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ON THE COMPUTATION OF THE SCREW PARAMETERS OF A RIGID-BODY MOTION,
PART I: FINITELY-SEPARATED POSITIONS.

Jorge ANGELES1

ABSTRACT

A set of results concerning the determination of the screw parameters
of a rigid-body motion are derived. These results are then applied to
the computation of the screw parameters with the aid of an algorithm

whose description is included. The algorithm considers all possible

particular cases that could arise in this context.
tBER DIE BERECHNUNG DER SCHRAUBPARAMETER DER BEWEGUNG EINES STARKORPERS.
TEIL I: ENDLICH BENACHBARTE LAGEN.

J. Angeles

Zusammenfassung. Eine Menge Ergebnisse bezuglich auf die Bestimmnung der

Schraubparameter der Bewegung eines Starkorpers wird abgeleitet. Diese
Ergebrnisse dienen zur Berechnung der Schraubparameter der Bewegung mit
Hilfe eines Algorithmus, dessen Beschreibung eingeschlossen wird.

Der Algorithmus beriicksichtigt alle mogliche Sonderfille, die in diesem

Zusammenhang entstehen konnten.

NOMENCLATURE

r: lower-case underlined character, a n-dimensional vector

Q: upper-case underlined character, a mxn matrix

fT,bT: the transpose of a vector or, correspondingly, of a matrix
¢'(£): the gradient of ¢ with respect to r, an vector

¢”(£): the Hessian of ¢ with respect to r, a nxn matrix

ET -u: the inner product of r and u

l

: the Euclidean norm of vector r, i.e.'rTr
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INTRODUCTION

2 . .
According to Chasles' theorem [3] r given a rigid body R undergoing
a motion which carries it from configuration R1 to configuration R2,

there exists a set of points of R, lying on a line L whose displacement

1 _
vectors have a minimum magnitude. Alternatively, this theorem states
that the displacement vectors of the points of line L are all identiml
to each other and parallel to the axis of the rotation component of

the motion. Moreover, line L and the axis of rotation are parallel.

The screw parameters defining the motion are then: i) line L, ii) the
magnitude of the displacement and iii) the angle of rotation. Besides
the purely scientific interest of computing the screw parameters, this
computation is also required in .-some practical applications such as
linkage synthesis Dﬂ and robotics. The computation of the screw
parameters for the general case is well known [?,4]. However, two items
have not yet been taken into account, namely: i) the case when the
displacements of three noncollinear points of the body are coplanar,
and the displacement differences are parallel, and ii) the determination
of the sign of the angle of rotatior directly from the rotation matrix.

These items are discussed in what follows.
DEFINITION OF THE SCREW PARAMETERS.

It is widely known rBI that the screw parameters of a rigid-body motion
taking the body from R1 to R2 are defined if and only if the positicns
of three noncollinear points of R are known in R, and R2. In general,

1
the displacements of these points are noncoplanar, and the general
algorithm to compute the parameters makes use of this fact. Now, the
involved displacements are necessarily coplanar if the motipn is a pure
rotation; furthermore, in this case, these displacements are normal to
the axis of rotation. In the latter case, the determination of the screw
parameters is even easier to perform. There are cases, however, for
which the three displacements are coplanar and yet the motion is general

i.e. contains a combination of translation and rotation. In this case

2Numbcrs in brackets designate references at the end of the paper.



and other particular ones, which are discussed within the paper,
the general algorithm cannot be applied. The paper indicates how

to handle these particular cases.

The screw parameters of the motion are first defined precisely.
Let A,B and C be three noncollinear points of the body whose

respectively,

position vectors in R b, and ¢

are denoted by a. . 1

1'

1
b, and ¢

and those in R, by a,, b, €y

2

These two triads of vectors are supposed henceforth to be known.

The motion from R1 to R2 can be thought of-as occurring in two

stages: in the first one the body is translated without rotation

in such a way that C, is carried into C,. Letting Ri be this

intermediate configu;ation, the.positioi vectors of the three

involved pointsinRi are then fi'Ei'Si' and C;=C,- The matrix g
will be dealt with later on. For the moment it is assumed that
this matrix is known. Since Q is known, the position vector of

any point P in R_, labelled Py can be written in terms of

2'

Py- its position vector in R and Q, as follows:

177242,

P,=a,+0(p -a,) - (2)

-~ ~

If P is a point on L, its position vector in R1 can be found via
& minimisation procedure, i.e. minimising the square of the
magnitude of u, the displacement of P, where

i i PRiPAs A} Fis- T 2 (3)

“~ o~

The function to minimise is then
¢(u) = u'u (4)
which attains an extremum at a point where its gradient with

respect to Py vanishes. This gradient is, by application of the

"chain rule",




du
(= T2
where, from eq. (3),
oy
3. "2
~1
and from eq. (4)
3¢ _
3u - 24

¢' (p,)=2(Q-1) u=0 (5)

which states that at those points whose displacements are parallel
to the axis of rotation, the magnitude of the displacement vector
attains an extremum. That this extremum is a minimum cah be pro-

ved by computing the Hessian matrix ¢"(p1). In fact, from eq. (5),

¢”(g1)=2(g-§)T(g-g) (6)
which is a positive semidefinite matrix, i.e., the extremum
satisfies the sufficient condition to be a minimum. In the latter
expression notice that the quadratic form associated to ¢"(gl)
vanishes in the direction of the axis of rotation, i.e. along

the direction of the real eigenvector of g, which indicates that

along this direction, ¢ remains a minimum.

In order to compute the vector P, whose displacement satisfies
eq. (5), expression (3) is substituted into this equation, thus

obtaining

or
) (7)



which is a linear system of equations, Vector gl, howevey, cannot
be solved for from eq, (7) because the system is singulax, Indeed,
from the fact that 1 is an eigenvalue of any proper orthogonal
matrix 9 [€], it follows that Q-I s of rank 2. Hence, eq. (7)
contains exactly two linearly independent equations, thus making
it impossible to solve for Py This means that eq. (7) holds not
for one vector Pyr but for an infinity of such vectors. These
vectors represent the position vectors of all points lying on a
line, the screw axis L. In order to find a particular point P,
through which line L passes, an additional condition should be
imposed on this point, for instance that it be the point of L
closest to the origin, This point has a position vector whose
magnitude is a minimum, which can be computed by writing the two

linearly independent equations of (7} in the form

Ap1=b (8)

where Q is a 2 x 3 matrix, The minimum-magnitude solution to (8)
can be found making use of the pseudo-inverse [7] of A in the
form _ _

py=A" (aa) 7 'p (9)
i.e. eq.(9) defines the postion vector of that point of L, Py
closest to the origin, Hence, the screw axis L passes through
point P of R, whose position vector in R1 is 21, as given by
eq. (9), and has the direction of the axis of rotation, i.e.
is parallel to vector S’ the eigenvector of Q associated with

~

the eigenvalue 1 of Q. In what follows it will be shown how to

compute vector e without having to compute Q explicitly. For

this, the following result will be resorted to.

- Theorem 1, The displacement vectors of all points of a rigid

body moving from configuration R, Lo configuration R, have
ddentical projections along the screw axis.




Proof

Let uA be the displacement of A, and p1 and 22 the position
vectors of point P on the screw axis in R, and Rz, respectively.

1 N
Then

Ya%2,

-a,=(Q-I)a,+p,-Qp,
The projection of up along L is given by

T T T T ' ‘
e upme (g-Da,+erpyme Qpy . (10)

-~ .

But e is the eigenvector of Q associated with the eigenvalue 1.

Hence

T .
Qe=Q e=e

from which, egq. (10) becomes

eTu =eT( - )
e ua%S 'By7Ry

which is independent of a_, thereby proving the constancy of

this projection, gq. e. d.
A direct consequence of Theorem 1 is the following:

Conollany 1. 1§ the displacement of at Least one point 0§ a
nigid body in motion has a zeno projection along the screw axis,

the motion 445 a purne rotation. ;

Before discussing the computation of e, that of 6 is presented.
there are two possibilities, either vector e is known, in which
case use is made of Rodrigues' formula [8] -

e ’
-a = Zex 11a
a,-a, tanzgx(g1+32) ' ( )

or else matrix Q is known, in which case ‘@ is computed as[9]:

-~



=cos” E(Trg-1 Y] (11b)

Due to the fact that the cos function is an even function, i.e.
cos (0)=cos(-0),eq.(11b) provides only the absolute value of the

angle, not its sign. The sign is found invoking the foliowing:

Theorem 2. Let a nigid body undergo a putre rotation about a
§ixed point 0 and L&t " and n be the iniiial and the 4inal
position vectons of a peint of the body (measuned from 0) not
Lying on the axis of notation. Funthermone, fet 8 and e be the
angle of notation and a unil vector parallel to the axis of
rotation. Then

49n(§’x52.gl=égn(6) ‘ (12)
Proof

Vector r, can be written as Enﬂ:

r2=[(1-cos6)ee+cos€1+sin91xe_"}.r1

" where dyadic notation [1f1 has been introduced. Ther

, 2 i
E1x52=(1-coa6)(5.51)r1x§+31n6[?‘§-(:1.S)E{]

where

" Thus,
. 2 :
51x£2.3=51n9[}1-(£1.g)g]=

2 2. 2
=ginb Er,-r,cos (51 .g)]

-rfsinOsinz(r,,e)




e

Hence,

sgn(f;x£2.5)=sgn(sin9)

But since sin is an odd function, i.e. sin (B)=-sin(-0), then
sgn(sinf)=sgn(6)

Thus, one obtains finally

sgn{r xrz.e)=sgn(6),q.e.d.

1
Given e, € can be computed even if 9 is not known. In fact, since
8 is i;volved only in the rotation part c¢Z the motion, one can
assume with no loss of generalify that the motion is a pure
rotation about a point which, with no loss of generality, will

be assumed to be the origin. Moreover it will be assumed that

the initial and the final position vectors of a point A, a, and
a,s respectively, of the rigid body, are Xxnown.let A' be the

orthogonal projection of A, (point A in its reference

1
configuration) on the axis of rotation. Clearly, A' is also the
orthogonal projection of Az(point A in its final configuration).

Then,

= '
) ¥A A'A,
Letting a' be the position vector of A', this angle can be

computed as

- T
(a,~a') (a,-a')
-1'2172 2272 (13

8=cos
|la,-a*|]?

which, nevertheless, does not provide the sign of 6; this,
however, can be obtained from eg. (12). Vector a' can be casily

computcd as

a'=a_-a_.ee : (14)

~ -l ~~



Returning to the computation of e if only the position vectors
of three noncollinear points in both their initial and their
final confiqurations are known, this can be performed by
application of Theorem 1. According to this theorem, all that
is needed is to find that direction along which the displacement
vectors EA' EB and EC of the three given noncollinear points
have identical projections. If the displacement vectors are

noncoplanar, this can be achieved as follows: Attach all three

vectors to each other at their tails, so that their tips determine
a plane. Vector e is then found as the unit normal to the resuting

plane, i.e. as

v= (ga-gc)x(ga-gc) ' (15a)

e=v/||v]| (15b) E

If, on the other hand, the given displacement vectors are coplanar,

then either the differences BA-BC and EB-BC

are not., If they are not, the motion is necessarily a pure

are parallel or they

rotation and vector e is perpendicular to the plane defined by

]

the displacements. This vector, thus, can be computed as

Y=EAxEB (15c)
e=v/||v]]| (154d) E

If, however, the aforementioned differences are parallel, then
the motion is not necessarily a pure rotation, but, in this
instance, e lies in the plane of the three given points, as will

be shown in Theorem 3. In this case the computation of e procecds

by application of Corollary 5, which is stated after Theorcm 3

has been proved.

~

If 6 and e are known, on the other hand, the rotation matrix Q

can be expressed in dyadic form as [:9:[:

Q+(1-cosfB)ee+cosO1+sintixe (16)
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Finally the computation of the position vector of that

point of L lying closest to the origin can be performed either
by eq.(9) or by application of the formula

1.8 1 : :
Py=zcotzexu, zgx[éx(g1+2gA)] (17)

as derived in [5,pp.11—12]. Egqs. (11), (12),(15) and (17) define
the screw parameters and provide, in general, formulae for their

computation
DISCUSSION OF PARTICULAR CASES

Theonem 3. The nondidentical displacements cf three points o4 a
rigdld body are coplanan Lf and only £L§ one of the f0LLowing
conditions 45 met:

L) the motion {8 a punre notation

(L) the motion 4s general, but the points are collinear

LLL)  the motion {s genenal and the points are not collinean,
but Lie 4in a plane parallel to the screw axdis.

Proof.
(Sufficiency)
i) If the motion is a pure rotation and the origin of

coordinates is located along the axis of rotation, the

displacement u of any point with position vector r is then
u=Qr-r=(Q0-I)r

Now let e be a unit vector parallel to the axis of rotation.
Then

eTB=e 9 I)r= E ]Tr

But



ii)

1"

Now let e be a unit vector parallel to the axis of
rotation.

Then

But
T T

(0" -I)e=0Q e-e=e-e=0
Thus, all displacement vectors are perpendicular %o the

axis of rotation; hence, they lie in a plane perpendicular

to this axis, thereby showing that they are coplanar.

Let A, B and C be the given three collinear points of the

rigid body undergoing a general motion. Let a, . b1 and <,

be their respective position vectors in the reference

configuration, and let a2,b2 and 5 be those position

vectors in the displaced configuration. Due to the
collinearity of the three points, vectors b1-a1 and <,y
are parallel, i.e.

€q4-3y=a(b,-3,) (18)
where o is a scalar. Applying eq. (3) to describe the
displacements of B and C, then

Up=2,*Q2(ky-2,) b=

=a,-a,+(Q-1) (b ,-a, )=

=upt(Q-1) (b-ay) (19)

Similarly,

= - - 20
BemUat (@ D) (gqm2y) (20)




gt

12

iii)

Introducing eq. (18) into eq. (20),

uc=upte(Q-I) (b -a )

But, from eq. (19),

(@-1) (by-a, ) =up-y,

Hence, the latter expression for Yo is transformed into

+ -
go=uptalug-u,)

thereby proving that the displacement vectors are coglanar

If point S lies on the screw axis then, from eq. (3), the

displacements of points A, B and C can be written as

3A=3 +(g-£)(§ -51) (21a)
u =Es+(g-£)(§ -51) (21b)
uemugt (@Il emsy) (21¢)

where ug is the displacement of S and s, is its position

vector in the reference configuration.

If points A, B and C lie in a plane parallel to the screw

axis, then vectors b1-a1,c1—a1 and ug (parallel to the

screw axis) are coplanar. Hence, they are related bv

472y lbyma ) +Bug

or

c =(1—a)a1+ab1+6u

1 ~S

Substituting this expression into eg. (21¢), after

cancellations and recarrangcments, 'yields



o i
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Bmuama (@10 (2 -b) (22

But, subtracting (21b) from (21a),

up-u,=(9-1) (a,-b,)

Thus, eq. (22) can be rewritten as

ue=(1-a)u, +8u,

thereby showing-that the displacement vectors are coplanar
(Necessity)

If u and u,. are coplanar, then

A’'YB c

)=0 (23)

d?t(EA'EB'Ec

Introducing egs. (19) and (2C) and then subtracting the firsz

column from the second and the third ones, egq. (23) becomes
det (u,,(9-1) (by-2,), (g-1) (¢ -2, )=0 (24)

or, in Gibbs notation,

(Q-I) (b -a ) x(Q-I)(c -a,).u,=0
But the cross product can be expressed as [ﬂﬂ:
(Q-I)(§1—a1)x(g—1f(c —a1)=ae

where

Y.(c,.—-a.)

a=2(1—c050)ex(b1-a 1 :

T
© and e being the angle of rotation and the unit vector parallel
to the axis of rotation. The dcuble product thus can vanish if any

one of the following conditions is met:




—
‘
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This conditon implies, according to Corollary 1, that all points
of the rigid body have a-zero projection along the screw axis,

i.e. the body undergoes a pure rotation, thereby proving i)
b) a = 0

which is satisfied under one of the following conditions:
b.1) 1-cosf6=0

which implies 6 =0°, i.e. the motion reduces to a pure translation.
This case, however, has been discarded in the present analysis,

for the displacements have been assumed to be nonidentical.

b.2) EX(Pl-El)'(SJ-31)=O

which in turn holds under one of the féllowing conditions:

b.2.1)(91-31)x(g1—51)=0 i.e. the points are collinear,

thereby proving that ii) holds.

b.2.2) 9191-31 and c,-a, are coplanar, i.e. all three points lie

in a plane parallel to the screw axis, g.e.d.

From Theorem 3 a series of results follows, which will be only .
stated. Within this context, if the given motion is one reducing

to a pure rotation, the screw axis is usually referred to as the

*axis of rotation". Henceforth, however, no distinction will be

made and so the term “"screw axis" will be employed, rggardless

of whether the motion is general or reduces to a pure rotation.

Conollary 2. Assume that a rigdid body undémgoea an anbitrany |
motion and clioose any three noncollinear points of the body, A, .
B and C. The necesary and sufficient condition fon the displacament

differnences Up-de and Ug-uo {and, consequently, EA'EB) to be
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parallel (s that the points Lie in a plane parallel tov the screw
. ax4is.

. Corollary 3. The displacements of any two points of a nigid bedy
cannot be parallel and different, unless the body undergoes a 4
pure rotation. '

Corollany 4. 14 two, and only two, of the displacements of thuec
noncollinean points of a nigid body are paraflel, then eithern ()
the parallel vectons ane identical, in which case they cornzspond

to points Lying on a Line parallel to the screw axis,the motion
thus being eithen general on a punre notation, on L4L) the parallel
vectons are different, in which case the motion {s necessarily

a pure rotation.

Keeping the notation introduced in Theorem 3, one has additionally
the following:

Cornollary 5. Let Uy and ug be parallel, L.e., Lat ug=Bu,, and

ue=0. The motion i8 then a pure notation about an axis passing

through C and parallel to vecton b1-61°3(a1-c1). £

a_,u_ and u
~A’'<B ~c’
.two of these vanish, then the motion is a pure rotaticn about

Finally, if out of the three given displacements,
an axis passing through those points whose displacements vanish.
This, hbwever, need not be stated as a Corollary, since it is

obvious.

COMPUTATIONAL ALGORITHM

% The computational algorithm is based upon the "tree diagram”
shown in Fig 1. In that diagram, a particular case is referred
to as a sequence of digits indicating which case one has at

% hand, for successive levels. For instance, case 1.1.1.2
corresponds to Case 1 of the first level, case 1 of the second
level, case 1 of the third level and case 2 of the fourth level,
h i.e. the case at hand is the following: no vector vanishes, all

vectors are coplanar, differences are parallel, but at least

one difference does not vanish. Furthermorc, the diagram

shows that, for this case, formula 1, which is next introducud,
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is to be applied,

The computation of vector e is crucial in the present algorithm,

~
Once this has been performed, the remaining parameters are
computaed by application of identical formulae. Vector e, however,

is computed by application of one of two different formulae.

The computation of e is based upon case 2, For cases 1 and 3, e

~

is computed after the motion is transformed into case 2, as

described next.

Before proceeding further, two results need be proved, which is

done next, All over, the notation of Theorem 3 is resorted to.

gt

Theorem 4. Given a nigid-body motion defined by the displacements
0f three noncollineanrn points, such that no displacement vanishes,
and ul to points A,B and C, nespectively. 1§ Zhese vectors anre
defined as

define a new motion by assigning new displacement vectonx: Ugslp

' _ - ! - - ! =
Up=Up~UesUg=Up-Un, Up=0

then the matnix describing the notation involved in the new motion
L8 ALdentical to that in the given one.

Proof:

From eq. (3}, Uy cna be written as

u.=a,+Q(c -a_ ) -C
~C <2 2721 ~1° ~1 (25)

where, clearly, instead of Pis one has written c1. Adding a

~

to the right-hand side of eqg. (25) and subtacting it from the

same side does not alter that eguation. Hence,

uc=a,-a,+glc,-a,)-(a,-a,)
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which can readily be rewritten as
u_+(0- -
BcmEA* (@D (gymay)
or, alternatively, as
u,=u +(g-£)(g -51) (26a)
Similarly,
Bp=Uct(Q-I) (by-cy) (26b)
From the latter equations one has immediately
= - - - -
SaTUATEc= (@71 (34mgy)
and
L — - - - -
UpZupTUc=(Q-I) (By=cy)
or, since ué has been defined as zero,
[ - -
up=ugt(Q-1) (a,-c,) (27a)
Y=g '+ - - ’
ug=ug+ (-1 (B -c,) (27b)

which are expressions formally identical to eqs.(26a and b},

: L L L . b
with U, r8p and u. exchanged for uasup and us Vectors a,.b,
and c, and matrix Q remain in the second pair of expressions,
however, which completes the proof.

Theorem 5. Given a nigid-body motion defined by the displacements
of threc noucollinean points, such that two of these, and only

two, vanish, define a new motion by ass igning new displacement
vectons uA,gé,

~

u, to points A,B and C, nespectively. Letting ugp

be the unique nonvanishing vecton, define

Up=-Ue,ug=-up,up=0

Then, the matrix descnibing the notation L{nvolved in the new
motion {s Lidentical to that in the given one.
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Proof:

Since eqs. (26 a and b) are valid regardless of whetiher a-y
involved displacement vanishes, one can agply them =5 the zase

at hand, i.e. for u_=u_=0, uC#O. Thus,

~A ~B -~
0=E +(g-{)(§1—g1) 1223)
9=uc+(g—z)(§ —51) \22D>)

and hence,

)

- -+ - -
Be=0+(Q-1) (a, <1

-EC=O+(Q-I)(b1_E1)

-~ -~ -~ -~

Recalling the given definitions of u},u’ znd ul one :btains

~ ~B

)=~

readily

= '+ - P ( 5‘3
Up=uc+ (-1 (a,-c) 2za2)

2g=ict (@71 (2

-~ ~1

-31) (2:2)

and the proof follows by introducing the argument resortel to

for proving Theorem 4.

As an agpplication of the foregoing results, one can zomzuz2 e
for the motion at hand by first defining r2w mctions lezding =o
case 2 of Fig 1.

Next, the computation of e for case 2 is discussed. Since this

contains two subcases, each is discussed scparately.

Case 2.1: One vector, and only one, vanishes, the renaininy two
being parallel.
=0
U=l
Then, according to Corollary 5, the screw axis i3

Let BB=BEA'

parallel to vector
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wsb_-c -8(31-5 ) (30)

~ ~1 &1

Vector e is thus computed as
s 2 lﬂy
Z
e=w/||w|] - (31)

Eqgs. (30) and (31) constitute what is referred to as

"formula 1", in Fig 1

Case 2.2: One vector, and only one, vanishes, the remaining two
being nonparallel.

Let u_=0 and u qu#O

C ~A

Then, the screw axis is perpendicular to both uAand

u_. and hence, is given- as

w=y_xu (32)

e=w/||w|| (33)

Eqs. (32) and (33) constitute what is referred to as

“formula 2" in Fig 1
Once e is known, @ is computed by application of formulae (14),
(13) and (12), in this order, regardless of the particular case

at hand.

Vector o is computed by application of eg.(17), provided ¢#180°.

For 6=180°, the cotangent function contained in that equation
becomes infinity and ‘hence, cannot be computed. The computation
of Qb in this case then proceeds differently, as is shown next.
Before devising means to compute go for 06=180°, the following

result is proved.

Theorem 6. Given a nigid-body motion invclving a 180°-rotation,
Let S be a point of the screw axis and Lct A be an arbitratry
point outside the screw axis. 'iorneoven, Cet 8,a,us and u, be the
respective position and displacement vectors of those podlnts.
Then the point Located bQAthc posdition vecton 5’%5A Lies vn the
dcrew axds. ' '




o i
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Proof:
If the point located by a+; is on the screw axis, then vectc:
a+%4 -5 1s parallel to this axis. Thus, denoting Eky Q t-e
involved rotation matrix, the following equality hcids:
Q(a+-1—u -s)-a+—1—u -s (:4)
2725 272:a 2 i
Thus, all that need be proved is eq. (34). This follows Zrom

the fact that, according to eq. (19), 4, can be wrizten =z3

=gs+(g-5)(§—§) (:3)

u
~A

Now, (Q-I)(a-s) lies naturally in the range of (Q-I.  (by

definition) and hence is perpendicular to its null space, i.e.,

A
t
O

to us Now,since (Q-I) (a-s) is a vector perpendiculer:

equivalently, to the screw axis, its image under Q =-ust zz its

-~

negative, i.e.

On the other hand,

Q(a+lu -s)=9Q [§+1

U —(Q- I)(a s)—§1—

=Ju+o[la-s) +;—(9-;) (a-s)] =

By virtue of eg. (36) the latter equation becomes

Adding and subtracting a-s to the 1eft¥hand side of the latter

[R5

equation leads to

Q(a+lu -3)=zu +a—s+(Q—I)(a-s)—%(Q-I)(a-s

~ ~ 2~A < 2.5 ~ L X L7742 ~ ~ ~ =~



'5+%[Es+‘8‘£’(e‘§’]~§=

1
-¢+3uh-s,q.e.d.

. 1 . .
Now, if a+-2-uA locates one point on the screw axis, the position

vector po, of the one point on the screw axis lying closest tc

1
the origin is the component of vector a+5uA perpendicular to the

axis or, equivalently, to vector e. Hence, po can be computed in:
this case as
P =atiu_-(a+iu ).ee (37)
~0 <~ 2-A 'J 2-a" "=<<

The slide displacement s,beihg the orthogonal projection of the

displacement field on the screw axis, is simply given as

8=Ua-¢ (38)

thereby completing the computation of the screw parameters

defining the given rigid-body motion.

A computer subprogram, SCREW [1i] was written, that realizes the
foregoing algorithm. This subrprogram is written in the Fortran
IV dialect of the Burroughs 6700 computer of the U. of Mexico

and is available upoh request.

Next, some examples are presented, which illustrate the program

output.




22

EXAMFLE
POINT COORDINATES

X Y Z
A(1)= 1.00000 0.00000 0.00000
B(1)= 1.00000 1.00000 0.00000
A(2)= 2.,00000 0.00000 -1.00000
B(2)= 2.00000 0.00000 - 0.0000¢
C(2)= 3.00000 -1.00000 0.00000
NUMEER OF YANISHING DISFLACEMENTS IS 0
VECTOR DIFFERENCES ARE FARALLEL

THE SCREW AXIS HAS THE FOILLLOWING DIRECTION COSIMES

(VECTOR E) 3 ~0.57735 0.57735 057735
THE FOINT ON THE SCREW AXIS CLOSEST TO THE ORIGIN H&S

THE FOLLOWING X-r+Y-ANL Z COORUINATES

(VECTOR RHO) ¢ 0.50000 0.33333 0.166467
THE ANGLE OF ROTATION (THETA) IS -336.57841 DNEGREES
THE DISFLACEMENT ALONG THE SCREW AXIS (DISFL)Y IS =1,15470

EXAMFLE 2

POINT COORDINATES
X Y 4

Al(l)= 0.00000 0.00000 1.00000
B(1)= 0.00000 1.00000 0.00000
C(L)= 1.00000 0.00000 0.00000
A(2)= 0.00000 1.00000 0.00000
R(2)= 1.00000 0.00000 0.00000
C(2)= 0.00000 0.00000 1.00000

NUMBER OF VANIGSHING DISFLACEMENTS 1

0

S
VECTORS ARE COFLANAR AND DIFFERENCES ARE NONFARALLEL

THE SCREW AXIS HAS THE FOLLOWING DIRECTION COSINEG
(VECTOR E) ¢ ~0.57735 ~Q0.5771G

THE FOINT ON THE SCREW AXIS CLOSEST T0O THE ORIGUH Ho
THE FOLLOWING X-yY-AND Z COORDINATES

~0 L G773

(VECTOR RHO)Y 3 -0.00000 0.00000 0.,0000¢
THE ANGLE OF ROTATIOM (THETA) IS 336.57841 NEGREES
THE DISFLACEMENT ALONG THE SCREW AXIS (DISFL) IS 0.0000¢

-



EXAMFLE 3

POINT

A(L)=

B(1)=
C(1)=

A(2)=
B(2)=
C(2)=

FOINTS ARE COLLINEAR.MOTION IS UNDEFINED

EXAMFLE 4

POINT

A(l)=
B(L)=
C()=

A()=
B(2)=
C(2)=

MOTION IS NOT RIGIDI.LENGTH AC DOES

X

2.00000
2.50000
3.00000

2.00000
2.50000
3.00000

X

2.00000
3.00000
2.00000

2,00000
3.00000
2.00000

COORDINATES

Y

0.00000
0.50000
1.00000

2.00000
1.50000
1.,00000

COORDINATES

Y

1.,00000
1.00000
2,00000

1.00000
1.00000
1.00000

y4

0.00000

0.00000
0.00000

0.00000

0.00000
0.00000

y4

0.0000Q0

0.,00000 -

0.,00000

0.,00000
0.00000
0.0000¢

NOT REMAIN CONSTAHT.
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Three displacement vectors of
corresponding three noncollinear
points of a rigid body are given

N

No vector vanishes 2. One vector, and 3. Two vectors, and
only one, vanishes only two, vanish.
- Apply formula 1
Vectors are 2. Vectors are 1. the remaining 2. The remaining
coplanar noncoplanar. two are parallel. two are nonparallel.
/ Apply formula 2 Apply formula 1 Apply formula 2
Differences are . Differences are
parallel. nonparallel
// Apply formula 2
Both dirfferences 2. At least one
vanish. differcence
Motion is a . does not vanish.
rure translation Apply formula 1

noncollinear points defining a rigid-body motion.

All three vectors
vanish.

Motion is a zero-
displacement pure
translation.

Fig 1. Tree diagram showing the different possible relationships amongst the displacements of three

he
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