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ABSTRACT ' :;.~· ' ., 

~ . : ·. 
A n~erical mathematical 1 mÓdel for simu

lating production from a two~phase geothermal 
reservo! r was developed and.·tested. The sim
ulation is rather unique, ..in 'that it consista 
of two coupled modela, a reservoir ~odel and 
a wellbore model. The reservoir model was a 
two-dimensional a real o~· .. c.'ro.Ss-sectional, 
unateady state description'of the flow of 
mass and heat within an anisotropic, hetero
geneous porous mediuDl, Containing a single 
component, two-phase fluid. The wellbore 
model. was a ene-dimensional, steady e tate 
description of the flow of a homogeneoua, 
two-phaae mixture. A totally implicit solu
tion scheme was empioyed. 

The simulator was· used to investigate 
the effects of varioús levels of porosity, 
permeability, and initial pressure and liquid 
phase saturation distributions upon produc-
tion. ·r~-~ ,'·~. 

The nUmerical simUlator was tested for a . 
wide v~riety of conditioriS'~<" and was found to 

1 be atable for large time stepa. 
"~·-
'~ ·•. . 

Based upon the numer.itai resulta, the 
behavior of two-phase geothermal reservoir 
waa classlfied into three,types, depending 

on the inltlal llquld aaturatlon. Wellhead 
steam quality was higher than the bottomhole 
quality, in the runs conducted. It was found 
that superheated regions formed more readily 
in reservoirs of low porosity and permea
bility. 

INTRODUCTION 
\) 

A geotOermal system occurs as a heat 
anomaly, which can be explained as follows. 
The earth's interior is hotter than ita 
surface, and this difference produces a 
temperature gradient which in turn provides 
a measure of the heat flow rate. The aver
age heat flux for the earth is 1.5 ~al/cm2 -
sec (1). A geothermal system involves a 
flux which is one and one-half to flve ·times 
higher than the average (2). Consequently, 
a·geothermal system occurs asan anomaly in 
terma of heat flow. A high heat flux, along 
with surface seeps, is indicative of a geo
thermal system. 

Since the main mode of heat transfer 
within a geothermal fluid reservoir is 
convection, the reservofr itself is called 
a hydrothermal convectio~ system. Hydro
thermal convection systems have been classi
fied into two types based upon the physical 
state of the dominant pressure-controlling 

' '. 

/ ·1 
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.phasE,.~ ·i.e. hot water aystems and vapor-d9m1-
.nated.aytems (1), In hot water systems, 
'fluida exist within the reservoir mostly in 
the liquid state and,generally produce from 
70 to 90% of their tótal masa as water at the 
surface. 

1 
1 

Vapor dominated systems generally pro-
du~e dry to superhea.ted steam, and fluida 
exist within the reservo!, mostly in the 
vapor state, Surface manifestations will 

.uSually take the form of fumaroles, mud pota, 
mud volcanoes, turbid pools, and acid 
leached ground. Only three known areas in 
the world exist as this type of system. 
These are the Geysers field in California,; 
the Larderello field in Italy, and the 
Matsukawa field in Japan. The pressures, of 
vapor dominated systems are·. below hydro
static. Also, the initial pressures snd 
temperatures in vapor dominated systems are 
very clase to the te~perature and pressure 
relating to the maximum enthalpy of satur
ated steam, Le., 236°C and· 31.8 kg/cm2. 
. • ' t 

An explanation for this behavior has been 
given by James (3),and White, Muffler, and 
'rrues~ll (4). d.! 

Only during the last d~cade have reser
voir engineering principles'been used to 
study production aspecto of .seothermal 
systems. In that time rela~.ively few modela 
have been developed that simulate the pro
duction from a geothermal reservoir contain
ing both a liquid and a .~·':'por phase. 

.¡¡ ' 
In fact, only thre.e IDodels have assumed 

. ) l . . 
the presence of a two-phase fluid within a 
geothermal reservo ir. 'oD:e of these modela, 
developed by Donaldson '(5) was a steady 
a tate, one-dimensional' description of two
phase flow within porous media, but did not 
simulate production. ?The other two modela, 
that of Whiting and RaMey (6) and that of 
Brigham and Morrow (7),. were lumped paramter 
formulations. Thus, the objective of this 
work is to develop a'model that simulates 
production from a two~Phase geothermal res
ervoir in greater detail'. than has previously 
been done. Specificaliy;·the simulation 
consista of two modela~· ohe for the reservoir 
and the other for the'wellbore. The reser
voir model is a two-dimensional areal or 
cross-sectional¡ unsteady $tate description 
of the flow of masa and heat within an 
anisotropic. heterogeUeOúá porous medium 
containing a single component, two-phase 
fluid; while the wellbore model is a one
dimensional, steady-state description of the 
flow of a homogeneoua;· tt:ro-phaae mixture. 
The two modela are· then"coupled together by 
treating the wellbore·plock as a point sink 
within the reservo1i;~and by viewing the 
reservoir pressure ~nd.quality as inlet 
conditions for the wellbore. 

:: ' 

..; ~ MATHEMATICAL MODELS OF GEOTHERHAL SYSTEMS 
. ,-, 

Modela of geothermal· systems can be 
thought of as being concerned either with 
the formation and stability of a geothermal 
system or with the production of fluida from 
a geothermal reservoir. Shown in Figure 1 
is a diagrammatic representation of modela 
relating to geothcrmal systema·, 

The fundamental formulation of a free 
convectiOn problem in porous media. hence
forth called the Fundamental Problem, is 
given in the AGU monograph on terreatrial 
heat flow, by Elder (8). Laboratory modela 
and .theoretical studies dealing with the 
physical processes of geothermal systems 
derive from this formulation in varying 
degrees of complexity. Constant temperature 
as well as no-flow boundary conditions, are 
employed in this formulation. For scaled ' 
model studies, Prandtl and Rayleigh 
numbers. and the aspect ratio can be used 
to define the system. Additionally, heat 
and fluid discharge can .be characterized. .. ~ 
by the Nusselt and discharge numbers, 
respectively. 

Wooding (9) first related the Funda
mental Problem to a geothermal system, using 
classical perturbat.ion methods .. 

Donaldson (10) carried out a mathe
matical study of the Fundamental Problem, 
but instead used finite difference tech
niques for ·ita solution. He also sol ved a 
variation of the Fundamental Problem where 
the planar region was a two-layer system 
conaisting of an upper permeable layer and 
an underlying impermeable layer. In a more 
complex formulation (11), he represented 
the planar region by three permeable 
channels, surrounded by impermeable rock. 
The model was studied further (12), taking_ 
account of the various permeabilities upon 
the Nusaelt and discharge numbers. 

The Fundamental Problem and the studies 
resulting from it consider only a single 
phaae fluid. The only study that has been 

. done that considera a two-phase fluid is by 
Donaldson (12). In the study a mathematical 
treatment was undertaken of the steady flow 
of water within a one-dimensional vertical 
channel (heated from below), A most inter
esting finding of Donaldson from a reservoir 
engineering standpoint waa the sudden change 
in fluid saturations at interfaces of perm
eability reduction and at points of flow 
rate change. Donaldaon's formulation in a 
sense is a specific case of a more general 
model considered in this paper. 

Hodel studies relating to the production 
of fluida from geothermal reservoira center. 
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un fluid flow in the reservoir and in the· 
wellbore. Thus, a further breakdown of 
model studies can be based on whether the 
model concerns itself with fluid flow in the 
reservoir or with fluid flow in the wellbore. 

Reservoir Hechanics 

Ramey, Kruger, and Raghavan (13) have 
pointed out factors which affect boiling in 
porous media. They state that vapor pressure 
data obtained from f1at interfaces may not be 
appropriate in porous media due to the effect 
of capi11arity which bends sn interface be
tween two phases. Works by Cady (14) and 
Bi1hartz (15) have tried to va1idate this 
effect under conditions similar to geothermal 
reservo ira. 

Evaporation and condensation of a 1iquid 
and its vapor within a porous:medium great1y 
increase the heat transfer capacity of the 
rack. This behavior, first introduced by 
Grover, Cotter, and Erickson (16), has been 
ca11ed the heat pipe conccpt. White, Huffler, 
and Truesdell (4) suggested a vapor dominated 
reservoir exista as a heat pipe, i.e., it 
transfers heat at high ratea by evaporating 
the liquid in warm parta and condensing the 
vnpors in thc cooler parta of the reservoir. 
1i01111~~ ijilll :huuoriPII (17) IHIV@ ~t.lutt~d ihe 
uflu•·t uf YUI"'" satura! tnn on th~rmal cuuduc
llvllloa "' 1't1Ü Bll<l have ounfli•uu•d lhP heill 
pipe phenomcnun. 

nr~~rvrllr mm!•!~ ¡¡f ~henn:tl rrocesses are 
batu~J upuu a masa balance and an enl· rgy 
balance .. The most detailed of these reservoir 
modela is a distributed parameter system, i.e., 
the independent variables. ~re parameterized 
with respect to both spatial and temporal 
variables. Modela offering lesa detall but 
which have wider use are _lumped parameter 
systems, i.e., the independent variables are 
parameteri:z:_ed only with respect to time. 

. . 
The conservation of masa can be applied 

to the phases making up the system, or to the 
components mak tng up the phases. In the former 
case, an interphase masa transfer term 16 to 
be included. The energy balance is made upon 
the entire system, b~t it has been based either 
upon interna! e~~r~ies or enthalpies. Coats 
(18) has formu18ted the energy balance for a 
steamflooding model in terms of interna! 
energie~, while Shutler (19) has formulated 
the energy balance for"~a· steamflooding rnodel 
in terma of enthalpies .... Differing solution 
methods validate the n~ed for these two formu
lations. 

All but one of the'reservoir modela of 
geothermal systems that ;'ha ve been published 
in the literature are lUmped parameter formu
lations. The most wellknown is by Whiting ,., 

and Ramey (6). Their model consists of a 
conservation of masa balance upon the singlé 
component, water, and a conservation of energy 
balance using interna! energies. 

Brighsm and Horrow (7), in an attempt to 
take into account the large spatial variation 
of the independent variables, found by Cady 
(14) for vapor-containing reservoirs, deve1-
oped three lumped parameter models based.on 
vapor liquid distribution. For each mode1 it 
was assumed that there was no influx of mass 
!nto the reservoir. The resulting equatiOns 
developed for each model were solved in a 
trial-and-error procesa for a given increment 
of depletion. 

The only distributed parsmeter model that 
has been pub1ished is by Hercer (20). This 
model was developed for an areal study of a 
hot-water dominated field. The mode1 consista 
of a single phase mass balance and the enerFY 
balance. The time term was approximated by 
finite difference techniques, while spatial 
terms were approximated by mixing isoparametric 
quadrilateral elemento in a finite element 
technique. The model was successfully uSed 
to match temperature and pressure distributions 
in a hot water fie1d in Wairakei, New Zealand. 

Wel.lhore IUtHhda UBt!d tu leRtH'vulr RltidlE:!If 

havc as thelr buais thc steddy stutc, one
dimensional balances of mass, momentum, and 
energy. Walll• (21) glves these oquatluns 
fur homugeneuus cqull!Lrium fluw. Lu Llu.! 

petroleum literature these same equations 
have been solved assuming the two-phase to be 
homogeneous for steam injection down a well
bore by Pacheco and Farouq Ali (22), and 
others. 

James (23) has developed one of three 
wellbore modela published in the literature 
where flashing is assumed to occur within the 
wel1bore. For this type of flow James has 
split up the wellbore into two'sections. From 
the sandface up to the point where the pressure 
drops below the saturation pressure, the 
flashpoint, James salves the mass and mom~ntum 
equations for a single phase fluid. From the 
flashpoint up to the wellhead, James salves 
the mass balance and the momentum balance under 
a homogeneity assumption for two-phase flow, 
along with a third empirical equation whfch 
couples the sandface enthalpy with the.well
head pressUn~. The empirical equation was 
derived from a bean (or choke) performance on . 
flowing geothermal wells in the Wairakei field 
in Ncw Zealand and is functionally identical 
to equations used on oil field wel1bores. 

·The second wellbore model where flahsing 
is a6sumed to occur in the wellbore, originally 

/ 
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done by Elder (8), was later modifled by. 
Nathenson (24). Again they split the well
bore into two sections. 

The third and most detailed wellbore 
model has been developed by Gould (25). 
Could' s two-phase flow model differs from 
the homogeneous modela discussed previously 
in that it considera the flow of each phase 
separately. This rneans that instead of 
solving the momentum balance for average 
viscosities and densities, empirical approx
imations based upon the morphology of flow 
are used for the acceleration, frictíonal, 
and gravitational terms. 

Rumi (26) has proposed a wellbore model 
for the single phase flow of steam vapor. 
He formulates his problem in terms of a 
conservation of energy equatio"n neglecting 
the potential ~nergy term, a conservation of 
momentum equation neglecting gravity, a mass 
balance, an equation of state, and an equa
tion for entropy production. By assuming 
isothermal flow, these equations are reduced 
to a single equation which relates flow rate 
with pressure. 

MATHEMATICAL DEVELOPMENT 

The production of fluida from a two
phase geothermal system is envisioned as 
follows. A two-phase, single component 
mixture of steam and water is assumed to be 
contained within a porous reservoir. The 
reservoir is closed to flow of mass and heat. 
Specifically, the no-flow mass boundary 
condition corresponda to a reservoir which is 
not surrounded by an aquifer and thus is not 
subject to a water drive. The no-flow heat 
boundary condition corresponda to the case 
where the heat gain and the heat loss for the 
reservoir is small compared to the forced 
convective heat transfer generated by pro
duction. A well i.s assumed to be drilled 
into the reservoir from the surface of the · 
earth and thus serves as a conduit for the 
flow of fluids from the reservoir up to the 
surface. Production is then accomplished by 
expansion of the fluida within the reservoir 
at the wellbore. The wellbore model herein 
developed assumes the flow of a homogeneous 
mixture of steam and water. This assumption 
has proyen to be adequate for the high flow 
rates encountered in geothermal reservoirs. 

Reservoir Model 

The physical system representing the 
reservoir is considered to be a two-dimen
sional; aniso.t i-opic, heterogeneous porous 
rock of rectilinear geometry. The rock is 
saturated with a single .component fluid, 
water, existing either in the liquid state 
or the vapor state. The capillary pressure 

existing betwcen these two phases is neglect- 1 
ed. · It is recognized that. in cross-sectional 
simulations in particular, capillary pressure 
would influence fluid saturation distribu-
tions. 

' The conscrvation of mass with a potnt · 
sink t~rm applled to the si1tgle compl)OCllt, 
water, over a differcntial volumetrt,· ele
ment of the reservoir yields: · 

' A A 
.1 -V·('lwpwvwt 'lgpgvg) 

a 
-O= Ft' (<l>'lwpwSw + <l>'lgpgSg) 

(1) 

The rel"a.tive permeabilities are assumed co be 
independent of the direction of the medium 
and to be unique functions of the liquid 
phase saturation; they are assumed to be 
indepenrlent of temperature. Thus the exten
sion of Darcy's Law for multiphase flow is 
given as: 

and 

where 

A 
V : 

w 

" V : 
g 

-k k rw 

-k k rg ' (VP 
t 

y V~) 
g 

(2) 

(3) 

Thc rcla:ive permeabilitit:s :hs~ !d in 
thi~ study ar•! variations or a futlctiollal 
fonn proposed by Corey ('JO) ior a dninage 
displacement orocess. The drai.nagc assump
tio~ implies ~hat the wetting pt1ase satur
ation is decrcasing. For a two-ph~s~. 

sinBlc compontnt fluid thit> nit:!ans th.it tile 
procesn of vaporization will prcJL,minate 
condensation. 

k = rw 

(S - S )
4 

w w. 
1 

(1 -S )4 
w. 

1 

(4) 
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k rg = 
(S - ~ .. )z ] 

w wi 

(S - 1) Z 
w. 

1 

(5) 

whcre ' 
sw. = . OS and Sw = . 95 

1 m 

Since. a single component fluid is assumed 
co exist within the rock, the masa fraction of 
water in each phase is taken to be one, that 
is 

(6) 

Substitution of Equations (2) and (3) and (6) 
into E~uation (1) results in: 

A [kk p V. rw w 
. ~'-w . 

kk p 
+ rg g 

- a 

~'-g 

a .. Ft 

A A 

(VP - y VE) w 

(7) 

The conserv.ations of energy with a heat 
sink made over a differential volumetric res
ervoir element. based on l'nthalpies yfelds: 

(8) 

= 

This equation assumes constant rock density, 
constant specific heat of rock, instantaneous 
thermal equilibrium between the reservoir 
rack and the two fluid phases, and aniso
tropic behavior of thermal conductivity sim
ilar to that of permeability, Le., ·ortho
gonal principal axes are congruent with the 
coordinate axis. 

a single component 
subst'itution of 

Again by assuming 
fluid and Darcy's Law, 
Equations (2), (3) and (6) into Equation (8) 
yields: 

'A • ~ A [ kk p h V (i< V T). V. rw w w • • 
~-'w 

(V P - y V') w 

+ 
kk p h rg g g 

~-'g 

a =w [( ... P. h S t ... P h S)+ (·1- ... )pr.hr] "'www "'ggg ,. 

(9) 

The temperatures and pressures within the 
reservoir are then connected by the satur
ated pressure relationship for steam: 

T ~ 11s.1 p· 225 

(lO) 

Substituting Equation (10) into Equation (9) 
resulta in: 

A aT /1. A [ kk p h 
V · ( i( ap V P) _ V . rw w w 

~-'w 

A 

(VP-

~t [<<!> p h S t 4> p h S ) t ( 1 - 4>) p h 1 a< w w w g g g r r 

(ll) 

Auxiliary Rclations 

The vapor and liquid phase saturations 
ace related hy 

S + S = 1 g w 
(12) 
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The density, viscosity, and enthaiPy for 
;: , ,;. both water and steam are assumcd to be func-
1; ~- tionally dependent o~ pressure and temperature 

: " . ~ .· g 

at saturated conditions as ,follows: 

= 10-
4

[82'. 2.516 + .1781S T + 6. 59 

• - p (31. 45-.05253 T)] (13) g 

= Z. 185 1 (0. 04012. T + 5. 154 ·10-ó T2 - l. 0) 

(!4) 

hw = 91. O p· 2574 
(15) 

1119P"O!Zói 
(16) 

(17) 

. 002.4 7.3007 p . 9 ~88 (18) 

The porosity of the rack is assumed· to 
be a functfo11 of both space and pressure. 
The functionitl form assumed separares the 
effects of space and pressure in the follow
ing manner: 

(19) 
where 

(l·~C (P-P)J 
r 'o 

= pre:, :;u :-e <:t.t assurnt!d re fe: re rice point 

= r.:>ck comp.-essibiht)· 

Wellbore MPdel 1 

The wel1bore (as shown in Figure 2) is 
considered to be a ene-dimensional, vertical 
duct of constant diameter, through which a 
two-phuse mixture of steam and water under-· 

·goes stearly flow. The two-phase fluid ia 
assumed to bt: ..1 humogeneous mixture in which 
the phases are in thermal equilibrium with 
eact1 other. In particular the frictional 
pressurl:! drop of the two-phase mixture is 
determined by Martinelli-Ne1son (27) two
phase multip1iers. The Martinelli correl
at ion balances f r ict ional shear stre'sses 
versus pressure drop under a separated flow 
hypothesis. This correlation was made on 
the. horizontal tlow ot botltng water. rO a 
geothermal wellbore, vertical, flashing f1ow 
of water occurs. This then implies that the 
body forct!:s and inertial forces are assumed 
small cumpared to frictional forces. 

The equations describing a homogeneous, 
two-phase fluid undergoing steady, one- , 
dimensional equilibrium flow over a differ
ential element are a conservation of masa 

w = 

a conscrvation 

w du 

gc dZ 

p T 
w 

and an energy 

dq 
e 

dZ 

P m u a = constant, 

of momentum 

= 144 

- apm 

balance 

1 dW 
e 

T dZ e 

2g J e e 

a 

..L 
gc 

= 

dP 
dZ 

d 
w 

dZ 

(20) 

(21) 

(22) 

Here z is taken in the direction of the flow 
and is thus positive upwards. 

1 
The rate of work of viscous and pressure 

forces is neglected, thus 

dW 
e 
~ = o 
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So rearra~ging Equadon (22) resulta in: 

,...;.. •, 

' dq 

[hm 

z ' 1 e d u .i.L ] dZ = dZ + + 
"' Zg J gCJC e e 

':.· .- ..... 
';':'-

(23) 

Equationa (20), (21), and (23) are the 
equations that Pacheco and Farouq Ali (22) used 
in -their study of ateam injection. '!'he treat
ment employed in this work ia similar to t~eir 
work except for the handling of friction and 
heat loas. The method consista of eliminating 
the masa bal~nee equation by substituting it 
into the momentum and energy balances. Further 
algebraic and functional relations are then 
applied to the reaulting two balances in order 
to produce a pair of differential equations in 
presaure and quality, which are as.followa: 

dq 
[ah 

r 2
v Bvm] dP e -J\--=w+ m 

"' <rZ' Vc -av- n- + 
e e 

dX 
iJZ (24) 

= 

' ' 

Auxillary Relations 

dP 
oz + 

(25) 

In order to aolve theae differential 
equations, auxiliary relaciona are needed for 
the friction factor, the two-phaae multiplier, 
and the heat loas. 

The Fannlng friction factor lo determinad 
from one of three equatións which are correl
ated with the Reynolds ~hmber and the relative 

·--·--- -- ----·-··----- --------,-;----

roughness of the pipe as follows (Welty, Wi_cks 
and Wilaon, (28) and Sommerfeld (29)): 

for laminar flow (Re < 2100) 

(26) 

for turbulent flow 

( 
D/e > .o!) 

Re-..rf 

t = 4.0 l?g¡o ~~~ + Z. ZS (Nikuradze), (27 ) 

and for tranaition flow 

-h = 4, O log 10 ( ~) + z. za 

( 4. 67 
Die l. O ) Colebrook) - 4. O log 10 + 

Re·fi 

(28) 

The Reynolds number used in this study was 

o·r 
Re = 

6.7197 ' 10- 4 ~m 

where the viscosity, ~. is determined from one 
of three equations depending on the value of 
the volumetric concentration of the vapor, S 
(21). 

For 5% < B < 95%, the viscosity, ~ , was m 
chosen by an average of steam and water 
viscosities weighted with respect ·to qualitY 
as follows: 

~m e X ~g + (l - X) ~w (29) 

For S < 5%, the mixture is assumed to be 
an emulsion of gas bubbles whose viscosity is 
assumed to be 

~m e ~w (1 + Bl (3ú) 
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For f', > 91:{, the mixutre is assumed to be 
a m1.st whose viscosity is assumed to be 

~ m ~ (1 + S) m g 
(31) 

The two-phase mu1tip1ier, Or, was deter
mined by using Thom's (30) update of the 
Hartinelli-Ne1son (27) correlation. The curve 
fit of the tabulated values given by Wallis 
(21) ia as fo11ows: 

ef =. 108547. 10 3 x .. 93493. 10-JP + 

2. 1093'3 x 5 - . 307153 · 10-
2 x4 · P + 1. 5943 

(32) 

Heat flow from the wellbore was assumed to 
take place at a steady state rate trom the 
wellbore to the formation and at an unsteady 
state ratc within the formation. The heat losa 
from th~ wellbore was given by: 

d<l 
-~ 

dZ 
u ( '1' ; 1' ) /1600 

ho 
i 11) 

The overall heat transfer coefficient i• 
composed nf the resistance of the casing and 
the resistance of the cement, where the film 
coefficient at the inside casing wasl1 has 
been neg1ectcd Wi11hite (32). 

The heat J.oss from the wellbore into the 
formation at the cement formation interface 
ha• been given by Ramey (33) as 

dq -2TTK (T - T) 
e m ~c~~·~~h~o~ __ ;e~ 

dZ 3600 F, (t) 

~ht!rc F(t) i:i the transient heat conduction 
function. 

Now Equations (24) and (25) along with 
the boundary conditions describe the flow 
within the wellbore. 

(34) 

The rescrvqir model gives as its solution 
the pressure a"nd water saturation at the well
bore. The wd1bore quality is given by 

1 - S . '. w (35) X a 

[~:]- 1 
S + 1 w 

Hence, using the feservoir pressure and 
liquid phase saturatiori given by the 'reservoir 

model, the reservoir quality can be determtned 
by Equation (35). The reservo ir pressure and 
the_ quality calculated from Equation (35) are 
then used as boundary conditions for the w~ll
bore model. 

SOLUTION HETHOD 

The reservoir model and the Wt.dlbClre modt.•l 
both involve nonlinear equations, which were 
so1ved numerica11y, employing a finite differ
ence scheme and a fouth arder Runge-Kutta 
method, respectively. 

Basically the solution procedure involves 
so1ving the two partia1 differential equations. 
of the reservoir model simultane6usly for a 
given production rate. The solution is then 
obtained in terma of pressure (or temperature) 
and 1iquid phase saturation which are used to 
calculate the quality of steam at the we11-
bore. The calculated quality and the pressure 
used to calculate it serve as b.oundary con
ditions for the· simultaneous solution of the 
differential equations of the wellbore mode1. 
The wel1bore model then gives as its solution 
the wel1head qua1ity and pressur~. 

The partia1 differential equation corre
aponding to the mass balance Equat!on (7), 
written for two-dimensional rectilinear coor
dinates, after substitution of Equation (14), 
is discretized, using centered difference 
approximation to represent spatial deriva
tives, and a backward difference for the time 
derivative, obtaining: 

TMn + 1 
wxi + ( 

pn + 1 
L i ¡ + 1, i 

- p~ +_ 1 ) -
'· J 

TM0 + 
wx. !. . 

1 - l f J 

(
pn + 1 

1 ¡' 1 + 1, ,, 

1 
- 2 f j 

(
P?+I_pn+l) 

I,J 1-1,j 

- p~ +_ 1) 
j '· J 

(
pn +_ 1 _ 

'· J 

pn + 1 
i - 1. j 

TMn + 1 
wy .. + 1 

l, J ¿ 
( p~ +_ 1 

1, J + 
_pn+1). 

1 i. j 

™' n + 1 
wy .. + , 

1, J z 

+ 

+ 
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1 • ~. • 

~-· 

.'fM0 + 1 (f +. 1-wyl . 
• J - t 1, J 

TM' n t 1 

(
pn +. 1 

l, J + 

wy. . . Il 
1, J .. 

1 - P? +. 1 ) -
'· J 

p" +. 1 
1 ) + 

1, J -

TM" + 1 
gy.' . 1 

1, J ~ ¡ 
( p~ +. 1_ 

1 • J 
p" +. 1 ) 

1, J - 1 + 

- q" + 1 
1. . 1 

11 J : 
l'ix<Syx At {

[q,ps¡n+_1_ 
w w t, J ( <l>P S )~ w w 1, j + 

(<l>P (1-S )¡n+I_ (cj>p (1-S )t } 
g w l, J g . w 1, J 

(36) 

[f saturation dependent tenas a¡ e assumed 
to bé highly nonl1near, then ouly t·hns~ tenns 
thac are functi(Jns of saturation. necd to be 
takL!n at thc (u + l) time levt:l. lknt:e the 
following temporal evalu<ltion is ¡wrformed. 

1'M' n + 1 = 
wy 

t;yg 
144 g 

e 

TM" + 1= 
wy TM 11 + 

. gy 

TM' n+ 1 
gy 

= t;y g 
144 g 

e 
p~n t 1 

. g rg 

11 
1 

''1 

¡ 
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where 

b. 328 k ( :: l n 

b. 32.8 k 
n 

M" X Mn = X ( ~) = 
t;xz t;xz wx gx 

b. 3Z8 kv n b. 328 k n 
Mn ¡::) Mn = y (~) = 

.O.y2 ,O.y2 wy gy 

In regards to spatial evaluation, the 
lnterblock transmissibility values are requir~d 
at positions between grid points. Sinee the· 
independent variables are only known at the 
grid points themselves, a suitable average_~f 
adjaeent grid point values has to be devised. 
A linear average of adjacent grid pointa in. 
the direction of the differenee was used for. 
the pressure dependent terma. For the satur
ation dependent terms, a weighted average of 
adjacent grid points was used based upon fluiq 
pot~ntials. Both of these averages have been 
implemented with success in other modela re
ported in the literature: Letkeman and 
Ridings (34), HacDonald and Coats (35), and 
Diaz and Farouq Ali (36). The secondary para
meter, permeability, was evaluated by rneans 
of a harmonic average·of adjacent grid point 
values, which ha~ been shown by the author 
(Torunyi and Farouq Ali, 37) to be correct 

1 

from geometrie and deterministic considerations.¡ 

Hence, an interblock transmissibility is ,. 
exemplified by the following: 

where 

M" = 

= Mn 
wx. 

1 

ó,328 

+ ! ¡' •• 

k 
X. 

j 1, 

kn + 1 
rw. 1 

1 t ¡ f j 

1< l X. 
!, j 1 + 

1 r wx. 
+ 1 

j t;x2 k + k ) 1 •• X. 
j 

X. + 1, 1, 1 

1 [ ( Pw) n !::) n J 2 + 
~"w 

i + 1, j 1, 
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.and . '1:;_,' 
-·.·, 

kn + 1 
( 1 = 

.r:"l<t ! . 
a' ·J ·. 

.. ~' 

·aue~ that, 

' )· ·' wxf = 1 lf 

- w ) tn + 1' 
. xi . rw1, f 

+ 

i 
~· 

' ~n 
¡, 

< ~-? w. j i'' 1, 
. -.1. 

. n + 
w k xf rw

1 

~n 

W¡ t 1, i 

1 

+ 1, i 
a 
ax [

k k p h rg x g g 
~'g 

apl + 
axJ 
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·.··· 
~:-' :· . 
•. , 1 

w xt= o H ~n >: ~ :~ ~n 

a = ar • S ) p h + ( 1 - cj>) p h ] w g g r r 

wl, i -~ . ··¡ w. 
1, i 1 + 

·)· .. ::: ' 
t-.,. 

' ... 
where ~ . 

~n = P? ·.m_ n. 
w. 

i 1, i 144 g Pw. 1, . :~\., e 1, i 
'~,·:·:. 

y* Q distance from a dafhm level 
'·· •: 

The poaition of the well .coincides with a 
grid point. A conatant mass•flow rate is 

. f • assumed or the well. Hence,: for the partial 
differential equation corresp~nding to the masa 
balance, the masa sink is defined as follows: 

1 :.• i 

for i =K, j = L 

~.-.í ·:. l 

n + j' .: ·· /8, 64 • 104 
qT :-~~- ·= -

i; : j ~ 
1-~" • 

for ¡!K, j¡!L = o 

'~ .. 
where <Xv• yL) corresponds:to the location of 
the wellSore. 1;' 1• ; :. 

' ,t; -·; -·:. f •!-~ 

· The partial differential equation corre
sponding to the energy balance, Equation (11), 
written in two-dimensional .rectilinear coor
dinates, after aubstit!'~.ion of Equation (12) 
is as follows: ,--;·~~~~~_;,'\'~~;k_. 

a 
ax 

' ' ~ .· 

[
K aT ap] ·.a~-r~ BT 
" a? rx + · •. ~ · y ap 

a 
.ax 

a 
ay 

'{• J •• 

[krwk;p~~w .. . ,. 
w.· . 

~] ax + 

ap] 
ay + 

( 37) 

where again the y-direction is assumed to be 
coincident with the vertical direction. 

Similarly to the mass balance, a centered 
difference approximation is used to represent 
the spatial derivativea and a backward differ
ence is used for the time derivative. This 
results in: 

/pn + 1 n + 1} 
j [ 1 + 1, j - Pi, j -

yn 
x. 1 

/ pn +. 1_ p~ + 1 . J 
j[1,J 1-1,J 

1 - ¡' 

(P? ~ 
1, J + 

pn+.1)-
1, J 

yn 
y. 

1, 
( 
pn + 1_ 

. ! i, J. 
J - z 

p~ +. 1 ) 
1, J - 1 

+ TEn+ 1 
wx. + 1 • 

1 2, J 
( P? + 1 .• P? +. 1) ~ 

l+l,j l,J 

TEn+ 1 
wx. 1 

l - 'i· 
(

P?+.1_ pn + 1·) 
i 1,J 1-I,J 

+ TEn + 1 
· gx. + 1 . 

l 'i· J 
(p~ + 1 . _ pn + 1 J _ 

1+1,J l,j 

TEn + 1 ' 
gx. 1 • 

1 - -¡, J 
( pn+.1_ p~ + 1 ) 

l,J l-l,j 
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+ TEn+ 1 
wy1, j + ( 

p~ +. 1 
1 1, J + ¡ 

- p~ +. 1) -
1 '• J 

TE'n+1 
w,,Y¡, j + t 

( p~ +. 1_ p~ +. 1 
'· J l, J -

+ TEn+ 1 
gyl, j + l ¿· 

TE' n + 1 
gyi, j + i 

( p~+:1_ '· l 

p~ +. 1 
1' J -

- t 

+ 
TE'ntl 

l 1 ) wy. 
'· j - ¡ 

i 
( pn +. 1 

1 - p~ +. 1) 
l' J + l' J 

TE0 + 
gy. . . 1 

l, .J - ¡ 

TE, n +l. 
gy. .· 1 

1, J - ¡ 

[ ;cj>S p h )~+. 1 
- (cj>S p h )~ .]· t.J.,.t 

w w w 1, J w w w 1' J Llo t 

l -11 + 1 
S ) p h . . 

w g g 1, J [oj>(!-S)ph]n.] 
w g g 1, l 

+ _1_ 
C.t 

.Jhere 

[l(l-<1>) ph jn+l 
r r i, J 

V = 24·~ aT 
x x8P 

[( 1 - cj>) p h l ~ . ] r r t, J 

(38) 

TE ~ h TM .wx· w wx 

' ' TE . = h TM 
wy · w wy 

. 
TE = h TM · gy g gy 

TE · = h TM wy w wy .. · 

1 

TEgx = h TM g gx 

' .. 
' . TE = h TM 
gy g gy 

Again assuming that saturation dependent 
terms are highly nonlinear, then only those 
terms that are functions of saturation need 
to be taken at the (n + l) time level. Hence 
the following temporal evaluation is per
formed: 

TEn+ 
wx 

TEn+ 
gx 

TE 

where 

8T 1 ap 

·n 

= on kn + 1 
wx rw 

= ~~~ 
e 

= on kn + 1 
gx rg 

·n+l Ayg 
= gy 144g 

e 

on 
6. 3 28 k 

= 
L:.xz wx 

X 

on 
6. 328 kx 

= 
L:.x2 gx 

6.32Bkv 
on = wy L:.y2 

on = 
6.328ky 

2 ¡;y . t:. y . 

8T 1 n 
ap 

TEn + 1 = 0 n kn + 1 
gy gy rg 

\ 

( h )nkn + 1 ~...tn pg g rg 
gy 

(p:>f 
¡ 

( :g:g ) 
n 

(P::w) 
n 

n 

( ::g l 

' . 



12 
TWO-PHASE, TWO-DIMENSIONAL SIMULATION OF A 
GEOTHERMAL RESERVOIR ANO THE WELLBORE SYSTEM SPE 5521 · 

In regards to spatial eValuation, the 
interblocka thermal transconductivity values 
are formed by using a linear average of·adjac, 
ent grid point valu~s in the dlrectlon of the 
difference for the pressure dependent terma 
and by employlng a harmonic average of adjacent 
grid point values for the thermal conductivity. 
Hence an int_erblock, thermal transconductivity 
ia exemplified by the following: 

[2 K 

K 

J vn 24 x. x .. + 1, j l' l 
= -2 ' . 

X. ! j 
K + K 

l + •• Ax x . 
j X¡ +- 1' '· 

. 1 [ aT 1 n liT 1 
n 

j] 
:z ¡¡p i + + 

1, j 
¡¡p 

i, 

The interblock, thermal transmissibilities 
are formed similar to the interblock masa 
transmissibilitJes, i.e., a linear average of 
pressure dependent terma, a ha'nnonic average 
of permeabllity, and a weighted average with 
respect to fluid potentials for the saturation 
dependen~ terma. Hence an interblock, thermal 
transmisslbility is exemplified by the follow
ing: 

TE0 + l 
gy. . 

l' J 

where 

o" 
gy. 

l' 

and 

= 
j - ! 

! 
l 

6.32H 

A/ 

k"+ 1 
1 rg. . 1 
¡ t, J - l 

[

2kY¡, ¡kY¡, i- 1 

k + k 
y. . y. . 1 

l' J l, J -
] 

k"+ 1 
rg. . 

1' J ! 
= ( 1 - 8 ) kn + 1 + 

yb rg. . 
a kn + 1 

1, J yb rg. . _ 
1 '· J 

such that 

B 
yb = if 4>n < IIJn 

g. 
j g. 

j - 1 1, 1, 

S = 0 if 4>n > IIJn 
yb g. 

j g. 
j 1 1, l, -

where 

~n a pn ..r..s_ n 
p 

&1, j i, j 144g 8¡, j e 

y* - diatance below a datum level 

The heat sin k term is g_iven by 

qh a hwqT + (h - h ) 
g w qg cj9¡ 

The steam production rate is determined 
by the fractional flow of the steam phase 
within the block containing the wellbore as 
follows: 

where 

a 
g 

k 
rg 
+ il k 

rw 

~o 0w 
and .\ • --'=l 

\1 p 
"' g 

(40) 

Substituting Equation (40) into Equatlon 
(39) and differencing resulta in: 

n + 
qh. 

l' 

(h". h
0

)· · k
0 + 1

1

] g w rg 

(41) 

All terma in Equation (36) can be placed 
on one side of the equation and be defined to 
be the mass residual R ; similarly, all 

mi,j 
terma in Equation (38) can be placed on one 
side of the equation and be defined as the 
energy residual ~ . 

• i,j 

The no-flow boundary conditions are rep
resented by zero fluid transmissibilities on 
the bounding surfaces, and zero flow veloci
ties on the same surfaces, for masa and heat, 
respectively. 

Initially, a pressure and saturation dis
tribution ia specified throughout the reser-

1 

.... 

jr-
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r~~:, r tJuch thot 

m.a111taincd. 
grav.ltat.lona1 equilibrium is 

' h 

Newtonian Formulation 

s:~ce Equation.s (36) · anJ (38) in residual 
form•are· defined at every grid point, a system 
of 2•I•J nonlinear algebrai~ equatlons needs 
to bo' so1ved for each time step. Sinco each 
grid po.int is coupled to.at most four adjacent 
grid points, the equationa have llt most Uve · 
unknown grid point values for each independent 
variable, or ten unknowna per equation. Theae 
remarks can be.summarized by representing the 
system of· equations vectorially as follows: 

,, 
whcre 

' R •. (R 
ml 

o • • 1 

and 

( p~ '· 2 -

(42) 

; 

o • • 1 o • • ' 

... ' 

••• • RE 
1, 

R • • 
E¡ - 1, 1 

' 1 n + 1 
J.- 1 ' P. 1 '' 

l - ' J 

• • • 1 

., . 
•,. 1 

n + 1 
pi+1,j' 

pn + 1 
'· j + 1 • 

Sn + 1 :.• ·sn + 1 w .. 1 .,, w s" + 1 
'· J - ' . 1 1 - • 

w . .. 
'· J 

Sl•ch a uys~~m of nonlinear equations can 
be t~olvcd by mcans of a Newton-Raphson tech
nlque (Remaon, Hurnberger, and Molz (38)), 
The Newton-Raphson method spplied to a set of 
nonlinear equatlons involves approximating the. 
equation by a truncated Taylor's series expan
sion about an assurned sOlution to the set of. 
equationa. The reault ia ~ set of linear 
equations which can then be solved by matrix 
techniquea. The method is repeated until the 
solution of the linearized equations agrees 
with the assumed solution within a certain 

L
lerance. The Newton-:Raphson method spplied 

Equation (42) reaulta,in: .. 

.. 

where 

6 ~(K+ 1) • a(K+ 1)_ Q(K)K= 1, 2.,.,. 

a 
apn+ 1 

1. l. J 
f • • • 

The method of oo1ution proceeda by the 
fo1lowing inductivo argument. A trial aolution, 
z (O) , iB aasumed, _which for the reaervoir moclel 
is the initial condition. The vector function, 
R (z(O)) and the dyadic, V R (z(O)), are 
then celculated. Note that Ehe determinant of 
the dyadic is the Jacobian of R(z). The 
variables 6 z(l) are then solved for in Equa
tion (4J). If 

6 Z (1) 1 < E 

where E is aufficiently small, then the triill . 
aolution, z(O) , is aasumed the true solution 
and thc method ia completad. If 

1 6 Z (
1) 1 > E 

thcn a new gueas ia made by using the following 
relation: 

z(l) • z (O) + 6 z(l) 

and the procesa ia repeated. The procesa is 
terminated when 

1 6 z (K + 1) 1 < E 

and the solution 1s accepted as 

(K+l) (K) z • z 

A direct method wao employed for the 
so1ution of the linear equations at each iter
ation. 

Mathematical Checks 

Mathematical checks were uscd in stability 
atudies and the debugging of th~ reaervoir 
model. Since the reaervoir model can be viewed 
as a distributed ·parameter system, its reduction 
to a lumped parameter form gives a means for 
analyzing the stability of the model. The 
1umped parameter form of Equation (7) and (9) 

, 
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. can be"':-c>btained by integrating 
variation and is as }ollows: 

out all spatial 

.. 
c1r [~· cj>p . S > t < ~pgSg > 1 = - Q w w .. (44) 

d , r <m < cj>pwhwSw > t .! <j>pghgSg >'< + 
• 

(45) 

In terma of ayatema theory, Q and Q are the 
forcing functions for these equatioRs (Porter 
(39)), and hence the manner in which the aystem 
responda ia related to the nature of the forcing 
function. Thua, the effect of discretization of 
both time and space upon the syatem is influ
enced by the forcing ·function. These combined 
effects are measured by means of a dimensionless 
throughput defined as follows: 

where 

NTP 
a q¡t 

m 
p 

m = total masa per cell containing 
P the well 

ll t = time atep s.ize 

qT = total masa production rate 

¡ 

A similar measure of stability has been devel
oped by Todd, O'Dell, and Hirasaki, (40). A 
number of numerical stability studies were per
formed on the reservoir model; it was found 
that the maximum atable Nrp ranged from about 
1.0 to 33, for the various initial conditions 
and areal and cross-sectional models. 

The lumped parameter model ·can be reduced 
further, resulting in dimensionless ratios that 
serve as measures for the accuracy of the model. 
By integrating out the temporal'variation in 
Equations (44) and (45), the following relationa 
are formed: 

where 

N a 1 
m 

N a 1 
E 

N a 
m ll [< <j>p S > + <. $~ S >] 

t w w g g 

tl 

I Qh dt 

(46) 

(47) 

N a ~~~--~~-----t~0~--------------------1 
E ll [ < $P h S > + < lj>p h S > + < (1-$) p h >] 

t www ggg rr 

and the operator t:. is defined as t:. X a X X 
. y t t 1 - tr 

for time levels t· and t . If the solution to 
the finite differlnce re9reaent~tion is to be 
correct, it must satiafy Equations (46) and (47). 

Wellbore Model 

The wellbore model is represented by a 
aystem of mathematical equations in terma of two 
independent variables, pressure and quality. A 
solution is sought for this system in terma of 
the spatial paramter, z. In particular, a solu
tion is sought for the wellbead, Z a ZM. Hence, 
the simultaneoua aolution of tbe two differen
tial Equations (24) and (25), which relate the 
independent variables with space, suffices to 
solve the aystem. These equations can be placed 
in matrix formas followa: 

L • 
1 

.!. dqe 
w dZ 

(
dP/dZ) 

dX/dZ 

_ _L 

gCJC 

L • -2 
2 

e ffv!r
2 

g D 
e 

= 

(48) 

Equation (48) can be rearranged into the follow
ing form: 

(
dP/dZ)= 

dX/dZ 
= 

Having obtalned the differential equations 
in this form, the Runge~Kutts metilod can be 
applied. The step size, Z, is chosen so that 
the positions of the wellhead and the borrom of 
the hole are coincident with the grid points. 
From the reservoir model and Equation (35), the 
bottomhole pressure and quality can be obtained, 
which in this case are the boundary conditions 
for· the set of differential equations given in 
Equation (49). 

J.. 
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The computer flow chart for the entite res
ervoir-wellbore simulatlon modcl is showD=~n 
Fi¡¡u~es 1 and 4. .., 

UISCUSSION OF RESULTS 

In arder to gain insight into the problem 
of production from a two-phase geothermal reser
voir, simulations were performed for various 
values of porosity, permeability, and intial 
pressure and saturation distributions. In par
ticular, for the areal formulation five differ-

·ent levels of initial liquid phase saturation 
were used: 1.0, 0.80, 0.60, 0.40,''and 0.20. 
for the cross-sectional formulation five differ
ent levels of initial liquid phase saturation 
were also used: 0.50, 0.40, 0,30, 0.20, and 
0.10. In both formulatlons two different levels 
of inltial pressure, 650 and 450·psia, two lev
els of poroslty, 0.05 and 0.35, and two tevels 
o( permeablllty, 1.0 and 0.10 darcies, were em
ployed. 

•• 
Re•ults of these simulations wlll be dis

cussed In detall in another paper. A few 
examples of the resulta obtained, and the main 
cnnclu•lons derived will be stated here. 

For the simulation runa, a 6 x 6 grid 
system was employed for the reaervoir model. In 
arder to better determine the·effects of the 
5econdary parameters, the reservoir was assumed 
to be homogeneous and isotroPtc. The rock 
density and the coefficient of rock compressi
bility were assumed constant at the values of 
160 lbm/ft3 and 5 • 10-6 psi-1 respectively. 
All computcr runs were conducted using double 
precision arithmetic on an IBM 370/168. The 
convergence tol.erance, e::· employed was 10-9. 

12 The typical range of the mass residual was 10-
to w- 1 '>, and the typical range of the energy 
residual was J0-9 to lQ-11. The range in· per
ccut urrur lH:Hwc lated with. both incremental and 

· cumular i ve mas~~ balance numbei'a and energy bal
ance nt~ers was lo-9 t~·¡o-10, 

<,.; ' 

The wefl bore mode1.1was not varied through
out the :; i.mulat iOn runS. t" Its parameters were 
hL·lJ constanl and are -giVén in Table l. Step
size, Z, '~;rnalter than'lO ft. demonstrated 
solut ion• wldc.h differed 'by no more than w-5 
parts in J. U from solutions for t:.Z equal to 
10 ft. . ' '.: 

• ·' l '·: ( . ,. 
Stablllty Ana.~~ .... ~ 

' 

The stability ot .. time discretizatlon effect 
of the rcservoir model was tested in both cross
Stctional .:md areal form.ulations. The differ
ence in the two formS is t~at in the areal form
ulation the gravitaiional force was ru;:glected. 
In particular, stability was tested by noting 
the sensltivity of the model to time step sfze. 
As has been mentioned in the previous chapter, 
the reservoir model is ultimately sensitiVe to 

the nature of the forcing function or in this 
case to the masa rate of production per unit 
volume of reservoir. Hence the measure employed 
hcre in analyzing the stability of the model was 
the dimensionless masa throughput NTP' 

For a particular initial saturation and 
pressure distribution, computer runa of the 
reservoir model were made progressively increas
ing time step size. A series of runa was term
inated when the model produced physically un
realistic solutions or convergence could not be 
attained. The last time step size employed was 
used to calculare the maximum dimensionlesa 
throughput. Basically, the determination of 
this maximum dimensionlesa throughput to an 
accuracy of two decimal placea was a trial-and-
error procedure. · 

Table ~ shows resulta of an areal study 
with various initial saturation and pressure 
distributions. lt is seen that generally the 
maximum dimensionless throughput increases with 
increasing initial pressure, except for an 
initial saturation level of 1.0.· For all levels 
of initial pressure the inicial saturation-level 
of 0.20 attained the larges N p" Similar trends 
were observed for cross-sectibnal studies, but 
the trends were not as consistent, 8nd the 
values of Nrp were smaller than those for the 
areal simulations, possibly because of the 
added effect of gravity. 

The effect of dimensionless throughput as 
.a measure stability ~as also tested, varying 

the production rate. Clase· agreement of 
throughputs was obtain~d at low initial satur
ation levels, but at higher levels disparity 
appeared. This indicates that thermal effects, 
e.g. flashlng, may domlnate the stabllity of 
the system at high liquid saturatlons. 

The effects of porosity and permeabllity 
on res~rvoir performance are excmplified for a 
cross-sectional formulation at an initial 
pressure of 650 psia. Shown in Figures 4 to 7 
are plots of bottomhole pressure versus frac
tion of mass produced for the four different 
cases resulting from testing two levels of 
porosity and permeablllty. In compatlson to 
the hlghet porosity leve!, the lower porosity 
level produces very little bottomhole pressure 
decline, which ~an be se en by comparing Figures 
4 and 5 and Figures 6 and 7. Thls result 
coincides with the findlng of Brigham and 
Morrow (7), who also found that low poroslty 
produced small pressure d~cline. The lower 
permeability level prodacés a larger pressure 
decline than the higher level, but this decline 
is not as drastic as for porosity. This 
follows from comparing Figures 5 and 7 and 
Figures 4 and b. 

In comparison to the areal simulations, 
the addition of a gravitational force in the 
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· croaa·.;aeCtional formulation hastens the devel~ 
· Op~~nit~f a superbeated region in the reservoir . . ;; ' ~ . ,_, 

,.: .The level of initial pressure does not change 
·~ the shape of the pressurc decline curves, but 

does effect the advent of a superheated region. 
· The higher 1evel of init iai presa u re develops a 

:·superheated region'before the lower level. 
.. : . .... Again in regards to the devdopment of a super
:. :, ,heated region, the lower porosity level devel-
' oped a superheated region before the higher 
' , ,, porosity level. Also, the lower permeability 
· '" level developed a superheated region before the 

1 'higher permeability level . .,.~ This appears to 
agree with the resulta of D~naldson (5), who 
found that saturation changés were effected by 

. ~·permeability. ·.~·~;·· 
'• ' ' 

In the cross-sectional' 'roimulation, the 
smaller the initial liquid' phase saturation 
level, the smaller the pressure decline, the 
shape of which is concave'upward as can be seen 
in Figures 4 through 7. 11) ;~he a real formu
lation, initial saturation,levels larger than 
0.40 demonstrated smaller pressure decline for 
a given amount of masa prodúced than the 0.40 
level. Their shapes were ·é.oncave downward. 

' , 
For initial liquid phase saturations 

lower than 0.50, bottomhole:quality increased 
as production proceeded, eXcept for the case 
where hoth the lower level'of porosity and 
permeability bccurred, e. g~''Figures 4A and 5A. 

' Larger initial liquid phase.saturations tended 
to decrease the bottomhole::quality or increase 
it very slightly as production proceeded. 

~ !·~!: 
:·:;..';:.;. 

In the areal .formulation, bottomhole 
quality demonstrated similár behavior, except 
for the initial satura.~ion of 0.40. 

The 
to alter 
curVes. 

initial pressure 
the shape of ~he 

l't('" 

level does not seem 
bottomhole quality 

. 1 \¡, -~ 
Figures 8 and 8A present examples of the 

reservo ir ·liquid phase .saturation and pressure 
distributions, re•pectiv~iy.,, .. for a selected 
set of conditions for .the.cross-sectional 
formulation, The node, indiéated by a "+" is 
the production block. ,·.;·:.1 ,;·: ¡ 

•• t : l ~ • "j' • 

In an areal formulation the most signifi
cant effect was that''of¡ _the initial liquid . 
phase saturation lev!'Lupon the saturation dis
tribution. Permeability; imd porosity levels 
did not alter this effeét. For initial liquid 
phase saturation levels'·.of 0.40 and smaller, 
the loweat liquid phase saturation about the 
wellbore existed at the.wellbore grid point and 
the superheated region"formed around the well-. 
bore grid point. In c'o!Ítrast, for initial 
liquid phase saturatiori'levels above 0.40, the 
highest liquid phase saturation existed at the 
wellbore grid point and'.'ihe,. superheated region 
formed away from the wellbore. 

,.,.,~ \ 

.,\' .:~::---~ . 

~ellhead Pressure and Quality 

Wellhead pressure and quality were deter
mined for every time step in all simulation 

l 
runa until negative wellhead pressures were ob
tained. Negative wellhead pressure was inter
pretad to mean that the masa flov rate vas too 
large to be physically attained. Figures 9 and 
9A depict an example of the wellhead and bottom
hole quality variation with production. 

Wellhead quality was always found to be 
greater than bottomhole quality, while wellhead 
pressure was always leas than bottomhole press
ure. Neither wellhead pressure nor wellhead 
quality was always monotonic with respect to 
masa fraction produced. Further, bottomhole· 
quality and pressure variations were often not 
reflected in wellhead variations. 

The pressure drop, i.e., the difference in 
bottomhole and wellhead pressures, generally 
increased in time for initial liquid phase'"iiat- _.._ 
uration, levels lesa than 0.30 while it generally 
decreased in time for initial liquid phase sat
uration lev els larger than 0.40. The larger · 
level of initial pressure, 650 psia, for a given 
level of initial saturation gave a larger 
pressure drop than the smaller level of initial 
pressure, 450 psia. 

For the initial pressure level of 650 psia, 
pressure d~op ranged from lOO to 250 psia for 
initial liquid phase saturation levels larger 
than 0.30 and ranged from 100 to 350 psia for 
initial liquid phase saturation levels smaller 
than O. 30. For the initial pressur.e level of 
450 psia, pressure drop ranged from lOO to 200 
psia for initial liquid phase saturation levels 
larger than 0.30 and ranged from 100 to 300 
psia for initial saturation levels below 0.30. 

The quality rise, i.e., the difference in 
bottomhole and wellhead quality, for a given 
level of initial saturation was larger for an 
initial pressure level of 450 psia than for 650 
psia, but only in the order of lo-3. Generally, 
initial quality rise ranged from 0.010 to 0.062, 
while final quality rise ranged from 0.014 to 
0.123. The quality rise also generally in
creased with respect to mass fraction produced, 
but there were cases in which quality rise de
creased for initial liquid phase saturation 
levels larger than 0.40. 

Theories and Implications 

From the foregoing discussion of resulta, 
theories and implications of the production 
behavior of two-phase geothermal reservoirs 
may be deduced. 

Three types of production behavior can be 
enumerated, based on the nature of the bottom
hole pressure and steam quality variations. 
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'For 'reservoirs of initial liquid phase satura
:tion~',below 0.40, bottomhole quality increases 
with time and larger slopes of the bottomhole 
pressure decline cur•e are attained at the on
set of p~oduction than later in the producing 
life of the reservoir. Si~e the initial vapor 
phase saturation is larger lthan the liquid 
phase saturation. this type may be called a 
vapor dominated system. For reservoirs of 
,initial liqu!d phasc satuhtions 'larger than 
0,60, larga •lul'c" uf the bottomhole pressurc 
decline curve are attained near the end of the 
producing lifc of the reservoir and bottomhole 
quality decreases or increases veiy little with 
time. Sincc the initial liquid phase satura
tion is larger than the vapor phase saturation, 
this type may be called a liquid dominated 
system. Reservoirs of inicial liquid phase 
saturations beLween 0.40 and 0.60 exhibit no 
uniform product ion behav lar, so these rese.r
voirs may be consldered to be mixed domination 
systems. 

Thia classtficat!on system may be consid
ered as an extenBlon o( a classification of 

hydrothermal convection systems.proposed by 
White (!). Whlte classified geothermal reser
voirs as hot water sy~tems if water was the 
dominant pressure-controlling phase and aa 
vapor dominated systems if steam was the domin
ant pressure-controlling phase. Hence, by 
considering tlw produl· tion behavior · of two
phase geothermal reservoirs, a refinement of 
White 1 s classtfication system can be made in 
terma of the initlal liquid phase saturation. 

Tight reservoir rack, as well as rock 
which has luw permeability and porosity, de
velops a superh~ated region more quickly 
during its produt.::tion life than rack which has 
a large permeabilíty of porosity. Furthermore, 
the smaller the porosity of the reservoir rack, 
the smaller the pressure decline within the 
reservoir, and hence super-heated steam is 
generated wi.th little losa in reservoir energy, 
i.e., reservolr pressure. Since porosity and 
permeabiltty are• known to decrease wit:h depth, 
the chances of 1 indjng and producing these 
types of r~servoirs are improved by drilling 
decper intu th~ t~artlt. Also, propowed projects 
which involvt• thc injection of water into hot 
'rllck in ontt'r tu generate steam h.:1ve a grcarer 
chancc of tlt·vcltlplng superhcat~d ~team if tite 
reservoir has small porosity and permcabJ lity. 

Utility of t~~~--t:1.!11.h·l Dev,elopec.! 

In thc light of the. precedlng theori~s and 
discussion, the model developed herein is 
useful in engint!ering tp.e production behavior 
of two-phaH~ geothennal reservoirs. Oue to its 
distributed parameter form, t_he model can moni
tor fluid distributions and, hence, production 
behavior as no other model to date has done. 
Also, the reservoir model can handle very 
large time Htep sizes and Still remain stable, 

in view of the implicit simultaneous solution 
scheme employed, 

In particular, the model can predict tht• 
formation of superheated regions whose locat·tons 
aid in the production of dry or higher quality 
steam. The model is able to take.into account 
vaporization and condensation which can gener
ate varied production and saturation behavior 
as discussed previously. The model also can 
utilize the heterogeneous and anisotropic 
nature of the reservoir rack and their resulting 
effect upon production. Further, since the 
incorporation of two-phase multipliers enables 
the wellbore model to handle any type of flo~ 
regine, ,the simulator is able to monitor well
head behavior. 

CONCLUSIONS 

The following conclusions and observations 
are derived on the basis of th~ present srudy: 

l. Both areal and cross-sectional formu
lations produced stable solutions under large 
time step sizes. 

2. Production behavior of two-phase geo
thermal reservoirs was classified into three 
types iri terms of the initial liquid phase 
saturation. These are a vapor dominated system, 
i.e., initial liquid phase saturations below 
0.40, a liquid dominated system, i.e., initial 
liquid phase saturations larger than 0.60, and 
a mixed domination system, i.e., initial liquid 
phase saturations between 0.40 and 0.60. 

3, Superheated regions within the reser
voirs formed more quickly for reservoirs of low 1 

porosity and permeability. 1 

4. Wellhead quality was always found to b~ 
greater than the bottomhole quality, although 1 

the maximum quality rise was small. f . 
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NOMENCLATURE 

e 
r 

D 

J 
e 

p 

Q 

Re 

S 

T 

TE 

TM 

• rock compressibility, in 2/lbf 

' 
= pipe diameter, ft 

ID mechanical equivalent of heat, 
778 ft-lbf/BTU 

a energy balance number, dimensionless 

"" mass balance. number, diiD:ensionless 

• dimensionless throughput, dimension 
lesa 

• pressure, lbf/in2 

masa rate of production per unit 
volume of reservoir, lbm/ft3-day 

~ rate Of heat losa per unit volume 
of reservoir, BTU/ft3-day 

= Reynolds n.umber, dimensionless 

3 
~ energy residual, BTU/ft -day 

3 
~ mass residual, lbm/ft -day 

= phase saturation (volume fraction), 
dimcnsionless 

= temperature·, ° F 

2 
a therma~ transmissibility, in -BTU/ 

lbf-ft -day . 

2 
a ma~s tran~missibility, in -lbm/lbf-

ft -day · 

u 

w 
e 

X 

z 

a 

e 

f 

g 

h 

a heat transfer coefficient, BTU/hr-
tcL•y 

ID rate of work, ft-lbf/sec 

• quality (maas fraction of steam), 
dimensionless 

= linear wellbore coordinate, ft 

a pipn. 

a pipe 

2 area, ft 

roughness, dimensionless 

• Fanning friction factor, dimension
less 

2 
a acceleration due to gravity, ft/sec 

• gravitational conversion factor, 
32.17 lbm~ft/lbf-sec2 

• specific enthalpy, BTU/lbm 

k • absolute permeability, darcy 

k 
r 

íi 

q 

= relative permeability, dimensionless 

= normal vector 

2 • heat flux, BTU/ft -hr 

= heat transfer rate, BTU/sec 

a masa production rate of vapor, lbm/ 
da y 

l 

• reservoir heat transfer rate, BTU/day 

= masa production rate of both liquid 
and vapor, lbm/day 

= masa production rate of liquid, 
lbm/day 

r ~ radius, ft 

s, w = weighting parameters 

t 

u 

V 

= time, day 

a velocity of fluid mixture within 
wellbore, ft/sec 

~ darcy (reservoir) velocity, ft/day 

x~ y • rectangular reservoir coordinates, f 

r 

a 

2 
~ mass flux, lbm/sec-ft 

2 • fluid potential, lbf/in 

= thermal diffusfvity, ft
2

/day 

a volumetric· fraction of vapor wittlin 
wellbore, dimensionless 
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e 
lbf/ft-inl ' ·· ¡ 

IJ 

V 

p 

• mass·fracti~n, dimensionless 

•.two-phase multipli~r, dimensionless 
. 1 

• thermal conductivity, BTU/ft-hr-•r 

• • • viscosity ratio, dimensionless 

a viscosity, centipoise 

• specific volume, ft.J/lbm 

a vertical coordinate, ft 

• desnity, lbm/ft
3 

¡ 

T • wall shesr.stress, lbf/ft2 

• effective rock porosity, dimension 
leas 

X ·• reservoir thickness, ft 

w • masa flow rate, lbm/sec 

J 

K, 

m 

H 

n 

o 

p 

r 

8 

T 

w 

L 

a number of nades in x-coordinate 
direction of reservoir grid system 

• number of nodes in y-coordinate 
direction of reservoir grid system 

• wellbore location indicea 

a mixture 

a number of nodes in wellbore grid · 
system 

a t 1me ,posi tion indo 

• base or reference point 

• pressure 

a rack 

• vapor 

.. total 

• liquid 

x, y • reservoir coordinate directions 
Subscripts 

ci • inner casing 
Superscripts 

< > • average 
f a fcirward 

o a initial 
g • vapor 

• matrix 
h • heat 

' • vector 
ho ... hale 

! 

_,'¡, -,. 



Q 

K cem 

K 
e as 

" e 

r 

e 

e 
o 

well depth 

6Z 

-·~ .. 

- 0.96 

= 0.51 

= 25.0 

= l. o 

= 0.2916 

= 0.26525 

= 0.4073 

= o. 15 . I0- 3 

14.0··102 

10.0 

== 555. 56 

2 ft /day 

o 
BTU /hr-ft- F 

BTU/hr-ft-°F 

··. 

ft 

ft 

ft 

dimensionless 

ft 

ft 

lbm/sec (2 • 105 lbm/hr) 

~·· 

TABLE 2 ~ rlESULTS OF A SíABILI'TY S7\JDY Uí;E!' Á •. ARBAL 
FOR!-~JLA TION ·• 

Max. 
lnitial lnitial Dimensionlesa 

Liq.· Sat. Pressure Throughput 
so P0 (psia) Max· NTP w 

0.20 250 24.81 

0.40 250 6. 85 -0.60 250 7. 30 

0.80 250 • 7. 30 

l. 00 250 6.80 

o.zo 450 33.06 

0.40 450 16. 17 

0.60 450 19. 36 

0.80 450 9. 89 N 

"""" l. 00 450 5. 30 

0.20 650 33.47 

0.40 650 27.81 

0.60 650 6. 70 

0.80 650 !l. 72 

l. 00 650 3. 53 

where 

Cell Síze: X = 1000 ft 

6x = lOO ft 

6 = 10 ft 
y 

Production Rate: qT = 4. 8 · 
6 10 lbm/day 
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QS.TRACT · 

Arn~ ·dfffusiv1ty equation .for two-phase (liquid 
water/steam) ·flow fn geothennal.reservoirs is de[iye,d. 
The geothermal reservoir may either be initially two- · 
phase or may. evolve into a two-phase system during pro
duction. Solutions of the diffusivity equation for a 
continuous line source are presentad; the solutions 
imply that the plot of bottomhole pressure versus 
l0910t (t • ·time) should be a straight line. The slope 
of.the straight line is inversely proportional to the 
total kinematic mobility (defined in the text). Com
parison of the. theory with a limited number of computar 
simulated drawdown histories shows excellent agreement. 

1 NTROOUCTION ,,,· /' 
. ' . 

. ¡,¡ petroleum engineering and groundwater hydrology 
well tests are routinely conducted to diagnose the 
well 's tondition and to estimate formation properties. 
Analysis of well test data may be made to yield 
quantitative· information regarding (1) formation 
permeability, storativity and porosity, (2) the pre
sente of barriers .and leaky boundaries, ·(3)· the condi
:ion of the well (i.e., damaged or stimulated), (4) 

1
the presence' of.major.fractures.tlose to the well, and 
(5) the mean formation pressure.- Well testing pro
tedures (and the quality of information obtained) de
pend on the ~ge'of the well. Ouring temporary 
completion, testing involves produting the reservoir 
using a temporary plumbing system (e.g., Orill Stem 
Testing); and•the estimates obtained for· the formation 
parameters are not very accurate. After completion, 
testing is .. usually performed iri the hydraulic mode. In 
hydraulic,te'sting, one or more wells are produced at 
controlled rates and changes in pressure within the 
producing well itself or nearby observation wells 
(interference tests) are monitored. 

A.major'concern of well testing is the interpre· 
tation of ·pressure transient datá. Mue~ of the exist· 
ing literatura '(see Matthews and Russell and Ramey2 for 
·eviews) deals w1th isothermal sin'gle-phase (water/oil) 
.nd isothermal .two-phase (oil wfth gas in solution, 
free gas) systems. There is, in general, a latk of a 

Referentes and i11ustrations at end of paper. 

. :' . ' 

methodology for the analys1s of non1sothennal reser· . 
voir systems, either single or two-phase (liquid • 
water/steam). Geothermal reservoirs commonly involve 
nonisothermal two-phase (water/steam) flow during well 
testing. In this paper, we present a theoretical · .. ·. 
framework for analyzing multiphase pressure trans1ent 
data fn geothennal systems, · · 

TWO-PHASE (LIQUIO WATER/STEAM) FLOW IN GEOTHERMAI: 

SYSTEMS "' l·,. , · ·::,-
We cons1der a fully penetr~!I)W'well located 1n ~ ... 

infinfte reservoir of thickness,'H} We w111 neglect any 
variations in either formation bt fluid properties in 
the vertical directfon (this is a common assumptfon fn 
pressure transient analysis). · The geothermal system ma, 
either be'two-phase prior to production, or may evolve 
into a two·phase system as a result of fluid production. 
In the latter case, a bo1ling front wi.ll propagate out· 
wards from the wellbore. · The bol 1 ing front may be. . · 
treated as a constant pressure boundary (p•saturat1on 
pressure corresponding to the local reservo1r tempera~: 
ture). .. · 

For 'the sake of s1mpl1cit)., let us considera.· 
reservoir which is in1t1ally· two-phase everywhere • . : .., .. 
Furthermore, 1t is convenient to assume that the pres~ 

· sure (and hence temperatura) is uniform throughout the 
system. In radial geometry, the pressure response •is 
governed by the following diffusfvity equation {see ' 
Append1x for a derivation of equation (1)): '· 

2.& • ( k/v l_r r!. 2.& + n J . o .. ( 1) 
at $P cT r ar ar2. ' • .:~:¿~., 

We are interested in solutfons of equation (1) for the. 
case of flow into a centrally located well at·a con· 
stant mass rate of production M, Mathematitally, we 
have at r ~ rw 

r2.&/ •- M 
· ar r=r 211)1 ( k/v)T 
. . . w 

• • • •• 1 

.;,,.': 
·;·' ., 

'; 

-· '. For th~ sake of mathematical conveniente, the boundary 
conditfon at r•rw is replaced by the "line source". 
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approximation, i.e.,. 

,--. lim 2.E_ ·M 
..__! r'+O r ar" • 2nH (klvlr, .. 31 (3) 

The "line source". boundary condition yields identical 
results (from a practical viewpoint) with those obtained 
with the original condition.l,J We also require that 
initially (t•O) the reservoir is at a uniform pressure 
Pi• and that at r·~ (for all t) we have · 

(4) 11m . · · ,._ ·p(r,t) • p1 •••••••.•••• , •• 
·j •.•. 

• • ·1,-JI'', 

Tlle'·solution for .equation (1) subject to the bound
ary conditions (3) and (4) can be written as follows4 

· M ¡ r 2 
$p CT ¡ 

p(r,t) ",Pi + 4nH (k/v) El - 4t "{'k]tr,:' . 
· · T · T 

Equatión.(s¡. impl les that the pressure at the well
bottom Pw( t 1s 

· · [ 2 e J ' M rw $P T 
Pw(t) • P¡ + 4TTH (k/v) El " 4t 71:"7\T ' . ~. r ... l"'~'r 

~ . . ::} ' 

1 

( 5) 

(6) 

For [4t (k/vl~Í$·r~ p Cr] 
approxima~e solut1on:l 

> 100, equation (6) yields the 

·: ¡ 

1' • :·· :: ... 1 
_.. p (t) '· ·p w • •. 1 

where j=l and 2 denote the two-phase and single-phase 
regions, respecti,ely. The defin!Uons for the var.ious 
quantities in equation ;(10) for the two-phase region···:. 
(j=l) have already been given. In the single-phase ré-
gion (j=2), we have: . 

... 

,. ' 

i ' 
Note that with the above definitions, equation (10) (in 
the single-phase region) reduces to the usual dif
fusivity equation for the isothennal flow of·a liquid 
of small and constant compressibility. 

We will assume that the reservoir is initialÍy at 
a uniform pressure Pi and temperatura T1. We will, 
furthermore, require the fluid flow to be 1sothermal 
in the s1ngle-phase region (r > R); in practice, this 
implies no severe restriction as temperatura changes 

J. 

in single-phase flow are usually very small. The 
boundary conditions at the wellbore and at infinity 
are: _ .. ; 

11m 3P1 • M 
r'+O r ar - "'2iiH::rr"[n('T:'k/.,..v,.) T-¡r-

1 
(11a) 

11m P ( r t) • P ..... 2 • j· 
•• ;o • ·(llb) ... .. 

. .·i'~ 
In addition to the boundary conditions (11), we need to 
satisfy continuity conditions on mass flow and pres
sure at the flash-front (r=R). Mathematically, we 

·· ·· ,. 1+·o·. 351 : ' . l (7) have at r•R: 
' .. 

Equation (7) imp)ies that a plot of Pw versus 
IDQ]Qt shóuld be a straight line. Let m be the slope 
of this straight line¡ then we have 

(k/v) ·• 1.15 M 
T 2iiH m 

Substituting from equation (8) into equation (7), we 
obtain for co.mpressibflity Cr 

. z: . 

(8) 

~ .. ( 12a) 

;• 
.. '. . • (12b) 

To develop a solution for equations (10) subject 
to the boundary conditions (11) and (12), we note tha.t · 
these equations are similar to the equations for melt~~~ 
ing and freezing with cylindr1cal symmetry presented by 
Carslaw and Jaeger.4 The solution for the present case 
can, therefore, be obtained by following the general 

1 •· .$,r,¡P !. . . . [P¡·Pw(t) l 
el ,t(k/v)T Ant11og10 m - 0.351 

(g) approach of Carslaw and Jaeger. We have thus: 

O < r < R: p " Ps + 4nH r(k/v) ] ~L, .• ·' " j 
PROPAGATING FLASH-fRONT 

•,' 

Theoretica]. considerations for' the case when a 
flash front propagates into an initially single-phase 
reservoir are much more complex than those outlined 

· above for the purely two-phase case. In .this instance, 
the reservo ir i s two-phase for r < R ( R • R(t) denotes 
the location of the flash-front) and is single phase 
'~r r > R. '_The flow behavior in these two regimes is 

_ . Jverned by · . 

!L [(k/vlr] 
at ~J 

la.[ !l.] ¡; a;: r ar • o ( 1 o) 

' · T 1 ; · · ··' ' '.' 1 • . .. ' :· ... ~ '9-:t,' t 
. !• !• . . . . . . ' ··.; -. 

(- h u~~~f;]} Ei ;.A2J ... (l~a;) • 

,.·. 
..... 

r > R: 
, Ps - P¡ . . · .. 

P. Pj; + E1(-A2 )(k/vlr1~pe,.l 1 t/(k/~lri~PCr( 2 } 

• El ( 13b) 
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where 

R = ( 13c) 

and A is the root of 

Cm =o MPa-1 (O psi-1) 

KR· 5.25 W/m.K (3.03 Btu/h.ft2.•f/ft) 

.'cR = 1 kJ/kg.K (0.239 Btu/lbm °F) 

k = 0.1 ¡m?("- 0.1 darcy) 

· s1r = 0.3 

s
9
r = o.o5. 

' ' ··:· 

Relative permeabilities R~ and Ro are represented by 
the Carey equations and the mixtOre (rock-11quid,vapor) 
therma 1 'onduct i vi ty i s approximated by Budiansky '.s 
formula.5 The mass withdrawal rate is assumed to be 

1 

M . 2 
= - exp (->. ) 4nH 

(13d) 0.14 kg/s.m,(0.094 lbm/s.ft.). 

1 

1 

Equation' ( 13a) yields the following expression for 
· well-bottom pressure p (t) · w . 

T pw( t) = Ps + 4nH [(~!VlTJl ~i (- :~ [~~~~jT] ,) 
- Ei H2l] 

For 4t [(k/v)r]l/r~[~pCT]l 
approximated as fotlows: 

( 14) 

> 100, equation (14) can be 

( 15) 

Equation (15), like equation (7), implies that a plot 
of Pw versus log1ot should be a straight line and that 
[(k/vlr]l is given by equation (8). 

NUMERICAL RESULTS 

" ln arder to test the validity of the preceding 
th~ory, the Systems, Science and Software (S') reser
volr simulator MUSHRM5 was exercised in ene-dimensional 
radial canfiguratian to generate a series of drawdawn 
histories. All of ''the cases described belaw were simu
lated·using a 50 zone (órl = órz = ... = ~r11 = lm 
(3.2Bl feet); ~~r 12 " 1.2 t.rn. ~~r13 = 1.2 M1 2 ..... 
M5o = 1.2 Ar4gl radial grid. · 

. The reservoi r roe k i s assumed to be a sands tone 
with the following praperties (unless. otherwise indi
cated): 

. 3 3 3 PR = 2.65 10 kg/m (165.4 lbm/ft ) 
,. 

$ = 0;2 

In the numerical examples discussed here, the ef
fect of mass withdrawal is represented by a volumetric 
sink term in the well-block (radial extent r = O to 
r = 6r1l. For purposes of comparison with the analyti
cal results presented earlier, it is necessary to de
fine an equivalent radius r~ at which the calculated 
well-block pressure is equat to the actual flowing 
pressure due to.a continuous line source/sink. · 

In the numerical simulation of reservoir behavior, 
it is often necessary to employ well-blocks (i.e., a 
grid block containing a well) with dimensions'much 
larger than the wellbore radius. Naturally, the pres
sure calculated for the well-block will be, in general, 
different from the actual flowing bottomhole' pressure. 
Van Poolen, et a1.6 stated that the calculated pressu 
for a well-blOc~hould be the average pressure in th, 
portian of the reservoir represented by the block. As-' 
suming steady-state single-phase flow in the well-block 
(but not in the reservoir as a whole), this implies 
that the calculated well-block pressure should be equal 
to the actual flowing pressure at a radius rw, 

r 
tn .J'!. = 

ro 
-} .•. · ..•••• ·(16a) 

where ro is. the actual well radius and R is the radius 
of the grid block. For R >>ro, equation (16a) simpli
fies to 

rw. = R exp (-1/2) ( l6b) 

"' 0.6065 R 

'Equations (16a) imd (16b), strictly speakii19, hold 
only for a well located in the center of a· radial grid 
block. For rectan~ular grid blocks (with dimensions 
óx, óy), equation (16b) is usually replaced by the fol
lowing expression 

rw 0.6065 ---::--- ••• o ••• o • 

Assuming 6x = 6y, equation (17) yields 



. rw 
AX = 0.342. 

../ Peaceman7 examined· the gr1d pressures obtained in 
the numerical .solution of steady iqcompressible single
phase flow into a single well located in the center of 
a square grid block (Ax' = Ay} and concluded that the 
well-block pressure should be equal to the actual flow
ing pressure at a radius of 0,2 ~x (and not at the 
radius given by equation (17}). 

In an attempt to evaluate the significance of 
Peaceman's results for numerical simulation, Garg, ·et 
al.B analyzed the nurnerical solution of steady incom
pressible single-phase flow into a single well located 
in both radial and rectangular grid blocks; lt is 
found lhat the equivalent radius depends, among other 
things, on. the shape of the grid block (radial or rec
tangular) and the type of mesh (uniform or stretch) · 
employed. Thus,. for example, use of uniform radial 
mesh yields rw/.R: 0.5615 in the limit N-> m, where N 
denotes the number of grid, blocks. 

Ga.rg, et a1.8 also compared the numerical solution 
for transient,-síightly compressible (water) single
phase flow into a single well with the line.-source 
solution for the diffusivity equation (see, e.g., 
Matthews and Rus se 11 ) . 1 t was conc 1 uded that the 
equivalent radius (i.e., the radius at which the 
actual flowing pressure is equal to the calculated 
well-block pressure) is approximated by 0.56 R. In 
this work, we will, therefore, assume that rw in 
transient single-phase flow (and also approximately in 
transient two-phase flow) is given by 0,56 R. 

·- Figures 1~5· show five examples for the áse when 
the reservoir initially boiling everywhere, was pro
duced at a constant rate. As can be seen, the drawdown 
data closely fit a straight line; furthermore, the 
values of (k/v)T computed from the slope of the 
s tra i ght l in e .. are in excellent agreement wi th the 
actual values in the well-blocks (see Tables 1-5 for 
the actual values). Note that the actual values 
(Tables l-5)··vary over a range; this variation is the 
result of slow changes (except at very early times not 
considered in drawing the straight line) in steam· 
saturation in. the computational well-block as a result 
of continued production. Figure 3 (drawdown history e) 
and Table 3 present· an especially' interesting case; in 
this case the· liquid, initially ilrmobile, becomes 
mobile for t > "' 2 1Q5s due to condensation in the 
well-block .. -The condensation is caused by a drop in 
pressure (and hence tempera tu re); in drawing the 
straight line the pressure data for t >"' 2 l05s was 
1gnored. l f thP computation had been carried for times 
sufficiently greater than t > 2 l05s, one would see 
an~ther straight line segment (with a different slope). 

Table 6. compares the compressibility Cr values 
inferred from the·slope of the straight line and 
equation (9) with the actual values. The agreement is 
quite good for Cases ti, e and d. In Cases a and e, 
the inferred ·Jalues are quite a bit larger than the 
actual values; thl.·s disagreement is not really surpris
ing in view of the extremely large changes in (k/v)T . 
•t very early times.(see Tables 1 and 5). Large values 

f (k/v)r at very early times lead to relatively small 
pressure drops· compared to those impl ied by the 
straight line. Stated somewhat differently, at early 
times, equation (7) with constant (k/v)r cannot be 
used to calculate the well-block pressure in Cases a 
and e. 

Figures 6 and 7 show two additional drawdown 
histories generated by MUSHRM. In these examples, the· 
reservoir was initially single-phase (liquid) every
where. In the case shown. in Figure 6, a flash-front 
starts propagating outward from the wellbore at t "' O; 
it takes, however a finite time for conditions ~ 
stabilize in the two-phase region. For t > 5 10 s. 
the data lie on a straight line; and the kinematic 
mobility calculated from the slope of this straight 
line agrees quite well with the actual range of values. 
Figure 7 presents a more interesting case; in this. · · 
instance the liquid water does not start flashing at. 
the instant the production starts. Thus, we have a 
short time of single-phase flow followed by a propagatc 
.ing flash-front. The two-phase part of the drawdown 
curve has a relatively long flat part; this part of the 
curve is associated·with boiling only ·in the computa
tional well-block. Since the flow behavior in the two
phase region is primarily·governed by the location of 
the'flash-front, it follows that a failure to adequate1Y 
resolve the location of the flash-front in numerical 
simulations (as it happens when the two-phase flow h 
restricted to one or two computational zones) would 
lead to physically meaningless results. In ·other words 
the flat part of the curve in Figure 7 is a purely 
numerical phenomenon and has no physical signifi,ance. 
A straight line is again seen to fit the late-time data 
once again the computed value of (k/v)r is in good 
agreement with the actual range of values. We have . 
al so examined the numerical solutions (Figures 6 and· 7) 
for flash-front velocities; the flash-front position,o 
as a function of time is given by (within numerical · 
precision) R(t) = A tl/2 where A is constant. The 
1 atter observa ti on i s in agreement with equat ion ( 13c). 

CONCLUDING REMARKS 

The analytical solutions for two-phase flow dis
cussed in the preceding sections provide a potentially 
powerful tool for the analysis of pressure transient 
data from multiphase geothermal systems. Determination 
of'the'total kinematic mobility only requires the mea
surement of mass flow rate M and the bottomhole pres
sures Pw· The mass flow rate M can be measured at the 
well-head provided there is no loss of the produced·. 
fluid to the non-producing formations as the fluid .· 
travels through the wellbore to the well-head. Practi
ca! techniques exist for measuring the needed variables. 
It should be noted that the present analysis does not 
require separate measurements for liquid and vapor 
phase mass flow rates. Such data, if available, may b.e 
combined with the analysis of the preceding sections .to 
yield additional information regarding relative perme-
abilities, etc.. · 

NOMENCLATURE 

Cf = isothermal liquid compressibility 

cm= tonnation compressibility ·· .. 
CR = heat capacity of the rock matrix 

·cT =total compressibility, equation (A_.l2b) 

h = enthalpy of liquid/vapor mixture 

= (1-Q) ht + Q hg 

ht(hg) e liquid (vapor) enthalpy 

· _h
91 

• heat of vaporization • h
9 

- h1 
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h = enthalpy of rack matrix 
' R 
,. H • formation thickness • 

.. k= absolute penneab111ty 
. ;· . 

K . = 
. R thermal¡ conductivity of the rack 9rain 

slope of Pw versus lo910t straight line . . .,, . · . . m e 

·. M = mass production rate 

· p = pressure 

· .P.i = in1tial reservoir pressure 

ps(T1.l = saturation pressure at T = r1 

, p = we 11-bot tom pressure . w . 
> Q = s tea m qua 1 i ty = S p 

9
¡ p 

. r = radius 

rw = wellbore radius 

2. Ramey, H. J., Jr.: "Pressure Transient Ailalysis 
for Geothermal Wells", Proceedin9s Second United 
Nations Symposium on the Oevelopment and Use of 
Geothermal Resources, San Francisco, California, .· 
Volume 3 ( May 1975), .1749-1757, ,., 

3. Mueller, T. O. and Witherspoon, P. A.: .. "Pressure · · 
lnterference Effects within Reservoirs and 

. Aquifers", Journal of Petroleum Technology (Apr11 
1965).'471-474. . . 

4. Carslaw, H. s. and Jaeger, J. C.: Conduction ·of 
Heat in Solids, Oxford University Press, London, 
2nd Edltlon (1959), 294-296. · 

5. Garg, S. K., Pritchett, J. w.,. Rice, M. H. · . 
and Riney, T. O.: "U.S. Gulf Coast Geopressured 
Geothermal Reservoir Simulation", Systems, Science 
and Software, La Jolla, California, Report ·sss-R-
77-3147 (1977).. . ..... 

6. Van Poolen, H. K., Breitenbach, E. A. and Thurnau, 
O. H.: "Treatment of Individual Wells and Grids 
in Reservoir Modeling", Journal of Petroleum 
Technology (Oecember 1968), 341-346. . · 

R(t) = instantaneous position of the flash-front 7. Peaceman, O. W.: "lnterpretation of Well-Block 
Pressures in Numerical Reservoir. Simulation", paper 
SPE 6893 presented at Society of Petroleum ... ·. 
Engineers 52nd Annual Fall Meeting, Oenver, ··., ... 

R~(R9 ) • relativeliquid (vapor) penneabillty 

S = vapor volume fraction 

·S~r(s9 r) • residual liquid (vapor) saturation 

t = time 

(k/v)
9 

kinematic mobility for the vapor= 
. k R

9
p
9
¡¡,

9 
(k/v)l. = kinematic mobility for the liquid = 

. k R~pl./~~ 

. (k/v) 1 • total kinematic mobility = 

(k/v)~ + (k/v)
9 

~1.(11 9 ) .= liquid (vapor) dynamic viscosity 

p • mixture (liquid and vapor) density • 

{1-S) P¡_ + Sp
9 

· p
9
(n

9
).· = liquid (vapor) density 

.PR rack ·<Jrain density 

~~~ "' poros i ty 

AC !Qlº~L~.§.tlf!"!J ~ 

This WOr.k ··was perfonned under Systems, Science 
and Software· !R&O research project No. 93102:06: l 
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J. W. Pritchett, Dr. M. H. Rice and Dr. r: D. Riney 
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rAPPENDIX: DERIV_!\TIOI!__QF_OI_FFU;i_!_.VIJY. ~QUAT!ON _F_Q.!!_T\.1_0.: where T is the conuoon local temperature of the rock 
DHASE (LlQUIO WliTER/STEl\Mfr'LOW l)(!~Q_ROUS MEDIA matrixand the porc fluids. Under the steam dome (-i.e. 

1 '\ The balance equations for two-phase flow in porous 
media have previously been discussed by Oonaldson,9 
Mercer, et al. ,lO Brownell, et al ,11 and Garg and 
Pr1tchett,lz--For the presentappÍication, the most 
general form of the balance laws will not be required. 
In particular, we will assume that (1} the rock poros
ity depends only upon the fluid pressure, (2} the rock 
matrix, the liquid and the vapor are in local thennal 
equilibrium and that heat conduction is negligible, 
(3) the 1 iquid and the vapor are in local pressure 
equilibrium such that the capillary pressure is· 
negligible, and (4) the fluid flow is governed by 
Darcy's law·. The second assumption implies that we 
necd consider only the mixture (rock, liquid, vapor) 
cnergy balance. 

two-phase regime}, temperature T is a unique functión .. 
of fluid pressure p. · 

T = T(p} ........ (A.!ib) 

Combining equations (A.5a) and (A:Sb} and differentiat
ing w.r.t. t, we have 

• o '. • • 
••••• o •• (A.6) 

Substituting for a¡at ($p) from equation (A.l), 
for a;p¡at from equation (A.3), and for ahR/at from 
equation (A.6} into equation (A.2}, we obtaini 

With these assumptions, the balance equations for 
mass and energy in radial geometry can be. written as 1 dT 1 
fol1owsl2 1-(1-$} CmpRhR + (1-$} pRcR dp- $- (1-$} Cmpl 

Mass (Liquid and Vapor} 

(A.l) 

Energy (Rock, Liquid and Vapor) 

a · · 1 a 1 
't [(l-$)PRhR + $ph • $p}.- ;- ¡r[(k/v} h 
o ._ .· r ;)r f f 

+ ( k/v) h ] -ª.E. 1 = O 
g g ar 1 

(A.2} 

The first term in equation (A.l} can be expanded 
and rewritten in the following form: 

;¡ ( ) - a$ [(-ª..e.) -ª.E. lit 4>P - P TI: ~ 4> ap h at-

+ (<!..e.) ah\ ah <lt p . 

On noting thats 

we obtain 

lliEl •· 4>P j r 1.:1) e -ª.E. + l_ (<!..e.) -ª.E. 
at 1_ ~:- m at p ap h at 

•e wi 11 now proceed to express. ah/ot in Ú!rms of 
,h/or, <lp/at and ap/ar. · 

(A.3} 

( A.4} 

For geothermal applications, it will suffice to 
assume that · · 

. (A.Sa) 

(A. 7} 

We next note that in practica] geothermal applica
tions, the last two terms in the brackets on ttie ·left 
hand side of equation (A.7) ($ and (1·$) CmP) are·.; 
liable to be• negl igible compared to the first two · 
terms. Also, wehave 

h ·h=-Qh t· gf 
••• o •••••• 

Substitution of equation (A.B) in equation (A.7) 
yields: 

4>P ~~ = (l-$}pRhR [cm· HtJ * 
. [( k/v} ] 1 a .( '1 ) 

+ h (k/v} n::....:JI.- Q ---. r •P. 
gf T _ 1k/vJ 1 r <lr "r 

+ -ª.E. a { '[ ar ar hgt 

· ah ¡ + (k/v) - · T ar 

1 •. ((k/v) )] 
(k/vl1_ ~ • Q 

o • • • • • • • o • 

(A. S} 

(A.9) 

Combining equations (A.l}, (A.4) and (A.9) we obtain: 
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cm + l. (il!!) 
- P ap· h 

- ! . .<!.T. JI ·"Jl. - ( k/v) [.1 T dp 1 Jt T 

1 (2.e.)· J (k/v) '] 1 a ( -ª!>.) 
- p ah p hg~ 1 (k/v~- o¡ r ar r. ar 

+-ªl'.~-~(k/v) +l(a") (k/v) -ª.h. 
"r / or T p ah P T ar 

1 (2.e.) a [ ((k/v) 
+ ¡; ah P ar hgt (k/v)T (k/v)~ 

-Q)]}· o (A. 10) 

An examination of the numerical solution for equa
, .ions (A.l) and (A.2) with a constant ra·te of ma.ss pro

duction (e.g., Cases 1-5 discussed elsewhere in this 
paper) reveals the following important points: 

l. The total kinematic mobility (k/v)r increases 
with increasing distance r from the wellbore. 

2. ln the vicinity of the wellbore, we llave 

( ) 
[
1 1 (2.e.) h J;k/v;g '] 1 a ( '!.!'.) k/vr -¡; ahp gt/klvr-01 rar rJr 

~-

» il?. l- ·_L (k/v) + !.. (2.e.) (k/v) ~~ ar ar T p ah T ar 
p 

+ 1 (2.e.) a [t. p ah p ar gt 

- Q )] ¡ 
(

(k/v) · 
(k!vlr (k/vlT 

(A.ll) 

This strong inequality does not, however, hold 
for radial distances greater than a few bore
hole radii. 

• 1 • ' 

Both the radial terms in equations (A. lO) are 
maximum (fn an absoluta sense) near the well-
bore, and fáH off rapidly with increasing 
radial distance r. · 

4. The radiai · terms in equation (A. lO) are of 
opposite signs. 

We now replace equation (A.lO) by the following 
diffusivity equation: 

where 

_ldT/1 111 
T dp 1 1 

- Q l ¡ (A.l2b) 

Note that (k/v)r in equation (A.12a) represents the 
value of the total kinematic mobility in the vicinlty 
of the borehole. The approximations involved In deriv
ing equation (A.12a) (i.e., (1) neglectlng the second 
radial term in equation (A. lO) and (2) replacing 
(k/v)T by its value near the wellbore') are strlctly 
speak ng valid only in the immediate neighborhood of 
the borehole. Even though equatiqn (A.12a) is not ex-· 
pected to apply at large radii, its use ·should not 
cause large errors in the ~omputed response since 
pressures change only very slowly at large radial dis-
tances from the borehole. · 

The diff~sivity equation (A.12a) forms the basis 
for our analysis of two-phase flow in geothermal sys
tems. Unlike in single-phase lsothermal flow, the 
total· compressibility Cr in two-phase flow (c.f., 
equation (A.l2b)) has no simple interpretation; con
sequently its determination from well-tests, in the 
absence of data regarding rack thermomechanical proper
ties and detailed knowledge regarding the thermodynamic 
state of the produced fluid, may have only limitad 
practica] utility. 

We shall now briefly conslder a geothermal steam 
reservoir with an immobile vaporlzing liquid phase in 
the pares. In this case, we have 

(A.,13) 

where kg • kRg. Substltuting from equation (A.13) into 
equation (A.l2) and rearranging terms, we obtaln: 

~- .......JL ___ .~. a k la(·•) 
at $ ~g CT r ar r ar 0 , . . • . (A.14) 

where 

P CT 
= --

Pg 
(A.15a)., 

e = lwl e + l (2.1!.) + .ll:1l. L (-ª.E.) P h /e 
T 1 ~ · m P ap h $ P2 ah P R R m 

_ldTJ¡ 111 .l(-ª.E.) h .(1-Q)I 
T dp 1 P ah P gt 1 

(A.lSb) 

. ' 

'(A.12a) .~) 
We note that equation (A~ 14) is identical (albeit wlth 
a different definition for the total compresslbl'llty) 
to the diffusivity equation for isothermal single-phase 
reservoi r sys tems; thi s fact provldes the fundamenta 1 
justiflcation for the application of classical single·· 

.. 
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1 
phase procedures to determine the steam-phase perme
ability of a geothermal ·Steam reservoir with an im-
10bile vaporizing 1iquid qhase (see, e.g., Moench and 

( .tkinsonl3], · · ·, 
'·y . ' . . 

¡ 

TABLE 1 

ACTUAL (k/v)¡ (i • t, g, T) ANO VAPOR SATURATION (S) VALUES 

IN THE WELL·BLOCK FOR SIMULATEO ORAWOOWN HISTORY (a) 
.. 

Vapor 
108 (k!v) t 108 (k/v) 9 108 (k/vlr Time ~aturat1on 

S (S) S S . S 

o 0.050 79.85 o 79.85 

0.576 lo4 o. 163 37.26 0.22 37.48 

o. 1296 105 o. 169 35.43 0.26 35.69 

0.3456 105 0.175 34.00 0.29 34.29 

0.7056 105 0,178 33.12 0.31 33;43 

0.14256 106 0.181 32.36 0.33 . 32.69 

0.35856 106 0.185 31.52 0.36 31.88 

0.71856 106 0.187 30.96 0.37 31.33 

---- 0.100656 107 0.188 30.69 0.38 31.07 

TABLE· 2 

ACTUAL (k/v) 1 (i = t, g, T) ANO VAPOR SATURATION (S) VALUES 

IN THE WELL-BLOCK FOR SIMULATED.DRAWDOWN HISTORY (b) 

Vapor 
108 (k/v)

1 108 (k/v) 9 
Time Saturation 1os (k!vlr 

S (S) S S S 

o 0.350 6.71 3.48 10.19 

0.504 104 0.400 3.59 4.90 8.49 

o. 1224 105 0.402 3.49 4.90 . 8.39 

0.3384 1Q5 0,404 3.41 4.88 ' 8.29 

0.6984 105 0.404 3.39 4.84 8.23 

0.14184 106 0.405 3.37 4. 79 8.16 

0.35784 106 0.405 3.34 4.74' 8.08 

0.71784 ·,o6 0.406 3.30 4.71 8.01 ¡ 

0.100584 107 0.406 3.29 4.69 7.98 

. . 

,.·, 
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'• TABLE 3 . ' 
... . . ! 

ACTUAL (k/v)1 (1 = 1, g, T) ANO. VAPOR SATURAT!ON (S) VAtUES. ., 
IN THE WELL-BLOCK FOR S!MULATEO ORAWOOWN H!STORY (e) 

•. .. ,¡ 
Vapor 

108 (k/v)
1 

· 108 ( k/v) ·1o8 (kM Time, ~ Saturati on ... 
S {S) . S S 9 S .. T 

... ' 
.o 0.702 o 23.02 23.02 

. 4' ·t 
0.432 10 . o. 731 o 22.26 22.26 

'····' .. JOS , o. 11S2 o. 734 o . 22.13 22.13 

• '<e'' ; 0,3312 lOS (; 'o. 734 o 21.99 r r . 21.99 
' . ' .. 

·: 0.6912 · 1os 0.729 o 
-1""'·;.~ 

21.89 . '·. 21.89 

0.14112 106 0.714 o 21.80 .. ' 21 .80 ...... , 

o,. 3S712 106 o• 
.. ; \' 

0.662* 19.12* 19.12* 
r, . 

106 . ' 
0.71712 0.624 0.02 16.S8 16.60 

107 ; 

o, 100S12 : 0.623. 0.02 16.53 16.55 
' ¡'. 

,. • ' '' L !quid slightly mob11e . .. ! .. : 
" 

'' . 

•. 
: TABLE 4 

ACTUAL (k/v)1 (i = t, g, T) ANO VAPOR SATURATION (S) VALUES 
. :·· 

IN THE WELL-BLOCK FOR SIMULATEO ORAWOOWN HISTORY (d) 

Vapor 
108 (k/v)1 1 o

8 ~k/ill 9 
108 ( k/v )T Time Saturation ,,. 

! 
., ... S {S) _._s __ S · . .. 

o 0.160 35.38 0.10 35.48 

104 
... 

o. 720 0.298 10.84 0.96 11.80 

0',144 105 0.301 10.47 0.97 11 .44 

0.360 105 . 0.305 10.02 0.99 11.01 

o. 720 105 0.308 9.68 1.01 10.69 

106 
;f-·· 

o. 144 0.309 9.58 1.00 10.58 

106 
; 

. 0.360 0.312 9.27 1.00 10.27 

106 
; ' . 0.720 0.314 -~ ·- 9.00 1.01 .•. 10.01 

107 . t:l 
• 0.1008 0.315 8.87 1.01 9.88 

.. 

' · . • 1 ') 

... ,. 
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'' 3 !J 

JABLE !i JABLE 6: ~ 

ACTUAL (k/~o~)¡ ¡; • t, g, T) ANO VAPOR SATURATION (!i) VALIJES t0MPARISON OF ACTUAL (t11c;t) ANO INFERR.fD (Cyinf) COMPIESSJBILITIES 

IN THE WlLL-BlOCK FOA SiMll.ATED DRAWOOWH HISTORY (e) ", 

""' --'-·-
o 

0,720 ··o•. 
0.144 "' 
0.360 ••' 
(1.720 •o' 
0.144 ... 
0.360 ... 
0.120 ¡~6 

0.1006 "' 

.. 

· .. _ 

V&por 
10

8 
(k/1.1)1 108 (k/u)

101 
1o" lttvl1 

chct 
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Mathematic;al· Modeling of Geothermal Systems 

CHARLES R. FAUST• 
JAMES W; MERCER 

U. S. Ceological Surv~y, National Center, Restan, Virginia 22092, USA 

A6JSTRACT 

· Simulation ~f geothermal systems yields estimates of 
recoverable enCrgy, hclps determine optimum management 
u:\;hniques, • and aids in refining descriptions of reservoir 
geometry, bound~ry conditions, and rock properties. To 
de•elop an appropriáte' mathematical model, the'continuity 
equations ror mas5: momentum, ánd eneigy in porous media 
are reduced lo, two nonliriear, parcial differential equations 
in which the, dependen! variables are fluid pressure and 
en!halpy. These equations include !he effects of phase 
changes nnd are,'applicable to both hot·water and vapor· 
dominated ge~thermal systems. The equatinns are solved 
by a numcrical, method that combines, a Galerkin-finite 
element appro~ifnation in space and finile·differcnce ap· 
proximation in time. This method yields results which 
compare favorab1y with an analytical solution for .the one~ 
dimensional steady' vertical flow of hot water in. a porous 
mcdium. Simulati;_,ns. of more realistic hypotheticul problems 
involving transient." two-phase, two-dime.nsional (horizontal) 
flow suggestthat this approach is promising for the modeling 
or natural geothermal systems. 

INTRODUCTION. ',, ' 

Most geoth~r;,al ,i~servoírs · a~e complex hydrothermal , 
syuems controlle.J by single and multiphase fluid rlow, 
!hermodynamics,,and the influx.of mass and energy. Such 
system• have many churacteriotics in common with petro
lcum reservoirs .. añd ground~water systems. Consequently, 
sorne of the en&ineoring lnethods u sed in !he se related fields 
l!rE applfcable. to geothermal rcservoir engineering. 

Oneof thc most promising techniquesthat hns bcen wídely 
uti!ized in hydrog~ology ond petroleum rescrvoir engineering 
is mathcmaticál inodeling. For the purpose of this discussion 
~t~o define a geothermal model as: (1) a set ',Of equations 
lllhích describe 'the physical processes active in a geothermal 
leservoir, and !2! the numerical solution or lhese equations 
for a given sct of h.:servuir propertics, subject to bount.fary 
a.nd initial comlition,, Sinc:t.• thesc cquations and boundary · 
conditions un.!'·. gcncrally cOmplicntell, the numcrit.:ul up· 
proach i\ dc~tigi1cll.r~r ~iolutiun on a c.Jigilul computcr. 

~ht: ilf'¡tlkatitlll:,,r 'iuch gcllthcrnHal~ m,,t.fcl' shuuld play 
<!tt •_rnpun;u,tl mlc-.~n 1l1an)· U"'P"-'~o.'t' n( ~"·nthcrrn:tl n:sctvuir 
:ll!illl•.:~ri11g. J-'t'l· ·.'""'' (Ht.•limill:tl"y \.'V;duafÍOII O( J"llh..'llfÍill 

reservoirs they provide estimatea 'or· reserves and futurc 
productivity. At the próduction stage' these modela are 
particularly useful for determining the optimal location, 
spacing, and production rates of wells. As additional per· 
formance data bccome available during operation, the data 
base of the model can be increased and predictions of future 
produclivity and reserves refined. 

The purpose of this paper is lo outline the basis or the 
-geothermal model that wc have ¡jeveloped and to eonsider 
some hypothetical examples in order to demonstrate iis 
applicability to multiphase fluid flow and encrgy transport 
in porous media. 

:-.: ... 
MATHEMATICAL MODEL , ,, 

The development of our mathematlcal model for geother
mal systcms consists of IWO pans: ( f) !he formula!ÍOR of 
the continuity equations of 

1
mass, momcntum and eneray. 

for each phase, and (2) the reduction of this aystem of 
equations' to,.two nonlinear parcial differendal equations. 
The derivation of these equations is gíven by Mercer, Faust~ 
and Pinder (1974); only !he final equations and constitutivo 
assumptions are presented in this papcr. · 

· The final equations which serve as the basis of our 
numerical model are posed in terms of the unknown depen
den! variables, nuid prcssure and enthalpy. They are given' 
by: 

" {kk p ' '} . V· -"-'·tVp-p,ll _ "'. , 

{ kk~p~· } . 
+V· ·(Vp-p • .itl +q,+q,;, 

"'· , ' , 

{ 
del> ( <lp \ } ap (ap ) ah 

= p-+c!> - -+el> -
dp . ap}. at ah ,at 

und 

{ 
Ú.,p,ll, '} V· • .,-- .. --,-·(V p -p,kl 

. . ~. . 

, {"k~t•.lt.,, :, -} 
+ V, ..... - ,. ---,:(V p -, 1'. M l 

' .... . . 

+ V·{Í<.~··[(-~:.·), v,,,, (~T.,) VI•]} + q.l•. • <l,h, 
ap,. alt,,, 

\ 
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r ~UST AND MlKCER 
. v.; 

,., . Thc prc~\llfC'-Cnlh:tlpy :a"rrr~Ja·c~ ¡~--~lfiC nr SC\'Critl po_slriihic 
. ~ '•. ' ¡' ' '··!..<•"' ' ·. ,. . . 

4 ".J ,.;.:trpr~adu.•s. for !.ot-\\_Ctt~r _gl..'n.t_h,~T!~:~I ~yst~ms lrl'giOn 1 ~-· 
..:1 m Ftg. 1 ). pn.:ssutc t~nd h.:mrcr:tturc may he u~"J ·:,~ un- ' ! 

. known~ ( \1crccr. 1~73)'. 'Turmlyi t,lli74) ro·rmulittcd :";.twO- t. " ' 

.rh~tSC nunk·l in ICI"III~ of fi~Íi.J rncs~u~C ;an,.f\t.·;ltc'r !'lit1U¡.:,·tiori :_:. 1
• 

(this apprtlitCh is restricH:d to the ..;;,aturU\cd \'i.lpor.·prCssure ~.: 
. , r curve¡ rcgion 2 in.Fig .. 1). Brown~11. Garg. t~nd Prilchcu,_ •. 

(197S) and T. J. Lasseter (oral commun., 1974) ha ve suggest. '· · 
ed a method valid in all three regions of Figure 1 whl;:h· • 

. uses fluid density · and ,interna! energy as the unknown ' 
, ... variables. 'Fluid pressure and enthalpy have been chosen''" 

/( a local intrinsic permeability tensor, [ L'] . , as unknowns in this study because''they define the thermo-'''' • 

' . . . ·. ('ar) } ah 
+(1-cjo)p,C,- +clop -· 

: dh • ar 
· where, 

k~(k,.) a relative permeability for steam (water), di·. dynamic state or the system (valid in all three regions ofl,. ·' 
mensionless ·· Fig. 1), and they are coinmonly obtained iri-field situations;' 

· p ,(p.) = average steam (water) densi)Y, [ ML -•] ,, . In developing Equations (1) and (2) the following assumP.:ó · · • •.· 
·~~o,(tJ..l = dynamic viscosity, [ML-'r-•] ·" tions were made: (1) the reservoiris treated as a porous .. , 

p = pressure, [ML -'r-•] · medium; (2) capillary pressure is'ncgligible...:.,that is, ihe '· ,, 
g .=. gravitational acceleration, [LI-1 ] ¡ • local pressures in the water and steam phases are equal; · 

q·,(q.)·= mass source term, [ML-•r-•] and (3) local· ihermal equilibrium éxists'among all three ·:. 
4- =··A porosity, dimensionless · phases-rock, Stcam, ánd water. As can be seen from.Figure "" ,. '· 

h, (h.) = enthalpy of saturated steam (water), [ L' r·'] 1, consideration: of the thermodynamic equation of state }~ .. 
Km = thermal dispersion tensor for 'the medium, for water allows total density, saturated ··:sleani · denslty¡ _;:; 

[MLI -• r- 1 ] ,, saturated water density,' saturated steam enthalpy, saturated :,:: ( · 
T = temperature, [T] . water enthalpy,, water saturation, and temperature .lo be·"'. 

· P, = average rock·grain density, [ML·'] · expressed as fúnctions óf fluid pressure and enthalpy. For· ' . 
h, = rock enthalpy, [L' r-•] · . this study, these 'relationships are expressed as •regression 
C, = rock specific heat, [L1 t-' r-•]. equations using data from Meyeret al. (1968). The régression 

Average fluid density, p, is defined by: equations were obiained. using an enthalpy range of 2.09 
X IO'to 3.17S X 10 10 ergs/gm, a pressure range or 1.0 X 106 

p ~ S,p, +S. p.,, (3) 

· Where S a saturation, dimensionless, and S._ + S, = 1.0. 
l"inally, the total 'enthalpy of the mixture, h, is defined 

10 1.7S x 101 dynes/cm 1, and a temperature range of SO 
lo 3SO"C. Additional relationships' needed to express other 
parameters in Equations ( 1) and (2) include (Mercer, Faust, 
and Pinder, 1974): (1) Porosity as a ·runction: of.. preuure 
·alone; (2) average rock-grain density treated ·as ··constant; by: 

p 

·, . (3) rock enthalpy considered as a function of temperature; 
(4) viS"\'Sities considered as functions of temperature; (S) 

r~lative permeability treated as a function or saturation; 
and (6) ·thermal 'dispersion treated as .. a property of the 

(4) 

1 
:1 
.~1 
~1 
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1 
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10 1 • 
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figu~ 1. Pre~sure-enthaipy diagra..; (equation of ~tate) for 
pure water and vapor showing three thermodynamic regions 
below the critica! point (apex of parabola): (1) compressed 
water, (2) two-phase ~teám-water, and (3) superheatcod Sleam 
· (alter White, Muffler, and Truesdell, 19711. 

.. · 

medium. (For this paper thermal dispersion and permeability 
are considercd constants.) ., ··$·t· 1; '-"· 

lmplicit in the above development is'the·assumption' that 
the geothermal fluid may be treated as a pure aqueous 
system, For geothermal fields with high salinity this assump·. ·., 
tion is not valid. Unfortunately, to properly account for · · 
transport of chemical specles, chemieal datá such as kinetic 
reaction rates are reqt¡ired whiC~, in _ieneral. are not avail~ 
able. Furthermore, the additional partial differential equa· 
tions which must be included in such a formulation would pro· 
duce a model which might be uneconomical to use. 

A possible method of avoiding these difficulties for the 
higher salinity, hot-water systems does exist. For this 
approach the thermodynamic equatio~ of state for pure water 
would be modified lo. account for a mean dissolved·solids 

·:.· con<;:entration of the~:Panicular áeothcrmal rese'rvoir. This 
approximation would account for the thermodynamies of · 
the fluid, but would not account for fluid-solid interactions . 

.' t,Jsing a mean concentration and the. corresponding modified 
·equation of state would require no significan! changes in 
the mathematical model presented in this pa~r. 

-· 
· NUMERICAL MODEL 

~ ' ' . ~. 
The numerical model used to solve Equations :(l).and 

(2) combines a Galer~in-finite element approximation .ror 

,. 

'· 

' 
¡ 
¡· 
¡ 
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¡ 
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/\.\t\1111 \\..\111:\1 ,\V Jlllll-....:t, C)l t .t.• Hllllt\1.\1 \Y'dl o\\'• IL 1/ 

thc sp:alial sululion wilh u rinill'·\liffcrcm.:c appro:ll.inulinn 
in time. Thi' mcth•ul ¡, wcll dn¡,;wncnh:d CZicnkicwic/, 1971) 
arut dcl;til' of Úti'\ III'PIU:Ldt :•ppli~.:d lo l''(ll:tlinll'o sintittr; 
tu( 1) itllll (:!)are givc11 ¡,¡ Mt'l ~.:cr ( 1'17.1). ( )nJy al u icf 'unuttat )" 
of thc mcthml Í'i prc~cnlcd hcrc. 

The partial diffcrcntiul Equations (1) und (2) urc tmn"i· 
formed to a!'l'roximatc integra! ~quations using.thc Galerkin 
criterion. The Íritegrnl equations are solved simultaneuusly 

· using the finite~elemenl mcthod. In this approach the depcn~ 
dcnt variables, p nnd h. are approximated Úsinc ·piecewise 
polynomials·, and the prohÍem reduce~ to dct~rmining the 

~. cocfficients of the polynomials. · 
To apply th~ finite-element methodo the region· uf interest 

is divided into_subdomains callcd ''finite elcme;tts," which 
are connected al .. nodal points.'~ Although thc modeJ is 
designQd ror higher-order elcme'nts, linear elements are 
employed for the one~dimc::nsfonal prohlems discussed in 
thi~ paper, and linear quadriláter'al clements are used for ; 
the two-dimensional prohlem. Linear polynl,mials are there~· ;' 
fore utilizcd, and enthalpy u'rc dctCrmincll al the node poínts. 

Othl·r data u~cd in lhis pmhh.:m inchuk: a thid;nl· ... s of 
·'· 3.0 kno; '1'1 ·" lii>"C; T1 ~. 224"C; p 1 ~ 3.0 x lll' d1·nc·,¡ 

cm~; C., : .\.2 x 10' crg,/gm·"C: ü.nd K,.. ;, J 2 " 10~ 
erg,/crn·scc·QC. Thc rn:"s flow rute rcr .. unit arca,(). V<.l,:il·~ 
(rutn3.0 x 10 11 tu3.0 x 10 'gm/scc·cm!.SinccllllrnHJJcl 
ls designcd tn treat transicnt proble.ms,. an arbit~ary set of 
initial conditions w:u' used and thc problem was simulatcd 
through time unlil a steady-statc Solution was obtained. 

Donaldson (1%8) dofines a fractiono C.QIKmo which 
indicates the relativc importance of convection in.compari~ 
son with conduction. For a given reservoir thickness. this 
ratio increases as convection. bec~mes more dominant. 
figure .2 shows results calculated using the vertical, one~ · 
dimensional form of the pressure-enthalpy model compaied ' 

· with the rcsults of the anaJyticai solution for severaJ vaJUes 
of the ratio c.QIK~. As may be seen in Figure 2the 
comparison is very good, with the maximum error being 

'· o'nly 0.4°C. ,, ·¡,, :. 
· ' On the basis of this exampleo the geothermal· model 

presented in this paper appears to be .val id for hot-water' 
geothermal systems (subject to the assumptions used in the 
mUde! and the example). This example does not verify this 

For transient (timc~dcpcnd.cnt) prnblcms, it ·is a commnn 
pral:licc to approximatc the_ time dcrivativc by finite~dif~ 

rcreaccs. techniques .. · F~r the examplc~ prcScntcd in this 
paptr we uSe a backwan.J-difference arproximatioo. Thc 
solution proceeds through time using · the prcssure and 
enthafpy values at the preccding time·step as initial condi· 
tions ror thc Curre.nt time~step. 

The Galerkin·finite elcment method offers severa! advan· 
tages. Since the shapes of the finite elemcnt< can be arbitraryo 
this approach yields good approximations of externa! and 
interna! boundaries. For linear prOblems involving sharp 
fronts the finite-elemcnt method has bcen shown to yield 
bett~r ~oiutions (less numerical dispersiorl) lhan finite-dif
ference methods tPriceo Cavendish and Varga, ·1%8). 1t is 
also possible to represe ni coefficients of the partial differen~ 
tia! equations whlch vary in space (for example, permeability 
and density) as pieccwise functions ·aver each element 
(Pindcro Frindo and Papadopulo•o 1973). The selection of 
the Galerkin·finite element ~pproach for 'our geothermal 

· " approach for the more complicated vapor-domiriatcd sys· 
tems. To test our model for two-phase now problems we 
have compared our results with other available numerical 
results.· A report on this aspei:t of the study is in prÓparation. 
In the remainder or this paper we shall discuss severa! 
hypotheticaltwo-phase flow exampleso concentrating on the 
problem of c::onversion from a· hot·water reseryoir to a 
two-phase reservoir. 

model wa~ bascd upun thcsC considc1ations. ' 

APPLICA TIONS 

One-Dim~nsional." Steady~State, Vertical Flow 

An analytical soluliori .for the stendy~ .. tatc, one·dimen· 
sional vertical rlo\li ·or water·-and heat in a porous. medium 
is available (llredehoeft an·d Papadopuloso 1965; ·Donaldsono 
196M). Since this· pnl¡blem· involvcs compressed water, in 
the above refcrenccs the eC.uations are formuluted in terms 
of pressure aód temperature .. The boundary conditions are: 

o . • 

at the )op 
0
of·the .. system (~eptho z = 0). temperature is.T, 

and pressure· is· p 1".: ,nt the .. _~_a.se (t = h), tempcrature is T1 
anda mass flow rate Pcr unÍ( arca is specified as Q. Assuming 
c:;onstant permeahilit"y,: k., therrnal conductivity; K,.. and 
heat capacity o( water, C w, the analytical s.olution for 
Cemperature is: 

... -.:' .. 
·r, T; ! ··¡:,., ·¡ 1 1 

"' w .. ... 
w 
:( 
o 
= "' z 
,;' ... .,.. 

100 
o 

w 
02 

1 
3· 

o'.k r, 1,. .• 

TEI,IPERATUREo IN DEGREES CELSIUS, o 
120 u o 160 l 80 200 220 2•0 

-~--,--,-~ 

'· .. 

,; . o,. 

. . . ~·· . 
: ~Anolytical solution_•. 
"Nutnericol solulions: 

· e o 
O .JL = :s •ta~5cm·1 

.Km 

A CwO '= 1• to~~ cm·' 
Km 

0 CwO :.· 3 a to·ecm·1 
K.,. 

: \' 

f¡•:':l• , (CIIII¡JIIh'd ft'lilj~•'l. ·;t\'' \\ilh do·p!!; itl~ (!,,· 

diu,•·u·.ioo.d, vt•flil .ti i/11w oí u¡:I•PI''""'-·d \\,1!1·r 
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.• M1•l!/ph.~;:;.l lmiionr.ll·' 1 ~~~\~ :, ' .. '. 4 5 
T•\ o ou•'-'''llwu·-h •n:•l_ ,. '- :u11pl···' :u~~ pt l -.,•nh·d 111 , l.·nulll· 

·,! .1.1 1~' ~~ iu:r. ~dt;U,H ; l'l ¡,:, Í\"•, "1 ;r 1111·1¡1 Íplt:!-.1' hui j /tlll!,d fltiW 

in ,.,.,;·,,;~.~~~i·:-1 1 .;,, ·-ll·•n,\. h!'"''~ _, ¡, a -~,- .. !.wi~o: ~.-, li<~n 11( · 

ó1 ,·,_~.J;,~Ifto•fit;~t( i·.••;ll!lt.llll.tl' ll''I:I~·'Ü' f~ll. wiai~·J.I 1111 . ." flll,W, 

~~-,, ..... u>?u ~~ ... ·:';•Prr~·~~~~~a~~..-.r h~~~~ P•'c "IIth· u· •••nal nuul~·l. 
flu: IC!~.CI'\'UII" l!'ot ;1"\SUIIII.'li fu he ~o;hl .. l.'ll IU llu . .' III1W 11f hnlh 

cn~q:y 'nnd -,~, .. ~S~.;, .lht: boumlari~~- Thi!~. a,o;umrlilm i~ 
\mn .. ·:di!<-tlic' iO lhat · soinc mas:--. kakagc ll'u:s uc4.:11r in inust · . . .. . ' .. . 
. gcothcrmal rc,I.'I'Vlli,rs urul \.'umlt~t:tivc hc:at lcotkolgl.' is always ·. 
rrc,.,cnt. Ahhnug.h our mude! is llc~igncd ~~~ ih.:cuunt f.:~r. 
thCsc mure rL•alistic houmlary cHnditions, for thc purrose 
of thC follnwing cxu .. mplc~ thc~c simple hnundary c~nditions . 

··-:_.are ~urricicnl. AdJitionully. to nllow onc-dimcnstinnal_trcut
.- mcnl. it i~ a\~Umcd lhut the rcM.:rvoir Íb clnngutc und contnins 
a line of w~:Jis ~c1Ítrully luc,:alcd withiil thc rcscrvoir and 
purullel to the clongutinn. 

l.n this onc·dimensiunal prublem wc cunsidcr a vertical 
slicC 0.5 km thick and perpendicular to thc elongation. 

. Funhermore, on the busis or symmetry about the line· or 
'wells, it. is only necessury to examine flow in h¡¡lf the vertical 
slice. ;Ji,¡, system is represented by. 10 elements (each 0.2 
km réi~g) with a.sÍnk in the rirst element (on the lert). 

Equutions (1) and(2) are reduced to. their one-dimensional 
rorm without the gravity terms (sincc flow is horizontal). 
The reservoir propcrty data and initial conditions are given 
in Figure 3. Additional property data for the reservoir are: 
KM= 3.2 X 10' ergs/crn·sec·'C, P, = 2.S gm/cm', e,= 
J.Or' x 107 ergs/gm ·'C, and porosity is considered constunl. 
Additionally~ water and steam viscosity equations are given 
by Meyer etar. (1968), modified ror cgs system: 

~'-· = ro-•{241.4 x IO'"'·'''r.o.n."lll . . ' 

IL, = ro '(11.4117 T + H0.4) 

CLOSED RESERVOrR ONE-D EXAMPLES 

NI) PERMEABrliTY=r0'1°CM2 #2) PfRMEABrliTY • 

(6) 

(7) 

POROSITY =U. lf.O • ro·14 . 2.S • ro·<l) cm2 
INIIIAl CONDITIONS , POROSITY = O.l 
P~FSSURE "0.438• roe dyn" INITIAt CONDITIONS, 
· · . . ~.;,:,- 1 PRESSURE = 0.317 • ro8 dynos/tm2 · . 
ENIIiAln= 1.07 >i ro'0 orgs/cm> 10 
TEMPERA JURE = 238'( !NTHALPY = 1.02 • ro trgs/tm> 
WATER SAL= r.O. TEMPERATURe'" 23B'C 

·• .,. WATERSAT.=0.2S 

O = 2.0 • 104 g /set 

Fi¡.twl' 3 .. , lcf,,ar'i7t'<l w·olugicrtl .. t·clion uf a hyputht•lk,¡_¡l 
geotlwrmal n~!ft.·rvoir fur une-diuu.·n~ional, horizontal illlalysis . 

. . 

' Thl' 1dali\'l.' p~.·tn~t::.hililil'' f,,, .. :l·a111 ami \\'at~.·r ai-c l'''I.'O· 

ti:dl~ uu~.11t•n n. ;,¡uf ;,H. :•··'-IIHIL't.l lo ht: u' \:uialinn. ¡,f'th~''"' 
!'Í~'l'/1 h~· f 'nrn· ( 1'1'\ 11 f,,¡ :1 di;IÍI1ilt!lo': ,Jj,¡¡f;n \'111~'111 j'IÍh't'"; 

1f1.11 i~. ~-:•¡•••1 i1.11iun do•Luiu:dt'', tnul,:u,alilln: , ._; 
. _!. h 

1 s. S ¡'.' .. k ,. rKI. 
!1 • S . 1' ' •. -

k ···[l·· IS~:_S.!".>_:J'[~·-'~S~:S.,)'·l··· 
"'. . . (S.,.,·- _S~.) .:~ . (.-;,.~ -~ ll_~ .·. 

• ('1) 

' • 1 • • ~ - '. ·, '- •• 

·.where S wr -' 0.0.~ und s.,; = 0.9~ .. Finully; in lhe''lwo:¡.hase 
i-egion, the heat sink term is a function .of the mobilities 
or cach phase. !fhal is. lhe omount or h~l lost lo tlic well 
is dcfinc-d ns. · · 

.1 

.\ 
·•''··lio¡ 
·. ¡ . ' .and:lotal mass losl !O lhc -ven os, 

. 'i; .. ~: . 

l ''.(11) 
., • . = . 

1 ' ''• • ' ~· • :. _;,·; ,;, 

:rhc stcam production rote is.dclcrnlincd· by.lhe fractional 
fiOW Of lhC SlCBffi phOSC 05 fOifOWS: T ' • 

... 

'wherc 

... /( IJ.,P. , )' 
a, a kÍ? k,.+ --k,. 
. JJ...,P, 

• .~. < '· 

n .. ; 
'·', 

Sincc h ,, h •• and. ¡¡¡, ore known, q, is calcur~i~.d:i:tising 
(12), q. is colculared.using (1 1). ond q• ia•calcidated:using 
(10). ... : ' " ... 

' -~. ·: ' 

Example 1; This exampf~ wos designed lO ifein~nSir&lC 
· thc bchavior of an· initially hot-woler gcóthcrriial: res~rvoir 
which dcvelops a lwo·phasc zonc under lhc influenée of 
p;oduction. Two graphs are givcn in figure 4. In the·upíicr 
one, pressure values at: various times are plotted ág.Binst 

. distance from thc ccntcr of lhe reservoir Ocft boundáry 
of the modcl). Thc spccified' times icpresent the dura1ion 
of exploitalion. In lhis examplc .thc pressurc drops rapidly 
in lhe early stages of production and al the cnd of onc · 
month thc rirst element has bccome lWO·phasc. Wheli clhis 
occurs thc pressurc continuos to drop ropidly In thc' resl 
or lhc rcscrvoir, bol changcs only sligh!ly in .ihc elemenl 
containing thc sink. This)s cxpectcd sincc once· i.n·eJemcnt 
becomcs two-phasc the prcssurc is maintained by lhc forma· · 
'1ion of steam. Aftcr thrcé'years of cxploitalion thc prcsl'ure$.' 
in thc entirc reservoir have 10wcrcd to a point jusi.slightly .. 
abové the varue. wherc it would become lWO·phasc:· Al lhis. 
stage mass _extraclion results in reduced wat~r. satu.rations · 

.in elements near lhc sink. and pre~sures drop ver)' slowly. _· 
Water saturations 'ror each element al lhe end · or rive 

ycars or exrloitation are shown in !he lower gruph of Figure 
4. lt may be scen thal a substonliol ponion.of lhe reservoir 
is slill single·phi!Se (indieated by· !he shadcd arca).· This 
máy be an aniract resulting from· the numeriéal ·melhod. 
.lt is ulso noticed lhal a slighl oscillation in lhe saturation 
~isrribution occurs. The o•cillalion.is not physicolly'sii:nifi· 

'. Cunt, hut is due to 1he nUmeric~l uppro:(imati?"· · · 
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' 1 is rcpeutcll eUch time an element beco m~· fwo~phuSe·. ·and, 
'"'~ iC scvcml. elcmc~t'i changc durins i~c snrric time step, tht , 

.....:;:"' t= O J elc111l!111' which con verted fir!'ll is usCtl to ci.Jmruh: thL' ncW~ 

'·. •.· 
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Figure- 4, • rOP.fCOmputed pressure versus distance for var.ious 
times. Bottom: computed water. saturation versus distance-after 
five years of exploitation (shaded area indicates water Sa'tura-

tion of 1.0). .... 

For prob1ems·:such'as this example whcre both single
and two-phuse regions cxist, ir is nccessary to tnke. special 
precaution~ in arder to' reduce mass and energy halaOce 
crrors. Discontinuitie'S in the derivatives of the thermody~ 
namic -properties:. bi:cu.r at' the boundary bctwccn thesc 
regions. Thcse d'e~ivativcs appear as cucfficients in thc 
partial ,difft:rcntil!l ccjuarions and urca major soun.:e uf mass 
and energy baianCC Crrors. For problcms involving hoth 
regions, it was ri~(rlossiblc to reprcsent thes.; cocfficicnts 
as runctions OVer;-CDCh elerncnt. lnstcad, thc cocrricicnts 
were treatcd aS constanls. ove; cm:h clemcnt and were 
calculated. on. the. basis. of thc average clcmcnt pressure 
and enthalpy v~tlucs. · . 

Mass am.l · cnergy halan~c crrors also nccur whcn an 
element cha~g'cs frorl1 single~ to two~phase. These errors 
are reduced by. chccking (al the. end or e" eh time step). 
to determine íf nn clcment hns bCcorne cwo-phm;c, Tr such 
a change has occurred,.the cxact time (during the time stcp) 
at which th..: ph3~e change took place i!!i linearly inlcrpolatcd 
by using the .'\atunitio'n pre

1
ssure· and the prcssures ami times 

- at the beginninÍJ · ~fnd. cnu' of the time stcp. To calculate 
lhe saturation pres'iilre, this ml!thud takes advc.tntagc of the 
fact that during. ·a. time step; prl.!ssurc dccreases ata ncarly 
constant cnthalpy. ir~. thc comprcssr.:ll-watcr rcgion. Once 
~he- time ilf whi~o.·h·.t~c pha.;c changc o~..·cutTcd j..¡ c:l.kul:ttc-d, 

·11 Í'\ 11'\t'd ·!\·~ I..'IUI.II~.~.!~\~~:1,111:\\ IÍIIII..' Ílh'll'llll'UI. 'J'ht• prtlj:l:\111 

l~l·:n _rctr•;/;\ tu.tlr·i/P'·¡·viulh tiHL' ... tt·¡•. aud· 11'\in:~ tht.• llt'W 
lillh. lllo lt'll~l.'lt;. rc.~:•lliiJtllk' 1'1''' ,¡¡¡¡·, ;¡uj( t'II(J 1 ;d¡.j~·, (IL';ttilll~ 
1 ht· : . rl•_: r·~~-~ !La lit'<!. ~. !l· 11 Lt'lll ;, ' l>t• j n¡.:. i 11 ,,,, • .• 1..'11111 JI! ~· • '"''' 
,.,.,,.:11·:• r~.·¡.~r~.ill.¡ Fu1 .;¡¡l,..,,.,lllt'ul IÍil!t' .'lit-JI•· .lile "p/w,\1·· 
~li;.,,~c" cl~rncr:l ¡,·:, .. '''""·tltulw h~LL·ph:t~L·.,TI•i' jliUt't.'Lit!i.,: 

' ' . . 

hample 2. The permeability of a geothc¡mal reservoir 
strongly ur!ects thc productivity or wells, that is in low-per-. 
meability zones wells go "dry" rapidly. In order to examine· 
the effect of resCrvoir permeability. a serie!l of one-dimen· 
sional prob1ems was sol ved using a rangc of!"permeabilities 
typical· of geothermal reservoir rocks (see Figure 3). For 
this 'example a reservoir with an 'iriitial ·water suturation 
or 25% was speciried. ,_:• · . 

In Figure S. water saturation.·disti-ibutions are sliown""for . 
a range o! pi:rmeabilities from 2.5 x '10" 11 to 2.5. x 10"9 •· 

cm 2 • As anti~ipated, the reserVoirs with lower permeabilities 
present sharp._:·saturation' fronts. The signiricance or the. 
permeability crrect is also demónstroted by Figuré 6. In .· 
this rigure the permeability or the system is plotted against. 
the production time required.to_relluce·the water saturalion 
to 2.0% in the rirsteloment (Ute'elemcnt includingthe sink). 
For rcservoirs with low permeability the volumc or the sink 
elemenl dominates thc time required to reach 2.0% water 
saturation, that· is, mass is ·being removed from the sink 
element .instead of rrom the, entirc rescrvoi~: _Whereas in 

03 
'·' 

r·· .... ,--· -¡·· · ...-:-,'f--, ·~··r·-r--··'T·- · 
·/ lnillal uturation 

----:-- - -----:-.::":" .. 

1. 
... 
' 0.4 

'" 

J. 

~·"' 

... 

'tb- .... J.. '"7 

OISTANCE IKMI 

1 

tlme•t.6 veara' 
,1 

"ok=2.5•to 9 cm1 
ek:t.O•I0 9 cml · 
Ak;t.O•tQLOcm' .J 
ok;2.5qQ 11 cm' :¡-·: 

' 
.. 
20 

.• 

figure_ S. Corriputed WJter saturalion verSus disiJnce ior 
various permeabilities. 
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Figure 7 .. · Two-dimen!tional, two-phasc gc:~othcrmal rescryoir' 
analysis showinK water !tatU'ration distributinn for various times. 

réservoirs wilh relatively high pcrmeabililics, fluid is al· • 
· lowed to flow to the sink element and maintain lhc water 

saturution longer. 

Two=Dimensi~nal Horizontal Flow 

As an example of two-phase, horizontal flow in two 
dimensions, a. small hypothetical gcothermal reservoir is 
considcred.'·The dimensions. initial conditions and certain 
properties Of the reservoir, are specified in Figure 7. Other 

· reservoir pro¡)er,tics are: K'"= 3.2 x 105 ergs/cm·sec·°C, 
p, = 2.5 gm/cm 2 and C, = 1.01 >< 107 ergs/gm·'C. 
Viscosities and relative permeabilities are given by the 
formulas presented for the earlier examples, and porosity. ¡ 
is assumed to vary nccording to: 

'' ··.l; 

(13) 

wheie' .. ';' indicatcs an inilial vulue and p is the vertical 
comprcssibility.' For this. problcm 11 = 7.25 >< 10" 11 

'cm 2 / dyn~: The boundary conditions are no·flow. 
The lwo·dimensional (horizontal) form of Equations (1) 

., '·and (2) are solve.d usin¡¡ an element configuration which 
consists. of, 35 nades and 24 elements which are 0.1 km 
square-. The ·res.;~rvoir is initially a hot~wate·r system, but 
develop's a twó'·phase zone in thc vicinity of the sin k (the · 
element in :the fourth column and thinl row). The three 
diagrams· in Figure 7 show how the LWO·phase front changes 
with time. Figure 8 shows lhe pressure' and temperature· 
distribution alter R70 days of exploitation (this corresponds 
with the final s•turation distribution in Fig. 7). Note that 

. the pressures und tempcratures in thc compressed-water 
rcgioñ are essentially the fiame everywhere, and are slightly 
abovc:the vAiues thnt would cause Con\lcrsion to a stcam

. ·.~wut<:r'mixturc. Since thc houndnry conditinns urc no·flow. 
. cuntinucU cxplnitation wnuld rcsult. in 4.h:crcitscd prc!'l.~urcs .. . ·. . 5- ' 

an(t cvcntually thc éntii•• rL",crvoir \'.'I.UI!d he come two-rh:.t\e. 
At thc l.'nd t•f M70 •lay\••rrro\im:ttcl~· O. 1:'\ ma\) fraclion. 

was rrorlw.:l·d rL"MIIting in.·1.6 x 10 21 crgs of hcat.rtmO\'cd. 
¡ • .. 

U!l.ing a fully implil'it tim~.·~tcp, thc O\'~rall m:t~S und t.!n~o:rgy 
'habn.~.:cs had lc"'~ th¡¡n I.07r .. error.· 

' . ' 
CONCLUSIONS 

' . ' . ·, ; ' ' :. '{ ',.. ' :; 
, 1 ii this paper we ha ve ÓÚtlined the important·characteristics 

of a modelthat has been developed'for geothermal reservoir ' · 
simulation. The mathematical model consists of two nonlin
ear p~rtial differenti81 eQuatíons With fluid pressure and •: 
enthalpy as the dependen! variables. The ·complex form 
of the partial differential equations requires nunierical solu· 
tion, and for this purpose a Galerkin-finite element method 
has been utilized. This model is valid for compressed water, 
two-phase mixtures and superheated steam; thus, it permits. 
the simulation of both hot-water and vapor-dominated hy-
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Figure 8. Top: temperature distribution for lhe two-di.men· 
· sional example aher 870 days of exploitalion. Bonom: pressure 

dislribution for the two-dimensional example aher 870 days 
,'of exploitation . 
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', druthl!'rmal systcm\, u~ .. wcll as thc l.!nnvcr~il,¡, from a 

hot-watcr s)t,rcm to a tWo-phasc systcm. 
Severa! examplcs hnvc bcen discusscd in hi~lcr I~J Llcmon

stratc the naturc uf hcat transpurt ami multi¡}hasc rtuid fluw 
in porous media. For the ¡;omprcssed-watcr region, thc modcl 
was .verificd using an analyticul So!ution fur onc-dimcnsio.nal, 
vertical, steady-state flow. For the two-phase rcgion, the 
model was verified qua1itatively, since results are in accord 
with observed and cxpected bchavior of gcothcrmal systems: 

In thc fcirmulation of the mathematica! model, sevcrul 
simplifying nssuÍnpiions were made (for examplc,: negligiblt: 
capillary pressure ami local thcrmal equilibrium). Fui- sorne 
geothcrmal' re'scrvoirs thesc ussumptionS · are reason;:ablc .· 
approximalionS: For other rcservoirs where the assumptions 
are not val id, 'thc proposed· model could serve as a poiñt 
of departure for a more sophisticated modcl. 

lt is evidint ·that the modeling of gcuthermal systcms 
is a difficult lask and lhal severa! chullenging problems 
have yet to be'adequately considered. Among thcse are: 
multiphas'e flow and hcat transport in· fractured media, 
muhiphasC flow and heat transpon in satine syst~ms, thrcc· 
dimensional simulation of gcothcrmal rcscrvoirs, cburlcd 
wcll-hore and

1 
reservoir modcl ... , and managcmcnl mmlcls 

of gcuthermal rcscr'voirs. In additiou, expcricncc with thc 
· modcl des~.:rihed in' thi."i papc:r indicatc.'\ lhat furthcr rcscarch 

is ncedcd to determine thc most suitablc numcrical tcch
niqucs for application to gef?lhermal rescrvoir engineering. 
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S 1 MULAT 1 ON OF HEAT TRANSPORT 1 N FRACTURED '· 
SINGLE-PHASE GEOTHERMAL-RESERVOIRS 

Wllllam G. Gray, Kevln O'Nelll and George F. 
Water Resources Program 

Department of Civlli Englneerlng 
Princeton Unlversl'ty ' 

Prlnc'don, N. J. 08540 

Pinder 

Although many geothermal reservoirs depend upori fracture 
permeabllity to obtain adequate mass flows, relatively llttle 
research effort has been d 1 rectecl toward fractur.ed reservo! r 
simulatlon. This paper outlines the mathematlcal apparatus 
necessary to develop a numerical slmulator for a fractured,· 
single-phase geothermal ·res.ervolr. Jt ls assumed that the 
fracturing is extensive and well-dlstrlbuted (though not neces
sarily uniform) so that it ls reasonable to conslder a super
ficial dlscharge· through the fractures as well as the pores. 
Whi le mass and heat tran.sport are of course coupled In a system 
of this kind, we have subdivlded the ensulng dlscusslon lnto 
mass flow and heat flow for clarlty of presentation. 

Mass Flow Equatlon 

Analytical solutions for the press~re dlstrlbutlons In 
porous blocks of varlous shapes and s·lzes show that the pressure 
In the Interior of a typical block reaches 95% of the value of .an 
inl tla·l "step" Input lmposed on the block surface in a time 
whlch ls very short relatlve to the length of time typlcally re
quired -for overall, macroscopic system changes. In additlon, 
recent modellng analyses and examlna.tlon of pertlnent fleld data 
by Closmann (1975) support the polnt of vlew that for most purposes 
one may conslder _both pore and fracture flow flelds to be charac
terlzed by a single pres'sure variable. A net flow of mass may 
exist· between one flow reglme and the other, but thls wlll be 
such as'to malntaln the near equallty of pressure. Appllcatlon 
o~ accepted space-averaglng technlques (Gray and Lee, 1976) to 
a polnt mass balance equatlon provldes the followlng mass con-
servat Ion equat Ion: · 

., 

~t (pWEW) a V•{p v ]+S a V•{pfvf +.P ·v] 
a - w.w m -· - · P·.P 

(1) 
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so 
where Pw 1 S the averaged denslty of a 11 (por e plus fracture) wa te ro; 

pf .1 S the dens i ty of fracture water, 

pp is the denslty of pore water, 

t ls the 
W· 

void fraction occupled by a 11 water, 

vf 1 S the superficial d 1 scha rge through the fracture (vector), 

V - ls the superficial di scharge through the por es (vector), and e 
S i S the mass source or slnk strength, that ls, mass enterlng 
m leavin9 per unit time per unlt volume of total medlum. or 

The lefthand side of (1) may be expanded as 

where tf is the 

t 1 S the p 
p J S the 

Tf 1 S · the 

T ls the pm 
T w J S the 

T w 

vold fract ion of 

vold fraction of 

incremental fluid 

the 

the 

~ + at 

fractures, 

pores, 

pressure, 

local average fluid temperature In 

(2) 

the fractures, 

local -average temperature of the por¿us medlum, and 

locally ave~aged t'emperature of a 11 water defirted.as 

e EfTf + E T (3) p pm 

The parameters ap• aT' a and 
through the rel~tions: p. 

aT are emplrlcal coefflclents deflned 

3tw 22. + 
oTw -- - a aT 3t p a e at (4a) 

apw 11!. 
ar 

• P a + PwBT 
w 

a e w p at at (4b) 
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Superficial fracture and pore discharges may be expressed. In terms 
of increm'entill pressure gradients, as 

. ~f 
¡ .. -(~ '} Vp (Sa) 

-(!). V a Vp (Sb) p 
" p 

. where IJ is the fluid viscoslty, 

~f 1 S the fracture permeablllty (tensor) , and 

~o i S the pore permeablllty (tensor) 

. Under· certaln condltlons ~f may be consldered to be a furicdon of 
)!r· 

Substltutlon of equatlons (2) through (5) into (1) ylelds 
the fol lowlng expression for the conservatlon of all fluld mass: 

P (ci + t S ) 1P_ + 
w p w p . 3t . 

• • [(.;). + (4~] 

ar w 
. 3t 

• V p + Sm 

(6) 

In additlori to the expllclt coupling of this equation to the temp
erature equations through the second term on the lefthand side, 
temperature dependence also enters lmplicltly through the changlng 
value of 1J • 

Heat Flow 

The governlng equatlons for heat flow are provlded. by 
space averaglng of conservatlon of•energy equatlons wrltten In 
terms of temperature. For the fracture system, thls results In 

.. + (7a) 
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and for the porous medlum 

. . t oTpm 
(pcc)pm 't + p cv •VT 

: '· 

V•D •VT 
• p .p . pm . :pm • pm 
.. 

(7b) 

+ e S · (T - T ) 
.· m,p s,pm pm 

where (Pce) . = P ce + P ~ e , pm p p S S S 

h 

S m,f 
S m,p 
S -m 

1 S the roe k dens 1 ty, 

1 S the specl flc heat of ·the roe k, 

ls the volume fraction of the rock, 

ls the speciflc heat of water, 
. 1 S the tensor coeff 1 e i ent of disper.sion for the fractures, 

ls the tensor coefficient of disperslor\ for the porous 
medium, 

1 s· a porous m,ed l.um·fracture heat t rans fer coeffi e 1 ent. 
relating the .. tlme rate of heat transport between those 
regimes, per volume of the medlum, to the temperatu.re 
~ifference between the two. Ts,f and Ts,p~ úe source 
or sink temperatures of fracture and pore flulds, 
respectively. (For withdrawal, the sink temperature ls 
the reservolr fluid temperature and the last terms in 
7 vanlsh). · · · 

ls the fracture mass source or sink strength, 

i S the por e mass source of S·lnk strength, and· 

S f + S and the ra t 1 o of the two componen t s. can be m, m.p 
determlned using the permeabrllties of the two srstems. 

The .superficial velocities In' (7) must, of course, be C:om
puted uslng .the pressure fleld through equations (5) and- (6). 
Equatlons (5), (6), and (7) provide five equatlons In the flv~ 
dependent variables T m• Tf, p, v and·vp. These equations have 
been solved successfulfy for a va~fety o1 hypothetical problems 
for whlch analytlcal solutlons exlst. The numerlcal slmulator 
uses ·lsoparametric Hei'mltean f.inlte elements (Van Genuchten, et 

.al, 1~77) to solve in three space dlmensions, an·d a time~centered 
.dlfference scheme to solve In time. 

'.. ... Figures 1 and 2 show results for a,n addltional full·,· coupled, 
.one·dlmensicinal, translent test case, subject to the follo,lng 

., condl t lons: 
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.. .., 

at x • O 

t > o 

' ' ' . ' 

af, x a lOOcm 

1 --
(Mercer et al, 1975) 

.'. 

- 'J 
,)J 

.;¡:. 

T a T • 40°C 
pm f 

·" p- .o 

T ., T • O 
pm f 

5 . 2 
·p • -1.0 x 10 dyne/cm 

E • Q, 2 o 
p 

. -10 2 ' ' 
a • 1.0 x 10 cm /dyne; 

p 

kf -7 2 k -8 2 -11 2 -· 10 cm , -E!! - 3.0 X 10 . cm., BP "' 5.0 X 10 cm /dyne 
tf E p 

11 .. 
T 

5.o.x 10-4/ 0 c 

3 o -4 o . 
p • 2.5g/cm , e .. o. 2ca1/g. e, Df • 5.0 x 10 cal/ c.cm.sec, 

8 S' 

The lnltlal temperature dlstrlbutlon for both fractures and poro'us 
medlum is displayed on each figure. As expected, a non·zero value 
of h retards translatlon· of the fracture temperature front, In
creases translatlon of the porol!s medlum front, and lncreases dls;. 
persion of both. As the fronts progress, the pressure gradient · 
(not shown) decreases from the lnltlal,·essentla11y lsothermal 
value, due primarl1y to the decrease In fluid vlscoslty wlth 
rlslng temperature. 
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ABSTRACT 

, ·. 1 
-This.paper describes and partially 

evaluates¡an implicit, three-dimensional 
geothermal reservo ir simulation model. The 
evaluatiori''emphasizes stab.ility or time-step 
tolerance of the implicit finite-differcnce 
formulation. In severa! illustrative multi
phasc flow problems, thc mo<lcl st·ably ac
commodated time stepa corresponding to grid 
block Sdturation changes of 80-100% and grid 

block throu<Jhput ratlos the. order of -10 8 . _. 
1 This compares to our experience of limits of · · 

1 

3 to lO\ saturation change and roughly 20,000 
throughput ratio.with semi-implicit oil and 
qcothermal reservoir mOdels. 

' ' 

, The illustrative applications shed sorne 
light on.practical aspccts of geothermal · 
reservoir _behavior. Applications include. 
single- and two-phase sinqlc-well behavior, 
fractured-m,ltrix reservoir performance' anci 
well test intcrpretation, and extraction of 
encrgy from fracturad hot dry rock. Model 
stability illlows inclusion of formation 
fractures and wellbores as qrid blocks. 

An analytical ~e~ivation is pr~~cnted 
for a wcll d0livcrability reduction factor 
-~hich caJl be used in simulations u~ing larqe 
qrid blocks; Tllc factor accounts for r~rluccd 
~elivcrability Juc· to hot water flashing· and 
stcam CX()anuion accompanying prcssurc d~cline 

·near thc owcll. 

l Hefcrcnccs .>nd i llustrations at cnd of papcr;._ 

INTRODUCTION ,· 

,. 

This paper describes a numerical model · 
for 'simulating geothermal well'or reseivoir· 
performance. The model is con_sidei:ably .more 
general than any described in-·the literatu.re 
to .date. It treats transient, three-. , ·-· 
di111ensiona1, single- or two-phase fluiq flow 
in normal hctcrogeneous· or frac~ured-matrix · 
formations. 8oth conduCtiva and copvective·~·:··· 
heat flow are accounted for and fluid state . 
i':'. t~e re~ervoir _can· range from· undersat_urat't._: 
l1qu1d to two-phase steam-water mixtures· to · 
supcrheated steam. Aquifer water inflclx ,and .: 
heat source/sink terms necessary in simulat:..:: ·. 
i'ng free convection cells are included in the 
model formulation. · · 

The primary purpos~_-.'oii the work described 
here was evaluation· of the·. capability of ari :
implicit model formulation. Our experience 
with semi-implicit simulaÍ:iori of petrolewn ·' 
and gcothermal reservoirs!'has shown time stEfP 
rcstrictions related tC),conditional stability. 
In mul ti phase f low problema, the maximur.~' 
tolerable· time step size.generally correspond~ 
te a maximwn of 3 to lO percent saturation .. 1 
change in any grid block in,one'time step. ~- 1 

In sorne stcamflood and geothei:'mal· siml.:llations·,¡ 
we have found this to rcsult in·ver'y.small 
t1mc stcps.and correspondingly ~igh cor.~utinq 1 
costs. Th1s work was pe~(~rmed. with. thc , 
hope that the implicit modcl formulation . ' 
would givc unconditioO.iF stability with ·no 
time step restriction: cithcr tnan. that _imposed', 
by time trunc.Jtion· error·. ., · • · · : . . . . . ~ ·. . 

. ·' . . : ~ .. : - i 1 • 

Calculatcd rcsults.aro presentc9 for a 
var ioty of CJt•otherm~-.1 wE!ll .:uld roscÍ'vo¡r· -· 
illustrativc prllblcms. EmphaSi·S in· ·ConntlC·~· 
tion wlth.thcou rcsults is placcd on -t~~ ·,· 
'stabilit~ or tlme stcp tol<'r~nce'of: tl!c·;;;:, · .. , 
mod<:l. · llow<>V<'<', thc .>pplic~tions aro 'a~·so_, ( ;; 
intcndcd to shed_ sorne llght on oractic:J.l ........ -
aspocts. of, gcotherma l rcscrvoi r · behavi·or ;-_ 

' .. ~· .. · ~·.··. 
:'-' 

'·' 

' ~.' 
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The modt'l "PI'lics to reservo ir gr ids. 
includinq onL"-ditnl'Óni'on~ll, two-dimcn-. 
siun.:1l ro1di.:1l-z, x~z or x~y aml thrcc
dimc·nsiolhll, cithcr x-y-z c~rtoshn or 
r-!•-z cylindricul. .In thil r-z. and r-0-z 
case, th~ wellboiC ·~f a woll at ro O can be 
inclucted in thc qdd, resulting in Pnh.lnced 
stolbility ••rd accui'olcy .1s discusst!d bclow. 
'fhc r-z C)rit.l ciln b""· uscd in simulati·ng a 
scctor-of a fracturcd-m.:atrix rescrvoir"with 

:' Fcillowinq d"scription oC thc imrd·icit 
p¡cu1cl íormu L.1t.ion, t:he pt1pL•r pn.•Gcnls ap
pljc.ltions includin<l· sin4lc•w~..'ll d, .. liVCr• 
ability undcr two-phaat• flow conditions,' 
dcpl.etíon o! a fracturl!cJ-m.ltrix formntion 
with boiliny, rlr~wdown tust intorprctation in 
s inglCJ-phasl!, f r.JCt un.•c.l-mll tri x form4ltions ,· 
-ilnd h~~t cxtr~cti~n [rom ltrtificiaily fr.JC• 
tu red tiot d ry roe k: • ·l\n iln.J 1 yt ica 1 expn~ss ion 
is tlnr:ivcd to rcpre'scint thc cffcct ivc trlln
~icnt·productivity- indcx oí a well ~hic~ 
cxporicnccs hot w..1tcr fl(1shing duc te prcs
suro drawdown from.an exterior r.:1dius whi!ro, 
stcam s.aturation may be. zcro or ·small. 

thc horizontal und vcrticul fractures rcp
rcsentcd by qrid blocks. Tho grid can 
includc blocks of.•cro·porosity rcp~csanting 

. , hard rÓck, wi.th no _prcssurc calculatcd, and 
blocks. of lOO\ porósity rcprcscnting cither 
fractures or wellbores. Wa have applied the model extensively in 

simulation of natural conve¡:tion cells with 
zero. porosity (han! rockl· grid block defini
tion above and bclow the formation. This 
definition elimina .. tes the erroncpus imposi
tior.Of constant tcmperature boundaries:at 
the top and bottom of the convcction ce11· 
common in many reportcd studies of natural 

·convcction. Anothcr:application simulated 
developmcnt ovar geologic· time of a super~ 
heated (Geyser's type) reservoir from'an· 
early time of mügina or heat source-.. intrusion 
beneath1 an i"nitial w,ormal gradicnt cold water 
aquife·r. These natUral cc:mvection type 
applications are omitted here due to ·the 
significant length of the paper. soma of 
this convection work is reported in a recent 
paper ,JlJ • ·' .¡ · " .. ,., ·' •. 

; ··--··< 
1 

' .. 1 • ' 
MODEL DESCRIPTION -' 

The model consista. of two é·quations 
expressing ponservation of rnass of H20 and 

.. , 
! 

conservation of cnergy .. , These eqUations 
~ccount for three-dimensional, singl~- or 
tWo-phase fiuid flow, Convective and-Con.:. 
ductive heat flow in the reservoir and 
conductive heat transter between the res
ervoir .and·, overlying,and underlying &trata, 
The phase configurátion at any time con vary 
spatially .;through· the formation from single• · 
phasc undersaturated water to two-:phase 

1 steam•water mixture to single-phase 
supcrheated steam •.. ·, 

. •f .• 
The equations .repres.ent water inUux ·, 

from an aquifer oxtending beyond the·res•· 
ervoir grid ,using¡ .. tha Carter-Traoy, [2) or 
simplor approximations. Heat source and sink 

·tarms in the'equations.arc useful in imposing 
tempcratu.re and/or hcat flux boundary condi• 
tions in' aimula.tion of natural convecticin. 
The modai cquations do not aC:count,for the 
presence ot. inert gases or for varyÍ.ng · 

.. The mass balance on H2o combines in a 

single·cquation the steam-phase and liquid 
water-Phase- masa balance equations. This 
combination was proPosed.in our early steam
flood work [J) to el~minate difficulties in 
handling the mass' transfer term. The' energy. 
balance is thc First Law of Thermodynamics · ·· 
applied to each grid block. The grid block 
is·an open system with fixed.boundaries. 
Wi th poten ti al and kinetic energy terms 
ignored, tlie e.nergy balance states tha.t , 
[enthalpy.flow rate in) - (enthalpy !low rate 
out) = rate

1 
of .gain of,• internal energy in. the 

grid block. For some reason;, considerable ·· 
confusion_ exists in the literatura regarding 
this energy balance. Enthalpy is U +: pv 
where U is internal energy. Many modelling . 
papera ~ore the pv term, in which case the · 
energy oal'ance erroneously becomes (net flow .. 
rate of internal energy into the grid block ~ 
rate of gain of internal energy in the block), 
A r<!<:ent paper [4] uses án erroneous energy 
balance stating [net flow ·rate o·f enthalpy 
into the grid block a rata of gain of enthalp~ 
in the block). ' ·:. :··:::· ' . ' • e•' 

The two modei eq~á~ion~: ara• ;;: ' J 
; A [Tw(Apw - ywAz) + T9{Ap~ -~ y

9
Az)J • q a 

·' ...... ·: 1 1; . '• (la)' 
• 10' ~ ' "'· . 

+'AÍTCAT) • qH¿ • q ;< •• ·v .•. 
• ! H ; · 1 .. ::1 :t.· 

'" ~· !(~pwSwU~ + ~~~;s9u~l't"¡{$¡¡ ~~epi é) 
.. , , ~ . , -· ~: .... ~:~~·.:r: ·' ~ .. 

[lb) 

. 1 concentration and precipitation. of dissolved 
o:; al ts. . . '·· . ·r •. • , ' ,. 

Por li given qrid block. (i, j ,k), ·all'' terma in 
these equations are sirigle-valueis'. functions 
of (T, s

9
; pli,j,k and· (T, Sgi'P) .. in the.six 

neighborinq,,qrid blocks (i+l,nk)~ '(i,j+l,k)·, 
( 1, J, k!l ).. .Thus, transpos!n~r: the~~ight=hand 
sidas, we can write·Equations (1) ·simply as 

.• .. 

.. /::. 

e 
": 4 

··\ t... '·. i 
•see Nomenclatura for cefinition of t:erms. --l 

: 1 

·: 1 

' 1· 
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o 
• J •• -~ .... ·- : • • 

wheretix-,·~r~Pre~erlts the 
1iated-2l unknowns. 

·' 

(2) 

' . ........ 
\ •. : '· •••••• 1',; 

. ¡ 1:. 
vector of the above· 

. ' 'Following the 
describe(! by Blair 
the Newton-Raphson 

total1y implicit procedure 
a'nd weinaug [5), we. app1y 
itera ti ve method · to, (2) as 

:\r-.-1 
¡¡, p''(xl) 21 . l' ¡;•· 

'" "plocx>'. .¡. E (aF1/ax1 J 6xi', a i 
; 1- •. : 1- . i=l . . , 

:•/ .. 1 ' f' . ' (3) 

F2 (!!) ·. ¡¡ 
. t. •21'. . t 

F2 1!! ,l + E (3F2;ax1 J 6x1 
a 

'•, t-;11f ~;) 1•1 . ;,, 

' :¡ ( ,.. 1 • • • ••• , ,. \ • ' . 

where_.;we temp"orarily_ us'! xl to denote the 2.1 

•1nknowns .and superscript ·l denotes 1atest 
ter~te va1ue. The· Óperator o in Equati0ns 

¡1) denotes change over "time step whil'!; 6 in 
Equations (3) "denotes change over the cciming 

• • ,!) . ' ' ' • • • '. . l 
iterati_o~~~" 1The approximation 6x1 ;;_ ic1 ,h+l-xi 
becomes 'increasing1y exact as we near ' : ·. 
Converqence. .<-'',l · '->-·· 

' i ¡ ' •• ¡! .¡ . 

.,", Thet'.partia1c deJ:"ivatives in' Equation's (3) 
are .all ·evaluated at la test iterate vdue·a· 
of x1 .-.. ,The, ,functions F1 , F2 inírolve':_t;hJ:"ee_ 

" f.-~ . • . • •• •. ,;-· 

o 

o 

different types of termst right~harid.s1des 
(accumulation terms), sink/source te"r'iiis:and 
interblock"' 'ffow terms. Differentiation of 
accumulati'on terms is straightforward',. The 
heat. 1o'ss ·term and ita derivativa. is eva"lu-·. 
ated 'as ·de'scribed in Reference (3). ··The 
well~injection/production te.rms. and theiJ:' 
de~;ivatives <tre evaluated as described in .. 
some'·detail below. The intcrblock flow terma 
are evaluated as'follows: Relative perme
abilities and enthalpieS .·are evaluatcd at ~
upatream · grid block conditions, interblock .· 
o/1J and y valucs are evaluated as arithine'tic t 

avcrages of their Valucs iñ the two grid 
blocks. Water phase pressure p is expressed 

. 1 . . w ! 

as p.- i Pe where p is,cgas pressure and capil-

lary p~essure Pe is. a single-va1ucd function 
of s

9
.: · • 

-For.;al!."N NYN i,grid blocks' taken to-
. · X Z . 

ge\the:r, EquÍitions J_Jl are 2NxNyNz•,equations 
in.'3NxNyNz- unknown·s, •"(&T¡ ·6s , ~p) for each 

.. ' 9 
grid block;, .. On.l)t·;.-two of these threc unknowns 
in "cacll bloék aro ,indepcndcnt •. '·If the block 
contains undcrsaturotcd water ~r· supcrhP.ated 
steam1

, 6S· . • O·. ~n~ :~T., 6p doro t_hc block.' s two 
., ~· j qr . . -. , . , . . . · · _ . 

unkno";'s• .. · If<:th~ .. block is saturoted, two
phase,. ,,~hen_ -~empe_uture. T. • . T 8 ( p) and, 6T is ·: 
'dT/dp)-

9
6p: wh.era'-'subscript s denotes the ' . .. . ~ 

.aturotad,cond i tion •. 
.. f • .. ~:1.·;~·;:¡-,!,- ·,··-~ .. 

~· , . ; ~Equ;.t.~ons. (3) 'can be writtcn for .,ach 
grid,, block .in· the ,!orm 

,. 

, .. 

., . . ... 1¿.,-· 

á(TllAPl) + A(tl2AP2);+.~1 • :Cllpl + Ci_~P. 2· 
\ 1 ,-..)'t ! •• 

. . fo''"I::;;: •.. l ... ;. . , . :·141-· 
ACT

21
AP

1
) ,+ A(T22 AP 2) ¡;t,,_R2 . ·c21Pl.+" c:¡ 2P2 

'i: ' \·.·:-~_~=. . ,., ... 
where P

1 
is ettheJ:' 6T,-'~~-''·.s·s¿ 'and P2 is 6p. 

' · ·. t '['xt • ·· Ttie terma Rl' R2 are .Fl (!!, ) , F2 ...,. } , respec-
tively,. in Ecjuations ·-,(3) •. , The A(TAP) type 
terms are not tru~ Laplacians. but rather are,, 
as illust_J:"ated by the x-diJ:"ection, component · 

•. i- •• .-.; • J ·¡' 

' · .. · . ' o .. . _; ;.~ '~(ll 

where' t'he cen'ter' term, T xi can . bli, ~ombined 

with the app ... opriate Cij in Equatfon: (4) and 
need' not·'be stored. More simp1y,-:Equat_ich1" 
(4) can tie written ¡,¡!(· · 

. . ~ .. :· :. j '· ....... ' 
· ~i·L · · • ,-t.-~··"'. 

a ,CP_ ~,~ ..... ,- t~-tó' 5) 
' ~.'' ',. ~ .( ~ .. . 

'' 
6(TAE_)_ + R 

l , ·tJ ... ~ ·"' r(f<.ñ' 
.l·' . ·- '. -;···i J,l/;~ ,;·(~·:.t· 

where r·, and e are th~¡ 2 x 2 matrices:?'i'j ;: ; 

c1 j and ~ and E. ue e¡~~~ vectou .... w~, ~~e 
reduced band width diJ:"ect solution [6]c" to.· .: 
sol ve Equation (5) .~ foJ:" t>

1
, P2 . and •Obtaiii ·new: .. 

iteJ:"ate values as pt+l,:,,~ pt +' 6p. '. Con- ,_,-.c · · 
vergence is defined by'· .. · .· · ' 

.... '' t / .. :· i(. '.\ 
. ·, ' .· ';~ .. 
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. ·~! ;.~;\~;: ~: • ... : .. : ·~.:.:..:~ ~~~ .: ¡, ' 
whoroc·Í;ubscript .fi''·dcnotos uturation· con<li· 
.t'ion.~j Tho .. •;c<•m'¡>ress .. ibillty• e (T)· ls. · 

' '·· . ;./, . . w :¡• 
dl't" i '!"~~. ,a.s\~. fo llows ~ . ·'tThc !ite,lm T.lbll~R . ('J 1 .. 

··!includc .a .. t .• 1bul.lt~on of' tv ~· v
8

) for; un<lor· 
~<at'U:ra-tóC:I:: ,;,,.ter: .,,;·· 11 functiPn of tt'mpor:,ture 
·o'lnd pros.sur.e,. wheré .v is apcclfic volu~c_, ·· ·1 
cubic .. ,foet por pound. The tabular v11lucs : · 
are .. )it .. well by the, expression '· · · · •... 

= ..... ~;,:_: ¡~-;····:.. ...... ..... , ·. 1" 

. 'iv/ ... Y,.v.· ;...'.s(T)(p~-~.·p'·c!(T)) '.'•}/ • 
S S 1 ·.,: -.~.:.·· <:~ ~ . .-.',~ ' . . ,.'·.\· .;r;:;j~;.;.: .::1- . :. . •l t,,~:--?- .:.: ~ 

wher~·,;ili!T.l .. , .. is:dcpe~donti'~nly upon f. • , . 
temperat;ure· as:· ,,.,. . .-·.,.,·· N·=.::· 

' ~ :-~ ' . . ' ~·-_/ 
• {.,t,..~ ¡\ ' ;.r\~--~-
1 ";,~.. • • ' S . ~ -~:-,i~{t{'' ,., .. 0 F' · .. lo. S"(T,. X 10 

· ;,, 't :;;hY•· ·e 200 : ·.: ·};oos4 
· ·;i .# 1_~-)~.:·: · 300 ·~ 'i.,i-~·~0072 

·.,}"'. ~- : 1 400 · .. :~:~i',Ol09 
;~ 1"!~-t .t-.·;-· . : ., 

;~ ·:,. ' 500.1 . ~ -~·!.·-.-0205 
,-:~::\->!i1 ,_, 600! ;.i\¡ ~~~i~~\065 
·./·:~-1 ... 660·.:··r·.~'.t·- .. ~::~,JSS 

' -~- .• ! " \ : ¡. • . ~ .• 1 

' ·_:_.~. ': ~ ~ . ' ; { ~' ·-i-. ·t· . 
'rliis eq~:~ation:c'lln.be·wiitten 

• 1 ~-

• : •.¡ ~ ' • '· 

s(T)pw
9

(T) 

Pws(T) 

,..•u . 
.••'' . 

'J ' 
. '. •.··-··· . .. · 

. -~ 

(p • p
8 

(T)) 

Since.s('l')p.- (T)'(p- p (T)) is' small.in' 
:- · . WS S 

comparison· to 1 (exoept at· temperaturas·· 
approaching 700°F), this.equation can.be. 
written as Equation (7) where e (T)· is .··. · 

·S!TJ1iw
8

(T), · w ·· .. 
. ' 

For superheateB steam, internal 
energy u and density p •are approximated 
by . 9 . 9 

1 • • ; '• • !~ 
;' .... ·. : v,.:¡.· ·-· 

rorosity ·¡a·'c"lcu'lated'· from 

.. :: ~':l¡. ?F:·. -~,.. . 
• - · ~ H•. +~•e "(p • p l) · ., " .(11) 

. ''\ O .'-{'W~!, 1': · . O·: ,· .J .. 
\ ,) ,. ? -:;¿ · ....... ' , :. i . . " ' " 

where ~o ia ·poro~i.ty a~ presaúro _P~·and ,e~ la 
constant •. Ros~rvoii: ;· thermd conducÍ+vi.ty_ may 
vary wlth spatlal •poait1on, but ia troatéCS' as 
indcpendcnt of prossuro, tempe'raturo 'and ,;·~~ . 
~<aturation.· Formation rock he.lt cap~oity:·:·may · 
vuy with poai tio.n )iut is indcpcndent 'oL'• .,,_.,,: 
tompero1turc. Ovorburden thermal conduct;i-ri ty:¡ 
and h.eat .capacity a,~~ .:constante.' 1 ·' ••• •• -~·: _ _-·:y. 

IMPÜCIT' ANO SF.Jol~i~~~LICIT ALLod;~:ION~· :,,:, : 
/.<'•12;'ÓF WELL RJ\T.E AMONG LAYERS . ·. ·. ;;•::-" 
/ -f~i:· - . ; ··= : ;·:.:1": :~r-~·.::· · 

· :.,-., · • "_;., -:~t-r·;i .·· 
Numerical simillation of mo:st.,;rese.r.voir:·, 

processes encounters the·rproblem of rep•:: · ..... ·· 
resentin9 production rl'tes'' from wells loiil!tÍid' 
in. grid bloi:ks of larga. areal· dimensiona.. ;.,,.¡ 
The ·reservo ir grid system consista of NZ '•'· ,, : ~ 
vertical layers wi th the layers, n~e.red. · froirif 
top to bottom as k ~~::~ 1, k • 2,.-.,. •..• -, k 111!1 NZ. ~j! 
A produq:ing well located tn ared block (ii · j)' 
is ,perfora.ted or open to ,flow in laye.ra k: .. •'ki 
k¡-.+. 1, •• ,, k2 • F~r example,. NZ .m.ight ·be.)' 

8 anc!'a well open ili .layers 3·7, · lk{.~-:.3,.:,. ·~'j· 
k2 ·• 7). The wellb~ri! radiua is denot~.d')Íy':r·'. 

. . -· . ,• ' ' ¡· ··.-·. ,. "! 
The 9ria blocks penetrated by the well'ate-of 
dimensiona Ax, l!.y, l!.zk .where Ax and l!.y .. ·are 
the a real· dimenaion.s~ .·':Assuming (a) ·Ax· ¡ Ay, 
b)1 the well is located· areally near thé .. · · 

.. center of the grid 'block, (e) steady• ... or:·• · 
semi·steady·state radi.al flow in each''qdd · 
block Ax, l!.y, l!.zk ópen ,to. the well, (d). no 

• ' • 1 

0 gs (p)· .. +. C~steam (T • 

:T¡¡!p) + 460 
,Pgs (pL . 'í' + .. 460 

vertical crossflow. bstween open layersi:wet.~· 
·18 ) can derive from Da rey' s law for sinc¡lé·phaÍia; s; 

flow. of. a unit mobpity !~~~d r (k¡ol~ ., _1) :);;, ··j 
.:· .. 2(k') . t . -¡.,r·--,~~! 

. · (9) .. . TI' u.Z k · · ., • •i . • .. ·. -:-~;;~';¡~;.-,,.; 
0k '")n(r/rw) + s1Pk- Pwbk)~1~ Pik!PJi.,'~\P~ti'icl;: . . .,,. 

.. ' 
wher~ speoific heat' e t is constant. 

l
. . · -,. ps eam 
Ecuation (9) is accurate in proportion tó 

1 
cón.stanc;:y of .· átoam z• factor from p, T 

8 
(p) 

the wher&,_; ·. 
to 

1 ¡.¡, T, Water. and steam phase viscosities 
evaluatea··as sin9le-valued functiona .. of 
temperatura equal.to their respective. 
sa turated :values. · Enthalpies are · 

. ,_. 

are 

1. (lO) 

... 
, The modei· ··use~· ,steam 
prcasure variable in 

1•, ' 
J.' ~- ·:-~ • 

'',' 

·. •' 

'· . 

phase prsssure as the 
all PVT relationships. 

~k 

¿¡,~ 
S •.· ,. 

• 

.. ... 
• ' 
• 

D 

: ;,' Íl2)•. 

. ·-.:~-~~1;~;\.:: ,, . -
rata of radiaLf'low ;óf\.a. unit. 
mobility fluid in ia'yéf k , 
from 9rid block to the well• ... 
bore, cublo· fee.t/day~ ~· 

• • . • r .~... :·~ • 
absoluta perméability :of·';' .•.... , 
layer' k, md x :0.00633,'' : .. ,. 'i!':'.'''· 

• • . . .•. ,· ·, ,¡ ' .' . --~ 

layer thickness 1 ·; !eet, ':~ ·· ., .. · .. : . . . . ~. . . 
_skin 'tactor, -~~ :~ ·. -·; 

~- . . ' 

(tlx•tly/• • equivalent. 'radiua 
feet, · · ·. · ' 

pre~sure .in c¡rid block i -..j, k ,; 
a t r . '!'. r 8 , ps ia, · · . .' --~. :.. ~-~~--

' flowinc¡ wellbore pressure 
oppoaite layer k,.paia,' 

.. ). .. 
:.,, .. 

' .., ~ .,:0.·: 



f'. 

'' ~· :.. 
~ .~ .i '~ ' ·, 

.. ~: .~·~~41~~:-u,.!:\:;.~ 
':. ~n·.p_~~¿.~~·~·~~~, /or- the cas~ whcrc re· '>') rw, 

we• aasumo~·Pkt:~q.~al to the avcr~qo grid:block 
. f ' t··· t. ' . ' ~ 

pressure(ealeu'lated in the simulator. and, for 
more riqór/. rcplace S by S ~. 1/2 or S ~ 3;¡4 
for steady~¡~o.r .semi-steady-st"\te. flow, · Pik .; 

. '' ,.~1; 1' ·- . ' . . ' . ' . • 
denotos,the:'coéfficient iniEquation (12), •a 
layor prodúctivity ir¡dex in. units of.",cubic,. 
faet/d~~:;~~-~ i;; -~~1 .p~cs~u.irC~. pk, p\ttbk ,ref~i'< 
to points .;i(<irtically ,centered in the· ' · :· 
thickncss~~·Azl(.:.· .·. : . ~ ~. ··~ ,l • • 't,.· ;> 

. '.,;~';;;·¡~J.;_··~·i.·,_i, •'{· ... ~-~ .. ' .. -'··.: ~·· 
In r.t!le':;qeothermá•t:~·reservoir case ;reated 

here, q d.e.np"tes~' i:h<i .well tarqet or dcsii:ed 
productfonf.;r.ate·, and Pwb denotes the minimum 

: J .. ,. .~ •. ' ' . 
flowin<J .w~llbore ¡:>z:essure in lay~r kt·· : If. 

no tubinqf'is·., in, the :well, tlien ,.kt would 

normal~y .~~\specifi<\d as k1 , the"Uppermost 
open laye·r,I~''·If tubing is in the. perforated 

asi119, then'.-··.;·. '~i'nimum (bottomhole tubinq) 
.~ellbore~ ·pre,S'Siirc may be specifiEid' at any 
layer ~ k-t ''<\",:k ~· . . <:'·k ·~ · · ·:· ' · . 

: ·~~:;:.::':.::·:·:t~l-;,. :. 2. . : ·~ ._, 
, Pwb';},~not,es .the a.ctual fl.owinq wellbore 

pressure
1 

at:.'the center. of layer k·= kt and. q 
~. . . . .• 

denotes the:actual total well production 
rate, lb's. · H2o per day .. · The flowinq wellbore 

pressur~ i.n layer k i.s .cleno1;ed by 

·qJ .... i,· .<l~k + 9~1<. 
· :.::'. ·- t>pwbk) · 

.. 
quk',:'"'' q~kHwk· 

~ . 

i. 

.~· .. 

•.. 1·. 

1 ¡11 .: ' : . 
' • ·, ' ' ', f";~{·' < 4• • •; ~ e 

' . .· •.. )· \ ..... ' . . 
As di scusscd ·.cllJovc !1"; the ~~intérb_l~ck. f low · . 

ratea and hoat lo.~~ _,clru.J.:~conduction;· tcrms are¡·.,: 
all trcatcd implii::itly;lln _the ,simulator · : 
dcscribcd' hcroin·.:; lf'¡;¡_:'i'n addit'ion'::the'. wcll·:( 
sink or source tétmii:lar'e 'impÜcit, i!len''the ,. · · 
en tire simulator··is'dmpl'i'cit. The·.·log'ic' and~ · 
coding neccssary for-,:implicit• weu· t"l'eatment . 
is rather Gimplec for.~,the- .case of a''weiL:: '· 
completad in a single,:layer of· the res~rv.ói.r'· 
qnd. lmplicit treatment can be ext.re~J~ely. : 
difficult for a produi:inq

1
well completéd':in.':' 

severill layers. 1 ·:' • . • ~.!::·;:.:.::.-.• 
. . ' .... :,~,: . .-~ .. ·: . · .. :.-;,~:>:;.·:~~~·.::::·'i._.": . 

In thia. section ·we{describe• 'ari1 
. .'iínoll~'.i.lf>: 

treatment for 'multilayér;•well completio'ñ~arid ·; 
prcsent several semi-implicit '·simplificaO< ... · :'· · 
tions •... ~ote .t~at ak. in. Equ~tions (14) is ·a :. 

function' of'p~essure, te~¡ierature and; clu~ :::1 
to. relativa permeabilities';'··saturation S ; ···.,. 

. .... . . . . . . '·.·' • ... ¡,! < • 9' . ~-
Enthalpies H , · H .. are · functioria of pressure. .. . . .. w g; .-. • . . . , .. '· 
and temp.erature. · .. Total·well procluc¡i:io·n. rata:; 
q is the sum of·:qk ':'ver layers.,k1 ;.;-~k;¿', or .· :L 

~ ~ ' . ' ~-:;_;~;~~·~--~: \/~<~~+-
q '" tak (pk " 6Pwbk), • Pw~t~~~!lJ:$M~~l.: 

: ~~.;,·w:~~,.h:·:·:~L 
.. q . 1. ' . ~~\' .... ~; .... ·~· .';¡. 

where the sumniation term t. denotes. swnmátioni;: 
from kl eo· k2 ; . Rearr<an9fng Equation (l:S)j.;;,;>') 
g~ves .".·. . . ····~·~.:Ji:;·>. · .·~ : .. :~"(~~~\Jf.;~ 

Pwb ; l "' (E~k (pi( ¿:f~pwbk) qli(t"~'fé!~~) i 
. ~ . . . ~;(;;!f. . j . ; ~? ~:.~~·~::~:;~t ,. 

as the flowinq bottomh(llé::wellbore 'pressure e ,
at center of layer kt: iiec~s-sary to ~>,ro.duc;:e,_:::"' 
the well target rate.:q·oÜ)'a H2o per ·day, :j~~;,. 
well is · on deli verab'uÚy ~if l>w~ fricnn ~ciiia't;~~n 

• . • • •• • ' ·f t ., . . .... ,, 
(16) .is less than the spécified minimum vlilue·,, 
Pwti' ··In any event,. tlie P.r~~uction rateir,of ,.) 

water, steam and Hi.o·. ai,e ,qiyen ,bY .~qua.~~~n's;:''l 
.<l4a) :- (14c) with ·Pwb· ~q~;~al.:t_o the

1
,·lat;9':f .. R.f .. ( 

Pw~· and the value qive~;liy . .'Equahon;(l6)'>'\;;:,,i 
. .• ·,¡ • . . -~.\~~:s/.,~·:,: 

Implici t well treat_ment. requires .that:i ';: : 
water phase production rate given by Equation• 

· (144) be cxprcssed .~e, .1·~ ~\.<(:\' :· ..••.. ·.·.· .. ·./.f.'~;_:;.:~.:,:.~~,··,· 
·~ -::. r. · . .>.·a·q:~:. ~~~·: aq ~-,·. .. . >·;.;~:~ 

> .. ,. :·qwk = qwk +·E~ '6T' + t~ ·¿s · ·:. 
~ 11~<:~\~;~~'", m_ ... d~gm·_'·: g~ :.;. · 

aqwk: i'i ' .' aqwk · ~ :·: · 
'; + ta¡;--.:- :~Pm .. + a¡;-.-, 6pwb"··· .<171-
. ,· ., . ~~\~~~~!':?~·:·_,_' wb· .. :·;:···~.··:_:·~: l¿ 
where summation he re i~,.oV,er .. ~ froni'.'k'l \;te:·:<;,,.: 
k·2,. supcrscript i denOi:e·s evaluation at. · .,'~:.~: 
late~t t'terate valueS<~f ~¿ir· variabl~sr;-'·1~¿{,~)..:.~:;~,.~ 
partlal dt!r i~a~ ivcs are_ .. ·e~hllu:ated a~ 'l~·~~st.~-.··~.'. l 

_itera te condlt>Ons, 6T ;.,.6S , óp are ..... ·.· ·.: . .!-
, ... m 1 91n m··~ . ···''""'•~"_,..·: · ··."-{ 

chanqc~ 1)n hyer m !)Vor. the comiog ·itcr;.Üo~i: 
·"':'d q!l¡;. 1s an approi<im.>.tion to tho end-of~':".:-:,-< 
t1me .~ep (lmpllclt) value q .k 1 •. The gas'''· . w ,n+ ~ .. .. ·,, ~ '~· ·:·' 

.,.,..;,_.:-' 
·,-::· 

; ;. 
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fi 

' . • i' ~ ' "' '·' . ft~_;,_ 
phaso _prOduction rato qqk in Equation~J,l4b) 
is repr()scntcd in ~1n an.1lci~uüu faahion~ If 
the producing ccll is two-phase (0<5 él), 

. . . ' . g •' 1 

thcn .~T¡.·:•-.. (dT/dp) s~Pm whcre (dT/dp) s .iu _the 
slope or·.saturatcd tcmpuralure vs. · saturatcd 
pressuro~1at the latcat. itor.ate pressure 
va~ue.i,; If, thc producinq 'cell _is singl'a-· 
phase .. (S •O or S =1), then ~S a O, Thus 

... g ' ' g ' g 
only ·two- of.lthe threo unknowns 6T , ú;" ' · 6pm 

. . m . ~- • 
are independent in_ any case. • · 

i\ ,:-r'if-e·, ·impli~it exprossions !or qwk' :qgk' 
qHk·.:of<_type . shown ·in Equation (17) intr_odilca 

1 •• ' . • • •. 

one·;additional unknown. ~Pwb for each welL 

The.-additional required equation corre_spond
ing to this' unkriown. is th'1. constraint equatio" 
stating _that the summabion over k r(q k + q k) ... .. w 9 
equals, target well ráte. q lbs H20/day&· .. 

' ~ 1 _· .. . ' ~~ .. . . ·'· ' .... ~. 
' ; " ~ . . ' .. 
a• 
1·'' 
1 ..... 

: ·, ~ ./· . ¡.-, 

·-~ j .. :· 
' .·.: 
. . ' .. '. 

.. a:·<ls> 

' ' ' :. ' ' . \ 

This Equation -(19) · guarantees that · • · · '· 
- '- t 1 1. (qwk + qqk) " q' be~ause qwk, q9k are -.,. , , 
calculated using 'la test .itera te values in·
Equations_,U4l an.d_p!;b. from Equation '(16)_,· 

That is, ,t (q;k +. q~k) m q, · If the Wl'll _is on 
deliverabi~ity (i.e, p;b· from Equat.l:on '(16) '. 

is ! ii..;!)>,, ,then_ ~Pwb .. O, and Equation -(19) ia 
no t requ~_r8d. 

The ,implicit well treatment consisting 
of Equati·ons (17) (and' similar oquations ,for. 
qgk' qHk) and (a). is_ extr11mely 'di!ficillt to_ 
implement'.due· to·.the·derivativea involved, · 
The derivativas _aqwk!aPm' aq9k¡as9m• etc,, 
where k yl m arise from the· wollboro pressure 
gradient te_rm ópwbk ·_which ~s Pllbk - Pwb' 
This 'term must I:Íe;··ot.taineu l:.y culculating the· 
horizontal flgw ratos ot wat'or and steam 
phases. from eaoh. ·opon .layer into the well, :, 
cumulatinq these., flow rotes upward from · · 
layers :k >.: kt 1 down)'lard from layo re k < kt, 
per!orminq'an 'eriergy balance in:each wellbore 
~ayer by, flashing tha totu·l f lowing stream to 
'Jtain ·qual~ty, and thun calculutinll density. 

•.. ,psi/!t) i in ea eh wellboro layer by vol u .... · . 
metricel1y:'·averagin9 oteam cnd water den.,.", · 
sities·. At. a given iteration, this .calcula,.. 
tion · is•:lliborious and · itet'.ltive in itselt, · 

A si•Jnifi.c.lnt;?i~~~"~·ieyil,;t'io~ r.iaul~a Ú 
we uv~!u.llc thc térmJI'wbk in ~quations q4l 
~t timu l~v~l n .. ~Hig~ ~f·c~uis~, resulta in 
a somi-imtJlicit Wt.•ll tru.it.nu.•nt Llnd can.rcáult 
in o3 tim~ ~tt!p. reat·ri,;L·1c·n:-or .couJitional 
otolbility; u sin':! :.p~¡,¡;·: n·. 'in P.quationa 114) . ' ' 

o1nd cri¡ployin~ an· iníplicit::approach ,te the · . 
rem.tiñinq terma, we h11Ye1·~~. . ~'····. 

, ' ·• .. · ·>'.;:'' • -: P, .. ; ~ ;¡ . • • .~t• .... 
; ''lWk}r,~-~-;,.; "qwk :~~··:,:•\ · 11 

• 

qwk,-_ &:1· qwk + ír~·T{f+ ~~sgk ·t.~-·~ r •• :)i~·:'· 
_ ' k:-.~ ':"l .• qk ·;,,'iZ:t ,· ·~ 

-· , _.,.,~-,.. ·~ '(19) 
•qwk..c.~ ~.·.-:){'qWk 1 · .... · 1 '-l- ¡, • ·\ 

+ r¡;:- Pk ~ •, 'Jp'"":'" Pwb ' '' · ' • .~ ' 
k , · '' wb _,. , ._ . ·: . .. " t:<~; !', f ... . 1:, '\ ,._ . J;':'' 

:· .. j -;; ~i¡' .-(1'• ~-:·: :~.i?~· 
and similar equatiOI'\S __ ,for,. qgk, qHk ~;_where, ).-. 
q~k and,all partial d~~iv#tivea are¡ eValUated,, 
at lat'est itera te corid.itions lexcept;: for 
Apwbk,n!.'. ,. The impact. ofO:-~~king 6pwbk at,r·. :f-j'ii ; · 
time level n is that dl; ~erivat.ives, of: t,ypáiF . ; . 
3Yknx_m ar.e zero un les~.- m_ ~¡:.k•,.·. 1\gain,_. the·, ... :i:• 
conetraint· Equation (18) ilppliea::(with " '~ ,I-
3Yk/ax,;,· a O if m yl k) if the' we;l .19. not_ ·_ ... ·.' 

• ~ j • 1 ~ ..•• 

on deliverability (p~b¿> Pwb)' and-:_Equati~n;:~ .... 
(lB) la inactiva with 6pwb • 0_.-if,·~~e:,~ep;;iB, 

. t."< - - ~ .... -.•h ·. ,f 
on delivernbility (pwb ··"'· Pwb),. . . :;J',~,:·_,:h;;,, .. 

·, · · · · . · -~ . · · : .. ::;r~c<~ ·.r~:(~~- . 
A further aimpl i fié: a tion, for . tliÍI ic·aae · • _. 

where the :weU 1s not on deliverabi'lity,· .:18 , .. . .. . 
• ,. . ·, '... . ',1, • :,<(' 

i 1 ar~,¡:;· .· atwk ·. ,_._ · .. 
qwk •+ qk('ffj04Tk + ~pk·,:,','. · 

. ··o .. • · _fll.• 

a rwk :. ·;~ r,,¡J/,J aezwk (lj'.¡{f . .. '~~-k-~.' \'l. 

+ ~s~¡cl ,:~:,~pk :~:~;: . ·'[.<2~1. 

aqgk . -/;~~~~~-··k; '- --~~:;,~:r,i;f::~:; .... ~ 
+ ~~p ·J~\·l;'~f.llw-.o 1 ,, t\ 'l•fi~~\¡_·r~~r·~f¡:f;-:'"trt;} 

. \ . , Pwb wb;.~,t;¡{! ::::;\_,-·. : ~. ':~i;J,:~j}~.~;;.~ ·: 
where a~k¡apk is aimpl:y :c.~~'! ánd ~ t;)j{ 1e ·!!!!!! ·, 
fractiona~ !low of water ;phase iZ.om' layer k, 

·, ·, :_l ~ • } \ • .. -; ., ~ 

awk/(awk·.+'a..;k··r '. '(21)( 
'• .... •r!: 

.. 
..... ,; . ' ~ ••·'• ... 

This simplific!ltl:oo automa't:ically holda 
constant over the éoming. iteration .the "' -· · .. ' 
q~ lbs H20/day. from· eeoh· layar·, .as ,.well as ·. · 
the _sum t(q;k + q~k~-~-q';. Thh ·oo'nstancy of 
q~ elimina tes the need_,,to_r terma· involvin9 

6Sgk' 6Tk in the c_oris~raint Equation ÜB) ·. ·, 
and the constraint equation becomea simply ·.• 

' ' 

' : . 
1 '. 

. ' "•.<!'·~ ~ 

>$ > ,;;:,. 
.. · ... , 

' ,'~. .' ' 
1 . ' ". "'¡" '..-.·~ 

'! \ 
·~ ' .. 
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or 

aq . -. ., 
t ( wk ·.¡. 
~ 

. ' 

' -
aq- ':. •aq 
~)Apk +.'·[(~pwk + 

k 1... wb 
~-~-'" . t~.x 

/, ;:•:. í ·tf .• / ~ .,, . 

. :: .' -~ •: "';: .. ·.~·t. . ' ~-

.• '')'6 ''l't'(J)'•>+"·· ))6 '(:Í)) 
t (<>wk' +. 0 q)( Pk a · "wk-. 0 gk Pwb • .,_, .. 

,,:,. 
. . .•• 1 ' • ' ,., ' • . . • .; .. 

Thus the 'cónstraint'equation·.involves only . ·· 
pressures an~ if. a· sinqle-val-iable pressur:.~-~-~· ~ 
equation is sol ved ~n a simula ter, then ·. 
Equation (23) is compatible.in that no ~-
saturation·-unknowns appear. · We used this.· 
latter type'"of constraint. equatio~ fou,r years· 
aqo in'1a· bl,ack oil c.oning· simulat>on, and 
found .tha .. t· .. ,· addi tion,:_of. the ópwb 'unknown . ),{ 
co11sid~ra'bi.y im¡>roved stability and increased 
time step_ size. :·. , .. · ... j. 

~·"•--f'; , •, ,' ':"~.-/ '' : /" _.., . ,I,·IL;< 

·Ir· the well is'· on deliverability, no,, 
"01\Straint equation'•:or· addit,ion_al variabl!! :' 

-'wb -is~ .. involved and: the simplifi~ation_.'of : · 

e:valllat1nc3,~;~Pwbk at time_ level n _is ... ge~~r~pv, 
oatisfac:itory" in qeothermal, simulations~ · . The \ 
incorP'?r!'t,ion of terms of. type _aYk/3Xm wh~5~·,,·, 

m p k, :i~.:~xpress ions_,'for. qwk, ·., qgk; . qHk o~: :'-,.,
incor·poration of the 'constraint equation .. is:. , 
often•difficult from:a coding po~nt of view •. 
Th~difficulty is minimized"if z-line SOR:~r 
ve~tical-plane block so~ or direct solution ' 
is used, but even in .. thcse·cases thc.storage 
and/or comput.ing tirri'! requi~cments for many-, 
well problema can rise 'appreciably. · If the ';·· 
well is on deliverability, then the first 
simplification of !IP..ibk,n' requires only_ 

3Yk;axk. de_rivatives :and"'no constraint .:;;, 

equation appli·es. · Therefore, we ,use· this · 
simplification for. the deliverability case. . : . . . ~ . ·.· 

If t!Íe we 11 is no t. on de li verabi u ty. we 
use a':simplification.even n\ore cxplicit;,than, 
~hose :described above·, We express 

. 'f ... 
1-~ .. ·• .. o wk · -· 

.. ·, + rp¡;-ópk) 
·, ~ 

+ u!k óqwk • + .ll~k óqgk 

3f k 
~65 k 

gk q 

.. . 

. ' .,, . -~ . 

. ·, .. 
.(~4a) 

·. ( 
'(24b) 

• ... r f; .. 
r ... , • .•· ·• 

. , .. " ·(24c) 

r;~· ~ ... :·> 
wherc q~k and q~k are comp_uted. from E"!uatiory,~;, 
(14) using Ap k and p1·b from Equat~on. (161'~ 

wb ,n W n ' . · 1 

Thus, E(q~k + q~k) a q~,_.. The derivativas .... • ... 

at k/3Tk, c.tc., are evaluilted at •la test .•. 
- w . 
'itcrate conditions. This simplification runs 
the. risk' of press'ure instability since no . . 
3_q..,k/3pk a awk' et~. '· terms are used. Th!s · .. 
instabi.Üty increases as ·well P!:oductivitY : ,' 
index PI increases and as rate q decreases., • 
In two-dlmensiorial ar·eal calculations,~.~o; ·:,. 
such instability exista .since there is''rio .' , ... 
·pressure allocation among layers.· In m~ny 
three-dimensional and. two-dimensional,cross
sectional problema, the PI is sufficiently_ .. 
low that the instabili'ty .'is not significant~ :· 
In many radial-z sing~e-well problems', the 
instability is severa and we return to;: 
impliciti procedures. 't·// · .. 1. N! 

In' .radi~l-z singl~:;_well problems~~we' ·- . 
achieve · implicit' well' treatment by siJ11PlY. '' ·' 
incorporatinq the wellbore in the reser11o1r , 
grid system. The result of this incl;usio_n i~ 
an even.more rigorous· well treatment.th~n·the 
implicit. treatment ·descr.ibed in EquaCions· .. 
(17) -• (18)·. -Por inciusion. 'of: the .wellbore · :,
resul ts .in transient masa and enerqy :ba~ances
applied witl1in the.w!lllbore. Also, p;¡vérse . •:' 
flow in any ·layers from wellbore ~o·the ;-· .. · .. 
formation is automa'tical·ly modelledr'-:heréas ';· 
this injectiOl] in a producing weH is very 
difficult to account, for;•if the wellbore .. lS 
not modeled by inclusion·. in': the grid. ·.:An. ' , 
apparent disadvantage.·of .. wellbore lnode1Hng: .. 
is the very small volume. grid blocks'.givlng ·:. 
rise to very large thr()ughput ratios' -(defined 
below) for reasonablc time -step sizes;'· Our 
hope at the outset of this;:~ork was · t!lat the;· 
implicit treatment throuqhout the weUbore ·. •' 
and reservoir would eliminat~· instaliüi-ties:~~;~ 
reqardless .. of-very high:,th;oughput .ratios· •. ;_~ .. ,:: 

f :, . • _i' • .., ... -~ ;/· ·, ' . ~" ~ . . : :~';', 
The multi¡>hase flow.verti.cany;!o'it!t~n,,or;, 

laterally from the column of• wellbore gnd .:' . . , 
blQcks cannot be modeled by the::'íisuá:l multi~':· • · 
phase Darcy" flów expressions·, · :The,_-larqe· qa~-·1 liquid dénsity .difference and hlgh. effective · . 
vertical -••permeability 11 of the wellbQre .. 
resulta ,in .domination by 'qravity':forces·-even . 
at very high"producing ratea. This .. q'r_avity : _ 
dominance 1gives low calculated• stearn s_atura-:· 
tions in ·the wellbore resulting tn·ao liquid · • 
pressure · qradient and. high back pressure on·' 
the lower format1on. At ·normal rates·of . · 
geothcrmal wclls,· the1 Rcyn_olds'.numb~r.}s~s~ ;~_ .. 
high. th~t assumpt.io11 of fully dcvelopei:l··~,:·:i· ·;,,.' 
turbulcnt 'flow in th~¡ ~~llboro is ~suarly· a\~~'.'~; 
good onc and assumption'.·of no-slip_ t'loio-ph'ase, · 
flow is a'n cven bettC[1 .0_ne. This .. no-slip ·' ·; 
condition is equival~:ri~:~-tO.:volumetric 
fractional flow cqu•il-Hng saturation.' · • 

• ' 'o, '•'R'' • · . 

- . . 
•••• -... 1 . • -4' ' 

Wo. proqrammcd th1s'.IJ9~slip flo'!'::in licu 
of .usu.ll D~rc;y Clow logic ·f_or .the 'r'cllborc. 
Altcrnativ~ly, we could use thc .DfJ.t~y·· Claw· 
logic but c~\lcul.1tc wollborc· psCucto.::re.l..ltivc 
pcrmcab'ilitics which rc·sult·~:in "YolÜiñctric .. 
fract iona~. flow t g A sq. ·.;TIÜs' approac,h_ would 
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rcquire two scts of pseudo rclativc pt'rmc
i•bilities 5inc~ gravity l·ntt•rs for Vt!rtical 
but not !or lult~r~ll flow. Tlw vcrttCd.l 
wcllbo¡:c cffcctivc p(~rnu~ubility U9~d in 
calculationS dcscribml bL·low was su!ficicntly 
lurqc to hold viscous prcssurc drops ovcr SOO 
feet of wellborc to less than 3 psi. -

Th-is· inclusion of the wcllbore in the 
grid system· ;allows ['adial-z or r-o-z simula
tion Of the cntire wcllborc and overburdcn 
from the formation to the surface (well
head). A problcm ariscs herc in altering 
the no-slip wellbore two-phase flow calcula
tion· so that agreemcnt is obtained with 
two-phase vertical pipe flow correlations. 
Apart from this problcm, t.he model allows 
simulation of transient wcllbore flow condi
tions and wellbore heat loss, in addition 
to the transient multiphase heat and fluid 

. flow in the reservoir. Vertical grid 
definition in this case would extend from 
ground surface down to and through the 
permeable formation. 

EFFECT OF STEAM FLASHING 

ON WELL DELIVERABILITY 

A problem in use of Equations (14) 
arises even i·n an areal simulation where NZ = 
1, k ~ 1 and 6pwbk ~ O •. The mobilities and 
specific volumes in Equations (14) are 
generally evaluated at average (exterior) 
grid block conditions. If flashing of steam 
occurs between r and r , then Equations e w 
(14) can give c~nsiderable error since they 
do not account for the increasing volumetric 
flow rate (at constant mass f101• rate) toward 
the well due to water flashing and steam 
expansion accompanying pressure decline. 

Deliverability of a single layer can be 
corrected to account for water flashing and 
steam ·expansion by. inse.rting a fraction f, 
equal to or less than 1, as 

q = (2 S) 

where, as befare, a and a are evaluat~d w g 
.at known block average (exterior) conditions. 
The factor f is a cal_culaple function of Pwb' 
p and Sge where Sge is -__ gas saturation at 

r m re' which in turn is _generally very close 

to average grid block saturation. Equation 
(25) presumes that the average grid block 
condition is saturated. · ·The Appendix 
describes the calculation _of f and gives a 
revision of Equation (25) for the case where 
the saturation point li'es between r and r • . . w e 
The calculation of f ignores capillary pres
sure and assumes stcady.-state radial flow 
from pressure p at r to pressure p b at r • e w w 

1) J 1 

In adJition to p\o.h' p And Sqc' f la AliJO 
c.lcpt .. ntlt.•nt upon the r..dativc pl'nnt>.lbillty 
curvrs.' Tlt~rclurc, ~ cumplctcly general 
rcprc!~C'ntation of ! 1s not possiblc. Figuro 
1 givcs f as a function of p..._, p(a p ) and 

\Ou e 
S for rclative perrncability curveu ge 

with Swc a .2, s
9

c • O, nw • n~ • 2 and 

krgcw = .5 • 

(26a) 

( 26b) 

figure 1 shows that the dJliverability 
reduction factor is 1 for rr.inirrtal drawdowns 
{pe - Pwl, decreases with incre.asing dravdown 
and, for a given drawdown, it ihcreases with 
increasing grid block steam satUration, S • ge 
The factor can reach values of •25 or lower 
for ~ow Sqe• high drawd~wn and/br low res
ervolr pressure p . Th1s means that 

e 
deliverabilities calculated usiAg Equation 
(14) can be erroneously high by a factor of 
four or more. · 

Comparison of Numerical Model 
ana Analyt>cal Deliverab>lltleS 

A radial test problem was uBed te 
compare the simulator 1 s calculat~d deliver
ability with that of Equation (2~). This 
problem was also used as a preli~inary test 
of simulator stability and time-~runcation 
error. Reservoir and fluid prop~rty data for 
this problem are given in Table 1. A 9xl 
radial grid was employed with· t~e well 
producing on deliverability aga!nst a 
wellbore pressure of 160 psia. 

• 
lna • (27) 
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tinich is sotved for a by the Newton-Raphson 
technique. Genera11y r 1 va1ues of at 1east 3 

fcct or more have been used te avoid cxces
sive1y srna11 grid b1ocks adjoininq the 
wellbore. 

In this work we retain the geometric 
spacing r. ; ar. 1 but elirninate the > >-
arbitrary specification of r 1 ~ Rather we 

invoke an imaginary radius r
0 

within the 

wellbore in addition to radius rN+l outside 

re and require rw be the lag mean radius of 

r 0 and r 1 and re be the 1og mean of rN and 

rN+1 . This gives 

(a- 1lr0 
lna rw (28al 

N 
" (a- llr0 

In a = (28b) 

and division of Equation (28b) by Equation 
(28a) gives a direct solution for a as 

a (r /r ¡1/N 
e w ( 29) 

Grid block boundary radii used to 
calculate block pare volumes are calculatcd 
as lag mean v~lues of ddjaccr1t block ccnter 
radii. Table 1 giv~~~ the rt!sulting block 
ccnter and bound~ry radii for the case of 
ninc radial increments. The pare volume of 
the first gr:d block is 22.27 RB cor
rcsponding t·o 500 fect of formation thickncss. 

The simulator was run in ene-dimensional 
radial modc using constant 250-day time stcps 
to 16,000 days. Zero caplll~ry pressure was 
used and the well was on deliverability 

c¡ainst' thc 160 psi a f 1owinq bottomholc 
res su re. The sol id curve in Figure 2 shows 

the calculated f1ow ratcs, expressed per foot 
of formation thickness, vs. average formation 
st~am saturation. This saturation is clase 
to the extcrlor r¡rid block 9 saturation, but 

• was calculated as d volume w~ightcd avcraqe 
of al! blocks. Figure 2 ~;hows an initial 
delivcrability decline followcd by a tcm
porary incrcas~. This behavior was unaf
fected by time stPp size, ~losure toleranccs, 
numbcr of raci.l·ll blocks and inclusion or 
cxclusion of hcat con~uction and hcat loss in 
the calcu1ation. 

Thc dotted lincs in Figure 2 show 
dclivcrability !ro~ the ste~dy-statc Equ~tion 
(25) for p b • 160, p • p • 2Sl. The aqrec-w e 

ment bet:wecn mvde>l production rute and F.r¡ua
tion (2Cj) is qoud considL'rirHJ that 

¡; 1 . 
(a) the model used a closed exterior boundary, 
(b) the model is in a transient decline 
exhibiting semi-stcady-state neither in 
pressure'nor saturation, (el Equation (25) 
assumes steady-st~te with an open exterior 
boundary. Further, thc dcliverability 
factor f varies frorn .3428 at Sqe = O to .78 

at S = .5 and the discrepancy between thc 
ge . 

two curves is much less than thc error wh1ch 
would occur using Equation (25) with f = l. 

The ene-dimensional radial test problcm 
was run to a large time to reach steady-state 
with an exterior-block well injecting 400°F 
water at a bottomhole pressure of 251.08 psia 
at r = re. Following several time steps to 

lOO.days to allow pressure in grid bloc~ 9 
to fall below 251 psia (to actlVate the 
injection well), two 60,000-day time steps 
(these stcps re,juired 7 and 2 iterations) 
were taken. The steady-state flow rate 
ca1cu1ated was 130,000 lbi H20/hour. 
Equat1on (37) gives for pwb= 160, Pe = 251 

and s
9

e O (corresponding to injection of 

saturated lOO% liquid water}, 

qH O 
2nk~z_I = 

h (100) (500) (. 00633) 
r 1 2000 2 ln~ ":25 
rw 

12,728 lbs· 
= 117,349 lbs/hr 24 !ir 

The discrepancy bctween 130,000 a~d 117,349 
lbs/hour is believcd dueto the moUel's 
upstream wcighting of mobilities as opposed 
to the integration of mobility in Equation 
(37}. In any event, since f = .3428 for Pe= 

251, p .L..= 160 and S = O, the discrepancy of 
~,.,;u ge 

about 13,000 lbs/hour is small in comoariso~ 
with the error in using Equation ·(25l.with 
no corrccting f factor. Equations (14) used 
for an areal grid block of 2,000 feet 
cquivalent exterior radius would give a 
dctivcrabllity of 343,000 lbs/hour. Use of 
thc f filctor and Equ.Jtion (25) would give a 
ca!culated deliv~rabi1ity of 117,349 lbs/hour . 

THROUGIIPUT RATIO 

EvalUatiqn of any term in the intérblock 
flow· ratcs cxplic1tly (at time level r.) with 
respcct to any o( the dt~pcndcnt variables !r:;, 
T, S l in general will rcsu1t in a condi-

'J . 
tional stability. This conditional stability 
takes the (orm of ~n cxprcssion g1v1ng a 
maxinHim time ste~. Use of a timr= step sizc 
excecd1ng this ma:-:imum will rcsult in di
vcrqt~llce of thc calculatlons. Tne ~xprcss1c~ 
for maxi¡num time s~cp qencral1y lnvol\·cs, ~t 

least in p~•rt, a throughput ratlJ dcfincJ i~ 
sorne manncr. 
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One of thc most. Sf!VC'rP inst.lbilith•s in 
multiphasc flow simulaliun is th~t arising 
from cxplicil rvalu:al_inn of s;tturation
dt!pL~nüent rc-L1tivc JJ'.:-rme.Jbiliti~s in the 
i~terblock transmissibilities. Thc through
put ratio th~t ariscs in analysis of this 
instability is 

= (30) 

where i denotes ~~ase (c.g., water, gas or 
oil), qi is volumetric phasc flow rate 

through thc grid block, si is grid block 

saturation of phase i and vp is grid block 

pare volume. Thus ~i is the ratio of total 

volume of phase i passinq through the grid 
block .in ene time step. divided by the volwnc 
of phase i in the block. 

Actually, this ratio appears with a 
multiplier tqudl to fractional flow deriva
tive, but Wt are not conccrned here with 
dwtailed derivations or prcsentations of 
stability analysis results. As a practica! 
matter, we have rated the stability of a 
multiphase flow formulation or model by the 
cruder ratio 

= 

where qv is total (all phases) volumetric 

flow rate through thc grid blqck. 

(31) 

In the geothermal case we can express 
the above ratio in terms of total mass flow 
rate of H

2
o and quality X of the flowing 

stream. Many of the results discussed below 
involve a well producing on deliverability at 
a flowing bottomholc pressure' of 160 psia. 
Using correspond1ng water and steam densities 
of 55 and .355 lbs/cu.ft., respectively, we 
can express RT as 

4.27(2.8X + .018)q~t/Vp (32) 

where g is total mass flow rate in lbs 
H20/hour, l.lt is time step in days and vp is 

reservo¡r barrels (RB). 

Our prcvious expcrience with a variety 
of semi-implicit isothcrmal and thermal 
S1n1ulators, producing tJ11der multiphase flow 
conditions, ha~ indicatcd in!i.tability or time 
step rcstrictiun at throughput ratios in the 
range of 1,000 to 20,000. Wc will return to 
Equation (32) in connection with results 
discussed bclow. 

Tlf\E TRUNCATIO~ ERROR Al-:0 STADILITY 

I'OR ONE-0 1 ~:E~~ 1 ONAL Rl\0 1 Al. PROBU:H 

Time truncation error and model 
stubility were cxamincd in thc one
dimcnslonal radtal case by repeating the 
16,000-day run ricscribcd above with ti~e 
st~ps of ~00, 1,000, 2,000, 4,000, 8,000 and 
16,000 days. T~~le 2 shc~s the effcct of 
time stcp sizc on calculated rccovcry, 
producing quality and rate at 4,000, 9,000 
and 16,000 days. Thc time truncation error 
is quite acceptable for time steps up te 
1,000 days. 

All thcse runs converged cach time stP.p 
with t~o to three itcrations per stcp exccpt 
for the fiist step when steam saturation 
incrcased from zero to about .45 at the 
well andO- .39 at the 9th block. The first 
time step rcquired 20-23 itcrations, the 23 
itcrations corresponding to the 16,000-day 
time step run. The largest throughput ratio 
occurred for the 16,000-day time step which, 
from Equation (32), is 

= 

4.27(2.8(.0835) + 

.018) (67,900) (16,000)/22.27 

52.45 X 106. 

This ratio is more than three orders of 
magnitude larger than thc 20,000 ratios of 
our previous expericnce mentioned earlier. 
However, ene-dimensional problems are 
generally peor tests or indicators of truc 
model competcnce and ratios from two
dimensional results presented below will be 
given mor~ emphasis. 

TWO-OIMENSIONAL SINGLE-WELL 

PROBLEM RESULTS 

We simulated the radial flow problem 
described in TaOle 1 usinq a t~o-dimensional 
lO x 5 radial-z grid. The five layers 
were each lOO feet thíck. The 10 radial 
grid blocks included the ~ellbore. Table· 
1 gives the qrid block ccnter radíi, 
boundary radii and pare volumes calculated 
usiny Equation (29). r;ote th..st the first 
reservoir qrid block has a centcr radius of 
only . 40 fl'et and a pon:: volUI:'Ie of only 
4.45 RB. The pare volume of eoch wcllbore 
grid block is 3.5 fB so that the throughput 
ratio, Equation {32), becomes 

= 1.22(2.80 + .OlB)qtt ( 33) 
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~Rack capillary pressure was assumed 
negligiblc in this problem and a pseudo 
straight-line capillary pressure curve 
(8,· 9) corrcsponding to !ayer thickncss of 
100 (cet was cmployed. Use of saturatcd 
s~eam-water dcnsitics at 400°F qives a 
density differencc of .369 psi/foot which 
translates, for 100-foot layer thickness, 
to a pseudo capillary pressurc equalling 
18.45 psi at Sw ~ S = .2 and -18.45 at 
S = 1.0. wc, 

w 

A nurnber of 10,000-day model runs were 
performed for different well completion 
intervals. Wc assumed a tubing/casing 
configuration so that an additional 
variable was the layer in which.the tubing 
bottom or withdrawal point was located. For 
example, with all layers 1-5 perforated, the 
tubing bottom could be placed in any one of 
the layers. A packer was assumed placed at 
top of formation. 

A well targct rate of 300,000 lbs/hour 
·was specified for all runs with a·minimum 
flowing wellborc prcssure at tubing bottom of 
160 psia. For all runs, time step was 
specif~ed as 500 days. Table 3 summarizcs 
rnodel results at 10,000 days. The listed 
mass fraction produccd, producing bottomholc 
quality, producing rate and produccd Btu/lb 
all apply at the 10,000-day point in time. 
Average\Btu/lb produced is cumulative energy 
produccd over 10,000 days divided by cumu
lative mass produccd. Energy produced is 
cnthalpy, dcfined as U+ pv at·producing cell 
conditions. Intern~l energy U is relative to 
a zero value for U of saturated water at 
6o•r. 

Table 3 shows that the location of a 
single-layer (100 feet) completion is very 
important. Cornparing runs 1-3 shows that 
cumulative mass fraction recovercd at 10,000 
days varies from 11,7% to 47.4% as a 100-foot 
producing interval is lowered from the top:· 
\00 fcet to the bottom lOO feet of the 500-
loot formalion. 

RÚns 4-11 in Table 3 indicate that the 
perforated or open intcrval location is 
important wh1lc thc location of the tubing 
bottom or wit:hdrawal point within a qivcn 
open intcrval is relativcly unimportant. For 
cxamplc, Runs 4 and 5 show ,1bout equal 
recovery values for thcir top 300 fcct opcn 
intcrva1 rcgardl~ss of whethcr thc tubinq 
withdrl'w from the top lOO fcet or bottom lOO 
fect of thc interval. Runs 6-7 show the same 
rcsult for a Uotlom 300-foot open intcrval 
rcgard1c~s of thc tubing posit1on within thc 
OJlCn intvrval. 1'he b~st recovcrics occur 
for ll cCJmplctely pcnctratcd or open form.1-
llOn -- Runs 9-11 -- and J.H:rforrn.Jncc is 
n~arly irldcpcnd~tlt of whcther tt1c tubing is 
sct at top or · bottom of the ·farmation. 

(' r: 
In Runs 1-5 thc ~~ was on delivcr

ability in thc first 500-day time stcp. Runs 
6-7 and 9-11 produccd the target JOO,úúO 
lbs/hour rate for 1,500 days Jnd Run 8 
produced thc targct rate for 500 days. 

Taken together, Runs 1-11 indica~e that 
a partial completion intcrv~l effect1vely 
drains the portien of the rescrvoir formation 
opposite and abovc the interval, but i.r:ef
ficicntly drains the forrnation be1ow i.t .. 

Spatial truncation errors in the results 
of Table 3 are very small as indicated by 
severa! runs we made usinq a 10 x lO grid 
with ten 50-foot tl1ick layers. Time trunca
tion error was examined by repeating Run No. 
lO usin9 time steps of 250, 1,000, 2,000 and 
5,000 days. Figure 3 shows producinq rate 
and bottomhole producing qualit'¡' vs. ti~e 
calculatcd using the various time ste~s. The 
results with 6t = 250 and 6t = 500 days are 
virtually idcntical. The error with ~t = 
1,000 days is significant but not large while 
6t = 2,000 days causes an error torderi~g on 
acceptability. Thc surprising feature cf 
these results is the small ti~e truncation 
error for steps of 1,000 days or less i~ 
light of the large changes in saturaticn 
which occur in a single step. 

The saturation changes stably computed 
in a single step are illustrated in Table 4 
which shows saturations and oressures at the 
end of the first 2,000-day tirr.e ste? (all 
layers open, tubing at layer )) . :-1.aximt:m 
saturation change was .99d9 in grid block 
(i=l,k=l) and maximum pressurc change was 
-441.4 psi in grid block li=l,k=51. lnitcal 
pressurcs ranged from 469 to 618 psia frc~ 
formation top to bottom, sorne 200 to 350 psi 
above saturation pressure corres~cnd1r.g to 
400°F. That is, the model in this single 
step procecdcd from a highly unde~saturateC, 
100% liquid configurüllOn to thdt shown in 
Table 4. tJote, a1so, from Figure J th.:st 
time truncation error for this first ti~e 
step is virtually ncg1igiblc. !he reader 
should rccall in vicwing Table ~ that the 
first column of cclls 1s the wel1bvre. 

The calculated producing rate for this 
first 2,000-day stcp was 286,400 lbs/hour aod 
bottomhol~ qu~dily '-"'.:ls .05794. Us1ng 
Equation PJl, the throuqhput ratio ter 
withdrawal cell (i=l,k=J) ·.-:3.c; 

RT 1.22(286,400) (2.8(.05794) 

+ .018) (2,000) = 126 X 10 6 

This ihroughput ratio ~~s achicv~d with :h~ 
producir,q cell ~;team saturat1on chanqir:o ~re~ 

O to .aq93. Th~1t 1s, it is not a throu•Jt::;•:t 
rAtio corrcspor~dinq to stabi1izcd condl.tl~:-.s 
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with sm.lll chanqes pcr time ."tt1.•p. Thi:o r.ltio 
i~ t.hrce t.o four nnter~ of m.l'f11ltutle l.1rqer 
th.ln lhP 20,000 r.:..~tios wf' h.J.ve prt•viouslY 
achicvcd with :Jt~mi-irnplicit modcls under hiqh 
r •• te-of-ch4nqc conditions. 

Tablc 5 shows thc numbcr of r0quircd 
itcrations pct- time stcp for each stP¡> for 
the threc runs using /.t ~ 500, 1,000 and 
2, 000 days. Tht! numbers in parenthesps in 
1'.:tble S arf' the mux.imum qrid block sJ.turation 
changcs over thc grid durinq C!ach time stcp. 

Tablc 6 shows calculated prcssures and 
saturations aftcr the first 500-day time step 
of Run No. B. Producing·ratc and quality 
were 300,000 lbs/hour and .04, rcspcctively, 
so that the throughput ratio from Equ~tion 
(33) was 

RT 1.22(300,00d) (2.8(.04) 

+ .018) (5,00) 23.8 X 106 

This ratio was achieved with a high steam 
saturation change in the producing cell from 
Oto .8481. Required itcrations for this 
first step wcre 30. The iterations declined 
to 24 when initial prcssure at formation top 
w~s rcduccd to 270 rather than 450 psia. The 
throughput r~t10 at 10,000 days for this run 

•·as 11.5 x 10
6 

corresponding to a producing 
rate and qua1ity of 53,100 1bs/hour and 
.1208, respective1y. 

Run 12 in Table 3 is identical to Run 
lO, except that pcrmeability is 500 md rather 
than 100 md. The higher permcability re
sulted in a greater recovcry of .7459 coro
pared to .5656 at 10,000 days and gave a 
considerably higher producing quality of 
.7058 at 10,000 days. Run 12 produced the 
target 300,000 1bs/hour rate unti1 5,000 
days. Figure 4 shows the effect of perme
ability en producing rate and quality vs. 
mass fraction produced. Producing quality in 
Figure 4 is calculated at a separator 
condition of lOO psia. The curves of average 
reservoir pressure (volumetrically weighted 
average of all grid blocks) vs. mass fraction 
produced are not plotted, but are idcntical 
for th~ tw~ runs. Figure 4 shows that 
produccd strcam quality at the .fixed sepa
rator condition is ncarly a singlc-valued 
function of ma5s fraction produced and 
independ~nt of permeability level. 

Figure 5 shows aVerage rcservoir pres
sure vs. mass fraction produCcd ca1

1
culated 

'••• 10,000-d;oy runs using k= 100 and 500 
md and 4• = • 05 and • 35. The figure indicates 
thut periDcability leve} has a ncgligible 
cffcct on avera~e pressurc vs. mass fraction 
produced. Thc large porosity results in a 
vcry sligh(ly lower average reservoir prcs
sure. The small effect is due to the lower 

- (j í' 
1
1Pck hc.lt capacity (i.r.. lPss rack) in a 
ht'llwr pvtustty format1on. This small 
t.•fú•,·t ot porostty on prPssurc dL~clinc is 
1n (70ntr.ldlction to r~sults rcportcd 
cl:;ewhcrc 14). · 

The avcraqc computer time per run for 
Runs 1-11 was 16 CDC fifiOO CPU seconds. For 
tl1e 10x5 (¡rid and 20 s~eps ~cr run this 
tr~nsldtcs te .016 scconJs per qrid block
timl' stclJ. This figure comthtr~,.•s to .J rough 
v.1luc al .01 seconJs* pcr yrid block-time 
stcp for our scmi-implicit modcls. 

SHIULATION OF A 

FRACTURED-MATRIX r~SERVOIR 

Many geothcrmal reservoirs are known or 
believed to be fractured-matrix systems. 
Conyentional simulation is often used where 
extcnsive fractures are known to exist. Such 
simulation employs an -assumption that flow in· 
the matrix-fissure system can be adequately 
modeled by assuming an unfractured matrix 
forrnation with a high effective permeability 
reflecting the fracture system conductivity. 

Here we examine the difference in 
simulatcd performanccs of a fractured res
crvoir sector modellcd first as an unfractured 
formation, and second as a matrix-fissure 
systcm. Whilc naturc seldom provides near
uniformity in spacing of fractures, we must 
cmploy sorne semblance of uniform spacing to 
perform any calculations. We consider a 
fractured system consisting on the average of 
40x40x40 fcet matrix blocks scparated by 
a three-dimensional orthogonal planar system 
of vertical and horizontal fractures. 

To reduce the dimensionality of the 
matrix calculation, we treat the matrix cubes 
as cylinders of equivalent radius 22.5676 

f 
. 2 

eet (nr = 40 x 40) and height of 40 feet. 
We have used this cylindrical a?proximation 
for scveral years in black oil fractured 

·matrix simulation; it is partlally justified 
sincc the physically real irreqularity of 
fracture spacing and angles unJoubtedly 
yields a varicty of matrix_block shapes 
dcyiating considerably from rectangular 
parallclepipeds. 

Use of a fracture volume equal to 1% of 
combined fractur_e plus matrix volu:::e leads tO 
a fracture width of .029 feet. This figure 
assumcs equal widths of horizontal and 
vertical fractures. From Muskat [lO), 
fracture pcrmeability for width w in cm, is 

*This number can vary considcrably. For 
~casy'' mult~~hdse flow problc~s (we 
omit definitions of "casy" f0r bre~ity)~ 
wc havc achiev~d times dS low as .0018 
sccond~ per block-stcp. 
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d 

; ... 

k = = 6.5 x 106,oarcics 

( 34) , 
!or the .029 fect width. In símulatinq flow 
in fracture ~~id blocks, it is only 11eccssary 
to use fracture p<.·rmblbi 1 i ti es 1 aryc cnouqh 
to rcndcr viscous forccs ncqligiUlc in com- · 
parison with qri.l~itational forccs: In . 
prcvious black 011 fractured matr1x reservo1r 
work and· in this work, we hi.lve found rcsults 
insensitivc to use of fracture permeabilitics 
higher than 10 to 20 Darcics. 

For the purpose of cornputations de
scribed here, the fracture systcm conduc
tivity is assumed sufficient'ly large that the 
reservoir behavior is dorninatcd by vertical 
transients in pressure, tempcrature and 
eaturation. The fracture conductivity is 
assumed sufficient te m3intain negligible 
areal gradients of these quantities. for 
cxample, by this assumption ány steam-water 
contact in the fractures will be nearly 

~izontal over a wide ~real expansc·. 

The withdr~wal rate used for computa
tions was bascd on a well spacing of about 
300 acres with rates of 300,000 lbs H

2
D/hour 

per well." This translatcs to a rate of about 
40 lbs/ho~r for a 1,240-foot vertical column 
section of the reservoir with arca! dimen
sions 40x40 fc•t:t. The vertical gridding 
consistcd of six ma"trix blocks ·each sub
dividcd vcrtically into 10-foot grid blocks 
and onc last Jeep 1,000-foot matrix grid 
block. C.J.lculations were terminated befare 
steam-w.J.ter contacts reached the decp block 
so that its lack of gridding is inunatc.rial. 

In the r.dtrix-fissure simulation, the 
vertical and· horizontal fractures were in
cluded in thc grid system. Vertically, then, 
six addition~l grid blocks each .029 feet 
thick separateJ the six matrix blocks and the 
total number of vertical blocks was 6 x 4 + 6 
+ 1 or 31. We obtained ncarly identicdl 
·esults using three and two grid blocks 
adially for thc m~tri~-fissure systcm. 

Results qiven hcrc are for the case o( two 
radial qrid blocks. The first radial block 
was matr1x w¡th tln inncr boundory ra(lius of 
O, an outcr boundary radius of 22.5676 fcct 
and a ''ccnter'' radius cqual tu ttle volumc 
mean value of 15.96 foct. The second radial 
grid block was vertical fracture with inr1cr 
radius of 22. '1676 fcct and outcr r..1Uius of-' 
22.5676 + .029/2 fcet: Figurt: G illustratcs 
this rodtal-z ·Jrtd for thc fi.ssure-matrix 
simulatinn. Fluid was withdrawtl from thc 
bottom 1 ,000-foot thick vertical fracture 
block. 

Matri.x pcrme.1bility and porosity wcrc 
l md and 0.2, n.•s¡JL'Ctivcly. Grid block pare 
vo1umcs for thc m~trix-fissuro systcm il
lustratcd irt F1qurc 6 werc 

.. ··~ ... 

Grid Block 

10-foot matrix 

.029-foot horizontal 
fracture radial 
block 11 

.029 x .0145-foot 
fracture interscction 
block 

10-foot vertlcal fracture 

Pare Vólume, 
Res. Bbls. 

569.9 

8.26 

.. 0106 

3.66 

Initial reservoir pressure was 270 psia 
at top of formation and- temperaturc was 
400°F. Ovcrburden heat loss (gain) had a 
srnall effcct and was ignored. ~ieat con
duction in tt1e matrix was modeled using a 
thermal conductivity of 38 Btu/ft-day-°F. 
Matrix rack heat capacity was 35 9tu/cu.ft. 
rock-°F. Rclative perrneabi1ities of Equa
tions (26) and a linear rack capillary 
pressure curve of P ; O at S ~ 1, p ~ lO 

e w e 
psi at Sw = O were used for matrix and zero 

capillary pressure and linear kr = S curves 

were used for the fractures. 

The 2 x 31 (radial-z) matrix-fissure 
simulation was run to 1,500 days for a rate 
of 40 lbs/hour and to 4,200 days for arate 
of 10 1bs/hour. Tv.·o runs were :nade for the 
40 lbs/hour ratc, the first with a constant 
30-day time step, the second with a constant 
60-day time step. 

Figure 7 shows calculated water satura
tion vs. depth from top of forrnation at 1,500 
days for the 40 lbs/hour production rate. 
The salid lines corrcspond to the jO-day t:~e 
step while the circlos and dashea line s~ow 
resu1ts for the 60-day step. The verticJl 
tic marks indicate water saturations in the 
first radial horizontal fracture blocks. 

This figure shows the peor recovery of 
water from thc matrix blocks due to the 
capillary discontinuities imposed by the 
horizontal fractures. Each matrix block 
abovc thc (vertical fructure) ste.J~-water 
contact transienlly drains toward an 
cquilibrium final saturation vs. dCpth 
distribution dctcrmincd by the rack caplllar~ 
prcssurc curve and thc zero P condition at 

. e 
ca~h rnatrix block botto~ imposed by the 
horizontal fracture. The signlfiC.:l.l:t 
transient effect is indic.ltC'd by t::c d~cr•:aSf.: 
in water rccovery.wlth ~atr1x block de~:~. 
This is due, of cour~e. to thc lo~ocr ti~:es 
of drain30C expericnccd by h1gt1er ÍocateJ 
matrix blocks. 

• 
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Thc horizont.:..l fracture blncks op¡.-ositu 
the 100\ stl.•;un s.:s.turatPd VC'rtical [r.:tcLurc 
'Jrid blocks ra¡1itlly risv tow.:s.rd lOO\ :~Lcam 
s.:.at".Jration. J\bovc thc stt•.tm-.... a.tt..•r cont.1ct, 
th•:- v.·utcr draininq from thc Uuttom of ~1 
~atrix block cnt0rs thc horizo¡\tal frdt"ltlre 
blo~k and th,•n prctcrcntially flows vertic¡tl
ly Jown into tl1c top of thc ncxt low~r matrix 
block rathcr th~n latcrally into thc v0rtical 
fracture. This prcf~rcncc is vcry closc to 
lOO~. These lattcr results ar~ shown by 
modcl printouts of water and steam intcrblock 
flow rate magnitudes and dircctions at 
selccted times. 

Table 7 summarizes average iterations 
per time step, average saturation change 
(muximum over grid) pcr time step and com
po.Jting times for the thrcie· f~octurcd-matrix 
simulation runs. The negligible time trunca
tion error for 30- and 60-day time steps 
shown in Figure 7 is somewhat surprising in 
light of the average.saturation change rising 
from .38 for the 30-day step to .66 for the 
60-day step. ·The .66 figure is actual1y 
conservative since 27 vertical fracture grid 
blocks were swept from O to l00%~steam 
saturation in only 25 ·steps in Run~2. No 
time s.teps were repcated due to divergcnce in 
a11y of these runs in spite of nearly lOOt 
saturation changes in one step for the .01 RB 
¡>ore volume fracture~int~rscction grid blocks. 
Bot h Runs 1 and '2 expcrienced a nurnber of 
t1mc steps of 90-100% saturation change. Run 
No. l computing time corresponds to a time 
per b1ock-step of about .01 seconds. 

Figure 8 compares the effect of produc
ing rate on matrix-fissure simulation results. 
The calculated saturations for Run 1 at 40 
lbs/hour and Run 3 at 10 lbs/hour are coro
pared at times of cqual cumulative produc
tion. The steam-water contact for the higher 
rate is 40% (140 feet vs. 101 íeet) deeper 
d~e to the shorter time available for 
tronsient water drainage from the matrix 
blocks above the contact. 

ConVentional simulation results were 
gen"eratt:d by running the model in ene
dimensional vertical mode using 24 10-foot 
b1Ócks and ene 1,000-foot block. The dashed 
line in Figure 9 shows resultinq calculated 
water saturation vs~ depth at 1,500 days for 
an "effective" permeability of 50 rnd and a 
ptoducing· rate of 40 lbs/hour. Gravity 
forcCs dominalc and the convcntional results 
show a sharp transition z6nc from a draincd 
(S =S =.2) upper region to the 100% water w wc . 
zone. The transition zone·is considcrably 
higher than the matrix-fiSsure simulation 
rcsults viewing cither the.matrix or the 
vertical fracture steam-water contact. 

1 

G ~J 
W~ can achicvc somcwhat qrca~cr rc.:s.lism 

1n thc conveatinn.Jl simul.1tion L>y utilizinq 
lltt..• t.1ct th.lt thL' capill.try d1scti~ntinuitics 
,•.1ch 40 (vt•t impuse .1 m.lx1mum fln·aL n•covery 
of wJ.b~r (hy tlow .:tlon ... ·) ""'"htch c.1n be prc
d\'lt..•rmlned u~;inq thl' roe~. caplll:.1ry pressure 
curvP, thc 40-toot m.Jtr1x block hciqht and 
the .369 psi/foot Wdtci-stcam density 
(qradicnt) tliffcrcncc. Follow1nq Rcfercnce 
181 wc integratc the Sw- Pe relation over 

thc 40 fcct using thc fact that ~e = O at 

' matrix block bottom and find that final 
minimum average matrix block watcir saturation 
is .417. Using this value for s~c in the 

relative pcrmeability equations, the con
ventional simulation gives the water satura
tion profilc indicated by thc larger dashcd 
line in Figure 9. 

Furthcr adjustments in vario~s data 
might be made to narrow the difference 
betwecn matrix-fissure and'conventional 
simulation results. Consider~ng the basic 
diffcrencc in mechanisms for the conventional 
and more correct rnatrix-fissure calculations, 
we hold little hope for forcing accuracy from 
a convcntional simulation. In particular, 
thc above described rate effcct (Figure 8) 
is shown by thé more rigorous matrix-fissu~e 
simulation, but not by conventional simula
tion (unless the permeability used is very 
1ow). . 

A full three-dimensional simulation of a 
fractured-matrix reservoir will require tying 
in this vertical two-dimensional R-Z matrix
fissure calculation to a two-dimensional 
arcal calculation where the areal blocks 
communicatc through the fracture system and 
the interblock flows reflect the different 
~sector" or areal block steam-water contacts. 
This task wil1 involve a significant effort 
in logic and coding and will in many cases 
rcquire disking on fixed mcmory machines. 
The ~wo-dimcnsional R-Z matrix-fissure 
calculation described here is adequate only 
if thc arcal gradicnts within the reservoir 
are assumed small due to high f~actUre 
conductivity. · 

1 

Interpretation of Pressure Drawdown Tests 

Thc majar differences· between conven
tibnal and matrix-íissure simulation results 
just describcd aiose because of·the two-phase 
flow in a system having capillary discon
tinuities. Uere we illustrate difficultics 
which can arise in using conventional simula
tion· to intcrpret pressurc drawdown tests in 
fractured-matrlx, hot water systems with 
siJlglc-phase water flow. 
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Simulation of a well test in a system 

rh1vinq a thrcc-d imcnsionul nct.work of or
thoqona~ fra7turc ~LU\CS. would. rcquirc ~ full 
threc-dlmcnsLonal C~rtcs1an gr1d. To Slm
(>lify for thc purposc of illustration, wc 
considcr a systern of 44-foot matrix luycrs 
scparated by horizontal fractures. A 10x5 
radial-z grid was uscd to model a horizontal 
diSk of matrix beneath a horizontal fracture. 
Thc disk dimensiona werc exterior radius r 
10,000 feet and thickncss = 22 feet. The e 
five· layer thicknesscs were w/2, 2, 4, 8, 8 
feet where w is horizontal fracture thick
·ness. This disk is a synunetrical elcment toe 
the case where the well penetrates the entirc 
formation thickncss. 

The radial spacing was calculated using 
Equation (29) with the wellbore inc1uded in 
the grid. Wcllborc rüdius was .25 and the 10 
block "center" radii wcre .25, .43, 1.38, 
4.4B, 14.55, ... , 5,242.37 feet. Pore 
ve \es of the Wellbore cells varied from 
• O •.. J14 "to . 2798 RB in layers 1-5 for a small 
fracture \Vidth w = • 24 5 mm. 

Matrix and fracture layer porosities 
wer~ .2 and 1.0, respectively. Initial 
temperature was uniformly 350°F and initial 
pressure was 2800 psia at top of formation. 
The illustrativ~ pressure drawdown test 
consisted of producing 10,000 lbs/hour frorn a 
wcll open in all fivc layers for ten days. 
Fracture conducti•Jity and mu.trix pcrmcability 
wcre varied in five s1mulation runs as 
tabulateQ, in Figure 10. The fracture pf.!rmc-

l
abilities wer~ relatcd to fracture width by 

thc re1ationship k = 10 8w2112 where k is in 
Darcies and w in cm. The homogencous (no 

1 fracture) case, Run 4, has a permeability of 
!90.9 md, which givcs a total md-ft product 
1tor the 22-foot thickness'equal to that of 
the fracture cases. 

Figure 10 shows calculated.pressure 
,· ·.,down {initial pressurc-fl6w1ng wcllborc 
l ~ .ssure) vs. time on a semi-1o()'plot for 
five cases. Thc homogcncous .case (Run 4) 
gives a straiqht-linc dr\d use of thc wcll
known relatioOship, slopc = Qu/4~kh, qivcs 
k= 90.9 md, in a.cJrccment wii:h the valuc 
uucd. ll.t-bitrary use of the aycragc slopc 
from .1 to 1 days with the rclation slope = 
0••/4nkh giv~s k • 247, 188 and 1~7 mrl for 
~uns 1-3, rcspcctively. Thcsc pcrmcabilitics 
h(!ür littlc rcst.'mbl..wcc to ~~ithcr fra'cturc or 
r-.1trix pcrmcabilltit·s. 

Thc scmi-log plots of prcssurc dr~wdown 
·:·1. time ñCtu.111•,- are not linear for thc> 
:;.h·tutP (';lt111q, H~H .1r•_1 r.,t-twr nmw,,vn '~1'
-..uo. 1'hi!; n·:;ults fro~ thc (act th.tt the 
:··~crvoir tr.JnSlL•nt is primar1ly .1 crosF.flow 
~•·rtical) lJlcectinq oí fluill into thc> fr~c-

• ltc rathcr tiMn lht• r.uti.1l trans.1e11t of a 
' -~)qcncous unfr.lctured forrn .. lt ion. Thc 
·,. :rcc of upw.trd curvJ.turc· of thr. drawdown 
.:ve incrc.J~>t..•s as r.1.1trix pt. .. rme.lbillty J • "<~'Nsca. 

:OATS 
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The cases of small fracture width, R11n~ 

1-3, exhihit .J. r.1pid initi,ll dr~1wdown of ,;n-
80 p'3i.J in the fir~l r..._.w minutes of flo· ..... 
The calcul~tcd ..._.ffcct nf ~ fivefolJ lacg~r 

fracture widtt1 is onc of rcducing this early 
drawdown to 2-) psi. Howcvcr, for times 
after the first fcw minutes, thc l~rger 
fracture qivcs a calculatcd, concave upward 
drawdown curve of shape virtually ¡ctentical 
to that for thc smaller fracture. 'This is 
illustrated by the curves for Runs l and 5 in 
Figure 10. 

Figu~e 11. shows calculated drawdowns !or 
a tenfold lnrqcr horizontal fracture S?3Cing 
of 440 feet. Thc simulations used a 10 x 8 
grid with the cight laycr thickncsscs cqua: 
to .0004, 2, 4, 8, 16, 32, 64 and 94 feet (a 
total thickncss of 220 feet) . Thc kw oroduct 
for the total fracture width of .0008 feet 
{. 245 nun) is 4 Darcy-feet. A drawdown test 
flow rate of 100,000 lbs/hour was S?ecif~e=. 
The curve for this Run 6 in Figure 11 s~o~s ~ 
linearity of drawdown vs. ln(t) pase ~J CJ.:_.·s 
to about 30 days. The ~pword canea ve cu:-·:o;; 
shape from lOO to 1,000 days is duc te 
establishment of semi-stcady-state conditions 
throughout thc reservoir. 

The curve labeled Run 7 in Figure 11 was 
calculated for a 220-foot homogeneous res
ervoir with k = 9.09 md correspondi:1q ':.O a:-. 
cquivalcnt total md-fec~ product of 2,000. 
The slopes of thc curves for Runs 6 a~d ~ o~ 
Figure ll give formation permeabilities e: 18 
md and 9.09 md, respectlvcly. If the 10-day 
test portian of thc Run 6 curve wcre analyzed 
by conventional radial flow theory, thcn a 
permeability of 18 md and a skin factor o~ 
9.65 would be determincd. The circles of R~~ 

.8 in Figure 11 show the s.imulator results for 
a hotnoqeneous rcscrvoir with this perrr:e
ability and skin factor. Figure 11 sho~s 
that calculated drawdowns for the fractured 
formation (Run 6) and for <\n 18 md, honoge
neous formation with skin (Run 8) ·agree wcll 
through 1,000. days. 

These rcsults of Figure 11 indicate t~at 
for thc particular fracture spacing a~d Wl¿th 
of 440 fcet and .245 rrun, rcspcctivr:l:,, CC:1-

ventional radial flow ilnu.lys1s ~o~ld {a) 
yield crroncous ¡)ermc..1bd ity and skin but tb) 
givc accuratc lonq-lcrm dclivcrab111ty pr~d~c
tiorls. This conclusion docs not hold ior :he 
prcviously discussed rcsults of Fisure lO 
corrcspond ing to thc sma lll'r, fracture S?ac i:-.9 
of 44. fcct. For this spacing, thc short-t.:.'r:;l 
drawdown test can fail to yield dny lincarity 
from which convCiltlonal ~n..1lys1s can 
detcrmitlC 0ffcctive p~rmc.1bility and skin. 

Sevcral additlOn-'1 complcxitH·s thal may 
cxist in pr.1cticl~ need nll'nt1on1ng in con
ncctLOn witll tllP r0sults JUSt d1scussed. A 
ll.lturally fract\lf1•d torm.ltion will <lenerally 
havc vcrtic~l as ~cll ~5 horizontal frac
turt:>s. Accountinq for ~l three-dlfr.cnsional 
network of fr.1cture planes w1th the model 
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describcd hcrein wouhl rf!quirc .a thrcc-
dlmPnsional simul.ttion. lf fr•tctur,.- s¡Mcing 
\<JL'rc thc arder ot: lOO fcct or lt~ss, a vcry 
lurgc numbcr of qrid blocks woultl be rc
quircd. A bcttcr modellinq .1pproach in this 
cuse would be a du.:.&l porosity formul.ltion 
wherc intcrl>lock flow is assumt~d to occur 
only in thc fracture syslcm. '!'he m.1trix 
would be uccountcd for by zcro-dir.wnsion.tl, 
one-dim~nsioual sphcric.tl or two-Uimcnsional 
cylindrical subcalculations ticd into thc 
fracture porosity in cach qrid block. Thc 
heat-loss calculation dc!>cribt.•d in Hefcrcnce 
(3] is an example of this typc of formulation 

The modcl describcd hcrc maY apply well 
to an artificially fracturcd formation since 
in this case the vertical fractures will 
intcrsect the well. An r-0-z grid rep
rcscnting a symmetricul clcment in this case 
rnay ac·curately modcl wcll performance with 
a rcasonably low number'of grid blocks. 

An upward concavc dcviation frorn 
linearity in a drawdown·test curve may result 
from factors othcr than forrnation fru~turcs. 
Geothermal reservoirs with brincs of high 
salinity may precipitate salt with pressure 
drawdown near the well. This can cause a 
skin factor incrcasing with time and the 
mentioncd deviation from linearity. It is 
woll-known that faults or other flow bar
ri~rs near a well can cause upward curvature. 
Short-tcrrn drawdown tests on wclls which 
partially penetrate thick formations, 
especially wherc the ratio of vertical to 
horizontal permeability is small, can result 
in d~viation from linearity. Regardless of 
pcnetration, a formation consisting of 
alternating tigt::. and permeuble streaks of 
large permeabil1ty contrast can yicld devia
tion from linearity through the same ver- ; 
tical, crossflow type of transient trcated 
above in the horizontally fracturcd formation 
calculations. Quoting from Rcferencc·[llJ~ 
which treated simulation of single-Phase gas 
flow, ". . The reservoir picture finally 
employed with success stemmed from the 
hy~othJsis that the well communicatcd with a 
numbcr of thin permeable stringers ... fed 
by scverely limitcd crossflow from large 
sand volumes. " In that work, for such 
reservoirs, the calculated and observed 
drawdown/buildup curves failed to yield the 
linearity of conventional analys~s. 

Finally, thc fractured form~tion, draw
down test illustrative calculations and 
intcrprctations prescntcd hcrc are not unique 
to gt!Othe·rmul rcservoirs, but upply to any 
formdtior¡ subjcct to singlc-phase flow of a 
low comprcssibility flUid -- oil, water or 
high prcssure gas. 

71-
llf.J\T f.XTR!,CT 1 ON fR0:-1 IIOT ORY ROCK 

We consiJer a vcrticul fr~cturc in ~ hot 
dry rack 1niti~lly at ~J0°F. A SxSx~ threc
dimcnsion~l qrid describes a rcct~n~ular 
fMt<lllclcpipc·J \1-'ith ,\x = :".z = 80 fcL't and 
.\y :: .01, 30, 120, 160, 3~0. ThC'sc dimcn
sions rcsultcd [ro~ com~lni~g bl~cks in a 
~omparison run which ~zscd y-dircction in
crcmcnts of .01, 10, 20, 40, BO, 16(\ .lnd )20 
fcct. The ovcrall lllmcn:>ions ar~ a 4COx400-
foot vertical crack· of .02-foot width with 
630 fect of rack cither side of it. The 
630 fcet of rock in the y-direction is 
sufficicntly large that thc system acts as 
infinitc for the 3,000 days of simul~tion. 
Diffcrent qrids wcrc uscd to determine the 
acceptably low spatial ttuncation error of 
thc 5x5x5 grid. 

Sincc thc system is symmetrical about 
the vertical midpla~e of the crack, this 
SxSxS qrid represcnts half the system. Crack 
width is o( no conseouencc except in its 
relation to thc kw pÍoduct where k is frac
ture permeability and w is fracture total 
w1dth. In thc grid p1une j = 1 (the crack) 
an x-z thcrma1 conductivity of 3.8 Btu/ft
day-0F was used, porosity was 1.0 and 
pcrmeability y.·as varicd over a nurnber of runs 
from 10 Darcies to 800,000 Darcies. In the 
planes, j = 2-~ (hard rack) thermal con
ductivity was 38 Btu/ft-day-°F, rack specific 
heat was 35 Btu/cu.ft.rock-°F and porosity 
and permeability were zero. 

l00°F cold water injection rate was 
specificd as 25,000 lbs/hour into thc bottom 
left cerner of the crack (cell i~l,j=l,k=S). 
A withdrawal well at thc upper right cerner 
of the crack (ccll i=5,j=l,k=l) maintained 
pressure at 800 psia due LO a largc sp~cificd 
productivity index. This withdrawal well 
produccd on deliverabillty agai~st the 800 
psia pressurc. The 25,000 lbs/hour injection 
rate corresponds to actual injection well 
rate of 50,000 1bs/hour since the grid 
represents a symmetrical half of the total 
systern. 

Figure 12 shows calculated energy 
rccovery and producinq ~ell bottomhole 
tcmperaturc vs. time. Enerqy recovery is 
dcfincd as cumulativc cnthál~y produced 
diVided by thc sensiOlc heat above 100°F 
initi~lly contained in a portien of the rack. 
The portian used is thc flrst 310 feet since 
the last 320 feet expcrienced essentially no 
rccovcry (t~mperaturc decline) at 3,000 days. 
The initial cnergy in place en these bases is 

11 6.944 x 10 Btu. Enthalpy o! produced water 
is U + pv whcrc intern~l energy U is zero at 
100"F. 
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Figure 12 shows a rapíd decline of 
pr.oduccd water te~pcraturc f~om ~00°F to 
less than.300'F in the first fcw days fol
lowed by a very flut decline from 170'F to 
137 'F frpm· 1, 000 to 3, 000 days. Fractional 
energy reco~ery is ·0.1663 at 3,000 days, 

equivalent to. 1.155 x 1011 Btu or an average 
of 64 Btu/lb water produced (enthalpy rela
tive to zerO·u at l00°F). The average tem
perature correspondinq to this average 
enthalpy is about 162'F. 

The fracture width w controls system 
conductivity or throughput. The corre
sponding pararneter or group of importance 
is the kw Darcy-feet product, which is 

proportional te w3 since fracture perme

ability is prop~rtional to w2• We used 
permeabilities u'p to 800,000 oarcies with 
the .02-foot model dímensíon for the 
fracture. Thís 16,000 Darcy-foot kw 
product corresponds to a fracture width 
of 4 mm usinq the fracture perrneability 

equation k~ 108w2112 (w in cm). Fracture 
width, i.e. the kw product, had no effect 
on the calculated recovery and temperature 
shown in Figur_e 12. 

Model runs were made with the injec
tion well located hígher, 200 feet from 
top of formation in cell i=l,j=l,k=3. The 
change of injection location had no effect 
on calculated recovery and producing 
temperature. 

Figure 12 also shows calculated re
covcry and temperature for a larger frac
ture af dimensian BOOxBOO feet. Again, 
the above dcscribed kw product and injec
tion well location variations had no 
eff~ct on the calculated recovery and 
producing temperature. ThC· larger frac
ture r~sulted in a considerably higher 
bottomholc producing temperature vs. time 
and a lo~er fractional energy recovery. 
Calculated absolute enerqy recovery at 
3,000 days was hígher for the larger 

11 ~ 11 
fracture-- 3.53 x lO Dtu vs. 1.155 x lO 
Btu for thc 400x400 foot fracture. Thus, 
a fourfold increase irl fracture area caused 
a thr~cfold incr(·~sc in cnerqy rccovery. 
Avcr~qc cnthalpy of produccd water was 
196 Btu/lb correspondinq te an average 
tcmper~turc of produccd water of 292°F. 

The runs wcre pcrformcd usinq automatic 
time stcp control duc to the rapid initial 
transicnts. With a first tim~ stcp of .1 
days, a subsc(;ucnt minimum ~t of .2 days, 
control by l50°F m.Jxlmum qrid block tcm
peraturc chanqc p1~r t1mc stcp and a 
m.Jximum tlmc stcp of sao days, lhc model 
took ll timo steps to 3,000 day~ for the 
100,000 0.1rcy perme.Jl>iltty. Computer time 
!or thi.s run w.ls 4b CDC 6600 CPU scconds. 
T'wcnty of thesc St~conds were re.quired for 
the first two t1mc st~ps. 

72 
Calculated results for pcnmeabilities 

less than 100,000 Darcies exhib:ted no 
circulatory •free• convection type cells 
in the vertical fracture plane. ,Table 8 
shows an example of these rcsults at 
3,000 days for the case of a 400x400 
foot fracture, and 100,000 Darcies frac-
ture permcability which corresponds to a 
2 mm fracture width. The table shows 
calculated pressures in the .fracture plane, 
temperatures in all planes and interblock 
flow ratcs (positive to the right and 
vertically downward). Water flow is 
uniformly to the right and upwards away from 
the injection in qrid cell i=l,j=l,k=S. Tem
perature uniformly increases to the right and 
upward {in the directions of water flow) 
except in the top row. 

Results for the 800,000 Darcy perme
ability differed markedly from those just 
described. Table 9 shows pressure, tem
perature c...1d flow rate distributions at 75 
days for the 800x800 foot fractuce with 
800,000 Oarcies. y-direction spacin·· was 
altered in this run to .01, 10, 30, ~;tU, 180 
feet. The flow rates in Table 9 show ex
tremely strong "free'' convection cells in the 
SxS grid of the vertical fracture plane. 
Water is in fact flowing downward into the 
ínjecting cell i=l,j=l,k=5. The fiow dís
tribution is complex and the ·temperat'..lre 
change from left te right alternates in sign 
in alternate rows corresponding te alterna
tion in dire9tion of horizontal flow rate.· 

Table lO shows pressure, temperature e 
flow rate distríbutions for thís 800,000 
Darcy coJse at 3,000 days. Whilc. thc. :1ow 
rates are much more uniform with flow 
uniformly upward, the free convcction still 
exists with sorne horizontal flow fro~ right 
te left. Dcviations from a pattcrn of uni
form tempcrature increase te the right and 
upward are small but exist and are cor..:>lex. 
This 800,000 Darcy run was much ~ore dif
ficult than the runs for 100,000· or fewer 
Darcies. The number of time steps increased 
to 21 and computer time increas~d to 14~ CDC 
6600 CPU seconds, largely due to divergcnce 
and repeat of ene of the time steps. 

These fractured hot rack si~ulations did 
not employ ~1ny cnhanced heat co;-.j~ction to 
the fracture due te thcrmal cracking i~duced 
by tempcraturc dccrease. A functional re
lationship bctween therm~l conductivity and 
~cmperaturc or temperature change car. be 
lncludcd ~n thc modcl. Such a re~aticnship 
and·assoclated p3ramcters might be dc¿~ed 
from laboratory or ficld experimental data". 



An im~licit, thrcc-Llitncnsionnl qco
lhL'rm.tl modcl is dc~crilwd .1nJ p.1rtially 
t.:'V.lluat:cd in rc·spcct to sl.ti.Jil ity C~r time 
stL'f' tolcraOc<...·. Thc mndPl i5 onty p:1rtty 
implicit in Ct'rtain .1p¡•l ic;,tionti when"! 
V<ll ious t:erm:i ,\s~uci.lt\'J wilh :1lloc.¡tion of 
wult ratcs amon'J ope11 laycr~ are treatcd 
cxplicitly_. 

The implicit modcl stably uccommodatcd 
tinu: steos "corrcsnond ing to 80-100~ s.:J.tura
tion cha~gc in a ~rid block and tl1roug~put 

ratios thc arder of 10
8 in severa] illustra

t.iVD multiphusc flow problcms. This compares 
with our expcricncc of li1nits of 3-10% 
saturation changc and throughp"ut ratio of 
roughly 20,000 w1th SC'Jni-implicit gc:othcrmal 
and oil reservoir modcls. Thc implicit modcl 
stahilitv.allow~'l incl1Jsion of fractures and 
wellb~rec .J.S small-volumc grid block.s in 
severa! rnultiphase flow test problems. 

An analytical dcriv.J.tion is pr~scnted 
for a wcll deliverabill~Y rcduction factor 
whictt can ~e uscd ih simulations using large 
gricl blocks. Tho factor üccounts for in
crcuscd pressurc drop ncar thc well due to 
hot water flashinq and steam expansion. 

The modal was used to simulatc two-phase 
depletion of a fractured matr.ix rcscrvoir 
with hori.zontal and vertical fractures in
cluded as grid block.s. The results were 
poorly matchcd by conventional simulation 
which treats thc reservoir. as an unfractured 
fonnation with high cffective permeability. 

Simulation of a singlc-phase flow, 
prcssure drawdown test in a tight formation 
with horizontal fractures showcd upward con
cave curvaturc of the pressure drawdown vs. 
ln(t) plot. Thc dcgrcc of calculatcd cur
vaturc and attcndant interpretation dif
ficulty incrcascd with dccrcasing matrix 
permeability leve::l and dccrea~ing horizontal 
fracture spacing. 

The final illustrative application 
trcntcd heat extraction from a fractured, hot 
dry rock systcm. For a qivcn cold water 
injection ratc, thc c.J.lculated.energy 
recovcry and production wcll water tem
peratura vs. ti.mt! were not affected by 
fracture pcrmcdbility-width product or in
jection well loc~tion. The fracture con
ductuncc ~as vorif:d from 2 to"l6,000 Darcy
ft, while injection wcll location was varied 
only from Lhc bottom corncr:to thc mid-dcpth 
of the fracture planc. A fourfold increase 
1n fracture arca from 400x400 to 800x800 
quarn fcct rcsultcd in a thre"cfold increa.Se 
n calculated cncrqy rccovcry at 3,000 days 
or the sume cold Water injcction ratc. 

A limitrl! invcsti~~tion of time trunc~
tion t!rror indicat~s th~t accept~bly low 
lt.~\'P}f, C.:ln 0l~cur 111 9plte of ,,vcr.l•Je m.1ximum 
(o\'Cr •lrid) s~1.tur.1tion changc::. per time 
st~p as hi~h as 60\. 
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cross-scctional area normal to 
2 flow, ft 

compressibility, 1/psi 

specific heat, Btu/lb-°F 

rack spccific hcat, Btu/cu.ft rock-°F 

water phase volumetric fractional 
flow 

gas phase volumctric fractional flow 

well d~liverability factor, fraction 

enthalpy, U + pv, Btu/lb 

absolutc permeability, md 

relative permeability, fraction 

relative permeability to gas at 
irreducible water saturation Swc 

therrnal conductivitj', Btu/ft-day-°F 

.numbers of grid blocks in reservoir 
grid system, in x, y, z directions, 
rcspectivcly 

desired or target production rate, 
lbs 11 20/day 

production rate, lbs H20/day 

enthalpy production rate, Btu/day 

heat loss rate, Btu/day 

water vapor pressur·e 

gas phase pressure, psia 

wellbore flowing Pressure, psia 

capillary pressure, p
9 

- Pw• psi 

throughput ratio, Equation (31) 

radius, feet 
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Figure 12 shows a rapid decline of 
produccd water tempcraturc from 500°F to 
lcss than 300°F in lht! f.1._rst f•·!w d~1ys fo1-
lowcd by,-. vcry fl.lt dc.:clin1! fcom 170°1'" to 
137°F from ·1,000 to 1,000 ~ays. Fractional· 
cncrgy rccovcry is 0.166J at 3,000 days, 

. 11 
cquivalent to 1.155 x lO Dtu or an average 
of 64 13tu/lb water produccd (enthalpy rela
tivc to zero U at 100°F). The average tem
peraturc Corresponding te this average 
entha1p)' is about 162°F. 

The fracture width w controls system 
conductivity or throughput. The corre
sponding parameter or qroup of importance 
is t.he kw Darcy-feet product, which is 

proportional to w3 since fractUre perme

ability is prOportional to w2• We used 
permcabilities up to,aoo.ooo Darcics with 
the .02-foot model dimension for· the 
fracture. This 16,000 Darcy-foot kw 
product corresponds to a· fracture width 
of 4 mm using the fracture permeability 

equation k= 10 8
w2112 (w in cm). Fracture 

width, i.c. the kw product, had no cffcct 
on the calculated rccovcry and. temperature 
shown in Figure 12. 

Mod~l runs were madc with the injec
tion we11 located highcr, 200 feet from 
top of formation in ccll i=l,j=l,k=J .. The 
change of injecLion location had no effect 
on calculated recovery and prodúcing 
. ternperaturc: 

Figure 12 also shows ca~culated re
covcry and tcmpcruturc for a·larger frac
ture of dim~nsion 800x800 fcct. Aquin, 
thc abovc dcscribed kw product and injec
tion well location variations had no 
effcct on the calculatcd recovery and 
producinq tcmperaturc. Thc larqcr ~rac
turc resulted in a considcrably hi.gher 
bottomholc producing temperatura vs. time 
and a 1owcr· fractional cqe.rgy rccovery. 
Calculatcd absolutc cne~qy'rccovery at 
3,000 days was highcr for thc larger 

11 . . 11 
fracture -- 3. 53 x 10 Btu .vs. 1.155 x 10 
Btu for thc 400x400 foot fr~cturc. Thus, 
a fourfold increasc in fracture arca causcd 
a thrccfold incrcusc in cncrqy rccovery. 
Avcraqe. cntha lpy of ¡H·oducC'd water was 
196 Htu/lb corrcspondin<J to .10 aver.1qc 
tempcratuz:-c of produccd watc~ of 292°F'. 

The runs wcrc pcrformcd· usinq autom41ti.c 
time stcp control due to thc .. rapiJ initial·· 
tran~ients. With a f1~st ~imc stcp of .1 
days, a subsequent mínimum ~t of .2 days, 
control by 150°1~ ~~ximum grid block tcm
pcraturc chanqc pl~r tir:-.(!' stcp anll a 
m.1ximum time stcp of. )00 day:i, thc modcl 
took 13 time stcps to '3,000 ,1.1ys for thc 
100,000 0.1rcy pcrrr.c.1bility .. Computer time 
lar this run was 46 CDC 6600 CPU scconds. 
1"wcnt;· of thcsc ~;C'conJs wero requ1red for 
thc first ~wo time stcps.· 

71 
Calcu1atcd rcsults for pcrmeabilities 

1ess than 100,000 Oarcics cxhib:tcd no 
circul~tory "'free" conv~ction type cclls 
in the vertical fracture ¡1lanc. TJhle 8 
!..ihows ,,n cxamplc of th('Se resul ts at 
3,000 Uays for the case of a 400x400 
foot fracture, and 100,000 Darcies frac-
ture pcrmeability which corrcsponds to a 
2 mm fracture width. The table shows 
calculated prcssurcs in the fracture plane, 
temperatures in all pldnes .and interblock 
flow rates (positivc to the riqht and 
vertically downward). Water flow i.s 
uniformly to the riqht and upwards away from 
the injection in grid ce11 i=l,J=1,k=S. Tem
perature uniformly increascs to the right and 
upward (in thc dircctions of water flow} 
except .. in thc top row. 

Results for the 800,000 Oarc·: oerm~
ability differed markedly from thés~ ~ust 
dcscribed. Table 9 shows pressurc, tem
perature ~·ld flow rate distributions at 75 
days for the 800x800 foot fracture with 
800,000 Darcies. y-direction spacin·· was 
altered in this run to .01, 10, 30, 70, 180 
feet. The flow rates in Table 9 show ex
trcrne1y strong "free'' convection cells in the 
SxS grid of the vertical fracture plane. 
Water is in fact flowinq downward into the 
injecting cell i:::l,j=l,k=S. The flow dis
tribution is complex and the temperature 
change from 1eft to right alternates in sign 
in alternate rows corresponding to alterna
tion in direction of horizontal f1ow rate . 

Tablc 10 shows prcssure, tcmperaturc a .. -
flow rate distributions for this 800,000 
Darcy case at 3,000 days. Wh1lc th0 ilow 
ratcs are much more ~niform with iluw 
uniformly upward, thc free coMvectlOfl st1ll 
exists with· sorne horizontal flow frorn r:1ht 
to lcft. Deviations from a cattcrn of ~~1-
form tcmperaturc increase to.the right and 
upward are small but exist añd ar~ co~clcx. 
This 800,000 Darcy· run was much mo~e ctif
ficult than thc runs for 100,000 or fewer 
Darcics. The numbcr of time steps increased 
to 21 and computcr time increased to 14~ CDC 
6600 CPU seconds, largcly due to diverg~nce 
and repcat of one·of the time stcps. 

Thcse fracturcd hot· rack simulaticns did 
not cmploy any ~nhanccd hcat conductton to 
thc fractur0 duc to thcrmal crack1ng induced 
by tcmpcraturc decrcase. A functional r¿-
1ationship bctwecn thcrmal .conductivity and 
~cmpcratu~c or tcmpcraturc change can e~ 
1ncludcd ~n thc modcl. Such a relatior.s~ip 
and dSsoctated p.1rwmctcrs might be dcdL:cc:d 
from laboratory or ficld cxpcr1mcntal data. 
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SUMHARY 

An implicit, thrcc-dimc-nsional yco
therm.ll modcl i5 de5crib~ti .lnd p~rtially 
cvaluatcd in rcspcct to !~toJbility or time 
stcp tolcrancc. Tlic modcl· is only pJ.rtly 
implicit in certain applica.tions whcrc 
various tcrms associalcd with nllocation of 
wcll ratc5 ~~mong opt.·n laycrs are trcatcd 
explicitly. 

A limitcd investigation of time trunCa
tion error inUicatcs that acccptably low 
h.~vcls cun occur in sp1te of avcr.l~c maximum 
(ovcr grid) ti.ltUr.ltion ch.1ngcs pcr time 
stcp as high as. 60\. 

Thc implicit modc1 stably accommodated 
time steps corresponding to 80-100\ satura
tion change in a grid block. tlnd throuqhput 

rati.os the ordcr of 10 8 in sevcral illustra
tive multiphase flow problcms. This compares 
with our exp~r1cncc of limits of 3-10% 
saturation change and th~oughput ratio of 
roughly 20,000 with semi-implicit geothermal 
and oil reservoir moUels. Thc implicit model 
stabilitv ·allowed inclusion of fractures and 
wellboreS as sm~ll-volumc grid blocks in 
severa! rr.ultiphase flow test problems. 

An analytical dcriVation is presented 
for a well deliverability rcduction factor 
"'·hich can be used in simulations using larg~ 
qrid blocks. The factor accounts for in
crcased.pressure drop near the wcll dueto 
hot watC[ .. ~tlashing and stcam expansion. 

The model was used to simulatc two-phase 
dt.>ph~tion of a fracturcd. m~1trix n~scrvoir 
with horizontal and vertical fractures in
ciudcd as grid blocks. Thc rcsults were 
poorly matched by conventional simulation 
which treats the reservoir as an unfractured 
formation with high effective permeability. 

Simulation of a single-phase flow, 
pressure drawdo\<m test in a tight formation 
with horizontal fractures shawed upward con
cave curvaturc of the pressurc drawdown.vs. 
ln(t) .plot. The degree of calculated cur
vaturc and att~ndant intcrprctation dif
ficulty increased with decreasing matrix 
permeability level and dccreasing horizontal 
fracture spacing. 
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k 

kr 

k 
rgcw 

K 

q 

q 

The final illustrativc application qH 
treated. heat cxtractjon from a fr.1ctur-cd, hot 
dry rack systcm. For a givcn cold water qHL 
injuction ratc, thc calculated cncrgy 
rccovery and production well water tem- p

5
(T) 

pcrature vs. time wcre not affcctcd by 
fracture permcdbility-width product ~r in- p 
jcction well location. Tlle fracture con-
ductance was varied from 2 to 16,000 Darcy- Pwb 
ft, while injection wcll location was varied 
onl~· from the bottom corncr ·te lhe mid-dcpth pe 
of the fracture pl~ne.· ·A .fourfold increase 
in fracture arca from 400x400 te 800x800 ~ 
squarc feet rcsulted in a threcfold increase 
in calculat~d energy rccovcry at 3,000 days r 
for the same cold water injéction rate. 

NOMENC!.ATURE 

cross-sectional area normal to 

flow, ft 2 

compressibility, l/psi 

specific heat, Btu/lb-•F 

rack specific heat, Btu/cu.ft rock-•F 

water phase volumetric fractioñal 
flow 

gas phase volumetric fractional flow 

well deliverability factor, fraction 

enthalpy, U + pv, Btu/lb 

absolutc permeability, md 

relative permcability, fraction 

relative pe~cability to 1as at 
irreducible water saturation S 

wc 
thermal conductivity, Btu/ft-day-'F 

numbers of grid blocks in reservoir 
grid system, in x, y, z directions, 
respcctively 

desired or target production rate, 
lbs H20/day 

production rate, lbs H20/day 

enthalpy production rate, Btu/day 

heat loss rate, Btu/day 

water vapor pressure 

gas ph~se pressure, psia 

wellbore flowing pressure, psia 

capillary pressure, p
9 

- P..,• psi 

throughput ratio, Equation (311 

radius, feet 
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V 

w 

X 

x,y,2 

,, 
y 

1 

extCrior radius 

wcllborc radius 

Rcscrvoir Darrcls · 

skin factor 

wat~r phase saturation, fraction 

gas. phase saturation, fraction 

gas saturation at r ; re 

irreducible water saturation 

critical gas saturation 

time, days 

time stcp, tn+l - t
0

, days 

tempe:Cature, °F 

water saturation ternperature, T
5

(p), 
•p 

interna! energy, Btu/lb 

grid block pare volume, V$ 

grid block bulk volume, 6x6y6z, 
cubic feet 

specific volumc, cu.ft/lb 

fraction width 

quality, mass íraction stcam 

Ca1tcsian coordinates, feet, z 
measurcd positivcly vcrtically 
downward 

grid block dimensiona, feet 

time differcncc operator, 

itcration diffcrcncc opcrator, 

6X : x1+1 - x1 

porosity, fraction 

dcnsity, lb~/cu. ft 

spccific wciight or qraUicnt, 
psi/fl (yw = o.,/144) 

mobility, k /u 
. r 

'"'f' 1 _)reservo ir hcat conduction trans-
missibility K/\/2., \o."hcre .t = 
di~tancc betwcen grid block 
ccntcrs, ntu/day-°F 

gas phasc transmissibility, 
(kA/t) (krgpq/~g) X .00633, 

lbs gas phase/day-psi 

water phase transrnissibili~y. 
(kA/q (krwP.,/~w) x .00633, 

lbs water phase/day-psi 

A(T6P) 6 (T A 1') + h (T A P) + 6z(Tz6zP) ,. 
X X X Y Y Y = 

defincd as indicated above 
Equation ( 5) 

viscosity, cp 

SUBSCRIPTS 

e exter.ioi:' 

g gas (steam) phase 

i,j,k. grid block indices, xi,yj,zk 

·grid layer number or index k 

{superscript} iteration number 

n time leve!, t . n 

S saturation condition 

x,y,z denotes x, y or z direction, 
respectively 

w 

wb 

l. 

2. 

3. 

water phase 

wellbore 
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APPENDIX 

CALCULIITION OF DELIVERABILITY FACTOR f 

We consider two-phase, steady-statc 
stcam-w~ter flow from sorne exterior radius R 
to wellbore radius rw. The point R is 

assurned to be satu~atcd,.and pressurc is P at 
R and pwb at rw. 

Dar~y's law givcs liquid water phasc 
flow rate at any radius .. as 

= q(l - X) -2nkózA p rdp/dr w w 
(35) 

whcrc X is flowing steam quality, q is total 
f1ow rate, lbs 11 20/day, kAz is md-ft product 

x .00633, Aw is krw/~w and pw is water den

sity in lbs/cu.ft. Intcgration using the 
fact that q ·is constant gives 

..... , .. , 
1 

q = dp ( 36) 

or 

q ( 3 7) 

whcrc thc integral I is a function only of 
thc intcgration limits pwb'r.a:ld of steam 

satur~tion S at R bccausc, as we will now 
q 

show, thc inteqrand A .~· /(1-X) is a single-. . w w 
valucd calculable function of prcssurc p. 

Flowing quality X is rclatt~d to frac
tional flow by 

X ( 38) 

• 
and entha1py per lb of f1owing stream is 

H = (39) 

At steady-state, flowinq stream enthalpy is 
constant and from (39), 

(H-H )/(H -H ) = X(p), 
w g w 

( 4 o 1 X 

where the dependence upon pressurc alone 
follows from the fact that H is constant and 
saturatel' water and stedm entt.alpies are 
single-va. --~d funct ions of pressurc. From 
Equation (: 

f w fw(p) 

(41) 

where the dependence upon pressure alone 
follows from the fact that ~aturated water 
and steam dcnsities are single-valued 
functions of pressure. 

If p and· S at R are qivcn, then 
e¡ 

cnth..1lpy 11 (=.:tn be.> calculatcd from Equations 
()8) and (39). Civcn H, 'We c.Jn calculatc 
the values of X(p) and fw(p) at any pressurc 

from Equatíons (40) and (41). Thus, the 
integral in Equation (36) can be numcricall;· 
intcgratcd for any givcn values of P, o b d~d • w 
sg. 
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wc now corisidcr a grid block of largc 
Jimcnsions, óx-ty, with cquivalcnt exterior 

r•1dius re detcrroined by rrr~ = óxt-.y. Assuming 

stcady-state single~p~ase water flow from_an 
undersaturated cond1t1on at re to saturat1on 

point R, Oarcy's law gives 

q ( 4 2) 

where P is pressurc at saturation point 
radius' R and .\gc is zero i f R < re: Equation 

(37) describes flow from saturation point R 
to rw and can be written 

q 2nkóz 
-R
ln-r,. 

I(~wepwe + Agepge) 
( X ' + X p ) (P p ) (P-pwb) 
. we~we ge ge - wb 

( 4 3) 

Solvinq for p~ - P from (42) and P - pwb from 

(43) ano addinq the results qivcs 

q 

wherc 

f 

= 
2nkóz(~ p + l p ) 

----::-""-'"'-''"'"-"=---'Jo~..".:.-__,g..:e_( - ) 
re 1 R Pe Pwb 

ln¡¡- + r lnrw 

1 __ ¡ J 

= (X ·' + X P l (r-p b) we we gc qe w 

( 4 4) 

( 4 S) 

In Equations (44}, (45), if the exterior 
radiu~ r is undcrsatur~ted, ). = O and R e gc 
must be calculatcd by trial and error if p 

e 
and pwb are given. P is, of course, eq~al to 

saturntion Pressure corrcsponding to tem
perature at re. !f q is givcn, then R can be 

calculated dircctly from (42). 

lf thc exterior radius r is saturatcd, 
e 

thcn k :=" 'e:-' P = pe ilnd Equation (44) bccomcs 

2'!'1k,'.7. f ( l ¡) 

re we wc 
ln-

rw 

(46) q 

whcrc f is tiivcn by (45) with P = Pe· 

Wc havc USPd an andlysis similar to 
lholt qivcn herc to c.1lcul.lte rcrl11ccd Jcliver
ability of oil ~~:11~ ctu0 to Tt'l0asc and 
cxpan~;ion o( solut1on qas accump.lnying prcs
surc decline nco.1r thc wcll. 
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TADLE 1 

SlNGLE-WELL RADIAL FLOW TEST PROBLEH 7 ~J 

Formation Thickness SOO ft 

Pcrmeability lOO md 

Porosity 0.2 

Wellbore Radius 0.25 ft 

Exterior Radius 2,000 ft 

Initial Prcssure at Formation Top 450 psia 

Initial Temperaturc 400•r 

Initial Saturation s.., • \ 1.0 

Capi llary Pressure O 

krw' krg from Equations (26) 
Res. and Overburdcn K 38 Btu/ft-o-•p 

Res. and Overburden Cp 35 Btu/cu.ft Rock-•r 

Rock Compressibility 4 x 10-6 1/psi 

Minimum Wellbore Presaure 160 psia 

WELLBORE NOT WELLBORE 
INCLUDF.D IN GRID INCLUDF.D IN GRID 

GRID BLOCK RAUTUS, fEET CRID BLOCK RAOIUS. FEET BLOCK 
INNER INNER PORE VOLUME 

~ ~ BOUNDARY CENTER BOUNDARY RES • BBLS"' 

1 .4 .25 • 25 o 3.50 

2 1.07 .68 .40 .25 4.45 

3 2.91 l. 84 1.07 .68 3.28 X 10 , 
102 4 7.91 5.00 2.91 l. a4 2.42 X 

S 21.46 13.57 7.91 5.00 l. 7a X 10 3 

6 5~ .25 36. a4 21.46 13.57 l. JI X 104 

7' 15a.IO 100.00 58.25 )6.a4 9. 6 7 X !0 4 

a 429.16 ·271. 44 158.10 100.00 7. 1] X 105 

9 1164.92 736.81 • 29. 16 271.44 5.25 X 106 

10 1164.92 736. a 1 3.87 X 107 

*THESE PORE VOLUMES ARE FOR BLOCKS IN ONE 100-FOOT LAYER. 

TABLE 2 

EPPECT OF TIME STEP SI7.E ON 

ONE-OIMJ-:NSIONAL RADII\I. t'LOH RESULTS 

TIHEt OAYS Tlt>tf: STEP 517.[. OA.YS 

~ ill 500 1000 fOOO 4000 

MASS FRACTION rnooucr-:o .16 70 .1669 .1669 . 1665 .1642 

BOTTOHIIOLE QUALITY .0~59 .0566 .0576 .058J .0576 

RATl:, 1000's LDS/IIR 115.3 113.8 111.9 111.6 115.4 

~ 250 500 1000 2000 4000 aooo 

MASS FRACTION PRODUCE O . 3 !50 • JI 33 • 3102 .)048 .2950 • 2756 

BOTTOMIIOLE QUALITY .0674 .0671 .0668 . or.c. 1 .0665 . 0638 
RATE, 1000's LDS/IIR 90.5 90.9 91.2 91. 3 92 96.9 

~ 250 ~o o ~ ~ 4000 8000. ~ 
HASS f'RACTION PROOliCF.O . 49S9 .4935 . ~889 .4aOJ . 4644 .057 .3a65 
80TTOMIIOl.r. QliAl.JTY .1442 .1420 .1 38 o • 1 JIO . 1197 .1039 .oa35 
RATE. lOOO'a LDS/11~ 43.5 u 4S 46.9 50.2 56. 3 ~7.9 
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20 RIIDIIIL-Z RE~ULTS AT 10,000 DIIYS 

MASS OOTTONIIOLF: llTU/Lil Rl\TE AVERAGE 
RUN OPEN TUOING rRJ\CTION PRODUCING PHODVC!:O liT lOOO's [)TU/LB 
NO. LAYERS llOTTO~! PRODUCE O QUIILITY 10,000 DIIYS .L!l:./IIH PRODUCED 

1 1-1 1 .1167 .0769 371 21 354 
2 3-3 3 .3001 .0518 349 46.7 H7 
3 5-5 5 .4741 .0486 346 77.4 347 
4 1-3 1 .3395 .1305 417 44.6 369 
5 1-3 3 .3461 .1343 421 44.9 368 
6 3-5 3 .5565 .1085 398 60 356 
7 3-5 5 .5622 .1101 399 60.6 3 59 
8 2-4 3 .4579 .1208 409 53.1 362 
9 .1-S 1 .5574 .1485 432 59.9 370 

10 1-5 3 .5656 .1537 437 59.7 371 
11 1-5 5 .5709 .154 6 439 59.9 371 
12* 1-5 3 .7459 .7058 915 38.7 423 

*k = 500 md 

TIIBLE 4 

CI\LCULATF:D PRESSURES, TEMPERATURES ANO 51\TURJ\TIONS AF''ITR FIRST 2000-DAY TII~E STEP 

TWO-DIMENSIONI\L RADIIIL-Z HESULTS; ALL LAYERS OPE~; TUIJING 1\T LAYER 3 

PRESSURE AT GRID BLOCK CENTER ([>sia) 

1 2 3 4 5 6 7 8 9 10 

lf, l. S 167.4 179.7 191.4 202.5 213.2 223.5 233.1 241.5 247.0 
lf,,,,Q 167.2 180.1 192.4 204.0 214.8 224.7 233.6 242.0 247.5 
1&4.2 175.2 197.1 215.2 228.9 238.5 244. 3 249.0 260.7 271.1 
170.1 ]88.2 219.4 239.4 248.6 258.2 271.6 285.0' 297.7 308.2 
l"/6.4 200.7 235.9 250.7 266.7 285.9 304.5 321.3 334.8 345.4 

TEMPERI\TURF:, DEGREE,S ri\IIRENIIEIT 
'· 

361.1273 364.3070 370.9480 . 377.2541 381.6283 385.6721 389.5429 393.1817 396.3912 398.4668 
361..3719 364.2135 371.1780 377.8018 382.1824 386.2585 390.00J8 393.3~36 396.57S2 398.6500 
362.5504 368.5034 379.6426 386.4313 391.5900 395.2240 397.4':.00 398.5491 399.0S35 3'J9. 6062 
365.7484 375.5500 388.0089 395.5828 399.0524 399.2727 399.3217 399. sr,s 399.7SS8 399.8914 
369.1330 380.9194 394.2408. . 399.8457 399.9718 399.9165 399.8735 399.8967 399.9551 399.9751 

STEAM SATURJ\TION 

.9989 .7452 .7379 .7363 • 7~54 .7339 .7325 . 73Ó3 .7272 • 7210 

.9761 .5917 • 5158 .4886 .4734 .4607 .4475 .4300 .3833 • 2872 

.8993 .4812 • 3776 .3195 .2613 .1920 .1017 0.0000 0.0000 0.0000 

.8668 .4386 • 3208 .2191 .0746 0.0000 0.0000 0.0000 0.0000 0.0000 

.8510 .4052 .2565 .0715 0.0000 0.0000 0.0000 0.0000 0.0000 o.oooo 

' 

., 
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TABLE S 

NUHBER OF TT.ERATifJriS PER TIME STEP 

ALL LAYERS OPEN; TU!IINC IN I.AYER J 

.u, DAYS 

ll.Q. .ill..2. ~ 

2S (. 9164) 29 (. 98911 <1 (. 9989) 
1 (. S446) • (. 2000) 22 (.42971 
8 (.1186) 14 (. 6517) 6 (. 4101) 
8 (. 2142) 9 (. J229) S ( .181J) 

lo (. 2012) S (.2219) S ( .220!:1) 
6 (.1S1ll 6 (.2271) 
S (.1064) • (.18261 
S ( .1329) 5 (. 0948) 

• (.1211) • { .l 334) 
J (.1200) • (.1176) 

• ( .1040) 2 (.097)) 
S f. 0645) 
6 (.0481) 

• (,0589) 

• (.06811 
J (. 0672) 
l (.0624) 
2 (. OS9l) 
2 (.0551) 
2 (.0529) 

•THE SECOND TIME STEP AUTOKATICALLY CUT TO lOO DAYS DUE TO 
DIVERGENCE; THE 11 Tll STEP WAS 900 DAYS; ALL OTHER STEPS 
NERE 1,000 OAYS. 

TABLE 6 

CALCULATED RESULTS Af'T~R F'IRST 'i00-DA\' TIME STF:P 

TWO-DIMENSIONA.L RADIAL-Z RESULTS: I.A\'ER5 2-4 OPf.N: TURI!lC: AT I.AH!l. 1 

PRF.SSURE AT GRID BLOC!< Cf.:-ITf:R Ce :o> L.t) 

1 2 ) • 5 6 1 8 9 

248.1 248.1 248.1 248.2 248.] 248.5 '248.8 249.2 
172.2 181. S 206.4 224.6 238.2 2-17.0 250.5 257.9 267.9 
177.6 196.1 227.1 24S. 5 251.8 266.4 280.9 294.1 )04. 8 
184.7 209.5 242.5 254.4 276.1 '297 .4 ll6. 7 ]]1. 2 341.9 

360.8 360.8 l60.8 360,9 161.4 363.4 )69.6 )79.1 ' 
TEHPERATURE, DEGREES F'AHRENIIF:IT 

198.8922 ]Q8,8827 J'JB,BBSS 39R.R981 398.9423 399.0276 )!)9.1301 399.3082 
366,8782 372. 97Sl ]83.0746 lR9. 9t:l'i) )')'j. ll f>b J18. 4f,Q l y¡q;7671 }99.8~'16 )99.8979 
]69.8058 379.2011 )')O~??Jl 31}7,90fi) N9. I}BBfi l'19.n76 )9'1,1}721 J99,<lf194 )91}.9802 
J7J.6ll4 )84.2601 J'Hi. 7470 400.2blB 400.]lc, 1 .10l) .14 72. 400.08-H 400.0!82 399.994) 

400.0292 400.0296 400.0)04 400,0)11 400.0)12 400.0275 400.01-11 399.9995 

STEAM SATI'Il.ATJO~ 

. S69) . 5692 .5692 • 5696 .56S4 • 0:.489 .493') • )755 
.8640 ,.1688 • )697 . )098 ,2471 .1669 .0444 0.0000 o.oooo 
,8491 .42:'') ,2978 .1772 0.0000 0.0000 0.0000 O.OJ(lO o.oooo 
.8249 . ]840 . 2147 0.0000 0.0000 0.0000 o .00(10 o .0()00 o.ocoo 

0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 O.OOOQ 0.0000 

TA.f\LE 7 

SUK."'.AkY OF' FRACTUFn:o XAiRIX RU~ (11.\RACTf:RJSTIC~ 

A.Vf'H.AGf: AVt:RAr.f. 
PRONLCTJON TlMr. TOTAL N11.'1/lt:R nr ~)(l"1l1M ":'"TA.~ RUS. 

RUN RATt:, !'·Tr.r, TI!'1r:, ITI:RATIONS !'".ATUkA~ION TlMf:, .. [)(' 

10 

249.9 
275.7 
312.8 
350.0 
387.2 

)99.555) 
)99.'l~22 

199. '-''l04 
!99. 99'>4 
399.9978 

. 2414 
O.CJ(IO 
0.0000 
O.GOOO 
o.oooo 

!!2..:. !:~ ~.\_11 fl~Y,.:'!, t_t~ '2_1A:.Ot~t~STF.P ~t. OO n·u :- t:CCIN es 

40 lO Hao S, 1 o. 38 12. 3 

' 40 60 HOO 8,5 0.66 26. 5 

J JO 1:0 4JOO "' o. J 1 20. 7 



l .• l 
TAnu: B J .J 
·----

IIOT DRY rwn: Rr~~.'g=~-~T _ _2~_oo D•!._\~-

400 X 400 FITT, 1 nn, 0~_(2--~!JLU'IV\~1~ 

!'JH:r.~t:RE, PSTA 

J . 1 

1 2 3 4 5 
¡. 1 BOl. B BOl. 1 BOL. 6 BOL. 4 ~01. o 

2 B36.1 036. o 835.9 B35.7 835.6 
3 B70.6 ,B70. 4 B70.3 B 70. 1 B70. o 
4 905.2 905.0 904.B 904.6 904.5 
5 940.2 939.6 939.2 939.0 9l8.B 

!F:I'1Pl:RATURE, •r 
J • 1 

1 2 3 4 5 
1 138.4375 139.1442 139.127B 137.9985 117.4555 
2 120.3707 .123.2967 126.26B4 129.1460 134.0118 
3 l!O, 5972 111.3772 IIB.9110 924.1954 132.1117 
4 104.7869 108,3910 113.26B6 119.6754 129.3627 
5 101.5197 104.41B4 108.9581 115.5032 126.0568 

J • 2 

1 192.0262 192.6029 192.6152 191.14B3 19l.30B1 
2 176.3268 17B.7B8J 181.4228 184.0100 187.B308 
3 166.5993 169.9373 174.1229 178.9975 185.4905 
4 160.7664 164.0263 168.6004 114.5594 182.6227 
S 157.5B81 160.3054 164.6232 170,7594 179.5778 

J " 3 

1 429.3812 429.4605 429.4268 429.2234 429.0697 
2 425.2453 425.7926 426.4512 427.0833 427.7481 
3 421.5898 422.5007 423.7477 4~5.1202 426.4752 
4 419.1658 420.1519 421.6267 421.4105 425.2228 
5 417.9100 410.8160 420.2795 422.1785 424.2129 

J • 4 

1 494.8779 494.8820 494.B786 494.8643 494.8519 
2 494.5635 494.6016 494.6501 494.6957 494.7357 
J 494.2421 494.3122 494.4119 494.5182 494.6096 
4 494.0161 494. C%5 494.2197 494.3629 494.4906 
5 493.8991 491.9765 494.1021 494.2578 494.4033 

J = 5 

1 499.9092 499.9092 1 499.9092 499.9090 499.9088 
2 499.9036 499.9042 499.9051 499.9059 499.9065 
3 499.8974 499.8986 499.9005 499.9024 499.9039 
4 499.8928 499.8943 499.8966 499.a993 499.9014 
5 499.B905 .499.8919 499.8944 499.8973 499.8998 

X-DTRECTION FLOH RATE, LBS/HR 

J • 1 

1 2 3 4 5 
1 0.0000 2016.3670 4220.8752 7060.5410 12124.8302 
2 0.0000 1894.5775 3315.5218 42~-6.6210 4316.0297 
3 0.0000 2721.4537 3732.2798 3613.6808 2148.8300 
4 0.0000 5329.2430 5442.0878 D42.;514 2582.6891 
5 0.0000 13038.3583 8289.2342 5706.4035 3427.6178 

.Z-DIRECTION FLOW RATF: t LBSLlfR 
J • 1 

1 2 3 4 5 
1 0.0000 0.0000 0.0000 0.0000 0.0000 
2 -2016:3674 -2204. 5087 -2839.6660 -5064.2894 -12875.1657 
3 -3910.9451 -3625.4529 -3780.7657 -5123.6984 -8559.1363. 
4 -6632.3988 -4(, 1(¡. 2794 -3682.1667 -4018.8478 -6010.3065 
5 -11961.6419 -4749,1240 -2502.8306 -2278.7858 -3427.6175 
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TADLE 9 

HOT ORY HOCK RESULTS AT 75 DAYS 

800 x 800 FEt-:T, 800,000 OliHCY FRACTURE 

1 
800.3 
856.7 
914.9 
975.2. 

1039.3 

1 
468.3370 
462.7538 
399.0010 
375.0946 
18.9. 6355 

483.8634 
480.5561 
444.7546 
427.2917 
318.5235 

498.8198 
498.5441 
495.6178 
493.9525 
484.7310 

499.9913 
499.9891 
499.9660 
499.9520 
499.8779 

500.0000 
500.0000 
499.9999 
499.9999 
499.9998 

PRESSURE, PSIA 

J D 1 

2 
800.3 
856.8 
914.9 
975.3 

1039.2 

3 
800.3 
856.8 
914.8 
975.3 

1039.1 

TEMPERATURE, °F 

J D 1 

2 
471.2289 
457.2984 
407.6237 
361.0486 
220.9219 

J e 2 

485.4144 
477.4840 
449.7848 
419.0025 
336.7667 

J • 3 

498.9383 
498.2961 
496.0338 
493.2536 
486.2680 

J = 4 

499.9922 
499.9871 
499.9693 
499.9464 
299.8902 

J.:: 5 

500.0000 
500.0000 
500.0000 
499.9999 
499.9998 

3 
474.2237 
452.0257 
416.3509 
347.2332 
247.4867 

486.9969 
474.5136 
454.8366 
410.6463 
352.4652 

499.0600 
498.0542 
496.4561 
492.5389 
487.6116 

499.9931 
499.9852 
499.9726 
499.9407 
499.9011 

500.0000 
500.0000 
500.0000 
499.9999 
499.9998 

X-DI RECTION FLOW RliTE, I.DS/IIR 

J • 1 

1 
0.0000 
o.oooo 
0.0000 
o.oooo 
0.0000 

2 
20882.9777 

-23698.1287 
25170.5939 

-28661.3533 
31305.4018 

3 
23901.9082 

-27708.6156 
29614.1274 

-32354.1902 
31635.7540 

%-OTRFCTION rt.OW RAT.t_:. t.OS/IIR 

J • 1 

1 
0.0000 

-20883.0478 
2815.0101 

-22J~~.74JB 
6305.5481 

2 
0,0000 

-3018.990R 
1001.4~71 

-33b2.2Sl5 
·))0.4875 

3 
0.0000 

-89'j,4625 
-356.1100 
-444·.4305 
-409.1554 

4 
800.3 
856.8 
914.8 
975.4 

1039.1 

4 
477.2610 
446.7013 
425.0627 
333.3667 
271.6548 

488.4728 
471.6448· 
459.6667 
402.3857 
366.8352 

499.1664 
4.97.8271 
496.8485 
491.8 334 
488.8412 

499.9939 
499.9835 
499.9757 
4fJ9.9)50 
499.9110 

500.0000 
500.0000 
500.0000 
499.99~9 

499.9999 

4 
24797.3057 

-28 ll8. 0482 
29702.3131 

-3])~9.5505 

31226.4479 

5 
800.2 
856.9 
914.8 
975.4 

1039.0 

5 
479.9644 
441.5233 
43J.5945 
J18.6657 
295.6675 

489.6844 
469.0360 
464.3795 
394·.1028 
380.9695 

499.2459 
497.6309 
497.2234 
491.1513 
490.0439 

499.9944 
499.98"'!0 
499.9786 
499.9296 
499.9207 

500.0000 
500.0000 
500.0000 
499.9999 
499.9999. 

5 
24949.6943 

-2(,240.1155 
2G6R9.1"8 

-28477. 66H 
28076.8419 

4 5 
0.0000 0.0~00 

-152.4401 -47.A279 
-2250.4712 -26~AB.OH.l 

7to2,5:07 '401.0~60 

-3149.4712 -2~076. 7050 



!.~~ 'J ·1 
IIOT Ola --~t:_ lC !:__!{_1 :.:::..~ 1_1~ ~: ~ AT 3,000 DII.YS - ---·-

ROO x u o u ITI_:.!• .. _P.OO,OtlO DJ\UCY rMCTUfU: 

~!.:_~:2~· PSTA 

J . 1 

1 2 3 4 S 
1 800.S 800.S 800.5 800.5 800.4 
2 866.5 866.5 866.5 866.5 866.5 
3 933. 3 933.4 933.4 933.4 9 J). 4 
4 1000.9 1000.9 1000.9 lOO!. o 100 l. o 
5 1069.4 1069.3 1069.2 1069.1 1069.1 

TF.~ll'l: R.ATIJRE, 'F 

J ~ 1 

1 2 3 4 5 
1 249.9689 248.0220 246.8849 245.8461 244.6164 
2 2LG.S695 218.9366 21f).'i740 219. 344) 218.4954 
3 194. 9029 190.9242 188.9332 188.3424 188.9908 
4 153.6767 160.1790 !(,3. 8029 . 164. 3298 161.8779 
5 106.4226 113.7653 122.3591 132. 9277 147 .. 4336 

J ~ 2 

1 265.8360 263.9998 262.9122 261. 949t' 260.8865 
2 233.9842 236.1508 236.7515 236.5108 23S.6197 
3 212.3962 208.7877 206.9809 Í06.5027 207.2386 
4 172.96.14 178.9138 182.1814 182.5563 180.1299 
5 126.2235 133.4061 141.8190 152.1030 165.9797 

J = 3 

1 124.7246 323. 3435 322.48SO 321.8252 32L 3318 
2 299.2753 300.7499 301.1835 300.8914 299.8991 
3 279.0948 276.7346 27S.5776 275.4845 276.4692 
4 246.9943 251.0076 2S3.05Jl 2S2.9464 250.6793 
5 204.0660 210.4347 217.8984 226.8161 238.1241 

J = 4 

1 451.0672 4S0.7327 450.S302 4S0.4661 450.S618 ;~-

·' 2 44J.07fl4 44 3. )5')8 443.3921 443.1SS3 442.6485 
3 4)4,2412 43.1.8323 433.7200 433.9624 434.5498 
4 423.0384 423.8462 424.1298 423. 76S7 422.7861 
5 404.4443 407.1044 410.195> 413.6774 417.;5n 

J = 5 

1 497.0347 497.0183 497.0098 497.0131 497.0286 
2 496.SI71 496.5274 496.523S 496.5012 496.462S 
3 496.8260 49S.8133 49S.8179 495.8454 495.8922 
4 495.022S 495.0594 495.0655 495.0298 494.9592 
S 493.5814 493.7861 494.0234 '494.2813 494.5475 

X-DIRECTTON FLOW RATE, LBS/JIR 

J = 1 

1 2 3 4 ·s 
1 0.0000 3823.3153 8511.9081 13606.8777 19054.8352 
2 0.0000 2706,8557 2765.7626 2153.8a8 1207.üS27 
3 0.0000 -3422.8521 -3691.5112 -2396.7712 -729.3971 . ' 
4 0.0000 214.0614 -935.5022 -3068.0166 -4893.8505 
5 0.0000 21678.6244 18351.3309 14704.0595 10361.3012 

Z-DIRECTION n.ow RATE, !.BS/JIR 

J = 1 ; 
1 2 3 4 5 

1 0.0000 0.0000 0.0000 0.0000 o.oooo 
2 -3823.8456 -4688.5961 -5094.9711 -5447.9598 -5945.1321 
3 -6530.433(, -474R.OC'"Jb -44R3.0575 -4S01.1982 -47 38.0462 
4 -3107. 2YOO -44'17. 0181 -S779.8014 -616B.S727 -5467.4493 
S -))21. 3739 -3327.2930 -3647.2701 -4342.7575 -10361.3018 
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FIGURE 1 
DELIVERABILITY fACTOR 1 VS. Pw FOR RELATIVE PEAUEABILITY 
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PRODUCTION RATE VS. So• POR RACIAL 

WATER- STEAM FLOW 

... 
T • 400• r Pwb •160 PSI A 

1"" 
- IIIUM[IIICAL IIIOO(l 

--- lhiALfflCAL SOLUTIOM 

... ' ' \ 
z \ o 
~ 100 \ 
• \ ~ 
o f.. L 

L 
o \ 
~ ... 
~ \ 
~ \ .. 
L 

~· 
\ 

ti • 
X \ ...... 
' o :..-- ...... • X / 

" ••• / \ • G ............ r .. \ .; 
/ \ 

/ \ ••• ...... • t ..... \ 
\ 

000 \ 
'\ 

•• • • ·' • .. • . . 
s .. 



\ ·¡ J l 
FIGURE 3 

TIME TRUNCATION ERROR 
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FIGURE 5 
EFf ECT Of PERMEABILITY ANO POROSITY ON 

AVERAGE RESERVOIR PRESSURE DECLINE 
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FIGURE 6 

RAOJAL-Z GRJD fOR MATRIX- FISSURE SYSTEM 

1 

1 lo' 1 

.0,29 

' 
1 

' 
1 

1 

1 
1 

1 
j' 
z 

• 
• 
• . 
. ' 

• 
MATRFX . 

.r-v ERTICAL 
RAC TUR[ . ' 

1----!! ORtZONTAL 
FRACTURE 

' '" 
RACTUA[ 
T(ASECTION 

HIO BLOCK o 

6 

( .. 
J 1 

.1 



·r 

40 

80 f-
... ... ... ... 
% 120 .f-... 
~ ... 
o 

160 f-

200 

FIGURE 7 

MATRIX·FISSURE SIMULATION RESULTS 
AT 1500 OAYS 
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FIGURE 8 
EFFECT OF PRODUCTION RATE ON 

MATRIX- FISSURE' SIMULATION RESULTS 
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FIGURE 9 
COMPARISON OF MATRIX- FISSURE ANO 
CONVENTIDNAL SIMULATio'N RESULTS 
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FIGURE 10 
CALCULA TEO PRESSURE DRAWOOWN, c,p VS. TIME 

HORIZONTAL FRACTURE SPACING • 44 FT. 

RATE •10,000 LBS/HR 

FRACTURE MATRIX 
RUN kw OARCY- FT. ~ PERMEABILITY 110 

1 4 .245 .0001 

2 4 .245 .001 

3 4 .245 .01 

4 HOIIOGENEOUS, k • 90 9 110 

5 546.4 1.26 .0001 
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FIGURE 1 1 
CALCULATEO PRESSURE ORAWOOWN,llp VS. TIME 

HORIZONTAL FRACTURE SPACING • 440FT. 

RAH • 100,000 LBS/HR 
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FIGURE 12 

CALCULATEO ENERGY RECOVERY ANO PROOUCEO WATER 
TEMPERATURE VS. TIME FOR HOT ORY ROCK SYSTEM 
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THEORY OF f!EAT EXTrUICTION FR0!-1 FRACTURED f!DT DRY ROCK. 

' 

by 

A. C. Gringarten, Burcnu Recherchcs Géologique 
et ~linares, Orlcans, France 

P. A. ~:itherspoon, Univcrsity of Californiü, Berkcley ;. 

and 

Yuzo Ohnishi, Kyoto University, Kyoto, Japan 

ABSTRACT 

A theory of heat extraction from fracturcd hot dry rock is 

presentcd based on an infinite series of parallel vertical fractures 

of uniform aperture. Fractures are uniformly spaccd and drain heat 

t'rom blocks of homogeneous and isotropic impermeable rock. Cold 

.¡.rater cnters at the bottom·of each' fracture and soluticns are given 

in tcrms of dimensionless parameters from which thc exiting water 

tempcraturcs at the top of the fractures can be determined.l An 

exampl~ of thc application of thc thcory dcmonstratcs how a mu!tiplc-

íractured systcm providcs a: more efficient mechanism for hcat extraction 

thiln a slnglc fracture in hot, dry rock. 
::· 
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' ·~ 

INTROnt:CTIO:i 

Utilü;¡tio:~ o[ ¡;.:othcnnal E:ncr¡;y is currcntly limited to a small number 
' . 

of naturnlly occurri.n¡; gcothcrmal stcam and hot water rescrvoirs. Thc ¡:;rm.Jing 

intcrest in this new sourcc of cnergy has also stimulated attcmpts to devclop 

a :ncthod of cxtractin¡; thermal cncrgy from thc numcrous regions of thc earth's 

crust containing dcposits of hot dry rock, which m:~y constitute a resource 

at least ten timc:s as largc· as that permcated by groundwatcr. The basis of 

this concept is to devclop an adequate fracture surface to be used for heat 

transfer purposcs. Because of the low thermal conductivity of rock, a very 

large heat-transfcr arca must be provided, otherwise meaningful amounts of 

energy cannot be extracted at practica! rates. 

One proposal (An>crican Oil Shale Corporation, et al., 1971) describes 

a method for recovering heat through a closcd loop cycle of surface water, 

from dry geothermal sites prcviously fractured by a suitablc array of 

sequ2ntially fired, fully contained nuclear explosives. Results from a 

pr:eliminary analysis foreca::;t operation of a 200 mcgawatt powcr plant for 

30 years (Burnham and Stewart, 1973). Soviet workers have also be en con-

sidering the use of in-situ explosions to creare a highly fracturcd rock 

system so that circulating water could extract geothermal heat (Diadkin, et 

al., 1973). 

Anotlwr tcc.hniquc, dcvclopcd by Robinson, et al. (1971), of the Los 

Alamas Sc'Ú,ntific Laboratory requires drilling two parallel dcep borehol<:s, 

the second of which is directed so as to intcrsect a vertically oricnted 

crack produced by hydrau1ic fracturing in the first hole. Water circulating 

down onc we11, through the crack, and ·up the other well would carry off hcat 

from the hot rock to thc surface. A supporting tllcoretical atialysis was 

prescntcd by Harlow nnd Pracl1t (1972), which indicates that mnny tens of 
; 



mer,:~,~·at~& oí thcrmal pO\ler could be supplied for scveral dec<Jdcs, provülcd 

. that the ini tiÍll fracture zone could be extended throu¡:h thc effects of 

the¡¡mal sness cracking in the adjacent hot rocks~ A ficld expcrintent, con-

ducted tn a test wcll drillcd to a depth of 780 m at one edge o~ a volcanic 

calde"ra in thc Jcmez Mountains of Northern Ncw NeY.ico, has shown that ¡¡ranite 

could indced be fr¡:¡ctured hydr¡:¡ulically and was impermeable enou~h in this 

reg~on to hold water tightly (Hammond, 1973), The propagation of the fra~turc 

from thermal stress effects 1 however, has not yet been demonstrated. 

A third concept that could greatly increase the economic life of hot rock 
. . 

geothermal systems 'is that 'proposed by Raleigh et al. (1974}. Observing that 

in many regions the stresses in subsurface rock are rcasonably co~stant over 

large are as 1 they suggest that geothermal wells be drilled ·at an angle 1 in 

a direction perpendicular: to the expected orientation of fractures 1 and that 

a series of parallel 1 vertical cracks be created from a single wcll. The 
' 

1orizontal distance between cracks can be controlled and might be of the 

order of a few tens of meters (Figure 1). 

It is the purpose of·this paper to present the results of a mathematical 

analysis of this third method. 

MATHE>l-'.TICAL HODEL 

The. following discussion will be based_ on a linear model involving an 

infinite series of parallcl 1 equidistant, vertical fractures of uniform 

thicknes¡¡ 1 separated by blocks of homogeneous and isotropic;: 1 impermeable . ' . 
rock, the width of'thc individual fracture being assumed to be negligible 

whcn comparcd to the spacing betwcen the fractures. 

Owing to the spatial pcriodicity of thc tempcrature field 1 it is possible 

'> rcplacc the infinite system by a finitc one 1 consif.ting of a single vertical 
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fracture of thickncss 2b, bell.·c~n t1.•u watrix bl.oclw 11ith an adiabatic outcr 

boundary at· a distancl! from thc 11tiú-p!.1ne of the fracture cqua1 to halí the 

fracturc,spacing. A~ i11uotratcd in Fi¡;ure 2, a rectilincar coordinatc systcm 
' 

5. 

is p1aced such that th,:, x=O p1anc' coincides with thc rnid-p1anc of the fracture. 

Water is injected at z=O, and is f1owing upward in the fracture. 

Thc· follo;:ln~ s~mplifying assumptions are made: 

(1) T!,c product of thc J..,n::ity and heat cap.:tcity íor both the water nnd 

the formation, .:tnd thc forru.:ttion thermal conductivity are constant, Tl1e 1in~.:tr 

·~1umetric and cass ilow rate of thc water is constant in the fracture. 

(2)· Tht: water temperatura, TW(z ,t), is uniform in any cross section of 

the fracture, and cqual, for al1 z, to the formation tcmperature at x=b. 

(3) There is no heat transfer by radiation within the fracture, nor by 

conduction in the vertical dircction within the fracture or the ,formation • 

. 11 heat transport is by horizontal conduction in the rock, and forced convec-

tion along the z axis within thc fracture. 

(4) Initial1y, both thc water in the fracture and thc form.:ttion are at 

the same tcmperature, givcn by thc initial rock temperature at thc point of 

injection, TRO' minus the product of distance z above injection point, and 

geothennal ¡;r.:tdic:nt w, assumed constant. At time t=O, water is injected at 

const.:tnt injcction temperatura TWO' No hcat f1u.X is assumcd across the 

bound3ry at x~xE. 

The difícrc:ntial cqu.:ttion ¡;overning thc water tcmperature, TW(z,t), is 

obtaincd by l<ritin¡; a hc3t balance on an element of fracture volurr.e, (2b·dZ•1), 

betwec~ thc elcvations z and z+dz abovc thc injection point. Bccause of the 

symmctry wlth rcspcct to the fracture mid-pL:mc, this can be writtcn as: 

[ar1~(z ,t) arw(z,t)J = :lTR (x,z, t) 
bpwS-1 at + V 

az ~ ax (1) 

.. x=b 
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whcn' v !.!• thu w:1tcr vclucity, f\.¡ :11u.l c1.¡ thc w.1tcr c.l~n:;ity .1nd r•pcciíic hL!~t, 

·- and KR ia·thc rock thcrmal coo1ductivity. TR(x,z,t) Js thc rock tco:¡>cr;.¡turc:, 

which in G.ov.crncc.l uy thc hcn.t r.onc.luction C'!U:J.tion: 

2 a TR(x,z,t) 

axz 
(2) 

7. 

The tcmpcr6turcs 1:1usl ulso sotis(y the following initin.l and bou11dary COJJditions: 

TR(x,z,t). = Tw(z,t) Tl~O - u.iz, 

TR(x,O,t) = TW(O,t) = TRO 

rwo 

TW(z,t) = TR(b,z,t) for oll z and t 

= o 
x=x 

E 

z 
t < 

V 

if t < o 

ift¡;.O 

(3) 

(5) 

(6) 

The simullnm:ous solul.íon of Eqs. l and 2, subjcct to c<;n<.litions 3 tl.ro::,::; 

6, !s <kri.v<'u in i>ppcnc.li.x A. Thc rl'sult for thc outll't w.:Jter lc!i:¡•<:r.1ttlr·o, :ct 

a di:;t~nc.: z fro:11 thc injection point, c.on be cxprcsscd in a ¡;c¡¡cr;ll fuer. "" 

a function, r,.0 <S,XE0 ,t~) of dimcnsiunlcss par:uncter.s, such th.lt: 

TRO -
T e-· 

WD 1' 

t 1 = 
D 

RO 

Pw"w (g) 
~ z "E 

2 
<Pw"w> 
~pRcR 

(7) 

(8) 

(9) 

(10) 



systeui in thc y dircctlon, nnd t' = t - ~ 

( J '·' . ' 

~ is the time la¡; Lc.:twccn thc 
V 

departuré""of thc water froo thc in}cction point and the arrival at point z. 

Becausc ·this time lag is vcry small in compadson with the lcngths of time 

involvod_in our problcm, t' is practicolly identicol to t. 

T.he dimcnsionlcss paramotcr S was found to havc little effcct on the 

time variation of-~hc outlct water dimcnsionlcss temperature, except at small 

m values, e ven in thc case of a high geothermal gradient. The geotherr.-.al 

gradient can thus safely be ncglected, TRO being now taken as the average 

rock temperatura over the .zonc of interest. The rcsults for this case are 
! . . 

shown in -Figure J, where T~ is plotted as a fw¡ction of t~, for various values 

of the dimensionlcss half-fracture spacing XED' 

The ratio of the amount of heat extractad by the water flowing through .. 
the fracture to the ·initial total heat available in the rock was also computed 

and is shown in Figure 4. 

Although the modcl presented in this paper is strictly valid only for 

an infinite number of fractures, it can also be used as a good approxim;:~tion 

when the number of f.ractures is finite, but large enough, which should be 

the case in most practica! applicatíons. . . . 

EXA!fPLE 'or CALCULATIOii 

When dcsi¡;uin¡; a ¡;cothcrmC~l power plant that uses this concept, a numbcr 

of parametc.:rs are i10po,;l,d and others have to be adjusted. In the systom undcr 

consideration, thl.!_ rock and water propcrties are given, and the total volu:netric 

flow ratc, minimum usable outlet temperature, and useful reservoir lifc ure 

fixed by tcchnical and economical considerations. ~tat has to be chosen is 

the numbcr.of fractures, the dimensions of the individual fracture, and the 
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·cxamp~c of this type o( c;:¡lcubtion is d~~;cribed bclow. 

< • 

111 ordcr to allo·.; comp.nbon w1th the system proposcd by the Loo; Alamos 

grou¡i, thc data given by l!arlo~; and Pracht (1972) wcre used in thc computatíon~. 

Thc•y ·a!;st!Cled a sin¡;l~ fr;¡¡:ture 1<ith a height o( 1 km nnd a lcngth (y direction) 

5 3 of. 1 km and uscd .:1 voltir.>etric flo·.; rate of 1.45 x 10 ct.l /sec. They adopted 

a rock te:r.perature oí 300°C and an inlet w;:¡ter tcmperaturc of 65°C. Their 

-3 1 o re::>;oinin¡; rwtcrial propcrties t;cre: ~ = 6.2 x 10 cal cm scc C, pR = 
3 1 3 

2.65 g(crn , cR = 0.25 cal/g °C, Pw = 1.0 g/cm , and cW = 1.0 cal/g °C. 

Resulting t.;:r.pc,ratun•s are sho~<n in figure 5. With a single fracture, the 

water outlct tc~perature drops v~ry quickly after only a feu years. This 

should be thc case in llarlow and Pracht' s model if thermal fracture propao;ation 

turns out to be negli¡;ible. On the other hand, 1f ten fractures are used, the 

water outlet ter:JI''"raturc will drop at a much lowcr rate, dcpending on the 

(ractu~e spacing. 

The nu:nbcr of fractu;-es in this cxamplc •·os detcrrnincd by thc rcquircn.ent 

of a 297"C ~<ater outlet tcmperaturc· (TWD = 0.013) aftcr 20 years. It can be 

seen from Figure J that this tem¡;erature corrcsponds to t~ = 0.325 and XED > 0.5, 

. . 3 
which, for t' = 20 years, y~elds .Q = 0.145 cm /scc. Sincc this numbc,r b¡· d<:fin-

5 3 
ition, is also equ;ll to Lhc total volurr.ctric flow ratc (1.45 x lO cm /s...,c) 

divid.::d by thc nur::ucr uf fractures, N, and 'by the fracture length (1 kc), thc 

numb~r of fractures. f~l!.1ws inmwdiatcly. Thc rcsult is N = 10. 

1ñe spac.ing bL'twt'vll 'the fractures is .Uctcnuincd by thc v_aluc of thc 

dimcn,,ionJ..-,,,, sp;¡.cin¡; p;trarncter XED' which for thls <'X'-'mplc would be > 0.5. 

It i~ obvious fro:n Figure .3 'tltat tempcraturc will drop at a faster rate for 
' 

smallcr \:o. On thc oth.::r h~'nd, one can sec from Figure 4 that the fraction 

f ener¡;y re:covercd frorn the rock wlll be higher. For example, if one wcre 

to incrco::e thc time pcriod'to lOO ycnrs (tD = 1.6), it can be secn from 
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figure~ J aml 4 t11.ü thl!r<' b no auvant.a¡:,c ia takin¡_; XJ:lJ ¡_;rcatcr than 2 (1Jhlch 

corrcsponJ:; to a frc!<·ture !.>pacln¡; o( 160 m) bccausc a lowcr hcat rccovc¡·y \.'quld 

rcsult ;:~nJ the drillinr. co»ts l.'ould be incL'e.:lscd IJith no improvc·¡,h.!llt in th.: 

outlct ~e~t~eroturcs. 

Obviow;ly, thc l>r•st choice ior1 thc fracture spacin¡; is that 1;hich ~<ouJJ 

yield tlw hir,he~t r.ler.trical pu1n•r outpul for thc Jongc!;t pcriod oí time. 

The fonoul~» for cocoputin¡;: tlu.: clcct ri cal po· .. :er output are givcn in Appendix 

B. The results are sho~-:n in Fi,;ure 6. It can be sccn th.:1t elcctrical po;;~r 

\ 
output is hi¡;hcst for lO fractur"s with a 160 m spacing, and this spacing is 

capnblc' o[ producin[; ¡:;nny Úr.lCS thC pOIIC!r Output of a single fracture. If · 

20 fractures ;;ere U!.>P.d inst17aJ o( ten, the n:~xlmum output of about JO HW 

could be n:aintainetl for a century. 

co:¡CLUS 1 o:; 

1~- Althou¡;h much siloplified, the m;¡them:~tical model used in this study 

fLl shows th.:1t the multi-fr¿¡cturc concept could grcatly incrcase the cconorn.ic 

utilization of hot dry rack ¡;cotherm3l·syctcrus,. If fracture propagation 

occurs thrcugh thc cffects of thermal stress cracking, :~s cxpcctcd by somc 

authors, geothermal encrgy cxtr¿¡ction will cven be greater than that reportetl 

in the prcscnt stuJ)'. 

,

'• 
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SpccL:ll c;¡,;cs of thc m:Ithcm3tical pro!Jlcm consid<.:rcd in the prcscr:t 

p.:~pcr h:1vc bccn stu<.iic.:J by pr'"ví.ous authors. Bodv:Irssoa (1969) solvcd thc 

problcm of const.:~nt fl.ow uith sinusoidal temperatura through l:Iminatcd 

salid,· and solutions for xE = • wcre publiGhed by L:1~ucricr (19S5) and 

Carslaw and Jaegcr· (1959). 

An exact analytical solution for finitc xE .w.as reccntly presentad by 

.LJ. 

Romm · (1972). In the prcscnt papcr, _thc problcm is sol ved in a slightly diffcr

ent way, and thc rcsults for infinite and finite xE values are prescntcd on thc 

samc graph in tenas of suitablc dimensionless quantities. 

A solution is obtaincd as follows: we first substituta t' in place of 

tinto Eqs. 1 to 4: 

<lTR(x,z,t') 1 

= "R ax 1 
x~b 

(A-1) 

(A-2) 

(A-3)· 

(A-4) 

Wc thcn introduce the foll01ling dimcnsionlc~s quantiti<:s: 

;¡: .• (A-5) 

whcrc ·IJ is cm arbiq·A"ry i<>hr,th, and Q is.thc volumctric flow rate pcr fr:~cturc, 

pcr unit lcngth of thc,systcm .ü~:. thc y di"i:'cction; 

(A-6) 



... .. 

~., x/b 

1¡¡ "' z/H. 

2 
* . <Pwcv> !l 2 · 

~ • 4K-p e (H) t' 
.ll R R 

Eqs. A-1 to A-4, and S and 6 thus become: 

* a;, 

. . * . . . * 
TWD(Z¡,•t¡, ) • TIID(1,Z¡,,tD ) . 

* 11m TWD(Z¡,•t¡, ) ., 1, ;,* > O 
a;, -+O 

.. o 

. * 

lOo 

~-1 . 

16. 

(A-7.) . 

(A-8) 

(A-9) 

(A-10) 

(A-11) 

(A-12) 

(A-13) 

(A-14) 

(A-15) 

(A-16) 

App1ying the, Lap1ace t~ansf9rm with respect to tD and.so1ving for the water 

out1et temperature yields: 

.!1+~' * ~ S ~ -1 
. (s" tanh ~ ~ 

* B ZD 
+-

S 

. ~ -1 
exp(-~ ~ tanh ~ ~) 

(A-17) 
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where TWD(zD,s) is the Laplace transform of the dimensionless water outlet 

temperatura. 

Eq. A-17 is most difficult to invert analytically, except iu the case 

of a single fractÜre (xE a~), .where invcrsion of Eq. ·A-17 shows that TWD 

can be expressed as a furiction of B (Eq. B) and tD' (Eq. Úl) on1y: 

(A-18) 

7WD has been p1otted versus t0 ' in Figure A-1, for various 8 values. 

The curves are very similar,.except at ear1y t
0

' va1ues. "This indicates 
• . 1 

that the geothermal gradient can be safe1y neg1ected as a first approximation, 

if TRO is tak..:n as the average tcmperature along the fracture height. Setting 

B&O into _Eq. A-17 ru1d neg1ecting 1 in front of ~ yields: 

- . 1 Pw~Q~ 
l'wn(zD,s) • ¡¡ exp(-zD i{s tanh 2~H 18> 

Eq. A-19 was inverted by means of a numerical method (Papoulis, 1957) 

and the result expressed as a function of xED (Eq. 9) and t0 ' (E~. 10) 

is plotted in Figure 3. 

APPENDIX B. ELECTRICAL POWER OUTPUT 

(A-19} 

The total amount of heat in the hot rock. per unit length of the system in 

the y direction, 1<•hich could be recovered by cooling from TRO te T\.IO is: 

(8--1) 

·The heat extraction rate or therma1 power output by the water between 

17. 
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Use of· this water in a power plant working·bctween TW and tWo at 50% of the 

Carnot effieiency would yield a.n eleetde power output equal to: 

., : 

. ; " 

. '· ... 

The eumulative heat extraction by water·over a period t' is given by: 
• ... 

.. 
(B-2) 

(B,-3) 

The ratio of the amount of heat extractad by the water· to · the initial he.at 

.content in the roc'k is thus ·equal to: 
'1 

• ..... ~· 

dt' 

or 
. . ' 

llw 1¡·~ 
.HB.·2~ 

. . o . 
(B-4) 

'· .'· 

. '• . 

... • 
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· :- ·.:tcJ toan c..bstrFct of not ruCil'.! th&n 300 \t;Ord.;. L¡ustration:; tt:'iY not be cipíed. ·~·he 

:. .:::o·u.lcl ccnr..e~n CfhiSpicuous &Ckímde~tgrnent 'Jf whero:: and by whom t':'le peper ~s presen~~d. 
· .-.l:,et·:!!~re bftt~ :n•~·~·.1r:~t:c:'1 :n ~:-t: .JOti:t.:'\L e·:-· f·TF.OL~!t:.¡ J·::~::a::n.; •. :ri or \..he 30CE-:-r:· OF 
:::;::·::~·;::m¡ JOüfJ·:,:. ... ; ~~ l::.:.~oll.:t ~r:in::.:.~·l upvn r~t:;ur::->t to th: Editor uf t'r:~ appropriate 

. p:-~-~-,:dcd agreement to give pr·Jf\~~ ~rt::Uit is :Jade. 

: ,·.·u:·;lo:. of thl e p>ner is inv!to:,i, Tlu·ee oop\cs o:' eny d\scussl<>'l sl':ould be sent to the 
ar retroleum Enginetrs affice. Such di ;ou.>slon mny t>e prosented •t the obove meeting and, 

· · ~ -;"Uper, rt1ay be cor:~ic1erl!d fcr· p·.lblicutinn in ene of t::e tr:o SPE ~t~!l.gaz!r.es. 

Mcservoir analysis methods are 
. lied to simple closed geothermal 
.•rvoirs that produce by internal 

·. orive. Relations nre pre~ented 
~lt~ rcservoi r ter..pcrature, pres-
. and fluid saturations, with the 

tian that the flui~s are rroduced 
· '1ng to their r~spective rrlative 

::.1lities. Calculatcd pertor-
,: are given for various types of 
·•oirs. Results ind·icate tilat hot
. •0servoirs can have complicated 
· · •s, including changing from 
·~·~• of hot water to dry steam. 

1.11.1:1 

·: '···; of geothcrmal energy 
· ·. "•lS accelerotcd in rccent 

·. •·eascd un~crstanJina ·is, 
· :;;~ fundamental heat''and 

lnvolved in geother1nBl 
: : r0duction. Techni~ucs used 
· ·•'· production rcsearchers 

· · ·." ·larly well suited to the 
. · : · ..• ,,. fund~n:ental·s, and to 

''! '·f!rvoir engineerinQ 
· '"~ICral. ' 

.. --·- ---· --
· J;.:.-e•ldix, ~nd· illustrations 

•·• t: r • 

Sorne geothermal reservoirs are 
similar to oll on<:! gas reservoirs. 
The reservoir is a porous media, 
through which thc fluids flow accordlng 
to Darcy's law. Furthermore, some 
geothermal r~servoirs have the equi
valent of cap rocks . 

The analogy between o11 and gas 
reservoirs is the i.asis for the fur:da
mental assu~ptlon 1·f this paper: fluid 
flow in a geothermal reservolr can be 
treated as the flow through a porous 
medium, and Darcy'• law and relatfve 
permeabilities arE applfcable. 

There are many analog1es between 
petrol eu1n and geotl.ermal res.ervoir 
engineering. For cxample, a number 
of the drfves which supply'·r·eservoir 
energy are similar. Tl1e edge nater. . 
drfve 1n a petrole::m reservolr 1s ñnal
ogous to influx fr1m cooler aqulfers in 
geothcrmal reservoirs. Solution gos 
dri~e in petrolPum rescrvoirs ls anal· 
ogous to tno-phasc internal ste~m drive 
in geothermal rese1·voirs. Compaction 
drivc can occur in both. Waterflondlny 
an oil •·eservoir i~ analcgcus to :.et~r 
cycl inq in ,a' hot-"ater g¡,ctherc.:al 
reservo1r. 

. --·--·---- --·- -·---·__¡_ _____ _ 
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nethods of ana1ys1s s1m~1ir to rack graln ~ensity, 0.20 Btu/"F-1b .. •· 1 
those used in petra1Pum reservolr srecific heat of roLk, 40 Btu/ft.ddy-•· 
englneerlng c¡,n be u,·,cd for gcotlier•::¡,'¡ thcrmal conductlvit;,, and 1.0 Darcv'·s 
reservoirs as i11ustlJted by the d~•cl- permeaGt1ity. Resu1ts of these calcu-
opment or·.t~e materld and h~at ~alances lationc for a porostty of .25 are 
In Rt:fer·cnce l. The prr.scnt paper presenr.ed by the dashed 11nes tn 
presents'ari ana1ysls uf Interna! stenm Figure 1. 
drlve, us1ng·methods analogous to those 
used for.-.solutlon ga:, dr1ve fn Rcferenc;e 
2. The án~1ysls pre~entcd herefn fs 
based .on thc followf~·g assumpttons: 
the temperature, pre~sure,iand fluid 
saturatf~n gradlents are small¡ the 
lteam and hot water ~re p~oduced accord
fng to. their respective mobilfttes as 
determined by relat1ve permeab1lltles 

,and vtscosittes; and the effects of 
capillary pressure and gravity can be 
neglected. Sorne gravitationa1 effects 

. however, are treated qual1tat1vely in 
'/. ·;the discusston. Thr~ughout the analysfs 

1 
· and disc~ssion thc produced. ste~.n a~d 

1. " hot water are calcul~ted ne~lec~ing 
thc pressurc and temperaturc drops near 
the we~ls and fn the wellbores. The 
eff~cts of these addit1onal.-~hanges 
must be introduced to obtain sttam 
and hot water production raies at the 
~tel1 head. · · .,, · 

···-·'· 
::.;\}.: ~< ors•:ussrur¡ -------- , ·is--{:. 

Temf•_era Lu_r:_e-Pressure Beh,!lvior 

As pointed out':'.tn Refet·enc~ 1, 
initial temperature _and pressurr f~ 
a gccthermal reservó~r determtn~ its 
resr,rvoir type. The. so1id line in 

. Fig~re 1 presents'.tHi,~oiling c~rve 
for pure water • .('Cur,ves for actual 
geothermal brines·.'~¡jJl·.be modtr·:ed 
by the dissolved sa.1ts3.) Potn~s to 
thc right of the curve ·and be la~/ the 
cri ti cal temperature. ·repr·esent !1ot 
~1ater reservoirs.·".-Pofnts to the left 
of the curve und ~1so points above thc 
criti,al temperatu~e-represellt single
phase or steam reservoirs • . . . . · .. 

Th~ rnathematt¿a1 -analysis is pre
sented fn the l\~p~n~_j'x<·9rdtnary dif
fcrentta1 equat1ons .are derfved for 
the flui~ saturat1dris arid reservoir 
prcssurc (for two;pháse flow) and for 
thc pressure and temperat~re (for 
single-phase flow)/ .. Equations· 13 and 
16 of the Appendi~ were,so1ved numeri
cally for the temperature'-prcss~re 
behavior of closed 'gecthernla1 rcser
voirs .t'ontaining'-frcsh water and havillg 
thc ri:>lative·pcr:me·abilit"y cur•1cs prc-

• t :: •• • ~.: ';. ". • 1 

As production causes the reservotr 
pressure to decline, the temperature 
follow~ the dashed line that pass~s 
through initfal tcmperature and prcs
sure. Severa 1 su eh 11 nes are prese-nted 
in Figure 1. For examp1e, from in1tfa1 
conditions corresporidfng to Point A 
in Figure 1, thc temperature wi11 move 
to the 1eft along line 1 as the pres
sure d~c1ines. This case.(reservoir A) 
corresponds to a single-phase (essen
tially steam) reservoir wtth inlti3l 
tewperature and pressure above the 
critfc~l values. No hot water 1s 
fc~me~ during pressure deplPtion, sihce 
1 ine 1 does not intersect the boil'ing 
curve. The r·~servoir temperature 
remains hig!1 after thc prcssure i~ 
depleted. Thus, 3dditlonal energy 
could be extract~d by water injection, 
beginning at any point along 1ine l. 

The tnitfal conditfons correspond. 
to Point B (re!Prvoir U) in Flyur~ 1 
~epresent a dry-steam reservoir in 
which no hot ~ater is formcd during 
pressure depletion and much heat would 
remain unproduced ·ir the pressure were 
depleted. The tEmperature would move 
along line 3 as the pressure declines • 

Point C (rescrvoir C) in Figure 1 
corresponds to ar, ini ti al hot ~/a ter 
reservoir with pt·essure above the 
bciling curve. Unl11ss d strong rock 
drlve exists, init1ally thc pressure 
declin~s rapidly with prcduction, stnce 
only lfquid expansion and rack cogpac
tlon supply thc driving enerqy. Tha 
reservo1r perfot·nrs essent1a11y tso
thcrmally alottq ltnc. 4 untll the botling 

. curve is reacltea. Then steam begins 
to be generated withtn the reservoir 
and a steam ,phasé begins to bufld up 
withitt the rock pares. This supplies 
a gas drivé similar to a solution gas 
drive in a petrolcum reservotr. As 
~roduction contitiues, thc tet~perature 
and pressure decline along the boi11ng 
curve. The steam saturatton lncrcase• 
~1i tit product i.on and uhcn 1 t rcachn 
it; cquilibriurn saturation the r~ser
voir ucgins tu produce steam along 
•;ith hot water. 

l 
sentcd in Figure 2.: Oth11r valucs u;\\d 
in the calculati~ns--are: •. 162 lbs/fLJ 

·-----·------ ....... · ----·-- ·-- .... ,_, ________ ·-· --·--. ·-· --· ------------ .. --.. '...... ~-' ; .. ,-,, 
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l
l The produced stPa•t-hot water r~tio 

continues to incrcase until thc 'wJter 
saturation is reduced to its maximum 
tmmobile saturation. rlten only 
saturated steam is prüJutcd. Water 
saturation continues to decline until 
all the. water has been boilcd away. 
The temperature then d~parts from the 
boiling. curve and its decline essen
tially stops: The produced steam 
becomes increasingly superhcated, as 
1ndicated by line 4 in Figure l. 

Poi~t O (reservoir O) in Figure·l 
corresponds to a relatively low
temperatur~ hot water reservo~r. 
Except for those case~ with strong 
rock drives, rapid prcssure decline 
with production should occur, since 
only liquid expansion and rock drive 
supply the driving energy above the 
· oi 1 ing curve. Two-phase intern.al 
stco:c drive docs not ioeQin until the 
rescrvoir pres~ure ha~ decllned'to 
a ~mall fraction of its initial value. 
There i~· sufficient w~ter in the pores 
that some·water will remain cven if the 
pressure .reaches.atmospheric.· liost 
of the steam produced through pressure 
depletion of this typc .of reservoir will 
be at low pressures. These .l~w prcs

_surcs re~ult In low cfficicncies if 
• uscJ in steam turbincs to produce power. 

For this reason"power production from 
such reservoirs is perhaps best accom
plished by cycling hot water thrcugh 
the reservoirs and using a binary cycle 
power plant (Referencr 4). . 

F 1 u !.~.....a!~~~ _ _P rodu ct ion Perfo rr.:a nc e 

Fiyures 3 and 4 prc~ent the varia
tions of the rcscrvoir pressure and 
temperature with the perccnt of initial 
fluid ma~s prGduced. Reservoirs A and 
8 pcrform essentially by isotherc:al 
stcam trpansion; rcser~oirs.e anJ O 
involve two-phase interna] steam drive. 
Almost all of tl:e initial fluid is pro
duced front reservoirs A, ll ánd e and 
much of it is produce,¡ from reservoir D. 
Rescrvotrs A and 8 expcrience little 
Letopcrature drop Juring proJuction and 
in rcservoir C tnc tc::tper·ature declines 
from 650 to 530°F. Thus, in thcse 
Cdscs n:uch heat rcwair;s in the rescr
voir rock at the end of pressure deplc-
ti on. : · 

Figure 5 prcsertts thc pressurc 
versus StE'arn 5<1turdti:.n for rescrvoir:s 
.:: _and o.· Thc increasing neg.ative slÓpe 
01 tite rc~ervo·ir C curve ~1i.tl¡ steam · 

satur,1tio1n ·reflects thP. increasing ""·' 
duccd s:eam-hot water ratios as the 
steam s::turation increas~s with pres. 
sure depletion. · 

Figure 6 presents the variation oi 
pressurc with the amount of heat pro
duced which is over and above the amou:•t 
of heat that would be in the reservoir 
if it contained only saturated steam 
at atmospheric pressure and 212"F. 
Rcsults for reservoirs A and B indicat~ 
that relatively small amounts of the 
total hcat are produced during pressur·n 
depletion. Figure 7 presents the pres· 
sure versus he•t recovered in the form 
of stea:n and in the form of hot water 
tor rescrvoirs C and D. These result. 
indicat~ th«t more heat is produced in 
the form of steam than hot water. 
This reflects thc higher heat cont(nt 
and the lo~1er viscosity of tl:e steant 
as compared to the hot w~t.,·. Figure :l 

presEnts the pres~ure ver.us hcot ~ro· 
duced for six hot water rcservoirs witrt 
three different porosities. The 
increas~ in heat recovered with porosi1y 
for the higher initial p1·essure caSQS 
results from the larger volume of 
initial· water present relative to the 
reservoir rock volume. 

GraviU'_ Segregation 

The results prtsented to this 
point are based on the assumption tn~t 
thc fluids are uniformly uistributeJ 
throughout the rcservoir. In reality 
gravity segregation of the stcam and 
hot water will begtn as sean J5 the 
steam phase becomes mobile. Re~ervait· 
performance and gravity segregation 
studies of oil and gas in oil reser
vciirs indicate that in many cases 
segregation occurs rapidly (Reference~ 
5, G and 7). Similar segreglticn of 
the steam and hot ~ater should occur 
in geothermal reservoirs. 

The results for un·iforily distri
buted fluids are uscful in visualizin!l 
tl1e behavior of rc~ervcirs in which 
rapid gravity segrtqation takes placo 
and in 11hiclt hE:at con·::uctíon. natural 
convcction, a11d capillarity, '''"be 
neglectcd toa fir!l approximatton. 
Steam accumulation at the top of a 
reservoir resulting from gravity se~i. 
gation can greatly reduce t~e amo"nt 
of w~tcr available t~1cre to gcncr~l· 
s te a m . S i u: i 1 J r l y t he d r a i na'! e- o f t.'. · 
water to t,hc lo11er portien of tl.e 
reservoir incr.cases thc amou11t of , .. ,\c. 

··- -·- -·---· ··-· --·--- -·-------------------····----------------------·--.··· 
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available there for steam genera:tion. 
Under gravity .~egregation reservoir C 
should perform the saille as given in ; 
Figures 1 and 3 thrnugh 8 until the 
steam satu~ation reaches its equilibrium 
value. Then the steam phas~ becomes 
mobile and. gravity segregation begins. 
Steam saturation will increase rapidly 
near the top of the reservoir. lf the 
wells are.completecl high in the reser
voir or:·stgnificant steam coiing occurs, 
the produced steam-hot water ratio will 
increase rapidly. The hot water satura
tion wiJl·decrease rapidly ·until the 
water in the region is exhausted. Thus 
this region will d~part from the boiling 
curve at considera!>ly higher, tempera
tures and pressures than for reservoir 
C. Po1nts low in the reservoir will 
have high water saturations longer 
thari if the fluid wcre to remain uni
formly distributed, and these points 
nill rcmain on thc boiling· cu~vc to 
lower tempcratures and pre~surls. 

lf the 1·1ells are comple'ted low in 
the reservoir and significant steam 
coning does not take plac~ •.. the produced 
steam-hot water ratio will remain low 
until 'the steam zone has·expanded suf
ficiently to cause production fro~ the 
steam zone. Points in the steam zonc 
will depart from the &oilirig curve at 
higher pressures and temperatures than 
in the uniform saturation .¿ase and the 
lower portien of the reservoir will 
remain on the boiling curve to lower 
pressures and temperatures:, 

'. 
Thus the relative amounts of steam 

and hot water produc~d will. depend upon, 
among other things, the amount of gra-
vity segregation, the· relative permea
bility. curves, the structural position 
of the completion intervals, and the 
a1.1ount of steam and.water coning. For 
many conditions the amount of water 
initially present is so limitcd that 
much usablc heat should remain in the 
reservDir after the water is exhausted. 

additional advantaoc 
associated with sait 
not too scvere. 

COfiCLUS 1 O.r:s 

l. Reservoir analysis methods can be 
applied to thosc geothermal reser
voirs that involve the flow of 
steam or hot wattr through porous 
media. 

2. Hot-water reservoirs can have 
complicated producing characteristics 
includin~ changing from hot water to 
steam as they are produced. 

3. Undcr certain conditions only a 
rclatively small amount of the heat 
initially contained in a geothermal 
reservoir will be produced during 
pressure depletion. Much of this 
heat may be contained in the Dro
duccd steam even though initidlly 
the reservoir contains only hot · 
water. 

4. For many ¿onditions where gravity 
segrcgation of the steam and hot 
water occur during depletion, more 
of the total heat can be proJuced· 
by completing wells high in the 
reservo ir to CJJilance sttam produc- · 
tion and suppress water production. 
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APPENlliX . 

The mathemattcal relattons for both 
two-phase (boiling) and single phase 
flow are derived in tl1is appendlx. 

~Phase Relatlons 

The b~slc equattons for condttions 
, · long the boil ing curve are:· 

·Darty's law for hot w~ter: 

• 
U a -w 

' 

k krw 
--- Vp 

llw 

Darcy's law for steam: 
1 

~ krs 
U a - Vp 
s lis 

¡. 

' ' .. 

( 1 ) 

(2) 

The equation of continuity for mass: ,. 

V · (pwu1~ + Psus) = 
( 3) 

The equation of continu1ty, _for heati 

(4) 

~t l$[pwhwSw+pshsSs+< 1;f)prCrT]¡ 

saturations: 

.·, S + S = 1 
~~ S 

Substituting equations ·1 and 2 
into 3 ytelds: 

( 5) 

where 

). f a 
pwk krw + 

Psk krs 
llw lis 

.. ': 

).h a 
Pwhwk krw 

+ 
Ps h5 k krs 

+ k ~· llw lls h. . 

T = ¡p(p) (8) 

and 

The symbol >.t denotes the mobiltty of 
the fluids in terms of mass: ).h• the 
mobtlity of the heat: Hf, the mass of 
fluid per únit volume of reservoir rock; 
and tlh, the total h·eat per unit volume 
of rock. . · · : 

Equattons 5 and 6 c~n be wrttten'as 

a>., a>., 
ap- Vp • Vp + ar- VT Vp 

• 'Jp 

: ( 9) 

.. . :, 

+ 
a>. h . a>.h 
as:-: vsw Vp + ·ass vss . Vp 

w 

( 1 o) + ).h V'2p • 
aMh 
at 

. ' 
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-th-ose cases ~1herc the saturdtion 
adlent, temperature gradient, and 

pressure gradients are small, the . 
vector products Vp • Vp, VT •· Vp, 

. _ S PE _;i_3J:!.t 

VSw • Vp and VSs • Vp are sma11 com
pared to the magni~udes of v2p, 
aH, . . at·lh 
at""• and at' and tne terms ~ontaining 
the vector products can be neglected 
to a first approximation. 

Equations 9 and 10 reduce to: 

1 ar~, 

¡-¡ar ( 11 ) 

( 12) 

·. ' Equations 11 and 12 require that tt.e 
va¡·iations of P, s •. S~, ·and T are 
sm~11 witl1 distancr. Fortunatel¡ the 
variations of thése quantities with 
time need not be smal1. 

The e1imination of v2p from 
Equations 11 and 12 yield (replacing T 
by ~(p) an~ Ss by 1-Sw): 

This equation reduces to the f~llowing 
ordinary different.ial equation: 

( 13) 

Equation 13·can be tnt~grated numeri
cally to obtain 5~1 as a function of P. 
This relation is similar to thc Auskat 
s6lution gas re1atton wnich relates 
oi1 or qas saturation to rcservoir 
prtssure. 

The relation between S~ and P 
obtained from Equati011 13 can be uscd 
to eliminate Sw from >-t. Ah• i·ir, and 

~~-heT:!:r:!!~~si:q~:~!~n:r 1 ~r:~:u~~. 

Si ng l_e_P_h_a¿;~ _ _f_!..a!! 116 
lhe temperaturc and pressure are 

not relatcd to the boi11ng curve for 
singlu-phase flow. Equat1on 11, 
however,· is val id and the equivalent of 
Equat1on 12 is: 

( 14) 

where h is the 
i t y , a n d f·l h i s 
lent of llh. 

enthalpy, >- is thc mobil
the single phase cquiva-

In the case of two phase f1o~ it 
was possible to obtain an ordi11ary 
dfffcrential equation for the wa'er 
saturation versus pre$sure witho'•t 
neglccting the effects of h~at conduc
tion; because tEmperature and p1·~ssure 
are related by tne botlinn curve. 
Unfortu1ately, this is not the cose for 
single phase flo~:; however, if 1·1e neg
lect the cffects of heat conduction, 
Equation 14 reduces to: 

' ' 

Elirninating v2p from Equations 11 and 
15 leads to the followfng differenttal 
eq~ation for P and T: 

íJMh a M~ 
dT ~- - h ~-;-¡- -
dp = .L .. ( 1 6) <1M, a, . 

h ' 
.. ¡, 

ar - ar 

This equation was used to calculate T 
versus P for sinqle phase flow. As 
expccted, numcrical rcsu1ts rcve"1 
small values of }} indtcating essen- • 
tt.ally isothen::al behavior. 

Ad d _i_t i_o na l. J~r}a -~-i_o_n_~_ 

U¡er~by.ol,taininq a partial diffcrt·ll(ial 
u;uation .for prcssurr that can l•r Uc•·•.l ., 
i n t11 r ~na 1 y s i s o f t r a n s i ¡, n t · 1-:'e 1 1 1' r" :·. - 1 . .. f 

Solutions of fcuations 13 and 16 
yield the tcmnr¡·¡ture an~ fluid satura
tions as f01nctioros of rcservoir pres
sure. lieat. and '""s~ balances can oe 
use d te· o !J t a i n t i1•2 t 1 e i d a n d 1: e at 
prút.'uctioi:<; ~S L•nction·; of rres~ur(. 
Ti••..!S(~ rcloti,jnr.; Jre: 

s•Jre data 11.hich invo1ve tl·;o-oh"sc f1t:,; (., ~ 1 - ·¡··---
r ' 'f i .. t'! __ l.~~f~J:yo ir. _____ ·-·-------.. ~-----J-.--------------- _______ _ 
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, ·:"r·u Qf 1s tl1c fra~Lion af the or1gl· 
.. 0 ¡ fluirl mass ttrat nus bc~n proauce~ 
~nd thc subscipt 1 rcfors Lo 1nit1a1 

·cond1ttons. 

1 · ~1 h1 • Mh 
' q h • M h 1 : • M ha 

. . 

where Qh 1s' t~e fract1on of the or1gi· 
na1 hoat that has beP.n produced which 
1s obo1•e the heat couta1nod 1n the 
reservotr at atmospher1c prcssure and 
212°F conta1n1ng on1y saturated steam. 
The subscr1pt a refers to these con· 
ditions. 

.•' . 

~~· 
; 

EHressions frn thc re1ot1ve 
amount~ of hect rrocluccd in tho stoaw 
and ir• tl:e hot water can be obtoined 
by int~grat1on. These re1ations o~e: 

Q .. w a (' 1 ) 1 (pwhwk. krw) dl\h dp 
" Mhi • Mh ) p Xh ~w ap-

i 

~ 1 .) / (Pshsk krs) dl~h 
Qhs • \Mhi ·~ Mh ) Pi ---¡h ~s Qp d~ 

where Ohw and Qhs are the fracttons 
of the produceu neat contained in the 
hot water production and 1n the sleam 
production respeclively . 

\ 
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· MODELING GEOTHERMAL SYSTDIS 

by 

P. A. 
: 1 1 2 

Witherspoon, S. P. Neuman, M. L. Sorey 

and M. J. Lippmann 3 

ABSTRACT 

f.' .\ 

Geotherma~·aystems are receiving more and more attention as an 

alternative source of energy and, consequently, there is growing inter-

est in attempting to understand their nature and behavior. One approach 

to thia problem is to attempt to deduce the physical behsvior of such . . . . 

systems using a mathematical model. This paper presents the governing 

equations for energy and masa transfer in porous media that must be 
' . 
~olved in using such modela. Fundamental concepts that have been devel-

oped for factors that affect the development of free and forced convec-.. ' 

tion in geothermal systema under natural conditions are reviewed. The 

resulta of modeling geothermal systems during exploitation using lumped-
·.l .r. 

parameter and distributed-parameter modela are also presented. 

1 Lawrence Berkeley Laboratory and Department of Civil Engineering, 
University of California, Berkeley. 

2 U. S. Geological Survey, Menlo Park, California. 

3 Department. of Civil Engineering, University of California, Berkeley. 
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INTI{OIJUCTJON 

Geoi:hermal systems are receiving more and more attcution as an al tern:ltive 

source of energy and, consequently, there' is growing interese in at tcmptiu¡; to 

understand their nature and behavior. One approach to this problem is to attempt 

to deduce the physical behavior of such systems using a mathematical modcl. Such 

a model consista of a set of equations that describe the proccsse~ occurring 

within the system and the solution to these equations subject to conditions th.lt 

prevail at a particular site. 

The mod.ü approach has two important applications: (1) the geotherroal sys-

tem undcr natural conditions before bei11g disturbed by man, and (2) the gcothcnnal 

systcm during exploitation. Natural ge~thermal systems have been investigated by 

a great many workers. · The main thrust of such studies has been to understand how 

_.,othermal systems can form and persist within the earth's crust. 

The mathematical model can also be applied to the problem of evaluating the 

behavior of a geothermal system during exploitation. One of the most critical 

problems in developing such systems as a viable source of energy is that of d<!ter-

mining that a particular reservoir onc~ discovered is cspable of producing signi-

ficant quantitie:; of energy over meaningful periods of time. The model is one 

of severa! tor.ls that can be used to analyze this problem. During the early 

stages, the ~odel may be crude, but its application in parametric analysis of the 

field data car. provide v::~luable limits as to what can be cxpected. As more data 

become available, the model can be refined and such engineering questions as 

well spacing, opt1wum ratea of fluid withdrawal aud effects of reinjection can 

be studied. 

' In this review; we &hall restr.ict our· attention to hydrothermal systems, 
,. 

1.e., to ¡eothermal systems involving water. We a hall pay :'particular attention 
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. ' 
to hydrothermal-convection systems, in which most of the heat is transferred in 

circulating fluida rather than by heat conduction. Two broad types of hydro-

thermal systems are recognized: (1). hot-water, and (2) vapor-dominated (White 

1973). 

In the hot-water type, water is the continuous phase throughout the system 

al\!i thus provides the presaure control. Continuity of the liquid phase is evident 

from reservoir pressures that are near hydrostatic and the presence of soluble 

salts.that are not found to any significant degree in low-pressure steam. In the 

·····-· vapor-dominated type, steam is the continuous, pressure-controlling phase, al though 

there is general agreement thst liquid water must also be present (Faces and Tonani, 

1964, Elder, 1965; Craig, 1966; James, 1968; Marinelli, 1969; Sestini, 1970; White 

et al., 1971), 

An intriguing question arises concerning the initia1 conditions of vapor-

dominated systems. At depths below 350 m, they al1 tend to have temperatures 

near 240°C and pressures near 35 kg/cm2, which usually means we11 be1ow hydro-

static (White, 1973) ~ This uniformity in the initial conditions is believed to 

be strongly inf1uenced by ·the maximum enthalpy of saturated steam (James, 1968; 

Sestini, 1970; Whi.te at al., 1971). 

The material and thermodynamic. properties of the different components of 

geothermal systema."are an important consideration in any attempt to develop real-

2 o pure water at pressures up to 700 kg/cm and temperatures up to 500 C. 

istic modela of such systema. 
1 ' 

Fig. 1 presenta a pressure-enthalpy diagram for 

Dissolved 

salta are, of course, common in geothermal waters and studies on the effect of 

salinity on heat capacity (Nevens and Pool, 1964; Likke and Bromley, 1973), density 

(Haas, 1970), viscosity (Matthews and Russell, 1967, Fig. G4), and maximum thermal 

grad·ient (Haas, 1971) of brines. are available. Helgeson (1968) has investigated 

the thermodynamic characteristics of the Salton Sea geothermal system where the ... · : 1 

highest concentrations, approaching 300,000 ppm, have been found. 
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The thermal properties of rocks .. are very important since the dominant frac

tion of the total energy in a geothermal system is in the solid matrix. Compre-

hensive tablea of these properties for dry rocks have recently been compiled by 

Kappelmeyer and Haene1 (1974). Therma1 conductivities for most dry rocks range 

from 4 to 10 mca1/cm sec °C; specific hests are approximately 0.2 cal/g °C; and 

thermal diffusivities ·range from S to 15 cm2/sec. Kappelmeyer and Haenel also 

include the effects on these thermal properties of temperature and pressure. 

The therma1 conductivity of fluid-saturated rocks is dependent on the con-

ductivities of the dry rock and the saturating fluid as well as the physical pro-

perties of the rock. Anand et al. (1973\ and Somerton et al. (1974) have shown 

how thermal conductivities increase with brine saturation and become more sensitive 

to temperatura change, They discuss correlations for predicting thermal conduc-

tivity from other rock properties. 

The hydraulic properties of the rocks are also important since they control 

the fluid movement. The abso1ute values of permeability and porosity for rocks 

vary considerably and must be measured or. estimoted for any given system. A few 

workers have studied the thermal effects and report that the abso1ute p~rmeabi1ity 

·'····'· tends to decrease, sometimes significantly, with increasing temperatura (Creenberg 

et al., 1968; Sanyal et al., 1972; C8s6e 1 1974). There are also impo~tant effects 
'1 

of temper4ture on re1ative permeability (Edmonson, 1965; Davidson, 1969; Poston 

et al., 1970¡ Weinbrandt et al., 1972¡ Lo and Mungan, 1973¡ Ramey et al., 1974). 

In studying the effects of pressure, a number of workers (Knutson and Bohor, 1963¡ 

Brace et al., 1968¡ Vairogs et al., 1971) have suggestcd that penneability dependa 

only on effective stress; that is, pcnneability is dependent on1y on the differ-

ence between hydrostatic confining pressure and internal pore pressure. However, 

Zoback and Byerlee (1975), have recently shown that pore pressure has a signifi-

cantly larger effect on permeability under isothermal conditions than does con-

fining pressure. 
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'-· In this revicw of the problema involved in modcling geothermal rcservuirs, 

we shall first prescnt thc governing cquations for encrgy and mass transfcr in 

porous. media. Thcn we shall cousider somc of ~he fundamental concepts tha t ha ve· 

been dcvclopcd for factors that áffect the development of free and forccd convcc-

tion in geothermal systems under natural conditions. Lastly, we shall review the 

res~lLs of several efforts that have been made to model geothermal systerus during 

exploitatioo. 

GOVERNING EQUATIONS 

Let ·ua consider a porous medium completely saturated with a single-compc,ncnt ·-.· 

homogeneous fluid which can be either in a liquid or gaseous statc. The liquid 

and gas phases are assumed· to be separated locally by a distinct interface due to 

capillarity. Since masa may be transferred from one phase to another across the 

interface by vaporization or condensation, it is convenient to write a single mass 

balance equation for both phases 

:t (~ SLpL + 4> SGpG) 

Rate of mass accumu
lation 

a ( L L .. G G) 
axi p vi + p vi 

Convective mass flux 

(1) 

All mat~.un&tical symbols appeariog in the text are macroscopic quantities dcf ineJ 

over a representativa elementary volume of the porous medium. For a defl ni tlon of 

thcse symbols the reader is referred ~o the Nomenclature. 

It is generally believed that capiÜary pressure betweeo the phases is s~J~all 

relative LO absolute pres~ure, and as each phase may flow independently, we shall 

assume Dan·. y 1 s law in the form 

L 
kij ki (~ L 

gj) 
(2) 

llL axj -
p 

.. G 
kiJ kr (*;- PG 

gj) (3) 
llG 

1 
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The relative permeabilities k L aod 
r 

12b 
7 

k e are fuoctioos of fluid saturation 
r 

and,.as meotioned earlier, they may also be functions of temperatura. Recent 

studies (Coats et al., 1974) indicate the latter effect is important and should 

be taken into account, 

An energy balance equation must also be considerad, and one way to derive 

such an equation in terma of macroscopic quantities is to follow an averaging pro-

cedure (see Appendix). Equation A21,.. is a general form of the macroscop ic energy 

balance for the case where irreversible viscous dissipation of mechanical energy 

and transfer of kinetic energy betweeo fluid and rock are neglected. An attempt to 

derive a set of more general equations coosidering mechanical interaction between 

rock and fluid has been reportad recently by Brownell et al. (1975). It is custom-

ary to assume that not only is the capillary pressure zero, but also that the solid, 

liquid, and gas are locally in thermal equilibrium. In this case (A21) reduces tr 

(A22) which can be written more conveniently without the angular brsckets as 

·~tr4l 5L PL e.L + 4l 5G pe 8 e + (l-4!) PS 8 sl & 3 ( eff 3T) 
o L J 3x1 K ij 3x j 

Rate of internal energy accumulation Conductiva and ~ispersive 
internal energy flux 

3 {L L L e 
3xi ~ e vi + p 

e e) e vi - p a!i (viL+ vie) (4) 

Convective internal energy 
flux 

Rata of reversible mechanical energy 
(work) conversion to interna! energy 

Our mathematical analysis indicates that 

{5) 

eff Laboratory experimenta show that K ij is not always given by (S) (Combarnous snd 

Bories, 1973, Fig. 6), thus implying that the assumption of local thermal equili-

brium may not always hold'. Moreover, as mentioned earlier, thermal conductivity 

may als,o be a function of temperatura. 

Equation 4 can be reformulated in terma of enthalpy by. writing h - p/p 
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' 
instcnd of e and, as shown in .(A25), onc then has 

_!_ ( L hL L +' G hG G) + 3(tp) + 
3x

1 
p vi , .P vi Clt 

129 

a ( eff 
-- K 
axi ij 

8 

This is identical with an·expression rcported earlier by Mercer et al. (1974) 

cxccpt that we hnve omitted source tcrms. 

(6) 

In the particular case where only one fluid phase is present, the encrgy equa-

tion can be convenicntly expressed in terms of temperature and, as shown in (AJl), 

one .obtains for a liquid saturated medium 

e L + (1-41) 
V 

L 3T 
e -

V. Clxi 

ps e sl ar a 

V j 3t 
av .L 

r(~) _i 
ar v axi 

similar expression holds for.a medium saturated with gas. 

(7) 

The above equations must be supplementcd by equations of state relaLing thc 
', 

thermodynamic variables e, h, p, ·IJ, S, p, T. Here it is customary to .assum;, that 

all phases are in cquilibrium and that thermodynamic relationships bctween macro-

acopie quantities remain the same ss thoae between the equivalent point quantitics. 

L G In parti«;:ular, the macroscopic saturations S and S are assumed to be uniqucly 

detcrmined by the pressure and total energy or enthalpy of the fluid (bolh phas"s 

combined); In other wcrda, whenever two phases occur simultaneously at a puint in 

the system, their p-T relationship is uniquely determined by conditions at the 

vapor prcssure. 

Although capillary pressure is neglected in the governing equations, it may 

still have an important effect on thermodynamic properties. Ramcy et al. (1973) 

'-
explain that the vapor-pressure curve in the presence of uneven capillary surfaces 

...ay be lo~orer. than that quoted in steam tablea. Calhoun et al. (1949) showed 'that 

in codsolidated sandstones the vapor-pressure curve at 36°C is significantly 

'··"'•' 
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affected by a decreasing 1iquid saturation. However, cady (1969) and Bilhartz 

(1971) were unalile to confirm this effect on unconsolidated sands with tempera-

o o . 
·cures between 121 C and 240 C. The effect of capillary pressure therefore remains· 

unclear. 

Some geothermal systems such as those in Imperial Valley (Cslifornia) involve 

waters of high salinity which cannot be treated as a homogeneous fluid because 

salt concentrations are not uniform. In this case the masa as well as energy 

balance equations (s.ee Appendix) may have to be modified to include a term for 

disper.sive masa flux and an additional equation for masa balance of the solute. 

Another complication may arise due to coupling between thermal and chemical gradi-

ents wbich modifies the form of Fourier's law of heat conduction (Dufour effect) 

and Fick's first law of diffusion (Soret effect). The presence of salta may also 

cause a s1ight 1owering of the vapor-pressure curve (Haas, 1971; Ramey et al., 197:' 

and this effect becomes progressively more importan e as boiling proceeds, due to 

the increasing salt concentration (White, 1973). Very little is known about the 

behavior of these so-ca1led thermobaline systems, but a few theoretical analyses 

have.appeared (Nield, 1968, 1974; Rubin, 1973, 1975 a,b,c). The discussion that 

follows will be concerned sole1y witb'bomogeneous fluida. 

GEOTHERMAL SYSTEMS UNDER NATURAL CONDITIONS 

Fundamental Characteristics of Free Convection 

Mathematical modeling related to geothermal systems has long centered on pro-

•. blems of convective heat transfer in a homogeneous porous layer heated from below. 

Pioneering work on this subject has been performed independently by Horton and 

Rogers (1945), Lapwood (1948), and Goguel (1953). Their efforts were directed 

primarily toward developing criteria for the onset of convection currents in a 

horizontal and laterally infinite layer. These analyses followed the pattern of 

earlier'work by Rayleigh (1916), Jeffreys (1930), and others who showed that in a 

static layer of viscous fluid the critica! temperature gradient (i.e., the 
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- <;:rndicnt at which ccllular or Bénnrd convcction is fonncd) depends on thcrmal con-. 

ductivity, thermal cocfficient of cxpansion, kincmatic viscosity, thickncss of thc 

layer, and· the boundary conditions. Whcn fluid cannot en ter or lcav" the system, 

thc resulting flow pattern is rcf.,rred to as "natural" or "free" convection. 

Whcn fluid flow is entircly due to hydraulic forces acting at thc boundarics, rhe 

result is known as "forced" convection, whereas "mixed" convection includes a combin-

ation of both phenomena. Early work on the subject was restricted to free convcc-

tion. 

In reviewing the máthematical spproach to free convection in porous media, wc 

find it instructive to follow a recent devclopment by Beck (1972). CoPsidcr a 

rectangular box of porous material resting on a horizontal surfacc and saturated 

by a homogeneous Uquid (see Fig. 2). The vertical sides are thennally insulated 

(i.e., adiabatic), and the lower (z =O) and upper (z = D) surfaces are isothcrmal. 

remperature T1 at the bottom is greater than T
0 

at the top, and all boundaries 

are impermeable to fluid. 

In most analytical studies of thcrmal convection, it is customary to invol:e 
1 

the Boussincsq approximation that spatial as well as temporal variations in fluid 

density can be neglected except for buoyancy effects (i.e., everywhere except in 

the gravity term in thc equation of motion). In addition, all coefficients in r he 

governing equations are assumed to be constant scalars. Under these conditions 

the masa balance equation 1 reduces to 

3v· 
i 

3xi -
o 

In writing Darcy's law, it is customary to replace p by p
0 

[1 - 6(T 

(8) 

T )) in the o 

gravity term and add a term including the time derivative of velocitY (compare 

with Eq. 2). 

1' ·avi 
--+..l!....v 
~ 3t kp i o 

• (1 - 6 (T - T )) g - !_ o i p
0 

(9) 

.. 
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e = o at Z e o. 1 (28) 

a e o X= ax
1 

ni e at ± lz Dl; Y e ±~ D2 (29) 

The dynnmic stability of this systcm can be invcstigated by a linear method 

or hy an energy approacl>. In the linear approach the disturbanccs are assun~d to 

be small enough for second-order terms to be ncglected. Thc conditions fur uiar¡:inal 

stability (i.e., stability just at the onsct of convcction) can thu<' be dc•terminNI 

from thc above equati.ons after reducfng (25) and (26) to 

= -

ax 2 
i 

According to the linear theory, the critical Rayleigh numbcr, Ra linear is the e • 

(30) 

(31) 

smallest eigenvalue of thc resulting problem. However, this thcory iudicat~es only 

a nccessary condition for stability, and' the truc critica! Raylcigh numhcr may 

thereforc be smallcr, Ra true < Ra lii>car. 
e - e 

.The energy method was first applied to porous media by Wcstbrook (1969) and 

was la ter extended by Wankat and Schowalter (1970) and Beck (1972). SL>bi li ty ~:; 

established relativc to arbitrary disturbances subject only to the cquation of con-

tinuity and corresponding boundary conditions. Since stability actually depcnds on 

a more re~tricted class of disturbances satisfying (24) - (29), the critica! Ray-

lcigh number obtained be too conservative and we therefore have Ra energy < ~ e -

Ra true. However, in the particular case considered here, both methods lead to 
e 

the same eigenvalue problem and therefore Ra linear 
e - Ra energy 

e 

Beck showed that the eigenvalue problem has separable eigenfunctions, the 

velocity components of which are 
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v
1 

~ sin ((lt 1111T)(l + 2X/D
1
)] cos ((~ nn)(l + 2Y/D

2
)] U (Z) 

v2 = cos ((~ m11)(1 + 2X/D1)) sin((~ n11)(1 + 2Y/D2)) V (Z) 

v3 m coa [(~ m~)(l + 2X/o
1
)] cos [(~ nn)(l + 2Y/D

2
)] sin (~nZ) 

m,n = o. 1, 2, . . l - 1, 2, .•.• 

(32) 

where U(Z) and V(Z) are functions of Z only. The corresponding critica! Rayleigh 

numbers are 

where 

Ra e 

b 

= 11
2 

min (b + t 2/b) 2 (33) 

l,m,n 

= [ <in2 to/> + and ~ = 1 • 

Equation 33 shows that the critica! Rayleigh number depends entirely on aspect 

2 ratios o1 and o2• The minimum possible value of Rae is 411 corresponding to b = l. 
. 2 

Lapwood (1948) obtained Ra = 411 for the case of a laterally infinite layer, thus e 

indicating that vertical walls tend to stabilize the system. 
' 

However, Ra remains 
e 

2 
nearly equal to 411 unless o1 or o

2 
are leas than about 0.8, as may happen in a 

narrow and tall box. 
' 

Geometry becomes more important when one considera the mode of convection. 

It is evident from (32) that when m= O, the horizontal velocity v
1 

vanishes, 

which gives rise to n convective cells known as "~olls" (see Fig; 3). ·Sine e Ra 
e 

corresponda to l = 1, v
3 

in (32) is identically zero only at Z = O and Z = l, 

and thus the vertical extent of each roll is equal to the height of the box. A 
' 

typical temperature profile in a· plane perpendicular to the axis of such a roll 

is shown in Fig. 4. Rolls are invariably preferred over three-dimensional cells 

whenever the height D is not the smallest dimension. When rolls do form, they 

are usually parallel to· the shorter side, although the overriding rule is for 

the number of rolla and the direction· of their axes to be such that each roll has 

the ciosest approximation to a squsre cross-section as possible. Three-dimensional 

e ella are preferred when a 1 , a 2, and D are nearly the same size (1. e., a cube) 
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Energy balance is usually expressed by a simplificd version of equation 7, aad 

Beck writes, using our·notation 

{10) 

:~ 

where ~·p· e + (1-~) p
5 

e 
5 

O V V 

Initially, thc systcm is assumed to be in statie equilibrium so that the 

pressure is hydrostatic. Thus, 

(O, O, O) and T
0 

(11) 

Under the¡¡e conditions, there are no convcctive currents and thc systcm i~ s .. id to 

be "statically atable." Let a small volume of fluid suddenly be brought from deva

tion z a Oto a higher elevation z >O, tkus superimposing a disturbance (v1 ', T', 

p') upon the "basie state" (vi
0

, T0
, p

0
). We now waac to determine whether or not 

the system is "dynamically atable," i.e., whether this disturbance will die out or 

build up to the level of a discernible convective current. · Equations 8 - 11 as 

well as the boundary conditions must be satisfied by the disturbed state as well 

as by the basic state. TI1us, by writing these equations first iri terms of 

{vi0 + v
1

•, T0 + T', p0 + p') and then in terma of (v1°, T0
, p

0
), we can subtract 

the second set from the first to obtain 

av 1 

i . 
.all

1 
.. o 

av• 
!. _1_ + __!!_ 
.~ ilt kp o 

v' 
i 

.. ~~(pe )eff élT' a 

·· V élt 

- 6 T' e oi 

( l2) 

(13) 

(14) 

,. subject to the boundary conditions 

v ' n. .. O at 
. :1. 1 

T' • .O at 

x • ± ~ a1; y .. ± ~ a2; z = O, D 

Z a 0 1 D 

(15) 

(lb) 



= O at x=_+~<a· • l. 

where n
1 

is the unit outward normal to the boundaries of thé box. 

l'· 
To reduce these equations to a dimensionless form it is helpful to use thc 

following dimensionless groups: 

Thermal diffusivity: 

Rayleigh number: 

Prandtl qumber: 

Heat capacity ratio: 

Aspect ratios: 

a = Keff 1 (p e ) 
O V 

Ra = k p g B (T
1
-T

0
) 

o 

Pr = k (l p 1 (IJ o2 
cP) 

o 

H = (pcv)eff 1 (po e ) 
V 

o = 
1 

a 1/o; o = 2 a 2/o 

O/ (¡JCX) 

( 1 7 ) 

(lH) 

(l'J) 

(20) 

(21) 

(22) 

The Rayleigh number relates buoyancy to viscous retardation, whereas the Prandtl 

number relates thermal diffusivity tQ· viscous retardation. If we also define a 

set of dimensionless variables 

0 Vi 1 
/ (~ Ra ~) ' 

vi = 9 = T' /(T
1
-T

0
) p = k p'/(\J (l Rai) 

o 

T = tcx/o2 X = x/O y = y/O z = z/0 
(23) 

we can rewrite (12) - (17) as 

av1 o --= 
axi 

(24) 

avi 
=Ra~6c5 

apo 
.Pr a1 +vi i3 - ax

1 
(25) 

zero for 
i e 1,2 

H ae ~ ae ~ 0i3 
a2 e 

= - Ra vi ax + Ra vi +---
dT ax 2 

i i 

(26) 

zero for 
i = 1,2 

.··vi ni = o at X a ~~ 01; Y e ~~ 02; Z = O, 1 (27) 
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Pig.·4. Typical temperature distribution in 
plane perpendicular to axis of single 
convective ro1l with Ra a lOO (after 
Sorey, 1975). 
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or when the height is lesa than both lateral diwensions. For a cube, the motlon 

reaemblea a toroid wlth vertical axis through the center of the box. For further 

detalla regarding these conclusions, the reader ls referred to Beck (1972). 

It is important to recognize that all of these results have been obtained 

from an analysis of marg<inal atability and are therefore limited to Rayleigh 

numbers in the immediate neighborhood of Ra • In arder to obtain resulta for 
. e 

higher Rayl~igh numbers one must elther perform experimenta or salve the governiug 

equationa b~ an approprlate analytical or numerical technlque. A large number of 

such atudiea concerned with both steady and nonsteady state situations have be~n 

reported in the literature and we shall try to summarlze briefly sume of the most 

important aspects of this work. 

One effect of convective motion ls to increaae. the rate of vertical heat trans-· 

fer through the system. Thia is measured by the Nuaselt number, Nu, which is defincd 

as the ratio of total heat flow in the presence of convection to that by conduction 

only. For Rayleigh numbers lesa than the critica! value, Nu ~ l; otherwise Nu ~ 1. 

Fig. 4 shows the steady state temperature distributiun curresponding to a rol! at 

Ra a 100 for which Nu e 2.6. 

According to the criterion of Platzman (1965), a system will tend to establish 

a mode of convection which maximizes the rate of heat transfer. At Rayleigh num-

bers near Ra , this means that cells with nearly square cross sections are preferred. 
e 

However, at large Rayleigh numbers, Combarnous and Bories (1973) and Home and 

O'Sullivan (1974) show that the preferred cell width depends on Ra, with aspect 

ratios of 0.5, .33, and .25 corresponding ·to·Rayleigh numbera of 280, 400 and 700, 

for l¡¡,yers with no restraining side walls. Similar e'ffects of reduced cell width 

with increased Ra are observed for box modela with restraining side walls. 

Combarnous and Bories (1973), Holst and Aziz (1972b), and Sorey (1975) found that 

Nusselt numbers are nearly the same for two- and three-dimensional motions in stable 
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convection states. Thc rc1ationship bctween Ra and the maximum Nusse1t number for a 

' -~atera11y infinito 1aycr is p1otted in Fig. 5. 

Sorey (1975) -furthcr indicates that the ce11u1ar pattern and Nusselt numbcr 

at steady state may depend on the initia1 conditions in the box. Using uniform 

initia1 temperaturc and prcssurc distrJ,butions in a squar.: (two-dimensional problem) 

with Ra = 100 1ed to deve1opment of two cclls with Nu a 2. 2. With a non-uniform 

temperaturc distribution, the rcsult was a single ce11 with Nu e 2.6. Horn<> and 

O'Sullivan (1974) report from numerical as well as laboratory expcriments that ll'r 

a uniform initial temperature distribution, heating the lower boundary slowly 

instcady of instantaneously resulta in unicellular rather than multicellular motion. 

In othcr words, the mode of convection is not necessarily unique but may dcpend on 

the past history of the system. A hysteresis effect has a1so been noted by Elder 

(1967) and Karra (1968). 

As Ra increases to 280, the system tends to develop a more favorable mode of 

convection and, as a result, the fluid may start f1uctuating. These fluctuations 

will be irre~ular when the boundary conditions are uniform, but may develop into 

stable oscil1ations when t~e boundaries are heated in a nonuniform fashion. Horne 

and O'Sullivan (1974) report isotherms _during a single oscillation when half oi the 

bottom boundary has an elevated uniform temperature as shown in Fig. 6. A rou¡sol 

calculation for the Wairakei geothermal region indicates that, if-the dcpth i~ 5 lm, 

the osci11ations would have a time constant on the order of 1000 years, and ü 

would therefore be practic~lly impossible to detect them, 

Free Convc.:tion Made1s 

Numerous authors have attempted to extend the enalysis of free convecLion to 

more rea1istic systems. There are, however, severa! complicating factors. The 

concept of a critica! Rayleigh number may not apply in geothermal reservoir& where 

'rizontal temperature variations undoubtedly exist a1ong bounding surfaces. Free 

convection is then set up for any value of Ra > O, although its effect on the 
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Fig. 6. Isotherm plots at ·equal intervals of time 
· during ·a-e±ngle stable·oscillation with 

Ra • 750 (after Horne and O'Sullivan, 1974). 
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' 
thermal and bydrologic regimcs should be negligible unless Ra is large. Donaluson 

-· (1968b) estimates that in geothermal areas Ra is in tbe range of 500-5000. 

Caltagirone et al. (1971) suggest the concept of a local Rayleigh numbcr which 

varies spatially within the reservoir to account for the fluctuating convectivc 
• 

motions observed. 

Combarnous and Bories (1973) evaluated the effects of assuming thermal equi-

librium between solid and fluid phases (Eqs. 4-7) for systems with Rayleigh nullibers 

well above tbeoretical critical values. Comparisons of experimental and num.:,r ical 

resulta for the relationship between Ra and Nu numbers using various coo•b itu-

tions of porous media and fluid types indicate that the assumption of therwal e.qui- ·, .. 

librium between solid and fluid phases is adequate for Ra at least as high as 2000. 

Holst and Aziz (1972a) and Sorey (1975) investigated effects of temperature 

and pressure-dependent parameters on h~at transfer in convecting systems. For 

water, the dominant influence is the viscosity variation such that as the tempera-

ture diff.erence -across the permeable layer r 1-r0 
increases, the effectivc R<!yld¡;b 

'number increases over the value calculated from equation 19 using parameters c .... n-

puted at T • T
0

• The Nusselt number would be corre.spondingly greater anJ ti.~ 

critical Rayleigh number, lower than for the constant parameter case. Alt~rnativcly, 

if parameters are evaluated at T • (T1 + T
0
)/2, values of Rae and the R:1 v.•rsus Nu 

relationship still vary with T1 - T
0 

due to the nonlinearity in the tempe¡·¡¡ture 

dependence of cv' P, and ll (Sorey, 1975). In contraat, realistic variat!o>n~ in 

fluid d~nsity with pressu·re were found to have negligible effects on the cellular 

convection problem. 

Studies have also been made on the effect of various uniform boundary condi-

tions at the aurfaces of thc homogeneous region on Ra • Lapwood (1946) investí-. e 

gated a laterally infinite layer in which the lower boundary is impermeable and 

the upper. boundary is maintained at constant pressure and found that Ra a 27.1. .. e 

Lapwood also found that when the upper boundary is a perfectly conducting free 



surface, then Ra e 
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a 4~ ; but when it becomes an impe·cfect conductor, then 
¡ 

21 

27.1 < Ra < 4~2 • - e- A table of Ra values for a variety of uniform boundary condi
c 

2 
tions .is given by Nield (1968) and in all cases, Rae ~ 4~ • 

Donaldson (1962) analyzed free convection in a two-layer ayatem in which 

a permeable !ayer was underlain by an impermeable but thermally conductive !ayer 

of equal thicknesa. This removes the assumption of an isothermal surface at the 

bottom of the convecting layer. Sorey (1975) extended the analysis to a three-layer 

system with impermeable zones above and below the reaervoir and found, in agreement 

with Donaldson's resulta, that vertical heat transfer ratea in the multilayer sys

tems were aignificantly lesa than in the single-layer syatem for the same values of 

Ra. The critica! Rayleigh number was also lesa for the multilayer systems. Fig. 

7 shows how temperstures within the impermeable layers are distorted by convection 

in the central layer. 

• Some work has also been done on the problem of an inclined system bounded by 

isothermal surfacea (Combarnous and Bories, 1973; Kaneko et al., 1974). Combarnous 

and Bories show that, since the temperature gradient and gravity are no longer 

colinear, the fluid is constantly moving regardless of the Rayleigh number. In a 

layer of infinite lateral extent, the tendency at low Rayleigh·numbers is to dev-

elop unicellular convection parallel to the slope. If this is considered the atable 

state, instabilities develop at critica! Rayleigh numbers which depend on the angle 

of inclination. o When this angle is less than 15 , Ra • 40 and the mode of con
e 

vection is similar to that observed in a horizontal layer. Above this lower limit, 

Rae increases rapidly with the angle of inclination and convective movements take 

the form of adjacent coila climbing upslope. Fluctuating conditions develop at 

higher and higher Rayleigh numbers (Ra ~ 240 - 280 for horizontal layer) as the 

angle of inclination increases. The case of the inclined box is more complex 

(Holst and Aziz, 1972a; Kaneko et al., 1974). 
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Wooding (1963) and McNnbb(l965) have 9tudied the effect of localized heat 

sources on the formation of vertical jet flows. HcNnbb developed a boundary !ayer 

theory for convective flow ovcr a finite circular "hot plate" at the bottom of a 

semi-infinite porous medium. He estimated the amount of heat convected from the 

hot plate as a function of its temperature and suggestcd that a similar approach 

could be used to evaluate the rate of cooling of a magma chamber bcneath a water 

satucated porous formation. 

Cheng and Lau (1974) have investigated steady state fre;: convection in a vuti

cal cross section of ·an unconfined·aquifcr in which the position of the water table 

is not known a priori. The aquifer is assumed to rest on an impermeable horizontal 

heat source of variable temperature and is bounded on its sides by vertical iso-

thermal surfaces of con:;tant hydraulic head, representing contact with the ocean on 

a volcanic island. 'Dispersion and gravity effects dueto variations in salt con-

cent between fresh water and sea water (mixing occurs by virtue of the vertical 

boundary conditions) are implicitly neglected. By solving a linearized version ot 

the governing equatior.s, the authors show tl,at pressure in the aquifer remains 

near1y hydrostatic. Tcmperature is great1y affected by the size of the heat 

source but its location is lesa important. l'here is a noticeable upwelling of rhe 

water table directly above the hest source, which dependa primarily on vertical ···"·· 

temperature gradients and nature of the heat source. 

Much additional literature on various theoretica1 and experimental aspects of 

free convection in homogeneous media is available. Holst (1970) has publi~hed an 

extensive review of the literature and the state of the art has been summarized 

more recently by Combarnous and Bories (1973). For subsequent d~velop~ents, the 

reader should consult the works of Fernandez (1972), Ho1st and Aziz (1972 a,b), 

Kasuok3 (1972), Palm et al. (1972), Sun et al. (1972), Gupta and Joseph (1973), 

Cheng nnd· Lau (1974), Combarnous and Bories (1974), Horne and O'Sullivan (1974), 

Kaneko ct al. (1974), Straus (1974), Yen (1974), Weber (1975 a,b), and Sorey (1975). 
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l'ipe Modela 

An alternative concept for convection in geotiiermal areas is the pipe system 

in which the fluid no longer flows through a homogeneous layer but is channeled 

through zones of relatively high permeability. Such zones may be caused by fis-

sures or fractures which are known to control local phenomena such as springs, 

fumaroles, and geysers. As discussed by Einarsson (1942), Bodvarsson (1961), and 

Donaldson (1970), the occurrence and distribution of thermal areas in Iceland and New 

Zealand could be controlled by variations in permeability as well as by spatial dis-

tribution of the heat source. 

Einarsson (1942) and Bodvarsson (1961) discuss the thermal areas of Iceland in 

terms of pipe systems involving deep circulation of water (2 to 3 km) and discharge 

in hot springs. Elder (1966) analyze~hydrothermal systems in Iceland and New 

Zealand.using lumped parameter and multi-dimensional modela to quantify che general 
' 

features of heat and masa transfer. White (1957, 1961) used pipe systems ta explai 

the chemica1 composition of waters associated with vo1canic and hydrothermal systems. 

Donaldson (1968b, 1970) suggests the model in Fig. 8 for a hot-water geothermal 

system. The model consista of cold reservoirs recharged from the surface, a verti-

cal column through which hot water flows, and a permeable horizontal channel connect-

ing che two. The surrounding medium is assumed impermeable, and heat supplied at 

the lower boundary. maintains the density imbalance and resulting convective motion. 

Though the model is oversimplified, Donaldson's analysis allows for throughflow 

from recharge to discharge areas and secondary (circulatory) convection in the 

upflow column. Gross characteristics of hydrothermal systems are simulated by 
. '-

adjusting temperatures at the base of the model, dimensiona and permeability of 

the vertical column, and resistance to flo~ in the r~inder of the pipe systew. 

Mathematical description of the model invo1ves the single phase, steady state 
1 

equivalente of (1) and {7) which are solved by numerical relaxation for the boulld-

ary conditions shown in Fig. 8. Uniform thermal properties are assumed throughout 
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and constant values for k and ~ are used in each of the permeable channels. In th• 

absence of secondary convection in the upflow column, the mean masa flow rate is 

given by 

Q a 

P
0 

k a g (T - T ) m o 
(~/p) b 

(34) 

where Tm • mean temperature in the column and b ~ 1 + aL/sD + A/D. It is not clear 

from Donaldson's analysis whether ~/p is determined at T
0 

or Tm. Fig. 9 illus-

trates the relationship between Ra and Nu with throughflow and secondary convection 

for a column aspect ratio 2a/D a 0.5. Here W • p k a g (Tl - T )/(~/p) is a mea-o o 

sure .of.the ~imum possible throughflow from buoyancy unbalance alone. Hence, 

Q/W • [(Tm- T
0

)/(T1 - T
0

)] (1/b). It is seen from Fig. 9 that the heat transferred 

by circulatory flow decreases markedly as the throughflow increases. Fig. 10 illu-

strates how throughflow in a column with 2a/D • 0.2 and Q/W a 0.05 tends to sweep the 

circulatory motion up the chsnnel. 

Sorey (1975) modeled heat and liquid masa transfer in hot spring systems uaing 

the two-dimensional modela shown in Fig. 11. Transient and ateady state conditions 

were simulated numerically to determine conductive heat loases from the vertical 

conduit snd ita effect on temperature T of water dischsrging at the apring. sp 

The lower boundary was formed by the top of a reservoir with water at temperature 

Tb' and the upper boundary was the l.~nd aurface at temperature T
8

• The relation

ships between dimensionleas temperature drop, 1 - e • and the dimensionless masa sp 

flow ratea for the circular conduit, 

plotted in Fig. 12. 

m • e and the fault plane conduit, m , are 
p 

i f 1 nd i heat loas are [ 211 Kef f D (T T ) Express ons or the tota co uct ve b - m s e 

(1 - 6 )) for the cylinder and [2 Keff D (Tb - T ) mp (1 - e ) L/a) for the · sp a sp 

plane.. The plane model applies where fluid rises in a fault zone whoae lateral 

extent isconsiderably grester than the discharge ares cf the hot springs. Campar-

ing the two modela for the same total masa flow, the fault· plane model has greater 
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Fig. 10. Effect of throughflow on circulatory convection with 
Ra • 420, 2a/D • 0.2, Q/W • 0.05; (a) isotherms nor
malized such that O< 6 < 1.0, (b). streamlines in 
arbitrary units (aft~r D;nsldson, 1970). · 
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Fig. 11. Two-dimensional models for hot spring 
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hot springcsystems (after Sorey, 1975).P 
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heat loas and more temperature drop than the cylindrical conduit model. 

The steady-state temperature distribution in a fault plane model with a spring 

discharge of 100 lpm is shown in Fig. 13. Distortion of the temperaturas due to 

convective motion in thc conduit ia confined to a zone of about 1 km on cithcr side 

of the fault. At thc land aurface, the conductive heat flux near the spring is 

appr~ximately 50 heat flow units (50 ~cal/sec cm2) and decreases to about 3.4 heat 

flow units as diatance exceeds 1 km. eff These resulta were obtained using K = 
-3 . o o 

2 x 10 cal/cm aec C and e a 1 cal/gm c. 
V . 

Analysis of the· transient behavior of these systems (Sorey, 1975) shows that 

periods of 30,000 years or more are required for the conductive thermal regime to 

reach equilibrium following the geologic development of the spring system. Somewhat 

shorter tiae periods are required if convective motions in the rock aurroundit~ the 

spring conduit are considered. Simulations under these conditions are deacribed by 

Sorey (1975). 1 

Analysis of pipe modela has been extended by Elder (1966) aod Donaldson (1968a, 

1970) to include boiling·in the upflow channel. Elder has developed relationships 

between masa flow rate, fluid enthalpy, resistance to flow, and the energy supplied 

by a hest source for channeled circulation caused by buoyancy differences between 

recharge and discharge areas. He concludes that for systems with large energy 

input or large resistance, the diacharge (masa flow) ia not aufficient to transport 

the energy unless the flúid moves in the form of stesm. With low energy inputs or 

small resistance, the circulating fluid should remain a liquid except for a shallow 

zone which may contain steam. This approach has been applied to the Tuscany thermal 

arcas near Lardarello, Italy, and the Taupo systems in New Zealand .. 

Donaldson's (1968a) work involves steady flow of a boiling liquid in a verti-

cal channel. The remainder of the circulation system including the heat source 
' 1 

is conaide~ed only as controlling temperature, pressure, and masa flux at the 

bottomof the discharge channel. Lateral heat conduction is neglected so that the 
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function of m/k (after Donaldson, 1968a). 
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cquations are one-dimcnsional. For the case of uniform permeability nnd small 

masa flow ratc, only liquid flow is considered. Comparison of the resultant pres- . 

sure-depth relations with saturation prcssure curves indicates that boiling will 

eff -s -1 not occur for systems with e m/K < 7 x 10 cm , whcre m is mass flux pcr 
V -

unit ares. When thia critical value is exceeded, boiling must occur in the upper 

section of the channcl. 

Two-pbase flow in this upper region is deacribed by the onc-dimensional, steady 
) 

state forms of equations 1 - 3 and 6 without the pressure terms. At the interface 

between the two-phase and liquid-aaturated regions, the boundary conditions are 

constsnt masa flux and constant temperature equal to that at the channel base. 

Thus, the lower region is treated as iáothermsl, and in the upper region, tempera-

ture and preasure are related by the vapor pressure curve for water. The equations 

are solved analytically to yield temperature and pressure, water fraction, and water 

and steam flow ratea as functions of depth. The controlling parameter in these 

relationships is m/k.as seen in Fig. 14. Thus, the onset of boiling is indicated by 

the value of e m/Keff, whereas when two-phase conditions exist, the controlling V . 

parameter ia m/k. Effects of vertical heat conduction are significant only if 

Keff/k ia greater than 3 x 108 cal/cm3 sec 0 c. Donaldson concludes that once boil-

·j 

ing commences, it must extend some 200 - 500 meters downward and hence this two- ,, j 

phase region muat be considered in studying geothermal systems. Two-phase condi-

tions in columna with variations in vertical permeability have also been discussed 

by Donaldsori"(l96Ba, 1970). 

GEOTHERMAL SYSTEMS DURING .EXPLOITATION 

Lumped-Parameter Modela 

The concept of a lumped-parameter model provides one of the aimplest means 

for describing behavior of a geothermal aystem during exploitation. The basic 

idea is to view the entire system as a perfect mixing cell for both masa and 

energy so that spatial variations in concentration can be neglected. lnstead of 
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considering the interna! distribution of maas and energy, attentiun is restricted 

to the total amounts generated within the system as \/ell as thst crossing the 

boundaries. Since· time is the only independent variable, the system can be chsr-

acterized mathematically by a set of ordinary differential equations or an equiv-

alent set of algebraic expressions representing total masa and energy balance. 

The first and best known lumped-parameter model of a producing geothermal 

reservoir was ·developed by Whiting and Ramey (1969). Their system has a bulk 

volume V and contains vapor, water, and rock. Figure 15 is a schematic diagram 

of the system from which a simple masa balance yields 

(35) 

where Me • current masa of water (vapor + liquid) in place, M
0 

a inítial mass ·of 

water in place, M a influx of liquid (no vapor is assumed to enter the system), e 

Mp a masa of water (vapor + liquid) produced, and Mi ~ mass of water (vapor + 

liquid) lost by leakage. Water may flow in from an adjacent aquifer or leak out 

of the system via steam venta, springs, wild wells, etc. The water influx, Me, is 

represented by a linear combination of terma each of which is the product of a theo-

reticaf time-dependent response function characterizing a certain aquifer flow 

geometry (hemispherical, linear, or r_adial) and pressure. These calculations 

' further assume that the liquid inflow is isothermal with constant enthalpy, he. 

In the energy balance calculation the system iB aa~umed to be in complete 

thermodynamic equilibrium. According to the first law of thermodynamics one then 

has 

Interna! energy 
change in fluid 

a - Q 

Net conduc
. tive heat 
influx 

Interna! energy change 
in solid rock 

Net convective 
enthalpy influx 

(36) 
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1 
The volume V can be expresaed as '._.,.. 

V~ • M o 
(S 0v G + (1-S ~) v L) • M .(S 0v G + (l~S 0) 
oo o·o c.cc e 

. (37) 

G . G · L 
where S ia vapor (gas) saturation and V and V are apecific volumes of vapor and . . . . ' 

liquid, respectively. The phase diagram for water.'(see Fig. 1) indicatea that in 

the particular case where the system contains·only compressed liquid, the thermo-, ' 

L 
V • 0 (39) 

Additional working hypotheses made by Whit.ing and. Ramey are that Q is negligibly 

amall relativa to other terma in (36) and that hp ."' hR. (i.e., the enthalpy of pro

duced and lost 'fluid ia the aame). . . ' 
The compreased liquid version of this lumped-parameter 1110del was applied by 

Whiting and RAmey to the Wairakei geothermal syotem in New Zealand. The· initial 

temperatura and enthaÍpy were estimated from field data, and a leaat-square fit 

to the production history from 1956 to 1961 was used to determine the initial water 

in place and the initial pr.essure; · . The model waa then used to predict perfor~~~Snce 

through 1965 and agreement with measured data· was excellent (see Fig. 16). Predic

tion of future performance. from 1966 to the year 2000 too k into ac:.count two-phase 

conditioi:ui and indicated that pressure and temperatura would decrease very Üttle 
' 

during · this pe.riod •. Recent field data from ,Wairakei hu ve 11hown .thia prediction 

to be:incorre.~t. The iaodel waa álao used by Cady (1969) to simulate·a laboratory 

. setup but.'had to be applied separa~ely to 'the two-phase and dry steam regiC!na · 

tha t developed • 

. ~righam .and Morrow (1974) have a~_apted the lumped-parameter approa.ch to 
....,. .. . 

vapor-dominated ayatema (i.e,'·; ayatems with a Significant dry ateam region) by· 

considering three different distributions of ~apor and liquid. · In eac:h case 

' ... 

,. 

•. ,1 
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the system is sssumed to be completely closed (i.e., the boundaries are imperm~ 

eable and adiabatic) and energy is derived only from the rock masa itself. 

Their first model concerns a single-phase system completely saturated with 

vapor. They assume that since the heat capacity of solid rock is much greater 

than that.of steam, the system is essentially isothermal. Thus, there is no need 

for an energy equation and one can use a masa balance approach similar to that 

commonly employed in natural gas reservoirs. This approach leads to a linear 

relationship between p/Z and cumulative production ÁMG according to the eq~tion 

of state for a real. gas, 

(":./') P¡ Po 
M G 

Po 
a _1_ - (39) 

zl z M G z o o o 

where Z is compressibility factor, MG is masa of steam in place, and the subscripts 

indicate different values of time. The intercept of this line on the abscissa is 

G 
equal to the original fluid in place, M o 

In the second model the vapor phase is separated from an underlying layer of 

liquid by a horizontal interface at which boiling takes place. Since the vapor 

phase is again assumed to be isúthermal, its treatment is similar to that in the 

previous model. The liquid phase changes ita volume continuously and the corres-

ponding lumped system is therefore defined as the pare space íilled with liquid at 

the beginning of each pressure decrement. For this system the mass balance is 

simply 

• 

whereas t.he energy balance for the flüid is expresaed as 

L L G -G L L M1 e 1 + M1 e - M
0 

e
0 

• 

Interna! energy change 

S S ( .. ·· ) 
M1 cp !

0 
- t 1 

Heat transferred from 
rack ta lic¡uid 

( S S) R ( T0 +
2 

Tl) + M
0 

- M¡ cp Ta - ....:::.-:--=- (MoL- KlL- M¡G)¡¡G 
Enthalpy of vapor 
leaving system 

Heat transferred from rack ta 
steam 

(40) 

(41) 

·.._.,., 
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s -e where M is masa of rock in contact with liquid, h is average enthalpy of vapor 
. -G 

leaving system and e is average interna! energy of vapor (both calculated at 

the average temperature (T
0 

+ T1)/2) and the subscripts o and 1 indicate the 

beginni~ and end of a depletion step, respectively. Brigham. and Morrow further 

simplified this equation by reformulating it in terma of enthalpy and neglecting 

the resulting pressure terma and obtained 

(42) 

Civen a rate of production, the resulting system of nonlinear equations can be 

solved in an iterative manner. 

The third model considera a vapor phase overlying a layer of liquid except 

that now boiling occurs throughout the entire thickness of this layer and its 

depth remains fixed in time. · The resulting energy equation is essentially similar 

to thát of Whiting and Ramey (1969) with the exception that only steam is allowed 

to leave the systero. 

Application of these modele to various hypothetical reservoirs has shown 

that in estimating available reserves by extrapolation of early p/Z behavior, the 

resulta will tend to be optimistic when porosity is low, but pessimistic when 

porosity is high. The constant liquid level model was found to predict higher 

recovery for a given pressure depletion than the falling liquid level model. 

The presence of even a small amount of liquid in the lower pare of a geothermal 

syatem waa ahown to be extremely important because it can account for a large 

fraction of the total fluid mase and can significantly affect the resulta of a 

p/Z analysis. Finally, Brigham and Morrow conclude that "the steam portien of a 

reservoir will always remain isothermal whether or not there is boiling water 

below the steam. Thus pressure, temperature, and enthalpy measurements will 

not be completely diagnostic for determining the original state of the reservoir 
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fluid system. Because the steam remains essentially isothermal, it gradually 

iocreases in eothalpy aod becomes superbeated as the pressure declines." 

An ioterestiog lumped-parameter model based oo the assumption that the liquid 

and gas phases are uniformly distributed throughout the system has been proposcd 

recently by Martin (1975). The system is assumed to be completely closed and each .. 

phase is produced at a rate which is_ related' to ita relative permeability. His 

approach is based on a simplified form of equationa 1-3 and 6. If we neglect the 

gravity term in Darcy's law and substitute (2) and (3) into (1), we can write for 

an isotropic medium 

·--·· 
(43) 

where 

{,~: •'}') 
Mf = ~ (pL SL + PG SG) 

Neglecting heat diapersion and the pressure terma in (6) we obtain by the same pro-

cedure 

(44) 

where 

. Jt a 

since T and p are uniquely related by the boiling curve. The notion of a l~ped-

parameter model implies that gradiente of pressure, temperature, and saturation 

are small. Expanding (43) and (44) and neglecting the products of these gradients 

leads to 

(45) 
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Expanding the time derivatives with respect to p and S yields the nonlinear 

ordinary differential equation 

haMf f aMh 
dSL >. -- >. -

a a e a e 
dp f aMh h aMf 

>. -- >. -
asL asL 

In tbe case of single-phaae flow, T and p are not related uniquely to each 

other, and the above procedure must therefore be modified. If we neglect heat 

conduction as well .as dispersion, we obtain the single-phase equivalent of (45) 

(46) 

h f with >. • hA Expanding the time derivativas with respect to p and T leads to 

the following nonlinear ordinary differential equation, 

dT 
dp 

., (47) 

Equationa 46 and 47 were used by Martin· to_calculate numerically the relation-

ships between T, p and S in a hypothetical system free of gravity effects. Inte-

gration of •(47) showed that in the case of a single phase, dT/dp is very small and 

the exploitation procesa is essentially isothennal. This is ·clearly illustrated 

in Fig. 17 which shows the thermodynamic paths for various initial p-T condiciona 

in a system with S 3 3 S o 
~a 0.25, p ., 162 lb/ft (2.6 gm/cm ), e • 0.2 Btu/lb F (0.2 

V ·-
o eff cal/gm C), K 

0 o -9 
a 40 Btu/ft day F (0.0069 cal/cm sec C), k a 1 darcy. (9.87 x· lO 

2 . 
cm ), and typical kr valuea. For ex~mple, from inicial condition6 corresponding 

to point A, the temperature will drop slightly a long line 1 as pressure declines. 

This corresponda to a single phase (essentially steam) reservoir with temperature 

and pressure above the critica! point. However, if the system is initially satur-

ated with liquid water at point C, production causes an isothermal decrease in 

pressure until the boiling curve is reached. At this stage p and T begin to fol-

low the boiling curve with a gradual increase in steam saturation. Production of 
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G 
·steam, however, starta only when S reaches ita so-called equilibrium value at 

G which the vapor phase becomes mobile (below this value k m O). The ratio 
. ,r 

. . . . L 
between produced steam and liquid water continues to increase until S is reduced 

to a stage where the liquid becomes immobile and production is restricted to sat

urated steam. 
L When all the water has been boiled away and S = O, the tempera-

ture departa from the boiling curve and superheated steam is produced under 

esaentially iaothermal conditions. 

From bis study Martin further concluded that "under certain conditions only 

a relatively small amount of the heat initially contained in a geothermal reser-

voir will be produced during pressure depletion. Much of this heat may be con-

tained in the produced steam even though initially the reservoir contains only 

hot water." This is dueto the higher heat content and lower viscosity of steam 

as compared with liquid water. A similar reasoning also led Martín to conclude 

that "for many conditions where gravity segregation of the steam and hot water 

occurs during depletion, more of the total heat can be produced by completing 

wells high in the reservoir to enhance steam production and suppress water produc-

tion." When gravity effects are important, system e should follow the path shown 

in Fig. 17 until the steam phase becomes mobile and gravity segregation hegins. 

·-- G , 
Since S increases rapidly in the upper portian of the system, departure from 

the boiling curve,will occur at considerably higher p and T values than is shown 

in the fig~re. 
L ln the lower portian of the system S decreases slowly and 

therefore departure from the boiling curve will occur at lower p and. T values 

than in.Fig. 17. 

Distributed-Parameter Modela 

A model in which the properties of the rack and/or the fluid (e.g., satura-

tion, viscosity, pressure, etc.) are allowed to vary in space will be called a 

distributed-parameter model. By taking into account spatial variations of these 

properties the resulting problem may become too complex to be treated analytically. 
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Au alternative approach is to replace the governing partisl differential equations • 

by an equivalent set of slgebraic equations and then solve the problem numericall'y 

vith the· aid of a computer. The purpose of the following discussion is to acquaint 

the reader vith some of the resulta obtained to date by numerical simulation of 

relatively complex geothermal systems. 

A considerable degree of sophistication in the numerical simulation of immisc-

ible, multiphase and multicomponent fluid flow problema under.noniaotheimal condi-

tions has been achieved in recent years by petroleum engineers. A brief review 

of thia wrlt has been· included in a recent paper by Costa et al. (1974). Most of 

thia effort, however, was not concerned with geothermal systems but was directed 

toward the problem of oil recovery by steamflooding, hot waterflooding, steam 

stimulstion, and other thermal processes which are of immediate concem to the 

petroleUIII industry. For example, Spillette and Nielsen (1968) have studied the 

response of an oil reservoir to hot water injection by assuming that the hydrocar-

bons and the water will appear only as a liquid phase. Their model consista of a 

vertical croaa-section including a horizontal !ayer of sand enclosed between two 

impermeable shsle &trata. Energy is transported by conduction and convection in 

the sand !ayer and by conduction in the shale layers. Fluid densities and viscos-

ities are talten to be temperature dependent and capillary pressure between the 

twO fluid componente is taken into account. The equations governing masa trana-

port are solved by an alternating direction implicit (ADI) iterative finite differ-

ence procedure whereas the energy equation is solved by the method of characteris-

tics. One of the conclusiona of this study was that fluid segregation du~ to 

gravity has a significant effect on the system considered. 

Auother two-dimensional vertical model consisting of a sand layer sandwiched 

betveen two impermeable &trata has been developed more recently by Weinatein et 

al. (1974). In this model fluid flow is allowed to take place only in one 

horizontal direction wbereas energy may be transferred by conduction both 
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horizontally and vertically through the entire syut~. Ho~~ver, the hydrocarbons · 

and water can coexist both in the liquid and vapor states, so that one must now 

deal with three distinct phases: oil, water, and gas. The gas phase is a mixture 

of steam and hydrocarbon vapor. Interphase mass transfer within each component is 

allowed to account for processes such as water vaporization, steam condensation, 

hydrocarbon distillation, solvent extraction, and solution-gas drive. The energy 

equation is expressed in terma of enthalpy, rock compressibility is taken into 

account, but capillary pressure effects are neglected. A finite difference 

approach is employed with an implicit pressure-explicit saturation formulation of 

the masa balance equation, which ia solved simultaneously with the energy equation. 

The authors also discuss various improved numerical techniques for invoking phase 

constraints and calculating masa transfer terma. 

A three-dimensional finite difference model describing nonisothermal, three-

phase flow of oil, liquid water, and steam has been described by Coats et al. 

(1974) for the. purpose of simulating oil recovery by steam and hot water injection. 

In this model fluid densities are taken to be linear functions of temperature and 

pressure, and the effect of pressure on porosity is also taken into account. The 

masa and energy balance equations are solved simultancously by a direct method. 

A comparison of calculated resulta with experimental data indicated that the sim-

ulation procesa is sensitive to temperature effects on relative permeability. 

The authors concluded that such data, especially the tempersture dependence of 

water relative permeabilities, must be taken into sccount. 

The first application of a distributed-parameter model to a geothermal sys-

tem was made by Mercer (1973) and Mercer and Pinder (1974). A comprehensive 

account of this work has been described more recently by Mercer et al. (1975). 

The model consista of a single-phase, two-dimensionsl areal (horizontal) repre-

sentation of the hot-water Waiora aquifer in the Wairakei hydrothermal system of 

New Zealand. The masa and energy balance (Eq. 7 without the pressure. term) 
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are solved in the horizontal plane of the aquifer by the Galerkin finite element 

approach, using isoparametric elements as shown in Fig. 18. Since the governing 
' 

equations are averaged over the thickness of the aquifer, cellular convection 

does not play a role in the resulting model. 

However, vertical flow of fluid as well as energy is allowed to take place 

between the Waiora formation and the overlying Wairakei breccia aquifer through 

the intervening Huka Falla shale (see Fig. 19). The rate of this vertical leakage 

is taken to be proportional to the differences in head and temperature between 

the two aquifers, the values of p and T in the upper aquifer being kept constant. 

Inflows of heat from the underlying ,.ignimbrites into the Waiora aquifer are 

treated as unknown source terma to be determined by model calibrstion. The lateral 

boundaries of the Waiora aquifer are assumed to be impermeable and isothermal. 

Viscosity is allowed to vary with temperature whereas fluid density is cslculated 

as .a linear function of temperature and pressure. The model is also capable of 

treating the heat dispersion term in its proper tensorial form. 

The first step in applying the model to Wairakei was to adjust the parameters 

~o as to reproduce the steady state conditions existing in 1955, prior to exploi-

tation. The parameters that were adjusted at this stage included element configu-

~ation, heat sources at the bottom of the aquifer, dispersion coefficients, and 

permeabilities. A sensitivity analysis was performed indicating that dispersion 

had little influence on the resulta, whereas the permeability of the Huka Falla 

formátion had an important effect on the temperature distribution in the thermal 

reservoir. 

the second step was to simulate the response of the geothermal field to 

withdrawal of hot water from a series of wells during the period between 1955 and 

1962,. using time steps of 30 days. The par~eters of the model were again 

adjusted so as to bring about a fit between calculated and observed data. The 

resulta showed only a slight change in the configuration of the isotherms during 
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the period investigated. Fig. 20 is a comparison of computed and observed po-. 

tentiometric surfaces in the Waiora aquifer for 1958 and 1962. The single-phase 

model failed to reproduce historical data after the calibration period of 1955-

1962 due to a considerable quantity of steam that had formed in the Waiora aquifer . 

as a result of exploitation~ Faust and Mercer (1975) are now developing a two-

phase model to handle such problema. 

A two-dimensional model of transient single-component, two-phase flow i11 a 

geothermal system has been developed by Toronyi (1974). The model is batied 011 

Equations 1-3 and 6· (without the last two terma involving pressure) and util i z¿s 

a block-centered ·rectangular finite difference grid capable of simulating flow in 

either a horizontal or vertical plane. The resulting equations are expressed in 

an implicit backward difference form and are solved simultaneously by a line iter-

ative quasi-linearization (Newton-Raphson) scheme. Anisotropy is taken into 

account with the rescrictiun that principal permeabilities and heat conductivities 

must .re>~~Bin parallel to the coordinatea. Thermal conductivity is calculated 

according to (5) but dispersion is not taken into account. The fluids are asbumcd 

' to have temperaturas and pressures that are always on the vapor pressure curve 

implying that liquid and vapor co-cx:l:st at every point in the system. Cons.;quently 

p and S are the two dependent variables for which a solution is sought simulcan- ·'-.i 

eously. 

Thé exterual boundaries are impermeabl2 and adiabatic with the undersraoding 

thst forccd convection due to production is much greater than conduction acrod~ 

these bouudaries. The distributed-parameter model is coupled to a one-dimer.siurwl 

steady state model of a producing well in which the fluid is aasumed to form a 

homogeneoua two-phase mixture. The well ia trested as a point source in the 

finite difference model which, in turn, provides boundary values of p and S for 

the steady atate wellbore model. The wellbore model ia representad mathematically 
' 

by first order ordinary differential equations which are solved by the Runge-

Kutta method. 
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Toronyi applied hismodel only to a homogeneous and isotropic geothermal 

system by using a 6 x 6 rectangular finite difference grid. His purpose was 

to_ 1avest1gate the effects of porosity, permeability, and various uniform inicial 

p and S distributions on the production of geothermal fluid in a horizontal and 

vertical plane. On the basis of these studies, Toronyi class:f.fied the behav_ior 

of twO-phase geothermal systems into three types in terma of initial liquid sat-

uration: 
L (1) vapor dominated, with initial S < 40%; (2) liquid dominated, with 

initial SL > 60%, and (3) mixed or intermediate, with inicial SL within the range 

40 - 60%. Condensation and vaporization were found to be very important phenom"na 

that could create exceedingly high liquid saturations near a wellbore and disrupt 

gravitational equilibrium by causing more liquid to occur at the top of the sys-

tem tban at the bottom. Toronyi also found that superheated regions form faster 

in rocks having relatively low porosity and permeability values. The quality of 

the produced fluid (in terma of percent steam) was always found to be greater 

at the wellhead than at the bottom, although the maximum change in quality was 

small. 

A twO-phase, multi-dimensional model for geothermal systems has recently 

been developed by Lasseter et al. (1975) based on an extension of an earlier 

investigacion of single-phase flow under noniosthermal condiciona (Lasseter and . 

With .. rspoon, 1974). This model utilizes Equationa 1 through 4. In the numerical 

procesa, Equations 1 through 3 are combined into a flow equstion which ia then 

sol ved in conjunction with the energy equation (Eq. 4). These two equations 

expressed in ari integrated finite differenc·e form (Narasimhan and With.cr~puon, 

1975) are solvad for the two dependent variables, density and energy of the 

fluida, as' a function of time and position within the system. Advantage can be 

taken of the fact that the time constante for the energy equation are typically 

several ordera of magnitude larger than the time constants of the flow equation, 

which permita one to decouple the governing equations and still handle the 

' ' 
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non-linearities satisfactorily. Tbus, while it ia necessary to take relatively 

small time steps to accurately solve the flow equation, the energy field time 

steps can be much larger. 

Some preliminary resulta for a model of a vapor-dominated geothermal system 

are shown in Fig. 21. A vertical cross-section of a cylindrical system with a 

height of 3000 m and a radius of 2000 m wss set up using 150 elements. The vapor 

' O 2 column had an average initial temperature and pressure of 250 e and 40 kg/cm 

throughout, and an attempt was also made to simulate a 200 m bottom layer that 

was essentially liquid saturated. Tbe lower boundary of the boiling water layer 

o was maintained at 250 e while the other boundaries were arbitrarily made imperme-
' 

able to both heat and fluid. Typical values for thermal and flow properties of the 

msterials were assumed. _Relative permeability data were temperature independent. 

Figure 21 shows reproductions of computer plots after about 1500 days at a 

7 steam withdrawal rate from the producing interval of 3 x 10 kg/day (1380 t/h). 

As a result of this high rate of production, the pressure in the vapor column 

dropped to about 25 kg/cm2 (Fig. 21A) and the temperature decreased to about 225°e 

(Fig. 21B). Figure 21e is a vector plot of the vapor flux showing how vigorous 

boiling at the bottom of the system is producing substantial steam. Figure 210 

is a vector plot of the liquid flux and shows how water is separating from the 

steam st the base of the system. These preliminary resulta serve to illustrate 
' 

the powar-of this numerical approach in analyzing such complex systems~ 

Gringarten and Sauty (1975) have developed an analytical model for nonsteady 

temperatura behavior of production wells during reinjection of heat-depleted 

water into a horizontal aquifer with uniform regional flow. The aquifer is of 

infinite lateral extent and is confioed between two impermeable semi-infinite 

layers. Initially, the system has a uniform temperature, T • At time t • O, a 
' o 

well starts producing water at rate Q and injection of relatively cold water 

starts in a second well in the same aquifer at the same rate. The temperature 
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Pi¡. 21. Distributed-parameter model of vapor-dominated geothermal 
system showing reservoir conditions after 1500 days of 
production: (A) pressure field, (B) temperature field, 
(C) vapor flux, (D) liquid flux. 
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of the injacted water is set equal to T
1 

and maintained constant thereafter. 

a pair o f. 01ells is known as a "doublet." 

49 

Such 

The aJJthors asswne that steady state fluid flow is established much faster 

than therm!l equilibrium and that temperature transfer occurs only by forced hori-

zontal convection in the aquifer and vertical conduction in the confining beds~ 

Assuming further that the waters at temperatures T and T
1 

do not mix (pisten 
' o 

displacemeat), they have arrived ata simple closed form mathematieal relationship 

between temperature, certain dimensionless parametera, and the stream function 

characterizing water flow. Gringarten and Sauty used their solution to calculate 

the optimum spacing of isolsted doublets to be drilled for space heating purposes 

in the 1800' m deep Dogger aq ... ifer around Paria, under the" requirement that the 

cold front does not resch the producing well in less than 30'years when Q =lOO m
3
/h. 

By introducing a safety factor into their calculations, the optimum spaeing was 

found to be about 900 m for an aquifer 50 m thick. 

Symbol 

a, al' 92 

e 
p 

e 
V 

D 

Dl' 02 

Dij 

e 

f 

g 

gi 

NOMENCLATURE 

Description 

width 

speeific heat at constant·pressure 

specific heat at constant volume 

aspect ratio 

mflChanical heat dispersion tensor 

specific internal energy 

fluid property r 

acceleration due to gravity 
! 
1 .... r ··"·· "· '· _,, 

Dimensiona 

L 

L 

arbitrary 



Symbol 

h 

H 

k 

L 

m 

M 

p 

Pn 

Pr 

r 

R 

Ra 

S 

t 

T 

V 

16!.1 
Deacription 

specific enthalpy 

heat capacity ratio 

intrinaic permeability 

intrinsic permeability tensor 

relative permeability 

length 

apecific masa flux 

masa 

/ 
outward unit normal vector on r 

Nusaelt. number 

preaaure 

dimenaionleaa preaaure 

Prandtl number 

specific conductiva heat flux vector 

heat flux 

radiua 

representativa elementary volume 

Rsyleigh number 

critica! Rsyleigh number 

fluid aaturation 

time 

temperatura 

specific volume 

darcy velocity vector 

volume 

velocity .vector of solid fluid 

interface 

50 

Dimensiooa. 

L 

M 

t 

T 



Symbol 

z 

e 

K 

p 

T 

< > 

* < > 

Superscripts 

eff · 

G 

170 

Description 

vector of space coordinates (x,y,z) 

z being the vertical 

compressibility factor for real gas 

thermal diffusivity 

coefficient of volumetric thermal 

expansion 

liquid-solid interface in R 

liquid-gas interface in R 

gas-solid interface in R 

kronecker delta (1 if i = j and 

Oifiolj) 

dimensionless temperature • 

thermal conductivity 

thermal dispersion tensor 

viscosity 

dimensionless velocity vector 

density 

dimensionless time 

porosity 

average over R 

average over pore space of R 

average over liquid, gas, or solid 

phases in R 

1 <: ll' 1 ""':" 'l"·'"'" 11 y 

effective quantity for fluid-filled rock 

gas phase 

• 

51 

Dimensions 

L 

arbitrary 

arbitrary 

arbitrary 



Symbol 

L 

S 

o 

171 
Description 

liquid phase 

solid phase 

deviation from average over R 
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APPENDIX 

The purpoae of thia appendix ia to derive a macroacopic form of the energy 

balance equation for a two-phaae, single component fluid in a porous medium. 

This ia accomplished by averaging the microacopic equations over a representa

tive elementary volume (B.ear, 1972, p. 19) of the medium. The particular method' 

of averaging that is used here has b~en applied by Lee et al. (1975) to the 

energy equation and, in this context, was brought to our attention by Gray and 

Pinder ·(1974, personal communication). We recognize .that the macroscopic energy 

equation can be derived directly from macroacopic balance considerationa, without 

reaorting to an averaging procesa. However, the formal averaging procedure is 

helpful in gaining insight into the numerous assumptions that one must make in 

order to arrive at a manageable macroscopic expreasion. Such assumptions are 

implicitly inherent in every macroscopic equation and, by facing them explicitly, 

one should be able to appreciate some of the limitations of the differential 

equations used to describe geothermal aystema. 

Mathematical Preliminaries 

Let R be a representative elemen~ary volume of the porous medium and let ~ 

be the porosity of R. Whitaker (1969) demonatrated that the averaging procedure 

used below will lead to meaningful resulta if the characteristic length of R is 

much greater than the characteriatic length of the pores, and is much smaller 

than the characteristic length of ~he entiri porous medium. An obvious require

ment is that R be large enough to provide a·fair representation of all the statis

tical properties of the pore apace. Our analyais is restricted to homogeneous 

porous media which meana that the porosity, ~. as well as all other statistical 

properties of the pore space, must remain unchanged as one focuses ·bis attention 

on diff.erent elementary representative volumea in the medium. Furthermore, the 

size and.shape of R muat be constant and its orientation must remain unchanged. 
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Let fL(xi) be some property of the liquid (e.g., density, temperature, etc.) 

which, by definition, is zero in the gas phase and in ·the solids. Then the 

L "liquid phase average" of f is defined as 

dR (Al) 

L Similarly, the "pare vollllllu average" of f is defined as 

1 
m-

lj>R 

and the "bulk volume avera~e" as 

(A3) 

/ 

From (Al) - (A3) it is evident that 

(A4) 

T.hese averages can be vicwed as point macroscopic quantities· associnted with 

the centroid of R. Thus, there is nn average associated with each point in R 

(each such point being the centroid of another R) , and it therefore makcs sense 

t<J talk about the ave~age value of these averages over R. Whitaker (1969) showed 

that 

(A5) 

i.e., the average of the óVerage is equal to the average (note that this is by 

no means self evident). 

At any point in the liquid phase within R, fL can be expressed as 

L L o 
f • <f~ + fL (A6) 

0 L L where f is simply the deviation from the phase average of f • From (A5) and 

(A6) it follows that 

··-j 
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(A7) · 

L 0 L Note that just like f , the function 6f f is taken to be zero everywhere outside 

the liquid phase. 

According to the general transport theorem (c.f. Whitaker, 196S) one has 

L <E.!_> dt 
(AS) 

where n1 is a unit normal pointing out of the 1iquid phase. Another useful 

re1at1onship known as the "averaging theorem" (Whitak~r, 1969; Slattery, 1972, 

pp. 192-196) states that 

:l<fL> 1 f 
~ ~ + R LS LG 

r ,r 
(A9) 

Similar re1ationships wil1 ho1d·for properties of the so1id phase, t
5

, and the 

gas·phase, fG. 

Derivation of Energy Equation for Two-Phase Fluid 

In the following analysis, the pore space is assumed to be saturated by a 

single-component fluid which can be either in a liquid or gaseous state. The 

LG 
liquid and gas phases are assumed to be separated by a distinct interface, r , 

across which there may be a flnite change in pressure. lf one neglects viscous 

dissipation, then the energy equation at a point within the liquid can be written 

(c.f., Currie, 1974, p. 17) as 

a L L a 
at {p u ) • - axi (A LO) 

Taking the average of (AlO) over a representative elementary volume, R, and 

using (AS) and (A9), the result (after rearrangement) is 
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a L L L 1/L • - -- <p e v > - - P 
axi i R LG 

r 

·-
a< L> J -;:-q...:i~ - .! q L n df 

axi . R LS LG i i 
r , r 

(A ll) 

Equation All is ·based on the assumption that fluid velocity normal to a solid-
..... _ ... ,; 

fluid interface is zero (i.e., there is no transfer of kinetic energy between 

the fluid and the solid). L L 
Furthermore, in order to replace the term p (av

1 
/ax

1
l 

in (AlO) by its macroscopic equivalent in (All), it is necessary to assume that 
0 L • L . 
p and avi /3x

1 
are uncorrelated so that the average of their product is zero. 

A possible physical jus~ification for this is to say that local variations in 

fluid velocity within a pore are controlled primarily by viscous stresses and 

can therefore be assumed to be independent of pressure; 

The energy equation for the gas phase at a point within R has the same form 

as (All). When this equation is averaged over R, ·the result is 

a e e a <pG e G G 1 f G G (vi 
G 

- w1) ni di - <p e> m-- vi > + R p e at axi · rLG 

' ./ 

(Al2) 

Here ni points into the gas along fLG and into the solid along fes. 

The energy equation at a point within the solid is simply 



\ 

,., 

Integrating over R gives 

S 
p = -

where ni points into the solid. 

+ 1 f 
R LS GS r ,r 
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(Al3) 

(Al4) 

From the requi:rement of energy continuity at a liquid-gas interface,· it can 

be shown that 

(AlS) · 

A similar condition must also bold for the conductive energy flux qini at any 

solid-fluid interface. Thus, by adding (All), (Al2), and (A14) and using.(A4) 

we obtain 

3 L G G GG S SS 
($SL<pL eL> + $S <p e > + (1 - $) P <e > ) a e 

a 
- axi 

L 
L a< L> 

<j)SL<pL> 
vi 

axi 

L f SL<pL> _! 
R LG 

vi 
r 

L 

(1 - $) 

G 
G a< e> 

$SG <pG> 
vi 

axi 

SG<pG> G .!_ f G 
dr + ni 

B. LG 
vi 

r 
Di df (Al6) 

We now introduce another assumption that thermodynamic relationships between 

average (macroscopic) quantities remain exactly the same as those between the 

equivalent point (microscupic) quantities. This assumption is implicit in all 

macroscopic equations that we have encountered in the literature. Ita implication 

o o L L L 1. L 1. L 
is that' p and e are uncorrelated and one can. thus replace <p e > by <p""> <e""> 

G G G G G G G 
and <p e > by <p > <e > • Since mass dispersion is not considered in the 
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preaeat analyaia, p aod vi are alao uncorrelated aod ve can therefore vrite 

L L L t. L L L L L L 
9S <p e vi? • 9S (<p; <e > 

L L L OL o L L 
<vi> + <p e. vi > ) 

L L L L L L L 0 L 0 t. L 
• <p > <e-:> <vi > + tS <p e vi-:> (Al7) 

vbere tbe aecond term representa mechanical diaperaion of energy. Polloving the 

current tread in the literatura (c.f., Bear, 1972; Gray, 1975) ve aaaume that 

diaperaion ia mathematically equivalent to a diffuaion procesa, so that one can 

vrite 
L OL. ~L 

<p e vi • (Al S) 

' L vhere Dij ia knovn as the mechanical (or convective) disperaion tensor. The 

conductiva fluz, q~ , ia expresaed by Pourier'a lav uaing a acalar thermal 

conductivity, 

the average of vbich ia given by (A9) as 

(Al9) 

(A20) 

In order to eliminate the aurface integral from (A20) ve aaaume that the orienta- ·-··-' 

tion vector ni ia aymmetrically distributed about a zero average value (this is 

true if the orientations of rLG and rLS are random). Then, since temperatura is 

iDdependent .of interface orientation (i.e,, random temperaturas may exist at 

varioua pointa along r having a given orientation) TL aad ni are uncorrelated 

and the aurface integral in (A20) can be neglected. In a similar manner, it may 

L appear reaaonable to asaume that vi ni is symmetrically diatributed about a zero 

average value along rLG so tllat ·tbe firat aurface integral in (Al6) vanishea. 

St.ilar, conaiderationa bold for the gae pbaae. If ve further aaaume that 9, SL, 

G . 
and S remain practically constant for any averaging volume whoae centroid ia 
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inside R, then (Al6) csn ·finally be reduced to 

a L L L 
<PSG 

G G 
Ps 

S 
(4>SL <eL> + <pG> <e e'-' + (1 <Pi <e5> 1 at <p > 

a L L L L < L> 
G G 

< c,l 
a - dX~ (~p > <e > ~li + <pG> <e e> vi 

L G 3~TS> S ] a [ L L o<TL> G G o<TG> 
(1 - <Pl 

S 
+ oxi <PS . Kij + <PS K ij + K 

axj axj dXi 

L a< e> L o<vi > G G L vi 
- <p > 

oxi 
- <p > 

axi 
(A2l) 

whe~e Kij a KÓij + Dij is the combined conductive and mechanical dispersion tensor. 

In the literature 1t is customary to assume that all phases are in thermal 

equilibrium and that capillary pressure d ifferences between the fluid phas~s are 

negligible. In this case (A21) reduces to 

a 
L L L 

¡pse 
G G G e S S S 

at (<PSL <pL> <e > + <p > <e > + (1 - ljl) p <e > 1 

a L L L L G e 
< e>l -- axi 

(<pL> <e > <vi > + <pG> <eG> vi 

a ( eff o<T>•) a L G (A22) + ox
1 

Kij - <p>• 
dKi 

(<vi > + <v 1 >) 
axj 

where 

This shows that the assumption of thennal equilibrium implies viewing the solid, 

liquid, and gas as three anisotropi<;> conductora arrangcd patall.:l to the direction 

of heat flow. 

Recalliilg our asstiinption that tbero.oJynamic reliltionsbipo b.:l~o~een average 

fluid properties are the same as betwcen the equlvalent point propertic~, we can 

define the average (macroscopic) enthalpy of thc llquid as 

L L 
~ + L 

L <p > 

(A24) 
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Similar definitions will hold for the gas and the solid. lf we now replace each 

<e> in (A22) by <h> - <p>/<p>, we obtain a macroscopic energy equation in terma 

of enthalpy. 

a 
• - axi 

Temperature Equation for a Single Phase 

S 
+ (l - 4>> p

5 
<h5

> 1 

(A25) 

In the particular case where the pores are completely saturated by a single 

fluid phase (say liquid), one can use the equation of masa continuity to rewrite 

(A2l) in the form 

3< L> * 
S 

3<eL>* 
4><pL>* Ps él<es> ~* L e + (1 - 4>) a e . - <p <vi > 

axi a e 

o<TL> * ·+ 
S a< >L 

a ~ L (1 - 4>) Ks a<r
5

> J _ L * vi 
+ axi 4>Kij axj axi 

<p > 
3x1 

(A26) 

Assuming that the thermodynamic relationships 

~ .. (ae) av + a. av r a• (A27) 

P .. T ~-~) _ (ae) \at V ov T 
(A28) 

hold for the average quantities appearing in (A26), this látter equation can be 

rewritten as 

' 



.. ··"' 

... :. 

L * a<T > 
at 

180 

+ ( 1 - cj>) p S e 
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L * 
S 

L * 
a [ L Ks a<r

5
> ] <pL>* <viL> e~ a<r > a<r > +(1-cp) = -

axi + axi <j>Kij axj axi 
a< L> 

_ <TL>* (*)V vi 
(A29) 

axi 

The first term in brackets can be reformulated as 

[ 
L * ] 1 a< > a L • L 

- L * cp ~t + ax. (<p > <vi >) 
<p > 1 

which vanishes by virtue of mass continuity. Thus, the energy equation for the 

1iquid phase can be expressed entire1y in terms of temperature, 

L * L a<TL>* 
"'< > e . + "' P v at . -

+ (1 - </>) 

L * L L <p > <v >e 
i V 

L 

( ) 

a<v > 

~ v -=-a x-=:=---

(AJO) 

If the solid and the liquid are assumed to be in therma1 equilibrium, (AJO) reduces 

to 

• 

• a<T> 
at D -

(AJl) 

Equations AJO and AJl are also applicable when the pores are completely 

saturated by the gas phase, provided that the superscript L is replaced by G. 
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STEAM TRANSPORT IN POROUS MEDIA 

A. F. Moench 
U. S. Geologlcal Survey 

Water Resources Dlvis.lon 
3~5 Hlddlefleld Road 
Henlo Park, CA 9~025 

Numerous lnvestlgators nave pursued development of large-scale 
twa-phase digital slmulation models of vapor-domlnated geothermal 
systems. These represent slgnlflcant advances In the capablllty to 
numerlcally slmulate complex systems. However, the basic physlcal 
phenomena whlch are being modeled are stlll under lnvestlgatlon. The 
purpose of thls discusslon ls to present the results of a numerlcal 
study In whlch some of the physlcal phenomena which may occur In vapor
domlnated geothermal reservoirs are examlned. These phenomena lnclude: 
(1) superheatlng of dlscharging steam, (2) energy changes due to com
pressible work, (3) conductlve heat transport, and (~) gravltatlonal 
effects of the steam column. Further detalls pertalnlng to thls study 
are avallable In a report by Moench (1976). 

The numerlcal model used In thls study draws upon the·concepts of 
Whlte and others (1971) for a vapor-dominated geothermal system, though 
of necessity some slmpllflcations have been made. The physlcal system 
ls ldeallzed as a one-dlmensional column of porous or hlghly fractured 
rock fllled wlth a mixture of steam-and llquid water under hlgh pres
sure. Thls reservolr 'ls overlald by a "cap rock" that has low perme
ablllty. At the bottom of the reservolr there ls a zone where llquld 
water saturates the pores. Heat ls supplled by a magma chamber at 
depth and transferred upward through the llquld-saturated' zone by 
conductlon and convectlon. The prlmary mechanlsms for heat transfer 
through the vapor-domlnated zone are vaporlzatlon and condensatlon. 
Figure 1 lllustrates the dlstributlons of temperature and pressure to 
be expected In thls ideallzed natural system. 

The model ls deslgned to determine the time-varying distrlbutlons 
of llquid-wáter' saturatlon, pressure, and temperatura wlthln the vapor
domlnated reglon. These distribotions may be due to the wlthdrawal 
of st'eam at elther constant pressure or constant discharge. Baslc 
assumptions of the model lnclude the followlng: .(1) 1 !quid water 
withln the vapor zone ls statlonary, bu.t subject to vaporlzatlon, 
(2) Oarcy's law is val id for two flulds, (3) the rock matrlx is rlgid, 
(~) local thermal equllibrlum occurs between the flulds and rock, 
(S) ne~liglble viscous dissipation, (6) negligible thermal dlspersion, 
and (7) negllgible surface tension effects. 

To simulate the vertical flow of steam through varlably saturated 
porous media, two controllíng equations are used (see Appendlx): a 
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fluld-flow equatlon andan energy equatlon. These equations contain 
parameters whlch are dependent upon pressure, temperature, and llquid
water saturatlon. The energy equatlon accounts for heat conductlon, 
convectlon, vaporlzatlon, compresslble work, and heat storage. These 
partlal dlfferentlal equatlons are coupled through the veloclty terms, 
the vaporlzatlon terms, the llquld saturatlon, and the pressure- and 
temperature-dependent parameters. The equatlons are solved slmültan
eously at dlscrete time lntervals by a finlte-dlfference technlque. 

Results 

Figure 2 show¡ the pressure, temperature, and llquld-water 
saturatlon after 10~ sec (31.6 years) of steam production from the 
top of a one kllometer column of reservolr rock. Thls represents the 
effect of removlng abóut 70% of the mass that was lnltlally avallable. 
Steam ls produced ata rate whlch declines wlth time dueto wlthdrawal 
at constant pressure. All the llquld water In the top 300m has been 
vaporlzed and steam In thls reglen ls superheated. 

Temperatura dlstrlbutions "A" and "B'' In Figure 2 show the 
lnfluence of heat conductlon and compresslble work (as deflned by the 
second term on t·he rlghthand slde of the. energy equatlon). Olstrl
bution "A" shows the temperature proflle obtalned uslng the complete 
energy equatlon. Olstribution "B" shows the temperature profi le ob
talned when the compresslble work term is omltted from the calculations. 
lt is clear that compressible work ls signlflcant only where super
heated steam ls present. Both proflles show the temperature lncrease 
at the top of the reservolr brought about by conductlon from the base 
of the cap rock ata dlstance of approximately SO m. Conductlon from 
the cap rock or other nearby rocks not cooled by the vaporlzatlon 
process may be responslble for the temperature lncrease of produced 
steam observed In sorne wells (Sestlnl, 1970). The time varlatlon In 
temperature at the top of the reservolr ls shown In Figure 3 for 
curves "A" and "B". In the early part of the productlon hlstory, 

·the coollng effect of compresslble work counteracts the heatlng duc 
to conductlon from the cap rock. 

The effcct of cllmlnatlng gravlty from the calculaticns u~on the 
pressure and tcmpcrature distrlbutlons ls shown by the dashed 1 ines in 
Flgur~ 2. Apart from lts posslble lnfluence upon the vertical dlstri
bution of llquld water (not lncluded In thls study) the effect of 
gravlty can be safely ncglected. The weight of the stcam column has 
little, lf any, effect upon rcservolr productlon charactcrlstlcs. 
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APPENDIX -----
The baslc equatlons used, In thls study are reproduced here for 

convenlence. Addltional detalls and constitutlve relationships are 
glven In the report by Hoench (1976). · 
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fortunately there is an extensive body of literature available to 

belp one estimate many of these fluid and rock properties. Huch of this 

information can be found in the petroleum literature, for the petroleum 

industry has had an interese in the use of underground heat for oil recov-

ery since the early 1900's. In the paper ~e summarize some of the data 

that is useful for geothermal systems. A large fraction of these data 

are extracted from the petroleum literature. 

STORAGE ANO TRANSPORT OF HEAT IN ROCKS 

Neglecting heat of phase change and heat of reaction, there are three 

importan e thermal properties in any process involving he-at transfer: ther-

mal conductivity, heat capacity, and thermal diffusivity. Thermal conduc-

tivity is generally shown by the symbol, k, and units in the c-g-s systern 

are cal/sec-cm-°C. Many of the references, however 1 are given in British 

thermal units, Btu/hr-ft-"F. The conversion factor is: 

Btu 
1 hr-ft-"F 

-3 
4,134 x 10 cal 

sec-cm-°C 
(1) 

The specific heat generally used is the specific heat at constant pres-

sure, or (aH/aT) , and the syrnbol is C • The c-g-s unit, cal/gm-•c, is 
p p 

numerically the same as the British unit, Btu/lb-"F. Thermal diffusivity 

is a collection of terms, k/p C , where p is the density. It is often 
p 

indicat~d by th.e syrnbol a. This grouping is the ratio of the ability to 

·cransfer heat. k, to the abillty to store heat, p C . In the c-g-s sys
p 

2 
te).n the dimcnsions are cm /sec. and 

2 
in the British system ft /hr. Han y 

·references use British units. The conversion factor is: 
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Thermal Conductivity 

An early evaluation of rock thermal conductivity was made by Birch 

1 2 
and Clark. • They atudied a broad range of rock materiala includicg some 

eighteen igneous rocks, seven sedimentary and metamorphic rocks, and certain 

single crystals and glasses. With the except'ion of the anorthosites and 

the glasses (both man-made and natural) all the materials showed a reduc-

tion of thermaL conductivity with temperature increase. This behavior is 

as should be expected. 1 See Figures 1 and 2, from Birch and Clark. 

Probably the moat important finding by Birch and Clark waa that the 

thermal conductivity of a mixture could be eatimated by assuming that the 

various components of the system were in series. The total thermal resis-

tivity of the system ia equal to the volumetric weighted average of resis-

tivity of each component. The total conductivity ia thus the harmonic 

average: 

1 --. 
k ave 

X 
+_..!!. 

k 
n 

where x a volumetric fraction of each component. 

(3) 

Birch and Clark's data were mostly for rocks of low porosity. 

Somerton' was an early investigator of the thermal conductivity of fluid-

containing rocks. He studied unconsolidated sands, sandstones, s1lty 1 

' sandstones, siltstone, shale and limestone. He developed an empirical 

equation to predict the effect of fluid saturation on the thermal con-

·ducitivity of porous rocks. It was: 



·i 
(4) 

where k • tbermal conductivity of fluid-saturated rOe k 

"t • tbermal conductivity of rock solida 

"2 a tbermal conductivity of saturating fluid 

"' 
• porosity - fraction 

e • empirical constant approximately equal to l. 

The empirical constant, c,was actually found to range from 0.9 to 2.3 

witb the larger values found at lower porosities. The product, e~, 

ranged from 0.325 to 0.460. 

In 1961 Kunii and Smitb4 measured tbermal conductivities of porous 

rocks saturated with variou~· fluids. They proposed an equation (their 
\ 

Eqn. 3) to relate the fluid saturated 'conductivity to the conduct'ivity of 

dry rack. Some of their results are reproduced here as Figures 3 and 4 

to show the correspondence of their data to their model. Water may increase 

conductivity more tban two-fold depending on tbe nature of the porous 

medium. Their data were run on Boise, Bartlesville, Berea and Rangely 

sandstones. 

5 • 
Smith and his coworkers ' also studied the effect of fluid flow on 

tbe tbermal conducrivity of porous systems. In general they found that 

thermal conductivity in the direction of flow was increased as the flow 

velocity increased. 5 Figure 5 shows this effect with water and brine. 

They made a correlation of this effect through use of the product of the 

Reynolds' Number and the Prandtl Number (Fig. 6). Thermal conductivity 

perpendicular to the direction of flow, however, remained nearly constant--

unaffected by flow rate. 6 
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Anand, Somerton and Gomaa recently have shown empirical methods of 

predicting therma1 conductivities of fluid saturated rocks when there 

is 1ittle thermal data available •. These methods are based on regression 

analysis equations. The thermal conductivity of dry rock (containing 

air) was corre1ated as fo1lows: 

Ada 0.3386 p
1 •034 - 3.194 ~ + 0.5304 k0 · 100 

+ 0.0131 F - 0.0311 (5) 

where A a thermal conductivity of dry rock. Btu/hr-ft-°F 
d 

p a bulk density, gm/cc 

~ a fractiona1 porosity 

k· a permeability, mil1idarcies 

F • formation electrical resistivity factor 

The formation resistivity factor is a common formation eva~uation term 

which can be ex'tracted from electric logs. It is the ratio of the actual 

resistivity·to that if the rock pores were tota1ly filled with formation 
1 

water. In the absence of data on this parameter, the fo1lowing empirical 

relationship can be used: 

F • lNm (6) 

where m~ cementation factor, often near 2.0 for sandstones. 

Where the rock is fluid saturated the·thermal conductivity is higher, 

and Anand, ~·• found the following empirical equation was useful: 



/ 

(j 

1 + o. 299 

[ 

· ).l0.482m -4. 30 

+ 4.57 ~ ":J (::) (7) 

where ). • thermal conductivity of fluid-saturated rock, 
8 

Btu/hr-ft-°F 

).f • thermal conductivity of the saturating fluid 

).
8 

• thermal conductivity of air 

p
8 

• bulk deosity..-of saturated rock 

pd • bulk density of dry rock 

Lastly, the effects of temperature were included. Anand, et al., 

used a modification of Tikhomirov's 8 correlation to show this effect. 

Their results were as follows: 

(8) 

where ). • thermal conductivity at temperature, T, Btu/hr-ft-•F 
T 

>.68 • • thermal conductivity at 68°F 

T • temperature. 0 R • •F + 460 

A graph of their data compare.d to this equation is shown in Figure 7. 

The match appears to be satisfactory. The equation properly predicts that 

high conductivity materials have lower thermal conductivity at higher 

temperatures, while low conductivity materials exhibit increasing con-

ductivities with temperatur•o. 
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Often rocks canta in two fluids rather than one. Gom.aa and Somerton'' 10 

discuaó this effect in two recent papers. If both fluids are liquid, or 

1f ~Hther fluid is boiling or condensing, the thermal condu.ctivity of the 

1 
aystem is a simple square root relationahip between the the~ conduc-

Úvity a·nd the fluid content, as followa: 

where 

). - ). • (). - ). ) (S )l!/2 
1 . 2 1 2 

). • thermal conductivity 

). . 
1 therm1.1 conductivity 

). -2 
thermal i:onducÚvity 

52 ~' the fraction of pore 

(9) 

of rack containing two fluida 

of roe k saturated with fluid 1 

of roe k saturated with fluid 2 

apace filled with "fluid 2 

If the fluida are a liquid and vapor in equilibrium with each other, 

for exampl~water and steam, tbe.thermal conductivity may befar higher 

than predicted by Eqns. 8 and 9. The combination of heat transfer by boil-

ing and mass flow by capillary preaaure effects can cause the effective 

therma1 conductivity to increase 2 to 5 fold. This is called the ''heat 

pÍ~e" effect. The amount of increase dependa on the permeability of the 

rack, the latent heat of vaporization, the vapor saturation and the direc-

tion of heat flow with respect to gravity. The empirical equation they 

found to predict this additional term ia as followa: 

).HP. 0.00 3 ~0.357 k0,424 -;::~LY~ 

1 '~.t vv 

(1 + 0.107 sin ~) F(S) (10) 

'. 



• [o.74 + 0.615 
( V 

svc • 0.060 k-0.236 

+ 1.5652 + 
V 

8 

2.855~] (ll) 

(12) 

(13) 

where S~ and Sv • the fraction of pore space filled with liquid 

and vapor, respectively 

~ • porosity, fraction 

k • permeability, darcies 

L a latent heat of vaporization, Btu/lb 

y G vapor pressure-temperature derivative, lb/in
2
-°F 

2 v1 and vg • viscosity of liquid and vapor, ft /day 

~ • angle of heat flow direction, positive upward 

). • additional·'thermal conductivity due to heat 
BP 

pipe effect, Btu/hr-ft-"F 

By this stage, it should be clear that there is a problem in this 

study with respect to symbols and units. The symbol k has been used 

widely to represent both the thermal conductivity and permeability. Even 

the Greek symbol A has been used often in various·literatures to represent 

both heat and fluid conductivities of porous solids. Rather than totally 

-, recast equations in a single set of symbols and units, we have elected to 

preserve the symbols of the original study, where possible, and to define 

symbols and units where presented. This is done because the purpos.e of 
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of studies such as .this is usually to guide a readcr to further informa-

tion, rather than to· replace it. The pertinent literature is far too 

voluminous for a single paper to serve a true summary purpose. 

We turn now to a review of pertinent information on heat capBcity 

and density. 

Heat Capacity and Density 

Somerton's' data on heat capacity of,rocks shows that most reservoir 

materials behave similarly. Figure 8 shows some. of the resulta of his 
) 

work. Martin and Dev11 point out that these data can be approximated 

roughly by a linear equation for heat capacity as a function of 

where 

T + 2000 • cp 10,000 

cp • heat capacity of rock, Btu/lb-'F 

'I • i:emperature, °F 

(14) 

Somerton also found that where roc.k is made up of minerals with many 

differing materials, the average heat capacity follows Kopp 1 s Law, 
\ 

whlch states that the heat capacity is the mass weighted average of the 

constituents. 

In general, rock volume changes only slightly with temperature. 

Further, many rocks containing large percentages of quartz behave much 

alike. Figure 9 shows the data of Somerton and Selim12 for three sand-

stones and quartz. There is little difference in the resulta for the 

four materials. 

\ 
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1:-)i·· 'Tbe"'""l Diffuaivity 
t;r:\ f·;;·. . , r~~l:!!ú/f Beca use the thermal conductivity of many materiala behavea aimilarly 

·~K-~,-a tunction ot temperatura, and becauae many materials have similar 
f.'!i1~.Y·~··.- • ' 
;~t~beat· capacity-temperature behavior, it aeema logical to expect that ther-
~~-"r: . 
~,4j:¡:mal diffuaivity-temperature relationships will agree for many materials, 

. H~"!11: . . 
t":'"!?1 .,, . - . 
fÍ(:~. !be data of Somerton and Boozeru show that, indeed, many poroua mate
,~~;t:_~·: : .. 
[\H(rnalo do exltibit similar trends in thermal diffuaivity aa a function 

!,~;:tir~~ temperatura, A notable exception waa found with a tuffaceoua sand
f'.~ ·:r'".r~r- -~ 
:'}atona, as ae7n 111 Figure 10; .however, a fairly good· approximating Une 

'coutd be drawn through the rest af· the data in Figure 10. Thua:uae of 

thia.figure for quick eatimation appeara reaaonable. 

~ of Phaae Change and Reaction 

1n gas and oil reaervoira, very low beata of phase change and low 

beata of solution, plus the high heat capacity of the salid phase (rack)· 

due to high masa of rock leads to nearly isothermal behavior for most 

' fluid production thermodynamic paths. Exceptions are: (1) the procesa 

of oil recovery by underground combustion 57 and (2) oil recovery by 

ateam injection,M The first involvea release of large amounts of heat 

d~e to oxidation of a part of the oil, and the aecond raleases heat by 

co11densation of the injected ateam. Actually severa! typea of apon-

taneoua oil ox:ldatior.l reacciona· may occur leading even to ignition. 55 

There ap~eara .little purpose to cite existing studies of oil oxidation 
' 

reaction kinetics, other than to warn auch information is available 

should pore space reactions become important in g~othermal energy extraction. 
. . ~ 

We turn now to a consideration of the effects of elevated temperaturas on 

the flow characteriatics of poroua rocks, 
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TEMPERATURE AND PRESSURE EFFECT ON PERMEABILITY ·aF POROUS MEDIA 

It is well known that the viscous flow of fluido tbrougb porous 

media follows Darcy's Law, whi~h is expressed as: 

ktdn dz] V a -- =- pg-\J ds da (15) 

whei'e v is volume rate Of flow across a unit area of the porous medium, 

k.io permeability of the medium to a.fluid at constant temperature, \lis 

viscosity of the fluid, p is pressure, p is the density of the fluid, 

g is tbe acceleration due to g~avity, z is the vertical coordinate, and 

s is the coordinate along the direction of' flow, 

Tbe permeability of a p~~ous medium to a gas pbase usually exceeds 

the permeability of the sam~ medium'to a liquid phase. Tbe difference 

in these permeabilities is dueto the.phenomenon known as slip 14
, reac-

tions between liquida and the salid, and relative permeabilities, Slip 

is related to the mean free path of the gas molecules, Consequently, 

the permeability of a porou~ medium to gas should be a funcúon of the 

temperatura, pressure, and the nature of the gas. Klinkenberg 14 devel-

oped the relation between the permeability of a porous medium to gas 

and to a non-reactive liquid, viz: 

(16) 

Tbis equation was derived assuming that all the capillaries in the .Porous 

medium.are of the same diameter, and are oriented at random through the 

. ' 
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. '.:-·'¡,.;,Ücl aoaterial. In Eqn, 16, kg and k.t are permeabilities respectively 
-· ; ' .~ . 
, to aas ancl toa single liquid phase completely·filling the pores of the 
! i. ~ - . 

: '..é'diUI!I at ccinstant temperatura, X is the mean free path of the gas mole-

.' culea, r ia the radius of capiHaries, and e is a proportionality conatant • 

. -·· . 
. Tban, the mean free path can be• expressed as: 

· .. . 1 

(17) , 

Where d is collision diameter, n is concentration of molecules per unit 

volume. ~ is Avogadro's Number, "Pm is mean pressure, T is temperature, 

and R is universal gas constant. Therefore, by combining Eqns. 16 and 17, 

we obtain: 

k • k (1 + 4CRT- ) a k (1 + _!!..) 
· g L {2ñ rNdzp .t Pm 

. m 

(18) 

where bis callee! the Klinkenberg factor, which is constant for'a given_ 

gas and a given porous medium a_t a const\'nt temperatura. As easily seen 

from Eqn. 18, a graph of k vs. 1/p should result in a straight 1ine 
g m 

vith an intercept of kL and a slope of bkL as shown in Figure 11.· S1ope 

must become steeper as the temperatura increases. Thus, the permeabi1ity 

' . toa gas is greater at low presaures, and is at.a minimu~ ata maximum 

pressure of flow. 

The permeability defined in Eqn. 15 requires that the porous medium 

ia saturated completely with one homogeneous, aingle-phase fluid. The 

permeability thus defined is callee! the abso1ute permeability. When the 
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Contact angles of leas than 90•, measured through the water phase, indi

:,:f:, 
\'•J''eate prefereotially water-wet conditions, whereas contact angles greater 
~::{r. , . 
r;; Chao 90° indicate prefereotially oil-wet conditioos. The distribution of 
:.r.: 
~ ,.,_ •. ·. ' 
~":"eicher che vecting or non-wetting phaae witbin tbe pore spaces does not 
···:··· ... depend aolely upon the saturatioo of tbat phase, but dependa also upon ¡r:. 

che ·directioo of tbe saturatico changa. Tbe terms 11drainage" and 11 imb1:.. 
' 

;·, llltion" refer to flow resulting in a decrease aud increase, respectively, 
1,·: 1 

'' . :'~ in the wetting phase saturation. 

,. 
Since tb·e wettability and direction of saturation change influence 

che fluid distribution, these faetors would be expeeted to affect simi-. 

larly both the eapillary pressure and relative permeability eharaeteristics. 

Tbe cspillary pressure, Pe• in poroua·media is defined as the pressure dif

ference existing across the interface aeparating two immiscible fluida .at rest, 

one of which wets the surfaces of the roek in preference to the other. 

Tbe water-oil capillary pressure is. defined as the pressure in the oil 

pbase minus the pressure in the water phase, or: 

Pe • Po - Pw (20) 

' . 
. For tbe gas-liquid case (or steam-water): 

. (21) 

Figure 13 sbows the capillary pressure eharaeteristics of a strongly water-

vet roek. It is seen in Figure 13 that tbe pressure in the oil.phase (non-

vetting) must exceed that .in the water phase (wetting) before oil will enter 

the 1nit1ally water-saturated roek~- This would also be 'seen in a steam-water 

syatem. Tbis entrance pressure is referred to as the threshold preasure 

' .. 
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15 
or displacement pressure, The minimum saturation point in Figure 13 gives 

the irreducible.water satur.ation, 

lt has long been recognized that the·vapor preasure above the curved 

aurface .of a liquid is a function of the curvature of the liquid surface • 

. The capillary pressure is alao a function of the curvatura of the liquid 

eurface. Considering that the liquid and vapor respectively are the wet

ting and non-wetting phases, the.capillary preasure, pertaining to atatic 

equilibrium at curved' surfaces of vapor-liquid phase aeparation, may be 

written aa 11
: 

RT p ' 
p • P - p

8
¡ •+ -- 1n .:.a:.. e g Mv1 p

8 

where p
8 

·is the pressure in the vapor phase, 

(22) 

\ 

p , is the equilibrium vapor 
8 . 

pressure of the liquid above a flat surface,·M is the molecular weight, 

. and v
1 

is the specific volume of liquid. Then, the pressure in the liquid 

phase is1 

. (23) 

As the liquid is the wetting phase, p
8

, is greater than p
8

• Then Pi is 

smaller than p
8
,. Therefore, if liquid pressures and temperat.ures are 

measured in the two-phase portian of the porous medium,.' liquid pressures 

must be lower than the normal (plane-surface) 'aaturation presa urea cor- · 
' 

reaponding to the measured temperaturas, Since capillary pressure values 

are a function of 
. í . 

the liquid saturation, the vapor pressure lowering must 

be a function of the liquid saturation of the porous medium. 

···: 

'' .. ·· 
..... 

·. 
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Relative Permeability 

Figure 14 shows typiéal water-oil relative permeability characteris

ti~s !ora water-wet core. 17 . In this figure the permeability to oil at 

reservoir connate water saturati_on was used as the ~ase value for rela-. 

tive permeabilities, These data were taken for the case where tbe water 

aacuration increased wbile the oil saturation decreased. If tbe data bad 

been taken for decreasing water saturation, there would be a marked 

difference. The water (wetting phase) permeability data wo.uld be' unchanged, 

but the oil (non-.wetting phase) permeabilities would have. been higher, 

especially at the right hand side of the graph. Further, the end points 

of the curves--che irreducible water saturation and the residual oil 

aaturation--likely would have changed. 
'l'¡ 

Muskat, ~·, 18 presented relative permeabUity curves. for gases 

and liquida in unconsolidated.)ands, as given in Figure 15, which shows 

thst for practica! purposes the curves for the relative permeabilities 

'' krg snd kr.l. are. independent óf the nature of the unconsolidated"ftand. 

This is in marked contrast with most consolidsted media, where the rela~ 

tive permeabilities must nearly always be measured, for they vary widely 

depending on the nature of the fluida and the porous system. ,. 

Temperature Effect on Relative Permeability 

The relative permeability is affected by the test environment. The 

important fact.ors are temperature, ¡>ressure, fluida and core condition. 

Severa! invescigators have reported experimental resulta of the effect of 

temperature on relative permeability. 

Poston, ~.,lt using unconsolidated sand, found that the irre

ducible water saturation increased and the residual oil saturation decreased 

• 
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' · with increasing temperature, as shown in Figurea 16 and 17. This observa-

tion can be seen dnother way by considering Figure 14. In effect the higher 

. temperature caused both relative permeability curves to shift to the left 

o.n t" a saturation axis. Pos ton, et al., speculated that 1f the relaUve 

permeability has changed, the capillary pressure should also be tempera

ture sensitive. 

Sinnokrot, et al., 20 studied capillary pressure behavior of three 

.consolidated sandstones and o~e limestone sample over a·temperature range 

· of 75" to 325"P by the restored a tate method. .Their work confirmed the , .. 
observation of Poston, ~·· that the irreducible water saturation' 

increased and apparent resid~l oil saturation decreased with increase 
' 

in temperature, They concluded that capillary pressure curves for sand

stones were displaced toward higher wetting phase saturations with an 

increase in temperature level, indicating an increase in water wetness with 

temperature level increase. Figure 18 shows ·p~rt of their work, 

· Weinbrandt, .!!!...!!.·, 21 .found results similar to Poston's when increas

ing from room temperature to 175"F in Boise sandstone. Representativa data 

are shown in·Pigure 19, They also obtained·data on absolute permeability 

in an increasing temperature level sequence from 75 to 315"F, as shown in 

Figure 20. The absolute permeability decreased drastically as temperatura 

increased, Afinogenov22 found similar resulta · up to tempera tu res of 

2Ü"F. 

Lo and Munganu also studied relative permeabilities u a function 

of temperature and found resulta similar to Weinbrandt, et al. and Poston, 
. ---

They also studied systems of differing wetness characteristics and the 

resulta were found to be similar in both oil-wet and water-wet systems. 

,•( 

, ... 

. ' ·: 

.. ·· 
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Poston, ~·· pointed out that the changes in rock-fluid charac

teristics as functions of temperatura level were ell in a direction.sug-

gestive of an increase in water wetness with temperatura increase, 

Contrary to this, Weinbrandt, et al., considered that temperatura inducea 

changas were too large to be explained. by obvious factors such as changa 

in coatact angle iaterfacial tensioa, etc. They specul!'ted that most of 

the above observations concerning temperatura sensitivity may have been 

a result of thermally-induced mechanical stress. Work is continuing 

to attempt to clarify these resulta and the reasons for them. 

Pressure Effect on Pore Volume 

Von Conten and Choudhary 2
' inv~stigated experimentally the temper~-

ture effect on pore volume compressibility, which is,defined as: 

_..!_(~1 
V a{jT 

p " 
(24) 

where V is pore volume aad p is compacting pressure which is equal to . p 

overburden pressure minus pore pressure. Figure 21 is a plot of cumula-

tive fractional pore volume change versus compacting pressure for sand
/ 

stone at 75°F and 400"F, The pore volume compresaibility, which is the 

alope of these curves, becomes amaller at higher presaure. 

Somerton and Selim12 ~howed the effect of temperatura on sandstone 

volume, as indicated earlier in ,the paper in Figure 9, 
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Pressure Effect on Permeability 

Af1nogenov 22 presented data on the.absolúte permeability decrease 

as affeeted by external preasure. From bis data h~ introduced an empirical 

formula to predict this effect: 

(25) 

Vhere effective pressure, p, is defined as: 

) 
p a Pcon - 0.85 Ppore 

Pcon ~nd ppore are confining pressure and pore pressure respectively 

in atlnospheres.. He deduced that this permeability decrease was due to 

~ deerease in the cross-sectional ares of the pores and to a more tor-

turous pore·space configuration under the effect of pressure. 

Zobaek and Byerlee25 measured the permeabiiity_ of Berea sandstone 

as a function of both eonfining pressure and pore pressure. They 

reportad that the permeability decreased with inereased confining pres-

sure, and increased as pore pressure was increased. Qualitatively, 

this agrees with Afinogenov's resulta. They found also that pore pres
/" 

sure had a significantly larger effect upon permeability than did con-

fining pressure. This does ~ agree with the resulta of Afinogenov. 

They speculated that the matrix through w~ich· i:he fluid flm.·s has a higher 

compressibility than does the granular fram&Work through which the 

confining pressure stresses are transmitted. 

Many other investiga tora, such as Fatt. and Davis 2~ Wyble27, Dobryuin211 , 

Cray, !!_!!. 2
', and Wilhelmi and Somerton10 , have reportad the effect of 

overburden press~re on the permeability of sandstone. Figure 22 is the 

'\. < 
¡: 
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\ 
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:',.<: ~erimental resulta provided by Fatt and Davis. The permeability of 
~-· , . ... ;i:-. t. . . 

~~:/~~stone dec:reased with increase in overburden pressure. Most of the 
u:.~~~:~ . -~- . g,r_' . .Secreese too k place over the range of zero to 3000 psi overburden 
;1, :._ . .., 
: .~:· preSsure. 
i;·:}J':-·. 
v~~-; .. ;~: . 
t~}i!t:·· PHYSICAL STATES OF WATER 

~~~{-:',. The physical states of water of interest in geothermal reservoirs 

·~.; ·are: 
'~~.: .. compressed liquid, saturated liquid, superheated (also called dry 

~~~\[ or unsaturated) steam, saturated (or wet) steam, and the denSe fluid 

,. ~ 

,.,. atate. 
l~ ~ .,, . 

1be term "saturation11 may thus have several meanings in geothermal 
... ; ·.' 

,, . 

... 

reservoir engineering. 11 Saturation11 can refer to: (1) the volume frac-

tion of pore space occupied by s fluid phase, (2) the thermodynamic 

acate of the fluid phases with reference to some appropriate vapor pres-

sure curve, and (3) the usual sense of solids and gases being dissolved 

in a Uquid phase. Care must be used that the term "saturation" is not 

misunderstood. 

Figure 23 is a graph of the vapor pressure curve of water, showing 

the position of the critical point at 221.07 bar and 374.1"C (3206.2 psia 

. and 705.4"F). Point A on this figure is in the superheated steam region, 

poinc B is at saturation conditions where both liquid and vapor may 

coexist, arid point C is in· the compressed liquid region. Points D and E 

are in the dense fluid region. Figure 24 is an expanded form of Figure 23 

showing the initial thermodynamic state of various geothermal fields around 

the world. Note that the geopressured aquifers found in the Gulf Coast 

ares of the United States, with temperatures of 260°C (500"F) and pres-

r. 
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sures in excess of 700 bar (10,000 psia), are off the scales of both 

Figures 2J and 24, and might be considered as denae fluida. 

Gibb's Phase Rule teaches that in order to specify the thermodynamic 

state of a single phase' of water, two independent thermodynamic properties 

(e.g,, pressure and temper~ture) must be specified. But if two phases are 

present (e,g,, saturated steam and water) spe.cificatlon of only one inten

sive property defines the system, A geothermal aquifer at saturated 

condltions must follow some appropriate vapor pressure curve as fluid is 

produced. 
1 

It can be shown from thermodynamic analysis that a geothermal system 

initially containing a single-phase fluid (either compressed liquid or 

superheated steam) will tend to deplete isothermally. But once two phases 

form, a system should deplete along some sort of vapor pressure curve 

appropriate for the fluida in the po~e space. 

( 

Properties of Interest 

A thermodynamic equation of state for water ~xpresses the pressure-
• 
volume-temperature (PVT) relationships, Tbese describe the specific 

volume, v, (or density, p • 1/v) as a function of pressure and temperature 

for the various phsses ~· In addition we require the energy related prop

erties, specific enthalpy, h, and specific entropy, s. and specific 

heats, cp and cv. 

The transport properties that·are important are viscosity and thermal 

conductivity, Viscosity is basically an internal resistance of the fluid 

to flow, due to molecular interaction. Tbermal conductivity affects the 

rate of heat transfer of the rock-fluid system. 

l. 
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Data describing the forementioned properties for impure water is 

.eager, although a fair amount is known about the solubility of numerous 
~ ·. 

eubstances found in geothermal waters. Ionic equilibrium calculations 

can be used to estimate which chemicals will remain dissolved; and which 

.. oaes will precipitate under changing pressuret temperature, and composi

tiQn c:onditions. ·The reader is referred to textbooks on geoc:hemistry 

(Krauskopf' 1
) and ionic equilibrium calculations (Butler'2 ) and also to 

work on the chemistry of ·geothermal systems by white", Fournier and 

Truesdell'', and Helgeson. 62 

Equations of State 

Since the early part of this century there has been an international 

effort to standardize the various thermodynamic and transport properties 

of pure water. The well-known Keenan and Keyes 35 steam tablea were a 

result of these efforts. The ASME Steam Tablea'' are one of the more 

recent producto of these efforts, and are used as a basis for much of the 

data in this report. These tablea present the resulta of a series of 

accurate matching of analytic functions (the 1967 IFC Formulation for 

Industrial Use) to accepted and standardized experimental data. (the 1963 

International Skeleton Tablea). The resulta are presentad in tabular and 

graphical 'form. The analytic functions are also giilen, and can be pro

grammed for use on a computer. Another recent source of water ~roperties 

is the Steam Tablea by Keenan, ~·'' 

The re~t of this review will be devoted to describing ~he properties 

mentioned above, both for pure and impure water. Data will be presented 

in tabular or graphical form, and several simplified analytic forma will 

be disc:ussed, 
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Pure Saturated Steam and Water 
23 

For conditions below the critica! state (221.07 bar, 374.l"C; 

3206.2 psia, 705.4"F) the liquid and .vapor phases can co~xist in equi

librium, When liquid and vapor are in equilibrium they are described as be-

ing saturated, and such states lie along the vapor pressure curve (see Figures 

23 and 24). This curve is of great interest, and a number of simplified 

· analytic approximations have been presentad, ·A few will be given he re •. 

Whiting and Ramey 30 .used an integrated form of the Clausius-Clapeyron 

equation to develop the following approximation by a least mean square 

curve match over the temperatura range 150-315"C (300-600"F): 

-4667.0754 
ln p • (T + 273) + 12.59,833 where p • bar, T • °C. (26-a). 

Or: 

-8400.7358 
ln p • (T + 460) + 15.272703 where p • psia, T • •r. (26-b) 

Thia match is claimed to have an average difference from the actual data 

of only 0.048%. 

In oil and gas tecbnology, the Cox Chart is a useful empirical 

technique for representing the vapor pressure curves of hydrocarbon fluids. 

This is a graph of ln p vs, 1/(T-77.4), T·in "R, and it is useful because 

both hydrocarbon and water vapor pressure curves tend to graph as straight 

linee, Thus, by choosing two points for water at opposite ends of the 

yapor pressure curve we ,can determine that the equation of this straight 

line is of the form: 61 

•, 
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1 p • -7001.4928 + 14.46928 0 (T + 382.2) where p .• psia, T • •p. (27) 

this function is a match over the whole vapor pressure curve, whereas the 

Whittng and Rsmey approximation_is for the range 150-315°C. Finally, 

Farouq Ali 3' observe~ that a graph of pressure vs. temperature on 1og-log 

paper yields a straight line. Hence: 

or 

0;225 
T • 115.1 p (T e °F, p e psia) 

T. • 116.7 .p0 •225 - 17.778 (Te •e, pe bar>: 

\ 

(28-a) 

(28-b) 

Equation 28 is reported to have a maximum of 1% ~.rror over the pressure 

range 1~200 bar (10-3,000 ppia). 

'Jbe specific volume of saturated steam, v
8

, ·and water, vf' ar.e shown 

as a function of pressure on FigÚre 25. The overal1 specific vo1ume of 

mixtures of steam and Water can be determined at 'a particular pressure 

(or temperature) if the quality, x, ~f the mixture is known. Quality 

ts defined: 

x A Masa of mixture as steam 
e Total masa of mixture (29) 

Tbe effect of quality on specific volume can be s~en on Figure 25, and 

can be calculated from tables using the relation: 

v • x v· + (1- x) vf mix g 

(30) 
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where v i • mixture specific volume m x 

• ~.aturated gas specific volume 

• saturated liquid specific volume 

• V - V 
8 f 

The second expression resulta in more accurate numerical resulta in band 

calculations if steam quality is low. 

The entbalpy of saturated steam and water ia sbown as a function of 

pressure in Figure 26 •. roints B and C on this diagram correspond vith 

those on Figure 23. There is a 
. 6 

maximum enthalpy of 2.8 x_lO Jou1es/kg 

(1204.8 Btu/1b ) that saturated steam may have under any conditions, 
m 

This occurs between 31.16 and 31.85 bar (452 and 462 psie), 

The overa11 enthalpy of aaturated mixtures can be calculated fróm 

the re la tion: 

h • x h + (1 - x) hf mix g 

• hf + X hfg (31) 

where h • mixture specific enthalpy mix 

• saturated liquid specific enthalpy 

• saturated gas specific entba1py 

·' • 1atent beat of vaporization per unit masa 

The specific enthaipy of such mixtures is shown in Figure 26. 

The 1atent heat of vaporization per unit masa, hfg' 1s the increase 

·tn entbalpy_as a fluid vaporizes from saturated l1qu1d to saturated steaml 

at constant ~ressure or temperature. At atmospberic pressure .hfg 1s 

approximately 2.3 x 106 Joules/kg (1000 Btu/lbm), Farouq Al1 11 (p, 5) has, 

preaented tbe approximation: 

e~ .. -.-• ----·--.---
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(32) 

for use in hand calculations. The maximum error is reported to be 1.9%. 

The units used in Eqn. 32 are p, psia; hf , Btu/lb • 
' g m 

There appears to be some uncertainty about the viscosity of saturated 

ateam and water. Accepted values are presentad i~ th~ ASME Steam Tablea. 

Figure 27 shows the viscosity of saturated steam and water vs. temperatura. 

The viscosities of the two phases tend to approach one another as they 

approach the critical temperatura, 

· Farouq Ali" recommends use of the following. equation for the vis-

cosity'of steam: -, 

~/100 • 88,02 + 0.32827 T + 0.000Íl35 T3 - p (1858- 5.90 T) (~3) 

where ~ • viscosity of steam, centipoise 

T a temperature 1 °C 

p • density of steam, gm/cc 

The density of steam can be determinad from steam tablea, For pressures 

up to 1000 psia, the density of steam can also be determinad from the fol-

lowing relation developed by Farouq Ali (p. 22): 

p • 0.0000440189 p0 •9588 
(34) 

where p • density of steam, gm/cc 

p • pressure 1 psia 

The thermal conductivity of water first increases as the temperatura 

increases and reaches a maximum at about 150°C. _Thereafter it decreases. 

This is shown in Figure 28. 

1 ... 
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Impure Saturated Water 

Chemical content will tend to have the· same effect on the proper

ties of sáturated water and steam as they will on the unsaturated phases, 

Henee, with the exception of the vapor pressure curve, discussion of the 

effect of impurities will be postponed until later sections. 

The vapor pressure of wat.er in a geothermal system will not .neces

sarily be that presented in the steam tablea. For a fixed pressure, the 

boiling temperatura of water will be elevated by the presence of impuritiea. 

This is equivalent to a lowering of vapor pressure. However, the effect 

is uaually rather small. For example, at 4.621 bar (67.013 psia) pure 

water would boil at 148.89°C (300"F), whereas a 100,000 ppm (parte per 

million) sodium chloride brine would boil. at 150.62"C (303.113".F). This 

difference·would probably not be measurable in a geothermal system, 

However, significant vapor pressure lowering has been observed with 

production of 350,000 ppm brines in the Imperial Valley, California. 

The vapor pressure d~ta presentad in steam tablea were measured for 

flat surface interfaces. If the steam-water interface is a strongly 

curved surface, as might o~eu,r in small pares in porous media .• then there 

could be significant vapor pressure lowering effects (Calhoun, et al."0 ¡ 

Edlefsen and Anderson"1 ), Cady, Bilhartz, and Ramey"2 huve investigated 

this phenomenon with regard to geothermal aquifers. They did not observe 

vapor pressure lowering in unconsolidated sandstone corea. However, a 

recent ·atudy by Strobel 56 indicates a potential vapor pressure lowering 

at very low liquid contenta in experimenta with a single, consolidated 

core, Continuad experimentation is in progrese, 

l. 
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Pure· Compressed Liguid Water 

Tbe compressed liquid region lies above the vapor pressure curves 
~, 

iD the pressure-temperature planes of Fig~re 23 and Figure 24. Eothalpy 

aod PVT beh ~ for compressed water is given in various tables' 1
''

7aod 

1~-t~Steam.Tables'' . for pressures. up to 1070 bar (lS,SOO psia), 
/ 

A ~echnique commonly used in oil reservoir engineering for relating 

compressed water at some give~. reservoir condition to its state at-sur-

f8ce conditions is vis the formation volume factor 0 B • This is defined . w 

88 the volume of liquid at reservoir conditions divi~ed by the volume of 

liquid that wpuld remain if it were brought to some standard surface .. 

conditions, commdnly 20°C and 1 bar (70°F and 14.67 psia). 

'/ ·-··· .. 
/ . 

~ initial volume o1-liguid at reservoir conditions 
vollime of liquid remaining at standard conditions (3S) 

Figure 29 is a graph of the Formation Volume Factor, Bw' for pure liquid 

water as functioo of pressure and temperature. Note that for constant 
' 

temperature, as pressure decreases, B increases slowly up to saturation w 

conditions, below which it falls rapidly. 

The specific volume-pressure behavior of a compressed liquid under 

ao isothermal expansion or contraction procesa is often of interest 

(particularly in unsteady liquid flow through an squifer). This P-V 

behavior is usually expressed in terms of the isotherma! coefficient of 

c.ompressibility, c
1

, which is defined: 

(36) 
T 

--·-··. --·-·-· l.·----~ 
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c1 can be vie~ed as the fractiooal decrease in specific volume caused by 

ao isothennal unit 1ncrease ín pressure. Although the isothennal.com-

pressibility of liquid water is often used in ground water hydrology and 

oil reservoir engineering, it appears to have been seldom reportad for 

high values of temperatura (greater than· 120°C; 240°F), Tabla 1 summa

rizas high temperatura resulta reportad b; Whiting and Ramey.' 1 
As can 

be séen, the isothennal compressibility for water is reasonably constant 

with pressure, but v.:lries with temperature·. 

Tabla 2 presenta the enthalpy of compressed pure water over a ranga 

of pressures aod temperaturas. It can be seen that tha liquid enthalpy 
• 1 

is only weakly dependeot OD pressure, but strongly dependent on tempera-

tu re. 
(;, 
The viscosity of pure compressed water is presentad in various Staam 

Tablea,.,_,, The viscosity of high pressure liquid is almost cona.tant 

with pressure, and generally only about 10-15% higher than the correspon-

ding value for·saturated liquid at the same temperatura. Henca Figure 27, 

which shows the viscosity of saturited liquid as a function of temperatura, 

can be used as a good estimate of compressed liquid viscosity. 

The specific 

Steam Tables 1
'-'

7 

heat·, e , of compressed water is also presentad in the 
p 

for presS'!1'es up to 1035 bar (15000 psia)·, Values of · 

e range from 4100'to 5000 Joules/Kg. °C (1.00 to 1.20 Btu/lb °F), 
P m 

except at temperaturas greeter than 260°C (500°F), Near the critica! 

point values become very high. 

Impura Co'mpressed Water 

The waters produced from geothennal systems often contain a dissolved 

chemical content high in chlorides and sulfates. Brines from some areas, 

·' 
·~ .. , . 

1 

1 . 
. 1 

1 

! 
! 

i 
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·auch as the Imperial Valley Saltan Sea.Ceothermal Resourca Area, have up 

to ten times the dissolved solida content of seawater. In addition, 

seothermal liquida often contain dissolved noncondensable gases. 

ÑJJ.yx, Basa and Whiting~ 1 (p. 450) stata "Literatura relativa to the 

ef.fect of composition on the properties (of water) is meager, and is 
' . o 

limited to gas solubility data ovar the temperatura range 32-250 F 

o (D-121 C) at pressures rangi~g from 0-6000 psia (0-415 bar)." Thesa 

' authors summarize tha work of numerous workers (Dodson and Standing4 ~, 

Row
., 

e . • Beal46 , Bridgman47 ) on the effect of natu~al gas solubility on 

the PVT behavior of water. 

Long and Chierici48 have presentad experimental data on the PVT 

behavior of aqueoussolutions of sodium chloride. Their resulta were 

o measured for temperaturas over the range 20-100 C, pressures from 

' 2 2-500 kg/cm , and salinities from 0-300g/L. They slso presentad analytic 

curve matches giving density, p, as a function of salinity, pressure, and 

· temperatura over the range of experimental condit~ons. It is unfortunate 

that data for higher·temperaturas were·not measured. But resulta do giva 

a quantitative indication of tha effect of chemical composition on. the 

PVT behavior of water. 

'd Wh ., ÑlJ"fX, Basa an iting (p. 466) prasent data from Van Wingen'' on 

the ~iscosity of oil field brinas at pressures ~o 7100 psia, and. tempera

turas to 300°F. This data.suggests that dissolved solida have only a 

small effect on the viscosity of saline brines. Stanley and Batten50 

.. hava prese.nted data on the viscosity of sea water compared to pure water 
o . 

from 0-30 C. They observed that for practica! purposes, the increase 'is 

not significant. 

539 
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Although important information is available there is a neP.d for PVT 

data for geothermal waters at conditions characteristic of geotherma1 

reservoirs, showing the effe_ct of chemical composition. In addition, 

more information is needed about the solubility and PVT characteristics 

of noncondensable gases dissolved in geothermal waters. 

Pure Superheated Steam 

Superheated steam occurs on the pressure-temperature plane at tem-

peratures above the vapor pressure line, e.g., point A on Figure 23. 

This state is also called "dry" steam. The ASME Steam Tablea 11 (1967, 

Table 3) present data ·ror the enthalpy and PVT behavior of superheated 

o o steam for temperaturas up __ ,to 815 C (1500 F).. Figure 30 is a diagram 

showing the specific volume of dry steam as a function of pressure and 

temperatura. One convenient means of calculating specific volumes of · 

dry steam is via the real gas 1aw equation.of state: 

zRT . --
M 

(37) 

• zRT 

where· p • pressure • bar 

V • specific vo1ume of steam, m3/kg 
g 

' .,,,. 
z .• gas law devi.ation (also compressibility) factor 

R 0.08288 bar m3 

k2 °K "'llllle 

M • molecular weight of water, 18 kg/kBmole 

T • absolute temperatura, °K 

- ---:~~· --·- .. ·--- .. -

1 

1 
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OR, for English units 32 
p • psi a 

vs - ft /lb,. 

ft psi a 
R • 10,72 16 mole0R 

H • 18 lb /lb 1 m mo e 

i • 0.5956 
ft .psia 
lb OR ... 

T • OR 

The·gas law·deviation factor, z, for steam is presentad in Figure 31. 
1 • ¡. • 

Figure 32 presento a pressur~~enthalpy diagram for superheated steam. 

Point A on this diagram correspondo to point A in Figure 23. If a dry 

ateam reservoir were to produce at constant temperatute, ita state w9uld 

follow the isotherms on Figure 32. As indicated by the arrow below 

point A, the produced steam would. tend to increase in enthalpy. Whiting 

.and Ramey18 have suggested that this tendency is a potential.means of 

identifying the initial state of a geothermal fluid reservoir as dry steam .. 

Values for the viscosity of superheated steam are presented in the 

ASHE Steam Tables 11 (1967, Table 10 and Fig, 7), Table'3 presenta values 

of dry steam viscosity over a range of conditions. Except near the 

vapor pressure curve, the viscosity of dry steam is essentially indepen-

dent of pressure, and is also only slightly higher than that of saturated 

steam at the .same temperature. 

The specific heat at cónstant pressure, e , of dry (and saturated) 
p 

ateam is presented in Table 9 cif the ASME Steam Tablea.. Except near the 

vapor pressure curve and at higher pressures and temperaturas, it is 

approximately 2100 J/kg-°C (0.5 Btu/lb -°F), .. 
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Mixtures of Dry Steam and Other Noncondensable Gasea 

Two.of the recognized dry ateam geothermal reservoira in the vorld 

··(the Geyoers Field in California, nnd Larderello in Italy) are known to 

.produce quantities of noncondensable gases along with their steam, 

,Typically such gases contain. carbon dioxide, hydrogen sulfide, ammonia, 

methene, and ethane; The quantity and,proportions produced vary as a 

function of time, flow rata, and from well to well over the fields, 

\ 
lt 1o clear that the noncondenaable gas content of a .dry steam 

reaervoir will effect the thermodynamic and transport propertiea of the' 

'produced fl~id, Unfortunately, almost no experimental work seems to 

have been done on the properties of dry steam and noncondensable gas 

mixtures. However, generalizad correlations have been extensively 

developed for natural gas mixtures of hydrocarbons, These correlations 

are based on reduced pressurea a~d temperaturas: 
.. 

•' Reduced Pressur~. A actual Eressure 
Pr pseudo critical presaure (38) 

Reduced Temperatura, Tr 
Á actual .tem2erature 

pseudo critical temperatura (39) 

where the pseudo critical pressure and temperatura are the molar average 

of the component critical values. 

Amyx; Basa and Whiting" 1 (pp. 260-268) have discussed and summarized 

correlationa available for d~termin1ng the PVT behavior of mixtures of 

. natural. gases with impurities auch as nitrogen and carbon dioxide. On 

the baais of their diacuaaion, the best method for eatimating the effect 

of a noncondenaable gao on ateam compreaaibility appears to be through the 

. use of an additive compresaibility factor as firat defined by Eilerts et al! 1 

.. , ... ,. 
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z y + z y 
st st ncg .ncg 

• edditive compressibility factor 

Z • ateam compresaibility factor st 

Yncg • noncondensable gas compreaaibility factor 

Z • Mole fraction ateam in mixture ot 

(40) 

Yncg • mole fraction noncompreaaible gas in mixture 

Amyx, Basa and Whiting 01 (pp. 260-268) present graphs of the com

presaibility factor, z, for nitrogen (from Eilerts !!_!!~ 1 ), carbon 

dioxide (from Olda .!!!..1!.!• 52
), and hydrogen sulfide (from Reamer et al. 51 ). -- . 

Jl'or purposes of. _reservoir calculationa, it is expected that i:he noncon• 

densable gas content of many geothermal steams will have a minimal effect 

on PVT behavior. 

The effect of noncondensable gases on geothermal steam viscosity is 

also of intereat,. Again, th~r.e. appears to be almost no experimental data 
·.• 
. -~ available, and we must resort to correlationa •. Amyx, Bass and Whiting 

(pp. 278-266) present the resulta of numerous correlations for natural 

gases. On the bssis of their discussion, a rule propoaed by Herning and 

'. Slt Zipperer for cslculating the v.iscosity of mixtures of .sesea appeara to 

be the most promising correlating method. In this rule the viacoaity of 

the mixture, ~ , is given by 
m 

. ~ . (41) 
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where ~ • viscosity of mixture al 

~i • visco~ity of ith 

Mi • molecular_weight 

component 

th of 1 compcnent 

Y m 
1· 

th mole fraction of the i component in mixture 
"' 

n a ·total number of components in the mixture 

Baaically this is an .averaging calculation weighted-by the masa of each 

component present. ~e viscosity of various gases over a range of tem-

peratures can· be found in standard physical properties reference books 

55 
~e.g., ue Weast , pp •. F41-F44). For practical purposes, the non-

conciensable gas content'will not significantly affect the viacosity of : ·:· 

most geothermal ateams •. 

A Note on Units 

In general, equations and numerical values have been expreased in 

o metric units (bar, C, m, kg), with values for engineering unita given 

in parenthesis (psia, .°F, ft, lb ), Viscosity is given in centipoiae, al 

For convenience of writing this ia not true in every case. Units are 

always specified where equations are presentad throughout the paper. 

Noce the following conversiona: 

Pressure: 

Specific Vo1ume: 

Enthalpy: 

Viocosity 

1 psia • 0.06895 bar 

1 bar a 1.0197 kg/cm2 

1 bar • 0.9869 atm. 

1 ft1 /1bal • 

1 ft1 /1b • . al 

1 Btu/lb • al 

1 c.p •. • 

1 c.p. • 

• 0.0624.28 m /kg 

62.43 cc/gm 

2324~4 Joules/kg 

6. 72xlo-" lb ft sec 
m 

-• . 2 
2.089x10 lbF sec/ft 

'· 

-·----
~------ ---
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p.pata 

700 

800 

1000 

TABLE 1 

-1 ' Ioothormal Compressibility of Liguid Water, pata 

lQQ!t: .!222 soo•r -
J, 793 X 10•6 S.Bll X 10-6 7,146 X 10•6 

3,79.5 X 10-6 ,5,815 X 10•6 7,152 X 10•6 

3,913 X 10•6 5.821 X 10•6 10.703 -l.1o·6 

.. 
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Temperatura 
. 

•y •e 

70 21 

200 93 

400 204 

600 316 

TABLE 2 

Enthalpy of Compressed Water in Btu/lb 

and Joules/kg [(Btu/lbv(J/kg at Various Pressures and'Tem eratures 

(Dat·a from Ref. 36) 

... 
•. 

Pressúre, psia/bar 

100.9 5004.5 100~.0 200038. 500~45 

38. 33f8• 91?Cl04 39.44/9.17xl04 40.82/9.49xlé 43 .58/l. Olkl05 51·)/1. 202xl03 

168.31J.9lx105 169•2/3. 93xto5 170.3/3.96x105 172•6/4.0lx!05 179.5/4.17xlo5 

-
X 375.4fs; 73xl05. 376.0/s.74x105 377 

•
2
/8. 77xl05 381. 2/s. 86lrl05 

X X X 614.S/1.43x106 604.6/i.40x106 

-· 

• 



"' .... ... 

Temperature 

"F •e 

200 93 

300 149 

400 204 

500 260 

600 316 

TABLE 3 

Viscosity in Centipoise of Superheated Steam at Various Conditions 

(Data from Ref. 36) 

\ 

Saturation Conditions ' Pressure psia b , ar 
P, P, .c._p. 1/.o6B9s· sf.34S' 10/.690 50/3.4s 100/6.9 500/34.5 1000/69 psia bar 

11.5 • 79 • 01 .012 . .012 .012 X X X X 

67 4.62 .014 .014 .014 .014 .014 

247.3 17.1 .0155 .016 .016 .016 .016 

681 47 .o .0177 .0186 .0186 .0186 .0186 .0186 .0180 

1543 106.4 .02 .02 .02 .02 .02 .02 .02 .02 

·.' . . · .. -. 
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FIGURE 12 

(from API RP 27, Am. Petr. lnst. ,Aug. 1956) 
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FIGURE 23 

PRESSURE-TEMPERATURE DIAGRAM FOR. WATER 

(Ref. 38) 
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FIGURE 26 

FIGURE 25 PRESSURE - ENTHALPY DIAGRAM FOR WATER 

PRESSURE-SPECIFIC VOLUME CHART FOR WATER (Ref. 38) 
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FIGURE 27 

Viscosity of Saturated Water and Steam . ' .. 
(modified from Ref. 38} 
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FIGURE 30 

PRESSURE- SPECIFIC VOLUME CHART F::>R SUPERHEATEO STEAM 

(Ref. 38) 
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FIGURE 29 

FORMATION VOLUME FACTOR FOR PURE LIOUID WATER 
AS A FUNCTION OF PRESSURE ANO TEMPE.RATURE 

(Ref. 38) 
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FIGURE 32 

PRESSURE- ENTHALPY OIAGRAM FOR SUPERHEATEO STEAM 

(Ref. 38) 
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7b 
OiscusHion Following Ramey Paper 

Hinchart 

Do you think these things would hold for large, fractured mass when yau ha ve micro¿;copic 

fractures with lmperJ!teable roe k in between? 

Ramcy 

In sorne cases we already know that they do. Thcre are many oil and gas rcservoirs that 

are· in fact large, fractured masses. Gene rally speaklng, thc laws of nature secrn to work thc 

same thcre. Now sorne of the detaUs on these homogeneous porous structures, thc relative 

pcrmeubility curve detalla, would not be identically the same. Jt has amazed meto find that somc 

of the massive, fractured reservo!rs seem to follow simpÚ~ mechanics. 

Okl 

The permeablllty !s a funcUon of temperature. When the temperature is increo.sed, the 

per.meability becomes lower; then wh"en the temperature la reduced, the original numerical value 

for permeabillty la reached, 1 mean lt !Jl almos! reversible. 

It ls reversible. One other thing: the shapes o! the curves, whether it 1s tempcrature or 

pressure, are almost the a ame. In data where permeability ratio ls plottcd versus effcctive pres

sure, you will note that the shape la almost identical with what you get for tcmperature, In our 

tcmperature work we have kept the confining pressure constant, just varylng the tempcratUrc in 

the system, and we see this reversible result, In our data lt is perhaps not totally reversible; it 

wlll move down the llne and come back up sllghtly below its original path. But the difference is not 

much. Within the experimental accuracy Jt appCars to be reversible. On the other work, on 

relative permeability, most of it does seem to be temperature level reversible. If you heat a e ore 

and mca!:lurc relatlve permeabillty you gct one value; if you cool it off and hcat it up ug:ain you get 

the Bamc valuc, 

Rlnehart 

Thcse are all corl'ected for viscoslty? 

Hinchart 

J)o you fcc) that your corrcctlon la g:ood? 

_____ .... 
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ABSTRACf. 
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Fo.r &ev~ral )'CDt! the authora ha~c felt tbo need for a wurce 
from wl,..ic.h re~r l'uir engi~cea cou1d obtain fundamental 
theory aud Jata on the llow of Ouida th!ough permeable media . 
.in. ~e unstea:ly ~talr.. Thc date. oii_'tbe u.is.teady 6tate ftoW are 
compa.ed of solutiono of the equati0n · · . · 

· · · a"P + .!_ a.l' ·~ aP· 
or' r(lr .. at· 

Two ~oetl of aolutiona of ·,h.ia equ~tion are -devcloped. namely, 
for utbc constant terminal pr~ure 'Case• and "the constant 
terminal l-ate case." lo the r.onstant. terminal pre~!ure CA5e the 

dilluaivity equatioo. MultipJe.p~....., 
c:onsidered. 

• •• 

A previoua publication by Hurst' r.h~..~;.-~ -o. at -.t.c-1, • ._". P• :..":"" 

sure history of a rcsenoir ia known. .thi) ; •• fur.l::.~ti .. -. ..n he 
used lo calculate lhe water in6ux. an t.--:::nliaa ;..-r¡: .nc 
material balance equation. An examplc b otre:-'-..0 IJl .:...: ~~
eralure by Old' in tbe &tudy of the Jonl!. :>.mi, S.:',.,Je. >:>Id, . 
Arlansaa. The present paper con taina ,.; .. len~i'itl :11 ... :~ 
data (from which work CUJ"\\es can be :on:tlr:u:ted). ·a 1i~a dat_ · 
are derivcd by "a more rigorous trea1 .. 1ent c.! the aubj ... ~ tn...:.!· 
ter th&.n av.ailable in an earlier publica1ióil. 1 T.,e apJ'Iicauon ~ 
thia infonnation will enable tl10~e cunceruc"J .lfith tht :.: . .~.ly~i.. 
of the·behavior of 11 reurvoir to obtain-'qtJólnt.ib,'wdy ~rrea. 
u.preasioiu (or the amoupt of water thát has fu,.-e,__ ioto th.e. 
ret.enoira, thuebr utia(ying all the terma lhat t.:•,ca.: ¡:¡ ihe 
Material balance equation. TI1:ll work ia lik(wÍse •Jlp;,r_ble lU 
thc ftow of fluid to a weli wlu::never thc ft .... w C.:;;;.dJtiont uc · 
aucb tbat the difludvity t:t¡uatioa it-. .. lóé')'t'd. 

· preaaure At lhe terminal boundary ia lowered by unit)' at uro 
.time, kept ~n!tant ther~after, and ihc cumu1ative amount o( 
lluid Bowi.Ó¡ ocrou the boundary is coinputed, u a function 
of the timo. In the cvn•tant termlnol 'rate case: a unit rate 
of production ia made lo ftow ncro5a tbe terminal bQunda.ry 
(fr~m time zero ouward) a.ód 1he ~;..uing prr:&~ure drop is 
computed as a function of the t;me: Corusiderable eflort hao 
been niado to compUe complete tablet from whicb curves can DIFFUSITY EQUA TIO!• 
be coomucted for thc conotanl termu.al ·¡;ressuro and constaD! Tiio ·moat CÓmmooly eoco.U..ered fiuw· •J"•:eJI> .· ;·_,¡¡.J Oow 
terminal rato caaea, both for fioite''aJid .infinito fOIClVOin. toward tha Well bore or 6dd. Tho y~Jumc O( fiuia .• ;.,oh fio ... 
These CWYel CAD he empJo~ed .lo rep~Úce tho. <flect of any . pcr UDÍt o( time through each uoil arca .Q( >ADO pr.;....¡ 

. · preuure or rate hislory encounte~ in· practiCC>. by Darcy'a equatlon aa 

Most of the information u obl;.¡n¡;¿ by the bolp of the v = K ()P 
. 

La place transl!)r melions, whiCh proved.to be extremely helpful ,. ar 
.for ~nal,.;;iu¡ the ¡>roblerno encoUnte;..¡ in 8uid ftow. Tire where K; is the permeability, 1' the vi>eo.ity and ()P/¡)r the 
-applicat1on Ot t~ia method aimJJiifiel the more tedioua matbo- preNurc grad¡Cilt at tho radial dialaJlce r. A malcrial ba1~0D 
Jruttieal ami.ly•ea amployed in· tha put. Wlth .the h~p of La. oo A concentric el.emenl AB, 'c:xpreueo the nc• 8uid lra.cr'lio¡; 

r··- pl8.ce tran~fc:.rmatlona some.~.ori¡ilial developmenta 'wore oh-a thc aurfacea A and B, 'wbicb mu.st cqual :he fiuid lu..t. frum · 
,·~·; ~ "tainacf (and pr~oted) . which .. coul4: 110t havo ~ euily within tha elemenL Thua, lf lhe de:oaity oi tl..- fluid ¡. .,;. 
1 . · Jor-o by the eulior tOethoda. ·' ·;·,;.:,•:v ·; .. .: · '. · . preaaed by, then the weight.of Buid ¡>Cry;itllm~ aru! pcr 

· .. • · · · ·j ·- · ·· · ! · · · JJ-·~ ,'I:;P: ,· \" · ~- ¡- · · · unit ...Ud thickneaa, Oowing put Surfa.ce }. , .1\e ,LuÍA~ near .. 
: .. ,· · · ·; ·.: .. : : ... :' . : ;;;- · INmo6ucr!oi.(. :=: ·,,. ! <. . o.. th• .-;.u bore. u ..;...,.. .. 
l' ' ' . . . . .. ~:"~l•. ~- • t ~.. . 1 a." • ... • •• . : · >· ·: .. This paper repreoenta a tompilat!On:~of tlt,~ ~orlE dono ofe.:· ' ·· ·· •• ·' . K ()P _ 2rK ( oP \ 
i-:- ., . ' ., . !he ¡w.&, !•~ y~~ on tha. ftow of B~ .!".· po~ ~media. .It . ' . , :2rrr -; ()r. - -;:- 1t ~) • ; . . 
l .. , ·. ·. coqcema IU.lf pnm..rily ~th thelranotenl ~nd1tiono preoaiJ. · ...__ • -l-Lo ( ft id fi · . 111 s· f "' ·· <-· '"--' 
~ · • •-- · il' • d . •·· ., . · .- • '""' W'"'6"6 o u OWIIlg pa ur ace "'· an onrwU<f,.a&J •.· . . J ..,.. 1~ o• re..,rvo1ta unng tha ume thoy: are produced. The : di•~"nre Ir remo..:' from Sarfacil A, r ' ' · . .. . 

d ' ,. · d · d.· h th s·" ·r ' · · • ""' • .,.~ ......... t ' '(j lllu y .a rm11c to con 1ttona " ere o ov o lluid obeya tha . . . . · • . . : · · .. 
-·--·-·---·'-······-··-.#-----,.,~·~·-·' . . . . (. oP·) . . . -' -~ • llaaa.rrtM IIHid~ "' otnl'llt o( ~ or.aet. 3.a ' u. llü . . : . . .• . a n -- . . . )-:, ~ :. .·. orrr.::¡,~~--- ~.~~-~e~-~~ ~~·-'!!.~,m..~ . .-~~ !-ii;;. 2r_K_ [n _OP., +.... ·, ()r t.,, l .. 

!'--:·: : ., . , ~&ni MIYM M ... 'el JMliMI'•'": i···:~-¿-:.: ... "\' ': '_ ' . ' , -: ,S ()r . ·- ar .. ,,, i .. : • .': , .. ,
1 

, • 

C~~-" ;: . J~:;,..,.:,_i:.:~ ¿.¡,\)..Ji J:· .. ~·:1a·,·::,U_f.·_,:~j(~:f:~-~~:.·j···· .. ~- ,~,. ~" ": ~- \··, 7) ·~t·''o::: .· ,¡ \ 

:t.;~,, ,;:'~~;··~;J .i,J~á~1Jb~:-"'{!'.-'·';:'~!-1~:.t".~Cí¡.~~~~-·~-·.-:.:.-:.: f··~~;.:.;:st: •~· •···...- ~· ..... , . 1 i;,•t:-. k :~. o~~~m!*\1949. :.'-;·:;' i i.: • 'j. :r.;:.;i.¡¡~~ ... ~OLEIJ.M !~CTIONS,1.AIME . . .. 
:. ' . .-~ ~ .. ,., , .... ~ ...... l.-.•: .•. 
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•. T.P. 2732 · THE APPLICATION OF THE LAPLACE TRANSFORMATION TO FLOW PROBLEMS 
IN RESERVOIRS 

1'l1e difTercn,~e Letwecn the~ two terma, 'namely, 

2.1\ a('' "J.-) 
- -·-:·- ----a;·-.- ,,, . 

is ec¡ual lo thc wcight of Jluid lo ... t by tb~ element AB, or 

"' - 2,.-fr -- llr oT 
wht-re f i"' rhe pnru~il) tlf lht"' furmation. 
This reltttiun gi"c:.., r!:e etJUBtiun uf continuity {or tho radial 
8) ~tem, num~ly. 

K -~~~~:,p-) = Ir OP · (It.ii· 
,.. or oT 

Frnm the phtdcnl chorncterí~:~tics of fluida, it is kn'oWiJ 
rh:,\ den .. ity i!t a fuuctiun of pressure and thut the dent~ily "o! 
u !luiJ tle.~tt:iBf!~ with decrenliing pressure due lo the fact tha1J 
thc tlui't t"Xpnods. This trend expre!!oed. Ín exponential form 

is .. 
P = P .• o•."•,..o•: (11·2) 

where 1, it. le ::o-s thlln P ... and e the compressibility of the fluid. 
lf W(~ ~uh~IJI:.J{t~ E4. 11-2 'in ~q. 11-1, the diffusivity equation 

can he ·~xpn:~!>~rl u:-in~ den~hy as a Iunction uf radius and 
ti rr.e, ur 

( p'!_ 1 ~ ) K o 
()r' + ;- ~:- (..e = o; (ll-3) 

F.1r li~¡u:d~ which nrr. only itlightly compres::~ible, Eq. 11-2 
.'i"'Piifi,,., lu p S< P .. ( 1- e( P.- P)] which !urther modifies 
E1¡. 1 1-~i to ::ivc .. 

( 
()'!' 1 ()P ) K ()!' . . 
_ ~ · -l --- - ·- -- = -·-. Furthermore, 1f the 
()r' • r "Qr l•e 0T 

radiu~ uf rhe wt·ll ••r field, R.,, is referred to as a unit 
rarliu .... tlu·n thc rt·lu! iun sirnplifie!l to . 

o'P 1 ol, oP , 
t- -- = 

o•' ' (lr ot 
( 1!-4) 

wlwJ•· t == ":T/f~cH,.1 und r now expresse9 the distance as a 

n111hirtl~ uf H, .. tlu: uuit radiu!i, Thé. unit'l oppeüring in this 
p~pt:r :ut· :tlw¡¡~·- tH:rl in r.uunection with Darcy's equation, RO 

tnat dw pr:r!n::ai,Jiity K ruu~t be expres~ed in darcys .. the 
. ' 

tiuu: T in ,.,,::·hnd .... thc ¡wru-..ity f us a Craction, the viscosity " 
ÍJ, centipoi•t:!-. the C'tllfiJlre-.~ihility .e as volume per volume 

¡,cr almo~.¡.h.:re, untl tllC rutliu'> R., in centimeters. 

1..\I'I.AU: THANSFORMATJON 
Jn all ¡rulrliccstiulh, tire ld:atrnent of the difTusivity equution 

ha ... l1et:fl ("-.·t~tllij.JJy tlu~ urtlmdox application of the Fuuricr· 
lk-.~.el .,,., Ít· · . ·J !ti ... paper pr;:.-.c~l!'o n new upprouch to the 

"'IJUtitHJ uÍ Jtrt;!J/:·Jth r:JH'IIIIIllt!rl.!lj Íll the StUJy oÍ fli)WÍflg fluid~. 

namcly, ti,,· l.upl~c·c trulbfc~rnuuion. since it was recognized 
' tltill !.·tplan: ttwn-,fon.rutums offer.a ueeful tot1l for soh-·ing 

¡.Jd:i;:ult ¡-ro~;tlt.·.n.; :n le.;::~ rime than by the U!:>e o{ Fourid

lit---t·! '->r:, ¡,.~_ /',1 •-, ~.rir . .dual dcvelnpments ha ve been ohtuincd 
\\hidr ~re 1101 Ci..l,.,¡) ton:~ct:u !Jy the urtlwc.Jux mcthud~;. 

11 i'.,, ¡, .. u JH"C· -.un: ,;t n J~•int in the ~antl nn•l 11 func:tiun 
11f tirtrt~. th•:il i;.-. i.api.H'c ll~rn~furmation i~t r:xpre~set.l by thc 
inf11•itL ;nlt·¡.rul 

•J 

Ji.,., -. f t!-~t P"' eh (IJI'.)) 
.: 1 

\o\lu:rL- tlu~ .:on . .;:unl p in thi!'l relutionAhip js referred to as tho 
up.~r;¡'•.r. fí wt: trt·al the tliJlu.,ivity equatlun !Jy the prucestt 

impliet.l by Eq. 111-1. the parti•r! Jitlc:rential ran ÍH! trO.n!i-

Íormed tu a total differential t:Qutrtiun. 'Thitt ¡·~ pdf,lllllr.d by 
mul.tiplying enda lerm in F'.q. 11-4 Ly e- .. • sud iute&nlliHit with 
rc.:S¡~ecl tu time betwc:en uro und infiuity, 4'1 f._~!j,,_..._,; 

v, ( -:::.•p . 1 -:.p ) "' . ·1' 
• 1 V V . -" U 1 J.-, --+- -- ,¡, = j"<: ---.. l 

o . or' r or " ()t 

Sincc P id a functiun of radiu~ 4nd time, thc integration witb 
respcct to time will automatically rt'muve the time funclivn 

and lcave P a íunction or'' radiuli unly. This rc:duce!t llre left 

toid" to a total diflerentiol with respe..:L to r, n~mc::ly, 

"' .. o' J { .~· P dt f 
Q:l o·P . . o d'P "' 
J·e~··-· JQ:=-----=--

0 Or' or• dr' 

and ;Eq. rii-2 becorl,. 

· d'P,., 1 ~dP,., . ' + 
j --;¡;;-- -;- dr 

P, PRESSURE 

q(t), RATE 

!, 
= .f: c-.• 

o 1 

dP 

dt 

12 '::; 
1, TIME 

B. 

1¡ 12 13 
1, TIME 

dt 

c:tc. 

FIG. lA- SEQUENCE CONSTANT Tf.l:~INAL PRESSU,t-S. 

16- SCQUENCE CONSTANT TEilMit,Ai. qA.ifS. 

\.l4 
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T.P. 2732 THE APPLICATION OF THE LAPLACE TRANSFORMATION TO FLOW PROSLEMS 
IN RESERVOIRS 

VI-2, with rcA(JCCt to r ot r = 1, SiveB 

· · and sincc " 

( al>) ·.· . 
· - ='-llVp· K,(vp) 
(}r r=l · . . 

( .a~-) ~~2.. 
(}r r=~ · p 

the con>tant D = 1/ p'" K, ( vj}). Therelore, the transform· 
for the pres:mre drop for tlle constant ratc case in an.infinite 
mcdiurn is given by · · : 

Pcr.,, = 
K.(np) 

p'I'K, ( Vp) 
(VI-4) 

1'1, de1ermine the invertle of Eq. Vl4 in order to cstahlish 
the p!e~:>urro dtop at radios unity, wc can re!;;on to the sim· 
lJiifi.~arion riu:~t for small times the operator p ja Jarge. Sinct: 

K. (z) = J~. .~· . "2• 
for z lar~e. W.B.F., p. ioz, thcu 

1 
Pu. 11¡ =--

pi¡J 

(Vl-5) 

(Vl-61 

Th• inver.~¡on for thitt transfurm is given in Cawpbell and 
Fosttr, E,t· 516, •• 

2 
J 

; 

Pco = tlfl ( Vl-7) 
V 7 

In hrief, Eq. Vl-7 '•tates that when 1 =K T/fi'CR,' is small, 
\\ hkh t:un he cuu~ed by thc boundary rodiu~ (or the field, H~o. 

hf!ing )arge, the prC:Sbure 'drop for the unit r!lle of productiun 
app~nximult!':. th1: c,mJition for linear flow .• 

Tu ju-.tifv thi:-. t:ondwsiun, the trcatmcnt of the lint:!~C flow 
cqunliuu. Et¡. lV-5, hy tht: Luplncc trunsformution givc:) 

ux' = pPo•• (Vl-8) 

for which thc ~encr'-11 MJlu.tion is the expre~;sion 

·¡;·'·" = A e~ ,¡'7 + lle"V' (Vl-9) 
By repeatint:; the rcusoning alreod)' employed in thia rlevelop· 
mcnt, tl,c t. ;,u.,form for the prC.!),:,Ufe drop at x = O gives 

l'(O >lp) = 1/p'/' 
whicl1 i· idt·nticul \\'ith (VI-6) with p thc operator hÍ t = 
KT/f"c. 

·¡L.: -!1~· .. ,,d -.iiJI¡¡Jjj¡¡;¡stiun íur the tran:~furm (VI-4) io to 
cun .. idl:r p -,mull, which i:, cquivulcnl lo con!>idering time, t, 
lotrge. Tlw C"-JJUn-.it•H:, foc K .. {z) and K,(z) nre given in Can~· 
law ;.¡nd j ..... et.>r; p. 248. 

Kot<J =·· l.(z¡ llog.; +~} +( ~)' 

, 1 \ ( z )' (.. l l) ( • )' (VI-lO) 
( 1+~) ~ r+T+~ ~ 

·~· + + '"!;· ... --· (3!)' ----
' • 1; 

K,(,!.~- (.-1)"'' l,(z) jlog- + ~ f 
2 

... 
+ 

·J> e r .. 
( ·l)" ~ -- _, ___ .[ ;!; m~+ Z m-') 

~ •. ~ r! (n+r) ! n... . ..... 
n~l ( 1 )' e f" _(~--:-~-1)_1 + 

l 
( VI.IJ) ., 

where ~ Íli Eulcr'a con11tL1nl 0.577:i2, JnJ the J.~~iluthmic term 
. cunbh.ta of natural Jognrithm~t. When o: ió •rnall 

z 
K.(z) ::: - [lo~ -::;- + ~] 
K, (z) ::: 1/z 

Therefore, Eq. Vl-4 becomes 
-log p 

Pu. 1u = ~ 
p 

(VI-l~, ' 

(VI-13) 

(VI-14) 

The inversÍon for the fiut term on the righl ia givcn U y Ca.mpo 
bell and Foater, Eq. 892, and the i11vcue oí the aecond term by 

o 

... 
FIG. 8- COHSTANT RAYE Of PRODUCTION IN ltU: STOCIC TAN. 

ADJUSriNG fOR THE UNLOADING Of HUID IN IHf .ANt-.UIUS. P(l) 

VERSUS t where ; ::: c/2wfc.A.z, Al'~ O t i• the '• ::-:t UMf Of HUID UN· 

LOADEO FROM THE ANHULUS, CORAECH:D 10 RfS~itV01ío. CONDI· 

TIONS, PEA ATMOSPHERE WTTOM-H()tf Pílt.: ~lúiC 011::":' 1'. Piil UNif 

SANO THICkNESS. 

Eq. V-l. Therefore, the pre-.:,ure tirll¡• ::t. ,¡, .. l.·~uuJ .1 ~ ~d thc 
field when t b lurge i!:l ~i\len by 

1 
r .. , = ·;; [ log ~.'..:.D. ..... 

i 
. \ 1 ·; l-15) 

tinuouli p(.oint ~ource ptoLiern lor lar¡Je ¡,,¡,._ <. Th~ rd .. ttun .. !:.¡• 

has been Bl)lJli~J to thc flow of fit..i.l·, •·~· U \'.i.. :,'' L!L ... ;' .~:Hl 
others, and i:S particularly upplic,.d.-l•: ~, .. ~ rd in . .-. !t_!, t"r:..:e 
hetween tlowing wells. 

The point sourct· ~olution origin.t!lr 4!,:.,, ' .. 1,.·d b.,- l.t•ld 1'\.d· 
vin and di:-.cu.s::.eJ in Car~la.w11 

Cbll be t':>..JIH:-.~c,f ,,, 

l '!· .- 1 . 1 1 ) 
P, . ., = -- 1 -- dn =- i .. 1,, l -.. f 

2 lt. JI 2 \. ·h 
( 1' ¡.¡ b 1 

oft.:u rderred to H~ the Jogurithu,it.; inlq;r:.:l ur the Ei-fun.·· 
tiun. It~ valut::. ttrc p;iH~n irl Taldt~-. uf Swt:, i :.~~we, arul El.p••· 
ncnlíal lr11t~grah., VoJumtcs J an,J 11. F~dl'rtll \\'urb .-\;..:t'th'~. 
\V,P.A., Cay uf Ncw York. Fur lar,;c \:dut:s uf tl1c lime, t, 
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T.P. 2732 THE APPLICATION OF THE LAPLACE TRANSFORMATION TO FLOW PROBLEMS 

.IN RESERVOIRS . ' 

P,,, 111 -1~ 1 •. t 11 -

-u't,.... -u1l 1 · 
2 ~(e -e )[J,(u) Y,(ur)_-Y,(u) 

• ,J .. u'[J,'(u) + Y,'(u)] 

J,(ur)] du 

(Vl-26) 

1 f we are in ter este,\ in the cumulativ_e fiuid inRux at ti1e field 
radius., r::: l, thcn the re1utionship Eq. IV-3 applies, Or 

' ( (lP) . . d (IV 3) 
Q,,. = ,J . a"r r=l 1 

-

Tlu~ determination of tbe tr&m.form of the gradient of the 
pre~sure drop at tht: field's edge follows from Eq. Vl-25, 

( 
_ _]Pe~ ) · = ~ _..::K.:::..:(,_v-'p=)'--

0, r=l p'l' K,( v p ) 

~ínce K~'b!) =- K,(z). SinCe the preRsure drop Pcr. ,¡ q:orre· 
sponds to 1 he Jiffercnce betweell the initial and actual ·prea
&ure, the lt ansfurm uf the gradient of the actual preasure at 
r = 1 is given by 

; 

( (lP )-' 
()r r=l 

or 
-· / 

( 
_p_!' _ )· , = _.;.K..:..' (:....V_,p__c..) _ 

()e r=l 
·· p'"K.(Vp) 

which corresponci:-1 to the _integr~nd of Eq. IV.3. fu~her, from 

tlu: ddiniti••n given by l'hcorem B, nnmely, lhat if P(p) is the . ' 
1ran~form o( P,, titen the trans(orm of J P 1,• 1 dt' is given by 
- . o . 
1' ( 11 '¡ /1• ~uul thc LuJI!uce trunsforln fur Q, 11 i~ expres~cd by . , ' 

,.- K,( vp) . 
f),~, -= ·--------- (VI-27) 

¡o'l' K .. ( v¡;·l 
Tlt~ ap¡1lic:vtiun ,,( thc Mclliu'¡.; inver~ion formula to E<J. Vl-27 

fulluw:-o tlu: palhto. ... twwu in Fíflj· 2, giving_ _ 

[

----;-: (l-e~11 •.1 ) du 

(l,,, o= ·.~.J' ;,• [J.'(u),+Y.'(u (Vl-28) 

--Widt"fZ.:.pt .. CI lu !he tnut¡;(urm QIJ•Jt there is the timplificntion 
th<.~l fur tírr\1: "lllull, JI is lurge, ur.E(f. Vl-27 rc:t.luces tn 

i),. .. = 1/r,.l' 
urul tln.: illv•:r ... iun ¡._ u., hefu.~c 

?. 
(),,,:::: --- ,.,. 

·,/;-
\ . 

(Vl-29) 

(VI-30) 

which is identic:d 111 the linear flow éasc:. For all other -values 

uf tite t;mc. l't;. Vl-28 rnust be aolved numerically. 

lldutimo }:,.,,,ecn Qlp) ,and P!p) 
h i!. ~·~ i.l:·•:l trnm the w~rk that has alreatly gÓne before, 

tlu.tl thc :.a 1 .l:.~··•- transfnrmation; and the huperim¡_¡osition the· 
()J"~·JH l)fl,~r a lrh_.i~ fur interchonging the cun:otant terminal 
pn:s,..~ore ¡., tite c~rn!>olilltf tenniuul n.11t: ca~ot, arul vice v~rsa.. In 

.tliy rn•.'''"ir ~1111!~· the esHCiltiul intcrc"'t is thc anal)':1e!l of 

tia.: Jlow •:itlu.:r at tite \\'ell hore M thc ficiJ Loundary. Tire 
purpu,.r: uf thi ... wvrk i!'l tu determine thc rttlationsltip betwecn 
l,litl, thr: r·nr~-.lulrt lr:rrninu) prc.:s~>ure cu~e, nnd P(t}, the con
"'·:ut !l't miu:d rulr: t:u~tc, whic:h uplh:itly rcfcr lo thc boundury 

J. Tlro:H:f¡,Jt:, jf Wl: Curwciyc ur thc influx uf fluicl intu o 

-TABLE 1- Radial Fww, Con.stanl To•rminal Preuuro 
and Co~tant 7'erminal/!ul<• Cc.t~/ur lnfiniu. 

RescrtJoir• 
- --

.. , .. QIUr. pttr~ • Qlll 

·--------
1.0(10)-1 O.ll:l 0.1!2 1 ~OO)' t U6(10)! 
6.0 .. 0.278 o.t..11 j" .. s.su .. 
1.0(1~) .. o.•ot 0.116 2.6 .. 8,,68 .. 
u 0.6:.!0 0.110 s.o .. 1,Mi0 .. 
2.0 .. 0.006 O.Ct • o " D 7~7 "' 
2.6 .. 0.6~ 0.4d 6.0 .. ""' • 
3.0 .. o"' o."" 6.0 .. 13 ··~ 

. 
... o .. 0.898 O.!MH l.O 1&.~ 

. 
6.0 . 1.0'.!0 0.616 1.0 . """ 

. 
0.0 . 1.140 o O.MII ~.D .. tt.oa . 
7 .o .. 1.261 0.10'l 1.000)1 2l.W . 
8.0 .. 1 a~a 0.731 1.11 .. ·s.H60U)" 
V.O l. 4.118 . o 7-:-l 2.0 .. 4.01lil : ... 1.670 O.SO'.I 'l.) .. 4.Kt ... 2.0:ta o:.r.n I.U " "" 

. 
2,0 2.-ltl 1.0".!0 ... 7.834 .. ... 2.&18 1.101 ~ o : UI:Z: 
J.O 1,2011 1.169 " ""' •. o S.U7 1.2:-~ lO • 12 b . 
6,0 ·U•4l • l.in2 " . "" 

. 
o. o 6,148 1.<138 " ' ll.l4 . 
7.0 

~ 
6.7U 1.000 , r¡ ¡o¡• 17.&6 . 

8.0 6.!14 I.&M· e ' L~l&(IO)'I 
0.0 !l. MI . l. J_; t 'lo " 3 .JD!I .. 
I.O(IOit 7.417 1.6.U'\ . ' 4.066 .. .... , ' ..... .. .,. \ " . 1.!17 .. ' 
2.0 "' 1.2211(10)1 1.1160 4.0 .. 1.2!-1 . 
2.5 .. u~: . .. 2.0G1 1 6.0 .. 1.ftW . 
3.0 ... 1.681 2.H7 t.O .. 11113 . 
4.0 .. :I.O!ii • ~ 2.2f-J ¡ o •. lú.bl . 
6.0 2.452 .. ·2.3~!1 8 o " ll.b~ . 
ll.tl : 2.800 .. ,2.Hd ti.O M U_:.!6 . 
7.0 1.2:!11 .. · 2.MO 1 0(101' 14.62 . 
b.O " 1.698 .. 2.616 U" 2 1:.!6(10)' 
fi.O '" J.9~2 ~ 2.17~ 2.0 :: 2 ;¡¡ . 
l. 0(10)1 4.301 2. 7:23 :J.6 3 tn : 
1.6 .. 6.1180 .. 2.02l S.O " ,_oe¡ 
2.0 " 7 .58G .. I.OM (.0 " 631:1 " 
:.!.6 " 8. t.!O : 3.1;3 6 o " 1.~4 " 
J.O • IU.611 S.ZGl 6.0 " 1. 761 . 
4.0 .. J:U8 " 3,4011 7 .o .. II.HJ : 
6.0 .. ltl.:! 1 .. :u1o a o ~ 10.16 
0.0 111.117 . 3.1108 0.0 JtU .. 
7 .o .. 2e .. . S.óS-1 l ihtO)' 12.1.! " 
8.0 :: 24. :!3 . :1.7!>0 
0.0 26.71 . 

1 ·"" 1.0(10)1 211.31 " ..... 
1 -

TABLE 1 -·Coruinuerl 
-------.,.---.--~----...-----

& D Qtt) 

---¡7cloV- -~~rlKtiOt- ----·--- --;-¿:-;J;,;- -~.;;:~;,: 
:t.O" 2.3!111" ':ll" l}l•'" 
2.6 .. :.:. \ilil " ~ ~ .• l.,.: .. 
3.0" 3.617" JO" ·•··~" 
4.0" ol,biU" 411" )Ó._:w 
6.0 .. li.hK'J " Ir u .• 3.7$ .. 
6.0'' 11.7~~·• (lo!" l il7" 
1.0 .. 7.11111 " ; 1) •• ,. ~-·" .. 
Ji. O ,, & ~],(1 ,, .S <1 " 5 ),,1 .. 

0.0" u.lltl" \lu" ·.$~i" 
1.0(10)1 10.'.1.\ .. 1 ··:1¡.¡1' • :.'i .. 
1.6" I.WI(IOJI 1 •' 1 I.J'i10¡4 
2.0 " :e.JO¡j " • , 1 ¡,: " 
:1.6 .. :.! til.l7 " 
:1.0 '' J.tUO " 
4.0 " oi..ll71 .. 
&.0 .. 6.w:.! .. 
ll.U "· li.!.tl'il " 
7 .o .. !1.11'.!5 .. 
&,0 H 7.~!i OO 

8.0 " 8.;o7 " 
1.0(10)• 8.72$ .. 
1.~ " 1.4.:29(101 
2.0" 1H80" 
2.6 " 2.:128 .. 
3.0 .. 2.771 .. 
4.0 " 3.e~s " 
6.0 •• 4.61U .. 
G.O " a.:tjj~ " 
7 .o " ti.2:!0 •• ,~}-•. -
!1.0 .. 1.006 •• 
U.ll " 7 .l!il'J "' 
I.U(IO)U !1. 717 " 
l.) " J. ~·.,.;{10)' 
2.0 .. 1.6117 .. 
2.) ,, :!.lil3 .. 
J.O '' 2 .!.Vl " 
4.0 .. . J.~!'!I'J " 
6.0 " •. 11:11 " 

G.O " 4.tii,.'J " ~ ·¡ ·' 7.U ,. &.Ud " 
11.0 " O.Ht " 
fi.O " 7, IIIJ " 
I.U(IQ)ll 7.UIH " / ,· 

1· 
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U. 
'J 

'I'AULK 11- Cmullll&l Tcr111inal Pressuro Ca.su 
lladial Flow, Lin•iled Re•orvoir. 

-a.--=r.¡-----. n = L9-·-·-¡¡ = 2.& ÍL -=-1:-o-·--

0. :: 1.8810 G ,= 1.110G a., = 0.81U a.
1 
= O.IZ!ili 

a, = 1.1041 .. = t.ICSS .. = ...... lit '= 1.01176 
... 

• QUI • Q,,. • Q,,. ------...,.. __ .,..,_-.-'-'- ---
1.0(10)"1 o.o:a a.o< . ti'" IO)•I 0.27H 1.0(10)1 0..108, 3.0(10)~ a_¡" 

4.0 .. .. 0.316 f.O • 0..01 U 
o.O M 0.331) 1.01 'lO)"' 0.41H 
1.0 • 0.3~ L25 
1.0· • 0.3'ia t. JO 
1.0(10)~ \ 0.1~ l. U 
1.1 • O.fU :1.00 
1.2 • O.Ul 2.:!5 

. 1.1 •· o.ua :1.r.o 
1.-i .. 0.~11 2.;& 
Ll .. o.-m a.no 
1.1'1' 01 OAKI'o I.:U 
1.7 .. 0.4117 1.10 
... .. 0.107 1.76 
1.1 • o.an 4.1'10 
:~.o • o.m 4.21 

. :1.1 .. 0.633 4.60 
2;1 • O.MI 4.71 
t.l .. 0.$41 &.00 
1.4 .. 0.614 1.60 
t.l .. 0.5.\9 0.00 
t.l • o .. v~ a.MJ 
1.1 • 0.6U 7.00 
1.0 .. . 0.68'.! 7.60 
J .. 2 .. 0.&111 1.00 
1.4 .. 0.694 1.00 

. •.•. .. 0.101 1.00 
1.1 .. 0.1103 1.1 
4.0 .. 0.006 1.:1 
4.6 • 0.113 1.1 
·a.o .. o.a11 Lt 
1.0 • 0.121 t.l 
1.0 • 0.023 1.7 
1.0 .. 0.8:14 1.1 

2.0 
u 
1.0 
4.0 
6.0 

" •. ~iR . 0.6117 . 0.6&3 . 0.607 . 0.6Jtl . 0.1171l . O.ill . 0.711 . 0.7113 . O.IU7 . O.S..I 
• 0.017 . 0.00.\ . o. 03'.! . 0 .... 
• O.OIQ . I.O'l8 . 1.070 . 1.108 . l. 143 • 1.1H . . 1.203 
• 1.2~ 

1.2'l6 ..... 
1.3611 
1.3R:l 
1<02 
t.W 
1.4H 
1.4&3 
1.408 
•. 411'7 
1.405 
1.480 
1.100 

1.6 .. 
2.0 .. 
:l.6 .. 
3.0 .. 
1.6 .. 
~.O .. 
4.1 •. 
1.0 .. 
6.6 .. 
e.o " 
0 . .5 .. 
7 .o .. 
7.6 .. 
11.0 • 
11.6 .. 
0.0 .. 
0.1 • 
l. O 
1.1 
1.2 
u 
1.4 
1.6 
u 
1.1 
1.8 
2.0 
2.2 
:!.4 
2.6 ... 
3.0 ... ... 
4.2 ... 
1.0 

••• 1.0 ••• 0.0 
10.0 

0.600, O.KOA 
0,6{10 6.0 H 1.0'!3 
O.fiHI e.o : 1.143 
0,7611 7.0 1.268 
0.0211 ••• . 1.3tl3 
0.897 8.0 .. 1.41\6 
0.002 LOO 1,6f,J 

__.I.O'J~ 1.2! 1. 701 
l.OIC3 1.01 1.007 
1.1-10 1.71 'J.IM 
1.1"-\ 2.00 2 .3.\3 
1.2411 :t:!l '"" 1.210 2.01 2.046 
1.3~8 2.n 2.7t..l 
1.30S 3.00 '·""" t.4Ul 3,26 2.)100 
1.484 3.01 I.QIH 
1.126 l. 75 3.170 
1.006 1.00 3.247 
1.678 4.26 3.317 
1.747 .... I.JKI 
1.811 4. 76 1,4:10 
1.870 .... 3,401 
UI'J4 1.01 3.6MI 
1.071 1.00 3.Mii 
~.022 0.00 3. 717 
2.108 1.00 3. 767 
2.178 '.01 3 .kOO 
:.1.241 8.00 3.~3 ..... 0.00 l.~ 
:u~o 10.00 3,tr.!8 
2.31ll 11.00 l.v&l 
2.4-H 12.00 3.t67 
2.481 14.00 :1.011& 
2.126 16.00 '·"' 2;661 18.00 a. rm 
2.670 20.00 1.808 
2.600 22.00 ..... 
2.413 24.00 1.000 
2.118 ..... 

1 2.024 

TABLE 11-Cunlinucd 1~ . ·' 
. .~---_ 

a- Lt lf = •. o a :;:::: 4.1i a :;:::: 6.0 R = 1.0 
•• = 0.41&1 ... = 0.1916 •• = 0.8291 •. =· 0.21:123 a, = 0.21H2 . 
o, ::: •••• ,. .. = 1.6181 a.. = 1.1011 a.. = 1.18~2 A¡¡ :;:::: 0.8021> 

• Qcu • Q~tl ' 1 Q~l) • Q~H • QIU 

l ..... ----
1.00 1.171 2.U2 :1.1 2.1136 ••• a. 11s ••• 6.148 
1.20 l. 7111 ... 2.6118 1.0 1.1011 ... 1.642 ... 6. 440 
1.40 1.P-40 2 40 2.748 3.1 3.~7 1.0 3.875 7 .o 6. 724 
IGO 2.111 2.60 2.893 4.0 ..... ... 4.1113 7.1 1002 
1.80 2.273 2.1<1 3 .03t ... 4.161 6.0 4..40:l 8.0 6.273 
2.00 2.427 3.00 3 110 1.0 4.4M ... 4..701 8.6 6.637 
2.20 2.674 3.2.\ 3 3.14 '! .. . Tl1 ••• 6.e74 • •• e. 111~ 
1.40 2.7111 ... 8.403 •• 4.88& 8.1 6.3U 0.1 7.047 
2.00 2.8Jit :1.76 1.64.5 ... 6.231 . 7.0 ..... 10.0 7 2Yl 
2.10 2. Di8 .... 3- i02 7.0 6.4114 ... 1 .... • 10.6 7.533 
1.00 1.018 4.26 1.932 ... 6.684 8.0 6.094 11 7. 767 
1.2'5 1.11:42 401 4.00R 8.0 6.892 8.6 0.3'.!~ 12 8.2:.!0 
1.60 3.378 4. 75 4 1!18 8.6 G.O!HI R.O 0.6-17 IJ 8.661 
a.ra 1.007 6.011 4 3'.!3 0.0 li.0711 0.1 6. 76U .. g .06l 
1.00 a .11:.!8 ... 4.6GO ... 1\.~61 10 B.D&6 " 9.4~ 
4.26 1.742 1.00 4.71U 10 6.621 11 7.160 11 11.821 .... ..... .... 4082 11 11.830 12 7.706 11 10.19 
4.76 1.061 1.00 ~:100 12 7.208 13.-· 8.036 ·" '"' 1.00 4.1>-17 1.10 ... 11 7 .4.57 .. IU311 " .. " uo 1.222 100 .104 .. 1080 .. ..... 20 11.16 a.oo 4.l':'R ... 6. 811 .. '·"" 18 8.871 22 11 '74 .... 4.611 000 6.700 •• . .... 18 8.:138 .. 12.20 
7.00 oi.llD ... 6.017 ~ 8.3&6 20 l. 731 .. 1201 .... t.HD lO 6.036 8.1111 22 10.07 11 13.H 
1.00 4.8J6 11 8.2~8 ., 8.8011 24 10.36 .. 14 40 
1.111 0.032 ... 4.425 .. 1.168 .. 10.6D ... H_iJ 

. 8.00 6.00:.1 13 :6.680 28 1.097 2R 10.50 ·11 16.06 .... 6.078 " 8.712 •• 0.200 a o 10.88 .. Ul.68 
10.00 6.111 " 6.826 .. 1.2&1 .. 11.20 70 16.01 
11 1.2U 18 8.022 .. 1.404 .. 11.40 "' 17.14 
12 6.321 11 7.004 .. 0.481 .. 11.111 {'() 17.27 
11 6.181 •• ':',0711 .. 0.132 •• 11.71 ... 17.36 

" 1.435 20 7 IL~ .. . 0.666 01 11.7D oiO 17.41 .. 8.478 22 1272 01 0,6811 111 11.111 120 17.46 .. . .... .. '.:1.12 00 0.012· 10 ll.llO 130 17 411 
17 1.631 .. 7.317 70 8,021 111 11.118 ... a7 .41:1 
11 &.MI 30 ,. .434 80 ..... 00 11.1~8 ... 17.40 

"" 1.679 " 7 .4r.t DO 1.8241 lOO l:l.OO 110 17 .4D .. 1.111 .. ,. .481 100 o.ou 120 CI.O "" U.AO ao I.IS:U 42 7 .4DD 200 17,60 .. 8.1'.14 10 7 .4Dt ""' 17.60 .. a.ou .., 7.407 

11 
wcll ur field aa 11 conatanl rule 11Íoblcm. tbcn d&u actual cumu· 
lative fluid pruduced u a (unclion of tho cumulaliYo pre~~~tura 
drop ia cxprcncd by 1hc ouperpoailion relaLionship in f.q. 
IV-14 as . 

. • dll.P 
Qc<l = 2.-fcR.' f --- Q,,.,., dt' 

o di" 
(lV-14) 

when .6P ia the cumulative preasura drop at thc well bons 
aflected by producing 1hc well at conalanl rato wbich ia ••lab
liohed by 

(1V-ll) 

Tho aubolitulion u! Eq. IV-ll iu IV-14 giv"' 

Q _ q"1 !JOCR.' 'j d P.,., Q • JI' 
(YI- K o . dt' "''' 

Since the rate ia constMt, Q,~.=q 1 T 1 s. T, rmd as t=KT/fi'CR.1 

lhia relallon bccomea 
• 

1 = f o 

dPcc'J 
--- Qu.,•, dt' 

di' . 
(Vl-31) 

To expresa Eq. Vl-31 in transformation form, tbe lrane;form 
!or t ia 1/p', Campbell and Foster, Eq. 408.1. Thc trana!orm 

for P111 at r = 1 ia Pe"' and it follow_.., from Tbeorem A that 
dPtaJ -

thc transfurm of --- ia pP1" as lhe cumulativo pre~t~urc 
di 

drop P 111 for r.onstant rato is zero at time aero. Finally from 
Theorem D, the tran~-oform for the integrotion of 1he form Eq. 
Vl-31 ia equallo lhe producl ollho lrana!orms lor each ollhc 
two terma io the in~grand, or 

TABLE 11 -Conlinued 
-Ji ~'f.O R - a.o R - t.o 1 

Ji '=to.o-·-., = 0.1'1'17 •• = 0.1471 a, = 0.1_214 a.¡ = O.l10t 
a., = O.'f614 4¡ = O.loll8 A¡¡ = 0.1740 Cl, =- O.t011 

- • Q(l) • QOI • Qtl) • Q,ll 

-------- ----.... 0.861 ' 6 881 10 . 7.417 " o !'l6,l¡ .... 7. •27 10 7.1D8 " i.Od 20 .. , 
10 7.388 11 7.020 2() 12 20 z:t 1321 
11 ... .. .. IU31 22 11. 13 ,. 1100 

" 1:1.3117 •• "'" " t3. i8 2ó 11.&5 

•• 8.8711 •4 . 0.418 20 14.70 .. IS ':'1 
11 8.341 .. 11.8~ .. 15.59 30 .... 
" 8. 7111 .. 10.3111 30 11.13 .. lf 3& 

" 10.23 17 10.82 .. '7.10 .. H 11 

" 10 " " 11.2d .. 17.82 •• 1!11 (11 
1& 11.03 " 11 70 ,. 18.~ .. 1i.M 

" 11.411 20 12.1) " 18. 19 40 ;!O Si 

"' 11 ... , .. 12 !IS 40 ""' .. 21 07 
22 1:.: ~8 " 13 74 42 :.!0.-411 11 ~·~ a 

" 13.27 " 1( .. " 21.011 " :!:.: 12 

" 13.02 .. IS :.!3 .. :n.6D .. !3 liT 
28 14.53 .. 16.82 " 22 28 ,. 23.71 
30 1511 .. 17 Z2 01 Zllrl "' 21.11 

" 18.31) .. 1841 .. 21.Jt .. '1 ,. .. l7.411 •• 18.t7 .. .... .. :.'S 11 

" 18 .• , .. 2021 .. 21 111 .. :!-\ 11 
.10 18.24 .. 21.-12 " "" "' 24 ,, .. 20.61 .. 22.41 ... 2S.31 ..., 711.02 
10 21.46 ao 23 •• .. 21.48 "' :!O 2t ... 22.13 10 :!1.118 10 """ " .... 
DO 22.66 "' 211 21 " 211. 41 ., 11 11 

100 ZI.OO .. 27 2tl ., 211.3ti .. 3'1.67 
120 23.47 100 28.11 ... 

30. '" 
-~ .... ... :l1.7t 120 2i 11 .. lll.n .. .... 

'"' ..... 140 10.08 " 31.11.1 100 
1.5 ~· 1¡;() ..... 101 ..... oOO 32 'l7 1"' 38.11 

:1011 .. ... 10> a.o.lll "' Jl,38 1.0 .... .... 24.00 200 11.12 , .. U.Vl 160 42.71 
240 31.34 "~ 17 01 101 4t 11 
280 31.43 IOl ""' "" "" 120 11.47 2010 38.H :!10 -46.16 
300 11.40 ... 3P.17 , ... 47.04 

'"' 11.60 .... ,. .. J"lO .... ... 11.10 . ,. U.11 "'1 411.11 

'"' St.lil 400 4!1 u 
400 Jl.t4 ... 40 :lA ... ..... 110 ~ •. 11 ... at.U 
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T.P. 2732 
--

THE APPLICATION OF THE LAPLACE TRANSFORMATION TO FLOW PROBLEMS 
IN RESERVOIRS 

a du 
(Vl-32) Q ... = 1 J .0....;;----::-:-:c:-::-. 

~ • u [los u- 0.11>93]' [ O.ll 5~:>- lo¡¡ J) 
( Vl-34) Evidence of this identity can be confirmed by ubatituling 

Eqs. Vl-4 and VI-27 iu Eq. Vl-32. In briol, Eq. Vl-32 i~ the 
r~lationship between constant terminal pressure and con~tant 
terminal rote cases. 1f the Lnplace transformation for one ís 
known, the trans{onn for the other is establbhed. Thi• ínter· 
change can only take plate in the tranaformations und the 
final !tOlution must be by i11ver~ion. 

The integration lor P 01 clo&e to thc Ool¡.s;n i:a t·J.¡:r~~a.<:J liy 

-u't 
P , =! a=o.oz ~e __ ! _Ju __ _ 

a" ..' ,f u'(J,'(u) + 'í,'(u)) · \ \'1-3
5

) ... 
For u equal to or le .. tha.n 0.02, J,¡u) =O, •nd Y,(u) = 
2/w u oo that Eq. Vl-35 reduces to 

,¡ .a 
p lil == J a • 

Computfl.tion oJ P 1o alld Qo 1 

T.., pbt 1-' 11 , aac.J Q,,, as work-curves, it is neceesary t.O de
lcnuine uumericully the value fór thc intcgruls shown in Eqs. 
Vl-:!•1 .jntl Vl-'l3. In trculing lile infinito integrals for P,,, and 
(} 11 , thc <lnl~ diilicult {JBI'l ia in estabJiehíng the integrala for 
~mull valnc~ uf u. For Jorgt!t \:a)ues of u the integrands con
n:r~t: f&irly n¡.idly, and Simp~:~on's rule for numericul inte&Tii• 

H we Jet n = u•t 

1 ,., 
Pw=;-- f a 2 o• • 

ti(lfi ha:. pr,;v~..c: :.a.ohit:iently· llccurote. · Furthor, 

-u't 
( 1- e ) 

dll ( Vl-36) 
u 

-n 
(1-. ) 

dn ( Vl-37) 
n 

'fo ddcfi11;r1·~ tb.: inte~raliun for Qu; in the res,ion of the 
ori~iu, t::·t· Vt-:!~; naa he exprt:3:•t:d Bli 

/'t (1-e-n) dn ' -· 1 ( 1 -e ) d11 
. J--~----

-u·t 
1 .l (l-e 1 du 

Q a'"= -,,.J ~'[J,'(u¡ + Y.'(u)] 
( Vl-33) 

where thc •talue lor a is token such that 1- e-u't :: U1l~ 
which i!'l t1uc ÍliJ' U

1
t equal tO.nr less than 0.02, ora= \'0.02/t 

nnd thr !)inqdilwutiun fur .Eq. Vl-33 hecomcs 

4t .! du . 
(J ' .. = ·-- J --- --,.-::-;-:-:--:-::-

! •' • u[J."(u) +Y.'( u)] 

o n !'1 n 
( Vl-38) 

Sinr.c Eulcr't~ t.:On9tanl ..,. ia equal to 

1 (1- e"') dn "' .-
'"'f- -f-dn 

n 

Subatitution of thiJt relation in Eq. Vl-38 gives 
_,-t (1- e...,) d11 oo e-• l dn 

1 --· = > + f - Jn- f -
" n it " 4

1
1 n 

Fur u lc,;s; tl..s,¡ O.C2, J .. (u) = 1, nnrl 

2 u 2 
Y. (u i ::0 { lo~ - + > f = - { log 

• 2 .. 
u - 0.11593 f. 

and since the aecond term on thc right 1.:1 the l:i-fun::tiou al
ready discusttoCd in the eorlicr part of thi~ wo1 k, Eq. VJ.37 
reduces to 

A~ thc lopari1l11Tlil: term i~ mo¡,t predominont in the Oenom~ 
ir~:¡lur fur ¡..m o 11 value::1 uf u, this equation ~>implifies to 

1 
Pa"'= 

2 
(>-Ei(-a't)+lo~6'1) ( Vl-39) 

TA liLE 111 - Con.<ta11t Terminal Ralc Caoe Radit1l f'low- Umited Re•en·oir. 

H,- 1.:. -
fJ, . ~ r..a.::-:. 
¡"j, .. ~ II,'JZ..I 

11 /J{!l)o ., 
11.1) 

J r.1:o;-1 
l ~ " 

J ' 1 lj •. 

1. .... 

'" " 
' :::.•i •• 

:t 1\ •• 

. i.ll .. .. :; ,, 
.¡ ll •• 

~ ¡; " 
!. 'J 
.~ -~ 
.: ·' 

1',,, 

, 2:11 
1¡ 2;.!'1 

f1 T~! 

·'· . : l ~''\ 
•¡ ,.-,:· 

,, -'·~ '¡ 
., .-,~) 

•1 ·:r¿ 
o r!H 

•• :'::'1 
11.,. \ 
!¡ ,<¡ 

!¡ ''·' 
1 ·111 
1 ;:.:' 

u ..:.·i.-,-----¡¡---::::-·2.r; --n- s.o ¡ n-·;,--u--------ñ-.~-¡---
fJ, ;.! 8.1986 (i, = 2.15U fJ._ = l.6U8 {J, ::= 1.:1:!18 {J, ·- 1.J\!O 
p. ~--= &.a na p, =-= 4.22aO P,• = a.l'IB7 fJ, = 2.fi62G /J, _ ::.1 s-.: 

<·--·---~-p~~- --,--, -P-,-.,-- --~;_--·---;.~-~~--,-~-1',~-,- -- 1'(,, 

2 ·;¡¡;¡.~·-'--o.«]'4":"o(tnl·l o.;& 6:i{lüf""-o'627 -1.o -·-·1-::-,_--:.,:c,--1-·-l,-_.,..-, -.·-~-.~.: .. -
:t • " 0.4.59 4.2 " O ro7d 6.4 " O.a.lG 1.1 0.831.1 1.6 
'l:L " 0.476 4.4 u 0.5117 6.11 " O.llt6 1 2 0.~7 L7 
:u~ " 0.492 4.ft " O 5'J8 6.0 " O.M2 I.S n M:? 1.11 
J fl " OJ.01 4.8 " O tOS ti .. <; '' O.L:i3 1 t O,Wil Ul 
:! :.! '' ¡ O.!i22 6.0 " O.GIR 1 7.0" 0.703 1.6 O.lf/9 2.0 
'1.4 .. 0.536 6.2 " 0.628 7.5 .. 0.721 1 6 0.951 ¡;! 
~ r, ·• 0.&61 6.i " 0.11:18 B O " 0.740 1 7 0.973 2 4 

!i " o.sr.s 5.11 " O.!H7 tu " 0.768 1 11 O.II'J1 2 !l 

;! .. 
. 4 .. 
.( . .. 
' .. 
(j ,, 

') ,, 
1)" 

11 .... 

••.n 
1.'1 
:t.tl 

o 
.u 

0.5711 5.8 " O.R~7 11.0 " 0.7711 Ul I.OU 2.11 
O.S!!J 11.0 " o IJI,G 9.6 " O 7VI :.!.0 1 034 3 Q 
O,lji¡J 6.5 " u Hlill 1.0 O 6llO :.: 26 1 u~ J 5 
o.r.21 7 o " o 110 1.2 u.¡...-.~ '1 t.O 1 1:10 t.o 
O.GH 7.6" O 731 1.4 0.9:!0 2 i5 1 17G •.5 
O.Ctd IS.O " 0.7!>:.! !.ti Ll."'i'J 3 O 1.~~1 IUt 
0.71!, lllí " 0.772 2 O l,!i7tl t o J 1.4GI 5.5 
0.711'.! U.O " 1 0.7D:! :1.0 1.3~8 5.0 ' Uo79 6.0 
O.th!l ld " O 812 4.0 I .. HB 6.0 1! 1.757 IU 
O.tll!i 1 o O &t:! 

1 

6.0 1 !128 7 O 
O. O~.: 2 o 1.215 S u 
I.IWJ :s.o 1 mr. o 11 
2.310 4.i) 1 ~m 10.0 
S.Cttll 6.0 1 :u:... 

1.1 \4!1 
(1 "ti\ 
o , •. 
¡ ' 

' ! l'l 
! l'¡ 
1 \•¡ 

1 ~-· 1 
1 :w.: 
1 '1..:! 
J 
1 !;.'•{ 
1 u•l) 

l. 7':7 
t b!" \ 
1 "'•1 
2 1 ,. 

p, = U.!;60\l 

, _i, .: l \•:n· 

\--·--·- -
' ¡• ... 

' o 1 1'.'1 
1 J ,·,,\ ..... 
' • ,,.~ 

J \,•.: 
; • "' ! ; ' \.J.•J 
< 1 ll> .. 1.1.\!'1 

' o J ¡;¡ 

' ' • ~ ~ : 
' 1 .. 

'·' 1 ~·l.; 
1 :·;·, 

1 " J ..... 
" \. J l ~~ 

' o 1 "" • ' 1 i.\7 

' o 1 "" ; " 1 .. ~.\ 
' " J ;lq 

" 1 ·' ' 
" .. 1 .• ·; 

11 " ~ ,¡¡¡ 

1:!.0 '" " " :.•' 

" o A' ·' .t 

" " :.'.Hi ! ---·----- ' 1 -'------'-~-----'~--'---:.__--'---'----'----'-------· --·--·--
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Thc valueo fur llm integrou~la fur Eqs. Vl-24 ond vr.za 
h:a\'e becn calculated from Besscl Tablea for or greater than 

0.02 ao, given in W.D.F., pp. 666-697. Tbe calculations have 

been tsomewhnt simplified by using the square of the modulus 

of 

IH.'" (u) 1= IJ. (u) +i Y.(u) 1 und IH, '"(u) 1 =IJ,(u) +i Y, (u) 1 
which are the Beasel functiona of the third kind or the Hankel 

funct.ions. 

Table 1 shows the cnlculated values for Q1n and P 111 to 

three aignificunt figures, !Starting at t = 0.01, tho point where 

linear Oow and 1adial flow .start Jeviating. P 111 is calc\J.lated 

onl)· to t = 1,000 since beyond this range the point source 

aolution of Eq. VI-l~ applies. The .values for Q10 are given 

ul• tn t = 1o••. 
The rcader. may reproduce these dula as he sees fit ¡ Fig. 4 

is an illus.tra.tive plot for Q1t 11 o.nd Fig. 7 ia a semi-logarithmic 

relationship for rlll• 

LIMITED RESERVOlHS 

A!i alreud)' mentioned," the 5olution¡; for limiled reservoirs 

••f nulinl symtnclry hove been dcvcloped Ly tl!e Fourier-Bessel 

typO o( cxpansion.•·'·" Their introduction hcre üs not only to 

t-how how thc .'>olutil)_ns may Le ardvcd at by tite Laplace 
tronl'formution, Lut ulso to furni~;h dato for P111 and Q111 

i:urvcs whcn such cat:es are encounte•·ed in practice. 

1 
No ~'luid Flow Across Exterior Howulary 

The first examplc considered is the conslant terminal pros· 
s.ure case for rodiul How of limited extenl. The boundary con· 
dition,; are such that at the well bore or ficld's" cdge, r = 1, 
the cumulative pre!:lsure drop· is unity, and at some distance 
removed from this boundary ata Jloint in the retit:rvoir l·= R. 

T.P. 2732 

there exibts u restrictiun bUCh tbut 110 Uuid co1n l\ow ¡.a-.L thi .. 

barrier ~o that ut daat point ( oP ) l = O. or r= ¡ . 

The general solution oi Eq. VI-l &tiÚ &Jlplie~, but tu fulfilt 
the boundary conditiun~ it is ncce.s:-.ary tu re-determine ,·allle ... 

!ur constants A und ll. The lr.in&{ormation of the boundary 

condition at r = l is exprc::;~eri a!) 

1 
- = Al. ( 11 p ) + llK, (V p ) 
1' 

and at t = R the condition is 

o= Al,l vf.lll- UK,( vf.r:¡ 

(\'ll·lJ 

(Vlf·2) 

since it ¡~ ~hown in· w.n.F., p. 79, that K.'\L) ==- ¡..,:,(z.). olnd 

l.'(z) = 1, (t). The tiolutions !or A and B from the~e two 

'>imultaneous olgebraic eKpre:~sions nre 

A=K,(VpR)/p[K,(I'pll) l,(Vp)+K .. (Vr, l,(vpR)] 
und 

U=l,( Vp lt)/p~K,( Vp R) 1,( Vp) +K.( v(,¡ 1,( Vp ll)] 

Uy eubscituting the::,e consta.nls in Eq. Vl-1, tl1e general :.olu· 
tion for the trans!orm of the preS!>ure Jrop i~ ex¡1re~~rJ by 

- [K,(Vp H) I,(Vp r) +I,(Vp lt¡ K,(Vp.r¡J p Ir • "' = _!:__:.;c__:_ __ :_::_:___;:___;_ __ _:.; _ _:___;c____:_,:_____:; 

p(K,( vpR) l.( v'p) +1,( VpR) K.( Vp)) 
. (\'ll-3¡ 

To find Q(t) the cumulative fluid JlCuduced íor unit pr~

~ure drop, then the tramform for the pres~ure gradit:ut at 

r = 1 ia oblained as followa: 

-(()~),;'¡ (I,(Vp-R)K,(Vp) -K,(Vpll)I,¡Vj,)j 

0 p'i'[K,( v p R) l.( Vp) +1,( Vp ll) K,( Vp)] 

whcrc the negativo ~it;n is introduced in order to makc Q(t) 

TA BLE 111- Cuntint.ed 

Jt :::: 6 
fJ, :::: O.liol72 
{J, :::: 1.6112 

' 

R ::: 8.0 
{J¡ = 0.68&4 

fJ. ::: 1.2963 

7,0 
0.671:1:l 
1.0860 

p ,,, 
----

plll p(t) 

---1----------
"' 3,1 
3.2 
3,3 
3.-1 
u 
u 
3, 7 

"' 3,9 ... 
<.2 ... ... 
u ••• 
"' ••• 0,6 
1 ,O 
7 .S 
8.11 
0.0 

lú.O 
11.0 

. 12.0 
13.0 
U.O 
11.0 

1 167 
l. 180 
1.1'1.! 
1.201 
1.215 
1.227 
1 :!.~ti 
1 :!1!1 
1 :!.5'1 
1.27!) 
1.2ti1 
1.1HI 
1 ~::n 
1.31(1 
1 3f.O 
1.37/i 
l. -t!!t 
l. 469 
1.413 
'1.~.\4 
1 ~08 
l.IHI 
l. i'lli 

"1. gog 
I.R'll 
l.!ilS 
2.0611 
2.112 
2.ZI6 

<.O .. ... 
u 
8.0 ... 
7,0 
u 
8,0 
H,5 
0,0 

"' 10.0 
11.0 
12,0 
ll.O 
14.0 
u.o 
115.0 
17 .O 
1&.0 
10.0 
20.0 
25 o 
:10,0 

1.276 ,,, 
1.322 "' 1.36i 7,0 
UOI "' 1.4H 8.0 
1.417 ... 
1.511 0,0 
I.Mt "' 1.670 HI.O 
1.601 11.0 
l.cJJ¡; 1'2.0 
t.er.s IJ O 
t.Gv!l 14.0 
1.757 15.0 
1.815 115.0 
1.873 17 .O 

· UIJI 18.0 
a.g811 19.0 
2.04.5 20.0 
2.103 :n.o 
2.100 24.0 
2.217 ·25.0 
2.274 28.0 
Ul<l 30.0 ..... 

----------~----~--~----

l.-t3S 
l. 470 
1.601 
1..s31 
UiS') 
1.680 
1.613 
1.638 
1.1163 
1.711 
U 51 
UIOI 
1.1116 
l.fl88 
l. ~>JI 
U174 
2 útl5 

. 2.058 
2.100 
!! \S!o 

1 

2 .".!61 
2.361 
2.43.f 
2. 617 

-

H ,,, 
p, == o.n9D 
JI. = 0.93ó:l 

L Po, 
-------

8,0 t.6~ ... 1.5.'a 
0,0 J.(j07 ... l.tlJI 

10.0 t.flSJ 
10.6 1.117) 
11.0 1 .601 
11.6 1.717 
IZ.O 1 .7J7 
12.6 1.7.57 
13.0 1.770 
13.5 1.'.'!1.5 
H.O l.lii3 
14.6 1.1L11 
1.5.0 1.8-lg 
17 .o UIHI 
111.0 Ulbd 
21.0 :!.051 
:!J.O 2,llfl 
26.0 !!.liiO 

'" 2.34() 
36.0 2.4911 
40.0 2,M.! 
ü,O 2.8J7 

n-;-a~-----" ---- -- ·--··---·--
lO 

1 

' p, = O.H06 = 0.31140. ~. 
p, ::: 0.11216 fl. = 0.1!33 

t p 

'" • p 
'" 1 i --------- ----- -·---·--

10.0 1 1361 I'!..CJ. l. 732 • 10.6 1.07.1 1:!.6 1.7!11) • 
11.0 l.li~~ 13.0 •. 768 

1 
11.6 1 íiJ ¡] . .5 l.i!H 
12.0 1.7.1'.! '" J.SIJI 
12.6 1. i:Jol 11.5 1.1>17 
13.0 1 7o:i l.:i.ll t..\12 
13 . .S l. j>,t) 1.1 5 1 h 17 
ILO l. ~l3 1&.0 1 ~·i:! 
14.6 l. !110 17 .o l. ~!IQ 
16.0 l.dJ5 I!S.O 1.1117 

1 

15.6 1.8.~1 1!.1.0 1.1113 
15.0 J.I:I•J"/ :!il o 1.%S 
17 .o t.lf.l7 :!:!.0 2.017 
IS.O 1.~6 2~ .o '·""' hi.O 1.11M 26.0 2.108 
20.íl i.O?J 211.0 2. !51 

1 

Z"l.U !.! .007 30.0 :!.19-t 
:!4.0 2.0')() 3::.0 2.:.!311 
Z6.0 2.U2 34.0 :z.:li:i 
'211.0 2 1~3 3G.O 2 Jtg 
30.0 :l:lH 38.0 ""' 

1 

.U O :.!.345 10.0 2 . ..¡ot 
38.0 2 .• ,6 60.0 '-"" .f.O.O 2.iÍI6 60,0 """' u.o 2.1521 70.0 ..... .... 2,7415 
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T.P. 2732 THE APPLICATION OF THE LAPLACE TRANSFORMATION TO FLOW PROBLEMS 

IN RESERVOIRS 

po.;itive. Theorem ll showtt thnt the integrulion with respcct 
·lo time introduce~ an udclitionl!l- operato~ ·11 .j_n zh_c rlenuwi
nntor ro gi•:e 

which indicatc the Polco.. Sint.:e tite mvd,~inl H-·~···1 function .. 
for ¡w~Jitivc real argumcnl3 Ufl: ;·t1i1a uwr•-d•lt•f, PI dt:crea~
ing, the bracketed lerm Ín the l.lt:OOinÍil!itur duó nvt indicatt: 
nny poles for po¡;itive real valuc:) fnr lJ. .\1 tt.c •>~ i~zn q_f th\. 
plane of Fig. 2 a po]e exisb .o.nd :i.i, pulr. \-e ~!t ·11 ho.ve to 
invesrignte fin;it. Thu.s, the t>ulJ,fJiUllu:• vi :.Jz,.~.l! ,,nJ rcl!.l 
value~ {or z (Eq~. Vl-12 antl Vl-1:1' in i.q. \'li--t .;i\c!' 

Oc,.•= 
[1,( v'p 1() K,(.v'p] -K,(\ip H) 1,('/p )] 

p'l' [K, ( v' -P R) ·I. ( v' r l + [, ( v p R) K.. ( V r ) ] 
(VII-4) 

(R'- 1¡ 
lf! ordcr to apply Mellin'~ in,·ersion íormul&, the fir-.t' con· 

... ideration i•: thc rools of the denominator of this e'¡uation 

=----
2p 

3111 

TAUI.E-IV- Con•tanl Terminal Rate Ca.se Radial Flow 

Prc3sure al Exterior Radiu! Con.5tant 
• 

" - : ~ ll .·~·~··-- -·- --·-·~----D---,-.• ----·-·-:--:R:--:,-:.,------· R =)'.0 i 
>., ::.: 8 ttJ2~ t >., = 1.78&0 x, == 1.2~21 >., = 0.9691 

1 

. . ...., :::= c.~ll:.1 
).

1 
~ G.li:.!07 1 )., = 4.802.1 )., = 8.2.2,65 X. =: :!.4372 ,• },

1 
-:::: l.!l&:!t 

··--·-·;t~~---,---,-''-·-c,,~.--P-,-,-,--1--'--,-'~ ptll ~~·--.,---P~.,-.-~~---·--;-·----r--·~--

!. h:ll)¡·~ 

' . r, JI 
,·_ .... •' 

11 o " 
"',) .. 
1 ·' !(\lJ)" 1 
1 ., " 
¡_.;, 

1 ' l.k 
~ (¡ 

~ 'J 
'.! 4 
',!. /j 

' ' :¡ (¡ 

:¡:, 
1" 
1.!• 
-~ u 
11 (1 

; ,1) 

' " 

n :::: t.c 
\ ll_f,cliO 

~- i. ,;.;(,•) 

-o;-::n--1i ~ ooo¡-1 o.424 J.oooJ·I ~l--·u.~ -~-----;oo~ u. en --s;¡ni~--1 .. - -·o.~ -
G :!40 :!.2 •• O.HI 3.~ •• 0.6JS .5.6 " 0.~0 11.0 O ~ 
O ?IP :!.-4 11 -1~1 4.0 0,6!B L.O " 0.116:! 1.0 O 70S 
t• '2-lfi :.!.u 0.4.":! 1.6 0.691 1.0 " 0.7tr! 8 O O.HI 
'1 ·.·x-~ ~ :t ·'' 0.~~:¡ 6,0 0.1116 8 () " 0.<38 ¡¡o ti 7?1 
11 ~-~~ :1.11 0.4\';i ~.Ú 1 0.1'.311 !1 0 " 0.770 1.0 (l f,H~ 

:: ~;:~ ~:~ ~:~g ~:g ~:~t:~ : ~ g:~ : ~ ~ ~;~ 
u :H~ ~.6 o .. \7:1 11.0 o.n¡¡ 1 -1 o.~<1'.! u o eu 
H 3;,,¡ 6.1t 0.6'1! 0.0 0.76-~ i.G O.U:H 1 11 0,\1!-ol 
'l :\~¡7 !¡J, 0.<.-tJ/1 I.U 1) 7711 1 X 0.0.5.5 :! U 1 OtJ 
u :nr, r..u o.tn~ 1" 0.1116 2 u u.tl/\0 ··" 1 on 
u l>~l fUi U.BJII 1.4 U.81:! :! :! 1.000 :.!.4 I.O· . .S 
11 :a~; ; U O.Gl!l 1.11 O.M.I :! ~ I.OIIi :.! O 1 ¡,,; 
,,·~:~o 7.5 n¡;n 111 o.R;n ~~~ 1.113•1 ~-·' J.l•hi 
•' ;¡•,"¡ :-1,11 fl,li~d .:!.U O.tlll'l :! 1\ 1 lll:! J U 1 I".!J 
'' :J~,r; 11.5 U.1:1lLI :.!.:! 0.11!•~ 3 ll l,U.'ol .) .~ 1 J..._.. 
11 41>11 tl.O o.¡;ll!, ~,·.·~ 0.\100 J .5 I.Ont~ 4 \J 1 l:l-1 
u u,,: !J 5 O,i11l\1 u 0.110.5 1.11 I.Ul9.1 6 1o 1 ::1:. 
u 101 1 O ll,li1J ~.H 0.008 ~ ~. 1 11.-17 
ll U1!i 1:! O,fíi(' J.O O.tliO .!. 11 l.lt'J\ 
1) 111: '- 1 ·1 II.C~ ;¡,,\ 0.!11:1 6 ~ 1 lflll 

¡1,', 
!(J'j 

l,ij O,ll~li 1.0 0.016 6 {, 1 tl:lr, 
Ul D.U:1:.'. .¡ .~ IUIIIJ 6 !o l.lt!l'; 
'l.O O.lo!l~ 6.0 H.!llli 1 O 1 .lN7 
2 s o.ll!'l:l ::..r. o.lllll b o l.tL·tri 
:1.0 O.ü\IJ 1\.U O.OIG lO n 1 1r~1 

·---·- - .. --'--·- -·----'---·-. ---· ----· 

n e.o 
. >., -· 0.420& 

A, - I.OOúO 

TABLE IV-Continued 

-¡- .. -·------·- ---·--· 

•• ll 
i ¡¡ 
~ \) 

ji 11 
¡,, u 
~~ ., 
H ,¡ 
¡(, (1 

H ·- ,; 

1 ~·-'~ 
1 :!l.' 
1 ~ i; 
1 -'·"' 
l.::.¡ 
1 '\.' 
1 ~!.: 
\ :!:0.1 

\, -- ¡; ¡\ Jto 

.., . ' . 
t i ¡• ! t l' 

111 
--- -·¡·- -~----1·--

... 
', :~ 1 C . .l!lr.! 4.0. 1.275 

_ O . ...Si J. I.JZO 
1 4 ' 11,(•<)\ ,'i,(l 1.3111 
L •1 

1 ' : i¡ 

' . 
' . 
,¡ '1 

'. '. 
:,_11 

'•' ... 
'" 1 

1' •1 
11 1¡ 

h 01 
:··" 

ü.u~; r, ~ 1.3VH 
11 tJIIh H.IJ l. 1.1~ 
! \J:O:'• 1\, r. l. ·11.:! 
! ls.'o.: 7 .U 1.·100 
! _¡;¡,.1 7 r, I.~IG 

Hl'> h.IJ 1.~1:1 
1 ¡::., 11 5 l. r,.,¡ 

1 r,·~ ' (I.IJ J.,'¡~\) 
•. ; 111.0 1 .1;15 

·'· "111 .. ,, 
.. .:·. 

t .,;11 
1 1~ ' 
1 :: ..... : 

J~ () 1.•11r'l 
1'1,11 1 71! 1 
l•i (j l. 7:¡..; 
PI 11 l. i .!J 

:_:11 U J,ih~ 
:.·:: u 1 -,~ 1 
~· 1 t) l. 777 
~·¡¡ 1) l. 7" l 
~-~o 17~1 
;¡o¡ 1) l.i~7 

:\~ o l. ¡,.,•¡ 
111.11 1.7\11 
[,•¡ O l. 1V:! 

7 ,fl 
7.6 

'" "' u.o 
0.6 

IU,U 
~~ o 
H.O 
LIJ 41 
l¡j,lt 
:!u¡, 

·..:¡ ,, 
::u u 
~h.ll 
:w n 
:IS ll 
:11 lJ 

·1 ~ ll 
~~~ u 
•. u 11 
ili.IJ 

--·-

I:!.U 
L:l,U 
11.0 
HUI 
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~ .11 J 
~ ~·-1 
~ J.!~ 

:! ,31f~ 
:! 311!"' 
:! JUJ 

\. ,, 
1•' .... " 

'·~' ~·:: ti 
• •• ¡; 

'. .. :. 
..: ¡j¡¡ 

: ::~ 
~ -~·· ..... 
! ~ ~ • 

..: '',j 
~ '.Ll 
.' : ...... 

.: '·' ".! ..... , .• 

.' .. :: 
·• ,., 
~ ,,..; 

·.¡ 
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• l. 

and by the applicatioo ol Mellin'a invenioa formula applied 
al the origin, lbc:D 

- e - -'----d~ = --1 f l.t 1 (R'-1) R'-1 
. 2rl 2 ~ 2 

(Vll.S) 

"=· 
:~n lnv~tigation or the inlcgratlon .alon¡: the ne¡;ativc real 

~ .. eut" hoth {or the up¡,cr and lower portions, Fig. 2. revcaLI 
." tbat Eq. \11-4 ia an cven lunclion lor which the inlcgration 

. ·. alon¡¡ the patha ia zern. However,· poleo are indicated along 
: the negativo real axis and th.,e re•iduals logether with Eq. 
. Vli.S makc up the solutinn fnr thc constant terminal prc I.Sure 

f'I'C: (or the limited radial 11ystem. The re,idunh are c~taf>.. 

·Jiti.l1ed by tl1e Mcllin•., inver11iun furmula by lcu.iu¡ l.= u•i"; 
thon br Eqa. Vl·l8 

1 
1 ¡· Al- . 

2rl • Q(~)d~= ' 

,..., >..:. etc. " 

-
!_¡•-a'I[J.(uR) Y,(u)- Y,(uR) J,(u)] du 

-- (VIl-6) 
ri u'[J,(uR) Y,(o)- Y,(uR) J.(u) J 
a .. S:r- cte. 

where a. .... a:. anda. are the IOOI;l of 

[J,(a.Rl Y,(a,) - Y,(a.R} J.(a.)] =O (VIl·1) 

and the poles are rcprefcoted on the ncgathe real axi.a 
by).,.= -a,', Fig. 3. The residuala ol Eq."Vll-6 are the aeries 
expansion 

TABLE IV -Con1inued 
-

B 
_ .. 

R=U 

1 
A,=·~· .. ),¡ = 0.091&1 )., = ....... k. = o.1:za 

• .Ctl • P,u 
-.... z ..... .... 2.1. ..... 2.211 .... . .... 

t 40.0. 2.210 .... 1.471 
n.o 2.131 .... 2.114 .... 2.3A8 70.0 :uM .... 2.471 71.0 ..... 
'i'O.D 2.647 01.0 2.11t 

"'·' 2.1C'l'J .... ..... .... ..... .... 2.171 
ID.O(IGJI 2.7ll7 .... . .... 
10.$. !!.Tll 10,0{10)1 2.T.U 
11.0 • 2.741 12.0 • '·""' 11.1 • 2.7&1 H.O • 2.K71 
12.0 • 2.71'1 10.0 • 2.031 

n _ .. -...--:-~-----;----·--
8=40 R=60 

)., = 0.08012 . )... ::. 0.184tl 
' 

• --
70.0 
10.0 .... 
10_0(10)1 
12.0 .. 
lt.O • 
18.0 .. . ..... 
n.o· 
ll.l • 
U.D • 
20.0,. 
:u.o • 
30.0 .. 

, . .. ----
2. 
2.1 

6$1 

" "' "'· " ... 
2 .• . z ";'" 
2.0 
2 . 
2. 
2. 
2.0 

.... 
oa 
71 ... ..... .,. 

2. .. 
•• 1.1 
0.2 

.. .. 

A. = O.OSOID ).,. = O.OU•ll 
A. = 0.1114 l. . .::: 0.1101 

_ _:.::.--,----1--·-- ------
p111 t plu 

·1--:-:-::::--\-------·--- -
12.0(10)1 2.111 :.'Q.O(I01' 1OM 
U.O • t.UB Zl.l • 1.111 
11 O • 2.0U :Jt.O • 1.16-i 
1110"' .J.OII 210• llt..l 
2'0 o a .o~ ~~ a • a w 
:l2.0. 1.101 10.0. lX-1 
:Z1.o• a.tu u.e• Jll'.l 
:.10.0"' 1.181 ta.O • l.~ 
21.0 .. 1.221 41 o .. J.tlil 
SO.O "' I.W 60.0 • J.Ul 
15.0 • I.UI 611 • 1 6l4 
CO.D • 1.:111 GO.I • 1.5-'U. 
41.0 • 1.440 u o .. l,QO 
10.0 • I.U2 TO 1 • J.MI 

r2.1 • 2.7M JA.O • 2.!UH 
IJ,O • 2,AI0' 20.0 .. a.cr.u 
12.1 .. 2.1120 22.0 • . ..... u 36,0 .. 

40.0 .. 
45.0 .. 

... ""' .. ... 
•• 3l2 

Ul 
71 
ra .. ., 

~.0 • 1.111 71.1 .. 1 w 
DILO • 1.141 ICI O • l.HJ 
u.o • a.w 11.1.0 • a.ru 

u.o .. 2 .ltll 
14.1 • 2.1141 

· .. J6.0 .. 2.M7 
11.0 .. 2.l71 
11.0 .. ..... 

. 20,0 • 2. 0',!1 
24:0 • ..... 
~.0. 2.011 
:10,0 • Z.IUI) 
40.0 • 2.002 
10.0 • ..... 

.. 
11-10 ' ' • ... 

1.0(111)' 1 %~7 ¡ 4.0 .. . 1.401 ' . ' 1.0 .. 1.612 
1.0 .. ... .. 
7.0 • 3.071 .. 1.0 • 1.7311 

. , 1.0 .. . .... 
. 10.0 .• . .... 

12.0 • . .... 
14.0 • I.Ut 
16,0 .. ..,. 
tao• <.021 
20.0. 4.1Wl 

. 21.0 • 4.071. 
.ao.o • ..... u.o. ..... 
40.0 • ..... 
41.0 • ..... 
10.0 .. ..... 

. 16.0 • C.OIIfo -. 

·' , 

-

December, 19~9 

24.0 .. . ..... 
21.0 .. 1.101 
~.0 • 1.120 
::10.0 .. J.ltl 
31.0 • 1,171 
40.0 • 3,1111) 
41.0 • '·""' 60,0 .. 0.201 
eo.o • 1.214 
70.0 • 1.211' 
80.0 • l.ill 
00.0. IJIU 

R-to 

• plt) 

I.R(IOJI 1.512 
1.0 .. ..... 
7 .o .. ..... 
1.0 .. J. 741 
11.0 .. - .. ., 
10.0. ..... 
12.0 .. J.Vl7 
lt.O • . .... 
11 o • .., ... 
11.0 • ..... 
20.0 • U27 
2.\.0 .. 4.111 
JO.O • 4.21) u.o. ~: ... 221 
f.O.O ~ . ... .., 
tS.O • ua 
ao.o • ..... 
u.o • ... .. eog • •. 2-17 u: •. ... 2.48 
70.0 • C.:BA 
71.0 • ..... 
11),0 • ..... 

,. ,. 

60.0 • 
00.0 • 
70.0 .. 
lD.D • 
00.0 • 
10.0(10)1 
12.0 .. 
lt.D • 

' • 1 
: . 

t 

•• ... 
••• ••• • •• .., .. 

..1 
tol •• l. 

TABLE IV- Continued 

·R = 10 

• • •ut 

a.G{IO)I ..,.,. 
7.0 .. ..... 
8.0 .. J.U7 
1.0 .. • ..... 

10.0 .. J.&i7 
12..0 .. J.IM 
14.0 .. ~ C.Oit u.o. 

' t.MI 
11.0 • ..... 
111.0 .. 4.130 
20.0. 4.171 
2$.0 .. 4.2tll 
IG.O • ·= ss.o • <.:121 
40.0 .. 4.1n 
1.1.0 • 4.160 
60.0 .. . c.w 
ea.o • 4.111 
70.0 .. t.SJD .... ... 181 co:o. ...... 
10.0(10)1' . t.SII2 
11.0 .. ..... 
.. 

-

' 

10.0 • a.ua oo.o • a.••• 
B>.O • 1.111 85.t • 1 TH 
QO.O "' 1.&40 10.0(10)' J 11C1 
lO.G{lO)' I.UI 12 O "' J 1tU 
12.0 • 1.172 lf..O • 1.~ 

. lf..O • I.IAI 11.0 • 1 . .-1 
11.0 • 1.686 11.1 • 1.110".! 
11.0 "' 1.617 20.0 • J.UOd 
20.0 • I.UI 22.0 • 1.801 
2&.0 • I.UI 24.0 • 1 101 

&=11 

• pu•·· 
1.0(10)1 1.74'7 
1.0 .,. ' ''" 1.0{1~)1 . .... 
1.2 J.t.tt 
I.J . J.llll 
1.4 .. uw 
1.1 ... ..... 
1.1 ._ t.IH 
2.0 .. <I.IV2 
1.1 • 4.2Sf 
1.0 .. 4.3-ll 
1.1·"' 4.U4 
4.0 • ..... 
4.6 • 4.441 
1.0 • t.t&t 
1.0 • • 4.4!1 
7.0 • t.UI 
1.0 • t. t!JI 
0.0 • . .... 

10.0 • t.490 
tt.O • ..... 
12.0 .. '·"" 14.0 .. . .... 

2t.l • J.QQI 
n.o • a.••• 

a= too 

• 
1.0(10)1 
I.J • 
1.4 • 
1.1 -
1.1 • 
!.0 .. • •• J.O • 
1.1 • 
,,D .. 
4.1 • 
1.0 ·-
1.1 • 
1.0 • 
1.1 • 
7.0 • 
7.1 • 
1.0 • . .... 

10.0 • 
·11.1 • 
11.0 .. 

r,. 
¡-_-.. 

J ··~ "" ' • ...., "" ' t.l "' 2«1 • .. "" ' 1 
'.a: 
<.U 
4 .f.i 
t.$1 • o 
4.&.1 1 .., • 
' ... ... 71 

1.<1 ... .., .. ... 
•• ... .. ... .. 
•• •• "'' ... 

-----
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,¡ J.J', 273:2 .· . 

. --· 

and by 1hc applicalioo o! Mcllin'a lnvenion formula applicd 
ai lhe orl¡¡in, lhea 

- e - --'--..,-....:..dA = --1 f l.t 1 (R'-11 R'-1 
. 2.ri f A 2 

(VII-5) 

l=. 
An lnvestigation or thc inh:gration .alon¡ the nesative real 

z .. c:ut .. botb [or the upper and lower portian~ Fig. · 2, rcveal.. 
.' lhal Eq. Vli-4 ia an tY<n lunclion lor which 1he inlegralion 

. t alon¡; thc patha is zern. However,· pole! are indicated along 
· 1he nesati•• reo.l axis and lhtte re•iduals lo¡ether with Eq. 

VII-S make up the 6olutinn Íbr thc constant terminal pre~ure 
C'I!'C (or the limitecl radial aystem. Tbe re,idunh are e~tab-

.litihed hJ tJae McJlin'• inver.~iun furmula by letlio¡ ~ = u'e;. ¡ 
lhon by EqL VI-18 

1 1 ¡· l.t- . 

2
..¡ e Q(A)dA= 

).,, )., etc. 

_ ~~·-u'I[J,(uR) Y,(u)- Y,(uR) J,(u)] du 
- (VIl-6) 

ri u'[J,(uR) Y,(o)- Y,(uR) J.( u)] 
au ~etc. 

wh ere a.. ... a:. and a. are th e root.a of 

[J,(a,R) Y,(a,) - Y,(a.R) J.(a.)] = O (VII-7) 

and the poles are rcprefeoted on the ncgathe real a1.ia 
by >., = -a.', Fi¡¡. 3. The residuala ol Eq. · VU-6 &re 1he series 
expansioa 

TABLE IV -Continued 
-...----~----.,-----·--

B:40 R::::iO 
J.. = 0.06010 )., = D.041oUI 
A. :;:: 0.1184 1., = 0.1101 

__ ..:.......,-----1--·· ------

a _ .. 
" =U ,_ ... n =lO 

1, = .., ... l.. = 0.00141 ~ = 0.08011 
1, = o.noa ~ = O.tZZI A.. = 0.18ffl 

651 12.0(10)1 
' u.o .. 
~ 1110 .. 
:!l IHO" 
1, 2QD"' 

ISRIJ :t:?.O • 
i!.oCI • !.!4.0 .. 
DG6 :lii.O "' 
71 21.0 .. 

Ofl2 )0.0 • 
noa ~5.0 • 
Q5.4 40.0 .. 

PIU ' . P, .. 
·-----1---·--·-·----

2.111 ¿>¡J.O(IO)I J OW 
2.IWI ZJ.O • :1.111 
2.0U :tt.O"' J. li-t 
:1.011 210"' 111.1 
J.O!i3 ~JI O • JZ.l') 
J.Un IU.O • 12'-1 
1.1!12 :15.0.. 1 )l".l 
:1.1111 .0.0.. l.tll"' 
:1.220 uo• J4f;l 
J.ZSI 60.0 • J Ul 
a.u1 uo• Jil4 
J.JVI g],O "' l.ft'\5. 

• P,., • P,., • 1' .. ----
30.0 2.141 10.0 2.1JID '10.0 2. 
15.0 2.211 M.O 1.0< M.O 2.11 

1 :t:' 2.2&2 .... 1.471 00.0 2 .• 
2.111 ... o 2.614 10.0(10)1 "!"";"' 

.lol.O 2.3111 70.0 :!.AJO 12.0 .. 2.• 
Sil. O 2.471 76.0 ..... H.O • 2. 
;o.o 2.6H "'·' 2.114 11.0 • 2. 

"'·' ::J.IM .... J.IU .1.1 • 2. .... ..... 00.0 2.171 11.0 • 2.0 
10.0\IOJ' 2.7n7 0$.0 2.007 11.1 .. 2. 
10.1- ~.721 10.0{10)1 2,721 IJ.D • .. 
11.0 • 2.747 12.0 • '·"" 20.0, .. 2. 

• 1 . 
liD 4J,O • 
11 60.0 •. 

J.«t 5I o .. l,QO 
:1.41112 '70.0 • J.MI 

11.1 • 2.7&1 li.O • 2.10'1 2.S.O • J.l 
12.0 .. 2.7~1 10,0 .. 2.1131 30.0 .. 1.2 

u &2.6 • 2.7110 
1:1.0 • 2.1UO 
12.1 • 2."" 
u.o •. 2./lU 
14.1 • 2.11-tf 

:.ta.o • 2.11.\7 
16.0 • 2.101 
11.0. ..... 
20.0 • 2. O'.ll 
24,0 • ..... 
21.0 .• 2.1n'l 
aG.O • 2.010 
40.0 • ..... 
ao.o • ..... 

.. 
R-OO ' • ••u 

I.O(IOJ' . :1 2n 1 -1.0 • J.tot • . 1.0 • :1.612 
0.0 .. 1.802' 
7.0 • 1.671 
1.0 • .J.UD . . o.a • .. .,.. .. ' 10.0 .• '·""' 12.0 • ..... 

lf.O • J.D$9 
10.0 .. J.P')II 
11 o .. ... ,. 
20.0 .. 4.1Hl 

. 25.0 • t.071. 
30;0- ..... 
u.o • 4.0110 
fD.o·· ..... 
46.0 • . .... 
10.0. ..... 

. 16.0. . . 4.004 

- ' 
-

Occember, 19-49 

18.0 • 2.!134 
20.0. J.ll24 
22.0 • J.047 
24.0 .. ..... 
21.0 • I.IG7 
:z...o .. I.I'Zf, 
20.0 • :1.142 
21.0 .. 1.171 
40.0 • J. litO 
41.0 • 1.200 
60.0 • 1.2117 
10.0 • 1.214 
TO.D • 1.217 
10.0 • 1.1111 
00.0. 1.1U 

R- 10 

• pe•• 

6.0(10):1 1.112 
1.0 .. ..... 
7.0 .. ...... 
1.0 • 1.740 
0.0 .. - '."" 10.0 .. ..... 

12.0 • 1.107 
U.O • 1.001 
10 o .. 1 .... 
18.0 .. 1 .... 
20.0 • t.l:n 
2.'1.0 • 4.111 
ao.o • t.2U 
Jl,O • .::·: t.Zla 
40.0 • . ·= 45,0 • u a 
eo.o • 1 .... 
65,0 • <.211 .. 3 • C.247 u: •.. ..... 
10.0. 4.2411 
71.0. ..... 
•.o • ..... 

.. ,. 

u.o .. 
40.0 .. 
46.0 .. 
&0.0 • 
00.0 .. 
70.0 .. 
ato • 
DO.O • 
10.0(10)1 
12.0 .. 
u.o • 

, 
'. t 
. ¡ 

• 

:tal w.o .. l.' 
1.1 00 DO.D • 
l. 3.12 64.0 • 
l. Ul 10.0 • 
1.1 71 00.0 .. .., fl1 GO.O • 
'.1 04 IO.n(IO)II 
1.1 01 12.0 .. .., • . u.o .. 
•• •• 

.al 11.0 • 
tol 11.0 • 

24.0 • 
JI.O • 

TABLE IV- Continued 

·R = 10 8=11 

' . p ... • 
6.0{10)1 ..... 8.0(10)1 
7.0 .. ..... 1.0 .. 
8.0 .. :1.7-H Ul{lJ)I 
0.0 .. • '·"" 1.2 .. 

10.0 .. 1.~7 I.J . 
12.0 .. . I.UO 1.4 .. 
14.0 • ~ Ulll 1.1 ... 
n.o • I.C$1 1.1 .. 

' 11.0 • ...... 2.0 .. 
11.0 .. 4,110 1.1 .. 
20.0 .. 4.111 a.o • 
25.0 .. 4.2d 1.1·· 
10.0 .. . .., f.O • u.o. <.l211 f.l .. 
40.0 • 4.1-tl 1.0 .. 
41.0- -1.aeo 1.0 • • 
60.0. 1 ..... 7.0 • 
00.0. 4.171 

. 
1.0 .. 

ta.o • ..... • o • 
10,0 • f.UI 1o:o' • 
10.0. I.JOI2 ti.O • 
10.0(10)' . •. l!Q 12.0 • u.o. 1 .... 14.0 • 
.. 

1 
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1.611 7&.1 • J ""' 
I.&U ICI O "' 1.11:1 
:a.w 11.1.0 • a.m 
I.IJII 110.0 "' l.iU 
1.111 ~~-· .. . 1 Til 
1.640 10.0(10)1 1 11ft 
J.MI 12 O .. 1 W 
a.m u.o • a.~ 
I.IAt 11.0"' J.IIIU 
J.W 11.1 • :l.flllll! 
1.611 20.0 • :l.fiOd 
1.181 22.0 "' I.WI 
.... 24 .o .. 1 101 

pe•• 

1.74"7 ' .. , ..... 
I.IU 
1.151 
I.<W . .... 
4.144 
4.102 
12:1 
4.)-1 
C.JN .. .,. 
4.441 . .... 
4.41:1: 
4.et 
4.4~ 
4 .4!11 
4.4i'O ..... 
1.100 
1.100 

~-· • J.llOI 21.0 • 1.110 

•= 
• 

1.0(10)' 
I.J .. 
1.4 • 
1.1 .. 
1.1 .. 
2.0 .. ". 1.0 • 
1.1 .. 
t.O • 
4.1 • 
1.0 • 
1.1 .. 
1.8 .. 
1.1 • 
7.0 -
7.1 .. 
1.0 .. 
1.0 • 

18.0 .. 
·11.6 .. 
U.l • 

... 
• ... ---
l. 

J ·" 

..,. 
• • "" "' ""' "" 

"'' 1 ... 
1 
1 . 
• .a: 
I.U 
4.4< 
4.H 

• 1 • o 
4.&.1 1 ... • 1 "' 11 ... 
l. ... ... " ... •• ... .. ... l . 
l. 
l . "" ... 

-----
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THE APPliCATION OF THE LAPLACE TRANSFORMATION TO FlOW PROBLEMS 
IN RESERVOIRS 

-" . . e (J,(a,R) Y,(a,)- Y,(tJoR) Jo(Gol] Thereloro, the oolution lor Q(t) la npreu«l by (_~.L-o_ 
(VII-8) . d 

a,'lim du(J,(uR) Y,(u)- Y,(uR) J,(ul) -" e J.'(o.R) R'-1 "' 
Qut =----2 .z 1 etc. 11-10) u-N. . a,'[J.'(o,l- J,')a.R)] Z a., a. 

aince -------en.-·-.. J,'(a) = J.(z) -J,(zÚ• 
and 

. . 
J.'(i) = -J,(z) 

wlücb are recurrente fonnulae f~r· both fint and oecond kind 
el Besael functiona, W.B.F, p. 45 and p. 66, then by .the lde"" 
titie• of Eq•. Vll-7 and VI-23, the relation VII-8 reduc .. to 

Thia ia easeutiallj the solution developed In a.n earlier work.• 
hut F..q. VII.JQ ia mRZ:_e rap~dly eonvergent 1l1an the !olution 
previouely re¡.orted. oq·~ · 

The values of Q.., for the constant terminal pr~ure case 
lor a limited rcsen;oir bue been calculated lrom Eq. Vll-10 
lor R = 1.5 to lD and are tabul•ted in Table 2. A reproduction 
of a portian of these data ia given in tic. S. Aa Eq. VJI.IO b 
rapidly contere:ent for t greater than a ,inn Yalue, only two 

"' e-...'t J.' (a.R). 
- 2 l: 

a .. "' o.~(J.'(o,) - J.'(a.ll)] 

·-· 

etr:. 

R :::: !01) 

• 
1.6(10)1 
2.0 .. 
2,;1'" 
I.C • 1_,, .. 
4.0'" 
z.o ... 
e.o .. 
7.0 .. 
5..0 .. 
1.0 .. 

10.0 .. 
12 o .. 
14 o .. 
11.0 .. 
11.0 .. 
2fl.O .. 
26.0 .. 
10.0 .. 
=~.0 .. 
tn.u " 

• 
R =TOO 

J.O~lO)' 
1.0 .. 
7.1 .. ..... 
1.0 .. 

10.8 .. 
12.0 .. 
14.0 .. 
10.0 .. 
11.0 .. 
2:0.0 .. 
2.5.0 • 
liJo •. 
:.a o • "' .. 
4.5.0 • .... 
'" . ]0.0 • 
bij_O • 

P,u 

41.001 ',.,. 
4.117 
4. 4011 
4.41l& 
4 S~ ' .., 
t.7!iol 
4 .lt-'11 . '" 4 D-111 ..... 
1.012 
6 1<$ 
S 171 .... 
1 227 
5.21\t .. .. 
62~ .... 

•.. , 
I.IU 
o .... 
I.Ga:J 
1.041 
1.101 
1.160 
I.DI 
I.JOS 
1.367 
O.:l!tl 
l.tJO 
ll,tl)t 
1.614 
G.&JO 
6.&.40 
IU·d 
G.&-1.1 
l. M.o 
0.!>11 . 
1.661 

.. 

--------
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a= aoo 

• -
I.O(Ut)ll 
8.0 • 

10.0 • 
12.0 • 
14.0 • 
11.0 • 
18.0 .. 
20.0 • 
24.0 • 
28.0 • 
so.o • 
tO.O 01

• 

50,0 • 
M.o • 
70.0 .. 
lm.O • 
liO.O • 
10.0{10)' 
12.0 • 
14.0 • 
u.o .. 

B = 100 

' • 
T.O(IO~ 
8.0 .. 
1.0 •. 

10.0 • 
12.8 • 
lt.O • ,. 
11.(1. 
18.0 • 
20.0 • 
25.0 • 
10.0 • 
S6.0 • 
40.0 •. 
45.0 ~ 
50.0 •. 
.s.o • 
eo.o • 
10.0 ~ ·. 
110,0 •. 

ltxi.O • 

.. 

. 
\ 

T ABLE IV-Continued 

R = (OO R = 100 

pe u • Pu, • ~· Pu, 
4.7W 1.5{10~ 1.212 2.0(10)1 ,_,,. 
4.898 2.0 .. ..... 2.1 .. . .... 
6.010 1.0 • ...... 1.1:1 .. '·"' 6.101 4.0 • l.to811 1.1 • '·"' a.tn 1.0 • 6.711 4.0 • '·"" 6.242 1.0 .. 1.8-15 41.1 • 1.750 ..... 7.0 .. ..... 1.0 • 1.110 
~.318 8.0 • 1.1120 1.0 .. ..... 

.6.421 0.0 : 6.942 7.0 • . ..... 
5.4!11 10.0 6.067 1.0 .. I,OIJ 
6.611 11;0 • I.M7 1.0 • ..... 
1.000 1:!.0 •· 1.1111 10.0 • . ..... ..... )2.1 • ... ,., U.D'" O.IU 
S.IJ70 tl.O • 6.111(1 1f, o .. I.IN 
5.0?0 u.o • ..... 16.0 • l. ID 
1.1!)1 te.o • l,il&l 11.0 .. •. _19.$_ 
0.700 18.0 • ..... 2U.O • ...... 
6.702 20.0 • '·"' 25.1 • 1 211 
0.10> 24,0 1111 ~ 6.911 sa.o • 121J 
1.70t 20.0 .. 6.tll. lS.O • 1.21t .. ,.. to.O • a.:u 

TAIJLE IV- Con1inued 

R =toO R = lOot 

P", • •,.,. • P.., 

1.111 8.0(10)1 1.0(101 1.1U ..... 
0.04.1 1,0 .. 1.101 1.2 : • tl2 
1.101 10,0 • 1.111 u .. ,. 
6.1110 12.0 • 1.2al 1.0 .. I.J<)I 
1.2tt 14.0 • ...... 1.1 .. ..... 
o.m 11.0 • 1.111"1 2.0 • 1.501 
6.3112 18.0. 1.4-tl :z.t • ..... 
l.tl2 20.0 • l.tH 1.0 • G.Ul 
1.474 26.0 • . . ..., 1.1 • •.na 
·-~· 

30.0 ,• ..... t.O • 6.711 ..... 40.0 • 1.721 4.6 • l.lll 
O.IIQ 0.0 • 1.711 ..J.O • e.at . .... 60.0 ,. 0.761 6.1 • ..... ...... '-1.0 .. o.m o.e • .... 
l.fill CIO.O • 1.7&.S 7.0 •· ..... 
1.111 70.0 .. 1.'1". 1.0 • ..... ... ,. 110.0 • I.Till 1.0 • I.DOI ..... ~-·. 1.800' 10.0 • ..... . .... to.O(JO)I l.iMII 12.0 •. .... ,., ..... u.o 11 '·"" . li.O • ..... 

- ' 

PETROLEUM TRANSACTIONS. AIME ... ~ 

j 
1 

. 

B = I4CI 

• P,u 

Ul(10)1 1.7111 
4.1 • 1.7112 

·-· . I.IU •••• . .... ,_ .. 1.m 
1.0 • 

·-~· ·-· . I.OU 
10.1 • · I.IJI 
d •• '!10 1 
U.l • . ,.. 
11.1 • . ... 
110"' l.t..'G ,. .. I.SU 
2l •• a.la 
3.0.0 • tlr. 
~~.o • . "' 40.0 • . "' .... . "' ea.o • I.Jr. 

R= .... 
• P,u 

I.D(i•1 ..... 
1.0 .. .. ,.. 
t.O • o. m 
1.1 • 0.111 
1.0 • t.r.• 
7.0. 7 .O !:S 
1.0 • 1 .Oll 
1.0 .. t.I).'A 

10.1 • T.OoJ 
12.0 • ,..., 
14.0 • 1 .O.ii 
11 o • ·7.D:S& 
11 o • . .... 
uo• 7.~ 
2::0.0 • :.04 
21.1 • 7 o-.-.o 
!:.0. 1.CN 
n.o • '·""' 2t.O • . ...... 

Oecembor, 19.49 

.o 
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A. t. VAN tVtKUINI.>tN ANU VV. MUIQI 

terma uf the ·expunaiun ore nocoaaury lo give tha occuraey 
n'M:dcd in ·the calculotiona. · 

Likcwbe fr01a the foregoing' work it can be eaeily abown 
. that tbe tranaform of the prcaaure drop al any point Jo t.ho 

furmation in 4 hmiled reaervoir for the COD!Slant terminal rato 
1 

cue, is ex prcssed by 

[K,(Vplt) I.(Vpr) +I,(vpR) K.(Vpr)] 
p lf··· = .!:.:_:;_:_.:__.:_.::..:.._.:c.._.:__....:.;c_.:__;_....:.:c_.:__:.;:_ 

p'l'[l,( v pR) K,( V p)-K,( V pR) !, v p)) 
' (Vll·11) 

An cxamination of the rleqominator of Eq. Vll·ll indicatei 
that there are no rooll for positivo valuca of p. However, a 
double pole exiato al p =O. Thio can be delermined by. ex· 
panding K. (z) antl K, (r.) to eecond degree expan!'ion.-· lor 
'-lnall values of z and third dccree expansiona for l.(z) and 
1, (x), and oubatitutin~ in Eq. VIJ.lJ. It io found for •moll 
•alueo of p. Eq. VJ!.lJ reduces In 

17 
- 1 ll' lt o:·- r') 
1' -- l log-- + "·"-p (11'-1) r2((1'-l) 
r->0 

(R'+1) 1 2 
- 4(R'-I),! + J;ó (ii•--=-i) 

JI' los H 
(11'-1)' 

(Yll·12) 

Thia equation now indicnleio bo1h a "ingle and double polc at 
tl1c origin, and it can be ahown from tablee or by 1pplyin¡: 

,Cauchy'a theorem to the Mellin•a formula thal lhe infenion Clf 
Eq. Vll-12 ia 

2 f .... . l P.,,,= tR'-I) 4 + 1 (V!I-13' 

R' fJR'-4R'Iog 11-211'-11 
- (R'-1) log r---· 4(R' -li;---

which holds wheo the time, 1, is large 

Aa in the preccding case, there are ~olet aJong L..he negalive 
real nxb, Fig. 3, and the reaiduala are determined u bcfore 

by leuing k= u' e¡"; and Eqo. Vl-18 gin: 

'I'ABLE IV- Contiu.ucd 

-· -- -- --- ·-- ··-- - -· 
R= 1 ... R= .... R= 1100 R = 1000 R = Z10f 

-- - . ·--- ---· .. _ ----· ·-
t pfll t P,,, • P,., t P,., • p 

'" ------ ----- ----- ·--·-- , __ ---
2.0(10)1 fi.IICI7 2.6(10)1 1\.019 1.0(10)1 CUlO 4.0{10)1 
2.6 .. 1.1119 J.O • 8.710 4.0 .. I.Mt 6.0 .. 
J.O .. 6. 700 J.6 .. 1.7!7 6.0 .. 1.~.5 6.0 .. 

e.Mt 1.0(10)11 ,,,064 ..... . ' - 7 OIJ 
7.D.>6 • .o ·. 7.M7 

1.6 .. 1.7M • o • a.w 1.0 : 7.~4 7 .o • 
4.0 .. 6.8HI 6.0 .. ..... 1.0 7.1ZG 1.0 .. 

7.112 . ' . .7 ,lf.l; 
7.11'6 7 .O . ; .1» 

1.0 .. II.UO 11.0 .. 7.o.ta 1.0 : 7.1M 1.0 .. 
11.0 .. 1 .tJZa 7.0 .. 7.114 0.0 7.231 10.0 
7.0 .. 7.082 11.0 .. 7.1117 JO.D "' 12M 12.0 : 
1.0 .. 7.121 11.0 .. 7.210 1&.0 : '1.401 H.O 
t.O • 7.16-6 10.0 .. 7.2U 20.0 ,, • .Sil 16 o .. 

7.2!1 " . 7.10 
7.2?!1 ••• - 7 ,l'lll 
7 J74 " 

.. 
"" 7 .4ll .. . 77Y. 

7.474 IDO . 7.>07 
10.0 • 7.111 u.o. 7.334 JO.O : 7.UD 1!0 -u.o .. 7 .2:?11 20.0 .. 7 .354~ fO:C 7.4116 20.0 .. 

7.106 120 - 7 .3Xl 
7. 6.10 ,. o - 7.607 

20.0 .. 7.241 2.S.O "' 7.373 60.0 . 7 .tG6 '" 7 .... lO.O .. 
7 "' 21.0 .. 7.2U ao.o .. 7 .!711 61.0 • 1.na .. o. 7.6-84 '" 

.. , ... 
)0.0 .. 7.2H '3$.0 .. 7.an l2.0 .. 7 .4~5 no . '.103 IO.tl . 7.~1 
31.0 .. 7.244 40.0 • 7.178 63.0 : 7 flll 40.0 .. 

'" . 7.2H 42.0 .. 7.178 64.0 7 ,4gS 60.0 .. 
7 .6{.7 no .. ':' (,77 

7.000 .. o .. 7 l.~b 

'". 7.2H ••. o • 7.178 N.O,. 7.U$ 60.0 : .... 7.1101 "" 
.. 1.t!IJ 

7.601 "'' 
. f f,G~ 

ro.o . ; (>llfi .,, . 
'"' 

' .. - -------

\ 

TAliLE IV- Continued 

--;-----------------· 
B = UOD R.:: JUO R = 21100 R :::. 1000 

,--
1 
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., .. -

(Vll-20) 

. ~ .. . -...'t ... 
2 <» e ),(,..) 

BJ lhe re~urrcnce lormul>e EqL· Vll-9, Íhe 
and F.q. Vl-23, tbli •orin •impli6os to 

P •• = log R ---'- z ~ (VU 22) 
identitr VU-IS, , •~, . R' •=• ... J.'(I'Jl) -. . · 

· .lera the ·root ,.. la determined lrom J,(,..R) = O. W.B.F~ 
p.. 748. Tab~. 4 la lhe oummary ol lho calculated P(l) em
ployins Eq. Vll-20 fnr R = 15 to SO. tbe cylliuler ooun:e 
1>0lutio11, whi~ appli .. for ~mall u ~eD u largo times. Tbe 

(VU-l7) data givon lor R = 60 10 3,000 ore calculated ·lro111 the poinL 
Therclure, thc ~um ol aD re.iduah, Eqs. Vll-13 and Vll-17 la oource ••htion Eq. Vll-22. Ploto ol tb ... dot~ are IÍYeA iD 
thc solution for tbe cum.ulatbc prea.sure drop at anJ poinl i.o · 
·' . · Fig. 7. • .. 
tne formation for tho conataot terminal rate ca~Je in a limited · -'~.~~;;.';:·; 
re~enuir. nr . SPECIAL PROBLEMS . ~. ~ ~·· .1 
. 2 ( r' ) R' · · (Sit'-4R'Iog R-2R'-1) l . ' ' . ·· · . p - +t 1 The work lhat hao gone Lelore ohowo tbe lacilitr ol tbé 
''·"- ¡n-•:::J¡ 4 - (R'-1) osr- • . ,4(R'-1)' . Laplace tran.formation in deriyiog analytica1 oolulionL No&· 

~'t . 

• -11 't 
m• e ' J,(II.R) [J,(II.) Y.(ll.r)- Y,(ll.} J.(ll.r)] 

r :: 
.IJ •• tJ. ets:. II.[J.' III.R) - J,' (11.)] 

• 

"' 0 • J, (II.R) (1.(11.) Y.(ll.r) - Y,(ll,) J.(ll.r)) yet 'ahowu ia tbe versatility ol tbe lAploce tronalormatloo .iD 
+ r % -· - -- • arrjvinsat eolutio~ wbic-~ are oot e'Ut1y fo~tteen"by.the onbot"\ 

llhfl, · II.[J.'(II.R)-),'(11.)] (Vll-
1

B) dos methodL Ouo such solution dcri•ed bete háO ohown to w..J · 
\ 
•.. ¡ 

,. 

' 

whir.h iH Ca!'ientiaDy the' aolution given by Muakat,• now do- ~ ~~ ya)ue In ihe analyaia of ftoW leilf:- ~ 
.eluped lt)' the l.nplaee Tran,.formation.. Finan,., for thc CLlmQ• Wbcn mak.in& Oow te;.tt on a weD..· h u· ofl~· nottccd Lhar 
l~i,·c ·prev-•ue rfrnp for ~ ~nit rat.e of Productioa ~ thq wcU the prOductjoo rote~ ~. measured bt. tho ftuid_'Auumulaüo& 
hn_re. r ~ ~- thi!'o rclation ,.¡mpliq LO . . (C---rr.~ -~. in the atock . tanka.., i.re practtcaJ1r eo.n;raGL Since it it. 

· 2 ( 1 ) (SR' ·4R1 J R 2R' 1j JcYrcd lo obto.in the relatioD hrlwccn Oowin& Luuum boJe 
1'., = ·· · ··•-·- .... + 1 - __ _.::_ ___ •& - - · · pressuro uod the rateo( produciioa lrora tl~e lurm•ti .. • it is 

' 111' .. 1) 4 · 41R'- l)~ , • ~ 
.. 't · • ncccuary lo correcl tite n.tc uf i•ruduc.tion 'au mtatour<"d in ,ru; 

(»,, •""· J,'(p,R) j Ouw tank. fnr the amuunt ol uil o!.tained lrom tbe 'onnulu• 
+J. : . .'11. -~.•{j,'(II.R) -J.'III.)] , .. :· . ,.(~ll~!l Letwccn ca•inJ; and tubing. To arriwe at.tbc sol~tiun lor tbi> 
The r.:ilrot~lot:nn~"ltJr'thc; con!IC\ant terminal rate eaae for. a problcm. wo· use the b.uic cquation for tbe cuD.s~aot terminal 

r~r;oii- 11r lirni1ed ratlial cxlcnt lui"We beeo dctcnnlned from HJ.tc ca~ tivcn by Eq. IV-l1~ where q,n U the coar.t.~anl r;¡h~· oi 
F.q. Vll-19. The .. umm8ry dota for R = 1.5 to 10 are giveo in ftuid produccd al thc stock lank conected to r~erroir_ coLdi-
Tahle!. An illu~tutive graph ia ahown io Fig. 6. The efl'ccl d~tiona. Lut Pu1 is a pseudo pre .. ure drop ·which i• adju .. ted 
nf the Jimited re~enoir ia quite pronounced. aa it ls sbown mathematicaJ]y for the unlooding of Lbc 8uid hom dJe Annulu. 
rluii piÓduci~l tbe re"enoir al o unir cate b .. crca!c.J tha pl'e$o lo gillc .the prcsaure drop oocurring in. the famiation.. 

~"i~ ~ure clrop al thc: •·clJ bore rriuch fastei ihau if the rc!enoir lt ia assumed tha.t tbc unJoa.diac o( the ~nnu1ut b cfuectlr 
..... t . ··t weié inliñite. 8' the consttant withdrawal of fluid ia reftected reftectec:i ~' tha change ia bottom !tola ~-.•rw:; ·'!-' cserted br 

(.· ':f v.rrr ~Ul in tl:e ¡Íroductift: li(e by thti ·conatant.rotc of drop ·a hydrostotic head uf oil column in the cuin~ ThucfYrc, tile ,. .. 
:}-~ in p.rc .. ;.;ure··. with lime...' ; ~ , :. · •. : · rete of unloading of thc · annulua qal.ft. cip1 ntoed iD ce. per 

l ;~ • - ~- 'p,:;;[.~·rt/F{x.P.d ái E~t~ri;,r -Bou~cu-Y · aecund corrected to re&enoir cooditiona. i$ equal to 
·. · · · · · · · · · · -\" ' · · ' . dll.P ·' ; . · • 

( VIIJ-1) l_,:.·.:_.·,~.· .'~_·<.-~,:.· ... :.·. ~ .Áa ~~- ;~:~·a.rion:.o~;.the ~~~tío: that ( c!Pd =O) : .-"·· •. wo. , QÁ¡.,,. = ~dT .. ::. .. • · 
.. >·:....::. :_..· ..... , ... .: .. :.i.:-r ;: r~ ~=R.~ ·: • .. :.: .. f ...... : ..• ~:. 
~' may B~o~.;,Ume tl•ut tbc prCi,ure at r = R b constanr. In effect. wbere C ·~ tho :_.,.oJume of ftuid unloedcd (rom· thci "anou1UJ 
~ j:. :. 1

' ¡ tht; .n"'~llmptinn helpb iJ -~~p]ain· R'pprodmately the pressw-e "pe.r 6tmo1phere Lottom ho]e pre:;swe arop per unil tand tbick· 

(: ~ _ . ·~{ 11 •i.~!!!r,t -~'l ~··';'inlihal~e~(~ ·~ ~dn~tant /at~ ~lic_ndl·. ~u .. ~ad~!:~· ¡ ~ n~ Thb ~ ra.te of. n~idA prboduboJ~d lrobom lcd~ ~onnation¡ ia ,_t~'i\ 
r;.., ~·· -~· . . nJe. uc j~Jtlum o e 11rcu.s!Jre rops \lt:rf rApJ 1 an · u~en gnrc.n 1 Qrr)- CJ.A.,T~· a 1 e uom pr~'UCC 1 contuw"-J. 
1

i ~ ·'"r- rt~~~-.~~. ~·'"'!'1. ·~~·· ,ÍJ.·, ].te~·nme. (:~~~~~!ít W!th ,ti~ .. Tba -~~ b~ ~·o ... oualr cll~~ging. the- proL)nia beco~~- onc ~~ a l'Ui.Jblc ra1~. ..

'j;'i.·. -71}.!-.:.~•e_:.r~~~ !·~-~~~~~.~ .. ~"~·~~ .. ~~!r}~?~.~~~~~~~ ~ !f~·~~a.l:_ . -~~ ~~L_i_tu~i~n of ~ ~~~~"!" '!~ ~~ lV;~l ~~ ~!'!"~pe~ilioa 
···:::~.: . .:.·:!·.u~~« o l"'.'nt "uur•·~ .~' uhnn:. • .. ·. ; ~--,~~·_,~ -~ ·r--: ·. · · tJu~rCm, l~q. IV-16. ~'feA • : •.•• ~:· • · ·. •. 

kW-~{;:~.:.:7.':.:"~!=,-:'t.~-:-·~;-~~.· ..• ~··t f~·-~ . .':· .. t, ~~: r .• r~ _· •. \. .·;· ~- . • :.- -·· . : . ., • • . 

<=.·.-,.·.:.3.,..··ot;•.•:.~,··¡..,."·~·.~<·;.r .•.. PETROLEUMTRA . , '~··· ' 
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1 
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IIUlJ 

• . ,. ~ 
Al'=.·- J 

2 .. K • 
lrnm F.<J. Vlll-1 

, '[ dAI'J 

1 ~ncl il will. he re,:o~ni/.ctl frum CumpLell uuJ Fw~ler. f.cJ. IJ~O. 1, 

thal tlao integrand ia thc trunt~furm lor K.( vp ;. t'uraher, 
thc in'egretion with rea.pcct to time followa from Theurem D, 
Chapter V, 10 lhat lho translorm oí Eq. Vlll-7 io lhe relation 

AP = -; .f fJ¡T'•- e--- P'c•·t') dt' 
2·11: o d'l" ' 

(Vlll-2) 

!'inre T = l.cR.' t/K, and the unit rote o( production at lloe 
q,y¡l' 

tourlacc corr'-"í:lcd tu rcaervoir conditlona is ~m = ; .. K, Eq. 

Vlll-2 be<nmoo 

'[ - dAP ] 6P = .J Qu't- C-;¡¡:-- P" et·•'• dt' (Vlll-3) 

• he re C = C/2• Ir !l.'. 
¡.:,¡. VIII·:\ pre.,enb n unit¡uc l'ituati•tn und we nre con· 

lrl'ulc•l v.·ith tlr.tcrmination o{ AP, the actual. pressure dro.P, 
a¡•t••:uin¡.:: l"•lh in lhc integrand and to thc left side o[ ihc 
C"t¡uaticm. 11'e la¡tlacc tranlformalion oflen a means of aolv· 
in¡z: fur A P whirh, hy orthodox mcthod!ll, would he difficuh 
1h BCt.'UIIItlli'lh, 

1t will he rcru;.:ui1.ed ti"'' 1'bcurcm D, hom Chapter V, is 
•t•t•liuhlc. Thcrclorc, H Eq. Vlll-3 can be changed lo o La· 
¡.Jure lransfurmouion: ~ P can he hOlved explicitly. U wo 
espre~a thc tran~furm uf the conslant ralc q 111 aa q/p, thc 

lrDnroCurm of Jl"111 aa ,.;P1, 1 and th~ trandorm of ,óP aa··i:a.P, 
"' .thot" 1he tronolnrm Jor dAP/dl i• pAP, lhon it lollow• 
·lhat 

- q ·- r- -
Al'= [-- C pAI'] p 1',, (VIII4) 

p 
and on r.nlution givcs 

AP=----- (VIIl-5) 

[1 +c. p'P,,] 
Pe., 

~inre q = q 1T 1""/2.-K, then thc tcrm ------- in Eq. 

[1 +e p'P ... 1 
VIII·:, un he in1crprcted 11 the tran~form of thc p!eudo prca· 
,.urc clroJI fnr the unit rile of production at the &lock tank. 

No 1ucntion ha!' !Jcen me.dc u to wbat nluc cae. be 6Ubati· 

lulrd lur P,,,. lf wc wjz;h lo apply thc cylindcr 10urcc, Eq. 
Vl4 DJtplic•, namcly, 11 

(VIII-ti) 
p'" K,( vp) 

llu"':'cr. frum 1hr prcviuu3 tlieCUf'"ion it haa been ehown 
llaul fur ~-~.:11 .. , 1 i~ u•uaslly lar~e 1ince thc well ndiu!> i• tmall, 
an•lliar JKIÍOI .. ,,urce ~nlu1ion ol Lord ·Kclvin'• AllfliÍe!, nonu::l)·. 

o; .-
1'111 =- f - du 

;,: 1/4 ' u . 
(Vl-16) 

ll~t· Ei·luntri .. u. )"l,l·rdL:t:, lo epply thi .. uprc~!'-ion in Eq. 
\'111-.), it ¡ .. llt.'fc•.'.lf) lo ohtain thc l..aplacc tran~lorm uf the 
J»>int lkJUh'C •ulution tt[ Eq. Vl-16. By aD interchange o( 
•aria.ltlc•, ahi,_, c'¡un1ion Lccttmc~ 

1 l 0 ....... , 

)',, =- J -· ~· 2 o 1 
(Vll1·7) 

( VII}·B) 

Thc aame ruuh can Oc ¡;lea.ncd !rom Eq. Vlll-6 t~incc {ur t 

largc, p ;, •m•ll and K,( Vp.) = 1/Vp. Sul,.titution ol 
1hi• opprw.imalion in Eq. Vlll-6 yield• Eq. Vlll-8. Thcrelore, 

intruducing the cxpre~6ion for P". in Eq. \111-5 ¡ive$ 

Al'= 
q K.( V pi 

(VIll-9) 

p p +e p K. ( v"P> 1 
for "·hich it ia ·nccesury only 10 find the invcne o( 

K,( Vp) 
(VIII-lO) 

p ( 1 + C p K, ( Vp)] 
to obtain valuea for P 111 , thc cumulativc prc .. &ure rlrop (or unit 
rateo( production in thc F-tock tank which autumaaically take, 
co;nitancc of the unloading of thc annulu11. 

1l1e in ven e o{ thd form of VllJ.]O by thc Me llin '• invcr&illn 
formul01 can be delcrmined lly the patb descrihed in Fig. 2. 
Tlie anulytical determinalion i~ idenlical .... ·itb the ron.!-tant 
lcrminal ratc ca!C-C g:iven in Scction VI. Tl•eref(,re, thc cumu
lo.tive prcs..;ure drop in the well bore, for e unil rate o( pr~ 
duction ot thc 5urface, corrcctcd !or lhc unloading of the BWd 
in thc ca1ing, is t.hc rclation 

-u•t 
CXJ (1-e ) J.(u) úu 

P,., = f ---------------o -r -r 
u[(l + u'C

2
Y.(II))' + (u'C2J,(u))') 

rvm.u 1 
Fig. 8 pruentA a plot of the computcd ulue., ínr P,u cor· 

re•ponding lO C (ro m 1,000 lO 75,000. lt can 1>< ovocrved lhol 
the ¡:rcatcr the unloading from the cesinJ. thc .. mallcr Üte 
actual pressure drop is in e (ormation duc lo the rcduced ratc 
ol fluid rroduced írom thc eand. For largc ti~r!', however. all 
cunea hecome identified wirh the point iOUICC "''llution which 
is tho cnve1npe o( the!:!oC curvrfl. Ahcr a IUÚ1cient len¡Lh of 
time, the rhar.~e in bouom Jwlr pre~~r~ure ¡,. !toO alow that Üte 
rale of produclion from the formation is C!I!-Cnlially 1hat pro-
dJc:ed hy the wdl, and the point aource at•lution arplif'llli. 

ACKi\0\VLF.DG!\1 E:\TS 
Thc aulhor& Wi!'h to th<~onk thc Mana¡:;rrnt"nl ,¡f t!lr: Shcll Oil 

Cu., (ur permca~r~ion to prt"pare and l're~octll 11,¡.., p .. per for 
pul,Jicalion. h b ho¡H:U tl1at thi~ in(urmatiun, once- auilablc 
to thc induslr~·. ""·iil [urthr-r tlac anal)!>i!l and undr••tanilia•;. 
ul 1hc kh.l,;nr oi oi) re~eh·oil.-.. 

Ti,e authon ad.no•leJ~e tl•t help uf ll. Hainbow oí thc 
!:iht:ll Oil Ct •.• who'\e P.u~¡.;e!.tiun~ on anal,.-ai~.: dndopmenl 
were mo)t belpful, a.nd c:.f M1~; L Panen-on, .-i¡r¡ C••ntril.lutrt.i 
the greAIC'!.\ !!Ol?Unt o( tJJC~C Cilku}ati(ln' "'id• Ulllitafl¡:; diun. 

HEFEHE:\CES 
l. .. Water lnllua. inl,., a He .. erYc..r and lh A¡.pli~ation tu thc 

F.'lu.1liltu of Volurneuic Unlanre," \1/illium llur-1, Tran..J .. 
Al\11~ 19k1. 
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.. implies a vanishins c:ompressibiliry.; or ir muse hJ~ve 
pressures fixed with time such thar rhe rlme· 
derivarive v~tnishes. Evidcntly, srricr sready-srare 
condirions mre ,.¡n~ally impossible ro arraiu, since 
rhese fhJVi!tinns are abstracrions of the mind and 
not propenic!:t of physical sysren:-s. From ta pracrical 
srandpoinc, however, thia~ facr does nor e.w:clude 
applica.tiun of sready-srare niechanics, because in 
tT\any siruarions Eq. 1 is ·closely' approximared,3·5 

:• . :~-
1. •. 

1 
. ' ·li 

.'t 

'j 
·~ 

J -;, .. 
~ 
f; 
~ 

:: •;'f" 

't 

~ 
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lb e signiliconr physical propenies lhat determine 
rhe exrr-nt of uansienr beh~vior in spherical 
reservoir sysrems arC" exhibited by rhe so-called 
rearljustr.'lenr lime which h: approximared by: 

..,:.c-.•,:1. 
:, ~ ----

Zk/p. 
. • . • • . • • (2) 

The~e (n:;lC!tS arr rhe size of the sysrem, its 
compressih;Jity and ir.s mobHir:y. When they combine 
to yirld • Jarge readju~rment time, unsteady·stau: 
mechaf\ics ~hould bt·. u sed'. unle.s_s. Pressure• ere .. - .. ,_. 

EN<11/'It:t.htSú APPL.ICATION3 · 

ll'hen .. v. 3teor dr.ive f.ield is cbaracre-rized by 
bo1 to:n ·Val t:r encroachmr,ru,, the hyd;c•c.arbon 
accuaulati.:.n usually fills only a porriq.r• of the 
coral ahid:ness of the reservoir forinarion and is 
entirely underlain by water; Flo~.- of w;uer inro rhe 

'-" r3)' zone results from a B:radu.tt' anJ tJniCorm-rise 
ol thc: L:ln.ie:lying wa'rer. .';"l:_·- . 

·ot p~rric-ul3r intrresc ro ·,h·e reservoir cn8 inerr 
arto meth."'.:is, ~orm.1lly indepé~denr'. o! mate-rial 
balant:t·: princi¡..de-s, br detC'rmining rhr- tr.·arcr 
infliJ• Íntl' bc.t:om·W•H~·r dri~-(. .fif.Jd:S. Fir·;;, rhese 
m.~rh.nh atíorJ · .. cfctt·rrrin:uiÓn :;·ol o. · numb,·¡ o/ 
res,.1voir ¡·rnpcrtit="s throush _::;,n~:in:llysis Oc rhc 
jJa$r re .... •_nc:ir his:Orr by ·an ·a<JjUñcrive u~e wirh 
Otlwr rd.IC:•'fl~ .. ,:.;eco0:f!y, by Ütdep,~ndcndy rielding 
the w.utr infJu, thr-y prOvi~e Íné:~n_s o( prr-dic-dn& 
futl..ill' . ,.~: ;-.. ir p..!.d;,)i-manci-.·' · ManY' · botr',,.,•·lilr·ater 
drivc.- ftek~ lcnd thcmseJVés f·o the imposicion of 
sp!1c-rk:d _georut"try; henCl' 1 sol:.uions of tht: Cunda .. 
me-nr.&J Jlow (·(;U.tUUO • .i aprr?'pzi.Ht- lO this symmetry 
t.tn ~"' ~~:té; !11 ;,nafyric;¡l!y ·ckH·rmine the '\\'tUe-r 
inlluA 1 •.. :. l! ··;:: ur rest::vvjr.·l,h 

.-\)•(·., :;·!' ::i:l''}' v:l-J:!. :1r~ complc-rtd aítcr rhe dril! 
h.a:.. J.-.1·; ,-,! , . .rir' 1·· rhu•Uf!~l rhc p:w fun:aari,,tl 1 !.ume 
o:arr l'l·f~ ·: c·J 1 C'J~.;·J, 1r.1 olíwronl~ p.Jr1i.1l pt-n<:tr¡¡tion 
ha:; L.:-t:n ~:i-::·,, d. ~·.o'ni'crirr:c.·s. :-uc.h ~-dl!f are 
compll·t~..·.J ."'!u·r· d:.· W[' :..u~l;u;t. o( rhe n·~rrvuir is 
rncrd;. ~·-¡-;·•: 1 l.r thc- d:i!l, in ...,·hid1 C:l~C' Ü•l·y arc
ur,.-¡c·ol r::•:.-¡ t ,_,··:·,rin¡~ \·:dls. 

\',..•!l·p·-o: .. , ·•:-·., ... -... !1:; r;I;H oc.'l,:ill iu a u·hriveJr 
rl.i~..L. f .. rr: ... :i.: 1 .• :. !.,,; crc.tu·t! :1-. s¡•l¡t·ric:al ~-f'>Ct'r.l~. 

Thrf r-:1'f 1 .... : . '.--:i":".:!ly jnvr:·ai¡:atC"d h}· u:;ing 
•¡•¡•:••¡• •-·tt· :-t•l.ni·Jn·. d 1!iC' f·uu! .• ua·nr;d fJo...,· 

. \_.... . .'.''::::;un. <.. :.H"·j• 1:. lin!: tu ~¡l:¡c·ri\·,,1 ~)·nun_ray. 
l!tc·:.r 1.1\'!.--'•.• .ot1: ·.•• ¡r,cJ:.JdC' {luw calcul~ttor.!li, 

an:1l-r~.i:. ,.f ,•.,,.,,; ,.q, ~n.! b>~ild·,:P tl·.-.r .. , dr·t("rmin· 
:ui(·•• (( ! t '·'· !. ':to~l·L,,h- pic~'urc. pro.J,,c·tjvirr 
inJ•n ·., dft.-;.;¡1\-r- ¡-q::"'ll·.tbíliri~:• .1nJ c,·.l)u.Jtion of 

JI'.'H:, 1'166. 

·r t1 c cm ~t:a;&t!lrc~~-~~==::::;:•~::;:::::·::~=.:;·:,;-;·~·.:·.;:~"';·-~-j~ .... . 2.... ....' .... ··¡ 

damaged sand conditions. Also, alrhough the 
analyrical solurions srricrly apply ouly ro ·•he 
sinsle-phase flow ol comprc-ss;I.J)e liquids.thC' rC'sulcs 
Ci:LO somcrimrs be uscd (with propcr intc-rptctation) 
the flow of gases whrn pressure- drop:. are sm.all, 
and to the sim,..ltáoeous flow o( oH and gts upon 
jmposition of drastic assumptions. 3.~. 1 

THEORETICAL CONSIDERATIONS 

FUNDAMENTAL DIFFERENTIAL. EQUA:rloN 

The fundamenral diflerenrial e-quorion guvernins 
the dynamics ol rho flow ol comprossiblc liquids 
through spherical reservoir systcms can be wrirten 
as: 

. . . . . 

wherc the porosity, compressibiliry and mobility 
are interpreted :!S fized averages. aud wbt'fe thr 
ollecrs ol gravity are neglected. Define a dimen· 
sionless lensrh ratio, time ratio and pressure-drop 
rario, respectively, as follows: 

r 
'o a ... . . . . . . . . . . . (4) 

• • • • • • • • • • • • • (S) 

• • • • (6) 

lnuoducdon of rhcs~ rdarion~ into Eq.'3 pt"rmit:~o it 
ro be rewrinen a!.: 

":hich represents che- fundamen: .. d J.tku·.ui.d 
tqu.Juon in dimt'nsionless lorr~ npj•:('ljlri Jft' tt.) 

rc-sr-rvuir sysrrms ch:uacter;zeJ 1 , ~phL·r;~: 
5ymme-tr)'. 2-5,8 

A\'EWAGE SPllEo<ICAI. PEW~.Il::AUILITY 

Availablt evitlc-ncr indic.ltc:s that rht· pcr~:eo~hility 
o( porous mcd:a COO'>Iirutia~ re!.crvou ~ r.:r.~:. 1!

not i:t.Mroric in cluro:~cter. A!lo a r .. lt t:•t H·:i, 

pC'rmeabilic~- i~ Jc-~~ rhan the llor: .. ~.:·~·-~ ... ·J .. 1 

sorne insUJ.r,ces d1C' diHc:rr:nCt' is 1·rt"t:1 ;: .. 1. ~;:w. t• 

!opta·ric al symmC'try tmbraces a durr-.1 :rnrn ··; :1n.d 
~con,rtric sp.Jcc-1 ir 9.'8!1> frh ncccc;!'l..H)' ,,, iu~h.Hir 
dtc cffec:ts o( thi~ .u1i:aror~· J,crc:. Thr r .•. !i.tl I•C"rM,·· 

al,jJjcy in a ~phe:i, .. d porou!'> mt·dium d.:11.1Cit·ri1cd 
b1· unÍ(Clrm vertil. .. d and },orilorH:d p·rmt;,b¡firy 
componc-ncs c.Jn be ."'nal)·ric . .lly dc:.críltc-J t..y: 

. ., 1 
Sln"Qi

J.·,. 
(9) 

Ti•t.• nVC'lóJfc." srll("tical pttr.lt'Olbilir\' C.:n t!.t·n ht· 
oLt~•ÍnC'.t ~·ich the- "·olJ~r:1C' arac-,::, .. 1: 

Jn • 
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·sy~rem. 8ur. due ro rhe seneraliry inrroduced, it 

A: o A a 
' ' 11 n r'• 7 2 • · f f J -;-t stn a JrdadO 

O O 'w A:, 

, •. , • (9) becomcs nccessary ro relóltC ceuain physical 
quanuucs associatcd with absolute units of 
measuremcnr ro functions o( thc dimensionlcss 
variables in Eq. 7,2,5 

which, upon evaluarion, give~~-

3khkv 
,k a-----·' • • ' . • (10) .. . 

k.b + 2ku 

the average spherical permeability. 

APPLICATION OF 1'11E: 
LAPLACE TRANSFORMATION 

The fundamental differential equution for a 
spherical ieservoir system has becn expressed in 
dimensionless form by Eq. 7. Define the product: 

b a 'o, ó ...... ; ........ (11) 

Then Eq. 7 can be wri'tten 'in the altemative form: 

The Laplace transform 
definire integral: 

-

•• (12) 

ol b is given by the 
'· 

b ~ f bexp(-st0 ldl0 ••.•••• -V3) 
o 

Multiplicailon by rhe nuclcus ol rhc rranslorm and 
imesration ovt·r all time. convcrtS J:::q. 12 from a 
parrial m thc ordinary difft·rcntial cquation: 

,¡2 ¡; -
= sb. 

dr1/ 
• •••••• (14) 

Thc gcner,1l solutlon o( this .sub~idinry equarion 
can be \\'riut-n ;:.t once: 

b. C1 exp(-•,,'sl • í.2 ~xp(rvvs>, •.. (15) 

whc-rt: e,. ¡~ an a.rbiuary consra~[.2.'1-11 
· P•trricula: !'\.Oiurion~ ro thc sulJsidiary ey:uarion 
CCJrrc~ponding co specificaiJy imposrd boundary 
cnnditinn:. art· obt:tinrJ upvn approprio~tr- tvaluation 
ol tht· con~t.1nt!> 1har :1ppc·;,r jn its ~o:t:neral snlution. 
Thc.-~;c p:utitul.l· solutions would rcpresc.·nr thc: 
LupL1cc tran'>form"' o( rht: . rcquirt·d particular 
solutior•"' tu Eq. 12. 'Jñe latter nrc: rll·tern.ineO by 
dlcccin¡: d•t· irn·c.·r~r u:.an~fnrm:uiom. o( rhc.-ir J.apl.•n· 
c:;m'ilurm ... Ti.i'> prncr,furc v.:ill he used to drvelup 
du· p;ucind.•r ~olurion:-. of intc.·rc:->t, 

sr.LLt':THJ~ tlt·· PAI<TJCULAt-t SOLUTJO~;s 

R,·,fuetion o( Fq. 3 w che· dimc.·nsionll· .. s lo1m 
- rlC'¡•iCic:ot b)· E'l. 7 '"':as cffL·cte-ci, bt:C.luse rhc com· 

J>lc-u· tilnll"o,;nnlc-!.:JlC~~ ol Eq. 7 n·nder, th~o.· numt"r
Íc:tl v.¡J.;r·•, a .. :.c~ci:ut"J v.·írh ics p.utirular ,o.;vJucion:-. 
c:n:ir•·lr i:¡.!qn.·ntknt ol che accu.d mar,nirudes c.f 
rhc· f•ll:,·:-.ic.d J•h•('c.:rties o( :my gÍ\'(•n IL·•.crvoir 

lu • 

The- macroscopic radial vclncity ar rhc ioternal 
boundary of a sphcrical rcscrvoir sysrem is givcn 
by Darcy's law:2·4 

• (16) 

lntroducrion of the relations delined by Eqs. 4 
rhrough 6 yields: 

u = Ap(r.,. 1 'l (oPn) . ....... 07¡ 
oro 

1 

which relates the actual velocity with the dimen· 
sionless funcrion (0¡.0 !0.0 )1• The rote ol fluid 
inllux ar the interna! bounda_ry is given by:3,4 

e~- ¡" ¡" r 2u sin a dadO¿,~!_ (ap) 
oo V p.O. 'w 

• • • • • • • • . • • • • • • • • •· (1&) 

Then, iriuoduc:ion ol ~qs. 4 through 6 yields: 

e = - 2 .r.., ~ A~ (r u•' 1 •) ( .i,; )
1

, • • (19) 

l\'hich relates thr- acrual riuid influx race with aht
dimcnsionless luncrion - (Jp0 1iir0 )1• 

Thc: cumulative (luid in flux at the intemo~l bound
ary up to any time 1 is ~iven by:2 

1 k 1 (a~) 1' ~ f cdl ~ 2"r2- f -
O w p O r1 r 

' 
di .... (20) 

Similarly, inuoduction of Eqs. 4 rhrough 6 yields: 

. . J , '"(Jt•n) · 1· = -2"<i>C'u• _\p(r.,.l ){ -.-· dt0 , . , (21) 
o cJr 0 

1 ' 

"'·hich tt""late!l- tht· ac[u:d cumulali\'r- fL1id inllux 
with che- time inter,ral of tht" dimensionlt"!i.:. function 
- ((Jpv/ilr0 l 1 . llpt 1r: proper intcrprct.uion, Eq~. 17, 
19 and 2J c.1n bt.· u!>cd tcl c.Jecerminc.- rhc IJuid fl"w 
an•l pressr.:rc t.c.-h .• viN in a spl•~ric. .al fL'"·f\"OÍt 

systcn., and ¡siso LO indic:ut:. the Qp¡-rupriutc: d.uice 
ol rauicular solution:. (O 1-:q. 7 .. Two di~tfnn l ·~t'S 

0\risc: che !to-c;,.)IL·tl prt'!-.sure and rarr C'i\.'>(!>,::.s 

Thr i>rc o me C1l.'i:r 

"Ote prr-s:>ure- ca~C' prr~umes knowle~t¡:c- of tht 

prt·~:..Jtt" conditir•HS ar rhe int~·ru .. l hounJ.uy of a 
rr--"t'l\'oir !l.ys:cm .snd prr:uir~ derrrmin:1lion of th~ 
fluid fJow brh;\Vior. Considc-r a .:.¡.hnical tt:H'l\'Otr 

~~·:.tcm char.lCaL·rii".rJ b)' dim('u .io..~nle:.~ prnrt"rtir~. 

l.l·t thi!'\ systc:m llc- cl!arp,td ro a unir dimen\ionle .s 
prC"S"'-ure. :"\Od at 7rro rir1:C" IL·t [he prt"~:.urc al rt,,. 
inrC"rn .. ll lulund:.ary \';u¡ i ·.h ·arHi U'M.1 in lC'IO. 1 iu:. 
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,; )' ~4 
·· condition represenra the disdncrive feaYu~e of ufe' 

pres !"U re case. The problem thcn rcmains ro 
determine the dimcnsiohlt:ss race and c::umulativc 
fluid influ, i't the inJemal boundary os funcrions 
of dimt.r.:~iunle!!os time. This dimcnsioniC':.s rie-scriP· 
tion of thc lluid tlow be-havior and its translation 
inro ab~t>lutc units of measurcment constinuC"s thc 
ptessurc case.l,S 
· Under che precepts o'f the pressure case, rhe 

dimensiorless fluid influz nire is,defined by: 

· (¡¡Po) 
r [J a eo(l,t[J} - - -¡¡;- •....... (22) 

____... O 1 

aud thc Gimcnsionless cumuladve fJuid influz by: 

Fn ~ FP (!, 'v) a- f"(af>o) dt¡¡ •. 
----- o aro 1 

• • (23) 

Symbo1ically, r.he actual velocity, rare and cumula· 
rh·c- n ... : .1 i:.fi.Jx rll..:)" now be e~:pu:s!!oed in rcrms of 
c..· 1, :.·.u ,·p a., fcl!ows: 

:¡ "" ·' (r t) ~ -
~· 

4!= r(r ,t) = 
u• 

Eqs. j:..¡ throush 2Ó express rhe facrts of fluid flow 
iwl,avior in terr.1:• of ficld dato nnd 1he dimensionle:-:s 
furoc:i::>n~ 

po:;ition 
funcrionc;o 

··v ..s1oJ r/J. By appli'calion of the super· 
prinnplc:- (úuha'Tlc:l's theoro:m) tht:~e 
ran ~l:;o he us~d to ueat tÍmt'·varying 

'/'he ~me e, .... 
Tl.l· r~:rr t.':l";'' l•re<>umes knowlcdge of rhC" Huid 

jJ.,·., t .•:J.r.;i,•;:. :u tht: iuternal bound.:uy and.pt"cmirs 
Jnecr:,in.Jr,ion of rhe pressurc- bt"hiivior. Con~ider u 
din•t·~<;:nnl•_··.•, spherical rcservoir system charged 
~Cl ¡;;¡;, . 1i•··:·,,il•lllt-:-:s p:-t.',;;-.:re, .snd from zcro·timc 

,¡. <:,":~o·.if·lll'·~~ fluid in flux rale be 
Jn.¡.t• .. ' T:.!'. ronJ¡rj,,,¡, which cxpre¡...¡...t"rf analyti· 

• . • • • • • • • • •• (;>7) 

f:,, :ti! r.1 r ' 1 , Tlj·H· .• c'll" tl•c..· disdn~o:fi\o'f' featu:c of 
i 11 ~· [ T~.C vddC::JI h~o.·r~o.· i·, i,.) dett"rro~inr the
dj¡ ,r·t·~ 1••:,.· •. ?:r!Jo!>Uit' br-p di-:uiUutiun in thc: 
!'.V•.r:.:'"'~, ,·,o1 Po~ ¡•:t'f"•Urt. ,!,u¡' ~~ (!,e inu:aul 
tJ.,.:r,.:.H;· t.n.·~·: ct.L' ,,,,.Jiri~>r;-. prc!.c;riLt:d by L·~· 

27. "':'r¡i. :iJ >1!.'11 .ÍC'::It·•.;; dl·:.u:ptíon cr prc~.:.urr· 

b.··:.·\ i··r ,,JJ i:!> l~.n.:.I.JtiL>:• inrr • .s.L· .• ,¡ute unito., ol 
r.e.J<.utt !t)"',1f Ct•"'l~.tin.ité-:> ,¡¡,. r.1tf' c.:..~e.1,5 

· 1 ¡ ... •n ti! e ¡•rece-r~r:. of the r.11e case, rhe actual 
r•~t· .. · .. l:c ~:l'.::ihuti~-,n Ín t:lt' sy•.tem i~ gi\'f'•O by: 

J 1' !\ •.• J ., "" 

( ) e 1' 
• r, 1 ~ '' . - • (r 1 ) 
r r¡ . 2"k '•· r(J n· " .. 

Si mi larly, 
boundary is 

thC' ocrual 
givcn by: 

•• 

.. (28) 

the intC'mol 

.•. (29) 

These symbolic rela1ions exprC"ss the prc»sure 
behavior in terms of field data and thc dimensiooless 
functions Po (10 • lu) and f>o (1, t0 ). LikeiVise, by 
application of the superposition prioci•·lc, these · .. 
functions can be used ro ueat cime·Yarying uue 
histories. 

OESCRIPTION OF PARTICULAR SOl.lJTlONS 

IJNLJMliEQ sySTF:M 
• 

Dy definition the externa! boundaiy of a a unlimited 
systern continuously recedes from rhe interna! 
boundary whhout reaching a seomeuic limit. Undc, 
thcse conditions the product r0 p0 vani!.hes and Eq . 
1~ becomes: 

TI1e prr-ceprs ol the pressure case require thar 
a dimensionless pressure drop of uniry be main• 
tained lU rhe- imemal boundary, and since rhe 
Laplace rrans(orm o( unir¡- is 1/s, ir full(lws that: 

"'hich is the subsidiary equati\Jn Oippropti.ue ro 
rht' pressure case for an unlimiteJ S} stt'm. The 
dimensionless fluid .intlux ratr-,. 0 c.1n be re..,·riuen 
in terms ol b: 

. _/!Po) 
\cJrn 1 

lhen che laplace uansfonn o( rl•· ~ti!i.·i1: 1 1' l"· 
31 ond 32, is: 

1 1 
('{}e~+-

\ S S t 

whose inve-r.:;c uansform.tciot• , . 
once as: 

. . . ~ > \) 

al 

which ¡._ 'ütr dimtn!.ionlt~:. flu:.! :o.ilu}. r .. :. CJ[ 

an unlimitcJ !!!>Y!!~>IC:rll. Thc Lo~pbd tr.1n::.fuu!, of 
F lJ (J¡men!.innless cunulati"e f;u¡.f intlu•~ 1s 
sin,ply; · 

C¡¡ 

S 

1 
~ --. , sl/2 •..• 0)) 

1 -;2 1 •••• 

,., 
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Fo ~ to + 2 ( to\1121' . • :~o";:;;:·~'/'. /: (36) 
..::__;;__-.l.:".~oZ;... .... ·; ; . , . . . :-... 

which is rhe dim~n~onless ... cumulativéi .fluid 
. iotlux of an unlimited system.9,11.13.14 .. · 

{; . . The precepts of me_ ;~~e:. c.~·~~. re'-quire .. that a 
dimensionless rate of uni~-.. b~ ,mair_n~ín~d at the 
intemal boundary. whicb ·can·bé_wc.itten in terms of l' b ·as: . :.·? .. 

! - (:~:)1 ~-- (:D- bk7. 1 
Using Eq. 30 it follows that: 

exp [- ,¡s (ro - 1)] 

• u • vs> • 

(37) 

(38) 

which is the subsidiary equation appropriare <o 
the rate case for ao unlimited system. The ioverse 
transformation is available from .integral transfonD 
tables. This resuir divided by ro yields: 

25~~ 
1imit. At dúa limit, a systeltl·wirh a dosed nremal . 
bouncfary can sustain no fluid fiow across it .. Hencr. 
rhe normal "pressure derivaci've thcre must vanisb. 
lntroducrion of mis condition inro Eq. 1~ givca: 

b ~~~f~p~-r~~+(:~~:,_;~p~~r~~~~l 
Under the prccepc:s of·· che pre.ssure ~as~ and by 

subsequent conversi«?o to hyperbolic fuhct!ons, Eq. 
41 becomcs: 

- .s:.:.in:::b:..:(.!.fl_S<~r o~·-_r!o~>.:.J-_fl!.s:..:'_!:D:_' c:..:o...:s_h:..!( fl:..s..:.(r.!!o:..' -_r.!!o:...:.,l] , =-
slsinh[.¡l (r

0 
• -1)]-y'S r

0 
• cosh( fl (r0 ' -1)]1 

• • .. • • • • • • • • • • • • • • • • (42) 

wbich is rhe subsidiary equarioo appropriare ro rhe 
pressure case for -a · closed Jimite~ system. The 
La place <ransform. of e o- using Eqs. 32 and 42, is: . . . . 

1 

vs(r0 ' -:-1 )cosh[ys{r0 ~1lJ+(sr0 ~1 )sinh[fl (r0~1)] 
s lvs r0 'cosh lvs (r0 '-1)] -sinh[ys (r0 '-llll 

J' 
~hicb is che Jimensionless._pressure~drop distribu~ 
tion o{ an unlimhed system. Upoo placing 'D at 

'uniry, Eq. 39 reduces ro: ¡ • · 

_J l'o = 1 - exp(t0 )erfc{tif'), t· ..... (40) 

which is che dimensionlesS. f,iessure drop at the 
interna! bou"ndary of an unlimited system.2. 9. 11.13. 14 

At this juncrure sorne significanr observations 
cao be made. Firsl, the Jeasr upper bound of tbe 
dimensionless pressurc: dcop is unity. Consequently, 
undec the condirions of constanr rare the pressure 
drop at the intc:rnal boundary ol an unlil_n:ited . 
spherical system can OeVer· exceed a fixed finite 
value. Sccpndly, rhe greatest lower bound- of rhe 
dimen~ionless rate-js 'áJSo 'Unity. Hence¡ the cate 

. :'¡. <:ngcndc'red by a singl.;: pressure drop imposed ar 
.'-.¡.. %ero time ar the interñ~l· boundary of an unlimited 

spbedcal systcm can'.' n~·ver. b"e lesa than a fixed 
' h . ; non-vanishins value. lrí ,-either situatiOn, it appears 
· . ..: ~ tha~ . an unlimited ;~.s'pbericnl · reservoir system· 

... -' ·· appro~~~~CS sleAdy .. sm~e.~.o~~it.ioñ~.a~ dimensionleas 
'"; . ·cim.e -as sumes cXccisSiVely large values. Tbis 
i'_~ propenr,'. Str~ngeJy. ·.;;;ough,". ÍS .. ~~. enjoyed by 
· 'unl.imired linear or cyliodrii::a.! (rodial) sysrems.2.S · 
~-. 1-. ·i ... "!··~ ~ _- - -~;-e.~;(lt6~;."_~-> . 

: ; : ':':- ....-'l..wlTED SYSTF.II wtTll· ; "<li!;t.;: .'.-.-~· :· ,: :•. 
,.,;;;:,_,_; CLOSED EXTERNAL DOtiNDARY.'.! .<-', ,.: '. ~· :; ·' ... 

~- ~~ • • • • • . • f • • .. • ... ·: ... :d\~·\1 i ·:t.··."· ·, •. • . . •1 ·-··(· .• ·. ·: 

:} ~ _"! lo ~ '!. limited . reSerVo~·: .. ~Y~!~ ... tht!, ri:rer~BI . ~J ; bound_ary. evenrually ·.··é?~~~i:!,~~. :"irh . a geomenic ;¡ ~- .·. 106 ~ ' • _ .. ~~-~;:.: .. :~:~, . 

_r; ·~-~; ::: .., : i-1 _.:_ ~: ~; · ·7~.!~.~:, . . . , ... 

• • • • • : • • • • • • • • • • • • • ( 43) 
The ioverse transformation of the celation m..ay be 
obtained with tbe aid of Mellin•s ioversion theorem, 
and is given by rbe followiog integral in rhe 
compler plane: 

e __ 1_ lim 
D - 2rTi [)...~ 

whicb for rhe funcrion a< band may be cvaluared by 
convertjng it to a closed contour integral aod then 
applying rhe calculus of residues. Thus, by vi".!!e. 
of Cauchy's integral fonnula: · 

1 )'!"ill zt 
1im f e D¡-

0
dza_1_ 

2ui B- -y-ill 211i .. 
• R0 + I R , • (45) 

•z:rl •. 

where Ro¡ is the 'residue ~orresponding to che 
singularity ar the origin and R• . the residues 
correspondins to the orher singular points. Evah.~a
iion of Eq. 4~ yiclds rhe dimcnsionlesa pu.d inllúE 
rate for a closed limired spherical syacem. as 
follows: · · · 

·. :....:1..._ ... w•2,D•2+(ro~1)3 t .. "'•2'oJ. 
., e0 .,. l: 2 ... 2 "' exp --- , 

<r0 -:..1) •~1 wa 'D . - Cr0 -1) .. (r~l) 
. . ~ ·, lt ! t • • . ,, . 

. • • • - • . • • .. • .. .. • ' • • ~ •. ··l" . ; ..... : • (46) 
• • ;. -~- • ' ' 1 ~. ~ • 

where ~ .. are thé. rootS. oi 'tbe· equa~¡~·: . : ·~ . 1 .. ' 
. . ~· ~~·-: •. ,.",;:~··:,; . :< .. ~:.;->·· .... ~·/:~1·~: · .. 

tan 111 '.:: ;. • 'o l.... r .. , .. _. . ~. e' ··."t..:·, . . . t~ "): 

. --. <;;,_ •. ) ·' •. • ....... , ••• · .• (47) 
• "'. ,$. .. \1i - 1 " . ., • . .:.._ . - ~· D . ... cJ ;. , '"' ¡;......,. . '&. •. 

The La place <ransform of FD is: : '· ··'. · · '' 
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= 
-_.2[JS•o'cosh JS<•o~l)-sinh vs<·o~l~t . 

. . . • . . . .. • . . ' .. • ... . -? -~.-. (48) 

By virrue•· of previous arguments, th.e ~verse 
transform.adon uf Eq. 48 yields rhe dim.en'sionless 
cumulative fluid in flux for a closed limited system: 

. . . . . . . . . . . . . . .. •••• (49) 

''' where "'• are abo the roota of Eq •• 47. 2,10,11.13 ·18 

Unde_r the j,:ecepts of tbe rate c~se, Eq. 41 
becomes, upon conversion to hyperbolic functions: 

s[ysCró-Ilcoshys(ró-I) +(sr0 '-llsinbys(r0 '-!)) ' 

' • • • • • • • . • • • • • • • • • • • • (50) 

which is the subsidi;~.ry equation appr~>pdate to the 
rate case for a closed iimitcd system. As bdore. 
the in verse uansformatioo of Eq. 50 is giveo by the 
sum of the rcsidues. and since b is r0p0 • thcre 
follows: 

' 
_TABLE 1- UNLIMITED SYSTEII 

Oime,..•letnlosa Ol"'onalonlosa Oimonalonloaa DiJMnalonloao Oimonsionlo1oa Oimonslonlosa Oimonaiooloaa · Oirn.nslonloaa 
TI- Rato lnn~.~. Prossuro-OJop Time Rote lnflua Prossw ... Dr-. 
(ro) l•ol (Fol IPol 1•0 1 l•ol !Fol · · IP,l -----· 

0.001 18.84124 0.03668 0.03471 
0.002 13.61566 0.05246 0.04853 60.0 1.072!W U-7 0.92595 
0.003 11.3006~ 0.06480 0.05892 70.0 1.0670 79.4 0.93103 
0.004 9.92062 0.07536 6.06755 80.0 1.06308 P0.1 0.93512 
0.005 8.97885 0.08479 0.07504 90.0 1.05947 100.7 0.93851 
C.006 8.28366 0.09340 . 0.08174 100.0 1.05642 111.0 0.94139 
0.007 7.74336 0.10141 0.08782 200.0 1.03989 216.0 0.95703 
0.008 7.3078l 0: 1Ó893 0.09343 300.0 1,03257 320.0 0.96408 

0.009 6.94708 0.11605 0.09865 400.0 1.02821 423.0 0.96835 

0.01 6.64190 0.12284 0.10354. 500.0 1.02523 525.0 0.97131 

0.02 ' 4.98942 
,-

600.0 1.02303 0.17958 0.14151 628.0 0.97357 

0.03 4.25735 0.22544 0.16894 700.0 1.02132 730.0 0.97526 

0.04 3.82095 0.26568 0.19098 800.0 1.01995 832.0 . 0.97668 

0.05 3.52313 0.30231 0.20962 900.0 1.01881 934.0 0.97787 

0.06 3.l0329 0.33640 0.22588 1.000.0 1.017!W 1,036.0 0.97883 

0.01 J. 13lol4 0.36854 0.24036 2,000.0 1.01262 • 2,050.0 0.98<53 

0.08 2.99471 0.39915 0.25345 3,000.0 1.01030 3,062.0 0.98714 

0.09• 2.86063 0.42851 0.26540 .. 4.000.0 1.00892 4,07JJI 0.98874 

0.10 2.78412 0.45682 0.27642 5,000.0 1.00798 5,080.0 0.98984 

0.20 2.26157 0.70463 0.35621 6,000.0 1.00728 6,087.0 0.99067 

0.30 2.03006' 0.9111114 0.40798 7,000.0 1.00674 7,094 .. 0 0.99132 

0.40 1.81206 1.11365 '0.44639 8,000.0 1.00631 8, 101.0 0.99185 

0.50 1.79788 1.29788 0.47684 9.000._0 1.00595 9,107.0. 0.99229 

0.60 1.72837 1.47404 0.50198 10,000.0 1.00564 10,113.0 0.992U 

0.70 1.67434 1.64407 0.52330 , 28,000.0 1.00399 20, 160.0_ 0.?9473 
,. 0.80 1.63078 . 1.8092)' 0.5417$ -~- 30,000.0 1.00326 30,195.1) 0.09566 

• 1.91041! 4ll,OOO.O. 1.00281 40,226.0 0.99623 
1 0.110 1.59471 0.55196 

l 1.0 · 1.SG419 . 2.12838 0.57242 so.ooo.o '. 1.00252 50,252.0 0.99662 

1. J9B?L:·0 L.; ... 3.59577· 
60,000.0 1.00230 60,276.0 0.996\10 

2.0 0.66380 70,000.0 1.00213' 70,299.0 0.99713 
3.0 1.32574 ,,,,._ ,. 4.95441 0.71266 ' ' 

\ 80.ooo.ct ·. . 1.oom 80,319.0 .. 0.99131 
4.0· 1.2821li:.~j\·;: ~25676, 0.74460 ~ 90,000.0 1.00188 90,339.0 0.991l6 

1.2S23·1:.:o:.~··:-~·J ·_ 7.52313 '·~ 1' 
S. O 0.76765 . . 100,000.0 ' - 1.00178 100,357.0 , 0.99759 
6.0 1.23033:·'-'itr·,.-· •. 6.76395 0.78534 .. :íoo.ooo.o : ' 1.00126. 200;so5.o • 0.99a29 
7.0 1.213lof, .. ~~~:\:-~-·- 9.98541 . 0.7?946 300,000.0 .J ~ 1.00103 300,618.0 ' ' 

: ., 
0.99860 

u: B.O 1.19947- ·o'.!:· 11.19154 0.81109 400.000.0 - • 1.00089 400,714.0 ,4¡ ~: 0.99818 
9.0 1.18806' : /l,-::. 12.38514 0.82088 ,, 

'' soo.ooo.o ' . 1.00080' . ' ..... ,...... . ,. ' 500,798.0 0.99891 
10.0 .1.17841 ·."'(:---· '13.56825 0.82927 ,:··· 600,000.0 1.0001l 600,874..0 ' :: ' 0.99900 
20.0 1.12616. :·.:.:~rt~:; · 25.04626 .. 0.87624 .¡;,_r 700,000.0 1.00067'- 700,94-4.0 !"·;· , ... 0.99908 ..-
30.0. 1.10301 • ;:', ; 36.18039 0.89770 80\1.000.0 1.00063 801,009.0 ' 0.99914 
40.0 1.0892!': •• : ,;~:·:· ~7. i3650' '·0.91060 • > 900,000.01 ~, i.OOOS9 ·,. 901,070.0 : ·:. 0.99919 

~-· ~ t.ooo.ooo.o : -~ 1.o«;S6. ' ·1.001,128.0 l . ~-

so.o 1.07979 ,, :;··,·· . 57..97885 . 0.91943 0.99923 

"'JUPCE 0 1946 
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'' 

................ --27 
'p(r0 ,t0 ) • 

· ... ·. ~3_ró+ vó-Jl 2JÚ,<•o'-rol2(2 ',o'+rol +roto] 

~--· -~(ro'-ll2 (t(ró-:-ll_2 + •o}o . . ,.¡ 

, -~' t. o· -1) [} Cr0'~¡)4+ 2 r0'(r~'~l P+J ~o·~ r0 
, . . r. . 

; . ~ . :. 

. . .. . . • (~1) 

. where wa are here the roors f: 
. .. 

• 
ctnw __ 1_ ~ ~D 

w w2 (r0'-1)2 • • • (52) 

The e.~:prcsston cmbodic-d by Eq. SI rcpresenrs 
che dimension]ess pre.ssure-drop dislribution for a 
closed limired spherica) systcm. Upon placing r0 
ar uniry ami simplifyin8, there foJJows at once rhe 
dimen sionlcss prcssure-,ch .. \. • 1 '--- ...4 · 

.... ("' ... .. 
[Cró _.1) 2 + 3 •o·{t{ ró-IJ2 (2 ;i;ll +lo] 

--}Cro'-1)2g Cró-1)2+ró] 

{r0·-nG (ró-1i+2(r~::l~ •ó+3ró2] 

- [w 2 r¡)4(r0 '-l) 2) 
-2(ro'-l) I 2 ," 2 2 f 

. •=1 wnl"'n'D .+(ro'. +ru'+1Xr0 '-l 1 
·:-. 

, . .. , .. . . · ... .. • (53) 

.... -.· •.. 
'•-H.l.•• 

•' • •:;> J 

' (~4) 

Undec rhe precepts of rhe pressure case and 
conv~rsion ro hyperbolic functions. Eq. 54 becorues: 

• • • • ( )5) 

whicb is the subsídiary equation appropria1e to the 
pressure c~sc loe an open Hmited sysrcm. The 
Laplace uansform of ~ 0 using Eq. 5), i•: 

1 cosb ..¡5 (r¡)- 1) 
e D • -; + ys [sinh ,¡s (r 

0
'- 1)) •. (56) 

The in verse uansfonnation is availabJe from ioresral 
rabies in thc fonn: 

2 -
-.- I ""P
r0 -I-a-l · 

•• ( 8) 

which is. the dimcnsionless cate for an·open.limued 
sysrem. As befare. lhe Laplace transforms of F0 is: 

~O 1 cosh Y.Cr0-J) 
/{¡ .= - e - + -::-:;:-, n:-(· c-. --:. r.='(:-:-' --:-:')) ' • (59) ..s . s2 s~4. smhvs r

0
-1 

whose in verse transfonnation was obtained with rhe· 
aid óf the Falt~8 convolurion theorem as: 

•• (60) 
) 

the dimensionless cumulacive fluid influx" ror an 
open limited sysrem.9·11,13·20 

Un~er the preceprs of rhe rate case, Eq. '" 

----------:--'.'.:.'---'-_.:."':-------I....=:becomes: ; 
where w. are still the roors of Eq. ~2 •. 

'•·.t. .. . 
• • i !"y: ... - ':_ 

LIMITED SYSTEH , H<'. i " 
... 

.. , 
WITII OPEN EXTE.RHAL BOUNDARY 

. ' . • ..... \~! ., ·:. i-" 
' . ~ • .... ;'1'\' .; - .. : • .. • 

lt will be recalle'd' 'thot ·a· liiiLited reservoir . . ' > -· .• ~ .. 
system · is characterized by the · arcesrmeot of 

. gro.wth ol the extrmaf t;;;Unda",Y . when me lau~r -
1 :· () ~oinéides wirh the 8eO:U'étti~ -Ji~ ir· Of rhe sy.Stem. 
; ~ .._,For r~~ case of an oj>e,: lioundary· ir is ¡xesumed 

thar al rhis Jimir (ro">'' th~~ .· sysiem suffers no 
preSsuie drop. JnttoducriOn l. O( this -condirioo inro 

., 
¡ 
! 

Eq.· IS gives: -';~~ .-

:.~~-:~ ~ .· 

b .;. , sinh ys (r0 '-.r0 ) 

. s[yscosh vs<•o'-) )tsinh Y.Cro'-J)) • 
•• (61) ' 

' . 
which is the subsidi<iry' aiuation appropriare &o lhe 
rate case Jor a limited sfsrem wirh u fixcd pcessurci 
at rhe ex1emal boundary. The in verse transforma don 
of Eq. 61 was again obtained by Mellin's inversioa 
theoreia., as previousJy ezplail)cd~ Th~s, me 

· pressure-drop distribuúon is given by: 

.. -.. 
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Timo 
1•0 1 

0.01 
0.08 
0.09 
0.10 
0.20 
0.30 
0,40 
0,50 
0.60 
0.70 
O. dO 
0,90 
1.0 
2.0. 
3,0 
4,0 
5.0 
6.0 
7.0 
B.O 
9.0 

10.0• 

0.2 
0,3 
0.4 
0.5 
0.6 
0.7 
o. a 

. 0.9 
1.0 
2.0 
3.0 
4,0 
5.0 
6.0 
7.0 
B.O 
9,0 

10.0 
20.0 
30.0 
40.0 . 
50.0 
60.0 

1),7 
o.a 
0.9 
l.O 
2.0 
3.0 
~.o 
5.0 
6.0 
7.0 
B.O 
9.0 

10.0 
20.0 
JO, O 
40.0 
50.0 
t~.n 
7Ó,O 
80.0 
90.0 ~. 

100.0 
200.0 ' ; 

T ABLE 2 - LIMITED SY5TEMI - -
C1as..l Eat•not Bo.,.,d_, \,. 

' , ..... ! . .., · .. l ) -

Oimenalonlen Functlone Dlrnenslonleaa furKIIo•u 

Rote lnflu• ··, 
1•0 1 . (F0 J :._:. 

Pronuto Drop Inri.,. 
IF0 1 

p,., • ..,,. Orop 

Oimen•lon1 .. a Eaternof'Rodlua ·,¡, ~ 2 

3,1]24 
2,9947 
2.8806 
2.7839 
2.2411 
1,9342 
1.6a58 
1.4713 
1.2844 
1.1212 
0,9788 
0.85U 
0.1459 
0,1916 
0.0491 
0.0127 
0,0033 
o.roo8 
0.0002 
C.CCOI 
o.cooo 
o.tooo 

. 0.368.1 ,-. 
G.-3992 
G.428S 
0.4568 
0.7040 
0.9120 
1.0927 
1.2503 
1.3879 
1.5080 
1.6128 
1.7044 
1.7841 
2.1921 
2.2970 
2.3240 
2.3309 
2.3327 
2.3332 
2.3133 

. 2.3333 
2.3333 

Ci""o!':•ionlon E·t~rnol Rodil.•a r¡,: 3 

2.2616 
2.0301 
1,8920 
1.7972 
1.7261 
1.6688 
1.6199 
1.57~ 
1.5363 
1.2114 
0.9586 
0.7586 
0,6004 
0.4751 
0,3160 
0.2975 . 
0.2354 
0.1863 
0.0180 
0.0017 
0,0002 
0.0000. 
0.0000 

0.7046 
0.9180 
1.1136 
1.2978 
1.4739 
1.6435 
1.8079 
1.9677 
2.1233 
3.4891 
4.5692 
5.4239 
6.1004 
6.6356 

' . 7.0591 
7.~944 

.. 7.6598 
<· • _7_.8698 

8.5899 
: ~ '8.6593 

8.6659 
8.6666 
8.6667 

Oim•rlJ,Ionl•n EJtt:rnol Rodiua r;, = .C 

IPol 

0.2404 
0,2534 . 
0.2654 
0.2764 
0.3567 
0.4120 
0.4591 
0,5033 
0.5467 
0.5897 
0,6326 
0.6755 
0.7184 
1.1469 . 
1.5755 
2.0041 
2.4327 
2.8612 
3,2898 
3.7184 
4.1469 
<1.5755 

0.3562 
0.4080 
0.4464 
0.4769 
0.5021 
0.5236 
0.5425 
0.5595 
0,5750 
0,7012 
0.8171 
0,9325 
1.0479 
1.1633 
1.2787 
1.3941 
1.5095 
1.6249 
2.7787 
3.9325 
5.0864 
6.2402 
7. '!941 

).6743 • '1,644 0.5233 
1.0308 1.809 0.5418 
1.5946 1.970' 0.5580 .,\ 
l.~A4P 2,118 0.~724 

1.1869 1 . i!. .. 3.59l ' 0.66)5 
1.2755 ) -... 4.921 0.7234 
1.1780' .. : ~~· .. 6;, 147 . . : . Cl.77U . ·; 1 

·} 

1.0878 .• ;¡ .. 7,279. . 0.8216 
1.0049 . 8,325 . . 0.8693 . . . ; 
(o.Y283 . '9,291 . 0.9170 " 
0.8576 10.184 0.9646 
0.7922 . 11.008. ' 1.0122 
0.7318 :··11.770 • .. . 1.0599 
0.3311 .. 16.8~... . .1.5361 
o. 1498 19.110' . 2.0122 
C,0678 20,144 2.4884 
0.0307,~..:. ~.20.613:;)-: J. 2.9646 :t 
0.0119 20.825 - .. 3.4408 
0,0061 .1 ·•' ,2~.VJI ~ 1 1 , l.91/U '' ' 
0.0028·. f' ... 20.964 ~ ;¡• ;.: ~- . .(.3932 lf 

o.oon . ·J 1 • 20,98-1 ·, , ., , . 4-8694 . , . 
0.0006.) ; • '20.993 ·. . • • S.3456 •• 
o.9ooo · ;. r.~- . .2t.OOO.l?': ".i 10.,076 .. . -,; ... 

.. · ..• -.~!71'1:.~·~··.,¡•·~, 1 - ... . .••. ~ ?•!>·~ ... l.:- ~~- ,). . ' ·' ........ . 
~ ;~~.:~~~;,~ ·~.-( •. l .. .. 

·' ' 
1.0 
2.0 : ... · 
3.0 ~~ 
<1.0 
5.0 
6.0 
7.0 
B.O 
9.0 

10.0 
20.0 
30.0 
40.0 
so. o 

¡60.0 
70.0 
80,0 
90.0 

100.0. 
200.0 

2.0 
3,0 
4.0 
5.0 
6.0 
7.0 
8.0 
9.0 

10.0 
20.0 
30.0 
40.0 
50.0 
60.0 
70.0 
80.o 
90.0 

100.0 
200.0 
300.0 
400.0 
soo.o 
600.0 
700.0 
800.0 

1.5641 
1.3986 
1.3216 
1.267] 
1.2203 
1.1766 
1.1348 
1.0946 
1.0558 
1.0184 
0,7103 
0,4954 
0.3455 
0.2410 
0.1680 
0.1172 
0.0818 
0,0570 
0.0398 
o.oooo 

2.128 
3.596 
4.95] 
6.246 
1.490 
8.68.! 
9.843 

10.958 
11.033 
13.070 
21.621 
27.58S 
31.744 
34.646 
36..669 
38.080 
39.064 
39.751 
40.230 
41,33] 

Dimonslonlot• E~rtornal Rodiua r~ = 6 

1.3989 
1.3255 
1.2807 
1.2417 
1.2201 
1.1951 
1.1714 
).1487 
1.1265 
0.9283 
0.7650 
0.6304 
0.5195 
0.4281 
0.3528 
0.2907 
0.2396 
0,1974 
0.0285 
0.0041 
0,0006 
0.0001 
o.oooo 
o.oooo 
o.oooo 

3.596 
4,954 
6.256 
7.520 
8.753 
9.961 

11.144 
12.304 
13,441 
23,683 
32.123 
39.018 
44.810 
49.534 
53.426 
56.634 
59.277 
61.455 
70.191 
71.453 
71.636 
71.662 
71.666 
71.666 
71.667 

Dimen•lonl•r..t E.aternol Rocli ... a r;, = _1 

3.0 
4.0 
5.0 
6.0 
1.0 
B.O 
9.0 

10.0 
20.0 
30.0 
40.0 
so.o 
60.0 
10.0 . 
80.o 
90.0. 

100.0 
200.0' 

),32}7 
1.2820 

'· 2519 
), 2189 
), JUV9 
1.193] 
1.1780 
1.1636 
1,0354 
0,9223 
0.8216 
0.7318 
0.6518 
0,5806. 
0.5172 . 
0.4607 
0.4104 
0,1290; 

.ltÍu.o o.o4ue 
. 400.0 0.0121 

500.0 0.0040 ' 
600.0. 0.0012 . 

. 700.0 • '1 • 0.0004 . 
800.0 '1 0.0001 
900.0 ": .. ; . o.oooo 

1,000.0 .¡ ;:, . 0.0000 l •l 

~95 
6.26 
7.52 
8.76 
v.vo 

11.18 
12.l1 
13.54 
24.52 
34.30 
43.01 
50.76 
57.68 
63.83 
69.)1 
74.20 

- 18.55 
102.86 
1111.11 ' 
112.91 
113.66 . • ' 
11l.90, • 1

•' 

113.97 
113.99 
114.00 ...... 
1U.OO MI.·: 

., 

IPol 

0.5724 
0.6638 
0.7111 
0.7479 
0.7764 
r·.B024 
o.821l 
0.8.118 
0.8161 
0,9004 
1.1424 
1.3841 
1.6261 
1.8682 
2.1101 
2. 3520 
2.5940 
2.8359 
3.0778 
5.5068 

0.6638 
0.7127 
0.7449 
0.7687 
0.7881 
0.8051 
o. 8207 
0.8356 . 
0.8501 
0.990] 
1.1n1 
l. 269] 
1.4089 
1,5484 
1.6879 
1.8275 
1.9;70 
•• "65 
3.5019 
U972 
6.2926 
7.6879 
9.0833 

10.4786 
11.8740 

0.7127 
0.7~46 

0.7678 
C.7U7 
o.oout 
0.8131 
0.82•4 
0.8341· 
J.9~5 
1.0133 
l. 1010 
1.1887 
1.2765 
1.36l2 

. 1.4519 
1.~396 
1.6273 
2.504! 
l. "11 
4.2~91 
5.1361 
6.0133 
6.8905 
7,7677 
8.6 .. 9 
9,5121 

JUNE. 1V66 . ~;:~~!ílt··~:·;.. 'e 
.... 

:- 1..-:,.._ :o . .J~.J~\U~.~ ;í• .. ' \ .. ·,t. .f ~-
-~- ·~ •• ·~ ... t 



1 
'-

e 

T ABLE 2- LlloiiTED $YSTEiol5 (cont;•-dl 

·y¡.._ 
(rol 

. (.0 
5.0 
6.0 
7.0 
B.O 
9.C 

10.0 
20.0 
30.0 
40.0 
50.0 
60,0 
70,0 
80.0 1 

90.0 
100.0 
200,0 
300.0 
400.0 
soo.o 
600.0 .. 

'700.0 
800.0. 
900.0 

1,000.0 
2.000.0 

S. O 
6.0 
7.0 
8.0 
9.0 

10,0 
20.0 
30.0 
40.0 
50.0 
60.0 
70,0 
80.0 
90,0 

100.0 
200,0 
300.0 
400.0 
500.0 
600.0 
700,0 
800.0 
900.0 

r.ooo.o 
2,000.0 

. 1 . ,, 
Din~entlonlen E.t ... nol R~~¡·~· r~ ~ ~ • 

1.2821 6.l6 ·.' e 0.7U6 
1.2523 7.52 ··:··: 0.7678 
1.2302 8.76 ·. . 0.7854 
1.2128 9.98 '·.: 0.7996 
1.1983 11.19 .· 0.8115 
1.1859 12.38 ·. 0.8216 
1,1747 13.56 .• . 0.8306 
1.0860 24.85 :. .. 0,8971 
1.0078 35.31 ' . 0,9561 
0,9354 45.02 ' 1.0148 
0.8681 54.04 • 1.0735 
0.8056 62.40. ". 1.1322 
0,7471 70.17 : ., . . 1.1910 
0.6939 71.37 ' . 1.2497 
0,6440 84.06 1.3084 
0.5976 90.26 1.3671 
0,2832 132.37 1.9542 
0.130 152.34 2.5412 
0,0637 161.80 3.1283 
0,0302 •166.29 3.7154 
0,0143 168.41 4.3025 
0.0068 169.42 4.8896 
0.0032 .•. ·, . 169.90 . 5.4767 . 
0.0015. 170.13 6.0638 
0,0007 . 170,24 6.6508 
0.0000 170.33 12.5218 

Oirnensionl•n Ex~~rnol Rodh•• ,~ = 9 

1.2523 7.52 
1.2303 8.76 
1.2132 9.99 
1.1993 11.19 
1.1877 12.38 
1.1776 13.57 
1;1094 24.98 
1,0539 35.70 
1.0015 . 46.04 
0.9518 55.83 
o. 9045 .. 65.11 
0.8596 JJ.92 
0.8169 82.30 
0.7763 : .. 90.27 
0.7378 97.84. 
0.4433 155.64 
0,2663 190.37 
0,1600 211.24 
0.0962 223.79. 
0.0578 231.32 
0.0347 235.85 
0.0209 238.57 
0.0125 240.21. 
0.0075 241.19 
o.oooo 242.67 

Oim•n•ionlesa ~atornol ~odiua t~ = 10 

0.7676 
0.7853 
0.7~95 
0.8112 
0.8211 
0.8296 
0.88.8 
G.9271 
0.9684 
1.0096 
1.0508 
1.0920 
1.1332 
1.1745 
1.2157 
1.6278 . 
2.0398 
2.4519 
2.8640 
3.2761 
3.6882 
t.IDOJ 
4.5124 
4,9245 
9.005 

6.0 1.2303 . 8.76' 0.7853 
7,0 1.2132 9,99· 0,7995 
8.0 1.1995 .. 11.19 0.8112 
9,0 1.1880 . :: ;,.12.38 0.8210 

10,0 1.1783 .. •13.57 '• 0,8295 
20:0 1.1196 25.02 0.8797 
3D.O 1.0783 36.01.' . 0,9124 
40,0 1.0398 A;l;60·. 0.9427 
so.o 1.0027 56.81 0,9728 
60.0 0.9669 66.66. .. 1.0028 
70,0 0.9325 76.15 . 1.0329 
80,0 0.8992 ',. 85.31' .. ~... ... 1.0629 

• 90.0 0.8672 9(.14' ·' 1.0929 
100.0 0.8362 1ú2.66·.· , .. 1.1229 
200.0 0.5816 ' 172.78. ¡ • ' 1 •• 231 
JOO.o o.•oo 221.56 · · 1.7235 
400..0 '· ' 0.2813 •. 255.48" e' ' "· 2.0238 
5000 O • ,··{·::>,' 2 

• ....... .1956 ~ ( ·. 21.9.0 :.~ ... , ·~,.' .32.tl' 
600.0 • '· 0.1361 :í . 29s.;.c9 ,·.~:'<!•. 2.6:U.t'· 
700.0 :. ; . 0.0947 \..; . 306..90 ,, ·~ . ·- . 2.9247': 
eoo.o o.06S9 ,, .. ll.c..as·· r._ ·.-=.. 3.22so .. 
900.0 0.0458 . .. 32D.'3J:'t.: ;.,:;./ 3.3.8~225563:. 

1,000.0. . 0.0319 . ' . 32(.22. ·~·' ,, . t=:: :::go.g . . n~~? . ; ~:~~~ 

¡ 

4,000.0 0.0000 333.00 ~_,- . 12.8347 

~lo .:,pc.~L ~.,slj,;·_.t ......... ~·- •. ~ ... ~;-i~~:~:~.:A..:.~·:.~ ~.· .... ~··· 

.... 
(rn) 

lnn ... 
iFol · 

Di•-•iaonl••• E•l•,.,al Rollliu• rÍJ: '2o 
30.0 1.10)0 36.1 
40.11 1.0891 D.l 
>0.0 1.079t. sa.o 
60.0 \.0724 6&.7 
70.0 1.066. 79 •• 
80.0 1.0611 90.1' 
90.0 1.05-61 100..7 

100.0 1.0SI6 111.1 
200.0 l.OOSI 214.2 
300.0 0.9681 313.0 
400.0 0.9291 .C07.t 
sao.. o 0.8916 49B.t 
600.0 0.8SS7 586.2 
100.0 0.8211 670.1 
8DO..O 0.7811 750 .. S 
900.0 0.7S6l 827.7 

1.000.0 0.1259 901.8 
:1,000.0 0.4810 ••• 96.9 . 
3,000..0 0.3117 1,891.2 
oi,OOO.O 0.2111 2, 152.4 
5,000.0 0.1400 2.,JU.7 
6.000.0 0.0929 1,.440.5 
1,000..0 0.0616 2,516.7 
1,ooo.o O.Ot08 :1,567.1· 
t.ooo.o 0.0210 :1,6D0.8 

10,000.0 0.0119 2,622.7 
20,000.0 0.0000 2,666.3 

Oi-ntionlnt E•t ... n..l Rodi.n. r~ = lO 

80.0 1.0631 90.1 ' 
90.0 t.0595 IOO.J 

100.0 I.OSM 111.3 
200.0 1.0381 211.9. 
300.0 1.02~ ll9.t 
400.0 J.Oill 421.0 
!.00.0 1.0014 521.7 
600.0 0.9895 621~ 
700.0 0.9780 719.7. 
800.0 o.u.u 116.9 
900.0 0.9.SS2 913.0 

1,000.0 0.94]9 1,007.9 
:z.ooo.o 0.8388 1,898-l 
3,000.0 0.74Sl 2,689.11 
4,000.0 0.6622 3,392.4 

:5,000.0 O.SBM 4,017.0 
6,000.0 O.S228 •.sn.o 
7,000.0 0.4646 .S,06S.2 
8,000.0 0.<1121 S,S0l.4 
9,000.0 0.3661 5,892..7 

10,000.0 0.325-9 6,238.6 
20,000.0 0.1000. 8,153.6 
30,000.0 D.OlOJ 1,739.1 
40,000.0 0.0094 1.919.7 
50,000.0 0.0029 1,175.1 
60,000.0 0.0009 1,992.1 
70,000.0 0.000) 1,997~ 
80,000.0 0.0001 8,99L9 
90,000.0 O.OúOO 8,999.6 

100,000.0 o.oooo 1,999.6 

Oino•n•Oonl•n E••••nol Ro4ivs r;,= .C0 

100.0 1.0564 111.0 
200..0 1.0391 216..0 
300.0 1.0120 JlO.O 
400.0 - 1.0162 422.0 
500.0 1.0110 52U 
600..0 1.0 16D ' 611..0 
700.0 1.0 110 118.0 
100.0 1.0060 129.0 
900.0 1.0011 929.0 

1,000.0 0.9961 1,029.1 
2,000.0 CI948S 2,001..0 
3,000.0 0.90]1 2,.917.0 
4,000..0 O.BS98 3,808.0 . f 
5,000.0.. 0.81&6 .C,6Q.O 
6,000.0 . 0.7794 S.4C6.0 ' : 
7,000.0 0.1<121 6,207J)•. 
1,000.0 0.7066 6.931.0 
9,000..0 0.6727 1,610.0 •. 

10,000.0 o.uos 1,271.0 •• 
20,000..0 0..3920 IJ.ll9.0 '_.: 
30,000.0 O.HOO -~. 16,4l6.D·~ ~· 
.co.~ · o. un, .. u.uu . ~ ;,. 
.50.000.0. 0.0901 ~ .,,.96.0 :: 
_fiO,OQO..O O.DSSl,. : 20.201.0. -" 
10,000.0. 0.0138 20,&.14.0 . 
80,000.0 0.0201. 20,91LO .• :. 
90,000.0 0.0121 21,015..0 

100,000.0 0.0078 21.17S-.O' 
200,000.0 0.0000 . 21,311.0 

D.U917 
0.9106 
0.9199 
0.~110 
0.9ll0 
0.9!18 
0.9411 
0.9 .. 1 
0.91U 
1.0229 
J.Oóo• 
1.0919 

'· ns.a \. 1729 
J.liiU, 
1.2<179 
1.28$4 
1.6604 
l.OlU 
l.<IIOi 
1.7156 
l.J606\ 
l.SJS7 
l.9107 
.. ,asa 
<.6608 
L4lll 

D.9UI 
0.9lU 
0.9414 
0.9600 
0.9124 
D.9UO 
0.99.5-C 
1.0068 
1.0179 
l.OJ.O 
1.0401 
1.0512 
1.162). 
1.211S 
1.3146 
1,4957 
1.6068 
1.1179 
1.8290 
U<IOI 
:Z.OSil 
l.l624 
4.:17)6 
5.3847 
6.t95o9 
7.6070 
L71U 
9.8293 

10.940) 
12.0516 

0.94U 
0.9510 
o. un 
D.t11l 
0.976~ 
D.tt2D 
.O.tl71 
o.ttn 
o.ttn 
1.0019 
I.OUI 
).0957 
LI42S 
L 1894 
L2l6l 
L21132 
L3301 
L3169 
1.<12ll 
1.19)6 
l.l61J 
2.1101 
1.2988 
1.7676 
4.236J 
4.7011 
i.l1)9 
5.64116 
l~.llOl 

. j .~ 

• 1 ,. ~. 

' . 
SOCIETY OF PETAOLElJIII EMCINEEaS. JOURJ'If41.,.~~ ;_ 



-
-
-
-
-
-
-
-
-
-
-
-
·
-
-
-
-
-
-
-
-
-

e 

:;,.
:, 
.... 

;.
 

' 
. 

.,-
.,\

 .. - - -

---
;·

 

: 
---

. •. 
O

o 
~ 

..
..

..
..

. 
~~

;.
,-

?:
:-

·;
 ~
 ~
 :-

:-
;"'

:-:
--

:-~
 :--

~ 
:"' 

p
p

 p
 ?

!"
' 

~
=
t
~
~
~
:
;
:
t
~
~
:
;
:
=
g
o
~
~
~
8
8
~
l
2
:
~
~
 

~
~
~
~
~
~
~
~
~
~
~
~
~
~
~
~
~
~
-
~
~
~
5
6
~
~
:
E
:
 

:-
":

 .· 

o·
· " 

-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
"
-
'-

·
·
'-

:2
) 

e o j : ¡·
 .. • . 

:" 
:"

 . t. 
i 

-
-
-
-
-
-
-
-
-
-

-
l
~
~
~
~
;
~
;
~
~
~
~
;
~
~
;
~
~
~
~
~
~
~
~
~
~
~
~
~
~
 

" ' ~ :-
:lO

 
o-

..
..

..
 .
..

.,
o

.:
.-

o
w

-
.c

-
o

 .
..

..
 ;s

 ...
. -

':
;S

:.
.a

.c
o

o
o

o
o

o
o

o
..

a
 

:. 
;: 
¡
;
e
~
~
~
;
:
;
~
~
~
~
 D

o 
p; 
~
~
 ;""

 ~
~
 ...

....
 ~
 ~
 ..

...
 ¡:;

 ~
~
~
}
t
 ~
 

~· 
o
o
b
o
o
o
b
o
o
o
&
~
o
b
o
o
o
o
o
~
o
o
t
t
o
b
b
o
o
o
 e·

· 
,. 

" 1! 

;,..
< •

• ' !.<
>"

' 
1

'-
f -

¡-"
' 

u 1'"
" 

':.
.! 

¡,;;
;!; -· JI

 : 
~
·
 

e 
' -· ~ • ,. 

" 1 • t : .. ~ i • 

. ... .. .. ,. "' .. 1 ,... E
 . ... m

 
Q

 .. .. ... -m ~
 I •. ! 



e o o 
'"· ~: ' .. 

?··~ o 

..• 
. ·. 

,, 

· . 
. 1 



1' ¡) 
1 

•· 

' 

,,· 
''" •.. 

. 1 ! . 
rhe unlimitcd .tOy.stclll were cnmpuud firsr o*!r the 

. dimenKionless rime ran¡¡e 0.001 ro 1,000,000, Then 
rabies of tbe rri¡¡onomer~ic relnrions described by 

· · Eqs. 47,''52 nnd 63 were developcd froon which the 
,'roots w (wirb n a 6) were !'btained ... Finally,, 

numerica, ""values of tbe funccions- for limited 
systems w~re c;omputed over the range of ~xt.Crnal · 
radií (r0 ') ·2 ro 100. The · range of di~cosionless 
time (to) for tbese funcr:ions was chos'en to begin 
w~tb · the 'points of divergénce from '!'e Unliinited 
system c:nvelope and ro end wirh steady-~tate valt~es. 
These Óu.aiedc_al rcsults ace includcd in. tabular 
(orm to foStcr pracLical apptication of this worlc. .. . .. ~ . 

NOMENCLATURE . : . .. 
e~. c2 ~· a~itrary constants ... '· 

·,·P. Q cumulad ve fluid in flux· ·.: ~. ~ .;. 
- 1 .... >o ..... • 

Fo - dimcnsionlcss cumulative fluid influx 

F0 = Laplace rraosfonn of F 0 : ' • 

R0 = residue of singu1arity at ~;iiin · 
R. = residues of singularities_ a.t z. 

b = dimensiooless product of prcssure dro_p 
and radial distance · 

¡; Laplace transform of b 
e = compressibility 

e rau: of fluid ianux or fluid rate 
eo = dirilensionless cate of flujd influx 

e0 = La place rransform of 'eD: 
l 9 permeabiliry , .. ·. 

lb ,.; horizontal permeability · ., 
' l, = radial permeabílity ,in' spherical system 

l · = vertical per;eabiliry ~: ~ .. · 
: = elemcnt of domain oi'"P,~itive integers . .. . ..... ' 
p e pressure .. ~~-. ··~· \. 

P¡ 
Po , 

a initial pressure \ l ~ :• 

= dimensionless pres'sute drop 
= radial ·dist.inc.e, Je~:gili o·r radius vector of 

sphere · 

r • = radios of ex te mal boundary 
r., "'!" fadius ol interna! b_oundary 
r0 = dimensionless radial distance 

' . r¡j ... dimensionless radius of external boundary 
s = ·Laplace [rans.(orin'-pa;_~met~r. a .. ·complex 

' - ' • ,.J .... • •J •1, • 
· · varaable '. i · ... ::··.f.-:·····. · 

. ¡•'··;~!.'~i::~ 
t ca r•me . . • . .r~· .~ · · .... : : ! v · 

\ •• • • 1 •• ·~ • \ • • • 

1, • feadjustmen_t ~~~u:. :,:·:-:. . : { 
lo e: d~n•ensionleSS,tim~. T..; 

33 ll a visco!iity 

</J a )>Oro •i ty 

1\¡1 n cumula ti.,,. prC');:Sure Jrop 
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. 3t7 
iJ hul¡rdt~od by tho arraw tangcnl to ir.c rathor ftoú·. tho co-otdinulti axes. Jf the &eetion at zla a stntia
)fitlOd"'!J'Í" \-~l<><;iti•·••u-o !rue vclur!til.'l, TI1cy upply ticAIIy averugé. •odion the are" prcstnted to ftow 
toa~IJ"-'lf•ts.watlun ~he 8~1d occupymg!hep<~ro.•pa•:e •. -"""Id. bo .A~. Aa the nr.t flow ia ¡_11 tho positil'o.X· 
ThtlT .-nluea at .ub•lrnnly H•lrcted po•~la ~nnot Lo. dircctwn only, the mean \'alue of "•• dcaignated tl,, . 

• :'/. ~. " · .·. · · · · " woult! be cqual to tt, it~lf at all Ouid-occuplcd pointa. · 
. .....,=.,..,,...,...,....,.,_,.,.,,.-.....-...:.~_,...,;_,~-..:..,,;_ No nct fto\V nonnal to .tho X a.rls meana· also tha\ 

}'JO 3 

l".lTB 01' .&. n .. \."lD rA.llTlCU 1" 'Á l..\c~O$~ÓPJc.a·ti.T-ll~EU 

il1 and il, would each bcZ<·ro. All romporient.a of u· 
in tbe ncgath·e dircctions of thc Y and z nes woui<Í 
cancel respccth·ely nll componenls iu the pO.-itive 
dircctions of thcoe nxcs. Thus the \'olumclric r .. to of 
flow Q, at z, woold be Aprl,. }'rom the dcfiuilion or 
macroscopic nlórity tho volumetric rate offlow at z is 
equivalen\ to g,.A.. llence, 

n.OW BYSTEX ' 

\\ñeri particlo is at ~ il1 ~ic~~tk,\elocity ¡.;U.~ . : ·· -
4 

· · · · · <\ ;-; · _ · . '.in which_-the subscript z hB$ bocu dropped. 

'l = (¡~ ; (l). 

cal<ulnted, bo,.-e,·er, without malhc.;,atical deÍinitio~ 
of th~ geoructry ofthc pore clmnnela.: _E,·en if surh 
defmitio'! cvuld Le dcnlopcd, it would 'pi-obably be 'so 
ccmJ•Iicat<-d ns to mnkc calculation ofthe microsoopic 
nl'K'ily impractical. · - . _- ; ';:_~--;.- .. .- . 

.llarro>L-opic vclurilies, i11 rontrnst to: microscopie 
v•·lucilit~. urc not truc \·rlocitics. Thcy tire of ¡;rcnt 
¡u·otlirnl imp•n-tanec, howc\·rr, and can bo calculatc-d 
without lmowhlgc nf porc-chnnnclgrometry. )[acre. 
scopir. -''duci _ • is delincd as the ,-olúmctrie rate of 

Distinctio11 of Rtnlt~ "J Fluid Jloti?lt · 

A muving singlc-phasc fluid would be in a •lnle of 
steody motion ifits pr<operties and th• forces ncting on 
i\ al- any given p<•inl in tbo ftow ·~·stem are inde

. pimdcnt of tim~. Othenri&e it- would be in a •late or 
unslcndy motion. . 

Considcring strcamlinc motion as ÍJI the caso in -
Darcy-law flo"·· thc fiuid-particle ,-elodty u, would bo 
a function of thc distancc along the path of ftow 1 and 
time O. A sruAll rhange in u, may bo ex'pressul 
thrrefore by the eqoalion - ' · · 

ftou vr uuit. of J,ulk area tran5,-ers~ lo the macro
scépie <lirectioo of ftow and io referrcd toa )JOint in tho 
&\'!)lf"J'n. IHc .n,tc·r·,~·u·•i<" tilri:\JtiOii: of flow 1~ the · 
stnti•tknl 8\'cra¡;e clirrcÚon of mon•ment of tho fluir!';. . . :~~ = (~'!) di + (~~) do 
partid< .. i..u thc ncishbourhoo<l oflhe ¡iointilu)uciition. · · · . í'• • W • · 

P.eferriul! a••ain to y¡,. :!, the totaJ Lulk crcss. • h; ¡ th ' ;_. · 1- f h . b - d, ped n· '-' . - e . o , . - .. . .J. ... - ltl w lC' 1 e suuSt"rtp. o u as ecn rop . n·ru· 
se"honal areA J"'rpe· nd~eular_tu thc ••!ano ofthe pa•,.r . :11 ·. h b .. d• · d 1. · ti t d 'd" d · . ~ .c-. · · .. · r- m•• noug .v u un no Ul" 10. 11 .... an u aro 
would ))(' uuifonu in the du.,ction oftbe axis bccauoo ". · · • "· · ? · J • 

ti n • . 'fi ·d t b ..... - ·" • 11 ·1. · H¡ul\·alen~ Ylclds tho followmg express•on for tbe 
lC 0\1' 1.'> 6Tla'Cl e Q O IUaCl'03C.Op1Ca V mear, t ,. ) • t' d ·-'0 f tb f1 'd 'c) . . ~o- · · ·. • . . ota acce crn ton U'u ú e ut ~~ e 

Thcn•furc; tn the sense of macfC!SCOJllc ftow Ldla\'lour, • . . · ·' - · · 

(3) 
all .... -ttion• tfllusw•-sc 1<> th~ X axis are rqui-potcnlial 
surCare.. Jf thc fiow i• from ).,ft to right as •hown and 
if Q i. th<: •·olnructl'ic rnte nt ..-; thon l1y dcfinition Q/A 
is tl•t> _u'""""'"''l'i<·· ,-cloc·iÍ~; -g·,nt thi< scctioo. l'his The fir.L t~rm-- on the right ;., the i:onnrÜo;...l 'a c. 
-relD<·ity "~>:11cl haY e the &nllWIÚagnitodc nnd dircction · relcration. It pcrtnins lo tlic rate of challt;e of 
al nll ¡~<>int< of tbc transY~r,;c 11rea. · TIIC !lircction .-clority 1\·ith dbtn')'" at 11 ¡..lrticuhr in•tnnt. 'l'he 
woald ))(' ¡•a ralle! lo ·nud in thé posit!ve dir<•ction oC . second lcrm on th,• ri)!ht ÍJi tln- 1.,.,..) accelcrátion. It 
thc X n:.;is •. Gcncrally, in .·n:on:Iiñcar s~·stcina tho ' pcrtnin9 lo the rate ot chan¡;e.ofnloÓity "itb liuío nt' 

. ·marrooecrio nlocity' i•. not the' f_llme at aU points of ' a particular pln!"!· · '!'he .~UID of th~Óe lwo hirmo lo thc 

. , t'<lui;JOit•nt i'll ·~rfaCO'fl. lt; ¡;,· (lcliilt'd ·more ~reeisdr · total a<-relef1111oil at' a particul_ar .ÍÍ1stÁnt' ~nd J•laru.; ' 
. tlun·fnre ¡;•·cll,);l/"1..',,, ·;, ~~~--~;~,,-·,"::••,. : -··• '-·~ • >' }undamentall~-. th~ tlo..- •• >teady i( tho local 

:: Jn ~L'<'Oc-.lancc with the deJrribcd ronccpt of macro:.· 'acce!cmtion i.Ú.ero ~nd un;teady_ iJ'the loCal arctlrri..· . ' 
• :opic ftow, the solid mainx'oÚbe ...;rcu¡¡ m<'fliuru and tion' Í,O not zcro. 'J11e COU\'ÓrtiuiU\J'ncceJeralion 1nay · . 

tbc Ruid .-.. :<·up~""'~ thc ¡..;;-¡;: i.-báimcls ni-o eii.-bioueof oo zcro_ or lin!te f61 either sta1e of fto11·, · · 1,:. _ ' • 

to¡:rt hrr ,,;; ~ ro•••I"'•ite roull~f<f.~r of ftuids, thc rnte of : . ('ousidcr}ng the · maúosropir point of '_ie..-1 n111Jl8 · · 
·n,.n· Lrinv l•Wportic>nol at'ouj:.pnint lo thr gúdicntjn: velociLy mny IJ.:' defincd as n•arrcscopic ,-elocity times · . 

- thc no.- J'<;lcmtU.l; . Thii ¡, ..t~¡;" c'Ónr..•pt unilérl.i-ing' ftuid clcnsity,''l)'. or "·'· nloisper 'uu1t nrea.'pei- u··'t iimd- . 
· U..n-y'•la...-... _, __ ·:,.- _,',·:.-::{;'!: .·_· .. _. • .•;-· i-eferred·io"¡¡·po~•t. Tlms-llia .. raUI ia .Aqy,in"a _,

)·: _ )larrO>M~pic· ~nd nÍi~rrip!~~rclodli..·s inaj· Le-· rertili~ar flow ·~·•t<'•u. J~ ~-ould ~-a function of :':·; · 
rc-la:cd •. "llu- uucro.,o.-oplc n."locth· u, (Fig 1) would · nnd O ami con Id_ W trrtl'ted m th• oamr marmrr as • m 

\,.:,' bavr ~;"l"'"!·nts u., re,, and --~~-_tu. -_thr dirfi·t!ons· oC. ~'1""' iron (:1): 'Tho ,-docit)_. indkatcd by dz,'d8 .":ould '.t 
t< t • • • . • • :,~-:;~¡:~~ ~· ··• . ; 1 

~ · · . vCnU"l 41. UUl"lll <t6l~NOVU\_:.[a.lf6J,,~~J.J~ ¡, ~ "·-~,_ 
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WATER IN UNEAR UF~'iJo:R\'OIRS 

l. 
1 

. ·~. 
i• from ri¡:ht IQ lefl ;,;n¡l prol>lcms inve~tlgaÍrd. Tho. 
aamc nlucs aro a""igncd to tbe constanta p<'rlnining 
to tbe aquifer sand and watcr.·in. nll numcrionl ex• 
ari1plea presente(! here and in subscqucnt sectiona. 
'J1¡,•se valur.a are 1: = 500 mD, .¡, = 0·200, 1' = 
0•300 eP, nnd e = 3·60 X lo-' (volf\·ol)/psi. 

._) 

1 
~ 

1 
1 • • 

. • . ' . 1: 

l In the rnnthcmatical ·anal>:~ -~~é coefficient ~ 
. · (C<(uation (!1)) is for e~nvenience set equal to tbe single 
'1 . ... ' - . 
: r"ctor a. J /1 . ' -t __ ,_, (A . 

' 
Co11sla111·rnlt Case-lnjinile AqtliJu . , 

Thia problem ma~· be stated :·:· 

éP ¿rp 
éO =a ézi 

D = 0: 

·• (10) 

D>O: 
r ~ = &1 ~· : Z== o (11) 

P=P1 ·',_z>ol 

l lim P(z, O) 'pi ; z+" 
·~ ' 

. Equation (lO) destribe• tho fto"' at any point in tho 
aquifer. Rclationa (11) exprei!ll the iuitial and 
boundary conditions. Volumetric ra\e o( ftow Q in 
the pre""nt ir .. m<-c ia a constant. 

: .... ..<1g P = P¡ -- .f¡(z, O) and thcn cxprcssing the 
stal<'lll<olt of the proLiem in.ternis of .p instead of P 
CAuses it tu' t:.~o:r !he- f!l~T.~ :-~ L: ]¡cd-ronrluction 
proi,icl~ wi1ici1 iuus ~t=Ú win . .U wilh tiu: Lüplau.·- · 
tran•form m•·thro to determine temperatura as a 
funrtion of di>tance nnd titO<'.• Thc n-suit 4pplic:d t.o 
the · ¡ue;;cnt fh:id-flou· proLieio_ •late;¡ pres.,ure as a 
function of distan:-e and time:,.·.-

¡. 
p = P¡ -- ru[ 2Ja: e~p(- i"e) 

' . ._:~eñe(.,·-;=)] 
, ... ,. -vaij (12) 1 

'' . ¡ . • • ¡! •• . . 

in whkh ·<'xp symholizca cxpónrntinl and eñe com~ 
plrmcntary en'('lr funt·tiOn: thua. 

exp JI·= et '· · - l 
:~·t;•~t[:~Ju . 

r~- :, . ' . (13). 
L ' 1 ¡ 1:'1;~~ u·lu•re crf snnholiU'S rm>r fuuctioñ.• · . . 

1 :~t¡L-.. Eituat;o~ (1~) Ú ~;,e pf~urc-di~•-ilnítio·n·crluati,JU · 

1' \,,.., 
~· .· 

1 •.. . -· 

sought. D.1tn fur ¡•lotting Fig ;¡,!·ere obtnined with it 
by •.-tti,:,g thc initia(J~~~~·~~~ ·p; e<t••t! to -1~00 psia, . 
and ,thc con•tnnt -.i11t~r:~nx .'ate, Q.'A. <''in"l lo 
1-()0 X lor• (bd)fiÍ<j f~:-::.':fl•~ ·ec¡untion tb•n wao, 
• .-.tn.(J fnr tln<'<' dill"ol't'n~; 'l"oln'c•. <o( o: l. :?O; oud 

• •• ··-. 1- • 
50 ) c<us. l'i um<Tiral va!~<'& c.f t!u· · ronlplcruentar-y: 
~rror funt'tÍOn u-ere obt11fried fu)m tnhiC"A.I ,- , ·. 

. ~ -~31.~~· .. _ . . . . 
YOLCME 41. NUHDtl. <f'7-NOYU11ER ltU ~, 

. . : . . ... :~::; .. : .. ; ~ .. - . _; . 

_.:J\:~, .: ' 
'l '· • ' 
'1 •. ., 

.. _. "'". ~ ·. ~· 

Con.tQnl.ralt Ca .. -Füu'lt Aquifu 

The initinland bouudary couditions for thia proLiei'Q 
n••Y be stuted . ,_ 

o= 0: f'.; ·~·¡ ,. 
' . ~=:hb z=O 

o> 0: 

z=L (14) 
cz 

The solution may be dc.-eloped by thc sepnration• 
oÍ-\'ari•hles method or Ly the Laplace-transfonn 
method.1 Utilizing the first of these a new varialole· 
,P(z, O) ;. introd~oed such that 

· Q-,. [<L - z)1 J ' P = .¡. -b)¡.L - 2- + aO (15). 

In terma of .p the dilferrntial equation is the M me"" 
e![uation (10) exccpt P i. repla~-d \\ilh ;. The 
initial and boundary·couditions are 

. Q¡t (L - .r)• o= O: .p = P1 , 'bfH. - 2 -; z ~O 

z=O 

z=L (16) 

After the solution de•·eloped iiÍ terma of .p is tran .. 
fonu..U Lo.ck in lo ter m,; uf P, tl••ough equ.tiou í~:\j, il 
lwcomes tbc f.1("5ired-pressure·di.itributioo P~ ·•· ''"" • · 

p = P, - fh1[~-ti, %)~ - ~ + ~] 

+ ~~r~.t (~.) ··1'·(- "~'a) coo '!:; (17) 

The prcs;ure dbtriLution rurvra oC F'Jg -1 were 
p)otttd usinj,! equation (17) and tho same uumerirol 
\'&Inca for thc initi.:ll pn.-ssure and coustant water· 
influx rote a• \\We US<-d in 1-'ig 3. In coutrnat to Fil( 3 
the curns perta in to times of 0·5, 1-G. 2·5, and 5-Q 
ycnra, respectiwly. The 'lcn¡,>th of tbe aquifer ;,. 
specifitd as 10 miles. 

Coll&ta;,t.prt86Úrt CaA<-luji11ilt Aquifu 

Th<' itlitial and baundary couditions for this proLlcm 
ma)·lM' stntoo 

- . 
8=0: P=P¡_ , {p = P, = éOl!Stant 
O > 0: lim P = p1 
_. r-e 

~::~ ¡·· 
; z-" (18) 

lf ~ ·~,.,.: -rnriat.le. rf4,r, O) io introd~oed auch tt.a~ 
' . . - . 
P = P, -'-· (P¡-;- P,).¡, (19) 

· tho •tatc;u,:ut ,.r tbe prol.lem in l••m• of .¡. Íak.,. th .. 
form ·or n heal.l0rulu,1ion ¡.robl<'m that has ¡,..., .. 

1 ·. 

( 
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IXfL\:X AT DOl"XD4U\" 01 OJL !I.J::.Z:R\"OIJl .L"'\D -CII 1:'\:fJSITB AQt'"U&A 

Permf'nbililyl ~OOmD Poroait_r; 0·~00 Vi~"'~ty oCwaterl 0·300 cP 
t"omprt·uibiJitr ú[ water: 3·60 x 10-• ("·ol/vol}fpa.l 
Influx rate: 1·00 X lO-• (bd)/~oq ft or tf011·86Ction At bvunW.ry o( oil rcaen·oit 

~ 

4,000 

.. 1 1 1 1 1 
-· I"ITIAI. l['HftVOI. PIIIUSUIU • 4,100 'IIA 
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1 1 ¡.o' 1 1 1 
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JXr~t"X ,1..'1 JIUCAD,UUt' or C'lL llEIZh\'01& .UCD AJI .i.QO'Ina ]Q-0 )1E1Zt LO:CO 

PrrontGbllltvo 000 mD Porooltvo 0·200 Vl.oolllf otwaloro 0·300 cP 
Compro .. lbOity ot wot<ro 8·00 x lo-• (vol/voll/pal . , 
Inllwc ralo o 1•00 X 10-1 (bd)/tq fi of orot ... <ctloQ At boundo.rf of oll ruorvolr 
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1 

•olved through npplication of }'ouricJ' inte~rniH lo 
dctermiue tempcraturo ntJ u. function of timo aud 
distnncc.' In tcrm• of tho pr<•scnt fluid.flow prohlcm 
and thc original variahll'R, the prc::."ure.Uistribntion 
cquat.ion would be 

"' P = 1', + (P1 - P,) erf .,-1--~0- (20) 
. . .... \a 

Fig· 5 was plotted using the snme numerical valucs 
for 1'1 anrl a ns in tho foregoing case.. 1:he constant 
pressure ~>t "' =.O was spccified as 1050 psia. Thc 
curves· rcprcscnt di•tl'ibutions lor O = 1, 10, and 
lÍO years, respective! y. 

... 
~ 2¡400 

"' "' ... 
"' a.. 1,600 --

originul· \"'lriablc•, thc pro88uro-diotribution equatiun. 
would he 

P= P, + (P¡- P,~.t (211~ 1) esp 

[
- (2n - 1 )lr.'aOl

8
in (2n - 1) ,.:¡,. (22). 

4L' j 2 L 

Fig 6 'IVJI8 plotted using the same numerical values 
for P1, P., and a as wcre used in plotting Fig 5. The 
length ofthe aquifer, L, waa specified to be 10·0 miles; 
The curvés represent values of O of 1, 3, 6, anc;l 12 
montbs reRpectivcly . 

---+----t,- '· 
CONSTANT- PRESSUAE CASE 
INFINITE AOUIF'ER 

800 --'--------¡---'-; --+---1 
1 1 1 

0~--~--~~~~~~~--~--~~~~~1 --~~~~~~ o ~ w ~ ~ ~ ~ ro ~ ~ ~ 

DISTANtE FROM OIL RESERVOIR, MILES 

!o'JO 5 

PRE¡jSIJ'RE JHI't1"Rlllt''1'1fiS IS TUl-: .HJI:rFF:n AT VARJOt.:!ó! TUU::S FO& A. COXSTAST PREIBL"DF. AT 
HOl::O:IJ.'.R\' Of' OU, R}:8F.n\'Oin ASfl AY JSFISITE AQt."U"F.R 

PC!rruf!nbilit.\·: ,')110 wl> Porosity: 0·~00 Viscosity of ~\·o ter: 0·300 cP 
Compl'e~"ihility or Wl\tc'r: ·3·fil) X jf)-G (\'OIJ\'Oil.r~i 
Con~tnnt prt",;..;urC": Jl).iO JI"Í o t. bouudul'r of oil n•oJCrvoir 

CmMtcnd-prM.Jltre Ca~e...:_Fiuite Aquifer 
. ' ' 

The,iilitial nnd bounda•·y conditious uf the problcm 
mn~· he · 

o= 0:. P=P¡ 

DDIEXSIOXU:l;S PRE:o;SURE AXD FJ.OW 
Fl!XGTIONS 

J)ejinitinn• 

. ·' 

o> 0:. 

·. r· _P. = P, :~ contotnnt 
rP 

. --- = t) Lc.c 
(21) 

Thc properties of thc aquifor •nnd nnd water s~w
holi1.cd by k,r/>, :t, ami e rhungo from.sy:-;trm to s~·gtem ... 
• ..\ \'C'ry grl'nt dC'al of graphiug ~,·ould be necP:o~Mr_r to·· 
~how their cfTcch individutlll\' on un8teac.lv :;tate 

lf thc ,·nrinblo· op ui cl<•li•""' hy L·c¡nntion (1!1) i• llo11· bchn,·ionr. This dillicuitr. plus thut which 
introdtlct•tl, tlu: Hti\tf'ment of tht~ probk•m wlwn ex· wu~lld Le bronght ahout by t~howing iri nddition .th!' 
}JfCISSed in t<"l'IIHJ oft/J takc:o~ thc form ,,fn h<·at.condut· t;-tl't.•C't of chonges iu houndnry conditjon~ and time, 
tion ¡ll'uhil-m whield>n• ¡,.,.,., solnd with the st·para> ha\'O lod to thc adoption of diménoionless groups of 
tion.of-\'u!·iuLica mcthod tu ckkrmiue thc rt.•lntionship \'flriu l;lc¡, for grnphiug pnrpn:-:co!.' ·. 
nf tctnpl•rut.u1·c, Ui~tn.nce, nnc.l tilll('. 1 Expr~sscd iu", In th_o prcscnt work thl• groupR·u~ed are the same aat 
tcrm• <•f th•· !'"'"'"'· !luitl.flow proLiom nnd thc tho;;o uf the cif, ... l rcf"rencc: 
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Thc quantity r, in the expression for dimcruÍionleSI 
ti, me 1 rcpreM:nt• unit lt-ng-th. lt is intro<luccd mere!)· 
to make the exp.rcssion tlimensiunlelill. · 

:: • 

•.•oo t-..!.~I!L ..!!!•!.~2.~'!."!! ·'•:!?!.'!~~_l __ ;...._l__l--
•.oool---:- :-f---r¡J j_J.- : : . 

fs.zeot---· ~,~o~ ~ -·:-L 
... • o o fi L 1 ... o 1_ _ . 
~ 2,400r-· ! /¡ ; ----,,....--· r A!~'~--- oi· 1 
,~yeo ....-·:- ~? .: • +-- ~ ...!-~-__ =-:±==t 

./-..-~ ' . •• . 1 o ' 1 . --i'---1 
: o 1 .. 8COII---+---L---+--~--~-+=~1c..' ,....,,..,.o1.o_,.,=.L, i.,..¿.-1 

' . , CONSTANT• PAf!SUAl CAU 

.·or ; fiNITEIAQU"EiliO III,UI 

.... , .. 0o!---L,-_--l.l--.l.--.14--.le--.J.---!,:--.J,L---.!---.!IO ·, .. 
'-· ... DISTANCE fROII OIL RESERVOIR, IIILES 

~ ' .' ·. • .. ·- ·- ,_ --· .. . . . . 
PD.EUUJUI: IUSTD.tBVTtOX Uf 1'Bl:S .LQUIJ'KB A'l' \",UUOVB 'J'IXZ8 70a A COll'lr.A.h""l' DZIIQJI U 

; : ;-.;.•, liOCNnAaV or Ollo JlUU\'OlA .LXD .LX ..\QU~D. 10.0 lliLI:S LOXQ ._; 

: .. rermcobDII~·t 500 mD Porooltyo D-!!00 \-uc:oolty ofwattfl 0·300 oP 
CompreulbUlly or ,.-atoro 3·60 X lO-• ·¡,·ol}vol)/pol : · .. . : ' " ;· t •• 

Rclatia~18hipl tci/11 Dimensionlm Time 
. Graphiad Reprt~e~lltlJion: Coneid«rlng the fore

goln¡¡ constant-rotó ·cases, praotlc11l · consldcratlona 
indica te that deoircd.lnforinatlon on oll-resen-olr per; 
forman~ could be. gahied lf a relatlonahlp la esta¡,; 
ll•hed bctween -i-olumetrlc rate or lnllux or 'rater,' 
_oi!-rescrvoir ¡>res•uro, timo, aud lcnj¡th of aqulfer. 
A relatlonshl¡> ofthl~ klnd_'baood on the ahove-deflnt4 
dlmenslonlcea ·g~úe?.:':l'.\'1 applloable_ to llll.cnrlltant· 
rate-caee!inear a_rat~n,ra.woul~ be of major lmportance 
In aimplifylng tholr'iiiUIIyisla. A almllur relatlonahlp 
nppllcablc to nU conltan_t:pn-aatlro-oaio liniiAt ayatema 
would be of ec¡uallm¡>Ortanoe. · , ·. . · .. 
. Ali. th'e o cur,ve~ ~r _FIS.l r,efor in th~lr entlrrly tG. 
oonditlona at the_, .'~:~~:~r·!llflux . bcunduy· (;r - O, 
Fig 1). The ftiúd pra~sure nt thld bcun<ID.rflo P.~nt, 

. . :· :·-~trt?· ~ .;< : ·:. o • • • 

dlmcnslonlesa cumulatlvc p~~u'ure · drop Jl<lr: uiUt 
dlmensionlea• volumetrlc rate, ,AI'/QD, plotted oa 
log-log graph pnper, nit a funotlon of dimen•lonleu 
time 1 for aquifera o( dif'"crent lon¡¡th. n ¡, • alm¡M 
matter ¡., eatlmnte feo• any 'partlculu aystern the 
reductlon In oU-reacnolr preuure corTOt¡>nndlng to B 
glven 111ed rate of on productlon aud & slven time ot 
operatldn, aasumln¡¡, o( rouree, thAt the lime la ah!lli 
enongh for the calculuted r.>ductlon to be lua tlwl the 
lnltlol prcB&ure mlnua tha pre-aaalgncd ~nal p~SSlira. 

Tho mulmum cumulatlve· lnJlux of watel' or· 
cumulatlu oll productlon (aaaamlng enough oU la 
a\"8Ua'ble for dt.p_laocment) la limlted by t)lo mlnlmum 
value •peclfled for P,. The 'bubble-polnt presaiue of. 
the llquld . reaen·oir · oU at reaervoir temperatura 
would ¡>robably be eelected u thla mluU:itum. II tho 
mlnlmum la ueed In cnlaulatlng _!t.I'/QD arld the reaul\ 

: • .. ~; • ; 1 " •• ' • • 

' ' jOU~NAL OP T'tl INI~ITUTI OP PITlOLIUM 

. . . .. ~': ,·. .. 
' .. ,. •. 



\\ ., ... / 

42 
WATim IX LINEAR HE~THVOIHS 

enteretl on Fig 7, thc cot•rt·:ipondin,.:: dimcnsion}ü¡;s 
time t may [,e rcnrl otr dircctl.v. Thc prodU<·t of this 
time aml t-hí' dinwnsionlcss tiow rntc is thc maximum 
cumulnt.ivc iatlux. 

}'JQ 7 

VAKJ..\TIO:S Ol' PRl:SSt.:RE J'U!iCTIO:S ASil }'LOW l'US'C'TIOS WJTH 
J)I)(·;~.'IIO~Ll::~S Tlln.l }'Oit AQI"In:lt~ Ql,' )lt!Tt:RE~'!' 

LESGTH 

.E\·idcntly th(· sJopcs of tho constnut-rntt· CUrYl'.i 

rclnting to flnitc nquífl'rs LL·eom~ nnd rcmnin rqual to 
unit.y wht:n t is lnrge cnougli. Undr:r the>.'lc L~nnditions 
d ( .\/' \ . , , , (1, . . .. \ n · • 
dt \ (:J{J J -·- ~...,,.,,.,, vl ó.P- ~o.vnr..... .t.) .1. f 1.-. h.\.cJ, 

this lead-9 t.o the forrgoing obviliUR rcsult, nnmcly, thnt 
Qc nttains it . ..; mnximum mngnituc.lc whcn P, nttains 
it..:; n.iniuwm. 

The l'Oilstant-pn~s:·mre-c:ISC eurn.'s of Fig 7 show 
diuwnsionlf':>~ cumulati,·e influx: uf water pl"l· nuit 
dimrn!i;ionlcss pr~;..:mrc- rlrop, r¿,¡'J.P, plvlt('!l n~ a 
fulh:liou <:f dimt·usiunles:-; tirne t fot· ac¡uiícrs of 
diiTl'l'l'llt ll~ng:th. For nn,\· pnrlicultu· tl,\'i->t<·-IH tlw:-H: 
curn:s mny Uc nsL•(l tu CHthuntf' thc cnmnlatin• i11fiux 
co¡n•.-:pundin~ tu a fixcd prC'-ns~i:,::nf·d pn·~S\II"l' mai:l· 
tnined al tlu~ wnt1~r-influx lmuwla1y IJYf"l' n gn·t·n 
p<."ri<ul o[ t i!lle. 

.\11 the ,.,·mstaut-prcs:->un·-<·n::t(> cun·rs t'Xcrpt tlw 
OOP fcr whiL·h L ::.:. :n c\·cntuall,\· h\•ro:nc and rcnw.in 

hori1.ontal. \\'lu~n tilf'y 1Ht~ ll11riznntal 1:~(f;.) 11 

or l.J/1 -'"" n. \\'h~ll ()¡,:.::o tlw íluíclpn·-: ... ,;¡-(' IJlU~l LL· 
thC' !-'ame al :di puiuts of tlw aquikr and l't¡llnl ltt 

íixl'd prC'~:-11111.' 1', nt ;¡:·:.;O. 'J'Iub tLc 111inimmn vah1<.· 
oft n:quin.'d l"•H' tllL' llll\Xirmtrfl ,·uundnti\'f' iullll\ i~ tht· 
val un. of 1 nt \\ hk.h tht• t·ur\'\' bt•<'OJIII' .... hnrizoutnl. 

'J'he Clll'\"t•. rt..·¡H·e..;{'nting J •. ~, z. applil·s to h11th tht· 
(.'Oll!'o t <tJJt -rn rt: J Wll'OI~to{ U Hl ·JII'l'-"'.;,lll'C' f¡• fllilie~ Of L"\11"\"l~.o~. 
lt::: t:tj\tafil'tl, a~ wt•ll •h tlw rquulitdt~ of tht· o1lwr 
cnrn·~ of h· 1th f:unilil·.-;, nre ll~·ri' t•d ~u tht· Jlt•.-;t p:H't •.•f 
thi~ J'i\]Jl:l". 

A:-> imhl';· t1..·1l IJy the rlgun•, nqt~ift·rs ol" finilt· kn¡;th 
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bl·havE' the s.um· n:l aquif<.·rs of .inlinitc lcngth during 
thc enrly stngt"~ of water intiux rc-~ard.Je:-;.::i of.whetht>r 
Lhe pre5:o;nre or the ra.te ÍJoJ l'OHstn.nt at x ~'""O. If th~ 
aquifer is 10·0 miles long, for cxample, it wilJ Leh¡l\·e 
thc Samc n.s an infinitc artuifer, for cither t~1)C of 
houndnr·y comlitioJJ, until dinH'nbionlcss time t 
cxceeds about 1·00 x 10'. 

l''ig S shows the constunt-mtc-case fumily of eun e:; 
of Fig 7 plottcd on ordinnry arithmrtic graph P"P"'· 
Fig 9 shows the constant-prp,;surc-tasc curn•s plotted 
similar!\'. It also includcs cune~ for L = 20·0, 
50·0, 80·0, aud 1 ~O miles . 

.... 
'""' ¿ 

• CONITANT IU.U C&IC 
~ 

-11 ~ 

'·"00. 

·~oo 

o 

~ .. "' .. 
t a 1()"0, Olllitlii!IOUESS 

Fw ó 

\'A.itiA1 H·'~ ()1• l'itf:::l'ilfllJ: lT:--"t"TIU:\' W{TH })j.lJJ:".:;J'):'\"L):::o• 

TJ:m: J'oH AQl"lFl-:It-. Ol" lJHTI:Itt::n· l.t.:!'-"0"1'11-CVS:'T.\:,~r. 
UA.11:: C.\SF. 

Equatifm.~ o.f Con.ilaut-rate CetoJ"e.''l. \\"hru 1•,. j.;. 

sub.:otitutt·cl foi' P nn.J Z<'rn t'or .r, f'quation (l:~) pt:r
tainiug to intluite aquif,·rs t:1la•14 tlw fonn 

P _ r¿;. (··J"'i) ' - P¡ - bÚ - -;:,· 

Jn trrnH of thc tlirul'l\ ... itJule~ . .- pre . ..;-:ure 
dimC'n.-~iollll'S' time thi-. m:t~· bC \\Tilft'li 

\IJ ) -'- ~- ~-~~J' l.¿¡, . h ; 

(~3) 

f11nC'tinu acd 

E qua t it •ll ( ~ l ¡ b d1C' r~ ~11:1 t.i0J! oí t he c·ur·\·\· r··¡m::-.-•~n' itl:.! 
L _..,., r. '11! Fi~:-= j and ~; :r, <Hid b nr<: t·nd1 u11ity iu th:~ 
C411ntif,:i .wd in ~uh.,(•qu•·ut r.qt~:ttious. 
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'ltil.T.l.:lt: TJIEOUY OF 1.'.!\&'TF.Am: .STA TE JXFLUX OP 
• ···._i¡ • ·~·. •, ,'1~, . •.• .• , 'l ;f.t ·: .. :.•. . 

· .. '· In thc t•Jnstnnt:.,.t~ <·d..Cá Q1, ·,_, Qc/1. lf thil< •uh- lntrgrntin¡r o,-rr dim.-n•ionlrs.• tjm~ l,tt.i• Lcrom.,. A 

· · stit;1iinn isu~ndc.!or (,l~:_-,., 1 , .. ,,¡,,n (~:¡)lx'"""'''" rrlnti<~<L•l<i¡•. l~·hrl'l·~ 'thr <liuw<ioionl«>S tlo"· fundio~a 
·. . • · .· ~ · · nud 1luncn:•iiOnlt~ tune, 

: .lP' ' 2r. . . . -
·Q- ~ ·, _/, . ' , -~ • (:!a) 

' C; ~\r.l .. ·.· 
i· ., 

(331 .. 
\\ñ~n P, i• Knl<>titutcd for 1' .in<l zcro for ;; ~<¡114·, 

tion· (17) ¡X:.-taining to finitc ••¡uifcr• tukrs lh<• form 
Er¡untion (:13) ;. tho C<jURiion or the turre rrpre· 

r;.t•nting L == ·:e on Fig.-1 7 oitd O. · As b amir. arr ench 
ti'Üty, the right_.!tnnd n\cmhei- is th~ 8i'ri1r numericaUy 

80 

+ ~f?I':.L(! .!) cxp (::~ ~·~'uU) . (~G) 
Mb:' ·u-1 111 1} 

1•~ t~r¡;s ¿f thc/á~.;.¿~~ioulc,;s prcs.<Úrc fUI;ction nnd 70 

dimelll!Íonlc.o time thls may bo wrilt<>n · ; : · . . ~ 

lP 1 (/, :rll)'',: ; · 
--- ;;:;;:¡ ··-..l.--
fJD b 3 • L· ·~· .... 

"L Í.. . ( 1 ·)·.,i ,_. .> .(· . . ,_, '') - · - n .. re 
-- - exp "·--

. :;'b ·-· ¡¡1 ., . .. J.,l 
(2i) 

or 
'· ' 

_Ql~ ~-;(1) • . • (2R) 
D. . 

which i• tho cr¡nntion of th'c.ooustnnt-rato.c~,c-cton·c
in Jo'iga 7 and 8 for lhaitc n~nifcra. • Equation (2N) in 
tcrm• of Qc may ue writtcn · 

• • • • (20) 

• . • .· ;;¡- ,: .• i • - . • 

8 o 
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Er¡uátion• t>f Cimáltinl;p1~84ura Oa~u. Eqnationa 
Pxprcssing tho relatloDBhip of the dlmensionloss llow 
function and dlmenalouléaa timo are neoeuan·ln order 
to plot the coliS!ant-preswrc-cnaa ·curvéa ~r Figa 7 · 
and O. Dorlvatloo of 'such equatloni beglna wlth 
ditrercntiation oC tho .piesaure-dlatributlon ec¡untlon o 10 ao 10 •o 

to determine ( ~~)'~i~'r~r _,s~bstitutlon IJi Darcy'e · 1 1 tll"'", DIN!NiloNLm 

' 
1 

10 

law , .. : ... ·.,· .·, , . Flo 1. · .... 

DiÍferentiatlng eqainÍinri' (20j ·with reapeot to z .and nJU4Tiox or now P<7l<CT<ox mTB D<>='••o~ rDQI 
10D .t.QUU'J:BI 07. IU~5'1' •· %.:1.1\GTB--conT.&.n 

thcn eetting z cqual.tó aero givcs for Infinito aquüen: ti\Zhll1la cua 

: (~~)o~::·: ~ !1~¡.:.~ .· . 13o( · as tho rÍglat.)l~lld·,;;.~bei ~req~tloo (2.i). Fot thla 
. ' . . . ' ~-- '.":'.0. : ., ." !<GU . ··.: ·. . . : .· . "l't'RIOR tito L •• QQ. curve or Flg 7 lppllea ID bnl.h tite 

Ae~ng t~ D11~T~'1a~ th~ 'inn-h~ncl' ~c~b~r' or eonatent:rato nnd comtant-prenure caaea. · 
. . . t.l , (S.O) ;_,.. ~::·i·:_-_ (Q,.¡ ) < .. H•"~ •• ·.·., .'. T

1
mbMI ru..::nntlohn o!equulatlon (3

1 
Sfl) baelc lo thnla orrl¡¡lbll~ 

equa on .. e.~~."' ~" •. -- - ' vara •• 11.vea t e cum 11tlve n ux per u t o wa. 
.. . . . : ,. , •• ;: .. :•.",<. .. - : . . .· area trllllBVerae to the dlreotlon or flow at D ... O: 

. . . ·. :_:·:~lLJ"v~~·~ ·. ·. · 1~1 1. . (á)(Qds~.-2t4<~,-~.ÍJi! ... 1ur 

• 

.. or ·~ 'terma ot tlie dh¿~¡~.;¡.~ quanUtlea QD • .iP, . Dltreremtlating cquotl~n· (22) wÍth reapect ID z and 

. ~.~d.'-::.,:. .. ~·-· ··:h}~!(L~~~-: ... ·. -,. · .. · ·: .. (8!} ~~~E)~'::~:;:; :.~r:Kp· ( ~ ~) (M)_ • 

. •:'; i . . -~~- ~ ,·_.·;_·:: ~;~~~tf¡{~:;!Fti::/_.::\ ~·::;·.: . • :· ':_:.' . :~· :/ .. ' _i~~.--~AL ~~ THa ,'H_Iji·T~!a: ~~ unouu~ , 
, .• ~···':-.:':::Jrf.·\:·~,_·,''·. •,, , , ~' \. •' 

:: :' .: -~ . ; ' : .<:/;g~2~:\~f¡;·!;> ... : _,. . ,- ' : ~ ' 

1 

., .. 
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1 
1 J Integral in¡; lcrm by term, o1·cr dimrn•ionlcso time 1 

rt•sults in 

r.QD di = Sb~l. ~~ [ }: (~) 
0 

:t: .. (.r, 1 ) • od4( " ,. l,'zll) J . 
L. - exp ---

• odd n1 4V 
(38) 

The first sumruation within thc brackets on .thc rigbt 

is et¡nivalent1 to ~ and the Jcfi.Jtand member is 

t'<¡uivalcnt to Qr.. Thcreforc, in terms of thc dimen
sionlcKH fto"· funclion, equation (3S) may be written 

(g_,-) 
J./' ~~[1 - ~ .t (b) ,,.,. (- !'~¡z.~) J 

(39) 

Equatiou (39) ~ the ct¡untion of tho. constant
pn·s;nre-casc cun·c• of :Figs 7 nnd IJ rclating to finito 
llt¡uifi·n. Tr."n~fo•·nwtíon of thic.s t'4JIIation hark tn 
thc original variaiJJeo gil·es th~ cnninlati~• influx pcr 
unil of bu)k ar<'n lrull'-\'er•e lo lht• dircdion of floW Rl 

" '~ 0: 

} ,. QdO = 4.: L{P¡ ~ P,) 
Lh}·' . . . . 

[ 1 - ~~ I ( \ )'exp ( - ""''"
0

) J · (40) 
.•• " .... 11 • 4/,, 

Af'plicalioM 

Óil·re!Jervoir JK!rf¿'rmo.nOO C'\tn·c" ~f'(' Bhown in ~"ig~ 
10-13. Th;•y t·ouhl J,¡. del•clopo<lthn.u¡;hnpJIIiratioJII 
of I"ig~ 7~n .'''' tlm.mvl\ Jirt-ct duLstit utiun in Lhc forc. 
going e4uatiPJ1s. · · . . 

:Et¡untion (:!!!) i• the N¡unliúll uf the,¡u·eli.<nn·7 
dcdine · cun·..,. of Fi¡t 10:: P1 i.i 4~'00 1"'¡". nntl th·e 

:ci.¿~t'~.t l~uiucs.of (B}Y~{~5i~. x·1~·•. 0:750, X 

10·•, nnd ) -()() X JO·I (WJ/ft1 •. TI1~ ~nmul.tlil·e-

• inrin< éurn·• wcre: •l•v•i+:¡C.~; pl~ttin;: {~} 
••)'reosed in (hrl'ft') ngain'll. o ex¡mO:i...éd in ycal'li. 
Tiu• mnximum-intlu~ ratf ha!t tH.=C:rí ri10sen nrhil rnrih· . . . . 
to ('Urrt'tiJl'JJUI to J'. :-_ 0. . :·.!·. . 

Et¡uutimi (~fi) i• tbe ·e<¡noiÍ!Ju ·(,f th• pn:.><nrc
drdim." cun·,.,., ~~r Fig 11;. TI1é iniii&.t" pre:i~un-, tinal 
¡•rc~~ure. mul l'ou.-o~tant i-att·;;.··a~· thl- t.:.'lmc · us th~· 
u~~~ in }'ig In. nwl thL· •·•'u:wÍ~Íi\·c.inl1ux rnrn~:e w("rl• 
Plutted in the ~\IUI" rnanner.; .. : ·//;· .. · · . .. 
.. , .' ', ~ .. . . ';1 ·,~4,1·~~-~. ::(;P: 
VClUt1E' -41, NUMBU\ U7--NO.VfHICI un :' · 

~~--~--~~-=-~-----=-~-~~--~--~~ --FlOJO . . 
RESJ:JI\'018 I'RO.SCU .lSP C\:llU .. .&.TI\'E L"4'FLUX 01' W.t.TEB 

ü J'\.~(..71U!(S OP TUir. J'O& \' A.JtiO'C'.j C0~8TAH'r B4TEI 
/.ND A..._ JNFINJTE .AQ\:U'JI:K 

p,..n;1eabiJity: ..QOO aoD. 
l'oro:sity: 0·:!01 
\'iscu!lity oC "'a ter: 0·300 cP 
Compre!Oli~Lility ofwotf't: ·3·GO )(. lo-• (volfvol)/psi 

Equation (~1) is the ec¡uatiun o( the rate cun·es of. 
Fi¡; 12: 1•1 is 4200 psin, nnd the const<mt volues of P, 
nrc 2{\[10. 2P~~. nnd 3HI)(l l"'ia. The rumul•t.lv~-infln~ 

' 1 1 ,· ... 
c·ur.·<·• wrr'Pdrvelnpro hy plotl i~g ta; )}

0 
Q•l? ao dclrr-

mincd from eqnation (!H), cxprcs.,,-d in (brl/ll1), 

ngainst ~ exprCRS<-d in ycant. 

I ¡··- ..... -~. 

··-· 

~~--~--~~--~.--~~----~----•. ~.· ~ ·.· 
tOIIC,,~ 

FIC 11 ' ..... ~~ : : ~ . .~ 
H·:X~JI\.OIR I'Rt:..'i.~lThE loSO C'.C~l'f.\TI\'t: I:O.:t'Ll'lt Ot \IIA:rt:a 

AH t'l' ~('TIOSd Of' 1'1ll" J I1U \'..lUJOl' .. t."TI!'"T4,._ 1' JlA yt;-. 
OF ISi'LfX .A 'SO',_...,. -'Ql'li'i:=A IH·O lULl~ll LO!"'O 

· Pt·m.f"ohilil\':' ;ífiO m.J) . 
J•.,¡.n,.ii,P ú'·:!Oa) . , . " . 
\"i·:.,.,~Í!)' o( WI'IM': 0·3UO rP. '·, ·: . 
(."uwpn-..."il.~i.Jil)" c:.C •.tft:r: 3·64..1 X l9"'" 1 ~\ol},·ol):r-' 

. ' 
.·.' .· 

' 
' ' 

.. 

(" . ) 

e 
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.. ,.,~,--~--~~---
.1 

"' 

' _L,_,,i 
~ 

~~·Ni :::=: .~ IOD "'" -· · n 

11 •• oe "''" 
~~-~.--=-~~-=-~.~-=-~~-=-~~~-=-~~-=-~~ 

11111,,Yl ... 

J,'to 1 t 

ltA'l'lO or 1"'1.\'X. (JP \\'Ar&ll AXD ctJNCJ.A'I'IOf l!fPLt:'S. UP 
\\'Al'lJ\ AS ft~XC'rlf•XI tJV 'J'Jl.rt: ¡.·on \',lllltlt'S COlo"liT~'l' 
PHt' .. 'ISt'Jtl!S AT ''l'Jit: DIIC .... DAU\" OF 'I'JfJ: OIL nEittR\.OJil 
.\SD J'(lll A."f J,.'\"t'J~"'JTJ!: AQUlVt:J\ 

l',.rmNtbility¡ liOO mO 
Po~h.y1 0·:!00 fl: 
Yhcc:W~iay ot water: 0.:1:00 cP .. . 
('ompn. ... ,ibility otwa~cr:. 3·60 x lO-• (volf\-ol)/pti 

E<JUBtion (36) ls thc cquntiou of !he m te curves of 
1-ig 13. Thc initinl pn:Murcs, P1,. nnd thc thrco COII· 
stnnt l'nlues of P, nn· the •nmc no t.hoso u•«l in 1<1a 12. 
'l he f"UJHnl., l i vo inllux l'lln•cs \\"el'tl fi(•\',.JO!Il"<Í by 

plou.ing (A) J: QciO nti dctcrmined from e<Jnntion (40), 

expres..<e<l in (brl/ft'), ngninst O exprcsscd in years. 

: .. 
Jo'to 13 ..... ', . . ' . 

Bo\1'E o• uft.vx 07 n·.&TZR AXD CUllUf.4TI\'t: J!fFLtJ'X OP 
, ... '.•' WA.TEK AS ~(.'"Z'JOXS OF TUIB I'Oll VAitJOCI CC>n'J'A.),""f 

.· · .. :t"AESJIUBJ:II A.'l TIJB DOG'~;DAUY 07 THE oli Jll:::'IER~JB 
· ... '.!!':'A..~D·roa·~ AQ1."111!:JL 10·0 lllLES LONG ~·- .: 

......... • ' 1 

.... · · :·~··';· ·P<nñt..biiit¡,., ~oo mn · · · · · -,. ·" 
.. ~··:_,~·!· l'orusity~ 0·200 · · ' ·. · ··: ·. · •.·· 
·':'"':.·~..., :v~ty_o~'!'"aln-: G-300oP -~- : ··· :·· ·_·,~ ·. 

· · ..... :. Comp~b•hty or ..... lcr: 3·60 x JO·• (wiJ•oi)Jpol 
~ .... ;·~<:.L. , -·:·._. . · .. ·> .. ~·· 

... :. .. ' -::: ' ,. .,;. ' 

' 1 ,. 

F.J'I'F.C~r OF WA'fJ.:Jt.IXJILlTX RATR.·OX: \ 
. l'l".\lt' l .. o\'l'IVJ.: OIL .REC:O\'Elt'L 

,•' 

Coi!IIOIII·rnlr C<1"ll · 1 · 

Jf C<(UAtiOna (:!!) and (23) are COrnbined and 1 
elimiunted, !he rcsulting re)at.ionsbip between Qc,'QD, . 
and AP, for infinito .nquifers, is ~ound to be ,·, · ,'¡~.' ·i~ 

• · . .. ,. (&P)I •• . rt(~ 
Qc=4o:.•T·' ' • (H) ··~'··· 

. ,• D -~ ,-:_~ 
.A prc-nssigned inltinl pre&StllC P1 ilt time ~ero and 
fmsl pressurc P, at timo 0.11, at . . :& =O, cause tbe 
rcsulling relntion•hil• of Qc nnd QD to npply only .. L 

. ' 
Q. .. ~.TNI Ml.i/1 0W W&1U tnltUIIOdl .. l TO A 
OlCr..•lfl Df' Cll.·•lllltVOIIt .... uw•l fltOM .,_ ...... 
to •.oso .,.,,., tuun'l 

100~~---T~"~----~··~----~··~----~~~--~~ .. 

o.ov~ 
o 

CUill.l~aiiYC MlfLU. 01 •1.11111 COUlii"OitO••I tO A 
OULIIIl 01 OW.·flttlll\011 11"'(1""'1 ,_,. l,tOO "LA 

to •.otO ••••. t ••u'r' ' 

EF~ 01' BATE OF I$1"LUX o• WA'ft:R O:t TB'E C&.NCI.U:IYa 
JSJ'LUX COM!:ilro~hi:'CO M ..t. UECUD 07 OIL IU::it:•1"01R 
P.B.!:SS\."liE Fa\'\)( 4:!00 psia '1'0 106() ps;a Fo.& &\':.'lnll 
IU,\~IMO 10·0 liiLES ,u;D J.SJ".BITB . .A.QL,I"EU · . 

PenneabUil\•: SOQ mD 
Po,...;ty: 0·!00 . 
Viacoaitv of ,.,a ter: G-300 cP ; :. ·~ · · 

. Comp...;.ihitity of water1 3·60 )( ~o'-' (vol0vol),poi', . 
' . 

\ 

the inshmt 1 = IJt. .At this lnatant Qc would 'l>e i 
greater for o relatively lo•• constent rate QIJ than for' \ 

·a rolntivelr high one. The 'instant in quc•tion is 
,-.riable. 1-:<JUAtion (:! 1) with 1 = l.11 t'l:sulta if Qc iú 
cqu:~tion (41) is replace<• with Q,lJI. Thus.one finds ·. 
thnt reduetiolll! in QD cause IJl to be greater and in-. ) 
creases in Q 0 t•nuse 1.11 to be sliinllerY •::. · . . 

1 The inlinite:nquifcr curve of Fig i~ depieting .the 
rolntionship between constsnt rate of inOux and 
cumulativc inOux, for a fixed pre.a .. igru.od ~uniulalh'O · . 
pressure tfrop, WUS tJC\'eJoped from t(jU~tion (.JI) after··.' 
it wn• transfonued l.aek to tbu original \'nriabltoa. · ,, .. ¡ 

Thc clll'vo aho11, (~).'.;;·a fMcl.i~~--~r (f:). ror' · . ' 

P1 = 4200 psia and !'• = 1060 psia. Tbe inllnlte~ · _ ' .. 
nqnifer cun·c portraying thé relationohip bet,\'Ct'n time · .. 
nnd cumullllive influx, for' the same''pre.asoignecl'. ', .. '.-... ·: 

.~ -;·,:" ~ ·:- .- . .... ... . :: .. :- ,.;·~· .: 
JOURflAl OP !~E INSTtT'uTI OF PETAOL(UH'·. ·~< 
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flscd CUiliUlative "pressure t\rop, WOI devcJoped from . 
equáUon (25) aftcr 1 was replRoed hy IJI nnd it was 
transformorllonck to tbe original \"ariahiNL · 

Tbrso ou.Vrs indicate tbat !he ~umulnth·o inftux · 
from infinito R<Jnift•rs, corres¡10mlinr,: ton fixc<l cumul11• 
th·~ prcsS\1111 drop, mn~· ho inrrca.OO morl<ffily by 
r~ducin¡; t he cnn•tnnt rnto. lf, for cxnmplc, thc rnlo 
is dt•rr·ea!<l"<l fronl' 1·62 X JO 1 to .H5 X lO-• lxl/ft•, 
th<" rumulative influx, nccunlinf! to !he ficnre, w<iuld 
incrcnse frum nloout 117 to !U;; brl;it1• 'fhc required 
timo ,;·ould be incrcascd, howcvcr, from 20 to 40 yenra. · 
In this ·in•lance a 29 pcr ocnt rcduction in the rnte 
wonld can•• ft 41 pcr ccnt inorense. in the cumulati\"'o 
and n 100 pcr cent incrensc in !he time. · 

This plwnomenon mny !JO cxplaincd thcorcticully. 
Constan!. rntc Q, dctennint'S thc pn.,surc distriloution 
in the R<¡trifcr n~ nny tione. 'l'hc diRtrihution ~xi•tin¡; 
at time l.v whcn flnall>re""urc J>, ia npproachcd at 
x ~O rcflc<·!R thcvolume ofwater that hno ~ro-.rrl thc 
section · nt· :r =O nnd enterNI thc oil r~scr,·oir. At 
thnt time ¡m•.••urc P at ftDII\C particulor trnnsvcr"" · 
sN:tion, at :z:., bnck in tlw ur¡uifcr woul<l npprooch . 
prc•sure P1. IC thc mean \'nlue <·f tbc pressurc 0\·er 
the clistnncc f1·om :z: =O to x ;, x. i• rcprcscntcd hy 
P, nnd if tho i•otherrnol cocflicient oC oomprc .. ihility · 

of the w•h-r, rep.resontc<l h1·! (~1~) , i• e..<entially •y (1 ,. 

eoutJtant un::r f.hc
1 
pre:ssurc rt.\Jlge frum P, tu P1, tho 

ctw1nlntlvr inOuxwoulu be ~in·n hd•llr.,c/•f¡o<{11· i'l_ 1]. 
'1'1,·:·· thr c:uuml: livr. inf.u\: Y.:•lll:~ hu·~·, :t·.- ''itla h:· 
crcadng ... nnd with dH·reasiug P. '1110 r,;,.guing 
"""l.v•i• ¡wrl:rining to Fig U nJ\'NII• thnt rclali\·d.1' 
low constont ti.\tcs of influx cítht'r causo :r0 tQ incr\!a~ 
or JI to <lcnc~sc, or \ooth. Test• of indh·iduol ¡>roh-

. 1tms mny he.- mad<" with c:quntion (12). · 
Jt cnn he •hown renrlih• thnt thc ~mnmhtion tcnn of 

c•¡uation (20) io ll"':ligiblc if. L >.:. 10·0 mil<'ll .;,¡¡ 
O i?; 1·00 Fnnl. Whun thtf'e <·u•uliiiorL• 11rc •Jil'Ciflcd 
thc dímrn;;iuuleos. time as •ll'lrrmim.-d Ja-om t·c¡untion 
(~o) would lx: gh·Nt by. · 

I=(.~M'_{•)f'¡. (4~) 
. QIJ 3 ;r, 

1 .. . • 

Sub,;litution of Qc/QD for·"l In this N¡nntiun yi<·ld• the 
following rclutionship loetll'ccn Qc, (},., ami .l/': 

.. 
· bL ~M' L•ri1, · Ou :.-.;r--1-- •.. !¡, 

_. . Zc · 3.rc . / . 
.. (4:1) 

Cm~ulntivc pi'C&I!uro droi> .ll' illixcd 1,~. tho pre· 
aa~o:tignt-d valu~ of J', ut z =O at time 1 ~ t.u. Ht-ncc 
Qc woulrl be ·grcatcr at thi.dimc for r~lntin·ly lo'~ 
\"aiUI,;, of Q1, thnn for rclntil·cly higlt Oll<'"• and the 
n.lnt ionRIIi¡> hchn•en thc two would he lim·~r. Thc 
finitc-uquif~r eim·~ of:Fig U •howing.thc n•lntionÓhip 
b<:~wl.~~ .cu.mul,\li\"(' inllux ~ud rnte af inflnx, for ¡f 
·giú.il . .ll', wu• ,¡,,'du¡o<•l from l'<¡unli<•ll (4:1¡ nftrr 
tmn~li,rmiu,.: it ha~·" tn tbO urigiual \'1\l'io\hl•.•r~. A" in .. . ~. ; -

:•·. . . 
.. -~~l'_:IHE U. UUHBU. ·47-NOYEHitl\ ltU 

.. -' ·; 
. ~·. 

,the caso·'~fthc infinite. nquifer ;bis cur\"e sbows (&r ·. \ 
as a functio~ oC(~) for P¡ '=.~20P pala a~d·t•.,;, · 
1050 psla, · -·- · · · · . · . 

As tho sununntion trnn In er¡untion (27) may be. 
noglcctod, cCJUGt.lon (29) witb ., it-t>laccd by l;¡¡ cnn Lo· 
put In tho fonn · . <· l · · · ;·,. 

. ·· - : '_;:. 
; 3bL· AP:1;;. .. - . (") 

Qc= L'-+3 .,·- • 1" • .... Zc JI ... . . . . 

which alsc. wo~Íd ·ba,·e been obtained as a rerrult of 
·lr.tt.ing 1 = IJI in e<¡uation (42) and tbeu dividing . · 
t.hrough by IJI. The ·reaulting cquation, after being 
.trnnsformed bnck to the original variables, \l"lls used to 
plot thc finitc-a<¡uifer rcl•tion&hip portrayed on Fig 14 

· hetwc~n time nnd ommrlative inftux, for a Gxed 
cum"lntive prc11.•urc tlrop. · · . 

'!'ho finitc-aquif~r cnr,·ea of Jo'i¡; 14 disclose · tbat 
rula~ivcl" smull rcductious in t.he rate of lnftox in the 

, . 
l.' •\.\~·. . r.•.~ 
. '"i'·.· .,. 

r·, 

rnngc from 5·00 ?< 10-• to about 1·00 X 10-2 (bd) i\1 \ 

nrc quite effectil·ejp increasing thc oumulativo inllux, 
for the flXed cumlllati-rc prcssuro drop. Reductiorrs 
in rote l>elow ahout 1·00 X 10-• (bd)/i\1 cause no 
signifionnt obango in thL cumull\tive influx. lf tbe 
time tnkcn· for tbu pressure at z =O to drop front. 
4200 lo 1050 psi• is incrensL-d from :!0 to 100 yPol'll, thu 
incrcusc inomuulotiw iuOus: a¡>proximotes only aiJOut 
4 Jl"f •·o:rt .. • 

(}aiiR{tJUt~JJTf'.IJ8tH'C ('tt~!l 

lf N¡un,liúns (32) nnd (33) are comhined and 1 ' 
climinotod, tbo r~.;nltin¡! reiRtioosllip \oehrL'CU .Q<", 
QJJ, nnd .lP for !be inrinit~ ~quifcds fouud to be 

Q ::!b1(lP)' . . . ('!5) 
t; :;;::::¡¡; --"i:i'l-- • • • .... 

.r. ··'<b .. :·, . 
J n. thi• cusc .lP ;. a tix•-d .con.taut indcpcndcnt or 
tinte .. The r,•Jation.;hit' bctwc~u Qc .and QJJ applies 
tlwrcfo:n·c at al! timo.; ":::; t < IJI;· . . · . · 

Tho rclntim~,;loiJI l,otl·:ccn Q, mrd 1 i:xpreaacd u~- . 
•·quntion (32) i• al..o r,t~l,)i,.hed b~· tite choice of .ll'. 

· Tinta tlu·rt' enn loe ouh· ''"" Qc and IJI. Thio !in~ 1>f 
re••ouing opplie• er¡u;n,,· well to .finitc nquifm · Oue 
cenrlnd!'ll thot in thc con•tant-llrc&Sure castto the 
cumulnth·e influx nnd the r.o~"!J'lndiug ··re•¡uired 
ti¡nú nr" Jh<.-tl hv thc dtoioe of .l!' ...... · · · ·"- :· i 

' . . . . ·. ' 

••. . J 

Sl'PERPO,.;ITJO:S l 'OXCEPl' 
.. ,., ... ' ·~ .• ·i.1::-

Princlpltll .. , , ... : :•.:. · ~-, · :.:. . 

Plt~.,;ic:~ll.'·· it i; not f~n•iÍ•l; .ir Pérha•¡.. ~e~ ~il;lc 
to ·eh"!' tbe t•ref•ure· in,¡tllntancciu•ly &!Id -snh-

. •tantiolly nt :r =O nnd th<·il rnaintnin tbe lo11'or .. · •. 
ptl'f•nro onor a Iom~ ¡ocriod iif.'timr-•.. :I'h~~ the · ; .. i· ... 
throret itnlt·oiL>IRnt ·!"•'·""""' ,.,.<e>; hii\'i(¡¡Qii-itl oilridd > ·: :<~ ¡ .· 

··· • • . . j_;~~~:·¡i~c: -:~lfi! 
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flilllllrrpnrt .. :-:;imilarJ,,·. it j, not ft.•n .. ihlc tn cfTcct 
Íllslnntant"••h·l,\· ctJld t hL•t-.·aft••r mnintnin a <,•tlrOtt\lll· 
\·olumt.•tri<· rütt• of infln:-t ,o.o th:tt tht.• tht.·••n·ticall"()n·. 
l'tnnt.n,tr l''fhoc.:s alsiJ hnn~ JhJ fi··M t-nnutt'rpnrt . . 

· l"ntlrr uormnl nillirld t'OJUiitiun• thr ¡m•,;oure nnd 
\"uluuu·tril" rnte nt · r-- n ,,·nnld .chonE!l' l_!l'tulnully. 
'J'hu Hll}ll"''[)Q:dtion i•uiu~j;t or thl>fJrcm JH'O\'idcs tbe 
nu·~u. .. for Hli\~ h<'mo.ti~o.·nlj\nnl,\ l'!'i:o' or th:tn~ing:~prrssurc 
or chnugin)!-rutr , .• ,.....;-throu!!h utilizution uf tbe 
equntion• nlreod,1· dcl"t•lo!J<'d. 

j..,, th• mtio (J;) lH.> tlw rntio oftho Jl'"""'"m P, at 
' 1 ' 

z = Oatdimrn•innlcs.< tiinrtt<i thr l"",<,..,...p1 ot this 
HC'Ctinn nt time ?.Úro. Cun~idt•l' thnt thili mtio is a 
rontinUOU~Ir flPrl't'R~ing r(u:u:tion tJf 1 Whrl~ plutt~l 
onr thc int<'l·vnl O,<:. t ~t.,. C'nu•idor rnrth"r that 
tlw 1 nxi• (nh,.t·k•n)i• J¡,.i,lc-1 !nto .11 '"Junl incre· 
tnentd, the time. h.-in¡: 11 nr thr rnd uf !he lir•t incre· 

· men1, 12 ot tht' cnc.l ,,f th(' HN'tJIU\. and so on to 1.11 nt· th~ 
Pnd uf the .1/th incrcn>Put. 

To appl_,. thc·aup<.·r¡•osition conccpt the continuoua 

relntlou•hi¡i of ( ~;) and 1 um•t he noplncc<l by a 

mntchir.g stcp-fnnrtiun r<'lntinri•hip uf thci'C two 
vnriuhles. ].:"or thi~ purpu~"t' n..:sumt' thut t lw prr!-i~uro 
rntio i!f rcdur('d hy 1111 untuuut ~1'0 ut timr ZL'rO nn•l 
mnintnincd ut thc !., ... ,., '''l11o to /1• T.c .. t (1 - ~P0) 
11\" ,.,,uh·alf·Ut· t.o t.h 1.: ¡1\"eruJ!t• prt•.-LfiU,I'C mtio i·S ele-ter· 
mi11l'd ft'Um the trae ¡m .. ·~'!ll!'t' r.ttio-tihle cun·c, o\·er 
r~n: :lt~.~ i;.c¡,·;: tlli.'ilt oo¡"_ti,nl! \:J ..... (•). ~~in,i!··a~y,l<.~ tiao 
p•'C•snre rntio be furthcr rctluccd at." iime 11 by an 
nmo1111t :iP1 on.I Iet 1 ·- J.P0 -· J.P1 loe e•¡ui1·nlent to 
the. ~:u·emgc pr('S)oJure -rati.-. ·O\"'Cr the tirue increnwnt 
(11 -11). Ifthis proc<>'B i• t•untinue<luntil it inclu.Ica 
t ho IRliUn~nomcnt of timP. (1 JI - 1 JJ •1), nnd if thc equal 
incremeut!l of tirn~ oro small enough, thc rcsu)ting 
stcl' funotion will mntch c~,,,.,]y thq truc prri!silre 
mtiO-:tim~ tnn~e. . 

The prelli<III'C.decnomcnt .lP0 imposc.I ot time zero 
Blfet-fR thc flo11· o\·cr tho tinte int~r,·ot· (IJt - 0). 
Similorl,,•, !1P,, tJ.l',, .•. ·J.PJI-l are clf~clil·e ovcr 
thc intcr~·nl• (IJt -·11), (l)t -11), ••• (IJt -1»-1), 

rcspcctin~l.'·. · Thc conKlnnt pNa.~ure-~MC cquations 
devclopctl •·nl'lior (C<Jimtion• i33) :tqd (39)), cxprcsaing 
cumul,,ti\·c in flux Uli 1\ fun··~iorlllftimfl, mny br put in 
the form 

Qc = .iP ·/Ctl (46) 

Corisi<loring cquBtion (46) on,ll the foregoing step 
function, tho •np.>rposition concep~ indioote• thu.t tho 
mnuu!Rti.-e influx obtoined un.Icr Nnditiorus of con· 
tinuou•ly dccreasing pre.Oure at z = o· wouhl l~e given b . . . . 
y ., ' . 
Qc = /J.Pof(/Jt) + :iPJ(I'., - 11) · . · 

+ AP J(IJt ..:..11) + . • . + . 
. J.l'Jt-1/(I:Jr ~.IJt~lJ' 0 

, · ;>. '•': . (47) 
· Si~eoM =s 11.-9 ~ i¡:_~ ~~- :.n·. :· .' ra ~;~l~nl. 
._ond .. : : ·-·~- \:~:· .. : ··.'-:· -.;.!::<··.:.; :·· .. ·.· ·.~· .. : (· 

,.~.,-··.-:_~:¡:.~;;:::::: -. '"'•:· 
·.·.·.·.«:-. .-. 

'" -11 ,: PI·- 1).1.1 
lJ( - t. = (.I/ - :!).ll . . . . . . . . . . . ... 
IJt ,.- tJt.-t = (.11 ·- (.1!- l)]lt. 

thr rmnnlnth·~ influx would be ¡,~ven by 
l (48) 

• (50) 

and lctting .1~-+- O, equotion (49) mny bo \\Tittcn in 
!he int~gral form. 

(51) 

Equntlon (31) lo one form of Dnhamel's integral.• 
Suppos~ dimcn•ion1Pii8 · \"Olumetric ratP of llow 

Íll>!trnd of dimcnsionlcss ~sure ratio is treotl.'d in 
· th• forrgoing manner. Let QD br on incrensil¡g 

function of 1 nml ogain Jet the 1 axis be rlil"idc:d into 
}J •qua! incremento, ench m¡ual to IJ.I. Tho c<in•lant. 
ratc en"" cquntions (e<tm1tiun~ (:!4) nn<l (21!)) !ndicute 
thnt thr cumulnti1·o pi'CII!\ure drop :t• R runction oC 
time ma~· he pul in thc furm 

(ii:l) 

It follows that thc chnuging-rote tase e<¡u~tiL•n 
tMratt..t to t'tJht.U4on (·i7) ior th~ t..haug.~H8·I"·~•urtt 
caso would be, according to the superposition conoopt, 

I!.P ·~ Q¡,0 /(1Jt) + J.QDJ(IJt- 11) 

..;. J.QbJIIJt - 11) + ... 
+ (J.QnhH/(Jt - IJt-d . • (53) 

in "·hich Q I>o is the iuitial ratc, J.QDl the increasc in 
mte nt /1, I!.Q"• the inorease in rate at 11, ond .O on to 
thc fiual increa!'C p,QJJ).u·l ot IJI-1• ef!"e<:th·~ 0\"Cr tl:c 
Iust incrcment oC time, (/Jt- IJt-1). Ec¡uation (J3) 
mny he put In tho form • 

~P = Q»iJ(tJt) + •I• :iQ»(•lf(tJI -1') ·-,u (M) 

or in the fonn of a Duba me! !ntegral 

/J.P ""Ql>of(IJt) + l• dzD /(IJt - 1') dt (M) 
. o . . 

Numrrical E:mmpk • 

RPferTing to .Fig u;; tl¡e rate-time ,.;,laÚonsbip waa 
impnsed. Thl.'initinl m te Q~ is 0·2511 x JO·• (bd)fl\1, 
amJ nt the b•ginning oC t'ach oC the next 12 quorten 
(-'.fl) thi• rate is .increll9ed by an amount ec¡ual lo 
thc initial. value. Thcrefore, if Q1 i• expre<l>l<:d in 
(brllqtr)/ft1 the cumulntive influx at the •nd ofthe nth 
quatrtcr, .. 

• exprr•sPd In brl/ft1, · ..:Outd be }; JH Q.,i&. 1'he 
. , .. , '. . --· . 

· ... ·. . : .· 
JOUANAL OF THI INSTITUT!( Of 'ITitOLEU" .· 

.. ·,· ··.. .. .... . . \ . 

... 

•, 
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\\'A'l"EH IN J.TNEAl\ RE'IER\'.Ollt.'l 

• 
eufiJulntl.-r-influ:r eu..V.rt therefuro >nay 111' plottcd 
rcndih·. 
Th~ figure J><'>i.ainA to R finito aquif~r. 'fl1o con: 

~tant-r.~tn """'' '"luntion l$ rquntlon (2!1), !out n• thc• 
mte iR incN'nsinc; thi• ec¡uutinn mn•t be u"''d with 
t•quution (a3j't¡¡·.,,l<"ulaté thr Pl:t'Siiure nt nuy time.:: 

' . -· . ·.•. 

.. '" ·~ . -. ·~ .. - .. '" ~ ,,. .... ! 

Fro lG · 

• 
i 
l 
J 

011. D.r.JtJ:IC\'OfR Pl:RFnnll:tXC'E .Jlt:TY.Rllr.'\"l::D TllRnl'OU ~·· 
r'l'l'Lil'"''tl'fOS' OF' 1'q 8\!PJ',JJPO)IITIOS' ros_n:PT 

. 'lñ.• n.h.•-tiuw "''·'P funf'finn "'&Uf J•rr·a~lgiU-d · amt the 
corrhpondiug .untlotin~·infiux h··lntionahip tall-ulatrd. 
Thi" • • •riuu .. hi •• nu tlu:n u4t"d in t!t:tf"rwinlug hulh thc rut<•• 
ro"" aur' t•r.••uul'f!·cn-.q j>rt"SSUrt"-tilllo fuuctious. L<.·nKth of 
aquif"·r i .,·il mill-a. 

rt·nu • .. ~.¡:¡;_.- . .;~:.:) .~.1: · 
!"..or.......:r,.: t.•·::.".;l~ 
Yi~t~it)' .,r wutt.,.: 0·300 n:r . . 
C-orupr,-a<•iLility oC t\'"t~"ra 3·GO ~< .to-• (\'u1J,·ol)/f'W'l . 

' .. 
Tb~ l'"'""uro··dtup al' 0 for tbc lin~t lnerement of t lme 
m&,\' 1.., cnleulatetl dh-,•r-tly by ..... tting n ,;, l. \\ñen . 
thi. ¡>rcAAmt• dro¡• l• la10wn, th~ drop for the Bt'rond .• 
inr~'<'mc•ut, &1'1 mlly he caleulut.od hy &et.tlng " ., 2; 
Coutinuatiou uf this prt>WUJ untillt lricludes thn ln•t . 
incrernent of Íime ¡¡m,;i<lr~ nrrr.; ... n· datn for pl •• Ltlng 
tbu prelO!urci;i~¡Í.fmictiun. -:·· ,_ '', ~: · :-· '·~ .. :~··:. · 

A fundnm~ntal ('()JIBCqneiU'Ci · of the auperpoaitlon. 
eonccpt i• thnt net•;nl oilfi~ld wntrr-drin prpl)l~ms.: 
lm·oh·ing eontinuous ehnnge$ hi rato and preaaure m~ y:· 
bo t·l'l'.atcd on an cstahli•hud theorctical baala. · · ... .. ,. .. '.· 

:.\ ,·1 

.•. 
COXCJ.USION 

Stutrs uf s!ngl•·lJ!ou•c fluid lnOtÍon in }IOI'Oui 'm••lia .. · 
are exnmincd in tllis report. :- Thé theory or unstcady 
state in flux of wat~r in lin~ur oyatenis of oilreserroirs . 
and fluíd-connt•cted nqu;r.,,. i.. de,..•·il....t in .t~t~il. 
A<¡uifcro¡ of lroth linitc -'únd infinito leni¡th aro trraJud. 
C'on•lant-rate.cnoe and conátant-prr .. ure-caoe piob. 
lemH are statrd anulyticuJI~: and &o}l"ed; Resulta are, 
plutted i'.' easily usab)., graphlcal fCJrm, and muuerleal . · 
exnmplt!'a are worked o~t whcn l"'Cr ptuoticable. 'lñ~. ·' 
impcrpo•ition ronCc-pt íu Ita relatíou to the problenlll · 
disrus..OO i• expluiued. Ita up¡>licai,Uity to oilfield ·. 
1'"''''"m" is indiratro; .. _. 

'fhis pnper should lill n necd In pet.rolcum littroture 
for a thooretll'al di""<•rtation on-thó subjeCt o( water 

. irÍHux in linonr rri!Cr\'OÍI'R, · 'lt' •hould find. a¡>pilratior-_ . ·· 
in r''!:.f:u·•·'·in~ flt1nJ~;;h•. i.r .ini-1• ·rt-llt'!'\·Qf&l,, J"'a:.n.,·~·· · 
lt •hould h.! u•eful · to pniotislug· (.¡.giru:.¡, 
aeorcht·•·• stud~·iog t~is subj~et. . : .. , · 

,.1.. 

.· . 

·:; : 
-~ . '· 

.. ?.:- . 
' ' 
. .. ! ! • 

' .. • 
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The Flow of R~al Gases Through Porolis Media 

ABSTRACT 
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MEM!EIS AIME 

JfUS A&M U • 
COUfGf. SJAJIOH, JU. 

'• 

lo the theory or isothermal flow of gases througb porous 
Tht tOtcr o/ variar/oru 0¡ prellure-dtpendent vlscoslry media. The present slate of knowledge is far from belr.a · 

_und gtJS_ law drvlarion factor 011 rht flow 0¡ real gassrs fully developed. Tho difficulty_ lies in the noo-linearity 

,• ,. 

rhrouc!• porous medUI has bren comidered •. A r/gorow: of partial diiTerential equations which describe both real 
R~ flow equarion WIJS devtloped which ls a ucond ordtr, and ideal gas flow. Solutions which are avaolable are . 
non-linear· purtial diOtuntia! equation wilh Variable tt~ approximate annlytical solutions. graphical aolutions, ana· 
~[Jici~nt.f. Thi:r ~quation wa.r rttluud by a change nf vari· logue solutions and numerical solutions. · . 
ablt JO a form similar" ro the diffusiviry equation, but The earliest attempt lo solve this problem involved 
M•llil pottnrial-drprnden/ diffusiviry. The change of vari· thc method of 5Ucetssions of steady atates propooed by 

1 

ah/~ can ht..· uud as a nttw pseudo~pressure for giJS {/oK' Muskat.• Approximale· ana1ytical s.olulions• werc obtaiiled 
which rep/aces pus.ruu or pre.uurt·Sqllartd as currc·ntly hy Jinearizing. the ftow equation for ideal gas to yicld 
app/ied ro gas flow. · a ditTusivity-type equalion. Such solutions, tbough widely 

Suhstitution o/ the rttal gas puudo·pussure hus u t~sed and easy to apply to engincering problems. are of 
munber of importan/ con.requt'ncts. First. j·econd dcgree hmited value beatuse of idealiz.cd assumpdons and rc:stric-
pussuu. ¡:_radien/ ttrnu which havt co,nmonly betn ne· tlons imposcd upon the ftow equation. Thc validity of liD--
clrcttd ulider tht a.ssumptiun that tht prtssurr gru{/itnt earized equations and the conditions undcr which the.ir 
is smaTI rvrrywhert in rM flow sy.rtem, are rigowusly solulions apply ha ve not been fully diS<:ussed In theliterature. 
hanJitd. Omi.•·sion oj stcunt/ dtgue ttrnu /eads 10· ser· Approximate wlulions are thosc Of Heatherin¡ton tt al .• ' 
ious t~rors ¡~ costlnutttd Prt.fiure distribut;ofiJ· jor ·1;J:III .MacRoberts' and Janicek and Katz.• A graphical 10lutioa 
/orm11twn.r. ..'i~cond. flow equalions In urms o/ lht ual of thc linearized equation was given by Cornclt and 

J:D.I puudo-prtssur~ l!o not c:ontain viJCosity: or s:as law Katz. • Also, by using the mean vaJuc of the time de--
tleviation factors •. a'nd thus avoid rhe nud for stlection o/ rivativo in the ftow equatioo, Rowan and Clegg' gavc 
"" avera¡¡e prnrure ro evaluatr physlcal properties. Thlrd. sever~l •implc approximate solutions. All the solutions· 
~~~1' real gu1 psrudo·pressure can he ddermintd numrrically werc ob~ained U!t.llii.aming small pressurc gradicnll and 
111 · term.r o/ puuJo-reduced prt.r.ruru and 'ttmperutures : constan! gas properties. Variation of gas prope1ties with 
from uisti11g physical property correiDtions 10 pmvidr pressuro has been ncglectcd becauso óf analytic difficulties, 
J:t'nually use fui informlllion. T.fie rea(gas pseudo-punurt ~v~n in approximale analytic solutiona. · .. , ·. · · · 
K'CJ.f determintd by numerical lnttgration and ls pusf'nted · Oreen and WiJts' uscd an electrical Dcíwoi'k for aim-
in horh tabular and gruphical form in thi.r paper. Final/y. ulating. one-dimensional flow of an ideal gai. Numerical 
production n/ real GtU can b~ correlattd in terms of th~ ~~~hods usi~g finite differcncc cquations and digital c:om• 
uol gas pst'udo·prtssurt and shown to be similar tn putmg techmques have becn u!Cd extensivdy for solving 
liquid flow as Jescribed by di/Juslvlry eq.,ation so/utiÓns. both ideal and real gas equations. Aronofsky and 1enklns'· • 

Application of lh~ real gu púudo-prts.rurt 10 rudÍIII and B"rucc et al ... gavc numericaJ solutions for lincat 
/lnw sy.rtenu u.nd~r lransitnt, xttady.statt nr approximat~ and r~dial gas ftow. Douglas ti al.u gavc a aolution for 
pseudo-steady-S/alt /njecrinn or production have bren con" · a kquaro drainagc arca. Aronofsky" included th~ effcc:t • 
.riJered. Superposltion of rht /ineariuJ real ·gtJS flow of slippage on ideal gu flow. Thc IDOII importaD! contri-· 
.rolutloru JO genera/e ."variable · rate performance wa; bution lo thc theory of flow of Ideal gases throÚgh porous 

t 

( 

• 

1 
. 1 

·1 

invenigateJ and found satis/actory. Thls provldes jusri- · · media "was the conclusion rcacbed by Aronofsky and 
/icotion for pressurr huild-up resJ/ng. tris believed rhal tht • JenkinaM that solu1ions for thc liquld flow case• couta ;-
.nmc~pl_nl.·,~~ real ¡;:a~ p ... ~ud~prenuie wi/1 lead tu im·. , bo used .to gencrate approximate so1Utlons for constanl · r i:· 
pruved .mterpreta_tion u! ,erults_ oj. curren/ gas wdl 1,.11;n11 . r~te production of ideal gases. ·~ · · .. ,,. ,: 

._¡ procedr~rts. hoth sltady anJ un.tteaJy.statt in tuJturr, an{/ An equation describing the ftów of rÜÍ ·~ has ~D ·':t . 

impmv,d forecastinll ofgas production. .. .. • . .. e• ·• solved. for special ca >es by a number of investiga ton usiog - · · • · 

;... ":~--~~ ·.'JL_· .. _i.-.~~-1.~:; .. ~.·;;~_: '. NTR_:. ~.6~ú~_· ~N-_·.··-. __ ;'· _._ ,-'··. . _._··. ·~~~~r'C:!w~.c~hh~:· :r~:":r!~~ a':: :::::: :::~:= ·• . ~~ .. 
, . _ _ radial. gas flow. Gas properties were perminccf to vary as _Q~ :..: ·~ ,~·.· 

~:.- . . In, n:cent years a c~n~iderable .::ffort has been dirc.."CiecJ ·. , •. line.n~. functions of pressurc. ReccnUy, Cartcr• proposed .~'¡ '11 • 

:·.~-i:" ~::·:.:·.~·.:::_·~ .. 1-; -4. • ,.. • ..:;: :::· ·- ~o. an ~mpirical correlation by whích gas ~ell behavior can~ .. ~_.:·~.~::~-!' .. 
~).:' Ori~lnal manuac~lp& rft.ftMid·~· &cí:t¡ ofP:.ro&.ua~ ~.;::.. •• 0~ be_. est.i~ated from soluiions of the diff~ir:y cquation ~~~{·~~]. j ' 

.: , .~ .' June 2'1. IVIili. Rn1kd IIIU.u.cript. of SPE IZOA. rtttiYecl Jo'eob. IR 1161 ,. . .. · ~~~~ tns.t~nta~eOUS Yafucs .. of pressUrc~epcndent IU ·-:~~· ~~ ~~ . . .: :..,._·':' • ~·e: Oe.,.. r•rn..-nlfod at. HPE Ann~ YaU Mtriintr hc4d ia titnver: . .. • . . • · • . • · _,. · ··.' · 1 
.- :,:...... . .o• L 1-8. 1961. ,. . • ,.- """"" , 

• .... ;•~:· , •
1 
... ,, P~ntt,. un the faruh)' at SlAnlurd U • .,. · . ' 'llt-ft'Rhr .. ~ .. •l nd oC ~p.r .... . 

;~~~~·{{~~~;·~~fi~~~.;~~~:.}.~~~;.~.f~~~~;~~·/: :~.~~·~~-·~~ ·~:~_: __ .. ~·-:~~·-~~. :._·~:_,~,·~.'-··t .. · . ' lf¡; •. l: .. ·~: ... '.· ·' ., 
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t•ft.lfJCtliet. evulwred ·ar un uvc:rage pr~-.urc: ulsn dcfiqcd 
c:mpiricully. Carter g¡¡vc • limilcll numhcr uf n.umcrical 
solutions a~ a basis. and 5uggc:~u:d "lme retations which 
mig~l givc a heucr corrclarion. Huwcvcr, the propoScd 
~-d:J.do;.s werc not evaluatcd in rhe mentioned work. 
S'lhJtiCn,¡ havc hccn presenled by Eilcrts ~~ aJ.•· • for 
ftuw. or gas-rondcnsare nuids in fincar and radial syslrms. 

:1 has hccn obscrved thal as lhc gas fiQW velucity 
in..:rcasc"- deparrurc from Durcy's taw occurs.. '· • ~uch 
flow )'!4 term·:, ~ non-Darcy, or turbulcnt now. Flow is 

· rran$l!ional. anJ 1101 lruly rurbulenl. A gas ftow eyua1ion 
including a quadratic vclocity term lo accounl for tur
hulence near ,,,, producing well· has hecn solved by 
Swift and K iel" •nd Te k t'l· uJ.= for ideal gases. Eilerts 
~~ aJ.••. • and Carter.., n also 'includcd non-Darcy ftow in 
rheir solutions for real ga~. An approximate sohuion 
including non-Darcy flow has hcen presenled hy Rowan 
and Clegg." 

Two other calculationnl procellures uppear in the workl 
or Roberts" and Kidder" for •olving the ene-dimensional 
flow equalion for •n Ideal ga•. · Robert• used a stepwise 
forward integral ion in lime by .joining logether n sequence 
of solutioñs rnr linearized difTercnrial equations. Kidder. 
applying po!rturbaiion 1echni411C 11nd usin,g the well-known 
Bo11zmann trunsformarion i'n thc thcory uf diffusion. gave 
an cxact analytic solutinn for gus n,1w in a acmi-infinitc 
porous m..:dium. Kiddcr"s )olution . ili vc:ry ~imitar t(, a 
more general ono reporled by PuluhariMva-Kochina• on 
rhc movement o( ground wutcr. 

In ~ummary. only .o. limiled ~umher of ~mlutiunii for 
now of real ,itase~ urc uvailahle. und these are not or 
general ulility. Furthermorc. mclhods of analyzing gas 
re"'ervoir performomce in cu.rrcnt use are gcnerally ba<ietl 
~n sohuítms for thc How c1f ideal gases unJ~r the t~ssum~ 
tion of .rma/1 prcssur,- ~:raJi,nts. Thcsc mcthods fail to 
descriho thc hchnviur of low _ permcahility and high pres
surc rescrvoirs. 

FLOW OF REAl. GASES 

'fhe "following c•>n~rning the now of re•l ga~es through 
porous media is drawn rrom an analogy with the thcury. 
of heat condúction in. solida.• Varialion of gas phy•ical 
properties with thc pressure corrupund lo that of tempcra
lure-dependcnl propenie• in the theory of heat conduclion. 

The mechanism of fluid fluw through .a porous medium 
is govcrncd by the physical propertles of thc malrix. 
gcnmclry uf flow, PVT propertie. of the fluid and pre!lourc 
<limihulion Wilhin lhc ftow syllem. In deriving the nuw 
cqualions Hnd e>lablishing tho •olulion•, thc follo,.ing 
U!t~urnp1inn11 nrc mude. Thó · mei.Jium- i~ humngenenus. 
lho ftowing· gas io of 'con•tunt. compo•ltiun und the ftow 
is laminar and isotbermal. A"umptlon uf luminar nuw 
can be removed, hui will bo uscd to simpllfy the preoenta· 
~~~. . . 
·' Tho principio of conocrvutlnn o( ma .. · f•>r laothermal 
_rluid ftow throtiBh a porou• mcdlum 1• cxprc•liCd hy lhe 

· wcll-known continuity e~_tralion': · 1 • 

. <·::: ,. ···•· -
. , . V·lp •:J .·. 

í'p, . 1. : '• . 

"' ~,. · •. ·:/ .. ( 1' 

:.v·[,. 
For real gases: 

{lpJ 

¡•lpl ]
. . a 

Vp =·4> "-1' 
~1 

p &:: -- .. ' •• ';., • • • • 4 •• (4) .-
·.• . M 1 P ] . , ,.. ,._. 

: _ .. RT t(p) .. ; ···,:;_, .. ,. . . . . . .,. 
' . . . .. . ... · . .;,. . ·.,··~ \ . - ' 

Ocnslty can bo cfiminaled from Eq~ 3. to yleld: 
.· ... 

., ~ ··. -· 

V· ·-·- p'Vp ~ 4> :.._ -· • :·. '• ~ 
. [ . l(p) . 1 '. a { ·¡,1 . -' "' . 

l'lP) tlPI ot t(p) . • · :' .... 
- : . . . ., .. f.. . . . 

Eq. 5 is one rorm or thc rundamcntal non-li~Jr partlal .·: . 
differentiaJ" · equation desi:ribing iso.thermal ftow of real ·: 
gases through porous media. · ... 

Thc pre55urc-dependent pcimeabillty 
pressed by Klinkenhcrg" as: '· 

(or sas. was Clt• 

4(p)" '·( 1+. :J·. 
where k, ~ effectivé ¡>o!rmeabllity 

slupe of a li~eur plut of k(p) vs · 
1 

... ' .. • (6) . ., . 

to Uquids; ar11i b.,;, the 

.. ~ . 
.. p 

Hnwevcr. the depo!ndeney of permcabillty on prc .. we · 
is usually negligiblc for pRssure conditions assoc:iated 
wilh gas re>ervoin, as pointed out by Aronofsky.•• ro a 
Sllhsequenl r•per, Aronofsky and Ferris• indicated that 
variutions of gas properties with pressure are more im· 
punan! than vari•tions of permeability with pressure.·
Theref ore. liquid permeability can be used for gas ftow, 
and tho following eqtiatlon Js corrcct for all práctica! 
purposes: · · 

.• (7J 

Eq. 7 can be expandcd lo many dilfcrent for1111. For 
cxamplc, Eq. 7 can bo rearranged to polnl out · expllc!tly 
thc real sas diffuslvity 

Si neo 

. :·f. 1 
P.VP"" ·2 ·. : . 

Vp' 

1 . . . 
~p,(p}c,(p)' : 

• • 

. .. \ 

.· .. 
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·,flln¡o(p)zlpl( ,. 
V'¡>' .. · d, !Vp) · 

.¡.,.,,.~·.(p) ~, ••. ( 121 
. k. ill . . . 1' 

lf it i~ ussumed that viM:rn.ily and gas law devialiun 
foachus change sto.wly wilh prcssure changc, thc pressurc 
dirrcrcntiul· nf (1 n f'(P)z(p)( bccomes negligi~le. Cln lhc 
nlh~!r hand, thc as."iuntpliun that pressure gradienr,; .are 
snH&II will r-.·rmil omission of lcrms of order (Vp')'. In 
cilhcr cvci11. Eq. 12 can he simplified lo: 

' , .. .¡.,.cpl<'.CPl ap' 
V 1'. ': '· ·¡,-·· ... ~~ : .. ( IJ) 

F..q. 1 J il similar in form hl 1he ~.litfusivity equulion. 
Howt"vcr, thc ditrusivity i!C a funcaion of presstire, cvcn 
fur u perfecl gas. Jn lhis form, lhe close analogy with 
liquid flow found by Jenkins and Aronofsky .. · " is empha
si:t.:d. How~vu. th' a.n·wuplion that pressure 'cradi~nts 
IITt' .unull t'Vt'rywll~r~ in th~ flow syst~m cannot be justi{i~d 
;, muny importan! t:a.f,s. The ussumpaion of small pres
sure gradiént~ is implicit in o/1 of the pressure build~up 
und drawdown methods currently in use which are hased 
u pon. ideal gas ftow solutions or liquid ftow analogies. We 
rcturn. then,to !he rigorous Eq. 7. 

Eq. 7 can he lronsformed lO a form similiar lO lhal of 
F.q. t J noitholll tusuming snra/1 pressure gradi~nl.r. hy 
makiny u =le change in prcs>ure. Define a new pseudo
JlfC'!)l'iUrc m(p) il~ fotlows: 

. . 
'm(p) ' 2·¡ ~' ... . dp 

. ¡o(p)z(p) . 
( 14) 

, .. 
whcre p. ¡, u low base pressure. The variable m{p) has 
thc dimension' .. ,r pressure.squared per centipoi!o>e. Sincc 
t'ffiJ und Z(p) <ir~: functiun!:t. of pressure alone for isothcrmal 
llnw. this ¡,. a uniquc .Jcfinitiun of m(p). Jt follows lhat: 

and 

hutpJ 
;•.r 

l'lll(p) 

~,. ;., ( 2p )"" . ·,<lp)zlp) ~¡ 

( 
~p ') ~¡; . 

t•fP).ztp)• i'tx 

ilmiPJ ilmlt•J 
with similo•r expr~!a:'\Íllns for ... and- ·--

ily ill . 

!U) 

11 11) 

'1 hcrdor~. Eq. 7 cotn he rcwtiuen in terms of the vari
••hll! mfp) ll!liÍng lhe ddinilion or c.(p) given by Eq. 10 as: 

... 
. o/>¡•IPJ<'.(p) ~m(p) · 

'7·(1/m(pJI = - .... . ... 

\l'mlp) · 

. k. . ilt 

.~ 

. ; .. 
·.¡,,,(p)<'.(p) ilmlpf 

k ilt 

117) 

(IH) 

• .. 
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1 

~hnws' ihu'r rhc furm ur 
thc ..tirfu,.iVftY Cf.~uoatiuñ 'is prOM:rv~d in terms t•f rhc ncw 
v;•riahlc mfp).' HuW4."VCr. 1-A.J. IK i" \lill non-linc • ., hccuuw: 
tliU.u.!!íiviry i." 'a f•irn:tiun uf rx•tcnlioal. The gus law ..tcvialinn 
faclur. z .dctes 1~01 .oippcar in the cqualion. hut iti invnlved 
in m(¡ij ant.l ·c.(pJ. Eq. IH does not inv ... :ve the a.\."iUffiJ>: · 

tionlll of' ~mal1 pressure gradicnts. · nor 1hat of ,.roW varia~ 
tion of (¡•IP)<(p)]. "'.':" ' ' ,, .. " 

•. ~- . . • ' 1 
Thc:' impurlomcc of Eq. JH .'f~&!rY~ Cmpha."i": ft. ¡,. u 

~~mJarncnlal partial diiTerenlial &:quHiiltO which describe.· . r 
tho ftnw · ,,( ., ..... 1 r.a"-~. Tu" rhe aulhnrs' knowledge. thi~ 

c4Ui1lion hu1 nul hcen presenlcd prcviow¡ly m connccuun 
with guo. ftow. Equalion• of 11iis lype ha ve heen called 
quasi..Jine8r ftow equations.•· • The real importancc lies 
in the· exlreme utility of lhis form of lhe equalioJL As 
will be •hown. lhe form or lhe equation suggesu .· a 
puwerful engineering opproach 10 lhe ftow of real gases. ' 

To solve Eq. 18, il is necessary lo conven lhe usW.I 
. inilial and boundary conditions into lenns ol tbe new 
. p~eudo-pressure m(pj~ Jmportant considerations are as 

follows. · ,. 
The g-.as mass nux is: 

~ q - Mk p 
•p ~ 'A P = -Ry· ,.!p)z(p) . Vp (19) 

In lcrms of m(p), rhe mass ftui is: 

q. -M! 
·A P = ikr · l7mCp) • . • • (20) 

The usual. boundary condilions are eilher specificalion 
uf pressure or lhe gas flux across bounding surface.s; When 
pressure is ftxed, tn(p) can be determined from Eq. 14. 
1 f ftu• is specified, ·!he boundary condilions can be de· 
tctmined from Eq. 20. lf lhe outer boundary is imper· 
meahle, lhen: 

dm(p! ~ 0 
dn 

.. 
whcre 11 is lhe direction normal lo ·lhe boundary. 

C21l 

Sreally-~late ftow occurs when pressure distribulion and 
fluid vclocily are independenl or lime. Eq. 18 reduces lo: 

. 7'm(p,. =• O • • (22) ( 

which is Lap1ace's equalion. Thus. prcvious solution~ of 
the Laplace equalion can be use1fif m(p) is u.ed as !he 
po1enliat 

Sleady·•lule ftow can rarely be oblained in rea:iry be· 
cause gas wells usually produce gas frcim a limilod. ftnite 

. rescrvoir or drainage vol u me. There can be no flow across 
the ouler boundory. Thus, pressure musl decline ~• pro
duction conlinues. True steady-slaíe would require pres
sure lo remain conslant "' !he ouler boundary. which . 
implies ftow across lhc outer boundary. Produclion or 
a bounded reservoir al consl•nl produclion is an importan! 
prohlem, which will be considered later in lhis paper. 

REAL GAS PSEUDO·PRESSURE . 

To oblain generally useful solulions for Eq. 18, the 
proper physical properties for natural gases· must be 
specified. Fortunalely. all required physical properties have 
been <:arrelated as funclions of pseudo-reduced pressura · 
and lemperalures for many gasei ,mct In lleld work. lt 
shQuld be emphasized thal the concept· of tite real gas 
j>seudo-pressure is nol limited lo use of sperlfic gu pro
perty corr~lalions. Pseudc¡.reduced. pressure and_lempera-
tu~c .n.~ dcfincd, respeclively, aa: , .. ~ .• ~ ..: ..... ' \. 

•. t.'•' ~-·:· .1· .• 

. (23), 
.·,. ·.· ;·-, 

and · 

.• 
.. ~· ... .... ::· :.:: ~ i:: .. •_.:-. :~.;~ ~- T 

. ,:·:· ~~ ·~ •. :•r . · : -T,.=- · .. ,. . ., <.24) 
.. · :.. T,. 

.... ·. •• ·-· ; . •·• ~-t. ':.~' .. ;·: . . . . 
"!hcre p., )s lhe pseudo-critic•l pressure and T.,:;. the . 
pseudo-c.Jilicul temperature. Real gas law devialion faCion · ; · 
<(!') ha ve been pre•ented by Standing and . KaiL • Vi ... ; . 

., • • •• • 1 } <~.~~·:· ~ ·.· . ' ... ·~ 
, . .' ..... ,. '' ' '·. :: f ... 

. · .. ~ '• 
' ' ...... ~ ·. ·. . . 
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coau""' uf naturul ,...... huvc bccn currclutcd by Carr 
rt 11/.a as thc ratio of viscosity at •ny pre .. un: t11 that 
ut onc atmo.phcre. Thua: 

1' 1e~. /IP~· T.,) , 
J<• 

•• • (2.51 
'" ;·· 

Cumpre••lbilities of natural gases bavc bccn corrcluted by 
Truhe:.a ás reduccd compressihililies, lhe prCkiu~ of com· 
prcsiibiliry nnd pseudo-crilicul prcs. .. ure. 'fbat ir~:· 

,.~· r,(p) ·p., .., J(p~, 1',.) (2hl 

Suh.titlitinn uf. Eqo. 2l .. tll 25.in Eq. 14 yields: · 

• 

• 

• .. 
•• 

1.10 

1.10 

l 
P&lUOO·REDUCfD TlHP. 

"" .1 ._., .. .r.e.l~ 1 •••• ,1110 IIIOU 
PS[UDO- AEOUCEO ~RESSURE Ppr 

..... _ J lhuu. ut· J•.-t:.a.uu·HtJ•uc:•J• l'••~••at: Tu \'u .. unun- (;A,. 
I.A"' 111;\c.,tllt!\ Jo"tt:rctll_ J1HuiUicT \'M l1"t-1JIJ• .. Rmi10lt f'HI)OM;It;. 

llllt•J .,..'!!:.__ dp~ 
,p •. ktp .. ) " . (17) 

' . ' . 
Thc integral can be evaluuted 
propertics correlationL 

: ;; '· 
scneraily from . reduced 

..... ' ....... 
t:\'AI.UATION m• Rt:AI. ·. ·" ·'··l' ,. . . ·'. ,. · 
1:.\S I~S.:UJ)O.I'K•:ssuK•: .. , .... ~~"''·· .. ·~: 

...... 

To establish thc relationshlp ~¡,.U~ ·Pt: and m(pÍ; ti.c· . 
integral must be evaluated numerically 1or various· iso'
therms. The lower limit of tbc inÍegratlon (p,,). · can be ... 
>el ·arhitrarily. A value of 0.20 wu ehosen. Selected · · • ·, 
i>othcrms from pseudo-reduced ·temperalun:a of J.OS lo ·. · 
3.0 were used. · . . 

Fig. 1 presenls the argumenl of tho Integral In Eq. 27 · 
•• pscudo-reduced pressure for variouo pseudo-reducc•f 
temperatures. Tho dashed lino represcntolbc Ideal PI caae · 
witb. bolh viseosily ralio atid ¡aa ·law deviation faaor 
equal lo unlty. Thc masnitudo of groso variations of saa 
¡>ropenies with pressun: and temperature is apptlrenL · 

Fig. 2 presenls m(p) inlegrals as funclions of pseudo
rcduced pressun:• and temperatura. The inlegrals were 
cvulualed by means of lho Trapezoidal rule wlng 8JI 1 
IBM 709 digital computer. Valua of !he integral• are also. 
presentcd in Tahle 1. lnterpolation between lhe curva or ·. 
hctween the values prescnted In !he lablc can be per-
furmed easily. · · 

Use of Fig. 2 or Table 1 la limiled 10 gases containlng· 
smull amounl•. of contaminan!• for which chanscs In 
viscosity and gao law devialion factor can be haodled by 
uppropriate ehanges in the pseudo..:rhical propcnies, u 
su¡:¡¡ested by Carr tt al.~ However, ur.cful charta can bo : 

· prepared. for gases contalnlns large amounts of con
taminunt• if complete propcrlles a.re.known.'Sce Robinson 

"' 

' . 
·.·. 

.... " 
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l11r lhc ·~illo Bll"- · 

.:·.' • • • ·1 • ~ 

In general. it ls us.:ful 11; rtrcJliln:. 11 charl ,,f mtp) in 
UOÍl' o( J'Si·st.{UarccJ per CCII_IÍpt.tÍM: y,. JlfCNSllrC: ju psi f1tr 

;.ny g!•1en reservoir to uid ·cnginccring use uf lhc real ga1 
p<eudu·pressure. The m(p) can h.: cornpuled reudily fur '· · 
<lnY speclfic gas and rcservoir _remperalurc if density und 
viscosily are known as funclions of pressurc. Thc integra·. 
1ion cun bo perlormcd using thc Trnpezoidal rule or 
graphical imcgra•ion. Moro 50phi•lica1cd integrulions are 
'"ually not required. . . 

nic. m(p) val~es ·in Fig. 2 and Tahle 1 are presentcd 
as a convcnience hecause it is ncce!\IUI"y to as.sume many 
ga..e• do follow thc CX:isting c•>rrclaliolw becauié of lack 
of <peciflc dala. Ir is emphasizcd 1hat tbe conccpt or lhc 
rc:al gas (lOCentiut i!5 ¡:cn,-ral and is 1101 limired •o u~ t)f 

lhc m(p) values prcsenlcd hercin.' Ir viscosity and dcnwly 
tlaloa are uva.Uah1e for u s.pc:cific b'Ui, il tlihOui&.l he u~c.l In 
l"'cr.:.-.>n<~ to Fig. 2 und Tablc 1 lo prepare m(p) plll(!¡ 

1'kANSII!NT .fli.OW 

r:IIN~'TAN'I'·IIAn: l'llllllllt :I'II!N . . . 
Ail b .. hecn d""crihold in the introdUáion cf Ibis paji«, 

Jl.q. 7 has r..... 50! ved for speciflc· ftow cases undcr &JI:' 
propriale boundary and inltial conditiono by a n~Í~lllla' 

. oC authors using flnile dilferencO solutions. We seek a 
general oolulion which can be used Cor engln-lns J>UI' 
""""' wirhout thc a id ól a digital computcr. P.q. 1 8 and 
..he work of Aronofsky and Jcnkins" provldc a basis for 
un approach. For radial ftow of /Jea/ gas, thc continuity · 

----···--·--.. -------- ---·--- .... _ 

P•• .... 
o.•o .... 
o •• 
0.70 ... 
0.0<1 
1.00 
1.10 .... 
1.30 
I.AQ .... 
1.60 
1 70 
l".llb 
1.90 .. 
7.00 
710 
;, 10" 
1.10 
(1.40 

'-'" l.l.IJ 
2.70 ,_ .. .... 
100 
1,2\ ,.,. 
l.7> ... .. ]') 
'"' 4.1'.11 

.. ).00 
s.:n ..,. 
s.n 
6.00 
6.2\ .... 
6.75 
7.00 

1.~~\ 
.0.0151 
0.0623 
0.1102 
0.169!! 
O.l'.\8 
0.3164 
0.44'l6 
0.5ll6 
o.~.Ht. 
0.7t0l 
0.9•84 
I.I.H 
1 .3ó/1 
l. ~6111 
1.79"}4 
1.99)9 
2.1'1"}0 
2.38"}\ 
2..~64'il' 
"}_74H 
...... 147 
3.082) 
3.24~· 

:t.••:u 
l.)6)l 
J.7169 
3.8679 
~.016) 

Ci7IIIJ 
A.7:1711 
S.06Sl 
5.3938 
.~.71 AA 
6.0276 
6.3347 
6.6361S 

1.15 

0.012'9 
0.&553 
0.0911 
0.1.85 
0.2\0S 
0.28U 
O.J678 
0.4631 
0.5691• 
0.68-U 
0.8126 
0.9:)(13 
1.0980 
1.2546 
1.4191 
1.5883 
1.7$9) 
1.9321 
2.1071 
2.2141 
2 .• 619 
2.6399 
2.8172 
2.99.11. 
3.1613 
3.340'1" 
3.~. 
3.6766 
4.0816 .... ,. 
-4.8766" 
5.257'9 
5.6367 
6.0011 
6.3697 
6,1'235 
7.0706 
1.4124 
7.7495 
1.0121 

""'"" 8.7330 

",'"iPI 
r.uu t--~1p,..J•r;. 

...!·~. 
0.0191 
0.0477 
0.0839 
0.1211] 
0.1110 
O.l'.lt 
03111 
0.3889 
0.475l 
0.5707 
0.6734 
0.7838 
0.9020. 
1.0277 
1.1606 
1.3001 
1 ••• 57 
1.5966 
1.7526 
1.91 JI 
]'.0791 
1.1471 
]',4116 
2.!935 

. 2.7710 
2.950• 
3.1310 
3.315) 
3.7771 
4.1400 
•. 70!2 
5.1693 
5.6177 
6.08l'l' 
6.5)01 
6.9714 
7.4044 
7.1304 
1.2497 
1.66)2 
9.0711 

l 
" 1 

equation h:ads to: · · ' · 

(28) , 
whéie c,(p)for an ideal gas ls thc rcciproc:al of tbc prcs
""c. Severa! features of Eq. 28 are notcwortby. Flnt, 
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lftt; "'IL"\:'UU~ ,ll:¡ti.:"C pr~sUrC gnu.IÍCill ICml (¡)p/llr)1 dtll.-,. 
"'" Uf"''''!;Jr fur "" hJ~I aa~. S~"tHKI, Eq. 2K has thc 
forna u! th.: dilfu\ivily equuliun, hut lhe diffu~vil!f ¡,. 
rropor110m&l hl prc~.;urc. Vi'scosiiy is a (UJH.1ion of tem· 
pcrotuoc, hut not .,¡ prcs.,ure for IUI ideal g'dS. Aronofsky 
ond Jcnkins f&>und that for constan! rule production o( an 
ideal g-as from ": clos&:d radial sy~c."m, thc prcssurc at thc 
phldu~ing wcll cou.ld be correlated us a runction of a di-. 
mcnsionl.- time based on a compressibílity evaluatt:d 
al lhc inirial pr..:ssure. Thc correlation was slighlly s.eust. 
:ivo hl thc. pruduction ra~e. hut not semitive CflOIJgb lo 

all~t cngi~cering accuracy: · 

Awnof!ooky. and Jcnkim. dcmonslrah.:d that production 
,,r hl!:al ga5 from a cll)glf rat..lhll l<iystcm could be ap-
proximu.tcd VCry· cJosely from. the 50JutionS (or lr'dO!ioÍCnt 

líquíd now of van Everdingen and Hurst. • Matthcws" 
1ater pointed out the application of this conclusK>n to 
pressuro huild-up analysis foc gus weJis 11.1 a liquid «:ase 
analog. · 

Fnr rudial. now of ~ real gas, Eq. IR. hccomes: 

Wml¡1) · · ñm(p) 
;.r~· · 1· r ilr 

, .¡.¡olp)t·.(p) 2mlp) 
A -~IJ . 119) 

'Thu cluse ¡;rlall'8Y helwccn 1~'· 28 :and· 29 '"U!U,"CSt!-. 
lhal lh_, real gas poeuch.-prcssurc m(p} shouh.J cnrrchltc 
il!ll. a hllh.lioti or a Jimcn~hmlc~., lime hascll on viscclo!tl.it)' 
t.~ntl cutuprc,!-.ihilily cvalcalc~t at lhc inilial· llf"~un·. ir 
tlu: vuriutiuu uf lile vi:-.ct~i-ty-ctmiJ'It:Cs.-.ihility proc.luct wilh 
111((1) fur i.t, fC&ll g'..l!l i!!. !ooimilo1r ll) thc,: V~rÍa1iOO of C4,)nl• 

prcs:.¡ihili'l)' ftH" &~n ida:otl goas il/ p) with prcs"un: sc.¡uar .. ~d. 
Fig .. l slww:-. thc cumparbon. 

In 'licw uf lhc chtse rc.'icmhlnncc hclwecn (pr.) ~s 
m(f') r,, .. thc real ga:o¡, und p ' vs p• fOr thc ideal gas. 
il is fCiL"'tn:thlc lO CXJlL~l SU1UlÍOns ror the ftow of real 
!UISC!i 1u COfT~IDie as tunction~ of il dimcnsionless time 
hasetl tm ini1inl values nf visoosi1y und compressibili1y. 
That ís, lel: · 

l •. (.111). 
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1"'··-s"un: drnp i~t lhu!ii amal'-'8'-'lb lo the vt~n Evcrdingcn· 
Hunt" dimensionle"' pr..,.~ drop pJ.r,, t.). 

Fig. 4 •huws the comparison hotween }>,.¡1,) for lhe' 
li4uid n ..... solutions and m.,(l.) obtained frD'TI Eilerts 
<1 a/. • oolutions for the radial flow of natural goses. 1bc 
,.>lid lino rcprescnts !he liquid ca'IC, while p<>inu shown · 
are computed from the Eilerts el al. solutions. A.s can be 
..:en. the comparison is excellcnt for the entire range of 
n • .w oon.•idenld by Eilerts el al. for bolh natural gases . 
"nd cond•-nsale gases. The.· IT1ln•ient flow dala eomputt:d 
hy Canor"· a correlolc ·jusi 8!1 well. 'Thc Eilerts " al. 
uuta are u severo lest of Ülc ·linearization uf the real 
tr•• llow cqualion, hecause production incluJed a ten-

. r.~d mnge in productíon rate, and almost cumplete de· 
pk.~ion uver a pressure rango (rom 10,000 hl 1,000 p:¡i. 
Carter's resuks oovered a muge from 4, 700 lo 1,1 ~O 
P"Ía, and a more rcstrícted range of flow rato. 

Tho m.(l,) corre"-lion (Fig. 4) is aelually not •• good 
.. · it appcan. Although it is quite good at times befono 
lhc boundary cl!ect is felt. al long times lherc .may be a 
cunsidcrable díiTerencc betwecn m.(¡,) and p,~l,) values 
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ll'ig. 5). Ahw •hown un f'ig. S are the Aronofsky-Jenkino• 
i•lenl g111 now resuk•. lt i• clear that both rhe ideal an~ 
real P" cases lcad to dimen.-.ionles . .oli pressi.WC drops which 
are low...- than lho liqui~ c••,..._,.oo which are How-ratc 
~epen~cnf. Anolhcr importanl difference is illu.,1raled by 
thc case Q = 0.05. The ideal gas fine tenninatcs al lhe 
poinl where the wel! prcssurc is zero. The real gas 
><>lutions tcrmillllle at a well prcssuro of 10 per cenl 
of thc initial pressurc. Although nol shown on. Fig. 5. 
thc production times for th~ real gas cases to rcach a 
limiting produccion pressure are about two and a hoalf •imcs 

"thut rcquinod for the ideal gas ftow cases. Clearly, pro
lluction forec..u based on the ideal gas solutions will 
be rar too conservativo.. . 

Anothcr impoflant obscrvation can be made from Pig. 
5 . hy comparing thc ,...., gas solutions ror natural gas 
and condensato f0< a How rate Q of 0.05. Although the 
.natural gas Jjne is clase to the liquid case, thc condcnsate 
lino js far helow the liquíd case line. The terminal pro. 
ducing pres.suro is reached e-ar1ier for lhe condensato line 
lhan for the natural ga·s line. This indicatos the impor1ance 
of gñs properry varialions upon the results. That is, no 
single set of m,,(t,.) corrc1a1ions could ·be .expec.ted to 
apply to ull real g-•scs ut long production times. 1t is 
o.tl:'".4.1 clear from Fig. S that the ·real gu rcsults tend lo 
appruach the liquid case results D§ flow rw:e·· tlecre-o~~. 
und at ~mall production times. 

Aronofsky and Jenkins inaroduced the concept of a 
trd.nsiell( drainage radius '4· This term should not: be 
confused with the dimensionless ·radial coordinate r,.. 
From !he Aronofsky·Jenkins definition of the transient 
tlrainagc radius. we write for real gas How: 

ln-~:- .. dhT.. - · -· --1' lmtp)-m(p.)); m,.(p.)- m,.(p) 

'· q .• p.. . .. 

• (32) 

Thc Eilcrts ,., u l. • rcsuk.s can als.o be correlated as 
transient drainage radii vs dimensionless time. The resulas 
ouc pre~nted in Fig. 6, and agrce with the Arnnofsky
Jcnlin~ rc.\ulrs und thc li4uid How rcsults almo!!ot exactly. 
Aclu<tlly. th.:. correlatiun of the real gas ftow· stihni''"'- in 
h:rm." of o~he tramient :drainage radius (Fi!:. 6) h a much 
hcttcr cnrrclation than· the corrclation in lerms of m,.(t,.) 
t Figs. 4 and S). Thc · drainage radius correla.tion is cx
ccHcnt lor all values of production time. Thu,. Eq .. 12 
provide• the most w;eful engineering approach to the 
tran.,ient ftow or real gases. As rccommended by Jenkins ~ 
nnd ArorO'l>fsky for ideal gas ftow. the 1runsien1 drainuge 
rndiull for re-.al gas flow can be found from:" 

In·-= pJ.t.)- 21. . • 
'·· . .· rr 

. : lll) '• . ('· )' 
and th~ ·,¡¡;) ean he lound from thc malerial• hal;,,.,:.: 

· ( p ) .... (-~ )·',; .~T~.;q .. t = 1 ~¡_••·> 
~.-, z .,_··~_;:hr •. .¡.T .• 2 • ..,,-¡ 

t •••. ··.~.;·.' .>·.:( ~ ;· . . . . ,. 
" .. · .I¡·~~)Jm(p) ~· pri ""[m(p.)- m(p)] (34) 

-·... •. . 1, ., . ).,,oi, ... . 

l'.qs. )2 through 34 are. not striclly a solution lo Eq. 
1 H. Thcy rcprescnt an exccllen( cngineering approximaliun 
whic:lt ~J!plies for a wide mnge or conditions. The method 
uppcán lo be evcry hit •• good .•• the Jenkins-Aronofsky 

. rcsult for ideal ~:u!'i now: 
Fig. 6 ...,; ..... 1hat ;¡ ¡.,;8 ProdÚclion times r. takes the 

·.:unsr.a~t' v-.lue 0.472 r,. This .. is ,.;imilar lo lhe Aronofsky-

Jenkina !indina ror ideal ¡¡as. Subslilulior. o1 lona-time 
valuca (or p~r.) in Eq. J3 alao· loada lo this conclu
sion. Thus, Eq. 32 hccomca oimllar in form· to · tlic 
liquid ·c:aso pseudo-steady·stato equaJion. al timei· long · 
enough that the outer boundary elfect is cor.trolling. Thc 
ract. thct '• cventually bcoomes oonotant al 0.472 r; does . 
nol mean lhc physit:el drainage radius OUibilizes about 
helf"Way out in tho reservoir. The emire resenooir volwne 
is bcing draiM<I, as can be .e.n by inspoction o( any. or 
the Eilerll! <1 al. a production figurea. 

Thc Bil...-ta '' al. aolutions havo providcd an cxecllent· 
sct of information lo lest the lincarizalion of lhe real 
gas flow solutions for production. Eil...-ta ti al. specifled 
thal the effcctivo ¡iermeability was a functioa of prcssure' 
(asswning JIRIS$URI drop would resuk In oondarsation and 
reduction of effeetlvo permubility). Blfcctive permeability 
c:an thus be lakcn within the m(p) integral. Con-clations 

· in Figs. 4 lhrough 6 do inelude a pressure-dependent 
pcrmeability. Thuo, .ir an approximation ·of the effect of 
prcssWl> d.-op upon liquid condensúion and 'reduction 

1
in 

pcrmeability near dio wellborc can be made, the per
formance can be estimatcd rrom: 

1 '• vhT,; [ '(~) '( >] n-; __ . m p -m p. 
, '• q._,puT · 

. . . . . (35) 

where 

~ 

m'(p) e 2 J l~p . • • • • (36) 

P• 

and k ls a known func:tion of pr ... ure. ('.) 
The uscfulness of considering 1: a function of pr ... ure 

to handle c:Ondensatc flow migbt be open lo question. 
Ncverthelees, it is clearly indicatcd lbat variation of k as 
a funetion o( prcssure c:an be included in the real gas 
psoudo-prcssure. 

Correlalion of tho Eilcrts el al.a data presented pre
viously involvcs ·calculation of m(p) and d<ccrmination of 
,..la.tionships betwcen the Eilerta d al. nomenclatuie and 
that uscd in this paper. (Neecssary rclationships are in 
thu Appeodix). -

fiilons e/ aJ.• also detcrmined ·performance with a 
otead y ..cate, nort-Ducy Oow ,..gion . near ttrC producing 
well. As a result, a steady-state isldn effOCl can alao be 
inlroduccd lo yield the following approximation for the 
radial ftow of real gasea during ~uctlon: . 

. .. 3 

. :-· . 

=:':~.~. :. -
. .·. 

O• 001 e ... . 
. CUI ·~·· ;..- uo •.. 

(37) .. 
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wha.:u.· ~ ¡,. tl1c toLfn ~n.,., ... ~,1 /1 •·· ·•~· nu11 1 t;on.:~ llu"-' l'"li)I.Tii~.,. ~ht.11k:• phyWcal p-opcnica are lllttno;unic func

liuns or 11>11. lllc injoetion prublom hu becn l~e subjecl 
ur mui:h inv"'1igotion in .lhe fields of heal lriUISmi .. ion 
und ground-wuter movemcnl IFriedmann, ~ ·S¡orm• and 
l'ulubar[nnva·Kochina"). As hos becn shown by lhese 
uu1hors, · il cannot· olways be assumed lhal cvaluation al 
un· averogc pml"'rly will yield good resulta. Somelimcs 
th~ ;mswcr will vary frum o~ extreme 10 lhe olher. 

cucllil.!l&.'nr. 1 . ' 
CII~T.~NT 11\'ff: IIIIH:f:rlflf', 

All ,,r the rn-c..:ding ·d¡~¡,..._,¡,,n ut real 111"f tt.lcal Jttl\ 

tran!-.ient ftow d~l"' with p,,¡,.,,, •'111)·. lt~jrnitJ•I l&.""iUh,.~ 
~~ WW. cfc~rly !.\lHWtn by 1\._l"tUhtr,Ly' amJ Jc.nl.tn'i~ (Ht 

ralfiul ldcotl gmt fluw. canu,t! he: li!t~ari~cd in :l't "'iilnplc u 
ra..Jliun. ArnOt\f!tLy unc.J Jt·u~il\.'1. L"ttrrd_oaled injL"CIÍOII wdf . ~ .''... ·•· ': .;·. :. 1" 

JlfC!\-niTi.•!i ft1f r.ufiaf flttW ,~r··¡m hkotl to.-t"i liSto (Unl'li,IIL\ Úf ·-,¡ .. ~fii••:JU't1SI1'111Ñ UV , ., 
u dímcnsiooh."fi.S 1itne ~1:<d _·t.n ~"'-" n•m¡H't..'S"ihilily .:vo1l·. I.IN.:AICIZ..:tt suurnnNS · ·' '.· . 

.: .. :. 
mued aL· ,h~ initial furm~ati~m pn:..,smt: hl.!'f.,n· ittjc;:lion. • Supcrpo5ith•n is rigorOusly corred' only fuf lineal 
Thc: (1illlu~innlt:ll'i pre,sun· rt!\.C Otl a. ¡:ivcn ,fifiwn!\Íllll• raartial tJifferenhal equations. Nevertheli:a,, the .extreinely 
le!\.\ 1imu Wil!t. l!enl.!'ral.ly ¿~n•t~tcr 1han thae ftll a li11llitl cluw check hcfw~~n thc lin~rized real a:n 10lutions co,.. 
case, antl incre.ascJ with inj1..~1iun l'ólll'. Arcut~tf,_k4v :1rul rclatcd_ on lhc ha!i.is of the m,(l,.), llS givcn hy Eq. JI·, 
Jcnkin'i, ~how,•d tha1 'inj~cti••n ~.:;1M! 1"1!\UIIs w~c ver) omc.J a 1,. gi\·cn by Eq. JO. 'und the liquilf How· Solution,.· 
e lose l<> the li4uid c;ose · fnr low iuj<rt>un rul.-s. Allhuugh uí van Everding<'n and . Hunl, indica les lhe possihility · 
injeciion i• uf rrad"ical impurtancc in ito;elf, thc nmj,•r lhal supcrJ'O'iliop mighl be· quile good for matching lin 
utility ,,r in)!!ction .:as.: (l'' rdatitlns · i~~o in 11pp~i~atio.1 ,,r /ll('ftn.dng ratc prnduct:lon schedule. An increasing raue 
'thc prim.ipk of supcrpn .. ilinn lu g~ucral~ variabh: nliC 
prodnctinn -=••'e', induding. lfll! importunl pr&:!'i\llfC: huii\I·UJl 

e: a~. 
Sup • .:rp"~"'itiuu. ~' u hu' tw.l!'u ;.!·Jli_kd i11 ga~ ~"·11 lc."!~!.lir.il. 

IC'fUir'-"!.'.1hal t!ÍIIIl'll'it•n~'*''• ·llll'-"" l'tl lu.-h ~IIJ•CIU,m Ullll 

pnxJoctitlll t'k; fl<,~,f l)O llh· ~fl_IC l:i.l' ph)'f'IICUI JlfU[lCtl)' 
·,·valuatiun. J\llht'll!:h su¡lt~'l"""llhnl l'•liiiU. he h:.tscd un 
,tilfcrcnr Jimcnsi.mla:"'; limr:' h'r i11j,·1;1iuu an .. l Jlltl\lllt.:lltttl, 
thc :u.t.ll•&l c•'Wf'l& ,.¡h ••1 ;• J, t .n'l .h.. .,,.: .1¡1~~·.u. 

ju,,itil•ol l'thl~ .. ;u tilni, .•.. "'""'''"''' .,; V.'lll iJ¡jCt.iitlll 
,0futinw~o .;,.,rdaw •.I.N·r •. 1111· lh.Jii.hl CO&l'l' ·,f dili'C.'U· 

,jnnl 1~,, lifw .. aTt' ha~t.l nll plty,ic .. l pl••pt!rli-.:' cvalu~h·d 
111 a pn.:·.,uu· i&llt'\t' 1l11: h•l11.&1, '•'W f,•nllalit•n pu:hlll\:'!. 

\Ve ruk: ,,ut 1h1~ w:hcmc ''' u .. inJ_! a jluin1 ..:Villu.ui'm 
at lhc cxiMing injt~CIIun pr~..,.-,un.; h~..-c.au~· thb woultJ _,,cid 
01 n:~ull nl)l '•t~Wtblc fur fun:\!;.astÍnJ!. 11tal is. il w,mi&J · ~ 

"'~--r~~~ t·-. .. 

¡.•1-

¡. ... 
~ 

! 
Í' 
1 .. ... ..,. . . .. 
"'-----~---J.-.,..,.,_...,...~,-___ ..1:----..J, ,;¡ ... • JI . . . • . "'' 111 111 

" •• ;;:;;<~ . ·. 

necr:s..ary 10 know th~ ,njcclion · pr,:!\sure..fin•c hhtnr)· 
hcfUfc! it ct•uftl 1..: culcuJ;¡tcJ. An oh\'u.tus 'ptb:iibilih~· .1'11 

h' e\·uluatc physk.ll prup,:n u:~ .• u •h~ final. ~.:ICvatcd iu · 
j.:cú.un prt>)a.,urc. ,,,. in u.c c;,M: ,,( supcrpositidn ÚJh,licd 
to re.S.«voir pruducti~..tn ,,r huild·up, Bl thc inil:.:.r tor•nt•· 
1ion prcs~ure "dotL' produ4:1illn \'-'il" !rtlancd. Thi, id•:.a ¡._ 

•·,¡;, ; ... m.(t111 "' '• ruR IN.U.t:TIO!t orA REAL Cu ,(COIIU.AliOII. 
• or •:n.r.aTM ~~ al.• DAfd. · . · · 

· fundolll<nlally the ¡,.,¡, fw .oll ~"' wcll preo•ur<• huiJ.:I-ttl• 
.apJ"IiCation .. cut rchd • .i in u.v.· 

Jn bri~f. c•trrduti.•u~ lor •UJ~Ih•n b.l'i~&J un w• ul"u.h:d 
p'reuure om.:. nu ltulh:r hlt WC•I'-"L') th11n. lhC,):Ii~ hu•ed un 
physi~J pn,r.:•IÍt.." ,~,·utual~·l -._~ tlu.: initioal," latw l,•rma.•ion 
pressurc. Thi~ is 1rue fur. ''"'~ lh"' id~tl und r~ol g11111 

·now cu.~tt;L Fig. 7 f'I"CSChl,. lhu dimcn!!!iilnl~ rc=ul ga11 
(k.•lenlial n....: f,,, 111.: J!ih.:rl·t··' ,,¡ .. inj'--..:lion ¡;.¡""' Cliu.:ir 
Hg. M) ... ,,,,~1:•1~'' '"' ,firm:n'iLtnl\.~~ tlmL''f hwtctJ un h.lth 
lh~; i1111io•f. J,,w h•uuali.tn 1'""'\llt&: unll lh~ "''''' lnjc..~·''"'' 

'r:---'-
,, .. , .. .. , __ . . .. . · . 

. "··: ~-~· NO •tU.BORI 

:: ·.··'; ·~:. .. 
p,.C,."uN. ·niL' •la~ht.'tf linc: IUt..~lll'- )he" liquirJ now '·:•IU· ';r 4 ..:.......l...: 
lion . .'l"''' fm:l\ :m• •'f'f'nrcul. tlw 'h'r"'K uf thc corrclultln\ ? 1~ ... ; ·-!··; ,1 t • 

• A ·,. ---iafu ·,¡11111t1r, 'tut~f L'-1fl'l'I;IIÍIIII\ htl,_.,f 4111 fl11nf Ínj~cJiun pll:\e .. · IIITH Wct.t.ICN·i aTo.& ... J.-: . , 1 

I(UrO ¡¡r~. "'' Wt'f\4' ,thuu llu!M: hti\Ct.J un iniliuJ. ;,,y. 9 
1

. (t AniR ~~--11 
fornwlion pfL"S!'illl't'. FIIIIU lhL·. ''-'llkllllri·.~rnnor,ky \llhll\."\ e '::~:o • ...._,.., MCJ'ID ' 
o( id(. ... , Blll' nnw, W&,' t:iln aiM• l'•'""''lllliC 1hul th.: ,Jilr~:r,!ll\'t: ) . . .•. e ... ", tioo f, •.• 

·. betwccJt thc inje&:li~tn' cu,,• ~·"·r~·l.it!!•tl~ und alu: lh¡•1id ..... ·~ .... · 'j .,·!,o.l-: 1 .: ~oo -~· .-.a 
.. C:a.IW3 h...•cunw •.maiiL·r Uli htji.'\."IÍt.\11 lilh! t.h.:crca\C.'Io:: In ,;ny ft a .~:-·-· - . . '.,· 7 IGOO: .·. & · .. . · .. ; ., •: .... · ~,, ......... , ... • ¡zoo.- ···.• 

case. lhl." dilrL·r~.:na.·~' :ucn'l 1.,.-¡.,.:;.' . ~.· , .. , . , . , .... · ... p'-.\ .... 11 .:. -~ti.:.; __ 
·- · · · '. · •· ·t· ·• ·~ ... · · · · · •· · r•r • " ... ·. 

· · Fig. 7~..:an"l..:at11t•111Utti.•r'h.fl·a~ ("u,td:tliun h-.~d •'" .;. 1• ·.;··.~=~~~. :.. .. :. ~ ·::,¡: ..... ·~ .... ·,.··;:.,~_:.H.._· 
a din\,•n\ulnfc.: .. ti.n4,.• e•'Juhldlt.'\1 _w~;h Jthy,icul rro!~r!lt..'l ;• ·, .• : ... ~- -~~~: _, .. ,:.:--~·~---::--.. • ... -•. : . 
nht'ltf half·Wa). flt.:l'·h·l:n th~· t:!Ur\.'m~'- mi¡:hl hl.!' &.tlh.' ~.,·.~:.~:. !.;:_:)~-.~.~, '.. ······~· :_·;· JJ' ~.·~·¡.~ j•--;. ,·,.. 
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_ gtltiJ. 11m. idL•¡¡ rulf11W". ;nuncl.flut.;h. llt'lll th,· t/tt'l'~•'lll .•:•ii·. ;},( ·t• ,f~;. ·,¡'•!.~ ·.~ .. ,t. tÚ•.·• ·~)f. :•¡. :~ i. ,¡,_¡¿,~¡, .. ,J~J.·: ; <~ ... ,,. 
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. , ~hy\i~•' .. '"''lJll'' ~¡.'; J ~ricdnla1~rr""'. flh'_va.:d. 1hat "'"'~rll\ .. r· . .,., . ··~ ·¡;~~¡.~¡~~:,~-~~ ,.,~;,,; 1 ,.,. 1~·rua·t~~¡~,,! . .¡~~· r.;~;~.~·io~ 
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..chc•lulc wuuh.l n.·t~uire flliJlt.!fP~ili&.WI uf f'MKÍiivc im:rc~ 
nu:ritul 'ruin. Hnwe~r. thc ,rettl .,.,. now sulufinn .. tiJI 

dcp:"nd Jrili~thily IIP,II1 rrnc.hH.1h'tfl ruic. Thus. thc unly 
wuy lhnl thc .. pplicutiun uf lhe rrinciplc nf supcr~iliun 
(us JUI ucceptahlo fiJ'IJlR)Jtitnation) ht n:.al' C".L."i Hll'W can he 

. ,estahlisfu."CI i~ hy cumpurison · wifh finih:~iiTcrcnce sulu· 
riun.' of vuriahle .. rate. n.:al gwt ftow pruhtems. 
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Jkltiitiun '""" 20 p>i out uf a .drawduwn uf 2,1 So p>i
a difTerence of O.'i por cenl. Thc S().tl•y prU<luction 
JICI'itwl w.. lung """"P that iniliul rule change> w""' 
inftuenced by thc outcr ~ndary •. Thu•. ""' concludc. 
that superpoo;ition can be tL.ed 1o rcpro<lucc vuriable-. 
rate drawdown data with acccptable eccur•cy . 

Such a eomp;¡riS<>n can he madc for an increusing 
production ruto !\Ohedulc frum d:rta. roo- real gas ftow 
ruhli•hetl hy Ca11er.D Ca11er !'fudied the cfTect of wcll
horc li.tur!•gc un gas producti{m. For his so1utions, ia wus 
a."umed that the •urfacc ftow rote was held conslant. 
hut 0.0196~ Mcf wa.s withdn~wn frum thc wellbore pcr 
psi pr..,.urc drop in the wcllbore. This resulted in thc 
sund fuco flow ratc increasing as a function of time• 
toward the conslant surface ftow rote. This a~sc is almosl 
exacfly analo~us to . thc wcllborc unloading case pre
'ente.J by .-an Uvcrdingen and Hurst 0 in thcir Eq. 

· Vlll-11: Tho wcllhnrc •torugc cono~~ <:' for C.11or'• 
Mtlutinn' COlO he lh:termined (rom f'.q. ~ prCSCI\1Cd h)' 
Ramt.-y. •- Thu va1uc of C for Cartcr's solution.'i dOC2l vary 
\lightiY wilh 'prc~'urc •. hut u vuluc ~t( :\00 illi 'lui1e goncJ. 
Fig. K prC.~nts u Ctlrlll('ílrison 'hl.'twccn the m,.(l,.) ohtainc~.l 
fruua ( 'ai1cr\ suluthms, huch with und without wcllhmc 
,,:,rag.:. anU thc van l~vculinb...:n~·Hnr"l p,.(l,;) "nluaiun" 
for lh~ li4uid ftuw case. Ar. can he ~en. lhc cnmpuri~un 
with ,.,,nstant ratc til{uid n,)W witlumt ,t&,..,.uc hi ·cxc~:lh:nt. 
·nli~ "'"'' prcviously "hnwn htr thc Eill.!rts ,., t~l ... "oluti•'ll""· 
()( llhlfC inh:r~. thc comp~riMtO hc(wcen lhe 1i"tuid 
n,)W ca..., 11'ilh wdlhorc \luragc and Carter•s 1wo !tolu
lions with w..:llh,trc \1urag~.: are alsu excellcnt. This 
'"tahlit.hc~ lhat ~upcrpusilion of thc: linearized ·real gas 
n~,y.- wlution"' ,,,. un increasing ftow ratc should he a 
\'t:ry c•W approximation-·al lcast hcfure· outer houu_dary. 
ctTect\ ílh! cuntrolling. 

Thc previous rcm•rlts concernlng aupcrpoo;ition of in
c:rcmenlal rato lncrttun are, ·or course, dircctly applic.lblc 
to prcssurc build-up tcsting. Ahhough insufficicnt com
parisons bctwccn ftnitc-<lilfcreocc bulld-op sollllions arid 
supcrpoo;ition solutions for the real sa• now case ha ve becn. 
mado to completely e~plorc this problem, lt docs appcar · 

· that huild-up thcory can be uscd with iood accuracy. 
An intercsting test of prcssure build-op can be madc 
hy comparison ol Dykstra'•U solutions wlth superposi- :. 
tion solutions. Bccause Dykstra's cases involvcd· a vari
able-rato production pcriod, pcrmeability was · low and. 
prcssurc gradients high, it ia believcd that · a [airly. 
extreme test rcsultL Fig. JO prcscnll the build-op fol
ltlwing · thc drawdown of Fig. 9. As can be ~ecn, the 

Alth,,ugh supcrposilion in un increasing prodnctiun 
rate ..chcdulc uppcars quite good, it is not apparenl thut 
a Jl"C'rrmm¡.: ratc schccJulc· is Susc.:pcible io supc:rpo!Jition. 
This rhuh~ hec..ause lhe cJimcnsionit=d real gas injeclion 
prc.,~roure incrcas~ cJo nOI currehth!' with the Jiquid cuoae u" 
wdl us do PflKiuctiun data. Ev~n for transient injection 
nr an idc..l gas •• th~ rcsulting dimeflsioolc:.s.s pressurc 
ri~ ap¡'K:art.O tu clcJlCnd urw-ul inj~:cthMI rute. but dc.tc~ 
ap,.,-o..u.:h • llac liquid case ""lutH.,u as injcdion ratc dc
<:rcaS4:-,. Thc ract 1h:u injt.~1ion n..·~mlt-. dn approach th&: 
li"'uitl CU.\CJ a:!l injccrion ratc approach~ zero ~UggL."!o.t.-.. 
thal supcrrw-.,...iti''" .,r smi\11 ptJ~iliw· incremental rule'i 
t mj~.:clit•n.') wnuiJ' ~· fcusihlc. Again. the possihility cun 
•mly .he 'chL-cketl hy. cumparisnn with finilc--diiTerencc 
!tnlutiuus.' 

Fu'rtunatcl)t. ho1h Cw1~..,. ... ¡mcf l>ykstra" huve pn:~ 
M:nlc:d llnihH.JifTcrcncc solutiotUi rar dccreasing flow~ro~lc 
pnlduction.· Dyk"ru's data providc un exccllent set for 
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IOLUl.,. COflll'l!tfÍ~n o( finile·difrercnce '"-'futiOfll WÍih surv-rposi- ,··, r- . r- .. ,., 
tion of thc linearized solutions. Fig. 9 rresentlt a com- ·. . ·-1 
parisun nf: tlyk.stra•s compu.¡ecJ n.~wing pr.:s."'un:s· wilh· -~ .. -- ·.¡_ 1 
tho~ ,,hlaincd hy .. ,.uperro!i.ilion llf liqcarizcd rc.tl ·gots •··. í H · :. ' ·. 1 

• ·1 
_n.,w ~ttl~lliunll. Ttw )inc is lly~'-lra·,. rc~uh. whiiC' puint'i -~ ¡ 
,I"C(lf\."'!W."Ill.rc~~ouhs.of M1pc..'1"f•nsili•~n u,.,in~ ttnly h•ur "' livc .. .. ~ ... -~ : 
in..:n.:~th.·nt.ul rat.: ~h;tnS'-"' ht rcrr••-<nl •• r;tpidly chant=-in¡: l n ".- _, 

.. fl''"' ra1e •. 111~.: Ot•w rolle ¡._ ""huwn h)· thc tfm.hCll linc. , ·. .•. •· -.' -··· , ·~ , ~ · ', .. ;.. 1 i 

o 

lhickn1."'S wa.. 17'1 ft, initial pn. .. "SsllfC 6.150 ,Xia ·~_.;,J. 1
;
1 

: ;,. : ~4 . ," • .. ·, .• ·.: .. :~.:.,· .•• ·::•;':, ,_ .• ',. '01.~~,··,··~,' ... ,:.. . .. ,. · .• · •. • . ·o' , . 
· Ht\W rial~. t.l~.oclin ... ~ 'fUudrulically U31. u functinn of iinu: .' :~~·~:·• :·• - ...,. ,... ... 

~ · For-1ht.:: 'l!x.amplt.: "h''"'"· lh~ JlL."f'mc-..ahility V...01 , 0.2~. n11t • .'fl·.-·· ~,:; · 1 
•• • • ••• ;. ': ....... ; ... • • u~•;· J• . 1 
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~uperJldMIIun rQ;ult yi.:IIJ11 01 adntilu~ builil·up curve ul 
idenlical ""'""· hui abuu¡ 110 psi beluw Dyk.rru'• 
finlte-tlilfcrcncc M>lutiufb, Asoin, thc percentase ditrerenc:e 
ia tmtll;· thc final stutic pre&urc. is about 1.1 per cenl 
t••• I<YN. lt uppean that superposition of the real 8"" 
llow lincarizatiun will always yield a pressure build-up 
SU~ic prcosurc 111at is too tow, but as sood or bouer 

· thun re'""" of currenl ntethoos. Furthermore, ficld 11ppli· 
catioo wuuld be 10 .thc ficld measur~ data-thc real 
,.,lutiun-·-whiclt would lcrid In correct for tltis error. 
Wc ooncludc .tltut pr ... un:-build-up analyois hased '"' 
.,,perpo,;itiun C:an be done for · real ¡;aa flow with: ac· 
ccprabl.: uccuracy, hut ohat funhcr •tudy uf prc-.un:. 
huild-up rc_w r""l ·sa.< fluw is desiruhlo. · 

S'I1'.AI>Y-!>TATP. ANil PSEUDO-STEAOY· 
~TATH PLOW 

Kndi;ol ga• n~w nt c:<>n51unt ¡>r<>ductlon riele will be 
.;t)Jl.'\Íd~n."tf. · .~ hofjz,mfaJ homogcm .. "\lllS f'lOI'OUS n1C1Jium 
uf cunslall! thicknc::..< /1 with. inopermeable uppcr and 
,,,wcr huuridary. and a wdl uf radiUii r. locufcd in th&: 
\!~nh:r uf a nuJiul n.>sc:rvnrr, cun.,lilulos thc now li)'~fcm. 
'fño uul•'t radius r., rcprcsc:nll cilhcr lhe real boundary 
&lf the r,u.IÍUS of druin:tgc .. Twu CUM:N Will be CONitlt.!rcd: 
111 ,:,•n,lunl pn.-s'liurc at '·• &1ncl.(2)·no n1.lW ucross r. 

• H~.~ f .\~if' r•ru·:S!-~IJIU·: A'l 
ut:llfiiiiiiiNilAIIY 

·n.,. ~h.'.td~ ._ .. lalc r'luation l.ar a rcul J:lll io axis)·mm,·~ric:.l 
...... ,.,lu~oah:' ~•.m h"·· written frt.lln F...,. ~2 ns:· 

1 ,¡ [ r .Jmtp)] 
r ,/r tlr 

11 (.lH) 

·n,c hua:1ulo~r)· .:unt.fiÚon:¡ (or. IW\~ cuncentric cylim.ll:•" ul 
a.ulu r. ttnJ i. are: 

r ·. t .. ~ III(PJ· .:.. lll(p"'J 

, '· : 111(¡•1 ••. llllp.) 

13~1 

(40¡ 

hth"~lialllll!, l:tof. )Hi und ~sing lhe hciundary cnndilion\, thc 
\h'¡~tl);'lafc prcs!-;urc dislribulinn in tho aystem is: 

) ( ) q,. p,. T (. , ) 
._,,ff'. ·· '"p. • · - .. 

1
-.. T~ In-- . . ·. 

. VA 1 ~11' f., 
(41) 

. ht l..J 1 cun be cvuluu.CCf.f rur p · p~ ol r ~~ r, anll re· 
·:;u,.wu-.:LI 1o prc.Witle :an eqUution unuiL',IIlUtJ lo thc n.u·naal 

nuli.11 11··"'· ~uutinn: 

•• , !' :: 
wlll'f,.lm(p,) m(p,)l . 

... :::,··-:-, ·.-,;··:··:: 
, ' •r n-- o ' ' • 

' ... '..• : : ' 

. . 

·aotlt &¡ ... 41 ~-.r 42 uro In durcy, nr c¡p unlu. Thu•, lha 
111!1'1 havc thc tonil• uf sq Alnoo'cp_: 

61 
owlic ,...,..urc loll""'in¡ • cOmplete ·prmurc build-up. 
lt is not a volumct..V; avcrasc presaure. Eq. 4] couplcd · ~ 
wilh' 1hc riormal material balance for a boundcd drainago ., . 
volumc provideo a uscful mcans lo couplc produdion ralO , ': · 
and sas rccovery. . 
· In thc. c:a.sc <>1 liquld llow, 1111 equation similar to Eq. 
4l can be derivcd using thc c:oncepe ol pscudo-ouiady-slale 
flow. That ls, a c:ondition ls eventually rcachcd f« ~ · 
stant rato liquld production wbeQ thc rato ol presaure 
decline bccomes constan! c:vccywhcn in the raervoir. 
Thil condition la oxprcssed mathcmatically by senina 
the Laplaclan of tho pressure equal lo a COiovant (other. 
than zero) • .Aitboush it can ~ lhown that the Laplaclan . 
of pr ... ure-squared for an Ideal sas. ot the Laplacl1111 . · 
of thc real sas pseud~presaure cannot be equal to a 
cunstBnt risorously, a Oow condition similar ·In pseudo- · 
ste-~dy-st.alc doca appC:ar .fo oxill for both ideal and real 
g.S flow,. for all praclical purposea. Thc exlsleoce ot 
suclt a condi1ion is su88cstcd by Eq. 43. Fis. 11 prcsents 
an intcrescing insrection of thc pressurc hchavior durin¡ 
tho pcriod that Eq. 43 applies for onc of thc Eilerts etlll.• 
ca.cs. Alsn lihown is the p.(t,) for comparison wilb thc 
liquid case. As was secn prcviously in Fis. S, the m.(t.l. 
does .nOt cltunge al a constan! rafe during this pcrlod. . , 
Altltuush il IIUllchcs thc liquid case solution at carly 
times,· cvcntulllly the m,,(r.l drops below thc Jlquld case 
litllutiun. Tho mo>t intcrcsoing fcuture of Fis. 1 1, how· 
cv«, is that the m..(r., r,.) fo>r all radial locatlons are 
e>sentiaUy parllllcl. Thus, tite m(p) profile is cssendally 
inderend~t ''' time. Thill condioion can be described 
approximntely by >eltins tite l.aplacian ol m(p) equal lo 
a 001181.ant. A• · •IK•wn in Refs. 39 And 42, this load• lo 
an equatiun · wmilar lo &¡. 32, hut in termo oC an 
oivcrab'C mlp) rathcr than m(p). Although it can be ahuwn 
lhat_thesO two a veras.., tcnd lo be equivalent for practic:&l 
·,.,.nscs·of c:ondilions, it doeo noc apj)CIIl worthwhile to 
show the developmcnt herc. In any event, Eq. 32 de
•crlbeo me long-timo flow bchavlor ol closcd radi3l sy•tcmi 
with remarkahle accuraoy. ·'· 

Another con.<equcnce of inspcction ol Fig. JI .is tltat 
lho m(p) .di!<lrihution can be oblaincd Í'cadlly. For U· 

.•,. :" :· 

-· .J 
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;•mili'-'. tht.• f••lt••win(! t..'f.lll;alh1U ul"-'• dcM:ri~~ ll.•w ":a\f-10· 
ilhiy wdl;. 

1 n ( ll.~ .. ·,,, ;~ ) 
.tll'l' 

lmlp.) mtp. 11 ., ,. '.,.. 
•' 't)IS('tJSSIUN ANO ('ONI'I.USIONS 

' 

. 'lltt: llU'J""'c ·.,f thc prcc:c,.li,·,g Wa.\ tu lle.\Cribc .fun.da
n•~r.·nto•l ct'n~i,lcrulit•h.' which can be uM:d succeS.Sfully tn 
an .. tp•t.• thc 11uw uf n:nl g¡a-.o.. 'fñc: CIWlCCJlf uf thc ~:11 
~;b fN:11,1n·J1fC"!~r.UfC J'fllfllÍ"-"" 11 ~''111\ÍIICrahlc !(Í11JJ'fifica1Ít111 
.an,l imrmwcmcnt in all f'hotM:~ uf gas wcll lcslintt anoalysi' 
mtJ ""' rc"-!rv,•ir calculali''"'· Such ;1pplicaliuns will he 
,l .. ~rih.:d in u ... dul cngin.:c~!n~ fur_m in u cumpanion 
rapcr. 

'ii.w~:rul rcmurk"' cmtc~o.-rning thc real ga!i ~ullo·preo;,.;ure 
om.: in ,,,,t\:r. N,, claim uf uríginality can he matJ~ for 
thc ,uh,tit_utiun wc havc c.allcd thc rl'a/ ~:•u p.t•·•uifJ· 
,,,,.f.ntu. · Coar"'liiw und Jac~,-c:r" rcvicwcd ·upplicalion ur u 
,¡miiO&r tran\htrmatiun which Wtt5 u~t..-d in sululion uf 
hL'ill cunt.lucai,m pruhlcm,. a!ri cUrly al\ 1 K94 and lhc 
l.'iHI)' 1'"0"'. H'-'Ct.:nll)·. M..:Mur.dic:~· puinlcd uul thc ntility 
nf thi"t ~111 uf 11'410\f"rnmiÍUII Íll hcm cundttcliun JVUhll:;ms. 
1 hcrc h;J\IC ""'"en tx-cn numr.:ruu" mcntium. uf lht.• U\C 
uf a ll<•u,furnwlit•n ,¡.,,ilar tn lhc mfpl funcliun in cnn· 
lh:;;tiun w11h n •• w ahrough f"'Wll~ media. ·In 1~411. 
MlhLal ' u~tl thc ~une lnm)¡¡l,mnath•n in tt ·Ui!lr.Cu.,)¡¡i••n uf 
llu.• thL·ury ur l"-1lt.•uli,,n.etriC Uh~ds. In 19Sl. l.citM:nzOn". 
u .. cll lht.' lr;.tll!lrofl\fll\UiiL'Kl~ and, Rus"ian author• rercr 'lu 
11 '" lh.: 1 cih~o:n~.un transr,,rmaliun. In 1 'IS.I. Fa y amJ 
1"•·•" ,liM:u!lr. .. cd U!\C ,,r u ~imilar lrun,rurmalion in cón
nc .. ~liun wilh 1run,icna li"fuiLI flow. In 1955. AlkiníWn 
.u~tl Crawf,•nl .. cvaluah:t.l num~:rically u similar fuuctiun 
hau wiíh cunslunt vitteoshy. In ICJ62, Car1cr• u\Cd u 
~·" nn•hility tcrm Mlp), which was defincd us: 

r,.z • 
' ' . 

khp 
M(p) ~ 

l 'lcarly, thi: m(pJ ·runction i• pruportional to the prca-
. """ intc¡;ral of Carter'• Mlp). In 1963, Hunt el. di." 

U\1:1l a .' ~imilar in~c:J;Tal, hut wilh constant v~sity • 
. Tu ,~,. Lnuwlcllge, howcvcr. this papcr represcnu" thc 
tirw "applicatiun nr thc' real ga.~ pstudo-.pres:surc 10 lineari
laliun of . trunsicnt real gas ftow. Perhap5 lhc most 

fusivity ,;r rc•l ga' with pr~'Uure wa> similar lo lhal 
uf un ideal Jr••· it w•s I'O'•ihlc 10 correlate finitc dilference 
.ulutiM• . for thc ideal ·radial production of :cal ps .. 
froin a hounded •YMem with. thc Jiquid Huw mlutions ... 
ur van Evcrdingcn •nd Hurst, and lhc id.:al .,.., wlu
tions or Aroncolsky und JcnkinL .This currclation ovoid•· · · 
thc assumplion nf small P"""'ure gradienlli in the rO.Cr·· · 
voir and olfcro gcncrally uscful ialulions ror the radial 
~uwufrC'óllgaa;: ·1;. • ·IJ •.;·:··. 1':'•: ... ·· •. 

' An inve~isaliun. uf thoi · injcclion ¡, real s•• 'into ·a 
~ huuntf.:d radial 'ystcm aiW gave a reusonable corrclalión 
·--hut nnt ¡¡~· gunJ a c:orrcbalh.ln as produc:l1un dala. T1u: 

· corrchuion wa., a' go"d us. ur hcuer ahan, thc corrclation 
of ideal gas Huw re,ults ntade.by Arunnfsky anJ Jenkin• .. 

An inw,tisatinn uf lhe possibilily nf su.perpositi.~n of' 
tho 1incuri~e.J r&:MIIIK indic:olcd that !iUpcrpm.ition can 
he UIM!d oH6 an a.:..:cplihlc engineering · 3(lpt0:4:im;ali!Jn, h\, · 

gcnc:ratc variahlc ratc nuw . ur real gases in a radial 
systcm. Prc.sure huild-ur for · real gas flow was 1hu• 
justiH•'<I fur th.: Hnt time. tNo justificatiun fur pressurc 
huiM·up fur the' non·lineai prohlem of ideal gas fldw 
has yct hcen rr.'\Cnted.) . 

Accuralc nntl "implc '..:qnuliOns can he \Hilfcn lu · 
dL'\Crihc un,lc;uly Onw uf real ga..es which prl•p:rly con~ 
sitfcr. \IOifhlliun u( ~it"t phy,icuf J1fUJ1C_tiÍC\. 

NOMENC:I.ATURR 

V " grad 
'J· ·:: diverb'COC:&: 
'1 1 -~ Laplacian uperulor ·. 
A ...:: arca, t~~q 'cm · 

b = slopc of a struight linc in 1' plot of ~lp) v• 11 p 

.-,(p) = real gas comprcosihilily defincd by Eq. 1 O 
. h = thickncss, cm · 

A(p) = effcctlve pcrmcability, darcleo 
M = molecular wclgbt .-. 

m(p) = ral gas pseudo-pfes.ure dcflncd by Eq. 14 
p :::Í\-pressurc. i.tril ' ' · 
q e: ftow ratc, cm'/• 

. r = radlus. cm 
R = gas cunstant · 

· >urilrioing fact ¡, that the rcaliZIItion of the utility of. 
thi-. cmu.:.:pt ha~ hc:en w lnng in .cuming. r= time. sec 

In thu.nriginal draft of thi• puper and the comJlianlon T = tempcrature, •K 
l"•l"'r.'' " wu called thc ·m(p) function the real ~"" · v = v~ofocity, cm!sec 
/H,,,.,;,/, h .w•a!lo !iit;•h:d in lhosc papen that thc m(pJ JI ~ pore vo1um~ cm• 
ln•n.,formatiun wa... not u lrU1:" p.)fc.nciaJ. Canlaw and . x, y, & e: dircction nota.lion 
Jaegcr~ tcrmed u •imilar •uhotitution in heat cunduction 

· an rflNtivt! putrllliul, whilc Mu.•knt" called the lnlns- z(p) ~ gas deviatioo factor, a function of pressure 
lurniutiun a putmtial ,.. a mütter of convenienc.:. We 81 constant temperaturo 

.• ' r ... l that thc mlp) lranslurntation will be an importan! p ·"" density, gm/cm' 
funcliun In ~"' r<\Crvoir cnginccring. and il is impurtanl .l•(p) = real &&• viscosily, a fuÍicl.lon ol-prcnure al· 

, . ~hat ·lhU fLincliun he givcn u suitahlc name. Jf wc wcn: constant temperaturc, cp :, , ::·¡ • •. 
· · h• m.mé 1hc lro•n~rurmUiiun ¡uf Ru~~¡ian authon havC, wc ,,, = viscosity at atmosphcric preuure~ cp .. 
. wuuld cal!. il thc Mtt\kilt trun.furmation. In thc hclicf , .. · .. n .':' normal distancc IIC&IO .... ;· .... ';, ;_', ~' 
~ : atnu · th" u•un~.: "'hould he rcasonahly dc..-scriptivc um.l h 
• hri..:f,llu: I'!_Jm réi•l ga~ ~~~~lo-Jlr~Msrc was·linally sck-ch .. -c.J. ·.·:. r .• . ;.;:.· ydm~ar~ porosity, fract_ion -:. ::..: ·. 

Thi\ ruunc was "ri~;in.elly'"-.um,.resa.:c.l tl) us hy M .. 1•rats, .sunsc:iuirfs; ... :.. '· ······· ·.i · 

wi1h Sh.:ll l~vc!opmcnt (~•. · .: . :-~~ · ·, · • ·.:~·.~.· ··· , .. · · •.... ·., · ... 
-~.· .... ".·af.f,.ar; tha_l thc. ioll~wi~g ci.l~ci~ións. are 1-,.,;,ifi.:d. "·"' ClUcrnal.houndary. 

l'h f _1 7' liquid 
í e tran" ••rnt:111un '-otlled thc ·real .~as pseudo-p.'"CSSurc in .. 1 ~--•hi~.P'J~~--rt."ducc,. a_ ri¡,~~~~!~ ~rlial dilfercntinl eqmllion 1-· • • pe ~:pscw.ll)-Critial n• .-
. fttr lh..: n •• w · ul n•al C~" m 11.n iJcial' 'it)'iitern · h) a fonn . . .. ¡ C::S faditis . , t t · 

. ~milnr Id rhc lidfu,.ivity · .. t..-iawation, but with poc~ntial~ · .. ~···l.~•,.::o~ ~.~~~.u~ cont!itions~. : ·;\ ;··.: • .,;~~~~·:;·::·.;~ .' 
.. · ... •·. ~~l..:p~m,l~:na _dilfu .. ivily.- RcráuJ&C .lhc .varialiun uf th.: dif· • 1'-· d .__ 11 · · ··· •· ~- · ' 1 

•• # • • •• ,~ •• ·.-~ • .--::-¡·~ W~7.tntt..Tna uuun ary, t. .. wc 1, .;"/:-: .·¡, .... 1 •• 

. - .. ~ :. ·~ ::->·. . ... ~.,,,._. . . . .. <'! _ ..... ~ ::· -~ ~ ~; l·~~ ~-~::.·. .. .- -:-··~!1 .· .. ¡:·. ·.'.¡·¡··.:!. ~: .• ~¡ • ......... '.·.· :• •. :· •• •• ·''.;, 1' : ' ;.,1.-.:, ,_. ·Í .... ·;.· ! ·•·. .: •. 

' •.·.~ •. ' ... ·;.·-··:· .. ,·:··\·.' .• ~ ... :._·:.,·.·.,.···:··.~,_.·.·.~.;~!.::.. . .. ·.--~;(;.:..::,;:_;;·~:~/+~:re.:· ... .-~.-~·:. ~- .-~ ·· .. ~ -~ ·=.· 
"-'-'--'.;;.~.;;.;;..:.:....;:::;;..:...:::..;:.:.:.._~···~~~~~~.:.:_. •• :_;,,:·.;:·... •.• .,, .; • . • ···:·,. · .. - ·:··'"' .... .: ' ' '.:~--'.1¡.. 

\. 
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.,.,,,, '· wtp.)IHI'J ...... • . tA-2f 

lliiUl'lhi,mft..·~,·.r_¡m,~ is llelincd B\: 

11 
. . ,, k(¡>,) 

• , J 1 • ·~ . . . • • . _.¡.1-rp.)r, 
lA-JI 

1/· In 
r 

. . . . . • . • IA-41 
'• 

lu h:lnh ,,f 1hc ml¡1) funclitm, uml u~ing lhc t.limcn)r!oiunk" 
, ..... io•ht...•" F'l. A-2. lht Jl&lw '"\JIItlli&IR wla.-s. lhc (orm: 

' 1 ,. [ 1 ,.,,,,.,} 

,. . .. , ,,, 

mtl•t 2 j I'WII')JI' • - • • (1\-1>1 

• 
l.cl lh&S Ce~llicic'nl dU lhC ldt 1\ÍtJe u( li.q. 1\ .. ~ h.; 

... ,·,uhl.lh!ll ut thc inirial cumliiÍL'n', and define:: 

r 
IA-71 1. 

r. 

'· . 
k(p,lp. 

4;¡•1 p .)C~1Í' .'Ir.' 1 (A-NI 

Nuticc thal J'(Í'J ~mi K(l') are· equal to onc ar' lhc inilial 
1'. 1 km·~. E<¡. A-~ 1ukes l~c lurm: 

. m(PI 

, .. · 
',1 

NATURAL.GAS~ 

. . 

0o~~~02~.~==~~4~--~----~~~~ 
p 

.1 .. 1 .. [ro ~III(P) l = · ~III(P) . , . . • (A-9) . 
r., ilr,. ~'• . iU. · 

lñc How ralo al lhc pruducing fac:c as govcn hy F.ilen' 
,., "'·- i~: 

C!. • . • • . (1\-111) 

und the· clased houndary: 

~m(P) 

·-w- . 11 • • • • . IA·IIJ . . .. . 
Tlms, in 1erm1 ni lhc dimensionleu n:al a•• pseudo- . 
pres<ure drop: · · · · ..... 

IA·I2) 

The m(Pl for Íhe Eileno " ;,_' M'tural J181 and coo
dcnsate fluid are shown in Fia- 12. Thc Jarao ditren:ncc 
~tween · phy•icul propcnies olthc IWO. ftuids is apparent. .. . ... ·· . *** ---------- ' ; ... ~------~---
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_ Appendix A ·,·: . 

• 
Solutions for Radial Flow of Fluids ·of 
Small and Constant Compressibility 

Constan! Rate, ·Infinita Reservoir Case 
. The oinitiill value problem represcnted by this case 
is prescritcd in Chaptcr 2. Jn ~ummary, the mathemat-
ical problem which we must sol ve is: · 

aap + _1 ap = .¡,1,c ap 
a,~ r ar k a1 · · (A.I) 

Boundary nnd initial conditions:. 

( 1) p = p1 at t = O for. nll r. 

(2) ( r ap) == - qfJ: __ r~r 1 > o. ar r,. 2~kh 

(3) p-+ p1 as r-+ oo for nlll. 

As mentioned in the text, severa! slightly different 
approachcs to thc solutlon ·or · this problcm ltnve ap
pearcd in thc. liternture. We havc choscn ·lo prescnt 
the nppronch of Polubarinovn-l<ochinat bccause it is 
quite straightforward. Wc are indebtcd to H. J. Rnmcy, 
Jr., for ca!ling thls ·appronch to our attentlon. 

To dcvelop the solution, we first rcplacc thc sccond 
boundary conditión by the· condition 

lim ap- qp. 
r .... o · r a¡- -2,.kh , for 1 > O. 

·,; This boundary conditlon ls the "line-source" approx
imation to the original boundary condition. lt has been 
shown to yield identical results (from a prnctical stand
p<>lnt) with those obtalned from solution or the problem 
with tho original, lcss-tractablo condltlon (seo Mueller 

·., and Wi thers poon'). 
Fundamental to the solutlon ls tho uso of the Boltz. 

mann Transformation, · 

tf>p.cr' 
y:. 4kl ' ' ' ' ' ' ' ' (A.2) 

Substltutlon of Eq. A.2 lnto thc di!Tcrcntiul Eq. A. 1 
~-- .1d uccom¡lnnying · boundury contlitions givcs 

,¡. 

· :'y !!_~1'+ ~1!... ( 1 +y) " O (A.3) . . dy" c/y . • 

with 

(1) 

(2) 

p-+ p, as y-+ oo , 

llm 
2 

dp Qp. 
y .... o y dy = 2,.kh . 

. . dp 
. To solve Eq. A.3 Jet p' = dy • 

Then Eq. A.3 becomes 
d • . . 

y ,:;. + (1 + y) p' = ~. 
1 • 

(A.4) .· 

Separation of the variables and lntegration yleld 

In p'= - In y -y + C 

or 

. dp e, . 
p' = dy =y-e·• . .... (A. S) 

C and C1 are constants of integratlon. 

From boundary condition (2) abovo, 

llm dp _ qp. 
, .... o 2Ydy- 2,.k1i • 

Comparison of this expression with Eq. A.S silows that . . ; .. .. . · 
-.ifm dp _ qp. _ llm 

Y-+ O 2Y dy - 2--;:,kh - y -+ O 2C• e·r • 

Thus, 

e = qp. 
1 4 .. kl& .. (A.6) 

Eq. A. S now becomes 

dp .!!..i!:.._ ¡¡·• 
. dy = t+;f!l y . . .. 

which can be iatcgroted to ylcld 

qp. r e·• P = ----- -dy +e,. · 4rrkh y 
. . . . ~(A.7) 

Thc Jowcr limit of thc -integral in Eq. A.7 can be 
ussigncd orbltrurily~ We choose y = oo ond .obtnln 
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e<'. urninngc Vlllume with a centrally locatcd weil \Y'hich 
produces nt constan! ralc. Wc must now ubtain thc 
in verse Laplacc transform of Eq. A. 15. 

Ex¡¡mination of Eq. A.15 in the complex plane indi
~ cates thnt thcrc is a polc of onler two at the origin 

and simple paJes along the negative real axis. Thcse 
are the only singularities of the function. 

We lirst determine the bchavior of P at small values 
of s. Jnversiori of this equntion will givc the bchavior 
of-llp0 at large vulucs of t0 .,. The behavior at small 
values of s ls establis~ed by introducing small argu
ment, asymptotic expansions for the Bcssel functions 
nnd examining Eq. A.! S in the limit as s-+ O. The 
deialls of this manipulation are somewhat. tedious; 
however, the final rcsult h · 

lim p _ _!_ { r.o1 ln r,o _ r,o2 -rn2 + r,o1 ln r,0 
s_,.O ':"" s r,o•-1 ro 2(r,v2 -1) (r,o2 -1)2 

_ (r,o2 +1) }+_!_ · 2 · (A 6 4(r,v2 -1) s• r,0 • 1: · ·1 ) 

Consultation of ·standard· La place transforrn tables 
shows that the in verse of Eq. A.16 is 

_ 2 [rn2 
] r,o2 

llPo- 2 l - 4-+ fow ---2 --1 tnrv 
TeD - , Ten -

3r,o" - 4rm4 Jn Ten - 2r,n1 - 1 
4(r.,,• ..:T)-' -----· 

(A.17) 

.. :<¡. A.l7 ís valid for !urge v;llucs of time, fnw· This 
cquation is the "long-time bthavior" scction of Eq. 2.34 
of the tcxt. 

To find L;o behnvior for early values of time, wc must 
apply the Cauchy Rcsiduc Theorem. The vcrsion of that 
thcorem which we shall apply hcrc is as follows. 

Denote by F(s) thc Laplace Transform of /(1). Let 

Y· 

Z PLANE 

e B --¡."' 
1 

1 
1 

--------~o~,~----~--~c~--------x 
1 
\ 
\ 

' ... - ---A 
E 

Hu~ A.l lntcgration path in complex plane. 

PRESSURE BUILDUP ANO FLOW TESTS IN WELLS 

6GF(z) be thc corrcsponding function of a complex 
·.variable. Suppo•e 1hat F(z) is analytic except for 
a finitc number of potes, nll of which are to the. 
left of sorne fine x = C'. Also, suppose that F(t) .. , . 
tcnds uniformly to zero along the semi-circle CDB · 
and the segments BC nnd ·EA 11f Fig. A. l. Thcn 
/(1) = :S Residue (e'' F(t) ; a,} where the polnts a,· 
are the poles of F(l). 

Sincc we ha ve airead y found the con.tribution of the. 
double polc at the origin, wc must dcteimine thc rcsl
ducs at the poles along the negativc real axis. We set 
z = 11' c1•. From Eq. A.15 we obtaln 

Res{e••••P(t) }= .l..je•1••P(d dz = 
. 2111 

_!_ f e-~•••[J,(ur,n) Y,(urn)- Y, (ur,0 )J,(ur,..)) du 
,¡· u•[J1(ur,v)Y,(u) -J1(u)Y1(ur,o)) 

• o • o (A.18) 

The singularities (peles) are the roots a. of the 
denominator of Eq. A.IS, or 

or 

J, (a,r,0 ) Y, (,.,) - J, (a,) Y, (a,r,o) =O 
• • • • • • o o •. o (A.19) 

The residues at the a, are given by 

oo e·-•·'tD• 
2 l: ' d 

n=l. Ci z lim -
n U-+nN du 

. [J1(,.,r, 11 ) Y.,(.,,r,,) ... Y,(,,r, 11 ) J,(,.,r,.)] 
•- ·l¡~¡¡¡:;;,¡·-Y,(uf ·:-¡;(u} Y,(;¡¡:;,.¡¡ · ., 

. . . . (A.20) 

" ~ [(e-••~•· J,8(a.r,0 ) [J,(an) ~o(a,ro) - Y,(a,)
1 

n-1 · 

J,(a,r0 )]) + (a, [11
2 (a,r,o) - i,• (a,)]) J 

. • • • • • • • • (A.21) 

By adding these cxponential tcrms (which die out a! 
lnrge vnlucs of time) to .the large time solution, Eq. 
A.17, we obtain thc complete solutlon given below. 

p(r, t) == p1 - -·--- ------ - + q¡< { . 2 . ( rol 
· 2,kh r,nz - 1 4 , 

_ c·~•·''••l1 '(a,r, 11 )JJ, (a,) ~,(,.,r0)-Y1 (a,)J~(a,r,~l} 
. a.[J,'(a.r,o) · J,•(a.)J 

. . . . . . . . 
which is Eq. 2.34 of thc text. Note that we uscd the 
dcfinition of tlp0 (Eq. A. lO) in obtaining Eq. A.22. 
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The mathcmaticul stntcmcn! of this problcm is ns ful
lows. 

'-..._.' 
a•p t· ap·_· ~1,c ap -+-------, ar• r ar k at 

with 

( 1) p = p1 = p, at t = O, for all r • 

( ~p) q,. o 
(2) r ar·. "• = 2,kh , fort > . 

(3) p 1 =p., for alll. ... 
If we recasl the problem in terms of the dimensionless 
variables of Eq. A.tO, we obtain 

' . 

with 

(1) t.p10 =O, at 10 ,. =O for all r10 • 

(2) a!J.p, 1 = - 1, for lo,.> O. 
(}rD ! 

(3 r t.p" = o al ro = ,,,, for all 1,,.. 
Applicalion of the Laplace · transform to thc abovc\ 

givcs 

'(_. (A.23) 

with 

(1) 

(2) 

dP = __ 1 ). 
drn· · S { 

PI _=o ( 
r.o ) 

. (A.24) 

Again, Eq. A. 14 is a general solution of the diffcren
lial equalion nnd the conditions { Eq. A.24) mus! be 
used to cvaluate the constants A and B. In this case 

- - - - 1 A ys 1, ('/s) - BVs K, {ys) ,_., --, 
S 

A lo (r,n yS) + B Ko (r,o y$) = O. 

Solving for A and B and substituting into Eq. A.14 
yields 

¡; = l.(r,o\ls) Ko(ro'/s) - Ko(r,,,TS) l.(~vVS> , 
. r312[/,(ys) K 0(r,n'/s) + K,(ys) fo(r, 0 yS)] 

(A.25) 
· which is the transformcd solution to our problcm. 

Procceding ·us with the bounded circular rescrvoir 

133 

case we find that !he only singularitics of Eq. A.2S in 
·!he cumple• planc are simple potes. at thc origin and 
along the ncgativc real uis. Al the origin · · · 

1 . 
P=-(lnr,o·-lnrv) 

S 

and, thercforc, for. lnrgc time 

(A,26) 

t.p0 = 1n r,ro - 1n r0 • • • • (A.27). 

To obtain the complete solulion wc again necd. lo 
find·the singularitics along the ncgativc real axis. Those. 
interested ·in the details are refcrrcd to Canlaw and 
Jaeger.• . 

Finally, we obtain the following expression for the 
pressure oehavior at the well. 

p,.1 = p1 - 2q"k• ~1~ r,o- 2 ; 
. rrn. n-1 

e-P·'••• /o1 (p.r,o) ] 
p.• P•' (p.) lo' (p.r,o) J 

. . . (A.28) 

where (3. is a root of 
·· .. 

., 
Eq. A.28. is identical with Eq. 2.38 of the text. 

In Ref. 4 of Chapter 8 a slightly dilfercnl form of Eq. 
A.28 is cmployed to provide a basis for prcssurc faU-olf 
analysis prior to rescrvoir flllup in thc unit mobility ra
tio cnsc. This form is b¡rscd on thc vanishingly small 
wellbore radius (r"-+0) assumption. Thc pressure fall• 
off cquation which is obtained is of !he form 

p,., = p, + b, e-lloAt • 

Since only the first term in the series expansion has 
been retaincd, this expression is valid for largc values 
of shut-in time only. 
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v,o.- PRELIMINARES·-

INTRODUCCIÓN,-

El objetivo de este tema es el de hacer adquirir 

1 os conceptos i ndi spensab 1 es as 'i como 1 as herramientas teóricas nece · 
sarias para la compresión del comportam.iento mecánico y termodinámj_-

. co del fluido .geotérmico dentro del pozo. Asimismo se describen las 
relaciones emp,íricas que pueden emplearse para resolver efectivame.!!.
te el problema así planteado. 

. ' 
Entre las varias opciones posibles para prese.!!.-

tar la teoría básica del flujo unidimensional (monofásico o bifásico), 
hemos escogido, por razones didácticas, la más general. 

En una primera parte planteamos las grandes ---
leyes de conservación de la mecánica del medio continuo, tanto en -

.forma integral como diferencial, para un material arbitrario. En -

una segunda etapa describimos la ley de comportamiento de un fluido
newtoniano, a pártir de la cual deducimos la forma de las leyes ante 

' ' . . 
rio~es para este caso particular. 

De esta forma los balances de masa, momento y~
.energía que tienen lugar en un pozo geotérmico, se obtienen fácilmen 
te por una simple proyección de las ecuaciones precedentes, sobre el 
eje a lo largo del cual ocurre el flujo. Así se aprecia de inmedia
to cuales son las hipótesis simplificadoras que requiere el plante!
miento numérico del p~oblema. 

La presentaci6n de las diferentes correlaciones
empiricas para el análisis numérico del flujo, la hacemos de manera
puramente descriptiva, complementando con la publicación original. 

-1-



Por último, en las aplicaciones, mencionamos las 
utilidades que pueden obtenerse del ·análisis del flujo de energía y

. materia a través ·de los pozos geotérmicos .• 

0.1.- LAS GfWiDES LEYES DE ffiNSERVACION DE LA ffCANICA lE. 
[JNTJN!XJ.-

OBJETIVO: Adquirir las técnicas y herramientas amiliti 
cas suficientes para construir leyes mecánicas deconse.r 
vación. 

0.1.1.- LEY DE ffiNSERYACION DE LA MASA.-

Consideremos un medio material continuo cual -
quiera, por ejemplo un fluido, que ocupa un volumen V
del espacio y encerrado por una superficie S. 'Por el -

mome'nto, la forma de este vol~- · "-
z . ' men y la extensión de su super-

ficie, .son arbitrarias. 

· .. '· La masa total contenida en V es: 

........ ·!¡ 

M= J P dV = f Po dVo 
· Vo V o 

En donde P( x ,y, z , t) es la densidad en la --
configuración de Euler (~1 medio ya inició su movimian-. -
to), y Po la densidad del mi,smo medio en la configur!-

. ~ ' 

ción de Lagrange (antes de iniciar el movimiento). Asi 
1 • -

mismo dV y dVo son los elementos diferenciales de· vol~ 
men en las configuraciones respectivas.' 

-2-
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J= 

; ,. 

Sea M una partícula de V, sus coordenadas:· 
OM=(x,y,z,t l, en donde cada coordenada depende a su vez 
del tiempo. Entonces: 

dM = ( d x, dy,dz,dt) 

La deriva da total de p con respecto a 1 tiempo- . 
es entonces: 

dP- dM i)p dx iJpdy i)pdz iJp.dl 
__ , 'VP·--= ----+--+--+--
dt dt ax dt jJydt jJzdt jJt dt 

Es decir: · 

dp -- iJP --,v.<;¡P+ 
d t a t 

en dondev es la velocidad de la partícula de masa p dV. 

Por otra parte, esta partícula M en la configu
ración no deformada, ti ene coordenadas: . 

-OM=(a,b,c) 

La relación funcional entre ambas configuraci.Q.
nes es del tipo: 

dV = JdVo (2) . 

en donde: 
a x ax iJx --
i)a a b a e 

de t · a Y iJY iJY - -. 
i)a a b oc 

iJz oz a z -a a clb i)o 

-3-
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Puesto que por hipótesis: 

x(a,b,c) 

y (a,b,c) 

z(o,b,c.·) 

De donde deducimos que: 

d J 
--=Jdivv (3) 
d t 

· d m Si 1 a masa se conserva entonces --= o Es decir: 
d t 

~·=~ r Pdv=f L(PJ)dva=f (ilJ+P~)dYa= 
di d 1 J y . Va d 1 Yo .d 1 d 1 

=f (-ªL+Pdlvv)JdVo= fy(ddPI +Pdivv)dY=O 
Yo d 1 · . 

Obtenemos.· fina 1 mente: 

(4) 

que es la forma integral de la ecuación de la masa. Como el 
volumen V es arbitrario entonces: 

_:}_!_+P div v=O 
d 1 

o empleando (1): 

Op -- --+v.'ilP+Pdtv v=O 
¿¡ ' . 

o también: 

i.!_+ dtv (P'V): o 
a ' 

-4-
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dV 
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(S), (6) y (7) son tres forma~ equivalentes que traducen 
en ecuaciones diferenciales parciales, el principio de -
conservac.ión de la masa localmente, o sea, en el volumen 
dV. 

0.1.2.- NOTA SOORE 8.. PRINCIPIO DE COOSERVACION DE lA 
~VISA.-

Imaginemos un medio fluido n de frontera S. -
su masa tota·l es: 

-V m= f ,¡¿ P d V,. P densidad, V volumen. 

Como anteriormente, si calculamos la variación
de esta masa en el tiempo: 

si liltilizamos ei teoremá de la divergencia al revés: 

In div(Pv)dv= ¡5 Pv.ñ ds (.9) 

La ecuación ( B) representa la variación, en fun·· 
ción del tiempo, de la masa fluida contenida en n , d~
minio de volumen variable, limitado por la superficie -
móvil S. ·si dm =O entonces n contiene siempre ·la misma 

d t - . . . 
masa: el término-v.n representa la velocidad normal de-

· una partícula sobre la superficie S, o sea que también
representa la velocidad de desplazamiento de la superfi
cie S. 

-5-
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Por otra parte, al derivar parciaJmente con • .., 
respectó c~l tiemp' o .l..!.. se están manteniendo constantes ' · a 1 
los componentes espaciales, entonces: · 

f apdV=-0-(PdV=-fpv.ñdS (10) n a 1 a 1 Jn s 

. el integrando pv.ñd s tiene unidades delf-, es decir- • 
un .gastc:u través S.· Por consiguiente (lO) se interpr! 

' .1: . • 

ta: la variación temporal de;'una .masa fltJida contenida 
en un.dominio fijo del espac·.jo, .es fgual a la resulta!!_
te de los gastos que entren al dominio a través de su -
superficie. 

Nótese también que en la ecuación diferencial
de la densidad: 

u + d 1 V (p V ) = o 
iJ 1 . 

puede reemp 1 aza rse: .ltL = ..QL + v . 'f! p 
d 1 iJ 1 

Lo cual ·implica: !!f._= -p d 1 v v . 
d 1 

· Sea· 1 
V•-

p. 

.. · ==(>¡ div v:-1 _' --l!L 
V d 1 

La divergencia de la·veloci· 
dad de·las partkulas del -
fluido es la variación· ins
tantánea relativa del vol~-

men específico para esas -
partículas. También se-~

dice que div v representa la velocidad de dilatación -
cúbica (o volumétrica) del volumen diferencial rodeando 
a esa partícula. 

-6-
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0.1.3.- OONSERYACION DEL MOMENTO LINEAL.-

La ley fundamental de la dinámica de medios con. 
tinuos se escribe: 

f padv= r Tdv+Jios 
. o · Jo ao · ( resul i:'ante) 

;¡-. J Pxxadv=Jxxf'dv+rxxlds 
o o Jao (momento) · 

·,·, .: 

Con D un dominio material de. frontera oD;'Xe ouao; 
fes la fuerza por unidad de volumen de acción a distan.
cia,t es la fuerza superficial de contacto, p densidad
del medio, a y v aceleración y velócidad respectivamente 
de las partículas que componen D. 

La hipótesis de Cauchy presupóne que :'T = ¿. ñ 
en dondeñ es la normal unitaria exterior a D y¿ es el
tensor de esfuerzos intrínsecos: 

(

0'11 0'120'13') 
¿ = ( O'l j )= 0'21 0'220'23 

. 0'31 0'32 0'33 

Tene.mos pues, utilizando el teorema de Greeii: . 

De donde la resultante se puede escribir: 

V Do e D: foo Pad v=J 00 (l+div¿}d\o: y por tanto los integra . , 
dos coinciden: 

P~=f+d7v¿ o Pai=fi+o¡crl¡ 

que traduce el momento lineal o ley. de la dinámica de m~ 
. dios continuos .. 
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0.1.4.- CONSERYACION DE lA ENEIEIA FDJENCIAL.-

Consideremos nuevamente un medio continuo mate · ... -
rial D sujeto a diversas interacciones con el medio ex-

. -

"'-../W e 

terno a él. La la ley de la 
termodinámica del medio CO!!,

tinuo establece que el cam~-
. -

b.io en la energía intema --
del sistema D, K+U es de la-
misma magnitud que el traba

jo externo realizado sobre él y añadido a la cantidad
de calor intercambiada: 

K-Ko+U-Uo=We+Q (IT)· 

En t >o tenemos: ,., Jo t pv.V d v, u= J 
0 

pu d v . 
con: 

P =densidad del.medio. 
v = velocidad de las partic:ulas. 
u = energía interna especifica por unida~ de masa. 

K -es debida al movimiento relativo de las moléculas 
de D. 

u -es la ·energía potencial debida a las interaccio
nes entre las moléculas de D. 

·La potencia del sistema es por definición: !!5..+!!..!:!.. =1> 
d 1 .d 1 

-ºJS..:.!L r lp7.vd v= r (PVcr+-k<J.f..v.v+-!..-PdivV.v.V)dV 
dld1Jo2 Jo · .:cdl "' . 

~=-d- ( pudV:=( [(dP+p·dlvV')u+pdu.] dV 
di diJO JO di ·di 

De donde: . 

-8-
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Además: 

ddwte =Jf.~ d v + !,TV' ds =f. [TV'+ d1v ( L ,-;) d v 
D oD D 

Y: Jl..Q..=f Pr dv-f'Q:ñdS=f (Pr -divCf')dV 
d t D oD D 

Con f. t y L definidos como antes; r la radia 
ción específica ,por unidad de la masa (debida a fuentes
de calor.-. accionando a distancia,' tales como. ondas ele!
tromagnéticas, rayo la ser, ondas nucleares,· etc.) y q el 

· flujo de calor instantáneo a través 1 a frontera o D 

La ecuación ( lT) queda entonces: 

J (P_,;:;rr.(.. pJ!l!..jciv=~.r·••·[(T~~~).v+¿:gradV'+P i-dlvCi]d.v.· D~-··dt· Jo ?'v¿. 
y si todas las funciones involucradas son continuas se

·tiene:: 

P du "" - -dt=¿:g rod V+ Pr- div q 

que es la ecuación diferencial que describe •la conserv!_
ción de la energía interna de un medio material. 

El término: ¿ : gJ a d v = t r ( L. g r a d "V ) 
- - (ovi) ' · con g r a d v = 0 x ¡ .. es una matriz. La traza de una ma ·:--

. triz A se define mediante: 

Las ecuaciones de conservación de la.masa, del
momento y de la energía, son leyes universales válidas -
para toda la materia continua sin que importe su natura
leza intima. 
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0.1.5.- CONSERVACION DE LA ENERGIA CINETICA.-

Cons.i de remos nuevamente 1 a 1 ey deducida en 
0.1.3;: 

dv - -
. p Qf = f + di V I 

multiplicando ambos miembros escalarmente por v : . 
. ·' 

- dV -- ·.-. -
P V • df = f · V + ~.i V ( I ) • V 

Integrando ahora sobre V: 

!·"' P k CY·vl dV = J "fiV dV + J div""i :V dV 
V 2 V V 

Empleando el principio de conservación de la -
masa, y el teorema de Green, la';ecuación integral ante

rior es equivalente a: 

.---::::;-::::: - -d v2 
@ ... CffjP2 

-... v· 
dV = f f •v dV + f (_I•v)•ndS 

~__¿_______-

--::-::::::--..· :-J tr ~I Vv) dV 

v-----:..___
Potencia de 

·esfuerzos -
internos a-

-
Cambio instan 
táneo de ener 
gia cinética:-

Potencia de 
esfuerzos -
exteriores
·de· volumen. 

Potencia de 
esfuerzos -
superfi ci a
les. · - · 

-
V •. 

. ··:.·; . . 

Si la fuerza volumétrica .f deriva de un pote!!_- '' .. · .. - -cial de esfuerzos F, entonces: f = - p V F , con F--
independiente del tiempo. 

Nótese que: * = g ~··· + v.~ F , pero-
aF -- - ...v dF at =O • luego: f •v = - p V •V'F = -p Qf 

De donde: 

tt- f (Pf + pF) dV = f .. (I ;y) :ñds - f tr (I9v)dV 
V S· V '· 

~lO-

'" . '. 



. 0.2.- A..UIOOS NOOONINm.-

OBJETIVU: ·Definir la forma matemática que tiene el --
fluido geotérmico, y construir las diferentes ecuacio -
nes que lo gobiernan. 

0.2.1.- LEY II cotfDIUJlMlEI'ITO IE. A..UIOO NOOOOIJIID •. 

Consideremos ahora un fluido compresible, vis
coso y eventualmente, conductor del calor. 

Debido a que las velocidades de deformación de 
un fluido son mucho mayores que las de los sólidos, in
troducimos un tensor·que relaciona deformación con velo
cidad y definido así: 

entonces: 

. D = (Di j) con · Dij ~ + ax.) 
1 

Las ecuaciones. de comportamiento se esc,riben -

E = - PIT + Atr DIT + 2 ~D 

con el flujo de calor a través del fluido dado por: 

q =- KVT 

p es la presión hidrodinámica, A Y ~- los coeficientes-. . ' 

de viscosidad, T la temperatura y K la conductividad -
térmica del fluido. 
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En particular si el fluido es un gas como el --
aire, entonces lo·s coeficientes ).., J.i ,() y obtenemos las
ecuaciones de la aerodinámica: 

I:=-PII 

Las ecuaciones precedentes son la base de todas
las Ingenierías que estudian el comportamiento de fluidos 
newtonianos. _, . 

. · ... ,.. 

0.2.2.- DISCI.lSION II LA ~ffi3IA TOTAL PAllA UN BJJIOO 
-NOOQNIMO~ 

En 1 a sección O. L·4 se ha estab 1 eci do una ecu! -
ción que proporciona la evolución de 1 a energía interna - · 
potencial específica u. De forma análoga puede deducirse 
una ecuación diferencial para la energía total interna: 

y2· 
Sea e=u + la energía total interna de una -2-

particula. 

~t j pedv= l ~ (peJ) dVo= j [ ~t (pe) + div(peV)] dv= 
D Do D 

= J[f;;+ div (I: :"V¡] dv -J divq dv 
D · D 

o sea que localmente: 

~t (pe) -= - div (pev) + 7·v + div (E ·v) div q 

Supongamos un fluido newtoniano, cuya ley de co~ 
portamiento es: 

¿ = - p I + I:v 

-12-
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con I:V = ·>.tr(D)I + 2 )JD el tensor de es·~erzos viscosos. 

Supongamos una ley de tipo Fourier para la trani 
·misión del calor: 

:q = - K ~T 

entonces: 

. k (p el = - pe divv + T ·v 

variación ins- · energía :de 
tantánea de -- · ' di 1 ataci ón 
energía inter- volumétri-
na ·total. - ca. -

potencia
de esfuer 
zos.exte=
riores. 

div (PV)+ div (I:VV)+ K . .llT ... (E) 

trabajo-· 
tota 1 de 
las fuer 

· zas de :
presión. 

trabajo
total de 
esfuer -
zos vTi
cosos. 

energía: --· 
calorífica 
(distribu
ción). -

Los términos convectivos significan respectiva--
mente: 

- div (Pv)= Pdiv v 
trabajo de-
l as fuerzas 
de presión
durante la
deformación 
(dilatación 
o compre ~
sión). -

v ~~P 
trabajo .de
las fuerzas 
de presión
durante el
desplaza -
miento.-

trabajo je
las fuerzas 
de viscosi
dad durante 
el desplaza 
zamiento. -

trabajo de
viscosidad
duran,te 1 a
deformación. 

Aquí los términos trabajo y energía se entiende-· 
que son ,instantáneos y tienen unidades de potenci.as por -
unidad de volumen • 

..... ·. ~.. ,.· . 
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0.2.3.- ENIALPIA TOTAL.-

\ 

Nótese que en términos de la entalpía especl . . p 
fica: h= ll + - , la ecuación (E) se escribe: .. 

p 

~t[p(h+ fJ] = 1t- [ p(h1
2

J -P] div v+f:V-div (PV'J + 

+div(¡;;Y)+KllT 
2

, •. 

Al término: p(h+ f ).: se le llama entalpía -

especifica total. 

0.2.4.- LAS ECUACIONES DE NAVIER-STOKES.-

Utilicemos la ecuaCión del movimiento deduc.!_ 
da en 0.1.3., válida para tÓdo medio continuo: 

d- -· -
p if = f + di vE 

Supongamos un .. fluido newtoniano cuya ley de-. 

comportamiento·es de la forma: 

E=- PI + ADjjl + 2ll D 

Calculando: di vE= - "VP + >!!o .. + 2" div D 
. . JJ ~ . 

Pero: 

Asimismo: 
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Por tanto la ecuaci6n del movimiento para un -

fluido newtoniano es: 

, o también: 

d- - --- -- - -
p af = p[ JI+ V •<:J V]= f -VP+ ( H¡, ) V(div v) + IJÓ V 

Estas son las ecuaciones de Navier-Stokes, ba~ 

tante difíciles de tratar debido a los términos no-11-

neal_es. 

Para el caso de un fluido perfecto en que :\,¡~oQ: 

dv_ 
df-

0.2.5.- .LA ECUI\CION JI BE~'IQljl.LL_-

Como se ha visto en 0.1.5., la ecuación que de~ 

cribe el cambio instantáneo de energía cinética en forma 

integra 1 es: 

d J v2 (ff (p 2 + pF) dV = f.s (o~ ;'V)~dS -J. tr (o\' v) dV 
V , V 

Sea e = ,.~ ' , r , y supongamos un fluido-

newtoniano cuyo comportamiento es descrito por: a=-PI 'T 

con T = il Ojj + 2 ,,o el tensor de viscos.idades. Pode 

mos entonces escribir: 

~J pedV=j ~ (peJ ) dVo = J [ft (pe)J] +pe ~t] dV 0 = 

V Vo Vo 

= ~ [ ~ t (pe) + v •V (pe) + re di v v] dV = 

= j ~t (pe) dV + J div (peV) dV 
V V 

-15-
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Además: 

f (o•VJ•ñds = -1 P Vds+ 1 ('li•v)•ñds 
· S S S 

J tr (crvV) dV = -J P tr [VV) dV + J tr (T'1V) dV 
V V V 

De lo cual deducimos: 

j tr [P ~ + pF] dV + f (~ + pF + P) -v=ñds = 
V S · 

= J (T•V):'ñds + J P divv dV- J tr (T-VVJ dV ------(8) 
S V V 

Esta ecuación conocida como fórmula de COTTON
FORTIER, es la ecuación general de Bernoulli, que trad~ 
ce la conservación de la energía cinética para un fluido 
newtoniano sobre el cual se ejerce un potencial de es -
fuerzas volumétricos F. 

Escalarmente los términos de disipación energ! 
~ tica debida al frotamiento se interpretan como sigue: 

f - J av; - tr(TVv) dV = - Tijax dV 
V V j 

Potencia disipada por -
frotamiento superficial
durante el desplazamiento. 

Potencia disipada por -
frotamiento durante la -
deformación. 

Como casos particulares de la ecuación (B) --
tenemos los siguientes: 

1).- El fluido es incompresibleq>divv=O y el término 
correspondiente desaparece. 

2).- El fluido es incompresible y las fuerzas de visco 
sidad despreciables: 

j ir (P t\ pF) dV + f (J?f + pF + P )V";i¡ ds = O 
V S . 

-16-



S 

1 
l__ 

i 
1. 

1 

Como el flujo es no-permanente entonces: 

fv f ~t (p f + pF) + div [ ( Pf + pF + P) v ] ~ dV = O 

Integrando continuo sobre un volumen arbitrario·-
V implica: 

pero: 

div ( (Ef + pF + P) v ]= (Ef + pF + P)~ +v;v (Ef + pF + P) 
o . 

Luego: 

a ( v2 a --~ at Pr) + at (pF) + v•'J(-z- + pF + P) = O ---------- (Bl) 

TAAYICTONA O 
LINEA D! CORRIENTE Un resultado interesante se obtiene al integrar la 

ecuac~ón anterior sobre. una 1 inea de corriente. --, . 

Notese pr.imero que. el vector velocidad es tangente, 
en cada punto, a la trayectoria. 

Por consiguiente: . 
-y-~ a v2 
y. • 'J( --z- + pF + P) = as (p-z +pF+P) 

'es la derivada en .. la dirección de la trayectoria
del término entre paréntesis. 

Luego: 

L L . L · 

f 0 ~ ~t <Pfl ds +fa·~ ~t ·(pF)ds+fc ~s (~ + pF+PJ ds = O 

es decir: 

. ·.1, 

constante 

. 17-
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3).- Fuerzas de viscosidad nulas, fluido incompresible 
y homogéneo. El potencial de fuerzas es debido -

· al campo. gravitatorio; 

: ~i = O , F= gz, 

' ... 

z , Coordenada vertical d.e 
la partícula. 

g Aceleración gravitacio 
nal. . -

La ecuación (B2) deviene: 

. ·p f L ~ ds + ( p2v2 :¡. pgz+P)L=(Pt.- +pgz+P) ----------~------- (B3) . o at. · . " o 

.. , 

,<'. 

4).- Flujo pennanente y fluido incompresible. En este 
caso, el más simple, tendremos de (Bl): 

v.• v(Pf + .pF + P) = o 

Hay tres posibilidades: 

i).- v =O = ·no hay flujo ... Caso estático 
. que descartamos. ·· 

2 2 . 
ii).~ v(q +pF+P) ~O =<>Ef '+ pF +·P = constante~ · 

iii).- La velocidad y el gradiente son ortogonales 
y como su producto escalar representa la -
d~rivada de la cantidad entre paréntesis 
sobre ·una trayectoria, entonces: 

v a~ (~pF+P)=O =~>·ef +pF+ p = constante 
. ' ' . 

sobre un·a Hnea de corriente • 

' -; ·: . 

En conclusión para que (ii) o (iii) sean satisfe -
. chas, es suficiente que: 

., 
(B4) ____ P -f + PF + P = constante, 

sobre cada trayectoria. 

. \ 
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Las f6rmulas (B1), (B2), (B3) y (B4)' son casos pa.r. 
ticulares de la ecuaci6n de Bernoulli general (B). 

O, 3. - OFEMOORES DIEEifNCIAI ES EN QX)RIDJAI)ftS CIUMlRI CA), 

,· ,::, '(" 
' '·, 

'• •' . 
,',,"o'' 

•' :: '' 

..... 
. . . : . .' 

El estudio d.el flujo dentro de dominios espaciales con
simetrfa radial, que es el caso de los pozos; se simplifica convenie~ 
temente si las ecuaciones generales que acabamos de desarr~ --
llar son planteadas en una base de coordenadas cilfndricas . 

Sea P .un punto del espacio de coordenadas: 

Definimos los vectores unitarios: 

e " aoP " (cos g sen g O) r ar · • . ' 

eg "i !l~~ = (-sen Q, cos Q, O) 
·, X 

-
e " aoP = (O o 1) z az • • 

z 

De donde, para una cantidad.u (r, Q, z), y un. vector ---- - -v = vr er + Vg eg .+ vz ez: 

(1) Gradiente· vu =l!!e +.!. au:-; + l!!"'i • ar r r a!i Q az z 
2 o 

(2) Laplaciano: 6u = a u + .!. au + 1 a2u a2 u a?" r ar '?" W + 1JZT 

(3) Divergencia vectorial: 
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'( 4) Divergencia t.ensoria 1 : 

a ,. + l a ' + a · ·r r "rr r O rQ z · rz ¡;r 

' 1 ' 
l;g div - 0r t Or + r 00 t OQ + 0z t Qz = t = 

T + 1 . ~ 0r zr r 00 t zO + az t z . ¡;z 

Vd.- BAIJIN(E_ IE Ml\SA EN ffJZOS GEDTEIJ1lCC6.-

OBJETIVo: Deducir la forma particular de la ecuaci6n·de CO! 

. servación de la masa dentro del pozo para flujo permanente y 
no-permanente. 

Consideremos la tubería de un pozo 
geotérmico de sección S (z) variable. ·Ya hemos 
visto que 1 a forma integra 1 de 1 a ecuadon de -
conservación de la masa (10) puede escribirse: 

a J J --at pdV = - pv • nds 
V S 

El campo de velocidades, al interior del pozo, tiene
la forma v =(ij) con v (r, z, t). 

Es decir: vr = v0 = O. La entrada y salida de masa -
del volumen V, limitado por las paredes del tubo, solo ocurre a --
través de s1 y s2, en 1 a .dirección norma 1: 

ñ = {0, O, ~ 1) 

EntonGes la ecuación integral anterior equivale a: 

~t J J J prdrdQdz = - J pvds --------------{1) 
. S pozo 
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V.l.l.- awP NO-Ft:~ENfE.-

con el tiempo. 
pacialmente de 

La densidad del fluido dentro del pozo, varia 
Supondremos además que ésta sólo depende es-
' - •' -

la coordenada vertical p(z, t): 

R2 2TI Z2 

ft J r dr 'j dQ ·J 
R¡ O z 1 

p dz = - +.j pvds+ ~] 
S2 t~o · . 

2 2 a 
TI( R2 -R¡ ) at 

·Por lo tanto: 

z2 

f pdz • p¡V¡ S¡ 
Z¡ 

--------(2) 

en donde v1 = ~ J vds, es la velocidad media del fluido 
1 .. s1 

al atravezar la sección de área s1 (i • 1, 2). 

La ecuación (2), traduce en términos matemáticos, 
el balance de masa para flujo transitorio entre dos secciones
S 1 y S 2 de un pozo geotérmi co ~ 

V.l.2.- FLUJO PERMANENTE.-

:: 

Por definición, esto .ocurre cuando ~ • O, y 

entonces (2) deviene: 

·'· es dec.i r: 

p v S = constante --------------(4) 

\ 
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Como v representa a la velocidad media en la sef 
ción S, entonces si v (r, z) .se tendrá: 

2!1 R. R 
v S " J vds " J dQ J vrdr " 2!1 J vrdr ---------( 5) 

S O o o· 

La ecuación (3), (o la 4 ), constituye el balan. 
ce de masa en un pozo geotérmico para fluj9 permanente. 

V.2.- BA!DlCE lE rmENTO EN poza;· GEUitBMIOOS.-

OBJETIVO: Aplicarla conservación del momento lineal al flujo
dentro de un pozo. 

En la sección ;0.:2;4., observamos .que .la ~cuación del·'ili.Q.- · 
vimiento.c;ombinada con una ley de comportamiento newtoniano engendra..:·' 

·a la ecuación de Navier~Stokes que describe vectorialmente la dinámi
ca del fluido geotérmico. Esta ecuación la escribiremos: 

--= f - V'P + di V '1' .. ------------- (i) ·, 

•• en donde T = A div v. I + 2110, es el tensor de viscosidades discuti-
dos en 0.2.4. 

V.2.1.- mtf>ERVACION In tmENTO WAl. EN ·anRDENADAS 
CILINPRICMk 

¡ El flujo unidimensional dentro del pozo, se-

•" 

.. 
•, 

:· ... 
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muestra esquemáticamente en la figura . 
. Suponiendo el perfil de velocidades • 
planteado en V. l.: 

y con: 

-Pero como: ex " cos - . -9·er 7' sen g e9 

z 

ey a sen Qer + cos g eg y además: 
fz a • pg cos a • 

f X. a 0,, fy a pg sen a , • 

Entonces en ciHndricas, las componentes del 
campo de fuerzas volumétricas es: 

- - . ·- -
f " pg sena (sen g er + cos g e9) · pg cosa ez· ·······( 2) 

La ecuación de Navier-Stokes, con estas hip6t! 
sis, se escribe entonces: ··' '. 

~ ) +p( ~ 
·o o 

) ( 
o ) . (""" '"'). :~ Q o o · "P9 sena cosQ - · :l ap 

V -ª.! l av av 
V ··... ·COS a :'Ffa' ar r~ az .. . . · ·aP 

az -con la dfv t dada por la ecuación (4) de la sección 0.3 . 

La variación de presión sobre cada. componente~ 
ci Hndrica será entonces: ··- · 

-23-
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· _aa~r " pg sena sen g + t: -------------------------..:~-----( 3) . .. r 

aP = ag- rpg sena cos g + r tg -----------------------------(4) 

· . aP .. . -P ]Y 
al at pv ·~~ - pg cosa + tz -------~----------(5) 

aP 

Estas tres ecuaciones constituyen el balance -
del momento total debido a todas las fuerzas actuantes dentro -
de un pozo geotérmico. 

V.2.2.- DISC!BION DEL BALANCE DE room EN LA DllfCCION lE. 
El.WQ .• -

Para vel oci da des de flujo sufí ci entemente altas, 
podemos considerar que la pérdida de presión principal ocurre
sobre Oz y que 1 a única. componente· no nula de 1 tensor de vi SCQ. 

sidades es precisamente trz . Obtendremos entonces:· 

av av a~rz . 
al = - p at PV Tz - pg cosa + -·- ----(6) az - - - -cafda total cambio de presión- pérdida de- pérdida de- pérdida de-

de presión. presión por presión pór por variación ins- presión por 
tánea de velocidad. aceleración. gravedad. fricción. 

Esta última ecuación (6), es sobre la que se
realiza usualmente el análisis numérico de la cafda total de
presión en un pozo. 
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V,2,3,- FACTOR DE FRICCION.-

La variación del esfuerzo .cort¡mte viscoso -
dentro del tubo, se considera proporcional a la energ1a cinétJ · 
ca del fluido, es decir: 

aT · 
rz =.Y~ az- 2 

.. , 
,l.". 

' :,:---------------~----(7) . .'~ ... 

en dpnde y es un factor de proporcionalidad que tiene unidades 
1 

de iñ . 

Este coeficiente depende tanto de las dimen.-. 
sienes como de la geometría y de la rugosidad del tubo. Su ·-:
naturaleza es compl,icada y solo puede determinarse de manera ~ 

empírica. Usualmente se expresa en función de las dimensiones 
del tubo y del factor de fricción mediante la relación experi
mental: 

y= fs f 

en donde P es el perímetro interno. del tubo, S su área sec -
cional y f el factor de fricción de Moody. Entonces (n: ~.e -
escribe: 

aot . rz az- Pf . 
~.· ------------------(8) 

La expresión más común para la variación--
lineal del esfuerzo cortante se hace en términos del diámetro 
efectivo del tubo, el cual puede variar de sección en sección. 
Si R es el radio interno, entonces D = 2R, y como S.= ITR2 y·-

·~~. 

P = 2ITR =1> 4S/P = 2R = D. 

-25-
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Por tanto: 

---------------~---~-~---(9) 

Reemplazando ( 9) en ( 6): 

aP av . av f' ~ ----------------( 10) az " - Prt - pv az - pg cosa - DLzT -z: 

Esta última ecuación es la que se usa comúnme~ . . 
te en la simulación numérica del pozo. 

V.2.4.- FLUJO PERMANENTE.-

Si e 1 movimiento del fluido es pennanente: --
1f =O y la ecuación (10), deviene: . 

ílP av 
-"- PV--ílz ílz 

f pg cosa - 0\zT P.v2 r ----------(111 

V.3.- BA!.ANti DE ENERGIA EN POZOS GEOim1IffiS. 

:•, ... 
1 /. 

OBJETIVO: Escribir explícitamente la conservación de la energía 
total dentro de un pozo geotérmico. 

V.3.1.- CASO GENERAL.-

' :. 

Reconsideremos la ecuación desarrollada en --
o.2.2.: 

-26-
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'h .... · 

~· -- - - -fr (pe) + div (pev) ·" f•v - div (Pv) + div (t· •v) ~· div q .... 

Bajo hipótesis análogas a las de secciones a!!,-. 
teriores, sobre el campo de velocidades y las fuerzas actuantes,. 
cada término se traduce en lo siguiente: 

( sena senQ ) ( o 
} --
. \·! f •v " pg sena cosQ • o = - pg cosa 

., 
-cosa V ., 

) 

.t· ·• 

·rz. v 

div (PV) a (Pv) T • V "( tg ) " az- . Z: " t· zz V 

Siendo div (TV), el trabajo total de los es-
fuerzos viscosos lo representaremos mediante- ~~·. Asimismo -
tomaremos div q= *solamente. 

Como además la ·entalpía especifica es h = u~ .. 
' . Q 

deducimos finalmente: 

. ; .·>k (pu + Efl + ~z [ pv (h + fl] " - pgv cosa- ~z (q + w) ~--(1) 
.. · ·;'. 

La ecuación ( 1), se interpreta como el balance 
de energía total .del fluido dentro del pozo geotérmico. En el
caso de flujo perm~nente, el término ~t desaparece. 
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. ·. v;4.- ELWO OOOOFJlSHD EN IWC6 GEOTEIJ'1Ia:6.-

OBJETIVO: Adquirir.las técnicas de resoluci6n del problema de 
flujo en una fase pa,ra 1 os casos que se presentan en 1 os pozos 
geotérmicos, líquido y vapor, ambos en una sola fase. 

Las ecuaciones. que dedujimos en V.1, V.2 y V.3. consideran el • 
flujo del fluido en una sola fase, por consiguiente; todo lo hasta •• 
aqul desarrollado corresponde a flujo monofásico. A continuaci6n pr! 
sentamos un a 1 goritmo desarro 11 a do por el Ing. Héct.or Guti érrez Puente 
(Ref. 1), que permite calcular la caida de presi6n en un pozo dentro.
del cual fluye solo vapor. 

: .. 

V.4.1.- DEOUCCJON.IE LA ECLV\CION DE fLWO PARA 8. CASO DE VA
. RlR SEffi SAn.JRAOO O SOBRECALENfPOO EliiYENIXl A TRAVES 
[f UNA TIJBERI A VERTICAL ·· · · 

EOJACIÓN DE CONTINUIDAD,- f v ~.dl/ = ~e ()V •ds 

para estado permanente: -¡ 6v ds = o 
se 

Integrando a lo largo de un tubo de corriente de secci6n 
transversal conocida. 

-PI V¡ S¡ = P2V2 S2 = CTE. --.------( 1) 

EQJACI ÓN DE FUERZAS,~ 

a (~:~2) + f iJ ~ + i * = o ----------------(2) 
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'' ' .. , . ' . ' 

EQUACIÓN DE ENERG!A,-
. ''• ...... .. , . , . V • 
.qH + p d + gz 1 + !J. + 

S PI ' z U¡ ,. ---------. ( 3) ...... .... '::· 

•,' . 

La detenninación de l~ica1das de presión a lo largo de-
l a tuberh consiste en re so 1 ver 1 as tres expresiones anteriores, para .. 
lo cual· se 'hacen las siguientes consideracjones: 

a) •• El flujo de gas ocurre en.régimen permanent~. 

• ,' 1 

b).- No existe intercambio de calor entre el áuido y las par! 
des de 1 pozo . ( dqH = O). 

e).- No se efectúa trabajo por o sobre el fluido (~Ws " O). 

Las tres ecuac'iones anteriores quedarán como: 

EQJACIÓN IE OONTINU'IDAP,-

.. , .. --------------(1') . 

. . ·; ' 

ECUA&IÓN PE.EUER!AS·-
,;.·.·_::.:·. 

: .. '¡ . : . -~ ., 

-; -2 -2 -2 1 
.··y- -T+ fro(Z

1
- Z

2
')+::p dp -·······--(2'). 

' •' 

EcuACIÓN DE ENERGÍA,-

-2 

h¡ + ~ + .gz 1 = --------~----(3') 
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' . 

... ,·': 
Si hacemos la hipótesis (generalmente aceptada), de que

ef.fiujo de vapor dentro del po~o ocurre mediante un proceso isoentál 
pico, e· introduciendo la ecuación de estado a partir de los calores -. . 
especfficos del vapor; 

/ 

.... , 

( k ) El. " (Al P..t 
K-!· PI ~-~ P2 

----------:0(4). 

.. , ,·,,. . 
Entonces, la ecuación ( 3') pu~de ser escr:_ita~ como: 

··;; 

-a . V . 2 + gz2 
-2 .· . 

= VI + gz 2 . ,1 

-2,-2 
V2 = V¡ + 2g (Z¡•Za) -----(5) 

de la ecuaicón (3), para entalpía constante: 

El. = Ez. = CTE 
PI P2 

__________ ;.; ___ - ( 6) 

Sustituyendo (5) y (6) en (2') y haciendo z~:- z2 = l1z 
. . ;-·.: 
... ·. '~ 

-r; -vt+22g Az + f It2 l1 z + CTE ~ = O --~-------(7} 

Integrando entre dos profundidades dadas de la línea -
de flujo y multiplicando por 2: 

v/- -;/+ 2gÚ + fv2 l1Z + 2 CTE . [ Ln p2 - Ln p1)= O ----(8) 
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- 2g t:.z - {¡v2 t:.z + 2 CTE Ln p¡ = 2 CTE ln P2 ---------- (9). 

como t::.z = z1 - z2 , pero siempre Z¡< z2 para un pozo en consecuencia, 
cambiamos el signo de t:.z y tomamos solo el valor absoluto de la --
longitud del intervalo en que sea dtvidida la linea de flujo. 

29 t:.z + ;v2 t.z + 2CTE Ln p1 

- -----;¡-..¡.,...,------- = Ln P2 2 CTE 

haciendo: 

B = 2 CTE. 

A + 2 B Ln p¡ = ZB Ln P2 

Finalmente: 

-------------(10) 

--------------(11) 

----------------.-- ( 12) 

A 
26 + Ln P1 

~=.e --------------(13) 

H. Gutiérrez propuso un algoritmo para la determinación
de las catdas de presión en un pozo geotérmico fluyendo vapor satur~
do o sobrecalentado. 

En la determinación de las caídas de pres1on en un pozo
de vapor se utiliza generalmente datos de producción del pozo tales -
como: Gasto de vapor producido (másico), presión en la cabeza del -
pozo (fluyendo), temperatura del vapor~n la cabeza del pozo (fluye~

do), entalpía del vapor medida a condiciones de flujo. 
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Datos del pozo tales como: Profundidad del horizonte·--
expuesto a producc16n, diámetros de las tuberhs de producci6n, ruges.!_ 
dad relativa (;/D) de las tuber1as de producción, profundidades de los. 
cambios de diámetro .. 

Con los datos anteriores el procedimiento propuesto es: 

a).-. Elegir el número de intervalos en que se· quiera dividir-
1 a profundidad del pozo. (ll.z) 

b),- Calcular el área de la sección transversal de la tuber1a 
·.' 

de producción a la primera profundidad. 

S= !!f 
e).- Con la temperatura del vapor en la superficie, determi ~ 

nar su viscosidad. 

~ = 0.407 X 10- 7 T + 80,4 X 10- 7 

d).- Con la presión y la entalp1a en la superficie determina
la densidad del vapor en la superficie. 

Esto se puede· realizar mediante las tablas de vapor o--
bién utilizando algúna corr!!lación ya calibrada para este fin. 

e).- Calcular la velocidad del vapor en la boca del pozo. 

- W··'··. 
V = -¡.:. 

. p~. . 

f).- Calcular el número de Reynolds. 

g).- Determinar el coeficiente de fricci6n mediante el diagr!
ma de Moody·o·bién resolviendo la ecuaci6n propuesta por
Colebrook; 
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' 

L 

; ·' 

·-1- = 4.0 log (0/t) + 2.28- 4 log (1 .¡;4· 67 O/t¡ 
~ .. ~~ 

'' 

h).- Con los datos anteriores podremos calcular la presión
de fondo fluyendo en el intervalo siguiente, mediante -
la expresión; 

en donde: 

~ + Ln P1 
P2 = e 

A = 2g· t:.z + !V2t:.z 

B = 2 CTE = 2 p/p 

1).- ··Con el valor de la presión en el punto 2, repetir --
pasos d, e y h hasta alcanzar la presión de fondo --
fluyendo final. 

··. ,• 

. ::: . 
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V.S.- FLUJO BlFAS!CO EN POZOS GEOTERMICOS.-

,·,. INTRODUCCIÓN,-

Por flujo polifásico se entiende el movimiento simultáneo
de varias fases de un mismo f.luido compuesto por una sola substancia
química. Las fases pueden ser liquida, gaseosa o sóljda. En el caso
de pozos geotérmicos el flujo puede ser trifásico (gas, vapor, liquido). 
Nosotros consideraremos en lo que sigue~ la manera en ·que puede anali-. ' . ., -
zarse el flujo bifásico del agua, es· decir, el movimiento simultáneo -1 . 
. de liquido.y vapor dentro del pozo. 

Todas las ecuaciones deducidas en secciones anteriores, -
.. gobiernan también al flujo en dos fases; su uso requ~ere sólo una --

. · . ligera complicación con respecto al flujo monofásico.· .Existen sin e!!!.-. ',. . ... · 
· bargo varios métodos para analizar el flujo bifásico empleando las 7--

ecuaci ones fundamenta 1 es: 

1).- Ecuaciones diferenciales parciales: A Partir de las leyes 
diferenciales de ·v.l, v.2 y V.3, se calcula numéricamente
la caída de presión y la velocidad. 

2).- Ecuaciones integrales: Con condiciones de frontera y si!!!.
plificaciones adecuadas, se supone cierta distribución de
velocidades en el tubo, escribiendo las ecuaciones básicas 
en forma integral a la cual se le aplica algOn método num~ 
rico de resolución. 

.. 

3).- Modelos analíticos: Estos se<plantean al simplificar lo- ' 
más posible las ecuaciones de flujo mediante hipótesis que 
eliminan los detalles del comportamiento real del fluido.
Esto permite encontrar una solución exacta para las ecuacio 
nes así escritas. 

' . 
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3.2 Flow Equation From First Law 

' 
The flow equation can a1so be derived dire9t1y from the 

First Law of Themodynarnics if the proper assumptions are 

made. 

Energy 
2 

~ - ~ = ~ (H + !- + gz) 

Two important re1ationships are then used: 

l. dH "' Tds + vdp (v = 1/p) 

2. /Tds = 0 + F 
Tds = dO + dF 

where F is the frictiona1 1oss 

Substituting these expressions into (3.4) yie1ds 

dw · 1 ~ dv dz + dF 
- aL =-=-en; + var; + q dL ilL 

p 

Assuming.no work done on or by the system yie1ds the 
familiar form 

~ = pg sin e + p ~ + pv ~ 

' 

. ,. 

; , . 
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: ~ ,! 3 Friction 'l'erm 

'l'he friction terin irí (3.3) is more easily interpretad: . . · ... 
. than that in (3.5). ·'l'lle' wall shear stress _exerted by the · '· 

., . 
fluid is assumed to be given by the proportion 

- 2 
t a .E!:. 

w 2, 
.;._ 

'l'he friction gradient then takes the form 

d 2-v2 
<al:> = cf iT 

f . e 
,, . ' 

' ... 

(3.7)'. 

( 3. 8 ' :' 

where cf = influence coefficient' of proportionality; 

.:.' i'lX!Jt is ·by defini ti.on the Fannl·ng frictioñ~'reiáüóñ ;· ... l:iCteimEI{ 
· ,:: t"of .. the. Moody-o'f·- Oa~:.wefsliach' frictiorlfaccor·; f~ ·,;, 4Cf'~~~.:_·, 

. ". 

It has been determinad experimentally that the friction', · · ''· 

:.factor is related to the Re}rnolds number and relativa pipe . 
roughness (k/d). 'l'he standard Moody chart is included. 'l'he 
Reynolds number is a standard dimensionless group given by 
·the relationship: 

N = pvd 
Re \.1 

where p = den si ty, lb/ft 3 · · 
\.1 = viscosity, lb/ft/sec 
v = velocity, ft/sec 
d = diameter, ft 

( 3. 9). 

'·.· 
For gas flow, this number 
units by the expression 

is conveniently evaluated in field · 
l'· 

i-· ' 

. 1 

. ·,, ',,. 

where qG = flow, Mscf/d 
yG = gas gravity·· · 

. - ---

\.1 = viscosity in centipoise 
·d. = di ame ter, inches . · 
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3.4 Modification for Two-Phase Plow ' •,,. ' 

. ~ -~ '1? : .. 
" .:, 

' : 

In two-phase flow the mixture is' nearly always assumed, :: .. :;:;;.: . 
to be homogeneous from the viewpoint of flow equation deriva~.··,.::. 

! ' ~- . ' 

t.ion.. Given this assumption and neglecting the acceleration. ,,.., •. 
terma, corrections need only be made :to the head term an.d · · ··.· 

friction term tO account for deviations from.homogeneity. 

The heai term is usually assumed to be accounted for 
t.hrough a volume weighted mixture density in the form1 

( 3 .ll) 

' ,, 

~:~:Y.~JI!:· . .:¡; is:.]:l'íij: ·rn.-.::·~~-~~-:voiiliñe-·fraótión liquid. · aécountil'i9:
. f'ór··sf!p añd. .. is the: sU&j"eot"of einpirical .cor:~;elation efforta •. 

'· . . . . '• . 

The friction term is usually assumed to be accounted. · 
for through t~e friction factor in the forms 

(3.12) 

(!:.h~. te~ R0· i_s empir;cal~y _ cC?_rre~a~_ed while f~·s ill the : 

[1~!1-sl~~~!~i_?t_i~~- .f.ac.t.'?r __ dep~.n~~ng ,up~n .. a .particu.l_ar co.rrela-· 
pon .0:' For many ve'rtical flow correÍations, R

0 
is ássumed 

to be l. O wi th all corrections .·in the head. term, 

: . 
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3.5 Flow Reqimes, 

Detcrmination of flow regimos for a steam water mixtura 
is not necessarily an easy task. It ia not olear that two
componant immiscible charte will apply to einqla-component 
systams. In any case, the flow reqime types wil1 be tha sama. 

Figure 1 uhows a typioal goothermal well!Jore with all of 
the possible flow reqimes in diagramatic form, Fiqure 2 showe 
the flow reqime rnap for an sir-water system usinq the Ros 
velocity numbers: 

. NG "' vSG (pL/ga) 1/4 

NL = VSL(pL/qa)1/4 

(3,13) 

(3.14) 

Sinca the physical property group CJf both numbers is the sama, 
the coordinates represent princ~pally tha superficial velooity 
of.aach phase at in-situ conditions. 

In order to examine this map, take NL • 1,0 and vary NG 
from 0,1 to 1000; This will travorse the map horizont.ally 
throuqh three distinct flow regime classificationsa 

l. f'L1quid Phase Continuous (bubble flow) ,. .. .. . ' . ' . 

2. !Alternliting"Ptiases · (slug 11nd froth flow) ~~ 
l. pas· Phase Contin~ous (annular and mist flow). · 

As steam is generated in a geothermal well during flow from 
bottom t.o top, the fluid normally paBBes through each of the 
flow regimes in the order listad above • 
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. ,:Griffitl1 .. ~how~ that the slug to annu.~~r regime change_ 

occ!l!!.~.~-J~t.91l~r _qua.lity with ~igher· pres-áureo' :This indicat,es< 
t!hat.~Qr::efficierit' operations·,- a--teliitlvely hlgh backpressure~ 
'Bhould. be,.maintained. at:-- tlie 'Welllfe~d': 4:ct::ñ'e•.wellhead 

;,-

!"'pressure • is·- lower~d . to9 •. ,J!I'g.9J~, .... then . the well will tend. to· , .. 
~shift· 'into. the annular. flpw regime ¡¡.nd. the mass rate delivered t·~ 

r 'from t:he· reservoii·- wi 1 r. ñot be"" as' 'great.:" 
~...,. .. ... ' .. · .... ·. __ ,_ ...... · .· 

. . 

' . 

. ,, . __ ; .. 
'• 

,~::-.: 
•" . ' .. 
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3.6 Griffith and Wallis correlation 

tor: the reqime .. ·of liql.lid. pliasir cóñtiriuous. :or. bubble: ·,· 
-~.10\f.tfíeGriffith and waniS"correlaHcih is used. most. C?.f.t:~~ ./ 
t.'i:!t.th~.-.!it~raturd •. The vapor void fraction is derived .... 

. direct1y from the drift flux concept. and has the form 

Q = 1/2(1 + VT/v.,.- /(1 + vT/v.;_)
2 

- 4 VSG/v.,.J 

where Q = vapor'void fraction 

.vT = total velocity 
v .. = bubble rise velocity 

(3.15) 

•'•, 

.. 

. The bubble rise veloc:iity is correlated by Griffith and Wall_is 
' 1 . · . .:. for the regime of "~1uq" flow, or 1arge bullet shaped bubbles • . ,· . 

:.:,:The. correlation shows the rise velocity to be function of · · · 
· .. diameter. 

In the liquid phase continuous. regime, the flow velocity 
is higher: than pluq flow with the result that small bubbles 

· tend to .coalesce and larqe bubbles tend to break up, due t9 ·: 

turbullimce. Harmathy43 presenta a correlation that accounts· 
for this procesa: · · · · 

, .. . . ·~ . .. 0.79 (3.16) 
' ... 

. ,¡. 

··.:·· 
•' <•, where a0 is the surface tensi9n, dynes/cm. 

.. ... 
For an air-water system, v.,. equals·O.Bl ft/sec. For a · 
steal:l-water system, the. surface terision is not w1Ül defined·· 

" 
and. the va1ue of v.,. is not there·f6re very accurate. tHowevEi;rl,. 

flow regime does. npt UI!U.ally O,C:,:CUPY .. ~JJ~h pipe,. · · rt.1le:bubble 

1 length. due 
, ... 

. ,'• 
·• ¡ 

to rapi.d flaiihing :;¡_r¡· ·a:··i·~;Pf.C::~-~; ~;~Úbóre. · 

... 
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Having deve1oped Eqs. (3.15) and (3.16) for gas ho1d-up, 

we· can write dowr .. the equations for pAV and Tf in the 

.bubble~pluq f1ow ~eqime: 

PAV "' (l - a.) PL + apG .(3 .17) 

fm PAv VT 
.,.f .. '(3.18) .. 

2qé 1 

" 

~.2,1!_i_c:,~ .. :!:~~t the- Mo~dy .. friction factor· based on the- liquid -: 
' l~e~~l!is.,.nUJIIber. is u sed. here for · T f, .si~ce. _tJ:le . f.1~'!'. regim!!-: 

t~.•, .... l>~.,.~~!-~lli~.~on ,. li9uid phase contiriú"oüs :· ·· Onder thes~ 
~()nd,i~C!f.lB,, .. ~J:le .. Moody' fdctfon factor has. _:Litt.le_effe9t on,' 
,.the overall pressure gradient, ... slnde · the head term d~inat!!l.s .• · •··-··· . . - . . . 

. ' .. ' ., 
.. 

. ',; 

·.,',' 

'· 
. · ... 

. . 

'• .. 
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3.7 .Hagedorn and Brown Corre1ation 

. ·, •· The corre1ation was deve1oped origina1ly for' all flow 

· reg:imes and is based on data from two.-component air-water 

and· gas-oil data. :;rn thi"s~·:work. .. the ·~orrelatión Jtluibeelf . · . 
r:restrict.ed to the··a1t.ernating phase· region o~ly_ (slug..t 

.. '.' 
_··.:' .· 

... 

· "'frót.h. fl.ow) ·~·- Separatetcorre1ations have been u sed for each 
~ .. -- . . ' . 

of the.other regions. 

The. mixture den si ty is determined according to Eq. p .11) 
With. the ho1d-up fraction tL C01'!puted froin an empirica1 corre- . '. 

latiori that uses 'two dimension1ess groups in. addition to the · 

Ros. numbers: 

Nd = 120.87 d /PL/aL 

Nll = 0.1573 liL [1/pLa3)l/4 

The corre1ation takes the form of 

N . 
tL/lj¡ = f [ ( L ) (...E.¡ O .1 

N .:¡75 · PA 
G 

where C* is corre1ated with 

,;·: . . ; ·.; . 1jl is corre1ated with 
· .. ~-- .; 

N 
N N0.3B 

( G ll ) 
· N2 .14 . 

d 

( 3 .19) 

(3.20) 

(3.21) 

~~~ .'Eo"t.ne-::- éorrespciridirig fig1Jr.es' to ··seé . how" tlie. correlations ' 1 
•• 

• 1 • 

lf~!:~.:~c:.:_:.. ~~ter~ determlnirig. e•.·· ·and .. ljl, . th.en · tL is · directly · ... • 

·' -.~c¡lmpuf.ed.·- · 
11 il . '; ' . 
1 ~' . ;: · ;"J:"lie;. friction factor is computed from a. standard Moody· 

( chart using .. a· twc:i-phase Re}'nólds'. number 111here the hold-up 
Zfraé:tion .enters · on1y through .. the viscosity. . . . 

.1/Y'tl =- ){~.. ~~- + Jla e~- ét..J ? 
·, . 
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3.8 Orkiszewski Correlation 

~_rr::order·: to .devel()p hi:s·-éorrelation.: ~<l.l:"~.,~ll:~,- ~-l~er::· 

·U!!, ting ~---~~_!!~: r~~~!';.· J?x::l_c~s~_E!.'1.~k_; l:!ad_:.1:Q.:..;n~r.Q'du!5e~ a-n_ew ,· 

JllraJI!_~tf!!:r..::r_-, __ C:!ll.l!i!d •. the~.~ liquid. distribution function". · 
Ha found that •r correlates with total fluid velocity and 

l:~quid viscosity: The sciltter of data may be attributable 

~~ such additional parameters as liquid velocity, GOR (gas~ 

oil. ratio) and. interfacial tension.. .):t-. is. ag:ain"not: 

~~_;!.h~t-·ª:~<?~compoJiel}t,:: corre la tlóñ ·sücñ'ái-fhlS "Wóuld-

U!!;:;_rk:at-.:.alT-f:orsteaiii::wa:ter.'flów.· If sufficient field data ··. '/'. · 
;·:. 

~re available, it would certainly be worthwhile to re-

co:rrelate r for steam-water systems. - l. 

)
1 

The Orkiszewski correlation for pAV_and tf can then 
bE! written as follows: 

. \ 

\ 
(3.22) 

·.·' 

(3.23) 

In the above.equations, vb is the "bubble rise velocity• 

_as cor.related by Griffith and Wallis: 

"':. 
(3.24) 

•\¡ • ' ' • ,,·· where e-:
1 ' . - 1 

·.numbers1. 
and c2 are functions of bubble and liquid Reynolds . · 

The liquid distributions function, r, is constrained 
·_by-::'·--.. 

r > 0.065 VT (3. 2"5) 

and -V A PAV r > b 
(1 - for, vT (3.26)' + vb A ~) >lO qT L ·' 
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3.9 .Ros Correlation 
' 

ghif! -:eor~~-a ti~n. -• apP.~!~.EI:~t:o ::-tlie. fló'~C.r!'i.Siml:(:·criüiliifi'ed 

4E:.E~-"-~'~- _ga_s. phaf¡e contiriuouif. There has been ·a great deaf 
of analytical and empirical work done on this flow·regime. 

In .f~ct, a book by Hewitt and Hall-Taylor, Annular Two~Phase 
Flow, ,was recently published. This regime is particularly 

. important in steam-water systems where heat and masa transfer 

is_occurring in the presence of two-phase flow. 

, ... 

Ll"or · tne hoid-::u-p-correfail·oñ-·ín'tiíis ·reglñie; -~Rós ·sugiJésts;· . · 
{t1i"at,- thez:tL:l:s.Yü1:uaily_~q.,.sllp7!n; annular"-mist.;flOW( U'hiJ.: 

(l_eil-~JCJ9 th!f relationship-that ·Ec;-~=a·.r {~~~~y~y,.t~!! dáta'"ot.:.l· 
~Govier· and ·otheis ·have shown that~ during annular flow,: there ·-_.,,, ·-~ ........ ~. -~·- .......•. _ ...... . 

!if¡-_-a-grea t .. deal cif .. slip.· ,co.nseqüently, .the: actual ga~· 

: frélct,_ioJ). in annular flów would. be much_l~ss. th_an that pre-:
'dicted by· the ass.uinption.of nó·'-slip~ .· On this basis; the .· 

,author prefers the rTui:nei: relatic;m as re-:c~rrelated'by:'.' 
.~wali!s·: 

where, 

.. : . 
· .. ·,:. 

1 - 3.1 

J * G 

J*=v. 
L . SL 

l. O (3.21) 

. (3.28) 

(3.29) 

Solving Eq. <3.27) for the hold,-up, eL' allows the calcula:-
. ::·-::!·:-

tion. of average. mixture density by Eq •. (3 .11). lTh~_r_elation 

~for· hóld_-up, Eq. (3.27); 'is only"v.alid iriJ:.he·annular flow' 

,regime belo'l-1 a drop entrairime_n·t.· of .. about 2_0 · percent. Above· 
,~. . . .. . . . 

this ·value of entrainment, the. hold-up should apP.l[J!Ch tñe •.• . " ... ,. - ~. . . 
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.-"íión.;;'slip fraction. Unfortunately, · there is no available 

f).eld _data in oil, gas or geothermal -w~lls that could test 
. . 

~his proposal. Only laboratory data has been used to develop' .:', . 

.. , Eq_~ (3.27). 

'For. 'the· friction gradi~m1:_ i,~- a.~.!;tuiar-mist flow, .. RoS:·' 

.:.s_ugg~,!!~-~--~ªt th_e superficia-l gas velocity' be used with the· 
· :friction factor based on this veloc:l,ty and ·an empirical,ly' 

:determinad roughness ·ratio, t/ci~ -to::aééount for liquid on: 
-Ebé···walls • · · ·,. 

(3.30) 

· :·;-The standard Moody chart is u sed to compute the friction 
(''factor.· 

. ' . : ·¡j 
1 ¡1 ,, 

. : . 

.::. :·":. 

· . . : ~':. :¡_
: :·. '·: . 

.. . : . 

.. 
,. 

~; . 

.. • . ' 
. ' 
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4. HEAT BALANCE 

4.1 Heat Transfer 

The equations describing the heat conduction into·a 

. solid by a pipe flowing fluid are well established, The 

first step is to write'a heat balance on the fluid flowing 

through the selected pipe increment. This is sununarized 

by Ramey for single-phase flow. ¡1n·two~pha.s~ __ f_lgw.;·:the' 

t.i~ertn~energy:,:.is .. ;us.~a..lly;;n~gligible, 'büt is._i!1c;:_l~':.c1 .. in ·- ., ·- "':~.·- -..... , __ -··. . . . . -
l the following equatiori :· . 

. ' 

. 
' . 

(4 .1) 

The heat balance nomenclatura is· summarized on Figure 3 • 

. '· The potential energy term. in thi~ equation is added ·beca use· 

z is measured downwards. .The total enthalpy is a function of 

the enthalpies of each ,phase . (HG and HL) and the flowing 

steam quality · (xi): 

( 4. 2) 

Assuming a pressure increment, the pressure · is knO\-IÍl at i · 

.. and since the· fluid is saturated, the temperatura and enthalpy 

:of,each phase can be found in the steam tables. Using 

:Eq~ (4.1) to calculate.Hi'.E~. (4.2) can be used to calculate 1 

the. flowing quality x1 • 

-The heat transfer to the surroundings is given by the 
;1. • . .\ 

·. ·· stand¡u¡d heat conduction formula in terms ot' an overall ..... :: 
effiÓient, u 

·.' " ' /,,.,·. Uud6L (T ' - T ) av . · g ',• ' . ' 

( 4. 3) .·,, Q == ,, .... 
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T = average temperature· of _the in_crement, av· 
T

9 
= ground temperatura at depth z, 

wT = total mass flow rate. . . 
·.~· 

-~: .: • . . '·: 
·f •. 

'' 'l'h'e-overall heat"trárisfer· coefficient· is a .coii!P~~at;iozr ',-, · · > 
(pf __ C.~!'v~.e~ion in _t;he ·cas_ing~~~~i~9. ~nnu~us~~~~d- e~~dtie-~lo~- in.tÓ , -

-~~-e~ fó'rmaHon·~- "wüi:h'it.e21 :-cjivés a ·9aod deveioi;>n\eiit ·c;f -u\é · · 
l,_eq~atJ,ons: The final result is as ·follows: 

u = hk 
(hitf (t) + k) 

where. k = thermal conductivity 

h = convective coefficient 

r = tubing radius 
.. ·t 

( 4. 4) 
•• t· . 

.. .';" 

.. , 

·<if·the wellbore completion is convection heat transfer con

;trolled~ then the time funetion gets cancelled out of Eq. (4~_4); 
1!1!~.::..1:~~ dependency· fiiiicti·on· lias· 'b'Eien-fciun:d:-:t.o ·oe "á.ccürate-·at'' -· · 

L,!:imes gr~;ter than a week .. fo:i: ·most: :r·e-servoir próbiems: Thi~ . ------· . -· . . .. . . 
function implies a radiation boundary eondition' that probab;J.y ... 

is not aeeurate at shorter time.s. 

· where 

• .. ., 
·:..-

... ·. ·r e 
t 

re 
f·(t) = -ln ( r:") - 0.290 

2yaot · 

=.thermal diffusi vi ty of 

= casing outer radius, 

= time sine e well opened 

( 4. 5) 

the earth, 

for flow, 

"\• _C!'J?.~ . fi:m~-~oeffiei~nt __ is .. ~l>\lally_ n.e."!,l~g~~l_e~~--~~ _;!i .. aP~l.ieations 
for which it is important,. it should be ·noted 'that this.-

. - . ·. . . ........ ·. ·-. ..:. ........ ::_ . :·. . ~ . . . . .. 
,eoeffieient is a function of flow regime./ .; .. - : . ........ . 

--
. ,. 

·;. 
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4.2 Effects of Slip 

It has been proposed that Eq. (4. 2) be 'adjusted to 

account for the presence of excess liquid due to slip. There 
are thermodynamic argurnents to the reverse. 

This is an interesting poin~ for current discussion. 
There is sorne field data that would be better matched if 

slip were included. 

' .... 
4 .• 3 .Transient Rock Tempera tures 

In rnany cases, such as short term 

function of Eq. (4.5) is insufficient. 

well tests, the time. 
In addition, the 

time function approach does not easily allow fc:ir applications · 

invólving variable or reversed flow. 

In order to account for this, a simple one~qimensfonal 
transient heat flux calculation · is usually applied. 'l'he 

equation is written in radial coordinates as: 

.· ·. ,·. 
+ ! ~T) = pC aT 

r dr . p at ( 4. 6) 

·. ',.'. 

,The· use of this form of the 
:.'!~; variab~e rate wit'h time 

heat flux calculation allows 
by applying a fixed flux or 

temperature over the timestep. 
;, .be· layered vertically with good 

.. ; 

. ' 
In addition,. the systern can. 
results. 

. ,, 

J. 
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FIGURA 12. 
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1 '= j_+_!_+_!_ 
U kG he hf 

u = overol! heaf transfer' coefficient 1 ' 

BTU/(hr sq.ft °F) 

ht 

he. 

kG 

. : . ·' 

= boiling /cond~nsing coefficicnt 

= effective t1Jbing /casing coefficient 

= thermal conductivity of the ground 
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5. COUPLED EQUATIONS 

5.1 Algoritluns 

It is importnat to couple the pressure drop equations 

to the heat transfer equations. Each of these depends upon 

the other. The pressure drop algoritlun consista of a set 

of subroutines, one for each flow ·regime, that are called 

from a control routine. The heat transfer calculations 
have been imbedded in the control routine in order to iterate 

on pressure drop. The steam tables are entered in vector form'. 

so that any table variable can be determined knowing the 
value of one other. The specifi'c enthalpy of each phase can 
be calculated knowing pressure or temperature. 

The lengths in Eqs. (.4 .1) and ( 4 • 3) are not known at the 

. beginning of an increment calculation. Using .the pressure. 

drcp correlations and Eq. (3.6), an estimate of. AL can be 

calculated knowing the average quality •. The quality deter_. 

mines the non-slip flow rates. Eqs. (4.1) and (4.3) determine 

the dependence of steam quality on liL. An iterative procedure 
is then used for each increment in order 'to converge quality 

. and pressure gradient. The calculations are completed when 

the sum of AL equals the total ·length • 

. ·:. : . 
. ,,. Of course an alternate scheme exists under which the 
· iength is spe.cified. The. equations would tlien' be worked in 
reverse order ·and .converged iteratively·. 

~; ' ' ' ... 
. ,. i ,' . ····.-!·;: ..... 

.. . , 5. 2 · . Analytical Hethods 
• 

_,: .; 
·can 

Ramey has shown how the heat and momentum balances 

be coupled for single phase fluids with constant heat 

·. capaci ti es. Refer to the enclosed paper and work out an 

example using this analytic.al .solution. 
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5.3 ·Computed Results 

Using tl'¡e coupled equations, a nwnber of interesting . 
serisitivity calculations can.be made, Figure 10 shows ..... 

' how the overall fleat transfer coefficient affects the f1owing · · , .. 
,. 

qua1ity profile. Figure 11 shows how the .time function . 
affects quality profiles. In general, the quality producéd 

should improve with time. 

Figure 12 shows the wellbore deliverability against 
'fixed wellhead .and bottomhole pressures. Cross plotting 
the formation delive,rability will yield the expected system 
opera ting con di tions. .: · · 

'• 

,. 
; i' 

'· 
¡•-' 
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TABLE 1. SATURATION: TEMPERATURES 
Abs Press. Specific Volume · 'Enthalpy Entropy ., , .. , lb Sal. Sal. Sal. Sal. Sal.· Sal. , ... , 

' : f Sq 1"- llquld hop Vapor Liquld hap. Vapor Llqu1d hap Vapor p 
' . 

' p ., . .,,. •• 6, 6,, h, ., ' ., •• ' 
'" 

1% 0.08854 . 0.01602 3306 3306 0.00 1075.8 1075.8 0.0000· 2.1871 2.1877 32 
. '·. ·35 0.09995' 0.01602 2947 2947 3.02 1074.1 1077.1 0.0061 2.1709 2.1i70 35 

40 0.12170 0.01602 2444 2444 8.05 1071.3 1079.3 0.0162' 2.1435 2.1597· 40 
45 0.14752 0.01602 2036.4 2036.4 13.06 1068.4. 1081.5 0.0262 2.1167 2.1429 ··.:'· 4$ 
50 .o.17.8ll 0.01603 1703.2 1703.2 18.07 1065.6 . 1083.7 0.0361 2.0903 2.1264 50 
50 0.2563 0.01604 '1206.6 1206.7 !!8.06 1059.9 1088.0 0.0555 2.0393 2.0948 . 50 

70 0.3631 0.01606 887.8 867.9 38.04 1054.3 1092.3 0.0745 1.9902 2.0647 70 
50 0.5069 0.01608 633.1 633.1 48.02 1048.6 10.96.6 0.0932 1.9428 2.03110 80 
90 0.6982 0.01610 468.0 468.0 57.99 IM2.9 1100.9 0.1115 1.8972 2.0087' 90 ., 100 0.9492 0.01613 350.3 350.4 87.97 1037.2 110~.2 0.1295 1.8531 1.9B::6 100 

' 110 1.2748 0.01617 265.3 265.4 77.94 1031.6 1109.5 0.1471 1.8106 1.9577 110 ! 
:---

120 1.6924 0.01610 203.25 203.27 87.92 10'>..5.8 1113.7 0.1645 1.7694 1.9339 1%0 
130' 2.2225 0.01615 157.32. 157.34 97.90 1020.0 1117.9 0.1816 1.7296 1.9112 130 

1 'uo 2.88!!6 0.01629 122.99 123.01 107.89 1014.1 1122.0 0.1984 1.6910 1.8894 u o 
150 3.718 0.01634 97.06 97.07 117.89 . IOOB.2 1126.1 0.2149 1.6537 1.8685 . ISO 
·ISO 4.741 ' 0.01639 77.27 77.29 127.89 1002.3 1130.2 0.2311 1.6174 1.8.485 160 

170 5.992 0.01645 62.04 62.06 137.90 996.3 1134.2 0.2472 1.5822 1.8293 170 
ISO 7.510 0.01651 50.21 50.23 ' 147.92 990.2 1138.1 0.2630 1.5480 1.8109 180 
190 9.339 0.01657 40.94 40.96 157.95 984.1 1142.0 0.2785 1.5147 1.7932 190 
200 11.526 0.01663 33.62 33.84 167.99. o 977.9 1145.9 0.2938' 1.4824 1.7762 200 
210 14.123 0.01670 27.80 27.82 178.05 971.6 1149.7 0.3090 1.4508 1.7598 %10 ' . . -~ r .. %1% 14.696 0.01672 26.78 26.80 ' 180.07 970.3 1150.4 0.3120 1.4446 1.7566 212 

= 17.186 O.DJ617 23.13 23.15 188.13 965.2 1153.4 0.3239 1.4301 1:74-40 220 
%30 20.780 0.01684 19.365 19.382. 198:zJ 958.8 1157.0 0.3387 1.3901 1.7288 '%30 
%40 24.969 0.01692 16.306 16.323 208.34 952.2 ll.60.5 0.3531 1.3609 1.7140 %40 
250 29.825 ' 0.01700 13.804 13.821 218.48 945.5 1164.0 0.3675 1.3323 1.6998 250 

250 35.429 0.01709 ll.746 11.763 228.64 938.7 1167.3 0.3817. 1.3043 1.6860 260 
2'70 41.858 0.01717 10.044 10.061 238.84 931.8 1170.6 0.3958 1.2769 1.6727 270 
2SO 49.203 0.01726 8.5~8 8.645 249.06 924.7 1173.8 0.4096 1.2501 1.6597 280 
2!10 57.556 0.01735 7.444 7.461 259.31 . 917.5 1176.8 0.4234 1.2238 1.6472 ' 290 
300 67.013 0.01745 6.449 6.466 269.59 910.1 ll79.7 0.4369 '1.1980 1.6350 300 

320 89.66 0.01765 4.896 4.914 290.28 894.9 1185.2 0.4637 1.1478 1.6115 320 
340 IJ8.01 0.01787 3.170 3.788 311.13 879.0 1190.1 0.4900 1.0992 1.5891 340 

'360 153.04 0.01811 2.939 2.957 332.18 862.2 1194.4 0.5158 1.0519 1.5677 360 
380 195.77 0.01836 2.317 2.335 353:45 844.6 1198.1 0.5413 1.0059 1.5471 380 
400 ' 247.31 O.OIB64 1.8447 1.8633 374.97 828.0 1201.0 0.5664 0.9808 1.5272 400 

420 308.63 0.01894 1.4811 1.5000 396.77 806.3 1203.1 0.5912 0.9166 1.5078 420 
440' ' 381.59 0.01926 1.1979 1.2171 418.90 785.4 1204.3 0.6158 0.8730 1.4887 440 
450 466.9 0.0196 0.9748 0.9944 441.4 763.2 1204.6 '0.6402 0.8298 1.4700 460 
480. ' 566;1 0.0200 0.7972 0.8172 484.4 739.4 · I:Í03.7 0.6645 o;7868 1.4513 480 
600 680.8 0.0204 0.6545 . 0.6749 487.8 713.9 1201.7 0.6887 0.7438 1.4325 600 

520 ,• ~ 812..( 0.0209 0.5385 0.5594 511.9 686.4 1198.2 0.7130 0.7006 1.4138 620 
640 962.5 0.0215 0.4434 0.4649 538.6 656.6 1193.2 0.7374 0.8568 1.3942 s.o· 

-:· 650 1133.1 0.0221 0.3847 0.3868 562.2 624.2 1186.4 0.7621 0.6121 1.3742 550 

'-
sgo 1325.8 . 0.0228 0.2989 0.3217 588.9 588.4 1177.3 .0.7872 0.5859 1.3532 580 
600 1542.9 0.0236 0.2432 0.2868 617.0 548.5 1165.5 0.8131 0.5176 1.3307 600 
6:ZO ,' . 1786.6·' 0.0247 0.1955 0.!!201 646.1 503.6 1150.3 0.8398 . 0.4664 1.3062, 620 
&40 '2059.7 0.0260 o 0.1538 0.1798 678.6 452.0 1130.5 0.8679 0.4110 1.2789 640 
6&0 '2365.4 0.0278 0.1165 0.1442 714.2 390.2 1104.4 0.8987 0.3485 1.2472 660 
650 2708.1 ·0.0305 0.0810 O.lll5 757.3 . 309.9 1067.2 0.9351 0.2719 1.2071 680 
700 3093.7 0.0369 0.0392 0.0761 823.3 li2.1 995.4 0.9905 0.1484 1.1389 700 

r- 705..( 3206.! 0.0503 o 0.0503 902.7 o 902.7 1.0580 o 1.0580 70U 
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TABLE 2. SATURATION: PRESSURES 

~~ · Abt PretL . Specifjc Volume Enlhalpy Enlropy 
lb 

,.¡¡;. 
5crt. Sot. Sol. SaL Sat. Sal. 

p 

J.O 
2.0 
3.0 
.:o 
5.0 

. 101.74 
126.08 
141.48 
152.97 
162.2.4 

6.0 170.06 
7.0 176.11-5 
s.o 182.86 
M. 188.28 
JO 193.21 

U.G96 2.12.00 

15 213.03 
. 20 227.96 

30 250.33 
(0 -267.25 
50 281.01 

60 .292.71 
70 302.9-2 
30 312.03 
90. 320.27 

100 . 327.81 

llquld ., 
0.01614 
0.01623 
0.01630 
0.01636 
O.oJ640 

0.01645 
0.01649 
0.01653 
0.01656 
0.01659 

0.01672 

0.01672 
0.01683 
0.01701 
0.01715 
0.01727 

0.01738 
0.01748 
0.01757 
0.01766 
0.01774 

120 ... 341.25 . 0.01789 
uo 353.o2 0.01802 
160 363.53 0.01815 
180 373.06 0.01827 
200_ 381.79 0.01839 

2SO 400.95 0.01865 
300 417.33 0.01890 
2SO 431.72 0.01913 
400 444.59 0.0193 
450 456.28 0.0195 . 

500 467.01 0.0197 
550 '"476.93 0.0199 
600 466.21 0.0201 

.. ·700 503.10 0.0205 
800 518.23 0.0209 

·OOo 531.98 0.0212 
··, 1000 544.61 0.0216 
. 1100 . 556.31 0.0220 

1200 .. 567.22 0.0223 
1300 - 577.46 0.0227 

1400 .. 567.10 0.0231 
1500 .. ' 596.23 0.0235 

-2000 . 635.82 0.0,257 
2500 .... 668.13 0.0287 
3000 695136 O.OJ.l6 

. , a206.2 705.40 0.0503 

Vapor Uquid hap . Vopor 
•• ,., ,.,, ,, 

333.6 
173.73 
ll8.71 
90.63 
73.52 

69.70 1036.3 ll06.0 
93.99 1022.2 . 1116.2 

109.37 1013.2 ll22.6 
120.86 1006.4 1127.3 
130.13 1001.0 1131.1 

61.98 
53.11-4 
47.34 

. 42.40 
38.42 

26.80 

26.29 
20.089 
13.746. 
10.498 

8.515 

7.175 
6.206 
5.472 
4.896 
4A32 

3.728 
3.220 
2.834 
2.532 
2.288 

1.8438 
1.5433 
L3260 
1.1613 
1.0320 

0.9278 
0.8424 
0.7698 
0.6554 
0.5687 

137.96 
144.76 
150.79 
156.22 
161.17 

18ci.o7 
181.11 
i96.16 
218.62 
2-36.03 
250.09 

262.09 
272.61 
282.02 
290.56 
298.40 

31!!.44 
324.82 
335.93 
346.oJ 
355.36 

376.00 
393.64 
409.69 
424.0 
437.2 

449.4 
460.8 
47).6 
491.5 
509.7 

0.5006 526.6 . 
0.4456 . 542.4 
0.4001 557.4 
0.3619 571.7 
0.3293 585.4 

0.3012 598.7 
0.2765 611.6 
0.1878 67!.7 
0.1307 730.6 
0.0558 802.5 

0.0503 902.7 

996.2 1134.2 
992.1 . 1136.9 
988.5 1 139.3 
985.2 1141.4 
982.1 1143.3 

970.3 1150.4 

969.7 1150.8 
960.1 1156.3 
945.3 1164.1 
933.7 1169.7 
924.0 1174.1 

9!5.5 1177.6 
907.9 1180.6 
901.1 . 1183.1 . 
894.7 . 1185.3 
888.8 1187.2 

871.9 1190,4 
868.2 1193.0 
859.2 1195.1 
850.8 1198.9 
843.0 1198.4 

8~iu 1201.1 
609.0 1202.8 . 
794.2. 1203.9 
780.5. 1204.5 
767.4 1204.6 

755.0 . 1204.4 
743.1 1203.9 
731.6 1203.2 
709.7 1201.2 
688.9 1198.6 . 

668.8 1 195.4 
649.4 1191.8 
630.4 1187.8 
611.7 1183.4 
593.2 ll78.6 

574.7 . 1173.4 
556.3 1167.9 
463.4 1135.1 
360.5 1091.1 
217.8 1020.3 

-o 902.7 

Uqu1d Evap. Vapor ., .,. .. 
0.1328 1.8456 1.9782 
0.1749 1.7451 1.9200 
0.2008' 1.6855 '1.6663 
0.2198 ,1.6427 1.6625 
0.2347 1.60\14 1.8441 

0.2472 1.5820 1.6292 
0.2581 1.5580 1.8167 
0.2674 1.5383 1.8057 . 
0.2759 1.5203 1.7962 
0.2835 1.5041 1.7876 

0.3120 1.4446 1.7580 

0.3135 1.4415 1.7549 
. 0.3356 1.3962 1.7319 

0.3680 1.3313 1.6993 
0.3919 1.2844 1.6763 
0.4110 1.2.474 1.6565 

0.4270 1.2168 1.6438 
0.4409 1.1906 1.6315 
0.4531 1.1676 1.6207 
0.4641 1.1471 1.6112 
0.4740 1.1286 1.6026 

·0.4916 
. 0.5069 

0.5204 
0.5325 
0.5435 

0.5675 
0.5879 
0.6056 
0.6214 

. 0.6356 

0.6487 
0.6608 
0.6720 
0.6925 

. 0.7108 

0.7275 
0.7430 
0.7575 
0.7711 
0.7840 

0.7963 
0.8082 
0.8619 
0.9126 
0.9731 

. 1.0580 

1.0962 
1.0682 
1.0436 
1.0217 
1.0018 

0.9588 
0.9225 
0.8910 
0.8630 
0.8378 

0.8147 
0.7934 
0.773-l 
0.7371 
0.7045 

0.6744 
0.6467 
0.6205 
0.5956 
0.5719 

0.5491 
0.5269 
0.4230 
0.3197 
0.1885 

o 

1.5878 
1.5751 
1.5640 
1.5542 
1.5453 

1.5263 
1.5104 
1.4966 
1.4644 
1.4734 

1.4634 
1.4542 
1.4454 
1.4296 
1.4153 

IA020 
1.3897 
1.3780 
1.3667 
1.3559 

1.3454 
).3351 
1.2849 
1.2322 
1.1615 

1.0580 
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Infernal Ener~.._-Abl Pr••a. 

Sal. . k~ . lb 

Uquid E~p Vopot . Sq In. 
.,, u,, . "• , .• _!' 

69.70 974.6 10«.3 . ).0 
93.98 . 957.9 1051.9 . :.o 

109:36 947.3 1056.7 3.0 
120.85 939.3 1060.2 4 .o 
130.12 ''\ 933.0 . 1063.1 5.0 

137.94 927.5 1065.4 6.0 
14(.74- 922.7. 1067.4 7.0 
150.77 918.4 1069.2. 8.0 
156.19 914.6 1070.8 9.0 
161.14 911.1 1012.2 10 

18o.oz · so7.5 1077 .s u.696 

181.06 •.. 896.7 1077.8 15 
196.10 885.8 1081.9 20 
218.73 869.1 1087.8 30 
235.90 856.1 1092.0 40 
249.93 845.{ . 1095.3 so 
261.90 
2.72.38 
261.76 
290.27 
298.08 

312.05 
324.35 
335.39 
345.42 
354.68 

375.14 
392.79 
408.45 
422.6 
435.5 

447.6 
458.8 
469.4 
466.8 
506.6 

523.1 
538.4. 
552.9 
566.7 
580.0 

592.7 
605.1 
662.2 
717.3 
783.4 

872.9 

836.0 1097.9 . 60 
827.8 fJ00.2 70 
820.3 11 02.i . 30 
813.4· llOJ.'Í'. :·· 90 
807.1 1105.2 100 

795.6 1107.6 J..:lO 
785.2 .1109.6 140 

· 775.8. 1U1.2 160 
767.1,1112.5 '!RO 
759.0 1113.7 200 

740.1 1115.8 ' 2SO 
724.3 . 1117.!' . 300 
709.6 ma:o· .· 350 
695.9 . .1 118.5 ~00 
683.2 1118.7 ~so 

671.0 . 1118.6 500 
659.4 .1118.2 650 
11-48.3 '1117.7 600 
627.5 '1116.3 700 
607.8 liiU 800 

589.Q., 1112.1 . 900 
571.0' HOll.4 1000 
553.5 . 1106.4 1100 
536.3 1103.0 1200 
519.4 1099.4 1300 

502.7. ·1095.4 1400 
486.1 1091.2 .1500 
403.4 1065.6 2000 
313.3 1030.6 2500 
189.3 972.7 3000 

o 872.9 ~206.% 

., .. 
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Abt p, • ...._ 

JU!/Sqla. 
ISG-- Tefftp) 

" J " (101.74) • 
" 1' " (1fl.U) • 
" JO " (1S3~1) • 

" 14.696 " (21!!.00) • 

" :!0 h 
(2Z7.96) • 

" ~o " (257.25) • 

• 
. 60 • (29!!..71) .• 

" 60 " (31.2.03) • 

" 100 " (327.81) • 

• 
120 " (3-:1.25) • 

·Y 
140 " (353.02) •. 

.. 
160 '' ..... 

( 363.li~ ) ' • 
' 1 ... 

ISO lo 
(373.06) • 

• 200 " (3S1.79)i • 
' .\ 

• 
:20 h 

(3Só.86) a 

• :.o h 
(39!.37) • 

',•, 

" 

~· : ,,1, . ~ .. · 

200 

392.6 
1150.4 
2.0512 

78.16 
1148.8 
1.5718 

38.85 
1146.6 
1.7927 

. TAI!L'E 3. SUPERHEATED VAPOR 

Temperalure, F 
~ 400 ~ ~ m ~ ~ ~~ ~ 1~ 

452.3 512.0 571.6 631.2 690.8 750.4 809.9 869.5 988.7 1107.8 ' 
ll95.6 1241.7 12.88.3 1335.7 1383.6 1432.8 1482.7 1533.5 1637.7 li45.7 
2.1153 2.Í720 2.2233 2.2702 2.3137 2.3542 2.3923 2.4283 2.4952 2.5566 

90.25 102.26 114.22 126.16 138.10 150.03 161.95 173.87 197.71 221.6. 
1195.0 1241.2 1288.0 1335.4 1383.6 1432.7 1482.6 1533.4 1637.7 1745.7 
1.9370 1.9942 2.0456 2.0927 !!.1361 2.1767 2.2148 2.2509 2.3178 2.3792 

45.00 51.04 57.05 63.03 69.01 74.98 80.95 86.92 96.84 110.77 
ll93.9 1240.6 1287.5 1335.1 l:i83.4 1432.5 1482.4 1533.2 1637.6 1745.6 
1.8595 1.9172 1.9689 2.0160 2.0596 2.1002 2.1383 2.1744 2.2413 2.30,28 

30.53 34.68 38.78 42.86 46.94 51.00 55.07 59.13 67.25 75.37 
1192.8 1239.9 1267.1 1334.8 1383.2 1432.3 1482.3 1533.1 1637.5 1745.5 
1.8160 1.8743 1.9261 1.9734 !'..0170 2.0576 2.0958 2.1319 2.1989 2.2603 

22.36 25.43. 28.46 31.47 34.47 37.46 40.45 43.44 49.41 55.37 
. 1191.6 1239.2 1288.6 1334.4 1382.9 1432.1 1482.1 1533.0 1637.4 1745.4 

1.7808 1.8396 1.8918 1.9392 1.9829 2.0235 2.0618 2.0978 2.1648 2.2283 

11.040 12.628 14.188 15.688 17.198 16.702 20.20 21.70 24.69 27.68 
1186.8 1236.5 1284.8 1333.1 1381.9 1431.3 1481.4 1532.4 1637.0 1745.1 
1.6994 1.7608 1:8140 1.8619 1.9058 1.9467 1.9850 2.0212 2.0883 2.1498 

7.259 8.357 9.403 10.427 11.4·11 12.449 13.452 14.454 16.451 18.446 
1181.6 1233.6 1283.0 1331.8 1380.9 1430.5 1480.8 1531.9 1636.6 1744.8 
1.6492 1.7135 1.7678 1.8162 1.8605 1.9015 1.9400 1.9762 2.04~( 2.1049 

6.220 7.020 7.797 8.562 9.322 10.077 10.830 12.332 13.830 
/· 1230.7 1281.1 1330.5 1379.9 1429.7 1480.1 1531.3 1636.2 Í744.li 

1.6791 1.7346 1.7836 1.8281 1.8694 1.9079 1.9442 2.0115 2.0731 

4.937 5.589 6.218 6.835 7.446 8.052 8.656 9.860 11.060 
1227.6 1279.1 1329.1 1378.9 i42B.9 1479.5 1530.8 1635.7 1744.2 
1.6518 1.7085 1.7561 1.8029 1.8443 1.8629 1.9193 1.9867 2.0484 

4.081 . 4.636 5.165 5.663 6.195 6.702 7.207 8.212 9.214 
1224.4 1277.2 1327.7 1377.8 1428.1 1478.8 1530.2 1635.3 1743.9 
1.6287 1.6869 1.7370 1.7822 1.8237 1.8625 1.8990 1.9664 2.0281 

3.468 '3.954 4.413 4.861 ' 5.301 5.738 6.172 7.035 7.895 
1221.1 1275.2 1326.4 1376.8 1427.3 1478.2 1529.7 1634.9 1743.5 
1.6087 1.6683 1,7190 1.7845 1.8063 1.8451 1.8817 1.9493 2.01l0 

' 3.008 3.443 3.849 4.244 4.631 5.015. 5.396 6.152 6.906 
1211.6 1273.1 13.zs:o 1375.7 1426.4 1477.5 1529.1 1634.5 1743~ 
1.5908 1.6519 1.7033 1.7491 1.7911 1.8301 1.8667 1.9:W:. 1.9982 

2.649 3.044 3.411 3.764 4.110 4.452 4.792 5.466 6.138 
1214.0 1271.0 1323.5 1374.7 1426.4 1477.5 1529.1 1634.5 1743.!! 
1.5745 1.6373 1.6894 1.7355 1.7776 1.8167 1.8534 }.9212 1.9831 

2.361 2.726 3.060 3.380 3.693 4.002 4.309 4.917 5.521 
1210.3 1268.9 1322.1 1373.6 1424.8 1476.2 1528.0, 1633.7 1742.6 
1 .. 5594 1.6.'!40 1.6767 1.7232 1.7655 1.8048 l.S415 1.9094 1.9713 

2.125 2.465 2.772 3.066 3.352 3.634- 3.913 4.467 ~.017 
1~06.5 1266.7 1320.7 1372.6 1424.0 1475.5 1527.5 1633.3 1742.3 
1.5453 1.6117 1.,6652 1.7120 1.7545 1.7~39 1.8308 1.89~7 1.9607 

. 1.9276 . 2.247 2.533 2.804 3.088 3.327 3.584 . 4.093 4.597 
1202.5 1264.5 1319.2 1371.5 1423.2 1474.8 1526.9 1632.9 1742.0 
1.5319 1.6003 1.6548 1.7017. 1.7444 1.7839 1.8209 1.8889 1.9510 
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1600 

1227.0 
1857.5 
2.6137 

245.5 
1857.4 
!.4363 

122.6Q 
1857.3 
2.3598 

83.48· 
1857.3 
2.3174 

61.34 
1857.2 
2.2634 

30.66 
1857.0 
2.2069 

20.44 
1856.7 
2.1621 

15.325 
1856.li 
2.1303 

12.258 
1856.2 
2.1058 

10~13 
1856.0 
2.0854 

8.752 
1855.7 
2.0883 

7.856 
1855.5 
2.0535 

6.804' 
1855.5 
2.0404 

8.123 
' 1855.0 ' 

2.0287 

5.585 
1854.7 
2.0181 

5.100 
1854.5 
2.0084 

... 

.· 
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Table 4. Ui¡uid 
.p Ct Sat.) · o 500 (4~7.13) 1000 (54Ü51 

l ' a h a ' • b • ~ • b • 
" ' SaL .019748 447.70 449..53 .64904 .021591 53&.39 542.38 ,74320 :·· 

3J .D/6011 •.DI • .01 • .OOOOJ .015994 .00 1.49 .00000 .015967 .03 2.99 .00005 
50 .016014 11.06 11.06 .OJ601 .015998 18.02 19.50 .03599 .015972 11.99 20.94 .03592· 

100· .016/JO 6I.OJ 61.0J .11961 .016106 67.87 : 69.36 .12932 .016082 67.70 70.68 .ll901 
.150 .OI6JO /11.9J 111.9J .11 J04 .016318 117.66 119.17 .21457 .016293 117.38 120.4~ .21410 
lOO .0/66JJ /68.0J 161.0J .1940!_ .016608 167.65 169.19 .29341 .016580 167.26 170.32 .29281 

:150 .D/100J 1/8.$1 1/I.S1 J6777 .016972 217.99 219..56 .36702 .016941 217.47 220.61 .36628 
30U .0/UJJ 169.4/ 169.6/ .4J7J1 .017416 268.92 270.53 .43641 .017379 268.24 271.46 .43552 
350 .011000 J1/.J9 J1/.J9 .JOJJ9 .017954 320.71 322.37 ..50249 .. 017909 319.8) 323.15 ..50140 
400 .011661 JU.JJ i/U.IJ J6UO .018608 373.68 375.40. ..56604 .018550 372.55 375.98 .56472 
450 .D/9JOil 419.96 419.96 .61970 .019420 428.40 430.19 . .62798 .0193~0 426.89 430.47. .62632 

500 .01060 ""·' .,./ .69/9 .01041 .,.9 . 481.8 .6896 .02036 483.8 487..5 .6874 
510 .0]081 JOOJ JOO.J .7046 :.02071 4fJi,9 499.& .701/ .02060 495.6 499.4 .6997 
520 .01116 J/1.1 J/1.7 .7l7J • • 02100 J/0.1 J/1.0 .1146 .02086 507.6 511..5 .7121 
530 .01/46 'J1J.J J1JJ .7JOJ .02/JO J2J.6 JU.J .717J .02114 . 519.9 523.8 .1245 
540 ,01181 lJU lJU .. UJ.f. .01161 JJJJ JJ7J .7401 .02144 532.4 S36.3 .7372 

550 .0111/ JJI.l JS1.1 .7J6tl .01/98 '"'·" JSO.J .1SJ: .01171 UJ.l H9.1 ,7#9P 
!160 .0116J . J66.l J66.1 .7707· .011J7 J61.0 J64.0 .7666 .011/J JsiJ J61.4 .76JO 

•570 .01JIJ J8D.I JBO.I .1BJI .0118/ J16.0 J18./ .1804 .012JJ J1/.l J16.0 .776J 
sso ·.01i/J2 J90.8 J91.9 ,7946 - .01291 "'·' J90.1 .7899 . .• ~ 590 .01J91 606.4 608.6 .8096 .01J49 .. 600.6 604.9 .1041 .. ,.,. 

:'~::. :, 600 . .OUOP 616.1 610.6 .1189 , .... · •. 610 . 02481 6J1.9 6J7J . .IUI 

p (1 Sat.) 1500 (596.39) 1000 (636.00) 2500 (668.31) 

l . ' • b • ' u b • ' • b • 
SaL .023461 604.97 611.48 .80824 .025649 662.40 671.89 .86227 .028605 717.66 730.89 .91306 

' 32 .015939 .05 4.47 .00007 . 015912 .06 . 5.95 ;00008 .015885 .08 7.43 .00009 
50 .01~946 17.9~ 22.38 .03584 .015920 17.91 23.81 .03575 .015895 17.88 25.23 .03566 

100 .016058 67..53 71.99 :12870 .016034 67.37 73.30 .12839 .01.6010 67.20 74.61 ·.12808 
ISO .016268 117.10 121.62 .21364 .016244 116.83 122.84 .21318 .016220 116.56 124.07 .21272 

'200 .016554 166.87 171.46 .29221 .016527 166.49 172.60 .29162 .016501 166.11 173.75 .29104 

250 .016910 216.96 l21.65 .36554 .016880 216.46 222.70 .36482 .016851 215.96 223.75 .36410 300 . . • 017343 267.58 272.39 .43463 .017308 266.93 273.33 .43376 .017274 266.29 274.28 .43290 
350 .. 017~65 318.98 323.94 .50034 .017822 318.15 324.74 .49929 .017780 317.33 325..56 .49826 
~00 '·.018493 371.45 316.59 .56343 .018439 370.38 377.21 .56216 .018386 369.34 377.84 ..56092 
450 ·' .019264 425.4 430.79 .62470 .019191 424.04 431.14 .62313 .019120 422.68 431.52 ·.62160 

500 .02024 481.8 487.4 .6853 .02014 479.8 487.3 .6832 .02004 478.0 487.3 .6813 
510 .02048 493.4 499.1 .6974 .02036 491.4 498.9. .6953 .02025 489.4 498.8 .6932 
510 .02072 505.3 511.0 .7096 .0~060 503.1 510.7 .7073 .02048 501.0 510.4 .7051 . 530 .02099 517.3 523.1 .7219 .02085 514.9 522.6 .7195 .02072 512.6 522.2 .7171 

·, .. 
!>40 .02127 529.6 535..5 .7343 .02112 527.0 . 53U .7317 .0~098 524..5 534.2 .7292 

550 .02158 542.1 548.1 .7469 .02141 539.2 .. 541.2 .7440 .02125 536.6 546.4 .7413 
560 .02191 554.9 561.0 .7596 .02172 551.8 559.8 .7565 .02154 548.9 558.8 .7536 
570 .02228 568.0 574.2 .7725 .02206 564.6 572.8 .7691 .02186 561.4 571..5 .7659 
580 .• 02269 581.6 587.9 .7857 .02243 577.8 586.1 .7820 .02221 574.3 584.5 .778i 
590 .02314 595.7 602.1 .7993 .02284 591.3 599.8 .7951 .0225& 587.4 . 591.9 .7913 

600 .01J66 610.4 616.9 .& J J.t .02330 60~.4 614.0 .8086 .02300 601.0 611.6 .8043 
610 .01416 6~J.I 6]].6 .8181 .02382 620.0 628.8 .8225 .02346 615.0 625.9 .8177 
610 .02498 641J ()~9.4 .84J7 .02443 635.4 644.5 .8371 .02399 629.6 640.7 .8315 
630 .01J90 660.1 U8.0 .8609 .02514 651.9 '661.2 .852~ .02459 644.9 656.3 .8459 
6.10 .0 .. '60} li6V,j; 67P.4 .o o 91 .02530 661.2 672.9 .8610 

650 .017}4 690.J 100.4 .8811 .02616 .678.7 690.8 .8773 660 .02729 698.4 711.0 .8954 
670 .0189J 712.1 7JJ.J .911}. 
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Table 4. Liquid 

p 11 SoL) JOOO (695.52) 3204 (705.44) 3500 

' • b • ' • ~ 1 ' • b 1 

SaL .O).IJJO 783.45 802.50 .97320 .050533 872.58 902.53 1.05803 

32 .015859 .09 8.90 .00009 .015848 .10 9.49 .00009 .015833 .JO 10.36 .00009 
so .015870 17.84 26.65 .03555 .015860 17.82 27.23 .03551 .OJ58H 17.80 28.06 .03545 

100 .015987 67.04 75.91 .12777 ' .015978 66.97 76.45 .12764 .015964 66.88 77.22 .12146 
ISO .016196 116.30 125.29 .21226 .016187 116.19 125.79 .21208 .016173 116.03 126.51 .21181 
lOO .016476 165.74 174.89 .29046 .016465 165.59 115.36 .29022 .016450 165.38 176.03 .28988 

lSO .016822 215.47 224.81 .36340 .016810 215.27 225.24 .36311 .016793 214.99 225.87 .36269 
JOO .017240 265.66 275.23 .43205 .017226 265.41 275.62 .43170 .017206 265.04 276.19 .43121 
350 .017739 316.53 326.38 .49725 .017722 316.21 326.71 .49684 .017699 315.75 327.21 .49625 
400 .01833<1 368.32 378.50 .55970 .018313 367.91 378.76 .55921 .018284 36 7.32 379.16 .55851 
450 .019053 421.36 431.93 .62011 .019026 420.83 432.11 .61952 .018987 420.08 432.37 .61866 

seo .01994-4 476.2 487.3 .6794 .019906 475.5 487.3 .6786 .019853 47<.5 487.4 .6775 
510 .020367 498.9 510.2 .7030 .020324 498.1 510.2 .702'2 .020262 497.0 510.1 .7010 
540 .o:os-~2 522.2 533.8 .7268 .020791 521.3 533.6 .7258 .020717 520.0 533.4 .7245 
SóO .021382 546.2 558.0 .7508 .021319 545.1 557.7 .7497 .021231 543.6 557.3 .7482 
580 .022004 571.0 583.2 .7753 .021926 569.8 582.8 .7740, .021818 568.0 582.1 .7723 

600 .02274 597.0 609.6 .8004 .02264 595.5 608.9 .7989 /.02250 593.4 607.9 .7969 
620 .02362 624.5 637.7 .8266 .02349 622.6 636.6 .8248 .02331 620.0· 635.1 .8223 
640 .02475 654.3 668.0 .8545 .02456 651.8 666.4 .8521 .02431 648.4 664.2 .8489 
660 .02629 6~7.6 702.2 .8853 .02598 684.0 699.4 .8819 .02560 619.4 696.0 .8776 
680 .02879 728.4 744.3 .9226 .02813 722.0 738.7 .9167 .02741 714.6 732.4 .9098 

700 .03323 779.8 799.5 .9695 .03058 759.5 779.3 .9506 
710 .03408 793.9 816.0 .9821 

• 4000 5000 6000 

• b 1 ' u b 1 ' • b 1 

32 .015807 .10 11.80 .00005 .015755 .11 14.70 •.00001 .015705 .11 17.55 •. 00013 
5~ .015821 17.76 29.47 .03534 .015773 17.67 32.26 .03508 .015726 17.57 35.03 .03480 

100 .Ot'!942 66.72 78.52 .12714 .015897 M.40 81.11 .126~1 .015853 66.09 83.70 .12588 
ISO .016150 115.77 127.73 .21136 .016104 115.27 130.17 .21046 .0160!9 114.77 132.60 .20957 
200 .016-<25 165.02 177.18 .28931 .016376 164.32 179.47 .28818 .016328 163.63 181.76 .28707 

250 .016765 214.52 226.93 .36200 .016710 213.59 229.05 .36063 .016656 212.70 231.19 .35929 
300 .017174 264.43 277.15 .43038 .017110 263.25 279.08 .42875 .017048 262.10 281.03 .42716 
3SO .017659 314 98 328.05 .49526 .017583 313.48 329.75 .49334 .017510 312.04 331.48 .49147 
400 .018235 366.35 379.85 .55734 .018141 364.47 381.25 .55506 .018051 362.66 382.71 .55285 
450 .01!924 418.83 432.84 .61125 .018803 416.44 433.84 .61451 .018689 414.17 434.92 .61189 

so o .019766 472.9 487.5 .6758 .019603 469.8 487.9 .6724 .019451 466.9 488.5 .6692 
S lO .o20161 495.2 510.1 .6990 .019974 491.7 510.2 .6953 .019802 488.4 510.4 .6918 
540 .D20600 517.9 533.1 .1223 .020382 513.9 532.8 .7182 .020185 510.3 532.7 .7144 
569 .0~1091 541.2 556.8 .7451 .020835 536.7 556.0 .7411 .020606 532.6 555.5 .7369 
580 .021648 565.2 581.2 .7694 .021341 560.0 579.7 .7642 .021072 555.3 578.7 .7595 

600 .01129 590.0 606.5 .7936 .02191 584.0 604.2 .7876 .02159 578.6 602.6 .7822 
620 .0:3~ 616.0 633.0 .8183 .02257 608.8 629.7 .8113 .02218 . 602.6 627.2 .8052 
640 .OlJ94 643.3 661.1 .8441 .02334 634.6 656.2 .8357 .02285 627.3 652.7 .8286 
660 .02506 672.7 691.2 .8712 ,02424 661.8 6S4.2 .8609 .02363 653.0 679.2 .8525 
680 .02613 704.9 724.5 .9007 .02535 690.6 714.1 .H873 .02454 679.8 707.0 .8771 

700 .02867 742.1 763.4 .934S .02676 721.8 746.6 .9156 .02563 708.1 736.5 .9028 
710 .03026 764.3 7H6.7 .9545 .02763 738.6 764.2 .9307 .02626 122.9 752.1 .9161 
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Tab'te 7. Dynamic viscosity (micropoise) 
J'reuUI'l' Temp.•C o 50 100 150 200 Z50· 100 '150 3'i-5 

bára lbUia' "F 32 112 212 302 392 482 S72 662 707 
1, 14.S~ 17500 S440 111.1 141.5 161.8 181.2 201.5 213 233 
11: 72.52 17500 5440 "'2790 1810 1611.2 181.4 201.3 134 

'10 145.04 17500 5440 .2790 1810 158.5 180.6 202.1 234 
·' '. Z5 362.6 17500 '5440 2800 1820 1340 177.8 201.6 236 

50 725.2 17500 5450 2800 1820 1350 1070 ·200.6 240 
75 1087.8 17500 5450 280,0 ' 1830 1350 1080. .illJ. '144. 

100 1450.4 17500 5450 2810 1830 1360 1080 905 249 
125. 1813.0 17500 5460 2810 1840 1360 1090 .· 911 254 ' 150 2176 17400 5460 2820 1840 1370 1100 917 262. 

'175'. '· 2538 17400. 5460 2820 1850 1380 1100 924 273 .. 
200 ' 2901 17400 5460 2830 . 1860 1380 1110 930 735 291 
225 3263 g~gg-, 5460 2830 1860'i 1390 1120 936 747 491 
250 3626 5470 2840 1870, 1390 1120 943 760 597 
275 ' ... 3989 17400 5470 2840 1870 1400 1130 Y49 772 633 

~. 300 4351 17400 ' 5470 . 2850 '1880 1400 1130 95S 785 657 
350. 5076 17300 • 5480 2860 1890 1420 1150 968 805, 693 

' 400'· 5802 17300' 5480 2870 1900 1430 1160 981 825 721 
450 6527 17300 5490 2880 1910 1440 1170 993 837 743 

500 7252 17200 5490 2890' 19l0 1450 1180 1010 850 762 
550 7977 17200 5500 2900 1930 1460 1200 1020 860 ·'780. 

·:.·: 600 8702 17200 5500 2910 . 1940 1480 1210· 1030' 870 795 
.~_, : .· 650 9427 17200 5510 2920 1960 1490 1220 1040 882 809 ¡'!·'~;· 

''' 700 10153 . " 17100 5510 2930 1970 1500 1230 1060 895 822 
750 l0878 17100 5520 . 2940 1980 1510 1240 1070 905 . 835 
800 11603 17100 5520 2950 1990 1520 i260 Hl80 915 . 846 

Pressure Temp.•C 400 425 450 475 500 530 600 650 700 
bara lbf/in' "F 752 797 842 887 932 1022 1112 1202 1292 

1 14.5~. 243 253 264 274 284 304 325 . 345 365 .. ·. 
: 5 72.52 244 254 264 274 284 305 325 345 366 

., ... 10 '145.~ 244 25S 265 275 285 305 326 346 366 
25 362.6 246 256 266 276 287 . 307 327 347 367 . ;o 725.2 150. 2, 269 279 ' 289 309 329 349 369 
75 . 1087.8 253 263 273 282 292 312 332 352 372' 

100 1450.4 ' 258 267 276 286 295 315 334 354 374 
125 1813.0 263 271 280 289 299 318 337 357 376 

. ISO 2176 269 276 285 294 302 321 340 359 379 ;·- i75 2538 276 282 290 298 307 324 343 362 381 

..... 200 2901 286 289 296 303 311 328 346 365 384 
225 3263 299 298 302 309 316 332 3.50 368 386 250. 3626 321 309 310 315 ' 321 336 353 371 389 275 .. 3989 367 '324 320 322 327 341 3S7 374 392. 

300' 4351 4S8 345 331 . 330 334 346 361 377 395 
' ·350 5076 573 416 363. 351 349 3S1 369 385 401 ' 
1" '' 

400 5802 628 ' 503 411 379 369 369 .379 392 408" 
·. ;·;. .450. 6527 664 S6.l 468 41.! 393 383 389 401 41.! 

' ii·~~~~9f"'·.'.\/ .. 
'!,r; ~:-::_?}:~:' :~~ 7252 693 609 521 4S6 421 400 401" 410 : 423''• ' 7977 716 643 564 497 453 418 414 420 43f. :·. '• 

·(: :· 600 8702 736 670 600 534 48S 439 428 430 439 . 
650 9427 154 693 629 567 516 460 442 441 448 

700 10153 ?70 713 6S4 596 545 482 458 453 458 750 10878 784 732 676 .. 621' 572 S04 474 466 468 800 11603 798 748 -695 644' 596 526 491 478 478 
Conversion Fact.ors íor Viseosity 

lO' mictopoi•e -o.oo2o~s.llbf x •ecih' ~241.911b/(br X h) 
... 1 ~ 0.067l971b/(rt x scc) • 0.5801.5 X 10~ lbf X br/f11 • 0.1 k¡/(m X ICC) 

_, 
• 1 
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APPENDix.·:A 
VSTEAM NUMERICAL MODEL 

. . 
The basic' equations that· make up this numerical model consist oC "flow ... 

· equations" and "heat transfer equations." These equations are coupled numer:: · 
lcally in the model through a heat balance on each pipe increment •.. ~,,.d~~E!iled 
discussion of this procedure is given in the following. . -:·".·. ·l"l:t~\~_-¿",..._.,..1 <..· 

, - ' ~.·.\(' ~!'- . · •. :1• 
' ,. • . • . ¡¡. ,._ .. ~ll ...... 

Figure 1 shows a typical geothermal well with_ hot water under ~pre5sure 
being produced by the formation.· In aadition to single'-phase steam or water, the 
fluid may encoun'ter the flow regimes, of bubble, slug, transition and m(s,t. jn ·a 
single pipe. lf single-phase. water is. present, the procedure. múst be '"able to 
compute the flash point. lf single.-phase. steam is preseM,- it -is by _definition 
superheated. ' · ·,_ ,,- :·• e.· .. ·-~ ñJ>-

. r .~ . ..;... . :!u ~ 
PLOW EQUATIONS . tt '; ·· 

The equations describing · the ,flow characteristics of a two-phase system 
aré"'almost always written from a pressure drop point of view. The common 
·approach is to begin with a momentum balance .and the continuity equation for 
steady homogeneous ene-dimensional two-pha~e1 g,~'g in a pipe. The~rionibined 
equation has been presentad by Ros and o~hers~ ' ! · · · 

.!12 =-p K.. 
. dL . av gc 

_Where 

mixture densi ty 
,, 

dv T 
dL' 

representativa density depending on author. 
· Moody friction factor 
' total velocity 

length o( pipe 

(1} 

From th!S form of the equation it can be easily rec9.'5"ized that the total 
pressure gra:dien't is made up of three individual gradients: . · 

. '• ~ . ; . 
• ' ~ '. · •• ,.1-•• 

· l •. ;c,;·gravitational gradient (heat}, 
. · 2; · ,. friction gradient, Tr, 

- · · .. · · 3 ... ·: · accelera tion gradieñt, A • . . . . .• e 

Pro'per calculation of each gradient should yield' the total pre,ssure ckop. Under 
condltions where the acceleration gradient is riegligible, Figure 2 shows a plot or 
tt)~ tw.o-:phase pressure drop ,as a function 9f gas rate at a constant llquid rate. 
_As'·_more _gas enters the pipe, the velocity ·and• therefore friction increases. 
Likewise, the higher the ga:SZliquid·ratio beconíes then the mixture density should 
dec:rease, causing'the 'head to decrease. · · · ... . .. 

-so-:-



,. 

' ' 

., . 

. :;.~ .. 
However, this development assumes homogeneity of the mixture. This . 

a:Ssumption implies that there are no flow regime effects and that both phases 
travel ~ the osa me veloc.ity (no slip). In' reali.ty, this is not true •. ~igure 3 Crom. 

· Calvert . shows each of tlie possible flow reg1mes that m ay occur 10 two-phase ... 
fiow and their effect on the total pressure gradient. What must be emphasized . 
!or steam-water production wells is that al! of these flow regimes can coexist in· 
the same pipe. In addition, unless the. liquid is coinpletely entrained as a mist in ·\. 

" .'the gas, there is always slip occurring between the phases. The gas travels !aster · ; · 
than the liquid resulting in a "liquid holdup;" . ~' 

' ~~ ... 
Pr.om the ab~ve discussio~, it is recognized that flow regimes must be ·· .. · 

.deteeted point by point through the pipe. Furthermore, Equation (1) does not !,\ · 
· ha ve a . direct analytical solu.tion. since the right himd side is an empirical "' 

funetion · of pressure and other variables. The solution of this equation lends ·.· 
itsel! then to finite differene'e approximation .in. which the pipe iS segmented. 
This allows for the flexibility of varying the flow regimes by segments. 
Rearraw.m~3 Equation (1) in finite difference form as · shown .be severa! 
authors ' ' yields: ! 

A P =t.L 

where 

p av g cos e + , f 
gc . ; 

pav ,. 
A~ 

= 
= 
= 

mixture density 
friction term 
acceleration term 

(2) 

~~tice that Equation (2) has been rearranged in terms of the pressure inerement. 
That is, in this · model the length increment will be specit'ied andthe eorre
sponding .pressure increment calculated. When the sum ot the AL ilicrements. · 

. equals the depth, the wellbore pressure drqp has been determined. · 

. After calculating the two-phase pressure drop for an increnient AL, the .. 
·· fluid pressure is known and the enthalpies and densities of each. phase can be · 

directly determined from the steam tables. This of course assumes that phase 
equilibrium has been established in each increment. The determination oC the 

. flowing quality of the increment beeomes an itera ti ve procedure with the heat 
tr~fer calculations as shown in the next section. 

•: ' 

. Knowing the physical properties of the increment, the geometry, and the 
· ,mass rate, we are in a position to determine flow regí mes and each o! the three 
empirical terms of Equation (2). · These three terms 'correspond to the thi'ee, . 

· gradient¡;..Jn Equation (1). Eaeh of these .. terms has severa! variations depending. · · 
· upon .flow regime ,and author. In general, the mixture density ter m is presented 
as follows: 

'• .· . 

(3) 

,, 

... 
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Where = 

¡.•. =' 
~~. •• 

·" 

liquid and gas densi ti es 

volumetric liquid fraction actually occuri~g 
in the increment, termed "liquid holdup." 

I! the non-slip volumetric liquid fraction, A L' is given by: 

(4) 

Then, since 'gas always "slips" past ·the liquid in vertical upfiow except in Cully 
entrained mist fiow, the holdup is related to AL by: 

!,HL ~ AL (5) 

1! 
The essence oC every two-phase fiow empírica! corre la tion is to determine the 
rela.tjonship between HL and AL for the fiow regime, gt¡!ometry, and fiow 
parameters of the systenr. : . · . . . ... ' 

l. • . • 

The friction term, Tf' is usually slightly different with each author, but In 
the general form: . . . 

. (6) 

The friction. factor in turñ is dependent on a representative two-phase Reynolds 
number: 

NRE = (7) 

:· The values used for p, V T.' and ~ ha ve a direct bearing on the holdup. Most 
investigators assume a friction gradient and then back correlata a holdup 
function that yields a match of the measured two-phase pressure drop. There
fore, the friction and holdup correlations are usually tied together in vertical 
two-phase fiow. Since they. are not independent, it would not in general be good 
pr_ac~ice to generate "hybrid corre\ations" by mixing terms. . . 

;;;· \ Tlie· acceleration term, Ac• has
2
been shown by Wallis20 to represent the 

two-phase Mach number squated, M • Each author again presents his own 
. definition of the term, In general Ac is much less than l. However, at high fiow 
. rates BJ)d low pressures, as usually occur riear the wellhead of geothermal wells, 

this term is important. · · 

' · It is beyond · the scope .. of this (lppen<lix t~ present the f.~r'JP.l3te s1in ., 
. ·correlation for every fiow regime, as they are publi~hed e!se'wliere. ' • • .~o~ .. . - . ~ .~. --

'•' 

:· .'. .· ... 

·, 
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HEAT TRANSFER EQUATIONS 
' {_. 

; The eq¡¡ations descri~~~ the heat conduption into a solid by a pipe flowirig 
fluid aré well established. ' · The first step is to write a heat balance on the , 
fluid q~wing through the selected pipe iricrement. This is summarized by 
Ramey for single-phase .flow. In two-phase flow, the kinetic energy is usually 
negligible, but is included in the foll~~ing equation: ·· 

'Í . · . . ' g_' o z li VT . . · 
H¡ = Hi-1 -a + gc -;r + 2gcJ :, . (8) 

.· The heat bll..lance nomenclatura is summarized.on Figure 7. The potentlal energy 
~·term in this equation is- added because z is meas.ured downwards. The total 

enthalpy is a functlon of the enthalpies of ea eh phase (H0 iutd HL) .. and the 
· flowing steam quali ty (x1): · ') 

,·' 

' 
H¡ = Hax¡ + HL (l :. X¡) (9) 

A~uming a pressure incremeni, ~he pressure is known at ¡· and since the. fluid is · 
saturated, the temperatura and enthalpy of each phase can be found in the steam 
tables. · Using Equation (8) to calcula te Hi' Equation (9) can be used to. calcula te 
the flowing quality x

1
• · · · 

' 
Tlie heat transfer to the surroundings is given by the standard heat 

conductlon formula with a time dependency factor: 

Where. f(t) = 

'.· 
' u = 

a: = 
= 
= 
= 

. r. 
e -In 2{'ET . - 0.290 

overall heat transfer coefficient, 
thermal diffusivity of the earth, 
casing outer radius. 
time since well opened for flow, 
average temperatura of the increment, 
ground temperatura at depth z, 
total mass flow ra te, 

(lO) 

(11) 

. . . 

·The.'time dependency function·has been found14 to be accurate at times greate~ 
than a week for most res4'!rvoir problems. This function implies a radiation 
boundary'.condition that probably· is not accurate at shorter times. 

· . The. overall heat transfer coefficient Js a combination of CClfivection is the 
casiilg-tubing annulus arid conduction into the -formation. Willhite gives a good 
develop¡nent of the equat_ions. The final result is as follows: 

.·"¡.' 
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u = hk (12) 
(hr~(t) +k) 

Where k = therrnal conductivity 
h = convective cocfficient 

= tubing radios 

lf the weUbore completion is convection heat transfer controUed, then the time 
function gets cancelled out of Equation (10). 

NUi\IERICAJ, MOllE!. 

Jt is importan! to couple the pressure drop equations to the heat trausfef 
equations. Each of these dependa upon the other. The pressure drop algorathm 
consists of a set ,f subroutines, '"'e for eu<'h flow re~ime, that are calle<! from a 
control routine. The heat transfer cukulutaons huve been imbedded in the 
control routine in order to iterate on pres.,urc drop. The steam tables are 
entered in vector form so thut any table vuriuble can be determined knowing the 
vulue of one otl•er. The specific enthulpy of each phase can be calculated 
knowing pressur~ or temperature. 

The lengths in Equations (8) and (JO) are not known at the beginning of an. 
increment calculation. Usin~ the pressul"e da·op corrclations and Equation (2), an 
estímate of IIL can be calculated knowiug the average quality. The quality 
determines the non-slip flow r11tes. Eqnlitions (8) and (lO) determine the 
dependence of Steam Qwdity on IIL. An iter~~tive procedure is then lL'ed for 
ea eh increment in order to converge qwtli ly und pressure gradi•mt. The 
calculations are completed when the sum of 11 J. equuls the totul length. 

In addition to two-phase flow, tlaere are the two special coses of 
compressed liquid and supt:rheated stearn. Wells th11t produce compressctl liquid 
at the sandface and flash to two-pluoo.e in thc tuhing !lfe very conamon in the 
western U.S. The flash point can be pre<lidcd fro111 un enth!ilpy bttlance nnd lhe 
saturation pressure verstas ternperatur•• curve. lt b very importan! lo get an 
accurate .cal<!ululion of liquid cornprc>>IIJdity with pressure and ternperarure su 
th11t the compressed liquid gradient is corred. 

WeUs producing superheated ste11rn can be found in many parts uf lile 
world. Knowin~ the pressure in a purli.,ular increme .. r "'d the enthulpy •>f lile 
nuid, the tempcruture Clln be deter111ined from the steam tables .. Sp.,c:fic 
volume v!lfies with pressure and temperuture and the c!llculution bl!eo•nes 
iterative until th., physic11l properties un•! ht!ut balance converge. 

.· 
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"':~vertical ·Two-Phase ·Steatn-Water Flow 
. In Gcotherrhal W ells 

:•: 
Thomas L. Gould, SP.E·AIMF., INTI:RCOMP. Rc•ourcc Devclopmcnl and Enginccring, lnc. 

lntroáuclión 
Thc curren! cxaminalion o( our counlry's energy rc
sourccs has re•ultcd in · ncw and grcalcr inlcrcst in 
gcolhcrmal po,\·er. Titcre are gcothcrmal instaUations 
in New Zcal:tnd, llaly, California, Mexico, Japan, 
U.S,S.R., and clscwhcrc. Many of thcsc opcrations 
have long bccn producing powcr lrom rcscrvoirs that 
are principally vapor-dominatcd systcms, whcrc cssen
tially dry stcam is produccd at !he wellhead and uscd 
dirccily for power gcneraticin. Unfortunatcly, vapor
dciminatcd systcms are rclativcly rarc and curren! 

. scothcrmal projects in the U, S. propase to use 
aquifeis that produce hot water or a steam-water 
mixture.' Ncw Zc:aland is the · Jeader in developing 
the technology rcquired lo opera te these two- phase 
steam-water systems. ' 

A typical aquifcr, whcn first discovcred, will pro, 
duce undcrsaturatcd water at thc wcllborc sand-face .. 

·As the Huid Hows up the wcllborc and prcssurc is Jost, 
!he H'uid evcntually Hashes, producing a stcam-water 
mixture in the well. ~lñe lwo-phase mixture is usually 
scparatcd at the wcllhcad, with thc stcam bcing used 
directly lo generatc.power."· "·"More advanccd de
signs' call for the Huid hcat to be transfcrrcd to a 
sccondary Huid, such as frcon or isobutané, thcrcby 
using thc polcntial of both slcaon and hot-watcr frac-· . 
tioris; The sccondary Huid is uscd lo gcucratc powcr . 
and the condcnsed water is rcinjccted in lo thc forrna
tion. This approaeh reduces environnicnlal problcms 
and·ittal;cs more cfficiem use or thc a\'ailahlc thcnnal 
cocrgy. Tht rcinjcctcd water maintains aqui!cr pres-

. ;' 
1. 

su re and prolongs thc producing Jire o! lhe ficld.· As 
production continucs ovcr a pcriod o( months, !he 
ar.¡uifcr pressure will usually drop lo thc saturatiol! 
point, nnd !ully dcvclopcd l\vo-pha~e stcam-water 
nuw will be produccd by thc formntion at thc snnd
face. Thc two-phasc mixture then Oows IQwards. ·!he 
~urface, expcricncing prcssurc drop and hcat tr~ns
fer. In many applications, minerals are deposit.cd on 
the wellbore casing wherc !he mixture is Hashirig; 

Thc design, analysis, and opera !ion of. geQthcrmal 
systcms requircs sophisticatcd applications o(· the 
principies or Huid mcchanics, hcal.transfcr, and .How 
through porous media, The mathcmatical cquatioits 
that describe a geothermal wellborc will be prcscrited 
in this papcr. The simulation ol thc combincd cff~ts 
of heat transfcr and two-phasc How in wells has'·.oot 

· previously bcen fully preseritcd. Various poflions o( 
the tcchnology have bccn published, but in .a piecc
wise fashion. Thc aim ol this work is lo devclop an · 
integralcd appronch lo thc problem, an allequate 
trcatmcnl or which must account ror the lollo"1ng 
effccts: 

L Two-phase prcssure di-op, 
' ·: 

.' 2. Flow re¡;ime clwngc, 
3. Pitase chan¡;c (Huid miscibility), 

·4. Rclali\·e stcam-watcr velocity (slip), .·· 
's. Jleattransfer from the fluid. 

All thcse clfccts are intcrrclnted. For example, tlie ; 
. prcssurc drop c:mnol be calculated unle~s. the now . 

Tire cfficienl áesign and operation of a gcotlrcrmalwcllb'orc rcquircs an understanding 
oftlre comple:c interactions of hcal transfer, fluid flow, phase clrange, fluw rc¡;imi: 1 • 

clwllge, cmd stcmn-n'tller slip. Thc cc¡uations ami conccpts ¡m•sented lrerc tiL'COIIIII jor . 
those interactiuns ami aré: used in simulating'tii'O·Jlhii5C steam-ll'at'er flow in a wdlburc.' 

.H'~l!ST, 1974 UJ ·l• 
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. . . 1 :n•e .nd •lir .. re known. n •• phase 
. rh••• e •• .. • . d 1 h 

· •;••11'"• -• 1' c·1nnot be ,ll.'lcruunc un c.ss 1 e 
1 t·C .;,nu ' 1P • •· · d ' ••llo .J prc<'UrC o( lhc Onid are •llnWn, an 

curh>lfYiuarnn rcuuire heal-lr:m~r~i and pres,urc-drup 
1hc,c 1n , 
,.óiJ..:ul:.liuns. . . . 

.J ·n1c prublern or 1wo-pha~c now,rn nn e~~enlmlly 
holhcrmal syslcm has br:en wcll sludied by severa! 
aulhors. '· •· '·'· "· "·" Tl¡e concepls thal ha ve be en de· 
vclopcd allow ror the cocAislcncc of severa.! now 
rcgimcs In the same pipe. Fig. 1 ~hows a typical geo· 
lhermal wcll with hol water undcr prcssurc being 
produccd by thc formal ion. 'lñe fluid may encountcr 
rhe now rc¡;inres o( buhblc, slug, lronsitiun, and misl 
In a.singlc pipe. To dale, lhe cquations governing two· 
phuc now hu ve been ernpirical, but·¡;ood, success has 
bccn 'achicved in accounling for lhe cfTccls o( im· 
portan! variables. The cquations governing hcai lrans~ 
fcr to a .wcllborc havc abo bccn puhlishcd. '· "· "·" 
Thcsc equalions, ori¡;inally dcvclopcd ror lhe injcc· 
tlon or steam inlo oil rcscrvoirs lo improvc rccovery, 
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can he applied lo •lc~m produeiion (rom scothcrmal 
aquifcrs. 11 thcrdorc rronains only lo combine 1his 
lcchnoln¡;y inlo an inlc·~rai<·d sitnulllliun prO<·cdu~ 
for cafculaling 0oWÍCI!! J->oiiCllll·hoJc J'fCmlte, ~noW• 
ing thc 11cllhcad prc~>urc, wcll ¡:comclry; mass now, 
iale, ~nd wcllhcad stc;,m •rualily; · 

flow Ec¡u:tlions 
. Thc cc¡ualions dcscribing lhc flow chararlcrislics of 
a lwo-phase systcm are almosl always wrillcn froru 
a pressurc·drop point of view. · The common ap
p~oach is lo bcgin wilh a momcntum balance aud 
thc conlinuily equation for slcady homoncneous onc· 
dimensional lwo-ph~sc flow in a pipe. The combincd 
cqualion has bcen prcscnted by Ros and olhers. '·"·" 

dp 
ac= 

- g 0 fmp,Vr' - Vr ·dvr - p·- cos -------p.·---. g, 2g.J g, dL 
(l) (ll) (111) 

(1) 

Fron1this (orm of thc equation, it can be casily recog· 
.nizcd that lhc lolal prc•surc gradienl is rnade up of 
thrcc individual gradicnts": 

L Gravita!ional gradierit (hcad), 
·u. Friclion gradient, r1 , 

lll. Accelcration ¡¡radien!, A •• 
. ¡ 

Propcr calculation of cach gradicnl should yicJd llio · 
total prcssure drop. 

This dcvclopmcnl :JSsumcs hocnogcneily of lhc 
mixiUrc, which implics thal lhcrc are no flow rcgimc 
cffects and 1ha1 boch phases lravcl at lhe same veJociiY . , 
(no slip). In rea1ity, this is not truc. Calven' showcd 
that cach of thc following possiblc now rcgimcs may 
occur in two-pha•e now, and he discusscd lhcir cflc.:l .. : 
oD thc total prcssurc gradicnt: bubble, bubbly-slug. 

· · slug-annular transition, annular, and annular-misL 
For slcam-watcr prodúclion wclls, aU thcse flow 
rcgimes can cocxisl in lhc sanie pipe. In additioa. 
unless lhc Jiquid is complctely cnlraincd as a mis! iD 

. thc gas, lherc is always slip occurring belwccn thc 
phases. Tl]c gas phase lravcls (aster lhan thc Jiquid, 
rcsulting in a "liquid holdup." 

flow Rc¡;imcs 
1 

Since ftow re¡¡imes are crilically imporlaol lo two
phase flow calculalions, we rnusl be able lo prcdict 
1hem as a function or thc ftow paramelers. Ros" has 
dcvelopcd a sel of flow rcgimc coordinatcs th~t havc 
provcd lo be consisten! ovcr a range o{ conditi<>D.S 

. in. vertical lwo-phase, IWO<omponeot flow,. ·The5c 
dimcnsionless numbcrs are 

Gas vclocity number, 

N,. = v6,(p1/g.-)%, 

Liquid vclocily numbcr, 

N1• =·v,,(p,/gu)\4, 

(2} -' 

(3} 

Sincc lhe physical propcrty ¡¡roup of bolh numbers Íl 
lhe some, lhc coordinoles represen! principally th: 

· snpc1fi.:i>l •·clocity or each phasc at in-situ condi· 
· · l_ions. Fig. 2 shows thc now rcgime rnap' used in 1his · 
.. sludy. To c\aminc lhis map, lake N,. = 1.0 aod ,·ary 
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O 1 lA 1 000. TI1is will lravcr!.C the map 
aJ from . ~. • . . n . 1 • 
,..,._ 1 lly thróu~h thrce ll"lrncl uw rctrmc e a.\SI· 
~on•on a ,,r . . 
lic•lions: ·. ' . 

1. Lh¡uid-pha~c conlinunus (bubble llow~ 
· 2. Allernaling plwses (shrg anll Croth llo":'); . 

. ' \3. Oas·phase ~onhnuous (annulnr and mtsl llow). 

'~~ st.cam· ls· gcneralcd in a. ¡;corhennal weU during 
l!oW from butrom lo top, the lluid nor¡nally passes 

.. , througb cach oC thc llow rc¡;imes in !he orllcr Jisled 
·. abovc. · , · . 

Fig.' 2 was dcvclopcd using lwo-componenl dala. 
Re!earch on one-componcnl slcarn-waler llow rcgimcs 

Knowing the phy,ical prnpcr1ies of thc. fluid thc . . . 
, ¡;C'omct'ry, and lhc mass ralc, onc can determine llow 
rcgimc5 ;md caeh oC lhe tltrce cmpiricriltcrms of Eq. 
4. Thesc thrce tcrms corrc<pnnd lo thc lhrcc gradi- · 
cnls in ·Eq. J. Each tcrm has severa! variaLillns, ile
pfndin¡; u pon now re gime and author. In zencral, the 
mixture dcnsity is prcsented in tcrms of thc actual 
volumctric liquid Craction in thc incrcmcnt (holdup) 
as follows: 

p = p1H1 + p,(l - H 1). • • • ·~ •. (S) 

Tn a two-pha.~e mixture, thc spccific volume ot caeb 
phase is availablc in lhe sleam tablcs. JC the nonslip 
volumetric liquid Craction, A1, is given by 

q, .. . . " (6) 

is ~urrcntly bcing conducted. ' 0 .Wclls lhal produce· a • 
ircam~walcr mixture at lhe sand-Cace will usually ci- · 

.'perience bulh slugllow and aunulur-mist llow in !he .. 
• weUbori:. Dcimcn el tri." showcd that thc chanse Crom . . . 

At = (q, + q,)' 

'slug· lo ·annular Oow rc¡;ime occurs at Jower quality thcn, since gas always "slips" past the Jiquid in verti· 
as !he mass flux increases. Jñis is si~nificnnt beca use'. cal upll~w cxcept· in Cully enlraincd mist llow, thc 

. it ts usually preferable lo opcrale tn !he slug llow holdup JS rclaled lo A1 by 
: re¡;imcfrom lhe point oC view ot mini")um pressu~c· · .,. · . , 

drop for the rnost llow rate.: ·; --------.--" _ _._{ Hr ~ A, • • • • • • . • • • • • (7) 
~ Oriffith shows rhát the chan¡;e from slug lo annular The essence of cvery two-phase llow empirical cor-
. flow occurs al hi¡;hcr qualily with hi¡;hcr pressurc. rcJation is to determine thc relationship bctwecn H 1 

This indicares lhat, for cfficicnt opc,r?lio?s~ a rela- and >.1 Cor 1he llow rcgime, geometry, and llow pa-
. lively hi¡;h backprcssure should be m a m lamed al !he ramcters oC lhe system. · 

wellhead; lf lhe wellhcad prcssure is lowcrcd too Thc friclion term, ,1, is usually slightly di!Jcre'iu 
much, the well will lend to shift in lo lhe annular Oow with each aulhor, bul in lhc general form,. · 
rcgime and the mass rale of delivcry, from the rcser· 
voir wiil oot be as ¡¡reat. 

Prcssu~c-Drop lltodel 
As thc !orcgoing discussion implies tlow rcgimes musl 
be delcCicd point by point through the pipe. Further
morc, 'Eq. 1 docs not ha ve a dircct analylical solu
lion since the ri¡;ht-hand sidc is an empirical funclion 
of p·ressur~ and olhcr variables. The solution of this 
cquation Jends ilself then lo linite-differcncc approxi
malion in which thc pipe is segmcnled. 'fhis allows 
fiexibility for varying lhe llow rcgimcs by scgments. 
Rearran¡;ing Eq. 1 in linilc-difTerencc fonn as shown 
by ~veral authors'·'· 11 yiclds 

lJL = Ap [-1~4(1 -A.) 1 
. p-cos8 + ,1 

' . ~~ .. 

• (4) 

Noliec .. thal Eq. 4 has bccn rcarranged iit lenns of 
the lenj:th increment. •That is, in this model the pies.! 

. sure incremcnt. will be spccified and the ·corrcspond_. 
, irig lenglh increment calculalcd. ,\Vhen lhc sum of thc·:· 
, ·!J. incremenls equals the dcpth, lhe wcllbore prcs• 
, sur~ d¡op has bccn dctcrmincd. _ . .,. 
· lt \o.·ould be intuiti\'cly casicr to divillc thc wcllborc 

inló lcngth incremcnts. 1 lowcvcr, this approach would 
yield alldirional <:alculalion complcxilies. Dy spcci
Cying .. lhc prcssure incrcrnent, lhc lluid prcssurc is 

;a~nown nnd thc cnLhalpics and dcnsilics of cach phasc 
·~n he dclcrmincd dirccrly Crom the slcam tablc5. · 

Thi,, or coursc, assumcs· lhat phase cquilibrimn has 
l•c~n · cstahlish,·ll in cach incrcm•·nt. The dclcrmina· 
IÍ••n of thc IJowing qualily. of lhc incrcmcnt bccumcs 

. an ilcralivc proccJurc wilh rhc hcat tran•fcr calcula· 
ticons;··:IS shown 'in lhe ncxl seclion. · 

,,\LI<;,IJH, W14 

i f;lprVrr 
Yf =: 2g.,J·. • (8) 

The friclion factor (j,.) in tum is dependcnt :O:o a 
rcpresentativc two-phasc Reynolds number: 

• • 1 ,. 

N - p,v,,d ··(9) 
Ro - -- • • • · • • • • ·• · • p.,. . _: 

·, 

The wlues uscd for p., v,, and t•• havc a direct ·bcar
in¡; on lhc holdup. Most invesligalors assumc·a.fric
tion gradient and lhen back-corrclale a holdup fúne
tion lhat yields a malch of the mcasurcd two-phasc 
prcssure drop. J)•c,~s_f~,re,_.!~~ Jriclion ·and hold"p" 
eorrelatiolis ·aré"usually·tied togcther in vertical two-

~.basc_llo.'l;:- Sincc lhey are not indepcndent, it would 
not in ¡;cneral be good practice to gcneratc "hybri~ 
correlations" by mixing correlatioos. 

The acccleralion tenn, A., has beco shown by. 
Wallis'". lo represen! !he two-phasc Mach: númbcr 
squared, M•. Ea eh aulhor again presents bis own 
delinition oC the tcnn. In general, A • is rnuch less 
thán 1. Howcver, al high llow ratcs and Jow· pres
sures, as usually occur ncar the wcllhead of gcO:. 
'tlicnnal wclls, this tcnn is imporlanL . · 

'fhcrc are rnany cor.rclations in lhe litcraturc that 
accounl for slip in vcrlical two-phase two-cornponcnt 
How. The most familiar of thcm wcrc dcvclopcd ·oa 
the basis of air-watcr or. natural gas-Oil data. The 

•prcssurc·drop mcxlcl used in this work will allempt 
to use thcse two-component slip corrclations Cor" thc 
one-componcnt slcam-water syslcm. lt i~ bcyond lhc 

. scopc oC rhis papcr lo prescnt the complele slip cor
·rclaliuns Cor cach llow regimc, as thcy are publishcd 

, cls_c\\·hcrc.1• 11 • '·u, u. :m llowc:vcr, in a lalcr discu!\sion 
severa! corrclnlions will be· compared ~vilh licld 'data. 

,, 
8H · 

., . 
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. ~· .¡ tions .uuótcl hcrc are for vcr1ical now 

.,, e ... ,. • ., ., . r 1 1 el d' 1 f' 4 aiiUWS fur 111\KirOICaltnn O t OC l\':0 ~ra 1• 

<:. •·~•.I.Y· 't.hq.lnclinatiun but this is v:oliJ for unly sliglrt 
· cnt wr • . · d ¡ 
olcvlotlon~ fruru 'vertical. 1 Jrchly dcvwtc . wcl s must 
al•o inclul.lc thc varintion of huldup wrlh an¡;lc of 
inclinntion. 

Hent-Trnnsrcr Er¡untions 
The ~quatlons l.lcscríbing lhe cond.~ctiun or heat inlo 
a .olid by a pipe nowing nuíd arc,wcll c~labli>hcd. '·" 
The lint stcp is to wríte a hcat balance on the nuíd 
flowlng throui:h thc 5elcctcd pipe incrcmcnt. This is 
summ:uizecj by Ramcy" for singlc·phase ftuw. In two
phase ftow, .lhe kinclic cncrgy is usually negligiblc, 
buHs'lncluded In the folluwing cquation: 

, g AZ A.Vr1 
H1 = H1• 1 - Q + ---+-- .. (10) 

g, J 2g,J 

A heal balanc~ schcmatie is shown in Fig. 3. The 
potential cnergy term in tllis equalion is addcd be· 
c:ause Z ls mc'asurcd downwards. Thc total cnthalpy 
is a function or thc enthalpics or cach phase, h, and 
h., and lhe ftowing stcam qualily, .x,: 

H1 = h,xr + hr(l :... .x,) • .. (11) 

Assuming a prcssure increment, the pressure is knowo · 
al#, and since the fluid is saturarcd, the tempcrature 
and enlhalpy oC cach phasc can be Cound in thc steam 
lables. Eq. 10 is uscd to calculate H,, and Eq. ·11 
c:an be used to calculare _lhe ftowing qualiry, zi. 

Thc hcal trnnsfcr lo the surroundings ís giveo by 
the standard heat-conduction formula with a time 
dcpcndency raclor: 

· Q = UndAL (f - T,) 
•• • fo Wr/(1) ' i " · " (l2) 

whcre 
1 

~(t) = -.In{......!.!..;_) - o.Í90 2.,¡;;; . . (13) 

The lime depcndency runclion has becn found" lo 
be accurale al limes grcalcr lhan a wcek Cor mosl 
rcscrvoir problcms. This Cunclíon implies a· radialioo 
boundary condílion lhat probably is not accuralc at 
shortcr .limes. Thc gro\lnd_o~.rock. tcmpcrature (T,) 
e_QCs n~l c:hangc Jineaily with dcpth and this informa· 

rion or con>.:clion in lhc ca•in¡;-tuhin~ ~nnulus and 
cnnJuclinn in lo rhc form;rtinn. \\'illhirc" ¡;ivcs a ¡;ood. 
<lcvclupmcnt or thc c<JUaliun5. Thc frnal rc•ull is' as 
follow,: 

. . • (14) 

lf lhc wellborc cmnpletion is conlrollcd by convec· 
tion hcat rran.rer, thcn thc time Cunction canccls out 
of Eq. 12. In rhis work, a single uníform heál-lransCer 
coeffidcnl will be· u sed Cor thc entirc wcllborc. Sincc 
rock· proper1ícs and wellborc gcomclry vary witb 
clcplh, this cocfficicnl should also vary with dcptb 
when sufficicnt data are availablc. 

Numcrical Modcl · 
lt is ncccssary lo couple the cquation Cor prcssurc ¡ 

drop with that for hcal transfcr since cach dcpcnds ·¡ 
upon thc othcr. For example, the prcssurc gradienl 
is dependen! on thc quality of the mixture. The · 
quality is der-cndenl upon specific cnthalpics oC cach 
phasc, whích are in tum dependen! on pressure. A 
coupling oC thcsc two cquations should yicld a simul· 

. tar\c.ous c;rlculalion or both prc'ssurc and lcmpcraturc 
proliles. The couplíng al¡;orithm discu!'cd below uses 
thc Jcngth of thc incrcmcnt unJcr consideration as ao 
intcrmcdiate paramctcr bctwccn the 1wo cquations. ;· 

The lcnglhs in J;qs. 1 O an!i 1 2 are no! Jcnown al )' 
lhe hcginning oC an incrcmenl calculation. U~iog'tr 
tclcctcd prcssure-drop corrclntion a.n~,Eq. ~. an esti·. :· 
mate oC AL can b" calculated, knowrng the a1·ernge •· 
fí:ú.a.lily:Thc qualíry determines !he nonslip flow ra~es. 
Eq .. 12 couples AL lo thc heal-loss calculation, whrcb 
in tum aiTccls the slcam quality through Eqs. 10 and 
11. Stcam tablcs are uscd lo determine the specific 
enthalpics oC cach phase. An itcrativc proccdure is 
lhcn uscd Cor cach incrcment lo converge quality aod !; 
pressure gradient. Thc calculations are .complcted ,. 
whcn the sum of AL incrcmcnts cquals total length. · ~· 

\Vhcn comprcsscd Jiquids are Howing al lhc sand· 1 
Cace, .thc dcnsity of lhc Jiquid mus! be calc'llaled ' 
accuratcly lo determine the corree! pressure drop; \ 
The variar ion of war~r Cormalion· volume factor, B,., ·¡ 
with tcmpcraturc and prcssure is givcn graphicaUy h 
by Frie le." An approximale correlation Cor lhis prop- ¡" 
crty is given by the following: .. 

. tion m~st be 'available for an accuratc· hcat·I?..S~ 
•. calcul.atron. :; · · 

,, 
B,. = 1.0 + 1.2 X IO·•T, + 1.0 X IO·•T,' -, ;' . .. 

. 'The·ov¿r:all hcat-transfer coefficient is a combina- . - 3.33 X 10·'p. . (15) ;_: 

\ 

................ \ 
• .;.r 

/ 1 , O, Te 

... :,.,¡. 3-Schemolle of heol·lransfcr nomenclalure. 

• 836'..-
1 1'' 

f\ ·!· '. ... ;·,. 

The actual water dcnsity al any parti~ular prcssure, 
lcmpcrature, and w.arer gravity, y,., is givco by 

- 62.4 y,. 
, PI- B· . .. (16) . 

The "'alcr gravity can be detcr¡nined Crom the sal! 
conccntration. ll should be notcd lhat the .walct 
¡:ravity oC a nashing brine will changc with dcpth as 

. the sal! conccnlra'rion in the líquid varies. lo addi· 
· :· ~ .. !ion, thc ~t'cam tablcs u sed for spccífic enthalpies are 

·. ', for Crcsh walcr.only; thcy should be appliod lo salinc 
·: watcrs "'ith cautíon. 

· The prcssurc-drop calculation Cor comprcssed 
'·· · liquid ftow is strni¡;htforward. In noany such wcUs, 

··' 
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',. ~ 'wcvcr ''!he Íiq'uid na~hc~ nc~r lhc ~urfnce as lhe .• 
'l'~'"urc'is 1owcrcd. Thc n:osh J10int c~n he prcdiclcd 
frorn rhc cnth:olpy h~l:ancc ~nd the curve of srcam: 

1'J31ur;.riun. p;c~'urc vs lcmp' wture. • · 
\\'clls thal prud11cc sinclc-pha~e slcam nre by dcfi· 

,. 'ilition ·"supcrheatcd." \\'e lis ofthis typc ~re not vcry 
wmmon, but cx:unp1cs cxist in nwny parts of the 

· · world. Thc nurncric-n1 nuulcl bccurncs more cornpli· 
catcd for this typc of well since lhe pressure and 

i tcmpcr~ture .are no lon~cr relnlcd by snluration. as . 
.. befare. JI thc pre~sure nnd cnthnlpy of a particular· 

incremcnl are known, the lcmpernturc cnn be de-
termined lrom thc slcam tnhles. The 5pccific volume 
also varíes with pres~ure and tcrnpcrnlurc, so thnl the 
calculation of ench incrcmcnt bcconocs itcrative until 
thc physicn1 propertics and hc~t balance converge. 

Jll\•cstigation o( thc l\f o del 
As discusscd nbove, the simulation model conslsts of 
a pressurc-drop calculnlion coupled with thc heat· 
transfer calculations for ·rhe wcllbore; To date, the 
publishcd data fot nowing prcssure and tempcraturc . 
drops in producing stcam-walcr wells are very limitcd. · 
More of such dala are nccclcd to cslabli~h thc validity 
.of ealculation techniqucs that hnve hcen :and will be 
de\·clopí:d for the geothcrmal wellbore. The data 

córrclnrinn wa. lf\Ccl cxclor•ivcLy. The now rc¡;ir,¡c 
hnorn•l:oric• in'Fi~. 2 wrrc n-cd lo clistincui~h which 
cnrrrl:otion •lurorlil he u"o:lundcr ~pccificd conditions. 

't f'ir·lrl JI :o tu 

'rnhlc 1 ~ivcs thc cornplction characlcristics and other 
inforrnatinn for c:och wclltcst:.in thc 1967 data. 'Iñe 
rcfcrcncc· dc¡>th is thc point of prcssure ·mcasuremcnl 
and not nccc~sarily the total wcll dcpth. Thennal 
nuid cntcrs thc wcllbore over a large interval through 
a slottcd lincr. Thc lincr is attached lo the prpduction 
casing ~'t thc "cascd dcpth." Tahlc Z shows the meas· 
u red prcssurc drop for ca'ch wcll and thc correspond· 
ing calculatcd prcssure drop for thc l~st thrcc cases. 

. This table also shows the ftow regiones cncountcrcd 
in cach wclltest. 

Scime cornmcnts are appropriatc hcrc conceming 
the naturc ot each case and ccrtain wcll tests. The 
firÍil and sccond c~ses diiTcr only ·in thc slip corre la· 
tion uscd for mist now. Thc wclllest BR·7.is lhe only 
prcssurc drop that consists entircly of anriular-mist 
ftow. Thc first corrclation case uses the R<!s assump
tion or no slip in annular-mist ftow. The second case 
uses the Turncr corrcl~tion'0 to estímate the slip. 
Using slip, Case 2 calcul~tcd within 1 O pcrccnt of 
thc mcnsurcd prcssure drop. Case 1 prcdicts less than. 
half thc pressurc drop for OR-7. On this. basis, thc 
Turncr· Ros model for annular-rnist now will be con· 
sidcrcd in al!· furthcr analyscs. This 'i:o'nclusion is 
hascd on on ly one wcll test and should be v'~rified 
whcn more data bccome available. . .. · . · 

· .uscd in this study carne from wcll tests pcrformcd 
in the Wnirakci" and thc nrondl~nds" gcothcnnal 
ficlds of Ncw Zcaland. Thc elata are dividcd into twó 
groups, with the first sct t~kcn duririg 1967 and the 
sccond set t~kcn during 1969. Thc Ncw Zc~Jand 
Ministry of Works has hccn most hclpful in providing 
both qualitative and quantilative informal ion, A com· 
parison with the wcll data f~om thé U. S.- Bisreau of 

' ' Rcclamation" wcll Mesa 6-1 is als¡¡ shown. 

nccause the wells are ~JI producing al high 'tates. 
nonc of the availablc 1967 wcll test data inchide re· 
suJts in thc buhble llow rcgimc. A1~g hfcqi!Sc pf hjgh 
rarcs. thrse prcyq!rc-dnm rpkubtjngs wcrc rr'.otivdr 
JnSC'nsitivc tq lwor-Ir;!Qsfrr rgrof!jrir•gt A hcat-:transfer 
cocli\cicnt of 1.0 lltu/(hr °F sq ft) was assumcd .. The 
pressure drops wcrc scnsitivc to the roughness ás
sumcd for thc slollcd liner. A value of 0.0054 in: \vas 
uscd for the lincr and 0.0018 in. was used ror the 
casing. Many of thc 1967 dota wcrc rcad from graphs 
and thercforc may not be so accuratc as nccded for 
true calibration or the modcl. 11 is not clear whether 
or not all thc bottom-hole prcssures were mcasured 
under ftowing conditions. 

To test !he vertical slip cnrrclalions for two-ph~se 
¡ ftow, 'four cases wcre considercd. E~ch case consists 
• , of ·a difTercnt set of corrclations, whích are included 

in ·r~c rclcrcnccs. For idcntification, thc scts are Jistcd 
hcrc by correlalion author and now rcgimc (slug/ 
·annular-mist): 

J. H~gedom and Brown/Ros, 
2. Hagedom and Brown/Tumer-Ros, 
3. Aziz/Tumer-Ros, 
'4, Orkiszcwsl:i/Tumcr-Ros. 

' . 
For !he bubblc ftow 'te gime, thc Griffilh' and Wallis 

Table 3 shows the 1969 Ncw Zealand 'data from 
wcll tests in Broadlands Wclls 11 and .13, The data 

" 
l 

' '· 
TABLE 1-WEll DATA FROM BROADLANDS ANO WAIRAKEI, NEW ZEALAND (1967) 

. ' 
Weli .· 

· Reference Ca sed 
Deplh Dcpth . Sleam Rate W.1ter Rate 

Test ___(!!)_ .J!.I~ _ ( 1,000 I~N/hrl Q_,QOO lb./hr) -BR·2. 2,486 1,367, 195. 400 
BR·l 2,480 1,538 120 250 
Bft.7 2.504 1,766 60 23 
BR·B 2,491. 1,458 190 205 
BR·9 2,500 1,500 44···-- 96•• 
SR·I3 2,450 1,7oo•• 70 220 
WK·27A 2,010 1,390 85 525 
WK·27B 2.010 ', 1,390 58 500 
WK·27C 2,010' 1,3~0 35 425 
•c: .. nct•• • 1.~25 ID lo uud depth. ond aiOIIed linar below • !5.836. 

••C•tlnut•d. · 
•Oi•~•l•r • 1.825 ID lo uud deplh. ond •lott•d liner b•low .. 5.836. 

Wcllhead 
_Q.~ality · 
0.328 
0.324 
0.723 
0.481 
0.314 
0.241 
0.139 
0.104 
0.076 

Wcllhead 
Ptessure 

(psigL 
200 
145 
ISO 
155 
155 
145 
165 
245 
320 

Boltom-hole 
Ptessure 

(psig) 
775 
475 
350 
720 
320 
475 
360t 
410t 
470t 

Measured 
Ptessure 

Drop 
(psi) 
575 

.330 
200 
5G5 
165 
330 
195 
165 
150 

1 ' 



.. 
,¡,,uf ·~~~~~\u1rd Oowin,; JlfC\\tiiC: JlfUfiks al diffct• 

~~~rc•r·Úmtliriíms. 'f¡¡hlc 3 ''""''' unly >ckclctl prcS· 
, ,urc tlrups r¡alhcr th:on cnch mc:l\oHcd:vnluc. All rhe 

- \t, ·" 111cii'-II'Cml'nts · wcrc malle wilhin lhc; ~lnllcd lincr. 
Th~>C c:tkululiun~,do 11111 :o<·wunl fur!any :ultlilional 

., twu:plinM: prcs~urc tlrop lhat mi¡;hl he :IIIJÍLurcd lo 
rhe fillin¡:s uscd in lhc di:uuclcr ch:an¡;c frum slullcd 
lincr lo casing. . '· 

Al lhc time o( lhcse lcsls, DR-Il ~·as· complclcd 
' ,.wlth 7.825-in.-10 ca~inc,frum lh~ wcllhcad lo·1,582 

fl. A slullcd lincr was uscdfrum lhis poinllo a dcplh · 
of 2,487 fl. Wcll llR-13 uscd 7.825'in;-ID casing 
from lhc wcllhcad lo 1,459 fl. A casing o( 6.969 in. 
ID'was üscd from 1,459 to 2,602 fl, nnd allhis poinl 
a slollcd lincr was uscd ·ro 3,534 fl. Thc slullcd lincr. 
uscd in bulh wclls had an insitlc di:omclcr of 5.921 
In.; wilh 16 slols (2 X ~ in.) pcr fool. 

The wcllhcad qualilics rangcd from 0.05 lo 0.29. 
The calculalions showcd all lhc>c wcll lcsls lo' be in 
lhe slug now rcgime. Thc roughncss u sed was 0.0018 
in. The hcal-lransfer cocllicicnl madc sorne difTcr
cnec· in lhcsc runs. A value o[ 30 Dlu/(hr °F sq fl) · 

• """ u'cd for hulh "'"'· Thc rud lcmpcralurcs u<cd · 
in rhe cakulalions wcrc ""'"" un rhc shul-in slabi· 
liú·d lcuopcmlurc po ofrlcs in ca eh wcll. 

~ · Fi¡;. 4 >hows lhc ''"'"' uf a wcll lcsl pcrformcd 
!co·cnrly.'un rhc wcll !\lesa 6-1\ .Unforluualcly, rhc 
·now rarc frum lhis wcll was nol :orcuralcly cfcrcr· 
min~d bol was cslim:alcd :11 50,000 lb • ./lrr.'The well 
produces comprcsscd liquid from lhc·, (onnalion 
lhrou¡;h a slullcd Jincr scl nt 7,292 fl. Thc bouom· \ 
holc was sclcclcd as 7,000 fl for thc~c cqiculalionJ · ' 
al a nowing prcssurc of 1,275 psig. Sincc'¡.)louom· i 
holc mcasurcmcnls wcrc availablc .in this case, lhc ;; 
cnlcularions wcrc pcrformcd from bollom lo lop in . ! 
rhc dire•:tion o! nuw. No~¡ . ,·.1 

Fi¡;. 4 shows lhal rhe calculalcd flash' poinl agree.s ;:¡ 
vcry wcll wilh thc ob~crv.cd posirlon. Eq. 1.6 ~·as 
uscd lo corrcct lhe singlc-phas~ prcssure gradienl 

. Wirhout rhc dcnsity corrccrion, Jargc crrors in 1hc 
nash-point prctliclion occur. Using lhc measurcd rock 
lcrilperarurc profilc, a hcnl-transfer cocllicicnl of.IO 
Dtu/(hr °F sq fl) matchcd lhc ob~crvcd lcmpelalu~ ·; 
prolilc in thc sin¡;lc-phasc rcgion. Thc Case 2 model, ,· 

' /~ 
1 

TABLE 2-cOMPARIS.ON OF 1967 FIElD DATA WITH CALCULATED Ri::SULTS 

l':f 
'· ~ t 

.. 

e' 

Total' Case 2•• Case 3 Case4 Mass R•te Predicted 
Well ( 1,000 Flow dp, . Percent !l.p, Percent ~p,'· · Percent 

·Test ~/hr) Regimes• ~ (psi) Oifferencet .Cpsi) Oifference (psi)' ·Oifterence · 
-··---·~ 

BR·2 595 M, T,S 575 592 2.9 1,075 ai. 719. 24.9 
BR·3 370 M, T. S . 330 368 11.6 739 124 • 440 33.2 
BR·7 83 M . 200 184 - 8.5 184 -8.5 184 - il.s 
BR·8 395 M, T,S 565 507 -10.3 1,040 84. 649 14.8 
BR·9 140 T, S 165 166 0.7 • 377 128. 231 39.9 
BR·I3 290 T,S 330 247 '-25.3 492 49. 258 .. .., 2i.8 
WK·27A 610 S 195l 187 - 4.1 289 48. 117 ,.:._.40.: 
WK·27B 558' S J65l 151 - ~.4· ·-·227 21 •. 111 :.:· 3'2:? ... 
WK·27C. 460 S JSOl 137 - 8.7 202 35. 111 :..26. ·. '. 

'F Average - 5.2 + 64 ·u 
•t.e • Mlat 

~ T • Tnnaltlon 
S • Slus -~- ' 
B • Bubble 

··S_Ioll_ed lin•r roushnen D 0.0054 In. 
tP•~~~~~ OIÚer•nce • (IJp,-IJp .. ) CJOO) 

. ' . IJp. 

;¡ ,. 
¡. 

IT•~•n over top l,JOO ft. 

,, 
TABLE 3-cOMPARISON OF 1969 FIELD DATA WITH CALCULATED RESULTS l. 

Depth to 
Test Pr-cssure 

Number (lt) 

ll·lA, .. 1,800 
.u:.~B · ,,,,,. ,., 2,400 
'11·2 . . . . 2,400 
11·3A · 1,600 
11·38 2,400 
11·4 2,000 
11·5 2,000 
11·6 2,000 
~·7. . 3.~00 
13'8 3,400 
13·12A 3,000 
13·128 3,400. 

,. 

Total 
Mass Rate 

(1,000 
lb./hr) 

280 
280 
375 
120 
120 
220 
311 
386 
260 
245 
246 
246 

•Perce~~(O¡u., .. nu • $3p,~p~J ioo 
. ~p. 

Wellhcad 
Enlhalpy 
(Biu/lb .• ) 

54Ó 
540. 
560 
465 
465 
sos 
510 
505 
585 
570 
574 
574 

Wcllhead 
Prcssure .lp. 
..JpsigL (psi) 

380 153 
380 218 
338"'· , .. 237 
400 125 
400 241 
440 172 
385 206 

·-- 350 227 
i56 252 
215 sos 
215 242 
215 304 

L' 

Case 2 Case 4 f; 
---- -:::----;P-.erc 1 ', •.· ~p. Percent · ¿p, ercent 
(~si) Oifference• (psi) · _Dif.ference• f { 
·153 o 115 -24.8i,', 
231 + 5.9 . 187 . · - !U 1 
276 "+·f6:3"''r~:''' 252 · wr.<<·"fP~'·'&.3''":; 
135 + B.O 319 .•¡ 

215 . -10.8 497 
176 + 2.3 155 
198 - 3.9 161 

1 223 - 1.8 183 
285 + 13.1 296 
274 - 11.0 287 
222 - 8.2 230 
274 - 9.9 289 

Averase -0.01 

+ 106 
·-· .9.9 

21.8 
19.4 

+ 17.5 
6.8 
4.9 
4.9 t 

+ . 2.1 ¡; 
J. 
1' 

r~ 
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whlch lncludcd~illf:Onw rq;imcs frcun hubblc to mist, 
•'v.·as il•cd. lur·.lhc twi,·pha\C prc.-urc <lrop. Althnu¡;h 

. ~ 

·: thc prc"uic cakul;1tinn w:.s vcry fllOd in thc two· 
,'ph~•c· p\>rtiun ul thc .wrllbnrc, sm:.ll <lifTcrcnccs in ~ 

l'"""llrC .cnused ~it:uilico;ull uilfcr,·nccs in thc c;olcu
Jntcd .tcnipcrnturc prlolile. Ovcr. nll, the cnlculatcd rc
sulls Df'JICar lo lll;&lch lhe ob.crvccJ vnJucs ljllite wrll. 

Tublcs 2 anc.l 3 in<iicate lhat Cnsc 2 m:1tchcd the 
:, ·data lairly wcll. flcc:1usc or thc small sizc ol thc data 
· ''s:i'mplc. and thc unccrtaintics mcntiorocd :1buvc, thc 
. conclusion that Cnsc 2 is the'best sct or corrclations .. 

ror stcam-watcr lwo-phasc now is lcnl;otivc al bcsl. 
Howcver, ns more dala are gathcrcd, thcsc and olhcr · '. 
slip corrclations can be tcstcd again to improvc thc 
prcdiction performance. Fig. 5 compares al! thc re-· 
sults lor Case 2. Thc c.lnta cover a rclativcly narrow 
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MEASUREO PRESSURE OROP 

· rangc oC prc.-urc drops, hui· this is bcc:ou>c thc test 
wctls are shnllow. Deepcr wclls will, or course, pro
duce hi¡;hcr prcssurc-clrop systcms. Thc horizontal 
baro drawn around .cnch dnta point indicatc the csti-. 
tna!cd accilracy ol each prcssure-drop mcasurcmcnt. 
Fig. 6 shows thc rcsult~ lor Case 4 on thc 1967 New 
Zcaland data. Íherc is more scattering ol the resulls 
than on Fig: 5. 

.rlg. s~Ncw Zealand data cot"nPared wlth the Hact.-do
1

rn 
and Brown/Turnor-Ros model. · 

Tcmpcratnrc rrolilcs 

The thrcc wcll tests thnt were available lrom the 
Wairakci liclu" ·wcre ·in the lonn ol mcasurcd now

. ing tcnopcrature prolilcs. Fig. 7 compares thc Case 2 
modcl with thc mcasurcd data. In thc lully dc\'cloped 

-' two-phasc region, the modcl mate hes thc data quite 
wcll. In thc rungc lrom 1,200 lo 1,400 lt thc tcmpcra
turc riscs shnrply anil a11 thrce tests npproach thc 
samc value.llri this'well, a lincr was sct at 1,390 11. 

lt is probable that under thcsc test conditions, thc 
formation is prodúcing unclcrs:oturated thermal water. 
The tubing was inspccted alter the data wcrc takco 
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Jnd ~uli•l• ,r,·ru•i•i••n ;.., .. '"""" 1h~1 •icnir.c:onlly re· 
duccd lhc :1\ail:.hlc n .. w di:'lnlCicr in lhe rcciun ol lhc 

( lh~rp lcmrcr¡¡lure ch;ln(:C, \\'ht'l.l lhe nuw Sllthlcnfy 
1 •·'1'''"''' al 1,390 h a• a "''"" ni 1he di:unclcr chancc, 
1 - J.llr. hliriun:.l I''""IIIC dtur '"'""'· Tlois suohkn drop 
. ··~. l""'''"'c ¡:uin¡: up lhc nuw •••in¡; ¡•;w.cs lhc nuid 

¡ lo n:.,h vi .. lcnlly lur uvcr 100 (1 unlil t~¡nililuium 
and s1abili1cd IWO·J''""c nuw are c<l:ohli!.lacd. From 

· aprro~im:~lcly 1,100 h lo 1he surr~cc, lhc sy,lcm can 
be modcfed cfJcclivcfy ~S sleady IWO-phasc flow. ¡, 

1¡. ... 
t) ....... .. 

1 

·--
1 --.~--7.--~G»==------~.~~-------~~-------.~«D 

·-e¡--·· i1C, 8-[llect ol •olids d';;;~;ilion and cleanup in lhe 
· wcllbore. 

1 ... -h ¡ 1 

1 
. 1 

·--· - .• ¡r-· . -+ •• ~ .. ••• 001 .. 

~ •"'"""' 1 
1 -:7::' ¡-,.. .. ~l ·T--j-

~H ,-... .. ·---· __ ._ ---4·. 00011 ""·~ ..... "' .. ·• ., i...,.. .. o .. '"' ... t ....... 
1 

... 
-. ... - - - -Dl''" ... 

fll. 9--<:ornparison of a measured temper3ture profile 
with various slip correlations. 

·l uoof---+---4..· 

~ 
o • 3:0011 

-• . '""" ... 
~ • r;~,.4 
.... 020 
w

1 
• 101" 1 

_ T, • IQO•f 
1 • tO 6Q,. .. 

• Sf[&Y OU.\LifY 
111. JQ--Vari&~lion ol flowint! qu.1hly prof•le ... 1tlh hC'al· 

,l,.~slet C•lCfhci~nt •t re14hwc:ly low flow u le. 

u o 

Fíe. K ~hows a more ¡:r:.phic C\:nnplc uf lhc cfi,·cls · 
ol wlith dcp•"ilion un wcllhorc pcdnnnance. Tlone 
J'IC\\UtC rrc•f•lcs wcrc 111\'0\Urcd in 'recia! Oow le<tl 
ovcr a pcriud or lllfllllhs in lhc 1-!cw :l.colond wcll 
Jllt-11. Ahcr Tc<l 1 1-J. 1hc luhinr, anol sloncJ Jincr 
••etc clc:.nc•l. Suli•l' olcl'"'ils ur lo 2 in. lf•icl v.crc 
(11und in lhc lincr. Allrr 1hc ckaninr,. Tcsl 11·4 was 
·rcrlurmt·ol """ nu ,h;np ¡>rc;sure chon¡;c wilh dcplh 
w:•s ohscrvcd. · 

Fi¡:. 9 dcmonslratcs graphicalfy lhc nccd (or accu· 
rale IWO·pl¡:¡.c slip co!ld:ations. The no·slip lcmpcra· 
lure profilc is cnmparcd wilh lhc Case 2 and 3 colcu· 
lalcd prufilcs. 'l11e no-slip approxi.molion givcs lower 
bollom-holc prc•sutcs and corrc•pnndin¡:ly lowcr iem
pcralurcs. The Case 3 corrclalion scl ¡;ivcs hisher 
valucs. 

Qn:ali!y rrulilcs 

The above di.cussion ccntcrs on lhe modcl's scnsi· 
tivity to prcssurc-drop calcu!Jiions. The hcal-lransfer 
characlcrislics are cqually importan! and must also 
be considcrcd. 'Jl¡c Ncw Zcaland dala consistcd of 
hi¡:h-ralc wclfs in \1·hicli hcat transfcr has lilllc ciiecl 
on lhc pcrfotm:once. llowcvcr, in Jow-ratc wclls, thc 
hcat lransfcr wilf control wcllborc Oow.· 

As an cxamplc, considcr Fi¡;. 1 O, which shows lhc 
ftowin¡: <¡ualily as a function ol dcpth in a rclativcly 
Jow mass ralc ¡;colhcrmal wcll. For an adiabalic 
ftow, lhc yuality will incrcasc up lhc wcllbore. Jlow
cvcr, wilh incrcascd hcal lr:msfcr, lhc satnralcd mil· 
lure is ¡;radually co_ndcnscd up lhc wcllhorc, even 
though lhc prcssnrc clrops. lf lhc he al lranslcr is ¡;real 
enou¡;h, lhe (ormalion could produce a slcam-water 
mixlure, bul only condcnscd lhcrmal water would be 
ptoduccd at lhe surfacc. \\'ilfhitc" has shown 1hal 
typical conduclion-conlrollcd heal-lra nslcr cocfficicots 
can ran¡;e from 0.5 lo 9.0 Dtu/(hr °F sq h). Incoo
vcclion -dominall'd syslcms, lhe cocfficicnl can !J( 

much highcr. Thc c.\act vah•c can oc cstimatcd from 
lhcory, bul a bcllcr mcthod is lo determine its value 
from a mcasurcd long-time no.>wing lcmpcralurc pre>
lilc. In hi¡;h-ralc wclls, lhc hcal-lranslcr cocfficicnt 
is an inscnsilive raramctcr, so lhe wcll sclcclcd lor 
lcslin¡; should ha,·c a moJera te or low lolal mass rate. 

Thc hcat-lransfcr rclationship has beco shown 
earficr lo be a funclion of lime. Fig. 11 givcs the 
varialion of lhc quality profilc with time in a low· 
rale well. This figure shows lhal a wcll may produce 
no sleam whcn firsl tcslcd. l.luwcvcr, over a pcriod 
of time lhc yua1ity produccd at lhc surface will io· 
crease as 1hc 1cmpcra1urc profile approachcs scmi
slcady Slale. Thc 11L·at-lranskr cocfficicnt used lor 
lhis fi¡;urc was 4.0 ntu/(hr °F sq fl). 

Applications 
Thc accurale calculaliun of prcssurc, lcmpcralure, 
and qualily prof1lrs in a gcolhcrmal wdlborc is usclul 
in m~ny impurlanl :applicaliuns- for cxample in de· 
lcTmining proccrlurcs for starling up and lcsling r,ce>
lhcrmal wdls. Gas-lill is a cnmmon mclhtld mcd fur 
this l'"'l'''~c. lf lhc prcssurc pn•file in lhc w~llhore 
is kno,,·n, !.:;'"' \'l,lumc, pll·~~ure. ~mJ injc..:tion tkpth 
rrquircmcnts can he c;1~ily dckrmincd. Thl! !-t..'n~iti\'ity 
o( Slcam mass flow raiC al l~e surfacc can be Jete!• 
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niihcd for nny of thc ionpor1nnl ~y~tcm pnramclcB. 
This.knlls lo thc dctcrmination of wcllborc dclivcr

·1bility, whict: oflcn cc>ntrols thc pcrl-;>rrnnncc ol t:CO· 

.huma! stc:un rc"·o·oirs. 'lñc tlclivcrahility is n !une· 
tion ol nwny \':11iahtcs ~nll is dcfincd as.lullows: 'lñc 
dclivcrabilily ol a stcam-watcr wcllborc is thc total 
mass natc tliat will ftow lora ¡;hu:n wcllborc ccoonclry 
(diamctcrs, dcpth), wcllhcnll prcs~urc, bollom- hotc 
prcssurc, and bollom-hotc <¡uality.' Thc cntcutntion 
o( dclivcrability is nn itcrativc- problcm bnscd upon 
prcssurc profilcs. 

Thc discussion of Eqs. 1 and 4 showcd that thc 
prcssurc drop has bccn cmpirically corrclatcd with 
holdup and friclion factor1. 'lñc ftow rnlcs of cach 
phasc are includcd in lhcsc corrclntions, bul in an 
imp!icil lorm. 1t follows lhal thc· cn!cnlnlion of dc
livcrabilily is a lrial-and-crror procedurc. The con
vcrgence schcmc uscd is discussed in delail in Rcf. 8. 
Thc firsl slcp consists of an intcrval search lo find 
lhc fcasiblc rangc of mass rates for lhc givcn dala, 
Once thc rnngc is known, a '''CIIIa·falsi al¡;orithm is 
!'Sed lo converge on thc dcliycrabilily. 

Fig. 12 shows typical curves of stcam .wcll dclivcr-.~ 
ability vs ftowing bollom-holc prcssurc for a fixcd 
wellhcad prcssurc. Thc curves dcmonslratc onc of 
thc inlcresting numerical prubtcms cncountcred in 
this study: lf thc wcllhcad prcssurc is fixrd and thc 
bollom-hotc prcssurc is fixcd, thcrc are two mnss ftow 

• ratcs that witl satisfy the total pressurc drop in.thc 
systcm. Jntuitivcly, this docs nol makc much scnse. 
Howcver, the cxptanation tics in thc combination of 
head and friction gradicnts lo makc up a total prcs
sure gra~ient. Al a constan! tiquid. ratc, the head 
gradicnl ,t·ilt decrease and the friction gradient will 
incrcase as more and more gas is ftowing in thc wcll
bore. This causes the total prcssurc gradient lo show 
a minimu¡n with rcspect to total mass rate. Note thal 
Fig. 12 shows a mínimum prcssurc drop where no 
fiow can cxisl al lhe diamctcr uscd. 

When the prcssure drop is spccificd, thc rcsulling 
two mass rates witl be rclerrcd lo as thc "uppcr" and 
"lower" roots o( lhe detivcrabitity. Thc · uppcr rool 
is the highcr-rate root and tcnds to occur in annular
mist or froth flow. Thc majority of commcrcial stcam
watcr production wetts are thc uppcr root typc. U a 
wcllbore pcrforms al thc towcr rool, it is usually shul 
in as uncconomicat. Thc reservoir also has a dclivcr
ability as a' function of hollom-hote pressurc. Thc 
intcrscction ol thesc two dclivcrabilitics witl yicld thc 
total dclivcrabitity of a gcothcmJat · system. 

' 
Sumtnary !::· 

. l. 'J?c hcat-translcr rctalionships have bccn cou
plcd Wtth two-phnse ftow in thc wcltborc. 

2. Severa! two-componenl vertical two-phasc-ftow 
pr~s~ure-drop .corrdatiuns ha ve l-een comparcd with 
cx1sung fictd data for onc-compuncnt steam-watcr 
wctts. · ' . 

_ 3. For steam-\vatcr now in a gcothcrmal wcttborc, 
thc Grimth and Waltis/llar:c•lorn and niown(furner
Ros prosurc-drllp lll<lllcl appcars, on thc basis ol thc 
timitcd data, lo be thc most consisten t. 

4. The catculation ol ftowin¡; pressurc und tem-

pcraturc prnratc\ in rccithermat wclts c:an h:avc many 
usclul :apptic:atiClns; lur cxamplc in dcfirain¡: and de· 
tcrminin~ tlclivcrubitity. 

Nomcncluture 

..; 
~ 

A. '-" accelcrntion ¡;nulicnl, dirncnsiClnlcss 
8,. :.o water lorrnution volumc factor lfVF) 
e = convcrsion factor 
d = insidc pipe diamctcr, ft 

f,. :.: Moody lriction factor 
/(1) = time varying function 

g = gravitationnl accetcrution, 11/scc• 
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. ~ :,.....; 
h'·= conn'clivc hc~t-lr~n,rcr cocfficicnt, 

.... 'Biu/(hr "f •4 ft) ' 
h., h1 "' spccinc cnthalpícs or cach pha,;c al 

t. (P, .f'), UIU/IQ ... 
111 -- fotal ~nth:rlpy of thc ith incrcuicol, 

Btu/lb,. 
1/j .,. vulim1crtic li<juid fraction; holdup 

rraclion ' 
. 1 = mcchanical equivalen! or hcat,: 

778 ft-lb1/Dli4 
k "" thennal conduclivity, Dtu/(hr ft 0F} 
L = leng1h or pipe, ft · 

N,., N ro = gas and liquid vclocity numbcrs, 
· dimcnsionlcss 

Na, = two-phase Rcynolds number, 
dimcnsionlcss 

· p = average -pressure in a ¡;ivcn calculalion 
increment, psia 

P• = flowing bonom-holc prcssurc, psia 
lip0 '?' calculated prcssure drop, psi 
lip .. _ = measurcd.prcssurc drop, psi 

q,, q, = vo!umctric llow ralc or cach phasc, 
cu fl/sec 

Q == hcat transferrcd lo surrou.ndin~. 
Btu/lb,. · ·- - · 

·r, = outer radius or thc casing, ft 
'r, = inncr radius oC lhc tubing, ft 

t = lime since lhc wcll w~s opcn for llow,_ 
days 

T = average lcmpcraiUre in a givcn calcula-
tion incrcrnent, °F . 

T1 = ground or rock lemperaturc at dcpth ~. 
op 

T,:=T -4,0 
U = over-all heal-lransfer eoefficicnt, 

.' · Btu/(hr sq ft 0 F} 
v,,. v,, .: superficial gas and Jiquid vclocilies, ft/scc 

v,. = iota! velocity, ft/scc 
v,.,. =· reprcscntativc tola! vclocity depending oo 

· ·. c:orrclalion, ft/sec · 
w,. == lolal mass flow rale, Jb~/hr 

z:' =· mass fraction o( slcam (qualily) 
Z ;= deplh mcasurcd downwards, ft 
.; = !herma! di!Tusivity oC thc carth, sq ft/0 

y,. = spcciñc ¡;ravi¡y oC brinc witb rcspcet to 
pure water 

S = an¡;Jc of inclinalion from.lhc vertical 
¡; = ave rase mixture dcnsily, lbm/cu rt 

P• = rcprcsenlative dcnsily depcnding on 
.. corrclation, Jb,./cu fl · 

p,, 1'1 :.., gas and liquid in-si tu dcnsitics, Jh.,/cu ft 
p1 , ¡•;. = ¡;as and Ji quid viscositics, cp 

p, = rcprcocnt•tivc viocusity dcpcnJin¡; on 
c:orrclalion, cp · 

T/ = (riel ion ¡;radien!, lb/sq fl/ft 
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ABSTRAer 
A nrelhod ls prt.lcnttd which cun tiCcurntcly prcJicl, 

with tJ pttci.rlon n/ ahout JO prrr~nt. two·pluite pres.ture 
drnp~ In /lu><'lng and gri.r·ll/1 prndur.liun wt/1~ nv<r t1 widt 
ronge oj wc/1 cumlilion.r. Tl1e mrtltod i.r 11n ~.xlt!n.tion o/ 
lht wurk dune by Griffith tmd IVt~llis" nnd war /uund 10 
bt supCrlor to five otllcr puh/isl1td mcthods. The precision 
o/ the methnd ·Was VL'ri{ied wl1cn its prcdr'ctcd volues were 
compar<d againsl !48 m<a.rurtd prts.rurt drops. Tht unlqÚe 
features u/ this mcthod o ver most othcrs are .tllat liquid 
ho/dup ls dtrivtd /rmn ohs<rvcd physical phcnomena, lht 

. prt.ssure graditnt is rclatcd to thc s:~omrtrical di.rtrilmtinn 
oj tht /iquid and gas phase (flow ugimu), and lht ll~<lltod 
provldes Q go11d una/ogy oJ what lwppcn.s i11side tht pipe. 
11 lakes lcsr lhan a secund lo oblain a prcdiclion on lht 
18M 7044 cumpttl<r, 

INTRODUCfiON 

The problcm of accuralcly predicting pres.ure drops in 
ftowing or gas-lifl wclls has givcn risé lo many spccialized 
solutions for limiled condilions, bul nol lo any ¡;encrally 
acccpl<-d one for broad condilions. The ·reason for lhese 
many solulions is lhat 1hc lwo-phase Oow is complex and 
difficult 10 analyze cven for the limited conditions studied. 
Undcr sorne conditions. thc ¡;as movc:s at a much hi¡;hcr 
velocity lhan the liquid. As a rcsult, thc down-holc Oowing. 
density of !he gas-liquid mixture is grcaler lhan the cor
responding density, corrected for down-hole tcmperature , . 
and pre<sure, that would be calculated from the produced . ,· 
gas-Jiquid ratio. Also, the liquid's velocity along the pipe 
wall can \·ary appreciably over a shorl dislancc and rcsult 
in a variable friction loss. Undcr other conditions, thc: Ji. 
quid is atmost· compJctcly cntrained in the ¡;as and has 
very Jittle'.effect on the waiJ friction loss. The diffcrcnce in 
velocity and the gcomctry of thc two phases stron¡;ly in· 
flucnce prcssure drop. Thcsc faclors providc the hasis for 
cate¡:orizing two-phase Oow. The ~onorally acccplcd cate
gorics (Ro\v rc¡;imes) of lwo-pha•e Oow are huhhle, slug, 

r (slug .. annular) . trnnsition and annular .. mi~t. • • "rñcy are 
ideally depictcd in rig. 1 and bricOy ,•lcscrihcd as follows. 

. ·.·; 
Dl'RRLE FLO\li ,(FIC. !Al 

The pi1~c.is airr111st complctcly lilled with thc.liquid and 
---------· ·---·----- -· --···----

Orl¡:inal manu•crlpt r~u·lv..d In Sr>tlf'tJ or r..trnl"'~m }~n .. inf>t'n omce 
AUf'UtL 8, 19615, R.,,.¡..._..:t m:anuaaipl of SI'E lf~Uo ro'('o•i\'oocl ~h.rC'b l. Hl67, p., ..... V.lll l•rt·~·~nlood ... 41d AIIM\al l'f•ll M· rtin~¡ hrld In na u ••. TrJI:,, 
~et.. t..ra, HiU. C!:."C•'-'1'l~o:ht. 1!11i1 Auwrir~tn ln-.tPlllte oC Minina, M..-Lala 
ur10lr•l, and 1'.-troi .. "Utn t:nvin,...n, lnc, · 

•rn,..nLIJ'.vllh lnlunallnnal f"etrolrura Co, Lld., Ta1aro, P•ru. 
11R.r.·,.ncra Klven at. end of ¡oa¡,.r. 

••AII tour rco¡;lmu could connoh·at..lt exld In the urne weJI. An ex•n~· 
Jl)e \IIUUid b- a cJ"'p -~~~ ¡or .... lucitolf Ji"ht oj) rtuoll a fhN'\'u:r Wblch Ja 
n ... r l!a \ouhhl• l'"•int. At thto locot1rom of lhe hole, wilh little frl'8 it•• 

·Pf"-•nt, rlow wwld , ... In ·lhc \ml·bl· rr~illlt, M tht- nul4 lnU\'PI up the 
• •11, the oth ... r r•·t:IIIIC"S "'t•\lhl L. rno•uuulurf'd•·ht.·rAuiOO M' Al C'nnllnuall7 
corn•• uut ar •ululio•n, aoml th._. Ph"l"l'lHif runtiuou&ll.)' ol.-t"rralf'"l, Nurmall, 
ho .. •H•r, rluw la In th• alus r.-.,im• nnd nrrl.)' In ml•l, C).C'rpt. for eon: 
d.-n•••• rr•rnuln or atroam-alhnwlahod \\11!111, 

lhe free-gas phue ls •mall.: Thc gas is prcscnl u ·""• 
buhbles, randomly distr;butcd, who•e diamcters al•o \'ar 
raodomly. Thc. bub~lcs movc al ditfcrcnt vclocitieo urpcnc 
ing upon their respective diamclcrs. Thc liquid mMos u 
the pipe al a fairly uniform vclocity and, exccpl for ¡, 
dcnsily, the gas phase has Jilllc ctfc<:t On the JII<S\Urc &n 
dicot. 

SLUC FLOW IFIG. lB) 
In this regiine, the gas phase is more pronounctd. A 

· though the liquid pha•e is slill·tontinuous, the gas bul-hlt 
coalcsce and form stablc bubblcs of approximatcly n 
•ame •izc and shape which are nearly lhe dianoclcr ol lt 
pipe. Thcy are scparatcd by •lugs of liquid. Thc huhb. 
vclocity is greater than that of lhc liquid and can he pr• 
dictcd in rclation to thc vclncity o( the Jiquid •lug." Th··• 
is a film of liquid around !he ¡:as bubble. llle liquid ,., 
locity is nol constanl-··whcrcas lhc liquid •lug ·>lw.1~ 
movcs upward (ip thc direcrion of bulk Oow); thc li•¡u< 
in the film may move upwatd but ¡ioosibly al a l.mw ' 
locity, or it may move downward. Thcsc \'31yin¡: 1; ; ... 
velocitics will result not only in varying wall fricrion Ir··,. 
bul also in a "liquid holdup" which wiU inllucncc no"i' 
dcnsily. At highcr now vclocities, liquid can cvcn be e 
trained in the gas bubblcs. Both the gas and liquid pha• 
ha ve. significan! cffects on thc pressure gradicnt. 

TRANSITION FLOW IFIG. lC) 
The chango from a continuo·us liquid phase lo a en 

tinuous gas phase occurs in this region. The liquid •h 
belween lhe bubbles virtually di•appean, and a significa 
amount of liquid becomes cntrajncd in tbe gas ph•'•· .• 
though lhe eff<:<:l! of the liqur<J· are significapt, the & 
phase is more prcdominanL 
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'·sUI.AR MIST FI.O\l' IFIG. ID) 

•·;.,e gas pha'c is continunu1. Thc hulk of lhc liquid is 
train<·d arid ca)i'iril· in thc cu pha\c, A lilrn nf liqnid :;.u rhe pipe )o~all, .~41 Íll cfT<tll are ~<tondary. Thc cu 

pha>e is thc controlhng factor. .. · , 
'To cope with thc cornplcx pr\)blcm, the many publi•hcd 

methodJ wcrc ¡nalyzcd lo dc.lcrminc whclh~'r any onc 
· mclhod was ~toad cl.ou¡;h, or had thc ingrcolicnts to be 
broad cnough, lo •.ccuralcly prcdiel prcssurc dropl ovcr a 
wido rango of wcll conclitionL Thc mcthods wcrc lirsl cale· 

· 'gorized. C.rtain mcthods wcrc s.clccled from. cach cale· 
golf io prcdicl prcuurc drops for two sclcclcd wcll cases. · 
whosc now· conditions werc siP.nirocantly difTcrcnt frcim 
lhose"originally uscd In dcvcloping thc various mcthods ... 
Finally, thc prcdiclcd prcssurc drops using lhe more prom· .·. 
ISing mclhods wcrc comparcd ag>inst known val u es takFn: 
from.l48 cases havirig wiclcly varr.ing cnndilions of raíe, · 
OOR, tubing slze, water cut and Ouid propcrtics. 1 

i 

BASIS FOR SELECrJNG ME'nJODS STUDIF.D ' 

Based upon similarity In lhcorctical conccpll, thc pub· 
lished mcthods wcre lirst divided into thrcc catcgorii'S. 
From each calcgory certain methods wcre sclcctcd, based 
on whcthcr they were original or unique, and were dcvcl· · 
oped from .a broad base ·of data. Thc discriminating fea· 
tu res of lhc three i:.alcgories are shown. · · 

CATECORY 1 IREFS. 1, 3-6, 9) 
Liquid holdup .is not considered in the computation of 

!he density. The dcnSity is simply the cumpusitc dcn•ity of 
the produccd (top·hole) lluids corrccted for down-hole tcm
pcrature and · prcssure. The li4uid holdup and the wall 
friction lusses are exprcsstd by mcans of an cmpirically 
correl:ltcd friction factor. No dislinctions are: made among 
flow rcgimes: 

CATECORY 2 IREFS. 7, 8, lO) 
Liquid holdup is considered in the cornputalion of the 

dcnsily. Thc liquid holdup is eilhcr corrclatcd scparat9ly 
or combincd. in. sorne form wilh the wall friction losses. 
The frictioo losses are based on the composite propcrtlcs 
of !he liquid· and gas. No distinctions are made among 
llow regimos:: · 

CATECORY 3 IREFS. 2, 11-13) · • 
The caleulated dcnsity lcnn considers liquid holdup. Li· 

qui.d hu1J~'f' _¡, 'klt..llninnl frnm M•mc '':; .rt ftf ."-!1~·.-·· 
f~Jty (lhc d11Tcu:~&:c. bctwt.:t.:n the ¡;as .and liquid ·\·d."$· 
~le.'"'):- Thc W.tll fuctmn 1u!I.~Cs :.re ddc:rminl-d from thc '
huid propcrtiu. or thc continuous rha\e:Four dhtinct r..J,.. 
regimct are con~idc.:rcd. 
(Of thc 13 rncthods calctorí>cd, .two from cach catcgor'f 

werc sclccltd for furtlocr study. Thc rnethnd• ol Pootlmonn 
and Carpcntcr,' and Tck' wore pic~cd· from C'"..;otcgnry J. 
Mosl of lhc methods In lhis calctory are cxlcn>ion• ni thc 
Pocttmann·Carpcnler work. In thc s•'l:ond i:atcgory, the 
Hughmark and Prc•~burg rncthod' was sck-ctcd; thc Jlage; 
dorn and Drown mclhod~ was not availablc ~ttOthe time 
of thc initial scrccning, but it was included in tlic final de• 
tailcd cv>luation. Thcrc are rcally only lwo o;;)Uhcids in 
Catcgory 3. Thc Griffith" and the Grilfith and ·Wallis" 
methods are synunrrnous; thc Nieklin, Wilkcs, and 01\id· 

• son mcthc:>du is for spccial conditions and parallcl&\the 
wurk of Griffith·Walli•. Thc uthcr rncthod is that of Duns 
and Ros.' 

Rt::SULTS Of-' TIIE COMI'ARISON 
• 

Th~ fivc mcthods initially sck-étcd, who•c rcsults werc 
· · han d. calculatcd, wcre cumparcd by dctcrmining the dcvi· 

ation betwccn prcdictcd and mcasurcd prcssure drops lor 
thc lirst two wcll conditions Jistcd in Table l. Fig. 2. com· 
pares thc prcdictions for Wcll l. ·inc r~ult• wcre similar 
for Well 2. Thc most accuratc mcthods (Duns·Ros and 
Griffith·Wallis) wcre 'thcn programmcd for machine com· 
putation and furthcr tcstcd asainst 148 well conditions.• 

Neither mcthod provcd accuratc uvcr the entiré range 
of conditions used. Although thc Griffith-Wallis incthod 
was reliable in thc lowcr Oow-ratc rante of slug Oow, il 
was not accuratc in thc highcr range. Thc Ouns·Ros m<th· 

. od cxhibilc:d the ~ame b~o:havior exccpt lhat it was al\o in
accurate for thc hi¡:h-viscosity oils in the Jow Oow·i'atc 

.range. Thc Oritlith-Wallis mctlrod appcarcd to pro,{dc the 
bctter. foundation for an imprpvcd general solutioh al
though its predictcd valucs werc in grcater '0rror (21.9 
percent) !han Duns "and Ros (2.4 pcrccnt). Tbe. heart of 
this mcthod, prcdietion of slip vclocity, is derivi:d from 
physical observation. However, sincc friction drop.,was 

•Tb• daLa In Tabla 1 are from Z:! Venezuelaa beav)"-oll ..-eiiL In·· addl· 
'tloa t.o the dj:lta 1Jre5enLed lo Table 1, the data uhd ,,... lrom tha pub. 
llc.&tJona oC PucHmJt.nn and Carpent.er,1 ~endell and Tbomu.1 Faa
cher and Brown,• and Ha¡¡;nlora. aDd BrowD.• Tbue npreMnC. 121 addi
Uonal ploca or dat&. 

;. 

TABLE 1-PHYSICAL ·CONDITIONS ANO FLOW RATES OF HEAVY·OIL WEllS STUDIED 
011 Measured Wellhead Flow String 

Well 011 Rate GOR Water Gravity Oepth Pressure Día meter Mcasured 
No. (8/0) (scl/bbl) Cot (%) (' API) (ft) (psig) (In.) Ap (psi) -r 320 -4020 -3~ --¡-¡;:-3- "'"4360- ~o- 8.76 Si o-

2 175 6450 17 9.5 4360 300 8.76 '925 
3 1065 765 15.1 3825 550 2.992 650 
4 . 1300 252 14.6 3940 150 • 850 5. 3166, 1430 14.4. 3800 700 • 550 
6 1965 232 14.4' 3720 300 • 900 
7. .'•1165 957 15.6 4240 700 .. 850. 
8 1965 1500 13.5 4570 850 .. 650 . ; 9 2700 .267 15.6 4175 300 • 1200 ··'•':"" 

10 855 185 12.9 .4355 250 • ... 
1450 

11 . 2320 1565 13.6 4670 910 • 740 
12 2480 858 18.6 4575 650 • 900 13 1040 l72 18.6 4'100 400 • 950 14 1490 41 13.0 4065 500. • 1050 15 1310 335 13.6 3705 500 • 950 16 ... 1350 185 12.9 4160· 150 • 1350 17 788 222 16.0 4210 350 • 1400 18 1905 9G2 14.1 ' 4487 580 • 720 19 967 193 13.3 4166 250 • 1300 20 1040 385 12.5 4505 250 • 1100 21 1585 865 12.9 4692 400 • 750 22 1850 575 18.7 3924 700 • 500 

~Ul HNA·L.· o·; rtTIIOt.EUM TECIINOLOCY 
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.-' 1., hlc in ll~o. "•11 ~. llu.; Oh .;H;d h•r prl·,::, : .. lt; 11;-.L,.•n 
.. ~.: 1&;1 • 
lo~stl ¡, an arpro.l~ll1~·.'':'" and lhl·rdorc upc.:n tn ;mpro\'~· 
rncnt. On thc: olhér h:\nd, thc Oun" anJ Ros work 1n tlus 
Nn¡:c: (which. !'tc;X lcr'!l_~d p1ug flow) ¡, pu·,cnrc.~ a_s a en~· 
p1cX icl o( lnlcrtcf:\tcd_· r:uamctcrs aruJ l~JU3IJ?ns•·and. JS 
•J.crcfuro ditlicult lo relate lo whot phy"cally occurs In·· 
sidc thc pipe. . · , • 

The 'aritlith~~allis~w<irl! was extended lo lncludc the 
hish-vrlocily now r:incc. In rnol!ifying lhc 'rncthod, a 
poramclcr was tlcvclopcd lo a<euunl for (1) lhc li<JIIÍd dis· 
lribulion among lhc Jiquid slug, lhc liquid film and en• 
lraincd liquid in lhc G•• buhble and (2) lhc liquid .holclup · 
al lhe. hi¡;hcr now· vclodli.<-s: 1pis para.rnclcr •~rvcd lo:: 
bcllcr aprroximale wall fnchon Iones ond now.ng den· .. · 
sity, and was ·prinelpally currclalcd from lhe earlicr pub· ... 
li•hcd dota of Jlagcdurn an<l nrown.' Thc dala frnm Tahlc: 
1 wcrc aJ.o U\cd lo determine lhe efTccls o( ripc diameler 
OR thc par:amclcr. 'fñr'dctails o( thc paramcler C\'3!uaÜon · 
are givcn in Appcn<lix C and a hricf dcseription oC the 
modificd Griffilh·Wallis mclhod is oullincd in Appcndix 
A. 

• Thc r<"Sults' o( lhc ~ludy, summarizcd in T~ble 2, aic 
prcscnled as lhe dcviations bclween prcdiclcd and meas·· 
ured valucs for lhc modificd Griffilh·Wallis, 'lhe Duns· 
Ros and thc thcn reccnlly puhlishcd llagcdorn-nrown• 
melhod5, (Thc .Hagcdorn-Brown mclhod was includcd be· 
cause of lhe CJ<cellcnt occuracies rcported and lhe broad 
data rangc prcscnlcd.) Plots of lhc individual prcdiclcd and 
mcasured values for lhc lhrcc mclhods are sl•own in Figs. 
'3 through S. When• lhe lhrce melhods are compucd 
againsl !he varíous groupcd data sources (fablc 2), only 
!he modified Griffilh-Wallis melhod is sutlicicnlly accurale· 
(average error) and precise (~t;cndard di:viation)' ovcr thc 
mtire range of condilions. Nonc uf lhc 148 wcll condi· 
Jons Sluditd wcre ln rnist nuw or wholly in (annular-slug) 
transilion. Thc brea~down of wclls by now rcgimcs in· 
eludes 5CVCD J'OriJy in SJug and lramilion, 26 partJy in 

. slug and bubblc, four complclcly in bubble and lll com· 
plelely in slug llow. 

CONCLUSIONS 
For gcneral.cnginecring work·, lhe modificd Griffilh-Wal· 

lis melh<><l will piedicl· prcssure drops wilh sutlicicnt ac· 
curacy and prccision ovcr a wide range of wcll conditions. 
1 recomrnend ils use. However, 1hc mclhod should be uscd 
wilh ,discretion for !hose wcll conditions which wcre not 

. ' 
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MEASUHLD NID I'HLDICIED f'HI 5'UkE (•h(J,'S 

Prcditlion 1.1c1hod 
--ni"JI -- ·ou-ns u~c,..1o,;¡ 
Mcthod aa•d Ro$ and Rro·11n 

Ovcr alf Re,ullt --. ~ - ·-:---

'1(148 ·weu -;;;;ndillons) 
~ Avg. tlfor, percent 

Std. dcviatio·n, pcrccnt 
'Rc•ulls from Grouped 
Da_ta Sourccs 
- Ta.ble -¡_ Hcavy-Dil Wells 

- D.8 
10.8 

· . · (22 Wclls, low lo rnedium 
· .'velocitles, ID lo 20"·API olls) 

Avg. error, pcrcent ·- le2 
Sld. deviallon, pcrcent 10.4 

Baxcndcii·Thomas• 
(1 Well, ?5 rales moslly hi¡¡h 

·· ~elocities, 34 • API oil) 
Ave. error, percent ..... ·: 

. ·.Sid. dcvialion, percent · 
· Fa.nchcr-Brown• 
(1 Well, 20 ralcs mr.dium lo 

high velocitics, 95 percenl 
water cul) 

2.1 
11.1 

Avg, error, percent 
Std. deviallon, percent 

+ D.3 
11.8 

Haccdofn·Brown• 
(1 Well, medium lo high 

VP.Iocilies, J 6 water runs, 
16 oil runs of 10 lo 'lOO cp oil) 
Avg, error, percent + 0.1 
Std. dcviation,. pCr.ccnt 8.2 

Poettmann-Carpcntcr' 

+ 2.4 
27.0 

+22.7 
18.7 

+ 2.3 
20.D 

+ 1.7 
-32.1 

-16.9 
31¡.6 

+ 0.7· 
24.2 

+ 8.7 
12.7 

. 1 

+5.4 
. 10.8 

+1.2 
10.3 

(49 Wells, low to m('dium ! . 
velocities, 15 wclls hieh . :..; 
water cut. rest 
36 lo 54 • API oils) 
Avg. error, percenl ·- 1.0 + 5.8, _:13.0 
Sld. deviation, percent 12.D 12.-4 · 22.2 

suf!icitnlly evalualcd (e.g., now in !he ca•ing anriulus and 
in the misl-now icgimc). Thc rnelhod's prechion misht be 
furlhcr improvcd if lhe·Jiquid phose dislribulion could be 
more rigorously analyzed. . , 

This melhod is. accurale o ver a broader rango ·!ha. 
previous correlalions. For a prcdiction melhod lo. be gen
eral, it must be cxpressed in lc~ms of llow rcsime anc 
liquid dislribulion. Thc olhcr mclhods, which wcre not de 
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. ·. ·,ptit thls m>nncr, are <lnly u'clul in thc r:.ncc of 
•f¡~¡pn• from which they were dcvtloped. 

J". ,;;:: .. · .· . . 
NOMENCLATURE .. : .. 

• 
A, =- nuw arta. nf pipe, sq ft 
·B, .. nil furmation volume facror, bbl/~18 · 

C,, Ca :o pararnCICIS U>Cd lO calcula le bubbJc rbc 'vclocÍIÍCS 
from F.q. C·S, tlimcn<ionlcu, lo be cvalualed 
frilm figs. 8 and 9 

4, .. hydrAulic pipe diameler (4 X A.fwcttcd pcrime· 
ter),. ft 

D a dcpth from wcllhead, ft 
AD = lncrcmcnt of dcplh, ft 

/ = .. Moody friciiori factor, d:mcn<ionlcss, lo be eval· 
. · uatcd frnm l~g. 6 
P~ g ftowing gaS fr¡sction, dimcn\ion1C:ss 

8 = acccfcration of sravity, lt/sec' 
l• = ¡;ravitational conslant, ft.Jb(ma<s)llb(force)·sec' 

(L). ·= bubble-.Jug boundary, dimcn•ionlc" 
(L)., = transitlon·mist boundary, dimi:n•ionl~ss 
(L), = slug·lran<ition boundary, dimcnsionlcss 
N, = 1,488 v,rl, pJ p.., bubble Reynolds number, dimen· 

si onlcss . 1 . 

Na. "" 1,488 v D, p/p.. Rcynolds numbcr, dimensíonlcss 
p = pressure, psia · • · 

Ap = prcssure drop, psi 
P = average pressure, psia 

p;.. = pseudo·critical prcssure, psia 
p, = rc:duced prcssure, dimcnsion1css 
P "" prcssure, lb/sq ft 
q = volumtlric now rate, cu fl/scc 

q, = oil ra te, B/0 · 
R = produced GOR, scf/SI'B 

R, = solution gas, scC/STB 
T ,., = pscudo·criticat tcmpcrature, •R 

T,. =reduced tcmperature, dimcnsionless · 
T = average tcmperature. •p 
· v = n uid vclocity, fl/sec 
"• "' bubble rise vclocity (vclocíty of rising gas bubblc 

relativcto preccding liquid slug), fl/sec 
v,. = base bubblc rise vclocity for &¡. C·9, ft/scc 
·v, =slip vclocity (difTerence bctween average gas and 

· liquid velocilics), fl/scc .. 

"•• = q, ('yp./ga)/A,. dimcnsionless gas v~locity 
.z: = gas comprcssibility factor, dimcnsion1ess 
7 lCI ftuid specific gravity, dimcnsion1css 
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r = Jiquid di•lrihution CCWffiCÍ<DI, lO J,c C\'JIUalcd frnm 
. &¡s. C· 1 1 through C·l6, dirncn•innlcss · 
1' = vbcosíty, cp . . . -·· ·. · 

l/ D = Moody pipe rel•tive rnughnc" facror (fig. 7) and 
'.. Dun•·Ros mi•t now factor (Eqs. C·21 and C· · 

. 22), climcnsionless 
p =" dcnsity, Jb/cu ft 
ji=· average nowing density, lbfcu ft 
~1 .=· fricrion·loss gradienl,_ lb/sq fl/fl 
" = surface tcnsion, lb/scc' ... . · '· 

SÜBSCR 11'1'5 
1 "' gas 
L .. liquid 
o= oil 
1 = total 
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A l'I'Jo:NDIX A 

DESCRIPTION OF MODII'II:O GRIFFITII ANO 
WALLIS METIIOD• . 

The nuid pré!sure drop in a vertical pipe is lh~ sum ef· ·. 
Cect oC thc tncrgy lost by friction, the change in potcntial 
energy and the change in kinclic encrgy. Titis cncrgy.bal
ancc, ,. hich is basic lo all prcssure-drop colculations, ca o 
bC generally ~ritlcn as · • ' 

'-dP = r1dD + {gp/g,)dD + Cpv/g,)dv , . (A·I) 

whcre P :.. _pressure, lb/sq ft, 
r 1 '? friclion-loss gradicnt. lb/sq fl/ft, 
D = depth, ft, · 
g = acccleration oC gravily, 11/.--c', • 

g, = gravitational comant, ft-lb(mass)/ 
lb(Corce)-sec', 

p = Huid density, lb/cu ft, 
v·= Huid vclodty, ft/sec. · 

· The procedure was crcdiled lo Griffilh and Wallis hccause 
slug llow occurred in 9S pcrccnt oC lhe cases studicd; Al· 
though thc mist-How rcgime could not be cvaluatcd, the 
Duns-Ros ·mclhod \vas uscd bccause il appcarcd lo be 
more accurate and logical than the Martinclli mcthod rcc· 
ommcnded by Griffilh. In two-phase flow, both r1 and p 
are innuenccd by thc How rcgime type, and all threc terms 
are functions of tcmpcraturc and prcssure. Thcreforé, lo 
use Eq. A-1, :CI) the How slring must he inc•cmcntcd so 
the fluid propcrtics do not ch3ngc markcdly wilhin any 
of lhe incremcnls, (2) lhe How rcgime lype and corrcspond· 
ing variables of·¡; and r 1 must be dclcrmined for each in
creménl and .(3) é:ach incrcmenl must be evaluated .by an 
ilc:ralive proccd~rc. ... · 

Thc kin~~ic: cncrgy tcrm is ¡r;ignificant only in thc mist· 
fJow rcgime.• In mist now Va, < < v,. lhe l..:indic cncrgy 
ICim may be exprcssed' more simply (u•ins the gas law). 

. wq . 
(pv!,Jdv = ,... --'-'-dP 

. · · · fi.A.'P • • (A-2) 

·where A.-~ pipe area,.sq ft,_ 

r.;:;ir,tb 11 

Criflilh and Wealllall 
n.la \llort 
Duna and R~• 
Dun1 and Rot' 

n~.~t.ltl• 
Sluuo (d•n,.ll,r lerm) 
Slu: (frl,•tlun I:'•"Ji"nt lnml 
Tnn•lllon 

. .Annular·mlst. 

propertics would then be more gradual in going from one 
incrcmcitt to. another. Thc value of Ap should be around 
10 peri:cnt of lhc absolule prcssurc, which is knpwn for 
one point in the increment, but should ~Ot be g1ea1cr 
Iban 100 psi for that incrcmcnL · :· , 

Prc:ssure drops can be calculatcd, usins Eq. A·3 in· the 
following manner. · · 

· 1, Pick a point in the How •tring (e.g., wellhead" or. bot· 
tom-holc) where lhc ftow ratcs, Huid propcrties, tempera· 
tur~ and prcssure are known. 

2. Eslimate the tcmpcralurc ¡¡radien! of the wcll. 

3. Fix the Ap at about 10 pcrcent of thc mcasu1td or 
previously calculatcd prc .. urc, which may be at"eilher lhe 
lop or bollnm of. thc incr.mcnt. Find average p1cssúre of 
incrcmtmt. ·· ··· 

4. Assumc a dcpth incrcmt·nt AD anil find averagé dopth 
of incremcnt. · ' 

·s. From thc tempcralurc gradient, delermine · averaC,e 
tempcraturc o{ incrcmcnt. . · · · · 

6. CorrL-cl Huid propcrlics for tempcralure and p~e,sure. 
· 7. Determine lhe typc of How rcgime Crom Appcndix B. 

8. Bascd on Step 7, determine lhc average dcnsily. <P) 
and the friction Joss gndicnt (r1) from Appendix C. '• · · 

9. Calcula te !J.D Crom Eq. A·3. 

·10. llera le, if nccL-ssary, starting wilJt Step 4. unul as· 
sumed !J.D cquals calcuiJtcd t.D. · · 

1 l. Determine values of p and D for that incremenL 

12. Repeat procedure from Slep 3 unlil thc sum of lhc 
AD's ..juals the lotallcngth of thc How string. 

A dctailed cxa~ple oC the abovc calculalcd procedure is 
givcn.in-Appcndix D. · 

API'ENDIX B 

DETERMINATION OF FLOW REGIME ' 

Griffith and Wallis have dclincci the boundary bct"""" 
bubble and slug How," and Duns and Ros havc dcfined 
thc boundarics for thc rcrnaining thrce rcsimcs.' The nuw 
recime may be dctcrmincd by lc>ling whcthcr lhe wuiablcs 
q;/q, or v, •. or ·both, fall within lhc Jimits prc•cribcd. 

••AII \l'ulum~lrlc (v) ·and mft.U (10) ftow "'"'' ~~~ thn .. ot t.la•·praoo 
• Jurf'd ft'(IJ, t. ha.\ ,.,.. corr«'trd IDr h·mp.:rat.ure, JU'I.'~IIIUU and su 10l~ 

blllt,. . . . 
· n•oz la tAl.•n 111 pu~IUvo «luwnwhrd. Th• I•N·uure 1hould be tanJt 
,li.,•uutim.'-1.1.1 \lllth d1ptb ahould th• d.•no.omiwolflt af"'•tulll'b uro. ur t... 
rttnlt. n~r11atlve. lo .:st.Abbb t.h1 •huck lron\ t.haL r:,"ra1'&..1·h~ ~~~,~ .. ;e \1'0. 

.lucltln. ' 

. ' 
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,. ·;. 
·t' -----.--·· --·. 
·· ... .;.·., ~~t ' Llmlll · 
. -~·:.~~· ·_. ---:--~-

.. ; .. \ -:.:· qjq, < (l.). ,· 
. , ·,-> q,/qo > (1.),, ••• < (l.)~ 

: ~ (L)• > ;', > (l.), 
. ... •• > (t.). 

.1110 abuvc variables are cldincd as 

Flow Rc¡;ime --·--Dubble 
SI u¡ 

Tr~n~ilion 
Misl 

··';· "•• ~, q,rvpJI a)/ A, · •• • • • • • 
(L). = L071 -· (O.i!l 8 v,'/d,, wilh lhe limil 

· ··' ·.<·: (L) ~ 0.13 

. . (f.), "' SO 1· '36 V,u q./q, · 
(1.). = 15 + .84 (v, q./<r,t" , 

whcre "•• ~ dimcnsionlc.s gas vclocily, . 

"' n l~lal ftuid volocily (q,¡A,). fl/si:c, 

P• = liquid dcndty, lb/cu ft, 

, "' liquid •urface t<n•iun, lb/scc'. 

ArJ•t:SDIX C 

(D·I) 

(D·2) 

cn:J> 
(8·4) 

EVALUATJON OF AVERAGE DENSITY ANO 
FRICriON LOSS GRAUIENT 

Jn lhe firol four scctions of lhis Appcndix, Úuó variables 
papd ~, are dcfincd for buhblc n.,w, ~lus now, lransilion 
and mist now. The s<eond scction, whilc lhc mo<l complcx, 
is also thc mosl importan! sincc slug now had hccn en· 
countercd in ovcr 9S pcrccnl of thc gas·lirt or nowing 

ells stuc.licd. 'l)>c l:osl scclion of this Aprcnolix dc•crillcs 
~w r 1 was dcvclopcd for lhc slug nuw rc¡;ime. 

DUUBI.E FLOW (REP. 12f 
Thc void fraction of gas (F,) in bubble nuw can be ex· 

pn~sed as · 

F, =- 1 + ' 1 [ 
2. 

q, 
v.A. 

+ ,q,fv, A,)'- 4qA, ] , . 
v. " . 

• • • • (C·I) 

wh~rc "· = •lip velocily io ft/scc. Griffilh suggcsted thal 
a ¡ood approximalion of an average v, is 0.8 fl/scc.• Thus, • 
with Eq. C·l, the average nowing dcnsily can be compulcd 
as 

p = (1 - F,) P• + F,p, 

Thc friclion ¡¡radien! is 
.,, ::::::; f;,.v,.'fZg,d., 

where 
v. c;'. q./[A, (1 - F,)] • 

(C-2) 

.. . (C-3) 

The 'irlctl11n factor /'is oht.1incd fro111 Fig. 6 by using a 
. Moody rcbli\'c·n>ughncss factor ohtain<·d from Fig. 7. 
·nc Rcynolds nurnlicr.Js. calculalcd as N., = 1,488 p,d,v,¡· 
1',:. whcre d, ,. hydraulic pipe diamctcr, fl, ond 1"• ·~ liquid 
viscosiiy, cp. . . · · · · 

"I.UC now · on:r .. JI 1 
n.c average dcn•ity .tcrm is . 

- - "'• '.+ p,,\'.A ~ + r p-·----- P• . : q, + v,A, . . 
------~-------------~-

• (C-4) 

•.\lh•..acll t!w, mrlho-1 1• •IMI"'Ie, lt la n•u·unnbl,. prrcl..e, Fur th• fuur 
..,,.n. tha\ ••·•• •hc.llr In l·ul•hteo tlo•w. thl' ,.lhii•IMtd d·•·lntir•n w;o~ 6.1 

l ... r.- .. nt., .,.,¡,,,.,,, tlr• drl'iallun wna f.S I"'U'l'lll fur Uou:.l' ,q•Jia (\oltllt In 
. nai·M" and ''"•· .·· . 

whCre r is a ,,,,:ffic:i .. ·nt corrdah:d frnm ni1fidd ,,.,,¡, 
Griffith. and W~llis cnrrch•lcd thc huhhlc ri•e vclocity v, 
by thc rclatioMhip 

"• "" C,C,yg d, • • . . 
· whcre C, ls ''"T''"""d in Fig. 8 as a functinn of;.~•uhl>le 
· Rcynolds nurnbcr (N,~ 1,4H8 v,d,p,./¡c,), and C, is «· 
p~cS!cd in Fig. 9 as a funcliun of both N, ancl lio¡uic.l Rey· 
nolds numbcr. 

' . . . ~ .. • .; ·• (C·6) 

whcrc. v1 cc¡uals total vclucily. of liquid anil cas (q,/A,), 
ft/scc • 

Fig. 9 was cxtrapol"ted .. 50 thal v, could be cvohoatcd 
al lhe highcr Rcynolds nmnbcrs. Whcn C, cannot bc·ic:ad ---· --:: . ' ' une p.,.allel "'";k Dr ·Ñ¡;,;¡;;,--w¡¡ .... · ;;¡n;;¡;¡;,;n;-;::¡;;,~ 
bul1 for the f':>.ltlll'CII~tlrm. lt ,.ho~o~.·•od lh•l. lout.J,Ie rl-. v .. lurdlJ WAI iD• 
-de.~udut uf /ti• In llor H•·>·fl(ol<l~t numiK'r l~tnllf ot 8 )( 101 to 1.·)1; 1Ci1• 
The f'orr1•I•\J"n ol J,\1,.1,\~ ,¡.," \'t•h•rltJ wna ffoU11d C'IIIRJIAtüt.le 11• )1,.¡, C..l 
Whe:a N1 wn1 arounfl 8 )( 101, 'Ml• IC",.ulll "'"'• lnr11rpornllocl lnLo the 
aLnve eabr.poh¡,lilln. 
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4 . b 
rrom Fig. 9, tho,<>.irarolatrd , .• , .. es of "• may e calell· 
Jatcd from'.ihe.f.,lluw!nc set of u¡uotions. 

.é!,. ~.~ ... ~.~ -~ •.. 
··'.·· Whcn H,!(,l,OOO, •.' 

• .. - i · ··. · . •• = (0.546 t 8.74 X JO·' H,.) '\/gd, ,J .• ,,.,· . . . . t . 
Whcr( H, ~ looo, · · 1 . · ; .· . 

· ·v,.n (0.35-+ 8.74 X 10 .. N.,) '\/gd, ·.·, 
:';,. ~ . : 

(C-8) 

' • 

,,;,;,When 3,000 < H, < 8,000. . _ f . . 
.<t¡, '!\ . ...... (0.251 + 8.74 x •r "'··> '\(gd, ·: .·· .. 

. . 

v, '" -- v., + v., + ---- . . ; . . (C·9) 
1 ~ • 13.59 ,.. . : . ,. 

· 2 P• .,¡d, : 
The w~ll frictlon·loss lcrm, which has bccn indcpcndi:ntly. 
'dcrivcif;.Js. exprc.,cd as 

. . . .' ~; ~ ~'-[q• + v,A, + .r] , . . . . (C-10) 
·, , 2g,a, q, + v,A, . . 

The Criction factor is obtainod from Fig. 6 and Js a func· 
tion of the Roynolds numbcr givcn by Eq. C-6 nnd thc UD 
obtalncd fiom Fig. 7. Thc Jiquid dislribution cocfficicnt r 
may· be detcrmincd by !he cquatioo which mccls !he. fo1· 
Jowing conditions. · · · 

' 
Continuous 

Liquid 
Phase "• Use Equation 

C-11 
C-12 
C·l3. 
·c.J4 

Water 
Water 
Oil . 
Oil .. 

<10 
>JO 
<lO 
>lO. 

r-= [(0.013 lag ,..);d,'·•J- 0.681 + 0.2321og "• 
- 0.428 lag d, • , , , • • • • (C-11) 

r = ((0.045 lag ¡•J/d.'·~ - 0.709- 0.162log v, 
· . - 0.888 lag d, • • • • • • • (C.I2) 

r ·,.., [O.OI27log (11, + I)Jd,''ul - 0.284 
· +-O.I671oc v, + 0.1131og d, •• (C-13) 

r = ¡o:0274log (11. + l)¡d,'·a'] + 0.161 
+ O.S69log d,- lag v, {[O.OIIog (11, + I)Jd,•"'] 
+ 0.397 + 0.63 loe d,) , • • • . • (C-14) 

but is conslra.ined by the limits 

· ~ ~ -0.06S v, , • (C.IS) 

o.• o 

! '. 
. Cl.3 o 

! . t· 

·¡ 1 u 
1 ~ . 

. . 

!.! 0.20 

1-
~. 

~ 

o. u ..... 

0.10 

1 1 +-----.11-. ---l 
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and whcn "• > 10, 
t ) r~-- v.A, 

.. · · . q, + v,A, (
1 - ¡;) . : .. ',' .. (CI6) 

. P• ··: . . .. 
t:J¡e above con•tr~ints 
L¡twoen now regimos •. 

oliminatc · J!rcs•ure ·discontinuitics ·.... •' 

·• ... 
TRANSITION FLOW .·.· 

' 
· Duns and Ros approxirnatcd p~nd ~, for Úan¡itlon flow. 

Thc method is first lo calculale thcse tcrms for both slua 
and misl now, and thcn lincarly wcight each .tcrm wilh 

,. : rcspecl lo v,~. and !he Jimits oC the transition 7one (L), 
· and (1.) •• The tcrms v,., (1.), and (/.), are dcfined in 
Appcndix B."The average dcnsity torrn wnuld be 

_ (L), - "•• [ _] · + "•• - (1.), [ - P. l' = p . - p ..... . <L)· - (t), "!" (1.), (t). ••· •• 
• • .: • • • • • • • <C-17) 

· The friction gradicnl tcrm would be wcighlcd similarly. A 
more accuratc friction-loss prodiction is claimcd if .the gas 
volumclric now rate for misl now ls takcn as 1 

q, = A,(t). (pj.Jga)'"' ~ • • • • ; . ,, (C-18) 

l\IIST FLOW . . 
· ·. The average nowing dcnsity for mist How is giveo in F..q. 

C-2. Sincc thcre is virtually no slip betwoeo !he. phascs, 
F, is · 

F, = 1/(1 + q,jq,) • ; • • [C·I9) 

· Duns and Ros cxprcss thc friction-loss sradi':"l as . · 

~, = f p, v,'J2g,d, , • • • , : • :. • (C·20) 

. where v, is the surcrficial gas vclocity, and f ·is asain ob· 
taincd frorn Fig. 6 as a ftinction of gas Rcynolds ·nu'mbcr 

. ·cN., = 1,488 p,d,v,/p,) and a correlatcd {orm 'of !he 
Moody relativo roughncss factor UD that.was ·de\·c1C'pcd 
by Duns and Ros. In thcir correlatioo, thcy' limit ~ID lo 
being no smallcr than to·• but no grcatcr ll)an O:S. Be· 
twecn thcse limit.s, UD is dctcrmincd from &j ... C'2J. if N. 
is lcss than O.OOS and from Eq. C-22 if N. is g;cater )han 
o.oos. · .. 

E/D = 34 a/{p,v,'dJ • • · ·, • • 

·' E/D = 174.8, (N.)•.,¡(p,v.'dJ J' 

where N. = 4.52 X JO"' (v,¡t,/rr)' p,/p,, 
DEVELOPMENT OF ~, 
FOR SLUG FLOW 

..... ~ . (C-21) 

• (C-22) 

A new mcthod was dcvcloped lo correiato ·!he frictioo· 
loss cradient for. slug now beca use ncither thii'a{im!h and 
Wallis mcthod, nor thc Stanley" mcthod (an ·outgrowtb ' 
of thc Griffith-Wallis work) proved accurale for· thc wcll . 
conditions studicd. (The Griffith-Wallis data were t•krn • 

· ... •.•t---t--... 
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' '. ~ .. 
··l~om low·fttJY.' "•1~ity 1c\U in "'hi.:h f' i .. lit'" lm\n \H·rc 
mínor .¡iid liqnld <ntr•lnmenl .... , nc~licihle.) This new 
rned·~Pfl· accounh:d f.ur the c·~mplc' n•lurc of fri~1io.n 1~" 
·in sliic now by lhc onlrllllllclonn o! • cnllci>lcd hquod diS· 

.. tributinn funclion r (l'q. C·IO) which imrlicilly accouniS 
··': r thc following phy<i<al phcnomcna. 

1': 1, Liquíd ls .Jio,lríbulcd in lhrcc rlaces: the slug, thc 
,, film around thc gos bubblc and in lhc C"-' bubhle as en· 

.. lnincd drorlcls, A· chango in lhis di¡lribulion will chango 
thc ncl friclion lo\SCS, 
. 2. Thc friclínn lo" has esscnlially two contríbulions, onc 

rrum thc liquid •lug and lhc olhcr frorri lhc liquid film. 
. 3. Thc bubblc risc vclocily approaches zcro as mist now 

la approachcd. 
Valucs of the liquld ·di,lribulion cocfficient werc calcu• 

!atcd from lhe data of llaccdorn and Drown' by u•ing 
· Eq. A·l. nf Arrcndix A and T'qs. C·4 thrciugh C-10 of Ap· 
pcndix C. (Jlocsc dala wcrc sclcclcd bccau<e lhcy .covcred 
a WÍde range Of cnn<fÍIÍons for <OCh Of lhe four fiquids 
used.) Thcsc va1ucs cmrc.:late wHh tulal fluid vc1ocity and 
liquid VÍ5CO<Íiy. Fig. ro •huws lhc rcsulls whcrc lhc Onid 
,, water, and Fig. 11. •hows the rc•ulls whcre lhc nuids 
are oil. Coefficients wcrc also calculalcd for thc hcavy-oil 
wells shown in Table 1, but lhcse values were small and 
scattered bccause .,, was smatl in comparison to ¡;: Ncvc:r
thelcss, thc re•ults wcre •ufficienlly groupcd lo •how that 
pipe diamcter (d,) ls anothcr indcpendent variable. 

Ncithcr thc reversa! in slorc.s nor lhe data scaller as 
seen in Figs. 10 and 11 can be resolved wilhout addilional 
experimental work. lt is probable, however, lhal lhe slopc 
reversa! may be due lo liquid cnlraincd in the gas phase 
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HAGEDORN AND BROWNIDAT¡'''¡ 
1·1/4 :• P!P~ , , , . lf:' 

1 .o. 1 2 J .e s 611910 20 !lO •o •o aotoo 
SUPERFIOAl FLOW VELOCITY • fl/SfC 

r.c.lO-Erncr or VELOCITY ON U'An:A DJSTRIHUTIOif 
CouriCIEN1', 

Jc:iUII.~AL OF PETROLf:U)f T[f:JI~OÍOGT 

iAitll. J ·- t ,,i.J,. i\·-\)l:.) ·, .• v 1 ,¡-,..,ll.,..l\1.. !...loi~ÜI¡', . .,. ,.., ·•' 
Of HEAVY;OIL WElL 2~ ' 

1,850 011 Speeiflc ·: ·:;.:;"\•: .... · · ·. "' .. 
STB/0 Gr¡IYity (y,) '-/.'0.942 . •'·" ·' 

Oil Ralo (q,) 

Produced GOR (1!) 575 scl/ r. .. Spcclflc • 
STB Gravlty (y,) · 0.75 · 

Tolal derth (D) 
Tubing dtólmelor 

3,8?0 ft Wollhead Prcssuro 670 p<ia . '· 
0.249 11 · Tublns Area A,. : 0.0488 ! 

sq ft (do) ' 
Tcmperatures: Dead 011 Viseoslty: 

Wollhead 
Roservolr 

126F 
150f' 

at IOOF 89 cp 
at 2IOF , 8.8 cp ___________ _..:... __ 

and that ·lhc data scaller may bC·~IIributable lo such addi· 
lioMI paramelcrs as liquid vclocity, GOR and inlcrfacial 
lcnsion. · : )· 

~ ' · .. APPENDIX D 

EXAMPLE OF TWO·PI·iASE PRr:.SSURE 
. DROP CALCULATION ' 

An example calculation of the modificd Griffith·Wallis 
mcthod is prc<cnlcd lo illuslralc lhe dclails or the prui:e· 
dure outlined in Appcndix A~ Jn this cxamplc wc will pre· 
dictlhc pressurc drop for hcavy·oil Well 22 (Table 1). The 
input wcll data rcquircd for the calculalion are given in 
Table 3. In addilion, wc will nccd the followíng correla· 
tions• lhal correct fluid prorertics for prcssurc and lem· 
pcrature: · 

Gas r•eudo-critical propcrlics (Katz ~/ al.) r ... p ... 

Gas compreS<ibility (Rrown ~~ al.) z, 
Livc oil viscosity (Chcw and Connally) 1'-
0il forma !ion volume factor (Standing) B,. 
Solution ¡;as (Lasalcr) R., 
For calcu1ationa1 cunvc::nience, thc tcmrcratUre·vhoc,,\ity· 

dcplh data containcd in Tablc 3 should be plolled. ··me 
lcmperalure-dcpth plol is shown in Fig. 12, and lo¡; vis
cosity.fog lcmperalure plot is shown in Fig. 13. 

The detailed proccdure ror thc ealculation of the prcs· 
surc drop for lhe first incremenl (k = 1) is as follows. 

J. Dascd on the 670·psia wellhcad pressur~, fix .!J.p at 100 
psi, Assume llD lo be 540 lt. Thcaverage prcssure (p) and 
depth (D) ~r increment k is thcn: 

. . .!J.p, 6 100 t 
¡;, = p,., + -z:= 70 + T ';" 720 psi a 

- llD, 540 . 
D, = D, •• -2- = o + T = 270 fL 

Thc average lcmperalure (ij, read from Fig. '12 is 127.SF. 

•Th~ "'"" convenl"nll)' found In Frlrk'• Pctrol••m PriA11cflo• lltn;tl .. 
llook. VoL 11 (llef. 11). · · 
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2.'.Wilh lhc Cllndilion dd<unincd In Sl<p 1, lhc llnid 
rruj\CrtÍC'\ -are CCtlt(•.;h.·d (()( h:mpcri\turc·and rn"~urc. 

': '1!;from Fri<k" lhc fullowin¡; •·alucs a~c ohlaincd. 

~·):':·,::.. . R, = liS • .;r¡hhl (pace J~·9).• . . ~ . 

· ·. ·. B, a 1.073 bbi/~'TD ú>•&e J9-1J). 

. . ... · ':·p., a 66S p•ia (page 17·6). 

.: .: .. :/T,;. :._ 41SR (P.agc 17-6). 

· ·. :•', .1' a 18 ~p;•, cP•i:e 19·40). 

.-_., :• 

.. : ·:· .. ) . ~: ' : .. 
. ... . ~ 

· .. ·.,•n.e gas comprc .. ibility e is'dclcrmincd as 

. ,'. ·~· . 'f + 460 581.5 . 1 4.2 ·•· a--=--'=' ' . · • T., · · 41S 

. ... ..... . 1i 720 • . . . .... 

. ... 

.. , .. 

Thc curH~tc:d dcnsiliC\ are 

P• = w.¡q. = 7.20/0.129 •- SS.S lb/cu fl· 

l'r- w.q, = O.S6S/0.1!19 "'.2.64 lb/cu fl. 

3. Thc variables dc.crih~d in. Appcnrli~ D are c~lculalcd 
and lhcn are l<·•lcd againsl thc boundary limiiJ lo dclcr-
min~ thc llow rcgime. .. '· , . 

.. 
Tes¡ Vurlables: · •· 

· . v, = 9,/A. "" 0.328/0.0488 = 6.72 fl/scc • 

9o/9o = 0.199/0.328 ."' 0.601. 
·.·· . 

"•» ... o.J99 [ vo,s34 (5s,8J]¡o.om .. 9.53 

B~rmdary Í.Jmlts: '.· 

(D-1) 

,,' ":: p. = p .. = 665 = I.08 • . ..... ,. ...... . 
(l.), ,. 1 071 ·- 0.2218 ~-12)' •• "":i·:· ... \ .... 

· and frnm Frick (pagc 17-IS), 
.· "'\ .. 

. ·.' "'. 0.815 •. 

The correclcd volumclric now 18¡.,;· are 

. '·· 
•' :· 

; .'·· 

. 9• = 6.49 X JO .. q.S, = 6.49 X JO' (1,850)(1.073) 
.·. · "'0.129 eu ft/sec . . 

· .· . c'f + 460) 
9• = 3.27 X ro·• .t 9, (R-R,) _ 

• p ... ~ ..... 
. "' 3.27 X ro·• (0.875) (1,850)(515 -liS) 

(587.5)/720 

= 0.199 eu fll sce 

9• "' 0.128 + 0.199 "' 0.328 eu fl/scc. 

The corrcclcd mass llow ralcs are 

w. "' 9, (4.05 X JO" y,+ 8.85 X Jo·• y.RJ 

= 1,850 [4.05 X ro·• (0.942) + 8.85 X JO'' 
(0.75) (JI S)] 

a 7.20 lb/sec 

w0 = 8.85 X 10:., 9.y.(R -: R,) 

= 8.85 X ro·• (J,850) (0.75)(575- liS) 

· != 0.565 Jb/oec 

w, = 7.20 + 0.57,= 7.771b/scc. -. 
•Puwnlll.-. lndlcat.e tbe paaro nw.a'bu la Frick'a \ouokM; wbero t.ha 

t'arioWI corretat.lo~ are fouad. 

••Uv• aU vl~lt,.. De-ad oll wlac:t)!llt7, a paramet.er la the carrelatlon, 
la ,..ad frora F~~. IL 

·~'~f·=T·~·'r~==~====~====~ . ·101--- .. - :.-. . 
~·~ !\-----:--'--

b 60 -" 

. ~ 40 -~~~-···_.,...,....¡_ __ _¡ 

: ;;·. 8 · .. 1--'-i--f.l:; -·+---\~_--J-.:.:·-=---~ 
~20 \ 

! ~60~~141~=~~,.:: 
BO 100 '·200 lOO 

. ' l!MriRAlUR!. 'f .: 

... 

. . 0.249 
• • ,:1 . .., , , • (8·2) 

(l.).·=- -22. Sincc (L), has lhc limitof 0.13, 

:. (f.), " 0.1 3. 

. (l.), ,.. SO + 36 (9.53)(0.129)/0.199 = 272 • • (D-3) 

Beca use q,/9o > (l.), and "•» < {l.),, lile fluids. are in 
slug flow. · 

4. Thc equations givcn In the Slug Flow ""'<tion of 
,Appcndix C are uscd lo calcula te¡; and .,. . , 

Determine Rcynolds numbcr, bubbJc Rcynolds numbcr 
and slip vdoeity (v,). . · 

N,,= 1,488 (55.8) (0.249) (6.72)/18 = 7,720 ; (C-6) 

Since· lhc bubble rise vdocily is ·a nnnlincar corrclation, 
ih:ration is ncccssary. 'Jñcrcforc, a!l!loUming "• :.:::::: 1.75, bnb· 
blc Rcynolds numbor is 

' N, = 1,468 (55.8} (0.249) (1.75)/J8 ""2,010. 

C, cannot be read from Flg. 9. Thus thc extrapolatiun 
equallon (Eq. C-7) ls uscd slnce N,< 3,000. 

v, = (0.546 + 8.74 X JO"' (7,720)]y.-:-:32""'.2"""(0""'.249) 

:= l. 74 fl/scc. 

Determine liquid dislribution cocfficicnl r and frictioa 
factor/. Eq. C-ll is u.cd to cvalualc r sincc v, < JO: 

. r = [O.OI 27'1ce 0 8 + '']- 0.284 + 0.1671o 6.72 
. (0.249)"u . 1 . . e . . 

+ 0.113 loe 0.249 = '-- 0.097. i 
1 • 

Test limiline r wilh F..q. C-IS: 
- 0.097 ;::: - 0.065 (6.72)' 

;::: -0.436: 

lhtrcfore, r = - 0.097. 

Thc UD •·aluc fiom l'ig. 7 is 0.0006. With this -.luc ·and 
lhe calculatcd N,, of 7,720, a fricl'on factor ••f 0.034 is 
r.cad from Fig. 6. 

·· · ·· Evalualc ¡; with 'Eq. C·4: 

- 7.71 + 55.8 (1.74) (0.0488) . 
. p ~ - 0.328 + Ú1 (0.0488) 

+ ( -0.097) (55.8) ~ 24.9lb/cu h. 

Evaluale ., witii F.q. C-10: . f 

. (1.034 (55.8) (6.72)'[ 0.129 + 1.74 (0.0488) .. • 1 
., = -,-64'A(o-:-249)- ii:Jis + 1.74 (0.04Nsi o.on 

. = 2.26 lb/sq ft/ fl 

S. Thc dcpth incr,·mcnl frurn Eq. A-3 is 
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·' .· ~~: ···[~n.·( 1 - -¡;¡,jj ~:·p )] 
(1.01 '"' 144 -"-- ~ --- • · 

•!. .. , , .. ""'"·¡ .·.¡. . p .. r, ' . 

. . . : : . ; .. [ .(. .7.77 (0.1!19) . ] 

;:~ .. ~ ·~· 1 -4.6·n¡o:o:¡¡¡¡¡,r¡m¡: ._ . • 
: .... 144 .'' 24o9 + 2.3 ' ,- 5291L 

. Thc ~uc valuc of /.·o, is ncar 529 flo Thc ~aÍcul~tiun will 
converse ver y cloccly lo this valuc e ven. whcn: thc a\lumcd 
AZ ls off ·by = 10 pcrcont ol thc a .. umcd v'aluc (540 11) 
~111\e, undcr .thcsc wcll.condilions, thc prcsSure gradicnr 
ls prlmarily cunlrulkd by thc rtlativcly 'temp~raturc·Ínscn; 

. sitivc tlcn1Íty hcado lluwcvcr, untlcr thu•c ~ircum,tanccs. 
· wherc lhe friction gradi~:nt, which is tcmpcrature si:n!\Ítivc, 
is aignific~nt, itcralion wonld be ncccssary 'hould thc cal· 

•. c¡¡latcd .valnc of !!.D diffcr from thc a5'umcd valuc by 
+ 10 pcrccnL · 
· 6. Thc top of lhc ncxl lncr<mcnl ls nxcd al 529 fl and 
710 psi, and Stcps 1 lhrough .6 are rcpcatcd for lhc ncw ... 
cOnditions. 

7. Thc procecfurc is continucd unlil :t AD is cqual lo lhc 
total dcpth. Thc calcula tcd prcS!urc profilc · is comparcd 
against lhc mcasurcd profllc io Figo l4o · . *** 
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.~.Experimental Study of~ Pressure Gradients Occurring During 
·,t·. • ' . . . • 

·cóntinuous TWo-'Phase F;low in Small-Diarneter Vertical Condmts 

ABSTRACT 

ALlON R. HAGfDORN•:. 
JUNIOI MEMIEI AIMf . 

URMIT E. IROWN 
MfMIU AIME 

A J,JOU·/1 uptrimcntal'll•tll was.uscd 10 st~dy tht prts
su" gradituts occurring durlng contlnuous. v~rtical,. two
phau flow 1hrough 1 ·lh., 1!41 -In. cnd H> -in. nomine/ 
Jllf lub/ng. . r 

Tht ltJI wt/1 WGS ,qulppcd with /1<'0 gas·/ifl ro/ves ond 
jour Moihak elecuonic pressurt lfansmlttrrs.' tU well DS 

-..·Jth inllrumtnts 10 mtasurt the liquid production ralt, 
Dir lnjection rDit, ttmperatuus and surfact pressuus. 

TtJIS ,.,,. conducttd for wid•ly varying·./iquid flow 
rattS, gcs-/iquid rollos cnd liquld v/scosllits. · From. thtst 

.Jr;ta, an acruratt prtssurt-dtpth traverst 'K'DS, cnnstructtd 
jor ead1 1ts1 in tach o/tht thrtt tubing sizes. 

From tht usu/11 of tht:st tuts, corrtlatlons havt b~en 
dtvtloptd "·hkh o/low the accurclt prtdiction of flowing 
pressuu gradienll for a "'•ldt \'ar;ety oj tubing sfzcs, ffow 
condilions, a11d liquid proptrti~s. Also, tht .corrtlations 
and tqualions whiclr ar~ dt\•tloptd sa1isjy rht ntc~ssary 
condition that tht)' ·reduce to tht rtlarionships appropriau 
10 singl•·phas• flow when tht flow ratt of tilher tht fllJ 

. or tht Ji quid pha.st · btcomes zero. A 11 tht correlations in· 
11olve 'only dimuuiouless groups. wJrich U ll condWon 
uswllly soughr for in similariry onolysls bur no1 olways 
achieved. · · 

Tht co"ela1ions dtveloped in 1his study hove bun used . 
ro calcuÚl~t pr~~-!Utt gradients for pipes of/arger diamtttr 
rhan those upoit K•hich rht correlations are ba.sed. Com• 
parisons .of 1hese ca/culcttd graditnts with cxperimtnlally 
dttermlntd gradiems for the samt ftow conditions ob
tained from· rhe literature indicátt t~at eztrapolation to 
thest larg~r pipt si:es is possiblt with a degrtt of accurtJCY 
su!ficitnl for tngintt.ring ca/cu/a¡ioru, Tht tJrltn/ of thls 
tzuapolat,ion can only be dtttnnintd with tulditiona/ data 
fronr lizrger pipe diomtttn. 

INTRODUCTJON 

The. accurate prediclioo of the prcssure drop expeclcd 
to occur 'dúrini; thc multiphasc fiow of fluids io the fiow 
llting of. a well is. a widcly recognized problem io the 
petroli:u'in industry, Thc problem has been brought even. 
more frito· prominence with thc advent of tubinglcss o.r 
slim·holc Complerions which use small-diamctcr · tubing. 
Many of. the cC'Irrelations which give rcasonabJ)' accurlüe 
rcsults .iD. thc Jargcr tubing sizes are greatly in error when 

Orlliaai. manURrlpt N«:lnd In Socl~~ or Pnrolrum En¡rlnNn oft'1eo. 
A~. 1, Jl~l•. Revi~ a:au.u•crip$. rt-ceh,l'd F111b, 23, J915. Paper pre.en&. 
~ al. SPE IPI.b Annu&J FAII AfHUn¡: b•ld In H0111Lon, Oct. 11-U, 19Cf, 

•Pr:-"'"U' UIOCiat.cod wlth ~-PJ'Oduc:Uon Rnurch eo .. Hou.rt.on, Tez. 

APRIL 1 1V61 

.. ,, .... ' 

THf U. Of TUAS 
A U5JIN, Tf,l. 

applied to small-diamet~r con~uhs .. small~iameter con
duits ore defincd as H~·tn. oomtnalll.U tub1ng or smaller. 

The study of the pressurc gradieots which occ:ur dilrirlg 
multiphasc flow of nuids in pipes is exceedingly complex 
because of thc large numbcr o! variables iovolved. Fur.her 
difficuhics relate to the possibility Clf numerous flow re· 
gimes of widely varying geometry and mechanism aod 
the instabilities of thc fluid interfaces iovolvcd. Canse· 
qucotly; a •olution to the problem by the approach ' 
nonnall)' used in classical fiuid dynamics bascd oo thc ' 
.formulation aad solution of the Navier-Stokes. cquatioo 
hils oot beco !orthcomiog. This is primarily the .result of 
the nonlincarities involvcd and the difficulty of adeqliately 
describing thc boundary coaditions. As a resuh of thc 
foregoing, most investigators hove chosen semi..ompirical 
or purcly empirical approachcs io an etl'ort to obtaip ·a 
prpctical solution to the prob.lcm. · . 

Much of the previow work in thi• area wu d'one :;o 
short-tube models in the laboratory. A oumher of prob
lcms arise, howcvcr, whcn auempts are madc lo u:uz¡)C\
Iate these laboratory results to oilficld cooditions .vi·herc a 
much longcr rubc is cncountcred .. In those fcw ~~~.dics 
whcre data takcn in long tubos werc utUized, the .data 
covered oDiy a limited raoge of thc. variables, iod is a 
result ioaccuracies are introduced when the ·c<irrelatioos 
are extended outside lhc rangc of the Ori,I!ÍDal data, Also, 
as a coosequence of the limitcd amouot of data available 
for thesc studics, the etl'ects of severa! imponant variables 
wcre ovcrlooked. 

Thc problem of prcdictiog thc prcssure drop wbich 
occurs iD multiphase flow difi"ers from that of sinale·pbue 
flow ·iD tbat another sourcc of prcssure loss io introduc:cd, 
uamcly, thosc pressurc losses · arisiug from. &lippagc be· 
twceo'the phascs. This slippage ls a rcsult of the ditl'eteoce 
bctwcen the iotegrated average !locar vclocities· of tbc two 
phases, wbich io tum is duo to the pbysical properties of 
thc fluids iovolvcd. In contras! to single-phasc fiO"''• the 
prcssure losses iD multiphase llow do not always inérease 

·with a dccrcasc in the size of thc conduit or an incrcasc 
in productioo rate. This is attributed .10 the preseoce of 
thc gas phase which tends lo slip by thc Ji quid phase. with-
out actual! y contrihutiog lo its lift. . . 

J.-bey invesai~ators havc attempted to corrclatc both 
thc slippage losses and thc friction losscs by 'means .of a 
singl~ energy-loss factor analogous to thc ooe used in thc 
siogle·phase fiow problem.•·~•. "·" In an approacb of this 
type,. howcver, many of the importan! variables, such as 
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,. 
tho 

1 

IU'"Iiquld .::ratio,,..ltbe:j::!iQuid \'iteosity aad tbe turfacc 
IC~ioa, ·..., not . adcquatdy ac:c:ounted for. Abo, tbe 

·coiTélatioas''arc ilot goci:~, and a large DUJI!ber <;>f co~
rclations w'!uld be rcqu.irCd to cover the range of¡cocd•· 
tions enco~ctered in oillield practico. ¡· . . 

Other invesligaton ha.ve cliosen lo meosurc lhc hqwrJ 
holdup, i.e:, the fracrionil volumc o! thc cooduit áctually 
occupicd by liquid, by· various means ••. ,.u,w.u This ni· 
Jowcd thcm to comet thc static: gradicnt portian •, of !he' 
lotll! grádicnt for !he cffeciS o! slippage. The remainiag 
Jonci l'fcrc auributcd ro frictidn, aod frictioo facton werc 
calculated. from thc test data. Thesc• frictioo 'factofS wcrc 
tbco corrclatcd wilb various groups; Whcn thcse correla· 
tioas are applied ro dala talccn in a long tube, bowevcr, 

· tbc calculatcd prcssure lo55<S are muc:h greater Iban tbose 
acrually obicrvcd, and. in fact, in maay cases those iooscs 
calculatcd by the corrected static gradicot alone excecd 
tbe observcd total pte55urc lo!SCO. This would iodicate tbat 
thc fr;l.ctional volume of !be tubc actually occupied by 
Jiquid is smaller for tbe loog tubc thao for tbc short tube, 
or that tbe tlow is ClDre cfficient in lhe long tube .. 

The object of tbe preseol study was lo obtaic data 
from I"'IS conductcd in a long tube and utüize lhÓSc data 
10 dcvelop correlatioos whicb would account separately for 
the etrects of slippagc aod frictlon. . . 

The 11nt Jogical approacb would be to peñoim thc 
sam• trpc study on the long tubes as was done in tbc 
ca.se of thc short-tube models, i.e., mcasure tbc· liquid 
boldup in tbc long 1ube .. nd correlato these mcasurcments 
witb lulown How propenies. This would prcscnt a grcat' 
maay experimental probl~ms, act to mection tbc in· 
crea.scd c:x pc:nse in ve~ ved. 

All aheroatc approach to tbc problem would · be to · 
de termine a friction·factor corrclalioo bascd on an analogy 
with siogle-phase ftow. The fliction losscs could tbca be 
leterrnined wing these friction factors, aod the di.ffcreacc 

betweeo thc mea5uied total pressurc losses aod thc friction 
losscs c:ould be auributed ro the static gradient u increascd 
by slippagc betweeo the phascs. Holdup facton could thcn 
be calculatcd from thc test data. lt can be argued a1 tbis 
point that io an approach cif this rypc neitber tbe liquid 
holdup· nor thc frictioo Josses are actually measured. How• · 
ever, il a · rca.sonabl~ friction.factor correlatioa can be 
determioed, a large perceotago of the pressure losscs 
calculated by this frictioo factor will be due to friction. 
Since tbe other majar sourcc of pressurc loss is thc static 
gradieni u incrca.scd by slippage, this loss will be re· 
ftcctcd in tho holdu¡>-factor corrclation. It is truo tbat some 
friction tosscs .might be iocludcd in thc holdup correlation 
and vice vena.' These sbould be smaJI, aod sioce tbese 
facron are experlmentally derennined, thesc Josses will be 
accouated for .. It would be virtually impossiblc to sepantc 
all forms of losses aod develop correlations for cach, but 
an approach .of ibi3 typc will separate thc flictioa losses 
!roro those due to liquid boldup to a Jargc dcgree and wiU 
also accouut for' all.other losses., 

The latter approach is thc one which was adoptcd for 
thc prcsent study. Tbo PWl""C of tbc c~perimental work 
desclibed in thc ile~t section 'l'as 10 obtain tbe oeccssary 
data from long tubes which could then be uscd in the 
dcvelopment qf a more gener,:¡,Jized corrclatioa. 

' . . 

EXPERlME.'ITAL PROCEDURE 

Thc experimental dota were lakcn in a test well located 
Dalias, Tex. The test weU was utilized lo more nearly 

>pproach actual t:eld conditioos. Thc test well also had 
the advnntago over an actual /icld well in that thc llquid 

lt6 

'·¡ 

to b<1•pr0du~ed could be coatrollcd .from the surfoce, tbus 
allowing dilfcrent Jiquids to be tcsted. 

''Test c~·ndirions were valied In an llttcmpt to stur.ly tbe 
<Jiec~l all the controlling ·groups. A complete selic:s of 
tdts W\~ run oo each of three pipe siz ... namely, l·in .. 
1''' -in. ~nd 1 Y.. -in. nominal diame!cr tubiag. Those thrce 
seiS of ·dota along with thc data take11 by Fancher :aad 
Brown' 011 2:in. nominal size tubing mado it possible to 
srudy thc ctrect of the pipe diameter on the pressurc 
gradicnts. 

Four Jiquids of widely varylng viscosity werc tcsted lo · 
· thc 1 V.. -in. tubing, aad two liquids of dilfcrcnt viJ.cosity 
· were tcsled in thc 1 Y, -in. tubing. The etrects of tbe liquid · .· 
. viscosity ·on thc pres.,urc ¡:radieots in tbc 1!4 -in. tubing .;, . j. 
wcro reportcd in oo earlier pnper by thc ~uthon.' Thcoc .. ,. 

. data were used to determine tbc clfect .of Jiquid propertlcs, 
plimarily the liquid viscosiry and the Jiquid density, oa tbo 
pressure gradieots. Thc physical propcrti"' of tbcsc liqui.:S 
are giveá.in Table J. 
. For· .eacb liquid in a given pipe •izc. tbe liquid ra:e 
was varicd, aod for eacb liquid rate the gas-injcction r:otc· 
·w.S :vai'ied over thc complete rango · made possiblc by tbe 1 · 

experimeataJ cquipmenl. Tbese data mado it !""Sible to 
study thc el!'cciS of the flow paramctcn · on thc ·pressu;c 
gradieats. 

The assumptioa was madc that the amount of air which 
went into sol utioa during tbc tests was ne¡;ligiblo. ·Tbis is 
ccrtainly truc in the case .oC water. Tho assumption .is abo 
belicved lo be valid io thc cuc of tbc oils bec•u.se of thc 
low pressures encountered a11d the very short cootact ilme 
cvea at lhe highcst of thcse pressurcs. Thc widcly di.ll'eliag . 
compositions of the air and the oils also leed to decrease · 
thc amouot · of air going iota solution. This assumption · 
implies thai therc was csseotially no clfcct o! pressurc oa' 
the viscosity of thc oils. Jo the applicatioo of tbe correla: 
tions, howcver, thcse solubility elfccts are takeo .iato 
accouat. 

No 'ancmpt was made to study speci.llcaÍiy the etrect.of 
surfacc tcnsioa. The surfocc lension is includcd io severa! 
of the groups, but addilional experiments are aeeded to 
determine if it is sufficiently accountcd for. In most oil· 
field situations, as in thc case of this study, thc surface ·. · . 
tensioa will vary only approximately two-fold, wbcreas .llíe · · 
viscosity of thc liquid in this srudy varicd ovcr a bundrcd·. 
fold. Sincc thc present work: is dircctcd primarily toward 
oü11eld coaditions, lhe surfacc tcnsioo ls aot considcred 
to be ono of thc more importan! variables. Neme! has 
also ladicatcd that in short tubes tbc ctrccts of thc surface 
tension, densiry ratio. and gus· introduction are more Ílll'
portant thaa in loog tu bes. d 

The quaatity of data takcn in ao instaUatioa of this 
typc is cot as great as might be takco in a laboratory 
modcl. Nevertheless, the 47S tests run in thc test weli 
along with 106 tests reportcd by Faacher aad Brown' 
provided 2,90S pressi,U'o points ovcr a widc range of 
conditions; The data !alcen as part of this study havc beca 
reported elsewberc.' 

The surface equipment utilized duling thesc tests ls. 
shown in Fig. l. Thc dowoholc equipment for the tests. 
iovolving thc 1 ~·in. tubing is showa in Fig. 2. Tbe ooly. 
changos for the other tubing sizes were thc Jocations of tho 
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. :'.:dowDhole equipmcat, and tbese locations are given io 

·• Tablc 2. Tbc tcstio¡ proccdurc has been described prev-
' ious1y.'·' 

• 
DEVELOPI>IENT OF CORRELATIONS 

THE GRADIENT EQUATION 
. • Thc development of thc ".gradicnt equatioo uscd in thc 
evaluotloa of thc dat:l takcn llS pan of tbc presea! study 

, is givcn in tbe Appcndix. Thc fonn of the equation uscd 
in the calculation is: · 

.. Ap - Jq/ M' ~ - A ( ~;: ) 

., ~<14 Ah = P• + "2"".9~6"5.,¡2¡-'X:;--;1;->0;r.";;D;;,¡r:¡;=:-. p. Ah ' 
• • ( 1 ) 

where 

;;. m ;. H. + ;, o - H.¡ . (2) 

TI1e gradieol equotioo docs DO! oeglect thc cootributÍOO 
of tbe acceleratioo gradienl lo the total prcssure gradieol. 
Lubiaski has citcd a practiCa! cxample in a discussioo of 
Poettmaon aod Carpenlcr's paper for which tbc loss of 
pressurc duc lO a cbaogc in kioctic eoergy was apprcci· 
able aod could aol be neglccted." Calculations madc dur
ing thc course cif tlús work indicate tbat uodcr conditions 
of higb mass flow ratos aod low tubing prcssurcs, thc prcs
surc losses a.s a rcsull of thc accelcration giadicnt may con
stitute as mucb as 10 pcr ccnt of thc .total pressurc drop 
ncar the top of tbc wcll, Uader these conditions, the chango 
in kinetic encrgy should not be neglected. 

Eqs. 1 aod 2 contaia two factors whicb musl be de
.. termiocd...:..U.e friction factor 1 and thc holdup factor H •• 
' " To determine tbese fac:ton, it is ncccssary to fix tbe valuc 

of onc by •omc mcaos, aod tbcn calculaie thc valuc for 
the other by usiog ·Eqs. 1 and 2 and experimental data. 
Tbe 3pproacb takco by previow i.avestigators has beeo to 
mensure the liquid boldup in tbe Jaboralory aad correlato 
il witb lulown fluid, pipe and tlow propertics. The frictioo 

PRODUCTIDI ... . 
VAL VE 

SURFlC[ TUBI"G PRESSURE •O' , s¿ 
INJ[CTID" GlS -==' 
INJECTION LIQUID ~ = 
l \f ... TUBI"G 
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factors could tbeo be Calculated from the experimciltal 
data. Thcse values of tbe holdup, however, appcar lo be 
too bigh wben appliec! to the long tubos encouotercd in 
oilfiCld practico, panicularly for small valucs of the Jiquid 
holdup . 

Thc approacb used in thls· study was to develop a 
means for detennioing the frictioo factor and lhcn use 
this frictioo facLor aod Eqs. 1 a¡¡d 2 to calculate valucs 

. of tbe boldup factor from thc experimental data. Tbc 
development of the friction-faclor corrclation aod . lhc 
holdup-factor correlation 'will be prcscntcd in tbat order. 
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F'Rio:TIO:'I·F',\CTOR CORRE LA TI!) N 
Tt.c friction·f.lclor currel¡¡tiuR usc:d in this work is the 

jlilnüard one f:n single-phase ftow in pipes in whii:h the 
friotion factor 1 iigiven by 

1 .. 2110 ~w, Cll · v~ .cl.h · 

Thi; friction l:u:tor is commonly plotted :u a lunclion 
-al the Reynolds oumber N •• with the rclativc roughncs.s, 
r/D. :u ~ par:uncter. lt should be notod lhat thc friclion 
l>ctor /uscd hcrein is given by thc Oorcy-Weisbach equo· 
tioil :utd differs from the lriclion factor /' in thc Fanning 
cqu>tion by a factor of four, i.e., 1 = 4/'. 

Sioce the assumption was m>dc that ovcr a Hnite intcr· 
val, thc mixture of liquid and gas can be trc>lcd as a 
homogeneous mixture. the Rcynolds number for 1he mix· 
1ure c3n be writt~n as 

(4) 

whtre 

c. q, +e, q. 
"'· = . A, (S) 

= ·"" + "'·•· 
P• = p,H,+p,(I-H,.) (6) 

and C~ C, and c. are thc necc=ssary conversion constJ.nts 
for dimensional consistency. · 

The problc:m then arises as how best to n:present the 
1Íscosity of tho gas-liqtúd mixtur'e, ¡..&,.. The simplest as· 

sumplion would be that thc viscosities of the two com· 
ponents should be additivc:· 

l'• = :Xp., + (1-.r)p.., (7) 

wh~re l'• :1nd p., are the viscosilies of the components. x 
hóU becn expresscd as a volume fraction, weight fraction. 
nd molar rroction with no opporcnt justiRcation ror any 
f these. This would assume an ide3l mixture, and no 

ideal mixtures llave bcen found which will follow this law 
no malter whic;:h Way the concentration ls expressed.. 

ft has been noted that in real mixtures, thc visc:osity
_.:mcenrration curve is convcx toward lhe concentration 
axis. This "behavior was. noted abo by Urcn in his work 
·n lhc absohite viscosity of a gas-liquid mixture.• As the 

u-liqOid ratio is increased, tha viscosity of the mixture 
. -pidly decre:ues . from the viscosity of thc liquid and 
upproac!les the viscosity of tho gas al very high gas-liquid 
.... .rios. A similar typc of'"curve is observed when the VÍS• 

•siry of on oil is plolled :ts a runction of lhe gas iñ 
. J!ution. 

lt woul<l thits secm that to represen! the viscoairy of a 
.s-liquid mixture, an cquation is necessary which will 
oduce this ••sag" in thc viscosity-concc:ntr:a.tion curve. A 

.... lationship which. exhibits this charactcristic behavior is 
an empirical cquation propase<! by Arrhoniw' which op-
- · ars :1S rolloWs: . · ·1'1' 

(8) .,. 
".'' 

·.~¡/:.' ,' -~ .. ; 
. .... . ,, 

whc:r-= lhc logarilhms or rhe \'Ísccsilies of the comp:lnenu 
are assumed to be adUirivc. A cor:nparison of this equatioa 
with thc line.:~r equ;Uion for the same componen& visco,¡ .. 
ties is shown in Fi:. J. The sh:¡pc: · of the curve for Eq. 
8 is similar to that for the curve dch:rminr:d Oy Urcn. 
Eq. 8 was used 10 represen! the viscosity ol the mixture 
wiah 1!• = ~'·' ,L, = p. •• añd .x = H\.. In most situat¡ons en· 
countered in oilfield practicc, A deviation br:twcen the 
actual viscosity of 1he -mixture and the viscosity ¡iven by 
Eq. 8 · will not aflect the fricti.,n-lactor detormination a 
greot <leal, sincc lhe Reynolds numbers nre in the turbu
l.:nt rcgion of the friction-factor curve. Only in che case 
of high liquid viscosities and low liquid rotes and ¡ ... 
liqui<l rntios would thc fricti~n·f actor <lclermination be 
offocted by any devotion b.rween the act~ai and c>lculote<S .. ' 
visc:ositics of lhc mixture. Even herc thc devi31iori is sm:~oll· 
ror most pr::u::1iCal situalions. Any dcviation, howeYCr; -will · 
be includcd in lhe cakulated h~;tdup fac11>r. -,-. .. ; 

Combining Eqs. 4, S, 6 Md 8, thc Rcynolds number 
for thc two-phasc mixture bccomcs · 

. . .. - .. ' ··~-·· .... ~·.,...., .... __ 
N·t"'1*'-"'· ' ~~jE;~];'ii~~"?fj:qJf_-
~~~!~i4?;¡!~~~;;:!_~a. ... ~it!;.c.:.a.:~~ifJ:':!:~~-J 
-""'~.;o:-· .. . (9) 

lf 1he limit is t>kcn of 1hc Rcynolds number for thc mix· 
turcas H,-+0, q,-+0 and H, .... l. q.-+0. it reduces 
to the Reyoolds number for singlc·phase ga.s or sinsle· 
pha.se liquid ftow, respectively, 

lim(N •• ), = lim .c.o··• {p,H, + p,(I-H.JJ 
}/ol. "p., .. 

HL .. 0 
fll. ... o 

and 

(C,q. + C.q,) 

= _::C:..::,D:.Jp:.:., <:..::C:.::;,q,) 
p., A, 

=e, v. p.D 
J'-o 

A, . • o o 

= (N •• ),, 

1 C,D [p H ( im(N.,)., = lim--.,.,.,.:.......-,.nu-,-:- , , + p, 1 -H.)) 

,, ... 1 
,,, -o 

1'• p.. 

111. - 1 
t~•- o 

(C,q. + C.q,) 
A, 

= C, _••::.P.:.•D_ = (N._) •• 
1'• 

(JO) 

( 11) 

For lhe quanlities and units wed in the prcsent study, 
the Reynolds number !or the two-phase mixture becomcs 

(N •• )r, = 2.2 X 10"; D '!'·M •·• • , • • ( 12) 
p. .. "p.. .. 

Thc friction-ractor correlation•' used to determine 1 
appcors in Fig. 4. The relativo roughness is also accounted 
for in this correlalion, although the· etfccl or the relativo 
roughness appcars to be vcry small in two-phosc now. • 

HOLOUP-FACTOR CORRELATION 
To determine ihe cffect ol including thc slippage Josses 

in· thc friCtion factor, thc friction hctors lor each pressure 
increment were calcuiOJted Crom thc aesl data assumins no 
slippage bctwecn the phases. Thc value of "pscudu" hold-
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·" ut/ (neto~ ir ... cin be ~1cu!ated directly under thi1 con· 
di!ion. These friction factor~ w~re then. plottcd; vs the 
two-phase · Reynolds number. The results lor water in 
the.l\4-in. tubin¡~e shown ip Fig. 5. ! 

SeVcral inrc:resling observations can be moade oñ a plot 
of this type. First. al high .values ol the Reynolds num
ber, or nt high mass flow rates, the points opproach the 
curve for single-phase flow through a pipe of the same 
dia'!"t¡ler. Al thesc high mass flow rotes, most ol the ener- . 
gy losses are the resu!t or friction lllld could· be correlatcd 
with the Reynolds numbcr.tSi:¡;ónd;- af Che low"er 'iiiass! 

tll.C?W !!'."' ·whcno · slij>pág~_::!>."tweeñ>iflé-¡ih:ÜCS .. becomes' 
(signiflcarii;-'the ~ints·.bcgi~r.'!.d~iat~ from the curve for 
¿ single-phase . fl~w. TI!• . devaauon oí the points from the "· 

jo_lid .• c,~e-~-~'!_~attributcd ~ .thc .increased liquid··;. 
noldup as a consequcnee of slippage. Thc volues of the 
Jloidup factor H, nccc"is-áry ID make the friction factors 
determined lrom Fig. 4 and those calculatcd from Eq. 1 
identical were thea calculated from the experimental data. 

lt can be argue4 al 1his point that H • might not re p. 
rescnt the actual fraction of the pipe occupied by Jiquid. 
Thís may be IÍ1Ic, and thc only way to rcsolve thís point 
would be to mcasure thc liqtJid holdup in place. To do so'· 
would be quile expCnsive and was t!Jereforc 'not 'atrcmpl .. · 
ed. Jt is recognizedp howcvcr, by most investigators in 
this orea lhat the prcssurc losses io two-phase flow are the 
resull of two primary ~auses-friction and liquid' holdup. 
ConsequcnUy, ii the friction factors ;u dclermincd from 
Fig. 4 are a rea.sonable.approximation of lhe friction lo~ses 

a I.Or---------~----~----~ 
=l.. --~L'-0.:.~0 ___ .:.~.:. ___ _ -· :;t (1) JI.• • •.l'a + ( 1-a ))l.z 
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theri a Jarge pcrcentage ol the rcmainin¡ losscs are due 
10 the íncrcasc:d 5latic gradicnt because of slippasc. and 
ehou~: be correlativo througb the use of a boldup factor. 

Th~,¡.kloldup factors calculated from th~ test data were 
then·corrclated with lnowo flow, pipe and !luid propenies. 
lt can be shown by dimensional analysis" that the liquid 
holdup is related princípally to four dimensionless para
mcters: 

• --- liquid vcloclty number h 
NLa· = v.,:Vp . ./gtt 

·-Nu·· = v.mV p~./IIU 
¡as vclocity numbcr 

pipe diameler number 

• --- liquid viscosity numbcr 
:N,= P.•VII/p.u' 

( 13) '' 

For· Che units given in thc nomencJa:ure, thcs.e aroups 
become 

The holdup factor shoutii' Uien be correlativo with these 
four dimensionlcss ¡roups • 

The fint step was lo find a correlalioo for water in tbe 
1!4 ·in. IUbing. This was done lO determine the effecl of · 
the llow parameters N,. and N,... After many attempts, 
it was determíncd that the function N,./Nor' wouJd·. best 
correlato the holdup factor. Tbe best value of a was lhen 
determined ond found lo be O.S7S. 

It was notcd that the pressure leve) was still hnvin¡ 
sorne effect on the scatter of data points so a new dimen
sionless parameter p¡p. was iotroduced and thc corrclat- · 
ing func1ion assumed the form ' 

(N.r/Nor"") (pjp,)'. 

· The best valuc of P was then determined a~d ·fQund to 
be O. 1. ',.The resulting correlatioo for 114 -in. lubing is 
shown in Fig. 6. . . 

This group would not. howcver, con-clatc Che ·data !or 
the 3S-<:p and 110-cp oil in the 1 V•-in. tubing and for 
the water in the l~in. ,tubiog. The increased scatter noted 
in these coses nppeared lo be dependen! on ihe Ji quid . 
viscosity. rhe in·place gas vclocity, and thc pipe diamcler. .·· 
The obscrvations indicate thoat a change in the flow pat .. 
lern in thc pipe might be thl! cause of lhe dcviations. 

.•. 
~~~~Hf~·~·~''Hf"~··~T7'7'~"~·~~~~·~~~~. 

... -_,. 
··- · Figs. 7 and 8 were tlien prepared for the 3S-<:p and 

the_ J '.~P oils, respccaively. The dota in Fig. 7 reprcsent . 
a loquod rate of 60 B/0, aod the dota in Fig. 8 are for •; 
a liquid r~te of S4 B/D. Similar plots were prepored for 
other .l1qUJd ntes, but only the ¡:as vclocity in place :nnd 

101 ....................... y ' ......... ·~·-· 

h'O•""'UC '1:"01.01 ""wiC'• , ...... • J'i o •o·•~-......:::::::: == ., ..... ,.. .. , 
not rhc liquid r:ucs seemed to be affecting the sc:a.uer of 
lhe poinls. 1t is .ílpparcnt in these figures lha.t thc:·curves' 
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Thc secood:uy com:ction !actors tf¡ necessary to ac
couat for these deviatians werc calculaled aod carrelaled 
''"'th tho group 

N,~N,·•¡Nau• 

3S shown in Fig. 9, Tho curve is consisten! with the ab-
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n w 1c t s secandarr com:ction foclor is ba>ed.. 
The uso af this seéandary correction lactar where con

ditians malte it necessary resulta in a revena! af the cur
vature in the calculated pressure-depth trover>eS near the 
tap af tha well. This revena! actual!y appem in me,.ured 
travenes,'·" :u>d tha carrectian factor {¡ makes it pos
sibla la predict this reversal with a hlgh dosrea of ac-
curacy. . · 

: .¿: .c.!!~t;s :rot"Wif~'lli!I:J~nror~1f?=o-:wéie lli.m.· 
· . .:.~;P~flí~ñ in· Fig.·:,\0 •lll c!etemunliJhu:tf~ or 
. ;i>•Pc"":'a1ameLer. f!!>o ;..•.':'rv~.J'!'!!JI;~~~~tllilly"rrdllel a~d , 
!'·11..1' ~·':}~d~'!lr .!11~ .. '¡>1¡><: ,_dl"l!.'.".!~ '1l!._llll;>!ri.:~.u.:..'.n tb~ dé:." 
. ó-noinuiator af · the carrer.,tmg.:funcn'?n.:-<bc ·curves were 
· 'Thifiéd ib'é r;eoe..:;.ry 'airióurit ta inakc thi:ni'caincidcok¡.,.. 

Th e curves far the faur liq uids testod lo the n~ ·in. 
tubing were then plotted as ;bown in Fig. 11 in an clfan 
10 -determine tho etfect af the fiuid proP"nies, primarily 
thc liquid viscasity liDd liquid deosity. lt was ~ppareot 
that no simple· !unction of thc viscoshy numbcu- would 
malee tbe carreloting funcliao independent af thc viscasity 
nUn.ber. Tho curves in Fig. 11 are essentiaUy pacal!el, so 
by_ multiplyiag each curve by • constan! it is po .. ible ta 
make them coincident. The constaot, boy,.·ever, is a {une· 
tion o( thD viscOsity numbcr. Thercforc, tbe ;crm CN, 
was included in the corrolatiag fuoction. The curve for 
water was arbiLrarily choseo :lS thc base curve, and e 
was defioed lO be 1 for water. The values af e nec=ary 
ta sbift eacb af tbe curves far the ails until they were 

. coinciden! with the curve for woter were then calculatod. 
Thc term eN. was then plotted as a function of N. as 
shown in Fig. 12. This curve indicates that for low valycs. 
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This b:u beco noted previouslv by others.'·d 
''ne final holdu!)-!aclor corrcl;Uion js pr..,enled in: Fis; 
13 Severo.! impononl !alures o! the holdup-laclor cor· 

• rel~lion should ·be noted. Firsl, i! ti¡ e gas r.ne approaches 
zero the value of the corrclating function bccomes ver)" 
¡.,.8~. and lhe value of lhe holdup factor approaches one.
Simila.rly, as 1he liquid rale approaches zero, lhe · value 
of :1M cornlaling funclion beco mes very small,_ and lhe' 
boldup• factor approaches iero. Therefore, as was prev• 
iously shown, lhe two-phase Reynolds number becomes 
thc Raynolds numbcr !or a single phasc, and · the gradienl 
equnlion reduces 10 lhc gradicnl cqualion describing single· 
phase préssurc gradienl5 as cither lhe liquid or lhe gas 
ftow ralo becomes zero. Thc boldup-fnclor correlation is 
lhus consisten! wilh thc nrgumeniS presenled during lhe 
developmenl of lhe ·gradienl equalion and lhe friction· 
faclor corrclarion. 

CALCULATIONAL PROCEDURE 

To construi:t a pressure-deptb traverse for ~ specific 
act of flow conditions, it is occcssary to s.Oive lhc finite· 
ditrcrcnce form of 'thc gradient equation given by Eq. 1. 
The righl side of Ibis equation is a lunetion o( bolh lbc 
prcssure and the lÓogth o( 1hc increment of lbc tube over 
which the incremental pr~surc drop ~P occurs.' lf it can 
be delermined lhat the pressurc drop due lo a chaage 
io kinetic cnergy is oeg1igiblc, thc last tcrm cao be Deg· 
lected and lhe solution is simplified lo a siogle triaJ.and· 
error; otllerwise. it is a doublc triaJ .. aod-error so1ulion. 
Tbc melhod of solution presenled herc is for 'lbe form 
of the gradienl equation as il appears in Eq. l. 'The slep
by·slep procedure is as follows: 

1. Oetermioe a suirablc temperature-dcpth traversc. A 

2.0 

1.8 

1.6 
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l4 
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simplified approacb assumcs a atrai¡ht·line relatioDSbip . 
A more accuralc melbod iavolvcs lbe calculatioa of tbc 
1cmpera1urc distribution ia lbe wellborc usias .l.be melhod 
proposed by Ramcy. • 

2. Besinning wilb a k.aowa pressure and clevatlon,· .... 
sume a valuc for ~p and a valuc for M. ' 

3. Calculalc thc average pressure and lcmpcralllra for 
lhe assumcd iocrcmcnt, aod determine p, al thesc condi
tions. Also,. calculatc lbe velocily of tbc mixture at bolh 
cnds oc' lbo lncremcnt wing tbc prcssures al lb054t;~ 
points and tbc ratio of tbc llow ratos as mcasured.at !he' 
oul·flow ·end of lhe tu be. · · 

4. Calcula~e a val~- fo!.._N., ao~ determine a:v".!~• f04l 
CN. from F1g. ll.flo lbc caleulatton of·N,. tbc viSCoslif,'. 

•of lbc g.S:.Írcc c;¡¡: ái tbe"avi:ragci_JilmPeriliW'e :ror !he U.: 
c~~m~nl must bc-·corti:i:tid. for lhc cffoict' of iolutloíi s.:s:"' 
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'i .f thes~wdátu are not a~ailable for the specific oil, cor-
rel:~tioni·-sucb as lhe ono developed by Chcw uil Con

" "l:~lly" i::~n be used. 
·· s. Calcul:~te the value of thc correlating function, ond 
-Jeter:mine thc valuc of the holdup-factorN ffom Fig. 

13. Whcn caJculaling :he superficial liquid and gas veloci
ies. thc effect'.of solucion gas mu.5t be 01c:countcd (or;:."'t1i'é""" 

·, ~1\!4~\fJ;l.¡il~jñullfpt_i_<d ~~Y.,·~~ Io,rm~!Pii:~ll''n~·· 
'...-~octo>r le!,.!!• !i_qu.!di iiM_ :tJ>o'S:ü:h~uld ~·!o.:i!:decre3Sed_ 
~tb1r"5:ñioüifi:-ot:·go;s: ln"'sor.uU9n .. 1!1. tlie overage pressure' 

!- •-oL._thé:"Ioéi'é·me~t:'This'".iiust be done sioce onJy free gas 
hould be considcred 10 calcuiaun the su ñic1 " 

1 
... ve ocny. e corre ating funcuon can e e.xpressed in 6cld .

2 
unUs :ts tonows; 

(N,.JN,,.,-.. )(pfp,)·'(CN,¡N.l =;-0.00326 X , 

q,"' re+ ~OR) B.+( 1 :~~R) s.] p«'u~CN, 
D'"'(T2)"'p•*[GLR -R.( l + ~oR)] "' 

(IS) 

6. C:~lculate a valuo for N.,-N.-•¡N.•". Obtain a 
•aluc for o(1 from Fig. 9 and multiply tbe value for lhc 
toldup-f:u:torN obtained in Step S by o(1 lo ob1ain the 

value for tho ltoldup factor. 
7. Using lhe holdup factor from Step 6. calculale a 

•alue for the two-phasc Reynolds number and the reta
: ... ive roughne.s ratio r/D and obtain a value for the fric-

tion factor 1 from Fig. 4. 
8. Calcul>te M and ¡; •. 
9. Calculate !l.pf.lh from Eq. l. 
1 O. Calculate ::.h by dividing the assumed :;.p by the 

value of !lp/ilh from Step 9. lf the calculaled !l.h is not 
he same as lhe originally assumed !l.h, assume a new 
talue and repeat Steps 3 lhrough 10 until lhe two values 
of ::J.h agree with the required accuracy. 

The pressure p + Ap occurs at deplh h + !lh. A new 
lp is then assumed, and fhe procedure is repeated. A pres
;urc-deplh trave= can then be ploUed for the particular 

_ftow conditions, and lhe pressure at any deplh is deter· 
mined from the curve. These procedures were used to 
Jblain lhe results which are discussed in lhe nexl section. 

RESULTS 

To oblain a measu.no of lhe accuracy of lho correla· 
tions developed in the preceding secrions, a statistical 
analysis was perforrned on tho results of tbo calculations 
utilizing thc dala obtained as part of the prcscnl study 
as well· as lhoso data reponed· by Fancher and Brown. 
The larter wcrc inc1uded . becausc tho data rcpresented 
higher tubing .pre-ssures .. ~~d greater gas .. ti quid ratios thaa 
.verc obtainabte in thc tesfWell. 

All the pressure traverses measured by Baxendell' in 
211>-in. and 3~-in. nominal size lubing, excepl those 

. which appeared lo be heading, were also included in the 
'nalysis. These. data included productioo ralos as high as 
S,082 B/0 with a gas-liquid ratio ol 723 scf/bbi •. Baxen· 
dell has also re<:orded bonom-hole pressuies for 29 field 
wells wilh dep1hs lo 10,774 ft and tubing pressurcs 10 
1,000 psia. Thcse dota were included in lho analysis 10 
;ce if lhe corrclatlons could predict 'the resutts· for con
d¡cion:: so far removed from the test conditions from 

••• 

which they were dcveloped. The resulls lndic:tte the cor
relations can be extrapol•led lo thesc cooditions with a 
high degree of :>ccur•cy. 

Gailhcr, el. ol reporied pres~ure measurcmenrJ al lhe 
ends of l,OOO.Ct vertié:•l sections of !~in. and H-'. -in. 
nominal sizc tubing ovcr a widc ra.nge of ftow candi
li!.lns rur a:Ol$ and water.• The bottom-hole. pressurcs wcre 
•lso colculated for the reported conditions using thc cor• 
relatio~ developed in this papcr and compored with lhe 
mcasured bottom-hole preullrcs. · 

.. ·-··:,6> 
. ~twli~_of __ ~c:~¡¡t:cs:.-tiR-lléplh:l.'"tfrive~. 
ln~ol\res--~n·ttcrallon ·ptpceu,. an}' crrqr m:lde lfLql)~ ~.n:.· 

Lfr.e~~p(Ji.'~:JJJi!=.f~~~r tO ::i~J ~ ~·.J~~~iit_a :•.~I~enrs. ~ 
iffÚJXImunt crrpr. should ~cur, 10 most ~. at :he dec~ . 
est CiilcuJated point in _lhc well for thc · pir:icclor t:ot. · All' , 1 
~ ·- .. - . . . 
va1ues, thérefore, should be mu.~ma. A negatiVo per cenl 
error indicates the c::úculated value is too low. 

The ·alacbr:::ic aver:1gc per ccnt error, "r i,ias; U weJI 
aS rhe standard deVialion frorn lhe algeor.U•; avr:rn;e ¡:er 
cenl error were calculaled for each ""' of dala as well 

_ as for lhe combincd data. The resuhs r.re shown in Table 
3. ' 

For the data presented by Gaither, •t al. lhe calculated 
values are lower than the measured experimentai values. 
The maximum deviations occurred In the l:in. tuhinw ot 
very high total fluid productioo r:11es. The devintions also 
incre3Sed wilh decreasing tubing pressure. The possibilily 
exists, however, that the measured bottom-hole pressures 
are loo high as a consequence of end effects at the point 
of measuremenL 

CONCLUSIONS 

As a result of lhe presenl work, lhe following con
clusioos have been reached: 

l. Fricrion faclors for two-phase flow can be determin
ed from a conventional friclion-factor diagram by delln· 
ing a Reynolds oumber lor two-pltase Oow, provided 
a suitable definition of the holdup factor is made. 

2. U lS not necessary lo separale two-phase flow into 
the various flow pattems and develop correlalions for each. 
The generalized corrclations developed in lhis woric in 
which no anempt was made lo determine the ftow pallems 
provide sufficienl accuracy for eogicecrin~ p~ses. -

3. In many instances, lhe pressure loss due to a chango 
in lhe kinetic energy can accounl for ao appreciable per
centage of lhe total pressure losses, particularly near lbe 
top of rhe welt when low tubiog pressures are encountered. 1 

Under these conditions, thc changc ÍD kinctic energy 
sbould be taken inlo considcration. 

4. The corrclalions developed as part of _Ibis woric 

TAllE )-STATISTICAL AHALl'SIS Or U.SUI.TS 

,. .. .......... 
DloM•Iw ,. c-t St11111dotd 

Sauru _!!::L. \lqvld ....!=-. ~ 
Havtodon~ 1 w ... '-"' • .5.516 
Hogldorn IIJ• Wot ... - 2.l7J t.2JI 
H~:~gtodotll IVo 10 Cp 011 0.104 5.011 
Hagtodom IY• 35 IP 011 0.767 4 • .591 
Ho:~t.dom PI• IIOcpOU 0.261 .&;111 
He~tMiot• !lh Wotet · -2.l1f s.u .. 
Hat.dot• llj, 30 CP OU '-"'' 5.564 
Coitllel', ot oJ. l 

'"' Wot ... -5.712 7.531 fa.,,,., & ·• 95V• Wot• ....... .5'%011 . O.JJI 3.697 
.louftd~l 2''• J.a• AM 011 ltur dolo) l'/, 1.727 .. ,.. 
lcu.,.d.JI 2'1• 

lhld dotal 3111 011 -1.372 1.101 
CCII"'bil•.-d Doto All All -1.101 '·"" abo•• abo•• 
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<- :li~th=at ter be qyitC;gcoc:ra:l nnd can be applicd ovcr a ·much 
•'h.Jcr rangc or conditions 1han most correlations presentcd 

.p:eviously. · The correlalions involve only dimensionl~s 
rroups. and art consisteot with lhe requiremcnt that the 
&radien! equation l'or nvo-p~ase ftow reduce lo the grad
i:nl eqUDtioo for single-phase ftow when eilher the flow 
nte of the gas or the liquid is allowed to approach. zero. 

-. NOMENCLATURE 

A, ..; cross-sectional aren of tubing, sq ft 
8 = formation-volumc factor, bbl/bbl 
e = cocfficien! for liquid viscosily number, -
D = pipe diameler, fr 
f = Darcy-Weisbach friction factor,- .,... 
g "' acccleratlon of graviry, ft/sec' 

g. = conversion constan! equalto 32.1741b.rt/lb,sec' 
GLR "' gas-liquid ratio, scf/bbl 

h "' depth, ft · 
H • = liquid-holdup fac!or, -
M = rotal mass of oil, water and gas associaled with 

1 .bbl ·of liquid fiowing inlo and out or; lhe ftow 
s!rlng, lb./bbl · · 

N.= pipe diametcr number, -
ftt'u,· = gu veJocity number, -
N, ~ Ji quid viscosiry number. -
N,.,~ liquid vetocit)' numbcr, 
N •• = Reynolds number, -

p = prcssure, psia 
-¡; = average pressure for increment, psia 
q, = gas produc!ion rale, scf/day 
·q. = total liquid produc!ion rale, B/0 
R. = solution gas-oil rario, scf/bbl 
T = temperature, •R 
T = average temperature Cor increment, •R 
y·= velocity, fl/s~c 
V == average vc,ocity at flowing conditions, ftjsec 
V = specific V!'lume of fluid at ftowiog conditions, 

cu lt/lb. 
. V = average specific volume at flowing conditions, cu 

0/lb. 
V. = vol u me of pipe element, e u ft 
W, = externa! work done by the ftowing Huid, ib,ft/lb1 
W, .= irreversible energy losses, •b,ft/lb, 

WOR = water-oil ratio, bbl/bbl 
Z = compressibiliry factor for gas;-

SUBSCRJPTS .. 

~ = átm~spheric 
b =baso 
g =gas 
L "' liquii!· 
m= riüxturC·· 
o== oH 

SG = superficial gas 
SL = superficial liquid 
TP = tWo-phue 

w = w:ucr 

C REEK SY11BOI.S 

a == arbirr:1ry constant. 
p = arbirrary coru1:1n1. 
y = specific gr:~.vity, -
~ = ditrerencc, -
t == :lbsolute roughneu. r. 
p. = viscosity, cp 
p = deosity, lb./cu ·ft 

APAILo 1961 

' ' 

¡ . 
,, 

. ···1 ', 

p = inlegrotetl averago- densi!y al ftowing condilións; 
lb./cu ft 

a = •urface tension of liquid-air interface, dynes/cm 
.; = secondary eornction facror, - · · 
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APPENDIX 

ORADIENT EQUATION 

Tbe basic · ftow equatioa in symbolic differeatial 
1ucd on 1 lb of tho ftowing ftuid iJ 

fonn 

144.!!_ 'fildp + dll + ~+ dW, + dW, m O. 
g g 

(A·I) 

. , .l11is equation assumes only steady ftow aad caa .Jic made 
the basis of any ftuid-ftow relationship. 
· la this study, the mixturo of gas and liquid iJ t.reated · 
IS a homogeaeous mixrure of cornbined properties. As-

¡ · .WDiDg no extemal worlt iJ done by the Huid between 
Poiau 1 and 2 of thc ftow string, the symbolic equation 
'1cc.omes 

1~ Vdp + dll + ~ + dW, "' O, (A-2) 
g 8 

waero • iJ bued oa tho ratio of ftuids entering or leaving 
¡ he system. By delicias· a two-phase !rictiaa factor similar 
• __ ~ the one used in siagle-phase ftow, the two-phase fric

rion bclQr is given by 

21/D dW, 
J = v.• -;¡¡¡· . . (A-3) 

·-Subsiirutiag Eq. A-3 iato Eq. A-2, tho basic ftow equa- · 
.tioa,~or the mixture ·becomes 

144..!!_ V.dp + dh + v,dv. + ¡';.'dh 
g g 2gD 

=O, 

(A-4) 
1here V. is ao average ve1ocity of thc mixture wbose 
xistence is guaranteed by the theorem of the mean for 

..,tegrals on the pressure rango from p, to p,. Eq. A-4 
can now be integrate~ from Point 1 to Point 2 to gel 

g.¡. l44g V.dp + (11, - h,) . (v. 1
1

- v. 1
1

) 

T 2g 

,;_.(h, - 11,) 
+ ::::::1 o. 

2gD (A·5) 

Since V~ is .. aa· approximately linear !unction of pres
ure over fairly Jarge increments of pressure, the average 
>legrated specl!ic volwne of tbe mixture, i7. between 

pressure lim.its p, and p, can be approximated by 

·~ .. jv.dp 

17 = "'"''-,;--- . . . . . 
.• j'dp .,; 

P• 

Alter substitution, Eq. A·5 bccomes 

144 1'17.t>.p .j. Ah+ !l.("·').¡. 
. G . ~ . 

'"·'Ah 
2gD 

Tbo average . in!egra!ed velocity betwecn Poiau 
. ;. can be calculaied from - -v. = "•t. + "•a .... , ,1• 

(A-6) 

o. 
(A-7) 

1 aod 

(A-8) 

.. 
and the velocity of the mi•ture. •· at a point is given by 

"· = "•a. + ....... . . . . • • • • . • CA-9) 

Tbe following relationship for the average integrated 
dcnsiry of the mixture be!ween Points 1 o.nd l is ¡;ven 
by the definitÍon of the density of thc· mixture 

- 1 . p.=~ . v. • • • • (A-10) ..· 
By employiag tbis substitutioa. Eq. A-7 tecomes 

/( .).p h ( •·') . ,;.·~ o. 144--=- + .l + .1 - + --,--0 = . 
g P• 2g . .;.e 

. . . . . . . . . . (A·I!l 
Eq. A-11 may bo solved for thc pressurc gradieal, 144 
Ap/.lh, aad expressed ia terms of qu>ntitics JllllÍilally 
measured in the field as · 

(··;._.) 
.>-· 

.J.p - fq.'M' - 21 
144~ =p. + 2.9652 X lO"D'p. +p.----;~,.,.:-~. 

. . . . ·• (A-12) 

where g is assumed numerically equal lo g, aad Ap = 
p, - p,. The total mass associated with e:>eh ba=l of 
produced Jiquid is givea by 

M=(;+~OR) 
X (y,)(5.61 X 62.4) + (0.0764)(y,)(OLR) 

+e :~~R) (y.)(S.61 X 62.4). , (A-13) 

Since the average density io·placc cannot be calculated 
directly in view of the slippago which occurs be""""n 
the pbases, it is cccessary to introduce the concept of 1a 
holdup factor. The holdup factor iJ theoretically the frac· 
tional volume of the conduit actually occupied by the 
llquid ¡ihase. The average density of the mixture in aa 
elemeat of the pipe is thcn d<scribed by 

or 

( 
p T, 1 ) 

y.p.H.V, + y,p,., "'f z Jl,(l - H.J 
- -------~P~·~~~---P• = JI, . 

-;. = ¡;..n. + ;;;c 1 - n,¡. . . . . . . <A-14) 

Eq. A-14 can bo substiruted into Eq. A-11 lo givc 

144~ = .!.[¡.n, + P,(l -H.)] 
~n e~ {

1 + f(';,. + -;;,.)' 
lgD · 

.1[(• .. + ••• )']} . 
+ lg M .. • • • • • (A-15) 

Taking the limitas H,. ..... t, 'iiu-.0, and v.o-+0, l.e., u lhe 
gas rate becomes zero, Eq. A-IS reduces 10 

144 
~P _ g- + ¡p;;,,• +- !>.(;;:) . (A-16). 
---p, -- P• . . Ah g, lg,D · Ah 

since the supertlcial velociry is tho real velocity wben 
oaly oae phasc is presea!. 

Eq. A-16 may be recognized as thc equatioa descn"blns 
the pressure gradieats occurriag in siagle-ph3.Se liquid flow. 
Similarly, ii thc limit of Eq. A-16 is takea as H,-+0, 
'Vu-+0, and vu-.0, i.e., as the liquid rate bccomes zero, 
the result is the equatioa describing the pressuro gradients. 
which occur in thc single·phase gas ftow. ***. 
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Wellbore Heat Transmission 

H. l. IIAM!f, 11. 
MfMIU AIMl 

ABSTRACT 

A 1 {lufd• mo•e throuch 11 wtl/bort, thtrt is uons/tr o/ 
lti111 between fluids 11M 111'. earth due lo tht diO.,<nce 
bttwetn fluid and f<Dtloemwl ttmptraturts, T11u l)'pe o/ 
he111 transmi.nion ls ifiYolud in drilling aM in, al/ pro
tlucing operatioru. In ct:rtain castt, quantitalivt knoK"ledgt 
o/ wdlbore heat lratUmission U :very lmporlant. · 

This paper presenu an appro~imate solution 1~ the ~·dl-
6orl heal·trarasmisiion problem involved in injection o/ 
hot or cold fluids. The soluaon permits eslimaiiun oj thc 
l~mptraturc of1 fluldr, tubing and casing 41 a function o/ 
dtpth 11M lime. Tllt resu/t is txprtssed In' simple 11/gebraic 
/orm Juii11ble for slide-ru/e calcu/a:ion: T/le so/ution 111· 

sumes thot heot Ullnsftr in the wel/bore is steady-stott, 
while heat transftr lo tlie earth wi/1 bt unstcaify radial 
conJuetion. A /lo.,.:anee is' mode for heat rtsin~nccs in tht 
we/1/>ort. Tht mtthod uscd may be applitd ro dui>'ation o/ 
orhu heat problems such as {low throu¡¡h multiplc strings 
in D wdlbore. · 

ComparUons o/ compl.ltcd·and /Uid rtsu/u· art prrunttd 
. lo tstablish tho usofulnoss o/the solution. , 

lNTRODUCTION 

During tbe put few ycan, considerable intcrcst has been 
JC!Dcn.tcd in hot~fiuid~injcction oil~rc:covery methods. Thcse 
method> depend upon opplicati.oo o( beat to a reservoir 
by mean:¡ of a heal·transfcr mc:dium bc:atcd at the surCOJcc:. 
Clcarly, hc:at lossei bctwc:en the surfacc:' ami thc injcctioo 
iatcrvol could bo cxtremcly importoot to lhis proc:ess, Not 
quite so obvious is tbc fact tb:t cvery inje:tioo and pro
ductioo operation is acc:ompanied bY transmission of heat 
betwcco weUbore fluids and thc carth. 

Prc:viously, ·the iotc:rprc:tation of tempcrature Jogs'·' b3s 
beco tbe moin purpo>e o[ wcllborc bcal sludies. Thc only 
~ap<rs d~oling specific"IIY. with long-time injcclion opcra
tJOD.S are ·thosc of lwfoss ·and WhiLc' and Lesem, tt al.' 
Th< purposc of the prC\ent study is 10 investigate wcllborc 
~eot tra,nsmi,ssioo to providc cnginccring method• useful 
ID ~tb , production and injoolioo opcralions, and basic 
tc:bruqu:~ use!ul ia all wcllborc: beat-transmi1sioo prob-

·' lcms. The npproach J• similar to 1bo1 of Mo>S and Wbilc.' 

DEVELOPMENT 

. The. tra.n:¡ient· hcat·Uansmiu.ion problcm undcr con'~ 
lld_erauoo 1$ as follow~. Lct us considcr th .. e injcction or a 
nu.d d~wn the tubing in a wcll which is ca~cd lo lhc top 

... :.~~:~:~i~~n~:r•t • ..,. .. lvnl i.n ~·itt) .. r r.~, ... l .. uli [.~li'Íheo·r· otr,; •. .. 
-:-;\ofd a". lh.b• A '""' man"-"cr•r•& hc•ivtd Marc:h '· lVG~. l'apu p,.. 

'Rete,.;:.cn . nn"I!J F't..ll M..rtinlll' of SP.t: Oc&. lo,ll. 11t61, In D•llu~. · 
lriY«rn al end or paper. ~ ·, 

•••u .. •••• 

... ; 
1140111 OIL CO 
~ANFA lf S"IHCS, CA.lff. •,:ti~' 

,., 

of thc injccaion inlcrval. Anuming fluid is injccaed al 
koown rat.c:s and aurface tempcratures, determine tbe tcm~ 
perálurc oC the injocted fluid. as a funcliun oC dcplh and 
time. Coruidcrntion o( the heat tríiosferrcd fr0111 the iD• . 
jeclcd fluid ID thc formal ion lcads 10 ¡lhe followins ,equa-
lions, For liquid, «<_,;, 

T,(%, 1) : IIZ + b- aA + (T, + aA -'-'b)e'1"; 

(1) 

and for gas, 

where 

T,(:, r) = IIZ+b-A(II+--
1 

) · 178c 

+ [r.- b + ..t(o + 7718c )] ••• ,. 

. . 
Wc[k + r,U{(I)j 

A "' _:_:.!::,..:...::::,:..:.:.:.:. 
2,r,Uk 

(lA) 

(2) 

Eqs. 1, 1 A aod 2 are developcd in lhe Appendix. Thes• 
cquations wcre developcd uoder the assumptioo tbal phy
sical and lh:rmal propcnies oC, tbe earth ond wellborc 
fluid5 do not vary wilh tempcroturc, 1ha1 hcal will traosfcr 
radially in the eanh and 1ha1 hcat transmhsioo in the well· 
boro is rapid compared to bcal flow io tbe {ormation and, 
thus. can be rcpresentcd b)' stead)'-St.lte solurions. 

Spec:ial .cases oC this dcvelopment have bec:o presented 
by Nowal;' and Moss and White.' Botb refcrcoces are 
rccommended for cxccllcnl background materilll. Nowol;' 
presc:ots very useful information conccrnin¡: tb: eñect o! 
a sbut-io period en sub~equc:ot tcmp:ratwes. · 

Sioce onc purposc of lhis paper is lo preseol metbods 
wbi:b may be uscd lo derive opproKimalc solutioos for 
heat-transmission problcms a55ociated lo tbose spccifically 
coosidered bere, a bricf discusoioo of associated bcal prob
lcms is also prescn!cd in tbe Appendix. Analysis of lhc 
derivalioo prescntcd io the Appendix wlll iodic:;otc tbot 
many lcrms cao be re-dcfin:d 10 modify thc solulion for 
applic>lion lo olhcr probl:m•. 

Befare Eqs, 1, lA and 2 cao b: uscd, il is necessar)' 
lo coosider lhe sip~ifioooce oC tbc ovor-all hcat-traosfcr 

- coefficient U and lhc time {unctioo /(1). 
· ~orougb discus>ions oC lhc conécpt of thc ovcr-311 

beat·transfcr cocmcicot mt:~y be {ound in nuny ·refercnc:e~ 
oo beat tran..;mission. Scc ~icAdams.' or J.tkob: for ex· 
amp1e. Bric:O)'. thc: ovc:r-all cocfficicnt U considc:rs thr 
nc1 resisl>ncc lo h:,l ftow ofiercd by fluid ínsiúc thc luh
ing, &he tubing wall, nuids or solids in lhc anoulus and the 
casing w.1ll. Thc ttft"ct of radi::~nt hcJt cran'\(cr from the 
tubín¡: lo lhc casin~ and rc:sí!>t:mce to he:~t flow eaus:d 
by scale Qr wax ou thc IUbin~: or Cdiug rn;ty al!io be: iD· 
cluded in lhe D\'tr·oll coclflcienl. Aocordin¡ 10 McAdams. 
on poge 136 of ReL S, 

... 
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1 dA, .. ,dA; dA, tiA, x,tiA, 
---- -.:,..,_;..,- + - + --. + --·' ' U lo;itA, k,dA, . . ll,dA,' lo,dA, k,dA, 

.... · ••.. ~· ........ ~--;.,·,.'· ... ·. . (3) 
~ i '.Thc ditfc:reotial ~rcas prcs.c:nlcd io ft~. 3 ue pcrp.:ndicu· 
~.u to hc:at flow and. tbus. proportion:IJ to cilher r:uJius or 

·· '· di:amcter m~3!UJt~entS. Thf log:uithmic me~n arca m<~ y 
ba dclcrmiucd from (' 

A.'- A.· .. 
A, .. In (A,'/A,) ' (4) 

whcre "In" denotes thc natural log>rithm. 

, U' thO onnulus is ftlled wilh OQ, insulatfng materlal, thc 
'tbird and fourth termo in Eq. 3 shauld be droppcd aod a 
tema similar tn thooe lor thc tubing or casin¡¡ woll oddcd. 
Eq. 3 thcn becomcs 

t · · JA, .. ,JA, 6,dA, .r,tiA, (
3
A) ---+-+-+- .. U · h,d.A, k,dA, k,dA, k,dAo 

Tbo loco! hc>t·tnnsfer cocfficients oppcaring in Eq. 3 
(11: .. h,) ma"y be found rrom bt!at·trans!er corrclations [or 
Iba particular type of ftow, i.e., tW'bulcnt, streamlinc, or 
freo convection. (Scc pages 168, 190 ood 248 of Ret· S.) 
U Iba 1111nulus is uodcr vacuum, tbc local bcat-tronsfer 
cocfficient for the onnulus wiU be oegligible, but heat may 
be tratU!erred from tubiog to ca.siog by r>diation. An 
equivalcot loc:l! bc:!l-traosler cocfficient lor tbe radiation 
cffect may be found on page 63 of Ref. S. Radiation may 
be impor~::J.Dt whether thc :tnnuJw is uoder . vacuwn or 
I'!Ued witb gos. lf so, tbe local hc3HroD>fer coefficieot for 
lhe oooulus should be iocreascd by tbc radiotioo contribu· 
cioa. lt is olso possible that any or aU of tbe surfoces of 
lhc tubing. aod casing will be covercd by scole ond wax. 
This et!'cct' con be ·includcd in Eq. 3 by oddition of terms 

. simil>.r to ·thoso for tronsfer througb tbe Ouid films. The 

. '0,-orresponding .'orea tcrm will be tbc atea of tbe surfacc 
·''covered by the scale or wax. Values for scale or wox 

cocfficients are also prcsented by McAdoms.' on page 137. 

111 mony cases, the aooulu.. between the casing ond holc 
is cemented. Becowe tbe conductivity of cement may be 
lower thon that o( the surrounding eortb, a term similar 
to tbat for tbc resistonce of pipe or cosiog wall should 
appcar io ·lhe over·aU beot·transfer coefficieot, Eq. 3. Tbe 
lbickoess of cement-6Ued oooulw should be used with 
tbc tog:uit.h.rnic mean :uea o[ the cemcnt. In this inst:mce, 
tbc temperature T, will rcfer to the temperoture of the 
outsidé: surface of the ccment and a correspondiag r:1dius 
should be med .to evaluate /(r). Thc conductivity of 
cemeot may be estimoted from data presented by Jakob, 
on pase 94 of Rcf. 6. 

For those reoders not familiar witb tbe over·all beat• 
transfer-cocfficient conccpt, the following "rulos of ~umb" 
are offered for convenicnce. 

l. The thermol resistonce of pipe or cosing con oftea 
be oeglecled sincc the thermal conductivity of steel is 
much higher thon thal of othcr m•terials in the wellbore 
or the earth. · 

2. Thc lhermol resistoncc of liquid woter or condeosing 
ste3m c::~.n often be neglected sincc hc:J.t·transfcr film co• 
efficients are so high :~.s to otfcr little rcsislólnce to hc:at ftow 
(range from about ~00 to 2,000 Btu/hr·sq ft·'Fi. 

3. Oas ~lni. coefficients and thcrmo.t rcsistancc of jnsulal• 
··~ ins m:ucri31i'in lhe wellbore ofteo cxcrc thc grealcst effccl_ . 

J .:Jn the over,oll coclficient. Gas film coefficicnts for turbulenl- · · 
now ore afien obout 2 toS Btu/hr·sq ft·'F. . 

Evoluatioa of thc over-all heoHronsler cocfficient is the 
most difficult src:p involved in wCIIJ;,orc h\!at-trólnsmission . , 

... 

. . .. , 
prohlemt. But ceru¡a prohlcms-for cumple=, inje'ction · · .. · 
of a· liquid dowo c;a\in;-tbcrm::al rcsh&ancc ia Che .. wi:U· ~ 
bore is nc¡;liglble. Jn this c:L.'\c, 1hc ov~;r-all he:ll·lt:unfcr 
coefficieot can be ""umed infinite, aod Eq. 2 reduces. lo 

A ,. Wcf(r) • , .• 
z~t 

. . . (2A) 

Tbc problcm then hecomes simply tu fin.J the propcr time 
functioo /(1). This c»e is tbat trc3tod by Mo!l and While.' 

Thc time function /(1) iutroduced io Eq. 2 may bC 
cstimoied from solutions fpr radial hcal condnctioa from 
an inftnitcly long cylindcr. Sucb solutiulllo ore prcseoted in 
m:~ny tcx.ts on he:tt transmission 02nd ::.re :taaloSo~s to 
unre.icnt fluiiJ-fto·N solutions uscd io rcservoir engincc'riog. 
(Scc C•nl•w and Jacger,' pag: 283.) Fig. 1 prcscnts /(1) 
for a cylioder losing h<Ot at constaot tc•nFeroture, a con· 
staot bc•t·ftu.t linc source aod a cylioulcr losiog b:ot WJ:Iu 
thc "radi:uioo"' or convec:tioo boucd:uy CIJOdition. As r.n.::~ 
be seca from Fig. 1 (:e; well :u !cog-H:nc solutir.uu ·::re.:.· 
sentcd by Corslaw and Jo:ser'), oll tbree 1oi•JtioM event·. · 
uaUy converge to the samo !inc. The convcrgence time is 
on thc arder of onc weck lor maoy resl:rvoir problems •. 
Thus, the line sourcc solution will often provide a uscful 
result U limes are greoter thon ooe we:k. 'lñe equation 1 
for /(1) lor the lioe sourcc for long times is · ,. . 

/(1) = - lo '_- 0.290 + O(r,"/4..1) • 
2\/al . 

(S) 
1 

For estimation of tempcr.lturcs nt times before tbe coo
vcrgence lime showo oo Fig. 1, /(1) sbould be read from 
thc "radiation"·bouodary-condition case at the propor volue 
of (r,U/k) .. See tbe Appendix. · 

OISCUSSION 

Tbc preceding off en an npproximate solutioo to: !be · 
wellbore beot problem involved in iojection of á hot ftuid 
dowo tubiog. Two a.ssumptioD> app:or to be of primary 
imponarice: ( 1) bcat ftows radiolly away from lhe weU, 
bo're; ood (2) heat Row througb vorious thermal resistooccs 
in thc immediate vicinity o( tbe wcllborc is rapid comp>.red' 
to beot ftow in the formatioo, and can be reprcscoted. by 
·stcady-scnte s'olutions. Other assumptions, sucb. as c:onitant 
tbermnl and pbysical properties, appcar reasonable. · 

To test tbe uocfuloess of the approximate solution, 
compulcd results bave been compared with Jil:ld data. ' 
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Followint are onolysn o! ficld dJI3 lrom • voricry <'1 
~iJ.Icf and ,.n injcclion\. 

Cold w.,,., /njurlur. 

. ~~ Fi¡. 2 ptc\CnU .a comparison of tcmpcraturn ntr.1\UtC'd 
in 1 walcr-injection wcll with lcmpcraturcs comrutcd for 
c&;stin¡ eondition1. The w.arcr-injrclion cate at thc: time 
of lhe survey was 4,790 baneh por doy; rhe well had 
beco on injecrion for a pcrind ol •rrr~ximalely 75 d•Y•· 
Warcr-injeclion ·tcmpcrarurc was SH.S'F. A5 shown on 

· Fig. :!, thc compured rcmpcrarures wcrc wilhin J.S"F of 
lhe measured tcmperaturci. Thc rcported accuracy of thc: 
tcr>pcrarurc Jo¡ wos :t.2"F. A samplc calcularion lor. this 
ca:rc is prcscnred in thc Appcodix. 

Fi¡;. 2 iJiustrt~les a pojnt wortb' conccrn i~ certain 
waterflooding opcrations. The warer entcring the iotcn•.al 
at approx.imarcly 6.SOO fl is SS'F cooler rhan rhc ·rorma· 
lioo lc:mpcrature. An ;lpproxim3le caJculo:~lion of thc rate 
of lhc warcr-front advaocc and the cold-lront advancc in· 
dicatcs thc cold front .would movc about hall the vetocity 
of thc water front for manv California water ftoods. 
Thw, rccovery or residual oil' bchind the witer front by 
cootioued ftooding could be. seriously atfceted b)' ao in· 
crease i.o oil vi."tSsity at thc temperoture of rhe cold in· 
jccted woter. CFonnatioo tempcraturc was ob•crvcd to 
drop 50'F ..,vera! hundrcd leer away (rom an injcction 
well in a Wilmingrnn water ftood.) 

'Air /njtclion 

fig. 3 prcscnls a comparisoo or mcasured and com· 
'>Uicd tempcratures for ao air-injectioo well. Al thc time 
J( rtu. survey, air was beiog injee~d al 230 Mcf/D and 

·,¡ had beco injected for a pcriod of six days. lnjeetioo tem·· 
p~raturc was 94•F. As shown on Fig. 3, computed tem~ 
pcrá:ures closc:ly agrecd with measurcd lrmperarurc:s near 
tbc ·IOp of rhc well, but wcre 8'F bigber than measurcd 
lernpcraturc~ at 1,500 ft. Tbc: cstirnarc:d acruraey of tem• 
pcratuie mc:.>:~suremcots was ~ s•F. The in crease io te m· 
pcrature oppositr thc injection intC'rval was caused by 
spontaneowo rcaction betwccn air and oil which cventunlly 
resulled in ignition of the oil. 

TEMPERATURE· •1 

-
•• 10 .. ... .. .. ... ... 

'" l-.alOTll.MAL 
1 

- r, 
.. .. .. -.. 
' "' .. .. -w 

" -

·1 ' \ 111JIC1~ a•Tl••neaata 
\ •.ltC110tl PIIIIIOD-tl D.ITI 

1 • 

MU·~·~oj 
- \ 
_.-COifJOUTIO 

\ 
.... 
-· 

.1 
.,, 1 ' 1 . -+ \I•U10Uflc.J 

1 \~ -11-.. ! . 
1 ¡\. 1 1 

' 1\ T 
FIC, 2-lÍuAu".i'E . C . . ·$·. 
. u AfliD o~IPUTn T['trtura:ar.s roa 4 

. WATU·hJtCtiQ:-.1 WtLI.. . 

APARL,'-1'62 , 

' 
Tbis case is a p:.rticularly iotcrc:ilin¡ onc. ~ir w:u ÍD· 

jeclcd in lhc casing annulus, and tcm('C't.:tturer. 'Werc ·· 
mcnurcd ia thc wbinr. which v-•a' plugrcd on bottnm. 
Jo addilion sufT•cient informatioo ""Ot\ availablc lo prr· 
mil ntimati

1

on of thc cfJcct ol mud and ccmcm in tbc .an· 
oulu• bctween thc bole and casing ood thc cHect of •ur· 
Cace pipe on "he al tr~osminion . 

Ho1 N"turoi-Gas .lni~cti"n 

Fig 4 prc-.niS a comparison of moasurcd antl . com· 
puli:d lenlpcrature• lor injection or hnl natural·s•• dnwn 
insulated ruhiog. Tbis gos-injcction project provided lhc 
most complete info~mat.ion available for le~tjq,g the ap· 
prolLimatc solulion. During the ycnr aotl • h~lf thi• tesl '"'" 
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'· ~~~~cd; lho· ;-.,¡,pcnñure of lhe iojcctcd gas was 'io· 
,.,., (rco>cd 10 almost 'OO'F, :u~d the gos·injcction role varicd 

·., · from 10 'to 21' · Mcf/0. Gas was injcclcd down l·in. 
tubins, . Thc on~lus ·. bct"'coo thc 111hing ond thc 7·in. 
casing w:u lillcd with ,Pcrlile. 
· Mcas~~Rd and compulcd lcmperalurn ore shuwn un 
Fl¡. 4 ror lhrec limes artcr Sl3rt ol injcction-9. 1] •nd 19 
monlhs •. 1l1c cumpute.J curvn are quite similar lo thc 
meaU.Ilcd curves. Dotb c:omputcd an.J mcosurcd lcrnpcra· 
twn are 'bciO* IOO'F at'l,lOO;h dcpth lhr11ughout lhc 
test- despite. lhe surfacc iojeclion lcmpcratwe of 460'F. 
Tbi.J cue iUu.str:ucs the imponance of wcllhore hcat loss 
durias h~t, noncoadctuable gas injcCtioa. · 

Olher S..ts of 6cld tcmpcroturcs have bcen compared 
with c:ompuh:d tempc:n.tures, with rc:sult.s similar to those 
prescntcd .. Tbc three. c:tse.s prc:senled werc sclected as rep
resentativa of Che widcst condirions testcd lo date. r n vicw 
of lhe re:uonoble agrccmcnl bctweco mcosurcd and com· 
puted tempcratutes, it appears that tbe approximate sol
utioo otrcrs a useful mclhod lor cslimation ol t.:mperatwes 
-al !caSI· over tbe rangn of Ocld condilions lestcd. · 
Furiher checks of 6cld tcmperatures and computcd tcm· 
pcrotures sliould hclp define the usefulness of this ~olu· 
tiom. · 

HOT nUJD INJECTION 
AA iolercsling upplic~tioa of the wcllbore heaHrons· 

missioo problem . is cstimolioa of hcat losses from the 
wellbora during injectioa of a hot Huid for recovery of 
oil. la addilion lo wdlbore heat loss, V<rtical heat losses 
from the prouucing formatioo are obo importaat. AJ. 
though nol trcalcd ia lhis paper, several autbors hove can•. 
sidered v~rtical bcat Josses from thc (onn:uion.•·• Scveral · 
field pilot tests of sleam or bol water injection hove bcen 
completed, or are in progress .... " 

Of thc various hcat-transport mediums available, s.leam 
or bigh-prcssure hot water oppear. most auroctive. Both 
steam and hot water have mucb higher specific-heat 
capacity than inc~ gases. Howcver, scveral questioos arisc. 
Will wellbore h'cat losses be as severo as indicolcd by. Fig. 
47 ls it possible lo reduce wellbore heat loss to a practica! 
leve!? 

To explore tbese questions, three ca..n of sleom or bol· 
walcr injectioa bave be.:a con.sidered .. Bc:fore procceding 
with these umple. cases, il is intormativc to c:onsidcr phase 
rclationships lar water. Fig. 5 presents a pressure-tcmpera· 
tute phasc diagram for water in tbe üquid·vapor region.u 
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A!i,umini lhat it is oeccssóli"Y to r.1iw: formatiuo lcnipc:ra· 
turc to 400'F to achieve sati•factury rcmo•al o( oil, Fig. 
S indicat_, lhat thc condition of the water injcctc.J will 
dt!'~cnd upon thc injcction pre.surc requireu. lf iajcction 
prnsure is l<ss thaa 250 p•i•. it· would be po1sible lo io· 
jcct •••••• and •• ~. bcncfil ol thc higb lalcat·hcat contenl. 
lf injcction prcuure is above.2~0 psia, it will be ncc=sary 
to, injcct liqui.J water. 

Lct us ftnt considcr thc injectlon ni '00 barreis· pcr da y 
of water at 3 lernperalure ol 3!17"F dowo tbc. cosi~ll ol a 
well complclcd l"ilh ? in., 23-lb cosing •. 'U injocticin prcs· 
sure is aosumcd ;lo be. 1,000 F•i, Fi¡. S iih.licotos tbot tbe 

. water will be in tbc. liquid phasc. Th•JS, lhe previous solu· 
tion si ven by Eq. 1 moy !le applied diré<:tly lO eslimote tbe 
lcmpcratures io tbc wcll · ol :m y time ofrer injcctioo .o.nd 
Cor any dcplh. Fig. 6 presents ccmputcd t:mperaturn. fw 
one wCck uf injc:ction. As shown oa .fiz:. 6, tempcr:u~res 
would· uccrcase scvcrcly witb depth, iqdicoticg a serious ··. 
heolloss lrom lhe hot water. -, · , 

U 500 BWPD al l97°F •re injccted ot.a pr~ure oí 
. 223 psi (238 psia), Fig. S indicales that the water may bb 

saluratcd slrcam ol 397•F. t\ssumio¡ tbal the water iJ 
soturatcd sleom, tcmFcraturcs ia the wcllbore will rcmaia 
nearly constan! until all lhc steam is coodonsed .. a rcsul~ 
of beal loss. (ActuoUy, there wuuld be ~ sliKht chan¡¡e 
ia temperalure cou>cd by a chongo io pressure wilh io· 
crcased dopth.) Fig. 6 also prcsenu cstimoted tcmpernturcs 
fqr this cose. Dcspile the foct lhal tcmpcutures remaia 
consloot for Ibis cose, heal· Joss ,.m be greoter. thoo for 

· ' hot·Walcr injcction and will resull in condeosation oC much 
o( thc stcam. 

To explore the p~ssibility ol rcduciog heat ·loss; assume 
lhat 500 barreis per day of hot, liquid water is injcetcd 
ot 1.000 psi down 2·in. Jine pipe ccnlered insidc tbe casing 
and lh:il thc annulus is fiilcd with a granular illsulaliog 
material. The insulating material has an effective lhcnnal 
conduclivity of 0.1 Btu/hr·li·"F. The tempcratur_, for 
tbis c:¡se (also prcsenled oa Fig. 6) sbow only a sligbl· 
drop wilb doplh, indicaliog a considerable improvement 
over injec.tion down the casing. · · -

Fig. 7 presents the percentagc beal loss a* a flinctioo 
of deplh for oach p~eceding cose. Percentoge Joss was 
based upon hc>l cootenl obove ·• form~tioa temperature 
o( ISO•F •.t 4,000 fl. Fig. 7 sbows lhat 45 pcr ccnt of tbe 
heal hod beca lost from tbc injected steam by 4,000-ft 
depth, des pite constan! wellbore temperoture.s sbowo. on 

TEMPERATURE °F 

i 

... 

•. r -• . ..... ~ .... 
:. V 

o 400 :100. .. 000 ... 
o 

IODO ... ... ... ... 
• aooo :z: ... .... ... 

Q 
3000 

.... 

HOT WAT[R IN 
r• CASINO 

f---tf--trN•. PRUS.-ft-..:._-J---._cj---1 

·~· ~·-'o_ols¡.'-' -t--:.-1'1--+---1 

·¡ \ 11 ST[AW IN 
~ . HOT WATER 7• CASING . 

1 IN .INSULATl!:O _tiNJ, PAI.SS. 

l
z• TUBINO-..,. 221 PSI)· 
IIN.r. PR(SS. 
1000 PSII 

' 
Frc: 6-:- CoM~urro \l•uttoR~ Tu1rr.uTCRU Ruuu.,c rRo)l 
l!'i'JICTIOf'l or .:.00 B/0 or Srr..u.1 OR Hor W .u u ro11 ONI WúK. 
fEAuH TlftRluL Co:'fouCTJVITT or 1.4 Bru/Ha-rf.•r· E"n" 

Tnr.A.\IAL Dlfi1..'St\'lTY or 0.04 $Q n/HR..) ' · · 

JOUR"'A.L or ~r"Pant ....... - ....... ~-··-- ... 

. ' 
·--.· 

. ' 



\. 

'~· 

.. ., 

,,.;;: 
Fil.,. 6. Hcol t.:>U 8uring liqui.J waur injection w~s re· 
duécd from. 89 pcr ccnl al 4.000 11 lor Ílljc:tion down 
&he co•ing 10 only 9 pcr ccnl ol 4,000 lt by.icjcelicg down . 
insulolcd 2-in. pipe. 

Fi¡. 8 shows thc chango in wcllborc tcmpcrolurcs wilh 
lncrcucd time ol lnjecti¡,n lor the previous cumple ol 
lnjcctioo ol SOO B/D ol 397"F bot water dowo cas· 
ÍllJ. A:. would be cxpectcd, lcmperaturcs ihcrea>e with 
tlme u the carth surrouncling thc wcUborc bccnmes hcatcd. 
But the thcm•al diiiusivity of thc carth is such that lcm· 
pcraturcs are still chansing slowly evcn ahcr 1 o yean '. 
or iojection. Thi• is analogous lO slow pre .. urc build-up 
In vcry tight fonnations. 

'Thc forcgoing cuc• were sclcclcd lo illustratc thc typc 
or iolormotion which may be gained by study of wcllborc 
beat transmiMiOD. Btc:awe of thc exucmc variety of con
ditions ponible lor hot fluid lnjcction, it does not appear 
feasiblc to con•putc gcncraUy applicoblc rcsult.<. But thc 
worlr. rcquircd for aoy particular C"-'c can be done rapidly 
witb the slide rule. U lhc injection project has oot becn 
drilled, it m ay be ·uscful to explore lhc clfecl of tubiog 
aod casing size oo beat loss. Heat loss . ca o be reduced 
by slim-bolc compictioo. 

' Scveral lmpórtont observaliocs conccrnicg use of thc 
melhods dcscribcd in this rcport havo beco madc which 
are not apparcnt lrom thc examples prcseotcd. Compuled 
tcmperaturc¡ ·can sometimes be vcry sensitive to the geo
therm:.t tempcratu/cs used. Because geothermal tempera
run=s va.ry considcrably .from 6cld to 6cld-and evcn 
witbic a givcc ficld-.:IIoru should be made to obtain the 
best pouible estimate of canh temperatures. · 

Surprisingly, good result.<. bave been obtained from dif· 
Cercnt gcosropbical arcas using a single volue of earth 
conductivity-1.4 Btu/hr·ft-"F-ond a sinste value ol 
thermal dilfusivity-0.04 sq 11/hr. Thcrmal conduclivity 
Cor a particular location may be utimatcd from 6eld tcm· 
pcrature logs. (Scc R:ef. J.) 
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H 
USt:Rt, 223 r~•: Ho.r-Wuu I~HCTIO!'i' PnssL'Rt, 1.000 rsr; 
ut LoH BAsto o~ TtMI'uu.tullt or tso•r; TotAL Hur 

l:"'J~CTio!'\ RA.ns, 191 MILLION Bru/uv roR Sn:AM, 44.9 MtLLIO"~ 
·srv/o4Y ro" Hor U:uu. · 

In miJ\1 caw-. ol Water ui liquitJ injcction duwn cuin¡: . . , 
the re~i,r:sncc h) be:u flow bclwe":n lhe hot stre:lm and the 
corth i> ne¡li,iblc (U;= Cl>). Tbus, thc bulk fluid Lempcn, 
turc becomu cqual lo lhe casing tcmperaturc ot .. that 
deplh. ( Bolh · Nowok' and Moss and Whitc' wcd Ibis 
simplifica.tion lor wo&er·injectioo eucs.) 

M•ny wcllborc heat probl~ms cxht whlcb iovoivc bnt 
eflcct.< not considcrcd in the súbjccl development. Examples 
are: cxpaosion· ol gas, beal· generatcd by lriclion (o o oU· 
well pump, loe' cumple) and loteot heat eflecll from 
phase cbanges. Often such complicotions <;an be bandled 
by proper modi6cation· of the aolution. 

· In the devclopmeot. or .Eq. ~· i~ wos auumcd lhot lh~. · 
surfacc tempcrature of the lnJeclloo strcam · could.: vary 
with time. Because ol the approximatioo ·io¡roduce.! to 
account lor heat tos¡ to lhe earth, /(/), surface tempera· 
tu re should not. chongo rapidly. Thc eiicct of.o·rapid cbacge 
can be picturcd by consiclcriog the case ot' a long pcriod 

· ··of water lnjection at 400"F lollowed by· a suddco drop i~ 
lcmperalurc to 200"F. lt would be possible.for thc 200" F 
water lo ¡ain beat oear lhe surlacc from.:lhc preheoted 
surrounding earth, althou¡h lhc approximat<: 'solutio« 
would imlicatc a bcnt Joss. Thus, compulcd result.< lor 

· · rapid chonges in injection tempcrature may be grossly in 
error and should be used with coution. •' 

CONCÜJSIONS. 

An approximote solution lo the traosiect beat-cooduction 
probfem Jovofved ÚJ OIOYcmcnt of bOl fluids thrOU$h . a . 
wellbore has beco developcd. Tbe approximate solution 
coosiders tbe elfcct of thermal resistancc• io lhe weUbore. 
Thesc thermal resisunccs· can be very importaot in certain 
cases. Comparison of computed temperaturcs witb thosc 
metiSure<l in a limited oumber of 6eld gas- and water· 
injcction wclls in~icales good a¡;reement. The solution may 
be applied lo a large variety ol wcllhore hcot prnblems 
involving dif!ercot types of well complctions and opcrating 
methods. Solutions ·to more complcx wcllborc heat-trans
missioo problems m ay be appro:<imatcd io a similar fashioo 
wilh thc so me melhods and principios. Calculatioos. in· 
volved are simple and require only slide-rule ma.cipulatioc. 
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A, =s int'tdc .uta or 1uhins. 

· ~ A, o los .m·•n aro~·:af luhiD& 
A.' = ouu.irlc are .a of tu hin¡: 
A, ~ in,írl~ arca oC c;:.a\inc: 
A; ca los m~1h ar~.a ol ta•ing 

11 = geothcrm:all;r:adicnl, •f¡tt 
b • surhcc gc~ihcrmal lcmper;uurc, •p 
e .. >pecific heal al conslanl prcuure ol Ruid, Blu/ 

.•. lb·"F 
' ·,¡;•,..pecific heal of carlh, Blu/lb-'F · 

A • .. Jog mean arca of annulus, or lag mean or A, 
and A.'." 

E =-. lnlcrnal cocrgy .·. 
e .. bue ol natural losorithm 

/(1) = tun•ient hca1-conduc1ion time lunction for 
.~ar1h, dirnciiSionlcu ( Fig. 1) 

1 = gravilalional accclcralion, 32.2 11/scc' 
1• a cooversion fac1or, 32.2 fl·lb mass/sec'·lb force 
H = enthalpy, Bluflb m>Sl . 

1 
h, ., local film coefficicnl of hcal 1ransfer for gas or 

liquid insidc tubing, Blujday-sq fl. 'F : · 
h, = local 6Jni coefficienl of hc>t lransfcr for gas 

or liquid io aonulus 
J co mcchanical equivalen! ol heal, 778 ft·lb force/ 

B1u 
k =. thennal conduclivity of carth, Blu/day·fl·' F 

k, e lhcrmal conduC1ivity ol lubing malcrial, Blu/ 
'day·fi·"F 

J:, = lhennal conductivity of C05ing material, BIU/ 
day,fi.'F 

J:, = effcctive thermal cooduclivicy of annulus ma· 
~rial, Blu/day·fi·'F 

O .. "on cbé order or 
P = absolulc prcssure 
q = hcal·transfcr rale, Blu/day· 

· Q = heat transfcrrcd from surrounding, Btuflb-mass 
r, ,.; ioside radius of tubiog, ft 
'• = insidc radius o! casing, ft 
'•' = outside radius of c:~sicg, ft 
t.:;:; lcmperature of e3rtb, °F 
T, = surf3cc tempc:racure of injecled fluid, •F 
T,-= tempcrat.u.rc of ftuid in tubiog, •F 
T, a temperaturc: of outsidc of casing, •f 

1 -= time from slart of injcction, days 
U = o~er-all hc:~t~trnMrer cocfficicnt bctwecc ínside 

ó! tubing and outside o! casing bascd on r., Btu 
./d•Y·•q n.•p 

U, = ·over-nll hc;~t-tran.sfer coefficient bascd 
. sidc rudiw o( cosing, Blu/day·sq tí:• F 

' ' l'jl\ : .,. 
'· : lj',f!'tfiuid velocily 

''~~P·" • ., 
Jf;.=z. speci6c· vo~ume. 

W ,; fluid injccti<>n race, lb/day 
.. w; = ftow work, (I.Jb force/lb rnass 

on OUI• 

z. =· .thicL:ncss 'or annulus or diffcrcnce bctwcen in· 

" "' 1hermal dilru1ivity of urlh, &q fl/day (11 • 
k/pe,) . 

·p = dcn\ily o( carth. 1"/cu (1 
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APPENDIX 

DERIVATION OF WELLBORE HEAT· . 
. TRANSMISSION SOLUTJON · ' 

Le! us considcr. 1hc injeclioa ol a ftuid dowa lhe· tubiag 
ia a weu·.which is cascd 10 the lop oC lhe injectioo inlervaJ, 

-Assumiog ftuid is injec1ed al knowo rales and surfacc · 
te#J,¡jeratures, determine the tempcrature of tb~ · iajectCd 
fluid . as a funclion of deplh •nd lime. Fig. 9- prcscats a 
scbcimalic diagram of 1he problem. Oepths are mcasured 
Crom lhe sur(ace .. As sbowo on Fig. 9, 11' lb/day of Ouid . 

. is lojected io lhc tubing. at lhe surCace al a l<rnpc~ 
ol T .. Thc insidc radius ot thc tubing is r11 and thc tcm· 
per>lure T, o( lhe ftuid io the 1ubing is a funclion of bo1h 
ucplh Z and lime 1. Tho oulsidc rodius of 1hc co•ing js· 
~ •• ao.d thc tempc:rature of the c.:1sing ouler sur!'ace."is T.,. 
.l}lso a fUnction of d.:pth and time. 

. si,de r_adiu~ of casing and outsidc radius or·~-
tubing, ft 

Thc wu>l procedure. ,for ftow problem• of lhis typc 
is 10 soJve lhc lolal-energy and mech•nical-enorgy equa· 
lions limullaneously lo yiold bo1h 1emp.:ra1urc and pres· 
sure dis111butions. Howcv~r, 1hc solulion rnay be appro,J· 
maled by lhe followióg considcralions. The lolal-cnerg)' 
cquation is 

.x, = ihickness in c::~sing wall, ft 
x, = thickneu oC 1ubing wall; ft 
Z ,; dcplh bclow surC.ce, Cl 

,. 
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dH 
gdZ udu dQ ·dw, +--+-- --g.J g.J J 

(6) 

A"uming stcady ftow of a sioglc·phase Huid in a pipe, 
ftow.work W1 is zcro and Eq. 6 bccomes 

g'dZ udu 

! • ;;_} 

dH + -
1
- + -.1 - dQ . • • • • • (7) 

g. g 
LIQt,; 11J CA !'F. • 

·• 

. 
\ 
'· 

:t 
;¡, 

i 

' / 

lf the fluid fiowing is a noncomprc.ssible liquid, the 
kio~tic-cnergy term bccom~.s zcro. Thus, 

gdZ 
dH + g.J - dQ. • • • • • • • • (8) 

But by delioitioo, colhalpy is 

dH =dE:+ d(PV¡ 
. J 

for a noncompre>Siblc liquid. Or 
VdP 

dH = cd'I +-• J 

-dE: . VdP -r-1 . (9) 

( 10) 

Neglccting tbc ftowing friction, tbe VdP tcrm is cqual to 
lhc chongc in fluid hcod, and thc chaogc in enthalpy is 

gdZ 
dH :: cdT + g.J • : ... ,. • (11) 

Considering- 'ñow down the well, the incrcasc in eothalpy 
duc to-incrcase in prCMure is appro:Umaacly equal to the 
loss in potentiol encrgy. Convc,.ely, for ftow up tbe well, 
t.Ce lou of cnthalpy due to thc dccrcasc in pr~sure is 
approKimately cqual to lhc incrcase in poccnti:&l cnergy. 

As a rcsult, the tol;~l-cnc:rgy equ:uion bccomcs 
cdT:::dQ • . . . • • . . (12) 

for a. noncomprcuible liquid flowing 'vcrlically in a con-
stomt-<liametcr lubc! tJ · 

Anuming no phasc ch:mscs, an approximate enerty 
:, bal3ncc O\·cr thc diffcrcntial clement o{ deplh, dZ. yidds: 
:<'~hcJt lou by liquid =-: he:ll tram.fcncd to casing, or 

' .• l·> dq ~ -WcJT, = hr,U(T,- T,)'dl. • (13) 

Thc nte of hcat conduction from lhe casing to thc sur
rounding formal ion may be c:<prc\scd il\ 

d :!.,-k(T,- T.ld7. (l
4

l 
q "' ------·- . • • 

/(r) 

APRII., ...... ~ 

' .. , 

Eq. 14 implies lhc auumptioo tb•t hcot trarufcn ndi>Uy 
away lrom the wcllbore. Thc time lunctioa /(1) dop::oú< 
on the condition1 spccificd lor beat conduct.ioo a.ntl will 
be discuS\cd latcr. A3<uming tbc geothen=JtempcratUR ¡, 
a linear lunctioo• of dcpth, 

T, = 12Z + b, • • • • • • • • • • (IS) 
Eqs. 14 aod IS m>y be substitutcd io Eq. 13 to yield 

aT, +_!!- (o7. + b) =O, A,.: O •.•• (16) 
az A A • 

and 

A= Wc{t + r,U /(1)). 
2 .. r,Uk 

An inte¡;ratiog factor lor Eq. 16 is e"'. Thus, 

T.e'" = J<llZ + .b)e"' dZ + C(rl . 

or 
T,c'" = (aZ - oA + b)c"' + C(l) 

or 
T,(Z,r) = llZ- oA + b + C(l)c''". 

(17) 

(18) 

(19) 

(20) 
The fuoctioo C(r) may be cvaluatcd from the coodition 
tbat T, = T,(r) for Z = O. Thus, 

. C(t) = T,(l) + aA- b .••...•• (21) 
And thc final exprcssion for Jiquid tempcrature as a func· 
!ion of depth and time is 
T,(Z, 1) = aZ + b -aA + [T,(t) + oA - b)e'"' 

(22) 
where the time lunction A is dcfmed by Eq. 17. 

GAS CASE 
U tbe Huid ftowiog i> a perleot gas, cothalpy does. oot 

dcpcnd 0':'1 pressure, and 

dH = cdT. . (23) 
Thus, a potcoti.Jl--cnergy tenn will :1ppca.r in tbc total 
cnergy balance. Eq. 13 tben becomcs for gas How, 

. Jl'dZ 
dq = -WcdT, :!:T78 = 2,-r,U(T,- T,)dZ 

(24) 

where the plus sigo oo thc poteotial-<:ocrgy tcrm is u~cd 
for flow dowo the well and the negative sign is tued loe 
Oow up the weU. Simullaneou• solutioo of Eq. 24 witb 
Eqs. 14 and 15 yields 

T,(Z. t) = aZ + b - A (o :!: 
7

: 8,) 

+ ( T,- b +A (o:!: 17
1
8, )]e·•·•. (25) 

The plur." sigo 00 the potentiJl--cner~y term is uscd (oc now 
~own the wcll and dcpth t:1ken positivcly incre:ainE Crom 
thc sur(ace; thc · ncgJtivc sign is uscJ for fiow up the well 
with depth talen positivcly incrc::1sing up~·Jid from the 
producins intcrval. Gocthcrm:al tempcratwc: mus.t a.lso be 
reprcsented with deplh iocre:asin~ po-sitivcl)' upward :ar 
tlow up a weU. 

To 3pply Eqs. 22 or ~S. it is necc:.!.ary to cv~Juatc thc 
lime funclion,/(1). Eq. 14 can be rcarranged to 

hk(T,- T,) · 
/{l) = d JdZ . ' • • CI 4Al 
' q 

which is the definilion o( this time functioa. In rhis form, 
it is clear ·that the function /(1) bas the samc: rclationship 
to tr:tn.)icot be&t tlow from a wellt-orc that l.he V3.11 Evcr· 

•h b not "'""•'-•r>' that .-.othtruul lH1'1pll'rah""11 h• llnur wlth dtpth. 
Solullont may ~!oG b.c obtaorl'd U •..oth.-~a.J c..rm~nture b upr,..•ntf'OI 
.,-aphlr,.llr aa a f\IM t:un o~ d•Pth. 
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Uio;cn·,:f-funt'' corul:lnt ftu.x P(l) fuocti!)n h:u to lt:tnJic:nt 
nuid nOw. In thc C~\C o( ahe KC:ncr:tl wcllborc hc:u prob· 
lc,rn,

1

:'though. ncilhcr hcat nux nor tcmpenlurc at lhe 
·.~rdlborc remains corui3Dt c.u::cpt in spc:cial c:Jscs. A !tcmi· 

;g:')fOU\ ti~;Jtmcnt oC tran~icot hcoat., con<!uction would 
• nVoh·c a cumplc.l \Upctt:osilioo :11 e:::~ch dc¡ltb. Thus, we 

,,¡,wish lO find appro1.un>~ V>lucs oC /(r) which will pro· 
>~ .~idc cn3inecring .1ccuncy. Suc:ccu will be dctermincd by 

'comp3risnn or c;:llcuiJtcd lcmpcracurcs with mcuurcd fiehJ 
lcmpcroaturn. 

Fortunalely, rnany loOiulions lo uansienl heat and Huid 
ftow C'i>l which moy be u'ed lo e\limotc /(1), For ex· 
ample, lhc Mou Jnd White' wellborc bcat-transmission 
wlu1ion :nsumcs tJut tr:msicrt\ heat conductioa to thc 
cilrtb c:111 be rcprc~cnted by a linc sourcc ·losing hc::s.t al 
constan! ftWI. Cinlaw >nd Jacger (pago'· ·283)' prcsenl 
guphic~l aod ::an:Jiyticill !.Oiutions [or the C:lSC:S of intcmal 
cylindric:ll sourcc:s lo\ing hc::u at const:1nt Hux, con~t::ant 
tcmpcrltWc ami unc.Jcr lhc r::aJiation boum.Jary conúitioo. 
Fía. 1 prcscnts the tirne function for scvt:nl dillcrcot 
inlerool bounduy condition•. k cao be scen Crom Fig. 
l. lhe solutions prescoted converge at long times { ólpproxi· 
matcly onc w<ek or more). This is completely onalog9us 
to pre,.urc ,buihl-up lbeory lhll at suJiicicntly long limes 
pre.,urc is controllo<l by Cormalion conditions. 

For limes IC1s th:u1 a dimemionless lime of 1,000 
li.c., at/r," ~ I.IÍOO),the rodiolion boÚod:uy.conditioo hos ' 
b.:cn Cound :o yield re;uonable voluc> for /(t). The radia· 
tioa inner boundary condition is 

-k(~aJ.:) . • U,(T,- T,). (26) r •• •, 

whcre U1 -= r,U/r.·. "Ibis boundary conditlon is auJiogous 
to 1hc: ~an E\'.:rtfins:cn" skin cffect, 3lso well known in 
prcs.ure build-up theory. Pbysicolly, Eq. 26 stales th>l 
hc::at fiow in thc annular region between r, and r,' is con· 
trollcd by stc::acly·st:ite con..,·ectioo, rather tb:m conduction. 

Tbc solulion Cor this c:uc is proseoled by Carslaw aod 
heser (pogc 2H2)' and is reproduccd oo Fig. 1. The time 
Cuncrioa is soen 10 dcpend upon (r,Ufk). Ho>wever, lbe 
ndiatioo bouodary c>sc does not dcpeod suongly upoo 
(r,U/k) ood 1be solution to this case approaches 1ha1 
of the conslonl-lempcrolurc cyliodrieo.l source as (r,U/k) 
approache.s iofinity. Thus, tbc coastaot·temperature cylio· 
drical-source sulution is thc recommcnded solution i! 
thermal rc~i\C;mce io the wc!llborc is ncgHgible. For times 
¡rtatcr than th~e shown on Fig. 1, the lioe sourcc sulu· 
lion as gi>·ca by Eq. S is recommeoded. 1 am indcbted lo 
E. J. Coucb for pointing out application of the radiatioa 
boundory cose to cvaluolioo of lhc. time Cunclioo. 

ASSOCIATED HEAT PROBLEMS 

Tbe solutio~ pro><oled by Eq~. i, ÍA ond 2 also opplics 
to · wellborc heol problenu othcr thoo injectioo down 
tubing. For examplc. iojcction down casing may be 
hanJI<d by compuling lhe over-alt: coefficienl incluJing 
only the film coc:lflCicnt al thc c:uing waU and thc rcsist
ancc o{ lhc casing wall. \\'dlborc tempc:rflturcs in a 
Rowing well may be c<>mpuled if L'>c deptb scale is 
n:(crl!nccd lo thc producing intcrval. Thus, J,(t) bccomes 
the pr~ducing rorma.tioa tcmp.cr:lturc, aod geothl!rmal 
tc:mpc:r:~.ture should be c.1.prcsscd :tS a functioa of disl.lllCC 
ob~,·e lhe pro<.luciog iolcc>·o.t. 

Othcr wellborc hclt problems may be solved approxi· 
nulcly by mcthods similar to !hose useJ {or Eq. l. Thot 
is, write hc:U balances ovcr c:tch ftowing ¡UcJ.m in thc 

'-'cllborc anc.J :U\IJmc thu hc:~t loss fro"m 1he • wrllbore 
m¡,y be rc:prc\cnh:d by Eq. 1 -l. lf two or more ftowin¡ 
!.lre.:Jrru are involvc«<. 'rhc rcullt wiil be J. ~:¡;t:cr.crG:r 
differenlial C:IIU~Iit.Jn lh~n Eq .. 16. T cmrc:.;ii.Jrc:s in cae~ 
\Uc:Jm m;ty be L!..:h.-rmined, if Jc\ired. f\;l1lc lhlt ~s. 13 . 
14 3nd 1 S could h:t\'C' i1C'CO :.olved ror T:, t:1~ c:ninJ ICm· 
ptrature. This p1obl-:.n m:1y h;noe si::;:niilc:tr.cc in !o:.cr· 
prcl~lion n( tem,r.ra\ura ·ane:uurcd in thc ¡,lnulu.. .,.,.hcn 
ftuid is flo""·ins in thc lubin;::. Thii t'':.J~:t:m U :.J~o :.r. .. 
portant whc!l con\ill·.:ri:-tg wOcthcr ~cmr:cntun:.s wiil i::c· 
come grcat enough to J~ma~c c;cmcnt :r) ~ot-r.uiJ inj~o:tion 
wells. 

SAMPLE C.\LCULATIC:-l FCR 
WATER-lNJEC110:'-i \\l:oll 

'• 

For tbc sample c~l¡;•tb.tion. the (Co.(•.JWi'l!l 1iciO dlll ·.:.;u 
be a~sumcd: injc-:tion r"llc, 4 71!0 u•,;_·po; :;~..:rfJce ..... ,(.!( 

u:mpcnturc, 58.S"'F, ca!lin~ ... i.Le, 7 in.-2) lt= (5.3~6-:a. 
ID); C:.t.Sing ~hoe, 6,6US h; no tubin.:; a~olb·:r.n.sl :e."":l· 
pcrature, 70.0" + O.GliR3"F/l~ (Z lt); and injeclino p<· 
riod, approximalely 75 da)". 

.;•. 

Film bc:H-tr:m,.fcr c:::cañdcnts for w:ttcr ftvwing "ltrt:· 

cally or hodzontally io tub~:¡ :t.r.l ;urrcbtt!d z.s a !!JU~Ii-::'::1. 
of the Rcynolds nembcr by :.!c,.!.U.l!Tls .:m p;13c 1 :'S d 
ReC. S. Tbe R•ynohls numl>.r Cor now is 

DG 
Na.=--

1' 

r.(6.366 :n.) ( 1.1 cp) · . . 
-¡ (6.366 in.)(4,?90 B¡O)l 

• -· (350 lb/bbl)( 12 i~:/lt)_~-1;,. 6) 000' 
( 2.42 lb/hr-fl<p )( 2~ hr/ob;¡) ¡ • 

whcre D = in!.idc diJmelcr of tub:, ft, 
G = ftowing moss flux, lb/br-sq Ct, 
JJ. =·visco~ity :t.t flowing cooditions, lb/hr.ft, and 

N •• = Rcynolds nwnbcr, diml!nsioolc5s; 
Crom ~lcAdoms,' for Rcyoolds number oC 63,000, 

hD/k = 155(c.u/k)'·' 

whc:rc k. = thcrmal conc.luctivity of water, 0.339 Blu;'hr· 
ft-•F, 

e= spccilic heol oC water, Blu/lb-"F, ond 

(c¡¡./k) = Prandll numbc:r for .water, 1•5, diml!osion!.::.;, -
(McAdoms, p•gc ~14 oC ReC. S). 

· Thus 

h = (155)(7.5)''(0.339 Btu/hr·Cl-"F) (IZ.in.;lc> ., 
(6.366in.) y. 

'' ,. 

·' 
• 

. 
• 

' \ • 
1 

' ' 

- 222 Btu/hr·"! ft. 'F. 
' - 1 .. · .... 

_, f 

From Eq. 3, 
/~ j¡, 

1/U ~ 1/h + x,/k, •... . ~ .· 
since only thc rcsistaoce of lhe water film J.Dd cJ..Sing w:\!1 :.~ 

iS iovolved, a..od tbc diff~rence in inside a.nd outsidc a;~:J ~·· 
ot casing \\·aU is nch.1t!clcd. The thcrmal conductiviry of · 
steel is about 25 Bru¡ñr-Cl·" F. Tim&, 

. ' 

1 1 (7 - 6.366 in.) 
. ; .. ~ 

¡¡-ni- (2).(i2 in./fl)(~51lruthr-ft·'Fl 
= 0.00~51 + 0.00106 

= 0.00557, 

U ~ 1 SO Btu/hr-sq lt· • F 

= 4,320 Blu/day-sq fl·'F. 

... 
· .. ·. 

Tbe tcansicot time fuoction /(r) nuy be cstim:lted (rom.".-·. 
Fig. l. The period of injcctioo \VOS oboul 1S days. ':'· 

: ' 
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#:'-

' .. 
··;._ 

. ··. 

(0.04 sq ft/hr) (15 doy>)( 24 IÍr/day 1 
1"'1'•") .,. -:-· 13.5 in./l~in./IÍÍ' ___ -

.. 84!. l 

.;.,. (td/'•"1. 
- :!.93; 

from Fi¡. 1, lhc corrc>pondin¡ valuc of lo¡;. /111 i• 0.5~-
Jit"'• . 

/(1) .. 3.8. , 

From Eq. 2, 

:cW...;c..:l:..,t;-... --..,'•;,:U.:./.:..:1 t.:.!J 1 
A ""- 2-::,,Uk 

· .• [(4,7908/DICJSOib/bbl)l. 
. 2w(0.5)(6.366 in.) 

r 
· (1 Btu/lb-'F)( 11 in./ft) 1 

(24 br/d~y)( 1.4 Btu/hr-11-'F )(4,320 Btu/day-•q ft-'Fi 

[ 1.4(24) + co.s: :~j366 ) x (4.320)(3,:8Utu/~ay-ft-'f) ]. 

. A = 30,400 ft: · . j 

' 

jfl' 
Sine.: thc hc:U·trilnsfcr cocfticirnt for w.1tcr is l:aric.~i·_.,:;:_~~:;...;- __ _ 

rcilsonablc :.rpro,jm~lion would be lh:at th: v~luo: or u .. 
Íl inlinire. Thi!<t corrC\pun~..h &o tho: assumptioft lhat thc, . ." ._. 
tempcr.llUtC\ O( thc WillC't ;and C~~jng MC iÜt:n(jc:¡J. Thc::'_··;·--.:,:._. · 
valuc o( A computcd fur this ene trom Eq. 2A is ~0.200,'·~)·:).
ft. Thua, thc film CC1cnicicnt lfJr many w:atcr·injc-ction ca~~~·-1 

•• ~:.,:~-~: :· 
should be high cnouth th;at usumptiun of .:».n infinitc ovcr::..: ~·· 
all cocffici<nt ;, rc:uonablc. Thi• will gcncnlly not tic. ' 
true in thc case or gas iojcction. ·~· .. ~-".; . 

Tempcrature> may now be comp~lcd for any dcpth by . ·.' ; ... 
mcans of Eq. l. · · · i 

. T, = I1Z T b- aA + (T, + GA - b) e·•'•; ·--
for 6,000 lt, 

T, = (.OOHJ'f/fl)(6,000 ft) + 70'F 

- (0.00SJ•F/ft)(30,400 h) 

t (SH.S'F + (0.0083)(30,400¡'F- 70'F)e '·-•·--"; 

T, = 65.2'F. 
. ·__,; 

*'*'* 1 :,-,_.~. 

¡. 

' . ' 

- ! . 
. ' 

,_. 

i 

¡ 
·' 
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THERMAL 

OPERATIONS 

Over-all HeatTransfer Coefficients in Steam 
And Hot Wate~ Injection Wells 

Abslr.lct 

G. PAUl WILlHITE -~ 
JUHIOI M!MJU .AIME 

Ctliing ump~ratures ond weUbore hetlt'los.sts are cr_itical 
variablu in sletJm and hot wattr injection wells. Stvtral 
papers hove been wrüten punnting methods o/ tstimating 
thtu paramettrs i/ tht ovu-all htat tran:s/u coefficiull is 
knoH.'n. Tht ovu-all htat traru/tr cot/Jicitnt Jor a well
bort i.r dt!vdoptd Jrom its compontnt Urmr 10 promou 
a btttrr undustanding oj lht concept. Spt!Ci{ic mtthod.r 
havt bttn ulecud from the htat tran.sfer liuraturt for \ 
t.Uimating .tht si;;t of each htat trans/er compontnl. Sim· 
pli~td calculation proctdurts tut suggesud for dtttrmin· 
ing tht ovtr·all hen.l transfu cotffidtnt. Compati.ron. o/ 
calcufattJ and m~ruured ca.ring Umperatur~s during stlam 

· ini~ction confirms rhe baJÍC formulation and appticahility 
oj th~ suggestrd procedure Jor rnginuring calculation.r. 

lntroducrion 

Thc dnign of stcam and hot water IRJcc:uon projccts 
r~uircs c.stima.tion of casing tcmpcratures and wellbore 
hc:1t losst:"s. Severa) authors ha ve shown that wcllborc ht:at 
los~~ aod casing tcmpc:raturts cao be ca.lculatcc.J if thc 
ovcr·a.ll hcat tr.ansfcr cocfiicic:nt is k.nown.- This artic:lc: 
di.scusscs mc::thods or dctcrmining thc ovcr-all hcat trans
fcr cocfticicnt from the process váriablcs. 

Devclopment 

Thc stcady·SLlh: rate or heat flow through a wdlbort: 
Q Btu/hour is propouional to tht: tcmpc:rature dift.::rcncc: 
betwccn thc: Huid ;and thc formation, and the croc;\-.\t:CtionJ.I 
ar~1 pcrp~!ndicular to the dirc:ceion of hcat flow. Thc pro
poniC'n<llity f.actor, called thc ovcr·all heJ.t tr01nsrcr cocffi
cicnt, rcprcscnts thc: nct rtsistancc of thc ftowing fluid. 
tubin¡:, ca .. inc annulu5, c.:ning wall a.nd cemc:nt shcath to 
thc ftuw u( h~J.l.·Thus, we can writc 

Q = U,A,!l.T, . .. . . . • (1) 

E.q. 1 definc"io U 1• thc: ovcr-all hc3t tu.nsfcr cocfficic:nr ba\cd 
~ ch.HJ.Ctcri\tic arca. A, :».nd 3 chJr.lC:tcri\tic tcmpcr;a. 

O~ii;itul m~nuvript r .. .: .. ivf'll in Soc-i•t' of Petrul~um F.nvin ..... n olflu 
Apr¡l 4, lt"'· lhw1s..,J manuscript. ,...._,~ive-1 Jan. :o. l9i~. t'a""'r t!>I'L h!,19 1 ""11 pr .. ~.n~ 2-t SPL: knc!.J Mf'Unlain R•¡cional M"'tin¡; hll'l\1 in 
).1 "~"· Colo .. M;~, 23-:t, 1"'· liDColltri.tht J!rti; An••ric11n lnllilul• of 

'"'"ll· Metalhu¡dcal. aru.l Pf'trvl•ull'l En.::in•f'r.. lnc. 
•Ret•u"'c" ai""" at end of ~pe~, 

1u.r, .,.._.., 

CONJINfNT.At OU CO. 
PONC.A CUT, OlLA. 

1 

turc diffcrcnce AT,. Subscript j in F.q. 1 idt:a~ific:~ lhe sur· 
face upon which thcse quautitics are bascd. lo lhcot)", aoy 
radial sur[ace could be uscd lo determine thc chanctcr
istic a.rc.a. Sorne choicc.s a're more convcrJcnt lo work: 9.ilh 
than othcrs. For cxample, if hot ftuid is icj~tcd do'-Vn 
tubing it i-s prcfcrrcd lo lct A 1 be thc oul\idc surface Ul!.1 

of an incremental lcngth of injection tubing, 2~r .. ~L; and 
ter .6.T1 be thc: diffcrcnce·betwc:c:n the tcm¡'lt:rJ.tun::_of thc.: 
ftowing Huid T 1 and thc tcmper.atun: ll the dnienl·for:na· 
tion interface (thc: drill hole) T,. Thcn U1 = U •. rderring to 
thc outsidc: tubing surfacc 3rea, and Eq. 1 would be 

Q ~ lrr,. U,. (T,-T,) tll. . · ..••. (2) 

If thc Huid is injc:ctcd down tht: ti!Sing Or ca"Sing :..nnulu"s. 
thc chara.ctcristic arca could he the in~ide surface arca or 
thc casing:. and Eq. 1 would be writlen a.S 

Q = lrr., U., (T,-T,) j.L . • • (3) 

Subscript ci rders to the insidc: casing suríace. 

An cxpre:,~ion for the over-:..11 hc:a.t \.r.1mfc:r cocfficic:nt 
for any well c:ompletion can be found b>' considcrin¡:, thc 
heat transrc:r mcch.1nisms bdwc:en thd ftowing -fluid and 
the ccmenl·formation interface. A bri~:r derivation of thc 
over-all heat U:lnsfcr coefficient is ple-::.cnted in lhe fol
lowing par>graphs for the case o! a hot Huid Ho~>·in¡; 
througil tubin¡:: insulatcd wilh a dry air annulus. Othcr 
cases can be dcrivcd c.J.sily once tht bJsic conccpt.s are 
undcrstood. Fi~. 1 shows lhc: wcllbdrc modcl which v.·ill 
be uscd to dcri ..-e U ••. 

HC"DI Trun.,.fer I\lcch:mi~m\ 

Thc ratc of hcat transfer bctwc:c:n thc Oowin1: f\uid anJ 
insidc: tubínc WJII is si .. ·c:n by Eq. 4. 

Q = hr, h, (T,- T,) ~C. • (4) 

h1 is dcfincd by [q. 4 and jo¡ thc film codficient for heat 
transfcr b.ncd on thc in,idc: sur(acc: arca of thr: tuh;n: 
(sub.o;.cript tO anJ thc: tcmpcratur~ ditlt-rcnce bel\lloecn lhc 
ftowinc fluid Jnd thc.: in\idc tubin¡; WJ.tl T,-Tu. 

HcJ.t flow th•Úugh the tubin¡: w;.dl. casio¡; w;all ;lnd the 
crmeñt sheath occun by conduction. Fourier' di\COHrcd 
th.J.t the ratc of heat ftow through 01 budy ii dircctly prO· 
portionJ.l to thc tcmpcr.J.ture grJ.dicnt in tht: mcdium. Thc 

..,, 
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piop\JrfiunJ.Iity IJ.cto~ 1. is t~rmed the thcrmal conduc· 
tivi!r.-or thc mrdium. In thc rad:al 1)'\lcm of thc wc:llborc. 

· dT 
Q "' • 2:u ~. J, .lL. • • • . • • • • lS) 

lnlcKtaliun or Eq. S with Q con\lanr gi•., Eq\. 6 rhrou·~h 
8 fur cunducl•on lhrou~h lhe luhing .wall;'' <»ing w•ll 
and ccmcnl she>lh. ' 

Tubing. 

cas:ng. 

Q ·.: 2~k •••. (T., -T •• ) lL 

In~ . ' ~ 

'" 
Q = 2~k ••• (T .. -T;:i ~L 

In ~ 
'" 

• • • • • (6) 

• • • • • (71 

Cemcnl, Q = _2 ,_.l.:.:":::~·..:.( .:.:T •.:.• -_.:_T ·::> .::l::.L • • • • • • (S) 

In -'-• ,., 
Thrce modes O( hat trans(cr' ,:l(C prc\COt in the casing 

annulus. Heat is conc.Juch:d lhru.ugh lhe air conraincd in 
rhe annuJus. Radi:uion a.nd n:uural convection also Ot;tur. 

When a body is hcatc:d. radiant cncrgy is cmiltc:d at a 
rate dependen! on the temper•ture or the hody. The 
amounr of radian1 c:ncrgy tr::1nsportcd bctween the tubing 
and casing dcpcnds on thc: vicw lhc suría.ccs ha ve: oC c:ach 
other and thc cmitting and 3b~orbing characlcrbtjcs of 
lheir surf:~ces. Hc:u uansfcr by natural convection in the 
annulus btlwcc:n lhc: tubing :~n~ ·clsin&: is CJU\cd by ftu1d 
mulion rcsultin" from thc vuiation ol dc:n.sity with tcm· 
pcrature. Hot Huid ncar the tubing wall is lcss dense thJ.n 
li"1c: Huid in the ccnter of the annulus J.nd tcnds. to ri!e. 
Similarly. the fluid ncar the. casing wall is cooler (and 
den ser) than in lhe ccnter · of: the annulus and tends to 
bll. fig. 2 is >n intcrpret~tion of fluid motion in lhe cas· 

. ing annulu.s.' · 
Radiation, natural convection . and conduction are in

dependen! heat transf<r mcch:inisms. Thus, the total hc>t 
flow Tn the annulus is thc sum of the heat tr~nsferred by 
eac:h of the above mechanisms •. In pí.lcticc, it is conven· 
ient to define the hca~ transfe.r iate through the annulus 
in terms of the hel.t transfcr coetlicients lt. (natural con· 

Tr 

FLOWlNG 
FLUID 

TUBlNG 

•" 
' 

Ft~; 1-Tcomprrutur~ di:~tribution in on annu11lr cumplf"tiun. 

..,. 

• . ;: 
. t 

vr.c1ion and condu..:tion) ~nJ h, (rJ.d•.JLilln). Thoc coetfi· 
cicnlJ are bl.,c:d un thc ,,unirte ,urfJcc arl"2- uf lhe r-.~bing · ~
(2::-r.: .lL) and thc lcmrcrature dilfcréncr bctween lhc. 
outiide 1ubing iurhce ;a.~d :ho: in~ide CJ\inc !ur{ace. Thus. 

Q = 2~r .. (l,,+ñ.)IT,.-T .. ).lL ..... (9) 

We can now .. ancmblc·· U,. frmn 1U romponcnt term,, 
Nole th:~L 

T1 -T, n ("f,-T,.I "(T,,-T.,) + (T,.-T .. ) 
+(T,.·-T • .l·r (T .. -T.) • 1 •• (IC) 

Sincc ht:1l nuw in thc wdl CUIO!'h.:tion is :'\.\!.Umc-d Co be 
llleady ~:::..h: ;u any parr:cubr ::me. tho: ";"'llues oí Q in 
Eqs. 4 :an.d 6 throu;h 'J .u~ ~~uaL S:Jivin;; for :he rr!pec· 
tivc ccmpcrau .. re ditic!"·;m:c:6 in ·~-:~e .. ~..::..tiuns .md suO~ti· 
tutin¡ them into Eq. JO ~iv;:s Eq. 11. 

[ 
In'·~ . !o~ 

T,-T.=_g_-1 -+~+ . 1
. +~ 

. 2;r~L r,.h, k,.., '•~l''•~h.) k. .... 

+In;,·.] 
t •.• 

,. 
. • • • • • ( 1 ¡¡ 

Comparison with Eq. 2 shc·.vs that 

( 

' 1 '" r ... n-
u .• = ~+ r, • ..&.. t·· .1. 

r,.h1 k..... · (ÍI. ~ÍI,J 

• r ,. '··•n-· 
'" *··· 

+ 
,,. r,.ln ~1·• · 

-.k .. -~ . .;.;. . • • • • • • • (11) 

[n a símii:J.r mannc:r, an exprcssion for U,. can be wriltc.:n 
lo inc:lude the cJ.sc whcn thc injcction tubir.g is insuiJc-ed 
with c:ommcrcial insulation of thid.ncss ..lr and therr.1al 
conductivity k, .... Lct '•••· - '•• = ~. ·Thca, 

[ . 
. '·· . U .. = -h-+ 

. '•· 1 

'·· r,.ln-

'·· + k .... 

1 rí ... 
'•• n --

'.. + ---,,.'.::··~,...., k,... r .... (it.'+h.') 

r,.ln -'"- r., ¡, -'-• ] -• 
+ '·· + -..,.-':.:·:.:· 

k..... k ...... 
' • . (13) 1 
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-. The coeffic:icnts lt,' and la.' in Eq. ll •re baud on the 
· surbcc arca 2::-r, •• -~L and thc tc:mpcratufc diftc:rcncc 

(T ••• - T •. J. \. ·• :.: . 
v .. can be ~lculatcd ·rrom Eqs. 12 or 13 once k.~. 

f:,,. •.• .t .. ,. •• k .. ~--· h,, .lt. and,;~-~ are ·dclcrmincd. RrprncnU· 
'vt value:s or thc thcrmalicunduclivilin o( wcllburr mOl· 

.rri.ll\ are Prc:\cntcd in TabiC 1. 
'{ebl~ 1 shows that lhcrmal cunduclivity of lhc tubing 

a~d ~·ing stcel is con•idc:'ra.bly,highcr !han for thc .other 
material' in thc wdlborc. ·_Thc:se tcrms thus con~tir"utc a 
small par! of U,. and can· b~ delctcd lrom Eqs. 12 and 
ll. This .ís cquivalent to thc as.,umption lhat Tu =- T .. 
and T •• -= T ••. 

Film cocfficients for water in turbulenr flow are gcncr.:ally 
high enough. ( SOO to 2.000 B<u/hour sq fl "F) thal !he ••· 
sumption. oC an infinitc film cocffldc:nt can· be applicd (i.c .• 
T, = T,.). Condcnsation cocfficicnt.s for stcam are alsu 
largo (SOO lo 4,000 Btu/hour sq lt "F). Thus, Eqs. 12 and 13 
simplify lo .Eqs. 14 and 1 S. 

( '• ·)·.· 1 1 , '•• In ;: __ ....;.. __ _ 
u .. = h 1 + .. (14) 

. • :+ '· k .. -. 

'•· n--
'·· o ,_ u .. = [ 

l . '"·· 
'•• + 

k .... 

., ;.,,In~] .• 

'···· (h.'+h/)-~ Jc.... . 
• • • • • • (IS) 

Eolimaling h, nnd h, 

The radian! heal Hu• Q. betwoen lhc outcr surlacc of 
·~e lubing al tcmpÚalurc T,. and lhc insidc surfacc of 

·casing al T,, can be calculitcd from !he Stcfan-Boltz· 
... ~nn law.' Thal is, 

Q. ~ 2TrT,.a F.,, (T .. ··- r .. ·') ~ . . . . (J6) 

Thc asterisk refcrs lo absolute lcmpcrature in "R (T + 
.J60) and " is !he. Sretan·Bohzmann consl:lnl (1.713 X 
10·• Btu/sq ft hour •R•). F .. , is thc vicw factor rcpre3oent· 
in¡: the fraction o( thc radiation cmltted from thc externa.! 
'lurface ara of tubing A ... which is intcrccpted by che 
lnnei casing surface are!l A ... This tcrm relates thc gc.:om-
•try of !he wcllborc and lhe e.nilling pro~rtics of lhe 
tubing and casing surlaccs to thc radian! hcal Hux. The 
emining property of a sur tace ís cxpresscd in cenns · of its 
tminivity~ a mcasUrc: of its abiJjty to absorb radiation. 
For a concentric annulus. 

-·==-- --1 +- --1 .. (17) 1 1 + ( 1 ) A,. ( 1 ) 
F .... . F .. , '•• A,. t, 1 

In Eq. 17. '•• and '·• are the emissivities of the external 
tubing and intcrna.l couing surf3ccs. respectivcly. F •.. is the 
o._.er·all interchangc C.actor "bét~ec:n thc rwo surl3ccs. F.,, 
r>n usu•lly'be laken u 1.0 for wcllbore hc•l transfcr, and 
Eq. 17 reduces to . . i¡ H . 

-·'·' 
¡.~: 1 

1.•.,' 

¡ 

TASLE 
,1\ 

1-THERMAL CONDUCTIVITY Of WELLBORE 
MATEiliALS ,,,.¡ 

Mater,·al :1 ;:,.::.;-, -=~:.!:!.---~. :'· 
1 1 . ' 1 
ruu atlon (calc:ium silicate)!·; 

Cerne,,t; ¡: •· 
..... . q} \ 
net !•t complot;on) ·' • 
Dry . '. ;· 

'. 
.. 

. 1: 
¡¡.j• 

' 

Thermal Conductivity 
(Blu/hr · 1! · • F) 

25.0 
0.0210 0.06 

0.5lo 0.6 
0.2 lO 0.4 

!\ 

-.-a-+- -- 1 •• , • , , , 18) 1 . 1 '· ( 1 ) ( ,. ·~· •.. ,._ ... -

A hc3.1 trandcr cocfficient for radiation h~ c.an be de· 
fincd by C.ctoring F.q. 16 and sub\lilutin¡ as shown in Eq•. 
19 thrnugh 21. :. 

"'herc 

Q. = 2~r,)l, !i;. •- T .. •¡ aL .•. 

.. z.,,,)l. CT,.- T,.) aL • . .. . 
"· = .,F ... (T,.••+r .. •') cr •• •+r •• •J 

h, can be calculated if T •• and T., ate k.nown. 

Natunl Con•tction (h,) 

-.. (19) 

~ • (20) 
·~· .• 

(21) 

Literature conccrning natural convcction cocfficie-nts in· 
dicates !he di/licully of lhcir cv•luaúon. Allhough n.uural 

· convection ha.s becn Uudied bctwccn enclosed vertical 
platc:s, little work has been done u.1ing vertiCAl c:onccnlric i 
cylindcrs. Rcsuhs of vcrti:al plalc >ludies can be uscd lor ·' 
·esrim01ting h. bc:twccn ver!:ical conccntric cylindcrs if thc 
etrcct of curv.::ture is negligiblc. .. L . . r 

Hcat transfer by conduction 01nd natunl convection be· : · ; , 
tween the insídc c.J.sing surtacc ;~.nd the outside tubin8 sur- ·r~-" 

·" lace is givc~ by Eq. 22. ~; ~ 1 

. ·'. 
2 .. k,, (T,,- T,.) AL Q • e .::,_.::..,o...;,o.__.:.:;,.::,_ 

In-''-' 
'•· 

. . . . . . . . (22) 

whcrc Q. = hcal transfcr ralc duo lo conduction and nal· 
ural convcction, Btufhour · 

_k •• = equivalent thcrma.J conductivity of the a~nu· 
.lar lluid, Btu/hour h 'F. " 

Wh~n natural convc:ction is sma.ll. 4: .... = .t ••• th~crmal 
conductivity of thc fluid in the annulus. Sincc. 

Q, = 2::-r,. h, (T .. - T,.) Ai., 

h 
"" 

• = -~"--
1 

,., 
'•• nr .. 

(23) 

(24) .· 

Dropkio aod Sommcrscalcs' mclsurcd valucs oC k,. be· 
tween enclosed vertical platc:s. Their data wcre corielated 
as a funclion of ·thc Grashof uumber Gr •nd thc Pranétl 
numbcr Pr o( lhc annulus Huid. Eq. 25 is lhe 'corrcl31ion 
of Dropk.in and Somm:rS4;ala in tcrms of thc nomcncla-
ture o( the wcllb;Jrc, · 

whcrc 

and 

J:,. = 0.049 (GrPrt":r. Pr' .. • 
k .. • • • • • • (2S) 

G
- _ (r.,-r,,)'gp •• 'PCT,.-T .. ) 
r- a • 

. p •• 
• • • • (26) 

{27) 

·Eq. 2S. is valid for S X 10' < GrPr < 7.17 X 10'. Thc 
produc;t o( GrPr in wclls with hi¡;h-prcs~ure gas in tht.: 
annul'tn, rangc~ from 10' tu JO". so thc cxtr.l.pol.uion error 
should not be la rgc. 

Ca.lcubtion Procrdurc 

Calcubtion o( thc radil.tion and n3.tural conwec:rion co· 
efti.:ienL\ húr)l Eqs. 16 thruuch 27 r~t.¡uire\ k:Oll\4"h:dg~ or 

Gc-9 

11 
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-~. -· - . 
~he ... •"~b1ng ::a.nd c.i.\Írft h:mpcr:atures. Assume _lhat thc IUb· 

. ans ~tcmp.:rature is k.nown or c:an be :c:alc::ubtcd. This as
·-):··~'tfÍIPlion .will b~ discw\cd later. Thc cuing~~empc:rature 

·• . ;' os. ~>lcul>lcd U>ong Eq. 28, which was dcrivcd by com· 
• J / b.non¡ F.qs. 2. 7 >nd 8. . . · . : . 

.!'.-

·--,~~·· 

( 

1 '• ·'"",:· '·•) .: n- · n-· 
T.+ -r+·:r ... u •• á.-r.).(28) 

••-; .... · ...... T •• m 

By .nc~lccring thc rhcrmal rcsist:lncc ol rhc film. tubinc >nd 
asong. Eq. 28 reduces lo Eq. 29. . 

. '• 
'·· u,.ln-

T •• = T.+ '·· k . (T,.-T,) ..... (29) 

An exprc:ssion for T, is nccdcd ro use Eq. 29. In dcvcl· 
oping lhc "''cUbor.: ho::tt tnil.•lcr modcl, !he he>t ftow in 
ihc "'•11 complction .(Eq. 2) is cqu>tcd lo lhc r>wal hcal 
ftuw ir~~o the fonnation at rhc cement formatioa interface. 
Usin¡ Ramcy's proccdurc' thc radial ftow ol hcat at thc 
cemont (ormation i.nrcrf>cc is ~pproximatcd by Eq. 30. 

Q = z,.k. !T.-T.l.:lt. . • 
1301 /(r) :".:. 

1 ¡'· 

Equ:uin¡ Eqs. 2 and 30 with' ·ol.l:. = AL aod rhcn solving 
hr T, gjvcs ··· 

T, = 
T1 /(t) + ,,.kÚ,. T. 

/(1)+~ 
'··u .. 

~ . . • • (31) 

whcrc T. = undi;turbcd rcmpcranir~ o( rhc lormalion at 
dtpth:. 'F . 

Ir. =: thcrmal conductiviry. or' rhc lormation ar rhc 
dcprh l. 8tu/hour ft 'F. 

/(r) = lra.n•icnt hcat conduction (uncrion. 
-~1 ._ • 

Th: traosicnt hcat conduction .function /(1) coten inro 
wc!lbore hcat los.; •alculation$ bccause hc>t now in thc 
surrounding f.orm.uion ·varíes with time. Hc:at losses to 
lhcse (ormations are largc initi>lly, but dccrcase with time 
as thcrmal rcsist.a¡¡cc lo rhc 6\lw of hcal builds up in thc 
lormation. Mclhods of cvaluatiog /(1) ha ve ·becn discusscd 
in dct.ail by Ramoy' acd lhc rc>der is rcfcrrcd to his pa
pcr for background m>tcrial. /(t) ca.o be obtaiocd from 
Table 2 for sho;t iojcctioo times. Tablc· 2 was prcpa¡ed 
using thc data and c:11culation proccdure of Jcssop.•·• lt 

: ·~ .. 

•·or--.--r--.--,---.--r--r--. 

TU81HG SUIIFAC.l 

•• 

l. 

1 • o 

•oo ~co t.oo 
TUBING T!W~RATU.CI[, •f. 

Fis. 3-Vurialion n( U •• 'WÍih tubin!J lcmpnahufl ior 
pouamelrn o{ T:~lilc 3. 

is belicvod lhal valuo:5 of /(1) are accu:>to to threc 'i¡;ni5· 
cant ñgures. An apprcximale. value ~n be: ca.lc:Jiat:d 'J1~:fh 
Eq. 32 for longcr times. Short injection tir:1e is usuaüy · 
considercd to be lcss than 7 days. 

2 Val 
/(r) =.In--- 0.29 ..••• 

'· 
• • (32) 

Examination o[ Eqs. 29 aod 31 shows th>t the casir.• 
temperature is a function of U, •. As prcviously noted, r.: 
is used to calcul::l.te h. and lt,, the natural convection and 
radiation heat traos(er cocfficicnt.s [or thc ca.siog annulus. 
Henc~ a tria.l-a.nd-crror or itcrativc solution i.s r:q"Jired 
to dctcnninc the propcr combinltion or u .. and r .. whc:n 
raWation a~d natural convecti.;)n are the prirnary !'\ut 
tnnsfer mechanisms. The iterative solution a..s.sumcs a 
value {or T,, to calculate U, •. A new \'J.Iue of T., is cl.l· 
culatcd using rhis valuc o[ U,. io Eqs. 29 and 31. This pro
cedwe is repeated uotil <::onvergeoce ls obt¡jolXf. l'ormaUy. 
thccc calculations are sufficient to dc:termioe T,1 aod U,, 
lor a particul>r rubing tempcrature •od iojcctioo time. 

The c:1!cubtion proccdurc discussed in !he prcc:diog 

TABLE 2-TIME FUNCTION f(l) FOR THE RAOIATION BOUNOARY CONDITION MODEL 

~= 0.01 0.02 0.05 .. 0.1 0.2 0.5 1.0 2.0 5.0 -~ 20 50 lOO ao 
k. <t. •, 

ni J .1 ; 

fT ' ;j : . 
0.1 0.313 0.313 0.314 0.316 0.318 0.323 0.330 0.345 0.373 0.396 0.417 O.J33 0.438 OAJ5 
0.2 ·0.423 0.423 0.424 0.427 0.430 0.439 0.452 0.473 0.511 0.538 0.568 0.572 0.578 0.528 
o.s 0.616 0.617 0.619 0.623 1>.629 0.644 0.666 0.698 0.745 0.772 0.790 0.802 0.806 0.811 
1.0 ·o.8o2 0.803 0.806 0.811 0.820 0.842 0.872 0.910 0.958 0.984 LOO 1.01 1.01 1.02 

., 2.0 1.02 1.02 1.03 1.04 1.05 l.OS 1.11 1.15 1.20 1.22 1.24 1.24 1.25 1.25' 
:1 5.0 "1.36 1.37 1.37 1.38 1.40 1.44 1.48 1.52 1.5ó 1.57 1.58 1.59 1.59 1 59 

10.0 . 1.65 1.66 1.66 .'. 1.67 · ..• ·1.69 1.73 1.77 1.81 'l.S4 1.86 1.86 1.87 1.87 t.SB 

20.0 1.96 1.97 1.97-. .1.99 2.00 2.05 2.09 2.12 2.15 2.16 2.16 2.17 2.17 2.17 

50.0 2.39 2.39 2.40 2.42 2.44 2.48 2.51 2.54 2.56 2.57 2.57 2.57 2.5S 2.~s 

100.0 2.73 2.73 2.74' 2.75 2.77 2.81 2.84 2.86 2.88 2.89 2.89 2.59 2.89 2.90 
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••• pn>s:raph w!~ Ui!d.lo prepare Fig: 3 •. a plol of U., vs 
. tubin" temrcr~tur.: for tcvcral moc.hhcalJOR\ of an annular 
: curnpÍcrion. Sic a m wou auumcd lo b.: inj.:ctcd ·down 2!-il· 

in. cu~ina: in 7-in. a'ing fur 14 d;ay\, lhc c.uing w~n 
ccmcnh&d tu thc sud.J.ce in ~ QS,ia-in. hule wilh a hi¡:h·l~m· 
pcr.uurc rnit~ncc Ccmrnt. P~rJ;mclcrt u~cd to C.l.lculatc 
V •• :itC summ~.~izcd in Tablc J. · 

Th< fivc eompl:tion\ prncntcd on Fig. 3 were scl<etcd 
lo mu .. tr.1tc thc hc:u tran\r~r mcch:anitm~ in thc annuli ol 
11oc11n anJ "hnl Wltcr injoclion wcll•. A sbndird cumple· 
&ion• is lYo -in. tubing (mill-scalt surf><cl set on a p•ckcr 
wilh lhc •nnulus op•n lo lhe almosphere. Radiation is thc 
piimzry hcat tranucr mcéhanism in this comrlction. Sincc 
radiation varíes wilh lhe emitting propcrtics of lhe tubing 
surface·. lhe radiation hcal lransfer coellicient h. can be 
lowcrcd by coatir.~ lhe tubing surface wilh a highly rcncc· 
live material. This is shown by lhe curve for aluminum 
paint which was ¡¿uumcd to ha.vc an cminivity o[ 0.4. 

Anothcr complttion techníquc is lo wc high·prcuurc air 
or nitrogcn to elimin::Lte the down-hole pack.c:r. Thc radia· 
tion eocffkicnt is n~rly thc same value as whcn a packer 
is uscd. Howcvc.-, thc natural convcction cocfficicnt is 
la.rzer by one or two orden of ma¡nitude ~bccau~c: thr: 
d'nsity o( tlfc ga. in lhc nnnulus incrcases. Thc cflecl of 
natural convcction is illustrated by comparinc the curves 
with annulus pre;sures of O. 1.000 and 2.SOO psig. 

Radiation and n:ltur~l convection can b~ minimized by 
insubting thc injtction tubing. Commcrcial insulation has 
such a low thcrmal conductivily (0.02 lo 0.06 Btu/hour ft 
• f) lhat conduction through the insulation controls wdl
bore hcat transfc:r. Radiation and natural convc:ction c:o. 
cfficientl bascd on thc ouccr surfacc of thc insulation can 
be '3.rgc, but their cffcc:t on'U,. is small since they are in 
uric:s with the hi~h thermal ·rcsistance of the commcrciat 
insul~tion. The lowcr curvt. on Fig. J was calculatcd for 
caldum silicate insulation J in. thict. 

Fig. J is uscful in estimatinc the ovcr-all hcat transfcr 
coefflcicnt for wdls With parametcrs· othcr than those in 

- Table J. Thc [ollowing proccdure is suggcsled: · 
1~ Selec~ a va)u¿ ·of U, .. c~rr~sponding .to the tempera· 

ture of thc ftuid or tubinc from Fic. J ror thc corrcspond· 
ing wcH complction. · '" 

2. Determine/(1) rrom Table 2 or 'Eq. 32. 
l. Calcul•te T, using Eq. 31: 
4. Calcul>te.T,. from E;¡.•29. 
S. Then estímate h. (Eqs. 18 and 21) and•h, (Eqs. 24 

through 27). '• . 

6. Dcienninc a ncw .v.alue of U,. from Eqs. 14 or 1S .. 
· 7. Compare tho caléulatcd valuc or U .. with th~ value 

U\c:d in Stcpt 2 through 5 z.nd rcpeat Stcps 2 through 6 un
til agrccmcnt is obr:1ined bclwcen two suc:ccssivc trials. 
Norm•lly. thrc.e !idS of c:ilcul;ulons are sufficicnt. A sam· 
pie calcubtion is prescntcd.in lhc Appcndix. 

. . . . ' .... 
',.·· 1 

yari3ble Tubin: Ttmper.~ture 

\lw Fig. J relates ~~· to i."lc ftuid or tubing tcmperJ.turc 
hcn t~c format:on tcmru:r:~ture is 80F. _Fluid tcmpera

turc:\ may vary con'iidcrJ.bly with d~pth whcn hot water 
~r j\Jperhc?.tcd s:.!a.m is injc:t~d.'·' Thc ovcr-alt hc:at tran.\· 
dcr cocfficJcnt W1ll also \'J.ry .with dcpth. In this case thc 
epi~ stcp mclhoJ di,c:ussed by Sattcr• can be us~.:d ro de· 

llthr':Dme lhc ~ubin; tcmpcraturc .at each dcpth ir\ thc wctl. 
llo calculoltlon pro<' d · ¡· . . . 

1 , .e urc: mvo ves two succ:c~SIVC 1lerall.,.c 
' 0 UliCJni bcc;¡u h th 1 b. d 

)t u u mg an ca~ing tcmpc:raturcs de· 
P<nd on lbe OVCI'·>II hc>t lun•fcr cocfficitnl. 

,. 
· .. 

... · ·· . · TABL[ 3-PARAPAETERS FOR FIG. 3 

Hale sin: 
c .. in¡ (7on., 261b. J·55): 

00 • 
ID 

Tubins (21fa in., &.4 lb. J·55): 
00 
lO 

t.: ...... : 

9.625 in. 

7.000 in. 
6.276 '"· 

2.875 in. 
2.441 in. 
1.4 Btu/hr fl •r• 
0.51 Btu/hr fl "F ·, 

1•, 

. .. 

0.025ó + (T·SO) (3.67 X JO~) 
Btu/hr ft •f :-~:0:. 

a: 
••• - ••• (mili scale): 
••• (aluminum painl): 
T.: 

0.04 sq fl/hr 
0.9 
0.4 
SOF 

Wcllborc hcat losu:s and casing r~mpcraluÍ'cs for· the in· 
jet:tion of wet stea.m are oftcn c3.ll:ulated by .as.sumins thal 
T1• T,. and T ... are ec.,ual tt' thc injc:ction tempcnture. A 
single valuc of U,. e\·zlu:Ltcd at the irijeoctioa temper3lur: 
and at thc average formation tcmpcraturc is usr:d in thC.Sc 
calculations. 

Th.is is aa appro:rJmatior. bccausc the lcmpcr.J.ture of 
thc ftowing ftuid rn3.y be lower. cquJ.I to or h.ighcr thln 
thc injection lempc:raturcs. Thc acnul va.Juc: d:pends on 
the relationship bctwccn wcllborc hcat to~s. tWO·phasc frie· 

-tio!1al prrssurc d:op and lhe prr:!surc chang-: duc to den· 
siry variations. In many proj~ts. o~erating conditioñs Jrc ' 
such that thc diffcrcncc bctwc:en thc sand fac.e temper.uure 
and the injection !cmpcraturc i.'i len than 10 pcrccnt. Thus. 
a single valuc of U,. may providc sufficient accuracy for 
cngintcring calcul:ttions. This c3.n be checked by varying 
th.c ftuid tcmpcraturc in accordancc with rough cstim;ues 
of thc prcssurc changc~. If approx.imace c.lculations in· 
dicatc la.rge tempcrJ.ture c:hange.s~ simult;:neous solut.ion 
of the total energv and mcchanical energy cquations ifuy 
be requircd for good est!mat" or hcat lo>s"' and casing 
kmptratures. 

. Pr:~ctiCLI Applic:1lioo of !he O•or-all Hcat Tr:>n...fe< 
Coefficitnt in En~ineuin¡: Calcubrions 

Casing [ailure is a koown problcm in production wclls 
stimulatcd with stcam. Whilc it is nol always possiole 
to determine cx.actly whcn ·a casio¡; will fail. a knowle:dgc 
of the c.asing tcmpcrarure is cs.s.éntial to estima te and mini· 
mizc therm.ll stresses in the u.sing. C;uing lcmpc:rarur~ 
wcre calcubtcd for thc injt'Ction of stc:am at 650F usin: 
the param(ttrs o( Tablc 3. Thoc tcmperaturcs are plott~d 
agJinst inj1.'Ction time on Fig. 4 for the fh·: c:ompletions 
of Fig. J. 

Thc cc:ment sh;:-:~th docs n~t remain wet at shallow 
dcpths durinz stcam or hot water injection. As thc casing 
tcmpcra.turc incre:asc:~. thc b~Jiling point of water in lhc 
cemcnt may exceed thc prevailing hydrostatic prcssurc. 
The water is cithc: supcrhca.h:d in siru or drivcn from thc 
ccmcnt into thc surwunding formation by vaporiz.Jrkm. 
Thc lattcr procc:s'i a11ow\ th~ cement shc:a.th to dry, and 
it\ thcrm.1l condu::ti\·ity will dc:cn:a\e to the valuc:s in 
Toblc l. Whcn drying occurs. U., is approxi::natcd by re· 

• ducing the thcnn·-11 corlducri\·ity of thc ccmcnt to thc Jov 
cr valucs. Then rile ovcr-.lll hca.t UJnsfer cod\ic.ic:nt re:~ 
rc:scitts the conúitions after dryinc for all injc:ction time~. 
As in ex.amplc, c.uinc tempc:rltur~ for the: low·prenu:c: 
annulu\ or Fig. 4 were recl·lcul:ltcd using 0.2 Btu/hour ft 
"F·ror thc thcrmal tondo··-· . ¡ or dry ccmcnt. Thc.tcm· 
per.1turcs a.re sh~wn a\ t1u: duhcd curve on Fig. S. The 
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c'"'9P'Jnt.ling cur..,.r from· Fiae. 4 wa.s rcprVtf~t.:..:d un Fis. 
5 f~cnmp:t.rÍ\On. , 

-'Drying m.1y aho c.,tcntl into lhc formoation if thc: for· 
f!1.ltion .Í' puro••s :..nd the tcmpd:alure of lhe drill hole T. 
'eKcc::ds 'th~ boili'1J ;mini o( w:ttcr :it form.Jtion prcs\ure. 
To jr.\'C:\lJgatc thi'i phcnomt:non, a dry zonc was includcd 

:in thc ovct·:J.II h('at lt.1nslcr cudflcicnl. Fig. 6 is lhc ..Sry 
zone he3.l ts::an\f.:r modcl. Thc r;art;us n( (he: dry znnc '• 
is dc.:finctl u lhc point whcrc thc lcmper:a.turc o( lhc dry 
zonc T, is cqu•l '" lhc boiling poinl of W>lcr •• hydro
'ltatic prosurc. T~is adds anothcr conduction h:rm to the 
ovcr-~11 hcal lr>n•icr coclficienl so lh•l Eqs. 14 and IS be· 
come 

( 
1 r,.ln ~ r,.ln -:: )"' u.... -- + '·· + ......,,..;.....,;.:. 

h. T h. k,.~ /e, . 
• ()3) 

h ....... ,.,,.,a.(¡( 1 , ... _\1, 
.... l.~· l'•l':.:.'-•l 

.. 00~· 
00 .., 

o 

-
o 

~ ·cov··VAU 
" ~----ª lOQrr-1,11111 ..... , ... , 
d 

~ ,.., -.. .. 
I'~IAl.~AfiCIII 

-

-
o 

-
' 1 .. .. 1 ' ' •• ;---~.----~.~--~.----~.~--~~~--~----~--__J 

UUfGftOtl flrr,o(,O.Ut 

fi,a. 1--Cult·ulaard cu .. ing lc-mpc-r.Jiure:~ when 650F :.teum 
Íl injn:trcl dnwn aubing. 

"' z 

700-
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INJECTION TDIPERATliRE 
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-
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-
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200f- -

1 OOf-o'-~·· -- FOAMATION TEMPEAATURE 
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) 10 
TIME, OAYS 

~""i.-: •• 'i--C.nutp;ui~on uf coa<~inl' lrfn¡Jc"MIIU;,.,. fur dr:' und 
'"'·'' t'C'Olrnlt. 

'\ · . ...... ;, 

1) 

. ['• In~ . · ·r,.ln ~ 
.. '· '·· . '·· U,. ":S ---·-T---.-,-.··-,- T ---

k,,.. , .... (11~ ~la# ) c .... 

. ; ¡. ~~ ;: ] ·• . IHl 
. k, 

Now lhe ov'!r·lll h'!!l trJ.no¡,(~r c•~ctfldcnt· ¡, b:ncti on 
lhe aut\idc \lJrf:lcc :uu uf thc 1ut-1n:( and lhe lempcn.· 
lure dil[c:rcnce bc:twccn lhc ínjctl'!d r~.:id '\nd' thc dry zone 
interface. Thc raJ,;us o{ thc dty zcnc is. .!il!b~litutcd for ... , 
in thc calculation of J(;l lr"m Eq. n "' T:.ol~ 2. ·,y¡,;, 
tht"Sc th1:1gc:s Lhe \:L{lUtions fu: thc ,·::.sing !c:rnp::-:~o~ur: 
:and thc dry Z\Jnc inlcHJ.c:.c terr.r--:r Jl~tr: ;.,:: 

T •• = T, 
(¡ '• -1 '· .. n- n- ~ 

'~- '" 1 • . + --k--+ -¡_--¡' r, .. U:.lT,-T.). {!Jl .... ~. . 

T1 /(t) +_k_, -T. 
T. = ______ .:'.::":..=u..:•:.· ---

/Crl +_k_.-
'··u .. 

• (36) 

. This model :t~;t,;.¡;nc:s rh:n t.he dry zone f'lrrr.~ .u ":::'lt 

Zc:rO, :llthough it i!' k.OC\"'1 lh:lt d;ying will o1l!l h-:-~;ln IJQ:.;J 

thc drill hale ter.'lpcr:lturc T, is at h:ast ~l~f'. Thc \!rv zcnc 
radius is not con~lant bUL will ch:'!.ngc w1th ~irr.c. A~ a re· 
sult. thc modcl doc:1 not reprc."ient th~ vapnriution l:id 

condc:n."iation which o..:curs durinK thc fori'!'!:Hit)n of thc 
dry zone. 1t will inJic3te the ma:(imum cllcct of ·J. Cry 
zonc. A numcrical solctitJn wou1J prcvidc :a ~ettcr ;..:prc· 
sentatio.n if the prubl.:m is \cvere c:nough to w;ur.lnt fur· 
lhcr invcc,tigation. 

Calcul:l.tions wc:rc mJde to cstimatc the cffcct of a 'd.-y 
zonc on c'Jsing t~mpcraturc. An unconsolilb.rcd !..lnd .,.,.¡s 

usc:d as thc formation because it :shows. the eñe<:t of a 
large dHfcrcncc bctwc:n the wct and dry thermal co01duc· 
livilies; i.e., 1.6 Btu,lhour 11 'Flor lhc wcl zonc >od 0.15~ 
Btu/hour ft "F for the dry. Tho:>e valucs corrcspond 10 lhe 
dala o! Woodsidc and Clif!e" for Otuwa sand (lOO lb/ 
cu [t). Cakulatcd casin:; temperJtures wc:re ·SO to 75F 
highcr lhan lhc dry ccmcnt curve ol Fig:· S when r, = 
212F and '• was evaiUJ.ted .J.t L'lc mJ.ximuát injrction IU!le. 
Thc valué: of ,, for T, = 21~ was found by ~lotting .:ll· 
culalcd values of T. axJ.inSt a:s .. umed values of '•· 
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·&1-ing lcmpc.:r•tur~.:\ t4'cre nu:.uurcd durina: stcam tn¡cc· 

bon in onc or uur Slc.lm ínjt:<tion proj~l\. Stril.m WJ\ 
injectcd down tubin~ ~et on a pilckrr in 7~in. ·ca,inc. Ca\· 
ing tr:mpcraturct wc:rc c~lcub.tcd for the\c condiliom U\· 

ing k, = 1.0 Btu/hour fr •F. « .... e 0.2 Btu/hour 11 •F and 
a ·drill hale diamelcr of 12 in. Mc..,ured and calcul¡t•d C3\· 

ing lempcralurcs are compored on Fig. 7. 1 he lont·lcrm 
agrc.mcnt is wcll within lhe accuracy rcquircd for en· 
ginccring colcubtions. 

Thcrc was a largc dilfcrcncc bclwccn lhe calculatcd and 
mcuured tcmpcralur<• during lhc first 48 hours of injcc. 
lion, part or wh..ich w.u duc to lowcr injcction tcmpcril
IUfCS (SOF) during lhi., time. The rémainder of thc diiTcr· 
cnce íncludcs un,tr:ady·Sliltc ctrects in thc wcllborc. lt wa\ 
previou.ly slalcd lhat lhc wcllborc · modcl rcpre•ent• a 
quasi-steady system. That is. steady .. state equations are 
uscd to d..cribc hcal Lransfer through lhe rc¡;ion includcd 
in th•: ovcr·all heJ.t trarufcr cocfficicnt. Transicnt etfr:crs 
such at vapori.z.¡,tion o( water ia the cemcr:zt and surround
ing formation are not included. lhus, a significant ditfer· 
cnce bctween calcub.ted and me.J.sur~d casing tempcr41· 
rure1 should be cxpcctcd during thc ohort lransicnt p<riod 
alter injccfion bcgin•. ·. 

Conclu.ion• 

Jt has bccn shown lhal the over·all h<al transfer coclfi· 
cient ca·n be estimated from the process variables. A bric:C 
deriv:.tion was presenh:d to indicate how various hcal 
tr.lnsfer mcchani~ms are included in an ovcr·all hcal 
u.ansfcr cocfficicnt. A simplificO calcul.l.tion proccdurc was 
outlincd for detcrmining th• ovcr·all heal lransfer coeiTi· 
cicnt. Compari'ion of prc:dictcd and field c:uing tcmpc:ra· 
rure• confirms lhc b>Sic formulation. and applicabilíty of 
thc suggcstcd procedurc:~ for enginc:e~ing c:~.lculations. 

Nomcncl.aturt 

A, = characterbtic surface are.1, sq ft (sub'i.cript j idcn· 
tifics lhe surfacc) 

A •• = inside surrace arca of the casing. s4 ft. 
A •• = ouuide ~urface are:. of thc tubing, sq ft 
c •• = hcat capacity or the ftuid in thc;- annulus at the 

average annulus lempcrature, Bluflb •F 
{(J) = transient time function, dimensionless 

... 

... 

Fic, 7-Comp.o.ri"'n of firld d:.t.a \llilh c;slcululrd rC'sulu. 

~"'"· .... , 

F,, 1 = vicw b"c;ur b.nctl on uuhidc tubin¡; and in .. idc 
uiint: ~urb.cu: dimcn..,ionlc'~ 

F ••• = o~c-r·all inrrrchangc:: bccoi bdwc:cn thc out ... idc 
tubing ólnd imide C:a\in¡ \ur(accs. dimc:n\ionlc\\ 

1 = accderal¡on due to gravity. 4.17 X 10' lt/hr' 
Gr = Gr;nho~ numbcr. dimcruionlcu 

h. e hcat transrcr cocfficicnl for nalur;~.l convcction 
based on · thc ouhidc tuhint: surfacc and the 
tcmpcraturc c.Jiflcrcnc: bctwc:cn thc out.side tub· 
ing and inside casing surfac.s. Btu/hr sq fl •F 

h.' = he:a.t tr:u:dcr cocfficicnt for n:.tuu.l convcction 
bascd on thc ouuidc inlulation surface and thc 
tempcr.lture diffc:rcncc bctwccn thc outsidc:: in· 
·sulation and inside ca>ing surhcc, Btu/hr sq fl 
•F 

la, = film coc:rracicnt for hcat tran~fcr or condcn~lion 
coetfacient bascd on imid~ tubing Or ca.sin¡; sur· 
facc a:-~cJ the tcmpcrarurc di.ffcrccice. bctwccn thc 
ftowins Huid and eithcr of thcsc surlaces, Btu/ 
hr sq ft •F 

hr = hut trander coeffici~nt for radiation ba\ed on 
tlle oub;dc tubins surface a.nd the tcmpcrJ.tu;c 
ditfcrence bccwc::n the outsiGe·tL.bing and iosidc 
casing surfacu. Btufhr sq ft 'F 

la/ = he.J.t transfCr coefficicnt for radi.a.tion based o~ 
outsidc:: insul:gion surfa.cc .1nd thc tcmpc:rature 
c:ijffcrcnce bc:twecn thc outsidc imulation and in· 
sidc i:asing sur faces. Btu/hr sq Ir •F 

k .... = thermal conductívity of the ca~in.c m.:ue:rial at th~ 
average casing tempcrJ.ture. Btu/~r ft •F 

k •••. = thermal conductivity of the ccment a.t the avcra.¡;e 
cement lemperaturc and prclsurc, Btu/hr ft •f 

i, = thcrmal conducrivity of the dry 2onc. Btujhr ft •F 
le, = thermal conductivity of thc for.nation. B!U/hr h •F 
k,= lhermal conductivity. Btu/hr ft 'F 
k .. = thermal conductivity of Ch.: Huid in thc a.nnulw al 

tllc average tcmpcraturc: and pre.ssur: of thc: 
annulu.s, Btu/hr fl •F 

k .... =- equivalent thermal conductivity of the annul.u 
. ftuid wilh nJ.tur.a.l conve::tiori cffccu. evalull:d 
at the average temperaturc anc! pressure o{ th: 
annulu., Btu/hr lt •F 

k, ••. = lhermal cooduc:J'vity of the insu!J.tion at thc :~.ver· 
age tempc:raturc of the imulation, Btu/hr fl •f 

. k, ... = thermal conductivity or the tubing material at the 
averag• tubins t<mperalurc. Btulhr fl •F 

Pr = Prandtl numbcr, dimcnsionle:s.s 

Q = heal ftow lhrough !he wellbore. B:ulhr 

Q, = hcat ftow in th!:! annulus by narur:~.l convcction .1nd 
conduction. Btulhr 

Q .. = heat ftow in the 1nnulus due to ra.diation, Btu.'hr 

r = radius. ft 

r., = in\id(' radius of C;lSÍng, ft 

r •• = ouhidc radius of casio¡;. h 
r4 = radius of dry zonc (diUJ.ncc whcrc T, is cqual to 

thc boilins point of water at formJ.tion prc~surc) 

r, = radiu• of dril! hale. 1t 
'•••· = radius of thc: ouLS!de in!'.ulltion s.urfacc, ft 

r 11 == inside radiu.s of tubin¡;, h 

'•• = outside ra.dius of tubins. ft 
t ==.~me, hours or units consistcnt wilh a 

T = tcmpcra.ture, •F ... 
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T•. ~'iit..olute temppnhúc. 'R '" 'F + 460 
T _.¡¡,o;· average temperature of the ftuid in the annulus, 
·)··t'· •F 
::1..• 

· ~-.T~;' a tcrñperatufe o( insido c:~~ing 1urf:lcc, 'F 
T,. =- ccmper:tturc of outsídc casing surf:ace, •F 

· · T • .. boiling poipt ul water al form•lion prcuure, 'F 
T, ,. lempcra!ure of ftowing fluid, 'F 
T, = undisturD~d lcmperaturc of the 'rormiltion, 'F 
T, =temperatura al ccmcnt-formalion interface,· 'f 

T, ... • tempcr~t~rc of tha outsidc surracc of tho ínsula•' . 
, tloa.. • F 

T,. '" temperatura of insid~ tubing surracc. 'F .. '·' 
. T,. a:a terapcrature of outsida tubing surface, •f .. 
U,, a ovcr·aU hcal lr.lnsfcr cocllicicnt bascd on thc lrv·· 

side ca•ing •urlace and the tcmper>ture dilfer· 
ence betwcen the fluid and ccmcnt-rormatian 

. iaterfa<e, Bru/hr sq lt 'f 
· U, "' ovcr·aU h~t · tunsrcr coclllcieat b&$cd on the 

charactc:ristic surfacc area. A, and charactcristic·.: .. 
tempera tu re ditfercnce 4T1, Btu/hr sq lt • F · ': "· 

U,. "' ovor-all hcat tran•fer eoelllcient based on tho out· . · 
sido tubins s~rface and tho tcmperaturo diiTer.' · 
enea betwccn fluid :and cc:mcnt·formation intcr· · 

' (acc;:. Btu/hr sq (t 'f . , . 

z a dcpth, ·rt 
11 = thcrmal .bllusivity ol thc carth, sq 11/hr 
p "' thcrmal vofumetric cxpansioit coetllcicnt of thc: 

1 
. , ftuid In tho ar.nufus, 'R"' '"· T .. , lor an Ideal 

•• 
· 1 {a ) sas; or generalfy = - p:: :;.· • . whcre P 

.'t· ls thc annufus pressure 

Al. '" lncrcment ol tubing or casing fength, 11 
. 'll, a insuluion thickness, ft 

AT1 .. characteristic temperaturc ditferencc refated "to 
U 1 and thcsurlacc arca A,;•f 

r,. co emissivity al o~tsidc tubing surlacc, dimcnsionfess 

'•• e cmissivity of inside casing surf:LI:e, dimcnsionlcs~ .. ·. 
"• Stef~n-B.:~ftzmann constan!, 1.713 X 10~/sq lt''·hr 

'R' 
p .. '" den•ity of tho ftuid in thc annufua a1 r;. and pros· 

surc P, lb/cu 11 · 
P..• = vlscosity. al thc !luid in thc annufus at T., and P. 

lb .mass/h hr. 

·',· 
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Al'PENDL"( 

Sampfo C:tlcubrion 

Sleam ·al 600F is · Íni•-cted down H2 -in, tubins set on 
a packer In. 9~ ·in., 53.5-lb/lt, N-SO ca~ins. ·nic """ufua · 
cont.1ins a srasnant gu at 14.7 psia and the ~asins is 'ce. 
mented to surrace in a 12-ia. hale. A r~m¡>craturc survey 
In the wefl fndic.11cs a mean subsurlocc temperatura al 
IOOF. Thc reservair is at 1,000 lt. Estimote thc ovcr·afl 
heat transler coelllcicnt, average casing temper:uure and 
weflbore hcal loss olter 21 days ol continuous injection . 

Dota 

'" ~ 0.146 lt 

'·· .. 0.355 ft 
r,. .. 0.400 ft 

'• "' 0.500 lt - / 
rr = 0.0286 sq lt/hr 

k, = 1.0 Btu/hr sq lt • F /11 
••• ::a ••• = 0.9 

k .. -..= 0.2 BIU/hr sq lt 'f/11 

"Step 1-estimalc u,; lrom Fig 3 for an injcction tcm· 
peroturc of 600F and thc loiV preuuro annulua: U., "' 
4.05 Btu/hr sq lt 'F. · 

Step 2-cofcufate /(r). Sinco 1 = 21 days, Eq, 32 can be 

uacd: Í(t) = In 2 y(0.00~6) 1504) -0.29 = 2.43. ~ ,. 

Step 3"'""alculate T, (Eq. 31): 

(600) (2.43) + (0 ·-~~i~-1.05) (100) 
T, = 

1 0 
= 39SF, 

2
'
43 + (0.146i (4,05) 

· Stcp 4 -calcula te 
.:•i.stoncci (Eq. 29): 

T •. nc:¡;!~ting c~sin¡; :and sUrtacc re· 

· . co. r 46) co~.oS) o.5 
T., = 395 +·-o-.2--ln 0,4 (600 - 395) = SJOF, . · ... 
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. ·~ · . . . ; . .. . . .. : ... : .~ ·.· 
•1' • ·, ·'1, j',· 

. :~ Slcp ~timata./o~(~{l8 and 2i): 
~; f.. • ~ '\·~· -~···~···.:. . 

-.: ·. F;_." . .,. 1 o:l411 ( ·, ) .. 0·86S . . -+ --· --- 1.0 . 
• · . .... U.9 O.JSS 0.11 

• , "· ~ io:~6s¡ cr.~'foJ x !o:") f<61l0 + 460>' 
.. : +CSJ0+460J'J ríisoo + 4601 + mu + 460JJ 
. . Ñ ' ·-~ 

"' 6.39 Btu/hr'sq fl ~ F : : . . . 

nlimaie h, (Eqs. 24· through 27): 
·, ' · .·: . T "' S65F . :-¡'. .. .·· 't 

·- p,, ., 0.0388 lb/cu fl 
: ... · ,.,, .. 0.069 lb m>ss/fl hr 

•· ,. · · . •- .. 0.245 Btu/lb 'F 
.1:., •• 0.0255 Btu/hr sq fl 'F/f! 

" 1 . ,. .. __ 
. T •• • 

a 9.75 X 10'' 'R·~ 

:., 

;, calculare Pr using Eq. 27: 
' 

P ro.245J ro:o69) 
r "". 0.0255 . = 0.66 

r •• t..,,. • 0,209 ft: 

calcula le Cir using ·Eq. 26: 

G r "' 1.::0.::.2..:.0'1...:1-'' (c:.4.::.1..:.7 ..:.'1<:....:..:1 O:...;'I:..:<..:.O.~Ol~8i.8i;;)' ~19.:..:. 7.:.5..:.X.:....:.:I 0:.."1.:..:;:(600:::__-_:5::;:30) 
. · (0.C69)' . 

•. "'8.26 X 10'; 

C.llc,;l>~e k., from Eq. 25: 

k . . 
k

•· o: (0.049) [(8.26 x 10') (0.66Jr"' (0.66)'n• = 1.81 .. \ 

¡. 

. ·· 

.! • ~ • ' ·- 1 

•• 
lhen. 

1:,. .. 0.046 Btu/)lr fl • F: 

0.046 
"· ., O.lH 

o.l4.61n 0146. 

• 0.36 Btu/)lr sq fl 'F. 

'· 

· Stop 6-colculalc u .. (Eq. 14): . .. 

· . :~"' -; 
1 

. O.l461n [¡¡ . ' .. "'( ' o 5)'' ii 

u •• ;_ .. · 6.19 + o.36 + 0.2 · . .. . 

o= 3.22 Btu/)lr sq fl 'F . 
: ~ .. .. 

Step 7 ...... incelhe assumcd aod C.llculotcd valucs of U,, 
do nol agrcc, rcpcol Stcps 2 throush 6 until a¡recmcnt.is 
obtaincd bcrwccn two u·ccc.uivc lliols. Rcsulu of succcs· 
sive ilcrolions are tabulatcd belo"'· 

! 

Assumcd Calculatcd 

u .. h. ... 
"· .. u .. 

(Btu/hr T, T., (Btli/hr IBtu/hr (Btu/hr 
Trial '" rt 'F) 

('F) ('F) sq rt 'Fl sq fl 'Fl sq ,, ·m 
4.05 395 S lO 6.39 0.36 3.2:! 

2 3.22 367 487 6.00 0.42 3.1S 
3 J.l S 364 485 S.97 0.42 3.14 

The wcllbore hoat loss cán be a.lculatcd using Eq. 2: 
Q=(2.-) (0.146) (3.14) (600- 364) (1,000)=680,000 Bw/)lr. 

··*** 
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