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P R E F A C I O. 

En febrero de 19 79 se .fi rm6 un convenio 'de colaborac i6n entre la-· 

• UNAM, PEMEX, IMP y. el CIPM (Colegio de Ingeni'eros Petroleros de.

México). El objeto del con~enio ha sido elevar el nivel ~endémico 

" de los alumnos del área de Ingeniería Petrolera en la Facultad --

'dé Ingeniería, tanto de .licenciatura corno de ·posgrado, así corno -

crear el Doctorado, y promover la superaci6n de un mayor ndrnero,-. 

de.profesionales que"laboran en la industria petrolera, por medio 

de cursos de actuallzaci6n y especializaci6n. 

Uno ·de los programas que se están llevando a cabo a nivel de -

licenciattira, dentro del marco del Convenio, es ·la elaboraci6n Y, 

uctualizaci6n de ~puntes de las rnater~as de la ~arrera de Inge--

nic~o Petrolero. Con·bsto se pretende dotar al alumno de rn5s y -" 
• ¡ ' 

__ rnejoreg medios para elevar su nivel acadérnito, a la vez que pro--

porcionar al profesor material didáctico que lo auxilie en 'el pr~ 

-ceso ensefianza-apre~dizaje . 

.. ,· 

L'a elaboraci6n de estos apuntes fué realizada por los Ingenie-ros. 
. . ~- . 

Luis Ayala G6rnez y José Serrano Lozano, bajo la dirccci6n del Dr. 

José Luis Bashbush. El Ing. Francisco Garaicochea y el Dr. Gui--

llermo Domfnguez V., colnboraron en su jevisi6n. Lo sefiorita An

ié)i~a Serrano Lozano se éncargo de la rnecanograffa. 

DEPARTM!ENT·a· DE EXI'LOTACION DEL PETROLEO. 

., 

. '· · . 

. ·. -~ 



INDICE GENERAL 

Pág. 

I Pr6logo 

II Introducci6n · 1 
1 

III · Princfpios Básicos y Ecuaciones de Flujo 
: . . ' 20 

Método de Diferencias Finitas '· 62 

V ' Soluci6n de ecuaciones diferenciales en derivadas 
1 

· 'parciales por el nétodo de· diferencias fihltas. 87 

VI · Soluci6n de sisterras de ecuaciones algebraicas 98 

VII · Consideraciones Generales 161 

VIII Narenclatura 164 .,. 

IX Bibliograffa 169 



.Figura 

1 

2 

2a 

3a 

3b 

3c 

4. 

4a 

5.1 

liSTA DE FIGURAS 

Nombre 

Modelo dé cero dimensiones 
' 

Modelos de una dimensión 

Modelo·de una dimensión forma radial 

Modelo areal de dos dimensiones 

Modelo·de sección.transversal 

Modelo de dos dimensiones forma radial 

Modelo de.tres_dimenstones 

Modelo de tres dimensiones forma radia.l 

Ejemplo de aplicación en una. dimensión 

• '1¡ 

pág. 

16 

16 

17 

17 

18 

18 

19 

19 
.. 

104 



.. J. 
\ 

\ 



LISTA DE TABLAS 
• 1 

. Tab 1 a Tema pág. 

r Fónnulas de Bickley ·· 86 

5.1 Ejemplo de aplicación resuelto por el 118 

método de. Jac6bi. 

5.2 Ejemplo de aplicación resuelto por. el 118 

método de Gauss-:-Seidel 

5.3 Ejemplo de aplicación resuelto por el 120 

. método PSOR 



PROLOGO 

La evoluc.i.ón, y de&aJt!toUo de, la: .i.ndu~tlt.i.a pa.t1tole1ta,<-ha .t1ta.ldo 

como· con•ecuenc.i.a la apllcac.i.ón:di tlcn.i.ca~ c~da vez mia·d~pu~tada• 
- . 

.· -
Y ÚJ6út.i.cada6, o!UentadM a mdx.i.m.i.zalt la p!toducc-i.ón de hld1toca1tbu 

!LO~, ·pellO al m.Ü m o t.i.empo 1 llevando a cabo una explo.tae.-i.Ón /tl:tC-í.O-" . . . . 

nal de lo• m.i.~mo~¡ en.tlte d-i.cha• .tlcn-i.ca6,_ •e encuen.tlta .e.a_·•-<.mula--. 

c-i.ón .numlll-i.ca de yac-<.m.i.en.to•, .la cuál, u e• una he~tJ!.i1m-i.e.n.ta" auma--· 
·, . 

menti atil, palla p!tidecill el compolt.tamien.to de. lo• yac-<.mien.toa. 

Vt~e .tenelt6e en ~ue~.ta, que 6-i. la ln6ollmac-<.6n pllovlene de 6ue! 

, .. 
Sl poll ~l contllalt-i.o no ae. cuenta coh buina -i.n6o~tmacl6n, lo• heau.e.~·· 

tado~ obten-i.do~ 6eltin un e.f.emen.to lndlcatlvo palla de..te~mlnall que -
. . 

paJid:met~to~. deben ob.te.nelt6e con pllicül6n. 
. ·: . 

· .. ·¡ .. :Vada la lmpo~ttanc-i.~ que .tle.ne ld lngen-i.e~t.la de ·yac-i.m-i.en.toa en-
. . ' 

.e.a:ix.pto.tac-i.ón de lo• hld~toc.altb~ltoa y .teniendo en cuenta taa .ne.ce~ 
. ,. 

'~ld~dea· de lo• ea.tudlan.te~ de -i.ngen-i.e.llla petllolell~,. •e etabolta~ton-
¡ . . . . . 

e.~.toi :apunte• con la ln.tenc-i.ón de b1tlnda1t urla'6ue.nterde Ln6oltma- -
d 

c-i.ó,n.:e•c.~t-i..td en c.aa.tetlano, ya que en la mayolt.Ca de lo.~.-rC.a-606 dl~-
! i. :< ! , . '. 

· chá.::-<.n6o~tmac-i.6n e.• .ti! eacltl.ta ·en otilO idloma. A .t~tavla de loa mú "-· 
¡-·· 

mo.; .· i;~. 'plte.tende deapeÚM e.e.. -í.n.te~tc!6 del alumnado, mo.tlvándo.C.o. pa- · 
.·! 

,, . . Ita 6 u.:·:me.j,olt pltepa~tacl6n. 
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-CAP.1TULO 1 

1. 1 1 NT'ROVUCCTON 

El·. o b j et.lvo piL.lmoh.d.la.l al ha.c.'e11. ua o de l'\ a.lmula.c..l6n num!!.~.lc.a., 

ea ph.eÍiec.DL el c.ompoh..ta.m.lento de· un yci.c..lm.lento en c.uea.t.l6n IJ en:..

•c.onth.a.h. la. ma.neh.a. de opt.lm.lza.h. c..l~nta.a c.ond.lc..lonea paiLa. a.umen.ta.h.~ 

. : ~ ''·t' ~ ,• 
.. . ,, 

: ,. !'. 1 ' ,· 

,. .. ' . •' 

En. la. ingeri.leh..Ca. de ya.c..lm.lentoa tna.d.lc..<.oital ae .t11.a..ta. al ya.c..i.~ 

m.l~ntd;~n 6oh.mi bu~da., c.ona.ldenlndolo c.omo un.~a.nque c.on ph.opleda. 

dea ¡,~b'med<.o, m.len.th.a.a que .la. a.lmuta.c.l6n de ya.c.lm.len.toa po!t medio 
j • • ' 

de c.omput~do11.a.a, peh.ml.te un ea.tudlo mla deta.lta.do; a.l pode!t dlvl-

d.lll.' ·v.lh.tua.lmente a. d.lc.hó ya.c..<.m.len.to en un númeh.o 6lnlto de c.elda.a 

o:bloquea y aplic.a.h. laa e~ua.c..lo~ea 6undamen.talea. de 6lujo de 6luf· 

doa en med.loa poh.oaoa· pa!ta c.a.da. c.elda. c.onjugadaa a.· la ec.ua.c..l6t1. de 

batanee de ma.teh.la.. 

Ea .<.mpoh.tante aeñata!t que·la u.t.i.l.ldad de loa neaul.tadoa ob.te

n¡d~• ·de una a.<.mulac..i.6n, ea.tan~ en 6unc..l6n de la deatneza. 1J expe

!t.len.c-.ia' que e! .<.ngút.leno t;enga p¡Úa ln.te!tpne.tanloa, depend.i.endo , -

de. la~·c.ond.lc..lone.a de e.xplo.tac..i.6n de. un yac.lm.i.en.to, ya aea. en au• 
. ¡. \'• 

e.ta.pa.~in.lc..i.al o en una etapa de:aJua.te a .tnaula. de•la h.i.a.to!t.i.a 
. . ~ : 

del !i'ac.<.mún.to. 

) • 2 VU'INICION 

La a.lmulac..l6n numlh.lc.a de yac.lmlen.toa, ea un ph.oc.eao medla.n.te 
' . 

el c.ull el' .lngen.i.e.to, con la ayuda de un modelo ma.teml.t:ic.o ,· .<.n.te- · 

2 1 



·.-gJt.o. un conjunto de 6o.etoJt.e..6 palla de..6c.Jt..ib.i.Jt. c.on c..ie.Jt.ta.· p1Le.c.ü.i6n

e.l c.ompoJt..:<;o.mie.nto. de. pJt.oc.e..6o.6 61..6ic.o.6 que. oc.uJt.Jte.n e.n un yo.c..i.m.ün-. 

to. 

1 , i OBJETiVO 

Lo que <1 e pJt.e.te.nde. al ha.c.e.Jt. u<1 o de. la. .6imula.c..i.6n e<~ plt.edec..i.ll

et c.ompoJt.ta.mie.nto de. lo<l ya.c..i.mie.nto<l .6uje.to.6 o. d.i.6 e.Jte.nte..6 po.U.t.i.~ 

c.a.6 ·de. e.xplota.c..i.6n y e.n ba..6e. a. Jt.e..6ulta.do.6 obte.n.i.do.6. de. dl.cha <~im~ 

to.c..i6n; pqde.Jt. .6e.tú.c.i.ona.Jt. .e.a. ma.ne.Jt.a. má.6 adecuada. de. e.xpto:ta.Jt.to.6.-
.. •' 1 ! ,, ' . ' . •' 

Ve.p¡>,nd.i.e.ndo de. ta. pollUc.o. de. la. e.mp.ü . .6o., ta. ma.ne.Jtá. má.6 adecuado.-
. ' 

de e.xpLo:to.Jt. un ya.c.i.m.i.e.n:to· pu~de. Jt.e.que.Jt..iil; ma.x.i.m.i.za.Jt e.L ga.<~:to,-ma- , 
.. 

x.i.mi.zo.Jt. La. Jt.ecupeJt.a.c.i.6n, mo.x.i.mi.za.Jt. Lo.. go.no.nci.a., e.:tc.. 
··. 

,Ta.mb.i€n en muc.ha..6 oca..6.ione..6, con ayuda de. La,.6ÚnulaC..i.6n, <le

puede tle.vaJt o. cabo el de.<~o.Jt.Jt.Ollo de. .un campo en ba.<~e. a.. una .i.n6o:!_ · 

mac..i.6n Li.m.i:tado., .pud.i.€ndo.6e. de.:te.Jt.m.i.nalt. donde. pe.Jt6oJt.a.i nuevo<~ po~-.. . 
'1· 

zo<l o e..6:tabte.celt. un e<1quema paila compalt.alt. e.t o.go~am.iento poil Jtecu 
1 ·1. ' 

pe.Jt.aci6n plt..i.mo.Jt..i.a. y Lo. que <~e :te.ndJt.la. con una Jt.icupeJt.ac..i.6n <~ecun

daJt..i.o. o Jt.e~upelt.ac.i.ón mejoJto.do.. 

Lo. inolt.me.'ve.nta.ja que ie tle.ne a.e. ho.cell·U<Io de. la .6lmulac.i.ón

e<~ que·:pe.Jt.~~:te "plt.oduclil" un ya.elmi.en:to vaJt.i.a.6 ye.ce.<l. y en muy d.i.-. 

6c.Jt.e,n:t'e.l,. maneJt.M, :con lo· c.uá.t <1 e pueden anal.i.za.Jt. :. d.i.6eJten:te..6;alÚ:!_ 

nativa.~; !f. <~elecc.i.ona.Jt. uno. de etla<1; en;la que <le obtenga poil eiem 
• ~ w -

plo,, ;t,it ¡máx.i.ma Jt.eeupeue.i.6n, m.i.en:tJta<l · q~:e 6l<l.i.camen:te' el yac.i.mü!:_ 

to ,PU~~~· plt.oduci.Jt6e una <loto. vez, y l~~~á.6 p!toba.ble e<~ que no <~ea 
e.n La 6oJtma má.6 adecuada., dado que un .. elllt.Oit. comet.i.do en el p!toce.

.60 a6ectp.Jtá cualqu.i.eJt. c.amb.i.o <1ub-~-ecuen.te • 
• 1 

3 

·'. 



' 1.·4 "VEF1~TCTON VE UN MOVELO MATEMATTtO VE S1MULACTON 

B<f<l.lca.men.te un modelo ma..tem<ft.lco de 6-lmu.ea.c.i.ó'n de. ytic.i.m.i.en.to6 ,· 

con6~6te en un name~o de.te~m.i.na.do de eeua.c.lone6 d.i.óe~enc.la..te<~ ~a.~-· 

c.la..tu, que e"p~e<~a.n e·.e p~.lnc.lp.lo' de con<~ e~va.c.ló'n· de ma.<~a. y/o ene~ 

g.la. a.c.op.ta.dM con ecu~C.lone6 ~ep~e• en.ta.U.va.6 de 6lujo de ó.tu.ldo•,

.tempe~a..tu~a. y/o .ea. concent~a.c.lln de d.lcho6 ·ólu.ldo<~ a. .t~a.v€<1 de me

d.lo6 pa~o• o<l •. 

· La.<~ ecua.c.lone• ~e•u.e.ta.n.te•, <Ion ecua.c.i.one<~ d.i.óeJi.enc.i.a.le• pa.~--. 

c.(.a..ie<l "no .tine'a..te6" y <\U 60.ltic.(.ó'n e<l p06.ib.le irn.i.ca.men.te de una. ma 

nelr.a. dúc~eta., e• dec..i.~, en un name~o de punto• pk.e<~elec.c.lona.do• -

en .t.lempo ·.y e• pac.:to y no ,de 'una. ma.ne~a. e o n.t.lnt.La.; po~ .e o C.I.La..e e• .in 

"düpen6itb . .ee e.e u• o de t.Ln p~og~a.ma. de c.lmpu.to. 

·1.5 1NFORMACTON REQUERIVA 

<1 .i.g u-lente: . ;' .. 

a.) P~op.leda.de• pe.t~oól<~.i.ca<l. 

- Po~o6.lda.d ( <1> ) 

- · Pe~mea.b.U.lda.d ( k ) 

- Sa..tt.L~a.c..lone6 de a.gt.La, a.ce.i..te y. ga6 (Sw, S0, Sg 

- P~e<1.l6n c.a.p.l.ta.~ en.t~e d.i.6e~ente6 .lnte~6a.<~e6 

( Pe. , Pe. Pe . ) 
w-o · o-g' g-w 

- Pe~mea.b.l.t.ldade6 ~e.eat.lva.6; a..e a.gt.La, a..e a.c.e:t.te y at ga.<~ 

.( krw• kro• ·krg 

b) P~op.ledade6 ~VT de lo<~ óluldbl de.e ya.c..l~.lento · 



1 • 

. , 

··. - Fa.c.tolr.el> de. v(l'lume.n ( Bw, Bo, Bg 

- Re.la.c..ión de. 1> olub.U.<.da.d ( Rs 

-Vüc.o¡,.<.da.de.l> (llw,llo•~'g 

-Complr.e.~>.<.b.<..e..<.da.de.~> ( C:f, e,, C.0 , c.g . l 

c.). L.Cm.U:el> del ya.c..<.m.<.en.to. 

d) Ca.!r.a.c..te!r.ll> t.tc.a.l> del a.c.u.l6 ello que Ir. O de á. a.l ya.c..im.<.ento 

e) Cuando 1>e .t1r.a.ta. de·ha.c.elr. un a.ju1>te de la. hü.toll.ia. del ya.c..<.m.<.en

. to, · l>e Ji.e.qu.ie.l!.e.n¡ 1r..i.tmo1> de p!r.oduc.c..i6n, dec.l.ina.c..<.6n de. la. p1r.e.--

l>.i6Yi, e.tc.. 

Tanto la.1> .p!r.op.ieda.de¡, pe.tllo6ú.ic.a.l> c.omo la.~> pllo.¡:íú.da.del> PVT; -

1>e ·de.telr.m.ina.n en el la.bol!.a..to~r..<.o a. .tl!.a.vél> de mue1>t1r.a.a del ya.c..<.m.<.en

.to, que ae plr.oc.ulr.a. aea.n lr.eplr.eaen.ta..t.<.va.a. Regüt1r.0a eléc..tll.ic.oa ob.t~ 

n . .<.d o a ciu1r.a.nt e. la. pe. Ir. 6 o 1r.a. c..<.6n p!r. o p o Ir. c..i.o na. it .<.n 6 o l!.m a. c..<.6n c. o m pt e. m e. n.ta..: 

'll.ia., nec.e1> a.l!..ia. en la. c.oJi.l!.ec..ta. eva.lua.c..i6n de ta.a pJt.o p.ieda.de1> pe.tl!.o-

Loa t.Cm.i.tel> del· ya.c..<.m.<.en.to y ta.1> c.a.lr.a.c..tellú.t.ic.a.a det a.c.u.C6 ello, 

~>.e de.tellmúta.n c.on e.1>.tud.io1> ge.ot6g.lc.ol> a.yuda.doa de. método!> .ind.illec.

.tol> c.omo ~>on toa .lr.eg.<.a.tl!.oa geo6.C~>.ic.ol> ,· e.tc.. 
· .... 

Ve l>uma. impolr..ta.nc..<.a.,en un eatud.<.o de. ya.c..lm.ien.tol> polr. me.d.<.o de-

a.i.muta.c..i.6n,·e¡, ta. de.te~r.m.i.na.c..i.6n de. la.a pe.lr.me.a.b.i.l.ida.del> lle.la..t.<.va.~> y 

la.~> p!r.ea.<.one.~>. c.a.pU.a.!r.e.l> ~ La.¡, pe.lr.me.a.b.<.Uda.del> ~r.e.la.t.i.va.l> · de..tel!.m.inan~ 

el 6tujo···6!r.a.c.c..<.ona.l de la~> 6aa el> y· polr. ende. lo~> ·~r.e.aut.ta.dol> del ú .. - · 

mulado!r., Obv.i.a.men.te. la4 c.u1r.va.~ obtenida!> en et ta.bolr.a.tol!..io en pe-

~ueRo;. nuc.teo~>, c.uya.a ~Lme.nl>.ionil> 1>e m.(;den e.n.c.en.t.Cme.tlr.oa, deben -

a e1r. ajua.tadal> an.tea de, pode.l!. 1.!1> a.u e en un a.<.mutá.do~· c.uya.a c.etdaa. -
' . 

&e m.iden nolr.ma.tme.n.te e11' c.en.tenalle~> de me.t1r.o1>. La· evatu.c..<.6n opo~r.tu-

na y 1>-ú.temd.t.<.c.a. de. un· c.onjwt.to de "pa e u-do pelr.mea.b'.tl.idadea ~r.ela.ti-

5 



. ' . 

'' 

:···~ . l. 

-va<~" e.! un pJr.oce.!o .i.ndüpen<~able y a menudo .olv.i.dado en la .!.i.mula 
' 

La.! cuJr.va<l de pJr.e<l.i.6n cap.i.laJr. .Ion nece&a.~r.:,ta<~, paJr.a podelr. dÚ.clr..i. 
' ' 

'b.( . .Jr. la dü .tJt..i.b u.c.i.6 n de <1 a.tu.Jt.ac..i.o n.e<l y el .tamaño : de la zona. de .t1r.an 

<1.i.c..i.6n, lo.! c.on.tac..to./1 agu.a-ac.e.l.te y ga<l-.ace.i..te. 
( 

1,6 RESULTA1JOS 1 

. Lo<! 1r.e<1ul.tado.! .tlp.i.c.o<1 que .!e ob.t.lenen de ·un p1r.og1r.ama de <~imu

lac..i.6n, · con<lü.ten en la d.ió.tJt..i.buc.i.6n de plr.eó.i.oneó 1 <la.tuJr.ac.i.one<l en 

cada una de la<!. celda<! en laó que óe ha d.i.v.i.dido al yac.i.mlin.to, 

M.f. como Jr.elac.i.one<l agua-ac.e.l.te y ga,ó.-ac.e.l.te pa1r.a lo<~ pozo.¡,· pJr.odu~.· 

.to1te<1. · 

S.l hay .i.nyecc.i.6n de 6lu.i.doó, <le obtiene; o el Jr..i.tmo de .i.nyec-- · 

c..i.6n de lo<! pozo<! .i.nyectoJr.e<l, o la<! plteó.i.one<!'nece<lalt.i.aa palta in-

yec.taJt. lo• volumenea· e./ltablec.ldo<l; 

1,7 UTIL11JA1J.1JE LA S1MULAC!ON 

Un modelo matemlf.Uco de a.i.mulac.i6n ca.U.b~r.ado adecuadamente; 'ea 
.• 

la heJt.Jr.am.i.enta m4<! podeJr.oaa con la que cuenta un .i.ngen.i.e~to p~Jt.a P! 

deJr. pltedec..iJt. con c.i.eJr.to g1r.ado de plr.e.c..i.<~.i.6n el c:ompalt.tam.i.en.to de u.n 

yac.i.m.iento • uj e.to a d.i.6 e1r.ente• pol.Ct.i.c.a• de ex.plo.tac'.i.6n. 

:·'Aún cuando en oc.aa.ione• no .¡¡e,.conozc.an la• ¿aJr.~c.teJt.la.t.i.c.aa pe• 

tJr.o6ló.i.c.a<~ de un .yac..i.mien.to la _<~.i.mti.tac.i.6n puede <lelt ·ú.t.i.l en ob.te-

neJr. la <~en<~.i.b.i.l.i.dad de lo• Jt.eaul.tado• ·h vaJr..iac.<.one• en 'la de<~c.Jr.lp

c..i.6n en el yac.i.m.i.~n.to. Po~¡, ejemplo a.i. ~e .t.iene una p1r.op.i.edad "x." tJ 

' 



' ~ - . 

, .. ·. _;- r .. -" . , 
• ~ ' 1 ' 

;·6e. 6~be. que. dlcha p4opledad puede va4la4 en un 4ango de ~ a ~ ,. 
1.. 2. 

' u decl4, ~ 1 ~ ~ ~ ~ 2 IJ 6t e6ec.tt!an 2 6 3 'co44lda~ de. 6lmutacldn·;-

6l l.o6 4t6·ul..tado6 no va.~¡,lan mucho 6 e puede.: 

1) Toma.4 como buena una. de la.6 p4e..dlcclone6. · 

2) Rel.e.ga.4 a. Hgundo .t€4mlno e4 6ue4zo6 e.6pec.lal.e6 pMa ·med.Úr. con -

p4e.cúl6n dlcha. p4opleda.d. 

Sl po4. el. con.t4a4lo l.o6 4e6utta.do6 de 6lmu!.a4 ·el yaC.lmlen.to --· 

con dl6e4ente4 va..i'.o4e4 de ta. p4opj.edad "~" va4lan · c.on6lde4abtemen-
. . . 

te, ·e.ntonc.e4 ~e debe .te.ne4 e~pec.la.t culdado en la. obtenc.l6n de la~ 

dút4.i.buc.l6n d'e ta. p4opledad "x" en dl6e4ente6 ·á4ea~ del ya.c..imlen

to pa4a me.jMa4 ta de6 M.ipc.l6n de!. múmo, ya. que 6U dú.tJt.ibuc.l6n -

a6ec..t'~4d c.on6lde4a.btemente ta. Jte.c.upe4a.c.l6n. 

'·· 
Ai1n 6l ha.y d.i6eAenc.la. en .i'.o6 ·Ae.6u.i'.ta.do6 a.l va.AlM ta.h pMpledE!:_ 

de.6, ~e. puede .tAa.ta.4 de bu6 c.a.A c.leA.ta.h lnva.Ala.nteh en !.a. 4ec.upe-'l.'a.-
.. ·::·.· -··:.:· ... 

c.l6n pOli. mt>.dlo de d.¿6 eAen.teh 6Mma.h . de .. e~ptota.C.l6n de.t ya.c.lm.ie.nto • 
.. '' . . , ~-' 

Ejemp~o: 

S.i el. va.lo4 a.hlgna.do a. una. pAOpleda.d, d.iga.moh po4ohldad e6 

(<-1 1', IJ .f..o6 4e6u.i'.ta.do6 de una. hlmLJ-.i'.a.c.l6n .indlc.a.n !.a.-!J. hlgu.iente6 4e 
' . 

c.upe4a.c..io ne6: 

- Po !t. d.g ota.mlento. na.tu!ta.l 20% 

-· ·Poi!.. tin mUo do de lnyec.c.l6n A 30% ( 
( 

' . - Poi!. un mUo do de .inyec.é.i6n B 40% 

E.e.lnc.~~.emento en la. Aecupel!.a.C . .i6n a.l a.plú.a.l!. e!. tr~€.todo de ;.inye~ 
1 •l.. :1 i 

di.'6n A es 'de 50~ !f el .inc4emento a.l a.pllca.4 el método de .inyecú6n-, 

B:es 100% ·.'· 

Aliol!.a., h.i el va.lM Mlgna.do ~-·la. PM.ohlda.d eh. ;:, 2 lj !.oh Ae~ut.ta. 

do~ lndlca.ri que la .4ec.upe.4a.c..i6n e<~: 
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• '• :~ •••• •, 1 • • • 

··po;¡_··a.go.tam.lento natu1r.al 2 3% 

- .·Po~r.· un mUo do de .lnyec.c..i.6n A 35% 

- Poi!. un mltodo de .i.nyec.c..i.6n B 47% 
. 

-.·:,··.En eLJ.te c.aLJo el .i.nc.lr.ementd en la 1Lec.upelr.ac..i.6n al apl.i.c.alr. el ml. · 

·todo de .inyec.c..i.6n A e<~ 'de 52% y. el .i.nc.Jr.emen.t.o c.olr.lr.e.Sponde al inúo- '· 

do de .inyeC.c..i.6n B e<~ de 104%. 
. 1 

Ve lo anteiL.ioiL "e ob.s el!. va, que aún ha'b:(.endo .va~r..i.ac..i.one.s en la!> 

pli.op.i.edade.s de 4> 1 a <1> 2 , lo.s .i.~c.~r.emento.s c.alc.u.üdo.s paiLa timbo.s mU~ 

do¡, de .i.nyec.c..i.6n .son plr.ac.t.i.c.amente lo.s m.i..smolJ poi!. lo que .se deduce 
' . 

·.en e.s.te c.a.so no . . ell nec.e.salr..i.o c.onoceiL .toda la: .i.n601Lmac..i.6n en·: 6o1Lma

plr.ec.i.lla. En u.na 601r.ma mif.s lr.ealú.ta, la p1r.ec.ü.i.6n d~ la. .i.n601Lma.c..i.6it 

· debe, .s eiL piLo polr.c..i.o nal a. la. .s en.s.ib.i.Udad de lo . .s 1r.eÍ> uLtadoLJ a va.Úa.,':

c..ione.s dP. d.fc.ha. in601r.ma.c.Un. 

1,8 CONSECUENCIA VE UNA TNFORMACTON VEFTCTENTE 

Lo anieiL.ioiL no LJ.ign.i6.i.ca. qu.e la. LJ.i.mula.c..i.6n de ya.c..i.m.i.en.to.s deba 
... ' 

apl.i.c.a.Jt..se en cu.a.lqu..i.eiL oc.aLJ.i.6n. Va.da. la. comple].i.da'd tj.-.so6ü.t.i.c.a-· -

c.ldn de la. .s.i.m-u.la.c..i6n num{Jr..ica. de ya.c..i.m.i.en.to.s, . c.a.Jr.ec.e de." ent.i.do -

.su.·u..t.i.{.i.za.c.i.6n .sino .se tlr.a..ta. plr.ev.i.amente de ob.teneJr. buena. .i.n6o:'!:. 
. ' . ' 

· md.c.i.6n~: deb.ido a. qu.e la. c.on6.iab.i.l.ida.d de lo!> 11.e<1ul.tado.s de una .s.i.~ . . ~ . 

mtdac.'.i.6n, e.s.ttf en 6unc..i.6n de la .i.n6oJr.ma.c..i.6n pl!.opoJtc..iona.da • 

. PaJr.a uéaJt la. LJ.i.mula.c..i6n a.plr.op.i.itdamen.te, .s.e c..i..tan a c.on.t . .inua.- -
-.:· 

c.i6n c.ü.Jt.ta.s c.on.s.i.delr.ac..ione.s 6undamen.ta.lell • 
. i 

-'Se debe hac.elr. u.n mu.e.s.tJteo a.dec.uado ~-~u.6.ic..ien.te,·~a.lr.a. a.seguJtaJr.

que la in ~o1r.mal:..i.6n "ea JtepiLeLJ en.ta.t.iva.· del yac..i.m.i.en.to • 
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' ' 

. ' 
' .. 

. - Al. _de..te.Jr.m.incvr. la../> p!topi.e.da.de.-1> pe.tJr.o óú.lc.a.-6 y pVT de. la../> mue../> tita../> 

./>e de.bé 't!ta.:ta.Jt de a.p!tox.i.ma.lt a.l máx..<.mo la../> c.ond.<.c..i.one-1> que Jr.ea.l·.:· 
. ' ' . . . . ' 

. . . ... ~ ~. ' 

me.nte.'pJr.e.va.le.c.e.ltán e.n e.l ya.c..<.m.<.ento; ·: 
. . . 

• E./> :i.mpo!t:ta.nte., :tlta.:ta.lt de !tep!toduc.ilt e.n el .ta.bo!ta.tolti.o, '·io-~> mec.a.· . . 
nÚmo./> de. de6pla.'za.m.<.e.~to que Ópe.j,_a.!tdn en el ya.c.i.mün.to pa.4a. de.-~. 

•':te.~r.~'.c.~~lr. tit.& · pÚin~a.bÚ.<.da.de..& !te.Ú.Uva..& que. ta.n:ta. .tlta..&c.e.nde.nc..i.a. -

t.<.ene.n ui la. lte.c.upe.Jr.a.c.i.ón •. Ade.má.¡,, en el ·c.a../>o de. -~>imu.t.a.c.i.one.-1> 

a.Jr.e.a..l.e-6: o iü.d.<.men.&.<.ona..f.e..¡,·,· e-~> .i.ndüpc.n-~>a.bte e.{e.c..t~a.lt plt.imeJr.o e./> 

.. tud.<.o& en .&ec.c..<.o.ne-1> :t.Jr.a.n./>veir..&~le..¡, ·que. pe!tm.i.ta.n··de.Ú!tm.i.na.lt .'e.it-1> 

c.uJr.vM de. p./leudo pe.!tme.a.bi..t..i.da.d·ltela..t.i.va. que pc.1r.mÚ:a.n c.a.Lí.b!tá_Jr.>-
· ... ' 

f..o-1> .'lr.ÚU.Ua.do-1> de. un modelo bUJr.do · c.on c.e..eda.-1> · JÍ.e.la.Úva.me.n:te. gJr.á.n~ 

de.~.>-~a..·lo-1> ltc.-~>ul.ta.do-1> · ob.te.n.i.do-1> a..e uUl.i.z.a.lt una ·me.jOJt de.6.i.n.i.c..i.óit-· ·. ;~ ·; . " . 

de.i.>n!tmúto de. c.a.pa.-1> y c. o n c. e.(. da./> m á./>. pe.queñM. 
' .. ' 

si po!t· e..t. c.on.tltalt.io la .in6o!tmac..i.ón 'Ú.¡,pon.i.b.ee. e.~."';{.n-~>u6.<.c..<.e.n.te.

y ci.de.m·d~: no !tep!te.Hn.ta:t.<.va., .f.a uU!.izac.Ún Ú. un mod~lo Úmpl:¿6Ú~ 

do ta.l c.omo .f.a-1> e.cuac..<.onc.6 de. ba.t.anc.e. de. mate.Jr..{.a, ap.f..i.c.ada-1> c.on --. 

bue.n c.ir.'.i.te.Jr..i.o .<.nge.n.i.e.Jr..U pue.de.n u.t.i.l.i.zaltóe. c.on ve.ntaja·óoblte. un mo 

de..f.o de' ./>.lmu.t.ac..<.ón • 

. '· ,. 
Tlidj,.¡, c.u.t.i.b.f.eme.n.te., un modelo ma.temá:t.i.c.o ade.c.uitdame.n.te.. a.juóta.do 

que· h~ pe.ttmi.ti.d.o Jr.e.p!toduc..i.lt la. h:¿ó.tolt.i.a de un ya.um.i.en.to, eó c.f.··· 

.i.nó.tlt~meit:to máó pode.!toóo pa!ta. p!te.dc.c.LJr., c.on e..e ma.yo1t g!tado.de c.on· 
:· · . ., . .; 

6la.nza 1\~c..e. c.ompolt.ta.mlc.n:to de d.i.c.ho yac..i.m.i.en:to. 
• "'e• 

·. " ( 

1. 9 rrr>o·s VE SIMULADORES 

1,... •' 

" 

•. '¡, 

' 

1 ~ 9. I;.ÚOVÚO ·vE CERO VIMENSTONES O MODELO VE TANQUE 
1 ; . 

::"(rolt c.on-~>.ide·lta!t a..e. yac..i.m.<.en.to · c.omo ·un .tánquel 
' . : .; 

1 :' 

1 



q~'e 'con pJr.op.i.edade~ plomed.i.o, ademá4 4upon.e que la4 pJr.op.üdade& 

PVT 40n 6und'.lón de l.a pJr.e4-i.6n' mecÚa ~- q~e la pe11.meab.iU.dad Jr.el.at:i

·v·d ú ún.ic.amente 6unc..ión de l.a 6atuJr.ac..i6n med-ia. 

A e&.te modelo c.omunmente 4e l.e ll.ama balanc.e de matell.ia (F.ig. 7). 

7,9,2. MOVELOS VE UNA VIMENSION 

-V.ic.ho model.o 6ue geneJr.ado po~ BUCKLEY-LEVERETT; palla da/f. una-
l . 

~.ol.uc..ión .anal..Ct.<.ca a,.e· compo11..tam.<.en.to pOil Jr.ec.upell.ac..ión 4 ecundalr..ia. 

En ~.imul.ae.ión de yac-i.m.ien.to4 d.ic.ho model.o 4 e puede ap.Uc.a~~., 4-i H.-
. . : ' 

' 
.tiene un· yac.i.mi.en.to .en el que el 6lujo en una d.i11.etci6n ·e:& p~r.edo--. '. '. . . . . ., 

minan.te. · PoJr. ej empl.o en lo4 ca& 04 de inyec.c.i.6n de g a& en la cll.e6.ta . . ~ . . . 

de un ya:c:.<.m.<.en.to o en l.a .inyecc..<.6n de agua ( ~ en.t11.ada na.tuJr.al. de -

agua). pM el. 6l.anc.o de o.tJr.o yac..imú.n.to ( F.<.g. 2). 

EÍt una d-<.men&.ión .tamb-<.én.4e puede u.t-<.l..i.zall un model.o en ~ollma

Jr.adia.e.. E4.te modelo e4 ú.ti.l. palla pllueba& de 60Jr.mac.ión Y,Pilueba& de 

i.nc.~c.mc.n.to o-dec.11.emen.to de plle&.i6n. En c.ada c.elda &e pueden vaJr..i.all 

pll.op.iedade& .tate& como poll.o&.idad y pellmeab.<.l.<.dad (F.ig. 2a). 

1.9.3~:MOVELOS VE VOS VIM~NSIONES 
.'.'¡ 

7.9.3.7. MOVELO AREAL 
. :. 

:.Se .t.iene valr..iac.ione& de la& plr.op.iedade~, en do4 ,iUII.ec.c..<.one&, P!;. · 

:i.U.ndo&e con&.<.dell.all ademá&, l.o&·-e6ec..to4 gllav.Uac..<.oria.te6 al. a6.ignall 
~ .. ,· 

di{eJr.en.te4 pJr.o6und.i.dadeA ata& c.el.da& del ·modelo, el. cual. puede 

' . 
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4e~ ~ep~e4entado po~ una malta. E4te modelo ~e aplica a yaclmlen-

to~ donde g~ne~atmente !o~ e~pe4o~e~ ~ón pequeRo~ con ~eapecto a -

<IU 1hea y no exúte e6ecto muy ma~cado de ec~t~atiMcación o 4e ha

gene~ado un conjunto adecuado de p.! eudo. pe!tmeabil.f.dade6 ~e.tat.f.va<l-' 

(F.f.g. 3a), 

7,9,3,2 MOVELO VE SECCION TRANSVERSAL 

. • J 

OtM t.f.po de. modelo de.. do.! d.f.me.nc~.f.one.<l <1 e. t.f.e.ne en !a ~e.p~e.H!!. 

taci.ón de c~e.ch.f.one<l t~anc~ve~c~a!ec~ en donde taa p!top.f.edadea de tac~

capa4 vtÍ.~t.Can. i.a ut.f.t.f.dad de .ec~toc~ modelo<~ ec~t~i.ba en ~u ve~t~at.f.U ' . . 

dad ·en !a de~c~.i.pci.ón de .!a dút~t.f.buc.f.ón ve~tt.i.ca.t de. ~a.tu~a.c.f.one6-

de ·avance:= de un nltente. ( ga~ . y/ o a. gua.) ademá6 .de ~ e~t !o6 .f.Mtltumen- . 

to~·~~~a.ta. obtenc-ión de la.! menclona.da.~ cu~tva~ de p~eudo pe~tme.ab~ 

Uda.d ~e'tat.i.va. ( F.f.g, 3b l , 

'· .. 
1.9,)~3,MOVELO AREAL VE VOS VIMENSIONES EN FORMA RAV!AL 

. ·Incluyen alguna~ de. !a.6 con~lde~a.ci.one~ del ;,odeto' ante.!tlo~ 

ade.m~~ ~e. !a. ventaja. de pode!t a.na.!lza.lt con mayo~ detalle !o~ cam-

bi.o~ b!t~~coa de p!te.<~i.ón y <~a.tultaci.ón que ocultlten e.n !a. ce.~can.Ca de. 

toe~ po zOc~ ( F.f.g, 3 e) • 
.. ·, 
'·' 

1.,9.4 ~OVELOS TR!VIMENSIONALES 

! Ex'~c~ten ya.ci.mi.e.ntoc~ con ec~pe6olte6 muy g1ta.nde6 1 polt .f.o que ea -

. ~· 

n e ce~ a.lr.lo co n6 id elta.lt valt.f.a.ci.o ne.<l ___ ta nto !to!tl z o n.taie.~ como v'enti. ca. l. u 
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,, . 
(Flg. 4). Ot~o tlpo de modelo de t~ea dlmenalonea, ae puede ~ep~e-

aentait elt Ó"~ma ~adlal (Flg. 4a). ¡,· 

1.10 TIPOS VE FLUJO 

.' .·· 
Haata aqu.C a e han moat~ado s'olamente vaJi.iac.ionea en la. geome--... 

tlr..ca o a ea .eaa d.imenalonea; a .in emba~go, en el yac.im.iento a e pue~-

. den cona.<.de~aJr. tamblln va~loa tlpoa de 6lujo, como aon e! m'ono6á.a.i 
. '. -

·, 

eo, bl6á.a.<.eo y tJr..i6á.a.ico • 

. . ' 

1.10:1 FLUJO MONOFASICO 

. .. 
El .6lujo mono6tfa.ico eatá dadO pM el 6!ujo de un a6!o 6luldo ·-

en, paJr.:t:lcu!a.~. Po~ ejemplo en toa a.cu.C 6 e~oa e .e. agua; ace.ite en un

yac.lmlento bajo aatu~a.do. o gaa en un ya.c.imlen.to de gM' volumU~lc.o •. · 

,· . ,. 

1 • .10.2 FLUJO BIFASICO 

Se pJr.eaen.ta 

po po~ ejemplo-: 

c.ua.ndo doa 6luldoa dl6eun.tef> · 6luyen a.l/ mümo .U.em 

.· 
'Ga.a y Acelte: 

Agua y Ace.<.te: 
' . 

. . Agua y Gaa : 

En un yaclmlen.to que p~oduce po'!- empú.'je de 
. : . : .. 

gaa dl~ue.tto llbe~ado. 

En un yaclmlen.to bajo aatu~ado con en.t~ada -

de agua, cuya pJr.ea.i6n ae mantlen~ aJr.~lba de-

!a p~eal6n de bu~bujeo. 

En un ya_c_lmlen.to de ga6 con en.tJtada de agua

o cuya. aatuJr.a¿l4n de ~gua conglnlla:ea mayoJr. 

.... 

. '. 

. ;. 

' 
' 1 ¡ 



que la t>a..tu.Jtac~'.6n c.Jt.l.t.i.ca. 

1 .• 10.3 FLUJO TRIFASitO 

'· :.·. 

SP. plr.I'.H.n.:ta. c.ua.ndo hay 6lu.jo de .t1te1> 6luidol> .a· la vez: agua.,:.-·· 

aee.<..t:· y ga.t.. El>.te c.Mo .se c.on.templa ·en yac.imien.tol> .. que pltoducen -: 

polt'empuje'combinado, en lol> ~u.e la. en.tJtada. de agua., el. empuje de

ga4: dú uel.to y 1 o 'e!. empu.j e de u.n ca~> qu.ete olt¡ginÚ o ·~. ec.u.ndaltio --

. .tiene in6lu.enc..i.a. en la pltodu.C.c.i6n. 

·Pólt .todo 'lo a.n.te~.i.olt ~>e puede .tene4 c.omb.i.na.c.ione~> en.tlte móde~

toi. !1 t.i.pol> de 6lu.jo; C.4. dec.i.lt, ~>e puede . .teneJt. u.n. modelo de una. d.l 
• 1 

men~>i6n.c.on 3 6«6e6 o bién uno en 2, dimenl>ione~> con.2 6a~>el>. o gen~'· 

ltal..<.za.ndd u.~ modelo de 3 d.i.men6ione~> con 1, 2 6:3 6«6e6. 

,, 
7.77 MOVELOS COMPOSICIONALES 

·' 
. ' . . 

¡ •. i 

·.Exi6.ten .otltol> .tipo6 de modelo•; donde no 66lo.6e toma. en cu.en-

ta. ta.·~altia.c.i6n de la. geometlt.la. y el tipo de 6lu.jo¡ ~>ino ~a.mbién

la. va.1tiac.i6n de.ta. compol>ici6n de lo.! 6l.u..i.do6 del yacim.i.en.to al e! 

plotaltl~¿,.En ·e~ta. ca..tego1tla. .se inc.lu.~en lol> yacimiento.! de a.ce.i..te

vol~t.<.t y lol> ya.c.imien.tol> de ga.l> y c.onden6a.do c.on c.onden4a.c..l6n 4e~ 

1 .:tlt6glta.da., pa.lta. lol> cu.dl.e~> l>e deb4 .:to~a.lt en cuenta.. la. c.ompoa.lc.i.6n·

de tol> 6lu.ido6. o1tigina.Ú6. ConÚ.c.u.enÚmen.te, eo:~ú. :tipo de a.i.mu.la.d'o 

lte6 peltm.i..:te r:JJtedec..i.lt va.tt..i.a.c..i.onea . en ·.e.a c.ompoa . .i.c.i.6n·. de lo¿, 6.f.u..ldo6-

pltodu.c.ldol>, al>.l como va.Jtia.c.i.one.s en· lo.s ga.!>.to.s y ptt.el>.i.one6 del ya.-.· 

c..i.m.i.en.to. 
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r:. 7 2 MOOELOS TERMZCOS 

·Cuando ..!e ..1ome.te un ya.c..im.ien:to a. un pltoc.e..!o de 1tec.upe1ta.c..i6n me-
' . . 

joJr.ada. poli. med.io de un método .t€1tm.ic.o, c.omo poli. ejemplo la. i.nyeC.-/'-

c.-<.6n.· de va.pol!. o la. c.ombu..!t.i6n .in~..!.Uu, .independ.ien.temen.te de eX.i..!~-

t.ilt: 6luj O de nlu.ido..! en el ·med.io. pOllO..! O a. C.a. U..! a. 

pl!.e..!.l6n, . ..!e genelta. un .in.teJr.c.amb.io de e~e11.g.Ca. en el ya.c..imúnto, va-~. 

lt.iac..ione-.s de tempeJr.a..tulta. y vú c.o6.ida.d de lo..!:. 6lu1.do6, e6 e'c..to6 de. --

de..!~.ila.c..i6n y/o c.lta.queo,. e.tc.. E6to6 geneun una. 6e1t.ie de moÚ6.(.c.d~~ '· 

Ten.iendo en cuen.ta.'lo a.nteltlolt ..!e pued~n ela.b~lta.lt modeloa·,qut~ 

, .involuclten .ta.nto la.~ va.lt.i.ac.lonu de 6lujo, c.omo la.~ va.1t.ia.c..i~ne6: e.n-.·.. . 
• • • . 1 . : . . 

la.6 pltopleda.dea de lo..! .6lu.idoa del ya.c.lm.ien.to. en .6unc..i6n de loa·--

e6ec.to6 c.ompo6.ic..iona.lea y/o ~a.lt.iaclonea en la.• tempelta.tulta.a. 
( 

1 

-- .. · 

.. . ,· . 
. •,: 

·'·,;,. 

1 

t 
'¡ 

l. 
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Gas 

1 

" Diagrama Indicativo para la selección 

de un Simulador " 

Tipo de Yacimiento \ 

. . ' -r::---~ 
~(~)" <:: T(} f' ~ j~z)---- -----\ ..:.__,.,J~I.2.:_'-'v!(T~ :.: .... 

1 r .· 

Petróleo Negro Petr61 eo Vo.látil 
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.. ' 

Dimensiones 

.. , 
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"':·, . 

.. 

.. . . 

l 
Gas Condensado 

.. 

1 
.x l .. ~ 1 X-Z 1 R-Z 1 f x -·v- z 1 r R-8-Z l 

1 Flujo de Fluidos 1 .. ,. 

' 
. . 

1 1 1 1 . 

MonofásicCI!! Bifásico 1 Trifásico!' Composicionall 
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FIG. 1 MODELO DE. CERO DIMENSIONES 

.t. ' 
·> 

:· .. 

HORIZONTAL 

i . 

INCLINADO . 
.VERTICAL· 

·' 

·-' 

FIG. 2 MODELO DE UN A 'D.IMENSION 
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· .FIG 2a 
', ' 

·: 

. - •. 

1 1' 
1 1 ,- •' 
1 1 1 

1 1 1 :. 
1 1 1 1 
1 1 1 1 

1 1' 1 
1 ..,. ---~-.. 1 

/r .:.-:--<·h 
1/ t..... ~'l i 
( ' 1 1 ' __ ,/ , ___ ..,~~* 

'·'· 
MODELO QE UNA DI M EN S ION ,. ··.· 

FORMA RADIAL 

'· 

'\, ' 

\ 

FIG. 3a MODELO ARE AL DE OOS. DIMEN$101\!ES 
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·. 

FIG. 3b ·DE: SE:CCION TRANSVE:RSAL 

. :. 

• < 

' 

.· ... 

ESTRATOS ··. 

·' FIG. 3c 
FORMA RADIAL 

: < 

·, .. . ': 

MODELOS DE DOS DIMENSIONES . ' 
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FIG. 4 

FRACTURAS 

} ESTRATOS .. 

FIG.4a 

. FORMA .. F,MDIAL 

MODELOS DE TRES DIMENSIONES 
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CAPITULO 2 

2. 7 

2. 2 

2 • 3 

2,4 

2. 4. 7 

2. 4. 2 

2.4.3 

2.4.4 

2 • 5 

2. 5. 7 

2 • 5 • 2 

2. 5. 3 

2.6 

2. 7 

. 2. 8 

C O N T E N l V 0 

PRlNClPlOS BASlCOS Y ECUACIONES VE FLUJO 

lntlr.odu.cc.<.6n. 

Potenc.<.at de 6tu.jo. · 

Ley de VaiLC!f. 

Eeu.ac.<.6n de eon.t.<.nu..i.dad y d.<.6u.i>.<.v.<.dad. 

E cu.ac.l.6n de. e o n:t.~nu..i..d ad patuf.~tn ~6.e.o 6.CuUo. 

E cu.cic..<.6n de d.<. 6 u.6 .i.v.i.dad. 
,, 

T.<.poi> de 6.CuUo4. 

EC:u.ac..i..one4 de e4.tado •. 

t.<.po4 de 6lu.<.do4. 

Eeuac..i..6n. paiLa 6lu.jo lncompiLei>.<.bLe. . .·. 

Ecuac..i..6n palla 6lujo llge1r.amente complr.ealbl~ • . ' 

Ecuacl6n de 6lujo palla un ga~.ILeat • 
. . •"' 

Follmulac..i..6n .<.nteg1r.al de un pttoblema .ttt.i.6t!a..i..co. 
'' ' 

Condl.c.<.one6 l.Jl.i.c.i.afc.a y· condl.Úone6 de 6ttonte-

RequiJL-i.m.<.entoa, dato• gene1Lale6 y pttepattacl.6n 

palla un 6-i.mutado!L. ','·, 

,. 
,.\". 
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'· 

e A P I T U L O 2 

PRINCiPIOS BASlCOS V'ECUACZONES FUNDAMENTALES 

2.1 lNTROVUCCZON ·, 

Et ótujo de. ótu.i.dol> e.n me.d.i.ol> poJr.ol>ol> e.¡,.' un. óe.nóme.no mu!f c.ompt~. 

jo y c.omo .ta.t no pue.de. 1> e.Jr. de.¡, c.Jr..i..to e.xp.Uc..i..ta.me..n.te.. 

En 6/..ujo a. .tJr.a.vé:l> de. .tube.Jr..la.l> o c.onduc..to¡,, u poLibte. me.d.i.Jr. Ú

tongi.tud y é.t.. dUme..tJr.o y c.atc.uta.Jr. ta c.apa.c.Uad de.'6i.ujo c.omo óun~-

· C.ión de. l..a c.a.lda de. pJr.e.l>.i.ón¡ ¡,.{.n e.mbaJr.go, e.t ótujo e.n· me.d.i.ol> poJr.o--

401>. e.1>' d.<.óe.Jr.e.n.te., ya que. 1>e. .t.<.e.ne.n que.. c.onl>.i.de.Jr.a.Jr. e.c.uac..i.one.l> que. -~ 

de.~>.c.Jr..<.bán e.l.. ótujo de.· to1>. 6tu.<.dol> e.n '·una, do1> o .tJr.e.l> 6a~>e.l>, a .tJr.a..~-
.. 

vé:4 .de. "~a.na.te.4 de. ótujo" que. pJr.e.l>e.n.ta.n vaJr..<.ac..i.one.l> de. uno o vaJr.ú)¡,: 
. . \ . . . 

oJr.de.ne.l> de. ma.gn.<..tud e.n donde. to~>·ótu.i.dol> pue.de.n 1>e.Jr. .tJr.a.tado¿·c.omo-
' 

.<.nc.ompJr.P..!>.<.bl..e.l>, t.<.ge.Jr.ame.n.te. .<.nc.ompJr.e.l>.i.bl..e.l> o 'c.ompJr.e.l>.i.bl..e.l> •. Ade.má~ -. 
' i . ' 

paJr.a Jr.e.pJr.e.l>e.n.taJr. e.t 1>.i.1>.te.ma de. 6t~jo pue.de.n c.onl>.i.de.Jr.aJr.l>i una, doa o . . 
. . ' . ; ~ { . . . 

.tJr.e.l> d.i.me.n1>lone.1>, .<.nctuye.ndo, ¡,,¿ 1>e. de.1>e.a, he..te.Jr.oge.ne..i.da.d e.n tal>-~ . . 
pJr.ople.dade.l> pe..tJr.oó.ll>úa.a, e.6e.c..tol> gJr.a.v.i..tac..i.oita.te.~ ;' e.óe.c..tol> c.apUa--

. ','' ' 

Jr.e.l> ·y .tJr.anl> óe.Jr.e.nc..i.a de. mal> a. e.n.tJr.·e. ·.e.a.~> · 6a1>e1> •. 

2.2 POTtNCZAL VE FLUJO { ~) 

.. ·, 

Et po.te.nc.lat de. ótujo c.omblna to1> e.óe.c..to~ de pJr.e.l>lón c.on lo~> 

e.óe.c..tol>. gJr.a.v.Uac.lona.te.l> y a e. de.ó'.i.ne. poJr.: . 

{ 2 . 7 ) 

e.n donde.·: 

21 



( p, p l 

PB • e~ el pe~o e~pec.CM.co 
. :>' 

V • e~ l.d pJto6und.i.dad (pol>.it.iva hac.iit ~bajo)' mcdÚÚ á -

paJt~.i.Jt de un plano conven-iente de Jte6e~tenc.i.a.· 

Ve acueJtdo a la~ un.idade~ comunmente ~ada~ en .i.nBe~ie~tla· petJt~ 
le~ta, el potenc-ial puede lleJt e~pltel.ado como: 

p 

p 

h 

V 

' g 

~ " .P + '-
1- . ...L_ Ph 

144 9c 

~ = p - .JL_ pV 
144 Be, 

• pltel>.i.6n (lb /pg 2! 

• den~idad (lb/p.ie6 3
) 

= altuJta med.ida hac.ia 
:· 

=.pJto6und.i.dad med.ida 

.: (pú6) 

'.·· 

aJtJt.iba de 

hac.ia abajo 

= a e el eJtil. c-<.6 n de ·la gJtavedad en 

,.t~tabaj ando. 

un 

de 

el 

' . ' 

' .. 

plano dado 
' 

un plano 

luBalt· que 

( 2. 2) 

( 2. 3) 

(p-iel>) 

dado 

l. e elite-

·Be = conl.tan.te BJtav.i.tac.ional cond.ic.ionel> 'noJtmale.6 ·y el> -

.i.gual a 32.2 púl>/Hg~ 

La va~.i.ac.i.6n del po.tenc.i.al en una d.i.Jtecc.i.6n hoJt.i.zon.tal ea equ.i.-

valen.te' ál camb.i.o de plte.6.i6n en e.6a d.i.~tecc.i.6n. ·. 
. ·' 

.:!E_+ O ( 2. 4) 
d~ dx. 

S.i.tt· emba~tgo, la va~tüc..i.6n del po.tenc..i.al en la dÚ~'éc.i.6n veJtt.i.--
... 

-· _g_ p ( 2 • 5 J 

dz dz ·. 144 Be 
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~~~ LEY VE VARCY 

. ' 

.. 
. La .f.ey de Valtc.IJ e./Jtab.f.ec.e .f.a pltopO/tc..l_onaUdad de .f.at·ve.f.oc.i.dad -

de·. 6.f.u.jo de u.n ·G.f.u..i.do homog€neo eit med.i.o pOILo./Jo con .'e.f. gltadúnte de 

> :. 

( 2. 6) 

en donde ¡ 

q =vA ( ~ • 7 1 

', :· .¡; 

Pa1ta c.amb.i.alt e.e. .IJ.igno de pltopolt.c..ioita.e..i.dad polt e.e .IJ.igno .igu.a.e .e./J 

nec.e./J·alt.io tomalt en c.u.en.ta .tanto la./J c.altac..telt..l.IJ.t.ic.a.IJ .de·.e. med.io polto-

./JO. (peltmeab.iUdad) como .e.a./J de.f. 6.e.u..ido (vúc.o.IJ.idad) i a./J.C palta 6.e.u.jo 

hÓ~r..izon.ta.e. .e.a eC.u.ac..ión de Va!t.C.IJ ./Je explte./Ja como: 

q 

A 

k dp 
=- -- ( 2. 81 

La<va.f..idez de .f.a ec.uac..ión an.teJt.i.olt. plt.e./Ju.pone .e.a./J .IJ.igu..ien.te.IJ con 

d.ié • .iotÍe./J·: · 

a) FLu..i.do homoglneo (una ./Jo.e.a 6a.6e)· 

b 1 No exü.ten Jteac.c..ioÍte./J qu..lm.ic.a.IJ en.tlte e.e. 6.e.u..ido 1J e.e. me

d.io pOILO./J O, 

c.) La peJtmeab.i.e..idad e./J .independ.ien.te de..t. 6lu..i.do, de .ea .tem 
·. •' 

pelta.tu.ILa, de .e.a plt.e.IJ.i.ón IJ de .ea .eoc.a.f..i.zac..i.ón. 

d) Rlg.i.men .e.am.i.nalt. 

-
e). No exü.te e6ec..to de_ Klútkenbe!Lg. 

L. 

61 Flujo pelt.manen.te e .i.nc.ompii.e.IJ.i.ble. 

g) E.e. 6.f.u.i.do ./Ja.tult.a lOO%. al' med.i.o polr.o./Jo. 
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. •. 
El ~igno .(-) de la eeuaei6n ante~io~, 6u~ge al con~1de~a~ que -

la pteJi6n dL~minuye euando la lo~gltud aumente y ~e kequie~e pa~a-

c.ompeMaJL ·el ~igno negativo del gJLadÚ.n.te. 
. ' 

· Pá.~ta· 6lujo .ineLi.nado e<1 neee<laJL.io'. eon<lideJLaJL .tanto la vaJLiaci6n . 
• ~.. ••• 1, 

en la· .pJLe<li6n eomo la v·aJLiae.i6n en ta ea~ga gJr.avi.tacionat. 

,;·-·. 
V " 

.q 
'.';·'' A ,. 

- -.' 
. ' 

k 
=---

JJ 

dp + 

dt 
p g l 

: ·-· .. ; ; ' 

· ... 

(.2 • 9) 

1 ~ •. 

· i'a. ·~a.z6n det <ligno (:_) <le Jr.elaeiona eon ta düeci!Un que <le ·ú~:.: 

de a..;; .C'; ·.la cuat puede <le~ po<li.tiva haeia air.lt.iba o· .. viceve.}L<Ia •. 
·-.: .. , 

Aho'ir.á.. bien, la veloeidad a ta que H Jr.e6_ú.Jr.'e ·.e.a ú.uae.i.6n de - -. 

Dalt.cy. ú''ta. velocidad a.pa.Jr.en.te, po~ lo que <li _<le de<lea. eva.lualt. la. -

veloc.i.da.d ~ea.l ha.b~á que dividi~ ta. veloeidad a.pa~en.te. po/f. ta. pMo-
... ' 

<lida.d i6ec.tiva. det medio, o <~ea.: 

= --

•'. 
v · = ve.toeidad ~eal o media. m·e.d, 

u "' veloc.i.da.d apa~e.n.te.. 

= po~o<1Ldad e.6e.e.t.i.va.. 

. . ; 

la ecua.ei6n de. Va~cy en 6o~ma.ve.e.to1Llal ae e1p~e6a eomo: 
· .. · 

V 

·, 

(2.10) . 

,. 

(2;71) 

Haciendo un antflüú de eada ··una de ta<l va~iab·lu que inte~vle-

nen en ta e.cua.ci6n (2. 17) 
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.. 

. ~ ' . ' 

. 
- La v.üc.o.s.ldad IIJ J e.1 un e.lc.a.taJr.. 

La ·poJr.o.!.ldad 1 <P J e.1 un e<~ c.a.taJr., · · .. 

Ca· vel.oc..lda.d · 1 ~ } poli. .tene1r. magnitud, d.l1r.ec.c.i6n y .s en.t.ido e.s. un 

ve.'c.toJr.. 

· · El.. potenc..la.l. .tamb.l€n e.s un vec..toJr.. 
+ .. : . . . 

~ La. peJr.meab.ll..lda.d 1 h} e.1 un .ten.so1r., c.apaz de .ln6l.u.llr. en .ea d.llr.ec.-

c..l6n de 6lujo, la c.ua.e.·no .s.<.emp1r.e e.s gobeJr.nada.exc.l.u6.lvamen.te poli. 

e.f. glr.ad.len.te de p1r.e<1i6n. 

Vado<~ . .f.o.s eje.s x, y, z no nec.e.saJr..lameti.te oJr..togona.te.s, .ea.s c.ompE!_ 

nente.s de l.á. ve.toc..ldad ~ lü.x, ü.Y, ¡¡z} .se explr.e.s~it,de a.c.ueir.doa.

la l. e y de Vali.c.y, c.omo: 

' 

1 
ux = - --

IJ 

a<~> 
+ k d4> 

<~ 
34> 

kxxax .ay- + 
XY az 

.{2.72) 

k ~4> k 
a<~> k ~ } + -·+ 

YXax YY ay yz a z . 
' { 2. 1 3 J 

- ' u ::: -. z·. 
1 k ' !!.._ 

+ kz,y 
ac~> k !!.._ + 

zx ax ay zza z 
{2.14} 

' . 
··La ma.tJr..lz .ten<1o1r. de peJr.meab.l.t.ldad .t.lene nueve c.omponen.te-1: 

kxx kxy llxz 

k 
YY 

k zy 

m.l~nt4a.6 que la ve.toc.idad y e.t po.tenc.ia.t, <1iendó; Jec..tolr.e~ .t.lenen -

.t~r.i.s c.omponente<1 .1dla~en.te: 

··-.. 
V = { 

25 
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.~· .. 

Veb~do a la labok~o~~dad de tkabaja4 con ten~oke~, ~e hacen' co~ 

muitmente la~ ~~gu.i.ente~ ~upo~~c.i.olie~, paka ~.i.mpl..i.6,i.cak la~ ecuauo:.. 

ne~ ·: 

k XX k xy k, XZ 

" 

k xy kyy. kyz 

k xz k yz k zz. 

2 J Al 4otalt lo~ eje~ de una matk.i.z ~ ~m€t4~ca ~e obt~ene una matk~z 
··. 

d~agonal. 

k XX 0 . 0 

6 k y y . o 

O O k zz' 

En donde·.lo~ eje6 ~on Mtogonal.e6 y. e6tán a.Uneado6 c.on la.& d.i.

kec.c~one-6 p/t.i.nc..i.pa.le6 de 6lujo. Po!t lo que la.6 c.omponente6 de· la ve 

loc..i.dad 6e !teducen a : 

k)()( a.p 
ux= - --

ll ax (2.i5J 

k YY a~-
U y= -

lJ ay 
(2.16) 

u z= 
k zz c4' - - Tz" ~ 

(2.11) 

26 



En genelt.al la!~ d.i.lt.ec.c..ionel> plt..i.nc..i.pale4 de 6lujo <Ion: 

s ¡ La d.i.1t.ec.c..i.6n mifx.i.ma, palr.alela a lo!~ p.f.anol> de <1 ed.i.men.ta.c..i.6n. 

~; La d.i.lt.ec.c..i.ón m~n.i.ma. pe~t.pend.i.c.ulalt. a lo<~ plano<~ de <~ed.i.men.ta-

c..i.6n. 

S.C. el med.C.o el> úotlt.tfpú.o (kx · ~ky:kz· .l, entonc.e<~ la d.llt.ec.c..i.tfn

del 6lujo e<~ .igual a .f.a d.i.lt.ec.c..i.ón de.f. glt.ad.i.en.te a.pl.i.c.ado. 
1 

· · S.C. el med.i.o e4 anü o.tlt.6p.i.c.o 4.i.n embalt.go ( kx'y!;ky~kz ) , la d.i.uc.--

e.C.tfn del 6lujo e!l d.i.6e~t.ente a la d.i.lt.c.c.c..C.tfn del glt.ad.i.en.te apl.i.c.ado. 

EJEMPLO:. 

Sea un med.i.o pollo!~ o. b.i.d.i.men<~.<.onal donde kx ~ 4ky. , <~.l <~e apl.<.é.a · 

a~ •~ . un glt.ad.C.ente c.on un 4ngulo de 45• (o .<lea -=-:¡--::- ) enc.ontlt.alt. la d-<.--
a ]( IJ 

1t.ec.e.i.6~ del 6lujo. 

SOLUC!O.'-! 

y t 
1 

u 4 H 

u 

u 
y 

xy 

x=- -~-·TX 

e - J.i 
a IJ 

4 (l ~· e - -- ---¡-; u 

X 

. ; 

) 7 ·~ - -- T;; ,, 
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··. ... J[- 4 3<1> t H- 'T' 
1 u 1 • -- ( H ~ u ;) X "Y 

~ 

1 ;;, . 7 . . vf7 ( ~ oj>· 

"' --
IJ ;) X 

·La magn~tud det vec.tok nokmat e~tá dada pok: 
. ,... ·, 

' . 

La dlkec.c.l6n del vec.tok unltak~o e~tá dada pok: 

() 6 ea ta apt~c.ac.l6n de un gkadlente a 4 5 • a elite mé:d~o, Jte~ utta en -
-1. 

un v·ec.tok veloc.~dad c.uya dlkec.c.~6n pklnc.lpal t~ene un 'ánguto 8 = tan 

7/4,e=74"02 

2.4 ECUACZOM ~E CONT7NU10AO V 01FUS1V1VAO 

',• ,. 

La de'6:M~pc.~6n matemáti.ca det 6lujo de 6luldo~· en .medú~ p04o--

~o~ e~ta ba~ada en la ley de la c.on~ekvac.l6n de la ma~a. 

2.4.1 ECUAC10N VE CONT1NU1VAV PARA UN SOLO FLUIDO. 

La ecuac.i6n de continuidad e~ con~ecuenc~a de lci aplic.ac.i6n del 

pkinc.iplo 'de· C.Qn6ekvac.i6n de. la maan, el c.ual el>tablec.e que la ma~a ·.· 
1 

dentkQ de un alatc.ma peltma•tece c.onata1ttc. con el tlempo, ea decik, -

dm/dt = O. La c.c.uac.i6n de. continuidad paJta un c.iekto elemento de me 
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'~. 
. t 

.-d.i.o poll.oJ.o eJ..table.ce que la ll.ap.i.dez de c11.e.c.i.m.i.1•nto de la maJ.a· den-
-. ~;, ' 

t11.o del elemento eJ. e~actamente .i.gual.al. 6lujo neto de m a,¡, a ha c..<. a -

'·el. m.i.-6 ni o elemento. W(~,y,z} 
(uP)z+ilZ 

/ (uP)y. · 
··,. 

(u P) X ( Ú P} X +ilX 

z 

y 

. ' 

Con<~.i.dúue un pequeño pal!.a.l.e.Úp.i.pe.do de. ·un me.d.i.o pol!.o.lo de. Ú.-

men<~.i.one..l 6~, ~y, ~z; a tl!.av€.6 del cual e~.i.<~te 6luJo.en toda.! la.6 

.. c.a./l. 4.6 •. 

Ha.c..i.e.ndo un balance. de. ma.te11..i.a. dul!.a.nte. un .i.nte.l!.va.l.o pequeño de.~· 

t.i.empo M:.. 

Se puede. con.l.i.de.l!.a.l!. que.: 

El 6lujo de ma..1a poi!. un.i.dad de .lupe1L6.i.cle·e.6 .igual a. la vel.ocl

da.d mul.tlpl.i.cada. poi!. La den.1lda.d 

--.. 
D.i.men6.i.onal.mente. 

L 

T 

u p (2.78) 

'Aitol!.a b.i.e.n <1-i. el. 6tujo de ma6a ·.6e,mul..t.i.pl.i.ca poJL el áJLea .t:Jr.an6-. 
. . ·: 

ve.11..6a.l. al 6lujo, 6e obt.i.ene. como l!.e6ulta.do, el 6lujo m«aico.• f 

---
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upA = pq 12. 19) 

donde 

A" IÍI!.ea. 

M" ma~a 

T• -t-iempo 

U• veloc-idad 

p. deM.idad 

Poi!. o-tila. pa.ll-te ~e puede c.on~.idellal!. que la en-tl!.ada de ma~a al -
/ 

elemen-to c.o~~.idellado e~ pd~.it.iva l.inyec.c..i6n), m.i~n-tl!.a~ que la •al.<. 
. . 

da de ma~a ~e c.on~.idel!.a nega.t.iva .(pl!.oduc.c..i6n). El -tél!.m.ino 6uen.te -

lo ~um.ide~t.o) •e lleplle~en.td poi!. W ( x,y,z), el cual .t.iene un.idade~

de ma~a poi!. un.idad de volúmen de l!.oc.a. 

W lx,y,z) [ ,lfa~ a 

un.idad de.vol. de Jt.oc.a 

w (x,y,z) + l 1 nyec.c..i6n 

w (x,y,z) ( - Pl!.oduc.c..i6n 

p 01!. o-tila pall-te: 
' 
M a~ a de 6lu.ido en e.l' ele'men-to, 

en el .t-iempo ,t: t:.x by óZ 1 4>P ) t 

1!.11 el .t-iempo .t + ó.t: Ó)( t. y 6z 1 4>P ) .t+ó.t 

Del pl!.útc..ip.io de c.r·ll~el!.vac..i6n de ma~a: 

(Ma<~a que en.tJt.a) - (,\fa~a que •ale) =· Ac.umulac.i.6n, 

Ac.umu.tac..i6n = (:.fa<l<l ¡¿nni') - (Ma•a út.i.c.i.all 

l 

16-inal) 

La c.a'~ta "~'· I.Z o pel!pe~tdU:u.ea.\ at 6lujo en la d.iJtecc..i6n x, con -

le cu"i.' la can.t.i.dad dr ma~a •:e.ta que c.nt-'¡·a en la d.(:;•cc i(nxl.'. ,. ~~ -

30 



(2.20) 

, " ,, ,, ' 

Pa.Aa ta~ d~Aecc~one~ y, y z ~e~obtienen expAe~~one~ ~~m~!a.Ae~. 

AhoAa ta acumutac~6n ~e e~cAibe como: 

· Úumutaci6n ~ 6 x 6 y 6 z (~p J - 6 x 6 y ó z (~p J 
. t+ót .. t 

tomando en cuenta ta.~ expAe~ione~ a.ntviioAM 

d~v~dündo entlte óx óy óZ ót ~e obtiene.: 

(pu) x+óx- (pu) x 

óX 

(pu) - (pu) (pu) - (pu) 
y+óy y_ .. z+óz z 

+ .,___W(x,y,z) 
óX lly óZ ót 

~ 

Ólj óZ 

( 2 •. 2 1 J 

( 2; 2 3) 

tomando llm.~te.~ cuando óX ->0, óy-> O, óZ-> O y llt->0 y Jt.ecoAda.ndo la. 

de6inic.(6n de deltiva.da. de ~na. 6unci6n: 

..!i.!L U m yl X + óX ) - !f( X ) 
= 

dx l:::.x->0 óX 

~e tiene que: 

al e ux) oloúyl al o uz 1 + W(x,y,z) a l <t>o J ( 2. 24) 
~ . •. 

ax ay az at 

E~ta. ecuaci6n e• la. 6o~tma. ~~ne~tal .. de la. ecuaci6n de co•Itlnui-

da.d en un medio po~to•o. 
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'~. 
2.4¡2 ECUACION VE VTFUSTVIVAV 

... Subé.ti.tuyendo la.s componente¿, de la velocidad polt la ley de 

V_aJr.c.y· en la ecuac.idn de C. o n.tinuidad ¿,e .t.<. en e: 

a ¡0 kx ~) + . a (o~~) + 
ax ~ ox ay ~ ay 

a (oli~ !!¡ + W(x,y,z) "a(~p) 
az ~ az 

(2.25) 

Eé.ta eé la ecuac.i6n geneital de d.i6u4.ividad que Jr.eplte<~en.ta el -

6lujo de un éolo 6luido a .tJtav{.¿, de un medio pOitOéO, 

Palla el 6lujo de valt.ioé 6lu.idoé, e& neceéaltio coné.ideltalt .tam-

bi{.n. que el medio poltoé o e.s.taltá ¿,uf e.to a valt.iac.ioneé en la ~ a.tulta

c.<.dn polt to .tanto, de.spuú, de p!tocedelr. en 6oJtma 4-im.ilalt a la an.te

Jtiolt, ta ecuac.i;6n de di6u~.i;vidad palla 6lujo mut.t.i6á4.ico en donde -
'· kr lr.eplte.len.ta la peltmeabLUdad e6ec..t.i;va al 6tujo en cue4.ti6n, ée -

.tiene: 

.2.¡ hfx !!¡ + .2.¡ !!.!.Y.~) + _a1 hfz 2_!¡ + W(x,y z) .. a(Sf~p) 12 • 26 ¡ 
ax 0 ~ ax ay 0 ~ Jti az 0 ~ az a:( 

1 

Palla ta .soluc-<.6n de €.1ta ecuac-<.611 e¿, neceéalt.io' u.t.il.izalt una 

ecuac.i6n de _eé.tado que Jtelac.ione la den.s.<.dad c.on ta p1te.1.<.'6n. 

2.4.3. TIPOS VE FLUTVOS 

Lo.~ 6lu.<.do.s de un yac.im.<.en.to .son cta<~.<.~.<.cado.l den.tlto de tlle.l-

~!tupo.!, deptnd.<.endo de .su complle.S.ib.il.idad. 

a) Ftu.<.do.s .<.ncomplle&.<.bte.s. 

b) .Flu.<.do.¡· Ugella~en.te complle4-ibte.s. 

c.( Flu.<.do.! compJr.e.s.ible.s. 

' 
32 

. ·.~. ,, 



.. 

>j, ..... ' • ' -t· . 

·. ,' 

· Un ·6luido ae denomina lige~am~~~e comp~eaible ~L au denaLdad -

·ae puede conaide~a~ como una 6uncl6n llnedl de p~eal6n (po~ ejem-

plo comp~ealbilldad conatante). 

:Finalmente un 6luldo comp~eaible ea aquel que p~eaenta un cam

bio· ~igni6Lcan~e de denaLdad con la p~eaL6n. · 

G~a6LC:amente a e tiene lo aig ui~nte: 
'·. 

p compresible 

ligeramente compresible 

p 

2.4.4 ECUACIONES VE ESTADO 

Vnrendiendo del óluido que ae eate manejando, exiaten vakLaa -

ecuacLonea de eatado. 

a) SL el 6luLdo ea lncomp~eaLble quleke decl~ que la denaidad 

6 e11.á cona.tan.te. 

p = ctte. ( 2 • 2 7) 

b) Si el 6luldo ea llge~amen.te compkeaible (llquido) la ecua- -

ci6n de eatado aeká: 
i 

.·' e = ·_1_¡2e..¡ 
p 3¡:> T=ctte. 

(2.28) 

!-· 
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. :~.' 

pV " ttRT (2.29) 

'. dl Pa~a un ga~ ~eal 

pV = ZnRT 

(2 .30} 

Ait.te~ de ·.<.n.t~odue.i~ la~ eeuae.ione~ de e~.tado a, la eeuae.i6n de -

d.<.6u~.<.v.<.dad, ~e deó.<.nen alguno~ .t~~m.<.no~. 

Bo = Fa.e.to~· de volúmen en 

q vol. " R.i.tmo de .<.nyeee.<.6·n en [ 

pM lo c¡ue 

vol. (.iil a..~ ./dú J 
p.<.e de ~oea 

W(x,y,z} = Ritmo de .<.nyeee.<.6n de ma~a po~ un.<.dad de vo-

.f.úmen. 

W(x,y,i}= Bo qvol. o 
... 

(2.37} 

2.5 VESARROLLO VE ECUACIONES PARA LOS VIFERENTES TIPOS VE FLUIVOS 

2.5.1 ECUACION PARA FLUJO'lNCOMPRESIBLE 

~.¿ o = e.t.te. , (2.32) 

34 
1 



'•. 

y ademl~ la vlaco¡ldad ea cona~an~e.~Ve la ecuaci6n de dl6ualvldad - ~· 

·..1uba~.i~uyendo el valolt de W, .6ab.iendo que ;§; "' O, mul.tiptlcando ·

polt 1.1 y d.i.v.i.dlendo pDit p (ambaa cona.tan~e~): 

q • B = O VO<., 

( 2. 3 3) 

En .t.a. ecuacl6n an~e1t.i.o1t lM peltmeabitidadea pueden va1t.i.a1L en x, !f, z; 

e<~ · dec.ilt 

kx = kx(x,y,z) 

ky =.ky(x,y,z) 

1~ z = k z ( )(, y, z l. 

Sl el me.d:<.o e<~ üo.tlt6pico y homogéneo 

kx = ky = kz= k 

VivldLendo la ecuacl6n (2.33) polt k 

2 

" ~ + ~ 
;;x 

2 uc¡ 0 8 
ci ~ + VO<- O 
az2 --,¡--.e·-. 
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¡· 
¡ 

. () 

(). 

() 

2 
V 4> + 

Ecuac~6n de Po~~~on (2.3s}_ 

2 
V 4> • 0 Ecuac~6n dé Laplace ( 2. 36) 

La4 un~dade• qu~ comunmente 4e u4an en ~ngen~ekla petkoleka ~on la~
•.tgu~ente4: 

pok lo c¡ue 

e [ vol. @C. 11. J 
vol.cac.~. 

[ 4tb . J 
dla . 3 . p-<. e 

X.,lj,Z 

~ ( cp l 

2.E.+ 
3:>; 

1 .9_ alt 
TITP Se ax 

~{ <Jx 

lE._ 1 !L av 
ax 14ifP 9c ax-

ILE.. 1 .9_ ah 
'Jlj Tif4 P 9c 'diJ 

a.:- { 
'Jy 

!:E.- 1 g_ aV 
~~~ 144 o9c ay -
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•'. 
~u.~U..tu.ye.ndo e.n !a. e.c.u.ac..i6n (2.40) .l'.a4 e.xplt.e.4.i.one.& (2.41) y (2.42). 

' . '• _';. 

c. " 
- 7 

m/p 

C." _7_ 2L 
P ap 

J 

La e.c.u.ac..i6n ante.IL.iolt. no4 1Le.plt.e.4 e.nta .l'.a lt.e..l'.ac..i6n de .l'.a de.M.idad-
'.' 

de. u.n .I'..Cqu..ido c.on & u. c.omplt.e.~.ib.i.t.idad. PaJta ob.te.ne.IL .l'.a vaJt.iac..i6n de.- ·· 

.e.a p.!te.&.i6n en .ta& d-i.Jte.c.c..ione.& nx,y,z ", ba&taJtá. !!01'1 de.&pe.jalr. "d-p " 

de .ta e.c.u.ac..i6n. ( 2. 4 3) y de.Jt.ivalt. Jte4 pec.to a c.ada u. na de. .tM d-i.Jr.Úe-io . 1 

ne.4 c.oJr.Jte.~pond.ie.nte4. 

dp = 
C.P 

d p 

1 

de.Jtlvando lt.e.4pe.c.to a ''x,y,z" 

_ÉL 
" 

_ _ti_ 
dx. C.p · dx 

_!!p_ 7 ..J!E.... • 
dy c. o dy 

_!!p_ 
" -- ..J!E.... 

dz c.n dz 

. ;, 

( 2. 44 J 

( 2. 4 5 J 

' 
( 2. 4 6 J • 

'-

S.i e.l'. e.4pe.4olt. de!. yac..im.ie.nt~-e.~ peque~o y de. bajo nel.ieve eatJtu.c. 

tu.Jtal, e~ decllt. paiLa 6l~jo hoJr..iZOittal, ~e puede hac.e1r. .l'.a co•tl~delr.a--
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. ~ .. 
-cl6n de que et potenclal de 6tujo ea apAoxlmadamente lgual a la 

pAeal6n. 

' . 
o 

$ = p IZ.41J 

. '• 

AhoAa bien, al no ae tiene lnyeccl6n en ningún pozo 

tomando en cuenta ta conaldeAacl6n anteJLloiL y ·JLeé.oJLdando 

de. dl6u¿¡lvldad dada pOit la algulente expJLeal6n: · 

IW(I<,!f,Z)=O), 

la ecuacl6n. 

a (p..:!.L -ª..L ) + ....L_ (p 
u ax· ay 

) + _..L_ l.p ...!L 2L 
az az 

auaUtuifendo en la ecuacl6n ante'JL.iolt laa ecuaclonea (2 .44), 12.45) 

12;46), y (2.47) H tiene: 

ph_ _}_ .2.e.. ) + -L ( p ~ _1_ ~ a . --..,-
a x . u cp a~< a y u cp a y 

· •. af.ppJ 

; . 
almpll6lcando ta ecuacl6n anteJLlaJL: 

t. 

+ .::....1.. 
az 

( p k.L_1_2e._·,-
u cp az 

,.· 

k . 1 
~-l.L + ~ ~. __ 1_ ~ ) + ~ /:~ _ _2E..,. 

. >.1( ll e u. e :•.z 
• 1 . - ) , .. 

1 z. 48) 

·' Con6lde1r.ando un medlo laot~r.d~lco lk~<•ky=kz~~)~ la vlaco~ldad -

cónatante (u•cHe)~ multlpllcando.polt uc y dlvldlendo entJLe k, ae-
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ob.t.iene: 

a 
ax 

2.e..J+ a . .2E.J+ 

o 6 ea: 

2 a P . 
2 

ax 

ax ay ay 

2 

+
. a P _, 

az 2 

.. 
~.iendo equ.ivaten.te a 

" V2p " p~C -ª..e_ 
k a.t 

" 

a 
az 

~ 
a.t 

~ l ~ '~e ~ 
a z k a.t 

(2.49) 

La ecuac.i6n ob.ten.ida an.tvr..ioltmen.te e~ ta 1tep1te~ en.ta.tiva palla et-

6lújo de un 6luido ligellamente complle~ibte de complte~ib.it.idad c~n~-

.tante, ta cuat puede ~ell aplú.ada palla l..lquido~ y palla ga6e6 .en in-

teltva.to6 peqúeRo6. 

La ecuaci6n (2.49) no e6 muy plt~c.tica palla 6U utilización en la

óoltma ~b.ten.ida, debido a la di6icultad que plte&en.ta la evaluación de 
·.' 

la~ deM.idade-6 >· pOit lo que e4 conve1z.ien.te explte441t la ec.uac.i.ón ( 2. 49') 

en 6unci6n de la plle4ión. 
.. ,, 

Ve l.a ecuaci6n (2.45) 

ce - ¿¡¡_ e -
1- E!L 

JP p dp 
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edp " do 
o 

· úttegJtando de p 
0 

a p 

Ae obtiene: 

c. (p - p ¡ 
o 

= In - 0
-. p . 
o 

deA pej ando " p" ., . 
. . " 

p .. n e( p-p .) o o.. o (2. so¡ 

'P " den4.i.da.d .i.n.i.e.i.ct.C. de.e. 6tu:¿do vatuada a una.. plte~.i.6n .in.i.:Úl. 
o 

( p l 
·O 

p = plteA.i.6n med.ida a c.uatqu.i.elt t.iempo. 

Rec.oltdando que ta. 661tmuta de expan~.i.6n de una 6unc.l6n "6(zJ ", 

en taA eeltc.anla6 del vatolt conocido de la 6unc..i6n.po~ med.io de la. 6e-
• • 1 • 

1tle de T~y.e.o~, 6lendo "a" e.e. punto eonoc..ido: 

61zJ •.61aJ• 6' (al (z-cJ. 

1 ! 
6" (aJ<.z-al2 

+ 

2 ! 
........ + 6n<a )(z-aJ n 

n! 

polt to tanto ~e puede expandl~t.ta 6unc.l6n 6(xat~tededolt del pu11to x•O, 

entonc.e6: 

·' 

6L<> • 1 + X + _¿_ •• x3 + . ...... +. X!'l 

1 ! 2 ! . 3! 11 ! 
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poli. lo .tanto: 

+ ••••••••. • • 
ll ll 

+ (! ~ 
n. 

12.51) 

// En la mayo/l.-Ca de l.o~:. ea~:.o~:. en lngen.le11..Ca pe.tltol.eJt.a (palta l.Cqu.l- -

/ do~:.), ~:.e cumple que: .. 
cp < 0.01 

c2 p2 < 0.0001 

pOI!. lo que la Hpii.Uión (2.51) ~:.e puede ~:.impl.i6ieaJt. a: 

~:.u~:.tituyendb la eeuaei4n (2.52) en la eeuaeión t2.50) ~:.e t~ene: 

· P • p 
0 

( 1 + ep ) 

12.52). 

12.53) 

.ten.lendo l.a den~:..ldad como 6unc{6n de l.a pltel:..lón, ~:.e podltá ob.teneJt. l.a

ecuae.l6n de 6l.ujo Jt.epJt.e6en.ta.t.lva. 

Su~:.t.<.tuyendo ta ecuac.Un 12.53) en l.a ecuac.<.ón'l2.49) 

___.?. [ 3 [Pc(l+ep)] ] 

a"· "" 

:·uc. aL,Il+cpJ) 
at 

+ " [a [Poll+.ep)] 
ay . ~!1 . 

42 
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... 
polt lo, que, en la 'dúr.eC.c~6n "x." .e~ e .t~ene: 

1r.educ.i.lndo.6 e la ecuac-<.6n (2 ,54) a: 

2 2 -4J e Po [ ~ + 4+ = ~ C· p -ª.E. o ( . ax. a Y . az k a.t 

.. 
d~v.id.<.endo en .tite cp . ···" 

o· 

2 2 2 

...L? + --ª--{ + --ª--{ = ~ ----ª..e ' 
ax 3Y az 1 k. a.t 

o <~ea: 

2 
.. vp=~-ª.E. " (2.55) 

k a .t 

que e<~ la ecuac~6n de d~6u<~~6n paiLa un 6lu~do l~geltamen.te compl!.eJ~ble 

hab~endo hecho laa a~gu~en.tea cona~del!.ac~onea: 

- med~o ~aot11.6p~co 

- med~o hómoglneo 

- vlacoa~dad conatante 

La ~mpol!..tanc~a que 1tev~.c~te d~cha e~uac~6n ea t1taacendent~, deb~do 

a • u mcU.t~ple ut~l~dad. · En ti!. e oti!.M. apl~cac~Onea a e t.<.enen: ,· 

- pl!.uebaa de pl!.ea.<.6n (.<.ncl!.emento, decl!.emento, ~nteiL6eJLenc~~~ etc.) 

• pl!.uebaa· de llm.<.tc de yac~m.<.entQ6 

- a~mulaci6n de yac~m~entoa. 
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2.5.3 ECUACION VE FLUJO PARA UN GAS REAL 

.Pa~a pode~ obtene4 la ecuac~6n ~ep4e~entat~va de ólujo de gaó,

u nece.óa4.io .int4oduc.i4 la e.cuac.i6n ge.ne.ltat de toó gaaeó. 

Reeoltdando !a eeuac.i6n ge.neltal de to~ gaóe.ó ddda po4: 

pV=ZnRT (2.56). 

n • n! de mol~ó = m • maaa :::.=..:::...:::_ ___ _ (2.57) . 
M peao moleculalt 

óuót~tuyendo la ecuac.i6n 12.57) en l~ ecuac~6n (2.56). 

p V = Z m R T 

'M 

de. la eeuac.i6n (2.40) p • m 

V 

(2.58) 

óuótituyendo .e~ e.cuac.i6¿ (2.40) e.n la e.cuae.i6n (2.58) y de.apcjando--

"· P" .~e t~c¡.¡c: 

'-'" n, =~ ( 2 • 59 l 
V ZRT 

invof~e~and~ e! ualolt de. la d~nóidad de u11 g4ó dada polt la ccuaci6n

!!.591, en la ecuacl6n dr diduó.ialdad, 

' • ( ~ k:~ .2r. ) 
(J Y. lRT .. a Y. 

ü 1} .... r¡· • vot. (x,y,z) • 
zn 

¡· ., 
+ 

'' " tf 

3 . 
a.t 

ZRT. 

~ 
ZRT 

44 

s._ 2..E. ) + 
Útf 

.. 

o 

cz 
el:!__ 1:7. .2.E. l + 

ZRT ~ ;;z 

( 2 • 6 o l 

' • 1 

1 

' . ¡ 



Si ae llama 1 a .laa condicione• de .yaclmlento y 2 a laa condlclo

ne6 de aupe~6icle. 

P1 V1 = Pz V2 

Z1 T¡ Z2T2 

como V1 =. q vol. (x,y,zl 

P¡ q vol. (x,y,zl = pz q vol. (H6)/d 

Z 1 T1 Z2T2 

aablendo que laa condlclonea eatanda~ aon: 

T2 = 60°F = 60+460 = 520 •R 

Zi • 1 

p2 • 14.7 lb/pg 2 

d = d.(a 

(2.61) 

\ 

deapejando q vol. (x,y,zl de. la ecuacl6n (2.61.! y auatltuyendo loa 

valo~ea de laa condlclonea eatanda~: 

q vol. (x,y,zl = 14.7 x q vol. (ac6/dl Z¡T¡ 

520 p 1 

' ·auatltuyendo la ecuacl6n (2.62) en la ecuacl6n (2.60) 

~ ...!li ...11?. l + _a 
ZRT u a.x ay 

p ( 14. 7) q vol. (H6/d) • ~ a 
z T. p x 52 o ' at 
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' ' 

. •, . ~ 

.; : ' . 

com~.·M~·<R y T aon cona~antea; multiplicando po~ R T y dividiendo 
l ,. ·.;·.~:~.~ -•• 

.;. -- . 

, entl(.e:~ M Jtea utta l.o algulen~e: 

·. 
.. ·' 
. :··. 
". ,. ' · .. ! . . .. ~" ····• ... 

"::....1.,. ( ...E_ ~ -lE. l + __ a ...E_.~._lE. 

. a~ u z a~ ay u · z ·.· ay 

14.7 q vol. (ac6/dl 
520 ':( 5.615 

• _l_ _a ( .p__i_l " 
5.675 at z 

+· __ a 
a.z 

(2.63) 

que. ea l.a ecuacL6n de dl6ual6n pal(a un gaa l(eal., :en donde: 

T,, [•R] 
p [tb/pg:?] 

q, vo.t. [ ...;:6c..:..C 611.!../.=...d _. __ ] 
ple3 Jtoca 

5~615 6actul( de ~onveAai6n ( 7 bt··· 5.615 pie 3 l. 

.. '. 

La ecuaci6n antei(LoA ea una e~~acl6n no lineal. 

l + 

Pal(a nedur~~ la no Llneal.Ldad d~ l.a. ecuacl6n ae util.ltal(l un al(tl'i~' 
.... ·• · ... 

clo. "· 
. '·· 

Ve~lnaie al potencial de un gaa l(eat'como (~~): 

p :··. ·. ·. 

" p• = J t d~ " 

Po )J ( d z ( ~ l .;. 

,•, 

la ln~eAI(al antel(lo~ ae ~uede calcula}( ~ ~l(aV€6 del mltodo de Slmp--
. ' : 

aon palla 6unclonea düc.'l.e.ta6. El mlf.todo co116.ia~e. e11 etabol(al( una .ta- · 

VS "p/vZ", · do'nde' ,a pai(.U.Il de l.a-.. ,. ' 

u11l6•1 d¿ toa pu11tua ae rbte11d~~ u11a cul(va, pdll ~edlo de ta cual. ae -

4€ 



•, ... 
'podlt.d. obten el!. e.t. va.t.o11. de .t.a 1integlf..a.( en un .in.tvr.va.t.o, que lteplte-

·. :~ e.n.ta 

i : '. : 

La 'uncl6n an.te1tlo1t peltmlte tltan66oltmalt . .t.a ecuaclln na llneai -

de la 6lguiente mahe~r.a: 

~=~ • .22. 
ax ap ax 

6e .tendltd. que: 

" " (2.64) 

'· 

. ,. 

p ' 

6u6iL.tuyendo. e.t. valolt de .la ecuacL6n (2,641 en .la ecuacLin palta un

·ga6 ¡ltea.t. 6e terid~tl: 

---l. ( /:x ~ . J + -l. ( k y ..1.E l + ...2. kz ..1.E J + . 
"~ :; .x e !1 ay az j z . 

14. 7 !! . vol. (Ú6/d) = __¿_ ___¡._ ~...E_ J ( 2 ,·6 51 
520 ~ S, 61 5 5,615 a.t z 

!' . 

' 
adem46 de Ca expltc..~l6n an.te~t.iolt 61!. pueden obten el!. otltM 

' 
2 e~ pite<'> Lo-· 
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'' i 

-ne~ de la ley de lo~ ga6e6 keale.•= 

V = · Zm R T ( 2 • 6 6) 
M p 

dek.ivando ke6pee.to a "p" la eeuae.i611. an.tek.lok 

av mRT 7 az 
-- = 

ap M p ap 

-= 
_7_ . .E... __ z_ (2 .67) 1 

éip M p ap 

6u6.t.i.tuyendo la eeuae.i6n (2.66) .y la (2.67) en la eeuac..i6n de. c.ompk~ 

•.tb~!.idad eeuae.i6n (2.40}. 

~.impU6.ieaudo 

., ' 
' ' ' .. , . 

c. = 

e = 

.,. 

- _7_¡ 
V 

- p M 

Zm RT. 

e = - _.E_. 

z 

C.= 

mRT 
• --

M p 

_1_ ;;z _ _L_ 

p ;¡p p2 

7 ' " z " 
' 2 :;p 

·a z - z ) '1 
··.' 

¡ 
2 ap p 

',. 

·-
que ~e~keacntn l~ e.euae.i6n de. c.om~~eaibilidad paka ga6ca. 
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'• 

.... 
•'. •' 

.. :: ., · Ve.e .tllt.múto ¡¡ ( ..JE..) de ea ec.u.ac..i.dn {2.65), .6.i. .6e c.on&.i.de-
a.t z 

"·!-:.·. 

,lt.a la polt.oll.i.dad ~) c.Ómo u.na c.onlltan.te, lle .t.i.ene: 

a 1 ..L l. _a { ..L l ...lE.. 1 :E_...l!.+ 
at z · ap z at z 2 ap 

c.omo c. • _7 ___ 7_· ~ 

p z ·. ap 

ento n c. e.~ : 

" a { ..L l = " 
a.t z 

¡ 

7 

z 
...1E. • 

.at 

S.i. IJe .t.i.ene ~na d.i.6elt.enc..i.al total, •" de~.i.lt. qu.e· "p*" e4 6u.nc..i.6n-

· de "p" ::n.tonc.ell: 

.,. 
_2E_ • --'7'---

ap* ap* 1 ap 

o .6ea: 

...!!E_ = 7 
• 

7 

dp* dp*/dp pi ~z . 

po!t eo qu.e: 
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. ~ ) ., 
.. 

/ · .. 

" ~(-LJ " 
at z ··:. ': 

qu.e.dando M.natme.n.te. ta e.c.u.ac..i6n paiLa u.n ga-6 !Leal. en .t11.u 6olrmtt~ d.i 6!:. 

Ae.n.te-6: 

1 al o ( h ~ J + _a k y ~ J + ___a rkz ·~ J + 
al( "" ay aY az az 

1 4. 7 vol·. (.6c.6/d) ' (2. 70) !l • g~ ..2.R 
520 l( 5.615·. S. 6 1 5 at 

2a) a ( kx ..1.L J + --ª- ( k y ~ J + _..a. kz ~ J + 
:.x JX ay ay az az 

1 4. 7 q • vol. (H6/d) ·~ • ( __lE J (2.71) 
520 X 5.615 5.615 at ' 

3a) a ( /¿X ~ J -ª- 11y~ 
J + _a_ kz ~ J + -- + 

a>: ax ay ay az az 

1 4. 7 q • vot. (.6 r.ú/d) g _L_~ _L J 
J 

(2.72) 
520 X 5.615 5.675 at z 

Nl1 fA:, l.a cott6.idell.ac.<.6n de qu.e .e.a polr.o-6idad e-6 c.ott-6.tan.te.; u acepta--· 

~le d~bido a que la c.ompJte-6-<.bit.idad de ta 1r.oc.a e6 mu.c.ho meno11. qu.e ta 

c~mplr.C.Jiblt.idad del ga-6 .• 

. ... 
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,. 

2,6 fORMULArJON INTEGRAL OE UN PROBLEMA TRIFASICO. 

c.u.en.ta la.~> plt.op.<.edade.~> de c.adti. 6lu..<.do en palt.t.i.c.u.lalt.. P~t.oc.ed.<.ertdo en 
- . . . . . . . 

: 601t.ma .~>.i.m.i.lalt. a .e.a u.t.<.l..tzada palt.a dedu.c..<.lt. la Úu.ac..<.6rt ·de 6lu.jo monE_ 

Ace.<.te: 

V ( A 
\lo Bo 

Agua: 

V ( Kkrw A V<l> w . 1 A 

llw Bw 

Ga6: 

' 

. ', : 

Vb a ( $So 

5. 6 1 5 a t Bo i 

Vb 

5 • 6 1 5 

a 
at 

·.• ~ .. 

·~ 
Bw. 

V ( Kk,..g A Vo:> + Rs Kk,..oA V<l>o 
p, 1 A + llg .6tb/ d~· Vb ___]... 

llg Bg \lo Bo ·. 5. 6 1 5. d t 

U,a_ + 4> So Rs. 

Bg Bo 

' . . . 
donde .·: 

A~t.xóz, V •!J.X!J.tjt.z 

(2.731 

( 2. 7 41 

( 2 • 7 51 

Aderná.~> del f,tujo de cada 6a~e 6e t.<.enen la&· &.<.gu.<.ertte6· ec.uac..<.o

rte6· au.x.<..t.<.a~t.ea que c.Oit.lt.eapondelt a la plt.e&.<.6n ~ap.<.lalt., ec.uac..(.611 de -

'·. 

'''·. 
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~atu~aeidn y la~ eeuae~one~ del potene~al. 

- p • Po - Pw · !o-w 

- p • Pg - Po eg-o 

7 • So + Sw + Sg 

* Med.io mojado po~ agua, donde gene~almente Pg> p
0 

> Pw 

(2.76) 

(2.77) 

(2 • 7 8 ) 

Como ~e meneiono antvr.~o11.mente el eompo~tami·ento de la pltel>~dn

eapi.lalt, 1> e obtiene po~ medú del an.áli~ú petlto 6.lllieo llevado a ea 

bo en el labo11.ato~io. 

Pc~-o J-- s,.;, + Sor ,. 
' ' 

100 Sg 

R~lae~onel> de potencial. 

Sw 

52 

·'. 

: .. 



4>o ~ Po - 7 ....!!_Po V { 2. 79) 
744 9c 

4> ~ p - 7 ....!!_ Pw V •(2.80)· w w 
7 44 9c. 

4>g ~ p - _g_ Pg v. g. 
744 9c. (2.87) 

Con lo c.ual •e tendkdn 6 ec.uac.lonc.ó c.on 6 lnc.6gnltaa y pok ló

tanto el ólótema óekd c.ompatlble. Loó pakdmetkoó que ae deben de-.-

·2.1 CONVICIONES INICIALES Y CONV1CIONES VE FRONTERA 

¡,( 

; a). M Condlc.loneó lnlc.laleó. 

Cuando una de laó vaklableó lndependlenteó en una ec.uac.l6n dl6~: 

· kenc.lal pakc..ial e<1 el tlempo, • e nec.e<1.tta c.onoc.ek entke o:t!Laó · co<laó, 

la va!L.iable dependlente a un :tlempo. :t
0 

p·a!La ob:tene!L la ó olucl6n de-
•' ' 

la ecuac.lón a ot!Loa :tlempoó. A é.&:ta <1 e le llama c.ondlcl6n lnlc.lal. 

En almulac.l6n de yaclmlen:to<l, genekalmen:te ~a va!Llable depen~ -

diente eó !a p1Le<~.i6n. 

Palla de.te!Lmlna!L laa c.ondlc.loneó an:te!Llo!Le<l, l<~:taó <le de:te.ünlnan 

a :t!Lav~ó de un ejemplo lluó:tlla:tlvo. Vadaó laó p!Leóloneó del ac.el:te, 
,•, .. 

la óa:tukac.i6n de agua·y la .&a:tu!Lac.l6n de gaó. 

Se· = 7 - So - Sw· · 

' . 
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·.'. 

En la p~4ez~ea ~e debe p~oeede~ de la ~~guiente mane~a: 

1,- Conoee~ el ptano e~t~uetu~at y uz~atig~46ieo 

.2.- Conoce~ ta~ p~o6undidade~ de to~ eonzaeto~ (g-o,w-o 

, 3.- Exi~tencia y tamaño det acu~6e~o (~i e~ que exi~te) 

4.- P~opiedade~ pVT de to~ 6luido~ en 6unei6n de ta p~e&i6n 

5.- Cu~va~ de ·p~e~i6n eapita~ (p~ , p . ~g-o ew-o 
6.- Cu~va~ de pe~mabitidade~ ~etativa~. · 

h.rg = h.rg (S gl 

krw = krw (Swl 

kro = kro (Sw, Sg ) 

\ 
krg 

'. 

agua- aceite . aceite- gas 

En ta actualidad no' exúte un equipo e6ectivo pa~a detel[mina~: -

la& pe~meabil~dadc& ~eLativa6 de 3 6a~e6, to que &e hace e& ela6o~~~ 
' 

2 g~td6ica& utilizandc· 2 6luido& pa~a cada una .dg-o y w-o). 

,. 
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. ·. ~ ... 

' 7.- Como 11tti.mo dato a e llequ..tel!.e de6-in.i.ll. ta pil.e~.i.c5n en u.n ptano de -

•• -' 1 

;., 
An.tea de en.t11.a11. at an4t.ta.ta de 61Lon.te~aa, de6lnaae atgu.no~ .t€11.m.i. 

noa neceaa11..toa paila ~u. entend-im-iento. 

+ Tll.anam.ta.tv.tdad (T} 

La .tll.anamú.iv.tdad a e de6.(.ne como ta capac-idad de .tll.anam.t.t.ill., da

da poli. ta a.tgu..ten.te ecu.ac.t6n: 
. ' 

q ~ T p, 

de ta ecu.ac.t6n de Va11.cy 

q ~ - K A p 
ll L 

i,, 

entOncu 

T • K A 
\l L. 

b).- Cond.i.c.tonéa de 611.on.te11.a, 

' S.t ~e conoce ta p11.ea.t6n, y/o taa p11..i.me11.aa de11..i.vadaa eapac.ta.f.ea " 

de ta m.i.ama, en de.te11.m.i.nada~ 11.eg.tonea de u.n yac-im-iento paila .to~6 va

.f.oll. det .t-iempo, a la.taa ae tea conoce como cond.i.c.i.onea de 611.onte11.a. 

Laa 611.on.te11.aa aon llmi.tea det yac.i.mlen.to, qu.e pueden eatall. abie~ 
1 

.ta6 o ce11.11.adaa at 6.f.u.jo. be acu.e11.dd a loa pll.obtemaa qu.e ae p~e1entan 

en almu.lac.t6n de yac.i.m.i.en.toa, ae ~onalde11.an 61Lonte11.aa cell.ll.adaa.· 
i . . . 

Fll.on.tell.a ce11.11.ada. Fionte11.a call.actell.izad~.poll. ta inexla.tencla de 

6.f.u.jo. Su. cu.~tldad 6undamental eata dada po11.: 
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.. , ... i'·.:]L :F o 
'.a n 

• e o nd.i.c..i.o ne.-6 de. 61!.onte.11.a. de. p.11.u.l6ft. y/o g~6to6 c.on6 

., · .tan.te.i: i'·J 
.. ' ' '. :·.·:l .. :· . .l• l:' 

ñ • Ve.c..tol!. p vr.p e. nd.i. e u..t.a.11. a. .toda6 .t.a6 6 upe..ir.ÚÚe6 e.q u.i-. ···.·: 
,. ' . 

p o .te. n c. .<.a .t. u • ,· .. · .. •• ·~ l . 

' . 
¡, C6m·o c.el!.l!.al!. .t.a6 61!.on.te.l!.a.6 .. ? · · 

. -~ .. 

·. ·r 
Btf6.i.c.ame.n.te. e.xü.te.n 2 6ol!.ma6 de. c.el!.lt.a.Jt .t.a6 · 61!.onte.l!.a4 c.u.a.ndo 6 e. 

u..t.<.t.<.za u.na malta de. b.t.oque.6, y €6.ta6 6 on tal> 6-i.gu.i.e.n.te&: 

7) .-. Ev.i.tal!. e.t. 6.t.ujo a .tl!.a.v€.4 de toda .t.a pel!..i.6el!..i.a, ha.c.úndo .t.a6 ;... 

tl!.an6m.i.6.i.v.i.dade6 en d.i.c.ha pel!..i.6el!..ia. .i.gua..t. a c.e.l!.o, 

donde: 
T ... 
Y;,Nyt1•0· 

Nx • Namel!.o de b.t.oque6 e.n .t.a d.i.l!.ec.c..i.6n "x" 

N y • Núme.11.o de bloqu.e4 en· la d.i.l!.ec.c..i.6n "y"' 
'· 

'. 

2),- La ~>egunda ·6CJJ(,ma 4e puede. hac.e..'l. a .tlt.a.v€.4 de .extende.lt la malla 

a.g}[ega.ndo b(oque.4 v:ü.tu.ale.4 ex.te.!tno& a d.i.c.ha 6!ton.telt.a y hac.ie.ndo lo6-

po.tenc..i.ale4, pe'l.meabl.t.ldad~a, p}[e.4lone.6~ etc. de. cada bloque agltega.

do .i.guale6 a lv1.1 á el bf.uqtH' . .in.te.l!..io'l. .i.11med.i.ato adya.c.c.n.te, Ve .tal 6ol!.-

, mlt que "'' ""'la c..¡mb.ia de ·b-Loque a b{oque adya.c.e1tte y e.l 6lujo 6ea ·ce-

ll iJ • 

56 

..... ~._,.,.. ___ ... --· -· 



. ' ' 

. . ' 

. •' .. - .. •• ' ... . . ~ 

·j ,, ..•. . ,.. ~ .•. 

' ' .. 

·., .· . '.· 

¡ • ',' 

·, .. 

' ' ~- : .. .·· . .;. . ·' 

dec..i.Jr.: 

poli. lo tanto el 6.t,~~o.fo df. 1 a 1' u .igual a c.e11.o. 

La de6.i.c..i.enc..i.a de l4ta 4egunda 6oJr.ma e4 que 4e gene11.a una nueva-
. .. 

de (Nx) (Ny) a (Nx + 2) (Ny + 2) - 4 
,·' -~ 

'. . {Nx. + 2) (NIJ + 2) 4 •· 2(Ny +· Nx) + Nx Ny- Nx1Jy 
// / . 

poli. lo que 4 e agJr.egaii..Cá un nltmeJr.o c.on4.i.de~r.able de ·ec.uac..i.one4. 

POZOS lNYECTORES.O PRODUCTORES (tlJr.m.i.no 6uente) 

+ Pa11.a un modelo a11.eai 

S-i. el Jr..i..tmo de .i.nyeec..i.dn e4 dato, 4 e '.i.nc.luye c.omo tl1,m.i.no: 6uen.te 

{4um.i.deJr.o) en la ec.uac..i.6n !f 4e de.te11.mlnan la6 pll.e6.i.one6 y ~~tu11.ac..i.o--

ne4 c.omo en c.ualqu.i.ell. o.tll.o bloque. 

s.¿ 4e qu.i.ell.e deteJr.m.i.nall. el ga6.to en 6unc..i.dnde 6oll.mac..ione6 .se--

.tendll.4 qu.e 11.elac..i.ona11. la. p11.e.s.i.dn ·en el .6ondo c.on la p11.e.s.i.dn de 6ondo-
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·; 
; 

... - .. -.... 
6tiii/e.~do. :' -

.. : 
' . '¡ 

.,. : Pa.i.4: iui' modelo 
; . ;• 

' ve.Jt.t.i.ca.l (); .tüd.i.men~.i.onal. 
' !-:.. .. 

'· 
. ' ........ \ ,, 

_: .! .... -~--._-_;_~,.:.:t.;.:~;·:~~-:. 
•. _·_,.J se''debe d.iv.i.d.i.Jt el ga.Úo en.tlte la.~ ca.p~ "dúpa~~.ada~". Hay va.---

acueJtdo al pJtoduc.to h.h de. cada bloque. : ·.,; .. ' 
... • ' ... _,., .. 

POJr. ejemplo.- Pa.11.a. 3 bloque~ (capa~ y un ll.i..tmo de .i.nyecc:t611 dado! 

-- ... . ' 

.. ; ; . 

liT' 
. 't '· 

: h 
. 2.¡. 
'h 

1. 
,·, :· 

'· •, ... 

,. .,. 
K1 h1 

q1 " QT ' ,. K h1 
.,. 

K2 h • .,. K3 h3 1 2 

q K2 h2 
QT • . · 2 

K1 h1 .,. K h2 
.,. 

K3 h3 
; .2 ' . ~ 

o¡ '• 

'K h3 Q¡ q3 • 3 

K1 h1 
.,. 

K2 h2 
.,. 

K3 h3 

~e puede plte6 en.taír. el ca.! o de que Kx 1 Ky 1 Kz (an.i.<~o.tlt6pü. l . 

PaJta pltop6Ú.t~ de d.(. V .id .i.Jt l. o~ ga.<l.tO<I, <1 o lo <le .toma Kx y K y. 
... 

Po11. lo que <1 e puede ca.lcula.Jt "K" de d.i. 6 ellen.te<l 6o1tma.<1. 

·' 
7 • ~ 

.. 
PJtomed.i.o a.ll.i..tml.t.i.co 
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' ; ... 
1 ' .... 

. . ~ -~ ;_. 
' , .. ... , .... 

·'··.·. ,. 

K1 .. 1/'l ( Kx
1 + Ky1 

'l.- P1r.oined.io geom€.t1r..ic.o 

.. )Kx1 ' K Ky1 
1 

1 

2.a 

.. ; Kx; Ky2 
K1 

+ 
1 

2 

3.- P1r.omed.io alr.m6n.ic.ci 

.. 1 1 1 - = -- + 
K1 2 K x1 2Ky1 

Ejempto: ··. ... 

Vada K ( 150, 180, 1 o l, c.a.ec.u.ea~r. K1 
so.euc..i6n: 

' 

1 • - K
1 

" 1 1 'l (15 O + 1 8 O l " 1 6 5 

2. - K1 = .j 150 )( 180 = 164.32 

jusoJ 2 ' 
Kl + ( 1 8 o )2 .. 

2 

2. a.-

"•:' 

3. - K1 = 1 = 
1 · .. + 1 

2 )( 150 z )( 180 

Ejempto No. 2: K ( 150,15,10) 

so.euc..(.{on: 
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163.64 
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1 • -

1.• 

Kl • 1/2 (ISO 

Kl • .yho " 15 

K1 ·../.1150 }
2 + 

K " 1 

300 

2 

7 

+ 

+ 7 5 ) • 8 2. 5 

' ' .· 
e 4 7. 4 3 ... 

. ' 

(75)2
'· 106.6' .· 

·~ . 

. ·~· . 

30 
' .. , 

' . . 
a}.- Se puede ,ut.U.ú.ltlt. cuatqu.le!L noiLma cuando 4e .tiene anúotJr.opl.a;· '. 

b} .- A t!Lav€4 de e"pe~r..<.enc.<.aa ae ha 
con4.lde!Labtea, ea ILccomendabte 

dete~m.lnado qu.e en an.laot!Lop~aa-. ..... 
e.e. piLo medio i·eom€-tüc.o paiLa .ta - ·' 

pe!Lmeab.<.t.<.dad hoJt.lzontat det btoqu.e. 

2,8 REQUERIMIENTOS, VATOS GENERALES Y PREPARACTON VE UN SIMULADO~ 

'; .'. 

•1).- MapaJ bda.lc.oa Jtequ.eJt.ldoa: 

1.a.- Map¿ eat!Luclu.ltat.- Sl~r.vi palta dc.te1r.mlna1t ~·t~r.dvea de taa -

cu!Lvaa de n.luet, taa p1Lo6und.<.dadea de. toa pozoa, ~'ec.toa gc.ol6glc.oa

de aubaueto c.omo -6atlaa, aa~ c.omo la vlata en ptanta' del yac.lmlento~ 

l~mltea del mlam~, c.ontac.toa agua-aceite, gaa-ac.~lte y/o gaa-~gua, 

' . 
1. b.- M<q:l' de .ü.;·pc:caJ. .. · Lúteaa qu.e. unen puntoa en el y(lc..l.m.ü.nto· 

de. .¿guuL c.epeaoJt. Entlte ot~taa coaaA, alJtVe pa~a c~antl6icalt vot~~e-

t-'Llca~:.en.t.e ya 6 c.a e . .e. vo.fúmen o-~lg.í.nc:f. de acelte · r;/o voiúmen oJ¡..lg.lnal 

de ga.<l e~~. ,• .. 

, ... 
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.. :.. . .. -

.. 
.·.' • '¡ 

-.'~·.e.u <~ott lteóe~t-ido<~ a. utt platto. Po<!.te/f.-ioltmett.te <~e -it:tteltpola .en.t~r.e d.i.-
·,-·. •: ... . ' 

ch"o<! valo1te<1 pa/f.a a<l-igtta/f. un valoir. de polto<~-idad a cada celda. 

7 .d.- Mapa de üope/f.meab-il-idade<!_.·-. Igual al d,e úopolto!>-idade<~, -

ta d-i6eltenc-ia · en.tlte e.e..t.o<~ e<~ que en ·l.! .te ú.Lt.i.mo .<~e ut-iUzan. prur.meá.b{ 

-Udade<~. 
1 

2).- Sú.tema de c'uad~r.-icuta de la ma.t..ta. 

Un a.i.a.tema de cuad~r.Lcula o a-il>tema.de celda<~ ~<~ <~ob~r.epue¿,.to at --
.',. 

ptano e<~tltuctu~r.al del yacLmLen.to, <~-len do cada celda wza un.<.dad· bá<~-i

ca u!>ada en 'et <~-imutadO/f. de ólujo de ólu.i.do<~ y cátculo!> de balance -

de ma.te~r.-ia palta cada cetda. 

Atguno<~ punto<~ bá<~-ico<~ a con<~-idelta/f. en la <~etecc-i6n det •.&ü.tema-

de· cetda<~ e<~ e.e. <~-igu.ten.te: 

a).;-· Et <~-i<~.tema de ta malta en .toda <~u 6o1tma <~ e~r.á _~r.ec.tanguta~r.. 

b) ;- La niatla con.tend~r.á ta menoJL cantidad de btoquei como !>ea pb<~-i-~ 

bte,. ~ependLendo de la he.teJLogeneLdad del yaclmLen.to. '.'. 

e),- La malta !>e~Lá coJLJLe,c.tamente oJL-ientada, cta<~LÜ.cada .&egú.n 6u . .ta-

maño y ~ú 6oJLma pa1ta pe~r.m.{..t.{.JL .una buena apJLox-i,mac-i6n de ,Col> u:-
m.{..te.& de~ yac-im-ien.to. 

. ... 
dl .- S.i. ex.{.<~.te ·pe~r.meab.{.t-idad d.i.~r.ecc-ionat u oJL-ientada, un eje de ta ~ 

matta e.&taJLá .en ·la d-i~r.ecc.{.6n de máx.{.ma peJLmeab-itidad. VLcha pe~r. 
' -

meab.(.t.(.dad podltá 4e/f. deteJLm.inada pO/f. med.<.o de pltuebM de_ plte!>.i6n 

pltueba4 de put.&o, e.tc. 

e).~ T1ta.ta1t de cotoca~r.' un pozo poJL btoque y en e.e. cen.tlto del m.i!>mo. 

6)."'5.(. la e)\ü.teltcü de un acu.C6elto ca conoc-ida: o_6.<. el ólujo de--
' 

agua ea .•o~pechado, el 4-ia~ema de matla .i.nctu.{.ltá h.ile~r.aa ex.t~aa 

de cel~aa a cub~r.LJL et acu.C6e~r.o palta aLmula~ et ótujo del agua. 
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CAPITULO 3 

3. 7 

3.2 

3. 3 

3.4 

3. 4. 7 

3.4.1.1 

3.4.1.2 

3.4.2 

3. 4. 3 

3. S 

3. S. 7 

3. S , 2 

3;6 

C O N. T E N 1 V O 

METOVO VE VIFERENCIAS FINITAS 

In.tlloducc.i6n. 

Se1r..ie de Taylo!L. 

Se1r..ie de Me. Laull.in. 

•\ 

Apl.icac.i6n de la ae!L.ie de TayloiL a laa ecua~ 

c.ionea de 6lujo de 6lu.idoa. 

Se!L.ie de Taylo!L en una d.imen~.i6n. 

l'IL.imelr.a de1r..ivada •. 

Segdn~a de1r..ivada. 

Se1r..ie de Taylolr. en doa d.imena.ionea. 

Sc1r..ie de ~ayl~IL en tiLea d.imena.ion~j. 

M€.todo de Glr.eenapan. 

In.telr.valoa .igualea. 

1n.tellvaloa dea.igualea. 

Réaoluc.i6n poli. .tabla. 

·--
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1 ••• 

':. C A P 1 T V L O 3 
·· .. ·' 

•" 

~~~ I~TROVUCCIO~ 

Laa ecuaclonea que ~ep~eaentari et 6lujo de 6luldoa en mcrlioa )o-. 

~oaoa aon en gen~~at ~cuaclonea _dl6e~enclalea pa~clatea no linealea, 

taa cuatea ~etac.lonan cambloa de p~eai6n y aatu~acl6n con el tümpo-. .. . 

' ' ' 
a ·t~avta del medlo • . Ea ~a ecuaclonea .a on ext~emadamente complc.ja.s; y-

' .. 

la obtencló'n de una .~ olucló'n a e comp.(ica po~ la p~ea en el a de· c. o ndl--
·.:,.;. 

clone.~> de l.Cmlte (de 6~onte~a) eapc.cl.allzadaa. • .. ,, 
,, 

La aolucl6n de eaaa ecuaC:lonea po/ medloa antil'.ttlcoa, e~. gene~af 
mente lmpoalbte, excepto pa~a CM06 t~lvlalea. La'~olucl6n num€~lca

de ea aa .. e'cuac.lonea ea g ene~atmente el. ·'únlco camlno· pa~a que .una. i o tu 
. r, . . ··\··.,.· ··.. . . . : , .. -

cl6n pueda a e~ obtenlda in la mayo!t.CCÍ de laa ,apllcaclonea. PMa 'lte_--

aoive~ numt~lcamente e~.>taa eeuaclonea .6e p~ocede a:u<~a~ algu'no~ 'de·

toa'.mttodoa de aolucl6n, ent~e lba ~ualea ae encuent!tan loa ilgulen-

tea: .. .. 
\ . ' l 

a). 7. Mli..todoa de dl6e~te.nclaa 6l•tltaa. 
';'' 

1 ' .L·a · 6 otucló'n numt~lca de laa ecuac.tonea p~e• enta lteapuea.tqa a pu!:!_ 

to~ dú clr.etoa dent!to del alótema. La t~'a'na 6o~macl6n de una ec.uac,l6n

dl6e~tenclal (c.ontlnua) a una 6o~ma dlic~~ta .se hace po!t el uao de di 

6e~enclaa 6lnltaa. 

b) .- Nttodoa va!tlaclonalea. 

.. 
c~etoa, alno ademla ap!toxlman laa aoluclont~ po~ medio de u11 conjun-

to de poilnomio6· de dlve~606 gltadoa. 'D,ent~o de ·e~toa mcrtodo~ .6C. en--

cuent!ta el mt.todo de Gale!tkln. 
.:, ) . 
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. ' 

:~. 

ed~6ide4an 6lujo de·ealo4, e66ue4zoa gene4ado6 po4 eambioa·di tempe-. . . /':. ' 
' 4atu4a, etc . ·, 

·3.2 SERIE VE TAYLOR .. 

La ae4~e de Taylo4 ea el p4incip~o b~a~eo uaado en la de4~vae~ón 

de laa 6ó4mulaa. de ap4ox~maeUn en d~6Üeneiaa 6út~ta6. 

Se~ una 6uneión· 6(xl, .el valoA de e~~a 6anclón expandida al4ede~ 

do4 de un punto A eualqu~e4a, eatl dado po4: 

, .. 

. 6 (X l ( .. 'l 2 x-a 
'3. 

(x-al ··+ ...... ( 3 . 1 l 

··. 

•••.. a Ltt - · 
ll 

obtenc~ón·de eatoa vald4ea ae log4a deA~vando auc~a~vamente la:6un-- . 
.. ; 

F ,.'' 

. 6' 1 , 
. l ? 

(xl •.3.2.1a3 + 4.3.2á4 {x-al + 5.4.3a5 {x-al- + ...... 

· . .' '· 
/' (;<) • n a + 

n ' 
( n- 1 l a r.-1 ••••••••••••••••• b •••• 

··:· 

tendAln loa valoAea de loa coe~~ciente6 a. 
. 1 
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a o • 6 (X) 

.. 

,. 
al • á' (a) 

' ' 

1 ! 

a2 • ~ ' ' (a) 

2! ' ' 
., 

e 
' a3 • 6 ' ' '· (a) 6 ' ' ' (a) 

• 
3. 2 • 1 3! 

.... 
. . '· 

; .... ,' 

Su•tltuyendo en la eeuael6n (3-1) el valo4 de lo• eoe6lclente•-

6(x) = 6 (a) + 6 ' (a) 

1 ! 

+ _.t._'-'-( a'-'-)

n! 

(x-a)n 

··. 

(x-a) + 6'' (a) 
2! 

.. 

(x-a) 2 
+ 6''' (a) (X-a17: ... 

3 ! 

Pana obtene4 una ap4oxlmacl6n adecuada ivaluando el menoi nQme-

40 poalble de t~4mlno• de la aenle ea nece6a4Lo que, pana el en~al

·mo t~nmlno (x-a)n < n! (y/o que la erz~alma de4Lvada •ea pequeiia·). 

Pon lo tanto •L ae qulenen conalde~a4 un name~o ~educldo de t~~ 

mlno• ea nece•a~lo que (x-a)· •ea pequeña. 

3.3 ·sERIES VE MC. LAURIN 

' 

·.: . . --- .. 

. La 6e4Lc de tfc. Launln de una 6unci6n 6e gene~a expandiendo la-

mlama al~ededok del pu1tto a • O. 
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6 (xJ • 6 (o 1 + 6' (O 1 x + ~' ' (O 1 
. ) 

~ + 6'" (O) 

2 : 

n! ( 3. 3) 

Ejemplo: 

y = 6 ( lC 1 ~ Hn 7 8 • 

Evaluando ~a 6unel6n y •u• de4ivada• en el p••n~o a•O, y tomando 

en con•Lde4acldn que IB••on n/10 4adlane•: 

y = • en l( = o 

y' = e o• l( ~ 7 

lj ' ' = - • en X • o 

y''' = - e o• l( = - 7 
' 

y' 11' = • en X = o 
' 

y'"" = e o• l( = 

y' 1,,', = - •en X = o 
y, , , 1 , 1 ' = - d. o• X = - 7 

y, 1 ' , 1 , , , = • en X • o 

Entonce• 

. . 

6 r. n 1 7 o 1 ~ o + n + o -
1 o 6 7 2 o 

·:' 
¡ 

i' ·.· o - 7 

7 : 
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·: : ( ( n /1 O ) ~ O • 3 1 4 1 S 9 2 6 S - O • O O S 16 7 7 1 3 • O • O O O O 2 5O 2 

. : : .. {'' ( 11/1 o ' ~ o . 3 o 9 o 1 6 9 9 4 

"• 

3.4~ APL1CAC10N VE LA SERIE VE TAYLOR EN LA EVALUAC10N VE VERIVAVAS 

.· :: ~ 

Conaid(~eae eL inte~vaLo 0,1 dividiendo en R aubinte~valoa de 

Longitud x. 

En un punto cuaLquie~a ~. 
. . ·~ 

xi • i 6X, y obviamente 

R 

)( . + 
~ .• 

· X = X • - 1ix 
i-1 ~ 

-~·· 

: ' ~' 

La diatancia ent~e doa puntoa conaecutivo6 ea La "Vl~e~cncla 6i 

;nua x. 

En .eL m€todo de "Vl6e~enciaa Finita." La evaLuaci.6n de laa ~un

ci.onea, y aua de~lv~daa •~ e6ectaa aolamente ei Loa puntoa xi, 

¡_·g 0,1,2, ..... R. 

x-llx X 
! Llx ..... - ··~ 

; - 1 
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x+llx 
' llx i 

-~~ 

it1 X 
1 ' 

R= llx 



.· .. 
' ' 

x-tu~::~ i- 1 
., 

; ... 
. • 

· 3;4,1 SERIES VE TAYLOR EN'UNA VIMENSION 

Ut~t~zando ta notac~6n ante~~o~ ta~ expan~~one4 en ~e~~e de Tay

to~ pa~a una 6unc~6n 6 (x), en to~ punto~ xi+l y x1_1 ~e eac~~ben co 

mo: 

6 · . • 6 • + 6X _li_ + ( llX) 
2 

i+ 1 · ~ ax i · 2! 
( 6X 1 3 

+ 
i 3! 

+ 16x) n a"6 
1" 

n! ax" i 

(.!lX)2 IMJ 3 .a 36 
i 3! ax 3 

+ ( 6X l n 

n! i 

·· .. ': 

~.4.1.1 PRIMERA VERTVAVA 

ecu'ac~6n ( 3. 4) ui t€~m~noa de d~cha dÚúada: 
>' 

' . 

• 

"" i 

1 1 ,,21.'' n i+ 1- n ¡ _ ·~ .,-:.o_..n_ 
6X 2! al( 2 i 

,•, 68 

(llxl 2 a 36 

3 ! "" 3 

' 

+ ...... 
i 

( 3 ;.4 ) 

i 

( 3 • S ) 

, 
•.•.•• (3.6) . 

i 

.•. 



la eual t~ene un e~~o~ de t~uneam~ento de ~egundo o~den, 

i 

Qj+1 - 6;-1 + 0(6X2) 

2 llX 
(3.11) 

p_11.oee.d.ie.ndo en 6o11.ma anlfl.oga Ae. pueden obtene~ 66~mul.a.6 de mayo~ 

p~e.e'ú.i6n pa.~a. l.a p~.i.mell.a de~.i.va.da., expa.nd.i.endo l. a 6une.i.6n e11 .;t.'lo6-

~u~to.6 ee~eanoa al punto x, po~ ejemplo: 

' 

3.4.1.2 SEGUNVA VERIVAVA 

(2M) 2 

2! 

• 

· .. 
( 2 MI 3 

3 ! 

+ 
i 

(3.12l 

4 ! 

13.13) 

Una exp~eA.i.6n de la. 6egunda de~.i.vada. Ae obt.i.ene 6umando la6 ecua 

e.i.o n eA 1 3 • 4 ) y 1 3 • 5 ) 

6 .l. + 1 
+ 6 • 2 1 • + 1 6X.) 2 

i- 1 ~.l. 
( óX.) 4 

12 

en donde el tf~m.i.no del eii.ILOIL C6 de Aegundo o11.de•L 
¡ 

'.1, 
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'.,' 

1 

a2 6 
1 i ax 2 

''· 2 
+ ._e(t.x) 

• 
Lt1- 2:n¡ +61-1 

( t.x) 2 

) 
3.4.2 SERIE VE TAYLOR EN VOS V1MENS10NES 

L + •••• 
Óit1 -2~¡ +6i-1 

( lll( l 

( 3. 1 S l 

Pa~a !a obtenei6n de 66~mu!a& en di6e~eneia6 6inita6 que invo!u

e~en do6 dimen6.<.one6, .6 e· puede utiliza~ ta expana.<.6n de ta ~ e!Lte de

Tayto!L, en doa dimen6.<.one6: 

Ói±1,j±1 = ó . . + (~llx) ~li,j + (~t. Y l -ª.L li . j + 
~.J ay 

'· 
+ . 2 a26 

1 i. j 

a26 
1 i. j 

+ 2 a26 
1 i • j 

1-t.X) 
+ (tll)() (~t. y l + 

(-,;q l 
2 ! d)(2 axay 2 ! ayz 

+ ••••• (3.16) 

OtiLa atte!Lnat.<.va, gene!Latmente máa aene.<.tta 6e tog~a ut.<.tizando

la6 66~m~taa de una d.<.m~na.<.6n, haciendo va!Lia~ ta 6unci6n en una di

~cee¡6ti y mdnten.<.endo toa aublnd.<.ee6 de ta6 ot~a6 dineccione6 con6--

tante6, pon ejempto; ta.expan6.<.6n de ta 6unei6n ólx,yl en el punto -

(i+1,jtl 1 ae puede obtene~ po!L ejempto expandiendo p~imeno en la 

en ta d.<.~eeci611 ''x", manteniendo eon6tante6 toa lndiee~ de la dinee-

ei6n ''y", ejemplo: 

6 i + 1 • j + 1 = 6 i ,j t 1 

1 1 l 
(txl 3 _~ 
3: ' • 1 t 1 

( .¡ l 

• l·x ...2L.I 
ax 'i • j + 1 

( t.x l 2 
+ 

2 ! i. j +1 
( 2) 

+ •••••••• ( 3. 1 7 i 
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pandi4 nuevamente cada uno de loa tf4mino•· nume4adoa, manteniendo -

aho4a conatantea loa .Cnd.i.cea en la d.i.4ecc.i.6n "x" y va4.i.aJt ea~ {udi

cea en la d.i.4ecc.i..6n "y"; 

( 1 ) 
6i,j-t-1 

: 6. j + t.Y ~,i,j + 
( ll!f.) 2 a26 

1 i • j 
+ (3.18) 

1 • . 2! ay2 

( 2 ) 2L 
li,jTl 

= 2L 
1 i .. j 

+ fly a2n 
+ 

(ll1f)3 a 3 6 1 + .. 
· ax ax axay 3.! ax ay 2 i , j 

•••• o o ••••• (3.19) 

( 3) --;!- li,j+l 
= 

a 26 
1 i 'j 

+ fly 
a 3 6 . 

+ 
{ lllf J 3 a46 

+ • 
ax 2 ax 2 ay 2 ! ax 2a!¡ 2 i 'j 

• o •••••• o •• 1 3. 2 o J 

La expJtea.i.6n 6.i.nal ae obt.i.ene cuando lo6 .Cnd.i.ce6 de la 6unc.i.6n

y aua d:Jt.i.vada6 6on pJtlC.i.6amtnte {i,j), en e•te caao: 

+ (±lly)-.2.6. ay 

3.4.3 SERIE VE TAVLOR EN TRES DIMENSIONES 

+ • o o o o • o 
(.3.21) 

La expan6.i.6n de un·a 6unc.i.6n _en tJre-~ d.i.me.M.ione6 6e logJta en una 

6oJtma andloga a la anteJtioJt o med-ia1tte la expan~.i.6~ de la aeJtie de-
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Taulo~ en t~ca diAecc~uHr~ l,L,k: 
' -

ó -:~: 1 -. 1 k• 1 ~ ó- - k + (:_ ax a + MJ __ a_.: az 1 ,J-,- l,J, 
a l 6 _ _ k 

1 , J ' 
ax ay az 

1 (:_ 2 + I!.X a + I!.Y a + I!.Z 3 ) 6 - . k 
2! -- l,J.~ 

ax ay az 

+ 1 (:_ +. -;; I!.X __ a_ l'liJ __ a _ + I!.Z a ) 36. • k 
-- J.,], 

;;x ay az 

+ • • • • . . . . (3.22') 

3.5 METOVO VE GREENSPAN 

Eate mltodo ea dtil paka encontkak expkeaionea de cualquick deki-
' ·. 

vada en t€~mino6 de valoke6 de la 6unci6n, en loa punto6 cc~cano6 en

cueati6n. El m~todo conaiate en aaociak a cada uno de loa punto6 ae-

teccionadoa una conatante, la cual ae valua poalekiokmente. 

A continuaci6n ae pke6entan vaklo6 ejemplo6 paka llu6tkak la aplf 

caci6n del mltddo . 

. , 
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3.5.1 INTERVALOS IGUALES 

x-.:lx x. x t .:lx 

~-- . . ... .:.....¡..._ . -~ 

; - f j i+ i 

Ejemplo No. 1 

Eneont4a4 la exp4eai6n pa4a la p4ime4a de4ivada de la dunci6n u 

en tl4minoa de loa valo4ea de la 6unei6n en loa puntoa i,e, i + l. 

P.ROCEOIMIENTO. 

1) Aaigna4 laa eonatantea a loa puntoa L,e, i + l. 

a u 
1 i 

Clui+C2 [ u i + 6x ~~ { 6X) 2 a2 u 1) + = + et 

"" d )( i z! ax 2 

.. 

~ 
1 i = 

rc1 • c2 c2 
a u 

1 i • e 2 
{6'1.)2 ¡¡2u 

1 i ; et u i + Ól( 

h ox z ! J)(? 

3) Iguala4 cce5icientea pa4a obtene4 loa valo4ea de laa conatantea

U del e~4o4 de t4uneamiento. (lado izquie4do u lado de4eclto de la 

ecuaci6n). 
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\ 

el + c2 •0, t.:r.C2 • c1 c2 1 c2 • - : - --¡¡x • , 
~~ 

C;¡ (I\X.)2 <J? u 

Ji 
(t.xl' ;J i'u 

1 i 

.. 
+ et = o e = - c2 

z ! a x. 2. t 2 ! ax2 

e (t.X)2 a 2u ·¡ i 1\:r. a2u 

li e = -t~Jtmúw dei = = - --
t 

(H 2 , ax.2 2 ax.z t· 

eJtJtOI¡, 

4) Sub-6.tLtu.i.Jt .io-6 vatoJte-6 ob.ten.i.doó en ta ec.uac.{.6n en donde apaHz-

c.an .ia6 c.onó-Can-te&. 

a u 

a:r. 

a u 

a:r. 

1 

u. 
= - __ l_ + 

i 6X. 

u· u. 
i + 1 - 1 

= 
{,X. 

EJEMPLO No. 2 

u. 
1+1 

(lX. 

+ 

2 

0 ( 6X 1 

ExpJte&alt ta 6egunda deJt.i.vada m.i.x.ta de una 6unc.{.6n Cll t~~tmino6 -

de .f.o& va~oJte6 de ta 6une.i.6n en .f.o& punto6 .i. • 1, 

j • 1 • .{_ • 1 ' j - 1; .{_ - 1 j - 1 ; ,¿ - 1 ' j + 1 • , , 

r e c2 
3 

• o 

J ¿- 1 , j- 1 ¿ + 1 ' j - 1 

.0, 

.{ ' j 

e . 
• • 

i ' 1 • ¡' 1 
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,. 

le~ pa~o. Exp~e~a~ lo ante~~o~ matemát~camente: 

a2u 
( l>X) 

au · . 
au 1 

( Ól() ') :•7u 

li . j 
e C1 [ u. . + -;;-li,~ + (t>y) + 

axay 1 • 1 ay i , j 2 ! ;) )( 2 

a 2u (A!f)2 azu 3 a3u .. ( M) ( l>Y) + ( llx) 
+ 

axay i,j 2 ! ay z 
i • j 3! a x 3 

i • j 

3 (M) 2 
( ll!i 1 a 3u 3 ( l>X) ( l>!f 1 2 a 3u 

3 a3u + + + 
( llt¡l l .J 3 ! ax ~Y 3! ax ay 2 i . j 3! ay 3 

i,j • J 

e + (MI au 1 ( t.y) au 1 
( llx 1 2 a 2u li . j t [ u . . + 

2 1,] ax i • j .. ay i , j 2 ! ax 2 

( {ll( 1 ( llY ) 
a 2u 

1 i • j 

(ll¡¡)2 a 2u (llx) 3 a 3u 

1 i • j 

- --"-- + 
ax ay 2 ! ag 2 

i • j 3! ax 3 

. 2 
( ~) a 3u 3 ( [lX) ( fll.f. ) 2 a3u ( 6![ 1 3 -$-i] 3 ( t>X) 

+ 
3 ! axzay 3 ! axayz 3 ! . . 

i • j i 'j l • J 

• e 3 - ·(M) au 1 ( lly 1 au 1 
· ( 6X) 2 a2u 

1 i 'j 
[ u. . t 

1,] 
2 ! a x z a x i , j a y i , j 

? 3 a 3u 
( 6y) a 2u ( 6![ 1 éJ2u ( f, )( 1 - ( ,:, )( 1 

ll 'j 
+ 

axay 2 ! ay 2 3 ! . ax3 
i , j i • j 

( 6![ 1 2 a 3u 
3 

~] 
o ( :.u 1 :, lu 3 ( Ó)( 1 ( f.ll 1 3(~x)· 

'! ; X ;• -J lj 3 ! ;¡X ;;ti ( 3! 1 
: i • J i ~ j i'' j 

., 
• e [ u . . - ¡ :.x 1 

lt .. ' i 
:)U 1 --. 
. ·X i -i 

• J 

+ (!11J) :.u 1 
·•1} 1,; 

( /. )( 1 -• 
2 ! 

- ! t.xl ! ¿IJ¡ ·:xt:~u -j:,. + ( : !11 2 1 .3: .. "-
2 : 1' i ' : 

( 1 J 
t' :a 1 ' \ 

1 

3 : J~ ' 1' • 



.... 

3lllx) 2 l6y) 
3! 

a 2u 
e U i 

0 
j 

axay 

+ ~¡ 
ax. . i , j 

{ 

a2u + { 
axay 

i 'j 

lll 

1 e 
1 

+ e 2 + e 3 + e.
4

J + au 1 
ax i. j 

! 

1 3) 

a2u 6!{ 1 e 1- c2- e 3 +e 4 ! } + 
ax 2 

141 

1 6X l 1 6!f l 1 e
1
-e 2+e 3-e 4l} 

12) 

{6x 

{ 

+ 

i • j 

12 l 

+ l6y)3 
3 ! 

lel+e2-·e3-e4)} 

lll 
2 

le 1+e 2+C3+e 4 l} (,~x l 
2 ! 

11 l 
2 

¡e 1+ e 2+ e 3+ e 4¡} a2u { ( 6!!) 
ay2 2 

13) 

' 

+ 
a3u { l6x l 3 

1 e1 + e2- e3- e4¡ } + a 3 tt { l6xl 2 
[ lll/ l 1 e1- er e3 + e4l} 3 ax i • j 3! .ax 2 ay 2 ! 

+ 
2 ax a!f 

13) 

i • j 

( Cl- e2- C3+ C4)} 

{ 

+ e 
t 

¡ 

+ 
3 ( ¡,!!) 

3 ! 

Igualando lo~ coe6lcientea de loa t(~mlnoa an~logoa en amboa ladoa 

de la ecuaci6n, ae tiene: 

( 2 ) 
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Ct-C2 1-C3+e~·O (3) 

t:;x. Ay(e 1 -C 2 +e 3 -e
4

) = 1 (4) 

- Sumando ( 1) y ( 2) 

2e
1

+2e
2

=0 

donde e 1 

Sumando 

+ e • o 
2 

(2) + (3) 

2 e - 2 e 
1 3 

= o 

lo que pOIL e = e 
1 3 

- Sumando ( 1 ) + ( 3) 

2e 1 +2e 4 =0 

po11. lo que e1 = - e
4 

- Su6t~tuyendo en (4) 

polf. !o qu.e 

1 
4 e1 = ·--

• e 3 = 
4t:.x.t.tj 

IJ e 4 
4 (J.X f:.lj 

= -

Su.at~tu.t¡endo en la eeuae~611 ~n~e~a! y lf.ed~c~endo tt11.mina~: 

Ui+l,i+l -. Ui+l, l-1 + U.i-l,:j-1 _ Ui-l,j+l 
+ 0. ( L )( ~ fl ) 

4 LX. :..1} 
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1 

3.5.2 INTERVALOS DESIGUALES 

f.--- ··- á x . ____ ..4- _ 8x ·--~ 

i- i\ i + 1 

Ot~a ap!ieaei6n de la~ ~e~ie~ de Tay!o~ e6 pa~a inte~valo6 de~i

gu.a!e~. 

EJEMPLO No. 3 

E~p~e~a~ la p~ime~a de~ivada de la 6u.nei6n ''u." en el punto"i"en

té~mino6 de lo~ va!o~e~ de la 6unei6n en lo~ punto~ "i + 1", "i- 1" 

1 n6te~ e que t.X :¡: 6~). 
'· . 

E~p~e~ando e! p~ob!ema en 6o~ma matemática 

e~pandii!.ndo la 6unei6n "u" po~ medio de la~ ~e~ie~ de Taylo!t, vatua--

da e1t !o6 punto-~> "i + 1." , "i - 1" 

e 1 [ 
( t.x) 2 ~~ 2u 3 a 3u. ·¡·¡·] 21 11~ ~¡ L 

( {:X ) 
= u. - + ax l ax i 2! ax 2 3! d~ 3 

+ e2 u. 
l 

2 o ' 

e 3 [ au 1 ( óX ) (J~U. li ( '.X ) " .; 3u 
1.· .. ·] + u. + óX + + 

l ax 1 2: ax 2 3! ax 3 l . 

+ et 
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·' 

' iiU 

1 
. r {' 1 1 e:!+ e:¡ ) 

i ax 
u . , 

' 

+ e . 
t 

2 
(e1 (AX) + 

2 

Igualando !o6 eoe6ieiente6 de !oh tl4mino6 anáiogo6 en ambo6 !a

do6 de !a eeuaei6n: '. 

el + e 2 
+ e 3 • o ( 1 ) 

e3 Ól( - el f:¡l( = ( 2 J 

e~· ( óX:} 
2 

+ e3 (óx:}2 = o ( 3 J 

2 2 
' 

Ve la eeuaei~n (1} 

e z = - e 1 - e3 ( 4 J 

Ve !a eeuaei6n ( 3 J : 

el =-e ( Ól( J 2 ( 5 J . 3 
( Ól( J 2 

Suhtituyendo ( 5 J en ( 4 J 

e 2 • e3 ( 6x} 2 
- e 3 ( 6 J 

( ux J 2 

Su6.t.:t.tuLJendo ( 5) ell ( 2) 

" e 
3 

.sx + c
3
(6x)' óX = 1 ( 7.} 

( ÓX) 
2 

Ve6pejando c3 
., 

e3 [ t. X .~x + ( 6X) • ) = 

i>X 

RO 



Con~~cu~nt~m~nt~ 

e ~ 
3 

lj 
- ó X 

n6t~~~ qu~ pa~a ~! ca~o en qu~ AX = óx, !a~ con6tante6 6e 6~mp!~6~can 

a: 

e = 
1 

, e = 
3 

1J !a 66~mu!a pa~a !a ·p~~me~a d~~~vada pa~a e! ca~o de ~nte~va!o6 un~-

6o~m~6 6e e6c~~be como: 

u.
1

-U.+II.
1 l+ 1 l-

= 

i 

po~ !o tanto !a 66~mu!a bu~cada 6e exp~~6a como: 

i 

3.6 RESOLUC10N POR TABLA (F6~mu!a~ de B~ck!ey) 

En la~> ecuac~one6 (3.4.1.1) y (3.4.1.2) ~e obtuv.ie~on ta~ ap.\oü

mac~one.~ de !a p~~me~a y 6egunda de~~vada. En aquello~ ca~o6 en que

ae deaee ~nc~ementa~ el g~ada de a~~ox~mac~6n (d~6m~nu~~ el tl~m~no

del c~-\o.\) a e deben u.~a~ má~ puntea. U manejo de un maiJO~ núme~o de 



,. 

té~mino6 y expan6ione6 en ~e~ie~ de Taylo~. inc~ementa la po~ibitidad 

de e~~o~e~ algeb~aico6, 

Pa4a obvia~ la6 po~lbilidade~ de e~~o~. Bicktey compil6 una tabla 

con ~o~ coe6lclente6 de la 664mula 6~gulente: 

m 

= 2: 
í=O 

X=Xn 

Aj • coe6lclente~ dado~ en la tabla 6igulente 

h = llx· 

k = o4den de la de~ivada 

(3. 23) 

m = núme~o de punto~ que ~e de6ea u6a~ en la -ap~oxlmacl6n, meno6 uno 

n = núme4o del)unto en el que evalua la de4lvada 

6 ( x j l = 6uncl6n evaluada en cada punto. 

EJEMPLO·No, 4 

Obtene~ una ap~oxlmacl6n en la p4lme~a de~lvada, en el punto l, -

u~ando 3 punto~ po4 medio de la tabla de Bickley. 

(:.X 

j t f 

o 1 

_ ll X ___ _, 

' 

i.,. 2 

2 

N6te~e· que lo-6 punto-!> en cue~tl6n ~e nume~an de úqule11.da a de u-

cita comenzando con ce11.o. Ao.í.,el punto ".i.." le co11.11.e~ponde el ce11.o, p.l-

punto ".i + 1 " el núme11.o uno lJ al punto "i + 2" el númell.o do~> . 

Poli. lo tanto elt et.te callo el o11.den de la de~lvada el p~lmeJto k·!. 
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1 

~EL ~ato~ de fm" e• "2" ~f que ea iguaL aL name'o de 
~! ' 

u6a• (3) mena6 uno. Finalmerl~e, t/a que 6c rleóea cvalua' 
.r• 
' en eL punto "i" "n" e6 ce~o; 

ApLicando La ~6~muta : 

~ 1 ! 

dx. 

de La tabLa 1 

pun.to6 a- -
'11 

Ca rlnivada 

Con Loó dato6 de P*ime~a de~ivada (k • 7), m • 2 y n =O le ob

tienen toa valo~e• de toa coe~icientea A
0

, A1, A2 y el tl,mino det

e~~o~. 

A = - 3, A - 4 
o 1 

A = 
2 

1 

3 

Suatituyendo eatoa vato~ea en La eeuaei6n ae tiene: 

_Éj¡_. 

dx. " • X.i 
= 

1 

3 
( 6X.) 3 

y en la notacl6n o~iglnal la ~6kmula paka la pkimeka de,lvada ae ex 

_Éj¡_ 

dx. 

Nota.: 

ta4 
dx. 

-3 6i + 4 ~i+1- 6i+2 

2t.x. 

; 

+ -- ( úX.) 
6 

del tl~mlno del ek,Ok ae evalua. en el lntekva.l~ 
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e~ dc.ci, " 1 :S~ :S". 2,11c• ~c. cvatutt l'll .i. 
\ .... 

EJEMPLO .No. 5 

Obtene~ .una e"p~e~~6n pa~a ta ~egunda de~~vada de 6 evaluada en

el punto x • x i u-Ulüa.ndo 6 punto~ . ( x i = 2 ) 

A~~gnando p~~me~o et o~den a. to~ punto~ 

o 1 2 3 4 5 

•. 0 

~-2 ~-1 ~+1 ~+2 ~+3 

eva.tua.ndo toa pa~imet~oa k, m y n: 

k • 2 

··. 

11 • 2 

Ve ta tabta de Bicktey ae obt~ene: 

;¡26 2! [A 6 +A 6 +A 6 +A 6 +A 6 +A 6 + e ) • 
a¡¡2 l(•l(. 2 5! ( llx) 2 O O 1 1 2 2 3 3 4 4 5 S t 

~-

e = (6X) 6 d66 
t 1'80 dl(6 1 ~ 

2 ! ( - S 6 + 8 O 6 - 1 S O 6 + 8 O 6 - 56 + O + _!_ { A 'l.) 
6 

o 1 2 3 4 180 S! lt,:d 2 
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i~ ] . 

S.impl:<.6.ica.ndo: 

+ 1 

10800 

Obal~veae que puede da~ae el caao que uno mla de toa coe6ic.ientea 

6e.a ce.~o. fato qu.le.~e de.c.i~ que pa~a. exp~eaa.~ la de.~ivada. e1t cueat.i.ón, 

no e.a nece.aa~.i.o el va.lo~ de. La 6unción en todoa toa puntea del .i.nte.~

va.to. Ademda obae~ue que la auma de. toa coe6.ic.ientea de la 66~muLa de 

Bickte.y ea ce~o. 

1 
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COEnlCIEI\TS FUH lllt'Ff.HE:\1 h T 111' 

. <flf(•l k: Dilf.,..ntlat1on Fonnula: ·· ·
1

, . ..,{;!: A;.l(z¡) 
1 1 ,.,j '"·' .. 

riRST DERIVATIVE (lr.l) TIIIRD DERIVA11VE (k·3) 

• j .... .... .... "• .t. J., h' Error j .l-. .l¡ ..¡, .d, .Ai . .A, h'Erro 

Three Point (m•2) 
H Four Point (m•8) 

H r 

o ·l 4 -1 l/l o -1 l -l 1 -1/4 
1 -1 o 1 ·l/b •'• Ul 1 -1 ' -l 1 -l/12 hc 1(t) 

2 1 ~ l l/l 2 -1 ) -l 1 l/12 
l ·-· l -l 1 l/4 

Four Point (m-8) Five Point (••·4). o -11 18 -'1 2 -l/4 ., 1 -2 _, 
b -1 . 1/12 • (4) o -10 lb -48 28 ~ 7¡24 

2 1 ~ ) 2 -1¡12• • 1 ~ 20 -24 12 -2 l/24 
) -2 9 -18 11 l/4 2 -2 ~ o ~ 2 -l/24 b' ,h) 

) 2 -12 24 -20 b 1/24 

Five Point (m • 4) 4 b -2& 48 -lb 10 7/24 

o -~o 9b -72 )2 ~ 1/5 Six Point (m•5) 
1 -b -20 lb ·-12 2 -l/20 
2 2 -lb o lb -2 lJ)O~:~'tUl. o -8! 3!!J -~90 490 -205 )~ -~/lb 

) -2 12 -lb 20 b -1/20 1 -)~ 125 -170 110 -l~ 5 -1¡48 
4 b -)2 72 -9b 50 1/5 2 -~ -~ 50 -70 )1 -5 l/4é .•,u• 

) ' -ll 70 -~o 5 1 -I/" 

Six Point (m·5) 4 -1 l! -110 170 -121 ll 1¡48 
5 -)5 205 ~90 590 -)55 85 5/lb 

o -274 bOO -1>00 400 -150 24 -1/b 
1 -24 -1)0 240 -120 40 -b 1/)D 
2 b -60 -40 120 -)0. 4· -l/60~:~ •,u, 
) ~ )0 -120 40 bO -b lfbO 
4 b -40 120 -240 1)0 24 -1/)0 FOl'RTH DERIVATI\'E (lo-4) 
S -24 ISO -400 &00 ~o o 274 . l¡b 

SECII:'iU U!:IUVATIVE (lr•2) j A u .l¡ ,, .. {, .l. A,¡ ~Error • 
k! 

• J .A u ••• ,, •••• A, ..-t-., h• Error Five Point (m•4) 
¡¡ o 1 ~ b ~ 1 -1/12 •'•'" 

Thr"" Point (rn·2) 1 1 -4 b ~ 1 -112' 
o 1 ·2 1 -112 •'•m 2 1 -4 b -4 1 -1/144 •• , .. , 

- -1/24 b •• " 1 ) 1 -4 b -4 1 l/24 .•1•' 
1 -2 1 4 1 ~ b ~ 1 1/12 

2 1 .¡ 1/2 1:1' ,,, 
Six Point (m·5) 

Four Point (11••SJ o IS -70 1)0 -120 SS -10 17/144 
1 10 ~S 80 -70 lO -5 1/144 

o b ·15 11 ·l ll/24 2 1 -20 lO -20 1 o -l¡lUb•tt•l 

1 ) -b ) o -l/24 • "' ) o S -20 lO -20 S -1/144 
2 o ) -b l -l/24• • .· 4 -s lO -70 80 ~~ 10 l/144 
) -l 12 -1S b 11/24 . 5 -10 15 -120 llO -70 15 17/144 

Five Poinl (m ·-4) 

o ll -104 114 -lb 11 -5/12 •• •"' 
1 11 -20 b 4 -1 1/24 
2 -1 lo -)0 lb -1 1/lSOb•,uJ t'lnll llEiti\'ATI\"E (l ;¡¡ 

l -1 4 b ·20 11 -1/24 •'•"' ~Error • 
4 11 -lb 114 -104 l5 5/12 j .. In A, A:.' .b .l, .l.-. 

Rix Point (m 5) Six Point (m 5) 

o 221 -770 1070 ·780 lOI -10 lll/lb~ o -1 1 -10 10 -~ 1 -1¡48 

1 10 ·71 ·20 70 ·-)0 1 -1lf)b0 1 -1 1 -10 10 -1 1 ·1/80 

2 ·1 80 -110 80 -1 o 1¡180 b., h) 2 ·1 1 -10 10 -1 1 -l/240 •,c•l 

' o ·1 80 -1!10 80 ·1 1¡1 BO ) ·1 1 ·10 10 -5 1 I/2•C' 

• ' ·lO 70 -10 ··71 50 ·1 l/lbO • ·1 1 -10 10 ·5 1 1160 . 

5 -;~ ]05 -780 1070 ·770 225, ll7/lb0 5 ·1 5 -10 10 ·5 1 }/48 

Compil<·d rrom 11". G. Hid;lry, l'ormuloe ror numerical differentiation, ~1oth. G;u.. 2S, 19-27, 19~1 (wiLh permission). 

TABLA I 
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CAPITULO 4 

4. 1 

4. 2 

4 • 3 

4 • 3 • 1 

4. 3. 2 

4 • 3. 3 

C O ·N T E N I V (1 

SOLUCION VE ECUACIONES DIFERENCIALES PARCIALES POR EL 

METOVO VE DIFERENCIAS FINITAS 

1ntJtoduc.c..i.6n. 

·ctaa.i.6.i.c.ac..i.6n de laa ecuac.lonea di6eJteltC.lale6 

pa.Jtc..i.ale.6 • 

Eaq~e.ma6 de. 6oluc.l6n de laa ec.uac.i.onea de 

6lujo. 

E6que.ma expllc..i.to. 
··. 

E6 quema mixto. 

E6 quema .i.mpUc.tto. 

; 
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C A P 1 T U L O 4 

SOLUCION DE ECUACIONES DIFERENCIALES EN DERIVADAS PARCIALES POR EL METODO DE DIFERENCIAS 

FINITAS. 

4.1 INTROOUCCION 

Lat. ec.uac..ionea ob.ten.idaa palLa ia a.imuiac..i6n de yac..im.ülttoa aon ge

ne.ILa!men.te ec.uac..ionea d.i6eJLe'nc..ialu en deJL.ivadaa paJLc..ialea no l.inealu 

palLa taa c.uatea, aatvo en algunali exc.epc..ionea, no ae han enc.ontJtado ao 

tuc..ionea anatl.tic.aa. Po.IL ea.ta JLaz6n ea nec.eaa~io util.izaJL m~todo.6 nu-

méJL.ic.oa palLa llegaJL a una aoluc..i6n. 

An.teJt.ioJLmente H p.ILeHn.taJLon taa baúa del M€t.odo de Di6eJtenc.iaa 

F.in.i.taa que ea la téc.n.ic.a mda c.omunmen.te utilizada paiLa eate tipo de 
··. 

p.ILobiemaa. AhoJLa ae p.ILeaentaJLd una bJLeve c.laa.i&.ic.ac.l6n de laa ec.uac.lo 

nea .di6eJLenc.ialea en dc.JL.ivadaa ·paJLc..ialea, algunaa c.onaldeJtac.lonea ao- 1 
bJLe la 6oJLma de c.zpand.iJL el lado deJLec.ho de laa ec.uaclone.6 de 6lujo 

(el .téJLmino de ac.umulac.~6n) y toa dlve.ILaoa p.ILoc.edlmlentoa p.1Lopue.6toa 

palLa .ILeHlue.IL laa ec.uac.ünea de &lujo de 6luldoa a tJtav€..6 de médloa 

pJLoc.e.6oa. 

4.2 CLASIFICACION DE LAS ECUACIONES DIFERENCIALES EN DERIVADAS PARCIALES. 

En geneltal taa -ec.uac.lonea di6eJLenc.Lale.6 en deJLLvadaa pa!tc.lalea pue

den ae.IL c.laal6ic.adaa c.omo ellptic.aa, paltab6LLc.a.6, h.ipeJtb6Llc.aa o rniz.taa. 

Cada una de eataa c.taaea pueden ae.IL l-ineal o no L-ineal. La mayoJLia de . . . ' 

laa ec.uac.lonea JLeaultantea de p.1Loblema6 plt~c.tic.aa de a.imulacl6n· aon ec.ua 

c.lonea no Llnealea, ea dec.LJt, loa c.oe6~c.lentea de laa deJLlvadaa palt-
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-c.i.alu 4on óunc.i.onú .tanto de. la4 vall..i.able.4 de.pe.nd.i.e.nte.a como de. --
' . . i ; 

taa vrÚ.i.abtÚ · .i.nde.pe.nd.i.e.n.te.4 . ' 

Poll. 'ü.ta Jtazón, y e.n e.ape.c.i.al taa e.cuac.i.oiie.-6 ll.e.4uttan.te.4 en pil.o-

ble.ma4. de. ólujo e.n do6 o .tll.ea 6a6e4 pueden 4ell. muy d.i.6lc~le4 de cla-
.. 

4.i.6.i.call., ya que. ade.m~6 de. la4 no t.i.neatidade.-6 de. la6 e.cuac.i.one~. e.4-

ta6 apall.e.ce.n como 4i4te.ma4 de. e.cuacione.4 y no como una 4o~a ecuación. 

Una ecuación d.i.6e.ll.e.nc.i.al paJtcial de. 4e.gundo oll.de.n ea una ecua- -

c.i.ón que. contiene. de.ll.ivada4 haata de. ae.gundo oil.den y m~a de una va-

Jtiabte .i.nde.pe.ndle.nte.. La óoll.ma m~4 genell.al de una ecuación dió~ll.e.n-

ciat pall.clal de. 4e.gundo oll.de.n con do4 vaJtiable.4 inde.pe.ndie.1t.te.4 e.4: 

A (¡¡,y)· a2u 
+ B (¡¡,y) a2u e (¡¡,y) a2u 6 (¡¡,y,u ~~~ + = 

""2 
, 

o¡¡oy ay2 d¡¡ dy 

. . . . . ( 4 • 1 l 

e.n donde. "x." e. "y" • on lM vall.iable.-6 inde.pe.ndie.nte.-6 IJ "u.ll e. a !a va--

ll..i.able. de.pe.nd.i.en.te. Noil.malmente. "x'' e. "y" .6e. ll.e6iell.en a poaic~6n pe.

il.O e.n ~ll.oble.maa e.n lo6 que una de. la• vall.iable.-6 4ea e.l .tiempo "y", -

•e' puede. ll.e.óe.ll..i.ll. a .t.i.e.mp~. Si lo4 coe.6ic.i.e.n.te4 A, B 1J e 4on 6uncio-

ne.a dn.i.came.n.te. de. laa vall..i.able.6 lnde.pe.nd.i.e.n.te.a, aon cona.tan.te.6 b 6on 

cell.o, La ecuació~'e.• tl~e.al. E4.ta ecuación ea no lineal 4l cualqu.i.e

ll.a A, B o e ea 6unci6n de la vall.labCe depe.ndle.n.te.. Poll. e.je.mplo la -

ecuación (4.2) ea llneal. 

" o a ~ )+ ~ ...1.L l + (Qsthl ¡¡,y,t = 

"" ay 

. . . .. . . . ( 4 • 2 ) 
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V La eeuaei6n (4.3) ea no Lineal. 

a 
ax 

~_E_2E__¡ + 
IJ Z ax 

(Qstb XJJ,t 
lllt lly 

a 
at 

( J!_ ,¡ 
z 

..E_ ) • 
e • ~ • T 

1 4. 3) 

La eeuaei6n (4.1)ae ela4i6iea4i eomo ellptiea, pa4ab6Liea o hl--
2 pe4b6liea dependiendo del valo4 del diae4lminante B - 4AC, pa4a un-

punto dado (x,y) 

ai B 2 4AC < o EUptlea (4.4) 

ai B 2 - 4AC = ··. o Pa4ab6llea ( 4 • 5) 

al B 2 4AC > o llipe4b6Uea (4.6) 

' Eata delimitaei6n involue4a que La eeuael6n pueda eambla4 de - -

' elaal6ieael6n dependiendo de loa valo4e6 de "x" e "y" bajo conalde4a 

cl6n (valo4ea de loa coe6leientea A y 8). 

= 

La eeuacl6n ~ 2 u a2 u ellptlea, (e cuac.C:6n .. + o ~a alemp4e = 
a x2 a y2 

de Laplace) 

IJ La eeuaci6n a 2 u a u ea alemp4e pa4ab6lica, (ecua-
• --

a x2 Cl at c.<.6n de onda) 
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··. 

( 7-y l + h. + ( 7+y l e O 

cuyo d~ac~~m~nante ea: 

V = (2x) 2 - 4 ( 1 - Y) ( 1 + Y) 

V " 4x 2 - 4 ( 1 - y~) 

V " 4x 2 - 4 + 4y2 

V " )(2 + y 2 -

e4 eUptica deitüo de! .c.C~c.u!o l( 2 + 2 Y e 7 (ejempto: dü c~~m~nan-

te negat~vo),h~pe~bó!.<.ca 6ue~a de! cücu!o(ejemp!o düc~~m.i.nante po

a.i.t~vo) y pa~abó!.<.ca en 1!a 6~onte~a. (ejemplo: d.i.ac.~.<.m.<.nante c.e-o). 

Loa p~ob!emaa en .e.~a que e! a.<.gno del d.i.ac~.i.m.i.nante depende de -
.1 

la ao!uc.i.ón pueden p~ea~nta~ d.<.6.<.cu!tadea eapec.i.a!ea ya que e! t.i.po

de ec.uac..i.ón gob.i.e~na e! ndme~o y !a natu~a.teza de .taa c.ond.i.c..i.onea 

.i.n.<.c..i.a!ca y 1 o de 6~onte~;a. · 

Ea dec..i.~, un p~ob!ema c.omptejo puede ten~~ en un c..i.e~to ~ango 

una ao!uc..<.ón dn.<.c.·a y b.i.en dete~m.<.nada m.<.ent~a6 que en o:t~o ~ango la6 
¡ 

aoluc.ione6 pueden 11e~ md!tip!ea y no dete~m.i.nadaa o adn 110 exia:t.i.~. 

S.(n c.mba~go .taa ecuac..ionea netamente e.t.Cp:t.<.c.a~, pa~aból.i.c.aa o h.i. 
. -

pe~bó-l..(c.aa a e man:t.<.enen c.omo tal ea, ·.i.ndependün:tc.men;te de !a~ d.imen-

6.i.onea y det aia:tema' de c.ooJtdenada.~ que ae c.ona.ideJte. A~:>.C, polt c.jem-

plo, !a~:> ec.uac.i.onc.a 

:;2p 
+ 

¡¡2p 
+ 

•. )2 p 1 .lE_ = 
"". 2 a y 2 o z 2 1) a t 
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4.3 ESQUEMAS VE SOLUCION VE lAS ECUACIONES VE FLUJO 

La óo~mulaci6n de un e~quema adecuado de ~olueión a la~ eeuaeio· 

ne~ dióe~enciale~ pa~ciale~ e~ de 6uma impo~tancia ya que de ll de-

penden la e~tabilidad .Y p~eci6ión de la~ 6olucione~. En gene~at ~e · 

puede deci~ que en.t~e má~ impllcito 6ea el e6quema de ~olueión, 4e.

log~a~á una mayo~· e6.ta- bi!idad, y H pod~tÍn u.tilüM út.te~valo6 de.-.. 

-

quema.mayo~ 4e~cf el g~ado de di6icul.tad pa~a ~e~olve~lo lo ava11Za~-

la 6oluei6n del .tlempo .tal .tiempo .t+ó.t). 

quema ~l.mple que ·pellmi.ta in.te~r.valoa de .tlempo pequeiio6 y llcquülla 

poco tíempo de edmpu.to pa~a avanzalr. la 6olueión y un e6quema muy CO! 

plic~do que 6ea e~.table a~n pa~a in.te~valo~ de .tiempo g~andc6 pe~o -

Ve.te~minante en la 6o~mulaei6n de e~to6 e~quema6 ea et nivel de

tiempo al cual toa tl~minoa de ólujo, o aea la6 de~lvadaa earaciate•, 

ae tvaldan. T~e~ de loa caquemaa máa comunmentt utilizado• •~n el e~ 

quema expllcltu, el caquema mlx.to Y. el eaquema impllei.to. Su .tiuat~~ 

cló11 ac ha~á mediante la ecuación aimpli6leada de ólujo mono6áaieo: 

h 

uB 
¡ 

14. 1) 
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la cuaL 6e apnoxima en di~enenclaa 6initaa como: 

-p. 1 
1-

= 

• • 

( ntl p. 
1 

n -p. 
1 

( 4. 8) 

en donde, Tx ea La t~anamlaividad ent~e Laa ceLdaa y Vbi ea eL voLú

men tDtaL del bloque i. 

4.3.1 ESQUEMA EXPLICITO. 

En eate eaquema, lai p~ealonea y tnanamlaividadea de loa t!~mi~

noa de ~lujo ae evaLuan al nivel de tiempo conocido "n". 

Po~ eata ~az61t eJ.. .. el e.aquema máa· -~>encllLo. Su exp~ea.i6n eu di~e

~enclaa 6lnitaa ae eac~lbe como: 

-p~ 
1 l - Tx~-1/2 (p~ n 

-p. 1 
1-

( ntl p. 
1 

-p~ J 
1 

( 4. 9 J 

nt1 Como en eate eaquema la única lnc6gnita ea p. , pa~a avanza~-
1. 

la aoluci6n 4e "n" a "n + 1" lo que ae nequiene ea aplica~ la ecua--

cl6n (.4.9) a cada uno de loa puntoa de la malla. Po~ au aenclllez ea 

te eaquema p~eaenta llmitacionea 6ue~tea de eatabilldad lo que lmpl~ 

ca tcnc' que uaa' inte~valoa pequeijoa de tiempo al avanza~ la ~olu-

c.i6n. E~ta ll»1ltacl6n ha~e que 6u apllcacl6~ aea lmp~áctlca e11 la ma 

yo~(a de lr~ p~oblimaa de 6.imulacl6n. 

4.3.2 ESOUE~IA MIXTO. 

¡ 
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E6te e6 el e6quema que 6e utiliza con mayo~ 6~ecuencia y con6i6~ 

te en evalua~ la6 p~uionu al nivel nuevo de. tiempo "n + 1",mie.n-

t~a6 que la6 t~an6mi6ividade6 6e e.valuan al nivel de. tiempo conocido 

"n". A6.l, la e.cuacion en di6e~encia& 6inita& 6e e.~p~e.6a como: 

nen 

-p~-t-1 
J. 

) _ T n ( ·n-t-1 n-t-1 
"i-1/2 pi -pi-1 l = 

. . . . . . (4.10) 

Pa~a cada celda pa~a la que. 6e e&c~lbe la ecuaci6n (4.10) ~e tie 

aho~a t~e.6 inc6gnlta& p~+ 1 p~+ 1 p~+i po~ lo tanto pa~a avan-
J.-1 , l , J.'-t-1 

la 6otucl6n del tiempo "n" at tiempo "n + 1" 6e ~equieiLe e.&c!Llbi~ 

ta6 e.cuaclone& pa~a toda& la6 celda6 y po&te.ILio~me.nte. ~e.~olve.IL un --

6l6te.ma de e.cuacione.& alge.b~aica6 line.ale.6. 

E6te. t.ipo de. e.<~que.ma 6e utiliza c,on l.xito en &imulado~e.l> a11.e.ale.6 

y t~idlme.Mionale.6 en lo& cuale.6, en • ge.ne.~al, no 6 e dan c.amblo& b!Lu& 
' 

co<~ de plte&ione& y/o &atu~aclone.6 de un inte.Jtvalo de. tiempo al ot~to. 

Sin e.mbango pueden p~e.6e.ntalt &e.ILia6 timitacione& de. e.&tabilldad y 

coMecuentemente ne.que!Li'lt inte.Jtvalo6 de. tiempo muy pequeño& en &lmu

tado~e& de 6lujo conve~gente. tale& como 6lmulado~te& de. conl6lcac.i6n

y atguno6 &imutadolte6 de &ecci.one6 t~tan&ve.lt6ale&~ 

E& de mucha impo~ta~cla la 6o~ma en que 6e manejan lo& té1Lmino6-

6uente. en e&te e6quema; e&peclalmente. en mode.lo6 t~tidime.n&lonale& y

de. 6ecc.i.one& .t~aMve.Male.& en donde ·e.xi&te.n pozo& te~minado& e11 va--

1tlM capM. Una 6o1Lmulac.l6n inadecuada de lo& téiLmlno& 6uentc pucde

di&minuilt la e&tabiliddd del modeld y JteducliL en mucho el mdximo in-
' ' 

c1teme11.to de tlempo (6t) pe~mi&iblc ~alta obte.nelt ~e&ultado& acepta- -
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4,!,!. ESQUEMA ZMPLZCZTO. 

E~.te. uque.ma con~ü.te. e.n e.va!uall tanto la~ plte.~.ione~ comu iaa -

t/f.an~m.i~.iv.idade.~ al nuevo n.ive.l de. .t.ie.mpo "n + 1" quedando la ccua-

ci6n en d.i6e.lle.nc.ia~ 6.in.i.ta& como: 

rl(n-tl ( n+l 
i+1/2 pi+l 

n+l -p. 
J. 

.1 _ Tl(n+1 
'." i-1/2 

( 
n+l n+l 

p. -p. 1 
J. J.-

= ( 
n+ 1 n 

1
. 

p. -P. 
J. J. 

(4.11} 

Nuevamente, al e.&clt.ib.ilt la ecuac.i6n palla cada ·..celda lM .inc6gn.i-

.ta& lle~ul.tan.te.~ ~on pn+l n+ 1 ' n+ 1 l .t .t ava11za• -i-1 , Pi ~ Pi-tl , polt o an o palla ,. 

la 6 oluci6n hay que ea CIL.i:b.ilt ·.ea~ ecuacione& palla .toda& la~ celda~. -

El ~.i~.tema lle.~ult~nte no puede. evalua/f.&e d.illectamente. ya que lo& co~ 

6.ic.iente& h~~~ 12dependen de plte&.i.one& al n-ivel "n ;·· 1", o H'a que -

&e. .tiene un ~.<.&tema de ecuac.ionea no~l.ineale&. La &oluci6n ~e loglta

med.iante .t€cn.ica& .iteltatlvaa .talea como la de Newton-Raph&on extendi 

da al ca~o de va~tiable.a mQl.tiple&. 

Po/f. e&.ta 1taz6n el e&quema .lJTipl.Cc.ito e~ el que involuc/f.a mayO/f. e~ 

6ue~tzo de ¿6mpu.to pall~ avanza/f. la &oluci6n de un n.ive! a otilo (t/f.e~

o, cuatJr.o vecea mayO/f. que el ·eaquema m.ixto} ~.in emba~r.go eata 6o.'!.mula

c.i6n peJr.mite. utll.iza/f. .incJr.ementoa de t.iempo mucho mayoJr.e& que el ea-. 

PaiLa 6lujo multl6ia.ico, !aa t(cnlcaa de. aoluc.i6n utilizada~ noJr.-

11lalmeítte. combinan loa do~ úet.imoa e&quemaa ,plr.e&en;tadoa. 

La 6ig~lta adjunti p~teaenta.u1ta compa~taci6n eaquemitica de lo& -

t/f.ea el~uema~ en !a cual loa ~lJr.culra Jr.epJr.eaentan loa puntoa en toa-. 

cuatea ~e evaluan laa plteaio•te¿ y lo& t~tllngulo~ toa punto& e~ donde 
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ESQUEMA EXPLICITO. 

i 1 
1 1 n+ 1 
. 1 P1 

_.¡_ ___ -· -------$--- -- ·--- ' 
. l . . ·¡ 

' : n 
tP. 

1 . ·-0 

1 

.1 n 
;P. 
$' 

n 
T •i-1/2 

n 1 

Tllitl/2 1 

i-1 

ESQUEMA MIXTO, 
'· 

1 nt 1 
¡ P¡-1 

<D 

!. (). 
n 

n+l 
1 P. 

9' 
l 

. n 
p . 

. 1 

9- (). 
n 

' T .o- 1/2 i T•i+l/2 
1 

i- 1 

ESQUEMA IMPLICITO. 

ntl 
P,_l 

O· D. 
n+l 

n+l 
P¡ 

.. --Q·· 

T•i-1/2 

i- 1 

p" 
o' 

1 
it 1 

J n+l 
1 pi+l 

-G--

~- -·· 

i+l 

i+ 1 
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NIVEL VE TIEMPO 
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-- -----------------····. 

Ve acue~do a La di6CU6i6n anle~io~. Laa ecuacionea en dL6e

Aenciaa 'inila6 p~e6entadaa en Laa aeccionea p~eviaa pueden 6e~ 

A~aue!~aa utilizando doa p4ocedimientoa di6e4entea pa~a p~oble

maa muLt.(6á6ico6: 

EL p4ime~ p4ocedimiento ea impL~cito en p~e6i6n y expL~cito 

en aatu4aci6n · (IMPES) y eL aegundo ea impL~cito en p~eai6n y .1a 

tu~aci6n (IMPIS). , ; 

En La mayo4~a de Loa eatudioa de yacimiento• ae puede utiLf 

za4 ventajoaamente.eL p~ocedimiento IMPES, ain emba4qo, en p~o

blemaa talea como coni,lcaci6n en donde ae utilizan celdaa muu

pequeiiaa ce4ca deL pozo ea neceaa~io uaa~ un p~ocedimiento 

IMPIS o una de aua va~iacionea. 

En p4obLemaa monoM.a.i.coa La p~eai6n en Uquidoa, o eL pote!!_ 

ciaL 4eaL ~eL ga6 pa4a gaaea aon Laa únicaa va~iablea dependie!!_ 

tea y ea conveniente calcula4Laa impllcitamente. Po~ cato pa~a

p~oblemaa mono6áaicoa no hay Limitacionea en el tamaño del in-

te~va~o de tiempo a utiLiza4, en cuanto a eatablLidad ae ~e6ie

~e. 
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CAPITULO 5 

5. 1 

5. 2 

S. 3 

S, 3, 1 

5,3.1.1 

S. 3, 2 

S.3.2.7 

S.3.2.2 

S.3.2.3 

S.3.2.4 

S.4 

S, S 

S. 6 

S. 7 

5. 8 

5. 9 

C O N T E N J V O 

SOLUCION VE SISTEMAS VE ECUACIONES ALGEBRAICAS. 

I n.tJI.O duc.c..:ón. 
' 

P~obtema~ en una dlmen~~6n. 

M €-todo düec.to. 

M€todo de et~m~nac.~6n de Gau~~. 

M€todo~ ite~ativo~. 

M€todo de Jac.ob~. 

M€todo de Gau~~- Se~det. 

M €todo de ~ ob~e~eliijac.Hn puntual ~ u.c.e~-iva. 

C~ite~-io~ de c.onve~genc.ia. 

Ejemplo en do~ d~men~ione~. 

A~~eglo~ c.a~ac.te~l~tleo~ ~e~ultante~ de 

6lujo mono6á~ico. 

Algo~~tmo de Thoma~ pa~a u.n ~~~tema de ec.u.a

c.-Lo 11e~ t~id~ag o na le~ • 

Flujo poc.o comp~e~ible, ho~~zontal en do~ 

d.imen<l~one~. 

E~qu.ema6 de ~olu.c..i6n. 

Con~~6tenc.ia, c.dnve~genc.~a y e~tab.il.idad. 



C A P I T U L O 5 

SOLUCION VE SISTEMAS VE ECUACIONES ALGEBRAICAS. 

5.1 INTROVUCCION. 

El objet~vo de e6ta 6eee~ón e4 p~e6enta~ mane~a6 de ~e6oive~ la6 
1 

eeuaeione& de p~e6ión, la6 euale6 6o~man un &~6tema i~neai de eeua--

c~one& &~muitanea&. Vicha& ecuacione& pueden &e~ e4c~~ta& con la&¡

guiente natación mat~ic~ai: 

A p • b 15 • 1 1 

La ecuación (5.7) puedt &e~ LLamada ecuac¡ón vecto~¡aL o ecua-

c.i.ón matll..i.c~aL y ll.epll.e6 enta un núme~o de ecuacü ne& L~neaie& &.imu.t.ta 

nea6, debido a que Laa ecuacione6 &on .t.ineaLe6, poll. que .t.a mat~-iz A 

contiene 4 ato coe6~c~ente& que 6on con&tante&. El. vecto~ "p" ~eplte-

&enta La& .i.ncógn~ta& de plte&¡ón en todo& l.o& punto& de.t. &~&terna con

&idell.ado. 

La &olución dt La ecuación de p~e&~ón puede·&ell. en todo ca6o muy 

&impLe o muy compLeja, dependiendo del·p~oblema 61&-ico. Cuando .t.a 60 

L~c~ón ea ll.eLat~vamente 64c-iL, como en el ca6o de p1!.oblema6 de una -

dimen&ión y mucho4 pll.obLema& de do6 d~men6ione6, la &o.t.uc~ón de La -
' ' 

ecuación de pll.e&~ón con4tituye 6olo una 61!.acción del tiempo total --

comFutac-i6n y del C06to de la 4¡mulac~6n del yacim-iento. En pltoble-,. 
ma$ d~6lc.i.Lea como aLguno6 de do6 y la mayo~la de t1te6 4-imen~-ione6,

el e~6ue~¡.zo 'eque~tido pall.a ll.e6oLvell. la ecuación de plte6-ión tiene un-
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mayoJr. 6.ign.i.6.i.ca.do e.n Jr.e.l.ac.i.6n a..f. Jr.e.6to de..f. pJr.ob.f.e.ma. de. .f.a 6.i.mu.f.a.c.i6n 

de..f. ya.c.i.m.i.e.nto. 

Ex.i.ate un ndme.Jr.o de. t€cnlca.6 pa.Jr.a. Jr.e.aolve.Jr. La. e.cua.cl6n (5.7), .f.a 

mayoJr. pa~r.te. de. €ataa e.atan oJr.le.ntada.a hacla. p~r.ob.f.e.maa. de. do a dlme.n--

6lone.6 pue.ato que. eatoa ocuJr.Jr.en ma.a 6Jr.ecuentemente en almu.f.a.c.i.6n de-

ya.clm.i.entoa. A contlnua.c.i.6n ae expl.i.ca. un ndmeJr.o de t€cnlca.a de aol~ a 
1 . 

cl6n cominmente uaada.a pa.Jr.~ la. almula.cl6n de yac.i.mlentoa. 

\ 

5.2 PROBLEMAS EN UNA.VIMENSION. 

Pa.Jr.a. e.f. pJr.oblema. de una. d.i.mena.i.6n, ae puede ae~r. m~a eapeclfi.i.co -

ace.Jr.ca. de la. .i.nteJr.pJr.etacl6n de la ecua.cl6n vectoJr.lal A p = b. Pa.Jr.a. -

plr.lnclpla.Jr. con6~d€Jr.e6e el algulente dlagJr.a.ma eaquem~tlco [Flg. SI 

(t uaa.ndo un ndme~r.o de ce.f.da.a Nx la.a cua.lea ~e encuentJr.a.n numeJr.a.da.a de

lzquleJr.da. a..de~r.echa.. Cua.lquleJr. ce.f.da. puede ae11. ~r.e6e~tlda. a. la. ce.f.da. -

"l" con el p~r.op6alto de eacJr.lblJr. una ecua.cl6n gene~r.a.l. Ve la. ecua.- -

c.i.6n de a.i.mulaci6n de· ya.clmlentoa, ae aa.be que u~a. ecua.cl6n eac~r.lta.

paJr.a. .f.a. celda. "l" lnvolucJr.a. ta.mbl€n loa va..f.oJr.ea de la.a doa celda.a -

cont.i.nua.a pJr.6xlma.a, dea de ,la.a cua.lea puede ocuJr.Jr.i.Jr. el 6lujo de 6lu.i.-

doa. Una. ecua.c.i.6n pa.Jr.a. La celda. ".i.'' p11.eaenta el a.i.gu.i.ente a.apecto: 

a..p.
1

+b.p,+c.p. =d. 
l ~- ~ • J ~+1 ~ 

[ 5 • 2 1 

Pa.~r.a .f.a. ce.f.da le 1, aolamente una. celda. eata p11.6x.i.ma., y eato 11.~-. . ' 

pteaenta. la. coo¡d.i.c.i.6n ~lm.i.te de no 6lujo en el 6lnal de la celda.. 

{ 5 • 3 1 
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FIG. 5.1y5.2 

la a 200 mV 

ll ~ 1 cp . ' 

A 200 o 2 • p-<.e-6 

pl a 600 lb/pg 2 

2 ' p • lOO lb/pg 
7 

Se tiene un·aiatema line~l. medio homoglneo, hay un pozo inyec

to~ en la celda 1 y un pozo p~oducto~ en la celda 7. 

SOLUC10N: 

Loa gaato-6 ae pueden calcula~ con La ecuaci6n de Va~cy 

q • 62.61 bl-6/dla. 

(0.2) (1.127) (200) )( 

( 1 • o ) 
(600-100) 

(360) 

En eate caao pa~ticula~ Laa p~caionea .6e pueden calcula~ en una-

6o~ma muy aencilla.:~~naidc~ando que ae t~ata de un ai•tema llnfaL,-

la p~eai6n va~la en 6o~ma LineaL pa~a cada c~Lda y eL g~adieRte 

pe~ma11ece conatante e11 eC aiatema, ar. puede hacelt una g~c!6ica de 1: -

v~ p toma1tdo e11 c~enta loa datoa p1Lopoltcionado6, de ~aL mane~a que

paiLa cada dütancia ·H pueda tene~ utt vaLoiL de plt"e6i6n . 

. : ' 
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-; 

600 

. ~ '' 

500 
..,.. 

"' 01 qoo 
Q, 

' .Q 

300 

Q, 

200 

100 

o 

. ' . ~ ·-
• 
' ' ' 1 p = 433.3 . 1 . - .f . - 3 
1 ·1 ; 

_J __ ... L_,_t_ ____ p
4
= 35o 

i i 1 1 
l 1 1 1 p = 266.6 -·¡- -.¡.-- +--·r--- 5 

' 1 1 l 1 1 1 1 1 1 
-1 ·- -- ·t -·- -,-·- -- ·-· t·. 

1 ; 1 ; 1 1 

~ _ _ 1 _ ·- L __ _J__ _ :_ 
1 1 1 1 1 
1 1 1 1 
•· 

1 

p = 100 
7 

60 IZO 180 240 300 360 420 

x( pies) 

Ot~a 6o~ma de ~e~o!ve~ e! p~ob!ema e~ ut~!~zando !a 6o~mu!aci6n 

en d~6e~enc~a~ 6~n~ta~. E~c~~b~endo !a ecuac~6n gene~a! pa~a cada 

nodo en e! cua! no ae conoce !a p~e~i6n, ae .t~ene !o a~guien.te: 

pi-1 - 2 pj_ + pit1 

( ~X) 2 

¡ 

+ 
\J B o 

--------[q a.tb]: O 
kx {Vo!. de! nodo ~) 

~ u~t~tu!fendo !o a . va!o~ea co~~ea pond-ientca en !a ecuaci6n an.te~-í.o~: 

pi-1 - 2 P.i + pitl 

( 60) 2 
+ 

( 1 • o ) ( 1 • o ) 1 q 6 tb 1 d) i • o 
(0.2) (1.127) {200x60) 

,( 

' 

donde pa~a (q atb/d)
1 

•. 62.61, (q a.tb/d) 7 •-62.67. Loa gaa.toa aon

iguale•· en va!o~ ab~o!uto deb~do a que e! 6!ujo ea incomp~eail•le -

po~ lo que ~e d~ee que e! gaato que ~e inyecta (+) ea igual al gaa-
. . 

.te que ae p1toduee (-). En !aa ce!daa 2,3,'4,5,6 e"ia.te 6lujco peJto no 

l1ay ~ue1t.tea ni aum~de~oa poJt !o tanto: 
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(q ./ltb/d!i-2 3 4 ·s s = 
. - 11 ' , '· 

O¡ ta.-6 .i.nc6gn-ita..6 ./>On l.M pi=2,3,4,5,6' 

palla. l. o cual. ./le t..<. ene que u e ll..i. b ..<. IL l. a. ecua.c..i.6n en dl6ellenc.i.a..6 palla..-

ca. da. uno de lo./> nodo./> en donde no ./le conoce l. a. piLU..i.6n. Pa.!ta. e./l to ./le 
. '' . 

t..i.e!le l. o .6 .i.g u..<. ente: .. 

Nodo 

..<.·2 P1 2p2 .,. 
P3 + o + o + o + o • o .r .. 

..<.·3 o + P2 2p3 + p4 + o + o + o = o ., 

..<.·4 o + o .,. 
P3 2p4 + Ps + o + o =· o 

..<...S o + o ·+ o .,. p4 2ps + Ps + o = o 

..(. = "6 o . .,. o + o + o + Ps 2p6 + P7 = o 
··. 

pM ando .f. a¿, plle./l.i.one./l co noc..i.dM a.l. ta.do dellecho de l.a.-6 ecua.c.i.one-6 

- 2p2 + P3 + o .,. o + o • - 600 
' 

P2 - 2p3 + P4 + o + o o 
' 

o ,+ P3 2p4 + Ps + o = o 
·'· 

o + o + p4 2Ps + Ps = o 

o + o + o + Ps 2p6 = - lOO 

Eatc alateMa. de,ecuaclonea t..i.neate• ae puede e6cll..i.b..i.ll en nota.--

.... 

) 
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o o o -600 • 
p2 

·o -2 o 
..... 

b p3 

o -2 1 o p4 = o 

o o 1 Ps .O 

o o o 1 -2 p6 -100 

'¡ 

El aJt.Jt.egio de !o~> co e 6úün.tel> puede l>eJt. U amado ma.tJt..i.z de coe-

6 .i.c .i.e n .t e .6 (A ) , e! ÚJt.egto de tal> p!t.el>.i.onel> p ( l> ) como vec.toJt. de .i.n-
.... 

c6gn.i..tal> (p) lj e! aJt.Jt.egto de co e M c.i.c 11 te& de! iado deJt.echl' de ta -
iguatdad como tado deJt.echo (V). La ecuac.i.6n vec.toJt..i.ai de.e. ttJt.Jt.eglo -

u ta l>igu.i.en.te: 

.... 
'· A p = V 

pJt.emut.t.i.pi.i.cando a ta ecuac.i.6n vec.toJt..i.tti polt. ia .i.nveJt.&a de A, con -

el objeto de .teneJt. e.e. uec.toJt. de .i.nc6gnl.tal> en 6unc.i.6n de (A- 11 y (V) 

A - 1 A p = A - 1 V -1 
p= A V 

.. · ... 
E.ó.te l>ll>.tema podJt.á Jt.el>olveJt.l>e polt. lnveJt.al6n ma.tJt..i.cial ~olamente 

1 
a.í. el> po&.i.ble ob.teneJt. la .i.nveJtl>.i.6n de. A (A - 1¡ en o.tJt.a& palab.~a~ a6-

1 

lo l>.i. de.t,¡o. 

PaJt.a ~.i.a.temaa peque~oa ea Jt.ela.t.i.va~en.te aenclilo ob.teneJt. la .i.n

veJt.aa de la ma.tJt..i.z· de coe6.i.c.i.en.tel>, pelLo paJt.a l>ll>.temaa gJt.andea pue-
' 

de aeJt. 1•en.tajoao u~.i.l.i.zttJt. ed la aoluc.i6n mé.todoa .i.teJt.a.t.i.voa. 

i .t . Una .i.LultJt.ttci6n de loa m~.todoa mtta crmunea ae pJt.eaen.ta a•c011 •.nua--

c.i.6n. 

5.3.7 METOVO VIRECTO. 
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Antu de pJte~ entaJt el. mi.todo d.i.Jtec.to ~e Jtec.oJtdaltl! el. teOJtema 6un- · 

damental. de equ.<.val.ene.tti, el. c.ual. e<1 l.a baH palla el. de~ aJtJtoUo ~e l.a 

el..<.m.<.nac..<.6n de GauH. E~.te teoJtema <le expiLe<la de la <1.i.gu.<.en.te · 6oJtma: 

s.¿ en un ~.i.<l.tema de ec.uac..<.one~ ~e ~u~.t.<..tuye una de ell.a<l po!L una c.om

b.<.nac..i.6n l.i.neal de la~ ec.uac..<.onea del <l.i.~.tema, <le.ob.t.<.ene un nuevo--

•.<.•.tema que e~ equ.<.valen.te al an.teJL.i.oJL. 

" 
5.3.1.1 METOVO VE EL1M1NAC10N VE GAUSS. 

E<1.te m~.todo e4 un m~.todo exac..to paiLa JteaolveiL ~.<.~.tema<1 l..i.neal.e4,

el c.ual b4<~.i.c.amen.te c.on<1.i.<1.te en 4.i.a.tema.t.<.zaJL.el. .teo!Lema 6undamen.tal.

de equ.<.val.enc..<.a. 

El. m~.todo c.ona.<.~.te en apl.i.c.a!L a una ma.tJL.i.z ampl.i.ada (l.a c.ual. •e 
·. 

60ILma c.on la ma.tJt.i.z de c.oe6.i.c..<.en.te<l y el lado de~tec.ho de la ec.uac..<.6n-

ve.c..to!L.i.al. (S. 4 l, un númeJto d,.e.teJLm.i.nado de opeJLac..<.onea, la~ c.uaie<l -

<Ion tl.amadaa ope!Lac..<.one~ etemen.tale<l <1ob1Le toa Jtenglone<l de una ma- -

.tJt.i.z, c.on el 6.i.n de ob.teneJL un <1.i.<1.tema equ.<.val.en.te al an.teJL.<.oJL en don 

de <1e pueden ob.teneJt·~ac..<.lmen.te la<l .<.nc.6gn.<..taa. 

Tomando el <l.i.a.tema oJt.<.g.<.nal, el obje.t.<.vo ea .t!Lan<~6oJtma!L a lama-

tJLiz de c.oe6.<.c..<.en.te<l A, en una ma.tJL.i.z .tJLid.i.agonal aupeiL.i.OIL • 

• 
-2 o o o p2 -600 

o -2 o o p 3 o 

o - 2 o p4 = o 

o o 1 -2 1 p S o 

o o o -2 pE - 1 o o 
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-

6oJr.mando la matJr..iz ampl.iada, ~e obt.iene: 

-2 o o o -600 

o -2 1 o o o 

o 1 -2 . 1 . o o 

o o 1 -2 . o 

o o o -2 - 1 o o 

-2 o o o 
l. 

-600 

1 
o -3/2 .1 o .o 1 -300 

1 

o 1 -2 .1 o 1 o 1 ! mult.ipUque et plt..imelt. · 
1 

o o 1 ~2 
.1 
1 o Jt.engÜn polt. 1/2 y ~úmeH 

1 at 6egundo Jt.engt6n. 
o o o 2 1 -100 

1 

-2 o o o -600 

o -3/2 o o -300 2! mult.i.pUque et agundo 

o o -4/3 o -200 Jt.engt6n polt. 213 y 6úme6e 

al teJt.c.eJt.o. 
o o -2 o 

¡ 

o o o 2 - 1 o o 



~2 1 o o o -600 
.. 

.· o -3/2 1 o O . -300 4! muU.ipl.i.que e! cua11..to 
.. 

llenfll.6n 4/5 6úmeH o o -4/3 1 .o -200 pOli. 11 

al. qu.in.to. 
·o o o -5/4 1 -ISO 

o o o o -6!5 -220 
¡ 

Poli. !o que p 6 = - ( 2~ 0 1 {SI • 183.33i.b/pg~6u6.t.i.tuyendo e6.te val.o11. en 
- 6 

e! cua11..to 11.engl.6n 

·' 
- 5/4 p 5 + p 6 = - 150 

.. p = (-150 - 183.331 (4) • 266 .61 !&/PG2 
5 -5 

y a !a vez 6u6.t.i.tuyendo p en e! 3ell 11.engi6n 
5 

- 4/3 p • - 200 - 266.61. 
4 

. ; 

ah olla· p 4 en e! 2 do 11.~ngl.6n 

p = 3 5o l.b 1 pg 2 
4 

) 
- 3/2 p 3 = - 300 -350 

p 3 = 433.33 l.b/pg 2 

y poli. úl..t.imo, 6u6.t.i.tuyendo p en e! le11. 11.engl.6n 
•. . 3 

·~ 2 p = - 600- 433.33 
2 

p 2 • 516.61 l.b/pg 2 
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~t· . 

obten~endo4e ta 4~gu~ente di6t~ibuc~6n de p~eaionea: 
,; 

·.,? .. 

p¡~-. 600 p4l, p 2 • 516.67 pa~. p3 = 433.33 pai, p 4 • 350 pai, p5 • 
' ... 

266.67 p 6 • 183.33 pal y p
1 

= 100 pal. 

'· ., 

q•62.6 q•O q•O q•O q•O q•O q• -62.6 ._ .. ___ 
1 ··-.. 2-· --0-;-

3 . -*¡¡ ·---4·· 
~ 

- ..... _ ... 
6 ---<>7 

p•600 P' ~16.6 P' 433.3 1"350 p•266.6 P' 183.3 P' 100 

; 

.. q(bl/dia), p(lb/pg2) 

5.3.2 METOVOS ITERATIVOS. 

S. 3. 2. 1 METOVO VE ·JACOBI, !VE PUNTO JACOBI) 

E•~~~banae la& ·ecuaclonea de tal mane~a que cada ecuacl6n conten

!JI:t..;una .i..nc6gni.ta in 6uncl6n de taa ot~l16 canti.dadea, ta lnc6gnlta co-

4~eapvnde~4 con et o4den de la ecuaci.6n. Po~ et o4denamlento de eataa 

ecuaclonea ta lnc6gnlta tiene gene~atmente et coe6lclente m46 g4ande. 

E6te m€todo conve~ge &lemp~e que po~ to meno& un elemento diagonal 
\ 

aea, en vato~ ab&otuto, mayo~ que ta &uma det ~e&to de lo& elemento4-

dit ~lamo ~C11gl6n, Aplleando et m€todo et ejemplo ante~lo~. 
t ¡'. 

,• 

i • 2 ,.,1 --.:·2,2 + p3 • o 
. . 

- 2'p = - p - p 
2 1 .3 

2p2 = p • p3 1 
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En la~ ecuac.tonú 'an.teJt..i.olr.e~ la i.nc6gn.<..ta e&.tá en el lado üqu.ii~ 

do de la .<.gualdad y ~t.le a~.<.gna el n.<.vel de .<..teJt.ac.t6n "m+l", la palr.-
'· 

.te conoc.<.da 6e encuen.tJt.a en el lado delr.echo y ~e le a~.tgna el n.tvel -

de .<..te1r.ac.<.6n "m". 

El p!t.oce~o .<..teJt.a.t.<.vo cona.<.~.te en ~upone!t. valo!t.e& pa!t.a cada una de 

la6 .<.nc6gn..t.tM, Jt.e~ olli_i.endo lM ecuac.<.one~ det mlf.todo y med.{.an.te la .te 

p!t.oce~o mejoJt.a!t. .f.o~ valo!t.e6 ~upue~.to~ po!t. med.<.o de .{..teJt.ac.{.one~ • . . . ,. 

El p!t.oceao ~e con.t.i.nua ha.~>.ta que doa valoJt.e~ conaecu.t.{.uoa de .toda& 
1 

laa vaJt..i.ablea p!t.eaen.tan una .vaJt..{.ac.<.6n a una .tole1r.anc.<.a p!r.ede.teJt.m.i.nada. 

EJEMPLO: 

.~>upone~r.: 
o o o o o 

p .2 • p ,3 = p 4 = p 5 • p 6 = o 

tn =. o 
. 

m + = O + 1 = 
\ 

t11.tonce~: 
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--- -

·' 

1 o o ) p' g 1/2 (p 1 + p 3 • 1/2 (600 + o) g 300 ;t 

1 o .O 
p 3 = l/2(p2 + p . 

l¡ 
) # 1/2 ( o + o 1 = o 

1 o o 
p4 = l/2(p3 + p 5 = 1/2 (o + O) = o 

1 o ·o 
p~ = l/2(p4+ P& = 1/2 (o + o J = o 

1 o . o. 
pó = l/2(p5 + p 7. J = 1/2 (o + 100) = 50 

2do. 1 t vr.o. c.<. 611 

2 
1 12 (o p2 = + 6001 = 300 ... 

2 
1/2 (300 o 1 p3 = + = 150 

2 
p l¡ = 1/2 (o + o J = o 

2 
.p 6 = 1/ 2 ( o + .1 o o ) = 5o 

Po.~o. laa demda .<.te~ac.<.onea el p~oced.<.m.i.ento ae~d el míamo, haata 

el n11me~o de .i.te~a.c.(.onea_ ~eque~.<daa. PMa €~te ejemplo e.('. nú"''' ~o de

.i.te~o.c.i.onea ped.i.da.a ea de nueve. Loa ceaulta.doa aon p~eaentado6 en -

la tabla (5.1). 
.. r. · .. 

. . ' . 

5.3.2.2 METOVO VE GAUSS SEIVEL. 

Eate mltodo ca a.i.mltac at de Ja.cobi, peco pccm.i.te a.celeca.c la -

covecgenc.i.a del ~€todo Ltecat.i.vo, al toma.c ventaja. del hecho de que

cuando ae calcula.n'va.clablea poate~.<.ocea a. la .acgunda, la.a.Lnc6gn.i.--.. · . 
. .. . "· ta~ de me.noll .aub.tnd.i.ae .ae conocen -R 1111 nivel de . .<tecaci6n máa avanza .. . -

dv. Late ea el mú.éi'dó de. GauH -Se.i.def. · ta.mbú!n U amado de. ltcca.c.toue6 

¡ 
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311.4 1.telt.ac..i6n 

... 
2 p 7 • 1 o o pi> .i 

p~"' 1/2 (225 + 600) "412.5 , .. 

3 
p3 ... 1/2 (412.5+ 131.25) "'271.87 

. ' . 
3 

1/2 (271.87 + 100.00) 185.93 p =. "' 4 
3 .. 

1/2 (185.94 100.00) 142.97 p . "' + • S . 

p 3 = 
.. 

1/2 (142.97 + 100.00) e 121.48 
6 

b.t:.a ( 5. 21 • . 

5.S.2.3 METOVO V~ SOBRERELAJACION PUNTUAL SUCESIVA (PSOR) 

El c.onc.epto de l>ob~e~t.elajac..ión e~ un método de ac.elelt.am.iento en -

la c.onve.~t.genc..ia de lo1> ante~t..iolt.el> plt.oc.el>ol> .ite~t.at.ivol>. En ell.te c.a1>o -

el nue~o valolt. de;lte~ac..ión pm+llle obtlene c.on pa~t.te del nuevo y pa! 

' .te de la .ite~ac.lón ante~.iolt. p ~ 

Pa~t.a el ejemplo. an.te~t..iolt., laa ec.uac.ionea del ml.todo PSOR ae eac.~t.i 

ben de la aigulen.te mane~t.a: 
• 

~~ m+l w ( 1 1 2 ( p m + 6001 ) + ( 1- w) m 
= p2 2 . 3 : 

Pm+l·. w( JI 2 (p m+l + p m¡ ) + ( 1- w) m 
3 2 4 P.3 

p :n+ 1 = w( 1/2 ( P m+l + p m¡ ) + ( 1- w) pm 
.. 4 3 S 4 

. p.rr.+l • :.; ( 1 12 (pm+l + p m¡ l + ( 1- w) pm 
. ' 5 4 t S 

( . 
: 
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m+1 lpm+l p • ••11/2 + lOO) ) + 11-w) p
10 

6 5 G 

.. ' 1 S w S 2 
:": :~J·· : 

' . . . .. ;·. 
du~anti ta 6ob~e~elajaci6n, ae ampli6ica ta magnitud det cambio de -

p~ealln du~ante cada ite~aci6n·muttiplicando fate cambio de pAca.í6n

po~ un pa~tfmet~o de ~etaj aci6n', w > 1. O. 

Sl w eatuvleae comp~endido ent~e ce~o y uno,.ae tend~la baja~ctaja-

clln. Eate p~ocedimiento no ea e6ectivo pa~a el tipo.de p~obtcmaa.de 

yaclmlentoa, 

Si w • 1, el PSOR ae ~educe al mltodo de Gauaa-Se.é.del. Aho~a u-

aando un vatoA de 1.334 paAa w ae t.é.ene: 

IMa 1teAac.i.6n 

auponlendo 

1 
1 . 3 3 4 p2 • 

1 
1. 334 p3 • 

1 
1. 334 p4 = 

1 
1.334 p5 • 

1 
1 • 3 3 4 P& • 

2da 1te~acl6n 

1 1 
,2 = 400.2, p3 = 

1 
p7 • 1 o o 

2 
1. 334 p~ • 

p~ • 1 . 3 34 

2 
1 . 3 3 4 p4 = 

( 1 12 (o + 600))+ 1"1.334) ( o ) = 400.2 

( 1 12 (400.2 + o) ) + ( 1-1.334) ( o ) = 266.93 

( 1/2(266,9 + o ll + 1-1.334) ( o l = 178.04 

1 1 12 (178.0. o ll + 1-1.334) ( o l = 118.75 

( 1 12 1118.7 + 1 o o) l + 1 1-1.334) 1 o) = 145.91 

1 
266.9, p4 

¡ 
1 

= 178, p
5 

= 118.7, 1 p • 
6 

145.91 

i 

( 1 1 2 1266.9 + 600) + 11-1.334) (400.2) = 444.57 

1 1 1 2 IH4. 5 + 1 7 8. o) + 1 1 - 1 334) 1266.93) • 326.13 

( 1 12 1326.13 + 11 L 7) .. II--1.33.j) 1178.00) • 237.27 
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p~. 1.334 {1/2 {237.27_+ 145.9) + {1-1.334) {118.7). 215.91 

p2. 1.334 (1/2 (215.91 + 100) + (1-1.334) (145.91). 161.98 
6 

. b.t.a. ( 5 • 3 ) • 

. · ,. 

1 
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., -
·:.:· :, .. '(A 8 L A. S , 1 l. . ' 

3a. .f4 Sa. 64 74 ro .. "• 
o lOO HO.OO !75,00 l7S,OO 47S.61S 47S.61S 441.117S HI.II7S '07.1! 461.11 17S.09 

o o ISO.OO ISO.OO lli.IS lli.ISO IU.l7S IH.l7SO !11.1600 !:1.!6 JSO.I9 !!0,19 · 

,. o o O 17.50 17,SO ISLitS ISJ,'7%S IOI.JHO IOI.lHO 1!9.16 ll9.1S !U.94 

:·- , IS IS,OO. 71.00 75.000 IIO,lll IIO.lllO 1!6.1!00 7S6,r5 IILU 11Lf9 

SO 6%,!0 .61.!0 17,SOO 17.500 IIO.IS6l IIO.IS6l 111.11 111.11 ''1,14 

·. 
::-

liS 

_;;o.-
T A 6 t.;.,. S , 1 (c'!ntln~ouod!r:.) 

u. IJ; 144 rs. 16a 174 794 

HS.n 4U.:: HS.SI 49l.J04 49J.l0 499 o 14 499. 11 SO J. SI 
~ . 

J71.Df !71.;: !16.67 ,!16,610 l91.19 !91,%9 407 .os 407.0S 

tu.u 117.7: 117.70 '!Ol.IIO JOJ.II !14,96 !74.96 lll.7Z 

104.59 179.9S,· 179.9SO 1!7.6! 1!7,63 140 .H !40 .JI 

141.14 1 S:. : ; ISZ.1.9 '1!9,910 7S9.91 76S .11 . I6S .11 110. 19 
·,· 

-- .· 

~ ·-· . 
T .A B .L A. S , 2 

la t.t la 7a 14 9a ra: 

P O lOO JTS.30 471.SO HS,.94 4SS.670 410.600 411.0100 490,7100 497.11 Sol.:6 111,71 

P O ISO IIS,OO 171.11 310.94 !41.110 364,160 lll.llaO !94.4000 404,1l 411.4! '"·" 

p o 1! lli.IS 115.94 116.9S ZS1.110 110.110 191.0100 111.0600 JtO.IO 3!1.13 Jll.l7 

: ·-· 
p o H.S :r,•o.o3 IH.91 114.ff 191.400 114.746 111.1000 ll1.460C '"·'6 :so.:4 :u.n 
-----------~--------~----------------------------------~ O 61.7 ·ICO,OO 111,41 1!1.11 141.710 1!1.!10 16!,1600 161.1!00 111.!1 11!.11 171.17 .. 

-: .. ·:_..:__: ·-
':' J...! :. A • S • 2 (contl:~t:!!n) 

Ita ll~ ,,. "" 19}; 

$01.45 su.:::, !11,04 SIJ.ZOO Sl4.06 S 14.71 s rs .ro• S7S.l1 

HI.U 4!6,40 421.7!6 419.4! 430.41 4)1. 14 4!1. 61 

JJ7 .61 J.f0.7: 34!.07 lH.IOO !46.10 J41.01 !41.10 lU.ll 

157.43 161 .. 47 161,761 16l.7J 164.41 16!.01 161.43 

171.71 179 .Ji 110. j 3 lll.liO 111.17 11!.11 111.10 111.11 

"' 



. ; 

'--.J 

T A B L A. S 3 

.i t f. ~ 11 e .i 6 11 

fa 34 411 54 64 1a a a 9a lOa 

444.51 469.f4 415.13 509.60 Slt.SB 515.510 516.0800 516.48 516.51 

1 
·In e • va c." 

.C:t~icinC 

1 la 
1 o 400.2 p 

~· o 26S.9 3Z6. 13 36 2. 31 406,96 4t3.68 428.83 431.63 432.1600 433.10 433.f4 

p o 1 11.04 f31.f1 306.43 329.39 342.50 346.84 341.88 349. ssoo 349.84 349.94 
··' 

" o ·:_. 1 ". 15 . "215.91 240.31" 
·~ 

214.15 262.61 265.10 266.01 266.4400 2 66.58 266.63. 

161.91-· 172." 11&.81 ,.: 182 .• ' 1 S . 182.68 183"." 183.2500 1_&3.31 183.32 
1 . ·'p: .o IH. 91 . 

. . ,g, o - . 

T !-. ·a L h. . 3 (.::=-:-.::;::~aciG::) 

.i .e t -t ol e ... é 11 

lla · 1 2a 13a 14a 15a 1 •= lía IBa Ita 

516.63 516.66 516.51 516.63 516.66 S16.6S 516.66 516.66 515.65 

433.30 4 33. 30 . 433.24' 433.30 4 33. 32 433.33 433.33 433.33 .;33.33 

349.98 349.99 349.94 349.98 349.99 349.99 H9. 99 349.99 349.99 

266.65 %66.66 266.63 266.65 266.66 266.S6 266.66 266.66 266.6 6 

113.33 1&3.33 183.32 113.32 113.33 1&3. 33 IB.B 183.33 IB.B 

/~ 1 

:· 



.-' 
··~ ·.•' 

-----------------



1 

.P6. • 183.329 

P'.¡ = 100.000 

" 

" 
e).- At 4ob~e~etaja~ et·mltodo de Gau~~-se~det, e~ dec~~. apl~cando-

PSOR ttn~camente ~e nece4~ta~on 10 ~te~ac~one~ pa~a. que ~e ttega~t.a a -

ta conve~genc~a con la m~4ma tole~anc~a de 0.001 de p~e~~6n, obte--

n.(.e;¡do~e ta ~.i.gu.i.ente d.üt~.i.buc.i.6n de p~e~.i.one~: · 

p 1 = 600.ÓOO .tb/pg 2 

p 2 : 516.666 " 

p3 = 433.320 , 

P~¡ =· 349.980 " 

p S = 266.650 , 

p6 = 183.329 " 

p7 = 100.000 , 

En 6o~ma b~eve e .i.tu~t~at.i.va ~e ejempt.i.6.i.co ta e6.ic . .ienc.¿a de 3 -

mltodo~ .<.te~at.<.vo~, ~.i.endo el PSOR el de mayo~ ut.i.t.<.dad. Apl.i.c.ado -

.ya a una ~.<.muiac.i.6n en computado~a la d.i.~m.<.nuc.<.6n de t.i.empo e6 ~urna

mente notable aunada a una d~~m.<.nuc.i.6n en to~ co&to~. 

5,3,2.4 CRITERIOS VE CONVERGENCIA. 

El c.~.<.te~~o paka que el PSOR conve~ja e6: 

1).- La matk.i.z ~ea d.<.agonalmente dom.<.nante. 

2).- U. valok de w ~ea.meno~ que 2. 

O.<.agonat dom~nante qu.i.eke dec..i.k que el vaio~ ab~oluto de la d¿a

gonal p4.i.nc.<.pal ~e4d mayo~ o .igual a la ~uma de lo~ valo4e6 ab6oluto6 
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.. 

dt lo6 .ot~o6 coe&LcLente4 pa~a algan nodo. FL6lcamente en 6l~ulacL6n 

de yaclmlento4, e6ta condLcL6n e4 4Lemp~e 6atl6~acto~La 6L 4e tlene-

6o~mulado un 6L6tema 6L4ico p~opio. Lo6 ~eque~imiento6 pa~a que e6to 

ocu~~a e6 que la comp~e4ibi!Ldad de{ 4L6tema 6L4Lco 6ea po6Ltlva, el 

.:t~an6 cu~6 o del t.<.empo ·po6.i.Uvo ,· y la t~an6mú.<.vl.dad po4Ltlva. SL el-
' 

PSOR no conve~ge, e6 po6Lb!e que haya un e~4o4 en el 4L6tema 6l6lco, 

p~obab!emente ocu4~a una ,comp~e4Lbllldad negativa en atg an nodo. 

m + 1 max 

d • m+l 
pi - Pm 

max .(. ... 

La p4opo6Lc.<.6n de. conve~gencla pueje 6M anatLzada po~ et :t€4m.i-· 
:· ··' 

no !!amado 6ac:to~ de ~e.ducci6n, p , p~Lme~o 4c de.6inl~4 una medida-
•:: 

de conve~genc.<.a ~e.6e4Lda a una v~4Labt~ a cada m4xlmo ~c6Ldual. S.<. -
'· .. • 

6t ob6e~va e! m4~lmo.~c6Ldua! a cada i:te4aci6n y 6c t~aza e6te valo~ 

v4 e! nl!muo de Lte~aclo ne4 4 e te.ndd !a FLg. ( 5a ) 

log 1 r1, ¡ 1m011 

. . : ' 

¡ 

CONVERGENCIA 

ASINTOTICA 

k iterociones 
FIG. s·a 

Vu~ani~ €6ta conve4gencia a6Ln:t6nlca, et m4xlmo 4e4iduat y todo6 

lo6 ot~o~ ~e6lduale6 en ta6 cetda6 c6tan gobe~na~a6 po4 la 4eLacL6n-

6Lgulente.: 
k+l k 

~ •• ~ PIL •• 
l,] l,] 
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doKde p e4 llamado el 6acto~ de ~educci6n y e6 igual al ~adio e4pec

t~al de la mat~iz 6o~mada du~ante el p~oce4o PSOR,P depende del va-

lo~ de w y la velocidad y ~az6n de conve~gencia. 

EJEMPLO: 

Calcule 11 d 11 y P, en donde P= 
11 '~ 11 ::: 

11 d 11 :u 
po~ el m€todo de Gau64-Seidel 

Soluc.i6n 

Ve la tabla 5.2 4e tiene lo 4igu~nte: 

7a ituac.i6n 8a itvr.aci6n 9a ite~ac.i6n· 

p • 
2 

482.0800781 490.7165527 497.2015381 

p • 381.4331055 394.4030762 404.1343689 
3 

p • 298.0959960 311.0671997 320.8003998 
4 

-P • 227.7373232 237.4664307 ,244. 7668076 
5 

p • 163.8656616 168.7332153 . 172.3834038 
6 

di6e~enc.ia m~xima ent~e la 7a y Ba ite~ac.i6n 

12.9712037 

di6c.~enc.ia m~xima ent~e la Ba y 9a ite~ac.i6n 

9.7332001 

de ta 6611.muta. 

p • 

'ldll'" ,, 1 
,l : 

u Lmax ,.. 
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.9.1332001 ' .. p = = 0.1503698442 
12.9712037 

COMPORTAMIENTO VE w 
:•' 

En gene-al, 6e puede obtene- un valoJL de w que optlmlze el p4oce-

6o lteJLatlvo. Una mane-a p41Íctlca de obtene4 w0 pt .· , conaúte en eáe~ 

iuaJL una6 10 iteJLacione& con¡o • 1. EntJLe la 7a, Ba, 9a, y lOa &e o.b--

tiene p. Po- ejemplo pa-a el p-oblema de Gauaa-Seidel P • 0.1503~ 

2 
= 1 • 334 

1 +JI - o . 7 5o 7 ' 

El pa-4met-o de -elajamiento w ea mayo- pa-a p-oblema6 ma6 com-

pltcadoa, po- ejemplo; g-andea cont-aatea en pe-meabllldad y au com-

po.~Ltamlento eaquemd:tlco ea 6lmlla4 al p4e6enta-lo 'en la algulente áf 

gu-a. 

No. de tte11.actón 

,pa~a alcanza-.la 

conve-gencla. 

.· · .. 1.0 2 .O "' 

S.4 EJEMPLO VE FLUJO MONOFASICO BIVIMENSIONAL INCOMPRESIBLE. 



-nu, 4e tiene: 

a - a 
+-

ky a .....:.:..;_,____ 2E__ 1 t q • o 
ax ay \JoBo 

• 

Expandiendo en di6e~ene.i.a& 6in.i.ta4, 4upon.i.endo kx, ky, y Bo como con4 

tan tu 

k.x -
p - 2p .. t p. 
i-l,j i,j 1t1,j 

Bo ( llX 1 2 

q 4tb • o· 
(vot. del nodo) i 

t ..ÉJL 
Bo 

Pi,j-1 .. 2Pi,j + Pi,jtl 

( lly 1 2 

,.,----------~ 

Vato4 1• lOO' ---•V/////./ "' "' 1 ,/ 1 

lz x • 2 O O mD. r 
k y • SO m V. 12 o' o 1 

1 

1 
.~· 
/ 
/ 

.... o 
4 

/ 

llo • 1 ,'S cp. 

Bo • 1.2 

h • · 20 PÚ4 

l( • 100 p.Ü4 // 

/ 
/ 

IJ • 120 " 

•' o 
/ 7 

({ • 500 bc./d.(.a. 
1 

" '/ 

/ ' ,' / / / 
p • 1000 tb/pg 2 

9 ; 

02 

o 5 

o 
8 

/ 
. / / / / / 

o 3 

o 6 

o 
9 

' / 

t-.' 

~ 
!/ 

/ 
/ 

/ 

/ 

l/ 
/ 

i/ 
/ 

1 
1 
1 
1 

1 

) 
.,..( ..1 
r¡.O . 

t 

· E4 imoo~tante nota~ que el &i&tema e6 ce~~ado, e4 dec.i.~, que no-

hay 6iujo en ,la 6~onte~a el(t-t~na. Pa~a hace~ e&to, ~eco~dando la - -

ecuac.C:.6n de Da~ctl, en do•tde et ga6to e& p~opo~clonal a la caLda de -
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q .,: et.te. p 

'Si el 6lujo ea ee4o en la 64onte4a p tiene que ae4 ce4o. Po4 lo

tanto hay que aumenta4 nodoa 6ietieioa al4ededo4 del aiatema cuyaa -

p4eaionu aon identieaa a laa; de loa nodoa inmediatamente eon.Uguoa-

dent4o del aiatema. 

Eac4ibiendo laa eeuacionea e044eapondientea a eada uno de loa no 

doa ae tiene lo aiguiente: 

Nodo 

7 1 

2 1 

3 1 

4 1 

0.2 X 7,727 

(7.51 (7.21 
'· 

500 

{100 X 120 X 

0.2 X 7 • 7 2 7 

7 • 8 

o 

0,2 X 7.727 

7 • 8 

o • o 

o. 2 X 7 • 7 2 7 

7 • 8 

X 

• o 
201 

p -
X 1 

... o 

p -
X 2 

.. • 
p4 -

)( .. 

.·· 
·'f' 
¡" .• 

· .. 

2p2 + Pa 

(700) 2 

2p4 + Ps 

{1001 2 

128 

0,05 X 7,727 

(1.51 {1.21 

+ o. o 5 X 7 • 7 2 7 

7 • 8 

+ 0.05 X 7.727 

7 • 8 

0.05 l( 7 • 7 2 7 

7 • 8 

X 

p2 - 2p + Ps 
X 2 

(7201 2 

X 

pl - 2p4 + p1 
)( 

(7201 2 

+ 

+ 

+ 

+ 



,. 

''• 



S 1 

6 1 

71 

8 1 

4
11 

a~l 

a 61 

o 

0,2 X 1,127 

1.8 

o 

0 .• 2 X 1.127 

1 • 8 

'o 

0.2 X 1.727 

1 • 8 

o 

0.2 X 1.127 

1 • 8 

o 

+ 4
12 

+ 4 32 

+ a 82 

• o 

• o 

X 

" o 

• o 

• o 

í 

P~¡ - 2ps + Ps 

(1001 2 

p 5 - 2P 6' + p 6 

(1001 2 

+ 

+ 

p, - 2p
8 

+ 1000 . 
x-:..7 "-. -~:..._.....,._ + 

( 100 1 2 

+ a. 
18 

t a.38 

• a. e e 

129 

0,05 X 1.127 

1.8 

0,05 X 1.127 

1 • 8 

0.05 l( 1.127 

1 • 8 

o . o 5 l( 1 • 1 2 7 

1 • 8 

pl 

P:¡ 

p3 

P,4 

Ps • 

Ps 

p7 

Pe 

) 

X + 

1000 
l( 

p3- 2Ps· _.::..__ _ _:::.._., __ . 
(1201 2 

X 

ql 

q:l 

q3 

q4 

'is 

q6 

.q 7 

q ~ 



+ 1 8 o 3 • ~ -p. + 
" 

o p3 + 12 S 2. 2 2 

1 8 O 3. 2 p
1 

- 4 8 S 8. 6 p2 + 1 8 O 3. 2 p
3 

+ o 

o p1 + 1 8 O 3. 2 p2 - 3 O S S. 4 2 p3 + o 

12S2.22 1-'1 + o o . p3 - 4307.64 

O p1 + 12S2.2 p2 + o p3 + 1803.2 

o pl '· + o ~ + 12S2.22 p3 + o 

p + 
4 

. o o P- + 
b 

p
4 

+. 1 2 S 2 • 2 2 p
5 

+ o 

o p5 + 1 2 S 2. 2 2 p6 + 

o p1 

o p1 

o p7 

- . . ·', .· 
.. '.· 

.. o p = -3xl0¡ e 

+ o Pe= o 

.. o Pe= o 

p
4 

+ 1803.2 p5 + o p6 + 1 2 S 2 • 2 2 p1 + o Pe=_ o j 

p¡,- 6110.84 p5 + 1803.2 o .1-'? + 1 2 S 2 • 2 Pe = O 1 

-1 2S2222: 
p4 + 1803.2 p5 - 4307.6 p6 + o 1-'7 .. o Pe" 

o P¡ .. o o p3 .. 12S2.22 "" .. o Ps .. o p6 - 3 O S S • 4 21-'? + 1 8 O 3 • 2 Pe = O 

o 1-'¡ .. o o o p4 + 12S2.22 p5 + o p6 + 1 8 o 3. 2 p1 - 485 8. 6 p8 = 

-1803200 

i 

,._ '' 



Rt6olv~endo tl 6~6tema dt ecuac~ont6 po~ tl~m~nac~6n de Gau66 

(mltodo ~~teto), 6t obtiene !a 6iguiente di6t~ibuci6n de p~e6ione6: 

. 2 
p 1 • 1303.6270 !b/P9 . 

p2 • 1216.6606 " 

p • 
3 

1174.7270 .. 

p • 1189.2844 ., 
1¡ 

p • 1151.8139 " S 

p • JI 14. 34 2 6. " 6 

p1 • 1128.9000 " 

p 8 • 1086.9664 " 

· .. 
q=500 q= o 

' o 02 1 

p= 1303.6 p= 1216.6 

q= o q=O 

o o 
4 5 

p=ll89.2 p= 1151.8 

q =o q=O 

\ 
o o 8 7 

p= 1128.9 p = 1086.9 

q ( blldfa), p ( lb/pg 2 ) 

q=O 

o 
3 

p= 1174.7 

q =O 

o 
6 

p=lll4.3 

q=- 500 

09 

p =1000 

5.5 ARREGLOS CARACTER!ST!COS RESULTANTES VE FLUJO MONOFAS!CO. 
,. ,. 

al.- Una d~men6~6n 

Ec.uaci6n: , . 
. ' 

n+l 2 t1+l il+l n+l n 
pi- 1 pi + pi+ 1 • _j_ pi - pi 

(l.t)2. 'l i.t 
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1 z 3 4 5 6 

1 1 ; ~ 1 

ltlt P¡ 

ltltlt p2 

ltltlt ,3 

ltXlt p4 

XXX Ps 

XXX p6 

ltltX p7 

XXX Pa 

XX p9 ¡ 

Obten~endo~e una mat~~z t~~d~agonal 

b).- Vo~ d~men~~one& 

Ecuac~6n 

' 
n+1 · 2p ~+: p. 1 -

1 , 1 1-

P
n+l n 
<:= p .. 
.&.~ ltJ 

1 Ax l 2 

+ p n+1 p n+ 1 
i + 1 • i + i 'i -1 

132 

7 9 

1 1 1 1 

ql 

q2 

q3 

q4 

= qs 

q6 

q 
7 

qa 

q9 

2p~+: + p n+ 1 - 1 1 t 1 i. i+ 1 • --
1 Ay) 2 a 



1 

r~ 1 

2 3 4 

• 
1, J- 1 

2 • ® • 
1-1, j 1, J i+l, J 

. 
' 

3 • 
1, jt 1 

4 

.. 

'•, 

Suponiendo que ae tiene una malla de cuat~o po~ cinco, ae obtend~l 

una mat~iz pentadiagonal, diagonalmente dominante, en donde la pa~te -

cent~at de t~ mat~iz, eata 6o~mada po~ cinco mat~icea de 4 ~ 4, que co 

~~eaponde~d al 6Lujo en La dL~eccL6n "~''. 

Laa diagonalea adyacentea a La pa~te cent~al co~~eaponde~ln al 6L~ 

jo en La di~ecci6n ''y''. 

\ 
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01 

1 ¡x 
2 IX 

3 l 4 

5 X 

6 

7 

8 

9 

10 

11 

ll 

1 3 

14 

1 5 

1 6 

' 7 
18 

'9 

20 

.1 

02 03 04 05 06 o 7 08 09 10 11 12 13 14 1 5 16 1 7 1 8 19 2 o 
X X 

X· X X 

X X X X 

X )(J X 

r: 
X X 

X X X X 
1 
' X 
1 

X .X X X 

X 1 X X X L 

X ¡; X l X 

X X X X 

X X X x¡ X 

::; X L. X ~ X 

X 

~ 
X l X ,_ 

x·"-....._ . X X X 1 
1 ' ---

X X X x¡ X 

X L X ~ ~ ... ~-~---x -· -----
r.x 

-, X.--

X 

IJ 5 

ll) TllU d{m@n6ün~~ (6{~jo mono61fü1iP) 
1 

; 

Ecuaci6rt. 

+ 

t€11.mino en 

X + y 

n+l n+l n+l 

~p~i~·~i~.k~-~1L_-__ 
2_P~i~,t~~·k~+--p~i~,~i~·~k~+~1 = 
( t.z J 

X 
1 

¡X X X 
1 

1 

i 
X X X x: 

>;j X 
~ 

X 

+ 

n+l n 

1 p .. k·p .. k 
1,], l,], 

a 6 t 

/3 '1 

" F.f.uj o en 

la d.i11.ec-· 

c.i6n "!!" 



•, 

D,E yF -- FLUJO EN LA DIRECCION "x .. 
SyH- FLUJO EN LA' DIRECCION ri Y u 

ZyS FLUJO EN LA OIRECCION .. z .. 

. . 
' 

~ ~ ... . ,. ~ 

136 



5.6 ALGORITMO DE THOMAS PARA UN SISTEMA DE ECUACIONES TRIDIAGONAL. 

E.t. atgo!U.tmo de Thoma.s e.s e-senc-ialmente una vaJr..iac.i6n de ta el.i

m.inac.i6n Gau.s.s.iana y con et cual .se ev-ita el cJr.ec.tm.tento del eJr.Jr.oJr. -

a.soc.iado con la .soluc.i6n de la.s ecuac-ione-s y .se d.i.sm.inuyen lo.s pJr.o-

blema.s en cuanto a capac-idad de computadoJr.a. 

Suponga.se que .se t-iene un .s-i-stema de· n ecuac.ione.s con la6 .incóg-

n.ita.s ll: 
1 

, ll: 
2 

, 

b 1 c1 o 

a2 b2 c2 

o a3 b3 
'· 

o o a4 

b l( + e " 2 
+ 

1 1 1 

a2 l( + b .1( + c2"3 + 
1 2 2 

+ a l( + b 
l3 

+ 
3 2 

+ a " 4 :; 
+ 

" en donde: 
n 

o o o "1 

o o o "2 ¡ 

c3 o ,o "3 

b4 c4 o "4 

= 

a b e 
·n-1 n-1 n-1 

a b 
n n 

e 3" 4 '· 
1' 

b l( + cls 4 4 

d1 

d2 

d3 

d4 

d 
n-1 

d 
n 

= d 
1 

• d2 

• d3 

• d4 

a ~ + b " + e " • d n-1 n-2 n-1 n-1 n-1 n n-1 

• d 
n 



• •••• ( 1 ) 

w = 
1 

( 2 ) 

dt4pejando x 1 de La p~lme~~ ecuacl6n y 4u4tltuyendo la4 exp~e4lone4~

ante~o~e4 4e tlene lo ~lgulente: 

entonce4 

' ' 

4U4tltuyendo la ecuacl6n (3) en la ~eg~nda ecuacl6n del ~late~a ae 

tlene 

a 2 ( Y 1 - w 1 x 21 + b l 2 + e 3x 3 = d 2 

&acto~lzando x
2 

(b ~ a w l x + e x • d - a y 
2 2 1 2 3 3 2 2 1 

de&lnlendo a 

! ' 

aho~a 
d - 4 2Y1 

y2 2 • o 
• 2 

l(2 •Y -w . l( 
2 '2 3 

• . • • • ( 4 l 

con-Unuando e e p~oce6o haata n-7, ya c¡ue hMta n-7 hablt4n 3 ecuac-ionea 

ti,• '1 te la•1 t n 

,¡ 



¡¡ -i
. a . w. 

l l-1 

dl. - a. Y. 1 
l. l. - ·' 

S . 
l. 

• 

6u4tituyendo ta4 e~p~e4ione4 ante~io~e4 en ta úttima eeuaei6n det 

6i6tema 6e tiene, 
., 

a 1 y ' -w -., ~ 1 + b ~ e d 
n n-1 n-1 n n n n 

1 b - a (¡) ~ e d -a y 
n n ,n-1 n n n n-1 

~ e y 
n n 

~. ey • -w ~ 
l l i i+1 

eomo ya 6e eonoee et vato~ de ~ , aho~a he eonoee~4n toh vato~e4 de-
n -

~ ~ ~ 
n-1• n-2' n-3' 

ete. Et atgo~itmo de Thomah eonhihte en do4 heeuen· 

eia4: 

'1' • 
1 

B = b 
1 1 

S • 
i 

e. 
l' 

' a .. 
l. 

,, 

b.- ·a.w . 
l .l-l-1 

d. -.a.Y. 
1 l l 1-
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2) • - Segunda. <~ec.uenc..i.a. !LegiLU.i.va. 

·· ... · 
X • y ,. 

n n 

X • = y • - 11). X • 1 , .i. • 11- 1 , n-2 n-3, . .... 1 
~ l . i l+ • 

5.7 FLUJO POCO COMPRESIBLE, HORIZONTAL, EN VOS DIMENSIONES. 

La. ec.ua.c..i.6n palla. .e<~.te .t.i.po de 6l.ujo e<l l.a. <~.i.gu.i.en.te: 

Ax Kx 
11 0 Bo 

En donde: 

A A!Lea .tlla.n6vell6a.l .total 

a 
ay 

Ay Ky 

lloB~ 
_2E_ ) t::.Y + q stb/d = 

ay 

K Pe~mea.b.i.l.i.da.d a.b<~olu.ta. (1.127 x Va.llc.y) 

[P.i.e 2] 
[valle. y] 

(c. P] llo V.i.<~toa.i.dad del 6luLdo 

Bo Fac..toll de volúmen 

'X., y Vú .tanc..i.a. 

o Potr.o6.i.dad 

c. Comp!Lea.i.b.i.l..i.da.d del 6l.u.i.do 
:· 

.t T.i.empo 

V, Vol.úmen .total. de l. a c.el.da 
;;¡ 

~ol.. c.y./vol..@c..<~J 
[1 b 1 pg 2] 
~.i.e] 
~.(.e] 

[61Lac.c..i.6n] 

~ol./vol.l~/pg 7] 
~ú<~] 1 

~ü3] 



A • ht.y 

A • hb.x. 

.v • ht.xt.y 

La expan~i6n en di6e~encia~ 6inita& &e~~: 

p 2p . . i-l¡j- J..J 

( llX) 2 

• 
pi i -1 -. 2P. . 

' 1 . J 
+ p. . 1 

l • 1 + 

··. 
• 1.127 ctte. de t~an~6o~maci6n pa~a que et ga6to de di~ectamente en 

bl/d.Ca 

Fo~mutando ta exp~ui6n en ta d.üecci6n "x" 6 e ·tiene: 

Ax Kx llx 

IJo Bo 

1 ( 

(p. . - 2p . . + p. 1 ji 
1-1,1, 1,) l+. 

2p . 
i.J 1 • ( 

(llx) 2 

A x K X 1 ( p . 1 . - p . . - p . . + p . 1 .1 
l- ,J l,J l,J l+ ,J 

Ax Kx 

llo Bollx 

Ax Kx 
1Jo8 ollX 

1 ( P n+1 _ pr,n+1.J _ ( 
i+1,j' .·i,) 

¡~ ( p n + 1 _ 
1 i • j 

p n+ 1 ¡ 
i -1 • j 

lfl/?' i 
en ta di~ec~i6n "y'' 

A u 
, 

K y ¡1 n+1 · · 
( p 

IJ oBoll tj i i • j + 1 
: •.i~ 1/2 

n+l - p 1 
i • j 

14 1 

l. 1 /~ •• ¡•- t:,) 

Ay K y 1! n+1 n+1 - ( ( p - p 
1 

¡¡ 0 8oll Y ' i • j i • j -1 
' : ., j-1/2 



< 

obteniendo4e ta 4iguiente e~p~e4idn: 

n+1 n+1 n+1 n+1 
1 ( pi+1,j - pi . 1 -( 

,] 
1 ( p, j- p. 1 • 1 + 

l.s l.- t) 

A~ K~ 

+ 

+ T~. /2 . 
~+ 1 , J 

JH/2 1 j 

Ax K~ 

u 0 Bot.x 

n+1 

. .!· 

.,.,. 

i-l/2,j 

+ 

- Tx. 1/2 . 
~- , J 

a Tx. 1/2 . ~ ± , J 

n+1 n+1 nt1 Av Kv Av Kv ¡l ( Pi,j+1·~ p . . ) -- ( ( p . . - p. . 1 ) + 
\loBo t.!( ~ , J lJ B ll!( 1 ~ , J 1 , J-

' i,jtl/2 l,j-1/2 

+ + 

+ Tyi,j+1/2 

, 
- Tyi,j-1/2 

4> e v.b :. 
q. . 4tb/d.f.a a 

i . ., p~+~ - p~ 
1 , J S.61S t.t ~ , J 1 , j 

e4ta eeuae.i6n 4e puede e4Mibü en ta notae.i6n SZP: 

B .• p .. 1+ V, .p. 1. +E •. p .• + F .• p • • +H .. p1.,J.+1 a q1.,J. 
~.J ~.J- ~.J ~- ,] ~.J ~.J ~.J ~+1,] ~.) 

en donde: 

B • • • ( 
~ , J 

r. . = 
1,] 

F . • 
.C.d 

E, . 
- ' J 

• 

( 

fx 

A V K 11 

\1 0 Boll!( 

S. 6 1 S 

Ax Kx 

lloBollx 

+ E.t 
i 'j i , j 

··¡ • .. . 
)i J~-1/2 , . 

) . . 1/2 . \ l·_t t J 

' 

' j +. E E" y • ' j . . 
~ . ~ , J 

!42 

V = 
i 'j 

A X K)( 
) i-1/2,j \lo B0 t.X 

Hi,j • ( Ay Ky 
) . . /2. 
~, J +1 

r . n 
q, • - q 4 tb 1 d.ia. . 1 S j P. 
~ , j ~ 'J O.t 1 'j 

A¡¡ K¡¡ Ax. K¡¡ • - ( l- ( 
~+1/2,] Bot.x BolllCi-1/2j llo u o 



. - r. . 
.(.,} 

At.. 
E y . • • -

l • J 
( AIJ. K !f. 

\lo Bol> y 

Ay K y 

\lo,Bot>y 

Ex. . • - ( V + F ) 
l • J .• 

E y . • = - ( B +. H 1 l,J 

.· 
5.8 ESQUEMAS VE SOLUCION. 

1.- VIFERENCIAS PROGRESIVAS 

Nivel de tiempo ·¡ n 1 en el LJE' 

-Condicionalmente e~table: flt a + a 
( A'X. ) 2 

- EJr.Jt.OJt o( t>x) 2 + 0( M) + 0( r,y) 2 · 

2.- VJFERENCIAS REGRESIVAS 

- Nivel de tiempo ( n+l 1 en el LJE 

- JncortdLcLonalmente e6table 

- [.ILII.OJr. 0( ~'X.) 2 + · G( M) + 0( f,!J) 2 
' 

3.- CRANK - NJCHOLSON 

-Nivel de Uempo'l/2 ( n+l l y 1/2 ( n 1 en el LIE 

~ Incondicionalmente eatable 

4.- PROMEOiOS PONVERAVOS 

- N.i.ve! de Uempo':e( n+l 1 y ( 17 e 1 ( n 1 en el LIE 

- Jnc:ondiclonalmenú e6table aL 'l'/2~e~J 

' LIE LAVO JZQUIERVO VE LA ECUACJON 
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\ 

- Cond.i.c-i.ona.tmen.te u.tab.te ~>.i. O ~o ~ 1/2 

S~- VUFORT - FRANKEL · 

- T~e~~ n.i.ve.te~> di .t.i.empo n- 1 l , ( n l , ( n+ 1 l 

- Exp.tlc.i..to en ( n+1 l 

Puede ~>e~ .i.ncon~>.i.~>.ten.te • • no e~> ~ecomenda.b.te 

6.- AVEP ( PROCEVI MIENTO EXPL)C ITO VE VI RECCI ON ALTERNANTE) 

ve~~>.i.6n de BARAKAT - CLARK 

ExpUc.i..to ~ . ¡ 

" 

- Incond.i.c.i.ona.tm~n.te e~>.tab.te 
~ 

- EMo~ e( 6x) 
2

_;:+ e( t>yl 2 
+ e( t>.tl 2 

PRIMER. PASO 

n+1 nt1 n n nt1 
u.

1
.-u.i-u .. +u. 1 . u .. 1 -

--~1--~~~J~--~1~·~-~~~1~·~JL---~1~+~~·J~ + 11]-

a 

nt1 
u i . ,, 

t 6X l 2 

n 
u . . .•. 

~ 'J .i . 

y 

ntl n 
u . . - u . . 

11) 11) 

( t>y) 2 

n 
- u . . 1 

l 1 J t 

nt1 nt1 n n nt1 n+1 n 
aU. 

1 
. -

. 1- 1 J 
aU • . - a.U • • + a.U . 

1 
j + 

liJ _11] 1t 1 
bU . . 

1 
- b_U • • - bU . • 

ll]- liJ liJ 

n n+l n. 
bu • . 1 • u . j - u . :' . 

11]+ 11 -11] 

de~>pejando 

ntl 
u . . • 

1,) 

1-a-b 
l+a+b 

.. : . 
. '- ntl n n+1 n 

n · ,, au • 
1 

. + a. U • 
1 

. + bU •.• 
1 

• bU. • 
1 U • . + ---~l~-~·~1----~l~+~,wl~---"l~,J~-~----~l~,J~+~-

l 1 ]-

_:,¡:.; l+á.+b 
·'~.,; 

IY· .. .... 
. lo' 

!F 
1 <·"' .. 
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~· 

" 

Aho~a, 6e ba~~e ta malta en et 6~gu~ente o~den: . . ~ . 
'1' 
! ~. 

j • 1 i.'.' . .i• 1 , 2, 3, • • • • • N x. 

j. 2 ;· .i•l,2,3, ••••• N~ 

j • 3 ; ~- 1 , 2 , 3, ..... Nx 
•. ~ .• . 

j • Ny; ~·1,2,3, ..• ·. N ?f. 

SEGUNDO PASO 

n n n+1 nt1 n n n+1 
u. 1 .-u .. -u .. -1- ,J 1,) 1,) u itl ,j 

+ 
u . . -

1 ,j -1 
u .. -u .. -

1,, 1....J 

( 6X l 2 (lly)2 

nt1 n . ' 
1 U·j·U· · 1' . 1 ,J 

a t:. t 

n n+1 n+1 

n+1 
u .. 

l....Jtl 
" 

ntl 
aU • 1 j 

1- ' 

n 
aU . • 

J. 'J 
- aU + 

i 'j 
a U 

i+1,j 

n 
+bU.

1
._

1 J. ' 

n 
bU • . 

J. ' J 

n+1 
bU . . 

l ,.J + f:l..l. J'+l 
l ' 

nt1 
u 

i 'j 

n 
- u. . 

J. • J 

dupejando 

nt1 1-a-b 
u . . • b 

l.,J l+a+ 

"·n nt1 n 

n 
u + 

i 'j 

aUi-1,j + aUit1,j + bUi,j-1 + 

l+a+b 

aho~a; 6e ba~~e ta matta.en el 6~gu~ente o~den: 

j• N!J ¡ ~· N~, 

j• N!J·I; ~· Nx, 

j• Ny-2; ¡. N~, 

N~- 1, Nx~2,.· ... , 

N~-1, N .. ~-2, ... , 
. ·' 

Nx.-1, O,l·t'x.-2, .••• , 
, .. 
'· 

.• 
.. ~~ ' 

.. ';.+~' 

1 

<A~ 

), 
\ 

nt1 

bU i ,jtl 

' 



. , 

., 

--......--- - ___ , 
-,;..v .. 

j• 1 ' .i.• Nx, Nx-1, Nx~2 •••• 1 1 

.. ( 1 1 (2) 
TERCER PASO 

n+1 u~+: + u~+: 
u . · ... • ~ z J l. z J 
~.J' 2 

" • 1 
-,·._ 

J=l ~----------------~ 

J• N y 

1• 1 

--- -· 
.....:a~----~. 

-- - .. . -·· --· .--
--.- . ..a- _ .. -e-·· 

1.- AVIP (No .i.te~at.ivol 

1• N• 

J• N y 

1•1 

---- _p----
--&--

-~>----.-- ---· !>'·-------
- -·- -1>'- -- -

(PROCEVIMIENTO 1MPL1C1TO VE VIRECCION ALTERNANTE) 

Peac.eman y Rac.h6o~d, T~an~.AIME 1959. 

i• N• 

PROPOSITO: Avanza~ lfl. ~oluc..i6n del t.i.empo "n" al t.i.empo "n+J" 
·l 

PRIMER PASO 

Se c.oM.ide~an .impl.Cc..i.tal> lal> .inc.6gn.ita¿ en la d.i~ec.c..i6n "x" y ex-
''· 

pl.Cc..ita~ lM .i.nc.6gn.i,.tal> en 4t d.i~ec.c..i6n "y". Adem4l> en lol> .tl~m.ino¿ -
'. 

q , .E .t, ¡e u~a·un .i.n.te-valo de .t.iempo de 6.t/2. (po~ ejempl~ 
i • j 

r /6.t/2). En ·el p~.ime~ palio l>e avanza la l>oluc..i6n del n.ivel "n" -
i,j 

a.t n.ive.t "*" 

J 

'. 
V P* · 

i -1 • j 
+ {Ex+E.t) P~ . + F P* 

·; ~.] i+1,j 
. ·- n 

(B p 
i,j-1 

n 
+ Ey P + ti p" 1 

+ q:l 
i • j 

. . '~- . •. 

·--~-· 
~ ... ' . 
'~ -~ -.-. ·-·· . 

. . . 

i • j i • j +1 

; 

Pa~a cada (.i, j (¡e .t-iene una ec.uac..i6n con t11.u .inc.6gn.ita6, poli. 
·' _'· ~-. ; 

--1. 

·.·<·.: •r. ·:·;· 
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1 ., 

. '1 •.· 

! t) c..i.one.6;,Pall.a .toda "i." y '\na "j" dada. La-6 Nx. ec.uac..i.one-6 c.on Nx. .i.nc.6gni.

.ta~ ll.e4ut.tan en un .6i..6.tema .t11.i.d.i.agonat que he puede 11.e.6o!ve11. eái.ci.en.t~ 

. t) 

) 

)l'. 

mente c.on e! a!goJti..tmo de Thomah. 

SEGUNVO PASO 

valor intermedio 
,.~*-.......... 

At/2 41/2 r·. \ 
n ·· .,· ·· n+ 1 

¡! . 

---- 111 --- ·-

; 

Aho11.a .6e c.on.6i.de11.an ~mp!lc.i..ta-6 !a-6 .i.nc.6gni..ta6 en la dill.ec.c.i6n "y"

y ex.pt.Cc..i..ta6 !a6 .i.nc.6gni.ta6 en la d.i.11.ec.c.i.6n "x": 
'/<. .... 

n-t-1 . n+1 n+1 
8 p . . 1 + (Ey+E.t) p .. j + H pi ,j-t-1 = - (V P.* 1 . + Ex P.* + F ~-T 1 

1 
j 1 

l.. J- J. ' : l.- • J l • j 

n 
Q • j 

l • 
S.i.mi!a11.men.te .6e analizan .6.i.mul.taneamen.te Ny ec.uac.ione-6 c.on Ny in-

c.6gni.ta6 e~>c.~ibiendo tal>· ec.uac..i.one-6 paJta .toda "j" y una ".(." dada. La 

6o!uc.i6n 6e obtiene poli. medio del a!goJti..tmo de Thoma6. 

ler. paso 

' • ¡• ., 

jjjjjjjj 
2o po~o 

C~mpa!Lat.ivamen.te, P.~ll.a una maUa de- 1 O x. 20 el e6quema ll.~gll.eo,ivo -
. 

'¡' . - ~ 

pentadiagonat. Poli. lo t~nta, pall.a avanzaJt la 6oluc.i6n de "n" a "n+1" 

ae nec.e6i..ta 11.eao!ve11. e6.te hiatema. El e6quem' AVIP 11.equie11.e ll.eho!vell. -

10 ec.uac.ionea veinte vec.e6 ml6 20 ec.uac.ione6 diez vece6, toda6 el!a6 ~ 
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' ' 

l , .... 

1'·· 

·., 

1) 

'i 
j_· 

.... ,, . 

"'' ;, 



!'ASO 2 .... 

(mtl/2) (mtl/2) (m+l/2) 
U. 1 .-2U.j +U. 1 . 

1- ,J . J., J.+ .J 
--~~~----~~-L-~----~~~--- + 

Qi,j" 

(llx.)2 

(m+1/2) 
-u. j 

J. • 

(m+l) (m+l) (mtl) 
U.j 1 -2U .. +U . . 1 --~J.~·~-~----~J.~·~)r-----~J.~·~)~+~-- + 

(lly)2 

Lo4 aL 4on PARAMETROS VE ITERACION. Su ~mpl~o ac~l~~a la conv~~-

g~ncia d~l p~oc~ho. No~malmente ae utilizan de 4 a 8 pa~dmet~o4 d~. 

it~~aci6n ~n 6o~ma c~clica. Po~ ~j~~plo, 4i 4~ 4el~ccionan cuat~o pa-

~dm~t~o4 a 1• 4, a 2• 2, a 3 • 1, a 4 • 0.5 h~ Uha~~a a 1 pa~a la p~im~~a 

it~~aci6n, a 2 pa~a la hegunda,a 3 pa~a la t~~c~~a, a 4 pa~a la cua~ta, 

a1 pa~a !a quinta, a 2 pa~a !a 4ex.ta, ~te. El método conve~g~ pa~a -

cualqui~~ valo~ pohitivo de a. 

En todo4 !o4 métodoh'it~~ativoa hay qu~ inveatiga~ ai ya he alean 

z6 la conve~g~ncia deapuéa de cada ite~aci6n, po~ ejemplo 

¿ Max. . 
J. , J 

(m+l) 
u .. 

J. • J 

(m) 
u .. 

J. • J 

METOVOS ITERATIVOS PARA FLUJO TRANSITORIO 

9,- METO~O VE JACOBI 

(m+l) 
p .. 

1 • 1 

1 
11 ..: __ ._ 

E. . 
1 • ] 

H .. 
l t!. 

n+l· 
(m) 

pi,j+l l] 

[ (-q~.•B .. 
~.1 l,J 

n+l 
(m) 

p. . • 
1 • J -1 

< E ? 

V . . 

'· ' 

l • l 

n+l 
. (in ) 

p. ' .• 
l -1 • J 

F 
i ·' j 

n+l 
{m) 

r • 
i+ 1. j 

E~te m~todo ~• muy lento y po~ lo ta11to no eh ~ecom~ndable utlllza~lo 
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10.- METOVO VE GAUSS-SEIVEL 

n""1 
(m ... 1) 

p. 'j 
l. • 

n""1 
(m) 

. -

H. .P. . 
1 ,l.,) J.,) ... 

1 n 

'• q i ,j + 
E • • 

l • ) 

n""1 
(m ... 1) 

B i .P. . 1 + ,) l,)-

11.- PSOR (SOBRERELAJAGION PUNTUAL SUCESIVA) 

n""1 
(mi-l) 

P . . • ( 1- w) 
l.,J 

w {- ( -
E. . 

l • ) 
n""1 
(m) 

Pi,j""1l} 

n""1 
(m) 

p •. '.' +. 
J.,) 

. ' n 
q • : .+ 

l • J;.: 

n""1 
(m+1) 

B . p . . 1 + V. J.,j l..)- l • j 

12.- LSR (RELAJACION LINEAL SUCESIVA) :w • 1 
.. 

n""1 
(mt1) 

V . .P . 1 . + 
l,) l- ,) 

nt1 
(m ... 1) 

p . 1 .. + f . 
l- • ) l. • j 

nt1 
(m) 

f . .P . 1 . + 
l,) l ... ,) 

-;. 

n+1 
(m) 

p. 1 . + H • • 
l +. • ) J.,) 

E'n u.te m€:todo 6e .t-ienen do6 opc..ione6, c.oM.idel!.aiL la d.il!.ec.c..i6n "x" 
}~; . 

.<.mpl.Cc..i.ta, o c.on6.ide1L.~I.li. la d.il!.ec.c..i6n "y" .<.mpl.Cc..<.:ta. Palla la pl!..imel!.a 
, . 

.i.tel!.ac..i6n 6e .t.<.ene lo.6.igu.ien.te: 

·' n""1 nt1 
' (m) (mt1) . ' n 

n+1 
(m ... 1) 

p .. 
l • ) 

. - ( 
E .. 

:- q. . + 
l • ) 

B. p .. 1 + V. p. 1 . 
l. • j l.)- l, j l- • ) 

+ H • • 
l • ) 

n""1 
(m) 

p. . 1 
J.,)+ 

de6 pej ando: 

. l • ) . . 
" 

J -· 

·.j i 
n""1 

(m ... 1) 

; 

V . .P • '
1 

. + E . . 
1 • ) . J.·- • ) l • ) 

n""1 
(m+l) 

p . . 
l • ) 

.inc.6gn.<.:ta6 

... , 
•,, .. ... ~ .. 

/50 

n-t:1 
(m ... 1) 

+f •. P. 1 .• 
l,) l. ... ,) 

n""1 
(m ... 1) 

+ f . 
l • j pi ... 1,j 



··. 

n+1 
(m) 

(-q.j+B.jP'jl+ 1, l, 1,-

n+1 
(m) 

H • • P. '+ll 1,) 1,) 

--------- tl~mino~ conocido~ ----------------

Po~ to tanto 6e tiene que pa~a: 

j• 1 6e gene~an Nx. ecuacione~ 

j· 2 " " " " 

j= 3 " " " " 

j• 4 " " " " 
' 

j• Ny 6e gene~an Nx. eeuaeione6 

E6to~ ~i~tema6 de ecuaclone6 ~e deben ~e6olve~ M vece6 ha6ta que-

6e obtiene eonve~geneia. 

13.- LSOR (SOBRERELAJACION LINEAL SUCESIVA) 

Nuevamente, pa~a e6te mltodo 6e tienen ta6 do6 opcione6 del LSR. 

Ilu6t~ando aho~a la 6o~ma de la6 ecuacione6 al con6ide~a~ la di~ecei6n 

"y" imp.C..lcita. 

n+l 
(m+l) 

p . . • ( 
.t.,j 

~ { -

\ n+l 
(m) 

1-w P .• + 

E . . 
l • 1 

1 • J 

n 
- q . . + 

l • ) 

n+l 
(m+l) 

H:.P .. 1 l} 
l,) l,]+ 

Ve6 pej ando: 

n+l 
(m+l) 

B . • P . . -
1

+ 
1,) 1,)-

n+l 
(m) 

n+l 
(m) 

V . . P. 
1 

.+f .. P. 
1 

.+ 
1,) 1- ,] .l,l l+ .J 

'· 

,. 
' 



Bi,j 
1 .. ·.:,.; 

'·. 

n+1 
(m+l) 

pi. j -1 + E. • 
l • J 

n+l 
(m+l) 

Pi,j + H • • 
l • J 

n+l 
(m+1) 

P. "+1 • l,J 

~~ . 
~€~mino~ de~conocido~ o inc6gni~a~ 

n+l n+l 
(m) n (m) 

( 1-w 1 p + 
i,j E .• 

l • J 

i 

- q · j + vi · P • 1 · l, ,J J.- ,] 

-~€~mino~ conocido~ 

En e~~e ca~o, ~e ~iene que pa~a: 

i• 1 ~e gene~an Ny ecuacione~ 

i• 2 ~e gene~an Ny ecuacione~ 

11 11 11 

~· Nx ~e gene~an Ny ecuacione~ 

n+l 
·(m) 

+F .• P. 1 . 
J.·,] l+ ,J 

·, 

E~~o~ ~i~~ema~ de ecuacione~ ~e deben ~e~olve~ M vece~ ha~~a obte-

ne~ conve~gencia. 

Pa~a obtene~ w optima en LSOR ~e p~ocede en 6o~ma ~imila~ al ca~o

de PSOR, po~¡ejemplo ~e e6ectúan va~ia~ ite~acione~ con w = 1 (LSOR) -

obtenilndo~e el ~adio e~pect~al (p). Con e~te valo~ ~e calcula wopt. 

AV1P l~te~ativo) PROCEV1MIENTO IMPLICITO VE VIRECCION ALTERNANTE 

Peaceman-Rach6o~d, Vougla~-Rach6o~d (no u~a~lo n~ en p~oblema~ en t~e• 

dimen4ionea.ni en 6l~jo multi64aicol 

PRIMER PASO 

Con4ide~ando ~mpllc~taa laa inc6gnita• en la di~ecc~6n ux" y ex--
·' 

pllc~taa laa. inc6gn~~a6 en la d~~ecci6n "y'': 
1 

. ',j• 

" 
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,. 
(j1) . (il) (l'c) (m) 

V P. 1 . + (E"+E.t- hk>:T) P .. + F P. 
1 

j • q . • 
1 - • J l. • l .l t • 1 • l 

- [ B P .. 
1

+(fy+ 
l. • ] -

·.'_ (m) 
p + 

i • j 
(m) J 

HP. . 
1 ' 1,]+ 

hktTI 

SEGUNDO PASO 

· Con-~>ide!Lando ahoiLa .impl..lc..ita-1> .f.a-1> .inc.6gn.ita4 en ia dDr.c.c.c..i6n "y" y 

u.p.f..lc..<..ta-1> .f.a¿, úíc.6gn.i.ta.~> en ia d.<.llec.c..<.6n "¡¡": 

(mt1) ·(m+l) 
B P. . + (Ey+E.t- hf¿¡;T) P· + 

J.,)-1 i;j 

<•~) (>'<) J 
P .. +FP.

1
. 

l.,) J.t ,] 

(m) 
hk rTP . . 

l • ] 
+ F p 

( ... ) ] 
i+1. j 

(mtl) 
H p. . . = 

1,]+1 
[ 

( ... ) 
q . . - V P . 1 . + (E"+ hin Tl 

l.,) J.- ,] 

PEACEMAN-RACHFORV 

= q . . 
l. • ] 

- [V 

VOUGLAS-RACHFORV 

( ,, ) 
p. . 

J.-1,) 
+ Ex 

( ... ) 
p . + 
i,j 

N6te4e que ia an.<.c.a d.i6e1Lenc..<.a entlle .f.o-1> 
(mtl) (11) 

( p . . - p . . 
l,J l.,) 

e-1> que P-R lt -~>uma ai LVE: h~¡;T 
(m+l) (m) 

l mient~La.~> que V-R le 4u-

mct ai LVE: lt~l:T (P. . - P .. 
l.,) l ,J 

l en el .~>egundo paao de la ite~Lac.i6n. 

E.f. p!Loc.ed.<.m.<.c.nto V-R .en '3 d.<.men.~>ione-1> e.~> 
(6) (66) (m+1) 

itelf.ac..<.fn, !J !1 ./>umando hkíT 

.~>i~{~a/f. uo~>ando nivele.~> de 
c~···) (m) 

IP<m+l)- P l al LVE 

. 1 

5,9 CONSISTENCIA, CONVERGENCIA, Y ESTABlLIVAV. 

En e-~>ta -1>ec.c.i6n ae~ve~Lln 6ollma~ de analizalf. laa e"pano~>ionc~ en di

'e'Lettc.iaa 6.<.nlta6 y dete~LminaiL que tan 1LC.p1Le~~ntativa6 o~>on pa~a laa 
y. 
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e.c.u.a.c..i.onell d.i.6ellenc..i.a.l.u ·pal!.c..i.a.l.u oll.i.g.i.na.l.u, a.li.C c.omo ba.jo qu.e c.on-

d.i.c..i.onell e! e6qu.ema pllopu.ellto el~ e6ta.bl.e • ..• . 
:~· ' 

Se d.i.c.e qu.~ u.na ec.u.a.c..i.6n en d.i.6ellc.nc..i.a.6 6Lnlta6 ~• CONSISTENTE O

COMPATIBLE ll.i. t.i.ende. a. 6ell ·.i.dlnt.i.c.o a la. ec.u.ac..i.6n d.i.6ellenc.lat pal!.c..i.a.t 

o11..i.g.i.na.t a. med.i.da qu.e tJ.x.:+ O y fJ.t:+ O. 

Se d.i.c.e qu.e u.na. ec.u.~c.L6n en d.i.6ellenc.La.6 6Ln.i.ta.6 el~ CONVERGENTE ~L 

la 6ol.u.c.L6n ex.a.c.ta a. laa ec.u.a.c.Lone6 en dL6el!.enc..i.a.6 (u.) tLe.nde a. la. 60 

tu.c.L6n ex.a.c.ta. a. taa ec.u.a.c.:C:one6 dL6eJtenc.La.tea ( u. 1 pa.lla todo va.to11. d_e. 

x. a med.i.da qu.e tJ.x.-+ O y !J.t:+ O • 
. . 

Se dice qu.e u.n aúte.ma. de. ec.u.a.c.Lonu en d.i.6ellenc.LM 6LnitM el~ 
. ' 

ESTABLE 6L u.n eJtltOIL en la. aolu.c..i.6n l.i.ntJtodu.c..i.do poli. c.u.a.tqu..i.eJt 6ollmal

tLende a. de6va.nec.c.IL6e a. med.i.da. qu.e avanza !a 6ol.u.c.L6n y aL toa eltl!.o-

l!.e6 de tllu.nc.am.i.ento en !~6 ope11.a.c.Lonea aJt.i.tm€tLc.a.6 no ae a.c.u.mu.tan c.on 

et t.i.empo. '. 

,' .. 
CONSISTENCIA O COMPATIBILIVAV 

. ·. 1 

El a.ndl..i.aLa de c.on6.i.6tenc.La. de u.n e6qu.ema en d.i.6elle.nc.La.a 6Lnitaa-
·.~,, . ~ ' 

ae lleva. a. ~abo en u.na. 6ollma. 6Lm.i.l.a.IL a la dea~11.1toll.a.da. palla anal.i.za11. -

e! t€11.m.i.no del. eJtltoll, U· dec..i.IL, 6 e ex.panden .toa t€11.mLnoll en 6u.nc..i.6n -

de 4ell.i.e6 de TaytoJt y 61!. a.nal.Lza e! c.ompolltamLento de la ex.p11.eaL6n l!.e.-

6 u.l.ta.nte a medida e¡ u. e !J.)( y /!t. tienden a c. ello. 

'¡. 

Ejemplo: Anal.LzaJt la c.o~aLatenc.La del eaqu.ema de Vu.6ollt-FI!.anke~. 

; . •. 
' .. . , . 

J '· 
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a2u 
ax. 2 

1 au. 
e ·o 

a at 

2u ot. [u~ 
2 1+1 

(tJ.x.) 

n+1 
- u . 

l . 

n n ] n+ 1 

- ui + ui-1 • ui 



~~pandf~ndo ~n ~~~~~~ d~ Tayto~: 

• [ n 2at..t .....:...:=,.,.· ui + (ll~l 
( ll~ l 2 

n 
+ ~3 a3u + ~4 a4u •• 1 ••• 

+ 

n 
- u i - ( ll.t l 

n 
u.+ (MI 
~ 

n 
+ u. -

l 

n 

(6~) 

• u·.+ (ll.tl 
l 

n 
- u . + ( ll.t l 

l 

a u 

·~ 
In 

au 1 

a.t 1 i + 

In 

~1 
a.t i i 

i 

(ll.t)
2

. ·a 2u 

2 ! a.t 2 

( ll.t l 
2 ! 

¡.,. 

.. 
'· 

(ll.t)
2 ·.a 2u 

2! .. a.t 2 

.· 

(ll.tl3 

3! 

+ ( ll.t 1 
3!. 

( ll~ l 3 

3! 

+ ( ll.t l 
3! 

+ 
(ll.t l 3 

3! ·~ 3 

+ 

( ll.t 1 4 

4! 

( ll.t l 
4! 

( ll~ l 4 

4 ! 

+ ( ll.t l 
4! 

( ll.t l 4 

4 ! 

4! ax 4 

- t ....... . 

+ ••••••• 

... ] = 

+ :· •••••• 

+ •••••• 

a~mpli6~cando '.tl~m~noa, la ecua.c.~6n a e ~e duce a: 
. , 

n In In tn 

[ a2u 1 a 2¡f ! a 2u (6x)
4 ;¡4u 2 all.t 

( Ól( l 2 1 (ó.tÍ2 + + 
2 

·~ 2 
a,t2 a.t 2 1 2 a x ~ ( M) li d 

.. :i 1 1 
.n 1 

,n 

1 

In 
(6.t)t¡ ¡¡4u ; ] a u ( 6.t l 3 a 3u 

: 2 1 6t 1, + 
1 2 a.t 4 .. . a.t 

li 3 a.t 3 
ii '1 

· . .-: 

divi.dúnda pM 2 () t..t 

' \ .. 
~ 

¡,; 
\1 •· 

:·' 
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a2u (t>.tl2 á2u 2 a4u (t>.tl4 a4u a u (t>.tl2 ( l>X 1 + + o--

axz 
. ~ 

( t>x 1 2 a.t2 12 ax 4 1 2 ( l>X) 2 a.t 4 a a.t 6a 

a 3u 
a.t 3 

a2u 1 a u 
+ ( 

( l>X) 2 a4u (l>.t)2 a 3u -( (Ml
2

¡2 ;¡ 2u -
ax 2 a at 1 2 ax 4 6a at3 ( liX ) ,Lt: 2 

lt>tl2)2 a4u ] ~ o 
1 2 (l>x l a.t4 

Aho~a la p~egunta a con.tea.t~~ pa~a analiza~ la conaia.tencia de ~a

ta al.tima ecuaci6n ea ai .tiende a la ecuaci6n di6e~encial pa~cial a me 

da que ax• O y que t>{+ o. 

Como ae puede comp~oba~'el p~ime~o. aegundo y cua~.to tl~mino 

pa~ln.teaia .tienden a ce~o a medida que t>x+ O y t>.t• O (el tl~mino 

del -
(l>.t)2 

p~obablemente ae ace~ca a ce~o) pe~o el cociente ~ 
ax 

el te~ce~ tl~mino puede ae~ un núme~o 6inito, digamoa 

l>X 
que apa~ece en -

a po~ lo tanto -

el eaquema Vu6o~.t-f~ankel ~ep~eaen.ta maa biln una ecuaci6n del tipo de 

la ecuac~6n de onda, po~ ejemplo: 

1 a u 

at 
: o 

Una vez aaegu~ada la conaiatencla de un eaquema i.t~~ativo y pa~a -
! 

pode~ .te~e~ una ap~oximaci6n v~lida, lata debe a~~oja~ ~eaultadoa que-

eaten m~a o menoa ce~ca de la aoluci6n del p~oblema o~lginal. Eata con 
1 

~ide~aci6n a e puede analiza~ e_.n doa ~o~maa dl6e~entea: 

P~ime~o ae p~ede conalde~a~ un punto 6ljo x~ y p~egunta~ ace~ca de 
l 

n n 
.la dl6e~encla en.t~e uiy Ui a medida que la malla (eapaclo-tlempo) ac -
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' 

" ..... :· .. 

'. ". 

h~ee e~d~ vez md6 6ln~. Se e6pe~~ que en eL Llmite, ~-medid~ que At•.~ 

y At+ O, • el ,vvr.o11. t.lenda<t.~mb.U.n a C.eA.o.:·J~ONVERGENCIAl 

E! Hgundo allpe.cto de..{ fOmpoll..ta.f7!.<.e.n.to de. la. a.p11.ox.ima.c.i.ón e.n d.i6e.

ll.e.nc.ia.ll. 6.in.i.ta6 pue.de. e../>tu(i.ial!.ll e.· ma.n.te.n.iendo 6ija.6 llx y ll.t y ua.mina.n 
. \ . ' 

do que palla. a. medida que. la ~otac..i6it .lle. avanza. en tiempo. Se e.llpe.ll.a -
( ' ,• 1. 

en ut.e callo que. lo~ .e.ILJr.oÜ.ll no lle a.mpU6.ique.n a. ·ta.l g'udo que. lo6 .u 
'· 

llultadoll obte.n.idoll nó Úa:n 'vá.Udo6 IESTABHIOAV). 

• 
CONVERGENCIA - ERROR VE TRUNCAMIENTO 

En ge.ne.11.al, e.n.t1r.e. me.nol!. 6e.a. el e.Jr.Jr.OIL de. .t11.unca.m.ie.n.to, la c.onve.11.-.-

ge.nc.ia de. la ecuación en d.i6e.Jr.e.nc.ia6 a la. ecuac.ión d.i6e.Jr.e.nc.ial e.6 má.6 

Jr.á.p.ida, Poli. e.~.to, una 6o1Lma. de. a.na.L.izal!. la. conve.l!.ge.nc.ia. de. un e.llque.ma 

en d.i6e.11.e.nc.ia6 6.in.i.ta~¡ e6 a.na.l.izando 6U e.Jr.Jr.olr. de. tl!.unca.m.ie.n.to. 

Elr.II.Oir. de. .tll.uncam.ie.n.to e4 el e.Jr.lr.0/1. .in·CUir.ll..ido al }J.e.e.mplaza/1. la ecua. 

c.i6n d.i6e.Jr.e.nc.ial poli. un~ e.c.uac.iln en di6e.l!.e.nc.ia6 6i~.itall. Ve.b.ido a e.6 

.te e.uoJr., la ~.>ol.uc.ión exacta a la ecuación en d.i6e.Jr.e.nciall l6.in e.II.II.OJr.

de. Jr.edonde.o.l el.> d.i6e.Jr.e.n.te. a. la. 6oluc.i6n de. la. ecuación dl6e.Jr.e.ncla.l. --
' pa11.c.iaL co~l!.e.l.>pond.ie.n.te..· 

El .tlJr.m.ino ''e.II.II.OII. de t11.uncam.ie.n.to" viene del. hecho de. que a.L !Lee.! 

pl.a.za11. de.11..ivada6 poli. coc.ien.te6 de di6e.l!.e.nc.ia4 e.6 e.qu.ivalente. a utlll· 

za11. 6e.IL.ie.6 de. Taylo11. ''t11.unca.da6''. 

6.inlta.ll 6e.,de.6.ine como: n n 

EL • L D U i - 1 Lu) i 

en-donde: 

E • e.II.II.OII. de .tl!.unca.m.ie.n.to Loca.~ 
L 
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Lu • .6b~ma dl6e~enclal 

.,, 
Po~ ejemplo: Pa~a et e~quema en dl6e~encla~ p~og~e~lva~: 

L u • 

n 
n 

L D U i = 

u. 1 -
~-

= 
{ llx) 

2 

1 2 

n 

a u 

a.t 

2 u . + 
1 

{llx) 2 

n 

u i+ 1 

6 

n+l 
u. 

1 

ll t 

n 
u. 

1 

EL= 0{M) 2 
+ O{ót) 

Sl ~e tuvle~en laó óoluclonea exactaa ae pod~~a de6inik el ERROR-

VE TRUNCAMIENTO GLOBAL mediante: 

Max lu ~ -
1,n 1 

1 

u{x.,t) 
1 n 

En la ma~ok~a de loó ca6oó, no ae tiene la aoluci6n exacta u{x., t ) 
1 n 

pok lo tanto el p~oblema conólate en t~ata~ de enconlka~ lo) llmiteó-

al ek~uk global. Paka ecuaclone6 di6e~encialea ólmpleó nokmalmente óe 

¡)ueden encont~ak pvro, a medida que la~ ecuacionea 6 e hacen má6 compl~ 

jaa, la eatlmaci6n de eato6 l~mite6 ae hace ba6tante má6 di6lcil. 

A6o~tultadamcntc ae ha encontkado que loó e~ko~ea globalea mue6tkan el

mlamo o~den de dependencia con ~eópecta a loó tamaijoó de malla {eapa--

.cio-tlempp) que loa e~~o~eó localea.· Ve aqu~ que loó ERRORES LOCALES 

VE TRUNCAMIENTO que óon mucho máa 6áclleó de eótlma~ óe puedan u6a~ 

'polt lo meno~ como gula palr.a el o~den de CONVERGENCIA de la aoluclón a-. 

Ca ecuaclón en. dl6e~enclaó 6lnlta6 a la aoluclón de la ecuación d.i.6e-

ltenc.i.al a medlda que el tamaijo de la malla tiende a celta. 

/58 



... \ Ei:ta p~dc~ica, pa~a p~oblemaa que tengan nlgan g~ado de di6icul

~ad la':e&~imac.tón del e~~o~ ae obtiene lteaolviendo la ecuación en di-
• : 1 '~ ' 

6 e~te'n'dlaa u~ilüando di6 eltentea tamaRd.a de malla v'a~.lando ta~to loa -

.tnMe·m.entoa ea pacialea ( llX., lltJ, llz 1 epmo el ütcltemento tempo1tnl (M) 

paiLa enc.ontltalt aua ·eóectoa en la aoluc..t6n. 

En·muchM ocM.tonea, valo1te.6 pltáet.tco.6 de !Jx. y· 6t (paiLa toa eua-~ 

lea el t.tempo de eomputae.t6n no .6 e ha e e .ex.ee.~>.tvo ), .. .6 on tan gltctltde.6 -

que el eltiLOit no palteee d.taminuilt tan ltá~Zdamente eomo lo pltedlc.en la6 

6ó1tmula.6 pa~a el e~ltolt local de t~uncamlénto. La !tazón de e6to e~ que 
.. 

laa ex.pltealonea que a e ob~.tenen paiLa el o~den del eltnolt. de&clt.ibe~ et-

compontamlento Mlmpt6tieo. a medida que· M IJ M. tienden a eelto y no -

d.tc.en mueho ace~ea del c:ompolt.tamiento del elt.ILOIL paiLa tamaiio.6 de malla 

nelat.lvamente gnandea. 

PoJr.. eata.6 Jr.azonea, noltmalmente .&e tlenen que e'&naldeltalt como eat.l 

mac.'.ion.ea :.emp.lJr..(.ca.6 del !ll~OIL. obteitldq.6 COIL!tlendo .el múmo pJtÓblema ~

COn d.t~eiLentea tamañoa de. matia•. ·una ve'z encoíttlt.tido el tama1io de ma-

lla que tqulllblta el co6to de u.6alt un tamaño peq~eiio, contlta el:ILle•-· 

go a6oc~~do al utllizalt una malla g~ande y a~men~aiL el eltltolt, ~e eo--: 

!titen loJ.algulente6 ca6o6 con dlcltu tamaño. 

ESTABI LIVAV 
....•. 

Un e~ quema en dlóelt.ellclaa ~.tn.t.tltl C6 ESTABLE !,.¿·el eóecto de un -

eJr.~Oit· (u peJttt!·'tbac.<.6nl ltcclta e11 afncwa dr .. la6 etfP~6 de cóm¡.'u.to no 6e . 
.. 

pJtupaga en e~ILOILC6 a medlda que la &otucl61t 6.e avanza en ctapaa po.~>.t~ 

1t.io~e• de cálculo. .· ' . 

. \ 

eJtiLOJt polt ejemplo, .eltlt.Oit de t~uncamic•:tr, CltltO~ di ltedottder o alguna~· 
• 
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C A P 1 T U L O 6 

CONSIVERACIONES GENERALES , 

!.-··'· La. ~imula.ci6n de ya.cimientó~ una. heii.Jta.mienta. ú:t.i.l, que au

nada. a. otilo~ pito ce~ o~ de p11.edicci6 n pellmite o btenel!. mej o/f.e6 

Jte~ulta.do~ en el e~tudio de yacimiento~ petJtolel!.o~. 

2.- La. e6ect.i.v.i.da.d de una. ~imula.ci6n e~t~ en 6unc.i.6n de la Jte

plle~enta:tivida.d .. y de la. caUdad de la. in6oJtmac.i.6n que 6e 

p1Lopo1Lcione. 

3.- Lo~ modelo~ ma.tem~:tico6 pellmi:ten 6imula.IL el compol!.:ta.m.i.en:to 

dé un yacimiento, bajo di6ellente6 a.ltel!.na.tiva.6 de pltoduc

ci6n, a. 6.i.n de 6e!ecciona./f. la. 6ollma. 6p:tima de de6a.I!.ILolla.IL 
. 1 

y explota.Jt un yacimiento de aceite y/o ga.6. 

4.- En ~ca.6ione6 e6 conveniente de6a.II.Jtolla.Jt un modelo ma.temát.i. 

co, de a.cueJtdo a. la.~ ca.Jta.ctelll6tica.6 del yacimiento poi!. e6 

tud.ia.Jt. 

S.-· La. p!ted.i.cci6n mediante una. 6.i.mula.ci6n, 6olo puede 6ell con-

6.i.a.ble cuando ~e cuente con la. ca.ILa.cteiL.i.za.c.i.6n p1Lec.i.6a. del 

ya.c.i.m.i.ento y, a.dem~6 cuando el modelo peiLm.i.ta. 6imula.Jt loó 

nuevo6 meca.nl6mo6 de de~pla.zamien:to a.6l como 6U6 6en6meno6 

a.6ocia.do6 que·po6:tei!.L01Lmente 6e pl!.e6enta.IL~n. 

6.- Ningún modelo ,6Lmula. lo~ 6en6meno6 de convenc.i.6n, 6upell6a.-
' tul!.a.c.i.6n de a.ce.i.te y el de inve1L6L6n de pite- 6.i.6n a.6ocia.-

do~ al mecanl6mo de la. 6egltega.cl6n glt.a.v.i.taclonal. 

7.- Un modelo matemático, una. vez a.ju6tado, e6 el mejolt JtecuJt-

60 paiLa. pltedeclll el compoltta.m.i.erito de un yacimiento. 



B.- Teniendo en cuenta !a~ eon~ide~aeione~ ante~io~e~ ~e in6i~ 

~e que !a ap!ieaei6n de un modelo ~imp!i6icado, ~on un buen 

e~ite~io ingenie4l!, puede tene~ ventaja ~ob~e un modelo ~o 

6i~tieado de ~imu!aei6n. 

¡ 

.· ,. 
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NOMENCLATURA 

. ·~i· SIMBOLOS 
l. .' 

. '1 

Altea 

Bg Fac.toJt de voti1men det ga-<1 ( Bg< 7) 

í. 

So Fac.tolt de volúmen del ace.i.t·,e (Bo> 7) 

Bw 

·e .. 
f 

e 
g 

V 

·.··' 
.. 

: Fac.tolt de votúmen de.e.· agua,'.· 

CompJte.6.i.b.i.Udad de la 6oJtmac.i.ón 

. CompJtea.i.b.i.lldad del qaa 

CompJtea.i.bllldad del aee.i..te 

CompJtea.i.billdad del agua · 

PJto6undldad 

EG E~JtoJt de .tJtuneamlen.to gl~bal 

E!tltOJt de .tJtuneamlento loca! 

e. T~Jtm.i.no del eJtJtoJt 
' . 
61" . ) : Fune.i.én evaluada en cada. pu11.to . 

l 
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UNIVAVES FACTIBLES 

VE USARSE 

... '' 

1 p.i.e-6 
2 

l 

. 3 
p.{. ea g @>e .!J 

,¡ 

1 • 

@le .a 

2 -1 . !lb. 1 pg l 

(lb./pg2)-l 

2 -1 
llb./pg) . 

2 -1 
( lb./pg ) 

(púa) 

' 

"'1. 



g 

h 

I 

K 

k 
g 

k 
o 

h. 
w 

kr 
g 

h.r 
o 

kr 
w 

: 

: 

L '· . 

Nx 

N y 

Nz 

Yl 

.... 
11 

pe 

1·' e o-r. 

: 

... 

' Acele~aci6rt de la g~avedad. 

Co n<1tan.te g~avi.tacio nal @l e o ndic.io nu. 

no~male~ y e& igual a 32.2 pie&/&eg~ 

Aftll~A, 

Potencial de un ga<~ ~eal. 

Pe~meabi.Udad ab&oluta. 

PeMeab.i.Udad e6ect;(.va a t. ga&. 

Pe~mea.b.i.Udad eáecUva al aceite. 

P e~m ea. b.(U dad eáectiva al agua. 

Pe~meab.i.Uda.d ~elativa. al ga&. 

Pe~meab.i.l.i.dad ~ela.t.i.va al aceite. 

Pe~meab.i..Uda.d ~elativa. al agua. 

Longitud. 

Pe& o +-
molecula~ .. 

Ma&a. 

Núme.~o de blo q UC<I en lti d.i..uccUn "x" 

Núme~o de bloque& en la d.i.11ecc.i.6n , y" 

Núm.e~o de btoquu en la. di~eccUn "z" 

Núrne~o de mole~. ( n • m/ M ) 

Vectu~ pe~,:-endfcula.~ a toda& la<1 &upe~-

. 6ü Ü.<l equ.i.potenc.i.ale6 . 

E ~~eH de t~uncam.i.en.to. 

P~eal6n cap.i.la~. 
'·¡· 

PÚÓú~n capUa.Ji_, en.t~e la6 .i.n.teJt6aH6 

ga&-acei.te. 

2 ( p.i.e<l /Hg. ) 

"L ( ple6 1 a e !1 • l 

lpú6) 

(Oa~cy) 

(Oa~cy) 

(Oa~cy) 

(Oa~cy) 

. (Oa~cy) 

(Oucy) 

(Oa.~cy) 

(pü<l) 

(lb/mnle- z¡, l 

" (lb./pg~l 

(lb. /p!J<) 

. 2 
(lb./¡:ig l 

+ En a.Lguno6 capl.tuto.~ ·.¡,e hace, M • ma~a. • .!>olamen.te pa~ci 6lne6 de anc1-

ti~l& dimen6lot1a.l. ' . 

.. 
\ 



Pe 
w-o 

q 

R 

Sf 

Sg 

So 

Sw 

Sgr 

Sor 

Swr 

· Swi 

T. 

T 

t 

u 

vme d •. 

1ft> 

V 

z 

' ,. 

¡; 

\1 
~ 

l> 

P~eai6n caplLa~ ent~e Laa lntc~~aaea 

agua-acelte. 

Ritmo de lnyeccl6n y/o p~oduccl6n. 

Ga&.to. 

Conatante'.unlveMaL de .e.o·h ga&e&. 

Raz6n gaa dlaueLto-acelte. 

Satu~acl6n de óLuldo en gene~a.e.. 

Satu~acl6n de gaa. 

Satu~acl6n de acel.te. 

Satu~acl6n de agua. 

Satu~acl6n de gaa ~eaiduaL. 

:Satu~acl6n de aceite ~ealduaL. 

Sa.tu~acl6n de agua ~eaiduaL: 

Sa.tu~acl6ri de agua lnte4&ti~laL. 
. ·+ + 
Te m p e4atu4a · 

T~anamüividad T A k 
= 

11 Bt. x 
Tiempo, 

VeLocidad ap0.4ente •. 
1 

VeLocidad media. 

Vo.C.úmen b1t.uto de 1t.oca. 

VoC.úmen. · 

T!it.mlno óuelttc o ~umldclt.o. 

'• 

Fac.tolt. .de deav.iaci611 de lo~ ga~ea. ~ea.e.ea. 

Po lt.oaldad .· 
,. 

Pc~toaidad eóectlva. 

V.t~cdidad. 

' (¿b. /p¡:¡2) 

(bL.~c.~idla.pJea 3 ) 

·(b.C../dút) 

( ./h-pg 2 / 0 R-mote- .lb) 

' . 3 ' 3 
... (plea /ple.~ ) 

r; o 

( . 3 1 . 3 '¡ p.ua f\ii'c. u p.(. ea poros 

(plea 3(a'c.u/plea 3 
) 

· g . poros 

( . 3 1 • 3 ) p.(. ea (Ce • 11, p.(. ea 
o · poros 

( ...,_¿ea 3 éo'C. u 1 •Jl e~ 3 ) 
,.. w - 1 poros 

( 
. 3 ,. . . 3 ) p.(.Ca !5'C.t! p{Ca 

g - .poros 

(plea 3 ~c.tl/plea 3 ) o · · poros 
. ( . 3 1 . 3 ') p.(.Ca ~C.I/ ~.(.(!.~ . 

. . H - po·ros 

( . 3 1 . 3 ) p.(. e..\ (a'C. tf p~.C..I 
w # poros 

1 'R! 

lpÚa 2 mV/cp piea) 

(dlaa) 

(pie& 1 heg.) 

(pi M 1 aeg. ) 

(púa3
) 

(balt.lt.Hea). 

( pü-!>_3 po ~" ~ /plea3 ~o ca) 

(poiH-~) 

( poü ea) 

'' 

H En atgwzo.!> cap.[tuloa H Ita ce, T = 
ani!U~ i~ dimct~~únal. 

'tierr:po, aolamentc palt.a ~inca de 
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•Jl'c.y 

V~~co~~dad d~l ac~~t~. 

V~oco~~dad d~l agua. 

Ven~ .i.dad. 

Veno~dad del gao. 

Ven~¡dad del ace~te. 

VeMidad del agua. 

Potencial de 6lujo. 

Raz6n de conve~gencia. 

Radio eopect~al de la mat~~z. 

(paú~~) 

(poü~~) 

(lb/púo 
3

1 

( lb/püo 3 ) 

(lb/púo 3 ) 

( lb/pü~ 3 ) 

(lb/pg2) 

Med~do a cond~c~one6 eotanda~ o ~upe~6~c~ale~. 

Med¡do a condicione6 de yacimiento. 

SUBINVICES '· 

~ I~t~educt~bC.e. 

g Ga6. 

o Ace~:te, inüü.t. 

te' Agua. 

K.,!J,Z V.(lf.eccione6 o'l.togona!eo en .too eje~ K.,!J,Z 

.i,j,R Vi~ecc.C:une6 c~togona!e6 en .too ej e6 K.,lj,Z 

TERIIINOS USADOS EN TABLAS 

A• .. Coe6-ic.ün.te6 dado6 en .ta tab.ta. 

m Númello de pun.too u.oado~ en .ta apllOK.~mac~61l meno~ uno. 
! 

Nú~1é:.llc dd. punto e•t e.t que. ~e el·a!ua .ta ~e.-,ivada. 

Futm.1 ~~~ d.tScH:nc.C:a-6 6-in~:ta6. 

167 

,>, -·~ 

"•·· ,-:;_. 

' ... _ .. , 
._r,;, 

. ' 
•' ~ 

..... :-

. r 

:''. 
7 -~~i 

-~ :>o¡: 

:,, ·.~ 



FACTORES VE CONVERSION • 

•=> Long~tud 

() 

pg ~ 2.54 cm. 

1 p~e ~ 30.48 cm. 

Vo.lúmen 
' ' ~ ·. 

BL = 759 .tt • 42 .ga.t 

BL ~ 5.675 pü<l 
3 

1 m 
3 = 6 • 2 9 B.t = 3 5. 3 1 4 pü<l 3 

.. ~ 
\.• 

1 atm = 76'0' mm. Hg 

1 atm • DL 2 . 14. 7 <..{)/pg ab<1. 
¡ 

.1Jt' . 
. ~·., 
~- . 

.. . . 
CONSTANTES . ~ ' . 

TEMPER~TURA ABSOLUTA "K • •e + 273 

"R = "F + 460 

, 

Peao molecu!a~ med~o. de! a~~e •eco • 28.97 

Vol.úmen de 

Vol.úmen de 

mol.e-g~ de ga<1 ~c.<l = 22.40 l.it~o• 

mo.le-l.b ·de gail 'il•c.6 = 379.40 púa 3 

3 3 Peao eapec.lóico del ag.ua ,a·c.6 = 1 g~/cm • 62.4 f.b/pic. 

Peao e~pecl6ico deC.gM i1'c.a. = 0.0764 (lb/pie:;l . ' . 
.•} 

R = 82.05 (a.tm-cm l / ("K- mol.e-gJr.) 

10.73 (lb/pg 2- pie;¡ 1 !"R-molc-.tbl 

.. ! 

.. 
• 
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;_by' ~rstea Pr\Je-ss and Jton e~ Schro~~r 

LaW'l'e.nca :Berk&ley t..Woratory,· 5-er) . ."el.ey, Ca.' 94720 

-:he rational &!e'velo.P=e:\t O! geot.."'lu·=.a.l resources 

re<¡Uires an a~e-quete knowle~ge of the b-ehavior ol 

a qiven reservoi.r wu!ler va,rious pr~uc:t;ion Uld 

injec:tion ac:.."'u.es. t'..athe:.atica.l 1:'01!eling at:.e=rt.s 

t.o pravlde sueh lc.."'llovleOge a..•·u! to deten:U.ne i:yort

ant re1arvOir par&meters, such as fo~tion pe~

~i.lities a.nd reserves of fluic3 l!.nd h'eat. 

Beca•.tse of p'h.ase changes a.nd because of the cou.P"' 

linc¡ between ~erc¡y- and cass-!low, the c,c;uat!ons 

descrlbi.ng «;eothe:-=".al :z-.eservoirs. a:e' strOnc¡ly .non

l:Ulea.r. 'n'l.is li::-.its t.'le aP?lica.biUty of· .analyt

ical Approxi~~tio~s an~ has DOtivated the develop

=e.nt of nu::-.e:icü si:.ulators. ln t.':is paper, we 

review t.~e eoncepts and_c~tho~s used in LBL's 

geothe~l si-~~lator 5~~79, ~d illUstrate its 

application to a v~riety of typical p~o~lems. 

The 8i~lator s~rr79 was develo?e~ for co~~n9. 

two-p~aae flow pheno~na in geotht~l re5ervoirs. 

. 'the program ~dles tra.n~ient ini tial-va.lue 

· proble:ns vith preSerib~d bou..,dary conditio:-as. 

5~79 is an ~proved·version o! the simulator 

SRATT78, wh.ich w.as d.isCuSsed in det.ail in ref. 11. 

lt solvos couplea equatiOns for mass- &nd enerqy-
' 

transport, using an integrate4 finite dif!erence 

cet.hot.. 'l"his :nethod allows .,a .very flexihle 

d~acription o! reservoirs.~cause it does not 

di~tinguish between one-, two-, or three-dicens

ional regular o: irregular geo~tries. 

The ~in assumrtions a.nd approxlmations ~de 

. ~-n the !o~la~ion of. Sl'.AF":'79 Are as follows: 

(1) Geot.he:-=~al rese:voirs are appro'xim.ate~ as 

syst~ o! porous ro2k saturated Vith one

co~nent fluid in l~quid and vaPor form. (2) ~11 

r~ propertie5.- por~sity, density, speci!ic 

haat,, the~l ccnductlvity, absolute ~~eabili~y 

- are independent o! te~~rature, pressure, or 

vapor saturaticn. (3)_ Liquid, vapor, an~ rock 

~to~~~trix ere in lOCAl the~yn~Unlc t-qUilibriu::., 

' -

i.e. at. 
c't'•• • 

t...~e S&!ll!!-tc~perature,and pre_ss,u:e,_at._ 

':he r.a.in new featu%-e.1 in':SP.JJ779 i!s ··co~ared wlth , .. , ... 
SiVJ""J'7S is a CCil'l?l.e·t.~l)o.'sirnultaneous, ite:at.ive 

.'sol ution o! U\ o coupl~ 1M SS- o.nd enercf.t-tran$

port ~.;aticns. 'Ihi's allows be~een ten arld one 

!al :::.e:..~:>d e:::~;loyed:, in SP.JrJ"T79. In particular, 

. ' .p~u.se t:-a..-.si-:.ions can be: co;:--puted acc.-urately aiu!l ) 

~!~ieie~tly. St=.>.F779 :o! fe:~ a choice of srverzs.l. 

~e~~~s ~or sclvL~g.the cou?led non-linear· 

' equa~io~~ !or ~~s-: ~d energy-!low. The pre!err~ 

solutio~ ~ethod i~.fully ir.~licit, employs·a. 

Ne-w-ton/RA?'hson iteration for siDult;a.neous. soluti"cn .. 
of th~ non-linear u~ss- and energy-transport 

e-quatioru;, and uses an· ef!icie~t syarse sol.;er· •. ~) 
SH.;J'779 has bee~ .applied ,to problein.S vith up to 

350 ele:ents in three dimensions. Typical through

puts ra.nS.e from 0.1 in .. highly tra.nsient situations 
. 6 .·" .. . 

te core than 10 in problems approaching stea.C~ 

state. H~re throughput is defined as ratio of L~e 

fluid r.ass flowing_~through the sur!ace of an ele

l:'lent ~ one ti1::e step,_ divided by the fluid r~ss 

initblly i.n place .in that element. 

~?LIO.'!'IOOS 

' 
· '!A!Jle 1 gives a.n overvie"W of the types o'f sys~é::-.s 

a.nd proc:esses whieh have been IJIOdeled with SHJ....~9. 

Below are presente·~ resul ts o! selec:ted SHA..f"'J'79-

:: ,·si:nulat.ions "'h:ich illuStrate the range o! a.ppliC .. 

~tions. Parameters. foi the individual cases are 

giVen in the figu'~~,···~~ptions. 'Rehtive per:~uhll

ities \oler e obtain·ed from Corey• 1 equations, vi t.~ 

riesidual iCT'I'IObile st'ea.m s:aturation S equal to 
·· . se 
z.ero, and r~sidual· ~bile water satu.:.ation S 

"" '\."arying betwe~n o.:ep and o. 70. 

DE?L-~lOH or ~ RES~RVOIR WITH SHARP STLAH/~hTER. 

I h -n::RI?. cr 

~ñen stea~ is proO~ced fro~ above ~ liquid water 

·~le, boili.ng ~:r:nences near the t.op o! the ~atr:=-

zone. ~is gives rise to ~ drop in tem~rature ill~~ 

. pre.ss.u':e, wherel:iy.a t'l-'0-_phor.e layer bctwr"en v.at.er 

&n~ ~·t'.eoa.m z.cneS is est..ablishf'd. h.at.er vw:::rves ~'pw.ar~ 
int;o !:.."te 'tVO-ph.z~se zone •. rell"o~~sing prcSsurt- be1""" 

the bof.lij,g !ront i,nd aCvanc:ing it ¿::~\.IT)~a:-~~ 3.> lr!. 

i 
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. .. .. . --~~-·--~:-·· .. . . 

¡:¡eaU:H -·· C!.Cl'"Z":'RY 'n'Pt· or ..• 
,, '"' .... --

1-D, r¡.c:tan),lar ~•pleu~?n -o!· tvo-p~.ue 

c¡eot.ho~l :res•rvolrs1 ) 

1-D, cylinddcal t'loO-;:laas• f)O'I' near wells 

2-D, rec:U:'I!i"..llor xrana ge-other:-... 1 r~:~s.e-rvoi.r 

(Icela.nd) .C), 

2-0, cyl1~ical 'hiqh hvel nucleu waste 

:eposi~ryS) 

3-D, uiJUlu . two-;h•~• lnttr.rhrence test 

in Cerro Prieto (~exico) 

J-D, irre;-ular S•rre::.ano 9eother-....al 

re&ervoir fn.aly) l) 

the exa:rle• studied Csee fig. ll thé top o! the 

two-phue r.c~'!! d~s not 6ry up until after 

the boiling f~ont hes reaehed the bottom of the 

reservoir. Tnis oc~~• after 6.4 years for the 

~qh ~~ability• case (A in fiq. 1), a~d aftet 

9.6 yea.rs for the •1crw penneabÚiey• case (B in 

fiq. 1). Vapor saturation. at the tcp of the \la ter 

~le then reache1 46.7 \ for case~ and 78.9 \ 

for case B. Pressure at the stea=ftwo-phase inter• 

face, at. ~ep~ o! seo m, declines very.slowly 

~u=' .in; the a~o·a..ncing of the boiling !ront in- eu.e 

A. The reason for this is ~~at the ~st rapid 

boiling oc~~~ at ~~e bottcm o! the two-phase ~on~. 

This provide• a r~pyly o! hotter.steam, which 

nows up !re::. dept..'l and ten~s to ~intain te.JT~rt .• 

atu.re a.nd henco pressure at the top o! the ·two

pl~se r.one. ln case B this ~chanism !or pressure 

~intenance is =uch le9s e!fective because o! the 

lower pe:r:!~~~iliey .. 

IKJ"EC'TlOH Of' CO!.:> WA'!'ER 

Cold ~a~er inj~ction into a steio r•servoir 9ives 

rise t.o a hyüod/"'f\L:I..ic :front A.nd, trailin9 behind 

it, a te~rAture !ront. 1n the !init~~ifference 

sL=ula!ion of this process SubstqUent ele~~~ 

~ergo phbse transitions fr~ S~?erhea~~ stca2 

·. 

. - .. Sl~ ... U':'.;I? FROC!:SStS .. 
;•"'arious pr~ul:'tion ••• inj•c:':.~on ac:he,....s for' 

rea•:voi:s ... tt.h unlfor.~ inithl r:oncHt.ions or 

wltl> sharp st•a;if~ater interf•cea . .. 
prOI!!uction !ro:~ t"olo•phase :tones¡ cold w•ter 

inj•ctlon in te t~~phuO &.nd su;-erheate-d steallll 

:.:>:-.es, respi-c:t.ively 

teifte:-ent s~ee •"" d:-oe patterns of. pr_oduction 
., 

&nd inje-c-..ion 

·tOn";-t.e:"Q I'Yolutioa o! t tt.:npe: a t.c..re • &n< pre,su.res 

ne&r • iX"'-'e r f ul hra t· acure e (in pr~resa) 

,,_., 
(in pros-:-ess) 

1 

detailed field produc.t.ion !roa l%0 "" )966 

, to two-p~ase conditions to subcooled water. Tig. ~ 

.sh~ the fronts at tvo di!!erent times. lt is 

"appa%ent that the fronts are propagated accorCin9 

. to. t.'1e pa:-a.:r.etu: ·t/R2 • 'The vol\l.:IC 5-we?t by thc 

· te::perature front is _el ose to 1/.C o! the "\10)\:.--tr' 

¡ ~ s·~e?t. by the hyd=-odyna.nd.c front. This re!Jec~s t.h( 

: · fact. tha.~, at "' porosity o! 20. ,, t.he volu..,e~ric 

~ heat capaci ty o! \la ter is about l/4 of the "VOlu

·~·P'II!~ic: heat capacity of the rock/"'ater r.i").'"turc-. 
:: . ' 

Tiq. 3 shows ~ vertical two-~i~nsional g~id as 

ustd by Jonsson for simulatin9 p~uction and i~

jection at X:afla4 4
) The reservoir i5 initially 

al:-w::--st entirely !"illed "'ith liquid vate"r close to 

satu:".ated concHtions. Verious product."ion and i'1-

'jection schemes ~re explored in an.att~~pt te 

opti.I:ri:z.e injection, i.e. t.o c-o;.!:line pr"essure •!'~ 

t.e::¡>e:-atureo ~in'tenance du:ing pro~uction vi~ 
1 

trJ.n,i~l saerifiees iñ terrns of decreasint; vapor· 

sat.uration s·. TiC]. 4 ~hO<Js typical :resclts •. 

"o.nsson !inds t..'Uít d~~p injection is pre!e::-a.hle 

t.o shaÜov injec.tion. Co~lete. pro'ble~:~ spt>ci!ic

.at.ion~ and d.isCussions of result.s are ;-.iven i.n_ 

l'l!f. 4). 

'· 

_; 
' 
1 



--- . 

" 

¡ 
St~Tl~ OT· S!:F...O.>.z:.'-.:·00 Fltr_D (lTAI.Y) 

-~·-~st co~plex si~ulation ef!ort un~ertaken vith 

SHA.t-r79 to .!ate is .. a.-casc~·s-t\Jdy· (hist.ory r.bt.c~r o! 

the Seriazzano reservoir. serra1ZAnO is onc of the _, ...... -- ~ 

distlnct zones of the extensive geotherr~l arca 

~ear Lar~erello in cential ~scany (Itnly). 

Detailed p!'cKiuction ~ate qa~'lo¡ered sinee: 1939 a.nd 

. an ext.ensive ~y or geological ~d hydrolo,ical 

'vork r~e Serra~zano ~ attractlve.exa=:le for 

C!evelopi.ng .¡eother::a.a.l _reservo ir sicula tion t:.e~

ology (see referencesgiven in 3). Fi;. S gives a 

r.ap of 'L'le l:eservo!.:, a.nd :f'ig. 6 shows the seolo-
, 7) 

g1cally aceurate m~sh as aeveloped by ~eres. 

Conceptual ~el o! the reservoir and par~etri~

ation· o! t..'te problem .a.ra eH se~ sed in re!s. · 3) 

an4 7). 

HAny ~areters Are only partially knovn, and are 

dete~ed in trial-and-error feshicn by co~aring 

s~lated rese:.~oir per!orr..ance wi~ fielG obse:

v~tions. A '\"alUAblr c:ite:ion for dete:1:Uning 

absolute Pe~abilities is that \.lell bloc>ts I:".lSt 

re~in very close to steady floW c~nGitions. Our 

;ost ce=?lete simulation so fa~ covers ~~e ~=iod 

ft"o!ll 1960 to 1~&6. Witl'l the pei."':'oe~ility !!.!st:ib-. 

ution as indicated in fig. 5 '"'e ochieve steady 

flov for el~ wells produeing since .. 1961 or earliar 

to vit.hin·2 \ for the entire six y~~ p!:riod 

~eled (i.e., the dif!erence between inflo~ 

and production for eny well block never exceeds 

2 •l. 

1 
Tro= cass ~lance consid~retions it can be shown 

tha~ most of the ~luid reserves in, Serraz~ano 

are in place in liq~id !orm. Little is known. how

ever, about the distribution o! pore water in the 

reservoir. ~~ing the tentative: ess~ption ~t 

liquid water is distributed throughout ~~t o! 

the reservoir, ~ c~pute a pressure decline (see 

fiq. 7) ~hich is slower than observed in the !ield 

by a !acto: o! approximately 3.5. In ~e s~lation. 

pressure declines sloVly because boilin9 is spread 

out over a large volume~ We conclu~e that in most 

o! the reservoir vol~~e no liquid water is 

pres~t. and we s~ll modify our initial contitJcr~ 

aceo~i~9ly L~ ~sequent ai~ulations. We also 

ne~ te corrrct .o~ i-~alances in initial con-

ditions, which are appuent from the initia.l 

~otonic be-l-.aviar of pressure in':!ig. 7. 

' 

non-

3 

CO~CLUSlON 

.'11'H~ si::~u'lat~r Sl·trJ"T79 uses e!ficient ·t:~et.hOCs !or 

COI:'.put.inc¡ r~ss- end. ene:-gy-t.ra.:'!.sport in c¡eo~'!'\e:--

r..al res.ervoirs, ~¿t.&.~
1

lows !or a flexible c:!~scrip- ·'. 
' 

tion of irregular geo~tric !eature3. A bread 

· ra.."!.ge of epplicatioiis, includi..~; i~e~·ll:.!.ed syst~:ns 
as ... ·ell eu large 'tiel.d problem.s, dcznonst.rates it.s 

· useful:"'er>s for fieo.t.llerr..al reservoir studies • 

:rurL~er develop~nt .vorX is presently und~r ~ay· 

to i'-?rove on so~ o! L~e restrictive B?rroxiQ

ations ~~de in ~~e for=rulation o! the phySical 

. DOC!el. ·; ., 
"!• 

·. ;.crnora.Er>u::..."'~ 

This worlc "'"as supportr~ by the u.s. Oepa..rt::'lent of 
•' 

·Energy under eontract No. W-1405-~G-~8. 
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rlg.l1 Oepl~tlon of a reservoir vlth shlrp sleBm/ 

water lntor!ace. The r~servolr la a vertical 

column o( 1 km depth with a volume of 1 km3 and 

·.,o Oov" bountbrles. ror purposoS! o! numcdc~~ol 

slmulation lt la subdivldcd lnto ~4 hori~ontal 
1 

elcmcnts, lnltlally 1 the bottom half 19 !llled 

vlth--llq-~ld ,;ater,- tho-top )le~f Y~th 'supciheated 

•teiU'I, vlth to~pcrature T • 252 °c arid prcsaurea 

Cllrcfully equllbrated under grBvity. (ltock parom-
l eter11 cl~na{ty • 2000 kq/m J spccl!ic hcat • 12J2 

J/kq °Cr pcroslty • lO \r re~ldual l~blle vatcr 

satur~tlon • 10 \) Ocpl~tion occurs uni(or~ly et 

.............. 

th~ top vlth G constant rate of 
-11 

ara [or a permetlblllty o( lO 

50 kg/a. Tha curves 
2. -14 2 

m (~) end lO m , 

(D1 ~ rc~pcctlvely. Typlcal time stcps in thc simul

a don are 2 ·- S x 10
6 &e~omh 1 corr~spondlnq to 

thrpu7hputs oC up to 250, 

1>0 

o roo ... 
' o . 
; 
¡! 1~0 

,r---- ... 
1 

•• i! 1 < 
.! 

•• ~ s ¿_ 1 
40 i ¡.-- ¡· 

1 •• 
-~'il ___ /! l d 

• • 
A.•alltr Z-'"'O~MC B• ollir IO.Q JC 10' "e 

o ' •• " 10 ., " Oh tone• "'"' ••lllm1 
•U. UII~I)Ofl 

Fig. 21 Injcction o! cold vatcr into a stcam z.one.· 

Tho rcscrvoir is a cylindor wit~ larga radius·, 

lnitially Cillcd vith supcrh~atod atcam at T • 

250 °c, prcssuro • JB bars. Wntcr vith T • 99.3 °C 

is lnjcctcd along the cente.r lino at a conatant 
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deothermal Reservoir Simulation 
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Tv.·o allcrnativc mathcmatical modcls are prescnted thal are suitablc for numclical simuh11ion of 
scothcrmal rcr.crvoin. Thc general mathcmatical model describes thc threc-dimcnsional fto• of !.inslc
componcnt water (both onc and two phase) and thc transpon o( hcat in porou1o media. 11 is compoKd or 
l"o nonlincar partial ditrcrcntial cquations, poscd in tcrms or Huid prcssurc and cnthalpy. and ttppropri
atc bÓundary conditions. An altcrnativc quasi-thrcc-dimcnsional modcl i1o deri\·cd b) r;srtial intcB-riltion 
(in lhe \'Crlical dimcnsion) o( thc lhrce-dimcnsional equations. The rescr\oir is assumed 10 ha'e ¡!Ood 
\·crtic.al communication so that 'lerticaJ cquilibrium {@:ra\·ily it!rr¡ation) bctv.ecn steam a]ld \\.li.Ler is 
achicYed. The resulting equations, posed in lerms of vertícally a,·era¡ed preuure and enthalpy. include 
cff"Ccts of an inclined, \lariablNhickneu rest:rvoir and mass and cncrg)' JcaL.agc to confining beds. 

JNTRODUCTION 

Gcothcrmal cnergy rccently has rcceivcd substantial allen
tion asan ahcrnatÍ\IC cncrgy sourcc. This has stimulated con
siderable rcscarch in sevcral broad arcas: cxpl~ratiOn and 
idcntification or gcothcrmal rcsourccs, tcchnology ror cxtract
ing cnergy from ditfcrcnl lypes of gcothcrmal resources, and 
characterization of geothermal rcservoirs and hydrothcrmal 
S)Stem bchavior. Geothcrmal rcservoir simulation, onc aspcct 
of thc third arca, is thc subject of this series of three papers. 
This paper, fi rst in the series, dcals with the development of the 

.. mathcmatical modeh that are the basis of our approach to 
gcoli•crmal rescrvoir simulation. Thc sccond paper introduces 
the numerical methods uscd and presents examples to verify 
the models as wcll asto dcmonstratc important characteristics 
of gcothcrmal reservo ir behavior. The final papcr in the series 

!'prcsents an application of one of our models lo the Wairakei 
· hydrothcrmal system in New Zcaland. 

The primary objectivc of this paper is to providc a rational 
. mathcmatical description or fluid (liquid water and stéam) 
fto~ and energy transport in porous hydrothcrmal systems. 
This dcscription bcgins with thc balance equations for mass, 
momcntum, and cncrgy in porous media. These equations are 
combined (invoking appropriate simplifying assumptions) lo 
yicld two nonlincar partía) diffcrcntial equations posed in 
tcrms of Huid prcssure and cnthalpy. Wc then prcscnt the 
consistent boundary and initial conditions, which, aJong with 
the partial ditfercntial cquations, comprise thc generalthrce
dimcnsional mathcmatical model. 

Thrcc..cJimcnsional modcls are not always practica) to use 
duc to constraints ia..posed by data rcquircmcnts and compu
Lational expense (for numerical solution). Al an ahcrnativc wc 
proposC a quasi-tlu~.:-dimcnsionalareal model based on vertí· 
cal integration or thc thrcc-dimcnsional equations. This ap
proach. uniquc in geothcrmal simulation, leads to two non
linear partial diffcrcntial cquations poscd in tcrms of 'lcrtically 
avcraged Huid pressurcs and enthalpie>. Thc rcsulting arca! 
modcl accounts for vertical variations in ¡:iropcrtie.s (such as 
lhc prcKncc of a stcam cap) as wcll u uriations. in rcscrvoir 
thi~knc.u and slopc. 

Thi• p1pcr ¡, nolsubjc:ct lo U.S. cop)rishl. Publitohed in 1979 b) lhe 
Amcnn.n Gcoph)·tK.al Union. 

G EOTHERMAL SYSTEMS 

Thc ultimate source of gcothcrmal energy is heat cnergy 
generatCd and storcd within thc carlh. Potential sourccs of 
geothermal energy can be dividcd into thrce major systcms: 
hydrothermal, gcopressurcd, and hot, dry rock (conduction 
dominated). In hydrothcrmal systcms, hcat from near~surfacc 
sourccs such as magmatic bodic5 is transferrcd to porous 
media and to thc Huid within tho!.c media by conductivc 
and convcctivc processes. These S)stems can be funhcr 
clas.sified as . bcing either liquid domina,ted or v~por dom
inated [Whirt t1 al .. 1971]. In geoprcssurcd systems, fluid 
is trapped in geoS)"I,lclinal accumulations wherc it is subjcctcd 
lo extreme prcssurcs and high tempcraturcs. Finally, in hot 
rock systcms, lo~·-permeability igneous rocki ~re hcatcd by 
sourccs similar to thosc associatcd with hydrothermal systems. 
Thcse systcms are, by nature, Huid indcpendcnt. 

1 n this study, only geothcrmal cnergy from hydrothcrmal 
systcms is considered. Whcn such a systcm is utilized for its 
hcat cncrgy, it is callcd a geothermal reservoir. Thc best known 
geothermal reservoir that is liquid dominated is thc Wairakei 
field in Ncw :¡:caland. Of thc vapor-dominated gcothcrmal 
reservoirs the best known are the Larderello field in Jtaly and 
Thc Geysers ficld in California. 

Although gcothcrmal ftuids contain impuritics, many rcscr, 
voirs, as a firsl approximation, may be trcatcd as purc -.·atcr 
systems. M aking this assumption, considcr the preuurc--cn
thalpy diagram for purc water in Ftgure J. Bc:cause all thc 
known geothermal rescrvOin cxist at tcmpcraturcs oclow lhc 
crilical point of water (thc tcmperaturc abovc which two 
phas!" cannot cxist), this diagram may be divided tnlo thrcc 
rcgions. Thc first of thcsc is the comprcsscd-water rcgion, 
which is thc condition existing in liquid·dominat<d hydro
thermal systcms. The second is the t"o-phasc (st .. m·ntcr) 
rcgion, in ~·hich tempcraturc is a funttion or pressurc only. 
Thc third rc!ion contain~ superheatcd steam. Thc upor-domi
natcd S)'Siem 'de!oeribed by Whilt "o/. (1971] is bclicvcd to 

'uist in the I"O·phase rcgion, although thelo"cr pan ofthcsc 
s~·~tems m a) ha"c a \li.·atcr tablc bclo"· \lrhich thc Huid Clists u 

_ comprcucd \li.atcr. In thc vapor-dominaled ')Sicms il is alw 
po.sible, cspccially "hcn inftuena:d by production, that paiu 
of thc systcm may contain súpcrhcated stcam. 

From thc abovc dcscription it is apparcnt that an) mathc
matical modcl of Huid no .. and cnergy transpon in h)dro-

P11pcr numbcr 8\\'0880. 23 
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Fig. l. Prcssurc-cnthalpy diagram (oc purc water and vapor show
ing three statel bclow thc critica! point (top or l\40-pha!.t cm dope): 1, 
comprcs.scd water; 2, two-phuc s.tcam and \4'&lcr; and J, superheatcd 
saca m. 

~hermal systcms will be complc:x. lt must account ror thc flow 
behavior of one- and two-phase fluids ard hcat transport in 
é:omplex natural systems. Thc remaindcr of this p::lper is an 
attempt to offer a simplificd yet realistic dc:scription of this 
bchavior subject to appropriatc assumptions. 

GENERAl M .. nuEMATICAL MooEL 

A general rriathematical modcl of a geothermal system that 
describes thc three-dimc::nsional now of water and/or steam 
and transport of hcat in a porous medium is the basis for 
severa! numerical modcls dcvcloped in·this study. Elsewherc, 
we ~ave pre>enled a heurislic derivalion IMucer ti al., 1974] 
anda more formal derivalion JFau.rl and Merar, 1977aj oflhis 
general mathcmatical modc:J. qther derivations of general geo
lhermal models may also be found in work by Bro~·ne/1 ti al. 
11977] and Withuspoan ti al. IJ975]. Ralher lhan rcpeallhe 
details ofthcse lengthy derivations, in this paper we only show 
a brief dcriyation of the final equations and state majar as~ 
sumptions. 

The conscrvation cquations for mass, momentum, and en· 
ergy muSl firsl be considered for each phase in lhe geothermal 
system. Using a set of constitutivc relationships, thcsc balance 
equations are rc:duccd to two nonlinc:ar partial diffcrcntial 
equations in terms of the dependen! variables prcssure and 
enthalpy. 

!tfa.sJ Balanct 

Thc mass balance for stc:am s and water w m ay be writtcn as 

acq,:,J.) + 17·(p,v,)- q,'- d,. o (1) 

and 

(2) 

~·hcrc boldfaCc typc indicatcs a vector quantity and 'Q is thc 
\'Cctor diffcrcntial opcrator. In the above tquatíons, dJ is lhc 
puuuit), S is the volumctric uturation, p is1hc dcnsity, dt i• 
tl+t ldlfl uf •IUIIIIIUIU duc lulliC \Ajl011/.t11011 {Juu u( ltquid 

Y.ulcr), q' Íl • •o urce ter m, und .v i• thc o.\cr;¡rcJ ph;nc '"clu.c
ily. 

Alamtnlum Balanct 

lt is assumcd that Darcy's cquations for muhiphasc flo"'· 
m ay be used as simplificd momcntum balances. For steam and 
water thcsc are as follows: 

and 

v,- Kk., 
--·(17p,- p.g\70) 

p, 

Kk,~ 
v. = ---·(17p~- p.g'VD) 

~~ 

(J) 

(4l 

v. hcrc sans serif type indica tes a ~e.cond·order tensor quar,tit)·. 
In these equations, K is the intrinsic pcrmeability tensor ofthc 
porous medium, A:, is the relative permcability of the pha!>e, ~ 
is the dynamic \'iscosity, g is the gravitational constant, D is 
the dc:pth, and p is phase pressure. Thc rcprescntation of 
mobility as Kk,IIJ is thought to be a reasonablc assumption, 
although data on geothermal systems are not a\·ailablc 10 

support it conclusivcly. 

Entrgy Balan« 

Simplitied energy equations for steam, water, and rod r 
m ay be writlcn as 

a(q,S;~·h,) + 17·(p,.h,v,) + 17·l~ + 'V·l.,- acq,:¡"·> 

- v,· 'Vp,- Q,' - q,'h,' "' O 

and 

(5) 

wherc h is specific cnthalpy, l.t is the heat conduction •,-ector, 
).4 is thc dispersion (thcrmal mixing) \'tctor, and Q,:. Q,', 
and Q,' are the interphase energy nchange terms. 

In thesc cquations, kinctic cncrgy (viscous diuipation) and 
potential cnergy are neglcctcd. Garg ond Prilchntll971J ha ve 
shown that viscous dissipation has ncgli~iblc cffecu in onc· 
phase (water) and lwo·phase geothermal systems.. 

Conslilulivt Rtlarioruhips 

Thc balance cquations (1 H7) are not sufficient to describe 
the geothcrmal S)"Stem, and comequentl)· •. additional equa· 
tions are requircd. These. are in the form of constituti~·c rcla· 
tionships that are bascd on the follo\lo·ing a.ssumpliuns: 

l. Capillary pressurc cffccts are negligible. 
2. Thcrmal cquilibrium cxisu among the steam, \loa ter, and 

rock. 
3. Thc rcser.·oir fiuid is single-component ~a ter consi~ting 

of cither one or two phaia. 
4. Rclativc permCability is a (unclion of llquid \Oiumc 

uturation; hy!.!cre1is is. neglected. 
5. Vi!.eOSÍties are comidcrcd functiuns. or tcmpcraturc. 
6. Porosity is. a linear funclion of pr~surc., ¡i\cn b) 

4> • ~. + .~(p - p.) (8) 



whcre f/¡, and p, are the initial po;.os.ity __ an~ pressurc, res.pec· 
thcly, and tiis thc intcr8r_anular:,·crtiCill compres.sibility cóCffi· · 
cien t. 

7. Rock density, rcservoir thickne~s. and intrinsic per
meabilitY are runctions or space. 

8. Rock enthalpy is a linear function ortemperaturc, givcn 
by 

h, ca c,T (9) 

wherc &, is the specific heat of the rock and T is tempcrature. 
\\'e now consider the first three ofthesc assumptions in dctail. 

Caju"llary prtssurt. An expression relating phase prcssure 
is given by 

P~ = p,- p,.. (lO) 

whcre Pt is the capillary pressure. Capillary prcssurc has the 
effect of lowering thc , .. apor prcssurc of water. Ramry rr al. 
(J973] point out that the reason for this lowering is that vapor 
prcssurc data found in steam tables [.Mr)'Utl al .. 1968; Kttnan 
rl al., 1969} are bascd on Hat stcam-~·atcr interfaces, whereas 

. the interface in porous media is curved. The amount that thc 
vapor pressure curve is lo"'ered in a geothermal reservoir is 
not completely understood. The work of Ca/haun n al. (1949] 
on conso1idated rack does show a lowcring with dccreased 
Huid saturation. Cady [1969] and Bilham [1971], however, 
indicate no significant vapor pressure lowering in nperimcnts 
using unconsolidatcd sands. An impori;Jnt ditferc:ncc: in thesc: 
results is that thc uperiments of Calhoun and othcrs werc 
made at a temperature of 36°C, whilc thosc of Cady and 
Bilhartz ""ere done ovcr a tc:mperaturc range of 12J 0 -240°C. 
Furthcr work on lhc importance of capillary pressure in- geo
thcrmal rescrvoirs is required. For this developmcnt thc only 
ctfect of capiliary pressure that is considered is the possible 
occurrcnce of a residual water saturation (disconnectcd water 
in the pore space that is immobilc). Other capillary prc:ssurc 
etfects are ncglected, and capillary prcssurc: is assumed 
ncgligible, an assumption which implics that fluid pressures in 
the steam and water phascs are equal. With this assumption, 
( 1) and (2) m ay be combined to eliminate the vaporization ' 
terms:-

wherc p is thc dcnsity of thc total steam-water miuure, dcfined 
as 

,. p = S..,p .. + S.p, ( 12) 

thc volume saturations are defined so that they sum to 1. 

S, + S,. • 1 ( 1 J) 

and phasc ve1ocities can now be cxpressed in tcrms of a single 
pressurc p. 

·Thtrmal ~quilibrium. The movement of steam and \o\ater 
through porous media is sufficiently slow and the surrace arcas 
of all phases are sufficiently largc that it is reasonable to 
assumc that local thermal equilibrium among phascs is 
ach~eved instantancously. This assumption permits thc encrgy 
eqL!~Ii9ns for rock. steam. and water lo be combined and the 
mcd!um conduction-dispersion ter m to be npressed a5 a runc· 
tion of a single tempera tu re. In this dcvclopment the Jumpcd 
c_on~uction-dispersion term is dcfined by a Fouri.er·t)·pc equa
uon: 

;.,a+ l.,+ l,. +le.+:;,. • -K.VT (14) 

whcre the mcdium conduction-di~¡¡.:r~ion coefficie.nt K"'.is iUt· 
. tropic.-This simplifying i:!Ssumption is made beca use datit on 

thc tensor nature of thermal dispc:rsion are general!)· una\'ail· 
able. In addition to thc.limit<ition or combining the- etfc:ct~.-of 
conduction and dispcrsion, (14) nc:glects-the important effCCt-· · 
of tcmpcraiUre on lhcrmal conducti,ity. J n this regar d. Somtr
/on "al. [ 1974] point out that the thermal conductivity ora 
porous mcdium is a function of temperaturc, porosity, and 
water saturation. This cfftct may be important in a purtl)· 
conducti\·c system; howc\·cr. in this study these etTeclS are 
ncglcctcd. 

1 h\oking thcse assumptions concerning thc:rmal cquilibrium 
and di!iper~ion, thc cnergy balance equations may be: com
bined, ¡-ielding 

f 
-;- (C,ph + ( 1 - Q )p,J¡,J 
el 

+ V'·(p,h,v,) + V'·(p.h •. v.)- 'V·(K.VT)- q,'h,' 

- q •. 'hw'- [ a~p + (v, + v.)· 'Vp] =o (15) 

in w hich h is the enthalpy or the stcam-water miuurc and is 
dc:finc:d as 

h D (S,p,h, + S • .p.h,)/p ( 16) 

Note thai' the interphasc cnerg)· cuhangc: terms in (5), (6), an:i 
{7) have becn eliminated in (15). hcc<tuse thcy sum to zcro. 
Finally. the last ter m in (15) is thc 'prcssure m<ttc:rial dcrh·ati,·c. 
which in part comprises the compressiblc war~ tcrm. J.,fotnch 
{1976] points out that the ter m for compres~ible wor~ is negli~ 
giblc excc:pt for conditions of )o\4 water saturation. The same 
ch<:~racte'ristics can be shown for the rest of thc pres5urc mate· 
rial derivative, and for most applications this term is ncglected. 

Thtrmod;·'}amír prop~rtít't. ..(¡ -.~--:_¡u·pr~~·jously ~ndic.!t'ed;')l 

1.< assum.~_tb.a)Jhe.h¡!l.rQ.lhg_mal.!l!!i<!_i(pure.-,.:aler~ Just how 
unrcstrictivc this assumption can beis demonstrated by Hoas 
[1976a, b], who gives thermodynamic data for an NaCI >olu
tion. Thesc data show that in the pressurc range of most 
geothcrmal rescrvoirs the vapor pressure cu,.....e is lowc:red by 
less than J'C for a 5% (b¡· weight) solution. Although the Huid 
in geothermal rescrvoirs contains other dissolved solids in 
addition to NaCI, in a qualitati\·c scnsc the ctfects are similar 
for other impurities. For geothermal resc:rvoirs such as thosc 
at Wairakei, New Zealand, Larderello, ltaly, and The Gcy>en, 
California, in which the salinities are low [Kotnig, 1973], the 
effects of dissoh·cd solids are small. 

Additional expressions are nccded to relate the thermody
namic propcrties of pure water and ilc..am to the dependen\ 
variables pressure and cnthalpy. These expre~iom. are func· 
tional in form, were obtaincd by least squares rcgr~ions 
app_licd to data from 5tcam tables [Mioyu ti al .. 1968; KttNJn 
t1 al., 1969]. and are described in detail· by Fausr a"d Aftrctr 
[ 1977b].,Jhis approach avoids the nece>sity of s,ea~ehing for 
and interpolating data from tables. Also, derivativcs of the 
functions can be c.asily obtained by analytical methods. Thc 
neccssa11' relationships for this dc~elopment are as rollows.: 

l. Saturated steam cnthalpy h. and uturated water en
thalpy n. are lreated as. functions of pressurc. 

2. Temperature is trcated as a runction of pressure and 
enthalpy for the compreued--.atcr region and the 5upcr· 
heated-stcam rcgion and is treated as. a function of preuure in 
thc two-phas.c rcgion. 

3. Total density p and steam ~ond \4itcr den sities p
1 

and p., 

are considcred fun~tions of prosurc and cnthalp). 
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4. Í'hase ... s~tur-~tions:~-,~·-'(un_ctions. or cnthalpy and prc:!lo· 

sur e -in thc t~ o-pha·!lé'~rcgióñ. ··_\.\•áícr ~alur<~tion in thc com~ . / 

prn\C'd·"I&IC:f rcsion ¡, ól!o.\Umcd lO be J t~nd in thc super· 
hcatc'~··!>tr·am rcgiun is uuuuu:d to be O. In thc s.tc~m-"·atc:r 
rcgion, waler •••urolion ¡, oblaincd rrom (12), (13), and (16) 

•• 
S 

p,(h,- h) 
•a 

h(p.- p,)- (h.p.- h,p,) 
(17) 

and S, is delermined using (13). 

7]l1~e: Q [m~ ~s iO{I_Q[ ~ q ~.a t~ On~ 
:rl.1!=. fin'aJCqUatiOns 'aré· fo'iiliUtatéd in-term:. of thc depe_p-

4eflr,:~riabld Pféisü"r-C árld Cn'lho\Ji;y·;·b~a~·)c-ihesc twO ,-:n;
álileüníqueli define Jhe !héJn!'~d):n~n\ic ~·~le of ihe' S)Sieij¡. 
~nd l>_<:cau~ lhcy are _i:O!J\IJliJnlf:obtai~ed ¡n -~ field silu~tio.b. 
Wath thc assumptions of zero capillary prcssurc and ihcrffial 
cquilibdum thc numbcr of balance cquations was icduccd to 
four (equalions (3), (4), (11 ), and (15)). These can be reduced 
furlher by subSiitution of (3) and (4) into (JI) and (15) and by 
CApansion of the tcmperature dcrivati'f'e in (15) to yield 

.J(~p)- V· [Kk,.p, ·(Vp- p,gVD)] '· 
01 ll• 

V [
Kk, •. p. ] 

- · -¡;;-·(Vp- p..gV D) - q.' = O (18) 

and 

;,~ [,Pph+ (1- ,P)p,Jr,)- V· [Kk~:·h··(Vp- p,g'JD)] 

V [ Kk,.p.J:. J [ ( o T) - · ·(Vp- p •. gVD) -V· K. -.- Vp 
ll• op ,. 

+K. ( :~ ), Vh]- q.' =O (19) 

whcre thc pressurc material dcrivativc has bccn ncglectcd. 
Thesc final thrcc-dimcnsional cquations describe thc two-

phasc flow of hcat ·in a stcam-watcr-rock systcm; howcvcr, 
w~th minar modifi:::ltion thcy also describe thc How of hcat in a 
watcr-rock or a stcam-rock systcm. Whcn cither stcam or 
water is abscnt, thc. saturation of thc abscnt phasc is O an~ that 
(or thc c:xisting phasc is l. Furthcr, it is assumcd that thc 
relativc pcrmeability of thc abscnt phasc is O and that for thc 
e>iSiing phase is l. Therefore (18) and (19) reduce to the 
appropriatc cquations for cithcr thc comprc:sstd·watcr rcgion 
or thc supcrhcatcd-stcam rcgion. A solution for thcse eqUa· 
tions will determine whethcr a ~pecified location contains com· 
prcss.cd ~·atcr, a steam·water mixture, or supcrhcatcd stcam. 

'SC'M!.c.t:.iií1?UJ Thc mass and cncrgy source tcrms q,.' and 
q,/, respectivcly, reprcsent thc amount of mass and hcat lost 
(or gained) to sourcc-sinks. In thc two-phasc rcgion thc mass 
rate loss toa sourCe-sink is defincd as 

q.' "" q,' + q,,' 

and· thc heat ratc loss to a source-sink is 
1 

q,,: - lr,'q,' + h.,'q.' 

(20) 

(21) 

whcre a ncgativc ratc indicates a Ioss from the re~er. .. oir. The 
s\eam production ratc may be determincd by the frac:lional 
ftow or the "~m phasc .. followo: 

q,• • a.q.' (22) 

and 

a, = k,./[k,, + (p .. ~J,/p,~o~.o:)k,..,.} 

BecOJusc h,' and h .. .' are known functions of pres~ure ;.¡nJ the 
mass fiux q,.' is specificd, q,' is calculated.using {22), and q,' is 
calcula1ed using (21 ) . 

Boiiruf_ary_~o_ndil./¡i~ Equations (18) and (19) togelhcr 
comprise a pair of non linear second-order partial di!Tcrcntial 
equolions. -(,¡_¡; coj¡ctiMII.sCOn~-¡ñl~iiñ' óríií~üfVñd oul.in 
(~tms ·or enl~al¡iyFr~~ieifui~c)f:~ftbé tiQ\iild.~[ie~ Perhaps the 
most common boundary condition is lhe specification of 
fiuxes. Frequently, the flux is spccifiCd as zcro, indicating a no
How boundary. For spccification of a mass flux the following 
cquation mus.l be satisficd: 

• _ (Kk.,p, Kk,.e.-) c(p- pgD} q .. -- --+---' . 
~J. ~J.. c:n 

(23) 

where q. • is the specif:ed mass ftu• at the boundary and C/éo 
is thc outward normal dcrivath·c. Jf a mass flux is ~pei:ified, a 
convecti\'c cnergy f\uJ; must also be specificd according to an 
equation analogous to (21); · 

(24) 

whcrc h. • and hw • are the pres~ure·dcpendent saturated water 
and saturatcd steam enLhalpics and q. • and q.• are the frac
ti anal steam and water Huxes at the boundary. Thc total 
cnergy flux for the general case consists of two parts, 

' 
(25) 

where q,. •• rcprescnts the conducli"·c heat flux at the bound· 
ary, delermined by 

e¡. .. a -K. •rl 
ÓQ IIQunhi"J' 

(2b) 

A constant·prcssurc condilion may abo be cncountered. 
Since this implics a mass flul althe boundary, it aho implics a , 
convectivc cnergy flux. To determine lhc con'o'ecti"·e cncrgy 
ftux, the mass ftux is calculaled from (23) and used in (24). 

AOEAL M o DEL 

,The general equations (18) and (19) describe threc-dimen
sional ftow and heat transpon. For many_,Jicld .. problcm~ .. a 
thrc:c-dimensional modcl is unncces~aC)' and cxpcnsive. In ce
der to obtain arcal t""o-dimensional equatiom the thrcc-di
mc:nsional cqualions must be panially intcgrated in thc z di
mcnsion (vertical). The process of \'crtically intcgrating the 
thrce-dimcnsional cquations is fairly •traightforward but is 
Jcngthy and tcdious. Wc: gave a detailed derivation of lhc 
\ltnically integrated cquatiom in an carlier papcr {fawl and 
Aftrar. 1977a}. Hcrc, as in thc prc..,ious section, \IIC will prcs
cnt only the majar assumptions and fmal equation• rc~ulling 
from thc dcri\·ation. · 

To perform the averaging procc:dure, it is nece~ury to in-· 
uoduce thc follo\o\·ing dcf¡nitioni. A quantity J\'Cf3E:Cd in thc z 

'dimcnsion is gi ... cn b)' / · 

(ojo) • .!.. !" .¡. dz 
b •• 

(17) 

~he re z 1 • ; ,(x. y, 1) is thc bono m of t he re:~ n.·oir, : 1 • :J. x. J. 
1) is the top, b • b(x, y,l) a z1 - z, is the thidneu, and thc 
an~lc brackcti signify a quantit)' a'r'craged in thc; dimc:mion. 
Lcibniu'' rule is frcqucntly u~d 10 re\ ene thc arder of in· 
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+ hvl,,-17(:- : 1)- hvl~·l7(z -:1) 

- l~l.;l7(z -z,) =O (38) 

Thc tcrms in (37) and (38) with the vertical bars are flu> lerms 
that are: cva1uated at eithc:r thc: top z, or thc bottom z1 of the 
resc:rvoir and ar_c: dc:finc:d (for thc: rcservoir boltom) as follows: 

vi ·17(:- z1) = - (w.~ )1 iJz, ., ax ., IJ:x 

( !P..)I 8r, ( i!p )1 
- Wy IJ a+ '"'•Tz + w,, 

y "..y ., 

1 ( ép)i iiz1 hv ·V(z- z1) :a- w,..- -
,, Ox ,, Ox 

(39) 

( ~)1 i!r, ( op )1 W~~oy fJy ,, O y + w,., ÓZ + Wllft ,, 
(40) 

1 ( i!p oh )1 i!r, ?-• •V(z- z,).,. - Wtp;;- + Wto\-;- -;-
a, . u.l' uX a, (IX 

·( ~ ah)i or, ( ~ óh)i 
-. Wcp {Jy + Wtll IJ)' 

11
-¡y + Wtp /)z + Wc~~az ,, (41) 

Similar c:xprc:ssions may be writtc:n for the rcscrvoir top by 
uchanging r, for z1 in (39)-(41). These terms account for 
convcctivc: and conductivc fluxcs at thc: rc:sc:rvoir top and bot·· 
tom and includc the c:ffects caused by thc: slopc of rescrvoir 
bedding and the spatial change in reservoir thickness. 

Evaluation of Vurically Avtrogtd Tums 

Given (37) and (3&), a critica( problem remains in e•·aluating 
avc:ragc:d quantitics and avcrages of thc: pressurc and cnthalpy 
dc:rivativcs. Thc rc:lationship bctween the vertical average ora 
dc:rivativc and the dc:rivative ora vcrtically avcragcd quanlity 
is givcn by (34). For prcssurc thc x dc:rivativc becomcs 

<!P..)~ ~ -~1")- 1 ) ~ + ~1 " - 1 ) ~ ox ax ¡,-,.V' p •• ax b \\Y) p ~ i!x 

(42) 

lf we assume hydrostatic equilibrium, it can be shown that 

pi,, • (p) + ((r- r,)pg) (43) 

_and 

pi., • (p) + ((z - :,)pg)- blpg) (44) 

Not,ing that 

(r - r,) ~ b/2 (45) 

and sub,.ituting (32), (43), and (44) into (42) lead to 

,(Ii..)'~ .é(p) '+''.!..tpg)( ~:·~+. ~:·) 
éx óx 2 ox ox .. ,__ 

' 
1 • A (a:, < '•) + -(:pg)---
b óx i!x 

(46) 

Funhcr, it may be shown that thc dcrivativc ar thc average 
depth is 

iJ(D) = - .!..(~ + i!:,) 
ÓX 2 ÍJX ÍJX 

(47) 

so.that thc &\'cragc of thc prcsiUrc dc:rivati\·c bc:comcs 

<3.F_) = c(p) _ ( ) c(D) _~fA) iiiD) (4S) 
ox fx !J>l ex b pg i!x 

Hcnce this ter m includcs thc dfects of a s\oping rcservoir or 
variable thickness. Equation (48) and thc ana\ogous cquation 
for the y derivativo may be used to replacc the (ap/cx) and 
(ép/éy) terms in (37) and (38). For enthalp)· the rclationship 
ror thc X dcrivative is 

<
ah) i!I,Jt) 1 i!z, 1 é r, 

- = --7{()1)-hl )-+-((hl-hl )-. 
éx Ox b '• Ox b '"' ox 

(49) 

which, along with thc analogous cxprcssion ror thc }'deriva
ti ve, may be substituted into (38) directly. 

Havil).g considc:rcd thc: cvaluation of aHragc:d dc:rivativcs or 
prcssurc: and enthalpy, "'-C must now addrcss the probJem or 
c\·aluating the averagc:d coctficic:nts that aho appc:ar in {37) 
and (38). In general, thcsc: terms m ay be cvaluated under tw9 
conditions: the fluids are (1) unscgrcgated and (2) scgregatcd, 

Ir the fluids are not scgrcgatcd, thcn their propertics a'rc 
assumc:d to be uniform throughout thc thickness or thc rner
voir. For this condition, laboratory rclativc permcability 
curves may be used in thc arca) calculations. This lcads to thc 
casicst evaluation or thc: vc:rtically intcgratcd tcrms, but ror 
two-phase systems it is also a vcry rc:strictive assumption. 
being limited to vcry thin reservoirs. For singlc·phase rc:~c:r

voirs, howcvcr, thc uni(orm-prop~rty assumption is normally 
u sed. 

A lcss rcstrictivc condition (onc that allows simulatio~ ar 
two-phasc rcsc:rvoirs). and onc that conrorms with thc as
sumption concc:rning thc abscncc ar significant capillary pres
surc. is that of scgregation. For this condition, it is common lO 

assumc \'ertical cquilibrium, a concept that was first uscd in 
connc:ction with arca! simulation of multiphasc petrolc:um rCi
ervoirs [CoalS rt al., 1967, 1971; H<am. 1971; Jadu rt al .. 
1973). lt is assumcd in applying thc conccpt ofvc:rtical c:quilib
rium to petrolcum reservoin that the fluid potcntials are uni
rorm throughout thc: rcservoir thickncis. This corruponds toa 
gravity-scgrcgated ftuid distribution with thc poltlllial or cadÍ 
ftuid bcing uniform in thc part or thc co\umn occupic:d by that 
ftuid. This condition rcquires that thc rcsc:rvoir havc ¡:ood 
\'Crtical communication. Using this assumption, vcrticall,- av
cragcd liquid salUratioñs are rclatcd to preuurc at sorne rcfcr
ence le•·el by employing p!oeudo capilla')' pre>sure and pseudo 
rclati\·c permeability cun.·a. Basically, thc p~c:udofunction ap
proach givcs resulu similar to thosc that ""ould be obtotined ir 
vc:rticall)" averaged preuurc:s were us.ed. 

Spicak 11974] has made a detailed itudy of ¡ravity sqreg•· 
tion in \'oii.O-phuc. pctrolc:um di~placcmenl proccuc¡. Hi• con
clu~ion~ are bucd on •imulation rum in v.hich lhc: p•nmctcn 

( 
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affecting gravity scgrcgation wcrc varicd. He found that gra\'• 
it}' scgregatiÓn incrcasc:~ with incrcasing~pc:rmeability. increas· 
ing~ftUid dc:nsit)' diffcrcnce, incrcasing viscosity ratio, and de· 

··érc.:asing .viscosity for a givcn ratio. lt is ob\·ious that in steam· 
•,\ a ter gcothcrmal systcms, conditions a-re favorable for gravity 
scgrcgation, beca use thc density diiTerence and \'Íscosit)" ratio 
for stcam and water are largc and thc viscosities are rclati ... ·c:ly 
low. 

For thc geothermal problcm, many thermodynamic proper· 
ti es are strongly depcndcnt functions of prcssurc and cnthalpy; 
hencc the pseudofunction approach would be awkward. In· 
stcad, the concept of vertical equilibrium is used to 3\'erage the 
tcrms in (37) and (38). To perform this averaging, it is ncces· 
sary to make certain a priori assumptions conccrning the 
vc:rtical distribution of the depcndent variables pressure and 
enthalpy. In making the following assumptions we have relicd 
u pon conceptual dcscriptions of \'apor.dominated reser"oirs 
'"<has those pro•·ided by Whitt ti al. [1971). We ha• e also 
rc:lied upon the resuhs of numerous computcr experiments 
(second paper in this series) using thrÚ:·dimen·sional and 
cro:;s-sectional (vertical) re~ervoir simulators. Our basic as· 
surnption is \'Crtical equilibrium. In thc absence of significan\ 
capillary pressure, stcam and water scparatc by gravity segre· 
gation, producing a stcam cap with a watcr.saturation cqualto 
thc residual water saturation S111,; below' thc steam cap the 
water saturation is 1.0 (sec Figure 3). 

Becausc the pressure varies hydrostatically in each phasc: 
{sec Fi,gurc 4 ), thc vcrtically averaged prcssure is 

(p) = lV>w)(z, - z,) + (p,~)(z,·- z,)]/b (50) 

\• 

••r----------r.-------------~ 

,, 

··~---------i~--------~~ 
Pz< 

PRlSSURE 

llr-------,~------------. 

\i 
z zc i 
2 
~ .. 
> w 
¡¡j 

•• ~--~L-~k-------------~ 
ch.,,.chsw• 

E.NTHALPY 

Fig. 4. Pressurc and enthalpy profiles throu$-h idealizcd rc~ef'\"·oir, 
shov.·ing thc prcuurc at thc steam-v.·atc:r conuct, p,,: a\·crag~ v.atcr 
c:nth,.lpy (h,..J; and ncragc s1cam cap cnthalp)· (h,.). 

Rccall that vcrtically averagcd quantities are dcnoted by angle 
brackets. In (50) thc avcraged pressure in the saturated region enthalpy is dcfined as 

-(below the interface at :,), t•w). is dcfined bv 'L) [<h v ) + ,. v )]/b 
\1' 1 vo = ·~:, - z, V'o•4o - z, (54) 

<Pw) = P•, + p.g(z, - z.)/2 (51) 

and the averaged pressure in the two·phase region (abo\·: the 
interface at z .. ), (p,..,), is ~cfined by 

(p,w) = p., -. p,g(z1 - z,)/2 (52) 

wh~re p, is the den!;ity in the tWp-phase region, defined by 

P~ = p,(l - Swr) + p,.S., (53) 

Note that thc steam and water densities in (51 H53) are con· 
sidercd functions of the interface pressurc p 11 • 

Thc assumcd cnthalpy distribution is also 'shown in Figt~rc 
4. Note that thc cnthalpy increases. with depth in the two· 
phase zonc beca use thc water saturation is assumed constant 
and pressurc increases with depth. Thc verticatly a.veragcd 

· f.•1 ). ldc41ized crou ietllon lho,.int thc 11um co~p in a conf1ncd 
rc,\-Cnou. :, 11- the uc .. m---.atcr contact, and S ... i~o the rc,idual •atcr 

\ 

whcrc (.h..,) is thc averagcd cnthalpy in the saturatcd region and 
is a function of the interface pressurc. Thc avcragcd cnthalpy 
in the two-phasc rcgion above thc interface is def1ned by 

(55) 

wherc the water and stcam densities and enthalpies in (55) are 
considered functions of (p,,). As was previously noted, thc 
assumptions conccrning the vertical cnthalpy distribution are 

. bascd on results from numcrous cross-sectional and three· 
dimensional simulations. 

The assumptions conccrning the vertical distribution of 
pressure and enthalpy e>pressed e>plicitly in (50)-{55) pcrmit 
thc dctermination of all pressurc- and cnthalpy-dcpendent pa· 
ramcters in (37) and (38). The procedure u!tcd lo obtain thcse 
paramctcrs is straightforv.·ard. Equatiops (50H55) a1e sol ved 
simu1tancously, by Ncwton-Raphson iteration, to obtain the 
elc\'ation of the interface contact, z,, and thc fluid pr~ssurc P•. 
at the contact as functions of X·)' spacc. Rcquircd for thc~ 
calculations are the \·ertically aHra~cd pres!ture (p) and en· 
thalpy (}J¡ and the top z, and bottom Z1 cle\·ations of the 
rcservoir, all as functíons of x·y spacc. With this information, 
lp,.> is compuled u•ing (52), (JJ.) i• compuled u•ing (50), p, ¡, 
computcd using (51), <h,.) is computcd using (55), and Zr is 
computcd U!tÍng {~4). 1f steam is not prt!tcnt ata point (x, y), 
then a ... c:raged pressurc and cnttialpy are u!tcd to calculate the 
thcrmod;namic 1propcnics of ... a ter. 

f1nal1)·. thc a\'Crages. of relati\C permcabilitics can be o)). 
tainc:d by "·cnical intcgra.tion of any standard rclativc pcr· 
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meability function. For a scgrcgaf~d-systcm, thcsc avcrages-arc. 
givcn by·· · -· .: ··---· - .. . . 

' (56) 

and · 

(57) 

whcrc k,(S-) is thc rack rclativc pcrmcability of stcam at 
residual water saturation. As may be sccn, thesc rcsuh in linear 
rclationships. 

Givcn ihc assumptions that \\e ha\·e m a de rcgarding gra\'ity 
segrcgation, it is clcar that discontinuitics in quantitics occur 
at thc stcam cap interface Zr· Strict application of Lcibnitz's 
rule t,o thcsé discontinuitic:s leads to additional interface tcrms 
of lhc form 

For practica! applications, thesc are ne81ccted bccause 
(1/bXoz,/éx) is usually small. Furlhcrmore, in general, the 
codeviation lcrms are also neglected. In papcr 2 we outlinc the 
conditions for which thc ,·crtical equilibrium assumption, the 
assumption ncglecting codeviation tcrms, and thc assumption 
ncglecting interface terms are approximatcly valid. 

CONCLVSIONS 

The mathematical devclopment of fluid ftow and energy 
transport in hydrothermal systems prcscnted in this papcr 
serves two general purposcs. Mainly, il provides a better un
derstanding of the implicit and c:t..plicit assumptions that are 
neccssary to dcril,·e tractablc govcrning equations that describe 
hydrothermal systems. As il emphasizes these assumptions, il 
also reveals thé need for further work to elimina te restrictive 
approximations. 

For two-phasc hydrothermal systcms th~ need for. experi
mental data is most evident. Littlc suitablc cxpcrimcrltal work 
has bccn done on thcrmal dispcrsion in stcam-watcr porous 
systems. Ahhough sorne vcry limitcd data for rclativc pcr
mcability or st,am and water are availablc, they are in
sufficient for general applications. Additional studies 'of C<ipil
lary prcss~rc effccts and thermal etfects on intrinsic 
pcrmcabilil)' would also be useful. 

From practical considerations it is neccssar)· to kcc:p thc 
mathematical modcls as simple ()·et realistic) as possiblc. h is 
apparent that general analytical solulions to thc muhipha!.C 
cquations for hydrothermal systc:ms are not likcly to be ob
taincd duc to their comple~ nonlincar naturc. Numerical sol u· 
tions are also difficult. For threc-dimensional problcms thc 
c~pensc: of numcrical solutions is oftcn e~ccssivc. A rigorous 
two-dimcnsional trcatment is a rcasonable altcrnath:e but also 
rcquircs more study. Specifically, ahernativc assumptions for 
avcraging quantities in thc vertical dimcnsion should be invcs
~igaled, and thc significancc of codeviation tcrms and interface 
i~rms that arisc in thc: partial integration should be detcr
mined. 

A rA.now•ltdr~trts. M uch or thc early voork Cor this "udy vo·~s done 
v.hilc lhc Knior author wu a Ph.D. undidatc al thc Pcnn~oyh.anJI 
Sute Uninuity. Wc "-it.h to thanlr. Rich;ud R. P .. ri.zck and B.ul) 
\'oi¡ht oC 1hc Dcp~nmcnt oC GeoKicncn and S. M. Farouq Ali oC thc 
OcpiHtmcnt of Pdrolc:um and ,...atural Gu En¡inccrin¡ for thcir hclp. 
durin¡: thc formulati\C part Of thi1 liUd). \\'e •ouJd alt.a lile lO thank 
our colla¡ue, Sobuhiro YohuLurl, of thc U.S. Gcoloric.al Sun.t)· for 
his. s.uuc-~otions. and advicc conccrninr cqu.ation dt"elopmcnl. 
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Geothcrmal RescrvoirSimulaüon: 3. Application ofLiqurd-arnfVapor..: 
Oominated Hydrothcrmal Modeling Techniques to Wairakei, New Zcaland 

JAMES W. MERCER A!<D CiiARLES- R. FAVST"-

U.S. G~o/ogirol SuruJ·, R~slon, Virginia 12091 

A quasi thrce-dimensional, arca) modcl bas,ed on finiu:-ditrcrcncc approximations is applied to rhc 
bydrolhermal ficld at Wairakei, Ncw Zealand. Thc modd simulates hcat transport associatcd with thc 
ftow of stcam and "'·atcr through porous media. An analysis is madc of thc production 11quifc:r undcr 
slcady-statc and transicnt ftow conditions, allo"'ing \Cftical ftow of hcat and fluid lhrough confining bcds. 
Computcd stcad)·-statc rcsulu corrc:lalc 1o1ocll 'lllilh obscncd data .and indicatc that portions of thc aquifcr 
hada stcam cap prior to uploitation. Computed tramient rc~ults al~o match ob~erved data and u.ippóri 
the hypoth~:sis that the production aquifcr is rccharged throuBh underlying contining bcd~. The limiting 
factor on production is thc amount of mau availablc, both (rom ~toragc and lcakagc. Although 
simulation resuhs indicatc that the field can maintilin production ratcs"to thc ~e•r 2000, such long rangc 
predictions are unreliablc dueto the lack of information on the leak.age propcnies oflhc confining bcds. 

ISTRODUCTION-

This report is thc third in a series of thrcc conccrncd ·with 
geothermal rcscrvoir simulation. Thc first rcpoét (Fau.st and 
Maca. 1979a) dealt with a theoretical developmenl of the 
equations that describe mass flow and hcat transport in liquid
and vapor-dominated hydrothcrmal systcms." Numcrical sol u· 
tion techniques used lo solve thc rcsulting non linear partial 
differential cquations werc thc subject of thc second papcr 
[Foust and Mucu, 1979b]- In thi• rcport, we apply a qua•i 
thrc:e-dimensional~ arca! modcl (ba.sed on vertical intcgralion 
and the a"umption of vertical equilibrium) lo ihe hydro
thcrmal S)''tem located at Wairakei, New Zealand. Steady

.,latc behavior is reproduced and uscd as initial ~onditions for 
a two·part transient símulation. The first part is a history 
fnatch from 1953 to 1973; thc sccond part rcprcsents a predic· 
tion from 1974 to 2000. . 
1 

This modeling study is an attcmpt to bring togcthcr exiS.ting 
information and data on Wairakei and to develop a rational 
framework on how thc systcm operatcs. Thc framework is a 
numerical modeJ that incorpora tes: (1) a conceptual descrip
tion' of the phy\in of fluid flow and heat transport in porous 
media, (2j the thermodynamics of two-phase, •ingle-com
ponen! water, (3) a geomelric de.cription oflhc Wairakei field 
induding boundary conditions and initial prcssurc and en· 
thalpy conditions, and (4) the hydrologic and heat Lra"'port 
paramcters that charactcrize the Wairakei ficld. lnformation 
included in Lhe third group i• ba.ed primarily on publi•hed 
~e.criptions. Many of the hydrologic and heat tran•port pa
ramcters are detcrmincd by comparing modcl computations 
!.vith historical data. Thc modcl is testcd and calibrated ' . through this hi•tory matching procedure, and is u.ed to iden-
~ify' data deflciencies. Once the history matching is complete, 
the

1 
model is used to make predictions on' future rescrvoir 

1 Pcfformancc. 
:· ¡Modeling studies of eomplex phy•ical sy•tems are gencrally 
u~able lo completely oplain all detail• of ob•erved bchavior. 

. lri addition to unccnainties associated with intcrprctation o( 
fiéld mcasurcmenu of subsurfuce condition~o,' numcrical mod·· 
:ls. rlo maucr how sophisticatcd, are apprO-.imations to na· 
tHr~: Beca uSe of thcsc uncctaintics. modcl calibration requires 
~itlicr subjective cvaluation or statistical treatmcnt. Statistical 
piocedures for history matching of the numcrical model uscd 
ii1~ this study ha ve not bccn sufficient1v developed. Wc must, 
1 

Thito p .. per ¡, noltubjCC1LO US. top)'ri¡ht Publishcd m 1979 b) thc 
Amcuc.iln Gtoph)·toical Union. 
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therefore, set subjective guidelines. For thc Wairakei' ficld, Íl is 
rcquired that dctcrmincd paramctcrs be physically reasonable 
and major aspccts or thc rcservoir bchavior be cxplaincd (or 
matched). For stcady·state conditions, majar rcscrvoir aspects 
include obscrvcd initial Huid prcssures and thc distributcd 
Huid and heat (convcctivc and conductive) lcakage at the 
surface. For transient conditions, thcsc aspects includc ( 1) thc 
sharp decline in tcmpc¡aturcs that occurrcd around 1962, (2) 
diff"úential drop in pre!>sure bct'Acen thc top and bottom of.the 
reservoir, (3) the pressurc recO\o'CI) that was observcd during a 
partial •hut down of the field. and (4) changes in •urface 
dischargc charactcristics during the first ten )Cars of produc
tion. • 

The numCrical results that are prcsentcd in this papcr do 
mcct thc subjectivc g.uidelines. Obviously, thesc rcsults·arC not 
a uniquc dcscription of thc Wairakci systcm.' Furthcr. this 
description and subscqucnt prcdictions are bascd on currently 
available data, andas addition~l information·on Wairahi is 
obtained, the model should be updated. The Wairakei field 
application represents a validation ofthc numcri~al simulator5 
developed in lhi• ,¡udy. Thi• hydrothermal field was cho.en 
for thC "·alidation of our model beca use abundanl data cov
cring appro-.imately 21 years ofproduction history v.cre made 
available by. ihe New Zealand ROVernment. 

WAIRAKEI HYDROTUERM~L SYSTEM 

Location and History of D~l·~/opm~nt 

The geology of the Wairakei field i• di.cussed in Grindlt)' 
[1965) and the geohydrology is de..:ribcd in Stl.idt [1958). 
Bolton [1970), and lofúcú ti al. [1975). The field is located 
north of La k e Taupo and i• situa1ed on the weu bank or the 
Waikato River (scc Figure 1 ), which at this location •cr\o·es as a 
groundwatcr discharge arca. Thc ficld is considCrcd to occupy 
a surfacc arca ·of approximately 15 km' [Grindlt)'. 1~65] and
utends westward from the Y.'aikato River for S k'!', wherc it j¡ 
bordcrcd by hills that act as a groundv.ater rechar1e arc.a 
{Studt. 1958). 

Ccntercd in an active volcanic bclt, \\'airakci is on~ of many 
geothcrmal rcgionl locatcd bctwetn thc Tongariro and \'.:hite 
lsland volcanOCl. This volcanic bclt appearl to be a surfacc 
manifcstation or a land'-'·ard cucnsion of thc P.acilic trcnch 
system found north of I'ew lc.al•nd. This h}pothe.is is sup
portcd by gravity, magnetic, and seismic 5tudies, ""hich in· 
dic.ate that this volcanic bclt ¡,a structural depr~sion approxi· 
n•Lely S km dup fillcd with brol.en block structures •nd 
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Fi1. l. lndex mdp sho"inr location ofWairakei, ~~"· Z~3land; inset 

is or ~orlh lsland ¡.\lucu t'l al .. 19751. 

pcnctratcd by rh)'olitic complc.\eS [Modriniak and Studt, 
1959]. 

Thc first wclls wcre dtilled atll'airakci in 1953, and to dale, 
ove~ 100 wells ha ve been drilled, sorne toa maximum depth of 
app.foximately 1400 m. Power generation bcg:tn in 1958,.and 
by i968 the powcr stations al Wairakei were providing ap
ptoiimately 172 M W (R. S. Bohon, wrillen communication, 
1978), or 18% of the total electrical rcquirements of 1'\ew 
Z~iimd's Norlh lsland. i\'airakeiiiconsidcted lo have becn a) 

1000 ... n~~:. 

llquict-dominar<cf:S~I.~".' prior lo ex¡>loil'a_;ionJWhirt " al .. 
1971; Studt, 1958; Bolton, '1970]. Utilizing slcam (w hich Ha> hes ( 
in the wclls <tnd discharges undcr prcssurc) to drivc turbines, it 
beca me .the Ji~t liq!Ji!i;d_omin_ate_d. systc;ffi·to b~ de\·eloped ror : 
thc purpose or gcncrating elcctricity. .. 

Availability or water, rather than heat, appcars to be the 
dominant ractor controlling production ratc:s. A..t:UiñulatiaJ 
ll8H jlioch.arsC. amoun'iiñj¡ to ¡¡,pioxfiñaiefy'M X IO!!'[g"bf 
~~(riiJñd·¡;-atélbr'inc eñ'd an969Ta¡;¡¡¡,;,: 1970J. h'as -,-es-uli~ 
i.!) pres~u,r~ d_t'ópf'[áñginf!íorii'iOX:10' 'ío~2·.~ .>U O' .l'·IT¡p1 

ttiroiighóul !be··main-:-priiauclíon' ai~ As prmures ha ve 
d;_op-pCd." sleam-·haS formed and accumulated in the uppct 
parts of thc re!lcrvoir. As a rcsuh, tc:mpcraturc:s ha\'C droppcd 
in ttle'upper portions orthe rcsc:rvoir. Tc:mpcratures are r.tablc 
in' the deeper parts of the reservoir, possibly indicating a 
sourcc for the hot water. Cold '"':atcr_intrusion around thc fic:Jd 
margins does no! appear to be a serious problem [Grindlty, 
1965]. 

fluid produccd by Wairakei'"·ellS'éoritaióí 1é5i"t~aa· ~ 
":eigl)(concentraÚon of dissolved -,oiid~.'and 80%-of the or~· 
n)ll ¡¡~therlnal fluid produced."ii discnarsed--to'íhe. \\'aik:l.lir· 
f!i\~er,;.-appar<ntly withoul harmful effect(A'o1•nig. 1973]. Even 
though thc hot water is relativcly pure, mineral dc:position 
associated with stcam !<-cparation may be: an imponant factor 
limiting the performance and life of Wairal..ei \I,C:IJ!I {Grindlty, 
1965]. . 

Gtohydrology 

The local stratigraphy consi!~IS of nc:.HI} hC1ri10ntal Qua ter· 
03f)' acidic \'Olcanic rod:s of thc rol! U\\ Íng formations, in 
dc~ccnding ordcr lGrindlt")', 1965]: Holocene pumice co,;er, 
WairJkci Breccia, Huka Falls Formation, Hap;uJngi Rhyo
lite, Waiora Formation, \\'aiora \'allcy Andcsite. Wairakei 
Jgnimbritcs, and thc Ohakuri Group. Therc are at lcast t~o 
aquircrs in the abo ve scqucncc: the Wairalci Brcccia and the 
Waiora Formation. Although a dccpcr third aquircr may also 

-~;t·~--· .-ooo- --o 

? •• ./- ·- ·-····-·-·---··-·"-·----~ -~~~--~ 
fiJ. 2. 'Map or Wa.rakci fCOihcrmal 1~f100 tho•;n, main produe1iun IIU (conr.cnlullon of •cll•land lo<.::l fc.1uln 
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'· fíg. 3. Finite-dirferc:n~ grid used in Wairakc:i simulation shov.-iñg well loca1ions (circles) and b\od-cc:ntcred nodes 
· (crosses): also sllown are: lhrc:c: s.cction lincs, A·A', B·B', and C-C'. 

cxist iq the Ohakuri Group, it has becn found in only one well, 
and its ·lateral cxtcnt is unknown. 

The bulk of steam and hot water discharged by Wairakei 
wells comes from the \\'aiora aquifer, which consists of pum ice 
breccias and vitric tuffs. Detailcd mcasurc:mc:nts are not a;·ail
ablc, howc..,·er, il is belicvcd that the pcrmeability of the 
\\'aiora aquifcr varies spatially dc:pcnding on the amount of 
brccciation and is highcst at fault zoncs and ncar a lower 
unconformable contact. Although p'roductive wellí al' W~
fakei 'iúe 'iuiailfah~a}sJocaied in iones of locany high p.;l,
Ql_c:_~_hjti_ty ~-~oci_::ucd 'Aith majar faults, th·c reservoir as a~wh.:V!' 
ll~_g_nds .. ~.-~~- poro, u~ m~dfuin defincd iri ·a: coñtinuum sC~~ 
(N<.".' .• ~b t1 al., 1975), ·and_iL(reated as such in this_worl;¡ 

TI":'= \\'aiora aquifer is overlain by lacustrine shales of thc 
Huka Falls Formation thal acl as confining beds. In sorne 
locations the shalcs are irltcrbcddcd with breccia. Hydro
thcrmal. mudtlow conglomcrate~ that are also interbcddcd in 
the Huka Falls Formation ma)· indicatc that hydrotherm~ll 
activity at "-'alrakci is at least 500,000 )"C.HS old [Grindley, 
1965). 

Underlying thc Waiora aquifer are the WJirJkci lgnim
britcs. \loelded tuffs of low primar) pcrme:1bility. Thc: b;t,e of 
thc W01iora aquifcr is not ~cll ddincd bc..::..tuse of sc..:onJJry 
pcrmc:ahility affordcd by frac~urc zvnc> and thc ir_rc:guiJr sur. 
facc of thc contact bct~ccn the igr.imbritc\ and thc aquifcr. 
Thc problem cf dctermining the bJ\C of thc aquifcr is furthcr 
complicated in the south and south...,e:.t, ~hcre rh~olitc O\Cf· 

lit$. thc: ignimbri_tcs and progrc~siHiy cuts out thc: \\"aiorJ 
aquifcr from bc:lo~o~o·. Thc rhyolitc al\o displays sc..:ond.H) pcr
meJbility in its upper la)·er> [Swdr. 1958]. 

l_"he stratified volcanic scqucncc al Wair<.~kci is comrk·dy 
faultcd and drJpcd O\t:i a bJ~:mc;H hor)t, and thid .. cn\ ca~t
-.,Hd Jnd \loO(\'ard int0 adJoir1i:-:t! .,:o\c:.~no-tc-·tuni..: dcpr,-.. 
SiOU\ [(.,"T/J:tffe")". 196)). ~~Q)[ Of the 01.1j0r fau\t l011C~ af(' ViocJJ 
dcfLnc·j throu,h drilhn~. and strii.c in a south .... e-.t-northcast 
dirccti,•n (H"fltm, 197UJ. ll is gencr:.~llj thou~ht thJt !louch fauh 
1on~~ in thc unJcrl)ing igninLbritc' a~c th: -.l.lur-:c uf the hot 
v.:..ttc:r in thc W.1illr.1 aquifcr. 

Hea~ and !tlass Flows and Tempuatures at Wair11J..ti 

The natural heat fiow at \Vairakei has been mcasurcd sc,r
eral times, beginning in 1951. Fisher [ 19&-1 J gives a summary of 
results obtained by various authors during the period 1951-
1959. Thc valucs rangc from 3.43!' X 10' to 6.8c0 X 10' Jh: 
howcver, Fishcr concludcs thJt the bc'Jot .,·aluc für natu1,d 
(prec~ploitation) heat flo...,· at WairakC:i is appro.timutely ~.184 
X H1 J/s. wherc a heat How rcfcrcncc tcrnpcr Jture of 12°( is 
use d. 

Onc comm.on-conclusion of al\ thc heat fto~ sur.,c}s is·thJJ, 
t~c.majorit.Y pf the natural heat fio..., is dueto con-..·cctiOñ aiid 
il. th~~. :~s~~c_i!l:t.cd_~·ith a naturat mass. discharg\!: Although 
sorne mass dischargc was measurcd, the total initial naturJ) 
mass discharE'e was not; ho .... c:vcr, it can be cstimah:d from thc 
measured hcat ftow. Fishn (1964}, using a mean cnthJ!py of. 
1.025 X 10' J/kg and omiuing thc hcal Ro~ due to con
duction, obtained a mas!. disch;ugc of ~O kg/s for thc 1951-
1952 pc:riod. Fi!ioher also notcd that the natural hcJt di'Jo~o."hJrrc 
bcl"-CCn 1951 and 1958 appc:ar'Jo to ha\·e rcm:~inrd rebti..-rÍ) 
uniform, -.hertas the natural ma!IS di'JochJr:!e d'..:rcJ~cd. rc~u!t
ing in mure steJm and lcss water bein~ dis~har~~·d. 

Tcmpcratufes ar Wair..1kei incrcJ~e rapidl) .... ith d~pth d0 .... n 
to the top ofthc W;.¡iora aquifcr. "he re the tcmp~o:r<lturc in thc 
ha !ter rc,gions is about 200°(. In the aquifcr th..: IC'¡;pt:r ..1tur~ 
i!Caditnt is rcduced "ith dcpth, and in thc h}'.q;r p.1rt uf thc 
aquifcr the grJdicnt i!io cithcr 1iCf) sm ... dl or bt::onll:· nr~· 1t1'' 
In somc locatiom, tcmpcr.uures rcach appr.J\Ím:..ttc:l~· ~~O;C ;JI 

460 m dcp!h. 

\\'"IKH.:u \1onu 

Thc conccptu:ll modcl of the Wairakci ficld prc:~cntcd in thi-. 
p;.¡pcr j:¡, similar to th:..tt prr-·:ntcJ by ,\lrrch ,•1 al (197~J .... ith 
thc c\Ccption .. th:Jt 0\.1\i. lcJkJf(' is no .... :liJu..,.cJ tllroufh thc 
Wair.~kci lgnimhritc~ auJ (\40·ph.nc nv\4 is aiii)\4Cd in the 
re.,er~oir. lhu\ tht: \\ .Jivr-..~ Furr.L.J.tJun 1> J\~..;n~~;,t to be the 
principJI prudu;.:ing rc:\t:f•t,;r lt 1\ O\Cri.Jin a·¡J undo:::d.Jin b~ 
lea k) confinin~ be.!, of thc J l.;.. .. t "'lh Fo•:1. :.v11 anl.l thc 
\\"o~ir..~kc:i lg:¡¡mhitc~. 
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fig. 4. Map or c:qual thickness for thc watcr-tablc aquifcr used in thc finitc-diffcrcnct modcl: contour intcrval is ~m. 

Modcling the Wairakei field is accomplished in two steps: a 
steady-statc simulation anda transie_nt simulation. Bricfly, in 
thc stcady-statc: simulation, wc attcmpt to match singlc-phase 
ftow conditions and the observed natural discharge ratc of 440 
kg/s through the lluka Falls Formation. This is accornplished 
by (1) adjusting pressure distributions on both sides of the 
lluka Falls Formation (this eontiols the direction of the spa· 
tially distributed leakage tlirough the Huka Falls) and (2) 
adjuSiing the vertical permeability through the Huka Falls 
Formation (this controls the magnitude of the leakage). Dur
ing this process, tempc:raturc distributions are considercd 
known from downhole IC!Jlpcraturc measurcmcnts. Con
currently, we compute a distributed steady·slate leakage 
through thc \\'a¡rakci Jgnimbritcs that maintains thc initial 
prcssurcs and temperatures in the Waiora aquifer. Once a 

satisfactory match is obtainc:d by trial and c:.rror, thc: stud)"· 
statc: solution, including thc stc:ady-statc lc:aka¡;c: from abo .. ·c: 
and bclow (which sum toLera), is used as thc initial conditions 
for the lransicnt simulation. For this step, tran~ic:nt mass 
leakage through the confining beds is appro>imatcd by analyl· 
ical solutions and is addcd to thc stcad)"-statc !ca~agc. During 
thi~ part of thc: !limulation (history match), pc:rmcabilitics in 
the \Vaiora aquifc:r are adjustcd and \'Crticallcakagc: properties 
of thc Wairakci lg~imbritcs are cstimatcd. Finall)", thc:sc rc
suhs are used for thc prcdicti .. ·c portian ofthc: transicnt simula
tion.' 

!>umujcal Approach 

The numcrical approach is dcscribcd in dctail in parts 1 and 
2 of this study; only a brief summary is given here. Two·phase 

fiJ. ~. ~bp of cqu.JI thdnc:u for Lhc Hui fallt. conf1ninr bcd uKd ln thc finitc~¡ftúcnc.c modcl ~ontout in1crul1, Hm. 

,· 



t] 

\ 

1> 

\ 

t) 

( 

! 

t) 



6~8 

• 

..,. 

··.·• 

... 1 

.. : 
e a· 

~~- lDoor-------------~~~~------------11 - LANO SURFACE 

i< O ~;;:;;;:;;;;~~~~-~-~>Jii~.uf:rzl,~ .. 1::..__~-~.-~::JH;U~K~A~F~A~U~S~COQN~F~INJNG BEO 
~ - =t 
;:'!' WAIAAKEI ~NIMBAITES ." WAIORA AOUIFER 1 

~-'~o~--.,.~.~.--.,~ .. ~ • .--..,.~o"o--~.~.,~,--,,~,~,,.-~.~o~oo~~,,~,,~~,,~,~,--~,~ooo 
OIST ANCE, IN METER$ 

. Fig. 8. G eologic cross sections from Wairakei model data showin~ in descending order. water-table aquifer, Hu ka Fa lis 
confi"nirtg bed, Waiora aquifer and Wairakei Jgnimbrites. Cross sections corre~pond to scction linenhov.n iti'íF.igure 3 and 
are (A·A') westto east, (B-8') north to south, and (C-C') northwest to :.Cluth~:ast. 

.'J'!.undary Conditions 

:A baSe map of the Wairakei region showing the major 
geographical features is presented in Figure 2¡ where the clus

iter of wells rcpresents the m a in production arca. The produc
: tion arca is often subdivided further into an bstern and west-

efn pi-oduction arca, which will be used for later referé:ncc. 
· Also, note the location of the power stations,' as these will be 

. : \. used as a refercncc point'in la ter figures. Thc irregular bound· 
. • ary of Figure 2 represents thc boundary used in the finite· 

dilfcrcncc modcl. This boundary is cssentially thc samc as ihat 
· used b)' .lfncu ti al. [1975] and is similar to thát described by 
Bollan [ 1970] e>cept that it has becn extended slightly further 
from the main production arca. lt .is interesting to note that 

1 thcse bound~ries coincide approximatcly with those dclined by 
·' ground.sub!lidencc, gravity survcys fllunt, J970], and electricaJ 

resistivity survcys (G .. E. K. Thompson, writtcn communica
tion, 1972). 

Thé bo-uridafy-éO~~i!iQ'i!.Jóf.:tñe flüid l1ow.eqúaii'Qñ1S":'~' ' 
, fiaeréd :to k iio, 119.~ t!!•!ri!: !J!e .bo'lfrfil~i}'J'iliñi>f¡~¡;,~ 

t\S.~a~ ·point~ 9ut·.earliefin'!hls 'iepoñ,"the"sauthem·bop!llj
ary of the Waiorr ai¡uifdiSé'ü[o[ lív rhi'oljte. whi<:h iri_a.,Lbc · 
consióered imr:rmeahlcJb'(~J._oft~CriCárid eastern bOundariéJ 
~r.~· ~h.O. t;9nsiJcrcd _jm~~ÜbJe;siñCC.ihCPr.Wu7c- rcSPOns; 

• i!t.:.!•llr' n~~.\ .t h~~ J>pu_n_~!!'!~-•Perr::t'ó :O~ lndé¡ieiideñ r4r 
¡lr<><!~ciioJI lBolron. 1970]. Finally, !~e-SCStcrn.'bounila'r}·¡j', 
Q¡tendcd for e"ougb froiT(lliematn prodÜctioñireiltñ.at l]ic 
l!:artsieni sÜiutióñ u ñot.sig~i[!c.~.ryUf.a!Técicd by it, and i.¡ to~. 
itl.•Y_b·e. lreated :ij impcimeabl~ This western boundary m ay 
3ctually be no-flow if thc hills near it act as a ground"'ater 
divide. Finall)', it is interesting to note that the impermeable 
boundaries •o the non~ and east may havc rC"Suhc:d in pan 
rr~m sili.ca deposition apd sctf-scaling (D. E. V/hite. oral 

). 

cOmmuniCation, 1975): that is associated. with Othcr geother 
mal fields. 
: .The boundary conditi!)n for thc encrgy cquation is alv 

cOnsidcred no-flow. In p;evious work [Merar n al., 1975j, 
'this bounéar)' conditio'n was considerc:d constan! tempcraturc:; 
however, numcrical results were insensitive to thc type oí 
!;K>undary condition, a~d no·heat-flow is chosen for com·e· 
nience . 
, ·Figure J is the finite·,dilference grid used for the Wairakei 
simu!ntion. The circles rcpresent welllocations und the crosses 
are the block-centc:red 1nodes. There nre 150 blocks covc:ring an 
arca of approximately 74.~ km'. Although the actual field only 
covers 15 km', thc: imPe.rnicable boundarics of the cntire sys· 
tCm ·enclosc: a larger arca. This difference in are<.~l coverage is 

iimportant to note since some'studies of \\'airakei [ror c:xample, 
Mc!l'abb tf al., 1975; Grani and Rubinson, 1976] con•ider the 
_smaller arca and thereforc do not use impermeable: bounda· 
ries. Finally, note the thrC:e section lines in figure 3, as thc!.e 
will be u sed for future referc:nce. A l.~ o the blod• whc:Te the 
north-south (B·B') and·east-west (A·'A') section Jmes intersect 
will be referrcd to· in th'c modeling resu!ts a !O the western 
prOduetion block. .... 

R~Jtrvoír Proptfli~J¡and D~Juiption 

Thc thickness o( the ";ater-tablc: aquifcr, wherc the water- .. 
t.able aquifcr is compi'iscd o( thc Holocc:ne pum ice and \1-.'ai
r<~kci Breccía, 'ís shoY.n ,in F¡gure 4. The \·aluC'S are in meten 
and the contour íntCrval is 2S m; thc !lc.ale i~ thc: !.ame as that 
on the finitc-diffcre'ricc grid. This plot is ba~c:d on well data .. 
from Grindlty [1965]. The data were smoothed and extrapo
latcd to the riode poinu; consequentl)'. rc:neral trcnds are 
indicatc:d and dctaib or loc:al gcology, su eh u (ault locations. 
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.. 

en l.0-12 ll: 10--tlml 

O 6.0 JO x 10-uml 

·' 

L. _____ _j¡o:;:~~~~~~~--_¡0 u x to·um' 

E:J 6.Q-30 x tO·Um2 

O 60 x 10-11 m2 

Fig. 9. Horizontal pcrmcability distribution for thc Waiora aquifer usCd in thc linite-ditfercnce modc:l; \lalucs are in melcrs 
squared. 

• 

are lost. Note that thcrc is a considerable amount of unccr
tainty in thcsc and othcr data to be prcsented, cspccially out
si de thc main production arca. 

Figure 5 is a thickness map ortheHuka Falls confining bed. 
Again thc valucs are in mct~rs, thc con tour intcrval is 25 JTl. 
and the plot is based on smoothed well data rrom Grindley 
(1965). The thickness o[the Waiora aqui[er is shown in Figure 
6. Thc aquifcr thickcns toward the south whcrc it is intruded 
and eventually cut oll by the lowly p<rmeable rhyolite. In 
prcparing Figure 6, thc rhyolite is considercd to contribut.ll' to 
thc total rcscrvoir thickncss. An attempt is madcl to com-

pcnsate for this by using a lower pcrmeability in the so.~_thcrn 
region. 

A structure map of the top of thc \\'aiura á~uifcr in mctcrs 
abovc mean sea )evcl, is prcscnted in Figure 7. Thc data for 
this are also from Grind/ey [1965] and thc contour intcn·al is 
25m. To bctter visualiu thc hydraulic units uscd in thc modd, 
it is hclpful to construct cross scctions. Thc finite-dillcrcn~.:c 

grid (Figure 3) has thc locations of threc 5c(tion linc:s .in· 
dicatcd. Thc corrcsponding cross-scctions are shO\\ n in Figure 
8. Thc units are {frum top to bollom) thc: \1-Jtcr-table Jquifcr, 
thc Huka Falls confining bcd, thc Waiura aquifcr, and thc 

·--l 1()\;fj o 10GU •:¡ ~~~.:. o 10. 10-1~~.7 
1 O 1 1 O ·• ~ r.J --~----_1 ••. 1 •••• 1 

LJ ID• 10· 1 1::.: 

LJ~o1n, TO··In.l 

h~ 10 Vcni¡;;aJ pcrrnc~hiht) dl)tribu!ion fur thc Hu\:J 1-"alh confinini bcJ U\CJ in thc fln•tc·d•l1c:c:J(C" rr .• ·~..::. \.dt~c· .H~ 
in meter, ~~uarcJ 
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TABLE 1. Data Us.ed in Wairukel Model 

P roperty 

J nitial aquircr poro.\ity {Waiora) 
Confining bed poro.\ity{Huka Falls) 
Mcdium thermal conduetivity (Waiora) 
Confining bed thermal conducaivity 

(ll u ka Fa lis) 
Rock density (Waiora) 
Roe k specific heat (Waiora) . 
Roe k comprcssibility {Waiora) 

Value 

0.2S 
0.2S 

li.BOW/(m•K) 

2.18W/(m•K). 
2.187kg/m' · · 
9.2 X 10' J/(kg· k) 
5,0 X 10~ 11 m'/N 

Wairakei lgnimbriles. The horizontalline passing through the 
\Vaiora aquifer rcpresents mean sea Jevcl. As indic<ited in the 
cast·west cross section (A·A'), thc \Vaiora aquifcr dips stceply 
in the east and "'est. The exact depth ofthe \\'aiora Formation 
in these directi0ns is unknown and, therefore: the indicated 
deplh may be in error. 

Very Jiule is known about thc permcability distribution at 
\\'nirakei. In earlier work [j\ftretr ef al., J975], an average 
value of 1.0 X 10-u m' was used for most of the Waiora 
aquifer and 1 .O x 1 o-u m1 was u sed for the eastern production 
arca, which is less faulted, For thc confining bed, in general, 
J\lercer ~~al. !J975] used 1.0 X 10·u m', which was widely 
crilicized as being too high. Mc,\'abb el al. {1975], using a 
simplified analytical model, estimated 8 horizontal per

. meability for \Vairakei of 7.0 X I0- 11 m'. Usin-g thc temper
ature prefiJe at 1 km and early pressurc measurements, they 
cstimatcd a vertical permeability of 7.6 X I0- 11 m'. Finally, 
resuhs from core analysis [Prilchm ti al., 1976] indicate that 
the \\'aiora nquifcr ha·s a primary pcrmeability of approxi
mately S.O X 10-n m', which is clearly insüfficient to sustain 
the production at \Vairakei. 

Based upon these limited data and on our simulation results, . 
the permeability distribution we use for the \Vaiora aquifer is 
shown in Figure 9, where the values at each point are used for 
both the x- and y-directions in thc model. \Ve have assumed 

·that the reservoir as a wholc responds as 8 ¡)orous medium 
defined in a continuum sense. This assumption leads toa val u e 
or permeabf!i!y that probably Jics between that of the inter
Sranular matriA and the fracture permeability. As can be seen 
in Figure 9, the e:J~tcrn production arca is assigned per
meabilitic:s that range from 3.0 X 10· 11 to 3.0 x 10·u m'. 
Permeability in the western prOduction 'aiea and just west and 
north of this area is general!y assigned the higher value of 3.0 
X 10· 11 m' to allow for increased faulting there. As indicated 
ea'rlier, to account for the r.hyolitic intrusion in thc: s,outhcrn 
part or the aquifer, !he permeability in that direction is de· 
creased. Also, to help account for the impermeable boundary 
in the eaSI and allow for !he possibility of self·sealing in. lhis 
direction.we havc Uccreased thc permeability eastward. 

The vertical permeability distribution of the Huka Falls 
confining bed, shown in Figure 10, was detcrmined by a trial 
and error match of the steady-state surface mass discharge. 
~gain, this distribution represents errective permeabilities that 
incorporate both primary permeability and secondary pcr
meability resUiting from faulting. The values vary from 1.0 X 
JO·" m• in the south to 2.0 x.1o~u m' in the main production 
arca. In general, these values are lower than those used by 
Ntrctr t1 al. [1975]. :-:ote the southern block with the high 
permeability: this is bascd on an attempt to reproduce the 
observed natural discharge at thc· Karapiti area, an arca of 
rclati,·ely high discharge located south of main p1oduction 
arca (not shown). lt ¡, interesting to note that although the 

permeability distribution in the Huka ·Falls confining bed ls 
adjusted to match the observed natural field discharge, zones · 
assigned high permeability gcnerally are locaft~ in arcas of, ( 
kno~>on rauhs. . \ 
. Oth.cr data used in the Wairakci modelare giveñ,iO Table l. .: 
Ás m ay be seen, the initinl itquifer porosity is estirlbted to be 
0.25; thís val u e is increased in the west~rn producti6n arca to 
0.35 to help accounl for the effects of the fractures there. Also 
note·;that the medium the(mal conductivity is considered cori· . 
stant Br:td is a luniped coefficient that includeS the errec~ or: 
both conduction and dispersion in the water and conduction in 
the rock ·matrix. _Most ofth~ values in Table 1 compare favor
ah!)' with the coi< anal)'sis results prcscnlcd in Prilchttt el al. ,. ', 
{1976]. . ., •.'1 

:-. 

V~rtfco/ f'lowat th~ Topo~d Bau ofth~ R~.strvofr ; ~ ..... ··:· :;}.,;-

It is be!ieved that thc ·waiora aquifer receives hot' waic .. 
through fault zones in the .\Vairakei Jgnimbrites. Also flow 
occurs through the Huka 'Fa lis confining bed as evidenc'ed by' 
mass discharge observed at .. the surfacc. The difficulty is.to 
describe thcse flow terms as functions of time and space. , 

The equations u sed in . this study were obtained by Íl"!· 
te8;rating the three-dimensional flow and heat-transport equa
tions over the reservoir thickness [Faus1 arrd Merar, 1979a]. 
The resulting quasi three-dimensional, a real equations· include 
terms that account for convective and conductive fluxes at the 
rcservoir top and base (thc~e are referred toas leakage terrris) . 
These terms need to be:e,·aluated for both steady-state and 
tr~"ñsient conditions in ordcr t.o m o del the \Vairakei field. This 
is,'cOmplicatc:d by the lack óf data, sin ce only the steady-state 
h~a~ flow at the surface has beco measured. ¡ . , 

Steady-.srarr leakogt. In the \Vairakei model; we consider 
only the vertical comporient of convective and conductivc' 
leakage through the Hu ka Falls confining bed' and Wairakci ¡' 

lgnimbrite~. Jn general, to deteimine thc direction and rñagni· 

( 

·. tudC of these flux es, pressure and tcmperature distributions at · 
the top of the Hu ka Falls confining bed nnd botlom of thc · 
\Vairakc:i Ignimbrites are required. The tempenlture distrihu· · 
tion at lhe iop of the Huka Falls confining bed is shown in 
Figure 11. This temperature distribution was estimated from 
well data in Grindlq [ 1965], and is similar te that used in 
M'rrcrr ti al. [ 1975]. Figure 12 shows the pressure distribution 
nt the base of the water-table aquifer (top of thc Hu ka Fa lis 
Formation). These prcssures were determined by assuming the 
wattr·table aquifer h:Jd a ~~turated thickness that was 80% of 
its tot~l thickness. These válues were uscd in conjunction ~·ith 
a density distribution, which was a function of thc temp.er· 
atures in Figure. 11, lo co~.pute hydrostatic pressures. Using. 
these as our initial approximation, we adjusted the water-table 
préssures in order to oblain the propcr direction of the ob· 
senCd m2ss flow a't the su~face. Our f1nal result is thc pressurc 
distribution in Figure 12. Using the distributions in Figures 1 1 
and 12, preSsure and temperature data for the \\'aiora aquifer,. · 
the ver~ical pcrmeabílity distribution in Figure 10, and the 
confining bed thermal conducti•·it)' in T ablc I, tl!Wf'idy-;-sfa~ 
féu \:ágc_:tl)"f(fiíí;Íf11ié1fiita.:Fá!Ts coñfiñiñ¡;o~_:ijf de_ts.l'J!l.l@ 
by_u~r of o ~r\'Y'üci"uaiJoil:úid. F oüríer:.L:f'Í!!2.,t~¡g 

Data· for the base of thc Waira\cei 1rnimbrite~ do not exist . 
and'steady·Siateleakage through the ignimbri1es te thc base·of 
the ·Waiora aq~ifcr was .tieated using distributed maSs··and. 
hc:at sourcc terms. Th~ were dctcrmined rram the steady~ 
state simulation and wc:re used to maintain the stcad)'-slate 
pr~~ure and·temperaturC distributions in the \\' aiora aquifc:r. 

· Trorui~nl l~oÁagt. DisCharge to .,...c!Js ca u~ prcS\urc dt· 

( 
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Fig. 11. Tempc:rature distribution (degrees Cdsius) at thc top or the Hu ka Fa lis confining bc:d u sed in thc: finite-differcncc 
modc:l; contour interval is 2s•c. • 

clincs in the Waiora aquifer. Thcsc prcssure dccreascs cause an 
inftux ofmass (fluid) into the aquifcr, that is. transicntleakage. 
ll i~. cstii11•J~<I"from·gravity data (HIUir •. 1970J that 20%_ortn_$ 
water dis,hargcd to .. li.·clls rrom .1961. to. 1967 v.as replaccd b_y 
(echargc;)and that bctwcen 1967 and 1968, approximately 
IOOo/o rcplaccment occurrcd, prcsumably by transicnt lcakage 
from confining beds. . • 

Transitnt mass leakage through the o,·erlying Huka Falls 
confining bcd is assumcd to be the rcsult of a sttp"-ÍSt: change 
in prcssurc in thc Waiora aquifer and m ay be approx.imatcd by 
[Trrscott <t o/., )976] (modifted ror pressure): 

K. 

K' { , " . [ f K' t )]} 
qr = (p,- p) g~· 1 + 2 J;. cxp -n'•\ 3b''S,' ( 1) 

where Qr is the mass leakage at thc top of thc Waiora aquifer; 
K' and S,' are the hydraulic conductivity and speci.fic storage 
of the Hu ka Fa lis confining bcd, appro•imated by A" = k'pg/" 
and S.' = pg¡JJ'{J; Po and pare the initial and currc:nt aquifcr 
prcssures: 1 is thc elaps~d time of the pumping pcriod: gis the 
graviational constañt; and b' is the thicknc:ss of thc Hu~ a Fa lis 
Formation. Finally, k' and C' are the permc:lbility and poros.
ity of thc Huka Falls Form:Jtion, rcspcctin:ly, p is Huid den· 
sity, Jl is Huid viscosity and ¡3 is thc vertical cumprcssibility · 
coefficicnt. In this approach wc havc assumcd that lcakaft 
through thc Huka Falls confining bcd is single pha~·, (~atc:r) 
and ~echargc (rainfall) is sufficic:nt to maintain thc water tablc 
in thc uppcr aquifcr nc:ar its init~JI or· steady~st_atc location. 
Note that qr varíes spatially, and that during production si m~· 

r_l 
-j 

hi 1~ Prc;HUfC d;\:ribulitlll (:'\. nl' ,o( J(f' Jl thc lnpoftt-.c Huii.J fJ.li\CN,f,nir.,. hd U\Cd in thc f¡r,r[C·d.t!cr~ll~(' rt1r'\~l:. 
prc,,urc dc-:rc.l't• fr,t:;• ..,.,,¡ ll' CJ'I ..,.¡¡h J cun:.tur IO!cr.JI •• r ~( '· Hr :":n•' 
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Fig. 1 J. Ob~erved steady·slate temperalure distribution (de8recs Celsius). Val u es ha ve been vcrtically averaged through 
thc Waiora aquifer; contour intcrval is 2s•c. · 

.. 
lations. the computcd transient leakagc is added to the steady· 
state lcakage. 

. J ·. 1 '· 
q. =(p.- p)g [(KS,J./~rJ'" (2) 

· \Ve appro,imate the transient mass leakoge through the .. ··h · th · 1 • h s ·ma 1 k g at th• base of the d 1 · IV · • · 1 · b . b . 1 . 1 1 w ere q, 1s e smg e p a e ss ea a e , 
u_n cr ymg a~:~: ... el gntm ntes y usJng an ana yt•ca .s~ U· .. 'Y.;:~iora <~quifer, (KS,)s is the hydraulic conductivity-specific 

. _ 1100 that de,cnbes !he ftow at the contact of the \\ a1ora · · 1 d 1 , th "' · k · ¡ · b ·1 s No data are 
·~ d 1 \' · k · 1 . b . d b . s orage pro uc 10T e n a1ra ·e1 gntm n e . 

aqu¡ er .an 1 le \ ~~ra Cl gn.lm ntes caus~ Y a stepwlse available ror this product and its value was determined by tria! 
change m pmsure on the aquofer. The solu\lon assumes that d Th fi 1 d. 'b 1·· d r 7 5 x ro·• ·• · h '· · b · b d .. fi . 1 d . an error, e na JSln u 10n range rom . . s m 
t.c 1gnim nte~ can e treatc .as~ scm¡.¡nmlte ayer an 1s 'the,faulted zones 10 l.S X ¡o-n s'""l near the bou~daries. 
g¡ven by [Ferm" al., 1962] (modtfled for pressure~ ¡ ¡· 1· 1 · f . th h" h 1 ·¡¡ b d"' d mp tea 1ons resu llng rom ese 1g va u es Wl e 1scusse 
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1ater. 
Transient mass le~kage has .an associated enthalpy, .pro vid· 

ing a transient convective hcat leakage. 1 t is assumed that flow 
from both nbove and below enters the Waiora aquifer \\ith an 
C:nthalpy equal to the initial vertically averagt:d enthalpy in the 
Waiora. This assumption is reasonable for Oow from the Wai· 
rakei lgnimbrites. lt·is a1so appropriate for the liuka Falls 
formation during early s'tag:es of reservo ir devc:\opment, sincc 
initial tc:mpcratures in th'ri.t formation were high. During latc:r 
stages of development, however, thr::rc m ay be sorne rcsr::rvoir 
cooling dueto this upper leakage that our model does not takt 
into account. Severa! computcr runs wcrc al so made in which 
ihe verticnlly averaged saturated water enthalpy al thr:: currCnt 

1 
íime step was used for convective he:.H leakage. This change 
did no! significantly alfect !he computed results. · 

Although the computer model is capabk of compuiing a 
. transient conductive heat leakage [FauJt and Mtrrtr, 1977}, 
this option was not used in thc \~'airakei model. Beciuse 
tempcratures are relaÜ~ely invaricnt \lr'Ílh time, tr~nsient éo'n· 
ductivc hcat leakage is not considerc:d significan\. . .... . . . . , 

,. 
' 

e 

... ' 
1 

' ' ' ' 1 ' ' ' ' 1 ' ' ' ' 1 ' ' ' ' 1 ' ' ' 'J ;;.,.... 
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Thel;<1~_'"pt:o_r_v~o:!i<;af.cqu_i.Jib.r!~f!laT~iKI}s.sed ~n_f~(E'd · ... ·( 
.l{rrc<~·(1979a] incorporales thc assump:ion that 111 ltt'!.!}J 
r QrmS..i l. .in igra ¡tt_ t.q_!J!~(ói.. oJj}.~e_:a Q u if ¿; :..r oirií !Ú ~y
i!.'!!~.!_0,!1!_!1~i~.l!~~f:J.t_~~-!.!!~lt i!. bclie..-cd thi.t Bfaer 
product10ry beg.an.'a steam cap formed at Wairaiei. Unfortu·. 
natcly. no mea!.ured residual ""atcr saturation is rc.ported in 

fis. ,.. Eumplc or obKrved d.ownhole tr::mpe:rature profil,c (dc
,,ees Cchiu,). Al\0 indicated in des.er::nding order are: v.atr::r·tablc 
1quifcr, Hui• Falls confininJ bcd, Waiora aquirer, and Wairalc-i 
lrnimbritD. 
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Fig. 1~. Sleady·slale prcss\Jre distribulion (N/m1 X 10', absolute) ata d~tum of 274m belo"'· mean sea lcvcl computcd 
from the finitc·diffcrcnce modcl; contour intc:rval is 25 X lO' N/m1• Abo shown is a section linc D·D' 

the litera tu re. Pn"tchm •t al. [ 1976) used a residual water 
.saturation of 0.2 in their study of Wairakei, and that same 
value is used here. 

A vcrages of relative permeabililies can be obtained by verti· 
cal integration of measured rack rclative pc:rmeabilitics, which 
rcsults in linear relationships. Mcasurcd rack relativc pcr· 
mcabilities for'Wairakci do not C.\ist and thc fol_lowing avcr· 
agcs wcre used in the model: • 

(k,.w) ~ sü-..- s~.,. (k, •. ) ~ 1.0 S ... $ S~~..,. (J) 1- S,._.,. 

and 

(k,.) e 1.0- Sw (4) 

where (k,,._.) and (k,,) are avcraged relativc permcability for 
water and stcam, Sw is thc water saturation, and S~~.., is residual 
water saturation. 

Fin~lly, .. recall iliát-in- th·e-qüisi three'iliiñcnsional; are~ 
r,l~dc' propertics-añd. dC¡}endcnt 'variahlcs su eh aS PrcSsüie aniD 
cr.tha_lpy"havc bCen verlically ;¡, . .:,;¡;._;¡¡_ Therefore data for lhe 
Wairakei modcl must also be vertically avcraged. 

/r.itia/ CQ!:dit,.oñJ 

The \\'airakci hydrothcrmJI system is considcrcd to hH·c 
becn at stcJdy state prior to nploitation. Thc fir·H siC? in¡ 
n1ode~inf: Wairakci· is. thcrcfore· thc: rcprcdtJCt itm of ob.;·~rv~J 

• 
aturcs will be discussed later. lt is intcresting lo note that 
although thc tempcratures are vertically averagc:d, downholc 
tempera tu res are rdati,.cly uniform within the Waiora aquifcr, 
as is e,.idencc:d by the downholc tempc:rature plot in Figure 14. 
The data for this plot come from a wcll locateJ in thc wcstern 
production arca, and are somc:....,h:.~l t)·pical of "·crtical tcrnpcr
aturc distributions at Waira~ei. As can be ~ccn, thc tcmpcr- _ 
atures at this location do not vary grc:Hiy ~ith dcpth, ~ith a 
max.imum tcmp~raturc: of 25-t~C. l\otc that thc conflninr hcd 
and aquifcr are indicalcd, as ~c:II as meJn ~ca lc\cl. Thc 
tc:mpcraturcs at thc top of thc: Hu~ a Falls confining bcJ Yo ere 
uscd to construct Figure 11, and for thc aquifcr tcmpcrJturcs, 
the values bctYoc:cn thc top and bottom of thc \\":1i0ra Forma· 
tion were depth avc:ragcd.ln thc modcl, thcsc tcmpcraturcs are 
uscd to compute vertical! y avera~c:d enthalpics, considcrcd lo 
be thc initial conditions. Thc cnthalpies, along Yoith "·cnically 
a\'Craged prcssures, are used lO compute thcrmod)nJmic prop· 
crtics, such as density. 

Thc stcady·state pressurc distribution is shown in Figure 15. 
Although vertic:.~lly avcraged prcssurcs are uscd in thc: m0dd. 
ror purpOSC'S of discussion, a rcfcrence Jc\-cl of 274 m bcJO\\ 
mean s.ea len~! is U:loed. Thc general trcnd of thc prc-.,ure 

D ---¡----,-. ·-,----,---¡ ----· 

Virg:in or stc:.td)'·Stitle conditions:>Tht:.ic: n:sul:s V~i~~.bc U5td :1:_, ~ / 

/ ' tn:~ial conditions for th( tra"n'o¡jcnt modtl or t\ploita:Jon;>ln
a<much as l'ells drilled in the ea;ly 19.50".-had liule discharge, 
trn1pcraturc and prcssurc measurcments madc in thcsc orifi· 
nal ...,e lis are considtrcd rcprcic:ntativc or stcady·statc: condi
tiun~. 

1 he ~tc.rc.1)"-stalc (or initial) h:mpcrJ.turc diqribution ror th~ 
\L.tiorJ aquifcr is prc: .. cntcd in J"igurc 13. Thc tcmperOtlur..-~ 
h.J\;; bt:::n \Crti'-=:.~11>: a\·cr:.~gcd O\Cr thc lhicknc'!t of thc \\';.¡iorJ 
aquifcr u~inr ~cll dJta from Grind/r-y (1965J. This tempera tu re.: 
diHrih~.;tion is simil:.u to th~t uo;cd in .\ft''fl'' rt al. (1975J. 
C\.:Cjl( th:J! thc lC:nlflCfJ(UfC'i in the rJl.JÍn rroJu~.:tion JfCJ hJ\'C 
b(':fl lo\.'.~;rcJ ~l:¿~.tl). The fe.J)OO ror h.h~Cf!l·f' thnc tcmpcr· 

¡ 
2".·.<; . ·-

. hr 16. p,,,,,lf~ rr<~rlic 1:\ r-::' • I(J) C•lH~'í'0r.J:;.¡ 1•1 H.'l;,.n 
hnc ,h..,,.n in f-¡t'..::~; 1~. d•tl.:"• '' :·.- r¡, t-.~:., .. mc~'l \-1:! le·· el S·•L·J 
hnc~~l\l.:un.¡ ... •cJfr;~t:: f¡~_¡·c I~.'J·,r·.-~!.'.:1\U~'< •cJ\tc·! .. \:JIC 

d ... : ... rr •. ;r: fl .. ,'; .. •; r l1i"l.j 
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Fig. 17. Vcnica1ly 8\'cra~cd water saturations computcd by thc 
finilc-diffcrcncc model ror Sleady-stale conditions; conlour intcrval is 
0.1. 

distribution was cstimated from 1955 potentiomctric surfaccs 
given in Swdt ( 1958)."1 nitial pressure data for the lower part or 
the aquifer are very limited, and the magnit.~de or the pres· 
sures computed from Studt's •urfaccs had to be increa.ed to 
prevent substxntial two-phase hehavior throughout the ficld. 
Recall that prior to c>.ploitation, \\'airakei was considered to 
ha ve beco single pha•e (water) .. The pre,.ure profile corre
sponding to the section line 0-D' in Figure 15 is sho"n in 
Figure 16. The model data (solid line) is comparcd to an· 
obsen·ed 1956 pressure profile (dashed line) from Bolton 
( 1970]. Note that all pre.,ures are absolute. As niay be seen, 

- thc trcnd compares wcll; howc\;cr, thc: prcssurcs uscd in thc 
model are generally higher than Bolton'1: The final pmsure 
distribution •hown in Figure 15 was obtained by tria! and 
error in an attcmpt to pcrmit as m u eh of thc field as possiblc to 
be •ingle phase (water) and to match the observcd mass dis· 
charge at the surface (lhrough the Huka Falls Formation). 

E ven with the higher pressures, portien• of the field were 
two pha•e. Other tHan incrcase pressures, two additional data 
m:odifications could be made to reduce the size or the ·two
phase zone. First, the vertically averaged temperatures used by 
Mucu tt al. ( 1975] were lowered slightly to obtain those 
shown in Figure 13. Second, a lower elevation of the aquifer 
top shown in Figure 7 was a"umed. Thi• modification causes 
un incrc<~'c in \'Crlically avcra@C~ water saturation u a rcsult 
uf lh~ HJIÍ•'ijl·~•ruilihrium Ul\lllnplinn, nnd i• helieved 10 be 

jt~<llli;~l 1l11t'e !lit lu~rl 111111 ul llit ll'nl111d ~11111111 Íl lhl 
p1ududu~ l•)er tnd 111 ""•IIun 11 puorl~ dcl¡ncd. U1ina Ihe 
downhole ,lempcratures (sce, ror example, figure 14) .. a 
ruide ,..e lowered !he llquifer Iop 60 m. Thi1 i1 the dcpth where 
111! lli!lllldl MWiielll hmu11~1 Ujljllll~lmAirly ¡ero, which wc 
felt indicates a zone of hiHher permcabllity. 

With the<e data m'odifications, we .obtaincd the stead¡·-state, 
\o'crtically avcra@'cd water saturations shown in Figure 17. As 

, may be sccn. our modcling rcsults indica te that two parts of 
the field had a small steam cap, cven before exploitation be· 
~an. This could be a result or our approximations or the lack 
o( dctailed data in the ~rly staEeS ofd<>elopment. \\'e hdi,e•·e, 
ho"C\'cr, thal the ficld wa1 two-pha~e prior to e>ploitation.lt 
11 intere,tin¡¡ to note thal most welll are ca•ed "ith opcnin¡¡s 
only in the lov.er part or the \\'aiora aquifcr, belov. the lleam 
cap shov.n in FiEure 17. The. effect or thi• on intcrpreting 
prc\<urc and temperaturc data is unknown. lt should also be 
notcd that Pritrhrtt rt al. f 1976) had to lower the shallow 

tcmpcraturcs in l)lcir \\'airakei simulation to cn.'l.urc no \'a por· 
ization. Also M'. A. Grant (•Hittcn communication, 1977) 
bclicvcs that Wairalci was two-phasc prior to cAploitalion. 

A surface,mass discharge through the liuka Falls Forma
tion was computcd in thc Stcady-~tatc modcl. Thc calculations 
wcrc: madc using Darcy's cquation, thc pcrmcability or thc 
Huka Falls confining bcd, and the potential gradicnt across 
the confining bcd. In general, recharge occurred toward the 
west whcre the \Vairakei hills are located, and discharge OC· 

currcd toward thc easl. Thc acceptcd total natural mass 8ow 
rate for 1\'airakei "' computed by Fisher 11964) is 4-10 kg/5. 
The total di~chargc rate computed in this modcling .,.,ork is 424 
k8-/S, .,.,·ith most of it occurring in thc production arca. Thus 
thc match on the natural mass di~char~c is good e\ccpt ror thc 
Karapiti arca (thc discharge arca in thc south) for .,.,·hich wc 
wcrc: unablc to use: rcasonablc h~·drologic param~tcrs to re: pro· 
duce its targc dischargc. This arca is outsidc thc main produc· 
tion arca, and is bc:lic:ved not lo, ha\·e a targe cffcct on thc 
transicnt simulation. 

The surface heat discharge computed by thc stead¡·-statc 
model has a similar distribution to the mass dischargc. Thc 
helu ftow includc:s thc dfccts of both convcction and con· 
duction, and is computcd using the mass flux multiplicd b) the 
cnthalpy of thc: mi\turc and Fouricr's cquation, respecthcly. 
Thc rangc of val u es ror thc total natural hcat fto" meas u red at 
1\'airalei as given by Fishrr 11964] is 1.172 X 10' to 5.983 X 

10' J/s b)· c.>ndue~ion thr0uEh the soil, and appro>imately 
3.431 X 10' to 6.+14 x 10' J/s by con•·ection. "ith a heat ftow 
rcfcrcncc tcmpcraturc of I2°C. Hc:at dischargc throu1;,h thc 
Hu ka Fa lis Formalion computed b)· thc model ...,as 5.99 X JO' 

);JC-.....,.--.·--·-.--·r·r·,.--.--, ., ... ....,.-,--.. ....... ~.,....,. 
~ 1 , [l,:,:,..,.;::.i. f;.,::;;.o.J v.ttLS 
~ 2:Xl ¡ 

~ 2~Xll 
i ,.., 
~ 00» 

~"" 

r.,. u. {a) Mau di~h.r,c , .. ,e (ltiPfflffil rcr w-cond} ftom 
W¡iralci \l.clh, 19SJ-197J: (b) JIKJ lho"'n il thc computcd u .. n~tcnl 
le ,a k are throuth 1hc W¡iukci l1nimbr11n and Huh f¡lh Formation 
for thc u me time rcriod, (r) Jnd thc lot.JI (llc¡d~ ·l\1\c ,¡nd lUn\icnt) 
lciidl.~rc throurh bo:h conf.nmr t-.cd, 

( 

( 

( 
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J/s by conduction, and 3.566 X lO' J/s by conveclion, wilh a 
heal ftow referencc temperalure of O"C, giving a total calcu· 
lated natural heal discharge of 4.165 X lO' J/s. The cpm
parison willi lhe total measured value of 4.184 X lO' 'J/s, 
which Fisher considera the bcst value, is reasonablc. 

The_ sleady-Slale conveclive and conduclive ftuxes al lhe 
base of the Waiora aquifer were 'compuled from !.he model by 
specifying aquifer pressures and enlhalpies. Unforlunalely, by 
computing the ftuxes in this manncr, thc unccrtainty in othcr 
rcservoir parameters prccludcs mcaningful intcrprctation of 
lhc slcady-stale bouom mass and heal dislributions. 

TiiúUI;;{Sl:ñürarW~~ JlJsfli¡¡l/iiilli 

By using lhe sleady-stale enlhalpy and pressure solutions 
as initial conditions, wcll dischargc ratcs are incorporatcd inio 
thc model and transient cffects of cxploitation are simulated. 
Dischargc ratc~ wcre avcraged for cach wcll ovcr 3-month 
intcrvals. Thc ratcs for each wclt lying within a finitc-diffcrcnce 
block wcrc summed, and that thc valuc was considercd to be 
the discharge rale for lhal block for thal lime inlerval. The 
discharge for lhc en tire field may be obtained by summing lhc 
discharge for each wcll and is presented in Figure 18a. As may 
be secn, littlc dischargc took place before power gcneration 
bcgan in 1958; il pcaked al the end of 1963, after which a 
stcady decrcase occurrcd. The large dccrcase in 1968 rcsulted 
from a partial shut down of thc field. Al its peak, the well 
dischargc was thre·c to four times the steady-statc (natural) 
mass discharge of 440 kg/s. Al th< time of this simulation 
work, we only had discharge data up lo lanuary 1974 and this 
period of 21 ycars was used to "history match' the Wairakei 
data. 

Tbe~q\ass:wü.rcc/iínl<'(-'·eii)Íerii1 is spcdficd iñ tiÍe mc)He~ 
bo.~:excr.~(h~ hc·ar50urét7si0k (v..-cll).t(úu m~st be corilPutca) 
Thc vcrtical·equilibrium approach allows us to track the cleva
tion of thc contact bctween the single·phl.lsc (water) and two
phasc boundary. Wclls at Wairakei are ca~ed and in general, 
are open in only thc dccpcr part of the n:ser ... oir. For simula
tion purposes, wc ha ve assumcd that the wclls are fully-penc
trating and are slottcd ( open) in thc Jowcr part of thc reservoir. 
For wells in the castcrn production arca, wc generally use an 
elcvation of 60.0 m abovc mean sea leve! for thc clcvation of 
thc 1op of the opcn interval and for the wcstcrñ production 
arca \H use 60.0 m below mean SCJ Jcvcl. These \·alues werc 
Cstimatcd from drilling dat:J. Whcn thc tv.o-phase contact is 
abo,·c thc clcvation of thc top of thc opcn intenal. ma'~ i\ 
rcmo'locd with thc enthulp)· of '-'Jier. Whcn thc t'A.o·phase 
cont:.u.:t drops lxlow this cle ... ation. a mÍ\turc of ste:.m1 ilnd 
WJter ÍS rCffiO\'Cd, Jnd the heJt sin k tCflll is dc:termincd Cror:L 
thc phac¡e mobilitiei according to (FauJl onJ ,\/t'lar. 197'}Jj: 

• ~ [h + __l!r,- h,.)k • .__] • (5) 
q~a w· k~,+ (pw1J,/p,J.lw )Á',M q.,. 

whcre h, and h,. are the saturated stcam and water enth:~lpic~. 
p, and Pw· are the stcam and v.atcr densities, JJ 1 and JJ. are thc 
steJm and water viscositics, q . ./ is thc spccitied mau dischJrfe 
or the ~cll, and k,, and k,.,. are thc rcl~ti\·e permeJbilítie' of 
~lc,Lrn anJ v.ater computed usiny {3) and (4) and the thidne~\ 
of thc- opr.:n interval. 

S.·:-: th\.· ~:r.;L. 1 Jti~):, js me:;.!:'\ t\t::~;~-:~ ¡·~,;:il,J or t:r.·.c,· .1 

ti~·-: .. :~·;· d 9! .. 1.1~5 d;l)''i (J T11U,1:h ... ) Y.J~ ut:liiCjJlhi\ time 
st::;>. in ~unjun..:tion ~ith a bJcb~ard dilferc:1..:e ~heme. \lo;J\ 
fuunJ tu prv\idc a sati\fJctmy sulutiun. 

In l'Ur ftht at:ernpt at hi\ti.lf) mdtchint \loe a,\umeJ th.Jt ~di 
de,_': r:~--: ""'.!• O:•'nlLOf frllm stor:.tf::. th.ll is. thc Jl:.:~.l F~!h 

• 

Fig. 19, Computed preS!iurc di~tribution) (~.'m• X 10") ror (a) 
April1960, (b) April 196), and {e) April19i0. D:llum i~ 27-' m beto~ 
mean sea lc\·cl; con tour in1er~al is ~5 X 10' :"/m'. 

confining bcd and the \\'airakei lgnimbrites pro••idc no tr:tn
sient leakJgc:. 'A'ithout transient le.1k:1ge the computed prn· 
sures dccrc;,¡s::d m u eh more rapidl)· than did the ob~cn ..:J 
prcwJres. Thcrd0re some form oftr;.an!>ient leJklt;e is inJuc::J 
b~· proJuction JI the \\'airakei ficld. 

f'e\t >A e U'it:d the transicnt lc:Jkage formuiJ\ pr~.~·ntcJ in ( J) 

and (2), and simulatcd thc ficld 10 hnu:.H) 1974. 1 he rt:,'J:t, 

are sh0v..n in Figure;. 18-23. Figure~ 19tJ, 19h. ;,¡nd 19,' .\h~no· 

prcHurc di,uihutions for April 1960, April 1965, and .-\poi 
1970. rc,pt:cti\el~. Thc-;c pre~surc distrih1.11iun') :1rc at tk ':1:-:-. ..: 
dJtum as thc initi~d JlCeüurcs in Figure!.(,, In thc e.HI~ ~d.!!·._:, 

o( de\dopmcnt. thc ea<;tern production arr.:J h.ld the br~~c 
amount of mJ~~ ren10~cd, and this arco! shv~.~os thc l:~re-;:r 

de¡,;reJ\e in prc-~urc (Figure 19a). B) 1965 the UlJ\irnu:11 rr·.J· 
ductiC'In r.ttc h.td \hiftcJ to thC' v.c~tcrn pr1duction are.t .1nJ ~J 
d;d thr.: Ohld..:ld OIJ\irnulll dc~'~C.I~c: in prc,,-.:rc: (~ifurr.: 19l•). 
li;. 1971) thc nu,Í;:1ur.t c.!c~·rr.:.·-: in prt'"Urc in thc "".:::r.:r:1 
J>rvJu.:tiun ar..:.J .•ntllur.t:J t" ;¡~¡or.l\iiJ,;d~l_:. ~-~5 -_,· J(f ~:n:' 
(f:igurl! 19.-).1 ht\ corr:p...;;,J ':.!!·.:-: c,n;lí'.J:r.:, \\,di ""ith tr~- 1lb· 
SCf\ed prc,.;;.¡re dr,•r•• rcp.lrtL.: :,_. ft,•,'(¡l'l !J1J.új Uf~ 0?. J{)' 
to"2A X J(f ~.'n1'; hu\'lc>..:r, thcr>~-¡,:r·t·-1 r;,,l\,f'l .. l: pr(•,-,;rc 

drl1p vn·urr~d in lhe CJ\:::·:, p;, .:~ ... :·.·: .!~.-: 
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Fi$.. 20. Computcd temperaturc distributions (degrees Celsius) ror 
(u) April1960, (b) Aprill965, and (<) Aprill970. Values arevcrtically 
3\Uaged, and the con tour interval is 2s•c. 

A po"ible cxplanalion of this discrcpancy m ay be r<lated to 
the obscrvation that just northeast of thc: castcrn production 
arca is locdtcd thc rcgion or niaximum ground subsidcncc o( 

appro•imatcly 4.5 m (Stil•·•/1 et al., 1975J. lt is po,.iblt that in 
this location thc ro<::k units haYc a high comprcssibility. Early 
decline~ irl prc~surc in thc castcrn production arca causcd 
•uh,idcnce and probably a rcduciion in permeability. Rcduc
ing the pcrmcability in thc eastcrn production arca would 
nw~r ~rrotlcr prcuurc declines in that arca than thosc 'hown 
tlllrr,tue IY. J( tlrnlllttl)ll<liltÍun Íl C<llre<t, thcllllliiJ<irllg tire 
pcrmcabilitics u invaricnl with time. as \\'as done. migbt cx
pl<tin thc: diffcrcnce bctwc:cn thc location of obsc,.....ed and 
computed maximum pressurc declines. Finally, note that in all · 
thc prc:s!.urc plots, y.rith the cxception in thc southcast, littlc 
chanFe in pressurc occun outsidc thc main production area, 
e>pccially toward lhe eastcrn boundary. This bchavior con
form• "ith whal is obscrvcd al Wairakci (Bolron, 1970J. The 
prcnurc decline!. lo .. ard lhe southcast ma)' indicatc that our 
buundar)' should be extended in that dircctíon to includc thc 
undcvcloped Tauhara geolhcrmal ficld (sce Fiturc 1 ). Wells in 
thís f1cld do sho .... · slight response to production at Wairakci. 

Fiturcs 20o, 20b, and 20r prcs.cnt computed vertically avcr
alcd lcmpcraluro for April 1960, Aprill965, and April 1970, 

rcspcctively. A comparison or Figure 20 with thc initialtcm
pcraturcs in Figure 13 shows that "·cry littlc change in tempcr-
aturc occurred by 1960. This conforms with ficld tcmpcraturc e 
data given in Grindlq ( 1965J. By 1965, compuled tcrnperaturcs 
in thc main production arca havc st:Jrtcd to decline. In the 
model, thc vcrtical-cquilibrium interface bctwecn thc t"o
phase zone and single-phase water had droppcd bc:low thc top 
of the opcn intcrval for severa) wells in 1963. Thcreforc lhcse 
simulatcd wclls bcgan producing a mixture or stcam and water 
rrom the rcscrvoir and a tempcraturc drop rcsulted. \\'e rec\ 
that to a large extcnt this is what actually occurred at \Vai
rakc:i. By 1970, thc tempcratures had continucd to dccrc:J!:.C in 
thc main production arca and thc thcrmal gradicnt lo thc 
northcast had bcen reduced. 

Thc vcrtically avc::ragcd water ~aturatiC'n distributions corre· 
sponding. to the samc dates are pr~-~cntcd in Figure 21. Thcsc 
rcprcscnt vertically avcragcd "·alues or a stcam cap at 20% 
re~i~ua) water saturation underlain by single-phase \o\ater. 
That is, the smallcr valucs of saturation in Figure 21 corre
spond to the l:uger stcam cap thickncss rara g.ivc:n reservoir 
thidness. Outside the 1.0 contour, the rcscrvoir contains no 
stcam. Comparing Figures 17 and 21, it m ay be sccn that by 
1960 the two initial two·phase rcgions had mcrgcd. As pres
surcs decline v.ith time, the steam cap in creases in both thick-
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Fig. 22. Profilc: showíng contact betwccn stcam cap and water ror stcady-statc conditions, April_l9b0, Aprill96~. and 
April 1970. Only the Waiora aquifcr is shown and Lhe aos.s scction corrcsponds to thc wcst to c'!st (A·A') scction linc in 
Figure J. 

ncss anda real cxtcnt, as shown in thc plots for 1965 and 1970. 
No obscrvcd water saturations are available for comparison. 

To bcttcr visualizc what thc vcrtically averagcd satur•Úion 
distributions mean, a profile showing contacts bctwecn thc 
stcam cap and water is shown in Figure 22. Thc contacts are 
shown for stcady-statc, Aprill960, Aprill965, and April 1970. 
Thc profilc corrcsponds to the west to east section line in 
Figure 3 and to section (A-A') in Figure 8. Thc vertical sea le 
has becn increased from that in Figure 8 in arder to show the 
two-phase contact more clearly. Also thc aquifer elc .. ·ation is 
lowcr than that shown in Figure 8 as a rcsult of our data 
modification discussed prcviously. As m ay be secn, the s(cady-· 
state steam cap is very small. As praduction procceds, the 
steam cap grows, Cllcept for sorne recon:r)· between 1965 and 
1970. As indicatcd in Figure 22, bct"ccn 1953 and 1970 thc 
computcd steam cap has a maximum incrcase in thickness 
bctween 200 and 300m. This compares '-'"tll with calcui;Hions 
based on prcssurc and temperature mcasurcments in wells that 
indica te the boiling leve) at Wairakei has declincd about 200m 
(M. L. So re>·· writtcn communication, 1978). As a rcsult ofour 
qua si three-dimcnsional model, the stcam cap is at a residual 
water saturation or 2CY-'o. lt is possible, however, that in thc 
ficld, supcrhcatcd stcam could form in thc UPP" par!< of tl\c 
ste:.1m cap, as v.·as dcmonstratcd b)' Fausl and Macu (1979bj 
using a cross-scctional model. 

A plot ofpre)sure versus time is shov.n in Figure :!3a. Thc 
computed values (da!~hcd linc) are for thc \1-C~tcrn produniL'Il 
blodo: (finitc-diffcrencc block in Figure 3 \lo he re thc: norlh· 
south, B·B', and east-\HSt. A-:\', st:ctio:-. lincs int4."r~c..:-t). 1 he 
salid line is the ob . ..;cn·cd ticld prcHurt:' (from all "dls) ata 
rcfcrt:n~o:c le\CI of 274 m b<lov. mcJn ~ca leve l. 1 he dat:1 Oc· 
t"e<n 1953 and 1968 are from Bu/ton [ 1970J: d.'t" aftcr 19~j 
are frum unpuhli{,hcd plots by thc r\ev. Zc.t!JnJ ~linic,:r;. "r 
Work-;. Sote that thc shaded arcJ rcprt:~¡:nt., thc dJta !-rrc.1d. 
A~ OJJ;> 1x sccn the comparison bet""c~n computcd ar1J oh· 
sen..:d dJta h ~ood. Prc-;sures dccrca.\C only slightl;. frllr:l 19)) 
lO !9)~. Cil!rc~;pundin2 lO thc time pcriod or lil\lc Y.~11 di•· 
chJr~-: (sec: l-"it•urc !Su). In 19)~ pv~oo.:-r ph.h!u~.·ti.•:J ~q· !: •. 

di,durto ín..:rcJ,::J, and frum 195~ tv 1965, P""llii."• J,. 
~lint'~ r..~pidl;.. Aftc:r 1965, disch~rgo::s b..:~.1n to dc..:rc.!•C :w~ in 
the bl"¡i~llli:Jf of 19D:i a p.1nial shutJ ... nq¡ reiulh:J in J !IIJt·!:t 
in..:re.t'' in thc prc,;:.~rc CUf\C. Arter 196S, pre,\ure dc ... ro-..: 

onl;. ~~~r~:1:;. ..tnd by thc cnd uf 1972 thc computcJ ptc•'".lfC• 

.\~h.J'.~o \tH:.:. r~o-..•h~r). 

A plot of tempcraturc and cnthalpy versus time far the 
western production block is shown in Figure 23b. As may be 
sccn, bctwecn 1953 and 1961. tcmperatures are faírly constan t. 
At opproximately 1962, two-phase bchavior accurrcd in 'the 
lower part of thc rcservoir where the wclls wcrc slottcd, and 
lempcratures dedincd about 8°C. Jt is bclic..-ed that this be
havior is consistant with what is observed at Wairakci. lt is 
intercsting to note that in one simulation run, the wells ..,.-ere 
assumcd to be slotted throughout the thickness of the Waiora 
aquifer, so that a mixture of stearn and water was rcmo .. ·ed, 
bcginning with the onsct of two-phase ftow at thc top of the 
aquifer. These rcsults (not shown) gave early tcmpcraturc
declines that reached values grcater than 20°(. Returning to 
Figure 23, once l\1.0-phase ftow 0\:curred in the lov.er p:.art of 
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Fig. 24. Prcnure prefiJes through thc Waiora Formation for thc 
>Acstcrn production block for stcady-statc and April '1970. 

thc aquircr,l)tc:mpcraturc and pressurc became dcpcndc:nl, and 
thc::reforc, toward thc c:nd or thc history match, v.hcn prcssurcs 
rc.:CO\'trc:d slightly. tcmpcratures did also. 

As shown in Figure 23b, the enthalpy of the fluid mixture 
increa;es from 1953 lo 1965, lhcn dccrcascs from 1965to 1968. 
Aftcr 1968 thc cnlhalp)· rcmains fairly constan!. Thc incrcase 
in \Crtically avcra~cd c:nthalpy rt:fiects thc increasc in thc 
ste:.un cap (or dccrcasc in the \'crtically avcragcd water satura~ 
tion). The decrcasc in cnlhalpy aflcr 1965, in parl, reftccts the 
prc~sure rccovery. This trcnd agrccs qualitati\'el)' with data on 
total ficld discharge enthalpy prcsented in Pri1chm ti al. 

"11978]. Bccause lhe computed fluid cnthalpy is a rcservoir 
value. and the data in Pri1chm rl al. ( 1978] are For the dis
charge Huid, no quantitative comparison is made. 

Although vcrtically averaged prcssurcs are used in the 
modcl, prcssurcs relativc to a rcfc:rcnce leve! of 274 m bclow 
mean sea leve) are presc:ntcd in this paper. Wc: are ablc to 
compute thcsc valucs based on thc vertical equilibium assump· 
tion that thc prc~surC in thc steam cap and underlying water 
l.un'c incrcasc hydrostatically with dc:pth. This as~umption also 
allows us to compute the vertical prcssurc distribution in thc 
aquifer. Two computed prcssure profilcs through the Waiora 
Formation are shown in Figure 24 for thc: westc:rn production 
bluck at steady stale and A pril 1970. The intcresting point to 
note from Figure 24 is that thc pressurc dccrcasc in the uppc:r 
portian of thc aquifcr, "hcrc thc stcam cap is locatc:d, is lc:ss 
than thc pré!.surc dccrca~c in thc lo"c:r portien ofthc .;u.luifcr. 
·r hh i~~o Lauud hy gr~vaty ~qncyation iu thc rncrvuir. Fur thi• 
particular block, the prcssurc decline in the uppcr portian 
.t\'i'fdl!r'~ ühout 1.0 X J()l N/m'. ~·hcrcas in thc lov.cr portian 

lht flll'<IIIC tlullllt h "l'l''"'l"'"idy ) ~ 1 1lf N !tu' 1 hi• 
rliflcrcn,·c compares 'f'cll with ""hat i~ ob!lcrvcd al Wairakci. 
According lo M. L. Sorey (wrillen tommunication, 1978), 
prc~surc mcasurcmcnts in Wairakci wclls indicatc that thc 
ave raFe prcssurc decline with cxploitation at shallow lcvcls in 
the l"'O·phase zone is about 1.0 X 10' N/m'. campa red ~ith 
an 3\·crage decline of 2.6 X 10' N/m' in the decpcr liquid zone. 
Aho, for thi1 samc block and times in Figure 24, thc average 
c.:omputcd tcmpcraturc decline is 7.5°C in thc uppcr portien, 
"'hile that in the lo"'cr portian avcraHed only a 2.3'C drop. 
Qualitativcly, the>e diffcrcnccs with depth in tempcraturc de· 
clin<> are al.a obm·ved al Wairakei. 

Throughoutthe simulation, mass and encrB)" balances wcre 
checked al each time step. Both balances gencrally had lcss 

than a 0.01% errc~r, and convergen ce was obt;.~incd within 2-4 
Ncwton-Raphson'itcrations. Although tran~ient lea~a~c i1 
spatiall)' distributcd, thc nct lcakage was computed for each 
time step. Thc nct transicnt mass lcakagc into the Waiora 
aquiFcr computcd by the modcl is plotled in Fi~ure IEb For the 
pcriod between 1953 and 1973. lt is scparated into two part~ 
that lhrough thc Wairakei lgnimbrites and that through the 
Huka Falls Formation. As may be secn, transicnt leakagc 
from thc confining beds rcplaccd a large portian of the mass 
produced by wells, wilh most of il coming From the Wairakei 
lgnimbrites. In thc model, transient mass leakagc is added to 
the steady-state lcakage. and this sum is shown in Figure 1 Se. 
lt is intcresting to note from thc plot of leakagc through thc 
Huka Falls Formation, that thc ne~tural discharge al the sur· 
face !lhould decre:ase with time, and by appro\Ímatcly 1964, 
the total natural discharge should be: 'capture:d.' As noted by 
Fishrr [ 1964], thc observed natural mass discharge did de· 
crease bct~een 1951 and 1958. lnformation on observed natu
ral dischargc aftcr 1958 is not availablc. 

The amount of transicnt mass leakage from the Wairakci 
lgnimbritcs is too great toward the cnd of the simulation, as 
indicated by thc incrcase in sorne computcd prcssure~ al the 

Fir;. H. Pttdictcd rnuhi for Januar) 2COJ (o) prcuurc d,uribu
lion (N/m' X 10') •ith datum of 274m bclo• mun K.r. le\ el and 1 
contour intel'\'al of 2~ X 10' N/m' (b) \'crti~lly l'lrCU!cd tcmrcuturc 
díuribution (dc1rtn Cchiu1) •ith a contour ínter, al of 25•(: iind (t) 
\Cni~ll) aHntcd •atcr "tuntiun• •ith a contour intcr,.r.l ofO.I. 
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fis. 26. Prcdictcd (a) prcssurcs (N/m' X IQf) versus time, 1974-1999 (datum is 274m below mean sea lc=\CIJ, and (b) 
vertically a·~rotgcd tempcraturcs (degrccs Cclsius} versus lime, 1974-1999. Allvalues are for the .,..estero pr~Jduclion block; 
modificd prcdicted rcfcrs to simulation run in which lrotnsicnt lrakilge "'as decrcascd. 

end of thc history match. Thc hydraulic propcrtics prdviding 
this amount of leakage "ere requircd to be largc in arder to 
maintain production during the peak dis.:harge years of 1962-
1964. In fact, the hydraulic conductivity-spccific storage prod· 
uct for somc parts of the Wair<.~kei lgnimbritcs uscd in the 
simulation imp1ies permeabilitics th<.~t are of the same ordc:r of 
magnitude as thosc for thc Waior<.~ Formation. According to 
M. L. Sorey (writtcn communication, 1978), pr<uploitation 
venical pressure gradients into the ignimbritcs were nearly 
uniform and perhaps indicatc vertical permeability in the ig
nimbrites not m u eh .different from that of the Waiora Forma
tion. These observations emph:.JSize the uncertJ.inties associ
ated with locating the aquifer base and v.ith thc description of 
lcakagc from thc Wairakei lgnimbritcs. 

Tran.rlrnt Simulation: Prr:diction 

For this stud)'·, v.ell dischargc aftcr JanuJry 197-t was not 
availahle. For prcdicti\·c purpo')c,, thc JanuHy 197-t di'ichJrgc 
r.~tcs wcrc: used. Produ.:-tion "dls ph.H1uccd at this a .. sipncd 
ratc or a les~C'f rate ttwt the "di is cap.1hle of producin~ 
ar:•inst an aver;.~gc f1owing \4cll prniurc ur I.OIJ5 X Jet !'/m'. 
1 h< pruduclion capability o fa "di is appru\Ímat<J by (Cr4t 
anJ 1/a•ki"', 19~9] 

2~hk 
q. a ,. In (r,/r.)(p, - p •. ) (6) 

\lo ha.: h Í\ thc thicknc'>'i o( thc opcn intcrval. r.., is thc "'di 
radiu,, r~ ic. the avcra!!c: tlov.inf' "el! prc • .,~rc. p, is thc ¡:riJ 
bl.).:l prc'>'iurc, and r. is thc frid blo.:k r:1diu' ddtnt:d a\ r, =

(~ t..\y)1 1
/;r. \.\hcrc .l.t anrJ .ly art: th' t'rid blo~k ~p.H.:int.l he 

\.\di r . .nJÍ!l<o u~c:J for \\'aira~ci v.dl~ i\ ~ 1.9 cm [Gr,,,J,'t·y. 196~J. 
Th~.: h:,!! .... ::1k tcrm is computcJ a\ ~.k ... ~::--.;.! prc·,j .. u,l), an.J 
C'.J~o.!-1 t'r:J t•i.h·1.. j\ J\\UrncJ IU C•l:II.!ÍI, a n .. !\> .. ~:·:, d 12 ..,.,,_.~¡,_ 

Equation (6) is an appro:(imation to account for dccre;.JSeJ 
dischargc associated with decreases in rcservoir prchurcs. 

During the prediction portian of this study, thc Waira~ei 
field was simulated from 1974 to January 2000 using a time 
step of 121.7~ days (4 months). lt should be cmph•si1cd th•t 
we attcmpt to prc:dict. only reservoir behJ,ior, not pu.,er out· 
pul. Prcssurc~. tcmperaturcs, and \.\Jtc:r satur.uions <~re pre· 
sentcd in Figure 25 for January 2000. Thc prcüure:; are for a 
rdÚcncc leve) of 274 m bdow JYlCan sea le"·el, and both te m· 
pcratures and water saturations are vcrtically averag~."J. In -all 
three distributions the same trend is prcsent: valucs ha\·c de· 
creased slightly from those obtaincd in the histOt)·lllat:h por· 
tion, and the declines havc sprcad funher from thc main 
production arca. 

Prc\sure and tempcrature vcr~u'i time for thc ..,.c;')lern pr0· 
duction block are sho"n in Fig•Jrc ~6. lnth:dpic, are not 
shown, but follow 3 trcnd simil.~r tv th.tt sh0.,.. n in th.: tc:1:pcr· 
3turc: rtot. Ag:Jin il may be: sec:n th.J! rrc .. ~UI(> a:Jd tC.11í·C'I· 

aturc'i dccrcasc only slight!~ frorn 19:'4 tu J.tn~:tr~ ~V ·l 
During this predicti\e run. thc: J,u:uar) 19~4 pr,l.L;..::i,•n 

ratc:~ are maintainc:d, in largc: part b) lc:.tL:~·e rr\Jl:. C\11\r.:¡j:¡:' 

bcds. The limiting factor at \\'air.1"-ei i~ prohJ"ll~ thc: .;l:ld:J:'It 

ofm¡¡,ss availablc, and not he..1t. ~forc: ~rcdft.::JII). thc limi1i11t' 
factor appcars to be thc m~l'is from lca\.::.tyc. c~pc.:~·iJIIy thr,•.:rh 
thc: \Vairakci lgnimbritcs. h is difli~..·ult tu C\Jiu:11o: O.Jr lrcJ!· 
mcrlt of thc: lc:1ka,gc: tcrms, ~in ce rn;,¡tchinf thc pr~.:,~url·.J,~·linc 
hi\ltlf~ ¡., thc.: only mcth•1J "-C: h,,,, \ll d~.:!crminL· th!.':n A\ 
prc,c:.:~.~ in J·ic·~Hc 2~. thh r:ukh ap~t:Jf) ftHJJ. C\Ct';'l per· 
hJI'' f<~r thc pr~·,-.urc rc:~·u·.cr) hl'o\:.!rJ tb.: e~:d of thc n;Jtch. 
Bc~;!U':.: uf thc unl.."crtJi'l!~ a~.~·,:i.dc.:J .,¡¡h our lrc.:.t~rm•:t of 
thc le.~~ ... .;.··~. t~:c.:;~· i\ a!~<J Ct'r.\iJ::rJh:.: un,.-:::tJir.:~ in our prc· 

di(¡j,¡¡¡ Jr, Uf~~r (u (Cll th~ ':;n\i(:\ 11:• of 0..:1 j'lf.:~j._·::'lll ::~·:il~>: 

dn1c::"d k-~-'~: rr,;¡ :;;:::·.Y.;. Jc:;:.: .~:.: J tt.l..' ~.~.!·.~ . .r·~ ,,.;, 
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ductivity-specific 1toragc cocfficicnt for thc Wairakci Jgnim· 
brites by half. The resuhs of this simulation are also presented 
in Figure 26 and are labeled 'modified prediction.' For this 
run, the January 1974 production ¡ates could not be main
taincd, and saturations approachcd thc residual w~tcr ~atura
tiun of 20l .. Al 111uy be sccn in Figure 26, lhis happcncd at 
appro•imately 1984. 

It is dífficult to asscss the meaning of thcse two predictive 
runs. Wc feel that, duc to thc uncertainty associated with the 
leakagc properties, long range prcdictions, such as thc one in 
this paper to thc ycar 2000, are not vcry reliable. Shorter range 
prcdictions or approximatcly th·c to ten years are more \'a lid, 
csp::ci::lily if the h:akage description can be continuously ,1cruti· 
nized as additional pressure-decline data bccome available. 

Finally, it should be noted that othcr predictive simulation 
·run~ were made with c>.pected results. Of the~e. one of the 
more intercsting runs u sed a iero dischargc ratc, that is, pro
duction cca!iocd. For this simulation, pre~sures and saturations 
rccovcrcd substantially. Simulations with rcinjection Y.·erc not 
m a de beca use, at thc time ofthis modeling work, rcinjection al 
Wairakci was considered unlikely. In arder to help control 
prcs!lure declines, howcvcr, reinjection is now bcing considered 
(R. S. Bolton, \.-rilltn communication, 1978). 

CO!"CLL'SIQf'.;S 

Complcx liquid- and vapor-dominated hydrolhcrmal sys; 
tems g.enerally rcquirc sorne form of threc-dimcnsional de
!lcription. The quasi thrce-dimensional, arca! model used in 

·this study appears to be an cconomical alternative toa fully 
thrcc-dimcnsional modtl. By applying the arca! modelto the 
h)·drothermal field located at \\'airakei; New Zealand the fol· 
lowing may be concluded about the field's behavior: 

l. :\ rtcr matching observed temperatures, preexploitation 
surfacc heat and mass discharges, and limited pressure data, 
model results indica te that prior to developmcnt, the aquifcr 
had stcam in its uppcr rcgions. Since most wclls wcrc cased 
through the stcam cap, in the early stagcs of devclopment the · 
stcam had linlc or.no effect on rcscrvoir performance, and the 
field was considcred to be liquid-dominated. 
1-2. As dcvclopmcnt progrc~sed, the steam cap increased 

both areally and in thickness. When the conlact bet,.een the 
lwo-pha•e zone and lhc •ingle-phase (wate<) zone dropped 
below the slotted interval of thc wclls, a mixture of steam and 
water was r~movcd from the reservoir. and rescrvoir temper
a tu res declined. This occurred around 1963 and r«ultcd in a 
drop in tempcrature of 8°-10°C. Al this time the rc!'er\loir 
bcgan to e,_hibit characteristics of a vapor·dominated field, 
and !lupcrheated stcam may ha ve bc1un to form in the uppcr 
pam of the steam cap. lt •hould also be noted thal part ofthe 
ob~crved cooling in the upper portions of the rcservoir m ay be 
dueto leakage uf cuoler fluid through the Hu ka Fa lis Forma· 
tion. 

3. The boundaries and boundary conditions uscd in this 
study appear lo be appropriate; the southeast boundary, how
ever. perhaps could be extended to include the Tauhara geo
thcrmal field. 

4. Ba!lcd on modcl runs, sorne form of uansient mass 
lcakage is induccd by production. In lhe modcl, mosl of the 
leah1e v. u detcrmincd to come from bclov.-; that is, throu8h 
thc Wairakei 1$-nimbritcs. Also, it -.·as determincd that com· 
plcte capture of the natural surface di.charge through thc 
Huka Falls Formation should have occurred around 1964. 

S. Thc limiling factor on productíon ¡, thc amount of man 
available, not heal. long range prcdictions are nol rcliable due 

to uncertaintics inhcrent in the aBumptions U~("d in formulat· 
ing the model, e!.pecially thosc regarding leJk~ge from the 
\Vairakci lgnimbrites. Short range prcdictions {5-10 )ears) are ( 
more rc:liablc and indica te that production can be maintained 
at or n<ar the January 1974 production rale. 

Thc Wairakci ficld is a vcry complcx S)Stem Y.ith many 
obsen·ations that must be c-r;plaincd. This mudeling !ítudy is an 
attcmpt to use thcse observations and devclop a rational 
framcwork on how the system opera tes. Our conceptual model 
of the \Vairakei field docs, for thc most part, account for ""hat 
is obscrvcd. Dueto the unccrtaintics as~ociated with any sub
surface de~criptiDn, this conceptual model is ob\iously not 
unique. l\'umnical results, ho"cvcr, \"erify mou of thc as
sumptions that comprisc our conct:ptual modc\, and re: produce 
m<~ny of the obser\cd c0nditions. 

ArJ..nu ... üdgnH·nu. This stud~ v.as a cot)pcratiH· effort ofthe U.S. 
Gwlo~ical Sur,cy and thc :"'c.,.. Zcaland go\Crnmcm. Thc authvn 
wi~h to thank alltho~e "ha hclrc-d '-~Íih \·arious a~pcc1s of the ~lud) 
and in particular "'i~h to thJnk Richard S. Bohon of thc Mini~try of 
\\"orls for his hclpful corrcspondencc, critica! rniew of this manu· 
script, and or¡;anization of thc data, and Jan G. Donald~on and 
R usscll James of thc: Dcpartmcnt of Scicntiftc and Industrial R c~e.t.rch 
for their assi!otancc during the sc:nior author·~ visit to the ficld ara. 
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( Geothermal Reservoir Simulation 1 

2. Numerical Solution Techniques for Liquid- and Yapor-Domihat~d 
Hydrothermal Systems 

CHARLES R. FAUST AND JAMÉs W. MERC~R 
U. S. Gtologlcal Su~)'. Rtsron •. Yl,g/nia 11091 

' 
Two numcrical modcls are introduced for simulating thr~c:-di.mc:nsional, l\loO·phase fluid flo"'' and hcal 

transporl in gc:othc:rmal rc:servoirs. Thc: first modc:l i~ b:J"c:d on a threc·dimemional formulation of tht 
go"crning c:~uations for geothc:rmal rc:sc:n·oirs. Sinrc: thc: rc:sulting t~o ranial diiTc:rentia! c:quiltions, 
po~c:d in tc:rms of nuid prc:ssurc: and enthalpy, are hishl) non!inear and inhomo~c:nc:C'us, they require 
numerical solution. The three-dimc:nsional numerical modc:l uses finite diffc:ren'c: appllu.imati_ons, \liith 
fu!ly implicit Nc:wton-Raphson trcatmc:nt of nonline.ar tc:rms ·and a block (~cnical ~!ice) ~ucccssi\'c 
itcr.l.ti'o'C tccllniquc ror matrix solution. Ncwton-Raph~on treatment or nonlincóir tcrms pcrmits the use of 
largc time stcps, while the robust iterati\le matrix method reduces'compute'r t\ccution time and storagc 
for largc thrc.c·dimcnsional problcms. An altc:rnati'<·c modcl is dcri.,.·cd by partial integration (in thc 
.. ·ertical dimcnsion) of the thrce-dimcnsional cquations. This sccond modcl c"plicitly assuincs \'Crtica/ 
cquilibrium (gra'o'ity scgrcgation) bctwccn stcam and water and can be applied to rcscr'o'oirs with good 
vertical communication. Thc resulting cquations are posed in tcrms of dcpth·<~\ltragcd pressure and 
cnthalpy and are so).,..cd by a two-dimcnsional finitc difTcrcnce modclthat uses a stablc scqucntial sqlution 
techniquc, direct matrix mcthods, and Ncwton-R.aph!>on itcration on accumulation and source tcrms. T11e 
LJUasi-threc-dimc:nsional arca! modc:l should be u sed whenc'Jcr po•sible, because it significantly rcduce.s 
computer cxecution time and storaJC' 'and it rcquires less d.ata prcparation. Thc a real modcl includcs 
etfeels of an inclined, \'3riable-thid:.ncss reservoir and mass and energy lcakage to confining bed.s. Thc 
modc! \loOrks be.st for thin (<500 m) resc:r'<·oii's with high permeabi!ity. 1t can a!J.o be app!ied to probkm~ 
~ith vertical to horizontal anisotropy "'hc:n pcrmeabi!ity is sufficiently high. Comparisons betv.cen finitc 
differencc: and highcr-ordcr finitc:. c!cment appro,imations.show sOrne advantagc in using finite clcmcnt 
tcchniqucs for singlc.phasc problcms. In general, for nonlinear two-phase problems thc finite clemcnt 
metho~ requircs use of upstream "'-tighting and diagonal luri1ping· of accumulation tcrms. Thcsc lcad to 
lo"'cr-order approximations and tend .'1? ob~·iatc any udv~ntage·of using the finitc elc:ment mcthod. 

' 

•· 

INTRODUCTION iterativo' techniques for difficult problems (IValltnbargtr and 

This paper is the second in a series of three papers~ con .. 
ccrning gcothermal reservoir simulation. In thc first paper 
(Faust and Mtrar, 1978] ·wc inlroduced malhemalical and 
conce.P.tual models that serve as a basis for the numerical 
models (simulators) discussed here. The final paper will de
scribe an application of our numcrical models to thc hydro. 
thermal system at Wairakci, Ncw Zcaland, 

In the prcsent study wc cxpand our prcvious work (summa· 
rized in thc literaturc rcvicw scction) in severa)¡ arcas: extcn· 

_ sion of the numcrical modcl to threc dimensions, improvcment 
of numerical techniqucs, and dc'vcloPmcnt of a quasi-thrce· 
dimensional arcal model. 

The three-dimensional model dilfers from models discussed · 
in thc litcrature revicw in iu formulatiOn in tcrms or fluid. 
pressure and enthalpy aod in its numerical •olutiontechniquc. 
Thc prcssurc-enthalpy formulation olfers thc advant~ge or 
being posed in lcrms of para meten commonly obtaincd rrom 
ficld data and of avoiding thc nccessity.of.using ~hrec unknown 
paramctcrs (which is thc case in the pressui-c-tempcrature
saturation formulation). Thc numcrical modcl is fully implicit 
and is based on a Newton-Raphson finitc diffcrcnce &pproxi· 
matiun. of thc nonlinur partial diffcrcntial eq¡..aations dcscrib
ing flow in gcothcrmal rescrvoin, A rcliablc 

1
iterativc tcch

niquc. slicc succenivc ovcrrelaxation (SSOR),. is uscd to sol ve 
the rcsulting S)'Stem of lincarized equations:.' .This itcrative 
mcthod is more cfficicnt 'than dircct solution techníqucs for 
largc three-dimcnsional problcms, yet more reliablc.than othcr 

This p1pcr ¡, no1 subjcc:11o U .S. C:Op)rish·t. Publi1hcd in 1979 by lhc 
Amcrfun Gcoph)'ic~l Union. . , 

JI 

Thurnau, 1976]. 
· Unfortunatcly, threc-dimCnSional modds oftc:n are ilot ' 

'p·ractical duc to constr<~inu imposcd by data rcquircments and 
computational c;r;pensc. As an altcrnati'Je approach 8 quasi-

. thi'cc-dimensional areal modcl (based on vertical integration 
of the three-dimc:nsional mathematical model) is proposed; 
The arca! modcl uses finii~· dili~rencc appro;r;imations and 
accounts for vertical variations in propcrtic:s (su eh as thc pres
cncc of a steam cap) as wcll as variations in rcscr'Joir thicknt$5 
and slope. · 

To show the use of thc .various modcls, we present severa! 
cxamplcs that includc oric-, two-; and three-dimensional appli· 
cations involving both onc-phasc (liquid) and two-phas'e geo
thcrmal systcms. Thesc examples wcre eh osen to test thc a·cCU
racy or severa! numerical tcchniques (finitc: diffcrc:nce as wdl as · 
finite clcmcnt), to comparC: modcl rcsults with a\lailablc data 
from laboratory cxperimcnls, lo dcmonstrate thc adequacy of 
the proposed quasi-thrce~diinensional approximation, ánd ·ta 
illustratc various types of rCscrvoir bcha'<'ior. 

~ITERATURE REVIEW 

In this study,. only geo'thermal energy from hydrothermal 
systcms is considered (simihir models can be used for othcr 
typcs of gcothcrmal resourW, c.g., gcopressurcd enes and hot. · 

. dry rack). When such a syslbn is utilizcd for its heat eni:rgy, it ··. · 
is callc:d a g~othermal r~crvoir. In hydrothcrmal S)'Stcms, hcat 
from ncar-surfacc sources. such as magmatic bodics is trans
fcrred to porous media apd to the fl.uid 'Nithin thosc: media by 
conductive and convecti'Je proccues. These S)'Siems are class·i
ficd as bcing tither liquid dominated or vapor dominatcd 
1 Whiu t1 al .. 1971]. 

;, .. 
"' 
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•i ~~o~¡':¡¡,udeling "ork rcluted 10 geo;h;rrriul studies mu)' be 
di\'Ídcd into t'-' o broad cli.lsscs: ( 1) free conHction modc:ls to 
examine the geothtrmal re!-en·oir under natural conditions 

.. and (2) .reservoir modds to e..:amine exPloitrttion eiTc:cts. In 
this bricf re\·iew we considc:r only resc:r\'oir models; however, a 
rc\'iew or free COO\'C:Ction models is ~j\·~n by WUhrrspoo'n rf al. 
{19751. ' 

· Gcother'ma1 reservoir modcls may be subdivided further 
into two general types: lumped parameter and distributed 
para meter. Although the emphasis in this paper is on distrib· 
uted·parametcr models, ror completeness, Jumped·parameter 
models are included in the redew section. 

Lunrp,d·Paramttu Mo<Ms 

The conccpt of a lumped-parameter model.offers the si m· 
pfc'st means of dc:scribin,g the behavior of a geothámal reser· 
voir during e>.ploitation. In this type of modelthe entire sys· 
tcm is considc:red a perfect mixing cell for bolh mass and 
energy~ so the spatial vuri<l.tion in rock and fluid propertie:s is 
reduced toa single point in space. lnstead of conside'ring the 
internal distribution ofmass and energy, attention is restricted 
to thc total amf'unts generated within the S)'Stem as well as to 
thosc crossing· the boundaries. Sin ce time is thc: only independ· 
cnt \'Briable, the system can be characterized mathematically 
by a sct of ordinary differential cquations oran equh,.alent set 
o( algcbraic C:\pressions representing total mass and energ): 
( ll'ilhnspoun n al., 19751. 

Thc first rescn·oir model applied toa geothermal ficld prob· 
le m "as a lumped-purameter model developed by Whiting and 
Ramq { 19691. Their model a!Jowed fluid in flux from an adja
rent aquifer and was used to simulate the two-phase steam
,.·ater behavior of the Wairakei hydrothcrmal field. This ap· 
proach was also used by Cad¡· (19691 lo simulate a laboratory 
e>periment. Brigham and Morrow (1974] applied a lumped· 
para meter model to vapor·dominated systems by considering 
thrcc different liquid distributions. Martln (19751 used a 
lumped·paramcter model to examine two·phase ftow in a geo
thcrmal rcscrvoir where the Jiquid and gas phases are uní· 
formly distributed throughout the reservoir. Brigham and 
M-:.¡;vw, and Martin, considered the rcservoir to be com· 
pletely clo<ed. Finally, Stl;i n al. (19771 applied !he Whiting· 
Ramey modcl to severa! fields and used a least squares tech

·nique to match historical data. 

Distributt'd·Paramttrr !tlodtls 

A model in which !he properties ofthe rock and/or the Ruid 
are a·lla""ed to vary in space is referred to as a distributed· 
para meter model. In general, thesc models are complex and 
cannot be solved analytically. An altcrnatiVe approach is to 
rcplace the governing partía! differential equations by an 
cquivalent set of algebraic cquations and lo sol ve thC problem 
numerically with the a id of a computer. 

. ' 
;~ ... : '·. ,. ',· . 

\o\'iJS tcstrict..:d to the S¡jturatcd \'apor pressure Curve: they :'. 
sol\·ed for prcS~ure and saturation and used a finite ditfCrcnce · 
tcchnique that incorporated Newton·Raphson iter~tion. e 

Al this' point in the chronological dcVelopmen.t•:thé onlY . . 
distributcd-paramcter models that exist for geothernl'al re!.er· 
voirs are restricted cither to compressed water orto th'e satu.' 
rated vapor pressu~e curve. ·In 1975 at the Second Uniti:d 
Nations Sym'posium on the Developinenl and Use ofGcother-
mal Rcsources, held in San Francisco, three indepe"rident 
groups presented distributed·P~rameter models capable. of. · 
simulating both liquid· and vapor-dominated geo'thermal res
ervoirs (Faust and Mer<er, 1975; Garg <1 al .. 1975; Laswu.<t 
al., 19~51. 

Faust and Mtrcer (19751 and, la ter, Mtrarand Faust (19751 
and Faust {19761 applied both Galcrkin flnite elemenl and' 
finite diffc:rence techniques to approximate a pressure·~nthalpy 
formulation of the multiphase ftow equations in two horizon· 
tal dimensions. Both Garg tt al. (19751 and Lasúttr <1 al . .'.·· 
[ 1975J formulated their multiphase equations in terms ofinte·,.: 
nal energy and.density. Thc formcr used finite difference tech·· 
niques to aPproximate their. i::quations, whereas the latter u sed 
an integrated finite dilfercnce techníque. 8oth ofthese modcls· 

~ e~~ o':eprae~~en ~~ :tr~!~:!st~:~~~.~~s~:s~~~; ~j ~~ ~~e:C::elo ped ~:· 
model for simulating geothermal reservoirs containing water 
in either the \'a por or the ti quid state. Thc:ir modc:l is thr~ · 
dimensional and soh·es for pressure, temperaturc, and satura· 
tion:···Finite ditference techniqües were used in conjunction 
with an implicit pressurc:-e;~plicit .saturation formulationo · 
Coa /S (19771 has al so proposed a model based on a pressure·" 
temp.erature·SJturation formulation that includes ·ftow in weiJ:· e· 
bores ánd discrc:te fractures. . . : ::'. 

'F:inally, three field applications of dislributed-parameter 
models for single-phase liquid reservoirs ha ve been published · 
recently. Sorty <1 al. { 19771 applicd a cross-secúonal intcgraied 
tiñite differencc model to simulat~ steady state conditions in 
the Long Valley hydrothermal systcm in California. Anothcr 
California field, located in the East Mesa arca, Imperial Val· 
ley, was simulatcd by lntucomp (19761. Their model sol ved for 
pressure and temperature and used finite difference tcchniques. 
Kmtnacktr (19771 used a horizontal rcservoir (pressure only) 
model and a vertical, ene-dimensional heat transrer model for 
ca eh wcll lo examinelhe Raft River, Id ah o, geothermal fiel d. 

Nt;"ERICAL METHODOLOOY 

The mathcmatical models ·dcveloped for geothermat iesCr· 
voir simulation are nonlin6'3( 3~d are not amenable to con ve,.. 
nient analytical solutio'n. Additionally, the highly nonlincar 
thermodynamic relationships iri the modcl render c\'en numer· 
ical solution a difficult task. Consequently, considerable effon 
has been expended in testing alternative solution procedures. 
In particular, wc ha ve exa~ined (1) numcrical approxima· 
tions, including Galerkin finite elemcnt, collocation on finite 
elements, and finite differericc; (2) nonlinear techniqu~, in· 
cluding Picard iteration, s.cmiimplicit procedures, and fully 
impticit l\'c:wton·Raphson iteration; and (3) matrix solution 
methods, both direct and · itcratíve. Sorne or these solution 

Har!owand Prachr (1972] considered the problem ofextraCI· 
ing hcat from dry rock using a dist~ibutcd·paramc:ter model 
which simulated rock fracluring and single·phase (compressed 
water) flow. The first application o( a distributed·parametcr 
model lO a gcothcrmal field problem was madc by Mtrur" 
al. (197SI. Using a Galerkin finite elemcnl method and solving 
for tcmpcrature and pressure, their arca! model was restricted 
to liquid-dominated reservoirs and was able to reproduce his· 
torical data at Wairakei to 1962, by which time, Jarge quan· 
tities of steam had formcd in lhe rcservoir, Taronyi aná Farouq 
Ali (19751 developed a two-phase, two-dimension.al rescrvoir 
mode! that was coupled w·ith a ""·cll bore modcl. Their work 

._procedurc< are discussed byMtrra and Faurt ( 1975Í and'Faust 
and }.fuur f1977J. In this papC:r we describe tho~e techniques 
that we fourid more reliable and cfficient to us.c for geothermal 
rcs.crvoír simulation. . 

T\loo·o models are presentéd:' one for two dimrnsional a real 
applieations and the other for three·dimensional applications.. 
The three·dimemional model uses finite differcncc approxima· 
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tions wilh fully implicit Ncwton-Raphson itcration and is 
ce~pable or simulating OOC· and lWO·phasc: flow in geothermal 
reservoin. The a real mude! also uses a finitc diffcrencc rcpre· 
sentation. Jt can simulatc sloping f(Scrvoirs of variable thick
ncss, hcat and mass flux es rrom confihing bcds, and both one
and tWo-phasC reservoir behavior. Options are provided for 
vertical averaging based on either uniform-propcrty or vertical 
equilibrium. Sssumptions. 

'Morh<nrDtlrol Mod•l• 

Two general mathcmatical models are the basis or the nu
merical simuJators introduced in this paper. Basic assump
lions, derivations of the equations, and boundary ~onditions 
are presentcd and discussed in papcr 1 of this series, to which 
the rcadcr is referred for details fFousl and }.ferctr, 1978]. 
Majar assumptions that apply to both the three-dimensional 
and thc arca! modelare that (1) Oarcy's cquation for multi
phasc ftow is va lid. (2) capillary prcssure effects are negligible, 
(3) thermal equilibrium c<ists among all phases, (4) the geo
th.crmal fluid is purc water, and (S) kinctic and potcntial 
cncrgy are ncgilgible. 

The thrcc-dimensional equations are rormula~cd in terms of 
thc dcpcndent variables pressurc und cnthalpy, since these two 
variables uniquely define the thermodynamic state of thc sys
tcm and beca use thcy are commonly obtaincd in a ficld situa
tion. Thcse equations are 

~··-V· [Kk,,p, ·(Vp- p;iVD)] 
IJI . p, 

~-._and [
Kk,.Pw . · . J 

-V· -¡;:-·(Vp- p.gVD) - q.' e O (1) 

( 

_L (q,ph + (1- 4>)p,h,J- ;. [Kk,:p)l, ·(Vp- p.gVD)] at . JJ. 

V [ Klc,wP..h. (V' . VD J [ ( BT) - .- · p-p.,g ) -V· K.-. Vp 
Pw . Op a 

+ K (E) Vh l_ q • m O (2) 
• Bh '· J •. 

In the above equations, p is fluid pressurc, h is the spccific 
' enthalpy or the fluid, p is densily, K is intrinsic permeability, k, 

is rclative permcability, p is dyn&mic viscosity, gis the gravita·. 
tional constan t. D is dcpth, q,.' is the mass so urce term, q,/ is 
thc energy source term, K., is ·a combined isotropic con .. 
duction-thermal dispcrsion coefficient, T is tcmperature, and 
1 is time. Thc subscripts '· w, and .1 rcfer to rock, liquid water, 
and steam, respectively. ThC cnthalpy of the steam·water 
mixture is defined as 

h a (S,p)l, + Swp.)r.)/p (3) 

where p is the density of the total steim-water mixture, definc:d 
as 

p • S.,p, + S,p~ (4) 

and thc volume saturations (S, and S.) are defined so that they 
sum to 1: 

S,+ s. • J (S) 
Thcse cquations describe thc tv.·o-phase ,ow of hcat in a 

steam .. water-rock 1ystem; howe\lcr, with minor modification 
thC)· aho describe thc flow Of hc.at in a v.atcr-rock ora steam
rock system. V.'hcn cither stcam or water is abscnt, the satura-

.,1·, 

tion of the abscnt. pha'c is O, and that for the·e~isting phase is 
J. Further, it is assumed that the rc:hHi\'e permcabiliiy or the 
absent phase is o and that ror the CAÍsting phasc is l. Thcrcforc 
( 1) and (2) reduce to the appropriate equations for cither the 
comprcssed·water region or thc superhe:lted·st"eún rcgion. A 
solution for thesc cquations wi!l determine whether a specified 
location co~tains comprcssed water, a stcam.watcr mixture, or 
superh.eated steam. Bound~ry conditions for ( 1) and (2) repre· 
scnt the prcsencc or abscncc or mass and· energy fluHs or 
specificd pressures ·and cnthalpies at t_hc rcscrvoir boundaries. 
1 nitial condi~ions required are initial pressure and Cnthalpy 
distributions for thc reservoir. 

The equations ror the arca! mode!" are pOs_cd in tcrms of 
dcpth-uveraged ·fluid pressurc and enthalpy. Vertically avcr
ugc:d quantities are denoted by anglc brackcts: The general 
cquati"ons are given by 

8 ·a r (8 'B<D))] ba,(Ct/>p)) - ax Lb(w,) ax (p) - (pg) .a;- . . 

·a[ (a a<D))] . -- b(w) -(p)- (pg)- - b(q ) 
By > By oy • . . 

+ vi,,·V(z- z,}- vi~·V(z:.:. z,) =O (6} 

arid a , .· 
ba,(((tJ>ph) + (p,h,)- (r/>p.h,))J' 

· ·.:· ¡¡>[ . ( B B(D) )] 
- - b(<.·· ) -(p) - (pg)--' a.x . .. ax él.x 

:. •, . : '·' 

· · e' [ ( B B<D) ~] 
- By b(w,,) "tyV')- (pg)-¡y 1 
' . . . 

8 [ · ( a BCD)')] - - b(w ) -(p) - (pg)-. 
Ox tP Bx . Ox · 

· .. '• 
•' ·. 

<. 

B r ( B · 8(D)·)] B ( ¡¡ ) 
- By Lb(w") "tyV'>- (pg)-¡y . - l!x b(w,.) Bx (h) 

8 (. 8 ) ., 
- By b(w.o)f;Ch! - b(q.:) 

+ hv(,,·V(z- z,)- hv(,,•V(~ "':'· z,) 
1 

(7}. 

The.terms in (6) ánd (7) with ;h. vertical bars are flux territs'; 
that are cvaluated at either thclop z, or lhe bottom z, or the 

· rcservoir and are defined (for the reservoir bottom) as follows: 

v/·V(z-z,)~-(.,,!i..)/ 8';. ' 
'• . Ox ... Ox . 

( !.e.)/ :a:;·' ( !l.. )/ . (8) w_,. éy .. ,:,ay + w, iJz + w,, '• 

~Y 1· V(z - z,) ~ - (w.,!.e.)l ~:, '• ax_ ,, ax 

·-, - ("'••1;-)1., ~~'+;(w.;*+w.,.)/ .. '(9) 

l. l. .. V(z ~ z:) • - ( "'•• * + .;,~ :~ ) l., ~~ 
( "'<•* + "'•• :~ )l, ~~' + ( "'"* +wn !~ )/,, (JO) 

•. 
: .. 



• 

' '· 
Similar term~ may nlso be \HÍtlen ror the rcservoir top. \\'e 

·havc also comhincd terms to simplify the final equations. For 
the x dircction {ttrn1S for the y and z dircctions are similar) 
t hes e terms a re 

... 

"'•• ... 

k.k, .. .p'! + k,k,p, 
~~~ ~. 

k,k,~.~p,)lw + k,k,,p,h, 
JJ-. Jl• 

w,. a K.(~;). 

• w,. _ K.(:n. 
whcrc: k. is thc principal componc:nt ofthc: pcr.mcability tensor 
in the x direction. For the z dimension, additional terms are 
definod as ' 

w,. = k)<,"-plll~g + k)c,.p,'g. 
J.l.. p, 

Equations (6) and (7) are simplified versions of the more 
general area1 c:quations presented in paper 1 of this study 
[FallJI and Merar, 1978]. The simplific31ions invohe neglect· 
ing. codeviations or vc:rtically avc:ragc:d products, nc:glecting 
jump conditions at thc: steam cap interface, and assuming, ror 
enthalpy, that {ch/ox) = o/ox IJ¡), These simplifications are 
not necessary but are desirable for practica! applications. Eva!· 
uarion or neglected terms would most likely render thc areaÍ 
mode1 as cumbersome and expensive (computationally) as the 
fully thrcc-dimensional model. In the applications section of 
this paper we consider in detail reservoir conditions undcr 
which thc simplified areal model and vertical equilibrium as
sumption are appropriate, 

finit~ ·Di,ffu~nu Approximation.J 

Both the two- and thc three-dimensional models are based 
on a finite difTerence scheme using the block·centered grid 
cOmmonly round in groundwater models [e.g., Pinder ond 

. Brtdfhn•fr, 1968]. Thc grid allows variable spacing and can be 
used to npproximate irregular reservoir geometry. For the 
three-dimensional modc:l the compact, implicit finitc differCnce 
rcpresentations of ( 1) and (2) are 

' 

and t.hc mnss ilnd cnt'rgy lt'rms are 

M ~ </>p E ~ [<>ph + (1 - <J>)p,h,J \ 

\ 
where V,, A, and 1 are the grid block vol u me, thé cross-
section.al arca perpendicular to thc: flow direction, and the 
length mcrement in t~e flow direction, respectively. Thc differ· 
ence operator A is dcfined ror three dimensions, but, as an 
cxample, acts as roJJows in the x direction: 

(13) 

where 1, J~ nnd k are in dices· in the x, y, and z directions, 
respectively, and n is the index ror the time leve!. lnterblock 
transmissibilitics (those evalu~ted at i = ±j,j = ±j, and k ... · 
±1) require .. .¡~veraging or weighting of tlieir various compo
nents. Density, viscosity, and the derivatives (óT/ép.),., and 
(aT/Oh)p are evaluated as arithmetic averages ofthevalUes in. 
the adjacent blocks. Relative permeabilities and enthalpies are 
usuu.lly assigned the upslream value (that is, the value at the 
grid block having the higher fluid potential). Other terms, such 
as (kA//) and (K.A/1), that are space dependen! are deter
mined as harmonic means ofthc values in the two adjacent 
blocks. For example, ' 

( 14) 

Finite difference approximations for the areal model, (6) 
an~ (7), are m a de in a manner similar to that outlined for the 
thrce·dimenisional model. In the arca! rriodel, however, the 
differenCe opera ter only acts in the two horizontal dimensions, · 
and the equations includc the additional terms that account 
for the flux es from confining beds. · 

Nonlin~ar _Tuhniqu~s 

The difference equations (JI) and (12) are nonlinear in the 
transmissibility, accumulation, and source tcrms. Thcse terms 
can Icad to scrious numerical instabi!ities if not trcated prop- · 
erly. For isothermal, multiphase Oow npplications _the tech· 
niques that ha ve demonstrated the least severe stability restric
tions are those that trC.at nontinear terms implicitly and use 
upstream wcighting on relative pcrme<~bility terms [Bioir o__nd 
Weinaug, 1969; Peaaman, 1977]. For many geothermal appli
cations we ha ve found it necessary to use the samc lechniques 
to achieve stable solutions. . 

lmplicit treatment of nonlinear terms in ( 11) and (12) re-
+ V .q.' - (V,/ lJ.r)(M,.,- M") - O 

and 

(1 J) quircs that these terms be e\'aluatcd at the new time level (n + 
1 ). This leads to a system of 2N nonlinear equations (N being 
the number of grid blocks) for each time step. Each grid block 

ll(T. tJ.p•••¡ + tJ.(T, !J.h•••J -tJ.[(T ..hwp.g·+ T ,)r,p.g) tJ.D] is conne<:ted to, at most, six adjacent blocks (thrce-dimen· 
sional case), so that cach eq~ation has a maximum of SC\·cn 

+ V.q.'- WoltJ.rXE,..'- E") DO (12) unknown grid block valucs for both prcssure and enthalpy, or 

where the terms directly to thc lert or the cquals signs in ( 11) 14. unkno...,:ns per cqu:ui~n. Th.is s.e~ of cquations is l!nc<sr~zed 
and (12) are the accumulatioD tcrms for mass and encrgy, u~mg·a· resJdual formulat.Jon \lo1th J"cwton·Ri!.phson Jtc:ratJOn. 
respectively. Thc tr.ansmiuibility terms are defined as ~--Rewnung ( 11) and ( 12) In v~tor form, 

T. • (kA/I)p.,lc •• l~. 

T, • (kA/l)p.}<.,/~, 

T. • T .)o.+ T ,)r, + (K..AIIXtT/8p). 

T, a (K.AIIXéT/éh). 

R(X) • O ( 15,) 

wherc R· is thc vector or nOnlin'ear diffcrence equations (JI) 
and (12) writteh for each grid block and X ;, the vector or 
unkno"'n prcssure and enthalpy \'alue!> at each grid block. 
Application or the Sewton-Raphson proccé:.Hc in\Ohe~ .a~ 
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( 

( 
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proximating '( 1 S) with a Taylor•s series cxpansion abo'ut an 
·assumed solution .. This Jeads to thc linearizcd matrix cquation 

and 

IRI • 

( 16) 

wherc mis the itcration leve! and 6X-=- X'"•'- X 111.·For thc 
first iteration in each time stcp the valucs of p and h at thc old 
time Jcvr.:l are u~cd as thc initial solution. In general. this 
procedurc converges very rapidly (within four ·iterations). 
Convergencc is ched.cd by calculating global mass ~nd encrgy 
balance. crrors and comparing thcm to specificd criteria. 

{

A((T.+T,).lp'"']+q.' -ÚJ'"'-M') :: \..} 

.l(T, .lp" 1
) + .l(T~ .lit'•') + q,•·•- (E"''- E'):; 

= {~: } (18) 

Applying Gaussian eliminát~OM, ~·e obtain • 

Thc thrce-dimensional modcl is fully implicit with t\e~·ton· 
Raphson itcrution applicd lo the transmissibility~ accumula· 
1ion, and sourcc terms. For the arca! model, Stable solutions 
are obtained by treating onfy accumulation and sourcc tcrms 
implicitly; Picard iteration is used on transmissibility tcrms. 

¡\/atrix Solution Ttch'!iquts 

A pplication or the Newton-Raphson procedure to the non
linear ditference equations pr:oduces a S)'Stcm of linea'r equa
tions in thc rorm or (16) that require a solution ror cach 
iteration .. F.or many problems. solving this matríx cquation is 
the most time-consuming part of the simulatipn proccss. 
Hcnce it is cssential that this operation be pcrformed as effi
ciently as possible. 

A combination o f. direct and robust intcrativc matrix tcch
niques is uscd in both thc areal and thc threc-dimensioital 
mo.deL T.he matrix cquations in thc arca! rnodel are solved 
using a sequcntial solution proccdurc coupled with Gauss
Doolittle· decomposition that takes advantagc of thc matrix 
structurc obtained by alternate diagonal (04) ordcring. A 
block succcssivc O\'crrclaxation mcthod coupled with Gauss- . 
Doolittlc decomposition is used in the three-d.imcnsional 
m o del. 

Solullon ltchniqut, arta! modtl. Sequen tia! solution or dif
rercncc equations with two unknoWns pcr grid block is an 
obvious a!tcrnativc to simultaneous solution for thc two un~ 
knowns, sincc thc simultancous solution results in a 2N X 2N 
nonsymmctric matrix (for a description of a simultaneous 
solution, ;;;: :: •• ;r and Mtrctr [1977)). · Unfortunatcly, a 

'simple decoupling of ( 11) and (12) (or their arca! cquivalents) 
lcads to an unstablc iterativc sequcntial procedure. To im
provc thc matrix cquation sqlution techniquc in thc two-di· 
mensional (\·crtical equilibrium) modcl, a scqucntial solution 
formulation outlined by eoors tt al. [1974J·.is uscd. In this 
approach, Gaussian c:limination is applied to the lincarized 
Newton-Ráphson equations in order to upper-triangularize 
thc block 2 X 2 nodal cquations. 

As an example, this procedure is outlined for the two
dimensionat equations for horizontal ftow in a geothcrmal 
re~ervoir. The equations are first rcwrittcn for each grid block 
in thc form 

(e]IX! • (l]IYI + IR! ( 17) . 

in which (C] Íllltc 2 X 2 time matri•, (1] is !he idcntity matri•, 
and 

{a,.·•} 
IX! • M••• 

Ythcre !Jp - p••ll- p•· and alr ... . h ... ,,- h'•• is thc 
iteration levcl; 

where . 

. ,". :: .. 
•'• 

e • aM .!1_ 
11 

Cp 6.1 

cM V, 
e, • oh t:.t 

e • oE·V, _ oqo' 
" op Ar i!p 

e ... a e·.:!.!_ _ aq,.' 
" oh. Ar i!h 

( 19) 

Note that we are treating the cnthalpy source tcrm implicitly. 
Sol\'ing the cnthalpy cquation first and using Ncwton-Raph

son iteration on only thc accumulation and so urce terms result 
in two symnietric matrix equations that are each N X N. By · 
imbedding thc sequcntial solution in thc lincarizcd Newton
Raphson equations, decomposition of the two matrices is re~ 
quired only on the first 'scquential' iteration. Sub'sequent 
sequential itcrations require Ónly the formulation of a ncw 
right-hand side and backsubstitution. Each additional Ncw' 
ton·Raphson iteration requirc~ the formulation of an updat.ed 
Jert-hand sidc, onc decompoSitio.n, and severa! backsubstitu
tions. 

The work involved in solving thc matrix equation inc1udes 
the initial dccomposition plus threc lo ti ve backsubstitutions. 
dcpen.ding.on the convergence criterion. Usually, the compu
tation tinic for all baeksubstitutions is less than the computa
tion time (or thc onc decomposition. The symmctric matrix. 
cquatior:'S ., are sol ved using· Gauss-Doolittlc decomposition 
that takcs'advantage of 04 ordering [Pric• ond eoors, 1974]. 
In this ordcrin8, thc finitc difference blocks are numbered in 
ahernating diagonals. This: numbcring schemc rcsulu in a 
matrix with the upper half already in uppcr triangular form, so 
that only ttic lo'wcr half necds to be decomposed. Ovcrall, 
scquential sqlutíon and 04 oi-d~ring reduce thc computational 
work of solving the matrix. equation by a factor that ranges 
from onc-fourth to onc-sixteerlth the -..·ork requircd for simul
taneous Solutio~ and normal ordcring (numbcring blocks in 
the direction or fewest blocks). 

Solulion uchniqu~. 1hr~~-diin~ruiona/ mod~l. The three-di
mcnsiorial modcl is more s.t\'erel) nonlincar duc to gra\·it)' 
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Fig. 7, High-permeability cumple. Dcplh·a\·craged (a) water sat• 

urations and (b) temperatures for simulated period of S.O X ID' s 
showing results from vertical equilibr)u':" model ¡¡nd cross-sectional 
model. 

cross section) c:alculated for the one·dimensional models and 
the six-layer cross-sectional model. The results of the 10-layer 
modelare: not shown beca use they are nearly thc samc: as thosc 
o( ttie six.-layer model. As can be seen from thc calculalcd 
time-saturation plots for the wcll block(s), the cross-scctional 
and vertical equilibrium results compare (avorably. Thc rcsults 
for thc ene-dimensional model assuming uniform properties 
are crroneous. Thus ignoring gra.vity scgregation and vertical 
variations in the thcrmod)·namic properties can lead to thc 
incorrect prediction or early rcservoir dcplction for reservoirs 
involving two-phase flow. HowCver, for liquid-dominatcd res." 
crvoirs the uniform-propcrty assumption. is adcquate. 

Rrlatir.•t ptrmtability tfftcts. Rclativc permcahility car1 
significantly affect gravity segregalion and hcnce the validity of 
thc vertical equilibrium assumption. Unfortunately, rcliablc 
rclative perllle.ahili~y data for stcam-water ftow is Jimited toa 
few experimental studies, and these rcsults cannot be cxtrapo
latcd to field sc!!e with confidcnce. lt is · thus important to 
coíuider thc sensitivity of rescrvoir models to relative per .. 
meability. In the absencc or reliablc laboratory data ror a 
particular reservoir rock the non linear equations (28) and (29), 

.which were original! y proposcd for oil and gas, are commonly 
used. Alter~ativcly, simplcr linear cxpressions for relativc per· 
mcability are also u sed: 

k., a (S,- S,)/(l -S,) (JO) 

and 

k •• • (S. - S.,.)/(1 -S.,.)· (31) 

These C:-'pressions are similar to the relative.permeability func· 
t_ions that are obtained by vertical integra·tion. 

. The example cho~t:n lO demonstrate the ~tfect or reJCJii\·e 
permeability is the same as the previous onc; 6nly <Jdditiona·l 
resuhs fiom a cro!s-~ectional model using thc: 

1

line<tr rclativc 
rernic:Jbilities and h¡¡\·ing an 8 X JO grid are ru~~cnted. The 
water saturation distributions after S.4 X JO' s of production 
fofthe cross·sectional models using nonlinear and linear reJa
ti ve permcabilities are s~own in Figure 4. The outline in the 
figures repres:ents the boundaf)' of thc reservoir. The so lid line 

· is the boundary betv.een two-phase and one-phase (wa_ter) 
blocks in the cross-sectional model with the c:tlculated water 
saturations gi\"en at tñe ceriter of ea eh frid block. The \"c:rtical 
equilibi-ium, one·dimcnsion3J.modcl prt'dicts the two·ph:ise/ 
liq_uid-water contact reprcseÓted ·by the dnshed line in ihe 
figure. The results from the ene-dimensional model compare. 
mu.ch more ravorably_.with those from the cross-sectional 
model. using linear relati\'e permeabilities (Figure ·4b) in that 
the interface positions are similar and water s~turations in the 
two-phase z.one are much closer to thc residual water satura· 
tion ofQ.J. RÚallthat the vertical cquilibrium model is based 
on the assumption ~hB.t water above the interface is at residual 

·water saturation. Thc: saturations calculated using the non-
. linear rclative permeabilities (Figure <-a) show a wider variancc 
about the residual watc~ saturation. Also,_a zone of super-, 

. heated steam is formed, and the two-phase/Jiquid-waiCr in ter
. race is substantially .lower . 
, ·~.:"A low intrinsic permeability Wé!:S chosen for this e).ample to 

pi'ovidc a difficult test for-·the vertical cquilibrium m o del. E\o·en 
· ';'r'it~ this low pcrmeability and the dé .. ·iations in Figure 4, the. 
~~pth-a'r'eraged saturations agree fairly well among the aher
nativ,e models (as shown in Figure 5a). The depth·aYCfaged 
temperaturcs agrec less ra\·orably. especial! y in the grid block 
containing thc well (Figure 5b). The 'vertical equi)ibrium 
model tends to break down when :water saturations aPpro3ch 
resi.dual water saturation, that is, when the·water table dis-

. appears. This breakdown is reflected in th~ depth-averaged 
tcmpe~atures. For this low-perffieability example thc vertical 
equilibrium model therefore providcs the bcst results when 
relative permeabilities are linear and water saturations are well 
above the residual water saturation. 

Ptrmeability r.ffecrs. -."On the basis of previous studies for 
gas-oil reser'r'oirs we anticipa le thot high pcrmeabilitics will be 

·. favorable for gravity segregation. To see if this conclusion is 
applicable to geothermal rcse~oirs, an example using a hígh~r 
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ABSTRACT 

.This paper presenta the development of a 
three dimensional, finite dif!erence model 
for the simulation o! geothermal reservoirs. 
The model is designed to simulate 
geothermal reservoirs which contain wat.er 
in rm:y of its vapor or liquid states and 
provisions are included for properly 
treatiflc changes of state during a time step. 
This logic provides for a stable'calculation 
of state change and eiiminates pressure, 
heat balance, and material balance errors. 

Mass and energy balances are solved simul
taneously using an D!PES !ornrulation. An 
implicit treatment of production rates, 
capillary pressure, and transmissibilities 
is included as an option. Thus, entire field, 1 

cross-sectional, .or individual well studies 
· can be efficiently performe~ . 

Example problems are presented to demonstrate 
the utility of the model and to provide 
insight into the nature o! geothermal 
production under v arious condi tions. In 
particular, an example oí a reservoir in
itially containi.Jle subcooled liquid is 
presented where fluid conditions near the 
production well go from subcooled liquid 

Reíerences and illustrations at imd o! paper. 

' . •;. 

...... 

.. 
, to saturated st'eam and then to supe.~hi{at~d · 

steam. 
. ''· 

... •: 

INTRODUC"riON 
·; ~ 

Geothermal energy represents an essentially 
untapped alteniate source of energy through
out the worl~ The exploration effort for 
this. energy soilrce has increased, however, 
and should lead to the discovél-y and develop
ment o! new geothermal areas. .Noteable 
producing geothermal fields include: 
Wairekei in New Zealand¡ Cero Prieto. in 
Mexico¡ Matsukawa in Japan¡ Larderello in 
Ita:cy¡ and The Geysers in California. 

Recent publlcations in the literature ' · . . 
inclúde papers dealing with "ero. (one·cell),. 
·one, and two dimensional geothermal reservoir . 
siinulation. Most of these papers treat steam 
in only one of its states or mention the ' 
dil!icul ty · oí simulat ing blo cks chang:ine 
from one state to another. 

rut~ and ~.; presented a zero dime~ ' 
sional gedthermal model •~eh included water 
in!lu.x as an .bption. J.. thorou¿;h discussion 
oí resei"ioir. performance dur:lne the various 
states that stea'll can assu:ne was given. 
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Their.paper aleo included a successfUl match · Capillary pressure and.heat transfer to and 
of the preesure, ·production performance. of the · from the reservoir were assumed ':"'gligible. 
Wairekei geothermal reservoir in New Zealand · • · · , · · ·" 
rrom 19,56 to 1966. · · Faust and Hercer9 developed a tw~en-

. aional (are al) 1 finite difference géothermal 
Coate2 ;3 dav~l~ped a three dimensional, ~imulator and comoared results from this 
!inite difference, steam i'looding model . model w:i.th those from their Galerkin fWte 
which aimultaneously sol ves the mass 'and · element model. · Préssure and erithalpy were 
energy equations, An IMPES i'ormulation was · · used as independent variables and were ... 

· used to sol ve i'or pressures irnplicity followed ' calcUlated using. a· simultaneous' solution, .:. 
by a solution i'or temperatures, satúrations 1 They discussed the·occurrence oi' material 
etc, Saturations calculated using éxplicit balance errors ·in blocks chang:i.ng i'rom one . · 
ratea, capillary pressures 1 and transmis- state to anothér during a time step. This ·. 
sibilities were reé:alculated at the end of material balance error was minimized by 1 • • • 

each time step using an implicit formulation repeating the time step and reducing its .. 
i'or these variables, size so that the· state change occurred nesr. ·· 

Brigham and Morrow4 presented a paper dis
cussing the P/Z behavior or· geothermal 
steam reservoirs, Their model was similar to 
Whiting and Tiamey1 a model but they allowed 
ror the prescnce of a va¡)or and liquid zone, 

Nass and energy balances were written for ( 
both zones and logic for a constant or falling 
liquid level was included. Msrtin5 presented 
en analysis of internal steam drive in geo
thennal reservoirs which assumed that temper
ature, pressure 1 ánd fluid saturation 
gradients as well as capillary pressure and 
gravity were negligible, 1 

Goulé presented the .development of a verti
cal two phase pressure drop calculation for 
i'low in geothermal wells, A discussion of 
the ei'fect of heat transfer to thr surrounding 
i'ormation and the ei'i'ect oi' steam1quality on 

. . 1 
production was given, . · ·· . 

Mercer and Faust 7 developed. a· two-dimensional . 
(areal) 1 · two-phase geothermal model using 
a Galerkin finite element formulation in 
space.and finite difference rormuiation for 
time; They chose pressure and enthalpy as 
independent variables end solved for these 
two variables simultaneously: · A ten month 
simulation of a hypothetical hot-water 
reservoir w:i.th initial conditions similar to 
those in the Wairekei reservoir was presentad. 
No provisions were included i'or·changing 
atetes, for example from subcooled liquid 
to saturated steam1 dur1ng the course of a 
run. 

Toronyi and Farouq Ali 8 presentad a two
dimensional, two-phase (saturated stearn) 
finite difference geothermal simulator. They 
solved both areal and cross-sectional problems. 
A wellbore model was included to calculate 
well head quality and pressure given bottom 
hale conditions from the reservoir model 
solution. 1 n their trodel pressure and water 
saturation wcrc used as dependent variables 
and were simultaneously solved for at each 
bloc:Y~ An i.':lplicit solution s~me similar 
to that used in Corri.ne IDOdels wM employecl. 

the end of a time step. 

This peper pres~nts the development , of a 
three-<limensional 1 finite difference model . 
for the simulation of geothermal reservoirS,'• 
The solution technique employed simultaneously 
salves the mass aim energy balances using en 
JMPEs i'ormulation, · . -\ 1 

··~:·. - . ' 

The model is designed to simulate geothennal 
reservoirs which conta:i.n water in various .. 
regions of a res~rvoir 1 in any of its va.Por. 
or liquid 'states. (subcooled liquid1 saturated 
steam1 or _superheated steam), Provisions. , 
are included for properly treating cfianges - · 
of state during a time step. This logic .. 
pr'ovides a stable calculation of state change 
and eliminates material and heat balance 

t·:-
errors.- ·' 

The model is ro~ated with implicit pro
duction rates 1 capillary pressure, and trans
missibilities· as en option •nich allows · 
entire field1 cross-sectional 1 or individual 
well studies to be efficiently made. 

•''· 

1 

DEVELOR1ENT OF FLOW EQUATIONS 

' ,The equations describing three dimensional; 
two-phase flow in a.geothermal reservoir r 
.include the.cónservation of mass for water• 
and steamJ conservation of energy¡ end an 

· equation speci.fying the state of the system. 
The conservation equations written in finite 

·. difi'erence form are: · 

Water 

A[:w(Apw- Pw . t AD)] - '!.,¡ ~ 

.. 
'•,• 

. vb 
• llt 

. '(1) 

,, .... 
: ... 

'·.· 

,_: 
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(2) 

Energy .. 

(3) 

'!'he ebove mees balances on water and steam 
state that the net flow of mass into a grid 
block minus the rate of production is equal 
to the rate of accurnulation of masa, The 
term ~ is the rata of water condensation, 
'!'he energy balance states that the net flow 
of enthalpy into a grid block plus' the · net 
rate of heat conduction minus the rate of 
enthalpy production is eqUal to the changa 
of internal energy in thc block. Potential 
and ld.netic energy terms are assumed t.o be 
negligible and have been omitted from the 
energy balance , 

In addition to the above equations another 
relationship is necessary to determine the 
physical state of the water in a given grid. 
block. For subcooled1 saturated1 and supe:r
heated· conditions the fc¡llowing equations · 
hale!. ' 

'Subcooled Liguid 

·liS D -s g gn 

Saturated steam 

p • p t(T) sa 

-Suoerheated Steam 

os D -S 
" wn 

' Equations 4 and 6 indicate that' the change 
· in saturation of blocks that are subcooled 

or superheated at the end of a time step is 
,. equal to minus their saturation at the 

(4) 

(5) 

(6) 

'beg:l.nriing of n time step, Equation 5 repre
. · j: sents the vapor pressure curve for water and 
· states that pressure and temperatura are 
. · wúquely relnted when both water and steam 
· · are_ pre s ent. 

'!'he condensation term in the water and steam 
masa balances can be · eJ.jminated by adding 

' 2 
these two equations , Writing the combined 
steam-water biilance and equations. 3 - 6 in 
residual form with.transmissib~ities 1 
capillary pressure 1 ·and densities·.evaluated 
at time n yields. : .. ' · 

!::. , [ (Tw +. Tg)t::.SpJ ·= CllliSw + ~liT + 

'· . 

. . . 

c13sr + RJ. 
t::.(T~t::.op) = c21ssw + c22oT + · 

. '· 

.· (7) 

. (8): 

.. ' .... 
·. '. (9) 

'!'he coefficients on the right hand sides. of 
equations 7 and 8 result from the expansion · 
of the accumulation terms in equations ·1 1 
2 1 and 3 in te:rms of lis 1 liT 1 and lip. For 
e:cample 1 the expansion ~f vJt>tliHpwS~+ Pgsgl 
~elds . :. ·. . .. 

V. ' . 

G¡¡ = ó~'_[~n+lpwn+l- ~n+lpgn+l] . (10) 
. '· 

vb .· :.: •. ,. . 1 1 

cl2 e t>j;.:[<l>n+l(swrfwT + sgnPgrl l .. _.(11) 
· ... ·. 

(12) 
.•... . .... 

. . . ' . ' :. ' ... 
: '!'he terms p and p are the partial. of. 
water and s~am-de~ties with respect to 
temperature at constant pressure and p 

1 is :· 
the_ partial of steam density with respgct to 
pressurr at constant temperatura. This latter 
tenn 1 tig! is only present when superheated 
steam cxists at time n+l which will be dis
cussed in a later section, All. partial 
derivativas are evaluated as chord slopes, 

'!'he. t~rms R, and R:z m;' the · residuals of 
.equat~ons '/and 8 at tJ.me n, For instance 

1 
: ...... . 

.··Ri · = -1::. T~(ópwn- pw ~D~- .'- t::. _Tg 

' (óp - p ....&.. t::.Dl + _a +_q_ (13) 
gn g ¡;e • ., -.; 

'!'he coefficients and residuai in equation 9 
depend on the state of a block at time n+l. 
For·example 1 if saturated steam is prcsent at 
time' n+l ' 

' 

i 
i 

1 

1 
! 
' ' ·.' • 

¡ 
1 
' i 

1 

! 
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where. 
··' (T . ) ·.' . (T ·).' 

Psat n+l ::-.Paat n ·t 

': T .1 - T n+ n 
' . .... 

and i.the coefficients in equation 9. :are 
-·~-

0.31··0~ 
.. , . ~ 

0.32. · · • Psat · .··. 

c33 • 1 
' . . . ,,_ 

•. Pn ':".Pan 

·. 
TREA'JHENT QF FLUID AND ROCK PRQPERTIES 

(15) 

(16) 

(17) 

(18) 

Water .. density for subcooled liquid :i.s ·cal
cuJ.ated using water compressibllity, cw1 and 
saturated water density, pw(T), ·' 

pw(p,T) • pw(T) [ 1 + cw(P - Pa~t)] (19) · 

The term p t is the·.yapor pressure of · 
saturated ~team corresponding· to_.the temper-
atura, T. .~ 

!nternal energy for stibcooled water varies 
only slightly with pressure from its saturated 
value and can be written as C..' · 

1 .' \' ~- -:~- . 

.· Uw(p¡T) · ~ Uw(T) + Uw(p - p5~l). · (20) 
' 

where U (T) is the internal energy .of satu-'· 
rated w~ter and ~ is the partial of water 
internal energy with respect to pressure at: 
constant temperatura, i · 

Saturated values of p, Pw• Pe:~ U~, 'Bnd .Ug 
are c~ated directly from-r.he ·steam 
tables using linear interpolation, · 
Equations 19 and 20 are used for calculating 
p' and U :from p (T) and U (T), Use o:r 
t'tlese ec¡ll'ations :J.Ior both stlbcooled and 
saturated steam results in a stable numerical 
transition·from subcooled liquid to 
saturated steam. It should be noted tl}at 
equations 19 and 20 yield 

. \. 

,·,. :. 

(21) 

u·.,'·'·'',; u (T) (22.) 
"' ··1 w 

·-~- .. ~ ·:. 

!or sáturated steam since pres~ and 
saturation pressure are equal.. 

Propérties of superheated steam from the. steam 
tables are internally stored as a function of 
bóth teoperature and-pressure. Superheated 

steam properties .are calcula:t.ed using linear 
interpolation of both tempera.turé' and ' 
pressure, Speéiai .consideration5 •.are given ' 
to conditions near the saturation· boundai"y .· · 
to insure correct interpolates, .,. \· · 

. ·: ··: 'l~:,-l. 

Transitiém from· saturated steam at .time n ·to 
superheated steam at time n+l requires the 
addition of the partial of steam density and 
steam internal._energy with respect to.'pressure 
at constant t.e_mperature to coefficients S~ 
and c2 ~, respectively, For saturated steiiifi 
these ~ariables .are ·a function of only_one 
variable 1 T or p, 

~·: . 
Steam and water viscosities are. input in 
tabular form· as a function of temperature; · 
Porosity is.calculated as a function o:r· 
pressure and . .formation compressibility._. 

' . ' . . . 
'(23) ,, .. __ 

SOLUT!ON OF FLOW EQUATIONS 
·--~--: . \. 

Equations 7 1, 8 1 ., and 9 represent three , . 
equations in the three unknowns op1 ST 1 and 
SS at each grid block. These equations can 
bewe.fficiently sol ved using the implicit'' 
pressure explicit saturation (lMPES) metho~ 
Saturation and temperature are eliminated .. 
from·equations 7-9 by multiplying equation 7 
and 8 by appropriate coefficients,"and then· . 
adding the three equations. The reduced . 
band-width direct 1.J'.lution method 'presentad · 
by Price · and Coats is used to ·sol ve .for .. · 

·•,- .. pressures. ·: ·- ,. 
•-. ;:o,,.~ 

,'"•· 
.. •.. ',: 

\ cu. 
~} 

,. 

+ (24) 
c.31 . •' :··. 

1. . ·.· 
The change in water saturatioril ssw' 
is calculated from equation 7. · . 

SSw •. ~':{~ [ (Tw + Tg)t>Sp] - _ii• .¡' .· 
•' . •' 

. ¡;:: (25) 

The above calc:lD.ations .for Sp1 ~ST 1 and ·ss,(' 
constitute one iteration. A.fter each itera
tion1 temperatUra and pressure,dependent 
coefficiencts are updated and another 
iteration is performed until corrtergence·. 

¡ 
1 

' .; 
! 
i 
i 
l 

1 
. ! 

1 

1 

~ ·1 

: ·1 .. 

'·i 
1 

• 1 
. ! 

i 
' . ' 



SPE .6104 _:· • L. Kent Thomas and Ray G, Pierson 5 ,- is ·reached. Convergence can be based on 
ma.ximuni' temperature and pressure changes or 
on the_absolute sum of residuals divided by 
total production. Gene~ oncy two·· or three 
iterations are required to reach convergence 
on most · problems. · 

!MPLICIT PRODUCTION RATES 

Production rates va:ry with block pressure 1 
water saturation1 and wellbore pressure, If 
the effect of these variables on production 
rate is not considered1 saturation :·and 
pressure oscillations will occur for difficult 
problems and the so1ution may become unstable, 
To reduce this stability condition production 
rates.are written implicit~ as 

a + ...as.. op + 
1'1 ap 

-ª.9..._ op. 
apwr wr (26) 

where Cln is the explicit production rate 1 

2nkhk;rP/i-l (p-pwf) 

ln r + s-1/2 
~ 

rw 

(27) 

The implicit treatment of each variable is 
optional and in many cases the aqfapw can be 
de1eted. However1 for prob1ems such as near 
wellbore simulations of incompressib1e or·· 
slightly compressib1e systems involving pro
duction from more than ene 1ayerl2 the effect 
of wellbore pressure on production rate should 
be included. 

The partial. of q with respect to p is 
cal.culated holding ·s and P f constant 
is equal to the well wPI at lt:une n. 

and 

.29 2nkhkrP 1 ll 
ap • iñ re + s- 1/2 

rw 

This term is included in the pressure . 
so1ution and it is simply combined With 
coefficient c

13
• 

(28) 

J2 -
No1eri and Berry eliminated pressure 
oscillations caused by variations of wellbore 
pressure in a wate~il coning example by 
adding an additional column of blocks with 
1arge vertical permeabilities to simulate the 
wellbore. The total production was then 
taken from the top b!Qck ·in the column. : · 
Trimble and Mcfunald -' treated this problem 
for single well 1 three dimensional coning 
•'-•hH,-,., hv ,_.,.;t;~o the •;n, ,..t.e ;,., 

the now equations as a function of wellbore 
pressure, A production equatiori was added 
to their set of_J~.equations and the changes 
_in pressure 1 saturation1 and.wellbore pressure 
over a time step were solved simultaneously 
using Newtonian iteration. 

The metho~ for treating ~qfapwf prese~ed 
here can be applied to s:cngle or mult:cwell 
simulations. Writi,Í,g total well production 
rate implicitly 'With respect to pressure'_ and 
wellbore pressure yields " ... ' 

' 1 

Since aqja p~ is: oru.Y applied to wells ñot' cm 
declirie 1 tMctotal production rate is _equal .. 

·to the sum of the individual layer rates at 
time n. Thus 1 assuming that opwf m Spwf • • 
Spwf 1 __ • 1 _ 2 

L. 

., 

The aqfapwf fo:r:·. 1ayer k is equal to 

' .-

.•' 

' '·'1_ -.:-
,J· "'" 

(30 

(31 

' The expression"for' op is evaluated using 
-, pressure changes fromwthe previous iteration. 
.Both the aqfap ar¡d aqfap are omitted from · 
the_ first iteration whenwthe aqfapwf is ' '
included1 since Sp is zero prior to the first · 
iteration. The effect on convergence of- .· 
evaluating Sp..:r using 1ast iterate pressures 
is generally small for most prob1ems, For .' 
instan ce 1 on the average about ene extra _ 
iteration per time step was required ~or the 
radial prob1em presented 1ater in the text, · 

After pressure and temperatura conVergence is 
.reached and SS is calculated explicitly1 an . 
implicit SS clb.culation is made using implicit 
Pr<?duction ~ates -with respect to wnt.er 
saturation. ' The difference betwee¡¡

3
:cmp_· licit 

and explicit praduction is given by-• -_.- " 
. . V 

-'lrr~+1 + q;';·a pX1 
* .... 

(Ssw - o_sw ) .·_ (32) 

* . .... : . 
. where oS is saturation change calculated 
using e~licit production rates and SS -is · 
the- implicit s!ituration change, The t~rm fw 
is the fracti'?nal now of water and c;¡. is 
total production rate, 

. 

' 
1 

1' 

.-
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(.'3.3) .1 Fractional water flow is written at time 
· n+l as 

(.34) 

. (.35) 

• (.36) 

Substituting the above eXpressions into 
equation .32 yields a quadratic equation which 
can be solved directly for oSw' 

¡MPLJCTT SATURATION CALCULATION 

MacDonald and Coatsl4 first proposed the use 
of implicit trans~issibilities and capillary 
pressure~ in the solution of saturations 
followi..x t)1e pressure solution. Later 
authors2 •.3,l5 presented imprcved versions of 
this treatment, The method used here closely 
follows the development presentad by Coats.3, 
For simplicity the equations are presentad 
only for the x direction. Analogous equations 
hold in the y and z 'directions, 

The flow of water and steam from block i-1 to 
i in ft-' is given by 

'\¡ • T (t>p ·- p ~D) w w w g
0 

(.37) 

and 

q_ • T
8

(t.p + t>P - p ...!Lt.n) , 
-g w e g . g

0 

. (.38) 

Eliminating Pw from equations .37 and .38 yields 
the. following fractional flow equation for 
water: · 

'\¡ • f '"r - f T (t>P + p ...!Lt.n) (.39) w w g e wg g
0 

. 

where 

(40) 

(41) 

T (42) 

and 

(43) 

Now wri ting the water flow equation explicitly 
and implicitly and subtracting yields (for 
the x-direction) 

V 

S'\d-lli- ó'\dli+l a ~~1 (oSw~Sw*) • (44) 

The tenn Oq,.¡j_-1 i representa the change in 
water flux at r!ce i- 1/2 due to using 
implicit saturations and can be expressed as 

o'\, 
S~-i 1i m -as-7 oS~-l + (45) 

WJ.-1 

1 

a f. lrCL..-T ¡,'J.- •1' gn 
,, 

(t>P + P .Ji.. w)l 
e wg J 

. gc 

'· -·~ (t>P + p ...!Lt.iJ) T
1

• l. wn e wg g
0 

g¡.-

1 
-fTP 11 . wn gn e --

(46) 

A similar expression can be written for , 
aa . _

1 
./as .•. "The partial derivativas shown 

in "'1;-q,J.ahon WZ;5 may or may not be present 
depending on the direction of flow potentials, 
For eY~ple, if both water and steam are 
·flowing from i-1 to i then the a'lwi-l ./as ._1 is given by equation 46 and the ' 1 

Wl. 

• 

1 1 
In the above equations fw and Tg are 
calculated as 

and 
1 T T. 

Tg a gn±l- gn 
. . oSW, 

· where fwn+l and T gn+l are calculated by 
perturbing Swn by a fixed runaunt, 

(47) 

(48) 

(49) 

1 
'. 
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• . (S - S - S )1 2 
• 1 w wc gc J. 

. - 1-s -s 
L · wc gc 

[

and .. 

krg 

t, ., 

T) •:L 

r 
il-
L 

(S -S ·-S )2 
w wc gc 

2 
(1 - SWC - Sgc) • 

A complete llst of the data i>sed in this 
exarnple are, shówn in Tabla II. 

Automatic time steps.with a minimum step 

(53) 

size of-l.Becond 'anda maXimum step size of 
10 sAconds were used. . Step size was based 
on a desired maximum saturation change of 
,03. Increase in step size from one step'to 
the next was limited to 1. 5 times llt

0
, 

Satur<>tions at 180 and 300 seconds fi.om this 
simulation are presented in Figure 2, 
Calculated and experimental pressures· at 300 
seconds are shown in Figure '3 and are 
reasonably matched consióering that hYJXl':' 
thetical relative permeability curves and 
heat transfer relationships were úSed. 

THREE OD!ENSIONAL EXAMPLE 

In this· "xample, a threE dimensional· 
simulation of production from a reservoir 
with a 10° dip is presented. A typical slice 
of the reservoir representing the drainage 
volume of a single well is shown :i1¡ Figure 4. 
AreaJ.ly the slice was divided into three cross 
sections with the.well located in the. center 
section near the top of the reservoir, The 
well was perforated in the top 5 layers of 
the model which represente 250 feet or half of 
the reservoir thickness, Due to the symmetry 
line through J a 2 1 only ene half .of the 
typical slic7 was actually modeled. 

Initial reservoir temperatura and pressura 
in the top well cell were 5000p and 1200 psi a, 
respectively. Temperatura variation with 
depth was 3°F/100 ft, At these conditions 
the reservoir is initially. subcooled by 
approximately 670F or in.terms of pressura 
at 5000r, the reservoir is 519 psi above its 
s aturation point, Addi tional data for this 
e.iwmple are presented in Tables III, IV, and 
v. 
Production from the well was set equal to a 
constant surface steam rate of 2 MM lbm/day 
which was calculated from bottomhole rates 
using the follow:i.ng equation: ' .. 

'lg surface - (54) 

The coefficient multiplying q,.. ·representa 
the ammL~ of ateam that willibe generated by 
flashine the produced water adiabatically at 
a surface pressure of 150 psia. 

·--- - - -----

Steam and water production ratea· versus time 
are shown in Figure 5. Water rate dcclined 
rapidly at the start of the run as the 
saturation pressure near the well was rcached. 

.and free steam production was initiated. By 
· the end of 1, years, the water rate has 
declined toa point equal to the'steam rate 
and by the end of 12 years the ratio of steam 
·to water Dow rates is appro:ximately 2, Total 
recovery of watex: and stea'!l from the 
reservoir at the end of 12 years wa5 equal to 
42% of the original water in place, The 
surface steam rate was still 2 MM lbm/day at 
12 years, but the well was about to go on 
decline as the Dowing bottomhole pressure 

. had dropped to appro:ximately 275 psia. 

. Contours of pressura, temperature 1 and water 
. saturation for the cross-'section corrtaining 
"the well are presented in Figures 6, 7 1 and 
8, Note the superhcated region at the top 
of the reservoir near the well. · · The top well 

· cell Hent to. superheat ai'ter about 9. 5. years 
·.'.and by the end of 12-.years it. was super

.heated by appro:ximately 2. 50p, The effect 
,, 

· of water coning ipto the partially penetrated 
well is apparent i.ri Figure 8, 

This example was run using implicit ratea 
'with respect. to pressure and snturation and 
with implicit transmissibilities. Material 
and.heat balances at the cnd of 12 years were 
1, 0020 · and • 9998 1 respectiveJ.y. The small 
material balance error shown here is due to 
the·-use of implicit transmissibilities and is. 
the result of the va,."'iation in density frbm 
ene cell to the next, This ey.rurrple was also 
run using explicit transrr~ssibillties ahd the 
material and heat balances at 12 years were 
• 9998 and 1. 0003 1 respectively. Although 
minar oscillations in saturation occured near 
the bottom perforations using explicit 
transmissibillties, the results at the end of 
12 years were essentially identical. The run 
using implicit transmissibilitics required 
approximately lo% fewer time steps. Automatic 
time steps were used in both runs with desired' 
pressura and saturation changes of lOO psi 
and. ,03 controlling step size, 

RADIAL EXAMPLE 

This example illustrates the use of the model 
for stucly:i.ns near weD.bore proble'm:¡, Radial 
coordin.ates were used to perform drawdo1m and 
buildup calculations for a well producing at 
a constant rate from a r"Bservoir which 
ini tially conta.ins subcooled wut.er. Ini ti al 
reservoir temperature and pressurc werc 5000p 
and lCXXl psia, respective).:,•, Relative 
permeability and viscosity dnta freo the 3-D 
exrunple were also used here. Other pcrtinent 
data are shown 11; Ta'ble VI. 

,. 



1 

~ 
1 1 

' 1 ~ 

1 1 

' '1 

1' 

1 1¡ 

; :¡ 

1: 

11 

1 ,, 
' : il 
~1 

11 

1 1 
1 ~ 

~ - : ~ 
' 1 



• • 

o 

o 

TABU: III - THREE DOOJISIONAL EXAMl'I.E 

Initial temperaturo (1,1,1) • ;oo"F 

lnitial temperatura gradient, 3°F /lOO f't. 

Initial pre:~rure (1,1,1) • 1200 psia 

Pcrmealrll.ity • 15() lnd 

Porosity •• 20 

Vertical P:rmeab1l.it.y .. l5 md 

• Initial water saturation • l. O 1 

Water compre.,ibillty • 10,8 (10-6) vol/vol-poi 

F~rmation comp~~~ibility • 4 (10-6) vol/vol-poi 

Po=tion •pecUic heat • :38, B'fiJ/r:t3 - "F 

Then>U cof>luctivity • 35. B'fiJ/"F - i't - da7 

Re~ervo1r dlp .. 10° 

Lengt.h ot resenroir • 6!Xl0 tt 

'Width ot rese:rvoir • 12,50 !'t. 

J«. l2, N'f- J, NZ • 10 

W'ellbora radiua • • 4 1"t 

Sld.c • -4 

Produ.ction rato • 2 (106) JJJ./dir;f 

.• [:~team rate + .18 (water rate)J bottomhole 

Mi.dJmm r:l..ov1ng bottomhole pre:s~ • 2.50 psia 

TASU V - VJ.'!ER AND STEAH VlSOOSITY' DAfA F0R '1'HREE DD!ENSION.U. PRCBID!' 

T,"F u,.., epa ~e,cps 

lJX) ,131 ,0151 

~~ .115 , Ol.69 

soo ,103 ,0181 

5~ .09~ ,0193 

() . 

sw 

,2 

.3 

.4 

.; 
,6 

.7 

.a 

.9 

l. O 

·., 

•·. 

•,.,. 
o, o 
.01 

.025 
• 0,50 

.090 ., 
,l6o .. 
.315 

.585 

l.ooo 

T A1l!.E VI - RIJJL\L ELIY.P1X 

lnitial pressure • l.OCX) p:~ia 

Initial tempe:nture .. ~X:PF 

Pel"'DCabili ty • lO ~ 

Poro!!i ty • • 20 

lniti~·water saturation • l.. O 

Water compre.sibllity • 10.8 (10-6) vol/vol-poi 

Formation compre••ibllity • 4 (10-6) vcl/vcl-?•i 

Formation 5pec1.f'ic beat .. 38 BTU/!'t.) oy, 

Then>U ccruluctivity • 35 B'fiJ/"F -t'klay 

'Wellbore :radiw¡ • • 4 f't. 

Block centcr radiw ot cell l. • lD 1"t. 

NI • 7 1 trr .. lO 

•.Production nt.e • ~ (106) lh,/dir;f 

• _La_ 

l.OOO 
• 774 
.524 
.336 

.• lBS 

.osó 

.027 

.01 

o. o 



J 

) 



.. 
PROOUCTION 

WEll 

10' DlP ji 

Fig. 4- Grid for the three dimensional exa·mple. 
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F i g. 6 - Three dimensiona 1 examp 1 e, pressures 
at 12 years. 
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Fig. 7 - Three dimensional exampl·e, temperatures 
at 12 years. 
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Fi~. 8 ~ Three dim~nsional example, water 
saturations at 12o¡;years. 
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Fig. 9 - Radial example.,· bottom hole flowing 
pressure. 
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.735 .891 1.0 1.0 1.0 1.0 1.0 

.749 .942 1.0 1.0 1.0 1.0 1.0 

.764 1.0 1.0 1.0 1.0 1.0 1.0 

.774 1.0 1.0 1.0 1.0 1.0 1.0 

. 796 1.0 1.0 1.0 1.0 1.0 1.0 

1.0 1.0 1.0 1.0 1.0 1.0 1 1.0 

1.0 1.0 1.0 1.0 1.0 1.0 1.0 

1.0 1.0 1.0 1.0 1.0 1.0 1.0 

1.0 1.0 1.0 1.0 1.0 1.0 1.0 

1.0 1.0 1.0 1.0 1.0 1.0 1.0 

Fig. 10 - Radial example, water· 
saturations at 30 days .• 
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Fig. 11- Radial example, analysis of 
drawdown data. 
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Fig. 12- Radial example, Horner analysis 
of bui ldup data. 
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The use of average porosity values in the 
simulation model that 'are weighted to include the 
bulk volume of the intervening discontinuous shale 
laycrs is intended to compensate for the inability of 
present simulators to model discretely a great number 
of layers. By modeling the reservoir as al! sand bui 
including the shale rack vol u me with an. assumed 
zero porosity in the average for the gross interval, it 
is possible to mode],both the corree! fluid storage 
capacity and total heat content. This model assumes 
there is essentially instan! ternperaturc equilibration 
between the sand matrix and the adjacent shales. lt 
has been found from layered cross-sectional inodel 
studies that shale layers of the arder of 30ft (9.1 m). 
or )ess equilibrate vcry rapidly with adjacent sand 
layers. The shales at East ~lesa have a geometric 
mean thickness of less than 5 ft (1.5 m) and, there
fore, always will be essentially in thermal equilibrium· 
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Flg. 1- East Mesa lleld. 

with sand layers which carry fluid. . . 
The permeability values in Table 1-are based on the· 

calibration · of logs with laboratory core 
measurements using air. To relate such values to the 
underground .flow of geotherma: waters~ it is normal 
resérvoir engineering practice to apply a reduction 
factor based on measured performance. Recen! 
production well tests and pressure interference tests 
per.(ormed by Republic and Lawrence · Berkeley 
Laboratory2 ha ve shown that the average, per-. 
meability-thickness (kh) in the area of the existing 
producers is about 30,000 md-ft (9144 md ·m). In 
addition, the permeability-thickness appears to 
in crease to the north, away from the center of. the · 
thermal anomaly located to the south. Results for. 
Wells 38-30, 56-30, and 16-29 indicate good flow 
capacity in the producing interval with an average kh 
greater than 30,000 md-ft (9144 md ·m). However,. 
·the two producers located on the southern edge of the · 
currently developed .area · show a reduced flow 
capacity poten tia!. These wells, .78-30RD and 58-30, 
have · an average permeabil,ity-thickness of only 
18,000 and 10,000 md-ft (5486 and 3048 md·m}, · 
respectively. 

As field development cominues to the north, it is . 

. TABLE 1-EAST MESA PETAOPHYSICAL PROPERTIES FROM LOG ANO COAE ANALYSES• 

Well 

Producers 
16-29 
16·30 
38·30" 
!>6-30 
58-30 
78 30 RO 
74·30 

lnjector$ 

h 
fll) 

N/A 
740 

1,044 
998 

1,109 
9~9 

1,Q.(J 

2,500 10 4::.,500=--:-c-,-,-
~ A:{alr) 

(lraction) · (md) 

N/A N/A - o. 10 03 
O. H. 1Bó 
0.13 49 
0.11 124 
0.13 100 

. 0.16 1,0?5 

h 
(11) 

. 600t 
586 
620 
607 
623 
!:.27t 
693 

o'· 

Oep1h lnterval (11) 

4,500 to ~.~:.o 

o lf (a Ir} 
{lraCIIOI, (rnd) 

0.18 
0.16 
o. 18 
o.,~ 

o. 12 
0.13 
0.21 

98 
90 

277 
85 
70 
38 

765 

5,500 10 7,000 

h 
_1_111_ 

1,039 
952 

1,119 
1,01~ 

921 
1,258 
1,015 

"' (fraclion) 

0.16 
0.16 
0.21 
O.H 
0.13 
0.21 

18 

1S.28 NIA NIA N/A J..t2t 0.21 8&4 0.17 .no 
. &2·29 1,28B . 0.17 157 NIA NIA N/A NIA N/ A. 
~19 792 0.12 427 N/A NsA , NIA N/ A NIA · 

•Poto,ur 11\0 peuneatllhtr v•lvet •elghtt'C 10 IN:Iudt IH'Itl• conttf'll ,' . 

k (alf) 
(md) 

41 
63 

353 
64 
11 
69 

145 

374 
NIA 
N/ A 

a•a •tluet too Wttl lb )O contiO•"•o lo te lflOfn&louslr t'lo~n tl-01 ult< 1111mul&lo0t\ modtl a.-eragat. . 
tLOQ •~''''' O tU not l•t•l&t.•• ltor compttte mter,..a:, ••"'"0" P<'~'~! •r••G-.ill ¡:Ho~r1ott auum.a 0\'1Pr1nlotval 

Htat c•:..•c••r "'l5 fil~.:•c.u ,, .• r. 
Com;.•rn•tl•lot1 e e 'Y/JfXA '"· • 1. 
Attf"'enca !tm¡..-,atu•t = w· r 

h 
(11) 

3721 
W71 
403 
13ét 
82t 

2001 
33olt 

0.09 
NIA 
N/A 

7,000 10 8~::·000=--
.. k (al~ 

(lracllo~) (md) 

0.10 8 
0.10 ,. 
0.10 23 
0.04. 1 
N/A NIA 
0.08 2 
0.11 3 

45 876 
N/A NIA 
N/A N/A 

Nott Roe k p•o...-notl T,...•mat COf'l:1uct""'r = :tll &t..,'II·C. ·r. (; 

' ' 
JOURSAL OF PET!<OLF.U\1 TECH~ÓLOGY 
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considered · reasonable to use an average per
meability-thickness of 30,000 md-ft (9144 md ·m) for 
the producing interval of the model. The actual gross 
completlon interval [5,000 to 7,500 ft (1524 to 2286. 
m)] in the existing wells contains about 1,500 ft (457 

·m) of net sand; thus, the '.'measured" permeability is 
about 20 md. This is significantly_ lower than the 
average air permeabi!ity obtained by log analyses for 
tl¡is interval {even after excluding the anomalously 
high permeability values from Well 38-30). Thus, 

. ·Table 1 values for the 5,500- to 7,000-ft {1676- to 
2134-m) interval in the _producers (the completion 

· lnter:val in the model) were multiplied by a 
. proportional correction factor to yield an average of 

30,000 md-ft (9144 md ·m). Al! other Table 1 values 
were "normalized" similarly using the same factor 
for input in the model . 
. The division into· four porosity/permenbility 

intervals for. simuhttion · purposes is arbitrary 
· inasmuch a5 thi:re is liule vertical distinciion in 
properties withih the planned injection/production · 

·intervals between 2,500 and 7,000 ft (762'and 2134 
m): Sand/shale layering is present, but layers are not 
generally éontinuous between wells and modeling as 
a series of discrete layers is unwarranted, even if it 
\ver e fea~ible. Fig. ·2 iUustrates the complex· structure 
with an east-west•cross section through severa! of the 
wells .. at the northern end of the field. Marker 
horizons are well-defined shales which ,. can be 
correlated .· from ·well to well but genenilly are 
displaced by_fauliing. : 

Good horizontal· and vertical communication 
. actual!y existS duelO(!) the sand-dominated de!taic 
depositional environment which provides a primary 
horizontal stratigraphic continuity, .with sufticient 
cut and fill prescnt to interrupt the thinner shale 
,iilterbeds, (2) the system of penecoritemporaneous 
normal growth faults which vertically disturb and 
dislocate the sediments, thereby increasing the means 
for- vertical fluid communication, .(3) the post
d~positional folding and doming in this area which 

· promotes the propagation of vertical tensional 
cracks, and (4) the more recent near-vertical lateral 
faults which further vertically disrupt the dominantly 
sandstone/siltstone lithologic assemblagc. 

.Temperoture 
Temperature surveys have been run in al! the 
Republic East ~lesa wells. Thcsc tcmrermurc 
measurements are made while the well is shut in and· 
under condition; such that thc data is as rcprcscn
tarive as possiblc of thc: static forrn:llion rcrnpc.:rature 
at eílch depth survcycd. 

.... """ 
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Flg. 2- East Mesa structural cross sectlon. · 
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and ·conforms to : the positive . residual· gravity 
anoma!y. Note that the contours ha ve been closed to . 
the north for purposes of the current modeling 
because no deep well control exists. There is, 
however, sorne resistivity, gravity, and shallow 
temperattire hole data that suggest that the resciurce 
m ay continue significamly farther north. 

. Rack and Fluid Thernial. ~roperties 
The thermodynamic and heat transfer properties o( 
the formation overburden, underburden, and 
reservoir rock are based on typical sandstone and 
shale values found in the literature (Table 1). The 
produced water is remarkably fresh, averaging less 
than 2,000 ppm TOS, and is free of heavy meta_IS 
which might cause environmental disposal problems, 
Noncondensabk gas content of the fluid is also 

· low- i.e., less than one-tenth of ·1 wt"7o of the total 
fluid. Therefore, it is reasonable to assumc the_ 
reservoir fluid to be initially single-phase (no free 
gas) and to have the physical and thermodynamic 
properties cif pure water. : .. . ' 

Simulation Modcl 
:• .' .. ; -· 
'1 ,·.l. 

The num~rical simulator einp!o'yed.'in this study was 
developed by lntercomp Resourc¡: bevelopment and 
Engineering Inc. of Houston:.lt is·a fully implicit, 
finite difference riumerical scheme; coupled with an 
anal)·tical wellbore model which can solve the 
multiphase mass now . and · energy equations 
simultaneously for a three-dimensional matrix of 
severa! hundred grid points. 3 . . 

Grid 
Th~ reservo ir propcrties ·'ctescribed in the forcgoing 
,;.ere translated into. a : numerical modcl. for a 
postulated field development al the nonkrn end of 
the field intcnded to suppon a 6-l-1\!W powcr plant. 
The grid consists of 600 blocks in an are al p:ottcrn as 
showil in Fig. 3. f':ot~ tll:tt bc:causc of symm~try. orily 
halfthe prop<>,cd ficld dcvelop,menl modcl "ctu:ollyis 
simulatc..:d. 1 he \ . ."t:lll~.:r lill~ ís dt:t.:rminc:J hv tht.' L't.'ntc.:r 

Isothermal surface ~ontour map-i covcring 
essentially all of the East 1\f<,a ficld have bccn 
construcred using the static temreraturc \Urveys from 
shallow gradient holes, rhc 10 decp Rcpubli.; wclls, 
thc ¡¡, .• U.S. Burcau of Reclam:ttion wclls. and the . 
eight wells drilled by ~!agma, These mar, begin at a 
tempáature of 280'F (138•C) and continuc in 20"F 
(JI•c¡ incrcments lo a tempcrature of 360'E 
(181'C:J. Fig. 1 shows thc J~o·F (17J'CJ ismhcrmal 
surfacc ""'P· Thc shapc of thcsc surfa~.:, i1 e''""" 
tially dot,c·li~c. centcrcd south of Rcrubli,·, lca•e>, 

.- of tllt: tc.:mFt:-r:t!urc ic;otht.·rmt;· so 3-i to ·e,plnit tlh: 

mJ\irnum cr11.:r~} rt:"t.:overy pÚtcntial -or tllc \Y'.I.h..'/11. 
\\'ith a c;ynHih.:triL· \\t..'ll location p;..ftt::n, thc ~t..'lllt.'r. · · 

·fint.· bt.· ... ·l):Jh:' a nP-nt,,, buuth.!ary. Rc:l:!!i\1,:!y min1..H 
hc:r~.:r~lg~:!il'llll' t.·t"r"L'(!' tHI rt.''t.·rv~,.lir h~..·h;!\ i\lf f...":ln be 
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Flg. 3 -Conceptual welllocation plan- East Mesa 
reservolr model. ' 

investigaled by simulating each half of the field 
separately; however, this is nol now justified. 

·Except for the southernmóst row .of producers, 
each proposed well location is separated by al leas! 
one grid block from any adjacent welllocation. This 
reduces the numerical stability problems of the finite 
difference solution. As shown in Fig. · 3, the grid 
pattern has four layers. The injection wells normal! y. 
are completed in the top !ayer, and the production 
wells are completci'd in the third !ayer. Thus,a !ayer is 

.used to separate the 'two completion intervals ver
tically. The five interior panern injectors, however, 
are wmpleted in both Layers 1 and 3. The 
production/injection zones are shown as horizontal 
layers (no dip) but· in reality may vary with depth 
across the lield by a few hundred feet (about 100m). 

Fig. 4 is an east/west cross section of the model 
extending west alorig the southcrn boundary of 
Sections 25 and 30 from the axis of symmetry. Note 
that the producing interval (Layer 3, Blocks 1 
through 6) has a k!¡ of 30,000 'md·ft (9144 md ·m) 
with k= 20 md and h= 1,500 ft (457 m). As 
previously noted, permeabilities above ·and below 
Layer 3 werc detcrmincd from thc average log 
analyses values for existing producers normalized to 
the ,·alue of 30,000 md-ft (9144 md ·m). Permeability 
in Block 10 is based on normalizcd log analysis values 
for the existing injectors. Porcisities and per
mcabilities between the corc produccr aréa and the 
pcripheral injection area (Block~ 7, 8, and 9}"arc 
~imply interpolations. Vertical pcrmeability, based . 
on laboratory core measurements, was assumed to be 
two-thirds of the horizonial permeability. The Laycr 
3 grid blocks along the~ southern edgc of the 
production 10ne have bccn assigncd kh values of 
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Flg. 4- East-west cross sectlon of East Mesa reservoir 
model. 

·,. 

20,000 md-ft (6096 ind ·m). The reduced permeability · .,~ 
in this arca is consisten! with the increased cernen· 
tation of the rock matrix and the obscrved pressure 
interference data 4 from the ·u.s. Burcau .of 

'· 

Reclamation wells. . . • .. 
Each erid block in the reservoir model is assigned 

an initi~ temperature based on the' .. temperature. '·.· 
isotherms described in the foregoing section. The 
specific iempérat.ure of a grid block . is the te m-, . 
perature at the center of the block. In a pr'oduction · 
and/or injection well completion grid block,. tl)e 
entire-interval is al one temperature. While this may 
produce an initial temperature distortion in the grid 
systcm, long-term production effects are slight. 

At this time: the heteroceneity of the reservoir is 
limited to the petrophy;ical propeny arid tem
perature distributions, and no faults or barriers are 
included. Only one barrier is known 10 exist {near 
Well 16-30), but its extent and degree of sealing ha ve 
not yet been determined. Therefore, the production 
zone is modeled as being free of sealing Larriers. . 

A final comment on the physical properties of the 
model in vol ves the individual grid cells which contain. 
the existing wélls. Although the average properties of. 
all the wclls are used across the production zone, .. 
each grid cell that contains an existing well .com· ·· ·· 
plction is assigned.the actual physical characteristics 

· of ·that well. Thcse properties include produc
. tion/injection rates, permeability, porosity, ·and 

wcllborc radius effects. The producing interval 
. (Layer 3) kh is aajusted furthcr lO ágrce with the . 
observed productivity indc• of cach well as dctcr- ... 
mined from field tests. Thus, the productivity of ea eh .. 
.existing well accurately renects thc actual effects,.o.f· · 
completion imcn·al and formal ion damagc: .~··.·· · 

JOUHSAL OF PETHOLEU.'l TECIISOLOGY. 
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: · of 0.05 wos selected arbitrarily because it provides an position grid .. shown in Fig. l. Whenf has a vahie ~;: · 
· •··;,' accuracj of O.l·percent. This leve! of accuracy is easily tween O and 0.5, two grids of producers generate thc. ·., 

achieved in pressures obtained by the Hewlen-Packard effect of no-flow 'drainage boundaries that are farthei : · . 
quanz crystal gauge. Further, it is observed from Figs. S from the well than -when f = O. This can be caused · 
and 6 and Tables 2 and 3 that the reservoirboundary starts by either a larger drainago arca than is known in an 
affecting lhe mean pressure and dr3inage-boundary pres- otherwise closed reservoir, ora partiat water drive con-
sure at a dimensionless ·time of 0.025. A time limit of dition resulting from a limited aquifer having the sáme 
0.05, therefore, provides a practica! average. transmissibility (khiJ.L) and storage (<J>ch) as the reservo ir. 

lt is stressed that many ofthe equations presentedhere, · Whenf = 0.5, the image grid of injectors in Fig. 1 
su eh as Eqs. 5, 7, 9, 14, 20, and 22, are obtained · ·effectively·vanishes becauseq is zero forevcry weU in the 
empirically frorn superposition calculations. Sorne of · ·. imagegrid. Therefore, it generotes pressures for a well in 
these can be derived analytically. ·· .. 'the center of a closed square that is twice.the area of the. 

lt is worthwhile to discuss the physical implications of · drainage· are a assumed in calculating the qimensionless · · 
¡. It was stated earlier that a t'"Jnge of values off corre··., time, In•· The djrpensionless pressures thereforc deviate 
sponds to the folluwing reservoir situations: (1)/ =O, .' . frorn early-time infinite reservoir, w~th·:a.~traight line at 
closed. reservoir; (2) f = !, fui! injection or constan!· :" 'n• =O. 1 instead of 0.05 for mef = Ocase. Further; a 
'pressure boundary case; (3) O <f « 0.5, panial water given val u e of dimensionless pressure for the/= 0.5 case 
drive reservcifor an enlargcd drainage arl!a~ (4) 0.5 </ < occurs at tw.ice the dimensionless time of the/ = O case. ... , 
1, partía! fluid injection; and (5) f > 1, excess fluid· Therefore, a value off= 0.5 implies two reservoii-
injcction. . . situations: ·(1) a closed reservoir with twice the area of . 

These interpretations '\fC evident in light of the super-· what curren ti y is known and (2) a water drive reservo ir 
,• '';: 

'. 



~., 11 ,Hl .uF•if.·r ~.-:t¡u:•l in 'olume to ,rl~~o .. ·nnir 
:.::·.: • ''.¡\ ;,,~ !h~ '::rnC' tr::lhlllÍ"'ihility tkl!IJ1.) :md 

•.t .· ·. ,:. f: ~ .J' in tllL· h~ ... ...-r-\(,.,jr. 
·yi ,uíJ.~ </<l. \to¡·JJ, in th\.· in1Jge g~id infig. 

l1.:1.t' •• lh'l inj~cti.•n r .• t..: JL..,~ tl::m the pwduction rJte. 
fl¡j._ lt>IIC~p~•n¡f!. lO ;J po~rli;¡J fluid inj~ftion S_p-tem. 
llh·¡¡,:furl". thC prl·s:-.ure ~t the dr:1inuge boundal)' con· 
iÍ1:u~' tod"·crca!-\! with thc producing life.Ofa ficld. 

lf a n:.~tur~i v. ~ta-Jri\t: rc.:~a\·oir yiddSf> 0.5. it ~as 
,, • }'.\.· .1ttrihU1t:d toa grcarcr 1 r ;m~mis~íbility !Jf Ouids in the 
:t.Juift·r :1\ comp:.trcd with th;¡t in tl1e re!'Cf\'oir. Funhu, in 
1l~o· ,,h• rn•·· pf tJuid inj¡·\ ,¡,,,¡,o u.: ah .. · ay.\ shouJd obt:.tin a 
1 ·''"" ul J 1<'' lh"n unily. 

1t is !>lie~scd 1hat thi!-. di~cussion dirccts altention lo .. 
,,uly a few inlerprd:.ttions for \'~rious valucs of J, bur 
mitny mor~ ~re pmsible. 

Sununary and Condusions 
·nlis ~lu¡J)· has pn:,c-nlt:d <t unified genaal ~chemc for 
rh,,r;,rkriLing vocll pre~~urc hdl~\·ior in clo!-ed, wmer 

o 

-1 

Jri\(• . .:nd p:trl ial, ( ull, nr, .\Cl'!>" 1lt1id i·:~ .. ·.·: i. ¡; ll' ·>.:1 \ •'tr 
~)~kms :.tnd !h~ inh:1 r\.~':,tion.,hip~ th:tl t\Í' .. t .1::·¡,·,¡,~: ¡!,.·ni. 
Sup..:rpn ... ition in \\ ~·11 r~tlt'' was u ... ~·J 10 ~- : •. r.dc 1~1e 
(lll'"'Uf~ dr.n~Jt 1 \~ n ;,nJ buddup h .. ·h:J\~vf :11 :h.: t',·¡,:ro~l 
"di in a finite 'qu:tre h''1.'f\oir. TIH: b~·L..J\j,,r 1.1f 

dr:Jinage-ar('a llli.'J.O pr~:..,t.re ..~nJ th(' d~:;j¡;::~r ~ ... luJ~tl.uy 
pre~!-urc :tl"C ;tbo P' ~ ........ nl\.'J :.t~ (une! i ¡)fl~ uf 1 i me. 

A p:Jr.Jil!l'lc:rfis intrt>duc~d to ch:.Jr:Jn.:riu th..: ~U¡;JJ:;th 
of \\";Jh:f drh~ or nuid injcctimJ. ·nlis p.:411h'kf is lkll'f

mincd dirc:ctly from a gr:tph of thc (p• - pj) fun~·ti~.,n. 
~hown in Fig. 10. h :JI~o C:Jn h~ e: .. tim .. : ... ·J frolll 1 llihJup 
pn:~~urc b.:h:.¡,· ior u" í ng thc..~ Hun11.:r p .lJ'h. ;:¡~ "di .1~ r, u JO 

dr;mdo"n pre~surc d:IIJ usin_g Eqs. 5 vr6. _ 
Onccfis J..nown, lhe dr:"!in:l~e-:H\.'.J ¡;...::1n prc~'url'. p, 

:111d rh~ dr:1inagc h(lumbrJ Jlfl'!:!~ure. p
1

• ;,¡¡~m y lime :ile 

dch.'llllint"d fa1111 Fi,;;\. 9 and 11, rc~J1 L'l1i\dy. 

;\'onwndalure 

A-=-: \\'{'11 clr.~in:.t~c..· :.~rca. ~q ft 
B = oil fPlill.dion \t)]u¡n.:: (; .. ·tur. R.B:'STB 

O.OW7CA kt 
1DA .. -·---- ' 

. . <>J.Jc
1

A ..-
Fig. 11-Gra;.¡h of dá1ensionle~s (p • - Pr) group v:; pmducirog time lar a weli in !he: Ct:nlcr o!<: squdr€ lf::ií.!f\.·~~~ 1~ ·.-c..rn;JuS f. 
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En forma general, el procedimiento a ~eguir en el a:1~l.i-

sis de datos de presión por msdio del método de ''curv~ tipo'' 

es el siguiente~~. 

1. Se selecciona. ·la "curvil. tipo"·' (Log p contra Log t ). 
. D D 

- correspondiente a la situáci6n real ~el poz6 • 

• 
2 •.. Se grafican. los datos de campo, llp contra llt en un 

'papel' transparente. Para hacer esto debe emplearse la mis~a es 

~ala de la "curva tipo" •. Es decir, el_ papel trans~arente se 

,superpone en la "curva tipo" y se grafican los resultados de 
' 1carnpo empleando esta gr~fi.ca. A continuación se e:->cL:er.tra el 

mejor ajuste posible entre los da tos de r:ampo y la "curva ti¡_;o", 

por n:edio de un desp¡aza~liento en forma vertical y horizontal, 

manteniendo sic:::_~re_.paralelas las escalas de las do,: gráficas. 

Una vez hecho esto, se elige un punto comGn o de ajuste a l.:~s 

dos gr5ficas. Esto se hace·leyend0·un punto de la "curva tí~o" 

(p0 )H (t0 l
8 

Y el punto correspondiente en la ~urva tipo de 
. ' • 

campo", (llp)M, (llt)H. 

3. Se determinan los parámetros de inter~s del yaclnlc2 

to; por ejemplo, de los datos de presión del punto co~Gn se 

puede determinar la permeabilidad, k, y de los datas del. tl.c·¿:o s0 

puede obtener el producto de la porosidad por la c~rnp~esibill-

dad_, total, ~·Ct. La Ec. 1, para los d¿tos del punto ca~a~ pe~ 

de escri bi rs·:>: 
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Flg. C.1 Dirm-mtonleas rreuurc for a aingle well in an inrinile sysrem. no wellhore 11oroae, no akin. Exponenlial-inleJrDI snluuun. 
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..• PREFACE ---- . . -

-The Stanford Geothermal Program hosts an annual workshop as part of 

its contract with the Departrnent of Energy to develop reservoir engincéring 

practices for accelerating the com.-,ercial development of geotherual resources. 

The annual workshop has two majar objectives: (1) to bring together research-

ers active in the various scientific and engineering disciplines involved in 

the study of geothermal reservoirs to review progress and exchange ideas in 

this rapidly developing field, and (2) to summar.ize the effective state of 

the art of geothermal reservoir engineering in a fo'm readily useful to the 

many government and private agencies involved in the development of geo-

thermal resources. Each annual workshop features a panel analysis of a 

problem of majar interest to the geothermal energy community. 

The tapie for panel analysis for the Sixth Annual Workshop in Ceo-

thermal Reservoir Engineering was selected in conjunction with the Dcpartment 

of Energy to assess the state of development and the appropriate role of 

geothermal reservoir simulator modela in predicting geothermal reservoir 

performance as it affects investment decisions. The panel analysis was 

planned as a cohesive session with (1) an introduction oo the background 

of the DOE decision to issue a number of contracts to determine how well 

existing simulator models can evaluate problems of varying complexity; 

(2) a report by the authors of the respective problems on how 1.1ell the 

existing codes appear to evaluate the probl~ms; (3) a discussion by invitcd 

panelists reprr..senting VAr Jous sectors of the geothermal cur:tuun lty to 

; ' : .-. l ', ·.t\ .• t 11/ :. : i' '··[ 



'¡ 
with snnnnary reports by thrce ,,,l,octcd rapporteurs. 

The Stanford Gcotherm:J1 Pro¡;ram is making the rcsu1ts of this p;mel 

session avai1able as a separate report since the potentia1 role of slmu-

lators in geothermal reRervoir enginecring is large, and the nced to 

encourage further developrncnt of simu1ator mode1s is apparent. The Stanford 

Geotherma1 Program hopes that these proceedings will assist in furthering 

the successful development of these simu1ator rnode1s. 

Paul Kruger 
Stanford Geotherma1 Program 
March 31, 1981 
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GEOTHERHAL RESERVOIR ENGIHEERING 
CODE C0l1PARISON PROJECT 

!1ar.tin W. Molloy 
Geothermal Energy Division 
U.S. Department of Energy 

1333 Broadway, Oakland, California 94612 

· Review of the need for geothermal reservoir simÚlators, begun at the 
1978 Stanford Workshop, continues with the r.esults of U.S. Department of 
Energy (DOE) contracta on comparison of computer codes. The fundamental 
issue ·is the appropriate role of simulators in major investment decisions 
on geothermal projects, such as the construction of a power plant at a 
specific reservoir. 

WHAT 

With this session at the 1980 Stanford Workshop, the Department of 
Energy responda to the geothermal industry's recommendation that reservoir 
simulators be evaluated and compared. Last year, DOE Headquarters' Division 
of Geothermal Energy budgeted for a code comparison project. In February 
1980, a eroup of code developers met at DOE's San Franc~sco Operations 
Office to design a set of test problems. In the following papers, the 
designers of these problems will present the results of this Code Comparison 
Project. 

Iri June, DOE requested proposals to run the problem set on commercially 
availatle geothermal reservoir simulators. In September, multiple·awards 
·were made to four offerors: Intercomp; Systems, Science and Software; 

'· GeoTrans; and Stanford Univ. Negotiations on a fifth contract were unsuc
cessful. Lawrence Berkeley Laboratory and the University of Auckland have 
also prepared solutions to the problem set. Final reports containing 
solutions, descriptions of the simulators, and approaches were delivered to 
my office in mid-November. Copies can be obtained f~?m USDOE Technical 
Information Center, P.O. Box 62, Oak Ridge, TN 37830 (Final Report · 
DOE/SF/11451-l.), 

DOE has not undertaken to evalúate these results, or to certify any of 
the reservo ir simulators. Rather ,· the final reporta were delivered to 
the problem designers to summarize and comment on the ·resulta. The Depart
mimt sÚpports the Stanford Workshop as the medium for i:he geothermal reservoir 
engineering community to become familiar with these results, and to determine 
their meauing and value. 

WHY 

Public funds were expended on this project for two reasons: the 
rec:o·mmendation of geothermal industry advisors, and the manda te in the 
geothermal ·public law. 

In.May, 1979, the Technical Review.Committee on Reservoir Engineering 
(Nielson, 1979) reco=ended to DOE that "Model comparison :and validation 
should be a new initiative in the (Geothermal) Reservoir Engineering Program. 

·, 
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An attempt should be :nade to try all majar codes on the sa~e system and 
compare results with respect to output and efficiency of the code. It was 
suggested the cedes should be run on an actual geothermal system where 
adequate data exists rather than a hypothetical situation. Suggested areas 
which could be used ·far code comparison include Cerro Prieto, Mexico; 
Wairakei, New Zealand; or Larderello, Italy. A workshop should then be held 
on the use and li:nitations of the variat!S codes available; •• " 

The manda te from-Congress to the Departoe-~t- of Energy to support 
chis effort is found in the Geothermal Research, Development and Demon
stration Act of 1974 (Public Law 93-410, Sections 103(a) and 104(a)), "Tiu~·. 
specific goals shall include ••• the development ·of better methods for· 
predicting· the power potencial and longevity of geothermal reservoirs; 
(and) ••• the development of r·eliable predictive Clethods and control 
techni~ues for the production of geothermal resources from reservoirs." 

Don Campbell of Republic ·Geothermal, Inc. has stated the fundamental 
need as Óne o{ esta~lishing che copfidence of consultan es to banks, utilities, 
etc. in computer ·si:nulatton as ·a basis for investment decisions on majar 
geothermal projects (e.g. power plants). As you know, computer simulation' 
is an.established technique in oil and gas investment decisions. 

In summary,. we seek to learn what the capabilities o,f geothermal 
reservoir simulators are, and if they are reliable base.s for ,geothermal 
investment decisions. 

HOW 

In :defilrlng 'ho.:r 'tl'>" ev·illua·ca. ·and· .. comp~ie -simula-tors, DOE turned. J:o 
code developers and industry users. 

'A position paper was prepared for DOE Headquarters by John Pritchett 
(1979) of Systems, Science and Software, to describe ciathematical reservoir 
modeling and geothermal reservoir simulators. Pritchett pointed out that 
reservoir simulators are tools used in the overall reservoir modelling 
process whose application to real fields requires considerable engineering 
judgment and insight. He suggested, as a first step, testing the reservoir 
s1mulators alonc by setting up. a suite of idealized problema designed to 
ful.ly e·xercise the cedes, thus testing the "tools" rather than the "modellers." 

A comprehensive review of geothermal reservoir simulators has be~~ 
published by Pinder (1979) under the DOE-LBL subsidence research program. 

At the December f979 Stanford Workshop, differences between numerical 
simulations and observed data at geothermal fields were discussed by Donaldson 
and Sorey (1979), and several limited applications were proposed. Their 
paper responded to the questions posed at the 1978 Workshop: whether these 
simulators are of any real value, and, if so, what are their best uses. 

DOE then requested code developers and industry users to validate the 
need for aCode Cooparison Project •. This they did, and recommended that a 
set .of standard problema be defined for that purpose. And, in February, 
1980, the code developers met and designed the problem set. 

' 
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What Next? 

In· my understanding, the current situation is as. follows (Fig. 1): 
·, 

1) ... Seecific Reservoir and ::¡ntegrated Model--

At operating and developing geothermal reservoirs, field and test data 
has been used to derive physical properties, their distribution and 
change over ti~e. These same data form the basis for conceptual model(s) 
of the reservoir constructed by integrating structural geology, geo
chemistry and reservoir engineering analyses. Reservoir management 
strategies (flash, pump, inject, stimulate etc.), selected by che field 
operator(s), define production and injection operations used to produce 
the reservoir. 

1 

2) Computer·Simulator 

Fundamental physical processes in geothermal reservoirs have been· 
represented by parcial differential equations and assumptions. Severa! 
code developers have prepared reservoir simulators to solve these 
equations. A set of hypothetical reservoir problems has been designed 
to test the simula tora. ' 

.3~. Reservoir Model and Simulator 

With the aid of simulator "toolsn, matches to actual production data 
may be achieved. Projections into che future, using possible reservoir 
inánagemen:tist::rafegies·,'. :yfeld' estima tes'·. of· reserves,- produc.ti:en/injection 
ratea and reservoir. lifetime. Together with extensive financia! and other 
considerations, these resulta provide input to investment decisions on 

• the reservoir. 

Hopefully, the Code Comparison Project will establish that severa! reliable 
reservoir simulator "toolsn are now available to the industry. The question · 
remains of how bese to engender industry and investment community confidence 
in the use of geothermal simulators. Perhaps acceptance of numerical simu
lation will evolve gradually, as more field studies are made which build 
a track.record for the methodology. 

Has DOE satisfied the concerns that led the geothermal industry to recommend 
that this effort be undertaken? Are consultants to major geothermal projects 
suificiently confident to si:art using these. "black boxes" for investment 
decisions? 

If not, I invite you to define the tasks, the geothermal reservoir, and the 
sources of data that are needed. Will the next step be carried out by the 
industry, or do you recommend that DOE participate in a joint effort? 

Acknowledgement 

lt is a pleasure to acknowled~e the contributions of John Pritchett, Karsten 
Pruess, Michael Sorey, Michael O'Sullivan, Leland Mink and Marshall R~ed in 
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EX!UBIT I 

· PROBLEM SET 

The Contractor shall provide solutioos to the problema incluc!ed 
herein. Work shall be accomolished in accordance with the terma 
and conditions of this contr~ct and with the Contractor's proposal 
submitted in response to Request for Proposal (RFP) No. DE-RP03-
80SF10844. 

If possible withiu the project budget, althour~ not a requirement 
of this contract, problem set 116 will be addressed to illustrate 
the capabilities of the Contractor's cede, but a complete solution 
will not. be provided •. 

-7-
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PROBL~ STA TEMENT 

#1. · 1-0 Avdonin Solution 

PHYSICAL DESCRIPTION 

This problem involves· one-di.I:lensional, radial, .steady-state flow, 
.. 

and unsteady heat transport in ~ singl.e-phase liquid. The purpose is 

to test heat conduction and convection in the single-phase compressed 

water region. 

• PROBLEM SPECIFICATIONS 

Water at 160°C is injected into the fringe of a geothermal reser

voir of temperature 170°C. This problem looks at one well and assumes 

\ 

1 

l 

• 1 
• 1 

'. .. 

a quasi steady-state flow field is set up very rapidly. The boundary condi- · :_; ·¡ 
1 

tions for flow are: injection rate, q - lOOkg/sec, specified at tbe well face, !\·· ._¡

1 

and pressure a 50 bars at an outer radius of lOOOm. For heat trans-

o -port, the temperature at the well face is 160 C and at the outer rad- ; 

ius is 170°C. Inicial temperature is 170°C everywhere in tbe reser-

voir, and the initial pressure is 50 bars. Boundary conditions and 

initial conditions are shown below • 
. . 

• 170°C, p 

at r • 
/ r .. 0.0 

w 

'l'(t) - 160°C 

q .. 100 !.:g/sec 

- 50 

' ,. 

bars 

fa e r .. R • lOOOm 

T(t) • 170°C 

p(t) •. 50 bars 

. . 

:" 

---~-

' ' 1 

l 

1 



Properties 

penneability a 10-11m2 

density -rock a 2500 kg/m5 

-9-. 

- o 
specific heat of rock a 1.0 J/g. e 

thermal conductivity = 20 W/m. °C 

reservoir thickness a 100m 
. 

porosity ... 2 

Thermal orooerties for water 

provided by modeler 

specify constants: specific heat, viscosity and density of water 

(165°C, 50 bars). 

Numerical grid and time steE data 

time steps "' 1.67 X 107 se e 

grid spacing a 25m 

OUTPUT SPECIFICATIONS 

1) Temperature versus radial distance at 109 se e 

( 60 time steps) 

2) Take no de at r • ·37. 5m and give solution of temperature versus 

time. 

COMMENTS 

For constant· density, viscosity, and heat capacity of. water, an 

analytical solution is available for this problem. For example, this 

. solution is a limiting case of the ~roblem solved bv Avdonin, 1964 . . ----·~·· .. --·-- .~ ---·· ···- -----. ------
---- ··- Rerere'ñce -- 1 

'0 ! 

Avdonin, N.A., 1964, Some formulas for calculating the temperatura 

field of a stratum subject to thermal injection: Meft'i Gaz, .-
v. 3, p. 37-41. 

·--· 
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PROBLEX STATEXENT 

#2. 1-D Well Test Analysis 

PHYSICAL DESCRIPTION 

This problem involves a set of three.constant discharge, transient 

well test cases •. Each case has 1-D radial flow to a line sink (zero 

radiu;; well) in a homogeneous porous media. In Case a the fluid is 

single-phase liquid; in Case b the fluid is a two-phase mixture with 

both water and steam mobile; and in Case e the fluid changes from 

·compressed liquid te a two-phase mixture as a flash front propogates 

away from the well. For each case, either an exact analytical solu-

tion (Theis solution) or an accurate semi-analytical solution is avail' . 

able for comparison with numerical solutions.. So1utions wil1 consist 

of pressure, saturation, and f1owing enthalpy changes as functions of 

t/r 2 (time/distance squared). 

PROBLEM SPECIFICATIONS 

The following initial and boundary conditions and parameter values 
.. ; \ 

are to be used: 

Sj!ecification Case a Case b Case e 

Initial pressure (bars) 90 30 90 
Initial liquid saturation 1 .65 1 o 260 233.8 1/ ·300 Inicial temperature ( C) 
Porosity .20 .15- .20 
Permeability (l0-12m2) .01 ;24 . .01 
Thickness (m) lOO lOO 100 
Discharse (kg/s) 14 .o 16.7 14.0 
Rock heat capacity (kJ/m 3°C) 2650 2000 2650 
Rock compressibility o o o 
Relative permeability functions 11 1-ph co'rey Corey 
Rock thermal conductivity o o o 

!/ Saturation temperature at 30 bars 

(S*) 2
], S* • ((~- .3)/(.65) ], 

S • 1iquid saturation 

1 1 

•_,,,. 
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NU!1ERICAL SOLliTIONS 

Analytical results for eRch case indicate that solutions for 

pressure, saturatiqo, and flowing enthalpy are functions of t/r • 
' -····---To minimi::e computational requirements while avoiding the significant 

spat_ial discretization errors, the fol_!owing iíodal arrangement should 

be used for each case. 

r • 0.5 ciT )0
-

1 
11 

n • 1, 26 

Total simulation time in each case should be 1 day. For the grid 

specificacion given above, an'initial .time step near- 10-~ or 10-5 days 

is suggested for accurate solutions at early tiah·s, 

ONE NODE TWD-PHASE PROBLEM 

.To facilicate evaluación of numerical solutions for two-phase 

flow, an additional problem under Case b conditions should be run. 

It involyes 1 grid block with volume • 314 m3 and constant discharge 

of i6;7 kg/s for .01 days. -~ A constant time step of 10 days should 

be usad, and che enthalpy of the discharge fluid should be weighted 

according to the mobility of each fluid phase (as in.Cases b ande). 

OUTI'UT SPECIFICATIONS 

Results for each case, except.for the one-node problem, should 

consist of plots of pressure in bars, liquid saturation ,(Cases b and 

e), and flow~ng enthalpy in kJ/kg (Cases b ande) as functions of log 

(t/r2
) in days/~ 2 for nodal points at 0.5 m, 0.707 m and 1.0 m from 

che well. ·The corresponding data _in tabular form should also be pro-

·;icieci. Jata ~over!.:1g 5 :og cycles for Cases a anó e, and ~ ~og cycl'c!S· 

-· 
·-

1 
1 

' ., 
' 

. ' 

i 
1 

.! 

1 
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for Case b should be included in the plots and tabulations. Spacifi-

cation of the computational grid and time step variation utili:~d 

should also be proci~ed •. Results for the one-node problem should con

sise of plots of pres~ure, liquid saturation, and discharge cnth,üpy 

versus time, along with che correspondtng data tabulations. 

PROALL'1 STAT:C~!:::lT 

03. 2-D Flow co a Well in Fracture/Block Media 

PHY$ICAL DESCRIPTION 

_ This problem re~resents a simplitication of the general probl2a 

' ... 
of ~ell testing in fractured geothe~l reservoirs. As shown in the 

following sketch, a well producing at constant discharge is open to 

a horizontal fracture of infinite lateral extent. Vertical flow in 

the block and radial flow in the fracture, each obeying Darcy's law, 

1 

1 1 

BLOCK 

! 
1 1 

is to be simulated. The upper boundary of che block and the lo.,.er 

boundary of the fracture are impermeable, and the well has a iinite 

radius with well-bore storage. 



-15-

PROBLEM SPECIFICATIONS 

For application to vapor-dominated rescrvoirs, $team flc·.J In the 

block and fracture wiil be simulated. Parameter specificati~~s for .·· 

two cases are listed below: 

Specif ica t ion Case a Ce. se b 

Inicial -pressure (bars) 30.5 30.5 
Inicial liquid saturation (in block) J./ o .2 
Initial temperature (°C) 11 234 234 
Porosity in fracture .1 .1 
Porosity in block .1 .1 
Permeability in fracture (10. 12m2 ) .3 .3 
Permeability in block (l0- 12m2

) 11 .00003 .00003 
Thickness of fracture .1 .1 
Thickness of block LO 1.0 
Well discharge (kg/s) .028 .028 
Well rad ius (m) .16 .16 
Rock heat capacity (kJ/m 3 °C) 2570 2570 
Rock compressibility o o 
Rock thermal conductivity o o 

!/ lnit:!al li.quid saturation is ::e:-o i:1 the fracture in both ce.ses 

·ll Saturation temperature at 30.5 bars 

11 Horizontal permeability in block is zero in both cases 

In Case a, liquid saturation is zero everywhere (no boilin&). In 

Case b, immobile liquid boils in the blocks but not in the f=acture. 

Relative permeability to.steam is 1.0 in both cases. 

NUMERICAL SOLUTION 

A computational grid consisting of 1 well block, 10 logarith-

mically-spaced nades in che fracture, and 100 nades of equal vertical 

thickness in the block should be used. For those codes usi~g finitt 

difference techniques, either block-cencered or !ace-cencerrci ~odai 

=--
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patterns cou1d be used providcd that nodal 'positions ~ere 3pproxir.~tely 

the same as those shown below. · The porosity and penneability in che 

well blc.ck shou1d be set to l. O and 30 x l0- 12m2 (or 1arger), respec-

tively. 

• : :9 s. o. 
Ql o .. • 85 u ... 
e: 

o • 75 111 e ... o 
• .65 .. ,. .... ... Ql 

• .55 "CC ,. 
., :1 

• • 45 .... ,. ... 
BLOCK (100 node~ 111 Ql u 

• • 35 u ... 111 ... 
"' k • . 25 ... e-.. 

Uell 
,. 

• .15 GIC:OW 
Block ;:...;o •• . os 

" • • • • • • o • • 
o "' o o "' N ... "' c:o " C' .... " . . . .... M "' ~ .... 

• • ..... N ... N ... 
Radial distance in meters frc;n e en ter of well. 

Total simulation time should be 10-s or more, and to define the 

pressure hisi:ory at che well face an in1tia1'.:ime step of 1 s should 

be used .. Minimum simulation time of 104 s wou1d be reached in about 

130 t~~e steps if a time step mu1tip11cation factor of 1.05 were used. 

OUTP~f SPECIFICATIONS 
----._ 

Results for Cases a and b should consist of plots of. pressure as 

a function of log (time), along with the corresponding data in tabu-

lar form. For each case, plot pressure at the well face, and pressure 

at a point loca"ted 2. 5 m from the e en ter line of the well and • 25 m 

above the top of che fracture. Include a tabulation of liquid satura-

tion versus time for this same peine in the block under Case b condi-

tions. The requircd data for each case should. cover at lea'st 4 log 

cyclt's in time. 

' J 
.¡ 

•• 

• l 
g 
1 

•·. 
' 
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PROBLEM STATE~ 

#4. Expanding .2 Phase Syscem wich Drainage 

PHYSICAL DESCRIPTION ·~,. 

This problem involves 1-D vertical flow under both single and 

.two phase conditions. An initially hydrostatic column of liquid is 

disturbed by mass withdrawal at the bottom. Boiling occurs in por-

tions of the column, and inflow of cold water 1s 1nduced at the top. 

PROBLEM SPECIFICATIONS 

1-D Cartesian (Vertical) Geometry 

Depth (D) 1 o j lkm 

2km 

Layer "A" 

Layer "B" 

Rock Properties 

Grain Density (g/cm 3
) 

Porosity 

Permeability (m 2
) 

' o 
Beat Capacity (J/g- C) 

Grain Thermal Conductivity 
(W/m - °C) 

g "' 9.8 m/s 

Layer "A"· 
(O<D<l km) 

2.5 

0.15 

l 

l 

20 Grid Blocks 

of Equal Size 

Layer "B" 
{1 ~2 km) 

2.5 

0.25 

100 lt 10-15 

1 

1 

Relative Permeability Functions: Corey (as specified in Problem 02) 
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PROBLEM STATEMF~T 

05. Flow in a. 2-D Areal Rese~Joir 

' 
PHYSICAL DESCRIPTION::-. 

This problem involves multiphase flow in a 2-0 horizontal -
reservo ir •. Mass is produced at ene point in the reservoir, and r~char¡;e 

is induced over ene of the lateral boundaries. 

PROBLEM SPECIFICATIONS 

2-D Areal Geometry 

Region is horizontal (gravity oeglected; gx ~ gy ~ O) and of 

uniform thtckness; extends overO~ x ~ 300 meters. O~ y~ 200 meters 

Finite - difference zoniog as indicated:l 12 x 8 grid (96 zones 

total) of uniform size ~ ~ ~y • 25 meters. 

i 
j 
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WELL 

. ,.z. ,., 

jO O'"" 

Rack Prooerties (Uniform over Grid): 

~ock Grain Density m 2.5 g/cm' 

Porosity • O. 35 __ . 

Permeability (k a k ) • 2. 5 x l0- 10m Z 
X Y· 

Heat Capacity of Rack Grain a 1 J/g 0 c 
o 

Rack Thermal Conductivity • 1 W/m C 

. 

1 

.. 

:z.oo'"\ 

! 
1 

1 

¡--·· 
-r-
--

··-

··-
. l ' 

1 

1 T . i•N . 

Relative Permeabilities -- Carey EGuations as in P/.·~oblem #2 with 

liquid residual saturation s1r • 0.3, gas resid.ual saturation Sgr 

\ 

o 

• o. l 

\ 
1 

' . ¡ 

,¡ 
' 

• 
1 
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Boundary Conditions: (See Figure Below} 

!mpose no convection, no conduction (impermeable, insul3tod) along: 

y • om ¡ y a 200m¡ X • O~ 

... 

.-
Maintain inicial P, T along x • 300m, 02X~200m 

(P ?(. 36 bars, T a 160°C} ¡ se e ·-below 

Inicial Conditions: 

Pressure initially uniform, and equal to saturation pressure at 240°C, 

plus 2.5 bars: 

P(t " O, O~x900m, 02X900m) .. 

P (240°C} + 2.5 bars 
sat 

Note that P (240°C) sat 33.5 bars, so P = 36 bars o 

Initial temperatures for each zone are provided on the table on the 

next page. They are given approximately by: 

T(t=o} • 240°C for r~lOOm 

where 

• [240- 160 (r-lOOm)z + 80 (.r-lOO:n)~.,oc 
~OOm ZOOm .J 

for 100m<r<300m 
• 

• 160°C for r~300m 

r :fx 2+ y 2 

. - .. 



212.07 

224.92 

2 34. 31 

239.31 

240.00 

240.00 
1 -

240.00 

240.00 
1 . 

t.·t 

J 
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Initia1 Temper~tures (°C) T1j(t= o): 

210.18 206.41 200.81 193.59 185.18 176.31 168.09 162.03 16~ 00 ~~~~ 160 -;~ 

223.16 219. 54 213-.95 :.!06.41 197.16 186. 79.. 176.31 167.13 161.12 160.00 lóO.OO 

232.93 229..92 224.92 217.70 208.29 197.16 185.18 173.71 164.58 160.11 1ó0.00 

238.62 236.74 232.93 226.64 217.70 206.41 19 3. 59 180.56 169 .11 161. 54 160.00 

240.00 239. 77 237.;"6 232.93 224.92 213.95 200.81 186.79 173.71 163.85 160.00 

\lELL 
240.00 240.00 239.77 236.74 229.92 219.54 206.41 191.85 177.68 166.22 160.26 

240.00 240.00 240.00 238.62 232.93 223.16 210.18 19 5. 36 180.56 168.09 160.77 

240.00 240.00 240.00 239.31 234. 31 224.92 212.07 197.16 182.06 169.11 161.12 
,,. 

1 . . ,., ,., ,.7 '. i' ' • 1 

X 

Production StrategY for Case A 

A ·fully-penetrating production vell is located' at x- 62.5m, 

y - 62.5m (at the center of zone 1~3, j~3). Starting at t=o, it 

produces f1u~~ at the constant rate of 0.05 ki1ograms/sec-meter of 

thickness. The ve11 radius is 15 cm and no skin effect is present. 

Production Strate~y for Case B 

A production ve11 is present, identica1 to Case A. ln addition, 

an injection vel1 is located at x • !62.5m, y • 13i.5m, at che centcr 

of zone 1•7, j=6. The ve11 is fu11y penetratin&, has no skin effect, 

' • 

J• 

. 
J. ; 

l 

J. : 

1 

í 
.t 
' 
• ' ' 
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and is of radius 15 cm. The injection we11 'is inoperative unti1 

t • 1 year (3.1536 x 107 sec). Thereafter, it beg.ins injecting wat~r 

at T - 80°C at a rate of 0.03 ki1ograms/sec-meter of thickness. 

OUTPUT SPECIFICATIONS 

In both cases, the time domain of interese is--
. 

. a< t ~ 10 years (3.1536 x 108 sec). 

For cases A & B, plot and tabulate: 

(2) Temperature history in zones 1=3, j~3. 

(3) History of discharge (flo'Wing) enthalpy in zone 1=3, j=3. 

(4) Variation with time of total mass of steam in the systi!ID 

per meter of t'hickness. 

Optional (for those with subgrid well model): 

(5) What is the sandface pressure history for the production 

well in cases A & B? 

(6) What is the sandface pressure history for the injection 

well in Case B? 

(7) What is the sandface steam·saturation history at the pro-

duction well in cases A & B? 
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PROBLi':l1 STATEHENT 

.ú6. Flow in. a 3-D Reservoir • 

.• 
PHYSICAL DESCRIPTION 

This problem involves flow within a 3-D systi:!lll, with production 

froro one ~orner grid block, and constant pressure upper and lo~er 

surfaces. The flow is initially sin~le phase liquid, except in one 

layer where an immobile steam phase exists. 

PROBLEM SPECIFICATIONS 

3-D geometry, five layer 

5.: .. 5!) =o 

~:. = _,.B ... ¡st 

LA "lE F. 1"HIC.r:: NI> 5$ 6" S~ • 

• 

T 
1.8 /(>11 

1 

<. 
l • 

1 

~ 

i 
j 
1 

" 

~ 

t ... ~u. i • O. C. ,..., 
L.,1,11.s 2-~, o.3 

(Hori=ontal, -.:ni:o=:::, 
5 zones each di=ec:!~ 

•... 
·- .1 '· 
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Rock Prooerties 

Layer Layer 
1 2 

Crain Density (g/ cm'> 2.5 2.5 

Porosity 0.2 0.25 

x-Pemeab ility (mz) _lOOxl0- 15 20oX"l0.:. 1 5 

y-Pemeability . . . (mz) 100xl0"' 15 200xl0- 15 

z-Permeability (mz) 2xl0-15 ·SOxl0-15 

. o 
Heat Capacity (J/g- C) 1 1 

. o 
Rock Therm. Cond.(w/m- C) 1 .1 

• 
Relative Permeability: Corey equations as 

1 

s1r (liquid residual) 0.3 0.3 

S (gas residual) 0.1 0.1 gr 

Initial Conditions 

Temperature: 

Layers 1-4, 2B0°C everywhere 

Layer S, 160°C 

Pressure: 

Layer 
3 

2. 5 . 

0.25 

200xl0-15 

200xl0-15 

SOxl0- 15 

1 

1 

in Problem 

0.3 

0.1 

Layer 4: P 0 
• P (280°C) ~ 6.4 Bars 4 sat 

LaYer Layer 
4 5 

2.5 2.5 

0.25 0.2 

200xl0- 15 lOOxlO -¡ 5 

200xl0- 15 lOOxl0- 1 5 

SOxl0- 15 2xl0- 15 

1 1 

1 1 

02, except: 

0.3 0.3 

0.1 0.1 

(Steam saturation) S 0 
• 0.1 (steam initially 

8 immobile ) 

Layer 5: p o 
5 

- p o 
4 - (1470 m2 /s 2 ) x (p4o-liq + Pso> 

Layer 3: p o - p o + (1470 mz/sz) o o 
3 4 X (p4 -liq + p

3 
) 

Layer 2: p o .. p o 
2 3 + (1470 m2/s 2

) x (p3o + Pzo> 

Layer 1: p o- p o + (1470 m /s ) o o 
1 2 X (p2 + 2p1 ) 

Where o 
{' 4 -liq • liquid density in Layer 4 
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These initial conditions (P0
, p0

, Ss 0 ). are functions of z only. 

Layers l, 2, 3 and S are initially single-phase liquid; layer 4 is 

initially 2-phase with an immobile steam phase. The pressure dis-

tribution is liquid-hydrostatic throughout at zero time. 

At- z • l. S Jan (top surface), maúitain J 
and T • l00°C. 

top 
• p o 

S 
/ 

At z ., O, maintain Pbottom • P1 ° + (2940 m2 /s 2
) x ~ 1° and T "' 280°C. 

Along planes at x •. O and y • O, impo.se symmetry ·conditions. 

Treat plane at y • 4 Jan as impermeable and insulated. 

Along plane at x • S km, maintaiu initial distributions of P,T,S • 
8 

Production Strategy 

All productiou is taken from a single comer cell (i•l, j•l, k•2). 

O < t < 2 years, - - Q(t) • 1000 kg/s 

2 years <t < 4 years, Q(t) • 2SOO kg/s 

4 years <t ~ 6 years, Q(t) • 4000 kg/s 

t >6 years, Q(t) • 6000 kg/s 

OUTPUT SPECIFICATIONS 

For a total production time of 10 years, plot and tabulate: 

Oischarge enthalpy history. ~ 

Histories of P,T,S at x • y • o for each layer. 
S 

., 



INTRODUcriON 

THE DOE CODE COMPARISON STUDY~ 
SUMMARY OF RESULTS FOR PROBLEM 1 

Charles R. Faust, James w. Mercer 
William J. Miller 

GeoTrans, Inc. 
P.O. Box 2550 

Restan, VA 22090 

The steps in developing a numerical model consist of 
different levels of error elimination. The first step is 
to compile the program to remove FORTRAN errors. Next, the 
numerical solution is compared vith analytical solutions to 
remove logic errors in solving the equation. Numerical 
solutions are comparad with laboratory and field observations 
to remove logic errors in equations describing the physics. 
Finally, it is good programming practica to include mass 
and energy balances as checks that the model is working properly. 

Problem 1 satisfies the second step. That is, it is 
a problem for which there exists an analytical solution. 
Computad results from the numerical models are therefore com
parad with the exact analytical results. 

PROBLEM DESCRIPTION 

This problem involves one-dimensior.al, radial, steady
state flow and unsteady heat transport in a single-phase 
liquid. The purpose is to test heat conduction and convection 
in the single-phase compressed water region. 

Water at 160°C is injected into the fringa of a geothermal 
reservoir of temperatura 170°C. This problem looks at one 
well and assumes a quasi steady-state flow field is set up 
very repidly. The boundary conditions for flow are: injection 
rate, q = lOkg/s, specified at the w~ll face, and pressure = 
SO bars at an outer radius of 1000 m. For heat transport, 
the temperatura at the well face is 160°C and at the outer 
radius is 170°C. Initial temperatura is 170°C everywhere 
in the reservoir, and the initial pressure is 50 bars. 
These boundary and initial conditions are shown in Figure 1. 
Reservoir properties are given in Table. l. 
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/ / 
at r = rw- = 0.0 at r = R = 1000 m 

T (t) = 160°c T (t) = 170°C 

q = 10 kg/sec p(t) = 50 bars 

Figure l. Boundary and initial conditions for Problem l. 

Table l. Reservoir properties and output specifications 
for Problem l. 

Properties 

Permeability = l0-12m2 
density rock = 2500 kg/m 3 

specific heat of rock = 1.0 J/V °C 
thermal conductivity = 20 W/m e 
reservoir thickness = 100m 
porosity = .2 

Thermal propert·ies for Water 

provided by modeler 
specify constants: specific heat, viscosity and 

density of water (165°C, 50 bars) 

Numerical Grid and Time Step Data 

time steps = 1.67 x 10 7 sec 
grid spacinq = 25m 

Qutout Specifications 

1) Temperature versus radial distance at 10 1 sec 
( 60 time steps) 

2) '!'.1ke node <st r = 37. Sm ar;d qive solut ion of 
l:t.~U:¡H:.L •1ltlr1:.:. Vt.~['!:)US t t,:)f! 
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GENERAL DISCUSSION 

For constant density, viscosity, and heat capacity of 
water, an analytical solution is available for this problcm. 
For exarnple, this solution is a limiting case for the problem 
solved by Avdonin (1964). 

This problem offers little difficulty in solution. The 
grid spacing specified leads to numerical dispersion if up
stream weighting is used. To see how significant the numeri
cal dispersion could be, the problem was run twice - once 
with upstream weighting and once with midpoint weighting 
(central d~fference). 

The results of this problem are shown in Figures 2 and 3. 
In the model the specific heat, viscosity and density of 
water for 165°C and 50 bars are 0.44425 x 10 8 ergs/g-°C, 
0.001636 g/cm-s, and 0.90893 g/cm', respectively. Both 
Figure 2 (temperatura vs time at 37.5~) and Figure 3 
(temperatura vs distance at 10 9 sec) s}l¡ow the effects of 
the coarse grid spacing. The upstream-weighting results 
show numerical dispersion, whereas the central-difference 
results show an overshoot. 

COMPABISON .OF RESULTS 

Figures 4 and 5 show- the simulated results of G•eoTrans, 
5 1

, LBL,. INTERCOMP, and two results from a code called 
GEOTHNZ. As may be seén all results compare favorably 
(within the range of the thermodynamic parameters used in 
each code and within machine error), exc~~t the second 
results for GEOTHNZ. For these results, the thermal 
boundary condition at the outer radius was specified as 
170.5°C. Also, central difference was used for botb the 
space and time approximations. These differences in input 
specifications easily account for the differences in results. 

CONCLUSION 

The numerical solutions compare well with the 1.vdonin 
analytical solution. Thus, it appears that the simulators 
are solvinq the equations properly. 

REFERENCE 

Avdonin, N.A., 1964, Sorne formulas for calc·ulating the 
temperatura field of a stratum subject to thermal injection: 
Neft'i Gaz, Vol. 3, p. 37-41. 
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Problem 2 involves a set of four constant-discharge, transient well 

test cases. Three of the cases involve one~dimensional radial flow to 

a line sink (zero-radius well) in a homogeneous porous media. In case A 

the reservoir fluid remains single-phase liquid; in ease B the fluid remains' 

a two-phase mixture with both steam and water mobile; in case C the fluid 

changes from compressed liquid to a two-phase mixture as a flash-front 

propogates away from the well. An additional problem was run under thc 

initial conditions used in case B, involving only ene grid hlock with dis-

charge but no inflow. In each of these cases analytical or semi-analytical 

solutions for pressure, saturation, and flowing enthalpy as functions of 

2 time/distance squared (t/r ) are available for comparison with the numerical 

results. 

PROBLEH SPECifiCATIONS 

' The initial and boundary conditions specified for this problem are listed 

below. 

Specificat ion 

Initial pressure (bars) 
o Initial temperature ( C) 

lnitial liquid saturation 
Porosity _

12 2 Permeability (10 m ) 
Thickness (m) 
Discharge (kg/s) 
Rock heat capacity (kJ/m3 °C) 
Rock compressibility 
Rack thermal conduct~vity 

Case A 

90 
260 

1 
0.2 
0.01 

lOO 
lli.O 

2650 
o 
o 

-35-

Case B 

30 
233.8 

0.65 
.0.15 
0.211 

100 
16.7 

2(11)0 
o 
0.. 

Case C 

90 
300 

1 
0.2 
0.01 

lOO 
1'1. o 

2650 
o 
o 
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Relative permeability functions, based on the Corey equations, were us0d 

as iudicated below, 

k = (S*)11 
rl 

k = ((l-S*) 2 ).(1-(S*) 2
) rv 

S* = (S-0.3)/ 0.65 

·where S = liquid saturation. 

To minimize computational requirements while avoiding significant Sfacial 

discreetization errors, the following nodal arrangement was suggested for e3ch 

radial-flow case. 
n-'1 

r =o. 5 n(2) ---r 
n • n=l,26 

ror these cases a total simulation time of 1 day and an initial time step of 

-5 10 days were specified. In the one-node problem under case B conditions, 

3 -11 a vo1ume of 3111 m and 100 time steps of 10 days each were called for, with. 

the enthalpy of the discharged fluid weighted according to the mobility of 

each phase, 

The desired output for cases A, B, and C included pressure (in bars), 

liquid saturation, and f1owing enthalpy (in kJ/~) histories as functions 

of t/r2 (in days/m2 ) for nodal points at O. 5 m, 0.707m, and l. Om from the 

well. ror the one-node problem, pressure, saturation, and flowing enthalpy 

in the block versus time were required. 

RESULTS 

Case A 

ror this case the exponential integral solution of Theis (1~35) is avail-

ab1e for comparison. Results plotted in figure 1 show excellent agreement for 

each simulator solution. The fluid remains an isothermal compressed liquid as 

reservoir pressures remain above the saturation pressure of 117 bars durih& th~ 
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1-day simu1ation period. 

One-node Problem 

Resu1ts for the one-riode prob1em are plotted in figure 2. The ex¡,~ct;,d 

change in pressure (AP) and'".saturation (AS) per time step ·(At) can be lund-

ca1culated from the .equations shown in figure 2; which can be obtained f1:om 

simultaneous so1utions to the mass and energy balance equations as presented 

by Grant and Sorey (1979) and Sorey, Grant, and Bradford (1980), where 

The value of AP/At 

were made at t = o 

agreement with the 

constant) and AP/At 

Q = discha,.ge 
V = block volume 
~ = porosity 

e= effective two-phase compressibility 
p ¡= density of flowing fluid mixture 
~w= density of water (liquid phase) 

changes with time as e and ff vary¡ calcu1ations of tJ.P/At 
e 

and t .= 70 X 10-~ days. A11 the numerical results are in good 

ana1ytical1y-determined va1ues forAS/At (which remain nearly 

Corresponding hand-ca1culations for changes in flowing 

enthalpy were not carried out. ·simulator results for flo.,ing enthalpy are 

se1f-consistent and show the characteristic rise in entha1py to a stable value 

observed for radial f1ow to wells in two-phase reservoirs (Sorey, Grant, and 

Bradford, 1980). 

Case B 

For·case B, invo1ving radial f1ow wit? mobi1e 1iquid and steam, a semi

ana1ytica1 simi1arity solution invo1ving numerical integration of ordinary 

differential equations (O'Su1livan and Pruess, 1980) is available for compari-

son with numerical solutions. · Results shown in figure 3 are in reasonable 

agreement¡ additional runs using the SHAFT79 simulator indicate that the numeri-

cal solutions would match the semi-analytical solution even better if a finer 

grid were used near the well. The scatter among the different results is 

probably due mainly to minor variations in the thermodynamic relationships 

... 
·- . ' 
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u sed in e.>ch code. Numerica1 rcsu1 ts for pressure, satura t ion, and f lo.., i ng 

enthiüpy at each of the thrce noda1 distances listed previously .as funct [Gns 

of t/r2 are essential1y identica1, in agreement with the similarity solution. 

Case C 

C'.ase C invo1ves the,_propogation of a flash front away frcm the well. 

The initial reservoir pressure is approximate1y S bars above the saturation 

pressure of 86 bars for T=300°C so boi1ing occurs near the well soon after 

discharge commences and extends to a distance of about 10 m after 1 day. 

In severa! r.espects, this case is more difficu1t to accurately simulate than are 

the otht·r cases in Problem 2 and consequently deviat ions of the numerical re-

sults from the semi-analytica1 solution are somewhat greater in this case as 

shown in figure 4. Numerical so1utions are sensitive to nodal spacing and 

sorne improvement in the comparison with the analytical solution would result if 

a finer grid near the well were used. In this case also, the choice of a 

logarithmica11y-spaced grid causes the numerica1 so1ution at large values of 

t/r2 to oscillate. This fs most noticeab1e in the p1ot of flowing enthalpy. 

Using a grid with equally-spaced noda1 increments near the well greatly reduces 

the size of the osci1lations, but does not improve the fit with the analytical 

2 so1ution at large·t/r ; In spite of these numer.ical difficulties, results from 

each ~imulator are rough1y the sam~, and the 1evel of agreement with the analy

tical result indicates that these numerica1 simulators can adequately handle 

the flashing-fror.t prob1em •. 
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Figure 1. Solutions to Problem 2, case A. 
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CASE B: TWO-PHASE 

CASE !l s TWO-PHASE 

kh• 80,000 md·ft 
0•16.7kg/s. 

COREY k, 

·'w" o 

oi 
A 

0
g o 0 oo ¡o ¡¡¡o oo,.? 

A ¡::. ,.A " A• u 

,,, ENTHAI.PY 

,..·. 

10 

........ ANAl. YTICAI. 
o SHAFT79 
o STANFORD 
A GEOTRANS 
o .s3 
x INTERCOMP 

1ci3 10"2 ~-· ·• lo"1 

ti ,Z, days/m2 

Figure 3. Solutions to PrQblem Z, ,case. B.·· 

.. ; 

' . 

·-

101 

101· 

' 

1 

,. 

., 

; 

¡ 
1 
! 

l 
~ 
¡ 
i 
' 1 

1 

1 ,, 
1 
i 
i· 
i 

11 
1 
1 
' ¡ 
' • 

' ¡ 
i 

'1 

" 1 
i 

! 
··' 1 .:-¡ 

" " 1 .. -: 1 
·-,¡ 

1 
·.·' 
" 

. •• .-.·,'"=! 

........ 
. ' ', _. : 



. 1 . 

" 

• w 
!5 
Cl) 
Cl) 
w 
a: 
11. 

e o 

1()5 

LO 

z o 
!i a: 
:;:) ... 
e:[ 
Cl) 

-42. 

1 
CASE C : FLASH FRONT 
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Figure 4. Solutions to Problem 2, case C. 
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D.O.E, Code Comparfson.- Problem 3 

"2-0 Flow to a_Well in Fracture/Block Medfa" 

.A.F. Moench. U.S,G.S. 

INTRODUCTION • .- ---:---

Tlifs problem repr~sents a sfmp11ffcatio~ of the general 
problem of w.ell testing i.n fractured geotherrilal reservofrs, The 
reservoir is idealized as a horizontal ffssure of inffnite lateral 
extent bounded on one side by a block of finite thickness. Steam. 
flows vertically from the block to the.fissure and thence radially 
to a. welt where 1t discharges to the. atmosphere, 

PROBLEM SPECIFICATION· 

Ff.gure 1 shows the geometry of the reservofr and a sugge~ted. 
mesh design, The upper boundary of.the block and the lower 
boundary of the ffssure are impermeable,. The flow of steam in the 
fissure and block obeys Darcy's law. The well has a ffnfte radfus 
and discharges steam at a constant rate. 

•. Two cases are considered. In Case a. liqufd. saturatfon fs 
zero everywhere •. In Case b. lfquid water partially saturates the 
block but not the fissure. The relatfve permeability·to steam is 

.1.0 and the relatfve permeabilfty to liquid water is 0.0. Rock 
compressibility and ·thermal conductfvity are zero. The .re~~ining 
parameters are lfsted in Table. l. 

A computatfonal grid consfsting of one well block. ten 
1 ogarfthmica lly-spaced nodes f n the ffssure. and ten equally 
spaced nodes in tbe block. as partially illustrated in figure 1. · 
ts suggested. The node in the ffssure furthest from the wett · 
block will be located a ·distance of about 1~ km from the well if 
the spacfng from one node to tbe next is increased by a factor 
of 2.5. A large ffctional permeability at least lOOx the 
permeabflity of the ffssure should be assigned to the well block 
node. Total simulation time should be lO" seconds and the initial 
time step_should be 1 second, A time step ·multiplication factor 
of 1.05 is sUggested. This would result in achieving the required 
simulatfon time fn about 130 time steps. 

Results for Cases a and· b should consist of plots of pressure 
as a function of the logarithm of time. a long with the. correspondfng 
data in tabular form. Pressure· at the wett face and at a point in 
the block located 2.5 m from the center line of the well and 0,25 m 

. from the-top of the fissure should be presented,. Also. for Case b 
liqufd saturation versus time for the above specffied ·point in the· 

. block should be tabulated, · 
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COMPARISON OF RESULTS 

Figures. 2a and 2b show the results ·obtained by tbe v_arious 
participants fo~ the single. phase flow of steam (Case A). The 
so 1 id 1 i nes repres'ent .the res u 1 ts deemed by thi s author. to be 
most accurate, fhis conclusion is based in part upon comparisons 
with an analytica:) solution and in part upon comparisons with yet 
another finite-difference model designed specifically for this-

. probl em. Pressure· declines in the block. are about the same for 
all the parti.cipants but there is consideraóle discrepancy in the 
pressure declines at the well face. Upon discussing the results 
with several of the· participants it was found that these 
d.i.screpancies .were due primarily to. the manner frl which the 
transmi.ss.ive characteristic was obtained for the flow between the 
well blo.ck node. wh.fth was assigned a very large permeabil1ty. 
and the node fn the fissure adjacent to the well block node. In 
all but the results obtained by LBL and S3 this procedure 
effectively increased the well _diameter so that computed pressure. 
drawdowns were 1 ess than they shóuld have beenl, Results obta_fned 
by Stanford are in error for the addHf ona 1 re a son. that the wrong 
w.ell radius was specified. 

Figures 3a and 3b show the. results obtained when immobile 
lfquid water is present in the block (Case B). As fn Case A the 
sol fd lfnes represent the re.sults deemed by thfs author to be 
most accurate. Pressure declines in the block are nearly the 
same for a l1 partfc i pants. Un fortuna tel y the parameters deff ned 
in the problem were such that little change occurred in the 
speciffed bloc~ nade so a good test·of the code fs not possfble · 
at this l,ocatf.on. · As fn case A there fs considerable discrepancy 
fn the. pressure declines at the well face. In the case of . 
Geo Trans2 and New Zealand thfs can· be attributed to permeabflfties. 
in the vicinity of the well 'block node as in .Case A. The 
discrepancy 'ts. enhanced in Intercomp's results because of ·unduly · 
large time· steps early fn the s-imulatfon and in Stanford' s results 
because of recognfzed errors in the thennodynamfcs at the 
saturated -steam-superheated steam interface. 

Figure 4 shows the changes fn saturations that occilr fn the · 
block in Case B. Df fferences fn· the results can be attrfbuted to 
the reasons. already given for discrepancies in figures 3a_ánd 3b. 

··.· 
1After the Workshop Geo Trans submftted revtsed results,correcting 
thfs erro~ whfch 'agree closely wfth s3 and LBL. . . . . .. . . .. 
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CONCLUSIONS 

The results pre~ented in figures 2-4 show considerable. 
variatlons from one partfcipant to another. 1: lt was found that 
these varfatfons could be explained by operator errors and ·. 
mfsunderstandfng of the· specffied problem. Unfortunately the 
problem was not posed in a manner which eliminated· ambigufty. 
Variations obtai'ned by the different participants were not due 
to errors inherent tn any of ~he computer codes. __ . 

Speciffcation 

·Initial pressure (bars) 
Initiál liquid saturation 

in block y . 
lnftfal temperature COc} y 
Porosity fn fracture 
Porosity in block 

Tabl e 1 

Permeabili.ty in fracture {lO"l2m2) 
Permeability in block (lO"l2m2) y 
Thickness of fracture {m) · 
Thickness of block {m) 
Well dischar~e {kg/s) 
Well radius (m) . 
Rock heat capacity {kJ/m3°C) 

Case a · 

30.5 
o 

234.8 
.1 
.l. 
.3 
• 00003 
.1 

l. O 
.028 
.16 

2570. 

Case b 

30.5 
.2 . 

. 234.8. 
.1 
.1 
,·3 
• 00003 
.1 

' 1.0 · · · .oz8 
.16 

2570. 

1 
1' 

.. _¡· 
1 
1' • 

.. ¡' 
:_., 1 

' ' 
! 

• ·¡ 
1 ¡· 
í 

-1 . 
. r 

1 ' . 

i 
' . 
! 
1 
¡ 
' .,,. 

i 
1 

1 . 

! 

Y l'nit1al Hqufd saturatfon fs zero fn the fracture in both cases. 
. ; .;: 1 

1 
. y Saturation temperature at 30.5 bars. 

.. 
Y Horizontal permeab111ty ·fn.block is zero·fn both cases. 
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THE D. O. E. CODE COMPARISON STUDY : 

SUMMARY' OF · RESULTS FOR. PROBLEM 4 -

EXPANDING TWQ-PHASE SYSTEM WITH DRAINAGE 

1~-.· 

M.~.· o•sullivan, Lawrence Berkeley Laboratory 

INTRODUCTION 

The reservoir in this problem consists of two layers each lkm 
thick with the top layer less permeable than the bottom (detailed 
prop~rties are given in.Table 1). The initial temperatura in the 
reservoir drops linearly from 3loPC at the bottom of the reservoir 
to 290°C at the interface between the two layers and then drops 
more steeply, but still linearly to 10°C at the ground surface. 
The !nitial p~essure distribution is the hydrostatic profile cor- .. 
responding to this temperatura distribution. 

The reservoir is produced at the bottom of the system at a 
rate of lOOkg/s.~.· It is assumed that the system and the produc
tion are uniform in the horizontal directions so that flow occurs 
in the vertical direction only. 

A·calculation grid of 20 equal sizéd blocks is specified and 
results are required for a 40 year period. 

The anticipated behavior of the reservoir is that a boiling 
zone will develop near the top of the more permeable layer and 
spread downwards, also spreading a short distance into the upper 
layer. As the pressure drops in the lower layer, down flow 
through 'the top layer and recharge at the ground surface will be 
.induced. 

DIFFICULTIES 

The vertical flow of a bo.iling fluid driven by a combination of 
gravity and production related pressure gradients is one of the 
nost difficult flow problems.for a numerical simulator to handle. 
xnitially the pressure in the· reservoir increases rapidly with . 
depth. After production begins the slope of the pressure profile 
decreases and a liquid/vapor counter-flow develops after ebout one 
year when the reservoir starts boiling. That is, water flows 
downwards to the production well while steam rises arid recondenses 
at a higher level. The numerical analysis required to simulate 

. these physical processes is quite complex. Separate treatment of 
the vapor flow and the liquid flow is .required wi.th upstream 
weiybting of pressure gradient terms in opposite directions for 
each phase. 

At a more elementary level this problem also tests the abili
ty of simulators to haridle vigorous boiling (several nodes changing 
from liquid to two-phase) and the implementation of a constant 
pressure, constant tempe~ature recharge con8ition at the ground 
surface •. 

. '· 
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RESULTS 

Tht. l•r••rmurc profiles given in .Figure 1 show the processes 
involvcd r;J.,,,rl.y. 'l'he flow in the top layer does not change·ve3 
signific,,,, 1·¡ wi th time and at a rate of approximately JOkg/s.km 
is .not ~ur t l··i•,nt to supply all the production. The.refore the 
fluid frotn 11,., bottom layer is progressively mined, The steeper 
part of lhn prc!lsure profile in the lower layer corresponda to the 
boili'ng '"""'. 1\t; about 30 years this extends throughout the lower 
layerand nrr,,~ about 37 years the liquid saturation has dropped 
sufficicnl.l V t.CJ inhibit the flow of water and then the pressure 
gradient "'''"P"ns to induce an adequate addi t.i..Qnal downward flow 
of steam, 'l'h•· <:team flow-rate profiles given in Figure 2. show the 
upward flow of ~;team changfng to a later downward flow at around 
37 years, · 

COMPARISON oy. RF.SULTS 

A sclttr.l'lon of the required results for problem four are 
shown in FJ•Jures 3,4,5 and 6. The surface .recharge results shown 
in Figure l nll agree well except for those of Intercomp. · Even 
the Intercou1p results are not significantly different• The surface 
recbarge rot., is very strongly dependent on the viscosity of water 
and other Pnrnmeters at temperaturas close·to the recharge temper
atura .of 10'1C, Th.erefore, the differences between :intercomp's · 
results and lhe other results 'could be explained by minor inaccu
racies in tl~o•Lr low temperatura thermodynamic properties of water. 
A more det.>llcd comparison of temperaturas and· pressures at nades 

.near the surr<Lcc would be.required·to fully explain the differen
ces• · .The PrClduction enthalpies shown in Figure 4 are all similar 
except :or l:hooa subndtted by Intercomp. ,Their results predict a 
la ter nse ln the enthalpy, that is a la ter boiling of the pro-

·duction nodu, This result is to be expected because .of their 
higher surfnco recharge rate. Since more cold water flows into the· 
Intercorrp ro•,urvoir it takes longar for the bottom layer to com-
pletely boil, . ' · · 

The pr"•mure and saturation historie's at various depths 
shown in Fi~ürcs S and 6 all agree well {with Intercomp results 
showing 60~ variation). 

CONCLUSIONS 
.. 

All thc simul'ators comparad in this study came ·through the 
severe test l'epresented by problem four very well, Clearly they 
are cap~le of handling the counter-flow of ·steam and water, the 
expansion or a boiling zone·and the vertical drainage of cold 
surface wato•r into a reservoir. · As all these processes occur in 
real geothct,n:¡l reservoirs such as Wairakei, the resul ts for this 
problem havc considerable practica! significance. The simulators 
tested all "l'pear to be satisfactory tools for analyzing models of 
this type of geothernial reservoir. ·· · 
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TABl.E l. RESERVOiR PROPERTIES 

Porosity. 
Permeability (lo-15m2) 
Rock density (kg/m3) 

.• 

·, 
. -

Rock heat capacity (kJ/kg.K) 
Thermal conductivity (W/m,K) 

Top Layer 

0.15 
5.0 
2500. 
LO 
LO 

Bottom Layer · . 

0.25 
100.0 
2500. 
1.0 
1.0 

•r-------~------~------~------~ 

.. 

12 

10 

Figure l. 

. ~ -
Pressu~e profiles in the.raservoir at various times. 
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INTRODUCTION 
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THE DOE CODE COMPARISON PROJECT: 

··SUMMARY OF RESULTS FOR PROBLEM S· 

John w. Prftchett 
Systems, Scfence and Software 

P. o. Box 1620 
La Jolla, CA 92038 

.-

' ... 

Problem 5 fs a two-dfmensfonal areal case fnvolvfng both 
sfngle~phase (water) and two-phase (water/steam) flow fn a system fn.· 
whfch lateral cold-water recharge occurs; the initfal temperatura 
dfstrfbutfon fs non-unfform. Thus, convectfve heat transfer and · . 
water/steam phase transftfons play fmportant roles. The ffrst case 
(Problem. SA) · consfders the effect of a single productfon well; the 
second (SB) treats the combfned effects of fluid production and 
refnjectfon. 

PROBLEM DESCRIPTION ~<~_;·~~ :. - . 
Consfder .. a horizontal region extendfng over O < x < 300 

meters, O < y < 200 meters (see Figure 1). The rock-propertfes 
wfthfn the regfon are unffonn (see Tabla 1). Inftfally, 
temperaturas are distributed fn a non-uniform manner,. For

2
r _! lOO 

meters, the fnftfal temperatura· is 240'C (rZ a xC + y ). For 
r 2 300 meters, the fnftfal temperatura fs 160'C. For fntermedfate 
values of. r, the fnftfal temperatura varfes smoothly between l&o•c 
and 240'C accordfng to: .. 

T • (240"C) - (160"C) v2 + (BO"C) v4¡ ·~ • rza~Omm · 
... .. ,. . . 

The fnftfal pressure fn the system fs unfform, and fs· 
sufffcfent to mafntafn a·n all-11qufd state throughout. The fnftfal 
pressure (P0 ). fs taken to be equal to the water/steam saturatfon 
pressure assocfated wfth a temperature of 240"C (Psat (240"C) • . 

. 33.48 bars accordfng to the ASME Steam Tablas), plus 2.5 bars. 
Thus, the fnftfal pressure (P0 ) fs about 36 bars, so that a 
pressure drop of at 1 east 2.5 bars wfll be requfred to cause boil fng 
in the regfon wfthfn r • 100 meters~ and even more pressure decline 
wfll be requfred to cause phase 'changas at greater radfi. The 
boundarfes along x • O, along y • O, and along y a 200 metel"s are 
all taken as impermeable and fnsulated. Along x a 300 meters, the 
pressure and temperatura are mafntafned at thefr fnftfal values (T • 
160"C, P a P0 ::::~ 36 bars), so that recharge flufd may enter- the 
s~stem • 
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. The fi r's-t case ( Prob 1 em SAl f nvo 1 ves a s f ngl e productf on well 
located at x ; 62.5 meters, y " 62.5 r.1eters which starts producing 
fluid at zero time at a constant rate of 50 grams per s~cond per 
meter of thickness. In Problem SB, in addition to the production 
well, an injectjon well is located at x" 162.5 in, y" 137.5 m •.. , 
Starting at t =.1 year, this well injects fluid at a temperature of ... 

11 

.· 

8o•c at a cons:tant rate of 30 grams per second per meter. of 
thickness (60 per'j:ent of the pr:-óduction raté). In both cases, the ¡ 
time doma in of interest is O < t < 10 years. The problem is to be .·\. 
subdfvided, for numerical purposes-; into 8 x 12 "' 96 square 'ZOnes. · ·, 
measurfng 25 meters on a side, as indicated in Figure l. The .. \· 
time-step to be used fs left to the dfscretfon of the engineer. 

. 1 

THE NUMERICAL CALCULATIOtiS 1 
i 
1 

Sfx dffferent organfzatfons used ffve differerit numerical: ... ¡ 
reservoir simulators to sol ve this problem during the DOE Code · ·· . ! 
Compari son Proj ect. Geotrans, In c., I nterc·omp, and Lawrence .. ) 
Berkeley Laboratory (LBL) ,. Systems, Science and Software (S-Cubed) 
and the University of Auckland in .New Zealand each used their own 
internally-developed sfmulators. In addi~ion, Stanford University 
undertook the problem using the Universfty of Auckland' s simulator. 

1 

.. '• ! ... "";., In all of these ealculations, the prescribed spatial zonfng was 
employed. The time-resolution employed by the various investigators 
varied significant)y, however, as shown in Table 2. Intercomp used 

! ,• 

by far the crudest time-resol u ti on (.ü ::::: 4 months ), foll owed ·by 
Geotrans (.~t::::: 6 weeks), LBL (At::::: 5 weeks), S-Cubed (At::::: 18 days), 
the UniversitY. of Auckland (At.::::: 4 days) and Stanford Universfty 
(At ::::: 2 daysl.. The very small time-steps used by the last two 
groups were requfred for computational stability by the University 
of Auckland simulator. As will be seen, the crude time-step used by 
Intercomp adversely influenced accuracy·at early times. 

EFFECTS OF THE SATURATION CURVE 

At very early times, the pressui"e in the production well-bloek 
(zone 1 = 3, j .. '3 centered at· x = 62.5 m, y = 62.5 m) drops very · 
rapi dly 1 n response to production. Very quiclc.ly, pressures f n this 
zone reach saturation conditions. Thereafter, the well-block 
pressure drops more slowly, accompanied by a decline in temperatura 
and the évol u ti on of steam. Thus, the tempera tu re and pressure 
histories in the production well-block may be cross-correlated; the 
resulting relationship between pressure and temperatura coincides 
with the water/steam saturation curve Psat!Tl. . . 

Results of thfs type are shown in Figure 2, along with data 
points taken from the ASf~E Steam Tables. Figure. 2 111ustrates the 
accuracy of the · fft to the water/steam saturation· curve employed by 

· each simulator. Both the LBL and S-Cubed codes use 1nterpo1 atiórí 
between tabulated steam-table points to ... establish Psat!Tl; the 
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other three sfmulator:s use analytfc ffts. Thus, the LBL and S-Cubed 
saturatfon curves are essentfally exact. T~e Intercomp code uses a 
fft that fs hfgh by about 0.2 bar fn the vfcinity of 240"C; the 
Universfty of Auckland _simu1ator is hfgh by 0.5 ,bar. The Geotrans 
fft is worst of a11 in this vicfnfty, being hfgh. 6y a fu11 bar. 

. . . . -'L . 

The prescrfbed descriptfon of Problem' 5 entafled a value for 
P0 { the f nitfal system pressure, and the boundary pressure to ·be 
mafntained along x " 300 meters) which exceeds the saturatfon 
pressure for 240"C by 2.5 bars, as dfscussed above. Unfortunately, · 
these instructfons were interpreted differently by the various 
grou~s, as f11ustrated fn Table 3. The true. value .for Psat 
{240 C) from the ASME Steam Tables is 33.48 bars, so that fdea11y -
P0 shou1d be 35.98 bars (R: 36.0 bars). In the cases of LBL and ·· · 

· S-Cubed, who employ exact phase-lfne fits, no dffffcúltfes arose •.. ·· 
Both the Stanford and University of Auckland groups used an fnitfa1 
pressure (P0 ) of 36.52 bars; this · value was chosen so as to 
maintain the relationship [P0 = Psat + 2.5 bars] in spfte of the ·
fact that the saturation curve used by .the Universfty of Auck1and's 
simul ator is about one-hal f bar hf gh at T = 240"C. Both Intercomp . 
and .Geotrans, .however, fnterpreted the problem specfficatfons to 
mean that P0 shou1 d be 36 bars, and made no attempt to correct for 
deviatfons in thefr saturatfon curve fits from steam tab1e va1ues. 
In the case of Intercomp, thi s meant . that P0 exceeded Psat by 
2.3 bars, or 92 percent of the fntended pressure dffference. In the 
Geotrans ·case, P0 exceeded Psat by only 1.5 bars, or only 60 _ 
percent of the in tended excess. Thi s error produced substantf a 1 
devfatfons between the Geotrans ca1culations and those of the other . 
groups. Due to the smaller restrafnfng pressure. the two-phase_ 
region in the Geotrans results was both larger and more persfstant 
than in the other calculatfons, as wfll be seen.* · · · . _.,_ 

TOTAL STEAM-IN-PLACE 

Figures_ 3 and 4 show the time-histories of the total mass of 
steam f n the system for Probl ems 5A and 58 as predfcted by each 
·ca'l'~ulatfon. These calculated. results fa11 fnto three groups •. The 
LBL and S-Cubed calculatfons are virtually identical. The Intercomp 
resul ts indfcate a sl fghtly greater steam mass, probably due_ to thé 
fact that the boundary pressure exceeded saturatf on pressure by 2.3· 
bars fnstead of 2.5. The Stanford Unfversfty/Unfversity of Auckland 
calculations. predict .hfgher steam quantfties. particularly for.· 
Problem 5A; typically, from 5 to 15 percent hfgher than LBL and 
S-Cubed. Stanford and the Universfty of Auckland used the · correct 
restraining pressures; possible reasons for the devfatfon · between 
LBL/S-Cubed and Stanford/U. Auckland wfll be discussed later. 

* Since these calcu1.ations were made! Ge'otrans has corrected 
thefr saturatfon curve fft so. that, were they to repeat the 
ca1culatfons, they would obtafn correct results. . . ; 
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' Finally, as discussed earlier, the Geotrans calculations vastly· 
overpredicted · the steam mass (by a factor ·of as r:1uch as 1.6_), The · 
t:Jifferences in resul ts between Problems SA and 58 arise, of course; 
from the onset of injection at t = 1 year in the latter case. This · · 
~;a uses· pressures to ri se and boil i ng to b~ ·suppressed. · 

CALCULATED PRESSURE' HISTORIES. 

Figures S and 6 show the calcul ated pressure histories in the. 
production well-block (i=3, j=3) for the two·cases (SA, 58}; Figures 
7 and 8 are the corresponding .pressure histories in the injection 
weJl-blocl: (i=7, j=6}. Recall that no injection takes place in 
Problem SA. These results are plotted as pressure difference from 
the fnitial pressure (P0 } for each calculatfon. In both cases (SA 
and SB), the pressure in the productfon well-block first drops very. 
rapidly to the saturation pressure; this occurs virtually 
fnstantaneously on the time-scale of these plots. Then, the fluid 
in the well-block begins to boil. Pressures continue to decline, 
but much more slowly. In Problem SA, the production well-blocl: 
remains two-phase untfl t s= 2.8 years. At this time, sufficient 
cold water has been drawn fnto the well-block to cause all the steam 
to condense. Once ·single-phase condftions agaín prevai1, the lower 
resistance to flow permits pressures to re'cover somewhat, in spite 
of continued production. In Problem 58, the pressure fncrease 
induced by the onset of injection at t = 1 year causes the 
production well-block to _revert to single-phase condftfons shortly_ 
thereafter. 

The pressure histories calculated by L8L and 5-Cubed are , 
es~entially indistinguishable. Those computed by Intercomp 
generally agree wi th LBL and 5-Cubed except at early' times ( t < 1 
year or sol. This early disagreement fs probpbly due to the poor 
temporal resolution of the Intercomp calculation; a four-month time 

1 ' 

step is too .long to accurately resolve the very .rapfd pressure .. ·. 
changes that occur duri ng the fi rst part of the probl em. The · ~--i·. · 
Geotrans resul ts differ substanti ally from Intercomp, L8L and 
5-Cubed for the first several years of history for reasons discussed 
above, but at late times all four calculations (Geotrans, Intercomp, 
LBL and S-Cubed) are in reasonably good agreement. · The computations 
of Stanford University and the University of Auckland (both usfng 
the latter's simulator), on the other hand, exhibit late time 
pressure disturbances that are 5 to 10 percent .greater than those 
predicted by the other groups. The reasons for this discrepancy are 
not known for certain. It is not unlikely, however, that they arise 
from the constitutive description of the fluid employed, fn 
particular the viscosity. Darcy's law state·s that, all el se being 
equal, the pressure· gradient requfred to maintain a given fluid mass 
flow .rate wfll increase in proportion to the fluid's kinematic 
viscosity. Thus. one would expect that if viscosities were about S 

. '• .. ; 
•,.· 

.. · .. ··.· 

1 . 

·- , ... 

'. 

'. 
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percent ·too high, pre.dicted pressure drops would be approximately 5 
percent high as well;. In this connection, lt is worthy of note that · 
the experimenta.l tal e·r-.ances reported in ttie ASME Steam Tábl es for 
.the kinematic vfscosi'1;ies of saturated water and steam in the 
vicinity of 240"C are typically + 2 to 3 percent. Furthennore, if 
the viscosities used by the University of Aucklánd's simulator were 
sl ightly high, the exaggerated pressure drop which would then result . 
would tend to cause more boiling and a greater mass of steam in the 
system as a whole. This is indeed observed, as was shown in Figures 
3 and 4. · 

RESULTS FOR HEAT TRANSFER 

Figures 9 and 10 illustrate the calculated temperature. 
histories. for Problems SA, SB; Figures 11 and 12 show the evolution 
wi th time of the entha 1 py of the produced fl uf d. For e'arly times ( t 
< 2.8 years for Problem SA, < 1 year for. Problem SB), the production 
well-block is two-phase so that the temperature history is 
correlated with the pressure history. At late times, .the invasion· 
of the production area by colder fluid causes the well-block 
temperature to decline. This effect fs partfcularly pronounced for 
Problem SB which involves the. injection of cold (llO"Cl water in a 
nearby we11. Similar trends may be observed. in the discharge 
enthalpy histories (Figures 11 and 12). The results of all the 
calculations are in excellent agreement, except that at early times· 
(t < 3 years for Problem SA, < 2 years for SB) .the Geotrans results 
exhfbft lower temperatures an~hfgher dfscharge enthalpies than the 
others. Since the Geotrans calculation produced excessive steam, 
the steam-phase mobi 1 ity was enhanced so that a greater proportion 
of hfgh-enthalpy steam entered the production wel-1. The presence of 

· this excessive steam, furthermore, reduced the overall mobil fty of 
the water/steam mixture as a whole, causing a· greater well-bloclc 
pressure drop; sfnce, for two-:-phase flow, pressure and temperature 
are correlated by the saturation curve Psat (T), the well-block 
tempera tu res . were correspondi ngly reduced relative to the other 
calculations •. At late times, however, · ft is noteworthy that the 
Geotrans results for both temperature and di scharge enthal py agree 

·wf th the others. · · ' 

CONCLUSIONS 

The results obtafned from four of the five simulators are in 
excellent agreement for Problem S. The fifth simulatfon (that of. 
Geotrans) deviates from the others due ,only to an unfortunate. 
combina ti on of a mi sunderstandi ng concerni ng the defi ni ti on of the 
problem and a somewhat inaccurate fft to the water/steam saturation 
curve in the vicinity of 240"C; the disagreement does not arise from 
any fundamental flaw in the Geotrans simulator. As noted earlier, 
since these calculatfon were perfonned, Geotrans has improved their 
saturation curve fit; there 'fs every reason to believe that a repeat 
calculation would agree wjth the other resu1ts·, particularly in view 

•.. of _ the good performance of the Geotrans simul ator on the other · 
problems in the DOE Problem Set. · 
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. TABLE 1 

ROCK PROPERTIES FOR PROBLEM 5 
·. : ,.• 

DENSITY OF ROCK GRAIN MATERIAL = 2500 KG/M3 

PoROSITY = 0.35 . . .. 

PERMEABILÚY = 2,5 X 10-14 M2 (~ 25 MILLIDARáEs) 

ROCK GRAl N HEAT .. CAPACITY =· 1 JOULE/GRAM-°C ·. 

ROCK GRAIN .THERMAL CONDUCTIVITY = 1· WATT/M-°C 

RELATIVE PERMEABILITY DATA: 

RL = 1 1 
R = O S . 

R = O } 
·R~ ~ 1 · 

FOR 0 < S< 0.1 

FOR 0.7 <S< 1 

S IS·STEAM· SATURATION 

' '' 

RL IS RELATIVE PERMEABILITY TO.LIQUID WATER 

R5 IS RELATIVE PERMEABiliTY TO STEAM 

z = <o.l- s>jo.6 · ' 
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/ TABLE 2 
( . --. i 

' . . :7 PROBLEM 5 TEMPORAL RESOLUTION . ' .. .. 
. ' . ' . ' ... ~· .. 

···- ' . .. - . " . ' 
.... ·- . .. 

' 

·CASE "A" ·-· ·- - CASE "B" 
(CVCLES/YEAR) CCvcLESIYEAR) 

MEAN . MINIMUM MEAN MINIMUM. 
' ' 

GEOTRANS 8 NR 8 .. NR .. 
' 

'. 
INTERCOMP 3.2 3.0 3.9 . 3.0 

LBL NR 10 NR · 10 
~- .. 

' S-CUBED 21 20 21 20-·. 
' ' STANFORD 225* 183* 205* 183* ' 

., 

1 u. AUCKLAND NR 90* ',' NR 90* . i 
·' 

'' 

.. 

"NR" = Nor REPORTED 
,. 

.. SMALL TIME STEPS REQUIRED FOR COMPUTATIONAL STABILITY 

! •. i . 1 • • 
... ~r 

¡ 

lk';l. 
\iJ1 

'.1 ; ~' 

1 

.. '• .· .. '' 
.•... 

' 
··.· 
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TABLE 3;, 
·, .- PROBL81 S PRESSURE VALUES - -.- ..... • 

-- Po . P ~~rC240oC) 
CINITIAL AND OILING 
-BouNDARY ·PRESSURE IN-

PRESSURE) CENTRAL 
REGION) 

36.00 BARS ~4.50 BARS o 
. ' 

35.99 BARS 33.70 BARS 
36.00 BARS . 33.48 BARS 
35.98 BARS 33,48 BARS 
36,52BARS 34.02 BARS . 
36.52 BARS . 34.02 BARS 

• • • 'n 

' .... ,. 

' ' 

Po- PSAT. 
' 

' ' 

' . 

1.50 BARS 
2.29 BARS 
2.52 BARS 
2.50 BARS 
2.50 BARS ., ' 

2.50 BARS 

. . . . 

' ' 

' 

,-

..... 

' ' 

.. 

.1 

'1 
' ·., 

..... --·. . . ... . ' 

' · __ i . .- . . . ~ 

.1 
. _¡ 

1 

' ... -_· 1 
'j_ 

.· .) ...... -·,., -·' 

1 
•¡ 
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1 
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INTKOUUCTION 

UOE-PROJJ;CT ON GEOTHERNAL RES.ERVOIR ENGINEERING 
COMPUTER COIJE CotiPARISON ANO VALIDATION 

-EVALUATION OF RESULTS FOR PROBLEI'I 6-

l{arsten Pruess 
Lawrence Berkeley Laboratory 

University of California 
Berkeley, California 94720 

-Proble~ 6 is a reservoir-wide problem, and the only ene in 
tne set which in vol ves threP.-dime.nsional flow. The · reservoir is 
of "Wairakei-type, N with single-phase liquid at depth, 'overlain 
by a two-phase zona wi th icuuobile stea~, and· capped off with a 
zone of colder single-phase water. Production occurs froa a well 
field with co~pletion intervals below the two-phase zone• 
Parameters are chosen in such a way that boiling in the well 
field and two-phase flow commence after a certain period of 
production. 

·Although the problem is scheaatic in nature, it is 
nonetheless a prototype of field.:.wide studies which would be 
undertaken to exauine alternativa reservoir developaent plana. 
Typical qucstions to be addressed by this type of problem would 
inciude: at what depth should the wells be completed7 ·what 
flowrates can be sustained for· what length of time by·a well 
field of given areal extension7 what is the evolution of do~~hole 
pressures and discharge enthalpies7 

Probleu 6 is probably the most difficult one in the set for 
nuLierical ·simula tora, due to ita three-dimensional natura and the 
occurrence of phase transitions with subsequent two-phase floY, 
including gravitationally induced steam/water counterflow. 

PROI!LEH DESCRIPTION 

The reservoir is a parallelepiped of 4 x 5 ka2 areal extent 
'llnd l.li km tnickness. Figure 1 shows the geometric design of the 
system, and the zoning to be used in the simulaticn. Tables 1 
through 4 give the complete specifications of all paraceters. 
r"ormation properties vary somewhat with depth, and there is a 
larga contrast between horizontal and vertical permeability. 
The lower 2/3 of the. reservoir is initially filled with liquid 
water at 280 °C temperature. This is overlain by a two-phase: · 
region, also at 280 °C, which has an 1romobile steam saturation 
of .10% by volume. Uverlying this is a layer of colder water at T 
•· 160 °C. The entire reservoir is gravitationally equilibrated, 
so that initially there is no fluid flow. The procesa to be 
simula.ted is production from a specified subregion at depth. 
Production rates increase with time in such a way that boiling in 
the w¡;llblock and two-phase flow is initiatcd •. In the pr.ocess. 
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temperaturas and pressures are kept to their tnltial val••cs at 
the uppcr a11d lower boundarles, and at the surfacc at x y S km. 
The otlu;r tnrce rcservo1 r faces are closed ("no flow"). 

GEtlr.:KAL UESCKl!'TIUN OF RESERVOIR EVOLUTION 

The evol•Jtion of thc rcservoir in response to produc tion 
can be de,;crib;,d as follows, As a consequence of production, 
prcssures drop in the wellblock, so that horizontal and vertical 
flow towards the ~Jellblock is initlated. Do"'nflow frorn the 
two-phase zone gives rise to boiling and incrcasing vapor saturatlon, 
As the preJsure decline spreads to the mal·gins of the field, water 
recharge is initiated. One consequence of this ls the occurrence 
of scveral phase transitions to single-phase conditions in the 
two·-phasc layer, The production rates for the first few ycars 
are such (scall) that prcssures in the wellblock stabilize, · 
resul tin¡¡ in an approxi•Jately steady flow pattcrn. The incrcase 
in production rate after four ycars can not be rcadily sustained 
for the given perrneabilities, Thus, large pressure drops occur in 
the grid olock which represents the well field, as well as in 
adjacent ¡:rid blocks. This causes severa! phase transitions •to 
two-phasc conditions, and subsequent boiling. This is accompanled 
by a decline in temperature.s and pressures, as ....,11 as a buildup 
of vapor Sóturation. Steao/water counterflow occurs as steam 
rises fro:n tlle shallow two-phase layer, whereas water flows 
duwnward tO\.IiHds the production well. Conditions again approach a 
steady flow until the icposed increase in production rate after 
six years causes a rapid catastrophic decline of pressures 
in the production region, thus tenainating the problem. Th!s is 
unfortunatl!, as sornewhat smallcr production rates and a longer 
reservoir life would havc allowed a more extensive comparison of 
siculated results. 

COMPARISOti OF I<ESULTS " ,. 

Figures 2-4 show the simulated time evolutions of sorne 
of the more scnsitive parametcrs. It is apparent that there is 
excellent ói¡:rceuent bet\Jeen the results of s3, Geotrans, and LBL; 
whereas Intercomp's calculation is so~ewhat off. A consp1cuous 
feature of lnreccomp's results is that pressures below the \Jell 
block (in layer l) do not decline at all in the course of 
productlon, \.lhich ¡;ives ~ise to "'ore water influx into the well 
block, As a consequence, wcll block pressures renain higher, 
particulurly after five years, and vapor saturation and discharge 
enthalpy rer"ain lower. l11e deviations becorne larger after the 
increase of production rate after six years. Tite nature of the 
d1screpanc1~s suggests sooe error in the problec definition 
rather thán .;u oot·ror in lntercomp's simulator. lt appears that 
the lower louundary conditions or the perrncability below the well 
block had Ih>t b<:Cil p_roperly spccif ied, 

Tite quality of agrcc~ent bet\Jeen the calcuations of s3, 
Geotrans, and LHL is quite rcm_arkablc, particularly in view of 



' -77-
·.:. 

the s1~n1ficant diffcrences in oethodology used in the slctJlators. 
sJ and Gcotrans use a finlte diffcrcnce. roethod, whereas LBL's 
simul.1tor efilploys an integral finite diffcrcnce method. 111e 
primary depeudent variables are, respectivcly, energy and 
prea .. ure (sl), prossuie and enthalpy (Ceotrans), and encrgy 
and .ensity (LHL). Geotrans uses an analytical approxiroation 
for •hermophysical prop~rties of water substance, whereas sl 
and LBL ecploy a tabular equation of state, 

CONCLUSION 

Three of the four simulators used in computing a difficult 
three-dimensional problem show excellent quantltative agreeroent. 
This demonstrates that nuroerical siculators are capable of 
producing accurate results for field-wide res~rvoir depletion 
problems, involving phase transitions, gravitationally induced 
eteam/water counterflow, ·and recharge, 

Table 1: Roe k properties. 

Layer Layer Layer Layer 
1 2 3 4 

Grain Density (g/ cm') 2.5 2.5 2.5 2.5 

Porosity 0.2 0.25 0.25 0.25 

x-Penneability (m2) lOOxl0-15 2cioX'l.o- 15 200xl0-15 200xl0-15 

y-Perme.ability . (m2) lOOxl0- 15 200xl0- 15 200xl0-15 200xl0- 15 · 

. -
z:-Penneability (m2.) 2icl0- 15 ·SDxl0- 15 SOxl0-15 SOxl0- 15 

o Heat Capacity (J/g- C) 1 1 1 1 

o 
Rock Therm. Co~d.(w/m~ C) 1 1 1 1 

Relative Pcrmeabi11ty: Corey equations as in Problem 62, except: 

51r (1iquid residual) 0.3 0.3 0.3 0.3 

S {gas residual) 0.1 0.1 0.1 0.1 
gr 

- ' 

.. ~ 

Layer 
5 

2.5 

0.2 

lOOxl0- 15 

lOOxl0- 15 

2xl0- 15 

1 

1 

0.3 

0.1 
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Table 2: Initinl conditions. 

- Tem1>era tute: 

o 
Layers 1-~. 280 C everywhere 

Layer. 5, 160°C 

Pressure: 

... p 0 • p (2B0°C) ~ 64 Bars Lnyer 4: 4 sat 

(Steam saturation) S 0 
• O.~ (steam initially 

s irrJr.~obile ) 

p o p o (1~70 m2/s2
) X (p

4
°-1H¡_ o 

. Layer 5: - ~ + Ps > 
S ~ 

p O m p o (1470 m2/s2
) 

o o 
Layer 3: + X (p4 -liq + p3 ) 

3 4 
p o p o (1470 m2/s 2
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Layer 2: + X (p3 +. Pz ) . 
2 a J 

Layer 1: P 0 
• P 0 

1 2 
o ? o) + (1470 m /s ) x CP2 + ~P1 

IJhere p
4
°-1iq a liquid density in ;-ayer 4 

o o o 
These initial conditions (P , p , S ) are functions of 2 only. 

S 

Layers 1, 2, 3 and 5 are initially single~phase liquid; layer 4 is 

initially 2-phase ~ith an imrnobile steam phase. The pressure dis-

tribution"is liquid-hydrostatic throughout at 2ero time. 

Table 3: Boundarv condltions. . . 

At· 2 • l.S-Km (top surface), maiñtain"P • PS0 ~ (1470 m2/s 2) x p
5
° 

top 

and T • 100°C. 

At 2- O, maintain pbottom = Pl
0 + (2940 m2/s2

) X el o and T- 2B0°C. 

Along planes at x •. O and y • O, impose symrnetry conditi_ons. 

Treat plane at y a 4 km as impermeable and insulated. 

Along plane at x a S ~m. maintain initial distributions of P,T,S . 
S 



( 

-79-

Table 4: Production strategy. 

All production is taken from a single corner cell (1~1, j•l, k•2). 

O < t < 2 years, - - Q(t) • 1000 kg/s 

2 years <t < 4 years, Q(t) a 2500 kg/s 

4 years <t < 6 years, Q(t) a 4000 kg/s 

t >6 years, Q(t) • 6000 kg/s 

~" ,. 5!): o 

j
1
= -~.s ... ,s.,_ 

i , o. e, ,.., 
2 - ~ , o. '3 ¡e ., 

1-

T 
LB~<"' 

l 

(Horizontal, unifo~. 
S zones each direc=ion) 

Figure 1: Ceometry of the rcscrvoir and mesh design. 
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Figure 3: Evclution of vapor saturation in vell block. 

Problem no. 6- Discharge Enthalpy 
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Figure 4: Discharge enthalpy history. 



. CO:.!MENTS ON SIMULATOR VALID~'!~!ON__?_!_'I}_I?Y 

by C. W. Horris and D. A. Campbell 

Because of the depcndcnce of the gcothcrmal i11dustry pn 
the prediction of the resource performjnce with liltle or no 
production history, the validity of the reservoir ~11yinc~ring 
estimates, including the reservoir simulation work, is very 
important. Investors, utilities, govern~ent agencies, and other 
outside parties, therefore, must have confidence that the geo
thermal simulator can accurately salve the energy and flow 
equations necessary to describe the physic~l processes. This 
is analogous to the use of "black oil" simulators in the petro
leum industry,l Our experience has shown that .. many consultants, 
particularly those who are non-users of seothermal simulators, 
are reluctant to accept the simulator results. Even when they 
agree that the model "set-up" is a reasonuble representation of a 
field as known at the time, they comrnonly limit their endorsement 
because of uncertainty that the physics of 

1
reservoir and well 

operations are properly replicated. 

The studies presented at this workshop clearly indicated 
that these simulators can salve a wide va~iety of geothermal prob
lema, using different numerical methods, and arrive at the same 
results. It must, therefore, be concluded that these computer 
codes can describe the physical processes as well as we now under
stand them. 

The validity of the geotherrnal reservoir simulator calcula
tions should not be confused with the accuracy of the reservoir 

( )erformance predictions since the computer code is only one of many 
"tools" used by the engineer. A reasonable reservoir model and an 
accurate description to the reservoir pa~am~ters. by the engineer 
are required to achieve good performance predictions. Parametric 
and sensitivity studies are properly part of any reservoir simu
lation work. Outside parties must evaluá~e these phases of reser
voir engineering independent of· the simulatio~ physics. 

Assuming that the reservoir model and input parameters reflect 
the true reservoir conditions, the reservoir simulation results 
can be accepted as valid by the outside parties involved in geo
thermal development. The added advantage of the simulator approach 
over the consultant's "guess" is that the input is clearly docu
mentad for evaluation by others and the results can be modified 
in a logical manner as experience and knowledge of the resource 
increases. The complexity of the reservoir simulation effort can 
also increase with knowledge. 

We wish to congratulate the DOE/San Francisco and the contract 
participants for a job well done. This complex study was accom

_plished in a timely fashion to support a recognized need of the 
. geothermal industry. 

(;. A. S. Odeh, "Comparison of Solutions to ~ Three-Dimensional 
Black-Oil ~eservoir Simulation Proble:n," JPT, January 1981, 
Vol. 33, No. 1, p.l3. 
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Pan{list' s Rcmarks on Intercomparison of Rcservoi.r- ~lodels 
Sixth Stanford Geothermal Program Workshop 

Oeccmber 17, 1980 

by 

( Evan Hughes and Vasel Roberts .. 

f· 

Electric Power Research Institute 

The presentations rnade·in this session have shown that simulators are 

capable of calculating reservoir performance with reasonable agreement 

among the models. Beyond such confirmation of rnodeling capability, 

additional effort in four areas is needed: 

o sensitivity of results to error~ in the physical data 

o accurate physical data for use in the models 

o estimates of probabilities and/or levels of confidence 
associated with production capacity, temperature and 
pressure profiles, and reservoir life 

o verification of models by cornparison with reservoir 
production data 

( Frorn our perspective in conducting a geotherrnal research prograrn for 

the electric utility industry we have formulated sorne informal criteria 
, 

for reservoir sirnulation models. These constitute a "rnodel of a model," 

i.e., sorne expectations of what a reservoir rnod~l should do in order .to 

rneet the needs óf electric utilities engaged in geothermal power develop-

rnent. To develop the rnodel of the rnodel four questions are ·addressed. 

First, what should a reservoir rnodel be to a geothermal utility? In one 

respect it is no different than any other type of model. It is a device 

· that will allow one to visualize what the product looks like and how it 

works prior to co1rumitrnent. While this particular tool is gen~rally used 

· directly by resource cornpanies and reservoir engineering consultants and 

1nay be foreign to the utility itself, it can contribute to the utility 

(__,decision rnaking process 

presented with clarity. 

if results relevant to risk assessment are 

It is expected that the results from rcservoir 
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rnodel ing will m;;, k~·. the de e ision process somewha t cas icr to thc •cxt, :. ~ 

' t.hat thc model is a vchicle for understancling what h.:i¡>p'-'nS in lhe 

reservoir <md how t.his relates to inve::;tment risks il!ósoci.:ited wi.th 

reliance on the reservoir for the generation of electricity. 
' .-

Second, how should a reservoir model be packaged, or developcd as a 

product for utility use? It should be understandable by cnginecrs an~ 

, managers who ·are not specialists in cjeothermal or petroleum reset:voir 

engineering. Also, it should be transferable for use on computers and 

by people other than the particular computing machine and staff that 

developed the model. 

Third, what should the reservoir model do for the utility? Here are 

sorne specific capabilities of a useful model. It should be capable 

of calculating the production of a whole "geothermal field over a 30 year 

·, life from data based on early tests or production of a well or wells or: 

a limited portian of the field. It should estímate the limits of off-

design production conditions that may arise and assign probabilities to 

different off-design conditions. It should be capable of accepting an~ 

using new data that become available.as the field is developed and 

operated. Such data can be used to confirm the model and to improve 

predictions in two ways: (1) greater confidence and (2) narrower range 

of probable outcomes. 

In addition to the above capabilities, and related to them, a reservoir 

model should generate the following information for reservoir risk 

assessments relevant to the decisions on whether and how to build 

geothermal power plants: ~urves showing the probabilities associated 

with the capability of a reservoir to support various J.evels of 
.. ,._ 

.~ 
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~cnerating capacity; life of a reservoir as a function of gcnerating 

( ?acity being supported, indicating the confidence levcls of various 

.life versus capacity curves; probability of precipitous decline in 

production as a function of capaci ty ; identification of detectible 

chdnges that would precede or be associated with such a decline; 

production rate, temperature,pressure and, perhaps chemistry versus time, 

capacity and well spacing; and, finally, identification and q'uantification 

of reservoir risk associated with development of the first power generating 

unit at a reservoir and with development of subspquent units at the same 

reservo ir. 

Fourth, what is the validity of the reservoir model? The model should 

be verified as to usefulness in performing calculations of interest. 

The types of results listed above are those of vaiue for power plant 

( . .uni tment decisions, genera tion expansion plans, and geothermal power 

plant design considerations. In addition a reservoir model should, of 

course, be verified by comparison with field experiments and actual 

operating experience. 

The results presented in this workshop suggest that the models agree 

reasonably-·. well in calculations fo¡:- the theoretical problems posed. Al so, 

the problems posed are·of types that have practica! relevance, especially 

those that involve calculating a production history from parameters whose 

value could be inferred from rneasurements made early in the development of 

a reservoir. What is needed beyond this are calculations that reveal how 

sensitive the results are to variations in the values of dominant 

p~rameters, sorne probabilities assigned to various possible production 

~tories, good· physical data to put into the models, verification of the 

calculations through comparison to field results, and the development of 

models that are easy to understand, use and transfer to other users. 
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SJ:SSlUI VII 

H:xlel' Intercanparison Study (Panel) 
(O¡>~ing Ren:trks of N. K. Barrett of 

Con:c.oa & Black of Pennsylvania, Inc.) 

' 

1 w:mt to ru.vn.:ss my th.:nY.s to our St:anford University hosts for tJüs or¡:ortlmity 
t:o p;1rticipate here as a ¡::.melist. In order to achic.>Ve a rC>..alistic p:!rsr:.....-.:.:t.ive of 
geotliennal resource insurance needs, . r do v.~lcane tlüs perspe::tive of the c:urrcm: 
st:atce of. the geothelJT\31 art. 

'll~e l1lA - CE.B Geothern•"ll Resource Insurance Program is a very potent financia! 
tool ~m.ich has roen designe:! to stimulate private sector finandng of goot:hermal 
projects. In our opin.ion, such prívate funding of gc.-'Othemal projocts will rrore 
th;m offset the cxpe::tEd roouction in government ftmding allu::lEd to by l·lr. Robe.rt 
Grey in his orening remarks yesterday. · 

In order to unt~erwrite r...:;ch geothermal project, the insurance tmderv~riters must 
obtnin a fair assessmc=nt of the expc..octed nature and longevity of t11e rcsource 
involvoo -- then tailor tl1eir .i.nSurance coverages to protect against the wlex
px:te:l. Undenffiters are leaning heavily upon the expert:ise of the goothermal 
engineers of their potential clients for their initial technical perspective 
of ec•ch geot11eural project. 'fuis is ult.linately followed by technical c.unfinration 
by a qualified geothenral en;¡ineering consultant ret:ained by t1ie Wide.rwriters 
involved. · 

Such geotheDJe.l cnginecrs will be relied upon by t11e unden.~riters for decisions 
concerni11g thc use of mnnerical oode reservoir simulators. It seans li.kely that 
in Hnny cases numerical rese.rvoir m:xlel.ing may be canbined with the ecoo:mic 
m:x:leling of such projocts as an aid in fairly assessing "tlle realm of U¡e ex
pected". 

Tt~e n:A - C&9 Geot11emal Pesource Insurance Program is designed to insure the 
long-te.nn avai.lubility of the resource at tlie needed qw.ntity and qualil-y 
level establifihed for me project during the simulation m:x:Jelirg and Si11Tlpling 
perio.i. Insurd.I1Ce is afforded not only against loss arising out of project 
tenninat.ion Jx,;cause of resource inade:]uacy, but also against loss resultirg 
from project c:;pi.!bility reduction. Cbverages are offered for a noncancellable 
policy per.icx:l encx.mpa~sir.g the project oonstruction ¡:eriod plus an operational 
pel"icx:l of up to seven (7) years. 
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A. 'l'iJ."? Expxlitin.J Pha~e (Plant Cbnstru::tion Per:icd): 
.• 

Coverage for U¡c ~[.JCditing Phasc will go into· effect afu::r c< ... lpld ion 
of tli<:! H:!3•~Pooir m:ploration pt·oce:.;s <•nd will runain in clf..,;t unt:il 
the cumK:nc.:.::ncnt of Ule. normal crll:r;·:.rcial opcrat.i.ons. Jncé·pt ion of 
sur.:h inst¡r:"":'~ cove.rurJC occ.ur:s only after confiunation of t.he 1 csource 
re"'~Lve C<~¡A•city suffici"nt to op.:ratc U1e ¡xo¡:oso:l. qoJtJ'"'"''Jl ¡:owcr: 
plimt ata s¡:o<'(;ified lcvel of effidr.mcy. In the unlikc:ly tNdlt Uléit 
the pror..o~,,,J project JmJst te sc.:¡lcod da...n or termina too due tD · inacJ.:,.:¡tu:::' 
of !:he rcsourcc, the ¡:olicy in:kmü f ies the Insur.:d for tJ¡e f inanci al 
lc.ss result:ing t:herefr~crn. 

l. CCJ./EHAC;E:: Curing Field D::!velornent and Facilities Constl:uction Pill·icxl. 

2. JNSUHEDS: Any J.X!rsons or ent.i ties' having a f:inancial interest in 
the Elec~icity Gcneration Project. 

3. INDEMNH'lCA:I'ION in the event of: 

a. Projoct Tennination Prior 'Ib Project Cbnpletion -- ¡"By1rc:nt of 
tl1e ,.o.mk costs of U1e proj8Ct as of the date of tcnnination. 

b. Projeet cap'lbility RErluction (i.nab:il:ity to achievc U1e project' s 
target capabilit:y -- w:ith subsequent cannercial opcrat:ions at 
the 1 wucoo capability) -- p.'ly¡rent of agreed arrounts to assure 
continuat::ion of dcilit serv:icc and ¡::ayment of the. fixed c'OSt:s. 

B. 'fl1e Operational Phase (llp to Seven Years): 

Coverage for the Ope.rational Phase will go :into effect at thc time of 
U1e official conrrencP.Jr.::o.nt of <XJJnt112rcial operations. Projo:::t termire
tion due to Üladt:quacy of U1e resource is cavered as in the Expú.li t ing 
Phase. Covcrage for loss of earn.iJ1gs (business int:erruption) due to 
inadequacy or scale-<lown of the geotheunal resoucce is also available. 

l. CXNERI\GE: During Conmercial CT~rations (~lax.i.mum of Seven Years) 

2. INSUREDS: Any persons or entities having -a financial :interest in 
tl1e geoth(!nnal project. 

3. INDEMNlFTCiiTION :in the event of: 

a. Project '1\mn:ination -- tl1e payment of the unarrortizc.od sunk costs 
of U1e Insured as of the date of tennination. 
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b. Pcoj.-.,::t Ca¡x;bility Rc.ocluction, (Imbility to continuc pw.lu<:t i<Jn 
at UK! C'UllllellCErncnt Cil[Uhi.lity lovel -- w.iLh !,;uJ;.:.e<:¡l.:.::nt L'.m
tinmtion of opcrations at tllc rcduccd cap:obility l.::vr:l) -·
p.:ly¡rc~nt of an agree:i arrount r..cr da y. 

1\Cfl'E: A se1f-insured retention of not rrore than 10% is 
negotiated for each Geothermal Resource Im>urancc 
Program. 

II. DIRFX.'T USE OF GIDll!ER.'1AL RESOURCE 
(Space Heating, Agricu1ture, .Aquaculture, Greenhouscs, ll.lcoool Prcduction, 
Fo:x:l Processing, Health Spas, etc.) 

A. '11iE "RI:."l'ROFIT" INSURl\NCE CDNCEPT (One Direct-Use Example) : 

l.· INSUREDS: Any ¡:ersons or entities having a financia! interest in 
.the geot:herma1 project. 

2. o:NF.:R.I\GE PF.RIOO -- The CbnstnJCtion Pcriod plus an agreed 
number of o¡:erational years (a rnaximum of seven operational ycars) • 

3. TND.EMNll-'IC.'\TION -- tlle Insured' s I.Dss resulting fran the Goot·llcnroü 
• Resource Inadequacy Hazard. 

4. '"Ihe Insure::l's I.Dss" means the total of the fo1lowing anoW1ts: 

(1)_ The actual oost, including the cost of instal1ation, 
of·an alternatively fueled steam boiler sufficient to 
pn:x:luce the degree leve! and quantity of heat re
quire::l in 'the geothermal project specifications. 

(2) '111e actual oost of the a1ternative fuel required to 
pnxluce the heat necessary to meet the geothernal 
project specifications. 

B. Ol'HER INSURJ\NCE ~: 

This INA - C&B Geothermal Resource Insurarice Program can be tailored 
.._to meet the particular financia! nee::ls of each specific geothemal 
project. 

TI-e aforementioned Geotherna1 Resource Ínsurance Programs are be.ing W1t1erwLitten 
by INA Underwriters Insurance Ccrnpany, 1221 Avenue of the lvncricas, Né!W York, 
New York 10020. Negotiations and und,,_,_,.-n:iting liaison are being oorductcrl by 
Corroon & Black of Pennsylv-dllia, Inc. 1.t.:.l have been designatcrl by the DlA as 
their sole ~ging hjency for this type of insurance. 

I rep..=at that this exp2diti1r:¡ of private sector financing of goothcrm1l p.-ojccts 
will, in our opinion, rrore than offset tre expect<xlcun:ailn:.~•t of •JU.••·tJ~rd 1 t 
f 111 ~ 11 1 ... J. ·r,--.:ulk y< n1 .. 



S0:1E GENERAL COt·v-IENTS 011 THE DOE CODE COMPAR!SOII PROJECT 

J. w. Pritchett 
Systems, Science and Softl'are 

P. O. Box 1620 
La Jolla, CA 92038 

;· 

The basic purpose of the DOE Cede Compari son Project was to 
attempt to increase the confidence of the financial conmunity in 
predi e ti ons and assessments m a de by reservo! r engi neers as regJ rds 
the perfonnance of geothennal fields. Numerous issues are relevant 
to thi s question of confidence, not all 

1 
of them technfcal. It 

should be recognfzed that this DOE project was directed at only ene 
of these fssues: the accuracy and reliabllity of nw;1erical 
geothermal reservoir simulation computer programs, or "simulators". 

Numerical reservoir simulators are only ene of many tools 
ava1lable to an engineer when he attempts to make a prediction. 
Typically, the engineer proceeds roughly as follows. He starts with 
a body of measured facts concerning the system in question. These 
facts might include such things as the results of surface 
resistivity surveys, gravity anomoly measurements, drilling logs, 

. • laboratory tests of core sarilples, downhole temperature measurements, 
the results of pressure transient tests in completed wells, downhole 
static pressure measurements, discharge enthalpy measurements, 
chemical analyses of reservoir fluids and rock. matrix material, and 
so forth. lf the field has already been partially developed, he may 
have a significant production history at his disposal. All of these 
data are likely to vary in accuracy, reliabllity, and relevance. 

Based on whatever facts are available to him, he constructs a 
preliminary conceptual picture,· or "model", of the fiel d. Since the 
actual density of measurements in the field is always very low, 
considerable guesswork is always involved at this stage. Typical 
components of this pt·eliminary conceptual "model" will include his 
best guesses concerning questions such as: 

e What kind of a field is it 1 (Single-phase hot 
water? Two-phase liquid-dominated? Vapor-dominated?) 

• Where are the major penneabl e zones and how far do 
they extend ? 

o Where are the barriers to flow? Is the field a 
single unified syst.1:m, or 1s it really a collection 
of relatively isolated aquifers 1 

• What is the subsurface temperature distribution 1 How 
large is the anomoly 1 
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o Are there majar fractures present which serve as 
fluid conduits? If so, 11here are they? 

Where are the major natural recharge paths? What 
is the source of recharge fluids? Is there 
significant connection with the shallow 
ground1~a ter sys tem 1 

If the conceptual model is sili1ple enough, analytic tools may 
be adequate (such as "lumped para;,,.::tcr" models, homogeneous rddial 
single-phase aquifer solutions, and the like). For more ccrnplex 
systems, however, the engineer may be forcr::d to employ a numerical 
simulator. He quantifies hfs conceptual model, assigning spatial 
distributions of such quantities as porosity, permeability, fluid 
pressure, temperature, enthalpy, and the like, and also supplies 
appropriate boundary conditions to the domain of space under study. 
He provides all of this information to the computer program (the 
"simulator"), and observes the computed results. 

Almost i nvari ably, the r·eservoi r r·esponse computed by the 
simulator based on the preliminary conceptual model will differ in 
important ways from the actual observed bchavior of the syst~m. 
Accordingly, the engineer revises the model in such a way as to 
minimize such discrepancies. This iterative process is likely to be 
quite lengthy and involve numerous computer runs befare a 
satisfactory match is obtained. At this stage, the engineer is now 
reaey to use the simulator, in connection with his final conceptual 
model, to make predictions of future performance. Not infrequently, 
particularly for relatively undeveloped systems, two or more 
different conceptual models will account adequately for all known 
historical data, but will result in marke~ly differe~t future 
predictions. Under these circumstances, the engineer cannot make a 
definite prediction. He can, hc;.-cver, by using the simulator, 
devise a program of experimental measurements capable of 
discriminating among the various competing. models. Clearly, in the 
absence of experimental facts, numerical reservoir simulation is 
useless. On the other hand, as more and more data become available, 
predictions become more precise. 

If numerical reservoir simulation is employed as a key element 
in a prediction of future performance, the question of the accuracy 
of tloe simulator itself becomes an i ssue of legitima te concern. 
Several large-scale general-purpose simulatlon programs now exist 
which are capable of treating geothennal reservoirs. All were 
developed within the last seven cr eight years. The Oepartrnent of 
Energy consequently desired tú test severa! such simulators to · 
determine which ( if any) are capable of producing accurate resul ts. 
Originally, it was suggested that these tests be carried out in a 
manner something Hke the following. A particular geothennal field 
would be selected which has a sub:,tantial production history. A 

' ' 
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partial data set would be assembled, including all availiible 0arly 
cxploration lill!asurements, early dcvelopment-phase data, and the 
first part of the production history. Ttien, the Dcpart¡;¡ent of 
Energy would provide this partial data set to a nU1;1ber of 
independent research groups, each with its own numerical simulator. 
Based upon the partial data set,- each group would eu1ploy i ts 
sirnulator in an attempt to "predict" the remainder of the history of 
the field (which is in reality known, but is presumably concealed by 
OOE). Each simulator would then be judged on the basis of the 
accuracy of thi~ "prediction". 

There are at least two serious shortcomings to this approach. 
Fi rst, the geothermal 1 ndustry i s at present quite small; the nw;,ber 
of fields with sufficient history is so lirnited that completely 
concealing the later history of such a field would probably preve 

· impossible. Furtherrnore, "inside" knowledge concerning the 
"unknown" late-time data is likely to be non-uniforrnly distributed 
among the various research groups involved. Accordingly, it ~>ould 
probably preve impossible to devise a test of this type which would 
be even-handed. " 

The. second shortcomi ng 1 s e ven more fundamenta 1 ; a tes ti ng 
procedure of this type does not really test the numerical simulators 
themselves as much as it tests the insight, engineering judger.1ent, 

', and good 1 uck of the engi neers 1 n the research groups us i ng the 
simulators. · A group with a relatively inaccurate numerical 
simulator but with a good conceptual "1nodel" of the reservoir will 
probably make better predictions than a group with a better 
simulator but a flawed conceptual picture of the system. Stated 
differently, even if the simulators themselves were in fact 
identical, the various i.ndependent groups would almost certainly 
produce predictions that differ one from another in varying degrees. 

Considerations such as the above led to the approach employed 
in the OOE Code Comparison Project. To test the various simulators 
( instead of the engineers), a set of hypothetical problems was 
selected. These problems were specified completely a priori, so 
that no engineering judgement whatever is required to -de"fíne-them. 
The problem set was chosen subject te several constraints. First, 
it seemed desi rable that sorne of the problems possess known exact 
analytic solutions (or at least approximate solutions) so that the 
·abso 1 u te accuracy of the simul ators coul d be i ndependently as ses sed 
(Problems 1 and 2 fall into this category). Unfortunately, many 
problems of geothennal interest, particularly those involving 
multi-dimensional multi-phase flow, do not have analytic solutions 
(if they did, there would be no need for numerical simulators). A 
wide range of space and time scales was_considered, frorn effects of 
individual wells (Problems 1-3) to field-wide studies (Problems 4-6) 
and from short-terrn pressure transients (Problem 2) to the entire 
history of a field during depletion (Problems ·4, 6). Emphasis was 
placed on rnulti-phase flow of water/steam mixtures (Prob](:rnS 2-6); 
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the effects of fonnation heterog<:neity were also lncluded (Prublu~s 
4, 6, and particu.larly Problem 3). One-dimensional (Problems 1, 2, 
4), two-dimensional (Problems 3, 5) and fully thrce-dimensio11al 
(Problem 6) cases were considered. . . 

On the other· hand, a 11 of the prob 1 ems f n the set we re 
computationally small in scope. For un1formity, the spatial zoning 
was prescribed for all of the problems; · for several, the 
computational time-step was also specified in advance. Grid sizes 
ranged from 20 zones (Problem 4) to 125 zones (Problcm 6). It 
should be noted that a typical field application of a numerical 
resevofr simul atar usually involves at least several hundred 
computational zones, and often several thousand are requi red. Crude 
zoning ,Has prescribed for two reasons. First, it wa~ desired to 
mi.lximize both the number of participants in the proJeCt and the 
numoer of different problems which could be accomodated wi thin the 
confines of a limited budget. Second, lt seemed desirdble to 
emphasize the effects of numerical truncation errors on the computed 
¡-esults. 

The resul ts of the project clEjarly demonstrate that the 
various simulators involved are indeed adequate. The extent of the 
agreement amon,g these cal culati ons perfonned by di fferent groups 
using independently-deve1oped numerical simul ators which employ 
markedly different mathematical techniques fs very reassuring. Such 
minar discrepancies as do exist are traceable to misunderstandings 
about problem definition, srnall variations in the description of 
water/steam properties such as saturati on pressure and vi seo si ty, 
and such matters as variations in the time-step si ze chosen by the 
various groups, rather than to fundamental flaws in the simulators 
themelves. 

Thus, it would seem that the particular concern which 
motivated this project the accuracy of existing numerical 
geothennal rcservoir simulation programs -- has been laid to rest, 
at least as regards the group of simulators involved. Furthennore, 
these resul ts may be u sed as benchmarks by the devel opers of other 
programs. Of course, the fundamental issue that of the 
confidence of the financial community in reservoir engineering 
predictions has not been resolved, but an i;nportant fi rst step 
has been taken. It should be noted that the use of numerical 
reservoi r simula ti on to make practica 1 perfonnance predi e ti ons wi th 
significant financial relevance is not unique to geothennal 
development. This same basic approach has been an accepted practice 
in the petroleum industry for many years. Presu:;,ably, the appdrt::nt 
confidence in numerical simulation methods as appl ied to oi1 and gas 
reservoirs ari ses from a substan~ial record of successful 
perfonnance of the se techni ques in tha t i ndus try. 

Should the Department of Energy decide to pursue the matter 
further, considerations such as the above suggest that further 
competitive calculations among various grcups would not be 

.~ 
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particularly product1ve. What is lacking in the geothermal area is 
a signi ficant record of successful predictions for real geothermal 
systems. This dees not mean that those attcmpts- at describing real 
sys tems whi eh ha ve been made ha ve been fa f1 u res; 1 ndeed, severa 1 
quite success ful simul ations of geothenna 1 fiel d performance ha ve 
been published in the open literature. The difficulty is simply 
that there are very few geothennal fields presently in production. 
Furthermore, in the United States, the developers of such fields as 
exíst typically regard all relevant field data as proprietary 
infonnation, so that much of the publically-available data en case 
histories of real geothennal systems comes from foreign projects. 
tlenetheless, at the present time a substantial body of relevant 
infonnatien is available for several geothermal systems, beth wíthin 
the U.S. and abroad. As time gees on, this body of case-study 
information will grow. 

In arder to develop confidence within the financial conununity 
in reservoir engineering predictions in general and the application 
of numerical simulation techniques in particular, it seems that the 
most productive· course would be to encourage the application of 
these techniques te se,veral real sítuatiens for whfch an adequate 
data base is available or obtainable. There is no need, however, te 
employ the competftive approach used in the present Cede Comparison 
Project; indeed, such a diffusion of effert would probably be 
¿eunterproductive. lf a number of research teams were each allowed 
to concentrate fully upon a particular system, rather than divide 
their attention in a more cursory fashion over several different 
systems, more adequate simulatien results would undoubtedly occur. 
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Response to Model Intercompari.son Study 

by H. Dykstra 

The resulta obtained from the several reservoir sirr,ulatlon 
modela that were used in the study showed very good. agre;:,r:lo:Jnt 
for the most part. The close agreement ind\cates that the 
modellers have done an adequate job in analy~ing the physics 
and in programming the mathernatics for computer calculati.ons. 
This is very encouraging in that it means that one does not 
have to be as much concerned with the computar model as Gne áocs 
in getting an adequate description of the geothermal rcsErvoir. 
The latter point forms a basis for determining when a model 
could be used. 

A rescrvoir sl.mulation model can be thought of as having 
two purposes. One would be to determine which reservoir and 
fluid parameters are important in order to obtain an adcquate 
description of a particular reservoir. For example, in a frac
turad reservoir, the porosity of the rock matrix rnay be unimpor
tant. A second purpose, and much more important one, is to make 
a prediction of future performance, suchl as flow rate, enthalpy, 

.• water temperatura, and pressure decline. This information is 
then used in the design of a power plant and in making an econo
mic evaluation of the overall project. 

In arder to make such a prediction with any degree of con
fidence it is necessary to have an adequate description of the 
geothermal reservoir, and this requires a considerable <i!:lCunt of 
time and effort. Two or three wells will in general not provide 
sufficient information on which to base a prediction. Five to 
ten wells may be needed, along with well test data and inter·fer
ence test data in arder to provide a picture of the reservoir. 
A computer simulation model can be of help in making an evalua
tion, or prediction, but it should be kept as simple as possible 
consistent with the amount of data available. 
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RAPPORTEUR REPORT ON PANEL RESPONSE TO f.10DEL lNTERCDr·lPARISON STUDY 

G. A. Frye, Division En~ineer 
Geothermal Resources Oivision 
Aminoil USA, Inc. 
Santa Rosa, California 

Ouring the panel discussirin, severa] consensus opinions developed. All panelists 
concurTed that the model intercomparison study was a proper and necessary eífort 
for the Oepartment of Energy to support. The results from the problem sets indi
cate there exists a group of good coders and smart mathematicians. f·lost results 
were comparable which satisfied the first part of the original task. Unfortunately, 
the second part of the original task, code efficiency, was deleted for a ~eported 
inability of the model inte1·comparison advisory committee to agree on criteria for 
code efficiency. 

The models are valid for calculations but do not necessarily yield the right an
swers. Needs of potential users of geotherrnal reservoir models require multiple 
runs. An exarnpl e would be parameter study to produce an error bound or various 
sensitivity studies to estímate levels of certainty. The need for multiple runs 
increases the potential user's concern for model efficiency. 

Severa] technical uncertainties were mentioned. These included the proper means 
of defining the well bore radius, weighted mean versus upstream weighting of pa
rameters, computed enthalpies as an assessment of model validity, and matching 
parameters if initial pressure near saturation. 

Most panelists concurred that ultimately model results would be a tool for invest
ment dccisions, i.e. build a power plant. f.lodels should be a vehicle for under
standing the reservoir. lf so, then modeling results once understood and accepted 
as valid, should lead to expedited development of geothermal resources. 

'\· 
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RAPPORTEUR 1 S SUt·~·IARY 

by 

Goorge ·f. Plnder . 
Department ot Clvl 1 Englneerlng 

Prlnceton, Now Jersey 

1 , O 1 NTRODUCT 1 ON 

On Wednesday, December 17, 1980, a sesslon ot the slxth 
~/orkshop on Geotherma 1 Reservo 1 r Eng i neer i ng ent 1 ti ed "Modo 1 1 nter
comparison Study" was held at Tresidder Unlon at Stanford Unlverslty, 
The sesslon wus chalred by M, S, Gulatl, The program conslsted 
o.f an lntroductlon by M. W. Molloy, a descrlptlon of the perfonnance 
of each of tour models on a series of problems, a brief panel 
prt:sentation and, to close the sosslon, an open discusslon. The 
objectlves of the modal cornparlson were stated by M, ~1. Molloy as 

1) io iest exlsting geotherrnal model¡s on a standard 
set of problems 

2) to compare thelr output [accuracy]+ and efficlency 

The motlvatlon for thls project carne from the Department of Energy 
(()OE) congress i ona 1 manda te and more spec i ti ca 11 y f rom a recorr<nendat ion 
of the Geothermal Divislon advlsory corMlittee, 

2,0 MODEL COMPARISON 

Slx probloms were considerad by each of the tour groups 
involved in the project (lntercornp, Gootrans, Stanford Unlverslty, 
Systems, Science and Software, Lawrence Berkeley Laboratory and a New 
Zealand group), Not al 1 problems were atternpted by all participating 
groups, No ef forts were made to fonna 11 y meas u re the accuracy ot the 
var·ious slmulatioris nor were there any attempts to determine the 
relativo efficlency of the vario~s models. Whi le the discretization 
parameters (eg, óx, ót) were speclfled in sorne problems, this was not 
universally the case. Thus, the comparisons of the resulting simulations 
were primarlly qualltatlve, rather than quantltatlve, 

At the time ot this wrltlng, all ot the written reports on the 
performance of each code on each problem were not avallable to the 
rappor·teur, Thus, my comments are necessari ly rather general and based 
only on lntormation presentad by the author ot each test proble:m 
.(J, Mercar, M, Sorey, A. ~1oench, M, O'Sulllvan, J. Prltchett and K. Prue:ssl. 

On the whole, the varlóus cedes were able to provlde a solutlon 
qualitatively similar to the known or antlclpated physlcal búilavior. 
Whcn uncxpected results were encountored they were general ly at1rlbuted 
to errors In Input, lnterpretatlon or grld-s~ze.selection ra1hcr than 

+ 
square bracketed comments are rapporteur's lnterpretatlon. 
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nodel verlflcatlon ls a·two-step procedure ·· 

1) demonstrate that the model ls computatlonally sound ····· 
2) determine lts accuracy through a comparlson wlth. fleld 

lnformatlon 

the limitad use of geothermal by utll ltles ls dueto the 
rack of geothermal lnsurance 

utllitles cannot assume rlsk and must have protectlon from 
losses lncurred elther In the development perlod or from 

' 1 

an 1 na ti 111 ty to prov 1 de a contracted 1 eve 1 of power a va 11 ab lll,ty · 

utllltl"es rely on geothermal englneers and geologlsts to 
develop, evaluate and conflrm technlcal data 

cutbacks In fundlng by opE wl 11 be taken up by prlvate 
· lndustry 

J. Prltchett: 

H. Dykstra: 

• 

• 

meanlngful model results are.dependent upon accurate fleld 
data.lnput and englneerlng lnterpretatlon 

the objectlve of thls comparlson, however, was to demonstrate 
the veracity of the mathematlcal apparatus; thls was achleved. 

the comparlson documentad hereln demOnst.rates that the models 
are mathematlcally sound 

the principal problem ls reservolr deflnltlon 

there are three levels of sophlstlcatlon that have been 
employed hlstorlcally In conductlng reservolr analysls 

1) guess at answer 

2) employ analytlcal models 
' 3) employ relaxatlon [an early form of numarlcal analysls 

usad In conjunctlon wlth flnlte dlfference approxlmatlons] 

the baslc englneerlng problem ls the number of wells to be 
put In before.maklng a major f!nanclal commltment toa ·fJeld. 

_____ . ....-...- ·--·· 
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4.0 GENERAL DISCUSSION. 

Whlle thera wás; splrltad dlscusslon from the floor, relatively · 
few dlstlnct toplcs v1erS' considerad. The most relevant, from the · 
rapporteurs parspect.lve, · .. follows: 

..-:·' 

modal efflclency' ls important because models are becomlng 
more compllcated and therefore costly to lmplement. 

modal efficlency ls crltlcal to the use of ~bnte Cario 
methods of rlsk assessment. 

models can and should be usad to provlde lnslght lnto 
the physlcal system [the goethermal reservolr] 

a larga number of runs are normal ly requlred In analyzlng 
a typlcal fleld problem · 

models can be used to determine the sensltlvlty of reservolr 
projactions on fleld parameter· accuracy · 

there ls a lack of consultants who can use the exlstlng 
computar cedes to analyze a fleld problem 

while sorne partlclpants felt the models now should be 
applled toa real field sltuatlon, othersthought thls would 
only test the abll lty of ·the. geothermal engineer rather 
than the simulator 

5.0 RAPPORTEUR'S EVALUATION 

The stated goals of the project constltute a useful contrlbutlon 
to the geothermal communlt.y. Numerlcal solutlon of the equatlons descrlblng 
geottiermal reservoir behavior is'difflcult and the accuracy of tha codes 
cannot be roadlly determinad. Thls code comparlson demonstratad the 
gene'ral credibility ot the models for tha selected problems. 

The mod.el probl ems were, for the most part, carefully concelved 
and the resultlng computar solutlons consclentlously evaluated. Whlle 
a qual ltative comparison of accuracy was presentad at the workshop, a 
quantltative statemant ls al so naeded. Thls ls readl ly provlded for 
problems with known solutlons through one of the generally accepted mathe
matlcal norms. lt is unfortunate indeed that program efficlency was not 
documentad. The goothermal community would 1 lke to know which algorlthm 
leads naturally toa more cost-effectlve slmulator. 

. The panel presentatlon was very lnterestlng. "lt provlded an 
lnteresting perspectiva on the role of models In the geothenna!' communft.y, 
1 feel the addltion of an academic panel mer~ber would have provlded a 
viewpolnt quite different from those presentad. The general dlscusslon 
was lively, relevant anda worthwhlle.element of the program. 
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In summary, the coda comparlson proJect and the subsequent 
presentat Ion of the res u 1 ts was we 11 conce 1 ved and executed·. Extens lons 
beyond thls level of effort probably would be of 1 lmltod beneflt. The 
questlon of slmulator efflclency remalns unanswered. · 
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Code Comparison Project 
- Conclusions -

Martin W. Mollo!1 and 
Leland L. Mink 

u.s. Department of Energy 

1. Geothermal Energy Division 
San Francisco Operations Office 

2. Office of Geothermal Energy 
Idal1o Operations Office 
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ACCOMPLISHMENTS 

The message that the Department of Energy h~1\':"d .at the Stanford Work
shop is that the Code Comparison Project was successful. The ~eothermal 
industry•s need to determine that different reservoir codea yield simila~ 
resulta was satisfied. The "test problem" approach was ,proper;.the Final. 
Reporta and the Worksbop evaluation were useful. 

The modela workl Surpr.isingly consistent resulta were achieved by 
seven. groups, working ir¡dependently, with five different modela running ·on 
six different machines; The seta of output data agree with each other. and 
with analy.tical solutions, where available~ Mino.r differences are explained 
either by use of different steam tablea and thermodynamics, or by misunder
standinga which resulted in data input errors. 

In addit.ion, a set of sta~dard problema for i:'esting oth!lr reservoir· 
modela is now available to the ~eothermal induatry. The SHAFT •79 code 
developed by Lawrence Berkeley Laboratory can be obtained 'as Abstract 
1893, from the National Energy Software Center, Argonne National Labor
atory, 9700 South Cass Ave.·, Argonne, Illinois 60439. 

However, the ability of modela to contribute to investment decisions on 
specific geothermal reservoirs, using field data and skilled engineering 
tearns, has ~ been demonstrated by the present effort. It is not clear how. 
this might be accomplished to the satisfaction of investors and their con
sultants; how the needed field data.would be obtained; and, how the costa 
of comparativa modeling with severa!. simulators can be met. Whether such an 
effort needs the participation of the Department of Energy, is uncertain. 

UNSATISFIED RECOMMENDATIONS 

The original recommendation (in quotes, below) has only been partly 
satisfied. 

''Model comparison and validation" has been "a new initiative in the 
(DOE) · Geothermal Reservoir Engineering Program." Through competitiva 
contracta to industry and cooperative efforts with Lawrence Berkeley 
Laboratory, U.S. Ceological Survey and University of Auckland, N.z., five 
"major codes" have been tested on a standard set of problems. "Resulta" 
have.been compared "with respect to output." The 1980 Stanford Workshop 
included panel discussion of "the use and limitations of the various codea 
av~¡ilable." 

Howev'er, the Code Comparison Project did .!!.!!!. "run (the codea) on an 
actual geothermal aystem where a~equate data exista rather than a hypotheti
cal situation. n Nor has ·an attempt been made to "compare resulta with 
respect to ••• efficiency of · the code." John Pritchett observed that it may . 

. ....... 
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.not be possible to define fair measurea of efficiency for codea run on 
different machines; only comparisons of numerical accuracy and precision 
nay be posaible. Finally, a workshop has not considered "the use arid 
Umitations of the various cedes available." 

The absence of.actual field data has limited this evaluation. We ~ave 
not tested the skills and experience of the team of experts which defines 
the probl.em, pTepares the input to the computer, analyzes the output, and 
interpreta re,··,lts in terms of ieservoir performa2_ce, development, opera
tions and inve:>tment decisions. 

GEOTHERMAL INDUSTRY VIEWPOINTS 

Speaking for the Field Developers, Charles Morris of Republic Ceotherrnal 
stated that model validation is a major question: Is the simulator actually: 
calculating the physical properties correctly? Morris was relatively 
satisfied that the simula tora provide valid results; but, this exercise does :·· 
not mean that the answers represent the real world. 

·Eva~ Hughes of EPRI, representing the Utilities, suggested that sensi~ 
tivity studies are needed to define the most important parameters, with 
verification through operations at actual reservoirs. He underlined the 
need for geothermal models as tools for making decisions; for understanding 
the reservoir; for reducing complex problems to a set of variables; for 
asseasing reservoir risk; for predicting field performance over time; and, 
for improving confidence by accepting new data as it becomes available. It 
is important that a geothermal reservoir model be understood by non-experta, 
and be tranferrable to other machines and users. 

The Financia! Cornmunity, through Norman Barrett of Carroon & Black, 
summarized its heavy reliance on the expertise .. of geothermal engineers 
working 'tor potential cliente, supplemented by retaining their own consul
tante to confirm the data. Utilities cannot be~r the resource risk of the 
geothermal power plant'a inability to achieve target capability. The 
private sector is now coming forward with insurance programa to expedite 
geothermal investment and development. 

From the point of view of computer Software Developers, John Pritchett. 
of Systems, Science and Software stated that the Code Comparison resulta 
showed that these simulators are solving Darcy's Law and the principles of 
mass and energy conservation. We have established that it doesn't matter 
which computer model engineers use. However, much more than a computer 
program is·required to get a meaningful answer for investment decisions. 
This requires: 1) field data, 2) physical basis for the specific geothermal 
system, 3) smart en¡dnecrs to use the computer tool correctly, and 4) · 
regular (yearly) updating. The Code Comparison Project has not addressed 
thcse issues. The next step should be to test the engineering ~roups. 
Pritchett asked: What is important, in terma of differences in the con-. 
ceptual models; and. which assumptions (for ins'tance permeability dis
tribution) are critical? 
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As a Consultant, the focal point of the confidence issue, Uerman 
Dyhtra acknowlcdged that thc modeling communitY,. has good mathematicians .• 
You can trust the resulta of the geothermal simulators, provided that you 
are able ta define the reservoir. That is the problem. Most geothermal 
reservairs are very difrtcult to d~scribe. ThiB is c9mpounded by the very 
limited data available early in the field development phase; and, the 
limitad ability ta rcpresent the fractures and blocks that may comprise the 
reservoir. 

RELATED PAPERS 

' Two other papera in the Proceedings of the 1980 Stanford Workshop besr 
an the fundamental issuc of consultant confidence in reservoir simulators 
for investment dccisions. 

P. F. Bixley (1980) from. the Wairakei Ceothermal Field in New Zealand 
evaluated simulatars from the point of view of development risks, needed 
information, and actual experience with modeling for investment and operat
ing decisions. Ten years after it. was done, one simulation has proven 
remarkably accurate in predicting steam flows from constructian of an 11% 
increase in system efficiency. But this is only one of many simulatians 
performed. 

Kamal Colabi (1980) modeled the overall universe of risks facing an 
energy development project. Reservoir engineering dominates the reservoir
related uncertainties and contributes to the analysis of adversa environ- · 
mental impacta and technological unc·ertainties. Conceptually, the reservoir 
simulators interact with submodels of groundwater contamination, subsidence, 
plant design, plant performance, and plant effluents. The reservoir model 
plays a majar role, therefore, in simulating and deciding both reservoir 
operations and plant design. In turn, these are majar factors in the 
praject cost model. · · 

FOR THE FUTURE 

l).Field Data 

In order to test reservoir models an actual geothermal systems, access 
to comprchensive field data is required. Because af the proprietary con
siderations of private development, such access is very limitad in the 
Urüted .States, dcspite extensiva drilling and testing of many geothermal 
reservoirs. Data is needed over an entire reservoir (not just ane operatar), 
and over a sustained period of time. 

\ 

In the United States, only the Ceysers field has a lengthy productian 
history. The two joint industry-DOE demonstration projects at Baca, NM and 
Heber, CA are in early phases of "field ·development, prior ta the construction 
af power production facilities. 

Severa! foreign reservoirs have extensiva field data wliich has formed 
the basis for modeling studies. These include ~ardarello, Italy; Cerro 
Prieto, Mexico; and Wairakei¡·- New Zealand. The Wairakei data base has 
recently been compiled and reproduced on computer tape by Systems, Science · 
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and Software (Pritchett, Rice and Garg; .i<J7e) for Lawrenr.c Berkeley. Lah
oratory. Join.t rescarch tasks for' rcse_rvol.r r:odc compnrison !!la)' be needed 
under lntergovernmental Agrccmcnts betweeu thc Unitcd States and Italy, 
Mcxico and New Zealand. 

2) Cost 
,...· 

Thc total cost·of the four contracts íor the Co<ie Cornparison Project 

. :. 

::.·· 

was approximately $100,000. · Experts estim"t.e tilat comprehen,sive rodeling of-
an actual geotherrnal rcservoir, usinl! a single simulator, could be .. $250,000. . ·'' 
A comparative study, · usi'ng severa! codes, would approach $1 million per 
reservoir. 

Costs of this magnitude exceed DOE' s ·priority and anticipated avail
ability of funds. 

3) Risk/Uncertainty 

There are many sources of risk and related uncertainty facing a geo
thermal project, such as a power plant. Many of these sources of risk, 
including th'e geothermal reservoir, are a:ncnal•le to reduction of uncertainty · 
by collection and analysis of inforniation (I"P.nsurement), and by simulation 
of possible outcomes and their probability oí occurrence (modeling). 

Except perhaps for Wairakei, geothermal. reservoir simulation has yet to 
be placed 1n pcrspective ·in terms of its cont =ibution .to overall confidence 
in specific investment decisions. Geotherm¡,l modelers can aid this process. 
by becoming conversaDt with risks and model~ in reletcd di5ciplines. We 
nced to be able to translate our 'reservoir <:ngineering conclusions into 
terms which investors understand; 

CONCLUSION 

The Department of Energy seeks to accelcrate the cornrnercial development 
of geothermat energy, in accordancc with _ thc Geothermal Reseárch, Developmen.t 
and Dcmonstration Act (Public Law 93-410). 

Understanding the geothermal reservoi= is a substantial part of project 
investrncnt decisi'ons. The ahility to sir•ulatc re,;ervoir behavior with a 
computer codc can contribute to this understP.nding. lndustry is encouraged 
to evaluate the performance of col"rn<Jrcially a•1a:Úable sirnulators on important 
geothermal reservoir decisions. 

· The matliematical accuracy of five par ti d.pating codes has been demonstra
ted by_ comparison of results and available hnalytical solutions. Underlying 
thermodynamic equations and assumptions hav~ provtded similar answers for a 
standard set of test problems .• 

The next step is to use field data in evaluating an actual reservoir 
rather than hypothetical problema. In this "'~Y, the engincering teams as 
well as the coiLputer can participate. 
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Figure 1 Results of Problem 3B 
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lntroduction 

The purpose uf this poper is to describe the curren! 
~evel of developmcnt in reservoir simulation. This 

· requires somfi! dis~.:ussion of what a simulation model is 
and why it is nccdcd or uscd. Following a brief 
history of simulation and a geneml description of a 
simulation modd, two :icl.·tions describe the reservoir 
simulát.or through discussions of recovery mechanisms 
and model methodology. The second of these sections 
discusses pas. and rc~.:ent developments and 
summarizcs tht: tc:<.:hnology currently used in 
simulation modds. The two descriptive sections are 
followed by a discussion of why simulation is used 
.(i.e., typicol rescrvoir pcrfonnance questions addressed 
by computer simulation), a section with examples 
pertinent to simula! ion toda y, and a summal)'. 

. A Brief Hislory 

ló a broad sensc, rcst:rvuir simulation haS becn 
practiccd sin~c thc bcginning of petroleum enginecring 
10 the 1930's. Simulotion is simply the use of 
calculatioris to prcdict reservoir perfonnance (to 
forecast recovery or compare economics of altemative 
recovery methods). Before 1960, these.calculations 
consisted largely uf anolyticol methods, 1 ·2 zcro· 
dimensional material bi.tlanccs, 3.4 and onc~dimensional 
(ID) Bucklcy-Levercu 5·6 colculotions. 

The term .. simul:uion" becamc common in the early 
1960's, as predictive methods evolvcd imo rclatively 
sophisticated computer prugrams. These progr.mts 
reprt!.scnted a mujor advancement hecause they allowed 
solution of large sets of tinitcwdiffercncc equationS 
describing two- ond threc·dimensional (2· and 3D), 
tr.snsic.!m, multiphasc flow in hdcrogcneous porous 
media. This advanccr~tcnt was madc possiblc by the 
r•pid evolution of large-scale, high-speed digital 
computers and development of numericol mathematicat· 
methods for solving large systems of finite·difference 
equations. · 

During thc 1960's, reservoir simulation cffurts weie 
devotcd lorgcly to two-phose gas/water and threc·phase 
black-oil rescrvoir problcms. Recovery methoJs 
simulatcd esscntially were limitcd to dcpletion or 
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pressure maintenance. lt was possible to develop a 
single simulation model capable of addressing most 

''reservoir problems encountered. This concept of a 
single, geneml model always has appealed to oP!'mling 
companies bccause it significantly reduces the cost o( 
tr•ining and usage, and, potentially, the cost of model 
development and maintenance. · 

During the 1970's, the picture changed markedly. 
The sharp rise in oil prices and govemmental ttends 
toward deregulation ánd panial funding of field pilot 
projects led to a prolifemtion of enhanced-recovery 
processes. This led to simulation of new processes that 
extended bcyond conventional depletion ond pressurc 
maintenance to miscible flooding, chemical flooding, 
C0 2 injection, steam or hot water stimulation/flood, 
ing, and in-situ combustion. A relatively comfonablc 
understanding of two-component (gas and oil) 
hydrocarbon behavior in simple immiscible flow was 
reploced by a struggle to unmvel and chamcterize the. 
physics of oil displocement under the influence of 
tempemture, chemical agents, and complex. 
multicomponent phase bchavior. In oddition to simple 
multiphase flow in porous media, simulators had to 
reflect chemical adsorption and degmdation, 
emulsifying and intcrfacial tension (lFT) reduction 
cffects, reoction kinetics, und other thennal effects and 
comple., equilibrium phase · bchavior. 

The prolifemtion of recovery methods in the 1970's 
coused a depanure from the .single·model concept as 
individual modcls were developed to represent each of 
these new recovery schemes. Thus, the emphosis today 
is oil examining and fine tuning· the equations ami 
relatcd assumptions pcninent to these techniques. 

Rcsearch during thc 1970's.resulted in many 
significant advan..:es in simulation model fonnulations 
and numcrical solution methods. These advances 
allowed simula! ion of more comple~·!"COVCI)' 
processcs and/or reduced corriputing costs through 
incrcosed stobility of the fonnulations and efficiency of 
thc numerical solution methods. 

Simulation ~ludds-A Bfier Descriplion 

Odch 7 gives on excellent description of'the conceptual 
, simplicity of a simulation model. J-!e illustmtes the 

subdivision of a reservoir into a 2-.or 3D network of 
grid blocks. He then 'shows that the simulation mod~l 
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1-0IMENSIONAL 

f· 
l 

2- DIMENSIONAL 

CROSS·SECTION 

3- DIMENSIONAL 

Fig. 1-1·, 2·, and 30 grids. 

equations are basically the familiar volumetric material 
balance equation3•4 written for each phase for each 
grid block. The phase Oow rates between each grid 
block and its two, four, or six (in 1·, 2·, or 30 cases,. 
respectively) adjacent blocks are represented by 
Darey's law modified by the relative permeability 
concept. Fig. 1 illustrates 1·, 2·, and 30 grids 
representing a ponion of a reservoir. The block and its. 
two or four neighbors are denoted by B and N in the 
1· and 20 grids. One can visualize an interior block of 
the 3D grid with its six neighbors, two on either side 
of !he block in the x, y, and z directions. In practice, 
the subsea depths to the top surface of each grid vary 
with arca! position, renecting reservoir formation dip. 

Reservoir propenies such as pemieability and 
porosity. and nuid propenies such as pressure, 
temperdture, and composition, are assumed uniform 
throughout a gi ven grid block. However, 'reservo ir and 
nuid propenies vary from one block to another; nuid 
propenies for each grid block also vary with time 
during the simulation period. 

A simulation model is a set of panial-difference 
equations requiring numerical solution as opposed to a 
set of panial diffcrential equations amenable to 
analytical solution. The reasons for this are: (1) 
reservoir heterogeneity-variable permeability and 
porosity and irregular geómetry; (2) nonlinearity of 
relative permeability and capillary pressure vs. 

tii34 

saturation rclationship; and (3) nonlinearity of nuid . 
PVT propenies as funcÚons of pressure, coinposition, 
and temjJerature. The models require high-speed di~i,al 
computers because of the amóunt of arithmetic . 
associated with the solutions:· · 

A simulation model requ\res three types of input 
data.· First, reservoir description data include (1) 
overall geometry, '(2) grid size specification, (3) 
permeabiliiy, porosity, and elcvation for each grid 
block,'and (4) relative permeability and capillary · 
pressure vs. saturation functions' or tables. Geological 
and petrophysical work involving logs and core · 
analyses is necessary for items 1 and 3. Laboratory 
tests on core samples yield estimates of relative · 
permeability and capillary pressure relationships. 
Sccond, Ouid PVT propenies, such as formation 
volume factors, solution gas, and viscosities are· ~ 

obtained by laboratory tests .. Finally, well locations, 
perforated intervals, productivity índices (PI's), and 
rate schedules must be specified. 

Model output or calculated results include spatial 
fluid pressure and saturation distributions, and 
producing GOR and WOR an¡J injeciion/production 
rate (for wells on injectivity/productivity} for each well 
at the end of each time step of the computations. 
lntemal manipulation o(these results gives'average 
reservoir pi"essure and instantaneous rates and 
cumulative injection/production of oil', gas, and water 
by well and total field vs. time. . ' 

Simulation Models and Oii-Recovery Mechanisms 

Different types of simulation models are used to 
describe different oil-recovery mechanisms. The mc¡st · 
widely used types are black oil, compositional, · 
thermal, and chemicál Oood. The four basic recovery . 
mechanisms for recovering óil from reservoirs are: (1) 
nuid ex¡iansion, (2) displacement, (3) gravity, .. ,.,: ·' ''. 
drainage, and (4) capillary imbibition. Simple fluid .~·· 
expansion with pressure decline results in oil'expulsion 
from and subsequent ·now through the porous 'matrix. ·' 
Oil is displaced by gas and injected or naturally ·o· .. 
encroaching water. Gravity drainage, caused by ·· 
positive (water/oil and oil/gas) density differences, 
aids oil recovery by causing upward drainage of oil 
from below an advancing bottomwater drive and 
downward drainage from above a declining g.S/oil 
contact. Finally, imbibition, generally normal to the 
now direction, can be an imponant recovery. · 
mechanism in lateral waterOoOds in heterogeneous 
sands with large venical variation of permeabiliry. 

To accommodate compositional and the enhanced· 
recovery proées.eS'i'n.¡his discussion, we add ·a fifth 
mechanism, oil mobiliwrion. This loosely definect tenn 
include~widely different phenomena that create 'or. 
mobilize J'CC()Verable oil .. Sorne of these phenomelta 
are not really distinct from the first four. 

The black oil model accounts for the four basic 
mechanisms in simulation of oil recovery by natural 
depletion or pressure maintenance (e.g:, 

' ._. 
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:,·,: ,,';::,:-:\ 'WatCrflooding). This isothennal model applies to exchange, viscous shear, and three- (or more) 
"'···~~-í~~!·lr-;Ki·ic:SeivOirs containing iffimiscible water, oil, and gas phase flow . 
. / ·,:'HD'pliasés.'with a simple pressure~pendent solubility o( 
(;? ···.J·;::,; gas' in the_ oil phase. This two-coinponent Why Slmulallon Models Are Used 

. '' · · '' · '·.• repiisentation of the hydrocarbo.n content presumes Reservoir simulation is used to estimate · recovety for a 
'·· constan! (pressure-independent) oil and gas phase given existing producing scheme (fon:casting), to 

compositions, no vot'atility of oil in the gas phase, and evaluate the effects on recovety of altered operating 
uro solubility of gas and oil in the water. conditions, and to compare economics of different 
. Tlic' remaining model types ·discussed here accoun_t recovety methods. Staggs and Herlleck 11 give an 
for sorne mobilization mechanisms in addition to the excellenl discussion of the uses of simulation with 
four basic._recove,Y mechanisms. Compositional examples. Coats 12 gives a 'general discussion of. 
models are used to simulare recovety processes for simulation use and misuse. McCuUoch er al. 13 and a 
whic!Í tJie black oil assumption of constant- ' number oi'papers in Ref. 14 describe field applications 

. composition, immiscible gas and oil phases is invalid. of simulation models. Harpole and Hearn JS and 
Sorne cxarnples are: (1) depletion of a volatile oil or Killough et al. 16 describe recen! black-oil modcls of 

·gas ~ondensate reservoir where phase compositions rather complex reservoirs. 
:>_·and p~'penies vary significantly with pressure below Blaclc-oil mOdels frequently an: used to estímate the· 
.. : bub!Jle- or dewpoint; (2) injection of nonequilibrium effcct of these parameters on oil n:covety: (1) well 

·, · g'as (dry or enrichcd) into a black-oil reservoir to . patlem and spacing, (2) well completion intervals,· 
...... mobilize oil by vaporization into the more mobile gas (3) gas and/or water coning as a function of rate, 
. --;:' phase' or by attainmcnt of outright (single-contact) or (4) producing rate, (5) augmenting a natural water drive 

¡: . ,. :::.\ dynarnic (multiple-contact) miscibility; and (3) by water injection and desirability of flank or 
\k·~ :~•·".:,:,:;njection of C0 2 into an oil reservoir to mobilize oil peripheral as opposed lo pattern watertlooding, 
.t·· ,. : :;,,: · · by Mechanism 2 and by oil viscosity reduction and oil (6) infill drilling, and (7) gas vs. water vs. gas plus 

'swelling. Hoim 8 gives an excellent description of water injection. · · 
mechanisms active in C02 and miscible flooding. Compositional models also an: used for most of 

The compositional moJel describes reservoir these purposes but, as stated 'previously, only in cases 
hydrocarbon content as an N-componen! mixture. where the black-oil two'component, fixed-composition 
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Gasloil phase propenies and equilibrium (K-values) al\l PVT representation is invalid. They are applied in 
calculatcd from pressure- and composition-dependcnt reservoir studies to estímate (1) loss of recovety 
correlations or, more recently, ·from equations of state caused by liquid dropout during depletion of 
(EOSJ. condensare reservoirs and the reduction of this loss by 

Them1al simulators are applied to steam injection or full or panial cycling (reinjection of gas from surfa~e 
in 'tu combustion processes in heavy-oil reservoirs faciliÜes); and (2) effects of pressure leve!, injected 

1 

1 

l 
wherc oil is mobilized primarily by (1) reduction of oil gas composition, and·-c02 or N2 injection on oil 
viscosity with incrcascd tempemture, (2) distillation of recovery by vaporization or miscibility. Graue and 
intennediate hydrucarbon components from the oil Zana 17 describe application of a compositional model 
phasc to the more mobile gas phase, and (3) cracking in estimating Rangely field oil n:covety by C02 
of tho oil phase [usually above soo•F (260°C)] with injection as a function of injected composition and 
subsequent distillation. Thennal models include PVT pressure leve!. . 
comlations to describe N-componen! oil and gas phase Results of compositional simulation of a C02 
propenies as functions of pressure, temperature, and project include COi breakthrough time and rate and 
composition. composition of produced fluids. These are required to 
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Chemkal flood moJels include polymer, micellar design production facilities and C02 n:cyciing 
(surfactant), anJ alkaline (caustic). Polymer str.uegies. 18 Modeling is also useful to optimize 
waterflooding improves oil recovery by lowering the · pattern size and C02/water injection mtes to overcome 
oillwater mobility mtio by reducing the effective the effects of reservoir heterogeneity. 19 · 
penneability to water and/or by increasing water Thennal models are applied in reservoir studies of 
viscosity. In miccllar flooding, surfactants greatly in-situ combustion and are used to simulare · 
reduce oil/watcr IFT, thereby solubilizing oil into the performance of cyclic steam stimulation and 
micelles and funning an oil bank. 9 The surfactant slug steamflooding. In steam injectioa, questions addresscd. 
and mobilizcJ oil nunnally are propellcd toward !he by simulation relate lo effects of injc.:ted steam quality' 
production wcll by a graded bank of polymer- and injection mle, operaling pn:ssure level, and · 

<: 

i: 
¡ . ' 

thickclied W:.tkr. Tht: mechanisms responsible for inclusion ·of ga.' \\o'Íth tht: injt:ctcJ st~:Hn. One qu~:-,tiort 
improvcd oil rt:~.:ovay in alkalin~ flooding are not..., in cyclic stimub.tion'concems lhe optim;.,¡J lim!..! pl.'tiülh 
understood d~.·arly but are thought to include low IFT, p:r ~yck for sr~.:~t!'l injcction: soak. anJ produ ... ·tillfl. 
wctt~tbi1ity altaarinn, anJ c:mulsification. 1° Cht:mic:.~l Tht! tl~ding ca~l! inrroduct:s thc' i~.sucs of well p.Htt:m 
fl()O()ing pro~.:csst:s in\·ulvc complicated fluid/tluiJ ~nd anJ spacing .. \ 'nwthcr of steam-injel·rion fidd stuJit;.¡ 
rucklfluid inkructions such as adsorption, ion. using mndds 1 , :~ bcen publish~d. Hcrrer..t anJ 
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llanzlik 20 compare ficld d:Íta and model rcsults for a 
cyclic slimulation operation, Williams 21 discusses 
ficld pcrfonnancc and model rcsulls for slimulation . 
and Oooding, and Me Ida u 22 discusscs ficld and modcl 
rcsulls relalcd lo addition of gas 10 1he injecled sleam.· 

Numerical simulalion provides a rcliable means lO. 
prcdicl chcmical flood perfonnance in a reservoir·· 
cnvironmcnt, bec¡¡use the processes are very complex 
and many rescrvóir parnmeters affect the rcsults. . 
Conscquently, che mica! flood simulalion has been · 
used lo cons1ruc1 a scrccning algorilhm for the 
scleclion of rcscrvoirs suilable for micellar/polymer 
llooding 23 and to examine competing EOR 
s1ra1egies-e.g., C02 vs. surfaclanl flooding. 24 For 
caustic 25 and polymer26 applicaoions, as well as for 
lhe micellar process, chemical Oood modeling is uscful 
lO discem conlrolling process mechanisms and to 
identífy laboralory data required for process 
description. · · 

' . 

In recen! years, simulalion has been used 
incrcasingly ló eslimale and compare recoveries from ~ 
given reservoir under allemalive enhanced-recovery 
proccsses, such as co2 injection, lhennal melhods 
(sleam injectiort and in-silu combuslion), and seveoid·. 
1yr,es of chemical flooding. · 

Simuiation 1\fodels_:Methodology 

In the inleresl of brevily and wilh sorne 
oversimplification, lhe discussion of fonnulations. 
currently used in simulaiion models uses a concept of 
a single, general model. nie general model is a sel of 
N panial difference equations written for each grid 
block comprising the reservoir. Each equation is . 
simply a mathematical statemenl of conservation of ·" 
mass of a specified soibstance or of conservation of ; >. 
energy. Each substance or componen! may be presento:. · · ·· .. 
in al! phases, dislributed according to K-values or -·. ;·': _':'i.' ... 
distribution coefficients obtáined from correlalions or .-.• 
an equation of state. Wilh allowance fór rack: · 
adsooplion isolhenns, chemical reactions, lemperature·, 
pressure-, and composilion-dependence of viscosity, . 
relalive penneabilities, and capillary'pressure, each of 
the p~iously described model types is a subsel of the 
single, general model. • ·;: .:·. :-,e~;,_~: · · .' 

Note that components (and energy);:nol.phases, are 
the conserved substances requiring equations in thc. 
simulation model. Thus, lhe number of phases is 

' unrelated to lhe number of model equations: 
Until recently, simulation models made use of the 

common five-point difference scheme for areal (x-y) · 
inleoblock, Dao:c_y_flow tenns in each · of the· .. · . 
conservation equaffil""- Fig. 2 illustrates this·flow · 
be1ween a grid block and each of ils:four neighbors. A
slrong grid-orientation effect was reported by Todd n · 
al. 27 for highly adverse mobility ·waterlloods and later 
observed by Coats et al. 28 .for pattem 'steamfloods. An 
areal grid with the usual peopendicular x and y axes 

. may be placed over a five-spot pattem with the x axis 
either parallel to oral a 45• angle tci ~e line 
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~~;~: ~:·.~·';:}~·-·~.: ·. 
h.l.· .. .... ~' . .. ... ·: 
;:~:~. -~-~3~;~~ ... :~-~: -~- ·:. 
l.¡;.~;, :;\~1" 

~~}:~~~~,;ii~g''the injector to a ¡roducer Ü'ig. 3). These · 
. ~.,<<t~ parnl!•(!l'l!l .. diagonal grids 2 can result in markedly. 

/ f.{~l,:·rí.<;li)i~re..ri! ,cnlcl!lated sh~pes of th_e w_ater or steam fronl 
t~!:?it':l¿an~JI!~.!!re~kthrough umes. ~h,s-;dtfference was . • :
~~-~\•,: re<luéed b~ the nine-point finue dti'n!rence formulauon 
~~J:{f\:~~~ .. bY. Yanosik and M~Cmcken29 and is . . 
l\:< • :,)qJ!ustrated by, the four extm dtagonal flow terms m 
t~'~;i.í:fFig: :z::Thi:ir technique is being programmed rapidly 
rft:·.~\1:,¡¡¡to'siinulators treating steamfloóding and miscible 
¡il¡.)i;\Ílc:;<:!:i:i!'liection where adverse mobility pattem floods 
;~-~~"-'•.:.1{;-1. cot;jinonly. are e1scountered. . .. 
~r;~/~:.'4)~-h~'.fpfll!~lation terms described here apply within 
'v1H~~ lhe ~~"!~~.! or either the conventionat five- or n¿ne
jv>x •'point fintte-<hfference scheme. The IMPES'" 
~·;>»t formulatiorÍ'denotes impiicit pressure, explicit 
·~•:,· .,. ., ' 'Sh Id 1 lO S 1 3t d F 1 t·t;fYt: ;; saturatt~n .... -~ on et a . , tone et a . , an . ag n 
,'.;,..._;)· .; el ai._J!, descnbe the IMPES method for black-ot! 
~h:]:, (th~e-Cquation! pmblems, and c_oats 33 gives. an 
·,¡·\v~)~ob~'ous.exleflSIOn to the N-equat10n case. Thts method 
i:t1:;";.~·is explicit in saturution in that it uses old time-leve! 
~·.é_"·i·:::.values of relntive penneabilities in the interblock flow 
~'ti:~;;:;· termi. Solution of a single pressure equation is 
1;.;¡-:.::-;. folloV.:ed by an explicit updating of fluid saturutions 
~~il~ ... ·~:;·nnd compositions in each grid block. 
vi,;·,.~ MacDonald 34 improved thc stability ofthe IMPES 
', :; · , : ' method for thc two-phase watcr/oil case by following 
' · the pressure equation solution with solution of a water-
(·:' · sarumtion equation over the grid using implicit (new

time-level or end-of-time-step) values of relative 
penncabilitics in the interblock now terms. Spiilettc ~~ 
al. 35 extcmkd this conccpt to the three-phasc case and 
.called the fonnulatinn sequemial. 

Thc implidt fonnulation makes use of end-o'f-time· 
step vnlues of relativo penneabilities (and densities, 
viscositics) in the imcrblock flow term 
tmnsmissibilitics. This requires simultnneous solution 
of al! N equations. Blair and Weinuug 36 tirst published 
this fuily implicit fonnulation. lmplcmentation of 
implicil or highly implicit formulations in black-oil, 
geothc:mml, ~tea m tlood, composition:.tl, and 
combustion modcls is dcscribcd in a numbcr of 
pap.:rs. 33,37-1-1 

The IMPES fomllihllion can become unstable if the 
volumetric flow thruugh a griJ block in u time step. 
excccds a smail fmction of thc block PV. Thc more 
stuble sequcntial fonnulation rcn~:lins stublc to much 
lnrgcr mtios of grid block volumctric throughput/PV. 
The tolemblc throughput rati.1 for the implicit 
fonnulation is significantly largcr thnn that of the 
sequcntial mcthod. 

Arithmctic (or compuling cost) p.:r time stcp and 
limc-stcp sizc both inncasc from IMPES to scqucntial 
to implicit fonnul¡¡tions. Sincc thc total cost of 
simulating a given time p.:riod is pmportional to thc 
produ~l of arithmctk pcr time step and timc-step size, 
all thrcc fonnul¡¡tions are used widely toda y. 

Singlc-wcll coning studies genemlly involve mdial "' 
grid spacings, resultíng in ,very small grid blocks near 
the wdl and I:Jrgc throughput mtius. For thcsc stw..lic~. 
the IMPES tonnulation is unsuitable, and the implidt 

AUGUST 198" 

• 

rarmularion is genemlly the mosi 'efficient . 
For field-scale, 3D black-oil studies,· the overall 

c:omputing time is frequently less with the sequential 
than with the IMPES or implicit formulation. The · 
lypical black-oil simularor applied today in 1,000- or 
more grid-block, field-scale studies is an IMPES 
model with a user-specified oprion of sequential 
solution. Smaller black-oil studies and preliminal}' . 
'ross-sectional, coning, and sensitivity studies 
associated with the large problems are using the 
implicit formulation more nnd more frequently. 

Thermal models 39.43·45•17 genemlly involve implicit 
rormulations. The emerging compositional model 
lnvolves nn equation of stnle, wirh options of IMPES 
or implicit formularions. One difticulty here is that the 
IMPES formulation lacks sufticient stability for sorne 
tield-scale problems, while the implicit formulation 
requires too much mach¡ne stomge capacity (associated 
with so!ution of N e simultaneous equations) to handle 
problems larger than, say, 2,000 grid blocks. This 
dilemma is absenr for black-oil models because the 
. sequential formulation fills the gap. However, the 
sequential formulation does not preserve material 
balances in compositional problems for which adjacent 
grid block compositions differ greatly. 39 

Meijerink~8 wrote a revised stabilized IMPES 
formulation thut has potential for filling this 
compositional model gap between IMPES and implicil 
methods. Meijerink's scheme improves the stability of 
IMPES, as does the sequential method, without 
resulting in material balancé error in regions of steep 
composition gradients. 

Numericu! Dlspersion .. 
Thc term numerica/ dispersioit refers to spatial 
truncation error in finite-difference simulator resu!ts. 
In physicat·terms, rhis error generally appears as 
falsely smeared spatial.gmdients of water saturation in 
waterflooding, remperature in sreamflooding, solvent 
in miscible flooding, and chemical agent in chemical 
flooding. Thi~.excessive smearing occurs primarily ·in 
the areal (x or y) direcrions and, if uncomrollcd, 
results in too early calculated breakthrough times of 
water (heat, solvent, etc:) at production wells. 

This numericul dispersion generJily increascs with 
incrcasing areal grid block size (Ar and t.y). Thus, 
one remcdy is use of a finer arenl grid. Howcver, a 
pruhihitive increase in required computer time and 
storagc frcquently results from use of a grid 
suflkiently fine to · eliminate numerical disp.:rsion. 

Kyte and Bcrry 49 describe control of numcrical 
dispcrsion in simulation o f. waterflooding through large 
are¡¡l grid blocks. Thcy use pseudoielative penneability 
curves obtaincd from detniled (tine-grid) cross
sectional simulations. Harpole and Heam IS used their 
method in a 3D black-oil study. To date, steamflood 
simulatitJn generally h"s been confined to puttem· 
studics for which a sufticicnt numbcr of grid b!ocks 
bt:twccn· unlik~ wclls is uscd to minimizt.! numerical 
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TABLE 1-CALCULATED STtAM BREAKTHRDUGH TIMES 
(days) FOR A NINE·SPOT PATTERN 

Diffcronce Well2 Well3 

Scheme Diagonal 

five-point 47.8 
nino-point 87.7 

GRID 

PAi'lALLEL 
DIAGONAL 
EITHER 

Parallel Diagonal Parallel 

204 1,400 117 
75.5 900 1,000 

DI FFERENCE-SCHEM~ 

5-POINT 
5-POINT 
9-POINT 

TIME ··BO DAYS 

O INJECTOR 

e PRODUCER 

Flg. 4-Calcutated shape of steamflood fronl in a nine-spot 
patterh. 

dispersion effects. 
Gas fingering in black-oil reservoirs, and unsaable 

viscous fingering of solvenl in adverse-viscosiay-mtio 
miscible floods, can result in simulation results with 
too little smearing of saturdtion and concentration 
gmdients. Remedies in these two cases are beyond thc 
scope of lhis 'discussion. Killough eral. 16 describe 
allerniion of a hlack-oil fonnulation to·force additional 
dispersion ir. lo the gas saaurnlion profile. Koval 50 and 
Todd and Longstaff51 describe methods of forcing 
addítional dispersion to represen! viscous fingering in 
simulaaion of miscibíe displacements. 

lmpacl of Hardware Advanc.S 
on Simulalion Practice 
The computational speed, stornge, and vectorization 
capabiliaies of computer hardware have increased 
sharply in the past few years. As an example, !he 
Crny-ISft computer provides up to 4,000,000 decimal· 
words of'stor•ge, compared with a typically availablc 
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100,000 words on most machines used unlil 1975. 
Rc~.:cntly introduccd computers offer sh~rp increases in 
compulational speeds and speed/cosl maios. lo 
addiaion, ·vector processing capabilities of Control Data 
Corp. anq Cmy compulers allciw significantly greater 
cfficiency of simulalors coded Ío use this. 
vectoriza\ ion. Nolen tt al. 52 found lhat vectorization 
of code in a he soluaion lechnique. subroutine of a 
simulator can reduce soluaion computing time by 
facaors as large as JIO. · . 

This vecaorizaaion aogeaher wiah increased machine 
size and speed conaribuaes strongly to !he feasibility of 
larger reservoir saudies. Until recently, inost black-oil 
saudies used up lo aboua 3,000 grid blocks. We . 
currently are perfonning an 1) ,000-grid-block study; '.'- ·. 
Mrosovsl.:y eral. 53 describe ·a 3D black-oil model · : . 
saudy of Prudhoe Bay field using more than 16,000 · 
acaive grid blocks, and larger studies than this 
undoubaedly are under way elsewhere. 

Examples and Discusslon 

· This section illustrntes the grici-orientaaion effeca for a 
pattem sleamflood. Fig. 3 shows a 3-acre . 
(12 x 103 -m 2) nine·spoa pattem with the diagonal grid 
and 45'-shified par•llel grid. This pattem has three 
aypes of wells-labeled 1 (injector), 2 (near producer), 
and 3 (far producer). 

The isotropic homogeneous formation has 
penneabiliay of 4,000 md, porosity of 0.36, thickness 
of 20 fi (6.1 m) and rock-specific heat of 35 Bru/cu ft 
rock-•F. Oil viscosity is 6,750 cp (6.75 Pa·s) at 
inilial reservo ir aempernaure and 45 cp (0.045 Pa · s) at 
500'F (260'C). Iniaial pressure is 200 psia (1.4 MPa), 
initial saturntions are S,.1=0.19;·s.;=0.81, and 
irreducible waaer saturntion is 0.17. _ ... , 

Specified rnte for each injection well is 1 ,000 BID: · 
(159 m3/d) of 80% qu.ality steám at 800 psia (5.5 ._._.,;:,_,. 
MPa) and 517'F (269'C). All production wells are,¡_,-,, 
produced on delivernbiliay against a constan! · ,;.; . 
bottomhole pressure (BHP) of 200 psia (1.4 MPa)> · 

The calculaaed results in Table 1 show the ·· · · .; .. ·· . 
pronounced effect of grid orientation on saeam . 
breakttlrough limes through use of the five-point 
difference scheme. Obviously', saeam should anive at 
the near Producer 2 befare it reaches the far producer, 
Well 3. The parnllel grid wilh the five-poinl scheme · 
actually gives breaklhroitgh at Well 3 al 117 days, · 
before breakthrough at Well 2 (204 days). . .·:.-.- .. 
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Table 1 shows that the nine-point difference scheme_. . . 
vinually eliminates the effect of grid orientation for _. .. ,: · · . • '.;; ·' 
lhis problem. Fill.:._4 shows calculated saeam front .. :··'"~:·::;.:·,>: 
shapes at 80 daysTor.;q¡e·two different schemes using '·:· _ · \. !:·,_. 
parnllel and diagonal grids. The difference bcaween !he. · .(., 
nine-poinl fronts for the two grids is small and about . :. ' 
equal lO the error of. manual inlerpolaaion. , ·.• 

Recenl compositional models42·S4 use an EOS as .: .::' 
opposed to separnae correlations for oil density ;·gas 
density, and eqoilibrium K-values. These papers 
emphasizc lhaa th~ EOS offcrs !he advantage of - .. ' 
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h~\if~~c~~Y.:¡~ that phase densities and K-values are 
·\ÓbÜíin~;from a single .source. This consistency results 
juí.sniooth ·and diffcn:nliable convcrgence of separate 
·ptiisl:: "iiensities ·and composition~idemical values as 

~~'!PPú~~tloñs approach a criti~al rs~nt: Phitse . 
~~ y(i¡C_ó~itie~ based on u correlauon 5 us1~g EOS 
¡Jdensiries also converge smoothly ro a smgle value at a 
~~~<iritical poinr. · 
(.; . The EOS's most widely used in reservo ir 
~; éiiicul~iions roday are Redlich·Kwong 56-58 and Peng- · 
~: Robinso1159 equarions. Martin 60 shows that all cubic 
, .. ·EOS's"can be oblained from a single, general EOS 
i;··ronjí.'Yarborough 61 describes applications o( a· . 
í~.mooified Redlich-Kwong EOS to reservoir tluids; Katz 

¡:\;iit"a(b2 give applica1ions of rhe Peng·Robinson EOS. 
;t:,(In our"compositiunal work, we have found that . 
~tibnrinear'regression on EOR párameters is necessury. 
~}.~~quemly. prohibitive time requircmcnts rcsult from 
1') trin1-ánd-error effons to match 1aboratory test data. We 
,i:1 generally ha ve found sume adjusunent of EOS 
;'( parameters ncccssa1y to match 1aboratory PVT data. 
~ ¡ · Table 2 compares EOS calculated results with 
Ú iaboratory PVT data reponed by Simon el al. 63 for 
::} mixtures of co, anJ a SACROC oil sample al 130°F 
!:~ (54•c¡. Simon ;tal. presented the eructe oil sample 
; : nnalysis through C u ' .. We peñom1ed regressions, 
•: using allthe data listcJ, with 14 componcnts (C 1 
::. through e IJ + anu CO¡) and with five components 
'f after pscudoizing (lumping componcnts) the eructe to 

foui componcnts. The calculated ri:sults correspond to 
use of the four pseudocomponents. These results used 
a modifkd Rcdlkh·Kwong EOS 57 , but very similar 

•·'· results werc obtained with thc Peng-Robinson EOS. · 
Baker and Luks 64 calculated an equally good 
saturation pressure match of these data using 39 
componcnts, withl>Ut regression, using a modified 

Redlich·Kwong EOS. 
The predicted va1ues in Table 2 were ca1culated with 

no regn:ssion using 14 components in the Peng~ 
Robinson EOS. We used binary interaction coefficients 
given by Katz el al., 62 except that CO¡/hydrocarbon 
va1ues wcre o. 10 and the e 1 through e 13 + binary 
was adjusted to 0.1298 to match the crude bubble· 
point pressure of 1,660 psia (11.4 MPa). Without the 
latter adjustment, the Peng-Robinson EOS calculated a 
bubble-point pressure. of 1,469 psia (10.1 MPa). All 
the predicted saturation pressures are bubble points, 
while the last three observed and lnst two pressures, 
calculated through regression, are dewpoints. 

Our compositional simulation of C0 2 injection, 
using the previously discussed EOS match, indicated 
completely. immiscib1e displacement nt all pressures. 
The simulations showed pronounced vaporizatic:in of 
light nnd intennediate oil components into the co2. 
increasing wi1h increasing tlood pressure leve!. 
Diéhany el al. 65 discuss design-stage tests indicating 
multiple-contact miscibility for co2 injection al 
pressures as low as. 1,800 psia (12.4 MPa) for 
SACROC Unit. Kane 66 reports subsequenr work 
indicating higher pressures necessary for miscibility. 

Simulation frequently is employed to study rate 
sensitivity. We defin'Yratesensitivity asan adverse 
relationship between ultimate oil recovery and 
production or reservoir voidage rate. Ref. 67 describes 
a simulation study of rate sensitivity in different types. 
of reservoirs in A1bena. This study was restricted to 
pressure-maintaincd, wnter/oil displacements and 
included coning and 2· and 3D calculations in 
fonnations ranging from moderate to severe 
heterogeneity .' 

The conclusion of that rather lengthy reference is 
simple aitd brief: Water/oil displacements are rate-

TABLE 2-:-SACROC OIL/C0 0 PVT DATA 

AUGUST 1982 

Saturation pressure, psia 
Saturation pressurc, psia 
Saturation pressure: psia 
Saturation pressure, psia 
Saturalion pressure. psia 
Saturation pressure, psia 
Saturation proSsure, psia 
Volume ratio 
Votume ratio 
Volume ratio 
Volume ratio 
Votume ratio 
Votume o/o liquid 
Votume % liquid 
Volume % liquid 
Volume o/o llquid 
Volume % liquid 
Volume % liquid of cruda 
at 610 psia 

Cruda gas, mol wt 
Cruda gas, Z 
ZC0 2 at 2,000 psia 
"Critica! Pl)inl 

Observed62 

"1,660 
1,920 
2,160 
2,420 

2,570" 
3,000 
3,740 

1.0 
1.1016 
1.2791 
1.5234 
1.6443 

73 
59 
50 
40 

7 

... 40 
20.3 

0.776 
0.38 

Calculated 
(aher regression) 

1,660 
1,870 
2,079 
2,344 
2,589 
3,000' 

. 3,724 
1.0 

1.1123 
1.3043 
1.5562 
1.6694 

73 
57 
51 
39 

7 

39 
21.2 

0.781 
0.38 

Predicted 

1,660 
1,792 
1,947 
2,118 
2,215 
2,352 
2,534 

1.0 
1.2385 
1.4336 ' 
1.6970 
1.8270 

82 
68 
62 
47 
11 

20.9 
0.758 
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sensitive if an economic limit of maximum water cut 
is used, and are not rate-sensitive if an economíc limit 
of a minimum oil mte is used. Thus, the existence of
rate sensitivity in any panicular case depends on the 
relative weights given those two economic limits in the 
definition of economic limil adopted. 

Figs. 5, 6, ánd 7 illustrate this conclusion. Selecting 
a fixed oil rate as an economic limii and reading · 
across the figure, we find ultimate oil recovery higher 
al a higher rate. Selecting a fixed water/oil ratio as the 
limit and reading across the figure, we find ultimate 
recovery lower at the higher r•te. 

Coats t!l al. 68•69 discuss the concepl of pseudo 
capillary pressure curves, which should be used in 
place of rack or laboratory curves to initialize fluid
saturation distributions ·correctly. The pseudocurvc 
definition 68 is fairly straightforward if the grid blocks 
re¡ll"e~enting the reservoir are viewed as a sel of · 
horizontal blocks at staggered depth values 
representing reservoir structure (dip). The detinition 
becomes more complex as the grid blocks are viewed 
as inclined in both x and y direciions. In practice, the 

· pseudo capillary pressure definition is unimponant if 
the water/oil and gas/oil transition-zone lengths 
significantly exceed grid block thickness (horizontal 
block case) or overall elevation di.fference (inclined 
block case). 

Where rock and pseudo ~apillary pressure curves 
give significanlly different initial fluid-saturation 
distributions, the latter should be used irrespective of 
arguments about the existence of phase segregation or 
venical equilibrium during dynamic reservoir 
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depletion. Striclly speaking, if pseudocurves are· not 
used, the _initialized distributions will nol retlect' 
horizontal waler/oil· and gas/oil contacts. In addition, . 
if the reservoir were shul-in, the calculations would 
not yield ·(in time) equilibrium distributions 
correspondingto leve! coniacts. In a sense,.the pseudo 
capillary pressure curves give the background . 
equilibrium condition from which dynamic viscous an4 
gravity forces act in distoning contact shapes . 
(overrides, underrunning) .. · ,. ·· · .-· · · 

Severa! authors, including Jacl<s t!t al. 70 and Kytc 
and Beny, 49 discuss the use of pseudo relativc 
permeabilily curves obtained from comparing detailecj 
cross-sectionaJ . resuhs with resuhs using fewer layers, 

Tlie Fulure of Simulation . ··:. 

Within· 1 lo 2 years, we will be using strongiy 
~ectorized black-oil, and perhaps compositionaJ, 
models on very high-speed, large..::apacity machines. 
The computing cost savings on small studies will be 
offset by a trend toward larger studies~i.c.; use or 
more grid blocks or reservoir definition.' 

Research under way now will continuc toward the 
goal' of a singlc.-&:neral simulator capable; of 
simulating al! or most. recovery processes of intcrest. 
Rcf. 33 is an example cif a small step in !hat direction. 
Success of this -research will depend in pan on · 
improved understanding and extension of equations o( 
stale 10 represen¡ the PVT behavior of multicomponenl 
fluid systems in three or more phases over wide ranges 
of pressure and temperature. : · . · 

U mil this goal is reached, we will witncss a 
....... · .. · ..... 
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>· p~~s,><;~;. ". . ..... . . . . 
;, &;~CiüsiOÓS . . ~ 
h •. ~- .. . ' ... 
I''A.'.'ri:Servoir.simulation model is a set of panial, tinite· 
h:urréiénce riiaíerial balance equations. For each grid 
R biÓCk, óné· equation is written for each componen! or 
f''sub'stance comprising the reservoir fluid description. 
{ The model is described here in terms of the various 
;· formulations used. Curren! models generally employ 
' .an JMPES formulation with options of increased 
)-- stability provided by sequential and implicit 
; formulations. ' 
; ExampleS'!lf recent significan! advances include ( 1) 

a nine·point difference formulation which reduces grid· 
. orientation effects; (2) equation-of·state usage, which 
~. promises. improvements in compositional simulation 
~' an4'máy'aid development of a generalized simulator; 
:.; a~ll.(3) increasell computcr speeds, storage capacities, 
t{·~~~ vectorization capabilities, which contribute to.the 
'' feásibility of larger, more dctailed field studies. 
;~.__-. Current research may lead away from the present 
;¡: prolifeMion of mlldels of different procésses toward a 
·:;,single, genemlizcd mlldel applicable to all or m<ist 
~ ·, recovecy processes of interest. 

'.: ¡\cki10wledgmcnt 

• .. 1 appreciate G.W. Paul's provision of information 
relating to chernical flooding and its simulation. 
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Discussion of Reservoir Simulation: 
State of the Art 

:; 
• 1 

A.K. Khatib, * SPE, Godsey-Earloughc:r Div. 

The following addrcsses a papcr (Aug. 1982 JPT, Pages 
1633-42) by Kcith Coats that is a very good review of 
the dcvclopment history and the curren! status of reser
voir simuhnion. Huwever, the author makcs a surprising 
statement un Page 1636: "Numerical simulation pro
vides a rcliablc mcans to predict chcmical flood perfor
mance in a r\!~crvoir environment, because the processes 
are very complcx and many reservoir parameters affect 
thc rcsuhs." 

Numerical simulawrS have become very useful tools to 
simulate rcservoir performance during primary and 

'Now with Menooen S.A 

01-i9·2136/B310061· 1 927$00.25 

sccondary recoveries. As .for EOR processes, there a~ 
now reasonably good simulators for those processes 
whose mcchanisms are fairly. well understood--e.g., 
steamdrive and miscible C02 flooding. However, the 
mechanisms of complex processes, such as in-situ com· 
bustion and chemical flooding, aré yet to be unraveled, 
and their govcming parameters are therefore ill defined. 
Simulation attcmpts of such. processes, even on a pilot• 
field scale, ha ve pro ved of limited utility. For example, 
a recent review of published results of surfactant 
flooding projects that are technically successful showed 
that recovery was at best 50% of that j>redicted b)' · 
simulation. 

r 

Authors' Reply to Discussion of Reservoir 
Simulation: State of the Art 
Keith H. Coats, SPE, lntercOmp Rc:source Developmenl and Engineering Corp. 

Regarding chemical flooding, Mr. Khatib is apparently 
referring to the Bell Creek micellar/polymer pilot 
simulation as cornpared to the field results. 1 Jt is suljlris
ing that the simulation carne as close as it did to the aé
tual field results because (1) values of remaining oil 
saturation used to characterize the reservoir for simula~ 
tion were higher than those existing in the field, 2 (2) 
there is a permcability barrier between the central injec
tor and one of the producers that was not entirely ac
counted for in the simulation, (3) the coreflood selected 
for history matching 3 and used to describe the process 
for the simulator was optimistic, (4) the interfacial ten
sion, phase viscosity, and phase behavior data used in 
the simulation were for the most pan assumed and were 
not based on actual laboratory data, and (5) the 
equivalen! weight of the injected sulfonate may have 
been below design spccifications. 2 

Chemical flood simulation of the El Dorado pilot 
yielded a somewhat better comparison with the results at 
an observation well, but even here process data~ were 
limited. 4 

Although many of- the mechanisms opcrative in 
chemical flooding are not well understood, a final judg
ment of curnently available simulators cannot be made 
until adequate laboratory data are available to exploit the 

.. 0149-2136183/0061·2290$00.25 
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mechimisms that are known. 
In deference to .Mr. Khatib's closing remarlcs, the 

paper's statement "Numerical simulation providcs a 
reliable means to predict chemical flood ... " might bettcr . 
state " ... provides the best available means to ...... Thl!' ' ; 
is, while the process complexity (or insufficienl · :, 
laboratory data) currently introduces uncértainty ill . : 
numerical model results, it also widens the ga¡i between : ·: 
reliabQity of intuitive or rule-of-thumb and modeJ ;, 
predictions. . ; 
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ABSTRACT 

A reservoir aimulation model is a set of 
partial-differen.ce equations expressing conservation 
of masa of each component present in the reservoir 
fluid description. Thia paper describes the current 
model formulationa and equation-aolving methods. 
Emphasia ia given to the development in recent yeara 
of different modela to simulate the recovery mecha
nisms and phenomena active in a variety of enhanced 
recovery processes. 

Severa! recent, aignificant advances are 
discussed and illustrated, including 1) a nine-point 
difference scheme, 2) equation-of-state uaage and 3) 
increased machine speed, atorage and vectorization 
capability contributing to larger, more detailed 
field atudies, 

Research currently underway, if successful, may 
lead to development of a single, generalizad simu
lator capable of simulating all or most recovery 
processes of interest. 

INTRODUCTION 

The purpose of this paper is a description of 
the current level of development in reserovir simula
tion.- This requires aome discussion of what a simu
lation model is and why it is needed or used. A 
simulation model can be described in terms of the 

· nature of ita equations, their formulation and 
methods of solution. This description through 
"methodol~gy" might be of interest to engin~ers newÍy 
assigned to development or maintenance of simulators. 

\ 

Simulation modela for various recovery processes 
can be described more simply" thro'ugh relating their 
features to oil recovery mechanisms pertinent to 
these processes. This type of description might 
appeal more to engineers newly as3igned in use of 
aimulators. 

739 

Thia paper gives a brief history of 
simulation, followed by an equally brief, very 
general description of a aimulation model. Thia 

· brevity is followed by two sections whic:h, vi~hout 
equationa, attempt to describe or characteri_&e the 
reservoir simulator through methodology and 
through a discussion of recovery mechanisma. The 
first of these two sec:tions disc:ussea past an4 
recent developments in arriving at a aummary of 
the technology currently used in aimulation 
modela. & 

The two descriptiva sec:tioOs are followed by 
a discusaion of why simulation is used (i.e. 
typical reservoir performance questions addreste4 
by computer simulation), a section giving a fev 
examples and miscellaneoua points pertinent to 
simulation today, and, finally, a summary, 

A BRIEF HISIORV 

In a broad sense, reservoir simulation h•• 
been practiced since. the beginning of petroleum 
engineering in the 1930'a. Simulation is simp~y 
the use of calculations to preJict r~servoir 
perfo~ance - either forecast recovery or evaluat~ 
the economics of alternative recovt:ry m...thoJs. 
Prior to 1960 these calculations largely consisteJ 
of analytical m_ethods2,3, zero-dimt!nsio.n.J.l 
material balances4,~ and one-dimensional Buckt,y~ 
Leverect6,7 calculations. 

The te~ "simulation" beca;ne cornmon in th" 
early 1960's as predictive methoJ~ evolved into 
relatively sophisticated computer progra:":Js. These 
programs represented a majar advanceQ~nt as th~y 
allowed solution of large sets of finlte
difference equations describlng two- and three
dimenaional, transient, multiphase flow in 
heterogeneous porous media. This advanct>uh:nt w-1s 
made possible by the rapid evolution of lar,c
scale, hi-speed digital computers and dt!·.¡elop:.~.~nt 
of numedcal matheruatical methods for aolvinf: 
large systems of finite-difference equations. 

--------------- ---··-·---· 
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Durina tho 1960 1 a 1 reaorvoir aimulation effort 
waa leriely, dovoted to two phase ¡a••water and three 
phaae black oil reservoir problema. Recovery methoda 
aimulated were essentially limited to.depletion or 
pruasure maintcnance. Years of rese~rch and engi~ 
neering had reaulted in gencrally accepted fluid flow 
11 tawa 11 reflecting the gravitational 1 '\!'Í&coua and 
capiltary forcea involved in oil diaplacement and.: 
·recovery. Thua simulation largelY. ignored queationa 
related to the physico embodied in the modela' 
equationa and was focuaed more on the modela' ability 
to match rescrvoir production hiatory. 

During the 1960'.s and carly 1970's, it waa 
poasible to develop a single simulation model capable 
of addressing u1ost reservoir problema encountered. 
This concept' of 8 single, general model has always 
appealed to operating companies since it aignifi
cantly reduces the cost of training and usage, and, 
potentially, the cose of model development and main
tenance. 

During the 1970's, the picture Changed markedly. 
The aharp riae in oil prices and governroent trends 
to~ard.deregulation and partial funding of field 
pilot projeets led to a proliferation of cnhanced 
recovery proceaaes. Consequently, we began to 
aimulate these new procesaea which extended beyond 
convencional depletion and pressure maintenance to 
miscible flooding, chemical flooding, co2 injection, 
steam or hot water atimulation/flooding and in-aitu 
combustion. A relatively cotnfortllble understanding 
of two-component ( 11 gaa11 and 11

0il
11

) hydrocarbon 
behavior in simple immiscible· flow was replaced by a 
struggle to unravel and characterize the physics of 
oil displacement under the influence of temperatura, 
chemical agente and complex multi-component phase 
behavior. In addition to 11 simple11 multiphase flow in· 
poroua media, we had to cope with chemical adsorption 
and degradation, emulsifying Ond interfacial tenaion 
reduction effecta, reaction kinetics and other 
thermal effecta and complex equilibrium phaae 
behavior. 

The proliferation of recovery methoda in the 
1970's caused a split from the above-mentioned 
"single model 11 concept as individual modela we_re 
developed to represent each of these new recovery 
achemea. Thua, a pronounced emphaaia exista today in 
examining and fine tuning the equations and related 
aaaumptiona pertinent to these.techniques. 

Research during the 1970's reoulted in a number 
of significant advancea in simulation model formula
tiene and numerical methoda of solutioo. Theae 
advancea extended ou~ ability to oimulate more 
complex recovery processea and/or reduced the modela' 
computing costa through increaaed atability of the 

. formulationa a.nd efficiency of ~h"e .riumerical aolution 
methoda. 

---------------- ... ··---·-
-equation4,5 woritten for each phaae for ·~ach ~rid 
block. The phase f1o~ ratee between each Kri4 . 
block and ita 21 4 or 6 (in 11 2 or ·)-dimensional 
cases, respectively) adjacent blocks are 
represented by Carey' s hw 1oodi fied by the 
relative pcrmeability concept-o 

A aimulation model is a set of partial
difference equationa requiring numeiical solution 
as opposed to a set of partial differential 
equationa amenable to analytical solution. The 
reaaons for this are: 

2. 

3; 

Reservoir heterogeneity - variable 
permeability, porosity and irregular 
geometry¡ 

Nonl inead ty of r"e lat ive penoeabi li ty 
and capillary presaure va. saturation 
relationahip; 

Nonlinearity of fluid PVT propertiea as 
functions of pressure, co~position, and 
temperatura. 

The modela require hi-speed digital computere 
simply due to the immenae arithmetic aaaociate4. 
with the equations' aolution. 

A aimulation model requirea ·three typea Of 
input data. Firat, reservoir description data 
include 1) overall geometry 1 2) g.rid siie specifi
cation, 3) permeability, porosity and elevatioa 
for each grid block, and 4) relative perme~bility 
and capillary preasure va. sat~ration funC~iona or 
tablea. Modela generally·allow specification of 
different tablea to different layers or regione of 
the reservoir. Ceological and petrophysical work 
using loga and core analyaea· are neceasary for 
items (1) and (J). Labor8tory tests.on core. 
aamplea yield eitimatea of relative permeabilitY 
and capillary preasure·relationshipa. 

Second, fluid PVT propertiea, auch as 
formatioo ·volume factora, aolution gas and 
viacositiea are obtairied ~Y- labor8tory tests. 
Finally, well locationa, perforated intervala, 
productivity índices and rate a·chedules _muat ,be 
apecified. Additional data or laboratory teaée 
required for thermal, compositional and chemical 
flood modela are disc~saed'briefly_below. 

Hodel output or calculated resulta include 
apa,ial fluid presaure and saturation diatribu• 
tiona, and produciog GOR and WOR and 
injection/production rate (for wella on 
injectivity/productivity) for each well at the end 
of each time atep of the compUtations. lnternal 
manipul•tion of these resulta givea average 
reservoir presaure and instantaneoua ratea and 
cumulative injection/production of oil, s•• and. 
water by well and total field va. time. · 
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underatood. · With no pretense of elimin~tiD.g ·this 
confusion, I will diacuaa some of th.eae terma grouped 
as follows: l)'black oil, compositional, thermal, 
chemical flood; 2) variational, finite-difference, 
oine-point 1 IMPES, aequential, implicit; 3) ADIP, 
SIP, SOR, direct soiution. ...... 

Tbe firat group refers to modet"type" 1 the 
aecond to model formulation and the third to solution 
method or technique. Distinctiona of ."type" within 
the first group can be conceptually eliminated by 
extending Odeh's description. Any aimulation model 
ia a set of N partial difference equations written 
for each grid block comprising the reservoir. Each 
equation ia conceptually trivial in the sense that it 
is simply a mathematical statement of conservation of 
mase of a specified substance or of conservation of 

' energy. 

The different model types exprese conservation 
of masa of different numbers and identities of 
components and conservation of energy in thermal 
modela. Black oil, compositional and chemical flood 
modela generally simulate isothermal flow and include 
no energy balance equation. 

A black oil model has 3 equations for each grid 
•block expressing masa conservation of the 3 compo
nente a2o, "oil" and 11 gas11

• A compositional model 
consista of Nc equations for each grid block where Nc 
is the total number of components including (e.g.) 
H20, C1, Cz, C3 1 C4, C5, C6, C7+ where C1 denotes 
methane, C2 ethane, etc. A chemical flood model also 
consista of Nc equations, but the identities of the 
Nc componente are (e.g.) water, oil, surfactant, 
alcohol (cosurfactant), sodlum and calcium lons, and 
polymec. 

The thermal model is similar to the composi
tional model, with Nc + 1 equations expressing con
servation of masa of Nc components (e.g.) a2o, pseudo 
hydrocarbon components 1, 2, 3 1 •••• , salid component 
(coke), 02, Nz, C02 and 1 equatlon for conservation 
of energy. The 'pseudo hydrocarbon componente 
typically range from a heavy (nearly) non-volatile 
component to the lightest (solution gas) component. 

One might correctly argue that significant con
ceptual differences exist in practice among these 
models due to the PVT treatment accorded the compo
o.ents and fluid phases. For example, a black oil 
model conventionally assumes zero gas and oil salu
bility in·water, no oil in the gas phase, a pressure
dependent solubility (R

8
) of gas in th~ oil phase and 

no HzO in the oil and gas phases. A compositional 
model, however, treats all components except H20 as 
present in bOth gas and oil phases, obeying an 
equilibrium dictated by the well known K-values which 
are ncrmally functions of pressure and composition. 

Bowever, even this conceptual difference 
disappears if we accept as a model definition, a set 
of Nc (+1) difference equations. for each grid block 
expressing conservation of mass of Nc components (+ 
en~rgy) with each component present in!!! phases. 
ThLs dlstribution of components among the phases 
obeys either externally specified K-values/distri
bution coefficlents or an equation-of-state or a 
Combination of the two. With allowance for rack 

adaorption isotherms 1 chemical reactions, 
temperature-, pressure-, and composition
dependence of viscosity 1 relative pe~eabilities 
and capillary pressure, this definition resulte in 
each of the above modela representing a aubset of 
a single, general model. 

I believe we are currently seeing a trend 
toward this general model and will comment futther 
on it below. 

The reader should note from the ·above discus
sions that components (and ~) '· not phases, 
are the conserved substances requiring equations 
in a simulation model. Thus, the nUmbec of phas.es 
is unrelated to the number of model equations. 

The second category of tenns reflects the 
type of formulation utilized by the N-equation 
model. As previously mentioned, each of these 
equations is a partial-difference equation. The 
conventional finice-difference scheme most widely 
used today, utilizes a semi-regular distribUtion 
of grid points (grid block centers) throughout the 
entire aceal and vertical expanse of a reservoir. 
The result of using "enough" grid points oc bloc:ks 
to gain desired definition in regions of high well 
density or stcong reservoir heterogeneity is a 
large number of grid blocks in inactive oc remo~e 
regions of the reservoir where we could tolerate 
much coacser definition. The variational 
formulationB allows fine grld definition where 
desired and coarse definition elsewhere in a 
manner not achievable wlth the conventional 
finite-difference approach. Theocetlcally, then, 
the variational and finite-difference formulations 
can give equally accurate- Solutions with 
co~siderably fewer grid points (and consequently 
lesa computing costa) used in the variational 
formulation. Rowever, computational proble~3 
unique to the latter mli:!thod have proven Jifficult 
to resolve after nearly 20 ye~rs of rese~rch. 
While significant progress has been maJe, the 
overwhelming majority of simulation activity today 
utilizes the conventional finite-difference 
formulation. 

A strong grid-orientation effect was reporteJ 
by Todd et al9 for highly adverse mobility 
waterfloods and later observeJ by Coat~ et atlD 
for pattern steamfloods. An areal grid with the 
usual perpendicular x - y axes may be plac~d over 
(say) a 5-spot pattern with the x-axis either 
parallel to oc at a 450 angle to the line 
coonecting the injector to a prüducei. These 
"parallel" and "diagonal 11 grids9 can res,Jlt in 
markedly diffecent calculated sha?~s of the w.lter 
oc steam front and breakthrough times. This 
difference was reduced by the nine-püint finite 
difference formulation described by Yanosik and 
HcCrackenll. Their technique is rapidly b.dn~ , 
programmed into simulators treci.t ing st~a::¡f}.)o,fing 
and miscible co 2 injection where adv¿rs~ mobility 
pattern floods are commonly encountercJ. This 
nine-point formulation causes larg~ 311•1 m0J•::~t~ 
increases in cornputing tirn~s of currently r¿port~.l 
direct and iterativ~ solutlon t~~hniqu~s, 
respectively. 

.._ ____ :_... ______________ _J_ ___________ - -----··-----------' 
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The .. remaining fonnulation terms de-scribed here Blair and Weinaugl8 first published this 
apply within the context of either the conventional fully implícit formulation. Iroplementation of 
5-point or 9-point finite-difference scheme. The implicit or highly implicit formulations in black 
IH.PES formulation denotes implicit pressure, explicit oil, geothermal, steamflood, cotopositional and 
~ation. Sheldon et at12, Stone et 8t13 and Fagia combustion modela is described in a number of 
et atl4 describe the IHPES method for-black oil (3 paperslS,l9-25. 
cquation) problema. CoatslS gave an-obvious 
extension of IHPES to the N-equation case. Skipping 
details for brevity, the method eliminates fluid 
saturation (and component mol fraction and 
temperature, if pre8ent) variableS from the N 
equations for each grid block, resulting in a single, 
parabolíc 1 part ia 1-di f ference pressure equation. 
This pressure equation is solved by an iterative or 
direct method over all grid blocks and then the 
saturationo (mol fractions, t~mperature) are 
explicitly calculated for each grid block using the 
interblock flow ratea given by the calculated 
pressure solution. This procesa is then repeated for 
successive time steps with an updating of relative 
permeabilities corresponding to the new saturations 
at the end of each time step. 

MacDonaldl6 improved the.stability of the lMPES 
method for the two-phase water-oil case by followi.ng 
the pressure equation solution with solution of a 
water-saturation equation over the grid using 
implicit (new time level or end-of-tíme-step) values 
of relative permeabilities present in the transmissi
bilities of the interblock flow terma. Spillete et 
arl7 extended this concept to the 3-phase ~ase and 
called the method seguential. 

The IMPES fo~ulation requires solution of only 
1 (pressure) eqüation over the grid per time l(ltep. 
The aequential method requires solution .of pres,sure 
equation follo~ed by simultaneous solution of twO 
saturation equations, in the 3-phase case. The 
arithmetic required to solve N simultaneoUs equations 
is proportional to Nl. Ther.efore, the arithmetic 
(for solution of the equationa) per time step is 
roughly (on a normalized basis) 1 for IMPES, 2 for 2-
phase sequential and 9 (1 + 23) for 3-phase sequen
tia!. If the 3-phasé sequential method is approxi- · 
mated to (a) salve a pressure equation, b) solve a 
single water aaturation equation, e) solve a single 
gas saturation equation, then the arithmetic falla to 
3 for the 3-phase case. 

In any event, the increased arithmetic per time 
step of the sequential method, as opposed to the 
IMPES formulation, is more than offset in many 
problema by the increased time step size tolerable. 
That is, overall computing time is frequently leas 
for sequential than IMPES modela. 

The implicit formulation utilizes end-of-time 
atep values of relative permeabilities (and 
densities, viscositíes) in the interblock flow term 
transmissibilitíes. This prevente the IMPES elimi
nation of all variables, except pressure, among the N 
equations and leavea the task of simultaneously 
solving N equations at an arithmetic cost (normalized 
co 1 for IKPES) of NJ. However, the tolerable time 
otep size for the implicit formulation is signifi
cantly larger than that of the sequential method. In 
fact, the implici.t formulation is generally referred 
to as unconditionally etable, meaning that any time 
otep size may be taken with only time truncation 
error (not stability) as a limit. 
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Each of the model formulations requir·es 
solution of 1 and/or some number of simultaneoua 
equations over the g~id. The third category of 
tenms listed above refers to different techniquee 
for solving these equations. Alternating 
Direction Iterative Techniques (ADlP) w~re 
published by Peac~man and Rachford17 and by 
Douglas and Rachford28. The former is restricted 
to two-dim~nsions while the latter applies in 
either two- or three-dimensional cases. The 
Successive Overrelaxation (SOR) methods are 
described by Young29, including point, line and 
block SOR methods. The iterative Strongly 
Implicit Procedure (~). proposed by Weinstein et 
alJO was demonstrated to be superior to ADIP 
methods in some types of reservoir problems .• 
Price and Coatsll described a reduced-band-width 
direct solution (Gaussian elimination) method · 
which utilized a 11D4 11 grid block ordering scheme 
to reduce conventionally ordered Caussian 
computing time by a factor up to 6 for the J
dimensional cáse. 

New iterative solution techniqucs currently 
receiving attention, testing and use are the 
matrix factorization method (loosely speaking, SlP 
with introduction of additional diagonals) 
described by Dupont et al32 and LetkemanlJ and a 
conjug4te-gradient method published by Watts34. 

It is difficult to concisely describe the 
currently used simulation model technology. 
Different modela are used .for different processes. 
For a given procesa or type of reservoir, a large 
number of com~any simulators are in use and few 
are fully puhlished. 

A major portian of worldwide simulation 
activity is devoted to black oil reservoire. A 
significant portian of this activity, in turn, is 
probably represented by very large problema, e.g. 
Middle East reservoirs. Until recently most black 
oil studies used up to perhape 3000 grid blocks. 
At Intercomp we are currently performing an 11,000 
grid block study; Mrosovsky et at35 describe a J~ 
dime~ional, black oil mode{ study of the Prudhoe 
Bay Field using over 16,000 active grid blocks aod 
larger studiea than this are undoubtedly underway 
elsewhere. 

The "typical" black oil simulator applied 
today in 1000 or more grid block field-scale 
atudies is an IMPES model with user-specified 
options of sequential solution and with options of 
at least two of the mentioned iterative aolution 
techniquea. -fhe most widely ueed iterative 
techniques are p~bably block (line, 2-line or 
slice) SOR and SIP or a- version of ita matrix 
factorization extension. 

1 
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Smaller black oil studiea and prelimin&ry erosa
aectional, coriing aod senaitivity atudies aSsociated 
vith the large problema are increasingly utilizing 
the fully implicit black oil model with ·redUced band 
vidth direct or itera~ive solution. 

Thermal modetal6-38,21,25 gene~ally utilize 
fully implicit formulations with dir~solution. 
Iterative methoda have had limited succeaa to date 
due to a "negative tranemissibility11 problem caused 
by cold fluida flowing into a ateam saturated block 
causing pressure to fall in response to a net 
addition of masal5,zr:- :• 

·The currently emerging compositioOat model will 
utilize an equation-of-state in either.IMPES or fully 
implicit formulationa with direct and iterative 
solution technique optio~s. A difficulty faced'here 
is that the IMPES formulation lacks sufficient 
stability for some field-scale problema while the 
fully implicit formulation requirea.too much ~achine 
atorage capacity (asaociated with aolution of Nc 
aimultaneous equations) to handle problema larger 
than (say) 2000 grid blocka. Thia dilemma is not 
pres~nt for black oil modela because the aequential 
formulation fills the gap. However, the sequential 
formulation does not preserve material balances in 
compositional problema where adjacent grid block 
composition_s differ greatty21 •. 

Meijerinkl9 publish~d a revised, Stabiiized 
IMPES formulation which has the potencial of fitting 
this compositional model gap between IMPES and fully 
implicit methods. Meijerink 1 s scheme improves the 
stability of IMPES, as does the sequential method, 
without resulting in material balance error in 
regions of steep composition gradients. 

The computacional speed, storage and vectori
zation capability of computer hardware have increased 
aharply in the past few years. As an example, the 
CRAY-lS computer provides up to·4,000,000 decimal 
words of storage e:ompared to a 11 typically" ,avai lable 
100,000 vords on most machines used up to 197S. / 
Rec:ently introduced compu.ters offer sharp increases 
in computationál speeds and speed/c:ost ratios. In 
addition, vector processing capabilities of CDC and 
Cray computers allow a sigrtifi.cant increase in effi
ciency of simulators coded to utilize this vectori
zation. Nolen et at40 found that vectorization of 
code in the solution technique subroutine of a simu
lator can reduce that solution computing time by 
factors as ·large as 40. 

This vectorization together with increased 
aachine size and apeed contribute strong~y to the 
feasi.bilit·y of the lar:ge reservo ir studies ( 10,000 or 
more grid blocks) now underway and larger ones pro
jected. 

The interested reader with a mathematical incli
nation will find the simulator characterization given 
by Bansal et at22 much more concise than that given 
he re. 

S!MULAT!ON MODELS AND OlL RECOVERY MECHAN!SMS 

i'our· basic recovery mechanisms are active in 
recovering oil from reservoirs: 1) fluid expansion, 
2) displacement, 3) gravity drainage and 4)··capillary 
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imbibition. Simple fluid expansion accompanying 
pressure decline resulta in oil expulsion from and 
subsequent flow through the porous matrix. Oil ia 
displaced by gas and injected or naturally 
encroaching water. Gravity drainage, caused by 
positive (vater-oil) and (oil-gas) density 
differencea, aids oil recovery by cau.sing upward 
drainage of oil from below an advancing bottom 
water -drive and downvard drainage from above a 
declining gas-oil contact. Pinally, imbibition, 
generally normAl ~o the flow direction, can be an 
important recovery mechanism in lateral water 
floods in heterogeneoua sands wfth large vertical 
variation of permeability. 

Simulation modela in vide use today (black 
oil 1 compositional, etc), reflect or account for 
these four mechanisms. The displacement, gravity 
drainage and imbibition meehanisma are all 
represented simply by use of Oarcy•s lav. The 
simulator interblock flow rate expressions for 
water, oil and gas phases appropriately use water, 
oil and gas phase viscosities, pressures and 
·gravity terma, with user-specified saturation
dependent capillary pressure differences between 
the phase pressures. 

To accommodate the new enhanced recovery 
processes in our discuasion 1 we add a fifth 
11mechanism" of oil mobilization. This is a 
loosely defined term in that it includes widely 
different phenomena which create or mobilize 
recoverable oil. Some of these phenomena are not 
really mechanisms distinct from the first four 
listed. 

Today's simulators generally account for the. 
mobilization and other phenomena mentioned below 
in discussion of the enhanc~d recovery processes. 
Some of the phenomena are complex or poorly 
understood, or under current laboratory study, and 
are represented in the modela by expressions or 
equations which will undoubtedly be refined and 
improved in the future. 

Thermal processes can mobilize heavy oil by 
1) drastically reducing oil viscosity by 
increasing temperature, 2) distilling intermediat~ 
hydrocarbon componente from the oil phase to the 
more mobile gas phase 1 3) cracking the oil 
(usually above 500°P) to create intermediate 
components which are distilled into the mobile gas 
phase, 4) emulsifying the oil into vater41, and, 
to a minor extent, 5) swelling the oil due to 
temperatura rise. In addition, oil relative 
permeability end-points may be favorably affecteJ 
by increased temperature so that residual oil 
saturations may be reduced. 

The C02 process can mobilize oil by 1) 
outright (direct contact) or dynamic (multiple
contact) miscibility at flood pressure, 2) 
stripping or vaporization of a large fraction of 
the oil into the mobile gas phase (a completely 
immiscible proc~ss), 3) swelling the oil in 
immiscible regions, leaving less stock tank oil in 
the residual oil saturation, and 4) reducing oil 
viscosity in i~niscible cases. Hotm42 gives an 
excellent ~escription of mechanisms activ~ in co 2 
and miscible flooding. 

-----------------·-··· 
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Chemical flood typea include polymer .waterflood-

ing, rnicellar (surfactant) flooding, and alkaline 
·(caustic) flooding. Polymer waterflooding improves 
oil recovery by lowering the oil/water mobility 
ratio, through either reducing .the effective 
penoeability to water and/or increasing water viscoa
ity. In micellar flooding, Jurfactants in the flood
water greatly reduce aqueous-oil ~nterfacial tension, 
thereby solubilizing oil into the micelles and 
forulÍng an oil bank43. The surfactant· slug and l 

mobilized oil are normally propelled-towards the 
production well by a graded bank ~f polYiner thickened 
water. The roechanisms responsible for improved oil 
recovery in alkaline flooding are-"not clearly 
understood, but are thought to include low 
interfacial tension, wettability a~~eration and 
emulsification44. Chemical flooding processes 
involve coroplicated fluid-fluid and rock-fluid inter
actions, such as adsorption, ion exchange, viscous 
shear and t.hree (or more) phase flov. 

WHY SIMULATION HODELS ARE USED 

Reservoir simulation is used to estímate 
recovery for a given, existing producing scheme 
(forecasting), to evaluate the effects on recovery of 
altered operating conditions and to. compare 
recoveries (with economics) of different recovery 
1oethods. Some i:ypical questions regarding reservoir 
performance relate to the effect on recovery of: 

l. Well patter_n and spacing 

2. Well completion intervals 

3. Caa and/or water coning as a f~nction of 
rete 

4. Producing rate 

5. Augmenting a natural water drive by water 
injection and desira~ility of flank or 
peripheral as opposed to pattern water
flooding 

6. Infill drilling 
7. Gas va. water va. gas +water injection 

Staggs and Herbeck4S give an excellent discus-
sion of the uses of simulation togéther with a number 
of actual examples. Coata46 gives a general 
diacussion of simulation use (and misuse). Both 
those papera address a second category of questions 
related not to reservoir performance but to the use 
4nd accuracy of the aimulation model itself 1 e.g.: 

l. How ~any grid blocks areally or layers 
vertic.ally are necessary? 

2. When is accuracy of relative permeability 
data critical? 

J. When or to what extent does a good history 
match ensure reliability.of performance 
predictions? 

Among other coOclusiona, the above papera 
emphaaize 1 in connection with such questions 1 that 
experience and good judgment on the part of the 
engineer (user) are important in addition to.the use 
of the model itself. In performing "sensitivity" 
model runa 1 the engineer often -cao estímate the 
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dependence of calculated resulta upon changes in 
unc~rtain input data (permcability level/distribu
tíon, relative permeability, etc.). 

The above two papers and Odehl point ou~ 
sources of error in simulation results. We 
continually atteropt to reduce these errors through 
history matching, improved rigor (few and bctter 
assumptions) in the models and increased reservoir 
definition (more grid blocks) allowed by computer 
hardware advancements and model efficiency 
improvements. 

HcCulloch et at47 and a number of papers in 
reference 48 describe field applications of 
simulation modela prior to 1973. 

Compositional modela are applied to volatile 
.oil and gas condenaste reservoirs where the fluida 
cannot be represented by the conventional 
formation volume factor and solution gas PVT 
description used for black oils. Unlike black 
oils, these fluida will generally exhibit 
significant variation in compositions of reservoir 
oil and gas phases in response to pressure change 
and/or injected gas composition, A compositional 
model is necessary to represent the mass transfer 
between and volumetric behavior of these phases. 
Compositional modela are applied in studying lOsa 
of recovery caused by liquid dropout during 
depletion of condensate reservoirs and the 
reduction of this loss by full _or partial cycling 
(reinjection of gas from surface facilities).· The 
simplest indication that an oil is a ''volatile 
oil" as opposed to a black oil is a significant 
difference in stock tank liquid yield (or 
formation volume factor value at bubble point) 
from constant composition and diffe.rentisl 
laboratory expansiona. 

In recent years simulation has been used 
increasingly to estímate and compare recoveries 
from a given reservoir under alternative enhanced 
recovery processes, auch as C02 injection, thermal 
methods (steam injection and in-situ combustion) 
and several types of chemical flooding. 

Thermal modela are used to simulate 
performance of cyclic steam stimulation and 
steamflooding. In either case, questions 
addressed through simulation relate to effecta of 
injected steam quality and injection rate, 
operating presaure level, and inclusion of gas 
with lhe injected steam. A question in cyclic 
stimulstion conCerns the optimum time periods per 
cycle for steam injection, soak and production. 
The flooding case introduces the questions of vell 
pattern and spacing. A number of steam injection 
field studies using modela have been published. 
Herrera and Hanzlik49 compare field data and model 
resulta for a cyclic stimulation operation, 
Williama50 discusses field perfo~nce and model 
resulta for stimulation and flooding and Heldau51 
discusses fie~~ model resulta related to the 
addition of gas to the injected steam. 

The above-mentioned mechanisms of oil 
recovery by C02 injection, _swelling, viscoaity 
reduction~ immiscible displacement, vaporization 1 
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and miscible diaplacement can all occur in the aame 
reaervoir. problem at differeat times and/or 
locationa. Compoaitional modeling.is aeceaaary to 
estímate the occurrence and duration of tbeae COz 
procesa mechaniama and their effec'ta on oil recovery 
aa a fuhction of reservoir operating parametera. 
Craue and Zana52 describe applicaeion of a 
compoaitional model in estimating Rañgity Pield oil 
recovery by COz injection as a function of injected 
composition and pr:esaure leve l. :. Todd et al 53 
deacribe field application of a model to the COz 
procesa under (direct contact) miacibility 
conditiona, and compare resulta .for continuous COz · 
va. alternate COz/water injecti.on. 

Resulta of compoaitional aimulation of a COz 
project include co2 breakthrough time and rate and 
composition of the produced ·fluida. Theae are' 
required to design production fÁcilities and co2 
recycle strategiea54. Modeling ia also useful to 
optimize pattern aize and COz/water injection ratea 
in arder to overcome the effecta of reservoir heter:o
geneity. 

Numerical aimulation prov~dea the only reliable 
means to predict chemical flood perfonunce in a 
reservoir environment because ·the proC:eases are 80 

complex and so many reservo ir ·parametera impact the 
reault1. Consequently, chemica~ flood aimulati_on has 
been utilized to construct a' lcreening algorithm for 
the selection of reservoira "iuitable for micellar
polymer flooding55 and to examine competing EOR 
strategies, e.g., C02 va. surfactant flooding56. 
Por caustic57 and polymer58 application, as vell aa 
for the micellar procesa, chemical flood modeling is 
useful to diacern controllin&.process mechanisms and 
to identify laboratory data requ_ired for procesa 
description. :.~ ~~· 

SOKE EXAMPLES AND DlSCUSSlON 

We illuatrate here the grid·Orientation effect 
for a pattern ateamflood. Tabla .1 shovs a l-acre 
nine-spot patterti with the diAgonal grid and 450-
shifted parallel grid9. Thi8·pattern has three typea 
of vella labeled 1 (injector), ·2 (near producer) and 
3 (far producer). . ·· 

The isotropic homogeneoua"formation has a 
permeability of 4000 md, a porosity of .36, a 
thicknes• of 20 feet and a rock specific heat of 35 
Btu/cu.ft. rock-oF.* Oil viac'oaity is 6750 cp at 
initial r8servoir temperatura and 45 cp at 500oF. 
lnitial pressure is 200 paia; .. , initial saturations are 
Swi • .19, S0 i • .81, and irreducible water 
Baturation is .17. 

· Specified rate for each injection vell is 1000 
BPO (barrels per day, cold vatér equivalent) of 80% 
~uality ateam at 800 paía, 517~F. All production 
v~lls are produced on deliverabil_ity against a 
constant bottomhole wellbore:Preasure of 200 psia. 

The calculated resulta listed in Table 1 ahow a 
pr-onounced effect of grid orientation on steam break
through times using the 5-point differ~nce scheme. 

* A complete aet of input datá :'for this probleiD is 
•vailable from the author upon .request. --

¡ 
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We obviously expeet that ateam should arrive at 
the near producer 2 befare it reaches the far 
producer 3. The parallel grid with the 5-point 
acheme actually gave breakthrough at far well 3 at 
117 daya, before breakthrough at near well 2 (204 
days). ---

Table 1 shows that the 9-point difference 
acheme virtually eliminates the·effect of grid 
orientation for this problem. Figure 1 ahow1 
calculated steam front shapes at 80 days for the 
tvo different scbemes using parallel and diagonal 
grids. The difference between the 9-point fronta 
for the tvo grids is small and about equal to the 
error of manual interpolation. · 

Recent compositional models59,24 utilize an 
equation-of-state as opposed to aeparate 
correlations for oil density, gas density and 
equilibrium K-values. These papers emphasize that 
the equation-of-state (EOS) offers the advantage 
of consiatency in that phase denaities and K
valuea are obtained from a single aource. Thia 
consistency resulta in smooth and differentiable 
convergence of aeparate Phase denaities and 
compoaitions to identical valuea as computationa 

·approach a critical point. Phase viscositiea 
based on a correlation60 uaing EOS densitiea alao 
smoothly converge to a single value at a critical 
point. 

The equations-of-state most widely used in 
r:eservoir calculations today are the Redlich
Kvong6t-63 and Peng-Robinson64 equations. 
Martin65 shows that all cubic equations-of-state 
can be obtained from a single, general EOS fo~. 
Yatborough66 describes applications of a modified 
Redlich-Kwong EOS to reserYoir fluida¡ Katz et 
at67 gives applications of the Peng-Robinson EOS. 

In our compositional work at Intercomp, ve 
have found that· nonlinear regression on EOR 
parameters is necessary. Frequently, prohibitiva 
time requirements result from trial and error 
efforts to match laboratory test data; .and ve 
generally have found some adjustment of EOS 
parametera is neceasary to match laboratory PVT 
data. · 

Table 2 compares EOS calculated resulta vith 
laboratory PVT data reported by Simon et a168 for 
mixtures of C02 and a SACROC oil aamp le at "130°F. 
Simon et al presented the crude oil aample 
analysis through C13•. We performed re¡ressions, 
using all the data listed, vith 14 components (C¡~ 
C¡3•, C02) and vith 5 Components after pseudoizin¡ 
(lumping componenta) the crude to 4 coropon~nts. 
The calculated resulta aho~ correspond to use of 
the 4 pseudo components. These resulta used a 
modified Redlich-Kwong Eos62, but very similar 
resulta w~re obtained using the Peng-Robinson EOS. 
Baker and Luks69 calculated an equally good 
aaturation pressure match of these data using 39 
components, without regression, using a modified 
Redlich-Kwong EOS. 

The ."predicted" values listed in Table 2 ver~ 
calculated with no regressioo usiog 14 componentt 
in the Peng-Robinson EOS. We used binary 
interaction coefficieots given by Katz et al 57, 

------------ ·-· . 
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except C02-~ydrocarbon values were .10 and the c1-
C¡)+binary.,was- adjusted to .1298 t·o match.·the crud~ 
bubble point Pressure of 1660 psia. Without~the 
latter.: adjustment, the Peng-Robinson EOS calculated a 
bubble point presure of 1469 psia. 'All the predic'ted 
saturation preasurea are bubble pointa while the laat 
three observed and laat fwo calculated (with 
regression) presaurea are dew pointi. 

. . ' '-· 
' ' Our compoeitional simulation .of C02 injection, 

using the above diacuased EOS match,·· indicated 
completely immiscible displacement a't :an pressurea. 
The simulations' ahowed an effect of pronounced 
vaporization of light and inteimediate oil componente 
into the co2, increasing.vith increasinc flood 
pressure level. Dicharry et at70 discuss design
stage testa indicating multiple-contact miacibility 
for C02 injection at pressurea as ·tow aa 1800 psia 
for the SACROC unit. Kane71 reporta aubsequent work 
indicating higher pr·essur.es necessary for 
miscibili~y72. 

Simulation ia f.requently employed to study the 
question of rate sensitivity. We define "rete 
senaitivity11 as an adverse relStionahip between 
ultimate oil recovery and ptoduction or reaervoir 
voidage· rete. Reference 72 des~ribes a simulation 
study of rete aensitivity in a.number of different 
typea of reaervoira in Alberta, Cenada. Thia study 
was restricted to pressure-maintained, water-oil 
displacements and in.cluded coning and two- and three-

. dimensional calculationa ·in formationa rangiDg ·from 
moderate to severe heterogeneity. 

The conclusion of that rather lengthy reference 
ia very simp.le and brief: 

Water-oil diaplacementa 

l. are rate-aensitive.if an economic limit of 
maximum water cut ia used 

2. are not ·rate-senaitive if an economic limit 
of a "mínimum oil rate ia uaed. 

Thus, the exiatence of rate-sensitivity iD any 
particular case dependa upon the relative veighta 
given to thoae tvo economic limita in the actual 
economic limit definition adopted. 

Figurea 2, 3, and 4, extracted from Reference 
72, illustrate the above conclusion. If one selecta 
a fixed _oil rate as an economic limit and reads 
across· the figure, he finda ultimate oil recovery 
higher at a higher rate. lf one selecta a fixed 
water-oil ratio as the limit and reada serosa the 
figure, he find8·ultimate recovery lower at the 
higher rate. 

We discusa here aeveral aspecta of aimulator 
initialization 1 three-phase relative permeability aod 
pseudo relative pe~ability and capillary pressure. 
Some of the~e aspect8 ·are not diacusaed in the 
literature, but are important in coding and 
understanding the simulatora. · 

Rock relative permeability and capillary 
pressure ·curves as determined by laboratory teste are 
illuatrated in Table 3. The water-oil table 
representa quantitiea measured with no free gas in 
the core. The first water saturation is connate 
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water &aturation, Svc • .2. Water-oil capillary 
pressure Pcwo decreases with increasing ~ater 
saturation. Irreducible water saturation is 
Swir • .22. Residual oil to water displaccm~nt ia 
S0 rw = .3 and water relative perm~ability at 
residual oil is krwro • .45. Oil relative 
permeability at connate water 1 kcocw • .8. 

The gas-oil table gives capillary pressure 
and relative permeabilities measured in a core 
with connate ( Ítmnobile) water pres'ent. Caa-oi 1 
capillary pressure Pego increases with increasin& 
gas saturation. Residual oil saturation to gas, 
S0rg = .1 (.3-.2) and critica! g4s saturation is 
Sgc • .05. The use of .2 as the fir~t liquid 
saturation defiping gas-oil capillary pressure 
implies that initial oil saturations should be 
zero in the gas cap above the top of the gas-oil 
transition zone. lf a residual of .1 were desired 
in the gas cap, the firat saturation entry in the 
gas-oil table would be .3 rather than .2. 

lnitializa~ion of fluid pressure and 
saturation diatributions in simulators is 
performed using capillary-gravitational .. 
equilibrium. lt ia necessary and sufficient 'to 
specify valuea for 

l. 
r 

initial oil Pi - pressure, paia, ~t 
Zi 

. 2. Zi • reference depth, feet 

J. z, • depth to initial &as-oi 1 cont•et 

4. z,. • depth to initial water-oil 
contact 

5. Pcv Pcvo at z,. 
6. Pcg • Pego at z, 

F.luid denahieB or specific weighta vill vary 
somewhat with depth due t.o preuure variation vlth 
depth. For brevity, ve vill ignore this variation 
and the additional logic required to treat the 
case of variable oil bubble point or type with 
depth. The Z valuea are subsea depth 1 measured 
positively downward. ' 

Thus, the constant fluid densities are 
calculated as 'Yv 1 "rot "rg (psi/ft.) at pressure Pi• 
lf a gas-oil contact eKLSta, Z¡ is normally taken 
equal to z8 • Cravitational equilibrium gives the 
thre: phase pressures as functions of depth as 

Po - P¡ + ,.o (Z - Z.) 
1 

(la) 

Pw • pi + 'Yo (Zv - Z.) - p 
1 cw 

+ 'Y (Z - Z ) 
V W 

Pg P· + 'Y (Z - z.) • p 
1 o g 1 cg 

+~-Z) g g (le) 

Uaing theae equations and the definitiona 
PcwO a Po - Pw and Pego • Pg - p0 , we can then 
eaaily calculate Pcwo and Pego aa aingle-valued 
functiona of depth z. 
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The preaaurea at any grid block of deptb.Z 
(uaually the depth to grid block center) are. then 
obtained from Equation (1). Water and' gaa·aatura
tiona are obtained by uaing tbe Pc;wo··and Pego' valuea 
vith interpolation in the water-oil.and·aaa-oil 
tablea •. Oil aaturation ia 1 - Sw.- _s8 .: · ........ 

Several ·~end-polat 11 condition.a K.C-encountered 
in the initializatíon juat deac~ibed. ~e~e end
polnt conditiona are aummarized in Table 4. Tbe S0 r 
value ia Table 4 ia Stl - Svc' i~e. , the difference 
between the firat aaturation entriea of, .. the gas-oil 
and vater-oil tables. In thia case, SOr ia O, but if 
ve otarted the gas··oíl tabh: with SLl • .3, then S0 r 
vould be .l. · · 

Case 6 in Table 4 is similar. to Case l in that 
the grid block Pcwo and Pego values both lie wilhin 
their respective tabular ranges. · However, in some 
problema. depending upon a number of factors, Case 3 
gives Sw and s8 values ~hich sum to· a value exceeding 
1.0, giving a negative oil saturati~~· 

In this Case 6 we must simultaneoualy inter
polate in both tablea of Table 3, uoing Pg and Pw 
from Equations (1) to calculate'Pcgw • Pg- Pw for 
the grid block. The aimulator code must then fiad an 
Sv value between Swc and 1.0, such that P~wo (Sw) 
(from the water-oil table) + P~go from the gas-oil 
table at s8 • 1 - Sw - S0 r aum to Pcgw· W'e place an ... 
* on the capillary preasure valuea·to denote the fact 
tbat they ~re not the grid block valuea calculated 
from differencea of presau·res from Equations ( 1). 
The oil pressure in Case 6 ia then either 
Pv + P~wo or Pg ~ P~go , the two values being 
identical. 

It ia important that preasures of absent or 
immobile phases be calculated as indicated in Table 
4. The principie used, necessary for correctly 
determining phaae flow potential direction in 
aimulator calculations, is that absent phases must 
have pressures they would have if an infinitesimal 
11drop11 of the absent phase were added. 

C~ats et .al73,74 discuss the concept of pseudo 
capillary pressure curves which should be used in 
place of rock or laboratory curves to correctly 
in.itialize fluid saturation distributions. The 
pseudo curve definition73 is fairly straightforward 
if the grid.blocks representing the reservoir are 
viewed as a set · of horizontal blocks at staggered • 
depth valuep representing reservoir structure (dip). 
The definition becomes more coroplex as the grid 
blocks are viewed as inclined in both x- and y
directions. In practice, the pseuJo capillary · 
pressure definition is unimportant if the water-oil 
and g~s-oil transition zone lengths significantly 
exceed grid block thickness (horizontal block case) 
or overall elevation difference (inclined block , 
case). 

In cases vhere roe~ and pseudo capillary 
pressure curves give significantly different initial 
fluid saturation distributions, the latter should be 
used irrespective of argumenta regarding the 
existence of. phase segregation or vertical 
equi.l i br ium dur ing dynamic reservoi r dep le t ion. 
Strictly speaking, if pseudo curves are not used, the 
initialized diatributions will not reflect horizontal 
Water-oi.l and gas-oil contacta. In addition-;· if the 

reservoir were ehut·ia, the calculationa would not 
yield (ia time) equilibrium distributiona 
corresponding to level contacta. In a aenae, the 
pseudo capill8ry presaure curves give the 
background equilibrium condition from which 
dynamic viacous and gravity forcea act in 
distorting contact ahapea (overridea, 
underrunning). 

Several authora, including Jacka et at75, 
discusa the use of pseudo relative permeability 
curves obtained ~rom comparing detailed croaa
sectional resulta with reaults uaing fewer ~ayera. 

Water and gas relative permeabilities are 
treated as single-valued functions of water and 
gas aaturationa, respectively. Oil relative 
permeability generally ia treated aa a function of 
both water and gas aaturations. Perhaps the moat 
widely used method to represent kro is that given 
by Stone76. Stone gives 

k, o • 

(2) 

.Tbis implies that absolute permeabi lit y ia defined 
as effective pe~eability to oil at connate water 
saturation and kcow • 1.0 at Sw • Swc· Since 1974 

we ha::o us:d th:r::~gh[t(::i:i::::on) 
rocw 

(krg + ~:~~). 
- krw - krg J (l) 

If absolute permeability is defined as 
permeability to oil (or water) at lOO% saturation 
and krocw were (aay) .7, then at Sw • Swc' s8 • 0 1 
Equation (2) gives kro • .49 whilf!· Equation (3) 
correctly gives kro • .1. 

Two constrainta in using Equation (3) should 
be mentioned, since they can affect simulator 
stability or resulta in some cases. First, in 
thermal problema, water saturation can decr~asc 
below Swc and even disapp~ar •. For Sw ( Swcr the 
ratio krowlkrocw in Equation (3) should be 
retained at a value of 1.0. Inspectlon shows that 
if the ratio exceeds 1.0, then kro will be posi
tive for all values of S0 , even for S0 • O. 

Second, Equation (3) can give positlv~ kro 
values for mobíle water and gas saturations wbich 
swn to 1.0, i.e. again, kco is po:>itiv~ for 
S0 • O. Premultiplication of Equation (3) by a 
function f(S 0 ) wbich is 1.0 for all but srnall oil 
saturations andO for S0 • O aids stability and 
physical consistency r~quirem~nts in this case. 

THE FUTURE OF S!MULAT!ON 

Within one to two years, we will be using 
stro~gly vectorized black oil, and p~rhdps 
compositional, models on ver.y hi-sp~ed, lar¿<! 
capacity machin~s. In th~ overall picture, thc 
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eoroputing co-st savings on srnaH studies will be 
offset by a· trend toward larger studies, i.e., use of 
more grid blocks or reservoir definition. 

Research underway now will continue toward the 
goal of a single, general simulator capable of 
simulating all or moat recovery pro'cesses of 
interest. Reference 15 is an example of a small step 
in that direction. Success of this research will 
depend in part upon improved understanding and 
rui.Pnoion of cqu~ltion•·uf--atnte to repreacnt the PVT 
bchavior of multíco1Dponent fluid systems in three or 
more phaseo over wide rangea of pre9sure and 
temperature. 

Until or unleas the above goal is reached, we 
will witnesa a continued development and increasing 
application of a variety of types of simulation 
modela for different processes. 

SUMMARY 

A reservoir simulation model is a set of 
partial, finite-difference material balance 
equations. For each grid block one equation is 
written for each component or substance comprising 
the reservoir fluid description. 

1'he model 'ia described here in ten:ns of the 
formulations and equation-solving methods used. 
Current modela generally employ an IMPES formulation 
with options of increased stability provided by a 
sequential solution for saturations. Block 
successive overrelaxation and the strongly implicit 
procedure or ita extension are the most popular 
iterative methods for solving the model equations. 
Reduced-band-width direct solution is widely used for 
moderate or small-size reservoir studiea. 

Examples Of recent significant advancea include 
1) a nine-point difference formulation which reduces 
grid-orientatio~ effecta, 2) equation-of-state usage 
which promisea improvements in compositional 
simulation and might aid development of a generalized 
aimulator and 3) increased computer speeds, storage 
capacitiea and vectorization capabilitiea which 
contribute to the. feasibility of larger,· more 
detailed field studiea. 

Current research may lead away from the preaent 
proliferation of modela of different processes toward 
a single, generalized model applicable to all or most 
recovery procesaea of intereat. 
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Reservo ir 
NUMERICAL reservoir modeliog is a 
new too! for studyiog re.crvoin. 

The various reservoir engineerinc 
functions may tic e•plained tbe 
dia¡¡ram in Fig. l. . · 

rccovcrablc reserve:s. 
one first has to estimate thc total J'eoo 

serves, which may be accomplished 
by the use of ,geological information, 
core analyses, electric logs, etc.· Oo 
the other hánd, the r<>erve may be 
estimated by studying the pressure aod 
volume behavior of thc rescrvoir using 
various mathematical techniques which 
are indicated in thc diagram by blact .. 
box. Similiary, these tcchoiques will 
help determine the mechanism to 
differentiatc betweco dcplctioo drivc, 
gas-cap drive, water drive, etc. 

By koowing the type of mechanism, 
ooe can arrivc at the recovcry factor 
applicable 10 thc field. Applying tbis 
recovery factor lo the estimated re
serves reoden thc C5timated recovu· 
able reserves. 

To predict the ratc of recovery, 011e 
may makc use of weU tests or ooe 
may make use again of tbe black box 
to extrapolate future bebavior of the 
field uoder various operating coodi
tions. 

Black boL The objective is to fm4 
a simulator tbat matcbes pasl perform, 
ance. Jo tum, this simulator may be 
used 10 predicl future performance. ' 

Various simulatioo tcchoiques bave 
beco available 10 tbe industry for 
maoy years. They differ io de¡ree of 
sophistication aÍid llfC used for differ
eot applicatioos. Fig. 2 lists tbe oum, 
ber of possible tcchoiques tbat bavc 
beco used witb various degrees of 
success. 

Dectioc curves are plots of ratc of 
~~ihdf~waJ vs. time or cwnulativc 
withdrawal of a varicty of coordioate 
scales. UsuaUy a straigbt Jine ÍJ drawa 
througb the.c observatioos and extra
polated 10 givc ultimatc recovery aod 

6 



modeling: What ,¡t • 
IS, what it does 

In material-balance atudíes; the pres
Sure-volume behavior of thc entire 
.field is studied assuming an infiníte 
penneability for the reservoír. By 
assuming an inítial oil-in-place from 
volumetric calculations. the prcssure is 
allowed to decline following fluid 
withdrawal. 

This decline is matched against the 
observed pressure bebavior and, if 
necessary, the original oil·in·placc 
figure is modified until a match is 
obtained. In the presence of a water 
drive, additional variables are included 
by allowing water influx into the<lfield. 
Water influx is govemed by mathe· 
matical relationships known as re
sponse functions. 

Another attempt to calculate !he 
water influx into the reservoir during 
material-balance calculations has been 

by RC networlr.s; the R standing for 
resistaoce and e standing for capaci: 
taoce. This RC network simulates !he 
flow o( fluids througb the aquifer 
under transient conditions; by chang· 
ing values for both R and C, cventu
ally a match between observed and 
calculated rcsérvoir performance may 
be obtained. 

Similarly, analog computen have 
beeo used to simulate the transient 
aquifer bchavior. 

For the purpose o( displacement 
studies, various models and techniqucs 
have bccn used. They include mathe· 
matical front tracking. When employ
ing unit mobility ratios, electrolitic 
models have bccn used. Similarly, 
Hele-Shaw modela have been used to 
study displacemcnt in the laboratory. 
T b e Buckley • Leverett relationships 
allow for varying mobility ratios due 
to saturation changes and relative per· 
meability cffects. Sboncuts bave been 
offered for more complicated systema 
using thc Higgins-Leighton models. 
. A iiewc6n:leí' 'in the field of model
ing is numcrical reservOir modeling
tbe subject o( Ibis series of articles. 

Wbat 11 ls. In numerical reservoir 

Fi¡. 1 

modeling onc ftn1t writes thc fundá
mcntal fluid-flow equations in partial 
differential form for eacb of thc 
phascs present. Thcse partía! dillcr· 
cntial cquations are obt.ained by writ
ing the conventional equations auch as 
the continuity equation, equation of 
flow, and thc equation of state. Tbese 
three are then combined into a single 
partial diffcrcotial cquation. 

Tbe continuity equation cxpresscs 
the conservation o( mass. For most 
(luid flow through porous media situ; 
atioo, thc cquatioo of flow is Darcy"s 
law. For vcry high rates o( flow and_ 

'· gas flow, modified Darcy law i:qua· 
tions, including turbuleocc temlS, cap 
be used. The equation o( statc consis~ 
of a descriptioo of the pressure-volumo 
or pressure-density relatiooship of thc 
various fluids prescnL N ex~ the partial 
differential cquation, possibly foUow• 
ing combination, is written in finitc 
differences fonn, both in space and 

time. «,/ -. .. ..... ~ .. 
A finite differences grid is laid ovcr 

thc field as shown in Fig. 3. Eacb 
grid point or nodc is assigned a valuc 
for permeability, tbickness, porosity, 
fluid content, clevation, and pressure. 

Fi5. 2 

Reservoir engineering functions What's in the black box 
/" ' /" 

Reservoir engineering 

1 _/"' /. 
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1 1 DldiN Qlrm. 
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· Field's finite grid system 
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The fluids are assigned values for vis
cosity, formation volume factor, solu
tion gas/oil ratio, and density. The 
rack is assigned a value of compressi· 
bility. 

Rates for one of the produced fluid 
phases are assigned to !he well. Then, 
for a finite time difference (time step), 
new pressures and rates for all pro
ducing phases are calculated. The rates 
for !he wells are calculated from the 
satui'ations existing at each point in 
!he grid system. This process is re
peated for a number of time steps, and 
in Ibis manner both rate' imd pressure 
histories are calculated for each weli 
in the system. 

INPUT DATA 
Por each node in the grid system, a 

value for each of !he following is 
required: 

Penneability 
Porosity 
Thickness 
):llevation 
Grid dimensions 
lnitial saturation for each phase 
Initial pressure 
Rock compressibility 
Fluid characteristics are assigned by 

the following relationships: 
Oil fonnation volume factor vs. 

pressure 
Water fonnation volume factor vs. 

pressure 
Gas fonnation volume factor vs. 

pressure 
Oil viscosity vs. pressure 
Water viscosity vs. pressure 
Gas viscosity vs. pressure 
Solution gas/ oil ratio vs. pressure 
Solution gas/water ratio vs. pressure 
Liquid/ gas ratio vs. pressure 

,__ 

1--

1'--. 

o 

o 

V 

Oil density 
Water density 
Gas density 

Fig. 3 

1"'-
l 

1/ 

The interactioo of forces between 
· rock and fluids is given by the follow
ing saturation depeodent functioos: 

Relative permeability for each phase 
Capillary pressure between oil and 

water 
Capillary pressure between gas and 

oil 
Additional data may come from 

weUs and include: 
Producing interval 
Oil-production rate vs. time 
Water-production rate vs. time 
Gas-production rate vs. time 

In matcbing, ene uses 
available for al! 1teiiís'· listed in !he 
previous paragraph. Then !he weUs 
are allowed to produce at the observed 
rate for one of the phases. 

Next, pressure hehavior for al! wells 
and the production rate of the remain
ing phases are calculated. Calculated 
plots are compared with observed pros
sures and rates. 

Comparison hetween these two will 
indicate .!he accuracy of !he initial 
estímate' of input data. lt may be 
necessary to modify some of !he input 
data until all observed and calculated 
data compare sufficiently favorably. 

No hard and fast rules exist to in
dicate when a match is ob.tained. Tbe 
number of runs before a satisfactory 
match depends on the · complexity and 
length of history. In Ibis manner, a 

rather sophisticated black box has beca 
obtained, and it can be used to predict 
!he future behavior of !he field. 

In prediction, ooe may set the pro
duction rates for all weUs or for thc 
entire field, or ooe may set a produc· 
tion rate to he maintained until !he 
reservoir pressurc falls below a ccrtaio 
point, whereafter water· injection 
should take place somewbere else. 
Then, with these hypothetical rate 
schedules, performance of !he Jield Íl 
studied. 

lo this maoner, various cxploitation 
schemes may be cvaluatcd, ccooomica 
may he applied. to !he results, and !he 
optimum exploitation schemc may be 
selected. 

A word of caution appears war· 
ranted. The black box w.., derived 
witb a certain kind of history, for , 
example, depletion al moderate rates. 

· Ono should not expect any degree of 
o~· ..... 

aceuracy if suddenly the mechanism 
is changed to that of water injection 
without any history to predict tbe be
havior of that water injection. Similar
ly, if suddenly !he field is produced al 
very high rates causing pressurc to : .. · 

drop helow the bubble point, when, '· 
during the match, thc pressures werc 
always above the bubble point, !he . 
predicted results sbould be vicwed witb 
caution. A general rule oHhiimb may 
be that one should not predict more r 

!han twice !he period used for match- ::. 
ing under similar modes of operation .. 

Although reservoir modeling was 
developed to stÍldy overall field per
formance and to predict that perfor
mance following matching, it has many 
other applications. Typical sections of 
fields can be analyzed, and by assign
ing the best known values to !he aee
tion, its mechanism can be studied. 
Then, sorne of the parameters can be 
changed to leam wbat effect they may 
bave on the overall mechanism. ID 
turn, we may find what paramcter 
needs most study to hetter understand 
the performance of the field. 

Reservoir modds may he used to 
study well problems such as pressure 
buildup and drawdown hehavior, gas/ 
gj1 ratio behavior, and water/oil ratio 
histories. 1t has application in srudyin¡ 
!he coning and fingering of water and 
~as into oil-producing wells. 

Laboratory studies may include corc 
floods and imbibition studies. Where 
the numerical fluid-flow simulaton 
essentially solve !he fundamental flow 
equations, !bey sbould find consider
able application in !he cvaluation of 
laboratory studies. 



\ 



, . .. 

',: 

Single-phase fluid-flow equations 
IN STUDVING flow of any kind-heal 
flow, fluid flow, eleclrical flow-lhe 
malhemalics are oblained by applying 
a conservation principie. A conserva
lion principie simply slales lhal sorne 
physical quanlily is neilher c~ealed 
nor destroyed. 

Conlinully equallon. The conlinuily 
is 1he malhemalical expression of lhe 
law of conservation of mass. Jt can 
be developcd by considering lhe mass 
flow of fluid through a cubical ele· 

ment of space having dimensions ~. 
~y. AZ wilh ils edges parallel lo 1he 
x, y, z axes, Fig. l. For lhis cube, 
one may write a mass balance in the 
form 

(mass in - mass out) + mass 
generation = mass accumulation (1) 

Al lhe x lace of lhe cube, lhe fluid 
velocity and density are v... and p,. 

/ 

Development of continuity equation 

• 

•• 
p. 

Fi¡. 1 

v, Pr 

v •• •• 
P•+•• 

v, •• , 

~-~~·~~~--~---------· 

Jn rcctanaular coordinales . . . 

Fi1. 2 

• 

in cylindrlc:al coordinatcs. and 

rcspeclively. Al lhe x + ~ lace of 
lhe cubo, lhe velocily and density are 

V,.+a• and Pa+•s· 
The 'fluid velocity and density al 

lhe y and z faces can be similarly 
dcfined as v,, v,, Pr• p., and al lhe 
Y + ~y and z + AZ faces, lhe veloci· 
ties and densilies are v1 +"-'"' v•+-'•' 
o, .• .~,.. and p1 +,.•· 

Fur),h!,r.'!'pre.. lel lhe amoun1 of 
mass iclelised be W expressed in mass 
per unir time per unit volume. 

Fip. 1, 2. l 

Fi¡. l 

• 

1 
' in spherical coordinatcs. 

• 



; i 
:! 

i 
•.1 

i 
·.¡ 

With these definitions, the conser
vation of mass can be statcd from 
Equalion l. Thc amounl of mass en
tering the elemcnt during a time in
terval. 4.1, is 

Pi.Ya. ~yb.ZAI .+ p1YJ. M.:1tlt +'·· 
PaYa 4.x.:1y4t. 

The amounl of mass leavitÍg lhe 
element during this time is 

P•+•s Ya+•a AydZAt + 
Pr+•; Y1+•T AX~Zdt +. 
Pa+_.• Va+t.a .:1XAydl. 

Also, during this time an amount of 
mass 

W (x, y, z, 1) AxAyAUII 

is released from the element. 
The amount of excf.:ss of inflow 

over outflow and thc release of mass 
from the element, accumulation of 
mass, is 

(4ta.r.a.• + •t P~t..~··· t + _.,

+a.r.Lt Pa,1.1,t) .:1Xdy.:1Ut 

where ~ is the 'porosily. 
Substituting these expressions into 

Equation 1, dividing 1 h ro u g h by 
.UAyM.1t, and taldng the limits as 
.u, Ay, Az, and Al are allowcd lo 
each approach zcro gives, , 

-- (pv,) + -- (pv,.) + 
ilx ily 

il 

-- (pv.)- W t•.r.a.u = 
az· 

il 
-- (</>p) (2) 

ilt 

T,his is thc equation of continuity jn 
rectangular coordinates including a 
scneration tenn. 

11 can also be dcrived in cylindrical 
and sphcrical coordina~. In thcse 
cases it would havc lhe form1: 

Cylindrical coordinates (r, S, z) 

lil lil 
-- (prv,) + -- (pv,) + 

r ilr r as 

il il 
~ (pvJ = - - (.j>p) 
ilz ilt 

JO 

Spherical coordinales (r, e. ~~ 

1 il 
-- (pr"v,) + -·--- (pv. sin Hl 
r' ilr r sin s as 

1 a a 
+ -- - (pv, l = - - (</>p) 

r sin 8 il.¡. at 

wh~re 8 and "' are angular dimensions 
as shown in Figs. 2 and 3. The genera
tion term is not included in thesc 
equations. 

Equation 2 can be uscd to formulale 
differential equations which describe 
fluid movement within a porous body. 
Todo this it is necessary to have a law 
of flow which can be used to evaluate 
the velocity terms in Equation 2 and 
an equation of state which describes 
lhe dependcnce of fluid densily on 
pressure .. 

Darcy·~ -Jaw can be used to define 
the velocities as 

d<l> 
v. =- k:';t

dx 

d<l> 
v,. = -lr./¡<

dy 

d<l> 
and v. =- k/JL

dz 

where k is the permeability which moy 
be different in three coordinate direc
tions 

as 

1' is the. fluid \'iscosity 
<1> is lhe flow potential. 

The flow potential may be exprcssed 

<l>=p+pgh 

where g is the acceleration due to ~ 
gravity 

p is thc pressure 
h is a vertical distance 
p ís thc fluid densi1y. 

Since the x-y plane is horizontal, the 
only poten ti al· which will contain the 

· gravitational term will be the onc in 
the z direction. Therefore the vcloci-
ties may be defined as ' 

dp 
\'lo=-k/¡¿

dx 

dp 
v, = -1</¡<

dy 

dp 
v, = - Ir./¡.(-+ pg) 

dz 

Substituting the~ expressions for 
velocity into Equation 2 gives 

apJ<ap opkop 
-{--) + -(--) 
ex 1' ox ay 1' ay 

a pk ap 
.,. - 1- (- + pg)) + 

az 1' az 

a 
w .•. ,_ .. _,, =- (</lp) 

a. 
(3) 

This equation has two dependc:rit 
variables, pressure and density. 1t is 
necessary lo eliminate one of the 
variables to obtain a solution to the 
equation. 

Todo this we must have a relation
ship between density and pressure. 
Such a relationship is provided by an 
equation of state. The equation of state 
which is chosen will depend upon the 
type of fluid under consideration. 

As a result, the ditrerential equation 
resuhing from the substitution of the 
equation of state into Equation 3 .will 
have a different form depending upon 

.. the type of fluid flowing. 
Here are sorne of the forms that 

may be deri\'ed: · 
lncompressible Oow. The valume of 

. an element of fluid is not a function 
of pressure for iocompressible flow. 
Therefore, thc fluid density does no1 
change with position or time and 
Equation 3 can be written as 

a a 
-·(k/1' aptox) +-{k!¡. ilp!ily) 
ilx ily, 

a 
+ - (k/¡.{ilp/ ilz + pg)) = o 

ilz 
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whcrc the porosity, 4>, is assumed con· 
stant and the region contains no 
sourc:es or sinks, W ... , ..•. 11 = O. lf the 
permeabiHty and. viscosity are assumed 
constan! and since p and g are both 
c:onstant, the equation reduces to La .. 
Place's equation 

a:'p a>p a'p 
-+--+--=0 

ax•. ay• az> 
. ··~ 

SUghdy comprcsslble Ouid. A slighl· 
ly compressible liquid can be defincd 
as one whosc volume change witb · · 
pressure is small. The compressibility; 
e, is defined for isothermal conditions 
by 

1 dV 

e:=---v dp 

where V denotes fluid volumc. Since 
lhe mass of fluid does not change 
when lhe fluid is comprcssed, e can 
be cxpressed as 

1 dp 

c=-
P dp 

Assuming e lo be independenl of p, 
inlegration gives: 

P =.P .. e,.,. ' (4) 

where p. is lhe fluid density al zero 
prcssure. Taking the partiar derivative 
of Equation 4 wilh distancc, 1, gives: 

ap C:p ap 
-=p.,C~'I'-=pc-

al a¡ ol 

Solving for ap/ at and substituting in lo 
Equation 3 gives 

a a k 
-· - (kt,.c optax¡ +-(- aptoy) 
C:x · ay ,.e 

a k il4>P 
+ -1- (Optoz +pg)) =- (SI 

Oz ,.e ot 

Again we have chosen a region free 
of sources .or sinks, Wu..,. ..... ·• = O. 

Gravilalional effects are negligible 
when considering single-phase flow. 
This assumption reduces Equation S 
to: 

a ap ap ap 
- (lil ,.. -) + - (k/,.. -) + 
ax ax ay ay 

a ap a4>p 
-(k/ pe-)=- (6) 
az az at 

This equation has only one dependent 
variable, fluid density. However, it is 
more natural to have pressure as the 
dependent variable rather than fluid 
density. 

Equation 4 may be reprcsented by 
a series expansion as 

(cp)' (cp~' 

P =p .. (1 +cp + -- + --- + 
2! ) ! 

(cp)' 
.... +-1 

n! 

Since the fluid compressibility is con· 
sidered to be small, the first two terms 
of this expression give a good approxi· 
mation to the fluid density at a given 
pressure or: 

p =p .. (1 +epi 

Substituting this equation into Equa· 
tion 6 gives 

a ap a ap 
- (k/p -) +- (k/p -) + 
ax ax ay ay 

a ap a4>p 
-(k/p-) =e-
az az at 

(7) 

lf permeabi~ty, porosity, and vi~osity 
are assumed constant, Equation 1 can 
be written as . ~ 

a>p il'p ' il'p .. ,. ap 
-+--+-=---- (8) 
ax• oy' az' k Clt 

This equation has the same form as 
the Fourier equation of heat conduc· 
tion. 

Gas Oow. The density of an ideal 
gas can be exprcssed as 

M 
p = --p 

RT 

where M is the molecular weight 
R is the gas constant 
T is lhc absoluto tempcratuie. 

Substituting into Equation 3, neglecl· 
ing the source term and assuming 
gravitation effects may be neglected. 
gives 

a ilp' a .aP' 
- (kt,. --)+-(k/~--)+ 
ax ax ay ay 

a ap• 1 a4>p' 
-(k/p-) = ---
az az p at· 

lf it is assumed that permeabitity, , 
viscosity. and porosity are constan t. 

'· this equation may be written as 

a'p' a'p' a'p' ~~ ap: 
- +- + - =-- (9) 

ox' ay: oz' kp at 

This equatiori is similar to Equation 
8. although it is nonlinear due to the 
11 p torm on the right·hand side of 
lhe equation. 

The density of a real gas may be 
expressed as ·. · 

M P 
p=---

RT Z 

where Z is the gas compressibility 
factor and is a function of pressure 
and temperature. Making this substitu
tion into Equation 4 and assuming 
constant permeability, viscosity. and 
porosity. gives 

apap apap 
-(--) + -(--) + 
axzax ayzay 

a P ap 4>,. a<Pt Z> 
-(--)=---
azzaz k at 

This equation is also nonlinear; how· 
ever, it will reduce to Equation 9 if 
Z is constant. 

Rderences 
l. Bird, R. B .• Ste--.·an, W. E.. and Ligbl

root, E. N., Tran.sport Phcnomcna, John 
Wiley &. Soru, lnc., 196S. 
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Finite differences 
ONLY • small number of the partial· 
differential equations which are gen· 
erated by engineering problems can 
be solved by analytical means. More 
ofteo th1/!' not, an aoalytical solution 
is ¡;eyória the power of present ana· 
lytical metbods. , 

•• :>l,"W•'1""' 
When such a situation ·anses, the 

problem may_ geoerally be solved by 
finite·difference m e 1 h o d s. Even in 
sorne cases where analytical solutions 
are available, thc evaluation of infinite 
series or integrals may be more time 
consuming and complicated than the 
finite-differencc solution of the par· 
tial..<Jifferential equation. 

Finite·differeoce techniques can be 
used to solve extremely complicated 
problems. In the complex problems in 
reservoir fluid flow, the solution must 
be camed'

1
óúí'on high·speed comput· 

ers. 
Errors lnvolved, Two types of error 

are involved in solving partial-differ· 
eolia! equations by the method of 
finite differences. 

For square bouqdari~, Íhe error 
will be lños'ily"i?uñaólt<error. But an 
iterativo type of solution can be car· 
ried to ~ilugn · slgnificaot digits to 
keep Ibis error small. 

The second type is the truocation 
error resultiog from replacing the par
tial-differential equation with the dif· 
fcrenCe approximation. 

Decreasing the sp'~tl;u and time· 
incremeot_ size will , usually decrease 
this. error. Also, a higher order BP" 
proximation lo the partial derivativos 
can be used to decrease the truncation 
error. 

For the situation where tbe bound· 
ary is curved and not square or rec
tangular, the mesh points will gener· 
ally not coincide with the boundary. 
Erran will theo arise in approximat
ing the values of a function at the 
boundary.' 

Thia situation scldo~' 1arl~· Í~ res· 
ervoir modeling because the location 
of the boundarics of a reservoir are 
not known accurately enough to war
raot approximatirig a curved bound· 
ary. 

12 

Approximating partlal derivadves. 
The finite..<Jifference approximation to 
a partial deriVative can be arrivcd at 
by uslng a Taylor series expansion Óf 
a function around a point x + h as 
follows:' '..-

f(x+hl = 

éif h' éJ2f 
f(x) + h - + - -. . . (1) 

élx 2! élx2 

where h is the increment size. 
We can now salve for the first de

iJf 
rivative; 

éix 

éif ~ f(x+h) - f(x) 
-=----
iJx h 

h él2f 
----- ... (2) 

2! élx' 

h él2f 
The term (- --- - ... ) is to be 

21 iJx2 

neglected and thus is the truncation 
error associated with this approxima
tion. The error is then of the order 
of h. 

The numerator of this finite..<Jiffer· 
ence approximatioo is called a for· 
war~ ~-~~iffCte.~ce: L~ew~sc: there are 
\ii~~wahf'diffeience¡ and central dif
ferences. These three differences can 
be defined by the use of operators as 
follows. 

Af(x) = f(x + b) - f(x) 
(forward difference) (3) 

~f(x) = f(x) - f(x-h) 
(backward difference) (4) 

b b 
8f(x) = f(x+-) - f(x--) 

2 2 
(central difference) . (S) 

G 
' 

These difference operators are includ
ed for thc sake of definition of these 
tenas. Other differcnce operators are 
wed in mathematical texts, but will 
not be defioed here. . 

Gettiog back lo finite·difference •P' 
proximation of p a r t i al derivatives. 
more accurate approximations for the 
firsl derivativo can be obtained by 
subtracting two Taylor's series. 

MI 
f<x+h) = f(x) + 

élx 

h' a•t h' a•r 
+--+--+ ... (6) 

2! ox' 3! ax• 

hélf 
f(x-h) = f(x) -

élx 

h' a•t b' a•t 
+------+··· (7) 

2! ax• 31 ax• 

Subuactiog Equation 7 from Equation 
6 gives 

or 

f(x+h) - f(x-h) 

at 2h' a•t 
= 2h- + ---- + . . . (~) 

()x 3! ax• 

iJf f(x+h) - f(x-h) 

iJx 
=-----

2h 

h2 iJ3f 
---+··· (9) 

31 ax• 

The truncation error associated with 
Ibis expression is of the order of b2• 

Thus, for small b, the e x p a n s i o n 
shown in Equation 9 is more accuratc 
than the expansion shown in Equa· 
tion 2. 

j 
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The ~ second derivative can be ob· 
taincd iti the same way. Adding Equa· 
tions. 6 iiod '7 with .the fourth deriva• 
tive included in the expansion gives 

f(x+h) + f(x-h) = 2f(x) 

iJ>t 2h' a•r 

h,2 h,• lJ2f 
(A-·-+ C-)- (15) 

2! 21 iJx' 

. ·-. A; B, and C can be detennined by 
setting the coefficients which multiply 
like terms cqual lo zero. 

+h'-+-· - ... (10)''>_.·,,.· 
íix2 41 ax• :· <-·· ···. A+B+C=O 

or 

iJ'I f(x+h)- 2f(x)+f(x-)t) 

-=-------
h' 

2h' a•r 
41 ax• 

(ll) 

The trunca !ion error associated · witb . 
this cxpansion is of thc order of b•., 

All of tbcse cxpansions are ·valid 
for a constant incrernent size h. For 
unequal increments, as shown in tbC: 
drawing, the expansion . proceeds as 
follows: 

h, 

f(x+h 1) f(x) f(x-h 2) 

To obtain the second derivativo using 
these three points, first assumc tbat 
the second derivativo will havc thc · 
following forni. 

a•t 
- = A f(x + b1) + B f(x) -t 
éix2 '· 

e f(x-h,) (12) 

whcrc A, B, and C are constants. Now 
expand the functions f(x+h1) and 
f(x-h,) in a Taylor series. 

f(x+b,) = f(x) + 

at h,• a•r 
h,-+--+ ... (13) 

ax 21 ax• 

f(x-b2) = f(x) -

at ha' a•t 
ha-+--+... (14) 

ax 21 ax• 

Substituting Equations 13 and 14 into 
Equation 12 gives 

o f.O 
~ = (A+B+C) f(x) + ax• . 

ar 
(Ah1-Cb2)- + 

8X 

Ab1 - Ch2 =O 

1 Ah1' -t Ch.' =2 tb/t 1>" 

Solving these three equations for A, B, 
and e and substituting baclr. into 
Equation 12 givcs the following ex
pansion for the second derivative over 
nonequal space increments. 

a•r 2 f(x + h,) 2 f(x) 
-= ---+ 
iJx2 h1

2+h2h1 h1h2 

2 f(x-h2) 

(16) 

a•r 
Mixed derivatives such as 

axat 
cán be approximated by expanding a 
Taylor series about f(x+h, t+k). This 
expansion is2 

ar 
f(x+h, t+k) = f(x,t) + h- + 

ax 

at 1 a•r 
k-+-(h2-+ 

éit .2 iJx2 

éJ2f éJ2f 
2bk-+k2 -)+ ... (17) 

axat ot2 

éJf éJf éJ2f iJ2f 
lf the tenns .'-, -. -. are 

ax ol ax• ata 
replaced by thcir finite-difference ap· 
proximations, thc following approxi· 
mation can be obtained for the mixed 
derivative. 

lJ'f 
- = [2f(x+h, t+k) -
iixüt 

3f(x+h;-t)- 3f(x,t+k) + 

2f(x, t) - f(x-b, 1) -

f(x, t-k)]/2blr. (18) 

Tbe diffuÍ¡1vlty equatlon. Tbc dif
fusivity equation can be used lo de
scribe thc singh:-phase flow of sligbUy 
compressiblc fluids througb a bomog· 

eneous porous medium. This equation, 
along with the appropriate boundary 
conditions, has beeo used to describe 
the transient behavior of production 
arid injection wells. This equation is 

o'p </>p.c éJp 
-=-- (19) 
ax• k éJt 

Using Equations 2 and 11 and using 
subscripts in ·place of x, x + h, etc., 
Equation 19 becomes 

Pl+l,D- 2Pl,D + Pt-l.D 

-------= 
.u• 

</>p.c (p,,. + 1 - Pt .• l 
(20) 

k ~1 

where i refers to the space index and 
n refen to the time index. 

It should be noted that the boundary 
conditions must be included before 

'this equation can be solved. 
This equation is callcd an explicit 

finite·difference equation. Tbe prcs
sure al point i,n + 1 can be solved for 
expliciUy in tcnns of all known values 
at time step n. 

This explicit equation has severc 
stability Jimitations and is seldom used 
in practice. The pressure difference 
in time is. a forward difference witb 
truncation error of the order of ~1. 

The pressurc diflerence in space is 
a central difference applied twice with 
truncation error of. the order of Ax1• 

lf a backward pressure differcnce 
ÍJ1 time had been talr.en, the resulting 
equation would bave been implicit. 
That is, a number of simultaneou:s 

""equatioos correspooding to the 'num
ber of space incrcments would bave 
to be solved at cach time leve!. 

One may wondcr wby a more ac
curate approximation for the time de· 
rivative has not been used. U Equa· 
tion 9 had been used lo approximate 
the time derivative, 'the truncation. er .. 
ror in time would be of thc samc 
order as that in space. This difference 
approximation for the parabolic equa
tion (the diffusivity equation) always 
leads to unstable solutions. 

Rcferences 
l. Lapidus. L., .. Digital computatioD fot 

cbemic.al engiDcera.•• Chap. 4, Mc:Oraw-H.ill 
Book Co. 1=, New York, 1964. 

2. Micltlcy, H. W., Shc.rwood, T. K., aacl 
Recd, C. E, "AITiied malbematica iD chtm
ical ct~gioccring.' pp. 3SI·3S2, 2nd cdilioD, 
McGDw-Hill Book Co. loe., New Yort., 
19S1 • 
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Explicit 
finite- · · 
difference 
technique. 
MANY of the finite-differcnce tech
niqucs applied to fluid flow partía) 
differcntial cquations rcsult in cqua
tions similar lo tboSe for hcat flow, 
Oow of electricity, and others. 

T)¡is chapter sbows examples ~~ 

the more importan! explicit finlte dlf
ference solution techniques. Sorne of 
these are especially applicable for 
single-phase Oow problems or multl
phase Oow problems with relatively 
constan! Oow coefficlents. 

Thc readcr abould kecp in mind that 
this scction is writtcn to acquaint thc 
nonmathematician with these tecb
niqucs. 

Thc cquations are not writtcn in thc 
more appropriatc residual form, nor 
docs thc text givc any indication of 
thc relativo merita of thc mcthods. 

14 

Typical block 

fig. 2 

Basic explicit 

General form of equations 
Thc diffusivity cquation witb nonconstant cocfficients for two dimcnsions 

can be written as 

11 ~ au ) a . ( au ) au 
- K.x- +- Ky- -Q=C-
ilx ax ay ay ot 

This cquation can now be cxpanded in finito diffcrences to yicld 

~ cu,,,+l-u,,,l cu,,,-Uu-tl) 
K.xl,Hl/2 - K.xl..l-112 -----

M¡ \ .1X.¡ + 112 axJ-112 

(U1..J,a+t-Uu.J 
-Q,,, =e,,,------

41 

(1) 

(2). 



Fig. 1 showa a diagram of a typica1 
block in Ibis system. The subscript n 
on !he right-band side of Equation 2 
refen to !be time-step level. This sub
script has temporarily been omitted • · 

In E q u a t i o n 4 the expression 

(k I>Z t.y) 
'\· ~ bx 1+ 1/J,I 

corresponds to 

from the left-band side of the equa, · ' e,·· , . . 
tion, but will be added when the spe- : .:! IP m Equat10n 3; the ex p res s 1 o.n 
cific explicit techniques are discussed. \'. . (.P <IX ."'Y t.Ze)¡,, corresponds ~ e m 

Note tbat if !he coefficients are con~· .... Equabon 2, and we use p mstead 
stant and tbe grid spacing is constan! of ·U. . . 
this equation will reduce to !he samo . Let us assume that. the _coeff•c•e.nts 
equation shown in tbe previous instaU· . IP, IM, JP, JM, Q, ande'? Equat10~ 
mcot with the exception thot the pres• 3 are constan!. In E~uaMo 4 thiS 
ent finite-difference equation is in two would mean that the VJSCOSity, poros-
dime~sions. · ity, compressibility, and permeability 

Simplifying the nomenclarure in Equation 2 further, we obtain . . . . 
JP•U1,+1 + IP•U1 ~ 1 ,1 - (JP+IP+JM+IM) U 1,1 

e,,, 
+ JM•U1,,_1 + IM•U,_,,,- Q,,, = -- (U1,,,o+I - U1,1,.l 

"" 
(3) 

Where: are constant at any poiot in the sys-
U is the temperature or potential; 
IM, JM, IP, JP are coefficients in

cluding resistance. thickness~ Jength, 
fluid viscosity; 

Q is' rate of withdrawal of ·. hcat, 
electrlcity, or fluids; · 

e is a coefficient whicb includes 
compressibility, heat capacity, or ca· 
pacitance; and 

t.t is the time step from one solution 
of U to the oext. ' . 

tem. 
E¡¡uatión 3 d o e s not 

whether the values of U on 
indicate 
the left-

hand sidc are for time t (nth time 
step) or for time t+t.t · (n+ Jst time 
step). By assigning the time level to 
the U's on the left-hand side, we can 
arrive at different forms of solution. 
In general we recognize 

l. Expliclt techniques 
2. lmplicit techniques 

For single·phase flow tbrough porous media, Equation 3 becomes 

' 4 ~k I>Z4Y) (pi+;:, - PJ,J) I+J/2,J 
. ,. <IX 

. (k t.Z<IX) + (p,,.,,, - p,,.,) ..... ,. 
. ,. t.y 

. (k I>Z t.y) 
- (p,,, - PI-l,J) ,. <IX 1-l/U 

~k t.Z<IX) - (p,,, - p,,_,) J,J-l/2- Q,, ,. t.y 
(4> t.X t.y t.Z C),,, 

= (pJ,J,a+l - PJ,J,a) (4) 
l>t 

The subscript 1+ 1/2 refen to the 
average values of its related eJ<pres· 
sion between 1 and 1+ 1, etc. In Equa
tion 4 

3. lterati-.e techniques which are 
merely a special·form of implicit tech
niques. 

p is pressure 
k is pcrmeability 
p. is viscosity 
.P is porosity, and 
c. is compressibility 

Explicit methods 
Baslc expliclt letbnlque, In the ex

plicit solution technique the valucs of 
U on the left-hand side are thosc from 
the prevlous time step (n); the right· 

hand side uses both a value from ihe 
previous time step (o) and the new 
time step (n+ 1). 

lgnoriog the withdrawal tcrm Q1,1 

the explicit solution technique may be 
sbowo graphically in Fig. 2. lt can 
readily be seeo that for cach node an 

· Cquation with only one new time level 
valuc for U Can be written. 

For the explicit solution, the equa
tion for node (1,1) b~comes 

(U1•1 •• - u,+'·'··> IP + <Uu .• -
UI,J+J,o> JP - (U,_,_,,. - u,,,,.l 

IM - <Uu-•.• - u,,,_.> JM + 
e 

91.1 = (U~,,,. - U1.>.•+1) - (5) 
1>1 

Rearranging to sol ve for UI.J.b+ 1 gives 

1>! 

. UJ.J.a+l = -- [- Ul-t,.l.~~o IM -. e 

'~ UI.J-l,P JM 

JM + JP) 

+ u,_,_. <UM + IP + 
e 
-) - UI.J+I,n Jp 
t.! 

(6) 

At each point, the vatues of uo+, 
are calculated explicitly. The calcula
tion at each point in the system de-· 
pends only on values of Ua• so that 
the calculations e~ be arranged in 
any arder of sequence. 

Altemating dlrectiou npliclL The 
altemating direction explicit method2· 
(ADE) also involvcs solving an equa
tion with only one unknown at each 
point in the system. This method is 
directionally biased and makes use of 
values at time step n + 1 that ha ve ai
read y been calculated. 

Fig. 3 shows graphically how each 
equation may be w e i t t e n for each 
point. lt exhibits the configuration 
when sweeping in the + 1 and + J di
rection. 

Fig. 4 shows a series of consecutive 
calculatións in the + 1 and +J direc
tion. When calculating the new value 
for U at (1,1) only the one value of U 
in the new time step appears due to 
the b o u n d a r y condition (no now 
boundaries are assumed for this ex
ample). 

When calculating U2.1 thc previous
ly calculated value for U1,1 is uscd. 
This procedure is followed until aU 
new values for U in the first row have 
been calculated. Thcn the values iD 
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Altetnating direction 

qrder of calculations 

- ' . ,. '· .. 
.. 

) . .. . ' 
. J ·. -·~. )( .. )( 

,\ • .l' ~ ··.~. 

. 4 ~X ·· · · . ; ~~· " 

·. ...... . '\: 

the s e e o n d row are determined as 
sho~ in Fig. 4. 

When at 2,2 it can be seco that the 
previously calculated values for the 
new time step for U2,1 and U1,2 are 
used along with the values for the old 
time step for U1 ,2 and U2,1• 

Following a sweep in the + 1 and 
+J direction, it niay be followed by 
swecps in the -1, -1 direction, the 
,-1, +J direction and the +1, -J 
direction. Hence, the name altemating 
direction. 

When calclllating points in increas
ing 1 and J, thia method has the form 

Ut.J+t .• l JP 
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Fig. 4 

2 J 

e 8 ' 
X )( l 
X " )( 

" " X 

•13. 1) 

,. .. 

(UI,J-I.a+l 

U,,,,o+tl JM + Q,,, = (Ut.J.o 

(7) 

Following rearrangement, the cqua
tion for the + 1, + J direction swccp 
becomes ,.. 

e 
U'·'·•+t (IM + JM + -) = 

*' 

Ut+t,J,a IP - Ut,J+t.o JP + U1,1,, 

e 
(IP + JP +-)-U,_,_,_,., IM -

Al 

(8) 

Three more forms are possible for 
sweep in other dlrections. Sweepiog 
in lhe -1, -J direction 

<Ut,J.a+l 

(UI,J.a+t 

ui+I.J,o+l) IP + 
u,.J+ '·' + ,> JP 

<Uz-t,J,a - u ...... > IM - U1.~-•·• 

- u,_,,l JM + Q,,, = <U..... -

' . 

Rearranging terms 

e 
U1.J.a+t (IP + JP + -) = 

e 

(9) 

U1,1 ,, (IM + JM + -) U1_ 1_1,, 

Al 

IM- U1•1 _,_, JM- Qu (10) 

Sweeping in the -1. +J direction 

(Ut.I.•+J - U'+'·'·•+•) IP + (U1.1 •• 

- U1,J+t..J JP- (U 1 _~,1 ,, - U1•1.,) 

IM -(Ut.l-1.•+' - U,,J,o+tl JM + 

c. 
Q1.1 = (Uu .• - U 1.1.•+•>- (11) 

Al 

Rcarranging terms 

e 
Uu.11+ 1 (IP + JM + -) = 

Al 

UI+LJ.u+l IP- UI.J+I.a JP + U1.J.a 

e 
(JP + JM + -) 

Al 
u,_,_,_. JM 

(12) 

Sweeping in the +l. -J direction 

(UI.I.o - ui+I.J .• l IP + (UI.I.o+l 

·U1,J.o+I)IM- (UI,I-t,o- Ut.J . .J JM 



r ·e 
+Ou =¡U,,,,.- Uu_ ... ,)- {13). 

At 

Rearranging terms 
' '· e 

U1.J.•+• (JP+IM .+ -) = -U1 ~~,,,,. •• 

At. ... ·.', ,. 

IP- U~,,.~,.,., lP. + U1., ... (IP+lM 

e 
+ -) - Ul-t,J,11+l JM - UI.J-I,n 

At 

JM - Q,,, (1 4) 

The arder of calculation in the al· 
ternating direction explicit method is 
important because the calculation_ for 
each nade depends on the previous 
calculation from its neighbors on the 
back side. 

Durort-Frankel melhod; This ex
plicit procedure is directionally biased 
and requires the values at time step 
n - l. To gel staried, one makes the 
first tiffie step calculation with sorne 
other method. Thereafter the equation 
for each nade has lhe form 

(Uu.u-1 - Ur+u.n) IP + CU1.J.u-t 

IM - (U1,,_ 1 .• - Uu.•+•) JM + 

Ou = (U..,,,_, - u,,,,.,.,¡ 
'· e 

(1 5) 

Following rearrangement, to solve 
explicily 

e 
·u'·'·••• (IM. + JM + -----

e 
(IP + JP - ----) + UI-I.J,n 

ta+l-lo-1 

IM + U 1,,71 •• JM. -· Q,,, (16) 

Three other combinations are again 
possible by sweeping lhe grid. in dif
ferenl directions. 

ExponentiaJ approximation. The last 
explicit method lo be discussed is the 
exponenlial method.ll Like the alter
nating direction C:xpJicit method, it 

Example problem 
1 

1 ...... 
lh ..n""" 

' ..... Q=D.I 

Values for U at different times for different 
explicit methods 

Table 1 
Alternatina; direction 

Elpliclt upliclt 

1 1.0000 1.0000 1.0000 1.0000 
o 1.0000 1.0000 1.0000 1.0000 

1.0000 1.0000 1.0000 1.0000 
1.0000 1.0000 0.9999 0.9999 

0.1 1.0000 1.0000 0.9990 0.9998 
0.9900 1.0000 0.9900 0.9990 
1.0000 1.0000 0.9997 0.9999 

0.2 0.9990 1.0000 0.9976 0.9994 
0.9820 0.9990 0.9818 0.9975 

0.3 . 0.9999 1.0000 0.9993 0.9997 
0.9975 0.9998 0.9959 0.9989 
0.9754 0.9974 0.9749 0.9957 

0.4 0.9996 0.9999 0.9989 0.9995 
0.9957 0.9993 0.9941 0.9981 
0.9698 0.9954 0.9691 0.9935 

1.0 0.9959 0.9979 0.9942 0.9963 
0.9846 0.9928 0.9826 0.9907 
0.9471 0.9815 0.9455 0.9794 

depends on values calculated at neigh
bors during sweeps. 

The general equation is nex.t writ
ten as 

Uu IP - U1+'-'·• IP + u,, JP -. 

UI,J+l.n JP - UI-I.J,n+l IM + U1.J 

IM - UJ.J-1.•+• JM + U,,, JM + 

e 
Ql.J = (UI.J.n - UI.J.11+I) - = 

At 

du 
e

dt 

e 
or -- = (left-hand side)/(dU) 

dt 

di 
or - - = (dU)/ (left-hand side) 

e 

(1 7) 

DulorHJankel úponential 

1.0000 1.0000 1.0000 1.0000 
1.0000 1.0000 1.0000 1.0000 
1.0000 1.0000 1.0000 1.0000 
0.9999 0.9999 0.9998 0.9999 
0.9990 0.9998 0.9982 0.9996 
0.9900 0.9990 0.9847 0.9981 
0.9998 0.9999 0.9995 0.9998 
0.9984 .0.9997 . 0.9968 0.9991 
0.9825 0.9982 0.9787 0.9966 
0.9996 0.9999 0.9992 0.9996 
0.9968 . 0.9994 0.9953 0.9985 
0.9759 0.9965 0.9734 0.9949 
0.9993 0.9998 0.9988 0.9994 
0.9953 0.9988 0.9937 0.9978 
0.9704 0.9947 0.9688 0.9931 
0.9955 0.9974 0.9955 0.9971 
0.9844 0.9923 0.9854 0.9924 
0.9474 0.9813 0.9511 0.9829 

or 
"¡•+ll dt .. 

- - UP+lP+IM+lM) = 
e . 

"111 

J {dU) (IP+IP+IM+IM) 

8 

where: 8 = U1.,{1P+lP+IM+lM}

(U 1 + 1.1,niP+U1:J + 1.o 

lP+U1_ 1,,,n+IIM+ 

UI.J-I,n+JJM) 

For con~enience, call 

IP+lP+IM+lM=S 

and 

U 1+ 1 ,, •• IP+ U 1,, + 1 •• 1 P+ 

Ul-l.J,o+ 11M+ UI.J-la.+ 1JM =K 

17 
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Tbeo StabWiy of espUcll melhods. Ooe of 
!he most critica! problems in the gen· 

ua+U II•+U eration of numerical solutions is that 

J Sdt j SdU ". ·of stability. If a numcrical computing - e = ~. :. ,-' . '· schemc is stable one is assured that 

t(DJ Hal 

· or, followins ~olesratioo, 

·• · · :; · the erron committed at one time leve! 
will not appear in a later time leve! 
amplified in magnitudc. 

.. l .. Analytical tests for stability that are 
valid for ,,;' wide variety of problems 
thal arise in practico are not available. 

or 1 

or 

or 

s su.+I-K .. 
- ....:. (10 +1-10 ) = In · 

e su.-K 

su .. 1-K=(SU • .:..K)e-i•l!c·· . .. 

S 

t~é-ttll.f.JP+IH+.IP)6t/0 . 

-------x 
(IM+IP+'JM+JP) 

(UI+I.J,oiP+Ut,l+l,olP+ 

Ut-t,J.o+tiM+U,:,_,~•+IJM) (18) 

which is the form wbeo sweepins in 
lhe + 1 and + J dlrecliona. Tbree dif· 
ferent forma are again. possible. 

18 

However, tests bave beeo developed 
which apply to !he finite-iliffereoce 
methods used lo solve linear partial 
differeotial equatioos with constan! 
coefficieots. Tbus we caooot look at 
the stability of Equatioo 1, but must 
rcfer to Equatioo 20 in !he previoua 
article' in Ibis series. Tbis ec¡uation la 

(1!1) 

Por !he expllclt melbod, !he pros· 
sures oo !he lefl·baod side of Equatioo 
1!1 áre takeo al time slep n. lt can be 
sliowo lhal tbe cooditioo 

k41 1 

--~.,..,u. 2 

musl be inet for stabilily. 
Tbe otber three expllcit methods 

bave beco sbowo lo be uocooditloo· 
aliy atable for aoy .11 >O for thil prob
iem•. Tbus tbe buic explicit method 

. . --

ls seldom used due lo Ibis severo lim· 
italion for atability. 

From lhese results, lhe conjecrure 
might be made lhal !he same criterioo 
applies 10 the same lype of problem 
containing nonconstant coefficiCDt.s. 

Enmple Problem. Fig. S shows the 
grid syatem for ao example problem 
wbicb was uaed lo salve Equatioo 3 
u.sins each of !he explicit tecboic¡uca 
whicb bave beco discu.sscd. Tbe fol· 
lowing bouodary coodilions bave beco 
used: 

u,,.,,.,=l for 1 =o 
au au 
-=-Oaod-=0 
a. ay 

at tbe boundarica 
Q1,1=0.1 for allt 

(Ibis could be a production weU lo
caled al this position producing at a 
constan! rate) 
Tbe coefficieots of U in Equation 3 
are takeo to be coostant and ec¡ual lo 
1 (i.e., IM = JM = JP = JM = e 
= 1 ). Table 1 sbows !he val u e of U 
that is calculated al various time levels 
usins each explicit method. 
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lmplicit finite difference approximation 
A PREVJous. chapter ol this manual• 
showed a number ol examples ol ex
pllcit linite ditterence solutions to the 
diltusivlty equation. This chapter wiU 
dlscuss sorne ot the more popular 
lmplicit linite diflerence soiutions to 
this equation. 

Agaln the reader ls reminded that 
thls manual ls wrltten to acqualnt the 
nonmathematiclan with these tech-
niques. · 

lmpllclt flnlte dlfference equadons. 
The diffusivity equation for two di
mensions can be written as 

a ~ au) a ~ au) - Kx- +- Ky-
ax ax ay ()y, 

a u 
-Q=e

Clt 

'· 

(1) 

lbis equation can be expanded where 
Kx and Ky are variable in space. 

1 1 ~ (U,,J+, - u,.,l 
- Kx.a.J+tn ------
4UJ . . AXJ+ 112 

(u,,,- u,;,_,¡) 
- Kxa.J-1/:J _____ _ 

. .:U.:r-1/:! 

cu •. J.a+l- ui.J.al 
- Q,,, = e,,, (2) 

.11 

Simplifying Equation 2 further gives 

- (JP+IP+JM+IM) Uu 

+ JM•JJ1,,_ 1 + IM•U1_ 1,,- Q1•1 = 
e,., 
- (U,,,,o+l.- u,,,,) . (3) 

.11 . 

Where:. IM, JM, IP, JP are coeffi
cients which contain the terms shown 
in Equaticin 2; 

Q is the rate of withdrawal; 
e is a coefficient which may include 

cOmpressibility, heat capacity, or ca· 
pacitance: 

.11 ia the time step from one solu-
tion of U to the next. . 

In an impiicit solution technique, 
the values of U on the left-hand &ide 
of Equation 3 are taken to be thosc 
al the new time level, n+l. In this 
case Equation 3 will be 

(U¡,J,D+I - UJ+I,J,o+l) IP 

+ <Uu.o+l- Ua,J+I,o+ll JP 

- CUt-l,J,a+l- UI,J,a+.l) IM 

- <Uu-t.•+• - U,,,,o+tlJM + Q,,, 

e~.~ 
= CUr,.;r;a - Ur,l,a+l)

.11 

Fig. 1 

Fig. ~ 

Fig. 1 equations in matrix form 
..... '. 

, Du ~ IPn 

•:-~,.; .• . .:. o,, 

~ ·-' 

.. ...... 

'IIIJI 

~~;:::-;::;:-~~ 

1. 
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Two implicit schemes 

Or upon rearranging 

- Ua-l . .l,a+tiM 

- u•.•-•.·+• JM 
+ Uu.a+ 1 [ (IM + IP + JM + JP) 

e 
+-1 ~ . 

Al 

- UI+U.a+IIP 

- ~l,l+l,a+t JP 
. e,,, 

= u •.•.• - - Q,,. 
Al 

= RHS1,1 (right hand side) 

This equation can be written for 
each of N nodes in the system and 
when combined wilh boundary condi
tions will result in a system of N 
equations in N unknown values of 
U. Each equatioo will contain no more 
than three unk.nowns in a one·dimen
sional system; no more than five un
knowns in a two-dimensional system, 
or no more than seven unknowns in 
a three-dimensional system. 

This is shown in Fig. ( for a two
dimensional, six-node system which 
has a no-Oow boundary condiiion im
posed completely around lhe perim
eter. These same equations are <lhown 
in matrix form in Fig. 2 . ./ ~· .{·.~ 

Crank-Nicholson. The Crank-Nich
olson differencc form uses both old 

20 

and new val&os of U in cvaluating 
the space derivatives of Equation 1, or . . 

· IP 
<Uu .• - UJ+u .• >-

2 

IP 
+ (U,,,:a+l - UJ+I.~,a+J)-

2 

JP 
+ <U •. i.. -u,.a •. J-

2 

JP 
+ (U¡,J,n+t - UI,J+t,n+t>-

2 

IM 
- (UI-I,J,a- UI,J,a)-

. 2 

JM 
- (UJ-t,J,a+t...;.,. UI,l.a+t>-

2 

JM 
- (UI,I-I,a- UI,J,a)-

2 

JM 
- (UI,J-I,a+l- U¡,J,a+l)

. 2 

e,,, 
= CU1,J,a- UI,J,a+l)

Al 

and, following rearrangemcnt, 

IP 
- UJ+l,l,a+l-

2 

JP 
- ul,J+t,a+l-

2 

. F:ig. 3 

. ' 

(
IP + JP + IM + JM 

+ u •. >.•+• 
2 

e,,,) 
+

'Al 

IM 

IP 

JM 

JP 
= - UI+t,J,a-- ul.l+l,D-

. 2 . 2 

,<>' 

.& 
•l 
l 

! ~; . ' . ;j 
• ( IP + JP + IM + JM \· 

+Uu.. . 1 
2 . . :~ 

'• e,,,) IM 
+---u,_, .•.• - .. 

Al · 2 

. j 
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Calculations for ADIP 

X 

-:''.:;::;;· :~·.i X llehistflvaloaDfUatoldtftlm!(ll) ~ 
:<t',(.i; . ~~.:;, • ' ... ;.·;;.:.~.-.. _r •• ..... 
-~~·.X;;' .. : <d.. e leftn IOWII~~a ~U atlatlfmldlatt t1m1 
::~:'!'~¡··-1· ·'·i·· Jmt(D+·Yz)··· . . 
~:!~mt·-: -~ '4; ': . '',.{, ~;:·.:;_ .• 7·.:: / 
--.~~~"!"1:. 'j~ \.. ..·.~.¡,;.) ·.~ .... ~."\h_~"':''1 

Again a system of N equations with 
N unknowns is developed. The only 
4ifference lies in the coetficients and 
the right-hand side of each equation. 

Fig. 3 graphically shows the two 
imp1icil schemes. 

Under either differencing •!'heme it 
is necessary to have a method for 
solving the N · unknown values of U 
to move from one time level ~o the 
next 

·Gauss eliminatioo. Gauss elimina· 
tion is a direct method of solving ~ 
systems of linear equations. Basically 
it consi~is of eliminating \mkftowns 
from -the equations un.til the' System is 
reduced to one equation .and one un-

. known. This equation is sol ved fot the 
remaining unknown after which the· 
other unknowns are evaluated by back 
substitution. For example~ U 1,1, can 
be elintinated from the first .two equa· 
1ions óf Fig. 1 by dividing the first 
equation thrnugh by -01,1 and solv
ing the resulting equation for U 1,1• 

U1•1 éan then be eliminated from the 
second equation by substituting from 
the first equation. 
T~e remaining equations can be re· 

duced in a like manner until there is 
only one equation and ohe unknown. 

The system can then be solved by 
back substitution. 

Here's an example. Given 

2x+y =4 
3y -z = 3 

x +z=4 
Solve for x, y and z. 

Solution:The last equation 
writteñ ·as 

z=4-x 

may be 

Substituting z into_ the seCond equation 
gives 

3y- 4 + "= 3 
or 

X= 7- 3y 
Substitution of x into the first equa

tion gives 
14- 6x +y= 4 

or 
Y=2 

Substitution of y into the first equa
tion gives 

2x+2=4 
or 

X=l 
And from the last equation we find 

z=3 
Altemaling · dlrection lmplidl pro

cedure.1 A presumed approximation 
t~ the im¡ilicit solution is the alter· 
nating direction implicit procedure 
{ADIP). For one-half time step we cal
culate implicitly by columns and there
after for another one-half timestep by 
rows. 

Calculating by columns gives 

<UJ.J.•- U 1+1,1,.) JP 

+ {UI,I,a+ 1/2- Ul,HI.o+ 112) JP 

- (U1_ 1 ,1 •• - U 1,1 •• ) JM 

- CUr,J-l,a+ 112 - UI,J.a+ 1/!!) JM 

+ Q,,, 

2C1•1 

= (UJ,J,a - Ul,J,a+ J/2) -

~~ 

Following rearrangement, we get 

- UJ,J+l,D+ l/2 JP 

: Fig. 4 

. 2C..,. 
+ U1,.i.•+ 112 {JP + JM + --) 

~1 

- UJ,J-1,11+ 112 JM 

= - u.+l.J,II IP 

2C1,1 

+ U1,1,. {IP + IM + -·-) 
~1. 

- U1_ 1.1 .• IM- Q1,1 
Calculating by rows gives 

<VJ.I,D+I- u,+J,I,a+l) IP 

•• 1 

+ {UI.I,a+ 112 - UI,HI,a+ 112) JP 

- (U,_'·'·•+>- U,,,,•+>) IM 

- (U..,_,,•+ '"- u;,,,•+ t1:al JM 
+ Q,,, 

2C1,¡ 

= (UJ,J,II+ 1/2- UI,J,II+1) -

~1 

and, following_ rearrangement, 

.. - u.+l.J,a+l IP 

2CI.I 
+ U,,,.•+ ,1, {JP + .JM + --) 

~1 

-· U1_ 1,J,a+ 1 1M 

= - UI,J,a+ l/2 JP 
·2C1,, 

+ U..,,.+J¡2{JP + JM + -. -) 
. ~1 

- U1.1-1,o+ 112 JM- Ql.J 

while calculaling in a coluJim-by
column fashion, we will have on~ 
equation with three unknowns for each 
node. For each column or each row, 
Gauss elqpination is used lo solve the 
new values. After one column is fin
ished. we move oo to the ·next. 

.u 
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No 1ipecial order is required in 
these calculalions where values used 
from the neighboring column are at 
the old time level. After all columns 
have been trealed, lhe procedur-= is 
repeated by rows ·using the column
wise calculated values as old valu~s. 

Fig. 4 is a graphical illustration of. 
the method. This method is only an 
approximation to the cxact' solutiOn. 
Values obtained at intermediate time 
levels ·should not be considered solu· 
tions. 

The method is sometimes referred 
to as single·sweep ADIP to differentiate 
it from iterative ADIP, which is dis· 
cussed later. 

llerative methods. The Gauss elimi
nation is · one technique for solving 
matrices of the type shown in Fig. 2. 
lt results in the direct evaluation of 
the unknown values of U. The pro
cedure is applied only once in obtain
ing a solution. An iterative scheme 
makes use of an initial guess at the 
solution and continues to improve ·on 
this until sorne convergence criteria 
Bre 'met. The itcrative methods are 
usually faster although there may be 
sorne ·toss in accuracy. 

J a e o b 1 Relaxatlon (Simultaneous 
Dlspla<ements). For each node wc 
have the equation 

(U1,J, 11 + 1 -UI+I.J,n'lJP 

+ (UI.J.o+l- l.J+I.o") JP 
. 1 j 

- (UJ.J-J.u"- UI.J.a+il JM 

- (UI-I.J.o".- u •. J.o+l) IM + QJ.J 

c,.s 
= (U1.s .• - U1.s.•+•l

.l.! 

In lhis method we salve for lhe valuc 
of U 1,J.n+t explicitly, or Ul,J,o+t = 

{ U 1 _ 1.s.u· IM 

+ UJ.J-J.u""JM 

c,,s 
+ u •. J.a-

.1.1 

+ Ul.J+l.a" JP 

+ UI+J.J.•·IP .:._ Q,.s)/ 

c,.s 
{- + JM + JM + IP.+ JP} 

.l.l 

During the first ileration U1,s,u· = 
U 1,s.u· For all nodes, the valuc 
U,,J.•+, is calculated. All values for 
u •. J.o+J are compa.red with those-for 
u •. s .• ·· 1{ the difference between any 

22_ 

Fi¡. 5 

Jacobi Relaxation method 

·'· 

¡~~-'~ -r:,,'·.~ :·.~:._-_./:~'i:,~;;,~~~~e:~ ¡)~¡¡.:-: q 

· ~ .~ ,·x ·.~·llflñ ...... ot u a1 old 

.· ~?~~~·u::..sof•~-;:;. 
: * ·' bf~~--!- ••lues.of U ~"ltul'otJIUIId · 

set is larger than the present value 
of the allowable ·error, e, all values 
of Uu.n· are replaced by u .. J.R+I 

and the calculation is repeated. 
lf 1 u •. J.a+ 1 - u •. s .• ·l < • for all 

OOdeS, the }ateS( V&IUeS {Of ui.J,R+I 

are accepted as correct. 
In this method all values have 19. 

be. calculated prior to replacement, 
hence the name "Simultaneous Dis
placements." Fig. S shows lhe melhod 
for one dimension in graphical form . 

GAUSS-SEJDEL. (Successlve Dls
placement), For each node, we have 
the equation 

(UJ.J.a+l - UJ+J.s.o·l IP 

+ (UJ.J.•+• -.UJ.J+J.a•l JP 

- (U1-u .• ~ 1 - U1.s.a+ 1l IM 

- (UJ.J-I.n+l- Ut.J.•+•) JM 
+ Q,.J 

c,.s 
:;: (UJ.J.• - U'-'·•+ 1)

.l.t 

Following rearrangement, it reads 

ui.J.a+l := 
f ui+I.J.a' w 

. + UI.HI.o" JP 

c .. J 

+ u •. s .• -
.1.1 

+ U1_ 1.•.•+• IM 

+ U 1.i>-•.•+J JM- Q,,s}l 

c,.s 
{IP + JM -t JP + JM + -} 

.l.t 

This is the form when sweepiDs 
in the + 1 and + J directions. One 
salves explicitly for ui.J,a+1 compares 
il with the previously calculated 

u •. J.n' and replac~s ul.l.nt 1 by the 
jusi calculated U I.J .•.. 1f the largest 
observed difference betwcen u •. l.a+1 

and U1,1 ,11 • is less than ~· the last vaiUcs 
are accepted; otherwise, a new swcep 
has to be made. For tlie first iteratioq . \ 
ui,J.o' = u~.~ .... 

Fi¡. 6 shows the method for one 
dimension in graphical form. 

Polat-by-point successlve over·re
laxadon. The Gauss-Seidel mcthod has 
been modified by boosting the corree

. tion during each ileration as follows 
UJ.J,D+J bCCOmCS . ' 

u •. J.•+• - ( .. - 1) u •. J.o" 

or 

01 !Ut+J.J.u•IP 

+ u,.J+,.•.JP 

c,,s 
+u, .... -

<~.1 

+ Ul-l.J.•+•IM 

.. 

+ UI.J-•.•+• JM - Q,,s)l 

c.~ . 
[IP + JP + IM :¡. JM+ -J 

61 

+ ( .. - )) u •. J.o" 

·· ·· The- value of the ileration• par'am· 
eler, ... is between 1 and 2. When 

... = 1, the equation is the same U 
Gauss-Seidel. When applied lo the 
LaPiace equation (or wlien C = 0), 
the above equation is referred lo as 
lhe Liebmann method . 

V arious lechniques ha ve been pro
posed to fmd the optimum value for .... 

Une SOR.• In Line SOR, equations 
are sol ved row by row ,_ r~ther !han . : 

'• , . .. -~ 



Gauss-Seidel relaxation method 

point by point. Also, we write for - Ul+ •·•··· IP) 
UD+l' on the row under consideration. 

Un~l - (w- 1) U •. This equation is solved implicitly 

or for each row and sweeps down the 

w column in row~by·row fashion. 

Ul-t,J.n+J IM 
lteradve AD1P.2 1 Jterative ADlP is a 

modification of lhe regular ADIP lUid 
- U 1.J.•+l (IM + JM·+ IP + JP + has the appearance as follows for cal-

e, .• c:ulalioOs by Columns . . 

-) . - UI,J+I,n+ l/2 JP · 
<11 

+ U1.J.u+ 113 (JP + JM 
+ ul+l.J,o+l¡p = . 2Cl.J · 

w [Q¡,J- UI.J-I.u+l JM +--+ Yml 

c .. .~ Al 

- U,.J+,.•. JP-- U1.J.al - Ur,J-t,n+ 1/:t JM = 
Al - UJ+l.J.a·IP' . ' 

+ (w - 1) [(1M + IP + JM .+ jp + U 1.J.o' (IP + JM - y,.) 

e, .• 2C1,J 
+ -) U 1 ••••. - U 1_ 1,J.o' IM +u •.•.• --

Al Al 

Table 1 

Values of U at various time levels using implicit 
schemes 

Cronk· Successlve over 
. ...-lmpllcll---. .-Nicholson-. ..--AOIP---. ,-reluaUon-"" · 

0.0 i.OOOO 1.0000 1.0000 1 ).0000 1.0000 1.0000 1.0000 1.0000 
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0DOD 1.0000 

0.1 0.9999 I.ODDD 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 
0.9993 0.9998 0.9996 0.9999 0.9995 0.9999 0.9993 0.9999 

1 

0.9915 0.9992 0.9908 0.9995 0.9908 0.9995 0.9915 0.9992 

0.2 0.9998 0.9999 0.9999 0.9999 0.9998 0.9999 0.9998 . 0.9999 
0.9982 0.9996 0.9985 0.9998 0.9985 0.9998 0.9982 0.9996 

1 

0.9843 0.9980 0.9832 0.9984 0.9932 0.9984 0.9843 0.9980 

0.3 0.9995 . 0.9998 0.9997 0.9999 0.9997 0.9999 0.9995 0.9998 

1 

0.9968 0.9991 0.9971 0.9994 0.9971 0.9994 0.9968 0.9992 
0.9780 0.9964 0.9768 0.9969 0.9768 0.9968 0.9780 0.9964 

0.4 0.9992 0.9996 0.9994 0.9998 0.9994 0.9998 0.9991 0.9996 
1 0.9953 0.9985 0.9955 0.9989 0.9955 0.9989 0.9953 0.9986 

1 

0.9725 0.9946 0.9712 0.9950 0.9712 0.9950 0.9724 0.9946 

1.0 0.9952 0.9970 0.9955 0.9974 0.9955 0.9974 0.9952 0.9970 
0.9847 0.9921 0.9847 ' 0.9925 0.9847 0.9925 0.9847 0.9921 
0.9490 0.9817 0.9480 0.9816 0.9480 0.9816 0.9491 0.9818 

- U1 _ 1.J.o' IM- Q1.J 

and for calculation by rows 

- UI+I.J.u+IJP 

1 • 2CI.J 
+ U 1.J.•+• (1P + IM + --· + y..,l 

. ' Al ' 

- UJ,J+I.u+ 1/:.! JP 

.+ U,.J,•+ !" (JP + JM 

2C1,J 

+ -·-· - - Ym) 
Al 

- U•.•-•·•+ 112 JM- Q, .• 

1 
i 

As in regular ADIP, wc calculate thc 
column-by-column e qua 1 ion s . and 
thereafter the row·by·row ~quations. ·, · 
We tllen compare the values al n+ 1 
ilerarions wilh lhose al n'. lf the dif1 
ference is small enough, the n + 1·•·· 
values are accepted; ·otherwise, the 
calculalion is repealed. Usually a dif
ferent value is chosen for the 'Ym fo~ 
the next iteration. . . 

Residual form. All previous ex
amples of numerical techniques werc 
given where a new value for U is cal
culaled with a. known value for U 
at the prcvious time lcvcl. Sorne real 
advantages can be oblained by sc>:v- . 
ing for lhe difference betwccn the old 
and new values or by solving for 

f = Uu+1- UD 
. In this. texl. lhese matters will not 
be discussed. Those inlerested in con
structing numerical models should 
realize lhat solving for residuals is far 
superior lo solving direcUy for new 
values. 

Esample probleni. Fig. S ot the pre
vious installment1 shows conditions 
for a· simple 2 by 3 grid. Table 1 of 
lhal installmenl shows lhe value of 
u at various time levels using different 
explicit methods. Table 1 of the pres- · 
cnt installment shows similar infor
mation for various implicit s~hemes. 

Refuocu 
J. Van Poollcn, H. K.., Bixel. H. C., and 

Jargon, J. R., ''Rescrvoi~ Modeling--4: &. 
plicil finite differencc appro~imalions," Thc 
On and Gas Joumal, Nov. 3, 1969. . 

2. Breitcnbac:h, E. A.. Thurnau, D. H .. 
and Van Poollen, H. K., .. Solution of the 
lmmiscible fluid fiow simulallon equations. • 
Society of Petroleum Enginecrs · Joumal., 
June 1969, Vol. 9, No. 2, ¡· 1''· 

3. Peaceman. D. W., an Rachford, H. 
H. Jr., '"Tbe numerical solution of parabolic 
aa.d eUiptical differe""' cqualiom.," .J. Soc. 
lndusl. Appl. Malh., 19,, Vol. 3, 28. · 

4. Douglas, lim. Peaceman. D. W .. Rac:b
ford, H. 11., Jr. "A Melhod lor calculatinl 
multidimensional immiscible displaeement. 
Petroleum Transactions., AJME, VoL 216, 
19,9, ·p. 297. 
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MANY of the finite difference approximations shown 
in the past two chapters'·' in this manual can be ob
tained from a more general formulation of these 
equations. Sorne of these finite difference . approxima
tions are special cases of the more general equation' 

(JP+IP+JM+IM) U,,,,•,+• + 

- (JP+IP+JM+IM) U,,,,. 

+JM•U,,,_,,.+IM•U,_,,z,a] - Q¡,z 

= c,,,/24t [(1+2Y) u •.•.• +1 

- 4YU, .•.• - (1-2Y) Ul,l,D-11 (1) 

where 6 and Y are constants and may have values from 
zero to one. 

Again, U is the temperature or potential; 
IM, JM, IP, JP are coefficients including resistance, 

thickness, length, fluid viscosity; . 
Q is rate of withdrawal of heat, electricity, or fluids; 
C is a coefficient which includes compressibility, 

heat capacity, or capacitance; 
4t is the time step úom one solution of U to the 

next. · 
Tbe formulation of Ecjuation 1 . requlres tb'at the 

time step 4t remain constan! if Y is chosen such that 
the ICfrnS UI,J,D+I and Ul,l,D-1 appear SimUitanCOUSiy 
on the right side of Ibis equation. Reference 3 gives 
the more general case for unequal time-step size. 

... 
·, .. ·. 

General form of finib~' 
' . 

' ' . 1 • • 
The· standard expliilit finite difference approxima- . 

tion can be obtained by letting (J = b and Y = ~· 
This gives · ¡ • : 

r•; 1 

JP•Ul.l+I,D + IP•UJ+I,l,D- (JP+IP+JM+IM) u •.•.• 

= c •.• !4t <Uu,a+l- u,,.,.) (2) 

The standard implicit finite difference approxima
tion can be obtained by letting (J = 1 and Y = ~. 
This gives 

- (JP+IP+JM+IM) U•.•·•+• 

+ JM•UI,l-l,D+I + IM•U,_,,.,D+l- o •.• 

= e,,.¡ 4t (U,,,,•+I - u, .•. .> (3) 

Tbe Crank-Nicbolson fioite difference approxima
tion can be obtained by letting (J = ~ and Y = ~. 
This gives · 

~ [JP•(U,,.+~.-+• + u,.•+•.J 

- (JP+IP+JM+IM) (U•.•.-+• :/- u,j,.) 

+ JM·<U·.•-•·•+' + u•.•-•.J 

+ IM·<U·-ú.•+• + u,..: •.•. Jl ··. 

-o,,.= Cu/4t <U•.•·•+• -U;,, .J 

... 
i. 

(4) :·;. 

. 
_.¡ 

.;.¡ 
. -·· ..... J 



difference approxJmations 
If 8 = 1 and Y = 1, the approximation used by 

West, Garvin, and Sheldon• is obtained, or 

- (JP+IP+JMtlM)•U,,,,o+l 

= C1,1/2t.t [3•U1,,,•+' -·4•U,,,,. +U,,,,._,] (5) 

This equation gives a higher order accuracy in the . 
time derivative than any of the other approximations 
shown, but requires more storage .as values for U at 
time leve! n-1 must be available .. 

One further approximation can be obtained by ·let
ting 8 = O and Y = O, or 

JP•UI,J+J,o + IP•UI+l,l,•- (JP+IP+JM+IM)•U,,,,o 

= Cu/2At (U,,,,•+' -u,,,,._,) (6) 

This equation also gives a higher order accuracy in 
~he time derivativo and requires additional storage 
for the values of U at time step n-1. However, this 
approximation should not be used as it has been 
shown to be unstable. 

Stability requlrements. Stability analyses have been 
performed for these finite difference approximations 

.. when the coefficients are constan!. For the special 
case of Y = ~ and for one-dimensional, single-phase 
flow of a slightly compressible fluid through porous 
media, the following restrictions must be met for sta
bility•. 

. .. 

2k AI/<I>JLcAx2 e::; 1/(1-28) if O e::; 8 < ~. 

No restriction if ~ < 8 < 1 (7) 

Cnnditional stability occurs for 8<0 and uncondition-· 
al stability for 8> 1, however, these values of 8 are 
generally not of interesl · 

Again for Y = ~ and two-dimensional flow of 
a slightly compressible fluid tlirough porous media the 
stability requirements ·are 

k,At k7 At 1 
. . t>. e::;-- if Oc::;8 < ~ (8) 
cf>JLCAX2 cp¡ACAy2 2-48 

No restriction if Y.! < 8 < ~ 

Finite !lifference Eqúations 2, 3, and 4 fit into 
this category. Thus the explicit formulation must meet 
the restriction of Equation 8, and the standard implicit 
method and Crank-Nicholson method suffer from no 
requirements for stability. It has also been shown that 
Equatioli S has no restriction for stability and that 
Equation 6 is always unstable. 

Reference8 
t. van Poollen, H. K:, Bixel, H. C.. BDd Jargon, J. R., "Reservoir 

Modeling--4: ExpUcit finite diffcrcnce approximations." Thc Oil 
and Gas Joumal, Nov. 3, 1969, p. 81. 

2. van Poollen, H. K;, Bixel. H. C., and Jargoo., J. R., ''Reservoir 
Modcling-S: lmplicit finitc dif!erenco approximationa. Thc Oil 
and Gas Joumal, Jan. 5, 1969, p. 88. 

3. Ridings, R. L., Daltoa, R. L., Greenc, H. W., Kyte, J. R., 
and Naumann, V. O., ''Experimental and calculatcd behavioi' of 
disso1vcd-gas-drive systems," Soc. · Pet. Eng. JoumaJ, Man:h 1963, 
p. 41. . 

4. West, W. J., Garvia, W. W., and Shcldoa, J. W., "SolutiOD 
of tbc cquations of unsteady stato two-phasc fJow in oll rescrvoin." 
Trans. AIME, VoL 201, P,· 217, 1954. 

S. Ricbtmycr, R. D., • Ditfcrencc mctbocls for initial·valuc prob-
lems,'" first edjtion, lntcrscicnce Publisben, IDc., Ncw York. 19.S7 .. 

25 •.. 
.. J '·, .... 

·-.:-.-· 



>¡ 
d 

1 

' 

' ¡¡ 
h 
'·· 

:!:, . ' l .. . ~ '' 
: •. 41 r ¡ 

':. 

Single-phase reservoir m~dels 
ONE, TWO, and t h r e e-dimensional 
single-phase flow equa!ions for slight· 
ly compressible fluids offer consid
erable promise for studying various 
aspects of reservoir fluid flow. Many 
types of phenomcna can be simulated 
with such a model. 

These models can be used to study 
sing:e well problems (simulating pres· 
sure buildup and drawdown behavior 
with cylindrical or carlesiBn coordinate 
systcms); calculate s t r e a m lines in 
heterogeneous reservoirs arid reservoirs 
with odd well patterns; obtain llood· 
out patterns for unit mobility ratios; 
and history-match black oil reservoirs 
where litlle saturation changes havc 
occurred. 

The three·dimensional flow equa
tion for a slightly comp¡essible fluid, 
neglecti(lg gravity and assuming that 
the pressure gradients in the x, y and 
z directions are small reads:1 

where 
p = pressure of the fluid 
p = density 

k, = x direction permeability 
k, = y direction permeability 
k. = z direCtion permeability 

p. = viscosity 
.4> = porosity 

· x,y,~ = distances and 
t = ti,ne. 

(1) 

In one-dimensional flow only 'one 
of the terms on the left rcmains and· 
thc other two are zero. And for two
dimensional flow only two terms re
main. 

28 

Thc equation for two-dimensional 
flow for constan! thickncss, perm~abil· 
ity and viscosity becomeS 

a•p a•p .¡,p.e ap 
--+-=-- (2) 
ax• ay> k ilt 

in cartesian coordinates .and 

i'n ene-dimensional r'adial coordinates. 
This equation for the radial flow of 

a fluid or small and constan! compress
ibility is one of the most often used 
in petroleum. engineering. lt forms the 
~asis for most of ·the transient pres
sÍire analysis techniqucs used today. · 
Analytical solutions to this equation 
have been obtained ·for a well located 
in an infinite media,t · for a well lo· 
cated at the center of a closed circular 

· reservoir,21 for a well located at th~ 
center of a circular i"eservoir haying 
a constant pressure at its outer boundr 
ary,' for a well located at thc centcr 
of a radial discontinuity;' a and for a 
well located near a linear discontin
uity ,• to name a few exarnples only. 

Howcver, many of these analytical 
solutions contain complicated mathe
matical tcrms which necessitatc the 
use o( a digital computer for · 11\,eir · 
evaluati"". In these cases one might 
prefer t h e u s e of finite-differencc 

· tcchniques over analytical techniques. 
. To incorporate varying fonnátion 
thickness, the two-dimensional flow 
.equation may be rewritten _as 

l 
' ' ,. ap 

.¡,th-' 
ilt .•. 

.•.· ! 

·.-~ 

-------------------'--..'' 
Fi¡. 1 

The finite-differences grid 
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To salve this equation when kx, k) .. 
11-• or h is not constant, one must re
sort to finite-difference methods. ·This 
equation can be written in finite-dif
ference form as: 

... (pl,j,ll + 1 - PI,J,D) 

q,,, = (of><:hJ1.J (S) 
61 '· 

The pressurcs on the left-hand side of . 
Equation S may be taken at time leve] 
n + 1 so that an implicit finite-differ
ence schCme is used, and q is a source 
or sink term that represents a produc-
tion or injection well. \ ¿ 

A more accurate solution method 
would consist of solving for changes in 
pressure rather than actual pressures. 
Let • = Po+ 1 - Po• Sol ve for Po+! 
and substituto into Equation S. 

Result is in an equation containing 
p11 and e with t being the unknown 
variable. 1 

A system of N simultaneous equa
tions )Yill be formed by writing Equa~ 
tion S about each node in the system 
and including the appropriate bound
ary conditions. 

This system of equations may then 
be solved by severa! methods some of 
which are Gaussian etimination, alter
nating direCtion implicit, or succCssive 
over rehixation.T 

The flow equations can also be writ
ten in a cylindrical-coordinate sys
tem-.:specially useful when studying 
single well problems. This gives the 
equation shown at tbe top of the next 

column. 

ap 
4><:-

0t 
(6) 

This equation assumes angular sym· 
metry about the well. , 

Equation 6 can be written in finite
difference form as it stands; however, 
the analytical .Olutions show that the 
pressure tends lo vary exponentially 
with the distance from the well bore. 

This indica tes that in· setting up the 
finite-difference grid the best results 
would be obtained using small incre
mento of r around the well and leiting 
the increment size increase logarith
mically with the distance from the well. 
Doing this directly in tenns of the 
radius, r, adds an unnecessary com
plication to the calculation_. The same 

· effect can be accÓmplished by making 
a logarithmic transfonnation to the 
space dimension, r. 

Let 
u= ln(rlr .. ) 

or 

then 

op opou ap 1 ap 
. -=--=--=-- (7) 

or Ou or Ou e•r.. r Ou 

making this substitution · 

(8) 

This equation can be expanded in 
. finite-difference form. Fig. 1 shows 
a graphical layout of the finite-differ
ence grid. 

In finite-differences form, Equa
tion 8 becomes ' 

-
1
- (e21•• r• .. l fk-) ~ (p,J +1 - p,,¡) 

AZJ L \-; I.J+ l/2 AZJ+ J/2 

.. 

. e21"u r2., (fe) 

.l.J 

<Pt.J.•+t - Pt.J • .J 
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The logarithmic transforination al
lows for a logarithmic variation in in
úement size in the radial dlrection if 
Au is chosen as constant. That is, the: 
increments are small around thc well 
bore where the changes in the pres
sure surface are the greatest and they 
are large al large distances from the 
well where the pressure changes are' 
small. 

B o un dar y condltlons. Boundary 
condhions and an initial condition are 
needed lo solve the finite-difference 
equations. An initial condition gen
erally. applied is that the pr.Ssure dis-'.· 
tribution at time equaJ. lo zero. is spec·.' 
ified .. The boundary conditions most 
often used are either rio flow or con
stan! pr.essure al the boundaries. 

The rate q may be treated . as a 
source term or as a boundary condi
tion. Jf treated as. a boundary condi-· 
tion in ·radial coordinates it reads 

kdp 
q =- 2vr.h-

l' dr 

In equatlon fonn . the Inltial condl
tions read 

whent=O p=p ....... 

where Purla is a specified pressure and 
could be different for different points. 

For a no-flow boundary between 
nodes I and 1-1, the boundary condi
tion reads 

p, - p,_, 
----0 

A constan! pressure boundary con-. 
dition between nodes 1 and I-1 is' given· 
by 

p1 = constan!. 

Eumple. A major application of 
the two-dimensional single-phase flow 
ayatem is front tracking.u In front 
tracking we follow .the path a droplet 
of fluid follows when traveling from 
injection 10 production well. In the 
aingle-phase application the mobility 
ratio is assumed equal" 10 one. 
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First we establish the potential dis- -
tribution throughout the field. This is 
accomplished by wlving the Equation 
4 with thc right-hand side ec¡ual to 
zcro. Finito dif!erences' are applicd ac
cording to a two-dimensional grid laid 
ovcr a ficld as shown in Fig. l. Each 
nodc will be assigncd a valuc for 

h, formation thickne~s 
•· porosity 
k., pcrmeability in the x direction 
k,. pcrmeability in the y direction 
AX, ll.y, gr;d dimensiona. 
·Production and injection ratea are 

established for each node representing 
a well. Where steady state applies, the 
total injectiC'n minus production for 
the ficld should be zero. 

After thc potential distribution has 
been eatablished, we follow the ad· 
vance of a point located on the ínter· 
face b.ctwcen the displacing and dis
placed phasea. We start the tracking 
procedure by assigning initial posi
tions around the injection wells. Fig. 
J shows the location of a well in a 
grid and the initial position of the 
front. Usually anywhere from 40 to 
100 points are used. Each of these · 
pointÍ is assigned an x and y coordi
nate. 

For each grid point, velocity in both 
the x and y directions is calculated as 

'tollows: 

where Sm is the mobile fluid satura
tion Which is ec¡uaJ lO ODe minus re
sidual water saturation minus residual 
oil saturation. 

Next, for each tracking poinlo lhe 
x and y vclocities are determined by 
(bilinear) interpolation between veloci· 
ties at the (four) surrounding nades. 
Next, tracking-point locations are ob
tained from 

Yu+l .= Yu + V1,u Al 

F_ig. 4 shows the flood front at 
varioua time increments in a field 
having three injection and four pro
ducing wells. 

2B 

Fi¡. 2 Fig. l 
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Use of mdlal form. In the evalua

tion. of transient tests in wells con-· 
taining radial and vertical permeabilily 
variations the reservoir and well ays
tem may be represented by lhe radial 
form of lhe flow ec¡uations .. In this 
manner it is possible to calculate typi· 
cal drawdown curves for radial dia .. 
continuities.' Or by changing the per
meability and porosity values for vari
ous finite·difference blocks one can 
eventually obtain a match between cal· 

· culated and observed values on tests.••. 
These techniques have alw been ap
plied lo studies where fluid viscosities 
are functions of flow rates through 
porous media.u 
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Single-phase gas flow 
UNSTEADY·STATE gas flow through reservoirs gives rise 
to nonlinear, partía! differential equations which cannot 
be solved by analytical methods. . 

The need for treating the nonlincar tem1S in a 
rigorous ·manner rather than making simplifying as
sumptions means we must s~lve th~ gas-flow equations 
by finite-difference methods. · 

One of the first papers published on the numerical 
solutions of gas flow appeared in 1952.1 Since that 
time many papers have been published covering nearly 
every possible phase of gas-rese~oir production. These 
include everything from the plarining and operation of 
multiwell reservoirs and gas-storage reservoirs to the . 
study of single-well problems. The single7well problems 
studied include pressure buildup and drawdown be
havior and the effects of darcy vs. non-dan:y flow. 

Development of equatlons. Severa! approaches are 
available for single-phase gas-flow through porous 
media. One is to fonnulate the gas-flow equation in 
terms of gas pressure. This may be done for either an 
ideal gas or a real gas. Darcy flow is assumed to be 
valid. 

Ideal gas. The equation for ideal gas flow is2 

u. (k up
2 

) u k íip") · ap 

ilx -;; ax + ay (; ay = 2 
<1> c9t 

(1) 

where·the porosity, <f>, is taken to be indepe!ldent of 
pressure. 

Expanding in finite differences 

1 [(k) P'o.J+o-P'o.l 
· t.x1 -;. o.J+ "' --t.-x

1
_+_'_"_ 

-e) ... -11. 
p21,1-P"I.I-I J 

t.x1-11• 

rr k) P'o+1.1-P
2
tl . 

+ t.yl Lr; 1+1/2.1 t.y,+l/2 

CJ 1-1/2.1 p
2

~~::.-·-~ 1 
Pt,J,u+t-PI.J.n 

= 2 </>1.1 ----- (2) 
t.t 

The implicit approximation is assumed so that the 
pressures appearing ·on the left-hand side of Equation 
2 are taken at . time step n +l. This equation is non-
linear in pressure. . 

To obtain a solution, the p2 term must be linearized. 
The nonlinear terms are all present as differences of 
the form , 

P2rn-p2n•-l 

Bruce, Peaceman, Rachford and Rice' tried three 
methods of factoring this term. They are as follows. 

P2n.-P2m..:..~ = P*n• Pm-P*m-1 Pm-1· 

p'.,-P'm-1 = (P0 m+P0 m-tl (p,.-p.,_,) (3), 

P2m-P'm-1 = (p•.,.-p•m-1) (pm+Pm-1) 

Equation 2 becomes li11ear when one of the abo ve: ex
pansions is substituted for the pressure-squared differ
ences. 

Here an. iterative-type solution is required and the 
p• term is the pressuré at' _the last iterate leve!.' The 
first method of factoring may diverge or converge slow
ly; the second method generally converges rapidly; and 

. the third method diverges. rapidly. . 
Another method by whicb Equation 2 could be 
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linearized is to expand p• in a Taylor's series. Thcn 

,. = (p•)• + (p-p•) 2p• 

or p1 '= - (p•)• + 2p•p (4) 

wherc p• ugain. refen lo the pressure al lho lar.l iterate 
leve l. 

Real gu 
The equation for flow of a real ps qn be writtcn 11' 

• ' ' 1 

j¡ ( k llp') 
iJX pZ •IX 

+ :_ (~ llp" ) = 2 • ll(p/Z) (5) 

lly ,.z lly "' 

The left-hand side of thls equation eaa be expanded In 
finite-difference form as prevlnusly shown wlth lhc 
exception that we now have the ~eff'JCicnl (k/,Z) 
appearing instead of {k/ p), where Z isthe ps dewiatloll 
factor. 

Now, the right·hand slde 'llf Equalion S liiOJDCWNl 
differenl, as the derivativo of (p/Z) wilh respect lO 
time is present. This term c:an be expanded u folloW$ 

· ll{p/Z) 1 · ilp 11{1/Z) 
--=--+p.,.:·.,.__ 

ilt z ill lil 

or in finile-differenc:e form 

· iJ (p/Zl 

= 
ilt z..... Al . 

((1/Z)o+l ~(1/Zl.J 
(6) p. 

• At .. 
Sine: e we are solving for p.+ ., we c:annot tno,r what 
the value of Z,.+ 11 is. But slnc:e an Iterativo lypo of sqlu
tion is being u'sed, the z..... can be taken' 11 Z •, thc 
gas deviation factor al lbe la test itcrale 1ovel •. Thcn 
Z • will be almos! exactly eq u al lo Z. + 1 wbcn lhe 
solutjon converges. · 
Real gas polentla1. Another apptoaGh lo solve gas
flow problems has bcen lo formulatc thc equalions In 
terma . of a real gas potential or pseudopreasuro. • The 
use of thia pseudopreuure slmplifies, Equation S by 
removing the non-linear preuure-squared term. Re· 
writc Equation S as 

!!._ (~~ilp) +:.. (~!!) =. D(p/Z) (7) 
llx ,. Z iJx iJy 1' Z lly o9t 

and define the pseudopressure as 

· Then 

p 
m (p) ::::: 2 1 (p/¡a~) dp 

p,. 

iJm Dm Dp 2p {)p 
-=--=--

(8) 

aod (9) 
om am iJp 2p üp 
~=--=--

at ap út ,.z at 

Now the right·hand sidcof Equation 7 can be writtcn as 

!f> u(p/Z) = !f> (2.. up + p él(I/Z) .)· 

at z lit lit · 

. . ·~:..· . 
"• ··.·;,, 

( 

1 li(I/Z)) lip 
=t/> -+p -

z ap "' 

=~.!_ (~ _ 2_ az) ap 
z p z up at 

(10) 

Substituting ·Equations 9 and 1 O lnto Equation 7 and 
using the definition of the isothermal gas compressibil-

1 1 liZ 
ity, c. = - - --, we obtain 

p z ap 

11 ( lim ) a ( élm) cñn - ,k - + -'- k - = • ,. e:, -
,,x · . ax . . úy ay at 

\ 
(11) 

! 

'1 
·' 

1 
' 
J ¡ . 
1 
l 
¡ ,. 
¡ 
' 1 Thi~ equation can now be expanded in finitc-difference 

rorm as 
. 
' ! 
(. ,, 
! ¡; 1 . [ 

-- k,,,."·---- ""'kl.l-1/2 
Ax1 

~I.J+I·-mi,J 

m,J-ml-t,J] - k,_,;.,J . . . 
Ay,_,. •+1 

(ma,J.o+l-mi,J,a) 
= (t/lp.c,)I,J,o+l·------

4t 

An iterative-type solutioo is still reqúircd if the 
pressure depeodent coefficients ¡.¡. aod e, are to be up
datcd lo the new time leve!. lo additioo, tables must j 
be available so thilt pressure can be obtaincd from the . 
pseudopressure, m. AI-Hussainy, Rainey, and Craw-·· 
rord• preseot tabulations of the real gas pseudopressure 
iotegrals ·vi. pséudorcduccd prcssurc so that lhe aciuhl 
pressures can be obtaincd. · 
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Here are fundamental equations 
for multiphase fluid flow 
THE fundamental flow equations and thelr r,olu. 
tions constltute the heart of a flui~J-flow slml!latlon. 
A fundamental flow equatlon can be derlved .ro; 
each phase by combining the law of conervatlon 
.>f mass, the law of flow, and an equation of state 
which describes the pressure-voJume-temperature 
behavior of the fluid. 

Conservatlon of masa. The conservatlon of mass 
simply states that for a reserlolr element (rate 
of mass flow out) -= (rate of mass now In) + (rate 
of mass pÍ'Oduction) = rate of mass depletlon.' 

In other words, the material balance state1 tllat 
no mass can be gained or lost from die IYitem. 
In dlfferentlaJ equatlon form lt reads · 

IJ ( v .. ) -;;;;s. iJ (v,,) /1 (v'") +-- +- ~ 
iJ, B, In. B, 

+QI 

= -~(~) 
iJt B, 

(1) 

where · 
v, is the velocity of pbae 1 
B, is the formation volume factor of phae 1 
Q• is the production rate per unlt volum!' of 

pbase i · 
q, is poroslty · 
s, ls the saturatlon of pbase 1 
t ls time and 
x, y, z are dlstances. 
Thls equation ls a sllghtiy modlfled contJnulty 

equatlon• In that the units of mass are stG~=k·tanll 
barreis or standard cubic feet. 

Although the procedure ls not completely na~ 
orous, Equation 1 can be wrltten In another rorm 

by multiplylng tbrough the volume Az Ay Az. Then: 

.!!_ (Q••• ) Ax +' !_ (q''") ay 
ilx B, iJy B, 

+-:-- Az +Q· " (Q•••) 
ilz B, 

~- v • .!_(q,s,) · (2) 
· iJt B, 

where 
q, .. refers to the volumetrlc flow rate of phase i 

at reservoir condltion ~ 
v. is the bulk volume of rock in which flow 

takes place and 
' Q, is the production rate. 

Equatlon of Oow. lt may be assumed that mis
cible Darcy flow prevalls. In equation form 

Akk.t a~, 
q,, = - -- (3) ' 

,., iJx 

where 
k ls the absolute j¡ermeability 
k,, is the relative permeabllity of phase i 
,. is the viscosity of phase i 
~ is the potential of phase i 
A ls the cross-sectlonal area. 
Equatlon of state. The equationil of state de

scribe the pressure-temperature-volume relation
lhip. lt may be assumed that flow is isothermal. 
Furthermore, lt may be assumed that stock-tank 
densltles · of components rema in constant. The 
pressure-volume relatlonships · are the usual for
ma !Ion volume factor. and solution-gas pressure 
relationshlps .. 

SI 
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The following equations for oil, water, and gas 
can be derived.' 

Oil~ (Q••) il (q"") iJ (Q••) . _ -- Bx + - -- ay + - - lz 
ilx B., . ily B.. ilz B .. 

v.11 (.ps.) 
+Q .. =---

lit B .. 
(4) 

Water: 

- -- 8x + - -- ay + - - az iJ (q •• ) il (q •• ) il (q •• ) 

. iJX B. ily _B. ili . B. 

+ Q •. = - v. iJ ( .p s •. ) 
· ilt a •. 

(5) 

Gas:· 

- --+--+ ax 
il ( q,. q: .• R; . q •• R ... ) 

ilx B, B.. . B • 
\ 

i1 ( q,. q •• R. q •• R •• ) 
+- -+-+ By 

ily B, B. B. · 

il ( q,. q •• R. . q •• R.w) 
+- - + - + az + Q, 

Uz B~: B.. · B.. · 

' 
il S, S.R, S.R,, 

=- v,.- (.P [-+- + --1> (6) 
lit • B, . B .. B. 

where 
R is the solution gas ratio. 

All other terms were previously defined. 
The fundamental flow equations are organlzed 

such that the first three terms describe flow In 
the x, y, and z direction; the fourth term is the 
production or injection term; and the right·hand 
side of the equation contains ihe compressibllity 
and saturation terms. 

The following auxiliary equations may be used 
to link these equations together and to allow ex-
pansion of terms. . 

Rock compressiblilty: The rock compresslbllity 
may be incorporated by stating that 

.P = .p.,,,,, • ., [1 + e, (P-P.,,,,.,,)] (7) 

where 
.P is the porosity at pressure. P (we shall use 

oil pressure) 
.p.,,,,.,, is the porosity at the original pressure 

and· 
e, is the rock (pore) compressibility. 
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Saturatlon: 

s .. + s •. + s. =; 1 

eaplllary Pressure: 

Darcy's Law: 

q,RIU = 

. 
p,:: = P.• + P•·..:u 

P• = p,. - P·~··· ... . ·: ::..: 

Akk,. dp.. dz 

.... "'' 
Akk,.· 

1'•· 

--+p .. -
dx · dx 

dp. dz 
--+p.,,-
dx dx 

Akk,. dp. dz 

(9) 

q,.,., = - -. -- -- + p, - (10) 
,., dx dx 

Equations 7, 8, 9, and 10 can be substituted 
Ínto Equations 4, 5, and 6 in various ways so that 
the unknowns are oil pressure, water pressure, gas 
pressure. etc., depending on the manner in which 
one desireS'··to solve these equations. Of course, 
these equations ·must then be expanded in finite· 
difference form and a numerical method must 
chosen by which to solve this system of eq~~=:~~~~~~~ 

These equatiops are nonlinear. The . 
permeabilities and capillary pressures are 

Gross flow diagram 
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Input into temporary storage 
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Grld dala: 
PermeablUcy, k 
Poroslty,- ;·· . , , '· 
lñlck:D_ess. b : • ; ;;._ .... :1 . ; ;· , · :, 
~evau~. l ... _ ... ,~. :~:·r.'. ..~~. ·. r ; .. 
DamenSIODS, 4x, 4y,.4&~·r····)··t-. -~·;,····• • .. 1J• 
1ruuat saturaUosts, ..... ;' .. ~-~- :'·.-~- .. ~-· .. ' -r:·:_:~ 
lnitlal pre;sure, p_. .. :_-·~.y;::: .¡,·J •• ·.~ · . ,,.·: -·.::_¡ 
Rock compressibiUty c."·M.· ::t, ,.~.. ~- .• · 

• . ~-!Í l .• 
Prusllfto"relaled ruoc:tloas: .;.\.-.. ~-' .. · · .. 

Formatlon volwne tactOri, B.. B., B, 
Fluid vlscosJtles, ,.., p.t;.' ,._ · 
Solut.lon gas-llqu1d rallos,; R.. R.,,.;· .· 
~luid densitie.s, p.., , •• PI; . . - :· . 

Saturad~related lunc:tlmw • .... · ·· '-; · :' • .. ~ 
Relatlve permeablllties, t.'.:~. k,.'\';;"~-~~ 
Cnpillary pressures, P,_, P- .. _ · ;'3:'-'i.-::-' ¡-. 

Well data: . , . , . , .. ; ,, .: .. ;~ :::.=-~~~0*·-· 
Producang mterval, 411· . : ~ ~.'>, -J.É:_:;J·.~.r:· . 
Produetion, tnjectlon ~tes, q... q., ca.~,_:.~-.' 
Observed pressures, ,P -~ .:·. (.".-: . .' -.. ~·:-~·::t 

tions of saturation and the formation volume fac·. 
tors, solution gas ratios, reservoir densities, and 
fluid viscosities are functions of pressure. Conse· 
quently, coefficients can be stated to be both pres
sure and saturation dependent. 

Flow dlagrams. In the following paragraphs 
sorne possible flow diagrams jire given for tl\e 
construction of a straightforward reservoir fluid· 
flow simulator. · 

First, all data are read into the model, Fig. J. A 
more cietailed descriptton of the input data is given 
in Fig. 2 and Reference 3. Next, a mateclal-balance 
calculation is performed which merely gives an 
account of fluids present. , 4 

A timestep size is selected, and the coefficients 
for the finite differences equations are then cal· 
culated. 

· So far, we. ha ve not discussed the exact form 
of the simultaneous set of multiphase flow equa
tions. However, for the moment .Jet it suffice to 
say that one can have a set of equations such that 
pressure and saturation can be solved simulta· 
neously, or a set of equations permitting .the cal· 
culation of pressures first and the ·saturations sec· 
ond. In either case, one has to calculate pressure 
and saturation·dependent coefficients. One 1'1\ay 
assume the coefficients to remain sufficiently con· 
starÍt during a timestep, use "implicit"- coefficients 
by an. extrapolation routine or iterate on the co
efficients. 

At the end of the timestep, it then becomes 
necessary to check if the timestep size was too 
large according to sorne predetermined criteria 
for maximum allowable changes. 

If these criteria were not met the timestep size 
needs to be reduced and the calculation repeated. 
'ltherwise, a new timestep n\ay be selected and 
• he series of calculations may be continued. 

Fig. 3 shows. more detail on the timestep check. 
Criteria for time e h e e k s vary in different 

models. Sometimes it is considered that'the satur· 
ation-dependent functions affect the · coetriciimts 

) 

Checks on time-step size · 

·;:.· 

•' , .. ·: 

Crlterla: 
Saturation change 
Pressure change 

Saturation and pressure change 
Change in coefflclent 

Rate change 
Material-balance error 

· Fig. 3 

to the greatest extent. This is true if pressure 
changes are inoderate. Then a saturation change 
will suffice as a timestep check. However, in 
single-phase flow problems the pressure-dependent, 
functions can be used to control the timestep size. 
In other problems both pressure and saturatión
dependeilt functions affect the coetricients. 

Maybe a more accurate check 'is the change in 
coefficients between start and end of a timestep. 
lf changes are too large, the coeffic.ients may be 
"updated" while repeating the timestep until co
efficients, pressure solutions, and saturation solu
tions .have converged. 

The change in rate .controls the timestep size. 
For example, a 100-day timestep satisfies all co
efficient requirements. However, if the wells ex
perlence drastic motithly production changes, the 
tiníestep is limited by the production changes. 

At the end of each timestep one should perform 
a check on the material balance. if losses or gains 
exceed a preset criteria, something may be in 
error, possibly an excessive · timestep. 

Another check is to calcula te residuals to check 
the validity of the calculations. 

This discussion gives sorne of the basic infor· 
mation needed· to construct a reservolr fluid-flow 
simulator. The flow diagram presented is only one 
of many which could be used. The actual flow 
diagram used will depend on the formulation of 
the equation, the method of solution, and to sorne 
extent on the type of computer used. The equations ·. 
are not shown in the final finlte-difference form 
due to the length of such a presentiltion. 

References 
l. van Poollen, H. K.., Bixel, H. C., and Jargon, l. R., .. Res-. 

ervoir Modeling-2: Single·phase fluid-flow equations." OGJ, Aug. 
18, 1969 . 

2. Breilcnbach, E. A., Thurnau, P; H., and van Poollen, H. K., 
''lnmisciblc fluid flow simulator," SPE preprinl 2019, presentcd 
11 symposiu.m on numerical simulation, Dalias, Tex., Afr. 1968. 

3. van Poollen, H. K., Bix.el, H. C., and Jargon. . R .... R.~ 
ervoir Modeling-1: What il ia, what it does," OOJ, July 28, 
1969, p. '158. 

33 

- ! 

" ' 

'¡ 

\ 

. j 

¡>:;-.. -· :~ :L· 

l 
i 

" ' 

······-·.!:'.:..:.. 



' ' 

... , 
'1' ' 
'· 
·' .,; .·, 

,¡ 
1 

i 

\ . ' . 

Applications of multiphase 
immiscible fluid flow simulator 
THE previous chapter of this manual' 
presented equations which describe 
the movement of oil, gas, and water 
in a· porous media. That chapter also · 
gave a flnw diagram which can be 
used in the construction of a computer 
program to solve the flow equation. 
Appllcations of such a fluid-flow simu· 
lation program will now be given. 

Reservolr modellng. Perhaps !he 
greatest use that has been made of 
fluid-flow simulators has been in mod
eling !he entire flow systems associ· 
ated with an oil or gas reservoir. 

Once a model of such a system has 
been establlshed, lt can be used 10 
lnvestlgate various modes of produc
tlon and select the most profitable 

Grid types 
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operatlng procedure !or a particular 
reservolr. 

Tbe reservolr model llsel! consista 
of a set of data that describes the 
1eometry of the flow system, lts rock 
propertles, the distrlbutlon of the 
fluida, and thelr PVT propertles. A 
ll~t of the necessary data ls glven ·In 
Re!erence 1.-

Pressure vs. time plots 

Alter lt has been determinad that 
the neceilsary data are avallable, a · 
flnlle-dltlerence grld network la se· 
Jected !or the reservolr. The objectlves 
o! the study should lle considerad In 
selectlng the grld. 

For exaniple, the srld shown In Flg. 
1 could be used to study Individual 
well performance apd saturatlon ella-
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trlbutlon In falrly good detall. Thls 
grld provldes for severa! empty · grld 
blocks between · well blocks. 

Tbls allows one to obtaln ·arime de
tall In the pressure and saturatlon 
dlstrlbutlon between lnjectlon and pro
ductlon wells. lt also provldes room to 
establlsh addltlonal well locatlons that 1 • 

may be nec,ssary In determlnlng the 
optlmum scheme for exploltlng the 
reservolr. 

Addltlonal detall around the well can · 
be obtalned by selectlng a grld such 
as that shown In Flg. 2. A grld such 
as thls mlght be consldered 11 .11 la 
deslrable to know what wlll happen In_ 
an oll reservolr when the pressure 
soes below the bubble polnt In the 
area around a well. 

However, one should keep In mlnd 
that the number o! cells In a flnlte
grld system determines the number o! . 
equatlons to be solved In each time 
step; and the COBI,of a run la heavlly' \, 
depend~nt upon the number o! equa- ' 
tlons solved per time step. 

Tbe sross behavlor of ~ reservolr. 
can be studled by selectlng a coarse 
grld. In thls case, severa! wells may 
be . lncluded In one well block. For · 
example, thls type of grld could be · 
used In a fleld wlth an edgewáter 
drlve to study !he pressure and pro
ductlon behavlor o! the fleld under ' 
varlous modes o! operatlon; or lt 
mlght be used to estlmate now across 

'Jease Unes. 
In selectlns the grld, lt wlll 'be 

necessary to decide 1! the questlCJÍ to 
be answered requlres the use or a 
three-dlmenslonal model; or lf a 
pseudo thlrd dlmenslon• • can be used 
In a two-dlmenslonal model. 

An example of a three-dlmenslonal 
grld ls shbwn In Flg. 3. ~la type of 
grld ls a deflnlte posslblllty In conduct· 
lng a · study where slgnlflcant move
ment of nulds In the vertical dlrectlon 
ls expected. An example of such a 
study would be to determine the de
gree o'r sas overrtde In a project usttig 
sas lnjectlon for pressure malnte-

1 

. 1 1, 

• 

1 

! 
1 

! 
i 
1 
• 
' 

nance. ..:1' •. ·:·· ._,,, ... , 
However, a leas-expenslve · solutlon 

to thli problem could ·be obtalned by 
uslng a two-dlmenslonal vertical cross 
sect1011. A. srld for thla type of study 
la shown In Flg. 4. 

Another approach to thls problém 
could be an lnltlal feaslblllty nm uslng 
a one-dlmenslonal srld, then addltlonal 
runs In two and three dimensiona 11 
reflnement of the answer ls belleved 
necessary. 
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Tbe linportance o! lhls example la 
not the actual grld seleetlon, but to 
show tbat severa! selecllons are possl· ' 
ble and that these selecllons are prob- 1 

lem dependen!. 
Hlstory malchlng. Once the grld 

has· been aelected and the datli.)Jave 
been dlglllzed, a run ls mlüle' tó'· de
termine 11 the modél la . capable: o! 
computlng the past behavlor. o!. iiie 
reservolr. 

11 · 1t ls not, the data are adjuated 
and addlllonal runs are made untll a 
iallsfactory match between computed 
and observed valuea are obtalned. J'hls 

· procedure is called "hlstory match· 
lng" and ls necessary lo obtaln a good 
mathemallcal representallon o! lhe 
reservolr. 

Hlstory matchlng usually conslsts o! 
supplylng each well In the slmulator 
wlth the actual oll produc'llon or · ln
jecllon rate experlenced by lts coun· 
terpart In the real world and complll'· . 
lng the values o! pressure, gas/oll 
ratio and water/oil rallo calculated 

· by the slmulator wlth those observed 
durlng the producllon hlstory of the 

well. i .. 
Tlie calculated pressure for a well , 

ls the pressure at the node In whlch e¡ 

lhe well ls located. Tbls pressure wlll { 
not be the same as the pressure ;• 
measured from a pressure-bulldup : 
test taken on a well that ls normally 
nowlng. Tberefore, lt ls necessary to 
calculate a pressure from the bulldup : 
curve whlch ls compatible wlth the · 
prepure calculated !or the well node. · 

Such a pressure bas been refelred · 
to as a dynamlc pressure. • The dy· 
namlc pressure can be read from lhe 
bulldup curve at a shut·in time whlch 
ls calculated !rom the equation: 

8=-----
15.822 x IO-•k 

wbere 
8 = the requlred shut·ln time (hr) · 
.¡. = !ractlonal poroslty 
p = vtscoslty (cp) . 
e = total cilmpressibll!ty (psi-•) 

-~ 

k = permeabll!ty (md) . · . . 
r, = equlvalent block radius (ft) : .;:f. 

Tbls equatlon ls derlved In Referente~ 
2 where lt ls pointed out that'the equa::' 
tion asswnes the area ls o! unl!omi 
thlckness, ls In singie-phase now, and. 
that the poroslty, compressibll!ty, and · 

' . : 
}~ 



pcrwea~illty •re constan!. ·¡ hese as, 
sumptions hold true when considering 
only !he well nrde. The possible ex
ceptlon ls !he assumption o! single

! phase flow. 
The observed pressures can then be 

used as Input to an auxlllary programo 
whlch plots both !he observed and cal
culated pressures vs. time for coní- . 
parison purposes. Flgs. 5a, b, · and e 
are a series o! pressure-vs.-tlme plots 

. obtalned · for a well durlng a history
matching study. · 

These figures show bolh !he ob
served pressures, 1, and lhe calculated 
pressureS, x. and represent results 
from three dlfferenl matching runs. 
In each o! !he runs, reservoir param
eters had been adjusted before maklng 
!he run. Flg. 5c was consldered · to 
be a gOÓd match on pressure. 

Similar plots o! water/oll ratio and 
gas/oll rallos vs. time are made for 
calculated and observed values of 
these parameters. 

The set of data wbich produces a 

Fia. s 

Grid for segment of a reservoir 
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,o 

. ' ;';. ~~.. • '¡-

An:ay of oil saturations 

satlsfactory blstory match constltutes 
the reservoir model. This o modet' can 
then be used to predlct !he behavlor 
of !he reservolr under various types 
o! operatlons. 

Use o! the modelln predlctlon. Rules 
lar estabUsblng well rates during !he 
predlctlon phase have to be set down. ' · 
The rules usually speclfy bow !he · 
productlon or lnjection rate for each · 
well ls to be calculated, l.e. from ·!he 

, PI, maximum efficient rate, pump 
capaclty, etc., and can be as simple 
or compUcated as deemed necessary.' 

Thls rate generator ls an integral 
part of !he simulation program. A new 
rate generator may have to be pro
grammed lnto !he slmulator 11 !he 
rules for a part!cular study are not 
covered by !he general subroutlne . 
presently in !he computer program. 

The work from thls polnt on conslsts 
o! selectlng well sltes for proposed ln
jection or productlon wells, establisb
lng these wells In !he model, and 
analyzlng !he results of !he run. Figs.' 
6 and 7 are examples o! !he results 
that mlgbt be expected from thls 

· type of study. 
Olber appUcatlons. Fluid-flow simu

lation programs are capable o! many 
appllcatlons other !han modeling res
ervolrs and ·thelr behavlor. The pro
granis solve !he flow equations lar oll, 
gas, and water In up to three dimen
slons and apply to most problems 
lnvolving any or all of these pbases 
and dlmenslons. 

Sorne problems may take a speclal
purpose slmulatlon program for thelr 
solution. Water and gas conlng ls 8ucb 
a problem. Nevertbeless, a multltude 
of appllcatlons exlst for wblcb sucb a 
speclal-purpose program ls not needed. 
Sorne examples of !hose appllcatlons 
are: 
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l. Evaluation o! llooded patterns 
2. Gravity drainage 
3. Bottomwater and edgewater drive 
4. Modeling small·scale laboratory 

flow. experiments 
5. Gravity drainage 
These.are only a lew o! the problems 

that ·can be studied using small mod
els. The model will usu!'IIY be a small 

Well report, prediction 

""l."''" ' .. 
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segment of the reservoir or a simple 
cross section of a representative por~ 
tion of the reservoir. 

Approximate data can usually be 
used in these studies. Several runs can 
be made varying the data within cer
tain bounds since the models are 
small and lnexpensive to . run. From 
this type o! study, it is possible to 
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learn what might b<> expected from 
waterllooding a tield, tor exampie. 

An example grid for suCh "is shown 
In Fig. 8. lt was desired to learn to 
what extent cross !iow would be a 
factor in waterllooding a reseivoir ¡ 
which had two zones o! hlghly difieren! 1 
permeabllities. . . ·. ··.:~~· ; 

The permeabllity ot·the bottotn:lá:¡oer ¡ 
was approximately 10 times greater· ¡ 
than that rif the top !ayer, and it. was l 
assumed· that the zones were In com· ! 
plete' vertical communlcation. A two- ¡ 
"dimensional vertical cross section of a 
quadrant o! a repeated five-spot was 
modeled. 

Fig. 9 is a printout o! the saturation J 

distribution between the Jeft-side in· ' 
jection well and the right-hand-slde \. 
production well at the end o! s· days 
o! injection . 

Fig. !O shows the saturation' distribú
tion at water breakthrough lnto the :) 
production well and shows the rapid ' 
movement o! the water through the 
lower; more permeable zone . 

Since this model was small and ran · ~ 
rapidly on the computer, .it would be 1· 
pOssible to make several runs ·varying ~· 

· . the amouot o! vertical com~unica- ·Í 
tions, the injection rate, 'the produc- 1 
tion rate, etc. 

A good deal o! lnsight into the me-
. chanisms that are controlling a· reser-.
.volr .behavior tan be gained !rom .thls · 
type o! study. 

Slmulation program output! Con; 
slderable.amount o! thought should be 
given to designing the output routine . 
o! the · fluid-flow simula !ion program. ·' 
This type of program generaleS a 
great deal o! data that ·1s valuabie lo 
both the !ield engineer and the re
search ""ientist. ·· . 

For example, the !ield e·ngineer ls · 
interested in determining th.e oll, gas, 
and water in place, the cumulative 
production o! each phase, and the 
!ractional recovery to date. 

The research sclentist, on the othet' 
hand, is interested in output that wiU · 

· let him determine how the program is:'? 
functioning on a particular problem. ·. 
His interest would be in learnlng ho)'l ·. 
much computer time is consumed fÍI' 
completing a time step, the material-f.. 
balance error during the ·last time 
step; and where the maximum satui1i-· 
tion change occurred since this is con-.f 
trolling the size o! the time step. AD. 
example o! such an output formal ls~:;. 
given in •Table 1. . · 

' .,.;, 

,. 
'~:U: 



Table 2 ls an example of a well re
por! used during matching. The sta
tion number refers to the Jease in 
Nhich the well ls Jocated lor oil-ac
counting purposes; and the grld . cell 
(l,J) is the location ol the well in the 
computlng grld. 

Penetration (PEN) represents the 
perforated interval. Under the major 
headlng .t'oiP' are the observed and 
calculated fiow rates and the cumula
tlve oll production. • Both calculated 
and ohserved values are sho\_Vn. 

The saturation· In the cell where the 
well ls Jocated is given along with the 
average oll pressure in that cell, cor
rected to datum, as indicated at the 
bottom ol the table. 

The calculated productivity lndex 
lollows. 

Similar well data are shown under 
the major headings for "gas" and 
''water.'' 

The last column on thls table shows 
the maxlmum IIft, which is an indica
tlon of the pump slze required. 

Table 3 is similar to Table 2 except 
lt shows a typical well report used dur, 

> >' lng prediction. Only calculated values 
can be shown. The last three columns 
ue worth special mentlon. The total 
Jlfe shows the total amount of oil plus 
water produced, where the "maxlllt" 
ls the maximum oll plus water that 
can be produced. The oll MER is the 
maxlmum oll rate the well can make, 
lndependent of lift restrlctlons. 

Fig. 11 shows shadowgraph output 
of saturatlon. All other daia may be 
shown In this form. 

Fig. 12 shows a single well cross
plot of observed and calculated pres
sures, and producing oil rates as func
tions of time. 

Similar plots can be made for a 
field on a Jease-by-lease basis. Flg. 13 
ls an example of cumulatlve oll pro
duciion by Jayers and by fleld in a two
layer, three-dimenslonal study. 
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Comparison of _ multiphase models .¡ 
'1 ¡ 1 
. j MANY difieren! types o! reservolr sirnulators can be con-

structed to study fiuid-fiow phenornena. · 
Three-phase, three-dlrnensional slrnulators are frequent

ly constructed as the general-purpose reservolr problern 
solver. 

This type o! rnodel can be used for rnaking the large 
reservoir studies, cross-section studies, pilot waterfiood · 
studies-just about all problerns where rnultlphase fiow 
occurs, except for the cases .where individual well prob
lerns rnust be studied . 

Individual well-problern rnodels, such as water or gas 
coning, try to sirnulate rnultiphase fiow· In the lrnrnedlate 
vicinity o! the well bore. 

This requires very srnall grid slzes around the well 
bore, and, as a result, speclal technlques rnust be used 
to keep instabilities frorn developlng In the calculatlons.' 
Thus, special purpo51!, rnodels are constructed io study 
problerns o! this type.... • 

The purpose o! thls artlcle ls to present a cornparlson of 
sorne o! the types o! three-phase reservoir sirnulators avall- · 
able and the problerns encountered wlth certain oi these 
rnodels.· 

Three-\'hase sirnulators are generally classified in two 
categorles: (1) The irnplicit pressure-explicit saturation 
rnethod o! solution, and (2) The sirnultaneous rnethod o! 
solution. 

The sirnultaneous solution rnethod can be broken into 
nurnerous categories, depending on which variables one 
wishes to find. The variables generally chosen are the pres

. sure o! the three phases •. but one could also choose one 
or more saturations as the unknown variable. 

In one dirnension, the equations. to be sol ved' are: 

For oil: 

a tA, k k,., (ap, oz)] . a ( .¡,s,) 
- -- -· +.P•- Bx- Q,=Vo- - (1) 
ax · l'oB.. ax ilx ilt B, 

For water: 

a [A, k k,. (ap. az)] a (~s.) - -+,p.- 3x-Q.=Vo- -- (2) 
ax I'•B• ax . ax al B. 
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For gas: 

a [A,kk,.(ilp• . azJ A,kk,. (ap, az)!l - -+p.-+--R.-+po-
ilx I',B, ilx . . ilx /'oBo ilx ox 1 

1 ¡ ,1 

1 

A,kk,. (ap. j~ . . . , : 
+ R,. - + P• - Bx - Q, - Q,R, - Q.~. ;_;. 

p.B. ax '3x 1 : ·¡ 

. \ .· 1 

'• · a [ ( s, R.S, R,.s. J~ 
=Vo- .¡, -+--+--

ot · B1 B, B •. 

··, . .. 
. (3) ··¡ .. 

. ,¡ 
<1 

'i 
. ~ 
Now, sorne rneans rnust be devised by wbich these three ~ 

equailons can be solved. First, expand the rlght-hand slde .¡ 
o! Equations 1, 2, and 3 as follows: ·: ~t 

v. ~(.¡,s.) = v.fl(!_) as, + s •.• a(.p/B.)](4a) j . 
ilt Bo ~ B, ••• ilt ilt 1 

v. _:_(if>S·\ = v.[(!_) as. + s •.• ·a(<J>IB~>]<4b) J 
at B."J . B. ··•. at at ' ! 

a ( [ S1 R.S. R,.s.n [( .¡, l as, . v.- .¡, -+-.-+-- =V• -
ilt B1 Bo B. B1 •• 3t 

+ f_.PR._) _as_. + s •.• a(.pR./8,) 
\ 8 0 a•l 3t at 

(
.¡,R..) as. o(<J>R..IB.>] 

+ -- -+S.,, 
B. ' 1 at · 3t 



, 

Jn these lorms, n + 1 and n reler to the new and o1d time 
1evels respective1y. This is required lor a cons1stent ex
pans1on. Comblning Equations 4a, 4b, and 4c with Equa
tlons 1, 2, and 3 rearranging terms slightly, we obtaln: 

Fc¡r oll: 

a [ (ap. az )~ o a(.¡,/B.l 
;- TR. -;- + P.· ax 'J 8x - Q .. - v,s,o, at 

(5) 

For water: 

a [ (ap. az)] - TR. - + P•- 8x -
ax ax ax 

(8) 

For gas: 

a [ ~· az) (ap• az) - TR, - + p,- + TR,R, - + P• - o 
ax ax ax ax axo 

• 
~ az)~o· + TR. R,. __: + P• - Bx - Q, -Q,R, 

' x ax · 
-Q.R •• 

o [ 'il(I/>IB,) a(.¡,R,JB.) a(.¡,R,./Bw)J 
- v, s •.• --- + s... + s •.• 

at at at 

·~{ ') as,~.¡,R,) as, (.¡,R,.} as.] =V• - - - -+ -- -- (7) 
B-=: 1" 1 at B,.. 1" 1 ()t B. "1 Ot 

where'TR ls the transmlsslblllty term lor oil, water or gas. 
lmpllcll pressures, expllclt saturatlon. Equations 5, 8, 

and 7 are arranged so that the lelt-hand side ol each equa
tlon contalns pressures or variables oll'hlch are lunctions ol 
pressure, except lor the relatlve permeability and the sat
uratlon values which we wlll take at time step n. 

All variables at time step n are known so that values 
lor relative permeability and saturations are available. 

The rlght-hand side ol Equations 5, 8, and 7 contains 
othe change ol saturation with respect to time. These three 
equations can be combinad to form one equatlon which 
contains oil, water, and gas pressures as the unknown 

variables. To obtain this equation, one must make use 
of the relationship: 

S .. + S. + S, = 1 
or (8) 

as. as. as, 
--+--·+--=o 

at at at 

as, . 
o Flrst, salve for - in Equation 8 and substitute this ex

at 
presslon olnto Equafion 7. The right-hand side of Equation 

as. as, 
7 now contains - and -. 

at ar 

as, as. 
Salve lor - in Equation 5 and - in Equation 6 and 

at at 

substitute into Equation 7. 
If we now define the ielt-hand side of Equatlon 5 as 

(LHSloll. the ie!t-hand side o! Equation 8 as LHS.,..., and 
the left-hand side o! Equation 7 as (LHS),u. we finally ob
otain: 

(LHS),~ = - [( Bo 
0

- R,) (LHS)oll 
B 0°1 

' • o 

+(B. - R..) (LHS).,.,,] 
B¡¡ o•1 

(9) 

Equatlon 9 stiil contains derivatives o! the reciproca! 
o! the formation voiume factor, poroslty, and solution gas 
ratio wlth respect to time. 

Since these variables . are !unctions o! pressure, · these 
derivatives may be taken wifh respect to pressure; and 
then take the derivative o! pressure with respect to time. 

As an exoample, let us look at the foilowing term and 
expand it so that pressure. becomes the dependen! variable. 

a(q,/B0 ) aotB.) 1 a.¡, 
= 4»o .. l +---

at at Bo,D at· 

a(ltB.) ap, 1 a.¡, 
= r/Jnol --+--- (10) 

ap. at Bo,n at 

a(I/B,) 
The term --- can be evaluated from a tab1e o! B, 

1 
or - vs. p in the vicinity o! th'e new pressure; and the 

B. 

porosity, .¡,, has been de!ined as pressure dependent by the 
equation: o · o 

.¡, = .¡,.,,, ! 1 + e, (p. '" p .... ,,> 1 (11) 
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Other terms ol thls
1 
type appearlng In Equatlon .9 can be 

expanded in !he same manner as shown In Equatton 10. 
Equation 9 now contains oil, water, and gas pressurcs 

as unknown quantitles, along with coellicients ol the type 

( 

B, \ . B. - R.,.t and •n·l· .; · 
.!:::• 

. ' .. 
.:•, 

':; 
·" ·• 

Three alterna Uves exist ·lor. treating !bese unknown co
elliclents. 

l. They may be taken at time step n instead ol n+ l. 
Thls may work 11 !he pressure changes durlng any time 
Jtep are small; howeyer, !he material balance error can 
become excessive lor· large pressure changes. 

2. JI an lterative 'solution technique is used, such as 
alternating direction lterative or successive over relaxa
tion, !bese quantities may be updated to !he lates! Pl'\'•sure 
level between lterations. ~·.~·:· · , .· 

3. The complete solution process may be repeated un
tU !bese quantlties do not change in value. Thls means ls 
generally too costly lor lrequent use. 

We stlll have only one equation, Equation 9, and !bree 
unknown pressures. Thls may be reduced to one unknown 
pressure by lntroduclng capillary pressure lor water and 
gas pressure• and taking !he capillary pressure derivativos 
with time and JPaCe at !he old time leve! and hope that 
!bese values at !he old tí,me level are close 10 what the 
new values would be .. This leaves one equation and one 

. unknown, !he oil pressure. . 
Equation 9, wlth !bese modiflcations, still needs to be 

expanded In llnlte-dlllerence lorm. Thls can be accom
plished by relerrlng to !he previous articles In this se
ries.' • • Thls expansion will give 1 x J x L equations to 
be solved slmultaneously lor a !bree-dimensional problem, 
where 1 ls !he number ol·nodes in lile y direction, J ls 
!he number ol nodes In· !he x direction, and L ls !he num
ber ol layen In !he z direction. Also, a numerical method 
such as ADJP, SOR, Gauss Elimination, SIP, etC. mus! 
be chosen to solve !bese equations, 

The new saturation values are obtained by expanding 
Equations 5, 8, and 7 In llllinite-dil!erence !orm and solv
lng expllcltly lor new saturation values at eacb grld point 
In !he model. The only unknown in each equation will be 
the saturation, Sa, s., or S~: at time level n+l. 

The saturations may also be obtained by solving two 
o! 1he equations !or !he new values o! satura !ion, and then 
calculate !he thlrd saturation value !rom Equation 8. 

Slmullaneous solutlon. Equations 5, 6, and 7 eacb con· 
tain sorne combination o! oil, ·water, and gas pressures 
and oil, water, and gas saturations 11 terms o! !he type 

il(.¡./B) 
--- are made pressure dependen!, and terms o! !he 

at 
type (<Jt/8)0 , 1 are treated as previously discussed. 

Now, !he derlvatives o! saturation with respect 10 time 
may be changed 10 derlvatives o! saturation wlth respect 
10 caplllary pressure times !he derivativo o! capillary 
pressure wlth reSpect 10 time. For example: 

--=----

wbere: 

then: 
as. as. ( ap. ap. ) 
--=-- -----

Clt apNW at at 
(12) 

as. 
The derlvative -- can be taken at !he old time step 

apNW 
or extrapolated to !he new time step. Equations 5, 6, and 
7 wiil now contain !he !bree unknowns, oil, water, and gas 
pressures, with !he result that three times as many equa
tions must be solved as in !he previous case. 

New saturation values are obtained lrom !he capiUary 
pressure·saturation curves. The one drawback with this 
type o! model is that it caMot be run with capiUary 
pressure set completely equal lo zero. 

The simultaneous solution technique can also be modi-, 
fied so that one pressure and two saturations appear as 
!he unknown variables. Use o! !bese variables will aUow 
capillary pressure to be set to zero. 

The simultaneous solution method has an advantage 
over !he implli:it pressure---aplicit saturation method when, 
capillary pressure is used. ·capillary pressure is essen
tia11y treated implicitly In !he simultaneous solution method 
and explicitly in !he other. 

The impliclt treatment should allow a larger time step 
size to be taken and shoÚid give smoother changes in !he 
pressure and saturation surfaces . 

Special purpose models 
Simulation o! multiphase !low in !he immediate vicinity 

o! !he well bore is di!!icult due to instabilities that develop 
durlng !he calculation process. Water and gas-roning 
problems encounter !bese computational di!!iculties be
cause !he nodes near !he well bore 'Ore very smaU. 

For a normal-size time step, !he fiuid throughput in one 
o! !he small nodes may be in !he range o! 10,000 times !he 
pore volume o! that node. In a model where !he relative 
permeabilities and retes are taken at the old time level 
(explicit), !he proportions in which !he nuids_ flow ls always 
somewhat out o! date, and abnormally large saturatlon 
changes can occur. This, in turn, causes large oscillations 
in !he produced water/oll or gas/oil ratio. 

The end result is that very small time steps must be 
taken, and tbe model becomes very expensive lo run. 

Special techniques ha ve been devised 10 cure !bese prob
lems. • ' These techniques require that !he mobllities o! !he 
fi·~ids in !he vicinity o! !he weU bore be taken implicitly 
(at !he new time level) and that !he production rate also 
be taken implicitly. . 

Water and gas-eoning models can use !he same equa
tions as already developed !or multipbase now, except 
that !he coordinate system used is generally cylindrical 
rather !han !he X, Y, Z coordinate system. . 

Also, !he radial node size is allowed lo vary logarithml
cally 10 give good de!inition o! fiuid distributions around 
!he weU bore wbere we are more interested in detall. 

Many coning models are treated as incompressible since ,! 
this simplllies the mathematics without simpli!ying !be:; 



actual now ph~nomena lhal we deslre lo modal. 
Tbe lmpllcll rate calculation can be treated by flrst 

speclfyln¡ lhal lhe total production rate, QT, la known. 
For oll and water now, lhe followlng two equations can be 
used 1o dlstfiiiUta lhe now. · · 

. k .. t.. k,._) 
Q.=Q.- -+-

1'• p.. l'•. 

(13a) 

and 

k,.{k.. k, •. ) 
Q,=QT- -+--:-

/'w p.. l'w 

(13b) 

Tite p~llan rate of lhe water pbase al lhe new time 
level n+lla: · _-·· • 

Q ••••• = Q ••• +" dQ. 

wbere dQ. 11 lhe change In ra~ durlng lhat lime step. 
lf we auume lhat lhe total" moblllty wlll remaln rela· 

lively collltallt during one lime step,_ lhen: 

( 
Q. ~ 1 d(k,.) 

dQw :::r . --.:l.,S. 
(k,./p..)+(krw/pw) 1'• dSw 

(14) 

wbere 
kr.,n.t - krw.o 

--=----
dS. s.,a.t - Sw,a 

and A, S. la lhe iiine 'Ciei'lvailve of lhe water saturation. 
Then, lf Q., •• 1 la subslituted lnto Equalion 8 for Q •. lhe 
dQ. term can be transposed to lhe6right-hand slde of lhe 

equation wllh lhe result lhat one addltional term will 
be multiplylng lhe time derivativa of water saturation. 

lmpliclt relativa permeabllities can be, obtained in the 
same manner: 

d (k,.) 
(15) 

dS. 

Agaln, substitutlng lhls expression lnto Equatlon 6, lhe 
followlng addltional tenn ls obtalned. 

l. 

·A, k d (k,.) 1 ap. 
---A,Sw :_+ 

p.B. dS. ax 

., 
az . 

p.
ax _ 

Thls term is nonllnear lf the pressura derivativa ls takan 
lmpllcilly:• This glves lhe product (S.,,, - S •. ,) (p ........ u 
- Pw(l,a.l)), 

However, if lha pressure derivativa ls taken at lhe old 
time laval, lhls addltional tenn can be takan lo lhe rigbt· 
hand side of Equation 8, In lhe sama mannar as lhe 
change in rata term. 
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Individual well pressures 
11'! AN earller chapter ,• we referred to considerations for 
grid size in reservoir modellng. Bul now let's 1um our 
auention 10 whal calculaled pressure corresponds lo the 
observed pressure In the field. 1 ' 

In the model, a pressure ls calculaled for a block or 
grld rather than for the well. In the fleld, we measure 
static pressures, bulldup pressures, and pressures at ob-

in reservoir modeling 
servation wells. Depending on the grid size, well spacing, 
and reservoir characteristics, we have to modify either 
the measured or calculated pressures to conform 10 oné 
another. 

11 has been found easier 10 modify the field meas~!"'" 
menls rather than to make a correction to the calculated 
model pressures. 

Fi¡. 1 

At least one em,pty block separa tes well blocks 
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Fleld pressures. In !he field, we may observe the now· 
lng pressure of a well, !he buildup pressure, .!he static 
pressure alter a predetermined shut·ln perlod, or we may 
ha ve a well whlch was shut in .lor a long Unié as an ob
qrvation well. 

The nowing pressure o! a well is Bffected by wellbore 
conditlons such as wellbore damage, lurbulence, stimula· 
!Ion, partlal penetra !ion and actual wellbore slze, to name 
a few. 1t ls lmpractlcal lo simulate these condltions In a 
reservolr model. Consequently, these · values are of llltle 
use In !he matching of calculated and i¡bserved pressure 
histories. 

.Tbe pressures at observatlon weils are probably !he 
best values 10 use in hislory matching. Without production 
from a well, the pressure pro!Ue in !he viclnity of !he well 
ls reiatively fiat, and the observed pressure ls probably 
quite representativa of !he area the slze o! a grld dimen· 
sion in an actual model. O! course, it ls assumed that !he 
observation weU is !he only well · in a reservolr model 
block. 

Static and build-up pressures will be reviewed next. 
However, it is first necessary to evaiuate !he grid that is 
used in !he study. 

lt could be that no more than one weil exists in a block 
with at least one empty block between wells as shown in 
Fig. l. In Flg. la, thal criteria is barely met. Fig. lb 
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Hypothetical drainage shapes 
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shows a grld with a larger number of empty grids between 
wells. · 

Excellent caiculations can be made using pressure 
buiid-up data or static pressures and a knowledge of res
ervoir properties as wiU be shown later. 

Sometimes, grids contalning wells are adjacent to one 
another, Fig. 2a; or even more !han one weU exists in 
one block as shown In Flg. 2b. 

The situation depicted In Fig. 2b requires that one 
caiculates !he average reservoir pressure for !he volume 
representad by !he model block. Various technlques bave 
been described in !he lilrature,• but a1i suffer from !he 
same shortcoming-lack o! true knowledge of !he drain
age radius and shape. 

Tbese problema are well known to !he engineer wbo 
needs to perform material-balance studies on a fleld-wide 
basis. In essence, a study with a coarse grid, as sbown 
In Fig. 2b, is no more !han a series' of coMected material 
balances. (Nevertheless, these studies have considerable 
use.) 

Tbe grid density in Fig. 2a is be1ween that o! Fig. la 
and Fig. 2b. Tbe radius o! drainage for well A is delined 
where !he well is surrounded by other producing wells. 
Most reservoir modeiers will caicuiate !he static reservoir 
pressure for weil A and attempt to match it mathemati
cally. 
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Approximations for average pressure 
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.Well B,. being al !he edge of the reservolr, · near an 
oll-water contact, or near gas-oil contact has. an undefined 
drainage radlus. . · 

The calculated pressure in the block wlll be less than 
statlc and the following paragraphs ,·may show how to 
handle that sltuation. .. :' ·· 

Dralnage radlu5 and volume of lnfluence. In this dls
cussion we will assume that al! wells In the· fields will 
have p~duced long enough that a·seinlsteady stateexlsis. 
Then the radius óf drainage or the volume of pressure 
lnflu~nce' ls· stable. Let us, for the · sake of explanatlon, 
say that !he stable drainage pattern for a set of wells la 
as lndicated In Fig. 3. · · 

Al so shown are the grid lines · of the reservo ir m o del. 
We further assume that a static pressure can be measured 
or calculated !J:Qm the pressure, bulld-up curve. That statlc 
reservolr pressure corresponds with the average reservoir 
pressunre within the drainage boundaries of the well. 

For example, for well A, ~e .field drainage boundaries 
are shown in !he hatched area. In the finlte:differences 
reservoir model, thls might be represented by the solid 
lines showing !he grid boundari~s. One possiblllty would 
be to calcuate volumetrically averaged pressure of al! 
calculated grid pressures and to. compare this witb the 
observed or extrapolated field pressures. 

The drainage pattern changes with rate changes for 
wells. Therefore, lt would be necessary to determine new 
drainage shapes, both In the model and the real world, 
every time rates are modified. lt becomes readily appar
ent that such calculation would be too cumbersome ahd 
timEH:onsuming. 

Therefore, sorne modelers prefer to use the average 
pressure of the tour surrounding nodes as an approxlma
tion of !he calculated model pressure. Sorne prefer the 
eight surrounding nodes, and others use nine nodes as 
shown In Fig. 4. 

The experienced pressure analyst ls aware of the diffl
culties of static·press~re extrapolatlon, especlally In tight 
reservoirs. What if the drainage boundary cannot be de
flned, for example, for a well surrounded by producers 
on one slde and a gas-oil contact on !he other? Therefore, 
a melhod was devlsed to eliminate boundary effects,• 

Dynamle pressures. Tbe method referred to was de
veloped for extreme boundary conditions such as pressure 
maintenance and a bonded reservoir.• .lt can be shown to 
bold for a well In an infinite reservoir. 

Tbe dynamic pressure ls defined as !he average In a 
reservoir area equivalen! to !he reservolr model block. 
This dynamic pressure would preferably be obtained from 
a pressure build-up curve. lt ls equal to the bulld·up pres
sure .afier a shut-ln time equal. to: 

e=-----
15.822 X IO''k 

wbere e ls tbe shut-ln time, br 
.p ls tbe porosity as a fraction 
e ls !he total compressibllity, pst·• 
r, ls tbe equivalen! block radius, ft 
k ls !he permeability, md 

(1) 

Flg. 5 ls tbe bulld-up curve of a well In a grid block 
wltb nade dlmenslons equal to 2,720 and 3,150 ft on eltber 
slde. Tbe block_ls completely surrounded by empty nodes-

nodes not contalnlng producing wells. Furthermore, tbe 
porosity ls 21.5%, and !he total compressibility ol the rock 
and fluid system ls.l5.9 by ¡o·• psi". 

From the build-up. curve, a total mobility (k/p) ls cal
culated to be 235 md/cp. The equivalen! block radius, r,, 
ls calculated from: ' 

.¡ 2,720 X 3,150 
r, = = 1,651.86 ft 

' , 
Next, !he time at which the dynamlc pressure ls read 

from the build-up curve ls calculated as: 

e= 
(0.215) (15.9 x ¡o-•> (1,651.86)' 

(15.822 X !0'') (235) 
"'25br 

From Fig. 5, we read lhat the dynamlc pressure ls 1.978 
psi. Tbis, then, ls the pressure we hope to calculate In tbe 
block where !he well is located. 

Sometlmes, only a static pressure is available. Let us 
assume that a static pressure ol 1,720 psi was measured ' 
at a well alter 72 br of shut in, Assume that the trans
mlssibility of the well ls 5,000 md lt/cp, that 

h = 12 ft 
q = 1,350 res bbl/day 
.p = 22.5% 
C¡ot•l = 14.8 X 10·• 

and the equivalent block radius, r,, is 1,490 ft. 
We then calculate that: 

(0.225) (14.8 x ¡o-•> (1,490)' 02) 
e = ---------- = 11.2 br 

(15.822 X 10'') (5,000) 

Next, we have to reconstruct !he pressure at 11.2 br. 
Assumlng that !he straighl line slope ls valid between 
11.2 and 72 hr, we can construct Fig. 6. 

162.6 q (162.6) (1,35CI) 
m = --- = ----- " 44 psi/cycle 

kh/p 5,000 

And at e,,..., = 11.2 br we read !he block pressure at 1,685 
psi. 

Umltatlons. The melhod described by Equatlon 1 re
quires that (a) !he well has been flowing at a falrly con
stan! rate for a period of time equal to at least: 

t. ... =---
SO k 

wltb r. .. ; in days, and (b) r, is more tban one-balf of tlle 
well spacing. 
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'\ review-and a look ahead 
THIS manual has dealt wlth one as- produclng rate on recovery. 
pect of reservolr englneerlng - the · 5. Calculatlon of critica! rates for 
development and appllcatlons of reser- ·. water and gas conlng. 
volr slmulators as a too! to ald tbe · 6. Estlmatlon of lease-llne dralnage. 
englneer In predlctlng tbe rate of · 7. Calculatlon of gas fleld dellver-
recovery of hydrocarbon deposlts. ablllty. ..- · 

Use of !bese reservolr models allows 8. An estlmate of tbe effect of 
tbe englneer to lnvestlgate varlous nuclear stlmulatlon on wells produclng 
operatlng schemes and to select the . from tlght gas reservolrs. 
economlc optlmwn from tbe cases . 9. lnslght lnto tbe physlcal descrlp-
whlr.h were run. tlon of the oU reservolr by match-

Discusslons bave been presentad., ' lng past performance. 
on varlous models whlch lnclude one- · 10. Modellng of small-scale labora· 
dimensional, slngle-phase models, . to tory experimenta. 
the more compllcated three-dimen- 11. Use of models as researcb and 
slonal, three-phase models. The de- educatlonal tools to study varlous 
velopment of the three-phase modela mechanlsms and to generate correla-
has assumed that the composltlon Óf tlons for speclflc types of reservolrs. 
tbe stock-tank fiulds does not change What type model to use? At tbe 
wltb · reservolr pressure. start of any reservolr • englneerlng 

Thl u 1 d f bl ck study, tbe objectlves should be se~ 
s assump on s 800 or a • forth so tbat a declsion can be made 

oll systems whlch constltute a hlgh as to whlch of tbe englneerlng · tools 
perce~tage of the reservolrs studled. avallable should be used 10 meet 
Volatlle oll and condensate systems bj ti 
•ormally cannot be bandled by thls 

0 
,:e ves¡ 

1 t 1 1 b 1 ce ls 
pe of model a s mp e ma er a a an 

· sufflclent, tben why use a large re-
Simulatlon of fiow wltb composl· servolr slmulator? However, 1f a 

tional change was not consldered In material-balance computer program 
Ibis series; bowever, reservolr-slmula· ls not available, tbe same resulta 
!ion programs wblcb handle tbls type' can be obtalned by settlng up a one-
of problem bave been developed.· node model on the reservoir slmulator 

Other slmulators whlch were not and, lncldentUy, at a very small cost. 
consldered In thls manual are those Models of aU degree of sophlstlca-
whlch model thermal-recovery and tlon are avallable--from the material 
mlsclble-dlsplacement processes. Slm- balance to the !bree. dimensional, 
ulators of thls type are In varlous three-phase slmulator, to tbe multl-
stages of development; however, tbey , component model whlcb can account 
are normaUy needed for a percentage for tbe now and lnterphase transport 
of problema studled by the reservolr of up to as many as 10 components. 
engineer. Good englneerlng judgment should 

Wbat caD we do wlth modellng? be used tó determine the complexlty 
Reservolr-slmulatlon programs bave of tbe model needed to salve tbe prob-
allowed us to reacb the point In re- lem at hand. Sorne of tbe three-dlmen· 
servoir englneerlng wbere we can sional, three-phase slmulators are 
produce answers that could not be constructed so any comblnatlon may 
arrlved at lntultl\'ely. FoUowlng ls be bandled, down to the one-dlmen· 
a partlal .llst of problems wblcb caD sional, single-phase problem. 
)?e sol ved UB!ng models wblcb were · Also, varlous optlons can be tUrned 
discussed In tbls series. on or off, sucb as gravlty effecta or 

l. Determlnatlon of oll-field perfor- capillary pressure. lf {lravlty. and 
manee under depletlon or varlous caplllary pressure are tbougbt to be 
~-•ld·lnjectlon operatlons. necessary, computar runs wtth and 

.. Calculatlon of the effect of well wlthout these optlons can be made 
spacing on recovery. to sbow their effect. lf not needed, 

3. A look al varlous fioodlng pat- then a considerable savlngs In com· 
tems. puter costa caD be made by turnlng 

4. Determlnatlon of the effect of these optlons off. 

lf sweep efficlencles are deslred 
for a particular waterfiood.pattem, a 
front-tracker type of simulator might 
be used. However, a front·tracker. 
model can glve mlsleading resulta 11 
moblllty rallos are not clase to unlty 
or lf gravlty effecta are lmportant. 

Types of errors lnvolvedt In 
general, tour types of errors are In· 
volved In using a reservolr slmulator. 
They are !hose assoclated wlth the 
computer, the program, grld or tlme
step size, and reservolr data. 

l. Errors assoclated wlth tbe com· 
puter. 

These errors are roundoff errors and 
are dlrectly connected to the word 
length of the computer. There ls 
very llttle to worry about wlth most 
present-day computers as many carry 
11 or 12 significan! figures. Also, 
double preclslon ls avallable and can 

'• be used In machines havlng sborter 
word lengths. " 

2. Errors associated wlth tbe pro
gramming. 

These errors exlst because certaln 
assumptlons must be made to salve 
tbe equatlons. Finite dlfferences are 
used to approxlmate the partlal de
rlvatlves. These errors will vary In 
magnltude, depending on wbat arder 
of accuracy is desired. Also, con· 
slstency of expanslon of partiai de
rivatlves wiU greatly a!fect the ac
curacy obtalned. lnconslstent expan
slon wlll be evident by a larger ma· 
terial-balance error. 

3. Errors caused by .uslng too large 
a grld size or tlme-step size. 

These errors are called truncatlon 
errors. They may be invesUgated by 
changing tbe grld slze and the tlme
step size. Tbls type of error wlll often 
depend a great deal on the type of 
problem being studled. 

4. Error caused by lnaccurate re
servoir data. 

Tbe magnitúde of tbls error ls" dlf
flcult to determine slnce a true de
scrlptlon of the reservolr ls never 
really known. Slmulatlon efforts caD 
pay off In studles with good Input 
data. Studles made on a fleld de
veloped 30 years ago (when data 
were scarce) wlll often produce dls
appointlng resulta. 

Time spent In analyzlng' the baslc 

fl 
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input' dat~ is well spent. A thorough 
analysls o! the baslc input data might 
answer sorne of the questions the 
reservoir simulatlon study ls supposed 
to answer. These data will include 
core analysis, log analysis, well-pres· 

checklng as possible. Sorne programs 
somewbat modify the numbers from 
input cards when they are placed in 

: arrays and as they are used in actual 
calculatlons. Therefore, one wants 

·. to-See a complete display o! all input 
··,·:·. 1 

sure tests and geolo¡¡ical studies. . : · ' parameters as they are actually used 
Frequently, error In sorne portlons•>::, in the:program. , ••• r 

o! the data -can be tolerated wbile a · : . The same reasoning applies to the 
small amount of error In other data •"< impirlcal !unctlons such as relatlve 
will cause the calculated answers to: permeabilltles and P-V-T relation-
vary a great deal. A sensitlvity study. ships. These are read in as poly-
should be made to determine whlch nomials or as tables. 
portions ol the data cause the wides¡, ·;,, Another self-checking feature o! a 
variations In calculated results. ;. · · reservoir-modeling p ro g r a m is to 

11 reasonable variations in sorne ol check · that capillary-pressure curves, 
the basie' resel'\(pir parameters cause and relative - permeability curves 
wide variation In computed results, . (residual or Irreducible saturations) 
then the variables which cause these are compatible. 
variations should be examined in Output sbould be flexible. Although 
more detall. lt might be · tb'ai · the one calculates new values for pres-
answer to a problem ls actually given sure and saturations at each time 
by sorne o! the assumed data. ·; step, a complete printout of all o! 

1! past performance ol the i-eservoir these values 1is not required. 
is available, then a history match One should be able to call for a 
will olten help pinpolnt many oi the variety of output lormats at pre-
unknown parameters. In general, the determined intervals. For example, · 
longer the matched period, the more a complete pressure and saturation 
reliable the predicted performance output lor all grid points may only 
will be. '•· be deslrable lollowing 1 year ol actual 

Wbat makes a model useful? As time, however, Individual well be-
indlcated earller, sorne models are havlor may be wanted each month. 
constructed to salve a number ol Frequently, the user does not know 
problems. The term "universal" ls belorehand how much output he wants 
used to dillerentiate them from a untll a run ls completed. Thenifore, 
"specific-purpose" model. a desirable feature would be that 

The advantage ol a universal model aU possible output be placed on tapes 
over a speclfic-purpose model ls that for luture relerence. These tapes may 
certain features sucb as u;put and subsequently be used to generate any 
output, function tables, and certain type ol printed output. 
parts ol coelliclent generators 'need not Numerical methods diller in speed 
be repeated. and accuracy. One should check on 

Sorne ol the disadvantages are large the ease by which dlllerent numerical 
computer storage. Also, the cost ol a methods may be used in the program 
universal program may be excesslve or new ones inserted. 
il only a simple appllcation ls re- When lterative schemes are used, 
quired. the user should know the error !oler-

Le! . us next look at the various ances. The bes! way would be to 
speclal features a program may oller calculate the residuals. Also, a careful 
and discuss their pros and cons. This check on material balance should be 
discussion may aid the prospective made and this number should be 
buyer of a program. printed as a run ls performed. 

Input facilities may diller greatly. Coellicients change with pressures 
In an earlier article, we discussed the and saturatiohs. lt would be advao-
parameters whlch need to be fed to tageous to know what part ol !he 
the program., For example, lor each model experlences- the greatest 
grld point one needs to supply values change. 
lor poroslty, thickness, permeability, One sbould see how the pressure 
and elevatlon to name a few. While and saturations are calculated; l.e., 
matching one needs to change these simultaneously or lo sequence. 
numbers between·. runs. A good pro- Individual w'eUs are treated in dil-
gram allows one to do this with ease !eren! manners. Sorne programs cal-
without a chance of overriding or culate water and gas ratea from 
modifying value~ In other grids. given oll rates and empiricallunctions. 

Also, the Input sbould be as sell- Others calculate total well withdrawal 
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with water-oil and gas-oil ratios from 
the empirical lunctions. Duriqg pre
.diction rates are SO!fletimes assigned 
or calculated from pressures and 
productivity index. In the latter case, 
the possibility o! calculating the rates 
impliclty has advantages.' 

Sorne programs have the capability 
of uslog capillary pressures; others 
do not. However, capillary pressure 
ls not always used even il the capa
bility exists. 

A problem encountered in sorne of 
the less-sophisticated models is the 
treatment o! passing through the 
bubblepoint. 1!, !or example, the pres· 
sure is decreased and excessive gas 
produced, the bubblepoint o! the re
servoir fluid is changing. lf one does 
not account for this, gas may be 
"generated" when pressures are in
creased, resulting in strange pressure 
behavior and material-balance errors. 

The speed ol various models differs 
greatly and depends on the degree ' 
o! program sophistication. 

In general, one can see that although 
the basic equations lor all models are 
essentially the same, programs and 
models dil!er widely. 

Wbat Now? The development ol !he 
high-speed computer has made it 
possible to better engineer !he develop-· 
ment ol a hydrocarbon-bearing re
servoir. This is because the computer 
has allowed us to carry out the large 
number ol computations that are 
necessary lor a detailed analysis ol 
tlie reservoir. We can also determine 
!he restraints that sucb lactors as 
tubing size, li!ting capacity, and sep
arator facilities may be applylog to 
the luU economic development ol the 
reservolr. 

Computer hardware is getting better, 
more accurate. and less expensive. 
These improvements lo the hardware 
will allow the engineer to perform 
studies that are uneconomical today 
hecause ol the amountl of computer 
time necessary to salve !he problem. 

The improved speed of computers 
will allow !he more el!ective use ol 
simulation programs that have been 
developed and preved on !he smaller 
machines. ' 

However, problems that are now 
being investigated, -sucb as miscible 
!looding, !herma! production and poly· 
mer 11 o o d i n g , wiU require better 
mathematics and better understand
ing ol !he displacement mechanism. 

In sbort, more research is justilied 
to lully exploit the computtir's use
fulness. 
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J. 

Use and Misuse of Reservoir Simulation 
Models 
K. H. Coats, SPE·AIME, The U. of Texas at Austin j 

Introduction 
Webster defines "simulate" as "to assume the appear
ance of wilhoul thc reality". Simulation of petroleum 
reservoir performance refers to the construction and 
operation of a model whose beha'1or assumes the 
appearance of actual reservojr behavior.: The model 
itself is either physical (for example, a laboratory 
sandpack) or mathematical. A mathematical model 
is simply a set of equations that, subject to certain· 
assumptions, describes the physical processes active,· 
in the reservoir, Although the model itself obviously 
lacks tlie realitY of the oil or gas field, the behavior 
of a valid model simulates (assumes the appearance 
of) that of the field .. 

The purpose of simulation is to estímate field per
formance (e.g., oil recovery) under a variety of prQ::.. 

.. ducing schemes .. Whereas the field can be produced 
only 'once- and al considerable expense- a model 
can be pro-luced or "run" many times at low expense 
over a short period of time. Observation of model 
performance under different producing conditions, 
then, aids in selecting an optimum set of producing 
condilions for the reservoir. More specifically, witbJ 
reservoir simulation the following are possible. 

l. We can determine the performance of an oil'. 
field under water injection or gas injection, or under; 
natural depletion. 

2. We can judge the advisability of flank water". 
flooding as opposed to pattem waterflooding. • -

3. We can determine the effects of well location¡ 
an,d spacing.. · 

.. 

4. We can estímate the effect of producing rate on .J 
recovery. 1 ·. ..., . 

5. We can calcl!J~?-te' lhe total gas field deliver;¡' 
ability for ,a given ntimber of wells at certain specifie¡b 
locations.\f . · "' ' · 

6. We ~an. estímate the l~ase-line drainage in be.f 
erogeneous 01! or gas fieltiJI · 

The tools' of resenioii simulation range from the 
intuition and judgment of the engineer to complex 
mathematical models requiring use of digital com
puters. The question is not wbether to simulate but 
rather whicb too! or method to use. There is no gen
eral answer to the question as to when the computer
ized mathematical model should be employed. After 
sorne preliminary discussion of the nature of mathe
matical models and sources of error, sorne valid and 
invalid model applications will be illustrated here with 
specific examples. It should . be noted that this dis
cussion is restricted to models for multidimensional, 
single or multiphase llow in reservoirs. These models 
apply lo dry gas reservoirs and to oil reservoirs under
going natural depletion or pressure maintenance (such 
as natural water drive, waterflood or gas injection). 

The Mathematical Model 
· In 1959 Douglas, Peaceman and Rachford' proposed 
the "Leap,Frog" and "Simultaneous Solution" meth
ods for solving two-dimensional, two-phase flow prob
lems. In 1960, Stone' and Sheldon' described an "Im
plicit Pressure-Explicit Saturation" method. Since. 

In reservoir simulation, the question is not whether, but how aitd how much. 
The complexity o/ the questions being asked, and the amount and reliability of the data 
available, must determine the sophistication oj the iystem to be use d. 
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that time, computer simulation of two-dimensional, 
two-phase flow has become increasingly efficient .as 
Jarger, higher-speed computers have evolved w1th 
attendant reduccd computing costs. Peaceman and 
Rachford pcrformed a three-dimensional calculation 
of two-phase flow in a five-spot' by the Leap-Frog 
method• in 1962. Three-dimensional, two-phase sim
ulators have bcen developed and applied, using the 
simultaneous method, since early 1963.' Recen! arti
cles describe simulaiors for three-dimensional,' three
phase incompressible' and compressible' flow. 

The ma.thematical rescrvoir simulator consists bas
ically of 5ets of partial differential !!quations· t~at ex-J 
press conservation of mass and/or energy:JJin addi
tion, the model entails various phenomenological 
"laws" describing the rate processes active in the res
ervoir. Example Jaws are those of Darcy (fluid fiow), 
Fourier (heat conduction), and Fick (salute transport 
by diffusion or dispersion). Finally, various assump
tions may be invoked, such as those of one- or two
dimensional fiow and single- or two-phase fiow, neg
ligible dispersion or gravity or capillary effects. 

The model equations are generally nonlinear anq. 
require numcrical solution_;' A computer. program is 
written lo utilizo sorne numerical technique in solv
ing the equations. Rcquired program input data in

. elude fluid PVT data- fonnation vol u me factors 
and solution gas (R, Mcf/STB) .as functions of pres
sure- rack relative permeability and capillary pres
sure curves, and reservoir description data. This Jast 
category usually constitutes the bulk of the input data 
and is the most difficult lo determine accurately. 

Computed results generally consist of pressures and 
fluid saturations at each of severa! hundred grid points 
throughout the reservoir. In problems involving heat 
or salute flow the model will also entail calculation of 
temperature or concentration at each grid poin!
These spatial distributions of pressure, etc., are deter
mined at each of a sequence of time Jevels covering 
the. producing period of interest. 

Sources of Error in Computed Remlts . 
There are severa! potential sources of error in com- . 
puted results. · . · · "' 

l. The model itself is usually approximate since ·' 
it involves certain assumptions that are only partly,; 
va lid. 

2. · Replacen\ent of the model differential equa
tions by difference equations introduces truncationj 

. erro!j that is, the exact solution of the difference equa
tions differs somewhat from the solution to the origi-

. na! differential equations. 
3. The exact solution of the difference equations· 

is not obtained due to round-off error incurred by the 
finite word length of the computer. • 

4. Perhaps most importan!, reservoir description 
data (for example, perrneability, porosity distribu
tions) seldom are accurately known. ,. ·. " 

The leve! of truncation error in computed results 
may be estimated by repeating runs or portions of 
runs with smaller space or time increments. Signifi
can! sensitivity of computed results lo· changes in 
these increment sizes indicates a significan! level of 
truncation error and the corresponding-need for 
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smaller spatial or time steps. 92.1J)¡Jared with errq,r:s 
from other sources, round-off\errors generally arej 
negligible,, ·-"'"" · ' :· ··• 

Error caused by faulty rese"!oir description data 
is difficult to determine since the true rese..Voir de
scription is virtually never known. A combination of 
core analyses, well pressure tests and geological 
studies often gives valid insight into the nature of 
permeability and porosity distributions and reservoir 
geometry. The bes! method of obtaining a valid reser
voir description is lo detem1ine in sorne manner the 
particular descriptioo- that results in bes! agreement 
between calculated and observed field performance 
over a period of available reservoir history. 

In many cases, the engineer is less concemed with 
the absolute accuracy of his reservoir description data 
and results than he is with the sensitivity of calculated 
results to variations in !hose data. The reason for this 
is that most questions regarding reservoir perform
ance involve comparison of performances under al
ternative exploitation schemes. Sensiiivity to errors 
in reservoir description data can be deterrnined by• 
perfonning severa! runs with variations in tliose data 
covering a reasonable range of uncertainty. For ex
ample, assume that a computerized mathematical 
model using a certain reservoir description yields oil 
recoveries of 57 percent under a flank waterflood and 
32 percent under natural depletion. If additional runs, 
with reservoir descriptions varied over a considerable 
range of uncertainty, yield small variations (say about 
3 percent) in these recoveries; then the estimated re
coveries might be accepted as meaningful. In addition, 
the reservoir description would .'be considered as 
"adequate". If, however,· reasonable variations (with 
regard to range of uncertainty) in reservoir descrip
tion result in large variations (say. about 20 percent) 
in computed recoveries, then attenti.on should be given 
to obtaining a more accurate resi:rvoir description. 
Even if calculate.d recoveries show considerable sensi
tivity to variations in reservoir description, sorne 
meaning might be attached to an essentially invariant 
difference between computed recoveries by waterfiood 
and computed recoveries by natural depletion. 

This discussion of sensitivity of computed results 
lo errors in description data applies equally lo sensi
tivity to errors or uncertainty in any other model input 
data. Too often we tend to demand accurate deter
mination of all types of input data befare we accept 
the computed results as meaningtul or reliable. Ac
tually, interest in accuracy of input data should be 
proportional to the sensitivity of computed results to 
variations in !hose data. If, for example, wide vari
ations in the gas relative perrneability curve result in 
virtually no change in computed oil recovery, then 
the accuracy of this cur:ve warrants Jittle attention. 

The simulation model itself can be useful in allo
cating effort and expense in the detemlination of res
ervoir fluid and rock data. Computer runs may be 
perforrned at an early stage of the reservoir study to 
estímate sensitivity of calculated reservoir perform
ance to variations in the assorted necessary input data. 
Obviously, effort shouldbe concentrated on obtaining 
!hose data that have .the: greatest effect on calculated ¡ 
performance;iFor example, in' cases where the gravity' 
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drainagc mechanism dominatcs oil recovery, the rcla
tivc pcrmcability curve to oil atlow and middlc-range 

.oil saturations has a pronounccd cffecl on calculatcd 
oil recovery. Gas viscosity and relativo pcrmeability 

· and capillary prcssurc m ay play virtually no role 
whatcver, and cffort expended in dctcrmining them 
is largely wasted. 

Educational Value of Simulation Modeis,J 
Simulation model results frequently have consider
able educational value, quite apart from their aid in 
reaching decisions regarding reservoir operation. The 
complex interactions of gravity, viscous, and capillary 
!orces in hcterogencous reservoirs often result in 
seemingly anomalous, or al least unexpected, calcu
lated 'tlow pattems. Verification of the validity of 
such pallerns requires considerable insight into thc 
physics of the situation. Such verification can often 
be attained by recourse to simpler models. For ex
ample, calculated water saturation proliles for a ene
dimensional vertical water drive in a hetcrogeneous 
pinnacle recf rescrvoir exhibit pronounced oscillation 
with vertical distance. These calculated oscillations 
persist virtually unchanged, despite considerable re
duction of spatial and time increments; i.e., they are 
not caused by truncation error. The oscillations are 
caused by the dcpendence of frontal wate~ saturation 
upon both gravity and viscous forces. The ratio of 
these forces varies markedly with the perrneability of 
successive layers upward through the reservoir. The 
simpler Bucklcy-Leverell model, extended to hetero
geneous onc-dimensional systems, shows the same 
oscillations. In high permeability layers, gravity forces 
domínate viscous forces and a high frontal water 
saturation develops. However, as this front passes up
wards into a Iow permeability block, viscous forces 
are dominan! and give a low frontal saturation. Upon 
leaving the tight !ayer and again entering a loase one, 
the frontal saturation again jumps to a high value, 
resulting in an oscillatory water saturation profile at 
any given time. 

Another example of the educational value of simu
lation models is their application to the question of 
lease-line drainage. Considera heterogeneous gas res
ervoir or undcrsaturated oil reservoir with given (esti
mated) kh and .¡,h maps. The reservoir consists of a 
number of leases with various numbers of producing 
wells in each lease. The problem is that of estimating 
net drainage rate into or out of each Jease for given 
well producing rates under a semisteady state reser
voir depletion. As discussed below, simple examina
don of the simulator equations allows isolation of that 
portian of field data that determines these net drain
age rates. In fact, under certain conditions, the rates 
can be quickly dctermined, quantitatively, without 
any numerical solution of the simulator equations. In 
cases Iike this, the simulator, either by simple -t'X
amination or by a limited number of computer runs, 
allows more intelligent formulation of general rules 
fo! field operation. 

Sorne Applications of Numerical• 
Reservoir Modeis • · 
H~re we will briefly describe sorne valid applications 

of computerized rescrvoir models. Features responsi
ble for this validity are pointed out. Henderson, 
Dcmpscy, and Tyler' dcscribed a computer simula
tion of two-dimcnsional, transient gas flow in a dry 

"gas storage reservoir. The practica! problem was that 
of meeting a required (contractual) ·deliverability 
schedule over a JI 0-day withdrawal period. The peak 
required delivery rates occurred at the end Qf ·the 
period, when gas in place and hence reservoir pressure . 
and field deliverability were al their Jowest levels. The · 
reservoir had 41 wells currently drilled and ·the prob
lem was to select the number and Iocations of addi
tional wells to be drilled befare the next withdrawal 
season. The incentive to· minimize the number of ad
ditional wells was strong, since each well cost abciut 
$125,000. On the other hand, the incentive to have 
enough wells was also strong since the contrae! speci
fied a penalty of $10 to $100 for each Mcf of con
tractual gas not delivered. 

The numerical model employed simulatcd rwo
dimensional (areal) unsteady-state gas flow ¡a . a 
closed heterogeneous reservoir of arbitrary geomet¡y 
with an arbitrary number of wells arbitrarily located. 
Model results included pressure distributions in the 
field at various times covering the 11 O-da y period, 
and field deliverability (Mcf/D) by well and for tbe 
total field al each óf. these times. Input data specified 
a gathering system or f!Ówing wellbore pressure. The 
model was run a llumber of times for different pro
posed numbers and locations of additional wells and .1 

under different strategies regarding the arder in which 
various wells were brought "on stream". Results indi
cated that·lield deliverability depended strongly upon 
the locations of additional wells and upon the arder 
in which they were tumed on during the 11 O-da y 
period. A somewhat simplified statement of study re
sults is that additional wells should be drilled ·prefer
entially in the tighter (lower kh) areas of the reservoir. 
Further, these tighter wells should be tumed on early 
in the withdrawal period,· saving tbe wells in the high 
kh portions of the reservoir for the peak withdrawal 
perlad. 

The well locations and operating strategy recom
mended on the basis of those model results were 
largely adoptcd by the operating company. Recent 
performance of the reservoir is comparing reasonably 
well with that predictcd by the model. 

The practica! benefit derived from this application 
was the elimination of a considerable number of ex
pensive wells that would otherwise have been drilled. 
That is, the proper locations of additional wells reJa-· 
tive to field heterogeneity and an "optimum" óperat
ing strategy allowed satisfaction of field deliverabili
ty requirements with considerably fewer additiónal 
wells. · 

Features contributing to tbe benefit of this applica
tion are: (1) the cleai'cut incentive to reduce addi
tional well cost, and (2) the extensive field perform
ance data available over severa! withdrawal seasons. 
The cri!ical data in this case (from a standpoint of 
sensitivity of model results) were the reservoir kh 
distribution and individual well backpressure curves. 
These data were fairly well known from the perform
ance data for tbe existing 41 wells. 

' '. 



Ralnbow Field, Alberta 
Applications of computerized multidimensional simu
Jators are frequcntly subject lo justification as well as 
to criticism. The rcccnt pinnaclc reef discoveries in 
the Rainbow field.of Alberta offer such an example. 
For this field the immediate problem is to estímate 
oil recovery ·under natural deplction as oppcised to 
various pressure maintenance schemes. The effectof 
producing rate on recovcry is a subsidiary questíon. 
The zero-dimensional material balance calculation 
can be easily modificd by including the capiUary
gravitational equilibrium concept to yield one-<limen
sional (vertical) results. That is, an average field oil 
saturation of 70 percent need not be viewed as a 
uniform 70 percent saturation from the top to bottom 
of the reef. Rather the 70 percent can be considered 
the average corresponding toa nearly segregated fluid 
column. However, by virtue of this equilibrium as
sumption, the material balance calculation filies ulti
mate recovery at essentially 1 - S,., where S., is the 
residual oil saturation at which relatíve permeability 
to oil is zero. EquivalenUy stated, the material bal
ance calculation assumes gravity drainage of oil from 
behind the declining gas-oil contact to be complete 
and instantaneous. 

This complete recovery predicted by a material 
balance calculation might be reasonable if reservoir 
permeability were sufliciently high throughout the res
ervoir. However, core analyses from wells in most of 
these fields indicate rather severe heterogeneity with 
Jayers of considerable thickness (severa] feet) having 
vertical perrneabilities of only 1 to 1 O md. Fig. 1 
shows a permeability dislributíon through reservoir 
thickness, typical of these reef reservoirs. One-dimen
sional (vertical), transient two- and three-¡lhase flow 
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Flg. 1--,Reef reservolr descrlption. 

models indicated that gravity drainage was a serious 
problem in that oil saturations appreciably above 
residual persisted in tight layers well above the declin~ 
ing, primary gas-oil contact. Fig. 2 shows computed 
oil saturation vs depth for one of the red reservoirn 
after 15 years of natural depletion. This distribution 
indicates the inadequacy of the complete gravity 
drainage assumption inherent in the conventional ma
terial balance calculation. In this case the conven
tional material balance calculation is totally incapable 
of yielding meaningful estimates of oil recovery. 

Use of the compuÍerized numerical model in these 
reef studies can be criticized since the answers ob
tained are considerably dependen! u pon the reservoir 
description (essentially vertical perrneability) em- · 
ployed. And in many pools, permeability data are 
available from only a single well. This scarcity of in
forrnation about rather critical data required by the 
model spurred an intensive geological study. The geo
logical work utilized data from many pools in a single 
arca in an attempt to gain a more reliable reservoir 
description !han that of a simple extrapolation over 
entíre pool cross-sectional area · from the well core 
data. The geological work and numerical model 
studies are discussed in the literature. 1 • • 

One justification for application of numerical mod
eling to these reef reservoirs is simply the fact that it 
is not possible to estímate recoveri.es and · effects of 
rate on recovery using conventional material balance 
calculations. Uncertainties in critica! reservoir de
scriptíon data are parUy offset by geological study and 

· will be reduced further as performance history be
comes available for matching purposes. 

Field "X~ - Cresta! Gas lnjection 

The question often arises as to when it is necessary to 
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simulate in three dimensions as opposed lo two or 
even one dimension. Inclusion of flow:in the thir4 
{Jie,arly vertical) direction is often,.r~.~ln~~pded only 
if reservoir thickness is "larg~~~~~~,r~)!~.o.P lo areal,J 
eJ!Ient cir if pronounced heter9g~ó~ity;,:~J~!sts in the. 
vertical direction (if, for examRJt:..IJlg~ii~ )!igh strati-.1· 
ficationJi The recommendation may be helpful in 
sorne cases, but certainly is not blriding. The following 
example of a three-dimensional problem is a some
what' generalized and simplified version of an actual 
lield study. The problem was to estímate oil recovery 
by cresta! gas injection in a steep)y dipping reservoir. 
The reservoir sand was only 40 ft thick and was clean 
and unusuaUy isotropic (see Fig. 3). Permeability was 
low al the southem boundary and increased uniform
ly toward the northem boundary. · 

Neither gas injection nor oil production wells were 
equally spaced or symmetricaUy located. The areal 
heterogeneity, along with nonunüorm weU spacing, 
dictated simulation of flow at least in !he two arca! 
(x-y) directions. In spite of !he small sand thickness 
and homogeneitY in !he vertical direction, simulation 
of flow in that direction was also required. The reason 
was the low relative penneability to oil in !he low and 
middle oil saturation range (an example, again, of !he 
gravity drainage problem). The injected gas overrode 
and bypassed !he oil, leaving appreciable amounts of 
oil behind the gas front. This oil slowly drained down
dip and normal to the bedding planes. This vertical 
gravity drainage of oil was an importan! mechanism 
in !he recovery and could not be accounted for in an 
areal, two-dimensional (x-y) calculation. 

Fleld "Y" - Lease-Line Dralnage 

The question of lease-line drainage leads to an inter
esting application of !he numerical reservoir simula-
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Flg. .3--A three-dimensionel flow problem. 
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tor. Consider !he heterogeneous oil or gas field shown 
in Fig. 4. A two-dimensional grid is superimposed for 
computing purposes. Estimated values of kh and 4>h 
are given for each block, along with the locations of 
producing wells and a Jease line. \Ve assume a single
phase, scmisteady-state flow regime and a closcd res
ervoir, i.e., a negligible water drive. The scmisteady
state assumption implies that at any given time, the 
cate of pressure decline (iJp/ct) is about !he same at 
aU spatial points in !he lield. The first question is: 
What is the net drainage or flow cate across !he lease 
line for givcn producing rates of aU wells? Examina
tion and elementary manipulation on the linite differ
ence form of lhe equation describing !he two-dimen-

\ sional flow shows that the answer is entirely inde
pendent of !he kh distribution or leve! and of the weU 
locations or individual rates. The answer depends 
only upon !he total producing rates and pare volumes 
of each lease. In fact, !he drainage cate from Lease 1 
lo Lease II is simply 

V,n . 
q,~u = q" ---¡¡- q 

• 
where 

q = total field producing rate, 
qu = total Lease ll producing rate 
V • = totallield pare volume, and 

V •" = total Le ase ll pare vol u me. 

( 1) 

Thus drainage is zero ü each lease produces in pro
portian to its pare volume. This ·same result can be 
obtained by using Green's theorem in conjunction 
with !he differential equation describing flow in a 
two-dimensional heterogeneous reservoir. Actually, 
the result can be obtained by simple reasoning, utiliz
ing !he definition of semisteady state, which implies 
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a uniform depletion rate per unit pore space over thc 
entirc field. . · 

Whereas Eq. 1 appears trivial or immediately ob
vious, a somewha\ more dillicult answer to obtain is 
the net drainage rate for- a given backpressure p~ 
wherc all well production rates are given by 

whcrc 

q¡¡ = a (kh);¡ (p¡¡ - p,.) 

q,1 = producing rate of welllocated in Grid 
Block i, j 

a= constan! 
(kh),1 = kh ol Block i, j 

P•i = average pressurc in Block i, j 

(2) 

Again, · the answer. is independent of the kh distribu
tion, but is dependen! upon the individual (kh);¡ 
values wherc wells are located. A simple answer can
no! be given for this case. Howcver, computer solu
tion of the two-dimensional, single-phase, semisteady
state flow equation gives the answer in less than 1 
second o( computing time on a ltigh-speed digital 
computer. 

Mis use o( Resenoir Models .. , 
- - •• ·¡ 

A kind of "overkill" is the most frequent misuse of 
reservoir models. Jusi a few years ago we made deci
sions regarding reservoir performance using only the 
tools of judgment and the conventional (zero-dimen
sional) material balance, or perhaps a one-dimen
sional Buck!ey-Leverett analysis. Now, almost over
.night it seems, questions regardiJig reservoir perform
ance can only be answered by performing rwo- or 
three-dimensional simulations of two- or three-phase 
llow, in severa! thousand blocks. Recently we have 
been told that even the three-phase (water, "oil", 
"gas") system is insuflicient and should be replaced 
in many cases by a multicomponent calculation ac
counting for flow and interphase transfer of 1 O or 
more hydrocarbon components."·" This introduc
tion of multicomponent phase behavior can result in 
computing times about 100 times greater than !hose 
requircd for the basic three-phase flow calculation. 

Too often we automatically apply toa problem the 
most sopltisticated and complex calculation tool avail
able. Typically, grid sizes are used that are small~r 

'!han justified by available information concemiilg 
reservoir properties. Often the reasons given for fine 
grid structurc have little basis in fact. In short, the 
overkill rcferred to here is the application of models 
accounting for m-phase ftow using n grid blocks where 
questions could be equally well answered using a 
model describing m-1 or even m-2 phase ftow in a 
grid of n/2 or n/3 blocks. 

Tbis is not mean! lo imply that therc is no need for 
small-grid-element, three-dimimsional simulations, or 
for multiphase ftow calculation accounting for multi
component mass transfer. . There have been weU 
founded three-dimensional studies and ill-conceived 
one-dimensional simulations and more than one prob
lem has been faced in which a multiphase, multicom
ponent pbase behavior calculation would have been 
welcome. However, the use of engineering judgment 
in many cases would dictate the use of a less complex 
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model. Equally valid answers would be ohtaincd at 
appreciably Jower man and machine cost and in a 
shorter time. 

· A general rule that should be, but scldom is, fol
lowed is "sclcct the leas/ complicatcd modcl and 
grossest rcservoir description that will allow the de
sired estimation of reservoir performance". Following 
is a case in point. A recently discovered oil reservoir 
with no initial gas cap and negligible water drive has 
been produced under natural depletion. Pressure has 
fallen below búbble point. A company is considering 
drilling one or severa! additional wells along a Jease 
line to offset drainage bclieved. to be occurring. The 
problem is to estímate the extent of drainage under 
curren! conditions and to estímate the effect of one 
or more additional weUs. Little information is avail
able regarding reservoir heterogeneity normal to the 
bedding planes. The use of a two- or three-dimen· 
sional, two-phase (gas-oil) llow model has been pro
posed. It appears that a two-dimensional areal (x-y), 
single-phase flow calculation should be employed in 
this case, first, because a single-phase ftow study is 
considerably easier to conduct and requires much less 
computer time than a two-phase ftow study, and sec
ond, because the extent of depletion below the bubble 

. point has been such that probably only a few percent 
free gas saturation exists in the reservoir. This free 
gas, even if above critica! saturation (i.e., mobile), 
should play ·a negligible role in the direction or rate 
of oil drainage across the tease line. Strictly speaking, 
the problem involves rwo-phase flow. But considering 
the question being asked, a single-phase How calcula
tion would undoubtedly be suflicient. 

The necessity for a fine grid is sometimes ar¡,'ued 
on the grounds that accuracy is los! by placing wells 
in adjacent grid blocks. That is, the grid must be 
suf!iciently fine that at least one "empty" grid block 
separares blocks containing wells. This is not neces
sarily true; in fact, in sorne cases more than one well 
can be placed in a single block. As an illustration 
(taken from Ref. 13), Fig. 5 shows rwo producing 
wells in a square, closed rcservoir, 18,000 ft on a side. 
Two single-phase, semisteady-state calculations were 
performed using 9 X 9 and 3 X 3 grids. In the former 
case, rwo blocks separated !hose containing the wells, 
whereas in the latter case, the wells were in adjacent 
blocks. A common flowing well pressure was speci.fied 
for both wells. Total field producing rate was speci.fied 
as 5,000 Mcf/D, and the rwo-dimensional calcula
tions deterrnined (1) pressure distribution, (2) eacb 
well's contribution to the total rate, and (3) the gas 
in place (or average field pressure leve!) necessary 
to mee! the required total field rate. The results are 
summarized in Tab1e l. Tbe loss in accuracy due lo 
the use of 9 as opposed to 81 grid blocks is clearly 
negligible. 

Often a considerable amount of computing time 
can be saved in a study if the minimum reqnired defi
nition is determined at the outset. This involves re
peated runs using fewer blocks until resolution is los! 
concerning the facets of field perfom1ance being 
estimated. 

Reservoir models are atso' misapplied when there 
is gross uncertainty regarding input data that critica!-





TABLE 1-EFFECT OF GRID SIZE ON CALCULATED 
WELL DELIVERABIUTY 

Grid 
Size 

9x9 
3x3 

Deliverability (Mcf/0) 
We111 Well2 

3732.8 1258.1 .. 
3723.1 1274.8 

Gas In Place 
_(~ 
68,869,784 . 
68,897,904 

ly affect computed results. Let us take as an example 
a recen! study of oil recovery by gas injection in a 
dipping cross-section (two-dimensional vertical slice). 
Initially, relative permeability and other reservoir data 
were rather crudely estimated and a considerable 
number of runs were performed to investigate the 
effect of injection rate on recovery. Subsequent sensi
tivity studies showed these early computed rcsults to 
be largely meaningless for the foUowing rcason. The 
answers obtained were entirely dependen! upon the 
oil relative permeability curve employed. And vari
ations of it well within th.é range of uncerminty gave 

-significantly dilferent 'estiinates of oil recovery. The 
computed recovery was·almost totaUy insensitive to 
gas relative permeability and capillary pressure curves 
and to reservoir porosity. Also, reservoir permeability 
had an insignificant effect within a reasonable range 
of uncertainty. Having isolated the particular data of 
importance (oil relative permeability curve) we per
formed considerable laboratory work to determine it. 
Subsequent computer runs were then believed lo yield 
reliable estima tes of oil recovery and the quantitative 
effect of rate on recovery. This overriding importance 
of the oil relative permeability curve is typical, of 
course, in problems where oil recovery is dominated 
by the gravity drainage process. 

Erroneous use of reservoir models occasionaUy 
occurs in two-dimensional areal studies. The error in
volves inadequate representation of fluid saturation 
distributions through the thickness of the reservoir. 
An areal calculation, as· opposed to a three-dimen
sional calculation is justified in the two limiting cases 
when (1) fluids are completely segregated (i.e., gravi
tational-capillary equilibrium exists) throughout the 
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thickness, and (2) no scgregation exists (i.e., fluid 
saturations are uniform throughout the thickness). In 
the latter case, Jaboratory-derived rock rclative per
meability, as well as capillary pressure curves, should 

. be used in the areal calcularion. In the foriner case, · 
pseudo relative permeability curves and capillary 
pressure curves, refiecting the state of segregation, 
should be employed.' In most cases, the assumption 
of segregation is more nearly corree! than the assump
tion of uniform saturations, but in many cases neither 
assumption is valid. If neither assumption is valid, 
then (1) a thrce-dimensional calculation should be 
perforrned, or (2) totally empírica] pseudo curves for 
areal calculations should be determined. These curves, 
when used in one-dimensional areal calculations, 
should result in agreement with two-dimensional 
cross-sectional calcu1ations using laboratory curves. 

Fig. 6 illustrates the error in computed results, 
caused by the use of laboratory relative permeability 
and capillary pressure curves in an a real study whcre 
the assumption of segregation is nearly corree!. This 
figure shows depth-averaged gas saturiltion vs dis
tance along a dipping (3 °) cross-section. The gas was 
injected at the eres! into the initially oil-saturatéd for
mation. The vertical slice is 800 ft long and 25 ft 
thick. A two-dimensional cross-sectional (x-z) calcu
lation was performed using laboratory relative perme
ability and capillary pressure curves. The calculated 
gas saturations were then depth-averaged and plotted 
as the solid line in Fig. 6. This is the "corree!" answer. 
The triangular points correspond to a one-dimen
sional calculation that utilized laboratory relative per
meability and capillary pressure curves. These curves 
correspond to the assumption that fluid saturation is 
urtiform throughout the thickness. The circular points 
correspond to a one-dimensional areal calculation 
that used pseudo curves refiecting the assumption of 
gravitational-capillary equilibrium (i.e., segregation) 
throughout the thickness. The use of these pseudo 
curves in the areal calculation gives a far more accu
rate result than does the use of the laboratory curves. 
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Conclusions 
Error in numerical simulation of reservoir perform
ance results from truncation error and from inaccu
racies in · reservoir description or otber input data. 
The presence of appreciable truncation error can gen
eraUy be determined by noting tbe sensitivity of cal
culated performance lo cbanges in spatial and time 
increment sizes. Adequate accuracy of input data is 
indicated by insignificant variations in compute<! res
ervoir performance caused by variations in the input 
data over tbe ranges of uncertainty. The matbemati
cal model can be used in many cases to determine 
wbicb particular input data should be determined 
accurately. 

The complex interactions of capillary, gravitational 
and viscous forces reftected in tbe calculated reservoÜ' 
performance often result in ftow pattems or perform
ance characteristics tbat are of considerable educa
tional value. 

Valid application of reservoir simulation models 
generaUy possess tbe foUowing !bree features: (1) a 
well posed question of economic importance (such as 
"Should oil be recovered under natural depletion as 
opposed to water injection?", "What are tbe best loca
tions for additional wells to maximize incremental 
field deliverability per dollar of additional invest
ment?"), (2) adequate accuracy of reservoir descrip
tion and other required input data, and (3) strong de
pendence of tbe answer to tbe question upon non
equilibrium, generaUy time-dependen!, spatial dis
tributions of pressure and fluid saturations. This 
dependence renders meaningless tbe conventional 
material balance calculations. 

A frequent misuse of reservoir models is tbe ap
plication of one tbat is more complex or sophisticated 
Iban tbe problem warrants, which can greatly increase 
tbe required .man and macbine time. In general, we 
shou'd apply tbe least sophisticated model and largest 
grid size. tbat wiU yield an adequate estímate of field 
performance. Application of models in cases where 
critica! input data are poorly known constitutes an
other misuse. FmaUy, care should be exercised in re
spect to tbe relative permeability and capillary pres
sure curves employed when using a two-dimensional 
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areal (x-y) calculation to simulate tbrce-dimcnsional 
flow in reservoirs. 
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Introduction 
Reservoir simulation is based on well known reservoir 
engineering equations and techniques- the same 
equations and techniques the reservoir engineer has 
been using for years. ... 

In general, simulation refers to the representation 
of sorne process by either a theoretical or a physical 
model. Here, we Jimit ourselves to the simulation of 
petroleum reservoirs. Our concern is the development 
and use of models that describe the reservoir perform
ance under various operating conditions. 

Reservoir simulation itself is not really. new. Engi
neers have long used mathematical models in per
forming reservoir engineering calculations. Befare the 
development of modern digital computers, however, 
the models were relatively simple. For example, when 
calculating the oil in place volumetrically, the engi
neer simulated the reservoir by a simple model in 
which average values for the porosity, saturation, and 
thickness were used. 

Although simulation in the petroleum industry is 
not new, the new aspects are that more detailed reser
voir features, and thus more accurate simulations, 
have become practica) because of the capability af
forded by the computers now available. The more de
tailed description, however, requires complex mathe
matical expressions that are difficult to understand, 
·and this dilliculty has caused sorne engineers to shy 
away from using simulators, and others to misuse 
them. 

We in the petroleum industry are in the reservoir 
simulation revolution. As time goes on, simulators will 
be used more and more, so a basic understanding of 
reservoir modeling is essential. The engineer, espe
cially, must become competen! in setting up simula
tion. problems, in deciding on appropriate input data, 
and in evaluating the results. 
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Basic Analysis 
If a reservoir is fairly homogeneous, average values 
of the reservoir properties, such as porosity, are ade, 
quate to describe it. The average pressure, time, and 
production behavior of such a reservoir under a solu
tion gas drive, for example, are normally calculated 
by the familiar methods' of Tarner, Muskat, or Tracy. 
All of these methods use the material balance equa
tion normally referred to as the MBE. A simple ~ 
pr~ssion for the oil MBE is the following-t ~---·. 

(cumulative net withdrawal in STB) = (original/ 
oil in Klace in STB) - (oil remaining in pla~ 
·~~~'!~V . .. . . . 

The cumulative net withdrawal is the difference be
tween the oil that lea ves the reservoir and the oil that 
enter.; it. In this basic analysis, there is no oil entering 
the reservoir since the boundaries are considered im
permeable to flow. Thus, ·the MBE reduces to its 
simplest forin. Such a reservoir model is called the 
tank model (Fig. 1 ). lt is zero dimensional because 
rack, fluid properties, and pressure values do not vary 
from point to point. lnstead, they are calculated ~ · ~ 
average values for the whole reservoir. This taniJ. · 
model is the basic building block of reservoiT silr!i.J ·,'1 
IDtors.i ; 

· • No'\1 Jet us consider a reservoir represented by a ¡ 
sandbar. Let the two halves of the sandbar vary in · ' 
Iithology. The sandbar as a whole cannot be repre- 1 
sented by average properties, but each half can. Thus, . ~J 
the sandbar consists of two tank units, or cells, as they , 
are normaUy called. The MBE describes the fluid 
behavior in each cell as in the previous tank model. •• 
However, the net withdrawal term of the MBE is · 
more complicated because there can be migration of 
fluid from one cell to another, depending on the aver-



,) 
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of !he two cells. 1bis fluid transfcci 
¡;e~~~~ is cajculatcd by Darcy's lávi-dJ 
't1 lógi:tli~•r With Dan:y's law, describes thc 

¡ bcha\ñor of cach cell. This model is not a zcro-dirnen
,-.:.-.-•. •n:servoir simulalor since reservoir parameters 

vary bctween the two cells. Instead it is a onc
;¡ ~~~·~,i~o~~. model, because it consists of more !han 
::;.. in one dir'ection and of only one cell in thc 

two din:ctions (Fig. 2): . 
1bis analysis can be extended lo reservoirs where 
· as well as pressure val u es vary in two 

dú1neDosioons, and lo others where the variation occurs 
·in three dimensions. The simulators representing these 
n:servoirs are called, respectively, two-dirnensional 

. and !bree-dimensional simulators, as illustrated in 
. : · Figs. 3 and 4. Tbus, a two-dirnensional reservoir simu

. lator consists of more than one cell in two dimensions 
and of one cell in the third dimension. Amh !bree-
dimensional simulator consists of more than one cell 
in all of the three dimensions. 

Regardless of the number of dimensions used, the 
MBE is the basic equation describing the Huid be
ha\ñor within a cell; and Dan:y's law describes the 
interactioo between the ce~s. In one-, two-, and !bree
dimensional models each cell, except the boundary 
ceU, interacts respectively with 2, 4, and 6 ceUs. Sine~ 

: a simulator can consist of bundreds of cells, keeping{ 
' account' of thc MBE for each ceU is a fonnidabldf 
bookkel¡rins opcration ideally suited lo digital com4 

'.". putalioJV But we emphasize once ·again that the prin
cipies and equations used in reservoir simulatioo are 
not new. They onJy appear SO because of the complex
ity of the bookkeeping. 

Types of Reservoir Simulators 
There are severa! types of reservoir simulators. ChoiCl;f 

· of the p.yper simul.ator to represen! a particular res;j 
,~rvoif, il.'IJI. ·~lf.1=8 ~ upderstanding of the res~¡voir aiJ1 

•. a f.tl!mll iMlflfiiMo'l oJ theiÚl/Q avgj/(lbld A model 
that fits Reservoir A may not be appropriate for Res
ervoir B, in spite of appareot similarities between 
Reser;oirs A and B. A re~rv!lir m<?<~el is useful onlyJ 
when t! ~!! 1!!~. ~glc! case . .J · 

· .. One basis for classifying models, as discussed ear
lier, is the number of dimensions. The two-dirnen-1 
sio~ o¡odel is lb~ most commonly ~There are 

,. ,..A...•· --......:_.. ...... , •.• 

,__/_ __ --(/ 

flg. 1-Tan k model. 

severa! two-dirnensional geometries, the most popu
lar of wlúch is the horizontal (x-y) geometry; l;ut the 
vertical (.t-l) and the radial (r-z) geometries are also 
used quite often. · 

Simulalors ean'bc:classified also according lo the iV 
. ~' .- ·"+"'~·<'Y:• .-.~>;, . • - • ·' 

typc of ~tv...P.u:.or.process !bey are mtended lo sunu§ 
.. !!l!'l:/There are, for example, gas, black oil, gas con

densate, and miscible displacement reservoir simula
lors. Moreover, there are one-, two- and three-phase 
n:servoir models. Furthermore, any of these simula
tors may or may not account for gravitatiooal or 
capillary !orces. It is oot enough to choose the proper p 
simulator with respect lo dimensionality; tbe simu-¡.' 
lator must represen! the typc of hydrocarbon and tbe 

. ~uid J1hases present 4 · .. · 
Simulation Steps 
Preparatlon of Data 
After the type of model lo use in a study has been 
selected, the next step is to divide the reservoir into a 
number of ceUs, as illustrated in Figs. 2 through 4. 
Tlús is accomplished by laying out a grid system for 
the reservoir. In a two-dimensional study, the grid is 
established by drawing lines oo a map of the reser
voir. Ali grid lines must extend across the reservoir. 

·. Each ceU is identified by its .<,y, z coordinares. Then 
the How conditions around the perimeter of tbe res
ervoir are established. NormaUy the reservoir bouod
ary is considered sialed, but influx or effiux at an 
assigned pressure or rate may also be specified. 

The next step is to assign the foUowiog for each 
ceU: rock properties, geometry, initial Huid distribu
tion, and fluid properties. The rock properties coosist 
of speciJic permeability, porosity, relative permeabili
·ry and sometimes capiUary pressure. The ceU geome
try includes the depth, thickoess and locations of 
weUs. UsuaUy the wells are assumed to be located at 
the centers of the cells in which they fall. The initial 
fluid distribution consists of the oil, water and gas 
saturations at the beginning of simulation. Also, the 
average pressure of the ce U at that time is assigned or 
calculated from koown data. Fluid propertics are 
specified by the usual PVT data. In addition, for each 
weU it is necessary to providc a production schedule 
and a productivity index or a skin value (i.e., damage 
or improvement). 

Flow ) 

Flg. 2-<Jne-dlmenslonal slmulator. 

FI<1N 

Flg. 3--Two·dimensional si m u/atar. 
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The engioeer should scrutinize carefutty these basic 
data for consisteocy and accuracy. For examp1e, if 
pressure buildup data are avaitablc oo a well, the 
penneability-thickoess product of the cell where the 
·well is located and the ftow rate assigned to the well, 
should be compatible with the buitdup data. The time 
spent in examining the basic datids we:l spent, for it 
can lead to fewer simulation runs: Moreover ooe muslf 
always remem~er that th~J.'!.rír'!.e(f! "only á.s·good nJ 

o tlw o ut tJatnll' .. . 00 -"-·-~:-,.,t ...... - '- o . o 00 o o D' 
.!A;..~.~.::.··"" :7 .. ;, 

Hlstoey Matchlng aod Performance Prediclion 

Tho main purpose of rese'rvoir simulatioo is to predict• 
· th~ '¡ate of hyd~b?i!"r~v~'i f~r diffpreot metij7i 
.. ~ !?! field 9pel11!i9liUirádequate field data exist, 

reasooably accurate perfonnaoce predictions can be 
made. If data are incomplete or suspect, simulators 
may be used only to compare semi-quantitatively the 
results o( different ways of operating the reservoir. In 
either case, the accuracy of the simulator.can be im
proved by history matching. 

The first step in a history match is to calculate res- · 
ervoir perfonnance using lhe'best data available. The 
results are compared with the field recorded histories 
of !he wells. If !he agreemenl is not satisfactory, such 
data as penneability, relative permeability, and po
rosity are varied from one cómputer ruo lo another 
until a match is achieved. The simulator is then used 
lo predict perfonnance for a!temative plans of oper
ating the reservoir. 

The behavior of !he r:i~IT'oir is inftuenced by many 
fa~tyrt¡- permeabllity, _¡:io.rosity, lhickoess, saturá
tión distno1,11jous, relative permeability, etc.- lhat 
aie nevér llhown precisely all over !he reservoir. Wbat' 

' thc epginccr arrives at is only a combii'Ullion ot thespjl 

'~~f1~4t~;~ ~u~~~;~~~~;~!:;~~~~ 
ii5>Á~!il:Í!lpf thc re,¡ervoi~eo the simulator, after 
a match, ts used to predict, it is oot certain lhat !he 
pbysical picture of the reservoir described in !he simu
lator will give predictions sufficieotly clase to !he ac: 
tual reservoir perfonnance. In general, !he looger the 
matclu:d bistory period, the more reliable the p~ 
l!i~. ~~Q~nce will bq(It behooves the engineer 
to monitor periodically the predicted vs the actual 
performance and to update bis physical picture of 

Flg. 4--Three-dlmenslonal slmula_!or. 
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the reservoir. 

Mafhemafical Considerafions 
Dcrivatlon of Equatlons 
For the engineer lo adequately undcrstand rcservoir 
simulation, he should be acquainted with the equa
tions used. These are basically material balances about 
cells for each phase, and Darcy's law, which describes 
the interactions between cells. For illustratioo, wc 
derive here !he fundamental equatioos for a black oil 
system and explain their physical significance. 

For the sake o( simplicity, considera cell in a one
dimensional reservoir simulator, as shown in Fig. 5. 
The same analysis is applicable lo a ceU in two- and 
lhree-dimensional models. (An expression for the oil 
material balance of the ceU was given earlier.) 

(Oil volume entering !he cell duriog a time iocre
ment 6.1, in STB) minus (oil volume leaving the cell 
during the same time increment, in STB) equals (!he 
change in oil volume in !he cell, in STB). 

Volume of oil entering !he cell during LH, in STB, 
equals Q1,AI. 

Volume of oil leaving the cell during Al, in STB, 
equals (Q.,, + q,)tJ.t. 

Change in volume of oil in the cell duriog Al, in 
STB, equals 

[( q,s, ) "'' ( cf>s,) "] AxtJ.yh - - - • B, B, 

where Q1, is !he average ftow rate of oil into !he cell 
during Al in STB/unit time, Q,., is the average ftow 
rate of oil leaving the cell to its neighbors duriog 6.1 
in STB/unit time, and q, is the oil production rate 
from !he cell, if it contains a. well, in STB;unit time; 

AxtJ.yhq,s, represents the volume of oil in the cell at 
B, 

any time, n + 1 refers to the eod of the time step, and 
n to the beginning. 

Substitution in the oil MBE, after dividing through 
by 6.1, gives 

_ AxtJ.yh [(<~>s•) .. , (<~>s•)"] Q,, - Q,., - q, - --¡;¡--- B, - B, 

o o o o (1) 

However, by Darcy's law, assuming tbe fiow lo be 

FJg; 5-Cell In a ene-dimensional simulator. 





from !~!!_ to right as shoWl!_ in Fig. 5, 

Q ·::· Ayhk, (~:¡~, - ~:i') 
la 1 l'o Bo t\:c • 

and 

Q = A. yhk, (~:¡• - .~ :t!,) 
••• B ' .. 

P.o o LU: . 

(2) 

(2) 

· where Ayh is the cross-sectional area of the ceU, Ax 
is the length of the cell, ~. is the llow potential in the 
oil phase, i refen; to lhe ceU ofinterest, 1- 1 refen; lo 
the left-hand neighhor¡ and i + 1 refen; to the right· 
hand neighbor. The llow potential ~. equals pressure 
plus capillary pressure plus gravitational potential, 
and its use at the (n +O-time leve! is explained la ter. 
Substitut.ing Eq. 2 in Eq:1 and dividing through by 
AyAx.gives 

1 [ hk (~"" - <!> ... ) hk _ --'- '*"oi-t o' o 

LU: P.o Bo D.x - ¡..t
0 

8
0 

e;¡, o, - 4l oi+l _ ____!{,!_ ( ... . .. )] 
Ax AxAy 

Eq. 3 is rearranged to give 

_ A . cf»ot.t - cfJ o( _ , 1 
[ ( 

••• • .. ) 
Ax OH~ L\.x 1\~j~ 

( ... • .. )J·. 
cpoi ~ ~ oi-t _ ~~)' 

=~~r(h~:·r·-(h~:·n (4) 

where ).. = :; , and the subscripts i+ V.. and i- V.. 

indicate ·that the quantity is evaluated as an average 
for ihe (i+ 1, 1) and (i, i-1) ceUs, respectively. Differ
ent invest;gaton; use difieren! averaging techniques. 
.The upstream value for).. is the most commonly used. 

Eq. 4 is the oil mass balance equation in one di
mension, in difference form, which is used in the simu
lation calculations. In two and three dimensions, y
and z-direction terms identical with the x-direction 
term are added. 

Eq. 4 may be written in differen.tial form as 

a:(>., aa:-)- ~~Y= :t ( 4>;:·). (4a) 

and in vector notation as 

'V • ()..,\J~,)- ____!!,!_ =.i_('é!'~.). (4b) 
AxAy ot B, 

These three forms of the M BE a re used inter
changeably in the literature. Because of its compact
ness, Eq. 4b is the most commonly used. 

In deriving Eq. 4 we used the value of ~. at the 
(n+ !)-time leve!, i.e., at the end of the time step. 
This difTercncing technique is cal!ed the implicit' or 
backward difTerence method and is the most com
monly used. The Crank-Nicholson method' uses an 

average value !or 4>,-i.e., at the (n+ V..)-time levei
while the forward difference method' uses ~. at the 
beginning of the time step ~ i.e., at the. n-time leve!. 
The impücit method is the most stable of the threc. 
The time at which hk,/B,p., is evaluated was left un
specified. Most authon; use the n-time leve!, but sorne 
use the (n + !)-time leve!. Tlús wiU be discussed later. 

Similar derivations can be made for the water and 
gas. The water and gas equations in vector notation 
formare, respectively, 

q,. -a ( ~) . 'V • (>.,'V~ .. ) - AxAy - Tt 4> Bw ' (5) 

' and 

+ 'V • (R,,.)...., 'V~ .. ) - ~~y 

= : 1[1-h(7J; + R,. ~·,+R..,~:)] , (6) 

where in Eq. 6 the gas dissolved in the oil and water 
is accounted for. . 

Eqs. 4b, 5, imd 6 are the MB equations.for three· 
phase immiscible tlow in a black oil system, and were 
derived by Muskat.' Written in dilference fonn, these 
are virtually the only equa.tions used in the most com· 
mon type of simulation, that of a black oil reservoir. 

Method of Soludon 

Eq. 4 and its comparable forms for the water and gas 
give the relationships; for each cell, among pressure; 
and oil, water, and gas saturations; and time. If there 
are m cells, then we ha ve m equations for each phase, 
giving a total of 3m equations. The solution of these 
equations is the major chore of reservoir simulation. 

Two methods of solution are generally used; these 
are the implicit-implicit•·' and the implicit-explicit.' 
They are similar in one respect. Given a value for the 
saturations and pressure at each cell al the beginning 
of a time step, new saturations and pressure villues 
are found at the end of the time step. These values in 
tum represen! the starting point for the next time step. 
This step-wise process is continued until the desired 
amount of time elapses. 

The implicit-implicit'· • method sol ves Eqs. 4 and 
the dilference forms of Eqs. 5 and 6 directly. The 
solution usually involves an iterative procedure. Cap
illary pressure occasionally causes instability prob· 

. lems. • The implicit-implicit method overcomes the 
problem by expressing saturation as a function of cap· 
illary pressure. To start the calculations, values of 
saturations are assumed, and the pressures in the oil, 
water, and gas phases are calculated. These calculated 
pressures. result in new capillary pressures, which are 
used lo calculate saturations. These are compared 
with the assumed values, and if necessary the calcula· 
tions are repeated. 

· Using the fact that thc oil, water, and gas satura
·tions add up to one, we can manipula te the three MB 

'For definition, refer to the section on Computational Consid· 
eratlon. · 
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equat~ons in such a way as to result in a prcssure 
equatwn. The prcssure cquation in symbolic form 
and vector nota tiqn is 

(7). 

where :>., is the total efTective mobility of the tluee 
phases, q, is the total production, and e, is the total 
efTective compressibility. (Capillary and gravity forces 
have been neglected.) In the implicit-explicit' method, 
at any given time, the pressure equation (Eq. 7) is 
solved first, giving the pressure distribution at each 
cell. Then the saturations are deterrnined from the 
solution of the three MB equations. 

To illustrate the method of solving Eq. 7 we write 
it in difference form in one dimension. We also assume 
that >-r = e,= 1, and.that q1 =O. The implicit dif
ference forrnulation' is 

pi:: - 2p iH + p r;~: 
~· 

(8) 

where i, i- 1, and i + 1 refer to the cell of interest and 
its two neighbors, and n refers to the time leve!. Eq. 
8 gives p j' 01 , the pressure to be detennined, as a func
tion of two unknowns Pi:: and p~:i. Thus, we cannot 
sol ve for p ~·· with this equation alone. For this reason 
we call this an implicit equation in pressure. However, 
similar cquations can be written for all cells, resulting 
in m equations with m unknowns. 

Severa! methods have been devised to salve the m 
pressure equations. The simples! are the relaxation 
techniques.' The pressures at i-1 and i+ 1 are as
sumed, and the pressure pj" is calculated. This trial
and-error process is repeated at each point in tum 
until a sufliciently accurate solution to the m equa
tioils is found. Given this pressure solution, we then 
solve explicitly for the saturations, using the three 
MB equations. 

The coefficients >-r and e1 contain effective perrne
abilities, viscosities, and fonnation volume factors, ·so 
they are functions of saturation and pressure. Until 
now we have ignored this fact. However, if we want 
to account for this dependency, which is sometimes 
necessary due to instability, then an iterative method 
is used. The method is summarized by the following 
steps, which are symbolically corree!. In actuality the 
calculations are more involved.' 

l. Begin with known pressure ánd saturation dis
tribution at time n and, using the pressure equation, 
and the values for >-r and e1 calculated from the sat
uration distribution and the pressure values at time 
n, salve for pressures al timen+ l. 

2. Salve for the saturation distribution at timen+ 1 
using the three MB equations. 

3. Using the new saturations and tbe pressures cal
culated in Step 1, recalculate >-r and cr values. 

_4. ~e~at S~ps 1 through 3 until the conv,.rgence 
cntenon ts achteved. In repeating Step 1, the values 
of :>., and e, of Step 3 are used. 

S. Proceed with the next time ste¡i. · 
Methods that cycle between pressure and satura

tion equations are called fully implicit or iterativc;, • 
whereas !hose that do not, and in which essentially 
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only Stcps 1 and 2 and then 5 are executed, are called 
mixed.' Mixcd mcthods are extensively used bccause 
they rcquire lcss computer time. 

One criterion for deterrnining the compatibility of 
the pressure and saturation values is the materiaJ·baJ
ance error. One form cif tbe material balance is the 
summation of the stock tank oil al the beginning and 
at the end of the time step. The difference between 
tbe values should be equal to the total production dur- · 
ing the time step. The incremental error is calculated 
by the following equation. · 

incremental MBE error = 

q,t.t 
1, 

wbere V is the volume of the cell and the summation 
is taken over the m cells. 

Sorne authors use cumulative MBE error, wbich is 
given by tbe following equation. 

cumulative MBE error= 

initial oil in place - ~ [ V.¡. { }.)]";' 

cumulative total production l. 
'· . 

A low value for MBE error is a necessary but not 
a sufficient criterion for a correct solution. In essence, 
low error indica tes that the total oil in the reservoir' at 
time n + 1 is corree!, but it does not guara otee that 
the oil is distributed properly. 

Com¡iutational Considerations 
Computing Time· 

For a given computer, the time required for a par
ticular reservoir simulation depends primari!y upon 
(1) the number of cells, and (2) the nurnber of time 
steps. · · 

The computing time required · for a time step is 
proportional to the number of mesh points. Doubling 
the number of mesh points approximately doubles the 
computer time per time step. · · 

The number of time steps required to simulate an 
assigned numbcr of years depends on the allowed 
length of tbe time step Al. The maximurn value Al 
may take is a function of tbe voluine and shape of the 
cell. Jo a two-dimerisional horizontal model, for ex
ample, the cell volume is ~t.y times thickness, and 
the shape is given by the ratio of ~/Ay, where ~ 
and t.y are the horizontal dimensions of the cell. The 
allowed time step decreases as ~ and Ay decrease, 

·and as 1 ~- 1 1 increases. For example, the al-. t.y 

lowed Al in. a simulation study in which Al: ,.; Ay = 
300 ft will be ·about four times the t.t if ~ = Ay '= 
ISO ft. 

lostability 

Numerical techniques do not yield exact solutions. 
There is an error associated with the answers. This 
error sometimes grows very rapidly, causing the solu-
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~l'iJ.to :~low· up"; in othl(_r words, the solutions be
~~l:omc pbysically unrealistic. The most common cause 
~of this instability is excessively large changes in sat
r!urations and pressures during the time step. Usually r this may be remedied by reducing the size of the 
.1 time stcp. 
~ . . 
~ Numerical Dlsperslon 
: . Tbis is an inberent property of digital simula don. lt 
' is due to the representation of the reservoir by ceUs in 
~ wbicb proP.,rties are averaged. Wben a saturation 
:. front enters the ceU, it is spread out over the ceU to 
{ arrive· at average saturation values. Numerical disper
·:· sien can be minlmized by decreasiog the dimensioos 
,.- o! the ceUs. However, this leads to increased com
. putcr time. 

... : - ,1::' -~.'~ 

:' VaUdfty of Soludon 
'once a simulation ron has been made, the qu~stion 
arises: "How good is the solution?" Small MBE error 
indicates that the total Huid volumes are corree!, but 
does not guarantee that the fluid distribution is valid. 

·U the resulting fluid distribution is questionable, a 
systcmatic analysis is needed. Variables that infiuence 
the saturation distribution are the time step size lit, 
and the ceU dimensions liX and liy. For a corree! 
mathemátical analysis, the sensitivity of the results to 
liX, liy, and lit should be examined. A change in liX, 
liy values may require a major revision of the data, 
wbich is not practica!. A common practice is to study 

~ ~-- ---- ·--·-·--

only the effect of· the time-stcp size. This is doilc by 
rerunning the simulation with reduced time stcps and 
comparing the results. The time step is reduced until 
further reduction does not change the results signifi
cantly, thus indicating that the best solutiori has been 
obtained for the chosen sizes of the ceUs. 
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CUR.Ot 11 !NQINI!RIA 01 VACIMI!NTOI QIOTERMICO~'' 

HORARIO 

-15.00 h. 

17.00 h. 

CEREMONIA DE CLAUSURA 

P R O G R A. M A 

EVENTO 

MESA REDONDA 
(COMIDA) 

CEREMONIA DE 
CLAUSURA 

PARTICIPANTES LUGAR 

PROFESORES, ALUMNOS y COMEDOR 
ORGANIZADORES PALACIO 

~IINERIA 

PRCFESORES, ALUMNOS y .SALON DE 
ORGANIZADO RES SIBILAS 

18 DE MAYO DE 1984 
PALACIO DE MINERIA 
MEXICO, D.F. 

• 

DEL 
DE 

LAS · 
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MINUTA DE LA "MESA REDONDA" CELEBRADA EL DJA 6 DE ABRIL DE 1984. 

\ .' 



• MINUTA DI LA "M!SA REDONDA" C!LED~ADA EL OlA e DE ABRIL DE 
1984 A LAS 14.00 HORAS EN LAS INSTALACIONES DE LA OIVISION 
DE EOUCACION CONTINUA DE LA FACULTAD DE INGENIERIA (DECFI) 
UNAM. UBICADAS EN EL PALACIO DE MINERIA CALLE DE TACUBA No .. 
5 MEXICO 06000, D.F. 

EN LA MESA REDONDA SE TUVO LA PRESEIICIA DEL DOCTOR EDUARDO ,. 
IGLESIAS RODRIGUEZ, COORDINADOR DEL :CURSO, DE LOS DOCTORES 
GUILLERMO DOM!NGUEZ VARGAS, FERNANDO SAMAN!EGO VERDUZCO,.
CESAR SUAREZ, PROFESORES DEL CURSO, EL t1. EN !. GABRIEL 1·10 
RENO PECERO, JEFE DE LA DECFI, EL ING. LUIS MORALES FLORES 
JEFE DEL OPTO. DE CURSOS INSTITUCIONALES DE LA DECFI Y DE 
14 ALUMNOS DEL CURSO. 

'·· 

EL M. EN I. GABRIEL 110RENO PECERO 07.0 A- TODOS LOS ASISTEN- '·' 
TES A LA REUNION, LA BIENVENIDA Y E~PLICO ALGUNOS ANTECE-
DENTES REFERENTES AL PALACIO DE MINtRIA Y A LA DECF!, Y SE 
PUSO A CONSIDERACION DE LOS ASISTENTES EL ORDEN DEL OlA DE 
LA REUNION. 

O R D E N D E L D I A 

1 • OBJETIVO DE LA REUNION 
2. COMENTARIOS POR PARTE DE LOS ALUMNOS EN EL 

CURSO 
3. COI4ENTAR !OS POR PARTE DE LOS PROFESORES EN 

EL CURSO 
4. ASUNTOS VARIOS 

No h~biendo objeción por parte de los asistentes respecto al 
orden del dfa, se procedió a iniciar la mesa redonda. 

PRINCIPALES COMENTARIOS EXPRESADOS EN LA REUNION, POR LOS. 
ALUMNOS, 
l. El contenido académico del curso ha resultado, según -

los alumnos, de óptima calidad. 
2. El tiempo en el cual se han distribuido los temas del 

curso ha sido corto. 
3. Se mencionó que el curso habfa sido organizado para pr~ 

porcionar los conoc.imientos básicos, las orientaciones 
y principales puntos a seguir en diversos aspectos de -
Yacimientos Geotérmicos y de manera que cada alumno es
tuviese capacitado para profundizar en todos los temas 

·" 

• 

!;. 
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s&gOn 1o .requiera su actividad profesional. 
4. S& mencion6, por parte de los .alumnos, la conventen-

c1a de considerar dos semanas antes del inicio del -
Cijrso, exclusivamente para impartir unos ''cursos i.n
troductorios" de matemáticas, mecánica de fluidos y 

termodinámica, lo que proporcionarfa'una mejor fluidez 
acad~mlcamente al curso, o bieri que se comentara ampli! -· 
mente en la difusi6n del curso, de la necesidad de con-
tar con esos conocimientos. · • 

5. Se coment6 sobre la conveniencia de que con toda anti
·cipaci6n al inicio del curso,se•-seleccionen los partí- -"' 
cipant~s a fin de que pudieran, por ejemplo; contar -
previo· al curso con el material-didáctico. 

6. Se só1jcit6 que ~ambi~n se rec6mendase a los futuros - ·-
a6istentes el hacer lecturas de'bibliografía seleccio-
n~da por los profesores. 

7. L~s conferencias que se tratarJn en la segunda parte 
del curso son: 
7 .l. 

7. 2. 

7.3 •. 

7.4. 

7. 5. 

7. 6. 

Geología del Campo Geotlrmico de ''Los Azufres'', 
por el ingeniero Antonio Rosso. 
G~ofísica para la exploración geotlrmica pQr 

-kry. [ui s MÓra 1 es Flores 

Jefe del Opto. de Cursos Instit~cionales. 

'j dv 

'--> ... 



liSTA DE ASISTENTES AL CURSO D(NOf1INADO · 
"INGfNIERIA DE YACIMIENTOS GEOTERMICOS". 1984 
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ASISTENTES AL CURSO "INGENIERIA DE YACIMIENTOS GEOTERMICOS" 
~ . ' . 

• 

N O M B R E P R O C E D E N C I A 

1.- ACOSTA SILVA .JAIME MEXICO 
2.- ASCH ROGER OSCAR COSTA RICA . l. 

3.- ASCENCIO CENDEJAS FERNANDO HEXICO 
- -.• 
-·· . 4.- ALV~RADO SANCHEZ GUILLERMO ECUADOR .; 

5.- CAMPOS VILLAFUERTE TOMAS ANTONIO · EL SALVADOR 
6.- ESCOBAR CORDOVA DAVID EL SALVADOR .. , . .. .. ., ... ' 

• 
7.- GONZALEZ RENE -BOLIVIA .... _,._. 

8.- GALVAN GARCIA EDUARDO MEXICO. 
9.- IRVING·RAMDEEN DEREK PANAMA 
10.- JASSO PEÑA CARLOS ARMANDO MEXICO 
11.- LOPEZ DAVILA ERASMO MEXICO 
12.- PALMA AMALA JULIO CESAR GUATEMALA 
13.- PIMENTEL SANTANA VICTOR REPUBLICA DOMINICANA 
.14.-.QUINTERO BARRERA ANGEL M. COLOMBIA 
15.- RECARTE ORLANDO HONDURAS 
16.- RAMIREZ SABAG.JETZABETH MEXICO 
17.- ROSAS ELGUERA JOSE · MEXICO 
18.- SA~CHEZ UPTON PEDRO MEXICO 
19.- TORRES MERIZALDE MARCO P. ECUADOR 
20.- VERASTEGUI TOCRE DARlO PERU 





/ 

P A I S R E P R E S E N T A N T E No 

BOLIVIA GONZALEZ RENE. . 1 

COLOMBIA QUINTERO BARRERA ANGEL M. . :·. ~·' ¡.-' . 
-:; .--· . ' 

COSTA RICA ASCH ROGER OSCAR· ~ .... ~.' 1 

ECUADOR ALVARADO SANCHEZ GUILLERMO 
_,,· .. 

2 . ·¡~ 

• 
" . ', ' 

. TORRES MERISALDE MARCO P. "-\:_ ·_; ... ' 

EL SALVADOR . CAMPOS VILLAFUERTE TOMAS A. . .. : :<:: . 2 .... " . . 
•1 ,. ,., " . ]·-. . 

ESCOBAR CORDOVA DAVID 

GUATEMALA PALMA AMALA JULIO CESAR 1 

HONDURAS RECARTE ORLANDO 1 

MEXICO · ACOSTA SILVA JAIME 8 

ASCENCIO CENDEJAS FERNANDO 
GALVAN GARCJA EDUARDO 
JASSO PEÑA CARLOS ARMANDO 
LOPEZ DAVILA ERASMO 
RAMIREZ SABAG JETZABETH 
ROSAS ELGUERA JOSE 
SANCHEZ UPTON PEDRO 

PANAMA IRVING RAI1DHN DEREK 1 

PERU VERASTEGUI TOCRE DARlO 1 

.REPUBLICA DOMINICANA PIMENTEL SANTANA VICTOR 1 





FORMATO DE EVALUACION DEL CURSO 
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EVALUACION DEL CURSO 

CONCEPTO EVALUACION 

1 • APLICACION INMEDIATA DE LOS CONCEPTOS EXPUESTOS 

2. CLARIDAD CON QUE SE EXPUSIERON . LOS TEMAS 

3. GRADO DE ACTUALIZACION LOGRADO CON EL CURSO 

4. CUMPLIMIENTO DE LOS OBJETIVOS DEL. CURSO 

5. CONTINUIDAD EN LOS TEMAS .DEL CURSO 

6. CALIDAD DE LAS NOTAS DEL CURSO 

7. GRADO DE MOTIVACION LOGRADO CON EL. CURSO 

ESCALA DE EVALUACION DE 1 A 10 

. ' 



1. ¿Q.¡~ le pareció el ambiente en la División de Educación Continua? 

.~1---MN---A~ ____ L_E----4-----A-~---~----~--D-~~~~~~~··~:~1 

2. Medio de comunicación por el que se enteró del curso: 
j . 

PERlODIOO EXCELSIOR PERIODICO NOVEDADES 
~CIO TITULADO DI ANUNCIO TITULADO DI FOLLE'ro DEL CURSO 
VISION DE EDUCACIOÑ VISION DE EDUCACioN 
OJNTINUA CONTINUA 

CARTEL MENSUAL RADIO UNIVERSIDA.D C<MJNICACION CARTA, 
TELEFONO, VERBAL, 
ETC • 

. 

REVISTAS TECNICAS FOLLETO ANUAL CARTELERA llNAM ''LOS GACETA 
UNIVERSITARIOS HJY" UNAM 

3. Medio de transporte utilizado para venir al Palacio de Minería: 

METRO arRO MEDIO 

1 

Al.JI'CMJVIL 
PARTIOJLAR 

4. ¿qué cambios haría usted en el programa para tratar de perfeccionar el 
curso? 

S. ¿Recomendaría el curso a otras personas? 

SI 

1 

1 

4 
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6. ¿Qué cursos le gustaría que ofreciera la Di visi6n de Educaci6n Continua? , 

7. La coordinación académica fue: 

1 =mm 1 

BUENI\ REGULAR MALA 

1 
B. Si está interesado en tomar algún curso intensivo ¿Qlál es el horario -

niás conveniente para usted? 

LUNES A VIERNES LUNFS A LUNFS, MIERCOLF.S MIUUro Y JUEVES 
PE 9 A 13 H. Y VIERNES DE Y VIERNES DE DE 18 A 21 H. 
DE14A18H. 17 A 21 H. 18A21H. 
(CON c:x:MIDAS) 

VIERNES DE 17 A 21 H. VIERNES DE 17 A 21 H. OTRO 
SABADOS DE 9 A 14 H. SABAOOS DE '9 A 13 Y 

DE 14 a 18 H. 

· 9. ¿Qué servicios adicionales desearía que tuviese la División de Educación 
Continua, para los asistentes? . 

10. Otras sugerencias: 

~·· . 
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ENCUESTA DENOMINADA DE SEGUIMIENTO, LA:CUAL, ES MUY CONVENIENTE 
SEA CONTESTADA POR LOS ALUMNOS ASISTENTES CADA SEIS MESES A PARTIR 
DE ESTA FECHA 17 DE MAYO DE 1984. 
EL OBJETO DE LA PRESENTE ENCUESTA ES DE OBTEflER UNA MAYOR INFOR_ ,; 
MACION DE LA EFECTIVIDAD Y EFICACIA DEL CURSO UNA VEZ TERMINADO 
ESTE 

EL DOMICILIO DONDE DEBE SER ENVIADA LA ENCUESTA ES: CALLE TACUBA 5 
COL. CENTRO 11EX 1 CO, 06000 D.F. 



' .. 

A continuaci6n encontrar~ enunciados los temas que estudi6. 
en el curso: ''INGEN!ERIA DE YACIMIENTOS GEOTERMICOS", por 
favor léalos cuidadosamente y conteste luego las preguntas. 
que siguen. 

T E M A S 

1; CONCEPTOS BASICOS Y CLASIFICAC!ON DE YACIMIENTOS GEO
TERMICOS. 

2. ·FLUJO DE FLUIDOS Y CALOR EN YACIMIENTOS. 

3. PRUEGAS DE PRESION. 

4 •. SIMU!,ACION NUMERICA DE YACIMIENTOS GEOTERMICOS. 

5. FLUJÓ DE FLUIDOS Y CALOR EN POZOS GEOTERMICOS 

6. ASPECTOS PRACTICOS DE LA SIMULACION NUMERICA DE 
YACII1IENTOS. 

7. ASPECTOS PRACTICOS DE LA SIMULACION NUMERICA DE 
FLUJOS EN POZOS GEOTERMICOS. 

8. MEDICION DE PROPIEDADES FISICAS DE ROCAS. 

9. ASPECTOS PRACTICOS DE LA:PRODUCCION. 

10. CONFERENCIAS. 

•, 

. ... . .. 

.;.. 



- 2 -.. 

·1) ¿Qu~ temas le resultaron de mayor interés? 

--··-·-· 

¿Por qué? 

-----~------------------------,~----------------------~----·· 

2) ¿Qué ternas le.resultaron de menor interés? 

¿Por qué? 

3) ¿Qué ternas piensa que deber!a desarrollarse con más tiempo? 



1. 

- 3 -

¿Por qu~? 

--------------'------------- -----· .-

4). ¿En qu~ temas se combinaron la teor!a y la práctica en 
fbrma adecuada? 

------~--------------~ .. ~------------~----------

S) ¿En qu~ temas no se combinaron la teor!a y la práctica en 
forma adecuada? 

6) ¿Cuáles son las funciones que Ud. desempeña en s.u trabajo, 
que est€n directamente relacionadas con los temas del ... 
curso? 

• 



. 

. ..:. ~·· 

4 -

7) ¿Qué temas del curso pudo aplicar inmediatamente · a sus 
funciones laborales? 

--,---------..,..----,------------'--"--- ··---- ... 

8) ¿Qué temas agregaria al curso, que ayuden· a resolver 
problema¡¡ q·ue surjan en sus funciones actuales? 1 ...... • 

\ 

LMF'Jdv 
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DIRECTORIO DE PROFESORES DEL 
CURSO: "INGENIERIA DE YACIMIENTOS 
GEOTERMICOS" 

DR. HEBER CINCO J-EY 
( COORDINADOR } 
SUBJEFE DEL AREA DE INGENIERIA 
DE RECURSOS DEL SUBSUELO . 
DIVISION DE ESTUDIOS DE 
POSGRADO, .F. I. 
U.N.A.M. 
TEL. 550-87-12 

DR. EDUARDO IGLESIAS RODRIGUEZ 
JEFE DE INGENIERIA DE RESERVORIOS 
GEOTERHICOS 
INSTITUTO DE INVESTIGACIONES 
ELECTRICAS 

.. .- -

Ave. PalJnira s/n 
Apdo. Postal 475 
Cuernavaca, Mor. 
Tel. 91-731- 438-11 

DR. JESUS RIV~RA ROORIGUEZ 
PROFESOR TITULAR 
DEPTO. DE INGENIERIA PETROLERA 
DIVISION DE ESTUDIOS DE 
POSGRADO, F.I. U.N.A.M. 
TEL. 550~87-12 

DR. FERNANDO SAMANIEGO VERDUZCO 
COORDINADOR DE LA SECCION DE 
INGENIERIA ENERGETICA 
DIVISION DE ESTUDIOS DE POSGRADO: 
FACULTAD DE INGENIERIA 
U.N.A.M. 
TEL. 550.:..97-12 

DR. CESAR SUAREZ ARRIAGA 
DEPTO. DE EVALUACION DE 
YACHIIENTOS 
COMISION FEDERAL DE ELECTRICIDAD 
GERENCIA DE PROYECTOS·GEOTERHO
ELECTRICOS 
Ave. Camelinas # 3527 - 7°Piso 
Morelia, Mich. C.P. 58270 
TEL. 452-31 

./ ... 
' 
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ING. VICTOR ARELLANO GOMEZ . 
INVESTIGADOR DEPTO. DE GEOTERMIA 
AREA INGENIERIA DE YACIMIENTOS 
INSTITUTO DE INVESTIGACIONES 
ELECTRICAS. 
DEPTO. DE GEOTERMIA 
Ave. Palrnira s/n 
Apdo. Postal 475 
Cuernavaca, Mor. 
TEL. 91-731-4-38-11 

... -- . 

ING. ENRIQUE CONTRERAS LOPEZ 
. INVESTIGADOR DEPTO. DE GEOTERMIA 

AREA INGENIERIA DE""""YACIMIENTOS 
INSTITUTO DE INVESTIGACIONES 
ELECTRICAS . . .. ·. 
DEPTO. DE GEOTERMIA '· .. 
Ave. Palrnira s/n 
Apdo. Postal 475 
Cuernavaca, Mor. 
TEL. 91-731-4-38-11 

ING •. CARLOS MIRANDA MOCTEZUMA 
SUPERINTENDENTEt'.DE PRODUCCION 
CAHPO. GEOTERMICO LOS AZUFRES 

· Melchor Ocampo 35 Poniente 
Cd. Hidalgo, Mich 
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IN GEN tER 1 A DE YACIMIENTOS GEDTERI&ICOS 

13 D E Mar2D · lB DE . Mayo 19 8 4 

N" T E M A '2 3 4 
PROFESOR DURACION 

1 e 6 7 B 9 10 TOTAL(MOfU.S) 

COf~CEPTOS BAS!COS y 
1 CLASIFICACION OE YACIMIENTOS DR. JESUS RIVERA ;,o 

GEOTERMICOS 
FÜJOOE FLUIDOS 

11 Y. CALOR (N .. DR. ,liEBE'! cn~_co 30 
YACIMIENTOS ' 

.. ... .. 
111 PRUEBAS DE PRESTON DR.. Ff.~NM!lO SA~MNIEGO 30 

SIMULt.CIQt~ tlUMEAICA 
IV OE Yt..CIMIENTOS •· DR. GUILLERMO·!XlMJNGUEZ; ;,o 

GEOTERMICOS 

FLUJO DE FLUIDOS y 
V CALOR EN POZOS OH. CESAR SUAREZ 30 

.CEOTERMICDS 

ASPECTOS PRt.CTICOS OE LA ' 
VI SIMULACtON flUMERtCA t<G. VICTOR ARELLANO ;,o 

OE Yf...CIMIEfHOS . 

ASPECTOS PRACTICOS DE Ll - ' 
VIl $J!.'.tJLAC10N NUM[RICA DE ~r:;::.:: 

tNG. VICTOR ARELLANO 30 
. Ft.ur-s EN P:JZOS GEOTERMICOS . ... , 

1-· 
1 . _,_ 

-~-JAéOI"ctOH DE PROPIEDAO.ES 
. 

1 

Vlll 
FI~!C.t.S DE ROCAS. 

ING.ENRJOUE CONTRERAS .: 30 
1---· 

. 

' 
.. 

IX ASPECTOS PRACTICO S DE .. ING.CARLOS MIRArlO.\ ( EO 
LA F_ROOUCC!ON 

X COilFC: R ENCIAS 1!1 -
. 
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'Thermal Behavior of Unconsolidated Oil Sands 

ABSTRAC'r 

W. H. jQMF~Tr 
J. A,,&ft.¿!_ 

$. L..Q!U_'' 
MEMBERS SPE-:tJME 

Thermal conductiviti~s ·o( unconsulidate·J oil 
.sarul.-. har:c hc'l'tl mt•tlsurrtl multbt• ff•sult."' n¡rrcltllt•tl 
wítb {lbysic·a/ (""/"''tic· ... u/" tb,• ::;mul·fhúd .(jystr•tn. 
.\"ÜIIIftllifm uftlH· ,,.,·ttiuJ! fluid.bwi u domtmmt C'(/t•c/ 
cm thrrmal nmdru:tildty vu/ues. U'utc:r·satuTu/c!d 

·-· sunrl.~ "'''"' fuuml tu lun•c• tl"•ruutl c·um/u,·fil't.lh·s 
\ / Ni.'f· lo c•i~:ltt ,;,,._,.. ~rc'd/l'f thml' r•altrc• . .; fui t/•,· .comm· 

scmd p11rks 11ir .\'fl/urntc•d. ¡:ur corrdtt-riiJII flllr{JtJ ... , •. ,., 

. ___. • • ·., .. thc porosity tJf u .o;mu/{JtiC'Ir. is tm uJ,·c¡uulc• i"'/inllur 

·· o( mattix structur~. Otbci qtumtiti,•s net·cii•J to 
\. Jevc~(,,p l4 ,'titlli."i{ctc:lury •~t¡tmlicm fur {'ff·díc·u'tJ~ 

tbt•ttnlll contluclif'ily ,,;, •. /be cottdtJC/ivilú·s of llu• 
welling fluid arul o(thc• ruck solids. , 

'f/u~ c•/f,•c·t.'i nf d•a,~c·s. íu tc•mpl'fulíuc• ou tb,· 
tbt'llllfli ,·undm·ti•·il_\' uf uunm.'iuliclfllt·d oi/ !tmtJ.,· 
"''' rduti ,,,.¡)' .\ wrd 1 mul t'CIIl be· ,., ·rd /attc·cl u·i th a 

· suizph• ¡,,,.,, •·qua/ÍtJII, '['¡.,. c·lfc·l'ls uf dJfiiiJ.:''"" 
in pressurt' 011 ti}(' lb,·rmal ·,·onductit·ily o{ lit¡uid· 
s'ulurcucd tau·,m:H,/idolt·d .\muls ttrc: ulsu smu/1 mul 
fut {'1liC/Í1'11/ /H11p(J.'it'.\ 1 11'1 l•t• Í~flfJ!I'd, 

~csult:i uf tbc prl'.'i~'lll ln•rk. trrt• bclit'l'"d to lnn·c 
tlitrct upplinllic•n to ,·t~lndlll~ma; rt·lutiu~ tu tbc·rmul 
¡uon•ssrs in lllldt•r¡.:round rc·.~t·n·uirs. c'o"'~tmtll_\· ... is 
ami u·rll·log dutu nut" ¡,,. •'U!l't.•cl lo t'tltllluttc· thP 
t/l,•rmtll prupc•ttit~.'f u/ mwunsolulatc·d uil .'taml."i 
u•t¡uircJ fur ,,·,"·b ,·ulcui,_HI.ous. 

INTI\ODlJCTION 

Tt\L" mosr succc:ss(ul rlu .. •rrn~d r.:cuvl·ry upl·r~uiuns 
nrt' rhos~ rh;.tt ho.1vt< bcc:n nppiÍL·J w rclativcl.v 
shalluw produc.:in~ furnwriuns cunsfstinp; mo:-.tly Of 
unconsnlitlatl·d s.and."i, NL·c.:c.·s~;.iry in <lcsiwling such 
prujL"crs is a knuwll·d~L' uf dll' rhcrmal prupL·rtiL·s 
antt bchavior or' thc sanJ .. fluiJ sysu:m undcr 
rcsc..•rvulr cuudiriuns. uf sururati,on, prcs:-.ur~, and 
tcmpcmtuu:. A J,:rt·at JcaL· uf lirerarurc has hcl'n 
rublislu.•d 011 tlu.• dtL'Cmal" prupt•rd":'s uf ~ranular 
moUl·rl.•ls, anJ scvNal nwtlcls aalll currclations fur 
prcJl(;dn~ th~o:rmal prop,·rt~L·s hólvc bl.'cn prurusc:0.1·!t 

-----------~· 
UrltLinnl n¡,•uu¡u·rl¡•t r•···•·lv•·•l In ~•II!II'IY ~o~r l'~·trul••um t·:n¡,:in•···r .. 

..afflnl /t11t(o J, j~7J, ki'\IIIU'<I l\loii\U.L'fljll U'l't·h•t•ol ju111· 1~. 1'1 1 
Po~rrr (~l'l!: .. !olllo) Wh' fir•t IIU'lol'nh•tl oll th·· .&tlth 1\nuu •• l J· ••. 
M1•••11titt. hrl•l "' ¡,;,. V•·t:u", Nt•'ol., ~q•t. JIJ•Il..:t. J, 111:·.1. 
r •• ,.yrt,~lll 1~7-1 1\uwrt,·.ul ln•tihlh' u( t.\111111~, ~l··l·lllurl(h'•''· ''"'' 
P••lr~o~l••u•n t-:u..:uwo•r•, hu· . 

. INrfru•n,·~·~~~ IIKit'ol .11 ••n•l uf l\lll'''t• 

· •N~w wllh S~~ouu.J.ar•l 011 l',o, vf C,¡J¡furtll¿¡, u.,Jn•r;~fh·hl, Culif, 
••Nuw wllh U,•,·htrl Cur¡•., ~.an t-"rii!H'IIU"R, Cullf. 

Ut:"I"UIIt:U, 1.¡1' 1 

U. OF CALIFORNIA 
BERKfLfY, CALIF. 

Unfortunatcly, mosr tesr· d:Jt:l have b(.·cn obtaincJ 
for systems or con.Jicions much Jiffcrcnc from thosc 
found in petrukum rescrvoirs. \lost modds or 
prcJiction '-''¡uouJons do noc cover r.tllg(.'S uf 
varinblcs of impurt.u\cc ru ~ubsutfacc ;lpplic:uinns 
anO, in addition, uhcn requirc knowlcJge of sys,em 
pa.ramcrCrs that normally are nuc rcadily .tvail.tblc 
from common s,,urc(.•s :-;uch .l:;: corc ;.tu.d~·scs nnd 
wdl lugs. 

lbt' pürposc..· ¡)( 1his work was 10 cstabli_o.,;h 
reladonships bctwe:cn lnboratury mcasurcmcnts oC 
rhermal propcnics .•ntl urlu:r morC" ca:-;ily rncasur.J.blt..· 
prop(.•rric~ nf unconsoliJ.,~IL'd s:~nJs. Simple syo;:tcm:-. 
consisring uf unifurm· ~rain· sizc quartz sand:; 
saNrnred wida sin1-dc fluiJs \\'c..·rc first studicd. Th(.· 
work d1l'l1 prugrcs~a:d tn mon· cumpll·X sysrc1ns, 
includin~ i.\Ctual uil(idJ cnH'S cuniotining subsran
rhJ.l ponions u( th<"ir ~Hi.~in;\l fluid ... 

RELATIO!'<SIIll' OF Tlll'H.\l.~L 
CONlllJCTl\'llY TO OTilFI\ 
PIIY~ICAL i'l\UI'EI\Tli'S 

T.he· rhcrmal c.:onJucrivi1y ,,f fluid~sarur01tcd, 

unconsnliJatc.·J sanJ is sthlll~ly Jepcndcnr upon 
che s;uuratlon anJ thcrmal cunductivity of che: 
wc.·uing phasc fluid . .\ir· or ~as·satur.ncd sands 
ch¡¡rat:rcristically h~tVC' low rhcrmal conJuctiviries. 
1ñis Ís bcCOIUSC thc C.:OIIliiCl att:tiS bctV.:t'l'fl ;•f.ljl¡· 

rhruugh which hcat OIU!'>t fluw, are: small. ll,t,. .. \i,. f:•·" 

,1f a Wt.·tting·ph;!SL' !i"!uiJ grl·;.uly iu •• ,·.¡•.··· d. 

thcrnwl cunJuctiviry t-.y incrcasing. li1• t:Jk.li\·c 

gr;~in cunt,\l'C urca .mJ thus enlar¡!in~ du.· dlc.·l·ti,·c 

Jrc.••• thruul-!h whic.:h hc.tt can fh,w. Prc.·sc.·nt 
(:Xpc.·riml'lllal rl· . ..;ulrs sltuw rhar tht.• rlwnn.d 
cunductivity uf brinl··s.Jturatcd unconsuli.l.•r.-·• .-..1nds 

· incrcascs siduld tu ci¡.:htfuld I)Vl't th,tt \,f th~.· ..... 1mc 

sand packs ~,¡, s;uÜr<~ted. This cffcct is consiJcrably 
1~·:->s p~onouncc.·d in cunsolidatt"d s.tndstulh's; 
AnariJ's.JiJt;\h show a tw,,fuiJ 10 rhrL·duiJ incrL·.¡se 
bctwecn brinc-saruraH·J anJ ,\ir·s.uur.uc.·d s.~n•l 

packs. 
t : ·otiJL•r physic.·.1l prtl('l'UIL.'s ,,f thc.· s.uHI·IIuid sp.u·m 

,;'".' triJ.tl·havL·'iffi~n~uH d(L·crs ''n rhc.·rm.1l \• 1thlu...:rivuy 
.•h hule. ;PUro'~'iry ,mtl ..:unduL·rivil\" ,11 rlu· ..,.,¡¡,¡ 
¡·l•·'·"'l'. CJr.1iú 'si;r.c, sh.al'''• .wd .... ¡;-,· 1• ,,,,¡,,.¡,, <~ 
haVl' ~~~nu: ., dfl·t.·r, lmr .tr\' ¡•r.,h_¡J,; ··1 t .. .,., 

impo rtotnc.•t.<" \~pl'(ll\l',¡~li 1 ir r .ul d ~.·k•,,:ui , .. d (l' ...,¡., 1 i \' i (y 
fa~.,·hlt .~.rl'_~llsu rl'IHII.'d h)•rlu:rm.d \·uu.luc.·¡j,·irr. hut 

'" 
j 
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only In chat chey relace co ód~~r 'prorc;ci~• su~h as 
11-bre ai~e, ahnrcrt · nnd canuu~icy. which cut.: 
chemselves rc!nced e~ che¡mnl conductivicy, 

. •, ' 

TIIF.RMAL CONO!JCTIVITY MOOIÍI.S 

A number of modc:ls hnve bccn ·proposed nnd 
equacions developc:d for predicting thermal 
conduccivlcy from more ensily measurnble rrorenies 
of 1he syacem. Thesc moJe: l.• hu ve bec:n revicwed in · 
detail ,b¡i scverul 'ouchurs,3,4, 7. Properties of che" 
system commonly included in che models ore lhe 
cooduccivilies of che •olid ond fluid phoses nnd 

J che porosicy nnd bulk dL"nsity of che syscem. The 

. ....... ·. '::•!·' 

whcre 
fl ~ .a p11clcing fuc1ur, 1.0 for loosc 

· 0.89' fur clo•c pncking, 

: :·:;}(''' 
packing and 

t a .effeccive lhicknc:ss of stagnon' fluid near 
groin contU:~tH cvaluarcd uti o' function of 
>-.1>-t and pncking fuccor fl. · . 

Eq. · 2 has been shown by Kun.ii ond Smich co 
·co"clnce publishe¡l doco wichin t 20 perccnc. 

· .. ,·.' ' 

·s.TATISTICAL MODELS·· \ 

· ·. The. complexicieS · of natural unconsolidatl·d ~ .. 
.. ~and~ftuid system~ rc:quire _empirical factol'~ 1o " 

l modcls conuisc of nrrongemcnrs of componcnu in ·¡1 series or ·in parnllc:l or of inrermediate configura· 
cions. 1ñermol curiduccivicy io cnlculucc:d on the 

· basis of unidireccional ,henc · flow .. Packing n~d 

·. make simplified models fíe measured valu•·s uf 
.r.~c:rmol conc.luctivirics~ Sorne dato required by rhc 
.mode.ls.- conduccivicy o.f S<~lid phnsc, shnpe nnd 
. packing focrors, ere. - 01.re not normally available 
f.rom core·nnnlysis 'or 1\'ell·log record•. K~ese7 
appHed o linear rcgrettsi.m analysis rrogram in ~n 
efrorr ro develop a srnri:.ii""al model. l.l.tt.l u·.(,·,t in 

•/ 

1 shape facto.ra· and orhcr cmpiricnl facrors are 
/ ¡¡enernlly •"~~~rlnyc:d to mnkc che moclcl fíe 

1 
cx¡,crinu:ntul, dar¡¡, 

1 
Krupiczkn4 h~ui sulvc,HI l..nplacc:. ·cquacions for 

1 tc:mpcrottur~ diHrril>uticmH in bmh chc .!iolid rcgions 
l nnJ che: fluid re: u ion• of cwu mculcls...:. cubic parking 
¡ of spherc:s ond squ11rc: packing of cylindcrs. The 
1--,·,rescriccion of · unidircciÍon;<l flow of henl· i s 1hus 
i .. eliminaleJ, and . improvcd zlgrt•cmcnc between 
! cnlculrued and mea su red v;rluc• should be ex1>ectod. 

Thc: rr:u.uhíng c:quudun~ ·au: rouhc:r .complcx ~nd 
Kruric4'.kta upproXimarcs tht• :;olulinn by' thc.: fullnwing 
ruuc.·ciun:. 

A/Af. a. (A /A ¡A+ B log 
S f · ( l) 

· his Uno.ly$ÍS includcd J'IIC•Isity, pc:rmcabilit-., . .~ ... ! 
eleccricol rcsisriviry l.u:wr, all- of whi~h '"'' 
uSunlly· avniloblc from cure annlyses. Otht:l· .tu.t 
includ\.'~ median Arain Jiamct(ft CD§o), :u M.'·'ill·!'>i¿e 
discributio~ purnmc:tcr (0,,0 /n 10 ), condut.:civtty of. 
the saturacing fluid ond conductivi•y o! rock solids, 
Méasured volucs of ches<· l.met ,dnco. are' gcnerolly 
noc uv~ila.ble, bur rcason.able valucs c:.ut h1: 

tstima~ed." Cirain size aud slzc Jistributit)ll _··o\·:~,
lound to be: of minor impncr.ance in du: '-'tHh·l.,ti":' 
und wt•re ;.¡sto~igned gcnc.:ral valucs suc.:h ·'·"' l'••,;l ~ .. : 
.(0.02~ in,), medí u m <O.O 15 in.), nnd fine (0.005 in.) 
amJ well tfU.rtt'd lO pourly surtcd on a scule of J.OQ"· 
tu O. The correlatiUI\ woi.dJ be cxpcctcc..l w be very 
~ensirivr: to .rhc: cunJuctivir)· of rhe soiturouinl-'- fluid. 

where Ynlué!t_,~f che Cunductivitics of wa1cr, oil, 01 nd ~. 1 s 
A .. c:ffc:ctivo thermal Conducrivicy of Hysre~·, or Rir are wcll known, and rathcr precise values 

. cwt be QNsigncd f,), sin~lc-rluid sarunuion cases. A' n diL•rmal cnnduccivily uf fluid, 'iixcc.l-flui~.J satur:uion is a ~p~cial prohlt:m rhat ·will 
).• a chc:rmal conJiiccivicy of solid, be dc:nh wich lal<·r. The lust·remainin~ ~u.rnciry is, · 
A u 0.2110 - 0.7.57 log rp, che conduccivicy uf che: r•>ck solios: H lh<· 4u•11z 
rp a ftucciunul purosicy; cunconc is high, a \';rluc of 5.0 Ucu/ft·hr·° F can be 

J /1 n cunHCIInC .,. -0.0~7., O~signcd. lf 1hu fcld,p;rr, IIIÍCU, liOO ciay CUOIL'nl is 

In Cn•••'n eh b 1 . . 16• d high, A. valucs liS luw ;¡s 2.5 Bcu/fc·lu-''F may hnve • ~ e 11 CIV<' .corre •uon u~a1ns1 , ntu 
f"•intM fr.tm. '"'"' .lih.·r.arurt.•, ir Wat4 ÍlHIIh.l ch .. (~ 7(, ru be D.KbiÍ~n"Cd. lnu:rnu:diouc vt~lues may he u~ed 

. fu! ochcr mim:ral c:urnpusitinns. 
pt.·~ccnc uf rhc c:alculah.'d Vi\hu::i ''''rc~:d wicl.:in ... t 30 

"" ., The c:trccrs of ·rnixcd·Cluid •snturntions 1111 rh~· pcrct.·nr u( expc.•rinu~Qral valur:s. · . : 
Thc: <>lhcr m·n,lc:l 'chal sccm• co be •prlicnble ~~ effective thcrmnl conduclivicy urc currcnclr loeing 

invt'sti~•ucd.8 GomnaiJ hn:. dcYelopéd 01 mouhcmolric.·~,l· the rn·~wut w~_•rk is' iuw hy Kunii :uHI !'\mich,s who 
1 1 1 1 1 · mudcl rh~u st·cm.s to pn·dlct conducti\'itics of ~he· 

't.' VI.' ,,r,., ~~11~1 4.' N (ur hlusc p;u:kin~ · omd. f,,, -CÍJ!IU 
rou:kin,_: ,.f. Sl'_hctCS, '(1wy CUUNidt.•n.'tl (ltltodlcJ hcat fc:w rol·k/mixt:d·Cluilf systc:IOS he iOYl'Stig;¡tc:J. 'llis 
fl 1 h mn~el prc:dicts n neurl~· lincur increasc in thermal uw llruu,.;,h ·t e:: rluid in 'thc: pur~;= :-.p;u,:l' und the 
solid. llt,wé:Vc:~, rhcy ntldc:d a series u:rm ro rhe. conc.luctivity with, inc:rcou;c in wcu:ing·phase 

· sacuration abovc: connouc or irreducible s:uurarion 
.solic.l HyútCm .. ro uccuunt fur hcou rransfL·r hctwccn · · , · 

· · of thc wc~cin~ phouoe. Thcrc is a hug:c dccreasc in solic.l ,.:rain."' chruu~o:h sta,.:nant fluid m.·ar cla· cuntncr 
. · 1 · thcrm"l cnnducrivity bct91:ccn cunnouc saturarion 

("uantH. 1, 1~ finoll.cquudun, IH.''dcctin" rudiadon und · ·' 
" · ,.. and 100 pt.·rcc:nr s~uumrhm uf thc: nunwcuin,; phaxe. 

con_vcc:_ri~~::hc:m transh:r, iN ~iVcn UN . ..Prel'lent mt:;.lSutt'mcnu cut' anixed·fluhJ·s:uurarcd oil• 
·--

IU 

•' ... 
AÍAf·:·,~ .. · ... + __ jlJJ:(tl___l·. 

· •. + 2/3 .\t.o . S 

~. ·~. ' . ~ .. 
' '_,, , . . " . •, 

·~~-. ·•'. 

• ( 2) 

ficld cores <'uufinn<·d· chi• bd1:1Vior. Chu In add<•d a 
t.crn; f,,r\~H~uur;ui~ln uf thC .. wc.0tting•phasc.• fluid ~"' 
uchcr c.J;ua U:tt.•J by Kc:c~u:7 ir¡ rhc rc.·~:".·:-.sit..~n 
nm.tly~i!i rru~r.uu anc.l dt.•vc.IC'Ipc.•U "" t.·~u.,liun rku 

. suvc. u rr:ouu.tlhlhlc corrcL.uion of his J.u01. 
...·.':···;. 

.... 
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: ~. ODJECTIVES Ofo PRF.SI!NT WORK weíghr, and volumc. SpcClal holder and. capa. were 

provided (or measuring ai.r penncabiliry. The 
chcrmocouplc pl.1CC1t wC:Ce rhcn ;Jsscmblc:d ond the 
~rack wos mounced in the hydraulic press. An a~ial r . 
stress o( 350 psi wos applicd _ro the sample and 
was controllcd ro i:his value rhroughout che rc:sc. 
The cap and bortom oil circulating barhs wece 
maintained at 1empcracures of "155° and 105°f, 
respccrívely. 11te •m~ll hear loss in che insulaccd 
lines connecling che barhs·. wirh che top and borto~ 

•• 

e 
.~ .. --· ..... 

... 

Our purpo'sa. wu to dovelnp and test models thnt 
would pc:rrñic che prc:Jictitm ~~ rhcrm~l bchuvior _uf 
unconsolldoted sand/fluid sysrcms Crom data rc.uldy 
ovolloble from core-analysis anil wcll-log records. 

Thcrmol conduccivhy mco~urcmenrs were first 
made 'on SGnds chac were saturuu~d wirh air, brine, 
or Stoddard. solvenr, and whose composirion, median : 
grnin sfz:o, and gra¡n•Hi:tc difrttiburion·· wcn: known. 
Porosic.y, bulk dcmsity, furmation rcsiscivity factor, 
and air permeubiliry wore moaHured (or all samples. 
Teses Were rhen -·exu:o(lcd ro . incJudc excro.cred 
oilfield uncansolidnred sands. Thc mineral contcnr, 
medion.gra~n aizu, ¡¡nd graín·si:lc disuibution o.f che 
oil sonds vorieJ· considetobly (rom rhose of rhe 
earlier preparad· sand mixes, Physical propenies 
werc meauurod ond r.hcrmal conductiviry tests were 
run on oir•tinturotcd und solvcm-sacurau:d :mmple.s. 
A final series of cese~ was run on .oilfield coies 
conrnlnins 'orininnl fluids. lirinc was acldc:d co !wmc 
of .che: tiPri1plcm tu givc: tdgh wuu:r·:uacurution vulvcs. 

I!XP!m!MiiNTAL INVESTIGATION 

11unmCLI. Cond~c:rivirics wcre incasured with u 
ateady•alate compuraror appnrarus described i?. an 
eorlier paper,ll The apparatus wu mod•f•ed 
eomewhat to facilirnre handling of unconsolidatcd 
·aamplc;o, Daslcnlly, ir consists ola Vespel• holder 

· in which che unconsolid;&t<•J sund. i• packed. The 
holder (2 in. in diurnotcr ' ll{ in. tliick) is .sealod. 
by chin acninless. su:c:l Jiscs ancl Viron O·ring!i, 
Holdcrs for che: standards, nuh.lt: of rhi: s:ame marerinl 
and dcsign buc only half ";'i rhick, are mounrcJ 

· above an<l bclow "rhe sumplc lu!ldt•r, Atthe top uf 
rhc: srnck iH ll hc:.a.c aourcc. nncJ nr che: bonom i::~; a 
hear •ink. 

llcar i!l proVided fr_um SL•pnr~rc: ccmperaturc• 
c:onuollcd bnthK in which Hilic:unl! uil· is u sed ¡¡a 
rhe circularing (luid. To minirni1.c raJial hcat tlow, . 
a cylíndricnl guarJ heat<•r is mounrcd around che· 
samplc anJ·.· ·•rundnrJs holdcrs. :C~ramic libe e 
insulntion l1 in. rhick is placcJ bctwcen rhe holders 
and rhe ~unr<l hc:ttcr. The ~uard lw.ucr is conrrollorl 

. pla.tes of rhe sruck resultcd in a sample. midpoínt 
·.'· remperacure of 125°1'. . · ·. · . ' 

Approximo:ur:ly ·5 hours · was requ_ued ro onaan 
remperarure equilibriUm in che system. When 
equilibrium was uchievcd, diffcrcntial" tempcracures 
a.cross che s:1mple. and across rhr: tW•I -sr.ln,l.u,ls 

· were recordcJ. The · rhermal conduni\·i1~. •\l .r.~.: 

samplc was cálculutcd by upplying d&< :"": .. ly·'""'" 
linear hcat·flow cquation! The standard~ ut known. 

1 

• 

. thcrmal c"anducrivicy~Pyroceram•• or í}red ~a va t_ ' · 

· sc"rvcd· uH hcu.r mcreu. A smull correcuon was 
applicd co account ·¡e;;- somo radio! heat flow in rhe 
.finju:·cunducriVicy holders. This correcrion WólS, 

detcrmined cxporimenwlly by Anond6 using test 
.!lpecimcns. of knuwn rhermnl conductiviry, and w01s 
chccked by cheorccicill" calculations ··reportcd by 
Gnmaa.9 

Alter che dry rhcrmal conducriviry. run was 
. complcceJ, che snmple holder wa• remove? fro.m r~e 

· · . .stack and che s.and p:1ck wa.s sarur::ned· wuh hqu1d, 
c:irht.•r Scoddard sólvcnr ,,, Urinc. F'or hrine•sarurarC'd 
s;:~mplc.:s, llu: fnmlation · re-sisrivity . f.,cr•,r ;_, .... 
meosurcd. The sarurau:d samplt· w,,.., r-·h•:n•:•i ·.t .. 

the smck and che chf.•rmal con.h•~: i \ ¡, \ " '· · ;1• .·.~·,u:, . .¡ 
a~ain. 111c.: porc .. prc.:ssurc sr:-.1\'ill .... ..~ ..... l ...... , .. d hJ 

prcvcnt loss of littuid surur•uU ,uhl .1.prcs~urc u( oA 

fcw psi wos nllowed tu buiiJ up by <herma.! 
'Cx·ran!'lion, rhis prcssure bcinH munitorcd ro ~ssure 

, thou no lea k s occurrccl durin~ tht.· h.· se. , . 
Thc sarur;.atc:tl uil ·~3nds rc.:'luircd spccilll h.uutling. 

A punch wns uscJ. ro cxtrn~r 2•in.•Jiamctcr !')amples 
from the ccn(cr of the ori-~in31 "i·in.·di3mtrer corcs. 

cu che tt.·Dare:rouun.• ac che mhlr~o,int u( ·tlu: tt.·sc 
spcc:inu.•n. 1'1u.: ~nrirc sto.h.:k is nwunre~ in a h}·dtauHc 
pretul ,,, pr~vic.lc ~uod cont.tcc tJ( thL• holdcrs anU ro 
simut,ue ovcrburJcn prcssurc on che sumplc. A· 
pres11ure ... line IC<hls from che snmple holder ro_ 
(lilt&.'•pr.:KHUtt: ,_.~,uuul and mc..•¡¡surin~: 4.'Cflli(~IIH'IU. In:,~·.· 
du.· t.'&.'lltC:rrt -.•l tlu .. • thin tocainlc-sH Ntt."cl liases chut~ 
cncltuur th~, hulJL·rs nrc th~..·rnwchuplc~. Ti1csc nr"C 
c:onnc:cr:crd ro a swicching nrrangc:ment so chut. 
obtmlutc: tl•mpN•Uurc::-t ouHI tliHc.·rc.·ntinl rcmpc..·raturL·s 
ocro:c~ ·. thc :uunplc un el standardS C;.ln be rc:corJcd 

. The s¡¡mplo w¡¡s carefull)• prcssed inro rhe hulder 
and rhe cop wns cut off slighrly abnvc che rop of rhe 
ccll. A suc..·ss uf "iOO psi \\·a:1 applicd ro rhc..· ~~\mrle 
co brin~ ch ... cnd ot" it IL•vcl wich rhe rcp of rh~ ~1.'11. 
.These stl'ps wc:rc: ~Ion e: as .qüic:klr .ts posslbl_e M!J 
rhe ccll WJ.s sc.1lcd immedioHc.•l)' ro prevc=nc· ll)sS of 
fluids. Thermal conducci~ity was mensurcd Ul rh"e 
same ccmrcrotturc, axial, srrcsii, and rore rrcssure 

··as uchc..·r· lit¡uid·s.lturaccJ ~o1n1pk·~. Aht·r che ·rc..•sr 
. wos compll·tcd, che oil_ s"añJ was removed from. rhe : 
cell ;:uiJ che w.tlcr llnd. oil conu:nrs wcrc: detL·rrnlnc..·d 
by sramhull , .. xrracrion teses. Dcnsiry, wci~:ht, ~nd 

· volumc mca!turcmc..·nr~ Wl'fl' t.lscJ 10 ·dctcrmH1C' 
Porosicy, bulk dcnsity, ~ncJ oil and warcr Só\tunui~ns. 
F.xrrac:rion ccsr~ run bclurc..• .UI.I .• Hn tiiL'rrn.tl on o múlcipoinr stri[' chan. ...._ 

Sand of knc..1wn cutnpusirhm nnd Atain sit.c w;;u 
pncked into thc huidor wirh u hydraulic rross und 
vibrnrur. Aulk dcnsitic:s an1.l porosirics · werc 
c:nlculnced Crom nH'~HiUtc..·nu:nrs· u( sund .. ~r;_lin Jc.:nsir~-." 

UC1"UII:,Iill,,l~f.¡ 

; conJuc:dviry rct:>ts s~'owt.•d ch.11 (,o:.s in ti ~o~ id 
' . 2 . sarurniion Juring testing was lt.•ss rl1iln pc.•rccnr. 

. P~ysical propcrcif.':i of unconsiJiid~.rc..·J !'Jn~s Me 

.---------- ...... 
••(u~u•·•·vr.mai..: Cudu •luiN, C..,tnin~ nlu•• ~·nrka. 
tAn 61h.anahnuu •111,\ult' n~omuliu:i"urrd b)l Anwtl~·•.n L.av,a f.'u'1'. 

. ··' "' 



1 

1 
1 
! 

· gl!ven in Tablc• 1 nnd 2. Tuhlc l i• lor unilorm• 
Srain•size OuaWu and J.Jel Monte s~nds cuntiisring 

· prc<lominnncly' ol quorcz, and •pccially prcporcd 
mixtures ol thc I!Ume. son'ds. ·n1c loctor o90/fl 10 
was dcrcrmined as o .measu~c o(· grain•size 
diatribulion, whcre D90 is thc groin sizc lor which 
90 percent of rhc groins by weight are coarser and 
0 10 is the groin' sizo lor which 10 pcrc,cnt ol the 
groins b~ weiBht ore coarser. l'ablc 2 gives thc 
source and phyaical propertie~ ~ of excro.cced, 
unconsolidaced oil sonds uscd in the tests . 

Tnble 3 givc• rhc snurce and measurod physical 
propctties ol the uncxuucted oil sands. 1'hcse dato 
in elude mcnsurcd v:~lues of oil and water sururncion. 
Note that thc total. lractional liquid saturotion is 
less than 1.00 in oll case•>. Grain sizcs of sands in 
oach of che thrce dcpth intervols appearod tn be 
quite uni~orm. Sincc groin size is ·not a very 
imporcuric factor i.n che corrclation, medinn ..... grain 
diometcrs ·were dcrcrmirted lor only o few sclected 
samples. The lasr two tests reponed lor each depth 
interval werc run on extractcd oil sonds, bo~ dry 

. TABLE 1.;. PHYSICAL PROPERTIES.OF UNCONSOLIDATED QUARTz SÁNDS 
Thetmal Conductivi fy Modíoñ 

hndTyp~ Formatlon (Btulhr•ft .. ~ F) Groln 
ond . Pormoablllty Ro•lui vlty Porollty A ir Brin o Siaa 

Numb•r _ (dorc.!.!.!l_ Factor (frGction) Saturotad Saturotod J!!!.:.L O.oiD1o 

Ollowa 1 -· 0.35 0.281 0.0239 1.00 
Ottawo 1 0.40 ·0.236 0.0239 1.00 

, OttawG 1 3.31. . 4.43 0.37' 0.240 . 1.88 0.0239 1.00 
·, Ottawo 2 3.06 3.73 0.37 0.219 1.74 0.0182 1.00 
( Otlowa 2 5.47 4.26 0.40 0.228 1.74 0~018:i 1.00 

. ', ··. Ouawa 3 0.37 0.242 0.014S 1.00 
Oltowo 3 0.38 0.205 0.0145 1.00 . Ottawa 3 6;83 4.95 0.41 0.232 1,94 0.0145 1.00 

· Ouowo 4 7.33 3.87 0.40 0.216 1.73 • 0.0097 1.00 
1 ..... 

·~· 
Ottowo 5 0.40 0.201 0.0060 1.00 
Ottawo 5 5.51 3.62 0,46 1.61 0.0060 1.00 
Ottowa 5 3.90 3.82 0.41 0.205 1.66 0.0060 1.00 
Ouawa 5 3.86 4.75 0.39 0.218 1.68 0.0060 1.00. 
Ottowo 5 3.85 0.41 0.192 0.-42•• 0.0060 1.00 
Ottowa 6 2.05 0.44 0.185 0.0029 . 1.00 
Ool Monte ,. 6.40 3.00 0.44 0.147 !'.07 0.0097 1.00 
Del Monto .. 5.59 3.01 0.42 0.173 1.06 .• 0.~7 1.00 
Del Monto,. 7.00 3.00 0.44 0.167 1:08 . .0.0097 1.00 
Oel Mon.to 6 0.42 0.186 0.0029 1.00 
Oel Monte 6 1.05 4.74 0.50 0.152 0.91 0.0029 1.00 
0.1 Monro 6 0.77 3.66 .. 0.42 0.160 0.92 0.0029 1.00. 
Oel Monto 6 . 1.09 4.06 0.45 0.163 0.82 . 0.0029 1.00 
Mio 1 8.71 5.,47 . 0.39 Ó.205· 1.63 0.0167 0.677 
Mio 2 4.32 4.80 0.37 0.278 1.68 . 0.0070 0.292 
Mio 3 2.89 . 4.65 0:34 0.278 1.76 ·0.0075 0.244 

"Mi• 4 1.98 0.31 0.283 0.0077 0.136 
MI• 4 . 0.86 0.32 0.271 0.51" 0.0077 0.136 
Mio 4 0.32 0.240 1.65 0.0077 0.136 
Mio 5 2.29 4.96 0.33 0.303 1.79 0.0078 0.097 
MI• 6 4.92 4.26 0.32 0.332 0.0175 0.136 
Mio 6 2.06 5.98 0.30 0.305 2.17 0.0175 0.136 
Mio 7 0.29 4.!1 0.32 0.278. 0.0039 . 0.136 
Mio 7 0.11. 5.45 0.32 0.254 . 1.84 0.0039 0.136 
. 'Not moaturod. 
• .. SOivont Ulurotd, 

TABLE 2- PHYSICAL PROPERTIES OF UNCONSOLIDATED EXTRACTED OiL S4NDS 

• :rhormol Conduclivil)l Modian 

so..;.,. 
· >. (8tuihr·ft ... F) 

Groin 
Oopth Pormoabillty Poro•ity Ah s;¡;~;;- Slao 

Nun•bor Source .'Jto)_ --~!!!!!L {lroclloh) ~~~ ~!~!!!! 1!.!'~ 
Dq0to10 

.1 ·. tcorn Rlvot 575 1.06 ---0.31 0.269 0.0231 0.063 ., 
·ICorn Rivor 598 ... 2'. -· 0.42 0.220 0.397 '0.0205 . 0.097 
Korn Rivor 598 2.94 0.37 . 0.220 0.429 0.0285 o:l85 

4 Midwor•Sun,ol 949 2.5S 0.45 0.207 0.298 0.0079 0.016· 
6 Mldwoy·Sun,ot 9S5 0.~9 ,, .'3 H~ti"nvton Boach 

0.42 0.217 0.348 0.0070 0.076 
. ·' 2,460 2.05 0.38 . 0.197 0.346 0.0082 0.161 

,3 Huntingtan Beoch 2,460 2.26 0.40 0.201 0.344 0.0081 0.161 
3 Hwntlnblon Boach 2,460 2.33 0.41 . 0.207 0.363 
3 Hwntington Beoch 2,460 

0.0082 0.161 
1.86 0.43 '.\0.196 0.339 0.0072 0.161 

5 Br<~dloy Canyon 2.638 0.21 0.36 0.207 0.438 0.0072 
7 Bradley Conyun .2,768 

0.100 
0.79 0.41 0.222 D.385 0.0064 0.192 e· Bfodl oy Conyon 2,782 0.49' 0.41 0.195 0.346 0.0057' 0.103 

9 Btodley Con)'On 1,196 0.34 0.38 0.201 0.375 0.0052 0.103 
•.Not moosU,od . ... :iUCU:1''11' Ut' l"l:'l"lllll.l:t: )t itXCI:'it:•:k:o~ JUI'II:\.\1. 
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and fuliy e~rurated with brine. 

.. · . EXPERIMf.NTAL RESULTS 

· · .. Re·~~h~ of the.;..al conduccivity mea~urements on 
ihe quarti sands'are ploned.ogainst porosity in Fig. 
¡ for boch air•sacuraced and brine·o:icuroced somples. 
The daca are segrcgared according ro· grain·size 
rangea to give some measu'r'e of the impon:an'ce of. 
chis variable. The sol id lines represenc che rcladons. 
precilcced.by Krupiczka (Eq. l)."nd rhe broke~.lines 
represen! che r.tadons prcdtcted by• Kunu ond . 
Smith (Eq. 2). The doued lincs will be discussed'. 
Jacer, 

Th·e lncrease in thermal conducdvity wirh 
decrea~e in porosity .'is· ·clearly shown lor oir· 
aaturated quanz sunds. The ellect ol median groin 
aize .ori conductivity i~ much lcs.s clcar, althuugh · 
chere is a general rcnJency for coarser sands ro 
have higher thormol conducdvides. The Krupiczka 
equaclon scems 10 lit thc experimental doto quite 
wcll, .with the Kunii 11nd Sinith tclation not showing 
oo gc>od a inatch. 

The data for briric•sarurutcd samples in Fig. ·1 
•how .larg~r · scnllcr than thci. nir·saturatcd data, 
There ls a general increasc in conducdvity with ·· 

--.--·---···---·-·····- .. ·--.. ·--.,.--
. TABLI :1- PHYSICAL.PROP~ATIES OF UNUTRACTEO · 

' · KEAN AIVfR O~L SANOS .. ,. 
o .... Poroutr o.""'' .J'!I._ t~~!·~~ Clli'Cv h) 

l74 •• 310 0,30 121. 
0.29 1)2. 
0.30 IU. 
0.12 U l. 
o. u· 122. ..,, ... 
O.lt. ,,., 
0.30 125. 
0.29 132. 
uo 121. 
0.28 ., •. 
0.31 111. 
0.21 116. 
0.21 135. 

Ulto no : O.ll 1)9, 

O.Jl 129. 
O.ll ll9. 

•' 0.35 lll. . ' ,, 
0.3] IJQ, 
0.3] 125. 
0.30 129, 
O. JO · 127. 
O.JS. 121. 
0.]1 118. 
o.:u. 1)9. 
O. JI 121. 
O.ll I:U. . ~ . 0.11 130, 

. o.u 111. 
; .. : O. JI 132. ., .. ;. .... , . ." • O. JI IJO. 

0.32 ,,., 
o. u 12S~ 
O.l6 127. 

. o.n. 126. 
. o.:u 121. . o. u 111. 
o.n 121. 
o.:n 111. 
0.33 IU. 
0.30 U1. 

'' G.ll 116. 
o. u 172. 
0.)1 . . 10]. 
O.l4 129. 

O&:TUbt:.u; 1·111' 1 

GIUIII ,.,. 
!111·!' 
o.ou 

O.OIU 

·;;·116 

S.tvrelt.,t ....... o,l 
0.~1 0.23 
0.61 0.31 
0.60 0.21 
0.)7 0.2& 

o." 0.22 
0.28 o. u 
0.!0 O.l2 
0.60 0,00 
0.81 o.oo 
0.07 0.29 
0.60 0.26 
0.10 0.20 
0.00 o.oo 
1.00 0.00 
o. ].t o.u 
o. 29 0.67 
0.37 0.62 
o. u o. 55 
0.]] 0.61 

. o.:n .... 
0.29 o. •o 
0.21 o.u 
0.011 o. u 
0.1~ o.n 
0.71 0.00 
0.76 0.00 
0.11 0.00 
0.'1~ 0.00 . ... o 00 
1.00 0.00 
O . .tta o ..... 
o ... o O • .ti 
0.]1 o. o 
0.$ • o.•o 
0.)8 0.46 
0.81 0.00 
0.07 0.32 
0.13 0.39 
0.0$ o. u 
o. u 'o.oo 
0.71 . 0.00 
0.92 o.ou 
0.61 • 0.041 
0.00 0.00 
1.00 0.00 

'fheUIUIII 
Con4wcli•••r 
~!~!..'!:~· .. ~~~ 

1.03 
),12 
1.12 
0.91 
o.u 
o. u 
1.01 
1.15 
1.21 
o.n 
1.15 
0.67 
0.]6 
U2 

0.92 
o.n 
0.90 
0.93 
0.90 
o. u 
0.91 
0.90 
0.6) 
o.ao 
1.:11 
1.29 
1.22. 
I.U 
O. JO 
1.]1 

0.94 
0.91 
0.16 
o. u 
0.00 
1.19 

~:::·~~ 
0.59 
1.11 
l. JI 
1.16 
I,U 
0.27 
1.20 

" 

.~ ... 
.. , ... ·' .. 

dec:reased porosiry und int·ré.,·~~,J ~min ·,¡¡,.~. 11•~ 
group of Hix dólra puintN wi1h h•w t:•••11hu:livicy .uhl 
high poroHicy vulucs wc:rc Jor fo'UH•htd lkl M~uHc: 
BMd whcrc:as 1h1: atlu:r ('\iÍnll't ·\\'l'tc.• fur n.&hll.ll 

·Orca~o ttands. 11u.•luwc.or c:ct~uhu:tivicy uf che.• nu!>ilwJ 
DCl Monte Nond muy i:Jc atuihuced cu ih ~tc.·.•u·r 
angulatiry and prob:1blu r..-tlucr,l ¡.cr.lin·ht·~r.•ih 

·,. Conract. lt is not ciC:nr, huv.·t•vc:r, tA·hy thc thc.•uu.&l 
conducr.ivity · valucs for thc: air•sarur.&tt·d lld ~hnuc: 
sands werc: not ul~o Jt)w; 111e 1\rupictk •• nnvc. 
p;::t.rallel"s che trcnd of e~ e Ounwa !r!:ollld ti.& c.&, .dlt&nu~:h 
the Kunii ·;:¡nd Smirh . rclution scems tH lit .rhr 
combined data bcl!cr. 

The exu;J.cred oil s¡¡nd daca ;.uc.· ploru·~l .&,.:_.linsc 
. por~sicy in' Fig •.. 2. fllr a ir•, !h•lvc.·m~, .w.l ... ,u·r· 

sururared a01mples. The Krupic:~.ko1 ~~o·l.ui"u :-. lur tiH:' 

rhree. sacurarionts hnvc:· bóc:n pluru·~t 1111 lla· ri~ur~.·. 
The~c rc:lations havc bccn cal<.:ul.,u:d .&~Mamin,.: ch.ar 
a. value of A5 .. 2.75 _applics ro oil :-..U&d:-. with thc.·ir 

·. high fc:ldspár, mica, and. c.:hay ,·umc.·nt. 'll•c.· d11uc.·~l 
· lincs are for mudificd value~ ns will ¡,,. ,li:.~o:u~M·,f 

· .. .'.Jaccr. The effccts uf poro~ity ou11l 1:rain ~¡.,,. ;lrc 
: abOur thc samc as. for quarrz somlls. 

.. Fig. 3 t:;hows·cht: ch"ei'mtal conductiviticS uf_u~l 
. sands containing orlginal nuids rluuc,·,l ;\g.uusc 
fractional brinc sncuiation. Thc: d.u., ha\'c: lu.:c.·n 
segregarcd in ro thrcc po"r_osity mngc.·s: O. 2H h, U. :w, 
0.31 10 0.33, ond 0:34 to- 0.37. Frum '"~'"'''"" 
"analysis, including · only purosily ~mJ waEt.·r 
sacuration os· varinbl~S,. che ~~!it (ic ct¡u;ui,,n as 

Fivcm us 

0.735 - .O) 

.. 
. · · ·Fi8 •. 4 shows che limiicU, d.u.l .w.•il .• ldt· 

··pn~ciall~ w¡uer•saruroced qunru.<so111~l (air ..a.·"~· 

(,,, . 
thc: . 

r-T'--,r-.--r--r--r-r-'T"""T'".,..,..
-...;- Kl.M 8 SMITH (61 
--KRUPICZkA 151 1, • 5 O 

. ...... KRUPICl'-1 ~00.1,•4.45 

. .,. 

0.20 

o·L,.J,,...-L.-,,.J.,.,.-'-'-..,.I,...-''---7~~mrno.]il~o 
POROS!TY 

·FlO. 1 TIIENMAL .Ct>NDUCTIVITY 01•' QUAiaZ. 
SANDS. 

111 
/ .. 
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nonwanlns phaso).9 For · compari•on, a. curve is 
slrbwn for oil sands culcularcd frum Hq. 3 ar che 
e'¡¡me poroaicy ns che c¡uarcz sancl pack (e/>" 0.335). 

·Ir la apparenc char che slope for che quanz sane! is 
sreacer rhan chac· for che oil sund. To lit u curve of 
che cype givcn by Eq. 3; S., muse be mulciplicd by·a 

· num"erical coefficienc grcorcr rhon uniry. This 
· cocfficicnc has been iusigned che value of che rodo 

of che chennal conducdviry of quarcz, As( 9), ro che 
conduccivhy valuc used for che oil sand, "'•(os): 

.A.,..;, .. a '0 
....::=<.. ....,:_ D 1,815 o 

As(oa). ·2.75 .. 

Eq. 3 can ·chus bo modifi ed co 

A
5
w··a 0.735- 1.30 f + 0.363 A s112 

. · S W 
•••••• ·' · ••• ·· •. ·• · ••••.• ,(4).· 

Values calculared from Eq. 4 and shown in Fig. 4 
. as che Nulid ·line ~ive quite ·• Gnocl mnr<:h ro che 
experimcncal d;ua for. quoriz s;md wirh · vnrinblc 
brine sucuration. 

. ANALYSIS OF RESUL TS 

Muhi¡>lo regression analysis rcchniquc• were 
u sed CQ <"Voluore .che claro in Tohlcs 1 and 2 :ind in 
Table 3. For rha quunz N<tnd darri uncl thc cxrraérecl 
oH t~nnd dacn, comhinurion!i uf YUriublcs wcuc uscJ, 
incluc..ling porotiity, pcrmc~biliry, furu•nrion.rcsisriviry· 

. factor, mcdiun gruin size, grGin•:~ize · distribution, 
. and tonducdvicy ·of sarurnting fluids and uf solicl 
·. macrix. 1\csulcs ·of che analysis rcpurted by Keese7. 
· showcd · chnc .for unconsol_idaced snnds, che 

1.40 - KRUPICZKA [5) X1•2.75 
•••• KRUPICZKA MOO X1 •2.~7 

/ ' ......... "'. ---
BRINE SATURATEO Xt•0.375 

IOIL SANOS! 

'o \ 'ñ'iiAL.....;;IT.:¡--L-;;0~. 3;:"6 .-L~O;:l.4"0,-J--,JO.l,-44,...J 
POROSITY 

FIQ. 2- TIIERMAL CONOUCTIVITV 01" OIL SANOS . 
.. · 

111 

... 
' .. 

. ·_·;;·, .· 

conductlvicy of the 'sarui~t)ng ·n~id . has · .~. 
ovcrwhclming effcct. Gtain•size disrriburion ancl 
formatiOn rcsisciviry (;~ctur havc: small effccu, che. 
orher vnrioble• hnvirig. ubouc equal, . moclerare 
clfecu on thcrnH•I corrduct.ivity, Re•ulu showed a 
dcfinire rcladon•hip botwecn porolity and grain . · · 
si~e and bctwcc:n purosity .And pcrmt'abilicy. h 'was 
conc:luded rhnt purosicy · ulone was an udequa1e 
correlaciris pouamc,u:r for. che marrix strucrure of 
unconsolidotcd · sancls, Thu• ir oppeors thar the 
penincnt vnc'iublcs are poroshy and che cónPuc'riv· .. 
icies of the liquid ancl solid phase•. This agrecs 

· .. with earlier invcstigacions for unco'nsolidatcd· sands · . 
sarurntcd wilh a tiin8lc fluid. 

. ·' Fór the unexuacct:d oil sands. an addirionul 
\ vAriable of mixcd fluid satunuions was included in· 

che analyuis. 1\esulrs repÓrced in detoil by ChulO 
showed thUt oil sucuradon; when includc:d \\'ith 
WóltC'r sotutation in thc coÚelarion, hnd lirtle r:Hect· 
on thennal.conductiviry. In facc in therange of oil 
sacuradons· lor the presenr sarnples (0 10 · 0.67) ir 
appearcd to make no apprcdable clifference wherher 
che nonwening rhasc was oil or a ir. ·Ir should be 
nou:J duu the tural lil¡uiJ ~atururion (or uncxtractc~ · · 
oH tumds was less rhJn uniry in nll .ca::;es, che 

· remaíndcr bcing oír or gas stuuration. The. · 
coirelo.tion. was improvcd when wau;r sac:urariOn 
was caken coa fraccional powor (approximarelv 1/3). · 

lñ. summary, it sc:cm.s rcasonablc· e~., a_ssu~e. rhac 

... • 
~ 
<, 1.20 • 

·¡;; 

j 

FIO• 3 ~ TÍIERMAL CONDUCTIVITY OF KI':RN RIVER. 
. .. OlL SANOS. . ·, .. 
. ·. ~ 

-~-:~·r~. ······y-~-- .... --··---····· "!·-· ... ··-·1· 
2. 

,: . 

:• ¡ 



• 
che quonrhicnt of poro~ity, w:ucr saturnrion, nnd 

·~. conducdvhicH of Aolid und li'tuid plaascs urc 
sulficient ro obtain useful corrcluduns. 

Thc bcst lir lar rhc dora givcn in Figs. 3 .and ~ 
la exprcssed by Rq. 4. Tho avcrogc error lor oll 
rhe dato was 4 pcrccnr and rhr.cc·lourchs of rhe data 
poinrs had. error• ol 5 pcrccnr or less. This 
agreemCnc ia c:xcC:IIent, considcring that oil 
aarurolions of thc somples rangcd fron1 Zt'ro in th.c 
c:aae 01 quorrz sand• nnd ·~.troctcd uil •ands ro as 
high aH 67 pcrcenr fur uncxrr~ctod uil sonds. The 
amounc of oil saruriuion ·~ppcarr:d ro hu ve no efft:ct· 

· on the percent error. . 
U F.q. ~ is opplicd to dnrn in Tables 1 and 2; ·a 

aomewhar lorger error rc:mlts. For rhc a.ir·sacaroted 
sands che uve~oge error. was 9. 3 pcrcenr. For 

'1· brinll"saturated •ands thc values" calculated lrom 
. F.q. 4 wcre hiKh, avcmging 16.5 pcrccnt lorger thon 

rhe c:xp(.';rimL·f\Cul valuc:-~. Since Eq. 4 ;J;lso gavr: 
.. alighcly. high vulues foi quurtz sand data shown in 

Fig. 4, it seemed desirnble to check che ·assumed 
values . of •olids ·conductivity, >.. •• , Recently 
published data on thcrmul cunJuctiviry ol c.ommon 

· rock·lormin,.; míncmls 'hy llurai 12 are ~ummarizcd 
in Tublc 4. Tliu rcp,;rtud v.al~u loe quartz i;; ~.45 
Utu/ft·hr•0 1' cnna1>arcd with che vuluc ol 5.0 used in 
th~ presenr annlysis. Hcsults o( mineral· an::~lysis 
ol cht: oil snnds are givcn· in Tablc 5. l'rom chis 
ilnalysis und .rhc mineral cOnJuÚivity dátil, As was 
caleulnred for rhe o.i 1 sand!i, le wots necessary ro 

· ft.!UlUmc u. ·vuluc of CunduL:riviry for d1t• ahcrncit1n 
pr,uluctll, kuuliniu.· und t~~cridtc:,· "~'~ 1.60 Hru/ft·hr·''F, 
On a wcis:huaJ·nv«.:rngc: basis (potallcl conductor:-.:), 

11. lor che oil ••nds was lound tu be 2. 57 r.llhcr· 
1h11n the u&Humcd vuluc of 2. 75. On rhc basis uf 
series eondueror•, che vnlue JroppoJ to 1.97, anJ a 

TABLE 4- THERMAL CONOUCTIVITY OF 
ROCK.FORMINO MINERAL S" 

Mlnerol 

Oucuta 
Orthocloaa 
Ploviocloso 
Col cite · · 
M~oucovllo 

· Chlorita 
Hornblando 
Epi doto 
Sphena 
Blotito 

Oantlty 
(gm/cc) 

2.647 
2:583 
2.618 
2.721 
2.072 
2.763 

'3.111 
3.413 
3.,2, 
2.086 

Tharmal Conductlvlty 

(Cal/c~!.•c·"C) (81u/h.hr•"FL 

0.01037 4.45 
0.00553 1.34' 
O.OOS12 1.24 
o.ooosa 2.00 
0.00529 1.28 
0.00174 U4 
0.00735 1.78 
0.00627 1,,1 
O.OOS58 1.3, 
0.00559 1.35 

TABLE 5,..:MINERAL ANALYSIS ANO CALCULATEO SOLIOS 
. CONOUCTI VI TY -OIL SANOS 

Minetof 

Ouoru 
Orthocto•• 
Plaglocloso 
l<aollnllo•Sorlclte 
Chlarlto 
Hornbl•ndo 
S, h ... 
Epldolo 
Othon 

Total 

nt:TUUICM •. Iqf 1 

F ractlon (n) A 
· O.H 4.45 

0.01 .· 1.34 
0.21 1.24 
0.2., .1.60 
0.07 ' 2.04 
0.04 1.78 
0.02 . 1.35 
0,02 1.51 
~ 1.35 
1.00 

nx A 
1.513 
0.013 
0.260 
0.40Q 
0.197 
0.072 
0.027 
0.030 
0.054 
2.~6 

seomctric average gnve a val~e ol 2.25 lltu/ft·h~·"F: 
Use: o( 1hc abuvc valuCs nf solids condu'crivity 

will changc the' numcrical cuefficletú in che thirJ 
tt:rm of Ey. •1 tu 0.39. This will h~vc no cffcct on 

·'-che <orrdarion of uil sand dara, but will improvc 
che fir uf thc quo•ttz s•mtl d:aro t~ che equntion. 

APPI.ICATIONS 01' CORRELATIONS 

Eq. 3may be.used to estímate thermal eonductivity 
~( oil sílnd!i howin~ low quarrz contenr :1nJ porosides 
.between 2H anJ 37 pureen!. l'or •nnds with highor 
quort·z contcnt, a corrclarinn including cOnductiviry 
of rhe sol id phnse is needcJ to.improve che estimare. 
la relntion ol thc lorm ol Rq. 4 may ·be u sed with a 
modificd numerical coefficient as 

\ 

As~·= 0.735 1.30 • + 0.390 • s112 
. . S W 

.m 
. ' 

JI a minc:ral analysis is available, :tn estimare uf 
solids conJuc.:dviry, A~. may be mude using miner:1l 
conducrivicy vt~luc::; givc:n in Tablc 5 and assuming . 
thac a wdgluctl uvcrag&.• vúluc upplics. lt a mineral·· 
onaly~i!i is not .nvailnblc but rhc qu:J.nl conrent can 
be escimn.tcd, thc s.~lid . .s · conducdvicy can be 
cscimatcd from thc relarion · 

>.s;. 4.45 Q + 1:ss (1.- Q) • . .r1>1 

whc:r<: !! is du: frat.:tiunal c.¡u'!trt~ c:onrenr. 
The first twu tcrms in liq. 5 (0,735- 1.30ó) gh·e 

un c~idmau.· of lhcrm~1l conducdvir)' uf air-sacur~lccJ 
satidt~~ lñc Krupi<.:zka cquatinn may g¡vc m~nc 
rcnlistic vnlu~:s, pwvidcd tlu.:·. corrt'''t numctil'iLl 
conHtanr~ are k1wwn. U)' modH)·ing ·,.,e consranr :\ to 

' 
A' a 0.31í2.- 0.650 lag r/J, 

we obtain a bc!lor ·¡¡, a( Eq. 1 to che rosulrs f,•r 
boch thc tlry quolrcz sand rand the cxtracccd ,,¡¡ so.LnJ. 
(See dott<·J lincs in Fi¡:s. 1 on.t 2.) Eqs. 1 •md 5 
moy be combincd ro lorm thc following: 

logAs/1¡· . lf? 
+0. 390.\ s Sw 

• • • • • • • • • • . .(7) 

Sin~c .thc fluid is a ir, A¡ may bC assi~ncd u val u e 
ol O.QI6' · nru/lt·hr·"F, l'rom che rtend of rlac dat" 
in Figs. 1 nnJ 2, it nppcnrs likcly rhat Eq. 7 will 
be va lid ('!Ver¡¡' porosiry to\ri.(:C: of 28 hl ·i6 rc-rccnt. 

· Addiriunal inv"·sti~arions. nrt• n'cc.·dcJ ~m s;mds of 
·. di(fCrc:nt mineral and .fluid campo~itiuns bdorc: rhc 

(ows:oin~ CC,JU•Uilms cun be applicJ ~t.·IH:r.ally.· Thc: 
cHccts uf mix"·d · liquiJ :i.uur.HIIIII~ .tuJ dw 
we,ttnbilüy uf mincr!ll· ~train surfil4.:1.':-io uc"•d furth..:r 
siudy. · .. 

"' 
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·'· EI'I'ECT 01' TF.MPERATURE ON 

1 TlllmMAI.. CONDUCTIVI'fY 

F.arlier wnrk 12 presenced o mechad for pr~diccins 
che change of chemiol conduccivicy wi'ch comp~r>ture. 

· Wich che work of. Tikhomirov 13 us a guide, an 
equ~cion waa ·deveioped for a iamily of curves choc 

. · defíned conduccivhy·cemper.acure crends (or a large 
body ol crxperimencal daca. lligh • con•luccivicy 
morerioh shuw lorge decrcases in conduCciviry; 

· wirh incrcu,;es in remperai:'ure. l..ow·conductivity 
maceÍiat., on che other hanJ, may accually •.how 
amall in creAses in thermal conducci vi e y wich 
lncreaaed remperacures. Unconsolidaccd sands full 

· in the low• r:o medium•conducriviry cotc:goiy. in· 
which ron¡¡e che change ol conduccivicy. 'wich, 

·~.temperaturc- ia nea.rly linear. The c,quation Jevelopcd 
earlier cqn chus be simplified co che following: 

At • A125.- l.ia X ~03 (T-125) 
. ' 

' 
) .<>.125 0.82) •. .(8) 

whc:ro 
>.,·a 'cu~'duccivicy a e nny cemporncure,. ncu/fc-1.1. 

. o ~o· • 
.. >..12s "conduccivicy uc a cempcrncurc ol 125"1), 

llcu/lc•hr•'' F, 

T .• ·remperncure, ° F. 

Eq. 10 yichl• a lamily ni sccni~hc lincs wich 
pC;)HÍCÍVl' Nlupc:s for cuut!IU:tivity vahu:s hc.:lo'w (A 125 
a O.H2 llcu/h·hr·"l') ond n~!!acivc slopcs lor higher 
(Al2sl vnlucs, · ' 

!tFPECT OF PRESSURE 

The effecc .of ·ptc:!:6sure on rh .. :rm¡¡l conducriviCy 
hu been fuund 10 be r~l•tivoly smali,11 n •• 
lo".owing expresa ion may. be applicd co hishly 
compre .. iblc lormutions: 

+ 5.75~- 0.37k0·10 

+ 0.12F]· .(9) 

wherc: 
,\A//\1' 'CII 'chonge in con~lucrivhy with r~essure, 

8cu/ft·hr•°F·psi, 
Ph • bulk d~nsity, gm/cc, 
,¡, • lraccional rorosicy, 

k. • permcubilicy, md, 

1: ·• fonnution r·csiscivity factor. 

1f typical data. f~r brinc•sarurntcd sands are used, 
the changc in conductivicy would be lcss chan 1 
rcrccnt ('t.'r I,OOO·rsi chan~~ in rn;ssurc. For dry-. 
8Jil~S thc chan,;e W~lUid h'-' lc.:ss dtan •l pqccnt f~r 
thc .. nme clwn~e in prcssurc. 

\\'~ did nut test thc .u.bove exprcs:iion on 
unconsulidottcd Ht.\ndK bt..'cauiH.' pu.·:;.•nltt' chan~cs 

would ha ve h;ul un udvcrHc.: dfc..•ct un thc.: cMpcrimentoll 

no 

·,· . 

rechnique. ".owcver, che eflecr of pre••ure changes 
on che chcrmal. L'onducti viry of liquid·sarururcd 
uncnnsÓiiduretl sandM is con~idcred ro be small 
c:n~ugh ro ignore, cxcepc when €luid ph;~.se ch~nges 
occur. ·-~ · 

CONCLUSIONS 

liquntions havc bco.n presenced for use in 
esrimacing eh~ chcrmal conductivity of parcially 
li'quhJ•saturated uncon'solidatt:d snnJs. Krio9.·ledge 
¡,¡ che porosicy and w.uer sacurarion ·and sorne 
nocion of thc quart~ contenr of che s01nd is nc:cded 
for c:stim;.uing th(.·rm~&l concluccivicy. Alchough the 
equncions are tmscU un ·daca obcained on qu~nz 
sands and California unconsoJid:ued oil sand~, they · 
shouhl havc ,.;encrnl applicarion co unconsolid,ncd' 
oil sands. 

·A· simpiHied eq~ation has also bcen devc.:lupcd 
for eScimndng the c:ffect of t'emperarure chonges on 
.thermal conductiviry: le appears rhar pressure 
ch'anges hove little e!fcct on chermal conducti vicy 
unless phase changes_oc'cur. 

Rc:seurch ¡ s bcins; t·ontinued in nn cffort ro 
evaluare: more qu;.mtitacivc:ly che cffccr~ of mixcd 
liquid.' and of partial li<¡uid·sacuracion on . thermal 
conduCcivicics of · Hancls. Thc w~rrability of .snnd 
grain surfuces may pluy an imporranr role in thc 
heat:·.t:run~(cr mcchanism and nec.:tls w be..· 
invesciguccd. 
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Predicting Thermal Conductivities of Formations 
From Other Known Properdes 

.. 

ABSTRACT 

Me<lsurin¡¡ tbá tbermnl pmperties of rocl.s and 
rock·iluid. systcms is di//icu/1 a11d time consuming, 
ancl tbe re.sults from such mensuremcnts are of 
lr'mited vulue tmless complete dcscriptiDtlS of th~ 
rock nnd {lt~itls are giur.n. A nced exists for a 
metbod of predicting. thC!rmal bebnvior jrom other 
more ea.f¡ily m~usuruble pro/Jerties. Prescnlcd hcre 
·are corTelations JcvP.Iopcc/ for prcdict1'ng ibe thcrmal 
conductiPity of ccms~litlatcd sfmrlstones from a 
krmu·ledge of clcnsity, porosity, pr:rmeabUity; and 
/tJrmatiot~ resistivity factor •. \'aluos for al/ tbesc 
p:ropcrties are a&Hiilable /rom wc/1 logs .or corc 
unalysis d111a. Also obtained u.:en! co"P.IatiotlS for 

· eslimflting ·the the.nntll conductit:ity ~/ /iquid
Stllurátcd saudstoues from a kuuu:~P.dRc of thc 
cmuluc..·titdtics. of dry s(uulstnucs multbc snturali11K 
liquirl ami propertics of/bc scmds/OIIe• Thc tbermal 
~omluctit•ily of most rocks dccrct~scs · witb 
it~crensing tcmprrature and a metiJIJd of CstimatitJg 
Ibis c/lut is prcscrllcd. 7'bc el/<·cl of prcssurc 011 

comluctiv.itics is gcucrally sma/1, but mny he 
prctlicted from a kllou.oletl~:t! nftbc bu/k com¡Jrcssi~ 
bility oflhc. mck. 

INTRODUCTION 

_ Although thermnl recovery procc:s~cs ha ve bcen 
3pplied in the pctroleum inJustry (or mo1ny ycnrs, 
therc is srill a lnck o( baSic: t~1crmal dat:.1 with 
which tn prr,Jict rhc: pc.:rforinancc..· of tlacsc.· procc.•sses. 
~fud1 l'( thc..· thc.·rtnal condtKtivity wurk n·poncd in 
che..~ liccr:.¡turc lacks a complcrc Jc.·scription of thc 
physi(;,d propciries o(. t'tlC' rocks U!-.Cd, ond in 
addition¡ mos.t . Of · "thc rh~rmnl conductiviry 
mt·>~surc-mcnu~···hnvc. beCn naadc ac woru rcmpc.•rocurc 
and nc atmosJllu:ric prc:;Nurc.·. Thc wurk rcporte..l in 
this pnper dc:.als wich th~ thc..·rmal concfuctiviry o{ 

ryrical potous rocks nr simulatcd :;ubsurface 
condidons o/ tt-mpe.tnture, prctisurc, nnd !'iarur¡¡tiun. 
Ht'Co1U~C' ~ rhCrmnl concJucti\'icy js c.Ji(ficulr ro 
me~surt:-·· Cf!'phnsi,. hns be"·n placcd hcrc on 

U. OF CALIFORNIA AT BóRKELEY 
BERKElEY, CAL/F, . 

· me.rhods of predicring rhermal conducriviry from 
other more ensily measurcd ·propenjes as w'ell as 
on merhods of predicring rhe elfecrs of remperarure, 
pressure, and.Hquid saturation on chetmal properdes. 

RELATIONSHIP'OF THERMAL CONDUCTIVITY 
TO OTHER PHYSICAL. PROPJ!;RTIES 

The rhermal conducriviries of dry ·'rocks hove 
been. shoWn re; be funcrions of density, porosity, 
grain. size .and shape, cemenc.arion, and mineral 
composir~on. 1 The first two properries are easy to 
measure _ond precise values may ~e assigned lor 
corcelation .P.urposcs. · Grain size and shape and 
cemenc~don are difficuh ·ro quantify. There ore, 
howevcr, orher relared propenies rhar can be used 
ro characredze rhese propen:ies for use in 
correlations. Permeabiliry and formacjon resistiviry 
factors are probably most closely relared ro rhese 
propcrdes and are rcadíly measurnble as unique 
values. Precise mineral composirion· v~lues are 
genenlly not nvailable, ond evcn il thc>' wcre, ir 
would be difficult to introduce thcm into 
correlntions. The hjgh thermal ~onductiviry o( 

quarrz seems to havC o predominnting jnfluc:ncc, 
nnd "thus (ur most sandstones coOtilining qunrr:t in 
moJerate nmounu, the eUc:cts of othcr minernls can 
be isnored. · 

Mnny eflorts ha\•e been made to tclnte thcrmal 
conducdvity tu che physic:nl propcrrics of pnrou.o.; 
rocks. Tlu:se cfforts lw"c bccn rc\'iC\\'l·d in rnthl·r 
complete dc1 ;li 1 hv Sl'orcr 1 otnJ :\nand. 2 
Unftlrtunarcly, mo~;r of 1hc corrcl;uinns tlc.;\•c:lup .... d 
rt.•quirc: ll knowlL'd).!t' nf t!u.· tlwrmal «.:onJ111:ti\'hy of 
che rock matrix nr tlu.: dr}' rtJck oll ~nmc: knnwn 
porosiry. :\lthou~h st•mc: :-r:implc ~·orrclation~ h.IVt' 
bt•t•n nbtuinc-cl, thc.•.•,t• an.· fur S[H'Cifit· S~·~;Ct"IIIS ,¡'u,f 
nu: not ;~pplicahlc..· j:t'lll'llllly. Prnhahl)' dlf.' mo·o1 
usdul work in clai-. arL·,, is char rc.•rurrc:J hy l'tl'tht~!l. 
and \'¡¡n th:r \'lic.:l. .l u .• ~ili,J.: llu.·ir ,atwl~·:;i~ nn v. 
sandslmlt•.o.; h:1VÍ111: ;~ widt.• {;tn¡:c.· in lllt'.l'•lltt'd 
prupcrtics, fhl'Y ,,iJI.Iint·.l a c..·mrc:L1ti\1U he•h;rc-n 

dfc..·ctivc puw'iity .. 111d lhC' prn,hlt'l tll cltNrn.d 
cnnductivit\' and fa\un.1ti .. n u·..,i~ti\'if\' I.H li't. A 
{¡Hifth·or\lc.·;-p;,f)'JWuH:d lir ,,f rht'trll.d ~·~~n.hcrivir~· 

P .. p•r (RPE 4171) "'•• pr•af'nl .. ol ni SIIF.·AIMI; .lrd AnnuHI ...,, 1 ( • J. · 1 · ·f f 
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l\17~. ·~tCnp~rl~tht 1~7J Anto·rk•n ln•liwtr ol !\ttnln~t, U.,hdhu• ;;. _..' :lll>llysi:.. Tfic..•ir 1l.1ta ,tbo ~.c.·r"m~·,! l•' 111,¡;, !le th.tl 
clcotl, und ~ .. tru~ruru :;,lv,lnre,., 1""· . •"{•.· \ . , , . . 
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of r<"ckr. wcre rm('ll~yed ro .obtnin a uselul 
i,~. relationahip for predictins, .rhermal conduccivity. 
• 

TIIERMAL CONDUCTIVITJES OF 
LIQUJD.SATURATED ROCKS 

The rhermal coriducri~ity of fluid·sarurated rocks 
is dependen< upoil rhe conducrivities of rhe dry 
rock and the .~rurating nu'id and physical properties 
of rhe rock. Assad,4 Sugawara and YoshizawaS and 
,Van derV!ier3 have deakwith this problem; however, 
tcsting rheir relarionship3 with data from th~ 
1iterature3 and with the data we obtained did not 
yield satisfactory results. The difficulcy· seems to 
lie in th facr thar, although liquid·soturated rocks 
hove higher conductiviries than dry rocks, the 
a.mounr of increo.se is a complex function -of rhe · 
omounr, choracrer, and disuiburion of pore space, 
ond rhe conductivity of the sarwating fluid. 

Earlier effomf ro develop correlarions using 
regression o.na)ysis on common physkal properties 
of the rock fluid system were only parrially 
successful. In rhe presenr work, nonlinear muldple 
regression analysis bn dimensionless groupings of 
properdes Of rhe system gave sntisfactory 
reladonships •. 

EFFECT 01' TEMPERATURE ON 
THERMAL CONDUCTIVITY 

The therm~l' conductivity of most moteriols rhar 
have.crysrolline suucrures decreases "'ith·increased 
remperature. 6 Theory indica tes rhat thermal 
conductivity should vary with rhe reciproca! of 
temperature. In mixed crystnls and highly disordered 
crysulls, conductivity vades more slowly rhan .1·-1 
and, in facr, may show a slight increase with 
temperarure. The thermal conducdvhy ol glasses 
and vitreous ma.terials increases wich temperature. 

To predice the effect of temperature on the thermal 
·conductiviry of. rocks, Tikhomirov7 developed a 
correlation equ.ation bnsed on experimental dota. A 
plot ol rhjs eq.uation shows thar moderare negadve 
gradiencs of thermnl conductivity with temperature 
will be· predicted for high·conducrivity rocks, 
whereas s"'!all .rositive gradients '9.dll be prcdicted 
(or low·conducriviry rocks. This aFrccs with thcory 
nnd wilh. ··che experimental rcsults of our 
investi,¡:arion. · 

ror the work discuss,·d here, wc devclorcd a 
moJHied c:xpression of thc: same .~cncral [orm os 
Tikhom.irov's 'equarjon. This expn·1>sion pr<·dicts 
chC · c~ermol ConJuctiviry .. tcmperucurc bcha\·jor o{ 

liqui~·sacuroted rocks os wcll os o{ dry rocks. 

E~·F:F.CT 01' PRESSURE ON 
~IILU~MAL CONDUCTIVITY 

Severa! · invesdgators ha ve shown that thcr~al 
. conduccivity increascs with an incrcól'-C in cHecdvt: 
RlrC~ .on th~ r.ock.R.JO This shouhl be cxpcctc~t 
since- incrc:.1sing the stress improv<.·s thc rhcrmal 
corüBct bctwe-en ~rains and incrcasc:s tlu: o\·cr·a.Jl 
density_ of rhc roe k nnd, conscqu,·ntly, the rhcrmnl 
cnnJucdvity. 

In measUring chermal conductivity in thc laboratnry ... 
' ' ' . . ' ''.·, .~·, .,.,. • .,. -t .... ~,,, t; 't 

'· 

{ : 

\ _}~ . 

"'.ln~:P4t4- ... ,,.~ "'"~"'•ICII w:l~;:QMIIII.Jwi~~ 
-e,dth pressurc rnay actuMlly be due to rcciW:rion iD .• ~. 
thermal conroct resistances betwetn the severa) !· 

Conracting ~urfaces: heo.r aource, heat sirik, the .:: 
temperature measuring devices, the standards, ·and 
the test spedmen .. When good ~crmal ~ontBcr is 
esrablished, the change in thermal .conducriviry 
wiih added stress is génerally smaU. . 

A relation berween the bulk compressibiliry of 
porous rocks and the change in rhermal conductivity 
should be expected. Edniondson9 showed rhat che 
thermal conductivities of Bcrea, Bandera, and 
Boisé sandstones increase by 7.8, 9.5, and 12;3 
percent/1,000 psi, respecrively, in the preasure 
range of 900 to 3,600 psi. The compressibilities of 
Berea, Bandera, and Boise sands~ones are r:~otte~ 
by Lobreell to be 4.5.4 x JQ-7 /ps1, 6.46 x JO /psi, 
and 9.0 x 10-7 /psi, respecrively: lf rhese data are 
plottcd as shown· in: Fig. 1, a linear relation i.s 
obrained. Edmondsori's values for the increase in 
conductivity wich pre.~Sure ar.e high compared with 
results obtained by Woodside and MessmerlO and 
with those obrained in our work • ..a,n increase of JI. 5 
percem/1,000 psi in the pressure range of zero to 

1,000 psi, ·andan iricrease of 2.5 percent/1,000 psi 
in rhe pressure range of 2,000. to 4,000 psi for 
Berea sandstone, were reporred by Woodside and 
Messmer. 

The eflect pf p.ore pressure is 10 reduce the 
effective stresS on the rock. More reaHstically, a 
reducrion in fluid pore pressure results in increased 
effective s[fess ·on the roe k nnd thus nn increase in 
thermal conductivity. Pore prcssure may also be 
associated wjrh the phase bch1ivior of co·ntained 
fluids. Reduction in pore pressure may rcsulr in che 
vaporiza don of sorne of the Jiquid componentS ·and 
this may cause a large reducdon jo tht-rmal 
conductivity. This is n fluid soturation effeci and 
should not be nttdbutcd to pore pressure pcr se. 

. EXPERIMENTAL WORK 

APPARATUS ANO PROC'EDURE 

Corre la don equations were devcloped mainly from 
dara tnken .from rheo liter:lture.3 To test thc!ose 
correh:uions, o ncw sct of dat<1 was obtnincd and 1' 
the corrclntions werc modHicd slightly in sorne· 
cascs.to lit these new data. 

Thermal conducdvitic:s werc mt.'ílfiUred in ·a 
stc;¡dy·st&.lft comparator app"!rarus (dc:scribcd i1_1 
dctnil in He!. 1). The 'upparatus, shown schemati
c:llly in Fig. 2, consists esscnria1ly of a .-.uck 
containing o holdCr fc;»r the disc·sh3pcd samrlc: of 
unknown conductivitY'· The sampl~: is snndwi4.·hed 
betwce-n two hoiJcrs Cnntnining M:1ndards al the · 
snme ·geomt.•try os rhC· ·unknown sample, bur fór 
which thc -conductivirics are accuróltt.'ly known. 
Thcrmocuuples are: mountcd in thc: ccnrcrs of sampl<
:lnJ :-.·tanJarJ huldcr ploucs so that tht.· temrer.ouures 
a1cruss-- thc sa~plc· o:~nd 'rhe stanJarJs m;1y b.e. 
mCa~urc:cl. Thc hcat Source oH thc top oí thc stack 
is a tank in which hcarr-d silicunc.• oil is circul3tc:d 
lr~m a collstant·h:mpcr.uurc bath. TIH.· hcar !'iink ar 
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. f'. 
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>che bonom of rhe stock io a piare through which 

_;,.-:.. ·aiUcone oil · is circulated from a second constant• . ' . · •. temper0rure bnrh. Thus hear flows verrically 

1 

i 
' ' . 

downward to minimize cOnvect:ive heat transfer. The 
:otal temperacure .4fop across the stock is Small
about 40 to 'O"F - and rodiative heat ttansfer is 
eonsidered ·to be negligible. · · 

The sample ond standard holders are made of 
Bakelire, which has a thermal. conductivity abciut 
an order of magnitude less than rhat of mosc· of che 
sampres mensure-d. To minHhize radÚ1l heat Josses, 
howeve.r, a Bokelire ring on which heating tapés 
are mounted surtounds che stack and is maintained 
al che midpoint temperoture of the stock. The space 
between the guatd heater and the srack is filled 
whh a ceramic f~ber insulation. The entire appa!atUs 
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ls .mounted ·in a loading frome so that controlled 
axial stress moy .be opplled. On the sample holder 

. is a pore pressure fiuing and o line thal connects 
to a pressure recording ond control system; · 

· Pyroceram gluss cc!romic code 9609 wos used for . 
·che. standords. lts conducrivity is quire e lose ro 
tbat. ol sondstones; it is copable of wirhstanding 
the loads to which it must be subjected; and ir is. 
quiu:' srable. at cempcrntures used in the experimimu. 

A multipOint suip·chan. recorder was used co 
monitor thc tempernrures;_ of thC six thermocoupl~s •. 

· .When the opparatus reaclied sreody·stote. condiciono 
(in 3 to 4 hours), dilferential tem¡><ratures actoss 
che t\vo srandards ond the· somple were recorded. 
Thermal conductivides were cnlculared on th_e· 
ba'sis of ches e daca and _of che known conduccivities 
ol the srandards. , 
. The 1est specimens· and che standards were ~iscs 

,. 

i 

1 
1 

1 
1 

·' 

· 2 in. in diamcter and 0.62' in. thick. Al! ••mr.les • · 
were run dry and so·curated wiih brine (0.1 N · Í 
potossium chloride). Severa! samples \vere al sp run: 
saturored with sílicone oil (a dimethyl polysiloane), 
Stoddord solvent, ond ,.hexane. A high·temperature 
version of this apparatus was. u~ed to extend the 
tempc:rature correlnrion. .· 

Orher physicol rroperties of the sandstone 
samples were measured with standard lo.boratory · 
equipment. These properdes jnc lude densüy·, 
porosiry, permeabil.ity 1 o.nd electrical resistivicy 
factor. 

EXPERIMENTAL RESULTS 

Ty¡>icol results of the thermal conductivity 
meosuremcnts ore shown in Figs. 3 through 5 .. The 
ma.ximum error expec1ed in these tests is ±5 percent 
as calculared b¡• errornnalysis.2 In genero!, thermol 
conducrivity decreases Hne:uly with increase 'in 
rcmpcra.ture, the dccreuse bein8 much more ,¡· 

pronounced for liquiJ-,aturated samples than for 

o 

dry samples. ·· · · ·. 1 

Ljquid saturruion increases 1hermal .conductivit:Y . ·.. ·~ 
substandally, The orriount of in crease is related 'rO l 
the thermal conductivity of thc saturoting fluid and 
to the pr.opcrties o( the roe k, including poro~iry. and l 
thcrmal conductivity in thc dry st¡uc. lt shouJd be 
poinrcd out (hat nll liquid·.s¡úurnted samples; ~ere. 
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0.162 13.0 ·190 
~. Su no !tlllcone Oil' ~toddard ~~ vont ·' 

. !." ~~ " . 
1.35 3.00 2.55 .1.98 

0,208 13.0 . 38 0.98 2.06 . 1.90 . 1.57 
Boroa 
Bandoto' 
Bol u··:. 

2.15 
2.10 
1.84 
2.22 
2.00 
2.26 
2.34 
2.04 

0.292 7.9 2,513 0.85 1.78 1.22 1.19 
SS No. 1 
ss· No. 2 
SS Na. 3 

• Vonango 
Catcholl 

0.160 
0,250 
0.149 . 
0.122. 
0.227 

18.5 
10.9 
12.0 
35.9 
13.3 

lully 11arurored and rhar pore pressure . was 
mainrained high enough to avoid vapor forniarion at 
.:he tCmperature of the test. 

Most rhermnl conductivity tests were run at BJ;l 

·axial srress of S65 psi, rhis stress leve! being high 
enough ro mini miz e the eflecr ol contact resiSrance. 
Fig. 6 shows rhermol conducdvirics ol· Beren,. 
lloise, and SS 2 lor dilferent axial srress levels. 
The aj>pnrent thermal conduclivi<y increoses shnrply 
lrom o. Stress of zero 10 opproximotcly 400 ro 500 
psi and then rises at a low and constanr rare. For 
Ber.CB ~nd Boise sa'ndstones, rhe.rmol conducdvities 
increase by 1.25 pereenr/1,000 psi ond 2.0 percenr 
/1,000 psi, respeclively. These values are' much 
lower rhan those reponed earlier by Edmondson.9 

Orher physical properries of che sandsrones, 
including densiry, porosiry, permeabiliry, and 
for~ation. resisdvity factor, are "given in Table l. 

"Thermol ·conducrjviry wos mensured on one shale 
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FIG •. 4 TIIF.RMAI. CONDUCTIVITY 01' BOISF. 
SANDSTONE- F.FFI'Cl'S 01' Tf¡MPERATURF. ANO 

FLUID SATUI~ATION. 

, FIG, 5 TIIERMAL CONI>UCT1VITY 01' SIIALE-
I·:FFECT O~' Tl¡M1'J(RATlJi~1¡ ANO l'l.UID SATÜRA. 

1'10:-1. 

110 

152 1.47 2.96 1.65 
557 

34 
1.10 . 3.26 2.24 
0,92 1.42 ' ! . 

437· 2.39 ,.. 
858 1. 19 

sample rhar was firsr .air dtied and rhen brine . 
sacurated (see Fig. 5). The. low conductivity values · 
and rhe slighdy posirive gradients wirh temperatllte 
.are rypical lor fine•grained rocks. The air·dried .· 
and brine-soturated densities are given in ri& . . ,,i .· 

· for ~omparison purPoses. . 

CORRELA TIONS i 
lt should be apparent from che foregoing rhar tbe '. J 

~easurement of thenno.l conduc:civity of rocks ia, 1 
difficulr, time consuming, and ol liinired. practica! 
value unless some generolized relarionships to 
other physical properries and ro changes in 
environmenral conditions· can be developed. In che 
fOllowing sécrion, che .re.Sults of our investigation 
are used ro resr such relorionships developed from 
lirerarure dar o. Also presenred are · merhods ol 
predicting rhe rhermal behovior !'1 rocks lrom· orher 
more easily measured properties. 

THERMAL CONDUCTIVJTJES OF DRY SANDSTONES 

Multiple rcgression analys~s run on t~ermal 
conducriviry and physical properry dnra lróm rhe 
literature3 and from. our .work yielded che folluwing.' 

·· equation. 

A m 0.340p- 3.20>;6 + 0.530kO.IO + 0.0130F .!" 

- 0.031 ' (1 j .·• . 
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• where ).. a thennal c:onducdvily, Btu/hr·ft;•F 

·~. :·p • bulk.densi~y; gm/c:c:. 

"' a frac:tional' porosity 
k • permeabili¡y,.md 
p a_ formatioÍ1 rei"istiviry factor 

F'or 38 data points, the standaid deviation was 
0.139 for a conduc:tivity range ol 0.4 to 2.2 Btu/hr· 
ft·°F. The agreemenr between mea_sured rhermal 
conductivhy vr.lues and calculated values is shown 
in Fig. 7. The solid Jine ·represents perlecr 

· agreement and the .broken Jines show the limits ol 
one standard d~viadon. · Wirh one e.Kception, data 
from our. work · were weiJ within ches e Hmits. A 
deviation of less than 10 perc:ent was obtained for 
74 perc:en.t. OC the data points and less than 15 
percent for 87'perc:ent of the data points. 

Further ánalysis of Eq. 1 indicates rhat porosity 
ia . thc: most importnnt , vnriublc; dcnsity nnd 
permeability have. abouc equal eHecr; and formation 
resistivity factor is -the Jeast important variable. 
The posidve · and. -negative numerical . coefficients 
for density· a~d _porosit'y, · respecdvely, are as 
expecte4. The positive c:oefficient for permeability 
is probably a· reflec:rion of the e Hect ,of grain size. 
Orher lac:rors being equal, permeabiliry and ·rherm'al' 
condUcciviry both increase 'whh increased irain 
size. k srudy2 . o( Zicrfuss and Van der Vlier data 
confirms chis ~bservadon. The positive coefficieM 
for formation- resistivity factor is nppnrently 
ass'ociared with its relation to bulk densiry. n.nd 
porosity. 

Some question moy arise as ro rhe need for both 
denshy and porosil:y in the correlation equadon 
since rhey are inrerrelated. B¡i including borh terms 
ru.ther than using eirher terms alone, the correlation 
w01s delinirely improved. This may be an expression 
of the effecr of .mineral composidon sfnce rhe less 
dcns~ fcl¡lspors and clays are known ro hove lowe.r 
thermal· condu~tivities than quartz. As was pointed 
out earliert we did nor. include. rilordx conducriviry 
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in ·our c:orrelarion because of thc usual lnck 'of · 
knowledge of mineral composirion ancl the difficulry·', ., :'; 1 

o( assigning conductivity values. · :, ·, ' ::l. 
': ;;~-... . . . (" . 

THERMAL CONDUCTIVITIES OF 
LIQUJD.SATURATED SANDSTONES 

Severa! efforts wete made ro obrain correlations 
for predicring · rhermal conducriviries o( liquid· . 

. saturated. Snndstones. The m<?st satisfactoiy. 
correlorion was · obJoined · wirh the followin8. 
di~ensio:nle~s &roupings o~ quantirie·s. \ .. 

-,..., 
·-~-:\;.. .... ,A, (A¡ ) . ( '.p >.1) P,.·· 

·- --1 ---- -m 
. A,¡ • AR • 1 - "' A,¡· • p" • . 

where ,\ a thennal con_d~.:~c~iviry 

<P a fractional porosiry 
p a bulk densiiy .of. ro.c:k 
m = Archie 's ~emenration factor 

i 

and where subscriprs ar~ defined as follows: 

a = air 
d ~ dry roc:k · 
1 cr Sari.uadon fluid_ 
s ·-= liquid-sai~rated rock. 

l'l?hen a nonlinear, m~hiple regression comrurer 
pro¡:rom '""" np¡>lied ro literature dara,3 · rhe 
following equation gave rhe besr fir.. r 

1.00 + 0.30 [A' -1.00] 0· 33 + 4.57 f_L 
Aa li - rP 

~Jo.~s., [P•]""".·~o. (l). 
>.,J P,¡ . 

Fo.r. the 52 lirerarure ·data poinrs uscd in rhe 
coÚelntion, rhe standard deviation wns 0.179 lor · 
rhe range of AJAtJ ratio values of 1.20 ro 2.30. The 
agrecment bcrween Jiterature volues ond cnlculared 
values was wirhin 10 perccnr for 56 perccnt o( rhe 
valu,es and within 15 perc:ent for 85 pcrcent o( rhe 
v'llucs. 

Thc ngrecmcnr bctwccn lircmrurc v:.lucs o( the 
thermal <:urh.Jucliviry ratio and values co1lculared 
from Eq, ·.2 is slwwn in Fig. fl. The solid line · 
reprcscms. pc-rfcct nJ.:rcc.·mcnt nntl the broken li~c-s 
sl~o\v_ ti~_C. limit~ of une st;mJ:1rd dl·viation. 
Experimental nnd C;tlcul:ucd valucs frum our work 
out· ··¡,fouc:d as X 's in Fig. H. Eleven of tht· 1 f 
poi_ms ou¿. wirhin onc standard dcvi:.1tion, nne point 

. Wóls out o( tht.· tílll}o:C: o( rhc correlMion, and '"·o 

Points showcd dill•:rt.·ncc~ ~rt-ater than one standard 
dcvia~ion. 'rhc low ~xpc.·rimenral poinc riJ;ly be due 
to )ncompletc saturar ion of rhc tesr samplc with thc 
.viScous silicont· oil. 
~,~,~Sine'· thc c.·urrt·bcion equorion j~ expressed in· .1 

-"7~c•rms of Uimt·nsionlc:s~ mdos, ;,., (~h~ cxponc.•nt in 
'Archic's. \i;fuoUicm rclatin~ rorosir}' ólnJ (orm:uion 

·-, .. ~.Csisr·i,·ity foactur) \\'a ... u~t.·d iñ 1h_c corrchuion rathcr 
. :.(han resistivity bch•f it~t·lf. 1·h"· r:Hcct of m in E..,. 

'2 is siinilar h• dH.· c:Hc.·ct of r: jn E<l. J in th:u 
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~ .. ~ ,inc~HJiing both valueu incr~ases rhC conduc:t.ivity. 
!•,;;'; The eonductivicy of the. aoturating· liquid has t~e 

. 'd;· .. : dominan! elfect on the conductivity of che liquid· 
¡·.. saturated rock. lt is·diflicult to assess the relative 
/ im¡>Ortance of the other parameters in Eq. 2 because 
: of their comp!Ie!lted inrerrelationships. 

In the case of saturation with two lic¡uids or 
liquida and a gas, the conductiviry of the wetting 
phase has.a dominan! effect on the condu~tivity of 
the rock-fluid system. .,Thus for water•wet 
sandatone.s, thto value of liquid conductivity to be 
used in th~·correlation should be biased toward the 
value of conductivity for the water. This marter is 
the súbject.'of current investigations. 1 . 

lt would, of course, be possible to combine Eqs. 
1 and 2 so rhat the thermal conductivity of liquid-

•r saturated samples could be estimated direcdy from 
one equadon. Regression analyses run on combined 
''"'" for .!ry a~d li<¡uid.suturulcd snmplcs guvc poor 
resuh:s. Pan of the renson for this is thnt there is 
a difference in the heat transfer mechnnism between 
sol id and gas. and solid ·and liquid. Assad 4 observed 
o. substantinl dHference in the thermal conductivideS 
of the same sandstone saturo.ted wíth a gas and 
wich a Hquid of equal conductivity. For this reason, 
Eq, 2 should not be used in estimating the thermal· 
conduCdvicy of gas·saturar:ed sandswnes. The dry 
(air·satura<ed) value would be· more suitable for 
this purpose. 

EFFECT OF TEMPERATURE ON 
THERMAL CONDUCTIVITIES 

'· 

The correladons discussed above have all been 
based on thermnl conductivity volues mensurcd ut 
.or neor room temperor:ure. Our test da.to were 
exrrapolated to 68°F (20"C). to obtoin vnlues fot use 
in tcsting a:he correlations. 

The effect of temperature on the thermol 
coi1d\lctivities of the sandstones uscd was tested 
agoin~t TikhomiCov's correlation.7 Thc resuhs were 
not entirely sadsfacrory. Guided by Tikhomirov's 
cOrrelatio.n, we obtained a new lamily of curves bur 
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' ·-·------·, ~ 
modjfied chen\ accordins co the · conductivity· . . ..& 

· cemperarure uends we had obtained;' Tho equation · ·::~ 
ofchis fa mil y of curves i• as follo.ws. · '·! . ' ' 

[ 
' 3)-4. ssA,,. l .... 

• A68o.T x ro- + 0.74 •• ,. 

where Ar e thermal conductlviry ac ~emperature,T 

-'6ao a thermol conduccivity ~~ temperature ~F 
T Q remperature, ~ s:~ ~F + 460° . '·~··· 

A ploc of Eq. 3 based o~ even values of thermat.. 
conducciviües at 68°F is shown as Fig. 9. · The 
resuhs o( our conducdvity·temperature measure~u:nts 
are ploued on the same figure. Although there is 
sorne scatter in the da.ta, the general agreeÓ1ent is 
quite ·good. Additional data are needed in the higher 
conductivity ond higher temperature ranges. A. few 
resuhs 'from tests usins the high·temperarure thermal · 
co~ductivhy apparacu.s hove been· included in Fis. 
9 as X's joined by dashed lines. 

Tikhomirov's correladon was developed (or dry 
rocks, . but the present correlation seems to be . 
equally val id for. liquid·saturated sondstones. 
U~usual thermal properties of some Jiquid saturnnts 
could cause sorne de:viation of behavior (rorQ thac 
predicted by Eq. · 3, partic~larly for high·porosity 
rocks.·ln nddition, phase changes of soturants may 
resutr in discontinUities, bur: chis is a fluid 
sauirar:ion elfecr rathcr r:han a temperarure. effect 
pcr ~c. . 

The conducrivity·u:mperature equntion mny nted 
to be modified if ir is to be opplied to a greater 
range of roe k· fluid systems. HoweYer, h can 
certainly be used as a general guide for predicting 
the r:h'ermal conduccivity .. temperature behavior of 
'most sandsrones. · . 

EF.FECT OF PRESSURE ON 
THERMAL CONDUCTIVITY 

Mosr of the present thcrmal conductivity tests 
~·C:-re run o.t nn axinl stresS hish enough to mihimize 
the effect of conract resistance ond ot pore 
r~re-ssures high enuugh (0 kcep niJ (luid saturancs in 
liquid pha.s-<.·. ljmirecl work nt highcr srrcsses 
indic'atrd that rhcrmnl conducdvidcs incr~ase by. 

·- HIOo{IID fO 1 
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•· 
,:i,,·:.~;only l. ro 2 percent for ~~ery 1,000 psi increase in 
~:~r:' ·:·~ cffeccivc au~sa. -These valUes ai'e Somewhat lowcr 
;~;_.:::,;·· chan values reponed in the liceratu.rc;B·lO In 
~~;~~~. ·~· eatimating r:he magnitUdc ofthe effect of ~uress on 
;·:· ... ·. rhermal· conduc¡ivity, the linown eflects of stress 

· .) .. ·.'
1 

on other propenies were con.sidered. Eq. 1 was first 
·<;· differentiated. with respect to eflectíve stress: 

·' 

. ~~ a 0,34 ~ - ~.20 P¡! + 0.05~4-0.90 ~~ 

..... 0.013 iJF • 
. . . iJ 1> 

•• (4) 

Tb~ dcrivacive terms for · density, poroshy, 
pcrmeabiliry, and formation ·rcsistivir:y factor have 
been evaluated by Dobrynin 12 in terms of 
compressibi_Jitic~. Assuming liriear npproximations, 
rhe following substitutions hove been made for the 
derivntive terms in Eq. 4. 

. 1 ~ . 

·' aq, a f2, 1 éJi<, 
.Jp ~ 11"'. 4> iJp 

--a /J 
p k éJp . • 

1 iJF 
{4,. ¡: 'J¡;~ 

where Y!• f2; /3 and /4 are functíons of:compressi
bility. Since · numerical magnitudes of the 
compressibility of rocks are generally .not known 
num~#ical ·cóeffide.nts for formations of high: 
medaum and lov.· compressibility may be subsrituted 
in the following general equarion. 

;~.a lO-' (A prp + B </>- CkO.IO + DF], •• (5) 

where iJ'A/iJp, a change in thermal conducrivity, lltu 
/hr·h·°F ·psi 

p a bulk density, gm/cc 

<P. a fractionall'orosity 
;k a permeability, md 

F R. Í!)rmatlon rcsisrlvicy factor 
. . :· 

·eh A B e 
High 0.51 5. 75 0.37 

·. Medium 0.25 3.51 O.JM 
Low· 0.13 1.44 0.0') 

D 

0.12 
0.07. 
0.034 

Assumirig Oere~ snndstóne to' be o{ medium-low 
comprt'ssibility and Aoise sandsconc to be of 
mt'tlium-hi~h comruct;sihiliry, o.~ ;md 1.3. rercent 
~nc.:rc:Hu.-s. in dwrmal cunductivity pcr 1,000 psi. 
tncrcnse 10 sucss, rcspt.·ctivcly, Me culculntcd 
from Eq. S. TheSc compare with 1.2~ and 2.0 perccnt 
increases ob<oined cxperimentolly. (Scc Fi~. 1.) 
This rliffcre~ce is probably c.lue w dll' diHt·rcnce in 
stress le~~ls in .rhe rWo C:t&cs - abc.tr. 1,000 psi 
nvcrns:e · srrcs:-; tn thc expcrimcmal dctermin:ition ~ 
ond 2,000 rsi nvcroge Stress (or co!rulotcd \'alucs. 

; 

·· ·.o:' SU~t~tARY. AND CONC:I.USIO~S 

The ~orr~lotions ~ivcn by l¡qs. 1, 2, 3 onol 5-o'rc 
b3s~d · ~"· rhe limitc:cl amount cd rc."liahlc clun 
av¡uJable · and chcrcforc . muse be cunsidcrecf ns 
cenr·uiv~:. Hnwc:ver, thc 8cOcr:1) lorm of rht.· rcl;1 tfo~s 

is believed ro bC" \Mlid ond uselul h1t Cfilim.uittn 
pu¡poses ... And ic.)• felt 1h01 .cven 1hia otcr. 

· representa significan! proatess, consi~erins the 
wide. spread of · thermnl . conductivity · v~lue1 
~ppenring in the lilerature. These correlntioni will 
be improved and extended as more reli~blc dota are· 
obtained for a greater variety of rock types and over 
a broader range o.f environmencal condiciona. : · 

Work is currently in progresa at higher rressurea 
arid te'mptrntu¡(s, on unconSolidoced sands, a'nd for 
multiple liquids and' parrial gas saturations. \ 

,!-•. 
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ARSTRACT 

\Y.H.SOMEPIOU 
MEl<8Ek M<~r: 

M. A, SELIII 

Thermtl( e:tf>tlflsion.< and h~at.< o{ rraction ;,f 
tbrre typical sandstones 'werr: mraJurt>d .-, tb~· 
t.emJteraturP. ron~,. t>/25° lo 1, 000'' . ·r¡,,. si~nificunct! 
o/ the&e datra ~n .!ub.s urjac·f'· J:,;~Jiatia.,Jsf,rn:lculatínn.t 
is discuss~d. 

Linear thrrmal expansion.tt Wl!re men:<;ured lmth 
para/le( and f>crpcrtdicular !n th~ hrddirr¡: (>lane.<, 
Volurnt1·CXpan.!inns are rt'!(!ortrtl a., th~ pcrpPndicu1ar 
txpan.tion plu.t ltuo timc.t the para/Ir/ Pr(tnnsirm. 
Exp~'f!IÍtm bchnvior nf lhc sundstnnc.! wa.t ft~Jmd 
lo be controllt!d by thr P.'tf1n.n.~ion clxtrtlctcri.ttics 
of lht- 'furtrtz contl'nf. /)ilfC'rr.ntinl f'X(Jcmsion of · 
tln qUurt:: grainS and othcr minrra/s included in 
the saru:lstone.'f cau.t~il pcrmtlnt"rtl ,/~formution of 
the htJatcd sarn('lt•s nfter they rucrr'" r.ool'"d to room 
lemperuture. Structural dama~e rrsultin¡.: from ht'al· 
ing is proltahly an imf,orlant cnuse oftbP ''"duction 
o{ thermal conductivity o{ hratrd .<ilm(>lrs. 

Measuremcnts n( ht'at.-. o( rruction wr.re basr.d 
on lht' known heat rPquirr.d for a· ji quartz invC"rsinn. 
Tb,,.,( rcnctinn.<, wbich (>rnbal>ly indudr. d~hy· 
Jro1lylation of clay minerals, at1J r/ccnmpnsition 
of carbonat~ mint!ral.'i cnntained UJithin tl•r .~nmples, 
wtrr. found tu fl'ttuire mort! tharr .,,,,.afotath oflht 
crrnount of ·he al nPcc!isary to raÍ.'·'· ¡; ·· ftorn(Jt•raturt" 
o/ lhc rocl a/o,e. In shalr..'i tlnd ltmt•.-.tones, tbt' 
rrnction hr.at cnuld be substnntially ¡:rct~trr than 
lhat ,. ;equirl"d frum specif!c hrtll cor1sülrmtions 
alone, 

INTRODUCTION 

In enrlier work,laJ mcthods .. ~f mt"a:'Courin~t thermnl 
l'fO!'<fliU W<té Jcvclopcd anJ th•rmol dora for 
severa! 5edimentary·rock typcs.wcre rerorred •. Data 
incluclcd th<rinal conJuctivity, · sp<cific h<ot ond 
thtrmal diffusivir)'. In addido,n, calcular:ion!l of 
htat atronsfer in 5tlb~urfolCI! 'forfuadon:¡ may· require 
dara· on che r:hermal·expansi~n .characcerlscics of 

Orlalnal ..-..n\l•crlpt tctcelw•d In Socl .. tr nt Prttol•um Ensl
ftUfl C'lflt.-- A14. JO, 191\0, R•vi•Pd m•t~•u•rrlpt 'nr-'"•d 
&.pt.- 27, IQ01 •. P•ru prt'nnted ot ll•t AnnUIII C•llfornl• 
R•rtOnal Uootlnc ol SPE. Oc&. 2l•l2, U60, In l'nodon.o.l 
C•lll, · 

1RIJ'•re••• Qlwen •t ud ol P~P•'• 

nt:t:t:"nns. •••• 

'¡ 

1 
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rnek· and the he:tts of reaccion of niÍncral consr:it· 
uents. 

Thermal expan .. ion or rock~ is rel.nivcly !\mall 
in m~gnitude and. (rom che standroint of chanJ;r 
in bulk density, has only minor effccu on hea[• 
transfer characteristics. Thermalacxpansion be· 
havior, however, may have '"'i,:•:ificanc eHects on 
che sctucture of rodcs~ niffercurial cxransion of 
different mine-rals and alon~: difft>rent cryst:tl· 
Jograrhic axes mil y result in strucrural d:un:u~.(' v.-hich 
could effecrively rc•duce thc rhcrm::~l l.'t•n:lurri\·itv 
oft~roc~ · 

Mítn)' minl~ral cons[itucnt~ nf sedimentarv rock5 
under~to phase or rt"I:J.tt-d chan~eos vohcn he~r:'ed tC'I 

suffidt:!OI Ir high tempcrarurrs. Althouj.:h J'iome or 
rhese re-:J.ctions (such a~ rhr aa{~ qu:un: inversion) 
are reversible and rhe heat ah~orhcci i:s rerurned to 
che syste,m upon coolin~. man~· t•f rheo maior reactinos 
are irreversible. ThrouJ.!h ccrr:•iz1 tempC'ríltW't" ran.':ro..;, 
thc addüional heat enc.>r,r.y r··•¡uiH ,¡ro ~.:omrlerc thc: 
rcactio•n." m:ay be ne.-uly a." _z!fC'ólt ,, .. th . .r nect"ssary 
to rili~~' rhP r:empcraturt" ,,¡ d1r rm k an 1hc ahsencc 
of thermal re01crions. lf tlw ht· u rrquiremc-nts for 
these re01ctions art" nnr consitl•·!c•!, !iil'riuus errN'". 
in heatatran!lfer calcul:uion~ •·· '\' resuJ[. 

Thermal·exransillO ;¡nd ,,,. · · 'l·rC'J.Ction ,! ,. , 
hav(' bc:rn ohtaincd fnr threc ty¡•a(al s.1nJsr••"· 
Mcchods of mcasuremcnt ;¡mi rt>sult~ ubraineo! 1:•· 

reported and JisCU!IO!iCd in the followin·~· 

TIIERMAL E XI' AN~ION Of St\NilSTONES 

Tite< lineó\r expansinns o( dueto ou1crop sanJsrone-s 
(Bandera, Berea i1n•l ~oise) havc hct"n me:.·sur~d 

1ñ the t<mrerarure ron¡:e of 2~0 <o 1,000° C. Fxran· 
~ion ·meól!"'\:rrmt"nt~ w~re rn.'lde in· the ·direCtit,n·. 
parallcl and rerrt·nJicuhu ,·,. 1 h•.• beddin~. 

The differentia( ('Xpan5it.lf1 arr,Jr,111:~ u$ed is 
1 h;tt dcscrihed by_ Micoff ;tnd Pa!'>k.4 Thl· ·' •: ::1 .sample 
i~ ht"1.ceJ in an elecrric fw-nace wüh ;1 re-mpcrah1Ce 
ris< of 6'X:/minut~. Th< len~<henin¡: of th< .Somples 
upon heatins is comp>t<d with th< small and kn~wn 
expansion of a fu sed silic,, r<>d. Thc chant< in l<n~rh 
is tr3nsmitted ro 3n X·Y recordcr by meotn_,. a·f :1 

Statham transduc<r. A maximum <rror of ! 1. ~ 
per u·nt has becn obtained "''ith chis apraronus 

••• 

' . 





loe IDIUerials of lcnown linear _expansion. Upon 
tcacbúig muimum temperacure, che sample is 
cooled at approximately rhe.,s.ame rare and rbe con• 

. uáctioa ia recorded. The finallengtb of the sample 
· ·' is measW"ed co cese che· reliabilicy of che final 
, .... :' rccO<ded value. . 

· · · . : Tbe linear expansiona of Berea sandstone borh 
· .. ,._ parallel aad perpendicular ro the bedding are 
·.- ~.:. ,' compared in F ig. 1 with rhe expansion of quartz 
.. ·:. 'perpe_adicular and parallel ro C·axis. 5 The most 

. ~- : imponant features of Fig. 1 are: ( 1) the dese 
cgreement between the heating curves for Berea 

• · saodstone and rhe curve for quarrz perpendicular 
· ; '' to the C·axis; and (2) th.: lack of agreement of the 
·: ·:·:~· .· Bcrea heating CW'veS : wich the curve· for quarcz 
·. :J ~ parallcl to che C-axis. Discondnuities in che curves 

'·. ·.- · · .- at. 575"C are· artribured' ro the o·fl inversion of 
quartz. The cooling curves for Berea deviate con· 

,•·.· 

· aiderably from rhe hearing curves, rhe samples 
bcing permaaently elongated .at the conclusion of 

·" tbe test. 
LU.ear upansions of rhe- Íhree sandstones per• 

pendicular. ro the bedding are compared with rhe 
ezpaosicn of quartz in Fig. 2. Curves for expansion 
parallel ro the bedding and cooling curves are not 
sbowu for Bandera and Boise because of rheir 
elose similarity ro che Berea ~urves. All sandstone 
samples showed permanente longar ion upon coolin8. 

: Thc volwne expansions siHlWO in Fig. 3 were calcu· 
lsted as rhe sum of the perpendicular linear expan• . 
eion and rwo times rhe parallel expansion.S 

Interpretarían of thermal expansion data is as 
lollows. 

l. The quartz contenrs ·of rhe three sandstones 
ranged from abour SO per ·cent for Boise ro 90 per 
ccnt for Berea, and yet che linear thermal expansions 
of the three sandsrones wero·nearly the same and 
about equal ro that for quartz. The presence of 
quartz, probilbl y above sorne minimwn arnount, 
appears to control rhe expansion behavior of sand· 
stoncs. 

2. Ezpansion of quanz in the .direction pe_rpen· 

·---._ 

...,.... ""u 1 ro llD 
......... OC.Al4 &. fO atO 
~·- OU4A12 1 TO C·AXI:S 
... - GUM1'1 ' TO t••IS 

)CO.OO~OOOJ'a)IOOOIXIIOOO 

~lMHRAT¡ptl: .... 

FIG. l -LINEAR EXPANS!ON OF BEREA SANilSTONE 
AND QUARTZ. 
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FJG. 2- LINEAR EXPANSION OF SANDSTONES PER· 
PENDICUL.AR TO BEODING. 

dicular ro rhe C·axis has a predominating effect 
on the expansion characteristics of the sandscones. 
Since the amounts of expansion of che saodstooes 
in tbe direcrions paralld and perpendicular ro rhe 
beddiog were approximately the same, random 
orientation Of the quartz cryscals would be expected . 

. 3. Permanent cloDgation of e be samplcs alter 
cooliag resulted from deformar ion wirhin the sample, 
due primarily ro tbe differential expansion of the 
quartz grains. Ar temperarures above rhat for 0.{3 
qll&ttz inversion 1 where che cocificient of expanSioa 
fot quanz becomcs aegacive, che role of otbcr 
mineral constituents becomes imponant in dcccrmin· 
ing czpansion and deformarion cbaraaeristics of 
the sandstooes. 

, THERMAL REACTIONS 

In measuring t_hermal diffusivities of roclcs by 
che unstcady·state method,2 anomalics wcrc ob
sened to occur in thc diHcrcnrial tcmpcratute 
records. Similar to differenrial thermal analyses 
(DTA), these remperature anomalies may be corre· 
laccd with thecmal reacrions which occut in cena in 
of che mineral constitucnts. ·The most consistcnt 
reaaion is che invcrsion of quartz from thc ct- to 
fl·phase ar S 13"C. The amount of heat needed ro 
complete this inversion is known ro be 4.825 cal· 
ories/gm.6 The phase change is reversible, and an 
equivalent amount of hear is liberared upon cooling. 

Other typ~cal thcrmal rcactions which may occuc 
are swnmarized in Tablc l. Most of che se reactions 
occur ovcr a btoad ccmpcraturc rangc and rcquirc 
aubsrantially larger amounrs of bear than rhe quarrz 

·-~----------------------------~ 
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TABLE 1 - HEATS OF REACTION FOR 
SEVERAL IIINERALS7 

~) Hoot o' 
T..,.Rortt• R.Octlan 

I'CI Mln•rol (Ca~orlo•/om) Rooctlon 

U.220 Co-Montmorlllonlto 127 Dosorptlon 
2S.220 Mv·Montmotlllo.Wto 135 Oototptlon 

400-695 Mg•llllte 6ol Oocomposltlon 

455-6-12 Koollnlto 253 Docompotltlon 

554-723 Co--Montmorlllonito: · . 67 Oocomposll :.,n 
573 Ouatta 4.82 Q• {i ln..,onlon 

200-no· Colclum Corltonoto 465 Dec:ompositlon 

790·950 Mo·flllto 15 Oocomposltlon 

116-908 Co-Montmorillonlto 26 Oocompotltlon 

invereion. These reactióm; are normally irre-v~rsible 
ot .ue only reversible u':'d.c;r special 'condirions. 
Difrc:rential rempernture _recprds for rhe rhree :ocand• 
•ones shown· in Fig::4' demonsrr:.te rhis roinr. 
The dashed lincs show the qU:~nz invcrsion ¡o;tnrting 
"' opproximately n5o·c, .follnwed hy nevernl other 
temperature anomalies~ .. The solid linc~ !11-how r.he 
thermal behavior of· ·the'+ s:1me sand!'ttone samplr's 
on a repenr run. The rC~~f.sible quarr.z r~action is 
tbe only importanr. nnonialy rem11inin~. 

The purposc of the prcs~nl inve'sri~ntion was 
to estimare rhe magnirude of hc:1.t rt"quircd ro satis( y 
the chermnl reactions ánd ro .compare rhic; wirh rhe 
heat required ro raise the temperarure of the rock 
ucluding thermal renctionn. · The known hear of 
rcaccjon for qu:\ftZ inversion nnd the kno"'" 'lllll":E • 

conteat of nerea ,sandsrone were u;~;ed for suamlard· 
ization purpose s. 

The a.ppnrarus U~f"'d "' evñlunre thermal reacrion,. 
is the same os t h.u de:'icrihed earlier for rherm11l 
diffusiviry measutf"ments. 3 ·In the enrlier work, 
cylindricAI corf! Namrle!'l V~eré mounred in an elecrric 
furnace ancl henred "' :1 con~unni: r'nre of temperarure 
riae. Ar temperorures where rhermnl rr.-3ct~ons were 
lcnown to occur, remperature waN hrld consrnnr 
untilthe reoct'ion wns cnmrleted. The etlge temr~r· 
otur~ of che sample and ed¡¡~'toocenter different ial 
'temperatute!l; were m~asurcd. with t~crmocouples 
and uaced on a record~r chart. lt was shown 3 char, 
for these condir:ions, 'hermal diffu.o;ivi'Y is inversely 
Proporcional ro 'he diffe-rcntiill r:emp~rar~e¡ i.e., 

D1 a a2b/41'!t. T , , , , o ¡, , o , , (1) 

where Tll is thermal diffusivity (1>,· ,. a in Refs. 1 
through 3), a is the cliNtance· ·between cenre~. nnd 
edge thermocouples, h is the, heacin¡¡ r:orc ond 
hT is the temrerature differential. 

In the present case, diffcrential thermocourl~• 
were located ~t dintances rla ~ 1.0, 0.8, 0.6, 0.·1 
and 0.2 from the center of the sample. The rnte of 
tempernture rise 1U r:he snmrle edge waN mainrained 
conStanr:, and temperarure different i •. ·- het"reen che 
center of the sample and the several r/u locations 
were. recorded, Fig. ~ shows the thermocouple 
responses coused by the a-{J quortz inversi"~l 
Phy.sically, the reaction is uplained as follows. 
Wheo tbe outer surfacc of che corc reaches cea.ction 
cemperature (573'\:), part . .,¡ the heac supply is 

'• 

~------------------------~-
u!+led_co pr?more rhe reacti~n. ~he normal rem'per;¡~ lll'e"(J ') 
gradaen( tn rhe sample ~~ dtsrurhed and a slt¡G~:h{· 1). 

rfe('r~a!'ie in che difl~rential temre-rarure is nor.ed 
for the first thermocouple. A!' rhe reacr.ian rr~éhes 
and r:hcn passes thc firsr rhermocouple-,. a sh:vr 
incrral'iC in che remperarure differend~tl for rhis 
courlto occur,;. Thc edgc temperarure co.nrinuC'S r:o 
increoue Rt rhe consr:ant input rarc; but l~ss heat 
reache!ii the unrencred port;(.on of the ~ttmplt" beca use 
ofthc lruge nmount of heat consumed by rhe reacrion, 
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lUid cbe cise in c;cnter tempcrature lags, Thus, a 
aharp temperature· discontinuicy must ezist ac che 
reaction &ont. Similar response is noted as che 
rcactiOa proceeds pase each iricerior thermoc:ouple. 
All curves show a maximum value when the reacrion 
reac:bes the center thermoc:oÜple, The remperature 
differentials then dcc:rease · to .re·cM..!,Ii•h rhc 
original temperarurc gradient in. rhe samplc, 

.U che supply of hcar to'the _system is constant, 
a beat balance may be '"."itten ·as .. 

-(o,c, ~ .. -(o,c~,;:·f) =HR f: ... (2) 
" . fJ. . . 
/; ... 

wbere e, is heat c:apaciry, IJT/6r is temperature 
¡radieat, H R is beac of reaction, liR/60 is the rate 
of movement of the reaction through the sample 
lUid cz and {J refer to the. unteacted and reacted 
%0nes, respectively. SinC:~ c_he change of D1 wirhin 
cbe Cemperature range of the reaction is small tbe . . 
aasumption of constant ·peat supply is valid ·and 
Ec¡. 2 should apply to the present system. However, 
auempcs to c:onfirm the equation with experimental 
data from Fig. S failed. Many more thermocouples 
would be needed to establish reliable values of 
che cemperarure gradient aheBd of and behind the 
rcaction front, and tbe rate of movement of che · 
reaction. 

Resort was made cO an empirical method to obtain 
iaseful information from the experimenral data, The 
metbod, whic:h is u sed in quancirar:ive imerprer:at ion 7 • 
of DTA data, involves the correlation ol areas of 
tbe anomalies on the dilfe.rential remperarure-vs· 

. ed¡e temperacwe curves with heats of reaction. 
lo Fig. 5 the ateas between.an estimatcd base line 
lUid the anomalies wete measured lor cach thermo

. c:ouple location. These areas were then plotted 
a¡alnst calculated hears of reac:tion for a volume 
of unir length of sandstone contained within each 
cbcrmoc:ouple ~adius and the center ol rhe sample. 
A reasonably good straight-line relation resulted, 
aa ahown in Fig. 6. A value o! 1 calorie/unit of 
aoomaly was used in determining the heats of un• 
kDOWD reac:tions, 

• 

¡ 

FJG- 6- AREA·IIEAT OF _REACTION CORRELATION. .... 
'¡ 

-~-----··- .. --........ 
.TABLE 2- EXPERIMENTAL HEAT$ OF REACTIOH 

Temp. 
Equi•, l1oa1 ( L() Ranga Heot of Rooction 

Sample .!.EL (Colori•a/vm rack) (Colouu/grn roela) 

Bandora 577-615 2.9 11 
615-735 21. )o! 

735-750 -0.9 ~ 

750-825 5.6 22 
8U.920 7.9 27 

I 36.5 ... ---'98 
So roa 565-600 4.3 9 

600-725 10. )o! 

725-8-40 14. 33 
8-10,925 8.7 25 

I 37.0 I 101 
Bola e 565-620 2.6 14 

620-725 3.9 28 
. 725-975 71 

In ~nalyzing 1he data of Fig. 4, thc only known 
reactlons were che a-{3 quanz inversions. Differ·. 
enc:es in the original and reac:ted curves below 
S73"C are due primarily to the ceduction in thermal 
conductiviries ol rhe reacred samples .. This is 
probably caused by' the loss of free and combined 
warer and suucrural damage of the core~ by differ• 
ential rhermal expansiOn during r:he initial heac:ing· 
run. Reac:tions above 573CC include, in addition ro 
quartz inversion, dehydroxylo:uion of day minerals· 
and decomposition of calciwn carbonare. Jr was 
not. considered practica! to anempt co separare 
specific: mineral reactions because the purpose of 
che work was only to evaluare the additional hear: 
tequiremenc:s due ro thermal reactions. Breaks in 
the curves were used to t:stablish r:emreratwe 
ranges of the imponaot rcaction zones as shown in 

. Table 2. Areas betwcen the original and reac1ed 
curves of Fig. 4 w~re measwed, and hears of 
reaction were calculrued from che correlation fac:tor 
and bulk densi1ies of 1he samples. 

In Table 2, the heats of reaction ate shown and 
compared wirh the amount of heat requitcd co raisc 
tbe temperature of che rack without chermal ·re
aaions. The reaccion heat is 27 per cem of tbe 
total beat tequirements for borh Bandera and Berea 
sandstones. -A similar analysis was not made for 
Boise sandscone because of the difficulty of ex.· 
plaining the large thermal reaction above 725"<:. 
This Sall}e behavior persisted in tests on several 
otber samples of Boise. · 

SUMMARY ANO APPLICATIONS 

Tbc rcs.ults of these teses, made ac armosph~ric 
pressure on oven .. dried sandstone samples, ry¡)ify 
bebavior at just one set of limiting condidOns. 

.Before such dara can be applied directly 10 sub· 
surface calculations, the effects of a widcr range 
of conditions ~ela.ting liquid saturation a.nd ovcr· 
burden pressure needed 10 be investig~ted. 

Differential tbermal expansion of the mineral 
constituenrs of rocks will Wldoubtedly lead to 
suuctural damage under subsurface heating coa· 
ditioas, Tbe magnitudes of elfects on mechanical 
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•ad now pro¡iercies are unknown, but these currendy 
are beingf'invesdgnted, in chb · laboratory. 1« is 
poasible ·rhac. · cores taken from hi¡¡h·«emrerature 

. reoervoirs' moy be altered by cooling as well •• 
' by .die releRSe of overburden. and por<' pressure, 

Thermal reac«ions involvin¡¡' the release of ad•. : 
-be.d' and eombined war~r and <he li~ration. of:,. 

· ·auch :gases as carbon dioxide. ,¡vill be diff<'reitt · · 
under &ubsurface Condit Íons of Ji quid Rnturation'·. 
and prea.ur .. <han <he same -reac:tiono obs~r•~d ·c.n· · 

iJT 
-:;:- " temperature gradient ,.,. . (s) 
· 11 ll • hear of reacrion 

... 

··_aR t • · b ·hh. 1 -¡; .. race o r~a~~&on movement t rous t ~ samp e_ 

fJ • time' 
' a, f1 " unr.-acced and reac«ed zones, resp¡,c«ively 
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Reservoir· 
!Engineering Concepts 

lntroductlon 

Geothennal reservoir engineering is related in many aspects to oil and gas 
reservoir engineering, which began receiving attention in the 1930s 
(Richardson, 1973). However, it wasn't until the end of the '60s, with the 
classic studies on the Wairakei field by Whiting and Ramey ( 1969) and the 
Geysers field by Ramey ( 1970) that geothermal reservoir engineering began 
receiving special attention. Geothermal reservo ir engineering includes ac
tivities that begin with locating the wells, well logging, drilling and flow 
measurements, identification of the production mechanism, and per
formance prediction of reservoir behavior to find the optimum production 
conditions that would lead to maximum economic heat recovery. 

The basic tasks of the reservoir engineer are the prediction of the long
tenn behavior of the well and the reservoir (Ramey, 1977). There are a few 
importan! questions that he or she must answer: 

l. What is the optimum development plan for the reservoir? 
2. How many, wells and what kind of pattern will be required for optimum 

development of the reservoir? 
3. What will be the rate of production for the wells? 
4. How much heat will he recovercd? 
5. What will he the variation of temperaturc versus time? 
6. Would it be feasible to implemcnt an enhanccd recovery process to 

recover additional heat? 

To answer al! thcse and othcr possible questions, the engineer must 
undertake a continuous and very carcful work since the beginning of the life 
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of the reservoir. As production from the reservoir in creases and more data 
becomes available, the reservoir engineer has more data for history match
ing purposes, allowing him or her to update previous studies and, conse
quently, to make better predictions of the reservoir behavior. Unfortunately, 
all data conceming the reservoir becomes available only when it is fully 
deplet<;d. 

It is importan! that the reservoir engineer quantitatively appreciates the 
physical processes that occur within the geothennal system, because this 
pennits optimum exploitation of the reservoir. This "appreciation" can be 
divided into three main steps: first, the physical processes associated with 

i the particular geothennal system under study must be identified and used to 
1 develop a conceptual model ofthe reservoir; second, a careful assessment of 

1
·. . the physical and thennal properties of the rock and fluids must be made 

(these data will be extremely useful for simulation studies purposes); and 
third, a mathematical or physical model of the reservoir is developed, using 
the previously detennined information about the reservoir. This model 
should include the properly identified initial and boundary conditions for 
the system. Once the model is at hand, it can be updated and refined as new 
production dat~ becomes available. The reservoir response under produc
tion should be carefully matched with the model. This technique ofmatching 
the observed production history data by means of a suitable model and using 
the model to predict future performance is fundamental to the subject of 
reservoir engineering. 

A~out the middle of the 1960s geothermal reservoir engin~ering relied 
heavtly on the theory developed for oil and gas reservoir engineering. In 
cases where the characteristics of the geothermal and petroleum systems are 
alike, the oil and gas reservoir engineering techniques can be properly 
employed. if inherent differences in the systems are considered. Examples 
of successful applications of these techniques to geothermal reservoirs are 
available (Whiting and Ramey, 1969; Ramey, 1970; Atkinson et al., 1978). 
However, there are severa! factors that make geothermal reservoir engi
neering a unique subject in itself, such as very high reservoir temperatures; 
formations containing the fluid in many cases are highly fractured and of 
volcanic type; chemical deposition of solids during flow of fluids in the 
reservoir; and steam flashing. Due to the interest in geothermal energy, 
geothermal reservoir engineering has shown great advancements in the last 
fifteen years (Takahashi et al., 1975). 

This chapter presents a review of thc basic principies of geothermal 
reservoir cngineering. The presentation includcs a discussion of sorne of the 
practica! aspects of reservoir engineering, such as well test analysis: and 
mathematical reservoir simulation. 
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Types ot Geothermal Systems 

. · Geothermal systems can be classified in four main types: vapor-domi
nated(dry steam); liquid-dominated (hot water); geopressured (hot) accu
mulatiOns; and dry (hot rock) forrnations. Although each one of these 
systems has potential for exploitation, the vapor-dominated system offers 
the optimum conditions for electricity production. According to White 
(1973), technology currently available for geothermal electricity generation 
makes use of steam. Based on present knowledge, there are sorne require
ments that have to be met for electricity generation from geothermal steam: 
(a) temperarure of reservoir should be high (at leas! 180°C, and preferably 
above 200oC); (b) reservoir depth mus! be less than 3 km; (e) reservoir 
vol u me must be adequate; ( d) the reservoir should contain natural fluids for 
transferring the heat to surface and power plants; (e) permeability of the 
forrnatton should be adequate 10 en su re sustained delivery of fluids to wells 
at ~tgh enough rates to meet power production needs; (f) there must be no 
ma¡or unsolved technology problems. Unfortunately, these requirements 
are not easily met in the earth 's crust. 

Vapor-Dominated Systems 

These systems are the rarest found in nature and the most desirable 
(Bumham, 1973), because thay provide a clean and environmentally safe 
energy source with minar production problems. There are a few vapor
d(/mtnated systems, among which the two most importan! ones are the 
Lardarello fields of Italy and The Geysers of California, which produce dry 
or superheated steam with no associated liquid (White, 1973). This is the 
reason why they are commonly known as "dry-steam" systems. White et al., 
~1971) ha ve concluded, however, that liquid water and vapor usually coexist 
m the reservoir, with vapor being the continuous, pressure-controlling 
phase. 

Vapor systems contain far less heat than the hot-water systems (Ramey et 
al., 1973), but, as mentioned earlier, prablems related with their utilization 
are minar. The production mechanism of steam reservoirs is similar 10 that 
of natural-gas reservoirs, beca use pressure is reduced by the expansion of 
the gas in:place. The fractional mass praduction of original mass in place is 
usually h~gh, bemg araund 85-90%. The situation for energy recovery, 
however, IS qutte dtfferent, bemg quite low. Ramey et al. (1973) prescnted a 
table in which they compared the recovery for a hot-water and a stcam 
reservoir. For the latter, a fractional energy recovery is 5.6%, beca use most 
of the he~t is stored in the rock and, since the steam flow proccss in the 
reservotr ts essenually tsothermal, almost non e of the heat containcd in the 
rack is recovered. To recover heat st~red in the rack, the praduction pracess 
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• should reduce the rack temperature. For these systems, additional energy 
can be recovered by means of an enhanced recovery process, using liquid
reinjection to the reservoir. 

Hot Water Systems 

In these systems, water is the continuous, pressure-contralling fluid 
phase. Such a system may contain sorne vapor, found as discrete bubbles in 
the shallow, low-pressure zones. Among geothermal systems discovered to 
date, hot liquid-dominated systems are far more common than vapor
dominated systems (White, 1973). Water in these reservoirs is a dilute 
aqueous solution containing sodium, potassium, lithium, calcium, chloride, 
bicarbonate, sulfate, borate, and high percent of silica. Sorne of the most 
importan! liquid-dominated systems are those located in the Imperial Valley 
in California, Wairakei in New Zealand, and Cerro Prieto in Mexico. · · 

As mentioned previously, the energy content of these systems is higher 
than that for the vapor-dominated systems. Ramey et al. (1973) have shown 
that the fractional energy recovery for these kinds of systems is higher than 
for the vapor-dominated systems. This is caused by flashing of the water in 
the reservoir or by reinjection of water, which are the key factors in the 
recovery of geothermal energy from these systems. The problems encoun
tered in the utilization of these systems are more difficult than those found 
for the vapor-dominated systems; however, curren! elaborate research pro
grams may overcome these difficulties in the future. 

Geopressured (Hot) Accumulations 

Geopressured systems are composed of rocks that contain fluids at pres
sures far greater than normal (hydrastatic ). Knapp et al. ( 1977) presented an 
explanation for the existence of these high-pressure zones. Briefly, these 
zones have a highly impermeable overlying formation that prevents the 
migration of fluids out of the zone and, thus, causes the fluids saturating this 
zone 10 partially bear the overburden load. This tesults in an increase in the 
fluid pressure. Pressure gradients in a geopressured zone usually approach 
lithostatic pressure, i.e., 1 psilft. The geopressured sediments have a low 
therrnal condu'ctivity and high heat capacity, causing the system's tempera
tu re 10 be high. The most importan! geopressured zone known 10 date is the 
Gulf Coast region of the United States, which extends on land and offshore 
from Texas lo the Mississippi estuaries. 

Fluids contained in geopressured systems are commonly saturated with 
methane. At the pressures and temperatures encountered, the quantity of 
methane associated with water saturating the system can be iniportant. This 
is an additional benefit that can be obtained from the exploitation of these 
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accumulations. Another factor that augments the solution of methane in the 
water of these reservoirs is water salinity, which is lower under the geopres
sured conditions than at normal conditions (Burst, 1969). Low-salinity 
waters can hold more methane in solution than high-salinity waters. 

Dry (Hot-Rock) Formations 

Hot dry formations are systems that do not contain water to act as heat 
transport medium. The incidence of thi.s type of geothermal resources is far 
greater than that of the fluid-saturated geothermal sites (Bumham and 
Stewart, 1973). These resources can be an importan! energy supply, pro-

-vided that means can be found to extrae! and use such heat economical!y. 
The most simple, practica!, and economical way to recover heat from these 
systems is introducing water into the formation, permitting it to circulate 
until it has been heated to a sufficiently high temperature, and then recov
ering the fluid as steam or hot water (Smith et al., 1973 and 1975). 

Frequently, dry formations have very low permeability, and the problems 
of containing and recovering the injected water can be overcome by means 
of creating flow passages of sufficient surface area, through which water can 
flow for economically long periods of time. This would allow heat recovery 
through contact of the water with the surface area of the flow passages. The 
basic heat extraction system tested to date consists of an injector and a 
producer well, intercommunicated by a hydraulic fracture. 

Geothermal systems saturated with fluids ( convective systems) can be 
classified on the basis of the location of their initial conditions on a pressure
temperature diagram. Such a classification has been presented by Whiting 
and Ramey (1969) and by Martín (1975). Figure 9-1 presents a pressure
temperature diagram for pure water. The solid line is the boiling curve. 
Similar diagrams for geothermal brines should be modified to include the 
effect of dissolved salts. 1t is helpful to examine events subsequent to 
producing a reservoir al different assumed initial conditions. 

Severa! points in Figure 9-1 must be considered. Point A represents the 
initial conditions for a single-phase (steam) reservoir that initially existed 
entirely within the vapor region. There is no formation of hot water because 
reservoir conditions prohibit it; therefore, the flow is isothermal and the 
boiling curve is not crossed. At the end of production. the temperature of 
the reservoir would be high. Thus, additional energy can be recovered by 
water injection. Point B represents the initial conditions for a rcservoir; 
these conditions fall on the vapor pressure curve and, consequently, there 
are two phases (hot water and steam) originally present in the reservoir. Thc 
analog of this reservoir in petrolcum reservoir engineering is the gas-cap 
reservoir. According to Whiting and Ramey (1969)~ for this system produc
tion is a mixture of hot water and steam that could rangc from saturatcd 
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liquid to saturated steam. Point e corresponqs toa reservoir that originally 
had only hot water. The production mechanism is such that eventually, as 
reservoir pressure declines, the conditions of the vapor-pressure curve will 
be reached. From then on, production is similar to that of reseriloir B 
previously discussed. Whereas the reservoir fluid is hot water. the flow in the 
reservoir is essentially isothermal and isoenthalpic. When the vapor pres
sure curve is reached, the pressure and temperature decline a long this curve. 

Point D in Figure 9-1 corresponds to a reservoir that originally existed at 
conditions of pressure and temperature above the critica! values. As pres
sure-dedines dueto production, a reservoir of this typc would eventual! y 
become similar to reservoir A. These reservoirs usually do not exhibit 
pressure-temperature conditions that could result in crossing the vapor
pressure curve. Point E represents a reservoir whose initial condition of 
pressure is higher than the critica! pressure. Due to production from the 
reservo ir, pressure will decline, and the reservoir eventually will be come 
similar to reservoirs e and B. 
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Table 9-1 
Assessment of Geothermal Systems 

Sltuatlon 
system 

Vapor-dominated 

Liquid-dominated 

Dry (hot-rock) 
formations 

Geopressured (hot) 
accumulations 

Technology Envlronmental 
lmpact 

Established Small 

Partially Potentially 
established large 

Only Unknown 
partially 

. developed 

Only Unknown 
partially 
de~eloped 

Economlca Resource 
avallablllty 

Attractive Limited 

Known but Limited but 
uncertain significant in 

sorne areas 

Partially Potentially 
known large 

PartüiUy Limited but 
known significant in 

sorne areas 

From. the previous discussion and according to Whiting and Ramey 
(1969), it can be inferred that for performance prediction purposes, it is 
necessary to know mass production and enthalpy of the produced fluids. It 
has also been pointed out that the reservoir rock is an importan! potential 
source for energy recovery. 

lt is of interest to know in a general sense what are the state of technology 
development, environmental impact, economics. and availability of the 
different geothermal systems. Table 9-1 shows such type of information for 
pn!sent conditions (Davis and Golan, 1974). A striking fact drawn from this 
table is that our knowledge is more complete for those resources that are 
limited in extent. If geothermal energy is to be an importan! worldwide 
source of energy. the technology for energy recovery from dry (hot-rock) 
formations has to be fully developed. This will need an extensive research 
program to evaluate all aspects related to these systems, e.g., environmental 
impact, economics, and the necessary technology development. Such efforts 
are presently under way (Smith et al., 1973; Murphy, 1975). 

Pressure Translent Analysls for Geothermal Wells 

Transient pressure testing consists of recording the pressure variation 
versus time in the well or neighboring wells alter the flow rate of the well(s) 
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is changed, and, subsequently, estimating the reservoir and well properties. 
This technique estimates these data at the in situ conditions of pressure, 
temperature, and fluid saturation prevailing in the reservoir. From the 
analysis of pressure transient tests, among other data, the following infor
mation can be obtained: 

l. Permeability thickness product (kh) in the drainage volume of the well 
and permeability (k) 

2. Condition of the well, represented by the skin factor (s) 
3. Average pressure within the drainage volume (p) 
4. Porosity of the drainage volume ( <l>) · 
5. Pore volume of the reservoir (vp) and its shape 
6. Reservoir and fluid discontinuities (faults, etc.) . 

'. 
This information would be extremely usefuJ lO help analyze, improve, and 

forecast reservoir performance. Ramey (1975) presented an example of 
practica! use of this data. He stated that quantitative information on these 
listed items would answer questions that are usually raised, such as: ls the 
low productivity of, a well ca u sed by plugging of the well, low formation 
permeability, or a low driving force andlor formation capacity for moving 
fluid into the well? 

Thus, transient pressure testing is an extremely useful tool for reservoir 
diagnosis. Transient pressure testing is sometimes referred to as a practica! 
application of reservoir engineering (Dake, 1978). In specific situations 
(Earlougher, 1977), it is indispensable to have corree! well or reservoir 
analysis; for example, in defining near-wellbore and inter-well conditions as 
opposed to composite properties that would be obtained from steady-state 

tests. 
To carry out a transient pressure analysis of field data, it is importan! to 

choose or obtain an adequate mathematical expression that can be used for 
interpretation and design of the test. This expression can be derived by 
properly combining the physical laws that describe the specific fluid flow 
problem in the reservoir, and considering the production condition of the 

well. 
Transient pressure tests can be classified in two main types: single we/1 

tests. and multiple we/1 tests. Single well tests, as the name indicates, are 
those that involve only one well, producer or injector. These tests require 
measuring the well's pressure response alter arate change has taken place. 
On the other hand, multiple well tests directly involve more than one well. 
In tests like this, arate change in a well called "active" crcates a pressure 
response in a neighboring "observation" well. Both pressure responses for 
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single and multiple wells can be analyzed for reservoir properties. The most 
importan! well tests are: 

l. Single we/1 tests- drawdown tests, buildup tests, injectivity tests, falloff 
tests, and multiple-rate tests. 

2. M u/tiple we/1 tests- interference tests, and pulse tests. 

Figure 9-2 shows a schematic representation of the variation of the mass 
flow rate w and pressure versus time during three different types of transient 
pressure tests. Figure 9-2a represents a drawdown test; Figure 9·2b, a 
buildup test; and Figure 9-2c, a two-rate test. The most simple pressure 
drawdown test consists of a series of bottomhole pressure measurements 
made over a period of time with the flow rate constan!. Before the test,, 
pressure throughout the reservoir should be uniform, i.e., static. lf the 
constan! rate production and the static pressure condition are not met, 
alterna ti ve methods are available (Matthews and Russell, 1967; Earlougher, 
1977). Depending on the purpose for which they are performed, there are 
two types of drawdown tests: (a) shorHerm drawdown tests to estímate the 
formation permeability and wellbore condition; and (b) long·term or reser· 
voir limit tests to estímate the reservoir volume. 

A pressure buildup test consists of a series of shut-in bottomhole pressure 
measurements, Pw.• , made immediately before and al times t:.t after shut-in. 
Again, the most simple buildup test involves a·well that produced with a 
constan! flow rate, w, for a period of time before shut-in (Figure 9-2b). 
Buildup tests are conducted in wells for similar purposes as drawdown tests; 
namely to estímate the flow capacity of the formation, kh, in the drainage 
volume; to estímate the well condition, s; and to determine the average 
(static) pressure in the reservoir. 

A two-rate test is a particular case of a multiple·rate test. lt consists of a 
series of flowing bottomhole pressure measurements m a de at times t:.t after 
arate change of the well (Figure 9-2c). The two-rate tests provide informa· 
tion about formation permeability, wellbore condition, and average drain· 
age volume pressure at the start of the test. 

Whereas drawdown and buildup tests are conducted in production wells, 
theircounterpart in injection wells are the injectivity and the fallofftests. An 
injectivity test consists of a series of bottomhole pressure measurements, 
Pwt• made over a period of time with the injection flow rate being constan!. 
The type of information that can be obtained from the analysis of these tests 
is the same as from drawdown tests. A falloff test consists of a series of 
bottomhole pressure measurements made immediately before and at tim¿s 
t:.t after stopping injection. Once more, the most simple falloff test is that 
where injection rate, w, is constan!, until the well is shut-in at time 1. The 
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Figure 9-2. Variation o! mass llow rate and bottom·hole pressure versus time for 
various pressure transient tests. 

possible information to be obtained from these tests is the same as from 
pressure buildup tests. 

Mu/tip/e-we/1 transient tests consist of a series of pressure measurements of 
the pressure response in one or more observation wells. after arate change 
on an active neighboring well. The'most simple multiple-well transient test 
involves only one active and one observation well. Analysis could also be 
made of pressure response when there are more than one active and obser· 
vation wells, but it will be more complicated. Figure 9-3 schematically 
illustrates the use of two wells in an interference or pulse test. The obser· 
vation well is shut-in for pressure measuring purposes. As discusscd by 
Matthews and Russcll ( 1967), the na me "pressurc intcrferencc" comes from 
the fact that the pressure drop, caused hy the active (producers or injectors) 
wells, at the shut·in observation well "interfcres with" the pressure at the 
observation well. 

In an interference test, the duration of the rate change is long, in contras! 
to the shorter duration of rate changc in a pulse test, but thc analysis 
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Figure 9-3. Schematic of an active and observation well in an 
interference test. 

technique for reservo ir prope~ties is more elaborate. Multiple-well tests can 
give information about reservoir properties that cannot be obtained from 
ordinary single well tests. For instance, it is possible to estimate reservoir 
connectivity. A test like this m ay answer such questions as, Is the are a of the 
reservoir closed toa well being"drained by other wells and. if so, how fast? 
This test would also help to determine the preferential reservoir flow pat
terns. This could be accomplished by selectively opening wells that surround 
the shut-in well. 

Because flow in a geothermal reservoir can be steam, hot water, or a 
mixture of steam and hot water, it is importan! to understand analysis 
techniques for these three different cases vis-á-vis sorne of the most used 
pressure transient tests. 

Translent Pressure Analysls for Steam Wells · 

Dueto the fact that single-phase (steam or hot water) flow in geothermal 
reservoirs is essentially isothermal (Whiting and Ramey, 1969), transient 
pressure analysis techniques are usually based on a strict analogy with the 
single-phase isothermal flow techniques developed by petroleum engineers 
and hydrogeologists. The laminar flow (a) of a slightly compressible fluid in 
a radial, horizontal, isotropic reservoir, (b) under the condition of small 
pressure gradients in the reservoir and applicability of Darcy's Jaw. and (e) 
assuming that the rock and fluid properties are independent of pressure is 
expressed by the diffusivity equation (Muskat. 1938; Matthews and Russdl. 
1967; Earlougher, 1977). For convenience, the solution to this reservoir fluid 
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flow problem is usually expressed in dimensionless form. The following 
groups have been defined by Ramey (1975) and Ramey and Gringarten 
(1975), where a and B are unit constants: 

Dimensionless pressure for flow of steam-

Po (ro lo ) = Mkh (pf - p2
) 

OCWfL Z T 

Dimensionless time--

lo = /Jkl 
el> IL e, r!, 

' 
Dimensionless radial distance--

r 
ro= 

(9-1) 

(9-2) 

(9·3) 

If a consisten! set of units is used, th~n these constants will ha ve a value 
equal to one. Table 9-2 shows sorne of the most used unit systems, and the 
corresponding values for a and B. 

The pressure in the reservoir at any point in space and time can be 
estimated from Equation 9-1 if the particular p0 for the system under 
consideration is knowp. The dimensionless pressure p 0 is a function of the 
type of system, infinite or finite, and of the boundary conditions, rate or 
pressure specified. For a well producing ata constant flow rate w, assuming 
that the conditions for the flow of a fluid of constan! and small compressibil
ity apply, and for infinite acting conditions, the p 0 can be expressed by the 
line source solution (Earlougher. 1977): 

Po (ro lv) = - -1
- E1 (,- ,.¡, ) 
2 4t0 

(9·4) 

For transient pressure analysis purposes, the pressure of interest is the 
wellbore pressure. For this condition, r = r ... and combining Equations 9-1, 
9-2,9-3, and 9-4, and using the Jogarithmic approximation to.the exponen
tia! integral, an expression for the wellbore pressure can be obtained as 
follows: 

WfLZT 

Mkh [ 1 
kt . 4fJ 

og __ ___,_ + log -~- + 
<f>~ e, r~ , 

O.Hó859s l (9-5) 
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Table 9·2 
Absolute and Hybrld System of Units Uséd In Geothermal Reservolr 

Englneerlng 

Variable_ Slsystem• Hybrld system 

k metre2 
md 

h m m 
p Newtonlmetre2 = pascal kg,lcm2 

w kglsec ton/hr 
v,. metre3/kg cm3/gm 
8 metre3 " /metrC:3 • • metre-' ,..lmetre3 u 

IL kglmetre .. sec cp 
1 sec hours 
~ fraction rr'action 
e, (Newton/metre2)" 1 (kglcm2)"1 

r metre metre 
r. 26.1201 77.459 X 10-' 

fJ 1 0.000348 
5 112 " 456.7869 

• 112 " 112 " 
'1\ 2.6465 27 

• SI is the abbreviation for International System of Units. · 
•• re stands for reservoir conditions and se for standard conditions. 

where -y = l. 7810724, and log = base 10 logarithm. 

This equation can be u sed for interpretation of a steam drawdown test. 1t can 
be observed that it describes a straight-line relationship between p~1 and log 
1. Theoretically, a plot of flowing bottom hole pressure data versus the 
logarithm of time (usually called a "semilog plot") should be a straight line 
with slope m, given by the following expression: 

m = 1.1513 <rw 11. Z T (9_6) 
Mkh 

mM 
(9-7) 

By rearranging Equation 9-5. an expression for the skin factor. s. can be 
obtained: 

s = 1.1513 [ pf -mp,'h• - log \ :-Iog~] 
<!Jil.c,r •. -y 

(9-8) 
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For pressure buildup testing, the bottomhole shut-in pressure of the well 
may be expressed by means of the principie of superposition for a well 
producing ata rate w until time 1 (Figure 9-2b), and at zero rate thereafter. 
Thus, at any time after shut-in, the wellbore pressure may be expressed as 
follows: 

P;,s = p' _ 4'1 W¡J. Z T 
' Mkh [Po (r + Ar)o - Po (Ato)] (9-9) 

Substituting Equation 9-5 into Equation 9-9: 

P;,s = pf - m log ( 1 :,Al ) (9-10) 

This equation can be used for interpretation of a buildup test. lt describes a 
straight-Iine relationship between p;,s and log (1 + Ar) 1 At. Theoretically, a 
plot offlowing bottomhole pressure data versus the log (1 + Ar)/Atshould be 
a straight !in e with slope m given by Equation 9-6. Figure 9-4 shows a· 
schematic Homer plot of pressure buildup data. The straight-line portian of 
the Homer plot can be extrapolated to (t + At) 1 At= 1, the equivalent to 
infinite shut-in time, to obtain an estimate of Pi· This is only valid for infinite 
acting systems during the flow period. After the txterior boundary affects 
production, the extrapolated pressure is p*. This value can be used to 
estimate the average drainage volume pressure (Matthews et al., 1954). As 
pointed out by Matthews and Russell (1967), an equation describing the 
pressure behaviorfor an infinite acting reservo ir may be immediately rewrit
ten for the finite reservoir case by substituting p* by Pi· 
The skin factor, s, m ay also be estimated from pressure buildup analysis. An 
expression for this factor can be obtained by combining the expressions for 
flowing and shut-in pressures as given by Equations 9-5 and 9-10: 

s = 1.1513 [ p,'h• - p;,, (At = O)- log \ - log~) (9-ll) 
m <IJii e, r w -y 

In this equation, p;,1 (At = O) is the measured flowing bottomhole pressure 
immediately befare shut-in. The p¡2h, pressure must be obtained from the 
straight line portian ofthe pressure buildup test 1 hour after shut-in. or from 
its extrapolation if the straight-line portian of the test has not been reached 
at this time. This also holds true for other types oftests, as for the drawdown 
test previously discussed. 

The early deviation of a transient pressure test from a straight line may be 
caused, among other factors, by wellbore storagc (van Everdingen and 
Hurst, 1949; Ramey, 1965; Agarwal, et al., 1970). This can be caused by 
expansion or compression of fluids in the wellbore and by liquid leve! 
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sure buildup data. 

movements in the wellbore. Thi .s effect has to be properly considered for 
accurate test design and interpnoetation. 

Examp/e 9·1: Pressure Buildup Test Analysis-Horner Method 

This example is a pressure bu1ildup test analysis for the Geysers Steam 
Well C, presented by Ramey (1•P75). The reservoir data regarding this test 
were: 

w = 102.3 ton/hr T = 515°K 
= 552 hr M = 18 g/g mole 

r. = O. 122 ni m = 210 (kglcm2 )
2/log cycle 

f.l = 0.0225 cp ,¡ "' = 1.047 (kg/cm2
)' 

e = 0.037 (kgicm2
)'

1 
:• ;, = 262 (kglcm2

)
2 

Z = 0.84 p' 2 = 1.333 (kg/cm2
)
2 

Total depth = 1,120 m: op•'"" hole is below 155m. 

Figure 9.5 shows a semilogarir:-.nmic plot of test data. As previously men
tioncd, wellbore storage affects; :ransient prcssure behavior and, thcrcforc. 
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Figure 9-5. Horner buiidup graph for Geysers Steam Well C. (Alter Ramey, 1975, 
Fig. 7, p. 1753) 

should be considered in all transient pressure analyses. This will be consid
ered later in this chapter. A straight line appears to start at a ratio approxi
mately equal to 1000. Thiscorresponds toa shut-in time of0.55 hr. From the · 
slope of the straight-line portian of !he test pressure plot and Equation 9-7, 
the product kh may be estimated: 

kh 
1.1513 (77.459 X 103) (102.3) (0.0225) (0.84) (515) 

(210) (18) 
= 23,491 md-m 

The skin factor can be estimated by using Equation '1-11. lnasmuch as no 
data about the average drainage vol u me pressure at the start of the test. p;. 
and porosity <l> are given. it cannot be computcd for this particular example. 

Translent Pressure Analysls for Hot-Water Wells 

As previously mentioned, the reservoir fluid flow of hot water can be 
described bascd on a strict analogy with the single-phase isothcrmal flow 
techniqucs. Once again, it is assumed that flow in thc reservoir is approxi
mately described by the diffusivity cquation. For hot-watcr rcscrvoir flow 
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probiems, the dimensionless pressure group has been definéd by Ramey 
(1975) as follows: 

Po (ro lo) = kh (p¡ - p) 
B Vsc wB 11 

(9-12) 

where Bis a conversion unit constan! (Table 9-2). 
For a well producing ata constant flow rate w, and considering that all the 

assumptions rríentioned for the reservoir steam flow problem hold, Equa
tion 9-12 can be combined with Equation 9-4, for conditions at the wellbore, 
r=rw. to obtain an expression for the wellbore pressure: · -- .-

P..¡ =p¡ ~ 1.15135 vsc wBI1 [log kt + log 4/J +0.86859s](9-13) 
kh el> 11 e, ,.;, "Y 

This equation can be used for interpretation of a hot-water drawdown 
test. Theoretically, according to Equation 9-13, a plot offlowing bottomhole 
pressure data versus the logarithm of time should be a straight line, with 
slope m given by the following expression: 

m l.l513B v"w fj 11 

kh 
(9-14) 

From this expression, the now capacity of the formation can be obtained: 

kh = 1.15131) v" w fJ 11 
m (9-15) 

An expression for the skin factor, s. can be obtained by the rearrangement 
of Equation 9-13: 

s = 1.1513 [ p¡ -mp,h, - log · __ k.;__ 
~J.L ct r~ log7-] (9-16) 

The basis for pressure buildup analysis is thc principie of superposition. 
Following a similar procedure as for the stcam reservo ir flow problcm, an 
expression for thc shut-in bottomholé pressure. p •. , can be written as 
follows: 

Pw., = p;- · (t + at) 
m log----at (9-17) 
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This equation can be used for interpretation of a hot-water buildup test. 
Theoretically, according to Equation 9-17, a plot of flowing bottomhole 
shut-in pressure data versus the log (t+ llt) /llt should be a straight line with 
slope given by Equatiori 9-14. A schematic Horner plot of pressure buildup 
data would look like that shown in Figure 9-4 for a steam well, with p~, 
being replaced by Pw, . With regard to the extrapolation of the straight-line 
portion ofthe buildup curve, for infinite shut-in time, (1 + ll.t)lll.t = 1), the 
pressure obtained is p•. This can be used to estimate the average drainage 
volume pressure. 

The skin factor, s, may also be estimated from pressure buildup analysis. 
r An expression for this factor can be obtained by combining the expressions 
j for flowing and shut-in pressures, gi.ven by Equations 9-13 and 9-17_: 

! 
s = 1.1513 [ Plh• - pm (llt = 0) - log ~-"-k::-- log 

4/J ] (9-18) 
<f>fJ. C1 r;. 'Y 

Everything that was discussed regarding p..¡ (ll.t = O) and p 1 h~ for the 
steam flow problem, applies for this hot-water flow problem. With respect 
to the wellbore storage effect, it can affect a transient pressure test in much 
the same way as for a steam well (Gringarten, 1978). . 

The transient pressure analysis theory jusi presented for hot-water wells · ' 
can befar more complex, if two-phase flow develops, either in the wellbore 
or in the formation. The petroleum engineering and hydrogeological 
methods of analysis ha ve been shown to apply correctly to geotherrnal wells 
when no flashing occurs (Witherspoon, 1978). When· flashing develops in 
the formatiori, however, they apparently cannot be used (Gulati. 1975; 
Garg, 1978). Jt was only recently (Rivera and Ramey. 1977; Gringarten. 
1978) that information on flashing occurring in the wellbore beca me availa
ble. This is chiefly dueto mechanical problems caused by the hostile. hot 
geothermal environment. and high flow rates of boiling tluids, making 
difficult the data gathering of bottomhole pressure, because the recording 
instruments could be easily damaged under these conditions. 

Another type of test that has been successfully used in hot-water wells is 
multip/e-rate testing. lt is often inconvenient to shut-in a well for a pressure 
buildup survey bccause it involves loss of production and sometimes it is 
difficult. for a varicty of reasons. to start production after thc survey. Also, 
the previously described drawdown testing techniques of analysis require a 
constant fiÜw rate. There are many cases where it is impractical or impossi
ble to maintain a constan! flow rate long enough. and this type of simplificd 
pressure drawdown test cannot be carried out. Multiple-rate tcsting. therc
fore, appears frequently asan alternativc for the determination of rcscrvoir 
parameters. Multiple-rate tests may range (Earloughcr, 1977) from onc with 
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uncontrolled. variable rate, to one with a series of constan! rates, to one at 
constan! bottomhole pressure conditions with a coñtinuously changing flow 
rate. This type of test has been used with great success for hot-water wells 
(Rivera and Ramey, 1977; Gringarten, 1978; 5altuklaroglu and.Rivera, 
1978). One particular case of a multiple rate is when there are only two 
different flow rates. This type oftest, which is called two-rate (Russell, 1963) 
simplifies testing and analysis. Multiple-rate tests provide information about 
formation flow capacity and well conditions, represented by the skin factor. 
The average drainage volume pressure prevailing at the beginning of the test 
can also be estimated. 

To develop a general equation, the pressure test is divided into intervals 
during each of which production rate can be considered constan t. The flow 
rate-time schedule is as follows: 

w = w,, o :s;;; t.:=::; ft 
w = w2, 11 ~ t ~ {2 

w = W.J, r2 :s;;r:=;;:t3 

This discretization of a possible continuously changing flow rate may be 
improved as the time intervals become smaller. The pressure drop during the 
time period N can be expressed by means of the principie of superposition 
and Equation 9-13: 

• V.\c/3JL N 
P•f = - 1.1513& kh :I-, (w¡- w¡.,) log (1-1¡. 1) + p¡ 

. 1 

- 1.1513& v,r wNf!.fL [log k 
2 

+ log~ + 0.86859 s](9-19) 
kh <l>fLC, r •. "f . 

This expression can be rearranged in the following form: 

p¡ - Pwr = L 1513& v,r {J fL 
WN kh 

+ 1.1513& + log ~ + 0.86859 s ] (9-20) 

Equation 9-20 is the interpretation equation used for a general hot-watcr 
multiple-rate test. lt describes a straight-linc rclationship of slopc: 
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( 

SLOPE =m'- U5!3Svsc Bl' 
kh 

~f OL--------~----------------~ 
~ tW¡- W¡-,1 log (1-1¡-1 1 
l=l WN 

Figure 9-6. Schematic representation of a multiple-
rata test. 

m' = L 1513& "'e ¡J fL 
kh 

and intercept: 

b' =m' [lag k 
2 

+ log ~p + 0.86859 s ] 
<l>fL e, r.. , 
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(9-21) 

(9-22) 

Multiple-rate pressure transient data follow a straight line when plotted in 
Cartcsian coordinates as shown in Figure 9-6: 

N 

v,_ l 
j ... 1 

log (1 - 1¡. 1) (9-23) 

Earlougher (1977) clearly stated that in arder to plot it correctly, it is 
important that the rate corresponding to each plotted pressure point is wN. 
the las! rate that can affcct that pressurc. As time gocs on, the number of 
flow rates may increasc and the las! rate may change; but each prcssure is 
identified with the rate occurring when that pressurc was measured. lt 
should be clcar that there m ay be more than onc pressurc reading associated 
with one specific ratc. 1t is importan! lo keep in mind that this multiplc-rate 
theory assumes transicnt flow conditions throughout the whole test. This is 
due to the fact that the interpretation equation has becn derived based on 
the line source solution, only valid for infinite acting systems (transient flow 
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conditions). Thus, the separate flow periods should be of short duration so 
that transient flow will prevail at each rate through the whole test. 

From the slope of the multiple-raie pressure curve, given by Equation 
9-21;the· formation permeability may be estimated as follows: 

k = _1_.1_5_13_1l,..,vs;"c-'fJ'-'11'-
m' h 

(9-24) 

Also, from the intercept of the pressure curve, given by Equation 9-22, the 
skin factor, s, can be estimated: 

s = 1.1513 [ _b_', - Iog __ k-=- - 1og? ] 
m <1>11 e,,; , 

(9-25) 

Example 9-2: Multiple-Rate Test Analysis 

This test, which was made for a hot-water well, ASAL 1, 1ocated in the 
French Territory of Afars and Issas (now Republic of Djibouti), was pre
sented by Gringarten (1978). F(ashing of the hot water occurred at sorne 
depth in the wellbore. The mass rate offlow variation is shown in Figure 9-7. 
The pressure data measured during the second 6-in. buildup test (flow 
period No. 4), was graphed (Figure 9-8) in a s1ightly different manner than 
that just described. Gringarten plottedpw¡, instead ofthe group (p, - Pwf )/ 
wN, and the time units used were minutes instead of hours. The pressure 
coordinate was changed because of uncertainty of the average drainage 
volume pressure for this well, p¡. Otherwise, the method of analysis is the 
same. Figure 9-8 shows a straight-line portion of slope m' = 3.6 x 10'3. 

Other data needed to analyze the test is 11 = 0.2 cp and v = 1.25 x 10'3 

m3/kg, which is equivalen! to vscB in Equation 9-21. Substituting these 
values into Equation 9-21 and se considering the change of units (Gringar
ten's eq. 5, p. 3) yields the following equation: 

kh 

= 

0.228 V 11 
m' 

= _...:oc:.:.2:=2.:..8 -::< 1:..::. 2=5_x-71:::0">'
3

)_,(.:.c0 ·.::2 )'---
3.6 X 10"3 

15.9 darcy-meter 

The calculated average drainage volume pressure from the test is 76.6 bars 
(1 bar = 14.503 psi), which agrees reasonably with a measured value before 
the test of 77.4 bars. 

lt can be observed from Figure 9-8 that deviations from the straight fine 
occur at short times (portion a-b, Figure 9-4) and at long times (portion e-d. 
Figure 9-4). lt will be discussed thatthe short-time deviation (for buildup 
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Figure 9-7. Mass flow rata changes during ASAL 1 tests. (Alter Griligarten, 1978, 
Fig. 2, p. 6, by permission of the S.P.E. of A.I.M.E.) 
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Figure 9-8. ASAL 1 pressure buildup test (6". outlet, flow period #4) (Alter 
Gringarten, 1978, Fig. 7, p. 9, by permission of the S.P.E. of A.t.M.E.) 
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times less than 20 minutes) is caused by wellbore storage effects. For long 
times (buildup times greater than 6 hours), the data points deviate from the 
straight-line portian of the pressure curve because of steam condensation in 
the wellbore. 

lnterference Testing for Geothermal Reservoirs 

Interference testing is preferred in sorne instances over single well tests 
depending on the type of inforrnation required (Rivera et al., 1978). lt has 
been previously mentioned that importan! data like reservoir connectivity 
and porosity can be estimated from analysis of these tests. Reservoir connec
tivity is an importan! factor because the number of wells in a Teservoir 
usually increases, causing mutual interference of wells. The application of 
these tests to hot-water geothermal reservoirs has been successfully re
ported in the literature (Witherspoon et al., 1978; Rivera et al., 1978; and 
Narasimhan et al., 1978). 

lnterference tests are usually analyzed by a type curve matching tech
nique. The type curve used is the line source solution, for an infinite acting 
system, plotted on a log-log paper in t~rms of p vs 10 /r0 

2 (Ramey et al., 
1973; Earlougher, 1977). Figure 9-9 presents this type curve for a well 
located in an infinite acting system. The type curve matching technique 
consists of plotting the observation well pressure drop, Ll.p, - p, on the 
ordinal e versus flowing time./, on fhe abscissa of a log-log paper ofthe same 
size as in Figure 9-9. Normally, a tracing paper is placed over the type curve, 
and the major grid lines are traced for reference. The grid lines ofFigure 9-9 
(not shown) are used to plot actual data on the tracing paper. Next, the data 
plot is moved vertically and horizontally over Figure 9-9, keeping the grids 
of the type-curve and those of the data plot parallel to each other·until the 
best match is obtained with the type-curve. A convenient match point is 
pierced and the values of (Ll.p)M and (t)M are read from the data plot. The 
corresponding points lying directly under this point on Figure 9-9 are (p0 lM 
and (10 lM· The-formation perrneability is estimated from the pressure 
match-point data and the definition of p0 is given by Equation 9-12: 

(9-26) 

In a similar way, the porosity comprcssibility product is estimated from 
the time match-point data and the definition of lo and r 0 by Equations 9-2 
and 9-3: 
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Figure 9-9. Dimensionless pressure for a single well in an infinita system, no 
wellbore storage, no skin. Exponential-integral solution. (Alter Earlougher, 1977, 
Fig. C.2, p. 194, by permission of S. P.E. of A.l.M.E.) 

(9-27) 

This type of curve analysis method is simple, rapid, and accurate, pro
vided the conditions for applicability of the line so urce p0 solution are met, 
i.e., when r0 .=rlrw > 20 and 10 /r l, > 0.5 (Earlougher, 1977). 

Example 9-3: Type Curve Matching Analysis of a Pressure 
lnterference Test 

This is a pressure interference test carried out in the liquid-dominatcd 
Cerro Prieto Geothermal Field. locatcd in Mexico. Thcsc results are takcn 
from a paper by Rivera et al. (1978), and involved one observation well 
(M-101) and four active wclls (M-50, M-51, M-90, and M-91). The early 
pressure drop response at the observation well M-IUJ was analyzed, while 
the only active well was M-91 and the other three wells were shut-in. Figure 
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Figure 9-10. Type curve match of an interference test. 
active wells M·91, M-90, M·51, M·50. Observation well M· 
101. Cerro Prieto Geothermal Field (Alter Riviera et al., 
1978, Fig. 5) 

9- JO shows the type-curve match presented by these authors. Other related 
data for the test were: 

w =185.3 ton/hr 
v>< = 1.043 cm3/g 

f3 = 1.185 metrc~, /metre~,
IJ. =0.!017 cp 
r =1550 m 

From the results of the match point data and from Equations 9-26 and 
9-27, the following estimates for the reservo ir parameters are obtained: 
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kh = 456.7869 (1.043) (185.3) (1.185) e o. !017) (1.8 x 10-
2
> 

(1) (1/14.22) 
= 2,723 md-m 

and 
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( 
0.000348) 

<!>c,h = ( 1,550)2 
2,723 ) 
0.1017 ( 

(100) (24l) = 0.0148 ml(kg!cm2). 
0.63 

Pressure Translent Analysls for Two-Phase Flow 

Up to now, most of the discussion has been based on single:phase isother
mal reservoir flow. Sometimes, how¡;ver, flow conditions in the reservoir are 
such that two-phase flow can occur, causing the flow to be non-isothermal. 
Garg (1978a, 1978b) has recent1y presented a theory for analysis of two- · 
phase pressure transient data in geothermal wells. He considered two differ
ent situations: (a) a reservoir that is originally two-phase everywhere, and 
(b) a reservoir that originally contained hot water, but after production the 
pressure drop resulted in a flashing front propagation _away from the 
wellbore. He derived a diffusivity-type equation, which resembles quite 
dosel y the diffusivity equation. This type 'of analogy has been found for 
other reservoir fluid flow problems (Manin, 1959). Based on this similarity 
of the equations that describe the flow problem, Garg derived an expression 
for the flowing bottomhole pressure for the two above mentioned reservoir 
situations: 

(a) Two-phase flow exists everywhere in the -reservoir at initial 
conditions: 

Pwt = p¡- 1:1513&-:-:--:-w-:--:- [ log (klv),t2 + log 4fJ 1 
(klv),h <!> p c,r.. "Y 

(9-28) 

(b) Hot water is present everywhere in the reservoir at initial conditions. 
with a flashing-front propagating after two-phase pressure conditions are 
reached: 

p .. ¡=p,- ow E,{-11.2)- 1.1513& w 
2[(k/v),], lt [ (k/v),],h 

[ 
log (klv),t ' + log 4/31 

<!> p(c,)l r;;. "Y 

where: (klv), = total kinematic mobility = (klv) .. + (klv), 
(klv)., = kinematic mobility for the water = k k'". p .. i¡J. •. 
(klv), = kinematic mobility for thc stcam = k k~ p)IJ., 

(9-29) 
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A = roots of eq. 13d of Garg's {1978b) paper 
1 = subscript denoting the two-phase region 

· .. Equations 9-28 and 9-29 can be used forinterpretation of a two-phase flow 
drawdown test. Theoretically, according to these equations, a plot offlowing 
bottomhole pressure data versus the logarithm of time should be a straight 
hne WJth slope m g1ven by the following expression: 

m= 1.1513Bw 
(klv),h (9-30) 

- .. _,__ -~ 

From this expression, the total kinematic mobility can be estimated: 

(klv), 1.1513Bw 
mh (9-31) 

Recently, a sound theoretical basis for the estimation of the kinematic 
mobility from pressure interference testing has been suggested (Pruess et 
al., 1978). This is an extension of Garg's theory of analysis for two-phase 
flow. 

Examp/e 9-4: Two-Phase Flow Pressure Transient Test with a Propagating 
F/ashing Front . 

This is a simulated test presented by Garg (1978b). Single-phase (hot 
water) conditions prevail for sorne time after the start of production, until 
eventually, the pressure level declines sufficiently to reach the two-phase 
flow conditions, anda flashing front propagares away from the well. Figure 
9-11 shows a semilog plot of the results of this test. At early times, up to 
about 12 seconds, hot-water flow conditions prevail in the vicinity of the 
well. From this time on, two-phase flow conditions start to be operative and 
for a period of time related to numerical approximations, the curve is 
relatively flat. Alter the numerical problem is overcome, for late times, the 
pressure data follow approximately a straight line. The computed value of 
(klv),' obtained from the slope of the straight-line portian of the pressure 
curve of Figure 9-11. and Equation 9-31, agrees well with the actual range of 
values for this parameter. 

Modern Well Test Analysls 

According to Ramey (1970), modern well test analysis specifies that the · 
well be tested for a period of time long enough to reach and define a proper 
"straight line," when pressure transient data are plotted on semilogarithmic 
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Figure 9-11. Simulated drawdown history (g}. Reservoir is initially single· 
phase everywhere (p =9.000 MPa -1,305.3 psi; T=573.15K=572"F). Abso· 
luJe permeability k lor this case is 0.01 ILm' ( -0.01 da rey) and the actual ranga 
of (klv), values for points lying on the straight fine is (0.93·1.15)10-'s. (Alter 
Garg, 1978b, Fig. 7, P. 12, by permission of the S.P.E. of A.I.M.É.) 

graph paper. It was not until the end of the '60s that pressure data recorded 
befare the straight-line portian was reached started to be analyzed. lt has 

·since been realized that this early time data could be extremely helpful for· 
test interpretation purposes. The early time data, also called "short-time 
data," are influenced by the effects of severa( factors,like wellbore storage, 
flow through perforations, partial penetration, and well stimulation such as 
fracturing or acidizing. 

Short-time data can usually be analyzed by a log-log type curve matching 
technique similar to that previously described for interference testing. The 
type curve is a log-log graph of the solution of a specific reservoir fluid flow 
problem, plotted in terms of p0 vs lo. The type curve should be chosen in 
such a manner asto closely represent the field situation. Perhaps. the most 
commonly used type curve to date has been that presented by Agarwal et al. 
(1970) and Wattenbarger and Ramey (1970) for the pressure transient 
behavior of a well, including wellbore storage and skin damage (Figure 
9-12). This type curve can be used to approximately determine the beginning 
of the corree! semilog straight fine. The curves of Figure 9-12 show an early 
unit slope straiglit-line portian, representing wellbore storage dominated 
flow conditions, followed by a tránsition to the relatively flat curves for zero 
wellbore storage. The point where the curves including wellbore storage 
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Figure 9-12. Dimensionless pressure lar a single well in an infinita system, wellbore 
storage and skin included. (Alter Agarwal, AI-Hussainy, and Ramey. 1970. Graph 
courtesy H. J. Ramey, Jr.) 

reach the zero wellbore storage curves represents the start of the corree! 
semi lag straight line. This time can be expressed (Ramey et al.. 1973}: 

'to = C0 (60 + 3.5 s) 

where: 

e D = -~·:...:::C...:B:O...:v:.!'f,;'
cj>hc,r •. 2 

and 

Co = 
T)C'ZT 

(9-32) 

for hot water 
(9-33) 

for steam. 
(9-34) 

For a good semilog analysis of the pressure transient data, the duration of 
the test should be at leas! ten times the time given by Equation 9-32. This 
would provide a minimum of a log cycle of pressure field data, allowing a 
proper tracing of the straight-line portien of the pressure curve. 

There are many typc curves presently availahle for pressure analysis of 
short-time data. The difference between them is the well condition that they 
consider, e.g .. a well with a horizontal fracture (Gringarten et al., 1974), a 
well with a vertical fracture (Gringarten ct al., 1975; Cinco et al., 197R), etc. 

.. 
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Type curve matching techniques can be used, in combination with other 
data, to identify the near wellbore conditions and, as mentioned, to deter-

. mine the corree! start of the semilog straight line. With a properly estimated 
start of the semilog straight line, the results obtained from the semilog 
analysis are more accurate !han those coming from log-log type-curve 
matching. As pointed out by Gringarten et al. (1975) a combination of 
type-curve matching "techniques with conventional semilog analytical 
methods permits a highly confident analysis of field data. 

Example 9-5: Modem We/1 Test Analysis of a Pressure Transient Test in a 
Steam We/1 

Example 9-1 showed the analysis of a pressure buildup test presented by 
Ramey (1975). The purpose of this example is to illustrate how type-curve 
matching techniques can be used to.identify the corree! start of the semilog 
straight line. Figure 9-13 shows a type-curve match ofthe buildup data to the 
type curve of Figure 9-12. Field data fairly matches the curve for c0 = 102 

and s = 5. More importan! than this, however, is the fact that the data 
reaches the type-curve for c0 = O al !;.e equal to 0.3 hour. This corresponds 
to a (t+At)/At value of 1,841. Examination of Figure 9-5 shows that, 
according to type-curve analysis, the start of the straight line has been 
correctly identified. As previously pointed out, any other information in 
addition to the start of the straight line, should only be taken in a qualitative 
sense. · 

Slmulatlon of Geothermal Reservolrs 

The word "simulate" has be en defined by Webster as "to assume the 
appearance of without the reality." To the reservo ir engineer. the term 
reservoir simulation means the process of deducing the physical behavior of 
a real reservo ir from the performance of a modcl. There are two basic types 
of models: (a) physical (for example, a laboratory sándpack), and (b) 
mathe~atical. A mathematical model of a physical system consists of a set of 
partial differential equations suhjcct to ccrtain simplifying assumptions. 
together with an appropriate set of boundary conditions, which describe thc 
physical processcs active in the rescrvoir (Peaceman, 197R; Coats. 1969; 
Crichlow, 1977). 

Reservoir simulation applies the concepts and tcchniques of mathcmati
cal modeling to thc analysis of thc bchaviorof geothcrmal rcscrvoir syskms. 
Most ~ften, the term rescrvoir simulation is uscd with rcgards to thc hydro
dynamics of flow within the rcscrvoir. but in a more general sen se it rcfcrs to 
the total geothermal systcm, which includes mainly the rcservoir itsclf. thc 
tubing, and the surfacc facilities. A simulator can be dcfincd as a group of 
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Figure 9-13. Typ~ curve match of buildup data for steam well C to the type 
curve of Figure 9.12. 

computer programs that implement the mathematical model in a digital 
. computer. 

The main purpose of simulation is to estímate the behavior of a geother
mal reservoir under a variety of exploitation schemes. This is extremely 
advantageous because the reservoir can be produced only once, and the 
model can be produced or "run" as many times as needed at cost and over a 
short period of time. From observation of model performance, under a 
variety of producing conditions, the optimum exploitation conditions for the 
reservoir can be sclccted. Sorne of the information that can be obtained from 
reservoir ·simulation studies is: 

1. Thc capability of a reservoir of producing significan! quantities of 
encrgy over mcaningful pcriods of time. 

2. The number of wclls and spacing required for optimum development of 
the rescrvoir. 

3. The cffcct of the ratc of production of thc wclls on total energy recovery. 
4. Variation of fluid temperature with time. 
5. Feasibility of implementation of an enhanccd recovery process to re

cover additional hcat. 
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Reservoir models range in complexity from simple ones for fairly homo
geneous systems, where average values for reservoir properties, such as 
permeability and porosity, are adequate to describe their behavior, lo those 
used for highly heterogeneous systems, where fragmentation into blocks 
(cells) is necessary. In arder to choose a model that would represen! a 
particular reservoir, a good understanding of the reservoir and a detailed 
examination ofthe data available (Odeh, 1969) is required. A modelthat fits 
a particular reservoir may not be appropriate for another reservoir, despite 
the apparent existence of similarities between them. As pointed out by 
Odeh (1969), a reservoir model is useful_only when it reasonably match~os 

·- ·the field situation. A general rule (Coats, 1969) that should be f.ollowed m 
reservoir simulation is to "select the /east compliciited ·model and larges! 
reservoir description, which will allow the desired estimation of reservoir •· 
performánce." In other words, the model to be used should be the simplest 
that duplicates reservoir behavior. 

The discussion presented in this section in eludes a brief review of sorne of 
the simple reservoir models (zero dimension), and of the more complex 
(multidimensional) models, suited for numerical simulation. 

Whltlng and Ramey's Model (1969) 

The model developed by Whiting and Ramey is zero dimensional because 
rack and fluid properties and pressure values are nota function of Iocation in 
the reservoir. These parameters· are calculated as average values for the. 
whole reservo ir. This type of models has also been called lumped-parameter 
models. 

This model can be u sed for performance forecasting of reservoir behavior 
(Ramey et al., 1973). Where sorne field development already exists and 
production is in progress, a mathematical model for fluid flow in the reser
voir can be postulated. The reservoir size and its productivity can be deter
mined by matching measured production data (mass produced, enthalpy 
produced, reservoir pressure and temperature, etc.) with thc corres~ondmg 
parameters of the mathematical modcl. Once all modcl parameters and 
their relationships have been identified, the model can be used for per
formance production forecasting under different assumed exploitation 
schemes. 

The model of the reservoir system developed by Whiting and Ramey is 
shown in Figure 9-14. The system contains rack. water, and steam. The 
reservoir system has a bulk vol u me V and a porosity of <l>. Thc cumulauvc 
fluid production at any given time is WP, whereas thc cumulativc heat 
production associated with this fluid production is QP. The model also 
considers heatloss, Q¿, and mass fluid loss, W1., duc to convcction in. for 
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Figure 9-14. Schematic diagram of reservoir model (Alter Whiting and 
Ramey, 1969, Fig. 4. p. 895. by permission of the S. P.E. of A.I.M.E.) 

example, hot springs, fumaroles, etc. The authors have discussed that heat 
loss, Q, at the reservoir boundary is negligible and should not significantly 
affect reseivoir behavior. Water recharge, W,, and its associated energy 
(cumulative enthalpy, H,) are also considered. 

The model of Whiting and Ramey considers the following basic assump
tions (Ramey et al., 1973): (a) thermodynamic equilibrium (temperature of 
rock, water, and steam are equal); (b) pressure and saturation are uniform 
throughout the reservoir; and (e) uniform fluid production, which implies 
that fluid production comes from all parts of the reservoir. 

A combined mass, energy, and volumctric balance gives the following 
expression: 

WP (Hp - Ec) + W1. (H 1• Ec ) + Q 

= w\E1 - Ec + [(1-<f>)i<t>][x,v.., + (1-x,)v •. , ]p,C.·AT;-T,.)¡ 

(<J-35) 

wherc: HP = enthalpy of produced fluids 
w = initial mass of hot water and stcam in reservoir bulk 

volume. V 
E = interna! encrgy 
Q = conductivc heat loss 

<1> 

X 

V 

Pr 
c., 

T 
B 

Qo (lo) 
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porosity of rack matrix 
= steam quality 
= specific volume 
= density of rock and contained fluids 

459 

= specific heat at constan! volume of reservoir rack 
and contained fluids 

= temperature 
= water recharge constan! 

dimensionless cumulative recharge, corresponding 
to dimensionless time, 10 

= pressure drop at any time n 

The subscripts p, L, e,· i, r, s, w, and e indica te produced, loss, current, 
initial, reservoir, steam, liquid water, and recharge values, respectively. The · 
model given by Equation 9-35 can be simplified, according to the situation of 
a specific reservoir. For instance, for a reservoir containing only hot water, 
this equation reduces to: ' 

(9-36) 

1t is common to find that reservoirs are associated with adjacent aquifers. 
Dueto production, reservoir pressure declines, causing the aquifer to react 
by yielding up water. If water recharge is influencing reservoir behavior, it 
has to be properly considered for accurate reservoir performance predic
tions. One of the most use fui methods for calculating water recharge is that 
of van Everdingen and Hurst (1949). Miller et al. (1978) presented an 
excellent review of water recharge into geothermal reservoirs (see also 
Whiting and Ramey, 1969, p. 897). · 

Whiting and Ramey applied the model for liquid hot water (Equation 
9-36) to the Wairakei geothermal reservoir in New Zealand. A least-mean
squares fit to the production history from 1956 to 1961 was used to obtain 
estimatcs for the initial water in place and the initial pressure. Once the 
optimum model parameters were determined, a prediction of reservoir 
performance through 1965 was made, indicating excellent agreement be
tween measured and calculated values (Figure 9-15). 

Brlgham and Morrow's Model (1977) 

Brigham and Morrow have prescnted a zero-dimensional model f~r 
vapor-dominated systems. They considered three ca~es regardmg thc dlstn
bution of hot water and steam. These authors assumed that the system IS 

closed and that energy is derived from the rock mass itself. 
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Figure 9-15. Prediction of geothermal reservoir performance. (Alter Whiting and 
Ramey, t 969. Ftg. 5, p. 898. by permtssion of the S. P.E. of A.I.M.E.) 

The first system is completely filled with steam with no water present. 
Flow in this system is essentially isothermal, beca use the heat capacity of the 
rack is large compared with that of steam. Then, in arder to study the 
system's behavior only a mass balance needs to be taken. Under these 
reservoir flow conditions, a steam reservoir can be treated as an ordinary 
petroleum gas reservoir (Craft and Hawkins, 1959), where average reservoir 
pressure divided by the gas deviation factor, p/Z, is plotted versus cumula
ttve production, resulting in a straight line. The intercept on the abscissa is 
equal to the original mass of fluid in place, m,,. The equation can be 
presented as follows: 

P¡IZ¡ 

where: = reservoir pressure 
= mass of steam 

(p,IZ,) (mlif) 
m;¡-

= mass of steam produced during a depletion step 

(9-37) 

= subscript for the initial conditions of a depletion stcp 
= subscript for the end conditions of a depletion step 

The reserve forecasting procedure, using Equation 9-37, will be used to 
compare predictions for the other two cases. 
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The second model considers that the steam zone is separated from an 
underlying liquid zone by a horizontal interface at which boiling takes place. 
As steam is produced, water boiling will take place, resulting in a liquid leve! 
drop; thus its name, the falling liquid leve/ model. Flow in the steam zone is 
assumed to be isothermal, whereas on the water zone non-isothermal flow 
conditions would prevail. A mass and energy balance is made for the water 
zone. 

The third model also considers that the steam zone has an underlying 
liquid zone, but assumes that liquid boiling takes place throughout the whole 
liquid zone, and that liquid leve! does not drop. This model is called the 

¡ constant liquid leve/ model. Consequently, in this system steam saturation 
will continuously build up within the liquid zone. The energy equation for 
this system resembles that of Whiting and Ramey (1 %9), with the exception 
that only steam flows out of the system. The authors ha ve sol ved the falling 
liquid leve! and the constan! liquid leve! models for three hypothetical 
reservoirs, having porosities of 0.05, 0.10, and 0.20. It was assumed that the 
volume of the steam zone was the same as the volume of the liquid zone. 
Calculations were also m a de, but not reported, for systems having a ratio of 
steam to liquid zone of 9, which showed results very el ose to !hose for a unity 
ratio. 

Figure 9-16 shows the results of these authors for a steam falling liquid 
leve! system (their fig. 1). From the results of this figure and from other 
results shown by Brigham and Morrow, the following conclusions ha ve been 
made. For low-porosity reservoirs, an extrapolation ofthe p!Z versus cumu
lative produ!'tion plot will be too optimistic, whereas for high-porosity 
reservoirs it will be pessimistic. A porosity of about 0.10 will give approxi
mately corree! predictions. The constan! liquid leve! model predicts higher 
recovery for a given reservoir pressure than the falling liquid leve! model. 
The presence of even a small water zone in the lower ponían of the system is 
an importan! fraction of total system's mass, and can significantly affect the 
p!Z prediction procedure. Final! y, they concluded that the steam zone ofthe 
reservoir remains isothermal whether or not there is a water boiling zone 
below the steam. This causes characterization problems, because pressure, 
temperature, and enthalpy measurements are not sufficient to determine 
the original state of the reservoir fluid system. An application of the p!Z 
versus cumulative ¡iroduction plot to actual field data has been presented by 
Ramey (1970a). / 

Other Zero-Dimenslonal Models 

Another zero-dimensional model for the simulation of geothermal reser
voirs has been presented by Martín (1975). His model is valid for single- and 
two-phase flows; it was derived following the logic behind solution gas drive 
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Figure 9-16. Pressure depletion vs. recovery. falling 
liquid level. (Alter Brigham and Morrow, 1977, Fig. 1, by 
permission of the S. P.E. of A.I.M.E.) 

petroleum reservoirs. To the author's knowledge, this model has no! re-
ceived field application. . 

One more zero-dimensional model is that presented by Atkinson et al. 
(1978). Their model considered a steam anda water zone and the presence 
of carbon dioxide and other noncondensable gases in the steam zone. lt also 
took into consideration the possibility that water could recharge the reser
voir. This model was successfully evaluated, matching the production his
tory of the Bagnore steam field in ltaly. 

Numerlcal Geothermal Reservolr Slmulatlon 

When importan! heterogeneities exist in the reservoir, rock andio'r fluid 
properties (permeability, saturation, pressure, viscosity, etc.) vary in space, 
then simple zero-dimensional models can no longer be used for prediction of 
reservoir performance. A model that considers !he variation of rock and 
fluid properties is called a distributed-parameter model. A reservoir where 
properties vary in space, is usually divided in blocks (ce lis), assigning to each 
one of them average values for rock and fluid propenies. For a multiccll 
model like this, the basic building block is the previously-described zero· 
dimensional model. 

A mathematical modcl for describing fluid flow in a geothermal reservoir 
includes equations for the conscrvation of mass, momcntum, and cnergy for 
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water and steam, and for specifying the state of the system (Faust and 
Mercer, 1975; Thomas and Pierson, 1978). A review ofthe literature shows 
that severa! such models have been presented (Faust and Mercer, 1975; 
Thomas and Pierson, 1978; Coats, 1977; Brownell et al., 1975; Lasseter et 
al., 1975). These models differ from each other according to the assumptions 
implied. A model for the flow of hot water and steam, written for a general 
coordinate system, consists of the followmg equatwns: 

. a (9-38) 
= a t 

Energy balance for the water-steam-rock system can be presented as 

follows: 

where: 

k k, p, H, 
+ (t:.p - p,g) ''] 

(9-39) 

= aar [ (<t> PwHwSw + <j>p,H,S,) +(1-<j>)p,H,] 

k = absolute permeability 
k, (k~) = relative permeability to steam (water) 

p, (Pw) = steam (water) density 
¡J., (!Lw) = steam (water) viscosity 

p = pressure 
g = acceleration of gravity 
q = mass (source) production rate 
<t> = porosity , 

S, (S .. ) = steam (water) saturation 
H, (Hw) = enthalpy of saturated steam (water)· 

K = thermal conductivity 
T = tempcrature 

qlfL = heat loss rate 
q" = enthalpy production rate 

p, = a~erage rock-grain dcnsity 
H, = rock enthalpy 
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The pressure enthalpy approach followed in the previous mathematical 
model is one · of the different possible avenues to be taken. Another ap
_proach followed by other authors uses density .and interna! energy as the 
unknown variables (Brownell et aL; 1975; Lassater et al., 1975). The use 
·of fluid pressure and enthalpy seems a logic approach, because they define 
the thermodynamic state of the system and are usually obtained in field 
operations. 

In the derivation of Equations 9-38 and 9-39, the following assumptions 
have been made (Mercer et al., 1974; Faust and Mercer, 1975): 

l. The reservoir is treated as a porous medium. 
2. Capillary pressure effects are negligible. This means that the pressure in 

the water and steam phases are equal. 
3. Thermal equilibrium exists among all phases: hot water, steam, and 

rock. 
4. Validity of Darcy law for two-phase flow. 
5. Thermal conductivity is a property of the medium. 
6. The geothermal fluid is pure water. 

Ignoring one or more of these assumptions will no doubt increase the 
accuracy of predictions in specific situations, but will also change the com
plexity' and economics of the study. At the present time, there are geother
mal mathematical models more complete than that given by Equations 9-38 
and 9-39. An example is Coat's model (1977), where he considers capillary 
effects and the thermal dependence of relative permeability. Other recen! 
models include the effect of inert gases (Zyvolski and Sullivan, 1978) and 
precipitation of dissolved salts on porosity and permeability (Todd et al., 
1978). 

In order to solve the two nonlinear partial differential equations given by 
Equations 9-38 and 9-39, it is necessary to assume sorne additional func
tional and algebraic relations between the variables involved. For a com
plete discussion of this subject, the paper by Coats ( 1977) should be referred 
to. Asan example of the relations needed, the steam and water saturation 
must add to unity: 

S, + Sw = 1 (9-40) 

To solve the mathematical model given by Equations 9-38 and 9-39 and its 
additional relations, the proper reservoir boundary conditions should be 
considered. Analytical solutions can be obtained by the classical methods of 
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mathematical physics only for simple reservoir situations, such as homoge
neous systems with regular boundaries (Le., a single well in the center of a 
radial reservoir). Thus, the nonlinear partial differential Equations 9-38 and 
9-39 describing the flow offluids in geothermal reservoirs must be solved by 
approximation. If it is desired that approximate values of the solution to the 
mathematical model be obtained, then sorne numerical process is formu
lated that will produce these values after a finite number of calculations. 
With the advent of high-speed computers, it became increasingly desirable 
to produce algorithms that are applicable to a wide class of problems and 
simultaneously lead to increasingly more accurate approximations with an 
additiona1 expenditure of computer time· alone. Numericaf methods ha ve 
been extensively used beca use they meet these two criteria. These methods 
·have proved to be highly successful for obtaining solutions to very complex 
reservoir situations. A numerical model (simulator), as previously defined, · 
constitutes a group of computer programs that use numerical methods to 
obtain an approximate solution to the mathematical model. Further discus
sion of the numerical solution to the mathematical model is beyond the 
scope of this chapter. They include finite difference techniques, finite ele
ment methods, or a combination of the two. 

Concluslons 

The main purpose of this chapter was to provide a brief review of pres
ently available techniques for prediction of geothermal reservoir behavior. 
It seems that predictions of reasonable accuracy can be made with actually 
available methods for the majority of geothermal systems saturated with 
fluids (convective systems). There is a lack of knowledge for other types of 
systems, however, such as the hot-dry formations. 1t is expected that geo
thermal reservo ir engineering will continue to show advancement due to the 
strong research program curren ti y under way. 

Discussion of this chapter has included the practica! aspects of reservoir 
engineering, such as well test analysis, anda brief presentation of mathemat
ical reservoir simulation. The reservoir data obtained from pressure tran
sient analysis best represen! actual rescrvoir conditions, and are extreme! y 
useful as input for reservoir simulation studies. Reservoir simulation studies 
are initially carried out with simple models, which are continuously updated 
and rcfined as new production data bccomes available .. As a simple matter, 
the model used should be the simples! that duplica tes reservoir behavior. A 
properly conducted reservoir engineering study would lead to the deter
mination ofthe optimum exploitation conditions for the particular reservo ir. 

- · .. 
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Nomenclature• 
B = water-recharge constan!, 

• · · Reservo ir Simulation Sec
tion 

B = formation volume factor, 
3 1 3 metre re metre se 

b' = intercept on semilog plot of 
transient-test pressure data 
normalized by rate, kglcm2

/ 

(tonlhr), Equation 9-22 
· e = compressibility, (kg!cm2)"1 

e = wellbore storage constan! •• 
for hot water, toni(kglcm2), 

Equation 9-32 
C' = wellbore storage constan! 

for steam, (ton/kg/cm 2
), 

Equation 9-33 
C D dimension(ess wellbore SIOr· 

age constan!, Equations 9-32 
and 9-33 

C., = specific heat at constan! vol
ume of reservoir rock .and 
contained fluids 

E = interna! energy 
g = acceleration of gravity 
h = formation thickness, m 
H =. enthalpy 
k = absolute permeability 

k, = relative permeability, 
fraction 

m = slope of linear portion of 
semilog plot pressure tran
sient data, kg!cm2/cycle 

m' = slope of the data plot for ·a 
multiple-rate test, kg!cm 2

/ 

(cyclc ton/hr), Equation 9-21 
M = molecular weight, g!mole 
p = pressure, kg!cm2 

q = mass (source) production 
rate 

q H = enthalpy production rate 
qHL = heat loss rate 

Q = conductive heat loss 
·r = radius, m / 
s = van Everdingen-Hurst skin 

factor 
1 = time, hours 

tJ.t = running testing time, hours 
T = temperature, K 
w = productionrate, tonslhr 

W = initia( maSS (hot water and 
.. steam in the reservoir)) 

Equation 9-34 
x = steam quality, fraction 
z = real gas deviation factor 
0.= conversion factor, Equation 

9-1 
p = conversion factor, Equation 

9-2 
-y = constan! equal to 1.7810724, 

Equation 9-5 
& = conversion factor, Equation 

9-12 
• = conversion factor, Equation 

9-32 
TJ = conversion factor, Equation 

9-33 
fL = viscosity. cp 
v = specific volume, cm3/g 

Vw = specific volume of 
saturated liquid water 

v, specific volume of 
saturated steam 

Vw; = initial specific volume of sa
turated liquid water 

v,; = initial spccific volumc of sa-
turated steam 

p = density 
K = thermal conductivity 
el> = porosity, fraction 

•unless otherwisc statcd. the units are thosc of the SI system. See Conversion T<~blc 1-12. 
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Subscripts 

e= curren! 
D = dimensionless 
e= recharge 
f = flowing, force . 
i = initial 
j = index 

L = loss 
M = match poin t in type-curve 

matching __ 
N.= last-rate interval in a multi-

ple-rate fiow test 
p = produced 
r = reservoir, rock 

re = reservoir conditions 

s = shut-in, steam 
t = surface 

se = standard conditions 
1 = total 

w = wellbore, water 
1hr = data from straight-line 

portion of semilog plot at 
1 hour of test time, extra
polated if necessary 

Special functions: 
Exponential 

integral =.Ei(..:.x) 

"'' 
J 

e-" du -U-

X 
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THE REAL GAS PSEUDO 

PRESSURF. FOR GEOTIIERMJ\L STEJI.M -- SUMMARY REPORT 

IN'rROOUC:t'ION 

L. S. Mannon 
A~lantic Ric~field Co. 
1860 Lincoln Suite 501 

Denver, Colorado 80295 

and 

P. G, Atkinson 
Union Oil·Co. 

P. O. Box 6854 
2099 Range Ave. 

Santa Rosa,.California 95406 

The producing characteristics of vapor-dorninated geother~ql 
steam reservoirs bear sorne strong resemblances to those o~served 
in hydrocarbon "'' tural gas reservoi rs. Consequently, many gea
thermal stearn w.c:·ll tests are conunonly analyzecl using flo.., tt"reqry 
·developed for the isothermal flow of hydrocarbon n~t~ra~ gase~, 
Such af1alysis is J11ost oft~n made using the idealization of per .. 
fect gas fluid flow behavior in the reservoir . 

• 
This study investigated the real gas flow characteristics of 
geothermal steam over the ranges of pressure, temperature 1 and 
noncondensable gas oontent commonly found in vapor dominated 
geothermal systems. Detail~ of this study are avai¡able elser 
where (Mannon, 1977) • 

THEORY 

The transient flow of a real gas in an incompressible porous 
medium .is described by a highly nonlinoar partial differenÜql. 
equation. F'or the case of an ideal gas, this equat+on, lofhile 
still nonlinear is similar in form to the classical diffusivit~ 
equation which describes' transient liquid flow in porol!s medi<J ~ 
Aronofsky and Jef1kins (~953) provide~ numerical solutions to th~s 
equatio11 which demopstrated that transient ideal gas flo~ could · 
b~ analyzecl using sorne of the techniques developed 'for transil;!nt 
hquid flow. 

-29-
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• 

Al-llussainy ·~tal. (1966) p1·oposed an integral transfqr¡natic¡n 
which converts the form of the nonl"inear flow eq'-!ation for a 
rr•Jl gas i~to one, which, while still nonlinear, i~ al~o s~milat. 
in form tó the diffusivity equation. Thus, there exists ~he 
possibility that real gas transient fluid flow can be ana-lyze4 
in terms of the transformed pressure variable usin~ techniques . 
dcvcl.oped for transient liquid flow. This possibility 'ja.s ·veri..,. 
fied for hydrocarbon natural gases in radial flow sy&t.ems bY. ' 
Al-llussainy and Ramey (1966) and Wattenbarger and Ramey (;L96B). 

RESUL'fS 

'I'lle integral transformation proposed by Al-Hussainy ,et ~l,.h<tS 
been called the "real gas p~eudo pressure" and is~ 

; 

... ; 

where; m = real gas pseudo pressure 
p = pressure 

Po = arbitrary base pressure 
~ = viscosity of the gas 
z • compressibility factor f6r the gas 

In this study, the real gas pseudo-pressure, m(p), was eva~uate~ 
for geothermal steams over the range 20 lo 1000 psia (2•'75 l)ars), 
te111perature range 300 to 600oF (15Q-325oc¡ and various'noncon~er¡~ 
sable gas contents. Other physical properties releyant to singl~; 
phase isothermal gas flow in porous media were also eval~atep' and 
compiled. 

The m(p) function was found to be linear in p2 for low pr~ss~r~~ 
(up to approximately 150 psia or 10 bars). This is depicted in 
Fig. l. This behavior is described by a relationship of t~e 
form: 

2 m(p) "' a 1p 

At higher pressures a graph of ;Log 
straight lines of the form: 

+ bl 

m(p) vs. 

CU 
' ' 

log p prodl!<W4 

t¡t(p) = a2pb2 (~) 
l "'· 

where b 2 varied between 2.045 and 2.099 (Fig. 2). Hig~ ~ccu,a~f · ' 
7urve ~Its of Figs. 1 and 2 are presented in Table~ 1 (Eng~ne~'' 
1ng Un1tsl and 2 (Interhational Units). Varying t~e mole fra~~l 
t~on of carbon dioxide in the gas up to a mole fraétion of 6q~ 
d1d not change the basic shape of the curves in Fig~. 1 apd ~~ 
and tended to increase the va~ue of m(p) by a factor of lesa 
than 2. · ' · ' ' 

. •" 
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OISCUSSION 

These results will allow the reservoir engineer to ~017e 
accurately ana,lyze transient flow of superheated geqthermal 
steams. Geothermal steam wells have traditionally been an~~y,e~ 
using the ideal gas flow modél, described by Eq. 1~ 111itl)p"'t q"an~ 
titative justification. The results of this study will allow 
for quantitative justification of the ideal gas flÓw ~s",umptipr¡~ 
where possible. Alternatively, they will facilit~te use of ~l)e · 
more correct pseudo-pres~ure function when analyzing geotl)ermql 
steam wells. · 
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TABLE l. 

ANALYTICAL EQUATIONS FOR APPROXIMATING 

Trffi REAL GAS PSEUDO-PRESSURE. 

(Engineering Units) 

Temperatura 

)00°F 

Liinits 

p ~ 60 psia 

Curve Fit Equ~~lon 
• . . 1 

·m( p) = J6,88p2 • 8)96 

* 

400°F 

1}50°F 

500°F 

• 

550°F 

600°F 

At the meeting 

p ~ 70 psia* 

p =:" 70 psia 

p ~ 80 psia 

p ::: 80 psia 

p~100 psia 

p::: 100 psi a 

p~ 140 pr:;ia 

p::: 140 psia 

p!:: 160 psia 

p::: 160 psia 

p!:: 190 psi a 

p::: 190 psia 

point, the upper and 
to 3 or more significant figures. 

~32-

m(p) = JJ,9Jp~ " 7~19 
m(p) = ?1.6~p~•0?5. 

m(p) = )1.41p2 .. 7248 
' ! ' 

m(p) = 21,JJp2,0~0 

m( p) = 29.25p~ .. 67~~· 
m(p) = 19.94p2 •Q7~ 

m(p) = 27.J6p2 .. 6)J6 

m( p) = 18,6Sp?•07.S 

. m( p) = 25.11~~ ~·,~~6 . . 1 

m(p) = 1S~o2:p~· 06~ 

m( p) = 24.)1p~ 'T 5.?~4 
. ' 

m(p) = 1B.2.5p2~0~) 

lower equatlonq agree 
' ' '' ,. ' 

., 
' ... 

. i 
' 

¡¡ 

' . 

¡ 

.-; 
·. ,..;: 

. . -~ .... 
; 
-~ 

' . 
. ; 

i 
._ ... 
· . 

. . __ ¡ 



TABLE 2 

ANALYTICAL EQUATIONS FOR APPROXIMATING 

THE REAL GAS PSEUDO-PRESSURE 

(Interna tional U ni ts) 

Temperatura 

150°C 

17.5°C 

200°C 

)00°C 

J25°C. 

Limita. 

p ~ 4 bars 

p ~ S bars 

p::: .5 bars 

p~ 6 bars 

p;:: 6 bars 

p ~ 1 bars 

p::: 1 bars 

p:;: 10 bars 

p;:: 10 bars 

p.::= 10 bars 

p :::10 bars 

p::: 12 bars 

p:::12 bars 

pSl) bars 

p::: 1) bars 

" At the meeting point, the 

* 

upper ami. 
to J or more s1gnificant figures. 

-33-

Curve Fi t Equatipn 

m(p) 

m(p) 

m(p) 

m(p) 

m( p) 

m(p) 

m( p) 

m(p) 

m( p) 

m( p) 

m( p) 

m(p) 

m(p) 

m( p) 

m(p) 

lower 

= J6.Bop2 -4o.~s. 

= )4.20p~ ~ )8~~p 
= 27.89~2.099 

= J1.9Jp
2 

- ,6,24 
' ·1' 

= 26.78p;!.081 

= 28.)1p
2 

- )7,0~ 
= 2J.J.Sp~·076 

= 26.62p2 ~ ))~09 
= 22.25p2.0ó9. 

= 25.2Jp2 - )2.?4 

= 21. 66P2.056 

= 2).1j)p2 ~ )0.66 

= 21.11p2 .045 

eq ua tions agree· 

., 
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THE PSEUDOPRESSURE OF SATURATED STEAM 

1. Definítíon and use of the pseudopressure 

In a porous medium containing steam and immobile water, 

the equation for the flow of (saturated) steam is (Grant 1978)J · 

(H8 -H1.,J·d:: kV·(frvp) + pmCm *=O 

and p=p(T). 

This is a nonlinear diffusion equation, nonlinear bec,us.e 

c:if the ~ multiplying Vp, and because _the coefficient of i% l,s 

also a function of T and hence P. It can be linearised in P, 

to obtain 

V2p 1 !12. = 
K o ílt (2) 

where K = _k_· ITs dps (Hs- Hw)J o pmCm. lls dT o 

is evaluated at the assumed initial uniform state. 

We can also \Hite 

m~ = jR dp 
)J = ¡~ . (3). 

so that 

V 2m~ 1 Clm* 
= ---

K at (4) 

This can agaín be_linearísed by setting K equal to its initiaJ 

value K : 
o 

= 1 am* 
K at o 

--

' 



.. 

. ... 

2. 

removed, but the variatiori in K has not be en accounted for., 

However, it is nearly always better practice, with no~lJn~~r 

diffusion equations, to. represent the divergence terms exactll 
1 ' • ' 

(here v2m). The errors incurred by ignoring the varil,pons lll 

K •eqm less importan!~ A roug~ reason can be advan~ed. Bo~h 
' 

(5) and (2) are valid if the pressure changes are small, B~~ 

(5) is also valid. for •teady pressure changes o~ a~y m~gn,tti4~ 1 
If a bore is running for a long time, there is a quasi·s~eady 

r~gion near the bore. The apptoximation (S) may b~tt~r repr~· 

sent this, for large drawdowns, than -(2). 

It should be noted that the pseudopressure defi~ed f¡ere 

does not have the dimensions of pressure, but pp/~ {• tg/m3s), 
. ' 

Conventional gas pseudopressures are differently defined, s,ie:h 

a pseudopressure for superheated steam is given by Atkinson 

and ·Mannon (1971)·~'' 

The boundary conditioris· are also scaled. If we have two• 

dimensional flow to a bore producing at a rate q (m 3/sef) • 

~~ (kg/sec), the. condition is 

2 111' (· !5. -ª.2.) ll dl' 
l'=a 

= q (¡t) 

this is ·ram*) 2111' kar-
l'=a 

= w" (8) 

Thus, where the expression q\l occurs, it is replaced by W4 , 

For examplc,· in the standard 2-d~solution 

< 1 

(9) .• 

wc have, using the pseudopressure, 
\ 

llm" = (1~) 



. . ... . -
'. 

Since it: is usua-lly mass flow rates that are specifi~4,'-
' . 

k 11 Saving of· use of th' pseudopr~ssure usually ma_es ~ome ~ma • 

~ffort in looking I.IP .densities and viscosities. 

2. Fortnulae for m~(p) ··-· 

Use of the p'eudopressure is convenient only if ~her' ls 

~ si~ple expression for it as a function of pre~sur,, 

Fortuna tely this. is so. In any ap¡>roximate formula fpr p~e1J4or 
/. 

pressure, we need its derivativa dm~/dp represen~ed ~o sorne 

or~er of accuracy; for we always Use differences m~.fp'J ,.m•tp
2
1, 

Th1.1s we approx~mate p/JJ t9 SOJl!e o1·der of accurilcf, .,nd lnte.~r!l~~ 

to get m*. 

The following expression is accurate t;o 1~ (:1~0·~40°,C) 

2% (lOO" 260°C). 

l. 

P = d.793 X 104 p 6
/

7 

ll 

,¡ 

w~ere p is in bars. K~eping p in bars from now pn¡ 

dm~ 5 n · 4 6/7 
dp = lO ~ = d. 793 X 20 p 

m*= 8.SB. X 109 pq/7 

Por convenience, define 

1 m(p) 
13/7 "' p . 

~. Equatiops in field units 

--
3,1. Units bar, tonne/hr, darcy"metre 

{11) 
r, · ' 1 

(U) . . 

(1~) 

{14) 

,, ,, 

I t is simples t to work wi th thes~~ units, imd the function 

( 



• 

l~(pl .. p'l/7 • 

The standard drawdown formula no) now ~ecoines: 
' ' 

m4 "' 8.~8-X 109 pll/.7 .. 8;58 X 10 9 m 

w~ .. '11(1. B· 

kh + ~(1 
-12 kh 

a,s8 lC ~09 A m . w 1 
E, (4~

2

t) ·-. 8 ~ B. ~Tr 10-'12 kh ~ 

A. 111 .• B.~.? ·J.:. E 1 r 02 J ,.,, \4~t 

If " b!)r~ is r~nning for ~ime t, and then swit~be!l off fow: 

ti111e At, 

. JI [t +AtJ "' s~:s? 'IC7i ln At 

, W [t +At) 19,? i(jj' log 10 , tít .. (16) 

Tben, if N is the slope ~f a plot of p 1317 vs t, or t¡tt , 
on semilog paper (slope of M per cycle), 

or llch ., 19. ? 11/M 1 
1 

• (17) 

Summary 

m(p) .. p13/7--. 

w ( a2) lu11 e 111- m0 "' 8, ~? 'kii E1 4Kt 

kh = 19~? W/M_ (M= slope of m per cycle.) 

."¡ 

·.·.· 
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,• 

• 

•, S. 

3,Z, Units kg/cm2 , tonne/~r, darcy-metre 

It is simplest to redefine 

lm(pJ = ; 1 3/7 1 
' 

• 
(18) 

' ' 

Sine e 1 kll/cm 2 .. o .~81 ~ar, a fac~or of (O .·981) 1 l/7 
' 

mulUplies the formula for m• 
'' : 

• ,.,. 
~ z.~s 

' 
X 10 9 p 13/7 .. Z.4~ X ~o' •• 1 

The" the drawdow" fo.rmula is 

/J. m , 8, 88 

1 kh = and 80,4 
. !• 

11 kh ,, 

11/M 1 
• i i 

(4~t) (19) 

• UO) ' . 

M • s~ope of a plo~ of p un vs ~ 

or ( t + 6 t J¡u on ~emilog paper 

(slope of.M per ~e)~ 
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NOTATJON 

SI ~~it~ are use~ unless otherwise specified. 
' 

t time 

~ dynamic v!scosi ty 

V • kinematic vis~osity · . . . 
p density 

2' temp~r¡¡ture 

p pressure (also bar and k se) 

Ps saturati~n pressure of steam 

1! specific enthalpy 
e specific heat 

~ porosity 
le p~rmeabili~y (al so da rey) 
h aquifer thickness 
1 . ' ,. pseudopressure 

111 .. p13/~7 ... sc¡¡led pseudopressure , .• ~ass flow 
.JI mass flow, tonne/hr ., diffusivitr 
M slope of 111 · vs log10 t 
' 

"' 1 -u 
E, frJ. .. /:e u e du (Abramowitz 11 Stegu~ 1965) 

a bore radius 
' r radial distance 

aufflces: 

o 

111 , 
.initial state 
medium 
steam ,. 

1 



., 

• 

7, 

Rcfercnces 

~· 

3.• 

U,K. Steam Jables in S. l. Units, ~970. 

Abramowi tz & Stegun, "Handbook of Matbem¡¡tical Funetipn11.", 
' ' 1 1 

llover, 1965. 

Grant, '!Two-phase Linear; Geothermal Pressure Translents , 
A Comparison with Single-Phase Transienisi•, N.i. Jl~ Sc~ 1' 

1 Sept. 1978. 

Mannon & Atkinson, ''The Real Gas Pse4dq" Pres5ure fQr ·ceJl-: 
thermal ~team",, Third Worlc:shop on c¡eoth~l'l)l~l Reservolr , 
E!lgineering, Stanford, 1977, , ' 1 
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Al!STRACT 

Oarcy• s 'lar~ is known to be inadequate to repre
sent high veloclty gas flow in porous media, such as 
near the wellbore. An updated correlation ie 
presented for the coefficient (~) of the velocity 
Equared tcrm in thc expanded flow equation. An 
analysis of the pressure loas during flow through 
conduits of alternating cross-soctions is used to 
sucgest more appropriate words for describing the 
mechanism for enera loss and terms in the flow 
oquat..ion. 

IN'i'ROlUCTION 

Huch work has been done to understood flow 
through porous media. In the area of high veloci ty, 
suitablc correlations and nomenclature are the subject 
of controversy due to alternate views on the 
mechanism causing pressure drop.l-14 

'Che object of this study is to improve the 
Ullderstanding of high-velocity flow through porous 
meJ.'ia. Using data ayailablc and this understanding, 
thc best correlation is sought to permit calculation 
of high-veloci ty flow based on permeabili ty, 
po•·osity, and character of the rock. Hopefully, a 
nomenclatura can be suggested that is acceptable to 
both reservoir engineers and fluid mechanics research 
scientists. The resulta should be useful in improving 
correlations of gas well flow data and in predicting -
t1ell flow from core dat.:1, fluid properttes, and 
specified condi tions. ' 

EARL '( 1/0RK ON f!IGII-VELCX::ITY FLO\'/ 

Fancher et. al. 1 measured preusw·e drop during 
flow through a large number of unconsolidated and 
ccnsolidated porous media. Their correlation of the 
data was by the use of friction factor and Reynolds 
number U3ing grain diametcr as a charactcristic 
lcngth. It .sho\tcd for flow through porous media an 
in.creased prcssurc drop at high velacity beyond that 
proportional to veloci ty. Data taken at the USBH2 was 
COl'l'Olated usinc a quadratic equation of pressure drop 

•Visiting scholar, U. of l-lichi¡:an, 1976. 
Rcfcrences and illustrat:ions at end of paper. 

with the second term of velocity to,the n power. 
Grcen and Duwez4 added to the understanding of high
velocity gas flow data uhen studying sintered metals. 
They adapted the equation with a velocity term 
squared that Forchheimer15 had developed. 

dP IJU 2 - dL = k + apu •••••••••••• (1) 

Cornell and Katz5 ~easured the porosity, permeability, 
'and ~ factors for cores1 rr.•ulting in a ccrrelation 
of ~ tti th permeability. 16 ·me term f3 was called a 
turbulence factor, but the expression was 
unacceptable to several workers.14 · 

LANGUAGE USED IN UTERATURE 

Space forbids a full quoting of the language used 
in describing the mechanism that consumes energy nt 
more than a linear rate with velocity. The term used 
in flow equations (generally, the ~ in a quadratic 
flaw equation) also'has been given a variety of names 
in accord with the author'. view of the ·flOii 
mechanism. 

Table A in the Appendix assembles aelected 
typical titles and statements quoted from published 
~wrks. Aft..er the flow mechanism has been reviewed, a 
more appropriate lan¡¡uage will be au'ornitted in 
ac.cordance wi th the cc;mcepts developed herein. 

MR:I!ANISM FOR CONSUMPTION OF 
PRESSURE DROP ENEHGY 

The purpose here is to understand the mechanism 
by which increased velocity results in pressure drop 
greater than that proportional to velocity incrense. 
The mechanism of consuming pressure drop energy in 
pipe l'low is well understood. In Fig. 1, the 
cylinders of fluid are flowing at different velocities 
as shmm. \-lork energy overcomes the longitudinal 
shear stresses between the cylinders flO\dng at.. 
different velocities. In the case of unidirectional 
flow for a constant cross-section, there is a single 
tcrm in the resistance equatlon including the 
vclocity of the fluid. The increased energy consumad 
at higher velocities is directly proportional to, 
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1 
veloci ty incruase for strcar:'lline flow as shown by 
Poiscuillc's l~w. 

Not·l considor- the flow in the intersticea of a 
porous so1id, 3:;1 idr-w.liz.cd in Fig.' 2. In flow 
through porcs: there are two variations from the 
horizontal cyllndric·al flow. First 1 the cross
aection of the flow channel is incrcasing and de
creasing alt.e1•nately. Then there is the displace
mont from a straight line in moving throueh a neL
work of pares. Each deviation 1'ron: the dlrection of 
fluid movemenL now has two components of the viscous 
resistance; hmgitudinlll. shear e-f in the d.irection 
of fl:lt1 a.'ld a longitudinal tension or. normal stress 
component f-g dW"ing the expansion and correspond
ingly i-j and h-i during contractions, commonly 
written as Eqs. 2 and J,19 

'xy 
. au av 

="'ay+ axl Longitudinal shear 

. . . . . . . . . . . ••• (2} 

()u av 
'' = u(.-- + ·-) Longl tuJinal tension xx ax ay 
• • • • • • • .. • • • • • • • • • (3) 

Now consider the effect of velocity on the 
resistances. ,The flowlines with increased velocity 
are no longer constant in length and are believed to 
increase the shear ru1d tension area with increased 
velocity as shown in Figs. 3a and 3b. At still 
higher velocit.les, separation or reversed flow occurs 
in the enlarged cross-sections to increase the 
viscous resist.a.nce as shown in Fig. 3c. Here, the 
recirculating portian may be considerad laminar. All 
of these transversa effects are characteristics of 
irregular alternating cross-section flow paths and 
not present in cylinders. 

Porous media like sandstones or carbonates with 
only matrix porosity and free from irregular solution 
processes no doubt are al1-1ays in regimes 3a and Jb. 
In sorne porous solida such as vugular carbonates, · 
reefs, w1d conglomerates, therc are interstices large 
enough to permit the regimes of Fig. 3c and even Fig. 
3d doscribed ao turbulence. 1'his turbu1ence was 
obsorved by a atudent working with: t.he second author 
to occur like in pipes when an ink filament was used 
in a liquid flowing at increasing velocities through 
a bcd of glass bea.ds about 3/16-in. diameter. It is 
with reg~d to porous oollds charactcrized by Figs. 
3a and 3~ that the term turbuloncc is unacceptable. 
However, flow through such solids have a continuous 
.fWlction between· pressure drop and flaw· rate since 
there is no change in mochanism between low and high 
flow rates. 

MAT!!El1A'l'ICAL lllil'RE3ENTATION OF h'IGH 
lfELDCI TY FLOVI 

Forchheimer15 in correlating the data for the 
high velocity of \'later through porous media found 
that a relatior'ship of the type presentad by Eq. 1 
described his data best. In sorne cases another 
velocity term secmed better: 

dP ~u 2 · 2 3 - dL = T' + Bpu + yp u •••••• , (6) 

l 
In or<ier t~ use F.q. 1 for gases1 it should be 

tranuferred int.o the following form,li 

2 2 
(Pl - p2 )Mgc l B 

2~ZRTG = k + ~G • • ' ' • • ' (?) 

2 2 
(Pl - p2 )Mgc 

A plot of 2 ~ZRTG vs e/~ resu1ta in a 
straight Une for many cores. The alopt> of the 
straight line ia fJ and the inverse of tt.n intercept 
with the Y a><is, the permeability k. In many cases, 
Eq. 7 deviates from that of a straig.'lt Une. The 
deviation is attributed to two differellt, factora. 

One factor that appears pr•dcminantly in the 
lower portian of the line for now of g&sos is due 
to the slip effect,21 The slip could Le interpreted 
as the bouncing of · the gas molecules on t.he wall at 
low pressures as the mean free path of the molecules 
become the same arder of magnitllde as the pare 
diameter. In low-velocity gas flow, where the Darcy 
equation describes the flow behavior, Kllnkenberg21 
demonstrated that the slip effect can be taken into 
the Darcy equation by Eq. 8: 

b 
ka = k (1 + ~) • • .......... · •• (S) 

The other factor causing the deviation from 
the straight-line behavior is due to the inadequacy 
of Eq. 6 to represent high-velocity gas now. In 
othcr words, in addition tq ~he u2 quadratic term, a 
third term. of the form 117P~11 is necessary, as noted 
by Forchhe~mer, for high-velocity water flow. One 
might slso represent this kind of deviation by sub-
stituting an exponent n instcad of 2 for u in tho 
second term as was done by the USBM.2 

PEHMEABHITY A LUIIT AT ZE!:j OR L0!1 VELO'~ITY 

From the ana.lysis of the mechanism of enorgy 
consumption for fluid flowing in slternating alza 
conduits and Eq. 6, one would expect that the high
velocity term, i.e., flpu2, should apply ovcr the full 
ranga of veloclty. To illustrate that data do not 
deny this statement, the data are plotted to demon
strate that a constant vslue of permeability is in 
reslity a limiting vslue. 

Fig. 4 sho11s data on a consolidated sandotone 
wi th ni trogen fl01-.oing at high preasure at both outlet. 
and inlct, plotted by Iffly22 according to an equa
tion similar to Eq. 7, '!'he straight line rcpresents 
thc prior concept of Darcy lBl-1 and the curve repre
sents measured values. Accepting that the curve 
becomes tangent to the line at zero flow rate is a 
demonstration that the constant vslue of k applied at 
the limit of zero veloeity. The data on water by 
Forchh~imer gi ve a similar relationship. 15 . This 
behavior would be expected >1hen the velocity is the 
variable that chaugus the .f'lowline length as sho~m 
on Figs. 2 and J. 

. .In ~rmal meaaurements of co~e permeability, in 
nullid":~~ee the resulta ":" valid as thc limiting 
value s~nce the 13pu2 term 1-s lcss than the experi
ment~ error in measuring the flow rnte and/or pres-· 
sure drop. \ihen gases near the a.tmospheric pressure 
are used to measw·e penneabílity, the alip may give a 
greater error than neglecting the velocity cffect. 

NO!-IDICLA'!URE 

The introduction of the ~ factor by Cornell and 
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Kotz5 ns the tLlrbu.lcnce fact.orl though defined as 
l'cxt.t·u fltüd r.t!Jtion conow:;lng oxtra enereYt" Nas un
ucct!plablc lo nany wcr!cers. This concept overlooked 
tht:l ~ toges of progre~s in the ero\'lth Of shear and 
t.ension compon{"n ~Al in laminar mode prior to raudom 
r11overnent typicrll of turbulence. F.qually valid 
objections are made now to the terms non-Darcy and 
inertial ~low. 

Since ther~ is a continuous function between 
pre~sure d.rop fl.nd flow rate for porou.s media with 
alternating cross-sections in the flow path, the term 
non-Darcy flOI< is out of place since it ·implies there 
are t\'Oo different flow mechanisms~ The sama can be 
oeid for using Darcy flow at low velocitiea and 
incrtia regime for higher velocities, the inertia 
effects ere ahrays present. There is a spectrum of 
velocities in t.he various flow channels at a given 
flow rate. Any icnplication that at low velocities, 
t.here is one type of flo~t mechanism and at high 
velociti.es,· ahcrt of true tW"bulcnce, there is anothe 
•·egime disregaz-ds the nature of the mechanism by 
•o~hich the pres{5ure-loss onergy is consumed in porouS 

di a. 

A simple canccpt is to characterize the flowa as 
"low velocitY'' and "high veloci tY'' to diatinguish 
condi tions for which the ~pv2 term may be ignored and 
where it ahould be runployed. High velocity becomes 
the velocity for which neglecting llpv2 gives an error 
in·computed pressure drop more than the unrealiabilit 
of the permeability measurement. 

Conlinued ·use ot Darcy flow to characterize the 
condi tlon of lo·..t veloci ty is recorrunended. This 
concept ia ingreined in our past and implies the 
pe:r-mcability is constant with a range of pressure 
drops. · 

For flow rates >1hcre the neglecting of the I>Pi 
term calculates aignificantly leas pressure drop than 
would occur t h:tgh-voloci ty flow would be used to 
describe the cor:dition. 

I·HIAT T0 CALL ll , 

The tcrrn ~ is used in flow equat.i.ons for gas 
.~ella antl even for high flow rate oil wclls. 'fhe 
objections to turbulence factor nnd inertial coeffi
cicnt are clear; they denote changes in flow regimes. 

The term velocity coefficicnt seems appropr-iate 
for ~ and is used in this paper. When the flow rate 
or vclocity reaches a maenitude that accuracy in the 
prediclion procese requirCs the use of the vclocity 
squared termr the velocit..y coefficient is · rcquired. 
Should high velocity cause the data plotted ac
cording to El:¡. 7 to be a curve, El:¡. 6 applies and a 
value of 7 is found. 

CORRELA '!'ION 01' !lA 'l'A F'OR 
VrUJC:TTY COEfYIGii:Ff]ii) 

Sevcn scts of data were selected for correlating 
lhe vclocity coe.fficicnL with permeability and/or 
poro si l. y. · The da t.a t·tero on dry e ores wi th gas flot'l 
n~;-~surcmcl)ts that. \'lere belicved to eliminate the 
Kn.nkcnborg slip inter.tcrence. ·rable 1 presenta the 
rclationships used in regression ana.lysis of the data. 
1:he constants in the eqiUltions are given and the 
standard error of deviat:ion for prcdicting p is 
JJ.stcd. From thia analys:is, the data ><ere plotted 

follc~t~ing the preferred relationships on 'Figs. 5 and 
6. The difference beti·tecn the correlatV.:n for s.md
atones only and all t.he data including c1.rbonates 
were nominal t a.nd so only one rcJ.a.tionsMp is given 
for all the data. 

1 The data for nonconsolidated aands •re plotted 
on ~'ig. 5, the k vs ll chart. The correl.&tion lines 
with porosity as parameters definitely are of slope 
quite different than for consolidated dHl,a. The 
correlnting curve of Fig. 5 is similar to that 
presentad earlier without the porosity pn~ameter.B 
If porosity is to be a parameter, Fig. 6 :.a preferred 
over the·porosity linea of Janicek and Katz,16 

Casse and Ramey24 note the absence qf temperature 
effect on for a Berea sandstone. \1ong •3 took data 
on limes tone corea and found cw.~vature nsing Fq. 7, 
the coree conteined connate liquid. Johuson and 
Taleaferro of USBM2 also obteined curvatura for data 
on a dry limes tone coro (Fig. 8), To repreaent auch 

. data, a second term is needed such as )'p2y3, as shown 
in El:¡. 7, to represent presaure drop. Then ll could be 
the first velocity coefficient and the aecond 
velocity coefficient. 

1 
COHPLEXITY OF lilllERVOIR FLOW 

It ia appreciated thnt the influence of reser
voir hetcrogeneity, fractures, infiltration at the 
wellbore, and presence of liquida all go to the 
discolmting of the value of sin¡ple flo~r cclculations 
with F.q. 1~ However, such calcDta.tions v:ce valuable 
in designing aquifer gas storage reservo:i rs. Al so, 
~<ell flo>~ data may be used to obtein É!::!'J.tn ~ valuea. 
Such data provide sorne meast..··~ of reservoir deviations 
from the model using core data alone, arid penni ts 
evaluation of the·reservoir condition~ 

CONCWSION 

A greater variety of high-velocity flow data 
on oil ar1d gas reservoir rocks would be helpful. The 
range of predictior.s could be evaluated better and 
relatcd to well flott characteriatics. ' 

llopefully, a !lOmenclature can be devised that is 
acceptable to both practicing engineers and fluid flow 
specialists. The assistWlce ot the Socicty of 
Petroleum Engineers is sought to establish language 
and tc~ms that will oliminnte misWlderstanding in the 

.futuro. 

The correlation of 13 used during the past A! 
year:1 has been shown to be gcnerally repreoentathe 
of the character of ~eservoil· rocks. Nnre data should 
give further improvement, and perhaps different.iat.e 
betweon rock types. 

NOMENCLA TURE 

A "" cross-sectional area, t 2 

b a slip coefficient, m/ft2 
gc "" unit conversion factor 

G = mass flux, m/ti 2 
k a absolute penneability, f 2 

ka a apparcnt pormeability, f 2 
J. a length, t . . 

tu = t;ork energy lost in ovei"coming Iriction, t 2/t 
M = molecular weight 
P = prcssure, m/tt2 

pl a inlct prossure, m/rt2 
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• outlet p¡·essur.e, m/1t2 Media," Soc. Pet. F21g. J. (Oct. 19'1:',) 41,5. 

1 2 15. Forchheimer, P.: "Hasserbm.,c&.mg durch Boden," 
¡; = úrithmetic a•¡crage prcssure, m !t Zeitz. ver deutsch, Ing. (1901) M.• 1731. 

Qm = mass flo;. rat.e, the same as w, m/t 16. Janicek, J. D. and Kat.z, D. L.: 11.fl-pplication of 
R wúver!:>a::;. ea3 constant Unsteady State Gas Flm1 Calculatint~"G," Preprint 
T e alwolute t.ernperature from Research Conference, U. of Mic:\1igan, 'June 
u velocity in the x direction,l/t 20, 1955. 
v • velocity in the y direction,l/t 17. Hubbert, M. K.: "Darcy's Law and t...'>e Field 
z • supercomprcssibility factor Equations of the Flow of Underground Fluids,• 
~ = first velocity coefficient, 1/1 ~·, AII!E (1956) 2S!J.., 22. 
1 • second velocity coefficient, ft/m 18. Swift, G. W. and Kiel, O. G.: "The Prediction 
~ = viscosity, m/ft of Gas-llell Performance Inr.luding t.\l-o Effect of 
p = density, m/f'J · Non-Darcy Flow," J. Pet. Tech. (Jul;r 1962) 12!• 
< = longitudinal shcar, m/rt2 19. Yih, C. S.: Fluid Mechanics: A Co~ 
0 = longitudinal tension, m/rt2 Introduction te the Theory, McGra~<-llill Book Co. 1 

·Inc., New York (1969).· 
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APPENDIX 

Table A. Language Used in Literatura for the 
High Velocity Gas Flow. 

Fancher, Lewis 
and Barnes1 (1933) 

" ••• the flow o:f :fluida through 
these porous Mterials closely · 
resembles thst through pipes; 
that there is a condition of 
flow in poroua systems which 
resembles viscous flow, 

Elenbaas and 
Katz3 

Green and 
Duwez4 

" 17 llubbert 

(1948) 

(1951) 

(1956) 

(1957) 

another \thich corresponds to 
turbtü.ence .. " 

"Radial Turbulent Flow 
Fonnula" 

"The inertial coefficient j3 · ••• 
may be interpreted aa a mea
sure of the tertuosi ty of the 
flow channels, perhaps as an 
average curvature of the 
streamline determining the 
acceleralion expericnc~~ by 
thc fluid. •• 

" ••• we have Been that the 
cause of the failure of 
Darcy• s I.aw is the diatertion 
that results in the floll lines 
whcn the velocity is great 
enough that the inertial force 
bccomes Bignificant." 

''The generalizad Darcy e·qua
tion may be reterl"ed to as the 
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Kab ct al. 

Houpeurt7 

ABBAS FIROOZABADI ANO DONALD L. KATZ S 

• non-Darcy flow• re gime. Thc 
transition from Darcy to non
Darcy flow is a gradual one." 

( 1959) "If .one includes extra motion 
of the fluid to consume the 
extra pressure loss, then the 
term •turbulent flow' here is 
justified." 

(1959) "· •• we do not think, the flow 
can be really turbulent ••• , we 
consider the kinetic energy 
loases are responsible for the 
deviation ••• from Darcy•a Law. 11 

Wright10 

Gewers and 
Nichol12 

Greetsma14 

infonnation for. 1 ... turbulence or 
non-D.:u-cy_ coeffitients." 

(1968) "· •• Four regimoe of flow for 
water in an 'l!llccr:solidated bed. 
1) a laminar regime 
2) a steady inercia regime 
3) a turbulent tr•ansition 

re gime 
4) a fully turbulent regime.• 

(1969) "Gas Turbulencc Factor in a 
Microvugular Carbonate, 11 

Tek, Coats and 
. Katz23 (1962) "The Effect of Turbulence on 

(1974) "Coefficient of lnertial Resis
tance •••• The flow regime of 
concern is usually fully lami
nar. The observed departure 
from Darcy•a Law is the result 
of convective accelerations 

S>Tift and 
Kiel18 (1962) 

Flow of Natural Gas •••• " 

"Prediction of Gas-~lell Per
formance including the effect 
of Non-Darcy Flm1 ••• Analysis of 
data ... to give direct "in si tu" 

and decelerations of the fluid 
particles on their way through 
the pore space." · 

TABLE I. CORRELATIONS OF VELOCITY COEFFICIENTS (B). 

Correlation Equation 
Tested 

1ogB e m 1og k + b 

m = -1.101; b.: 23.33 

m = -1.201; b = 23.83 

1ogB = m log(k0.5$1.5) + 

m = -1.695; b = 17.89 

1ogB = m log( l 
ko.s$5.sl + b 

m = 0.810; b - 12ó66 

1ogB = m log(k0 "1 $) + b 

m = 0.991; b = 19.92 

1ogB m 1og (k$) + b 

m = -1.074; b = 21.42 

m = -l. 01; b = 21.2 

1ogB m 1og $ + b 

m -5.148; b = 9.70 

b 

•sandstones only, rest all data. 

Standard Error of 
Estímate For B 

Eq •. 9 

:!;0.85* 

:!:0.89 

Eq. lO 

:!:0.99 

Eq. 11 

:!:2.30 

Eq. 12 

:!:3.07 

Eq. 13 

±o.87 

±0.85* 

Eq. 14 

±1.91 
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CVLINDER ~ 
Fig. 1 - Flow in a cylindrical conduit. 

Cl 

(o) Chonge of shope of fluid 
element. 

(b) Longitudh'lolshear ond longi
. tudinal tension torces. 

Fig. 2 - Flow in an idealized pore. 

(o l Low velocity ( bl Velocity 
· higher 

(el lntermediate., 
tronsition 

(dl High velocity, 
turbulent 

Fig. 3 - ldealized flow through alternatin, cross sections. 
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APLICACWNES DE LA IM"iENIERIA DE YACimENTOS 

EN LA EVALUACION DE UN CA!-IPO GEOTEJl!.!IaJ 

Jesús Rivera Rodríguez 
División de Estudios de Posgrado 
Facultad de Ingeniería 
Universidad Nacional Autónoma de México 
._léxico, D.F. 

INrRODUCCION 

l.ha vez descubierto un campo geoténnico mediante una o más perforaciones 
proftmdas, el papel de ingeniero de yacimientos es fundamental en la de

terminación del tamafio del recurso, su contenido energét~co y de fluidos, 
.asr con~ de la definición de la capacidad de extracción, tanto por pozo, 
como a nivel. campo. Toda esta información aunada con la obtenida de dis

ciplinas afines, tales como la Geología, Geofísica y Geoquímica, traerá 

coro cmsecuencia la definición adecuada del tamaño y número de unidades 

de generación eleétrica que se instalará en el campo geoténnico bajo es
tudio.· 

LA INGf::NIERIA DE YACIMIENI'OS EN LA EVAWACION DE RECURSOS GEOTffi.IICOS 

La Fig. 1 describe en fonna resumida los objetivos, que desde el punto de 
vista de la ingeniería de yacimientos se tendrían que alcanzar con objeto 
de llegar a establecer una evaluación realística y fundamentada de los re 
cursos geoténnicos aprovechables para la generación de electricidad. Con 
este Un, es necesario establecer una serie de parámetros básicos, que 
permitan caracterizar en forma adecua~ tanto las propiedades básicas de 
la roc1, como también de los fluidos contenidos en espacio poroso y per
meable del yacimiento. 

Es con·¡eniente establecer que la evaluación del potencial de un campo g~ 
ténnic<> es un proceso dinámico; ya que será necesario efectuar revisiones 

y afin;lciones periódicás del misro, a medida que nuevos datos provenientes 

. 1 



tanto de pozos adicionales~ como de estudios más deUJllados en los ya 

exist~ntes, vayan siendo incorporados, lo que producirá como resulta-
' . 

do magnitudes· cada vez más cercanas a la realidad. La incertidLDnbre 

que se tiene con la evaluación del potencial de un campo en cualquie" 
ra de sus etapas de desarrollo¡ está directamente relacionada con la 
cantidad y calidad de los datos disponibles. 

Cuando se ha localizado y comprobado la presencia de un recurso geotér

mico que pueda ser explotable a nivel comercial, para proceder a su eva

luación, es necesario definir en fonna clara y precisa varios ténninos, 
tales.collD "recurso geotérnÍico" y "reserva geoténnica", con objeto de 

establecer en fOrma inequívoca la porción de la energía contenida en el 
yacimiento.que pueda ser transportada a la superficie y posteriormente 

convertida en electricidad. 

En 1975 Nathenson y Muffler (1) y, porteriormente Muffler y Cataldi (2), 

establecieron una serie de difiniciones que son de gran utilidad para 

formar un inarco adecuado de referencia y esta:rdarizar la teminologia 
utilizada en la evaluación de reservas. Utilizando sus definiciones como . . 
base y complementándolas con las que son de uso comun en otros campos co-

·mo la minería y la explotación del petr6léo, se proponen las siguientes 

·definiciones, las cuales se sintetizan en la Fig. 2: .. 
1 • Recurso .geoténnico base 

Es el calor contenido en la parte de la corteza terrestre localizada bajo 
una cierta área y que se mide a partir de la temperatura media anual. 

En esta definición se considera todo el. calor contenido bajo una cierta 
área, sea esto recuperable o no e independientemente de cualquier con
sideración técnico-económica. · 

Dependiendo de la profundidad a que se localiza el recurso geotérmico 
base, éste podría dividirse en dos porciones (2); el Recurso Geotérmico 
Base Accesible, será aquella porción que puede alcanzarse mediante per
foraciones profundas, de acuerdo con el estado de la tecnología res¡iec-

. ti va a un tiempo dado. · Aquella ¡)arte del recurso que no puede alcanzar

se J~r limitaciones en las técnicas de perforación sería el ·Recurso Geo
tétrnico Base Inaccesible. 
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Por otra parte, el recurso geoténnico base accesible puede a su vez ser 
_subdividido en dos partes, a la porción útil del mismo que puede ser e!_ 

traída y transportada hasta la superficie en fonna competitiva con otras 

forwas de energía, se le üenom.ina Recurso Geoténnico. La porción del re
curso geoténnico base accesible que no cumple con estos requisitos será 

la parte Residual del mismo. 

Dentro del concepto de recurso geoténnico es conveniente considerar dos 

· partes ateildiendo a los criterios económicos prevalecientes al mmento de 

efectuar la evaluación. La parte que pueda, ser producida de acuerdo con 

los criterios económicos prevalecientes a un tiempo determinado, de fonna 

tal que resulte c001petitiva con otras formas de energía, será el Recurso 
Geotérmico Económico. El resto será el Recurso Geotérnüco Marginal. 

Siguiendo ~on este procedimiento, el recurso geotérmico económico puede 
dividirser de acuerdo con el grado del conocimientó que del miSlll:l se tie
ne. Como sugieren Muffler y Cataldi (2), cuando una porción de este re
curso ha sido comprobada mediante perforaciones profundas y su magnitud 

ha sido sustentada mediante datos de geología, geofísica, geoquímica e 
ingeniería de yacimientos, dicha porción será la Resenia Geotérmica. La 

parte restante, cuya magnitud puede inferirse de estudios geológicos y 

geofísicos generales, será el Recurso Geotérmico Económico par Descubrir. 

Con objeto de complementar esta clasificación, la reserva geoténnica pue

de a su vez subdividirse en varias categorías: 

l. Reserva Geotérmica Demostrada.- Es la porción de la reserva geotérmi
ca que ha sido comprobada Inediente varias perforaciones profundas y cuya 
magnitud ha sido corroborada mediante estudios·de geología, geofísica y 
geoquímica, así como de ingeniería de yacimientos. 

Atendiendo el grado de conocimientos que de un área se tiene, así como 
también a la cantidad y calidad de la información que de la misma se dis
pone, la reserva geoténnica demostrada puede, a su vez, ser subdividida 
en dos categorías: 

a) Reserva Ceo térmica Probada.- Es la parte de la resc·l~!a que puede es

timarse con base en datos confiables provenientes de varias perforaciones 

profundas, las cuales han pennitido ampliar y afinar la infórmaci6n pre-
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. . 
viamente disponibl.e a partir de estudios geológicos, geofisicos y gcoqu.Lni

cos. Además, la estimación está finnemente apoyada por conúeladoncs ¡¡uc 

a ·través·· del c.lllllpo se han realizado mediante estudios de ingeniería de ya

cimientos con los cuales se incorporan datos de la productividad de los_~ 

zos. 

b) Reserva Geotérmica ·oemostrada Probable.- Es la porción remanente de la 

reserva demostrada, cuya estimación se basa en información de alguna perfo

ración profunda, así como datos escasos de geología, geofísica y geoquími

ca. También pueden tenerse estudios preliminares de ingeniería de yacimien 

tos. 

2; Reserva Geotennica Posible.- Es la parte de la reserva que puede es-

timarse a partir de información preliminar de geología, geosífica y geoquí 

mica, ·pero que no puede ser confirmada mediante los datos de alguna perfo

ración profunda. 

Esta categorización de la reserva geotérmica es consistente con la clasi-• . 

ficación de reservas que se emplea en la industria· petrolera y proporcio-

na, a juicio del autor, una de las formas más convenientes y lógicas para 

establecer un marco de referencia que pennita evaluar, tanto el grado de 

desarrollo que gl,Ulrdan los recursbs geotérmicos de un país ,o región, así 

como también la evolución que siguen los recursos de un campo específico. 

Con objeto de asegurar un nivel de referencia común, es conveniente calcu

lar las reservas con base en la cantidad de calor disponible en la boca-del 
'o 

pozo, antes de que ocurra cualquier. transfonnación o transporte del mismo. 

Por otra parte, debe reconocerse que no todo el calor presente en el yaci

miento puede ser conducido a la· boca\ del pozo. En efecto, solo una peque

ña parte del mismo puede ser transportado a la superficie. Para tornar en 

cuenta este hecho, es conveniente introducir un factor de corrección a la 

cantidad de calor presente en el yacimiento. Definiendo este factor como. 

Factor de Recuperación Geotérmico, R, es posible establecerlo en la si

guiente fonna (2): 

• 
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-·.· 

··Factor db 

Recuperaci6n 

Geot13nnico 

=. 

C¡¡lor extraído · 

Medido en la cabeza 

del·pozo · 

Calor total original

mente contenido en un 
.volumen determinado del 

V 

yaciniiento <'_.. 

(fluídos + roca) 

Adicionalmente a lo anterior, se debe considerar que para determinar la 

cantidad de electricidad que se producirá con el calor rec:;uperable dispo

nible'a boca de pozo, será necesario aplicar al anterior un factor de efi 

· citmcia de conversión, el cual dependerá,. entre otros factores, de las 

condiciones específicas de cada yacimie~to, así como del tipo de proceso 

que se elija para la conversión de energía térmica a eléctrica. 

Se considera que.la terminología definida con anterioridad proporciona un . . 
marco de referencia adecuado cuando se manej!lJl los términos "rec:Urso geo

térmico" o "reserva geotérmica"; sinembargo,· .persiste todavía cierta' am

biguedad y vaguedad cuando se habla en términos del "potencial geotérmico. 

de generación" (o sólo "potencial;") de un .campo determinado. P9r tanto, 

y tomando como base la metodología ya establecida por OLADE.para las dife

rentes fases de un proyecto como son:· reconocimiento y ·prefactiliilidad, 

factibilidad y por último desarrollo, se propone el emPleo 'de.las.siguie~ 
.tes definiciones: 

.. · \ 

1. Potencial Geotérmico Preliminar.-· Es la capacidad de generación el~

trica, expresada en M\~ e por 20 años; c¡Úe puede definÚse para un campo g~ · 
térmico·, tonando en cuenta el estado de su conocimiento al final de la fa

se 'de ·reconocimiento y prefactibilidad. 

2~ Potencial Ge6ténilico.- Es la capacidad de generación eléctrica, expr,t. 

sada. en MI~ e por 20 años, que puede definirse para un campo geotérmico, to

mando en cuenta el estado de su conocimiento al final' de la fase de facti

bilidad o de cualquier estapa ulterior de desarrollo; 



·eón objeto de cuantificar en fonna adecuada la porci~n del potencial cu-' 

. yo monto está mejor definido, se .sugiere establecer una subdivision del 

potencial geotl!lrmico similar a la establecida para las reservas. Así, 

.. ~e puede establecer la siguiente subdivisión: 

·. · ·a) · Potenciál 'Geotétnikci Ptcibá.do.- Es aquella parte del potencial que 

:puede ser calculado con base en datos confiables de estudios geológicos,· 

·.geofísicos, geoquímicos y de ingeniería de yacimientos, los cuales han 

sido corroborados mediante perforaciones profundas. Además, se debe te-. 

ner un factor de recuperación geotérmico razonablemente estimado para el 

de.energía térmica a eléctrica· 

,., •' 

campo, así como un factor de conversión 

comprobado para el esquema elegido. 
. ;' 

b) Potencial Geoténniéo Probable.- Es la parte del potencial gimténnico 

que puede calcularse para la parte de un campo en el cual no existen .per-

foraciones profundas, o bien éstas son escasas y distantes de la parte t~ 
' . 

nocida del campo; pero de la que sí se dispone de datos de geología, geo~ · ' . . 

física y geoquimica. 

e) 
1 

Potencial Geotérmicó Posible.- Es la parte del potencial de un campo 

>que puede establecerse con base en datos preliminares-y aislados, de algg 

rya o varias disciplinas, tales como la geología, geoquímica y geofísica, 

·pero los cuales no pueden ser comprobados, ya que no exite ninguna perfo

ración profunda . 

. . ' : 

Esta clasificación del potencial geotérmico presenta la ventaja de que al 

referirse a cada uno de ellos en fonna específica, queda sobreentendido 

tanto la fase en que se encuentra un'proyecto en particular, así como el 

grado de certidumbre o incertidumbre que la cifra asociada al. concepto 

representa. 

Por otra parte, al definir el potencial de un campo, utilizando la subdi

visión recomendada anteriormente, ·es posible ir incorporando al potencial 

geotérmico probado las reservas probables contenidas con las partes del 

yacimiento que van siendo desarrolladas, a medida que _la etapa.de desarr~ 

llo del campo avanza. Así mismo, al avanzar este proceso, la parte del 

potencial que era considerado ,posible, pasa a incorporarse al potencial.·:, 

probable, con lo cual se establece un esquema dinámico de evaluación y 

'. 
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conceptualmente consistente con la caracteristica siempre evolutiva de un· 

sistema geotérmíco . 

.. 
La ingeniería de yacimientos juega un pape~ preponderante en el establecí: 

miento de las reseriras o el potencial de un campo geo.ténnico, ya que reune 

. la infonnación proporcionada por disciplinas afines, tales como la geolo-

gía, geofísica y geoquímica, complentándolos con técnicas específicas, con. 

las cuales puede ser estima.do el potencial geoténnico, sea esta preliminar;-:·, · · 
1 • 

probada, probable o posible. 

Alguna de la información básica adicional necesaria para la evaluación de -

un recurso geotérmico, . se refiere a propiedades del yacimiento tales -c9mo: · 

la permeabilidad, porosidad, tipo de fronteras externas, recarga; tanto 

hidráulica como térmica, correlaciones de zonas productoras, etc. Parte de 

esta información puede 'obtenerse con base _eri pruebas de presión que se rea

lizan en los pozos del campo. Una clasificación simplificada de los tipos· 

de pruebas que pueden utilizarse es la siguiente: , . 

I. · Pruebas que se realizan utilizando un solo pozo .. 

1) Pruebas de decremento de presión 

2) Pruebas de incremento de presión 

3) Pruebas de inyectividad - recuperación 

4) Pruebas de-ritmo de extracción variable 

II. Pruebas en que se utilizan 2 o más pozos en forma simultánea. 

a) Pruebas de interferencia 

La infonnación que puede obtenerse de las pruebas de presión es la si"_ 

guiente: 

a) Capacidad de la formación (espesor X permeabilidad) 

b) CondiCiones de producción del pozo (factor de daño) 

e) -_ Presión promedio del yaci-!f1iento 

d) Porosidad 

e) Volumen poroso y permeable del yacimiento_

. f) Presencia de heterogeneidades 

g) Condiciones de frontera del yacimiento· 

' "~ 
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! 
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VILLAFUERTE (EL SALVADOR) 
JEFE SUBSECCION DE INVESTIGACIONES 
GEOTERMICAS 
CENTRO DE GOBIERNO. 9a. CALLE PTE. 
SAN SALVADOR, EL SALVADOR 
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ING. DAVID ESCOBAR CORDOVA 
ING. DE RESERVORIOS 
C.E.L .. 
CENTRO. DE GOBIERNO 
SAN SALVADOR.EL SALVADOR 
TEL. 22-08-55 

(EL SALVADOR) 

ING. RENE ALFONSO GONZALEZ ORIAS (BOLIVIA) 
JEFE DIVISION DE GEOFISICA 
SERVICIO GEOLOGICO.DE BOLIVIA 
CALLE FEDERICO ZUAZO 1673 
CASILLA 2729 
LA PAZ, BOLIVIA 
TEL. 36 92 33 

ING. EDUARDO GALVAN.GARCIA (MEXICO) 
PROFESIONAL ESPECIALIZADO A. 
INSTITUTO MEXICANO DEL PETROLEO 
EJE CENTRAL LAZARO CARDENAS 152 
MEXICO, D.F. 
TEL. 567-66-00 EXT. 20657 

ING. DEREK IRVING RAMDEEN (PANAMA) 
GEOLOGO 
INSTITUTO DE RECURSOS.HIDRAULICOS 
Y ELECTRIFICACION (IRHE) 
TEL. DOM. 21 62 29 

SR. CARLOS ARMANDO JASSO PE~A (MEXICO) 
COMISION FEDERAL DE ELECTRICIDAD 
JEFE DE OFICINA 
CAMPO GEOTERMICO DE CERRO PRIETO. 
MEXICALI, B.C. 

ING. ERASMO LOPEZ DAVILA (MEXICO) 
IijTERPRETACION DE. PRUEBAS DE PRESION 
COMISION FEDERAL DE ELECTRICIDAD 
CAMPO GEOTERMICO CERRO PRIETO 
MEXICALI, BAJA CALIFORNIA NORTE 
TEL.- 768-01 EXT. 417 
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ING. JULIO CESAR PALMA AYALA (GUATEMALA) 
INGENIERO .. GEOFIS ICO · 
INSTITUTO NACIONAL DE 
ELECTRIFICACION INDE 
SAN JOSE VILLANUEVA, GUATEMALA 
SUR· 
GUATEMALA, C.A. 
TEL. 0310321 

ING. VICTOR PIMENTEL.SANTANA (R. DOMINICANA) 
. COORDINADOR DEL PROYECTO GEOTERMICO 

AUTOPISTA 
KM. 6 1/2 EDIFICIO 
PLAZA COMPOSTELA 
STO. DOMINGO, R.O. 
TEL. 565-50.,-90 

· ING. ANGEL M. QUINTERO BARRERA (COLOMBIA) 
INGENIERO DIVISION DE ENERGIA ELECTRICA 
MINISTERIO DE MINAS Y ENERGIA 
AVENIDA EL DORADO CAN-COLOMBIA 
TEL. 44-53-04 

ING. ORLANDO RECARTE BUITRAGO (HONDURAS) 
INGENIERO DE DISE~O 
EMPRESA NACIONAL DE ENERGIA ELECTRICA 
APDO. POSTAL 99 
TEGUCIGALPA, D.C. HONDURAS 
TEL. 22-84-74 

ING. JETZABETH RAMIREZ SABAG (MEXICO) 
INVESTIGADORA 
INSTITUTO DE INVESTIGACIONES ELECTRICAS 
INTERIOR INTERNADO PALMIRA, 
CUERNAVACA ' 
TEL. 438-11 EXT. 2095 

ING. JOSE ROSAS ELGUERA (MEXICO) 
INGENIERO GEOLOGO 
COLEGIO MILITAR 14- F - 7 
COL. POPOTLA 
DELEG. MIGUEL HIDALGO 
C.P. 11400 
MEXICO, D.F. 
TEL. 399-65-27 

SR. PEDRO SANCHEZ UPTON 
INGENIERO MECANICO 
COMISION FEDERAL DE ELECTRICIDAD 
AV. CAMELINAS. 
FRACC. CAMELINAS 
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ING. MARCO P·.' TORRES MERI ZALDE 
JEFE DE DEPARTAMENTO 
INSTITUTO ECUATORIANO DE 
ELECTRIFICACION 1 

AV. 12· DE: OCTUBRE Y MADRID 
QUITO, ECUADOR 
TEL. 547-721 

ING. DARlO VERASTEGUI TOCRE (PERU) 
JEFE DE SERVICIO PROYECTO 
GEOTERMICO CENTRO NORTE' 
ELECTROPERU, S.A. 
EDIF. LA TORRE OF 903 
CENTRO CIVICO 
LIMA, PERU. 
TEL. 325280-516 

SR. GERARDO CARRASCO NU~EZ 
AYUDANTE DE PROFESOR 
UNAM FACULTAD DE INGENIERIA 
CD. UNIVERSITARIA 
TEL. 557:-73-36 

29-03-84 
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