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A LOS ASISTENTES A LOS CURSOS DEL CENTRO DE EDUCACION 
CONTINUA 

Las autoridades de la Facultad de Ingeniería, por conducto del Jefe del 
~entro-de-Educación Continua, otorgan una constancia de asistencia a -
quienes cumplan con los requisitos establecidos para cada curso. Las 
personas que deseen que aparezca su título profesional precediendo a -
su nombre en la constancia, deberán entregar copia del mismo o de su -
cédula a más tardar el SEGUNDO DIA de clases, en las oficinas del Centro 
con la señorita encargada de inscripciones. 

El control de asistencia se llevará a cabo a trav~s de la persona encar 
gada de entregar las notas del curso. Las inasistencias serán computa~ 
das por las autoridades del Centro, con el fin de entregarle constancia 
solamente a los alumnos q~e tengan un mínimo del 80% de asistencia. 

Se recomienda a los asistentes participar activamente con sus ideas y 
experiencias, pues los cursos que ofrece el Centro están planeados para 
que los profesores expongari una tesis, pero sobre todo, para que coordi 
nen las opiniones de todos los interesados constituyendo verdaderos se~ 
minarios. 

Es muy importante que todos los asistentes llenen y entregen su hoja -
de inscripción al inicio del curso. Las personas comisionadas por al­
guna institución deberán pasar a inscribirse: en las oficinas del Centro 
en la misma forma que los demás asiseentes, entregando el oficio respec 
tivo. 

' 
Con objeto de mejorar los servicios que el Centro de Educación Continua 
ofrece, al final del curso se ha~á una evaluación a ~ráves de un cues-­
tiona~io diseñado p~ra emitir juicios anónimos por ~~rte de los asisten 
tes. 
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ANALISIS ESTRUCTURAL 1978 

Duración Tema Profesor 

9 a '13 h y de I. Fundamentos de Elasticidad 
15 a 17 n 

:Cr. Porfirio Ballesteros Barocio 

9 a 13 h y de 

Ecuaciones deformación -desplazamiento. Ecuacio 
nes constitutivas. Ecuaciones de equilibrio. Ecua­
ciones de compatib:ilidad., Fundamentos energéticos. 

15 a 17 h II. Método de las Flexibilidades Dr. Porfirio Ballesteros Barocio 

9 a 13 h y 
de 15 a 17 h 

9 a 12 h 
12 a 13 h y 

ce 15 a 17 h 
9 a 13 h 
y de 15 a 17 h 

17 a 18 h 

' ' 

Introducción. Desplazamientos. Ecuaciones básicas 
de análisis por ~exibilidad. Ejemplos. 

III. Método de las Rigideces Dr. Porfirio Ballesteros Barocid 

Introducción. Elemento viga tridimensional. Elemen 
to viga bidimensional. Transformación de sistemas­
coordenados. Análisis de sistemas estructurales bidi 
mensionales. Análisis de sistemas estructurales tri:-· 
dimensionales. ~Uso de computadora en análisis de sis 
temas estructurales. Ejemplos. -

IV. Introducción al Elemento Finito Dr. Porfirio Ballesteros Barocio 

Método directo de las rigidices, :Ceterminadón de 
la rigidez de un elemento por medio del principio 
del trabajo virtual. Tipos de elementos finitos. Ele 
mento rectangular para estados planos de esfuerzos 
Ejemplo de un sistema bidimensional muro-marco 
mediante computadorA.. 
Clausura. 

'edcs. ll,I,78. 

o 





DIRECTORIO DEL CURSO ANALISIS ESTRUCTURAL 

Dr. Porfirio Ballesteros Bar ocio 
Jefe de la Sección de Estructuras 
División de Estudios Superiores 
Facultad de Ingeniería, UNAM. 

Jefe de la Sección de Mecánica Teórica 
y Aplicada 
División de Estudios Superiores 
Facultad de Ingenier fa, UNAM. 
Tel.: 550.52.15 Ext. 4498. 

'eccs. 24, II, 78. 
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,EVALUACION DEL CURSO 

CONCEPTO ~VALUACIO~ 
1. APL_lCACION INME_DIATA DE LOS CONCEPTOS EXPUESTOS 

2 CLARIDAD CON QUE SE EXPUSIERON LOS TEMAS 

3 GRADO DE ACTUALIZACION LOGRADO CON EL CURSO 
1--

4 CUMPLIMIEN TO DE LOS OBJETIVOS DEL CURSO 

S CONTINUIDAD EN LOS TEMAS DEL CURSO 

. 
6 CALIDAD DE LAG NOTAS DEL CURSO 

-
7 GRADO DE MOTIVACION LOGRADO CON EL CURSO 

ESCALA .DE EVALUACION DE 1 A 1 O 
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1. ¿Qué le parecid el ambi~nte del Centro de Educación Continua2 

J\1uy agr;~dable O Agradable O Desagradable O 

2. f.1e,d.io de comunicación por el que se enteró del curso: 

Pcrjódico 
Exc~lsior [] 

Cartel 
Iilensual o 

Periódico 
Novedades o 
Radio 
Universidad O 

Folleto del 
Curso o 
Comunicación O 
carta,telGfo 
no, verbal, etc. 

3. r~:cdio de tr~nsporte utiJizado para venir al Palacio de Minería: 

Autor.1óvi 1 [J 
particuJar 

Metro 0 Otro medio 0 

4. ¿Qu~ cambios haría usted en el programa para tratar de p~rfecci~ 
nar el curso? 

S. ¿Recomcndaria el curso a otras personas? No O 

6 • ¿ Q u é -e u r s o 1 e g u s t a r í a q u e o free i e r a e 1 Ce n t ro de E d u e a e i ó n Con t i 
nua? 

7. ¿Qué servicios desearía que tuviese el CEC para los asistentes a 
:e u rsos? 

8. Otras sugestiones: 





17. HUEBNER, K. H., The Finite Element Method For Engineers~ 
John Wiley, New York,. 1975 

18 · ROCKEY, K. e. 1 et al, The Fini te Element Hethod, CrosL..z' 1 

Lockwood, Staples1 London, 1975 

19. COl\TNOR, J. J. and BREBBIA, e. A. 1 Fini. te Element 'l'echniques 
for Fluid Flow 1 Butterworths, London, 1976 

20. ODEN, J. J. and REDDY, J. N., An Introduction to Mathematica~ 
Theory of Finite Elements, John Wiley 11 New York, 1976 

21. SBGERLIND, L. J., Applied Finite Element Analysis, John 
Wi:ey 1 New York, 1976 

22. B~.THE, K. J. and NILSON, E. L. , Numeri.cal Nethods in Fini te 
Element Analysist Prentice-Hall, N. J., 1976 

21. NORRIE, D. H. and de VRIES, G. 1 "A Finite Element Bibliography 
(3 Parts), Report No. 57, Mechanical Engineering DepartmePt 
The University of Calgary, Canada, 1974 
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.Á. 

METODO DE ANALISIS POR ELEMENTOS FINITOS. 

INTRODUCCION. 

El ingeniero en la busca de los valores numéricos adecuad~s para descri­

bir su proceso de d.iseño, se encontraba generalmente con formulaciones mate_ 

má.tiCa$ difíciles. Por ejempl0 1 cong_~rando el simple caso de teoría de ---

ilexión de placas, bajo las hipótesis de ¡}equeñas deformaciones y que las sec-

~iones planas permanecen planas después de la deformación, la ecuación di fe-
, 

~ 

rencial que gobierna el análisis .para un material elástico lineal homcgeneo e 

isotrópico es 

(1) 

donde W es la. j~flexión en el J>illltO ( x, y ), q es la intensidad de la carga en el 
- Eh S 

punto ( x, y }, y D = ¡="< ( B -'i~- es la rigidez flexionan te de la placa la 

cual depende del modulo de elasticidad E, el espesor de la placa h y la rela-

ci6n de Poisson ~ En la Fig. 1 se presenta un elemento diferencial de 

la placa y las acciones y reacciones sobre él. Combinando la flexión simple -
. 

en dos direcciones se obtiene para los momentos y cortantes por unidad de lon-

gitud de placa lo siguiente: 



, 

¡=¡~' • , -so r<" ~e i~a rtie&.\a.. de o'fl4, 1\o.ca. • ~ 
oo ,.\eme cf\o J.~~etet\ c.~\ d>f.,dy. 

t'ñ'\ 0 
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(2) 

Para el caso particular de la placa libremente apoyada, y rectangular, ·· 

cuyas condiciones en la frontera ( Fig. 2 ) son: 

W(oJ~) =O 

w)f.,. (o.,~)+ -i) 'Ñv'! (o o v) :::o 
(3) 



Navier en 1820 presentó a la Academia Francesa de Ciencias, la solució&& 

representando la carga q ( .lC 0 y), por medio de una serie trigonométrica doble 
~ f'W 

~<Y.Ij)= L 13"'Q ~ ~ ~ ~~ ~ (4) 

le\ -m ' '(\ :;: ' 

substitutye ( 4) en ( l) y considerando las propiedades de ortogona~idad de las 

.series trigonométricas obtiene la solución de la ecuación diferencial bi-armónica 

(1) como 

(5) 

en donde el coeficiente Amn viene expresado por 
o. ~ L, . 

al6. = ! ~ ~1bt.'t)~ ~x · ~ ~ ~ J.x d~ <6> 

o @ . 

El procedimiento de Nayier consiste en lo siguiente:, Conocida la función de 

' carga q (x,y), se substituye en (6) y se·obtiene el coeficiente Amn el cual -

nuevamente se substituye en (S) y se obtiene la deflexi6n W (x, y), y por medio 

las ecuaciones (2) se obtienen los momentos y c'ortantes iM\ y f Q} 
Es impor.:ante observar que las limitaciones de Navier se refieren a una placa -

rectangular libremente apoyada y con una función de carga q (x, y) impar con -

respecto a x, y con respecto a Y, es decir, .fe~= ~fc:-)t'J y 

Si la función fuese par, la representación de -

q (x, y) seria mediante una serie de cosenos, ·y si q (x, Tl.) fuese una ftmción cual_ 



")) 

quiera, se representaría mediante una serie trigonométrica doble completa 

de senos y cosenos, y se tendrían problemas·en satisfacer las condiciones en 

la frontera. Generalmente la convergencia de la serie (S) es lenta, y en alg":_ 

nos casos es necesario considerar más de 500 términos para asegurar la sol~ 

ción correcta. 

Posteriormente en 1900 M. Levy cambia de posición los ejes coordenado:: 

( F1g. ,3 ) e utiliza una serie trigonoméfrica simple 
ClO 

~ = ¿_-+.<~) ~;:. i 
ft\-:.1 

(7) 

El procedimiento de 'Levy consiste en substituir (7) en (1) obteniendo una 

ecuación diferencial lineal de cuarto orden en fm(y) con coeficientes constan­
L., 

tes no homogenea con la cual ya es posible satiSfacer diferentes condiciones en 
~ 

la frontera 4( !!!! _+ -:;- . 1" . d 1 1 'd- ~ .. pero contmua 1m1ta o a una p aca rectangu ar 

libremente apoyada en"las·fronteras X=O y X=a. 

~ 

-T---~ 

)oh. 
t., 

)( 

il-_- ~ 

---- w 
~"J., 
_1_ ___ 

a... 



Las limitaciones de análisis tan restringidas, como los ejemplos anteriores, 
. ~ . -- -

aparecían en innumerables problemas de ingenierfa11 lo cual originó el principio .. -·. - ~ 

de los métodos numéricos, e 1 cual presenta dos etapas de desarrollo. 
• ·- "1.. - - - •• _.. .... ------~----

Antes ----- .. 
~~l_a época de las computadoras, donde re~~S~!l-~un importante papel el Pt:"Of· - ... --

~'::ttwell del Colegio Imperial de In~la~~· desarr~~qC?.Y_~pl_icando los mé­

~os~~:~:mé~~os de relajación y diferencias finitasp ~-~~rando las limita~iol'!~~ 

restringidas de los métodos analíticos de solución. - __. 

__ Durante ·la era de ·las computadoras digitales, el método de análisis oor ele:_ 

mentos finitos ha obtenido gran· popularidad, puesto gue_en este procedimienro 

como resultado de la discretizaciÓn del medio por analizar, ·se obtienen sistemas 

$randes de ecuaciones algebraicas lineales simultáneas, lo cual actualmente su 

solución no representa ningún¿n-obJ.eroa. Por ejemplo, en el caso de análisis -

~lástico lineal de placas, podemos tener cualquier condición de apoyo, de__geome 

rrfa y de cargas, prácticamente se ~liminan la mayoría de las resqjcciones de 

las soluciones analíticas mencionadas, el problema más importante es verifiar 

adecuadamente su convergencia. 

El primer trabajo referente al método se debe a Hrenikoff ReL_ 1 pu-

blicado en 1941, ~ el segundo a McHenry publicado en 1943 en ambos trabajos 

( Fig. 4 ) se verifican soluciones de problemas de elasticidad bidemensional en 

estado plano de esfuerzos, discretizando el medio y buscando la analogía con la, 

solución estructural. 

Posteriormente en 1949 Newmark, en su libro de Métodos Numéricos_ - -

Ref. 3 11 presenta los métodos de Hrenikoff y McHenry. Sin embargo, el - --~ 
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Fig. 4 P!"j_mera soluc!ón presentada por Hrenikoff en 1941. 

cr~'?.i~ _d~~ apl.~~~a.rl~~-_m~~is>s s_~~_t_inuos __ ~s .Q.~ T~:n_1er '~G_lp_ug!"!J_ M!.:t,:~:t:~.Y_1~~ 

_ _!e~.__§ , !_no es, sino hasta 19"60 con C_lough.a 1\~f· .. !'""".Jl,gc;;_~s..PQL.I?.tlme¡,a 

~e~--~l!lOmbre mági~SL,d~ "E~nseto.Fiilir.o" . .t derivando más ~amentej,g.s 

,gropiedades básicas del elegtento n:ian,..g,\!lar y el r~p;ulª"r, 1 el hecho de qy~ 

en el mismo tiempo la computadora comienza a ser una herramienta muy efecti 
u -

va, conduce rápidamente a la solución numérica de problemas elástico lineaJ.s.s 

~omplejos, en los cu~les una solución analítica no era po~. 

Se inician la derivación de las propiedades de rigidez de los elementos finitos, ------- -·-- -. -- ----- ---- ---- ~ ---- __ .,.. __ -------- --·--- ----- . --- - -·- - - - .. _,. -

el campo de desplazamientos en el medio se expresa en función de los desplaza ----- -----~ .... ....,.. .._ ___ . .-.. ............ __ . -~---·~-""·-- ------------. ----· 
mientes nodales del elemento, satisfaciendo continuidad, las fuerzas inten1as se 
.._.....-..----- -- • ------~ -~- ... -- _....._.... _.._._¡, ---- -- • 

-~~~~-~~~anp~ ~1 principio del tramj~_rJUaJ, l!_~tida9..,~_J?,r_9ceso EQ.n 

~1 de .minjrniz~,; la energ[~.~~l total,.,~ o sea, elJ>roc~s ... o qe Rayleigl:!;.,.,Rjlz 

es obvia. El desarrollo anterior se acentúa e:n el campo de la Mecá-Ref. 7 
• ?- j$ QO"& 

nica de Sólidos y posteriormente Zienkiewicz Ref. 13 y Wilson Ref. 14 lo 
. . . .-. . 

aplican en Mecánica de fluidos y en problemas de análisis de conducción de calor. 
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·Se presenta al~hnal una Hsta de referencias de importancia del método del e'le-

mento finito 

Al ínic~ar la determinación de esfuerzos y d-esplazamientos en cierto proble-
' 

ma de diseño, las ecuaciones que gobiernan el problema en cualquier forma de-

ben satisfacer equilibrio y continuidad. 

E' Método del Elemento FinitO- es un procedimiento analítico, y ~uando se 
.. 

aplica a un medio continuo, éste se.'Jnode·ta ana.Uticamente subdividi~ndolo en -

sub- regiones { los elementos fi.nitos ) en los que el compor'tam1ento ~e cada uRo 

' 
es ,de fin ido por grupos separados de funciones que supuest~mente defin~n esfuer-

zos y desplazamientos en esa región, la_s funciones se .seleccionan en forma tal 

que se satisfaga la condición dEL,continuidad a través de todo el medio, por lo ·· 

tanto, el método del elemento. finito en comúB con las soiuciones por series y di-

f.~rencias fimtas representa una aproximaéión a la solución del problema 
t Bz 
t. 
f w 
• z 

-e ... , 
----- A ---~ 

o } . ElemenYo. estruc1ural 

b ) Esfuerzos plano~ 
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TIPOS DE ELEMENTOSo 
o,.:;:;;;;; 4 ;ps::g "dñídili 4 HAA§ 

Elementos que son usados comunmente en la ;R.r.ácti.ca son ilustrados en.Ja 

.fig. s .. 
l?l elemento estructural simpJe, Fig. 5 (a), es un miembro de la f~ilia ... 

total d~ elementos finitos. Cuando se usa con elementos del mismo tipo de ser_! 

be armaduras y estructuras espaciales. Cuando se combina con elementos de 

tipo diferente, especialmente con elementos de placa generalmente se describen 

miern?ros de rigidez. 

Los elementos básicos en análisis por elementos finitos son placas delgadas 

con cargas contenidas en su pla!),O ( condición de esfuerzos planos ), . triangulares 

y cuadriláteros se ilustran en la Fib Sb. Se denominan básicos porque los pri-, 
meros desarrollos concernientes con el método se refieren a ellos. 

Los elementos sólidQ.S, Fig. 5 (é), son la generalización tridimensiomal de 

los elementos· de esfuerzos planos. El tetrahedro y el hexaedro son .las formas 

más comunes y son esenciales para modelar analíticamente problemas de mecá 

nica Je suelos, rocas y estructuras nucleares. Es conveniente mencionar que 

la única forma práctica de resolver problemas tridimensionales· prácticos, es 

el método de eiementos finitoso 

Uno de los campos más importantes de aplicación del método de .elementos 

finitos es en el análisis de "'sólidos axisimétricos"', Fig. 5 (d). Una gran varie -

dad de problemas de ingeniería caen en esta categoría, incluyendo concreto, t~ 

ques, recipientes nucleares, rotores, pistones, flechas de motores, y la cabeza 

de los roquets. Generalmente son medios de carga y geometría axisimétrica. 



En la Fig. 5 (d) se muestra el E:lemenro triangular, también se usan secciones 

cuadriláteras • 

. ~leg;,;2.~E.e pl~c;.a ElanaJ;,IJ....~WnS es empleado no solo en conección con el 

comportamiell@ de placas planas, sino también en cascarones y miembros de -

pared delgada .... Fig. 5 (~. 

lO 

]istructuras d:_.::ascar6n delg~9o ~isimét±~S!~,,_,.f~:- .~JJ), tienen el mismo 

rango de significado ea la aplicación práctica que los sólidos axisimétricos. Sin-
1 

/ embargo~ las relaciones gobernantes .se derivan de la teoría de cascarones delg~ 

dos .. 

Cuando una estructura de cascarón delgado que de hecho es curva, es .prefe-

rible emplear elen1entos de cascarón curvos delgados para el modelo analítico, 

tienen la ventaja de describir más aproximadamente la superficie curva del case~ 

rón, y la apropiada representación del acoplamiento de deforn:1ación y equilibrio 

entre cada elemento. Elementos tipi~os de cascarones de doble curvatura se mues 

tran en Fig. 5 (g) .. · Gran número de formulaciones para este el~mento existen. 

ALGUNAS APLICACIONES DE ELEMENTOS FINITOS .. 

Examinaremos algunas aplicaciones delmétodo de elementos finitos en diseño 

estructu-ral con el objeto de ilustrar la forma en la cual se usan los elementos -

de la Fig. 5, y la escala y complejidad de los problemas. 

El desarrollo del método del elemento finito se debe a los investigadores re-

Jacionados con la industria aeronáutica. L.a Figura 6 muestra la forma en que -



1 '¡ \. 

OJ. 

se aplicó el análisis por elementos finitos de una porción del avión Boeing 7 47. . . . 
La es~uctura del fuselaje de un avión consiste de laminas de aluminio lig.adas 

a una estructura interna formada por armaduras y atiezadores.. La experien-

cia ha n1osrrado que los efectos locales de flexión en el cascarón son despreci!.. 

bles, por lo tanto, se supone que consiste d~ elementos en condición plana de -
.. ' - -- ..... '--- ...___ ~ ~ .. '• - - - ~ --- . 

esfuerzos Fig. S(b). El análisis de elementos finitos del Boeing 7 47, de la -

parte achurada, región que conecta el cuerpo o Cascaró:a Monocoque con las alas, 
-' • - 1 •• 

área achurada en Fig. 6, consiste de 7000 incógnitas. Por lo tanto, es común 
·- -- - . . --- - ' - - ... " 

en la práctica dividir la estructura en regiones, o subestructuras, y analizar -
~ . -- - - --·- - - ' . 

cada una por elementos finitos con el objeto de producir un _s_u~relemmto. Los 

superelement~s _~e ligan ent¡;e si por medio de un procedimiento ~onvenciona;l 

qu~ determina 'la fase final del análisis. 

El esquell!~ de subestructuración del Boeing 7 47 es mostrado en la Fig. 6 
- - -.... o -- .... -- ·-. ... .,._ - - --.- - - • -- -

y los detalles son listados en la Tabla L 

----
Sub- Descripción Nodos Condición Elemento Elemento Grados liber Grado de 
Estrucrur a Carga Viga Placa tad interac-- libertad 

ción elemen- total. 
tos. 

1 Ala 262 14 355 363 104 796 
2 Cenrro ala 267 8 414 295 1:~8 880 
' Ca!'>carón 

Monocoque 291 7 502 223 91 1,026 
4 Cascarón M .213 5 377 185 145 820 
5 Cascarpn M 292 7 415 241 200 936 
6 Caja Tren 

AterrLZaje 170 10 221 103 126 686 
7 Cascarón l\.1 285 6 392 249 233 909 
8 Caja Tren 

Aterrizaje 129 10 201 93 148 503 
9 Cascarón M 286 7 497 227 92 1,038 

' TOTAL 2,195 63 },374 1,979 555 7, 594 
·-

lll.\,\~ 1 ~u\p ~~~·l\u~1u~¿u:Jn. ~\ ~oeiVt, 741 



Fig 6 Boeing 747 
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Como es usual en el diseño de aviones, se hicieron pruebas en el prototipo 
~ 

y los resultados se compararon con la solueión por elementos finitos, coinci -

diendo como se muestra en la Fig. 7 

-4 -2 o 4 

o DE.PORMIMETRO AXIAL 

a DE.FORMIMETRO BIAXIAL 

Boenig 747 - 4 

745-5 

Linea de 1 agua «' Water l&ne , 

Fi'g. 7 ComparacióB entre análisis .Y experimentaci6n del Botng 747 

Es importante agregar que la respuesta dinárpica de un avión es muy impar 

tante, así como su inestabilidad elástica es una forma importante de falla. Nin 

guno de estos feFlómenos puede tratarse por los métodos simplificados, pero su 
' 

análisis usando el método de elementos flhitos ha probado ser muy aceptableo 

Problemas similares se ene~nu·ª" cm Ax:q~itQQtura Naval. Figura 8 una 
! 

porción de una estructura de un transbordador. La parte p¡ana es representada 

por elementos en estado plano de esfuerzos, . Fig. 5 (b). Elementos estructu -

rales, Fig. S (a)P son empleados en la r€7prP-::.cntación de Ja estructura interna. 



El número total de incógnitas para definir las partes lmportnnies de un barco 

es del orden de 50,000, ·y de nuevo se subdiv~de el problema en subestructuras 

obteniendo menos inc:ógnitas. 

Elemento estructural ( o ) 

C.L 

111 ) Eafueraoa 

____ Fig. 8 AnáHsis por elemento finito de ~·etructura de un tronsbor~(JÓOO 
~-~--~-- ' 
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1 

Fig 9 Analisis por elementos finifos de un tecipienfe reactor de concr~to presfo~zodo 

Requerimientos de seguridad en el diseño cstruct:ural de los reactores nu.-

' 
cleares han cauyado que la if)dustria use ampliamente el análisis por elementos 

finitos. Figu¡a 9 (a) un recipiente .reactor-Cie concreto presforzado. Debido a 

la simetrfa . .es posJble ·analizar solamente wi doceavo de la estructura total~ - :: 

Fig. 9 (b). 
! . 

Su volumen se modcls 4lfUtlíd.eAYnénte en un ensamble de elemento!: 

tetaedrales y hexaedrales 0 Fig. 5 (e). En problemas de este tipo, el número de 

incógnitas es del orden de 20,000, y muy común haceJ- el análisis en condicione~ 

no lineales en material y geometría. 



~'~o todos los problemas de aplicación del método de elementos finitos son 

de proporciones monumentales. Las figuras lO y 11 muestran aplicaciones -

básicas a ciertos problemas dP ]ngeniería civil. Una formad~ in<'n~mentar 

la eficiencia de diseño en secciones roladas de acero estrucrural es cortando 

el alma en la forma dentada mostrada en la Fig. 10 (a), colocando una sección 

sobre la otr~ y soldándolas, _ Fig. _lO (b).. Y se obtiene una viga más aperalta­

da reduciendo el acero en el alma, y por supuesto que en este problema rutina 
.. R • ' ~ -

rio de diseño, no es necesario el uso del n1~todo de elementos finitos. 

AseaS 

1 

20.0 

Fig. 10 Análisis de e le memos finitos de una viga aperaltada en celosía. 

Un pro.ta(;:ma todavía más común e~ r-·1 riP nna virra de concreto reforzado, 

FiP". 11, para el cual se conoce muy poco rP-specto a la adherencia entre el 
~~ --- . .. ~· ' . 

:1cero de reft¡p,rzn y el concreto, y_ la- forll)aCió? y crecimiento de las grietas_ 

al aumentar la car~a. La Figura 11 (a) muestra el modelo analítico de ele-



@ 

menros _finitos y la descripción de las travectnrias de grietas y las gráficar.; de 

e~fuerzos se muestran en la Fig. 11 (b). 

Los pocos ejemplos mostrados muestran que el método de elementos finitos 

puede f:>er usado ventajosamente en cualquier situación que se requiera la pre--

dicción de esfuerzos y deformaciones· internas, desplazamientos, vibraciones, 

inestabilidad elástica, mecánica de fluidos, transferencia de calor. Situaciones 

que se levantan de diversos campos que tradicionalmente han sido considerados 

como disciplinas ingenieriles separadas. Ejem., Ingeniería Civil, Me~ánica, -

Aeroespacial, Arquitectura Naval. El método del elemento finito proporciona . 
una tecnología unificada de análisis en casi todos los campqs. 

Es nuestro intento en este curso desarrollar los conceptos teóricos básicos 

y estudiar problemas específicos de carácter práctico.. Un compendio de tales 

problemas llenaría muchos volumenes, por lo tanto es recomendable consultar 

las memorias de congresos y publicq.ciones periódicas correspondientes.· 

PROGRAMAS DE PROPOSITOS GENERALES. 
*# 1 

Se ha indicado que las ecuaciones del método ue elementos finitos son de una 

forma tal que su carácter general permite teóricamente escribir un solo progr~ 

ma de computadora que :resuelva la mayoría de los problemas que se presentan 

en la Mecánica de Medio Continuos. Programas de computadora con este obje-

tivo, aún en escala restringida, son llamados-programas ••cte propósitos genera-

les''o La ventaja de programas de propósitos generales no es sólo su capacidad? 
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Fig. 11 _ill:!á~~_sis wr. ~le~~~~qs finito§ .. g~ una _vi,&! de¡ COI!.,~,rn.tp 
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t}ino también en la in~·~:t=u~cid>a cte los probableB usuarios res¡)ecto a le inter-­

·pretación de la docu~ntac,iónp los datos y procedimi~ntos de entrada y sa.U­

ds de resultados. 

El costo de desa:r-.Felle de un lprograma de propósitos generales es usua> 

® 

mente muy alto por le que la amortización de la inversión es esencialo · Cier~ 

We programas de propósi(9s generales son codificados en un lenguaje compu· 

tacional que pgrmüe operar el P.rograma a muchas organizaciones diferentes 

localizadas en grandes separaciones geográflc~s. Otros programas de propó . -
sitos especiales de lirn~tada oapa,cidéld se usan en organizaciones industriales 

y gubernamentales con un costo mttEc:.: en su desarrollo y o~racióno 

~as cuatro compon~nr~~ mpstradas en el diagrama de fh.¡jo d~ lB ~2, 
' ... , ' 

so .. n comunes en el desarrollo~ro&ramas de prgp§sitos generalc;!, fase ~ 
"" -·-·· - . 1' _.,........... 

datos de entrada, requiere del usuario información del medio o materál0 des-.,...,..,.. ,=._ ... ~ ~ 

Los programas de propósitos g~nerales mds so"" . .. 
.d.sticados facilitan el proces0 de entrada como propiedades c~nst1tut1vas del 

' ' . 

material, almacenad0s previamente, esquemas de modelar anaUticamente el 
' ' 
1 

' 

medio, trazar esterográficamente la> idealización por elementos finitos en for ... 

ma tal que los errores pu€den detectarse antes de efectuar lof:i c4lculos. 
i 

La fase de bibliott:ca:de elementos finitos es de interés primordial en el ... 
¡ 

cursoo En ella se tienen los procesos de codificación formulativos para los 
1 

elementos individualmente. La mayoría de los programas pe PfOp6sitos ge .. 

nerales contienen todos los elementos de la Flg. S, asf com9~ ciertas otras al ... 
1 

tema ti vas de formula~ión pa:Fa un tipo dado de elementop por; ejemplo el trián· 
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l. Entrada de datos 

Definición del material. geometr!ap 

cargas y con,di~iones en la fx·ontera 
, 

del modelo ffsico del medioQ 
.. 1 ' ' 'l ~ 

2. Elementos de Qi)bioteca. , "\' 

~ .....- ~..... ... 1' W' ....... -· ~· -·· 

Generación de .~PS modelos matemáticos 

para los ~Jem~ntos estructurales y las 
1 • 

i 

cargas· ap~fcaq(;}s. 

"t.¡- ... ~t.s>.-.:..- ~.f'Y -"'"'"11t;s.i.h~~~·"'•'Lti"Fftlo;.o,,~ 

3. Solución 

Construcéión 'l solución del modelo 

matemático par-a el sistema estructural 

4o Salida de resqltados 
• • • .... ,l~ • ""' 

Obtención de esfuerzos y 

desplazamientos. 

Fig. 12 Diagrama de flujo computacional en ' 
Análisis Estructural. 

P. Ballesteros lU 
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gulo en flexióno Teóricamente el elamento biblioteca es de. eJftremos abiertos 
¡ 

y capaz de acomodar cualquier nuevo elemento de cualquier grado de comp1e-

jidad. 

La fase elemento de blibioteca recibe los daros almacenados y establece las 

xelaciones algebráicas del elemento por medio de la aplicación de los procesos 

formulativos relevantes de codificación. Esta fase del programa de propósitos 

generales también incluye todas las relaciones algebráicas para interconectar 

los elemenros vecinos y la conección del proceso en sí. Las· operaciones poste• 

Kiores producen un conjunto de ecuaciones algebrAicas lineal~s simultáneas para 
' 

representar la estruc f1Jra coPlplc ra ¡:>Or elementos finlll.;s. 

La fase so lución del programa de propósitos generales opera .sobre las ecua -
cienes del problema formarlas en Ja fase anterior. En el caso de un problema -~ 

de an~lisis estructural sqlo si~nificu !a solución de un conjunto de ecuaciones U-

neales algebráicas. Soluciones para. respuesta dinámica requerirán computacio-

nes más extensas sobre la hisrorlnG Ucmpo de las cargas apli~adas. En algunos 

casos hay que operar en regiones subdivididas como en el ca~ del análisis del 

Boeing 747. o efectuar operayiones especiales en las ecuaciones construidas ori-

ginalmente. Incluidas en es~a fase están las operaciones necesarias de substitu· 

ción para obtenctr todos lo's· aspec ros deseados de la solución, 

La fassL~ ~~Ifl§.!r:!~~ presenta el análisis con un registro de la solución 

sobre la cual se pueden tomar decisiones respecto al dimensionamiento estrucru­

ral o disei'io. El registro comunmente es presentado median,te una lista impresa 
1 ' 

de esfuerzos y desplazamientos de los respectivos elementos. Asr. como en la .. 

fase de entrada existe una fuerte tendencia a la representación gráfica de datos, • 
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·tales como gráficas de tlia:re~t(n~ias principales de esfuerzQs o ;lnodos de pandeo 

y vibración. 

ALGUNOS- PROGRAMAS DE PROPOSITOS GENERALES. 
CíS!C'2'@WitfM@itpÜS@ii; g;f:úp.afittt-~ WXVall~hr--.pj{p~!fVPR 

@ 

tS~S:2TBY Q.~)I, !ntegr~y!l f;;ng!q;~iD,gHSY.§l.e_ma,.JLC,g§h .MJT p Maneja 

problemas de deformación y eªt\lerzos planost cascarones reb~ados, sólidos tri .... 
d!mensionaleslJ flexión de plac~s. con y sin deformación axial. :;u uso en proble ... 

mas muy especializados re~ulta cart>. ASKAJ Automatic Svstem for Kinematic 
' -

AnalJs_!!. DesariQlladQ. PQr J. "H. Argyris~ H. A, Kamely.otros en la UniversJ.d¡d 
r ~ -

de Sruttgar. Sisrema general muy potente el cual incluye una biblioteca de 42 
r--, 

elementos diferentes. Pue~e ser costoso para Un usuario esp~ializado. SAP, 
w ...... ,_ .... 

A -ceneral Structural Anal~~~s .. ,Progrt¡lqt, .C::~~r:~do P?E ... ~~ .. J=.~._W!!~c;;n ~~ ¡~ Jbli~~r~ 
~ ~ ' '')"o. r 

' . ~ 

sidad de Californié¡le Incluye análisis lineal estático y dinámicq de estructuras elá.s 
' ~" ' ... .... 

t!casll estructuras tridim~nsionales, sólidos axisimétricos, sólidos tridimensiona ... 

Jea. esfuerzos y deformación plana> placas y cascarones. 

~!e~i~w,~;¿:, y~~., progr~a desarrollando en la Universidad de Vfales~ -

Swansea. Incluye lo de-lo~, programas anteriores y problemas de Mecánica de 

Flu!dos y transierer!cia Lte calor. 

!JASTRAN, NAc;a S'[~~tural ANal~is. _,RQ§arrollado por U ..:2· Hario~l .. 

Aeronautical and __§_Eace A9~E,!!strati.Qp para análisis elástico d~ varias e~tructuras 

incluye, análisis de expansión térmica, respuesta dinárnic ~ a cargas rransirorias -~ 

y exitaciones random, cálO!Jlo de valores caracterfsucos rca~·.!s i cnmr!ejos, est_! 
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SAMIS, Structur:il Analy~is .-;ml Matrix Interpretarive System. Desarrollado 

por Jet Propulsion Labor:a'tory, y Manned Spacecr~ft Genter. Contiene un ele -

mento unidimensional general y elementos triangulares para d~for~aciones por ,. 
! ' 

flexión y membrana. 

ELAS y ELAS 8, Eg,!lil~br.ium Problema of Linear Strucrurérg. Desarrollado 
~~-.!"•·-""'>rol ~ '' "''" -;. ..,..,..,, __ .......,. __ ......_;¡¡b,.,~· ~ ~"- .-.. _,,.~, • ..... ~ .,.,.....,..,.__...,.....-.,,.....,_,._ .. ~-..,.,.. .. _......,,n~- ¡ -w • .,,._.......,o!lt~ I.«J!!3Y'w ............... ...-~~ 

.. ~~-~..J~S~E<?.P~.l~~!! }.:~.r:.~t~rY- tnc 1u~'e una biblioteca de elementos unidi·men 

ek:r:_,)J.-~.:o tdangulares, cuadriláteros, tetaedros, hexaedros, cónicos 11 sólldos • 

&Xistméf."iCOS de seccione~ cuadri.l:]teros y triangulare~lo 

~!:~ ~-E~~~~.?d>~~.!!!8_?.J~~.f:.._ v~-~-a!t.;.~i;...!~~~sis.un~ l!n.~cU..cte p~ 
blernas de Mecánica de M~~ios Continuos. 
-------........... ~ .. "••'-'•d " ...... """!}='"".,......... , .. r:;¡ 
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FINITE ELEHENT ME'l'HOD 

THEORY AND APPLICATION 

1. INTRODUC';ION 

1. 1 HISTORICl'.L BACI\.GROWm 

The finite element method CrEM) has become a powerful numerical 

technique for solving comprex problems in science and engineering, 

mainly.dú~ to the advances made earlier in the nurnerical methods 

particularly in matrix roethods as well as due to the rapid 

introduction of high speed computers in the market. However, 

tne introduction of concepts and applicatinns of FEM datas back 

to the era of mathematicians who tried to calculate the perimeter 

and area of a circle by idealizlng it as a regular polygon. It 

is also interesting to note that the bounf: solutions which are 

often discussad in FEM can be traced back to the solution of Lhe 

are a of 'a circle. If the circle is mode1Lcc1 ~·i th an inscribed 

polyg?n, a lower bound solution is obtain~d whereas an upper 

bound solution is obtained by replacing tl ~ óircle by a circurns 

cribcd polys¡on. E ven though the basic COL··, .E;;:pts of ~'El-1 exi!::>teU. 

for over two thousand years, for all pract ical purposes, one can 

only say that these concepts were actually used for solving 

physical prcble:!1lS in 1950s bv the aeronau L i.cal engineers. 

In :~56, Turne.c et al (Ref 1) presented tl1 ·~ stiffness analy.sis 

for ~he cornplex structures, which is the ~tarting point in the 

rediscovery of FEM.. Neverthe:less, Clough ~He f 2) \'las the on0 

who actually used i:he te.~ F1:~H in 1960. f- .::1ce then, a tr•-=· 

n:endous éJ.rnoun t of rescu.rch has bc~er· uone i :1 this field an J 
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quite a large number of papers have been published in almost all 

the journals related to all fields of engineering as well a~ sorne 

' 
in ·the fields of mathema tics and science.. In addi tion, several 

conferences have been held all over the world and hundreds of 

papers ha ve been P!"ese~_ted in each. _The _ _the9ry an_q applica ~ion __ 

of FEM have also been presented in numerous text books (Ref 3-22) 

In order to help the research workers in tracing the references 

required for their par~icular work several bibliographics have 

either been published or under preparation, among them notably 

~ef (23) is a good source of information. 

1.2 APPLICATIONS OF FEM 

The FEM is applicable to a variety of boundary value and initial 

value problems in engineering as well as applied science. Sorne 

uf these applications are: 

l. Stress Analysis of Structures, Stability of Structures, 
Dynamic response of structures, Thermal Stress Analysis, 
Torsion of prismatic members 

2. Stress Analysis of Geomechanics problems, Soil-Structure 
Interaction, Slope Stability problems, Soil Dynamics and 
Earthquake Engineering, Seepage in soils and rocks, Ccn­
solidation settlement 

- ------ ---3--; ---solu-t:ions-in- Flt:f.rd-Mecnahl.cs-;--H¿ú;o-ouroscTlla_t-ions---; -Porlut-i-6:1- --­
studies, ·sedimentation 

4. Analysis of Nuclear Reactor Structures 

5. Stress Analysis and Flow Problems in Biomechanics 

6. Characteristic Study of Composites in Pibre Technology 

7. Wave Propagation in Geophysics 

8. Field Problems in Electrical Engineering 
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Apart from the above rnentioned areas, the FEM is also· applicable 

to any other problem as long as the ·analyst rnukes certain that 

the problem is amenable to solution based on the assumptions 

introduced in the formulation of FEM and appropriate material 

properties can be provided in a realistic manner. 

1.3 METHODS OF ANALYSIS 

In general, there are four basic methods of analysis in FE!-1-

displacement rnethod, equilibrium method, mixed rnethod and hybrid 

method. The field vaJ:: iables or unkno\vn quanti ti es in ea eh of 

chese methods are as follows. 

Displacement method - displacernents and their derivatives 

Equilibrium rnethod - stress components 

Mixed method - sorne displacements and sorne stress components 

Hybrid method - displacements or boundary forces 

In the displacernent rnethod, srnooth 1displacernent distribution is 

asswned within an element, interelement compatibility of displa­

cement is gcnerally assured and mínimum potential energy criterion 

is used in the formulation. 

In the equilibrium method, the interior sLress distribution is 

a::.::, !!.tl?d to be smooth, the equilibrium of boundary tractions is 

ma.Lui..J.lned and the mínimum cornplimentary cnergy is the basis 

for the fonnulation. 

In thc mixed method \vhich is generally m_:,~d for plat.e an6 shell 

r·.roblerns, both displacements and stn~sses are as~umed smooth 



in the interior, the displacement components and the equivalent 

stress components are considered to be continuous at the inter-

element boundaries and the formulation is based on Reissner's 

principle. 

In -the hybrid method, depending --on -whet-her- -the -model is dis­

placement type or equilibrium type, the distribution of dis-
. 

placements or stresses within the element is considered to be 

srnooth and along the interelement boundary either assumed 

compatible displacernents or assumed equilibrating boundar:y 

~ractions are ensured and either modified cornplernentary energy 

or modified potential energy principle is adopted for the for-

mulation. 

Among these four rnethods, the displacernent method is the most 

widely used approach. However, for plate bending problems 

either the equilibrium or mixed method is preferred and for 

sorne field problerns hybrid method is more suitable. 

1.4 DESCRIPTION OF FEM 

A structure, continuum or a domain is divided into a nurnber of 

------- -arbitrary--shaped-parts_or __ regions __ known_as elemertt.6 . __ _'J'hese _________ _ 

elements are interconnected at joints know:1 as rtode.6. The 

principal unknown is terrned as the 6ield vaftiable. This field 

variable can be displacement, temperature, pore-pressure or 

stress. The distribution of the field variable within an 

element is approxirnated by the use of certain polynomial 

functions Variational methods or residual methods are employed 
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tu develop the finite element equaLions wh~ch relate the field 

variables at the nodes to the corresponding action vector at the 

nodes of the element. This relationship is provided by the so 

called property matrix which is based on the material and the 

geometric properties of the element. Finally these finite 

:!lement equations are assembled to forro a system of algebraic 

equations for the entire domain. The unknown field variable 

is obtained by solving this system ~f algebraic equations. 

1. 5 BASIC STEPS Il'l FE ANALYSIS 

The basic steps in the finite element analysis of general 

problems are as follows. 

1. The c0ntinuum is Qivided into finite elements of any 
arbitrary shape. 

2. A suitab:e polynornial is chosen to represent the distribution 
of the field variable within an element in terms of its 
nodal values. Thus, the field variables at the nodes becomc 
the·primary unknowns. 

3. Using variational methods or residual Tilethods, the finite 
elernent equations are formulated. 

4. The individual finite element equations obtained in step 
3 are assembled to forro a set of algebraic equations for 
the overall continuum. 

5. The solution of the algebraic equations obtained in step 4 
yields the values of the field variables at the nodes. 

6. From the field variables at the nodes, the secondary 
variables such as stress, strain for an element can be 
obtained. 
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4. Pl·a.ne Stress. and Plane: Strain 

4.1 introduction 

Tw<>-dimensioual elastic problems were the first successful examples of 
the application of the finite clement method. 1

•2 Indeed, we have airead y 
used this situation to illustrate tl::.e :,asis of the finite eiement formulation 
in Chapter 2 where the general relationsbips were dcrived. These basic 
relationship:> are given in Eqs. (2.1), (2.2), (2.3), (2.9), (2.10), and (2.16) and 
for quick reference are summari.zed in Appendix II. 

In this cbapter tbe particular relationsbips for the problem in hand will 
be derived in mor!! detail, and illustrated by suitable practica! examples, 
a procedure that will be followed throughout the remainder of the book. 

Oníy the si:npiest, triangular, element will be discussed in detail but the 
basic approach is general. More elabora te elements to be discussed in la ter 
chapters would be introduced to the same prob!em in an identical manner. 

The reader not familiar with the applicable basic definitions of elasticity 
is referred to elementary texts on the subject, in particular to the tcxt by 
Timoshenko and Goodier,3 whose notation wil! be •widely used here. 

In both problems of plane stress and plane strain the displacement 
field is uniquely given by the u and v displacemt!nts in directions of thP. 
cartesian, orthogonal x and y axes. 

Again, in both, the only strains and stresses that have to be considered 
are the three components in. the x-y plane. In the case of plc.ne stress, by 
definition, all other components of stress are zero and thP,refore give no 
contribution to internai work. In plane strain the stress in a direction 
perpendicular to the x-y plane is not zero. However, by definition. the 
strain in that direction is zero, and therefore no contribution to internal 
work is made by this stress, which can in fact be explicitly evaluated from 
tl11: thre;; main stress components, if desired, at thc end of all computatio~. 

4.2 Element Characteristics 

4.2.1 Displ~t!ement fimctions. Figure 4.1 shows the typical triangular 
element considered, ·.J.·ith nades i, j, m numbered in an anti-clockwise 
arder. 
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The displacements of a node have two components 
49 

(4.1) 

and the six components of element displacemcnts are listed as a vector 

(4.2) 

y 

x, 

j 
y, 

Fig. 4.1 An element of a continuum in plane stress or plane strain 

The _displacements ~.vithin an element have to be uniquely defined by 
these Sl.X values. The stmplest representation is clearly gíven by two linear 
polynomials 

U = cx 1 +a2x-t-a3y, 

V = IX4 -I-1XsX-I-1X6J. 
(4.3) 

"I?e six constants a can be evaluated easily by solving the two sets of thr~;e 
s1multaneous equations which will arise if the nodal co-ordinates are in­
serted and the displacements equated to the appropriate nodal displace­
ments. Writing, for example, 

U¡ = tXt-I-CX2X¡ -1-CXJY¡ 

ui = a; 1 +a2xJ -1-tXJ.Yi 

Um = Cl:¡ +cx2xm+0:3Ym 

(4.4) 
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we can easily solve for Gl!lt_a1 , and «3 in terms of the nodal displacements 

u¡, u.Jt u. and obt~in finally 
' 

u= 2~ {(a1+b1x+c¡y)u1+(ai+b,X+f,;Y)u1+(am+b,.x+c,.y)um} (4.5a) 

in which 

a1 = XJY,.-X,.Y¡ 

b¡ = Y¡-y~ = Yi• 
C¡ =X,.-*¡= X,.¡ 

(4.5b) 

1 • 

with the other coefficients obtained by a cyclic permutation of subscnpts 
in the order, í,j, m, and where 

X¡ Y• 

26. = det x1 y1 :::::2 (areaoftriangleijm). (4.5c) 

As the equations for the vertical displacement vare similar we also have 

v = _l {(a, +b¡x+c¡y)v, + (a1 +b¡X+CJY)v¡+(am +b,x+ c,y)vm}. (4.6) 
2A 1 

1 

Though not strictly necessary at this stage we can represent the above 
relations Eqs. (4.5a) and (4.6) in the ~tandard form ofEq. (2.1) 

{f} = { ~} = [N]{c5}: = [/Nj, INí, /N',]{c5}" (4.7) 

1 

with 1 a two by two identity matrix.; and 

N~ = (a1+b¡x+c¡y)/2il etc. (4.8) 

Note; if co-ordinates are taken from the centroid of the element then 
x1+x.+x1 = y1+ y1+ y. = ? and a1 = 2/i/3 = a1 = a.,. 

The chosen displacement functic~n automatically guarantees continuity 
of displacements with adjacent ele,ments because the displacements vary 
linear) y along' any side of the triangle and, with identical displacement 
imposed at the nodes, the same displacement will clearly exist all along 

an interface. . - 1 

4.2.2 Strain (total). The total str~in at any point within the element can 
be defined by its three components which contribute to internal work. 

PLANE STRESS ANO PLANE STRAIN 

o u 

{e} = {:: } = 
'Yxy 

ox 

ov 
ay 

ou ov 
-+­oy ax 

Using Eqs. (4.7) or (4.5a) and (4.6) we have 

o N'¡ o N' a N:, U¡ o __ J o o 
ox ox ox V¡ 

{e}= 
a N¡ o N' a N:, UJ o o _J o ay o y o y V¡ 

a N¡ a N; o N' _} o N' _J fJN', fJN', U m 

o y ox o y ox ay ox V m 

u· 
o bj o bm :. ] 1 o o {c5}e =- C¡ CJ 26. 

C¡ b¡ C¡ bj cm bm 

which defines the matrix (B] of Eq. (2.2) explicitly. 

Sl 

(4.9) 

(4.10) 

lt will be noted that in this case the [B] matrix is independent of the 
position within the element, and hence the strains are constant throughout 
it. Obviously, the criterion of constant strain mentioned in Chapter 2 is 
satisfied by the shape functions. 

4.2.3 Initial strain (thermal strain). 'lnitial' strains, that is strains which 
are independent of stress, may be due to many causes. Shrinkage, crystal 
growth or, most frequently, temperature changes will, in general, result in 
an initial strain vector. 

(4.11) 

Although this initial strain may, in general, depend on the position 
within the element, it will usually be defined by average, constant, values. 
This is consistent with the constant strain conditions imposed by the 
prescribed displacement function. 

Thus, for the case of plane stress in an isotropic material in an element 
subject to a temperature rise oe with a coefficient of thermal expansion Gl!, 
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we will ha ve, for instance, 

as no shear strains are caused by a thermal dilatation. 

(4.12) 

In plane sira in the situation is more compkx. The pres'lmption of plane 
strain implies that stresses perpendicular to the x-y p!ane wiU develop 
due to th~rmal expansion even without the threc main stress components, 
and hcnce the initial strain wi!l be affected by the elastic constants. 

It will be shown that in such a case 

r aEJ" 1 
{e0 } = (l+v)l ag" J 

where v is the Poigson's rario. 

r y' 

1 

j 

~-------------------------------------5>X 
Fi;;. 4.2 An element of a stratified (transversely-isotropic) material 

(4.13) 

Anisotropic materiaL\ present spccial problems, since the coeffi.ci~nts 
of thermal expansion may vary with direction. Let x' and y' in Fig. 4.2 
show the principal directions of tbe material. The initial strain due to 
thermal expans,ion bécomes, with reference to these co-ordinates for plane 
stress 

(4.14) \ 
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where ct 1 and o: 2 are the expansion coefficients referred to the x and y' 
axes resptcúvely. ' · 

To obtain the strain components in the x, y :;y~tem it is necessary to use 
an appropriate strain transformation matrix [T] giving 

{eo·} = [T]T{e0}. 

With the p as defined in Fig. 4.2 it is e?.sily verifie-.d that 

[

cos2 P sin2 P 
[T] = sin2 fJ cos2 f3 

sin P cos P -sin f3 cos fJ 

- 2 sin p cos j3 l 
2 sin p cos fJ . 
cos2 p- sin1 fJ J 

(4.15) 

Thus, {e0 } can be simply evaluatcd. It will oe noi:ed that no longer is the 
shear cornponent of strain equal to zero in the x-y co-onlinates. 

4.2.4 Elasticity matrix. The matrix [D] of tne relation Eq. (2.3) 

(4.16) 

can be explicitly stated for any material (excluding here {a0 } which is 
simply additive). 

Plane stress-·isotropic material. For plane stress in an isotropic material 
we have, by definition, 

e.x = aJE-vay/E+exo 
e1 = -vaJE+a¡/E+e.,0 

Yx., = 2(1 +v}t"y/E+e.:c,o· 

Solving the above for the stres.>es, we obtain matrix [D] as 

[D] = __.!__ r: : 
l-v2 

LO o 
in which E is the elastic modulus and vis the Poisson's ratio. 

(4.17) 

(4.18) 

Plane strain-isotropic material. In this case a norma! stress az exists 
in addition to the three other stress cornponents. For the special case of 
isotropic thermal expansion we have 

e,. = uJE -va.,JE-vaJE+a.O• 
e., = -va JE +a .,lE- va./E + a.o• 

"'.x, = 2(1 +v)t.x.JE. 

(4.19) 
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but in addition 

e.= O= ...:.vaJE-v~.JE+aJE+a.O•. 
On eliminating a, and solving for the three remaining stresses we obtain 
the previously quoted expression for the initial strain Eq. (4.13), and by 
comparison with Eq. (4.16), the matrix![D] - -

E(l-v) 
[D] = (l+v)(l-2v) [ 

1 v/(llv) 

v/(1-v) i 1 

O :O 
1 

(4.20) o ] o . 
(l-2v)/2(1-v) 

Anisotropic materials. For a completely anisotropic material, 21 inde­
pendent elastic constants are necessary to define completely the three­
dimensional stress-strain relationship.4

.• 
5 

lftwo-dimensional analysis is to be applicable a symmetry ofproperties 
must exist, implying at most six indepehdent constants in the [D] matrix. 
Thus, it is always possible to write 

[

dll dll 

[D] = ; d22 

(sym), 

(4.21) 

to describe the most general two-dime'nsional behaviour. (The necessary 
symmetry of the [D] matrix follows from the general equivalent of the 
Maxwell-Betti reciproca) theorem and i~ a consequence of invariant energy 
irrespective of the path taken to reach ;a given strain state.) 

i y 

· Fig. 4.3 A stratified (tran~versely-isotropic) material 
1 
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A case of particular interest in practice is that of a 'stratified • or 
transversely-isotropic material in which a rotationaJ symmetry of proper­
ties exists within the plane of the strata. Such a material possesses only five 
independent elastic constants. 

The general stress-strain relations give in this case, following the nota­
tion of Lekhnitskii,4 and taking now the y axis as perpendicular to the 
strata (neglecting initial strain), Fig. 4.3. 

e"'== aJE1 -v2aJE2 -v1aJE1 

e,= - v2aJE2+a.JE2-v2aJE2 

e, = -v 1aJE1 -v2ay/E2 +aJE1 

-Y"z = {2(1 +v1)/E1}r"• 
1 

y"'= a•"' 2 

Y,.= -G •,. 
2 • 

(4.22) 

in which the constants Elt v1 (G1 is dependent) are associated with the 
behaviour in plane of the strata and E2, G2, v2 with a direction normal to 
these. 

The [D] matrix in two-dimensions becomes now, taking 

for plane stress, or 

for plane strain. 

E1 G2 - = n and -=m 
E2 E2 

nv2(1 + v1) 

(1-vn 

o 

o m(l~nvJ (4.23) 

(4.24) 

When, as in Fig. 4.2, the direction of strata is inclined to the x-axis then 
to obtain the [D] matrices in the universal co-ordinates a transformation 
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is necessar¡. Taking (D'] as relating th~ stre:;scs and str~ins in the inclined 
co-ordi nate system (.x' ,y')- it is easy to show lhat 

(D) = [T]U>'][T],. (4.25) 

wf.ere [T] is the same as given in Eq. (4.15) 

lfthe st;r.:ss systems {o'} an~ {o-} correspond to {e'} :l!:d {r} res?ectivcly then by 
~ql.!lEty of work · 

{a'}T{r.'} = {a}7{e} 

{s'}T[D1{t'} = {e}T[D]{e} 

f:(\m 'ihhich Eq. (4.25) folbws •m substitution of Eq. (4.15). (See also Chapter L) 

-+.2.5 The .wffness f!Ultrix. The stiffness m:;;trix of lhe e!ement ijm is 
deGned from tbe general relat\onship Eq. (2.1 O) as 

[k] = f [B]T[D] [B]t d.t dy (4.26) 

-wLc::r.: 1 is the thickness of the elcment and the integration is taken over 
!!.1e area of the triangle. If thc thickness of the element is assumed to be 
c-:>:1s¡ant, an assumption convecgent to the truth as size of elements 
di!Creasl!s, then, as neither of lhe matrices contains ~ or y we have, simply 

[k] = [B]T[D] [B]t~ (4.27) 

where ó. is the area of the triangle (defined already by Eq. (3.5)). This 
fonn is now sufficiently cxplicit for computation with the a~tua! matrix 
operations being left to the computer. 

Th: matrix. [B] defined by Eq. (4.10) can be written as 

{

h¡ o} 
[B] = [B¡, B1, iJ,.] with [8¡] = O e, ¡M. etc. 

e, b1 

(4.28) 

Now the stiffm:ss matrix can be written in a partitioned form as 

r
kli k¡¡ k, ... ] 

[kj = k¡¡ k¡¡ k¡,. 

k,.¡ k,.¡ k ...... ... 
(4.19) 

in wb!ch the 2 by 2 submatrices are built up as 
(k.J = [B.]T[D] (B:JtA. (4.30) 

This form is ofte? convtmient fN computation. 

4.2.6 Nodal forc:es due to initial strain. Thcse are given directly by the 
expression Eq. (2.12) which~ on_performing the integration, beoomes 

{F}=o = -[B]T[D][B0 ]t.1., etc. (4.31) 
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Partitioning, one can write alternatively 

{F,}~0 = -[BJT[D][e0]t~. etc. 

S? 

(4.32) 

These 'initial strain' forces are contributed to the nodes.ofan element 
in an unequal manner and require precise eva!uation. Similar expressions 
are derived for initial stress forces. 

4.2.7 Distributed body forces In the general case of p!ane stresc; or 
str.lin each element ofuntt area in t.he x-y plane is subject to forces 

{p} ~ {;} 

in the direction qfthe appropriate axes. 
Again, by Eq. (2.11), the contribution of such forces to these at each 

node is E;iven by 

or by Eq. (4.7) 

(4.33) 

íf the body forces X and Y are constan t. As N; is no longer constant the 
integration has to be carried out explicitly. Sorne geno;ral integration 
formulae for a triangle are given in Apperi'dix III. 

In this special case the calculation will be simp1ified if th~ origin of 
ca-ordinales is taken at the centroid of the element. Now 

f X dx dy = J y dx dy = 0 

and on •1sing Eq. (3.8) 

{F1}p = -{X} fa¡ dx dy/2.1. = -P:'lnJ2 
,Y LYs-

or {F1}p = -{~} l\/3 = {F¡}p = {Fm}p 

by relations noted on p. 50. 
Explicitly, for the whole element 

X 
y 

{F}~ = - ; ll/3 

X 
y 

(4.34) 

(4.35) 
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which means simply that the total forces acting in x and y direction due to 
the body forces are distributed to the nodes in three equal parts. This fact 
corresponds with physical intuition, and was often assumed implicitly. 

4.2.8 Body force potential. In many ca~es the body forces are defined in 
terms of a body force potential 4> as 

x = - aq,, 
ox Y= (4.36) 

and this potential, rather than the values of X and Y, is known throughout 
tbe region and is specified at nodal poiD¡tS. If { 4> }e lists the tbree values of 
the potential associated with the nodes ;or the element, i.e., 

{
;pi} 

{4>Y = :~ 
1 

(4.37) 

and has to correspond with constant 'values of X and Y, 4> must vary 
linearly within the element. The 'shape function' of its variation will 
obviously be given by a procedure identical to that used in deriving 
Eqs. (4.4) to (4.6), and yields 

4> =[N¡, Nj,:N;,.]{I/>}e. (4.38) 

Thus, 

x = - aq, - -[b1, b1, b..J{I/>Y/2~ ax- : 
and 

aq, 1 

Y= -- = -[e¡, c1, c..J{I/>Y/2~. (4.39) 
ay 

The vector of nodal forces dueto the body force potential will now replace 
Eq. (4.35) by 

b¡ bl bm 

C¡ el 
! 

cm 

{F}~ = ~ b¡ fJ bm 
{¡pe} (4.40) ' 

C¡ 'e) Cm 

_,_ b, b) bm 

~ ~ .t-~~1:: C¡ ~ e, 
' 1 
' 

4.2.9 F.valualion of stresses. The formulae.derived enable the full stiff-
ness matrix.of the structure to be assembled, and a solution for displace­
ments to be obtained. 
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The stress matrix given in general terms in Eq. (2.15) is obtained by 
the appropriate substitutions for each element. 

The stresses are, by the basic assumption, constant within the element. 
lt is usual to assign these to the centroid ofthe element, and in most ofthe 
examples in this chapter this procedure is followed. An alternative con­
sists of obtaining stress values at the nades by averaging the values in the 
adjacent elements. Sorne 'weighting' procedures have been used in this 
context on an empirical basis but their adv_antage appears small. 

lt is usual to arrange for the computer to calcula te the principal stresses 
and their directions of every element. 

4.3 Examples-An Assessment of Accuracy 

There is no doubt that the solution to plane elasticity problems as formu­
lated in Section 4.2 is, in the limit of subdivision, an exact solution. 
Indeed at any stage ofa finite subdivision it is an approximate solution as, 
say, a Fourier,series solution with a limited number of terms. 

As already explained in Chapter 2 the total strain energy obtained 
during any stage of approximation will be below the true strain energy of 
the exact solution. In practice it will mean that the displacements, and 
hence also the stresses, will be underestimated by the approximation in 
its general picture. However, it must be emphasized that this is not neces­
sarily true at every point of the continuum individually; hence the value 
of such a bound in practice is not great. 

What is important for the engineer to know is the arder of accuracy 
achievable in typical problems with a certain fineness of element sub­
division. In any particular case the error can be assessed by comparison 
with known, exact, solutions or by a study of the convergence, using two 
or more stages of subdivision. 

With the development of experience the engineer can assess a priori the 
arder of approximation that will be involved in a specific problem tackled 
with a given element subdivision. Sorne of this experience will perhaps be 
conveyed by the examples considered in this book. 

In thdirst place attention will be focused on sorne simple problems for 
which exact solutions are available. 

Uniform stress field. If the exact solution is in fact that of a uniform 
stress field then, what:- -!r the element subdivision, the finite element 
solution will coincide exactly with the exact one. This is an obvious 
corollary of the formulation, nevertheless it is useful as a first check of 
written computer programs. 

Linear/y varying stress field. Here, obviously, the basic assumption of 
constancy of stress within elements means that solution will be approxi­
mate only. In Fig. 4.4 a simple example of a beam subject to constant 
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~nding moment is shown with a fairly coarse subdivision. It is r~dily 
seen that ~he axial (u,) stress given by the e!ement 'stra9~l~s· th~ ~xac;:t 
values and, in fact, :r ~he constant stress values a~!! a-ssodated ~ith -
centroids of tht: elerw:n~s and p[ottc:d, t:1e best '_fit '_ !ine represen~ the 

ex::.ct stresses. 

v=O·IS 

-osa 
-c-01 
-o·o• 

-o,, 
0·04 

-e 04 

0 Nodal averages 

* Values at 
centres of 
triangles 

Fig. 4.4 Pure bending ofa beam :.olved by a coarse subdivic;ion into elements of 
triangular sHape. (Values of a,. a,, and t.,7 listed in that arder) 

The horizontal and shear stress C~!mponents diífer agaiu Írom the exact 
values (wqich are- simply zero). Again, how~ve,, it will ~ ~oted that they 
oscillate by tqual, small amounts arcund the exact values. 
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At intemal nodes, if the average cf stresses of sm-rot!P..ding elerrtents is 
taken it will be found that the exact stre.sses are very closely represented. 
The ~verage at externa! faces is not, hn;vever, so good. The ov~rall im­
provt'ment in rcpresen~ing the strcsses by n0Gal ::.:;erages, as s!10W:1 on 
Fig. 4.4, is often used in practice for imr-roveme;nt of !he appro:d!Tiaticn. 

A weighting of averages near the fat:c.·• of Lhe structure can further be 
used for rdinem.ent. W\thuut being r.)gmatic on this point, it. s•;em~ 
preferable, when an.:uracy dem:.mds this, simply to use a finc:r mesh 
subdivision. 

Stress concentration. A more reali~tic te..;t provlem is shown in Figs. 
4.5 and 4.6. Here the fl.ow of stress 3rm:nd a circular hole in ar. i~otropic 
and in an anisoiropic stratificd materid is c·,"lnsidcred when the stre5s con­
ditions are uniforrn. 6 A graded division into elcments is used to allow a 
more detaiied study in the region where bi$ stress gradie.sts are l!xpected. 
The high degree of accuracy achievable can be asses;;ed from Fig. 4.6 
where some of the results a:-e comp:-.red against exact solutions. 3 • 

7 

Fig. 4.5 A circular hole in a uniform stress field. (a} isotropic material; ~b) 
st!'atiñed (orthotropic) material; E"= E, = l, E,= E1 = 3, v1 = 0·1, v1 =O, 
G,., == 0·42 

4.4 Sorne Practica! A~plications 

Obviously, the practica! applications of the method are limitless, and 
indeed at this moment of time the use of the finite element method is 
superseding experimental technique for plane problems because ofits h1gh 
accuracy, lcw cost, and versatility. The ease of treatment of material 
anisotropy, thermal stresses, or body force problems add to its advantages. 
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Exact solutipn for infinite plate. 
o Finite elem~nt solution. 

1-1·0 

o-o-----

(al lsotrop1c. (b) Orthotropic. 

Fig. 4.6 Compar,ison oftheoretical and finite element results for cases (a) and (b) 
of Fig. f·5 

1 

1 

• 1 

A few examples ofactual applications to complex problems of engineer-
ing practice will now be given. 

Stress flow around a reinforced oprning (Fig. 4.7). In steel pressure 
vessels or aircraft structures, openings have to be introduced in the 
stressed skin. The penetrating duct itself provides sorne reinforcement 
round the edge and, in addition, the skin itself is increased in thickness to 

1 

reduce the stresses due to the concentá1tion effects. 
Analysis of such problems treated '!S cases of plane stress presents no 

difficulties. The elements are so chosen asto follow the thickness variation, 
and appropriate values ofthis are assigned. 

The narrow band of thick material near the edge can be represented 
either by special beam-type elements,; or more easily in a standard pro­
gramme by very thin triangular elements of the usual type, to which 
appropriate thickness is assigned. The latter procedure was used in tbe 
problem shown in Fig. 4.7 which gives sorne of the resulting stresses near 
the opening itself. The fairly large ex~ent of the region introduced in the 
analysis and th_e:grading of the mesh should be noted. 

An anisotropi~- va/ley subjectto tectonic stress6 (Fig. 4.8). A symmetrical 
valley subjec(to a uniform horizontal stress is considered. The material is 
stratlfied, hence is · transverse1y isotropic ', and the direction of strata 
vanes from. point to point. : 
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41 

-+- + 

+ 

Restrained in y direction from movement. 

Fig. 4. 7 A reinforced opening in a plate. Uniform stress field at a distance from 
opening u,. = 100, u7 = 50. Thici·ness ofplate regions A, B, and C is in the ratio 
of 1:3:23 

The stress plot shows the tensile region that develops. This phenomenon 
is of considerable interest to geologists and engineers concerned with rock 
mechanics. 
A dam subject to externa/ and interna/ water pressures8•9 (Fig. 4.9). A 
buttress dam on a somewhat complex rock foundation is here analysed. 
The beterogeneous foundation region is subject to plane strain conditions 
while the dam itself is considered as a plate (plane stress) of variable 
thickness. 

With external and gravity loading no special problems of analysis arise, 
tbough perhaps it should be mentioned that it was found worth while to 
'automatize' the computation of gravity nodalloads. -' 

Wben pore pressures are considered, the situation, however, requires 
perhaps sorne explanation. · 

It is well known that in a porous material the water pressure is trans-
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mitted to the stntcture as a body fnrce of magnitud e 

..,. élp 
A= --·t 

OX 
(Jp 

Y=-~ 
()y 

and that now thc exteml:'l pressure need not be considered. 

4 S 6 7 
1 1 

1 1 
1 1 
1 1 
1 1 
1 1 
1 1 

1 / 1 
! 1 1 
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Fig. 4.8 A valley with curved'strata subject t;, a horizontal tectonic stress 
· (plar.e strain 170 nodes, 298 elements) 
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Constant web t¡:pcr 
1 ft. in 82 ft. 6 m . 

:r· -·, 
JA+-~--~----~~--------~~~ A 

47 ft. O in. 

Sect1onal plan A.A. 

(a) 

(b) 
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Fig. 4.9 Stress analysis ora buttress dam. Plane stress condition assumed in da m 
and plane strain in fouhdation. (a) The buttress section analysed. (b) Extent of 
roundation considered and divisicn into fimte elements 

• 



"O 

~ 
c. 
E ·¡: 
u c. 
:::1 

"' u .o 
"O 
:::1 
o 
.e 
"' 
"' ... 
"' "' ... ... -"' 

.:.t 
o o ... 
«1 -e 
e 
o -«1 

"O 
e 
:::1 

~ 
u 
-5 

PLANE STRESS ANO PLANE STRAIN 67 

The pore pressure p is, in fact, now a body force poten tia!, as defined 
in Eq. (4.36). Figure 4.9 shows the element subdivision of the region and 
the outline of the dam. Figure 4.1 O( a) and (b) show the stresses resulting 
from gravity (applied to the dam only) and dueto water pressure assumed 
to be acting as an externa! load or, alternatively as an interna! pore pres­
sure. Both solutions indicate large tensile regions, but the increase of 
stresses due to the second assumption is important. 

Cracking. The tensile stresses in the previous example will doubtless 
cause the rock to crack. lf.a stable situation can develop when such a crack 
spreads then the dam can be considered safe. 

Cracks can be introduced very simply into the analysis by assigning 
zero elasticity values:to chosen elements. An analysis with a wide cracked 
wedge is shown in Fig. 4.11, where it can be seen that with the extent of 
the crack assumed no tension within the dam body develops. 

A more elabora te procedure for following crack propagation and result­
ing stress redistribution can be developed and will be discussed later (see 
Chapter 18). 

Compression (-) 

Arrow indicates 
tens1on 

Stresses exclude the 
gmal rock stresses 

Cracked zone 
(matenal 
cons1dered) 
as E=O 

k-'*-*-*~*-~:....._*-4?-~~~~~ in foundation 

Tensile zone but 
tension less than 
probable m1t1al 
compression in 

Fig. 4.11 Stresses in a buttress dam. An introduction of a • crack' mo~fies stress 
distribution (same loading as Fig. 4.1 O(b)) 
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7ñern:al stre.'ises. As an example of thermal stress computation the 
same dam is showu un<:ier simple temperature distribution assumptions. 
Results ofthis analysis are- g1v.¡;n ir:. Fig. 4.12. 

No temperature change !n foundation- ·· 

Fig. 4.12 Stress analysis of a buttress dam. Thermal stresses due to cooling of 
shadcd area by J5•f (E = 3 x 106 lb/in 4, a = 6 x 10- 6/deg F) 

Gravity dams. A buttre&; dam is a natural example for the application 
of finite dement methods. Other types, such a.s gravity dams with or 
without piers and so on, can also be simply treated. Figure 4.13 shows an 
analysis of a large dam with piers and eres.: gates. 

In this case an approximation of assuming a two-dimensional treaiment 
L11 the vicinity of the abrupt change of section, i.e., where the picrs join the 
main body ofthe dam, is c!early involved, hui this leads to localized errors 
only. · 

l! is important to note here how, in a single solution, the grading of 
element size is used to study concentration of stress at the cable an­
chorages, the genera! stress ftow in tbe dam, and tbe foundation behaviour. 
The linear ratio of size of largest to smallest :!lements is of the arder of 30 
to 1 (the largest clerpents occürring in the foundation are not shown in the 
ñgure). 

Underground power starion. This last ex~mple illustrated in Figs. 4.14 
and 4.15 shows an interest!ng ·large-~cale ap~iication Here principal 
stresses are p1otted autcmatically. In this analysis very many diffe;ent 
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components of {a0 }, the initial stress, were used Jue to unf"ertainty of 
knowledge about geological conditions. The rapid solution ano plot of 
many results enabkd the limits within which stresses vary to be found and 
an engineering decision arrived at. 

!-
1 

·~-,!7 
• ·m Local ¡;tf.~ct .¡. . . ·r · ¡ -~~ of prestresssng 

·1ü0 + 5, \ 

•70 \ 

---,;Uf Lb 

Water level 

tss·¡ 

Fig. 4.13 A large barrage with piers and prestressing cables 

4.5 Special Treatment of Plane Strain with an lncompressible Material 

It will have been noted that the relationship Eq. (4.20) defining the 
elasticity [D] matrix for an isotropic material breaks down when the 
Poisson's ratio reaches a value of 0·5 as the factor in the parentheses 
becomes infinite. A simple way of side-stepping the difficulty presented is 
to use values of Poisson's ratio approximate to 0·5 but not equal to it. 
Experience shows, bowevcr, that if this is done the approximation of 
solution deteriorates. An alternative procedure has been suggested by 
Herrman. 10 Th!s involves the use of a new variational formulation, and 
readers are referred to bis work for details. 

-' 

• 



Fig. 4.14 An underground power station. Mesh used in analysis. 
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Fig. 4.15 An underground power station. Plot of principal stresses. 
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Problems 

El= Constont 

E 1 = Constont 

EI = Constont 

E., Conston1 

EI =Conr,tol"t 

Prob. 3-S 

74 

L 
AE = CAinstcnt 

Proli. 3.7 

Prob. 3-S 

j ~ A 1 1------- ¡>o• 
4 (l!) 15ft c:GO ft 1 .1:....,. r-

-------1 A€ ....,nstant 

Prob. 3-S 

Prob. 3.1¡¡; 

EI .: Constont 
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120k 

I= 1.8 + I=2.0 

Prob. 3-17 
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20ft 

Prob. 3-18 

1=1.8 

20ft 

Prob. 3-19 

Problems 

15ft 

El= Constan! 

k=..fl_ 
IOL3 

,.._ __ -=L----*'o----~L=-------1 El= Constan! 

8 

20ft 

---77i,~ 
30ft 

Prob. 3-20 

: 100,!< r~~ EI=Co"'."" 

IO.ft 

e¿. 
'/.p. 

Prob. 3-21 
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ALE = Constan! 

~3011 
~A 1 8 1 e 1 o 

1 ~100 k' hoo tt bo tt ¡· 
l. 8 @ 40 fl = 320 ft .. 

Prob. 3-22 

2ft-k 
t+tttv 2ok 

10[~ 
lOft 15ft El= Constan! 

Prob. 3-23 

2 3 

8 

10ft 10ft 10ft 10ft 10ft 

EI = Co,stant 

Load cose 1 -o sangle vertical 20 k load ot point 1 
Load cose 2- o single vertical 20 k load ot point 2 
Load cose 3- o single vertical 20 k load ot point 3 

Prob. 3-24 

SElECTED REFERENCES 

Ch. 3 

3-1 Rogers, G. L. and M. L. Causey, Mechanics of Engineering Structures. New York: 
John Wiley & Sons, loe., 1962. ' 

3-2 Carpenter, Samuel, Structural Mechanics. New York: John Wiley & Sons, Jnc, 
1960. 
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4-7 
Prob1ems 

Ch. 4 

4·1 to 4-6. Analyz.e the structural system (or the indicated loading, and draw the shear 
and moment diagrams for eadt member; E= constant and the relative value of momeot 
of inertia is indicated for ~ member. 

~12f!l 20ft 
~ 

24ft 16ft 32ft 

Z.I 1 31. 

Pro11.4-1 

15ft 15ft 

21 2! 

Prob.4-Z 

j_ 

.1 l. 25 fl 

Prob.4-3 

k 
~ft 

p, ns 

J]' J 1 
;, 2l 

J ll' '.~ i-" ·¿ I\SH 

~--~3~0~f~t--~~~~_2_0 __ ft_4~0_f_t __ ~~~~----·~ 
Prob. 4-4 

2k -3/ 

21 8ft 

20ft 2.1 . 1 

2/ 

¡. 20ft .¡. lOft .1 
Prob.4-5 

2k---+- 21 

1 1 12ft 

~k-
21 

21 12ft 

' V. 

14 20ft ~1 
PrC?b. 4-6 

139 

4-7. Analyze the rigid fmme of Prcb. 4-2 for a settlement of the cm ter support of 0.6 in.; 
1 = 500 in', E = 30,000 k.si. 

4-8. Detcrmíne the final member end actions and the support reaclious for the frame 
of Prob. 4-3 causeL' by a dock "'ise rotation of the left support of 2°; 1 = 500llin4

, 

E= 3000 ksi. 
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4-9. Analyze the planar orthogonal frame of Prob. 4-4 for a settlement of the left column 
support of 0.6 in. and of the right column support of 0.8 in.; 1 = 6000 in4, E = 3000 ksi. 

4-10 to 4-12. Calculate the final member end actions and the support reactions for the 
indicated loading of the structure, and draw the shear and moment diagrams for each 
member; E = 30,000 kSi. 

- en 18 w: 70 en 18 YF 70 en 
~ ~ ~ - ~ ~ ~ 

º º 
24 YFIOO 

o o o 
U) U) U) -- ~ ~ ~ 

º º º 
" ~ 

" 
30ft 30ft 

Prob. 4-10 

16 V-F 78 
j

30 k 

16 V-F 78 

¡. 15ft .¡. 15 ft 

Prob. 4-11 

k k 
0.5ft 3.0 ft 

t f f f 1 1 f f i I 1 1 1 1 I I I 1 I 1 l 
30YFI08 33 w 118 30 YFI08 

r~ o o lt) 
~ ~ IX) 

~ ~ ~ ~ 
~ ~ ~ ~ 

~~ ~ ~ ::? ~ ~ ~ 
1 

30ft 45ft 30ft 

, Prc>b. 4-12. 
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4-13. Determine the final member end actions and the support reactions for the frame 
of Prob. 4-11 if member a is fabricated with a 6° bend (rotating the rlght end of the 
member counterclockwise) at a point 5 ft from the left end of the member. 

4-14. Analyze the frame of Prob. 4-12 for a fabrication error of 0.75 in. which resulted 
in the 33 VF 118 being too short. 

4-15. Analyze the continuous beam for- the given loading. The beams are 1.5-ft wide 
and ha ve straight haunches; E= 3000 ksi. 

24ft 40ft 24ft 

Prob. 4-1 ¡¡ 

4-16. Analyze the continuous beam for the indicated loading condition. Draw the shea 
and moment diagrams for each beam. The relative values of moments of inertia for each 
member are indicated; E = constant. 

k 
2.411 

Prob. 4-18 

4-17. Write a computer program using the stiffness method to analyze a continuous bean 
for a uniform vertical load applied to any span and acting over the entire span. Assum-:: 
that the moment of inertia is constant over the span of each beam and is different fqr 
each beam; E is constant for the structure. 

4-18. Develop a computer program ~o analyze a general planar orthogonal frame L; 
the stiffness method for the following load cases: (1) a uniform normal load over ¡·. 

span of a member; (2) a normal concentrated load applied at point within the span of 
a member; (3) a vertical or horizontal concentrated load applied at a joint; and (4) •,, 
moment applied ata joint. Assume that the beam elements are pri· ic and that E 
constant for the structure. 
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4-19. Write a computer program to develop the member stiffness matrix and to compute 
the fixed end actions for a uniform normal load acting over the entire span for a non-

prismatic beam element. 

4-1 

4-2 

SELECTED REFERENCES 

Pei, Ming L., "Stiffness Method of Rigid Frame Analysis," ASCE, Second Con· 
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Kinney, J. Sterling, Indeterminate Structur:J~I Ana1ysis. Reading, Mass.: Addison­
Wesley.Publishing Co .• Inc., 1957. 

4-3 Gere, James M., and William Weaver, Jr., Analysis o/ Framed Structures. Princeton, 
N.J.: D. Van Norstrand Co., Inc., 1965. 

4-4 Wang, Chu-Kia, Statictilly Indeterminate Structures. New York: McGraw-Hill 
Book Company, 1953. 

4-li Morice, P. B., Linear Structural Analysis. London: Thames and Hudson, 1959. 

4-6 Hall, A. S., and R. W. Woodhead, Frame Analysis. New York: Iohn Wiley & Sons, 

lnc., 1961. 

4-'7 Rubinstcin, Moshe F., Matrix Computer Analysis o/ Structures. Englewood Cüffs. 
N.J.: Prentice-Hall, Inc., 1966. 
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T-he stiffness method is a very powerful tool when coupled with the electronic 
digital computer for analyzing complex as well as simple structures. The procedure 
for carrying out the analysis is a very orderly, systematic procedure that is not 
restricted to a particular type of system. Only those matrices that are required to 
describe the behavior ofparticular structural elements are different. Thus, the prob­
lem of analyzing a given structure becomes one of developing the proper matrices 
to describe the response ()f the elements which make up the system. 

6-9 
Pr4blems 

6-1. Determine ~he final end actions developed at tbe end of each member and the 
support reactions of the rigid frame caused by the indicated loading. For each member, 
1. = 3//2, 17 = 21, 1. = 41. and A. = //4; E = constant and G = E/2. The relative 
value -of 1 for each member is given in the box adjacent to the member. The y ... -x.,. 
plane of ~dt member is perpendicular to the X-Z reference. 

Prob. 6-1 Note: The y.,-Xm plane of each member is perpen­
dicular to the X-Z plane. 

6-2. Analyze the space frame fcr the imposed loading condition. The mcmbers are 
prismatic 24 W 100 steel beams; E= 30,000 ksi and G = 12,000 ksi. The members are 
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oriented such that the )1111-Xm plane·of each1~ where the Ym axis defines the minor 
axis of the cross-section, is perpendicular to the X-Z reference plane. 

Prob~ 6-2 Note: The y,.-x,. plane of each member is perpen­
dicular to the X-Z plane. 

6-3. Compute the support reactions and final end actions. For members 1 and 2, 
lz = U/3, 1, = 1, /JI = 3/, and Ax = 1/5; for member 3, 1,. = 1, l,= U, 111 = 51, and 
A,.= f/4; E= constant and G = E/2. The )1111-X,. plane of each bearn is perpendicula... 
to the X- Y reference axis. 

X 

Prol Note: The y,..-x,. plane of each member is perpen-
dicular to the X- Y plane. 

288, Stiffness_ Method of-Analysis :: Three-Dimensiona/' Structures.- Ch: 6' 

6-4. The space frame is, to be analyzed for· the indicated loadiilg; condition. With the 
Y m- axis. defining_ the· minor principal; axis. of the cross-section¡, the· x;,.,-xm plane: o( each 
beam is perpendiCular. to tlie· X- Y reference plane and the Ym-Xm plane·of each column 
is perpendicular to; the· X-Z reference plane;: E'= 30,000_ksi and G: = 12,000 ksh. 

X 

Prob. 6-4 Note: The y,-x111 planes of the beams are perpen­
dicular to the X- Y plane, and the y 111-x, planes of the columns are 
perpendicular to the X-Z plane. 

6-6. Determine the final end actions for each member and the support reactions for the 
structure caused by the applied loading. For members 1 and 2, lz = 1/2,1, = 61,111 = 81, 
and Az = 1/5; for member 3, /z = /, I, = 101, /JI = 10/, and Az = 1/4; E= constant 
and G = E/2. Letting the Ym axis define the minor principal axis of a mernber's cross­
sectiorí, the y 111-X111 plane of members 2 and 3 are perpendicular to the-:x-z reference 
plane and the )1111-Xm plane of member 1 coincides with the X- Y referérice plane. 

6-6. Develop the complete structure stiffness matrix for the rigid space frame described 
in the figure and set up the complete joint load matrix for the indicated loading condition. 
Letting the Y m axis define the minor principal axis of a cross-section, thr -X111 plane of 
,ach column is parallel to the Y-Z reference plane and for each bearn ;rpendicular 

to the X- Y reference plane; E = 30,000 ksi and G = 12,000 ksi. 
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y 

Ptoblems 

y 

,....-2k 

Prob. 6--5 Note: The Ym-Xm plane of member 1 coincides with 
the X-Y reference plane. Tbe Ym-x• plane of members 2 and 3 
is perpendicular to the X-Z plane in both cases. 

~ 

@] 24 VF 120 
o 
~ 

~ 0 
~ 

~ 

/~ 25ft 

Prob. 6-G 

X 

289 

6-7. Analyze the frame of Prob. 6-2 for a vertical settlement of 0.75 in. of the support a. 

6-8. Determine the final end actions and support reactions developed by the :rigid frame 
of Prob. 6-2 if membcr b is fabricated 1 in. too short. 

290 Sttffness Method of Analysis. Three-Dimensional Structures Ch. 6 

6-9. Analyze the space frame of Prob. 6-S for a vertical scttlement of 0.5 in. of the sup- •· 
port of mcmber l.l.et 1 = 1000 in', E= 3000 ksi, and G = 1000 ksi. 

6-10. Analyze the rigid space frame of Prob. 6-6 for the indicated Joading. 

&-11. Analyze the rigid frame structure of Prob. 6-6 for an increase in temperature of 
40° of members o over the other members of the structure. 

6-12 to 6-15. Determine the bar forces developed in tbe space truss. The orientation of 
the local axes for each member may be selected for coovenieoce of computation; 
E = 30,000 ksi. The cross-sectional area of eacb member (in terms of sq in.) is indicated 
adjacent to the member. 

y 

Prob. 6-12 

6-16. Compute the bar forces developed in the space truss of Prob. 6-12 if member 
o is fabricated 0.5 in. too slJort. 

6-17. Analyze the space truss of Prob. 6-13 for a settlement of support o of 0.15 ift. 

6-18. Determine the bar forces in each member and the support reactions for the struc­
ture if member n of the truss of Prob. 6-14 is fabricated 0.25 in. too long. 

6-19. Analyze the st:ructure of Prob. 6-15 for a f~bricatioo error of 0.3 in. shorten!ng 
the length of member a. 
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y 

20 k 

80ft 

-+----'--X 

Prob. 8-13 

Prob. 6-14 
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y 

32ft 

12ft 

FZ = 60 k Fy == 120 k 

16ft 

z 
Prob. 6-16 

6-20 to 6-23. Analyze the planar grid structures for the indicated loading. Each membec 
is positioned in the X- Y reference plane so that the major principal axis (y...) of each 
cross-section lies in the plane; E= 30,000 ksj and G = 12,000 ksi. 

X 

z 

Prob, 6-20 Note: Majar principal axis of .ihe cro~s section of 
each mcmber lies in the X- Y reference plane. 
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X 

Problems 

y 

z 
30 VF 116 

Prob. &-21 Note: Major principal axis of the cross section of 
each member lies in the X- Y reference plane. 

y 

Prob. 6-22 Note: Major principal axis of the cross section of 
each member lies in the X-Yreference plane. 

z 

,., 30 VF 99 

10ft 

Prob. 6-23 Note: Major principal axis of the cross scction of 
each member líes in the X- Y rcfercnce plane. 

293 -~ 
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6-24. Analyze the planar. grid structure shown in thc figure for the indicatcd loading. 
For each member, 1. =· 31/2, 1, = 2/, J, = l, and A.r: = !/6. The major principal axi~ 
(y.) of the cross-scction of each membcr-Jies in the X-Y refcrence plane. The relative 
value of 1 for each member is given in the box adjacent to the membcr; E = const~nt 
and G = E/3. 

X 

z 

-Prob. 8-24 Nofe: Major principal axis of the cross section of 
each member lies in the X- Y reference plane. 

6-25. Determine the final end actions and the support reactions for the structure of 
Prob. 6-21 if member a is fabricated with a bend of so (rotating right end in a counter­
clockwise direction) at midspan. 

6-26. (a) Establish all of the matrices for a beam element with either a variable or 
constant cross-section over its span length, arbitrarily oriented in a three-dimensional 
space, with both ends of the member restrained against translation in the xiD, y,, and z. 
directions, both ends restrained against rotation about the x,., and y, axes, and both ends 
free to rotate.about the z, axis-so that this type of member could be handled in a stiffness 
analysis. 

(b) Evaluate the member stifl"ness matrix for this beam element if it were a ptismatic 
membcr. 

6-27. Develop the grid member stiffness matríx fKG]1 for a prismatic grid member with 
a pin at thej-end of the member so that it is free to rotate about the major principal axis 
y,.. The member is assumed to be restrained against all other possible components or 
end displacement. Also, establish the transformation matrix [TaL and the transformed 
grid member stiffness matrix [Ra11 for this member. 

6-28. Establish the membzr stifi'ness matrix [K•]1 for a prismatic 12 in. [ 25# beam. 
Note that for this member the shear center and the eentroid of the cross-section do not 
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coincide. The x,. axis will define the centroidal axis of the beam and the z,.. principal axis 
will contain both the centroid and the shear center of the channel section. 

6-29. Develop a computer program to analyze by the stiffncss method a planar grid 
frame for any possible loading condition. Hint: Let fixed end actions be input da_ta. 

f •" ~ r 

6-30. Write a computer program to analyze by the stiffness method a space truss system 
for loads applied ooly at the joiots. - · · 

6-31. Write a computer program to carry out the analysis of a rigid space fr:tme by the 
stiffness method for any possible loadiog condition. Hint: Use fixed end actions as input. 

SELECTED REFERENCES 
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6-2 Gere,James M., and William Weaver,Jr., Analysis of Framed Structures. Princeton, 
N.J.: D. Van Nostrand Company, loe., 1965. · 

6-3 Seely, Fred B., and James O. Smith, Advanced Mechahics of Materials, 2nd ed. 
New York: John Wiley & Sons, lnc., 19.52. 

6-4 Timoshenko, S. P., and J. H: Goodier, Theory of Elasticity, 2nd ed. New York: 
McGraw-Hill Book Company, 1951. 
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DIRECTORIO DE ASISTENTES AL CURSO DE ANALISIS ESTRUCTURAL 
( DEL 27 DE FEBRERO AL 3 DE MARZO DE 1978 ) 

NOMBRE·Y DIRECCION 

1. OCTAVIO ALBA RAMIREZ 
Guirnaldas No. 475 
Col. Vilia de las F·lores 
Coacalco, Edo. de México 

2. ING. ERNESTO ALCANTAR ORTIZ 
Mariano Escobedo No. 17-11 
Co 1. Anáhuac 
México 17, D. F. 
Tel: 3-99-25-21 

3. ING. ENRIQUE ALVAREZ CASTILLA 
Av. Muri llo Vidal No. 8 
Co 1 • E ns ue ño 
Jalapa, Ver. 

4. ING. EDUARDO CANO LOPEZ 
Feo. Ayala No. 94 
Col. Vista Alegre 
Méx i e o 1 2, O. F. 
Te 1: 5-30-09-11 

5. ARQ. MA. LOURDES CASTAÑEDA 
Heriberto Jara No. 58 
Col. Modelo 
Jalapa, Ver. 
Te 1 : 7-65-46 

6. ING. HECTOR CASTILLO GUTIERREZ 
Asie No. 60 
Col. Romero Rubio 
Méx i ce 9, O. F. 

7. ROLAND ENGLAND 
Emi 1 io Castelar 213-B 
Col. Polanco 
Méx i e o 5, O. F. 
Tel: 5-45-32-77 

8; CIRENIO ESCAMIROSA TINOCO 
Av. Jalisco No. 258-36 
Col. Tacubaya 
Méx i e o 1 8, D. F. 
Te 1: 5-64-51-01 

EMPRESA Y DIRECCION 

ESCUELA SUPERIOR DE INGENiERIA 
ARQUITECTURA (1 .P.N.) 
Edificio No. 4 
Unidad Profesional de Zacatenco 
Col. Li ndavi sta 
Méx i e o, O. F. 
Te 1 : 5-86-96-44 

SECRETARIA DE LA DEF. NACIONAL 
'México 10, D. F. 

FACULTAD DE INGENIERIA-UNIVERSIOAD 
VERACRUZANA 
Zona Universitaria 

Jalapa, Ver. 
Tel: 7-66-98 · 

COMISION FEDERAL DE ELECTRICIDAD 
Ródano No. 14-507 
Col. Cuauhtémoc 
Méx i e o 8 , O • F • 
Tel: 5-53-71-33 Ext. 2138 

COMISION DE AGUAS DEL VALLE DE 
MEXICO 
Balderas No. 55 
México 1, D. F. 
Tel: 5-855066 Ext. 315 

1 1 MAS, UNAM 
Ciudad Universitaria 
Méx i e o 2 O , O • F • 
Tel: 5-48-54-65 

S.C.T. SUBSECRETARIA DE PUERTOS Y 
MARINA MERCANTE 
Av. Insurgentes Sur No. 465 
Co 1 • Condesa 
México 11 , O. F. 
Tel: 5-64-51-01 
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NOMBRE Y DIRECCION 

9. ING. ALFONSO FERREIRO ·ALEGRE 
Loma de la Plata No. 33 
Méx i e o 1 9 , D. F. 
Tel: 6-51-00-38 

10. ING. HECTOR FLORES CARDENAS 
Hda. de la Encarnación No. 85 
Col. Prado Co~pa 
México 22, D. F. 

11. SERGIO GALLEGOS MEZA 
Av. 20 de Noviembre 604-1 Ote. 
Durango, Dgo. 
Tel: 1-52-03 

12. HUGO RENE GARDUÑO CONTRERAS 
Chihuahua 169-2 
Col. Roma 
Méx i e o 7 , D. F. 
Te 1 : 5-84~76-53 

13. ING. TEODULO GRAVE PAEZ 
Linares 689-1 
Col. Lindavista 
Méx i e o 14, D. F. 
Te 1 : 5 - 86 -53 - 81 

14. ING. JORGE GUERRERO GUERRA 
Crestón 252 
Pedregal de San Angel 
México 20, D. F. 
Te 1 : 5-68-2301 

15. JUAN TITO GUTIERREZ RIVERO 
Henry Ford No. 4010 
Co 1. G. Sánchez 
México 14, D. F. 
Tel: 5-51-03-05 

EMPRESA Y DIRECCION 

SERVI ESTRUCTURAS ALFA, S.A. 
Calle Laguna No. 3 
Xalostoc 
Edo. de México 
Tel: 5-69-36-26 

COMISION FEDERAL DE ELECTRICIDAD 
Río Ródano No. 14-5o. Piso 
Col. Cuauhtémoc 
Méx i e o 5, D. F. 
Te 1: 5-53-71-33 Ex t. 2642 

ESIA-IPN 
Edificio 4 Unidad Profesional 
Zacatenco 
Col. Li ndavi sta 
Méx i e o 14, O. F. 

CONSTRUCCIONES Y BIENES RAICES 
COBRA, S. A. 
Petén Norte 15 Bis-201 
Col. Narvarte 
Méx i e o 7, D. F. 
Te 1 : 5- 1 9- 8 3 - 96 

PIR, S. A. 
Parral No. 40-205 
Co 1 . Condesa 
Méx i e o 11 , O. F. 
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JORGE HERNAND~Z DIAZ 
Hacienda y Crédito P~blico 
No. 28 
Col. Federal 
México 9, D. F. 
Te 1 : 7 - 6 2 - 06 - 3 7 

DAGOBERTO HERNANDEZ PINZON 
Manuel López Cotilla No.1015 
C o 1 • de 1 Va 1 1 e 
México 1 2, O. F. 
Tel: 5-59-00-34 

ING. HUMBERTO HERNANDEZ Y M. 
Campamento Cd. Alemán,Ver. 

EMPRESA Y DIRECCION 

S.C.T.SUBSECRETARIA DE PUERTOS Y 
MARINA MERCANTE 
Insurgentes Sur No. 465 
Co 1. Condesa 
Méx i co 11 , O. F. 
Tel: 5-64-51-01 

I.A.E.S.A. 
Baja California No. 284-702 
Col. Condesa 
México 11, D. F. 
Te 1 : 5-64-51-28 

COMISION DEL PAPALOAPAN 
Campamento Cd. Alemán, Ver. 

19. ING. JOSE HUMBERTO LORIA ARCILA FACULTAD DE INGENIERIA,UNIVERSIDAD 

20. 

21. 

22. 

Guillermo Pérez Valenzuela DE YUCATAN 
No. 42 Calles No.41x14 
Coyoacán Mérida,Yuc. 
México 21, D. F. Tel :2-10-33 
Te 1 : 5 -54 - 7 7 - 94 

ING. HECTOR E. MARTINEZ A. 
Zaragoza No. 2147 
Col. Guerrero 
Nuevo Laredo 
Tel: 2-85-73 

GREGORIO MONTOYA GOMEZ 
Calle 11 F11 No. 15 
Manzana 5 
Col. Educación 
México 21, D. F. 
Tel: 5-49-80-08 

ING. ALEJANDRO MUÑOZ DIAZ 
Playa Mi ramar No.568 
Col. Reforma lztaccihuatl 
Méx i co 1 3 , D. F. 
Tel: 5-39-59-38 

INSTITUTO TECNOLOGICO REGIONAL DE 
NUEVO LAREDO 
Reforma Cruz con César López de 
Lar a 
Nuevo Laredo. 
Te 1 : 2-47-57 

SECRETARIA DE AGRICULTURA Y 
RECURSOS HIDRAULICOS 
Reforma No. 69 
México, D. F. 
Tel: 5-66-07-48 

SECRETARIA DE ASENTAMIENTOS HUMA­
NOS Y OBRAS PUBLICAS 
Miguel Laurent No. 840-7o. Piso 
Col. Vertiz Narvarte 
Méx i e o 1 3 , O • F. 
Te 1 : 5-75-87-32 
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DR. JEAN PIERRE HENNART 
Ga 1 i leo 2L•O-A 
Col. Po1anco 
Méx i e o 5 , O. F • 
Te 1 : 2 - 5 O- 9 3 - 86 

ING. JOSE RENE RAMOS GONZALEZ 
Libertad No. 113-Sur 
Frontera, Coah. 
Tel: 5-14-58 

I~G. JORGE LUIS RUIZ MAGAÑA 
Calle 8 No. 97 
Col. Progreso Nacional 
México 14, D. F. 
Te 1: 3-92-28-69 

RICARDO SANCHEZ ROSADO 
Av. Fernando 268-3er. Piso 
Col. Portales 
Méx i e o 1 3 , D • F. 
Te l: 5-90-81-30 

1 NG., OTHON VALERIANO SOTO 
Campamento Cd. Aiemán,Ver. 

ING. MIGUEL A. VAZQUEZ CONTRERAS 
Cerro del Cubi Jete 121-202 
Col. Campestre Churubusco 
Méx i e o 21 , D. F. 
Tel': 5-95-54-79 

ING. ALEJANDRO VELASCO LEVY 
Coscoma te No. 97 
Bosque Tetlameya 
México 22, D. F. 
Te 1 : 5 - 7 3 - 84 - 1 8 

ING. RAFAEL LUIS TREVIÑO PARKER 
Cerro Dos Conejos No. 160 
Col. Romero de Terreros 
Méx i e o 21 , D. F. 
Tel: 5-54-37-43 

EMPRESA Y DIRECCION 

1 1 MAS-UNAM 
Ciudad Universitaria 
Méx i e o 2 O, D. F. 
Te 1 : 5-48-54-65 

ALTOS HORNOS DE MEXICO,S.A. 
Morelos s/n 
Monc 1 ova, Coah. 
Tel: 3-11-11 

COMISION DE AGUAS DEL VALLE 
DE MEXICO 
Ba 1 de ras No. 55 
Méx i e o 1 , D. F. 
Tel: 5-85-50-66 Ext.315 

SECRETARIA DE ASENTAMIENTOS 
HUMANOS Y OBRAS PUBLICAS 
Xola y Av. Universid~d 
Méx i e o 1 3, D. F. 
Te 1 :5-90-91-96 

COMISI ON DEL PAPALOAPAN 
Campamento Cd. Alemán,Ver. 

ISTME,S .. A. 
Mi ne r í a N o. 1 4 5 E di f i e i o 11 F 11 

Col. Escandón 
Méx i e o 1 8, D. F. 
Tel: 5-16-04-60 Ext.280 

1 1 MAS-UNAM 
Ciudad Universitaria 
Méx i e o 2 O, D. F. 
Te 1 : 5-48-54-65 

COMISION FEDERAL DE ELECTRICI­
DAD 
Río Ródano No. 14 
Col. Cuauhtémoc 
México 5, D. F. 
Te 1 : 5-5 3 -71 -3 3 Ex t • 2 066 
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CEC UNAM P. BALLESTEROS Feb./1974. 

1-. CONCEPTOS FUNDAMENTALES DE MECANICA ESTRUTURAL 

l. 1-. Energía de la Formación. 

L 1 • 1-. Tensión. 
1.1.2-. Corte. 
1.1.3-. Torsión. 
1 • 1 • 4- • F 1 ex ion • · 
1. 1.5-. Expresion general. 

1.2-. Principio de Superposisión. 

1.2.1-. Introducción. 
1.2.2-. Casos en que no rige el principio de superposisión. 
1.2.3-. Ecuaciones generales de superposisión de causas y efectos. 

1.2.3.1 Introducción. 
1 .2.3.2 Estructura hiperestática de grado ''n 11 

1 • 2. 3. 3 Ej emp 1 os. 

1.3-. Generalización de la energía de deformación. 

1 • 3. 1 Ej emp 1 os • 

1.4-. Teorema de Cas'tigl iano. 

1 • 4 • 1 E j e m p 1 os • 

1.5-. Teorema del Trabajo mínimo. 

1.5.1 Ilustración mediante ejemplos. 

2-. METODOS MATRICIALES DE ANALISIS ESTRUCTURAL 

2. 1-. Método de Fuerzas y de Formación. 

2.1. 1-. Método de deformación. 
2.1 .2-. Método de fuerzas. 

2.2-. Elementos de algebra matricial. 

2.2.1-. Introducción. 
2.2.2-. Suma de matrices. 
2.2.3-. Resta de matrices. 
2.2.4-. Multiplicación escalar de matrices. 
2.2.5-. Multiplicación entre matrices. 
2.2.6-. Transposición de matrices. 
2.2.7-. Tipos particulares de matrices. 

Tacuba 5, pnmer piso. México 1, D.F. 
Teléfonos: 521·30-95 y 513·27-95 
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2.2.7.1-. Matris unitar~a. 
2.2.7.2-. Matris diagonalo 
2.2.7o3-. Concepto de inversión de matrices. 
2.2.7.4-. Adjunta de una matris. 

2 • 2 o 8- o E j e m p 1 os 

2.3-. Métodos matriciales en armaduras. 

2.4-. Análisis matricial de vigas co~tinuas. 

2.5-. Análisis matricial de estructuras reticulares. 

_. 
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BIBLIOTECA DE PROGPJ\NAS D.C ANALISIS NUf.lERICO 
SECCION DE INVESTIGACION DE OPERt\CIONES (DESFI) 

PR0GR.AJ'iAS DE CONTROL h'FL 

PROGRAH.'i\: COHPILACIO::r Y EJECUCION DE UN PROGP..Al'1A FUE1-JTE 
RESIDENTE EN DI~CC 

CLAVE 2.5 

-
PROGRM1A DE CONTROL: 

1( ? JOB NOHBRE/TAREA; USER=XXXX/YY; CLASS=3; 
2} ? FAHILY DISK = PACK OTHEmoJISE DISK; 
3) ? BEGIN 
4)- --? COHPILE PROGRAJ:.lA/OBJETO FORTRAN LIBRARY GO; __ 

- 5} ? FORTRZ\N FILE TAPE = PROGR.AHA/FUENTE; 
6)-- ? DATA 

- 7} $- SET MERGE 
,8) - ? DATA FILES 
'9) < TarjE.tas de datos> 
10) ?-- END JOB 

DESCRIPCION DEL PROGRl\t·1A: 

1)- 'Acceso al sistema, identificación y clave del usuario 
2) Indica ~1 uso de disco. 
3) Inicio de la tarea , 
4) Llarn~ ~l compilador deseado, indica que se ejecutard 

el prog~aroa residente en disco 
5) Indica que se trabaja en un archivo crecido anteriormente 
6) Señala la entrada del programa fuente. 
7) Opci6n: .emerge el-programa fuente 

·8) Entrada de datos 
9) Tarjetas de datos 
10) Final de la tarea 
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BIBLIOTECA DE PROGRN-1AS DE ANALISIS NUMERICO 
SECCION DE INVESTIGACION DE OPERACIONES (DESFI) 

PROGRAMAS DE CONTROL vJFL 

PROGRAMA: EJECUCION DE UN PROGRAMA OBJETO RESIDENTE EN DISCO 
DEL USUARIO ZZZZ, bajo la clave del usuario XXXX/yy. 

CLAVE 2.4 

PROGRAMA DE CONTROL: 

1) ? JOB NOMBRE/TAREA; USER XXXX/yy; CLASS = 3; 
2) ? FAMILY DISK = PACK OTHERWISE DISK; 
3) ? BEGIN 
4) ? EXECUTE (~ZZZ) OBJECT/PROGRAMA/OBJETO 
5) ? DATA FILES 
6) < Tarjetas de Datos > 
7) ? END JOB 

DESCRIPCION DEL PROGRAMA: 

1) 
2) 
3) 
4) 

5) 
6) 
7} 

Acceso al sistema, identificación y clave ¿el usuario. 
Indica la utilización de disco. 
Inicio de la tarea. 
Ejecución del programa objeto, ~ROGP~1A/OBJ8TO, pertene 
ciente al usuario ZZZZ. 
Indica la entrada de datos.~ 
Tarjetas de datos. 
Final de tarea. 

- ) 

OBSERVACIONES: _ 

1) Con el fin de ejécutar los programas del catalogo de la 
programoteca de la Sección de Investigación de Operacio 
nes, escribir JL95 en lugar de ZZZZ, esto es ZZZZ + JL95. 

\...,.- .. ~·"'·, ~ 

~~~e Sf{D ... r-e. 
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BIBLIOTECA DE PROGRJWffi DE ANALISIS NUMERICO 
SECCION DE INVESTIGACION DE OPERACIONES (DESFI) 

PROGRAMAS DE CONTROL \'IFL 

PROGRAMA: EJECUCION DE UN PROGRAMA OBJETO RESIDENTE EN DISCO. 

CLAVE 2.3. 

PROGRAMA DE CONTROL: 

1) -? JOB NOMBRE/TAREA; USER =-XXXX/yy; CLASS =-3 
2) ? FAMILY DISK = PACK OTHER\"liSE DISK: 
3) ? BEGIN 
4) ·? EXECUTE OBJECT/PROGRAMA/OBJETO 
5) ? DATA FILES 

!6) < Tarjetas de Datos > 
'7) ? END JOB 

DESCRIPCION DEL PROG~ffi: 

1) 
2) 
3)" 
4) 

5) 
6) 

. -·?) 

Acceso al sistema, identificaci6n 
Indica la utilizaci6n de disco. 
Inicio de la tarea. 
Señala la ejecución de un programa 
el nombre PROGRAMA/OBJETO. 
Indica la entrada de datos. 
Tqrjetas de datos. 
Final de-la-tarea . 

y clave de qsuario. 

objeto, grabado bajo 

-
'. 
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-

BIBLIOTECA DE PROGRN'l.AS DE ANALISIS NUMERICO 
SECCION DE INVESTIGACION DE OPE~CIONES (DESFI) 

PROGRAMAS DE CONTROL WFL 

PROG~~u~; GRABADO DE UN PROGRfu~ FUENTE E~~ TARJETAS A DISCO. 

CLAVE 2.2 

PROGRAMA DE CONTROL: 

-

1) ? ,JOB NOMBRE/TJ'l.REA; USER = XXXX/yy; -CLASS = 3 
2)- _- ? FAMILY-DISK=PACK OTHER~HSE DISK; 

-- 3)_-- -_-? B-::::~IN 

4) ? c.__-.,¡.~PILE PROGRAMA/OBJETO FORTRAN -LIBaARY; 
-S) ? FORTRAN FILE NE~'JTAPE = PROGRAMA/FUENTE; 
--6-)- ? DATA 

-

- 7) $ 8ST NE~'Y 
-

8) $ SET SEQ B + I 
9) < ':'arjetas del Procjram::~. fuente > 

10) -? END JOB 

DESCRIPCION-DEL PROGRAMA:· 

1) 
2 )· 
3) 
4) 

5) 
-6) 
7) 
8) 

- -~---g) 

_lO}__ 

Acceso al sistema,· identificación-y c:ave del usuario. 
Indica la utilización de disco. 
Incio de la tarea. 
Llama al compilador deseado, indica salo la grabaci6n 
en c1Lsco. ___ . 
J:ndiéa la creación de un- nuevo archivo~- : 
Sefiala la entrada del proqrama fuente. 
Opción: Es un programa nuevo. 

-Opción: Secuenciación con base "B" e :incremento 11 1 11 

--_·-Tar~etas_del programa.:- fuente.---- --- -- · - _ ,-

Final de la tarea. 

- :__-" 

---

--- - - - . ~-



ANALISIS ESTRUCTURAL 

TEMA IV. l. INTRODUCCION AL METODO DE ELEMENTOS FINITOS 
EJEMPLO DE ANALISIS Y DISE~O DE UN EDIFICIO 
CON MURO DE CORTANTE ( MURO - MARCO ) 
MEDIANTE LA COMPUTADORA. 

PROF. DR. PORFIRIO BALLESTEROS. 

febrero-marzo 1978. 
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