATRIX A
DO 280 J= 19 N

IP = 1PS(1)

Alled) = AI(IPsJ)

DO 262 1 = 2+ M

SUM = 0.0

IP = 1IPS(])

KLIM = 1 =1

DO 260 K = 1y KLIM

kP = 1PSI(K)

SUM= SUM + BASIS(IP,K) # A(KyJ)
A(lo«J) = AI(IPeJ) - SUM

MP = [PS(H4) _

S1IM4UaB0
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S1M&40H40
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SIM4 0560
SItMa 0570
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SIMq 0590
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SIM40610
SIM40620
SIM40630
SIM40640
SIM40650
SIM40060
Sirv4 0670
SIM40080
SIM40690
SIM40700
SIM40T10
SIM40720
SIM40730
S1M40740
SIM40750
SIM40760
SIM407T70
SIM40780
SIM40790
SIM40800
SIM40810
SIM40820
SIM40830
SIM40840
S1M4uB50
SIM4OBOO
SIngQRT0
SIM40880
S1tM4a(890
STHe0500
SItquyu
Sl:i14u42u
SitgGe il
SIimaegyssev
SIeysbi
SIMGUv60
SIM409170
S1M40 BU
SIM40990
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SIM410T0
SIM41080
SIM41090
SIM4]1100
SIM41110
SIM4]1120
SIM41130
SIM41140




TERM = A(Med) / BASIS(MPyM)

A(MyJ) = CLEAN(TEHKM)
LOLIM = M = )

DO 276 INEG = 1y LOLIM

I = M « INEG

SUM = 0,0

IP = 1IPS(IY

KLOW = 1T + 1

DO 274 K = KLOWy M

274 SUM = SUM + A(KeJ) # BASIS(1P4K)
/ BASLIS(IPs1)

TERM = (A(l4d) =S5UM)
276 A(led) = CLEAN(TERM)
280 CONTINUE

00 310 J= 1s N

FM(J) = FMI(J)
310 C(J) = CIJ)

C
C REGENERATE THE OBJECTIVE FUNCTION FROM INITIAL DATA
FMZ = 0.0
CZ = 0.0
DO 320 1 = 1¢ M
320 CALL RMOVE (1)
RETURN
C
C BASIS NOT ADEQUATELY INVERTABLE
C SCALING MAY NOT HAVE BEEN SUCCESSFUL
C ZERO ROW IN BASIS
700 ICANT = 1]
RETURN
END
// DUP
#ST E ws UA TABNU
/7 JR
#ONE WORD INTEGERS
#LIST ALL
SUBROUTINE RMOVE(I)
C
C RMOVE REMOVES THE I-TH BASIS VARIABLE FROM THE OHJECTIVE
C FUNCTION,
C
COMMUN AT (10s19) oBI(10) «FME(1I5)4C1015) en(
VOOES) o IV LT s ABP(35) o LABK(I0s3) s LAHC ISy 3) s MZeClgitaniy
sl e T TN
C
Lt = L {»
Tewrey = (LY / Allsl)
TEkelC = C(LY 7/ A(leL)
O 110 J = 1e N
TERM = FM(J) = A(lysJ) # TERMM
FM(J) = CLEAN(TERM)
TERM = C(Jd) = A(led) # TERMC
110 CtJd) = CLEAN(TEKHM)
TERM = FMZ =83 () # TERMH
FMZ = CLEAN(TERM)
TERM = CZ - B(I) # TERMC
CZ = CLLAN(TERM)
KE TURN
END
/7 DUP
#STORE WS UA KMOVE
// FOk
#UNE wWORD INTEGERS
#LIST ALL
FUNCTION CLEAN(REAL)
C
C CLEAN KETUKNS A VALUE WHICH 1S ZERO IF THE ARGUMENT 1S wWlTHIN

S e—

Oal19)Ye3(10)sFa(ln)y

SIMallby
SIM4l1160
SIM41170
SIM41180
SIMmalliou
SIM41200
SIM41210
SIM4l1220
SImale23v
SIMalesl
SIM41250
SIM41260
S1Mal270
SIM41280
SIM41290
SIMal1300
SIM4e1310
SIM41320
SIM41330
S1M41340
S1M41350
S1M41360
SIM41370
SIM413380
SiM41390
SIM41400
SIM41410
SIM41420
SIM41430
SIM41440

SIM50010
SIM50010
SimM50030
SIM50040
SIMbo050

STastGay
SIw,pngh
SIe»aglnu
SIMSUL 1Y
S1450120
SIS0l 30
SIM50140
SIMH015%0
SIM50160
SIM50170
SiMs50180
SImb0]190
Sit50200
SIM50210
SIM50220
SiMs0230

SIM60010
SIM60020
SIMe0030



C PLUS OK MINUS 0,001 OF ZEKUy AND wHICH 1S THE valLUE OF Tt
c ARGUMENT OTHERWISE.
C L'
1IF (RCAL=-0.001) 111+118,118
111 IF (RECAL+0.001) 114,118,115
115 CLEAN = 0.0
RE TURN
1 CLEAN = REAL
RETURN -
ERD
/7 DUP
#STURE WS UA CLEAN
/7 FOR
#ONE WORD INTEGERS
#L1ST ALL
SUBROUTINE TABPR(AW.BWCHWyeFMW)
C
C TABPR PRINTS OUT THE SIMPLEX TABLEAU
o TABPR USES 115 PRINT POSITIONS
C
COMMON AI(10+15)sBI(10)sFMI(15)¢CI(15)sA(10015)sB(10)sFM(15)
1C(15) 4 1BV(10)3LABP(35) sLABR(10+3),LABC(15493) sFMZ9sCZyMyNy
2LABLS.1BTCH ;
DIMENSTON AW(10+415)e EW(10)y CW(15)s FMW(15)
CALL TOCS1(543)
C
C DETERMINE LENGTH OF FIRST LINES
LIM = 7.
IF (N~LIM) 10351055105
103 LIM = N
105 IF (LABLS) 20043004200
c -
C LABELED OUTPUT
C
C FIRST LINES SECTLON

200 WRITE(3+12) ((LABC(J9K) sK=193)49J=1,HyL1M)

12 FORMAT (/s BHORENGLONsSX914H Lo.Do BASE 94Xs7(6X43A2))

WRITE(3413) FMZy (FMW(J)9eJ=1yLIM)
13 FURMAT(THO FM sF12.3912X¢7F1243)
WRITE(3414) CZs (CH(J)sd=1sL1M)
14 FORMAT (1 Xs0H =C vF12e3e2Xs6HZ
LRITE (3aa0)

v4aXsTF12.3)

GO 0 URYAT )
L 214 I = 1e¢ ™
I = IThVil)
Ala b ITEALZe1IH I (LABREY sKY s K=193) 0 B4W{I)s (LABCIL<R) sn=193),

TU(AW (Y e Jd)yesd=1el 1)
19 FORMAT (I Xs3A29F1243e2X93A2¢4047H12.3)

C
C - REMAINIRG SECTIONS LOOP
C .
LOW = 8
C
C DETERMINE IF FINISHED
231 1IF (N-LOw) 403062339233
C
C DETLRMINE LINES LENGTH

-z LIM = LOw + 8
IF (N~-LIM) 23542364236
235 LIM = N

C PRINT SECTION
236 WRITE(3417) ((LABC(JsK) sK=193)4J=LOV,LIM)
17 FORMAT (/791 Xs6HRENG 99(6X93A2))
WRITE (3418) (FMW (J) 9J=LOV,L1M)
18 FORMAT(7HO M 99F12.3)

SlMoLua
SIv60050
SIM600V60
SIM600T0
SIM600B0Y
SIMo00Y0
SIM60100
SIMe0110
SIM6N120
SimMenl 30

SIM70010
SIMT70020
SIM70030
SIMT70040
SIM70050

S SIM70080

SIM70100
SIM70110
S1M70120
SIM70130
SIM70140

.SIM70150

SIM70160
SIMT0170
SIM70180
SIM70190

SIvfurseu
imfuelu

S1tat0e90
SIwlTosio
S1AA7T0310

SIMT70330
SIM70340
SIM7035%0
SIMT0360
SIM70370
SIM70380
SI1M70390
SIMT70400
S1M70410
SIM70420
SIMT70430
SIM70440




OO0O0

19

245
20

300
32

314
35

331

333

336
37

345
40

400

WRITE(3419) (CW(J)gJ=LOWsLIM)
FORMAT(7THO ~-C 99F 12.3)
WRITE(3460)

DO 245 I = 1o M

WRITE(3920) (LABR(IsK) 9K=193)s (AW(I9J)yJ=LUWWLIM)

FURMAT (1 X93A2495F12.,3)
LOW = LOW + 9
GO TO 231

UNLABELED OUTPUT

FIRKRST SECTION

WRITE (3932) (JeJd=1,L1IM)

FORMAT (/ +BHORENGLUONs5X915H LeDe
WRITE(3413)FMZy (FMW(J)eJ=1sL1IM)
WRITE(3914)CZy (CW(J)yJ=1,LIM)
WRITE (3460)

vo 314 I = 14 M

L = IBVII)

WRITE(34164)1s BW(I)y Le (AW(loeJ)eJd=1eLIM)
FORMAT (1XeI303XeF12.391597X+7F12,3)

REMAINING SECTIONS LOOP
LOw = 8

DETERMINE IF FINISHED
IF (N=~LOW) 40093335333

NDETERKMINE LINES LENGTH
LIM = LUW + 8

IF (N=LIM) 3354933643306
LIM = N

PRINT SECTION

WRITE (3437) (JsJ=LOWSLIM)
FORMAT (// ¢ 1X93HREN9(9Xs13))
WRITE(3918) (FMw(J)sJ=LOWsLIM)
WRITE(3019) (CW(J) 9 J=LOWsLIM)
WRITE(3+60)

DO 345 I = 1+ M
WRITE(3440)1s (AW(I9Jd) sJ=LOW,LIM)
FORMAT (1 XeI393XeYF12.3)

LOW = LOW + 9

GO T0O 331

KE TURN
LnND

s T(9X913))
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/7 .90R

/77 VOR

#ONE WORD INTEGLKS
#10CS(CARD 1403 PRINTER)

8y~ INVE]

#S

C

C PHOGRAMA MOPASIN o

c MODELOS PARA SISTEMAS DE INVENTARIOS

C ' .
c TARJETAS DE DATOS S - -
c ] ST

C LA PRIMERA TARJETA ES UNA IDENTIFICASION,
C CON UN MAXIMO DE CUARENTA CARACTERES ,
C -

LIMENSION BETA(10)
CALL 10CS](5+3)

1 READ (2,26) BETA
WRITE (3,27)_BETA

c : ) .
C SEGUNDA TARJETA (CONTROL CAKD)s DONDE:
c N= TOTAL DE SEMANAS POR ANALIZAR
C IR=A= PORCENTAJE APLICADU AMENULEO ' | )
C . -1w=B= PORCENTAJE APL1CADO AL VALOR DE MAYOREO f@;;
C " Lw= FACTOR DE MANDO DE TIEMPO APLICADO A MAYORtO
C LF= FACTOR DE MANDO DE TIEMPO APLICADO A LA PRODUCCIUN
C i .
READ(2+28) NoIRsIWelLWolF
1F (N +EQ, 0) GO TO 40
IF (IR ,GT, 0) GO TO 3
_ A=1,0 ,
GO TO &
3 A=1R/100.,0
4 IF (IW ,GTe. 0) GO TO 6
5 B=1.0
GO TO 7 -
6 B=IW/100.0 .
c A . » S
c RI= NIVEL DE INVENTARIO DE LA SEMANA ANTERIUOR PARA MENUDEO
C KO= ORDENES MENUDEO = WS = PRODUCCION DE FAB. SEMANA ANT.
C wl =.iNIVEL DE INVENT., DE LA SEMANA ANT. PARA MAYOREO
C w02 = ORDEN DE MAYOREO PARA LF NO = 0
C WOl = ORDEN DE MAYOREO PARA LF = 0
C FR = PRECIO DE FABRICA
c ] _ _ i
7 R1I=100.,0
R0O=100.,0
WS=100,0 i
- w1=200.0
W02=100.0
W01=100.0

FR=100.0

IMPRIME ENCABEZADOS PARA LA SALIDA SEMANAL -

(9P I O B o

WRITE (3429)
WHRITE (3,30)

EMPIEZA EL LOOP PAKA LAS CUMPUTACIUNES DE LA SEMANA

LY I O I S B

DO 24 I=1sN

N NN

SE MANALES

2

LEE Y VERIFICA LAS TARJETAS DE DATOS QUE CONTIENEN LAS VENTAS =~




nocOoc00on

/7 JOR
// FOR

“ONE WORD INTEGEKS
#10CS(CARD 91403 PRINTER)
'NAME “INVEI

#SAVE

C

o

C

C

(o

o

C

C

C
1
2
3
4
S
6

C

C

(o

C

C

C

C

o
7

o

C

C

C

C

OO0

PROGRAMA MOPASIN :
MODELOS PARA SISTEMAS DE IhVENTARIOS

TARJETAS DE DATOS -~ = - __;__ L C

LA PRIMERA TARJETA ES UNA IDENTIFICASION;
CON UN MAXIMO DE CUARENTA CARACTERES

DIMENSION BETA(10)

CALL 10CS1(5+3)

READ (2+26) BETA : ;
WRITE (3+27) BETA .

SEGUNDA TARJETA (CONTROL CAKD)s DONDE:

N= TOTAL DE SEMANAS POR ANALIZAR

IR=A= PORCENTAJE APLICADO AMENUDEO -

Iw=B= PORCENTAJE APLICADO AL VALOR DE MAYOREO-

Lw= FACTOR DE MANDO DE TIEMPO APLICADO A MAYOREO

LF= FACTOR DE MANDO DE TIEMPO APLICADO A LA PRODUCCIUN

READ(2+28) NoIRyIWsLWsLF = o S - .
IF (N .EQ, 0) GO TO 40 T '

IF (IR ,G6T. 0) GO TO 3

A=1.,0 ' ST

GO TO 4 _ :

A=1R/100.0 .

1IF (IW ,GT. 0) GO TO-6

B=1.0 o » - o

GO.T0 7 - .

B=1W/100.0 ’ '

RI= NIVEL DE INVENTARIU DE LA SEMANA ANTERIUR PARA MENUDEO
RO= ORDENES MENUDEO = WS- = PRODUCCION DE FAB. SEMANA ANT.
Wl = NIVEL DE INVENT, DE LA SEMANA ANT. PARA MAYOREO
W02 = ORDEN DE MAYOREO PARA LF NO = 0 S
w0l = ORDEN DE MAYOREO PARA LF = 0 T
FR = PRECIO DE FABRICA S - R

HRI=100.0 _ - , L
rRO=100.0 . . -
WS=100,0 : ' h -
WI=200.,0 - .

wW02=100,0. _ : L
W01=100.0 ' ' )
FR=100.0 ]

IMPRIME ENCABEZADOS PARA LA SALIDA SEMANAL =

WRITE (3+29) L
WRITE (3530) s s

EMPIEZA EL LOOP PARA LAS CUMPUTACIONES DE LA SEMANA

DO 24 I=1sN

LEE Y VERIFICA LAS TARJtTAS DE DATOS WUE CONTIENEN LAS VENTAS

_ SEMANALES _ L S




WRITE (3934) NsIRoIWeLWoLF ‘
25 COURNTINUE

GO TO 1
26 FORMAT (10A4)
27 FORMAT (1H1+22HPROGRAMA MOPASIN PARA 910A4)

28 FORMAT (12+8Xe12e8Xe1298XeI1+9X911) ] ,

29 FORMAT (49HOSEMANA=~ecereaa= ~MENUDEU===m=we -——— AR RS A )
127THMAYOREOs#auseaaatt FARRICA)

30 FORMAT (1H 446HND VERNTAS RECIBO INVT ORDEN EMBARCO ’
130HRECIBO INVTO ORDEN RELACION) ’

31 FORMAT (1298XsF3.0)
32 FORMAT (24H ALGUNOS DATUS ESTAN MAL)
33 FORMAT (1H 91295XeF6,193FTel92F9,192F7414FB,1)
34 FORMAT (1HO0,13,17H SEMANAS CORRIDAS// h
129H VALOR EN % o QUE INTERVIENE
238HEN LA FORMULA DE ORDENES DE MENUDEO
329H VALOR EN % o QUE INTERVIENE
438HEN LA FORMULA DE ORDENES DE MAYOREQ = 413//
549H FACTOR DE MANDO DE TIEMPO APLICADO AL MAYOREO = 413//
654H FACTOR DE MANDO DE TIEMPO APLICADU A LA PRODUCCION = 41I3)
40 CONTINUE
CALL EXIT
END

21377/
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PROGRAM NET

ROY D HARRLIS MAY 1972

THIS PROGRAM WILL SOLVE NETWORK PROBLEMS -
FOR SHORIEST PATH(S)

FOR MINIMUM COST (AT SPECIFIED FLOWRATE)
FOR MAXIMUM FLOW

"THIS VERSION FUR CDC 3100

COMMON 1(200)sJ(200) s JWIN(LI00) sKADJ(200) 9yKARC(200) 9yKASG(200) sKCUM(
1200).KPL0N(800)9KIbT(100)’LABEL(EOO)oMAX(IOU)9ITERM9JFLAb9KALL9hKE

ZNDyKFLaRFSToKEND s LOOP ¢NASNINGNOUT o [ILPHA(10)
1(200) FROM NODE NUMBER

J(200) 10 NODE NUMBER

KARC(200) ARC DISTANCE OR COST
MAX(100) ARC CAPACITY

NA NUMBER OF ARCS IN NETWORK
COMMON /DATA/ 1END

DATA (1END = 4HSTOP)

ISTOP=1END

NIN = 5§

NOUT = 6

RETURN 10 HERE ON NEW DATA SET
D0 2 N=1+100
LABEL (N)=9999 _

\
READ AND  RITE USERS NAME CARD
READ (NIWN433) 1LPHA
wRITE (NOUTe34) I1LPHA
IF (ILPHA(L) JEQ,ISTOP)Y GO 10O 32

READ ANU «#RITE WNETWORK INPUT DATA
WRITE (NOUT,435)
vk ITE (NOUT936)
NA=(
READ (NING37) AlsAZsA3eA4
99 IN F1RST FIELD STOPS MNETWORK INPUT '
IF (A1.6T.98,) GO T0 .4
NA=NA+1
IF (NALGT,.99) 0 TO 390
I (NAY=A]
JINA)=A?
KERC(NA)=A3
MAX(NA)=A4
I1=A1+1
LABEL(I1)=11
\"" Z"l
LABEL (JJ) =JJ
WRITE (NOUTe38) I (NA)esJ(NA) sKARC(NA) sMAX(NA)
GO TO 3
WRITE (NOUTs39) NA

THIS SECTIUN CHECKS OGUT THE INPUT NETwORK
THE NETWORK IS SORTED AND TESTED FOR BAD DATA
DO 7 1I=14NA i

N&I=NA=11

DO 7 KK=1,4iNAl

CHECK DATA AS SORT BEING MADE

IF (I(KR)Y,EQaJ(KK))Y GO TO 30

IF (1(RK)LT.0) GO Tu 30

1F (JKK)LT.0) GO TO 30

1F (KARC(KK)YLT.0) GO TO 30

1F (MAX(KK).LT.0) GO TO 30

SORT ON FRUM NODE ARD 70 NODE

KKK=KK+1 L o

»P>r>PPp PP I>DPDITIP»PXTP»rrerrrrPD»PIPrERr>»SPIIPPEDIP>PrPDrEPIPrrrrrr»rPreERPLPEPIEFPP»E>

—
C LI ~NOCOU & -
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loA

[AVERAVER N GER L VRN A VIR il ol
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25
26
2!
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
4y
50
51
52
53
54
55
56
57
58
59
60
6l
62
63




-0

@]

11

12

-0

IF (1 (hR)Y=1T(RRKR)) /4590
IF (J(KK)=J(KKK)) Te796

JCIS=1(KK)

JS=J (KK)

KA=KARC (KK)
KM=MAX (KK)
T1(KK) =1 (KKK)
JKK)=J (KKK)
KARC (KK) =KARC (KKK)
MAX (KK) =MAX (KKK)
T (KKK)=1IS
J(KKK)=JS

KARC (KKK) =KA

MAX (KKK)=KM
CONTINUE

WRITE (NOUTs40)
WRITE (NOUTe36)
DO 8 II=14NA

WRITE (NOUT38) T(11)eJ(IT)sKARC(II) sMAX(I])

FIND AND PRINT NODE NUMBERS IN NETWORK
1J=0

DO 9 1I1=1499 =

IF (LABEL(11),E0.9999) GO TO 9

1u=1J+1

LABEL(IJ)Y=LABEL(I])=-1

CONTINUE

WRITE (NOUTs41) 1J

WRITE (NOUTs42) (LAREL(LII)sIl=141J)

RELAD AND PRINT ARaLYSIS CONTROL CARD
READ (NINea3) JHLAGeX1 eX29X39JFLAG
KFST=X1

KEND=XZ

KFL=X3

IRD=KFL

9 IN FIRST FIELUO==-RETURIN FOK NEXT DATA SET
It (IFLAG.GE.4)Y GO T0 1

v ITE (NOUTs44) 1LPHA

WHITE (NOUTe4Y5)

VRITE (NOUTW46)

WRITE (NOUT447) IFLAGSKFSTeKENDSKFL

CHECK ANALYSIS CONTROL CARD FOR HAD DATA
b (KFST.,LT.0) 6O TO 31

1F (KEWDLLELO) 6O 10 31

IF (KFST.EQLKEND) GO TO 31

IF (IFLAGL.EGL,0) GO TO 31

CHECK IF KFST AND KEND EXIST IN NETWUORK
INFES=Y

Jt ES=9

DO 12 11=]1eNA

1F (I (11) NEKFST)Y 60 TO 11
INFES=0

IF (JUIT) JNELKEND)Y GO TO 12
JFES=0

CONTINUE

IF (INFES.EQ.%9) GU TO 31

IF (JFLS.EG.9) GO TO 31

HKRANCH TO TYPE OF ANALYSIS DESIRED
GU TO (13418B425) 0 1FLACG

SHORT ANALYSIS CONTROL SECTION
WRITE (WOUTe48)
DO _ 14 1I=1sNA _

Pr>»r2»r>rr>PPPrP2P>r>PPID>DPIDPRIrED>>pD

>

TPI» PP PPrP»rP»rrPr>P>rPP>rPr»>»>Pr>»Prrrr>PrD>r>rPD>
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o8
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71
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75
16
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78
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84
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86
87
806
89
94
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Y2
93
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95
Y6
97
Pl
vy
100
101
la2
103
104
105
luo
107
108
109
110
111
112
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115
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117
118
119
120
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123
124
125
126
127
128
129



14  LABEL(11)=0

A 130

. LOOP=0 . A 131
* CTTERM=0 b A 132
CALL SHORT A 133

1F (ITERM .NE. 40) GO T0O 15 A 134

WRITE (NOUT+49) A 135

WRITE (NOUT450) A 1306

s WRITE (NOUT.51) A 137
DO 17 1I=14NA A 138

IF (LABEL(I1),NE,S) GO TO 16 ) ) ) o A 139

WRITE (NOUTs52) T (II)eJ(I1)eKARC(II)KCUM(II) SR A 140

GO TO 1/ , L ‘ o A lal

16 WRITE (NOUT9S3) I(I1)eJ(II)eKARC(II) A 142
17 CONTINUE . . A 143
C RETURN FOR NEXT ANALYSIS CONTROL CARD A 144
GO TO 10 A 145

C A 146
C MINIMUM COST FLOW CONTROL SECTION A 147
18 LOOP=0 A 148
’ ITERM=0 A 149
DO 19 T1I=1+NA A 150

19 LABEL (11)=0 A 151
CALL SHORT A 152

IF (ITERM,EW.40) GO TO 29 A 153

IF (JFLAG.,EW.0) GO TO 20 A 154

WRITE (NOUT469) A 155

20 CALL FLUW A 156
VRITE (NOUT+54) A 157

IF (ITERM.EQ.30) GO TO 21 A 158

WRITE (NOUT+55) 1IND A 159
IND=IND=KFL A lou

vRITE (NOUT«S6) ThD A lol

. wHITE (NOUTeS7) A lo2
C SUM TOTAL FLOwW AND TOTAL COS1 A 163
NAZNA/2 A lb4
KOST=0 A lob

w0 22 h=1 ¢ MNA A leéb
H#RCUMIKY =KARC(K) #*KFLOW(K) A laf

22 KOST=KOST+KCUM(K) A lbo
DO 24 K=14eNA A 169

IF (KFLOW(K)JEQL0) GU 10 23 . A 170

WRITE (NOUTe5B) TU(K) 9 J(K) yKARCIK) yMAX(K) s KFLOW(K) s KCUM(K) A 171

GO TO 24 A 172

23 WHITE (NOUTs58) T(K) s J(K) 4sKARC(K) s MAX (K) A 173
24 CONTINUE A 174
WRITE (NOUT¢59) 1nD A 175

WRITE (NOUT460) ROST A 176

C KE TURN FOK NEXT ANALYSIS CONTROL CARD A 177
GO TO 10 A 178

C A 179
C MAXIMUM FLOW CUNTROL SECTIUN A 180
25 KFL=999999 A 18l
IND=969G699 . A 182
LOOUP=( ) A 183
1TERM=0 A liss

#DO0 26 I1=14NA A 185

~ LABEL (11)Y=0 A 146
ChALL SHORT A 187

IF (ITERM,EWQ.,40) 60 TO 29 A 188

1F (JFLAGL,EQ.0) GU 10 27 A 189

WRITE (NOUT.69) A 190

27 CALL FLOW A 191
wRITE (NOUTs61) A 197
WRITE (NOUTs62) A 193
MNA=NA/Z A 194

DO 28 K=1.NA _ A 195




30

31
32

33
34
35
36
37
38
39
40
4 1
42
43
44
45
46

49

51
He
53
54
55
56
57
S8
59
60
ol
62
63
64
65
(57
67
(oY)
69

o eNeNY]

WRITE
IND=1IN
WRITE
KE TURN

GO TO

THIS S
WRITE
GO TO
WRITE
WRITE
GO 70O
WRITE
WRITE

FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FUORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FOKMAT
FORMAT
FOURMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT

FORMAT -
FORMAT-

FORMAT
END

(NOUT»65)

(NOUTs63) T(K)sJ(R) ¢RARCIR) oMAX(R) ohFLUW (K)
D=RFL .
(NOUT459) IND v
FOR NEXT ANALYSIS CONTROL CARD

10

ECTION PRINTS ERROR MESSAGES
(NOUT+64)
32

(NOUT466) 1 (KK)sJ(KK)
32 ’ o
(NOUT468) -

{NOUT 467)

(10A4) i

(17THIPROGRAM NET FOR +10A4)

(29H0#usea INPUT NETWUORK AS READ#®#R)
(Z29H - FROM TO ARC DATA MAX FLOW)
(2(F2.Q93X)92(F5,095X))
{1Xe2(1243X)92(I5s5X)) .
{(1HOsI2e26H DATA CARDS (ARCS) READ IN)
(29H0====SORTED INPUT NETWORK===<=)
(11HOTHERE ARE  +12s18H NODES IN NETWORK )
{1Xe515) -
{11e4Xe2{(F2.093X)eF5.04511)

(L7HINET RESULTS FOR v 10A4)

(32H0#=# ANALYSIS CONTROL CARD IS#uiw)

(32H #uwas2CODE FROM 10 FLUOW sestsede)

(6H #28 (¢119ars12e3X912e3X915006H) Fuitai)
(32HO####wSHORTEST PATH RESULTS###ai)
(32H0##%MN0 ROUTE TO TERMINAL NUDE##®)

(32H ##PARTIAL SOLUTION SHOWN HELOW®)

(32H FROM TO ARC DATA CUMMULATIVE)
(1X012¢3Xe12e3XelG93hs 170N #SHORT*)
{(1Xel24a3Xs[2¢3Xs15) :
(S THQQHEswwsedew e dtMINIMUM COST FLOW RESULTSwa#iatiabitnis)

(2oH #uswssaestsFLOW DEMAND OF  915020H NOT FESIBLE®%u¥#a«six)
(26H #usucssssFESIRLE FLOW OF 91959200 SHOWN BELOW®#ae#a4w)

{(51H FROM 10 ARC OATA MAX FLOW BERP | QAP me G5 e==)
(I1X92(12e3X)e2115s5K)a2Xe1543X417) :
(23H bR TOTAL FLUW o ] 7ol 1H trtirsedesatirsdt)
(23H #xsaaaadasiTOTAL COST o] 7T ellH wHsunstaiainse)
(GlHO®d st MAXIMUM FLOW RESULTSH#RERRadsE)
(41H FROM T0 ARC DATA MAX FLOW  #¥3FLQWHHe)
(1Xs2(12e3X)192(1545X)417) -
(38HOFLOW NOT POSSIBLE FROM SOURCE Tu SInK)
(35HOSOMETHING WRONG WITH INPUT NETWORK)

(1loH CHECK ARC FROM 912+3H0 TOs13)

(23H PROGRAM NET TERMINATED)

(35HOANALYSIS CONTROL CARD IS INFESIBLE)
(26HO==u#F L O0W ASSIGNMENT Sttt

SUBKOUT I NE “SHORT

THIS S
NODES
USING

UBROUTINE FINDS THE SHORTEST PATH BLETWEEN
SPECIFIED ON CONTROL CARD
A DYMANTIC PRUGRAMMING APPROACH

COMMON 1 (200) s J(200)y JWIN(CIOU) s KADJ(200)s KARC(Z200)y RASG(ZU0),

1 KCUM(
7LAGy K

LABEL(

200)s KFLOW(200)y KIST(100) e« LABEL(200)s MAX(100)s ITERM,
ALLs KKENDe KFLy KFSTe KENDs LOOPe NA9 NINy WNOUT

11) CONTAINS A CODE FOR STATUS OF ARC

0 = UNEVALUATED

_ 1. = UNDER_CONSIDERATLON

e v A e R IHY © B0 s e - o e aren & PR e A T e Tt e i o e ST e

JF

PP PP PP>@PDP>PPPPRPPPDPIPrIPDPPIPIDDPIEP>o

> > > >

T T TTIXT>r>r2>X>r>P»2>P2>PTr>rd>P»rrrrr

vy

AT LT X

1906

197
194
199
200
201
2ue
203
204
205
206
207
208
209
210
211
212
213
2la
215
216
217
218
219
220
2el
222
223
224
225
’2co6
el
2y
2249
230
231
23
£33
234
239
236
237
c38
239
4()
241
cac
243
24 %
245
246
cal
248

AV
[O 4l =3
< L

L
- O ~NO U SN -




CFNOOCO0000

10

ON SHORTEST PATH(S)
ELIMINATED

5
9

AWIN(II) CONTAINS THE ELEMENT NUMBERS OF MULTIPLE

POTENTIAL AND ACTUAL SHURTEST PATHS
KIST(II) CONTAINS DISTANCE FRUM TERMINAL TO THAT NODE
KCUM(11) CONTAINS CUMMULATIVE DILSTANCE FROM SUOURCE

ELIMINATE  ARCS LEADING TO SOURCE AND FROM TERMINAL
DO 2 11 = 1,NA

IF (J(11) .NE. KFST) GO 7O 1
LABEL(1I) = 9 .

IF (I(11) oNE, KEND) GO TO 2
LABEL(I1) = 9

CONTINUE

INITIALIZE KIST ARD KCUM

DO 3 11 = 1s NA

KCUuM(1l) = 0

DO 4 I1 = 19 100

KIST(11) = 99499499

KKK = KEND+1

KIST{KKK) = 0

BACKWARD PASS T0 FIND DISTANCE TO EACH NODE
REMAINING DISTANCE FUR EACH NODE STORED IN KIST
DO 6 11 = 1y 100

JALL = 0

DO 5 KK = 1s NA

JJ = NA=KK+]

IF (LABECL(JJ) tWs 9) GO TOU 5

KT = 1(JJd)+1

Kd = J(Jd)+)

IF (KIST(KI) obLbEe (KARC(JJII+KIST(KJI))}) GO TO 5
KIST(KI) = KIST(KJ)+KARC (JJ)

JALL = 9

CONTINUE

1IF (JALL EQe Q) 6O TO 7

CONTINUE COMPIITING CUMMULATIVE OISTANCES UNTIL NO MOt SHIFTS
CONTINUE

Nt GATIVE CYCLE 1F THIS POINT REACHED

INFLS = 9

KALL = 0

60O 10 1%

FORwARD PASS TO FIND AKRCS ON SHORTEST PATH
INTITIALTZE SEACH AT KFST

KAaLL = 0

Jvo= ]

JLInN(Jdw) = KFST

FIMND NODES TU t#E CONSIDERED NEXT
POTENTIAL wWINNERS LABEL SET AT 1

INFES = 9

DO 10 11 = 1e JIW

TJK = JUWIN(II)

PO 9 JJd = ls NA

IF (1¢(JJ) «NE. 1JK) GO TO 9

IF (LABEL(JJ) 6T, 1) 60 TO0 9

LabtbL (ud) = 1

INFES = 0

CONT INUE

CONTINUE

CHECK IF ARNY MORE NODLS TO bE CONSIDERED
IF NO MORE NODES ==SHUT DOWN

IF (INFES JEGe 9) GO TO 15

FIND WINRNERS AMUONG LARELED NODES
ACTUAL wIHMHNERS LABEL SET AT §

IJF1I T FICITEFTIASOACTICTTRXTTCOSCTTIXCITTITTIX

T XTI T IAXLX

T T XX

-
-

T X X X

=

[> Siivaike diiv )

TTITTITITTITIXTTX

12
13
14
15
lo6
17
18
19
2u
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
4bH
af
4
49
by
Hl
52
53
by
55
e
57
58
5y
ol
bl
62
63
64
(3%
66
6l
68
69
10
T1
12
73
T4
75
76
77
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17
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JW = 0

DO 14 11 = 1eNA .

ZIF (LABEL(II) oNE. 1) GU TO 14

K1 I(I1)+1 :

KJ = J(I1)+1

KADD = KIST(KI)=KIST(KJ)

IF (KARO(II) .G1. KADD) GO TO .13 _ :
LABEL(II) = 5 o ) )
KKK = KFST+1 o :

KCUM(II) = KIST(KKK)=KIST(KJ) _

JW = Jwe] . -

JWIN(JW) = J(I1) :

IF (J(I11) JEQ, KEND) GO TO 12 B

ELIMINATE ARCS LEADING TO Th1S WINNER

DO 11 JJ = 1y NA

IF (J(JJ) «NE, J(IDI)) GO TO 11

IF (LABEL(JJ) +EQ. 5) GO TO 11

LABEL(JJ) = 9

CONTINUE

GO TO 14

SET FLAG IF TERMINAL NODE REACHED -

KALL = 9 . : , ‘
GO TO 14 ' , -
KCUM(I1) = $9999y -

LABEL(II) = 9

CONT INUE .

GO TO FIND WNODES NEXT CONSIDERED

GO TO 8

SHORT TERMINATED

SET FLAGS FOR EnDING CORDITIORS ANUD RETURN
IF (KALL .EQ, 0) GO 10 16

WORMAL ENDINGe TERMINAL NODE REACHED

LOOP = LUOP+]

O Tu 18

IF (LOOP 6T, 0) GO T0 17

NO PATH FOUND FIRST TIrk THEQUOGH

ITERM = 40 :

GO TO 18 -

NQ FUTHER PATHS POSSIBLEs N=TH ITERATION
1TERM = 4

KE TR

(N

SUBROUTINE FLOw

THIS SUBHOUTINE ASSIGNS FLUW TO A NWETWORK
RY USE OF THE SHORIES? PATH

AND CAPACITATING KEVEKRSE FLOW IN ARCS WITH
POSITIVE FLOW ASSIGHMENT

MAXIMUM FLOW 1S FOUND BY ASSIGNING FLOW
UNTIL THE ENTIRE NETWORK 1S SATURATED
COMMON 1(200) s JI200) s JWIN{I00) sy KADJ(200) s KARC(200) s KASG(200) o

1 KCUM(200)s KFLOW(200)s KIST(100)s LABEL(200)s MAX(1UU) s LTERNs JF

2LAGe KALLy KKEWNDe KFLy KFSTy KENDy LOUPs NAs NINy NOUT

KADJ(200) TEMPORARY FLOW ASSIOGNMENT 70 ARC
KASG(200) REMAINING ARC CAPACITY
KFLOW(200) CUMMULATIVE FLOW ASSIGNMENT TO AKC

SET UP MIRROR IMAGE OF NETWURK
DU 1 N = ls NA

NAX = N+NA

L(NAX) = J(N)

JINAX) = T(N)_

KARC(NAX) = 93499

LABEL (NAX) =
KADJ(N) = MAX

I TSI I I T T ITTIITTITITTIAITTTITTITTIICOITTT

oocooOooO00o000000CcoOo0o00c ool

78
19
H0
81
82
K3
He
2%
46
87
48
8y
gy
yl
92
93
94
95
96
97
98
9y
100
101
102
103
104 -
105
106
1a7
108
iuy
11v
111
lie
113
114
115
116
117
114
11y
120~

Y
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11
12
13
14
i5
16
17
13
19
20
2l
22
23



C

C

(@} OO0

OO0

@]

g TETITme | ae aet e st D T T

1

NAX

14

KADJ(NAX) =0
NALl = NA+T
INCREASE S1ZE OF NETWORK TO INCLUDE KREVERSE
=NAX = NA
HNA = NA+NA -
INITALIZE THE STORAGE VECTOKS

DO'2 N = 1, NA L

KFLOW(N) = 0

KASG(N) = 0 _ T
1IF (LOOP - EQ, 1) GO TO 4 .

MAIN LOOP BEGINS HERE

CALL SHORT TO FIND SHORTEST (CHEAPEST) PATH

CALL SHORT -
CHECK IF FESIBLE PATH FOUND BY SHORT
1F (ITERM L,EQ, 50) GO TO 24 ‘

FIND NEXT NODE 1IN FESIBLE PATH
STARTING AT SINK AND WORKING HACK

MAKE TEMPORARY ASSIGNMENT OF FLOW TO PATH
DO S5 IX = 1o NA ° o
IF (J(IX) o NE. KEND) GO 10-; o Q“ .
IF (LABEL(IX). EQ. 5) GO TO 6 .
CONTINUE :

NEXT = 1((1X) .

KASG(IX) = KADJ(IX)

IF (NEXT LEQ. KFST) GO 10 10

1HOS = A+

O B KX = e NA

1P = 1H0S=KX

YOIy i, ntrT) GO T OB

I LAt L i)y e ) 50 10 v

CGRT T

Ly \T bl v {1 }
[P I A 2 I LR DI A I
e K
¢ N
. P
. . . . B
T D ST T A% I DR O P A o8 GRS

Ao dUs T O T o SmelEST ARwl Cneral17Y

?
(iAo, Oy GG T 1
(rpnnfine) ceTe MNMaX) &0 T0 1]
R - N R A (SN

IV R I N P

PF (ieerx JLTe bELY 6O T 12
MM AY = osFL

DU 13 Ko o= 1a ik

IF {(KASLIKRUY +tua G} GO 70 13
RASGIRUY = RMaX
CUONT I NUE

REDUCE DEMAND BY FLOW ASSTONMENT
KFL = hFL=iMAX

CHECK 1F FLOW DEMANDED 1S SATISFIED
IF (KFL +6T., 0) GO TO 14

ITERM = 390

CONTINUE

UPDATE CUMMULATIVE FLOW ASSIGNMENTS IN KFLOW
DO 15 NZ =-14 NAX

MNZX = NZ+NAX .

KFLOW(NZ) = KFLOW(NZ) +KASGINZ)=KASG(NZX)
UPDATE REMAINING CAPACITY

DO 16 NP = 14 NAX

(MIRROR) ARCS

C.OCOOOoOO0OoO000000cO0CO0000000000000CC;
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l
l

24

25
20

28

50

80
81
62
83
84
45
86
87
88

.89



Slo

17
18

19

20

24

2b
26

f3b A = oroehNAX
raDJd(NPX) = 0

T ANJINR) = MAX(NP) =KFLOw (NP)

LABEL = 9 FOKR SATUKRATED ARCAS
DO 18 17 = 1+ NAX

IF (RADJC(IZ) JNE. 0) GO TO 17
LABEL(LIZ) = 9

600 TO 18

LABEL(IZ)Y = 0

CONTINUE

CAPACITATE REVERSE FLOW UP T0O POSITIVE FLOW ASSIGNMENT
BUT AT NEGATIVE OF COST

DO 20 1Z = 1s NAX

1ZX = TZ+NAX

IF (KFLOW(1Z) .EQ, 0) GO TO 19
KADJ(1ZX) = KFLOW(IZ)
LABEL(1ZX) = 0

RARC(IZX) = =KARC(I1Z)

60 T0 20

KADJ(IZX) = 0

LABEL(IZX) = 9

KARC(IZX) = 999499

CONTINUE

PRINT OUT INTERMEDIATE RESULTS 1F REGWUESTED BY JFLAG
1F (JFLAG +EQe 0) GO TO 22

WRITE (NOUT425) LOOP, NMAX

DO 21 11 = ls NA

IF (KASG(I1) JEUWs 0) GO TO 21

WRITE (WOUTe26) 1(11)s J(11}

CONTINUL

IF FLOW DEMAND 1S SATISFIEDe QUIT

It (ITEwM JEQ. 30) GO TO 24

FLOW NOT SATISHFIEDs RETURN FOR NEXT 1TERATION
DO 23 K1 = 14 NA

KASG(KT) = ¢

GO TO 3

Rt TURN

FORMAT (10H ITERATIONGI3+8H FLOW =4915)
FORMAT (1Xel2¢3Xel2)

RETURN

END

oOoCcCoOoOcoOoOC OO0 oOoOO0coO000O00CcoO000O0O00O00000O00O0cCcaoO0cen
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/7 JOB
/7 FOR
#ONEL WOKD INTEGERS ‘
#JOCS(CARD 91403 PRINTER)

#NAME MOCDE

#*SAVE

C##%#*#ﬁ%ﬁﬁ*#*%ﬁﬁ&éﬂﬁﬁﬂﬁﬁﬁﬁﬁﬁ%&*ﬁ*%ﬁ#ﬁﬁ%##h%#ﬁﬁﬂ*##*###%#*&**###ﬁ%ﬂ&#%

C#
ct#
(08

Cw

C#
C#
Cu
Co
C#
C#
C
C#
C#
C#
Cs
C#

(ORI

c#
C#
C#
Cc#
Cc#
C#
Cs
c#
C#
Ci
Ct
C#
C#
C*
C
C#
Cst
C#
C#*
C#
c#
C#
C

CCw

C
Cs
C#
C#
C#
C#
Cc#
C#

OO0 OO0

C%%*%#*ﬂ*b%ﬁﬁ%&#Q#Q*%%%%G%%Q&%*&Qﬁﬂ%ﬁﬁ&&#%ﬁb%ﬁﬂ?*%%*%*G&%&#&#%%*Q%##G

_PROGRAMA MOCOE,

MODELO CUANTITATIVO DE URDEN ECONOMICO. -
PROGRAMA PREPARADO POR LA SECCION DE COMPUTACION
DE LA FACULTAD DE INGENIERIA DE LA ## U N,A,M ##
OCTUBRE DE 1974

VARIABLES QUE INTERVIENEN EN EL PROGRAMA

R= REQUERIMIENTO DEL USO ANUALs NIVEL DE DEMANDA
CP= COSTO DE UNA ORDEN DE COMPRA,

FH= COSTO DADO (SOSTENIDO) COMU PORCENTAJE DEL
PRECIO UNITARIO ' - - , T
P(1)= PRECIO PUR UNIDAD ANTES DEL DESCUENTO, P(1)=P1 =~
P(2)= PRECIO POR UNIDAD EN tL MOMENTO QUE OCURRE EL PRIMER
DESCUENTUO,

P(3)= PRECI0 PUK UNIDAD DESPUES DEL PKRIMER DESCUENTO,
P(3)= P2 :

P(4)= PRECIO POR UNIDAD EN EL MOMENTU GQUE OCURRE EL
SEGUNDO DESCUENTO,

P(5)= PRECIO POR UNIDAD DESPUES DEL SEGUNDO DESCUENTO,
P(5)= P3 : _

P(6)= :RESTRICCION: PRECIO POR UNIDAD A LA CAPACIDAD

UE LA BODEGA.

ECOU= LOTE ECONOMICO A SER.ORDENADO, :

b(l)= PUNTO DONDE OCURRE EL PRIMER DESCUENTOs B(lL)=Bl1 .
B(2)="PUNTO DONDE OCURRE EL SEGUNDO DESCUENTO, B(2)=B2
CS= COSTO EN CASO DE ESCASEZ, (DEFICIT).

W= ESPACIO MAXIMO DISPONIBLE EN LA BODEGA,

1CST= COSTO TOTAL DEL LOTE ECONUMICO.

@(3)= LOTE ECONUMICO PARA P(3)

G(1)= LOTE ECONOMICO PARA P(1)

W(5)= LOTE ECONOMICO PARA P(5)

@{2)= b(1)

Wis)= B(2) :

W(6)= w PARA EL CASO EN QUE CS=0

0(6)= LOTE OPTIMU PAKA ENV=(6) = W CUANDO CS NO ES 0
TC(I)= COSTO TOTAL, ’
TC(I)= COSTO TOTAL PAKA Q(1) Y ENV(I) PARA 1=1,6

ENV(I)= NIVEL ECONOMICO DE INVENTARIO PARA CUANDO EL LOTE
ECONOMICO = G(1) 1I=1,5 _ S
Envie)= ¥ :

ENVT= INVENTARIO OPTINMO CUANDO CS NO ES CERO,

- EE- IR A IR NN -2 I RTINS TE - - TE RN A R A

LAS TARJETAS DE DATOS SON DOS 3
1) IDENTIFICACION, FURMATO 10A4
I11) DATOS ¢ ReCPyFHeP (1) sCSeB(1) 9P (3)9B(2) 4P (S5)eWy FORMATO 11F5.0
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10
11
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14
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19

20
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22
23
24

25
26
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AL TLRMIMAR DE PROCESAR UN JUELUO DE DATOS
L PROOGKAMA REGRESA A LEER OTRO JUEGO,

DIMENSION P(6)+Q(6)sENV(6)2TC(6) 4sB(3)9yALPHA(10)
CALL 10CS1(5.3)

LEE Y ESCRIBE LA PRIMERA TARJETA DE DATOUS
READ(2+71) ALPHA
LEE Y ESCRIBE LA SEGUNDA TARJETA DE DATOUS

READ(2972) RoeCPoFHeP (1) +oCSeB(1)sP(3)eB(2)sP(S5) oW
WRITE(3+473) ALPHA
WRITE(3976) ReCPeFHsP (1) oCSeB(1) 9P (3)eB(2)eP(5) W

CHEQUEO DE DATO0Ss SI R=0, TERMINA EL PROGKRAMA,

IF (R) 1941002

IF (CP) 19¢19,3

IF (FH) 1941944

IF (P(1)) 1941945

IF (B(1)) 1991446

IF (P(3)) 1991947

IF (B(2)) 1991648

IF (B(2)=B(1)) 194949

DOS PUNTOS DE CAMBI1O DE PRECIO.

NSEG=3

1IF (P(5)) 19919411
IF (W) 194912413
W=1,E25

B8(3)=w

IF (CS) 19+20920

NO HAY PUNTO DE CAMBIO0 DE PRECIO,.

NSEG=1

B(1)=1.E25

IF (P(3)) 19.15,19
P(3)=P(1)

IF (B(2)) 19417519

UN PUNTOU EN EL CAMBIO DE PRECIO,

NSEG=2

B(2)=1.t25

IF (P(5)) 19418419
P(5)=P(3)

GO TO 10

ERROR EN LOS DATOS

WRITE(3677)

GO TO 1

P(4)=P(5)

P(2)=P(3)

IF (P(5)=P(3)) 22+22+21
P(4)=P(3)

IF (P(3)=P (1)) 24424423
P(2)=P(1)

P{(6)Y=P(2)

IF (w=B(1)) 28¢30+25

IF (W=B(2)) 274+429+26
P(6)=P(5)
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27

28

29
30

31

32

33

34
35

36

37
34
39
40
41
42
43

44

45

46

47
48

49

60 10 30
PI6)=P(3)
GO TO 30
P(6)=P (1)
G0 TO 30
P(6)=P(4)
@(2)=8(1)
0(4)=B(2)
W(6)=B(3)
IF (CS) 314314061

NO SE PERMITEN DEFICITS.

DO 32 1=1,3
J=2#] -1
ON= NUMERO DE ORDENES POR Aw0Q DEL LOTE ECONOMICO,

CALCULA Q(1) I=1434%

U(J)=SQRT(2.,%#CP#R/ (FH&P (J)))
DO 35 I=1l406
IF (Q(1)=1.E25) 33434433

CALCULA TC(I) I=1+6

TC(I)=(CP*R/Q(I)+P (1) #R+P (1) RFH*Q (1) /Z)
GO 10 35

TC(I)=1.E25

CONTINUE

DO 36 I=1+6

ENVIY=Q (D)

PRUBA DE FACTIBILIDAD CON RESPECTO A LOS PUNTOS DE
CaMB10 DE PREC1O.

IF (Q(1)-Q(2)) 39,439,348
TC(1)=1,E25
IF (Q(2)=Q(3)) 4044040l
1F (Q(3)=0(4)) 42442941
1C(3)=1.E25
IF (Q{4)~Q(5)) 44444443
TC(S5)=1.E25

ENCUENTRE EL LUTE OPTIMO SIN DEFICIT,.

KFLb=1
TCST=TC(1)
ECOw=0G(1)
ENVT=ENV (1)
DO 46 I=1+5
IF (TCST=TC(1)) 46s406445
TCST=TC (I
KFLB=1
ECOQ=0Q (1)
ENVT=ENV(])
CONTINUE
ON=R/ECOQ

IMPRIMA RESULTADOS ANTES DE LAS LIMITACIONES PUR DEFICIT,

WRITE(3,78)

IF (W=1,E25) 47448447
WRITE(3+79)
WHITE(3+80) ECOQ

IF (CS) 49450449
WRITE (3990) ENVT
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OO0 0

50

51

52
53

54

55

56

57

59

600

61

62

63

64
65

66
67

WRITE (3481) P(KFLB)
WRITE (3482) TCST
WRITE (3,83) OWN

IF (W=14,E25) 5141451

FRUEBA DE FACTIBILIDAD CON RESPECTO A LAS LIMITACIONES DEL

DEFICIT,.

DO 53 I=1+5

1IF (ENV(I)=W) 53453452
TC(I)=1.E25

CONTINUE

IF (TC(KFLB)=1,E25) 54955954
WRITE (3+84)

GO TO 1

ENCUENTRE EL LOTE OPTIMO, CON LAS LIMITACIONES DEL DEFICIT,

KFLB=1
TCST=TC(1)
ECON=Q(l)
ENVT=ENV(])
DO S7 J=1le0b6
IF (TCST=TC(1)) 57457456
TCST=TC(I)
ECOU=Q(1)
KFLB=1
ENVT=ENV (1)
CONTINUE
ON=R/ECUQ

IMPRIMA LOS RESULTADOS UDESPUES DE LAS LIMITACIONES DEL

DEFICITY

WRITE (3485)

WRITE (3486)

WRITE (3+487)

WRITE (3.78)

WRITE (3+88)

WRITE (3,80) ECOAQ
IF (CS) 5B¢59,.58
WRITE(3490) ENVT
CONTINUE

WRITE (3481) P(KFLB)
wR1TE (3,82) TCST
WRITE (3+483) ON

IF (KFLB=6) 1lsb041
WRITE (3+89)

GO 70 1

DEFICITS PERMITIDOS,

ENV(6)=0(6)
DO 62 1=1+4592
ENV(1)=SURT (2%CP#R&“CS/(FH*P(1)#(FH¥P (1) +CS)))
Q(II=SORT((2.#CPH¥R&E(FHYP (I)+CS) )/ (FH*P (1) #CS))
DO 65 1=1,42

J=2+#]

IF (Q(J)=]1.E25) 64463464

ENVJ)=1.E25

60 TO 65

ENV(JI=(Q(J)#CS)/ (P (J)#FH+CS)

CONTINUE

IF (ENV(6)=1.E25) 66T s06b
WI6)=SURT((2,#CP¥R+ENV(6) #3522 (CS+P (b)) #FH))/CS)
DO 70 I=146




s NeNeNe

Cc
C

I¥ (O(l)"loLZS) 6Bs6Ye0B
68 TCUI)=(CPeR/Q(])+FHoP(I)RENV(])®Re2/(2,%Q(1))+R*P (1)« (CS®(Q(])~E
INVI1I))®e2)}/(2,40(1)))
‘60 T0 70
69 TC(1)=1.E25
70 CONTINUE
60 TO 37

TABLA DE FORMATOS,.

71 FORMAT (10A4)
72 FORMAT (11F5,0)

73 FORMAT (42H1 R PROGRAMA MOCOE PARA »10A4,
112H ==<mcmmee- 177 \
248H #unuaesswe | 0S DATOS DE ENTRADA SON #estustuasad //
362H R CcP FH Pl CSs B1 2o
427TH 82 P3 W )

76 FORMAT (3XsF6,091X99F9,.2) _

77 FORMAT (49HOERROR EN LOS DATOS DE ENTRADA, VERIFICA Y PRUEBA»
110H OTRA VEZ )

78 FORMAT (S4HQ=#s#sesudratanad | QS RESULTADOS DEL ANALISIS SON #utas,
J1jHesunaunsan )

79 FORMAT (4BHOANTES DE APLICAR EL LIMITE DE ALMACENAMIENTO OE,
111H LA BODEGA )

80 FORMAT (54H LA CANTIDAD OPTIMA ORDENADA ES DF we-emcmmccmemmaaaa. ’
117TH= == e m e == +F10.2) "

81 FORMAT (54H AL PRECIO UNITARIQO DF emmemmreccmcercc e ccccec e e ’
J1TH==cmmemm e e vF10.2) -

82 FORMAT (54H OBTENIENDO UN COSTO TOTAL DE INVENTARIO DE -=--mmem—- .
117Hem e m e m e e e e 9F10,.2)

83 FORMAT (54H DONDE EL NUMERO DE CICLOS LDE OKDENES POR AiQ £ES DE ==,
117H- e mmm e m e sF1042)

84 FORMAT (48HOEL LIMITE DE LA BODEGA NO TuBO EFECTO EN MOCOE )

45 FORMAT (51HOLA CANTIDAD ORUENADA ESTA LIMITADA POR EL ESPACIU »
120HFISICO DE LA RODEGA ) , '

86 FORMAT (48H Y ESTA RESTRICCION NO ES OPTIMA, SE ELIMINA LA )

B7 FORMAT (54H RESTRICCION Y SE CORRE EL PROGRAMA DE NUEVO. OSSERVE
110HEL EFECTO.)

88 FORMAT (53H DESPUES DE HABER APLICADU LA LIMITACION A LA BODEGA )

89 FORMAT (52H ESTA ORDEN ESTA SUJETA A LA CAPACIDAD MAXIMA DE LA
17HBODEGA )

90 FOKMAT (31H CON UN INVENTARIO OPTIMO DE 3 +50XsF10.2)

100 CONTINUE
CALL EXIT
END
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PROGRAM DYNAM
SOLVES DYNAMIC PROGRAMMING PROBLEMS
SIZE UP 10 9 STAGES AND 30 STATES

wILLIAM G, LESSO,DEC 1971 REVISED RDH 4/73

THIS VEKSION FOR CDC 3100

DIMENSION ITLE(10)s G(9930)s F(2¢30)9 X(30)»

1 XO0UT(9)y 1H(12)
COMMON /DATA/ZIDAT(12)

FX{9+30)

XDPT(9930)

DATA (IDAT=1HA»JHBsIHColHDs1HE 9 1HF s IHGo 1HH 1H] ¢ 3HMAX 9 BHMIN 9 4HSTOUP)

INTEGER XoXDPTyXOUT
DU 1 I=1.12
TH(I)=IDAT (1)
1107=0

NIN=5

NOUT=6

READ AKND wWRITE USER NAME CARD
READ (NINs21) ITLE

WRITE (NOUT,22) ITLE

IF (ITLE(1)+EQsIH(12)) GO TO 20

READ AND WRITE DATA CONTROL CARD

READ (NINgs23) MCODEMSTAGE«STATE 4MCOPY
MSTATE=STATE

WRITE (NOUT+24) MCODE¢MSTAGL MSTATE s MCOPY
1IF (MSTAGE.LT,2) 6O 10 17

IF (MSTATE.6T.30) GO 10 19

KREAD AND WRITE STATE RETURNS
WRITE (NOUT.25) MSTATE

DO 3 I=1+MSTAGE

READ (NIMs26) (G(Ied) e J=1sMSTATE)
J1=MSTAGE=1+1

WRITE (NOUT,28) I1H(II) _

WHITE (NOUT427) (G(l1ad)sJ=]+MSTATE)
1F (MCUDE.EQ.IH(11)) GO TO b5

IF (MCODEJNELIH(10)) 60 TO 13

DO 4 1=]1+MSTAGL

00 4 J=1+MSTATE

G(led)==G(1ls)

G(I4J)==G(14sJ)

CONTINUE

CONT INUE

DO 6 JU=1eMSTATE

X(J)=0.

F(I’J)=00

CONTINUE

WHITE (NOUT.29) ITLE

MAIN DO LOOP THROUGH EACH STAGE
DO 14 156=1¢MSTAGE

DO 8 I=1eMSTATEL

F(2+1)=99999,

X(1)=0.0

11=1

DO 7 J=1,11

k=ll=d+]

SUM=G(ISGed)+F (14K)

F(2+11)=5UM

X(Il1)y=d=1

CONTINUE

CONTINUE .
IF (MCOPY,GT.0) GO TO 9 _

P>Prr>»>>>
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11
12
13
14
15
lo
17
18
19
2l
21
22
23
24
2o
26
2
28
29
30
31
32
33
34
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36
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34
39
40
41
42
43
44
45
46
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
ol
62
63



11=MSTAGL=-150G+1
WRITE OUT CURRENT RLSULTS

WRLTE
whiTE

(NOUT+30) IH(1])
(NOUT+31)

DO 10 JI=1yMSTATE
F(lel)=F(2s1])
1F (MCODE.EQ,IH(11)) 6O T0.12

DO 11
F(2s1)

I=14MSTATE
==F(2s1)

CONTINUE

CONTINUE

DO 13 I=14MSTATE
XDPT(ISGeI)=X(I)
FX(1SGel)=F(2s1)"

IF (MCUPY,.,GT,0) GO TO 13

10UT=1
WRITE

-1 .
(NOUT932) I10UToX(1)sF(2,1)

CONTINUE
CONTINUE

WRITE
WRITE
WRITE
WRITE
DO 16
10oUT=1]
170T=1

DO 15 1SG=14MSTAGE

OUT OPTIMUN RESULTS

(NOUT»33) 1TLE
(NOUT34%)
(NOUT935) (1H(1)9+1=1sMSTAGE)

1=1,MSTATE
-1

M=MSTAGE=~15G+1
XOUT(ISG)=XDPT(MyITOT)
ITOT=ITOT-X0UT(ISG) .
(NOUT+36) 10UT9sFX(MSTAGEsI) s (XOUT (J) 9J=19MSTAGE)
CONTINUE

RETURN FOR NEXT DATA SET
GO TO 2

WRITE

THIS SECTION PRINTS ERROR MESSAGES

WRITE
60 TO
WRITE
60 TO
wRITE
WRITE

“FORMAT
FORMAT
FORMAT
FORMAT
FORMAT

20

(NOUT,37) A

20 .

(NOUT 5 39)

(NOUTs40)
(NOUT+38)

(10A4) .
(19H1PROGRAM DYNAM FUR +10A4)
(A3¢2XeI) et X9F2e093Xs11)

(1HOsA3+8H=MIZE  +11,10H STAGES  +I12s10H STATES  »11)

(52HO0STATE(]) me=mmmmem STATE RETURNS AS READ

1STATE (124 1H)

FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
(X))

(6F5.0)

(6F10.4)

(7TH STAGE LAl)

(18HIDYNAM RESULTS FOR +10A4)
(27THORETURN FUNCTION FOR STAGE sAl)
{25H STATE DECISION RETURNS)
(3XeI2+4Xe1291XeF1344)

(22HO0OPTIMUN DECISION FOR 4]0A4)
(1HO+8Xs30H DESIRED DECISIUN AT STAGE)
(16H STATE RETURNs9Q (5XeAl)
(3Xe134F10,2+9]0)

(34HOSORRYs AT LEAST 2 STAGES REQWUIRED)
(1#HIDYIRAM RUN STOPPLD)

(33HUCAN=-T TELL IF MAX OR MIN PROBLEM)
(28HO0SORRYy 30 STATES IS MaXIMUN)

>PPPEFPPPBPOPPPDPDP»EDPIPPEDPDPODOPIPOPPPEPIPDLDIEDD DD EDPIIPIPDDOIPDPDDPEDPDEPDDPDPDE

LY
65
66
67
68
69
70
71
72
73
T4
75
76
77
78
79
80
81
82
83

- 84

85
86
67
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
1us
105
1v6
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
1217
1282
1292
1302
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PEOGRAM QUEUES

MARCH 1972 M J MAGGARD
THIS VERSION FOR CDC 3100
DICTIONARY OF VARIABLES

AT TIME THE HOUKS OF SYSTEM IDLE TIME - TOTAL

ANUM ¢ SNUM NUMBER OF RLCADS IN ARRIVALS AND SERVICE
AR(500) AN ARRAY OF READ 1IN ARRIVAL TIMES

AKR RIZARR 1M THE ARRIVAL RATE AND TIME )

CH AN AKRAY OF ARRIVAL AND SERVICE ON FIRST 20 CUSTOMERS
CIDLE THE COST OF EYETEM IDLE TIME - TOTAL

CUMQUE (100) AN ARRAY WHICH STORES IDLE CUSTOMER HOURS
COSTS THE COST PER TIME UNIT OF IDLE SERVICE

COSTA THE. COST PER TIME UNIT OF IDLE CUSTOMERS
CUSERV,KCUS ' THE NUMBER OF CUSTOMERS BEING SERVED '
CWAIT ' THE COST UF CUSTOMERS HOURS IN WUEUE = TOTAL
DEP RTLDEP TM THE SERVICE RATE AND MEAN DUKRATION .
HKSNQ THE HUOURS OF CUSTOMER TIME IN QUELUE - TOTAL
IsJ _ THE CHANNEL NUMBER BEING PROCESSED

17 NUMBER OF ARRIVALS WHICH HAVE OCCURED

R s KS OFTION CUDES FUR ARRIVALS AND SERVICE

Ny MAKXS BEGINNINGsMAXIMUM NUMBER CHANNELS

PCUTIL THE PERCENT UVTILIZATION OF THE SERVICE FACILILTY
GUE THE NUMBER OF CUSTOMERS IN GQUEUE AT ANY POINT
SKR(500) AN AKRAY OF READ IN SERVICT TIMES

TCOOP THE TOTAL COST OF THE SYSTEM

TIME s TTIME CLUCK TIME+HMAX SIMULATION TIME

TRARV THE LATEST anRlIvaL TIME

INDPR THE DEPARTURE TIME OF Thit LATEST DEPARTUKRE

MAY BFE SET ARTIFICALLY FOKR PROGIAM LFFICLIENCY
JNTMN e KMNTX MESI wATT TIWMb«MEAN NUMBLK I QUE

AV aHA AVERAGE ARKIVALS FER TIBE URIT
AVSERY AVERAGE SERVICE TIME

Al VEAIS WO, TN THE SYSTFM

arTlsS MEaN TInE 1l THE SYSTEM

VCOST TOTAL VARIAUWLE COST OF OPERATIONS

VCOSTS VARIARLE CUST PER UNIT

FCOUST TUTAL FIXED CUST OF OPERATIONS

FCOSTS FIXED COUST PEK UNIT

wsveT AN ARRAY OF WQULUED SERVICE TIMES

ricULE SCHEDULE RULE CODE (1=RANDOM2=FCFSs3=S0T)

COMMOMN TLPHA(10) ¢ ANUM e ARRRT y ARRIM,CH(20s10) s CUMUTL s CUSERV 4DEPKRT,
DEPTMe I 9 JUSERV 417 ¢ KASKCUSsKSsNeNFLAGISNUMsSTATUS(9) 9T
TIMESZTTIME ¢ TNARVeTNDPR(9) s AVARKRASAVSERVJAMNIS s AMTIS,

VCOST s VCOSTSWFCOSTWFCOSTSsKRULE « TQUE s CUMWQUE (101) o
BSVCT(101) s AR(S500) 4SR(500)

COMMHON/DATA/ 1EKRD )

DATA (1END=4HSTOP)

ISTUOP=1CND

NIN=S

NOUT=6

READ AND PRINT USEk NAME ChARD

CONT INUE

KEAD (KRINe311) 1LPHA

LHITE (WNOUT.321) ILPHA _ _

IF (ILPHA(]1) EQ.ISTOP) GO TO 301 ‘

READ AND PRINT ARRIVAL DATA CARD AND SCHEDULE RULE CODE

READ (NINg331) KA ARKRTZCUOSTA,KRULE s AlvUM )

WRITE (NOUTs341) KAsARRRT$CUOSTAKRULE

IF (KA.,LT.1) GO TO 291
IF (KA,GT,.4) GO 10 291
IF (KRULE.LT.1) GO T0 291
IF (KRULE,LG1,.3) GO Tuo 291
G 10 (21e31e41)e KKRULE
CORTINUE .
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18
1v
c0
21
22
23
24
25
26
27

-]

s
30
31
32
33
34
35
36
37
3s
39
40
4
42
43
G4
45

40

417
48
49
50
51
52
53
54
55
56
i
58
59
(11]
61
62
63




chd
41

51

61

71

8]

91

WHITE (NOUT$391)

GO0 TO 51
CONTINUE
WRITE (NOUT.361)

GO TO 51
CONTINUE
WVRITE (NOUT.371)
READ ARKRIVAL STATISTICS
CONTINUE

IF (ANUM,LE.0,0) GO TO 71
NUM=ANUM
AFRRT=1.234
KA=4
WRITE (NOUT,391) NUM

IF (ANUM.,GT.500.,0) GO TO 291
READ (NINs381) (AR(I)yI=]1eNUM)
WRITE (NOUT.401) (AR(I)sl=1eNUM)
DO 61 I=2.NUM
J=1-1

IF (AR(J) d6TLAR(IY)Y GO 10 291
CONTINUE
SET ARRIVAL TIME AT IWNVERSEL OF ARRIVAL KATLE
CONTINUE

IF (ARRRT,LEL0.0) GO TO 291
ARRTM= 1 0/ARRRT
HEAD AND PRINT SERVICE DATA CARD
HKEAD (NINWNes4ll) KSeDEPTMeFCUSTSsVCOSTS e SNUM
WHITE (NOUT«421) KSsDEPTM
WRITE {MOUTL431) FCUSTS,VCOUSTS

IF (KRS.EQ.0) GO 10 291

JEOGRS,,6T.4) GO 1O 291

v S LECGeti) GO TU ©1

Dot = thokes

i iiv=l 2 3¢

roYy =4

whITE (noUTes41 ) ntn
FEO(SNUMOT«HUG0) 50 TU 24

BEAD (Te3R1I)Y (Sh (1) s I=T1 liliin)
rElTE (NOUT 401 ) (Sk1) s I=1eNUM)
DO 81 I=t,,0UH
IF (SE(L)Y.LTL0.6) GO Tu 29]
CONT INUE
SET SERVICE RATE AT INVERSE OF SFRVIL& TIME
CONT INUF
IF (DEPTMJLEL.0.0) GO TO 291
DEPRT=1,0/DEPTHM
READ SITMULATION CONTROL CARD AND PRINI
READ (NIMe451) NeMAXS,TTIME
VRITE (ROUTs461) NeMAXSTTIME
CHECK SIMULATION KUN LIMITS
IF (NJEQ.0) GO TO 291
IF (MAXS,LT.N) 6O TO 291
IF (TTiME.LEL,0.0) GO TO 291
END OF INPUT DATA CHECK
HCOUP=994Y999, o9
SIMULATION OF A GIVEN NUMBER OF CHANKELS (N) BEGINS HERE
INITIALIZE SYSTEM FOR NEXT SIMULATION RUN
COUNTINUE
TIME=0.0
TNARV=0,0
1QUE=1
CuMuTL=0.0
CUSERV=0,0
1z=0
KCUS=0
NFLAG=0

>2PrrreT 2> >PPP>PPPp>PP>»>PXr>>RDP
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b4
65
66
ol
6d
69
70
71
12
73
T4
75
76
117
78
79
80
81
82
83
Ha4
85
BsoO
¥
By
89
94U
91
92
93
9%

w i
B Xe
-y
I TRV,
101
tue
1u3
l1u4
10%
lue
107
lus
109
110
111
112
113
114
115
116
117
114
119
120
121
122
123
124
125
126
127
128
129



161

cooOacaon

191

TUSERV=0
SET:HANU(]234567-O)
DO Y11 M=1,5100
USVCT(M)=0.0
CUMQUE (M) =0,0
CONT INUE
DETERMINE SERVICE TIME FOrR THE IST ARKRIVAL
GO TO (1214131+1414151)9 KS
POISSON SERVICE RATE
CONT INUL
H=RAND (0 +9)
T=ABS(DEPRT#*ALOG (R))
GO T0 161
NEGATIVE EXPUONENTIAL SERVICE TIME
CONTINUE
R=RAND (0+9)
T=ABS{DEPTM#ALOG(R))
GO TO 161
CONSTANT SERVICE TIME
CONTINUE
T1=DEPTM
GO T0 161l
READ IN SERVICE TIME
CONTIRUL
1=SR{1])
CONTINULE
GSVCT (1) =T
DO 171 L=1eN
TDPK(L)=9Y9994%G,9
STATUS (LY =0G.10
COnT INUE
Lol =120
e el Jd=t el

(l‘(]!\}):”o'}

(“v:l!ivllf
Dot vt ADTND POk RESULTS
(SRS S A S QUM S L SR/ N SR

Litl T (NOUT ea B
e brE (PO e 49 1)
SET P IRST abrIvel OCLUKANCEL AT TIME ZBERU
TrRAL V=410
CH(le1)=0.0
17=1/+1
MATN SIMULATION BKANCH PUOINT
CHECK bACH CHARNKNEL InN TURN FOR POSSIHLE DEPARTURLE
IF ALL CHARNELS ARE IDLE (TNpPR = 99949499,9) THEN GO TO ARRIVE
IF ALL CHANNELS ArRE HBUSY (TNARV IS +6bs TNDPR) THEN GU TU ARRIVE
IF A DEPART IS NEXT (TNDPR 1S 0E, TNAKV) THEN GO TO DEPAKT
SET AND IVALUE KEEP MULTIPLE DEPARTURES IN CORKECT TIHE SEWUENCE
CONTINUE
SFT=R88R8BH.
DO 201 1=1eN
IF (INDPR (1) 6T INAKY) 6O TO 201
IF (THNDPR (1) .GT.SET) 6O TO 201
SET=TNDPR(])
IVALUE=]
CONTIRULE
I=1VALUE
IF (SET.LT,.Hu888K8,) 60 10 211
CALL ARKRIVLE
GO TO 191
CONT I NUL
CaLL DEPART
ON RETURN FROM DEPART CHECK SIMULATION TIME LIMIT
IF (1TIMELGT.TIME) GU TO 161
END OF SIMULATION RUN===PRINT FIRST TwENTY TRIALS
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131
132
133
134
135
130
137
138
139
140
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143
l44
l14b
146
|
148
149
150
151
152
153
154
1bb
156
in7
lLIH
1Hy
ey
101
1t ~
ty o
li\q
lf)i‘v
lro
e/
16
l()L}
17u
171
172
173
174
17>
176
177
174
179
180
1H1
182
143
184
185
1o
147
18y

‘189

190
191
192
193
194
195
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221

241

251

261

271

Ni1=N+]
“1IF (CUSERV,LE.20,0) GO 10 221

NXX=CUSERV

G0 T0 231
CONTINUE
NXX=20a
CONTINUE
DO 241 1=1sRXX
VRITE (NOUTS501) (CH(IeJ)eJ=1,4N1)
CONTINUE
COMPUTE HOURS IN QUEUE FOR SUMMARY PRIN OUTOUT
HRSNQ=0.0
MAXQUE=0
DO 261 M=24,100

IF (CUMQUE (M) .EQ,0,0) GO TO 251
MAXQUE=M=1]
COUNT INUE
XM=M=-}
HKSNU=HRSNQ+ (XM CUMGUE (M) )
CONTINUE

IF (MAXWUE.LT.99) GO TO 271
WRITE (NOUT¢511)
CONT INUE

IF (NFLAGJNEL76) GO TO 281
wRITL (NOUTs521)
CONT I NUL
Xiv=N
14=17-1
x12=12

PRINT SUPMARY STATISTICS FOR THIS NUMBER (N) CHANKNELS

whlIth (NCUTeH31) 1Z2sCUSLRVeTINMLE

Vil (HOUT 64 )) PraxlUr

PRATE D R ST ST S R

WRITE (0OUT ebHS ) AMRTA

ARTHE= I ISNG/XL

wRITE (WOUTsb61) XMNTM

PCUTIt =((CURDTL/TIME)Y® 004 /XN

Wi TE (GilT ¢&71) PCUTLIL

CuwAlT=hSKUEHCOSTA

ATTINE=(TIMLAN) -CUMPUTL

COMPUTE AVERAGE sARRIVALS PERK TIME Uwnlld

172=112

AVARRA=T </ TIME

wWHITE (NOUT.581) AVARRA

COMPUTE AVERAGE StRVICE TIME

AVSERV=CUMUTL /CUSERYV

WRITE (NOUT¢591) AVSERV

COMPUTE HMEAN NO, IN THE SYSTEM

AMNIS=XMNTX+ (AVARRA/ (1 0/AVSERV))

WRITE (NOUTe601) AMNIS

COMPUTE MEAN TIME 1IN THE SYSTEM

AMTIS=XMNTM+ AVSERY

YRITE (NOUTs611) AMTIS

WRITE (NOUTe621)

WRITE (NOUT9631) HRSNQeCOSTAGCWAILT

COMPUTE TOTAL VARIABLE COST

VCOST = CUSERV#VCOSTS

COMPUTE T0TAL FIXED COST

FCOST=xN#FCOSTS

PRINT SUMMARY COST INFORMATION
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IF (TCoLVP.GE.BCOOP)Y GO T0O 11

rP>PPrPrP>PPrrr»re>»rr»rrrx»>>»>r>»D>r:3:

> P PP >

> 2 D> r >

P> rrrkrx>

-
>

r>»2er2>2»rrr>»pPp>»>pP P >>D>>Er

Ivo
197
lvd
1y9
200
20l
2u2
203
204
205
206
207
208
209
210
21l
212
213
2l4
215
2106
217
218
219
220
el
222
723
224
Zceo
276
2ci
cc
coy
c3u
231
232
33
234
235
Z23b
23f
238
239
240
241
242
243
244
245
246
cal
2448
249
YedoX)]
251
252
253
2b4
2bb
256
251
Z25a
2bY
260
261



291

301

311
321
331
341

351
361l
371
381
391
401
411
421
431
44
44%)

471

4081

491

501
511
521
531

541
541
561
571
511
591
601
611
621
631

G0l
6t
671

6ol
691

STUP RUIN IF MAXIMUM NUMBLR OF SERVERS REACHLED
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CUNTINUE
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VRITE (NOUT.681)
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FORMAT (10A4)
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oF 6
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1LS) - - - - ==
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FORMAT (32H MEAN TIME IN THE SYSTEM +F1l0
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FORMAT {20H0TOTAL COST OF OPERATIONS

12) )

FORMAT (3HHE## L RROR I QUESTM DATA CaARDSs#E#)
FORMAT (35H #¥82CORRECT DATA AND TRY AGAINttR##)
FORMAT (22HO0GUEUES RUN TERMINATED)

tEND i
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TECIAL LINEAR PROGARAMAGULG PROBLEMS

Sohve the giame and show that the solutions to the lincar-programming
problem and its dual correspond to the uptimal probabilitics of the
game players.

Given below is an input-output matrix.
(a) Sctthe problem as a lincar program
(b} Solve it (use a computer).

T svuntwesver ]
T T ;‘0”1':
CoM.1a COM.2 cOM. 3 coM. 4 (oM. § com. 6 com. 7 COM. 8[suppLY
maok 1| 1 1 o o o 2 2 o |10
maor2l 0 0 o o 1 o 1 1| 1
FACTOR ; 4 Z 1 2 ¢ 2 2 3 ) 325
TA(‘TOR- 4i O 0 0_ ¢ i 1 2 O_ 100
;;\C‘IOR Sﬁ o 0 0 0 0 0 0 2 50
TACIOR 6! 2 3 5 3»~ ! 1 2 0 —:is—
mcor7] 2t 3 3 o 3 1 o | s
—;;0_11 8 0 1 0 G (; 0 1 3 125
M_c;\;_l _-—(—) 0.2 ] C.1 5-_— 01 Y 0.1
_~C;)M 2 0 0.1 0.2 0 0.-2 0 0.2
com. 3} 0.1 0 0 0.2 0 0 0
oM. 4 0 0.1 0.1 0 0.1 0.1 ¢ o0l
COM_.- _5~ -0.2 0 0 0 0 0.3 1]
Ccow. 6] 0 02 01 0 o o1 o |
COM 7‘ o 0.1 0.2 0.2 ¢ 0
B ;o;:- ;._ 0.2 0 0.1 0_ 0 0.1 0.1 ]
_mzorn'
| PERUNIT] 80 25 110 115 120 125 140 200

s Com. == Commodily

Expiain why, in a transportation problem, a solution with m+n—1
occupied cells is a basic feasible solution.

B T T Oty SO S W

Ot S e ————

L SRR PR

INTEGER 6
PROGRAMMING

6.1

INYTRODUCTION

Linear-programming models assume divisibility. In other words, any non-
negative continuous vilues can be assigned 1o the solution variables. How-
ever, in many practical cascs, this assumption is unrealistic. For example, an
optimal solution calling for scheduling 2.3 machines does not have an opera-
tional meaning. We must schedule two or three machines—not 2.3. Similarly,
in shipbuilding one cannot procced to build 7.5 ships. The essigmment
problem represents another example in which divisibility is not appropriate.
(However, the assignment algorithm always yicids-an integer solution.}

Al of these examples suggest the need for imposing an additional constraint,

namely that some, or ali, of the solution variables must be restricied to
integer values.! The resulting model, which is called integer (linear) programe-
ming, consists of (1) a lincar ohjective function, (2) a sct of lincar censtraints,
(3) a set of non-negativity constraints, znd (4) inieger-value consiraints for
one or more variables.

When all the variables of the optimal program are required to be inregers,
we have an all-integer pioblem. If only some of the variabies must-be intcgers
we have a mixed-inieger probicm,

P Ananteger number 1s 4 whole number as distinguished fiom a fraction,

bt X4



256 CHAPTER 6 INTEGER PREOGRALIING

Adding the integer requireiment creates moye constramts. This nicuns thag
the optimal integer solution w;l| alwiys be cqual 1o or less favoruble thun the
optimal non-integer solution, In other words, the decision n
pays a price for imposing the indn .

Integer programming is extrenicly important not only because it aliow, .«
ta solve practical problems with indivisibility reguirements, but also because
it can be used as an auxiliary tool in the solution of several complicated
problems that cannot otherwise be solved. For example, many nonlincar,
noncanvex, combinatorial, and discrete problems can be reduced 1o integer
linear-progr;nnming form.

As in the case of nonlinear progratiining we encounter difficulties in the
solution of medium- and large-size probleins (for example, more than 100
constraints and 100 variables to be integerized). Some of the difficulties
arise mainly in the process of verifying the optimal solution (optimality
test).?

Various methods are available for soiving the integcr-programming
problem.? In this chapter we shall discuss the following:

wher wsually
Siliy requirements.

. Rounding off 4 noninteger solution,
- Complete enumeration,

- Graphical approuch.

. Gomory's all-integer mcthod,.

. Land and Doig's method.

. Branch-and-bound approach.

. Heuristic programning.

SN D N e

In addition, we shall discuss, very briefly,
dual-integer problem, and the
tllustrate scveral important

discrete programming, the
nonlinear integer problem. We shall also
applications of intcger programming,.

6.2
ROUNDING THE NONINTEGER SOLUTION

A practical approach to an inlcgc:‘—pmgr;‘.m;ning problem. in some cases, is
to solve it as a regular Hincar-progiamiming problem and then round off the
optimal results. The major advantage of such an approach is economy of
the time and cost that would have been required for formulating and solving
the special inlcger-programming model. since the integer requirements usually
result in additional iterations. The major disadvantage of the roundina

8
approach is that we may arrive at a solution that may be different from the

optimal integer solution, and possibly infeasible.
In order to illustrate this point we sunmarize in Table 6.1 the “rounded"

. .
? For cxample, an cxireme point can te locally optimal among ncighboring “all-
integer™ points und =M not be globally oprinal,

*Forasuney s linski [6, 71,
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and the actual infener seletions to two different problems Inthe first cave we
Want Lo maninze an obicctive function of Ax, + 2 vy, subject 1o the consitaints
H0x, + 5%, <100 and 207, 5205, <200, and in the wcqnd We want 10
menimize an ebjective funotion of 10,000x, +20,000x,, stibject 1o the con-
straints X3 4.5, v, <35, and xy+ v, <7, In each case we present tor com
parison the noninteger result, a rounded result, and the optimal integer
solution..

Table 6.1 Comparison of infcger und nonintceger solutions

ONE WAY OF
NONINTEGER ROUNDING OF IIMAL INTTGER

OWILCTIVE | — - IR Sl TP

FUNCTION X F(x) x; F(f,)_,,__.mf{. o _fg“_)__
caset | 3ee2x. | mas = =8
CASEl | 3x;4+2x, | x,=75 x, =7 X,

x;=S5 $32.5 x,=5 §31 X; = $32

S __T_ T A P S
CaSE i | 10,000x,+ | x,=3.5

X;=3 Xy=
20,000x, Jx¢=3.5 3105000 § x4=3 $90,000 | x,=3 $100,000
[ S .

= e e e

l

It is quite evident that in the first case the rounding did not lead us to the
true-integer optimal solution, but it did lead us to a rounded solution that
is only $I away from the oprnial integer solution. In the second case, how-
ever, the difference between the optimal integer solution and the rounded
solution is substantial ($10,000).

Another variant of the rounding method is the trigl-und-error approach,
in which one must enumerate selecied integer solutions in the acighborhood
of the noninteger solution. In Table 6.1 for example, one can check (in case I)
the value of the objective function given by the pairs (7,5) af\d (8.4), and then
sclect the pair with the highest value of the objective function. One wor.d of
caution: Rounding might result in violation of one or more constraints.
Therefore, when rounding, one must check all constraints that include the
rounded rariables against possible violation. .

An interesting approach to the rounding method is a systematic “rounq-
ing algornhm.” (See Gomory's work [23] involving the use of dynamic
programming.)

6.3
COMPLETE ENUMERATION

Theoretically, any all-integer program can be solved by complctc. cnumera-
tion. It is possible to assign all possible integer mlycs to all \”.rmb]c~s ang
check all possible feasible solution combinations (if the feasbie region is
bounded) to determine that combination which )‘iclds‘ll.c 1 st value (in
maximization} of the objective function within the Limits of the constraints.

b

\:

-
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In cases where the number of variables and the pescible combinations is small,
this method might be efficient. However, in most practica! problems we find
an asironomical number of combinations, and the method is therefore
impractical. e

There is one special cace in which compicte enumeration might be used
with advantage.” For example, several business and cconomic decision prob-
lems can be so formulated.that the value 1 designates a *“‘yes™ choice, and the
value O designates a "*no™ choice; thus, the variables are restricted to the
values of cither T or 0. For such cases an implicit enumeration search has
been developed by Balas {3). This method has 2lso been used in a problem of
allocating funds to independent rescarch and development projects (sce
Peterson [43]). and has been found to be very efficient with as many as 50
variables. Enuincration efferts, in general, may be reduced with the branch-
and-bound approach (sce Scction 6.7).

6.4
GRAPHICAL METHOD

6.4.1 GENECRAL

All 2xn integer-programming problems can be solved by the graphical
method. Problems of the dimension 3 ».n can also be sohved graphically, but
the solution is not as casy to obtain. The major advantages of the graphical
method are its simplicity and its applicability for solving both the all-integer
and the mixed-integer probiems.

The graphical approach to all-integer and-mixcd-intcger problems is
siinilar to the graphical upproach for solving regular lincar-programming
problems. The difference lies in the nature of the feasible solution spaces for
the two problems. Whereas in the regular case we construct the convex set of
feasible solutions bounded by the linear constraints, in integer programming
we obtain a collection of lattice, all-integer points.*

6.4.2 AN ILLUSTRATIVE EXAMPLE
a. The Froblem

The ABC Compiny is a large manufacturer of household appliances. Recently
its board of directors approved a $12.5 million budget for constructing addi-
tional plants and/or warchouses. The construction of each warchouse will cost
51 million, and the management does not want more than eight warehouses.
{he constructinn of each plani will cost $2 million, and the management

* Points where all coordinates are given by integer nuinbets.
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does not plan to construct more than five plants. It is estimated that cach
warchouse will contribute $31.000/month.to the company's profit and each
plant will cdntribute $60,000/month. The problem is (o determine the optimal
number of plants and warchouses.

Since we cannoet build {ractions of plants or warchouscs, our problem
is clearly 2n integer-programming one.

The problem can be mathematically stated as follows:®

max z=31x, -+60x,

sft
X+ 2x,<128
X <8
X3S 5

and x, and x, must take non-ncgative integer values (x, =number of ware-
houses and x, =number of plants).

b. Graphical Noninteger Solution

Using the method suggested in Chapter 3, we have solved the problem
graphically, as shown in Figure 6.1. Point C (2% plants and 8 warehouses)

X3
x; +x3 ='10 (cutting plane)
10-:"/
AN
94
\\
8t AN ’/xlws
\
-~ 74 .
g “
.E 6-;\\ \\ . x3=5
-..6 5 AJ\\\_ B \\ /
- T E‘\
i
s 4T + +
E !
It + N G
S baoprofit line 23
b £ 3 LG, c60r, = 186 + )
\\
1+ + + { ka‘f' + 4+ \\ il
S Do NGB S
i e e e L e S S
G 1.2 2 &« S 6 7 8 9 5 Il 12 13

(number of warchou.cs?

Fxcuru; 6.1

1 L% Note that we have scaied the objective function 5s well as the first constraint.

. . . .o, . +
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(9]

represents the opumal program. Such a program will result in a profit of
$31,000 x 8+ SG0.600 x 24 = S3E2.000 month.

¢. Graphical Integer Sclution

Our first task, as in the nomnteger case, 18 to determine the foasble solution

et. In this simple example, this can casily be accomplished by marking all
possible integer solution combinations (lattice points) with a *+™ sign
(Figure 6.1). If we construct a convex set with a mimmum arca covering
all the integer-solution set, we get the area (OAEFD), which is a convex set
smaller thun OA4BCD. To solve this problem we draw an urbitrary profit
line I-1, derived from 31x, +60x,=186, and then we draw profit lines
parallel to the line I-I until the optimal solution, at point F (8, 2), is
obtained. The expected profit in this case is 8x $31,000+ 2 x $60,000 =
$368,000.

d. A New Constraint

The difference between the noninteger feasible area (OABCD) and the
integer feasible area (OALFDY) is the replacement of the constraint x, +2x,
<12.5 by a new constraint (line £F) x; +2x, <12, The major problem in
integer programuming is to find a LOHS(rdml of this type that eliminates non-
integer cocners, such as B and C, from considcration.

6.43 COST OF INDIVISIBILITY

The integer solution indicated a monthly profit of $368,000 as campared to
$383,000 for the noninteger solution, The value of the objective function is
thus reduced by $15,000/month. This difference is called the cost of indivisi-
bility. In our cxample the cost of indivisibility is actually smaller than
- $15,000/month. This is because the integer solution, under the assumption of
the problem, leaves $500,000 idle funds (we use only $i2 million out of
the $12.5 million available). This money can be invested in, say, the bond
marhet, and the yield can be deducted from the §15,000 figure just calculated.
If we assume that the bond investment yiclds 4.8 per cent a year, and we invest
$500,000 in bonds we will net $2000 each month. Thus the actual cost of
indivisibility in this case is $15,000—$2000=513,000 per month. In other
words, the indivisibility requirement has forced us to dizert some resources®
from the mast profitable projects to less profitable projects. Thus the actual...
cost of indivisibility is the difference between vtilizing the resources in the:
most profitable outlet provided by the problem at hand and utilizing them in.
the most profitable alternative. . ... . 0 L L L G e e
b . e Lo e TS o b e Cooaad

8 In soine caser 2 gh vacmn(hcs of the unut)hnd resources dre such that lhey cannot
bz diverted to altc Ve uses.
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6.5

GOMORY'S METHOD-—-ALL-INTEGER CASE

6.5.1 CONGRUENCY

Refore discussing Gumory's method {21] it is helpful 1o present the mathematis
cal notion of vongruency used in this method.

Definition

Two numbers are said to be congruent if, and only if, their difference is a
posilive or a ncgative integer. The sign = denotes congruency.

Examples:

(a) 4.5=1.5; (bccuuse 4.5—-1.% 4:} an iglcger)

(b) ~2.75:2325;(—2.75 -3 75= —6)

(© 3=5,3-5=-2)

(d) 2.625=0.625; (2.625 -0025=2}

() -07=03;(-0.7-03=-1)
The fractional part £, of a real numbzr x is defined to be the smallest non-
negative mwnber congrueni with x. li other words, f, is the smallest frac-
tional part that one can subtract from a noninteger number in order to
convert it into an integer number.

Examples:

(a) Given x=5.3, then f,=0.3; (5.3-0.3=35)

(b) Given x=—2.25, then f,=0.75; (-2.25-0.75= = 3)

(¢} Givenx= -6, thenf =0

(d) Given x==0.33, then £, =0.33

Properties of Congruent Numbers

If we have two numbers x and y such that x = y, then

m .=/,

Q) fer,=fi+],

(3) x+c=p+c,foralle
4 -x=-y

Also, if k is an integer, then

ky=f,, =kf,

6.5.2 GOMORY'S BASIC IDEA

Gomory's major idea was to construct a convex area covering all lattice
points. He accomplished this by constructing “cutting plar ”’ with the aid
of additional constraints imposed on the problem. These  .tting planes,”
which are introduced gne at. a tine, reduce the original feasible area to the
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desired integer configuration. Gumory's constraints have the following
properties.

. They u~ually cut a convex area out of the previous feasible area,

2. The cutiing planc goes thiough at leasr one lattice point (not necessarily a
feasible one). .

3. Each cut approaches the smallest area that is iequired to cover all feasible

lattice points.

The method insures us an optimai solution in a finite number of iterations.”

The Gomoery method is described below:

First we solve the problem without paying any aticntion to the integer
constraints. Then we examine the optimal solution. If each variable is an
integer, the problem is solved. Otherwise, we construct 2 Gomorian constraint
and impose it on the original problem. This consiraint is our “cutting plane.”
The addition of the Gomorian constraint turss the optimal and feasible
(noninteger) solution into an cptimal but infeasible (noninteger) solution.
Henee, the next step is to employ the dual-simplex method {0 arrive at a new
optimal and feasible solution. If this is an all-integer solution, the problem is
solved. Otherwise, we keep on adding Gomorian constraints, one at a time,
undl an optimal integer solution is obtained. These steps are summarized
in Figurc 6.2.

Solve as a regular
linear-programnung prohlem

—1!"—

v

l‘ls the optimal solutson | YeS

all-nteger?

No
3

Add a Gomorian
constramnt

Reoplimize

-

FIGURE 6.2

7 This may not be tru. ~vhen compuiation is exzcuted by a compudter, because of “round-
ing” errors.
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653 FORMULATION

The foliowing is a cordensed presentation of the mathenatical formulation
of Gomory's methed.

If we examine the optimal solution ie a linear-programming pioblem
we can isolate a given row, and write this row in the form of an equation
such that .

- xp=qe YAy 6.1)
et

where

x, are basis variables

g, is the value of vuriable i in the solution

d;, are the substitution ratios in the optimal tableau
X ; are the nonbasis variables

If all g; are integers, we have an ali-integer soluticn and the probiem is
solved. If not all g, are integers, we add a Gomerian constraint. The addition
of the new constraint follows thesz sieps:

1. We divide all noninteger g, values into an inleger and a {ractional part;
that is, g;=k+f; (where %, is an integer and £ is 2 non-negative fractional
part of g,).

2. Divide the substitution ratios in a similar way:

Guy=ky+ Sy

Then, we substitute these new values inic (6.1) and get

mn
xi=ki+fi= T (kytfix,
J=mei
=(I;I‘Ekuxl)+(fl_“zf;lxl) " (62)
integer i

In order for x; to have an integer value the eapression (fi=YSyx)) in
Equation (6.2) must be cither zero or a negative integer;® (that is,

f,—Zf,.,xjso or fi<fux; (6.3
fi=Yfixyt5,=0 (6.4)

where 5, 20 is a new slack known as a Gomiorian slack; it has a zere
price coefficient).
Equation: (6.4) is the cquation of the cutting plane.

8 First of all, x;2 0 bocause of the nei-negativity requicenaens; and x, by definition are
inizgers Sceond, if x,’s are o be integers, (f;— £f,%;) must be an inteper since (k, —
She) ds ansmieger. However, af (f,~ Xf,,x,) is 10 be an wmreger, 1t carnot be a posiive
g breause G < boand the venly way o have X, an integor is 1o have IS ,x, large enough

1o make {fy - If,x,) eiuhel 2650 of a Niugalive Inieger.
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6.5.4 AN ILLUSTRATIVE EXAMPLE

In order to illustrate Gonory's nicthod we shall solve the same investment
provlem that was solved graphically in Section 6.4 2. We can formally write
the linear integer-programming problem as

max z==31x, +60x,

NI
x,+ 2x,<12.5
Xy < 8
x,< 5
and

Xy, Xz integer20

Solution, Step I: Solve the Froblem by the Regular Simplex
Method

The optimal solution {disicgarding the inteper requirements) is shown in
Table 6.2. The optimal solution calls for x, =8, x;=2.25, and §;=2.75. The
value of the objective function is $383,000. The value of s, indicates the
unused capacity of the third consiraint.

The solution is not “ail-integer,” and therefore we proceed to the next
step.

Table 6.2 Fowrth and optimal tableau (noninteger)

PROGRAM PROFIT QUANTITY X; Xa Sy Sy 53
%y 31 8 10 0 1 ¢
S3 0 2.95 0 0-05 051
X3 60 2.25 0 1 0.5 -050

NET EVALUATION 3.83 0 0+30 +1 O

Solution, Step II: Select the “Key Row"

In this step we examine all the noninteger entries under the quantily column,
divide them into integer and fractional parts, and designate the row with the
largest fractional part as the key row. In our case,

Integer Part  Fractional Part

From second row: ¢; =2.75=2+0.75 2 0.75
From third row: ¢,=225=2+0.25 2 0.25

Gomory suggested the following rule of thumb® for selecting the key row:

® This rul humb docs nct guarantee the most efficient computation, However, it is
simpls and it .. _eller than making a random choice.

TR TGOWVMORYS. MITHSD AULANTEGER CA4SE

o o . . : 16 - ..
Sclect the 1ow that has the largest fractional part of wny real variable®in
“guantity” coluinn. In this case, f we follow Gomory's rule, we select
third row as the ey row (x; beaing the only real noninteger vanahble).

Solution, Step Hi: Write the Key Row in an Equation Form

We proceed niow to write the key row of step 11 in the form of Fquation (6.

This cquation can eusily be derived from the third row of the optin
tableau (Table 6.2). The relevant information is shown in Table 6.3, t
results of which can be stated as

Table 6.3
PR;GRAM PROFIT l QUANT:T_\T x, x; 51 5 53
THIRD ROW x: | 60 J 2.25 0 1 6.5 -0.5 o
(6.1 };R;—~ x’; =_ ) _22—5— - (Ox, Ox; + 0;‘. ~0.55, +0s

x,=2.25-0.5s5,+0.5s, J

Sclution, Step IV: Build the Gomorian Constraint

We build the Gomorian constraint according to inequality (6.3). Recall the
in order to obtain an integer solution the following condition must hold:

ﬁ—ZﬁJXJSO or fgSZfol {63
An examination of Table 6.3 indicates that

fi=f,=1/4, because x; =2+ 1/4 and the fractional part of 1/4 is 1/4.
Sf23=1/2, because the fractional part of 1/21s 1/2. (d23= +0.5.)
267172, bucause the fractional part of — 172 is 1/2. (d24= —0.5.)

Norte: The two nonbasic variables s, and s, in Table 6.3 are given th
subscripts 3 and 4, respectively, while using 6.3. We will make similar adjust
ments throughout Chupter 6.

Hence, according to (6.3),

<

LPLI
47212

10 A real variablein th.x case is any of the original variables Slac Jartficial vari-hles

.are auniliary varables and by this definition are not real. However, it is sumetimes alsc
« possitle 1o integerice such auxihary variables.'s 1 -
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If we add a new slack variable!? 5,, we get the Gomory cutting plane as
an cquation:!?

1 1 1 i 1 1
~+5,=-5,+-5; Of S§g=—-—| —=5;—=5§ (6.5)
g 2t T4\ 2t 27
Note: We can express this new constraint in terms of the original variables
x, and x,. For this purpose we reproduce the original constraints

X +2x,+5,=125 (1)
Xy +s5;= 8 {2)

and, from Equation (6.5),
Sx+32—25'4= 0.5 (3)

Substituting relations (I) and (2) into (3), we get

12.5—x,; —2x,;+8—x; —2¢,=0.5
or
X +Xx,+5,=10
or
X, +x,<10 6.6}

This is the cutting plase in its explicit form. 1t expresses the Gomory con-
straint in terms of the 1cal variables only. The reader is referred now to
Figure 6.1, from which we can see that

. The cutting plane x; + x; <10, (line 11-1T), goes through point F.

. It bars point C (noninteger) from the [easible area.

. 1t allows aff integer lattice points (marked with +) to remain ia the feasible
area,

. It reduces the original feasible area.

td N m

L

Solution, Step V: Revise the Noninteger Program

We can take one of two approaches (o revise the noninteger program. One
approach is to take the explicit form of Gomory's constraint, Equation (6.6),
add it to the original constraints, and re-solve the problem with the enlarged
set of constraints. The other and more efficient approach (1o be demonstrated
here) is 1o add the implicit form of the constraint, given in Equation (6.5), to
the optimal aciution (Table 6.2} as the last row and change it to Table 6.4
and then ceopiimize the modified problem.

We start by adding the new constraint to the optimal solution. However,

1 The new slack variables (required by Gomory constraints) will be identified in the
tabicaux by separating them by double vertical hnes. . o

12 This is the inplicit form of the Gomory constraint. It is arranged in the form:
s;= ~fi—{— Tf.,x) so that it can be wnserted dircctly into the optirral tableas.

- — e
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in deing so, we introduce a ncgative sign into the quantity column (sce
Table 6.4, line of 5,) This means that the solution becomes nonfeasible; this
is because. the solution is cquivalent to point C {Fig. 6.1}, which is now
outaide the feasible wrea. Our new solution (Table 6.4) is optimal but not
feasible. We can now solve the problem by the dual-simplex method. The
dual-simplex computations will not be given here. The reuder cun verify that
the optimal integer solution to this problem is:

x =8,  x;=2

Table 6.4 Gomory’s constraint added to optimal solution (ﬁonintcgcr)

PROGRAM | PROFIT | QUANTITY | X; Xa S L33 Sy Ss
X 3 8 )] - 0 .1 0 ¢
$3 0 2,75 0 0 -05 035 1 (]
Xz 60 2.25 0 1 05 -05 0 ]
Sa 0 -0.28 g ¢ -05 -05 0 I Added Gomory
constraint
NET EVALUATION 2, - ¢y 0 0 +30 +1 ¢ 0

Let us make another obscrvation before we leave this example. If
we take the first approach (using the explicit form) we develop an interesting
situation that is typical of the Gomorian method. We get a rnoninteger
optimal solution (Tabie 6.5) that cannor be intcgerized because all substitu-
tion ratios are integers (that is, their fractional part=0), so an additional
Gomorian constraint cannot be added. This solution is scen in Figure 6.1
(point G). For this reason, Gomory’s “all-integer” algorithm assumes that
all variables, including the slack variables must be integer. This can be
accomplished if all cocflicients and constants in the original problem are
made integers. In this example we should have multiplicd the first consiraing
by two before we started our compuzation.

Table 6.5 Optimal solution {norinteger}

. PROGRAM I PRO®IT QUANTITY | Xy 23 5 82 N FS‘
X, : 31 7.5 i o -1 0 0 2

Sa 0 0.5 0 -0 1 0 |-2

X, 60 2.5 0 1 1 0 0 -1

o S3 i _O__'Lh__Z.S ¢ o -1 0 i 1
NET EVALUATION 0 g -29- 0 0 2
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6.5.5. SOME SELECTED EXAMPLES FOR BUILDING GOMORY'S
CONSTRAINTS

Example 1 ) ‘ !

An optimal solution is shown in Table 6.6. Both x; and x5 wre noniategers.
Following Goumory's rule of thumb, we sclect x; to be integerized first
(because 2/3>1/4).

Table 6.6
PROGRAM { COST {QUANTITY X, X3 X3 5 52 53 Sa
(NEW) .
X3 22 104 0 1 0 1 0 0 0 Onti
xs (10| 6% |-1/4 0 1 -23 13 0] o P;‘]'ma'
5 0 4 112 0 0 34 -12 1| o [ableau
P Added
Ss 0} -2/3 {-34 0 0 ~-1y3 -13 0 1 Gomory
constraint

In order to acrivc equation (6.4) for this problem, we note f{rom
Table 6.6: ,

2 k! I .1
= - =— ‘f =- =
fs 3 S 2 S3e=3 Jas 3
Putting these values in Equation (6.3),
2 3 1 1
S<ox s+
3743737
2

3 Pl
—+sg=-X+=5;+=$
3 4 4 1 3 1 3 2

PR S PRSP 9
4 3 41 31 32

ThesGomorian constraint equation just derived is now added as the last
row in Table 6.6. !

or

Exampie 2:

We write in Table 6.7 only that row of the optimal solution which is to be
integerized. We note from the table that

£y

L2 1
i f53=; Sfse=

a0 W
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Putting these values in (6.4) form and rearranging icrms,

S, Lol —2)' —-l—\' —l—s ——§s —‘—25 |
6 PR I AL 33;

This Gomorian constraint’? js now added as fow s, in Table 6.7.

Table 6.7

q X; X3 X3 Xa Xs $ 52 33 Ss Sy S

Xs 68 0 —-3/5 144 0 1 =172 74 -=-7/3 0 1 0 Rowtobe
integerized
S¢ | ~5/8 0 -2/5 —-1/4 0 0 —-1/2 -3/4 =-2/3 0 O 1 Gomory
canstraint

— . —

e -

Gomory's method has sometimes been known to run to several hundred
(or even thousand) iterations without converging to the optimal solution on
even relatively small problems. Another major disadvantage of this methoc
is that it does not yield any intcger feasible solution until it terminates
with the optimal solution. For these reasons Gomory's method in the forn:
presented has more of a theoretical interest than a computational value,
although it can be efficiently coded into a computer routine. For morg
eflicient computer codes see Section 6.13.

6.6 .
FIXED-INTEGER PROGRAMMING

6.6.1 INTRODUCTION

When some, but not all, of the variables are required to be integers, the
problem is labeled as a mixed-integer problem. The value of the objective
function in the optimal solution of a mired-integer manimization problem is
always larger than or equal to the optimal functional value for the same
pioblem under the all-integer constraint and always smaller than or equal to
the optimal functional value for the same problem without inieger con-
straints. The opposite is true for a minimization problem. The reason is
that each integer requirement has a non-negative (zero or positive) indivis:-
bility (opportunity) cost.

3 The same constraint can be derived by first utilizing Equation (6.3), in which case
J(x) will dcysignatc the fractional part of x. For Table 6.7, Equation (6.3) will be written ay

]

1)~ (=Yoo s (s (=Y s Qorr(- Do ssns] 0
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Several computational methods were developed to treat the mined-integer
problem.’® Problems with two or thice vanables (or consiraints) can be
solved graphically similarly to the all-integer problems (sce Section 6.4),
Gomery {22} has extended his method for the all-integer case 1o cover the
sotution for the mined-integer case. In Section 6.6.2 we shall briclly review
the metbod developed by Land and Doig [33).

6.6.2 THE BASIC IDEA OF LAND AND DQIG’S METHOD

Land and Doig’s mcthod is based on a systematic scarch for an optimum
solution. It can be applied both to the mixed-integer and the ali-integer case.
As in the Gomorian approach, the starting noint in Land and Doig’s inethod
is an cptimal regular simplex solution. If this solution violates one or more
of the integer requirements, one of two approaches can be used. In ons
approach we consider one variabie at a time and usc parametric program-
ming to determine the range of feasible integer values for variables to be
integerized. Within this range, all integer lattice points are checked with
regard to their impact on the objctive function. Once the optimal integer
laitice point within the range of one vaiiuble has been found, we pioceed to a
second voriable, and 55 on until the last varinble required to be integer 1s
integerized.

The alternative computationz! method is based on the solution of several
simple linear-programming subproblems that are created when additional
Integer constraints are added, one at a time, to the initial program. The
cecond approach is simplcr than the first, although it does involve more
computations. Examples of both approaches are given by Land and Doig [31]
and by Balinski {6]. The original forr of the method seems to be very in-
e-‘ﬁcim? i1 large problems handled by computers, although it is fairly efficient

a rmanual caleulaticns of small problems, The modified method is a base for
several computer codes (see Section 6.13).

6.7
BRANCH-ANG-BOUND METHOD

The branch-and-bound appreach developed ty wittle ef al. [36] is an fierative
technigue for an inteliigent parual enumerative search (see Lawler and Wood
241 and Mitten [39]). It car be used to solve both all-integer and mined-
integer problems. The idea is to solve the probiem first without paying
atiention to the integer requirement and then if the sclution violates the
inicger reguirement, to employ the branching.

The approach is to split the problem into two parts by aiming the search

¢ A computational difficuity stems from the fact that a mixed-integer problem is not
a special case of an all-inicger problem and it reguires a special algorithm,
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at two integer values Tor the variable than s voninteger, The wteper values to
be scarched are those iutegers that are immediately next to the noninteger
value. Assume, for examplie, phat a vagiable x, in the solution equals 2.25.
Then, we split the probicm into two parts by introducing two new con-
straints, x,23 and x,<2, cne in cach branch. The following example
iliustrates this brunch-and-bound approach.

We reproduce the problem that has already been solved graphically:

max z= 31x, +60x,

sft
X b 2, <125
X, s 8
x;$ 5
The optimal noninteger solution is
x;=8
Xy=2.25

We now create lwo new problems:

Problem A

max z=31x, +60x, max z=731x, +60x,

Provlem B

s/t 5/t
o - {
X+ 2x,<123 X+ 2x,<12.5
x, =~ <8 Xy < 8
x;< 5 Xy5 3 (redungant)
x,2 3 xX,< 2

Since in our optima! solution x,=2.25 is irfeasible (because it is noninteger),
the integer feasible solution must Le either in the reginn x; 2 3 or in the region
, 2. We solve the two new problems, the optimal sojution beirg:

For problem A: x,=6.5 x,=3 z=38L5
For problem B: v, =8 x,=2 :2=368

We stop the search in problem B since it has an ali-integer solution. Probiem
A is seasched further since the valus of its abjective {unction is larger than
z=13A8. ft is possible that the optimal intey:: voiution to A could yield a
2> 368,

We bianch the sclution ::; =6.5 and x,=3 by splitting it into two sub-

problems, one with x, 6 and the other with x, > 7. Roth probiems result in
a z less than 368. Hence the optimal solution to cur problem is:

x, =8 x,=2 z=:368
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Initial
solution

FIGURE 6.3

In the search process, branching is stopped when (1) we have no more
branches that can be further partitioned, or {2) a solution results in a z
value less than an wpper bound. In our solution, the first upper bound was
established with a z value of 368.'*

When the search is terminated, we declare as optimal the solution with the
highest (in maximization case) value of the objective function. The entire
branching is shown in Figure 6.3. ,

The branch-and-bound approach can be efficiently coded into a com-
puter routine; it works well in problems where only a few variables are
required to be integers. However in problems requiring a large number of
variables to be integers, and in cases where the noninteger solution is far from
the optimal, the number of iterations may be 100 large for a practical applica-
tion. The algorithm is being used, coinbined with other methods (such as
Land and Doig's) as a basis for improved computer codes (see Section 6.13).

'51f we find an integer solution whose z is more than 368, and the problem can be
further partitioned, then that new solution becomes the modified wpper bound. Any branch
whose value of the nbjective funciion is fess thar the upper bound should not be coa-
sidered any further e search process.
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- o
6.3

HTURISTIC PRGGRANVIMING

The detern ot vnof optiinal solutions 1o seme corple inieger-prograniung

wrd cosban dorial-type prebleas could mvelve a profabitive amount of time
and cost. Insuch sttuations itis possible to armve at “*good cnough™ sclutions
by using a set of heuristics { that is, rules of thumb) that produce an economy
of scarch, Heuristic programs are employed 10 yield an acceptably high value
(as opposed to the optimal) of the objective function, and are usually executed”
by a computer. Heuristic programming has worked well in a number of
practical applications.'® The intercsted reader is referred to Wiest [53].

6.9

DUALITY, SHADOW PRICES, AND ECONOMIC
INTERPRETATIONS

£91 GENERAL

As in the case of a regular linear-programming problem, cach integer-pro-
gramming probiem has a corresponding dual problem. Generally speaking,
the dual integer-programming problem has an integer solution with values
that can be interpreted as implicit (or shadow) prices. In this section we shall
derive the dual to an all-integer problem, and present the economic
inferpretation of and the relationship between the dual solution and the cost
of indivisibiiity.

6.9.2 AN ILLUSTRATIVE EXAMPLE
Given an all-integer problem:

max z:==6x, ~2x, 4+ 10x; +x,

s/t
X+ 2x, <35
3x,— X3+ Xx3+x,<10
xy+ X;+x,< 8

The opiimal (roninteger) solution is given in Table 6.8. Since the solution
is not inicger, we shall try to integerize variable x4 by adding a Gomorian
constritnt (in an implicit form): -

16 Some of the integer problems that have been solved by heuristic programming are the
traveling-salesinan problem (see Chapter 5) assembly-line balancing, job scheduling, facili-
tics iocanon, and delivery problems. With suicent ingenuily one can duvise an integers
prograiniung repiesontation of almost any comhinatoerial optimizatio biem («ee, for
example, the machine-sequending problem 1a Sccuon 6 10.4).
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‘1'X1+I‘Sl —54—':1
2 2 2
or
1 1 I
Se= =5 —Ex,——z—s,

Ifwe add thisas an additional row 1o Table 6.8 we get an infeasible solution
and, with the aid of the dual-simplex method, we obtain, in one iteration, an
optimal all-integer solution (see Tabie 6.9).

Tshle 6.8

PROGRAM ! PROFIT QUANTITY X; X3 X5 Xe &y 52 53
xs |10 572 o 2 1 6 Y2 G O
X ‘ 6 5/2 1 -2 ¢ i3 -6 13 0
ss 0 3 0 ¢ © I -3 =13
MET EVALUATION 40 ¢ 4 0 i 4 2 ]
— R—
Tsble 5.9 Optimal all-integer sclution
- - l I s —_—
PROGRAM ; PROFIT | {0 | Xy X2 X3 X4 5z 52 LEN
=% |0 2190 6 1 0 6. 0 0 i
x, : 6 K i 0 0 173 i/2 1/3 Q -1
53 0 3¢ 0 6 23 —i3 -3 1 0
x; -2 i lo 1 o o t 0 0| -2
—— e — e e o o e L e e - e -
MNET EVALUATION i 36 0 g g 1 0 2 e 8

I'J(ew, \vming the Gomorian consiraint in its expheit form, we get x; <2,
he explicit form is obtained by substitunng s, =3 —x~2x; in the implici
'»rm of the Gomory constraint Weadd thisconstramttothe original maximiz
ation problem and wiite the Jiad to the modified problem:

The opitinal solution to the dual prob ?'m is shownir: Table 6.13.

A TSRSy LT A € S % " ST
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Tuble .10 Qptinal satution of the dual

PROGRAM ] CosT Q uy u; U Ua S £ S3 A
[ — _ (R . .—.}——_._— e e ———— e e ——— — ——— e
Sa 0 1 0 0 —3 0 -3 0 0 1
U, 5 ¢ 1 0 0 0 =13 -1 0 0
Uy 2 8 0 0 0 1 I 2 - 0
u, 10 Z 0 ! 73 ¢ -1y3 90 Y 0
2;~¢Cy 36 1] (1] -3 0 -3 -1 =2 0

6.9.3 CCONOMIC INTERPRETATION

All the characteristics of ordinary dual prices, including price condition
(Section 3 4.7}, apply here as well. An additional property is that duza} price
are integer in me optimal pregram. It is interesting to compare the resulis o

the all-inicger and noninteger optimal programs (Table 6.11).

i
the

Tsble §.11

PRIMAL SOLUTION DUAL SOLUTION TOTAL PROETY

NONINTEGER ! x3=2.35 u; ~4, ;=2 40

INTEGER ;=3 x;=1,x3=2 wup;=2 u,=8 36

In the noninteger solution we had an optimal program thai uiilized, in
ull, both the fist and the sccond constraints. For this reason we have non-
zere dual prices. (x, > G, u, > Q) that correspond to these two canstraints. In
the optimal integer sofulion we move 0 3 nuw solurion peint, and according
to thie price conditions, wy and vy must be zero Hocause we do not utilize fully the
firstand the third corstraims (see Table 6.9} 1o other words, we have free geods
whose shadow prices are zero.

Qur scivnon in Table 6,11 calls for w, =G0 ThHiC shadoew price cutres pands
to the Gomorian constraint Xy + 5= 2. This consiraint is feily utilized in the
optimal saletion, and therefore o, is s:zf'atsr rf‘;z,‘ 7zere. This vulue can be
interpreted as 8 measure of the cosr of i portunity cost). If
we compare (e noninteger .”‘.0 ihe gaiv o MH notc that the
inteper solution reduces x; by /2 wait (from 23 te -} This reduction resultcd
in a 'oss of 410 our chjective fusctioa dfrom 40 to 36}, which 15 measured by
\,_1:14 n/; X 8 < i

For a deiniled discussion of she dual prices and their relatienship to the

~marginal viclds of scarce indiviz b e resourcee, and their efficient allocation,

ie o e Tensbi vy lve g
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6.10

INTEGER PROGRAMMING AS AN
AUXILIARY TOOL

6.10.1 GENERAL

A host of combinatorial problems that at the present 1ine dre not amenable
to analytical solution procedures can be converied into infeger-prograniming
problems. In such cases integer progrimming, and especially mired-integer
programming, can be used either to solve the problems completely or to
derive one or more approximate solutions. Thus, the porential application of
integer programming as an auxiliary tool is indced impressive. In this scction
we shall present some interesting uses of integer programming as an auailiary
taol. 17

6.10.2 BOOLEAN VARIABLES

Boolcan variables, by definition, take a binary form; in other words, they
can assume a value either of 0 or of 1. These variables may be denoted by 4.
They are used in several forms of problems, as we shall sce next.

,

6.10.3 MUTUALLY EXCLUSIVE CONSTRAINTS (AND SETS OF
CONSTRAINTS)

Mutually eaclusive constraints (or sets of constraints) can frequently be
found in practical cases. For example, consider the optimication problem of
an electric power generation and distribution system. The system is to be
esigned under the assumption that only one of two allernative modes of
power generation (nuclear or fossil fuel) can be used. Associated with each
mode is a set of one or more constraints that must be honored if, and only if,
that particular mode of power generation is being used. This is obviously an
either-or type of problem. In cases such as just mentioned, the variables are
restrained by cither one constraint {(or a set) or by another, but not by both.
Constraints of this type are called mwrually exclusive consiraints, dichoicinous
constraints, or “‘either-or” consiraints.'® Integer prograimming offers an
clegant way to solve problems involving mutually exclusive constraints.'®

'7 The basic ideas for these applications were developed by Dantzig [15).

18 We have already mentioned that the more the number of active constraints, the lower
the vaine of the objective function of a programming problem. The value of the objective
function in an either-or type problem, therefore, will be equal to or greater than the case
when all constraints must hold simultancously {in a naximization problem), unless the
constraints create no feasible area for solution.

19 It is pussible 1o solve the either-or problem by solving it once with one constraint (or
set of constraints) and once with the second constraint, then cosparing the results and
selecting the betier solution. In many cases this appicach may be more efficient than the
rlegent inlegei-programming solution.
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We shaif now ihsirate an “cither-or™ type preblem by considering the
example discunsed in Chupter 3. This-problem involved a planting decision
fored by 2 Ter. We sohved the problem graphicaily and obtuined an
optimaal pogram of 2400 o oplants and 800 tomato plants, with a profit of
£310,000. Our firmier was consizoined by upper limits on both labor and land,
Let us reproduce the problem:

max z=23x,+3.5x,
st
X+ 2x,< 4000
4x,+ 3x,<12,000

Let us now assume that either the labor or the land constraint must be
faced by the farmer—but not both simultaneously. In other words, our new
problem can be formulated as:

max z=13x, +3.5x,

sft
either x,+ 2vy< 4000
or 4x;+ 3Ix,<12,000

A glance at Figure 6.4 indicates that instead of the constrained area
OAPD in the case of the two censtraints holding simultancously, we have
either the constrained area OB D or the constrained area GAC. They give rise
to a nonconvex region OCPB, and therefore the simplex method cannot

X -

3000 -

1300 2000 3000 4000
FIGURE 6.4
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be applied directly in solving this probicm. The soluticna 1s derived below
(a) by comparing all possible conibinations of the vubprobicms (the enumera-
tion approach) and (b) by the use of integer programming,

Solution, Method A: Enumeration Approach

The problem can be scparated into two subproblems:

1) max z=13x,+3.5x,
s/t
x;+ 2x;< 4000

(2) max z=3x, + 3.5x,
sft
4x, 4+ 3x, = 12,000

The solution to the first problem is x, =4000, with a profit of $12,000:
ihie solution to the sccond problem is x; = 4000, with a profit of $14,003. It is
Jbvious that the solution for the either-or probiem is x, =4000, x, =0, and
::=$14,000. The enumeration approach is «ficient in solving small problems

mm.]wng a small number of alternative (either-or} constraints,

Solution, Method B: Integer-Frogramming Approach

In this approact:, we modify the consiraints of the problumi before the applica-
tion of integer programming. in order to illustrate this modification, we will
again utilize our farmer’s probiem

Let us consider the addition of a very large
side of the two consiraints.?®

The first constraini becomes x +2x, <4000+ M and the second con-
ciraint Df‘(‘(‘"“c.y dx, +3x. < 12,000+ 44, The number M should be suicientiy
Isige i6 aliow x; and v, to take their highest feasible vaiues (x, = 4000 and
x,=4000 in our case). For exanple, if we set 44 = 100,000 we ger. in the first

CullS'\falnf_,

numtber A to the right-hand

4002 -+ 5000 - 1¢4.000 (1ree)

and similarly, by the second conalraig,

. N 1 P -
PC,O00 12000« i ih '.K‘..)

The rezson oo meking M osufficienily large s to avoid ehmineting any
faimiide selutions from corsideration. The result of adding ¥ 0 any cone
straint is that, evenan thz extreme case, we will not fully uidize that constraint.

et us further modify the constraints by unlizing the Boolean varisble

o= Tablie £.12). An saaminction of the moedified consirzints in Table 6.12

2% 1 nossible 1o sciezt a specific A1, jor cuch constraint 4, whers \f, is the upper bovna

on constrisnt 4. Kers, for simplicity, we vse A as the upp2ar Hownd for the entire sed of

L i e inte
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\

shows that if =0, our first constraint returns to its original form, and the
second modified constraint becomes

4x,+3x,< 12,000+ M

In this form the second constrant is not binding and, hgnce can be elimi-
nated. Thus, only the first constraint will hold.

Table 6.12

ORIGINAL CONSTRAINTY MODIFED CONSTRAINTS

'thcr X + 2x, <4600 X4 -L”x,<4’\(}J4 dM = 40001 100.0004
aor 4x, +3x, = 12,080 4x. .+ 30, <1200+ (0 - )M =12,000+
(1 —d3100,G00

On the other hand, 1 =1, the second constraint holds and the first
constraint is not binding and can be eliminated.

Ve have thus shown ihe cquivalence of the original and the modified
constraints.

The origina! either-or probien can now be presenfed as®t

max 7=3x, +3.5x,+¢C
s/t
(1 x4 2x,—100,0004 £ 4000
(2) 4x,+3x,—-(1-d)100,005<i2,000 or
4x,+3x,+100,06004 < 112,000 C<d<l and intoge

Ly

This is a mixed-inieger problern with Uiree variables and three constraipis.
% he iniiial solufion is given in Table 6.i3.
The optieazl solutien is

xy=0 x.-=4000 d=! 2=314000
The cither-or problem, ac expected, gave a higher vals
problers {814,200 vs. 510,000}

I ]
PreGRaM | cost L2 i x iy 4 P
3 —

———————— e e _.__*_. — o =

PR BT

b1 2 —woow r ¢ ¢
iz {0 11200514 % 1000 61 ©
£ g |t s 0 ? g o
e
_m'srn';.r_ TION Zs—{ -3 =35 0 c 0
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L st , [N S vel) Sther-or © ) - - ,
?\c can use a similar approach for handiing any pur of either-or con- |t us iHustraie this case by stazing that any tvo of the thrie vt
straints. For an infeiesting applicetion in capital budgeting problems sce ; conwdered in the problem nader the preceding cinss mest hold. In ath
Weingartner [52]. :

) words, cither {1) and {2). or (1) and (3), or (2) and (3) nusi hold (here, & =
We shall now consider thice mare clusées of miateally exclusive prohloms, ;

and 4 = .).)
The equivaient iniczei-frogranumng {osmulation is:

&

N Mutually Exclusive Coasiraints
o+ 3y -y <t +d M
x,=2x, <6+d,M

X, <l+d;M
and cither g,, g3, g3, - .., or gy is binding. The cquivalent integer-programs- dotd, +d, =3-2=1
ming formulation is 2

(1) g'(xlp X3, "'v~xn)sbl+dlM

Suppose that we have N muwrually exclusive constsaints:

gilxy, xgy ..., Xx,) <0, i=1,2, ..., N

0<d; <1, and is an integer.
: Note that since ¢, +d, +d; =1 and each d; may take cither the value of

2) i d=N-1 or I, our solution will show that one d,=1 and the other two d's=0.
im 1 .
(3) O<di<),and d,isaninteger, fori=1,2, ..., N Some Additional Combinations

It is obvious from (2) and (3) that all ¢acept one of the d s must equal 1:
that is, only one of the constraints is elfective.

This case can be cxtended to cover a case involving mutually eaclusive
sets of constraints.

First, let us assume that we have two constraints and it is required that a
least onc of them will hold. Then we add to each constraint the usual Md, anc
in addition weadd d, +4d, < 1.

; . . . Example:
. Let us illustrate a simple example of thice mutually exclusive constraints: X, +2x, < 4+ Md,
either ) 2x,4+3x, <17+ Md,
(1) 2%, +3x,—-x;, <4 0<d; <1, and intcger.
or ”
2) —9x <6 (2) The first constaint will be active only if ¢, =0 and d;=1.
or 2 - (b} The sccond constraint will be active only if d,=1 and d.=0.

G) . (c) Both constraints will be active only if ¢, =0 and d,=0.

X3 <!
. . . . The last three conditions can be cxpressed by adding the additional
The equivalent integer-programaming set is:

constraint
2x1+3x2“‘xls4+d1M dl+d251
x;~2x, <6+d,M
X, <l+dyM (Note: In practice we will rarcly find such a situation. However, we chose it
dy+d,+dy=3~1=2 . to demonstrate the power of mlcgg‘ progr‘mnmmg.)
. Second, let us assume that a given variable x; can take only one of a
0<d,, dy, dy<1,and d,is an integer. given set of integral values. If x, can be cither 2 or 3, we can use Boolean

variables 4, and &, and add these constraints:

Xy =2(1] +3d2
; 0<d <1, and integer
vodyrdy=1 : !

I ’ . 1 i
g(xy, %y .., x)Ch,+d M ! ) . . .
s A2 2a T A simpler way to staic the same requirements is to add a constraint:

ﬁ d=N-% ) ' OS3..—{\‘.‘,.S' lﬁnd X is inteoer. Another sim(r')lc way:
| | _ 2<x,<3 xy=3-d,
and 0<d,21, 1d,is an integer, for i=1,2,"..., N _ Ay integer or d; Boolcan

]

N Constraints, of Which & Must Hold

Given below is the generalized equivalent integer program for the case
involving N constraints, of which & must hold;
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2104 MULTISTAGE MACHINE-SEQUENCING PROBLEM

nb shop manufacturing operations usually involve a number of batch-type
obs thut must be processed through several machines in a Certain sequence.
An examiple is a machine shop where parts are shoared, then diilled or
wunched, then bent, and finally weided together. Usually, one muackine can
rocess only one job at a time. The problem is to find a sequence {ar schedule)
o feed the jobs into various available machines, and minimize the overall
srocessing cost (or time).

The major difficulty in solving this type of problem is the enormous
winber of possnb‘c sclutions. The theoretical number of all possible sequence,
r combinations is (n!)™ (where m is the numnber of macbines snd n the
r'mbcr of jobs). In the simiple case of five jobs and five machines, for example,

¢ have 2bsut 25 billion possible combinations! Traditionaily 1his type of
')mb.cm has bicen solved by trisl and ciror er with scheduling charts such as
tie Gair clharr Ynosome very simple problems this approach might, by
Taanze, hit the optimal solution o closely approsimate it. But in most
sases the soiuticn will most probobiy be far from ihe optimal soluuon

Integer prograimming olfers an analy:dcal methed for arriving at ihe
cprimal saiution te such problems. it should be noted that although integer
Drogramming puarantees an optimal solution, the calenlations (given the

preseni state of vhe ang are rather lengihy, Also, 2 sensitivily analysis requiies

1 compietely new sei of caleulations of the optimal solution for cach assumed

change in the given daia. lience, the integer programming eoproach can be
ostly and impraciical.

Two-sob Two-Machine Case®

V'o pow proceed to tllusirate the multistage machine sequencing problers by
censidering @ simple exampie avolving two jobs and two machines.

A smaH achire siwp has one shear and one punr*'n press. Tv'o jobs are
ace <'a°d thhough the shop. 1 1ales 4 hours to process job 1, and 7
Hrjurs‘ fo rrocess job 2 en the shear. Job | eauncs 12 }murs of runching,

& . Beeause of b pe set-up couis we want 1o run

<
i3 f:onm!::u:d. Qur probien i3 1o delermine the optimal

Bl
cuch job u:mi
ul , 110eess ii"-r; jobs in the shop s¢ that
he overall processing ii ine (c‘ﬂr ndar ume‘ is minimizea. Since we have only

:0ssible combinators. By

1iwe machines, we have eniy (21)F
TR TaaGH we ean easdy fad ihat the ertimal spluiion 1S 1D procss ’ob I

.. -~ a3 M -~ - -
3G 0z shear, ihen job I o

.
N :

O N - - T ITn . ‘ '
sunching eperation on et 1 iFigere 5.5). The towai ¢y

Ly Johnson [29)
0415 good only

’* The twe rachine sequencing protacos have beep aJ‘JLd
i uacie 2fficient ey thain iateger programaing Huowever, Jols
fc: wwo-maching scheduling, \vt‘xc.’ca:_ih.v:gc‘ proghamm.ig can be a;);‘:xcd 1o an; number of
m2shines.

BT et T — T AT YO

e E At mr >
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Machine

i ]
Punch i fare = Jo lob 2
e <5 021 (12 hr.) ! (0 bes )
L IR S I
i i€ 26
Time

FIGURE 6.5

Integer-Programming Formulation

Let

X1 =starting iime (calendar time) of job | on the shear

Xz =starting time (calendar time) of job 2 on tse shear

Y1z =slorting tmie (calendar tme) of job 1 on the punch press
Y2z =slasting ime (calendar tme) of job 2 on the punch piess
ki =process thie of Jub 1 oon the shear =4 hours

kiy= process timie of job 1 on the pur'ciz p»css= 12 hours

L2y =process time el iob 2 on the shep: = 7 hours
kaz=process time of jeb 2 01 ke puack press=- i3 hours

and let x, be the total etupsed (¢ yele) time. The problem thus is to minimize
x; subject to the following constraints:
(a) Nojobcaneniera elr»u" before it has left the previous operation {ar
ex‘.inpze, punching cannot be started hefore shearing has been CL,largwleléd}.
This constraint can be eapressed as:
() Forjobi: x,:2x,, R, 00 X2 a:, 44
(2) Forjob 2: xy,2>x,, Ak, O Xy 2 x,, T

{b} Th= totz} rime musi be greater than or sgual (o the starting fime o
thai job entering 1ast into the fast proce :s8ing station {punch ou

plug the provessing time of this job 2
expressed as:

:
tthat siatinn This consirzint . an be

N
“
4
3
.

A

G )

e TN
~
i
rat
Q
[
5]
G
=
~
)
’:‘
-
Ay
3
2
“1
"'3
0
’?

<
at an either-or type. For the sheari

(5} ciher Xy, —x 28y, {l ok ] preacedes 2)
) o Xy ~Xgy2hy, (f job 2 preced des 1)
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(SA-) le—A'||+{l|A’2k,|
(6A) xy;—x +(1=d )Mk,

(where M is a large positive number and it scts as an upper bound) Similarly,
for the punching constraints, we get:

(7) xia—x+d, M=k, (fur the case when job T precedes 2)
(B) xi2~ a3+ (I —d)M =k (for the case whert job 2 precedes 1)

Constraints (7) and (8) are nol required in our cuse becuuse it is obvious thay
the sequence achicved on the shear will be maintained for the punch press.
However, when we hive scveral jobs, a lirge number of cither-or type con-
straints must be built for all possible pairs of jobs. The reader will quickly
realize that the problem can thus become quite complicated. In a probiem of
six jobs and thrce machines, for example, we hiave about 100 constraints,

The practical value of this analytical method in the present state of integer-
programming computations, therefore, is guostionable, The interested reader
is referred to Muth and Thompson [41).

6.10.56 ALLOCATION OF RESOURCES (SELECTION OF PROJECTS)

The allocation of limited resources to various projects is a familiar problem
faced by many organizations.

A certain class of such problems can be formulated as integer-program-
‘ming problems.?? We shall illustratc by the foliowing example.

Example: Five difTerent sites for jocating new manufacturing plants are
available to the ABC Company. Expected construction time is three years
and the company can spend no more thian $30 million the first year, $34
million the second yeur, and $36 million the third year. It is estimated that the
expected returns (present valuc) of the plants in the various alternative sites
are: 8115 million if a plant is built on site I, $80 million on site 2, $132 million
on site 3, $102 million on site 4, and $65 million on site 5. Table 6.14 gives
estimated cost projections for each of the available sites.

The company cannot build on all five sites because of the unavailability
of required funds. The problem, therefore, is 1o maximize eapected return by
choosing the proper number of sites in view of the data given in Table 6.14.

In formulating the cquivalent infeger-programming problem, we shall
t1ilize the Boolean variables d,. If dy=1, we procced to build a plant on site §;
a value of 4, =0 implies that we should not build on site i.

The objective function is:

max z=1154; + 80d, +132d; + 102d, 4+ 6545 '
subject to the following budget constraints:

73 For a coaipicte discuswion of whe use of integer programming in budget allocation, see
Weingariner {53
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Ty L 6dy+ Bdy+Td + 5d5 <30
Sd. -+, 4 10d, 4 8dy 1 Rd s < 34
Pdy 4 Rdy +124, + 94, + 74, <36
and alss (6 the requireinents that

0=<d <1
and d;is an integer. .

We shall not actually solve the problem. [he interested reader is referred
to a special, more eflicient cnumeration algorithm developed by Balas [3) for
the O~ type of problem. For other applications in the allocation area see
Beged Dov [13] and Moodie and Mandeville [40).

Table 6.14
MILLIONS OF DOLLARS
PROJECTID cos_rs PRE;IZ:;-V;\LUE
SITE IST YEAR AND YEAR 3RD YEAR | OF EXPFCILD RLTURN
| 7 9 11 115
2 6 7 8 80
ki 8 10 12 132
4 7 8 9 102
s 5 8 .7 65
MAXNIMUM
AVAILABLE
BUDGET 30 34 36

6.10.6 INTEGER PROGRAMMING USED IN INCREASING
RETURNS TO SCALE

One of the major problems in noniwar pogranuning is the case of an
objective function with increasing 1eturns 1o scale.

An inferesting approach was suggested by Markowitz and Manne {37)
whereby the nonlineur increasing-returns-to-scale problem can be approxi-
mated by an integer-programming problem. By using their approach, the
optimal solution of the integer-programming problem cun approximate the
optimal solutien for the nonlincar increasing-returns problem. An cxaniple
of this upproach is the fixed-charge problem, which we describe next.

In a product-mix problemn we assume a lincar objective function. Since
profit per unit is the differcnce between the unit selling price and the unit
manufacturing cost, the lincar assumiption requires that both, or the dil-
ference between the two, remair constant This may not be the case in several
practical situations where set-up costs end other charges are § for a given
range of activity. In such cases, the profit function is the sum of o siacd charge
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.nd a variable charge (function of the number of units produced). Thus, the
cost per unit will be relatively smaller at higher levels, and relatively Tarper at
Jower levels of production (Figure 6.6) Assuming that lh price porounit
-ermains coeastant, the profit per unit will be increased at Ligher fevels of
croduction. That is, we will have increasing returns to scale. Tne objective
ﬁ.ncnon thus is nonlincar, whereas the constraints are lincar. Integer pro-
gramming provides an interesiing method of converting such a problem
inte a lincar integer-programming problem. Mext, we formulate such a
problem as a mixed-intcger probiem.

A

&N
t
] ——e
1

Number of units produced

FIGURE 6.6

Example (diserete case): The ABC machine shop is required to supply
parts for 750 units. Worl. can be performed onany of fouravailable machines.
The sci-up costs for cach mul,l..e, the technology of the machine, and the
cosi- invoived in producing parts for ore unit on each machine arg sim-
marized in Table 4.15.
The probiem is to find the guasiiity x; to be produced on each machine
¢35 suinimize total cost.

We introduce suviliary Boolean wariables &, vath (e definition thal:

“ifd, =0 x,=0" implics "o not use machine 7

2 b
pee
R N EY
gsre; Y € “
fedy= 15 0> 0" faplies Vuse machine i
[able 6,18
P SST-UR FROCLSSING | MAXIMAUM
RACHINE LOSTS COST {PER UNIT)  CAPACITY
e b e . o —_
A §860 &2 400
B 276 4 300
C 290 3 600
o 520 3 100G

( -

& T Pt ate e

.11 DISCHITE PROGRANMING 287

The preblem can now be formulated as a nined-integer probluin:
nin 2= (8604, +270d,; + 4904 + 5204 ,) + {2x, +4x, 4 3x;+3x,)
Xy

- . .
{set-up cost) {processing cost)

s/t
X +X2TX1+ .4—750

X, <4004y, x;<300d,,  xy;<600d,,  x, <1000d,

x;andd;20 and d;<1,and integer

6.10.7 OTHER USES OF INTEGER PROGRAMMING

Integer programming has also been vsed (sca talinsky [6]) to zolve 1
following well-kinown problems: ) M ‘

<

. The warchouse location problem
2. The delivery problem
3. Combinatorial-type problems
(a} The marriage problem
(b) The assignment problem
(c) The tran<portaiion problem
{d) The petwork flow pioblem
{e) The caterer problam

DISCRETE PROGRAMMING

In certain programming “'obicnu it may o required thay some or 21 of the

variables are ailowed to take en only esrtain discrete values, not necessarily
- 3:

integers. For example, A, may be I zn’cc o 174, 1,2, 3/4 -

y - 3

. .1 X iy bhe
limited to 2.1, .2, . ... Suc! requirements are

e common in real 1""9; ior
example, mill iz disribuied in ouards 2ng mamy Janned ff'Of’" eigh 1/8,
N ) M "ed ; N .,.AA
14,001,207 a pound. In all such cases we cav iransiorn: § tedisciete probiem
g ] . IR . £
010 an snteger program by simpie scaling .
=
6.11.1 TRANSFORMATION TC INT-( 0 - ARINING

viariable 1, ars
2
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. . b
We introduce a new variable xy=16x;. The transformed pro “enis an
integer program:

x
max z= 83 + 2x;

sft
x5+48x, <320

and x,, X, arc integers.
After finding an optimal solution for x, and x;, we scale back by utilizing
ihe relationship x; =16x,.
Example 2:
' nin z=2x;+3x;
s/t

x,+ xZSIO

x, can take decimal values 0.1, 0.2, 0.3, ... only, and x; can take discrete
values 1/2,1,3/2, .... _

Transformation to integer programming requires two new variables y,
and y, defined below. Let ‘

yy=10x,, or x;=0.1y,
y2=2x2, or ).‘2=O.5y2

Qur transformed problem will be:

min z=2(0.1y,)+3(0.5y,)=0.2y, + .3y
s/t
0.1y, 4+0.5y, <10, or y, + 52, <100

and y,, y, are integers. *

6.12
INTEGER NONLINEAR PROGRAMMING

Our discussion thus far has been limited to the case of integer linear pro-
gramming, which involved a linear objective function subject to linear
conslrainis.

In nonlinear programming the objective function, the constraints, or
both, are nonlinear. In such cases, the additional integer requirement on some
or all variables will transform the probiem into integer nonlinear programs-
ming. The methods of rounding noninteger solution {Section 6.2), complete
enumeration (Scction 6.3) and the graphical method {(Scction 6.4) can be
used in solving such problems, provided they are of small size. Analytical
methods such as Gomory’s can be employed only in limited cases, and both
dynamic programming and the branch-and-bound technique can be used in
relatively small and simple hroblems. For larger nonlinear problems, no
effective solutionr “ods are currently available. One aticmpt is to reduce the

6.3 COMPUTATIONAL ASPECTS eicd

integer wenhinear progrumming inte soteger lincar programymirng, and
successiud transformaticn in certain cpses (such as separable functions) is
reported by Woiler (541

6.13
COMPUTATIONAL ASPECTS

6.13.1 INTRODUCTION

We mentioned carlier {see Scction 6.5.2) that Gomory's cuiting-plane meihod
yiclds an optimal solution to intcger programming in a finite number of
steps. This “finitc number™ has been found to be excessively large,?* or
even prohibitive, in many experiments and attempted applications. Hence,
even with large-scale high-speed clectronic digital computers, we face com-
putational difficulties in the actual apphcation of integer programming.
Nevertheless, computational experience has demonstrated that some com-
puter codes can solve cfliciently certiin praciical problems with up to 100
variables and 50 constraints. 'This size 1s modest compared with the present-
day capability for solving lincar-programming problems with several thousand
variables and constraints. But the state of the art is in rapid flux and it is
reasonable to expect that models containing several hundred integer-valued
variables will be solvable in the near future.

The puipose of this section is to picsent a condensed survey of the major
computer codes available and to discuss some computational experience.

6.13.2 CODES

The SHARE catalogue is a good source for computer codes. Several surveys
list the codes including format varicties ar.d computational cxperience (for
example, Haldi and Isaacson [25], Balinski and Spielberg (in Aronofsky
[2]), and Trauth and Woolscy [49]). Some of the most acceptable codes are
listed below: '

(a) IPAf 1is an all-integer prcgramming code (developed by TBM) and avail-
able through SHARE {50]). This code scems to have had the teast computa-
tional success, according to Bahinski [6), p. 304.

(b) 1PN 2is an all-anicger programmung cade available through SHARE [51).
IPM 215 un entension of IPM 1, including several additional subroutines,
and has generally proved to be superior to 1IPM 1 as well as to most other
integer-programiming codes. The code can handle problems with n< 100
and 1+ m <200 and was found to be very effective with small problems.

(¢} 1PM 3 though primarily based on Gomory's fractional algorithm, also,
mahes use of all-integer constraints. The code 1s available through SHARE

24 This large number siems essontially from b2 o .l .iy manner 10 which cuiin g
planes can be ntroduced duning the sofution process and the fact that, onc uced, they
remaim as additonal constraints,
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[35). It can handle problems with n< 100 and 74 m <200 and was found
to be efhcient in laige problems.

(@) LiPis a fiactional programming algorithm. Onc of its major advantages
is its ability to piint continuously the intermediate solutions which are
valuable o the user. The code was developed by Haldi and Isaacson {26)
and is available thiough SHARE. The code, which has two yversions
(LIP 1 and LIP 2}, is especially ctficient when used on large problems.

(e} JPSCisanall-integer progiamming code, which is user-orienied, having an
unlimited flenibility for the user in modifying the code to suit individual
problems. The code can be used even by an opcrator who is unfamiliar
with integer programming. For details, sce Weolsey and Trauth [S5],

(f) BBMIP is a branch-und-bound mixed-integer programming code, based
on the Land and Doig algotithm. The code is machinc-independent and
may be run on any Tortian iV compiler. The output is easily interpicted.
For details sce Shaieshian [47).

(g} FLPFH is a heuristic tiec-search technique Tor integer Tincar programming
[V4]. 'The code is machine-independent and may be run on any Fortran 1V
compiler. The output s castly intoiprcied.

(h) The CEIR ILPY0:94 code 1s a pancral cede with a provision for integer
programming. Uas able (o accept problems of greater dnnension than
any other code atnee it s not all in e core. Hs theoretical basis is simifar
to BRMIP, For detadls see Beale {125

() The 7L 7 2code was doveloped by Sumimers us a Control Data Corporation |

coda, 11 is based uson Gomory's ali-inicger methed,

(i3 [PLP & s an IDM experimental code, Experience with 1PLP 6 led 0 a
corvergence {optimal solution) in remarkabiy fewer sieps than 1PM 2,

K} Ophelie 15 a mived-integer code Sevelaped ior CRC S60C. 1t has several
versions. .

(1} IBM’'s newest code is MES/X MIP option.,

Inicresting resnlts are reporied by Roy ef /. [46] in the use of Ophelie II;
for evample, a problem with 2884 centinuous vaniables, 24 integer variables,
1244 constraints, and 20,233 nonzerc matrix cocflicienis took about 6 minutes
{0 s0lve (core time on TDC 6600).

513.3 SOME COMPUTATICNAL EXPERIENCE

The averinbitity of szveral codes makes it diffienit for the urer 1o sclect the
propor oae. As Mears and Dawking [28] point vut, the proper selection of the
bes aramming s an art. The compatational ex-

1

I be exntremmely helpful o users. Some of

A
t algorithm for integer proara
e

1. Probiems frequently oncced the sturape vapacity of the codey,

< Dafirent arqangements of rows feorsirzin) yield difietent numbers of
Herationg. : ' '

3. UResulrs gre very mined; cach #igorithin, L1P Y, 1PM 2 and IPM 2, s berter
for some preblems than the others” (Balinski 18, ©. 3G7). .

4. A limitauon of all codes (eacept the BBMIP) is that unless the eninnal
soiution 15 aitained, the user doce not wain any useftl im;;rmcc';'zm‘; li-J!.—L'

——R B8 U B i 5w e S, e
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. Cumulative roundoff crrors were cncounicred.
. The 1LPH code was found inferior to the .cutiing-plane constraint codes
UPM 1, 2. and 3, and LiP 1), .
A | hc. BBMIP is faster and more reliable than the [LPH bhut dlower than the
cuting-plane constiginr codes.
8. }l>hi 21equires fewer iterations than oiher cuiting-plane constriint codes.
9. The number of ferations iequired by iPM 2 and LIP 1 can be duscribed
by lincar madeis (see Meurs and Dawking {3S)).

N L

Based on the authors® experience with small- and mediun-size problems
(up ro 30 constraints), the BBMIP was found 16 be a relatively efficient pro-
gramming code.

Somic of the problems encountered in integer programs (based on
Gomory’s cutting-plane method) are: (1) Because of the nature of the
methods, the oprimei answer may not be achicved in a reasonable numher of
iterations. Unafartunazly, since there is po way 1o determine in advance how
many iterations are needed (e obtain the solution, this system can be very
incflicient. (2) The optimai integer solution obtained by the cutting-plune
mcthods is deternuned by iesting the solution for 1:‘.!c;::cr vnlucs—-;h‘al is,
th(.)sc vitrisbles that are required (e be integers. Computers with # ficating-
pomt'l'c;uurc, frowever, may have an inzceuzacy (reundofl error) probiem,
resulting in 2 need for special tesis (o identily the integer opiimal solution.

Finally, computatonal experience revealed that problems that are ex-
tremely difiicolt or impossivie 10 solve using a given code may be easily
soived with another. (For several interesting cxaninles see Triuth and
Waoisey [55]). )

6.14
CONTCLUDING REMARKS

5
H

This text is devoted to the applied aspecis of mazthematical-programmin
etitods, We have thus (e rectr: er e : : .
metitods. v-",,(; have thus far restricted our presentadon (o Jirear- and inte;
programming modeis. Gur next task is 1o eaplain and ity

tary 3 ‘cvel

w4 possiotz, some of the rornlinear models. T
devoled to this iosk.
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43
(]

A LS. stedent organization is chartering riigh's te Furope cach
swomer. tn 1970, 2000 students regisicres for the flighis. The WW
Company, which provides the hus three avaslable types:
caa carrv up e 90 stu

&
SR000 (15 such fiights available): type 2 can cmry up o 150 students,

airpiancs,

iy 1 denis, with a ciew of 5 and a cost of

with a crew of 5 and cost of $11,00C (1€ such flights availabie); and
tvpe 3 can carry up to 360 students, with acrew of 18 and z cost of

$2°.000 {enly one sucn fight available). The company can spare i20
crewinen for the eantite mission. Find the best schedule for the WW
company.

Explain why the addition of Gamory's constraint cuts the feasible

arca of wolutions.

Froducts A, B, and &, are to be piade on three machines, HNet profif pes
unit of A, B, and O respecrtinaly, i 821, S'EG, and 522. Fach preduct
nracessed oy throe diffeicnt machines, P

]

rocessing fimie per uinil ¢

sreduction and data on mechine avaliniliny e shown in the wabie
2l
RODUTT SHACHIND AVAILABILITY
e 1 =t i m et A e (rHUTLS DER TV OWLSK

LIATIONL A B C SCHEDULING PFR]CLH

i s 228 374 :182

2 Py E 442 187 9282

3 g1 ‘182 - is§ 4732

6.4
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Assuming 1o set-up requirements, find the best product mix (that is,
what products shoald be produced and in what quantities) if the
production scheduie niust nicer adl- inten

fractions of prodiucts c¢an be produced.

¢r constraints; that is, no
Use Gomory's method;
however, if you do not find an optimal integer solution three iteraiions
after you add Gumery's canstraint, stop.

(a) Find the all-integer soluticn using Goinory’s method.
(b} Set the duval to the ali-inreger nroblem and sclve it.
(¢} Find the opportunity cost of indivisibility with the aid of the

dual’s optimal variabies.

N

Given:
max z=725x4+2.25x,40.5x,
s/t
7.5x,+79 x, <75
and either

2.8%,+32 x; +7.5x5<38.5

or
Idx, +58x,% 18
{a) Formulate the prodlem as 2 mixed-integer programiming groblem.
{b} Write the initial simplex tabiczu (o part (4)
{c} Solve the problem.
Given:
max z=3x;+ Ix,
4

S/t

20 .

x4+ 100, < 1G5

2

IJ) R ‘:‘ S\'- =< g }"

(@) Find an all-inteper solvtion graphieaiy.
{by Fmd an ali inrea
(¢} Assuining that cither the frsr or the seosind constrami ho

the provlzm as an

granhically.

A o . -
woiation by Gomory’s mohod, nanualiv

L St

ailnteger progrnianing vroblem. Solve

g

Given:

man =14 20, + 10x,

4
ang either

JF
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(a) Formulate as an all-integer problem, Wiite the first siniplex
- tableau.
{b) Solve the problem.

Given:
max z=20x;+ 5x,
s/t
4
13,}x,+10x25l00
10x, < 35
10x, +15x, <120

zid xy, x4 are integers.

(a) Find the all-integer solution using Gomory's method.

(b) Set the dual to the all-integer problem und solve it.

(¢) Find the opportunity cost of indivisibility with the aid of the
dual’s optimal variables.

The Elster Machine Corporation has a department specializing in
job-shop orders. One day the foreman reczived an order for three
jobs, whose proccssing times on one of scveral available machines
with equivalent capabilities, are

JOB TIME (HOURS)

A 4
B 6
C 7

Each job is processed through one machine only. Once a job is started
on a machine it must be completed. The department can spure only
one employee for the order. The employee can handle no more than
two machines simnultancously. The foreman’s objective is to minimize
the total clapsed time required for one production run. Find the best
scheduling.

(a) Solve by enumcration.

(b) Set up as a mixed-integer program, but do not solve,

Assume: ~
1. No sctups are involved.

2. Processing times arc constant.

3. The machines are working without interruptions.

4, Only one job can be processed on a machine at one time.

PROSII S 207

s e N .
5.9 The ABC Company is preducing three types of cunned beef. Type 1 s

6.10

pocked in Lpcund cans. type 205 packed in I-pound cans, and iype 3
s pacted in 3-pound cane Nei profit from slling each pound of
conned buef is 14 conis for type 1, 20 conts for type 2, ard 10 cents

for 1ype 3. Production is subject to the foliowing constraints:

6x, + 10.x; + 3xy < 100 pounds
8x; +10x, +6x, <120 pounds
4x, + 8x,+9%x, <150 pounds

where x; is the number of pounds of product i The objective of the

company is profit maximization.

(a) Find the best product mix if the number of cans produced must be
integer. {Hint: A transformation is advisable.) Noze: If you do not
have a computer program for integer programming, stop after
three iterations. Try to enumcrate for optimal solution.

(b) Determine the best production plan if the number of cans pro-
duced must be integer, and i at least 10 cans and no more than 40
cans of beef type | should be in the program. Nete: If you do not
have a computer program, try to enumerate. 3

The rescarch department of ABC s sclecting projects for the next two
years. Seven proposed projects are to be evaluated. The yearly cost of
each product in man-hours required and the data on available man-
hours are given in the table below. Also, the expected profits (dis-
counted to time zero) are given. The rescarch department wants to
maximize its profits. Find the projects they should select.

(a) Set up as a mixed-integer programming problem.

(b) Solve (use common sense if you have difficulties in getting results
with Gomorian constraints).

e e
MAN-1«ORS RE IRID DISCOUNTED INFPECTED
b ae - - PROFITS IN
PROIJECT 1ST YEAR 2ND YEAR THOUSANDS OF DOLLARS
A 1000 4000 120
B 1200 2000 100
C 1800 1600 80
D 2000 2400 140
E - 1200 1800 - 100
F 2600 2000 160
G 2200 - 2200 . 140
AVAILABLE
MAN-HOURS/ 10,000 12,000 «§. v
YEAR
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6.11 Four diffcrent processes are avarluble for producing a certain paint. or
The processing cost of cach gallon in any of the four available processes,
with the maximum capacity of cach pracess, and its sct-up costs are
ginen in the tuble below. Assume that a daily denand of 35,000

(bj At least two of the following constraints hold:

gullons must be supplied. Find the best processing schedule (mini- 2x,+x,<10
inize total costs). Base your solution on an elapsed time of one day. X, —x;< 2
L o e . R R XZS 1
SET-UP COST, PROCESSING COST,  MAXIMUM CAPACITY, . (c) Given four sets of constraints, any two sets must hold.
PROCESS DOLLARS CENTS PER GALLON GALLONS
i A " 1) 2x x 6
A 500 6 20000 (1) 2x,+ 22
B 600 s 15000 ‘ A X1 =
C 1000 4 40000 (2 2x~--x;5°5
D 600 3 25000 X< 1

() 3x,+2x,<12
X;— x;< 1

(a) Formulate the blem as an integer-programmin oblem.
(a) mulate the problem n ger-prog g proble @) xi+ x.< 8

(b) Which processes should be used, and to what extent, in order to

minimize total cost. Solve this part with the aid of a computer. * =2
() Find the best and the second-best production schedule by a 6.16 Given:
common-sense approach. min z=2x; +3x,+x,
; - . . . . s/t
6.12 ::;i:]arnnx;nwhy integer programming can be viewed as nonlinear pro- / X, +2x; %3220
gra & x4+ 3x, =18
" 6.13 Given: 3x; —x3<16
in z=20x; +22x : . .
St min z=20x; +22x; +24x; +24x, Formulate the preblem as a mixed-integer problem when

(a) At least any two constraints must hold.

(b) Either the first constraint, or the second one, or any combination
involving two out of the three constraints must hold.

(€) A new constraint is added: x5 mus! be either 2, 3, or 4.

6.17 Given:

S5x,4+ 6x;+ Ixy+ dxy,>12
3x;+ 3x,+ Sxy+ dx =211
2%+ 2x,4 Sx3+ 6x,210

x;20, and x; can take either the valve of 0 or the value of 1. Find the
optimal solution by enumeration, and explain why cnumeration is the

: e min z2=3x;— x 5
best technique in this case. 1 212x;

s/t
6.14 In solving an ull-integer prebiem by Gomory’s method it may happen - (1} x;+ x4 x3216
that after we add the Gomory's cutting plane, the resulting program {2) 2x,+ x;— x;218
{not neccssarily all-integer yet) will have multiple solution. Illustrate 3} xy+3x,+5x3>24
graphically this sort of situation, explain its scurce, and suggest a ' 4 xy— x5 a0
' to avoid it. . . .
way to avoid1 Use integer programming to express the fcllowiag:
6.15 Write the following sets of constraints as constraints for the mixed- ) (a) At lcast three of the constraints must kold.
integsr zet, {b) No more than any two constraints must holé.
(a) Either . {c) No more than any singie censtraint must hold.
3 x,—2x,<10 . ;
X1+ Xz 3= 6.18 Given a fixed-charge problem:

o7

2x,—3x, =6 min z=f{x,;}+g(x;)

e
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where
543x; ifx;>0
f(x’){ 0 ifx, =0
and
0+x, ilfx;>0
g(x3) ( 0 if x,=0

subject to a set of construints.

(a) Formulate as a mived-integer problem.

(b) Give the general formulation of this type of a fixed-charge
problem.

The pipeline design problem(Problem 3.18) allows any combination of

sizes in onc span. Suppose that we require that there will be only one

size in each span.

(a) Formulate the problem as an integer-programming problem with
the aid of Boulcan variables.

(b) Solve the problem.

The ABC Corporation wants to maximize the present value of the
dividends it will pay. The discount rate it must use is 10 percent.
The firm has $600 now, it will reccive $200 in the next 1ime period, and
$100 in the third time period from investments now outstanding. At
this time the firm knows that there are nine investment alternatives 10
look at for the next three time periods. The firm’s policy is to ignore
the possibility of future advantageous investments until they are
definite. The relevant data are given in the accompanying table.

INVESTMENT INVEST IN RETURN IN
ALTERNATIVES PERIOD PERIOD
1 2 3 2 3 4 5 6

1 200 -~ — | 100 90 80 — —
2 300 — — | — 150300 — —
3 400 — — | 300 200 — — —
4 — 100 — | — 120 — — —
5 —~ 200 — | — — 100200 —
6 — 400 — | -— 180 180 180 —
7 — — 200 | — — 100150 —
8 —~ =200 | — — 150 80 —
9 — — 300 | — — — — 500

‘The ﬁrm.always has the option of carning 5 percent on money not
paid-out in dividends, but invested in bonds.
(a) Find the best investrnent schedule. Formulate only (write first
tablean.) S . v

\
Cvy
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(b} Find the investnent alternatives that the company should sclect;
that is, solve part (a) by use of a computer.

{¢) How much should be pad in dividends each investinent period @
(Include all «ix perinds.) :

(d) What s the present value of the dividend stream?

HMint: This is « problem in mived-integer programming. Let x, =1 if
investment is made, x,=0 if no investment is made, and i=1, ..., 9,
Let x;20, j-:10 to 20; dividends or § percent money can be at any
positive vaiue. (x;, 1o x5 are dividend payments; Xy 10 Xy, are the
S percent alternatives.)

A contractor must decide which of 12 contract offers he should accept.
The only constraints that are binding are on the capital needed to
finance the differcnt contracts. These 12 contracts are the only .offers
that will be made in the next five years. The contractor can hold his
money 1n 5 percent liquid securities, if he finds it desirable to keep the
money available for future contracts. The contractor wishes (o maxi-
mize the present value of the money he draws from the firm. He will
eventually draw all the money from the firm. He discounts future

“drawings by a factor of 10 percent for cach period. He feels that a one-

dollar drawing made nine periods from now is worth 0.424 dollar
now. The contract offers are given in Tables 1 and 2. All values are
given in millions of dollars. The contractor now has 60 million dollars,
which he can use for drawings, 5 per cent securities, or two contract
offers for the first period.

(a) Find the best policy. Formulate only.

(b) Solve (use a computer),

Table I FExpenditures

PERIOD
comRAch 1 2 3 4 5
1 20 — — — —
2 30 — — — -
3 — 10 — — —
4 — 30 — — —
5. — 20 — — =
6 —_ — 30, — -
7 —_ — 20 —
8 — e —
1 — - 20
10 —_— - — — 30
i} —_ - — = 20
12 J 7T 30
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Table 2 Returns

PIRIOD

CONTRACT 1 2 3 4 5 6 7 8 9 10
1 — 1015 - - — — - == -
2 — 10 10 10 10 10 — — — —
3 _ 7 7T - - = — — —
4 —_ = 9 15 21 - — — — -
5 - — 5 6 6 6 — — —
6 —_— = — 11 27 - = - - —
7 —_ - — 8 101l - - - -
8 —_— - = 7 6 - - - —
9 — - — — 8 8 8 3 — —
10 — = = — — 12 12 11 11 —
I —_ - = - — 9% 9 9 6 —
12 — — — — — 0 010 9 4

Discussion:

This problem is designed to show how money streams can be so
interrelated that the objective is not neccssarily to pick the contracts
with the highest rate of return. The time at which the capital is returned
to the company is very important. The rate ¢f retirn that makes the
present value of each contract zero is given in the accompanying
tabulation. It can be secn that none of the contracts hus a rate less
than iC percent.

CONTRACT RATE CF RETURN,
PERCENT

OO AW~
wv

10 20
I 25
12 15

These rates are for the year when the contract starls; therefore
what the capital was used for before the contract was started is import-
ant. If the capital had to be held in 4 percent liquid securities until the
contract period started, it may have a true rate of return that is less
than the required 10 percent. On the other hand, if the capital had

6.22
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previeusly been in other contracts, this rate may sull be in crror.
Recause the acceptance of one contract may siop the acceptance of
others, its rite needs to be ndjusfcd.

Put the problem in the form of a mixed-integer prograimming
proklem. The objective function shows the present value of the draw-
ings made in cach of ihe 10 periods. This is done by mahking th:
cocflicients of the drawing in the objective function the appropriate
10 percent discount factor. All other variables huve zero cocflicients
in the objective function. The first i2 variables are for the contracts
and they must have a value of zero or one. The next 10 variables are
for the drawings and the last four variables are for 5 percent liquid
securities. There is a constraint for cach period, which reflects the
sources and uses of capital in a period. These constraints are all

strictly equal to constants.

Given below is a minimization problem presented in the form of the
first tableau (original constraints were in the = form).

COSTS 1517 19 20 20 21 21 21 21 22 22 22 22 22 23

QUANTITY Xy X3 X3 X5 X5 X5 X7 Xg Yo Xjg Xiy X2 X3 X4 X35
16 33742 435 4236342
21 4 23556 4615953557
26 4 49757 6 7 65 6 85 7S5
26 4 3 6 67 57 4 €6 9 6 S5 6 6 8
14 0 41 3 5 42 8 3 044 4 3 2
9 213 2122223222122
5 1 ¢ 3 221101 0601 011
15 31 1 11 23 4396244375
14 4 2 3 2 2 3 3 5 3 44413 423
17 I 4 01 3 42 9 4 5 7 4 6 4 4

t is alse required that all variables take cither the value of zero or
the value of 1 (that is, x,=0 or I). Find the opuimal solution, using
any method desired (for example, Balas {3]).

6.23 Ceonsider the following transportation probiem.

] 1] m

02" . .03 " 0.4
FROM A ‘- 100
Y7 5 4
3. ' 02 G.5
FrROM B K i 200
v 6 ]G H ,
50 70 80
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The upper (left) numbers in thc cells are transportation costs per unit
shipped, and the lower (nght) numbers are fived ¢ rges. Find the best
shipment plan.

(a) Set up as an integer-programiming problem.

(b) Solve.

Solve the illustrative example in Section 6.9.2 by the branch-and-
bound approach.

(a) 1f x; must be integer.

(b) For the all-integer solution.

Solve the assignment problem presented in Table 5.36 with the aid
of the branch-and-bound technique.

A salesman has » citics to visit. He knows the cost of traveling from
city i to city j (c,,). He must visit all cities and can be in each city only
once. The piroblem is to find the least expensive route. The salesman
starts from his home city and returns to it. Propose a general solution
to the problem using integer programming.

Use the branch-and-hound appioach (manually) 1o solve the traveling-
salesman problem given in problem 8.5. The objective is to minimize
the toial distance. The tour starts and ends in New York. Each city
must be visited once aud only once. Show the tree and the branches.

e B —— —

NONLINEAR 7
PROGRAMMING

7'n-
«INTRODUCTION

In many rezl-lile~itvations the objective-function andjor the constiiints are
neshiear. The branch of mathematical programming that deals with these
types of problems is labeled as wordinear programming (NLP).

U=zlike the simmplex ‘method, which is a general model for solving lincar-
programming problems, there is no-general method for salving e/l nonlinear-
pigfgr{:mming =roblems. Tnstead, various comipatational- techniques have
been developed to- selve diffierent- categories -of nonhrear problems. In
general, ngplinear. progrimming requires u high devel of markematical
background. In this text we shall limit our discussion to those nonlinear-
programming methods that are relatively simiple.

7.2

CLASSIFICATION AND SOME ASPECTS OF
NONLINEAR-PROGRAMMING MODELS

In Figure 721 ‘wershow -a-classificatforr-of deterministic nonlinzdrproiram-
mipg probiems (based on Danizig [11], p. 8). Of the various categories shown,
most.of the formal-work hasibeen. porforimed in-the-area of © ~vex”pro-
gi:z)_n_;ing {(conveaity and concavity aré discussed in Appendix
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FiGURE 7.1

7.2.1 DEFINITIONS

a. Nonlinear Relations

- e et E-

3 .
Yunctional relationships that contain such terms as 2x”, log (1/x), and

25 as weli as noncontinuous functions, are termed ng:z!e'ue.'a,:—vfunc.r‘ffmzs;
In general. aoy functional relation that does not meet the 11!3(‘.31'1{.)' (:o::qx.x?n.,
is considered nonlincar. In a two-diriensional space, such relan'ons {for the
case of continuous functions) are represented by curves rather than by

straight lines (see Figure 7.2).
o Nonlinear-frogramming

i 3 i : X cws:
A, fewr examples of nonlinear-progamming prodlems are as fol

1) min 2=3x%-2p
sft ’ .
Ix +4y=12-
x —y=z3
xyz 0

7.2 CLASSIFICATION, ASPECYTS NONLINEAR-PROGRAMMING MODELS lu.

e

' |
|
VRN ' \ .
1\\///‘\ ’ /2/\}\_/ (g

FISurRe 7.2

p]

2 minz=2y—~
x

s/t Ix2 42y <100
% +3%< 80
xy 2> 0

(3) max z=>5x +7p
s/t x*42y* <65
2xp-+ y =250
xy =0
A-wide-ganpe of practical- problemis- with-constramed maximization (or
minimization) apd. involving. decreasing returns~io scale fall ~under - the
catezory of nonlinear-prograinming models. Let us illusirate
“"The linear-programming example discussed in Chapter 3 had a linear
obyjeciive furction 3x, +3.5x, buased on the assumption that no matter wha:
quantities we scll, our profit from producing onc vnit of cgeplant ()Y will
e 83, and from cne tomato plant {x,}) will Le $3.5. Let us now assume that
we face an objcctive funciion in which decressang, rather than consiant,

returns to scale exist.' Let us further assume that in our example the profit
, o

! This can accur because, as volume s increased. distribution costs may go up dispro-

. portionately. Another common reason is that as velume is increased, per-unit price declines.
. This is shown in Figure 7.3, where g shift in the supply curve from §, to S, results ina

decrease in price (from p, to p;). Also, decreasing returns 1o seale can resuit if produstion
COS! PCF LN reindins Constant, or decveasss at a rate sicwer than the corresponding decreass
. . N TP TR Y e . .

in price per unit. T et e ey e
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FIGURE 7.3

from selling epgplants (z,) is decreasing linearly according to the relation

1= 7 1500

and the profit from selling toinatoes {z,) is decreasing linearly according to
the relation:

Then the total-profit function that we would like to maximize becomes

X Xa
Z‘x,_ +22x2 =<3 —i'(_)(;—()‘)xx +<3-S —40(—))22

x® . x,*
—3).’1—'166(—)4-3.5).'2—20—0
This total-profit function is clearly nonlinear.

Anothen-example-of, nonlinearity can-be illustraied. by -considermgtthe
question of Sresource™ utilization.« We- assumed -in lincar-programming
quelsibaL.LﬁE.cqcﬂ?c_icn_l_s of the -constraints (input-output coefficients)
gemain constant (constant technology). This is not always true. With increas-
Tng utilization of a certain process and/or machine, we may find that the
processing time per unit may increase because of ¢xcessive heat or decrease
because of savings in set-up times per unit. In such cases the constraints
bchave in a nonlincar manner. For examiple, the constraint x, +2x,% <4000,
is clcarly a nonlinear constraint, s

A graphical exa- ‘e of partialiy nonlinear boundary of a feusible area

AT LN T e 7 € e - g F T
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~Nonlinesr bounda~ o,
the feawble area of
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N / sofutions

i

i

Ty
e
L
e
“

>
/

s
‘7
7/

7

7

/

7
7

FIGURE 7.4

celanvesProgremming

Son‘v.cx programming i3olves ;7:-cblems~:of;minimiﬁng?3f{‘nnvfxfobjec'tive
Winction (or maximizing a concave objective function) over convex regions
g T r M M )
(For a discussion of convexity and concavity, see Appendix C.)

d.«Types-of Constraints

To facilitate understanding of the material in this chapter, note the following
four types of constraints:

Lefovnstrainte that Torm cOnVEx fedidhs (see Figure 7.7a).
2. Gurzs‘\Ti.E!:‘.s:z sav fovmy neaconvex Tegions {see~Figure 7.7b).
3. Gunsi:afn’.s that.are active or defining constraints (sce Figure 7.5).
4. Qonsyrainfs-that ure rcerive orrrediatddnt CIstraiAts (see Figure 7.5).

Inactive constraints

Active
constramnts
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€. Beturneto Scale
Dawmishing returns to scale imply deeseestzgmoramrginal profit or seczrmsag
masgwal cost.

7.2.2 GENERAL STRUCTURE OF THE NONLINEAR-

PROGRAMMING PROBLEM
A reasonably general nonlinear-programming can be expressed as follows:
Find

Xy Xzy ooy Xn
50 as to maximize

/ f(x,,x;,...,x,,)
s/t :

/
l

g2y, ooty x;)sG a.n

and

Xy X34 00y X, 20

4ny or all of the fand/or g,, ..., g, may be nonlinear. AFHFHTHHCTPro-
gresasaing Hiodel, we assume

1 eCerrataty (ihat is, d-terministic models).

2. edlorsegat reneofaliovan abieFERE PR IF T PO RitIe s handte~a free
vamable dy-oanressingit-asd bediferene o RS o T S eevertables).

3. NMig<hmizationwossmimmizetionasdbeaondy goal. .

4. Rivisibility.

7.2.3 DIFFICULTIES IN SCLVING NONLINEAR-
PRCGRAMMING PROBLEMS

==Geonatal
Nethodeel solving LuearspropfMTiniAg nroblems are based on the property

that the opumdl £0iGli0n con be JoLnd at ¢ e Points of TAT §oTEtion Snace.

This preperty enables us (o limu-cur scarch to corner peinis ol the region

BleTaiLiicn and thus obtain-as-optimal solution in a finite number of
1ions. Unfortunately, no such umiversalily regarding the nature of
optimal solutions can be established in nonlinear-programming models. In
nonlinear programrning thessptimel solutionCdfi BT RAYPoinl 3(058_the
beundasies-0fthz feasibleErcrion, oi-eanrexistwihip-the/easibleregion.
?ig:;i;ﬁ.é demonstrates these two cases (the point P is the optimal solution

in each case).

A

7.2 CLASSIFICATION, ASFECTS

Objective
function

NONLINEAR-PROGRAMMING & CELS 31'8

Ob)‘e’\.l
functye

oI

i)

b
FIGURE 7.6

‘ In general, we face bwoemsioredificulties in solving nonlinear-program-
ming probiems.oFirsts because of the ronkazanity—of Tie objective funcrion

/ o o . : TN :
and/or.theconstraints, it con bgdiflicuiT in certain cases to distinguish berwesn

the locul and the global soitne

3 . T ° 1 B P A e
nst” This, for example, would be the case

when, in a maximization problem, the objective function .is convex. Alse

. « : . . - - . . . g
t.he same_ dn'.LLu!Lyu—de,earasq_\w,hen.wln-naﬁnaxﬁm:wison— problem-fiaving a
ligear.objective function, the region of-feasible solutions s nonconvex (see

-

Eigure-?..fi')). Sceond: itis sometinics difficult o testopumatity i nonhineag
pregrammmg-problems. The reason is that it is necessary to idc_x;.m"y and
evaluate all extreme points unless the functions involved 'urc cither strictly
convex or strictly concave. This task beconics increasingly more diiﬁculit
when we deal with higher-order (highes-degree) polynomials. Furthermore, a

3 Sce Appendix R,

Noncoavex
tegon

(4]

FiGure 7.7
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- jmractcrstcsof -obietr vE AT 5 TETEInRE TRiEh-orUEVariabiesTerhat

swall-1ncremental -changes-inthervarigbles tan- quitsroften resultin~larz
" cBenpes in the valuw df the' fl ﬂ.nCTit‘m:"ThUﬁMﬂt%TtCMW@U:‘#{bqn}g:ggﬂ an

e.xupm:—:pomtrmnﬁ-omcxceedmglwd:ﬁ)cui'..

hesNonlinsarCorstramtswithre-kmear-Objective~Funcuon

Twregnryﬂt"f'ﬁo‘ﬁHn!f:l‘r-?'ft\'grmming"vmbiem.«'“gwesvrise*‘m’m;?es
of sitemrrons: (1) a q_o_n_ggx-rcgmn‘m“f‘cﬁsihre‘smnrﬂ'fhi"aﬁd'a linear-objective
famerion (Figure 7.73); and (2) u_gsgn_mvwngmnmf.feﬂmhl'cf-vomnon‘and a
linear obwctrve-fupcuon{Figare 7.7b).
In the first case iwsrelatVEly=ERSY S TACHTY ThE GrtimaTSoTtiion and
sherresT T TOr Gptimality. Fow:exgmpierthe-optimal sotutron {maximization)
'sin Figures#:7anis-given=by-the pomnt~Prwhich 15 "a tangency pointrto the
Mboundary. dmumovemen AT TR T thispdint will reduce-thevalue-of the
objectverfunction. For example, if we move from poini P 10 point 3Q or
point R, the value of the objective function is decrecased from V,y to'Vz.
Thessitiationrin -the v se 10 A" NINMCONVER " TegioN; HOWRVET, 1S ot 6u

ﬁ sunple. Here, the pgim:!'.,:(=lhoughfav-tangenC)'-poim;-rx's--abviuusly-azlqc;ai

|

mgxtrmum. In this cageamoverment-atongthe-houndary=wilt bring us=first
t0 Pofwherestsr2¥ o but thewwe EOME TGP, (where /75 V;)“.’ThiS“t;fpe cf
simriorrpoinrwpthedif‘ﬁcuiryirrrdemifying'rruc‘gloh;:l“éxt'rcﬁ—ih i nonlinear-
pregramming problems.

In addition to the problem of finding extreme points, the prooicin of
identifying local versus global extrema can also be difficult. The utili;ation
of calculus to identify extrema (see Appendix B) becomes’ quite difficuit
if the nuinber of variables contained in the fufictions becomes large and/or
the functions contain variables of a high order. As the powers of the varial?les
increase, there is a corresponding increase in the number of stationary points
and thus the search for the set of possible points can become very difficult.
Difficulties also arise in functions of the logarithmic and/or exponential
form.

7.2.4 SOME PROPERTIES OF OPTIMAL SOLUTIONS
a. Economic Interpretation

W@az‘m%ﬂemwﬁmﬁomﬁf‘ws*ﬂmﬁrfummmmresenwa's'rm.aﬁcf'z
imlvi’ngdiﬁﬁnishing'wlum‘s‘fﬁné"if“ir’\were%ﬂprcsenr'a"cost‘functlon it
wu—ldﬂbemnc'invoiﬁngvinsreasing’afelurns:r-(decrcasingwmarginal--~costsvas
owtpur~txpands). Simiariypsamconver=objectivemfunction=Tepresents =N
iWn@vﬁ'@&mmﬁt-ﬁmction-muandhrﬁnishingereﬁnﬁ‘“cﬁMncﬁbh.
TQ&WW&%&WMTGMMMT
Co N . K i :‘.'.’“4..,,l.||

3 Note thai in ¥’ v.7a V; is closer to the origin than ¥; and ¥y < V. In some cases,
mavement toward th,  ein could very well yield a better solution.

[P
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pausgrararynzproble With a’convex teasible ared one can wpply .o clissca
meihgd-(Appendix-B)yof-locaung extremzTifand only if, (1) the ohjective
fug, o2 a5 pseudocuncave-ar strcthy comaver(see " Appendix C)<~tha®is,
dinusizlung rolurns-—in tie Cagu®f- A MZAMOR 042 ) preudaconver of
strrcthy comveafaee Arpeidiy Ti—ihat d§-40cicasting reiuns——i. the case of
mugimization.

0. The-Number of Variablet in"air OptimarSolnion 16 8¢
Ncniineai-Programming Problem

As the reagercwill-reeal], an importantepropey st d i BRTRAT Thdar-pro-
gramming solution 1s that themmmhTF o7 basre varidbles s wIwiss “eqynle
osrjessthin’ the numberssfmonredundant-structural constraimis. Theo Jaas
thgns-case-occurs-when -the-optimal solution 1s degenerate.

In theeopiimal selutiontoa nonlinear-programming Broblém; the HUMbBeT
ofsniution variable$ ¢atbe less Tham; equatl 1o; or greater than the numberof
siructural constraints, This.-property can also-be expluined by the fact-that in
nenlinear problems, optimatrsolutions :cam-exist- at points other' than the
“cernerpoints, For example, in Figure 7.6a we have two solution variables
and only onc constraint is fully utilized; that is, there is only one activs
constraint and two variables in the optimal solution. In Figure 7.6b there
are two solution variables, and none of the constraints is restraining.

Thus, fermemimest progravimimg; unlikedinear programmmpgrwe caNNoL
Aukeamypeneral Stateménts reparding therelationship betweéen the numbe:

7.2.5 METHODS OF SOLUTION

As the reader will recall, there is no general efficient algorithm for the solution
of nonlinear problems. However, for problems with certain identifiable
structures eflicient algorithms have been developed. In addition, it is often
possible to transform the given nonlincar problem into one in which these
structures become apparent. In Appendix D we present a method of solving
nonlinear constrained optimization problems. A relatively simple method to
handle such problems is presented in Chapter 8 (see Section 8.2.2). For more
sophisticated methods the reader is referred to Bracken and McCormick {8],
Fiacco and McCormick [18], Graves and Wolfe {21}, Lasdon [35), Mangasarian
[39], Wilde {56}, and Zangwill [60].

1.3

. QUADRATIC PROGRAMMING*

7.3.1 INTRODUCTION -

Quadratic-programming{QPyisthesimplestnontimear-programmme-ors. It
ithothe prablem o iz .maaém&zing}amcqw“ m’mbjmﬁve

f iR

BRI Adh v

% For an éxcellent treatment of quadratic programming, see Boot [7]].
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funcues-subrectto-hinear~constramts.  Manv pracucal problems can be
formulated as quadranc programs, and forrly effictent methods have been
developed for soiving such problems.

The necessary mathematical concepts for cuadrane programtung are
ziven in Secuon 7.3.2. We shall gne a bret introduction to these four
spectfic types of quadratic programming methods: (1) Frank and Wolfe's,
Dan:zig's, and simdar methods; (2) Beale's method; (3) Theil and Van de
Panne’'s method, and (4) Lemke's mecthod. Of these, only one method
(Frank and Wolfe's) will be illustrated by a numerical example.

7.3.2 SOME MATHeEMATICAL CONCEPTS FOR QUADRATIC

PROGRAMMING
emfuQuadaatic Function )
AayrcdraticfanctioninthersealmTriatlerx paymemaosisapolynumial func-

tlanthatcantsins teoms ahonordernohegherthanehesestnd (for example, for
/4 single variable x, the highest order is x7). The gencral form of such a function
'
Fixy Xay oo X)) =65, x, 2 F000x 4 X2 H(Cy F €)Xy X,
ot (Ca st Cane 1)K 1 Xa O X F X+ X, G (1.2}
. “

Iavesserempmse ;, we obtain acsuumettesfametony¥ and the ¢ +c;, ferm
becomes 2c¢; ;.
A guadratse-functinn-imtwonvariablescam b¥written as

R TR TS TR e ey Ry A g oAvC, X, + Co

A cquivalent matrix form of the quadratic funciion is most useful and will
be discussed later in detail.

Quadratic functions are well known in geometry. For example, the eislo.
theparebolanthshyperbolarand theshipse (FIPUCCT . 8y dreall locivispecial
aases {with some coelficients equal to zero in each special case) of a quadratic
equation given in Equation (7.3

crsbaereBgrCybrr Dty (1.3)
where 4, B, ... are parameters equivalent tc the ¢,; of Equation (7.2).
Quedrevefrastimswwith threesvurianies:havestbergeneral-form
f(x, v, 2)=Ax?+ By + C* + Dyz+ Exz+ Fxp+ Gx+ Hy+iz+ K (1.4)

Asstrrowadimswspremetasformsefre liptioe ittt re iR a g he
nassbebetdrond-hyprrbelesdareslldefined-byspectaicasesoftinisgenera

- A

% In a nonsymmaetric funclién ciy#¢y. It can, however, be easily made symmetric by
. . L4 U
defining new coeflicients ¢, as: ¢q;= ey +¢42)-
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T NV

Circle Paraboia

\\\ ,,. r\\\ —
< )

Hyperbola Elhpse

FIGURE 7.8

aguation They ean-heaconveryooncoversormttioniprery) T eXa mples
e
(.‘:1, .‘:z) =3x12—'X22+x1x: ""6-1’1 +6
f(x,, X3, X3) =X32—-2x,x1+x1x3—5x2 +X3
b.edalsadratity Form

A quadmtsadonTegsTw functionthateontains. onfymsecondrorderierms. | ik..
it is a special case of quadratic function; ExemeenldormTaEYeCADIEEE as

P F X E o 0 X, )N

f(xl’ Koy ooy 'xn)'—“(.l
Fog X ko b X)X,

+(Cnlxl "’anxz L +cnnxu)xn i (7-5)
Teprapaplas oaqeedratiosforimsme
Sy X} =2x 2 4 55,2 - %, x5

”v 2 -
Hxps X2, X3) =2, % 4+ 23, X5 = X X5+ X537
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5 <y Consider, for example, the general two-variable symmeiric quad:
form: :

: S xy=c 0 o007 + 20,51,

Let us denuc

P x / x and a 2> 2 .ommetric 1 atrix C, as
F 2 C,= [Cu an]
- . . . Ci2 <23
Elliptic paraboloid Elipsoud (hall) .
(convex function) {concave) Then the adrai o, -:f .2__} hes as
< ¢ X
- | O R I R ]
t ! €1z €3, X3
P s (7.

Similarly, any polynomial of the second degree (order) with n terms c:
be expressed in a matrix form as follows:

Sx)=CTX+1XTC X +¢, (1
where .
) X X2 hi )
tha o "p ) 2 X= , C=

(ncither convex nor concave; . .
has a saddle point)
xﬂ cn

FiGURE 7.9
XT and C7 are the transposes of X and C, and QiR DA IO D ABAL T Y

(thatsiemag @ c;)), which can be expresscd as
Axguadvaricfornmcansberimerrly AN SYREd TG o saMm (or differsnce) of

squares Oﬁzindepwdcmvhouwgeueous-hncamexpressions. For example, Ci1 vve Cqp
2 . .
zhlm'ﬁzrﬂ$2mg3*=+2v\7) s {2xpremy) C,=
This Drapesiym&e;-qnaershwxomavle-aavwﬂhe--*oitcrwmg-'fom’-“?ypés of
quadtebionfuncUeNSh Positive definite, posikver-semidefinitemeg ativesdcfmite, & ‘ Cag -+ Cpn
xamples:

and negamwwmfdeﬁmle We shali return to these functions.

mswoa%%sematmmmﬂu*adraﬂwﬁum“aﬁﬁ“‘é‘&ﬂa‘dm‘nc R
&ungtion . I, x] l—i_s _;.5] [x,]+[4 % [2]
&amﬂm%ﬁﬁﬁ?ﬁ%mm%mpmﬁmmﬁmemu%&tnx .
(madesgzofise  Dolents) andmpnamametn txbt ‘Fraseadersshoultarotetharerp=drand.therefore o= LS




~—

3

ﬁ!.
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8

319 CHAPTE. NONLINEAR PROGRAMMIR

(2) f(x)=2X,z+3.\‘22—)'32+4.\‘l.\‘2—S.X,.\'J-rg\'z.‘.‘_,".-'?x, "9.\'1 +-\.3+6

2 2 -=-257 [x, X,
={x; X3 X3 2 3 4 v |+[7 =9 1) jx =6
—254 -1 Xa X3
where
2(,2= 4 Cy1a = 2
2Cl3=""5 (‘13:"2.5
2(‘23— 8 C?_a: 4
Cll-— 2 cl— 7
€= 3 c;=-9
C33="1 Cy= 1

d. Types cf Quadratic Functions

Fositive Definite Function
If we have an n-variable quadratic form and we can reduce the function into
squares, all squared terms preceded by a positive sign, then the function will
always be non-negative. If it is positive for ali x;#0, ‘the function is posmue
definite. If it is equal to zero with some x; nol equal to zero, the function is
p(;s:';'iue semidefinite. {See Figure 7.102 for a funciion of one variable.)

f

e b ¢ d
b
Figure 7.10
Siciw¢ mathematically, a function xs po<mve_'_cgif‘}cn\ue if
XTC x>0 for all X0 (7.8)

where C; is a squat~ syrmmetiic matrix. A poqmve deﬁm juncno.l is alway
aCre g & A s

: ri cu'y COHIEX.
Examuic' “onsider the function . -

2 z £y y-
J(xg, Xg)=2x," 3%, + 60Xy X3
Since this function can be expressed as

Sxy x2)=(x, +x3)+(x, + 2x3)
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it is positive definite according to the definition. Note that the oniv vaiues of
x,.x; whichmuhe x; +x.and x, + 2x, simultaneously vanishare a; =0, x, =0.

Positive Semidchinite Fonction (Figurs 7.10b)

If we cun reduce an n-variahle quadratic form into squares. all squared 1erms
preceded by a positve sign, and the function can be equal to zero for some

X, not equal 1o zero, it 1s a pesitwe semidefinite function. Tre value of such
a function is either posiuve or zero.

Stated formally, the function is positive semidefinite if

XTC,xX20, forall ¥ (7.9
Exampie:

f(xyy X5, x3)=2x,2 4 55,7 + x3% +0x, x5+ 2x 0y + 2x x5
=(xy + 20,02 +(x; + X, +x3)°

This function, with three variables, has been reduced to a sum of squares,

afll with positive coefficients. Further, for », =2, x,=~1, x;=—1, the
function is zero and hence, by definition, if is positive semidefinite, and is
convex. ——

iy

Negative Definite Fuaction (Figure 7.1%¢)
A function f(x) is negauve definite if —f{x) is positive definite.
definite function is always strictly concave.
Example:

A negative

Sflx), xy)= —2x,2 = 10x,% ~4x,x,
=~ (x =X - (x, +3x)
This function, according ta our definition; is negative vefinite, 2nd is strictly
concave everywhere.
Negative Semidefinite Function (Figure 7.10d)

A funciion f{x) is negative scmidefiniiz if
Example:

~ f(>} is posilive semidefinite.

SO0, Xp0 X3) = = 2xy 2 = 5%, =X, 2 4+ 2x X3 + 22 x5 — 4y %,
= (X507 = {x, = 2x; —x3)°
This funciion, according 1o our definition, is negative se

coucave. Note that f{x)=0 when x,=!, % = - 7 .23

midefinite and is

e. Tests of Convexity

1. An easy test of convexity for quadratic funciions is to check the values of
the determinants of the matrix C; of the guadratic form pari of the function®

. . . L Lo C .
¢ The regular test of convexicy (discussed in Appendix €), which is more complicated,
can be used for cases not covered by this mcthod Appendix C aiso discusses the test of
convexily arouad a s:ationary print. .
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Let the first determinant be D; =1y,

\ .
. i¢yy €12,
Let the second determinant be Dy = M1 13
1€12 €2z
ey, €4z €3 ‘
Let the third determinant be Dy = |¢12 €22 €23
) !st €2y C33
and so on. If the signs of the determinants are ali positive, that is, if
D,>0 D,>0 D,>0 {7.10)

then the function is strictly convex. If, starting with a negative sign, the
signs of the determinants alternate, that is,

D,<0 7,>0 D;<0 D(-1)">0 (7.11)
Then the function is strictly conc;avé.
Example 1:
) 3.5 XXt
Jixy=3x,=3-3%2 1506 " 400
‘_:_! 0 Xy ) Xy
1000
={x, x3] . +[3 -3.5] i}
O Fo) L x2
-1
D,=¢;= m; hence Dy <0.
ey €12l | =1 Ol
1000 : h D,>0
Dz= = 1 =m, ence Ly .
0 —_—
Ciz2 €22 | 400]

The signs aiternate (starting from a negative sign), and therefore the function
i i al maximujr,
is strictly concave and has a_g_i_g_b’}_—i -_f{"t_:'):“

w—— L -
P

Example 2:

Jxy=2x,%+x;°

20 Xy
=[x, x,]
01 X3 |

d

Dj=c,,=2; hence D, >0.
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. B [
[erg €r2y 1= b,
D,=, i
P -
i

Ty Caa

'
i

; !=2: hence L,>0.
LB

All signs are positive, henee the function is siricliy convex and has 2 global
miaimuin. r e cant

-—

—
\
2. Another test of convexity exists for all two-variable quuw. uuc funcrions
{(second-degree polynomial) of the form

f(x, )= AX*+ Bxy+ Cy? + Dx+ Ey+ F 12

If44C—B*>0, and 4>0 (or C>0), the function is strictly convex.
If 44C~B*>0, and A <0 (or C<0), the function is strictly concave.
If 44C— B* <0, the function is neither stricily convex nor strictly concave.

Example }:
S(x) =352 +4p2 - 6xy—-x+2p
Here
A=3 B=-6§ C=4 D=-1 E=2

4AC-B*=4x3x4-36=48-36>0 and A>0

Thercfore, the function is strictly convex. Notice that convexity (concavity) is
independent of the first-degree parts. Notice also that the sign of the coefficient
A of the product x,x, is not relevant since the term is squared in the test.

Example 2:
f(x)=2x,~3x,=5x,2 4 3x,2 +4x,x,
Here /
4AC—B*=—-4x5x3-16=-76<0 /1
The function is neither strictly convex nor strictly concavs.__////"

f. Mathematical Presentation of Quadratic Programming

A quadratic-programming problem can be stated in various forms. In
Equation (7.7) we presented the objective function in a matrix form. We now

give two different presentations of the objective function as well as the
constraints.

i. max f(x)=CTX+3X7C, X (7.13)
sft
AX<B
X20
where B is an m x 1 column vector of scalars b, (i=1,2, ... w)and A4 is

an mx n matrix of the coefficients a,,.
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2. An alternate but equivaient mathematical statement of the general
concave’ quadratic-programming problem is:

max fix)= Y 3 €, x; +l Y Y ;X X; (1.14)
S/t jc 'Bl jg
iauXJSb, .i=1, 2, “eay =
j=1 .
and

7.3.3 QUADRATIC-PROGRAMMING METHODS

Of all the methods of solving quadratic-programming problems, four types
»f methods were found to be of special interest® {and cfficiency). They are
(a) Frank and Wolfe's, Dantzig’s, and similar methods; (b) Beale’s method;
(¢) Theil and Van de Panne’s method; and (d) Lemke’s method.

Since it is beyond the scope of this text to discuss each type in depth, we
shall present only some major elements of these four types and illustrate
one method (Frank and Wolfe's) with a concrete example. For further
details, the interested reader is referred to Boot [7], and to Kunzi ef a/ [33].

a. Frank and Wolfe's, Dantzig's, and Similar Methods

These methods are based on Kuhn and Tucker’s generalizations of the con-
cept of Lagrange multipliers (Appendix D). They modify the quadratic-
programming problem so that the simplex method can be used. An example
of Frank and Wolfe's method (which falls in this category) will be given in
Section 7.2.4. For several other variations, see Wolfe [58), Dantzig [10],
and Barankin and Dorfman [4].

b. Beale's Method®

This method, which also makes use of the simplex z2lgoniihm, converts the
inequality constraints to equations, and starts by finding an initial feasible

7 The objective funclion is concave if
Lz C,,.\“X’Z 0

for al! values of x. At present there is no suitable method for solving the general quadratic
program with an arbitrary symmetric C, matrix. Conscgquently, we will restrict ourselves to
a concave objective function for which the quadratic form is negative semidefinite (in
maximization). This requircment will always be assumed for the reinainder of this chapter,
whetker or not it is so stated.

® The discussion in this section is based mainly on Dorn s survey [14], pp. 181-196.
Scverai computational examples are given in lha( aruclc For othcr methods see Abadie [1},
Zangwill [60}, and Kuhn [31]). ¢ v

® For an example of Bealc's method see dea (53], pp. 223—231 sce also Beale [5].

JRTTTE
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solution for the constraint equations.’® The next step 1s an atici.pi o un-
prove the value of the objective function. With the aid of parual derivatives!!
and auxiliary vanables, it is possibie to check whether the introduction of 2
acnbasic variable wili improve the value of the objective funcuon. 1t is aiso
possible to show that a final solution can be cbiained within a finite number
of iterations.

Houthakker [28] develojcd « special methad, called the capacity method,
using parametric programming. This method complements Beale's method.
It can hand!e cases in which all coefficients of the constraints are non-negative.

¢. Theil and Van de Panne’s Method [52]

In this method, also based on the Kuhn-Tucker conditions, a systematic
search is made for those solutions that lie on the boundaries of structural
and non-negativity constraints. The unconstrained problem is scived first;
then the constraints are added, one at a time, until a solution is found that
satisfies all of the constraints. By devising ingenious rules, the authors were
able to limit the search to a small number of all possible solution combina-
tions.

d. Lemke’s Method [37]

Ir Lemke's method, which is rclated to his dual-simplex 1dea (Chapter 4),
we solve the problem by solving the dual to the quadratic programming
problem. The algorithm suggested by Lemke is similar to the one proposed
by Beale.

o. Comparison of the Aigorithms for Quadratic Programs®

Wolfe's method has the advantage that it can be easily generalized to inciudz
positive semidefinite objective functions. The other three methods are restricted
to positive definite quadratic forms,

Both Wolfe’s and Beale’s methods appear to require approxtmately the
same number of computations. Wolfe’s methoed, in general, requires more
iterations than Beale's, but each iteration involves fewer computations.

The methods developed by Theil and Van de Panne and by Lemke will be
preferable to the others if the soluticn lics on relatively few of the constraining
hyperplanes. In fact, if the solution lies in the interior {an unconstrained

Y0 This step in quadratic programming is no different from finding the first feasible
solution in lincar programming, for the first feasible solution is usually detcrmined by the

' constraint equations zlone, without considering the nature of the objective function.

' The reader will recall that in linear programming the improvement in the objective
function just after the initial solution was sought by checking the ¢, (coefiicients of the
objective function). Note that these coefficients are, in fact, the partial derivatives of the
objective funciion. In quadratic programming, we also mzke use of these partial derivatives

13 Source: Dorn [14).
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minimum) both the Theil and Van de Panne and the Lemke processes are .

identical and converge n one step.

Lemke's method does not require {inding an imtial primal feasible
solution, but it does require the inverse of the C, matrix Beaie and Wolfe,
on the other hund. do require an initial primal feasible soiution but do not
need C; ! The computations involved in finding a primal feastbic solution
are approximately equivalent to finding C; ', and on this basis therc can be
no choice between the three methods.

Any further compansons do not seem possible at this time The advan-
tages of euch of the methods seem to balance each other and leave liitle or no
room for choice. The relative merits of the four methods will become apparent
through extensive computational experience.

Finally, it should be noted that Wolfe has modified Kelley’s cuiung-plane
method [30] for more general nonlinear programs so that it too becomes finite
for quadratic objective functions.

7.3.4 FRANK AND WOLFE'S, DANTZIG'S, AND SIMILAR METHODS

We have chosen to discuss in detail this family of methods mainly because
they utilize the simplex algorithm.

The methods in this family include Frank and Wolfe [19], Wolfe [S8],
Dantzig 10}, and Barankin and Dorfman [4]. A compleie guide to this
. family may be found in Boot [7], Chapter 5.

This class and related methods, based on the Kuhn-Tucker conditions, are
capable of minimizing convex or strictly convex funciions, or maximizing
concave or strictly concave functions.

To provide a numerical illustration, let us apply Frank and Wolfe's

method to the foliowing product-mix problem:'?
X2 x?
max z=3x;+3.5x,— 1000~ 400
s/t
x;+2x,< 4000
dxy +3x, < 12,000
Xy, x,20

Solution, Step [: Determine the Nature of the Objective Function

Since the method can handle only semidefinite or definite quadratic functions,
it is necessary to find out whether our function meets these requirements.
Using the test proposed in (7.3.2¢) we get

NN T i
<B¥ =4l — x'— J == ————sthatis >0 -
44C=B .4<1000x400)- U 160,000 atis

13 This problen : also be solved by classical calculus (Apperdix -B) and by the
Lagraage-multipliers .uethod {Appendix D).

b et s o o = — -4 ma
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-1
A= — = :thutis <0
3

?‘"he. fupcnon is strictly concave (negative definite) and thus suitable fo.
maximization by Frank and Woife's method.

Solution, Step 2: Write the Problem in Matrix Form

The objective function may be stated as

max f{x)=CX+ XTC, X
In our case,
X1
X ;
X3

XT=[xi X,)

Thus

C=[3 35} and CT=
35

! 0
1000
CI— .
0o —1
400
The objective function can be rewritten as
-1
— 0
Xy 1000 Xy
Sx)=[3 3.5 +[x; x)]
b2 -1 X2
0 0
The constraints are written as
AX<B
In our case,
1 27 14
A= and AT=
[ 4 3] 23
, EN C o
LX=} .} and X>0. .
oLx :
B=
| 12,000
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S ir. &, 5 lransform the Uny.uwi i roblem into a
Linear-Programming Form™

lhis 1s done by Imijouucing non-negative slack variabies, onic iu <ach
inequality constraint and then by using auxiliary vanzbies. The transformed
problem has 2(m+n) variables and (m+n) constraints, and the following
general form:

max z=- 7% (7.15)
s/t
- TZ=D and Z=20
where
. A L~ 0, 0O,
T=
-2C 0., AT -1,
5 x ,,'
D= Z= L;T and Z=[S, U ST X7}
CnT ST

In these equations,

S, =non-negative slack vector for original problem (m x 1 column vector)
U =the dual variables (m x 1 column vector

UT =dual’s transpose (I X m row vector)

ST =slack vector for dual (transposed) (n x 1 colurnn vector)

1. =m>xm identity matrix

I. =nxnidentity matrix

O. =mxm zero matrix

0. =axn zero matrix |

Qs =N % m 2ero matrix

If we write our constraints 7Z = D according to the transformation, we get

A I, 0,0, X

Sk

ur | =P
~-2C 0,, AT -1, r

lS‘u

Inserting the data of our problem, we get

14 The original probiem is in a linear-programming form except that the objective
function 1s quadratic. This transformation is based on the Kuhn-Tucker conditions
(Appendix D). é in (7.15) is not the transpose of Z. It is instead a row vector whose
elements are obtained, in each step, from the solution at hand.

s Y
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. - - 1 r -
12 107 Too} I o o) L .
. ‘ X3y 40007
| 4 3 1 101} j00) [ 6 o . 12,000
2 =
[1/500 0 ] [0 0 P 41 [-1 0] “i 3
LH
0 17200f {oof {23] 0 -1} 53 | 35 _
L 4 LS J

- 0 . ( .
Solution, Step 4: Write the Constraints in Their Explicit Forms

x;+2x%; 45, = 4000
4x1+3x2+52 =12,000
)
5_06 + u2+4uZ_53= 3

3

2—65 +2u1+3u2—.s'f= 3.5

These data were derived from the 7Z = Drelation after the pertinent data
for our problem were inserted. ’

Solution, Step 5: Find a Feasible Soluiion

By examination, the following feasible solution is found: s, = 4000, 5, = 12,000,
u; =3, and s,=:2.5, and all other variables are cqual to zero. These values now

-]
become the compenents of Z.

&
Z=[s3 85, u; us 5, 59 x; X51=[0 2.5 3 0 4000 12,000 0 0]
Solution, Step 6: Transform into a Linear Objective Function

A new objective function is written
-3

max z=—§ZZ (7.16)

Ib our case,

X2
5

uy
P uz
S3
L Ss
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This objective function is to be maximized subjeci to the consiraints in
step 4. This is now a regular linear-pregramning problem.

Solution, Step 7: Use the Simpiex Method 10 Obtain Progressiveiy
Better Solutions

& » -]
Now we continue to find solutions Z,, Z,, ..., unul & Z; 1s found that

satisfies the following condition:
&
Z,Z,=0 (7.17)

which indicates an optimal solution to the quadratic-programmung problem.
Note: 1t may be necessary in certain cases to follow a second phase :n this

algorithm. For details, see Frank and Wolfe [19].
]

It should be noted that, according to this method, successive Z; might
yield dificrent functions as calculated by (7.15). In our example, we start the
algorithm with the objective function (obtained in step 5} and the constraints
(from step 4). The reader can verify that, after three iterations, test of opti-

B
mality (Z,Z=0) is satisfied. The optimal solution, in terms of real variables,
turns out to be x,; =1500. x, = 700.

7.4
. SEPARABLE PROGRAMMING

7.4.1 SEPARABLE (CONVEX) PROGRAMMING

Separable (convex) programming is a technique for obtaining an approximate
solution to some nonlinear problems through the device of “separating™ the
objective function terms into several single-variable functions. The basic idea
of the technique, as developed by Charnes and Lemke [9], is to transform
the nonlincar problem into an approximately equivalent linear program.
The solution to the approximate linear program provides an approximate*?
solution to the original problem.
The separable programming problem may be expressed as:

min f(x)= ; Fix) (7.18)

g,(x)=J§lg,j(xj)20 i=1,...,m (7.19)

The objective function is a separable function, as are the constraints. A |
separable function can be expressed as a linear combination of several single-...

'* The errcr of the approximation can be estimated; see Abadee (1], p. 180,
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variable functions: that s, it is a funcuion that can be written as © _ .. of
functions, each of which includes a single variable.
. . 5. .
In general, a sepurable function f{x) is
fe

Fo= Y fiap=filn) Hfax)+ o e alx) (7.20;
J

I:I
where O<x, <4, and 4, is an upper bound.

Example:
Aixy, x3)=2x2—x,2+3x, + 5x,

This function can be written as equal to
S ) +x0) = (2x,% + 3x,) = (x,2 = 5x,)

Essentially, the variables of.a separable function are coupled together
only in an additive fashion.

The first step is to write the objective function as a sum of several
specific functions fi(x). Eack fi(x)) is then approximated by a hnear
function fi{x;). (See Figure 7.i1.) The problem can then be solved, aftes
proper transformation, as a linear-programming problem. Further, since
the curves f(x,) are all convex (in the minimization case) or concave (in
the maximization case), the problem can be solved for a unique solution.

Several functions that do not seem to be separable can be separated afies
proper transformation (such as x;x,, €' 7%, and x,*%).

Separable objective functions often exist in practice. For example, if we

f/ (X’)

Linear
approximation

S

Maintenance cost per week

; ' S + %
0 5 10 15 20 25
" Weekly travel Gtme (hours)
\ RN -,\uhi.ll

i - IFIGURE 7.11
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check the total maintenance cost of an automobiie. we find that as long
as the car is used for regular trips to work and for shopping. the costs are
almost constant (seec Figure 7.11, point K 10 point 4). But for those weeks
when we take extra out-oi-town trips, the mamnicnance cost rises rapidly
(from point A to B). Also if we use the car more than 25 hours per week, the
mainienance cost will increase even faster (from B to C).

We shall discuss here two basic types of convea separable programming:

\/ Nonlhinear objective function with linear consiraints (Section 7.4.2).

2. P:ecewise linear convex objeciive function with hinear constraints (Section
i’ '
L’ 743

Since a'third type—namely. nonlinear separable constraints that form a
convex region—will not be discussed here the interested reader is referred
t¢ Hartley [24); Hadley [22], Chapter 4; and Miller [43].

Noite: Theoretically, any separable problem can be solved with the aid
of mixcd-integer programming. The computation feasibility of the pro-
cedure is highly guestionable, however, since there are few efficient computer
programs for sciving very large mixed-integer programming problems. Thus
we are limited in practice to sepamble convex programming, with these three
basic requirements:

. The feasible arca is convex.

. The objective function is separable.

. The objective function is convex in the case of minimization (concave in the
case of maximization).

U3 N) o

7.4.2 NCNLINEAR OBJECTIVE FUNCTION WITH LINEAR
CONSTRAINTS—AN ILLUSTRATIVE EXAI®PLE

min z=x,%+x,2 —6x, +4x,

J\'1+2.\'22}0
Xy T XZSIZ
x;;xz?.' 0

Solve by separabie programming.

Solution, Stap 1: Waite the Objective Function as a Sum of
Separable Terms, Each of Which lnavolves a Single Variable

o Vfe R A Ny E
Z»‘=X52+x2z—-6.¥1 +4X;=fl(xl)+f2(,&2)-’-‘-(xl ‘—‘;‘x‘)'t“.xl +4X2)
Saiuion, Step 1 Test for Convexity fui £{q) in the Ares X20

fa) Forfi(x)=x~6xy,

' ‘ ¢

a &
=L a6 =t
8):‘ ‘ A
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The first and second derivatives are continuous, and /“> 0. Thus, the funcuon
Ji(x,) is convex everywhere.

(b) For fy{x3)=x,° 4+4x,,

of 82
—=2x,44, ':—f;=2
ox, - 6xy

Again, the first and second derivatives are continuous, and f”>0. Hence
the function f,(x,) is convex everywhere. Note: In maximization cases al!
Ji{x,) must be concave.

Solution, Step 1li: Bresk Each £(x,) into Separa:e Parts, Each
Part to Be Approximated by a Linear Segment

The decision where to break the functions is an imporiant on<; the smaller
the segments, the better the approximaiion, but the longer the required
computation. The segments do not have to be equal; the closer seme parts
of the function are to being linear, the larger the segments can be in these
parts. In our case we decided to break the function at integer points.

Solution, Step 1V: Compute the Coordinates of the Break Poinis
For fi(x,),

x 10 3 2 2 4 5 6 7 8 9 10 11 12
fix){0 -5 -8 -9 --8§ -5 (] 7 16 27 40 355 72

For /5(x,).

x2 10 1 2 3 4 8§ 6 7 8 9 10 11 12

Jalxa} | O s 12 21 32 45 60 77 96 117 140 165 192

Ia building ihe approximation we have to make an additional decision:
What is the upper limit on cach varable? In our case, since we have a
constraint, x; +x, < 12, we will compute the value of /,(x,) to the point x;= 12,
In addition, 2 glance at the curves (Figure 7.12) indicates that there is no
sense in computing values right up to the upper limit, since the variable x,
starts to contribute increasing marginal Costs {70 o Jhe poial x, =3, Similarly,
the variable x, starts to contribute increasing marginal costs from the point
x,=0. Thus, in view of the constraint x,s-x,:212, we should consider
the variable x; up to x, =3 and not consider variable x, at ail. But, since we
bavc an additional constraint, x; +.;.322 10, w= have to check x, up to point
==}0 and x, up to point x N
I,‘ practical cases, sucn an analys!s'may ‘sSave considerable computational
work, ATRET
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In this case, for purpose of demonstration we shall compute all points to
the upper limit.

Selution, Step V: Decompose x, into Auxiliary Variables x,,

This step is necessary in order to write the separated or piecewise linear
functions as an ordinary linear function. The subscript m corresponds to
the total number of pieces into which the functions have been separated.
In our case,

m=i2

The auxiliary variables, x,,, are defined® in such a manner that

L EEXpp X X (7.21)

Y6 A consequence of this definition for each x; is that the value for /,1,) can be approxi-
nated by multiplying the auxiliary variables x;;, %3, ..., X by their respective slopes. A
eview of the basic definition of the term “slope” will support this argument. This argument
s Lhe rationale ior step V1. . /

)
1
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In out casz, from Figure 7.12,
Xy= Vb Xt s
.¥2=A‘“+.\’22+ e '."XZI,Z

Note again, we have decompesed here up 10 the upper imit. Also note that
the auxiliary variables are iinear segments.

Solution, Step VI: Wirite the Equivalent Linear Objective
Functions That Approximate £ (x,)

In order to write the equivalent functions, we need to compute the coefli-
cients of the auxihary variables x,,. These coefficients are the s/opes of the
segments into which each separatad or piecewise linear function has been
divided. We distinguish two cases:

(a) In the positive-slope case (Figure 7.13) the slope is given by d,/d,.

B (S, ~5)

A, -8y e e

FiGURE 7.13

The distances d; and d, can easily be computed by subtracting the co-
ordinates of 4 from the coordinates of B. For example, the slope associated
with the auxiliary variable x, 5 is computed as follows: Since we have point 4
(4, —8) and point B (5, —5), we obtain

dy=-5-(-8)=3 dy=5-4=1
Therefore,

==3

Siope=2t =3
Slope= 41

. (b) In the regative-slope case (Figure 7.14) the slope is given aiso by
d,/d, and we subtract the coordinates of C from those of D. For example, for .
the segment ix,,, we have points: C(1, —5) and D(2, —8), from which we
obtain . ] o Lo
' d=—-8—(~5)=-3 dy=2-1=1
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Therelorc,

Note that the coordinates of al! points. such as 4, B, C, D, .
from soluuon step IV, in which x,, f;(x,), x,, and fo(x,) values are com- ~
puted at the break points.

" Similarly, we can compute all slopes and write the two separate linear
objective functions:

J1(x 1 Dunear = -5x”~3x12—x13+x“+3x,5+5x,6+7x,-,
+9x,8+1lx,9+l3x,',o+15x,',,+17x,.u

and

J2(8 2 inear=5X2y + X35 + 9% 334 11X, + 13x, 5+ 15,6
+ 17):27‘!' 19X28 +2]x29+23x2'10+25.x2'1x +27X2'l2

Solution, Step Vi

Utilizing step V, we write the constraints in terms of auxiliary variables.
Constraint I:

(egr+x55+ -
Constraint 2:
(x3y+x24

The other constraints are

The upper limit (in this case, 1) on the auxiliary variables is the result of
‘he@}eakmg-pomt decision (integral in this case). As mentioned earlxer, the
«eg'ments do not have to be either equal or integral.

Solution, Step Viii:

Now the problem has been reduced to a regular’ lmear-programmmg prob-
lem. In Table 7.1 we enter the initial solution.

NONLINEAR PROGRAMMING

.., are obtained

Write the Equivalent Constraints

+x,.|2)+2(x2, +x22+ s +x2"2)2 lo

+X1,02) H (X F X3 0 X, 1,) <12

05.\’1';251

Csx;,4251

Solve the Problem as a Regular Linea’r Program
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FIGURE 7.14

This formulation is especially appropriate to the upper-bound tech-
nique (see Section 4.5.3 and Dantzig {11]).
The optimal solution is:

Solution, Step IX: Transform to Origina! Variables

3—..
i
M3

L X=X Xt X s X+ X 5=5

~
g
-

e

™z

2= X.' j zl+xZ2+XT3=25

J

The approximate solution (5, 2.5) is very close to the actual solution (5.2,
2.4), which can be found by dynamic programming or by other methods.

[
-

Table 7.1 Initial seluticn

PRO- QUAN-

GRAM CosT | TiTY X121 X12 eer X112 X1 e X212 3y 82 ... S26lG;
e (M6t 1 2 2 j-1 0 of1
52 9112 ]1 oyt I I t {01 00
55 | 0 10 6| o o {00 ofo0

i or '

ol . . . o [T ¢ e des R
s lt0 100 a0t o 0 1o
e, M+5 M+3, M-17(2M=5 | 24-27|~M 0 ojo
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7.4.3 PIECEWISE LINEAR SEPARABLE CONVEX CEJECT!VE
FUNCTION—AN ILLUSTRATIVE EXAMPLE

Consider the example

max z=23x,+2x,
s/t '
x;+2x;<10

The per-unit contribution of x, drops from 3to 1.5 after x, > 5.
This is a typical business problem of decreasing returns tn scale.

Solution, Step |: Write the Objective Function as a Sum of
Single-Variable Functions

z=3x, +2x,=f(x1)+/(x;)=(3x,) +(2x;)

This is a special case of separable convex programming where the
separated objective functions are already piecewise linear (Figure 7.15).

Solution, Step Il: Test for Convexity

The separated functions are linear, and hence separable convex programming
can be usad.

Tolai profit

Ficurs 7.15

74 SEPARABLE PROGREAMMING

Soiution, Stew Hi: Write the Equivalent Problem

Break cach fix 1 into separate paris: (2) We break j,(,\z at poini x; =
{1 We need not break f5(x,).

Solution, Step IV: Compute the Coordinates of'the Break Points

X, 0 5 10
Silxs) 0 15 22.5
X2 0 10
JSa(x1) 0 20

Solution, Step V: Decompose x, into Auxiliary Variables x,,,

In this case it is not necessary to decompose x,. The variable Xx; is decom
posed as foilows:

Xy =Xypp+Xy,

Solution, Step Vi: Write the Equivalent Linear Objective
Functions That Approximate fo(x)

S1 Dtnear = 3%+ 1.5x;,
fz(xz)lincar=2x2
Sol:tion, Step VII: Write the Equivalent Constraints

x“+x”+2x2510

X1 <5
X2 < 5
Xyt X12s 2 0

Solution, Step VIII: Solve the Problem as a Regular Linear Program
Our equivalent linear-programming problem is

max z=3x;,+1.5x,;+2x,

s/t
X+ x5+ 2x,<10
X1y < S
X2 <5
X110 X120 X320

A .t / . !
The opfimal solution to the above hnear-programming problem is
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Solution, Step 1X: Transformation 10 Orniginal Variables

i.=,{l‘+i;:=5+5:10

i

i) =0

Hence the opumal solution is (10, 0), and the value of the objective

4 is HS)+1.5(5)=22.5. . _ ' "
mnwz‘;‘- z’i';wse :oiution in this special case 1s the optimal solution and not

i revi mple.
an approximate solution, as was Lie case In the previous examp

7.4.4 EVALUATION ' . N
S:parable convex programming appears to be an ;lfﬁc13:;};:02;2:};?:0:115056
ving certain classes of nonlinear-progamming pro erm, ;\“nmr C_onst;aims).
-oblems (hat arc linzar except for a small r.mmbcr- of no : onstraim
P'Gb'L i or 7.4.1 2 set of three basic requirements that mat t e
We h:qled ”; S.ect:)”()f- t.};esc the requirement that the separab.le funcuo-rls
?i tci::;c:cfel!zzzurr'mximizati;n) and convex (in minimization) is of special

i inc Figure 7.16. _
interest. Let us exarine Figu . . oo
l ‘The nonlinear function represented by a 1s concave with decreasing siop

r segments X, and Xy ' . o ‘ e no

fO If »('unction‘a is a profit funcuon that is to be ma.xlmxzzd% f/‘et:e € no

. problem in arriving at the solution because we »\:ould inclu clngude ot
gr;ﬁtable program, with the steeper slope (Xi1h and then In 12
additional capacity is available.

However, if function @ 15 @ €05

¢ function, part X,, should be included in

fix;

{

X321
X
b
X2 < ¢
X33
X132

S 1] !

3 ~+ )

"FiGURE 7.16
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the solution before x,, is included. This, howerer i- not feusible in many
real cases. For example, x;; may represent regular time, and 1, overume.
It 1s ciear that tine cannot operaie exciustiely on overume.

Similarly. it is meaninpless to talk about maximization of the convex
function c. because our solution will indicate the preference of x,,; over xj,
since the contribution of x., is larger than x;,. We can, however, minimize
the function ¢ since x,, is included first into the solution; and reality is in
accord with the program outpul.

In the case of function b, we have a convex {unction up 1o point P, and
then the funcuon becomes concave. In such a case neither maximizing nor
minimizing the entire function makes any sense. Instead we focus on maxi-
mizing or minlmizing segments,

The three cases depicted in Figure 7.16 have been discussed here to show
why the requirement of convexity (minimization) and concavity (imaximiza-
tion) fit the reaiities of practical problems. Of special interest is Miller's
extension of this approach to nonconvex functions {43).

Finally, another difficuity is that separable programming yiclds a linear
program of rather larger proportions.

7.4.5 SEPARABLE CONSTRAINTS

We have thus far presented methods that deal with separable convex objective
funciions, linear as well as nonlinear. Although the procedure is quite
complicated, it is possible to make any nenlinear objective function lincar by
introducing addrtional nonlinear constraints.!” This means that any noniinear
problem can be transformed 1o a proble:n with linear objective function subject
to nonlinear constraints. The implication is that if we can find an efficient
method of solving the transformed function, we can solve any noniinear
problem. Unfortunately, this is not easy to do. However, we do have a
development in this area by Miller {43}, known as separable programmirg
{of the constraints). As in the case of the separable objective function, it is
assumed Lere that all the nonlincar constraints can be separated into sums

. and/or differences of nonlinear functions of single variables. The method

guarantees only local optima.

7.4.6 PROQDUCT TERMS

A major requirementi in separable programming is that the functions involved
be scparable. In many real-life problems this condition is satisfied. But in
some problems there is an interdependence among variables in such a way
that product terms [such as 3x, x,, 4x, ¥, x;, and —2x, x,%) are found
in the. objective {unction and/or-in’the'consiraints. Ordinarily, separable

h) R v ‘)

Y7 For a proof see.Wnlfc {58}. B
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{'ogramming cannat be applied to such situanons. However, in some caset
/ t is possible to transform the product term into a separabie form and then
apply scparable programming. ‘
Of special interest is a quadratic form. A quadratic form can be easily
evpressed as a sum or difference of squares.
Example: A quadratic form x x, can be writien as

1 D | .
X1x2=2 (x, +x2)2"z (x;— X3

By the simple transformation y;=x,+X3, y2=X; =X, We get

1 1
x1x2=2.)’12"‘2}’22

which is a separable function. o
Once the transformed function has been solved, it is easy to caiculate
the optimal value of the original variables. For example, assume that we get

y1=6 ﬁ2=2
Then we have
r¥x +XZ=6
Xy —X;=2

“This is a system of two linear equations, which yields
'il =4 iz ——'-2

Thus, any two-variable product term can be made to behave as separa_ble. .
Another possible transformation for x,x, is with the aid of logarithmic
transformation; that is, let
y=XiX2
then -
log y=log x; +log x;

Hence the problem of maximizing x,x, is equivalent to

max y
sft
log y=log x, +log x,

If we assume that both x, and x, are positive variables, then the problem
is separabie. The last transformaticn shows that an expression can be n?ade
separable by introducing additional variables and additional constraints.
With some ingenuity it is possible to put into sepz rable forms many nonlinear
expressions. : : -

PN
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747 THe PROPURTY OF ADJACENT WEIGHTS

Some separabic-programming probiems have a certain property termed t
“properyy of zd,acent weights  Such problems must have ali linear co
straunts and a concave (in maximization) objective funcuion In such a cas
the simplex method can be adapted. For details sec Wagner [54) and Zangw
[00].

7.5

OTHER METHODS FOR SOLVING NONLINEAR-
PROGRAMMING PROBLEMS

7.5.1 INTRODUCTION

The calculus optimization approach (Appendix B) and the Lagrangiar
method (Appendin D), though of important theoretical value. are very
ineflicient as computational devices for most of the programming problems
More efficient computational techniques, such as separable progrumming. arc
limited 10 a small segment of the problems encountered in nonlincar pro-
gramming. Thus it is logical for researchers to divert their attention toward
developing a general and cfficient nonlinear program. Attempts to find &
general, eflicient, nonlinear-programming method that is cquivalent to the
simplex method in hinear programming have thus far been unsuccessful.
However, several interesting methods have been developed, each with s
own merits and limitations.

In the following section we will survey some of the more classical methods.
Large numbers of the special methods are being published in the professional
literature (for exumple, in Operations Research). For further details sce
[2], {8, [18], [31]. {33), [35], {39], and {60].

7.5.2 THE GRADIENT METHODS™®

Gradient methods are procedures that guide us in obtaining a better approxi-
mation of the optimal solution. A secarch for the optimal solution starts from
sonie initial fcasible solution such as point 4 in Figure 7.17 and procecds to
new points 8, C, and so on.

The direction of movement is such that we improve the value of the
objective function (that is, we search “uphill” on a profit function or *“down-
hill” on a cost function). We search only those points that are within the
feasible area. The “target” of the scarch is the stationary point (maximum,
minimum, or saddle point).

« 18 For a detailed discussion.and examples.see Hadley [22], Chapter 9
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FiGgure 7.17

Basicaily, the method makes use of the vector of partial derivatives of
the objective function:

“Jx
Ja

Je= |

[—(‘
< Xn

The vector £, is known as the gradient of f.

From the viewpoint of improving the ©bjective function in a most
effcient manner, when we move from a given point 4 to a point B, we move
in the direction of the vector f,. This is done by evaluating the partial deriva-
tives at point 4 and chcosing the direction of greatest advantage.

The method is similar to mountain climbing. Assuming that we have cnly
one peak (concave function), we may search for this peak by adopting a
policy of starting from a point A4 and gcing to a point 8, which appears to
be the highest point in thg neight ‘ornood At point B we again look for the
next highest point, say C. We continue to search till we arrive at the summil
and find that no more impiovement in the objective function can ke made.

Wher we iy io solve a constrained problem by this method, we change
the constrained probiem to a noeconstrained one, use the Lagrangian
function, and then try to search for a seddle peint on the Lagrangian funciion.

This methed presents several praciical difficulties in connection with
convergence, stopping rules, parameter selection, and computerization. Of
the several versions that exist, a prommént one 'is Eoszn's gradient pro-
jection method {47, 48}.

As is true for most nonlinear-programming methods, the gradient method

7.5 SOLVING NONLINEAR-PRCCRANMMING HOCBLEMS 34%

will work successfully only in the presence of diminishing ri 1 .rns. The meinoe
can alsc be used to solve linear-progiamming problems. When the gradient
method is appiied to linear-programming problems, we con arrive at ar
approximate solution fasier than we can zr+i=o at the optimai solution by
the simplex method. -

The gradient method can be .used in unconsirained as well as in con-
straied opumization problems. The method is more efficient for those
problems that have lnear consiraints.

Gradient miethods also have been labeled as siethods of feasible directions
About half of the methods hsted in Table 7.2 belong to this family. Of
special interest is Zoutendijk's algorithm [63]. This method has been extes-
sively tested (see Section 7.7). especia:ly for cases of lincar consiraints. For
additional discussion of these methods see Hadiey [22].

7.5.3 CUTTING-PLANE METHODS

Cutting-plane mcetheds (sce, for examiple, Kelley {30]) attempt tc convert
the given noniinear proulem to one of minimizing (or maximi.ing) a linear
objective function while approximating the boundary of the feasible area
by a convex polyhedron. This is done by solving a scquence of linear-
programming problems whose solutions, in the limit, approach the solution
of the original problem. The method relies almost exclusively on the fact
that the tangent plane to uny point on the boundary of a cenvex region lies
entirely outside the region. For this reason it is not well suited to nonconvex
problems. Even for convex problems the compuiational experience has not
been exicnsive. The cutting-plane mcthod is restricled to objective funciions
that are twice differentiable.

7.5.4 SEQUENTIAL UNCCONSTRAINED MINIMIZATION
TECHNIGQUE (SLMT)

A more recent meihod, develeped by Fiacce and McCormick [18], is known
as SUMT. The basic :dea of this technique is to transform the original
problem into a sequence of unconstrained optimization problems. This is
desirable becausc a number of methods ol uaconsirzined optimizaiion are
available (for example, classical calcul do and the steepest-ascent method)
and many newer ones are being develnne T T 7T S ong of the raost promis-
ing 100is for solving nonlinear-progranining srodlems. Research efforts are
being currentiy conducted io improve its efficiercy.

" 755 BRANCH-AND-BOUND APPROACH

For all-integer and r’m-."dx teger convex nonlinear problems, the branch-
and-tound approach (see Section 6.7) may be used.’
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The idea is to solve the problem first withoui paying attenvento the integer
requirement, thus fAnding the soynd (upper for maxmuzation, lower for
‘nininuzation) on the objective function I the soluiion »w nomieger (for
2xample, x,=5.7) instead of integer, the problem 15 brancied 1o two
problems* (a) the onginal problem with an additional canstrammt v, <5, and
(b) the original probiem with an additional constramt x, > 6. We then solve
the two new subproblems. If one of them sausfies the mnteger requirements
and its objective function value is better than the other one, we have the
optimal sojution; otherwise we continue to dranch each subproblem further,
until we arrive at an integer soiutzon. Each time we have to use some method to
proceed from the noninteger solution to an integer solution. The difficulty is
that we add more and more constraints as the branching goes on. The process
is similar to the one presented in Section 6.7.

7.6.6 GEOMETRIC PROGRAMMING

The geometric approach is based on the mathematical theory of inequalities
and on the use of an associated dual problem: For a nonlincar problem with a
special structure the solution may be obtained simply by solving a set of
linear equations, Overall, the technique uses mathematics above the level of
this text.

The interested reader is referred to the work of Duffin er al. [17].

7.5.7 OTHER METHODS

Many other methods have been developed both for convex and nonconvex
programming. Most of them are limited 10 special applications, which are
usually rather complicated. The interested reader is referred to such pro-
fessional journals as Opcrations Research, Management Science, Econometrica,
S1AM Journal, Bulletin of the American Mathematical Society, and Naval
Research Logistics Quarterly, in which a large number of articles appear on
the subject. Some of the methods of special interest are:

1. Charnes and Lemke's [9) extended technique, This is an extension of the
technique of separable functions (Section 7.4) to the nonconvex case,
However, the extended method does not insure global extrema.

2. Use of intcger programming. This special approuach is discussed in Chapter 6.
The basic idea is that many nonlinear, and even many nonconvex problems
can be approximated by, or reduced to, an integer linear-programming
form (see Gomory {20]).

. Use of dynamic. programming. Dynamic programming can be applied to
convex as well as to nonconvex nonlinear-programming problems, with
varying degrees of success. In some instances the computation is very
lengthy. It has been applied quite successfully to transportation problems
with two origins having nonlinear costs. Alternative methods for such
probiems are not, in general, efficient. See Hadley {22] and Nemhauser {44].

4, Heuristic search. There s an increasing trend towards the use of heuristic.

search methods for solving complex, especially nonconvex, nonlincar pro-

R

7.8 SOME APPLICATIONS OF QUABRATIC PROGRAMMING 345

grams Uthizing such @ scarch 1s stnilar to the enumeration anprouach How-
ever, wheralian e enumeranion aprroach we check all posvble soivtions,
ine heurtiz approach we cheok only a finite, relativesy sinals, number of
satuiens. This procedure, of course, does not guarantee optimality. See
Wagner [34]).

7.5.8 STOCHASTIC PROGRAMMING

Stochastic programming deals with situations in which some or all the
parameters of the probiem are described by random variables.
A nonlinear stochastic-programuning problem can be stated as

min F(x)+ G(y) {7.23}
s/t
X+y;>h, i=1,2,...,m
where b=b,. ..., b, is a stochastic m-dimensional variable and x. y are

production and purchase vectors at two stages, with corresponding cost
vectors F(x) and G(y).
. An example of an actual situation is that of a two-stage manufacturing-
Inventory problem. The random vector b represents a demand for # manu-
factured products that can only be specified in advance by its probability
distribution. The vector x delermines the amount of each product that will be
made during some period before the actual demand is known. This first
stage production of products is given by the vector x at a cost of F(x).
Once the actual demand b is known, we are forced to choose the optimum
value of y that will compensate, at minimum cost, for shortapes. This is the
second stage, and results in a production or outside purchase vector y at
a cost G(1). The problem is to select the first-stage production vector so as t-
eminimize the expected value of the total cost F(x)+G(y).

A linear two-stage problem has been discussed by Dantzig and Madansky
f12] and Madansky [38). Mangasarian and Rosen [40] have taken the results
of Madansky (who obtained upper and lower bounds on the optimum solution
to this two-stage problem for the completely linear case) and extended these
results, under appropriate convexity, concavity, and continuity conditions, to
the two-stage nonlinear case. Bui Trong Lien, in Abadie [1], attempted to
point out certain possibilities of generalizing the inequalities found in the
references cited above.

7.6

SOME APPLICATIONS OF QUADRATIC
PROGRAMMING

7.6.1 GENERAL

Until ‘recently there was very ‘little evidence' for' practical applications of
nonlinear' programming: ‘Most 'known' applications were i e area of
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quadratc programming. However, with improved corputational efficiency
theie is increasing evidence for the use of nonlincar programriing in maany
areas of marketing, production, finance, and services. (See Williams [57].)

In this section we present some examples of guadrauc programming that
can be considered, for the most part, as classical.

7.6.2 OPTIMUM ALLOCATION OF RESOURCES

Allocation of resources under perfect competition is a classical linear-pro-
gramming problem. In linear programming, the optimal solution is such
that the total net revenue equais the total marginal net revenue. If prices are
not constant but instead are a function of volume, the problem has a non-
linear, usualiy quadratic, objective function.

7.6.3 PORTFOLIC SELECTION -

A well-known quadratic programming model, dealing with the problem of
selecting an investinent portfolio that wiil yield a giver expected total return
with minimum variance, was developed by Markowiiz [41}]. The problem,
often referred to as the portfolio selection model, assumes that the investor
wishes to maximize his anticipated returns, and considers variance of return
as undesirable. Minimizing vanance of course minimizes the risk involved.
The above objectives are reasonable because the portfolio with maximum
expected return is not necessarily the one with minimum variance. There is
a rate at which the investor can gain expected return by accepting greater
variance or reduce variance by irading off’ expecied return.

Assuming that the only consiraint to be satisfier’ is that of investing all
available funds, then the foregoing problem becomes an optimization
problem and the solution can be obtained by using quadratic-programming
techniques. The problem is as follows:

An ipvestor has a fixed amount of dollars to invest in 1 available potential
activities. However, these n activities vield varving returns (dividends, in-
terest), and also the rates of appreciation fluctuate differently for the n
activities. The variance {when the actual rate is different than the expected
rate) can be cunsidered as the risk invoived for each individual activity.
A suadratic programining problem s generaied if this variance, in equation
form, Is iacorporated in the objective function.

The nroblem in this case can be sclved with the Kuha-Tucker conditions,
using I.anrange imuiupliers,

7.8.4 INCOME VARIATION AND SELECTION OF ENTERPRISES [50)

A considerable amount of time, money, and e¢ffort has oeen devoted toward
developing methods in aiding farniers to maximize their cxpected or average
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profits. However, the variance of expected farm income (see Figuie 7.18)
has been seriousiy neglected. although it is recognized as being an importan?
component in a farmer's decision-making ‘process. The method used in ths
problem is sirpilar 16 that vied in the panfoio sel s Jiscussed previously,
except that in this case the objective I1s te minimize total income variance
when decisions are meade concerr:ing farm planning. In this case, tetal income
variance V is given as follows:

V=
H

XXy (7.24)

M
™~

where o;, =covariance between ith and jth enterprise
o2 =variance of ith enterprise
o =variance of jth enterprise

=ol=cp fori=j.

(7(,

4
’ 1
/
¢l \ / < /
8 z /
[ [
-2 € Minimum variance
2 Minimum variance g ' '
Y] <
£ 3
g g
£ £
Experted cost (£) Expected profit (£)
FiGure 7.18

The minimum variance is a convex function of the expected cost or profit.
Let us now see how income variance can affect a farmer in choosing his
enterprise mix. Referring 1o Figure 7.19, assume that the shaded ares
indicates a se! of al! eaterprises that yield desirable expecied incomas and
their corresponding variances. Each point represcnts the expected income
and variance from a specific enterprise iy

Point B rep:esenis the mix giving the :naximum expecled income, but
likewise, the jargest variance. Of course it is possible that maximum variance
may occur with a mix that doss not yield the maximum income. but we will
not consider such a sitvation hers. Points on the curve QAB yield the “effi-
cient cnterprise mixes,” since for any specific incoine level the mix with the
minimur variance wili be found on this curve. For exampli, point 4 has 2
lower variance than point €, yet has an equivalent expected income.

,



348 CHAPTER 7 NONLINEAR. PROGRAMMING

Yy
(:ncome
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FIGUrRe 7.19

Now if the farmer has a good equity position, he may choose a min
represented by point B (the most risky, but yielding the highest eapected
return), whereas the conservative farmer or one with a low equity position
might choose a mix on curve OA4B closer to the origin. Using a linear-pro-
gramming analysis, maximizing returns would indicate the optimal mix at
point B.

* What we have arrived at is a total variance function in a quadratic form
that can be minimized, subject to linear constraints, including a resource
restriction {land) and an income restriction. Let us iliustrate.

Assume that there are two enterprises available: x, and x,. Each is being
considered for a farm. The average net income per acre for x; and x, are
g, and gz, respectively. Let us also assume that we know the variances o,?
and ¢,? and the covariance o,, of the net incomes g, and.g,. The problem
then becomes

min V=0,2x,2+0,2x,2+20,,%,%, - (7.25)
s/t
Ei1X1+8,X,2 by (income)
X1+ Xx,sb, (land)

where b, =des:red income level and b, = amount of land available.
Through the use of quadratic programming the quantities of x, and Xy
that will minimize the income variance can be found.

7.6.6 SURPLUS MILK IN THE NETHERLANDS

A surplus of milk poses a problem in some countri¢s. Theoretically, the
| farmer should be willing to increase his milk production to that point at
which his marginal cost equals-his marginal revenue. Howeves, there are two
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major practicai difficuities that contradict the theoretical viewpomt First, the
taargimal cost that the farmer will calcujate Tor the short. run is probably
incorrect because he usually excludes hus own labor from the costs Second,
even if the farmer culculutes fus costs carrectly. he cannct survive in the long
run because of such faciors ws dependability of supply to customers, and so
on Inany event. the cirrcumstances are such that in some countries the milk
industry 1s subsidized and reguiuted by the government,

This, for example, 1s the case in the Netherlands. The farmers deliver all
their milk to a government agency at a guaranteed price. The agency reseils
the milk and milk products, such as butter and cheese. Since the agency
sets the price for both the producer and the consumer. it acts as a monopolist.
Qur problem in such 2 case is to determine how a given amount of milk
(production in any year is predictable) should be allocated to milk, butter,
and cheese, and what price should be charged for these products in order to
minimize the subsidy the government must pay to the farmers. The probiem
has been formulated and solved as a quadratic program. For details, including
sensitivity analysis, see Boot [7].

7.6.5 ELECTRICAL NETWORKS

An elegant analogy between the theory of electrical networks and the notion
of duality in nonlinear programming is presented by Dennis {13). Primal-dual
presentation of linear and quadratic programiming is discussed, in electrical-
network terms.

7.6.7 STRUCTURAL MECHANICS

Quadratic programming can be used in structural mechanics. Dorn [i6] has
presented the case of elastic-plastic analysis of trusses as a primal-dual
quadratic programming problem.

7.6.8 PRODUCTION SCHEDULING

Holt, Modigliani, and Muth developed a model that minimizes the cost of
producing a product over a number of time periods. Details are given in
{26}, [27], and [51].

1.7

COMPUTATEONAL EXPERIENCE .

7.7.1 GENERAL

‘Numerous algonithms have been programmed for computer v-= It is very
difficult' 70 ‘measur¢ and-compare the-effectiveness of these al,  .hms. The
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most detailed swoy, involving 34 different computer codes, has been made by
Coville in Kuhn [32]). For other peneral suneys and codes, see Arcnofsk:
[3] and Kunzi er al. {341

The maror conclusion of Covijle's comparative stedy is thai theelliciency
and periormance of a nonlinear-programming code can be greatiy affected
by the method of implementing it on a computer. Another important con-
clusion is that many of the methods were quite efficient with regard to one oz
more specific problems and less efficient as 1o other problems.

7.7.2 CODRES

Of the many available codes we chose to list in Table 7.2 the major codes
studied by Coville. Many of the codes are available through SHARE.
information about the codes can be obtained from the ‘“participants’ listed
in Table 7.2,

Table 7.2 Nonlinear pregramming codes®

WEIGHTED
AVERAGE
PARTICIPANT AFFLIATIGN  DEKIVATIVES  SCORE?

1. SEARCH METHODS
OPTIM Boas Mohil none 0.37
Sequentiai search Cooper Washington Univ. none —-0.67
COMPLEX Davies 1CI Ldd. none - 2.84
Roscnbrock Davies 1CI Lid. none -1.74
Klineman & Himmelblau Grace Pand G analytic 1.08
IMult. gradient summation

technigque Himmelblau Univ.of Texas  analytic —4.54
CANDIDE Himmelblau niv. of Texas none -5.00
Simplex search tiller Sheil Dev. none 6.38
FRCBE Suilivan iBM none 0.56
Z. SMALL-STEP GRADIENT METHODS
POP/350 Colville iIBM numeric 0.94
Richochet gradient Greenstadi IBM NYSC analytic 0.70
POP 1177094 Grigshy Phillips numeric  —=0.73
Carbide optimization

pacrage Hutten Union Cardide  numeric —
Ceneralized gradient

search Kephart Union Carbide  numeric  —0.32
Method of approx. '

programming Milier Eheil Dev. numeric  —2.13
Deflecied ascent ‘Millcr Shg!! Dev. numeric —_—
3. LARGE-STEP GRAD(FNT METHOCDS
Generalized reduced )

gradient Abadie- EdF analytic - - 1,05
GRG i! - Abadie: EdF ..analytic ... 2.64 .

BIb WOGRAPHY

Tuble 7.2 Meonlinear programming codes (continued)

Fethed of feasible

directions Anthony sdE Senos T maalytic 0.28
D. .zonwith CRS Davies 1Ci L. analyuc 0.70
Corvex programming Gauthier IBM, France analytic  ~0.3]
Conugate gradient Goldfarb Courant Institute analytic —0.11
Recuced gradient Huard EdF analytic =12}
Gradient projection

corrigé Kalfon EdF analyiic 1.56
Gradient projection Miller Sheil Dev. analytic 6.52
Variable metric

projection Muriagh Imperial College analytic 0.8¢
Kevised reduced gradient Ribiere IEM, France analytic 1.49
Mod.fed feasible

directions Tzschach 1IBM, Germany analytic 0.93
4. SECOND-DERIVATIVE METHODS
Courant Ballot CCSA analytic 1.0%
Gauss-Newton-Carroll Bard IBM-CSC analvtic G.67
SUMT McCormick RAC analytic 0.33
SOLVER Wilson Stanford Univ.  analytic 0.37
5. MISCELLANEOUS ITEMS
Separabie programming  Harvey Std. Qil of Cal.  none —2.46
Meihod of centers Huard EdF analytic  -0.36

351

4 Source: Kuhn {32], pp. 497 and 498.

® The positive numbers indicate more efficient codes.

7.8

CONCLUDING REMARKS

v —

It should be noted that there is similarity in all the models discussed in
Chapters 3 and 7. In linear, as well as nonlinear, models we have been
essentially dealing with only single-stage problems.

The reader must by now rcalize the power of these single-stage models ¢
solve several practical problems. However, the cuestion of multistage oro-
cesses remains unresolved. Divnamic programming, the subject of our next
chapter, deals with multistage decision problems. It also can be used to solve
nonlinear-programming problems.
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PROBLEMS

7.

-
g

I What are the major hazards in appro
by linear programming?

ximating nonlinear programming

.2 The International Chemicai Corporation uses two raw materials A and

Bin making one of its leading products. In each batch it is required that
at Jeast 4 tons of raw materials be included and not less than 2.75 tons
of raw material B.

The cost associated with the materials varies with the guantity in
the following way: For.materia! A the cost per ton is x, —1 (where x;
is the number of tons oought); for material B the cost per ton is
vy —~4 (where x5 is the number of tons bought}.

The company’s ob_;ecme is to minimize the cost of the raw materials
in each batch.

s e

7.4

PROBLEMS

D

6

(s} Formulate as a mathematical programmmg prooidi..
(b) - Sclve (optional).
(c) Comment on the results (optionai:,

The ABC Company manufactures two products A and B. There are

four departments whose capacities, per mionth, are given in the table
below.

UPPER CAPACITY IF
DLPARTMENT  ONLY A IS PRODUCED

UPPLR CAPACITY IF
ONLY B IS PRODUCED

I 250 400
1 250 —_
I - 360
v 200 100

The products can be made by any departnient as long as capacity is
available (at the same cost). Departments I and IV can produce either
product, or both (in a linear proportion). Product A can be sold at
quantities up to 600, yielding p, = 35000 per unit sold. Product B, hiow-
ever, is facing rough competition and in order to sell larger quanlilie°
considerable advertising is required. The net yield for unit of product 3
is given by

22 =10,000-20x,

where x, is the number of units of product B to be produced.
Find the product-mix and the production schedule that will
maximize profit.
(a) Formulate as a mathematical programming problem in two
diffcrent ways.
{b) Solve by the graphical method. (Show the feasible arca and the
objective function.}
Nore: When solving this problem do not use common sense and
shortcuts that could be employed 1n this specific case.

The Lehigh Computing Corporation is making two types of smali
specialized computers, A and B. The company cannot produce more
than two computers a week. Of their th-. = - "2bk: feams, two are
required for the production of type A and one for the production of
tvpe B every week.

The company profit (in thousands oi do!iars) for each unit of type 4
sold is 6—3x,; (where x; is the amount sold of type A) and for each
unit of type B sold is 2—x, (where x; is the nuinber sold of type B).

" Find the most profitable produttion pla‘n for the company.

{a) Formulate as a programmirg probiem.”
(b) Soclve (opticnal).
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7.5

1.7
1.8

7.9

7.10
7.1

7.12
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Show that in a quadratic forni,
Yo xx,=2TCX
the matrix C will always be symmetric.

Write the following quadratic forms as a sum (difference) of squares
of independent homogeneous linear expressions.

(€) 2x,% +5x,2 =x2,

(d) x,2+2x,x;—x, X3+ X2

(@) 3x;2~3x,2-8xx,
(b) 2x,2+2x,?

Show that the product term 4x,x,x; is separable.
Given the following functions:

6.\'12 +3.\'22 +x;2 —XX3 +2x1x3 - 3.\';x;
2x 24 x2+6x,x,
X ? xzz X3

300 500 1000
{a) Write the functions in a matrix form.

{b) Check the convexity (concavity).
(c) Find and identify stationary points.

2.5)(‘ + 2.25.\'2 + SXJ

Given:
max z=2x, +3x, —x,% = x,°
s/t .
Xy +XZS2
2x1+x153

(2) Present as a separable program. Separate x, at 0.5, 0.8, I, and 1.2.
Separate x; at 0.5, 1, 1.3, 1.5, and 1.7.

(b) Solve. Find a second optimal approximate solution and comment
on the results.

Solve Problem 7.9 by Frank and Wolfe's method.

Given:
min z=2x1+x2
sft
Xy+ x5
X, +2x,<8

and when x, =2 the contribution of x, is 3.
Solve this problem by separable programming.

Given:
max z=3x,+3.5x,~0.001x,2~0.0025x,?
sft
Xy +2X2 = 4000
dx,+3x; 512,000

7.13
7.14
7.15

7.16

7.17

7.18
7.19
7.20

PROBLEMS 367

Sohe by separoble programmiing and show graphically the separated
tuncuons Separate x, at 0, 1000, 1300, 2000, and 3000. Scparate x,
at 0. 500, 700, 1000, and 2000

Solve Probiem 7.4 by scparable. programnung.
Prove that a positive definite function is aiways strictly convex.
Test for convexity {using determinants):
2 xzz
IO"O 400

(b) 5x,%420x,—3x,%~24x,

(a) 3.5x,-3x;—

Show that a quadratic programming problem s separable if, and only
if, the matrix C, is a diagonal matrix.

Explain why ul} lincar-programming problems are essentially sepaiabic-
programming problems.

Is the quadratic function with the general x;x;x, term separable?
Show that the function ¢™**2 |5 separable.

Generalize the quadratic assignment problem and suggest a possible
general method of solution.



centro de educacion continua
f divisioén de estudios superiores
facultad de ingenierfa, unam

APLICACIONES DE LAS COMPUTADORAS A LA SIMULACION
Y OPTIMIZACION

APLICACIONES DE UN PAQUETE DE PROGRAMACION
LINEAL

M. EN C. MARCIAL PORTILLA ROBERTSON

ABRIL DE 1978,

Polacio de Mirerfa Calle de Tacuba 5, primer plso. México 1, D. F. ‘




Yarjeta 1
ferieta 2

Torjeta 3

Toricta
tinal

NOTAS:

TARJETAS PARA USAR EL PROGRAMA GRANM

lCo!umnc: ]

/) I8 T
// XEQ GRANM |
“LOCALINIT, PIVPT, TALNU, RM@VE, CLEAN, TAGPR

~  Torjetas de dotos (Ver pégina 3)

~ Este programa esté listo para usorse en la computadora IBM 1130 de CECAFI,

= Latarjeta 1 es lo torjeta anaranjoda obtenida del CECAFI,

- El ndmero 1 que aparece en la 2a, tarjeta se perfora en la columna 17,

- El progroma en la IBM, tiene una c0poc1dcd de 10 restricciones y 15 variables inciu-
yendo de holgura y orhf:c:ales

- Este programa también se encuentra disponible en’lo Burroughs del CIMASS, bajo el
notnbre de 11/SIMPLEX., Las instrucciones para correrlo en el CIMASS oparecen en
la siguiente hojo. Este admite una capacidad mayor sobre el nimero de iesiriccianas
y variables ccmo se indico en lu segunda hoja.

- Este programa utiliza el método de la gran M,



Torjeta 1
Tarjeta 2

Torjefa 3

Tg‘rj“e?a
final

NOTAS:

- Este programa esta listo para usarse en la computadora B 6700 de CIMAS/CSC,

TARJETAS PARA USAR EL PROGRAMA 11/SIMPLEX

Columna 1

# USER clave /

# RUN (JR82) 11/SIMPLE X
# DATA FILE 5 |

- Tarjetas de datos Ver pdgina 3)

f END

= Lo tarjeta 1 es la tarjeta roja obtenida del CIMASS,

- El vimbolo

4,

- Este programa tiene una capacidad de 30 restricciones y 40 variables incluyendo de

uff u

holgure y artificiales,

significa un carécter invélido. Este se obtiene presionando las te-
clos MULTIPUNCH Y NUMERIC simulténeamenie y perforando los nomeros 1, 2, 3,



e

TARJETAS DE DATOS PARA EL FROGRAMA GRANM O 11/SIMPLEX

s

~

La siguienie informacién deberé porporcionarse en lo que se indica como torjctas da
dates en los hojas anteriores.

TAPJETS DE IDENTIFICACION DEL PROSBLEMA ,

En esta tarjera puede usar desde la columna T @ la 70 pora poder dar cuaiquier identi-
iicacién gue desee dar @ su problema.

1A IETS DE DIMENSION'Y ETIQUETACION DEL PROBLEMA Y CONTROL PARA CO-
P.l‘.ER MAS DE U PROBLEMA,

El usuario debe dar cuatro ndmeres enteros con formato (4110) en la sngwente forma ¢
Columnos 1-10:  Némero de renglones del problema,
Columnas 11-20:  Ngmero de colymnas del problemo.

Coiumna 30 : Escriba el nGmero 1 si desea poner etiquetas a los renglones y a las
columnas, !
Escriba el ndmero 0 en caso contrario.

Columna 40

Escriba un 1 si desea correr un problema adicional .

“scriba un O en caso contrario.

_NOTAS:

El' ngmero de renglonas no incluye la funcién objetivo,

5i escribe un 1 en fa columna 30, el usuario, después de la tarjeta deberd dar el grupo
dér: torjetas para enq_efcs de renglones y el grupo de tarietas para etiquetas de columnas
51 en lugar de un 1 escribe cero deberd omitir este grupo de tarjetos y posar a las tarje-
tus de coeficientes de las variables ortificiales en la funcién objetivo, ’

e

i escribe un 1 en la tarjeta 40 ves los notas generales,

TARJETAS PARA ETIQUETAS DE RENGLONEFS

Las efiquetas parc identificar a los renglones de las restricciones, puedsn tener como ms
ximo & caracteres de cualguier tipo. '

En uno tarjeta puede escribir hasta 7 etiqueius. Estas etiquetas deben ir «i: fus cclumncs

1-6, 11=16, 2126, 31-36, 41-46, 5156, &61-66.



TARJLEAS ARA ETIQUETAS LE COLUMNAS (VARIABLES)

Las turjetas poro identificar a los columnas o sea a los variables involucradas en el
problema (incluyendo de holgura y artificiales) deberén escribirse de acuerdo a las
reglas anteriores para etiquetar renglones.

TAKJETAS DE COEFICIENTES DE LAS VARIABLES ARTIFICIALES EN LA FUNCION
OBJETIVO,

A cada varioble artificial asfignele un 1 y a los variables no artificiales asignele un
0.. Fuos numeros escribalos en las eolumnas 10, 20, 30, 40, 50, 60, 70, de acuer~

do ol 'wrden en que etiquetd o sus variables (columnas)
IMPORTAMNTE, Esta tarjeta es requerida aon si el problema no tiene variables  ar-

iificiales.

TARJETAS DE COEFICIENTES DE LAS VARIABLES NO ARTIFICIALES EN LA FUMNCION
OBJETIVO,

Esafiba los.coeficientes de lo funcién ohjetivo con el formato (7 F 10.0), Estos coefi~-
cientes. debe escribirlos de wcuerdo al orden en que etiqueté sus veriables (columnas),
Los coelicientes de los variables de holgura y artificioles deberd ser cero,

IMPORTANITE : Los coeficientes de la funcién objetivo deben corresponder al problema
de minimizar, Por lo tanto, si su problema es de maximizar multiplique por -1 y consi-
dete los coeficientes que resultan como los datos de entrada en este programa,

TARJETAS DE LOS COEFICIENTES DE LA MATRIZ DE RESTRICCIONES,

~ Cada renglén de restricciones va'en una o varias tarjetas, escribiendo los elementos su-
cesivamente en una tarjeta con un formato (7 F 10.0), Cade vez que proporcione un nuc
vo renglén debe empezarlo en otra tarjeta. ' ’

TARJETAS DE LOS LADOS DERECHOS DE LAS RESTRICCIONES ,

Los coeficientes del lado derecho de restricciones se proporcionan sucesivamente en una
tarjeta o en caso de ser insuficiente use otra tarjeta. El formato es (7 F 10,0)

TARJETAS PARA INDICAR EL CONJUNTO lNIClAL DE VARIABLES BASICAS,

En una tarjeta programe sucesivamente los nimeros de. los columnos que van a ser usedas
como columnas (variables) bésicas iniciales. Use formato (7 1 10),



NOTAS GENERALES:

L
20

€1 orden de las tarjetas debe ser como el indicado.

" Si en la TARJETA DE DIMENSION Y ETIQUETACION eccribis un 1 en la colum-

na 40 entonces su nuevo problema debe ir después de la TARJETA PARA HNDICAR

- tL CONJUNTO INICIAL DE VARIABLES ARTIFICIALES, Es importante que en el
"nuevo problema empiece con la TARJETA DE IDENTIFICACION DEL PROBLEMA,



EJLampLO 1, Considere el problema fined!

mGXZ:X4“X5

5.0,
. 2xp mxg =xgtxs 2 0
~2x) +2x3-x4 T x5 > 0
\=2xp  mxgtxs2 0
= 1

Xyt xo t X3

Debetemos multiplicar la funcién objetivo por. = 1 para que el problema sea de minimiza-
cién'y también agregar varlebles de holgura a las primeras tres restricciones para que ==
Heguen a ser iguoldades. Con estas observaciones el programe lineal estard en forma estan
dord, lo cual es una condicién para aplicar el programa GRAN M, 5i definimos z'=-z, -

nuesiro problema en forma estandard es

min 2' ==x4t - x5

C=2x%9 + Xg Ft g - x5 tsy =0
2x) - 2x3 * x4 - x5 *s9 =0
~x3 +2x2 +I><4 - X +s3 =0
x]+x2+><3 =1

xi_>_0; i=1,2, ..., 5
s> 03  §=1,2,3

—

Obsérvese que aunque el programa lineol ya esté en forma  estandard, fodavio no estd fisto
para cmpezar el alyoritmo de la Gran M porque en la Gltima restriccién no existe una varia~
ble que apuiezca vn esta restriccién pero no se encuenire en las otras restricciones, (ie., no
s¢ tiene una salucién bésica factible inmediate). Por lo tanio, deberemos agregar una varig
bie artilicicl que llamaremos ty, a la cuarta restriceién para asi completar nuesire soiucisn
basica factible en la cual se inicia el algoritmo. Sin embargo, ol introducir esta variable =
artificial en la restriccién deberemos agregoria en la funcién objetivo multiplicada por ung =
cantidad positiva M muy grande. Asi’ nuestro problema resulta ser:

min z! = < X4+x5+Mt‘
g Xy Ty xs Ty
L'x] ~2x3‘+ X4 = Xg +52 =0

%y +2x2 +x4 ~ X5 +s3 =0

o I B ThE

v

x-i 0; |=], 2, bDeoy 5
si 3—0; i=1,2,3
b =0



Es corveniente 1epresentar el programa lineal en un tablero (o tableau), para poder enten-
der més facilmente la informacién que deberemos proporcionar al programa de ésmputedora
GRAN M 6 Il/SIMPLEX, Esta representacién aparece cbajo

N % x % % 9 8w M
Ful:CiE‘»ﬂ Obi. (F.O-) o 0 O 4 -l ] 0 c o M Z'
Ranglén 1 (R.1) 0 =2 1 1 -t 1 0 0 0,0
Reng! on2 R.,2) . 2 0 =2 1 =1 0 1 0 0 0
Renglén 3 (R. 2) <1 2 0 1 -1 0 0 1V o0} o
Reng'én 4 {R. 4) 1 11 0 0 0 0 0 V||
W * w* *

Var . Holgu~ Ver,
ra Art,

Solucién inicial
bésica foctible

Este tc_E!ero contiene toda la informacién necesaria y la notacién apropiada pare correr cl
programa GRAN M 6 el 1I/SIMPLEX, A continuacién se presenta su codificacién poru el
GRAN M, Para correr el II/SIMPLEX la codificacién es idéntica excepto por las tarjetas
de control como se mencioné en la explicacién de estos programas, '
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FJEMPLO 2
max z =x) +
5.0, |
xy txy 2
Xy +xp <1
=X} + 39 hl
x; 20

Expr=sando lo funcidn cbietivo en términos de minimizacién e introduciendo variables
de ti.lgwa, artificiales; el probleme es equivalente a :

min (;z) == xy =xg + Mty

xy *x9 = 5 +f‘=]
X]-X2 +52 = |
‘X]+X2 +$3 =1"

En fnrma de tableou:

X} xp 1 h 2 53
Func. Obj. (F,0.) [-1 =1 0 M 0 0 |-
Renglén 1 (R.1) 1 T <1 1 0 0 1
Renglén2 (R.2) I -1 0 0 1 0 |1
Renglén 3 (R.3) 4+ 0 0 0 1 |1
* L3 *

Solucién b6~
sica factible
inicial,
!
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E'..JEMPLO 3 Resolver el dual del siguiente per de problemas primal - dual.

Primol min z =2x; -Bxé
2X‘«)C2'Xéz
X; = X9 +><3->-2
xizo
dual max w=3 A;+2 A
' 2

21" + )2 =
-*1-)‘2 £ -3 =+ x]+A2 >3
A, oA 2
- M- 2 0
| x; 20
Este duol es equivalente a

min (-w) ==3 13 - 2 Ay +Mh

N

2+ Mt =
M+ -t
M TR tsoo F

En forma de tableau; el dual esté dado por

by A
1 2 2 1 ho o5
£,0. 3 2 0 0 M 0| -w
R1 2 1. 0 1 0 O 2
R2 1 1 <1 0 1 0 3
R3 -1 1.0 0 0 1 0
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EJEMPLO 4

max z ¥ x) =x9 ¥ x3 =3x4 + x5 = x4 = 3xy

s.d,
3x3 + x5 * x4
Xt 2x3 = x4
- X) T x4
X3 txg T x7
X, .?.0‘

=6

min (~z) = = x) ¥ xp = x3 +3x4 ~ x5+ x4 +3x7

5.0,
. 3x3 + x5 +t'xg =6
Xp t2x3 = x4 =10
X] = X6 =
| X3 + xg + x7 A =6
En forma de Tobleau:’
X} X X3 X4 X5 X¢ X7
FO., [-1 1 -1 3 =1 1 3 | -z
R1 o 0 3 0 1 1 0
R2 0 1 2 <1 0 0 O 10
R3 ] 0O 0 0 0 <1 o 0
R4 o o 1 0o 0 1 1 6
* * *® *
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i el capitulo 1 se sefiald que los métodos de eptimizeciodn

pueden ciasificarse en métodos de cradiente y métodos de

bisqueda. *En los capitulos 3 y 4 se estudié el método de

aradiente. En este capitulo final se estudia 21 métodeo de

optimizacidn conocide con &1 nombre de programacidn dina-

mica un método de optimizacidn de bisqueda. Este {ltimo
método, todavia mds aque el de programacidn lineal requigre
del uso de la computadora digital. *Como se trata de una
técnica enurerativa, los tiempos de cOmputo para este
método son en general grandes, as1 como 1os requerimientos
de memoria. Debido z elle ei amples de esta té&cnica es un
cuanto limitado, a pesar do su extensiyp nimero de aplica-

ciones petenciales.

7. Prugramacion dinamica
7.1. Introduccién

7.1.1. Teoria Bisica.

*Métodos de optimizacidn de gradiente y
bisqueda
*La programacion dinémica{p.d,)es un mitodo de
4

biisqueda

*Requiere de mucha memoria y larges tiempos de

comnutacion



*En Jos métodos de optimizacion estudiados en los capi-
tulos anteriores, lineal, entera y no lineal todo el

problema se resuelve en una sola etapa.

*n p.d. (programaciép dindmica) el problema se resuelve
en forma secuencial, descomponiendo un probiema de toma
de decision maltiple, en una serie de etapas, donde en
cada una de ellas, es necesario tomar solamente un ni-
mero reducido de decisiones o de preferencia solamente

una sola.

%.a programacion dindmica es una técnica de optimizacidn
enumerativa aplicable a problemas con restricciones y
funciones objetivo que pueden ser no Tineales y regicnes

factibles no convexas.

iSe aplica en forma natural a problemas aue pueden descom
ponerse en etapas a lo largo del tiempo, pero también
puede emplearse en problemas no secuenciales o con es-

tructura en serie. .

PO

*Iw p.l., programaciin entera o no lineal se toma una

sola decisibn miitiple

*En p.d. en cada etapa se toma una sola decisidn

*Puede aplicarse a problemas no lineales

*E1 problema debe poder expresarse en forma

secuencial



*La programacidn dindmica se basa en el principio de

optimalidad expuesto por R.D. Bellman: (ref. 2)

*E1 principic de coptimalidad de Bellmen implica, que
en cualquier etapa del procaso de toma de decision, la
noiitica dptime para las etapas subsecuentes solo de-
pende del estado del sistema en dicha =tapa y no de la

forma en aque el sistema 1lecd a esta etapa.

*Para ilustvar el cuncedpto de optimalidad de Bellmen

nreviamanie enunciado, cunsidérese el siguiente eiemplo

*Principio de optimalidad de Bellman

"Una serie de decisiones optimas (peliticas
dptimas) tiene la propiedad, de que cualauiera
que sea el estado inicial y la decisién inicial,
las decisiones restantes deben ser éntimas con

respecto al estado oue resulte de 1a primer decisién”

7.1.2 Ejemplo.

*Ls decisidn Optima de una etapa en adeianto depende

de las subsecuentes y del estado del sistema.

*Tlustracidén del concento-de sornima’ idad de

Bellmar



Ejempio 7.1.1

Este problema muestra ademds el cardcter ennumerativo
de la técnica de programacidén dindmica y la forma en
que el principio de optimalidad de Bellman permite

reducirse nimero de posibles alternativas por explorar.

“*la fig. 7.1.1 muestra una serie de posibles trayecto *Trayectoria mds corta de D hasta

A, 6 A

rias entre un punto D y a1gﬁn,puntb del iitorial. Al’ Az, 3 4

Estos puntos son los puntos A1, AZE A3 y Aq. Los
nimeros ascciados a segmentos de recta dirigidos mues-
tran la longitud de los diversos segmentos de las posi-

bles trayectorias del punto D al litoral



o i
| v 7 pei @
. /0 1 _ /“g{ { '\mi / ,

Fig. 7.1.1 Red de caminos de D at Titoral

Determine 'y trayectoria mas corta del punto U al 1ito-

rai ampleando 'a idez de optimalidad.
Soiucion,

Les posioics trayactorias de! punte D al litoral apare-
cen en la vig. 7.1.2 y son en total 8 con las longitudes

indicadas.
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*Esta figura muestra de inmediatoc que la trayectoria
mas corta es la que pasa por 10s puntos intermedios

C1 B1 y 1lega al punto AZ y tiene una longitud de 18

*Para 1legar a este resultado vTue necesario expiorar 8
a?ternati&as si 52 hubiese querido explorar las posibies
alternativas con ayuda de una computadora, *deberian

c¢e haberse conservado 2n la memoria dé la miquina Jas
jocalidades intermedias, el puntuv al aue 1lega cada

vuta v su tongitud, es decir un

total de:

v 1a seleccidon final tendria que haberse realizado bus-
cando un minimge entre & datos. *Una vez localizado este
minime hubiese sido necesario recuperar de la memoria de
Ta miaquina 1ardesignac€6n de las localidades intermedias
y dei destino para poder especificar e trayectoria

Gptima .

*Trayectoria mas corta [ Cl B, AZ
Py

Longitud 18

*Se exploraron 8 aiternativas

*Datos que deben conservarse en memoyia:
2 1ota1€aades
1 destino
1 longitud #}

(2+1+1)x 8= 32 dates

X trayectoria

* z L] . ; . -
Para especificar la trayectoria Gptima e

»
conocer lecalidedes por las que pesa y ¢

S necesario

u destinoc,



|
|
[
. o - . o . I
R continuacidn se muestra como el principo de cotima-

1idad reduce el nimero de trayectorizs gntre las que es ,
Llustre o !
necesario buscar el minimo *AdemdsNcomo se convierte *Mid1tiples decisiones programacidn
‘ Wm%
\
|

dinamica

un problema de decision miitiple en un problema de
Secuencia de decisiones tomadas una a la vez

uan secuencia de decisiones tomadas una a la vez.

Si al iniciar el recorrido en D es necesario decidir por

1
donde es ir al Titoral es necesaric decidir si se va por

DC1 0 DC2 por Cl B1 ) C1 82 0 C2 82 0 62 83 .............

mente grande -Zz,ék; o O,
CI 5[ 0’5‘/ 52 o




s
/(e 54
*Supdngase por otra parte que se ha 1legado a B1 y hay ( 5’59 }4/
L~ A
~ 5, 8 7*

gue decidir cual es la ruta mds corta al litoral. Lla
decisidn es simple, evidentemente que por B1 A2 que _ 7

tiene una longitud de 6. C C ,ﬁf‘&

# }z}-{/&. /3 -/ o/

*Si se designa cen F]{Bi) al minimo de la distancia de

la poblacidn Bi al Titoral, el comentaric anterior per- O/J/{f'mo 0"\:’ é{’ /Or/)zn‘-"af' é/&/;ﬁd’
mite establecer: = Fl(Bl) = 6,
¥ para las poblaciones 8, y B, F].(BZ) - 8

Fl(Bj) = 4 ]
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1° 82 A3 y B3 A4 de

futuras alternativas, ya que la ruta mds corta no pasa-

descartarse las trayectorias B1 A

ria por esos segmentos.

E1 problema en este momento es que se ignora si la
trayectoria mas corta pasa por Bl’ 82 0 B3. Continuando
con Ta metodologia de la programacion dinamica se pasa a
decidir que hay que hacer al pasar por las poblaciones

C1 5 Cz.

Fig. 7.1.4 Posibles trayectorias al Titoral desde



Si la trayectoria 6ptima pasase por C, de ahi en adelante
debe ser Ta-mads corta posible hasta el litorail. Para de-

terminar esta trayectoria se hace el siguiente razonamiento:

*Si sigo de C1 a B1 la longitud es 7 y de B1 al litoral lo *
mds corto es B, A, con 6 de Tongitud, por To tanto la ruta
Ci Bi Titoral tiene una longitud de 13. Si se sique de Cl a

B2 igual razonamiento 1leva a concluir oue To mas corto es

C1 82 A2 con longitud de 16. Obsérvese aue la decisidon fué

entre: : o7t Fl(Bl) -

N

8 + Fl(BZ) = -8+ 8

= 16
Si se designa con FZ(CI) al camino mis corto de C; al
Titoral puede escribirse: : = m1n{'c B + F 1)
C, By + Fy Bz)} (7.1.2)
y concluirse gue FZ(Cl) = min (13, 16) = 13
el camino més~corto de C, al litoral, (FZ(CZ), es: FZ(CZ) = m1nE_C B, + F (82)

C,p B, + F1(83)} (7.1.3)



Yy en este caso

Notese que el principic de optimalidad ha simplificado
Ta blisqueda del camino mas corto de C1 0 C2 al Titoral.
*S1 no se hubiese empleado el principio de optimalidad,
ta minima longitud de C, 2l literal deberia de haberse sg

Teccionado entre -1os 4 caminos mostradcs:

: 5/5.}/‘"’/77//7 (/4 /3)‘%//

*S51 se desconoce el principio de optimalidad

el camine C’/é (} s/ Z 'f‘é/g?’/ srEgurese

analizar:

2/



es decir: Fo{Cp}= mi n{ 7+8,7+6,
8+6, 8¢+ 9}
*Gracias al principio de optimalidad la Eﬁsqueda del *Por el principio de optimalidad _
f camino mas corto se redujo a 2 posibles trayectorias. ‘/‘c’?’yﬁc"&’é’ éé’f('o’f c"”ilfci’ .
g _ -
7
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fﬂcr/(ﬁ o Aos .

En

/,/p p/_ozu—: a//ﬂéo/ ot

en problemas con muchas decisiones, el nimero de alterna-

25,

(7’(’/7//&’// P//;/'//f/(/,'/f/'c)
jp//é‘-rc"/fﬂ

permite reducir en forma sensible, sobre todo

*Si se emplea el principio de optimalidad se

reduce el nimero de posibles alternativas

tivas entre las aque hay que seleccionar el Optimo, redu-

ciéndose de esta manera el tiempo de cdlculo y las necesi-

dades de memoria de computadora que se requieren para rea-

1izar la bilsqueda.
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corto o D &/ A tove f e ot | o
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Ry, ;e/o//w/- p/{?/g/ 2y oerries 7:;"/13 /): O/i;/;,;j//:; /Z;) o) #
A ’ 5/@=~Q)/(Zf8,)

/DL?/' A) /‘é’r‘f/ﬁ . €1 camino Gptimo de D

- al litoral F3(D) estard dado por: F3(D) = min { DC1 + FZ(CI);
i Dc2 + Fz(cz)} a
es decir: , _ F,(D) = min 5+ 13, 10 + 11 oy

=18 |
.
b -
- S AG)

A, \\;
= E1 camino mas corto de D al litoral tiene una longitud # /?’f,;,',"//y A la (‘ﬁf,lz}/ e %—/‘/{)/_o,/ :
18] . |
) é’f’?'.—j"’ﬂ/ = /83
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/404 7S ﬂé COr Iy /07 /o;f// //-'/ o’ m’é/ (S o ,\\

& WECETNT I ﬂﬂra/,f/;{cw—- 7,/..5 / o& /o rr Do es K‘/:wz . T
( | B,

_ Para saber : .. ~. por donde pasa dicho ca-

mino €. - - e /ﬁ&v{/pém/ ;ybré s
De este razonamiento se concluye que el camino pasa por
C1 y de ahi en ade]?nte sigue pér la trayectoria cuva
longitudes: . ; -

reconstrhyendo el proceso se sabe que:

‘*es decir el camino{11eva de C1 a B1 y finalmente se

sabe que i

y*este trayecto de 6 'de Tongitud y que parte de By Mlega

a A,. *Por o tanto; el camino mds corto es:
I

tal como se habia concluido con la biisqueda exhaustiva

ilustrada en la fig. 7.1.2

Antes de formalizar este método de optimizacidon estable-
ciendo un algoritmo de bdsqueda conviene hacer hincapié

sobre los aspectos més relevantes de este procedimiento.

D
18 = 5+ F,(C,)

? foss por Cjz

Fa(Cy)
F2(C1) =7+ Fl(Bl)
*Pasa por C, B '
1 -1
- a
Fp(B)) =6 A
*Fi(By) = By Ay Az
*Camino més corto: 25;
DC1 B1 Az

g

*Aspectos relevantes de la p.d.



~

Se trata de;un procedimiento de enumeracién de alterna-
tivas y posterior blisaueda del Optimo entre éstas. El
principio de optimalidad reduce el nimero de posibles al-
ternativas entre las que se encuentra el maximo 6 minimo
reduciendo el tiempo de cOmputo y los reauisitos de memo-
ria de maquinaria. *A pesar de esta reduccidn, estes @l-
timos son la principal Timitante que se presenta al apli-

car esta metodologia.

Recuérdese gue la trayectoria optima en este ejemplo fué
reconstruida a partir de' dato sobre Tongitud de dicha
trayectoria de 18, en 1a forma que esquematiza la

figura 7.1.5

*Los requisitos de memoria limitan Ya aplicacidn

de Ta proaramacinién dinamica

37
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18 = 5 + FZ(Cl)-;bﬁa trayectoria pasa por C

1
F2(C1) =13 =7+ Fl(Bl)-méa Ta trayectoria pasa por B

Fl(Bl) = 6=ala trayectoria pasa por

Fig. 7.1.5 Obtencién de la trayectoria ptima.

Hasta no haber encontrado el 6ptimo es necesario conser-

-

var la siguiente informacion:
ademds hay que saber como se originaron estas trayectorias

de longitud minima, asi por ejemplo se sabe que:

1

Ae

#é/é’/_fkff CORSCrITIr €1 1BEmOrsE:
() ¥ Fy(C,)
*7Que f/aféc/Of/;zf son <

Fo(C) =€y By + F(By)

N



es decir la trayectoria de longitud-
*parte de Cl y 1lega a Bl’ y de B1 al lijtoral tiene

como longitud

este camino llega a AZ

Ademés de recovdar que

Es necesario tener en memoria que esta trayectoria que

parte de C2 y tiene una longitud de 13 pasa por

37



En resumen es necesario conservar en memoria 1os siguien-

tes datos:

. £s /ﬁ'f v /"o/mg’ Cron o‘f/zc-’ rére o ob J/e WMIre o

Ten o Adl 743

El lector puede vislumbrar facilmente que en problemas de
mayor dimensidon la cantidad de datos que hay que conser-
var en memoria puede 1]egdr a ser muy grande.

*Finalmente conviene aﬁ]arar que en la bisqueda exhaustiva
fué necesario explorar. 1as 8 posibles trayectorias que apa

recen en la fig. 7.1.2 para encontrar el dptimo.

- Aplicando el principio de optimalidad 1a blsqueda no tiene
que incluir las trayectorias que aparecen punteadas en la
fig. 7.1.3 Pu %’ 7 12 £ f’éﬂcp‘ ,//x//é’l’f’"é

_ /4 J’f"’/.’” ’é f’ Ié’;,ﬂo? S 0e/ﬂ‘.r(°7 ot 9 T "

oomss s e SAECEL] Lot %
f/c:/x 7/ 6. |

| -/?3?, FEE Jvomos o CEne Ao (’iffkbte =
‘. /O”x/féc'n:/) /) /?]44' L U /Jt»r ¢ ’ e-”ri{-'o{) Fer éf:r ﬂé JOr /e RS eoféf.,ﬁ.;u .

Longitud de 13 de Ta -trayectoria Gptima
FZ(CI) gue pasa por C1 y recorrido del camino

C1 Bl A2 y longitud de 11 de F2(C2) que pasa

por C2 32 A2

*Bisqueda exhaustiva:

8 alternativas

Ay



77

En problemas de gran dimensién 1a reduccion de alterna-
tivas entre las que es necesario buscar e] optimo es mu-

cho mas sensible que en este ejemplo.
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i allocation problem is an example of a single-period, static (deterministic)
dtiactivity process that can be transformed by dynamic programming into a
itistage process with a finite number of stages. The allocation problem
nonstrates that a_‘“stage’”_need_not-be related to time.

Allocation of fixed resources among some potential recipients is a major
yblem of organizations. How to define and measure the return on allocated
estment seems to be one of the major obstacles for the decision maker.
enever the returns can be quantified in some way, the problem can be
'sented as a programming problem. In the rare case where the return {or
ective function) is linear, the problem may be presented as a iinear-
sgramming problem. However, in many real cases the return function is
Wlinear, or even discontinuous. Dynamic programming offers a way 1o
idle complicated nonlinear allocation problems (for example, problems
h discrete or nonconvex objective functions). (See Stmone [27]).
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2
LLOCATION PROCESSES

'1 GENERAL

.2 ONE DIMENSIONAL ALLOCATION PROCESSES—
FORMULATION

wne-dimensional allocation problem invelves the following characteristics
Lassumptions:

Characteristics

1. A certain (limited) quantity x of an economic resource (such as labor, land,
machings, or watcr) is to be allocated.

2. The resource is used in the production of certain products or services.

3. The himited resource can be used in two or more alternative ways, Each such
possible way is called an aetivity.,

4. Fach single activity, where the resource is used, yields a return (or reward).

The process may involve stochastic ¢lements (which will not be discussed

here).

b

4ssumptions

[. Rewrns from™different allocations can be compared; that is, they can be
measured in a common uait (dollar, utiity, shure of the market, and so on).

n2

activitics.
. The total return that can be obtained is the sum of individual returns:
is, additivity or common unit is essential.

Cad

thax

"h¢ problem is how to aliocate the resourcs to the alternative activitios
o users) in such a way that the total return (or reward) is manimized.

The return from any allocation is independent of the .llocanons to other
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a. General Formulation .

The most general mathematical formulation of the one-dimensional problem
involves maximizing an objective function (total return) as follows:

X)=81(X1) +8a(x2)+ + - - +84(x,) (8.3)

subject to one constraint—that is, to the total availability {capacity) of the
resource x, which may assume any positive value:

max R{x,, x5, ...,

x,+x2+---+x,,=x=lzlx, (8.9

where

x is the total amount of the resource

X; is the quantity of the resource assigned to the ith activity®

g (x1) is the return from the ith activity ’

n=number of possible activities (# may assume any positive integer value)

If the objective function is linear, then we have a linear-programming
problem. However, for thc more general case, where the objective function
can take any form, we can use the following dynamic-programming approach:
First, we have to convert the problem to a dynamic process, which is done
as follows:

1. The frst allocation goes to the nth activity.

2. Then, we allocate to activity (n—1).

3. Then, we allocate to activity (n—2). .

4. We procead in this manner until, finally, we allocate to activity u—(n—1)=
(n—n+1), which is the first activity, This successive allocation results in a
dynamic process.

b. Recurrence Relation

We now proceed to illustrate how the allocation problem given in (8.3)
and (8.4) can be solved by developing a sequence of recurrence relations.

Let f(x)=optimal return from an allocation of x to n activitics. As-
suming g,(0)=0 for all /, which is usually the case, it follows that

/0)=0
Si(x)=g(x) (8.6)

Let x, be the allocation made to the nth activity, where 0<x, < x. The
remaining quantity x—x, will be used in the (n—1) remaining activities.

2t us assume that we have already allocated x—x, to (n— 1) activities in

the opun'al (best) way. This allocation yiclded a return of f,_, (x—x,). By

(8.5)
Also

8 We use here the notation x,, instead of the x; used previously, to be in line with most
Literature on dynamic programming,
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definition, the return from the allocation of x, to the nth activity is g.(x,).
Thus, the total return of ailocating x to all i activities is

R= gn(xr:) +j;.. l(x - xn) (8' 7)

Lisually there are several ways of allocating x, to the nth activity. Obviously
the optimal one is that which maximizes R; that is,

Sux)=max R= max {g,(x,)+f,_1(x—x,)} 8.8
0<xp<x
forn=2,3, ..., and x>0. Equaticn (8.8) is known as the recurrence relation.

Thus, the allocation problem given by Equations (8.3} and (8.4) has been
reduced from the original problem to that of (3.8). We now have two sub-
problems:

1. How to maximize (3.8).
2. How to obiain faay (x — x.).

Answering these two probléms will enabie us to solve Equation (8.8), which
is equivalent to the original problem (remember that g,(x,) is given). The
answer to subprebiem 1 is that (8.8) is maximized by one of several possible
techniques of maximization {see 8.1.6). The answer to subproblem 2 is that
we can write

fot)= mAK {gu_ %y ) Hfooolx= %)) (8.9

UCap~1 X

whare x,_, is the amount allocated 1o the (n—1jth activity. Note that, as

in (8.8}, we are asked in (8.9} t0 maximize a function in which it is required

that we find f,_,(x—x,_,). Herz tco we can use one of the maximization

techrniques, and we shall again need the results of the previous stage,

fo_a(x—x,_;). We must continue in this process backward until we arrive at

the second stage. In the second stage we will use the optimal results of the
n"ﬁrst stage fi(x). But f;(x) is given according to Equation (8.6). Thus we can
*solve the entire process. Note that f;(x) determines f5(x), f2(x) determines
f4(x), and so on.

8.2.3 AN ILLUSTRATIVE EXAMPLE

The managemeant of the ABC Corporation is considering the allocation of 5
mijlion dollars among its three plaats. It was decided that the allocation per
plant will be either 0, 1, 2, 3, 4, or 5 million dollars.’

Each plant submitted the expected returns for the next 4 years correspond-
ing to different levels of money invested. The data on expected returns were
discounted o tima zero and are given in Table 2.2, For example, an initial
investment of 32 miliion in plant A will vield a total discounted return of
$0.5 million. (In this case, the assumed returns were: .1 million after 1 year,

y 0.15 million after 2 years, 0.2 million after 3 years, and 9.15 million after
4 years. Using an interest rate of 6 percent, this stream of returis, discounted
/

S Y.l
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back to time zero, yields $0.5 million.) In Table 8.2, we read 0.5 million in
the column for plant A and in the row where K=2. All numbers under the

- columns for plants A, B, and C are subject to similar interpretation. Let T

(35 million) be the total amount available for allocation and lct K designate
the total amount{that is set for allocation at a given stage.

Table 8.2

L”
AMOUNT ALLOCATED (K), EXPECTED RETURN £{X)

IN MILLIONS OF DOLLARS

PLANT A PLANT B PLANT C

0 (] 0 0

1 0.2 0.3 0.4
2 0.5 0.4 0.8
3 1.9 1.2 1.1
4 1.8 2.0 1.5
5 2.5 2.2 20

Our problem is to determine the cptima} allocation to cach plast in order to
maximize the overall expected return.

Solution: In order to visualize this single-period allccation problem as a
sequential problem, let us view stage 1 as the decision point at which allocation
to plant A alone is determined; and stage 2 as the decision point at which
allocation to plants A and B (and none to C) is determined; and stage 3 as
the decision point at which allocation to all threz plants is determined.” In
each stage we have six possible stares—that is, plants or combination of
plarts that may receive §, 1, 2, 3, 4, or 5 million dollars.

Let x, be the amount allocated to the ith plant, and g,(x,) be the return
(reward) expected from the allocation of x; to the ith plant. The problem
of maximizing the total expected return ER may be stated as

max ER= 23: gx) (8.10)
=1

Since we face limited resources, our objective function is subject to the con-
straint

za:x,sT (8.11)

I=1

where x; > 0and is an integer, and T is the total amount we have for z2llocation.

7 We have arbitrarily made stage 1 as the decision point at which allocation to plant A
is determined, and stage 2 as the decision point at which allocation to plants A and B is deter-
mined, and so on. Of coursc, stage 1 could have been designated as the decision point at
which allocation to B (or C) is determined. Depending on the first allocation decision, stage 2
would be the decision point at which allocation to cither A and B,or Aand C,orBand C, is
made.
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Let K be the amount considered for allocation (K is not necessarily equal
to T; in some cases the best policy may turn out to be an allocation of
K <T). The expected return is a function of K and the relationship can be
formally expressed as

JAK) = mafx{g..(x,.) +fn- 1k —xa)} 8.12)

where f,(K) is.the maximum (optimal) return.
We will now present a step-by-step dynamic programming solution to
this problem.

Stage 1

in this stage we consider the allocation of K dollars to plant A only and we
designate this amount by x,. The optimal expected return /,(X) in this case is:

SaK)= max {(g.(x1)} (8.13)

0k

where g,(x,) is the expected return from investment in plant A.® These
values are given in the column for plant A in Table 8.2. We have, in our case,

£.(0)=0 and £,0)=0

g.1(1)=0.2 fa(1)=0.2
£.1(2)=0.5 Fa()=0.5
g.(3)=19 f43)=19
&i(4)=18 Ja#h=19
g:(5)=2.5 f4(5)=2.5

Table 8.3 gives a complete enumeration of g,(x,) and f,(X) values for stage 1
analysis.

Tabie 3.3
X1
' 0 <X

0 0 ‘ 0
1|0 (02 0.2
210 0209 - 0.5
3]0 62 05 (19 1.9

- DN T
410 02 05 (1918 1.5
5 0 082 05 {5 18 25 235

8 kquation Yy differs frem Equation (8.8) because g((xy) is ner a monotonically

nereasing funclic...
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Note that when we set K=4 and search

Fid)= max {g.(x))
0 <K

<x

we find that g,(0)=0, g,(1)=0.2, £,(2)=0.5, g,(3)=1.9, and g,(4)=1.8. In
other words, the expected return is maximized for x, = 3; and thus £,(4) =g,(3)
=1.9, which is the highest value among g,(0) through g,(4). This means that
we should allocate only $3 million of the $4 million set for allocation. The
reader can further notice that an allocation of $3 million will yield more than
the investment of $4 million, which is an unusual, but possible, case.

Stags 2

At this stage we split the dollars to be allocated (K) between plants A and B.
We allocate a certain amount x, to B and the remaining (K—x,) to A. Note
that from our analysis of stage 1 we already know the optimal allocation to A
for any amount K.

Since x, is the amount allocated to plant B, and (K—x,) to plant A, the

optimal ajlocation for the two-stage process, according to the principle of
optimality, is given by

S4s(K) i;nafx{gz(xz) +fu(K—x3)} (8.14)

where g,(x,) is the return from investiment in plant B. The values here can be
computed by enumeration, as illustrated below.
For K=0:

fAB(O)‘_‘o
For K=1 »;/e have the following alternatives:
(a) Allocate ‘l to plant B and 0 to plant A
) 2:D+/.(0)=03+0=0.3
(b) Allocate 0 to plant B and 1 to plant A
£:00)+/4(1)=0+02=0.2
Note that the values g,(x,) are obtained from the *“plant B” column of

Table 8.2, whereas the values f,(K) are taken from the results of stage 1 as
summarized in Table 8.3. We can write this manipulation as

’ gz(l)+/tA(0)=0-3}
)= max { =0.3
Jas)= X | a0 +£(1)=0.2
Simifarly, for K=2 we get

fa(2)= max (g,(1)+/,(1)=0.3+0. ).5)=0.5

(2:(0) +f,,(2)=o.0+o.5=o.5}
05 <2 e (2) +/4(0)=0.4+0.0=0.4
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in this czse we have two equivalent alternatives.

For K=3-we get
80 +/,(3)=0 +1.9=1.9)
i g:(D+/£(D=0.3+0.5=0.8
['3(3)"021?’5(; 22+ (1)=0.4+0.2=0.6
2:03)+/,0)=12+9 =12

Clearly, the best allocation is 3 to plant A,

=19

For k=4 we get
' 20O +/,8)=0- +19=19
() +£,(3)=03+1.9=22
Jus(4)= max { g.()+£(2)=0.4+0.5=0.9 }=2.2
0504} o (N +f(D=1.2+02=1.4 )
g2 +f,(0)=2.0+0 =2.0

The test allocation is 1 to plant B and 3 to plant A.

For K=15 we get
20 +/,(5=0 +2.5=25
22(D+f4(8)=03+1.9=2.2
o 2:()+/£.(3)=0.4+1.9=2.3
f“(b’“o’;}f’s‘, 22+ {)=12+0.5=1.7
e @ +/(1)=2.0+0.2=2.2
\g2(5)+;;(0)=2.2+o =2.2

To sum up, for the second stage we get the following optimal allocation

poliny: ) -
J45(0)=0 : allocate nothing
S4p(1)=0.3: 1 to plant B and 0 to plant A |
Jap(2)=0.5:either 1toBand 1to A,orQtoBand2to A
J45(3)=19:C0toBand3to A
Jap(4)=22:1toBand3to A
Jas5)=2.5:0toBandSto A

A summary of the analysis for stage 2 is given in Table 8.4.
Stage 3

Here we divide dollars-to be allozated among all three -plants. We allocate a 1
certain amount x; to plant C, and allocate the remaining (K--x;) between
plants A and B acerrding to the optimal policy f,;(¥) derived in stage 2.
The optimal poiicy for the three-siage process, acco-ding to the principle of
optimality, is given by

Junc(K) =oina§x {g:0ea) +fan(K—x3)} - (8.15)

where g3(x;) is the return from investment in plan® C. Let us enumerate
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Table 3.4

fas{K)= max {gz(xz) +f4(K-X3)}
0Sx, <K

0 - 0

K
0

1! 02 | 0.3
2 0.4 0.5
3 08 06 12 1.9
4
5

1.9 09 14 2 22
@ 22 23 1.7 22 22 2.5

values of f,pc corresponding to different allocation policies for specified
levels of K.

For K=0, obviously, f45:(0)=0

For K=1 we get
{g3(0)+f“(l)=0 -:-0.3=0.3}?:0_4

Sascl)= max § o) 1 F (0)=0.440 =0.4

0l

For K=2 we get

- fasc@)= max {g{(1)+/,5(1)=0.44+0.3=0.7)=0.8

g3(0)+f;a(2)=o +0.5=0.5
0su=2 g (2)+/45(0)=0.84+0 =0.8

For K=3 we get .
(230} +f4p3)=0 +1.9=19
_ o 18D+ 5(2)=0.4+05=0.9
Jascl3) T o) g3 +/as(1)=0.84+0.3=1.1

8:3)+/150)=1140 =1.1

=1.9

For K=4 we get
g:0)+/f,5(8)=0 +2.2=22
2N +f,5(3)=0.4+19=23
funcld)= max { g3(2)+/f45(2)=0.8+0.5=1.3 )=2.3
Osnsél o () +f,(1)=1.1403=14
&M +/f,50)=1.54+0 =15

For K=5 we get -
g:(0)+fp(5)=0 +2.5=2.5
g1+, 5(4)=0.4422=26
- 23D+, s(3)=08+1.9=2.7
Jasc(r== o | £:3) +/1s(D=1.1+0.5=1.6
g3(®) +£,5(1)=1.5+0.3=1.8
g3(5)+/40)=2.0+0 =2.0

=27
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Table 8.5 Analysis for stage 3

K fusc®) = max  {ga(x;3)+faa(K—x3)}
055K

0.3 @ 0.4
05 0.7 ‘ : 0.8
‘ 09 1.1 11 1.9

22@ 13 14 1.5 23
25 26@ 1.6 1.8 20 2.7

v oA W N o= O

The analysis for stage 3 is summarized in Table 8.5. Table 8.6 sum-
iarizes the values under the last columns of Tables 8.3, 8.4, and 8.5. Several
ements of valuable information can be retrieved from the data in Table 8.3
wrough 8.6. First we note that for every value of K, one can immediately
etermine the optimal expected return and identify the plants among which
ie investment must be divided. Second, we can determine the marginal ex-
ected return for a given allocation policy as K is increased in units of $1
illion. Third, as soon as we have chosen a specific value for K, we can utilize
i information of Table 8.6 to determine the optimal allocation policy.

Searching for the highest value of Table 8.6, we note that the optimal
ipected return is $2.7 million. Hence the investment must be allocated

stween plants A, B, and C. An examination of Table 8.5 (for A, B, and C).

iows that an expected return of $2.7 million requires that x;=2, or $2
illion must be allocated to plant C, and 33 million must be allocated
:tween plants A and B. We now examine Table 8.4 and note that the
ptimal allocation of $3 million between A and B requires x,=0 (allocate 0 to
ant B) and $3 million to plant A. Hence our overall optimal allocation in
is case is: Allocate 32 million to plant C, allocate 30 million to plant B,
1d allocate $3 million to plant A. :

Table 8.6 Optimal solution

X T fau(K) Jaus()

0 0 0 O

1 0.2 0.3 0.4

2 C.5 0.5 £.6

3 1.2 1.3 1.9
.4 1.6 2.2 2.3

5 2.5 2.5 27

3
1

subject to two constraints,
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Some Comments and Generalizations

1. For m piants the iecurrence relation will be

f(K) max ((gn(xn)+fn— |(K—'Xn)} n= 2, 3, /1 (8.16)

0<x <K

where n d%sxgnatcs the stage number. ’

2. Sensitivity analysis can be easily performed. For example, if management
cut the available funds to $4 million then it is easy to observe that the best
policy is to allecate $1 million to C, and $3 million to A at a profit of $2.3
million {policy f,sc(4)}.

3. The dynamic-programming solution can give us indirectly the second-best
alternative. In our case, if we allocate $5 million, we get for the second-best
allocation: 1 to C, | to B, and 3 to A, at an expected profit of $2.6 million
(see Table 8.5) Similarly, we can get the third-best solution, and so on.

4. Adding a new plant to the problem merely adds an additional stage.

5. It is customary to summarize the results of the optimal policies of all
stages in one table, as shown in Table 8.7.

Table 8.7 Tabular solution for the allocation problem

K =x J4(K) x: Xy fuelK) x: x: X, fascfXK)
0 0 0 0 0 0 0 0 0 0
1 1 0.2 0 1 0.3 i 0 0 0.4
2 2 0.5 0 2° 0.5 2 0- 0 0.8
3 3 1.9 0 3 1.9 0 0 3 ‘1.9
4 4 1.9 1 3 2.2 1 0 3 23
5 5 2.5 0 5 2.5 2 0 3 2.7
% For stage 2, and K=2; x,=1, x, =1 is an alternative solution. /

8.2.4 MULTIDIMENSIONAL ALLOCATION PROCESSES

a. General

The one-dimensional process involved an allocation of one resource subject
to one constraint. Multldlmensmnal allocation processes involve one of the
foliowing:

—

1. Allocation of one resource subject to two or more constraints.
2 KII c.mon oﬂwo or more rcsources such\,I tot two or more constramts

We Qha!l state here the two sxmplest possnble cases—namel_x, the . allocatlon
of

S
£ Oﬂﬂdebbul"e sub]ect Lot WO wns(ramts. and-theatlocation-of-twoTesonrces

b. Allccation of One Resource to n Activities Subject to Two
Constraints

Such an aliocation problem can be presented as:

max ER(x., x3. .

) '“a;("'x)"'&z(‘z)‘*‘ ctaaka) , (8.17)

SN N

— AcbeirTen

_l?
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subject to:

i afx)<x
=1
'Elbl(xl) sy
and
X; pd 0
whers

f. x and-y are the capacities of the two constraints_(equivaleni ta b, and b,
in the general linear-programming formulaticn).

. X is the quantity of the resource allocated to activity /.

. gidx)) is the return from the ith activity.

. a(x;) and b,(x;) are monoctonically increasing functions of x; (they approach
co when x,—» ).

W

The general recurrence rclation in this case is

Skx, )= max {g(x)+/, - [x—au(x,), y—ba(x,)]} (8.18)
\} a..():::)sétx :
Oonlxn) <y
Example: A ship is to be loaded with several items varying in weight,
iize, and valve (all known). Also the ship’s maximum capacity in tonnage
ind cubic feet 1s known. The problem is to find which items, and in what
luantities, to include in the cargo in order tc maximize total value. This
yrototype problem is an extension of the well-known cargo-loading problem
ubject to weight constraint. The solution of this preblem is left as homework
&2 Proslem82 ). - =
¢. Allocaticn of Two Rescurces Subject to Two Capacity
Constraints

\ straightfcrward extension of the allocation of one resource tc n activities
s the allocation of two resources to # activities. Let (1) x and y be the avail-
ble quantities of the two resources, (2) x; and y; be the quantities of these
esources allocated to activity i, and (3) g{x;, y) be the return from the ith
ctivity resulting from the allocation of x; and y, to that activity. The problem
n this case is to maximize total returns subjcct to the availability \capacxty) of
he resources. Formally,

mex f 24z, ¥) (3.19)
. ny it
}f:x,Sx:and iy,:;y
=1 i=1
1d

X 720
4
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The dynamic-programming approach to this two-dimensional allccation
process is the same as in the one-dimensional allocation process. The recur-
rence relations are

oY= max  max  {g(tmy)Hf(x=—xuy—y)}  (8.20)

O0<xnSx 0<yn<y

and for the case 1= 1, we have

Ji(x, )=81(x, y)

An example of such a process is the ailocation of limited land and labor
among various vegetables. We have introduced and soived a similar example
in Chapter 3 by linear programming. However, the reader can note that the
assumption of linearity, which is essential in linear programming, is not
required in dynamic programming. In cther words, the objective function
(8.19) can take any form, continuous or discrete. \é[s;,,wxunoullustrate,and
s@lug-such--a-problem -here;-butrather-leavesitras hUmchrk (seexDroblem
€:20). Dynamic programming can also treat problems "that have stochastic
aspects (for example, a problem in which the demand for a product is described
by a known Poisson distribution). This abiiity to deal with stochastic aspects
is, in fact, one of the great advantages of dynamic programming.

d. Computation

Multidimensional aliocation processes can be solved in various ways. Prob-
léms with two variables and/or two constraints with a small number of states
can be solved by using recurrence relations in a way similar to that used in
solving the one-dimensional problem. For large problems we can use
Lagrange multipliers, and for even larger problems we can use an approxi-
mation approach (see Bellman and Dreyfus [6]).

Use of Recurrence Relations

As in the case of the one-dimensional problem, we can break the unknowns
x and y into intervals (say at integers). For each pair of x; and y; we have a
reward or cost function, usually given in a matrix form. Using basically the
same approach as employed in Section 8.2, we write the general recurrence
relation as given in Equations (8. 18) and (8.20) and then, by successive
allocation, find the optimal value.

The mafor dravback of s methad is that wlen we bave mone hix RO
variaflas and or when w2 Rave man)y SLISs we ennvunizn ooompunicnal
difculiies, stk as evcexnding the memon and storage Cupadisies of tnddy's
computers. The reader should remember that we must simultanscusiy
retain the function f,_,(x, ) and compute the return function f,(x, ) and
the policy function. In small problems the method is quite effective. Although
not illustrated here, stochastic aspects can be incorporated into this approach.
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Lagrange Multipliers

In solving multidimensional allocation processes, Lagrange multipliers A; (sce
Appendix D) can be used as a means of reducing the dimensionality of
. dynamic-programming problems. For example, examine the case of alloca-
tion of two resources in (8.19). Suppose that the second constraint is an
equality

E Yi=J)-

i=1
Then we can include the objective function and the equality constraint in the
Langrangian function, reducing the problem to a one-constraint problem.
Formally, '

max gy(x;, ¥,)+&2(x2, y2)+ - +8.(%0 ¥) = A yi—y)

' =1 (8.21)
s/t ] .
Xy+xp+-+x,<x x20 and y;20

We then maximize over y; independently of the maximization over x;; that is,
hx;, N=hx)= ma’; {gixi, y)— Ay} (8.22)
iz .

"Thus we reduce the problem to
‘ max i, (x ) +ha(x)+ r +ha(x) (8.23)
Xy
s/t
X 4Xy xS x

Now (8.23) is equivalent to the one-dimensional problem presented pre-
viously (see Section 8.2.2.). The solution to (8.23) will be of the form
x,(A, x), which is a function of A. . Similarly, the values of y;=y/() result-
ing from hx;) as given in Equation {8.22), are a function of A. We thus
vary A in such a way that the following restriction is met:

Trmy (8.24)

We can treat problem (8.17) in a similar manner; that is, assuming an
equality for the second constraint

Zn b(x)=y
=1
we form a Lagrangian function: .
gi(x)+ga(xa)+ +gdx)— A[bx(xg)'*“bz(xz)"” kb (xg-y) (8.25)
¢ te maximized subjcci‘to |

.. P N
GL(A’Z!TQZ{XZI‘-{_ T +an{"’ﬂj sx
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Here we have the recurrence equations:

Sx)y=" max  {g(x)— Ab,(x,)+/, - ((x—a,(x,))}

Xp. St
ap(xn) Sn

Again, the resulfs depend on A, which should be varied until the following
constraint is met.

T b=y /

Approximation o

In several cases, approximation can be used as a device to save computational
time. The major problem with approximation is that it does not guarantee an
optimal solution. In some cases it can guarantee the local maximum but not
the global one. In our discussion we shall use the following notation:

X=(%)=a set of allocations of resource x to activities i at the starting stage -

y=(P)=a set of allocations of resource y to activities i at the starting stage

X, =(%,)=aset of allocations of resource x to activities / at the second search
cycle

»i=(y,,)=aset of allocations of resource y to activities i at the second search
cycle

and so on.

Let us examine the allocation of a two-resource example. In such a case
we can employ the following successive approximation: We start with guessing
initial values for x,. Let these values be such that £ =(%,). For this set we then
determine:

R(x,y)=max 3 g5, ) (826

Y

s/t

This is done by the following one-dimensional recurrence relation:

,/:.(y):' max {gn(x.m yn) +/;|-l(y'-yn)} (827)
O<yn<y
where n=2, 3, ... and f,(y)=g,(X,, ). This approach yields y=(p).
Next we take y and introduce it into the objective function. Then our
riext step is to

max ‘Zl gk °) (8.28)

X3

s/t
Y xSx

i=}



380 CHAPTE: DYNAMIC PROGRAMMING

‘This problem again is solved by a one-dimensional recurrence relation. Now
we get a solution ¥;={x, ). This solution is plucgﬂd as a constraint into a new
problem similar to (§.2¢,. ar.d © new solution p, =(y,;) is found.

The process is repeated and the value of the objective function is monoton-
ically increasing. We continue the process until we can achieve no further
improvement in the objective function. Schematically, the successive approx-
'imation method ‘can be represented as shown below:

Stariing stage X ————

Second cycle &\ F——> Y — —
Third cycle J‘Cz'————‘» 72

and so on <

This method can be used to find a local maximum. There is no guarantee
for a global maximum. The method can also be used to test the optimality of a
proposed sciution. As in the case of the Lagrange-multiplier approach, we
‘can always identify.a nonoptimal solution, but a solution that will pass our
test may be a local maximum and not necessarily a global maximum.

8.3
'NETWORKS AND DECISION TREES
-8.3.1 INTRODUCTION

QOne of the newest and mest promising prototype dynamic-programming
problems is the one involving trajectories. The major use of models involving
trajectories is in_the areas of space. research_and_commercial_and_military.
aircraft. One important segment of trajectories, _namely_networks-and
decxslon trees, is receiving_ mcreasmg_ attention_from_management. In this
secnon we shall introduce the major concepts of_networks,_and_then show
J_z;:lr_ use_in _managerial_decision making. Next, we shall show the use of
"dynamic_programming to solve both deterministic and stochastic_dzcision
'-/(Lgs_qna_f;ually to _solve_the well-known management contro! problems of
PERT (Program Evaluation and Review Techmque) and_ CEM._(Crmcal
' Path Method).
T TBefore mtroduéing network problems and their sclution, let us define
certain basic terms.

A network is 2 malel of 2 system consisting of interrelated activities, such
as construction projects, research and development programs, and main-
tenance programs. Networks are usually represented graphically as in Figurc
8.2, which shows a simple network consisting of events. (or nodes) and
acticities (or arcs or branches).

An eren! is an identifiable point of progress during the comp!e:ion of the

v
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project. The circled numbers 1 through 7 in Figure 8.2 are events or nodes.
The beginning node, I, is called the source, or start, and the last nede, 7, is
called the sink, or destination.

An activity represents a task requiring a certain pericd_of time for jts
completion. In Figure 8.2, 1-2 and 4-6 are examples of two activities. Activity
1-2 connects “nodes™ 1 and 2 and it takes two weeks for.completion; that
is, its duration is two weeks. -

&/ 3

. FiGURE R.2

We note that a “node’ occurs at the junction of certain activities. Depend-
ing upon the type of work, the numbers along the arcs (activities) can rep-
fesént units of time (duration) or units of money or some other measure of
eflectiveness. Networks sometimes employ arrows to indicate the direction of
progress betwecen nodes. When no arrows are used, we assume that the
network progresses from left to right and that no loops are permitted. The
objective in most network problems is to find the shortest or longest path
through the network.

When networks are employed to depict sequential decision processcs, they
are usually called decision trees. Similar to the graphxcal representation
of networks, decision trees consist of nodes and branches.® Any time a node
is connected to more than one other node, the decision maker must choose
for progressing along a specific arc to reach the next stage. Two types of
nodes can be identified in decision trees: decision nodes (usually designated
by a square [J), where the choice for direction exists, and chance nodes
{usually designated by a circle O), where the progression is by chance rather

? One distinguishing characteristic between networks and decision trees is that aithough
different time sequences for network nodes exist, all acuvities are performed and we pass
through all nodes as the work progresses. In decision irees, on the other hard, actioa
choices result in skmp.rg several branches-and podes.
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than by choice. A decision tree in which no chance events are included is
called a deterministic decision tree.

A decision tree portrays various possible courses of action, and chance
determined outcomes, along with. their respective payoffs. The payoflfs or
rewards are either constants or are determined by chance or other uncon-
trollable factors, in which case they are represented by probability distribu-
tions.

8.3.2 DETERMINISTIC DECISION TREE,
(NONDYNAMIC-PROGRAMMING SOLUTION)

To illustrate the use of a decision tree let us assurie that the management of a
firm is facing a machinc replacement problem, with different paths and their
associated rewards. Figure 8.3 indicates that if the machine is replaced at this
time (7=0), we will gain a net profit of $50,000 during the first year, and
$70,000 during the second year. On the other hand, if we do not replace the
machine at this time, we will enjoy a net profit of $70,000 during the first
year and, after one year at T==1, we will again face a replacement decision
with the rewards during the second year shown in Figure 8.3 (55,000 if we
replace and 40,000 if we do not replace). We have, in effect, three different
alternatives. Replace now, replace after one year, or do not replace at all.

The solution to the problem is achieved through simple enumeration of
the three possible alternatives, and by comparing their associated rewards.
The results are summarized in Table 8.8, from which it is obvious that the
optimal decision is to replace the machine after one year (assuming that all
data are already discounted to time zero).

$70,000
355.000
340,000
, }
T 0
0 1 |
Tunc (T
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Table 8.8
ALTERNATIVE REWARD, DOLLARS
1. Replace now 50,000 + 70,000= 120,000
2. Rdplace after one 70,000+ 55,000 = 125,000
3. )gg rnot replace 70,000 +40,000= 110,000

We solved the replacement problem by actually identifying all possible
paths through the network, calculating the projected profit for each path,
and then selecting the path with the highest profit. This type of approach is
all right for a small problem, but a complete manual enumeration of all the
possible paths of a large network would be extremely time-consuming and
costly. Dynamic programming provides an elegant and efficient way to solve
large network problems.

8.3.3 DYNAMIC-PROGRAMMING APPROACH TO
DETERMINISTIC NETWORKS

A cost-minimization problem in the form of a network is depicted in Figure
8.4. Our objective is to find the shortest path!® (equivalent to cost minimiza-

A :] C D E Stages
FiGURE 8.4
10 The reades should mte that 1n any aciwoth we can ook a1 3 * problem—that

B, Brl 2 Pep Longmd poth feygues alent fu g masirmizainn pmobaemd
N < 3 &£ H od
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tion) from node 1 to node 11 by the application of dynamic programming.
We solve the problem backwards. The first time a decision problem exists
is at stage D.!

Solution, Step |: Check Stage D

Nodes 7, 8, 9, and 10 are the four possible states in stage D. There is only
one branch linking node 11 to each of these states.

The cost involved in going from each of the nodes 7, 8,9, and 10 to node 11
is computed below.

Let us adopt the following notations:

Jod)=minimum cost involved in proceeding from the nth node to the last node
(along the shortest path)

d,,;=actual cost involved in moving from the ith node in one stage to jth node
in the next stage

Then for our example, we have

f7(d) = d7-11=6
Sold) = dg1,=5
Sold) = dy =4
Siod)=dyo.11=7

Solution, Step Il Check Stage C

Nodes 4, 5, and 6 represent the three states of stage C. Our problem at this
stage is to find the minimum cost (shortest path) between stage C and stage E.
We could check all possible paths of progression tietween stage C and stage E,
compare the associated costs, and then choose the least-cost path. Starting
from node 6 in stage C, for example, we can reach stage D via nodes 8, 9, or
10, with costs of 8, 10, or 9 respectively. To these costs must be added the
optima! costs of proceeding from nodes 8, 9, 10 to node 11.

This can be accomplished by utilizing the principle of optimality. The
total cost of proceeding from each node in stage C to stage E, (TC¢p), is
made up of two components:

TCeop=d;;+fi(d)
where

d,;=actual cost of proceeding from the ith node in stage C to the jth node in
stage D

f{d)=1the minimury ~uut of proceceding from the jth node in stage D to the
last (E) stage

" Now we would like to find the lowest possible value of TCc. This is done

" The breakdown into stages here is arb:trary. The znalysis can run with each node
being a stage.
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py simple enumeration. The lowest possible cost of progeessing from node §
in stage C to stage E is designated by f,(d):

d5 8 +_[s(d) 8+5"l.§]
fold)=min {dg.y +fo(d) =10+4=14]=13
de.10+/10(d)= 9+7 'VJ

Note that *here are three alternative ways to proceed from ncde 6 in stage
C to stage E. The least cost f¢(d), however, involves proceeding from 6 to 8,
and then from 8 to 11, with a cost of i3.

Calculations for proceeding from nodes 4 and 5 in stage C to stage E
are as follows:

fi{d)=min {d-*-v +Hi(d)= T+6=13)_

d4-8 +f8(d)= 12+5= 17

. fds.g+fe(d)=114+5=16
= { 5-87Js }=
Js(d)=min ‘75-9+f9(d)= 5+4= 9 9
Now we can find, by enumeration, the lowest value among f,(d), f5(d),
and f¢(d). This value represents the lowest cost of moving from stage C to
stage E.
It is evident the shortest path from stage Cto E is 5-9-11, at a cost of 9.

Solution, Step Ill: Check Stage B

Our next task is to find the least-cost path from stage B to stage E. The pro-
cedure is similar to the one in step II. The required calculations are us

follows: )
o {.’2-4+f,,(d)=8+13=2l}_ )
So(d)=min {d2,5+f5(d)=5+ 91414

dy.s+/fs(d)=9+ 9=18
dy ¢ +fe(d)=6+13=19

This step illustrates the economy of effort made possible by using dynamic
programming. Instcad of calculating the costs of seven possible paths from
stage C to stage E, we make only four sets of calculations.

Note that the best path from stage B to stage E is 2-5-9-11, with a cost
of 14.

£4(d)=min { ~18

Solution, Step IV: Check the Final Stage (A)

The rationale in this step is the same as explained in the earlier steps. The
actual calculations of this step are as follows:

2 fold) =10+ 14=24
/()= min {d ;+f,(d)— 5+18= 23} =23

Thus the optimal solution is 1-3-5-9-11,-with a cost of 23.
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Evaluation

We can see that in addition to solving the original minimization problem we
have information now as to which is the shortest path from any given state
i to the final stage. ,

The recurrence relations for the problem are given by

fd)=min {d;;+f{(d)} o (8.29)

The application of dynamic programming to networks can be extended to
solving stochastic networks.

8.3.4 A STOCHASTIC DECISION TREE

The decision tree in Figure 8.5 portrays the decision problem of the ABC
Corporation, facing a machine replacement problem.

The management has two alternatives: repair the old machine at a cost of
$1000 or purchase a new machine at a net cost of $10,000. Each of these
alternatives takes us, along different branches, to chance nodes 2 and 3. Each
chance node may result in one of two different payoffs with given probabili-
ties. All the relevant data are given in the decision tree of Figure 8.5. We
solve this replacement problem by calculating and comparing the “expected
value” of each alternative. )

In any discrete probability distribution, the expected value is calculated
as: ‘ .

Expected value=p, K, +p,K,+ - +p,K, (8.30)

where p; = probability of ith outcome and K, =numerical value of ith outcome.

HIGH DEMAND (30%), $50.000 PROFIT

Replace
$10.000

LOW DEMAND (70%), $15.000 PROFIT

HIGH DEMAND (30r%), $20.000 PROFIT

LOW DEMAND (70%). $10.000 PROFIT

a—
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In our example, the expected value of the *“replace” alternative is given
as follows:'?

(—10,000) + {0.30(50,000) +0.70(15,000) } = 315,500
The expected value of the “repair” alterifative is
— 1000 + {0.30(20,000) +0.70(10,000) } = $12,000

Our optimal decision in this case is to replace the machine.

Conceptually, once the expected-value calculations have been made, our
probabilistic decision tree of Figure 8.5 can be represented as the equivalent
deterministic tree of Figure 8.6, in which it can be seen that the decision
choice is simple and straightforward (replace). Similarly, large probabilistic
decision trees can be changed into equivalent deterministic models that can
then be solved by dynamic programming.

$15,500

$12,000

FiGURE 8.6

8.3.5 APPLICATION OF DYNAMIC PROGRAMMING TO
PERT AND CPM

Dynamic programming can solve PERT (Program Evaluation and Review
Technique) and CPM (Critical Path Method) problems. The objective in
PERT and CPM is to dctermine the longest path in the network. Each node
in a PERT or CPM nctwork is a stage in itself.

PERT and CPM are planning and control techniques based on network
theory (sce Moder and Phillips [22]). Both techniques are used in large pro-
Jects (such as construction, research and development, and equipment over-
haul) involving many interrelated activities. In both techniques, the major
objective is to identify the critical path—that s, to identify the bottlencck
activities.

The major idca of both CPM and PERT is a graphical presentation of the

2 In this case there is an outcome of — 10,000 (that is, cost,

1 certainty ; in other
words, the probability is equal to 1.
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project using 2 network, where the nodes represent events and the branches
represent activities, A usual distinction between CPM and PERT is that
CPM deais with dewerministic cases whereas PERT handles probabilistic
cases. The duration of an activity’ labeled t,, in the PERT aporoach is com-
puted as an average of the following estimates:

a=optimistic estimate'?
m=most likely estimate
b= pessimistic estimate

accerding to the following formula:

6

— 8.31
a+4m+b @30

l,=
and it is this number that is written along the branches in the PERT network.
The CPM, on the other hand, considers single estimates for the time required
to periorm different activities in the network.

An illustrative Exampie

Find the longest path of the PERT network of Figure 8.7, The numbers
along the branches are the average expected duration of the activities (¢,).

Solution

A. Stage 8

Let node 8 be the first stage to be considered, working backward. The
longest path from node 8 to node 9 is 6 days Formally, we write thic infor-
mation as:!

So=dg9=5
B. Stage 7

We have two alternative ways of proceeding from ncde 7 to node 9. The
direct path 7-9 takes 9 days; the other path, 7-8-9, takes 8 days (_2+6).
Formaily,
_ id, 940 = 9+ 0= 9’ e
J7=max id”+f 2+ 6=-3/="

Proceeding backward to stage 1 and andyzmg the intermediate stages we
obtain the followmg resuits.

13 The three 2iTcrent time estirmates for completing the aciivity are based on the
assumption that the beta distribution is the probability distribution representing the various
possible completion times for the activity. Thus, @ rcpresents the optimistic time estimate
(with a probability of 1 in 100), 5 reprcsents the pessimistic time 2stimate {with a
probability of 1 in 100), and m is the modc of the disiribution as -estinmated by the project
analyst.

14 In this problem we shall write f; in place of fi(d). 2:; derotes 1, of activity §/.
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FIGURE 8.7

C. Stage 6

_ d5_3+f3= 3+ 6‘; 9}_
.fs-—max {d5,7‘}'f7= 6+ 9=15 -15

Thus the longest path between 6 and 9 is 6-7- with 15 days.

D. Stagz 5
_ d5-9 '!'0 -'-'-'14"!' 0-'—" 141_
Ss=max i o fi= 6+15=21f =21
E. Stage 4
- ,’a'4_6+f5= 7-+-IS=22}=
Jommaxd o = 4421225
F. Stage 3 ‘
ds.g+f2= 44 9=13
_f3=max d3_4+f4= 3+25=28)=28
dys+fe= 2+15=17}
G. Stage 2

Jy=max {dz_,+f,= 5+21=26]=%

H. Stage 1
d s+f;= 5+28=33
Si=max!{d:, ¥ fi= 9+25=34}=34
di+f= 7T+27=34

As the last set of calculations shows, we have two equal longest paths;
that is, we have two optimal solutions.
The first is
1-4-5-6-7-9 at 34 days

~ and the second is

1-2-4-5-6-7-9 at 34 days
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The recurrence relation for this problem is given by

fo= max {d,.;+/f;} 8.32)

where n—j represents all possible'direct paths from node n to connecting
nodes J.

8.4
ONE-DIMENSIONAL SMOOTHING AND

SCHEDULING PROCESS
8.4.1 INTRODUCTION

In Section 8.2 a static (occurring in a single time period) allocation process
was portraved as a dynamic process and then solved by using dynamic pro-
gramming. In Section 8.3 we applied dynamic_programming _in_solving
problems that dealt with either single-decision situations (such as finding the
shortest path in a network) or situations mvolvmg_ multiple le decision points

(such as decision-tree types . of prob]cms) The prob'enis of Section 8.3,
though of a mulustage qature did not_ necessanly represent multmme
penods "In this section werturn-oum attention=to~processes mvolvmg\ more

th;m» =-singletime period. These dynamics-rather—than. statics.processes
fake.plaue' mn-such busmess*prcblems as u.nueutonyneoau'ol,a.teplaccmen#mand

pxoducnon smoozhmrf’aﬁd Scneduhnr’

234:2.SMOOTHING PROCESSES

A-smoothing- process~is-one-in-which. two-opposing-costs-are: batanced_in
srdes-to-achieve amoptimal least=cost*solution. To illustrate: Assume that
ve are dca!mg ‘with a s?sﬁ:-rﬁ ‘that should operate in a certain specified state.
'f the system is nor operating according to the specified state, a known cost
=, is incurred. This cost is a function of the magnitude of the deviation from
he specified state. A second cost ¢, is incurred when we attempt to transform
he system into the desired state. 4 simoothing process balances ¢, against ¢,
n such a way that the gverall objective of operaling the system is opiimized.
E*tampics of such processes are employment-level determination in view of a
‘uctuating demand for-manpower (where thc cost of idle emplovecs is
alanced ag.un\t costs of hmng and firing) and econamic order quantity in

g_yenwry problcms ~where the keL-up COst is mlamcd against holding cost.

Aany inventory, replacement, and producuon gchcdl_lmg probléms also fall
ito this category. Several complicated engineering preblems, such as feed-
ack contro! (see Bellman and Dreyfus [6]), can also be considered as
moothing processcs.

In the reraainder of this section we will illustratz several typical smoothing
rocesses in busi~ s and econorics and selve them by dyvuams ~rocram.

il
nf'lg- ‘
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8.4.3 OPTIMIZING EMPLOYMENT LEVEL

Let us consider a manpower scheduling situation in which

1. Fluctuating manpower requirements _per_time period are known with
certainty.

2. The penalty for being “out_of stock”_is_prohibitive (that is, all demands

Oy € xiiidih
must be met).

*3. No overtime work is permitted (because of a threg-shift schedule and limited
facilities).

Since we are dealing with human resources, manpower cannot be stored
in the sense that physical goods are stored.

An lllustrative Example

The ABC chemical plant is being operated around the clock. Manpower
requirements for plant maintenance are assumed to be known with certainty.
Because of minor and major overhauls in different quarters, yearly manpower
requirement varies as shown in Table 8.9. The problem is to find the optimal
level for the working force during the year.

Table 8.9

QUARTER 1 2 3 4

MEN REQUIRED (r;) 54 60 120 80

At the outset, we can suggest these alternative solutions to this problem:

Alternative 1. Keep the employment level exactly equal to the demand level, for
each quarter. This can be accomplished by hiring (or laying off) as the need
occurs. This approach will probabiy be quite costly, due to excessive recruit-
ment, training, and layoff costs.

Alternative 2. For the entire planning period, keep the employment level equal
to the highest demand level. This means that our crew size will remain con-
stant and although we avoid high costs associated with layofTs, we incur the
costs of idle crew.

Alternative 3. Vary the crew size, but not necessarily in each quarter. Thc
objective of this policy is to ﬁnd the optimum employment level to balance

_the opposing costs of idle crew on the one hand and costs of hiring and layoff
on the other.

Dynamic programming is used to determine such am optimum employ-

ment policy.

77~

Let us adopt the following notations and/or assumptions: e

1. Cost per idle employce per quarter = $2500. _{) PR
2 Ju_lc vel « of employees in the ith stage. :
-’-“w' eoals ossoaared vk ﬂ‘wm’(t“ froie ime b

FIRTTIFT L;,nr,. .-

v the pextostage
:
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4. d,=number of emplovees hired or laid off in the ith siage, This_number is

given by the reiation

dy= ix; =Xl (8.33)

5. Part-time employees are available. This_means that crew sizes involving
fractional answers are permissible.

§. s=policy employment lcvel in a given quarter.

7. re=manpower required for a given quarter f.

Our objective is to find the maintenance crew size for each period that
will minimize total costs for the planning pericd.

Solution

Atany given stage (quarter), the decision about the optimal employment level
will be based_on_thc manpower requircment in_that quarter and on the level
of employment in the previcus quarter. In each_quarter we have an upper
limit 10 employment, which is given by the highest demand level during the
entire planning horizon (120 in our case). The state variable of the system in
our case is the policy employment level s (the only unknown variable).

In order to solve this problem by dynamic programming we shall assume
that our process continues for several years with a constant yearly demand,
and with the same quarterly fluctuations as shown in Tabie 8.9. For com-
putational purposes, we shall usec a planning horizon of seven quarters'?
(sce Table 8.10). )

Table 8.10
STAGE 3 2,1 4 3 2 1
QUARTER 1 2 3 4 5 & 7

MEN REQUIRED {r;) “354 60 120 8C 54 60 120

We start our analysis with quaiter 7 and proceed backward. Since the data
from quarier 7 to guarter 4 forms a complete cycle (one year), we can conclude
cur analysis when we have analyzed the fourth quarter. The problem will
then have been solved and the answer obtained wilt be valid for any number

of yeurs, so long as none of the conditions arc changed. Let

B N e ot

x,=the employment level at quarter 7, (as well as at quarter 3)
x;=the employment fevel at quarters 6 and 2
x,=the cmploymzunt leve!l ot quarters 5 and
xo=the emplovm::it leve! at quarter 4

X =the anil=nal emploviment level at stage {

i3 The last quarter should be the one with the highest demand. This simplifies computa-

tivus considerably. Also note that we have uscd a slightly differept notation in thus iflusira-
tion. In the earlier examples, the last stage was given the highest aumerical value. Here, the
latest stage is being denoted as stage 1. Of course, the method and the sequerce of analysis
does not change. Here, as in previous exa:aples, we start with the *}ast” stage and work
backward.

PP
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The total cost at each stage is composed of two paxts:

1. 1dle crew, whost; size is given by the difference of smployment level ard the
manpower requiremeni—that is, (x,~r;}—and whose cost is given by

2500(.\'( - h) (834)
2.’Changeover cost, which is given by
C,=250(~'ﬁ—'x:+ |)1 (835)

Onice the employnient level for a given quarter is decided, this level, s, is
the state entering the next quarter which is the previcus stage.

Our functional equation in this case is, as usual, based on the principle of
optimality and is given by

£(9= min {250(x,--5)*+2500(x,~r.)+/0-:(x,)} (8.36) |

AnZrn ¢
A

For quarters 7 and 3, obviously, %, =r,=120. Thus

JS1(5)=250(120 ~ 5)? 4 2500(1 20 — 120) = 250(120 -- 5)? (8.37)

Stage 1

In other words, the only cost here is the changeover cost, which depends
on 5, our policy decision on employment level in quartzr 6 (the next stage}.
Stage 2

Similarly, for quarter & we huve:

s)=min gy(s, x3)= min (250(x; ~ )+ 25000, — rg) £, (1))

x> 60

= min {250(x; - 5)*+2500(x, — 60) + 250(120 — x,)*} (8.38)

x22260

We shail attempt to {ind the minimum of this function, for any fixed value of
s, by the classical calculus method.

1. Take the first partial derivative of g, (s, x;) and equate it to zero:

3g.(s, x32)
-:"Lax—‘ = 500(x; — 5) + 2500 ~ S00(120— x;) = 0 (8.39)
2 :
Solving (8.39) for x;, we obtain the optimal valuc: o
, 57,500+ 5005
X3= 1000 =57.5+0.5s ' (8.40)
2. Check the identity of point %,. The second partial derivative of g.(s, x3)

yields
azgl(sv xl)
ox,?

=1000 - 84D

Since the second derivative is positive, we have a global minimum at £;.
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3. We now check values of 5 in order to satisfy the constraint x; >60. We know
from Equation (8.40) that X, =57.5+0.5s5 1s a globul minimum. Even if 55§,
xz must be 60 because of the stated constraint, For .t: to be greater than 60,
s must be greater than 5.

It is not necessary to consider s <5 because it is constrained from below
by 54. Thus we wish to examine only s> 5, for which £,=57.540.5s.

Please note that s is limited from above by 120. We now introduce all
this information into f,(s) and obtain the following:

Ja(s)=250(57.5+0.55— 5)2 + 2500(57.5 +0.55 — 60) + 250(120 — 57.5 - 0.55)?

Again. in this last expression, the optimal policy is a function of s;
therefore the value for s must come from the next stage.

Stages 3 and 4

‘We continue in a similar way and express the optimal policy at stage 3 as a
function of 5. The procedure is repeated in stage 4, where the optimal policy
is achieved when s=120. When this value of s=120is introduced in the earlier
stages, we can calculate f3(s), f2(s), and f,(s). The reader. can verify that this
will yield the following optimal values:

x,=120 x,=115
x,=117.5 x,=112.5

Note that this solution indicates excessive idle time. This is because of the
large changeover cost.

8.4.4 EQUIPMENT REPLACEMENT POLICY

Of the smoothing-process types of problems, the replacement and main-
tenance problems are of special interest because they are almost unsolvable
by other analytical techniques. Here, we shall illustrate the dynamic-pro-
gramming approach to a simple replacement problem.

There arc several circumstances in which individuals as well as firms must
make periodic replacement dccisions. The replacement of the family auto-
mobile is perhaps the best illustration of this type of an individual or family '
decision process in our socicty. Many replacement and maintenance -prob- |
lems are multistage problems involving periodic preventive maintenance !
andfor replacement decisions.  In addition, maintenance and/or repair ‘
scheduling can involve many variables in comnplex functional relations.

An lllustrative Example (Single Machine Repiacement Problem)

)
i
!
!
!

Lct us assume that each vear a new model of a certain machine is available
for use on the first day of Januury. The manzger of a manufacturing depart- |
Bt il Suiubortteils A : e et !

ment using * type of machius faces the nrablem of replacizg ihe old
moching by . onew v oadel inowirlor L1 a0 oo S S AT U TR W
i

!
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assume that sufficient data on costs and revenues are_ayailable to enable our
mWEﬁE’ﬁTZrﬁﬁ?g’!}orizon that covers four years.

" The replacement cost is a function of the age of the machine to be
replaced and the year in which the “new” machine is produced. As shown in
Table 8.11, if & 1969 machine is replaced in 1971, the replacement cost is
$10,000. The replacement of the 1969 machine by a 1972 model will cost
$15,000. A complete schedule of replacement costs, covering the four years,
1969 through 1972, is given in Table 8.11. '

Table 8.11 Replacement Cost, R,

YEAR OF OLD MACHINE

L 1969 1970 1971 1972
logo | 1978 05 i 14w y
YEAROF | 1970 7
DECISION
(New macung) | 1971 10 9
1972 15 11 10

¥a {9 12 14

Let us adopt the following notation:

Riy=cost of replacing old machine of year j by new machine in year j, in
thousands of dollars
i=year of decision (new machine)
J=year of old machine
1,,=revenucs generated in the ith year when the machine model is of the jth
year; i>j ’
Mu=macl3inc operations and maintenance costs for the ith year when the
machine model is of the jth year; i>

Assuming that both /;; and M, for the planning period are known, our
manager can calculate the expected net returns (1;;— M,;). Table 8.12 contains
the net returns data, Py={i;~-M;). /{ .

A
1y

J s
Table 8.12 Net Return, P, 7/ 5‘
- o -
J YEARI,OF OoLD MA(EHINE L[ . r
969 1970 1971 1972 7 o2
- T
! 1969 19
- /;’
YEAR OF 9, 1970 15 22
DECISION .
A MACHINE): 1971 12 18 23 .
1971 1 . 0 5 a8

B e N,
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Soiution

The problem can be soived either by an enumeration aporoach-or by the
application of dynamic programming. If the problem cize is smail, the
enumeration approach is quite practical. For large-size problems, however,
the dvnamic-programming technique is preferable.

Enumeration ¢ All Possible Alternatives

We siart with the knowledge that the old machine had been replaced on
January 1, 1966, with the 1949 mode!. Then, our manager has oaly eight
available alternatives'® for the planning horizon. Let R =replace the machine,
K = keep the machine.

The eight alternatives are listed in Table 8.13.

It is easy to enumerate and arrive at the payoffs given in Table 8.13.
Cbviously, alternative 2, with the highest payofis, is the best strategy for our

manager; that is, replace in 1970 and in 1972, and keep the 1970 model during
1971.

¥ Table 8.13
oA v
Qf" REPLACEMENT POLICY
' . ,UJ ALTERNATIVE PAYOFF,
/&1'! O NUMBER 197¢ 1971 1672 | DOLLARS
\,t' 1 R R R | 64000V
- 2 R X R 67,000
% 3 R K X | 64,000
4 R R X 63,000 v
5 K K K 36,000
5 K K R 57,000
N 7 X R X | 62,000
y\ N, 8 K R R 63,000
~

The Dynamic-Programming Approach

Let fi(j)=Maximum total nct payoff from beginning of yearito
the end of the horizon, when the equipment on hand
was purchased during the year j (j<i).

Then, at each decision year /, with equipment purchased during j, the two
choices are:

Payoff .
Keep: Py +fi41() (8.42)
Replace: P, —Ry+/[i41(i) (8.43)

16 Two alternatives each at the beginning of 1970, 1971, and 1972. Heice the iotal
available altzrnatives are 2x2x2=8§.
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Therefore, the recurrence reiaticn becomes:
, , Py + 1 1) .
Sij)=max { ! A I i=1,2,34 (5.44)
Pi-Ri+fis:(D))
Since the fourth year is assumed to be the end of the planning horizon, we set
| Ss(j)=0 (8.45)
This initial condition allows a backward induction using the recurrence
relation.
Stage 4 (1972)
The recurrence relation at this stage is
f(j)=max {P’” } ,  j=123 (8.46)
Pya—Ry; '
From Tables 8.11 and 8.12 we obtain:

Stage 3 (1971)

The recurrence relation now becomes

N P Y +/a(D) .
S3(j)=max {Pn Ry, +f4(3)} j=1.2 (8.47)

Substituting again ffom Tables 8.11 and 8.12,

12+11
Y l = =29
/() =max {23—10+l6}

18-+15
2 = =
S@)=max {23- 9+_15} 3

Stage 2 (1970)

f'z(j)=max {‘PZJ +f3(j)

Jj=1 8.48
Py =Ry +/3(2) (8.48)

Hence
15+29 }:48

So{1)=max {22- 7+33
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Stage 1 (1969)

Here there 1s no decision since a new equipment is purchased. Hence

LD =P +/(D)
. =19+48=67.

From stage 2 we see that the equipment should be replaced in 1970. Stage 3
is thus entered with equipment purchased at j=2. From f3(2) we observe
that during 1971 it should be kept. Stage 4 is entered with j=2 also, and
from f,(2) it can be seen that it should be replaced during 1972. The total
payoff is fi(j)=67.

8.45 THE WAREHOUSE PROBLEM

a. Introduction

The warehouse problem involves the purchasing of a single commodity at
specified periods or stages, staring forsome.time period,.and-then seiling to
he.customers. In this sense the warehouse-problem-can be<viewed as-an

inventory-controt”problem; iteis.also .an.extcnsion .of..the-transportation
pioblem.

The warehouse problem is a cIass:cal example of linear dynamic program-
ming. The decision maker must make periodic decisions. Each specific
decision depends on the *state of the system” as determined by the preceding
decisions. Several complex production scheduling, inventory, and allocation
problems can be formulated in terms of the warehouse problem. 'In its
simplest form, the warehouse problem can be solved by linear programming
‘Dantzig [10], p. 595).

Some characteristics and assumptions of the warehouse model can be
10ted.

Ag.upper limit exists-to-the-buyrstore;and sell transactions-involved in a
wypical- warehouse problem. Some of the factors determining the uppcrlimits
ire available capital, available supply, available-storage capacity;-and size-of
lemand. We assume that both-costs and prices are constant during the plan-
iipg horizon. We assume, further, that the'demand-is known with certainty.

Oug-problemn-is-to-maximize profits by-determining the optimium level to
iy (or produce), storc, and sell"in each period of the planiing horizon.

b—An-lllustrative-Example

.t us assume that a young man has decided to enter the nonferrous-metal
rokerage business. He starts by renting for five months a smalt warehouse
ith a storage capacity of 150 tons. Assume, further, that the cost and price
chedule is avar’ “'e to our entreprencur, as givea in Table 8.14. Other
nown facts an., ‘assumptions are as follows:
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‘/ Handling, storage, and all other cosis are negligible and can be assumed

to be included in the cost and price schedule of Table 8.14.
. A monthly purchase order is placed on the last day of each month (at the
current price).

3. The monthly shipment is received on the first day of the following month
(that is, a lead time of one day).

4. Sales are made from the second day of each month through the last day of
that month.

' 5 5. “The warehouse contains 50 tons at the beginning of the first month.

6., The warchouse must be empty at the end of the planning period (fifth
” month).

Qur problem is to determine a buying, storage and selling strategy in
order to maximize profits.

Table 8.14 Cost-price schedule for the planning horizon

COST PER TON,  PRICE PER TON,

iwomu,l Ci b
541 $850 $800
4 0 2 800 900
n l 3 750 750
2 1 4 650 _ _ 700 _
FRIR 750 800

Solution

Our small-size problem can be solved by three different approaches:
(1) by enumeration, (2) by linear programming, and (3) by dynamic pro-
gramming. The last two are the only practical approaches for solving large-
size problems.

c. The Warehouse Problem—A Linear Programming Formulation

Let
k = warchouse capacity (k= 150) in tons
X, = number of tons ordered on the last day of month i 7
“y,=number of tons sold during month /
s.=stock, in tons, on the first day of month i, after arrival of shipment
ci=ordering (or buying) price in month i
7,_scllmg price during month §
=unused Storage capacity (slack) in monlh i
a.—a'nﬁcml variable in month {
w=stock carried over to next month

We can now make the following observations:

1. Our objective is to maximize total profit, where total profit = total reve-
nues — total costs; that is,
s E]
Total profit = ..‘.‘. pPi— B cxy (8:49)

£ deed
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2. We cannot stote more goods than permitted by the capacity of our ware-
house. This means that
sk {8.50)
or ]
FZ=X (8.51)

As noted previously, the slack variable z; represents the unused storage
capacity in month 7. Also, k=150 tens.

3. The stock (in tons) on the first day of each month equals the stock on the
first day of the previous mcnth less sales during the previcus month, plus
stack ordered during the previous rnonth. This means that

S‘.,l:.ﬁ-'y['*'XJ (8'52)
or : : ! .
St —Jl"l"yl_‘xl:O
or . .
Sii—=Sityi—xi+a;=0
or

St p— Xt a=s; (8.53)
Note that s. = 50.

4. Since we cannot order more than the level required to fill the warehouse
completely during month i, we have the requirement that
xisk—(s:--) (8.54)
5. Since we cannot sell more than the stock on band, we have the requirement
that _
Vs (8.55)
or
Mtwi=s

From these observations we can state our problem in linear-programming
erms as

s 5 »
max (Z Pyi— 3. cix,) (8.56)
{=1 =1

;/tl’
S,+Z‘=k
SisrHyi—x;ta;=s
Yimsi+w=0
:nd all variables >0.

At this stage it appears that we have an objective function and threc
tructural constraints. However, note that since our planning horizon covers
wve periods (i=35), there are actualily 15 structural construints in this prob-
>m. The limitaticn imposed at ih2 end of the horizon (no inventory left)
educes the problem somewhat, by reducing the number of variables. That 1s,
ts=0, ys=s55, as=0, and ws=0. We now have sufficient informatior. to
lerive a basic feasible solution and solve the problem by the simplex method,

17 Note that we have only three active (nonredundant) constraints per period.
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d. The Warehouse Problem--Solution by Dynamic Fregramming

Cornceptually, we are dealing here witx a five-stage problem, as shown in

Figure 8.8. We will now proceed, stuge by stage, backward from stage 5 10
stage 1.

Stage n = 5 (the First Stage to'Be Considered)

On the first day of he last month we receive the quantity x, ordered oa the
last day of the preceding (fourth) month. Our stock or: hand at the begiuaing
of stage 5 (first stage to be considered) is ss. We have to make two decisions
during the last month: (1) how much to sell during the month (y;) ,and (2)
how much to order on the last day (x;).

Stages {n=1i{n=2

n=3|n=4

n=5l
Monlhs;i= I!I=2ll=3ll=4li=5!

FiGURE 8.8

Because of our requirement that the venture end at the conclusion of the
fifth period, x; must equal zero. While deciding on the level of y5, we must
obey the constraint:

V5SS
The problem requires, however, that no stock be on hand at the end of the

fifth month. Hence y5 must equal sy; that is, sell all stock.
The maximum profit at this stage is given by

J5(ss)=max (Psys—csxs) (8.57)
Since x4 =0,
Ss(ss)=max Psys

and since ys =35, the maximum profit is given by
[5(55)=psss=800s, \ (8.58)

Stage n = 4 (the Second Stage to Be Considered)

On the first day of the fourth month our stock on hand equals s,. Again, we
have to make two decisions: (1) how much to sell during the fourth month
(#4), and (2) how much to buy on the last day of that month (x4). Using the
principle of optimality we get

Ja(ss)=max {p,y,—cix,+ J5(s5)} (8.59)
return during optimal returns
the 4th month in 5th month
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Obviously, ‘
Ss=Sa+Xa—Ya (8.60)
Also,'? » : 7
. “.' Ss(s5)=ps5s (8.61)
If we substitute (8.60) in (8.61), then
f5(34+x4":}’4)=1’s(34+x4—}’4) (8.62)
If we substitute (8.62) in (8.59), and rearrange terms, we obtain
Jals4)=max {xo(Ps—Ca)+Ya(Pa—Ps)+PsSe} (8.63)
In addition, we have the following upper limits (constraints):
. ya<58s (for sales) (8.64)
x4<k—(sy,—y,) (for ordering) (8.65)

In other words, analysis of stage 4 (second stage to be considered) leads us
to the following linear-programming subproblem: ’

max {x4(ps—Cs) +Ya(Pa—Ps) +pssa}=max {150x,—100y,+ 800s,}
(8.66)
fr/t
C Ya=Ss
Xs—YaShk—54
and xg, ¥, 20. ' ,

Since the problem involves only two independent variables, y; and x4, we
can easily solve it by the graphical method shown in Figure 8.9. We know
that our optimal solution must lie in one of the corner points of the convex
polygon OABC. Let us determine the value of the objective function at each
of the corner points. These values are given in Table 8.15.
~ Itis obvious from Table 8.15 that the highest value of the objective
function occurs at point B. Qur optimal solution, therefore, is given by

fulse)= {7005, + 150k} (8.67)
Table 8.15
CORNER POINT COORDINATES (Xa, Ja) filsa
(0] -{0,0) 200s,
A -0, 53) TO0s,
B (k, 54) 7005, + 150k
o “k~354,0) 650s. -+ 150k
AR As detal: 3 ip the ontmal :\c‘ﬂgi(m of stavs % (ra Ryt staze concidaind)
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¥

Ve =34

Xq =k~ (54 —¥4)
or
Y=y k) +x,

X4

FIGURE 8.9

The optimal solution at point B corresponds to:
xs=k and y,=s,

The fact that x, =k means that we should order to full capacity, and then
sell the entire stock during the fifth month. As Table 8.16 shows, this is a |
logical policy, since we pay only $650/ton in the fourth month and we can sell
at $800/ton during the fifth month.

| t,,}/ \ x Table 8.16
v

MONTH  SELL  BUY 5 PROFIT, DOLLARS
J 1 0 100 50 —
g 2 150 0 150 7,500
3.3 0o 0 0 —
g 4 ', 0 150 0 —
4 5 ! 150 0 150 22,500
\ TOTAL 30,000

The fact that p, =5, means that whatever stock we have at the beginning |
of the fourth month should be sold during the fourth month. The value of
84, however, is not known at this stage of our analysis. .

A similar analysis for stages 3, 2, and 1 can be made in order to determine
optimal policies. The results are given in Table 8.16.

Before giving the functional relation for this problem, let us go back for a
moment and examine Equations (8.61) and (8.62). Note that the optimal
policy for the fifth month f(ss), is a function of s,, x,, and y,. Also, as
shown by (8.63) and (8.66), x, and y, can eventually be expressed'as functions
ot"k and s,. As we proceed backward, stage by stage, we will find that the
optimal ‘policy for any stage can eventually be express  1s a function of

. ety o . s ey el . .
k {the warehouse conacity) and £, (ihe starting invento., .
-
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The functional equation for this problem is given by
Jamilam 105 A8 0y s Fpemy = Com 1 Fne 1 TG00 (8.68)

Also note that
Sp=8pet F Xy = Va1 (8.59)

This is subject to two constraints:

VeSS, (8.70)

which means we cannot se!ll more than our stock at a given stage, and
X, Sk—5,+Y, ) (8.71)

. which meéans we cannot corder more than our capacity to store at a given
' stage.

Note: Dynamic programming can solve lincar-progra_mming problens
as shown here and in the allocation examples. Generally, the simplex method
is much more efficient thun dynamic programming. However, in certaia
linear programs thai are dynamic in nature, such as the warehouse problem,
dvuamic programming may be used efficiently. Large problems are difficult to

_ solve with most linear-programming codes. Dynamic programming in such
' cases is superior to linear programming,.

&4.G~ANARVESTMENT-PROBEEM={BUYINGTCALCUOPTIONS IN
T THESTOCK-MARKET)

{ Several investment decisions can be multistage or multipericd decisions. The

i outcome of each decision affects_the decision conditions_for subsequent
stages.

For example, Iet us consider the following simplified problem:

! 1. Aninvestor has the sum of $5000 at the present time (7= fo).

. He wishes to buy six-month call options for a certain stock at $1C00 each.

. It is assumed that there is a 60 percent chance of making a net profit of
31000 for each six-mionth opticn. In such a case, the cptions will certainly
be exercised.

4. It iz assumed that there is a 40 percent chance of not exercising the optioas

. —that is, 1 net loss of 31000 for each six-month option.

W N =

The obiective -of -the investor is to determine an investment policy. that

will- maximize the- chances of mnkmg a‘net profit’ Of 83000 _during-the next
LY wonths. Considering each six- -month period 10 be one stage, the investor’s

| ohjertineis o have a tow! of SSONQ A tiis end of ahethird stage.
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Analysis

A possible investment alternative is to buy five options at time 7, and !}op‘c
for a “state™ after six months that wouid result ina toial of $10,000. This
alternative has the obvious danger that, if the stock price declices, our
investor would lose all his capital at the end of the very first stage. In view of
the stated objective, it is reasonable to suggest that the optimal investment
policy wouid call for the purchase of less than five options {(say two or three)
at time f,. Then, based on the outcome of the first stage, additional options
would be purchased at the beginaing of the second stage, and so on. In other
words, the decision at the end of each stage would depend on the “‘staie” of

our investor’s capital at that stage. This is a typical gynamlc prograraming
problem.

Soiution

As previously, wesshall-solve-the-problenrby-proceeding: frometheslosegtage
fothe-first stage. Let us adopt the following notation:

k= number, in thousands of dollars, under the control of the investor, at the
beginning of each stage

X3, X3, and x,=optimal number of options to be purchased, respectively, at 7

the beginning of the third, second, and first stages

f,(k) J2(k), and f,(k) =highest possible probabilities of achieving the goal for a ‘

given k at the beginning of third, second, and first stages

We now proceed to investigate, for all possible feveis of k, the respective -~

optimal probabilities at the beginning of each stage.

Decision Conditions at the Beginning of Last (or Third) Stage

The time is one year after #,, since cach stage equals six months. Should the
investor end the second stage with $3000 (k =8), he would have achieved his
objective. In such a case the best policy for him would be 7ot to buy any
additional options (that is, x;=0). If he ends the second stage with, say,
$10,000 (k= 10), he can, if he wishes, purchase one or two additional options

-

(x3=1 or x;3=2). Similarly, if he has $7000 (k=7), he must invest at least

$1000 (x3=1) in order to have a 60 percent chance of achieving his goal’

(success), since with k=7 if he does not invest, his chance of achieving his

goal of $8000 is zero.

In other words, for each level of k at the beginning of the third stage, we
have an optimal x, and the probability of achieving the goal. These values
are entered in Table 8.17.

In order to find the best policy f3(k), we select in each row of Table 8.17
the highest probability of success and the corresponding value(s) of x;. For
example, if k==4 then the best policy is to buy four options, a course of
action having a 60 percent chance of success.
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\ \ Table 8.17
'7 \ J, n. J ; \
\) ’} PROBABILITY OF SUCCESS WHEN, | '\-;:,' d i
FOR A GIVEN k, X3 EQUALS R
k 0 1 2 3 4 LR OPTIMAL X3
) ;
0 0 0
1 0 0
2 0 0
3 _Q—w——»-;.—:_—_—_—_-:-";—r:-»- [EE TN . 0 e —
TR T LL 06 06 T4
-5 . 06 06 06 3 4
6 06 06 06 0.6 2, 3 4
7 0 06 06 06 06| 06 I, 2, 3, 4
8 1 1 0
9 1 1 1 0, 1
10 1 1 1 1 0, 1, 2

Decision Conditions at the Beginning of Second Stage

Tahle &1k containshe-necessaryinformationfor-choosing an-optimal-policy
al-the.beginsing.of-the-third stage. The=iavestae-must.naw.decide, on an
optimabevs=with-the- objective~of -having. at-least-38000 at-theernd--of: the
thirdastage-and-knowing #5(k) valuesfrom~Table 8.17. The calculations are
based oa the following formula:

Gpemmamare QKb } b0 Af s} (B72)
nc

For example, if k =2 at the beginning of the second period, we must purchase
two options (x,=2) in order to have a shot at k=4 (remember, probability
of success cquals 0.6) at the beginning of the third period. Also, as the values
in Table 8.18 indicate, if k indeed equals 4 at the beginning of the third stage,
the investor has a probability of 0.6 of having k=38 at the end of the third
stage.

Now we construct joint probabxlmcs Thus, if k=2 at the beginning of
the second stage, the pFOb’IbI]ll)’ of having & =38 at the end of the third stage
is 0.36 (0.6x0.6=0.36). This value is entered in Table 8.18. We apply
Equation (8.72) and enter the results inio Table 8.18. . )

Decision Conditions at the Beginning of the First Slage

At this stage (r=1,), k takes on only one value, namely 5. The investor must
now decide on the value of x,, knowmgf,(k) and f;{k) from Tables 8.17 and
8.18.

The calculations are based on the functional equation:

k= max {0660k x4 040k - x)) i8.73)

33—.

I
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Table 8.18
PROBABILITY OF SUCCESS WHEN, FOR A
GIVEN &, X3 EQUALS
' OPTIMAL
k 0 1 2 3 4 5 6 7 Sa(k) X3
010 0
1rjo _o - . 0 e
(210 0 036 __ 0.36 2
3770 0.36 036 0.36 0.36 1, 2, or 3
4 {0.6 036 036 036 0.6 0.6 0 or 4
5106 0.6 036 06 06 0.6 0.6 0, !, 3, 4o0r5
6 |06 06 084 0.6 06 0.6 0.6 0.34 2
7106 084 084 084 0.6 9.6 0.6 0.6 0.84 1, 2, or 3
8 i1 1 0
Since k=35, this relation becomes
f1(5)= max {0.6/3(5+x,)+0.4/,(5—x,)} (8.74)

x <k

The computation is done by simple enumeration, and results are given in
Table 8.19, an examination of which indicates that there are two equally
good investment policics. These policies say that if we buy one or three
options at the beginning of the first stage, we have a probability of 0.74 of
achicving our goal of k=8 at the end of the third stage.

, Table 8.19
T
PROBABILITY OF SUCCESS WHEN
X, EQUALS
) OPTIMAL
x 0 I 2 3 4 5 Si(k) Xy
) 06 074 065 074 06 06 074 lLor3

A schematic presentation of the two best policies at all stages is given in

Figure 8.10.
The functional equation describing this problem is

fi_ (k)= max {0.6f,(k+x,_,)+0.4f(k—x,_)} . (8.75)

Xn-( Sk

8.4.7 OTHZR SMOOTHING PROBLEMS

Many business, engineering, and economics problems can be presented. as
one-dimensional smoothing problems. For example, ¢ “ler a typical pro-
duction scheduling problem involving known fluctuating .mands and known

T
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<k
the requirements of high-demand periods. Third. we can Givide the pianning,
horizon into several periods, and schedule a constant work force for each of;
these periods so that ihe excess inveniorics of periods of low dewand can be,

Third sl;.ge-——*l

H
=1y LR ' = a £=1y

s

i
r—"——Firat stage ~———-——+i-~——Second siage——
I

Y e a]- =

{today) -;afh:r 6 months; {after 12 n;onths} (after 18 months) .
x=8

solution | (x, = i)

k=S

Soluiion 2 (x, = 3):

FIGURE 8.10

costs. Let us assume tnat the penalty for being cut of stock is infinitel The
objective is to salisly all demand at minimum costs subject to the restrictions
of availabie production resources (such as material and labor).

At the cuwiset we can think of three approaches to finding a solution.
First, regardless oi tine cost of hiring, training, layofl, and so on, we faithfully
follow the deinand curve by providing the required resources. This approach
usualiy is not a minimum-cost approach. Second, we can schadule a constant

. work force for the entire planning horizen, accumulating finished-goods
| inventories during low-demand periods, and using excess inventory 1o supply }

used in periods pf high demand.
In such a problem the structural constraints are usually lincar and the
objective function may be one of the rollowing:

1. A linear cost function.
2. A convex cost function.
3. A nonconvex cost function,

When the cost functior is linear, we can solve the problem by linear program-
ming. Convex programming can be employed to sclve problems with convex
objective functions. In the case of a nonconvex cost function, however,
dynamic programming is the only available analytical tool.

If, in addition to the structural constraints, we impose the requirement
that the solution be an integer soiution, the probiem is very simiiar (o the
warehouse problem (Section 8.4.5). The probiem is alsc similar to one of
optimizing the employment level (Secticn 8.4.3). For detailed examples
see Vazsonyi [30], pp. 79-87, 194-202, and 238-342. .

Another problem is the caterer probicm, which was solved by linear
programming in Chapter 5 as a transportation. problem. The problem has
been solved as a dynamic programming problen: by Bellman znd Dreyfus [6].

Several other problems that were solved by other methods can also be
solved by dynamic programming, somstimes more efiiciently For example,
the classical “n jobs sequencing through two machines” is presented by

- Bellman and Dreyfus [6] as a dynamic-programming problem.

8.4.8 MULTIDIMENSIONAL SMOOTHING AND SCHEDULING
' PROBLEMS

Many real-life situations can be formulated as multidimensional problems
with more than one constraini. For example, in the empioyment-level prob-
lem, we could add another constraint by stating that the level of employment
in any given month should not be less than a minimal level. In such cases, the
dynamic-programming approach remains basically the same, but the solutions
tend to get more complicated. (See Bellman and Dreyfus [6].)

8.5
MARKOV PROCESSES IN DYNAMIC
PROGRAMMING

8.5.1 INTRODUCT!ON

Of the sovcrat atlampls 4o constructargeneral-dynamic programaiing formuja-

tion, the mosTsucccssTtﬂ_modéfuﬁ—mmmmmc&m.ux#gﬁ'@
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ELEMIENTARY
INVENTORY MODELS

It is understandable that businessmen are concerned about the
probiem of inventories. It is not uncommon for a m‘anufacturing
company to have 25 percent or more of its total invested capital
tied up in inventories. On December 31, 19269, the TRW
Company had 25 percent of its assets in inventories and the
Lockheed "Aircraft Corporation had- ‘over $500,000.000, or
about 39 percent of its assets represented by inventories. The
General Electric .Company had nearly $1,452.000,000 and the
General- Motors Corporation more than $3.700.000,0C0 in
inventorics in December, 1969. Naturally, if good inventory
management could change any of these totals by as much as
even a few percent, we arc talking about really big morney.

The current emphasis in management science began with the
analysis of inventory systems. In 1915, F. W. Harris [9] de-
- veloped the first economic lot size equation. and this was
probably the beginning of the use of mathematical models to
represent management problems. In 19310 'F. E. Ravmond
published his Quuntity and Economy in Manufacture [14] in
which he developed this idea much further. attempting to
account for a wide varicty of conditions. In the postwar period.
the management science literature has been fitled with analyses
of inventory and production control systeins, partly because of
the great intercst shown by the government and the military, as
well as the interest shown by such progressive companics as the
Eastman Kodak Company, the Procter and Gamble Company,
Johnson and Johnsoan, and many others.

y 227
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Meanagement Objectives and Cosis

It is important that modeis of inventory svstems refiect truc incremental
costs associated with alternate plans or policies. These costs represent
*out-of-potket™
figures derived from the normal accounting records usually do not fit the

requirements. The following types of cost items nre often incremental costs®,
in inventory models: Costs depending on the number of lots, production |

costs, handling and storing costs, cost of shortagss, and capital investinent
costs. '

Costs Depending on Number of Lots.  In deciding on purchased lot quanti-
ties, there are certain clerical costs of preparing purchase orders that are
the same regardless of the quantity ordered. These costs are important in
deriving economic purchase guantities as we shall sze; however. the cost
figure used must be the true incremental cost of order preparation. It is not
correct to derive such a figure simply by dividing the total cost of the
purchasing operation by the average number of pmchaae orders processed.
A large segment of the total costs of the purchasing operauon are fixed.
regardiess of the nvomber of orders issued. There s, however. a variable
component, and this is the pertinent figure. Quunuty discounts and shipping
costs are other factors which influecnce the quantity of materials purchased
at one time and. therefore, influence the levels of material inventories. A
question parailel to the purchase quantity occurs within a production system
in deciding the size of production orders, that is, the number of units tc
process at one time. Here, the preparation cosis are the incremental costs of
preparing production orders. setting up machines. and controlling the flow
of orders through the shop. Intraplant material handling costs affect
purchase lot quantities.

Production Costs. Some of the components of production costs which
have a bearing on inventory models such as set-up, change-over, and
material! handling costs, have becn discussed in ihe precedma paragraph.
Certain other incremental costs, however, also have a direct bearing on
inventory models. For example, overtime premium and the incremental
costs of production fluctuation, such as hiring, training. and separation
costs need to be balanced against the cost of carrying additional inventory.
In this latter context. system inventories become an important part of the
evclopment of production-inventory programs which we" cover in
Chapter 13. .

Costs of Handling and Storing Fnventory. There are certain incremental
costs associated with the level of inventories. They are represented by the

§
i

expenditures or foregone opportunities of profit. Cost -
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cosis of hunaing materizi in and out of mventory und storage cost
such as insurance. tanes, rent, obsolescence, spotluge. and capital ¢
These incremania: «o5:5 are commonly in proporuon to inventory le

"

‘: iy
vels,

Cost ¢f Shoriages.  An extremely important cost which never appears on
accounting records is the cost of running out of stock. Such costs may
appear in scveral ways. For example, within a production system a’par
shoriage can causc idle labor on a production line or subsequent wcre-
mental labor cost to perform operations out of scquence, usualiv at higher
rhan normal cost. There may be costs of avoiding shortages, such as
expediting split iots. Shortage costs can be represented by praiit foregons
as when impatient cusiomers take their business elscwhere. The realization
of the importance of shortage ‘costs raisesTthe question, “What level of
service is appropriate !”

Capital Costs. The opportunity cost of capital invested in inventory is au
incremental cost of smmﬁcance in designing inventory models. The cos-
ﬁwn 15 the product ofd \,w the time that the unm
is i Inventory, andthe appropriaie interest rate. In general. the appropriz*z
interest rate should reflect the opportunities for the investment of comps

able funds within the organizauion, and, of course. it should not be lowe,
than the cost of borrowed money. Since the funds are tied up in inventories
they cannot be used for the purchase of equipment, buildings, or other
profit-producing investments. There is, therefore, an opportunity cost o

having funds invested in inventory, and inventory models reflect this cost.

Management Objectives. The overall objective of management is to desigr
policies and decision rules which view inventories in a “'systems’ context s
that the broadly construed set of costs we have discussed generally are

minimized. In a production-distribution system, the functions of inventories
and their effects on costs are distributed throughout the system from rawv
material iniake through all intermediate stages to the final point of saje.
The result is that there are interactions between busic inventory policy and
production planning, labor policy, production scheduling, facilities
planning, customer service, etc. Although there are some operations which
may be regarded as aimost purely inventory situations. the most usual
structure invelves an interaction between what we think of as the limited
inventory problem and many of the broad policies for operating the enter-
prise as a whole. We shall begin our analysis of inventory systems with the

more limited and simple concepts and attempt to build a structure of
concept and technique which tries to account for many of the interactions .
with the environment in which inventories exist.
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The Classical Inventory Model

The classical inventory model assumes the highly idealized situation
shown in Figure 1. Q units arc ordered or manufactured at one time. The
order is placed when the inventory level falls to a point where the normal
usage would just use up the inventory within the fixed procurement lead
" time. The receipt of the order of lot size Q is perfectly 1imed so that at just
the point in time when the inventory balance falls to zero, the order of sise
Q is received, the inventory balance is increased by @ units. and the cycle
repeats. We will find this model useful in establishing the overall concepis
with which we will be dealing. Let us establish the following list of symbols:

TIC = total incremenial cost
TIC, = tolal incremental cost of an optimal soluuon
Q = lot size
Q. = optimal lot size
R = annual requirements in units
¢y = Inventory holding cost per unit per year

cp = preparation cosis per order

¢s = shortage costs per unit per year
N, = number of orders or manufacturing runs per year for an

optimai solution

Q == Iot gize, number purchaced or manufactured
atone time.

¢ =thelime between procurement ordars
or rmanufacturing runs.

"Reorder point S\ Average inventory level -

Inventory level

e th.L._.,L____ N TN

Time -—->
Procurement
lead img .
FIGURE 1. Graphic representation of inventory levels in the classical inven-
tory model. Q = [ot size. numbe:
t = the tme beiween pmcuremenl orders or manufaciusing runs. Lead time is
less thar order -

purchased or manufactured at one time;
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1 = time between orders or manufacturing runs

io = time betwecn orders or manufaciuring runs for an optimal -
solutior.

Objective. Qur objeciive is to establish a mathematical mode¢i which
expresses the relationship between Q. the variable under managerial control.
and the incremental costs associated with the system. The incremengal
costs for the simple svstem we have defined are the costs associated with
holding inventory and the costs assoctated with the procuremcnt of an
crder of size Q. Therefore. the cost function we wish to minimize is:
TIC = inventory holding costs + preparation costs

We can see from Figure 1 that if Q is increased. the average inventory level,
0Q/2, will increase proportionately. If the inventory holding cost per unit
per year is vy, the annual incremental costs assoctated with inventory are °

o

g

If the cost tc Hcld a unit of inventory {interest costs, insurance, taxes, etc.)
for a specific example was ¢y = S0.10, we Bould express the inventory
holding cost function as (0.100;2) = 0.05Q. We could then piot this '
mvcntory holding cost function for different values of  as we have done
in Figure 2 curve (a).

Similarly, the annual preparunon costs depend on the number of times
that orders are placed per year and the cost 1o place an order. The number
of orders required for an annual requirement of R will vary with the lot
size ¢ of each order, or, R/@. If it costs ¢p to place an order, the annual
preparation costs may be expressed as

R
Cp —

g

If. for 2 specific example. R = 1600 units per,
could express the annual preparation costs as (5.00 x 1600, Oy = 8000'Q.
As with inventory holding costs, we can plot the preparation costs for this
vaample for different values of @, as ve fnw- done in Figure 2 curve (h).

Figure 2 curve (¢} shows a graphic mode! of cost versus fot size, showing
the tota) incremicntal cost curve, the caleuluiions for which are shown in
Table I, Looking at either Tabic [ or Figurs 2 curve (¢). we note that the
miniinum 1otal incremental cost, 778, oeuss when 400 units are ordered

year, and ¢, = $5.00. we
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100
1 | i I r { | 7
90 - .
80 |-
(¢) Sum of yaventory holding and -
" preparation costs = TIC '
0( N N
g 60 [ (a) Inventory hold:ng cost N
3 = -‘23 ¢y =0.05Q
© 50
:n: /
o
O 40 -
I /
30 | '
(b) Preparation costs : 7
R
20 == : =
1
10 : \\‘
1 i i I ; 1 c
4] 100 200 300 400 500 800 700 800

‘Q (iot size) |
i
Qp = mimmum cost lot quantity
FIGURE 2. Graphic representation of classical invenlcry model. R = 1600
units per year, ¢, = $5.00, and ¢, = $0.10. '

TABLE 1. Computation of points for cost versus lot size for curves of Figure 2.
R = 7623 units per year. ¢, = $5.00, and ¢, = $0.70
(1) (2} {3} (<)
Inventory Holding Cost  Preparation Costs
I.-ot =2 ¢, =005 =B&=§{_)_O_U TIC = Sum of
Size, 2 Q Q Columns (2} + (3)
a (See Figure 2a) (See Figure 2b) (See Figure 2¢c)
700 50 §0.0 85.0
200 710.0 40.0 50.0
300 7156.0 267 41.7
400=Q, 20.0 20.0 40.0
500 25.0 16.0 41.0
8§00 30.0 3.3 43.3
700 35.0 ir4 464

at one time. This is a solution for the specific data given, and we can se¢
that the general form of the total incremental cost curve has a single
minimum point. Note that though the intcrsection of the preparation and
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Q

hoiding cost functions does correspond to the minimiun point of the 77
funciion for ihis modcl. this is not generaily true.

53

A General Selution. Regardless of the data used for specific examiynes
ihe generai form: of the curves are sinular to those shown in Frgure 2, and
we can,express the relationships in a compleiely general way,

TIC = __‘""29 + CZQR .

-y
-
——

This is an equation for the total incremental cost curve, and we wish to
find a general expression for O, the lot size associated with the minirmut.:
point of the total incremcental cost curve. Mathematically, this may bv
done by finding the vaiue of Q for which the slope of the total incremental
cost curve is zero. Using the calculus. the first differential of (1) with respect
to @ is:

ATIC) _ cu _ R @
40 2 0? -

recalling that the rule for differentiation of a simple variable x = «+” i

dx)dy = nay*~!. For the first term of (1) the equivalem form w hich mu:.

be differentiated is ¢z Q'/2. where ¢,/2 is equivalent to the constant, ¢

Therefore d(TICYdQ = () (cy/2)Q! 7Y, sincg Q17! = Q% = L. dTICYdL

= C”/2. .
Similarly, the equivalent form of the sccond term of (1) is

cpRQ™!
where ¢, R is equivalent to the constant, a. Therefore,

cpR

d(TIC)
"o 0

dQ
The value of equation {2) is, in fact, the slope of the line tangent to the

total incremental cost curve. We wish to know the value of Q when this
slope is zero; therefore. we set (2) equal to zero, and solve for Qy:

= (_l)(fPR)Q-l-l = —CPRQ—Z = =

Cy cpR _
2 07
0o? = 2cpR

Cn
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and

\,' 2("7 I{/""

0, (.i)

The cost of an opuimal solution may be derived by substituting the valuc
Qo. 1n cquation (1).

Qo
2

TIC,
Oo

+ Cp

Cy

cpR

J2epRlcy

Combining the two terms with the common denominator

© 2 S2Ricy

2(',; R/('" +

-we have
‘KM X XCPR +\2CPR
X" 2CPR
T[Co = ———nn =
X /2¢pR/cy J2cpRlcy .
and

J 2R

Jeu = J2cpcyR 4
IV 2('PR ‘
The number of orders or manufacturing runs per year Ny and the time
between orders or manufacturing runs /q, for an optimal solution are:
. R ‘
No = — 5 . i
0. (5)
Qo ! :
H ST e BT ———e
T R TN, (©

£ we substituie the values for R, ¢p, and ¢y used in our example, we

“obtain,
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5.00 : :
0o = \/2 x 1600 x 016 = /160,000 = 400 units
TIC, = J2 % 500 % 0.10 x 1600 = /1600 = $40
N, = 5§8 = 4 orders or manufacturing runs per year
1o = 4 = 0.25 years between orders or runs

An Inventory Model with Shortage Costs

' If the assumption that back orders are zero in the classical model is relaxed,
we have the graphical structure of Figure 3. Qur probiem now is to deter-
( mine the minimum cost order quantity when shortages are allowed a1 cost
c5. The inventory level rises to oaly [y, on the receipt of € because the
difference Q —~ I ., is assumed to mect back orders instantancousiy.
When shortage costs are accounted for, the classical mode! bhecomes
i slightly more general-—the model represented by equation (3) being a
| spccial case. The rationale for derivation parallels that given for the siniple

t; = time duning which there are
- inventory batances on hand
¢ = ime during which there i< an

inventory shortage

3 = cycle time

Inventory level ——»

Im.-.x

@

r_._,
31 “!\

ol

Y

AN

L ty

Time ——

<

FIGURE 3. Idealized struciure of inventory levels with back orders of Q — 1~
:QIInwc;}'
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case, but it is somewhat more complex mathematically. Derivations may  Fhe £vct of Guantity Discounis
be found in references {3, 7] and the resulting formulas are '
Fie Pusic ccenomn il size formula aesumes a fined price When qusny

CpnT. T Cdiscounts enter the pieinre, additional simple calculations will deterins,

Qo = \/"‘_fR“” f” + Csilcs . of there is o net advantage. As an i!hwlrulios‘ assume the buste data of o
TIC, = ﬁp,},ﬁé \/(‘S/_(E.g. ¢s) (8) " previous example, thit s, R = 1600 units per year, ¢p = S$5.00 per order.
_ TR S and ¢,; = 10 pereent per year. Recall that the cconomic order quantity
Laxe = \ﬂ"'R/‘ " \/‘s/(‘ll + ¢s) @ was computed as 400 vnits. In addition, however, assunmie that the purchas |

pncca are quoied as $1.00 per unit in qu.mmn.s below 800 and SU.9% per
Note that when comparing equations (7) and (8) with the comparable . unit in quuntitics above 800. If we buy in lots of 800 we save S32 per year
formulas (3) and (4), with shortages, Qg is increased by the factor OF the purchase price plus $10 on order costs, since only two orders need o
ey + ‘s) s, and T1C, is decreased by the factor \/Cs/(f" + ¢5). The 10 be pliced per year to sau:s!-y um.mul needs. This saving of 54; per ye
influence of shortages, then, is dependent on the relative size of ¢ and g, MUSt t?c greater 1!':;{n the addmonfﬂ inventory costs lh;n_wou!d bg incurred i
If ¢, is large relutive to cs, the effect of shortages on Q, and TIC, is !hc price d'lsco.unl is to be altractive. Under the 400 unit order size, vernge
conslduablu that is, Q, will be incrcased and 7IC0 decreased compared  Aventory is 2("0.”“”5 and fnventory COsts are 200 x 1.0 x 0.1 = 324, &
Jto equations (3) and (4). If, on the other hand, ¢, is small relative 1o cg, orders of 800 u.mts were placcd_, the inventory costs would be 400 x O_.‘)S -
fminor changes in Q4 and 77C, will result. The net effect of shortages costs : 0.10 = 3391 There 1s a net gain of 42 — (39 ~ 20) = 323 by on'icrmg "
‘on O, and TIC, may at first scem to be strange. Recognize, however, that ;1018 of 800 instead of in lots of 400. If the vendor had a second price brei
when the model permits shortages, average holding costs are reduced  ©f 30.97 per unit for lots of 1600 or more, a similar analysis shows that the
beeause of smaller average inventory balunces. This will result in a larger mcremental inyentory costs outweigh the incremental anc and i
Q. For the shortage case, TIC, is smaller than when shortages are rot  S3Vings: so that there is no net advantage in purchasing in lots of 16
included because both holding costs and annual preparation costs are  1able {I summarizes the calculation for ali three cases.
somewhat lower. For example, if we consider shortages in the previous
example where R = 1600 per year, ¢, = $5.00 per order, ¢, = $0.10 per
unit per year, and in addition, ¢ = $0.50 per unit per year, we have the
following results:

TABLE I, Incremental cost analysis to determine net advantage or disadvantag=
" when price discounts are offered

Qo = /(2 x 5.00 x 1600)/0.10 \/(0.10 + 0.50)/0.50

= 400 \/ﬁ = 400 x 1.095 = 438 units , = 1600 Units per Year, ¢, = $5.00 per Order. ¢, = 10 percent per Year
Lots of 400 Lors of 800 Lots of 16¢
TIC, = JZ x 5.00 x 0.10 x 1600 \/0.50/(0.10 + £.50) Units, Price Units, Price Units, Price
= §1.00 = $0.98 = $0.97
0.833 = 40 x 0912 = $36.50. per Unit per Unit per Unit

Purchase cost of a year's supply
(71600 units) $1600 $1568 $1552
Ordening cost (c, = $5.00 per

The limiting values of ¢, provide valuable insight. As ¢ becomes infinitely
large the factor in cquation (7, | oy + ¢y) ¢y, becomes 1 in the limit and

we have the clasacal insentory maodel of equation (3). This corresponds 1o order) 20 10 5
a pohicy of no shartages permitted On the other hand i ¢ i set al 7¢t0 L fnventory holding cost (avg. inv.

then the factor and therctore 0, hecomes sero. This correspands W a4 1"« unit price adjustment x c,, } 20 39 - 74
policy o inhimite hacbondonng band to mauth capple, o suppiv oty o0 . $1640 51617 $71631

the bty of speaid ordr
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Formal Models with Price Breahs.  We may generalize our ideas about the
effect of quantity discounts by examining a formal madel which tahes
price breaks into account. Recall that the lot size equation (3) did not need
to consider price or value of the item because for cvery value of Q consid-
ered, the price was the same, that is, price was not an incremental cost.

Let us now consider a lot size model which includes the value of the item !
as a factor. To reflect this idea, the total incremental cost associated with

such a system may be expressed as follows:

TIC = (annual cost of placing orders)
+ (annual purchase cost of R items)

+ (annual holding cost for inventory)

R
=(‘P'§+kR+k%'F" (10)

where &k = cost or price per unit, and F,, = fraction of inventory value,

representing inventory holding cost on an annual basis (kFy; = cy).
Following the rationale developed previously, we seek the value of Q,

Q,, which minimizes this total incremerial cost cquation. This leads to

Qo = /20, RKF,, (1)
TIC, = /2cskFyR + kR ° (12)

The derivations of equations {11) and.(12) parallel the derivations of
equations {3) and (4). -

We may now use formulas (11) and (12) in-the analysis of inventory
systems which involve u price break. For comparison, let us assume the
data of Table i1 for the {irst price break at & = 800 units. Recall that in this
example, the price per unit below the break point was &, = $1.00 and that
abote 800 units, the price was k, = $0.98 per unit. To fit in with the present
model, we will now eapress the inventory holding cost factor as F, = 10,
pereent of inventory value. The other data remam the same, that is, R =
160G untts per year, and «p = $5.00 per order.

In the togie of our anabysis, let us finst note that the wtal incremental
cost curve T7C, wall fall below the curve T7C, . This is shiown in Figure 4
The fogeal thing o dol then s to caleulate ¢y, to see if it falls withm the
range £, wheie the proce L0 098 applies. Doing this we tind i
'!r’:., = 304 s, usine cgiabion (b whieh s fess than the break poent,

= SOU pas Siee <t correaoesds tothe i oo the Tl
)

TIC, dofters
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} ] } ! I ] ! i ] | l
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_Range P;, piice ko = 3008

Ry=$100 b

e

FIGURE 4. Total incremental cost curves for inventory model with one price '
break at b = 800 units. R = 1600 unils per year, Cp = $5.00, F, = 10 percent
of inventory value. : :

curve, we know that the lowest possible cost of TIC, within the range where

the price k, applies is at the lot size b = 800 unil.s. Ir i_t had l.mppcncd that |
4, Was in the range P, this would have determined immediately ‘lhul lhc .2
economic Jot size for the system, O, was the value calculated qzlt.‘Smcc l_hl‘S :
is not the case, however, we miist continug our anaiysis to see i lh‘c mini-
mum point on the curve T/C, is below TIC; at !ot‘si/c h =‘SOO units. \Yc
may calcuiate TJC,, casity from equation (12}, and its vulu‘c is $1640. Also,
we may calculaie TIC, using equation (10), and this we hr_\d to be S1617.
Thedecisionis now clear; Qg = b = 800, since 7/, atlot size b is less than
TIC,,. ‘ ' . ) |

Compare these results with those obtained by the incremental cost

aniivais in Table 11, This of course can be scen casily from the graphs of .
i ngl;rc 4. Constructing the curves for cuch case would be laborious. !
however, compared to the simple computations required to come to @
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dccxsio_n. Figure 5 shows a decision flow chart for an inventory model with
one price break. indicuting the flow of calculations add resulting decisions
In some tnstances, the final result is obtained with one calculation, as whe.nf
93, falls in the lot size range P, where the price &, is valid. Where this is not

Compute
Q2

Since TIC» must
be monotonically R
increasing over the

price sange Py, since

Q24 < b, least cost

for range Py occurs

at@= b

Compute:
TIC,
TICy

TICy, < TIC}

Qo=q;,

TIC, = TICy
!

Qo=gy.orb

FIGURE 5 D ot chttaran, eotany ivdel with one price Beesh 2° 00 e
fot size b Price v L o e e raceye B g ea ap, e e
size targe P 2 ’
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g tee, ctaple calonlanions for comparative total imcremonral cost rachd
HIWLE SUNTIE:

toane the same general rationale we can develop deamon prrocesses tor
saventory medels with two or more price breaks, Also, models could b
comstructed Tor quantity discount situattons that ialso took account of
other fictors, such as shortage costs and the value added into inventory
through the accumulation of preparation costs [4, 8].

Determining the Length of Production Runs

Production order quantitics and runs are based on.the same genera!
concepts as purchase order quantities, as we have noted previously, but
the assumption that the order is received and pliced into inventory all
at one time is often not true in manufacturing runs. For many munufac-
turing situations the production of the total order quantity @ takes place
over a period of time, and the parts go into inventory, not in one large
butch, but in smaller quantities as production continues. This results in un
inventory puattern similar to Figure 6 when the run eatends over a con
siderable period of time. When the run time is perhaps 30-60 percent of
the total cycle time ¢ shown in Figure 6, the effect on the average inventory
of the system should be accounted for. Let r = daily usage rate and pp =
daily production riute—assuming, ol course. that p > . Other symbels
remain as previously defined. During the production period 1, inventory
is accumulating at the rate of the difTerence between production rate und
usage rate, p — r. This rate of increase continues for the production periad

- 1,, 50 that the peak inventory is 7,(p — r), and the average inventory is

tp = time penod of a production run
t = time=between the start of
production runs

Inventory, units

! Timg ——
e J
‘ —— — —— -

I URE G D agram of un etory balance i eelotion Lo tore s ien the Iaz O s

T B O B Sy
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and since # is the same for all products, the total annual setup cost is

The total incremental cost associated with the entire set of m products is
then

TIC = annual setup cost + annual inventory holding cost

- I & r
= n Z CP, + 2-”‘ Z C’“R"( - 'i) (23)

i=1 I=1

Qur objective is to determine the minimum of the TJC curve with respect to
n, the number of production runs. The first derivative of T/C with respect
to n which we set equal to zers is

i

adTIC m .
e ;l 5y _Z; cH‘.R,.(l __i)z

.un i L A

and the optimal number of runs, N, is

Z ClhRi“ — rifp:)
N, = [ &8 m— (24)
23 ¢
Ti=1

The total cost of an optimat solution is found by substituting N, for »n
in {23), or

; i &
TiC, = Ny Z o+ 5 2 "le(’ - _r;_)

J
izl <Vg =) \ iy

Substituting the exprassion for N, shown in {24) and simplifying leads to

- m — )
e, = /" E_ op, }: (',['R,(i - -»') (25)
Y P | (R | .n:
Whers B, - anoied tequnemients for the individual prodacts, r, - equiice
font roquireracris porproatnotion Jdav o the aindiodad AT SN
d;ui)' [‘.’-hilh‘.‘.-\:l [ S DALY B S T S N LTV AN [
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por unit, per car for the individual products, ¢p = sctup costs per run
for the individual products, and m = the number of products.

Let us work out un example for the determination of the cycle length for
the group of ten products shown in Table [H, which shows the annual
sales rcquirements, sales per production day, daily production rate,
production days required, annual inventery holding costs, and setup costs.

TABLE Ill. Sales, production, and cost data for ten products to be run on the
same equipment

(1) (2) (3) (4) (5) - (6) (7)
Sales per Daily Produc-  Annual Setup
Prou- Annual  Production Produc- tion Inventcry Cost
vet Sales, Day (250days ‘tion Days Holding per
Nurm- Units  peryear) Rate Re- Cost Run
asr R, 4 * p, quired Gy Cp.
7 10,0600 10 250 40 $0.05 $ 20
2 - 20,000 &0 500 40 0.i0 13
3 5.000 20 200G 25 015 35
4 13,060 52 800 2i.7 0.02 40
5 7.000 .28 1000 7 0.30 25
6 8.0G6C 2 800 10 040 37
7 15,000 60 500 30 002 42
8 17,660 68 500 . R4 0.05 &0
5 3.000 12 200 i5 035 18
10 7.000 4 128 © 8 010 i2
2307 $292

Table IV then siiows the caiculation of the number of runs per year cal-
culated by equation (24). The wminimum cost number of cycles which
results in four per year, cach cvele fasting approaimately 59 days and pro-
ducing orne-fourth of the sales requircments during cuch sun. The total
incremental cost from cquation (25) is TI, == 32420,

it it interesting to compurc now the jointly determined number of runs
per year with the number that would have recuited had runs been deter-
miuned independently for cach of the sen predusis. Table V osummarizes
these caleuldtions. Note ihat products 4, 7, @nd 16 would have two or
fewer runs per yeor, and products 2, 3, and 6 would have more than six
reas per year. Aagee [10] stetes a refe of thumb that of “the minimum-
vt aninher of runs for the produci glone, for any one or more products is
Cevrhan hall the value for af! products, the product is a possible candidate
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TABLE !V. Determnination of the number 07
A L of runs, jointly, for ten sroducts f
equation {24j : i s

(1) (2) (3) 4) (5) (6)
- ¢, R=
Prod-  Ratior /p, Col. 2 x c, R c
uci  Col. 3/Col 4 Col 6  (1-%/p)  Col7
Num- from lrom = Cc;/. é from
_ ber Table 11! (1 -r/p) Table I x Col 4 Table Il

7 0.160 0.840 $ 500 $ 420 $ 20

2 0.160 0.840 2000 1,680 75

K] ’ 0.100 0.900 750 i 675 35

4 0.087 0913 260 237 40

5 0.028 0972 2100 2,047 25

6 0.040 0.960 3200 3,072 37

7 0.120 0 880 300 264 42

8 0.136 0.864 850 734 50

g 0.060 0.940 1050 887 i€
70 0.032 0.568 7100 97 12
$70,207 $292

10,207
N = [ , .
e \Jox 595 4 cycles per yea:

for only occasional runs.” Table V also summarizes the total incremental
cost which would result if the number of runs for each product were
determined independently. The figure of $1932 is S488 less than the total
‘incremental cost figure of $2420 given by equation (25) when runs are
determined jointly. The apparent cost saving through individual determina-
tion of production runs is, of course, illusory because it does not take
account of .congestion costs or possible shortage costs that might result
from independent scheduling. On the other hand, at low shop loads the
interferences and schedule conflicts should not appear with independent
scheduling.

SUMMARY

The models dineloped 1 this chapter are meant 1o boild a general con-
- ceptual framesark lor the analvas of imventory svstems Althoush thes
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TASLE V. Caicutation of ruas. independently for each product, from equatien (17}

(1) (2} (3} (4) (5) - (6}
c, R, )
(1-1/p) Cp.
from trom
Product Col 5, Col. 7, Col 2
Number  Tablelv  Tableii 2xCol3 N =.Col4 TIC,
1 420 520 105 32 $ 130
2 1680 15 56.0 75 224
3 675 35 9.7 . 3.1 217
4 237 40 3.0 1.7 . 137
5 2041 25 408 64 10
8 3072 37 42.7 6.5 477
7 264 42 2.1 18 149
a. 734 50 73 - 27 271
9 987 15 308 56 178
70 87 12 4.0 20 48
: $$1932

muy certainly be uscful in some situations, they are not meant to be
transplanted without modification into practical situations. Rather, they
are meant to show some of the kinds of situations and factors that have been
accounted for in simple inventory models. Actually, many more stiuations
have been covered in the literature [2, 4, 6, 7, 8, 13, 15, 17, 19, 20]. With a
knowledge of the general functions of inventorics, management objectives,
and the nature of costs which enter inventory models, we are in a position
to consider the influence .of variability of demand and basic systems of -
control which take account of these sisks, as well as the effects on inventory
planning of production planning and scasonal sales patterns.

REVIEW QUESTIONS

1. What is the nature of costs affected by inventorics? Outline them and discuss
calh,

2 What arc the kinds of costs related to inventories but dependent on lot
weantttes? In g practical situstion, how do we derive these costs?
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3. What are management’s objectives i designing inventory systems? In the
classical inventory model. which of the variables arc controlluble and which are
outside the control of management?

4. What is the general eflect of shortage costs on ot sizes?

5. Why must the classical lot size formuls be modified if we are attempting to
take quantity discounts into account?

6. Owtline the rationale for determining the minimum cost purchase quantity
Qo when a price discount is involved.

7. How is the determination of a production run different from the determination
of a purchase lot size?

8. How does the production run problem change when a number of products
_share the use of the same equpment on a cyclical basis? Is the problem the same when
the operating level is somewhat below capacity?

PROBLEMS

1. Compute the optimal lot size, @, when R = 10,000 units per year, ¢p = 35,
and ¢, = S10 per unit per year.
2. What is the total incremenial cost for the conditions of Problem 172

3. How much would Q,, change if our cstimate of ¢p was in error and was actuzity
only &4 in Problem 1?7 Whit would be the difference in actual total incremental costs
between the two solutions?

<. How much would 0, change if our estimate of ¢y was in error, being only
$8, in Problem 17 What wouid be the diffcrence in aciual total incremental cosis
between the 1wo solutions?

5. What is the effect on @ for Probiem 1 if shortages cost ¢5 = $1 per unit
per year? What is the towi incremental cost of this solution?

6. Suppose that shoriages are very expensive, perhaps $100 per unit per year.
What iy the answer te Problem 57

1

7. Suppose that for Problem 1 a price discount 1s offered so that orders placed in
guantiiies betow 123 cost $100 cach but for orders of 125 or above this quaniity the
prive i SY5 cuch. inventory holding costis now expressed as 10 pereent of the value of
the fteme In what guantities sheuld the items be purchased? Use the raiionale of
Figurs 5. '

. Deternmune the nubber of prodducnon rans for at stem it B = FS.000 uaats T
st ep - SIS G NS pcrumi per veatand po- 100 onits per workeee day There
are 250 workins Jassoper e WL .

G Prercimaz o L nstice T e thie T e sroap o e o

assuming I8 e st ge
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Annual Daily Annual Setup

Product Sales. Production Hoelding Cost Cost

Numbe: Units Rate per Unit Fer Run

7 5,000 100 $1.00 $40

2 10,000 75 050 25

3 7.000 50 030 30

4 15.060 80 075 27

5 4.000 40 1.05 ao
Total 5202

10. Curson Munufaciuring Co. finds ordering costs for its materials and supplies
fall into three major cateporics depending on urgency and the ordinary amount of
fellow up required. It therefore wishes to simplify its use of equation (3) for use by
ordering clerks. For class |, 2, and 3 items ordering costs are respectively S5, S15, and
$40.

() Derive furmalas for the three clisses of ttems.

th) Further examination shows that inventory carrying cost is viriually constant

at 18 pereent of cest salue for all tlems. ierive further siplified formulis for
the three classes of irems.

11. Carson Manutucturing Co. converted its entire ordering procedure 1o the
EOQ basis described by problem 104, On examuning onc of the Cluss 3 items (¢p =
$40), however, they noted veiy high annual freight costs under the new policy. Freipint
cosis have been $200 per erder under the E0Q policy and would cost only 5400 for a
curload lot of 300 units. R = 5000 units per year. an:d the average value of the item is
$222.22. Should Curson order in carload lots?
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INVENTORY
CONTROL SYSTEMS

Some of the major defects in the models dcveloped in the
previous chapter, so far as practical inventory policy is con-
cerned, are the assmnptions that requircments were known
exactly and that the delivery of replenishment orders was
perfectly timed. Also, those models did not place the inventory
system in the context of the operating environment of the
broader production-distribution sysiem. in this chapter we shall
attempt to introduce the idea of variability of demand and its
influence on inventory policy, consider comparative systems for
inventory control which take account of demand variability, and
consider the impact of inventorics on the probicm of controlling
production levels. In part V we shall develop models which
focus on the impact of inventories in making aggregate pro-
duction plans or programs, particularly in Chapter 13.

Variability of Demand

The source of our problem in dealing with variabiiity of
demands or requirements is focused on the lags inherent in the
swistem for replenishiment. If we could fill requirements im-
mediately, there would be no problem. The elements of the
"'nhhnh caused by lags in the system were mlroducul ‘in
N 1Mer 7. .
\ewe Know, the demand for an item may vary COIl\ldLr.lMy
= e randome causes, ‘upward or downward trends in

\
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demand. scasonal and cyclic variations. Figure 1 shows a sales curve which
demonsirates three of these factors (cyclic variatidns dealing with the
concept of the business cycle are beyond our scope). Let us begin with a
consideration of expected random variation and how realistic inventory
policy might take it into account. Figure 2 abstracts from Figure I just the
random variations in sales from average cxpected levels. Such a distri-
bution could be abstracted from sales records from which the trend and
scasonal fuctors have been removed, through commonly known statistical
procedures. The residual variation is then simply the variation due to
chuance causes, comparable in every way to expected random variation in
any process.

Buffer Stocks. The variations in demand are ahsorbed through the
provision of buffer stocks which must be maintained because of our
inability to forecust random variations in demand of the type shown by
Figare 2. The size of these planned exira inventorics depends on the stability
of demand in relation to our willingness 10 run out of stock. If we are
- determined almost aever to run ot of stock, these planned minimum
balunces must be very high. if service requirements permit stock runouts
and back ordering, the sufety stocks can be moderate. Figure 3 shows the

general striicture of inventory balance with a fixed-order quantity system.

Disteibution representing
expected randgom varniation
it weekly sales, exclusive
of seasonal and trend
vanations.

Seasonal ~
variation
“ .
= e -
€ Frend
- -
kY
L] ~
3 W‘ "
B \Awéﬂ\f’[/ '
e e - J
JFMAL'JJA",r.[)Jrf.'AMJ)ASOND
FIGURE 7 Thice Larioi 0 L 0 clan demiand whi hy 1olen Jave 1ok

nvenlony Lo,
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FIGURE 2. Distribution representing expected random varialion in weekly
sales, exclusive of seasonal and trend varialions.
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The builer stock leved is set so that inventory balunces would be draws
down. to zero during the constant lead time for supply, if we should
experience near-madmum demand.

The rational detenmimnation of buffer stocks, then, turns on a knowledge
of the probability distribution of demand 1ogether with 4 decision regarding
the risk of stock runout that we are willing to accept. To be most useful,
the probability distribution of demand can be expressed in a form shown
by Figure 4. Figure 4 was constructed from Figure 2, first, by plotting the
number of periods that adjusted demand exceeded a givcn level, second,
by establishing a percentage scale o represent a derived probability scale,
and third, by idcalizing the distribution as shown by the dashed curve of
Figure 4. Since the approximate average two-week usage is 1214 units, and

120 :
T T T T T T T T 7
e .h"h,_ '
o N X = 1214 units/2 weeks
- 03 N N=113
= ]
£ 801~ 3 %0 \ -
2 | e %\
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g ol § o \ : .
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2 el 3
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ansamiag o normal fead time of 2 weeks, we could be 90 pereent sure of na
suncing out of stock by having the 1520 units on hand when the replenish-
ment order is slaced. The bufier siock is then 1520 — 1214 = 3006 unii=
If we wish 1o be 95 percent sure of not running out of stock, the buffer
stock inust be 1640 — 1214 = 426 units. Sinntlarly. to, be sure thut we hove
only a 2 pereent risk of running out of stock, the buffer stock level must
be increased to 768 units.

It is casy to sce from the shape of the demand curve that, for high levels
of protection, the bulfer stock 1equired goes up rupidly, and. therefore,
the cost of providing this assurance goes up. This is shown by the calcu-
lations in Table 1 where we have assumed the demand curve of Figure 4,
assigning a value of $50 to the item and inventory holding costs of 20
percent of value. The average inventory required to cover expected maxi-
mum usage rates during the lead time of 2 weeks is calculuted for the three
scrvice levels shown. To offer service at the 95 percent level instcad of the

. 90 percent ievel requires an incremental $1200 per year, but to move to the

98 pereent level of service from the 95 percent level requires an additional
$3600 in inveniory cost. ‘

The demand curve, then, provides a rational basis for the determination
of buffer stock levels by helping to establish a reasonable maximum usage
rate during the lead time. To establish this rate, however, management
must decide what risk of stock runout is acceptable. In some instances this
must be a judgment, but where a cost of shortages can be realistically
assigned, a simple incremental cost analysis can determine whether addi-
tional protection is worthwhile. For example, for the data shown in Table I,
there would be an incremental saving of $3156 in moving from the 90

. TABLE ]. Cost of providing the three levels of service shown in figure 4, when

the item is valued at $50 each and inventory holding costs are 20 percent

Service Level

90% 95% 98%

Expected maximum usage for 2-week
replenishment time 1520 1640 - 2000
Bulfer stock required 306 426 786

Average inventory required for service

level during ieplenishment period =

(I_..- Buffer)/2 + Buffer. 913 1033~ 1393
¥4 ie of averaye inventory at $50 per unit  $45.650 $51.650 $69.650

\ ‘= entory cost ot 20% $ 8130 $10,.330 $13.930
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pereent to the 95 pereent fevel of serviee if the cost of 2 shortage was S
cach (1214 x 26 x 0.05 x 1.00). This incremental gain exceeds the incre-
mental cost of S1200 shown in Table 1. On the other hand, to move from
the 95 pereent 1o the 98 pereent leve! the incremental gain is only $950
wherdas the incremental cost is S3600 s shown in Table 1. The 98 percent
level of service is obviously 1oo expensive in this instance.

In summary, we have a fairly gencral procedure. To determine bufler

stochs, weymust determine reasonable maximum usitge rates during the-

lead time, :‘Imd this requires the derivation of a demand distribution wiiich
reflects only the vanation due to randam fluctuations. tere, however,
management must decide on a-risk level for running out of stock, or if
realistic shortage costs can be assigned, an incremental cost study can be
made to determine the best risk level. If demand for the item is subject to
scasonal variation or an upward or downward trend, the average of the
distribution shifts, and it is nccessary 1o reassess buffer stock level pertodi-
cally. Tn such an instance, it would be betier to express the demand
distribution curve shown in Figure 4 in terms of deviations fron: expected
mean values.

Practical Methods for Determining Butfer Stocks

The gencrulized methodology for setting buffer stocks when lead times are
constant (Just discussed) is oo cumbersome for use in practical sysiems
where large numbers of items may be involved. Computations are simplified
considerably if we can justify the sssumption that the demand distribution
follows some particular mathematical functicn, such as the normal,
Poisson, or negative exponential distributions. The general procedure is
the sume for all distributions: («) determine the applicability of the norimal,
Poisson, or negative exponential distribution of demand during lead time,
(5) establish a service level based on manageria! policy or an assessment of
the balance of costs, (¢) define D, during tead time based on the appro-
priate distribution and the service level, for example, if we have selected a
service Jevel of 10 percent then D, is 1526 units in Fignre 4, and ()
compuic the required buffer siock from 8 = D, — D where D is averags
dentand und both D and 7 are based on the demand distribution over’
the constant fead time, .
The three distiibutions “have been found (o be appiicable in a number
of sitvunons g dillerent stsges i the supply-production-distribution
systent. For evampics the normal distribution has been found to dewriis
adeguately many dermand tunctions 4 the fuctory fovel, the Poaser
distribution at the retand Lol and the negstnge exponential st o
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at the wholesale and retail fevels [4]. When both demand and 1ead l-img are
vartahle the determination of buller stocks is more comiplex. In this situa-
tion, we are faced with an interaction between fluctuating demand :n.1d
Nuctuating lead times, und there is no simple mathematical analysis,
Nevertheless, buffer stocks can be determined through o process of Monte
Carlo simulation as long as we have a knowledge of the demuand and Jead
time distributions. Since the simulation meihodology is being used in such
a situation, the distributions need not be described by any of the standard
mathematical ones. Detailed examples of inventory models with variable
demand and lead time ure developed in reference [11].

Basic Inventory Contiol Systems

In altempting to develop autamatic control systems for invcnmr%cs. il.ls
necessary to take account of rundom fluctuations mn demand as just dis-
cussed and actual shifts in average demand of cither a scasonal or long-term
nature. The variables of the system which can be manipulated by manage-
ment to develop a control system are the size of the replenishment order,
the frequency of replenishment orders, the frequency of review and !'.orccnst
of usuge levels, and the method of information feedback on which the
reviews are based. Alternate inventory control systems blend these factors
in somewhat different ways,

The Fixed-Order Quantity Systemi. This system is dingrammed in Figure
3. The system has a reorder level set which ailows the inventory level to be
drawn down to the bufler stock level within the lead e if average usage
rates are experienced. Replenishment orders are placed in a fised pre-
determined amount {(not necessarily the minimum cost quantity, (o)
timed to be reccived at the end of ihe fead time. The muximum inventory
ievel becomes the order guantity Q plas the buffer stock 7 ;. The averige
inventory expected s, then 7, =+ /2. Usags rates are reviewed Pcriodn-
cally in an attempt 10 react to scasonal or long-term trends of the Lype
shown in Figure 1. At the time of the peniodic reviews, the order quantity
and buffer stock levels may be changed to reflect the new conditions.
Demand for an item is ordinarily tuken from the subscqueni operation.
Assumie that we are considering the can of the capacitor showa in Figure
4 of Chapter 3. The capacitor is made in three sives of clectrical capacity.
The can which houses the capacitor, howaver, is identical for all three
78S, -

Freure S shows the chein of demand for the can as reflected back through
Porwnies of stock pomts and mancfucturing eperations. Customer orders
27r Phaved at the warchouse which maintains an imventory with controls

-
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FIGURE 5 Chain of demand for the capacitor can, shown in Figure 4 of Chapter 3.
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as descnibed by Frezure 30 When the warehouse inventory feved Tulls 10 the

reorder point, & replenishment arder is sent to the factory, and the factor
..\hips from its finished poods stock. When the finished goods inventor
falls to a reorder paint. however, 2 requisition is sent to the manufacturin
department, and more condensers are assembled. To assemble the con-
densers, however, cans and other parts are requisitioned from stock point
3, a stock of fabricated cans. When the stock of fabricated cans fulls 1o a
reorder level, a shop order is written for a run of cans to be fabricated.
The shop order requires raw stock which is drawn from stock point 4,
raw maltcrial storage. When the inventory for the raw material falls to the
reorder level, a purchase requisition is issued to vendors for replacement.
Thus the demand for the capacitor can is reflected back in a chain involving
4 stock points and 2 factory operations. Figure S represents the structure of
the information feedback system.

Fized-reorder quantity systems are common where & perpetuil inveniory
record is kept and with low-valued 1tems such as nuts and bolts, where the
inventory level is under rather continnous surveillance so that notice can
be given when the reorder level is reached. One of the simplest methods for
maintaining this close watch on inventory level is the use of the “two bin™
system. In this systzmy, the inventory s physically separated into two bins,
onc of which contains an amount cqual to the rcorder level. The balance of
the stock is pliced in the other bin, and day-to-diy needs wre drawn from
it untii it s emply. At that point it is obvious that the reorder level has been
reached, and a stock requisition is issued. From that point on, stock i1s
drawn from the sccond bin, which contains an amount equil to average
usage over the lead time plus a buffer stock. When the stock is replenished
by the receipt of the order, the physical scgregation into two bins is made
again and the cycle is repeated.

A
J
v
5
14

)

Fixed-reorder Cycle Sysrems.  These systems focus control on a periodic
basis, so that orders are placed wcckly,'momhly, or by some other cycle.
The size of the order, however, 1s varied for cach cycle to absorb the
fluctuations in usage from period to period, as shown by Figure 6. The
amount ordered covers normal usage during the procurement lead time
plus the quantity necessary to replenish inventories to the level required for
one cycle’s usage plus bulfer stock. This is, of course, the Z,,,, level shown
on Figure 6. Just as with 'lot size modcls, optunal relationships for the
reorder cycle and 7/, can be derived. See references [9, 13]. As with the
fixed-quantity system, periodic reviews of usage rates are required 1o react
to changes in the average usage rates of the type shown in Figure |, Fixed-

. reorder cycle systems are prominent with higher valued items and where a

large number of items are regularly ordered from the same v “or. With

-
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fixed-cycle ordering. freight cost advantages can often he gained by
grouping these orders together for shlpmcnl The ¢ommon information
feedback system for fixed-cycle systems is dm;,r.lmmcd in Figure 5, based
ona d)am of demund.

The main operating difliculties with the fixed cycle system described lie
in the time lags in the informution chain, and the apparently irresistible
temptation 1o outguess shifts in requirement rates. The shifts in usage rates
arc most often simply random shifts, and the buffer stock has been designed
to absorh these variations. If we respond to these random shifts in require-
ments we will surely drive ourselves insane. Suppose we are ordering on a
monthly cycle the fubrication of cans for stock point 3 of Figure 5. Average
requirements have been 500 cans monthly, but last month’s requircments
Jumped to 600 units. If we assume that this will be a continuing requirement,
we might decide to place an order for the current month which not only
replenishes the 600 units drawn, but adds another 100 units to build up
inventory to meet the expected continuation of 600 units per month. This
makes a total order of 700 units. Suppose, however, that last months
incredse was simply a random fluctuation, and in a true expression of the
capricicusness of random processes, requirements for this period turn out
to be only 300 units. We now have a 400-unit excess inventory, and we need
place an order for enly 100 units for the coming period to meet average
requirements. T2 result is that the random variations in demand from
600 units to 300 units have been translated into variations in shop orders for
cans ranging from 700 units to 100 units. Demand variability has been
amplified, leading o severe problems on the production floor in attempting
to accommodate these wide variations,

Reorder __ e Reorder N l
cycle cycle

Inventory

FIGLURE 6 Foaesdd revirdder ¢yo e s, stem of cantrnl An order s placed at re ;. »°
intervals wiu o geplenntes stack based on the s entory halance un ba- * s 0
on order plus the cinaun! neefed for ore ¢,ole
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The question of amplification of demand variability is of extreme
importance in designing stable production-inventory control systems. and
we shall consider it more carefully at a lauter point. The immediate guestion
is, however, “How can we te!l if a chunge in demand is merely a random
fluctuation or a true shilt in average requirements?” We have an obvious
application of the principles of statistical control. Appropriate control
limits could be established and requirements plotied i relation to the
control limits. Variations in requirements that fall within the conirol limits
may bhe ignored, since bufler stocks were designed to absorb them. When
points fall outside the control jimits the question may be raised whether
planning figurces for average requirements shouid be revised. Even then,
adjustments in planning figures for requiremcnts should be relatively
modest, taking a wait and sec attitude, in order to avord the costly results
of fluctuations as in the situation described in the previous paragraph.

Control Theory Applied 10 Inventory Systems. Engineers have been
interested in the design of automatic control systems. and the result has been
the development of concepis and systems of contre! which have been
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appiied hargely in automation and other physical systeins. These selt-
correcting systems ostablish sutomatic conirol over.some variable (a
dimension, temperatare, pressure. ete.) through a feedback loon. Con-
ceptually, the feedback loop is comprised of some sensing vt vwhich
measures the output of the variable being controlled, a comparator which
compares the actual output with the desired level, and a decizion maker
which interprets the error information and finally commands the ¢ffecror
to make a correction in the proper magnitude and direction so that output
will meet standards. Figure 7 shows a schematic representation of the
maintenance of the temperature of flowing water under automatic control.
Many management control problems can be viewed in the same con-
ceptual framework. For example, Figure 8 shows a diagram for information
“feedback, for the control of inventories and production leveis. The parallels
between the physical system and the inventory system are direct. From the
principles of process control, we can learn some basic contro! concepts of
considerable value in controlling inventories. These concepts are related to
time Jags and their cffect on the stability of the system. Let us sce what
actual dynamic effects we might expect from an inventory system which was
originally stable and now is stimulated by a 10 percent step increase in
retail sales, the new sales level remaining stable,
Forrester [8], using a dynamic simulation model of the system shown in
Figure 9 demonstrates the dynamic effects dramatically. There are three
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FIGURE 9. Structure of a production-distribution systern Solid lines represent
physical fiow. lines with dots represent information flow, and circled numbers
represent time delays in weeks. From J. Forester. Industnial Dynamics, [81.

fevels of inventories in the system: factory warchouses, distributor, and
retailer. The circled lines show the flow of orders for goods fram customers
to retailers, retailers to distributors, distributors to fuctory warchouse, and
finally from the warchouse as orders for the factory to produce. The solid
lines show the flow of the physicab goods between cach of the levels of the
structure in response to the orders. The circled numbers represent the time
dclays in weeks for cach of the activitics to take place. Figure 10 shows the
cficet of the 10 percent step increase m retail sales on inventorics at the
three levels, as well as on factory production output. \Whereus the suales
increase was simple and orderly, the response of the inventory and produc-
tion system shows wild oscillations which increase in magnitude as we go
up stream in’ the system from the retail level to the distributor, factory
warchouse, and to the actual factory output. As we will demonstrate in

S

T © Chapter 21, reducing the time lags in the system, for example, by °
crraniting the distributor level, or reducing the time for clerical delays will

FIGURE 8  Informatin fredhock luop for an uiventary cantrol s, sten 220 w3 conaderably the magnitude of the fluctuations.
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Maore divect information feedback to the various stock points instead

, of through the chain of demand shown tn Figare 5 will hune unportant

SHaMm . cilects in stabilizing the cntire system. We consider these dyvaamic effects
more carclully and in greater detail in our Chapier 21 discussion of Large-

75
0

/ Retail inventory {units)

-
-
-
-
-
-
-

scale system simulation. At this point, hewever, & conclusion we might
draw is that a more direct inforimation feedback system similar 1o that
shown in Figure 11 for the capacitor can production-inventory system will
have a stabilizing cfTect so that no amplificaiton of demuand varizhiliny
will take plice at stock points up stream from the consumer inventory level,
At cach stock point in the system, then, we are working agirinst actual
consumer demand rather than against the sccondary and tertiary effects of
demand as reflected back through the chain. Reducing the lig in informa-
tion flow has & stabilizing cffect, regardless of the inventory system used

- and would be appropriate for both the fixed quantity and fixed cycle
systems.
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Base Srock System.  The base stock system [10] is a blend of the fixed
quantity and fixed cycle systems which uses an information feedback
system similar to that dingrammed in Figure F. In this system, stock levels
are reviewed on a periodic basis, bui orders are placed only when inveniories
have fallen to a predetermined “reorder level.™ At this point an order is
placed to replenish inventories 1o the “base stock™ level, whichs is sufficient
for bufler stock plus a fiaxed quantity calculited to cover current usage
nceds. Periodic reviews of current usage rates can result in upward or
downward revisions in the base stock levels, The base stock system has the
advantages of close control associated with the fixed cycle systemy which
makes it possible to carry mininium buffer stocks. On the other hand, since
replenishment orders are placed only when the reorder point has been
reached, fewer orders, on the average, arc placed so that order costs ure
comparable to those associated with the fixed quantity ‘systems. Since all
stock points are working against consumer demund, we do not huave the
amplification of demand variability at points up stream. Therefore, bufier
stocks can be reduced even further, since the extrome levels of nuximum
demand are not expericnced. Another result is a reduction in the cost of
production fluctuations (hiring, scparation, and training), since smuller
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production Muctuations are also associated with the taipe of information
feedback system used. '

In the scctions just completed we tried o show the influence of
whhility of demand on inventory maodels, and the importance of time

0
* Adupted from J. Forrester, Industrial Dynamics, [8].

tovam ke sastem as a whole, The important concept 1o carey over into this
s that iventory maodels must take accoent of the environment in
waev o0 AER Lo ey oT¢ operated and cannot be considered s an solasted problem.

"4 10 Response of inventories at three levels and factory output to a step increase in retail sales of 10
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We i focus on the oroblem of operating 2 produttion- m\unory SySIoT
through the coatrn nitng ot production levels. As we shall see, inventornies

c o
2k
L wn
(7 -1

2

Ship to
customer

play a major raje.

Contrallinig Production Levels

When a basic production-inventory program has been developed, the
result is a schedule of plunned production levels and inventory bulances
based on forecusts of requirements. As sales proceed, however, we must
have some system for compensating for the differences between planned and
actual requirements in order to muaintain inventorics at proper levels. If
actual requirements exceed plans, we run the risk of running out of stock,
with resulting poor customer service and possible additional costs related
to shortages. If actual requirements are below eapectations, inventories
will build up with resulting high carrying costs. Therefore, a control plan
is needed which adjusts production and inventory levels in keeping with
sales cxperience. Such a control plan might be accomplished by constructing
periodically a new production program that takes into uccount eaisting
inventories by adjustments in the short-run levels of production.

Our objective in this control plan is 1o incicase or decicase production
levels in the period ahead, proportional 1o differences benwe 1 ac el and fos e-
cast sales, by an amonnt that minimizex the incremental costs of mveniories
and fluctuations of production levels. If the planning period s fairly short,
this adjustment of levels would continuously correct inventory levels to be in
kecping with present demand, thus preventing stock-outs or the buildup
of excessive inventorics because of changes in demand. The basic elements
of this control plan are compar:ible to those described carlier in this chapter
and illustrated by Figure 8. We wish to construct a feedback control sysiem
where informition on desired levels of inventories (indicated by current
requirements) is compared with actual inventories to determine an crror
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Eﬁ;g funcion which is fed back and complrud with information on planned
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E°s production levels for the coming period. By some predetermined rule, the

production level is then adjusted to compensate for the demand fluctuation
and bring inventories into line.

Ocders

. Decision Rules for Controlling Production Levels, Let us first state an
obvious kind of rule for controliing production levels s actual requirements
vany from forecasied requirements. The rule we will use l'o} intrtoductory
Prrposesis that when actual requirements deviate from lnru ints, we will

“tar subtract the difference as soon as powhl; 10 the amount produced

nier o compensate for the variation from planned inventory levels.

" evailluarate wath the forecast of requirements for 10 weeks shown in

Current demand from customers fed back directly ta stock points and operations so that all links in the

o tucronanventory chain work against current demand.
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Calcuiation of production levels and inventories when the difference between forecasted and actual requirements is

absorbed entnely by changes in production level, 2 wecks hence. Beginning inventory is 500 units.

TAGLE N

(8)

(7)
Actual! Production Level

{é) (3) (4 (5} (6)

(1)

Planned Production Actual Inventory Level
+ Difference Between = Beginning Inventory

Actual and  Actual and Forecasted + Actual Production

Difference

Planned
Inventories

Between

Beginning
Inventories

Fore-

Forecasted Requirernents, 2 Weeks —Actual Requirements

- Actual
Require-

Planned
duction Col 3~ Col 2 ments

casted
Requne-

= Beginning Inventory

Ago. Col. 3+ Col. 6

Requirements,

Pro-

+Col.7-Col 5

for 2 Weeks Ago

Col. 5~ Col 2

ments

500
505
675

500

600
600
605

595
430
580
1000

510
520
530
540

600 "
600
600

590
580

-160

690 '

-

590

130
680
1065

440

410/
-550

600
600

600°
1010

50
625
570
575

540

540

600
600

)

25

545
5895

485

50
625
570
575

5675

540
540

600
600
600

~-25

600

70
95

680
705
5820

610
610
5980

355

530

600
6000

1o

100 e production rate = 567.5 units per week.

w1 o mventory fovel = 573 units.

N
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colinnn 2 of Table 11 Column 3 shows the planned production program
for the product. and the plimned iny entories are easily calculated in column
4. As we would expect, however, actial requirements vary from forccast as
shown in column 5 and the difference between dctual and forecast require-
ments in column 6. The production icad time is 2 weeks, so that when a
deviation from forecasted requirements occurs we can change production
rate for the production period two weeks hence. Therefore, no change
occurs from production plans in the first 2 weeks shown in column 7, but
the third week’s production reflects the shortage in planned requirements of
five units. Similarly, the fourth week reflects the overage of 166 units which
occurred in the second week, and so on. Actudl inventory levels shown in
column 8 are simply beginning inventory plus the amount produced during
the week (colimn 7) less Lite actual requircments (column 5).

We see that this rule does indeed compensate tor the variations, with 2

. 2-week time lag, but at what cost? Actuzl production levels vary from 50
units to 1000 units per week in the short space of 10 weeks. But, notice that

over the 10 weeks, actual total requirements were quite close to forecasted
total requirements. Variation from forecast was. largely wecek-to-week
variation. As a matter of fact, the week-to-week variation tefiects the
randoin variations described in the demand distribution of Figure 4. In
other words, it was vartation that we should have eapected w oceur,
Perhaps there is @ better way to ahsorb this variation than by direct changes
in ihe production level.

Let us test the idea just stated. Why not damp the effects of variation in
actual requirements froam forccast by changing production level by only
50 percent of the difference instead of 100 percent as we did previously.
This is shown in Table IH, under 50" Reaction.” The original forecist
of requirements and production and inventory pians are identical 19 those
of Table I1, but notice that violent swings in both production and inventory
levels have been dumped out considerably, Why not carry thas idea feriher?
What happens with a 10 or 5 perceni reaction rate? This 1s also chown in
Table 11 with additional stabilizing factors in the form of simple heuristic
rules. Wiih the 10 percent reacton we have included the additional restric-
tion that we will not yespond to the variation from forecast at all unless 10
percent of the difference exceeds 10 vnits. In addition, with the 5 pereent
reaction we have included the 10-unit minitum and the restriciion that
Lirper changes 'n production lovel are made enly in incromznts of 10 units.
Therefore, if'5 percent of the difference is 27.5 uniis 23 it is in the fifth
week, a change in production fevel of 30 unns is made in the seventh wecek.
Notce the resuits of progressively deereasing reaction rates in Tuble §11. The
2ot are more stable producnion and inventory levels. Also note, iowever,

Saverareimventory levels hiveancrcased as reaction rate was decreased.

t

¢ vitect ol reducing renction rate could have been forecast. By using a
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TABLE {1l Actual production and inventory levels when caly 56 percen:
10 percent, or 5 percert of the difference between forecasied and actual require-
ments is abscrbed by changes in production level from plan, 2 weeks hence.
Bufler stocks absord the balance of the variation. Data for forecasted and actual
requirements and planned production and inventory levels are shown in Table Il

5% Reaction
10% Reaction 10-Unit Minimum,
50% Reaction 10-Unit Minimum Increments 10 Units

Actual Actual Actual Actual Actual Actual
Production Inventory Production Inventory Production lnventory

Week Level Level Leve! Level! Level Level
0 — 500 — 500 —_ 500
! 600 505 600 505 600 505
2. 600 675 600 675 600 675
3 603 688 600 685 600 685
4 520 208 584 269 590 275
5 600 758 600 819 600 825
6 805 938 641 835 620 820
7 375 743 545 810 570 820
8 613 78171 600 835 600 845
98 565 686 €600 755 600 765
10 587 568 600 650 600 660
Average for -
10 Weeks 589 655 597 684 598 688

relatively low reaction rate we are assuming that mosi deviations in actual
requirements from forecasts are simply random deviations, so why beccome
excited about them? If the deviation looks large, perhaps we should increase
or decrease production rate @ firtle, just in casc it really marks the beginning
of a trend. The question is, then, what should be the reaction raie for
optimal cost performance? Itis a good question, but it is slightly premature.
Let us first discuss the peneral aspects of the decision rule and develop the
ideas of reaction rates, review periods, and their interrelations.
Our decision rule really operates in the following contest:
Fo A Jonger-term forecast of requirements on which is based o bread
production procram .

A shorior o oot nr reviea T e et the borao
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,
3. Bused on this shovt-ierm review and forecast of requiremenis we
can: :
a. Determine » praduciion plan for these periods.
b. Set planned inveniory levels for these periods.

4. In the shortest-term planning period which is equal to the produc-
tion lead time (the shoriest notice used io change production levels
in the period ahead), we can make a final adjustment in production
level which takes account of the latest information we have re-
garding the comparison of actual and forecasted requirements.

5. The decision rule used is that production level in the immediate
period ahead will be adjusted by some fraction & of the difference
between actual and forccasted requirements for the current period.

In this context, we see that there are really two purimeters we can
manipuiate to develop a model for the control of production levels. They
are the value of k—the reaction rate-—and the length of the review period
mentioned in number 2 and 3 in the preceding outline. The importance of
the reaction rate has already been discussed und demonstrated in the text
material related to Tables 11 and 1. In summary, & may take on values
between the number 0 and 1.00, representing no reaction 1o deviations from
forecasted requirements when & = 0, to 100 percent reaction and com-
pensation when & = 1.00. In general terms, low values of & lead to stable
production levels and rcintively high buffer stock requitements, since
variations from the plan must be ubsorbed by inventories. Conversely,
high values of & lead to large production fluctuations and relatively low
buffer stocks because variitions from plan arc absorbed by chunging
production levels. The significance of reaction rates in smoothing produc-
tion rates is comparable to the smoothing constant 2 used in the exponen-
tially smoothed forccasting, methods discussed in Chapter 7.

The frequency of review also has a direct effect on both the magnitude
of production fluctuations and the size of needed bufler stocks. The reason
is casy to sce in relation to the general principle of process control which we
discussed in connection with Figures 7 and 8. The longer the period between
reviews, P, the greater the chance that forccasts of requircments may not
retiect the most current trends, Therefore, it is more hkely that relutnely
Larze differences between actual and forecasted requirements would accu-
wuiate. For a given value of &, Tonger review periods lead to both relatively
faree production fluctuations and buffer stocks in order to provide the
= ol compensation. Short periods between reviews, then lead 1o closer
b and gelatively amall production fluctuations and buller stocks.

st pvniods between reviews fead to looser control and larger

Tt and butler stock requirenients,
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Determining 'k and P. Magee [10] derives two approximate formulas
uscful in solving the problem of determining the reaction rate & and the
review period P for specific situations. He shows that the expected magni-
tude of production fluctuations is approximately proportional to

JEP(2 = k) (1

10 T T T T

Size of production fiuctuation, hours/period

Q .20 0AG 0.60 0.80 1.00
Controt number &

(a)

6 Penod: 4 weeks 7

\\-_-—

Period: 2 weeks

Size of seserve mnventory hours

25 Period: 1 week
0 1 1 ! a
0 0.20 D40 0.60 0.80 100
Control number &
(b)

FIGURE 12. (a) Magmutuide of prduction fluctuations versus contiol numbhet
and length ol review penod (b)) Reworve inventory requiced versus casio
number JnG length of oo jrened By pernnssion fram Produ tion Py

and Inventory Conual b, J F “aiee aind O Boodiman W e

Fook Company, Jnd e d New Yice  pynght 17
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and that the required factory bufter stock will be approximately propor-
tional to :

LTk - Ry + PYk - KD (2)

‘where T = production lead time, P = length of review period, and

k = reaction rate in dectimals.

The cost of production fluctuation, then, is proportional to (1) and the
cost of bufTer stocks are proportional to (2). Figure 12 shows the relition-
ship of reaction rates and review period to the size of production fluctuations
and reserve inventory requiremients, expressed in equivalent hours. For
specific case, then, suppose that at & = 1.00 we experience a production
fluctuation cost of $5000 and i bufler stock cost of $500, when the review
period and production lead times are cach | veek. Using formulas (1)
and (2), we can compute points for'the curves shown in Figure 13 to find a
value of & approximating 0.075 for minimum {otal incremental cost.
Further similar calculations with different review periods would yield a
combination of & and £ which would minimize incremental costs for the
entire system. Obwviously, the right combination for a specitic case fike that
shown in Figure 13 depends on the relative magnitudes of inventory carry
ing cost and thc cost cf production changes.

Let us summarize at this point same of the aspecis of the control of
inventories under uncertainty in a production-inventory system. Previously
in this chapter we discussed systems for controlling inventories that

000 ——T T T ¥V 1 1T T T 1

-l
-
-
5000 |- 8T
ad “3” /
' \\““ef\i/‘ el

4000 Ut Lo 7

£ 3000/ -
8

2000 |- 7]

1000 - Factory buffer stack cost -

1 1 1 H } | | B! I
¢ 0! 02 03 04 05 06 07 08 09 10
k, reaction rat2/100

FIGURE 13 Relationship between cremental costs and k. wher the cost of
crrction fluctuations and factory buffer slocks are $5000 und $500, respec-
Tt ot T Rewiew period and lead time are T week
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involved fixing the quanuty ordered at one time, letting the frequency of
ordering vary, fixing the ficquency of ordering, ietting the quantity ordered
vary, and the huse stock system which was a combination of the clements
of the two different systems. Also, differences in the information fecdback
pattern and their eflects were noted. In the operation of a production-
inventory system we have noted that the cost of production fluctuations is
also an important factor to take into account. By way of summary, let
us now consider the overall comparison of systems of control.

A Comparative Example

Magee [10] relates a hypothetical case called the Hiberniun Co. which compares
operation and costs for different basic systems of production and inventory control.
The example considers a company that manufactures and sclls about 5000 small
machines per year for $100 cach. The factory supphies four warchouses located in
strategic urcas around the country, which in turn supply the customer. We shall show
the calculated results for four alternate systems of control: an economical order
quantity system, a two-week fised reorder cycle sysiem, a base stock system with a
review period of 1 week and reaction rate of 100 per cent, and a basc stock sysiem
with a l-week review period but involving a production reaciion rate of 5 percent.

Each of the four branches sold an average of 25 units per week, or 1300 units per
vedr. This average riate wis, of course, subject 1o considerable variation, and Table
1Y shows distributions of demand at cach of the four branches for 1-week periods,
2-weck periods, élc. For example, at any given branch, sules would be eapecled to
exceed 37 units per week only 1 percent of the time, 67 units per 2-week period |
percent of the time, and so on. Regquitements aggregated at the factory warehouse,
reflecting demand from all four of the branches, are showa in Table V for eight
different time groupings. Figure 14 shows the structure of the production-distribution
system.

1. Economical fixed reorder quantity system {£OQ). Using an economical fixed

TABLE IV. Distribution of demand at each of four branches by eight different
time-period groupings

Percent 6f Units of Sales Period, Weeks
Periods Exceeding
Levels Given f 2 3 4 5 6 7 &
80 ‘19 417 64 87 117 i34 158 162
60 24 46 71 95 124 144 168 I~93
50 25 50 75 100 125 150 175 27
20 24 565 . 82 108 134 160 1586 a0
10 g1 4 ') &6 113 136G 164 Il o

? ot [ ey 123 141 17.

J\
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TABLE Y. Distbuuch of demand on factory warehouse from braciches by eight
different ime-penod Jroupines

Percent of Units of Reguirements in Period. Weeks
Pernods Exceeding .
Levels Given 7 2 3 4 5 6 7 8

S0 87 182 278 374 477 569 666 764
60 95 7193 297 " 385 483 587 666 785
50 100 200 300 400 500 600 700 800
20 108 212 214 4i7 5719 621 722 824
i0 113 . 218 322 426 529 631 734 836

7 123 233 3471 447 553 658 752 866

recrder quantity sysiem, we must analyze the requirements for buffer stocks, eycle
stocks, transit stocks, and reordering costs for the branches, as well us, buffer stocks,
cycle stocks, in-process inventory ordering costs, and the cost of production fluctua-
tions at the factory and warchouse.

Branches. At cach branch, the economical quamity to be ordered at onc time may he
caleulated if we know that ¢ = $19 (36 clerical cost, S13 cost of packing. \hlpph‘lb
receiving, and stocking), R = 1360, and ¢,; = $5. Q4 is then,

J2 % 19 % 1300)/5 = 100 units

Therefore, cach Lranch would place an order for 100 units cach. 4 weeks on the
average, and the average ¢ycle stock in each branch would be 100 2 = 350 unus. The
branch buffer stock is based on a | percent risk of running out of stock. Since the 1o1ul

Branch }
nventory

Branch 2
mnventory

’ Factory Factory L2
warehouse £

-

Branch 3
inventory

Branch 4
inventory

PVOURE 14 Srnucture  of production-distobution  system for  Hibernian
i (‘ .
- Co
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fead time was 2 weeks, we can determine the reasonuble maximym demand during 1un
¢

penod from Tuble IV s 67 units. Since normal demand during the 2-week lead 1ime

would be 30 units, the butler stock s then the difference, or 17 units. Finally, the

average framil sock is equal 1o the delivery time multipiied by the average demand

rate, or 50 units. Averige branch inventory is thea as follows:

Bufier stock, 4 x 17 = 68 units

Cycle stock,” 4 x 50 = 200

Transit stock, 4 x 50 = 200

) 468 units

Since ¢, = S5 per unit per year, this average inventory of 468 units has an annual
cost of §2340. Since cach branch places an order once every 4 weeks, on the average,
there are 52 orders per year from the four branches which cost $19 cach or a total
annual reordering cost of S98K.

Factory Warchouse and Faciory. The factory warchouse is, of course, reflecting
the aggrepate demand Trom the four branches so that its cconomicai order quantity
reflects annual requirements, R = 5200 units, and its own inventory holding and
preparation costs of ¢ = $3.50, and ¢, = $13.50. Calculating Q. as before, we
obtain @, = 200 units, Maximura 2-week demand from the branches (using a L
percent run-out rsk criterion} under the economical reorder quantity system is 233
uniis. so that fuctory warchowse buffer stocks are sct at 233 — 200 = 33 units. Crele
stocky are 200°2 = 100 units, und in-pracess inventories s ihe factory average one-half
the order quanuty or 100 units. Total average inventory at the factory warchouse is
therefore 233 units. On the average, 26 factory production orders per ycar must be
issucd at a cost of $13.50 or $351 per year. Table VI summarizes the inventory and
ordering costs for the econemical order quantity system. To this total we must add
the cost of production fluctuations which occur with the economical order quantity
sysiem. Figure 13«4 shows a typical paticrn of orders on the factory and the resulting
factory production levels set. Note that very lurge fluctuations in production levels
result and these fluctuations cost $8500 per year.

TABLE VI. Summary of incremental costs
of economical order quantity system for
Hibernian Co. from iMagee [10]

Inventory costs

Four branches $ 2,340
Factory 816

Reorder costs
Four hranches 928
F.attory 351
Prodic son Hluctuations 8500
' 512,545
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2. Fived Reorder Cydle 8rsiemn,

Rranches.  Under the fiacd reorder eycle system, ‘each brunch viechouse maintains
its inventory sufficicat to fill reasonable inuxtmum demands during the review period

300 3
Amount ordered ’
duning week
— —— Factory production :
level
250 |- -
20y r M 17 11772,
g H | | & Py &
) | ] { | f b | i 5
E i | | i l ] z
S | 1 l I :
ol i i I { il 8
3 150 I | i i i i : I 5
8 l l v Iy | i 2
5 | | b I
l { | 1 | o
2 11 i [ , il g
4l y | : Ui I 1| &
100 - "} g~ ~p-sef ~ oo —FJ—'— S T—- ’-“—-_L-‘“i 5 71 ) : :_ 1
1 !
' { I ! I
h
| | " I !
| ] " i
t | | | i
: ' el :
: ; ! | |
i 1 | ! 1
| i ! | {
{ ! | ! i
4] L L - 0
5 10 15 20 25 30 35
Tirne, weeks
(a)

FIGURE 15. '(a} Factory orders and production level, economic recrder
wamiltity system. (b) Production level, fixed reorder cycle system {c) Producltion
cor! basestochk system: reaction rate = 5 percenl. Adapted by pennission from
¥ artion Planping and Inventory Control. by J F. Magee and D M Boodman,
“aw Ml 8ook Company. 2nd ed.. New York, copynight. 1967.

.

’
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’ . Tabie VIE Crele ntork woud average one-hall of the normal shipment. A shipiens
150 I ; T T 1 i T i made once each period <o that the average amount shipped would be 25 x (the
: ~umber of weeks in the period). Table VI shows the appropriate cyvcie siocks fur
- 1 cich review period. Tramu stock remains at 50 units for cach review period. The
125 "L number of orders placed varies inversely with the length of the review period. therefore.
x L] I-week period results in 52 orders per year at $19 per order or 988 per yeur. The
2100} pranch ordering costs for the other periods are summuarized in Table VL.
()
g -
% 7150 TAELE VII. Comparison of system costs for different lengths of review periods
2 for the fixed reorder cycle system®
[ -
L2 7
% 50 \— Length of Review Period, Weeks
& - - -
25 |- H 2 3 4 5 6
‘ ‘ { { | | ; Granch warefouses,
0 : 18 12 16 20 24 28 3? . each branch
. Time, waeks Inventory )
(b Buffer stock | 20 23 25 22 - 31 33
Cycle stock 125 25 37.5 50 625 75
25 - T | N ! i
1 T | - Transit stock 50 50 50 50 50 5
M Total 825 98 1135 . 129 7435 158
J‘?:{ 100 — Annual inventory
k3 P . ] cost at $5 $ 4125 S 490 $§ 5675 $ 645 $ 7175 8§ 790
£ sk Ordering cost 990 495 330 250 195 165
2 - Total $14025 s 985 $8975 $895 $9125 5§ 955
% — — Total, four branches  $5610 $3940 $3590 $3580 $3650 § 3820
‘e 501
'193 L T Factory warehouse
-§ . — Buller stock 41 47 53 58 62 67
g sl - | Cycle stock 50 100 150 200 « 250 300
In-process stock ) iO @ _1_.?2 ggg 250 300
[ TR N TN T - — Tota! 141 247 33 458 562 667
° . s 12 1. 2 u B '
Time, weeks Annual mventory
“(c) cost at $3.50 $ 493 $ 865 $1235 $1630 $1967 s 2335
) Ordering cost 700 350 235 175 140 120
FIGURE 15. (Conunued) Totalfactory ware-
) several ditferent house cost $1153 $7195 $1470 $1805 52107 $ 2455
lus the 2-weck delinery time. We must first compare system cos}s. ‘;(:: ;:l:{: IV shows
P “.5‘ - oeri nis 1o determine the appropriate length of review peri .Hf. et et Cost of changing pro- n
r;:\\'u“* :’\«.;\1(‘1“ woof desand a4t cach branch warchause for clb;hl ;il :.\LP\.“ - duction fevels $1600 $2250 $2760 $3180 $3560 § 2900
the distnpuis . ] , Canire it for Cdlh Tevie o ; .
Therctore, we van determme uites }:f e muniers vn the s 17 Total system costs 58403 = $7385  $7820  $8565  s9317  $10.175
: D1 rerent sk dovel by denbang at the ne
,\|df.‘ﬂ'd- At the l|‘\ 'n\.k.l“..“‘. :l..._.\. AN | "\'I‘Cﬂl foy of The hutler \h\} 'xu‘l e i .
perecnl OF Purhne et T el e e Tyt *Modified from J. F. Magee and D. M. Boodman, Production Planning and Inventory Controt,
a4 l-weeh rovies e Sttt VR S *
for a TN Az ot ¢

P
POUICIIICD T ettt T

McGraw-Hill Book Company, New York, 2nd ed, 1967.
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SUMMARY

In this chapter we have tried 10 develop the importance of the fuctor of
demand variability and its impact on inventory planning. In doing this, we
have developed the rational determination of buffer stocks und discussed
systems inventory control which tauke account of the resulting risks. In con-
nection with these systems of inventory control, the concepts of process
control and information feedback were introduced and the important cffects
of time lags shown.

In considering the problems posed by inventories, we arc florced Lo
consider several levels of planning covering differeni time spans. These
are as follows:

V. Long-range plans for plant capacity. Plant capacity may be affected
by seusonal poaks, and there are capital costs associated with this
capacity. What combination of in-plant capacity, use of scasonal
inventories, overtime, and subcontracting will minimize the com-
bined capital costs, scasonal inventory costs, labor costs, preduction
fluctuation costs, and extra costs of subcontracting? Is new capacity
justifind?

2. hrtermediate-range plans for a few months to a year 1n advance, which
attermipt fo determine for the expectations of sales what will be the
best slHocation of the resources of existing capacity. We aie asking.
what combination of production within periods, size of work force,,

“and scasona! inventories will minimize the combined costs of

nroduction fluctuation, scasonal inventory cost, labor costs, and
extra subcontiacting costs. We shall pay particular atltention to
this subject in Chapter 13,

3. Shori-range plans for the immediute period ahead. Since actual
requirements will change from forecasts, we must take a last look
within the lead time to change production level, but neither can
we change production levels capriciously because large costs can be
involved, nor can we ignore whuat might develop into a huge
inventory buildup. The result is that we need a control systent that
mnimizes in the short range the cost of inventories and production
Tuctuntions,

4. Iy the shortest range of phoming, we need automatic decision rules
that dispatch vwork o cadh and every workplace and machme
There s no tme e ponder the question at this pomt. We nue

develop an autamane ruic which operates quickly and acoues

mdrcatinge the hest segquenae m \\ln;'h W process erdoes at s

machine or nnachine contor Hore we are lood o tor o o

.
‘.
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flow. such as those covered in Chapter 17, which will mininwze
inventory and idle labor costs while providing a hieh level of service
{o customers by completing their work on time.

Inventorics have an important impact at all stages of planning and
exccution. The resuit is that we must view inveniorics in their multifunction
role in the broad system from raw material input, flow through the
producuon -distribution system, and' to the consumer. They cannot be
examined in isolation with rcalism.

REVIEW QUESTIONS

1. What arc the three kinds of variations which we might expect in sales curves,
which result in variability of demand?

2. Why is it that we wish Lo abstract just the rundom varistions dun solely 1o
chance causes from the total variation in demand curves from all causes, for use in
determining buifer stocks?

be

3. How can we determine what stock runout level 1o use for a specific situation?-

4 Desclibe each of the three inventory control systems which suke account of
variability of demand which zre described in this chapler,

s What are the varables in inventory control systems that are subject 1o
managerial control?

6. Which system .has closer control over inventory levels. the fixed rcorder
guantity system or the fixed reorder cycle system?

7. What techniques inay be applied to determine if en apparent change in demand
is merely a random fluctuation or & true shaft in average requirements?

8. Relatc the genera) principles of process control i inventory contro! systems.

9. Describe the effects on retail inpventorics, distributor inventorics, fuctory
warchouse inventories, and on f.lclor, production levels when consumer demand
changes, assunting the struciure of 2 production distribution system as shown in
Figure 9.

10. What is the nature of our objective in controlling prodiction levels?

11. Compare the expected resulie when a production conisol rule i uwd with
reaction rates of 100, 50, 10, and 5 percent.

12. In controlling production fevels, what are the *wo mam v ariables that are
urader our control?

FX What s the gencrat relations'up between reaction rates and the frequeacy
~adpntment of production levels? Which combiations produce high costs of

et ton Budtuation® lhnh costs Of reserse invenionies”

o Hew o uln thons E) and {23 heip to s deternmne the best reaction rate 10 use

N TR [
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F5 Makea compicte analyas of tie four systems of contrg! used in the Hibermian
Co casce, cheching alt calculanons. to show exacily where the diffcrent sysienis e
relative advantages and disadvantages,

PROBLEMS

I. Weekly demand for a product cxelusive of scasonal and trend variations is
represented by the empirical distribution given below. What buffer stock would be
required for the item to insure that one would nof run out of stock more than 15

percent of the time? Five percent of the time? One percent of the time? Normal lead
time is onc week.

Weekly Frequency, Number
Demand, of Weeks Demand
Units Reached a Given Level

0 0
20 2
3¢ 5
40 . 10
50 g
60 20
70 30
80 25
90 18
100 17
110 10
120 8
130 6
140 3
150 2
Total 165

2. If the item for which data is given in Problem | has a unit value of $100.
shortages costs of S10 cachs and an annual inventory carrying cost of 25 percent of the
average inventory value, which of the three levels of service would be most appro-
priate?

3 An organization s attempting 10 assess the cost of increasing it senace
levet wlhich s currently et at onhy MY peccent. Average demand during lead e s
IR umits, and demand s reasonghly well deseribed by the Porsson divtribiitien
Inventory holdise coss e appreannatad by ¢, = SO por uan per vear Calent o
the butfer inventony conts reguind 1or servce fevels of M sHE 0%  apd w9 s e
What are the o

Matiec cent ot he dranhotnar of Jenaed e Leat e

INVENTORY CONTROL SYSTEMS | 2E5

the negative eapenentid diviribunion? The nermal disteibution with 6, = 7204 und o

anits?

4 CGiven a control number of 0.6, a decreased demand fluctuation of 600 wnirse

in the fiest period, and o forccasted production level of 15000 units in the third
period, wihat would be the revised production quantity set for period three? {Owing
to lead times, it 1s not possible to adjust the production level for the sccond period.)
5. A company manufactures a single product for which the following table
represents a schedule of lorecasted and actual demand in units for one ycar.

Forecasted Actual

Month Demand Demand
Jan. 23.000 23.000
Feb. 24,000 25,000
Mar. 21.000 20.000
Apr. 23,000 22,000
May 20,000 22,000
June 718.000 24.000
July 17,000 22,000
Aug. 14.000 15,000
Sept. 8,000 6.000
Qct. 70.000 13.000
Nov. 8,000 70.000
Dec. 10,000 14,000
Total 198,000 216.000

Average 16.500 ~

18,000

The initial inventory is 15,000 units. The desired ending imventory is 20,000 unite
The cost of storage is S| per unit per month. It costs S1000 to change production from
zero to 3000 units and $3000 to change production fram 3000 to 6000 units. No change
Targer than 6600 units is passible in one period. Back orders are permitted at a cost
of §5 per unit per period. .

(a) What is the best production plan for the forccasted demand 1f one wishes to
minimize pertment costs?

{b) Assuming that the year is over, what is the best production plan for the
actual demand utilizing the benefit of hindsight?

() To correct for deviations in actual demand as comipared to forecasted demand,
cvaluate the choice of i coniral number of 0.25 versus one of .75, Assume
that at the end of & month suflicicnt time exisls to alter the planned production
for the next month. .

() What would be the cost impact of these two control numbers if the following
addinional rules were formulated.
th Deternunce (the planned production change,
€0 N ar subtract the additional change due 1o the forecast error modified
Mo appropnaie control aumber factor.,
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10 DE MARZO AL 8 DE ABRIL DE 1978

NOMBRE Y DIRECCION

LIC. JOSE PAULINO SANCHEZ PEREZ
instituto de Higiene No. 13 ~
Col. Popotla

México 17, D.F.

Tel.

ING. FRANCISCO SANDOVAL PADILLA
Santander No. 76

Col. San Rafael Azcapotzalco
México 16, D.F.

Tel. 561-68-84L

SR. - MARCO ANTONIC TAPIA LIZARRAGA
Coyoacan No. 312-7

Col. Del Valle

México 12, D.F.

Tel. 523-49-73

| NG. VICENTE VAZQUEZ ZUNIGA
Abasolo 505-5
Pachuca,Hgo.

EMPRESA Y DIRECCION |

COMPANIA MEXICANA DE
EXPLORACIONES

Ric Balsas No. 101-4o. Piso
Col. Cuauhtémoc

México 5, D.F.

Tel. 528-91-38

COMISION DE AGUAS DEL
VALLE DE MEXICO

Balderas No. 55-2c. Piso
Col. Centro

México 1, D.F.

Tel. 510-02-94

DIV. EST. SUP. FAC. ING.
U.N.A M.

Cd. Universitaria
México 20, D.F.

Tel.

INST. TEC. REGIONAL DE
PACHUCA No. 20
Tel.






