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A LOS ASISTENTES A LOS CURSOS DEL CENTRO DE EDUCACION
CONTINUA

Las autoridades de la Facultad de Ingenierfa, por conducto del Jefe del

_Centro.-de—Educacién Continua, otorgan una constancia de asistencia a -

quienes cumplan con los requisitos establecidos para cada curso. Las
personas que deseen que aparezca su titulc profesional precediendo a -
su nombre en la constancia, deber&n entregar copia del mismo o de su -
cédula a mds tardar el SEGUNDC DIA de clases, en las oficinas del Centro
con la senorita encargada de inscripciones.

El control de asistencia se llevard a cabo a través de la persona encar
gada de entregar las notas del curso. Las inasistencias ser&n computa-
das por las autoridades del Centro, con el fin de entregarle constancia
solamente a los alumncs gue tengan un minimo del 80% de asistencia.

Se recomienda a los asistentes participar activamente con sus ideas y
experiencias, pues los cursos que ofrece el Centro esté&n planeados para
que los profesores expongan una tesis, pero sobre todo, para que coordi
nen las opiniones de todos los interesados constituyendo verdaderos se-
minarios.

Es muy importante que todos los asistentes llenen y entregen su hoja -
de inscripcién al inicio del curso. Las personas comisionadas por al-
guna institucién deberdn pasar a inscribirse: en las oficinas del Centro

en la misma forma que los demis a51stentes, entregando el oficio respec
tivo.

Con objeto de mejorar los servicios que el Centro de Educacifn Continua
ofrece, al final del curso se hard una evaluacién a trdves de un cues--

tionario disefiado para emitir juicios anénimos por parte de los asisten
tes.



UNIVERSIDAD NACIONAL AUTONOMA DE MEXICO
FACULTAD DE INGENIERIA

DIVISION DE ESTUDIOS SUPERIORES

CENTRO DE EDUCACION CONTINUA
DIRECTORIO GENERAL

REGISTRO DE ASISTENTES Y PROFESORES. -

NOMBRE DEL CURSO: FOLIO CLAVE ASOC]
] 5 6 7
N .
8 13 14 NOMBRE(S) APELLIDO PATERNO APELLIDO MATERNO 41
REG. FED. CAUS. CED. PROF. .
) 51 52 58
TEL. PARTICULAR TEL. OFICINA | EXTENSION
— 59 %5 &6 72 73 76
MARQUE CON UNA CRUZ '
ASISTENTE [] PROFESOR ] ] ]
77 80
8  DOMICILIO PARTICULAR ( CALLE. NUMERO Y No. INTERIOR ) 41
[ | Z.p.
42 COLONIA 71 72 73
ESTADO , 74 75
[ 1] 2]
TITULO PROFESIONAL 76 77 ESPECIALIDAD 7879 80
8 DOMICIUO DE OFICINA ( CALLE, NUMERO Y No. INTERIOR) 47
) Z.p.
42 COLONIA 7 7273
3]
ESTADO 74 75

"OCIACIONES A LAS QUE PERTENECE.

(L]

FCEC-0I}




Fecha

Febrero 27

Febrero 28

Marzo 1°

Marzo 2

1R 3

Duracidn

9al3dhyde
15al7h

9al3hyde
15al7h

9aldhy
del5al7h

9al2h

12al3h vy
&15al7h

9al3h
ydelSalZh

17al18h

'edes. 11,1,78.

Tema

I.

II.

III. Método de las Rigideces Dr.

IV.Introduccidon al Elemento Finito | Dr.

ANALISIS ESTRUCTURAL 1978

Fundamentos de Elasticidad ’ ' Cr.

Ecuaciones deformacidén-desplazamiento. Ecuacio
nes constitutivas. Ecuaciones de equilibrio. Ecua-
ciones de compatibilidad., Fundamentos energéticos.

Método de las Flfexibilidad.es Dr.

Introduccién. Desplazamientos. Ecuaciones bdsicas
de analisis por flexibilidad. Ejemplos.

Introduccidén. Elemento viga tridimensional. Elemen
to viga bidimensional. Transformacidn de sistemas
coordenados. Analisis de sistemas estructurales bidi
mensionales. Andlisis de sistemas estructurales tri- -
dimensionales. Uso de computadora en andlisis de sis_
temas estructurales. Ejemplos.

Meétodo directo de las rigidices, Determinacidn de
la rigidez de un elemento por medio del principio
del trabajo virtual. Tipos de elementos finitos. Ele
mento rectangular para estados planos de esfuerzos

Ejemplo de un sistema bidimensional muro-marco

mediante computadora.
Clausura. -

Profesor

Porfirio Ballesteros Barocio

Porfirio Ballesteros Barocio

Porfirio Ballesteros Barocio

Porfirio Ballesteros Barocio

i
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DIRECTORIO DEL CURSO ANALISIS ESTRUCTURAL

Dr. Porfirio Ballesteros Barocio
Jefe de la Seccién de Estructuras
Divisidén de Estudios Superiores
Facultad de Ingenieria, UNAM.

Jefe de la Seccidén de Mecdnica Tebrica
y Aplicada

Division de Estudios Superiores
Facultad de Ingenieria, UNAM,

Tel.: 550.52.15 Ext. 4498.

'eccs. 24,11,78.



EVALUACION DE LA ENSERANZA

CURSO: ANALISIS ESTRUCTURAL

wl

FECHAS: Del 27 de febrero al 3 de mar- 8
zo de 1978. <§( 2

- o

N

o |Z

£ | g

5 | o

& | &

PUNTUALIDAD

AYUDAS AUDIOVISUALES
MANT. DEL INTERES (AMENIDAD,

FACILIDAD DE EXPRESION, COMU-
NICACION CON LOS ASISTENTES)

'
1
1

F_undamem:os de la Elasticidad.

ﬁAétodo de las Flexibilidades.

?‘/]étodo de las Rigideces

ntroduccién al Elemento Finito.

|
f
|
|
|
|

ESCALA DE EVALUACION DEL 1 AL 10
l 'edcs. 24,11,78.







'EVALUACION DEL CURSO

CONCEPTO

EVALUACION

APLICACION INMEDIATA DE LOS CONCEPTOS EXPUESTOS

A,

CLARIDAD CON QUE SE EXPUSIERON LOS TEMAS

GRADO DE ACTUALIZACION LOGRADO CON EL CURSO

CUMPLIMIEN TO DE LOS OBJETIVOS DEL CURSO

CONTINUIDAD EN LOS TEMAS DEL CURSO

CALIDAD DE LAS NOTAS DEL CURSO

GRADO DE MOTIVACION LOGRADO CON EL CURSO

ESCALA DE EVALUACION DE 1 A 10




1. :Qué le parecid el ambiente del Centro de Educacidn Continua?

Muy agradable[ | Agradable [ ] | Desagradable [ |

2. Medio de comunicacidn por el que se enterd del curso:

Perioddico Periddico Folleto del

Excilsior [ ] Novedades [ ] Curso ]

Cartel Radio Comunicacidn
mensual ] Universidad[:] carta,teléfo ]
no,verbal,etc.

3. Mecdio de transporte utilizado para venir al Palacio de Mineria:
Autondvil [:] Metro [:] Otro medio [:]

particular

4. ;Qué cambios haria usted en el programa para tratar de perfeccio
nar el curso?

5. ¢(Recomendaria el curso a otras personas? Si[:] No E:]

6. (Qué curso le gustaria que ofrecicra el Ceniro de Educacién Conti
nua?

7. :Qué servicios desearia que tuviese el CEC para los asistentes a
Cursos?

8. Otras sugestiones:







17.

18.

19.

20.

21.

22.

23.

HUEBNER, K. H., The Finite Element Method For Engineers,
John Wiley, New York, 1975

ROCKEY, K. C., et al, The Finite Element Method, Crosby,
Lockwoed, Staples, London, 1975

CONNOR, J. J. and BREBBIA, C. A., Finite Eiement 1echniques
for Fluid Flow, Butterworths, London, 1976

ODEN, J. J. and REDDY, J. N., An Introduction to Mathematica:
Theory of Finite Elements, John Wiley, New York, 1976

SEGERLIND, L. J., Applied Finite Element Analysis, John
Wiley, New York, 1976

BATHE, K. J. and WILSON, E. L., Numerical Methods in Finite
Element Analysis, Prentice-Hall, N. J., 1976

NORRIE, D. H., and de VRIES, G., "A Fimite Element Bibliography
(3 Parts), Report No. 57, Mechanical Engineering Departmenrt
The University of Calgary, Canada, 1974
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ANALISIS ESTRUCTURAL

TEMA: ELEMENTOS DE ALGEBRA MATRICIAL.

PROF. DR. .ORFIRIC BALLESTEROS .

Febrero-Marzo,1978.

Palaci
aclo de Minerla Colle de Tacuba 5, primer piso. México1, D.F. Tels: 521-40-2§  521-73-35  5123-123
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METODO DE ANALISIS POR ELEMENTOS FINITOS.

INTRODUCCION.

El ingeniero en la busca de los valores numéricos adecuados para descri-
bir su proceso de diseflo, se encontraba generalmente con formulaciones mate
mét:icas dificiles. Por ejemplo, considerando el simple caso de teoriade ---

=
tlexién de placas, bajo las hipStesis de pequefias deformaciones y que las sec-
ciqmes planas permanecen planas después de la deformacién, la ecuacién di fe-
rehcial que gobierma el anilisis .iaara un material elastico lineal hoxhncgeneo‘ e

isotrépico es
S 4
f‘b___“wi -+ {i‘f@ 2 4_@_@%! = i (1)
X4 | A 4 1 D
donde W es la deflexidn en el pémfo (%X, ¥), q es la intensidad de 1a carga en el
: Eh
3 S £ IS, - .

punto{ x, v), ¥ D 72C1-99 es la rigidez flexionante de la placa la
cual depende del modulo de elasticidad E, el espesor de la placa h y la rela-

ci6n de Poisson =) En la Fig. 1 se presenta un elémento diferencial de

la placa y las acciones y reacciones sobre €l. Combinando la flexién simple
en dos direcciones se obtiene para los momentos y cortantes por unidad de lon-

gitud de placa lo siguiente:
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Para el caso particular de la placa libremente apoyada, y rectangular,

cuyas condiciones en la frontera ( Fig. 2 ) son:

W(%g) g0

Wik (8,3) + 9 Wy (0,¥) =0 ®
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Navier en 1820 present6 a ia Academia Francesa de Ciencias, la solucidi

representando la carga q ( x, y), por medio de una serie trigonométrica doble

(4)

W\'@%“%

substdrtutye (4) en (1) y considerando las propiedades de ortogona!idad de las

series trigonométricas obtiene la solucién de la ecuacién diferencial bi-armonica

@@%

Gz%m
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st V=)

(1) como

en donde el coeficiente Amn viene expresado por

G Yo Lo
awa‘«’-’% %u‘@mmw o o %d"&% (6)
e ©

El procedimiento de Navier consiste en lo siguiente:, Conocida la funci6n de
carga q (x,y), se substituye en (6) y se-obtiene el coeficiente Amn el cual -
nuevamente se substituye en (S) y se obtiene la deﬂexién. W (x,¥), Y por medio
las ecuaciones (2) se obtienen los momentos y cortantes g_M% y { Q,%

Ec imporiante observar que las limitaciones de Navier se refieren a una placa -

rectangular libremente apoyada y con una funcién de carga q (x,y) impar con -

respecto a X, y con respecto a Y, es decir, f(%) = =-‘p(" 3¢) y
Si 1a funcién fuese par, la representacién de -

q (x,y) seria mediante una serie de cosenos, 'y si q (x, ?x) fuese una funcién cual



quiera, se representaria mediante una serie trigonométrica doble completa
de senos y cosenos, y se tendrian problemas en satisfacer las condiciones en
la frontera. 'Generalmente la convergencia de la serie (5) es lenta, y en algu_
nos casos es necesario considerar mas de 500 términos para asegurar la solu_
cién correcta.

Posteriormente en 1900 M. Levy cambia de posicion los ejes ccordenadoc

( F1g. 3 ) e utiliza una serie trigonoméftrica simple

= > Full) dsn BE o

[13%-3 ]

El procedimiento de Levy consiste en substituir (7) en (1) obteniendo una
ecuacién diferencial lineal de cuarto orden en fm(y) con coeficientes constan-
tes no homogenea con la cual y]; es posible satisfacer diferentes condiciones en
la frontera é;,-; x 2 . pero coﬂtinua limitado a una placa rectangular

libremente apoyada en’las-fronteras x=0 y Xx=a.

V44
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Las limitaciones de anilisis tan restringidas, como los ejemplos anteriores,
aparecian en innumerables problemas de ingenierfa, lo cual originé el principio

de los mé&todos numéricos, el cual presenta dos etapas de desarrollo.  Antes

———

de l“a_hé_poca de las computadoras, donde representa un importante papel el Prof.

Southwell del Colegio Imperial de Inglaterra, desarroliando y aplicando los mé-

todos numéricos de relajacién y diferencias finitas, superando las limitaciones

restringidas de los métodos analiticos de soluci6n.

Durante la era de-las computadoras digitales, el método de analisis por ¢

mentos _finitos ha obtenido gran popularidad, puesto que en egte procedimienic

I - -

como resultado de la discretizacidn del medio por analizar, se obtienen sistemas

grandes de ecuaciones algebraicas lineales simultineas, lo cual actualmente su

solucién no representa ningﬁn%;gg_g;gma. Por ejemplo, en el caso de anilisis -

elastico lineal de placas, podemos tener cualquier condicién de apoyo, de geome

tria y de cargas, practicamente se eliminan la mayoria de las restricciones de

las soluciones analiticas mencionadas, el problema mais importante es verifiar

—

adecuadamente su convergencia.

El primer trabajo referente al método se debe a Hrenikoff Ref, 1  pu-

blicado en 1941, A el segundo a McHenry public

{ Fig. 4) se verifican soluciones de problemas de elasticidad bidemensional en

estado plano de esfuerzos, discretizando el medio y buscando la analogia con la

solucién estructural.

Posteriormente en 1949 Newmark, en su libro de Métodos Numéricos - -

Ref. 3 , presenta los métodos de Hrenikoff y McHenry. Sin emba-rgclL el
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Fig. 4 Primera solucion presentada por Hrenikoff en 1941.

créaito de aplicarlo a medios continuos es de Turner, Clough, Martny  Topp

(UL Satieded

Ref. 5 , ynoes, sino hasta 1960 con Clough,_ Ref. 6 nace por primera

vez el nombre magico de "Elemento Finito" , derivando méis correctamente las

propiedades basicas del elemento triangular y el rectangular, y el hecho de que

en el mismo tiempo la computadora comienza a ser una herramienta muy efecti

va, conduce rapidamente a la solucién numérica de problemas elistico lineales

complejos, en los cuales una solucién analitica no era posible.

Se inician la derivacién de las prop1edades de rigidez de los elementos finitos,

Ve cam ¢ e TL T e e e i 4 E mmc— % e e - v e e W2 S e

el campo de desplazam;entos en el medio se expresa en funcién de los desplaza -

-~ n e

e e A s i wdmb tem—— e e

mientos nodales del elemento, satisfaciendo contmuldad las fuerzas internas se

W At e i e = . e ———

definen aphcando el principio del traha jo virtual, la identidad de este proceso con

e T s b L o

el de minimizar la energia potencial total, 0 sea, el proceso de Rayleigh-Ritz

Ref. 7 esobvia. Eldesarrollo anterior se acentia en el campo de la Meca-

nica de Solidos y posteriormente Zjenkiewicz Ref. 13 y Wilson Ref. 14 lo

aplican en Mecanica de fluidos y en problemas de anilisis de conduccién de calor.
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' Se presenta al f1nal una lista de referencias de importancia del método del ele-

mento finito

Al iniciar la determinaciér de esfuerzos y desplazamientos en cierto proble-
ma de disefio, las ecuaciones que gobiernan el problema en cualquier forma de-
ben satisfacer equilibrio y continuidad. |

E! Método del Elemento Finito es un procedimiento analitico, y cuando se
aplica a un medio continuo, éste se modela ana-lfticameﬁté subdividié}xdolo en -
sub-regiones { los elementos finitos ) en los que el comportamlento de cada uno
es definido por grupos separados de funciones que supuestamente deﬁnen esfuer-
zos y desplazamientos en esa regién, las funciones se seleccionan en forma tal
que se satisfaga la condici6én d&conu’nuidad a través de todo el medio, por lo

tanto, el mérodo del elemento finito en comin con las soluciones por series y di-

frrencias fimtas representa una aproximacién a la solucién del problema

¢ }. Elemento. estructural
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Fig S Tipos de elementos finitos




Elementos que son usados comunmente en la priactica son ilustrados en la

Fig. S,

El elemento estructural simple, Fig. S (a), es un miembro de la familia -

total de elementos finitos. Cuando se usa con elementos del mismo tipo descri
be armaduras y estructuras espaciales. Cuando se combina con elementos de
tipo diferente, especialmente con elementos de placa generalmente se describen

miembros de rigidez.

Los elementos bisicos en anilisis por elementos finitos son placas delgadas

con cargas contenidas en su plano ( condicién de esfuerzos planos ), triangulares

y cuadrilateros se ilustran en la Fib Sb. Se denominan basicos porque los pri-
S
meros desarrollos concernientes con el método se refieren a ellos.

Los elementos sé6lidos, Fig. 5(c), son la generalizacién tridimensional de

los elementos de esfuerzos planos. El tetrahedro y el hexaedro son las formas
méis comunes y son esenciales para modelar analiticamente problemas de meca
nica Jde suelos, rocas y estructuras nucleares. Es convénie;nte mencionar que
la Gnica forma practica de resolver problemas tridimensionales practicos, es
el método de elementos finitos.

Uno de los campos méis importantes de aplicacién del método de elementos

finitos es en el analisis de "s6lidos axisimétricos”, Fig. S (d). Una gran varie -

dad de problemas de ingenieria caen en esta categoria, incluyendo concreto, tan
ques, recipientes nucleares, rotores, pistones, flechas de motwores, y la cabeza

de los roquets. Generalmente son medios de carga y geometria axisimétrica.



(C

En la Fig. 5(d) se muestra el elementw triaagular, también se usan secciones

cuadrilateras.

Elemento de placa plana en flexién es empleado no solo en coneccidn con el
CELCERNEEZRS

comportamieng de placas planas, sinc también en cascarones y miembros de -

pared delgada. Fig. 5 (e).

Estructuras de cascarén delgado axisimétricas, Fig. 5 (f), tenen el mismo

rango de significado en la aplicacién practica que los sélidos axisimétricos. Sin-
. embargo, las relaciones gobernantes se derivan de la teoria de cascarones delga

dos.

Cuando una estructura de cascardn delgado que de hecho es curva, es prefe-
rible emplear elementos de cascarén curvos delgados para el modelo analitico,
tienen la ventaja de describir mas aproximadamente la superficie curva del casca

rén, y la apropiada representacién del acoplamiento de deformacién y equilibrio

entre cada elemento, Elementos tipicos de cascarones de doble curvatura se mues

tran en Fig. 5(g). Gran nimero de formulaciones para este elemento existen.

ALGUNAS APLICACICNES DE ELEMENTOS FINITOS.

Examinaremos algunas aplicaciones delmétodo de elementos finitos en disefio
estructural con el objeto de ilustrar la forma en la cual se usan los elementos -
de la Fig. 5, y la escala y complejidad de los problemas.

El desarrollo del método del elemento finito se debe a los investigadores re-

Jdacionados con la industria aerondutica. La Figura 6 muestra la forma en que -




se aplicé el anilisis por elementos finitos de una porcién del avién Boeing 747.
La estructura del fuselaje de un avién consiste de laminas de aluminio ligadas

a una estructura interna formada por armadurzis y atiezadores. La experien-
cia ha mostrado que los efectos locales de flexién en el cascardn son desprecia
bles, por lo tanto, se supone que cons1ste_g§1e elementos en condicién plana de -
esfuerzos Fig. 3(b). _El analisis de eleglgntos finitos del Bog;:.ng 747, de la -
parte achurada, regién que conecta el cuerpo o Cascarén Monocoque con las alas,
éz_'_ea achurada en Fig. 6,_ _consiste de 7000 i’;n_c_;égn_itas. ' Por lowtanto, es comin
en la practica dividir la estructura en regiones, o subestructuras, y analizar -
cada una por elementos finitos con el objeto de producir un superelemento. Los
superelementos se ligan entze si por medio de un procedimiento ponvenciona;l

que determina la fase final del analisis.

El esquema de subestructuracion del Boemg 747 es mostrado en la Fig. 6

y los detalles son listados en la Tabla 1.

—
.. Sub- Descripcién Nodos Condicién Elementwo Elemento Grados liber Grado de
Estructra Carga Viga Placa tad interac-~  libertad
cién elemen- otal.
: os.
1 Ala 262 14 355 363 - 104 796
2 Centro ala 267 8 414 295 198 880
. Cascarén
Monocoque 291 7 502 223 91 1,026
4 Cascarén M.213 S 377 185 145 820
S Cascaron M 292 7 415 241 200 936
6 Caja Tren
Aterrizaje 170 10 221 103 126 686
7 Cascarén M 285 6 392 249 233 509
8 Caja Tren
Aterrizaje 129 10 201 93 148 503
9 Cascarén M 286 7 497 227 92 1,038
TOTAL \ 2,195 63 3,374 1,579 S35 . 7,394

-

Tavlad Wk estweivacion. del Roeinq 747



Esfuerzos plonos

Fig 6 Boeing 747
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Como es usual en el disefio de aviones, se hicieron pruebas en el prototipo

fn

y los resultados se compararon con la solucién por elementos finitos, coinci -

diendo como se muestra en la Fig. 7

-4 -2

UL 3&0

o DEPORMIMETRO AXIAL 320
o DEFORMIMETRO BIAXIAL
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Boenig 747 - 4
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/ \
-200 Boeing 745 -5

—

160
— 1
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Linea de ;ggua " Water lune ,

Fig. 7 Comparacién entre anilisis y experimenfacic‘m del Boing 747

Es importante agregar que la respuesta dinamica de un avién es muy impor
tante, asi como su inestabilidad elastica es una forma importante de 'falla, Niﬂ
guno de estos fendmenos puede tratarse por los métocdos simplificados, pero su
analisis usando el método de elementos fihitos ha probado ser muy aceptable,

Problemas similares se encuentran en Ai:‘qq"ite}ctura Naval: Figura 8 una -
porcién de una estructura de un itransbordador. La parte plana es representada
por elementos en estado plano de esfuerzos, Fig. 5(b). Elementos estruﬁlu -

P
rales, Fig. 5 (a), son empleados en la reprewentacién de la estructura interna.
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£l namero total de incégnitas para definir las paries importanies de un barco

es del orden de 50,000, 'y de nuevo se subdivide el problema en subestructuras

obteniendoc menos incgnitas.

Elemento (L,
Elemenic (a)

. Ou . dv_
YRV 67+d;

b) Esfvertos plonos:

~=Flemento (b)

Fig. 8 Analisis por elemento finito de vetructura de un {ransbordudo
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Elemenios sohdos

Fig 9 Analisis por elementos finiios de un recipiehte reacior de concre_éfo presforzado

Requerimientos de seguridad en el diseiio estrucrur'al de los reactures nu-
cleares han caugado que la industria use ampliamente el anéilisis por elementos
finitos. Figura 9 (a) un recipiente reactor de concreto presforzado. Debido a
la simetria ks posible analizar solamente un doceavo de la estructura total, - -
Fig. 9 (b). Su volumen se modela analfticamente en un ensamble;de elementos
tetacdrales y hexaedrales, Fig. 5(c). En problemas de este tipo; el ndmero dé
incognitas es del orden de 20,000, y muy comin hacer el analisis en condjcioncs

no lineales en material y geometria.



o
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o todos los problemas de aplicacién del método de elementos finitos son
de propbrcio nes monumentales. Las figuras 10 y 11 muestran aplicaciones -
bisicas a ciertos problemas de ingenieria civil. Una forma de incrementar
1z eficiencia de disefio en secciones roladas de acerc estructural es cortando
el alma en la forma dentada rnosn:a:ia en ila Fig. 10 (a), colocando una seccién
sobre la otray soldandolas, Fig. 10 (b). Y se obtiene una viga mis aperalta-
da reduciendo el acero en el alma, y por supuesto que en este problema rutina

rio de disefio, no es necesario el uso del métwodo de elementos finitos.

Fig. 10 Analisis de elementos finitos de una viga aperaltada en celosia.

Un probiema todavia més comin es ~! de una viga de concreto reforzado,
Fie. 11, para el cual se conoce muy poco respecto a la adherencia entre el
acero de refuerzo y el concreto, y la formacién y crecimiento de las grietas

al aumentar la carga. La Figura 11 (a) muestra el modelo analitico de ele-



mentos finitos y la descripcion de las travectorias de grietas y las gréaficas de
esfuerzoé_ se muestran en la Fig. 11 (b).

Los pocos ejemplos mostrados muestran que el método de elementos finitos
puede ser usado ventajosamente en cualquier situacién que se requiera la pre--
diccién de esfuerzos y deformaciones internas, desplazamientos, vibraciones,
inestabilidad elastica, mecainica de fluidos, transferencia de calor. Situaciones
que se ’levahran de diversos campos que tradicionalmente han sido considerados
como disciplinas ingenieriles separadss. Ejem., Ingenieria Civil, Mecéxnica, -

Aeroespacial, Arquitectura Naval. El método del elemento finito proporciona

una tecnologia unificada de anilisis en casi todos los campos.

Es nuestro intento en este curso desarrollar los conceptos teéricos basicos
y estudiar problemas especificos de caracter prictico. Un compendio de tales
problemas llenaria muchos volumenes, por lo tanto es recomendable consultar

las memorias de congresos y publicaciones periddicas correspondientes.’

PROGRAMAS DE PROPOSITOS GENERALES.

S S

e e e eyt ot

Se ha indicado que las ecuaciones del método ue elementos finitos son de una
forma tal que su caracter general permite tedricamente escribir un solo progra_
ma de computadora que resuelva la mayoria de los problemas que se presentan
en la Mecéanica de Medio Continuos. Programas de computadora con este obje-
tivo, aln en escala restringida, son llamados-prograﬁlas "de propdsitos genera-

tes”. La ventaja de programas de propdsitos generales no es s6lo su capacidad,
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Fig. 11 Analisis por elementos finitos de una viga de concreio
reforzadg.
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sino también en la instruccién de los probables usuarios resﬁecuo ala inter-
‘pretacion de la décumentac;ién, los datos y procedimientos de entrada y sali-
da de resultados.

El costo de desarrollo de un |programa de propdsitos generales es usual-
mente muy alwo por lo que la amortizacidn de la inversidn es esenclal. - Ciexr-
too programas de propdsitos generales son codificados en un ienguaje compu-
tacional que permite operar el programa a muchas organizaciones diferentgs
localizadas en grandes separaciones geograficas. Ouros prdgramas de propd
sitos especiales de limitada capacidad se usan en organizaciones industriales
¥y gubernamentales con un costo menc. en su desarrollo y operacién.

Las cuatro componentes mostradas en el diagrama de ﬂu]o de la Fig, 12,

«««««

daws de entrada, reqguiere del usuario informacién del medio o materal, des-

cripcidn geométrica de la representacién por elementos finitgs y las condicio-

nes de carga y de frontera, Los programas de propdsitos géherales més sQ-.

sisticados facilitan el proceso de entrada como propiedades cbnstitutivas del
material, almacenados previamente, esquemas de modelar analfticamente el

medio, trazar esterograficamente la idealizacién por elementos finitos en for-

ma tal que los errores pucden detectarse antes de efectuar los célculos.

La fase de biblioteca.dc elementos finitosg es de interés pf'imordlal enel -
curso, En ella se tienen los procesos de codificacién formu;lativos para los
elementos individualmente. La mayorfa de los programas de p;opﬁsitos ge-
nerales contienen todos los elementos de la Fig. 5, asf comq ciertas otras al-

ternativas de formulacién para un tipo dado de elemento, por,; ejemplo el trian-



DESFI-UNAM Marzo'15 de 1976

v oA et ST b A b DRI P
l. Entrada de datos %a

T R
Definicién del material, geomeiria,

cargas y condiciones en la frontera

del modqlo fisico del medio.

Generacion de los modelos matematicos

para los glem,e,ntos estructurales y las
/ .

/7

cargas aplicadas.

WW« TE e ) GAABSIEDIy ne f ) R IR e e O VIRt
t 3. Solucion : W]

Construccién y solucién del modelo

matematico para el sigstema estructural

Obtencmn de esfuerzos y

desplazamientos.

Fig. 12 Diagrama de flujo computacional en
Anélisis Estructural.

P. Ballesteros
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gulo en flexi6n. Tedricamente el elemento biblioteca eg de extremos abierws
}

y capaz de acomodar cualquier nuevo elemento de cualquier gfado de compie-

jidad.

La fase elemento de blibioteca recibe los datos almacenados y establece las
relaciones algebriicas del elemento por medio de la aplicacién de los procesos
formulativos relevantes de codificacién. Esta fase del prograna de propfsitos
génerales también incluye todas las relaciones algebrdicas para interconectar
los elementos vecinos y la coneccién del proceso en sf. Las operaciones poste-
riores producen un conjunto de ecuaciones algebrdicas lineales simultidneas para
representar la estructura compl:ra por elementos finiws.

L.a fase solucién del programa de propdsitos generales opera .sobre las ecua
ciones del problema formadas en la fase anterior. En el caso de un probléma -
de anilisis estructural solo significu lu solucién de un conjunto de ecuaciones li-
neales algebraicas. Soluciones para respuesta dindmica requeririn computacio-
nes més extensas sobre la historia-ticmpo de las cargas aplicadas. En algunos
casos hay que operar en regiones subdivididas como en el caso del andlisis del
Boeing 747, o efectuar operaciones especiales en las ecuaéiones construfdas ori-
ginalmentle. Incluidas en esfa fase estdn las operaciones nece¢sarias de substitu-
cién para obtener todos los: aspectos deseados de la solucién.

fase salida de resultados presenta el andlisis con un registro de la solucién

sobre la cual se pueden tomar decisiones respecto al dimensionamiento estructu-
ral o diseflo. El registro comunmente es presentado mediante una lista impresa
de esfuerzos y desplazamientos de los respectivos elementos. Asicomo en la -

fase de entrada existe una fuerte tendencia a la representacién grafica de datos, -
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@

‘tales como grificas de trayecwrias principales de esfuerzqs o 1nodos de pandeu

y vibracion.

ALGUNOS PROGRAMAS DE PROPOSITOS GENERALES.

:CES-STRUDL, 11, Integrated Civil Engineering System, (IGES), MIT, Maneja

problemas de deformacidn y esfuerzos planos, cascarones vebajados, s6lidos wi

dimensionales, flexién de placas con v sin deformacifn axial. su uso en proble-

mas muy especializados resulta caro. ASKA, Automatic System for Kinematic

Analysis. Desarrollado por J.'H. Argyris, H. A,

de Swittgar. Sistema general muy potente el cual incluye una biblioteca de 42
elementos diferentes. Puede ser costoso para un usuario especializado. SQP,
A General Structural Ana}ygm Program, elaborado por E. L Wilson de ia Univer-
sidad de California. Incluye anilisis lineal estatico y dinémch de estructuras elds
ticas, estructuras' tridimensionales, sdlidos axisiméwricos, séiidos tridimensiona-
les, esfuerzos y deformacién plana, placas y cascarones.

Zienkiewcz, U,C., programa desarrollando en la Universidad de Wales, -
Swansea. Incluye lo de-los programas anteriores y problemas de Mecdnica d2

Fluldos y transierencia de calor,

NASTRAN, NaAsa STRuctral ANalysis. Desarrollado por U S. Mational -

Aeronautical and Space Administration para anilisis eldstico de varias estructuras

incluye, anilisis de expansién térmica, respuesta dinamic . a cargas traasitorias -

y exitaciones random, cilcaio de valores caracterfsucos real:s y complejos, esta
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SAMIS, Structur:l Analvsis and Matrix Interpretarive System. Desarrollado
por Jet Propulsion Laboratorv. y Manned Spacecraft Center. Contiene un ele -
mento unidimensional general y elementos triangulares para deformaciones por -
flexi6n y membrana. |

ELAS y ELAS 8, Egquilibrium Problems of Linear Structures. Desarrollado

P L TS SNV TN . - \GETLE it . SRR Ve Sty LM

FEIE- =Y SRR

por el Jet Propulsion Laboratory. Incluve una biblioteca de elementos unidimen

\a s RS A A ey
gicnsiee  triangulares, cuadrildteros, tetaedros, hexaedros, c¢oénicos, sdélidos -

axlsimét-icos de secciones cuadrilitercs y triangulares.

MARC, elaborado por P, V. Marcal, incluye andlisis lineal v no lineu) de RO

blemas de Mecanica de Medios Continuos,



f. BALLESTERQOS

LISTA DE REFERENCIAS EN CRDEN CRONCLOGICO DEL METO&, OE
ELEMENTO0OS FINITOS

(1) Hrenikoff, A., "Solution of pmblems in elasticity by the framework method,
J. Appl. Mech. 8, A 169-175, 194}.

(2) McHerry, D., " A lamce analogy for the solution of plane¢ stress pmblems,
. Inst. Civ. Eng 2], 59-82, 1943.

{3) Newwnark, N. M,, "Numerical methods of analysis in bars plates and elag-
tic bodies, " “Numerical Methods of Analysis in Engineering, "'edited by L. E.
Grinter, MacMillan (1949)

{4} Torner, M. }., CloughyR., W., Martin, H. C.., and Topp,l L. ]. .o
Stiffness and deflection analysxs of complex structures, " J. Aero Sci. 23, 805-
823, 1956; AMR IO (1957), Rev. 1776.

,9) Clough, R. W., "The finite eiemem in plane stx’ess analyaﬁa, Proc. 2nd.
ASCE Conf. on Electronic Computation, Pmsburgh, Pa., Sept. 1960

(b)Y Argyris, j« H., "Energy Theorems and structural analysns. ‘Butterworu,
London (1960). (Reprinted from Aircraft Eng. 1954-85); AMR 15 (1962), Rev.
2703.

()] Cmegh R. W., "The finite eiement method in structural mechanics, "
(Ch. 7 “Stress Analysis", 0. G. Zienkiewicz and G..S. Holister, edited by, ;.
Wiley & Son (1965); chapter in AMR 20 (1967)a Rev., 3942.

{8) Courant, R., "Variational methods for the solution of proeblems of equili~
brium and vibration, " Bull. Am, Math. Soc. 49, 1-23, 1943.

(9) Prager, W., and Synge, i. L., "Approximation in elasticity based on the
coacept of funcuon space, " Quart. Appl Math. 5, 241-69, 1947.

(10) Synge, ]. La » "The hypermrcle in mathematical physics, - ambridge Univ.
Press (1957); AMR 11 (1958), Rev. 733.

(1I) Schmelter, J., "The energy method of networks of arbitrary 'shape in pro-
blems of theory of elasticity, " Proc. IUTAM Symp. on Non-homogeneity in
Elasticity and Plasticity, W. Olszak, edited by, Pexgamon Press (1959).

(12) Zienklewicz, O. C., and Cheung, Y. K., "Finite elements mn the solutica
.of field problems, " Engineer, 200, S07-510, Sept. 1965.

va3) Wilson, E. L., and Nickell, K. “Application of finite element method
to heat conduction analysis, Nucleax Eng. and Design 3, 1-1l, 1966



P. 3ALLESTEROS

c 8 =

(93) Ariett, P. L., Bahrani, A. K., and Zienkiewicz, Q. C., .’ Application
of finite elements to the solution of Helmholtz's equation (wava guides), "' Proc.
Inst. ELl. Eng. I15, 1762-1964, 1968. ' ,

(96) Zienkiewicz, O. C., and Newton, R. E., "mepléd vibrations of & struc~ ', -’
twre gubmerged in a compressible fluid, " Int. Symp. on ﬂnite element techniques
in shipbuilding, Stuttgart, 1969.

(97) Taylor, C., Patil, B. S., and Zienkiewicz, O. C., "Harbour oscillation
fn a numerical treatment for undampred modes, " Proc. Inst. Giv. Eng. 43,
241=153, 1969.

N

(98) Archer, J. S., and Rubig, C. P., “Improved linear mzﬂsymmetric»shell »
fluld mode! for launch vehicle. lengitudinal response analysis, ' Proc. Conf.
Mat. Meth. in Struct. Mech,, Wright-Patterson AFB, Ohio, 1965

(99) Zienkiewicz, O. C., lmns,, B., and Nath P., "Nawral frequencies of
complex free or submerged structures by the finite element methed, " Symp.
or Vibration tn Civ. Eng., Inst. Civ. Eng., (Butterworth), London, 1965,

(100) Sandhu, R. S., and Wilson, E. L., "Finite element analysis of seepage
in elastic media, " ]. of Engnr. Mech. Div., Proc. ASCE 935, 641-651, 1969.

{101) Rashid, Y. R., "Three-dimensional analysis of elastic solids, " Int. J.
Solids Struct., " Part I: Analysis procedure, ™ 5, 1311=33, 1969; Part II: “ The -
computational problem, " 6, 195-207, 197Q.

(102) Irons, B. M., "A frontal solution program for finite element analyéﬁs, e
lnto }0 Num. Meth..in Eng’o 2‘, 5°3231970.

{103) johnson, W. M., and Melay, R. W., “"Convergence of the finite elems.ux
method in the theory of elasticity, " J. Appl. Mech. Trans. ASME, 274-278,
june 1963. ‘

{l04) Przemieniecki, .J. S., "Theory of matrix structural analysis, “ McCraw-
_ Hill, 1963.

{105) }enkms, W. M., "Matrix and digital computer methods {a strucruml
onalysis, " \chraw-Hnu 1969,

{206) Pops, G. G., " The application of the matrix displacement method in
plane elastoplastlc stress problems, " Proc. Conf. Matrix Vleth. in Struct.
Mech., Wright-Patterson AFB, Chin, 1965,

(107) Mmiller, R. E. and S. D; Hansen, "Large Scale Analysisg of Current Air-
craft, " On General Purpogé Finite Element Computer Programs, P. V. Marcal
(ed). ASME Special Publication, New York, N. Y., 197C.



©, BALLESTERCS

» 9 =@

{108) Smith, C. §. and G.' Miwghell, "Practical Considerati@m»in ths Application
of Finle Element Techiigiles-to Ship Strucwres, " * Proc. of Sympseium on Finite
Element Techniques, U. of-Stittgart, Stuttgart, Germany, june, 1969.

{109) Cowm,. j. M. ard J. E. Smith, "“Use of Sman Models in Design and Ana- -
lysis of Prestressed-Concrete Reactor Vessels, " Report ORNL-4346, Oak
Ridge Nat. Lab., Oak Ridge, Tenu., May, 1970.

{110) Cheng, W. K., M. U. Hesain, and V. V. Meis, "Analysis of Cuswellatea
Beams by the Finite Element Method, " Proc. of Conf. on Finite Elernant Method
in Civil Eng., McGill UypiMontreal, Canada, 1972, pp. 1105-1140.

(1il) Gallagher, R. H., "Largs -Seale Computer Programs for Structural Analy-
sia” in On Gensral Purppsé Finite Element Computer Programsa, P. V. Marcal
(ed.Y» ASME Special Publi¢ation, 1970, pp. 3-34.

(i2) Marcal, P. V., "Survey of General Purpose Programs for rinite Element
Analysis,” in Advances in Compuiational Methods in Structura) Mechanics ana
Design, J. T. Oden, et al. (ed.), U. of Alabama Press, University, Ala.,

1972 L]

{113) Gallagher, R. H. and .- C, Zienkicwicz, Optimum Strucmral Des.gn
john Wiley & Sons, Inc., New York, N. Y., 1973. g

|






FINITE ELEMENT METHOD
THEGRY AND APPLICATION

1. INTRODUCTION

1.1 HISTORICAL BACKGROUND

The finite element method (FEM) has become a powerful numerical
technique for solving complex problems in scienca and engineering,
mainly .due to the advances made earlier in the numerical methods
particularly in matrix methods as well as due to the rapid
introduction ¢f high speed computers in the marketl However,

ithe introduction of concepts and applications of FEM dates back
to the era of mathematicians who tried to calculate the periméter
and area of a circle by idealizing it as & regular polygon. It
ic also interesting to note that the bound solutions vhich are
often discussed in FEM can be traced back o the solution of the
area of 'a circle. If the circle is modelicd with an inscribed
polygpn; a lower bound sclution ;s obtaine:d whereas an upper
bound solution is obtained by replacing tl < ¢ircle by a circums
cribed polyg&n. Even though the basic cor.epts of FEM existed
for over two thousand years, for all pract ical purposes, one can
only say that these concepts were actually used for solving

physical prcblems in 1950s by the aeronaul ical engineers.

In "¢5¢, Turner et al (Ref 1) presented tliz stiffness analysis
for the complex structures, which is the starting point in the
rediscovery of FEM. Nevertheless, Cloug@ ‘Ref 2) was the one
who actually used the term FEM in 1960. & “uce then, a tre

mendous amount of rescarch has beer done I this field ani



quite a large number of papers have been published in almost all

the journals related to all fields of engineering as well as some

in the fields of mathematics and science. In addition, several

conferences have been held all over the world and hundreds of

papers have been presented in each. The theory and application _

of FEM have also been presented in numerous text books (Ref 3-22)

In order to help the research workers in tracing the references

required for their particular work several bibliographics have

either been published or under preparation, among them notably

Ref (23) is a good source of information.

1.2 APPLICATIONS OF FEM

The FEM is applicable to a variety of boundary value and initial

value problems in engineering as well as applied science. Some

of these applications are:

1.

4.
5.
6.
7.
8.

Stress Analysis of Structures, Stability of Structures,
Dynamic response of structures, Thermal Stress Analysis,
Torsion of prismatic members

Stress Analysis of Geomechanics problems, Soil-Structure
Interaction, Slope Stability problems, Soil Dynamics and
Earthquake Engineering, Seepage in soils and rocks, Con-
solidation settlement

“Solutions in Fluid Mechanics, Harbour oscillations, Pollution

Studies, Sedimentation

Analysis of Nuclear Reactor Structures

Stress Analysis and Flow Problems in Biomechanics
Characteristic Study of-Composites in Jibre Technology
Wave fropagation in Geophysics

Fiecld Problems in Electrical Engineering



Apart from the above mentioned areas, the FEM is also applicable
to any other problem as long as the 'analyst makes certain that
the problem ié.amenable to solution based on the assumptions
introduced in the formulation of FEM and appropriate material
properties can be provided in a realistic manner,

1.3 METHODS OF ANALYSIS

In general, there are four basic methods of analysis in FEM-
displacement method, equilibrium method, mixed Qethod and hybrid

method. The field variables or unknown quantities in each of

chese methods are as follows.

Displacement method - displacements and their derivatives
Equilibrium method - stress components
Mixed method - some displacements and some stress components

Hybrid method - displacements or boundary forces

In the displacement method, smooth 'displacement distribution is
assumed within an element, interelement compatibility of displa-
cement is generally assured and minimum potential energy criterion

is used in the formulation.

In the equilibrium method, the interior siress distribution is
as:s med to be smooth, the equilibrium of roundary tractions is
mainiained and the minimum complimentary cnergy is the basis

for the formulation.

In the mixed method which is generally us.d for plate and shell

wroblems, both displacements and stresses are assumed smooth
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in the interior, the displacement components and the equivalent
stress components are considered to be continuous at the inter-
element boundaries and the formulation is based on Reissner's

principle.

‘In the hybrid method, depending-on whether- the model is dis- :,
placement type or equilibrium type, the distribution of dis-
placements or stresses within the element is considered to be
smooth and along the interelement’boundary either assumed
compatible displacements or assumed equilibrating boundary
Fractions are ensured and either modified complementary energy
or modified potential energy principle is adopted for the for-

mulation.

Among these four methods, the displacement method is the most
widely used approach. However, for plate bending problems
either the equilibrium or mixed method is preferred and for

some field problems hybrid method is more suitable.

1.4 DESCRIPTION OF FEM

A structure, continuum or a domain is divided into a number of

- ——— —arbitrary shaped parts. or regions_known as efements. These

elements are interconnected at joints know: as nodes. The

principal unknown is termed as the {{eld vaniabte._ This field
variable can be displacement, temperature, pore-pressure Or
stress. The distribution of the field variable within an
element is approximated b? the use of certain polynomial

functions Variational methods or residual methods are employed
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to develop the finite element equaiions which relate the field
variables at the nodes to the corresponding action vector at the
nodes of the element. This relationship is provided by the so

led property matrix which is based on the material and the

[

ca
geometric properties of the element. Finally these finite
*lement equations are assembled to form a system of algebraic

eguations for the entire domain. The unknown field variable

!

is obtained by solving this system of algebraic equations.

1.5 BASIC STEPS IN FE ANALYSIS
The basic steps in the finite element analysis of general

préblems are as follows.
J

1. The continuum is divided into finite elements of any
arbitrary shape.

2. A suitabie polynomial is chosen to represent the distribution
of the field variable within an element in texrms of its
ncdal values. Thus, the field variables at the nodes become
the ‘primary unknowns.

3. Using variational methods or residual methods, the finite
element equations are formulated.

4., The individual finite element equations obtained in step
3 are assembled to form a set of algebraic eguations for
the overall continuum.

5. The solution of the algebraic equations obtained in step 4
yields the valuesof the field variables at the nodes.

€. From the field variables at the nodes, the secondary
variables such as stress, strain for an element can be
obtained.



10.

11.

13.

14.
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4, Plane Stress and Plane Strain

4.1 Introduction

Two-dimensional elastic problems were the first successful examples of
the application of the finite element inethod.!'? Indeed, we have already
used this situation to illustrate tke basis of the finite efement formulation
in Chapter 2 where the general relationships were derived. These basic
relationships are given in Egs. {2.1),(2.2), (2.3),(2.9),(2.10), and (2.16) and
for quick reference are summarized in Appendix II.

In this chapter the particular relationships for the problem in hand wil}
be derived in more detail, and illustrated by suitable practical examples,
a procedure that will be followed throughout the remainder of the book.

Only the simpliest, triangular, element will be discussed in detail but the
basic approach is general. More elaborate elements to be discussed in later
chapters would be introduced to the same problem in an identical manner.

Tke reader not familiar with the applicable basic definitions of elasticity
is referred to elementary texts on the subject, in particular to the text by
Timoshenko and Goodier,* whose notation wil! be widely used here.

In both problems of plane stress and plane strain the displacement
field is uniquely given by the u and v displacemenis in directions of the
cartesian, orthogonal x and y axes.

Again, in both, the only strains and stresses that Liave to be considered
are the three components in the x-y plane. In the case of plene stress, by
definition, all other components of stress are zero and therefore give no
contribution to internai work. In plane strain the stress in a directicn
perpendicular to the x—y plane is not zero. However, by definition, the
strain in that direction is zero, and therefore no contribution to internal
work is made by this stress, which can in fact be explicitly evaluated from
the three main stress components, if desired, at the end of all computation.

4.2 Element Characteristics .

4.2.1 Displacement functions. Figure 4.1 shows the typical triangular
element considered, with nodes i, j, m numbered in an anti-clockwise
order.
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The displacements of a node have two components

- {6} = {:f} @.1)

and the six components of element displacements are listed as a2 vector

6

{6} = {5,}. 4.2)
5

Gre X

Fig. 4.1 An element of a continuum in plane stress or plane strain

The displacements within an e'ement have to be uniquely defined by

these six values. The simplest representation is clearly given by two linear
polynomials

u=a,+ax+a,y,

V= a4+d5X+<15y. (4.3)

’I:he six constants « can be evaluated easily by solving the two sets of three
simultaneous equations which will arise if the nodal co-ordinates are in-
serted and the displacements equated to the appropriate nodal displace-

ments. Writing, for example,
u,- = Ot1+a2x, +a3y‘
Uy = oy +azx, +ayy; (4.4)
Up = o)+ X+ o3y,




i
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we can easily solve for a,, a,, and a, m terms of the nodal displacements -

u,, u;, u,, and obtain finally i
u= 2% {(ai+b,.x+ciy)ui+(aj+b,x+¢,y)uj+(am+b,,,x+c,,.y)u,..} (4.52)
in which ‘
a = xjy,,j—x,,‘y,
b, = ,V;—}’:- =Vim (4-5_b)
€i = Xn=Xj = Xnj

‘ .
with the other coefficients obtained by a cyclic permutation of subscripts
in the order, i, j, m, and where |

1 x5 »n
2A =det |1 x; y;| =2 (areaof triangle ijm). (4.5¢)
1

1 x, yal .

As the equations for the vertical displacement v are similar we also have

v= ilA-{(a, +bx +cy)v, + (g +b,x“+ c,y)vj+(a,,,+b,,,x+c,,y)v,,,}. (4.6)

|
Though not strictly necessary at this stage we can represent the above
relations Egs. (4.5a) and (4.6) in the standard form of Eq. (2. 1)

= {‘;} = [N1{8}* =[N}, IN}, IN, {3} @.n
|
|

with 7 a two by two identity matrix, and
Ni = (a;+bix+cy)/2A etc. (4.8)

Note: if co-ordinates are taken from the centroid of the element then
X+ Xu+ Xy =yt Y+ Ve = ? and q, = 2A/3 = g; = a,,

The chosen displacement function automatically guarantees continuity
of displacements with adjacent elements because the displacements vary
linearly along any side of the triangle and, with identical displacement
imposed at the nodes, the same displacement will clearly exist all along
an interface. . N .

4.2.2 Strain (total). The total strain at any point within the element can
be defined by its three components which contribute to internal work.

|

PLANE STRESS AND PLANE STRAIN sl
4 gli 1
0x
sx
{£}={ey}=< o1 4.9)
oy
Y=y
du @_
Lay 0x )

Using Eqs. (4.7) or (4.5a) and (4.6) we have

TSI T I

ax ax ax v,

ON; oN;, oN, u

=10 = i | m J

{8} ay 0 ay 0 ay <vj¥

N; ON; 9Ny ON, 0Ny oNp| |un

dy o0x dy dx Jy Ox U

L J U )

b, 0 b, 0 b, 0
1

=55 |0 @ 0 ¢ 0 cf {8} (4.10)

a b ¢ b;. Cm bm

which defines the matrix [ B] of Eq. (2.2) explicitly.
It will be noted that in this case the [B] matrix is independent of the
position within the element, and hence the strains are constant throughout
it. Obviously, the criterion of constant strain mentioned in Chapter 2 is
satisfied by the shape functions.
4.2.3 Initial strain (thermal strain). ‘ Initial’ strains, that is strains which
are independent of stress, may be due to many causes. Shrinkage, crystal

growth or, most frequently, temperature changes will, in general, result in
an initial strain vector.

p
€xo0

{eo} =4 &vo - (4.11)
?xyo

Although this initial strain may, in general, depend on the position
within the element, it will usually be defined by average, constant, values.
This is consistent with the constant strain conditions imposed by the
prescribed displacement function.

Thus, for the case of plane stress in an isotropic material in an element
subject to a temperature rise ¢ with a coefficient of thermal expansion «,
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we will have, for instance,

ab®
{ee} = \[ af® (4.12)
{©C
as no shear strains are caused by a thermal dilatation.

Ta plane sirain the situation is macre complex. The presnmption of plane
strain implies that stresses perpendicular to the x-y plane will develop
due to thermal expansion even without the three main stress components,
and hence the initial strain will be affected by the elastic constants.

It will be shown that in such a case

ad® )
{eo} = (1+v) {ag’J (4.13)

where v is the Poisson’s ratio.

%)‘

B X

Fiz. 4.2 Ac element of a stratified (transversely-isotropic) material

Anisotropic matenals present special problems, since the coefficients
of thermal expansion may vary with direction. Let X’ and y in Fig. 4.2
show the principal directions of the material. The initial strain due to
thermal expans.ion bécomes, with reference to these co-ordinates for plane
stress

£270 a,0°
{eo) -="{ 80 = {n,0° (4.14) v
X i yx'y'(!} 0 J
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where a, and «, are the expansion coefficients raferred to the x’ and y'
axes respectively.

To obtain the strain components in the x, y system it is necessary to use
an appropriate strain transformation matrix [ 7] giving

{eo'} = [TT"{e0}- (4.15)
With the p as defined in Fig. 4.2 it is easily veritied that
cos” B sin® § —2sin fcos B
[T] = |sin?B cos’ B 2sinfcosf |
sin Bcosf —sinfcosB  cos? f-sin® 3]
Thus, {e,} can be simply evaluated. It will be noied that no longer is the

shear component of strain equal to zero in the x—y co-ordinates.
4.2.4 Elasticity marrix. The matrix { D] of the relation Eq. (2.3)

o, £x 1,
{o} =30, t =[D] &, r ~{&} (4.16)
Txy yx/

can be explicitly stated for any material (excluding here {g,} which is
simply additive).

Plzane siress—isotropic material. For plane stress in an isotropic maierial
we have, by definition,

£, = 0 /E—vo [Ete,
e, = —Vvo JE+o/Bte, @.17
ny == 2(1 + V)Txy/E+ 6:)0‘

Solving the above for the stresses, we obtain matrix [D] as

1 v 0 1
v 1 0 (4.18)
[0 0 (1-v)/2

E

1~y?

{p] =

in which E is the elastic modulus and v is the Poisson’s ratio. '
Plane strain—isotropic material. In this case a normal stress g, exists
in addition to the three other stress components. For the special case of
isotropic thermal expansion we have
&, = 0. /JE—vo,/E—va,/E+ab*
, = —vo, /E+0o,/E—va,/E+ab* 4.19)
| Vxy 21+ V)Txy/E-

)
1l

]
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but in addition w
g, =0= -—-va,/E—va,/E+a,/E+a8‘.

On eliminating o, and solving for the three remaining stresses we obtain
the prevxously quoted expression for the initial strain Eq. (4.13), and by
comparison with Eq. (4.16), the matnx.[D]

1 v/(1 7 v) 0 _
_ E(1—v) _ ;
[D] = ——-—-—-——-(l (-2 v/(1-v) !l 0 . (4.20)
0 0 (1-=-2v)/2(1 -v)

|
Anisotropic materials. For a comp]ct‘ely anisotropic material, 21 inde-
pendent elastic constants are necessary to define completely the three-
dimensional stress-strain relationship.*-3
If two-dimensional analysis is to be applicable a symmetry of properties
must exist, implying at most six independent constants in the [ D] matrix.

Thus, it is always possible to write ;

dy, i dy; di;
(D] = | dy; dys 4.21)
(sym) | dy;

to describe the most general two-dimensional behaviour. (The necessary
symmetry of the [ D] matrix follows from the general equivalent of the
Maxwell-Betti reciprocal theorem and is a consequence of invariant energy
irrespective of the path taken to reach a given strain state.)

Pianc of strata parallel to x—z
"Fig. 4.3 A stratified (trans:versely-isotroplc) material
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A case of particular interest in practice is that of a ‘stratified’ or
transversely-isotropic material in which a rotational symmetry of proper-
ties exists within the plane of the strata. Such a material possesses only five
independent elastic constants.

The general stress-strain relations give in this case, following the nota-
tion of Lekhnitskii,* and taking now the y axis as perpendicular to the
strata (neglecting initial strain), Fig. 4.3.

e, = o /E, —v,0,/E; —v,0./E,
6, = - VzO'JEz"’G,/Ez"‘VzGJEz

&, = —v,0,/E,~v,0,/E;+0,/JE, - (4.22)
-'yxz = {2(]+Vl)/El}tx:
1
Y=y = E; Txy
1
Vyz = E;Ty

in which the constants E,, v, (G, is dependent) are associated with the
behaviour in plane of the strata and E,, G,, v, with a direction normal to
these.

The [ D] matrix in two-dimensions becomes now, taking
E G,

ot R 2
E, n and E, m
n  hv, 0
E,
(D] = ——=|nv, 1 0 (4.23)
(1—nv3)

0 0 m(l—nvd)

for plane stress, or

- E,
T (M +v) (A —v, —2mv3)
n(l—nvd) nv,(14v,) 0
nvy(1+vy) (1-v3) 0 (4.24)
0 0 m(1+v,)(1 —v, —2nv3)

for plane strain.
When, as in Fig. 4.2, the direction of strata is inclined to the x-axis then
to obtain the [ D] matrices in the universal co-ordinates a transformation
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is neczssary. Taking [ D] as relating the stressee and strains in the inclined

co-ordinate system {x’, ¥'Y it is easy {0 show that
(D} = (MDYUTY (4.25)
where [T is ithe same 3s given in Eq. (4.15)
If the stress systems {o’} and {¢} correspond to {&'} azd {¢} respectively then by
equaiity of work )
{1} = {o})7{e}

{EY0{e} = {J7Ine}
from which Eq. (4.25) follows on sabstitution of Eq. (4.15). (Sez also Chapter 1.)

o

w.2.5 The stiffness matrix. The stifiness matrix of the element {m is
defized from the general reiationship Eq. (2.10) as

[ﬂ:jwfwnmm“w (4.26)

where 1 is the thickness of the element and the integration is taken over
the area of the triangle. If the thickness of the element is assumed to be
consiant, an assumption convergent to the truth as size of elements
dacreases, thien, as nsither of the matrices contains x or y we have, simp'y

(%) = [BI'(D]{BL:A 4.27)

where A is the area of the triangle (defined alrecady by Eq. (3.5)). This
form is pow sufficiently explicit for computation with the actual matrix
operations being left to the computer,

The matrix [ B] defined by Eq. (4.10) can be written as
5 0

(Bl =1[8,B.3,] with [B]=<0 ¢ / 24, etc. (4.28)
¢, b
Now the stiffness matrix can be written in a partitioned form as
ki ky ki
ki= tky ky kpm (4.29)
ko kej Kom
in which the 2 by 2 submatrices are built up as
{k,] = (B3I [D][B,1A. . (4.30)

This form is often convenient for computation.

4.2.6 Nodal jorces due to initial strain. These are given directly by the
expression Eq. (2.12) which, on performing the integration, becomes

{F}% = —[B]T[D]{eoltA, etc. 4.31)
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Partitioning, one can write alternatively
{F}eo = —[BJ'[D1[eo)iA, etc. (4.32)

These *initial strain’ forces are contributed to the nodes.of an element
in an unequal manner and require precise evaluation. Similar expressions
are derived for initial stress forces.

4.2.7 Distributed body forces In the general case of plane stress or
strain each element of unit area in the x~y plane is subject to forces

ot = {5}
L)Y ;
in the direction of the appropriate axes.

Again, by Eq. (2.11), the contribution of such forces to these at esach
node is given by

(Fp = - J [N]‘{XY} ax dy,
or by Eq. (4.7)
{mfb{ﬂjmuwwm en)

if the body forces X and Y are constant. As N is no longer constant the
integration has to be carried out explicitly. Some gensral integration
formalae for a triangle are given in Appendix 1.

In this special case the calculation will be simptified if the origin of
co-ordinates is taken at the centroid of the element. Now

j‘xdxdy=Jydxdy=0

and on using Eq. (3.8)

(Fd, = —{'YY} f a,dx dy[2A = —{ "Yf}aﬂ

or (F) = —{’;’} &3 = (F}, = (Fa, (@.34)

by relations noted on p. 50.
Explicitly, for the whole element

(FYe = —={ 7 tA/3 (4.35)

e
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which means simply that the total forces ‘acting in x and y direction due to
the body forces are distributed to the nodes in three equal parts. This fact
corresponds with physical intuition, and was often assumed implicitly.

4.2.8 Body force potential. In many cases the body forces are defined in
terms of a body force potential ¢ as

X= - Y= —— 4.36
ox i dy .36
and this potential, rather than the values of X and Y, is known throughout
the region and is specified at nodal points. If {¢}* lists the three values of
the potential associated with the nodes ‘of the element, i.e.,

2
{8} = {9 (4.37)

m
i

and has to correspond with constant values of X and Y, ¢ must vary
linearly within the element. The ‘shape function’ of its variation will
obviously be given by a procedure identical to that used in deriving
Eqs. (4.4) to (4.6), and yields !

Thus, 1
I .
X=--=-[b f,, b){¢}/24
and o )
Y= —?f - —leo cp BV PA (4.39)

The vector of nodal forces due to the body force potential will now replace
Eq. (4.35) by ;

EXEN
G "‘:} Cm
e 1 b‘ 1\‘,1 b"'
(Fp=¢ | ' (9°) (4.40)
¢ ¢ Cp
b, b, b,
° \".’_‘:‘: ) ‘ [ c‘ “Cj Cm N

4.2.9 FEvaluation of stresses. The formulae derived enable the full stiff-
ness matrix.of the structure to be assemblcd and a solution for displace-
ments to be obtained. o
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The stress matrix given in general terms in Eq. (2.15) is obtained by
the appropriate substitutions for each element.

The stresses are, by the basic assumption, constant within the element.
It is usual to assign these to the centroid of the element, and in most of the
examples in this chapter this procedure is followed. An alternative con-
sists of obtaining stress values at the nodes by averaging the values in the
adjacent elements. Some ‘ weighting’ procedures have been used in this
context on an empirical basis but their advantage appears smalil.

It is usual to arrange for the computer to calculate the principal stresses
and their directions of every element.

4.3 Examples—An Assessment of Accuracy

There is no doubt that the solution to plane elasticity problems as formu-
lated in Section 4.2 is, in the limit of subdivision, an exact solution.
Indeed at any stage of a finite subdivision it is an approximate solution as,
say, a Fourier.series solution with a limited number of terms.

As already explained in Chapter 2 the total strain energy obtained
during any stage of approximation will be below the true strain energy of
the exact solution. In practice it will mean that the displacements, and
hence also the stresses, will be underestimated by the approximation in
its general picture. However, it must be emphasized that this is not neces-
sarily true at every point of the continuum individually; hence the value
of such a bound in practice is not great.

What is important for the engineer to know is the order of accuracy
achievable in typical problems with a certain fineness of element sub-
division. In any particular case the error can be assessed by comparison
with known, exact, solutions or by a study of the convergence, using two
or more stages of subdivision.

With the development of experience the engineer can assess a priori the
order of approximation that will be involved in a specific problem tackled
with a given element subdivision. Some of this experience will perhaps be
conveyed by the examples considered in this book.

In the first place attention will be focused on some simple problems for
which exact solutions are available.

Uniform stress field. If the exact solution is in fact that of a uniform
stress field then, what- -2r the element subdivision, the finite element
solution will coincide exactly with the exact one. This is an obvious
corollary of the formulation, nevertheless it is useful as a first check of
written computer programs.

Linearly varying stress field. Here, obviously, the basic assumption of
constancy of stress within elements means that solution will be approxi-
mate only. In Fig. 4.4 a simple example of a beam subject to constant
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bending moment is shown with a fairly coarse subdivision. It is readily
seen that the axial (¢,) stress given by the element ‘straddles’ the exact '
values and, in fact, :f the constant stress values are associated with
centroids of the elements and plotted, the best *£it’ line represents the

excet stresses.

VLo
ing

/.E\

0
-3:07
¢-c7
9% /
-g 07
~0-08 !
~y-18 | -0-a5
097 § -4 03
-H-08 4 -3-LS
T -0t §-0-48
-9 Q08 ¥ ~0-08
-2:06 500
7
0-00 5 -0 93
~0°0% Q-04
-9:28 -0 08
BTy ST B 7
i A
‘g ® Nodal averages
i | =t
¥ Values at
~ centres of
s S D f —1— {riangles
e &) oy=—1
%._l_
Exact
{oy= 75, =0}
p=0-15

Fig.4.4 Pure bending of a beam soived by a coarse subdivision into elements of
tnangular sHape. (Values of 6, 0,, and 1, lisied in that order)

The horizontal and shear stress components differ again from the exact
values (which are simply zero). Again, howsve, it will be noted that they
oscillate by equal, small amounts arcund the exact values.
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At internal nodes, if the average cf stresses of surrounding elements is
taken it will be found that the exact stresses are very closely represented.
Tke average at external faces is not, however, so good. The overall im-
provement in representing the stresses by nodal zyerages, as showa on
Fig. 4.4, is often used in practice for improvement of the approximation,

A weighting of averages near the faces of the structure can further be
used for refinement. Without being ¢ogmatic on this poiat, it scems
preferable, when accuracy demands this, simply to use a finer mesh
subdivision.

Stress concentration. A more realistic iest problem is shown in Figs.
4.5 and 4.6. Here the flow of stress arcrnd a circular hole in an {sotropic
and in an anisoiropic stratified material is considered when ihe stress con-
ditions are uniform.® A graded division into elements is used to allow a
more detailed study in the region where high stress gradieats are expected.
The high degree of accuracy achievablec can be assessed from Fig. 4.6
where some of the results are compnred agzinst exact solutions.:?

Y / l}—m_
!

3 ‘ 8 = =1
/\ ‘ i —x
VAAQ"%A é gy

A/

4 %’:ﬁé!‘ E:
I-ESS NN L.

Fig. 4.5 A circular hole in a uniform stress field. (a) isotropic material; {b)
stratified (orthotropic) material; E, = E, = 1, E, = E; = 3, v, = 01, v, =G,
G,, = 042

4.4 Some Practical Applications

Obviously, the practical applications of the method are limitless, and
indeed at this moment of time the use of the finite element method is
superseding experimental technique for plane problems because of its high
accuracy, lew cost, and versatility. The case of treatment of material
anisotropy, thermal stresses, or body force problems add to its advantages.
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Exact solution for infinite plate.
o  Finite element solution.

(a) lsotropic. ) (b) Orthotropic.

Fig. 4.6 Comparjson of theoretical and ﬁr;xite element results for cases (a) and (b)
of Fig. 4.5

Afew examples.of actual applications to complex problems of engineer-

ing practice will now be given. |

Stress flow around a reinforced opening (Fig. 4.7). In steel pressure
vessels or aircraft structures, openings have to be introduced in the
stressed skin. The penetrating duct itself provides some reinforcement
round the edge and, in addition, the sk;in itself is increased in thickness to
reduce the stresses due to the concentration effects.

Analysis of such problems treated as cases of plane stress presents no
difficulties. The elements are so chosen as to follow the thickness variation,
and appropriate values of this are assigned.

The narrow band of thick material near the edge can be represented
either by special beam-type elements,} or more easily in a standard pro-
gramme by very thin triangular elements of the usual type, to which
appropriate thickness is assigned. The latter procedure was used in the
problem shown in Fig. 4.7 which glves some of the resulting stresses near
the opening itself. The fairly large extent of the region introduced in the
analysis and the grading of the mesh should be noted.

An amsotropxc valley subject to tectonic stress® (Fig. 4.8). A symmetrical
valley subject to a uniform horizontal stress is considered. The material is
straufied, hence is ‘transversely 1sotrop1c and the direction of strata
vares from point to point. ‘

Restrained in y direction from movement.

Fig. f1.7 A reinforced opening in a plate. Uniform stress field at a distance from
o?emng o, = 100, 0, = 50. Thici'ness of plate regions A, B, and C is in the ratio
of 1:3:23

The stress plot shows the tensile region that develops. This phenomenon

is of considerable interest to geologists and engineers concerned with rock
mechanics.
A dam subject to external and internal water pressures®® (Fig. 4.9). A
buttress dam on a somewhat complex rock foundation is here analysed.
The heterogeneous foundation region is subject to plane strain conditions
while the dam itself is considered as a plate (plane stress) of variable
thickness.

With external and gravity loading no special problems of analysis arise,
though perhaps it should be mentioned that it was found worth while to
‘automatize’ the computation of gravity nodal loads. “

When pore pressures are considered, the situation, however, requires
perhaps some explanation,

It is well known that in a porous material the water pressure is trans-
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mitted to the structure as a dody force of magnitude

Buttress web
thickness 9 1.

7 ft. 0 in---veevre-

0 Constant web taper
:> 1 ft. in 82 1t. 6 1n.

2 X
! :

! E 5
: Vo
ppp— 101t l_' . -
i e 1

w-=120 fr, L] dacos==f--121 f 1! -
2
-3 H o 10 ft. 6 in.—, e
_?2 : 47 ft. 0 in. R iR S N S ' I 'JZH.Om
- ) FI Sectional plan A.A

~

IS %
ﬂ»‘“’k -.

. Fault
% (no restraint assumed)

| krei\ grit E= 5E
R

M

dstone E={E. , Grn E(,.-‘.= 1E; -

Zero displacements assumed
Zero displacements assumed

(v

sl N =0 Region analysed

Fig. 4.9 Stress analysis of a buttress dam. Plane stress condition assumed in dam
Fig. 4.8 A valley with curved'strata subject t a horizontal tectonic stress and plane strain in foundation. (a) The buttress section analysed. (b) Extent of
(plare strain 170 ncdes, 298 slements) foundation considered and divisicn into finite elements
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The pore pressure p is, in fact, now a body force potential, as defined
in Eq. (4.36). Figure 4.9 shows the element subdivision of the region and
the outline of the dam. Figure 4.10(a) and (b) show the stresses resulting
from gravity (applied to the dam only) and due to water pressure assumed
to be acting as an external load or, alternatively as an internal pore pres-
sure. Both solutions indicate large tensile regions, but the increase of
stresses due to the second assumption is important.

Cracking. The tensile stresses in the previous example will doubtless
cause the rock to crack. If a stable situation can develop when such a crack
spreads then the dam can be considered safe.

Cracks can be introduced very simply into the analysis by assigning
zero elasticity valuesto chosen elements. An analysis with a wide cracked
wedge is shown in Fig. 4.11, where it can be seen that with the extent of
the crack assumed no tension within the dam body develops.

A more elaborate procedure for following crack propagation and result-

ing stress redistribution can be developed and will be discussed later (see
Chapter 18).

J ‘ Compression (=)
Upstream v .
Tensile zone
xl/ %

Ay Arrow indicates
Cracked zone tension
(material
considered) AV Stresses exclude the
as E=0 original rock stresses

in foundation

n »
¥ x/ \&
x (% X - )
"
L 4 x x
/: ..
. » ¥

Tensile zone but » »

tension less than

probable imitial . x

compression in rock

Fig. 4.11 Stresses in a buttress dam. An introduction of a ‘crack ' modifies stress

distribution (same loading as Fig. 4.10(b))
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Thermal stresses. As an example of thermal stress computation the
same dam is shown under simpls temperature distribution assuriptions.
Results of this analysis are given in Fig. 4.12.

Temperature in this region - 15 F

x
2

(7 -
”‘ . 2
tension (+)” X 203 1b/in

’\00/ —‘}:;\rrow indicates

Corpression (—} %7 tension

zmperaiure drops
nearly here 7’ »

100 1b/in?
f.\’ \
L Ll
NN N/ VA
N NN A : :
I\

No temperature change in foundation.

~

Fig. 4.12  Stress analysis of a buttress dam. Thermal stresses due to cooling of
shadcd area by 15°F (£ = 3x 10% Ib/in®, & = 6§ x 107%/deg F)

Gravity dams. A buttress dam is a natural example for the application
of finiie clement miethods. Other types, such as gravity dams with or
without piers and so on, can also be simply treated. Figure 4.13 shows an
analysis of a large dam with piers and cres« gates.

In this case an approximation of assuming a two-dimensional treaiment
in the vicinity of the abrupt change of section, i.e., where the picrs join the
main body of the dam, is clearly invoived, bui this leads to localized errors
only. )

It is important to note here how, in a single solution, the grading of
element size is used to study concentration of siress at the cabic an-
chorages, the general stress flow in the dam, and the foundation behaviour.
The linear ratio of size of largest to smallest 2lements is of the order of 30
to 1 (the largest elements cccurring in the foundation are not shown in the
figure).

Undergrcund power stasion. This last example illustrated in Figs. 4.14
and 4.15 shows an interesting large-scale appiication Here principal
stresses are plotted autcratically. In this analysis very many different
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components of {a,}, the initial siress, were used Jue to unceriainty of
knowledge aboui geological conditions. The rapid sclution ana plot of
many results enabled the limits within which stresses vary to be found and
an engineering decision arrived at.
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Fig. 4.13 A large barrage with piers and prestressing cables

4.5 Special Treatment of Plane Strain with an Incompressible Material

it will have been noted that the relationship Eq. (4.20) defining the
elasticity [D] matrix for an isotropic material breaks down when the
Pcisson’s ratio reaches a value of 0-5 as the factor in the parentheses
becomes infinite. A simple way of side-siepping the difficulty presented is
to use values of Poisscn's ratio approximate to 0-5 but not equal to it.
Experience shows, however, that if this is done the approximation of
solution dsteriorates. An alternative procedure has been suggested by
Herrman.!® This invelves the use of a new variational formulation, and
readers are referred to his work for details.
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Fig. 4.14 An underground power station. Mesh used in analysis.
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The fixed end moments due to & series of corcentrated loads may be obizines
by the method of superposition. The shear forces F}’,‘,\mé FF com be obtained
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©.40| 2448 | z.449 .45 | 4.6 2.825
©0.45 | B339 | 2.1 4.50 | 4.456 | z.e¥.
o.50 | 8.294 | 2.493 1.5 | 4.342 | 2Z2.q24
o555 | 3.z13 | 2216 || 460 | 1223 2.980
HaX o) 3.440 2.24D 465 | 440z | 3.634'
o065 | 306l | zzes || 430 | o937] 3.09L°
‘e300 | Zaeo | z.z9) 4,35 | . 0849 | 3.1
.. 0.5 2239 | .2.3{(3 || - 1.80.| .34 1_'3.’;44.
0,80 | 2.815| . z.3d45 || 1.85| oses| 3.293
c.85 | 2.231 2.334 || 490 | 0431 3.,36L
0.90 2.644 | 2.404 195 ©.293 . 3.4943
095 | ‘2553 | 2.485 || “z.ool o442 3324
{.00 2.463 | 2.46F 2,05 |=-0.043 | 3.610
.05 z.33s | z.so0 2.40| = ©.435| 3309




Ve

:P/er C., Q;g Qo ' Cy
|__2.95 |-©.344 | 3. 398 || 3.00 [-1%.8LF| 18384
2.20 |1=©.,519 | 3901 .65 |~20.8cc| 24.614
2.25 |~o:xpz.| 4010 || =aqye [-24.88L) zs.385 |
2.30 |~0.892 | 4426 || =35 |~=0.098) 20,08
2.35. | =4.09§. | 4.250 ‘3.80 |~38.1¥8| 39.65%
Z.40 | =~ 4. Boo |- 4.337, 3.85 [~51.593 | <1.9s3
L zé‘i‘sﬁi ~4.543 | d.525 3.90 |=-78.349| F8.59)
| Z50 =494 | AR 3.95 |~158.4} | 45%.59
?__" 2.55 | -4.99z .| 4.84f 4.00 |423,631.0423%433.0(
| 260 [i-2.249 | S.0i8 405 | 461,35 | <1647,
2.65 .| <752 | S.os 440 | 81314 | -8f.sLs
2.0 | -=2lEP9 | 5,45, 4.45 | 54.569 | < 54950
‘2,75 | =341 | 5039 - 4.z0 | P41 195 44643
_2.80 | ~3.444 | s.a34 A.z5 | 330061 [|~33.79 |
2,85 | =3.393| 6.151 A.20 | 23.63%|—%8.422
290 |-4.43L| 6444 |1 A3s | 23,%35] ~24.4L0
" 205 |~ 4.5861 6363 |1 4.40 | 20.784| -24.852
 BOO | ~S032) F.1z2 445 16.445 “’Hl}é‘c
2305 | -5.518| 32.520 4.50 | 16.596|.=13.95¢
340 | =05z | Fabz || 455 | 15.035| -46.553
2245 | ~6.641] 8459 |1 deo | 13-722 <1539 !
320 |- %292 A.ozd ||- Aes | 12.§92] <44.423]
.25 | «&.0321 Q.bti{| 430 | 11:668| «43.L56
320 | =8.843 | 10395 |- 4315 | 10.138|~12.90¢
335 | =9.81¢ | 44.2d4L|| 480 9961 ] 247499
2.40 | ~ 10908 | 1z.292 o5 | a.261 | 11,3328
2.45 |~q2.992 | 15.425 490 8.623 | ~141.349
3.50 | -4%.319 | 14.843 495 | 8.038] ~44919
3.55 |-15.3101 1b.506 s oo | F.498]~10.569
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See. 3-8 Problems
74 Introduction o the Flexbility Methoc of Analysis: Flans.  .ciures
ls k lIO k
A 8 R
% EI = Constant :
’ l st | 5t l 0 [
Prob..3-1 1(0 k l 20k il_é- = Ceonstent
0 ft 10 ft
20k
; 11—k Proti., 3-7
Tt 3 v ¥ v v v ¥ Y ¥ I8 €1 = Constant
% = Conston
Bt 12 R
e
A \ ¢ 1S ft
/ Psob. 3-2 \
A _
. 5
10k 10k 30k t 20k .
% A 8 L ZE = Constant
EI = Constant
“Sﬁ 1 o1 l 4@ 201=801t
Prob. 3-8
Preb. 3-3
LIO k 3
I=2 A I=1 g £« Constam 151t
= Consta
10 ft 10 t4 4 ‘
~ — o A
g 2 !30!&
Prob. 3-4 , —
" 3!% = Constant
4 @ !15f1=60 f1 =
A oft o l ! Prob, 3-9
N 1 ’ 7
1 5 ft of |20t
iC fi Al %ﬁ 11-& 20k
2k > IITEER; , ET = Constant
10 a0t A %B ,%,(’ B
Z L 20m |,__30ft  hofi) 156 |
£I =Constant EI=Constant ! v '
Prok. 3-5 Prob. 3-6 Prob. 3-16

—_—



Sec. 3-8 Problems 75

76 Introduction to the Flexibility Method of Analysis: Planar Structures Ch. 3
",.' 5k ?
/ .
Y ET =Constant L _
4,4 %B 7% stan VT Constont
’A 10 ft io ft l 10 ft l
I A > 1
Prob. 3-17 i 30 ft
A -5 c 250
yom | 100 k 200ft V50 J
4z 5 Tz l 8 ® 40 fi=320 ft !
IS ft i Prob. 3-22
D 2 fi-k
EEEERE 20 k
' . EI =Constant B ¢
20 ft 20 ft 20 ft
o i 10 ft 10 ft
Prob. 3-18 J
& A
I=18 I=2.0 =18 10 ft 15 ft J EI = Constant
A B e\ £ =Constant
| 101 10ft | 10t | 20 ft % Prob. 3-23
™~ T 1 1
1 2 3
Prob. 3-19 N ; -
Vo BN~ :
w 12 ft
WW
D 3
A
Bs (o EL <, EL :
ToYie 103
e £ e L [ £ =Constont oft | 106 [ 10# | 1oft | 101t
Prob. 3-20 ET =Ccnstont
Load case 1 — a single vertical 20 k lood at point 1
100 k Load case 2 — o single vertical 20 k load at point 2
£ 1-5 it Load case 3 —a single vertical 20 k load at point 3
6 D ET = Constant Pr;b. 3.24
10 ft ,
20 ft ¢l ] SELECTED REFERENCES
3-1 Rogers, G. L. and M. L. Causey, Mechanics of Engineering Structures. New York:
R t/l John Wiley & Sons, Inc., 1962.
' 30 ft 3-2 Carpenter, Samuel, Structural Mechanics. New York: John Wiley & Sons, Inc,
1960.

Prob. 3-21




138 Stiffne'ezhod of Analysis : Planar Orthogonal Structures Ch. 4

c. 2-7 FPi ns 139
26
4-7 . IBERXRRK] | RERE
Problems %A 21 A el %
1 I 4 ﬁ“
4.1 to 4-6. Analyze the structural system for the indicated loading, and draw the shear W7 %/,
and moment diagrams for eack member; E = constant and the relative value of moment l 20t
of inertia is indicated for each member. 30 ft 40 tt 301
| 1
8k 16k Prob. 4-4
| I,
K ’
7 Z Zi21t| 201t Y
Bﬂl 24 ft 16 ft 32 f1 - 217 8 ft
21 i 31, ‘ e
20 ft 2l -
Prob.4-1 27 é! 121
4 . 9
l 10 k ? :( T Vi Vi
1
R ENRRE 20 ft l 10 ft
| s % !
8 ft Jjof Prob.4-5
6t .
2724 2h—b
564 15 ft el
21 S ) I 1 2 &
Prob.4.2 I -
| Bk 21 ‘
| '
k :
2 = 21 21 2 ft
* EEEEEREERER ak L
2I
. V44 W/ _—
I 12 ft
L 20 ft
20 ft 21 | o
T — Prob. -8
_L , 4-7. Analyze the rigid frame of Preb. 4-2 for a settiement of the center support of 0.6 in.;
A ' I = 500 in¢, E = 30,000 ksi.
lr, 25 f1 4-8. Determine the final member end actions and the support reactions for the frame
of Prob. 4-3 caused by a clockwise rotation of the left support of 2°; I = 5000 in?,
Prob.4-3 .
E = 3000 ksi.




140 Suffness Method of Analysis : Planar Orthogonal Structures Ch. 4
4-9. Analyze the planar orthogonal frame of Prob. 4-4 for a settlement of the left column

support of 0.6 in. and of the right column support of 0.8 in.; I = 6000 in4, E = 3000 ksi,

fl-1 0 to 4-12. Calculate the final member end actions and the support reactions for the
indicated loading of the structure, and draw the shear and moment diagrams for each
member; E = 30,000 ksi.

» 1B W 70 o 18 W 70 o
P < L o <
o 3 k * £
o 244 o k o)
Q ft O.G-ﬁ =
4 Y IV IV Dy vy v
24 W 100 24 W 100
= 3 3 2
© S ES £
(o] o o
S
W 7 2
30 ft 30 ft
f
Prob. 4-10
30 k
16 W 78 1 16 W 78
—_—
32 @ (101 m
s , < e e
16 W.78 ' I6 W 78
7 ]
15 ft 15 f1
Prob. 4-11
K
. 055 . 304
axasazsxRRREREERERER!
30 W 108 33WIB 30 W 108
[Te} )
= [eo] [+ 4]
o % %
j o o
. l .
30 ft 45 ft 30 ft
]

.Prob, §-12

Problems 149

Sec. 4-7

4-13. Determine the final member end actions and the support reactions for the frame
of Prob. 4-11 if member a is fabricated with a 6° bend (rotating the right end of the
member counterclockwise) at a point 5 ft from the left end of the member.

4-14. Analyze the frame of Prob. 4-12 for a fabrication error of 0.75 in. which resulted
in the 33 W~ 118 being too short.

4-15. Analyze the continuous beam for the given loading. The beams are 1,5-ft wide
and have straight haunches; E = 3000 ksi.

41t x
i

EERERE

' ft
2 ft 12 f
) 40 ft
Prob. 4-13

4-16. Analyze the continuous beam for the indicated loading condition. Draw the shea
and moment diagrams for each beam. The relative values of moments of inertia for each
member are indicated; E = constant.

50 ft 2511,

o 1 21%/ 37| 2l 31 %/21 I £
| 8fi] 15 ft 15 ft {81
I ” |

Prob. 4-16

4-17. Write a computer program using the stiffness method to analyze a continuous bean
for a uniform vertical load applied to any span and acting over the entire span. Assum:
that the moment of inertia is constant over the span of each beam and is different for

each beam; E is constant for the structure.

4-18. Develop a computer program to analyze a general planar orthogonal frame i
the stiffness method for the following load cases: (1) a uniform normal load over "
span of a member; (2) a normal concentrated load applied at point within the span of
a member; (3) a vertical or horizontal concentrated load applied at a joint; and (4) «
moment applied at a joint. Assume that the beam elements are pri ic and that £

constant for the structure.



288 Stiffness Method of Analysis: Three-Dimensional Structures Ch. 6 -
142 Suffness Method of Analysis : Planar Orthogonal Structures Ch. 4 .

The stiffness method is a very powerful tool when coupled with the electronic
digital computer for analyzing complex as well as simple structures. The procedure
for carrying out the analysis is a very orderly, systematic procedure that is not

‘ restricted to a particular type of system. Only those matrices that are required to

: describe the behavior of particular structural elements are different. Thus, the prob-
SELECTED REFERENCES lem of analyzing a given structure becomes one of developing the proper matrices
to describe the response of the elements which make up the system,

4-19. Write a computer program to develop the member stiffness matrix and to compute
the fixed end actions for a uniform normal load acting over the entire span for a non-

prismatic beam element.

4.1 Pei, Ming L., “Stiflness Method of Rigid Frame Analysis,” ASCE, Second Con-
ference on Electronic Computation. Pittsburgh, Pa.: September 8 and 9, 1960.

4-2 Kinney, J. Sterling, Indeterminate Structural Analysis. Reading, Mass.: Addison- 6-9
Wesley Publishing Co., Inc., 1957. Problems
4-3 Gere, Yames M., and William Weaver, Jr., Analysis of Framed Structures. Princeton,
N.J.: D. Van Norstrand Co., Inc., 1965. 6-1. Determine the final end actions developed at the end of each member and the
4-4 Wang, Chu-Kia, Statically Indeterminate Structures. New York: McGraw-Hill support reactions of the rigid frame caused by the indicated loading. For cack member,
Book Company, 1953. =312, I, =21, I, = 4l, and A, = I/4; E = constant and G = E/2. The relative

value of I for each member is given in the box adjacent to the member. The y,-x,

4-5 Morice, P. B., Linear Structural Analysis. London: Thames and Hudson, 1959. plane of each member is dicular to the X—Z reference.

4-6 Hall, A. S., and R. W. Woodhead, Frame Analysis. New York: John Wiley & Sons,
Inc., 1961. Y

4-7 Rubinstein, Moshe F., Matrix Computer Analysis of Structures. Englewood Cliffs,
N.J.: Prentice-Hall, Inc., 1966.

4-8 Willems, Nicholas, and William M. Lucas, Jr., Matrix Analysis for Structural
Engineers. Englewood Clifis, N.J.: Prentice-Hall, Inc., 1968.

4.8 Livesley, R. K., Matrix Methods of Structural Analysis. New York: The Macmillan
Company, Inc., 1964.

Prob. -1 Note: The y..~xn plane of each member is perpen-
dicular to the X-Z plane.

6-2. Analyze the space frame for the imposed loading condition. The mcmbers arc
prismatic 24 w* 100 steel beams; E = 30,000 ksi and G = 12,000 ksi. The members are




Sec. 6-9 Problems. 287

oriented such that the y,—x. plane of each beam, where the y,, axis defines the minor
axis of the cross-section, is perpendicular to the X-Z reference plane.

Prob. 6-2 Note: The y.—x, plane of each member is perpen-
dicular to the X~Z plane.

6-3. Compute the support reactions and final end actions. For members 1 and 2,

I, =213, I, = I, I, = 3I, and A, = If5; for member 3, I, =1 I=2I1I =5l and
A, = I|4; E = constant and G = E/[2. The y,—x, plane of each beam is perpendicula.

to the X-Y reference axis.
LJ,§
Ve
VA

S0

3.6%
IBEEERXERR
: nj

85 ft

k- ———————

10 ft

Prot ; Note: The ym—Xa plane of each member is perpen-
dicular to the X-Y plane.

288.  Sulffness Method of Analysis : Three-Dimensional’ Structures: Ch: 6

6-4. The space frame: is. to be analyzed for the indicated loading: condition. With the
Y=-axis, defining. the: minor principal. axis. of the cross-section;, the: y;,-x;, plane: of. eack
beam is perpendicular to the X-Y reference plane and the y,~x,, plane-of each columr:
is perpendicular to: the: X-Z reference plane; E = 30,000 ksi and G’ = 12,000 ksi.,

20 ft

12 W 120
—_—

, 4.0%
7 AEEREREEX!
24 VE 120

>

Prob. 6-4 Note: The ym—x., planes of the beams are perpen-
dicular to the X-Y plane, and the y,,~x, planes of the columns are
perpendicular to the X-Z plane.

6-5. Determine the final end actions for each member and the support reactions for the
structure caused by the applied loading. For members 1 and 2, I, = I/2, I, = 61, I, = 8,
and A, = 1/5; for member 3, I, = I, I, = 101, I, = 101, and 4, = I/4; E = constant
and G = EJ2. Letting the y,, axis define the minor principal axis of a member’s cross-
section, the y,-x,, plane of members 2 and 3 are perpendicular to the “X-Z reference
plane and the y.~x. plane of member 1 coincides with the X-Y referénce plane.

6-6. Develop the complete structure stiffness matrix for the rigid space frame described
in the figure and set up the complete joint load matrix for the indicated loading condition.
Letting the y,, axis define the minor principal axis of a cross-section, th-  -x,, plane of
ach column is parallel to the Y-Z reference plane and for each beam rpendicular
to the X-Y reference plane; E = 30,000 ksi and G = 12,000 ksi.



290 Stiffness Method of Anslysis . Three-Dimensional Structures Ch. 6
Sec. 6-9 Problems 289 ) .
6-9. Analyze the space frame of Prob. 6-5 for a vertical scttlement of 0.5 in, of the sup- *
y port of member 1. Let £ = 1000 in*, E = 3000 ksi, and G = 1000 ksi.
!
1

6-10. Analyze the rigid space frame of Prob. 6-6 for the indicated loading.

6-11. Analyze the rigid frame structure of Prob. 6-6 for an increase in temperature of
40° of members a over the other members of the structure.

6-12 to 6-15. Determine the bar forces developed in the space truss. The orientation of
the local axes for each member may be selected for convenience of computation;
E = 30,000 ksi. The cross-sectional area of each member (in terms of sq in.) is indicated
adjacent to the member.

z 8
Prob. 65 Note: The ym—xn plane of member 1 coincides with
the X-Y reference plane. The y,-x. plane of members 2 and 3 44
is perpendicular to the X~Z plane in both cases.
k X
a4z 7
ft 1
30k
JH&HHHI!U,/ ,
24 W 120 g
4 4 15 ft 12 1t -
© | 2
& P
>
@] 24 W 120
& A\ 2
¢l Y o z
= & Prob. §-12
Y
® = . .
- 6-16. Compute the bar forces developed in the space truss of Prob. 6-12 if member
25 / @ is fabricated 0.5 in. too short.
i :
orob. 6.6 6-17. Analyze the space truss of Prob. 6-13 for a settiement of support a of 0.75 in.
0D,

6-18. Determine the bar forces in each member and the support reactions for the struc-
6-7. Analyze the frame of Prob. 6-2 for a vertical settlement of 0.75 in. of the support a. ture if member @ of the truss of Prob. 6-14 is fabricated 0.25 in. too long.
6-19. Analyze the structure of Prob. §-15 for a fébrication error of 0.3 in. shortening

. i i rt reactions developed by the rigid frame
6-8. Determine the final end actions and support r e p Y 51g the length of member a.

of Prob. 6-2 if member b is fabricated 1 in. too short.




Sec. 6-9 Problems
Y
20 k
80 ft
X
401t @3
151t A/lsn
//
Z
Prob. 6-13
3ok /200t /S _
/ 30k
/"3 ] 8
S ok 8/ f 30% ! 25
: 16| AN
] (] |
| :8 ! 20
I ,
| 20 20|
6/ $ |16 PTN
25 fi v20/ L f _jes
[a] 1 // ] /
‘ / AN
v 10 "%
'// Y Y
- e e & —*
,/// \ N
Traes
Bf) 20 ft 656 "
e
36 ft /
Vol v

Prob. 6-14

292 Suffness Method of Analysis : Three-Dimensionsl Structures Ch. 6

32 ft

Fr=120k

Prob. 6-18

€-20 to 6-23. Analyze the planar grid structures for the indicated loading. Each member
is positioned in the X-Y reference plane so that the major principal axis (y..) of each
cross-section lies in the plane; E = 30,000 ksi and G = 12,000 ksi.

~
%24 W 100 % fit

24 W 120, /24 WE 120, ofr

%

/Sftf 254 / ZEf 7 o

Prob, 6-20 MNoter Major principal axis of .the cross section of
each member lies in the X-¥ reference plane.
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7

30 W 116

/ISft /  20ft
/s

jé
e /

Prob. 6-21 Nore: Major principal axis of the cross section of
each member lies in the X-Y reference plane.

w7
/oon 7/

Prob. 8-22 Note: Major principal axis of the cross section of
each member lies in the X-Y¥ reference plane.

z

R
w
Q
w
w
<

30 W 99 10 ft

I5 ft /ot
4

X
Prob. 6-23 Note: Major principal axis of the cross scction of

each member lies in the X-Y reference plane.

294  Sufiness Method of Anslysis : Three-Dimensions! Structures Ch 67
6-24. Analyze the planar. grid structure shown in the figure for the indicated loading,
For each member, I, =31/2, I, = 21, I, = I, and A, = I/6. The major principal axis
(7a) of the cross-section of each member lies in the X-Y reference plane. The relative
value of I for each member is given in the box adjacent to the member; E = constant
and G = E/3.

‘Prob. 8-24 Note: Major principal axis of the cross section of
each member lics in the X-¥ reference plane.

6-25. Determine the final end actions and the support reactions for the structure of
Prob. 6-21 if member a is fabricated with a bend of 5° (rotating right end in a counter-
clockwise direction)} at midspan.

6-26. (a) Establish all of the matrices for a beam element with either a variable or
constant cross-section over its span length, arbitrarily oriented in a three-dimensional
space, with both ends of the member restrained against transiation in the x5, ¥, and z,,
directions, both ends restrained against rotation about the x,, and y,, axes, and both ends
free to rotate about the z,, axis-so that this type of member could be handled in a stiffness
analysis.

(b) Evaluate the member stiffness matrix for this beam element if it were a prismatic
member.

6-27. Develop the grid member stiffness matrix [Kg), for a prismatic grid member with
a pin at the j-end of the member so that it is free to rotate about the major principal axis
¥Ym: The member is assumed 1o be restrained against all other possible components of
end displacement. Also, establish the transformation mmatrix [Tg), and the transformed
grid member stiffness matrix [R¢), for this member.

6-28. Establish the membezr stiffness matrix {K*], for a prismatic 12 in. {25# beam.
Note that for this member the shear center and the centroid of the cross-section do not
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coincide. The x,, axis will define the centroidal axis of the beam and the z,, principal axis
will contain both the centroid and the shear center of the channel section.

6-28. Develop & computer program to analyze by the stiffncss method a planar grid
frame for any possible loading condition. Hint: Let fixed end actions be input data.

6-30. Write a computer program tc analyze by the stiffness method a space truss system
for loads applied only at the joints.

6-31. Write a computer program to carry out the analysis of a rigid space frame by the
stiffness method for any possible loading condition. Hint: Use fixed end actions as input.

SELECTED REFERENCES

6-1 Willems, Nicholas, and William M. Lucas, Jr.,, Matrix Analysis for Structural
Engineers. Englewood Cliffs, N.J.: Prentice-Hail, Inc., 1968.

6-2 Gere, James M., and William Weaver, Ir., Analysis of Framed Structures. Princeton,
N.J.: D. Van Nostrand Company, Inc., 1965.

6-3 Seely, Fred B., and James O. Smith, Advanced Mechanics of Materials, 2nd ed.
New York: John Wiley & Sons, Inc., 1952,

6-4 Timoshenko, S. P., and J. H: Goodier, Theory of Elasticity, 2nd ed. New York:
McGraw-Hill Book Company, 1951.
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DIRECTORIO DE ASISTENTES AL CURSO DE ANALISIS ESTRUCTURAL

( DEL 27 DE FEBRERO AL 3 DE MARZO DE 1978 )

NOMBRE-Y DIRECCION

OCTAVIO ALBA RAMIREZ
Guirnaldas No. L75

Col. Vilia de las Flores
Coacalco, Edo. de México

ING. ERNESTO ALCANTAR ORTIZ
Marianc Escobedo No, 17=-11
Col. Andhuac

México 17, D. F.

Tel: 3-99-25-21

ING, ENRIQUE ALVAREZ CASTILLA
Av. Murillo Vidal No. 8

Col. Ensuefo

Jalapa, Ver.

ING. EDUARDO CANO LOPEZ
Fco. Ayala No. 9k

Col. Vista Alegre
México 12, D. F.

Tel: 5-30-09-11

ARQ. MA., LOURDES CASTANEDA
Heriberto Jara No. 58

Col. Modelo

Jalapa, Ver,

Tel: 7-65-46

ING. HECTOR CASTILLO GUTIERREZ
Asie No. 60

Col. Romero Rubio

México 9, D. F.

ROLAND ENGLAND

Emi lic Castelar 213-B
Col. Polanco

Mexuco 5, D. F.

Tel: 5- 45 -32-77

CIRENIO ESCAMIROSA TINOCO
Av. Jalisco No. 258-36
Col. Tacubaya

México 18, D. F.

Tel: 5-64-51-01

EMPRESA Y DIRECCION

ESCUELA SUPER!OR DE INGENIERIA
ARQUITECTURA (1.P.N.}

Edificio No. L

Unidad Profesional de Zacatenco
Col. Lsndavnsta

México, D, F.

Tel: 5-86- 96 Ly
SECRETARIA DE LA DEF. NAC!IONAL

" México 10, D. F.

FACULTAD DE INGENIERIA=UNIVERSIDAD
VERACRUZANA

Zona Universitaria

Jalapa, Ver.

Tel: 7-66-98"

COMISION FEDERAL DE ELECTRICIDAD
Rédano No, 14-507

Col. Cuauhtémoc

México 8, D. F.

Tel: 5-53-71-33 Ext. 2138

COMISION DE AGUAS DEL VALLE DE
MEX1CO )

Balderas No. 55

México 1, D, F.

Tel: 5- 855066 Ext. 315

1 I1MAS, UNAM

Ciudad Universitaria
México 20, D. F.
Tel: 5-48-54-65

S.C.T. SUBSECRETARIA DE PUERTOS Y
MARINA MERCANTE

Av. Insurgentes Sur No. Lb5

Col. Condesa

México 11, D. F.

Tel: 5-64-51-01
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11,

12.

13.

14,
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DIRECTORIO DE ASISTENTES AL CURSO DE ANALISIS ESTRUCTURAL

{ DEL 27 DE FEBRERC AL 3 DE MARZO DE 1978 )

NOMBRE Y DIRECCION

ING, ALFONSO FERREIRO "ALEGRE
Loma de la Plata No. 33
México 19, D. F.

Tel: 6-51-00-38

ING, HECTOR FLORES CARDENAS
Hda. de la Encarnacién No. 85
Col. Prado Coapa

México 22, D, F.

SERG! O GALLEGOS MEZA

Av. 20 de Noviembre 604-1 Ote.

Durango, Dgo.
Tel: 1-52-03

HUGO RENE GARDUNO CONTRERAS
Chi huahua 169-2

Col. Roma

México 7, D, F.
Tel: 5-84-76-53

ING. TEODULO GRAVE PAEZ
Linares 689-1

Col. Lindavista

México 14, D, F.

Tel: 5-86-53-81

ING. JORGE GUERRERO GUERRA
Crestén 252

Pedregal de San Angel
México 20, D. F,

Tel: 5-68-2301

JUAN TITO GUTIERREZ RI VERO
Henry Ford No. L4010

Col. G. Sanchez

México 14, D. F.

Tel: 5-51-03-05

EMPRESA Y DIRECCION

SERVI ESTRUCTURAS ALFA,
Calle Laguna No. 3
Xalostoc

Edo. de México

Tel: 5-69-36-26

S.AB

COMISION FEDERAL DE ELECTRICIDAD
Rio Rédano No. 1h4-50., Piso

Col. Cuauhtémoc

México 5, D. F.

Tel: 5-53-71-33 Ext. 2642

ESIA-IPN

Edificio 4 Unidad Profesional
Zacatenco

Col. Lindavista

México 14, D. F,.

CONSTRUCCIONES Y BIENES RAICES
COBRA, S. A,

Petén Norte 15 Bis-201

Col. Narvarte

México 7, D. F.

Tel: 5-19-83-96

PIR, S. A.
Parral No. 40-205
Col. Condesa
México 11, D. F.
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18.

19.

20,

21,

22,

DIRECTORIO DE ASISTENTES AL CURSOC ANALISIS ESTRUCTURAL

( DEL 27 DE FEBRERO AL 3 DE_MARZO DE 1978 )

NOMBRE Y DIRECCION

JORGE HERNANDEZ DIAZ

Hacienda y Crédito PCblico

Ne. 28

Col, Federal
México 9, D. F.
Tel: 7-62-06-37

DAGOBERTO HERNANDEZ PINZON

EMPRESA Y DIRECCION

S.C.T.SUBSECRETARIA DE PUERTOS Y
MARINA MERCANTE

Insurgentes Sur No, 465

Col. Condesa

México 11, D. F.

Tel: 5- 6L~ -51-01

| .A.E.S,A,

Manuel L6pez Cotilla No.1015 Baja California No. 28L4-702

Col. del Valle
México 12, D. F.

"~ Tel: 5-59-00-34

ING., HUMBERTO HERNANDEZ Y M,
Campamento Cd, Alemén,Ver.

Col. Condesa
México 11, D. F.
Tel: 5-64-51-28

COMISION DEL PAPALOAPAN
Campamento Cd. Alemdn, Ver.

tNG, JOSE HUMBERTO LORIA ARCILA FACULTAD DE INGEN!IERVA,UNIVERSIDAD

Guillermo Pérez Valenzuela

No. 42

Coyoacan

México 21, D. F.
Tel: 5-54-77-94

ING, HECTOR E,
Zaragoza No. 2147
Col. Guerrero
Nuevo Laredo

Tel: 2-85-73

GREGORI O MONTOYA GOMEZ
Calle "F" No. 15
Manzana 5

Col, Educacién

Méx:co 21, D, F.

Tel: 5§ 49 80-08

NG, ALEJANDRO MUNOZ DIAZ
Playa Miramar No.568

Col, Reforma |ztaccihuatl
México 13, D. F,.

Tel: 5-39-59-38

MARTINEZ A.

DE YUCATAN
Calles No.Lixik
Mérida,Yuc.
Tel:2-10-33

INSTITUTO TECNOLOGICO REGIONAL DE
NUEVO LAREDO

Reforma Cruz con César Lépez de
Lara

Nuevo Laredo.

Tel: 2-47-57

SECRETARIA DE AGRICULTURA Y
RECURSOS HIDRAULICOS
Reforma No 69

México,

Tel: 5- 66 07 48

SECRETARIA DE ASENTAMIENMTOS HUMA-
NOS Y OBRAS PUBLICAS

Miguel Laurent No. 840-70. Piso
Col, Vertiz Narvarte

México 13, D. F.

Tel: 5-75-87-32 ¢
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DIRECTORIO DE ASISTENTES AL CURSO DE ANAL!'SIS ESTRUCTURAL
( DEL 27 DE FEBRERO AL 3 DE MARZO DE 1978 )

23,

24,

25.

26,

27.

28,

29,

30.

NOMBRE Y DIRECCION

DR, JEAN P!ERRE HENNART
Galilteo 240-A

Col, Poclanco

México 5, D.

Tel: 2- 50 93- 86

ING, JOSE RENE RAMOS GONZALEZ
Libertad No, 113-Sur
Frontera, Coah,

Tel: 5-14-58

ING, JORGE LUIS RUIZ MAGANA
Calle 8 No. 97

Col. Progreso Nacional
México 1L, D, F.

Tel: 3-92-28-69

R1CARDO SANCHEZ ROSADO

Av. Fernando 268-3er, Piso
Col, Portales

México 13, D, F,

fel: 5-30-81-30

ING.. OTHON VALERIANO SOTO
Campamento Cd. Atemdn,Ver,

ING. MIGUEL A, VAZQUEZ CONTRERAS
Cerro del Cubilete 121-202

Col. Campestre Churubusco
Méxice 21, D, F.

Tel: 5-95- 54 -79

NG, ALEJANDRO VELASCO LEVY
Coscomate No. 97
Bosque Tetlameya
México 22, D. F.
Tel: 5-73-84-18

ING. RAFAEL LUtS TREVINO PARKER
Cerro Dos Conejos No. 160

Col, Romero de Terreros

México 21, D. F,.

Tel: 5-54-37-43

EMPRESA Y DIRECCION

| IMAS-UNAM
Ciudad Universitaria
México 20, D. F.

Tel:

5-L8-54-55

ALTOS HORNOS DE MEXICO,S.A.
Morelos s/n
Monclova, Coah,

Tel:

3-11-11

COMISION DE AGUAS DEL VALLE
DE MEXICO

Balderas No, 55

México 1, D, F.

Tel :

5-85-50-66 Ext.315

SECRETARIA DE ASENTAMIENTOS
HUMANOS Y OBRAS PUBLICAS
Xola y Av. Universidad
México 13, D. F,
Tel:5-90-91-96

COMISION DEL PAPALOAPAN
Campamento Cd. Alemén,Ver.

| STME, S A,
Mineria No. 145 Edificio'F"

Col.

Escandén

México 18, D. F.

Tel:

5-16-04-60 Ext,280

| | MAS-UNAM
Ciudad Universitaria
México 20, D. F,

Tel:

5-4825L4-65

COMISION FEDERAL DE ELLCTRICI-

DAD

Rio Rédano No, 14

Col.

Cuauhtémoc

Mexlco 5, D. F,.

Tel:

5- 53 -71-33 Ext,2066



centro de educacidn continua

facultad de ingenieria, unam

CURSO DE ANALISIS ESTRUTURAL,

CONCEPTOS FUDAMENTALES DE MECANICA ESTRUCTURAL.

DR, PORFIRIO BALLESTEROS,

Tacuba 5, primer piso. México 1, D.F.
Teléfonos: 521:30-95 y 513-27-95
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centro de educacidén contfinua

facultad de ingenieria, unam

CEC UNAM P. BALLESTEROS Feb,/1974,
1-. CONCEPTOS FUNDAMENTALES DE MECANICA ESTRUTURAL

l.1-., Energia de la Formacién.

1.1,1-, Tensidn,

i.1.2-, Corte.

1.1.3-. Torsién,

1.1.4-, Flexion.

1.1.5-. Expresion general,

l1.2-, Principio de Superbosisién.
1.2.1-. Introduccién,
l.2.2-, Casos en que no rige el principio de superposisién,
1.2.3-. Ecuaciones generales de superposisién de causas y efectos.
1.2.3.1 Introduccién.
1.2.3,2 Estructura hiperestética de grado ''n"
1.2.3.3 Ejemplos.
1.3-. Generalizacién de la energia de deformaciédn,
1.3.1 Ejemplos.
1.4-, Teorema de Castigliano.
L.l Ejemplos,
1.5-., Teorema del Trabajo minimo.
1.5.1 llustracién mediante ejemplos.
2-. METODOS MATRICIALES DE ANALISIS ESTRUCTURAL

2.1-., Método de Fuerzas y de Formacién.

2.1.1=-, Método de deformaciobn.
2.1.2-, Método de fuerzas.

2.2-, Elementos de algebra matricial,

2.2.,1-, Introducciébn,

2.2.2-. Suma de matrices.,.

2.2.3-, Resta de matrices.

2.2.4-, Multiplicacién escalar de matrices,
2.2.5-, Multiplicacién entre matrices,
2.2.6-, Transposicién de matrices.

2.2.7-, Tipos particulares de matrices,

Tacuba 5, primer piso. México 1, D.F.
Teléfonos: 521-30-95 y 513-27-95




entro de educacién continua

f c itad de ingenieria, unam;
2,2,7.1-, Matris unitaria,
2.2.7.2-, Matris diagonal,
2.2.7.3-. Concepto de inversi6n de matrices.
2.2.7.4-. Adjunta de una matris,

2,2,8-, Ejemplos
2.3~. Métodos matriciales en armaduras.
2.4-, Andlisis matricial de vigas continuas.

2.5-, Anédlisis matricial de estructuras reticulares.

‘Tacuba 5, primer piso. México 1, D.F.
Teléfonos: 521-30-95 y 513-27-95
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BIBLIOTECA DE PROGRAMAS DE ANALISIS NUMERICO
SECCION DE INVESTIGACION DE OPERACIONES (DESFI)

PROGRAMAS DE CONTROL WrL

PROGRAMA: COMPILACION Y EJECUCION DE UN PROGRAMA FUENTE

RESIDENTE EN DISCC

. CLAVE 2.5

PROGRAMA DE CONTROL:

1)
2)
3)

5)
6) -

8)

10)

T A WA W W W W

JOB NOMBRE/TAREA; USER=XXXX/YY; CLASS=3;

FAMILY DISK = PACK OTHERWISE DISK;

BEGIN . . - o7
CCMPILE PROGRAMA/OBJETO FORTRAN LIBRARY GO;. . =~ -
FORTRAN FILE TAPE = PROGRAMA/FUENTE; -

DATA . -

"SET MERGE .

DATA FILES

Tarjetas de datos>

-END JOB

DESCRIPCION DEL PROGRAMA:

1)
2)
3)
4)

5)
6)
7)

9)
10)

“Acceso al sistema, identificacidén y clave del usuario

Indica 21 uso de disco.

Inicio de la tarea ,
Llama al compilador deseaco, indica que se ejecutaré

el programa residente en disco

Indica gue se trabaja en un archivo crecido anteriormente
Senala la entrada del programa fuente.

Opcidn: emerge el -programa fuente

Entrada de datos

Tarjetas de datos

Final de la tarea
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BIBLIOTECA DE PROGRAMAS DE ANALISIS NUMERICO
SECCION DE INVESTIGACION DE OPERACIONES (DESFTI)

PROGRAMAS DE CONTROL WFL

PROGRAMA: EJECUCION DE UN PROGRAMA OBJETO RESIDENTE EN DISCO
DEL USUARIO ZZZZ, bajo la clave del usuario XXXX/yy.

CLAVE 2.4

PROGRAMA DE CONTROL:

JOB NOMBRE/TAREA; USER XXXX/yy; CLASS = 3;

1) ?

2) ? FAMILY DISK = PACK OTHERWISE DISK;

3) ? BEGIN

4) ? EXECUTE (z2Z2%Z) OBJECT/PROGRAMA/OBJETO

5) ? DATA FILES

6) < Tarjetas de Datos >

7) ? END JOB i B h

DESCRIPCION DEL PROGRAMA: T -

1) Acceso al sistema, identificacidén y clave cdel usuario.
2) Indica la utilizacién de disco.
3) Inicio de la tarea.

4) Ejecucién del programa objeto, PROGRAMA/OBJETO, pertene
ciente al usuario Z27Z7%.

5) Indica la entrada de datos.’

6) Tarjetas de datos.

7) Final de tarea.

OBSERVACIONES: . -~~~ . . CoLILT

1) Con el fin de ejécutar los programac del catalogo de la
' programoteca de la Seccidn de Investigacidn de Operacio
nes, escribir JL95 en lugar de 22ZZ, esto es ZZZZ <« JLSS.

\/\/“

E50 o SFE0






PROGRAMA: EJECUCION DE UN PROGRAMA OBJETO RESIDENTE EN DISCO.

PROGRAMA DE CONTROL:

1)
2)

- 3)

4)
5)
16)

17)

WA N W W W)

BIBLIOTECA DE PROGRAMA DE ANALISIS NUMERICO
SECCION DE INVESTIGACION DE OPERACIONES (DESFI)

PROGRAMAS DE CONTROL WFL

CLAVE 2.3.

JOB NOMBRE/TAREA; USER =. XXXX/YY, CLASS =3

FAMILY DISK = PACK OTHERWISE DISK:
BEGIN

EXECUTE OBJECT/PROGRAMA/OBJETO
DATA FILES

Tarjetas de Datos >

END JOB

DESCRIPCION DEL PROGRAMA:

1)
2)

3)°

4)

5)
6)

)

Acceso al
Indica la
Inicio de
Senala la
el nombre
Indica la

sistema, identificacién y clave de usuario.

utilizacidén ds disco.
la tarea.

ejecucidén de un programa ob]eto, grdbado bajo

PROGRAMA /OBJETO.
entrada de datos.

Tarjetas de datos. - . R

Final de la tarea.






PROGRAMA; GRABADO DE UN PROGRAMA FUENTE EN

PROGRAMA DE CONTROL:

15

S 2) -
<3y

4)

. 5) .
_“6») -

-7)

8)
"~ 9)
10)

" DESCRIPCIGN DEL PROGRAMA:

1)

2)

3)
4)

. 6)
7)
8)

7 9)

- 10).

WA W W W W) W

-5) ~ Indica 1la crea016n de un- nuevo archlvo.

Flnal de la tarea.,

BIBLIOTECA DE PROGRAMAS DE ANALISIS NUMERICO
SECCION DE INVESTIGACION DL OPEZRACIONES (DESFKTI)

PROGRAMAS DE CONTROL WFL

CLAVE 2.2

JOB NOMBRE/TAREA; USER = X%XXX/yy; CLASS = 3
FAMILY DISK= PACK OTHERWISE DISK; DU
BIGIN

COMPILE PROGRAMA/OBJETO FORTRAN LIBRARY-
FORTRAN FILE NEWTAPE = PROGRAMA/FUENTE; ‘
DATA 7 : o -
SRT NEW ,

SET SEQ B + I

Tarjetas del Programa fuente >

END JOB

Acceso al sistema, identificacibén y clave del usuario.

Indica la utilizacidén de dlsco.

Incio de la tarea. -

Llama al compilador deseado, indica solo la grabkacién
en disco. N
Senala la entrada del programa fuente.

Opcibn: Es un programa nuevo.

"Opcibn: Secuenciacidn con base "B" e incremento "I"
LTarjetas del programa. fuente. e eeT T

TARJETAS A DISCO.

. .
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ANALISIS ESTRUCTURAL

TEMA IV. 1. INTRODUCCION AL METODO DE ELEMENTOS FINITOS
EJEMPLO DE ANALISIS Y DISENO DE UN EDIFICIO

CON MURO DE CORTANTE ( MURO - MARCO )
MEDIANTE EA COMPUTADORA.

PROF. DR. PORFIRIO BALLESTEROS.

febrero-marzo 1978.
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