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Introduction

It is known that the time-optimal controls of linear finite-dimensional sys-
tems are of so-called "bang-bang" type, i.e. the optimal control signals
switch between some finite setiof values. Dealing with nonlinear systems,

it is important to know whether optimal controls are of the "bang-bang" type
or -of some type of functions being a generalization of that type. The pro-
blem of applicability of some kind of generalized "bang-bang" controls for
nonlinear systems in R" had already been solved in the 1900s. The main
contributions in this field (WaZewski [ 1], [2], [3]) wére based on the
results of Marchaud [ 8] and Zaremba [ 9], who (independently) pointed out
the fundamental properties of solutions to so-called contingent equations.

It is interesting that, in fact, Zaremba and Marchaud had already described
the main properties of trajectories and reachable sets of control systems
with convex sets of controls, in the years 1934-36. In 1961 WaZewski [ 1]
pointed out that the contingenf equation is equivalent to certain differen-
tial inclusion. In [ 2] one can find a generalization of those results to
the case of nonconvex sets of admissible directions, called orientors. The
applications to control problems follow directly from the further papers of
WaZewski [ 3], [5]. One of the most important notions used by WaZewski is
the notion of quasitrajector}, being a weak solution to certain differential
inclusion. »It can be seen that the limit functions of some sequences of tra-
jectories with "bang-bang" control are quasitrajectories. Such functions are
well known in automatic ccentrol as "sliding reagimes". The theorems of closed-
ness‘of reachable sets for quasitrajectories lead directly to existence theo-

rems for optimal quasitrajectories. On the other hand, the existence of
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sliding regimes approximating optimal quasitrajectories follows from the theo

rem of Turowicz [10].

For much profound study of differential inclusions and more references the

reader is refered to [38].

In the present paper some attempt was made to generalize the known results on

orientor fields to the case of Banach space. It should be noted that the fun
damental theory of contingent equations in Banach space has been published by

Sui-nee Chow and Y.D.Shuur [12].

The right restriction on generalizations of the results mentioned above is

" the existence and measurability (in the sense of Lusin) of the so-called ten-

dor field (def. I.1.5). As indicated in the sequel, the relevant assumption
which must be imposed on systems under consideration is that the tendor field
associated with the system exists and is measurable in the sense of Lusin.

This is fulfielled automatically if the system state space X is separable and
locally compact and 2% s separable. If it is not the case, the appropiate
assumptions must be imposed. These assumptions are included in the definitions

of normal and regular control systems introduced in this paper.

Let us note that we do not consider any stability properties. The control sys-
tems and orientor fields appearing in this contribution are defined over some
finite time-interval J = [0, T]. Let us note also that the considerations of
the sections I.1. - II.1 concern systems in a real reflexive separable Banach
space X and in 11.2 we assume, in addition, that the dual X* of X is uniformly

convex.

This contribution was designed to be used as a graduate text in nonlinear opti-
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mal control theory and was used as an additional material for the courses given
at the Academy of Mining and Metallurgy in Krakow, Poland, and at the Natijonal

Autonomical University of Mexico.
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Notation

Unless otnerwise specified, the symbols used throughout this text have tne

following meanings

a real separable and reflexive Banach space

X -
oy - the origin of X
x* - the dual of X; in section 11.2. X* is supposed to be uniformly convex

V(A,q) - the g-neighbourhood of the set A

d*(+,+)- the Hausdorff metric

¢ - the empty set

G - a space of all closed equibounded subsets of X (def. I.1;5)
N - orientor field

Q - tendor field

E - convex orientor field

aeB - means "a is a member of B"

£2.8.c. - lower semi-continuous

u.s.c. - upper semi-continuous

A\B - {z: zechA, z¢B }
- union

¥ - "fol all"

3 - "exists"

n - intersection

c - inclusion

I - —Vnorm

X x Y - the product space




X - dx/dt

t - time

X - the system state

(f,C) - a control system

C - control domain

D - the tendor kernel of a control domain

r(s) - the set of all trajectories of an orientor field or control system
with fixed initial condition

f|, - the restriction of a function f to a set L

a.e. - "almost everywhere"

Z(N) - the reachable set of N

<+, > - scalar product

ey o> St - semi-inner products

R(B,b) - the set of all normals to a set B at the point bes(def. I1.2.6)
dA - the boundary of a set A

Gy/z - the parallel algorithm with y parallel, z of them of object type

J - a closed interval [0,T ], where T > 0

Q - a subset of the space X (see I.2)




1. General concept of orientor field

I.1. Notationand definitions

origin ¢, - Al mu]tifuqctions considered in the sequel are supposed to be

Let X be a real separabte and reflexive Banach space with a norm

| and the

bounded-valuad.

1.1.1. Definition

The point-to-set distance between a point xeX and a set BeX is defined as

d(x,B) = inf |[x - b | .
beB

1.1.2. Definition

By the closed g-neighborhooa of a set AcX we mean the set

V(A, q) = { X3x: d(x,A)<q}.

I.1.3 Definition

Let H be the space of all closed, bounded and nonempty subsets of X. Let us

define a metric in H as follows

d* (A,B) = inf {s: AcV(B, s), B<V(A,s), seR.} .

I1.1.4 Remark

The function d* is called the iHausdorff metric in H. It can be easily seen

that if the sets of H were not closed, d* would not be a metric, but merely a




semi-metric in H.

I.1.5. Definition

Let Y be a topological space, let Mc(0, «) be a constant and
G= {Z:Z¢H, d*({ ¢x}, Z) <M1} (here Z is an element of H and, at the same
time, a subset of X). A mapping N:Y~»G 1is called an orientor field iff:
(i) the set conv N(y) (i.e. the smallest convex hull of the set N(y))
is closed for all yeY.
(ii) the set tend N(y) (i.e. the smallest closed subset B of N(y), such

that conv B= conv N(y)) exists, for all yeY.

The mappings E: Yay — conv N(y) and Q: Ysy — tend N(y) are called convex
field and tendor field generated by N, respectively. The set N(y) is called

the orientor and Q(y) is called the tendor of N(y).

I.1.6 Remark

In the finite-dimensional case the conditions (i) and (ii) of I.1.5 are ful-
filled automatically, and so is when N(y) is compact (by the Krein-Milman theo
rem). Unfortunately, in the general case of Banach space it is not the case.
Let us consider, for example, the space £ (of sequences), and the set Ue £,
consisting of the sequences {1,0,0,...}, {0,1,0,...}, {0,0,1,0,...} e.t.c.

Obviously U is closed in £2 and the sequence Un = {l/n,l/n,...,l/n,0,0,.;.}

(containing n times the value 1/n) belongs to conv U. But if n tends to infi-
nity, then u* = limu_ = {0,0,0,...} . The sequence u* is not a linecar combi- F

nation of any points (sequences) of U, so conv U is not clesed.




Thus, the term "orientor field" denotes some class of multifunctions. Let us
observe that we do not require compactness of N(y). Of course,'one_can define

an orientor field in Banach space is the same way as it was done in R"

(WaZewski [1]), i.e. as a multifunction X — G. However, the lack of compact
ness of N(y) makes any considerations of such fields difficult, and in order

to get some applicable results we have to impose strong additional assumptions.

It seems to be reasonable to restrict the class of orientor fields to those
fulfilling (i) and (ii) of I.1.5 in order to deal with some natural generali-
zation of orientor field in X'. On the other hand, let us observe that in ma
ny practical cases orientor fields associated with control systems are compact.
Such situation occurs when the control doméin (the set of all permissible
controls) is compact (e.g. a control system with finite number of scalar con-

trol signals), even if the system state space is infinite-dimensional.

In the fig. 1 some possible shapes of orientors N in R%, its convex hull E

and the tend N are indicated.

1.1.7. Definition

A multifunction Y — G is said to be continuous if it is continuous as a

mapping ¥ — G, in the topology of G induced by the Hansdorff metric d*.

1.1.8. Definition

A multifunction N:Y — G is lower semi-conductinuous (1.s.c.) et a point

Yee¥ if

.ijYay-i—>YO = N(.YO) C{b:ngs d(bsN(.Y-i))—-'*O},

where d is the point-to-set distance. This "sequential” definition is equiv—




LT
9.

alent to the following.
1.1.9. Definition
A multifunction N:Y — G is Tower semi-continuous at a point y, if for any
open set McX such that N(y )™M # ¢ a neighborhood , of y, exists such that ;
N(y)aM # ¢ for all yep (¢ stands for an empty set). ;
| b
1.1.10. Definition
A multifunction N:Y — G is upper semi-continuous (u.s.c.) at y, if for any
open set McX such that N(y,)°M a neighborhood p of y  exists such that i
N(y)<M for all yep . |

I.1.11. Remark

Let us consider, as an example, the following orientor fie]d:N:R¥—-+ G, where
G is the set of all closed and equi-bounded subsets of Rz. Let N(y)={a,b,c,d,},
where a=(-1,0), b=(1,1), c=(1,-1) and d=(y,0). The tendor Q of N consists of
the points a, b, ¢ for all y <1, and Q= {a, b, ¢, d} for all y > 1. The field
Q is obviously continuous for all y # 1. It is easily seen that, due to I.1,9,
Q is 1.s.c. at y = 1, but, due to I.1.10 it is not u.s.c. at y = 1. An orien-
tor field (multifunction) is said to be continuous (1.s.c. or u.s.c.) over some

set WeY if it is continuous (1.s.c. or u.s.c. respectively) for all yeW.

In the case when X is metric compact space it was proved [ 7] that continuity
of N implies lower semi-continuity of the corresponding tendor field Q, and,
provided Y is measurable, the field Q is Lusin-measurable. Recall that a func

tion f:T —> U (where T is a topological Hansdorff space with Radon measure u




and U is topo]oQica]) is said to be Lusin-measurable if for any compact KeT
and € > 0 a compact set lcK exists such that u(KN\L) < ¢ and the restriction

f h_ is continuous.

1.1.12. Definition

Let 7 be a o-additive field of subsets of Y. An orientor field N:Y — G is
said to be m-measurable if N'l(U)snr¥ U<X, U open. The N'l(U) is defined as
{Yey: N(y)wW#e, Uexl.

1.1.13. Definition

A mapping s: Y — X is called a selector of a field N:Y — G if s(y)eN(y)

for each yeV.

1.1.14. Remark

The function s defined above is also called selection. Such terminology is used
for example by Castaing and Valadier in the book [14] containing many valuable
results on selections of certain multifunctions. We shall use the term "selec-

tor" as being used far earlier by Kuratowski and Ryll-Nardzewski [13].

It was pointed out [13] that if Y is a topological space and S is a countably
additive family of subsets of Y, then from the statement {y:N(y)NA # ¢}eS when
ever AcX is open, follows that a selector s of the field N-such fhat s'l(A)eS
exists. Moreover, if N is continuous modulo a first category set, then a selec
tor of this field continuous modulo a first category set exists. The following

theorem of Castaing and Valadier gives come good characterization of selectors.
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11.

I1.1.15. Theorem

Let (Y,n) be a measurable space, G be as in I1.1.5, and let N:Y — G be an

orientor field. Then the following are equivalent conditions.

(1) N'l(U)en for any open U, UcX

(ii) d(x, N(+)) is a measurable function for any xeX,
(1919) a countable set of measurable selectors {fn} of the field N exists,
such that N(y) = T?ET;TT for all yeY, i.e. {f (y)} is dense in
N(y).

I1.1.16. Remark

- The proof of the above, as well as of the following two theorems, may be found

in the book of Castaing and Valadier [14]. These theorems are qubted here for

their particular importance in the control theory. Before formulating the next
two theorems, let us recall that a topological Hausdorff space P and a mapping

P —> S exist (we follow the definition of Suslin space as in [14], III.17).

The symbol @ will denote a quotient o-additive field of subsets, see Warga [15],

1.4.G. By 7 we mean nnu for all positive finite measures p.

1.1.17. Theorem

Let (T,w) and (U,u) denote spaceswith measures, let S be a Suslin space, let
5 be a multifunction defined on T‘with values in the space of non-empty subsets
of S which graph belongs to w®3 (S) (where B(-) is a borel field of subsets),
and let § be a multifunction defined on T with values in the space of nonempty

subsets of U, which graph belongs to w@Qu. Suppose that g: TxS — U is a

(n® 8(S),u)-measurable function and that g(t,n(t)a6(t) # ¢ for each teT. Then

a (v, B(S)) - measurable selector ¢ of £ exists, such that g(t, o(t))eg (t).
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This selector is at the same time a limit of a sequence of w-measurable func-
tions with a finite number of values.
[.1.18. Theorem
Let (T,m) be a measurable space, let E denote a separ.:le Banach space, let é

f:T — E be a continuous function and suppose that N is a multifunction de-
fined on T with values in a space of nonempty closed subsets of E. Then the
mapping

Rt — (t)SE IN(t) sx:]| F(t) - x|[=d(F(t), N(t))}

is a multifuction measurable in the sense of definition I.1.12, if I(t)# ¢.

1.1.19. Remark

Let us abserve that if measurable fields usualy have medsurab]e selectors,
continuous fields do not need to have continuous selectors. Let us consider
the following counterexample, constructed by Cellina . Let the multifunc-
tion F:R —> 2R2 be described as F(t)={(x,y):x=a(t) sin{w4), y=cos(uws),

wel[0, 27 - h(t)]}, where a and h are continuous functions, a(t)>0 and h{t)>0

if t # 0, a(t) — 0 and h(t) — 0 if t tends to zero. The set F(t) for t=0
degenerates to the section {(x,y):x=0, ye[-1,1]} and it can be easily seen that
F is continuous for all te[-1,1]. However, no selectors continuous at t=0

exist.

1.1.20. Definition

Let H be the space of all closed subsets of the space of linear continuous
operators L(Y!, X) where Y! is some measurable Banach subspace of Y, and let

6" be defined as G is 1.1,5 while replacing X by L(Y!, X). An absolutely
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continuous function x: Y1 +~ X is called a trajectory of a multifunction

1 L .. - .
N:Y ~ G if x(y) = v(y) a.e. in Y!, where ye:Y1 and v is a measurable selector

of the multifunction N( .+, x(-)): Y! = GL.

1.1.21. Remark

Let us observe that i(y) is a continuous linear operator Yl*—» X and
x(y)eL(Y!, X). Therefore N should have values in the space of subsets of
L(YY, X). We define the trajectory in a subspace Y! of Y in order to replace
(in the next section) Y! by an interval of R, and to interpret y as the time
and X as a state space of some control system. Let us note that considering

diverse subspaces Y we get diverse corresponding sets of trajectories.

1.1.22 Definition

Let Y= Y!xX; Y! measurable. An absolutely continuous function x:Y—> X

L if there exists a

is called a quasitrajectory of a multifunctions N:Y — G
sequence of absolutely continuous and equibounded functions {xi:Yl——+ X},>such

that xi(yo) = x{y,) for some yoe¥* and

(1) x;(y) — x{y) ¥ ye¥’,
(i1) d (%(y), Ny,x;(y)) — 0 a.e. in Y%,

(iii) ii(y) are equibounded a.e. in Y!.




1.2 Orientor fields associated with control systems

From now on we shall restrict our attension to the case when Y=dxQ(see I1.1.5),
where JcR_ denotes an interval £0,T], T>0, and Q is a set

{ Xex: f{x]] s, M >0} . The variable te R, will be interpreted as the
time, and xe X as the system state variable. We have also Y' (of definition

1.1.20) = J.

1.2.1. Definition

Let f:dxQxU — X be a bounded continuous function, where U is a separable real
Banach space. Llet C: J — W be a multifunction, where W is the space of all
nonempty closed and bounded subsets of U. The pair (f,C) is called control

system, the set C(t), tedJ is called the control domain.

1.2.2. Definition

An absolutely continuous function x :J —> X is called a trajectory of a control

system (f,C) on J with the initial condition xge X if x(0) = x, and

5(t) = £(t, x(t), u(t)) a.e. on J, _ (1-1)

where u:J —> U is a measurable selector of the multifunction C.

I.2.3. Remark

Here x(t) denotas dx(t)/dt. Fortunately the Frechet's derivative in the case

when Y' = J<R, is the limit of the usual difference quotient and belongs to X.

I.2.4. Definition

An absolutely continuous function x :J — X is a quasitrajectory of a control

14.




system (f,C) on J with the initial condition Xp, if sequences of functions
{Xi } and {ui } exist, such that X;:J — X is absolutely continuous,
u; :J — U is measurable, xi(O) =xg fori=1,2,..., and

(1) %, (t) ~— x(t) onJ,

(ii1) ui(t)e:C(t) on J.

(ii) l]ii(t)— f(t, xi(t), ui(t))H — 0 a.e. on J,

I1.2.5. Definition '
Let (f,C) be a control system. The orientor field defined as follows
N(t, x) = {X3v: v="Ff(t, x, u), ueC(t)} ¥ted, xeq,

is called the multifunction associated with the control system (f,C). The set

N(t, x) is called the control counterdomain.

1.2.6. Definition

A control system (f, C) is said to be normal if the multifunction N:J x Q- X

associated with it is an orientor field.
I1.2.7. Remark

Linear control system with continuous function f and compact and continuous
control domain is obviously normal. There are, however, systems (even Tlinear)
which do not fulfil conditions of definitions I.2.1 and I.2.6. Consider, for
example, a distributed control system with f(t, x, u) = Ax + Bu, where A is a
differentialtion eperator (as in the heat or mass transfer equations). Then
A is linear but not continuous operator and the system (f, C) is not a control
system in the sense of def. 1.2.1. The theory of distributed systems,

described by partial differential equations, has been considered by the huge

15.
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Anumber of authors and will not be discussed here in it's classical form (see

for example Lions [16], [17]). We are rather going to replace a non-continuous
operator A by other, continuous one, which approximate A in an appropriate sense.
It seems, that such approximétion may be constructed in most practical cases,

due to particular physical interpretation (see section III.3).

On the other hand, it is easy to find many examples of normal control systems.
It is sufficient to consider a system with continuous function f and continuous,
compact-valuedcontrol domain C(t). Then the associated multifunction N(t, x)

is continuous and compact-valued, the field E(t, x) is closed and, by the

Krein- Milman theorem, Q(t, x) = tend N(t, x) exists (as a closure of the set

of the extremal points of N(t, x)). In this case (f, C) is a normal control

system.




1.2.38. Assumption

df

Let us assume that x, e X, = {X3 x: [[x ||+ T+M< Hy }, where M appears in

I.1.5 and M determines the set §) (the beginning of I1.2).

1.2.9. Remark

It follows from 1.2.8 that if a local solution of (I.1) exists, then a solu-
tion of (I.1) exists on the whole interval J(Deimling 18], §3). The inclu-
sion x, e X, impiies that gr(x)c int(J xQ), where x is a trajectory of a sys-

tem (f,C) and gr(x) denotes the graph of x.

1.2.10 Theorem

Let (f,C) be a control system (not necessarily normal) and let N be a multi-
function associated with (f,C). We put Y'=R_ and Y=R_x X in definitions
1.1.20 and 1.1.22. We suppose also that N and C are measurable and that

1.2.8 holds. Then

(1) the set of all trajectories of N with an initial condition Xo defined on
J and that of all trajectories of (f, C) defined on J with the same ini-

tial condition are identical to each other

(i1) the set of all quasitrajectories of N with an inital condition x, defined
on J and that of all quasitrajectories of (f, C) defined on J with the

same initial condition are identical to each other.

17.




Proof

Let us denote by T (%), r(f,C), Pq(N) and T _(f,C) the sets of trajectories

q

of i, trajectories of (f,C), quasitrajectories of W and quasitrajectories of

(£,C), respectively (with the same initial condition x_).

()

0]

If T(N) and I(f,C) are empty, the theorem is trivially ful-
filled. Let us assume that I'(f,C) is nonempty. Then from
1.22 and 1.2.5 follows that a measurable selector v of the
field N exists, such that v(t)==x(t)=f(t, x(t), u(t))ei(t,x)
a.e. on J, where x is an absolutely continuous function and u
is a measurable selector of C. This means that x is a trajec-
tory of N and thus T(f,C)<TI(MN). To prove the opposite inclu-
sion, let us assune that I'(N) is nonempty and that x is a tra-
jectory of N, Then x is a measurable selector of N (we identi
fy the functions which differ oyer a set of measure zero).

Let us consider a nonempty set P(t)={C(t)av:f(t,x(t),v)i=x(t)}.

From 1.1.17 follows that P have a measurable selector u. In-
deed, let us substitute in I1.1.17 gq(t,oc) = f(t,x(t), o),
n(t)=c(t), o(t)={ x(t)} (one-point set), and u(t)=o(t). Then,
fran 1.2.2 we conclude that x is a trajectory of (f,C) and that

P(N)c f(f,C) which completes the proof of (i).

If Fq(N) and Fq(f,C) are empty, the theorem holds trivially.
Let us suppose that Fq(f,C) is nonemnty. Observe that from

1.2.4 and 1.2.5 follows that f(-, xi(-), u.{+)) is a measurable

i

18.
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selector of N(+, x(¢)). Conseauently from the fact that

,lxi(t) - f(t, Xi(t)’ Ui(t))lﬁ+ 0 follows thatd(ii(t),N(t,xi(t)»-—>O

and that»Fq(f,C)CIFq(N). Let us prove the apposite inclusion.

Supnose that Fq(N) is nonemnty. Then, a sequence {Xi} exists
-i)’ N.i(t) =

N(t, xi(t)), di(t)= d(ii(t), H(t, xi(t»), where cieR,  for

fulfilling 1.1.22. Let us denote Bi(t)=8(ii(t),c

i=1,2,..., B(a, b) is a ball with centre in a and radius b.

Let us consider a multifunction Pi(t)=
{c(t)av: flt,x;(t), v)eB.(t)} an substitute c;(t)=2d.(t).
It is clear (see I.2.5) that Bi(t)ﬂNi(t) Fo¥ted and,

consequently, Pi(t) is nonemnty. ‘e apply now once more theo-

rem I.1.17, substituting g(t,o) = f(t,x;(t), o),
Z(t) = c(t), B(t) =B,(t), u (t)

that a measurable selector Uy of the multifunction Pi exists.

"

o(t). By this way we couclude

Taking into account that di(t) — J we see that x, X; and us
fulfil the conditions of 1.2.4 which means that

Pq(N)c:Fq(f,C), which completes the proof.

I1.2.11. Theorem

The set of quasitrajectories of an orientor field defined on J with initial

“condition x, is closed in the sense of the norm ||« ||_ , where by [[x][ = or sup

norm of x we mean-sup || x(t)}|, ted.
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Proof

If Fq(N) is empty, the theorem holds. Let us assume that Fq(N) is nonem, ty.

Let xn(O) = Xg» Xy = X in the norm

o Where {xn} is a sequence of qua-

sitrajectories of N. Then for each n there exists a sequence {xi of ab-

sn}
solutely continuous functions, such that X (t) -» xn(t), (t) df

,N ri,n
d(ii n(t), N(t, X, n(t))) — 0 if i — <« , for almost all ted. Then,

this is true for all te.J\.Jn, where Jn is of measure zero. Let us denote
J' = U Jo- It is clear that u(J'")=0. Observe that for each ted\J' we
have ¥ n, ¢ 3 i(n,c): ¥k 2 i(n,c), || x, (t)-x (t)|| + r, (t) S c. Substi
k,n fn k,n —

tuting ¢ = 1/n and taking into account that Xp —> X we conclude that

x(t)

Xi(n,c),ntt) —

ri(n,c),n(t) — 0
if i —> « . The convergence of {xn} is uniform (as a convergence in the sup
norm), and therefore x is absolutely continuous. Thus, it is clear that x is

a quasitrajectory of N, which completes the proof.




[.3. Existence of trajectories and quasitrajectories

It is known that continuity of the rignht-hand side is not sufficient for exis
tence of so1ut16ns to an ordinary differential equation in a Banach space.
To aéhieve existence, various assumptions are imposed on the right-hand side,
e.g. the Lipsnitz condition (Maurin [20] ) or conditions of dissipative or

compactness type (Deimling [18]). Let us introduce the following.

1.3.1. Assumption
Let (f,C) be a control

system and let 6 be some neighbourhood of the set U, .C(t), where C(t) is the

ted
control domain. We assume that C is measurable and that the functidﬁ fulfils

the following condition.

” f(t,Xl,U) = f(t,xz,U)” s w (t,”X]_ - X?_“ ) ’ (1-2)

for all x;, XoeQ, te J, ue 6, where w: R xR, >R, is such a function that
v(t)= 0 is the unique solution with the initial condition v(0) =0 of the

differential equation v(t) = w(t,v(t)), over the interval J

1.3.2. Theorem

Let N:J x @ -~ G be the multifunction associated to a control system (f,C) and

let 1.2.3 and 1.3.1 hold. Then the sets T(N), Pq(N), r(f,C) and T (f,C) are

q

" nonempty.
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Prcof

Due to I.1.15 a measurable selector u of the multifunction C exists. Let us
now fix the function u. Applying the theorem of Lusin we conclude that a
sequence of measurable functions {Ei} exists, such that Wi =u+e; is conti-
nuous and €5 0 in the sense of measure. Let ué denote gi(t,x) =
f(t,x,u(t) + ei(t))' It is clear that g; fulfills condition (I-2). Conse-
quently, a solution x; of the equation x(t) = gi(t,x(t)) with the initial
condition X, exists on J. Let us consider two of such so]htions, say X and
X Denoting Pt Xi T Xgo eij(t,x) = gi(t,x) - gj(t,x) we have eij(-,x) + 0
in the sense of measure on J for each x and ||gi(t,xi)—gi(t,xjﬂ|5u)(t,Hrij||)+

||eij{[. Consequently, we have

d .
Sl S Bigls o (e Trggl) + eyl (a)

Let ¢ be the upper integral of the equation v = w(t,v) + ||é1j|| with the
initial condition zero. It is known that any solution Z;5 = I rijll to the
differential inequality (a) is mayorized by ¢ij . It is clear that {¢ij} is
a compact set of functions and has a subsequence {¢ij}l convergent to some
function ¢. If ¢ were not equal zero a.e., the equation v=w (t,v) should

have a non-unique solution passing through (0,0) on J, which contradicts our
assumptions. Thus, lim {q>1.j}4 =¢ =0 a.e. on J and we conclude that {rij}
has a subsequence tending to zero in the sense of measure, and that {xi} has
a subsequence convergent in this sense. For ii are equibounded and x; abso-
lutely continuous, it is clear that the Timil X of this subsequence is abso-

lutelv continuous and that X = f(t,x,u) a.e. on J. This means that to any

measurable selector u of the control domain C, corresponds a trajectory of the




control system (f,C). Thus we conclude that I'(f,C) is nonempty and, due to
1.2.10 T(N) is ronempty. For each trajectory is at the same time a quasitra-
jectory, it is clear that Fq(N) and Fq(f,C) are nonempty, which completes the

proof.

1.3.3. Remark

Let us observe that existence of trajectories do not imﬁ]ies existence of time-
optimal trajectories (to be defined in the sequel), because I'(f,C) need not

be closed. Mpreover, closedness of Pq(f,C) in the sup norm also do not implies
existence of optimal quasitrajectories, because the set of points belonging to
graphs of quasitrajectories (the union of graphs) need not be closed as a
subset of R x X in the norm induced by |+ | and |[ - || of X. To consider the
problem of existence of optimal quasitrajectories, we must establish some pro-

perties of non-convex control systems.
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I. 4. Systems with nonconvex counterdomain of control

I.4.1. Definition

Let C be the control domain of a normal control system (f,C) and let N be the

orientor field associated with (f,C). The set

D(t,x)= the smallest set V=C such that f(t,x,V) = tend N(t,x)

is called the tendor kernel of the control domain C.

1.4.2. Remark

In the theory of lTinear systems the term "nonconvex control" often refers to
systems with nonconvex set of permissible controls, i.e. to systems with
nonconvex control domain. The "relaxad" controls are often defined as controls
belonging to the convex hull of control domain. It should be noted that in

the case of nonlinear system the most important property appears to be convex-
ity of the control counterdomain and not of the cont}ol domain. It will be
easy to observe that the convex hull of control domain C have no meaning here

and do not appear in the sequel.

In practical applications systems with nonconvex control counterdomain are of
particular importance. Those are mainly éystems with switching regulators
generating so-called "bang-bang" controls. The optimal controls are often of
"bang-bang" type with finite or infinite number of switchings called sliding

regimes. The class of controls belonging to the tendor kernel of control




domain is a generalization of the "bang-bang" controls. The following questions
arise:
(i) is controlling with the full control domain C equivalent (in some

sense) to controlling with the tendor kernel of C?

(ii) what are relations between trajectories and quasitrajectories of the

systems (f,C), (f,D) and of the associated fields N and Q?

In analogy with the Wazewski's approach, let us formulate some theorems con-

nected with nonconvex control.

1.4.3. Theorem

Let P:J + G be a multifunction convex and continuous in the Hansdorff sense.

By x: J » X we shall mean an absolutely continuous function. If a sequence of

trajectories {Vi} of P exists, such that vj(t) -+ x(t) on J, then X(t)eP(t) a.e.

onJ, i.e. x is a trajectory of the field P.

Proof

Let us assume, on the contrary, that a set McJ and a constant q > 0 exist,
such that p(M) > 0 and
d(x(t), P(t)) 2 q ¥ teM, (I-3)

For x is absolutely continuous and X is reflexive, X exists a.e. on J and is
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measurable. Hence, J is a sum of a null set and a countable family of mutualy

disjoint compact sets Ji such that ildi is continuous and “(Ji) > o for each

i=1,2,... (see Bourbaki [19], IV, §5). Let BcJ be a compact set, u(B) > 0,
and seB be a fixed point. Assume now that a neighbourhood o of s existssuch
that u(a NB)= 0. For s is an arbitrary point of B, the set B is locally null.
It has a finite external measure and, consequeht]y, we should Have u(B)= 0.

Hence, a neighbourhood with the above properties can not exist for arbitrary

s€B, unless B is of measure zero. Thus, for each nonzero compact Bc J we have

3B3s: ylaNB) >0 ¥a: sea, o open. (I-4) E

It is clear that a number k must exist, such that u(dk{] M) > 0. Let
JNM=12. From (I-4) it follows that a point neZ exists such that p(af12)>0
for any neighbourhood a of n. The function ilz is continuous at n. Hence,
from (I-3) it follows that a convex set A and a neighbourhood Z of n exist

such that x(t)cA ¥ tezg'=zNZ and inf{r: r=d(8, P(n)), BeA} > q/2. For P

is continuous, a neighbourhood § of n exists such that P(t)eV(P(n), q/4) ¥tes,
where V stands for neighbourhood of a set. Let z'1§=vy. We have

d*(A,P(t)).> 0 ¥ tey. Applying the Banach theorem on separation of convex
sets we see that the continuous linear functional z: X » R exists, such that
z(y) <1 ¥y éV(P(n), q/4) and z(y) > 1 ¥y € A. The functions v, are trajec-
tories of P and, consequently, z(&i(t)) <1a.e. ony and z(x(t)) > 1 a.e. on

y. Taking into account that u(y) > 0 and integrating the real-valued functions

z(x(+)) and 2(01(-)) over the set y we obtain

[ 260y ae > utn | 26500 ot < utr)
Y Y




Differently speaking, a constant ¢ > 0 exists such that

{ z(x(t) - vi(t)) dt > ¢ ' (1-5)
Jy

Let us observe that vi(t) -+ x(t) on J and, consequently,

lim J z(x(t) - vi(t)) dt = 0
1>
for arbitrary oe [a, b] = J. On the other hand, for any Lebesgue—measurab]e
function y:J - R the equality holds

Tim J y(£) 2(k(t) - ¥;(t)) dt = 0

jrel]
(see Klambauer [34], chapter 3, theorem 3). Taking as y the characteristic
function of y we obtain |

i [ 2(k(t) - ¥5(8) dt =0,

=
which is the contradiction to (I-5). Thus, the constant q and the set M

satisfying (I-3) do not exist. Taking into account that P(t) is closed we

conclude that x(t)e P(t) a.e. on J, which completes the proof.

27.




- 1.4.4. Remark

The property proved above is analogycal to some property of solutions to con- -

- tingent equations (Zaremba | 97]). The similar theorem for contingent equa-

tions in Banach spaces was given by Chow and Shuur | 12].

1.4.5. Theorem

Let E: JxX *> G be a convex-valued multifunction, continuous is the Hansdorff
sense, Then each quasitrajectory of E on the interval J is at the same time

a trajectory of this field.

Proof

From def. 1.1.22 it follows that a sequence of functions {Xi} exists, such
that
x;(t) = x(t),

d(xi(t), E(t,xi(t)) — 0 a.e. onJd,

where X; are absolutely continuous and ii are equibounded on J.

Suppose that x is not a trajectory of E. Then,‘a nonzero set L< J and a cons

tant q must exist such that

d(i(t)a E(t,X(t)) 2 q >0 a.e. onlt (I~6)
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Let us consider a multifunction E(t) = V(E(t,x(t)), 4/2), E(t) being the q/2
neighbourhood of E(t), where x is some fixed quasitrajectory of E. The multi
function E is convex and continuous on J. Let Ti = {Jat: ii(t)sfg(t)}. It is
known that the convergence "almost everywhere" on J implies the convergence in
measure on J. Consequently, u(Ti) +~ 0. Let y be a measurable selector of E,
and let wi(t) = ii(t) a.e. on JN\T, and wi(t) = y(t) on T;. Next, let us

define a function z; such that zi(O) = xi(O) and ii(t) = wi(t) a.e. on J.

~

Observe that z; is absolutely continuous, zi(t) + x(t) on J and ii(t)e E(t)
a.e. on J. Thus, the functions Zi, X and the multifunction E satisfy the
hypotheses of theorem I1.4.3. Consequently, we have i(t)e:E(t). This is a

contradiction to (I-6), which completes the proof.

1.4.6. Lemma

Let S be a multifunction defined on J and let S(t) = conv R(t), where R(t) is
a finite set of points of the space X. Let Ti be a countable set of mutualy

disjoint subsets of J such that n(J) = u(UTi)- Let R(t) be constant on cach

of the subsets Ti and Tet u: J » X be a function which is constant on each

T; and u(t)e S(t) on J. Then a measurable function w : J » X exists such

that w(t) ¢ tend S(t) a.e. on J and J ult) dt = JJ w(t) dt.
J

Proof

Let us denote c; = u(t), S.= S(t), R; = R(t) for teT,. We have

ciz:Si = conv Ri(t) on Ti' For Si is the set of all convex combinations of
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points belonging to Ri’ the sets of points Si,1° 51,2, e si,k(i) and of

numbers bi,l’ bi,z’ cees bi,k(i) must exist such that

where s_ € Ry . Let us divide T. into k(i) measurable mutualy disjoint

b

subsets Ti s Ti,z’ cees Ti,k(i) such that “(Ti,j) = bi,j “(Ti)' Substituting

9

w(t) = s;,5 On Ti,J

completes the proof.

we obtain the function with required properties, which

I1.4.7. Remark

In the finite-dimensional case the tendor field Q corresponding to a conti-
nuous orientor field N is o -measurable and, in the same fime, LLusin-measu-
rable (see Remark I.1.11). In the case of a Banach space X the field Q need
not be measurable in the sense of Lusin. This follows from the fact that
separability of X does not imply separability of G. Then, the theorem of
Lusin on measurable separable-valued functions does not hold for the function
Q:Jx8Q =+ G. This is the relevant difficulty whj]é'considering control sys-
tems in Banach spaces. Let us observe, that if we restrict our attension to
compact-valued fields, this difficulty disapperar. Let us, however, do not
'impose any compactness assumptions, requiring, however, that the field Q is

Lusin-measurable.

Before formulating the next assumptions and theorems, let us note that the

integrals of vector-valued functions appearing in our considerations are of E




Bochner type (see Maurin [207], Warga [ {5] 1.4.D). Let us recall, that if
X is reflexive, then an absolutely continuous function f: R -~ X is differentia

ble almost everywhere, and

b L]
f(b) - f(a) =J f(t) dt,
a

where [a,b’] is an interval of R.

1.4.8. Definition

Let (f,C) be a normal control system and let N be the orientor field associated

with (f,C). The system (f,C) is said to be regular if Q = tend N is £.s.c.
and measurable in the sense of Lusin as a function Q(+, x(-)): J -~ G (G

equipped with the Hansdorff metric), for any absolutely continuous function

x: J > X,

1.4.9. Theorem

Let (f,C) be a regular control system with associated fields N, E = conv N,
Q = tend N. Let D be the tendor kernel of the control domain C and let
x :J » X be an absolutely continuous function such that x(0)= X, » where

xg fulfils assumtion I.2.8.Then the following are quivalent conditions

(i) x is a quasitrajectory of (f,C),
(i1) x is a quasitrajectory of (f,D),

(ii1)  x is a quasitrajectory of E,
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(iv) x is a quasitrajectory of N,
(v) x is a quasitrajectory of Q,

(vi) x is a trajectory of E.

Proof

Let us start with the implication (vi) = (v) = (iv) = (iii).

For the orientor E(t, x(t)) is bounded on J, a constant K exists such that

I v < K¥veE(t, x) € IxX. The field Q is Lusin-measurable and, conse-
qdently, for any constant q > 0 a family of compact mutually disjoint subsets
{F;} of J exists such that u(J) = u(UF,), || x(t) - x(s)|| < q,

d*(Q(t, x(t)), Q(s, x(s)) < q for all teF;, seF; .

Let us choose a point t;eF; and denote u(t) = i(ti), ﬁ(t) = Q(ti, x(ti))

for a]]‘teFi, i=1,2,... . We have

Ju(t) -x(t)]l < q, d*(Q(t), Q(t, x(t))<q a.e. on J. (1-7)

Observe that E(ti, x(ti)) is the set of all convex combinations of points

belonging to Q(t;, x(t;)). Thus, a finite set R; of points exists such that
Ric Q(ty, x(t;)), i(ti)e:51= conv R; . Denoting S(t) =S, for all teF,; we
have u(t) e S(t), tend S(t)c Q(t) and Ju(t)]] £ K a.e. ondJd. Let us divide
=pT/m, u(J, ) < q

p p
(recall that T=u(J)). Observe that the functions u and S are constant on

J intom sub1nterva1sdp= i .10 3, ] in such a way that a

each of the sets Jp[]Fi . Now we apply lemma I.4.6. Denoting I(u,A) =

= f u(t) dt we conclude that a measurable function w: J » X exists such
A .
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that || w(t) || < K, w(t) e tend S(t) a.e. on J and

I(u, J) = I(w, J) . (1-8)

Denoting k(t) = I(w, [[0,t7]) we have || k(t)|| < KT, k(t) =w(t),
| k(t)]| € K and

~

k(t)eQ(t) a.e. ond | (1-9)

Observe that [| k(t) - x(t)]| < I(w-u, [0,t]) + I{u - x, [0,t7]), and

I{w-u, [0,t])=I(w - u, [ap-1’ t ]) where p is such that tedy. Taking
into account that |t-ap_1| < u(Jp) £ q we can point out that

| k(t) - x(t) || s (2K+ T)q ¥ teld. | (1-10)
From (I-9) and (I-10) we have

d(k(t), Q(t, x(t)) < q a.e. on J. (1-11)

Let us introduce a sequence of numbers {qi} such that q; » 0 and denote by
ki the function k defined above with q = 9; - Substituting ki and q; for k
and q in (I-10) and (I-11) we obtain

,(£) > x(t) on J | - (1-12)

d( (1-13)

e
—
Py
~—
-
O
—
-+
-
x
—
‘—'-
=
~—
¥
o
-
P
-t
—
Py
~—
IA
=~
[ol]
1
o
S
=

The lower semi-continuity of the field Q results in the inclusion
Q(t, x(t)) ev(Q(t, k;(t)), r) which holds for an arbitrary r > 0 and i big
enough. By virtue of (I-13) it is clear that

a(k,(t), Q(t, ki(T)) > 0 a.e. ond. (1-14)
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Taking into account (I-12), (I-14) and the fact that Ei(t) are equibounded
on J we see that x is a quasitrajectory of the field Q. For
Q(t, x) SN(t,x)c E(t,x) it is clear that x is a quasitrajectory of N and E.

Thus we have (vi) => (v) = (iv) = (iii).

From the definition of the tendor kernel D(I.4.1) it follows that (iv)<=(ii).
The equivalence (iii) <=>(i) follows from theorem 1.2.10, and from 1.4.5 we

have (iii) <=> (vi), which completes the proof.

A}

1.4.10. Remark

The above proof is a slightly modified version of the proof given by

Wazewski [ 2] for the case X = R'. See also [3,5,77.

From the practical point of view it is interesting to establish under what
conditions quasitrajectories might be approximated by trajectories. This

follows from the following.
1.4.11. Theorem
Suppose that (f,C) is a control system and that I.3.1 holds. Then, each

quasitrajectory of (f,C) is the pointwise 1limit of a sequence of trajectories

of (f,C).




1.4.12. Remark

As was proved earlier (1.3.2), I.3.1 implies that trajectories and quasitra
jectories of (f,C) exist. We omit the proof of the above theorem, because
it is similar to that of I.3.1 and is nearly identical as in the finite-di-

mensional case which can be found in the paper of Turowicz [[10].

Now, let us make some remarks on tendor contrb] in practical applications.
As mentioned earlier, by tendor control we mean some generalization of con-
trol signals generated by switching (so;ca]]ed "bang-bang") controllers used
in many systems of automatic control. Fig. 2a illustrates a possible shape
of orientor N in RZ2. In this case the tendor of N consists of the four

points A, B, C and D.

This is an example of typical "bang-bang" control, i.e. control which is
composed of a finite number of signals and finite or infinite number of
switchings between those signals. The case indicated in fig. 2b is a 1i-
tle bit more complicated. Now, the tendor of N consists of infinite number
of points, namely A, D and the whole arc BC. The control signal which
could be generated in this case might also be obtained by swithing between
the points of the tendor set, but it can not be realized by a simple “four-

point" controller, as in the case 2a. This is what Qe call tendor control.

As for the approximation theorem I1.4.11 it should be noted that the asump-
tion I.3.1 holds for all functions  fulfilling the Lipshitz condition. On
the other hand, even in R" counterexamples might be constructed for functions

which do not fulfill 1.3.1. Let us quote the example given by P1is§ [337].
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Let a system (f,C) has a following associated orientor: N(t,x) =N(x) < R?
which consists of the points

a(x) = (ai1(x), a,(x)), b(x) =(b,(x), b,(x)),

where

a;(x) =1, by(x) = -1, az(x)==b2(x)==xf + |x2I1/2 _ (I1-15)

where x = (xl, xz)e RZ,

\

The convex orientor E(x) = conv N(x) consists of the points v belonging to the

. . 2 1
section [v,| S 1, v,= x] + |x,| /2

A function y(t) = (y,(t), yz(t)) such that

y,(t) e[-1, 1] | (1-16)

7,(8) = v, (02 + [y (1] /2 (1-17)

almost everywhere on J is a trajectory of E and, consequently, it is a quasi-
trejectory of N. Thus, the function y(t)=0 is a quasitrajectory of N, whith

the initial condition zero.

Let us observe that y is not a trajectory of N, because on each trajectory we
should have &1# 0 and ylf 0 on any subinterval of J. Moreover, the quasitra-
jectory ¥ can not be approximated by any sequence of trajectories of N. This
follows from (I-17), because we have jz(t) > |y2(t)|1/2 and, consequently,

yz(t)> 1/4 t2 and no trajectory passes through a sufficiently small neighbour-

hood of y. Of course, the above systemdoes not fulfil the assumption I.3.1.

TR
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It is easy to verfy that if we put in (I-15), for example, a,=b, =

2
2 Xl‘_"X

2
theny = 0 is-a quasitrajectory of N, y is not a trajectory, but it can be
approximated by a sequence of trajectories of N, being a simple "sliding
regime". It should be noted, that if many of linear systems fulfill our
assumptions, there are also linear systems which does not. Firstly, a linear
operator (function f) in a Banach space need not be continuous. Consequently,
we can not apply directly our results to evolution equations with differen-
tional operators. This problem will be discussed in the sequel and some
applications to nonfinear diffusion processes will be considered. Secondly,
we assume that f is bounded. It might appear, from the theoretical point of
view, tnat this is a strong assumption. Let us observe, however, that we are
dealing here with nonlinear systems, and a simplest nonlinearity, which always

exists in real control systems is saturation. Thus, the boundedness assump-

tion seems to be reasonable from a practical point of view.




I.5. Existence of time-optimal trajectories

It was pointed out (1.2.11) that the set of quasitrajectories of orientor
T1eld is closed 10 the sup norm. Hence, we might expect that optimal quasi-
trajectories (i.e. quasitrajectories with sone "extremal" proﬁerties, defined
in the sequel) exist. Before formulating appropiate existence theorem, let

us prove the following.

1.5.1. Theorem

The union of graphs of all trajectories x: J » X of a convex multifunction

E with the initial condition Xo is a closed subset of J x X.

Proof

Let us denote the above union of graphs by Z, and let Zp = Zf]Ap, where Ap is
the hyperplane t = p. Let {zn} be a sequence of points belonging to Zp,

converging to a point z. To each point z_ corresponds a trajectory x,. of E,

n n

such that Xn(p) =z, . Each of x is differentiable on J\I , where I ~is of

measure zero. Let us denote J' = I\I, where I = ur, (of course u(I) =0 ).

Then, a sequence of measurable functions Vp ¢ J » X exists such that

n
- V. .
1=1 9§

Hence, w, is a Cauchy sequence in the sup norm. Functions

v = xn(t) ondJd'. Letw, =1/n I

n The orientor E(t, x) is bounded.

S
y(s)- (O w (t) dt
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are trajectories of E, which follows from convexity of this field. From 1lin-

earity and continuity of the Bochner integral follows that yn(p) -+ z and

¥n(s) is a Cauchy sequence for all se [0,p]. Thus, {y,(s)} is precompact
for all se [O,[)]. For 9n are equibounded, {yn} is a set of equicontinuous
functions. From the theorem of Ascoli follows, that {yn} is compact in the
sup norm. Hence, a subsequence {yn}' of {y,} exists, which converge to some
function h in this norm. For yn(p) -~ z, we have h(p) = z. Due to I.4.9 and

I.2.11 the function h is a trajectory of E, which completes the proof.

1.5.2. Remark

From the above theorem and from I.4.9 follows that the union of graphs of quasi-
trajectories of corresponding fields N, Q and systems (f,C) and (f,D) are also
closed. This fact is closely connected with the existence of time-optimal

quasitrajectory.

1.5.3. Definition

Let x:J »~ X be a trajectory (a quasitrajectory) of a control system (f,C)
with initial condition x, . Let g:J-X be a continuous function, called the
goal trajectory and let t'eJ exists, such that x(t') = g(t') and

t' = inf {J3t: x(t) = g(t)}, where xeI'(f,C) (xs:Fq(f,C) respectively). Then

§|r0,t.] is called a time-bptima] trajectory (quasitrajectory) of (f,C) whith

respect to the goal g and the initial condition x, .
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1.5.4, Theorem

Let (f,C) be a regular control system, let g:J ~ X be a goal trajectory and
(U{gr(x) : xe:Tq(f,C)})f)gr(g) # ¢ . Then, a time-optimal quasitrajectory

of (f,C) exists.

I1.5.5. Remark

The proof of this theorem is omitted, for it is a simple consequence of the
theorem I.5.1. It should be observed that the theorem I.5.1 is relevant.
Let us note that optimal quasitrajectory is definedvon [O,t' ], i.e. on the
part of J on which the goal is reached. Consider, for example, the family
of functions f_(t) = [sin t ll/a te[0,2r ], where ae [ 1, »]. This family
is closed in the sup norm, but Z=U gr(f) is not, because the points (w, 1)

(2m, 1), (0,1) do not belong to Z. In this example the derivative of fy is

not bounded. Let us construct a similar counterexample using functions with
-bounded derivatives. Let X =2, and consider the following set of functions

{f : [0,m] »2,}

fi(t) = (sint+t, 0,0, ...)
fz(t) =(0 ,sint+t/2,0,0, ..)
fk(t) = (0,..., 0, sint +t/k, 0, 0, ...),

fi, having the non-zero component at the k-th position. The set {fi} is closed
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in the sup norm, as a set of isolated points in C([0,w ], 2,). However, we

have f (m) - (0, 0, 0, ...), but the point (0, 0, 0, ...) does not belong to

k
graph of any function of {fk} , i.e. U gr(fk) is not closed.

1.5.6. Definition

let 1 :Pq(f,C) + R be a functional defined as

1(x) = jd e(t, x(t), u(t)) dt

A function x: J + X such that I(Xx)= inf {I(x): xe:Pq(f,C)} is said to be a

quasitrajectory optimal in the sense of criterion I.

I1.5.7. Remark

Of course, we can define an optimal trajectory in the same way. Extending

the state variable x to (x, y)e XxR, where y = e(t, x(t), u(t)) with the
initial condition y(0) = 0, we obtain new control system (g, C) where

g = (f, e). If the (scalar) function e is sufficiently regular, the theorem
I1.5.1 can be applied to this system to prove thaﬁ a quasitrajectory optimal in

the sense of criterion I exists.
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IT1. -Reechable sets and optimal control

II.1. Some properties of reachable sets

In this section we formulate some, fairly general, version of the

Pontriagin's maximum principle. This is preceded by certain considefations
concerning properties of reachable sets. It appears, that, in these conside
rations, the relevant role piay vectors normal to the boundary of a reachable
set. These vectors will be defined without introducing any inner product in
the state space. It should be noted, that vector normal to the reachable

set boundary will be an element of the state space X and not of the dual

space X* as often stated in the classical maximum principle. In the classical
approach in Rn or Hilbert space it is convenient to identify the normal vector
with a functional belonging to‘X*. In our case such interpretation is not

correct, unless X is a Hilbert space.

I11.1.1. Definition

By the reachéb]e set of a control system (f, C) (of an orientor field N) with
the initial condition (t,, s) we mean the set {(t,v)f(t,v)e[to,T] x X,

v = x(t), x(to) = s, X is a trajectory of (f,C){of N respectively)}. The
reachable set will be denoted as Z((f,C), (ty> s)) or Z(N, (t,, s)). If t,=0
thet, will be omitted an we will write Z{(f,C), s) or Z(N, s). If s = X, is
- fixed, this notation will be abbreviated to Z(f, C) or Z(N). Replacing the
word "trajectory" by "quasitrajectory" we define the reachable sets for

quasitrajectories, being denoted as Zq((t, C), (ty, s)) or Z (N,(t,, s)).

q
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I1.1.2. Definition

Let Kg be the nyperplane t =¢". The set Z°(f,C)= Z(f,C)n K, is called a time-

"section of a reachable set Z(f,C). We have, respectively,

g _ g - v
Zq (f,C) = Zq(f,C) n Ko R Zq(N) Zq(N) n KO .

II1.1.3. Remark

In the theory of contingent equations the reachable set is called the emission

zone.

I11.1.4. Theorem

Let (f,C) be a normal control system and let 1.2.8 and I.3.1 hold. Then the

set Z° (f,C) is connected for each oeJ.

Proof

Let us suppose, on the contrary, that Zc(f,C) is not connected for certain
oed, o> 0. From theorem I.3.2 follows that Zo(f,C) is nonempty. Then,
sets A and B and a constant ¢ > 0 should exist, such that Zo(f,C)= AUB and

inf {d( a, b): acA, beB } > ¢ (11-1)

Let us define a function ¢ : X > R such that ¢(x) = d(x,A)- d(x,B). This
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function is continuous ¢(x) < - € on A and ¢(x) > € on B. Hence, we
have

| 2x(0))] > e¥ ted (11-2)
where x is a trajectory of (f,C)
The sets A and B are included in the reachable set, and, consequently trajec-
tories x, and x, exist, such that x,(o)e A, x,(c)e B. Let u; and u, denote
such controls that ii = f(t, x;(t), u;(t)) a.e. on J, i= 1, 2. Let us definethe
multifunction

M(t,x) = {f(t, x, uy(t)), f(t, x, u,(t))} .

We have M(t,x)< N(t,x), where N(t, x) is the orientor field associated to
(f,C). The convex hull of M(t,x) is the set

P(t,x) = conv M(t,x)={X9v:v=f(t,x,u1(t)}x +

+ f(t,x, u,(t))-(1-1),2¢[0,17 } .

The field P is associated with the system (g, [0,17), which trajectories

fulfill the equation

K(£)=g(£,x(£) M) =F(E,x() yuy (LD A+F(E,x() 0 (E)(1-0)  (11-3)

2
with the initial condition x(0) = xo . The solution x(t,A) of (II-3) exists
and depends continuously on the parameter A (Maurin [207], part I). Let us
observe that
¢(x(o,1))
¢(x(0,1)) = ¢(x,(0)) > e for A =0.

i]

1
—

¢(X1(c)) <e for A and

From continuity of x{t,\) follows that a constantis:[:o,l | exists, such that

d(x(0,1)) = 0. The function x(t,X) is a trajectory of the field P. Observe,
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that P=conv M and M(t, x) consists of two poiﬁts, moving continuously. Thus,
the system (g, [0,1 ] is regular and theorem I.4.9 may be applied, which
means that x(t,i) is a quasitrajectory of N and of (f,C). Moreover, from
1.4.11 follows that x(t,X) is a limit of sequence {xn} of trajectories of N
and of (f, C). Thus, for any N> 0 a trajectory xks‘{xn} exists, such that

¢ (xk(o))< N which contradicts (II-2) and completes the proof.

II.1.5. Remark

A similar property of reachable set was pointed out by Zaremba |:9 ] in the

case X = Rn.

In that'paper also was pointed out that the reachable set is
upper semi-continuous as a function of the initial condition. The similar
theorems are given by Chow and Shunr [ 12] and by Castaing and Valadier [ 14].
With somewhat different assumptions we are going to prove continuity of
reachable sets, following the analogycal theorem of Turowicz [117] (for the

case X = Rn).

I1.1.6. Theorem

Let (f, C) be a regular control system and let I.3.1 hold. Then the set
Z;(G, Cl x) is continuous in the Hausdorff sense as a function of the initial

condition x.
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Proof

From 1.3.2 follows that Zq(@, C), x) is nonempty. Let us choose a trajectory
x of (f,C) with an initial condition Xy and corresponding control u. Let

z=%-x, r(t) = Il zZ(t)]| , where x is the trajectory with the control @ and

with an initial condition Xy From 1.3.1 follows that

r(t) < |l z(t)] s || f(t, X(t), u(t)) - f(t, x(t), ult)}] <

Sw(t, |[x(t) - x(t)f] = w(t, r(t)) a.e. onJ.

From the above differential inequality follows that

r(t) < olt, [l x;~ %0l » | (11-4)

where ¢(t, v,) is the upper integral of the equation v(t) =w(t, v(t)) with
the initial condition vo= v(0) = || X, - x|l . From the properties of w
follows that ¢(t, Vo) + 0 if v, >~ 0. Observe that (11-4) is va]id'for all
pairs of trajectories with identical controls and diverse initial ccaditions.
Thus, to each point of Zt«f, C),x,) corresponds a point of X, C)s x,) and
vice versa, the two points belonging to trajectories with identical control.
Let us observe, that (II-4) holds uniformly, i.e. do not depend on u and do

not depend on the corresponding pair of points ont((f,C),xo)and Zt((f,C),xl)

Thus, r(t) > 0 uniformly if x, - X,- Consequently we have

d* (Z4(F,00x,)s Z5(F,0hx))) > 0 i x| > x) .
o

From 1.4.11 follows that Zq f,C) = Zt(f, C). This means, that Z;«f;CLx) is

continuous in the Hansdorff sense with respect to x, which completes the proof.
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I1.1.7. Remark
Let us observe that Zt(ﬁ, C),x)::Z;(G,C), x) and, consequently, Zt«f,C), x) is
upper semi-continuous with respect to x.
11.1.8. Theorem

Let (f, C) be a regular control system and let 1.2.8 and 1.3.1 hold. Let

(tl, xl) be a point belonging to the boundary of Zq(f, C), where t €(0,T).

Then
(i) at least one quasitrajectory of (f, C) passes through the point
(tys x)s
(i) the graph of each quasitrajectory of (f, C) which passes i
through (t,, x;) belongs to B(Zq(f, C)) for all te I:O,t1 ]
(3(+) denotes the boundary of a set).
Proof

(i) This assertion follows from theorem I.5.1.
(ii) Let us suppose, on the contrary, that a quasitrajectory x of (f, C)

exists, such that

i(tL{a(Zq(f, C)) for some te(0,t;) and X(t;)= X (11-5)

From 1.4.9 follows, that the quasitrajectories of (f, C) are at the same time,
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trajectories of the ﬁéld E= conv N, when N is the field associated to

(f, C). Let us observe, that from 1.2.8 follows that Z(E)c=int Rx@. This
means that at any point (t, c)eZ(E) a neighbourhood y(t, x) exists, such
that f(t, x, u) fulfills the assumptions of this theorem in y(t,x) for all

ueei. Let us consider a field

B(s,x) = {X 3 wv: - ve E(t, - s, x)} .

Observe, that to each trajectory x : l:O, tlj + X of E corresponds a trajec-
tory y: [0,t; ] ~ X of B such, that s= t; - t and y(s) = x(t). From (II-5)
follows that a trajectory y of B exists, such that y (0) = X, € 3Z(E) and
Sl(tl- 1) = x(t) € int Z(E). Trajectories are continuous functions. Conse-
quently, we can choose T in such a way that x(t) ey (tl, xl) on |

te[t; - v, t; ] for each trajectory x passing through (t;, xll). From the

definition of B follows that

B(s, x) = conv {X3v: v= -f(t; - s, x, u), ue C(t;- s}. Thus, B(s,x)
is the convex field associated with the control system (f', C'), where

f'(s,x,u) = -f(t; -s, x,u), C'(s) = C(t; - s). The system (f',C') is regular

and I1.1.7 nold. This means that the reachable set Ztt" T'(B, y) depends conti
nuously on its initial condition y = y(0). Consequently, a neighbourhood n

of x; exists, such that Ztl-T(B,y)ﬂint Z(E, x4} # ¢ for each y en, where
we identify the points (t,x) and (s,y) of the time-state spaces of the systems
(f,C) and (f',C') respectively, Suéh that x = y and s = t; - t . Choosing an
initial condition y(O)én such that y(0) ¢ Z(E, Xo) we conclude that a trajec
tory y' of B exists which passes through the point s=0, y(O)e(n\Ztl(E, X))
and through the point s = t, - 1, y(tl—T Je int (E). These two points belong

to the graph of some trajectory x' of E, i.e. to the graph of some quasitrajec-




tory of (f, C). Thus, x' is a quasitrajectory with the initial condition xg,
which reaches the point x'(t;) = y(0) ¢ Zq(f,C). This contradicts the defi-

nition of reachable set and completes the proof.

I1.1.9. Remark

Fig 3 indicates an interpretation of the above proof in the case X = R2.
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I1. 2. Optimal control

In this section we assume that X is a real reflexive and separable Banach space

and that X* (the dual of X) is uniformly convex.

I1.2.1. Definition

Let 9'=[t', t*] < J. A trajectory (quasitrajectory) x : J' - X of a control
system (f, C) passing through a point (t', s) is said to be optimal over J' ifthe
graph of x belongs to the boundary of the reachable set Z(( f,C), (t', s) (of
Zq((f,C), (t',s)) respectively) over the interval J°'. Replacing (f,C) by an

orientor field N we define an optimal trajectory of an orientor field.

11.2.2. Remark

In the above definition we do not declare whether the trajectory or quasitra-
jectory is time-optimal one, or optimal in the sense of some particular crite
rion of optimality. It is clear that 1I.2.1 concerns time-optimal (quasi-)
trajectories if some goal trajectory is defined. On the other hand, many
problems of optimal control can be converted into time-optimal proplems, by

appropriate extension of the system state space (see 1.5.3, 1.5.6 and 1.5.7).
11.2.3. Definition
Let Y be a normed vector space, let AC Y be a nonempty set and let K(y, p) be

an open ball with radius p and cencter y. A vector veY is said to be normal

to A in the point zedA if v # ¢Y and K(z+v,|]| vll]) N A=¢. The set of all
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normals to A at a point ze 3A will be denoted as ’N'(A, z).

11.2.4. Definition

Let X* be the dual of X and let F: X » 2" be the duality mapping, defined as
follows: F(x) = {x* ¢ X*: x* (x)=|| x||? = || x*|| 2 }. The functionals <,

<eye>_ 1 XxX > R defined as follows

1]

<%,y >, =sup {z(x): zeFly)} ,

< X, ¥y > =4inf {z(x): zeF(y)} ,

are called semi-inner productsin X.

11.2.5. Remark

The semi-inner products have the following properties

<x+y,z> = <x,z>t+<_y,z>i,

t
| <xsy> [ Ixil- 1yl
<x+ay,y>i=<x,y>i+ally”2 ¥ aceR,
<ax, by >, =a+b<x,y> ¥a, beR,a+b20.

If X is a Hilbert space, then <e,e> =< 0> =< 0>, where <.« ,+> 1is the

usual inner product.
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If X* (the dual space of X) is uniformly convex then <oy o> = <oyed df <o >

The semi-inner product <-,->_ exists and has the following properties [ 31]

<ax + By, z>s= 0<X, Z>S+ B<y, z>S Yo, BeR; x, ylzex,

2
[y || ¥ x, yeX, <x, x> = x| .

ERSNEN e

Let us consider, for example, the space EP(R) of all sequences of real numbers

with the usual norm Let q be the conjugate exnonent of p, i.e.

Then the semi-inner product of x, ye£p(R) is defined by

p-2
<Xy y>g = cly) I x5 ly517 vy
it (g-p)
where c(y) = || yl!p 9°P/_ It is clear that the above semi-inner product
becomes the usual inner-product of £, if p=2 and it is easy to verify that it

has the properties indicated above.

11.2.6. Theorem

Let E be a convex and continuous orientor field and let Y be the Banach space
. . 2 23\2

Y=R x X equipped with the norm || t, x H§(==(|t "+ |l xll). Suppose that a tra-

jectory x of E with the initial condition (O, xo) passes through a point

(t', x') €3Z(E), where t'e int J, Z(E) is the reachable set of E (see II.1.1).

)
Let N!=ﬁ(2 (E), (t', x')) be nonempty, and let veN. We denote by x~ (t) and

x*(t) the left- and right-hand derivatives of x at a point t.  Then

(1) <1, x" ('), vz 50,
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(i1)  <(1, x7(t)), v, 20,

provided Xx* and x~ exist at t' .

Proof

This will not cause

L1l

guity if we will bear in mind that v and (t, x) belong to Y=R x X .

The norm || -I]Y will be denoted shortly as

us consider the function
o(s) = [ p - (t' +s, x(t* +s)),
where peY is such. that p-(t', x(t'))= v. We have
o(s) = |l p- (t', x(t) - s(1, x"(t)) ]|+ o(s)=

= v+ s(-1, =X (t'))]} + o(s),

if s>0, where o(s)/s ~0 ifs~>0.

Let us observe that ¢(0) = || v and

0e(0) = 1im ALyt s(el, SKE ) l-llv ]
>0, s

where D' denotes the right-hand derivative. We apply now the equality

<a, b>s= b || 1im ILb + s-afl - [|b |
s+Q, S

(Deimling [18], proposition 5.2).

From (II-1), (II-2) and (II-3) we obtain

8(0) D5(0) = <(-1, -&'(t')), v,

ambi-

(i) Let

(11-1)

(11-2)

(11-3)

(11-4)
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Let us note that D+¢(0)3 0. Indeed, if D+¢(0) were negative, a neighbounrhood
p of s=0 would exist, such that ||p- (t, x(t))]j< |[v | in p, i.e. the point
(t, x(t))eZ(E) would belong to K(p, ||v “ ) which contradicts the assumption that

v is normal to Z(E). Thus we have
oy
<(-1, -x ' (t')), v» 20
and, due to'the definition of the semi-inner product
<«(1, x(t'), v <0, (11-5)

which completes the proof of the part (i).

(ii) To prove this part, we have to consider the function
Y(s) = || p-(t'-s, x(t'- s»}l instead of ¢(s). Applying an argument similar

as in (i) we can point out that <(1, X (t'), V> 2 0, which completes the proof.

11.2.7. Theorem

Let (f, C) be a regular control system (see I.4.8) with associated orientor
field N, fulfilling assumptions 1.2.8 and 1.3.1. Let E and Q denote a convex
field and tendor field generated by N, respectively. Let x: J-X be an optimal
quasitrajectory of (f, C) with an initial condition X, - We denote

A={t: teint J, NZ(E), (t, x(t))# ¢} .

Suppose that A#¢ and wu(A)> 0. Then

x(t)=o(t, x(t) a.e. on J, (11-6)

where o is a selector of E, such that o(-, x(+)) is measurable and
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(i) <1, oft, x(t)), v > = 0 a.e. on A, and, moreover
(ii) .max {c:c = <(1, z), v > 2 e E(t, x(t))} =0 (11-7)

for all v e f(Z(E), (t, x(t))), t € ANJI, where I is the null set over

which x(t) does not exist.

Proof. It is known that, under the above assumptions, Zq(f, C) = Z(E) and,
consequently, x is a trajectory of E. Since x s differentiable almost
everywhere on J, we have % (t) = x"(t) a.e. on J. Thus, the equality (i)

follows from (i) and (ii) of the Theorem I11.2.6.

~The prove (ii) let us suppose that a point z e E(t', x(t')) exists such

that t' e A\I and (1, z), v>s>0. Consequently, a convex neighborhood

n of z exists, such that <(I, w), v>>0 for all w e Ef(t, x) = E(t, x) & 7.
The multifunction E' is continuous and convex-valed. Hence, a continuous
selector s(t, x) of E' exists. Let y be the trajectory of E' which corre
sponds to s, with the initial condition (t', x(t')). Thus, vH(t') exists
and <(I, §+(t')), v >S>0. Thus, §+(t') exists and <(1, §+(t')), v>s>0.

But once (t', x(t')) belongs to the reachable set of E with the initial
condition (to, x(to)), the trajectory y can not leave the reachable set.
Using the same argument as in the proof of the point (i) of Theorem II.2.6.
we conclude that <1, §+(t'), V> 20 which is a contradiction to the previous

inequality and completes the proof.

11.2.8 Remark

Let us observe that Theorem II is formulated in terms of quasitrajectories

of (f, C), without any convexity and compactness assumptions imposed on
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control domain and/or counterdomain.

The similar geometrical interpretations are given by Markus and Lee {231,
Leitmann [21], Boltiansky [22] and others. It should be noted that the
optimal quasitrajectory of (f, C) need not be regular in the sense defined

in [21], i.e. the plane tangent to the reachable set along with the quasi-
trajectory needs not to exist. We require only that the set of normals N

be nonempty. However, it seems to be difficuft to prove that it is the

case, i.e. that u(A) # 0. To overcome this difficulty, let us consider the -

following property which might help us in this connection.

11.2.9 ProgertxiPZ

A constant n exists such that for each (t, x)e JxX the reachable set

ZZ((f, C), (t, x)) is convex for all se(t, t +r))-

Of course, not every control system has this property . One might expect
that if the orientor set N(t, x) is convex then the property holds. In

this case the following corollary may be useful.

11.2.10 Corollary

Let (f, C) be a regular control system having property (P)

and let the assuptions of Theorem If?djld Let us denote
H(t) = U [R(Z(E. (s, x(s)), (t, x(t M: se (o, t)]
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B ={t: teint J, H(t) # 0} .

: . 2.7
Then u(B) = u(J) and Theorem }E\ho1ds while replacing in it the set A by
B and R(Z(E), (t, x(t) by H(t).

Proof. Let x: J — X be an optimal quasitrajectory of (f, C) with an
initial condition (O, xo). Obviously x': [s, T] — X being the restrictipn
of x to [s, T], is an optimal quasitrajectory of (f, C) with the initial
condition (s, x(s)), i.e. it lies on the boundary of Z(E, (s, x(s))), where
s € int J. By the property (P) the set N(Z(E, (s, x(s)), (t, x(t)) is
nonempty fdr eachc%s;‘e ‘(t- n, t), which means that u(B) = u(J). It is clear

that the Theorem II' holds for any initial condition seint J and any interval

s, T'], s <T'<T . This observation completes the proof.

11.2.11 Adjoint inclusion and‘possibie'aﬁp]itations

In order to construct any useful algorithm it is necessary to calculate the
fadjoint trajectory” v: J — X. One might expect that the variable v
" (the vector nomral to the boundary of the reachable set) satisfies certain
differential equation or differential inclusion. We will not consider here
this problem in details. Let us, however, observe that the part (ii) of
Theoremkf%iprovides the "control rule" which can be used to choose the value
of o(t, Xx). On the other hand, the part (i) of that theorem leads to the
equality
<o(t, x(t)), v(t) > =0 - (11-8)
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where o = (1, o) and o can be determined due to the maximum principle
(I1-7). The equality (II-8) may provide additional conditions for v. Let
us consider, for example, the case when X is a Hilbert space and o does

not depend explicitely on t. Thus, form (II-8) we get

4o<B(x(1)), V(1) =<5 (k(t)), v(t)>+<B(x(t)), ¥(t)> = 0,

where <+, »> stands for the inner product of Y = RxX.

Let us observe that ax is the Frechet's derivative of o : Y — Y, i.e. °

o, is a continuous linear operator. Taking into account that x(t)=6(x(t))

we get
< a(x(t)), v(t)> = - <5(x(t)), §(v(t)) >,

where 3; is the adjoint operator of o Consequently, the desired

X

. differential inclusion for v becomes

We)ev(t, v(t), x(t) &£

X2 2:<5(x(t)), 2>= -<o(x(t)), TX(v(t))>} (11-9)
Obviously, an adjoint vector which satisfies the equation
W(t) = - lv(t))
is a-so1ution to (9), as in the classical maximum principle,
In practical app]icatiohs the most common case is that of regular control
systems. It results from the physical nature of control variable. Even if

the system is described by partial differential equations with distributed

(function-valued) control, its technical realization can hardly be done
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with infinite number of control variables. Once the control is of finite
dimensionality, the corresponding control counterdomain N(the orientor set)
is compact by the theorem of Mazur. In that case it is easy to show tiat

the control system under consideration is rzcular one. Another questién is
the computational aspect of Theorem II.2,JIt might appear that this version

of the maximum principle does not provide any usefﬁ] algoritims. Indeed,

in the general case it is difficult to determine the normal vector n and

the selector o of tne "relaxed" control counterdomain E. But, let us

observe that the general case refers to the situation when the optimal control
need not exist. Consequently, the control variable does not appear in the
conditions (i) and (ii) of the Theorem I11.2.3This property seems to be inter-
esting one. HKamely, the philosophy of optimization algorithm is not to look
for the optimal control, but rather for the optimal quasitrajectory. No
uniquess and/or existence of optimal control is required. The main task is
to find an optimal quasitrajectory and then to determine corresponding contro},
corresponding sliding regime, or to approximate it by certain sequence of
trajectories. Of course, if the control counterdomain is convex, then the
set E ds equal to N and can be parametrized by the control variable. 1In

that case the search is to be made in the control space directly.
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Some important applications of the maximum principle concern systems

governed by partial differential equations.

Let us give now some general remarks. We consider control
system whose state variable is a function of time t and of some spacial va-
riable x. In technical applications we have x¢ R3, but here we let xs.Rl, to
simplify the notation. The system is governed by a nonlinear partial differ-
ential equation, and the problem is posed as some nonlinear version of the

Neuman problem

%{-(-'Ez-—’-‘l = A(t, z)(x) (11-10)
z(0, x) = ¢(x) (11-11)
z, [£-= u(t) , z, |_£+= -u(t), (11-12)

where z, [£+" Tim 3z(t, x) /9x with x » £, x £ £. The function z(t, x) is
the state variable defined over the set S=R, X L, L= [}E, L ], u is the con
trol u(t)e CcR, C compact, and A(t, z) is some differential operator. More-

over, we require that

z,, - 2,_ = B(z(t, V), (11-13)

where z,, are the righ- and left-hand derivativesatx=vandx=v isa solution to
some algebraic equation x=E(z(t,x)).Conditions like (II-13) often appear in mo-
dels of processes of mass and/or heat transfer with some chemical reactions,

solidication e.t.c. Let us confine our attension on the case
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L]
e S
AW,ZV‘)=¢H,:U~X)%1£%3AL- for xe (int LY v}, alt, z)
g x°

describa thds system by ore eguation of evolution Tet us extend
z(t, x) to the entire half-plane R, x R, put z(0, x) = 0 for all x ¢ L and let

z be treated as a generalized function, zy baing the distributional derivative.

where &(«) s the distiibution of Dirac, z;v is the usual derivative

1A

8%7/ax% din (R+ ¥ RYN (-0, v, £} and z;x(tﬁ x)=Tim z (b, y) with v - x,

AL

s

y <, for x el-f, v, £}. He suppose that z is continucus in R X R,

6(x) is of class C* and ¢(-2) = ¢(&) = 0.

Let us define

Sult)-sGeviB(t,v)ya(t,z) (11-14)

Ohserve thas A = A' dn (dnt L)Nivl  and A' s aa extension of A to the set

Ry x . Thus (11-10, 11, 12, 13) can be cxpressed by one zquation

-1

which includes all boundary conditions. Here &) = &{x) in L, o(-1) =

20 in RwL. Let us dntroduce the following notation. We
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denote by y: R+ L (R, R) the function of time, whose value (for some fixed

time) is the function z(t, - JeL2(R, R). We have
z: R, x L+R, w: R ~L%R, R),

(t) = z(t,+)el’(R, R), (t)(x) = z(t, x)eR
Thus (II-15) becomes an ordinary differential equation in the space L°(R, R)
S = ae, w(e), ut) (11-16)

where the operator A' is uniquely defined by (I11-14). uUnfortunately , A' is
not continuous in L2, and we have to know if (and with what assumptions) a
solution to (11-16) exists. We shall not consider here this problem. The
right way to solve optimization problems for systems described by linear
evo]utioﬁ equations was given by Lions [17] and it seems possible to solve
nonlinear problems similarly. Let us give some another approach, using some
“smoothed" operator, in certain analogy to weak solutions of (II-16). The
concept of smoothing is based on some physical observation. Namely, the main
idea is that such physical parameters as temperature and concentration can not
be measured in a point and they always are some global properties of a finite
set of particles. Consequently, we replace the right-hand side of (II-15) by

the expected value of some function of a random variable y with density

g(x - y), i.e.

';;Szt(t,x) - )( A'(t,z,u)(y)g(X-y) dy | (11-17)

-0

This,in LZ(R, R) becomeéﬂ
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408 - ke, u, wit)), (11-18)
where tne operator.F is defined by the right-hand side of (II-17) and (II-14).
As g{+) we can take a density of normal distribution with zero mean and
sufficiently small variance. Provided E(z) and B(z) are regular enough, the
operator F is continuous and Lipshitz. Since the control domain CcR is com
pact, the control counterdomain of the system (F, C) is also compact. It
implies that (F,C) is a regular control system and the results of previous
sections can be applied. Observe that if the variance of g tends to zero,
the right-hand side of (1I1-17) tends to that of (II-15) but, it should be
emphasized that in our approach g(-) is fixed and we do not need that (1I-17)

be satisfied with diverse densities g(-).




III. Some remarks on computational aspects

II1.1. Local algoritm for infinite-dimensional system

111.1.1. General observations

To pose the problem we have to determine what means "infinite dimensionality"
in a computer program. It might appear that, for tecnnical reasons, computer
programs realized in practical applications must be finite-dimensional. On

the other hand, there are algorithms solving partial differential equations

and performing quite complicated operations in spaces of functions (e.g. speech
signal processing, prediction e.t.c.) with considerable efficiency. Taking
into account recent rapid development of supercomputers with paralled processing
it seems to be possible to develop standart software tools for infinite dimeﬁ-
sional optimization problems. As for the "“infinite dimensionality" in computer
programs, let us observe that such properties of state and control space as
noncompactness and lack of measure affect program performance causing heavy
difficulties wnich grow rapidly with the space dimensionality. For example,
the known difficulties in generating realizations of random variables having
multidimensional distributions are obviously caused by the lack of probability
measure in the infinite-dimensional case. The noncompactness of some sets of
fuctions causes difficulties of another kind. It is impossible, for example,
to construct a finite € - grid in a set of functions which are not equicontinu-
ous. Consequently, it is ratherdifficult to create catalogs of pattern functions

used in data-base of signal recognition systems. On the other hand algorithms
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utilizing such calculations as operations over vectors or evaluation of inner-
product, i.e. the permissible operations of some infinite-dimensional vector
spaces, are quite effective even if the dimensionality of a problem 1$'high.
It is why the linear programming algorithms do work satisfactority even for

problems of many thousands of unknowns.

Any computer realization of an infinite-dimensional problem must include some
kind of truncation or projection into a finite-dimensional space or spaces.
The main requirement which differs the standart finite and infinite-dimen-
sijonal program is that the truncated dimensionality or the space of nrojection
be not visible by the user, i.e. that the dimensionality does not appear in
formal parameters of procedures called directly by the user. Let us give some

remarks on an approximation scheme which may be used for this purpose.

111.1.2. Galerkin approximations

Let Xn denotes a finite-dimensional subspace of a real reflexive Banach space
X, and let Py be a projection from X to Xn' Let {Pn} be a sequence of projec-
tions, such that || P || =1, P, =X + X forn=1,2, ..., and P x> x ¥ xeX.

Tne sequence {X Pn} is called the projection scheme. It allows us to

ne
construct a sequence of solutions to ordinary differential equations in spaces
X, converging to a solution of the corresponding equation in X. The following

is the basic theorem on the convergence of such solutions.
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III. 1.3. Theorem

Let X be a Banach space with a projection scheme {X,» P}, such that [[ P || =1
forn=14,2, ..., and Ppx »x ¥xeX. Let f: JxQ ~ X be a continuous and

bounded function such that || f(t, x)|| <M 1in JxQ, M being a positive constant,

and
< f(t, x) - f(t, y)> S w (t,||x - y||) -

Ix - yll (I11-1)

for all x, yeQ, ted, where <+, «> is a semi-inner product in X and
w:JxR_~+ R is a function which satisfies the following condition: for any
y > 0 there existss > 0, {ti} and {/J].: J > R, }such that ty > 0, ty > 0, P

are continuous and

pi(t].) 2 sty D~ ;() 2 w(t,/J]-(t)), 0 <p].(t) <y (I11-2)

Then the equation
x(t) = f(t, x(t)), x(0) = Xg» X€X (I111-3)
has the unigue solution x over the interval J, the equation

x(t) = P f(t, x(t)), x(0) =P x4, xe X (111-4)

has  the unique solution x_ over [0, b7, where b=min{u(J), r/M} (r

denotes the diameter of Q) for n big enough, and xn(t) + x(t) uniformly on

[o,b7.

111.1.4. Remark

The proof of the above theorem can be fund in [187. Some interesting appli-

cation concerns a distributed system described, for example, by equation
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(II-17). The sketch of a possible approach is as follows.

Let the state space be X=1L, and let g(-) be some truncated density function,

being, however, sufficient]y regular. Thus, we can restrict the bounds of

integration to some finite interval K, and we have X==L2(K, R). ’Let S be a

countable dense subset of K, and let Sn= {51’ Sys eees sn} be a finite subsetof points

of S. Let us define a sequence {Sn} of subsets of S in such a way that

mix m;nlsk-sjl >0 with n>oand k, j <n.
For example, if K=[ 0, 1 ] we can choose S, = {1/2}, s,= {1/4, 2/4, 3/4},
53=A{1/8, 2/8, ..., 6/8, 7/8} e.t.c. with the fo]]oﬁing enumeration of points:
5, 1/2, 5,= 1/4, s;= 3/4, s5,= 1/8, s.= 3/8, e.t.c. By Xn we denote the space
of all step functions being constant in each of the intervals constituting the

set KNS . We have X, X c X. The projection Pn: Xn-+ X is defined as

2% *°*>

Pnz=zn , where z

o is a step function such that z e X, ZnISn= zlsn, and

z(x) = 2(s;) for all xe [_s;, s, ], s; and s, being points of S, with consecu-
tive positions (not numbers) and Si< sk.Let now X be a point of K in which
azz/ 3 x* exists. We can express the derivative 3z/3x in term of points belong

ing to Sp» as follows

where s, is a point of S such that s > x and Isi - x|= mgn{lsi-xl, s;eS,}
and nn(X)/ lsk- x| + 0 with n >, Similarly

2

] Z(X) - )
X - Q(Sk, Sp, X) + ﬂn(X,, Sk9 Sp

x) is an appropiate difference quotient, s> s

eSn s

>X , S, is the

where q(sk, S D

p’ p




nearer right-hand neighbour of x and Sy is that of sp. Thus, with the above
notation we can express the projection of the second derivative as
2 .
p 2 z(x) _

n =" = a(sy, s

3)(2 )’ , (III'S)

p> Syl +plsy

“where S > sp > X > 5., and Sps sp and S, are points of Sn with consecutive

values.

We are now in a position to apply the Galerkin’s projection sheme to the sys-

tem described by the equation (II-17). To do this, Tet us observe that

J sy + £) u(t) g(x - y) dy= u(t) g(x + £)
and the distributional terms in (I1I1-17) disappear, being replaced by quite
regular functions of the form u(t) g(x). Substituting the corresponding
projections we obtain a sequence of finite-dimensional equations in
X

X which is, in fact, a sequence of Galerkin approximations.

TR T
It is perhaps appropiate to mention that, from the computational point of
view, the above scheme isnothing more thensome finite-difference algorithm
with decreasing step of the space-grid. Let us observe, however, that the

enumeration of points in the set S provides that the particular, say the k-th,
equation corresponds to the physical parameter in the same point in all
iterations (in all the spaces X1’ XZ, ...).. Thus, the solutions reached in
the iterations can be easily compared to each other in order to check the rate

of convergence and -ome Sstop-criterion.
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ITI.1.5. The algorithm

Let us recall that the main results of the maximum principle II.2.7 are

<(1, o(t, x(t)), v >, = 0 a.e. on A (I11-1)
and

max { c:c =¢(1, z)», V> zeE(t, x(t))} =0 (111-2)
where o is a measurable selector of E , E is the convex

orientor field generated by the control system under consideration, v is a
vector normal to thé boundary of the reachable set at the point (t, x(t)),

x: Jd - X is an optimal trajectory and A denotes the set over which v exists.
With this notation and under the hypotheses of 11.2.7, III-1 and III-2 are
necessary conditions for optimality. Considering projections into a plane

t = const we get, due to II.2.11 and II.7

H=<o(t, x(t)), n > = 0 a.e. onA, (I1I-3)

where n is the projection of v. Consequently, any algorithm based on these
results consists in some searching process which allows us to determine

o(t, x) which maximizes H.

What we obtain as a result, is a trajectory which graph belongs to the bound-
ary of the reachable set. Let S denote somé given set of the space Y, such
that at least one trajectory of E reaches the set S, and let a point

y' e SNZ(E) exists such that Pyy' = min {de:yean(E)} » where P;y 1is the

projection of y into J (recall that Y = Jx X, thus PJy is real-valued). In
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~this case an optimal trajectory exists which reaches the set S in optimal time.

Suppose that the set p of normals to the set X\S at y‘kand the set of nor-
mals to Z(E) at y' are nonempty. It is easy to point out that in this case a
normal v to Z(E) at y' must exist such that vep. This is the condition of
transversality, well known in the finite-dimensional case. Choosing diverse
sets 5 and, eventually, extending the state space we can define diverse opti-
mization problems which provide, or not, corresponding transversality condi-

tions.

The computer algorithm in the finite-dimensional case with convex compact
orientor N(t, x) is well known. The standard approach is to apply some of
conjugated gradients or variable metric algorithm, where the gradient 3H/3u
is evaluated as follows. We integrate, with given initial point x, and given
control function G, the state equation x = f(x, U, t), storing the trajectory
X in memory. Then, we integrate the equations of the conjugated vector n
(see I1-9) with the final condition p(T), backward in time. Once the values
of X and U are known, it is possible. Moreover, if we evaluate p(t) for some
ted, we can evaluate H in this point, and, simultaneously, 3H/3u at time t.
This latter value is to be stored as a value of gradient (search direction)
in the space of control functions (note that p(t) need not be stored). Thus,
one integration of the state equatidns and one of the conjugate equations

give us the search direction and the search process can be continued [287].

A similar procedure may be applied in the infinite-dimensional case. The
main difference is that the integration processes for the state and conjugated
variables have no dimensionality parameter specified. The integration process

for each trajectory consists of a number of integrations of finite-dimensional
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Galerkin approximations which result in a (truncated) solution to the infinite
system. Thus, the user do not control the dimensionality specifying, perhaps,
only some upper bound for this parameter. It should be noted that, at any
rate, thé memory needed and time consumption might be huge and the known diffi
culties, arﬁsing while integrating infinite systems, can not be overcome.
Application of computers which high level of parallelism might cause some prog-

ress in this field.

/1.
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111.2. Parallel algorthm

Most of the published applications of paralled computers concern the problems
of Tinear algebra, linear programming and parallel evaluation of arithmetic

expressions {247, {257]. If the number of papers devoted to applications of

that kind is fairly great, the published results on parallelism in non-linear

optimization problems and optimal control are rather small/the scarce examples

are i.g. [26], [27]. It seems that the technological development of parallel

computers has been so rapid that the theoretical research in the field of para-
11elism in optimal control was left behind. It should be noted that both hard
ware and software tools for such research are available. The main software

tool is the Ada language which wundoubtedly will stimulate the research.

Our task is to formulate some parallel optimization process and to assess its
speed-up in relation to certain classical sequentional algorithm. It shouldbe
noted that, if the convergence of an optimization algorithm may, in most cases,
be proved, its speed can hardly be established without strong assumptions im-
posed on the object function. As we do not intend to do so, this section is,
from the theoretical point of view, merely a problem statement. Namely, we
try to investigate the speed of convergence of the propesed procedure, simula-

ting the process or parallel computations.

111.2.1. The statement of the problem

Let us recall the basic optimization algorithm of gradient type. Let F: RM- R

be a continuously differentiable function called the object function and grad
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F(z) be the gradient of F evaluated at a point zc R™. The problem is to find
z€ R™ such that F(zo) S F(z) in some neighbourhood of Z,- The gradient algo-
rithm is as follows
Algorithm G.

Step 0. Choose z e R™ such that the set {z: F(z) < F(zo)}
is bounded.

Step 1. Set i=0.

Step 2. Evaluate h.= D(z;) grad F(z;).

Step 3. If hi=0 then stop run. Else go to step 4.

Step 4. Evaluate the smallest non-negative number A such that

F(zi + Aihi) = m;n {F(zi + Ahi}:

Step 5. Set Z,= 2t Aihi’ set i = i+1 and go to step 2.

In the above algorithm D(z) is a positively defined matrix which elements are
continuous functions of z. If B=I1/the unit matrix/ then we have the Steepest
descent method. If D # I and it depends on gradients evaluated in previous

steps, then G is a conjugated gradient algorithm. A comprehensive discussion

of such optimization algorithms can be found in [ 28].

The Ada language parallel facilities make it possible to use parallel computa-
tions at the algorithmic level. That is what we call parallelism in this pa-
per. From this point of view algorithm G is sequential one, despite of the
fact that the vector and matrix operations of steps 2, 4 and 5 might be

executed with concurrent computations.

The most constly operations in the above algorithm are evaluation of grad F and

evaluation of the object function. Each "big" iteration of the algorithm re-
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quires one evaluation of grad F and several evaluations of F in the step 4.
Both gradient and object function evaluation will be treated as tasks in the
sequel, i.e. as program units which can be exacuted concurrently. The main‘
idea is to launch a number of such tasks and not to separate (in real time)
object function and gradient evaluation. The who]e’prd;esg of optimization
will be said to be of type Gy/z where y is the number of tasks (both of gradi

' ent and object function type) which might be executed in parallel and z is the
number of tasks of object function type, called OFT in the sequel. Thus, the
maximal number of the gradient-type tasks /GT/ being executed concurrently with
OFTs is equal to y-z. The sequential algorithm G is of type G1/1 where no par

allelism exists.

Before formulating the search rules for a, possible realization of a Gy/z pro
cess, 1et us specify a set of data contained in the common pool visible from

within all the tasks.

The common data are as follows.

G, U - arrays of the same type as the argument of the object function,
X - the lower value of F achieved in the search,

NF - the number of active OFTs,

NG - the number of active'GTs,

Ln - Tlogical variables, n =1, 2, 3.

n

To initiate the process of optimization we set L1 = truve, NF = 0, NG = O,
X=o, L2 = false, L3= false. Now let us specify the search process actions
being some realization of a process Gy/z. We denote by ¢ the array with all

elements are zeros. By "if Ln" we mean "if Ln is true". The process actions




are as follows.

-i- If L1 and NG < y - NF then new GT starts, L1: = false and NG: = NG+ 1.

-ii- If a GT ends then G is given new value, evaluated by this
GT, NG: =HRG-1 and L2: = true.
If G = ¢ then stop run.

-i1i~- If L2 and NF <z then new OFT starts. It eva]uates the value of F(W),
where W(I): = U(I) + Y = G(I) for all components of W. Y is a value
obtained by random drawing with normal distribution, mean H and stan-

dard deviation V. The distribution is truncated so that Y > 0.

-iv- If an OFT ends and F(W) 2 X then NF: = NF-1.

If an OFT ends and F(W) < X then NF: = NF-1, U: = W, Ll:= true.
Moreover, in both cases parameters H and V are changed due.to some
updating rule.

-yv- If L3 thnen stop run. L3 is a.stop condition, not specified here in

details.

In the above process GT has higher priority then OFT, i.e. the event /i/ has a
higher priority then that of event/iii/. For GTs and OFTs are asynchronous,
the shared arrays G and U mignt be updated at some irregular time instants
depending on whether a GT or an OFT ends. Therefore G and U are transfered to
GTs and OFTs by value, i.e. GT tqkes a copy of U and OFT takes a copy of G and

U at the time instant it is activated.

Let us observe that in the case of process G 1/1 with ¥ =0, D=1 and H = Aj
we get the algoritam G. Thus, the process Gy/z is some extension of G to the
parallel searching process. Moreover, under the hypotheses introduced in this

section, G 1/1 converges to the solution of the optimization problem, due to
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[28] /section 2.1/ . Process G1/1 with the above parameters has, however,
1ittle practical meaning, for the parameter Ai is not known. The evaluation
of Ai requires several evaluations of the object function. TQ do this in the
sequential algorithm we have to apply some sequential algorithm of one-dimen-
sional minimization. This could be replaced by some parallel search, for ex-
ample such as formulated in the point /iii/. Then we get a process of type
Gy/z. It should be noted, that the rules /i/+/v/ concern some particular real

ization of a serach process of type Gy/z.

One might expect that the speed;up of Gy/z is as high as the degree of para]-'
lelism y. It, however, is not the case. If the "quality criterion" of the
seraching process is equal to t-m /where m is the amount of central memory
needed and t denotes the CPU time/, then the sequential algorithm is better
than the process Gy/z. It results from the fact that the information which
have been gathered in the consecutive steps of the algorithm G is .properly
utilized at the next step of G. In the parallel search a new OFT is launched
before completing all already active OFTs. Consequently, while generating its
parameters, the process could not make use of the information obtained from the
OFTs active at this instant of time. As a result, the speed-up is not propor-

tional to y.

To improve the speed of the search, we could apply the approach similar to the
“branch and bound" method known in the operational research. Namely, let us
assume that the result of an OFT can be assessed before completing this OFT.
If this assessment shows that no improvement of the object function can be
attained in this OFT, then it may be terminated before its completion and a

new OFT may be Taunched immediately.
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I11.2.2.  Application to optimal control in R"

Let us consider a time-discrete control system which trajectory is described

by equation

where x, = (xo’k, xl,k, vees xn,k) is the system state vector,
u=(u, y» ...s u_,) is the control vector, f:R"xRP > R" is a continuous
K 1,k p,k

vector-valued function, k stands for the instant of time, k = 1, 2, ..., T and
u e Ck, where Cke RP is a set called control domain. The initial condition Xq
is given. The optimal control problem is to determine a control Ups
k=1,2, ..., T such that the component x, T’reseaches its minimum. The func
tion f, , /being the first component of f,/ is of the form f, | =

] ]
= fO,k(xl,k’ cevs Xpps Up s eees up’k). The other components of f, also do not
depend of Xy K - The x, T is the object function. To evaluate it, we must
integrate the whole system trajectory, i.e. to solve equation (I1I-4) for k =
1, 2, ..., T. Thus, in this case the task OFT contains a step-by step proce-
dure which integrates /summarizes/ equation (III-4). Let us observe that the
array U of the process Gy/z has now px T elements. The gradient of the object
function may be evaluated due to the time-discrete version of the Pontriagin's
maximum principle [28 ]. Namely, let Sy = (sk 0> Sk.q* *e+2 Sk n) be a vector

/conjugated variable/ fulfilling the equation

n .
1t B sy oy ka1 ) (111-5)
j=1 = *j,k-1

for k =1, 2, ..., T. The gradient of the object function Xo T is given

by the formula




(111-6)

To make use of this formula, we integrate (II1I-%4) with a given initial condi-

tion x,, storing the vectors Xy in memory. Next, we set So,T = -1,

0
51,1'=52,T= . =sn,T==0 and integrate (III-5) in the reverse order of tine.

At each stage of integration one column of the gradient matrix BXO,T/“j,k is
evaluated, due to (III-86) The elements of this matrix could be enumerated to
form one-dimensional array grad F in order to follow the notation of the pre-
vious section. Thus, we can realize the tasks OFT/integrating (III-£)/ and
GT/integrating (III-4), (III-5) and evaluating (I1I-§). The other rules of

search are as indicated in Gy/z.

Let us consider now the case when the object function in non-decreasing. This
is often tne case because the function fo,k is usually non-negative, e.g. qua-
dratic one. In such case the assesment mentioned in the previous section is
very simple. If the value of Xy L is greater than X(the current "best" value
of the object function achieved in the search process) for some L < T, then
X, T can not be less then X and the integration of the trajectory in this OFT

may be terminated inmediately.

The interesting problems wnich arise are
1. is the process Gy/z convergent to a/locally/ optimal solution?

2. what speed-up might be expected in comparision witn G1/1?

As stated in the introduction, we shall not deal with very theoretical consid-

erations here. Let us only obserye, that the convergnece of G1/1 follows from
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the convergence of G. This enables us to suppose that Gy/z with y > 1 will
also be convergent. As for the speed-up, some simulation experiments was

carried out to investigate it.

111.2.3. Simulation experiments

The real-time parallel search process was simulated instead of realizing it

in the real time. The main reason to simulate it was that the simulation model
makes it possible to impose the /model/ time consumption charges on OFTs and
GTs and to separate these charges form the time consumption of the other oper-
ations of the process. Moréover, this enables us to evaluate easily all sta-

tistics and tracing needed as a result.

The processes G and Gy/z were coded in the Simula 67 language. To evaluate

A4 in the algorithm G the typica] golden-section algorithm was.used, as de-
scribed in [28]. It should be noted that the experiments concerned the sim-
plest possible versions of both processes. Namely, the search directions‘were
opposite gradient and not conjugated gradient ones. Of course, conjugated
directions could lead to better performances of both processes. However, it
seems that parallelism in Gy/z could be utilized in evaluating search direc-
tions in much more sophisticated way than in known sequential cojugated gra-
dients é]gorithms. Consequently, parallel methods with conjugated search
directions need some wide and profound treatment and are not considered in

this paper.

The simulation experiments was carried out for some diverse control systems.
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¢ In all cases the process Gy/z was convergent and considerable speed-up was obser

1 ved in comparison with the algorithm G. Let us show some typical example.

The system equations are

Axlyk ) X29k
= - 2
sz,k ukxl,k 0, 5X1,kx2,k
- 2
Axo’k— (xl,k- C1)2 + (,xz’k' CZ) s \
where
By ¢ =Xi km Xk 0 Wee -1 10, xg 0=l %, o=,
X0.0" 0, ¢,= 0,5, c,= 0, 5 . The problem is to determine U for k=0, 1.2,..,T
such that x reaches its minimum at the end of the corresponding system

0,T+1
trajectory. We set T=19.

The processes were simulated with the /model/ CPU time consumption imposed as
follows. One trajectory integration process was assumed to consume 20 time
units and teh wnole trajectory of conjugated vafiab]e plus the evaluation of the
gradient was assumed to consume 40 CPU time units. The results are shown in
fig.5. The snared line indicates the value of X 0,20 reached by the algorithm

G as a function of CPU /model/ time. The flat parts of the line correspond to
the golden-section improvements of Ai and to the conjugated variable trajectory
and gradient evaluations. The solid lines indicate the values of Xo,20 reached
by the process Gm+l/m for m=2, 4 and 6. This case is a typical one and illus-

trates the possible speed up wnich may be achievedby the parallel search. The

paré]]e] computation of tasks 1is indicated in fig. € for the process G5/4.

.



The level G corresponds to the GT task, and the levels T1, T2, T3 and T4 to the
four OFT tasks. The boldface sections of the lines correspond to active tasks
and the numbers denote consecutive OFTs. Let us observe that the OFT tasks
.start simultaneously, but their further execution becomes asynchronous, because
some OFTs. /with "bad" controls/ are terminated before reaching the end of

corresponding trajectories.
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IT1.3. Determination of reachable sets and global optimization

ITI.3.1. Some remarks on global optimization

There are few cases when one can analytically determine the shape of the system
reachable set. Usually some searching procedure must be applied. In general,
the problem of qualification of a point as a member or non-member of a reachable
set is equivalent, from the computational point of view, to some optimization
problem . Thus, the problem of determination the shape of the reachable
set is at least as difficu]t as the problem of global optimization. There are
few results in this field which might be applied in practice. If the local
properties of system trajectory are usually assumed to be known and quite regu-
lar, the global properties, correponding to great changes of contro]s, can
hardly be predicted before the whole reachable set is known. Consequently, the

local search techniques can not be adapted to the global optimization and to

reachable set determination.

Let us consider some possible approach based on random search inside the
reachable set. It is known that algorithms of stochastic type provide good
results while used as a first step of optimization, both in local and global
problems [30]. We shall not discuss here the question of superiority of
stochastic or deterministc algorithms. Let us merely observe that any
algorithm of computation is only one of the steps of the process of solying an
optimization problem. The complete solving process might be characterized by
the following chain of operations.

1. Given an cptimization problem, the decision must be taken about the method
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of solving; a particular algorithm is.to be chosen.

2. The parameters of algorithm must be establish (e.g. the initial step of the
search, the initial approximatior. the stop criterion e.t.c.).

3. The corresponding computer prog:s " is to be run.

4. The results of computation are tc be interpreted and accepted. Eventually

the whole process, or its part, is to be repeated,

Observe that if the step 3 consists in execution of some, perhaps deterministic,
computer program, the steps 1, 2 and 4 are realized by a man. These steps are
not charged with any incertainty only if the shape of object function is known
in advance. But in this case the optimization problem is obviously out of sense.
If the shape of object function and the position of its extremum in the space

of parameters are unknown, the decisions taken in steps 1, 2 and 4 are always
stochastical, depending on subjective point of view and experience of particular
person. Due to the above remarks, the division of optimization methods into
deterministic or stochastic seems to be irrelevant. The practical experience
shows that the stochastical algorithms do work satisfactory in global problems.
Unfortunately, the lack of probabilistic measure make them usefulless in the
general infinite-dimensional case. Let us describe, in the next section, some
stochastic method which can proyide a valuable information about the shape of

a finite-dimensional projectijons of the system reachable set.

I11.3.2. Density forming algorithm

This algorithm consists in some random search inside the system reachable set

in the state space. It can be used to deteymine the reachable set as well as to
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assess the position of global minimum of the object function. Let us abstract,
for a moment, from the system dynamics and recall the description of the densi-
ty forming (DF) algorithm as given in [297]. Let (W, w) and (S, s) denote met-
ric sbaces with probabilistic measures w and s, and let ¢ : W -+ S be a contin-
uous mapping satisfying the Lipshitz condition. Let us denote D=¢ (W) =
= {Ssv: ¢(z)=v, zeW}. We assume also that the space W is bounded, compact
and connected, and that the shape of the reachable set D can not be derived
analytically, using some (known)formula for evaluation the value of ¢. The
problem is to determine, with some accuracy, the shape of D and the position
of the minimal point u*, such that ¢(u*) = min{¢(u) : uveWl.

u
The simplest method of solving the above problem is the pure random search in
the space W. In that search the probability density p in W is assummed to be
constant in time and usually uniform in W. In the pure randon search a se-
gquence of points {uie:W}, i=1, 2, ... s generated due to the density p and
for each u; its image x; = ¢(u;) is evaluated. Having generated some suffi-
ciently great number of points X; We can assess the shape of the reachable set
D and estimate the position of u*. Unfortunately, if the dimensionality of the
space S is great, such search is very inefficient. Moremver, even if we can
restrict our attension to some subspace of S with low diimensionality, the
nonlinearity of ¢ may make the distribution of {Xi} very nonuniform, so that
some regions of D would be filled with some sufficiently dense subset of {xi}
while some others would remain undiscovered at all. The: aim of the DF a]gorithm
is to achieve the uniform density of points x, in D (or “in some projection of

D), by appropiate forming of the density p in the contral space W.
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Let us note that, under the above assumptions, the set D is compact. Hence,
we can introduce a finite e-grid in D. A spacial element of t;e grid will be
treated as belonging to the reachable set D if the intersectidn of this ele-
ment with D is nonempty. The union of all such elements will be denoted by
D;. It is clear that in order to determine the set D; by a random drawing we
ought to look for some algorithm which provides the uniform density of points
in Dy. In this case the probability that a point X; does not fall in a partic
ular spacial element of D; is equal to (1 - l/J)L, where J denotes the number
of the spacial elements of D1 and L is the number of points X; génerated by
the algorithm. Ue neglect the behavior of the distribution of points X; in
some e-neighbourhood of the boundary of D, letting the set D1 be determined
with some e-accuracy. Obviously if the density q of points X; in D1 is not
uniform, it exists at least one spacial element of Dl’ for which the probabi-
1ity of non-hitting is greater that (1 - 1/J)L » provided e is small enough.
Let us divide the process of drawing into K stages, m of the points x be ge-
nerated at each stage with the density f(-., bi)’ where i=1, 2,..., K and

bi:=(b1i’ ...s b_:) is some vector of parameters. Hence, the density of the

pi
set of all points generated by the algorithm in K stages is

p(n) = %‘— s)m, meW

|I.M7<
—

f(n, b.
i v
wnere N=Kem. Let us suppose that a density p* in ¥ exists, for which the
density q* of the random variable x =¢(u) (where u has the density p*) is such

tnat the probability

pf q*(x)ds,
J E.
J
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where Ej is the j-th spatial element of Dl’ is constant (does not depend on j).

We suppose also, that the density p* may be expressed as

f(n, b;)m.

p*(n) = 1im ;
1

N+ow 4

nm~™Mmx

In practice, the density f ought to be simple enough to be used while genera-
ting the points u in the searching process. On the other hand, it should en-
sure satisfactory approximation of p*. In the proposed algorithm it was fixed

as

n
f(n, b) =4c+ 77 g(b., d, n;) for neW (111-7)
je1 0 9 J
0 for ng¢W

where n = (“1’ cees nn), b= (bl’ cees bp)’ g(bj, d, ”j) is the density of
one-dimensional normal distribution with main bj and variance d, and the con
stant c serves for normalization. Here we suppose that W is a subset of a
finite dimensional vector space. The DF algorithm consists of the following

operations.

1. Substitute for p the density uniform in W.
2. Perform the operation 3 m times, go to 4.
3. Draw a point u as a realization of the random variable with the density

p, calculate x = ¢(u).

4. Determine a point ae S, being some assessment of the point a*, such -

that the density q (of points x in D) reaches its minimum in a*, i.e.

*

q(a*) = min {q(v):vcD}, determine a point beW such that ¢(b)=a".




5. If the density q is uniform in D, then stop.

6. Substitute for p the density f, due to(III-7), go to 2.

Tne operation 4 of the above algoritim is of particular importance. In this
operation we nave to assess the position of the point of minimal density q
in D. Clearly we can not determine the exact position of a*, because the
only information we nave is the finite set of points x calculated in the
operation 3. Moreover, the set D is not known and we do not know whére to

look for the minimum.

I11.3.3. Convergence of the DF algorithm

Let (u, x) denotes a pair of points determined in the operation 3 of the DF
algorithm. We denote by Pj,k the probability of nhitting by x the j-th ele-
“ment of the grid belonging to Dl’ in the iterations 1, 2, ..., k. By theite
ration we mean one performance of the operations 2+ 6. Let us denote by
Rj,k the probability of hitting by the point a the j-th grid element in the
step k, and let us denote

1 k
Sk 7' I Py (111-8)

k
I R (111-9)

1

T, | =
k PR
J’ .E-]' 1 J,]

By Ej,k and Mj,k we denote the expected values of Sj,k and Tj,k respectively,
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taken over the set of all possible realizations (runs) of the first k itera-

tions. Let us consider the difference Oj,k= Pj,k - Ej,k . For Pj,k is bound
ed, the variance V(oj k) is also bounded. It can be seen that o

— 0

K p
where -5+ denotes the convergence in probability. To prove this, let us

]

consider two cases: (i) the variance V(oj k) does not tends to zero and (ii)
9

V(oj k) +0 with k»>oo , (i) In this case we have

k
I i, o) > with k » =
applying the theorem of Lindberg (Feller, [32 ]) we conclude that the distri

bution of the random variable

tends to the normal distribution with zero mean and unit variance, if k » =,

Consequently,
1 k
I o — 0.
Ki1 5,4 P
This imply that
15 (111-10)
k.2 BT Shk -

1

and Oj’]?o.if k+°°.

(ii) Observe that o5 k has expected value zero. Thus,sinceV(oj k) ~ 0 we
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By the similar way we can point out that
1
k

. Mj,i —5+ Tj,k (I11-11)

{1 e Bl

1

Let us introduce now tne following assumption about the estimate of the mini-

mal density point.

Assumption (*)

The point a, béing some estimate of the position of the minimal density point
a* (see the operation 4 of the algorithm), belongs to the interior of spatial
element of the e-grid in S. Moreover, we suppose that a positive constant A

exists, such that
1 ,
) +-3 (111-12)

for all §=1,2, ..., d, k=1, 2, ... , where J is the number of spatial

elements of the e-grid in D1 .

The above assumption is introduced in order to make the estimate of a* "good
enough". Due to (III1-12) the expected value of the probability of hitting by
a the j-th element in the first k iterations is greater then 1/J for the
elements with Tow Ej,k-l (i.e. with low density of points x). Let L denotes
the number of tine grid element containing the point a in the k-1-th iteration.

Taking into account that a belongs to the interior of the grid element it is
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“easy to point out that forany 0 <y <1l a d>0 exists such that tne
probability of nitting by x the L-th element, determined by (III-7), in the

operation 3 of the k-th iteration is greater than y. Consequently, we have

> k-1 Y
Pl =Pkt = T 0 (111-13)
i For each s # L we have
| -1
i > R-2L _
i Psok 2 Psk-1 (111-14)
|

Differently speak{ng, Pj  Satisfies (I11-13) with the probability Rj k-1
and (III-14) with the probability 1- Rj k-1 - Let us introduce the random

variable aj K 8s follows.

1 with probability R,
Jk

3.k
0 with probability 1- Rj K

From (I1I-13) and (III-14) follows that

k-1 Y.
> -
Pj,k - Pj,k—l K o0y k- K (111-15)
Let us define a sequence dj,l’ dj,2’ ... as follows

FRIE B!

dj k= d * L fork=2,3,. (111-16)

J,k j.k-1 7 %5 k-1 " or s 35 een




91.

For any realization of the above sequence we have Pj K 2 dj K - Due to
| (I11-16) we have
1 k-1
STV IS S R W (111-17)
Applying once more the Lindberg theorem we conclude that
1 K 1 K »
= I a . —> = I R (I11-18)
k 1':1 Js p k -i=1 \]3\
with k + . Thus, by virtue of (I1I-17)
dj,k -7;5 Y1ﬁ,k (111-19)
for j=1, 2, ..., J and k » =,
Let us suppose that
Y
(**) a number k, existssuch that S, K 2 — forall k>k, .
Js J 0
Then, from (III-8) we obtain
k
L s . 22 (111-20)
k =1 Jo7 J '

Let us consider now the case opposite to (**), namely suppose that

(***) for each k; > 0 a number k, >k, exists such that S. < A
_ VST J




Consequently we have

1
A

1
SE

N~
m
A
o=

Applying (III-11), (III-12) and the above inequality we get

A(l-v) +1
PLT, . > > 1
- J’kl J ] P

with k, »«. Thus, form (II11-19) follows that

Al-v) +1 1
3ok J } 3

Taking into account that dj  is not greater then Pj , we obtain
3 9

A(l-y) +1
PLPs . > v ! ] - 1 (111-21)

From (I1I-20) and (I1I-21) we conclude that for each realization of the

sequence P, P.’z; P.

, a subsequence {P. exists such that
1y 3,3 quence {Py y 1 ex

> X 1 — 1 (111-22)
J
with n +« , forall j=1, 2, ..., J.

The convergence (I1I1-22) means that Pj  might be sufficiently close to
. >*n
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jizations of the iterations 1, 2, ..., k
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1/3 (it depends on y) 1in some probabilistic sense. Recall that Pj g 1s
the probability of hitting by x the j-th element in all steps i=1, 2, .., k.

If Pi K is close to 1/], the density of points x in D; is close to uniform

one (with "e-accuracy"). This property, however, holds with some probability

RRRL

which tends to 1 if n tends to infinity, where the probability P

(111-22) means some probabilistic measure in the space of all possible real-

0’ This means that a realization of
the DF algoritnm which does not converge (to the uniform density q in D) is
not impossible. We merely conclude that the probability of such realization

is small.




ITT. 3.4. Application to control systems

There are some essentially different methods of determination the reachable
sets of control systems. It is known that the problem of classifying a point
as a member or no-member of the system reachable set is equivalent to some
optimization problem . The other possible approach is to apply the maxi
mum principle in order to calculate trajectories belonging to the boundary of
the reachable set and,'having integrated sufficiently 1érge number of such
tfajectories, estimate its shape. Such approach, hawever, occurs to be almost
impracticable. The main difficulty which appears in its practical application
is that we have no information about tne possible range of the initial condi-
tions for adjoint variables, which are needed to integrate trajectories belong
ing to the boundary. As we have to integrate many trajectories, we can not
attempt to solve any two-point boundary value problem for each trajectory.
Consequently, we need to have complete initial conditions for each one. The
dependence of control on the adjoint vector is sharply nonlinear even in very
simple cases, and for the wide changes of those initial conditions we may ob-
serve no dependence at all. This causes considerable difficulties in any

procedure of searching the reachable set boundary.

Let us consider some other method based on the random search of the inside of

the reachable set, using the DF algorithm

Let Up denotes the set of all measurable selectors of a multifunction C (con

trol deomain) defined over the interval J = [0, T ]. Apparently, using the

terminology of control systems, the space W of the DF algorithm corresponds to




95.

the control set Up (being the set of all permissible control functions) and
the reachable set D to the set Z(f, C). We only say "corresponds" because

in the general case, no probabilistic measures exist in Up and/or Z(f, C).

In order to apply the DF algorithm we must restrict itsaction to some measur
able subsets or projections of Up and Z(f, C). Let us consider a machine-man
interface at the output and suppose that the user is interested to learn what
is the shape of the system reachable set. Thus, the computer output must con .
sist of some readable print-out in numerical or graphical form. It is clear
that it can not be neither any infinite nor very huge amount of output data.
This suggeststhat the interface implies considerable reduction of the dimen-
sionality of the visible reprezentation of the reachable set. - Namely, what
is obtained as the result, is some finite-dimensional projection of the real
reachable set. The finite-dimensional projection space may be equipped with
appropriate measure and treated as the output space of the algorithm.

As for the input space W = U_, it is always infinite-diemnsional, being some

P
space of functions. To introduct a measure we must sharply restrict the space
Up. This might be done, for example, by considering only some family of input
functions, parametrized by a finite set of parameters. To find such family
we must be shure that this restriction does not influence significantly the
shape of the reachable set. In the general case it is rather difficult prob-
lem. In the case of finite-dimensional regular system we can make use of the
fact that the closures of the reachable sets of trajectories of the systems
(f, €) and (f, D) are identical to each other, where D is the tendor kernel

of C. Hence, the set Up can be restricted to its subset Uq consisting of all

permissible tendor controls. In many cases the functions of Uq are of "bang-




bang" type, whicnh make it possible to parametrized Uq, provided some estimate
of (finite) number of switchingsis known. At any rate, the DF algorithm may
be applied in this situations with diverse number of switchings and the

sults analyzed in order to check the dependence of the shape of the resulting

reachable set projections on the number of switchings.

Clearly the DF algorithm is rather coarse method and needs many trajectories
to be calculated in each run. Note, however, its two considerable adventages.
First, this is essentially paralled algorithm. The set of m trajectories
~calculated between consecutive changes of the density in control space (in
subset Uq) can be completed in any order, or concurrently if the parallel
computer is used. Thus, the péra]]e] realization is at least m times quicker
then the sequential one. Second, it does not require any adjoint trajectory
equations. The only system specification needed is the standard description

of the right-hand sides of system equations.

III. 3.5. Dynamical sensitivity analysis

Some useful application of the DF algorithm is determination of system sensi
tivity with respect to parameters which might change along with the trajectory.
Our approach is quite different from the classical sensitivity problem. Name
ly, we are going to determine the influence of time-varying parameters, and
the analysis is global, i.e. we permit great changes of parameters. Let the

equation of system trajectory be as follows
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wnere p(t) is some vector of parameters. Treating p(t) as a stochastic process
we obtain a stochastic control system. There exists huge literature in the
field of such systems. The known results concern the transition of the distri
bution of the state vector along with a trajectory. In some cases, however,
such analysis is hardly possible. Fistly, the numerical representation and
processing of multidimensional distribution is difficu]t, particularly if the
system is nonlinear. Secondly, to calculate the distribution of x for various
time instants the exact description of stochastic properties of p is needed
(provided u is given). Such data is not available in most of practical cases,

and usualy some arbitrary assumptions are made.

Let us state some quite different problem, which might lead to certain assess
ment of the influence of changes of p. We suppose that u is some given control
function (perhaps optimal one), and that we know the restrictions imposed on
the changes of p. Let p(t)e(t), where W is some given multifunction . Thus,
to learn the influence of p we have to determine the reachable set of the sys-

tem (f, W), the function p treated as control, u fixed.

I11.3.6. Example

Let us consider a two-sector economical model indicated in fig 7 . The block
P, represents production of  1investments goods Vi, P, is the sector produc-

ing  consumer goods V, , C represents consumption, z stands for working force.




The variables u; and uy, are controls determining the flows m, m,, z, and z,

2’
(of investments and labor) which sypply the two sectors. D1 and D2 are some
dynamical elements representing the accumulation and expiration of the invest
ments. The total equipment (or capital) Mi installed in the sector i is

assumed to be

[+ 2]

mi(e) = [ mi(e - s) wi(s) as,
S

A}

where i= 1, 2 and wi(s) is some weighting function representing the dynamical
effectiveness of investiments. Let us suppose that the production v; is de-

scribed by tne Kobb-Douglass function

= s' (1-5-)
Vi A1M1 i zZ; 1

where Si are some known constants, Sie(O, 1), i=1, 2. Let us consider the

discrete-time version of the model. We have

L

M. =h I
i,k+1 =1

mi,k-j+1 wi,j (111-23)
where h denotes the time-step, the second index stands for the discrete time
and i = 1, 2. We assume that the number L exists such that W, k=0 for all

k > L. Let us suppose that the labor force is proportional to the consump-
tion V,, i.e. z=2¢V,, c¢>0. Taking into account the relations indicated

above and those of fig ¥ , we easily conclude that

V= a5, ey ) (111-24)
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V= 1A, 1,52 [(1- u)c 1173011/, (111-25)

In order to calculate M1. k+1 due to III-23 we need the values of mi n for

n=k, k-1,...,k-L+1. Let us denote

M1,k=-1"P1,k > M ,k-27 P2 ko+++> M k-L41 = PL-1,k
M2 k-1 T1,k* M2 k-27 "2, k272> M2 k-L+1” TL-1,k

Denoting Ax, = (X471 - X )/h we have

L L

T T W o B T N I M W I R WA

Taking into account thathApi k=Ps ko1~ Pik fori=2,...,L-1 and

hAp1,=kP1’k+1-p1’k=u1,k Y1,k "P1,k and omitting the index k we get

L
AMy = jEZ Ps_1 ¥y,5 * ViUMy,1 - My/h
L
AM, = jEZ riog Wit vill-ug) wp 4 - M, /h

apy = (ug vy = py)/h ( o
111-26

Ap2

(Pl - pz)/h

apy 1 = (pp_p - pp-q)/h

Ary ((1 - ”1) vy - rl)/h
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Ar, = (r1 - rz)/h

Arp g = (rp_p = )/

The above system of 2L difference equations, together with 11I-24 and I1I-25
describes the system dynamics. e treat this system as some approxiamtion of
a continuous system. Let us suppose that in fhe continuous case the weight
function wi(s) is defined over some interval se[O,t1 J. Hence, its discre-
tization Wik is defined for k=1,...,L, where (L+1)h > t; 2 Lh. Since

tl is fixed we see that if h + 0 (if we take some sequence of discrete appro-
ximations) then the system dimensionality L tends to infinity. It is not any
surprise. It is known that a (finite-or infinite-dimensional) system with
time-delay can be treated as some system without delay in a Banach space.
Thus, considering systems 1in Banach spaces we observe that no qualitative

difference exists between systems with or without time-delay.

As one of possible applications of the DF algorithm, let us show some results

of the dynamical sensitivity analysis applied to this model. It is interesting

for example, what is the system sensitivity with respect to the values of S1

and S,. Fixing controls U;s Up and other parameters and treating S, and S, as

controls which can vary in some given intervals, we can determine the system

reachable set. Fig 8  shows the projection of this set into the plane M;,t.
The results was obtained with up = Uy = 1/2, . |

Si> Sp e[[1/2 (1-€), 1/2(1 +€) ], L =20, the other parameters chodsen as

typical values appearing in ecomical literature. In fig 9 the time-section

of the reachable set is indicated for the time-step k = 20.
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The asterisks denote the end points of system trajectories belonging to the
reachable set, the total of 500 trajectories.integrated. It is interesting
to compare this image with that of fig. 10 and 11, obtained by application
of pure random search (without the DF mechanism) with the same number of

trajectories integrated.

The images of fig. 9, 10 and 11 are the projections of the reachable set into
the plane VI(T), J-rvz(t) dt (investments in the sector P, and total consump
tion in the period ?). The reacﬁab]e set of fig. 10 was obtained with the
"bang-bang" controls with 3 switching points, randomly generated. The image

of fig. 11 corresponds to "bang-bang" controls, generated randomly at each

time-step, with no restrictions imposed on the number of switchings.

III. 3.7. Example

In the previous example the system nonlinearity was rather weak and the ad-
ventage achieved by using the DF algorithm was not very significant. Let us
consider another example, with stronger nonlinearities. Let the system

equations are

X% X, +ou
2
= +
X, = X+ X U,

where u, u, e[- 0.5, + 0.5 7], xl(O) = xn(O) =0, te[ G, 2.247] . The
projections of the reachable set at the plains (t, x;) and (t, x,) are shown

in fig. 12. The time-section of the reachable set (the end-points of all




integrated trajectories) for t = 2.24 is shown in fig. 13. A similar
experiment has been done without the DF mechanism, with pure random
switching times. The corresponding time-section is shown in fig. 14. It
is easy to observe the sharply non-uniform density of the probability of
hitting different regions within the reachable set in this case. A little
bit better illustration of this fact can be obtained while calculating the
probability of hitting as some smoothed continuous function. This can be .
done, for example, supposing that for each point of fig. 13 and 14 a neigh-
bourhood exists in which the probability of being reachable is greater

then zero. It was assumed that this probability is normal one centered in
the corresponding point and having sufficiently small variance. The proba-
bility that some point of the (xl, x2) - plain is reachable was assumed to
be tne superposition of the above probabilities. The shape of the density
function obtained in this way (with DF mechanism) is shown in fig. 15. An
estimate of the reachable set can be obtained by truncation of this proba-
bility density to some small level, as shown in fig. 16. The
corresponding density and its truncation to the same level, obtained with-
out the DF mechanism are shown in fig. 17 and 18 respectively. It is clear

that the estimated shape of the reachable set in the later case is incorrect.
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