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I ntroducti on 

It is known that the time-optimal controls of linear finite-dimensional sys­

tems are of so-called "bang-bang 11 type, i.e. the optimal control signals 

switch between sorne finite set of values. Dealing with nonlinear systems, 

it is important to know whether optimal controls are of the "bang-bang" type 

or -of sorne type of functions being a generalization of that type. The pro­

blem of applicability of sorne kind of generalized 11 bang-bang 11 controls for 

nonlinear systems in Rn had already been solved in the 1960s. The main 

contributions in this field (Waíewski [ 1], [ 2], [ 3 J ) were based on the 

results of Marchaud [ 8 J and Zaremba [ 9], who ( independently) pointed out 

the fundamental properties of solutions to so-called contingent equations. 

It is interesting that, in fact, Zaremba and Marchaud had already described 

the main properties of trajectories and reachable sets of control systems 

with convex sets of controls, in the years 1934-36. In 1961 ~!aíewski [ 1 J 

pointed out that the contingent equation is equivalent to certain differen­

tial inclusion. In [ 2 J one can find a general ization of those results to 

the case of nonconvex sets of admissible directions, called orientors. The 

applications to control problems follow directly from the further papers of 

Waíev,ski [ 3 J, [ 5 J. One of the most important notions used by Waíe\'1ski is 
\ 

the notion of quasitrajectory, being a weak solution to certain differential 

inclusion. It can be seen that the limit functions of sorne sequences of tra­

jectories with 11 bang-bang'' control are quasitrajectories. Such functions are 

.. well known in automatic cc•ntrol as 11 slidinJ regimes". The theorems of closed­

ness of rcachable sets for quasitrajectories lead directly to existence theo­

rems for optir.1al quasitrajectories. On the other hand, the existence of 
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sliding regimes approximating optimal quasitrajectories follows from the theo 

rem of Turowi cz [ 10]. 

1 Far much profound study of differential inclusioris and more references the 

réader is refered to [38]. 

In the present paper sorne attempt was made to general~ze the known results on 

orientar fields to the case of Banach space. It should be noted that the fun 

damental theory of contingent equations in Banach space has been published by 

Sui-nee Chow and Y.D.Shuur [12]. 

The right restriction on generalizations of the results mentioned above is 

the existence and measurability (in the sense of Lusin) of the so-called ten­

dar field (def. I.1.5). As indicated in the sequel, the relevant assumption 

which must be imposed on systems under consideration is that the tendor field 

associated with the system exists and is measurable in the sense of Lusin. 

This is fulfielled automatically if the system state space X is separable and 

locally compact and 2x is separable. If it is not the case, the appropiate 

assumptions must be imposed. These assumptions are included in the definitions 

of normal and regular control systems introduced in this paper. 

Let us note that we do not consider any stability properties. The control sys­

tems and orientar fields appearing in this contribution are defined over sorne 

finite time-interval J = [O, T]. Let us note also that the considerations of 

the sections I.l. - II.l concern systems in a real reflexive separable Banach 

space X and in II.2 we assume, in addition, that the dual x* of X is uniformly 

convex. 

This contribution was designed to be used as a graduate text in nonlinear opti-



mal control theory and was used asan additional material for the courses given 

at the Academy of Mining and Metallurgy in Krakow, Poland, and at the National 

, Autonomical University of Mexico. 
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Notation 

Unless otherwise specified, the symbols used throughout this text have the 

following meanings 

X - a real separable and reflexive Banach space 

~x - the origin of X 

x* - the dual of X; in section II.2 x* is supposed to be uniformly convex 

V(A,q) - the q-neighbourhood of the set A 

d*(·,·)- the Hausdorff metric 

~ the empty set 

G - a space of all closed equibounded subsets of X (def. I.1.5) 

N orientor fiel d 

Q - tendor field 

E - convex orientar field 

a e: B - means "a is a member of B11 

l. s. c. - lower semi-continuous 

u.s.c. - upper semi-continuous 

A\B - {z: ze:A, ziB} 

u - union 

-V- - "fol al l 11 

3 -
11 exists 11 

n - intersection 

e - incl usi on 

11 • 11 - norm 

X X y - the product space 

4. 
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• - dx/dt & X 

t - time 
i 

X - the system state 

( f ,C) - a control system 

e - control domain 

D - the tendor kernel of a control domain 

r(•) the set of all trajectories of an orientar field or control system 

with fixed initial condition 

fil - the restriction of a function f to a set L 

a.e. - 11 almost every\•1here" 

Z(N) - the reachable set of N 

< •, •> - scalar product 

< • •> <• •> - semi-inner products , ± , s 

Ñ(B,b) - the set of all normals to a set B at the point bs8G(def. II.2.6) 

aA - the boundary of a set A 

Gy/z - the parallel algorithm with y parallel, z of them of object type 

J - a closed interval [ü, TJ, where T > O 

íl - a subset of the space X (see I.2) 

.. 



I. General concept of orientar field 

I. l. Notation and defi nitions 

Let X be a real separable and reflexive Banach space with a norm 11 • II and the 

origin ~x . All multifunctions considered in the sequel are supposed to be 

bounded-valued. 

I.1.1. Definition 

The point-to-set distance between a point XEX anda set BcX is defined as 

d{x,_B) = inf II x - b 11 . 
bcB 

I. l. 2. Definition 

By the closed q-neighborhood of a set AcX we mean the set 

V{A, q) = { X3X: d{x,A)::: q}. 

I.1.3 Definition 

Let H be the space of all closed, bounded and nonempty subsets of X. Let us 

define a metric in Has follows 

d* (A,B) = inf {s: Ac.V(B, s), Bc:V(A,s), SER+} . 

I.1.4 Remark 

The function d* is called the Hausdorff metric in H. It can be easily seen 

that if the sets of H were not closed, d* would not be a metric, but merely a 
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semi-metric in H. 

I.1.5. Definition 

Let Y be a topological space, let ME(O, 00
) be a constant and 

* G= { Z:ZEH, d ( { rp } , Z) $ M } (here Z is an element of H and, at the same 
X .. 

time, a subset of X). A mapping N: Y-+G is called an orientar field iff: 

(i) the set conv N(y) (i.e. the smallest convex hull of the set N(y)) 

is closed far all yEY. 

(ii) the set tend N(y) (i.e. the smallest closed subset B of N(y), such 

that conv B= conv N(y)) exists, far all y E v. 

The mappings E: V3y--+- conv N(y) and Q: V3y - tend N(y) are called convex 

field and tendor field generated by N, respectively. The set N(y) is called 

the orientor and Q(y) is called the tendor of N(y). 

l. l. 6 Rema rk 

In the finite-dimensional case the conditions (i) and (ii) of I.1.5 are ful­

filled automatically, and so is when N(y) is compact (by the Krein-Milman theo 

rem). Unfortunately, in the general case of Banach space it is not the case. 

Let us consider, for example, the space l2 (of sequences), and the set UE l 2 

consisting of the sequences {1,0,0, ... }, {0,1,0, ... }, {0,0,1,0, ... } e.t.c. 

Obviously U is closed in 12 and the sequence U = {1/n,1/n, ... ,1/n,O,O, ... } 
n 

{containing n times the value 1/n) belongs to conv U. But if n tends to infi-

nity, then u*= lim un= {0,0,0, ... } . The sequence u* is nota linear combi­

nation of any points (sequences) of U, so conv Lis not closed. 

7. 



Thus, the term "orientar field" denotes sorne class of multifunctions. Let us 

observe that we do not require compactness of N(y}. Of course, one can define 

an orientar field in Banach space is the same way as it was done in Rn 

(Wazewski [ 1 ]), i.e. as a multifunction X - G. However, the lack of cornpac! 

ness of N(y) makes any considerations of such fields difficult, and in arder 

to get sorne applicable results we have to irnpose strong additional assurnptions. 

It seems to be reasonable to restrict the class of orientar fields to those 

fulfilling (i) and (ii) of 1.1.5 in order to deal with sorne natural generali­

zation of orientor field in X. On the other hand, let us observe that in ma 

ny practical cases orientar fields associated with control systems are compact. 

Such situation occurs when the control dornain (the set of all perrnissible 

controls} is compact (e.g. a control systern with finite nurnber of scalar con­

trol signals), even if the system state space is infinite-dirnensional. 

In the fig. 1 sorne possible shapes of orientors Nin R2
, its convex hull E 

and the tend N are indicated. 

1.1.7. Definition 

A multifunction Y - Gis said to be continuous if it is continuous as a 

mapping Y - G, in the topology of G induced by the Hansdorff metric d*. 

1.1.8. Definition 

A multifunction N:Y - Gis lower semi-conductinuous (1 .s.c.) et a point 

Y0 EY if 

y; s Y , y i --+ y O => N ( y 
O 

) e{ b : b sX , d ( b , N ( y i ) ) --+ O } , 

where d is the point-to-set distance. This 11 sequential 11 definition is equiv-

8. 



alent to the following. 

I.1.9. Definition 

A multifunction N:Y - Gis lower semi-continuous ata point y
0 

if for any 

open set ~cX such that N(y 0 )n~ t ~ a neighborhood p of y 0 exists such that 

N(y)nM t ~ for all yep (~ stands for an empty set). 

I.1.10. Definition 

A multifunction N:Y - Gis upper semi-continuous (u.s.c.) at y0 if for any 

open set Mcx such that N(y 0 )CM a neighborhood p of y
0 

exists such that 

N(y)cM far all YEP . 

I.1.11. Remark 

let us consider, asan example, the following orientar field: N:~- G, where 

Gis the set of all closed and equi-bounded subsets of R2 • Let N(y)={a,b,c,d,}, 

where a=(-1,0), b=(l,1), c=(l,-1) and d=(y,O). The tendor Q of N consists of 

the points a, b, e for all y$ 1, and Q= {a, b, e, d} for all y> l. The field 

Q is obviously continuous far all y r l. It is easily seen that, dueto I.1,9, 

Q is l.s.c. at y= 1, but, dueto I.1.10 it is not u.s.c. at y= l. An orien­

tar field (multifunction) is said to be continuous (1.s.c. or u.s.c.) over sorne 

set WcY if it is continuous (l.s.c. or u.s.c. respectively) for all yeW. 

In the case when X is metric compact space it was proved [ 7] that continuity 

of N implies lower semi-continuity of the corresponding tendor field Q, and, 

provided Y is measurable, the field Q is Lusin-measurable. Recall that a func 

tion f:T -► U (where T is a topological Hansdorff space with Radon measure µ 
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and U is topological) is said to be Lusin-measurable if for any compact KcT 

and E > O a compact set LcK, exists such that lJ(K,L) < e: and the restriction 

f IL is continuous. 

I.1.12. Definition 

Let n be a o-additive field of subsets of Y. An orientar field N:Y--+- Gis 

said to be Tr-measurable if N- 1(U) t:rrJJ- ucx, U open. The N- 1(u) is defined as 

{ y t:y: N{y)n!J; qi, l.iCX}. 

I.1.13. Definition 

A mapping s: Y --r X is called a selector of a field N:Y--+- G if s(y)CN{y) 

for each y e: Y. 

1.1.14. Remark 

The function s defined above is also called selection. Such terminology is used 

for example by Castaing and Valadier in the book [14] containing many valuable 

results on selections of certain multifunctions. We shall use the term 11 selec­

tor 11 as being used far earlier by Kuratowski and Ryll-Nardzewski [13]. 

It was pointed out [13] that if Y is a topological space and Sis a countably 

additive family of subsets of Y, then from the statement {y:N(y)ílA f qi}cS whe~ 

ever l'f::.X is open, follows that a selector s of the field N such that s- 1(A)cS 

exists. Moreover, if Nis continuous modulo a first category set, then a selec 

tor of this field continuous modulo a first category set exists. The following 

theorem of Castaing and Valadier gives sjme good characterization of selectors. 
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I.1.15. Theorem 

Let (Y,n) be a measurable space, G be as in I.1.5, and let N:Y - G be an 

orientar field. Then the following are equivalent conditions. 

N(y). 

(i) N- 1(U)En for any open U, ucx 

(ii) d(x, N(•)) is a measurable function for any xEX, 

(iii) a countable set of measurable selectors {f} of the field N exists, n 
such that N(y) = {fn(y)} for all yEY, i.e. {fn(y)} is dense in 

I.1.16. Remark 

The proof of the above, as well as of the following two theorems, may be found 

in the book of Castaing and Valadier [14]. These theorems are quoted here for 

their particular importance in the control theory. Befare formulating the next 

two theorems, let us recall that a topological Hausdorff space Panda mapping 

P--+- S exist (we follow the definition of Suslin space as in [14], III.17). 

The symbol 0 will denote a quotient cr-additive field of subsets, see Warga [15], 

I.4.G. By n we mean íln for all positive finite measures µ. µ 

I.1.17. Theorem 

Let (T,n) and (U,u) denote spaceswith measures, let S be a Suslin space, let 

E be a multifunction defined on T with values in the space of non-empty subsets 

of S which graph belongs to n®B (S) (where S(·) is a borel field of subsets), 

and let 8 be a multifunction defined on T with values in the space of nonempty 

subsets of U, which graph belongs to n0u. Suppose that g: TxS -~ U is a 

(n0 S(S),u)-measurable function and that g(t,[(t)nS(t) i ~ for each tcT. Then 

a (i, B(S)) - measurable selector a of E exists, such that g(t, cr(t))c0 (t). 

11. 



This selector is at the same time a limit of a sequence of TI-measurable func­

tions with a finite number of values. 

1.1.18. Theorem 

Let (T,rr) be a measurable space, let E denote a separ_ :,le Banach space, let 

f:T - E be a continuous function and suppose that Nis a multifunction de­

fined on T with values in a space of nonempty closed subsets of E. Then the 

mapping 

R 3 t __. ¿; ( t) df {N ( t) 3 x: 11 f ( t) - x 11 = d ( f ( t) , N ( t))} 

is a multifuction measurable in the sense of definition I.1.12, if ¿;(t); ~-

1.1.19. Rema rk 

Let us abserve that if measurable fields usualy have measurable selectors, 

continuous fields do not need to have continuous selectors. Let us consider 

the following counterexample, constructed by Cellina. Let the multifunc-

tion F:R - 2R
2 

be described as F(t)={(x,y):x=a(t) sin(w/t), y=cos(w/V, 

ws[O, 2TI - h(t)]}, where a and h are continuous functions, a(t)>O and h(t)>O 

if t f O, a(t) - O and h(t) - O if t tends to zero. The set F(t) for t=O 

degenerates to the section {(x,y):x=O, ys[-1,1]} and it can be easily seen that 

F is continuous for all ts[-1,1]. However, no selectors continuous at t=O 

exi st. 

I.1.20. Definition 

Let H be the space of all closed subsets of the space of linear cont,nuous 

operators L(Y 1
, X) where Y1 is sorne measurable Banach s~bspace of Y, and let 

GL be defined as Gis I.1.5 while replacing X by L(Y1. X). An absolutely 

12. 



continuous function x: Y1 
+ X is called a trajectory of a multifunction 

N: Y
1 

_,. GL if x(y) = v(y) a.e. in Y1
, where y e: Y1 and v is a measurable selector 

of the multifunction N( • , x(.)): y1 + GL. 

I .1.21. Remark 

Let us observe that x(y) is a continuous linear operator Y1
--+ X and 

x(y) e: L(Y 1 , X). Therefore N should have values in the space of subsets of 

L(Y 1
, X). We define the trajectory in a subspace Y1 of Y in arder to replace 

(in the next section) Y1 by an interval of R+' and to interpret y as the time 

and X as a state space of sorne control system. Let us note that considering 

diverse subspaces Y1 we get diverse corresponding sets of trajectories. 

1.1.22 Definition 

Let Y·= Y1xX, Y1 measurable. An absolutely continuous function x:Y 1
--+ X 

is called a quasitrajectory of a multifunctions N:Y--+ GL if there exists a 

sequence of absolutely continuous and equibounded functions {x;:Y 1
- X}, such 

that X;(y 0 ) = x(y 0 ) for sorne y0e:Y 1 and 

(i) x;(Y)--+ x(y) JI ye:Y 1
, 

(ii) d (xi(y), N(y,x;(y)) - O a.e. in Y1
, 

(iii) i;(Y) are equibounded a.e. in Y1
• 

13. 



I.2 Orientor fields associated with control systems 

From now on we shall restrict our attension to the case when Y=Jxíl(see I.1.5), 

where Ji::R+ denotes an interva l [O, T J, T > O, and íl is a set 

{ X 3 x: 11 x 11 ::: Mx, Mx > O } The vari ab 1 e te R+ wi 11 be i nterpreted as the 

time, and XE X as the system state variable. We have also Y' (of definition 

l. l. 20) = J. 

I.2.1. Definition 

Let f :J x íl x U - X be a bounded con ti nuous function, where U is a separab 1 e rea 1 

Banach space. Let C: J - W be a multifunction, where W is the space of all 

nonempty closed and bounded subsets of U. The pair (f,C) is called control 

system, the set C(t), t s J is cal led the control, dorna in. 

I.2.2. Definition 

An absolutely continuous function x: J -+ X is called a trajectory of a control 

system (f ,C) on J with the initial condition x0 E X if x(O) = x0 and 

i(t) = f(t, x(t), u(t)) a.e. on J, {I-1) 

where u: J - U is a measurable selector of the multifunction C. 

1.2. 3 .. Remark 

Here x(t) denotes dx(t)/dt. Fortunately the Frechet's derivative in the case 

when Y' = J~R+ is the limit of the usual difference quotient and belongs to X. 

I.2.4. Oefinition 

An absolutely continuous function x: J - X is a quasitrajectory of a control 

14. 
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system (f,C) on J with the initial condition x0 , if sequences of functions 

{ X; } and { ui } exi st, such that xi : J - X is abso 1 utely con ti nuous, 

ui: J --r U is measurable, x;(O) = x0 for i = 1,2, ... , and 

( i ) xi ( t) -- x ( t) on J , 

(ii) llxi(t)-f(t, xi{t), u;(t))ll -o a.e. on J, 

( i i i ) u i ( t) e e ( t) on J . 

I.2.5. Definition 

let (f,C} be a control system. The orientor field defined as follows 

N(t, x) = {X3V: v=f(t, X, u), ucC(t)} Jf tE:J, XE:íl, 

is called the multifunction associated with the control system (f,C). The set 

N(t, x) is called the control counterdomain. 

I.2.6. Definition 

A control system (f, C) is said to be normal if the multifunction N: J xn- X 

associated with it is an orientor field. 

I. 2 . 7 . Rema rk 

Linear control system with continuous function f and compact and continuous 

control domain is obviously normal. There are, however, systems (even linear) 

which do not fulfil conditions of definitions I.2.1 and I.2.6. Consider, far 

example, a distributed control system with f(t, x, u)= Ax+ Bu, where A is a 

differentialtion eperator (as in the heat or mass transfer equations). Then 

A is linear but not continuous operator and the system (f, C) is nota control 

system in the sense of def. I.2.1. The tlteory of distributed systems, 

described by partial differential equations, has been considered by the huge 

15. 



number of authors and will not be discussed here in it's classical form (see 

for example L:ions 1}6], [17]). We are rather going to replace a non-continuous 

operator A by other, continuous ~ne, which approximate A in an appropriatesense. 

It seems, that such approximation may be constructed in most practical cases, 

dueto particular physical interpretation (see section III.3). 

On the other hand, it is easy to find many examples of normal control systems. 

It is sufficient to considera system with continuous function f and cohtinuous, 

compact-valuedcontrol domain C(t). Then the associated multifunction N(t, x) 

is continuous and compact-valued, the field E(t, x) is closed and, by the 

Krein- Milman theorem, Q(t, x) = tend N(t, x) exists (as a closure of the set 

of the extremal points of N(t, x)). In this case (f, C) is a normal control 

system. 

16. 



I.2.a. Assu~ptian 

Let us assume that x0 E: X0 ~f {X3 x: 11 x 11 + T • M < r\} , where M appears in 

I.1.5 and Mx determines the set íl (the beginning of I.2). 

1.2.9. Remark 

It follows from I.2.8 that if a local solution of (I.l) exists, then a solu­

tion of ( I.1) exists on the whole interval J(Deiml ing [18], § 3). The inclu­

sion x 0 s X0 ir.ip1 ies that gr(x)c: int(J x íl), where x is a trajectory of a sys­

tem (f,C) and gr(x) denotes the graph of x. 

I.2.10 Theorem 

Let (f,C) be a control system (not neci::ssaríly normal) and let N be a multi-

function associ ated with ( f, C). and Y= R x X 
+ 

in definitions 

I.1.20 and I.1.22. We suppose also that N and C are measurable and that 

I.2.8 holds. Then 

(i) the set of all trajectories of N with an initial condition x
0 

defined on 

J and that of all trajectories of (f, C) defined on J with the same ini­

tial condition are identical to each other 

(ii) the set of all quasitrajectories of N with an inital condition x
0 

defined 

on J and that of all quasitrajectories of (f, C) defined on J with the 

same initial condition are identical to each other. 

17. 



Proof 

Let us denote by r(:0, r(f,C), I' (N) and r (f,C) t!1e sets of trajectories 
q q 

of N, trajectories of (f,C), quasitrajectories of N and quasitrajectories of 

(f,C), respectively (with the same initial condition x0 ). 

(i) If r(N) and r(f,C) are empty, the theorem is trivially ful­

filled. Let us assume that r(f,C) is nonenpty. Then from 

( i i) 

I.22 and I.2.5 follows that a measurable selector v of the 

field N exists, such that v(t) = x(t) = f(t, x(t), u(t) )d'J(t,x) 

a.e. on J, where x is an absolutely continuous function and u 

is a measurable selector of C. This means that x is a trajec­

tory of N and thus r( f, C) e r( N). To pro ve the oppos ite incl u­

sion, let us assune that r(N) is nonernpty aíld that x is a tra­

jectory of N. Then x is a measurable selector of N (we ·identi 

fy the functions which differ over a.. set of measure zero). 

Let us considera nonempty set P(t)={C(t)av:f(t,x(t),v)=i(t)}. 

From I.1.17 follm,s that P have a measurable selector u. In­

deed, let us su!:>stitute in I.1.17 g{t,a) = f(t,x(t), a), 

r(t) = C(t}, e(t) = { x(t}} (one-point set), and u(t)=a(t). Then, 

from I.2.2 we conclude tilat x is a trajectory of (f,C) and ti1at 

r(N)c r(f,C) w:1ich ccxnpletes the proof of {i). 

If r (N) and r (f,C) are empty, the theorem l10lc.ls trivially. 
q q 

Let us suppose that r (f ,C) is nonempty. Observe that fr01:1 
q 

I.2.; and I.2.5 follm'IS thJt f(·, X;(•), ui(·)) is a rncas 1Jruble 
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selector of N(•, x(• )). Consequently fr,Jm the fact that 

11 x/t) - f(t, xi(t), ui(t))II-+ o follOí•JS thatd(xi(t),N(t,x/t)))->-0 

and t:,at r (f,C)cr (N). Let us prove the apposite inclusion. - q q 

I.2.11. Theorem 

Sup;)Ose that rq(r,¡) is nonempty. Then, a sequence {x.} exists 
l 

fulfilling I.1.22. Let us denote B.{t)=B(~.(t),c.), N.(t) = 
l l l l 

N(t, x;(t)), d;(t)= d(;;(t), N(t, X;(t))), \'there C;ER+ far 

i = 1, 2, ... , B(a, b) is a ball with centre in a and radius b~ 

Let us considera multifunction P;(t)= 

{C(t)3 v: f(t,x;(t), v) E Bi(t)} an SU::>Stitute ci(t)=2d/t). 

It is clear (see I.2.5) that Bi(t)ílNi(t) f ~ * t E J and, 

consequently, P;(t) is nonempty. We apply now once more theo­

rem I. l. 1 7 , su b s t i t u t i n g g ( t , a) = f ( t , xi ( t ) , a) , 

I(t) = C(t), O(t) =Bi(t), ui(t) = cr(t). Sy this way \'te couclude 

that a measurable selector ui of the multifunction P; exists. 

Taking into account that ct 1(t) -+- O we see that x, X; and u1 

fulfil the conditions of I.2.4 which means that 

r (N)c:r (f,C), which cor:ipletes the proof. 
q q 

The set of quasitrajectories of an orientar field defined on J with initial 

condition x 0 is closed in the sense o-f the norn1 11 • llc
0 

, where by I[ xllco or sup 

nonn of x \-.Je nearr- sup 11 x(t) 11, te J. 
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Proof 

If r (N) is e.;ipty, the t;1eorem holds. Let us assur:-ie t:1at r (N) is nonem,·ty. 
q q 

Let xn(O) = x0 , x
11 

-* x in the norm ll • 11
00

, where {xn} is a sequence of qua-

sitrajectories of N. Th en for ea.ch n there exists a sequence {x. } of 1,n 

solutely continuous functions, such that X. n( t) ➔ X ( t)' r. ( t) df 1, n 1,n 

d(xl. (t), iHt, x. n(t))) -- o , n 1, 
if i -- 00 , for almost all te J. The:i, 

this is true for all te J\ Jn, \·1here Jn is of measure zero. Let us denote 

J' = U J
0

. It is clear that µ(J')=O. Observe that for each tcJ\J' \\le 

have-1/-n, e 3 i(n,c): -V-k ~ i(n,c), 11 xk (t)-x.(t)II+ rk (t) $ c. Substi ,n n ,n 

tuting e = 1/n and taking into account that xn --+ x we con elude that 

( ) x(t) 
xi(n,c),n t -

r.( ) (t)-+O 
1 n,c ,n 

if i ---+ oo • The convergence of {xn} is unifor.11 (as a convergence in the sup 

norm), and therefore x is absolutely continuous. Thus, it is clear that x is 

a quasitrajectory of N, which completes the proof. 
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I.3. Existence.of trajectories and quasitrajectories 

It is known that continuity of the right-hand side is not sufficient for exis 

tence of solutions to an ordinary differential equation in a Banach space. 

To achieve exi stence, various assumpti ons are imposed on the right-hand si de, 

e.g. the Lipsnitz condition (Maurin [20] ) or conditions of dissipative or 

compactness type (Deirnling 1}8]). Let us introduce the following. 

1.3.1. Assumption 

Let (f,C) be a control 

system and let e be sorne neighbourhood of the set UtEJC(t), where C(t) is the 

control1 domain. \-Je assume that C is measurable and that the functio~.ffulfils 

the following condition. 

(I-2) 

for all x1 , x2 Eíl, tEJ, UE0, where w: R+xR+-+ R+ is such a function that 

v(t)= O is the unique solution with the initial condition v(d) = O of the 

differential equation v(t) = w(t,v(t)), over the interval J 

I.3.2. Theorem 

Let N:J x n + G be the multifunction associated to a control system (f,C) and 

let I.2.8 and I.3.1 hold. Then the sets r(N), rq(N), r(f,C) and rq(f,C) are 

nonempty. 
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Proof 

Dueto I.1.15 a measurable selector u of the multifunction C exists. Let us 

now fix the function u. Applying the theorem of Lusin we conclude that a 

sequence of measurable functions {E.} exists, such that w. =u+ e• is canti-
l 1 1 

nuous and E;+ O in the sense of measure. Let us denote gi(t,x) = 

f(t,x,u(t) + E;(t)). It is clear that gi fulfills condition (I-2). Conse­

quently, a solution xi of the equation x(t) = gi(t,x(t)) with the initial 
' condition x

0 
exists on J. Let us consider two of such solutions, say xi and 

xj. Denoting r;j= xi - xj, e;j(t,x) = gi(t,x) - gj(t,x) we have eij(•,x) + O 

in the sense of measure on J for each x and ll gi(t,xi}-gi(t,xj)ll:Sw(t,llrijll)+ 

11 eij !I . Consequently, we have 

(a) 

Let 4;j be the upper integral of the equation v = w(t,v) + 11 eij II with the 

initial condition zero. It is known that any solution zij = 11 rij 11 to the 

differential inequality (a) is mayorized by rpij . It is clear that {rpij} is 

a compact set of functions and has a subsequence {rpij} 1 convergent to sorne 

function 9. If rp were not equal zero a.e., the equation v= w (t,v) should 

have a non-unique solution passing through (0,0) on J, which contradicts our 

assum~tions. Thus, lim {rpij}'1 = rp =º a.e. on J and we conclude that {r;j} 

has a subsequence tending to zero in the sense of measure, and that {x;} has 

a subsequence convergent in this sense. For xi are equibounded and xi abso­

lutely continuous, it is clear that the limif i of this subsequence is abso-. 
lutely continuous and that i = f(t,i,u) a.e. on J~ This means that to any 

measurable selector u of the control domain C, corresponds a trajectory of the 
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control system (f,C). Thus we conclude that r(f,C) is nonemptv and, dueto 

I.2.10 r(N) is rionempty. For each trajectory is at the same time a quasitra­

jectory, it is clear that r (N) and r (f,C) are nonempty, which completes the q q 
proof. 

I.3.3. Remark 

Let us observe that existence of trajectories do not implies existence of time­

optimal trajectories (to be defined in the sequel), because r(f,C) need not 

be closed. Moreover, closedness of rq(f,C) in the sup norm also do not implies 

existence of optimal quasitrajectories, because the set of points belonging to 

graphs of quasitrajectories (the union of graphs) need not be closed as a 

sub set of R+ x X in the norm i nduced by 1 • 1 and 11 • 11 of X. To cons i der the 

problem of existence of optimal quasitrajectories, we must establish sorne pro­

perties of non-convex control systems. 
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I. 4. Systems with nonconvex counterdomain of control 

I.4.1. Definition 

Let C be the control domain of a normal control system (f,C) and let N be the 

orientar field associated with (f,C). The set 

D(t,x)= the smallest set Vc::.C such that f(t,x,V) = tend N(t,x) 

is called the tendor kernel of the control domain C. 

I.4.2. Remark 

In the theory of linear systems the term "nonconvex control" often refers to 

systems with nonconvex set of pennissible controls, i.e. to systems with 

nonconvex control domain. The 11 relax2d 11 controls are often defined as controls 

belonging to the convex hull of control domain. It should be noted that in 

the case of nonlinear system the most important property appears to be convex­

ity of the control counterdomain and not of the control domain. It will be 

easy to observe that the convex hull of control domain C have no meaning here 

and do not appear in the sequel. 

In practical applications systems with nonconvex control counterdomain are of 

particular importance. Those are mainly systems with switching regulators 

generating so-called 11 bang-bang 11 controls. The optimal controls are often of 

11 bang-bang 11 type \\lith finite or infinite number of switching~ called sliding 

regimes. Tt1e class of controls belonging to the tendor kernel of control 
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domain is a generalization of the 11 bang-bang 11 controls. The following questions 

ari se: 

(i) is controlling with the full control domain C equivalent (in sorne 

sense) to controlling with the tendor kernel of C? 

(ii) what are relations between trajectories and quasitrajectories of the 

systems (f,C), (f,D) and of the associated fields N and Q? 

In analogy with the Wazewski's approach, let us formulate sorne theorems con­

nected with nonconvex control. 

I. 4. 3. Theorem 

Let P:J + G be a multifunction convex and continuous in the Hansdorff sense. 

By x: J + X we shall mean an absolutely continuous function. If a sequence of 

trajectories {v;} of P exists, such that v;(t) + x(t) on J, then x(t)eP(t) a.e. 

on J, i.e. x is a trajectory of the field P. 

Proof 

Let us assume, on the contrary, that a set Me J anda constant q > O exist, 

such that µ(M) > O and 

d(x( t), P( t)) ~ q V-- te M. {I-3) 

For x is absolutely continuous and X is reflexive, x exists a.e. on J and is 
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measurable. Hence, J is a sum of a null set anda countable family of mutualy 

disjoint compact sets J. 
1 

such that x I Ji is continuous and µ{J;) > o for each 

i = 1,2, ... (see Bourbaki 1)9], IV, §5). Let Be J be a compact set, µ(B) > O, 

and s s 8 be a fixed point. Assume now that a· neighbourhood a of s exists such 

that µ(a ílB)= O. For s is an arbitrary point of B, the set 8 is locally null. 

It has a finite external measure and, consequently, we should have µ(B)= O. 

Hence, a neighbourhood with the above properties can not exist for arbitrary 

se B, unless B is of measure zero. Thus, for each nonzero compact Be J we have 

3 83 s: µ(aílB) > O JJ- a: s e:a, a open. (I-4) 

It is clear that a number k must exist, such that µ(Jk íl M) > O. Let 

Jkíl M = Z. From (I-4) it follows that a point nEZ exists such that µ(anZ)>O 

for any neighbourhood a of n. The function xl 2 is continuous at n. Hence, 

from (I-3) it follows that a convex set A anda neighbourhood z; of n exist 

such that x(t) t.A lf te:z;'=z;ílz and inf{ r: r=d(S, P(n)), Se:A} > q/2. For P 

is continuous, a neighbourhood ó of n exists such that P(t)e:V(P(n), q/4) JJ-te:ó, 

where V stands for neighbourhood of a set. Let z; 'íl ó =y. We have 

d*(A,P(t)) > O JJ- te:y. Applying the Banach theorem on separation of convex 

sets we see that the continuous linear functional z: X -+ R exists, such that 

z(y) < 1 JJ- y e:V(P(n), q/4) and z(y) > 1 lf y e: A. 

tories of P and, consequently, z(v;(t)) < 1 a.e. 

The functions v. are trajee­, 
on y and z(x(t)) > 1 a.e. on 

y. Taking into account that µ{y)> O and integrating the real-valued functions 

z(x(•)) ahd z(v;(·)) over the set y we obtain 

J z(x(t)) dt > ¡i(y), f z(v;(t)) dt < µ(y) 
y y 
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Differently speaking, a constante> O exists such that 

( . . 
1 z(x(t) - v-(t)) dt > e 
Jy 1 

Let us observe that v;(t) ➔ x(t) on J and, consequently, 

(J 

}im f z(i(t) - ; 1(t)) dt = O 
1 ➔ 00 a 

{I-5} 

for arbitrary o e: [a, bJ = J. On the other hand, for any Lebesgue-measurable 
' 

function y:J-+ R the equality holds 

)im f y(t) z(i(t) - ~1(t)) dt = O 
l ➔ oo J 

(see Klambauer [34], chapter 3, theorem 3). Taking as y the characteristic 

function of y we obtain 

)im J z(i(t) - ❖ 1 (t)) dt = O , 
1 -+co 

y 

which is the contradiction to (I-5). Thus, the constant q and the set M 

satisfying (I-3) do not exist. Taking into account that P(t) is closed we 

conclude that i(t) e: P(t) a.e. on J, which completes the proof. 
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I.4.4. Remark 

The property proved above is analogycal to sorne property of solutions to con­

tingent equations (Zaremba [ 9 ]). The similar theorem for contingent equa­

tions in Banach spaces was given by Chow and Shuur [12]. 

I.4.5. Theorem 

let E: J xX + G be a convex-valued multifunction, continuous is the Hansdorff 

sense. Then each quasitrajectory of E on the interval J is at the same time 

a trajectory of this field. 

Proof 

From def. I.1.22 it follows that a sequence of functions {xi} exists, such 

that 

Xi{t) - x{t), 

d(xi(t), E(t,xi(t)) - O a.e. on J, 

where xi are absolutely continuous and i; are equibounded on J. 

Suppose that x is nota trajectory of E. Then, a nonzero set Le J anda cons 

tant q must exist such that 

d(i(t), E(t,x(t)) > q > O a.e. on L (I-6) 
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Let us considera multifunction E(t) = V(E(t,x(t)), q/2), E(t) being the q/2 

neighbourhood of E(t), where x is sorne fixed quasitrajectory of E. The multi 
~ 

function E is convex and continuous on J. Let Ti = {J ~ t: xi(t) i E(t)}. It is 

known that the convergence "almost everywhere" on J implies the convergence in 

measure on J. Consequently, µ(Ti)+ O. Let y be a measurable selector of E, 

and let wi(t) = x;(t) a.e. on J'-.T; and w;(t) = y{t) on T;. Next, let us 

define a function z; such that z;(O) = x;(O) and z;(t) = w;(t) a.e. on J. 

Observe that zi is absolutely continuous, z;(t) + x(t) bn J and z;(t) e: E(t) 

a.e. on J. Thus, the functions z;, x and the multifunction E satisfy the 

hypotheses of theorem I.4.3. Consequently, we have x(t) s E(t). This is a 

contradiction to (I-6), which completes the proof. 

I.4.6. Lemma 

Let S be a multifunction defined on J and let S{t) = conv R(t), where R(t) is 

a finite set of points of the space X. Let T; be a countable set ~f mutualy 

disjoint subsets of J such that µ(J) = µ(UT;). Let R(t) be constant on cach 

of the subsets T; and l et u: J ➔ X be a function which is constant on each 

T; and u(t)s S(t) on J. Then a measurable function w : J + X exists such 

that w(t) s tend S(t) a.e. on J and fJu(t) dt = JJ w(t) dt. 

Proof 

Let us denote ci = u(t), Si= S(t), R; = R(t) for t t: Ti. We have 

For s. is the set of all convex combinations of 
l 
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points belonging to R;, the sets of points si,i' s;, 2 , ••• , si,k(i) and of 

numbers bi,l' b;,
2

, ... , bi,k{i} must exist such that 

C.=¿b .. s .. 
l j l ,J l ,J 

¿ b .. = 1 , b .. > O , 
l J l ,J -j ' 

where s .. e: R-
1 ,J l 

subsets T
1
. ,, T. 2 , 

, ~ l , 

w( t) = s. . on T. . 
l ,J l ,J 

Let us divide T. into k(i} measurable mutualy disjoint 
l 

••• , Ti,k(i) such that µ(T .. ) = b .. µ(T.) . 
l ,J 1 ,J l 

Substituting 

we obtain the function with required properties, which 

completes the proof. 

I. 4. 7. Rema rk 

In the finite-dimensional case the tendor field Q corresponding to a conti­

nuous orientar field Nis a-measurable and, in the same time, Lusin-measu­

rable (see Remark I.1.11). In the case of a Banach space X the field Q need 

not be measurable in the sense of Lusin. This follows from the fact that 

separability of X does not imply separability of G. Then, the theorem of 

Lusin on measurable separable-valued functions does not hold far the function 

Q: Jxíl + G. This is the relevant difficulty wh.ile considering control sys­

tems in Banach spaces. Let us observe, that if we restrict our attension to 

compact-valued fields, this difficulty disapperar. Let us, however, do not 

impose any compactness assumptions, requiring, however, that the field Q is 

Lusin-measurable. 

Befare formulating the next assumptions and theorems, let us 11ote that the 

integrals of vector-valued functions appearing in our considerations are of 
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Bochner type (see Maurin [20], Warga [-f5] 1.4.D). Let us recall, that if 

X is reflexive, then an absolutely continuous function f: R ➔ X is differentia 

ble almost everywhere, and 

f(b) - f(a) = J: f(t) dt, 

where [a, b J is an interval of R. 

I.4.8. Definition 

Let (f,C) be a normal control system and let N be the orientor field associated 

with (f,C). The system (f,C) is said to be regular if Q = tend Nis l.s.c. 

and measurable in the sense of Lusin as a function Q{·, x(·)): J + G (G 

equipped with the Hansdorff metric), for any absolutely continuous function 

x: J -+ X. 

I.4.9. Theorem 

Let (f,C) be a regular control system with associated fields N, E= conv N, 

Q = tend N. Let D be the tendor kernel of the control domain C and let 

x : J -+ X be an absolutely continuous function such that x(O)=:= x0 , where 

x0 fulfils assumtion 1.2.8.Th~n the following are quivalent conditions 

(i) x is a quasitrajectory of (f,C), 

(ii) x is a quasitrajectory of (f,D), 

(iii) x is a quasitrajectory of E, 
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Proof 

(iv) x is a quasitrajectory of N, 

(v) x is a quasitrajectory of Q, 

(vi) x is a trajectory of E. 

Let us start with the implication (vi) > (v) => (iv} ~> (iii). 

For the orientar E(t, x(t)) is bounded on J, a constant K exists such that 

11 v 11 < K J/-v E E(t, x) E J x X. The field Q is Lusin-measurable and, conse­

quently, for any constant q > O a family of compact mutually disjoint subsets 

{Fi} of J exists such that µ(J) = µ(UF;), 11 x (t) - x(s) 11 ~ q, 

d*(Q(t, x(t)), Q(s, x(s}) ~ q for all tEFi' SEF;. 

Let us choose a point ti E Fi and denote u(t) = x(t;}, Q(t) = Q(ti, x(t;)) 

for all t E F;, i = 1,2, .... We have 

11 u(t)-x(t)II < q, d*(Q(t), Q(t, x(t))) ~ q a.e. on J. {I-7) 

Observe that E(t;, x(ti)) is the set of all convex combinations of points 

belonging to Q(t;, x(t;)). Thus, a finite set R; of points exists such that 

R;cQ(t;, x(t;)), x(ti)ES;=conv R;. Denoting S(t)=Si for all tEF; we 

have u(t) E S(t), tend S(t)c Q{t) and II u(t) 11 S K a.e. on J. Let us divide 

J into m subintervalsJP = [ ªp-i, ªP J in such a way that ªP = p T /m, µ(Jp) 'S q 

(recall that T=µ{J)). Observe that the functions u and S are constant on 

each of the sets Jp n F; Now we apply lemma 1.4.6. Denoting I(u,A) = 

= fA u(t) dt we conclude that a measurable function w: J ➔ X exists such 
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that 11 w(t) 11 ::: K, w(t) e: tend S(t) a.e. on J and 

I(u, ,J) == I(w, J). (I-8) p p 

Denoting k(t} == I(w, [0,tJ) we have II k(t)II < KT, k(t)==w(t), 

llk(t)II~ K and 

k{t) e: Q(t) a.e. on J {I-9) 

Observe that II k{t) - x(t) 11 :S I(w-u, [O, t J) + I(u - x, [O, t J), and 

I(w- u, [ü,t]) = I(w - u, [aP-l' t]) where pis such that te:Jp. Taking 

into account that lt - ªp-i 1 ~ µ{JP) $ q \'le can point out that 

11 k(t) - x(t) 11 $ {2K+ T)q JJ-te:J. (I-10) 

From (I-9) and (I-10) we have 

d(k(t), Q{t, x(t))) :5 q a.e. on J. ( I-11) 

Let us introduce a sequence of numbers {qi} such that qi-+ O and denote by 

ki the function k defined above with q = qi 

and q in (I-10) and (I-11) we obtain 

Substituting k; and qi for k 

d(ki(t), Q(t, x{t)))-+ O, 11 k;(t) 11 ~ K a.e. on J 

The lower semi-continuity of the field Q results in the inclusion 

(I-12) 

{I-13) 

Q(t, x(t)) cv(Q(t, k;(t)), r) which holds for an arbitrary r > O and i big 

enough. By virtue of (I-13) it is clear that 
. 

d{k1(t), Q(t, k1(T))) -► O a.e. on J. {I-14) 
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. 
Taking into account (I-12), (I-14) and the fact that ki(t) are equibounded 

on J we see that x is a quas itrajectory of the fiel d Q. For 

Q(t, x) CN(t,x)c E(t,x) it is clear that x is a quasitrajectory of N and E. 

Thus we have (vi)=> (v) => (iv) => (iii). 

From the definition of the tender kernel D(I.4.1) it follows that (iv)<=>(ii). 

The equivalence (iii) <=>(i) follows from theorem I.2.10, and from I.4.5 we 

have (iii) <=> (vi), which completes the proof. 

I. 4.10. Remark 

The above proof is a slightly modified version of the proof given by 

Waiewski [ 2 J n for the case X= R. See also [3, 5, 7 J. 

From the practical point of view it is interesting to establish under what 

conditions quasitrajectories might be approximated by trajectories. This 

fo 11 ows from the fo 11 owi ng. 

I.4.11. Theorem 

Suppose that (f,C) is a control system and that I.3.1 holds. Then, each 

quasitrajectory of (f,C) is the pointwise limit of a sequence of trajectories 

of (f,C). 
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I.4.12. Remark 

As r1as proved earlier (I.3.2), I.3.1 implies that trajectories and quasitr~ 

jectories of (f,C) exist. We omit the proof of the above theorem, because 

it is similar to that of I.3.1 and is nearly identical as in the finite-di­

mensional case which can be found in the paper of Turowicz [10]. 

Now, let us make sorne remarks on tendor control in practical applications. 

As mentioned earlier, by tendor control we mean sorne generalization of con­

trol signals generated by switching (so-called 11 bang-bang 11
) controllers used 

in many systems of automatic control. Fig. 2a illustrates a possible shape 

of orientar Nin R2 . In this case the tendor of N consists of the four 

points A, B, e and D. 

This is an example of typical 11 bang-bang 11 control, i.e. control which is 

composed of a finite number of signals and finite or infinite number of 

switchings between those signals. The case indicated in fig. 2b is ali­

ttle bit more complicated. Now, the tendor of N consists of infinite number 

of points, namely A, D and the whole are B C. The control signal which 

could be generated in this case might also be obtained by swithing between 

the points of the tendor set, but it can not be realized by a simple "four­

point" controller, as in the case 2a. This is what we call tendor control. 

As for the approximation theorem I.4.11 it should be noted that the asump­

tion I.3.1 holds for all functions fulfilling the Lipshitz condition. On 

the other hand, even in R" counterexamples might be constructed for functions 

which do not fulfill I.3.1. Let us quote the example givcn by Plis [33]. 
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Let a system (f ,C) has a following associated orientar: N(t,x) = N(x) e R2 

which consists of the points 

where 

(I-15) 

The convex orientar E(x) = conv N(x) consists of the points v belonging to the 

section lv 1 1 ~ 1, v2= x~ + j,x
2 

1 ½ . 

A function y(t) = (y1(t), y
2
(t)) such that 

y1(t) c:[-1, 1] 

• I¡ 
y ( t) = y ( t)2 + IY ( t) 1 2 

2 l 2 

{I-16) 

(I-17) 

almost everywhere on J is a trajectory of E and, consequently, it is a quasi­

trejectory of N. Thus, the function y(t) =Ü is a quasitrajectory of N, whith 

the initial condition zero. 

Let us observe that y is nota trajectory of N, because on each trajectory we 

should have y
1
r O and y

1
; O on any subinterval of J. Moreover, the quasitra­

jectory y can not be approximated by any sequence of trajectories of N. This 
. 1¡ 

follows from (I-17), because we have y
2
(t) > ly

2
(t)I 2 and, consequently, 

y
2
(t) > 1/4 t 2 and no trajectory passes through a sufficiently small neighbour­

hood of y. Of course, the above systemdoes not ful fil the assumption I.3.1. 
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It is easy to verfy that if we put in (I-15), for example, a2=b
2

= x~ + x
2

, 

then y= O is a quasitrajectory of N, y is nota trajectory, but it can be 

approximated by a sequence of trajectories of N, being a simple "sliding 

regime". It should be noted, that if many of linear systems fulfill our 

assumptions, there are also linear systems which does not. Firstly, a linear 

operator (function f) in a Banach space need not be continuous. Consequently, 

we can not apply directly our results to evolution equations with differen­

tional operators. This problem will be discussed in the sequel and sorne 

applications to nonlinear diffusion processes will be considered. Secondly, 

we assume that f is bounded. It might appear, from the theoretical point of 

view, that this is a strong assumption. Let us observe, however, that we are 

dealing here with nonlinear systems, anda simplest nonlinearity, which always 

exists in real control systems is saturation. Thus, the boundedness assump­

tion seems to be reasonable from a practical point of view. 
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1.5. Existence of time-optimal trajectories 

It was pointed out (1.2.11) that the set of quasitrajectories of orientor 

fleld i~ clo5ed in the sup norm. Hence, we might expect that optimal quasi­

trajectories ( i. e. quas itrajectori es with ~on1e "extrer.ia l II properti es, defined 

in the seque1) exist. Befare formulating appropiate existence theorem, let 

us preve the following. 

I. 5. l. Theorem 

The union of graphs of all trajectories x: J ➔ X of a convex multifunction 

E with the initial condition x0 is a closed subset of J x X. 

Proof 

Let us denote the above union of graphs by Z, and let ZP = Zíl AP, where AP is 

the hyperplane t = p. Let {zn} be a sequence of points belonging to ZP, 

converging to a point z. To each point zn corresponds a trajectory xn of E, 

such that xn(p) = zn . Each of xn is differentiable on J'-.In, where In is of 

measure zero. Let us denote J' = J '-. I, where I = U In (of course µ( I) = o ) . 
Then, a sequence of measurable functions vn J ➔ X exists such that 

Let wn = 1/n The orientar E(t, x) is bounded. 

Hence, wn is a Cauchy sequence in the sup norm. Functions 

y~s)= f s wn(t)dt 
·o 
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are trajectories of E, which follows from convexity of this field. From lin­

earity and continuity of the Bochner integral fol101,-1s that yn(p) -► z u.nd 

y0 (s) is a Cauchy sequence far all se: [o, p]. Thus, {yn(s)} is precompact 

forall se:[ü,p]. 

functions. From the 

For; are equibounded, {y} is a set of equicontinuous n n 

theorem of Ascoli follows, that {yn} is compact in the 

sup norm. Hence, a subsequence {y
0

}' of {yn} exists, which converge to sorne 

function hin this norm. For Yn(p) ➔ z, we have h(p) = z. Dueto I.4.9 and 

I.2.11 the function h is a trajectory of E, which completes the proof. 

I. 5. 2. Remark 

From the above theorem and from I.4.9 follows that the union of graphs of quasi­

trajectories of corresponding fields N, Q and systems (f,C) and (f,D) are also 

closed. This fact ·is closely connected with the existence of time-optimal 

quas i trajectory. 

I.5.3. Oefinition 

Let x: J ➔ X be a trajectory (a quasitrajectory) of a control system (f ,C) 

with initial condition x0 . Let g: J ➔ X be a continuous function, called the 

goal trajectory and let t' t:J exists, such that x(t') = g(t') and 

t' = inf {J 3t: x(t) = g(t)}, where xe:r(f,C) (xt:rq(f,C) respectively). Then 

xi [ü, t'] is call0d a time-optimal trajectory (quasitrajectory) of (f ,C) v1hith 

respect to the goal g and thc initial condition x0 • 
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I. 5. 4. Theorem 

Let (f,C) be a regular control system, let g: J->- X be a goal trajectory and 

(U{gr{x): xc:rq(f,C)})ílgr(g) t- cp 

of (f,C) exists. 

I.5.5. Remark 

Then, a time-optimal quasitrajectory 

The proof of this theorem is omitted, for it is a simple consequence of the 

theorem I.5.1. It should be observed that the theorem I.5.1 is relevant. 

Let us note that optimal quasitrajectory is defined on [o, t' J, i .e. on the 

part of J on which the goal is reached. Consider, for example, the family 

of functions fa(t) = lsin t ¡11a tc:[0,2rrJ, \•Jhere ac:[1, 00 ]. This family 

is closed in the sup norm, but Z = U gr(f) is not, because the points (rr, 1) 

(2rr, 1), (0,1) do not belong to Z. In this example the derivative of fa is 

not bounded. Let us construct a similar counterexample using functions with 

• bounded derivatives. Let X =t2 and consider the following set of functions 

{fk: [ü, 1r] ->- t 2 } 

f
1
(t) = (sint+t, O, O, ... ) 

f (t) = (O , sin t + t/2, O, O, .. ) 
2 

f k ( t) = (O, ... , O, sin t + t/ k , O, O, ... ) , 

fk having the non-zero component at the k-th position. T11e set {fk} is closed 
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in the sup norm, as a set of isolated points in C( [ü, TI J, t
2
). However, we 

have fk(TI) ~ (O, O, O, ... ), but the point (O, O, O, ... ) does not belong to 

graph of any function of {fk}, i.e. U gr(fk) is not closed. 

I.5.6. Definition 

Let I : r q ( f ,C) + R be a functiona l defi ned as 

• l(x) = J e(t, x(t), u(t)) dt 
, J 

A function x: J + X such that I(x) = inf {I{x) : x E r (f ,e)} is said to be a 
q 

quasitrajectory optimal in the sense of criterion I. 

l.5.7. Remark 

Of course, we can define an optimal trajectory in the same way. Extending 

the state variable x to (x, y) E Xx R, where y= e(t, x(t), u(t)) with the 

initial condition y(O) = O, we obtain new control system (g, C) where 

g = (f, e). If the (scalar) function e is sufficiently regular, the theorem 

1.5.1 can be applied to this system to prove that a quasitrajectory optimal in 

the sense of criterion I exists. 

41. 



II. -Reachable sets and optimal control 

II.1. Sorne properties of reachable sets 

In this section we formulate sorne, fairly general, version of the 

Pontriagin's maximum principle. This is preceded by certain considerations 

concerning properties of reachable sets. It appears, that, in these conside 

rations, the relevant role play vectors normal to the boundary of a reachable 

set. These vectors will be defined without introducing any inner product in 

the state space. It should be noted, that vector normal to the reachable 

set boundary will be an element of the state space X and not of the dual 

space X* as often stated in the classical maximum principle. In the classical 

approach in Rn or Hilbert space it is convenient to identify the normal vector 

with a functional belonging to x*. In our case such interpretation is not 

correct, unless X is a Hilbert space. 

II.1.1. Definition 

By the reachable set of a control system (f, C) (of an orientar field N) with 

the initial condition (t
0

, s) we mean the set {(t,v):(t,v)c[t0 ,T] x X, 

v = x(t), x(t) = s, x is a trajectory of (f,C)(of N respectively)}. The 
o 

reachable set will be denoted as Z((f,C), (t0 , s)) or Z(N, (t 0 , s)). If t 0=0 

thet 0 will be omitted an we will write Z((f,C), s) or l(N, s). If s = x is o 

fixed, this notation will be abbreviated to Z(f, C) or Z(N). Replacing the 

\<JOrd 11 trajectory 11 by 11 quas i traj ectory" we define the reachab le sets for 

quaiitrajectories, being denoted as Zq((t, C), (t 0 , s)) or Zq(N,(t 0 , s)). 
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II.1.2. Definition 

Let K be the hyperplane t =c5. The set zª(f,C)= Z(f,C)íl K is called a time-a a 

section of a reachable set Z(f,C). We have, respectively, 

II.1.3. Remark 

In the theory of contingent equations the reachable set is called the emission 

zone. 

II.1.4. Theorem 

Let (f,C) be a normal control system and let 1.2.8 and I.3.1 hold. Then the 

set zª ( f ,C) is connected for each a e: J. 

Proof 

a . 
Let us suppose, on the contrary, that Z (f,C) is not connected for certain 

cre:J, cr > O. From theorem I.3-.2 follows that zº(f,C) is nonempty. Then, 

sets A and Banda constant e> O should exist, such that zº(f,C) = AUB and 

inf {d( a, b): acA, bcB} > e: ( II-1) 

Let us define a function cp: X -► R such that cp(x) = d(x,A)- d(x,13). This 
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function is continuous , cp(x} < - E on A and ~(x) > E on B. Hence, we 

have 

1 ¿(x(t))I > EJJ- t E J {II-2) 

where x is a trajectory of (f,C) 

The sets A and B are included in the reachable set, and, consequently trajec­

tories x1 and x2 exist, such that x1(cr)E A, x2 (cr)E B. Let u1 and u2 denote 

such controls that x; = f(t, x;(t), u;(t)) a.e. on J, i= 1, 2. Let us definethe 

multifunction 

M(t,x) = {f(t, x, U¡(t)), f(t, x, Uz(t))} . 

We have M(t,x)~ N(t,x), where N(t, x) is the orientar field associated to 

(f,C). The convex hull of M(t,x) is the set 

P(t,x) = conv M(t,x)={X3v:v=f(t,x,u
1 
(t)).;\ + 

+ f(t,x, u2(t))•(l-A),AE[0, I]}. 

The field P is associated with the system (g, [O, 1 ]) , which trajectories 

fulfil1 the equation 

( II-3) 

with the initial condition x(O) = x0 • The solution x(t,1-) of (II-3) exists 

and depends continuously on the parameter >.. (Maurin [20], part I). Let us 

observe that 

cp(x(o,\)} = cp(x
1
(cr)) < E for "= 1 and 

cp(x(cr,>..)) = cp(x 2 (a)) > E for A= O 

From continuity of x(t,>..) follows that a constant~c [O, 1 J exists", such that 

cp(x(cr,\)) = O. The function x(t,~) is a trajectory of the field P. Observe, 
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that P== conv M and M(t, x) consists of t\'JO points, moving continuously. Thus, 

the system (g, [ü, 1] is regular and theorem I.4.9 may be applied, which 

means that x(t,>..) is a quasitrajectory of N and of (f,C). Moreover, from 

I.4.11 follows that x(t,~) is a limit of sequence {x} of trajectories of N 
n 

and of (f, C). Thus, for any ~ > O a trajectory xkE {xn} exists, such that 

~ (xk(a))< 7, which contradicts (II-2) and completes the proof. 

I l. l. 5. Remark 

A similar property of reachable set was pointed out by Zaremba [ 9 J in the 

case X== Rn. In that paper also was pointed out that the reachable set is 

upper semi-continuous as a function of the initial condition. The similar 

theorems are given by Chow and Shunr [ 12] and by Castaing and Valadier [ 14]. 

With somewhat different assumptions we are going to prove continuity of 

reachable sets, following the analogycal theorem of Turowicz [11] (for the 

case X == Rn). 

II.1.6. Theorem 

Let (f, C) be a regular control system and let. I.3.1 hold. Then the set 

Z~((f, C1 x) is continuous in the Hausdorff sense as a function of the initial 

condition x. 
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Proof 

From I.3.2 follm·1s that Zq((f, C), x) is nonempty. Let us choose a trajectory 

i of (f,C) with an initial condition x0 , and corresponding control ü. Let 

z = x -x, r(t) = 11 z(t) 11 , where x is the trajectory with the control ü and 

with an initial condition x1 . From I.3.1 follows that 

r(t) :S l!i(t)II$ llt(t, x(t), ü(t))-t(t, x(t), ü(t)II:: 

:5 w(t, 11 x(t) - x(t)ll = w(t, r(t)) a.e. on J. 

From the above differential i:nequality follows that 

( II-4) 

where cp(t, v0 ) is the upper integral of the equation v(t) =w (t, v(t)) with 

the initial condition v0= v(O) = 11 x
0 

- x1 11 . From the properties of w 

follows that cp(t, v
0

) + O if v
0 

+ O. Observe that (II-4) is valid far all 

pairs of trajectories with identical controls and diverse initial cc,1ditions. 

Thus, to each point of z\(f, C),x 0 ) corresponds a point of z\(f, C),,x 1 ) and 

vice versa, the two points belonging to trajectories with identical control. 

Let us observe, that (II-4) holds uniformly, i.e. do not depend on u and do 

not depend on the corresponding pair of points oflt((f,C),x 0)and Zt((f,C),x 1 ) 

Thus, r(t) + O uniformly if x
1 

+ x
0

. Consequently we have 

From I.4.11 follows that z:(f,C) = z\f, C). This means, that z:((f,C),x) is 

continuous in the Hansdorff sense with respect to x, which completes the proof. 
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I l. l. 7. Remark 

Let us observe that z\(f, C), x)=Zt((f,C), x) and, consequently, Zt((f,C), x) is q 

upper s~mi-continuous with respect to x. 

II.1.8. Theorem 

Let (f, C) be a regular control system and let I.2.8 and I.3.1 hold. Let 

(t
1

, x
1

} be a point belonging to the boundary of Zq(f, C), where t 1e(O,T). 

Then 

Proof 

{i) at least one quasitrajectory of (f, C} passes through the point 

(tl, Xl), 

(ii) the graph of each quasitrajectory of (f, C) which passes 

through (t 1 , x1 ) belongs to a(Zq(f, C)) for all te[O,t
1

] 

(a(•) denotes the boundary of a set). 

(i) This assertion follows from theorem I.5.1. 

(ii) Let us s·uppose, on the contrary, that a quasitrajectory x of (f, C) 

exists, such that 

x(T)/a(Zq(f, C)) for sorne TE(O,ti) and x(ti)= x1 (II-5) 

From I.4.9 follows, that the quasitrajectories of (f, C) are at the same time, 
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trajectories of the field E= conv N, when Nis the field associated to 

(f, C). Let us observe, that from I.2.8 follows that Z(E)cint Rxn. This 

means that at any point (t, e) e Z(E) a neighbourhood y(t, x) exists, such 

that f{t, x, u) fulfills the assumptions of this theorem in y(t,x) for all 

ue:0. Letusconsiderafield 

8 ( s , X ) = { X .9 V: - V e: E ( t 1 - s , X )} . 

Observe, that to each trajectory x : (O, t
1 

J + X of E corresponds a trajec­

tory y: [O, t 1 J + X of B such, that s= t 1 - t and y{s) = x(t). From (II-5) 

follows that a trajectory y of B exists, such that y (O)= x
1 

e: aZ(E) and 

y(t1- t) = x(t) e: int Z(E). Trajectories are continuous functions. Conse­

quently, we can choose t in such a way that x(t) e:y (t
1

, x
1

) on 

te:[t
1 

- t, t
1 

J for each trajectory x passing through (t
1

, x
1

). From the 

definition of B follows that 

B(s, x) = conv {X~v: v= -f(t1 - s, x, u), u e: C{ti- s}. Thus, B(s,x) 

is the convex field associated with the control system (f', C'), where 

f'(s,x,u) = -f(t1 -s, x,u), C'(s) = C(t1 - s). The system (f',C') is regular 

and II.1.7 hold. 
t- T 

This means that the reachable set Z t ·{B, y) depends contj_ 

nuously on its initial condition y= y(O). Consequently, a neighbourhood n 

of x1 exists, such that ztf't" (B,y)íl int Z(E, x0 ) f <ti for each y e: n, where 

we id_entify the points (t,x) and (s,y) of the time-state spaces of the systems 

{f,C) and (f' ,C') respectively, such that x = y and s = t 1 - t. Choosing an 

initial condition y(O) e: n such that y(O) t Z(E, x
0

) we conclude that a traje~ 

tory y' of B exists which passes through the point s=O, y(O)e:(n'\.Zt 1 (E, x0 )) 

and through tne point s = t 1 - t, y(t
1
-T )e: int (E). These two points belong 

to the graph of sorne trajectory x' of E, i.e. to the graph of sorne quasitrajec-
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tory of (f, C). Thus, x' is a quasitrajectory with the initial condition x0 , 

which reaches the point x1 (t1) = y(O) ( Zq(f,C). This contradicts the defi­

nition of reachable set and completes the proof. 

11.1.9. Remark 

Fig 3 indicates an interpretation of the above proof in the case X= R2 . 
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II. 2. Opti~al control 

In this section v,e assume that X is a real reflexive and separable Banach space 

and that x* (the dual of X) is uniformly convex. 

11.2.1. Definition 

Let J' = Ct', t 11
] e J. A trajectory (quasitrajectory) x : J' -+ X of a control 

system (f, C) passing through a point (t', s) is said to be optimal over J 1 if-t~ 

graph of x belongs to the boundary of the reachable set Z(( f,C), (t', s)) (of 

Zq{{f,C), (t',s)) respectively) over the interval J'. Replacing (f,C) by an 

orientar field N we define an optimal trajectory of an orientar field. 

I l. 2 . 2. Rema rk 

In the above definition we do not declare whether the trajectory or quasitra­

jectory is time-optimal one, or optimal in the sense of sorne particular crit~ 

rion of optimality. lt is clear that II.2.1 concerns time-optimal (quasi-) 

trajectories if sorne goal trajectory is defined. On the other hand, many 

problems of optimal control can be converted into time-optimal problems, by 

appropriate extension of the system state space (see 1.5.3, 1.5.6 and I.5.7). 

II.2.3. Definition 

Let Y be a normed vector space, let AC Y be a nonempty set and let K(y, p) be 

an open ball with radius p and ceri"cer y. A vector v E Y is said to be nonnal 

to A in the point z su A if v t- <Py and K(z + v,11 vil) n A= <f>. The set of all 
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normals to A at a point z E: a A will be denoted as N(A, z). 

II.2.4. Definition 

Let x* be the du~l of X and let F: X ➔ 2x* be the duality mapping, defined as 

follows: F(x) = {x* e: X*: x* (x)=II x 11 2 = 11 x*II 2 }. 

<•,•>_ : X x X ➔ R defined as follows 

< x, y >+ = sup {z(x): z e: F{y)} , 

< x, y>_= inf {z(x): ze:F{y)} , 

are called semi-inner productsin X. 

II.2.5. Remark 

The semi-inner products have the following properties 

< X, Y>± 1 ~ 11 X 11 • 11 Y 11 , 

The functionals 

2 
< x + ay, y > ± = < x , y > ± + a II y 11 .lJ- a e R, 

< ax, by > ± = a • b < x, y > ± -V- a, b E: R, a • b ~ O. 

If X is a Hilbert space, then 

usual inner product. 

< • • > = < • • > = < • , • > , where < • , • > is the ' + , -



If x* (the dual space of X) is uniformly convex then <•, •>+ = <•, •> M <•,•>s. 

The semi-inner product <•, •\ exists and has the following properties [31] 

<ax+ Sy, z>s= a<x, z>s+ S<y, Z\ J.Ja, SER; x, y
1
zEX, 

2 
l<x, Y\ 1$ 11 x 11 • IIY 11 JJ- x, yEX, <x, x> s= llx 11 . 

Let us consider, for example, the space ip(R) of all sequences of real numbers 

with the usual norm 11 • llp• Let q be the conjugate exponent of p, i.e. 

-1 -1 ( ) p + q = l. Then the semi-inner product of x, y E ip R is defined by 

p-2 
<x,y> =c{y)Ex-lY·I Y·, S 1 1 1 

-i 
where c(y) = 11 y llq {q-p). It is clear that the above semi-inner product 

p 
becomes the usual inner-product of .t1 if p = 2 and it is easy to verify that it 

has the properties indicated above. 

II.2.6. Theorem 

Let E be a convex and continuous orientar field and let Y be the Banach space 

2 l)Vi 
Y= R x X equipped with the norm 11 t, x lly = {I t 1 + 11 x 11 . Suppose that a tra-

jectory x of E with the initial condition (O, x0) passes through a point 

(t', x') EaZ(E), where t'E int J, Z(E) is the reachable set of E (see II.1.1). 
IV fV !V 

Let N=N(Z (E), {t', x')) be nonempty, and let VEN. We denote by x- (t) and 

x + (t) the left- and right-hand derivatives of x at a point t. Then 

(i) <(1, x+(t')), V~ '.:: 0, 
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( i i) 

•+ • - . provided x and x ex1st at t' 

Proof 

The norm 11 • lly will be denoted shortly as ll • 11- This will not cause ambi­

guity if we will bear in mind that v and (t, x) belong to Y=R x X. (i) Let 

us consider the function 

<j>(s) = 11 p - (t' + s, x(t' + s))II, 

where peY is such. that p-(t', x(t'))= v. We have 

<j>(s) = 11 p- (t', x(t')) - s(l, x+(t'))II + o(s)= 

= 11 V+ s(-1, -x+(t'))II + o(s), 

i f s > O, where o( s) / s + O i f s + O . 

Let us observe that cp (O) = ll v II and 

( II-1) 

D+<t>(O) = lim II V+ s(-1, ;x+(t'))ll-llv 11 , (II-2) 
s+O+ 

where D+ denotes the right-hand derivative. We apply now the equality 

<a, b> = llb ll lim II b + s•all - llb lL (II-3) 
5 s+O+ s 

(Deimling [18], proposition 5.2). 

From (II-1), (II-2) and (II-3) we obtain 
., 

cp(O) D+~(O) = <(-1, -x+(t')), v> 
s 

( II-4) 
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Let us note that D+~(O)~ O. Indeed, if D+cp(O) were negative, a neighbounrhood 

p of s=O would exist, such that IIP- (t, x(t))II < llv 11 in p, i.e. the point 

{t, x(t))EZ(E) would belong to K(p, llv 11) which contradicts the assumption that 

vis normal to Z(E). Thus we have 

and, dueto the definition of the semi-inner product 

{II-5) 

which completes the proof of the part (i). 

(ii) To prove this part, we have to consider the function 

't'(s) = 11 p-(t' -s, x(t'-s))II instead of cp(s). Applying an argument similar 

as in (i) we can point out that <(l, x-(t')), v>
5

~ O, which completes the proof. 

11.2.7. Theorem 

Let (f, C) be a regular control system (see I.4.8) with associated orientar 

field N, fulfilling assumptions I.2.8 and I.3.1. Let E and Q denote a convex 

field and tendor field generated by N, respectively. Let x: J + X be an optimal 

quasitrajectory of (f, C) with an initial condition x0 • We denote 

l'V 

A = { t : t E ; n t J , N (Z ( E) , ( t , X ( t )) ) r <ji} . 

Suppose that A t <P and µ{A)> O. Then 

• x(t)::a{t, x(t)) a.e. on J, (I I-6) 

where 0 is a St!lector of E, such that o(•, x( • )) is measurable and 
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(i) <(1, o(t, x(t)), v > = O a.e. on A, and, moreover 
s 

(ii) _max {c:c = <(1, z), v > , z s E(t, x(t))} = O s 
( II-7) 

for all ve Ñ(Z(E), (t, x(t))), te A'd, where I is the null set over 

which x(t) does not exist. 

Proof. It is known that, under the above assumptions, Zq(f, C) = Z(E} and, 
. . 

consequently, x is a trajectory of E. Srnce x 1·s differentiable almost 

everywhere on J, we have x+(t) = x-(t) a.e. on J. Thus, the equality (i) 

follows from (i) and (ii) of the Theorern II.2.6. 

The pro ve ( i i) let us suppose that a point z e E(t', x(t')) exists such 

that t' e A'\I and <(I' z), v>s>O. Consequently, a convex neighborhood 

n of z exists, such that <(I, w), v> >0 for all w e E'(t, x) = E(t, x) {\ 

s 
n. 

The multifunction E' is continuous and convex-valed. Hence, a continuous 

selector s(t, x) of E' exists. Let y be the trajectory of E' which corre 

sponds to s, with the initial condition (t', x(t')). Thus, y+(t') exists 
•+ •+ •+ and <(I, y (t')), v> >0. Thus, y (t') exists and <(1, y (t')), v> >0. s s 

But once (t', x(t')) belongs to the reachable set of E with the initial 

condition (to, x(t
0
)), the trajectory y can not leave the reachable set. 

Usi_ng the !.ame argumentas in the proof of the point (i) of Theorem II.2.6. 

•+ V> ~ which contradiction to the previous 
we conclude that <1, y (t'), is a 

s 

inequality and completes the proof. 

I I. 2. 8 Rema rk 

Let us observe that Theorem II is formulated in terms of quasitrajectories 

of (f, C), without any convexity and compactness assumptions imposed on 



control domain and/or counterdomain. 

The similar geometrical interpretations are given by Markus and Lee [23], 

Leitmann [21], Boltiansky [22] and others. It should be noted that the 

optimal quasitrajectory of (f, C} need not be regular in the sense defined 

in [21], i.a. the plane tangent to the reachable set along with the quasi­

trajectory needs not to exist. We require only that the set of normals Ñ 

be nonempty. However, it seems to be difficult to prove that it is the 
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case, i.e. that µ(A) r O. To overcome this difficulty, let us consider the ' 

following property which might help us in this connection. 

II. 2. 9 Property(P) 

A constant n exists such that far each (t, x)E J x X the reachable set 

Z~ ( ( f, e), ( t, x}) is convex far a 11 s e: ( t, t + ~ ) . 

Of course, not every control system has thb property . One might expect 

tha~ if the orientar set N(t, x) is convex then the property 

this case the following corollary may be useful. 

II.2.10 Corollary 

Let (f, C) be a regular control system having property (P) 
• '!'. 7 

and let the assuptions of Theorem ri~/¡fold. Let us denote 

H(t) = U [Ñ(Z(E, (s, x(s))), (t, x(t ))): se (o, t)] 

holds. In 



B = {t: t€int J, H(t) l 0} . 

. 2.7 
Then µ(B) = u(J) and Theorem W holds while replacing in it the set A by 

B and Ñ(Z(E), (t, x(t))) by H(t). 
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Proof. Let x: J _... X be an optimal quasitrajectory of (f, C) with an 

initial condition (O, x
0

). Obviously x1
: [s, T] - X being the restriction 

of x to [s, T], is an optimal quasitrajectory of (f, C) with the initial 

condition (.s, x(s)), i.e. it lies on the boundary of Z(E, (s, x(s))), where 

s e: int J. By the property (P) the set Ñ(Z(E, (s, x(s))), (t, x(t))) is 

nonempty for each se: (t-n, t), which means that µ{B) = µ{J). It is clear 
.i,.-:,. • • 

that the Theorem Yf; holds for any initial condition se: int J and any interval 

fs, T'], s < T1 < T . This observation completes the proof. 

11.2.11 Adjoint inclusion and possible applitations 

In order to construct any useful algorithm it is necessary to calculate the 

11adjoint trajectory 11 v: J-+ X. One might expect that the variable v 

(the vector nomral to the boundary of the reachable set) satisfies certain 

differential equation or differential inclusion. We will not consider here 

this problem in details. Let us, however, observe that the part (ii) of 
( .1..,7 

TheoremTilprovides the "control rule" which can be used to choose the value 

of a(t, x). On the other hand, the part {i) of that theorem leads to the 

equality 

<o{t, x(t)), v(t) ► s = o (II-8) 
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where a= (l. o) and a can be determined dueto the maximum principle 

(11-7). The equality (II-8) may provide additional conditions for v. Let 

us consider, for example. the case when X is a Hilbert space and o does 

not depend explicitely on t. Thus, form (II-8) we get 

d - - • - • dt<o(x(t)). v(t) =<ax (x(t)), v(t)>+<o(x(t)), v(t)> = O, 

where < • , • > stands for the i nner product of Y = R x X. 

Let us observe that ºx is the Frechet's derivative of a: Y - Y, i.e. 

ºx is a continuous linear operator. Taking into account that x(t)=6(x(t)) 

we get 

< o(x(t)), v(t)> = - < o(x(t)), o-;(v(t)) > , 

where a; is the adjoint operator of ºx. Consequently, the desired 

differential inclusion for v becomes 

v(t)EV(t, v(t), x(t)) df 

(11-9) 

Obviously, an adjoint vector which satisfies the equation 

is a solution to (9), as in the classical maximum principle. 

In practical applications the most common case is that of regular control 

systems. It results from the physical nature of control variable. Even if 

the system is described by partial differential equations with distributed 

(function-valued) control, its technical realization can hardly be done 
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with infinite number of control variables. Once the control is of finite 

dimensionality, the corresponding control counterdomain N(the orientor set) 

is compact by the theorem of Mazur. In tha ': case it is easy to show t: ,¿, t 

the control system under consideration is re 10ular one. Anotner questlcn is 

the computational aspect of Theorem II.2..1,It might appear that this version 

of the maximum principle does not provide any useful algorithms. Indeed, 

in the general case it is difficult to determine the normal vector n and 

the selector cr of the 11 relaxed 11 control counterdomain E. But, let us 

observe that the general case refers to the situation when the optimal control 

need not exist. Consequently, the control variable does not appear in the 

conditions (i) and (ii) of the Theorem II.2.J,This property seems to be inter­

esting one. Namely, the philosophy of optimization algorithm is not to look 

for the optimal control, but rather for the optimal quasitrajectory. No 

uniquess and/or existence of optimal control is required. The main task is 

to find an optimal quasitrajectory and then to determin·e corresponding control, 

corresponding sliding regime, orto approximate it by certain sequence of 

trajectories. Of course, if the control counterdomain is convex, then the 

set E is equal to N and can be parametrized by the control variable. In 

that case the search is to be made in the control space directly. 
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Sorne important applications of the maximum principle concern systerns 

governed by partial differential equations. 

Let us give now sorne general remarks. We consider control 

system whose state variable is a function of time t and of sorne spacial va­

riable x. In technical applications we have xsR3
, but here we let xsR1

, to 

simplify the notation. The system is governed by a nonlinear partial differ­

ential equation, and the problem is posed as sorne nonlinear version of the 

Neuman prob_l ern 

a z{ t, x) = A{ t, z)(x) 
at 

z(O, x) = qi{x) 

zx 1 = u{t) , z 1 = -u{t) l- X -l+ , 

(II-10) 

(II-11) 

( II-12) 

where zx 1 = lim az{t, x) / ax with x-+ l, x ~ l. The function z(t, x) is 
l± 

the state variable defined over the set S=R+ x L, L=[-l, l], u is the con 

trol u(th:CcR, C cornpact, and A(t, z) is sorne differential operator. More­

over, we require that 

( II-13) 

where z + are the righ- and left-hand derivativesat x=v and x=v is a solution to 
V-

sorne algebraic equation x=E(z(t,x)). Conditions like (II-13) often appear in mo-

dels of processes of rnass and/or heat transfer with some chemical reactions, 

solidication e.t.c. Let us confine our attension on the case 
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A(t, z)(x) ~ a(t. 

In order to ct~scrib0 th~s syst~m by o~e equ¿tion of e~olution l~t us extend 

z(t~ x) to tlle ent"irC'. h11lf-plane R+ x R. put z(O, x) = O for all xi L and let 

z be treated a~ a g0ncrilliz2d function, zx being the distributiunal derivative. 

Ob:,erve that 

z - z' + l(x +f'¡·,: 1 .. -r-(;,:-f.\1 z 1 + s.íx-v) (z - z ) 
XX XX , X -Y_,·:- - • X t- ,, v+ ·v-

1-1here e ( • ) -¡ :; the disfr-il)Utiun of Diro.c, 7 1 is tl¡e ustn1 
XX 

der·i v2t-i ve 

827/;;x:
2 in U\ Y R)°"-..)-f, '', Ü é)íld z~,,(t'. x) 00 li111 z. ,(t. y) vrith y+ X, 

r .. ," ,.-\.✓, 

y< x, for x c{--.f 1 v, [}. \<!P. suppcse tliétl: z is cont"ii1ucus fo R+ x R, 

Let us def ·i ne 

(II-14) 

aqd /\' is 211 extens i o,¡ of íi. to tkc' ~et 

p X n ·'+ , ¡,, 

Z ( Ü, X) = e;, 1 (X) (II-15) 



. 2 
denote by ljJ: R+ ~ L (R, R) the function of time, whose value (for some fixed 

time) is the function z(t, • )e:L2 (R, R). We have 

Thus (II-15) becomes an ordinary differential equation in the space L2 (R, R) 

diµ(t) = A'(t, iji{t), u(t)) dt (II-16} 

where the operator A' is uniquely defined by (II-14). Unfortunately, A1 is 

not continuous in L2
, and we have to know if (and with what assumptions) a 

solution to (II-16) exists. We shall not consider here this problem. The 

right way to salve optirnization problems for systerns described by linear 

evolution equations was given by Lions [H] and it seerns possible to salve 

nonlinear problems sirnilarly. Let us give sorne another approach, using sorne 

11 smoothed 11 operator, in certain analogy to weak solutions of ( II-16). The 

concept of smoothing is based on sorne physical observation. Namely, the main 

idea is that such physical parameters as temperature and concentration can not 

be measured in a point and they always are sorne global properties of a finite 

set of particles. Consequently, we replace the right-hand side of (II-15) by 

the expected value of sorne function of a randorn variable y with density 

9(x - y), i.e. 

az(t,x) 
c3 t 

00 

= ( A'(t,z,u)(y) g (x-y) dy 
) 

2 " 
This 1in L (R, R) becomes 

(II-17) 
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d ~ ( t) _ dt _- F(t, u, iti(t)), .(II-18) 

where the operator F is defined by the right-hand side of (II-17) and (II-14). 

As g(•) we can take a density of nonnal distribution with zero mean and 

sufficiently small variance. Provided E(z) and B(z) are regular enough, the 

operator F is continuous and Lipshitz. Since the control domain CcR is com 

pact, the control counterdomain of the system (F, C) is also compact. It 

implies that (F,C) is a regular control system and the results of previous 

sections can be applied. Observe that if the variance of g tends to zero, 

the right-hand side of (II-17) tends to that of (II-15) but, it should be 

emphasized that in our approach g(•) is fixed and we do not need that (II-17) 

be satisfied with diverse densities g(•). 
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III. Sorne rernarks on computational aspects 

III.l. Local algoritm for infinite-dimensional system 

111.1.1. General observations 

To pose the problem we have to determine what means 11 infinite dimensionality 11 

in a computer program. It might appear that, for technical reasons, computer 

programs realized in practical applications must be finite-dimensional. On 

the other hand, there are algorithms solving partial differential equations 

and performing quite complicated operations in spaces of functions (e.g. speech 

signal processing, prediction e.t.c.) with considerable efficiency. Taking 

into account recent rapid development of supercomputers with paralled processing 

it seems to be possible to develop standart software tools for infinite dimen­

sional optimization problems. As for the 11 infinite dimensionality 11 in computer 

programs, let us observe that such properties of state and control space as 

noncompactness and lack of measure affect program performance causing heavy 

difficulties which grow rapidly with the space dimensionality. For example, 

the known difficulties in generating realizations of random variables having 

multidimensional distributions are obviously caused by the lack of probability 

measure in the infinite-dimensional case. The noncompactness of sorne sets of 

fuctions causes difficulties of another kind. It is impossible, for example, 

to construct a finite E: - grid in a set of functions which are not equicontinu­

ous. Consequently, it is ratherdifficult to create catalogs of pattern functions 

used in data-base of signal recognition systems. On the other hand algorithms 
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uti1izing such calculations as operations over vectors or evaluation of inner­

product, i.e. the pennissible operations of sorne infinite-dimensional vector 

spaces, are quite effective even if the dimensionality of a problem is high. 

It is why the linear programming algorithms do work satisfactority even for 

prob lems of man y thousands of unknowns. 

Any computer realization of an infinite-dimensional problem must include sorne 

kind of truncation or projection into a finite-dimensional space or spaces. 

The main requirement which differs the standart finite and infinite-dimen­

sional program is that the truncated dimensionality or the space of projection 

be not visible by the user, i.e. that the dimensionality does not appear in 

fonnal parameters of procedures called directly by the user. Let us give sorne 

remarks on an approximation scheme which may be used for this purpose. 

III.1.2. Galerkin approximations 

Let Xn denotes a finite-dimensional subspace of a real reflexive Sanach space 

X, and let Pn be a projection from X to Xn. Let {Pn} be a sequence of projec­

tions, such that 11 Pn 11 = 1, Pn =X-+ Xn for n=l, 2, ... , and Pnx-+ x JJ-x~x. 

The sequence {X
11

, Pn} is called the projection scheme. It allows us to 

construct a sequence of solutions to ordinary differential equations in spaces 

Xn, converging to a solution of the corresponding equation in X. The following 

is the basic theorem on the convergence of such solutions. 
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III. 1.3. Theorem 

Let X be a Banach space with a projecti on scheme {X , P } , such that II P 11 = 1 n n n 

for n = i, 2, ... , and Pnx ➔ x ~XEX. Let f: Jxíl ➔ X be a continuous and 

baunded function such that II f(t, x)II < M in Jxíl, M being a positive constant, 

and 
< f(t, x) - f(t, y}>_::: w (t, llx - YII) • llx - YII ( II I-1) 

far all x, y e: íl, t E J, where < •, • ~ is a semi-inner praduct in X and 

w: J x R+ ➔ R is a function which satisfies the follawing canditian: far any 

y> O there existsó > O, {ti} and {pi: J + R+}such that t; > O, t; ➔ O, f; 

are continuous and 

Then the equation 

x(t) = f(t, x(t)), x(O) = x
0

, xe:X (III-3) 

has the unique solution x over the interval J, the equation 

(III-4) 

has the unique solution xn over [O, b J, where b=min{µ(J), r/M} (r 

denotes the diameter af íl) far n big enough, and xn(t) ➔ x(t) unifarmly an 

[O, b]. 

II l. l. 4. Rema rk 

The proof of the above theorem can be fund in [18]. Some interesting appli­

catian cancerns a distributed system destribed, far example, by equation 
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(II-17). The sketch of a possible approach is as follows. 

Let the state space be X= L2 and let g( •) be sorne truncated density function, 

being, however, sufficiently regular. Thus, we can restrict the bounds of 

integration to sorne finite interval K, and we have X= L2( K, R). Let S be a 
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countable dense subset of K, and let Sn = {s
1

, s
2

, ... , sn} be a finite subset of points 

of S. Let us define a sequence {Sn} of subsets of Sin such a way that 

max minlsk- s -1 ➔ O with n ➔ 00 and k, j ~ n 
k j J 

For example, if K= [O, 1 J we can choose S
1 

= {1/2}, S2= {1/4, 2/4, 3/4}, 

S
3
=_{1/8, 2/8, ... , 6/8, 7/8} e.t.c. with the following enumeration of points: 

s1= 1/2, s
2
= 1/4, s3= 3/4, s4= 1/8, s5= 3/8, e.t.c. By Xn we denote the space 

of all step functions being constant in each of the intervals constituting the 

set K,sn. We have x
1

c X2 , .•• ,e X. The projection Pn: Xn ➔ X is defined as 

Pnz=zn, where zn is a step function such that znE: Xn, znls = zls, and 
n n 

z(x) = z(si) for all XE: [si, sk ], si and sk being points of Sn with consecu-

tivepositions (not numbers) and s1< sk.Let now x be a point of K in which 

•/z/ a x2 exists. We can express the derivative az/ax in term of points be long 

ing to Sn, as follows 

az(x) z(sk) - z(x) 
-- = ------ + nn(x) 

ax sk - x 

where sk is a point of Sn such that sk > x and lsk-x 1= mjn{!s 1 -xl, S;E:Sn} 
1 

and nn(x)/lsk-xl -+Owithn-+ 00 • Similarly 

a2
z(x) = 

ax q(sk' sp' x) + nn(x), sk, sPE:Sn , 

where q(sk, sp, x) is an appropiate difference quotient, sk> sp>x , sp is the 



nearer right-hand neighbour of x and sk is that of sp. Thus, with the above 

notation we can express the projection of the second derivative as 

( III-5) 

where sk > sp > x > sr, and sr, sp and sk are points of Sn with consecutive 

values. 

We are now in a position to apply the Galerkin's projection sheme to the sys­

tem described by the equation (II-17). To do this, let us observe that 

00 

f ó(y + l) u(t) g(x - y) dy= u(t) g(x + l) 
-oo 

and the distributional terms in (II-17) disappear, being replaced by quite 

regular functions of the form u(t) g(x). Substituting the corresponding 

projections we obtain a sequence of finite-dimensional equations in 

\, X2 , ... which is, in fact, a sequence of Galerkin approximations. 

It is perhaps appropiate to mentían that, from the computational point of 

view, the above scheme isnothing more thensome finite-difference algorithm 

with decreasing step of the space-grid. Let us observe, however, that the 

enumeration of points in the set S provides that the particular, say the k-th, 

equation corresponds to the physical parameter in the same point in all 

iterations (in all the spaces X
1

, X2 , •.. ). Thus, the solutions reached in 

the iterations can be easily compared to each other in order to check the rate 

of convergence and ~orne stop-criterion. 
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III.1.5. The algorithm 

Let us recal l that the main results of the maximum principle II.2. 7 are 

and 

where o 

<(l, o(t, x(t)), v > = O a.e. on A s 

max { c:c =((1, z}, v >s : ZEE(t, x(t)}} = O 

is a measurable selector of E E 

(III-1) 

(I I I-2) 

is the convex 

orientar field generated by the control system under consideration, vis a 

vector nonnal to the boundary of the reachable set at the point (t, x(t)), 

x: J ~ X is an optimal trajectory and A denotes the set over which v exists. 

With this notation and under the hypotheses of II.2.7, III-1 and III-2 are 

necessary conditions for optimality. Considering projections into a plane 

t = const we get, dueto II.2.11 and II.7 

H = < o(t, x(t)), n >s = O a.e. on A, ( I II-3) 

where nis the projection of v. Consequently, any algorithm based on these 

results consists in sorne searching process which allows us to determine 

cr(t, x) which maximizes H. 

What we obtain as a result, is a trajectory which graph belongs to the bound­

ary of the reachable set. Let S denote sorne given set of the space Y, such 

that at least one trajectory of E reaches the set S, and let a point 

y' ESílZ(E) exists such that PJy' = min {PJy: yr. snZ(E)}, where PJY is the 

projection of y into J (recall that Y= JxX, thus PJy is real-valued). In 

69. 



this case an optimal trajectory exists which reaches the set Sin optima1 time. 

Suppose that the set µ of normals to the set X\S at y' and the set of nor­

mals to Z(E) at y' are nonempty. It is easy to point out that in this case a 

normal v to Z(E) at y' must exist such that v Eµ. This is the condition of 

transversality, well known in the finite-dimensional case. Choosing diverse 

sets S and, eventually, extending the state space we can define diverse opti­

mization problems which provide, or not, corresponding transversality condi­

tions. 

The computer algorithm in the finite-dimensional case with convex compact 

orientar N(.t, x) is wel l known. The standard approach is to app1y sorne of 

conjugated gradients or variable metric algorithm, where the gradient aH/au 

is evaluated as follows. We integrate, with given initial point x0 and given 

control function ü, the state equation x = f(_x, u, t), storing the trajectory 

x in memory. Then, we integrate the equations of the conjugated vector n 

(see II-9) with the final condition p{_T), backward in time. Once the values 

of x and ü. are known, it is possible. Moreover, if we evaluate p(t) for sorne 

te:J, we can evaluate Hin this point, and, simultaneously, aH/au at time t. 

This latter value is to be stored as a value of gradient (search direction) 

in the space of control functions (note that p(t) need not be stored). Thus, 

one integration of the state equations and one of the conjugate equations 

give us the search di rection and the search process can be continued [28 J. 

A similar procedure may be applied ~n the infinite-dimensiónal case. The 

main difference is that the integration processes for the state and conjugated 

variables have no dirnensionality parameter specified. The integration process 

for each trajectory consists of a number of integrations of finite-dimensional 
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Galerkin approximations which result in a (truncated) solution to the infinite 

systern. Thus, the user do not control the dirnensionality specifying, perhaps, 

only sorne upper bound for this pararneter. It should be noted that, at any 

_rate, the rnernory needed and time consumption rnight be huge and the known diffi 

culties, arising while integrating infinite systems, can not be overcorne. 

Application of computers which high level of parallelisrn rnight cause sorne prog­

ress in this field. 
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III.2. Parallel algorthm 

Most of the published applications of paralled computers concern the problems 

of linear algebra, linear prograrrming and parallel evaluation of arithmetic 

expressions [24 J, [25]. If the number of papers devoted to applications of 

.that kind is fairly great, the published results on parallelism in non-linear 

optimization problems and optimal control are rather small/the scarce examples 

are i .g. [26 J, [27 J. It seems that the technological development of parallel 

computers has been so rapid that the theoretical research in the field of para­

llelism in optimal control was left behind. It should be noted that both hard 

ware and software tools for such research are available. The main software 

tool is the Ada language which undoubtedly will stimulate the research. 

Our task is to formulate sorne parallel optimization process and to assess its 

speed-up in relation to certain classical sequentional algorithm. It shouldbe 

noted that, if the convergence of an optimization algorithm may, in most cases, 

be proved, its speed can hardly be established without strong assumptions im­

posed on the object function. As we do not intend to do so, this section is, 

from the theoretical point of view, merely a problem statement. Namely, we 

try to investigate the speed of convergence of the proposed procedure, simula­

ting the process ar parallel computations. 

III.2.1. The statement of the problem 

Let us recall the basic optimization algorithm of gradient type. Let F: Rm-> R 

be a continuously differentiable function called the object function and grad 
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F(z) be the gradient of F evaluated at a point z e Rm. The problem is to find 

z
0

c Rm such that F(z ) ~ F(z) in sorne neighbourhood of z . The gradient algo-o o 
rithm is as follows 

A1gorithm G. 

Step O. Choose z
0

E Rm such that the set {z: F( z) $ F( z
0
)} 

is bounded. 

Step l. Set i = O . 

Step 2. Eva1uate h;= D(z;) grad F(z;), 

Step 3. lf h;=O then stop run. E1se go to step 4. 

Step 4. Evaluate the smallest non-negative number "· such that 
l 

F(z. + 1..h.) = min {F(z. + 1.h.}: 
1 1 l A 1 1 

Step 5. Set z.+1= z. + 11..h., set i = i+l and go to step 2. 
1 1 1 1 

In the above algorithm D(z) is a positively defined matrix which elements are 

continuous functions of z. If B = l/the unit matrix/ then we have the steepest 

descent method. lf D, I and it depends on gradients evaluated in previous 

steps, then Gis a conjugated gradient algorithm. A comprehensive discussion 

of such optimization algorithms can be found in [2.8}. 

The Ada language parallel facilities make it possible to use para1lel computa­

tions at the a1gorithmic level. That is what we call parallelism in this pa­

per. from this point of view algorithm Gis sequential one, despite of the 

fact that the vector and matrix operations of steps 2, 4 and 5 might be 

executed with concurrent computations. 

The mo~constly operations in the above algorithm are evaluation of grad F and 

evaluation of the object function. Each 11 big 11 iteration of the algorithm re-
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quires one evaluation of grad F and several evaluations of Fin the step 4. 

Both gradient a~d object function evaluation will be treated as tasks in the 

sequel, i.e. as program units which can be exacuted concurrently. The main 

idea is to launch a number of such tasks and not to separate (in real time) 

object function and gradient evaluation. The whole process of optimization 

will be said to be of type Gy/z where y is .the·number of tasks (both of gradj_ 

ent and object function type) which might be executed in parallel and z is the 

number of tasks of object function type, called OFT in the sequel. Thus, the 

maximal number of the gradient-type tasks /GT/ being executed concurrently with 

OFTs is equal to y-z. The sequential algorithm Gis of type Gl/1 where no pa!_ 

allelism exists. 

Befare formulating the search rules for a, possible realization of a Gy/z pr.Q_ 

cess, let us specify a set of data contained in the COJIIDOn pool visible from 

within all the tasks. 

The common data are as follows. 

G, U - arrays of the same type as the argument of the object function, 

X - the lower value of F achieved in the search, 

NF - the number of active OFTs, 

NG - the number of active GTs, 

Ln - logical variables, n = 1, 2, 3 . 

To initiate the process of optimization we set Ll = true, NF = O, NG = O, 

X= 00, L2 = false, L3 = false. Now let us specify the search process actions 

being sorne realization of a process Gy/z. We denote by~ the array with all 

elements are zeros. By "if Ln 11 we mean 11 if Ln is true". The process actions 
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are as fo 11 ows. 

-i- If L1 and NG < y- NF then new GT starts, LI: = false and NG: = NG+ l. 

-ii- If a GT ends then Gis given new value, evaluated by this 

GT, NG: = íJG- 1 and L2: = true. 

If G = ~ then stop run. 

-iii- If L2 and NF <z then new OFT starts. It evaluates the value of F(W), 

where W(I): = U(I) +Y* G(I) for all components of W. Y is a value 

obtained by random drawing with normal distribution, mean H and stan­

dard deviation V. The distribution is truncated so that Y> O. 

-iv- If an OFT ends and F(W) > X then NF: = NF- l. 

If an OFT ends and F(W) < X then NF: = NF- 1, U: = W, ll:= true. 

t1oreover, in both cases parameters H and V are changed due to sorne 

updating rule. 

-v- If L3 then stop run. L3 is a stop condition, not specified here in 

details. 

In the above process GT has higher priority then OFT, i .e. the event /i/ has a 

higher priority then that of event/iii/. For GTs and OFTs are asynchronous, 

the shared arrays G and U might be updated at sorne irregular time instants 

depending on whether a GT oran OFT ends. Therefore G and U are transfered to 

GTs and OFTs by value, i.e. GT takes a copy of U and OFT takes a copy of G and 

U at the time instant it is activated. 

Let us observe that in the case of process G 1/1 with V= O, D = I and H = A; 

we get the algorithm G. Thus, the process Gy/z is some extension of G to the 

parallel searching process. Moreover, under the hypotlneses introduced in this 

section, G 1/1 converges to the solution of the optimization problem, dueto 
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(28] /section 2.1/. Process Gl/1 with the above parameters has, however, 

little practical meaning, for the parameter Ai is not known. The evaluation 

of A. requires several evaluations of the object function. To do this in the 
1 

sequential algorithm we have to apply sorne sequential algorithm of one-dimen-

sional minimization. This could be replaced by sorne parallel search, for ex­

ample such as formulated in the point /iii/. Then we get a process of type 

Gy/z. It should be noted, that the rules /i/+/v/ concern sorne particular real 

ization of a serach process of type Gy/z. 

One rnight expect that the speed-up of Gy/z is as high as the degree of paral­

lelism y. It, however, is not the case. If the "quality criterion" of the 

seraching process is equal to t • m /where m is the amount of central memory 

needed and t denotes the CPU time/, then the sequential algorithm is better 

than the process Gy/z. It results from the fact that the information which 

have been gathered in the consecutive steps of the algorithm G is .properly 

utilized at the next step of G. In the parallel search a new OFT is launched 

befare completing all already active OFTs. Consequently, while generating its 

parameters, the process could not make use of the infonnation obtained from the 

OFTs active at this instant of time. As a result, the speed-up is not propor­

tional to y. 

To improve the speed of the search, we could apply the approach similar to the 

11branch and bound" method known in the operational research. Namely, let us 

assume that the result of an OFT can be assessed before completing this OFT. 

If this assessment shows that no improvement of the object function can be 

attained in this OFT, then it may be terminated before its completion anda 

new OFT may be launched immediately. 
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III.2.2. Application to optimal control in Rn 

Let us considera time-discrete control system which trajectory is described 

by equation 

(III-4) 

(x0 k' x1 k' ... , xn k} is the system state vector, , , , where xk = 

uk= (u1,k' ... , u k) is the control vector, f: Rn x Rp-... Rn is a continuous p, 

vector-valued function, k stands for the instant of time, k = 1, 2, ... , T and 

uke:Ck, where Cke:RP is a set called control domain. The initial condition x
0 

is given. The optimal control problem is to determine a control uk, 

k = 1, 2, ... , T such that the component x0 ,T reseaches its mínimum. The func 

tion f 0 ,k /being the first component of fk/ is of the fonn fo,k = 

= f 0 ,k(x1 ,k, ... , xnk' ui,k' •.. , up,k). The other compcnents of fk also do not 

depend of x0 ,k. The x0 ,T is the object function. To evaluate it, we must 

integrate the whole system trajectory, i.e. to solve equation (III-4) for k = 

1, 2, ... , T. Thus, in this case the task OFT contains a step-by step proce­

dure which integrates /summarizes/ equation (III-4). L~t us observe that the 

array U of the pro ces s Gy /z has now p x T e 1 ements. The gradi ent of the obj ect 

function may be evaluated dueto the time-discrete version of the Pontriagin's 

maximum principle [_28 J. Namely, let sk = (sk,o' sk,i" ... , sk,n} be a vector 

/conjugated variable/ fulfilling the equation 

(III-5) 

for k = 1, 2, ... , T. The gradient of the object function x0 T 
' 

is gi ven 

by the fonnul a 
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n 
E s. k 

i =l l, u. k J, 
(I II-6) 

To make use of this formula, we integrate (III-4) with a given initial condi­

tion x
0

, storing the vectors xk in memory. Next, we set s0 ,r = -1, 

s 1 ,r=s2 ,r= ... =sn,r=O and integrate (III-5) in the reverse order of time. 

At each stage of integration one column of the gradient matrix ax0 -/u. k is 
'1 J, 

evaluated, dueto (III-ó) The elements of this matrix could be enumerated to 

form one-dimensional array grad F in arder to follow the notation of the pre­

vious section. Thus, we can realize the tasks OFT/integrating (III-4)/ and 

GT/integrating (III-4), (III-5) and evaluating (III-G). The other rules of 

search are as indicated in Gy/z . 

Let us consider now the case when the object function in non-decreasing. This 

is often the case because the function f k is usually non-negative, e.g. qua-o, 
dratic one. In such case the assesment mentioned in the previous section is 

very simple. If the value of x
0

,L is greater than X(the current 11 best 11 value 

of the object function achieved in the search process) for sorne L < T, then 

x
0

,T can not be less then X and the integration of the trajectory in this OFT 

may be terminated inmediately. 

The interesting problems which arise are 

l. is the process Gy/z convergent to a/locally/ optimal solution? 

2. what speed-up might be expected in comparision with Gl/1? 

As stated in the introduction, we shall not deal with very theoretical consid­

erations here. Let us only observe, that the convergnece of Gl/1 follows from 
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the convergen ce of G. Thi s enab 1 es us to suppose that Gy /z wi th y > 1 wi 11 

also be convergent. As for the speed-up, sorne simulation experiments was 

carried out to investigate it. 

111.2.3. Si~ulation experiments 

t; '-"PF/ 

The real-time parallel search process was simulated instead of realizing it 

in the real time. The main reason to simulate it was that the simulation model 

makes it possible to impose the /model/ time consumption charges on OFTs and 

GTs and to separate these charges form the time consumption of the other oper­

ations of the process. Moreover, this enables us to evaluate easily all sta­

tistics and tracing needed as a result. 

The processes G and Gy/z were ceded in the Simula 67 language. To evaluate 

A; in the algorithm G the typical golden-section algorithm was used~ as de­

scribed in [28 J. lt shoul d be noted that the experiments concerned the s im­

pl est possible versions of both processes. Namely, the search directions were 

opposite gradient and not conjugated gradient ones. Of course, conjugated 

directions could lead to better performances of both processes. However, it 

seems that parallelism in Gy/z could be utilized in evaluating search direc­

tions in much more sophisticated way than in known sequential cojugated gra­

dients algorithms. Consequently, parallel methods with conjugated search 

directions need sorne wide and profound treatment and are not considered in 

this paper. 

The simulation experirnents was carried out for sorne diverse control systems. 

79. 



In all cases the process Gy/z was convergent and considerable speaf~up was obse.!:_ 

ved in comparison with the algorithm G. Let us show sorne typical example. 

The system equations are 

where 

t:i.x k = 1, 
X 2,k 

j ¡ x
0

,
0

= O, c1= O, 5, c2= O, 5 . The problem is to determine uk for k=O, 1, 2, .. ,T 

} such that xo,T+l reaches its mínimum at the end of the corresponding system 

trajectory. We set T = 19. 

The processes were simulated with the /model/ CPU time consumption imposed as 

foll m•1s. One trajectory integration process was assumed to consume 20 time 

units and teh whole trajectory of conjugated variable plus the evaluation of the 

gradient was assumed to consume 40 CPU -time units. The results _are shown in 

fig.5. The shared line indicates the value of x
0 20 reached by the algorithm 
' 

Gas a function of CPU /model/ time. The flat parts of the line correspond to 

the golden-section improvements of Ai and to the conjugated variable trajectory 

and gradient evaluations. The solid lines indicate the values of x
O 20 reached , 

by the process Gm+l/m for m= 2, 4 and 6. This case is a typical one and illus-

trates the possible speed up which may be achieved by the parallel search. The 

parallel computation of tasks is indicated in fig. 6 for the process G5/4. 
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The level G corresponds to the GT task, and the levels Tl, T2, T3 and T4 to the 

four OFT tasks. The boldface sections of the 1ines correspond to active tasks 

and the numbers denote consecutive OFTs. Let us observe that the OFT tasks 

start simu1taneous1y, but their further execution becomes asynchronous, because 

sorne OFTs. /with "bad" controls/ are terr.iinated befare reaching the end of 

corresponding trajectories. 
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III.3. Oetennination of reachable sets and global opti!!!'_z·?_tion 

III.3.1. Sorne remarks on global optimization 

There are few cases when one can analytically determine the shape of the system 

reachable set. Usually sorne searching procedure must be applied. In general, 

the problem of qualification of a point as a member or non-rnember ofa reachable 

set is equivalent, from the computational point of view, to sorne optirnization 

problern . Thus, the prob1em of deterrnination the shape of the reachable 

set is at 1east as difficult as the problem of global optimization. There are 

few results in this field which might be applied in practice. If the local 

properties of system trajectory are usually assumed to be known and quite regu­

lar, the global properties, correponding to great changes of controls, can 

hardly be predicted befare the whole reachable set is known. Consequently, the 

local search techniques can not be adapted to the global optirnization and to 

reachable set determination. 

Let us consider sorne possible approach based on random search inside the 

reachable set. It is known that algorithrns of stochastic type provide good 

results \vhile used as a first step of optimization, both in local and global 

problems [30]. We shall not discuss here the question of superiority of 

stochastic or deterministc algorithms. Let us merely observe that any 

algorithm of computation is only one of the steps of the process of solving an 

opti~ization problem. The complete solving pror.ess might be characterized by 

the following chain of operations. 

l. Given an optimization problem, the decision must be taken about the method 
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of_solving; a particular algorithm is to be chosen. 

2. The parameters of algorithm must be establish (_e.g. the initial step of the 

search, the initia.l approximatior. the stop criterion e. t. c.).. 

3. The corresponding computer prog: is to be run. 

4. The results of computa ti on are te be i nterpreted and accepted. Eventually 

the whole process, or its part, is to be repeated. 

Observe that if the step 3 consists in execution of sorne, perhaps deterministic, 

computer program, the steps 1, 2 and 4 are realized by a man. These steps are 

not charged with any incertainty only if the shape of object function is known 

in advance. But in this case the optimization problem is obviously out of sense. 

Jf the shape of object function and the position of its extremum in the space 

of parameters are unknown, the decisions taken in steps 1, 2 and 4 are always 

stochastical, depending on subjective point of view and experience of particular 

person. Dueto the above remarks, the division of optimization methods into 

detenninistic or stochastic seems to be irrelevant. The practical experience 

shows that the stochastical algorithms do work satisfactory in global problems. 

Unfortunately, the lack of probabilistic measure make them usefulless in the 

general infinite-dimensional case. Let us describe, in the next section, sorne 

stochastic method which can provide a valuable information about the shape of 

a finite-dimensional projections of the system reachable set. 

III.3.2. Density forming algorithm 

Th-;s algorithm consists in sorne random search inside the system reachable set 

in the state space. It can be used to determine the reachable set as well as to 
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assess the position of global minimum of the object function. Let us abstract, 

for a moment, from the system dynamics and recall the description of the densi­

ty forming (.DF) algorithm as given in [29 J. Let (W, w) and (S, s) denote met­

ric spaces with probabilistic measures w and s, and let et,: W + S be a contin­

uous mapping satisfying the Lipshitz condition. Let us denote D=<P (W) = 

= {S.3 v: cp(z) = v, ze. W}. We assume also that the space W is bounded, compact 

and connected, and that the shape of the reachable set O can not be derived 

analytically, using sorne (known)formula for evaluation the value of <P. The 

problem is to determine, with sorne accuracy, the shape of D and the position 

of the minimal point.u*, such that <P(u*). = min{cp(u): ue:W}. 
u 

The simplest method of solving the above problem is the pure random search in 

the space W. In that search the probabil ity dens ity p in W is assummed to be 

constant in time and usually unifonn in W. In the pure randon search a se­

quence of poi nts fu; e: W}, i = 1, 2, . . . is generated due to the dens i ty p and 

for each ui its image xi = <f>{uil is evaluated. Having generated sorne suffi­

ciently great number of points xi we can assess the shape of the reachable set 

D and estimate the position of u*. Unfortunately, if the dimensionality of the 

space Sis great, such search is very inefficient. Moremver, even if we can 

restrict our attension to sorne subspace of S with low diimensionality, the 

nonlinearity of cp may make the distribution of {x;} very; nonuniforrn, so that 

sorne regions of D would be filled with sorne sufficiently1 dense subset of {x;} 

while sorne others would remain undiscovered at all. Th~ aim of the DF algorithm 

is to achieve the uniform density of points X; in D (or in sorne projection of 

D), by appropiate fonning of the density p in the contro"i:1 space W. 
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Let us note that, under the above assumptions, the set D is compact. Hence, 

we can introduce a finite E-grid in D. A spacial element rif the grid will be 

treated as belonging to the reachable set D if the intersection of this ele­

ment vlith D is nonempty. The union of all such elements will be denoted by 

o
1
. It is clear that in arder to determine the set o1 by a random drawing we 

ought to look far sorne algorithrn which provides the uniform density of points 

in o
1
. In this case the probability that a point xi does not fall in a partif 

u1ar spacial element of o1 is equal to (1 1/J)L, where J denotes the number 

of the spacial elernents of D1 and Lis the number·of points x1 generated by 

the algorithrn. We neglect the behavior of the distribution of points x. in l 

sorne E-neighbourhood of the boundary of D, letting the set D1 be determined 

with sorne E-accuracy. Obviously if the density q of points xi in o1 is not 

uniform, it exists at least one spacial element of D1, for which the probabi-

1ity of non-hitting is greater that (1 - 1/J)L, provided E is srnall enough. 

Let us divide the process of drawing into K stages, m of the points x be ge­

nerated at each stage with the density f(•, b1), where i=l, 2, ••• , K and 

b
1

=(bli' ... , bpi) is sorne vector of pararneters. Hence, the density of the 

set of all points generated by the algorithrn in K stages is 

1 K 
p(n)= -N E f(n, b;)rn, nEW 

i=l 

where N = K•m. Let us suppose that a density p* in W exists, for which the 

density q* of the random variable x =cj>(u) (where u has the density p*) is such 

that the probability 

P- = ( q*(x)ds, 
J JE. 

J 
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where Ej is the j-th spatial element of o1, is constant (does not depend on j}. 

We suppose a 1 so, that the dens ity p* may be expressed as 

p*(n) = 1 im 
N-+ oo 

K 
E f(r¡, b;)m. 

i=l 

In practice, the density f ought to be simple enough to be used while genera­

ting the points u in the searching process. On the other hand, it should en­

* sure satisfactory approximation of p. In the proposed algorithm it was fixed 

as 

f('}, b) =le• TI g(b., j=l J 

O far ntW 

for ne:W {III-7) 

where 11= {n1, ... , n11 ), b= (b 1, ... , bp), g(bj, d, n) is the density of 

one-dimensional normal distribution with main b~ and variance d, and the con 
J 

stant e serves for normalization. Here we suppose that W is a subset of a 

finite din~nsional vector space. The DF algorithm consists of the following 

operations. 

l. Substitute for p the density uniform in W. 

2. Perform the operation 3 m times, go to 4. 

3. Draw a point u as a realization of the random variable with the density 

p, calculate x = ~(u). 

4. Determine a point ae: S, being sorne assessment of the point a*, such • 

that the density q (of points x in D) reaches its mínimum in a*, i.e. 

q(a*) = min {q(v) :vcD}, determine a point be:W such that cp(b) = a*. 
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5.- lf the density q is uniform in D, then stop. 

6. Substitute for p the density f, due to(III-7), go to 2. 

The operation 4 of the above algorithm is of particular importance. In this 

operation we have to assess the position of the point of minimal density q 

in D. Clearly we can not determine the exact position of a*, because the 

only information we have is the finite set of points x calculated in the 

operation 3. Moreover, the set D is not known and we do not know where to 

look for the minimum. 

III.3.3. Convergence of the DF algorithm 

Let (u, x) denotes a pai r of points determi ned in the operation 3 of the DF 

algorithm. We denote by Pj,k the probability of hitting by x the j-th ele-

• ment of the grid belonging to 01' in the iterations 1, 2, ... , k. By the it~ 

ration we mean one performance of the operations 2-: 6. Let us denote by 

R. k the probability of hitting by the point a the j-th grid element in the 
J, 

step k, and let us denote 

1 k 
S. k = r. r P .. 
J, "i=l J,l 

(I 11-8; 

k 
TJ. k =} E R .. 

, K i=l J,1 
(III-9) 

By Ej,k and Mj,k we denote the expected values of sj,k and Tj,k respectively, 

87. 



taken over the set of all possible realizations (runs) of the first k itera­

tions. Let us consider the difference a. k=P. k - E. k. For PJ.,k is bouni J, J, J, 

ed, the variance V(crj ,k) is also bounded. It can be seen that crj ,kp O , 

where P denotes the convergence in probability. To prove this, let us 

consider two cases: (i) the variance V(cr. k) does not tends to zero and (ii) 
J ' 

V(cr. k) + O with k + 00 • (i) In this case we have 
J, 

k 
r '/(., .. )+oo 

i=l J ' 1 
with k + oo. 

applying the theorem of Lindberg (Feller, [32 ]) we conclude that the distri 

bution of the random variable 
k 
r o. . 

i=l J, 1 
s = 

k 
1: V(o .. ) 

i=l J '1 

tends to the normal distribution with zero mean and unit variance, if k + 00 • 

Consequently, 

a __. O . 
. . p 
J '1 

This imply that 

1 k 
-k I E. . --+- S. k 

i=l J,l p J, 

and cr .. --+ O ,·f k + oo 
J '1 p • 

(III-10) 

(ii) Observe that cr- k has expected value zero. Thus~inceV(cr. k) + O we 
J, J' 

88. 



have a. k - O. J, p 

By the similar way we can point out that 

1 k 
¿ 

k i=l 
M .. 

J 'l -p T. k J, (III-11) 

Let us introduce now the following assumption about the estimate of the mini­

mal density point. 

Assumotion ( *) 

The point a, being sorne estimate of the position of the minimal density point 

a* (see the operation 4 of the algorithm), belongs to the interior of spatial 

element of the e:-grid in S. Moreover, we suppose that a positive constant A 

exists, such that 

> 1 
Ej,k-1) 

1 
( II I-12) M. k A(- - +-

J, J J 

for all j=l, 2, . . . , J, k = 1, 2, ... , where J is the number of spatial 

elements of the e:-grid in º1 . 

The above assumption is introduced in arder to make the estimate of a* ºgood 

enough 11
• Dueto (III-12) the expected value of the probability of hitting by 

a the j-th element in the first k iterations is greater then 1/J far the 

elements with low Ej,k-l (i.e. with lm-J density of points x). Let L denotes 

the number of the grid element containing the point a in the k-1-th iteration. 

Taking into account that a belongs to the interior of the grid element it is 
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• easy to point out that far any O< y< 1 a d > O exists such that the 

probability of hitting by x the L-th element, determined by (III-7}, in the 

operation 3 of the k-th iteration is greater than y. Consequently, we have 

For each s i L v✓ e have 

k-1 
k 

k-1 
> P s, k-1 k 

+ l 
k • 

(III-13} 

{III-14) 

Differently speaking, Pj,k satisfies (III-13) with the probability Rj,k-l 

and (III-14) with the probability 1- Rj,k-l . Let us introduce the random 

variable a.kas follows. 
J ' 

ex. k = { 1 
J, 

o 

with probability R. k 
J' 

with probability 1-R. k 
J' 

From (III-13) and (III-14} follows that 

Let us define a sequénce dj,l' dj,2, ... as follows 

d. 1 = p. 1 
J ' J ' 

d. k = d. k-1 + a- k-1 J, J, J, 
y 
k 

far k = 2, 3, ... 

(III-15} 

(III-16) 
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Far any realization of the above sequence we have P. k > d. k. Dueto 
J' J, 

(III-16) we have 

1 y 
d. k = d. 1 k + k J, J, 

Applying once more the Lindberg 

1 k 1 

k-1 
E a. k 

i=l J' 

theorem we 

k 

conclude that 

- E a .. --} - E R .. 
k i=l J , l p k i=l J '\ 

with k + oo. Thus, by virtue of (III-17) 

for j = 1, 2, ... , J and k + 00 • 

Let us suppose that 
y 

(**) a number k0 existssuch that s. k ~ for all k > k
0 

• 
J, J 

Then, from (III-8) we obtain 

1 k y 
E p. . > 

k i=l J 'l J 

Let us consider now the case opposite to(**), namely suppose that 

(***) for each k0 > O a number k1 > k0 exists such that sj,k
1 

< } 

(III-17) 

(I II-18) 

{III-19) 

(I II-20) 
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Consequently we have 

y 
E. . < 
J, 1 J 

Applying (III-11), (III-12) and the above inequality we get 

P [ T A( 1 - y) + 1 ] . k > -'---"-'-- - 1 
- J, 1 J p 

with k
0 

+ 00 • Thus, form (III-19) follows that 

[ A(l - y) + 1 ] p d. k > y ---''--~-- - l. 
- J, 1 J p 

Taking into account that dj,k is not greater then Pj,k we obtain 

P[P.k > y J, 1 
A(l - y) + 1 ] 

-4 1 
J .p 

with k
0 

+ 00 

(III-21) 

From (III-20) and (III-21) we conclude that for each realization of the 

sequence P. , 
J, 1 

p. 2, 
J, 

p. 3 
J' 

a subsequence {P: k } exists such that 
J, n 

p [Pj ,k > y 
J 1 OII-22) - - -n J p 

with n + 00 , for a 11 j = 1, 2, ... , J. 

The convergence (III-22) means that p. k might be sufficiently close to 
J, n 
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1/J (it depends on y) in sorne probabilistic sense. Recall that Pj,k is 

the probability of hitting by x the j-th element in all steps i =1, 2, .. , k . 

. If Pj,k is clase to 1/J, the density of points x in D1 is close to uniform 

one (vtith 11 e::-accuracy 11
). This property, however, holds \'Jith sorne probability 

which tends to 1 if n tends to infinity, where the probabil ity P [ • J in 

{III-22) means sorne probabilistic measure in the space of all possible real­

izations of the iterations 1, 2, ... , kn. This means that a realization of 

the DF algorithm which does not converge (to the uniform density q in D) is 

not impossible. We merely conclude that the probability of such realization 

is sma 11. 
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III. 3.4. Application to control systems 

There are sorne essentially different methods of determination the reachable 

sets of control systems. It is known that the problem of classifying a point 

as a member or no-member of the system reachable set is equivalent to some 

optimization problem . The other possible approach is to apply the maxj__ 

mum principle in order to calculate trajectories belonging to the boundary of 

the reachable set and, having integrated sufficiently large number of such 
' 

trajectories, estimate its shape. Such approach, hawever, occurs to be almost 

impracticable. The main difficulty which appears in its practical application 

is that we have no inforr.iation about the possible range of the initial condi­

tions for adjoint variables, which are needed to integrate trajectories belon~ 

ing to the boundary. As we have to integrate many trajectories, we can not 

attempt to solve any two-point boundary value problem for each trajectory. 

Consequently, we need to have complete initial conditions for each one. The 

dependence of control on the adjoint vector is sharply nonlinear even in very 

simple cases, and for the wide changes of those initial conditions we may ob­

serve no dependence at all. This causes considerable difficulties in any 

procedure of searching the reachable set boundary. 

Let us consider sorne other method based on the random search of the inside of 

the reachable set, using the DF algorithm 

Let UP denotes the set of all measurable selectors of a multifunction C (co~ 

trol deomain) defined over the interval J = [O, T J. Apparently, using the 

terminology of control systems, the space H of the DF algorithm corresponds to 



the control set UP (being the set of all permissible control functions) and 

the reachable set D to the set Z(f, C). We only say "corresponds" because 

in the general case, no probabilistic rneasures exist in UP and/or Z(f, C). 

In arder to apply the DF algorithm we must restrict ibaction to sorne rneasur 

able subsets or projections of Up and Z(f, C). Let us considera machine-man 

interface at the output and suppose that the user is interested to learn what 

is the shape of the system reachable set. Thus, the computer output rnust con. 

sist of sorne readable print-out in numerical or graphical form. It is clear 

that it can not be neither any infinite nor very huge amount of output data. 

This sugges~that the interface implies considerable reduction of the dirnen­

sionality of the visible reprezentation of the reachable set. Namely, what 

is obtained as the result, is sorne finite-dimensional projection of the real 

reachable set. The finite-dimensional projection space may be equipped with 

appropriate measure and treated as the output space of the algorithm. 

As for the input space W = Up, it is always infinite-diemnsional, being sorne 

space of functions. To introduct a measure we must sharply restrict the space 

Up. This might be done, for example, by considering only sorne family of input 

functions, parametrized by a finite set of parameters. To find such farnily 

we must be shure that this restriction does not influence significantly the 

shape of the reachable set. In the general case it is rather difficult prob­

lem. In the case of finite-dimensional regular system we can make use of the 

fact that the closures of the reachable sets of trajectories of the systems 

(f, C) and (f, D) are identical to each other, where D is the tender kernel 

of C. Hence, the set UP can be restricted to its subset Uq consisting of all 

permissible tender controls. In many cases the functions of Uq are of "bang-
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bang" type, \'Jhich make it possible to parametrized U , provided sorne estimate q 

of (finite) number of switching~is knovm. At any rate, the DF algorithm ;iiay 

be applied in this situations with diverse nunber of switchings and the -

sults analyzed in arder to check the dependence of the shape of the resulting 

reachable set projections on the number of switchings. 

Clearly the DF algorithm is rather coarse method and needs many trajectories 

~o be calculated in each run. Note, however, its two considerable adventages. 

First, this is essentially paralled algorithm. The set of m trajectories 

calculated between consecutive changes of the density in control space (in 

subset Uq) can be completed in any arder, or concurrently if the parallel 

computer is used. Thus, the parallel realization is at least m times quicker 

then the sequential one. Second, it does not require any adjoint trajectory 

equations. The only system specification needed is the standard description 

of the right-hand sides of system equations. 

111. 3.5. Dynamical sensitivity analysis 

Sorne useful application of the DF algorithm is determination of system sensi 

tivity with respect to parameters which might change along with the trajectory. 

Our approach is quite different from the classical sensitivity problem. Name 

ly, we are going to determine the influence of time-varying parameters, and 

the analysis is global, i.e. we permit great changes of parameters. Let the 

equation of system trajectory be as follows 
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x{t) = f{x(t), u(t), p(t), t) 

where p{t) is sorne vector of parameters. Treating p(t) as a stochastic process 

we obtain a stochastic control system. There exists huge 1iterature in the 

field of such systems. The known results concern the transition of the distri 

bution of the state vector along with a trajectory. In sorne cases, hm·1ever, 

such analysis is hardly possible. Fistly, the numerical representation and 

processing of multidimensiona1 distribution is difficult, particularly if the 

system is nonlinear. Secondly, to calculate the distribution of x far various 

time instants the exact description of stochastic properties of pis needed 

(provided u is given). Such data is not available in most of practical cases, 

and usualy sorne arbitrary assumptions are made. 

Let us state sorne quite different problem, which might lead to certain asses~ 

ment of the influence of changes of p. We suppose that u is sorne given control 

function (perhaps optimal one), and that we know the restrictions imposed on 

the changes of p. Let p(t) E ~J(t), where ~~ is sorne given multifunction . Thus, 

to learn the influence of p we have to determine the reachable set of the sys­

tem (f, W), the function p treated as control, u fixed. 

III.3.6. Example 

Let us considera two-sector economical model indicated in fig 7 The block 

p
1 

represents production of investments goods V1 , P2 is the sector produc­

ing consumer goods V2 , C represents consumption, z stands far working force. 
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The variables u1 and u2 are controls determining the flows m
1

, m
2

, z
1 

and z
2 

(of investments and labor) which sypply the two sectors. 0
1 

and 0
2 

are sorne 

dynamica1 e1ements representing the accumulation and expiration of the invest 

ments. The total equipment (or capital) M; insta1led in the sector i is 

assumed to be 

00 

M; ( t) = f mi ( t s) w i ( s) d s , 
o 

where i= 1, 2 and w;(s) is sorne weighting function representing the dynamical 

effectiveness of investiments. Let us suppose that the production v1 is de­

scribed by the Kobb-Douglass function 

where S; a re sorne known cons tants, S; e:( O, 1) , i = 1, 2. Let us cons i der the 

discrete-time version of the model. We have 

L 
M,-.k+l= h I: m. k • l w. • (111-23) . j=l ,, -J+ l,J 

where h denotes the time-step, the second index stands for the discrete time 

and i = 1, 2. We assume that the number L exists such that w. k=O for all 
l , 

k > L. Let us suppose that the labor force is proportional to the consump­

tion V2 , i.e. z = cV2 , e> O. Taking into account the relations indicated 

above and those of fig 1 , we easily conclude that 

(III-24) 
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{III-25) 

In order to calculate Mi,k+l dueto III-23 we need the values of mi,n for 

n = k, k-1, ... ,k-L+l. Let us denote 

mz k-1 = r¡ k' mz k-2 = r2 k'º • ·' mz k-L+l = rL-1 k 
' ' ' ' ' ' 

L L 
.M\,k = j~')ml,k-j+l - Ml,k/h = j:

2 
Pj-1,k wl,j + vl,k ul,k wl,1 - Ml,k/h. 

Taking into account thatnti.p1 ,k = p1 ,k-l - p1 ,k for i = 2, ... ,L-1 and 

ht P1-:iPI,k+l - P1,k = ul,k vl,k - P1,k and omitting the index k we get 

L 
tM1= r PJ--l w1,J. + v1u1wl,l - M1/h 

j=2 

L 
tM2 = _r rJ--l w2 J.+ v1(1- u1) w2 Á - M2 /h 

J=2 . ' ,~ . 

(III-2ó) 
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The above system of 2L difference equations, together with III-24 and III-25 

describes tne system dynamics. He treat this system as sorne approxiamtion of 

a continuous system. Let us suppose that in the continuous case the weight 

function wi(s) is defined over sorne interval s E[O, t 1 J. Hence, its discre­

tization wi,k is defined far k = 1, ... ,L, where (L + l)h > t 1 ~ L h. Since 

t 1 is fixed we see that if h + O (if we take sorne sequence of discrete appro­

ximations) then the system dimensionality L tends to infinity. It is not any 

surprise. It is known that a (finite-or infinite-dimensional) system with 

time-delay can be treated as sorne system without delay in a Banach space. 

Thus, considering systems in Banach spaces we observe that no qualitative 

difference exists between systems with or without time-delay. 

As one of possible applications of the DF algorithm, let us show sorne results 

of the dynamical sensitivity analysis applied to this model. It is interesting 

for example, what is the system sensitivity with respect to the values of s1 
and s2. Fixing controls u1, u2 and other parameters and treating s1 and s2 as 

controls which can vary in sorne given intervals, we can determine the system 

reachable set. Fig 8 shows the projection of this set into the plane M1,t. 

The results was obtained with u1 = u2 = 1/2, 

Sl' S2 E [1/2 ( 1 - E), 1/2( 1 +E) J, L = 20, the other parameters cho~sen as 
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typical values appearing in ecomical literature. In fig 9 

of the reachable set is indicated far the tirne-step k = 20. 

the time-section 



The asterisks denote the end points of system trajectories belonging to the 

reachable set, the total of 500 trajectories integrated. It is interesting 

to compare this image with that of fig. 10 and 11, obtained by application 

of pure random search (without the DF mechanism) with the same number of 

trajectories integrated. 

The images of fig. 9, 10 and 11 are the projections of the reachable set into 

the plane V
1
(T), f 1 V2 (t) dt (investments in the sector P

1 
and total consum_e_ 

o ' 
tion in the period T). The reachable set of fig. 10 was obtained with the 

11 bang-bang 11 controls with 3 switching points, randomly generated. The image 

of fi g. 11 corresponds to 11 bang-bang 11 contra l s, generated randomly at ea ch 

time-step, with no restrictions imposed on the number of switchings. 

II I. 3. 7. Examp 1 e 

In the previous example the system nonlinearity was rather weak and the ad­

ventage achieved by using the DF algorithm was not very significant. Let us 

consider another example, with stronger nonlinearities. Let the system 

equations are 

Xl = X2 + Ul 

x - x + x2

2 
+ u2 2 - 1 ' 

where u
1

, u
2 

E[- O.S, + 0.5 ], x
1
(0) = x;i(O) = O, tE:[0, 2.24 J . The 

projections of the reachable set at the plains (t, x
1

) and (t, x2 ) are shm-;n 

in fig. 12. The time-section of the reachable set (the end-points of all 
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integrated trajectories) for t = 2.24 is shown in fig. 13. A similar 

experiment has been done without the DF mechanism, with pure random 

switching times. The corresponding time-section is shown in fig. 14. It 

is easy to observe the sharply non-uniform density of the probability of 

hitting different regions within the reachable set in this case. A little 

bit better illustration of this fact can be obtained wllile calculating the 

probability of hitting as sorne smoothed continuous function. This can be 

done, for example, supposing that far each point of fig. 13 and 14 a neigh­

bourhood exists in which the probability of being reachable is grea.ter 

then zero. It was assumed that this probabil ity is normal one centered in 

the corresponding point and having sufficiently small variance. The proba­

bility that sorne point of the (x
1

, x
2

) - plain is reachable was assumed to 

be tne superposition of the above probabilities. The shape of the density 

function obtained in this way (1vith DF mechanism) is shown in fig. 15. An 

estímate of the reachable set can be obtained by truncation of this proba-

bility density to sorne small level, as shown in fig. 16. The 

corresponding density and its truncation to the same level, obtained with­

out the DF mechanism are shown in fig. 17 and 18 respectively. It is clear 

that the estimated shape of the reachable set in the later case is incorrect. 
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