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CURSO: " MODELADO SIMULACION Y CONTROL DE EVAPORADORES
REACTORES Y TORRES DE DESTILACION." 

DENTRO DEL PROGRAMA DE SUPERACION ACADEMICA, 
DEL PERSONAL DOCENTE DE LA ( D:I.M.E. ) 

- ---- --- -· 

A REALIZARCE EN EL EDIFICIO DE LA DIVISION DE INGENIERIA 
MECANICA Y ELECTRICA DE LA FACULTAD DE INGENIERIA DE LA UNAM 
DEL 16 AL 22 DE MAYO, CON UNA DURACION DE 20 HORAS. 

EXPOSITORES: 

lNG .. FRANCISCO Dl\NIEL SORIA VILLEGAS 
ING.VICTOR FLORES ~avala. 
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. Fundamentals of-;-: 
. ·,1 .· 

chemical procéss dynamics 
- '• ' ' . ' ' 

' ' ,, ' ' J :-

The modeling of dynamic systei'ns in'volv~s a thorough _ 
ai1alysis of their physical relationships in order to de~élop, 

. and subsequently sol ve, the matherúatical equatiom. Here is_ 
how_ to apply the basics to a variei:y o f. dyn~mic ;condition~. 

. . . . . ' . ' '. . -:. . ' . •, .y.~_. ... ~-..-·· . . '' . ,•' .. 
~ . i:. 

'· 
--~__:'------~·-· .:....:. . 

john L G~r, Dp1iluwd ~Tilnpri~fs ·:-:~~-:~ :' j 1•· 

·--~---- ,... .·.·- -~-

;- ---·-···-·-:-- ----:: .. ···-. ------;-l 
i A new CE-•REFRESHER begiri~ in i 
1 . . ' • ¡·-
' this is~ue. The material in this 
'. series will dcah\;ith the dynamic~ 

of chemical processes and th;eir -
control systems, and will cov:er. _. 

m F uridarncntals' . 
13 Analog cÓmputcr 'si m ulation _ '.· 

m 

_., 

. ~ 

1. -. .. . ::: . ,f;: 

ficit'ritly high that~ when c6Upled \\~i~h_ the 1-~rnl-'er.0~-t~re .( 
. '-\·~\·e, the liquid iri': the ·~olunln éleHmatCd ... .Thi~. :rle- t 

stfú,;ed thc·columil~and relCa .. :;ed a··larg;e amOunt ofh\··· _,· 
drOS~rbons·, which :p~roviqed:_t_he fuel for a ~t~co.nd ig~i-. _-[:_ 
tion: to occur ji l-' -,,_, _ ~·:. .-: . ·: .~~ ·... · ~·; .- · . 1L-

'I)le ordcrly a~ah·~·es,-of:.po.~sible catl.~c_s~·Qf:"<:r~.~-'::~;'tf:U- . , f 
ph~~ can provide the ~c·a_ns,for d~~ignin!Lr:mr"r.~t:né·y: ' 
Shutdown systems, ind thus-pre,:e11t di.-:.astcfs·i_t~.aJ:t~-:~/_;~1-. -~ ~- r 
(~hcmical process industri.~)·pl~n~. Basic;11ly. thfy~(lb- .''/ .. :. %·"· 
lcm is a "what \V9':lld happen if': si_tu~uion that',~ll:'u~l- be-: ":f ( 
analyzed---pn:ferabJ~· ~efore' the pla·nt is bui~t: -~· · < , ,i .. 

m 
Dig¡tal ('OtnputJr simUlation:. 
Control anrl instruJnentation 
l\1ot.1cling, proc.ess optinlizati~;n 'and 
"coritrol fo"r chémical fea<.:tors; ·heat·· .... 

ious emePencie~ rc·,.utarly: faced in._a~y ·pla~t are:~(!J · V 
.j 3ll;lr~ ue t_o oss o 1~p a;~t powerl ~oomg:W;,ll_t"i:·5up- · :.: 

.· ¡ .. ply~· stCam supply,',firc~,-a~er- supply· (at. time of:r_I{.'f:d\ 
1 .. _g~rÍeral utiliti6 (ai_r ~ i~ei( gas, e_tc. ), elect.~cal·,pC•~'.-Cr 
1 · :.frOJ!l powCr c(Hnpattics;·(2) plant dísrujJtiorlS c;~úsc9-,.by 

i m 

a 
transfei', di~tillation . . . ,:_: 
Application lo startup,. shutdo":~ and, 
cinCrgcncy procedures ---. }¡"_' · 

•, 

----------------·--. --· J .. ,.. . 

. O Fol!O\-\;ing convcntiv~.al practíce, a d~s~illation "col
umn ,~·as placed.6n standby ~áYice in ord~T tó.pcrform 

·.maintenanC:e · on _othá pans of th'e_ f>rocess s~··~tch1. 
_l..Jndú tot~l. reA.uX· (.~onditions, the overhead-product 
vah·e continu'oúsly lca~ed the ·more -Volal.ile comptJ
m:nts in the system. Aftcr eight hours;'unly thc_J.ca~·ier 
cumponents remained. · 

As the liquid le\'cl fell bdo_w the ::-.tlrf<,ce of thc tubt.-s 
it: the rcbuiler) se\'cral p<ilymcr_i:t.<Hi•JtÚ \\·en.: initi;ncd, 
\,·ith an acco"mpanying iw;rease in .. tc-mp1.:ratu.fe ·al.d 
pt(~:-.sure. The res"ult.ing ~.hock._\~'3\'f; <llld geiH;r~ted hea~ . 

r c::u.,ed sorne rcb(1ikr ~ubes to _r'upwre, and d~:corry¡)O~cd 
· "onc of the compoH~nts·_in the \';.por pha..;e' w pn-;duct a 

d•.-n;lgr~!ion_\-,:av,e u¡) tb!: colun)n: At:rn1c poim in the 
t' o\unm,··the C(Ji1Ct~lltrati.-;n uf~ 'k<:~· (,_'Olllp•'•ln'lll• v:;i!-" ~uf-. . . : .· . . . ~ . 

' ': ..... . . ·
'; . · . 

fire _or cxph;>sion;_spill~. ~; .and 0) runav~·a)_. reac~~9ns 
.12k . ' _" -.: . : -- :;;- ·. -- :· ' -. ':,, 

This clrarn:lti<: e·xam'pJe·· b not -'the tyj:>i~~~ pr~~!c-rn .:.> _¡,, 

th3:_t t:ht~ical engineer:s .encoupter but does ,ill~!!.Ú•~.tC''a · , __ 
situation for the ~tudy of prü~ess d~·namics. !\1q~-t~ Rro~- :, .' · 'i "' 

_ lcrñ.s encountered in cheipiéal e:ngint:Crif)g ,irivÓl\'e_:¡Iess- ·. .. e 

· drastic. conditions¡·: ~s -~~.enlpl~fi~-· _in the;,.~ext .. p'~·ra< ,., ?f~t 
. graph'. . · · ' .. __ ·- .. --:-;~, _.:~ ·. ·/· :- ·. -~>- ';V ... ;.·.· : ~;21,t:' 

' ~~ksign a hatch .. distill'aü9~-~?hiin0 io st:p.arate,~-,'*~-,:> /Ji 
_tain ·c~emical m~;u~e. ·~~i~::it~,·~lves_:·the. C?Pt.in~i.~~·tj~n:; ~: .~:f~:, 
of cap1t~l. ·~nd op~rat1ng-costs to)r;n_<;e~ .a y~ar~y p~_d,~.c- } :· .-/1~ 
·tion rate.' Tht: process Cngi~ecr mUs!-_deterJ!.ljn~ .th~,siz~~··, ~.~!-:~ 
of ~he tower, tan~s. am;t.:auxil~ary'·.(-qui¡)nient {iJ?\~c.~_t-.- _: :-~'P 
rnent c.osts) in rel3tion to·-energy, operatingaf1&ffia_irite--· ; - j,{ 
nance <:osrs. · · _'.: ::· ·. :· .:. __ :". · -· · · .. :.- · . ·.¡<j.~ 

: : .Jlt:nce, ~, .... will_:-~('3r~--t~-~t pro~~~· dyn~~ic~ -i~~:?J~·~:·~· .(~·7f· 
·t~e. nwclel_mg ofproct:!lsmg·syst_eJ11S m ord~~.to op~,;!111ze; ·.·.:::":!.~ 
in~;t:~:tlllt.:fi\ · ,, nd ú¡:)cra ting' CoSls .. a:chie~·e iúú)J'TiatiC: cOn-, ~:: . .:J¡ 

~ tr~!~ and',Pwvi~~ :for star:tup. shu~d¿~n; ~d t:~~~rg~n_c~' ·.,. ~~t::: 
;]· pi·~·--,~-~-dun;~. ·,.'f • '. ,, ··:)~~: 
.i In ,lhi~ 1H.,,. CE' 1-?. EFI·tr:Sn ER.~·\\;e \\·il1 cÓ\'er 1he t~·;:)cs ,. ·""· · 

. . - . ·-' ·'. -_;, 
. •'. ): 

. . :• 

. '· "~--·. 
~----- ---- -· --- --·-·-
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of problems in which d}':namic analysis must be co'nsid
ered, pruccd~rcs .fo.r analyzing process dynaE!'iCS, and 
nidhod.s for solving problems. Exampks will be in
clud~d to illustrate the. calculations. 

The con;ervation _equations 
ln solving <iriy prOblem, the 'first step iS definition. 

Aft~r bCing assigned a 'problem, we proceed to arialyze< 
the various factoi-s éh:it may calÍSe.difficuttics. Such an · 
analysis may significan.dy changc · the procedur~s for 
·solving tht; problem, but this step can sáve considerable 
enginee1·ing timt:. Then; we can define the systcm that . 
wc are deiling with, ali.d start the calculations. 

. After 'defining'the prOblem, the next step for solving. 
ir is usually the ·application of consetvation equations. 
Ttir:se apply to '.1~§, cn~rgy and morn~ntun.t balar~· 
Gencra.lly, this procechlrc is applted w ste:tdy~state or. 
static prob!Crns. The general equattons for ma~s, energy 
or momentum co0serVation for a system are given by:_ 

Flow·· 
in 

F\ow +.Rcaction == Accumul:i~ion 
Ol~t · product 

Energy _ Energy +. Reacti_on = 
in· out energ~; 

Accumulation 
of euergy . · 

( 1) 

(2) 

Sum •)f fnrct:s aCting·.= Chang:e of mt.>mentúm_ (3) 

In Eq. (1), the fi,,,..,·s and accurnulatioil ter~ can rep~ 
ré~cnt the arlto1.:nt. of a panú.::ul~r component, 'or all 
(i.e., total) compuncnts Of tht: syst~m. In Eq. (3), the. 

. cha~gc of ri1omcntum represents thc mass rnultipl_ied by 
i'ts "vclocity. Eq. · (3) is ·applicahle to_ a ~P(~cific di~ec: 
tion-. i.e., it ~s a vectOr equ?ttión. 

Applic.;¡tions to· ph ~·sicai systcms 
Chemicd engineering systéms can comrnonly be 

·groupt:d in two major Cate.gori~: system.-; that varv v.:ich 
time 01_tly, and thtlSe that van: wiffi bClth tim~ and~i
ti;m-:--F."".x"ampll.!s of th~ fonne-r <He tan k prnblems; and.of 
iEClau.er, pipe prohlt:rns. S11ch syst,,:m.-; can als~·be re
fúred to as macroscopic and" microsc~)r)ic. Let uS Iook at 
so me ~.:xarnples of theSe syst~ms, and the applicaiitm of 
the const~n·:~.rí~m t!quit_rions ... • 
J .\.Iixirtg tank--·Con.sirkr th(:, nlixini;:· t3.n.k .in 1-'ig. l. 

. Hl;"ré, v-.·e <trc mixing· ~qua! a¡}louncs·Of Compon~nt~ A 
· and B. Th~ ftow.of C:.H.:h :itre~Úil ( F_4 • F8 } ¡¡; lQ ft\'h, and · 
the flo,.,· fro·w 'thc t~ulk, F

0
; "is .20. ft 3/h. At .a ·cen.-tin_ 

instanr in tirrw (n~·:·tpematicill)· rcfCrred to a:¡ time 

.. ·. ~ 

' .. 

·.¡' .¡ 
' . 

, . .. 
¡; 
1 
¡' . r 

. ·'· r. ·, .. 

•• ·1' 

·:· . . . . 

¡ ~ 
..... ··:. .... "¡~·: 

equal t~ Zero), fl6w FA is increa.~d to 15 ·ft3/h, and f~ iS·. -'\ ·~-l.' 
;.'.· 

mai~tained ar 10 ft3/h. :-The problem is:to determine .. · ... 
tht: change in compositi~n '?f FQ aS :i funCrion o"r tinw.' . 

r~ anatyzing this problem; l~t us first define tht:: sys
tem chat, ·in this case1 is ··che tank1 which· is fllled with' 
100 ft3 of liquid. We will state. that (1) the li_quid is 
incornprcSSible, (2) there ís no change in volume upon 
mixing the two Iíquid strcams, ~O.d (3) therC is no tem-. 
perature "Change eithcr i11 the inlet"_ sti"eamS qr in' _the 
vessel üself via a chemical reaCti9rl. Now1 we can apply ... 
the"consC(yation·of-masS'.equation, ·Eq. (-1) 1 te the sys--,· 
tem in.which r:. =.!5 f¡3jh: . 

Input: FA + F8 = 15 + 10 = 25 ft"/h 

QÚtpur;_ F. ft 3/h :':·. 

Reaction: None·(ZC:ro) \~;~-
. . ';·· 

Accúmulation: 4V jd(J ft·1/h 
. ·'·'' 

·' .. '' ., 

whefe Vis the holdup ir(the system, and tr"is time. NOte 
that we ha ve assured oufseh:es of consistencV in units .. 

Becaus~ the rarik is liqúid~filled, lher~'¡s'no-~ha':lge in 
.accumu'lation, and dV/dO =O. Substituti_ng the;valueS ., 
into.Eq (1), we find th:it the total ftm;,_F,;=: 25 ft3/h.,· .· 

. Hence, (he instantanecuS change in totar"output.flo"~ is 

/. 

,. 

· ·5 ft3 /h, · after the· in creaSe in'--fi6~ for stream FA;·' . ., ~····. 

· Let Us now loo k at ho":·. th~ coffi.position of rh'e <;>.UtpUt ·:., · 
stream is changing. First, yve will define x..-~. and .t8 .. as the · 
·volurne fractión of Liquids .A and B, -and no_te tllat~:- · 
x.-t .+ x8 .;= l. By Sol-i:ing for o~t! composltion, we iffim~-. 

1diately know the other. LookiÍlg at our con::.ervatiOn."_· ... ' 
~quation·, wc_ pr_oceed-" to. sohre·Tor x~- ·as a f~!'l.Ct~on o.f ._·.;: ..... 
time. · · · · ' · · 

·} . .(.' 

lnput:·F•'·" + Fr• = l~(l) +.~0(0)'= l'i fr1 of A/h 

Ourput_: r:x-4 ft3 ·of A/:h::~ 

.',•. 

. Reaction: None (ú:ro) :: 

Accumulation: d( Vx ... )!do .. , ·.·· 
·-: 
; .. ·· 

\Ve irn.rnediD.tely note.-'thit .tht~ compOsition o{·~A,. ·tn_- ':\-;. ~ • 
the tank· and ·¡n c~e ou~put st~Cain\ F<;~ ice ··thé sá.me'. _:-: 

·This ¡s_ one characre.ristíc that ~a~es rhis ~ _mnk or.n_l:L;> · 
· ro.-,copic·· systeffi. · 
· · Su~s.t}~uting the valués into.Ei¡c (1), we obtai~:, 

'·""· .. 
(4). 

Si~ce.'the h;-,l~-t~P ¡~:¿ynstant·.-"< V~ 100), w-c 
writc Eq. (·l) as: .... 

q¡.n n;:·.'· 

.·; r;d" :-m' 
V ~.>!.· " ' (5) '. 

i." ... 
;¡: 
} 

·.k 
), ~ . 

:. ~ ~-- ¡ 

' '.:l 

~: '•· 

j·'·':'• 
,. '·; 

/~; 

·: 
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Output flowrate, F
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... Tank volume, V~ 100 ft3 

F:C?wrare, F8 , of Component B 

.- 'Pararne~er_s for ~he example for a ~ixinQ .ta~k- _· Fig. 1 
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75r-------------~-----------' ' • 'Find F0 
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~ 1nitial Fr. 
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~'NewFA 
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"_~ni1ial FA ~ñd Fe 
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Time, ·6;·h: 

·.:' 
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\Ve. can now separa te the \:a-ríab1es, xA an'd O;· and 
provi\dt- th_e ~imits Ó~ integr_atinn to solve E~: (5): · 

.,. .. 

,. 
' " 

~olving the· int<:gral equatlOn yield~ the solutiun as: 

" '' F [F - o'5¡;] ·· . · .. x• = .co!.- __,. __ ':.._2. cxp(-r:B!V) (6) 
F, . :.· F, · . ... ~ . ·. 

·. Th~- re!!ult~ are shOwn g·Tap,hicallr i·n-:Fig. 2.' · 

Gen~ral first-order svslem.s ·> · ·' · · ·. ):i" 
Eq-.;.(5} is an ~~a ~1f)lc of·a·_:tirSt-cirder ~1·ste·m ,.tl!at ¡an: 

pe tra'~s_formed to thé, g('ne~~-1 equa_~i~n: · ~ · <· . _., ·_r,-, .... 

, X.:_ r =' ~(dl'/dO) .. :(?\· 

whtre X. is a function :-~f the_lndepende.nt vari~ble;B; .-Y; 
a dcpendent variable·; T, a ·sy.Stem time constant. · 

Fór a stcp chang~ of X (say X ,= K, where K. is a 
·consta,rt), the ·~olutiorl Ío Eq: (7) "is:. 

¡. ·~ K( 1 ~· ,-8/T) (81 

To éonver~ Eq. (5) -tÜ the iene;al equ~tiOn for a first·l. order~ystcm, we con,vert·the nriables, FA ~~d x,.,.:~ 

::;..;;_._~ __ .1._ __ _ 
' . . -~ 

1 . :' . . . . . ' .:•. . •. 

¡· Noinenclature /.. . ,. . · ; · 
· 1 .. A Area,ft 2 '"·. ~·< .. : .... 
¡ e \'al ve (cr orifice~restriCtlOn) coeffi~ir::nt,'defined_ by 
1 Eq. (18) ' 
i 

't. 
,,¡ . 

7 .. ,-· 
1; • \¡~ 

. ·." ·,, ;, 

._,· .. 

.. 
·'· 

, .. 
'· ,. 

1 
.. d

Cp Heat C-"paciry; ¡¡tu/(lb)('F) •. :: .. , 
Tubc- dia., in. . . 

1
, F Volumetric Ho~rate,' ft 3¡'h .. · 

-·r · .. ,, 

. 'H . Hcight,ft ::·· . ·'. 
¡ .. /¡ :,_. · Heat-tramfer cocfficient; Bt~J/(h)(ü2)(°F) 
i r· .. -~·_Liquid .holdup,~ moles _.: . . . . 
1 ._T · Tcinpc:r.iiture·'of shellside' fluid, ·"F' 
1 ~.: Tempt'rature" or'tubeside fluid, °F. · 
1 Ttc. ~ Tube;-\~·all temp(raturC~ .~F 

F Holdup \.'Oiume;·ft 3. 

Í: . 

.. ¡. 
'' ! ·'' 

i 
V• Vapor rate, molesjh · 

1
, v· :. Velocii'y, -fl/h '· · · .. ~· 

' ' -~ f' 1 W. Flowrate, lb lb . --~~ ·.. _.,.,.. . -~~e_ • ~ :~ 1 ,' ·¡ ~ ·· .. VO!ume-, m~le-, ~r w'eig~t-fracti~~ i_n Jiq\'Ji~~P,~~~·:'<F·. 
1 y .Mole fra1.:.tion i_n y<:tpor phase" '' ·- _,:.~f-+·-· 
; a Relativt" volatility ~· ; .. -~ . :·:.:i 

· j p ·- Density, lb/ftl ,. = .· ;·~. 
¡ o-' Tim(·, h.or n,¡n. -~·t· · 't 
!. ,7 ·.'Time constant,Jr: 1 ,·, :-¡-~,· . ". 

'.•, 

Suhs':=ripls ·:' ·.:,;,. .. .. · 
· A,B ·· Component ide.~tificatí~n · J 

·, InSide·- or 1ub~i~~- flUid ·prOpe_ni~. efc_;··o~ inlet 
c()nditions · · -•· ¡_ 

Out~idc- ~r sheilSidt: Au{d,-propc;.·t\:, etc., or .outlel 
\~:·oudil_idñs'.' .... '! .. ~ · .,, __ · ,!·~-- · · · 

\:\'all p~Opcrty ··:~. ·<·.i·it;. ·~ · ·' .... ) :-;..'' 
lniti~tl cOnditioni' · .í'-: ·· .. ~ ,. .. _ '· 

¡ o 

w 

-.. 
' 

-----~.t_, .... ------:.· .. --

' 

n' 

·. ', 
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Expressing r and X aS [he new variables, and .sertin.'5 . 
h. . E (-) . Id -' 1 . ' . ~· . t c:"!-iC tn{O q. :>;va: s: t):· (~:.··f.'-·~-~~.~ dJ~'fA"'"···..- • ': 

. ' . • .. ' • ,:1." ... . \~1 .. ,._ . ,... <- • 

y= XA. :- XAu =:!A -·0·~---<-:'. ; .. (10) 
F . F. ¿\·"'15- . 10 . •· 

X=·~~ -"!l.=-· -- = 0.1 (11) 
F . F 25 · · 20 o ., 

· Thcrcfore, K= O. r in Eq. (8). Substituting 
nu~bers into 'Eq. (8) produces' 

the~e 

:.:' .. :.~ - ··; .· 
'·i 

_____ .i__, ·--'---':.,..,.C.----7---~-:-
.. ·,· ( . 

. ' 
,. 

~~-A-·, 
.F . fl.• 

..... ·.- ~-· 

.· '-:\va!l 
tcmperatiÚ'e .• :·!..., 

'1· 

'' ¡ .. -.·' 
1 

;.·. 
; .. ~ ' . . ,. y· 

·.!. ,-

Y= x~- 0.5 = O.l(l ....:. e-'11-r) ( 12) ; ·~~ 

L.F_1.o.:;w,_•_•_~.a,.1-io-ns_fo~·-r_•_h_•_•_t~:.._x_c_h_•_":..~,..·_':..·tu_b_~.:.,~.·----F..,ig_._J_-'-__ ..:.:·:u;~ 
·.¡~ . 

where,...:::: V/F
0 
= 100/25 ::::: 4. \Ve can rearrange Eq . 

. '(12) ano scc rhatit is thc same,as Eq. (6). 
Fig. 2 also sho ... -..·s a plot of Y/.K vs. 0/:r. From Fig. 2, 

wc.·sct; that the system n;'sponds to 63.2% of- the· new 
s~eady-st~tc valuC when time, ·e, equ~ls. the time"con
sr~nt.· r. The s)'stc:m has es.schtially _responded to the 
Ü{Jset ,.,.·tu:n'time, O; equ~ds ·lí (98:5%) .. · 

If.t~u: . .;~·.stem responded linearily'..Vith the initial ra~e 
of response, thC n~w s_teady-S_tate value \Voulc;i be 
reachcd after e = 'T. 

Heat-exchanger tube 
Let us consider thc .heat·~xchanger tube shown in 

Fig. 3. \Ve ~u e hiating a 'A u id (ml phasc change) insirle a " 
tubt:, with Steam nn the "outside flS the heating· m.e~ium. 
\Ve are lüt>king at thc flow ~f onc wb~. and assume thar 
each _tu be in the bundle operatcs identically. -

In an3lyzing 'the hl:a_t transfa, wc assumc that: 
1 

,1"._11_ JCmpr:r<.~lllre of the condensing steam Cil.ll ._..-ary 
¿rh. tina: but nol \..,:ith positiun in the exchangcr. 

m Temperatun; gradicnts vary in. the Y·dircctiun 
alnng th¿ tu he, but _radial temp...:ratur~ gradients are. 
ncgligible. 
v"'J· Insidt: and outside heat-transfer. coefficients are 

ClJnstant with position. iri th~ e.xchanger b1.1t nor \-..·ith 
time; ánd tht' effects nf fou!(ng an;-ci~ei- negligiblt~ or- · 
arr: indur.h:d in the calcub.ted coeffic1ents. · '-.-: . · 
/a FluiQ insideJhe }..~be.Js íncon.1pressibk .. :~ · 
1 B ·.Tuhcf¡dt.;flu¡ct"prtfr)t'-;tf;g~~re constant. · 

r\pph 1ng Eq ('.?)ro the tub~..;iJe f1u1d in the ditfe~t:n
tiallength. _j, Y: \VC fi.nd th.lt thc 1I1pllt, OUtput ,md 3CCU-
muJa,finrt term; are: ' 

l!> .. . ~.~~'--. "F +- -~~. r,·,: "F ~ 13.'oc 
h lb-"F .h·fr''·"F h 

1 

h 

. .... ·' . 

w, cP,[ t.+ _qj_ ~ r) ·· qY .. 
·lb Btu · "F Btu 
.. h ·-¡¡;:-.¡::- = -¡;·· 

-:1-[n·,(:;;_df.)Trc,; ··'" 
.~ . 141 . ' 

lb_ : fr"; ft . -~~~"-. "F = -~~u. 
fr·'· . ·. lb• "F · ." · ·h· 

·''· 

·! ,· 

1 

!, 

Substi~U.t_i!tg these tcrffiS into Jq. :(2), .,~e obcain: .. , 

w,cp,t ~ w,cp,(t + :~A·Y) + h~F{~;)~r}rw'~ t) 
.. ,·· . ·=a"o[P,(~:~)~rcp~)'(13J 

We_ slmplify the· varioUs quanti~ies by allowing ~y ro 
approach a diA'erenti:1l l~ngth, dl:·: 

. (14). 

( 15¡' ' . 

a, ··r .' (16) ... -- ;,;.--
'ar 

~ex·t, "':'e will app!y Eq. (2) 'ta: the tu be wall. \v_t:. \ .. :i!l. / 
neglcct the th~rrnal rcsist?-nce but t::t.kc in~o acrount che. 
thennal capacity''of the wnll. IQpur·: output and accü-

. rriulatinn t~nn:'>. beco me:-

(
-d )' . h ~~l'T-T) 

. o 12 :·· \ . . u: 

'[f-d)': ] .· . 
h, \ ·;¡ ~r (.T~-. t) 

~ .. 

;~'. 

. .•'"' - .. : .. . 
• l.' ·'.; ,,_-,•;, • .. !. · .. 1 ;1._ ..... ,... '!;:_:;:-; -; "/ .. ·· . 
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- ------------~--------'---, Surge tank 
Let us n~xt ron~ider 9 variable-holdup prob!em, 

Shov.:n in F.ig.· 4. The inlct flo~.¡ ~ ft 3 /h, is ini~ially at 
:-.tcady _state.and Cquals the outle.t Aow; F

0
. The r_esú!c;.! , · 

. tion ln'the outlCt line_ cau~es·the outlt-t.flow to Yary with ·,. 
the: liquid .levd, H, in the tan k, according to the·fol~o~V-;· 
ing rc:l.~tion~hip:_ · ·. ~'-

F, = CYH (18) 
' ' 

where ·e is a co~stant .for th~ .. i\;alve reSiStance. · 
lnle1 How, The .con~e~~atiOn-of-mass equ.ation is ser u p.-as:. · •·.' ----- Liquid leve!, H . 

~· ·Jnpul: F;, ft3:Ímin 
-..... 

Out!et flow, 

/ 
Output: F

0
, fr~/min '· '· 

Accumulation: dF/d8;.·ft 3¡'min :·· 

Va!ve' constant = C / wht;:re !' is the tan k volunie 'eq!fal tO: .AH. Substit4ÜÍ1g 
thcse ·q1:1antiti6. into Eq. (1):-;; .\' 

.___-------~--~----·-------------------
Surge tank for t~e variable-ho!dup exaf:nple , Fig. 4 

F._ F;, dV =dAR= JdH 
. ' . ' 'dt · di dB . 

(19) 

--------,--_j 
Substituting C\fFi for F, in Eq. (19): 

~ . . . .. 

ing ..... ·ith. paitial difftrentiaJ· t:quations. \·Ve have in
crea~ecf the rnath~;:matical difficülty and computational 

·effort. \\'e will re·turn \o the solution ofth.is problem in a 
futurc article. For t.hc· momtnt, we · simply nOte the 
mcthod of setting up _1he mathernatical equat_ions. 

F, -- CVH = AdHídB (20) 

To s~h-e Eq: (20) exactly, we make the follo,;·ing sub: 
stitutions fJ]: · · 

(21) 

------~------------·--------------~--------~~--------------------·-----~----------~ 
' 1 

s.,.,_~,-r.-r.-r.~o-"'-r~r>-r.-r.-. .. -r,-r-,-r-,..,-r-.·r.-, 

1--+¡-iJ ____ t--t-t-t-+-:-1---+---+ f--t--- ·--1-H--1-t-++t-++--t-+·+-+-!:-+-+-+-+-+-+-+1-+-·-.-+L-+-1~ 1 
-r-- . _ ~-~-- _ : 1 e± 

T- . .:r+=t-- -. 1- -l 1~ ~ --~-- 1 Jld?f+ 
7 .. l.J .. i-- -+ f- ~-,-+.j~ ¡.::U-: 1. l + - 1 T ~ 1 ' +-

1- T~¡- - -~~--.-.- -~--~·rt·Lf-,l-L-¡-- -¡ I .. L- i +tc::r_ '-- I ... - +-' --~- -1-t-¡-:l-1- n , 1 

'-~-++-- _____ .:.H. - ++-~ -+-1-H 1 , ,-tj'."'"'""""·'Q 1281 l_j_. 
6 -;¡-¡- - --r-¡¡- -t.:_¡ 1 +-¡-++±- : 1 1 

_j __ Tl·-- .. 1 __ ]¡. ~~-t-L- i -- H App10XImlltt solutlt· Ec (331)TI r 
h- 1 ~- -- - ~-1-----T ¡;."" -- ·¡ -+ . 1 --j- 1 r-
-L_~-'-T ~ ,....,r, -1- ·+-l- -:-¡· · ·_¡_t-¡- + ¡·~--'-tT r-¡-

5 - r.r~-=---;;;r- 1 ., - + ---l- -: -.-[--- ., .. 1 1 • 1 .. · "i:-t-r-b ~ ~ --+1+-f+-+-f·++-!c-t-, +-+-+-+-+-1--t-+-+-t-' + .. -+-t-++¡-r-
-~ - --- ---,.,-- +- l 1 ·++'-

• +-t--+-t-+-----'r--+Hc.¡jr-·-+ft-H,..+, +H-++H-:1--

--- ---- --+-t-t-+-_+f--i:=~~=;';t·+· -='~.!--1-l± _--f·'-1---+ +++-H-+ 1 

. - - : 1 -H'-·+-+1 -~ -+- .· 
------1-- -- -r- -¡-- - - ·1 1 ' .. J--H;- _· 

3 _J.. ... L-'--'--'--'-L.:.l.-'-~'-'-'---'--.L.:.J-'-
o 5 10 15 20 

Time, O, mi~ 

., 
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~omparison of remlts for eXact and.appruxi .. mat·,~ s~lutions fo~ ~urge-~t~nk ex~mpl~ ·- ··' Fig. 5· ' 
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dH == ·2wlu 

2A11(du/dB):::: ~¡- Cu 

·separating thc.variabks of Eq. (23): · 

• ( """ ) 2.4 -------- == dO 1-~ - Cu 

,···.;.'' 
' 

(2'2! 

(23) 

NOw, we set nurncrical·values for the scvaal varia· 
,:: Lb: C == lO fr1/min; A = 20ft'; F¡ == 20 ft1/min bc

fnre (J == Ó, and 2_5'ft:1/min afte~ B ==O; Fó = 20 fc 3/min' 
befo re O= O· H ·== Jf.fCf ==. (20/IOf =4ft initial!y; 

_.and _ll == "JH == y'.¡ = 2 mH1ally. · . . · 
We sohie Eq: (24) by integr.ltiori. Substituting thc 

appropriate numeric-.l.l valucs aÓ.d se.Úing limits of in te· 
. grat~o'n, we find that: · · · 

J
u;:u udu · ·¡ 8/r(/J 

40 ==dO.· 
u=:! F¡-10u. u . 

(25) 

40 •, 
loO(F,- IOu- F, ln(F,- IOu)\~~'i =O {26) 

0.4[-IO(u- 2)- F, ln(·F, .-
10

")] == 0. 
. . , F,- 20 

(27) 

tn[!i-= ~o?,(H. F!_] = -2;50 ~- ~[VH- 2] 
. F, _o . F, . F1 . . . :. 

(28) 

-The rC:.;p,¡nse of the tan k leve! and the ouqJut flow- .. 
rate is shown in Fig. __ 5. \Vhen dealing with nonlinear 
equation.~ such as Eq. (20), an~ th<; sub~titution of-Eq. 
·(2l) cannot-be found, we can linearize them to 'obtaih 
_a·n analytical so~utio~, b;.r ~sing a Taylor-seri~ ex pan~ 
sion- around the steady-~tate operal:ing conditions. The 
~ra~lor-series eXpansion' for orle-variable is: 

.G(;) = G(,.,) + Ec¡. (z - :,)+ 

. ·· Oz =u _ · 

a'G ¡·:. (: ~ = .. >" . 
'f{'' . 2 - + (j - ·.!H 

(29) . 

wh~re G. is a given function,.: is a dependent ·variable, 
and :,.~ is the- steady·.-statc term. 
.· Neglt::cting all hut th.e_ fir-st'diffcrential term, .í:\r.d ap-~ 
plying: ,-, " .. . · · 

\Ve can then line~1rize thc rel.i.t.ionships of_Eq. (~O) be
-c~usc- lf,~ ::.: 4. Theféfon:: · ' 

vtr=. 1 + o:25/l (31) 

1 

\ 

1 

1 

··. ~ 

,· . 

. ''• 
Vapoi'(:>Út 

. ; . :·• 
St.eam in·· 

. 
.• 

. , .. 
Mixture: 
60 mote % ben.i~ne 
40 mole % tolue"ne 

·\ ·-
.-_ .. ,., .. 

... ·, , .. ', . ., 

Conditións for ihe exampte 
fOr a Rayleigh distillatiOn .- . - ~ .. 

.;,· 

Condensa'te _out 

Fig. 6 

, . 

' . ~· '-, 

the app~oxirt:Jate _SolutlOn, Eq: · (3~)/pr~dicti -,a new- . 
steady-state value of 6,00. ' :·· :• 

This ~~ample illustra~~s that approxirrÍate res'~lts e~~-'" .. 
be obtained for nonlin'eai- differential equations b'v 
uSíng th'e Taylur-series -~xpanslo_'n. It- a.Iso demoOstrate's 
why an:·*nalysis around~lhe ste~dy-state_ val u es can lead 

.. to· error~. in ·analysis if ~e impose large upsets intO lh·~: . .- ·-~ 
·: physical svstern.':· ·-~; ·. }- · . , · : · 

. . ' . ' 

,>, ,. .• : !1·• 

Rayl~ikh distillatio-n ',, .. ·· 
. Let ui conclu~e our di~cus~iOn~óf seúing ,up d}-n;rriic , 

prOblenls by Có~sidering rhe batch distillation sliown i~ 
'Fig. 6. T-he problem is ~aken fr9f!1 Kifig [4]. To allow f~f. 
coi1tiq_t~_i_ty in our anql~~is1' ·we ·~ .. ;n cháng'e thc pr.ohlerñ. 
slighrly::Th~ inicial co~t~nt-. Of the vessel are 100 moles 
of a mixture containiO._g 60. ffiole% benÚ:n.e· and · 40 
mole%.toluene.- The vásel wi~l-operate at af:;o\ai pres-
sy.re of 1.2 ::Hm. · · 

\\'e will :ml\'~ fnr .the';conlp(?sitio_n ofjhe liquid in the' 
vessel, the \·a por leavirl"gr_the vessd, and~thc _composition 
i~ the ii~odnct tan k afr~r the vápof ís-Condense'd:.:....:...alLis .... -
.ru·nctio_ns ·of tir:H!: · :: ·_' · .. ·. . , · 1

_ . . ,. 

_Setting up thc problem \·ia·Eq .. :(l) foi-'the wrñ.i mass· >; 
balance, wc find: >. '.·· .. - -. · . · .. · ,., 

' . '. . ·._, 
-. Inp1ii':' O lb-m_ol~s/h 
, ·oútpik VR lb-mo!~s/h · .... 

" 
' ' .~· 

'· ..... . . ,, 
.···'• 

. ,, .·. 
;' 

Suh:->lituti~:g thc lí-~~:ari;eíj· va;i·.1hle nf·Eq. (31) into· · · 
'Eq. (20), we oht<.in: .. 1'. 

: AccH
1
UWlation: dl._!dB;"fb-m0l6)h · 

. . .. :¡". - -~ .-.. . • 

'Sin~ilarly, for ·thC benzem:;-(or tóluenc) com'pún~a(<-

'.,. 
i' 

' ' ~: 

F, -· C( 1 + 0.2:í/l) =' A(dflidO) . , . (32) 

, Solving Eq .. (32) produces the -expression · fi1r the" 
height of liquid, H, in thc: 'lu_rge tan k for this examp!e: 

,· .. .. ·- . . . 

(33j 

Thi.s line<ir¡.;:¡;~j -~;>lution; · Eq._ ·p:3·J, 1.s .'~l:;p 'shiP,.,·n' 
-graphica \ly in Fig. 5: -Eventually1 the·ex:u.:t sulutiiJil,'·Eq . 
. (28)., reacht::i_ :·1 ne~~· sú:-a~Jy~-statf: valu_e a~ n.i~·:<\\.:hi\e 

• ~ 1 • ~ 

lnpu·t.: O __ ·. · . : 
1
:J- . ,~:~~(.-~- -/~ :': -·::.: __ ._:_ 

'Üutpur: ~' ~ · ,;,·. .',1 •. :~. ·~ ·~ 
. . . . • .. R-' . , ',-~ :: . . ~ •. • ¡. 

_ Accü~ula1ion:: d(L:r:J{~ , ~í~,:' . ;~-, '- · .. f:"; .. ·~ 

1 Sub;t!turtng these cXP'ressiOíí.<i,into· Eq. ( 1 J, \\'C obtain: ' ~· _, 

i .< --·vR == JL/Jn : :· :> -" (341 . ::;:'; 

·1 "¡. ;}: ·~~R~v =.1~jjp ~:~(~)2~~~}.>!',( (3i)~;~:' ';,~;; 
' . . " •' ' '-,-· .. ' .. ~: .: .· ~: .- . ~·,·,:: 

d.-: 

, .... ,"'>. 
,. ' . 

.:.....--;----~· _e_---· _e_·--~--.:.:~~-:~~-~--;>~ ·-------·-·-~· __ ..; ___ :_:__~-~ · __ '·' ,• 
--··--~~~-"-"-·~!_: 
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UCompositions and rates for, 
~ayleigh distillation exampÍe Fig. 7 

-~~~-~~-~~--~~ 

. Cornbining Eq. {34) and (35), we get the equation for 
. · the ratc t?f_ change for the éomponent: 

dx 
. d8 

(36) 

King (4) providcs two -,assumptions .t~at are com
inonly used to simplify'' the solution of this: cxample: 

1. If \\·e as.<.;ume th.at · the equilibrium · constant, 
k) =;'/x, a.nd that VR iS coristant,_then: 

L ':. L, :C. V¡/1 

f
. '· :. dx . . 0 _: J'Rdfi: :· 

r =? 6--¡;--=--; = ~ L, -'- V ¡/1 

Eq. (38) can be directly solved to give: 

(3 7) 

(38) 

(-1 -~)ln ___:_;,In y., =:.__V¡/1) (39) 
k- 1 . 0.6 L, 

2. lf we assumc const<int rel:nivc: \'Olatility, o, which 
is dcfined by: . 

· nx. 
)' = ·--------

1 +(a -• 1)x· 

ihen: by substitu1Íng 
gr:ating, ~-e ohta_in_: 

. (L - V¡/1)' · 
"-In ' "7"'-"--'-

~-o 

Ey. (40) intn Eq. (:16) .... 

(40) 

1 - -rx(l .-·0.6)] .· . [ 1 ·- o.6] _ ·. 
----. -lii -'--,-----· · · + In -~. --- - · 141) 
(n-l)·:L0.6(1-x) ,_, ... J,_ . .,-x ' . . . . : . - . 

' .. ' 

1 

.,. 1 

l 

. We can uS<: .. either-Eq. p9) .or Eq .. (41) "·ith the as-.· 
'sume~.cohstant \'a¡xu":·ratc to pr~)ducc,\hc n·suhs sho,,·n 
in Fig.' i . .-~ssurning a c:onstant vapor m ay be rea::onable 
for. t his systcrri--e.'ipe-r,i<illy for pfelimin"<iry ~tudics:·. 

· .. ·1 " · .. ' 

._;-· 

'' 
To de."ign ti:Je unit for·a·conslant vapor: rate requircs·a. 

controt' system that introduceS i_ts 6\vri"dynamics; bC-" . 
cause·.a simple feedhack-:-ccmtr~l Sysiern \\·ill adjust·.·l~(,-." 
.heat_ input to the vessel only after ~ensing an errOr in ·t~-e · ,· 
~ctpoint. Controlling _the ·pressure· (espc"cially .af1er s~c->:: · 
porii.ltion bcgii1S) ~ould intJ.:<?duce additional· dyna~i~.
into the ~vsú:m. A mOre.~criOus variable that \..,e ha\·e-~-:· ·' 
ig~ored is.·the:fcdudion in th-e ·heat-úansf(;r _SurfaCt>-~· . 
the distilla_tion proCeeds. 1 

\. !' 
1' ., 

\ l ' ., ,., 

.Aithough thesc additional_effeCts may not be criti~l . 
for the R3.y1~igh distillation;cif lhis eJ:o:amplc, Jet us cor?--. · 
sider the effects on laige dis'tiHation iowers (eithCr batth · 
or con'tin1lous) havirig inter~~íve~ and dyn3miC-control-· ·: ·· 
s\·stenls. ·' :''~ : . ·" ::~ •( )::.';_ 
: /Finally, let Us cxarrline lhe¡~s.SuJ~pÍ:ions in our aitaly-· • · 
sis. Both tht· equilibriUm coristant an.d-the reliui\-e ,·Ola* ~,/ 
tility changc with .temptra~ure) and the tempá<~-T~rc ·. · l ·,._ 

··changt"..s as i.he distillation proct:e-ds. Thc :!.S:SUlnptinn. of 
co.nsfant hcat input (ÚSually ~dhcred to in prai:tice) raD · 
prodúcc changes 'in ya por taies b~c:iu~ of· the hC.it ca*· 
paCit;/-of the 'liquid and the Oónl1Í1<·ar_change ·occurrin.g 
in·.teffiperature. · · ." ;' .--

. A ~omputei prograin 1aking thc~t: cíTectS int¿ ;cn_Jlmt' 
prodÚces the rcsults'shown in Fig. 7 .for a (·on'i.tant ii.yat~ 

:inpuCto the ·vessel. ·_Be cause ·of the clo.scnesS of JateO(' 
' heat> We only .. have a'~.% change in the \'aporTa te. Si·J~ce 
the r~lativc volatilit)'.::,yaries 9n1y froJ!1 2.46 to 2.3.:>; the · 
'compUter results 'ar~!,vcry clo~e~ to those obtainéd fr0m'' 

.·Eq .. (~.l). Ho\"cver, t}:le:res~~~ Can ch_ange \ .. ·ith.lhC.Jt:tá~' 

. _terial~ beirig distiile?.; ·. _:•'_-. · . · , .' _;· ·' 
' ,:" _,,1 .;;'~" ·' .•. 

'In spmmary ··' _.,,•. · . 
An;alysis ~f thc ph}-~icaÍ-~}:S·tem· is th~ most in1ponaOt 

stcp ip any P.roblc~:=.But.~t is tht; st_ep-usually skipfu::·~ 
, whe~ ... ti~é c,oristf~i~t'~ an~ ,r::qrk preSsures are irnp?s~·d. 

The sccond arhcle.m th1s CE REFRESHER series will 
appea~· in the i!'suc-~f.Aug:·'?:4, ~nd Will deal·"":ith ¡)Toe~ 

_ess contr¿l loops. ·2 · "':.·· ·. · ·- · . - : '-
•' : __ ; ¡"·, . Str<·a~ !Ja~~tos. fií.it:,. . :,· 

:·:; ·, ,· 
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PROCESS DYNAM!CS/2 
• 

Process controlloops 
How to develop mathematical models that simulate 
the dynamic operation of process control loops. 

·- ... -- ····-------------- ----- ·-· -------·----·-·-·-'---- ---- --

.. ,· 
-~--
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.' 

• . 

·,. 
' 

O Simul<ition of process·controlloops includcs rnodcls ---------·--·---------·-----
for the: ·. . 

a Scn . ..;ing devicr::s that .measLLrc·dlc pHJO::t<> \:ariahles 
of thc systenl. 

·a Co.ntrolkrs. 

lll _Control Valves~ 
Ht::·e, \.,.e_ witl shuw h1)W to ~nalyZe the varil)ll:> com~ 

porwnrs of the contrnl !nPp (i.c: .. the ·'hardv\.-·are"). In· a 
la ti~:· anide, we \,.¡¡¡ shu,.,· h1J'' tn tt'\(" thc n:::>ulting equa
·cion:-; t~)r the prnc.:e~s equipnwnt L-,ce: P~u~t l. Chmt.· El!<'.~ 

ne -~~.\ ¡?: 7-l) and the c(}n(fnl lnop;;;. 111 fJrder tú ~imu
_.te tht: complete system. ' 

l'ypical process con_tn1_l 
Lr·r us crnL.,id•.::· thc hclt·\\:J.rer.he:uer shcL'-'·n in Fig. l. 

[n this pn_>~X~.-:5 . .,, \\e are he:uirt:; wa~t:r b~· adrl.in~ .ite~tm 
Condcti:'atc t•J pruducr: <.in c)uqwt s;:rca:n of \,·;úer- at the · 
de,ir•.:tf tempt.:ratu.re. Thc tem!Jc:r<~tllre--cnntrul loop 
mt".J~1Jn:~ the temperatLin: in· tht: tan k, and irh:n:~:t~es the 
Hn·.·. •)f ~team CIJnd<:"nsate \-.·h·:n the-Je-.irt:d .-Jutkt tem-· 
pt:r:tTI!r•: drop ... beln\-.,- the tt'ÍH¡j··;;u··.tr-: cJr the tan k or of 
the •JPr\':'.t :'ln::un, F

0
• The d.c-irl'd ,,·lltlr>:t tt:mr(·DtUP: is 

c:LI!···d .tln: .'i<'ttJuint of the tl.'lll/l•-·:.tture cunrn.\kr. 
Tilt' •Jtrtktrlu~-.-. f"a: ~.,-¡¡¡ •:nnrr~Jl!ht: liquiJ le\·t.:L.H, in 

tht; (,uJk. In thi.~ sy;ttrn. ,.,·e ha,·c 'ipt'l·ifi~d cascade con
trol qf the liqnid k,:eJ .;o as to ;tdju.;;r a Ru\,. CcJntroller 
rhat prt..~dtJ<'['' lt::-.; of a \·a:·i,lt.!•.HI in .flc¡w, 'or a rn•H"c· 
Con.'t:l!lt uud·:r tiow. In thi:, .;~.-iletn; a chanw: ii1 !iqniJ 
h.:\ e! pnodtJ\t"'i ¡1n ~rr•-Jr in tht· -.;t·tp,,int ufthe \c\rl c•m
trrJllt:r,• LC:. The leve.\ cnnt:·~,Jkr 1.han~-;~ th1; '~"'!f.'' .int qf 
the flo\._..• cnntrú!it:"~., FC. and. then:forc, pr<>drtct~:- an 
errqr ~;;ign_al th::t~ cau~e-. the cv;Hr•J! \·alv~ in _che _r;uder 
!in[: to ~1dj1.c-r F. 

Le-t u.s no\•·lo(ulk at thc el~:nvnt..; ;,~c.:n.~in~ dt\'Íu:>, l...'•,r::~ 
uolkrs. and rlnal ct:mtrul ~.-l~·:nv¡;·t.~· tl.'iualh: CIJrltru! 
yal\'t.!:;·) for \\·hi .. :h , ... -~ n~tlSt devcll)p<dyn.li-n~c ~t):t.HirmS. 

~<:11sor.~: ten1pcrarurt: 
.-\ templ:!;llur..::-:;t·:.~:n,_; e!i:'~:r:•~t.in:iirli: a thnm~l\\·dl ts 

shm..-r.i in'Fi~. :2. f-·r}r t!,·¡:') .:n::d':-~-¡;,_ \\e wi!l·a~.'>~lrne Lh.u 
the majOr and ¡·;n!y IT.·:i . .;:am·r_-·¡o hr::lt.llan_:;fcr i-.; locJTui 

on the ouhiLk_· (Jf rhc_ thcr.n:•"M:!! ca,in.~, :1nd that t~e 

··,. 

·------.-· .... --

,:Tan k 
CündEmsate ·, 

stream, \"-~ 

~· 
' ' ' ' ' 

----, Outlet str~.3..m,-F0 

1 

1 

1 

1 

' 

1 

ln_let stream, ·F,, 

., 
' ' ' ' ' 
' '- Water H 

-----.L...---1.. 

CoOtrolloops for water h'eater 

¡-·---·----------' 
1 

Tank w~ll~- r--~~~~----------

Water ternpar~tur~,. r 

,'.-leas:..::-€'d t . ____ ~-- ___ ...:..:.... ~ 

~_:::.:.::...._=L'=-·~===~~~~----, ' 
Thermowell' Tht!rmo,~~·' w¡¡'! 

---------------"~-.1 

Fig. 1 

•· 
' ' ' ... 

----·--------...,._. ___.__ 
Temperature·seruinCJ elt!ment in-_a thermmVell_ Fig. 2 

1 ----------- ----· -----:-··------·;-----"--------. 

temperature insidc the thermo\n~l\ :ls üle same as the 
_remperature- .Sensed by the themlo~oüpk : 1 • 

The elerne-nt.<; for this analysis are -~ho\~-n··in Eig. 3a:·:• 
. \Ve':¡nre th;wa hig-h•.!r tempera tu re e~isr-: in ... ide ·the tan~,, 
· thar, in 1he lhr::tll~l~;~Ju¡;k and.tht.· s'~n;n.n:ndir_Jg-_liyuid .. 

·¡· _This ;tn;dvsi.) ·;3 l.;;t:• e<.Jrie . .;pond$ lo a thcl: 'rt.ll,,_t_¡upk tha t :¡_s • 
. dirr:uly cxpn~;:d 'o t~r: t~ü~k.lir¡uid.· 

\\{; h'ili an;u~-,.·~ · dlis· :;:.-_-aclnl b\· ·the. s¿trne ·pn;¡' t;l·l·q·ts 
rh~t' \\·t:r1: •Hli!in,:cr-i;l P,ln !.- .. nar::-.{--.· a:• _,·;t:; c!,)n•: kir 
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wall ._ l 
·T,ün~. te;np<!!dlure, T ·1 

. ~ Thermocouple 
'}+----- tf:~ncratlHe, r· 

(\t('lf\l!i film lt"-ÍSl.trlCP, JI/ 

a. Negligible re~i~tance to heat transfer lgiven by ~q. {1)J. 

Thermowell wall ...... ., r ... -·T~ermocou~ile 
,_.---..,.-r.,-_.-,~,.,., 

Tan k teinperature, T 

1 \ 

' 

Thermocou¡Jle 
-- temperéiture, t 

Extern.-.1 filrr, resistance, h' 

, , 
\Interna! film resistnnce, h

0 

b. CrJnsider<Ü>Ie resistance to'hcat tramfer !yiven by Eq. (3)} 

Tempera tu re profiles for 
temperature- scnsing elements· Fig. 3 

an energy baLmce for the systern rlefined as tbe tbermo
. couplt' it~elf. Initi:dly, the tcmperature of the thenno
couple v<ill be equalto the liquid temperature, T. \\7hen 
the _liquid tcmperature c}¡¿.mge:s) cnerb')' will be trans· 
ft:rred to the thermocouple (for a rising temp~rature in 
the tank)) and the .energy bala~ce can be ~et up as: 

Input: hA (T- t) . 
Output: O 

Accurnul?rion: d(At,CP1t)jd() 

where A ;:;::: are~ of tllennocouple or thermowell. 
e,.,, = lwat capacity for'thermocouplc alid thcn(Jowell, 
h == ht~at·transfer codficicnt, A1t = rnass of thcrmocou· 
i)Je and thermowell, and (J =time. 

If we :!ssumc th;'ll thc heat·transfer Cl_)dficir.nt, h, anq. 
tlw h('at capfl:city are co_r1st!1.rit, th~n: · 

M,C1,1 (:~) = itA (T- t) ( 1) 

Af~~~r setting the time c:~nstant, T, equal to lvf¡C .. 'p1/hA 1 

Eq. (1) becomes.the general t:guation for a first:~lrdcr 
systern. \Ve dc\'elopcd thi: solution for a stcp.changc in a 

. first~ordcr system i(1 Part 1 (Chan'. En,l!, .. ]une 29: p. 76). 
Applying thi.s result to a stcp change in tank h'tnprra· 
ture will yield: 

t = T- ~··fdT (2) 

'f11is is thc resulting e.quati01l f<.1r ñrst·(Jrd::r :.t:nsing 
tkrnents. and we must calculate 0r ~;~tim:<~te ~ht sy .... tcm 

'time cvnstant, í. 

\1urrill [1] set up the equ<:~tion fur the sy~tcm ~}_Jown 
in Fig. 3b, where- _film 're~ist:wc.:es inside a.nd C•ut.'.ide.the 
tllt~rmowdl introduce 're .. iqance to heat tr:1n~fer. ln this 
;~nal;: ... i.'>, ht- a_-,swned tre-gli~ihlc- heat~t-:-;n¡,·ft:! rt:.~:i~tan~e·· 
ill the \'.·all oi-ifw !tH"rttHJ\\'1~!1 <tnd thc tlwrni~·,\·(·ll itsdf. 

., : 

After e\'aluating thr apprnpriatt •:nergy· bala.nces 
;Holmd thc therrnov·:ell."·all and. thr:" f.(¡nducting ftuids, 
\\T ;,htain a S('t'•.md·ordcr·differenli~l tquation: 

· \vhetc du: ... uh: ... cript w r<":ftr.'. to thr th~·rmm\'t>ll's wall_ 
propcnit:s. Thc area A

0 
refers to thc an:a·torre~ponding 

10 the scéond serieS. n.:sistance. 
The nrt dfect of adr:Jing the ~econd n·:.:i::;tance is to 

~low dcMn thc response or the s~··~tem._ Fíg. 4 !:hnws tht' 
~esponse for a bare"bulb.or a tht:rmO\\"Cll hJ\·ing !i(:gligi~ 
ble in."idc rc~isrance r.?rhpared ~,·i~h ~y~tc.m~ that ~n· 
elude the analysi!> for the thermCJwell Huid resi.-:tance. 

Semors: pressure actuated 
The liyuid ln·el, H: in·the tan k of fig. 1 c¡.¡,n be cnn· 

\'Crtt-0 10 a pressure ~ignrtl in a :.en~ing clcmefn ,j\lch a~ 
thc Ol!t' ~ho\\'n· iJJ Fig. S. 

Sen!'ing elemt"nts for measuring lic¡uicl leve], prt·,~urc 
and flow are cxamples of sys:tems that uSe pres~u;·~ Oif· 
fe.remial to infer the \'alue for the ,·ariable. Al! :re~nlt in 
the same analysis. 

In Fig. S, [or cxample, t_he hcad pt e"sun~ ~f the: liquid 
is transferred through an isob~ing diaphraim· and f.ll 
liquid in a ·scaled·cap'illar:··~.,ystcm differemial·pn::;;.;uá:' 
scnsing elemcnt. Here1 the prcssure is tran::.mitted 
through a ~ccond isolaiing diaphrag:n a;ld fillliqüid. 10. 
a St'n~ing diaphragm in the diffcrential-pre,..~·ure cell. · 
Atmuspheric or refe'rt:nce pn:swre will hahnce tht ~en~· 
ing diaphragm and fill liquid cm the oth(·r sidt· Pf'dlis 
diaphragm. The displacement of 1hc ~ensing dia· 
phragm (maxiffium motion for thi!" de,·ice i~ 0.1104 in.) 
is proportion.al to the pressure across it. 

Thc ¡)osition of the !:.ensil}g diaphragrn i5 d~tt:cit:"d by 
capacitar plates on both sides of 1he ~iaphragm. The 
differernial capacitance bt:.t, ... ·een the senSing diaphr~1gm 
an'd the capácitor pla1es is conn:rted electronicn.l~y imo 
a diH:ct-current signa! of 4 to 20 mA or 10 to 50 m A 

.-\ change i~ pressure P1 i~ the process {such a~ (han'!;t 
in liquid levd, 11~ in the. tank) ,,·ill,e<w~t> the pn'..;<>uie }~ 

·at th('. end of t_h<: capillar)' tubc to-(:hangc, but·n()i in.'. 
stant:1n&ouslv. A fürl'C·Dalancc or rnmer>ation-of: 
monJentum .. ~quat~ón. around the capillary· _will yidd: 

PA - P.,A = (·A,L,·p~)lf_oz .· (4! 
1 r- . - r- gr d(/'2 . 

wh~re Ar ;;::;, area .. of the c~pill~r:-y tube. !.r ~ le1igth of 
the capillary tu be, Pe= density of.Auid in the ca¡~illar-y 
tube, Z =flUid displacement in thc.Capillary tubc:and 
gr- = gravita'tíonal co!lstant. . 

·The incre3~(: or de-crease in pressure. cat!:-:es 2 f(!ra te· 
be <1pplied .to the comv:n~ating diz.phr~1.~m: Tht:: ¡:Je~ 

· chanical n:sist;tnce of the diaphragrn will aci likr a 
~pring .h<.~ving a n:.sistan~:e: /\. The fo1c·e •~cting !)n the· 
diaphragm, P..Ac: v .. ·ill balance the force. A'Z, :md the 
<:apaC"ltance, C. in the diaphr<ig~. \f::nhemaLic:~ll¡-: 

) 1 ~· . . • ~! ·: - \ :..· '.'. . . ' ¡ ¡ :., ! ':;. -· ~ 1, ':' • i '•' 
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Effect of thermowell on 
temp.;rature-bulb response Fig. 4 

--·--·---~-- ··--------------

Comhiniug Eq. ( -l) and ·(5 ), we get: · 

(6) 

\\"e can con,·ert Eq. (6) to a general· second-ord~r 
rransfer-fuñl:(iun equaticm · 

, ( d'Z) + ''" (dZ) , z- G-H· 
T JBC -1 T dÍJ T . = (7) 

Wht:'rC' G = sy.c;tC~l gain, T.=::: tinte COnstant, and t == 
da1nping ratio. 

1 f a unir-step forcirig function is applicd to Eq. (7), its 
_ .. riun is as is shov•.:n- in ·Fig. 6. Here, Z reprcsents the 
ratitJ of the output signa\ frorn tht: !'iCtJsing ekrnent toa 
gi,·c:n input functiun·---.say. H. 

For valtit.::> of thc d:unping ratif.~ le~s rhan l. rhe .->ys
telll_is said tn bt: unth:cd:llnl>t~d. The systt;m n:a1.:ts \Vith 
_an thl i!htfJr~ n':spon:.;t:, hur this rl.~c..:rcase'i \Vith time. 

For ~~ da111ping rati() cqua\ to 1, thc system i:i said to 

be_.criti~~~lly darnpf"d. This \•alue of t allows t~1e mosf 
rapid n:spon;;c; of (he syqem- \Vithout oscillatiun. 

F,Jr \-alut:~ óf the dt<lltping ratio greatcr than 1, the 
sy:-tr.rH proJduo:S an O\'en.bmped respqnse. This re
sp;,;,~·-· !S rwt o:;t:il\af•lry and"heCtlnles s\ov-;er as r ~e
COr!l•~" lar~Ser. 

Sensors: process analyzers 
Príot..:e~ ... anai;Lr:rs are d!.!vit..:es that mcasure the com

pr,~ition of liquids ~wd g<ht:'i. Depending on the appli
cari•JIÍ: \\'t': can me:l-!!rt: ~ll of the compnncnts prc!)<':nt in 
th.e proct:":>s qrcam nr jus_t nne or t\,·o key cornp11nents. 
A hlr~ck diagrarn fnr a proi::es., g:1s chromato_graph is 
sho\q¡ in Fig. 7. 

The majo>r pmhlem irl ipplying- the datn from. proc
e~~ ;¡_naly7e::-. is thc dc:ay· in re:-.pun:-c time. Chromato: 
graphic and 5pec:rrrJ."•:·opic ntci:h,.lC..~ ~how süui\ar prob 
lent--> \,·h·:n ino)rpr.rater\ intú .1 pro..:r~s cnntrol schenH:. 

In ga.s chromarography, tilne dt:l<-ty occur.'i fnJm .sev
era! 'iOlJr..::c~: 

'.'he fir..,t .d1:J:ty is Ü11: tillh:- for tht: :-.:ullplt: to tra.·d 
~·r:. th(; ¡)r•J!...'t;:-.-, s:rr~:~rn t•) th~ chrnmttlography "col
umn. Thi., ,_-¡¡n be a m::tjrir dday, for ~lll:llyz~ts" thar an~ 
loc~w:d far ftom 1he ..;;lmptiu!< device. 
-Th.c se•:r-~nd dd:Ly is due lt) (J../ the time reqliir•:d fur 
tra\"f.·! tht"tJUl{h the cnlun:~ (i.c., to pass ,Jvt:r rht~ rheon:r-
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Welded seah · 

Di fferential-pressure cell 
Process 

diaphragn, 

Cap.Jlacy tube\ :~// 
P2 \ .• ~1rj 

.fb ~~ _ -=fb ':1 J ~Í Proc ~~s 

f
'>l'" mzy-~,~ $1 -....;_--·· -\:""l 1.:$1 pressure, 
·" ! ,.,,.._,:¡¡_ '-- 1_ (~' p 

Cell·---~}~~~ --~ -~J'¡ 
1 

Compensating / 
diaphragm 

Pressure se·nsor 

Pressure transmitter for liqUid level Fig. 5 

ica.l platc--:s) and (b) tht> vc!ocity uf the c:irrier gas. Tem.
peraturc progr:unming can b~ used to reduce- this [ime 
del ay, and to h~~:;tcn th~ exit of"_thc le::i.:i·\·olatile cornpu
ncnts from the :iystcrú "·hen detectitJn of tht: more-vola
tile gases is also de~ired. 
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Samp!e-preparation sys1em Analy2er 

Sampling and· recording svstems are majar components of process gas chromatographs Fig. 7 

-Thc third delay is du'e to thc time reqi.Iireá.for áetc~· 
tur response. Once the componcnt Of intcrest n;actfes 
the detector, a finitc time iS heedt:d for t.he detector to 
~ellSe thc cumprment and to rclay the_ information 
through thc clectronics of the sp.ttm to the recording 
device, rettd()ut, or ina~grating computer. This dclay 
e<m be an: .. dy1:ed by devcluping an 't!Jf..Hopriate transfer' 
fu1~ction, a:-; was don<" in tht".fJir:n:ding ~ectivns. 

·--Al! of thcse. fa_nors contributc to time dclay. This 
. rnt~Jns that the composition uf the proc,·ss :-.tream at the 
sanlpling lúc{jtion, and· thc cC,Jllposition n.f the sampk 
ln:ing analyzed by the in~u urrH.:nt, can be difTerent. 
These. faCtors must be considc.:red when ar.alyzing the 
proce.ss dyriamics. 

Liquid dúomatography, not il\' \\·itltly usc.:d, must 
include the same ty'pe of analysis as gas chrornatogr~· 
phy foi a procéss~dynamic~ evaluation. 

Similar time ·dclays exist in ipt-<·.tru'icop)·· but are not 
[1~.-.~c:vere as in·chiuJllatogr.<Jphy. 

. ---
~: .• ¡· 1 '. ·,;',),'. 

'--'-~--'-----.----- -·---- ,_j 

.\1a'ny !'pectrcoscopic an<1lyzers read diH:-ctly fn.•Jn :he_ 
proce$5 by shining a b<::am oí radiation (of .1IJ <1pf't(·pri
at(" \\·avelength) through the proCess strt>am. Thi:-. elimi·· 
n_ates the dday from a scparate sample loop. In mnst 
ca!'>es, thc fktt:ctor respons<: is nearly instant.!neous . .-\ 
lirniting factor in this prou:dure is thc· net"d~w Jelay tl1c 
~ignal from the dt=-terror to the ,recorder or·lf'<'!d0ut dt.:
\:ice. I h.J\\C\'t_:r, thr analyzer readings :u·l' stil!.JJC•l. in,.:1an· 
taneous rcprescntationS of strcam. t:(nllpPsition:. and .. 
time ddaY musl be ccmsidercd in our anah·sis . 
. Typica¡' curves fo'r P,roces.s analyzers ·ar~ ~ho"·n m 

Fig. 8. These include the procesS rumPUsition ·<::~..- ;,he 
input 1 and the r~spnuse signal fr01rr rh"~: anal~ zer~ a!- rhc 
output. -~. 

. Prucess' ccintrollers 
On-o..ff.. ~úr.lrúiÚrs:.... The sirnplest' <:·ontroller pru\'ides 

Ón·off cOntrol. Tht' mos,t fami_liar cx.'ample Üf thi~ t::pt· is. · 
1.he hornc thcnn;~stat. The tht>rfrH_¡~:ttt is sCt w a dt·.~::t·d 

_ .. ·--·--- --- ----·-----~--~--·~---------------------- ___ , _______ :...,. ___ ----·-·----·------··--·-·--'"'"'" 
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ternpe·raturr.=. \Vhr:n the temperature of thc mrround
ings. as scnst·d by _the thermQstat, falls bdow a certain 
setpoint, the rhermUstat clo.se!'i a circuit ~o start the 
heatt.:r< \Vhcn the·rnorn rear:bes thC' desirecl remperat11re, 
tilt' 1be:rmostat opr:ns the circUir a·ntl thc_devic:C' shuts oiT 
rhc heatcr~ · . . 

Pn,portionnl Cnñ.trfltltr~.S... proportional .controller re
ceivcs· data about a measured process variable, com
pa~es the data _to thc given serpoint, calcula tes the error 
( i.e., the· diffcrence betv~o·ecn the "setpoint ~nd the meas
ui-ed valur:), and· outputs a signal as a fixed multiple of 
the rneastired errnr. Such controllers are cornmonlr de~ 
scrihed \ .. ·irh a proportio!)al-band variable, PB, or a 

": conrroller-gain constant, Kc. The relationship betv.·een 
propOrtional band and conrroller gain is: 

//'1 ?8 = 10!J/K, · ·c>:i·c ,.. (8) 

\\'e can exp!'c.':iS thc out:pur, 9, of a propc·,nional con-
troller _to an input signa!, T. by: ; J/:: 

' .'-· 

,>,•!'''. "~· ... 9 =,,.K,e + R·=. K,(l.- SP) + R'é:,;'-' (9) 

v .. ·here 9 = ;~~tpu~ ~ignal, ~ =_error, R ~ manual re.~et, 
SP-= setpnint, and l = input signa!. 

The· di~advantagf:'s of a propOrtional controller in
elude off.:;et. TO correci t~is, a pr0portional-plus-resct 
(P!).controller is used. 

Proportional-plus-resd contmltÚ-The relationship for a 
proPorrional-plus-reset controller is given by: 

K · .. 
q, = K,, + -'-J tdfl 

. T¡ . 
ilO) 

where T¡ ~ reset tinie (another tuning const_ant). 
The con trolla oi.H[Jilt 1 ?. consists of a response that is 

proportional to th~ error signa\, and a 'iecon~i response 
that is dueto c.:ontr•)llcr action and is thc ime3ral of the 
error. Thw,~ tht:"" conrroll<:r has both propurtional plus 
-integral conÚrJI (or, prop•.>nional plus rc3t:t <H.:tion~ as it 
is us11allv c:alh;d). 

The 1:e:-.et ac.~ion cau~e~ thc controll~r output to· 
chang'~ a . .; lnog as a"n error t·xists. E.w;n for 'irnall errurs, 
the t;ontrc-dler· 1:;m cause thc aror in the proccss ro dis· 
app~~:tr ar:d ca.rr elin1i_nJ.tf' 1he off,"ict error. 

Rt~.'-t:f ri!lle is ·som~rimes rcferred to as minutes per 
r!=pe:tt, which is the r'ninur~·s needed tu rept:at the initial 
prqponi~mal-adion change in· the controller output .. j 
AnoLher p•)pular na me for r_esr"t time is reset ratc, which 

· is the recipn;cal of the n.:set time, and is given in repeats 
per mintnc. . · 

Proporl itlll,Ji -plu.s-rrsd -plu:\·~nzlt -control ( PID )-In this 
cóÚtroller. a rhird elemer.t has bt~cn added, which is 

· ·terfn.ed the deri\·<.uivc control. Deriva ti ve cr,mrrol J.llows 
a· highá pr11portion,1l'!5ain f(1r highcr-Order systerils. I~ 
i.vi!l anticipa te an error by r:1ca."'uring tht.: rate ofchange
of che errur, and.apply a COni.II)I action that is propur.
ticmal w the rate o( c_h~ngr:. ~!athcmatically; this is: 

K' . (d·) . o = K , + -~- J aln + !\ T -~ . 
• e_ T¡ , . e d, dO 

. . 

( 11) 

Fig. 9 ..;huws a -ty¡~iva!'r.:()ntr!)il<:r \,·ith the.settin'O{S for 
propqrti·~~;~d band ... r':".':iCl time, and di~ri\·ative. time. , 
· In aH t~p··'i llfc;mtn;lkL'I, Wt: are conv~ning_an.j':lpur 
sirmál from a 'lcl"l.'>illi! e!r.incnt ()~ nh:asurin¡r.de·~·ice tn an a. • , . 
múput sign;.d th~t will· ~r:po:~itÍ(Jn a contnJI valvt or. J.n i. 

¡.· 

o --~---.,------·----· --·--
.Time-

Representative responses of process·an.alyzerS . Fig. 8. 

elcctrical ~witch, or that will serve as the input roan
othcr controller in a ci1scaded-control loop. HopefuÜy, 
the manipulated variable will produce the desirr;d re
Sult in the proct:ss so thar we may control thc pron~ss in 
the way that \.,.;e intcncl. The coritroller itsclf. is the de
vice .that receives inforniation. from the s'fstem) Which 
shows how the system is behavíng, and .then .decide<;· 
what todo about this information. The controller could 
be called the central managemerit sysrem of the pmce-ss 
control system. · · . 

Final control elements 
Usually, the final. control element is a control valve 

that receive~ the output from a controller, and then :1d-

4-digi! proces~ Vadable ind.icator, 

Altemately pr>!f>S ihe 
OISPtA.Y key to cause 
either perCI!nr output 
or proceso; setpoin: to 
appear on the 
indicaior · 

Transfer bet.,...eec:- •.oc;..:. 
and =>e;.·.to"n:: se:polnts 
mear:s·af t~e M.O~.IILOC~L 
kev. 

Automatic-manual option 
Press MMI·"'-UTO '<ey :o --::o to' 
the manual modd. : 
Press asain to go back t•) the·. 

· avtomatJ~ mode · 
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a
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Range·of s.ettíngs for "pi-oc¿~-; ':?~trollers ·Fig. 9~ ·. 
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a. Pneumatic ac1uatf?r b .. Eiectr'ohyd~~lie actu~t~r .- . ..,. . . -

.- .·-· 
Som~ actuators for .firial c~ntrol elements , Fig. :10 _______ _.:..:. ___ --------'--~-----·------

· just.s the valve position in order to .... et the AOwrate 
·_ through a pipeline. Thc resUhing change in flowrate 
·pioduces the desired efTect in the _process. 

Othcr final control elements indude rdays tO start or 
.stop cquipmcnt, ·and va:riabJc.drive motÓrs such as 

· those used _to control fan s¡)~eds on air-coo.led heat ex
changcrs. Fig. 1 O· shows wme typical actuátors. 

For large vah'CS ha-ving appr~ciablc time dday, we 
can <inalyze · the sys~em·, and·. Cíllcu,ate Íhe ti in e de:lay 
betwt:cn the output signa! from thC: con'tro11er ~rid the 
vah:e response. Agá in,' 1 he :analysis yvill }?e from a· cOn
scn·;nion-of-momenhim balance Or· a force balance 
around thc valvc. The re:;ult is a sccond-ordc::r.differ'en-
tial eql~.;.¡tion having the saine .fo~m 3s J.;q. (7). . · 

The t:~uatif,ns frir flc•w .through.a li'iJal control va1Ve · 
MC [31: • , • • , 

. f'. 

For g;1sés .whcre the' upstria'nl prc·s~ure is rno~·e· tl~a~·.·. 
al>out·half the dov-;n~~rcarr, P:~s~ure: the g:1~ are ·cOn-
si'dered 10 be in cri~iCal fioV/{som6times odlcd st'inic 
flow).:Hae,. ~he flo~ is not· a func.tion of the ·dow~: 
stream pres~ure. · 

Applications. of the control t:q~¡¡tiuns 
· Let. us now r~turn to th~ ·hot-\. .. ·atá ·ht:áter· of Fig. l. 

.\\'e will ~hov.; how the .prec.:eqing t'quátions cap.-be ofga-. · 
nized i'mo sorne _systefnatic form for problcrif ·~lving.; 

'.;. 

i"-

,.1.' 
j' ' . } . 

- . ' ~ ·' 
'· .... 

' (; 

' ·,•, ' 
' ,, 

. '(12) 

( 13) 

\Ve will assume- tha_i.'.the pr~Ú·.sS haS been' opC:Tating at · 
a steadv-state conditimi. · ·Thúefore,: all iríitiaf cCHldi~·' 
tions (fiow, t~mpcra~_ure, tan.~ .level, sÍream pre~c..t.nes .. ~· 
etc.} are kno\~m. ·At: ~ime O.~équal to zero, a change_' 
(upset) is impn~t>d (~n the sy~·t.ein. The ~1pset c.on.ditiún·:. 
cOu.ld :be a change in:··flow .. ~nd/or ·u~mpt:ralun.:·¡n .the · 
J!quid inpur stream~··'F,) .a éhange irl tcmper;nu~t'., in . 
strcam sp or ~l change.Orsc:tpoint in tank-l.evel height' or.- ~ 
tarik Ú~rnpcrature. vve will' derive multipl(~ diff~rential. r 

F ='.0.601AC,.P1 (14) t'quations, and lt':a\'C their solutions fvr 3 futuf~ ankle. ~ 
\\'e:cari ~~a~l by de~ving t~r..eqÚatións.to descfibe _Íhe. · }' 

wht-rt· A = fr~ction;~J opening of valve, Ct, = vah-·e ca~ proceSs \'la rilaterial1(~d ener:i,r}; balances: ·1q.. ¡~ 

paci1y, F = Aow, P
1 = 1ips1rearn pre>Sure, >nd P~ = ,. . F, .+ .. ,l!_,,·, ,I,L GFJ,·. : .. ·.:_:..._ .··P-'r(·.ti[!i]·. ¿~· ) l~,;l·'··~'.·.l._.·. :;~ .~:·; do\,·n~tream pressu·re. Eq. (12) is for: How of liquids: Eq.. .!.....1 l~ ., a ,. • 

(13) for gases in subcritical Aow, and Eq. (14) for gases ' · ;¡ · . · , 
, in cri1ical flow. .. ,, ·.FiCpt·,··-~~-~+ S¡C~-~~.i- F~~ .. P[':J~·),dt .:,·:.?, ."(dH: "

1

) --.'·:.;,i::·:~'·-·" ,·· .; 1.-
Sizing of thc: U!rltrul ''.álve ·is Print~trily concerned .. · .. · ··.,.-· ;:, .l 

~;~;;":; 1 ~~d~~~:~¡¿·~]';;~. c:ii~~~~~:/;;~.~[~~;t,.~\~{ ·~ :·;¡ ... ); :¡,.t11i:f:.f,J, ~ J.~~r· -~.~-~-··~.:_:_#.;_: :.~.i 
eyua tion$ tl~;ü .are t.lse.d' v~ry{rom.,or.e mahuL1cturer to · . whcY.~~ 1· ~ t.~n~· ~r.c:~~ CP _~:h~~ ~p'a~i.ty o~.~ ... -á..tc~.'~·:3.'s{ ':' ;j, u 

.. an_odu.:r: ~h~rcfoi-e~:the ecjua,tiorls'(óf liq.~,ids ~ncLgases ·;~sumed.coDstantJ, a1_10 p =.·densay·_,o( water:(as.;;;um~d- _ . :. ,;:
1 :m ay va r)\· Sligh tl)· ~·.~~9. tht~ .~'a'nufaéturer ~>fa. ·par.ticul~r , 

1 
:.~O·n~l~·~t ) .. '·· :'~¿-.- · <._;:-- :;-,::/~ .. --·., · ':<> . ·:· .. ·; ·. ,.,: .~S·;¡;~,;~,~; ~ .. i~:~; Ji 

:,\'3lv(: !->l)(JUld be.<:Ünsulled \\·hcn éalcul::ttÍrt'S:;fhh'l.'. · .. - , Th~.u'nknowns·vr·/ariables,arec:n~lo:;ed in:·a l)(•.x)Jle:·' J -(i·/~ :~· 
' ' .-~~ - . ,- .·~.'.·,·,:~-- ~:·.:~~· :.• -··· .. · ·.;.· .·, ··' _-, ·,· 

~, '--~· . ·- - ' f' 

.. e,·¡ :":;;;,~ .. i.';\· ,-J~¡::-r.f~/. , ·:-t~·;.'( 
~-. ~·---.-~~-.~~ ... ________ ....______ __ --·-·--···--~---· 

! !G 
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r"; ~.: tir;l:time thc;· app<M. in ·thc equaiions. We ;,uit ascer: ¡ ·. "F~r largor \"ariali~-.ns ;~ the ~o\mstrcam pr~~'ure, we 

ta
1 
in that webhav~ as ,!fla·n_y eq~ariofnS·'as vahriafib}t;s-dan: .. ~-- "1!gh~ 1.~1e fo1 ~ct:9h:, ro. ~sk~)-~he cA.i~c::ide _cor1, 1trol;~:1·1ste:Í} t? t,· i,-~_:.: __ ._·-:· 

· e emen~ary ut tmportant pmnt. or ,eac · 1-rst-or er . contri) eve -m t e tan·. r1 ·e- ow contro er w1 .correct _ 

.¡'.• 
., ..... 
·.· 

·:ditfer~nrial. we must have-one inirial ~Ondition. In this fo'~ th~·.varialibns iñ·-.t~'é:do~nsti-e~rri:-pre~~~rc-~~efore', --.¡.¡c.• 
e~Xample, tl~e initial cOnditions~arc thc.steady-stafe tank these 'can úpse-t the tankJevd ·becaüseáhe·-flo'w-control:_ .:: · ·:,..~T::.::· 
tempci-atu¡e; t0 , and: the ran.k's Jiquid-!evel· heig~t, H. loop in e asures a-~d coi-réC~:the')'dlst'ud)'ahce fastér' tha.n·~'_,.:i · r: .-::_.·•::.··.·,;_.¿·,:_¡_:_-.·_,_-:.~:.:_.: 

Nexr: let us.!Ook at the tempei-awre-controlloqi:).;Tht: do the_.level_-senS~ng .el~ffie~'(a:~~::~?-nt~?ller.al~ne. · ·_:,~. ._ '. 
~~_rriperature-sensíng elem~nt· will be givcn by E9,. ( l ). . Casca de cont:ol can ~lso a~ti~~p-ate. aftd-corr!!ct'a díS-

1
:. __ ,l,,

1 
_ 

~he outpu~ from che_ sensing eleinent~ ?P is re14_tcd to turbance in a s~ondarf.:.ioqp-~efC?re~th~ ~pse·~; é~n di:s-~.r_- -_-.. · ''¡i· 
the tempera tu re input, t,, by: · · · < turb the'processc:-for _eiample;:jn a-s-teatri-heiltei! heat· ·. ', •. '_-)¡(~ 

d!~n l _ ( 17) ex~~~;:~~in~· ~;:rüen:;,.:~of t~~\e'v~; ~-nd ftow· c~ntn~l~ · 
-rt_ ··.dO -:~ '~~ - ?, 1 

· lefs _ha'v~: ~cond:order t ~i-ansfe/-rUm;:tiOOs, \'-·hic_h._are:.'- :· ._ ~· ·'}r:f. 
"The iniria! condition for Eq·. (17) is that the output; 

· 9t 1, equa!s_ the tank ~emperature, t
0

.' we can Co'nvcrt 
t~nk' tempera tu re to the actual va~ues of the eleCtrical 
urlirs'·(for elec1ronic instrun~t:nts). \Ve would the'n con.. vert insrru~ent scttings in the controlle~s to that set of 
~ni ts. Bt~cau:ie .thc con vef!'iun_ ~s 1 inear, [herc is rio. par
ticular advantage in d<::ting t~i~~~ and the control~er and 
val-ve responses \viJl·De the sain.e. The._con\.·ersian·_\-v~uld_ 
add ~uuHher equatitm thar wciuld onl}r add to the.orga· 
nizafi•)n and bnokkct.:pir~~ pr:oblerns. The~cfore1_We will· 

·. ~ot appiy- tlu: conve~i()n be~~ ... usc it is·actu~lly_?pne {~·· 
· the· field-.eqU!pment: . - _ -- .. ;\. ..· , 

Tht!_ Ulltput. c?n, fn?m the temperature-ser;¡sing;devk'e ' 
is the input to th~ iemperature controller .. W,e_ have 
spccifk:d a .PlD controller "'ho~e ourput;.c?t:!• is g~ven by 
Eq. (:ll ). and:exP~-in~-~~ into: 

. K , 
K"í?n :- SP,) "+ ~~..: J (911. SP,)dO +., 

~ T:d(t?_!.!::_- SP,) 
_. el "t · -dH -, 

_._: 

( 18) 

If \'I.'C neglect tht' contrul-vah-c: dyn~lmic~, we can t¿al
_culare tlo\nar~ S, froi-n E'l. (12). The output froni the 
, éopt_rfJlll·r, ~>r:!• is the fractillnaf openirfg, :~ t·· of th._~ val ve , 

1n Ec¡ ( l2). Henn_-, S hecnme~ ·, €'"'\"= n \ ?{'\!~·f 
_ , 1"----"?-;S\!31'!~·/d-~o.\. 

6~1 ·~s-= ~e \·T·:_ ·rFJ' """í'""'<'l9.) 
.-7¡:;;;~ 1 . ' '1 11 ~~~ ': 

(.·.,·· (~p:\'.0 ,'. 
[f we \\·:.1ntt:d · to simui.1t~·,-the val ve dyn·amic:s, we: 

·wo{dd ha\·e a :ScconJ~\)rd•-'1' dilTacnüal cquatio(f re:lat
ing the \'(! riahle:; A a0d c,':lr:::~ Thé doy .. :!1srrea~ p_icss':-lr~?-· 
P.! 11 -can br: calq_dated rrolll: . 

. P,, = g(H)"' (20) 

·-.. ~~("''~]) + 2t,,,(d!J').f ?~,;=G/í,~,' (21¡','.; .. ' ·t]t\ 
,,(·~;,2¡-;W) ·: "(. d?;,): . ~- . :·;: \ :l-, 

F doz + 21:;rr '-dO: +:<:>};1• = G,.F., (22) ':;{.!i:, 
.,. ¡._.--¡ 

· ... 
f'~ tPn 7J~H, <>Fl··= ~o 
·~! de>¡~ .}'dcpp( • .':· . ~ 

•.:. 'de = -,-dO- = o 
;. . ·-. ·A}.. ·.:\·_:_,·. ·- - .· -.-.~. .. 

. Th"e o_~tp\H fi~m::·~he~prOpo'ri:Ü>n~l--tevel Con:troller is·: ¡ • 

giver\ bV: . ~·. . · · ·· · ·. ~~- ·: ·.··· .• : ~-(:?-=:: 

. '·,r .• 19'"1~ ,K!;(?n ~,SP,) + ~ . .. ·. (23) :: · <'".{iz_'!· 
This O?tpur Decome; ¡h·e setpoi,nt for. the PI CPropor-:' , · . ~: .;n 

tional plus integral) flow-col)try!ler. Omput from the: -.. :,J 
ft6w controlle:r.·is given,-.by: .. ·:¡-.~ : ., .. : \~\;~ 

. §-]~K,,{?}·¡ - ?,J :T ~:; i($p¡ ~- 9,2)dB (2~;' ...... ·. Nt~f 
-- ' ·;·~: ' . -~ . . :· ~5--·;\\• .. . . ·- • 
¡We wiH again negléct the ,.valve dynamics :for 'the·· .... ~:. ·:~::~~ 

HoW-co'ntr~rv~I\•e ... Thef~fOre; 'rhe'ri~tplu-fro·m the fto"'_<; · . 'L·~~ 
CO~troll~-~ ~ t~~ ... · rra:ctiqfl~l oP~ni~g,--Ar, _of t~~- vah_:~;..... .::·:_., ... '.~-.·.·-~~ 
which d~firieS the ft

0
o .. '1f.~~7~ F,;~ Thi.s rdation:;hi_p _í~: .. :·:.: 

F. = A,.C;F v'~¿] -:'P.,; ' (2~¡-:, .. ";:·,,·:/ 

·. The ~Pslream· pressu;~ on átC':vaÍw: .;.:íÜbe ¡¡ ru'ncdon:;: · ·. -:_;·.:_:,r_-.'_-~.:·.·.t.: 
of-'tank:~~yel heíght, /-{!·)luwh.llt:,: Fl)~· a·~~· orificr: .codfi.':[-~'"' _ . 
cient, C:"· '~. . •, , _ \"~-:,._, {' ' 

:( P'u. ~ é1. F.: C) -:"'7 \"- ¡. 1(~6'¡ ' ' 

.\~-:~ ·~·o_w _ha ve :_twdt·t ~quatiqris 3néi trÜ(/;_:t uñkn;-~ .. \·u{_. 

E 
. 

1 
h · h . d. . · The·next arijcle in this CE;.REFRESHÉR .'ieries· will_ ··::; 

q. (~1.1¡ li tows t at t t: ~)\\'n.~tn:am pressure is a· appe~r)ñ the iSsue of ~o .. :. 16;-anJ·· .. "·ill cover \;'ariou~·:t. ' .. 
1 

s:~h 

· functirJn ,¡f th•.!. rank's.Jiqttid-levd height. techníq~_!'!s. fór 'S9lving sy~tems,Óf differ~ni:ia! equarión~~~-;._'· · ;\·~ 
\\'e ·n•;\\. h.ive enoügh inl\)rfnalion· t~ calcula te. th'e · ·::;' · · · .; ... _:... · · ;si- · n F. .. · ·' ~---:_l.,~ 

ini¡ia! 1:nndition f1)r rhc cuntrolkr ¿utput= 9l'.!• be~ause· · · -~~ ; ·· .. ·::v-~· · .. -~~\> n~n1 anat•u, •. -tr~·-~~-~ .~-~~-\-.~~ 
wc kn,-.. 1he initial ~0\\', S .. \\"e ha'.'e á.-.: ec¡uari~ns but :·:;._ <' . ,_,

1 
·~ } ~-d\' , r~~.:t-0"~~•: 

1e;:ert. unJ.:w,·.-.ü v~1ria~le .. ->. "1l~·r:n:frtÍ•:.' \'I.'C musc:..derivC R.e. fe·r-e'nc'CS. ,; j~ -.{~~(' ·· .. ::,_.,:_:_, __ \_.:_ ,_ '·'\···J.J 

equarir,r_l_'i in tht.• sr~l:Ónd C(Jnn·l¡J k,•)[>. .... _ · ., __ ·_r, ..• · .. • '.",. ,i . ._ ... . ;; .Y~-·:~t 
· ... Fir.~r. kt us loo k at thr: c..:a,(_::ld•~ cnnt_h.il loop ¡ri· Fig. L l. ~tunii!.~P. \\'.. ··.\utum.uic Cmtr .. l <'>f•Proce- .... -:· Imc~·n·1nai;Te~~t-:.-::~.::··; ir;r::~~~~:~ 

·In'. mar¡·; in-;t:.i·n·:,:s,:cn_··s(adt: .. C'f)ntri,J.'r.·_ñ'n bt" fnore dft:·~-~ <;:·1·: 5.';l:H1
r•lh .. ~a-:·}lftF.: ·.~·-:J~. ·:-.~~~-- '· !.::·._. _._;::.::· · ,:-~.¡_~.r ;.: :\·.· .. _:;~~·,-;· 

. - .,, . 2. Pn~uc:(lp.na Shec!1.!26l, R-ci"'= __ ._nwunt;)i:IC:.."~tim!c~~~!i~ .. \~lit),{;¡,:_ · . <··~ij.- ._,·_~;!;!~:~. 

ti vt::'t h.r 1! a.~i rll pk Cf?lltrnl-J(~¡)f!; ")'Ster~v;-~Vitt~~.)U[- C:, ... cadr. .. ¡_: 'J. r~~~?_-t_:_:!_,_l~ (';·-~.~:~.: .. ?_•_- ~~·-lc_._l:.~_·_:).t_-_r ... J _.;-;~~-:: __ i_ .. ·;~_"_·.}.i;_,~.·,_i,~·-r_? .. ·.·._-~_-.!;'_~~.'.~~-n_~~.f_,_r_,_·::·','.¡;s_'-~'_::--.·:~.'_._':~',.:·· :_ ~' .,:·~~··:;~; 
c~·unr•JI.. tht::' t.:</¡¡rr··~l v~!-.:c in_ che outlt·:~::¡¡_n~ _,'-:oul_d Opt:n .¡ _ -~ - ~- ~- .. -· ~ .r; ·-. 

1 1 . • i. P~rr., R:·H .. ..tod Chlh{;rt, C: H,_., ·Chrm"· ... LEn:sl~r.:'l-1_!,.1• .. .- ···>.;v¡_JM -::11,-.~ ,, '·' 1.r.:>,'1 
(orc!<>·t:Jba-·:d,»niy•)Lill<: evclnflicjuidiil"rhétank.If.l· \!{"' . .i'flll ~-··r; !'>'\>'" .•. ,,,.,., ·!) ' ·' •••-··o '•'';>,:i., 

.:i.~·::::;::,::~;:·~~~:": .. :::~· ~;::: .. :".:;::.::.:.::~:!,?'"':" ~· · .. _ :.,f:_l_t_'.i)_;_:.~S-~~:1~ft?~t;~·::.~:J·::~;; . ,.:~ 
·¡·. . l· .•.• , . t' . "'' - ---- -:. :· ,;_ -h~:--:' ~ i·'?. 

____________ :__ ,,_:____~ _______ ..:_ -- _...._ __ ...:_ ______________ ..:____· --~-- ... ..:.. ___ , __ =.._ 
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Solving the mathem.aticat 
models for dynamic ~ystems 

..... 

.·:· 

Sepa r<l tion of variables, irttcgrating factors, variation· of 
variables, and Laplace tr·ansforms are techniques for solying 
the differential· equatiori.s repre;enting pi·ocesses and controls. 

O A ·varit:ty of mcrhods are availabk for :;olving thc 
· diíkt~:n1 ial cq1l~1tions that we obtain~d ,\:hcn formula t. 
in~ lll<ttht:rnarical "modds fo.r chemie<\l proi:t:ss racilit_ic.:s. 
Thc:-c ¡•tiuati,m . ..;;·.\ven: dcrivcd by appl~;iog ch(~miC3l 

"n~int~r·rin~ fllfld<!lliclltals tfJ pnJce~scs in Parts 1 and·2 
. /thi-. ~(·ric-.:."' UnfLlrlunatcl~·. une mc.:tho~ d'H:.s not Work 
~1':-.l for. all prohlc~l1s anJ conditidns: ·. · 

Ba~ic conc~pts 
Let us :·t;\'ic:~~·. sorw: bas.ic tcrminnlogy hr:forc \\'t: bt'gin 

OIH' sitJdv of soh-ing. thc mathematical exprcssions. 
:\n ordinary diffcrt:ntial cqU;ú_ifdt, on·E, is an expre~~ 

sión im.-ulving one 01· fl1•)f\- deri\:atives of an un~peciiiecl 
functinn (say, the dt':pc-tH.!cnt var.iable Y)'with respect to 
Üh: indq;~.:nJcnt \·,¡riahlt' (say. rimt; 0). The rclationship 

·· c:nt ~·,¡nt.lir¡ rhe u:ntb: Y, constarlrs: ·and runt:tions of O. 
Tlw ULJI·: i .... of on.h:r 11 if thc htghe:n dcriv.Hive of Y· in 
the. eqtt:ltinn is th1· n-rh d~rivatiH: of Y with rc-.pcct _tn fJ. 

.-\n ODE tJf onkr n is linear if it can' bt· \\Titten aS: 

d" }' 
J/}'1 

+ ·-· 
. . 8 ,¡y 
+ }¡1 . r;¡¡¡ .+ 

• ;;,¡II)Y = X<.Hi (1) 

.-\n an~dvric:d ..,o!tni11n-uf ;;u¡ OllF for ..... Húc intenal 
( =-~"'·. ll < 1i ·< -..e) i:-. a fun1:r ¡, 111, YtO), if il is ddint·d ;md 
car; ÍJt: diHi:n:nlia!ed f'or ait \';dues of fJ in th,¡t ·imcrv~d. 
The equ:ni,.n r~:dt~~:t·!-1 tu an r:qu:dily wht·tl }' and. itl! 
dt.'l"i\ .. tlin::i uf r :\!"t~-t"t;pltu:c:d in thl;' llri_~in.t! diff{:rcnti_al· 
Cl{tl:,!i<JIL 

. 
-A g':nual -;t.luli•tll f<Jr Eq. (l.) con<;lÍns n arLitrary 

cunstatds. T¡') be: indc¡-.H.:ndr~nt, rhe".,¡~\uti•Hl GltHlOl be 
reduo:d trJ a fr,r~n c;on'tainirtg lc.ss th.trl r¡ sHd_l const.ants. 

·~)· .¡~,lvf.' for ;t pLHiit:ular snlution. \',·e llltbl ·'id or sO"h:e 
......,(1r rhe r¡ ar\,itrar::· t'oti.;l~tuts (1-~ .•. we ;m_t:.~t ~oke thc
.t~~~~·~ati'lti n tinl" ... hy.·Sub ... titt.pi'ng n ir¡ir.ial -~·al11e:-. •H" 

•r,·~ m•···t •h·: ,.:rh··' .•. ,. ··;,."··F~·. J;¡n,:·)•• p ~l 
t .-\t_tu.!• .... p,,\,ll·h;.,¡ •1••:· :·.J~ ;;, r;1;~ :.::·;:.'H.i-:;;~·-~~-•lt~:K: l'.u: !.J>l;w ~;'1. ¡• -; 1 

Ptn! bL! !L í• 1!1 

1 

1 

boundary Conditiorl.s Of the problé.m -in~o the ge~.eral · 
solution ~quation): 

A parth~l diRCrential. equation is an expression in
volving one or more tJartial derivatives of an unspeci~ 
fit·d fun.ction of ~a.ch of rht ·two; or more, independent 
variabl~:s: . , 

Lct us now pro~.:eed to some of the classical ma~h~· .. 
rna~ical techniques for solving differential cqltario'?-s:. 

Separation of variables 
\Ve ha~¡;· airead y u sed thc technique of separatiO(t of 

variahlts for solvicig t_he R[!.yle_igh.-distillatiofl cqu~Hion 
·(se" Pan 1 ), which .is: . 

dX 
dH (2) .. ' 

whefe. K. dte equilibriu_m'}onsttult, is a fúnction .c.;>f X 
ouly: L 0 iS the initiai liqui~ feed,,to the ~ystcm; V, the 
vapor r:Jte, is a furtL·ti;m or tlmt!; X is ;(líe dependent. 
~·a.riahhi; and f} i:; rime, th'e· indcf}t:nde.nt~,v'ari<ible: ·: . 

\\'e st~pa.r:ttt' thc v:uiables X aitd O to~Óbta.in: · · 

.t.\' :..v"#J ,,· -·--'- -- = __ ,..;... ___ _ (3) 

:\frt;··r tht• rebtit.~ns.hi¡> b~tween"K ~nd X arid bctween 
f' andO an: d(:fint:d, wc in_tt'qrate Eq_ (2) dirccrly. Thc 

.~. 

i.nitial _mole fraction uf lié:¡uid, X0 • mi..t:H'be cakulated· __ _ 
in.rkpertdentl~: or. starcd. For t.'X~J'f:lple, i(Ji..' and V ·are 

. borh consf.ánt; th(! snluti~n.of Eq·: (3) i::i: 
'., In( X) ;. . '., . 
-- lri(L0 -;- ,VD) + 1 
K.·- 1 -:-'' 

(4). 
... 

,,;. 

X= 

. ·l ~. . .r 
K ~-·¡'lnhJ (j)_-.. '. 

· ... 

.•. ,,, .. 

--~ .'.--->-'-=-·, --~-..:.... .......... ' 

,. 

' 

' 

.. 

' ' •,1; .,· ' . < 
' •,;. 

.:~ :. 

( 

·' 

,, 

···'-

·-.:; 

, 

.. • . 

_· '~ 

.· ... • 

··~;,-¡ ~ ,, 
'· ,, 

·'. 

.. 
' 

' 
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t~. · l S . .. . 1 ! g} ; ystem response modeled by a· first·order eq~ation . Fig. ~ 

~~~ ¡ . 
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'l! .. : 
" ~! : 
·:' , .. 
:i 

. ~ : 

'1 
• 1 

'' . ' 
¡ ~ . 

Integrating factor 
If thc variable X is a function of time O, X(O), the 

equation for.the general first-order systcm can be Writ~ 
ten as: · ' 

dY 
T -dO + y ,;, X(fl) (6) 

; 

where .r. the forcing function, is a function ofO; .Yis the · 
depcndent variable; 7 is the system ·time con!'tant; and (} 
is ~ime) the inrlependent vai-iable. 

For this system, w·e ca.nnot separa te thc ,:ariables di-·. 
rectly. However1 Eq. (6) icprcsents an cquation that we 
caf! salve by using an integrating fact_or. Tht gen~ral 
form for-such equations is: · 

.dY .. 
·do + f(O)Y ~ X(O) 

'fhc solution for Eq. (7) is given- by: 

Y(O) = r•• [Je' ",(ll)dll + /j 

h =f(O)dO 

(7) 

(8) 

For.example, wc can solve Eq. (6) for X(O) = 8,-Ao 
by mcans of Eq. (8) tu oblain_thc·.gcncra} solutio.n, as· 
shown in. tht follnwing st<::ps: ;, · 

Y(ll) = ,-•J•Lfr•1Íhfir~A8 dB+ /] 

Y( O) = ,-•i• [·!·Jile""-" 1;d0 + /l 

(9) 

(10) 

, .. , · ,, ·1 w~~ :;:, [(+,-,)- + ,¡ 
. · Jl~r~ i n_i 1 i:i! ~ .. ~ 'll.(~ft_ion fn_,,!~- t ht:-~-{~~dy~s\~ H::·s~l utio~- o( 

l·.q. (1, 1 1!'> l {O) = .\'((l") =·O. ,HenCc-, wé (;an .soh'l" for 
1_-_= l.':~l<l:~l ~-A)'.!}: 'J~hl·.rt:~t~r·e_. thC ~Omr~lcte solu; 
litlll tn.f'.q. i.f~; !'t.'fill(('~ 1<~: - · ' 

. ,· .· 
'. 

·::- -.:. ·.~ ·. . •-~ .,. ,.·_ ..... 
.. •.: 

. l'(O).'= ---· ·-1~----·- X 
· 7[(1/T) ·~ A)2 . 

. [~-~~ ~ .. 1e~:·• ~ '.·••; ,-"') (11) 

The rcspon>t of i'·to the 'upset condition of X!O) =! 
o,-.u_;bsh0\-.'11 in.Fig: 1_;··:· 1 :{?.·:~,:-~-: - · '\'' ... 

: .. _· ·: : .. •' ¡ ·'· 

Second-~rdu cqilati;ms . .. , · .... }, :' 
A_ .3t71-'0!ld-ordu t~~n~fer .fuiiéri9n· .. wac; dc~·doped ·¡~· · :.. 

Part'2 (Chnn. Eng .• Aug. 24;;p:: 117f.Thisfunctiori cari. 
br re'prr:semed 3.s:· • ·· · · · 

.. -~~: . od2r': .· • riÍ' . l;. __ '··.·c·v 
,. d0 2 + 21 'dll.+ ., . .., (12) 

, wh~r~:G iS the systelri-gain;·.:r, _thé fO_r'dng function,-is a· 
fu~cti_on of Oj Y is tli~ <;:lepenc;Jent.'vai-iable; ; is the sys
tem time constant; r is the daníping ratio; and (J is tinj'et 
the independcnt Yariab_lc. . ' 

Wé solve Eq. (12) by (a) cquating the left-hand side 
of the equai~on to Zero to obtain tfle tomplem!:"ntary 
soluti,On, sorpetimr:s ~~lled thc homogent:ous sc,hni~,n. 
·and (b) finding thc partÍl'u!~r sOiutil;m by one of máriy 
methods. VYt:.· \\'ill discuss unly two of·these nú:thóds' 
here.:·For a.Coinp1cte·disCussion·. including the" tht'J)n· .. · 

refe:,i.o textbooks-¡/,2]. The 'tót~l solution i:-; the su m ~f ! 

the·C~mpleriientary and particular solutions. ..,. ·· 
.Th,e <,:omplementi_T)' solutiOl} lo Eq. ( 12) iS: ,. . 

: Tzd"Y + 2\7 dY. + r:~ 'o 
dO' . · dO . 

(13) 

1 • <,' 

VVc_solve Eq. (13)-by as~uming a soltHiori 1 performing 
.the in_dicated. diffcrentiation, and sub~tituting· intCI 1h~ 
origirial cquation. For i·quations having comtant C(~ffi< 

. cient~~ we assum_c an exponen tia! fuilction. \\'e can set ,' 

.· Up an' auxiliary c.quatíon by sub¡\tituting s~"~ ~ dn r:'dfl 11
• 

For Eq. (13); we obtain: ' 

Soh·ing 

·. f:?s2 .+ · 2~7s' + 1 ':·O ·· 
. : ~-., - . - ·.' . . . ~ 

Eq. (14).as a quadí-atic yields: . . ..... 
. . . . . l' . . (!1 2 . .::¡ 

_Jl'.2 = -- ± --. -. 
. ., í . \: ' 7 . 

.whe:re s1 and 52 aré: tht: -5~lUtion~ of Eq. ( 14) .. 
·DepL·nding on [he relative v::tlu.es of ~ and ~~ v.·e·oh· 

-. ~ain· an cquation in. onc of .. the following fc_1rms: . 
l.. For unequal, real roots of the auxiliaf)' equatitJn 

(l' >I), thc solution.oo Eq. (13) is: ·. · . 

·(161 

--._:._. 

·t 
·1 . 

--:.\' 
. .. 
.J' 
rr .. 

. ',,f 
. .:f.·· 
.J.: 

\Vhcre 1
1 

and / 2 art:.cUnstarits of integration:. . · ·. · -/~~' 
2. For cqual roots.of the a·uxilia'ry equatiori (1" = ~·I'J. d~: 

the s9lution w E(¡. (13) is:.'.' · · ' .· :]" 

.s; . l':= (I,+Ih"~: .. (171 ·¿~.:: 
· .. · 3. ifor' i~~ginary·~~-ro<.lt-s·~ §r: ilu~·ta~xilia~·.j:qua't!on ' ~~:.:,.._ 
· (l' <¡,!), the's~lutionpo !Oq·',\•13) i~:-.'· · ;,, · ·'' ·· · '·,{.1,\; 

-:·· ~~:-. · · ··: · · <;r'i ..:..·;i··J< .-. -· .-, .. /"'2 --~ :.~·. --~t,r· 
}" f:= t-r8

_
1;[!1 coS-·-1-·-~··+ !~sin~-~.] }:1.~ .. :.:·. ·· -.-.·.".~.~,'.·:.··.P~.·.· 

. -. 7 -~. .. • .. • . . _·-

The pa_r't{c.tl}a r ~ol.ú\io~ .lfJ/f:q. ( 1 '2') by the n1t>; h.od'u.f : ;~}if-~ 
u nrlett;I niin~rl <:ut!ffici'r:nt~ l·~'n tllll\', b~· :tpplied to .. !ir~~·¡~·:_~ . ii ... ·., 

; 'I ' 
- ···-·-·--------..:..... __________ .:.__ ________ --~----- ··~~~'- .. .....:---------- --···~ _,.__:____:__ ___ . -~----"- -·--~-e- O::.'L 
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. -· ... · 
A constant, 

e 

A polynomial, 

·, , .. 

1 
' \ 
' 

A conHant, 

K 

A polynomi~l, 

+. a,x" 

";\• 

·, Cooffl~itmt v;¡lue~ 

.. ..,.,,,. 
. ·e 

K=
•. R 

. -·· '" ... 

Catculat~d bY ~bstitutino in the 
differentiat'equarion ;nd · 

."· ,equatin~'coeffici.e!1tS · 

. ···- -:~: .... -~ 

', . 

An exponential, -

Te'• 

, An e:.:uonenriat. ·r , . 
a= Pr'- ~·ar .. R 

ae'• 

. . {R- 'n2PJG ~ nOH 

1 

1 

Trigonometric, frigonornetric, L•---------
{R..:.n2P!~ .-n'lQ2 

-L ______ _ 
Gsinnx f- Hcosnx Lsinnx + Mcosnx tR-·n'-PlH-nQG 

i. 
!· 

· equatintb h<P.·ing c~mstant codficienfs~ p.nd oi-tly certain 
forrns. of the fun<.;tinn GX. The proc~::dúre follows: 

. llll :\.-.~:nnc a fonu of the particular snlution. 
J m Perf~nm the indicateci differentiati<":ms, and inscrt 

thcse·ans~.,·er<; into the original-equation. 
• -Sol ve "th~ resultíng equation for the assumed un

knCiw·ns, pru,:iding tbac the corrcct forro of the part:cu
\ar :mlutinn h:.1" been sdected · 

Fc'J( CX<1111pk, if ex=: ¿;rle. we can assumL' a panicu· 
!af :;olutÍt~n. of: . · · · 

( 19) 

.-\!'ter Ü;t_. .1ppn,priate di0'er_,;nriatÍ1lfl·and ~\1bstitut_ion 
ÍIH(• Eq. ( !']). we soh.·e for.n: 

(20) 

Th"e f.l:J.rticub.r solution for a Se¡;ond-ordcr equ~tion 
for som~ forms of C.Y is shO\_,Ti in Table 1 [/]. 

Variation of parameters 
·other rnethods for obtaining' tht! particular solutions_ 

are. not · restricted to linear equatións ha .. ·if!,g constant 
coefficients. However, ._.,.¿: ha\'e .to ir_¡tegrate two eXpres· 
sions to get the solutlons. . . . 

For example, the method of variation-nf·paran!eters 
invnl\.-es replacing the ·r .... ·o constant:i of integratiOn, / 1 
and / 2 • in the curnplen~cntary solution \\"ith two un
known functions of O. ·Bcfore proceeding, we must con· 

. vc~t E.q. ( 1 ~) tD tht: ~quiv:dent form·: . 
._./ 

. : (~!) 

\Vht:rc R is. a runcrÍil"ll "of 1), . . '· . ¡ 
· If 1'1 and Y:!.art' th~ -~~ complcmer\~4~1· 5olutif.~rh, \'"·e . , 

M•-------
IR-:- n2p¡2 .. 11 '-Ql 

·.· 

can derive the following formulas for the particular: .. 
solution: 

. where: 

.'y,R ·. · :· Y:R 
-Y J~do + r..J~e 1 ·-w ' - w-. 

dY w = ¡-·____;!_
t d8 

: dY 
" 1 '"JD (23). _. 

For the comple.mcntary s.olution_vla Eq. (l6) and the 
previous value of GX; we ·prucccd· with rhe fo\lowin!j 
steps: · ' 

'· 

Yt-= C1
8

. 

Y, = "'' ,. 
. dY,Jd8 =' s1r•'
if}~/d8 "' s,r,•, 

H1. = r::¿s¡·H}!I :::_ 's'ltt':..;._$}d 

Jf = (~·:.: ....,... S 1 )l(~; .... ¡:fll l ; 
R(B) = Gt~•'h' . . · . f 

y-.-

:•·. 
(~-!).' . 

. (25J 

(26) 

(27)' 

(28). 
'. ·'·· 

'(29) . 

. ' (30)' ,: 

- Éq. (30) r~ducés toEc{'(l9) afi~r·pal'ohning_th~ ind¡-·;: 
cated ca!culati~ns.. .· ._:

1 
<:~ ·_ · :.·:· · ; . ; · 

· Thcse··méthods frfr ob~aining ~he p~rticular solutions 
c<in also.bc·; applied to Iiñear cqU'ations Having ..-a.r,iable .1 . 

Ct>dficic~t~- }lowcver, -the conlple"merltary sOiuti_o!t; \',·ilL 
u!'ually in\·ol\'t a sede.s' sulutiOh. For~details, cón...;;uft:- · 
;;lppropr~3tc textbnnks .l i,21·. · .. 

~Ve can obwin anal)·lit.: soluii"on~ f9_r·Ú·rr.1in typ~s •"~( ,._ ... 
secun;i-~rdt_:r ~~~nli1H:ar :quL.iti'?}'·., ·Th;:~c .;re (a) e~lj·a~:' 

. . . . ' 

.. '. :-¡:líiMj;_ ~~-;- ~:;:. ;¡:.;, ~-:~:~¡~-.~ ~¡;\.ii:~i~i;t.::; ·,::;,¡--,-.. ; .. 
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Loplace transforms. of common func,t;·o~s.: . Table lll. 

No. Fu'nction of time. ff6)' lap!;;Ce transfor_m, f(s) 

1. lis 

2. 8 ·1/s2 

3. eo·'/ln-11! · Ús"; In • 1, 2;: ... ) 

4. e-•tJ 1/(s+a) 

5. fle- 11 l/ls+a)1 

6. (e• ' 9 - e •b!l)f(a- b) llls-s)~-b) 

7. sin(aO)/a l(fs1 +a1) 

8. cos(a8) s/(s7 +a11 

9. . ¡IO<O<<I.I='Ol 
· i&>kl,l~l 6 -k1 1s 

10. ¡10<o <k!, t·o¡ 
18 > k).f• 8 -k 

e-:*'Js'2 

' 11. ¡w<O<k).f•O l 
(8~k);l= e-.. ~(1-~l e-k' lis +a) 

12. f!#F sin(bO)Ib 1/{ls-al'+b'l 

13. t,>#"' cos(bO) ~-al/lis- •1' + b'l 

tions \vhcre the inq<~pendcnt ·or dcpcndent variable does 
not occ;ur explicitly; (b) equations that are homogene-· 
o_us . .-\gain, consult the appropr_iat_e 1~x1hooks [1-3]. 

Laplacc transforms 
The Laplacc tr:tnsformation convr.rts an -Ordinary 

di(fr.:rential equ;¡tion, with tímc as thc indcpendcnt var~ 
iablc, to an equivalent cquatión that can be solvcd by 
purcly algcbraic méthods. TI1c ans':"er to the algcbraic 
ecíua!ion is the cúmplcte solution of tl~e problem, b,t:
cause the initial .conditions are incJudcd in tht: proccss 
of soh·ing the díffcrential eC¡uation. · 

. The prncedurc is to convcrt a fui1Ctioi1 of time O to a 
function of tht· La place transform variables íry accord-

.. ance _with: 1 

. oc 

.J?If(O)] ~ I ·. ,.,, J(O)dO 
o' ' 

Applying Eq. (31) to the first and ·st:cond deriv3tive$ . 
of _[(0) 1 W<~ obtain:. 

.J? [~~J. J ":' .if(s) -j(O) 

.J:[Pf!~l]·~ s''j(.<)- sf(O) ~f'(O) 
· . riO- · ·. 

(32) 

(33) . 

wh¿:rej(O) and.f'(O) are tht~-i,o;dues of !he fmH:tíun and 
its (lt:rivatÍ\'c wl1cn O cquals zcro: l1lt:rcfo"n·. v .. :<'.Jllllst 
ha ve initial conditiOns to be able ·.JO u~(~· thi~ mcthód 
dii-enly.' · 

\\'e havt: nnw c:unvt:rtcd ~~/linear ordinarv .differemia.J 
cr¡u::~ion with the indqw~~~~nt variable·· o toan· alge~ 
br;aic <:quat ion with ~he ,independt<nt '. \·a_riable s. 
iJ.:¡pi:J.:·e u;in:·.forms c~n· onl~: be applied to"linear. or 
l_in~::1rii'r:d fun<·lium..}. !;IIJ!e'IJ ~iye_sJ~::iplacc trar~~fonns 

. f· ., 

-~- . . .... ·~:~:·,:.:'·~h. 
.'•<· 

i" 

:· ~ .. ,. ' 

,of l><iiñe Cotnmon f1_1.ñ.~tions encOuriw~ed In pr~>ecss-a~"d 
· control-systcm dynarnics .. · ·, . . ·· 

X1athcmati.ca1 manipulat-lóns will_ b( rrdu~ed if wc 
c:.:tn !-!Ct al! initial vafues ar;d· their dÚiYaiives to :zcro. 

· Sta~ting from an iniüal stca~~·-state condition ass~res _ 
us that thc deri\'atives V..·ith ·:respect to "time are all irii:
tiall~·'zero. lf the de¡)cndent:_1Yariablc !.such as }'in 'Eq.' 
(12)] is a diffcrence·ben\·ecn·rhc Yari.able ~s a func:'iioi:( 
of tirÍle. and thc inítial (or · steady-s1~te) \'alue of :thai 
v~riable1 then the iniÍial function \·alue will alSo 'be· 
zt:ro. ·· · · . ~ .... 

Let. us now soh-e·Eq. (12) with Laplace transforms. 
Eq. (34) represenis Eq .. (l2) with the function of X'pre
\'iousiy assUn'!erl. ·_\Ve. will assume" that we ha ve Cc_¡O
vert~d Y to a :differcrlCe bet\-.·_een the ,·ariable and the · 

._.initiaf \·aluc,· and .tha~ _we are in"itially. at a .stcady-si?,ie .:. 
condition . 

.... d'Y c,dY·· 
1-.d8, + 2;o-;¡¡+ (3~) 

C..o~vc.rting~Eq. (34) 10 the Laplace'domain by tranS
formi~g cach- terf.n in._dte equation, we obtain:. 

., ·>v . .2" J'( ). .. Y( ) e 
1"S-I (S)+· 17S. S + S = ·---., 

. . .. · . · · (s- 1 1 ¡ 
' . 

Re~rranging and ;¡,;plifying Eq: \35) yields: 

(35) . 

. ' Y(.<)= :-~~----S~-~--~.~ 
· · (s.~ 1 1 )(;2s2 + 2i:;s + 1) 

1,36) 

!'¿) =- · .. · ·. e . . 
(s-: 1 1 )(.<.,.. s1 )(s ~·.<2), 

whcr·e s1 and s2 are d~fiiH:d by Eq. liS). Afkr rxp;1nsi(•n 
by p~rtiaJ fraction.~. wc obtain: 

whcre:· 

Y(.<) = _.:.i_ + B + _C~·~ 
. (-' ~ 7 1) (s ~ s1) . (s - .<2) 

A = (7 1 ~ s,~.,., ~~ 1 S: 'Z.¡ 

B=-· ~-'---
(s1.~ 1 1)(s1 ~ s2) 

. . . e . 
C=--------

(s; -'-';;)(s2 - sr) 

.(3i,l 

\\'C. talculatr: the constants A, jJ a~-d C '"{a expansíún· 
by . p~rtial f!actions. A~ U me·. that we ·can detc~w~fle, 
functions for A, B and C by eXpanding _the right-h.and 
side of Eq. (36), so that: · 

1 (; -'--~ = ·-. A __ + 
1 ·es~ 1 1 )(s ~ s1)(s ~ s2) (s ·'- 1 1) 

1 . 'i ' . '· ;~~ !'s,);.~ (s ~:;). 
,. 

(38>': 
~~· .¡ 

,,' 

i 

.. .'Tü·fi~d thc func.tiofi~A-. w~ ~ultipl{each tcrrp in E(l· 
.. ('381 by.(s ~ T¡) <o obtain: · ·. . · .. ,... · .•. : ¡ 

.· ': i;. G' ,, . = .~ .¡, B(s> 7..!2 :'¡.~C(s :_ 1 1) (Jc;l . 
(s ,_,. s1)(s ·-jo). ·.~·. Ci.":''sí) ... ·,'· (s ~ s2 )· 

By.set~-in·g ·s = -r
1

• ~·e ~btai;.t}{~·vaJu~;for A. T~~ y_aliJ·~·:· 
fór B and C are found: in thre. samc: ffianner. . .. ~ 

Let- ~s re;ne·n)b~r tha¡ Ji á~d-:r; ca·n. ir1vulve ímaginJf-;<· 

.· ' 

' :J.!: 
.t r 

,-:J~i 

·¡.· 
! ~ 
'-l :~ ' 

'. ¡· r, r ;·,_.';". 

. '· . . 
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numbc:rs. How~ .. :er, we can convert function.s cont~in
ing imag.inary numberS to their e·q;li\·aient t'rigonom~i

functions. \\'e can nów transfqrm Eq. (37) to á func- ·. 
_..n of..8. Jor the solution: . 

Y(O) = Ae'•' + B<';' + Cb' (40) .. 
Applications to automatic control 

; ., 

.. 
,---------··-·----.·--

~ ~ ., ~'--~e'-·-.·---------: . .,.--.. -· 
"' 

'rdV. 
' 

··.~··.·. C,o .•· . . ·.···['F, .{ )/)·· F,.•dF, ').-:-· ·'~;,;. C,1 ... · Reactant. a _ ·' ·. .- -..... .. . ~ . .. . : . :·.x .··. <· . . . , ..... .:: 

_,.,' 

. ',' ·. ~ 

' .. '·· 

.. -. :'·· 
. · Th'e ·design of the aurom~uic. control system for a 
proccss plam requires-fof'T!lu_lating the differential equa- . 
tions to describe varíoUS systems: \Ve do not alwLiys re
qüirc a cqmplt:te traOsien't solUtion to design or ~o 

' )",---;-~ z .. , . ,. 
Are'., A/ . ·· ' 11 .. d . . ·j. · .·. /: ... ·--,_, 

';,,. .., · .. ' .. 
ReactÓr le'ngth · 

. ' 
'tn!ubleshoÜt control syste~s. · 

· For example,_ !f we can d~scribe a control system by a 
second-order equation such. as: 

..¡d'Y.+ BdY + CY = X(O) (41) 
dO' dO · 

1 
~ z. ··., 

·. 

' ' ' ~her~· arbitrary constants "'· B :lnd C ha ve replaced tht: 
coeffici~nts r, t and 2 in Eq. (12); ~e can transforln Ey. 

. (~) to the Laplace domain: ing for the rype oi· equati~~. and "~~O pró~~ea to the .. , . 
· X(s) 

Y(>l = ., .+ 
. (A.>-+ Bs +.C) 

(As + tl)X(O) + AX'(O) 

(As'+ Bs + ,Cl 
(42) 

The two tcrms on.the right-himd side of Eq. (42) rep' 
rcsent tWo transforms that have·some relationship co the 

·. ~ontnJI ·s\;_~ti:~m and to the initi~l disturhancé or forcing 
rHncrinn.' Thcref¡liT, the study of only the first_ ~rans~ 
,Jnn (foi· thc Cl.lntrol system) m'ay prove to be adeq~_ate 

~ . . ' ... 
m many applications. 

~fethods exist for detern\in_.lng the Stahility of .the 
· conrrul systt:lll <Jnd unde"~_tand_in:~ ir~ response from_ the 
tr¡tnsfurm uf the characteriStic equa:tiori (i.e., the cie
nominat¡,r: As~ + Bs + C). Such méthods .are the 
rcJ(Jr~locu:~, · the Routh tes~,. an·d•.-th~ Nyc¡uist diagram. 

Also useful in conti·o\ theory is tht . frequeric:y
response transform. SubstitutingJw U is ~he syrnbol for 
tht• imag-inary unit, and:w.is.t~~ frequency) for s, we 
obr:-tin an cquation' in' the frequenq' 9-omain. Such 
eq•.:.1ti~)~' again lead to· usefu_l methods in the design 

solution_imr:rlédiatd}·. · · . , · 

Example illustrates procedl;res., . 
~~t ·uS co~'sider ~hC t~bUl3.r reá~Íor. shown in Fig. 2 

where:Reac't3.nt.a is··converted to Pfoduct b vía a fir'st
ordCr'kincli~, rcacti<?n, givep· by: . . 

. -~i. . ' . 

; ··-· dCa '- . . k· C. '{ , _____ _ 
. d8 , . a 

(43). 

whc~e C1, is<the concentradon oCReactant a, lb-mole/ 
ft:1 ~ k is the kinetic rate constan e, 1/h; r is rate of rÍ!ac-. 
timi, lb-moÍei(h)(ft3); and:e is time, 11. · ·.;. ,. · · 

lf the cofiversion óf Reaciant a is low, or if there .i-s a 
diluent to absnrb and rcmOvc hcat of reaCrion so. that
we ca'n ri.egiect the témper3.ture changes, ~-e can iOh~~ 
the pr:pble~: withf.?lft wo mUch tro~b!e. . 
'. NcgleCi'in'g mass; diffuSiq!'i~ we. can .-apply a material 

b'atanCe i~ ·:the differential.Section · of' the reaóoi: 
.·· 1:·· . 

Inpur: ·c.Aú :.·: 
Re~ction: r)V=f~kC0dV =··-kC

0
.M! 

· · ·>1 e .· ·:~ 
O;_,tput: C,,At +>¡¡z<~~,1,·dT.¡ · and · an;:dysi~ of control systems·, and p'rovidc a proce

dur~ for svnthcsizing ·tné:o,:erall differential equation 
for a conr~ol s".·stem. These cÜncepts lead ro ,Bo.·de'.' ... d .. ia,'.- ·· 1 ·· ·.-. C(G~Ad?,) · Accumu :ttiOn:.--·--

·gram:;. pplar plots~ Nyquist plots, and more-ad\·apce_d ~·· · ,. . · ca_· .... : 
. mt:thnct.~ nf s:y.'ltem· analysis. · ··t • • 1 :~' 1 · • • :.: ·· · -f • 

.w 1erC .n. is _cro~-secuon afea of reactor
1 

t'-; u is Apw 

Partial diflerential eq uations .. ·· velocíty,Jt/h; ViS feactor::_:.;:plum~~ ft3
; ari~ Z is reactor 

· Ien~th, ft. · ; . · · 
Pcrhap" tht: mosl usdut app!ication of J_..npbce trat~s-. . Tnen.~f9re, the P~rtial ~}flere:n·~üi . .J equation fqr the 

ronns invokes the solving or putiat ditTcrefltiril equa~. · rr~at;!rlat.'ba!anCe.is:· 
tions. Beca u . .;~ \,·e can tninsfor:m an ordinarv differCfitial ·-·~· . _r,~;., 
t:quarii)ll inH) an. ali't:braic une by using t~ansfr)rms, it .( .. a{t'~;l} t- a:Ca -t "'k.C .'._ O (.¡. {) 
l"oJ!ows !hat-we Can rcdl.IC."C ;,\ partia\ dí,ff't!I'Cntial t.qua· --=:--z . --;-8- . ,,a- ,~.' ~ 

'' .-~- . ~-

-· .· 

.·i •' 

?. .• 

·o.· o , .. ·.- 1 1 ,., - • • ¡.--

. tio'n with two '-:arÍ:1blcli intt1 an ordlnan·· diffl•renrial · :· 1>~· · ·,: ·,~ ·:···:.: 
eClita.riord.)y usiDg transfurms. \\~ must rc~nerilbc:r'·that · ~tep .ch3hge i_~ inJCt~;~~nc~·r~-~atjq.r · .. .:~ .. · . .·,;~•· . .'.; :~.;,!,:,.·.: 
th¿ variable transform~d to .rccttu:e thc equ:-uioh must ¡(h. ~ · .. · .. -. l('· · "'· · ·. · ·~d. · ·•. . .

1 
L .

1 
t e ren.ct11r 1s· mm a y .. oper.atmg. m ~ .. stea y~state· ·:·~.·. ·· d}:¡; 

;Pa.~·-c: :.~ 1n '·op:n1~· ~aitge becau~c ~;e i~tegr.;:ire·t le ap ace Ct)nditiCn:l,:and trie inlet·cqnce.ntrritiqn' ~han.ges stt;'p.~ .. ·ise ·r--,..~\··.~ " .;~#· 
....'vanah t.' [O lt\ lnHy. .:. . . "·.. . ' . frrHn C{.(Q.t? e~ l at' So~ne ~iffie o" =':0, ·we c_an rewrir~· Ec'¡.'~..- '~: .. ··.: .... _: lf' -~ 

In d\'Úarnic .analysis; time is always hne ~·ari<Jhle. (·H) · ··. ' ·· ;. ¡·,'· · · · . • ... · ~ ~:.r,_., 

~:~:.:~~:~~:~:;~,:¡:~~;?;1~1.:~::~:~~ . . " ;;'';;;j, ·"·.~!l {;,,u)" o .• "' ·Í~ '~~~ 
. ,.¡ .. . . .. ~ :; ~:. . .. , _ .. ~ ·. .::· ··r-\~i!f~,~~~~'~-{;~,:.J.s·~:~;~,v---... :;~ .. ::~~~>~;· -~(- ¡·._.,;'~~ -~-- .. ,.. ~. :~;-;-.··>>:<·.:: .. · ·'< __ :; 
·''.':oi... -r ,_..... 
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A hnnkkeeping Prohlt'rn c:an ari.SC in 'appl{mg ini
tial C(JllditifJ~~ ín thcsc. typcs· ofproblemS unless \\'~ ke~p. 
track uf which indr.p~rldeni variables thio: dcpl:n_den( 
\'ariabh- is cxprcssed in ¡iñ EG= (45), Ca· is a function of 8 
and Z]. · 

Solving for the initial c:onditions,_ we _note- that the 
deriv3tive with resp~t _to .t~me will be zero. Therefore, 
\\'C "'ill sblve: 

dG~(O,Z) " _ = -kC, 
dZ '· . 

.. (46) 

·.,\ 
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Th~ complete transforrn ')fEq~ (4j) is now \\TÜten as: -~ 

kC,(s,Z) =O ·(ó1) 

Rcárranging .. Eq. (51), we obtain:_ 

dC,(s,Z) + i.s_:'::~-C (s Z) = C,o -<k!v!z (ó2) 
· dZ · U a }. u' 

\\'e ha ve n~w·reduced Ec¡. (45) toa first.order equa· 
tion that can he sOh-ed by using an imegrating factor. 
Bd~·m.~·ápplyin~ Eq. (8), we must first calculare the valuc 
of 1he cxporient h by substituiing the appropriat_e terms 
in the equation for h: · 

"= ¡<s +k) z = ~+. *>_z· ·3· (.?. ) 
U · · V , 

Ai Z = 0: B >O, C,(O,O) = C01 , C0 (s,O) = C.¡/s. 
Suhsriruting ~hesc values into Eq: (:">·l) and rearrá.nging. 

1 

will yidd: ~:¡• re(<"";,(,>. :¡.;, ~ . . . e e é::"' c~~tr~· o.lllr!tll 

l = __'!.!- ~ . .,. (55) 
S S 

[
e e · e ] -lk • t'IZ ltl) + a 1 -·(t/vJ7. aO -1,/v)Z t -- --e ---e 

· S S · S · 
(56) 

_.·Tran . ..;forri;·ing Eq. (56). back.w·~hc: time domain will 
)··icld tv .. ·o ans\•;ers; ooe fo~ 8 < Z/l.:, EC¡. (57a); the other 
fur H > z.·, .. Eq. (57b!: . . 

( ' a Z) e· -(k/v)Z -
'll('l,.. = •J1/I!' 

C (8 7\ _ C ,ctk!dZ 
a.~J- al'. 

Step chan"e· in feedrate 
' "' 

(57 a) 

(S lb) 

Let uS no\ ... loo k at che response of tl-;e system f'?r a 
sre¡J change in the fet:drate. The. velocity·will he con· 
stant except for the -:;tep chahge·at 8 = O .. For this case, 
tht•. Ln.pi<H:t~ transfUi·m of Eq. (-!5) is: 

dCJr,Z) e tk " 
~~-_-¡z--· + sCu(s,Z)- 'floe- :v,,. + 

, . kC.(s,Z) = O (58) 

when: c.:o is .the inlet con~·crnralion orReactanr a at 
Z = O. and c11 is thL" t1uid \:t:locity ar che sceady~star~ 
condition (fJ < 0). 

\\"e ~an ag~1i11 u.se an .i"nrc.grating factor ro solve 'che 
·cqtlation. Tl11: initi~d condition ·is f.~(1·,0) - C110/.r"· at 
Z ::..: O. T!H: sn!utiurt fur Eq. (:lA) i.s: · 

(59) 

ConvenH1g' F.r¡. (59) to ltw time doma¡n, we agaln 

,. 

.·,. 
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o Time·,-,J_-

obtain.two 1.'nswcrs: one fó'r O< Z/v, Eq. (60); rhe other. 
for o > Z/v, Eq. (61 ): · 

'(; (0 Z) :, C cclkle.,Jz,-•P-lv!e.,JI• 
~ a ' aO e (O,Z) =.e ,clktv" 
.'a . . uO , · 

. (6Ü) 
(61) 

Fig. 3· arid 4 illustra'te the concentration profile for · 
the reactor for the iw·o con'ditions: Fig 5 shows the con· 
C("ntrarion at the outlet fqf· the two condiÍions. 

A cont_rol' scheme sensing just· the outlet corlct:ntra· · 
tioó. Would mu:H likely not·be ndequate to·adjust for the 
two condirions. Thc: step change iri con~entr::Ition could 
best be serlsed via the inltt concc:iltrarion that \\·ould 
start to adj~·,;t thc systrrn rf:asonably. soon afrer the 
up~et occurred. The same S\'steffi · would nut. sens(' a 

· problem for 'the step change' i~ Howráte by simply n'i<~:t'i· 
uring the inlet concen~ratibn.· The final system \\'OUid 
ha ve to:be adequate to contfol both upstt.s if the'y ·\,·ere 
considered li~ely to occ'ur. . . . 

Prt!dicrion of events likely co oci::ur is one of the rno.;;t 
difficult problcms in design work and also one of th'~ 
mosl criticai. Aftcr an acceptahle cÚrltrol scheme is cho
sen, a complete model of thc system will contain mar. y 
more equa~ions. Delays in me<;1Suring concentrJ.tion, 
tempe~atur~. lag (if temperáture werc concrol,língJ, ere., 
s~ould be includec;J. Howe\:er, arialyzing the reac·ror 
pr_oPieril at·· an essi!iltia!r~,.- ~constan·t reactant~rempr:ra· 
cure le\·el·can lead to a control' concept rhat' we t:an 
study in gTéarer depth as d~sign ~nd· laborawry·"·ork 
pr1 1g:reiS. 

. ;'~ , .. 
'. 

··.• 

Tht! next.:article in this CE REFR.ESHER series will 
appear in the issue ofÚcc .. 28,.and will c:over tcchniqu~s 
for snlving th~ machematÍc:tl models of prüt.:t~:i:'it.'S and 
Cl)ntról systcms via~afi:llog/hybrid. cornputerS:: 

·:, . , , Stl'l'm l>anul"'; Edii••T :• 
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Modeling process systems-on· 
· analog/hybrid computers. 
Analog simulators perform mathematical operations in parallel at 
high speeds to solve the differential equations for process systems. 

john L Guy, Dynnmorl Enterprisr..v *: 

D. In Part 3 of t~is ~eric:)·,t we developed sorne manual 
method~ for solving the diffCrerlliat equations .for_ dy
namic_ proces:)es. Such mcthods,.howevCr, ha ve practica! 
lirnits both in the numlxr of i,.·ariab\es to be solved and 
in the time required for hand cnmputations. 

On . the other ,.hand, analog and digital cornputers 
provid(.: rapid and many solutions foi th~ analyscs -or 

' ·!\"namic svstems. Here, wc will· show ·how to simulate 
\ . . . ' 
·~and so! ve the differential c-quations forcornplex sysiemS 

·a~ an analog compUter. 

:\ilalóg cotnputation 
.-\na\.)~.{ l'ompt!ters pcrform matht!matical operari(ms. 

simultancously by using direct-currcnt (d.c.) electricity. · 
The variable:-; for thC a"nalog computer are voltage and 
time. The variables for chemical process facilities can be 
represcnted by el~:=ctronic cornponents, which can be 
arranged tn simulare even c"omplex systc~ns. 

r\n dcctronic analr.1~ mor k\ of thc cqllatinn~ de.scrib- · 
ing tht: physiral s~·.stcm c~m be wired up <tO that the 
vohagt:~ will reprc::~t:nt thc de¡J,:ndent variables of.the 
system. :\ftt.:r th~ problrm i.-. ~et up 3nd started on the 
analog cornputer, cach voltage (n;presentiug a depend: 
cm variable) is mc:as11n.:d. The value of.this \:oltagc pre
dicrs the \·,tlu·~ uf thc J<.'fH:nc:knt variable ata púticular 
time. 

Bask .opt.·ration.s indudc sumrnation .. inregration aud 
function· g-r::nerarion. Fig. l shm .. ·s the standard syrnbols 
[Jl for analn~ computers, which are used in Ao\ .. ·chart
ing. Circuir diagrams fqr multiplica_riOn. add_irion and 
inwgra tiun;. and th~ir mathtmatic<tl relarionship~. are 
shown in Fig. 2. 

Hybrid computation 

t Adding digital cornputer facilities to a~1 a:nalng-com
_. .. t-.Hner allows tht' us,~r to generate complex functions. · 

Thcst can he snnu:what difEcult ro" simulare via an ana-

e"\{, ml'1:t thr. .turh, ... ....,., e;,(~;, !-:n(;,Junr "!'J. p. BO .. 

',\r:id·;~ f!"bli~lu·d th••• far in rhi, r,¡.: Ri;I'RE.'iHI::R: l'.ut 1,-.Juño::.'.!9, p. H; 
l•o~r! "2, ,\111(. :.1-4, p 111: l'J.i-t '•. :-.;.,~. lt;_" p DI. · 

log computer alone. The.combined system 1~ called a 
hybrid computer. 

Hyhrid facilities altow the user to greatly exte1~d 'the 
capacity of the analog machinc. The standard analog. 
computer· is limired to 26 integrators or 26 first-order 
differential equJ.tions. 

By perforrning caléulations sequentially via digital 
(.:ontrol algorithrns, we can program the analog ma-. 
chine to· salve the 26 equatiohs repe~irivdy. FOr exam· 
pie, the cquations for solving the tray dynamics for dis
tillation cu\umns require. the ana!og component to \;>e . 
"patched" to.~ether on _one panel ·board. The digital· 
machine is then programmed to remember conditions 
froffi one time interval to.ihe next ·and, in this manner, 
predid the dynamic behavior o( the sy~tem. 

One of the m·ajof drawbáck.s Of the aoalog system i:; 
the need to sea le variables. Here, the dep_endent varia-· . 
bies (describing: the ph;.:sical system) are scaled as volt
age variables v .. :hoSc: values rang"e from +lOto -lO V 
d.c. (the maxirnum outpÜt voltage of most ana.log de-

. vices is :±:lO V). Beca use we. can· change any of t.he. 
program stcps from a' computer terminal console, sea!-' 
ing i.s no longer. the problem·that ·¡t once was. The tech
m~logy exists to es.<>entially eliminate this stcp via i~
struction~ from the digital machine. HO\ .. :ever,. a 
proccdure for perfo;nting general simulat.ion work· is 
no"t yet availahle. 

Another drawback of the ana!og system for proce55 
simulatio_n work is. the need fOr electtonic wirirlg (patch· 
ing) qf th< panel. The. actual process probably takes less 
time -t_han enteririg.an equivalent digital pfogram vi a a 
computer t~rminal or kC:ypunch, but parching must be 
done ar the locatiou for the analog machine. Each tiine 
the same.program is rer:un, the panr:I rfJ.ust be -rewired. 
Hence, ac"cess tOa cemralized machine is· not possible at 
di~erent plant and engineering ·locations. This l~mita-
tion is recngnized b~ the industry. .. · . .. 

Soon,.we wil_l be able to a<:cess thC hybrid cornputer ~ ·: 
frorn a remr,te 1oc.1tiOO and (via.typ~::d command~) gen
erare the wiring: of the analog m.u:hine (~'J Th1s de\ el-
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Standard configuration 

Yo- IC 

x-.-
z 

IJ 

x, 

Yo-----~¡c 

X _.:__--!.,Íl' 

·x, 

w 

x,==f-----..>-; w x,~-- w . F~ : F._.N ' ... -
X X ...: "/ z Ja " . a z . 

Muhiplier 

W=-(a1x 1 .f,7,>::>+ .•• +a,Xn) 

T 
W • ·-1 Y0 -f. la X+ bZ)dt 

o 

T 
W .. -.Y0 ·-f (a X-+ bZ)dT 

o 

W"' f!Xy X 2 , ... ,X,)-iJZ 

. 2. SJ = Summing juñction. This . . h 
;

should be designat<!d whtm used 

. 3. 

and may ¡¡ppear on a!l cornput· 
ing elcment!i with patchable · 
su mrning_junctions . 

The numtJcr of inputt 10 the 
summer is variable (see 
differeirt co-nfigurations). 

4. G = Open-loop gain of the 
amplifier (Gis negative) 

5. SM = Saturation magnitude 
of the high-gain summer . 

1. N = lntegratOr address 

2. Y0 = lnitial condÍtion (IC) 

3. SJ = Summing junction 

4. IJ = IC summing junction 

5. lntegrator gain control changes. 
gain by switching value of 
feedback capacitar. 

,. 
!·-

., 
1 

f. 

. . Outoul unit~ oer ~~ond 
lntegrat.or gatn"" --- Input ~;;Ttt·---·- .· t· 

6. The integrator mode control 

1. 

2. 

3. 

selects the analog mode of 
operati<?r} of the integrator. 

F = Arbitrary function·generato'r 
addre~ 

'M "' Multiplier 
D"" Divider 
FF = Fixed·function gerierator 

IX1,X2 , ; X,.l represent .fum;tions 
. of 1. 2, ,n variables. 

N= Function generator address 

¡ 
¡, ,. 
r 
t· ·¡ 

C· ,. 
. 
)·· 
~ . 

' r 
r 
¡' 
x~-~ 
; --]..---- . 

MN ·'-X~'-- w· 
·y . • l>' 

.,. 
W = -(XY + <Zl 4. The triangular output represents ~ 

' ~ t . 

1 
1 

Dh1ider 

D N· W X·~ y=l____ . 
Fí>:1!d function 

.x-[;~ 

z-- a 

)<.' ~ SJ f' ....... __!! 
y -.··:. ~;;~... ·. W =-X/Y 

x . EiJ 5t~--'! w. 1()0 

, __ ;_~¡ . .,_ ·--------- ---·~ --~-

devke with a committ'ed output 
amplifier. {• 

5. The rec~angular output represents a ' ,,.· 
device without a committed am?!ifier. .. 
The device must be connected to the ¡. 
summing junction (SJ) of an ainptifier. t~ as iHustrated by dashed \ines. q 

6. F~·nCtion ge.rierators mlv be 
,. 
~:' 

inverting or noninYening. ;.•. 

~ 
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· opmen~ \\·ill n:solve the rerun setup prÓbl~m rhar is in-· 
herent .in. hybr:id sy:-.tems. 

:uracv and reproducihilitv 
/ . . . 
. er us compare file acc;ur<.tcy and rcproducibility of 

.d!t~ obraincd Ccorn digital and analog computers. 
The digital machine will genera te more than six sig

nificarll figures (based. on the data· s_upplit"d with· the 
probkm and if the data cont<iin that many significant 
figurt's). The machine reproduces thesc same .f].gure.s as 
many times as the problem is run. 

\Vith th_e .1_nalog device, we cm only prodtJCC about 
thn.:c significant figures. Systcm accur:1cy ·will usually 
extt~nd tn threc figures. Ovcrall, thc accuracy is not as 
high ;·ts with thc digital machine. 

\Vt: ·should nm\· ask how man~- figures· we need fnr 
engineéring dcsign -.vork. Pr0bahly, threc ·¡s stJfficient 
fnr mn..:t de.,ign .work. lleca use· we are accUstomed to 
seeing ... ix or· rnore figures frum digital computcrs, \~e 
tcnd t(_) .believe that thcy. a!l mean. something. 

The basic design of prücess cquipment may not 
changc_." But, changc-ordcrs ftow through an organiza
tion whenevef a slight ·modificatÍoll arist:s--~ay less 
than 0.1% in a material balanc<:. Snme desiB:n firms 
n;wrih.' cvt!ry <:i-¡uiprncnt spcciticati(~n ami the dr.railc_d 
cosr t;stima_r(; for each of thc changes. For rhis reasun· 
a\tJne, we rnight consíd~r the analog rnachinc as better. 
suircd for sorne em;inc,:ring ··cnrnpurations. However,· 
many pcop!t: wo11ld.be upset if we hi.nted rryat .the de
sil!n was not as exact as they said Ít wa'i. VVly~n· a deci-

is made tq. use 6 to"B-significant figures in the com
·"'-<.-uions, the next step is to resolve whethcr overde~ign 

10re than .lO tn ~(y~~ is adequare to take into aCcnunt 
~ .. , dcsign unc~;naintir:.s. 

Examplc illustrates 'procedures 
A batch reat:tllr pn.lhlcm •vil!illu:-:tfate the proct.:durcs 

in,:oln:d for simularing with the hybrid machint.:. 
Ler us considcr a batch·type tank rea~tor dt:Signcd to 

carry out a ~eries reaction having the fonn:. 

..... -hen: B is the Je~ired product. 
Th•; r:ne ""l'.'"'inns forthe rca.;rinn are: 

liA =dCA/dO= -k 1C 1 (1) 

R8 = dC8 /dfi.= k,r.,, -··k,C8 .(~) 

Rr; = dCc! dY = k,C" fl) 

k, = t09 exp ( -9,000: T¡ (4)· 

k,= 101" exp ( -12,000/T). (5) 

\\."here e= conct::Hration .or Component :\, B or c. lb~ 
rnole/ft"1 ; k.= kinelic rate constanr, rTtÍn-· 1

; R-= rare of 
_.n:aCtion o(Co.Jltponent A, B' or C, lb-mole/(ft.:1¡(min);. 
.T = temperature, K; and 8 = time, min. 

Additionril clara for this cxample are·: 

P ·u capacity, e,,= 50 Btu/(lb-mole)('F) 

../sity, p, = 0.5 lb-mok/ft"1 ( ~ corÍstant) 

.11perature: 1~ to 120'~C 

Hcat of reaction at 2S"C: 1 
-

· {"'H - -.1,800 c.·al/mole 
:::.H, = -1,500 cal/mole 

1 

L·---'---~------'l 
a. Multiplication (fi)(Cd resistan~e) 

R, 

•• 

b. Addition 

c.~~:·~-i;¡·:~;:~I 
• ' 1 .... ·~··-·· ... '·-. ·~ ..... ., ... , ... _ .. _~ 

' -: 
,· ~ c. lnte9ration 

j ~irc~it ?iagr"a. ~-¡ for anal o':} · ~. . 
~omputmg ele~ents ·. · ··· ------:-----·---

Or~ hand is a 7 ,SOÚ-gal rcacro; that is availablc about 
one da~· every threé monrhs. Reactant A ...,-ill be pro
dUced as a byproduct in anorher' process at about 

. 500 lb-moles in this period of time. The prob!C_m is ro 
determine v\.·hether the ·i,500-ga! react.or \.,.·ill bé ade
quare. Preparation of rhe reacrion mixtúre and deanup . 
of the reactor is estimated to take about 12 h. Therr.fore,· 
reactinn time iÍl. this equif>ment will be:limited CoL! h. 
Separation facilities are adequate to retover a:nd refine· 
rhe product mi".\ture . 

T-he deuronic. wiring diagf-am for the'hybrid (ana
lag/digital) comptlter thar \VilJ·simulate thiS exampl~~ is. 
shown io Fig. 3. Once the comPuta is wired up ·in ac
cordance with ;this diagram, · the problcrn IS solved 

···---- . -····-- ....... - .... 1-::- ·. r;-i."lii•.:>.W:\!. !:.:,·,,;:.;~J.,(j,',~· qv¡;F .. '.C!r:lt" ~!¡ ,,;:: ' J.)-
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through co_n\'f~rsation<'ll computa input/output dialog 
,-ia a standard kcyboard and CRT (cathode ray tubc) 
scrcen. The final program is listed in_. Table_ T. 

~nent to the DSFGs in order.to-reduce error rc!<.ulting 
from tÍ1c linear in~crpol<ition sChcme. 

¡ ' 

The exponential rcaction rate' [Eq. (·!) and (5)], are 
c:llcul~ued as a funóiol"! of tem¡.;crature in the· digitally 
~el fünction generators,.DSFC O and DSFG 1) as sh6wn iry_ 
the wiring diagram. (Fig. 3). The DSFGs ·calculate 40 
~teps in the temperature intCrval betwecn lOOoF and 
275o·F via a Fortran program.- A line·a~ interpolation 
:-.che'mc then gencrat6: the n:action-ratt." con.sw.nts be
l\,·~cn these pOir;ns: Summer l _i (Fig._.:~) !)Cale.<; tht.: argu_~ 

Some scaling ·must be incJuded ir. the program to 
obtain accUracy of results. Thc pro.:..~dures shown in the 
flowchan (Fig: 3) and their implementation on thf. hy.". 
brid computer were synthesized in une d~y. Jl:l.ese d6 
not represent the sophistication that W?uld be rei¡uin:d 
if w~ had bcen writing a genc~l-purpose: progra'm. ,._: . 

One ad ... antage of the hybrid-computer systeins rom
pared ,.,·ith purely analog machi_nes is that a printrJut of 
thc \'ariabks i~ pos~ihlc. \\'t can ·then changc any. ir1n.'r~ ·: 
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l.OÓiOI ·~TT l,l.:c::TT 1,0:. 
1.0lUOi"'8A íCH Sf ,'i! 83' RE A.CTO R S1MULA11ml": 

1.01101$VAR\ 
1.02GO•WA.2000,C: f,U;l ,C; 
l .. OZOiJ"'ENTER TIME SCALE.·- HOURS:SEC' :TS,.100,TS:T5- . 
1.021J?I''ENHR INITIAL TE~.IPEAATURE":f5 100.f:T-

1.021 O i 3 'E. T ,\" IOOOfiT S ·'iGI 
1.022!:) ; EJ.M; 
1.0300: '"JE i PHIJB LE.',! ·r.oNST .:..N fS": 10, 
I.OJ\Gt"IN!TIAL CQ r; OIT!ONS'':12; 
1.0400)":;ET MAXIMUM VALUES":20; 

_ l.O~QQ¡''CA LCU LHE ANO SET CO EF FICIENTS" .NA:21 ;WA;21; 

10.0\0iln,HV'.iL!:\' ;:IJ:~:; T -~N rs" 
IO.IJ2lJ,))QHl, -JZ.-l;J"ó;""U/LB ,\1QLE" 

10.UJG01C:-'?" --2/'lt~ 
lO.~C:GlC?~ -~50 6fU;!L9..'.1ULE OEGFi" 
10.05GO!RhG "0.5 "LB ,'.tOLESffT;J" 

11.0010\"FUNI. í11JN VALU ES" 
11.011)0)!4\,41! Oiíl) • rN +-(TMP-TNI•\1-11/40 
11.0200)1r.1,41\ Klf!!! "1.E9·EXP1··16200/(0T(!jt460!)/KlM 
hOJQOl!~t,41! KH[!l = l.EtJ.EXP (-·2Hi00(!0T[II ~4GOl!fK2M 

l.OlOO)"iNll:AL CONOITlON5'' 
f2.0200)GA =O. S "LB MOLES/FT:3" 
12.0300)CB o O 
12.0.:\lDICC "'O 

Part XX. M<1~i1nurn valu,.~ for cot!Hici>!nts 

20.01lJO)"~,l,X '.',\L 1JES" 
20.0700\CA-'.1.., 1 
zo.o:wm·cs:.l ,., 
20.~!00•(CM ~ 1 
lO :C':·~~:; ',t ' :lGn 
.?o . ..:: !·l;; :• ~ 1 .. so 
20 ~121~; í''rll' '1 .. i25 
10 Oiii;U,!{1'•~ .. 1.E:J~b?: -15:<1JO.'{T.'..IPt~60ll 
20.GIO!í:KW ·t.E:;.¡:_.-:f't-21000,'(TM? .. 4-60)) 
20.10\JO¡R,.l'.\ 'C,'\',hf.l.'il 
20. llOOj RBM ' rl.; ·S: ·.1 • <:2M • CAM·K 1M 
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we can study the rcaciOr profiles for !1 sy_<;tein. ope,rating 
in an isother:nal manner. The reactor profiles obtained 
fi·orn thi~ ~imulation for th1 ce differcnt- tctnp(:'ramn: le\·-: 
e:h are Shown in- Fig. 5. rhe optimum tcmpera~u_re of 
130"F (Fig. 5b) produces a maximum concentr::nion oi 
Componcnt B cqual to 0.18 lb-mole/ft:-1 within t}le rcac-· 
tion time of 12 h. 
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Reactor Profiies for isothermal conditions Fig. 5 

:\ctually, wc can obtain a greatt:r maximum coOCtn~. 
tration by decí-easing the_ reactór trrnp~rature a~ the 
rt":action proceed.s.- \\'e would· thcn ·obtain higher reac
tion rate~ before.appreciable amounts of Compom·nt P. 
are formed. Thís resuh cou1d indícau:: an intne:;ting 
d)·namic study, but one notjustified hl'rc beca use of 1 ht> 
short opcrating time for this process. In a .future anide 
of this series. we ~·i11 provide in-depth ~tu die.,. of rca~:tor 
S\'.Stems. 
. Comparing -the ré:suhs of th~ studies obtained f.•·:1m 

thc analog simulation to tho!>e from a digital co1nputc:i 
simulation. ,,·e find that the isothermal ca~e agrtt'S ex
_actly with the ·r'e¡,uJts from the hybrid .rumput':"r. H0w
C:ver the results of the adiabatic ~tudy indil·~1.tc n !'.li~htiy 
different rea<:toJ pmfile. Thb diffcrrnn~ can be tracn1 to 

· thc intcrpobtiÜn scheme used in calc::uh1ling thc: :clC· 

tion~rate constants. Thc Usl· of a ''log-x'' printt·c~-cirl'Hit 
... card {3J ,..,·ould reduce thc nror. but \\·ould prohably. 

increase the.setup time on the hybrid con1puter. fL•r :he· 
problem . 

Advant ages/lim itations 
Alialog~hybrid cumputcrs are a Ü~f.ful tool íor dy- · 

· namic a·na\ysis. Thc integra1Íon· of diffcrcnrial t·qua-· 

1 

-------

· tions on ana\og systems is not_ as difEcult a simula1ion· 
prohlem as it i::. "·ith tht' digital c·tullputcrs. Tht".t(-ch
nology exists tCJ m~ke ana\Og sy5term. as easy w·u-.~.as 
the digitals. Howcver,·fev.·er pcople are.dr:velc)piug ap-, 
plications technolot,')' for analog machines than for the 
digitals be<"ause. of earlier experíenCes with the analo~ .. •' 1 
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rcct or invcrted _operations at the CRT scrce:n. The: pro
gram (Table 1) is ~itten in thc HYTRAN lnterpreter 
languagc, which ·run~ on the EAI PACER-lOO minic.om
p\Jter. Pan l of thc program is thc cxccutive !'ubprogram 
thal inítializr:s tllt: l\·1odcl 2,000 analog processor inter· 
faces and ex(:cutc-}.; thc other subprogfams. Problcm 
crmstants ~nd initial c<1nditi6ns ·ror inte1rration are sct in 
Parts X and Xlll, resp¿ctively. Part X~ scts thc \'~lues 
of the codficients, and Part Xl computes thc ::.caled 
fu nct ion \'3 lue.<;. · · 

Problcm interprctation and results 
Bec~usc t.hc <:xisting reactor is not ~quipped with 

hcat-exchangt• cquiprncnt, thc fir.;t step is to.deH:rminc 
the conccntration profile that wc· can cxpect from an 
adiabatic (i.c., no hcat remo\'al) reactor. 

This h\ck of effort has hindered tht' den·l.opment o{ 
canned procedure.c;. for ana1og sy5h:ms. Hence, p!\>~r<::"~t~' 
for analogs are notas pkntiful.as thos_e for di,t;ital ma-: 
chines, aild progress in analog mcthods .\,·i\1" cuPtinút 
s}owly--at least in chemical enginee-ring app\ic~ni~~m 
H()wcver, ana1og-hybri0 · processíng dC>es p~u(~uc:..· rc
sults cQn\"cnir.ntly, and pahaps in a shorter pni(·d o' 
time than does a purcly digital i-ncthod. 
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Modeling process systems 
via digital computers 

The differential equations, representíng process systems; 
·must be reduced to linear first-order equations in order 
to solve initialcvalue problems by numerical techniques. 

------------------· 
j~hn L. Cuy, Dyndmad Enterptise~:-. 

--------------------~--~~----~~ 
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O The r~wst powerful tool for solving the differential 
equations for modeling process-dynamícs problems is 
prubably the digital computer:. Digital compute~'elim
inatr;: .m<tny of the di.sadvancages of their analog/hybrid 
counterpart.S~ For exa'mple: 

r----,--------'---------li 

1 !) 

~ SLaling the. variables for time and Voltage is not 
~ ... ireJ because digital machines can hancHe very 
smatl numbers (ranging from 10-38 for some -ininit:om
puters to 1 Q-:-3°0 for largc machines) and very large 
numQcrs (!03S to t03°0 ). · 

lil Inirial setup ti m~ is probably lower for che digital 
machine even with th~ advances in an_alog/hybrid com; 
puting t0ols mentióned in Part 4. t 

m Once .a digital program is. developed that ade
quately siffil;llates' a certain'. p~enoffienon, we can re· 
trieve rhe program and simulate t~e phenomenon 
undcr diffei-ent conditions al a la ter date with 1es..'i diffi
culty. (In Part 4, we mentioned that the technology to 
faciiira.te re:-setup time for ailalog/hYb.rid syste~ns is 
deve!oped, but not advanced to the degree thac it is for 
the digital machines.) 

et Reproducibility of results is much greater with the 
digital computcr. Results with from six tÓ eight signifi~ 
can e figures can be ·consi.stently obtained for the same 
problem. However, these results usually ha ve more sig
nificant figures than the input data for the.'problem. 

Problems arise in solving systems involving differen· 
tial equations when num·erícal integration for digital 
simu!ation is used instead of the continuous merhod in 
analog símulation. The differcntíal equation~ for the 
simul<Híon are replaccd by diffrt.rer\ce equations that 

. 'can cause trurication .errors and stabiHty Pr~blems. 

: Systems of dilferentia! equations 
"-_.. \Ve derived I 2 eqtiations to deScribe- the-dynaffiíc re

sponse of a hotCwater heaier.(Fig,,l) in Pan 2'of this 
rr(/ ln«l rhe dUÜwr. ~ C.\""'. 'E"IJ·· Junc 29, 1981, p. 86. . 

" • 'Artid<:$ pub!Uhed thÚ1 l;~r m thi!!'CE !"1-.~FR.ESitER: Part l,junc ~>9. l!lB-1." 
.P· 74:, Pan 2, Au,;;. 24~ 19.~1. p. lit. ~an J, ~nv. 1_6, 1981, p.1il; p,.r't .J, 
Do::-c •• R, 1981, p. 63. · , . . . . , 

Cond~nsate · ----~ JI 

¡ ¡ ¡J 

lnlet stream, F; 
L Water .'1 r~=é 1

!1 

f----l¡r-i-
L-____ ..,L _ __.l. Ourlet stream, ~ 

-----------------1 
Controt systems for water heater Fig.' 1 

series. These ~-uations·- ~re reproduced here as rhe se~. · 
Eq. ·( l ). Two new variables ha ve been added-one to 

, riormalize the controller output, (SPAN), and the other · 
tó Petermme whether the ourput s.hould increase or de~ 
crease with the error, (.4XN). (The variable, (AXN), is 
fimited to values of + 1 3.itd 1. 

·dlf::.. F,·+ s,- F. 
-,¡¡ - pA 

T¡ 

K"(A}<N),(911 - SP,) 
<:>,~ "" (SPAN); . ·: + 

K"f(AXN), , 
T:; (SPAN),\9" - ~P,)dO + 

(la) 

(le) 

.~ T · d((AX.\1)(911 - SP,]!(S!Wc}1) • (Id) 
•, _ct dt . d9 . . ,., ' 

1 
' 

1 

'•' 

· -cH-r:·.\iit.\J~-ó(;i~: ~iki~· ~1.-\ki:ií -'~~-¡;¡¡¡~~-· ... ' 97 ;·' 

:~-~--~--~-· . ...:~J:'t_:.,;. .. - ~ 

- ----- .. 
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·s, = A1C,, vF;- P2, (le) 

P21 =g(H) (lf¡ 

" d'<?i, ? d<?ll . 
Tfd8T + -/;¡T¡dB + <?11 = G,H (lg) 

., d'<?, " d<?n G •· 
r¡.-JÜZ + 2~ r1 F-¿"¡j" + <l>n = 1" ' 

. = K,1(A_XN)¡(cp11 ·- SP1) R 
<!>,2 . (SPAN)

1 
. + 

K,¡{AXNlJ..<?r, - <:>12) + 
(SPAN)r . 

Sr r(AXNJr<<>n ..,. 9tzl dÓ 
. Tir · (SP.4N)r 

F, = ArC,.F ..¡¡;;,--_-...:_ Pzr 

· P 1F = g(H, F,, C) 

( 1 h) 

( 1 i) 

(lj) 

( 1 k) 

( ll) 

't\1ost gencralized numerical~intcgration s~broutines 
are set up to sol ve cqua_tions of the foliowing type (\\rrit
ten for ·n. first-order equations): 

dY, · . . 
.dB =J,(B, },, Yz, ... ' Y") 

dY . 
de' = j 2(8, Y1, Y2, ..• , Y") 

dYn -;¡¡¡ =f.(B, Y1, Y2, .•• ,.Y") 

(2) 

Vv'c .·can reduce the. second-order eq\iation to two 
first-order eq'uations by the following pror:Cdure, which 
is illustrated by _the equatioil for the flowrate-sensirig 
element: 

(3) 

(4) 

Therefore, we obtain two first-orde~ t:quations: 

' (5) 

(6) 

This procedun: can easily be cxtend~O to the rcduC
tion of eme pth_oidcr equation to p first-order d¡uations. 

We r.an rewri1c Eq. (!)in the form of Eq. (2) by re
mt:mbcring the rt:lation tha1. if Y::: Jf(O)r!O, thcn 
dY/dO =J(O). Thcrcforc: 

dH (l~+S,..,-F,) 
-;¡¡¡ = ---¡;;1-· --

F,Cpt; + S1C1,t,1 - F,C,t, ·- (.!2.) dH 
. pAH , . · · H dO 

= io- fu. 
r, 

~ ·----.. ·--------

(ia) 

(7b) 

(íc) 

.. --· --·'---'-

· de:>;, · d2cp 11 í [dt, d<?11 ] •. 

dO= dOz =-;:;-dO- dO· . 

d<?12 = K,1(AX~)1 {d911 . +.[911 -;S?,]+ , . 
. d8 (SP.4N ¡, d8 · T¡, · . 

T ~.p;,·} 
• di i/8 

s; =A, e,,, vr.P"'11---P"'2-, = 'q,,~v., VP11 -P2, 
. P21 = g(H) 

de:>;, G1H 2i'¡<?;, </>11 
dO. =-r, --7-,--.T¡ 

dc¡,; 1¡d8 = 9;, 
dc:>;., _ GpF, · 2rr , c:>Fl 
-- - -- - -<?Fl - -. -• 

dO 7~ . -rF · .-r¡. 

d<;>Fl/ dll = <!>j,, 
Kc~(AX.II')1(<?n - SP1) R 

A - + 
"'" - (SP.4N)¡ . 

· de!>, = K,1(AXN)1 (dc:>11 ) 

--r. dll (SPAN)1 dO 

.. 
d<!>dll· '"' "' K,,(AXN)r { d<!>n _ dc:>12 + 

(SPAN)F .dll dB 
?, . 1 . } 

-:¡:-<c:>Fl- 9d 
· 1F . 

F, = AFCvF VP1r- P2r = 9nC,.pVP,F- P'!.F 
· ?

1
, ·= g(H, F,, C) ,. 

·(7d) 

(7c): · 

(if¡ 

(ig) 

(7hj 

( ii) 

(7j) 

(ik) 

(71) 

(/m) 

(7n) 

(io) 

(ip) 

V\'e now havr' a systC:m of 5 algebraic eq uatiom. arld 
11 first-order differential ~quations to solve. Hm\·.eú_.r. 
Eq. (71) and (7m) areequivalent. so actual! y we havo 15 
independent equatio~s to salve. 
. Eq. (7) can be made exactly imo the form of Eq. (2) 
·by sub.stituting the e~pTessions for the derivatives that 
'appear. on ·the right-hand sid~ of the equations· .. Fonu- · 
nately, we can:forgo the step by arranging·our calcub
tions so as ·to determ~ne the derivatives befare .we use 
'th~m on thc right-hand si(je of any eq"uation .. 

Numerical integration. methods 
All of the numerical irytt:gration methods that ·wt w'ill 

describe rcquire that a problem have knovon \'aluc~ of 
the,dependc:nt.variabtes at sorne time 9, that is:u5ually 
set equa1 to zefo. This type of problem-is called. an <.'ini- ~, 
ti al val u e pro_blem. ': We.. then predict ~he values of the 

· dependent variables that satisfy our differential cqua
tion at S\ICcessivc time 'intervals Via .one of severa} nu
merical tcchniques . 

Euler mcthod 
- \Ve ('an calculate the Point' Y1 at time.(B + h_) by a 
Tavlor series for Eq. ·(2a) as: .• · · · 

Y1(0 + h) = 18) 

. , .. ·here- h is the~ step siZe . 
The derivative for 1'1(8) is: 

di'110i, dO = ./,1.8, l'1• ti 9_j. 

-------- ---··---.. --
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Y1(0 + h) = Y1(8) + hf1 + h~' ~ ~ (10) 

· A...- reduce the value for the step size h, we can 
,r;!.:!k\._:..Al¿. tef·m.~ contai'!ing h2, •..• Thercfore. we can 
fd~-~~-laie _the valuC of Yr by: 

( 11) 

_ Tht~. valw:s for the rem::iining Ys, i.e., Y:! through Y," 
¡fe calculated in the same manner. 

'( \\'e cal! this method '"first arder" because we truncate. 
~ 11 ternis that contaln more· than the first power of h. 
)'he omissinn of these terms will give us a truncation 
':rror that is inhcrcnt in the mcthod. If h is a small· numA 
;1cr, the terms including thc third and higher poWers of 
:! will be small comparcd with thc h'!. term. \Ve Í.hen sa)r 
~hat the ti-uncation error is of the order of h2. 

'•Thc dTect of dccreasing thc step siz.e, h, is shown' in 
. fig. 2-l/\ for solving the single different~al equation: 

dY;'r/fl -t Y= 1; Y(B =O)~ O (12) 

; ·As the ste¡) size dec;rcases (F'ig. 2), accuracy increases. 
There also exísts a rnaxímum value of h' where the 
nterhnd di\:crges from the true solution for large values 
,Úf time. This maximum value ís 2.0 for Euler's method. 
·:Values of h grearer than· 2.0 will"CiJ.USe_the.sol_ution to 
,diverge, and the method becomes' unstahle. Therefon:, 
.the stahiliry reg.ion for· th~ Euler method ranges from 
¡, = o to h = 2.0. 

Se' d-order Runge-Kutta method 
-~· $C'COnd-order Runge-Kutta method is also 

\nown as thc rnodified Euler rn.ethod. The formulas for 
;ca!culating valt1es of V in Eq. (2) by this technique are 
·.given'.hy Eq. (i:J) ai1d (1~): 

~'!(8 + h) = Y1(0) + hJ;[O, Y1(8),: .. , Y.(B)J (13) 

: !'1¡0 + h) = Y,(B) + f[f(B + h, }1,-: .) + 

f 1(8, Y1, •• • )] (H) 

The tmnc;J.tion error is of the order h3. Fig. 3 showS 
the solution to Eq. (12). The stability region for this 

· method again ranges from h :=::: O to h =::.2.0. The fnr
mulas for this method can also be derived from a Taylor 
series expansion. 

Fourth-order Runge-Kütta .method 
The formulas for calculating values of Y i'n Eq. (2) 

are given by F.q. (15): 
. 1- .. 

.i Y,¡B + h) = Y,(B) + (i(k 1[ + 2k21 + 2k,11 +k.,) (15a) 

. YiO + h) = Y2(0) + i(k,, + 2k22 + 2k".' +- kd ( 15b) 
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_where ~he scc;ond:subscript in the k f.e'nns refers t~ the 
subs~ript.of the dependent vilriable,-_and: 

k" = hf1(8, Y1(tl), Y2(0), ... , r:(li)] 
k1-¡ = h/2(0, Y1(0), Y2(0),: .. , Y,(O)] 

k,, = hj,(O, Y,(O), Y2(0), ... , Y,(O)]· 

(16a)' 
(16b) 

(16é) 

(161) 

';:·. ~- .': . . 
. ·. '·. ·: /._ 
-·~=: 

le . _;_ h' [o h . o .. k,, . ¡.k,. ] . 
3o- Vn + ·

2
-, J,( ) + -, ... , Y,(O) +-. .. 2 . .. 2 . . . ., . . ' 

\· 
• (16i). 

"· 

••·. 

k., = lif1[0 + h, Y1(0) + k31,::., Y,(O) + k3,] 

k., = 11,.10 + h; Y,(O) f k31 , ..• , Y~( O) :¡. <,] 
t16j) ;,: 

(Il)k).· •• , .. 

·-~ 

k4, = iif..(O +·h, Y1(0) .+ k31 , •. •.• l'~(O) + k,,] ( 1 ()1) 

. ThC: fou"nh-order RUnge-Kutta method can also be'_:>.~ 
deri\•ed from a 'raylor series: The trunCation error is on · 
the arder of h5. Fig. 4 shm .. -s the effect ofdecreasing the 
step size h tosolve Eq. (12). In this niethod, we have 
incrcased the stability region for ,·alues ·or h- ranging. · 
from· zero. to about 2. 78. 

The precc:ding methods and the corrcspondin~g t-qua-· 
tions use thr" \·'alue at one point to predict the ,;·alue<; Of 
the de"pendent variables at a va)ue of the indcpendt:nt· 
Variable (usually' time) for a time interYal {i.e .. lime·= 
() + h). This new value then ·becomes the one-point 
value to predict the de~ndent ''ariables.at 8 + 2h~ r;_~c.• ~ _. 

Adams-Bashforth method 
The Adams-Bashforth process pr~diéts the vari~b!es 

by using values of the· fuilction al four previou~ points:· 
The formula· fof _'-the foU.rth-úrder pnx ess is: 

Y1(0 .+ h) = Y1(0) + 
h . . • 

. 24 (55/. - 59J._, + 37f~-2 - 9f.~.,) . 

/, = j,(O, Y1(11), l'2(0), ... , Y,(O)] 

I •. , =/,((11- h), Y,(O.:. h), Y,(O ~ h), . .. ' 
Y,(O- h¡] 

1.17a¡ 

'· 
1 17b) 

(17c) 

... 

.r:· 
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' 

,:: . . . ~ . -.,.y·~( 0:·.::_' 2h) 
1 

:·~( t 7dy -·tiqnshi¡.{i~~~¿iti~fie.C(·. 'X~.~-- ... ::·~· ~-. V. ¡:/;.·_··· ;\:;-: -:: .. ~ ! ~ .. : .~.::·~ !·,;_>-~-~> .f~~!i\_:<·í~·~: . 
1h),-Y1(0-3h),'r)B~3h), ... , ~Í~-;,;\•~ul<. •< ., .. ,-:,~~: '• 

r.(B ~ 3h)] (17e) · · ,, • . l:i' ..• 

T 1••• Adams-~ashforth mt:th~d ~-an casíly.·be e~ tended where ( is .th~ pr~i-ibed· error. · jl:,i!,;~.· 
w: -_:ipl1~ equations. · - . The proced_ure can' eas_ily_ be ex. tended (o multiple 

' .l'r-n-ncariOn_ error is o_n the _order of h5 , hut the cocffi· equations. The áccuracy is·improved'over that provided ·¡¡¡ .·: 
.Cie-nt .. in ~he error ten_n is somewhat larger· than for thc by Eq. (17). The Adams-:Vloulton·,methód_gives usan· ¡¡

1
: • 

, ~ung~- K u ttn. metho•d of ~he samc arder. Thercforc, wc estimare of the error with- regard ·to our· eh osen ~tep sizc ti 
, mus.t· U-;é srnallcr valués of h to a·chieve the same acc~- h. However, we obtaÍn this estimare o'n!y ~t the expense .~ ¡:. ' 

·: racy. The method is stable over a srraller rang~·ofvai- of increased computations. The results obtained 'for ·¡'¡¡'-, 
u e.<>- fnr h, as <>hown in Fig. s.· -- Eq. ( 12) by- using: thís m~thod are shown. in Fig. _6,_ :·· 

1 

: 1 r · .. • 
lJnlike thc 'Euler and Runge~Kutta methods,_ the in- which illust_rares the e~ect.Of dccrc!asing thC step sizc;:. ¡· " 

stahility does not appear after oñe or two time i~cn:- Again, _we._must use ano~her me:_thod.to~.predict the ! !"'~.' 
mi::'nts. Ít takes time to · develop. We must use the ínítial three approximations of thc' functións'from the \f ' 
·Rungt.'-Kntta method to obtain the inicial three valÚes initial give~ values. 1t _:' •• 

: of the. dependent · variables. The results of solving Other methods il'·:,_·,·· .. ¡ .. :> 
Eq: ( 12) by this method are shown in Fig. S. · · 

Géar (2] ·describes ·a gerieral' computer prograin for 
solving ,multipl~ diffe_rentia1 equations. Th,e program , 11! 

Adarús-\loulton method 
The Ad3ms-lv1oulton me.thod is an examp[e of a prc

dictor-cofrcctor forrpula. for solving ~ifferential, equa- · 
ti<ms. The procedure is iterative, and we must specify an 
acceprah\r· á·_ror cl-iterion as well as a step size ~· There 
is also a track-off betwt~en step·size and the number of 
ítcratínns n.:quircd for cOnvergencr:. Wc can use the 
error csrirnatcs to ~djUst ~he step size h, but we w:ill defer 
this discussivn until la ter. The procedure for ·fixed h ·is: 

St,p !. Compute the initial estima te for !"/ (8 + h) by 
u~ing :Eq. ( 17). 

Sttp_ 2. Compute_the v~lue for: 

/,~....,.;_ h) = . .. . 
};[Y + h, Y,(O + h), Y0(0 + h), ... , Y.(O + h)] 

· Sup 3. Compute the valut".s_ for: 

lW + h) = r,(O) + 
·h ' ' ' 

24 
[9J;(e + h) + 19/1(0)-:- 5ft(B- h) + f 1(8- 2h)] 

..... -h~re k-= l, 2, 3,. 

tontains techniques for startíng_ the·calcU!ations, chang- ,!: .;,,' 
' h ' ' '¡11 ' ' mg t e step size, and changing the arder of the equa- , ,

1
. •· ¡_ 

tions. This fast refinement can lead to sorne increase in \j: .~--
the efficiency of COrt)putation. For det~ils of such proce- !¡l 
dures, soe <;>ear '[2]: . ·• . . . . · · . 

Stiff systems frequently )3.rise_ifl kinetic studies and. 
distillation.Column simulations dUe to differing rates oc' 
exponential decay_(referred· to_as time constants)~ ·[.\Ve 
discussed tirilC Co~stants in Part l of this series:] By way 
of exampl~, let us.consider the eqúation dY/diJ =.\Y, 

. when ,\ <O. Here, the dependent variable,- Y, decays by · 
a factor of l- 1 in the time 8 equal ro' -1/A, the-.time 
constant of the cqUation.. ' 

For any .system of diff~rential equacions, rile time 
constant of each equation wi11 be diffcrent. The more 
the time cOnstants vary, ~he sriffer rhe systcm is. The 
equations having fast decay rates_will_control the stabil-_ 
ity of the method even though the effects of the equa
tiOns that are hcgligible iri those terms affect phenom
ena, of the: sysrem·. On_ !:he oiher hand, the truncation 
erroi- is determined by the equations having'slow decay 
rates. 

: 1 i' 
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,·:-:---.·.·-::-;-·-···;;·-·--·· 

· ~, . ,..,'";.:.J; · 1 ;,ts . i a e !_~tdcc~ · ;1 1 g"r Jfi ~Lo;.~ . ~f _._¡ . . ~h.i'f;~ 1 ¡ i~. S' ~S L.i f!: .;:~ ~:s · 
.ft:(~)\i_n·,¡ th.~ '!-_t.-:u·raJ.prngr~!nl~·f?r ~Jivif.¡g rrlu!tl_Pl<d~f-. 
;t··~~·.p.tul ::~~\~;u¡,~ns. Other algnnthms for handling stdl 
.i~y::.~tm:' =i.n~Jude th.osé of. LiniJSt:r at:td \\'illoughby_ lJ\ 
;ai1d}·~hrarlk'er l-11. . · · 

. ~··("\heatei- pr;,b'lem
1

: , 

".; ·~ 
Let. us ri~w n:t~H~ 'to rhe srJ\ut~on-of ·the ·~~.:-;te"r-h"e~ter 

pr·n6\t·rn,_ ~·h•J\\"f.l ~n 1-:·i~, t". :-fhe ·ra.ñ.k initially. will be 
'operatin~.;"at ·st~ady ;tate._ The feed s.ü~ea_m~ are: .f¡ =. 

~ 4,000:\h/.m~n ofwai:c;:r·at l.~0°F:",and S¡= .1,000-lb/rrii_n . ' 
:•'' 

,, 

.f,. 

:.···. 

''· 

'.· 

..... 9,f sream ~mirlcnS~te at 220°F. The Olltlet s'tre.i.m Fo = 
: .f•S;Ot~O._!b. n~in ,\t l"40°F. "At time fJ =·O, the temperaturc 

·' of;rhe n;ld fecd stream; ~F;¡; decreases to 1H.l°F. · 
! '. ·\Vc·.~tre.·nn•·•/read}-" ~O s~l.ve' the~set {Eq. (1 )} of equa4 

~ 'tions that' describe· this sy"Stem. -\Vé C¡_\h convert Eq. ( 1) 
.-' · ro··rhe gerieral"form of Eq. '(2). T_hi$. is time~consuming 

a_nd .~nnecess'ary beca use we can· Set .up the compute'r 
Pfl:l.~ram to "snlve for the dÚivati\.;es in the equatioñs .. 

. •¡ . l:hc computn program'·will consist of: a section of 
\ data tph~:sical data,.contrOtlá diÚl, etc.), initial.·candl· 
. üon.s·(or á si1hprvg'~am to c·alculate initial conditions), a 
· Subpr_u_..:;ram to calculate· the funcrions J. .a nünierical 
ir_negratif)n routint~. anda r;nasr.cr program to monitor. 

'· · ·,qle sequ~"nc~ and uutput the rc::sul~. . · 
": ... "fril;lks {5j has put togethÚ a·5eries of subpro~ams 

¡ (l?~·t\o) ·t~ . .;;imulate the dy~ar}1ié' operation of ·many 
·; ite"Jn.':i :'f.proc~-ss cquipmcnt and procds.controlloops .. 

~ once· a "general :.cor_nputer program is set up, we no 
, :long~·r n~ed tu conVert e·ac~ equation to Y·:---::! f(~hich 

· L 'conve1:•ion is h~nh teclious· and time-con~ur '. <J)~ be· 
. ., : cau~t· .!Hany opeiJ.tiohs.lnvolve th.e same phy~\c.!l phe

! . nt~na .. Howcvt"r. t<~ .show-what ;is involved in setting 
uf· .,_h a con'P''.rer program, we wi!l convert the-.equa

. ti~ ..... :Tor the, water. heatér pfobtem to the following: 
:\!JJtnirl/ ha/,~ná: · ¡' . 

í . dH F.+ S ;_F. 
= -' --' -:---' 

dO,, pAr,· 
(A) 

En a ''l' balnnrt: > . . 

j·,·n:;m~ . • ·/orll:nl.l-·~-o_utPJr i~ rc¡)~es~nted .by 4->u. l or n1 
· when~ thc:: firo;t subscript, t,-l or F, rders to temperature, 
.·le..: el or Aow. r~Pectively~ and the second subs:uipt ." 1,~' 

;· 
st,tnd~ for output of the sen:sing element. J. 

1imp. r,LIItrc -- ( lirst·ordt:r transfer funcrion ):_..... í 'f t 1 

. j. 

' ¡ . ·. 
" ! 

·i ... ' 
¡ 

J 

.1. 
:\ · .. ,, 
' 
~ -.p, . 

.. f ;,:_;.; 
: ~ 

' 

..: ., /...-- . 
l.ptl t, - 911 ,:? "' í h ' 

··.fP-:;¡¡ =: ----: . s-p .. <Cl 
T,. sr•o' ~t. 

(G J 

'•. 
'.';, 

= g(fl) = [(fl .": 2)/2.31] + 14.7 ,/(M) 

1 (N) 

Flow: 

P1r·= g(fl, F,, C) = [(H-' 2)/2.31J + 14.7 

F, = .Pr,c,,\JP,, ::'p,;·,,\),. (P) \:r< 
,: • ' ' ·~ • . :. . •.• '' Ir:~" ' . 

· We m~st set up our algo.rithm to .sol Ve the differential 
cquit.tiun,s. Then, we sol ve ·the algebraic· equations be: 
cause we are predicting the"Values 3t (fl + !lO) frorn val
Ues at 8. in thé differcntial :equarions: Finally, we can 
solve the algebraic cquati~ns directly at (B + i:JJ). 

A Fortran program waS written for this exam¡}le, · 
which also contained the variable locations for the a·r
rays Y andjof the modeL !'ig. 7 illustrates the respon;c 
of the water-heater systen~ for the upset condition and 
contr~ller set.tings used to ~orrect f9r the upset. 

The next· artide in this CE REFRESHER series wjll 
appear in _the issue of rv1ay 3, and v.:·ill cover modeling 
and optimization for the ~ontrol of heat-transfer svs-
teril_s· i~duding heat ~X\:haO.~ers. · 
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Modeling heat=transfer systems· 
The equations that model .heat-transfer .systems in batch or 

continuous equipmeñt must allow for isothermal or nonisothermal 
heat exchange between process fluids and heat-transfer media. 

john. L. Cuy, D_ynamod Enit:fprists 
--·····-·-----·-----~--

O The dynanTic modeling of h~at-transfer equipment · 
involves energy Ao~ and temperature, both Varyi_ng 

· with time ata fix~d point in space, We willlook at two 
basic modeling-concepts: ·(t) the process is in tended ~o 

. ·:rate in the rnanner so described, i.e., a batch-type 
'\._.,..:ess. :..1nd (2) the prÜcr:.ss · is nol in tended to opera te 

\ ... ith transient variations, i.e.,. a continuous process un
dergoing upset.. 

Batch processes · 
The r'easons, as listcd by Ki:rri, * for choosing a batch 

hcat-tr~tnsfer operation rather than a cominuous ·one 
are that· the: . 

a Liquid being processed for. the product is n.ot c~n-
tinunusly avail<ible.. · · . . 

m H(·ating ür cooling mediuri1 to the equi'pment is 
nol t..:uminuuusly avai!able. 

1!!1 l:{t;Jction:time · or treating-tirric ·n:q uirementS ne
ces:,it.ue holdup. 
·a EConomics of inH:rrnittently processing a large 

balt:h justify the accum_ulation of a· small continuous 
·strearn. 

11 Cleaning or regenerarion procedure take~ ~P a sig
ni!icant pa.rt of thc:: total· operating period. 

D Simplified operation of .mo?t batch 'proce:~ses is 
ad\'antageuus. · . . 

Let us r~view sorne of the common batch operations 
consiJt·rr:d by Kern for which manual calcuLHi(¡nS are 
suitabk. The heat-transfer cocfficiems for these are con
sidered constant, aJ!d lhe physical properties are calcu
lolled a·r sorne avernge ternperature .. These cx;unples are 
all concerned .with the _heating or ·cooling of !iquid. 

:hes. For liquid batches, we will consida the use of 
·~herma! and nonisothcrm;:i.J-exc!'tange medÍa for jack
. eted vt.'.'l'ids and fo·r e~ terna!_ heat-exchan~ers. Such_pro

•Kan, [). Q. _··Pro'~'~ Hea! Transfer,~' :-.t~;Craw-Hi!l, ::-.:~York, 1950 .. 

Artw!t~\ t'ub\1\hed tht!' far tn thiJ CE REFR!.SIIER Pan 1 Jun~ '.!9 \981 
p. H; P~1t '!. Aul.( .. :!4. l~lH!, p. ll!:·P.ut 1, ~ov. !6, 1981, p. '271; Part _., 
D<"c. ::!~. l!JH!: p. ~3; Pa~( .1, Mar. R,- \IJ

1
R2. p. ~7 .. 

;. 

ce-dures applied io · inherently batch proces.'ies are also 
applicable to the startup of continuous proces.o;;es. · 

Jackcted vcssel: isothermal mediuin. 
The liCÍuid contcnts of a jaCkcted tank are being 

hcated by ste'am condensing in the jacket, as sho, .. ·n in 
Fig. la. The relationships that will be developed are. 
also Val id for a heating or cooling coil in-side thc tank. 
We can use the same·equatiOI1s for cóoling the tank 
contents · via an isothermal boiling Auid-the only 
change being a negative heat duty ~hat indicates h~at 
transfcr is occurring in the opposite direction .. 

Lctting q Btu equal the energy transferred to M lb of 
liquid having a heat capacity e, Btu/(lb)("F), we. ha ve.: 

dq' ·(d') 
dO =.He, dfJ (1) 

where l is tcmperature of liquid, o F, and (} is ti~e, h. 
For an agitated batch, we can assurpe_!hat the ra.uk 

~erriperature varies with time but not with positjon. For 
a given time, 01 we can thereforc wri_te: · · . 

dq/dll = UA(T- t) . ' . 
(2) . 

where. U is thc Overall heat-trarisfer coefficien{, 
Btu/(h)(ft2)(°F); A is he.at·transfe.r surface, ft2; and T is 
temperature in the jacket, °F. 

By combining Eq. ( 1) and (2), we ean sol ve for the 
_time e _to heat the liqúid from '1 to tz: 

Me,(dt/dll) = UA(T- 1) 

I ' d8 = J''•\te, dt 

0 , UA (T- t) 

8 = - ~In[ T- 0_] l 
8 =~e~:.[ T ~ ~~]t, r 
· UA T- t, . 

(3) 

(4) 

(5) 

• ~ .... ~ __ :___,____ -----~---· •• < : .... . o~ 
C':'liJ) .::;;·,u-."-'· .. ~.·.,: '·' :..\-.,1'" •• 
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Condensate 

.a. hothermal exchange medium 

Heating or cooling a liquid ~at~h in a jacketed vessel 

Exmnplt: 1--:-Let us calcula te the time required to cool 
10,000 lb of Ji quid water from -300'F to. 250'F by gen
erating atmospheric s~C:arrí at 2l2°F-given U= 
100 Btu/(h)(ft2)('F), and A 0: 100 ft2, a'nd C• = 
1 Btu/(lb)('FJ. . . 

SlJbstituting.thé áppropriátC quanti!ies into Eq. (5), 
we find: 

8 
(10,000)(1) [212- 300]' 

= In. = 0.84 h 
(100)(100) 212- 250 

\Ve can also calcula te the total hcat transferrcd 1 q, the 
t01al steam generated, V, maxirnum heat transfcrr~d, 
qm.o.z• and maximurn Steam rate, Vm(¡r> as: , 

q = 10,000( 1 )(300 - 250) = 500,000 Btu 

V= 500,000/970.3 = 515 lb 

qmuz =.(100)(100)(300 -' 212) = 880,000 Btu/h 

V mor = 880,000/970.3 = 907 !b/h 

In thcse computations, we use 970~3 Btu/lb as .the. 
lle~t.-·ar~va~por¡za·tToñ-rorstvamat·2T~F.·~------·----

... ~---- ···- ........... - ... -·--·--·--~----·-··· 
Jackcted vessei: nonisothermal medium 

The contcnts of a jacketed tank are being heated or 
coolcd ·by a circulating fl~id (undergoing no phase 

· change) in .the j~cket, as shm~n··in Fig. lb. Again, the 
rclationships can be applied to ·a heating or cooling coíl 
insidc a tank For a crinstant circulating flowrate, the · 
outlct temperature, -T2, varíes With time. A hcat balance 
for the liquid batch ahd the hcat:.transfcr 111ediurn 
yields: 

(6) 

,(7) 

. :· 

Fluid, W lb/h 

at T. · · ~-
'· 

Fluid, W lb/h 

· at T
1 

· 

b: Nonisothermal e:~~::change medium 

_··· ---·----Fig~J 
For a uniform temperatu·re, t, in thC t'ank, ~-e- can 

write: 

dq/d8 = UA(LMTD) 

dq . LT_¡ - t) - (T2 '-- I)J 
-=UA 
dB - ln(!L::__~)· . 

: ·. . · T
2 

_:_ t 

(8) ' 

\Ve can e-~~inate the variabl-e-:T:-.,-b-y-eq_,.u-a-ti-ng Eq. {i) 
and (8) to get: · - · 

. . - T1 - t r, = t + ---·-
exp(UA;w,c"") 

IYI 

Equating Eq. (6) and (7), substiluting the expression 
for T2 from Eq. (9), performing the necessary imegi-a
tion, and rearranging, we can oblain·the time,· O, that is 
·neC'essary to he_at or cool M lb of 1iquid _from t1 to. t 2 as: 

O= MC•' [exp(UA/WC,)- 1] ln[T1 - ''] (lO) 
WC, · exp(UA/WC,) . T1 - 12 -

Examplt 2-Let us calcula te the tiffi~ required to cool 
thc same batch as in Example 1, from 250°F to 120°F, 
by using cooling water at 90oF and át a circulation rate 
of 50 gpm (equivalent to 25,000 lb/h). For thii exam
ple, let U= 75 Btu/(h)(ft2)("F). 

·We salve the following termsfrom Eq:. (10):. 

VA . = _75(100) ~ 0_3 
. wc.. 25,000(1) • 

exp(UA/wc .. ) = exp(0.3) = 1.350 

Using these va]ues ánd the appropriate data fOr .the 
example, we substitute therh iilto. Eq. ( 10): 

= In = 0.174 h O ( 
10,000( 1 l)( 1.35 :.... 1 ) (·90 - 250) . 
25,000( 1) 1.35 90 - 120 . ' 

't ;. _l ____ ........ -. --~------· __ :____!. ____ ~ ----·-

__ ,:: __ ;;_t __ ~·- '---~~~-------'-
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Uquid:MJb· 
att=t;. oF · · Liquid,·M lb 

att• t,, ·~ ,. 
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. \. 
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}',v 

.:.· 

'• . ·. ¡o'• 
._; .. Steam at 

Condensate at T 
r, 

. ;_ 

Liquid rate, 

w, lbth L--+".1-:---' 

a: Heating a batch 

lso.ttiermal heati_ng or cooling wíth external heat exchanger 

Next, we obtain the rnaximum outlet temperature for 
·the coo\ing water at time 8. equal to zero, from Eq. (9): 

·\......-, . (90 -· 250) 
T.,= 250 + · = 131.5'F 

• .· 1.35 

Based on this Outlet temper~ture, the total annual 
operating time arid the inaterials of construction, we 
can· n<~w decide whethcr we need a higher cooling-water 
circulatiun rate to reduce the initial temp.erature rise.of 
the cooling watei-. 

Externa! exchanger: isothermal medium 
A batch of liquid. in a tank is being heoited iñ an 

external.heat exchanger by a fluid condeñsing \lO the 
shdlside of the e_xchanger, as shown in Fig. 2a. \Ve ha ve 
now added these variables: the circulation rate of the 
fluid being heated, wi, lb/h; ánd '• and t,;, the inlet and 
outlet temperatur~ to. and from the e..xchanger. The 
variable ti .is ~lso the temperature in the tank. 

We Will· ag~lin start with a hea~ balance, eliminare the 
variable tu, integrare the rt.-sulting equations, and rcar
range to solve for the time, B,.needed to heat the fluid 
from /1 to t2 • The results are: 

dq. dt 
dO = .HC"' dB = W,C¡n(t, - t,) 

dq = UA(LMTD) = UA [T- t,) - ('!:-=-1
!.....] d8 [T-t] In ---• 

(__., T-e, . 

t, = T - (T - '•! 
. exp(UA/H-,C.,) 

B _.M[_ ... exp(UA!W,C.,) ] In[ T..:. t,:¡ 
: - W, exp(UA/W¡C¡n)..,.. 1 T -12 . 

( 11) 

( 12) 

(13) 

Medium 

Liquid rate, 

w, lb/h L--~r--_. 

b. Genefé!ting steam 

Fig. 2 

Examplt 3-We will .rework Example 1 for the proc
ess shown in Fig. 2b. Let t~e ,circulation rate equal 

'lO gpm (5,000 lb/h), U= 200 Btu/(h)(ft2)('F), and 
A = 100 ft2• 

We begin by solving 'the following tenns of Eq. (13): 

...!:!!._ = (200)(100) = 4 
w,c.. . (5,000)(1) 

exp(UA/W;Cp;) = exp(4) = 54.6 

NoW, by substituting thC numerical values for th~ 
terms and other applicable data into Eq. (13), we calcu
late the required time, 8, initial shellside fluid tem.per<i
ture, to(i,.itl• ma.ximum heat transferred, qn'lllz• and max.i
mum steam rate, ·V ~r• as: 

9 10,000 (54.6) [212 ~ 300] . = ---. -- In = 1.71 h 
5,000 53.6 212- 250 . 

. (212- 300) . . 
/o<initl = 212 - . = 213.6°f' 

54.6 . . 

q=• ·= w,c .. (l, - t,) 
q=• = 5,000(1)(300- 213.6) = 432,000 Btu/h 

V""'' = 432,000/970.3 =:445 lb/h. 

If we double the circula don rate, the time to acco~
plish the totah:ool!ng is abi::iut the same as· for E.xain
ple l. (Note: This <:-:"::nele -~~~ . .P.rove,,t,I:tat ja~<;~ed 

'{~~~---<1!~ .. ~~.~-~~~~chang~.) 
Externa! exchanget: nonisotherrnal medium. 

FÚr externa! bcchangefs usi.ng a ·nonisothc:rmal· me
di u m, we 'will consider, two situations: a counterfl.ow .. 
·arrangement, and a multiple-pass one. -- ·---··-·- ~· 

Count".floi.v-The · e"qü'i"pment and its .arrangement 
that we will now simulare is shown in Fig. 3a. The. 
equations that model ~he systcm follow. Unfortunately, 
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Liquid, M lb 
· at r = r; 

Liquid rate, 

--· 
'·' 

w, tbth L_..':.'•--':rf-<---' 

a. Counterflow 

r w, tb/h tfl 

Flu.id, W0 lb/h l 
at T1 . 

Noniso1herm~l h~ating 0~-cooling with externa! exchanger 

we will ha veto calcula te the outlet te.mperatures, l
0 

and 
T2, by tria!. and error from Eq. (15) and (16). 

w,c", _· (i~ ....: 11) _: (T, - 1,) 
----(1 - 1) = (15) 

UA ' ' lnJ(T, '-t1)/(T1 -1,)] 

l:.).amplt 4-Let us solve Example 2 for an externa! 
exchanger having a counterAow arrangernent. We will ' 
assume U= 150 Btu/(h)(ft2)(.F), A = 100 ft2, W, = 
10 gpm (5,000 lb/h), and W, =50 gpm (25,000 lb/h). 

\Ve <;ale-u late the following terms in Eq: ( 17): 

VA [--1-:- -
1
-] = 

. W¡Cpi . ·W0 Cpo 

,150(1 oo{s,o;O( 1) - 25,0~0(1) J = 2:4 

exp(2.4) = 11.023 ... 

.. Liquid, "t lb 
atrct,. 

Liquid rate, 
w, lb/h· f¡ 

b. Multipass 

'" 

Fluid, W0 lb/h 
at r, 

r, 

. 1 

Fig. 3 

· We make the necessary substitutions into Eq. (17) to 
find:the required coOiing time: · 

o- . 10,000 . . 
- 5,000(25,000)( 1) X 

[
5,000(1)(11.023)- 25,000(1)]!n(90---:- 250) 

11.023 - 1 90 - 1 20 

o = 0.402 h 

Soh·ing Eq. (15) and (16) by tria! and error, we find 
the initial tempcraturcs T2 ;:;;; 120°F, and !

0 
~ 102of. 

lvlultipass. ext;hanger-The equipment and its arrangc
ment that we will modcl is shown in fig. 3b. We must 
now add a tempcrature-cmTCction .factor, F, to our cal
culations (this makes the algebra more tedious). How
evcr, we can calculate the .time, fl, directly. For the ini-. 
tia! cxchanger conditions1 ~he solution is again tri al and. 
error. \Ve can add the F-factor from charts rathcr than 
algebraically to pcrhaps save some calculation work. 
The procedure for calculating time, e, is: ' . 

S=· 
-2(K '- 1) 

K(R + 1 + yR" + 1) -- (R + 1 - yR2.+ 1) 

(18) 

(19) 

(20) 

.· .. · 

(21) 

,96 ··--· ·-~·:Fi:::.¡,.-:~).l::;~:. :::¡;:;_iü:-:c ·;~M·.--:-:-i"W:-.~-~ @ Ct.' '. 
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\ ¡ ¡ 
'In· In 

Tubeside Shellside 
fluid fluid 

1 6y 

T "' Shelhide temperJTures 
r = Tubeside femperature~ 

/ 

P = Tu be pat~. i.e., first, second, ... _ , ele. 
T,,:= Tubewall temp.or.itur6 

Parameters for modeling a multipass parallel-flow heat exchanger Fig. 4 

· · (1-S) 
yR2+11nl-RS 

F = ---------'-----=====--
. {2~S[(R+1)-Vif'..:._1]} 

(R-1)1n 
2 ~ S[(R + 1) + V R" + 11 

8 
·. M (T1 - 11 ) 
=--In--

SW, T1 - t" 

(22) 

(23) 

f..\wupl, 5-~Let us sol ve Example 4, using a multipass 
exchanger that increasc.s U to 200 Btu/(h)(ft2)("F). 

We calcula te tht· values for R, K and S by sub!'tituting 
appropriate va1ues into Eq. (19), (20) and (21), respec-. 
tively; and gct: · 

R = 0.2, K :=o 59.1, S= 0.887 

\Ve can n;)w rnake thc appro¡)riate numerical subSti· 
tutiow¡ into Eq. (2:3) to cakulate the time fo'r cooling: 

10,000 [ 90 - 250] . 
8 

= o.B87(5,000) In 9o- 120 = 
3
·
77 

h 

In this cxamplc, the · in<;:reascd value for thc heat· 
trimsf~.:r codficit:nt.,fl, does not comp~nsate for the tem
pcratun~ corrcction factor. 

Continuo,;s heat-iransfer proc~sses 
In Part 1 (Chcm. Eng., June 29, 1 Y81, p. 77), we de-. 

rivcd expressions for a heat-f'.x.changcr tu be with a scnsi
blt; liquid being heatcd on the tuhr:side by condchsing 
stearn on the shdlside of the exchaugcr. The constant 
temperarure of rhe shellside fluid siffiplified rhé deriva-· 
tion of rhe modd beca use there was one lt:.ss diffcrential 

\Vith compu,ters to perfom1 the calculations, how
ever, wc can .solve such problems by numcrical meth- · 
ods. Using the same dcrivation as in Part ·1, and de
pending on thc: service conditions, we can set _u¡) rhe' 
folloWing equations: · 

a Tubeside: sensible (no phase change) 

(24) 

m Tubeside: isothermal ~ondensing or boiling 

dV · -nd, •. 
-'A-+ h--(1 - t) =O (25)_ 

dY '. 12 w 

11 Shellside: sensible (no phase change) 

. vT aT nh,-r.d, 
. p,A,C,. aB = :-P,v,A,C.,.,aY- -

1
-
2
-(T ~ Tw) (26) 

a Shellside: ÍSfJthermal condefo1Si.ng or boiling 

dV . ·. -nd, · 
'A-¡;¡+ h.12(T- T~) =O (27) 

Cl Tubewall 

(d;- dfl e dTW 
Pw 4 X 144 . ""'dO= 

h,d'(T- T )·- h¡d¡(T ·~ 1) (28) 
12' 10 12 "' 

t .:.!quation than in the sensible~sensible Case. ·¡r we add a ' .....____. . 

where A
0 
= shellside AoW area,_ft\ .CP = heat ca¡)acity, 

Btu/(lb)(''F); d = diameter, in.;.h = heat-transfer coef
ficient, lltu/(h)(fi')CF); · t = temperature of tubeside 
fluid, ·l~; · T = temperature of shellsidC fluid, cF; 
Tw = t~mperatlfre of the tubeWall, cF; o= fluid veloc
ity, ft/h; V= vapor·generatcd, 1b/h; Y= tube length, 
ft; p = densit-f, lb/k1; ·A = ·heat· of vaporizaríon, 
Btu/1b; and O = time, h. And where the subscript 
_i = inside or. tuhesíde, o = outside or shellside, and 
u¡·= tuhe\yaJI. 

. · multipass exchanger to the sensible-sensible c.:1se, we 
have increascd the.computational difficulty even more. 
The rr_1odcl derived in.Part l.Cohtilins t~o partial-differ
enri,al cquations and is vefy difficult, if not impossibie, · 
to sol ve manually-wirhqut crcatíng more coinplications

1 . . i . .! .. ; 
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"Il1c <;onvcntiun adoptcd herc is that htat is flowing 
frorn t he ~hellside to thc tubesidc. Wc ha ve al~o asstlrm:d 
paral!cl flow in thc shel\~ide of thc exchangcr, artd are· 
not modeling t he tortuoüs path that the fluid actually 
makc•s in a cross-bafficd eXchanger. \\'e can cxtcnd 
Eq. (25) and (27) to C(mdensing or boiling a mixture of 
componcnt.S. This will cause us to consider changes in_ 
the tempcrature and the individual c<,efficients as a 
function of tu be 1ength. 

The on1y difficu1ty with Eq, (24) to (28) is that the 
· ·.steady-state solutions (at 8 =:: oo) do not agrec exactly 

with the generally accepted design equations. VVe ha ve 
omitted the resistance due to the tubewall. While this 
resistancC is not. a large percentage of the total resist
ance to heat transfer, it wouid be appropriate to remove 
this slight discrepancy. The exact procedure is .to calcu
l.ate a heat balance across a differential segment of the 
tubewall. The_ r_esulting equation is given by:· 

dT~ :.._ ~[a'T~ · _1_ aT~] (29) 
dO - C,""Pw aR 2 + R oR 

However, this procedure involves a lot more work in 
setting up thc computer program. In all but thc most 
precise work, thc following app~oá.ch is rccommended. 

As was indicatcd in Part 1 of this series, the inside 
and outside coefficicnts iilcludc a resistance duc to foul
ing. ln the same ·manncr, we can in~lude the resistance 
of the tubewall. Jf we add ha1f of this resistance to both 
.the inside and outside coefficients, we Can calculate 
(manually or by maChine) composite coefficient·s that 
will agree with the standard solutions _calculated by 
stcady-statc meth.ods. , . · . 

Thc composite coeffici~nts are. given by: 

[ 
1 d-(d - d) ]_, 

h--R· •o' 
¡- h¡. + di+ 12kw(d, + d¡). 

. [ 1 • d,(d, - d,) ]-1 
. h, = h

0 
+ Rdo + 12kw(d, + d¡) 

(30) 

(31) 

The most common approach in solving partial-differ
ential <."quations is to convert the_variables, other than 
time, to finite-differencc equations. The rC:sulting equa
tion.o; are then sol ved by·one of seVera! numerical-inte
gration rl1ethods suCh as those discussed in'Part. 5 (Chcm. 
Eng., Mar; 8, 1982, pp. 98-101). . 

Lct the exchange!" s}:lown in Fig. 4 be partitioned into 
N scctions. For each section, we can write the equivalent 
forro of Ecj. (24) to (28). For convenience in writing 
thes~ cquations, we wiB U~. the follpwi.ng notation: 

A, = (wáf/4.X 144)p,c., 

B, = h,.,d,/ 12 
. C¡ = (p¡v1'1Táf/4 X 144)C,.; 

P = P'a.ss, i.e., first, second, third, ... , 
numbcr of n.~be pásses 

dtJ.P = B,(T viJ,P) - l¡,p) + ' 
dO Aj 

( -ljPC, [tJ+I,P- IJ-I.P] 
A, . · 2.ó.Y 

w, = h,wd1 (T _ 
1 

) 
dY 12;\ .&,PI J,P 

(32) 

_(33) 

dT _,,, {/J[ - ] ¡· 
-- ..:!_ = 2_: -~ TJ- ~vl..J,p¡ n + 
di! l'=t A, . . 

. _c,r T;.i- TJ-1 J (34) 
. A, 2.ó.Y 

where 1'1/ 1,1 = nurrlher o'f tu be pa.-.!-.e;/shdl. n ;:; nunlhcr 
of tub<:J>/pass, arid: 

whcre: 

Ao = PoAvCJIO 
B, = -(h,.,d./l2) 

C0 = - p0 v0 A0 Cpo 

w, ~ h¡:cd, [ 
dY = ~ -~-2A- T¡ - T v:rU,P) 1~ 

Aw = !PwC,.,.(d;; - df)]/4 X 144 

Bw = h0 d,/12 
e,;= h¡d¡/12 

(35) 

(36) 

In the 1ast section (N in Fig. 4) of the ex'changer. we 
need to rcp1ace Eq. (32) and (34) with the forward dif· 
ference for the deriva ti ve instead of the. central ~lffer
ence. 1l1ese cquations bccome: 

dtN,P = B,(T ui.N,PJ ·- ./N,P) + 
• A, . 

(-1¡PC¡(IN.P ~ IN-J.P) (37) 
A, .ó.Y 

d;N = ~ {~: [ TN -T u<Jie">}} + 

c. (TN- T,._l) (38) 
A, .ó.Y 

A computer program w~ written to. simula te Exam-. 
ple 5. This program handled the nu.merous trial-and
error c:omputations for solving _the model equ_atlons, 
and illustrates ·the method t~at we ha ve described for 
continuous systems. 
· The next artide in this CE REFRESHER series will 
appear in the issue of ]une 28, and Will cover the mod_el
ing and opti_miza.tion of chemical-reactor systems.-

Sin,~ Dano.lol, Edt'tor . 

'TI1e author 
'john L Guy founded [~·¡W:mod . 
Éruuprises., P.O. &x 240, Swarthmorc, 
PA 10081 {Phom:~: (215)'328-4545}to 

. markct a riglJroU) Jrnamic 
·mu)\il·urnpnn~nt-rli!till<~tion =mputer 
pmgr.u'n aud 10 piovidt' coruuhing 
!oC'I'Vico to tht" pctnx:hemis..l industl)·· 
He has h.t.d over ten vean. oí irodustri..J, 
r:xpt.rit'..na: widi lJnion Carbide (',qrp. 
and Atlantic Richfidd· C.o. He h;u a 
B.S. in chemical c:ngirtttring from Ohio 
Statc Univcniry and an M.S. in 
chanical cnginec:ring from Wrst 
Virginia Univcniry. He is a membcr of 
AlCh:E.. and a pan-time instrucwr at 
\o\íden;r Univ~ity. · 
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Dynamic modeling of 
tank-type reactor systems 

A step-by-step analysis for tank-type reactors, their control 
and flow systems, and the associated kinetics of the reactions 

shows how to develop a mathematical model to represent the process. 

---·----'--...,.-------'-----·--- ·--
·"john_ L. Cz.ry, D;'llarnod Enteiprists* 

-----'----'--~-

O Tn Parts 3 and 4t ofthis series, when wc revie:\,'<:d the 
dyn·amic cquations for a plug.flow or pipe re<1ctÜt anda 
batch rc<:JctorJ wc· did not ;:¡,ccount for c:ncrgy La lances, 
nr for the dynamics introduced ~y a control ?rstem or-. 

· cxtcrnal or interna] heat-cxchange eqüiJ:>ment •. In ·tho5e 
al'ticles, wc were esscntiaH); invoJvcd·only , .. -ith prdimi~ 
nary ma/cria1-baJance calcul;¡tions. Let" us nów Jook at 

"thc dynamic modding'of 'reactor sy.-:kms. 

Tank-typc n;act<Jr syskms 
Thc c~lcrific;ttion·~~r~n :lk(ll{OJ andan ncid prncecc.Js 

· :JCr:nrding lo the fnllrJ;\·ing rct1Ction: · 

A t 
. k, 

R ·'·' C + D 
1:, 

.\.., :l_n r·.-.::1n1:'k. kt :,s_CIII!';idl:r ·dw 1''-:•:rifi,·;itiÜ;J uf 
¡-¡hd .!kd~td ::rül ; ·1:tic il'.Íd: 

c:,H,UI f ·1 Ci 1) u< ll-f ,. •· C,H5 • l)r :C:Il.J ¡. 11,0 

1,1) 

. (2) 

c(IJ!II)ii!ÍI'i,!; Eq. (l) and (2) c.linlin:llt:S rhc re;.¡c;tinn~ 
1_.::1e ,:~mq::nt (.- ..... ~o wc oLtai,~: 

(3) 

-i-:;•o:n ·~}1•.nnn..Jyn:nni¿~:~ \\'C ~:1)_f~1ii1 :1:·; f·:-:'¡;rc:.:~:;ni) {;Jr J 

·; .. ''·J':i:,il¡¡·;·illl_ ,.,.,ll,:1,l)l{ ¡.;,. :·~· _a_··nJnctiuh r:.f :cülp~~·:l- l 
·,:"o::_ ·Jn . ... •: .. , . .. ~· l.'i, • ., F•,•. \1;¡--:-3. p ~·,r:;_ ·¡ 

'! .· r•·\·: . ¡· 1.1 ,l_,,.¡¡·,J,,,. r:·: i11 11 ;, ,· ¡: iii·~·,·í ,u o •·._.,,,:,i:ui•< ,;;,;¡. 'A1•l, ·,l 

''"'' 

. :. _ _, .. 

ture. \'Ve can <liso cxpress k¡ as a function.of teínpcra
tlnc. He.ncc, we can ohtain the rate consumts :1s func
lions of ternptTaturc: 

,,, x,,=J,(TJ::. 
··. '•• 

. (4) 

(5) 

The figure !hows_a possible control'schemc (for the. 
c~teriflcalÍon p!'ne:ess) that 'se \\·ill u:::c to dc,·dop the 
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ru¡••irul ~:q11ations. :\ JllatCrial b:tlancc forcach compo
rwl!t yiclrls: 

F .• (6) 

di I'¡•X¡¡) + ..... ,. __ 
1/0 . 

( 7) 

d( 1'1•X u) + "" ..... -
dO 

(9) 

By changing the cxprL::>:-.ion f(¡f' tlw kinc:tic ratc fr(Jl11 a· 
f1Jtrcti•.•n of <:unt-i.;'llln-ttinn X, Jn• . ..J'c~ CtlJllPO!ll:nt/ft3, to 
rnnlc fractinn, x, \\'L: l_<ht:lin: 

Steam 
condensate 

i 

.. _, ! 
~.J 

\ l (l' 

Sirnulating thc hcah·:xchangcr ('O_il i~ :-:impli!J,-d,Le- ·J. 
cause of :w i."'lt.hcn;l:tl cunditioñ on hoth ~:idl~S , .f :I1{' · (· 

t':.-.:changt'r. 1 krc: wc can a~~url-!c rlwt thc !J¡¡jd ¡, !'IJ-~'·:.1-. 

111rc5 do noT \·ary \' iih ·o...,¡t;on 7hut e:1n \:!JY v. ·,h 
~-1n1~ ore_. \\'C ( ,; not l:t\(' t_o ~·x-tiPn;'lli.-~~- (i.~' .. ·-~~t 

a Gni:•:-di!f~·¡\>¡:o·c ;'l-'J-ll"••:tCh) thc c:-:.:hangu·lJ<irldl•:. Tlw. 
ClH.:r~:·· !J:díl.l'll't; r·qU:!!i•.'IIS f~Jr thC ((lf\l.k;;~ing ::ll';:¡n 

(uJ!w;id1·), thc I111JC\,.;;Il, a11d the n·;¡¡;¡j(,n ¡;:;·.::ur,·~,,,e, 

r··-·"- .. ·------· .· __ .......... _ ........ -.. ,_.· ... __ ................. -... ··--·-·-··-·--·-·----· -'·.-, .. ______ .. 
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( 13) 

Corll n1l l(u.1p silnul;dÍolls 
Fnr ~·.;t•.:h cnrtcrol l()O!J, we C<~n writr· tllt: difl:cn~nr.i;d 

cquati<~n:> (st".: fl<trt 2, Clzon: Rug., Aug. 2·1, 198.1, p. 111) 
f,-,¡ dlC' scnsin1:: elt•mnu, the c;ontrolkf; ~nd dv· c:ntllr•il 
\',11·.,:_ Tlw. fH\'~'\1\!"t:·ccirltl'tll lurJp will h~1vt; lit tic d!'L'.:I ••11 
·¡ ;!, 1 .. · ! 11 ;d r '1 wr;1lión of th is' rc;;tctor. J f \\'1.' wcn.: _..,¡ ~~n d :i 1 -

!l·/. o1 P...'.tt::io,n th:1t n:tnnvcd dflt: of the Cc).rllpnrwnl'i in 
th·· v:!¡),_,·r pha..:,{·. or in _thc .study ofcm~.:rgt'ncy upt;ratitt~ 
cor:~firiorb, wc WuLilcl nr't be ~~bk:"to rn:tkc this si!.llf>lify· 
ir1g a.;,..;umption. 

Th<: ,tdditiun 0f t.h_e sulfuric acid catalrst is sho>\"11 ;1:-; 

a coli.rl·;-",r·¡.:,op
1 

a11d thc pmce::s ope;:afi;-;n-[iligf1TTJClrii·; 
sá¡.d't~lJCatt.:d. l~rubah!)-, addiriu11 of rhc: cttalysr wi!J be 
wid: '' ~:¡¡¡t\l Il\t't(;:-ing pump- arlju:;r.r.:d ni"Jtlll:!ll)·· ..-\drl 
n¡,:r·,·,¡tr:Jti''il can be lill:'<l:'it.u·,:d in thc pro;.-,_.~~ (onl!nt:) 
\·i·! a titr,iti'.'n apparar.us, or ~=!'L¡,Ied hr,lirlj ~u!d :ut:t· 
!:.,·:,,; it1 thf" lah,·¡r.~tory. Thi~ luup is nut criti1.:al to d:c 
_n ::.·: ;,·,'1 :_.;y;.;tem if \\·t: 111airHain a certain lllitlilHlllll acid 
c"t:c; ntr:!tir.,n.' f-f,_,\,·c\"Cr, wc do \,·;-iiú to mc<ISt.tre thc 
<trt"J'_IItt uf acid ca.taly'it supp!icd tu thc pr(JCcss bcciwst: 
nf i~.-. t:ust and thc CO:it of neutraJizing it. 

Len:! control 
Ft,r tht.: !c\:el-cuntro! systtrn \Vith a PI (propi;r"tional 

<utd integral) controllcr, wc c;an d~ii":e:. 

c. 
CR 
Ce 
CD 

.. 

e, 
e ...... 
e, 
d,,dl} 
FA •. ·: 

FR 
Fo. 
e 

(14) 

(14a) 
(14b) 

?¡:; 

\••htn: tht: s11b.~n:p!, /,in thl~Se t:t{'.1:1tioo" n:¡JI'¡;-;cnt.~ du; 
levt..:l-cunrrol sysru11. · 

Tcmperature control 
For the tcmfJe!'atu.re-cÜntrollnup with a PlO (p!·r.,por'

tirJilai-int.cgr:d-dcrivative) controllr.::r, we \\~ill.obt:Jir¡: 

d<t>, . . '. 

1

1 .Tr·dfj + 9r = e,./ 

l
. !;l;,.r = 71T [ CT~~- - d~r J 

· K,7(!1.X.N) 1 { 

<Pn =- (~'i>~,vj~~- 19r -·(SP)rJ + 

( 1 i 1 

(lh) 

d,)¡.;,;- (Sí')r]dO + T• d[9r ~t~)r]} (18) 

d<Pr1 K,r(AXN)r ¡d9r. 1 
~dO-. = --(si'XN)- 'dO + ;-f<Pr- (SP),.] + 

. . T lT 

. d"<t>r} 
T• dO' (IBa) 

S = cf> 1.,C,r v'l(f;;:)z .. - (P,.)2íf2 . ( 19) 
. . "'' 

··one~dditi~·nal e{¡m\Üon.is needed .to co.mplcrely de
scribe this Conirol loop. This tquatiÜn relatCs.the tem-
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pcraturc of thc: conde~sing stcam to the stcam's Operat
ing prc~sur~. Neglecting suPerheat of th~ stc~:n; we· can 
use thc Antoíne equation: 
-~---·--------:-

· , B' ·. 
lnP2 =A +--

1 + C' 

whei-e A', B' and C' are Antuine coefficicnts:.__ 4 

Reac1ant Aowrates 

(20)' 

Thc cquations for the fiowrates of the two re<tclants 
are givcn by the following cyuations: 

., d2</>FA . d</>FA 
"'F•----;¡¡¡¡- + nFA"'•d8 +<~>FA= cF•F• (21) 

</>~A = d</> FA/ dO 

Ti,.[dq,j .• fdOJ + 2\FA.,FA<I>~. + <I>FA = GFAFA. 

. "'"'' = (K,)FA(AXN)"A{["' ,_ (SP) J + 
"·~ (SPAN)FA ''FA FA 

J [<P,. - (SP),AJdO} 

. (T;)FA 

d<t>FAZ (KJFA(AXN),._. {d<f>FA 
dO = (SPAN)FA . dO+ 

.. -1! I<Pn - (SP),AJ} . 
iFA 

FA ~·?,..,e,¡~ v(/'J;~~(},)FA 

2 d'é¡>FB . · d>!,>FB . · 
'FB----;¡¡j2 + .. 21PH'Fs-¡¡¡-· + <I>Ff = Gnfs 

. <f>;,B = d<;> FB/ dO 

(21a) 

(2lb) 

(22) 

(22a) 

(23) 

(24) 

(24a) 

1 

, (SP)FB. =</>FA .X (Ratio) 

(K) (AXN)' . ' 
"· 'FB FB {!"' _ (SP) .1 + 
"FB2 = . (SPAN)ps YFB . FB . 

TJ.._ J [</>,-8 - (SPJi8Jd0} 
iFB 

(26) ' 

</>ps- ~FA(Ratio)] · 
TiFB . 

(2Ga) ·· .· .. 
' (27) 

".1 

Eq. (4) through (27) can be programmed as shown in · ,, 
Part 5 of this series (Chan. Eng., Mar. ·a, 1982, p. 97). j 
Initial conditions can be obtaincd by setting the an:u-

1 ~ 
mulation tcrms (i.e., the time-\·arying icnns) to ·zero. 
\Ve Can further .simplify·the calculation procedurc by_ 
3S5Uming that thc response of thc second-nrdcr· tran:;fcr. 

· functions [Eq. (14), (21) and (24)] are wry fas< in com- '¡ 

parison with thc other time cpnstants of the system, ~nd ·¡1 

\\'C ran assume that the svstcm mcasurcmerlts ;wd the 
signals tu the instnim<~IÍt~ are _equal. Th_is 'c-ii1nimÍt~s 
thrce rliff(~rcntial cquatinm. 

The w;xt aniclc in this CE REFRESHER ~~·rie~ ,,-¡JI_ 
appca_r in the isSue qf Aug. 2~, and will cover lill: dy-. 
namic _módeling of <:' tubular -reaCtor sys~em. · . · ·.¿ 

st~¡·nt Dwwt ... f, !:lfiiOI ¡ 
-~-

r--~-----------------:--..,..----'-------.! 
' .. 

' ; Corn:cficJnS ., 
•• .1- • 

ln Pan}) (~1ay 3rd issuc) of_the·Procc~!:> Dyn~mics series, ~omt~·cr:r6rs 11Ccnrn~d~ \\·hich a nurn.bc::r .-.[ n::idás ! 
p!)iril<:d o"~Í~ by tdcí)hOJ~C- or m~il. ThC C01"fcct c·qu;¡tions .!<ld ;11l~wers. to the eXarnples an_:: 

. : . 

1 

- o ·~ -'~~~~~·~ [·~~~~~11~1/~~~S,LJ ¡,[2\ -_::. ¡· ( 1 O) 
· . llC1 •. cxp((d¡1VC1~)-~·I .. .1 1 -10 .· 

The tirrlc n·quin:d ·to ~.r,lll !he batch in I·>..:;tt!.lplc--2 
(!Jollt!li) üf riglrtltand colunln on p. 91. .M ay :~rd i~suc) 
¡] ¡t~n }>~;(;t!mes: · 

( l 7 _: 
.. :·.-

.·. 

[.:_~,_ú~l)!_l)i~ 1 023L-=: 5.!~00! 1) lj 1, (: •O_ -::_Dn) 
. 11.0'23 - 1 . · !"•O ·- l :::u 

H.~ 3.615 h.·~ 
. . ... 

' . ' ·- ' ..... ·--'--------~<.----- ______ :.___. _____________________ ~-----·------ , __________ --··-----

.¡ 
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Dynamic. modeling of 
tubular reactor systems 
Interpreting aná incorporating the kinetics and thérmodynamics of a 

·che mica! reaction leads to the development of a mathematical model 
that includes the flow and ·control systems for a tubular reactor. 

···----------......:_....,:. ___ ---·. 
John L. Cuy, Dynamod Enttrprúu* 

O Thc dynamic modeling of reador sysrerns must take 
into accotulf thc: energy halant:é, the dynamic; inrro-. 
dw:_t:'d by :1 o·~rltrol systern and those arising frori1 extú
rúl nr itncrnaJ, h•::.u_-c.:X_t:haoge cr¡uipmt:nr, and material 

\tlC!'S. 

\_.,:n Pan¡~ of'this ~críeS, we_developr:d the model for a 
tank-type r.eador 'iysrem. :"iow, we will extend the mod
ding ro a tUbular-reactor system. 

Tuhular-n:actor system. 
\Ve Wi\1 ~tudy the caralytic dehydrogcnation of cthyl 

benzene tu :ay rene via a vapor-phase rt:acrion in a tubu
lar reactor. Hear for-thc reaccion is supplied by a heat~ 
tran..;!'c-r fluid. Thc ftov; diagram for the system and its 
cnntrr)!s is ..;hown in Fig. l. 

The r~·;t~·ri\lll rare. ,R, is given by: 

R ·= k[P - ?,~'-] 
' K 

k.= 12Ji00 cxpf ~ IO,OOOi(t + 273)] 

K= 1).027 exp(0.021(1-: 500)] 

( 1) 

(2) 

(3) 

\"'·hr:re f',. =::: partial. pn·~"iure of ethyl benzenc, P, = 
pani:d pre:-;.~ufe df sryrer.tc:. f,. = partial preS~ure of hy~· 
druw:n, .truf·: = r~:iuperalure, ·0 C. 

Other data for rhis sysrcm· .uc listcd in thc accornpa~ 
nying tablt:. · · 

[f WC rlc~lct:l radial. gradiC:nts in th~ reaCtOr, Wf.! can 
reLt(e die copvcr..;irm,' x, ... virh·rhe nwk rraction of ethyl 
benzent:, !~.-in thc reactor as: 

. 1 - X . 1 - }~ - SY, 
f = -· ·X=------- . (4) 
'.I+x+S' I+r~ 

\..___--' 
h,:•:rr> S;:::; :n•,!e ..¡u·am/mole t:rhyl benú:ne. 

•¡, 11!< ··: tnr .1urh<.r, 1•-e CfznT<. Efl{., \la y 3: p. ~l6. 

'\r<:o·,-. ¡•i•~!o,tl<;d :hl<' far in thi~ CF. REFRESHER: l':u1 l,Jun..- ',!'l. 1'1!!1. 
~; 1. 1·"~: .! .\U~· l·•. :·1Bl. ¡i. 11 l: Pan 'J, :-iov !6, I'JRI, p. 271; Part -+ .. 

r !H. : '~li : ,/' ,•j 1, ~ .':1 ) , ~lar.¡:¡. 19ij'!, p. ?7 ;_ P ,ur r;, :O.I.1~ -~. ! 'Jifl, p.·¡}: P .art 
7. Jun~ ~P.. l .. r:. ;, .J• , 

A material balance for a differential length, ~z. ·of 
rcacwr gives: 

(!'_)y .:_ R"'(d;)' ;:;.z ~ _!_[FY aFY, c.z] =· 
: n ' 4 X 144 n . ' + az 

(5) 

(S a) 

Equations for the n-iolar ftowraie, F, and densit;;, p, of 
· the reaction mixture as a fimction of con\iersion x are 
give~ by: 

F = F¡(S + 1 t x) (6) 

p = ' 1.8? [es·+ 1 +" x)l. (7) 
R

0
(t + 273) (S -1: 1) . 

The kinetic ·equatio~, Eq. (-1'), ·as 'a function of the 
conversion :'C is: -

. R = k{(I-~ ·::¡S).- ~(el+:,+ s)]}Pp, (8) 

Energy-balance relationships · 
\\'e derive the equatiOn fur a differential section; .12, 

'of the re~ctor by an_ energy bala~ce, as fol!tJws: 
·;. 

FCp< . .[ rr(d_J2 C.Z] !' [ . a(FC,t) ] · . · 
-·-·- R ::.H, --- -- FC <+ J.Z +. 

n· 4X144 .n .. • ·.az .' . 
",d a [ P"'(d )

2 
] --.!. . ....!. C.Z( T - t) = - ' C.ZC t (9) 

12 w . oo 4 x 144 • 

.I [an.·,t] R-;:(d,f h,,d_ ·. 
-- -.--• - ---:!.HR + -·-'·(T - t) = 

n i!Z 4 Xl44 . 12 · w 

·-:My_. ·e c(p<) 

4 X JH ' i:O 
. (9a) , .· 

: /. r¡ l . ' ' ' 
---~-ce_..:., ·.~L-'-' __ ,:...._ __ :...__~-- .. - ____ _: ___ ..:. ___ .:. ___ -_ _. _____ . _;---~-----·---·-_:_ __ :......~-----.. -·-·-----·----- ·~----· 



; 

' 
'. ' 

:::¡ 
L 
jl 

1 j ¡; 
' 1 
1 

1 
' 
' 1 . .. 

., 

,-·------------··-----~--~---· 

Aeturn 

HcaHransfer fluid 
Supply 

r--, 
±! 

1 
1 

·' 1 

' ' ' ' . 

Tubular 
reactor 

Preheat 
exchanger 

. . ~ . 

F, 

•.. 
@---.,---/FE\ 

'· 1 9 
.i 1 ' 

1 ' 1" 1 Ethyl benzene 

1 Feed· 

r-:~ .. ~ 
®-------@· 
±1 • : 

. ' 
' 

Su.•am 

Reactor and control system for vapor-phase catalytic dehydrogenation of ethyl benz~ne Fig. 1 

·Tubcwall and shellside equations for the energy bal
ance are as follows: 

· ar ar ·.,d, 
P A e - = -p V Á e ·- ·- nh -(T-T) (1.0) o (J ro 08 . o o-·a po az . o 12 tO 

Pw[(d,jZ- (d,fj e aTw = 
4 X 144 pw aO. 

h d . hd ¡2' (T- Tw)- -ff<T.,- 1) (11) 

The equations for modeling the encrh')' balan(:e in the 
pr~heat exchanger are:. · 

(
"'p,(d.)'cp) a1 _ 
4 xl44 ·ao-

h1r.d1 T _· 
1 

_ .( p1v,11(1f1)
2C2 )~ (!

2
) 

-12 ("' l 4 x 144 az 
1 

(
.!'_,[(d,f ,- (d;)'JCP"') d7'., = 
. 4 X 144 dO . 

h,'!!>sL- q _ h,d{T., - ll 
!2 12 (! 3) 

aT 
(p,A,e,")·a¡¡ = 

· ar 
-(p,A,C,.p,) az· ~ 

. 1 

(14) 

For the ~teadY·statc: solUtion, we can·use the tech
niques of Part 5 (Chem. Eng., Mar. 8, p. 97). The inde
pendent variables are Z ~nd Z 1 _instead of time 8. The . 
stc<Hly-stttlc Solution givCs thc in'i_littl conditions at cach 
po~nt in the exchangcr. · 

Simulating' thc control loops 
· Thc- cuntrol loops for this reactor systt'Hl are shown in· 

Fig. l. Hcre, we find that thc: intoming ethyl benzcnc 
and steam are under both·ftow control and ratio con
trol. The cc•mpositiOn analyZer for the producr ieavi~g 
the reactor ~djusts the ftow qf the heat~transfer flUid. 
Let us now write _th_e expressions (i.e.,_ thc differcntial 
and.algebraic t:quations) that' will modcl each of-the 
~ontrol ](Jops in t~is Próce~s system_. _ 

92 

Ethyl bcnzene flow-control loop 

.d"<t>, z· d<t>, . e " 
~ d02 +. '::,~7~--;¡¡¡ + 9~-= r ~ 

.¡,; ~ d<j>,/dO 
d<f>' . r, dO' + 21,,,<?; + <?, = G.,F, 

<!>,, = K"(AXN), . 
(SPAN), [<P, -:- (SP),] + 

-
1 J{<;\ - (SP),]dO 

T¡t 

. d<?,, = K"(AXN), ( d<i>, + _1 [</> _ (SP) J} 
dO (SPAN), d8 '•• ' . ' 

F, = .:.,;e, v[(P1,l' - (P2,)'JI2 

Steam-flow confrol loop 

2 d2.¡,, d<?, -
. T,-d8'. + 21;.-r,diJ + <P, - G,F, 

.¡,; =d.¡,,! dO 

2d9; 2 . , - G F 
'• d{ + ¡,~.<P. + <?, -. • • 

K"(AXN), 

(SPAN), X 

{[ </>, - (SP),] + l_ f[<?; - (SP),]}d8 
tP~ . 'Tu 9! 

d.;,,, K"(AXN), = X 
dO (SPAN), 

{[_2_ .p !_<t-, - 8 ti<¡.,] + ~-[9<- (SP) ]} 9; ~ dB '·dO T" <>l! - ..• 

s = r;.;.,,c •• Y[(P,.J' - ll',.)'J/2. 

Analyzer-te.mperature c~ntrol loop . 

.;,..(8) = Y;(8 - ;\) 

whe~ " is -the delay in the ·ana_lyzer-typicall)' 
-_90 s for a prOcess-gas ~hrom-atograph. 

( 15) 

(15a) 

(!Sb) 

(16) 

(16a) 

( 17) 

( 18) 

(IBa) 

(18b) 

(19) 

(19a) 

(20) 

(21) 

30 lO 
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•. ~ 

. ..J.:• ·- ···-·--}· .. 

<P .• o = 

'-·' 

K,,.(AXN).< X 
(SPAN),. 

{[4>,.- (SP),.] + r~J14>,.- (SP),.]dB} 

d<t>_, K,,.(4XN),. {d<P.< 1 · } 
-;¡¡¡- = (SPAN),. . dO + r

1
A [<!>,. - (SP),.] 

r d.p, di + </>, = G1t, 

d2.p, - 1 [ (dt,) dq,,] 
all' - -;; dO e,, - di 

(22) 

(22a) 

(23) 

(23a) 

K"( A X N)¡ { 1 . .;.., = (SPAN), (<!>,.-<P .. )+ yf(<t>,- <t>,.)dB + .. 
T"(d(9,~ <!>"))} {24) 

· dt?u 

JO 
= KjAXN)1 [d?, . d.p" 1 

(SP.4N) do-- dO+ -T. (<!>, -<P .. )+. 
t . lt 

( d'<P )] Td, -dB) (24a) 

w,. = q,.,c,, y'[(P11)' - (P21 )' ]12 . (25) 

Solving the mathematical models 
Solution of the equations for this control sysrem does 

not differ appreciably from that for the control system 
in ~art 5 of this series. Solution for the preheat ex

, ·hanger i~ the sa~e as in Part 6 ( Chún. Eng., M ay 3, 
'--""p. 93 ). F or the ·reactor, we. can use the fo1lowing sum

mary procedure · to de:sCribe ·the reactor at time 
(O + .lB): . 

L Salve far xm at time O by using Eq. (4). Herc the 
suhs<.:ript m refers to the poi_nf m in the reactor. · 

2. Salvé far rhe r<ite .of reaction by Eq. (2), (3) and 
(8 ). 

3. F.xpand Eq. (5a) and (9a) ta obtain: 

r.(dY [ dY, · dp] 
4Xl4-l Pdi) + y'd8 =. 

1 (dFY,) · ( 1t(d,j2 ) 
--; dZ -· R -i-x144 (Sb) 

1t(d¡)°CP [P.!!_ + ~~] = ~_!_[~2] _ 
4 X 144 iJO iJO · · n iJZ 

1t( d.f R tl.H . h¡r.d,( T~ - t) 
4X144 8 + 12 

(9b) 

4. Expand op/iJO by using Eq. (4) and (7) and the 
following identiry: · . 

~ = ("P_)·( ex )(iJY,) 
a o ox a Y, a o 

By ma.king the neces.:iary Substitutions into this idc:n-
tity, we will-obtain: · 

\__../ op l.BP 

.ae = ll)l+-273) x 

{
(1 + Y,)(-i -:::S)~[1- Y,(l +S)]}_ar, 

26 
. · e 1 + Y,)' ao < l 

A, 
(AXN) 
cp ·. 
e .. 
" c.,., 

Nomenclature ... 
.. Sh_elbide fl0w ·area · 

Controller acrion · 
Heat' capacity on tuboide 
Heat capacity on d~ellside 
Heat cap~city <;Jf ~00..-all · 
Control valve C3.paCicY . 
lnside and _ouuide diamete·/· 
Moia/fl.o~~te inslde reacto~ 

· ·Molar ftowrate t'o reactor 
Gain of se~ing element 
Heat of reaction 

·' 

e, 
-d1, d0 

F.· 
Fi ·_·-, 
G .·. 

AH• 
h,, h0 
k . 

Inside and ~utsid.e h~ac-tran'sfer coefficient 
Reaction-rate c.onstant 

K· 
K, 

Equilibriut;1 con~-t~nt for' chemical reaclion 
Gain constant of controllú · 

L Tube length 
n Number of tu bes ·~ 

p Pressure '· 
pl:~ ,' 

. P, . : 
Upstn:ain pressur~ of cont~I. ·•ah•e. 

· Downstre~ pr~s~·re of cOntr~l vá.Ive 
Ráte of reaction '.">: '· · . ~ · R 

R' 
' (SPAN) 

SP -~-

Pas const\lnt .. · .. •·; ., . 

cO"ntroller··span 
Controller· setpoint . 
Tubeside tem¡)erat~~e '~.-.:' ' ' ·:<· 

. T ,: . Shellsid~ ~em~ra.tu.re · ~ ? 
T.· 
~ 

7j 
T '. 

4·-:-: 

. Tubewall tCmpera~ure · . , ., 
Controlle:· n:Set tirÍle 
Coutroller derivat.ive time 

. "• Shellside -.:~locity 
X· • Conversion ' ..... 

:'. r.~ -: 
. Z;i

1 

Mole fiaction of ethyl.benzen~ ·· 
Finite distance 

.. , .... 
{" P¡ 

p; 
P, 
p~ 

Fluid deru,_Lty al inlet 
Bulk deitsi:y ~f catalyst 
Fluid defiSity at ·outlet -
De"nsi.ty of; tubeWall 

'. 

' ·. 

:-,_ 

. Data lar catalytic dahyd.rogenation of ethyl 
. benzene to styrene iri a tubular reactor 

·' Bulk densltv of catalyst 90 lb/ft3 

• Operating prenunt 1.2 atm ¡ Heat of reaction 60,000 Btu/lb-mol 

."j 
Specific heat of reaction mixture 0.52 

',' Specilic heat of heat-transfer fluid 0.58 

~ 
Ethvl benzene to rea-ctor ~Sib-mol/h 

Sh!am to rea-ctor 750 lb-mol/h 

' Reactor data j 

' Tubes, number 100 
.. ¡ Tube diam';!ter (10 gaqe awq) 1%-in . ., Tubo:! lenglh 6.ft 
' ln~ide diifffieter of shell 2:3.25 in. ' ., 

Compot.ite tvbeside COI!fficient 60 Btu/lhl(ftl)(°F) ' 
~ Compasite ~eilside COiltficieot 150 Btu/th)(ftl)I°F) 

' 
Prrtheat'exchang~r 

! Tubés. number 376 
... Tube diameter ( 14 90ge BWG) ·%in. 

Tube length 12" 
lmide diameter of shell · 21.2"5 in. 
ComPotoite tu~5idll coefficient • 100 Btu{(h)(ft~){"F) 

Composite shettsidl! COitfficitrnt _100 arulthJ!ft2~("F) 

H ,._.: .... ,: ,-:'''. -~~ . ; 

•'•·' 

l :' 

.,, 

~c:~~;-~\;o.t. F:"'.·: ;!~í.·r.·k·:~;¡~~¡~;-·;p;-::. ·-n~.:¡:~¡;--- qq ·-.93· 
··----~-------...._._...:,._ 

v''• 

¡ ~ 

• .. •, 

; ; 

.,. 

----·-·-···-·---~~--'----··-~- --------- -···------------- ·-------'·· --·--· ___ ._._._._··...:~:...: 



With Eq. (ó>b), (9b) and (26), we can calculate the 
dcrivatives at tiffie O, a:nd nUmerically integraie the 
equations·at ail points in thc·reactor to obtain thc val· 
u es of the dcp~ndcn t variables p, t and Ye. 

5. Obtain the time derjvatives of the temperature 
variables for the shdlside and tubewall from the finite. 
difference relationshipsof Eq. (lO) and (11). 

~- Integratc all differential equations numerically. 

The final set of dilfcrcnce equations 
-In order to find solutions for the Variables in the ex

ample for a tubular reacior, we need'nllmerical data for 
all the variables at time 8. \Ve will, in u~ing the finite 
difference technique, considcr the reactor as having A1 
sections; and the preheat _exchanger, L sections.-\'Ve will 
obtain va1ues for the variables at (O + M). We will 
b~gin with the preheat excha~ger. 

Preheai · ar.hangtr, tulusid~ 

Section 1: di¡ldO = O 

Sections j. = 2 to j ,; (L - 1 ): 

di; = A(T . - i) ~ v(l;+i - i;_,) 
dO. "" . ' ' 21'.Z 

Section L: 

diL = A(T - i ) - (iL- iL_,) 
d8 \CL. . L ~' . flZ· 

where: 

Preheal exchangn, shrlls!dt . ' 
Section L dTL/ dO = O 

Scct.ionsj ~-2 toj = (L- 1): 

d1j __ · -v,('lj+l - 1j_1) 
--"'--':-'-''-=----"'-"- - A ( 1f - T >Di) 

dO 2 .~1 
·section 1: 

where: 

dT1 

dO 
= -••,(T,- T,)_- A(T- T ) 

!J¡Z . 1 \C.l 

_ h¡d¡ X 12 X 4 
:4 - 2 2 p.,e,..,[(d,) - (d;)] 

(Note: Be ·carefu1 of the sign of,V,.). 
Prthral txdwn,f!,er, tubewa/1 

Sections j = 1 tu j = L_: 

where: 

dT · . 
-~ = A(T- T~)- B(T . - t) 

dO '- ""'}" 101 -' 

. 4X12Xh,d, 
A = p~e,.,[(d,)2 -- (d1) 2 ] 

. B _ '4 X 12 X h1d;' . 

- P,.;C,.,[(d,)2 - (d,)'] 

Reactor, Shellsidt arUi tubtwall 
Use the same eq~ations as for ·the preheat exchanger 

b~Jt su~stituté differtnt values for the ph}'sical_dat~, and' 
M instead of L. . · ' . · · 

· .. ¡ 
-1'· 

Reactor, tubrs~dt 

Sections j = 1 to j = M: 

1 - Y,(l +S) 
X---· 1 - (1 +Y,) 

k1 = 12,600 exp{ -11,000/(11 + 273)] 

K; = 0.027 exp[0.021(11 ~ SOO)] .. 

R _ <{ (1 - x¡) __ :_[ (>'¡)' . ]}p 
; - ' ( 1 + X¡ + S) K; ( 1 + X¡ + S) . p, 

l.BP [(x1 +S+ 1)] 
A;= R,(t; + 273) · (S+ 1) 

Fj = F,(S + 1 + X¡) -

B1 = P; + Y,¡A¡ 
e,= sp, 
D1 = ,.(d1) 2 /(4)(144) 

Section 1: 

di1 = O· dl',1 = O· dp 1 = O 
dfJ 'dO 'dO 

-Sectionsj = 2 toj =(M- 1): 

dY,¡ = -~[ (F;. 1 Y,¡;.ll -~ ~-)~_")] _ R/>, 
d8 . n 2e1 I'.Z e1 

~ = A;(d:i') 
E¡= P; + i;(~) 

tl!.t = _1-[(e•)((F'+'''+l- Fj_1i1_,l) _ ,. :. . 
dfJ E/)1 n 2 I'.Z . ·. 

. · . R/)¡ilJ:IR + h,(r.d¡/12)(7,.,- t.,)] 
Section M: . 

diM = _1-[(eP)((F~"- F" 11., 1)) _ .. 

dfJ E .,D" 11. . . I'.Z . 
. R,¡D" t1H• + h,(-;;d¡/12)(T~i- t,;)] 

ln.sirummts--So1ve Eq. (15), (16), (18), (19) and (21 \ 
through (24) for derivatives. 

"Imegrate all of thc derivatives Oumerically. 
Solvt algth1aic tqu.ations-lnl~t teffiperature at the reac· 

tor must equal the.tubeside outlet teq¡perature of the 
preheat exchanger~ SheBside in~et terriperature ._at the 
preheat exchanger ·must ecjual the.tubesi~e outlet te_m· 
perarure of the reactor. -Firially. v.:e compute the ft~ws 
from Eq. (17), (20) and (25). · · 

The next artide' in this CE REFRESHER series· will 
appear i-n the issue of Nov. 19, a~d 'will co\·er ~he· dy
_namic modeli~g of distillation systems. 

Sln·m: Da:nalos, Edoa• 

'' 
: f 

1; 

' ., 
'·' 
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'Modeling the ph.ase equilibria 
in. dynamic systems 

Devcloping mathcmatical models for heat exchangcrs and 
the Rayleigh distillation begins by computing equilibrium 
consta~ts for the liquid-vapor systern. The resulting models · 

. are then prograri1med for dynamic simulation,,on a computer. 

... -.. ---·-----·-------::-e::-:-
. John L. GUy, Dyrwmod EniapriSts• 

O Thc modcl_ing of systems iiwolvi~g phase ch;nges in 
one or-úwrc of the componcnts rcquires Cakulation of 
an equilibriunYconstant befare dc\·clopirig thc rCquired 

\\'e can derive Eq. (2) for ~-~~fferentiallCngth oftube;".i 
dY1, .vi a an ene1:gy balance by: using the general fini'te: 

....__.? finitc·differcricc equations .. A typic<lh~xamplc of such a 
system is the anai)rsis and con"trol of a ·distillation tmver. 

In the first articlct of this series, wc considercd Ray
leigh distillatipn, a onc-stagc syste'm thar· involyes 
vapi)l·-liquid "phasc Cqu~librium. For thar calculatiOil, 
we can complete ari approximate analySis ofthc process 
with a des k ·calculator-:- -nlthough the work bt·comes 
tcdiol1s. Most problems will be solved via thC" cqm¡)l~ter. 

.'Typil:ally,. this iS nccessary whcn a steady-statc (or 
static) solution is r~quifed. · . 

. differcnce· analysis.· .- · · 

· "r"d'f [iJ(p,H¡)] ~ 
4x·t~4- --ao :e·· 

{2) 

¡ . For vapor-liquid syStems, the c{¡uilibrium c·o~stant, 
K, .for Component j _is given by: 

' ' ' 

Bec~use it is.some~imes C"onvenient to use point liqu.id · 

' 

J 
l 
' ,. •. . ' 

' . 
¡ 

(; 

~ ) 

·' . '¡ 

( 1) 

(Th.e app_!'oach is. t~1e same whrthl~r consid_cring '(apó:
liquid systcms, or liquid-liquid, liquid-s()lid, liquid-liq-
;uid.:vapor, etc., otws) · 
: A Wt·alth nf b(,t.)ks ~u~d ~lrtidcs ckal with thc p_nnpu

. t;"tfÍPn • ,f tlw cq 1 1 i 1 ibri 11111 1"o1\~Ll11 1 ¡ 1 ·tt¡ 7 !- Hnt·. '•\"l' wi.ll 
_simpl:v- .~t:ltl.' t1~.1t tltc-cqlliliL!·illnl t''lll~LIIIf, !·:, i:-; a ftln•:
tiut.t o[' ll.'!tL!JCL,lJttrc:~ pt\':'S\nr··and Ctl111IH·,,ition 11f rhe 
·liqnir! ;111d \:ap•LI' pl:.l·•·'·.. . 

¡\pfdi··;q~1Jft tt) 1w:_d C;\dLn.I,~cr<. 

. l.r·! -U' \o"k ~-~: tl~t \{:¡(jt • .J .\.¡¡,,,!l ;;¡.:,:1.,· C•llldt·:;-··· ·! 
tha 1 i~ :-.h r ·.•. 1 i .in ¡· i~:. l .. T n. !'¡ir t -ó: .\.\'~ .-J, r; ·, ,,.._1_ t·q,! :l'.inr..., 
for ¡ ..• ,r. h··r ¡¡ ,",¡] h· ;t 1 1 r;¡ rhl"rT".pl!!"' ph¡¡:~r· •: L·t·tÍ;;.:. ;1 ;¡. 1 r. •' 

• ' ' 1 • ' ,. .. ¡·. '1 1 '' .,· l 11···r:1··J: '' t .1·.~:· 1··:-t ¡¡,¡!•.· ct· \n:.,"tn !' ,,~,,. ,_.n¡;;:.·~~·- ._n 

! 
¡ 

~~~.'¡o -1), Wl" ("íli'!O>l1.~Í:·· 1 :., .•. ;;1 ,:;·1 i"o:::·,; o_ •!!.i!.~!li•,d' 1.\'- L•.'lt 

Clll; . ,";·;,· "Jllli\:ii:ol_l;j,':\••.':LI •' .<:,llh .h.Lying ph.~-.,¡· 

_r'p,tcs, L¡, and point. y:apo'r ratd,' V,, .ancl their cúrn> . 
spOnding mc"1le fract~on:;;, X¡ ~nd lj, wc cán ·substitttt(' · 
tot.al and poirH c<;mditions, Eq. (4), anrl (5 ), and ''thc. 
equilii:Íi·iurn rejationship giw!lby Eq. (.1) into Eq. (3) f~ 
obtain- Eq. (6). 

··.- w,·"' 1.: :t. v, 
W¡7.¡'. ~ 1., Xi, + V; lj . 

·-.·~ "r'"'L[_o(¡>Z;i]·-~ _...:ay.,~'¡l_ .. _c<>?i!· 
4 x Hl- . cO·... · ':'. ·.;r,· ari 

. ·¡ > ._ a ·.·.- ~ >.:::· . ·~J .. : : . . .. 
·~ - .. , .. ·(LX)-· .. -1 IL·-- L:)A X 

~ y 1 } -:-.. '"' y . .'.; 1 ' 1 ) 1 
. o 1' -: -~ .o. i 

(4) 

~5).' 
::· . .- .. -· 

. ,-'. 
.. ;. 

(6). 

(7j .. 

e \,:• lL.•.•. l:> 1~.~.11·•1\"illg .,¡;,;1;.·-i.:.i- '"''•¡l!it•·d·. 
• 1, · , r . • :,.-, r·~ , · 1: .; .\1.··· : ;•. :"· 

i' . \ .. 
j· . _For;;:vacuurñ opera~it-m, \~·e c~n ·relate the ~presSur~ :, 
l. drop·i.fi each,'c!iffer~ntial st· ... :ti~·lll r:.f lhr: cxvh::ñger by·an 

./ 

¡ c,. 

·-1 ·> . 

.' 1 \ . 

:¡' ;·· 
> 
., 

1 •• 

'.i 

.':_· 

.""!.:' 

J, ,. 

•' 

·.··~' 

\. ecfl:~tiQ_n ¡-.j.¡f ~VL' viti_i.lh•':l)t,n·: that .ch:¡ngc .. _in Pn;¡;* 

_~_·\•<:·~~:~~~r:J;~,~--~~-~l1~~h-._~·-'n·(· .i:,-~-~j-~~~l-r.'_o_f l_h(;_:. ___ ·._· _-_____::_.__ ~. ___ ,_ .... ___ . ___ ..:_ _· _____ ._· __ :.__. _________ ' ________ · 
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Tu~10side 

fluid in . ::'f . ' 
N-1 -·--·-· 

' 
' 

N-2 

J+l {-", 
---¡--

' ' 

---1----- .. --~Shcl~ 
1 fl11id out 

.. -, ''""-

: :.:~; -··-~ 
' ' ---¡---~---

Co!1der:scr ~ _ · ____ J 
. sections \ · 

' 
' ' J--1 
' ' 
' ' ' ' ' ' '. 

' ' 1 
3· 

' ' 1 1 
! l --\ .. -=;-· 

1 Tubcside" 
-t llquid out 

-----~--~---

Enlarg•Jd tube section 

·f ______ Tubc~ 
.... . vapor out . 

Vertical va'por~in\~be condenser 
-.. -.-:..~----

¡;, 

'\ 
;:~ 

Fig. 1 

------- -------------~"~----'-'-""''-' 

------·- ------·-------------! 
V, !b-mot/h . Coo.!ing - . 

water 

Accu:;;:D 

... ,.; 

~ 

·:. 

A~ 
cp 
d 

h 
. 11 

11' /, 
1\ 
/; 

.1-1 
!Ir 
p 

Q. 
.S 

T 
T~ 

- ·¡~ 

V 

. -· . 
,,..._._ •. .,..,."". ''"''-''l>'-~~":-1...,....- .. , .• ~o-····-,... • ._-, ., . ~ -.-

:'\omendature 

Shdlsid·e- flnw arca, fl 2 

Spn·ific hcat . ' 

Tuhc di~tn.wlt:r, ir.: . ., . 
I-J¡·:JI·tramf<:r C(.o<.:ffici(~nt, ~tu/(h)(hZ¡~ "F:¡" 
fndJ;tlp)'". ntu/Jb-mnlc 
l.ir¡1:;d J.¡)J,Jtlp, Jh:tllll]C 

J::;¡ul1i1·¡ ¡;t1ll •.I•H~I:rJii r.lc::i\"f'r! 
l.i•¡llid !lOw:·atr, JlJ."¡n.,lc/h 
'Sutii!H:r.9f o.;lltnpf•rL•."tltS 

.;-:,_ilnl...t:r.of tnbcs 

Ikat-tr;:~1~f~r r:11e, Btu/h 
.Stt"am ratc," lb/h" .-:: . 

Tnl··..::-:id2·tcmpú·:nure, "f 
Sl~t·lhid<:- h't;lpr:;·aturc, 'F 
TtJb•.:\\"all te!lipt·ráture, °F .· 
Tube le11gth, ft 
\';tpur ~0\\T:lH'. lb-rnole.'h 

V¿ Liquid voliuut!, ft 3 

··-··· 

.:./·:· W Total fi:Owrate (liquid plus ,·aporf lb'-mule,'li 
~W·:·)í' : M~Je·fra~:;ioo or"IiciÍlid . · .. ~-~ .· · 

·,._~;:f_··Yl~,: ~.fole fr~¿~ion. of ~;a,p~r ' ·.·. ·. · · · · 

. ~~bc--knith increffie~t·,· ft., ., · .. ::--r~.; 
--- Z 11.1olc frnCtiOn o~ '¡oÚl-ftm .. · basts · · . .-. .:.:·ó·.' Ti,~e-h:~·,· ·.····'!.'fA· 

-.. A T~all",;t h_ciit. Rtu/lb :.~-:;:;: · 
p Dt:mity, lb/ft3 
Sub~cripts' ·· ·.:( 

. r Tubcs(de;~-ondili.on·s·: 
,:. J Co~pml~'~t nurnb&' .. 
~- k Tu he posiiion '·. 

L I ,iquid. _;., .. · . 
~-:·o ShdÍside· é~nditioris 

V Vapor ·: ;· 

·¡ 
1 

' '· 

' ' ¡, 
! 
1 

1 

.'• w · Tubcv/al'f.~ . .' f•. 
~~~ii ~:ti)}:i~~~-----~ ·:.,:.i; .. -~·-~~: --~-------"~-----J.. 

11o\vn1t<"s;' -phy!'ical prt~pcrtics 4-¡; and tu be gcome~r,·, 
'-Vi; Or: 

' (8) 

Of conrse, \\'C can use the cquation for pressure oper
atiOn, but thc crr?r intrndtlcc_d by the cffect of prcssure 
in Eq. (J) dCI.-ri:asés as the·pressure increases. 

To t·ompletc the. tubeside calculations, we necd three 
additional. itcms: . . . , 

: ... : 
. : . 

·' 

., 

1 f 
.¡ 
¡ 
J< . ·' 
'" . Í .Y 

.li ; 
: . ~ 

l-
J. An cstimation prOcedurc for calculating the indi

vidual hcat-trdnsfer coefliciénts [JO and l/j, and the 
Aeftux, R_lc . . . compositc tubcside and ~hciJSide cocfficíents (see P~rt 6; 

Chem. Eng., !\!ay 3, 1982, p. 93). 
rr-----L-~----· · ~- ·An estimation· or calculation proccdu¡e for detcr- i · 

-+~--.--~------- · . .·. s.,,m~ ::i;!~12:,~:a~na~at' enthalpy of the Jiqui~ and .. :l'' 
~.... ~ler 3. A proc.Cdure _t,O_ .. cstim-.ite the sl_ream deOsities ~f the , . ¡ , 

' liquiJ and vapor po_rtions'l2 ..• 5 ánd 9J. · . ·· · ~ : 
.; , 'H ! \ Cundcnsa1e . } 0 dup, H'L -·---. -------.. VVe. can~ thcn usC the finite-difference technique d~- · · ·1 

~ · X_.·· .. ~ !' .; .. =~~:~~ea~fa~g~~~-~¡~~0~¡;~-i~lation F 
2 

diÚons in t_hc cX(.~hangcr. '·The rcsuh~ng eqi.Jations. ~re _ .: .. _ . ~· 
· ~ ·---·~-~~ rived froin Eq. ( 1) through (8) to simuhite tubeside CQn' ·-. ;¡· : 

1' ·---·-· -·---····-·------·-· .. ---- ··----------~~: . al.so va lid; if mon~ -Complicated than neccssaiy, foi sin- · ... · ., ·:. 
¡ : . . . ·. . .. , . . 

't-.~. · .... '"' '_ '· . . . . . . ·.: •. .... ;--:··~·:··----:-::·~--.-.---,-·:.-:."--;.:..: .... ._ ... :~¡·~-:,-·- . . ...... ' . . . . . ", \~.~. :;~r~· ~ _ · _7() . , .. l.HE_\IIC .• \1. (:'\!.\. l,I·Rt~c, ,,(•\f..\.lü.R ... , !l. _ • ...,>:",.....,_..,,. 

,,~~,,,.,Ii ··_}"_':~_:-:'I';~~~~~~;~~·:~;·?:~~:~~I:·~."~:~d:I~:;;;:sr~~7~}~-_r~··:_''-?;IS:{~'IY:~?V,~:r'::~:!~~~i :~.:,_~tt·:~·JL 
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gl~-phasc systcms and multiphasc singlc-componcnt 
. ystems: . · ·. . · 
~- The finiÚ>differ.epcc eqwitions from Part 6 of this 

serie<; for·thc shellside and tube\vall tempera tu re profiles 
complete the mod~l for the Condenscr. ThC:se cquations 
are: 

·where: 

, whCre: 

A. = p.,A~C.:, 
B.= -(h.,d./12) 

C0 = -p0v~A0Cpo_ 

d7'wk s.. . 
7
.·) .·c .. (

7
. 

-dO- = A-(1 k - ~k - ¡- wk - lt) 
w w 

A,. = p .. C,,,(d;- dfl/(4 X 144) 

s .. = h.d./12 

c .. = h¡d;/12 

The. dynamic model 

(9) 

(lO) 

After setting the time deriva ti ves to zero to obtain a 
sre~dy-state solution, we complete the dynamic solution 
by _pc-rforming the following: -

Step l- -Computing·tubesidC and shellsid~ c6ln¡)osite 
coefficicnts by thc mcthods gi\·en in Paq 6 of the súics. 
VVc can also compute the-sr. coefllcicnts at ":.arious points 

\ ,:1 tht: exchangcr and recnif!pute thcm as lhc vapor and/ 
'-;,r liquid flowratcs and co_mpositions vary. Thcse addi

~ional computations usu~¡IJy do not apprr-<:iably alter 
the results. Howcvcr, w.c cow and prob:1hly shm1ld n> 
cornp11tt: thC {!OCfficicnL; if thc total fl(,·wrat~S changc 
apprcciably. 

Step 2__:__Calculating the derivativcg in Eq. (9) and 
(10). . -

S te p. 3-- lntegrating nu·merically the resulting finitc
difft·rer•~e. form ofEq. (3) or (6) to obtain ncw Valuc~ at 
time (O + !lO) -of the quantity p,Z1 at · Points 
k = (N -· 1 ), (N - 2), _ .. , 2, l. Tpe finite-dilference. 
form of Eq. (3). ix: 

( 11) 

For tht; numtwr óf compont•:ns: in' the system, -~I, th<.~ 
_uw!1 fracrin'n, 7.i,k•·ffi~~t 5um ro.l, or: 

j{ . . 

¿ i,,, = 1 foi- k== S-} . .\" -·2,. ·, 2; t ( 12) 
j::::: 1 

Thus, we ca11 obtaiJ: ¡~:·: t;-,!~1 (l•!llpc,;':•;nl llll_olr:-fra,;
tion.-: :lt c;11:h poin_~ in tL-- -:-...:.:!:J.IISt'l -b~- ~··~H'Il!ali"/i11g, ;,_, 

. shown by: · 

numerically in{egrating du: finitc-difTcrencc fOrm ofEq.-
(2), which is: · · · · . 

d(p1 ,H, ,) 
-do~= 

(4 x_I!4) { (· w,,ck+t,H,.c•+"- w, . .H;.•)+ 
: nT"d¡ . !lY1 · . 

(h¡n~1Td¡/12)(Twk -.t.J} (14) 

The proCc~lure is now iterativc . 
. Str.b:S·-Assuming.a: tcn{per'ature, t,., at each ·poin.t, 1:.; 

in the exchanger, we ca'ri nO\V solvc for. the fraction of 
vapor. by mcans of the Rachford and Rice equ"'ion [ /2] 
frorn: · · · 

( 
V1 ,) Zk(K:k- 1) . 

f --"-~· = ¿ ' 1
' '· -=o '(15) 

W,;k . ¡ (K¡,k- l)(V,,k!W1,k) + ·1 . · .. 

This procedure is' also iterative. _ . 
\\'e can now calculatc the p"oint compositions fÓr the 

calculatcd (i.e.) new) -liquid :and_ vapor cornposit~o'ns 
from thc following equations [13]: 

(L) = (L/W),,k _ 1 - (V/W)1~k 
V •.• ( V/W)i,k ( V/W),,k 

y. • = Z;.>[(L/V)1,, + 1] 
1
' 1 + (L/ V),, k! K;,k 

. (16)__ . 

(17) 

\Ve use our selectc-d enthalpy'-cstimation proccdurc 
t<? cakulate a point enth:1l_py ba~ed on thc aboYe corn
positiOn Yalues. _ · . 

\-\'e can now itera te via our scledc.xl tempcraturt'until 
wc obta.in a value for' the differencc in th~ Strl'<Hn en
thalpy (as calculated in Steps 4 and 5) that.is less than 
sorne prcscribed error. 

Step 6~-lntegrating tht!_ derivatives cal~u!ated in St~p 
2 numc·rically, we obtain new tempcrature profiles for 
the tube\'v·all and the shdlside strcam. · 

Sttp 7--lntcgrating ·Eq. (7) .. numerically, we obtain 
new values of W, k (for k=. N- 1, N- 2, ... , 2, lk 
or, using the algehraic form of Eq. (7) [as givcn by Eq. 
(l9)J, we obtain the n~w _valucs. for w, k' Thé deriv'a-
tives, dp¡ .. ;do; ha ve been caléulated in 'Step 3. - · · . . . . . . . . 

-~ , ,' ·- _n~:;;~r_ ··(dPi,k) .·. ·_. . 
¡~."'" u.+l .. - 4x~Í4'l -dO--_\}, . (19), 

Stejl a .. ."~et~Irniug to Skp: t,' W(." procecd to tht" ni!Xt 
\ . - . 

tiu1,. int.t:rva!, ·o.. 
1 

¡- Ttw :-::~rile:" pr¡_ .. xd•.:re {:.an be uscrl f01: multit:~~nlpor~;-ur . · 
] pl1:_1.-:t: 'd•-ln:::-t: ~~n thc shdisid(", .. or, .. _multinJt~\p(Hlert.t 
1- ph<t~<.' di:1 ¡¡gt; (111 botl,1 Sid~-s ~(thc ex'ctlang"er. {l,údl'!:d, ~ · · 

han: _dt·velopt·d a ;computer; ·',progT<iin: bá.-eJ On the 
~· ~ . .z. . . .. 
Z¡ k = -----~--.,.- ( 13) ahovr;. pro<;idt.Ji-es.) <,>.· " 

• . JI.·\ ' .'. . ' .. . •. 

~ · ; ") · Ra)'lei!!h distillati~n .:' ,L,·•p .... • . ~ 
i=J -' 

1

·- J,_ We discuSsCd- shorccUt nú:th~s for 'simulattr~g R:i)<·: 
T.his procc.:dun.:_-~n?.,.,·s u~_io.;cakUla_te Pt,k~ dire;,tl}r, and 'Ieíih -distilhÚio"il·.(a"n:·-inháenÜ}·. timc~varyi1tg· bate~ ' 
to_ ca i1~1atc_ thc dcriyat:·~·::-'.::'f\_¡ ·,;q.. _ _ _ . · proce~s) in- Pa'rt 1 of thi:; ser in;. I.:et _tiS t,urn our atten,t~-~ri 

r_ :.~\'trp 4·-.. ·:cn-.t~~ti_!ii'n.~ vJ1·..:-:~_-.J~_-,1~ . .:J-f¡:~,_.) ~nd, with the t~)-P._foqkm~_.-that are not :;u.t<by to simr~Efy-lie-c:w~c (a) 
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Ct!l1\[,tf•t A: i" "nut cnn;;t;ún ~¡qr i~ 1hc: ~::l~tiv~ vo1 ~--
1.1:!1 U!- con~ido:.:r th~ foJlm.,·ing ¡_lP,h1cJi1: .... 

In /\:TI inhc·JcnllY b;dch p·n.cc~:< \,-~ h<lve ;~ 11 ':~;:- .: 

11wbr Jnixllll\·_: of cr•n;p(•Jlcnts :\ :tnd R Cnmpc:h:n:. \·:: 

th'r flliJre voL! ti k onc, 'hnt·v,·l; dcsi~T-to leave.thi.~-c•ut¡-,--:~ · 
nen_r in thc t~nk and distill the les$· volatile Onc: O\~, ... , 

h,_:ad. Thc ·addition of water tO the n1ixture fr~rn-1 t ::·· · 
. . • -· -~ 11 

. azc;otropc wíth Curnponcnt B, an9 we can_ conc('n.t(a:,. ··• 
c;mnponCill A aJJd._thc·~xcc:.'>.'i \',.'ater_in. the tank. AdiJ\:·<·' 
tlon of wakr to the reactioll mixture is rcc¡uirCd ~n· ~l:.~ ·: 
~H!Xt. stcp ufth1.~ hatch proccdurc so \\'C are riut pn:"-t·n·1, l . · 

\\·ilh thc :~1dcliti~ma·I cxpt'rlse of sepúa:ting '\\";licr :.;-~J · 
Ctnnpúnent A . 

The system sl!íJVm in Fig. 2 is initially at total rc,.'fl.h.\, 
At S(•lne lillle, \\"t: will dosc thc ~t'flux valvt: and :-t~i1 
,,·idldr;-1\\ · :1g pr(Jduct fr(~ITÍ thc: sy~ttm. . 

\Vith ·ctmC"knsing stcam supplyíng thc cnergy.·iO ,.a.· 
p{)rize thc mat1;rial in the t•mk, wc can write thc (·qu;:¡: 
tion for· the cncrgy _balances O!'! ihe tubesídt 'and the 
tube,...-all. Because we are considcring an iSothcrmal 
pP"ase change on. both ~id es of t he excha[!ger1 \·\:é do nfJt 

·need to scctionalize (i.e., use finíte~differcnce proce. 
dures) the 'tube bundle. Thc cquations are: 

. ··. h
1
nrid; TL · _· · 

S= --~-i2X""(1 - T,) 

(21) 

The tptal iHatcri3l~b;ibnce equation for the tank 
fluid is: 

-(22) 

.or simply: d(H~)/dB = -V (23) 

. Eq. (23) a>llows us to avoid·a density calculation._ In .. ·. " 
sorne problems, the_det;rcase in molar holrlup, HL and: · 
tht:refore the decrease in 1iguid levd, dccre;¿~cs. the 
heat·transfer surface, arid we must use Eq.· (22). 

··fhe 'inatC~íal' .ba!_~nce· foi'_._COmponcnt j ís givcn by: 

Súbstituting Eq;. (1) into. Eq .. (24) a~d 
dX¡ . :...x;tv:K; + (dHUdB)] 
--;¡¡ = H' 

. L 

(24) 

exPandin.g: 

(2j) 

'lñc encrgy balance fÜr the tank system.is give_n,by:· .· . . 

Q, = ~~JiT;:· TL ( T,. - T) . (26) 

r!HL Q; ;_ VIl y- "H¿(dllLJdB). 
dO- = ------· ll ~ · (27) 

.. ' 

,, 
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suLcoCJl the o\·ahcacl. vapor t~l l00°F. \Ve can then r;~tc 
tltt.''Condcnscr by a se:parate c~!lcnlation. 

In our proce.-:s (Fig. 2), we du not ha ve a control sys~ 
te1n for adjusti1h' :~-teatn flow to · thc rcboi\er. We do 

·show a manual ~aln· in thc stcam liue. As thc tank 
tempe1~ature intTC:<ISl'!', thc stc:1!ll énnden$ing ·¡n the 
tuh•:s cb.:rcaScs, ;¡nd thc \:orrc.~pondin;._{ flo\v rcclucalion_· 

. n.:duces thc prcssure dmp acrüs~ dw manu:d ,-a)vc. Thc 
tenq.Jer;:nui-C of thc stcarn innc;,~,:~ ,,·ith prt~:..:::urc. This 
tt:bti1r11ship b_etwe(rl tlH' Stco\lll tólqwraturr ;mrl an 
cqtL!tifl!l lo modcl t)w l'flllllPl \":tk·· (:-,t't:-1\ti! :·~ of (his 

'it.·ri. -•) supplics thc nr;n:s:::H.'! t't'¡tl:lli•Hl'' tn •:(•ttr¡do·!c f!ll" 
an.dy ... is. 

CII!)JlJUtcr rcsults 
·¡ h•.''-C proccdlll"l'~ ¡.:n1 he 1\tlldclnl •\ilh :1 ,·¡,,,q,tqt 1 

'·1'1 ··;!.l!lt dt·,c\l,pcd h;: ntt:. Thc rrs11l1:-.. :t..::\ fli11<li•·il 11f 
ti:11 t"!···!Tl thc progr:un ;He sh,IW!l iH ht•. :~ ;tnd \. i"i~·
:L- ''-J'!t ;~,.,_lb thc ;nolai" holdtlp in th,: ~;m k and u\'l'~:. 
. ~~'"•" 1 ;1q 11111ubtor·. Fig. 3b ami 3c show thc.:. rcb11ilr:r 
h· ,· irq.•,lt to thc systc.:m and the tan k remperaturc, re· 

\ . ._.-' ·¡ : .. :h. Fig. 4 .a !so shnws the ·rank tempcr:ltnn.: a." 
¡-.1 ·~'· J 1,} :; ¡¡·r,t~ pt_lntcr from the'program. Such com

·t•• ·! · ."' i~·ntc:d ploL", wbich .an! usually nt::ct~S:5~ry for 
r:'• 1·~:1, :1 1 •.•!~-.:'i~. c-litnÍn;Ht: tnttr·h cngin!'·erin~~ till1c \lscd 
f .. , ;;. ··.•r.tl ¡·l~~::itl~~-

¡.· 
... \. , ··r ·=·.• 
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nifi.cmt n:ductit'Hl. A mcthod for rcducing tht: loss of 
Comp~~nrnt A proposc-:; thc placing of additit)nal stag.¿-~ 
bet\vccn thc t~ntk and -the O\·crhe;H{ systcllL \\'e wil! 
shnw thc pn>C(~dun: f(/r analy:t.ing- this in_tl¡¡· nr·x! arti.:l,· 
that. \vill appc:-11· i_u tht· issuc nf Jan. 10, l 9fU. 
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Modeling batch distillation 
in multitray columns 
.Packecl or tray columns can improve scparation efficiency for 
batch distillations. The moc!eling of such systems via a computer 
simtdation enables ~apid .evaluation of many alternativc· techriiques. 

-~~---- ---· ------- _________ .: ____ ---·-------·--------------------- -- . ---· ----·- ----------------- . 
Joh.n L.· Gr~y. f:!}•mrmrul Euttrprius* 

[] In thc: separatitlll of a .two-componcnt systcm of A 
.tlld B vía a Ra~·lcigh di:<itilhltinn, thc addi1ion ofwater 
f1l' .tri a./.t'IJ!ru¡w in whit:h Contponenr B (the less 
\'<· ,l: lltl<..') is distil!ed ovcrhead. In Part ~)t of thi~• S(!

rie';:<q: muddcd ·such a svsteul. \Vhilc .\\'C can rcmtwe 
t:~'>cnii~ll\~- all·of Co111pl}n::nt B from the tank (95';;. in 
Sf.'\'c'Jl hours of oper;Hiun for iJUr cxaptplc), wc lose 49'7o 
1lf tht' mure vnlatilt· Cornpnn~nt :\. 

Tu rt·ducr; thesc t, lS:>t:S, we can éonsidÚ addíng stages 
(eitlwr as trays ora...;; packings). hetwccn thc tank a~d 
conden:-.er. The systcm v.·itll irays is sho\vÍ1 in Fíg". 't. \Ve 
.net'd :Hiditional equations to describe the addcd trays in. 
ordc:- tLl n~~.idcl .thr: syst.cm. 

lln-cloping thc rnodd 
·_ ·Ft~. ".! shows a cmss st·ction of the tray co!umn. the 

· ÑL1W rdatiunships for th_e liquid and vapor streams, ·l..nd 
the holdups on the tray and in thc downcn111Cr. :\total' 
material balance around Tray number k yields: 

d(p,.f1,.), + ----- = 
di! . 

1., +¡;~-DI.,- lllk (1) 

.-\.-;:·ounin~ thar we can IW.~Icct vap11r-ph.tse ~nldup, 
Eq 11) < .HI lw :;impltllt·d to: 

~-~~'!/.'t._l_~ . = vk-1 + /.Ir, ... ¡ 
di! 

Bccause we know t.hat· thc outle[ tlowrarc does not. 
change instantly whcn molar holdup is kcpt con.sunt. 
wc: can approximale the stage hydrauli<:.s by c:-;timating 

·a hydraulic time constan.t, Hre_. (This procedure c_an 

rr.av 20 

Tr:~v 1 

Coo1ing 
water 

¡ 

P, -DI., - DV, (2) 

1 
. --·T~~-k R,:~''" ~ 

Stearo:S. tblh 

t: ..;im¡dr-:-,t procedurc [ /j is to assuntt: a constant 
~~:r ho,:\lup. H;,. a_nJ to_assuuH: an equilíbrium stage. 

•[",, oll•"l'l 1!1.- llllil;,r, ,,.,. <."hm<. f."nl(, :0..1.1~· :!."1~\li::. p ;lt} 
CJ'lde'l~:e 

:.·\r:>.k• 1,.;¡,:,,J,ni rJill• i"..r i.n thl• CE· REI·Kf.:)IIEII.: l':JJ1 1: )".".-; ~·~1, 
l'Hli. ,, 7·1. !'.ut ..:, .\u>{. :!~.'l'ihl. p. 111; Par1 .\. ;.;.,..,_ lfi. :~IH. p. ·..:rt: P.tn. l. 
D<'<· !H, l'~H;. !' ñ.l: P.trt i .. \l;,r H. 1 ~f!fl, p· '17: l'.tn •i. ,\.\.¡v ·j, I'Jfl".?, ¡...~¡l. l'.~n 
_7. Jl~•lr :u ¡·:w~. p '17 Pan fl, .-\u~. ~.l. 1 <liJ"]. p. ·11 . P •• n 9, ;o.;'"'. ~'J. 1 ~·,;r~. f.' i ';, 

---------=-~==========~--ProceSs arrangem~nt. for the 
example of .1. batch' distillation 
---·---·-·--··--~- -·---------·-···--·- .... ___ .!'} L~---· ·-

tOS: 

--------~--- ----- --·----- ·-----------· --- _, _____ . __ ---------·---------------- --------- _. ·--.·----·-'-··.¡ 
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A, 
A,, 
DL, 
DV, 
F, 
}{ 

H,, 
11¿ 
H~ 

.H'"D 
Hv 
H~ 
H;,.e 
K; 

z:¡ 
K, 
L,· 

L.,; 

'~ 
VH 

X; 
Y; 
!1P 
!1?,.., 
e 
~ 

P,; 

Pm 
Pv 

Nomenclature 
Acti~e a.rea of tray, ft 2 

Downcorner are a, ft 2 

"Liquid draw frúm Tray k, lb-mol/h 
Vapor dr;~w from Tray f., l!J-rnol/h 
ftY.d to Tray 1;, lb-rnol/h 
St11";un r:nthalpy, Btu/lh-rnol 

Liquid height in downcomer, in. 
Liquid holdup, ft 3 

Liquid Holdup, lb-mol 
Head los!-. under downcomer, in. liquid 

. Vapor holdup, ft 3 

\Veir height, in. 
Hydraulic tifJ!e constant, h 
Equilibriurn constant for Component j 

Pres.~ure-dmp codflcient.s 

Liquid flow from Tray k, lh-mol/h 
Outlet weir ~eight, in. 
Valve thickness, in. 
Hale v~locity, ft/s 
Mole fraction of lic¡uid for Component j 
Mole fraction of vapor for Componentj 
Tray pressurt drop, in. liquid 
Dry-tray pressure drop, in. liquid 
Time, h · 
Tray efficiency. 
Liquid derisity, lb/ft 3 or lb-mol/ft3 

~'alve-metal density, lb/ft 3 

Vapor density, lb/ft3 or lb-mol/ft3 
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also be used for packcd towers.)" In equation form~~ we 
obtain 'thc following relatioriship: 

dL, _ 1 r~ L · ··~ ·. 
--;¡¡j- (HTC), k-1 + k+1 - k -

L, + F, - DI., - DV,] (3) 

\Vith the preceding simplification; wc can deriv~ a 
mal erial balance for Componentj a~ it is pnJcb:ir-d 110: · .\ 

TrayA·: · 

d(H~!/!~. _ 
d8 -

(V,+ DV,)Y,J- (L, + DL,)X,,; (4). 

We elimina te Yj from Eq. (5) by substituting the fol
lowing definitinn of the equilibriurn constant: 

(5 J 

Making the substitution, and aftcr ~ome manipula-
tion, wc obrain: · 

dX,.J. - 1 [ ' Y. l. \' . diJ - HL ~k-1 (k"-l),j + k+l' {k+H,; + 

F.z,,1- x.,;(v.x •. 1 + nv.x,,; + L, + DL.J]. (6) 

An cnergy balance around Stage k yidds: 

d(HL)k 1 [ 
~ = HL v,_ 1(H,J._ 1 + L.+ 1(H¿),. 1 + · 
F,(Hp), -.(V,+ DV.)(Hv),- (l., +DL,)(HLJ.] (7) · 

Simulating an equilihrium stage 
.We now ~ave sufficient cquatiom;i tú sim~:~Iatr; :in 

equilibrium stage. The procedure for gctting a solution·. 
IS: 

Sttp l....:.....Integr3.te the set of equations, as given by Eq. 
(6)-i.e., one equation for each componcnt. 

Strp 2-Normalize the calculatcd mole fractions. 
Sttp 3-:-Calculatc a stage tempera tu re 'and a~ equi

librium vapor cmnposition from a bubblepoint (the 
. tempcrature of initial boiling) computation . 

$trp 4-Calculate a liquid enthalpy from the temper-· 
aturc and liguid composition in steps 2 and 3 . 

Step 5-lntegrate Eq. (3) to solve for liquid flowrate 
lcaving the stage. 

Strp 6-..:.Rearrange Eq. (7) by assuming that. the 
changc in liquid emha1py .is small (this assumption re
duces the computation time), and then solve ff?r the 
outlef vapor rate directly fru~1: 

V• = 1 V,_,(HvJ.- 1 + L, .. 1(HL)>+1 + F,(Hp). - . 

D.V,(Hv),- L,(HL), - DL,(H1.),]!(Hv)k (8) 

Modeling real trays 
We can simula te the ·ope"ration of tray decks with a 

more sophisticated p~ocedureJ a_nd ihe following is rec
ommcnded for more-exact.ing work. We will simulatt: a 
"re<:tl', tray instead of an idea} stage_. . 

The composition of the vapor leaving l:he tray can be 
derived' from the definition of a Murphree. tray effi-· 
ciency, which is: 

(9) 

¡o~ 

1 



·-

Rearranging Éq. (9), we ohtain t~e fQIIowing for: 

Y<.J = YL<··ll.l + '1•.1(Y:.;- 1(._ 0 ,1) (lO) 

Theorerically, the dficiency, TJk,j• varíes with each 
cornponcnt on each stagc. We can calculate the change 
in 11k.j as the liquid rates, vapor rates :lnd physi~al prop· 
erties on each stage change via sorne suitable method. 
·However; wc should deter-mine how precise we can cal
culate th~se numbcrs befo re procecding. In the examplc 
that will be discus!<ied later in this article, we have as
sumcd a constant tray efficicncy, and proceeded with· 
ouÍ additioi1al computationS. 

We can rcwrite Eq. (2): 

!_(Pr,!lrJ< - ré + L - V, - L~ + 
. dO - k-1 k .. l "' IL 

¡;~- DL•- DV• (11) 

The Calculation for tray hydraulics relate the liquid 
vol u me holdup, H L• with the outlet liquid flowr.ates, Lk. 
First, we calcula te a dry-tray pressure drop via the rri<LX
imums of Eq. (12) and (13) for·valve trays [2J, and via 
Eq. ( 14) foi sicve trays (3J. The dry·tray pressure drop is 
a funclion nf thc vapor flowratc anrl physical properties 
from tray (A·- 1). Thc liquid-density factor convcrts 
thc calc:ulaterl prcsstlre-drop value to inches of liquirl: 

For valve trays: 

!lPa,.. = !.351m(!!."'·) + K1(vH)' (Pv) 
. PL PL 

(12) 

!:J.Pd,:_ = Kz( VH)'[pv/ Pd ( 13) 

For sieve trays: 

uPd,.. = K3~'¡¡(PviPL) (14) 

The total tray pressure-drop is ~iven by: 

!:J.P = !:J.Pd,.. + 0.4(gpm/L.mft3 + 0.4H;_ (!5) 

The, downcomer backup (inches of Iiquid column) is 
given by: · 

Ha, = H w + 0.4 (gpm )213 + 
. Lwi 

Liquid holdup by volumc in the downcon1cr (ft:1).is 
the product of th~ downcoriH:i backup (ft) rnultiplied 
by tht; downcomer area (ft:.?), or: 

( 17) 

Liquid holdup by volume on thc tray deck itself is the 
'product of rhe liquid height (ft) on the tray, as given by 
Eq. (18), and the active arca (ft2). Eq: (18) neglects any 
liqu.id gradient on the tray. ' 

(fl¡}Aa = llw +.0.119(pph/L.mPd'3 (!8) 

.vhere pph is flow in lb/h. 
The total tray holdup is the su m of the liquid in the 

downcomer and on the tra y de:ck, o'r: 

Hí = (liL)Aa(A./12) +(HL)d, (19). 

\Vith refercnce _to Fig. 2, We can make thc ~imuiati.m 
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. even more sophisticated by cakulating thc com¡wm·n1 
and total material balances around thc downcomcr and 
the l.ray decks individually. However, this degree of 
sophistication iS ignored in ~he following disr.ussion. 

For variable moiar holdup in the liquid phase, Eq. 
( 4) beco mes: 

d(p¡H¿X¡), 
--"-

0
-- = ~'k-ll{k-n,; + L,..+lx(k ... u,; : 

1-~Z,,¡ -(V, + DV,)Y,,¡-: (L, + DL,)X,_¡ . (~O) 

Substituting Eq. (10) into Ecj. (20) yields: 

~ i = (¡v,_, -(V,+ DV,)(1 - 'l,,,)J!Í>-ll,i + 

· L,+,X<k+ll,i + F,Z,,¡ ..,. x~.J [ L,. + DL,. + 

(¡7 D")'. K d(pLHL)]}; H. 
> + '> 'l>.i k.J + dO P¿ L 

Fo~ this c~C:, th.e procedure·for solution is: 
Strp 1-Calculate the deriva ti ves in Eq. (11) and (11). 

There will be one sol_uticín for Cach cornpon~~i. 
Strp 2-lntegrate Eq: (21) to ca!culate the·mole frac· 

tion of each component, and· normalize. 
St~p 3-Calculate the -tray liquid t~mperatúr·e ;,,.¡a a 

bubb1cpoint. calculation. · . 
St~p 4--Calculate the actual vapor.compositiori from 

Eq. (10) by using thc equilibrium ·vapor composition 
from Step 3. Calcula te the vapor temperatur:e by a dt":w
point cornputation. 

Strp 5---lntegrate Eq. (11) in order to calculate t!w 
· change in molar holdup. By using a suitable procedurt: 
for estimating density' we can .estiinate lhe volum_e or 
liquid holdup on the tray deck ·and in the downcomer. _ 

St'p 6-Solve for the liquid flowrate from the tray by 
using the results of Step 5 and Eq. (12) through (19). · 

Step ?~Estímate the vapor enthalpy b}r soi'ne suitá~ 
· ble procedüre, using the values of th~. vapor composi· 

tion aiÍd _temperatufe fi-om Step 4. · 

' . 
102. -c¡~rwzt.J.-r-:_;.'2. •Ti::K.!:~~::-x~scA.I} v ~~-~ í~::-

. !i 
______ e ______ -----~--· -------·----- ... .L. .... ---~--
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Concentration of _A in !iquid, XA mol% 

Step 8~--Snlve for· the vapor rate frorn tht.: tray v1a 

Er¡. (8). 

Application to rnultitray towcr.< 
The s()lution proccdun.: can he applied ro 111ultitray· 

tuw\;J~. H!lWCV(:r, with n1ure·Stlphi .... ticati:lf intcgratillll 

rn~:thods, thae are advanragt·s in S(Jlving all the trays. 
sirJudtan(;ously ·as oppmcd to .solving- (:ach s1agr; sepa
ra te! y. The ·advanced inte:gration nwthods are usually
mun; r:curwzllical beca use of thc stiffness of the systcm • 
due to the tray-hydraulic calculatiun and, in sorne in
stanccs, due to the integration of the liquid composi
tion. The sriffncss for rhe latter factor can be quantified 
by a (L + KV)/Hí factor[~]. This factor controls the 
step size fnr imc~ation, which is usecl iri che simulatiun. 

Raylcigh distillation prohlern 
In Part 9 (Cfum. Eng.,.Nov.-29, l9H~, pp. i8-i9), we 

· u:--;cd a .Ray!eigh disLillation:ro_scparatC an eqt¡aJ rno"lar 
mixwre of compotients A and B. Componcnt :\ was the 
more volati!e one but we desircd to !cave it in th~ tan k 
and rÚsrill thr: !~.s volatile onc overhead. By adding 
v.·:th:r tó thc mixture, an azcorrnpe \~·as forhwd with B. 
Then:h~-. CutnpnrH~nt t\ and the- water were cnnccrL
tratt:d in tht: tank. Afrer pC:rf\)mJing thc simuLuion, \Vf': 

d i::coven:d th a r !"E/;{¡ of Cor¡¡ pom:n 1 B was n:covcn:d. 
b11t that ..¡.g•;;, of Coltlpon(:flt :\ was lma._ 

Sint:(: 1he loss uf Componeot A i:-; signific.:Hit. v.:e will 
ntlw zrHuid 1his scparation by adding '20 tray..;. \\'e will 
use :tn :ISStlmed rray ctficicm;y nf_80 1

;-;_. l_>(:¡v,:ecn the· rc
boiler tank and the coudenscr, and providc retlux to th~ 
res u 11 ing rowcr, ao; showi-t in Fig. l. An inirial "re flux 
ratio of LO is a.ssumed. · · 
. These moJificatit7ns increase ihe sha1·pness of the .-.ep· · 

\.._..,arar ion. However, we dO n<H acbieve a comp!de" rCcov
ery of Cornponen_t A.-VVe wi_lllose very lirtle ()fCornpo
nenr B.· A higher reAux ra.üo, additional trays, _or a 
diange in operating procr~dures such a.~ idditir)nal 

--------------·-----...... 

Concentratinf, of A in liquid, XA, mol ~{, 

wate¡· in tht; sys(ern-all ur an~· m;.ly be neces.;;ary tCJ 

recover more e han 70.-85',/C of Componem :\.. 
Thcsc procedures, :.1\ong with the routines developcd 

for the _rcbuiler and o\:erhead syst<~m in Part 9, can be 
modded wilh a compuref pro~ram rhat l have dc:vd
oped. Fig. 3a reprc~enls thc m~ilar hc1idup "in th~ tan k 
and ov~rhead accufnulator. .-\ !t~vel-~:ontrol luPp. in Ü1e 

nvérh(~;td sysrcm can be modckd with thc cr¡uation~. 
dr:veloped in Pan ~ of thi:> sc:riL's. Fig. 3b shows the 
reboiler heat input and the reboilcr tempt:rawre. 

Fig. :.k shcw.·s tf~e recovery uf compone-:ns A and B. 
\Ve recovcr abiJUt 6·l-i9t.:~ ofCqmponelH :\.in rhe pnld· 
uC:t tan k after f1ve hot1rs <lf op~...:ration .. -\ssurnin!{ thar we 
transfer the. liquirl from the o\:erhead accumu!ator to 
ihe proJu,:t unk at thi.s time, we ~,·jlJ havc rn:ovcred 
abour i(} ... 8:J'·."; of _Co"n1poncnt A. \Ve ha\:c significantly 
redtiCt:d !he lo.-..~~:s_uf Compnrtt:nl B, since tite prograrn 
pn:dict~ ln..;st:s t>f only 0.003',~,. Cnfortun;_¡tdy, wc do nnt 
ha ve che. opri_on of continuing the distil!ari'JII IH:c.:w:,z: 
the ref),Ji!a wnk is alrnost ernpty (for the conditif)Tl.-> 
chosen for this problern). 

Fig .. .¡. shm,·s thc progtTS$ of thc disri!!ation as plotted 
on a psctJdu-~lcCabe-Thiele diagrams. Such ploL-; can 
be geucr:Ut:d by rhr." program. Suc.:h plots can sugge.st 
chal_lg•:'i in·cnluf11n cunditit'll'i thar can give the re
quir~d reci.l\(·r~ uf Compt>IW!It .-\. Fnr further srudy, 
cach n·:idt:r can cl¡•cid(· the v¡lrÍ;th_le h) be changcd. 

~Ve \,·il\ cn~ttinue lonking_ at distilLuion in the next · 
articlc. \\·hich \,-¡¡¡ app~ar in rhc is:>uC of\lar. 21: Here, · 
[he emph:1.~is \,.¡¡¡ be· un continuouS tm,·~r opcration. 

Sl~t·~" Dan,lln$, Editor 
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PROCESS DYNAMICS/ 11 

Dynamic modeling of 
continuous~distillation 

and emergency systems 
This final article contains thc proccdures for simulating 

continuous distillation, and describes the methods for modeling 
emergency, startup and shutdown conditions in' process plants. 

-----------~----:--::::---· 

john L. Cuy, Dynamod ET/ttrpri.i·,s., 

[1 For tht: Uyo;unic· analysis of coritinuous towr:rs, wc 
rll:r·d :1 !llr>re sophisticated st~ady-·Hatc pro¡jram than 

:ts n~quin:d for the b:uch.disti!larioo ¡..>rograrn that wc 
"-tiscus-;<;d in P:1rt tot for modc!ing:. trays. The sH:ady

statc progra'nl r~nablcs us to determine initial valucs for 
· the (:-ohnn n. varia!:?les. 

Example illustrates proeedures 
Ld us cunsida·the disti!lation tower shown in Fig. l. 

Thc colwnn is designc:d to removc thn.:e light-key com
poncnts ovcr~ead, ami to rt'rnove a stieam containing 
unly ~ht: h~avy·kcy ct.)nlpqnent frOm the bottom. 

The fnLLr·cornp~ment systr.·rn-ca·n be sirnulated with a 
· nwdiiit·d van L~ar acrivity~codficient esrimation 
mr;thod. In oHr example, wc will use 15 ideal trays (i.e., ¡· 
tray dficiency = 100%) to shm .. · thc:: difTerence in simu
lating actual val ve trays ~nd e!:itirnating the tray hy-. 

1

1 

draulics by mcans of the -hydraulic time constanl (see 
Pan 1 O of this series for the dctails. ). 

\Ve w_ill b(:~in hy n:vir.wing thc rer¡uir~d pro~:t:Jurcs 1 

and f'l ¡t 1a! ÍlliiS_ i 11 nrdcr t o sinwlatl' t his fnor·t:omporH'nt. _ 
tiftt·r·n-tra~' sysll'm. In parts 9 ami 10, we sirnulat,;:rl 
tan k- ur k{:ttlt:-typr: n::.b1JÍicr sysU·1ns, rr:spr:Úivdy.ln this 
_ex~n1pk . .,..,~ lirHI_a natur:11-cín:ulation n:hoilcr systetn. 
This GUJ be nJIJddcd but genr.rally not quite as simply 
as the t:UJk·tvpe rcboiler. 
Th~ · natur~d-l:in:ulation reboilcr has a circu!ation 

· rate dependent on vapor- and liqltid-pha"se rates and 
densitie.s. The temperature profile depends on ·the. 
··apor-liquid equilihria, as ..-.... el! as on local ternpcraturc 

· .\_./ífl'rence:-i and exchanger~ge<~metry. The shellside and 

., . ., lnt:"!"l lh('" .lUd\ur. ~('.-· f:hm> E:"¡;, \1.•:-" :!. 1'18:.!, p. ~16. 

tub~wali tempt:rature profiles can be calculated as de· 
!icribcd in 1he previous articles--espccially Part 6. · 

. Thc tub<:side ~akulatil1 n procedun: bt·~ins witl~ the 
rnulticornpnnent. phasc-change that wc considen:d_. in 
Part 9_. •In ·addition to tht:--equations in Pan 9, we must 
derive equations for the lluid-Aov .. - hydraulics to deter
mine the tola! Aowrate through the exchanger tubeside. 
Fair [1] presents ·a proCe~ure that.can be exiemkd [1) 

dyna~ic sys.terns. 
The_bottorn of the tower can h<: simulated with mate-

T o cond~nser r---.-
Feed 2 

'.-\rt.,"-¡,.~ pod--,Ji,hr:d in thi~ CE Rf.nH:~Hf:Jt: P ·• 1 ! .. "'E '" :'lllt, P- :¡ l;.P:.n 
:! .. ~ .. -- '' "'""'.;>.lll.f',ut:l.':jr--· 15 "l"' p.~lt,P.lft4.0c··"S ''l'" p 
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Distillation sY.stem separa tes fou.r 
-components ¡~ a 15-tray tower , Fig. 1 . 
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rial and ehergy balances. The inlet streams to the bot
twn a.r:e Jiquid from the b.otiOm tray and liqliid from 
thc· reboíler. The outlet Strearns are product Aow .ind 
liquid to the reboiler. The amouht of material in the 
bottom .of the to.wer mUst be takcn into account beCa use 
thc differc~Jce· in the liquid-level height aJJd the ·top. 
tubcshect of the exchangCr (or, soine other convenient 
rdc:rence point in thc exchan~er) has a dire(:t dfect on 
1_he Cin::ljJation r<:~tC, pr<'Ss_ure l)a.Jancé and vapOr-Ji quid 
c:quilibrium of tbe: n:boikr. · 
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for singl(:·componenl systems, we can make reasona
blc assurnptions provided they are not forgotten wht:n 
we stan to analyze the results. If ...,·e maintain the liquid 
Je\·el and the· pressure fairly comtant in th~ bottom of 
thc 10\-.·cr.·and ifthe excbangcr has only a small preheat 
sr·Ction so that the major mechanism of heat transfer is 
nudcate bniling. the systcm ...,:ilJ .... tend ro behave as a 
tank·type rcboiler. The~e assumptiom should be ve:ri· 
fied by simulating the natural·circulation .c:.ystcm at var
ious times during the cOlumn simulation. ll1is procc· 
dure saves much computcr rime and work. 

Thc equatiuns for each tray "'ere discus\t.d in Part JO 
of this. series. Thc rwo mcthods-constant stage holcbp 
~n·d variable stage holdup-and their rcsults wiil be 
cornparcd Jater in ~his articlc 

Modcling the control loops 
Thc control Joops (Fig. 1) can be simulated by the 

methods give·n in Part 2 of this series. For the Jc,·el
control lo~p al· thc botto~ of rhe towcr) the Je,·el.trans
mitrer can be desc:ribed by a second-orde:r transfer func

_tioit. Altcrnativcly. , .. ·c. can neglect the computation and 
savc calculation time becau~e there is no ~ppreciable 
time iag. 'Tht: con1roller can be described by the equ:~
tion for a PI (pi-oportional + integral) t~·pe of control
ler. The control-valve <'quat.ion for a liquid is also given 
in P_art 2. 

For the temperature-control loop .that re:gulates the 
flow of Fced 2, the flow·~ensing element can be de
scribed by·a second-order transfcr function, or we can. 
neglect t~c compUtation." The temperature-.st:nsing "de· 
ment can be described bv a first-order transfcr function.· 
Thc tempcrature contr~l.ler can be desc"ribed _by thc 
equation for a pi·oportiunal + ihtegral + derivati\"t: 
(PID) contro!lcr. Tht flow é:ontrollcr can be dr:scribt-d 
by the. equati<~n ·fof a PI controllcr with. its. setpoint 
equal to the output of the temperature comroller. Thc 
co·ntrol-vah:e equation has been given in Pan 2 . 

The third control loop (Heat input/Fced 1 /On:r
head vapor rate) requires the type of analysis given in 
Part 2. \Ve must be careful to compare inputs by using 
the same dimensions when simulating thedrcision_ unit. 

In this cx:1mple, wc are·Jookillg for the rnaximum.s for 
thrc:-c quant"lties: (1 ).the signa! from the sensing demem 
for Feed J rnuhiplicd by a set ratio, (2) the signal froni 
thc: ovcrhc;-sd-vapor How-sensing elemcnt. and (3) a 
manual operator.input. I have converted all inputs iD·· 
the d,cision unit to pcrcent of thc rangc of the steam
Ho...,· controller. The time-lag· or time-dela)r function 
aftcr the flowrate-.sensing element for Feed l·cornpen
sates for the time ihat the change in feed· flowrate a"ffects 
A o~ hydr~ulics in the reboiler syst~m. The equ3.tion is: 

Y(O) = X(O - T) ( 1 ) 

or, cxpn:·.ssing Eq. ( 1) as a Laplace transform: 

Y(s) = X(s)e-" • (2) 

wherc Y is the output from the unit; X is the input to the· 
uriit; and 'T is the time Jhat the signal is delayt;d .. 

The ~ow-sensing elements for the overhead vapor, 
Feed l, and sú~artf to the reboiler. can be described. bv 
~ccÓnd-ofdcr tran.sfei"'fl;~~tions, c.,r ag;:1i911 wt' (a~ negle(;t 
this ro~nputa ti(.ln .. T!"w ~tea m contrnliCr with it.c:. ~tpoii:t. 
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OYNA .00(.5, .025, 1, 1,.?5.2:, \90.4, 0.001 

TRAY 0,1, 1, 1[\¡,62.3,5,6,2, I.S,O 
TRAY 0,1;11, 15,62.3,5,6,2, 1.5,0 ., 

CONM SECOND FEEO 1,202,21,0,1.,0.001 

CONM COÑTROL TEMP 2, 12, 22, O, 1., 0.008 
CONM OVHO FLOW J, 15,21, 1,1 

Table 1 

CONM Fl RST FEEO 4, 201, 2f, 0, 0.01162, 0.005, O, 0.01 

CONM MANUAL SET 5, O, O, 0. 200 
CONM STEAM . FLOW 8, 198,21, O, 1, 0.001 
CONM BOTTOM LEVEL· 6, O, 25, O. 1 
CONX 106, O, 4, O, O, O, J4.93 
CONX 105, O, 5, O, O. 2, 0.04 
CONO 104,3,0.1.3,0,4,0,5 
CONC CONTROL TEMP 2, 2, O, i, 122,212.100, l. 0.1 
CONC OVHp FLOW 3, 3, O, 1:0.446, 400,"-1, 0.1 
CONC BOTTOM LEVEL 6,6,0, 1,160,234, 100,1,0.1· 
CONC STEAM FLOW 7,8,3.2,0,478,200.-·1,0.001 
CONr: SE COÑO FEED 1. l. 2, 2, o. i74 .. 2DO, -1,0.00) 
CONV STEAM FLOW 7, 198, O, 2, 75, 70, 18,0.02 
CONV BOTTOM FLOW 6.0,1,2,35,33.5,2487,0.02 
CONV SECO NO FEED 1, 202, 1, 2:25, 20, 2487; 0.02 
CON R .14.3578, --6869.59, 376.636, 16344, 540, 112874 
UPST 1, O, 15,3 . 

FOCH \, 10, O, 1,18280, 2!i, 185 · 
FRCH 1, 0.66:N-, 0,-10 .. 4252,88.9114 

KEYV 21, 100 
KEYV 22,9 
KEYV 22,10 
KEYV 22, 11 . 

KEYV 22.12 
/ KEYV 22, 13 

KEYV 22, 15 
KEYV 21,202 
KEYV 21, 198 
KEYV 4; 15, 1 
KEYV 21, 15, 1 
KEYV 4, 15, 1 
KEYV 21 
KEYV 25 
kEYV- 4 
PlOT 1, 8 

.PLOT 1, 9 

PLOT 6, 2. J, 4, 5, 6, 7 

from rh(; deci.;;ion unir can he desaibed Via r.hc.equarion 
for a PI controlter. The:: equation for the steam:.control 
valve was given in ~an 2. 

Results of the simu!ation 
Inpur dat<l thal dt.-scribe the dynimic pararne:rers ar~ 

list~d in Table l. These línes; describe tray data, rnea'>
ureménts unit.s (or sensing element.s), ·algebra units, de
cision unit, controllers, control val ves, reboller. unir, 
upsct c~ndition, fec..:dstream cha~ges, and requeSts for _ 
summary resuhs in tabular anc:f g.raphical forro. For our 
P'"'lrnple, the uPset to t_he towCr was tah:n as .a 25% 

.1 

)Ctinn in the- Fer.:d 1 rate ÚJ the tower. . 
'-J:·ig. 2 sh(w...-s tht~ i-esults. of thc sirnulatinns for un,;/sct . ! 
of"t.:tJI~ l rq[~loop pa r"ar!lC(t!rS. T~tc gra ¡;hs shov .. · the· di n:a
cnce""b,:t.wct.:n a mdl.1nd for sirnubting the valvt: lrays 
rigon)tJ~·dy \~·.íth vari.ahlt: hiJldup, and onc fo¡· estim;uing 
thc coilstant~holdup .tray hydr;~ulics Via th.e hydraulic 
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Models for. a tVpical ira y consider the 
liquid-phase and va.POi'-phase boundaries Fig. 4 

lime cou.'-tant. Fig. 2a shows the va6ation in 1<'m¡_u;ra
turc on Tray 12 (used to change flowra1t: of Fcl:d 2) vs. 
time. ·Fig. 2b shm-vs the \'ariatioñ in AO\vratc for Feed 2. 
Fig. 2c sh0\\'5 the variation in thc overhead-vapor flow
rate, while Fig. 2d shows the cbange in the steam ftow
rat~ to the rcboiler. 

The purposc of the curves is to den'lomtrate that 
thcre is little real differcnc(: bctween the two corrcla
tion~i u~':d fnr this siunibtion. Howevl:r. we·should u~c 
¡he c:of-rclatíon for trays .in IO\Vers wh~r<: a pn:ssure
COJLirfd prüb~crn i~ :-:uspectcd or :HHicip:1H~d. lk_ncc, thc 
r:hangt: iu pressurt· on tower cquiliLriun¡ can be in
ciuded in thc calculntinns. This corrdcHion ~hould also 
be used for a largc chitnge i1i iiHcrnal fln\\'rates. 

Fig._:~ shows the n~sult.s of t.wo sirnulations that differ 
in control-loop parame.ters. Onc curve shows the re
spnn~e of the tower when steam to thc rtboiler is-con
trnlled by thc scnsing elernent for the overhead~vapor. 
ftow_rate; and the other shows the tower re.spnnse with 
tht.· steam bcing controlled by the flowratc for Feed 1. 
The curvés show the changes in thc tbwer vafiables: 

V.uiablt" Fig. 

Controll~d sia.ge tcmpcraturc )¡.¡ 

Fk)wratt for Feed 2 3b. 
Ovahe<!d-vapor fln"Tate 3c 
Stcam Am"·ratc 3d 
Pmduct stn:am frorn hottnm of towcr ~e 

Thc rr~sults in Fig. 3 shnw that cithcr sct of p~tramt~
((•.n; giv(·¡;, a stablc, rc:asnnab_ly frlst n~.spon~c· 10 ~he ups<:t 
condition. llow~·va, we_ rlo not gr-t this fast rr:spoll\C 
without a pt.~nally, i.J,~caw;(! thl~ n:duction of ~.:,%in the 
pi'imary fced stream · (Fc-cd. l) ciid not :víeld a corrc.
sponding reduction in t~nergy t:onsumption. 

\Ve .will -now considcr sorne applicatiOns of dynamic 
rnodding to t-mcrgency sysierns usually found in the 
chcmical proCf"~'iS inci,jstrics." . 

Pressure relief systems 
In ordcr to redUce. the size of,· and iÍtvestrncnt 'in,. 

,c'mcrgcncy rdief systcms, it · is bccoming _incrcasingly 
imponant to simulaie them v~a dynarnic rñode!ing . 

For exarriple, ovcrprcssuf-e in a distillation i_owcr re-· 
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sults in thc release of \·a por w a flarc_sys:cm. A.s proc
cs!->e~ ha\·e Ucco·I_ne larger, the!-.c fiare systt"ms haú: bccn 
rcquired to incicase in :-:ize. )\'(,\\:sorne ~ystem<have- be
come larg(· cnough to cause conccrn because of incre:as
ing land costs, etc. 
~D~'namic modeling cán reduce these costs l;>y cna

hlíng the dc .... elopment of novel operating procedures 
and morC-sophisricated (as oppm:ed to redundant) 
IIWthods of instrurnentation. 

Modeling a distillation tower for such con!:.iderations 
n·quires adrlitional r:omputations. A common assump
tion that we made was that vapor-phase holdup v.:as 

negligible. \\'hile holdup in the ,·apor phase may be 
small in comparison to that in the liquid phase. the · 
pn:~sure change in a tower depcndS directly o:n the 
change in molar h_oldup of the ,-apnr ¡)hase. 

Let us look at a 'typical tray, as shown in Fig. 4. In 
this analvsis, \\'e will consider two s'vstems: Tlu· fir.:t will" 
consist o.í the liquid-phttse bnund;try (10\-n:r ldt). tbt· 

$(Tu~d wi\l conSist ofthr: vapnr·pha.">c hound:u·~·.(up¡wr 
right). 

'lfwc Úá1sider·a stage hav_ing no ~xtcrnal fn:d i111d no 
sidc-strcam withdrawals (thcse can be applied a!-. addi
tional input and output ·$trcarns \\'ithout much addi
tional work), we can derive cornponeni and total-mate~ 
rial balances. For the liquid phase: \Ve obtain: 

d' H) 
_ (ri,_!c_ = L ' V' - L - F (3) 

d(B) . .l..+t ;-- k-1 k k 

dX . ( . 
-~j¡u. = 11'¡_1 ~ 1·~(1- 'l,,;)]l'¡_, + L;,,x,,_"···· ~ 

[ . . . . d(¡o¿H¿)]}/ .. 
X,.; L, + >·,'l,_,A,,¡ + dO . ¡o,H¡, 

For the vapor phasc, we obtain:. 

d(pl_l,.) = v, ;_ ¡·; 
dO 

(51 

(6) 

.The volUJÍietric holdup in the yapor aud liquid 
phascs (H

1
, and HL) will be a constant 7 and v .. ·e n~uld 

add another ·e:quation to account for this. However, 
be:Causc the volume of the vapor holdup i:-,. usual!y · 
mtJch gn:atcr than the v0lume of the liquici holdUp. -.. .. ·e 
introduce hardly any error by assuming that the, holdup 
_for vapor vOhime i$ es$cntially constant. 

'Tiu: scco;1rl ronsidcration is thal Eq. (6).is onl~ (~.xact 
fc1r ;: cou1pletCiy n1ix~d v:1.por phas(';, \·vhae.tiH: vapor 
composition to tht". tray aho\·c equab tltt ayer:~gr- t:tHll

position of the· total vol u me holdup. This is analng1Ht~ 
to thc tan k p_rublcm that wc considci-('d in parts :2 and 5 .. 

At. the other extreme, we could con.sider thc How 
analogous to a pipe flow, ~-herc: 

}~.;(8) = Y,,¡(H - 7), í)). 

whcre 'T is_ a time~rlelay funCtinn that dcpends~ on the ·,, 
vapor ráte and· the tray layout. _ 

In an aciual.column, we coul_c;l be at either extreme, 
·or _somewhere in between. \Vhile we could de~·dop 
equa.tioris for eac:h siuwtion·) we cant10t describe tower 
operation that precisely. Or Cvcn say·that we han· that. 

' l \3 
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requin:menr. E ven the e~pr~ssion for liquid holdup an~ 
flowrate '(developcJ in Part 10) is 'an approximation. 

Fnr cutnparison, a~ actu;t.l tray [.?Ji:; shown i~ Fig. 5. 
(o t.:om¡.;letely describe the tray's operation, we· would 
rak~ inro account: thr: liquid distrih11tion .:lt •.di p~",int~ 
uri rhc rray; erf'trainment of liquiJ to lhc tray ahovt~, 
ami wet~ping to thc tray bclow; change:; in tray dli
cicncy during Operation; and sccondary physicai-Prup
erty changes such as surface .tension and viscosity. After 
doing so, we cóuld pussibty obtain "bctter answcrs. '' 

VVc could also cornplicate the mode! and never be 
able tu rnakt: n:comrm:ndations because wc. \\'Otdd ei
ther not .gct auy ans .. vers, or thc modelini; costs wnuld 
becorn1: prohibitive. Thcrcfore, wc prcfer to 1_1st~ simpli
ficd mndt:!s .SfJ that wc can rcach . .sornc _dccisio11S a!HHit 

pmblf:uJ:.;--·-·tmdL'Istaading that th~ rnodd is not- perf<-:ct. 
\Ve c:.111 cakulale thc numbtr of mole~; in the vapo_r 

spacf; ;¡:; :1 f'unction.uf time fmrn'Ec¡_. (5). For thc syslGill 

pressurc ;-thr,)n; a tray, wf: can use a press11re-vnlumc 
relationsliip. such as: 

(8) 

· \Ve can calndate a \'apor tcmperature frorn an en-
. crgy baiaÍ1cc, but this probahly is rint ncn:ssary. ·The· 
oniY remaining ite111 is tu arrange our calculati'cj'ris so . 
that thc vapor rate from a tmy to the tray above dc
pends on the ·marerial balance in thc vapor s¡":>aCe, J.s 
well as the. tray prcssure drop across the ira y. I llave 
devdoped ·a modcl for chis but han: not bf.en able ro 

mpare the reSuits with an actual tow~i opcr;ition. 
-..-íowcVcr, thc mude! could be uscd in thc ¡iroce:-.s dc:;ign 

and sitrc:ly rksign rnr such systems. 

Systt:lnS involvin~ -rcaction!'-i 
Ifw<: havt: kin1·tic rat1: daul, wc can simtl_late distilla· 

tion and ·odwr uperatlnns involving chcmi<.:al reacriuns. · 
Thes<: could b•: intc:nded IJpt:rations or unintendtd op· 
crations such aS inadvertently rowing ·a chemi1.::.d lO a 
píen: of cquipment that acts ;is a catalyst. 

For a p:~r~~ distillation toWer (possibly ·the most difli
•-:ult ;>y:>tt;m tn sirrúilate), we 'can add a reaction t~nn to 
the matcri~d babnct:, as givcn Py Eci. (3) and (4). for 
liquid-phasc r:.:2ctions. · · 

Tite analySis can be used to .simulate thc 'possihlc ·¡ 
ovcrpre~~;ttre in a piece of equipment, dcsign a ·relil:f 
systcm, rksign au instrumcnt'ation systcm, or design a 1 

difr~;·rcnt systCm _at diffen:nt operating conditious .. 

Loss of condenser coolant 
i.oss, or severe rcduction, of condcnser cOoling W:Her 

(or !oss of a ir cin.:ulation for air·cooled unirs) can n:slJlt 
in eithcr los.s of rd1ux toa tr;\.,.'Cr or loss of coc,ling for a_ 
reactor, tt) ~.:reatc:.an t:rnergency condition.:I.his analysis. 
is prnbaf)ly routitwly rnade bc(:aus(~ wc haw: alrr:.ad:· 

. deve!!)pcd t he IH.:(:t;ss~uy f.:q un ti~HIS for- the si m ub t ion, 
and beca11Sc we do "nút nccd addirional kint~tic clara. 

1rtup ami shutdown 

Clear-
liquid 

Froth (foam) 

'-l. --- ---- . 

¡. 

i í 

1: 
1; ~ .. __ !'ctive length]E 

J~ lli~~~-hl.--- -: 1: 
Oownco;11er ,1pron---'-

Tra~ hdoW '-... _!_.}. 

----------~-------------------------1. Flow pattern'> and !iquid phao;es 
occurring on ~n actual tray Fig. 5 

Other situalions and dcsign aspccrs - · 
it is impossihle to discuss evcry situ~ttinn that can 

lead to a plnnt cme(~;c:ncy.- Each situation and each 
procesS müst be anal;·z_ed during rhe dcsign ph:1~c. It is 
bettcr to loOk ~.H situa_tions beforc constructing the facil
ity. ThC questi()n a·rise~: "How much er.gineering time 
and money are cnough?'' Ultimareiy, ~~ver,· engineer 
will h:iv·~ ro ans\ver this qucsrion, but dynamic 3na!ysis 
will bccnnú: ~ore: imf>Ortant in_ ~he dcsign of facilities: 

t\ddition:lily, dynamic tillllic!ing can alsn be.app!it>d 
to sitllarions \\·hcr~ c:1tast~·ophic results an~ not likt"ly 
outcomes. Fól" cxa111plt:: . 

1iiJ Can. W(:·r~:visc proo;dt1rcs to asSun: thar :\ particu· 
lar va!vc is rwt op~n düring shutd~.1wrl (ur at o[her 
times) so á.s to ca1l$e th~ abnormal discharge of Pollu
tarlt:-:: toa waterwav? 

E Cail wc dcs¡gn, procc.sseS in. siJch a way so as ~ot to 

produce byp.mducrs rhat will create disp•)sal hazards? 
a Can wc cksign proci::~cs that are morr:. ~nerg~<eifi- · 

cient and maintain gr"iod safe(r and rciiability? 
· Obviously, (nérc afe··no ans,vers -for evcry situ.<.~r!on 

an~ no rccipcs for succr:~s. Howe·,,.cr, if rhe n::ader thinb 
abuut situations wh~re dvn:Cunic ar.alvsis ca'n kad w· 
·safer). more-efficienC designs, this ~ries ~·ill havc: 
· achievcd its purpose.' 

Str~·m Dmtalnt, Editor 
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...__..The same tJ:pe of ''\VIwt \":ou_ld happcn. if . . ?" 
que:nions applicd ró the nnrrn::d nperarions of pmccsses 

·can a !so be asked ab~ut the ptncedüres for staning up 
or sh utti ng down t he fa~i li tit:s. Ag~~ in, dyna mic" anal ysis 
will play an imponant role in Jnswcring such questions. 

Reprinrs of lhis 1 t -pan s.eríes on Proct:sS Oyn:.~mics will 
be avai!:lbk shonly. To ordc:::r, check 0:o. 094 on the 

l 
.. l· Rcprin(_ Ordt:r Furm ia the hack of this or .-:tny subse· 

1 

c¡w:nt i'ssuc. For a free c:1r'al~~g oí repri.nts, circle :-;o. 305 

.
1 on thc Rcade:r_ Se"rviCe Ca:·d. 
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