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ON THE COMPUTATION OF THE SCREW PARAMETERS OF A RIGID-BODY MOTION. 
PART I: FINITELY-SEPARATED POSITIONS. 

Jorge ANGELES 1 

ABSTRACT 

A set of results concerning the determination of the screw parameters 

of a rigid-body motion are derived. These results are then applied to 

the computation of the screw parameters with the aid of an algo~ithm 

whose description is included. The algorithm considers all possible 

particular cases that could arise in this context. 

tJaER DIE BERECHNUNG DER SCHRAUBPARAMETER DER BEWEGUNG EINES STARKORPERS. 
TEIL I: ENDLICH BENACHBARTE LAGEN. 

J. Angeles 

Zusammenfassuna. Eine Menge Ergebnisse bezÜglich auf die Bestimrnung der 

Schraubparameter der Bewegung eines Starkorpers wird abgeleitet. Diese 

Ergebr.isse dienen zur Berechnung der Schraubparameter der Bewegung mit 

Hilfe eines Algorithmus, dessen Beschreibung eingeschlossen wird. 

Der Algorithmus berüdksichtigt alle m3gliche Sonderf¡lle, die in diesem 

Zusammenhang entstehen konnten. 

NOMENCLATURE 

r: 

A: 
T T r , A : 

~•(r): -
~" (r): 

T r r,r.u: - - - -

lower-case u~derlined character, a n-dimensional vector 

upper-case underlined character, a mxn matrix 

the transpose of a vector or, correspond-ingly, of a matrix 

the gradient of ~ with respect to:• a n vector 

the Hessian of ~ with respect to r, a nxn matrix 

the inner product of r and u - -
the Euclidean norm of vector r, i.e. ✓rTr -

1Professor of Mechanical Enqincering, National Autonomous Univcrsity 
of Mexico, C. Universitaria, Apdo. Postal 70-256. México, 20, D.F., 
Méx ic,J. 
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INTRODUCTION 

According to Chasles• theorem [1] 2
, given a rigid body R undergoing 

a motion which carries it from configuration R
1 

to configuration R
2

, 

there exists a set of poínts of R
1 

lying on a line L whose displacement 

vectors have a minimum magnitude. Alternatively, this theorem states 

that the displacement vectors of the points of line L are all identical 

to each other and parallel to the axis of the rotation component of 

the motion. Moreover, line L and the axis of rotation are parallel. 

The screw parameters defining the motion are then: i) line L, ii) the 

magnitude of the displacement .and iii) the angle of rotation. Besides 

the purely scientific interest of computing the screw parameters, this 

✓ computation is also required in ~ome practical applications such as r linkage synthesis [2] and robotics. The computation of the screw 

parameters fer the general case is well known [3,4]. However, two itcms 

, have not yet been taken into account, namely: i) the case when the 

displacements of three noncollinear points of the body are coplanar, 

and the displacement differences are parallel, and ii) the determination 

of the sign of the angle of rotation directly from the rotation matrix. 

These items are discussed in what follows. 

DEFINITION OF THE SCREW PARAMETERS. 

It is widely known [s] that the screw parameters of a rigid-body motion 

taking the body from ?l to R2 are defined if and only if the positions 

of three noncollinear points of R are known in R
1 

and R2 . In general, 

the displacements of these points are noncoplanar, and the general 

algorithm to compute the parameters makes use of this fact. Now, tl1c 

involved displacements are necessarily coplanar if the motion is~ pure 

rotation; furthermore, in this case, these displacements are normJl to 

the axis of rotation. rn the latter case, the determination of thc screw 

parameters is even easier to perform. There are cases, howevcr, for . 
which the three displacements are coplanar and yet the motion is general 

i.e. contains a combination of translation and rotation. In this case 

2 Numbcrs in brnckcts dcsignate references at thc end of thc papcr. 
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. 
and other particular ones, which are discussed within the paper, 

the general algorithm cannot be applied. The paper indicates how 

to handle these particular cases. 

The screw parameters of the motion are first defined precisely. 

Let A,B and C be three noncollinear points of the body whose 

position vectors in R1 are denoted by ! 1 , ~ 1 and : 1 , respectively, 

and those in R2 by ~ 2 , ~2 and ~2 -

These two triads of vectors are supposed henceforthto be known. 

The motion from R1 to R2 can be thought of·as occurring in two 

stages: in the first one the body is translated without rotation 

in such a way that c 1 is c~rried into c2 . Letting Ri be this 

intermediate configuration, the _position vectors of the three 

involved points in Ri are then a., b., e., and c. =c 2 . The matr ix Q 
-1 -1 -1 -1 -

will be dealt with later on. For the moment it is assumed that 

this matrix is knovn. Since g is known, the position vector of 

any point p in R2' labelled f2' can be written in terms of 

p -.. 1 
its position vector in R1-'!1 '~2 and Q, as follows: 

(2) 

If Pis a point on L, its position vector in R
1 

can be found via 

a minimisation procedure, i.e. minimising the square of the 

magnitude of u, the displacement of P, where .. 
(3) 

The function to minimise is then 

♦ (u) 
T 

- u u ( 4) .. - -
which attains an extremum ata point where its gradient with 

respcct to f, vanishes. This gradient is, by application of thc 

"chain rule", 
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where, from eq. (3), 

and from eq. (4) 

Hence, a necessary condition for ~ to have an extrernum is 

T 
cf>' (p )=2(Q-I) u=O 

-1 - - ~ -
( 5) 

which states that at those points whose displacements are parallel 

to the axis of rotation, the magnitude of the displacement vector 

attains an extremum. That this extremum is a mínimum cah be pro­

ved by computing the Hessian matrix 4>"(€ 1). In fact, from eq. (5), 

(6) 

which is a positive semidefinite matrix, i.e., the extremum 

satisfies the sufficient condition to be a mínimum. In the latter 

expression notice that the quadratic form associated to 

vanishes in the direction of the axis of rotation, i.e. 

4>" (p ) 
- 1 

along 

the direction of the real eigenvector of Q, which indicates that 

along this direction, ~ remains a minimuM. 

In arder to compute the vector r, whose displacement satisfies 

eq. (5), expression (3) is substituted into this equation, thus 

obtaining 

or 
T "' (Q-1) (Q-I) p = (0-I) • (Oa -a ) 

~ - - - _, ~ - =-1 -2 
( 7) 
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which ia a. linea;r: s:,s.tem of eq_u~tt·ons, vector ~l, howeye;r:, cannot 

be sol ved tox- trom eq, (..7 l beca use. th.e. sy-stem is singulcu:, Indeed, 

from the fact that 1 is ~n eigenvalue of any proper orthogonal 

matrix Q [6], i t follows that Q-I ts of rank 2. Hence, eq. (71 
~ ~ ~ 

contains exactly two linearly independent equations, thus making 

it impossible to solve for €
1

, Tnts means that eq. (7) holds not 

for one vector f
1

, but for an infinity of such vectors. These 

vectors represent the position vectors of all points lying on a 

line, the screw axis L. In order to find a particular point ~
1 

through which line L passes, an additional condition should be 

imposed on this point, for instance that it be the point of L 

closest to the origin. This point has a position vector whose 

magnitude is a minimum, which can be computed by writing the two 

linearly independent equations of (..71 in the form 

( 8) 

where A is a 2 x 3 matrix. The minimum-magnitude solution to (8) ... 
can be found making use of the pseudo-inverse [1] of ~ in the 

form 

(9) 

i.e. eq.(91 defines the postion vector of that point of L, fl' 
closest to the origin. Hence, the screw axis L passes through 

point P of R, whose position vector in R
1 

is ~
1

, as given by 

eq. (..9) , and has the direction of the axis of rota tion, i. e. 

is parallel to vector!• the eigenvector of Q associated with 

the eigenvalue 1 of Q. In what follows it will be shown how to ... 
compute vector e without having to compute Q explicitly. For 

this, the following result will be resorted to. 

Táeo~em 1, The di~placement vecto~~ 06 all point~ 06 a ~igid 
fiody moving 6~om con6igu~ation R1 to con6igu~ation R2 have 
identical p~ojection~ along the ~c~ew axi~. 
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Proof 

Let ~A be the displacement of A, and f 1 and f 2 the position 

vectors of point Pon the screw axis in R1 and R2 , respectively. 

Then 

u •a -a =(Q-I)a +p -Qp 
-A -2 ~1 - ~ -1 -2 ~~1 

The projection of ~A along Lis given by 

( 1 O) 

But = is the eigenvector of g associated with the eigenvalue 1. 

Hence 

from which, eq. (_10) becomes • 

which is independent of ~ 1 , thereby proving the constancy of 

this projection, q. e. d. 

A direct consequence of Theorem 1 is the following: 

CoJLolta,'l.lj 1. 1 ó the d,l-6 pla.c.ement o ó a.t lea.6t one. po,lnt o S a. 

JL,lg,ld body in motion ha.6 a. zeJLo pkojec.tion a.long the 6C.4ew axi6, 

the mot-ion ,l6 a. pu4e 4ota.tion. 

Before discussing the computation of e, that of 8 is presented. 

there are two possibilities, either vector e is known, in which -
case use is made of Rodrigues' formula [s]: 

( 11 a) 

or else matrix Q is known, in which case ·e is computcd as[9]: 
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, 1· 
8•coa - ~ (Trg-1 >] ( 11 b) 

Dueto the fact that the cos function is an even function, i.e. 

coa (8)•cos(-8),eq. (11n) provides only the absolute value of the 

a~gle, not its sign. The sign is found invoking the following: 

The.oJt.e.m 2. Le..t a JL,ig,id body u.nde.Jt.go a. pu.-te. ,to.tat,ion about a 
&lxe.d po,int O and let 1l a.nd ! 2 be. the ,initial and .the. ~inal 
poai~ion vtctolla 06 a pclnt 06 the body (me.a.au.Jt.ed 6Jt.om O) not 
lying on .the. axi.6 o 6 1to.ta.t.i.on. Fu.1L.the.1tmo1te., tet 9 a.J'!.d ~ be the. 
angle. 06 Jt.ota.tlon anda unit ve.c.tolL pa1talle.l to the. ax,iJ 06 
Jt.otatlo n. T lu.n 

( 12 l 

Proof 

Vector : 2 can be_ writtet:i as [10] : 

• where dyadic notation [11] has been introdu::ed. Ther: 

where 

Thus, 
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Hence, 

But since sin is an odd function, i.e. sin (0)=-sin(-O), then 

sgn(sin0)=sgn(8) 

Thus, one obtains finally 

Given e, e can be computed even if Q is not known. In fact, sin~e 

8 is involved only in the rotation parto= the motion, one can 

assume with no loss of generality that the motion is a pura 

rotation about a point which, with no loss of generality, will 

be assumed to be the origin. Moreover it will be assumed tiat 

the initial and the final position vectors of a point A, ~, and 

~ 2 , respectively, of the rigid body, 

orthogonal proj,ection of A
1 

(point A 

are known. :.et A' be the 

in its reference 

configuration) on the axis of rotatio~. Clearly, A' is also the 

orthogonal projection of A2 (point A in its final configuration). 

Then, 

Letting a' be the position vector of A', this angle can be 

computed as 

. T 
(a -a') (a -a') 

8 -1 -1 ~ -2 ~ =cos 
11~1-~·11 2 

which, nevertheless, does not provide th~ sign of 8; this, 

( 1 3 ) 

however, can be obtained from eq. (12). Vüctor a' can b~ L'.'.lsily 

comput~d as 

a'=a -a .ee 
- ... 1 ... 1 ~~ 

( , 4) 



9 

Returning to the computation of e if only the position vectors 

of three noncollinear points in both their initial and their 

final configurations are known, this can be performed by 

application of Theorem 1. According to this theorem, all that 

is needed is to find that direction along which the displacement 

vectors ~A' ~B and ~e of the three given noncollinear points 

have identical projections. If the displacement vectors are 

noncoplana r, th is can be achieved as fol lows: J\ t tach a 11 th ree 

vectors to each other at their tails, so that their tips determine 

aplane. Vector e is then found as the unit normal to the :resulting 

plane, i.e. as 

( 1 Sa) 

( 1 Sb) 

If, on the other hand, the given displacement vectors are coplanar, 

then either the differences ~A-~C and ~B-~C are parallel or they 

are not. If they are not, the motion is necessarily apure 

rotation and vector~ is perpendicula~ to the plane defined by 

the displacements. This vector, thus, can be computad as 

( 1 Se) 

(15d) 

If, however, the aforementioned differences are parallel, then 

the motion is not necessarily apure rotation, but, in this 

instance, e lies in the plane of the three given points, as will 

be shown in Theorem 3. In this case the computation of e procecds 

by application of Corollary 5, which is stated after Thcorcm 3 

has been preved. 

If 8 ande are known, on the other hand, the rotation matrix Q 

can be expressed in dyadic form as [9]: 

Q+(1-cos8)ee+cos81+sin01xe ( 16) 
~ ~~ - - -
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Finally the computation of the position vector of t_hat 

point of L lying closest to the origin can be performed eith& 

by eq. (9) or by application of the formula 

1 e 1 r-: 
p =-cot-exu --ex~ex(a +2u >] 
~O 2 2~ -A 2- ~ ~1 ~A 

( 1 7) 

as derived in [s,pp.11-12]. Eqs. (11), (12),(15) and (17) define 

the screw parameters and provide, in general, formulae far their 

computation 

DISCUSSION OF PARTICULAR CASES 

TheoJtem 3. The nonidentic.al d,.¿-0plac.ement4 06 thJtee point4 06 a 

1t,l9,ld body aJte c.oplanatr. ,.¿i:í a.nd only -l6 one 06 the 6ollowú1g 
cond,ltion4 ,.¿4 met: 

.i) .tite mo.t..i.on ..i.4 a puJt e Jto;tat,.¿o n 

..i...i.) .the moti.o n ,¿4 g eneJLal, bu;t the po-lnt.~ aJte c.oll..i.near.. 

.l..f.,l) ;tite mo ;t,lo n ,l.6 geneJtal and the po-lnt4 aJte not c.oll.lnea.Jt, 
bu.t lie -ln. aplane paJtallel .ta :th e -0 e.Je. ew axi4. 

Proof. 

(Sufficiency) 

i) If the motion is apure rotation and the origin of 

coordinates is located along the axis of rotation, the 

displacement u of any point with position vector r is then 

Now let e be a unit vector parallel to the axis of rotution. 

Then 
T T r T :,T e u=e (Q-I)r= (Q -I)c.J r --- --- -- -- -

But 
T T 

(Q -I)e=Q e-c=c-c=O 
~ - - - - - - - -
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. 
Now let e be a unit vector parallel to the axis of 

rotation. 

Then 

T T [ T ]T e u=e (Q-I)r= (Q -I)e r 
~ ~ ~ - - - - - - -

But 

Thus, all displacement vectors are perpendicular to the 

axis of rotation; hence, they lie in aplane perpendicular 

to this axis, thereby showing that they are coplanar. 

ii) Let A, B and C be the given three collinear points of the 

rigid body undergoing a general motion. Let ~ 1 , ~ 1 and :, 

be their respective position vectors in the reference 

configuration, and let ~ 2 ,~ 2 and : 2 be those posjtion 

vectors in the displaced configuration. Dueto the 

collinearity of the three points, vectors ~,-~, and ~,-~, 

are parallel, i.e. 

wliere a. is a scalar. Applying eq. (3) to describe tha 

displacements of B ande, then 

Similarly, 

u =a +Q(b -a )-b = 
-B -2 ~ -1 -1 -1 

=a -a +(Q-I) (b -a )= -2 _, ~ ~ _, -1 

=u +(Q-I)(b -a) 
~A ~ ~ -1 -1 

u =u +(Q-I)(c -a) 
-C ~A ~ ~ ~1 ~1 · 

( 1 9) 

( 2 O) 
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iii) 

Introducing eq. (18) into eq. (20), 

But, from eq. (19), 

(Q-I) (b -a )=u -u 
~ ~ ~1 ~1 ~B ~A 

Hence, the latter expression for ~e is transformed i~~o 

thereby proving that the displacement vectors are co~lanar 

If point S lies on the screw axis then, from eq. (3), the 

displacements of points A, B ande can be written as 

u -=u +(Q-I) (a -s ) (21a) 
-A -5 ~ ~ -1 -1 

u =u +(Q-I)c -s) (21c) 
-C -5 ~ ~ -1 -1 

where ~
5 

is the displacement of S and :, is its position 

vector in the reference configuration. 

If points A, B ande lie in aplane parallel to the s~rew 

axis, then vectors ~,-~,•~,-~, and ~S (parallel to the 

screw axis) are coplanar. Hence, th~y are related br 

or 

e =(1-a)a +ab +Bu 
-1 -1 -1 ~S 

Substituting this ~xptc::;:,dun into <::,¡. (21c), aftcr 

cancel la tions and rc.i r rangcmcn ts, ·y i l? lds 
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But, subtracting (21b) from (21a), 

u -u =(Q-I) (a -b) 
~B -A ~ ~ -1 -1 

Thus, eq. (22) can be rewritten as 

1 3 

(22; 

thereby showing.that the displacement vectors are coplanar 

(Necessity) 

If uA,uB and uc are coplanar, then 

Introducing eqs. (19) and (2C) and then subtracting the firE~ 

column from the second and the third ones, eq. (23) becomes 

or, in Gibbs notation, 

But the cross product can be expressed as [12]: 

where 

( 2 3) 

(24) 

8 ande bcing the angle of rotation and the unit vector par~llcl 

to thP. axis of rotation. The double product thus can vanish if any 

one of.the followinq conditions is mct: 
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This conditon implies, according to Corollary 1, that all points 

of the rigid body have a·zero projection along the screw axis, 

i.e. the body undergoes apure rotation, thereby proving i) 

b) a= O 

which is sat~sfied under one of the following conditions: 

b.1) 1-cos9=0 

which implies 9 =Oº, i. e. the motion reduces to a pure translation. 

This case, however, has been discarded in the present analysis, 

for the displacements have been assumed to be nonidentical. 

which in turn holds under one of the following conditions: 

b.2.1)(e 1-t 1>x(~ 1-! 1 )=0 i.e. the points are collinear, 

thereby proving that ii) holds 

b.2.2) !•e,-~, and ~,-~ 1 are coplanar, i.e. all three points lie 

in aplane parallel to the screw axis, q.e.d. 

From Theorem 3 a series of results follows, which will be only 

stated. Within this context, if the given motion is one reducinq 

to apure rotation, the screw axis is usually referred to a& the 

"axis of rotation". Henceforth, however, no distinction will be 

madc and so the term "screw axis" will be employcd, regardless 

of whether the motion is general or reduces to a pur~ rotation. 

Co1tollatff 2. A~~ume that a ~igid body uttde~goe& an a1tbit1t.a1t.y 
motion aud c.lioo~c. any .th1t<!.e nonc.oet...i.nea!t. r.ioúi.t.& oó tlie body, A, 

B and C. Tite. nc.c.c.~a•u¡ and .~uf,f.lc.lcnt c.ondi.tfon ~º"-- tli~ düp.tac.121nent 

d.ló6e1tence~ :LA-~C a.nd ~B-~C (a.nd, c.on.&equeutey, ~A-~B) .to be. 
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pa.Jr.a..tle.l ,U, tha.t the. po.in.t-6 li.e i.n a. pla.ne pa..1ta.ll~t to .tite. -6C.1tew 

a.x.l4. 

Co1tolla..1ty 3. The. di.-6plac.e.men.t-6 06 a.ny two poi.nt-6 o~ a. Jt.igi.d bod~ 
ca.nno.t be pa.1ta.llel a.nd d.i66eJtent, u.nle6-6 .the body unde1tgoe~ a. 
pu.Jr.e. Jto ta.ti.o n. 

Co1tolla.1ty 4. 16 two, a.nd only two, 06 the di.apla.cemcntJ o& th~e¿ 
nonc.olli.nta.Jt poln.t-6 06 a. Jti.gid body a.Jte pa.Jta.lltl, then titheJt i) 
.the pa.Jta.llel vect-oJt-6 a.Jte i.dentica.l, -i.n wh-i.c.h ca.ae -theu c.o.1t1t.upc•nd 
to poln.t-6 ly-i.ng on a llne pa.Jta.llel to the -6c.Jtew a.xi.J,the motlon 
.thu.-6 bt-i.ng el.theJt gene1ta.l oJt a. pu.Jte Jto.ta.tion, oJt -i.ll the pa.Jr.a.llel 
ve.c..toJt-6 a.Jte di.66e1tPn.t, in whi.c.h c.a.-6e. the motion i.J 11ece-6-6a.1tlly 

a. pu.Jte Jto.ta..tlon. 
Keeping the notation introduced in Theorem 3, one has additionally 
the following: 

Co.1r.olla.1ty 

~e•~· The 
.th1toug h e 

5. Le.t ~A a.nd ~B be. pa.1to.llel, i..e., la.t ~s=B~A' a.nd 
moti.on i.-6 .then a. pu.Jtt Jtota..tion a.bou..t a.n a.xi.J pa.-6-6.ing 
a.nd pa.1ta.llel to ve.c..toJt b1-c. -Bca

1
-c ) . 

- -1 - -1 

Finally, if out of the three given displacements, uA,~ and uc, 
- , B -

.two of these vinish, then the motion is apure rotatic~ about 

an axis passing through those points whose displa~emer.ts vanish. 

This, however, need not be stated üs a Corollary, since it is 

obvious. 

COMPUTATIONAL ALGORITHM 

The computational algorithm is based upan the "tr~e diagram" 

shown in Fig 1. In that diagram, a particular c~se is refened 

to as a sequence of digits indicatinq which case one has at 

hand, far successive levels. Far ~nstance, case 1.1.1.1 

corresponds to Case 1 of the first levcl, case 1 of the second 

level, case 1 of the third level and case 2 of the fourth level, 

i.e. the case at hand is the followi~g: no vector vanishes, all 

vectors are coplan~r, ñifferPnces are parallel, but at least 

one diff~rencc does not vanish. Further~or0, thc diagram 

shows that, for this case, formula 1, which i~ n~xt introducod, 
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is to be applied, 

The computation of vector e is crucial in the present algorithm 1 

"' 
Once this has been performed, the remaining parameters are 

computaed by applicat±on of identical formulae. Vector~• however, 

is computed by applicat±on of one of two different formulae. 

The computation of e is based upon case 2. For cases 1 and 3, e 

is computed after the motion is transformed into case 2, as 

described next. 

Before proceeding further, two results need be preved, which is 

done next. All over, the notation of Theorem 3 is resorted to. 

Theo~em 4. Given a ~igid-body motion deóined by the di-0placement6 
06 th~ee noncollinea~ point-0, 6uch that no di-0placement vani-0he-0, 

de6ine a new motion by aJ&igning new diaplacement vecto~: ~Á•~~ 

and ~~ to point-0 A,B ande, ~e6pectively. 16 the-0e vecto~-0 a~e 
de6ined a6 

uA'=uA-uc,us'=u8-uc,uc'=0 
~ ~ - - - - - -

then the mat~ix deJc~ibing the ~otation involved in the new motion 
16 identical to that in the given one. 

Proof: 

From eq. l3), ~A cna be written as 

where, clearly, instead of r
1

, one has written :,· Adding ~ 1 
to the right-hand side of eq. (25) and subtacting it from the 

same side does not alter that equation. Hence, 

(25) 
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f 

f 

vhich can readily be rewritten as 

u •u +(Q-I)(c -a) ~e ~A ~ ~ ~1 ~1 

or, alternatively, as 

Similarly, 

From the latter equations ene has immediately 

u'=u -u =(Q-Il (a -e ) 
~A ~A ~C ~ ~ ~1 ~1 

and 
u'=u -u =(Q-I) (b -e ) 
-B -B ~C ~ ~ ~1 -~1 

or, since ~Chas been defined as zero, 

u' cu 1 + ( Q- I ) ( _a 
1 

-e_ 
1 

) 
-A -C ~ ~ 

u '=u ' + ( Q- I ) ( b -e ) 
~B ~C ~ ~ ~1 ~1 

which are expressions formally identical to eqs. (26a and b), 

with u ,u and uc exchanged for uA' ,u8• and uc'· Vectors a_ 1 ,~ 1 ~A ~B ~ ~ ~ ~ 
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(26a) 

(26b) 

( 27 a) 

(27b) 

ande and rnatrix Q remain in the second pair of e~pressions, 
- 1 -however, which completes the proof. 

The.oJr.em 5. G .iv en a Jr...i.g ..i.d-body mo.t..i.o n de.6ú1ed by .tite. d..i.~ plac. emen t ~ 

06 .t/iJr.el! nonc.olLi.ne.aJr. po..i.n.t.6, .6 uc.h .tha.t .two o 6 the4 e, a.nd onf.y 

two, vaui.J.ilt, de6,i.ne. a new mot.i.on by a-6-6-ign-ing ne.w d.i..6pf.ac.ement 

ve.c.toJr..-6 t:Á•t:s•Lfé to po.i.n.t-6 A,B and C, 1r.e.6pec.t..i.vety. Le..t.tú19 ~C 

be. the un..i.que nonvan..i..6h..i.ng ve.c..to1r., de6..i.ne 

The.n, the mat1r...i.x de.4c.Jr...i.b..i.ng the 1r.o.tat..i.on ..i.nvolved ..i.n tite. new 

ma.ti.on .ü i.dc.11.t..i.cat to t.ha.t i.n t.he. gi.ven one. 
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Proof: 

Since eqs. (26 a and b) are valid regardle:ss o! whet:ier a:-., 

involved displacement vanishes, one can afply them ~~ the ~ase 

at hand, i.e. for ~A=~B=~, ~e#~. Thus, 

O=u +(Q-I) (a -e ) 
... -C ~ ~ -1 -1 

O=u +(Q-I) (b -e ) 
- e - - -1 -1 

and hence, 

-u =O+(Q-I) (b
1

-i;;: ) 

-C ~ ~ - - -1 

Recallir.g the given definitions of ~A'~B a~d 

readily 

u.!. one :btai:-.s _.._ 

u'=u'+(Q-I) <_a
1

-c_
1

) 
~A -C - ~ 

u'=u'+(Q-I) (b_
1

-c_
1

) 
~B ~C ~ ~ 

~nd the proof follows by introducing the a=gu~ent resor-;e~ to 

for proving Theorem 4. 

Asan afplication of the foregoing results, one can :om~u== ~ 

for the :notion at hand by first defining r.:w mcc.ions le;;.d.:..::g -;o 

case 2 of Fig 1. 

Next, the computation of e fer case 2 is ¿.:_scussed. ~in=e =his 

contains two subcases, each is discussed s:par~tely. 

Case 2.1: One vector, and only one, vanish¿s, thc re~ai~i~~ t~o 

being parallel. 

Let ~B=B~A':1c=~ 
Then, according to Corollary. 5, the s~rew 

parallcl to vector 

... l.XÍS i5 

... 

.. 



• 
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w•b -e -S(a -e). .. ... 1 ... 1 .. 1 .. 1 

Vector e is thus computed as ... 

••w/l lwl 1 .. ... ... 

Eqs. (30) and (31) constitute what is referred to as 

"formula 1", in Fig 1 

(30) 

( 31) 

Case 2.2: One vector, and only one, vanishes, the remaining two 

being nonparallel. 

Let ~e•~ and ~Ax~B#~ 

Then, the screw axis is perpendicular to both ~Aand 

~B and hence, is given• as 

!ª~Ax~B 
e•w/llwll - - ... 

(32) 

(33) 

Eqs. (32) and (33) constitute what is referred to as 

"formula 2" in Fig 1 

Once~ is known, 9 is computed by application of formulae (14), 

(1.3) and (12), in this order, regardless o: the particular case 

at hand. 

Vector €o is computed by application of eq. (17), provided 0~180º. 

For 8=180°, the cotangent function contain~d in that equation 

becomes infinity and ·hence, cannot be computed. The computation 

of ea in this case then proceeds differently, as is shown next. 

Before devising means td compute ea for 8=180°, the following 

result is preved. 

The.01t.em 6. G..lven a Jt...lg..ld-body mo:t.ion .inv~C.v.lng a 180°-'totat.ion, 
le.:t S be a po..lttt 06 the ac1t.ew ax.la and ter A be an a1t.bitta,y 

po.lnt out6ide the. ac1t.ew ax.la. ~01t.eove1t., Cct !•!•~s and ~A be the 
ILt4pective poait..lon and d.iaplaccment vect~t6 o~ thoae point1. 
The.n thc poi.n.t t.oca.ted by .tite poa..l.t.i.on vec: toJt. a+}~A lúu, 1H1 the 
4 clL ew ax it, . 
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Proof: 

1 
If the point located by a+-u is on the screw axis, then vectc:­

- 2-A 1 
a+-u -s is parallel to this axis. Thus, denoting ty Q t~~ ~ 2~A ~ 
involved rotation matrix, the following equality hclds: 

1 1 
Q(a+-u -s)=a+-u -s 
- - 2-A - ~ 2-A ~ 

Thus, all that need be preved is eq. (34). This fol:.oKs :=:-om 

the fact that, according to eq. (19), ~A can be wri~te~ a; 

u =u +(Q-I) (a-s) 
~A ~S ~ ~ ~ -

Now, lies naturally in the range of (Q-I (by - -
definition) and hence is perpendicular to its null spa=e, i.e., 

to ~s. Now, since is a vector perpendicula:- to •• or -~ 
equivalently, to the screw axis, its image under g ~us~ :a 1-c 

negative, i.e. 

( .; 6) 

On the other hand, 

, e , , 7 Q(a+-u -s)=Q a+-u +-(C-I) (a-s)-s = 
~ ~ 2 ~ A - ~ ~ 2 ~ S 2 .:: ~ --

=.!_u +Qr(a-s)+_!_(Q-I) (a-s)]= 
2-S ~ - ~ ~ 2 - ~ ~ ~ 

1 1 =-u + Q ( a - s ) + -Q ( Q - I ) ( a - s ) 
2-S - ~ ~ 2- - -

By virtue of eq. (36) the latter equation becomcs 

1 1 1 
Q(a+-u -s)=-u +Q(a-s)--(0-I) (a-s) 
~ - 2~A - 2~S ~ ~ ~ 2 ~ ~ 

Adding and subtracting a-s to thc left-hand sirle of the l3tt~r 

equation l~ads to 

-t 

.. 
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1 Now, if a+-u locates one point on the screw axis, the position 
- 2-A 

vector e
0

, of the one point on the screw axis lying closest to 
1 

the origin is the component of vector a+-2 u perpendicular to the 
- ~A 

axis or, equivalently, to vector e. Hence, eo can be computed in 

this case as 

1 1 p za+-u -(a+-u) .ee 
-O - 2-A ~ 2~A 

(37) 

The slide displacement s, being the orthogonal projection of the 

displacement field on the screw axis, is simply given as 

thereby completing the computation of the screw parameters 

defining the given rigid-body motion. 

(38) 

A computer subprogram, SCREW Q~ was written, that realizes the 

foregoing algorithm. This subrprogram is written in the Fortran 

IV dialect of the Burroughs 6700 computer of the u. of Mexico 

and is available upon request. 

Next, sorne exarnples are presented, which illustrate the progrum 

output. 
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EXAMPLE 1 

POINT COORDINA TES 
X y z 

A( 1 >= 1.00000 0.00000 0.00000 
B< 1 >= 1.00000 1.00000 0.00000 
C<1>= 2.00000· 1.00000 -1.00000 

A<2>= 2.00000 0.00000 -1. 0000() 
B<2>= 2.00000 0.00000 0.00000 
C<2>= 3.00000 -1.00000 0.0000() 

NUMBER OF l)ANISHING DISPL.ACEMENTS IS () 

VECTOR DIFFERENCES ARE p;·,R,~1LLEL 

THE SCREW AXIS HAS THE FOLLOWING DIRECTION COSINES 
(VECTOR E> : -0.57735 0.57735 0.57735 
THE POINT ON THE SCREW AXIS CLOSEST TO THE ORIGIN HAS 
THE FOLLOWING X-,Y-AND Z COORDINATES 
<VECTOR RHO> : 0.50000 0.33333 0.16667 
THE ANGLE OF ROTATION CTHETA> IS -336.57841 DEGREES 
THE DISPLACEMENT ALDNG THE SCREW AXIS (DISF'L) IS -1..15470 

EXAMPLE 2 

POINT 
X 

A(1)= 0.00000 
BC1>= 0.00000 
C(1)= 1.00000 

A(2)= 0.00000 
B<2>= 1.00000 
C(2)= 0.00000 

COORIIINATES 
y 

0.00000 
1.00000 
0.00000 

1.00000 
0.00000 
0.00000 

z 

1.00000 
0.00000 
0.00000 

0.00000 
0.00000 
1.00000 

NUMBER OF VANISHING DISPLACEMENTS IS O 
VECTORS ARE COPLANAR AND DIFFERENCES ARE NONPARALLEL 

THE SCREW AXIS HAS THE FOLL□WING DIRECTION COSINES 
(VECTOR E> : -0.57735 -0.57735 -0.57735 
THE F'OINT ON THE scr.:Et.J .~XIS CLOSEST ro THE rn:nu U! Hl'1'-; 
THE FOLLOWING X-,Y-AND Z COORDINATES 
(VECTOR RHO> : -0.00000 0.00000 O.OOOO< 
THE ANGLE OF ROTATION CTHETA) IS 336.57841 DEGREES 
THE DISPLACEMENT ALONG THE SCREW AXIS (DISPL> IS 0.0000( 

• 

.. 

.. 
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EXAMf'LE 3 

POINT COORDINATES 

• X y z 

A<1>= 2.00000 0.00000 0.00000 

B(1)= 2.50000 0.50000 0.00000 
C(1)= 3. 0()000 1.00000 0.00000 

A<2>= 2.00000 2.00000 0.00000 

B<2>= 2.50000 1.soooo 0.00000 
CC2)= 3.00000 1.00000 0.00000 

POINTS ARE COLLINEAR.MOTION IS UN[1EF INED 

EXAMF'LE 4 

POINT commINi"ITES 
X y z 

AC1)= 2.00000 1.00000 0.()0000 
B<1)= 3.00000 1.00000 0.00000 .. 
ce 1 >= 2.00000 2.00000 0.00000 

A(2)= 2.00000 1.00000 0.00000 
f B<2>= 3.00000 1.00000 0.00000 

CC2>= 2.00000 t.000ü0 0.00000 

HOTION IS NOT RIGID.L.ENGTH AC DOES NOT REMAIN CON:3Tt¡tH. 

1 

1 
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Three displacement vectors of 
corresponding three noncollinear 
points of a rigid body are given 

1. No vector vanishcs 

/ 
2. One vector, and 

only one, vanishes 

'\ 
1. vectors are 2. Vectors are 1. the remaining 

coplanar noncoplanar. 
, ~ formula 2 

1. Differences are 2. Differences are 
par al lel. nonparallel ¡ ~formula 2 

1. 9oth differences 2. At least one 
difference 

two are parallel. 
Apply formula 1 

·Jan is h. 
~lotion is a 
?Ure translation 

does not vanish. 
Ar,pl y formula 1 

3. Two vectors, and 
only two, vanish. 
J\pply formula 1 

2. The remaining 
two are nonparallel. 
Apply formula 2 

4. All three vectors 
Vñnish. 
Motion is a zero­
displacement pure 
translation. 

Fig 1. TreE: diagram showinq tht! different possiuJ 1J relationshiµs amongst the displacements of three 
noncollincar point~; ¡kfininq a dgid-body motion. 

~ 
., ,. .. 

.., 

.,:-
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