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4 
·co·ntinuous lnteres.t and 
Discounting 

W. B. Hirschmann and J. R. Brauweiler 

"4.1 Logic for continuous interest 

+-ffi~st can be compound<!d,..pcriodically, e.g., ar.m1a-Hy, ~m¡..i!'1mually, or e\·cn 
¿~ily, or i: Cl.ll;o;,.~:ompounded-·cuntmuously. A.:.!J.u.a.1.d:.i~ntmgriS"-appro¡:>riate 

for,lUL~W.l..i.ng mo,tgages, .bonds. ::tnd si.milar,.financial,tmns~ction!S, which require 
¡;;;.~.ni.;;<.~ .vr r~.:.~ pi:>-a ~ -d iscrctC't i mes. f i1 most bu5i n~sscs, howe ... cr, tr<>r.~r..:.;.;un! 
lO:..:I.U Lil.ruu!_!houL lhc year; an<i thc::se cir~umstanc'e~suggest>·a"continuous flúw ol 

Hhln!:;·, for \':hi~:h contmuous compounding and-dis~·ouuting ismon~Jcalistic ~h~r. 
a¿-¡¡;u.J .:.ompvur.diog and discvunting., 

This ch::tpter develop~ formul:.ls for d1scounting and con;"pounding ca:.~. rlO\\S 

on a continuous basis. lt abo illu~trates how cor.tin1.1uus j¡._·.-:.;nting re;..u!•) ;.~nd 

simpl; copes with the vuicty of Ci!.~h tlo\ls !h?.t r.~;-~:". ··~u!~ from a!'.!!:' -::•.~f!'.~nt 
O\ cr its l1f~:. 

lf i is th: nominal intcrest r:lle CXEJrC5sed as a decim:!l and.compoundinf: pc;:ürs¡ 
tim~s p.:r )ear, then 

64 
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T~blc 4.2TI Compari~on of Compounding Factors 

P,'Jic),/ f\L•f,JII&III\it!p ¡-,, 1 ~u l)(l l'act<lf !••r 1 ·. 0.06 

--------- ------ -------
.\nnuallv (1 -:- ;¡1 1.061 1 Ot-000 

.;;~mJJnnually (1- ~y 1 03' J.OóO<JO 

Quar1aly l 1 i )' V-:¡ 1.015' 1 0613635· 

! (1- /2f !\lomhly i 1.0051: 1.0616778 

1 ( . f' Daily 1 + 3~5 1.00016 ... 1.0618305 

Continuously e• eO•OI 1.0611!365 

is the \·aluc of 1 at the end of 1 year, as developed in Sec. 2.1. Table 4.2TI shows 
the dfect of increasing the number of compounding periods in 1 year. Note that 
there is little difference between the factors for monthly and c?ntinuous compound-

ing. -By Eq. (2.1#4) 

·S=P(1 + ~r· .,_., , ... ·- 1 .- •• ' 

where S is the future amount of a present amount P aiter 11 yc:ar:> '~ith nominal 
decimal interest rat~ per yc::ar11'-compoundedp-time.s pcr:year. l.n.thdi.m.it. wilh.p 

equal. to~tn.finity.fQr contiuuous compounding · 

i o 

1 +-=e' 
p 

.,_,..S:=-.Pe'l' (4.2#1) 

whcre e is the naperian constant 2. 71828 . . . . Al so solving for P in terms of S, 

.P..:::,St:-;i" (4.2#2) 

Thus the factor ein is an operator that moves SI 11 years with the calendar al a 
nominal decimal rate per year i. Similarly, the factor e-•n is an, optrator that 
mo,·.::s Sl n years against the calendar at a nomina] decimal ratt per ~ear i. 

Generally there is no confusion between periodic and continuou~ intere!tt 
~na~much as the two are never used together. HO\\ever, in this book a har O\er a 
ktter will be used when necessary to emphasize that continuous interest or con
tinuous fl.ow is intended. Thus in keeping with the terminology of Chap. 2, 

•.::-F.rS:"t~~ 

F,¡,· -~1. 
ldl,_¿_l.t'- ~------· 

(4.2#3) 

(4.2#4) 
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The factor Frs.i.u converts a single amount P to a future amount S, with con
tinuous interest at nominal decimal rate i per year, n years with the calendar. The 
_factor is tabulated in Appendix 2, Table l. Similarly, the factor F.sP.i.n converts 
StoP, is a present-worth factor for continuous compou'nding, and is tabulated in 
Appendix 2, Table 2. 

A usefu! characteristic of continuous compounding and discounting factors 
is e\ iJent from the tabulations. Note that in Appt:.uc.I.U::l.rTables- i:and:2,--i and·n 
.:lppeJr_,asA. prqduct in. Beca use of this circumstance, a continuous-discount 
fllll.;:tion has thc s.amt: value for each comb!nation of interest rate and time period 
which has tbc s.tmc. product. Consequently,vcontinuous·discounting require9 
Qll!.) O!lC tab!e of f;.1~tors, based on the product·in,- while·annual disc-ounting re ... 
qtt!J~s. __ m;my_t;J.blcs, one for cach intcrest rate. 

This mathematical characteristic also permits continuous factors to be 
placed on a discounted ·e:ash-flow slide rule so that present-worth and other 
calculations can be made even more simply because of·ITot having to refer to tables 
of factors. 1 Yhe tables for continuous discounting are much more compact than 
those for periodic discounting. Jn addition, the continuous form combines 
readily with se\ eral functions describing common cash-fiow patterns so that the 
summation (integral) ofthe present worth is easily found from one or two tabulated 
factors. This com·enien:e is shown by the simple formulas and procedures 
devel0nt'd in this chanr_er. . . 

Ir sl;ould be r.otc.:l ~:-:at m ~his c!-Japter i is a dccir.:al annual ra:e. T!:e 
discounting or compounding interval determines what the effective annual rate will 
be. The relationship between effective interest rate and nominal interest rate was 
gi\en by Eq. (2.1#5) and for continuous compounding becomes 

Effective interest rate = e; - 1 

The conver~e relationship is 

inom = 2.303 log (1 + irrr) 

(4.2#5) 

(4.2#6) 

In Eq. (4.2#6) the reference is to common log~rithms. Equations (4.2#5) and 
(-L2#6) permit conversions from nominal to elfectivé rates and vice versa. They 
can be useful because at times a problem arises in terms of annual interest but 
disc.:>unt factor tables may be available only for continuous interest, or the 
converse. 

Figure -L2FI shows a comparis0n of equivalen! annual ::.nd continuous rates. 
Thu:> by the figure 

5 ~ ~ annual = -t. 9 ~-~ conunuous 
10° u annual -" 9.5'' 0 continuous 
20~ 0 annual = 1$.2~~ continuous 
JO u~ annual =--= 26.2 ~u continuous 
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~ 
e 
o 
u 

~·,-. 
•·•¡ 
_· ... ¡. ----------

1 i 

1 

1 S 6 8 10 20 30 40 !iO 60 bO ton 
Annual rate, per cent/year 

Fig. 4.2fl _ Equivalen! annual and continuous rates. 

200 

Tables 1 and 2 of Appendix 2 can be extended because of the propcrties of 
exponentials. Thus, from Appendix 2, Table 1, knowing further that e0

·
003 = 

1.0030, 
clO.&l3 = eséeO.&leo.oos 

= 148.41(148.41)(1.8404)(1.0030) = 40,666 

Exa.mple 4.2EI lf thc di;count rate is 10::.: per year, what is the presenr worth of S::!,SOO to be 
rcceived as a singlr payment :w years hence? 

By Eq. (4.2#:!} and Appendix 2, Table 2, 

P =Se-'"= 2,500e- 10
·"11 ' 01 = 2,500(0.1353) = 5338.25 

Example 4.2E2 If SS is received now, what will it amount ro in 20 years at 30 ~~ per ~·ear inreresr? 
By Eq. (4.2#1) and Appcndix 2, Table 1, 

S= Pe;• = Se'0
•
301100 ' = S(400.4) = S2,002 

4.3 Unifor.rndlow 

In :l~e previous section, compounding and discounting were performed on a single 
an.our.t. In this section the operations will be performcd on a continuous flow. 
Suppose that an amount flows at the ratc R. per year for 11 years. Consider a 
~m:~ll interval of time dX starting X years from now. as in Fig. 4.3F l. The flow 
during this interval is giv(!n by rate multiplied by time and is R. c/X . . lhe•prc .. ent 
\lO(;.h for: ,tl¡íx;m.all elcuH!Ill..:ef;illu;.úot;L Eq...(-4-.2#2) is 

l' :rlem---di.-:JX"f!CA X 

.. 
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[1 1 ·¡ 
0~--------~:~~í--------~n 

1 -dX'-
.--x-

Fig. 4.JFI Discour.tinga uniform flow. 

and forall-ttre'Etefnents 

- -~R-[~X"=''R[~;~~~·]: ....?"~ _1 _-_e_-_in 
-· --- - • o [ -1 o (4.3#1) 

lf the relationship above is !'llulúplied-nnd..dt~~~~comes 

~Rr7] (4.3#2) 

The val u e nR is the total jloll" for the period. The factor within the brackets now 

appears as a function of in only and can be tabulated compactly. Jn the ter
minology of this book 

e-in 1 ~ 
_. 

- ,. 
FP.P.i.n = 

in 
-/ ' (~.}~3} 

and 
1 

1 n 
, 

' ! . = ;. 1 in ,../ ¡ 1· 1 
FPR.i,n 

,_ ; -- : ;~'¡ / (4.3#4) -
1 -e-in / 

The factor FRI':i ... • which converts nR to P, is tabulated in Appendix 2, Table 3, 
as the evaluatiqn of (l - r"')fx, where x =in. 

Example 4.JEI A mine is .::xpccted to yiefd a cash income 2fter la.J<es of S20,000 per year 
cominuously for .:ach of the nex1 15 ye:~rs. lf-the minimum accept2ble rate of return on 
im·estmenl is 12~-; per year, find the maximum amounl that can be economically justified 
for buying the mine. 

By Eq. (4.3#2) and Appendix :!, Table 3, 

P = (nRlF~P.o.u.n = 15(20,000)(0.46.Ú) = S!39,1JO 

Example 4.3E2 If SI per day is invest:::d a~ recei\ed al 8~~ per ~ear imcresl. what will rhe sum 
t>e in 1 5 years ? 

Fim rind :he prc:sen1_ \\Orth of thc: unifonn flov. oi S365 per year by Eq. (-t.3#2) and 
.-\pp~ndix ::!, Tabl.: 3, 

1' = !5t365JF¡¡p_0 _.,. 11 = !5t365H0.5!C31 = 3.!!iS 

:-..<'XI conn:rt to a futur.: ''''rth by fq 1-t.::!# 1) and AppcndiA 2. T2ble 1, 

S= 3.JSSc'"·""''" = 3,JSS!3.3::!0ll = ·st0.5S4 

E "-'mplc 4.3!:3 Th~ i'.tr..:nl> ,l( ..t h:!b\ !'!~u1 (,) :)-t\~ l"Ol'U~h h.' :i ... ·nJ il lhrl'U!!h ~"'~k·~~· th''.\ 
:· .... : ::·.: .... i lÍh. ... ,- un ... ·< r-.t....,~:thh u1-1··. 1":. \o.".i.r "·"uuin: .. .h""~ll~-ír.l ... ·.~.;¡ bPnd; h) J...:..: .... ::: ... _: .. ·.::;,: 
~! :' .Ullt; ! ht.:y •;::ur ....... qu l"t.: Lh:~'"h:J 1 7 \'"'-":L;s h~ncl!' ~ 
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p -~ t:.t.JUI}._··••-• 11 ' 1'' = l::!,U\J,itO 50bhl -~ h,U,•J.~tl 

"hich in turn can be: c\lnn·neJ 10 a ycarly uuif,•rm 11.-," by ry. r-+)=r:l JnJ ·\r¡'<'nJI\: 
T;..tlt.::;, 

6,079.:!0 = 11R.Fi:J· .•.• ,., = 17Rt0.7256l 

R = S-i9::!.U ¡><!r year 
or 

-H2.83 

12 
541.07 ¡><!r month 

4.~ Flow char.ging at an exponential rate 

lt i:; appropriate at thi3-point to highlight an aspect that is ort~n unre..:ogniud or 

O\·erlooked: 1he most importa nt, and perba~Ll.le most ddllculr-pll rt .' ,l(.an econumic 
=\~l;l.!ysis is makin~ a n!alistic·estimate of whatthe future cllsh tlows w! · pro veto be. 
.\.~-times;·L~i5:-Siép,:;eems-ele.rnemary, buht.he.;;¡mplicity-clln ·he dec .¡j,·e. Con

sider a homeowner who has a 25-year 5% mongage requiring p~ .. nents every 
:-P.o:nh. This seems like a straightforward cash ftow: money loantd in a lump 

sum and repaid regularly. Bu! what about the initial fee ror writing the mongage? 

What happens if the homeowner loses his job and income or dies? What abouc 
the refinance charges if he sells his home and movcs toa different o.ne? · \..j 

Chante~ ;.uch -as the~e ar.: more likely to happcn than nol with the cash 
.., - ., - ~··- --· :~--~s•...,..,e..,t 'D ~-o"r.:-.:no •h ... , c:urh ,.h ... .,n<•o O~"Cllr ;e ,.,0r" ~prropriate •• ...., .. 11.) vi W.laJ .... ,_ -. ... .a; ·". "'"""~ :;, .1-<L• :;, ...... J ............ c ....... - ·- 1:;- .\,. "1. 

than assuming thllt there will be no change; but projccting them realistically is a 
challenge. · 

During initial scoping studies, it can be convenient to assume leve] per

formance-to ignore change or assume there will be none-in' order to simplify 

the analysis. 1t is importam to recognize, though, that this assumption is being 

mace and to interprct the results accordingly. In rea!Iirc or rora definiti\ e analysis, 

st.ch an a:>sumpcion can rarely be made with safety; it may not onl) be misleading 

but disastrous. 
This chapter will not dwell on methods or techniques of p·rojecting cash 

~lo\\"S. As;¡ point of ceparture, though, it is convenient to recognize that chang~s 

''hich seem erratic over the short term often move in regular trends ü\Cr the long 
term. Wage rates scem to increase continuously, anJ CL)Illpetitiui1 cont1nu:>li) 

aodcs profit margins. Such trends can be reé!.dily discounted or compounded b~ 
the continuous method. 

lf an initial Oow R0 dolla'rs per year, increases continuously at a rate g per 

~·ear txpressed as a decimal, the rate of ftow at any time X by analogy "l!h Eq. 
(-L~#l) is 

- -

Comida a smali inh:rval of time e! X Slarting X years from now. as in Fig. 4.4FJ. 
The fiow for this interval is R0e"-' dX. The present wonh for thi~ small element of 
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flow from Eq. ( 4.2#2) is _ 

Pelcm = R0e'X dX e-•-" = R0etg-OX dX 

and for all the elements 

l n e!P-i)n _ 1 
P = Ru e<~-ox dX = R0 . 

o g- 1 

l - e-<i-g)ll 

=nRo ( ) =(nRo)FRP.•-u.u i- g ll 

r 
Ro 

1 

4.5 

~~----------~~----~ 
O ¡ . n 
1 -, -dX 
:----X____..; 

Fig. 4.4FI D1scounting a flow 
changing at an exponential rate. 

. (4.4#1) 

Thus, ihe present worth is easily calculated from a knowledge of the initial flow 
rate and from the f.1ctors t<JbulateJ in Aooendix 2. Table J. . . . 

Equatior: (4.4#1) h:)!~~ !! 0 is !'!eg::J.~Ív~, i.e., the f·:·"· i;; decrea<.iP-g <'i arate g 
per year, provided of course that gis introduced as a negative number. 

Example 4.4El Repeat Example 4.3El but with a forecast that inftation will raise prices 3% 
per year com!nuously. 

By Eq. (4.4,ifl) and Appendix 2, Tablc 3, 

P = nR0 Ff¡p, 0 • 12 _ 0 _03 ,,. = 15(20,000)(0.5487) = 5164,610 

Example 4.4E2 Repeat 4.3EI with the cond1~ion that the mine will become gradually depleted 
so th:ll its net income declines at the rate of 5% per year. 
Herei=0.12and:~= -0.05. Thusi-g=O.l2-(-0.05)=0.l7. ByEq.(4.4#1) 

P = !5(20,0.JO)FJ1p. 0 .¡;,u = 15(20,000)(0.3615) = 5108,4~0 

Example 4.4EJ Repeat 4.3E! subject to both an inflation rate of 3% per year anda depletion• 
~<IIG ¡:¡r 5~/y !"H )'~Af. 

Here 1- g = 0.1:!- 0.03- ( -0.0.5) =O. t.;, and Eq. (4.4#1) b~comes, 

P = J5(10,0JO)F¡¡p.o ,.,;, = 15(20,0:J0}(0.4J79l = 5125,370 

-t:S~Iow-rlcdining·-1n -.r·straight ·line to .zerCb 

l·,,n,iJJ.:r Fig. 4.5F1. 1n ,,¡~ich 3n initial flow, R0 dollars per year, declines to zero 
~:- .t ~tr.u;;;ht-\in~ rd3tivnship in .•1 )e3rs. At time X the ftow is R.E, :!nd by similar 
t~ .. m~L.:~ 
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1 

¡ 
Rn 1 ¡--------------

, R, 

j_l_ ,_ _______________ .._...._ _____ ;:::.. 

o 
1 

1 1 n 
-: '-dX 1 

----X ------n-X-

Fig. 4.5FI DiscOlm!¡ng a flow ucdining in a 
slraight line to zero. 

or 

(4.5#1) 

In a small interval of time dX starti_ng Xyears from now, the flow for the interval is 

- ... ~ ..... "-it.'- •. ,n ··----·- , ' ··J 

. -
and the present worth for thi.s s~all c!~lll-~nt of flow is, from Eq. (4.2#2), -~. 

_ .· 1 .. . X\ ., _¡_x .......... -. . .. 
Peto"'- ~v- ~):d.¿. e_ ~ 

For all the elements 

· - l"( X) X Ln X Ro [n --·...,.. · · P = R0 . 1-- e-; dX = R0 e-=; dX-- X e-•-• dX 
u ~ o n.o 

The first integral on the right has already been evaluated and is 

1 
Ro----¡---+ 

Tabl!!s of integrals ·show 

. r e-<>X 
Xe-ax dX = - -" (aX-+ 1) 

• - a· . 

so tha t the second integral 011 the right of Eq. ( 4.5#2) is 

.. ·Ro[ .. e-iX ---- -· .] n Ro( . t' .. ;n 1) 
·-- --.- (iX + 1) =-;- e-•n + -.---;-

n 12 o . 1 _m 111 

The combined integrals on-the right of Eq. (~.5#2) become 

(4.5#2) 

.. 
1 

.. 



72 HATHEH OF COST COMPARISONS 4.6 

The latter czn be written 

P=-- 1----nR0 2 ( 1 - e-•n) 
2 i11 in (4.5#3) 

The total tlow Q is the ··area of Fig. 4.5Fl and is nR
0
f2. 

bccomes 
Finally, Eq. (4.5#3) 

P= Q;; 1 Í" ( _ 1 -_}_·
17
e-'")] 

L/11 (4.5#4) 

A table of discount factors for such a flow is the evaluaotion of the bracketed terms 
on the right, i.e., 

~( 1 __ 1 -_e-x) 
X X 

with x =in 

a~~ is tabulated in. Appendix 2, Table 4. This type of flow approximates sum-of
dtgrts (SD) deprecration and in symbols is 

FSDP,i,ll = ~(1 - -1-.-e __ ,_-") 
/11 m (4.5#5) 

Appc:ndix 2, Table 4, is commonly referred toas the years-digits rabie. 

Cx.a n1 p~ e_ ~.S E: A. z¡·,a~l·l~;-,c co:.:s <)! !0,0~0 ;:~d c:1r. b~ depr~':!'!~~~ ,_,ve!" 1:) ye-~rs n~ .;un·.-i;f: .. 
Clgl!s !llethL'd llf dc:pre..:ra!ion. Ftnd the prescnt worth of the dc:preciation, before 1axes 
if thc: discount rate is 16% pcr ycar. ' 

By Eqs (4.5#4) and (4.5#5) and Appendix ::!, Table 4, 

P = QFsDPoi,n = 150,000FsDP.a.u,za = 150,000(0.4376) 

= S65,640 

I.nternal Re~·enue Service regulations effectively require depreciarion ch~rges 
t~ be.gtn at the mtddle of a calendar year. Consequently, if a plant begins opera
lton JUSt b.efore the end of a c:.;lcndar ycar, di~counting of the actual depreciation 
cash flow 1s more closely approxim:J.ted by substi'tuting 11 - 7~ for n in the ab0 ve 
functi0n and 11 -;- ~ .! if the plant goes on-stream ju.st c.fter the begini1ing of a year. 

Example 4.SE2 Find the prc:sent worth of :he: machine in Ex:11nple 4.5El rf ic is expect.:d w 
begtr• l•r.:raiiun in Dcccmber. 

Tn.: pr.:' 10us cakulatton bc:comes 

P = 150.000F.f>l' o.¡,.:u-u.l = 150.000F,ld' l•l1 = J 50,000(0.4446) ~ 566,690 

4.6 Discounting with improving performance-learning 

E\p~ri.:nc:e ~llO\\~·that practicl! m:tkcs p-:rfcct-t:1at a thing. can a!ways be d(lne 
r>.:::c:r. n,,¡ L>nl:. tht: ~c'l'LlllJ !tille'. but .:o:tc:h ~Ul'c".:Ol'ding time b_' trying.. Thi~ c:\pc·:'i· 
e:-.·~..·¡, l' 1 ~ ... -t' il..!;~..·""t~.·J ,,1.1 pr\l::í"~'"''¡;,.: ¡;~ ... ·!~.!· . .: Í:1 ~J.J~FUt ,,r r~rf~o.'fll~~~llC~ uf~l ;"'·.,,., 

!;~:-.·qr::1 'l,~..:r~.:.t"'.:d '~111 \.•( ''dr~.~.:r, .. h .. :, .. _,n~·L·~ 111 l~L"!llh.i~,.,.=~. r("~~.,.'UfL\:I'uin ... -· .. " v( 

.O:.JNTING 1l 

- ...••. J:O:,",!.'Ill. b,Hti.:r:~·,·k rcn;,•'.;J. ;¡;:,! .. :,:c·n.:r;,l ,[rJ\ rn_:: t.>,l,•lhtll,:!' hc'llc'L Suco!! 
,-,;·c·,.:rc:J tmpru\~lllc'lll c:.tn b~.: rcll::d.:J b: .ldlk'\l'lllc'lll ,,r k.llniu:: ;h .1.:\d,;pcJ 
nh•r.: full: in Chap. 9. For the pr.:s.:nlatiLm hcrc a~~umc lh;¡¡ lh.: k.trnin'g. factor 
f,>r a plant unit is m:mif6ted :JS an incre:tse iti prl'fil m:1rg.rn _\/. .-\ssumc an 
l'.\ponential rdationship such that 

/ 
/ 

\\he re .\/ T = · profit margin at time T 

M 0 = initial profit margin 

k = empirical constant 

Th~ prcsent worth at i interest rate on such ftow over T years is 

p = iT Mo(2 - e-kT)e-iT dT ' 

1 - e-•T 1 - e-'•+l.:lT 
= 2M0 T - M T -:---:-:-=--

iT 
0 

(i + k)T 

= 2(MoT)FnP,i,n- (AfoT)FnP.i+t,n \ 

l4.6#lf 

(4.6#2) 

Equation (4.6#2) can be cornbined with a flow changing at an exponential 
rate. Suppose the sell!ng price of t:ach production unit changes such that the profit 
marg.in changes continuously at a rate g per year, then corresponding to Eq. 
( '-Í.é# i) !he: n:btionship is · -

,\fT = M 0e"T(2- e-.tT) (4.6#3) 

which by an analogous procedure leads to \1y 

P = 2(M0 T)FnP . ..--=--ü ... - (MoT)FRP,i+k-v,11 (4.6#4) 

In practice gis usually negative and in such cases must be introduced as a negative 
number. 

Example 4.6EI A plant is expccted to have an initial profit margin uf 5100,000 per year. 
Find the present worth at 8% per ycar discount rate of this margin for :!O y.:ars of operation 
if: 

(a} Profit margin and plan! performance stay l::vel. 
(b) Performance trares an achievement curve such that 

.\fr = Ma(2 - e-C·JCT) 

(e) P.:rformance traces the samc cur\"e, but margin shrinks 3 ~/,; pcr ycar. 

The following factors are available from Appcndix 2, Tablc 3. 

FRP,0.08,20 = 0.4988 

FnP.o.os-o.to.2o = 0.2702 

FnP.o.oB+o.o3.2o = 0.4042 . 

F R?.o.os+O 10+0.03.20 = 0.2345 
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_ Part (a) is givc:n by Eqo (403#2) 

P = 1 00,000(20)(0.4988) = S997 ,600 

Poart (b) is given by Eqo (406#2) 

p = 2(100,000)(20)(0.4988)- 100,000(20)(002702) = 51,454,800 

Part (e) is gi\'en by Eqo (406#4) 

P = 2(100,000)(20)(0.4042)-.- 100,000(20)(002345) = Sl,I47,800 

4o7 Unaflow-capital-recovery factor 

In Seco 403 a uniform flow was converted to a present worth or present valueo 
The in verse of that procedure, the conversion of a present value toa uniform flow, 
will be considered in this sectiono Solving Eqo (4.3#2) for R. gives 

which by Eqo (403#3) beCOl!JCS 

- p 1 
R=---

n F lll'oio" 

(407#1) 

(407#2) 

Equations (407#1) and (407#2) are important. They permit transforming a 
present value P having n years duration toa uniform flowo R. will be referred toas 
unafioao and is analogous to unacost in periodic compoundingo R. could also be , o 
called the continuous capital-recovery amount. 

Un3flow is important because like unacost it can be made the basis fcr 
comparing articles or systems having different sen·ice lives. It reduces al! service 
Iives toa common denominator, equivalen! unifo:m flow. 

Example 4o7EI A firm nas the opuon oi gcning a patent lil:.:n~e by a single payment of 
550,000 or royalty paymcn1s of 55,000 per ycar for the 17-ycar liic of the patent. 1f the 
p:1ym.:~ts can b~ .:\p.:nsed in e1ther case, ami if the firm .:arns 15 ~~ pcr year b.:f"''e taxes, 
"111c:h is th.: more auract!\oe cho1ce'.' 

Unan o" fur roy:llty paymcnts i~ $5,000 p.:r year, as gin:no Unaflow for pu. chast: of 
pat.:nt by Eqo (407#2) and Appcndil( 2, Table 3, is 

"= 500000---50,000 1 
" -:: -- = 58 136 

17 Fr. 1• "O"o" 17 003615 ' 

Thc rJtl0 ,:,f (V>b, 

rur.:t·:¡,~· j¡1 i.:.t-.• .. .'. ¡~ ·".1 ~,, 5 tlt~ll ,:-:;; l {,~-~ 

T1:... ... 1\: . · ,,.., .1 ........ :': ... ~·11: :n ~~,,; .. ·.~ ....... ·, 11·.,.: '~' J~rT~ ... -:.tt~l,,l \\ill b\,.t;l"'t:n ::.: .: -L 

r.l~~..- .1nJ \\1
1
' .i..:!l ot.:t J:i .llr~..:r~r.:; but'i J.ft~rr-.JlJ\CS eguJU_y. 

< 6 CONTINUOUS INTEP.EST ANO DIS..:OUNTING 

E":1mplc 4°7E2 A ~r.:'ofllhJ ll'••n;:o•:•o is "' ¡..,. ••or:u.l ,.,,or 211 ~<'olr> al 11"_. pa ~··•r intcr. 
j-;~.,~ t!h.· Uh>lllh¡y f·~.•~r,-::llS. 

B~ Eqo t-107~21 :m.! ,\pp.:ndl" ~. T:~t>!.: 30 ur::~IJ.,"- is 

R = 15,000 = 15,000 __ = 51 ,'::!SS 
:!O F f!/'oooOoo~o 20 005823 , 

That is, the flow mus• be SJ,2SS per year, or 

S1,2S8 
-- = S107033 per month 

'~ 

4.8 Capitalized cost 

Capitalized cost, like unaftow, can be used to compare articles or systcms havin 
different sen•ice lives~ It reduces all service lives 10 a common denominator, ioe 
present value on the basis, for mathematical purposes, of senoice fore\·ero 

Consideran article that has an initiaLcost C and bsts n yearso The presen 
worth of supplying service forever is 

p"" = Ce-•o + Ce-in + Ce-u" + Ce-3'" + ... 

wruch is an infinite geometrical series with first term C and ratio e-in. The sun 
is given by Eq, (202#2), and letting P"" = K. 

K= o C= oC r1 - (e-•n)"'] 1 
_ 1 - e-•n l - e-•n 

The bracketed term on the right converts a prcsent worth of n years duration to 2 

capilalized cost; ioeo, 

1 
K=P n 1 - e-•n (408#2) 

or 

(408#3) 

where the symbol Pn emphasizes that Pis a preser.t worth representing n years 
durationo 

Equations (408#2) and {408#3) are important becwse they are: the basis for 
using the capitalized-cost concept with continuou~ intt:rest. Equation (408#3) 
is the mure convtnient form ifTab!es for e'" are a\ aí]¡.~ble, as in ihe book, AppenJix 
2, Table l. Tl:!_c reader is referred lo Chapo 2 for a more complete discus~ion of 
capilalized cost. 

A relationship between capitalized cost K and unaflow R. is easilv deriverlo 
The present worth of a unaflow R. for n years is, by Eqo ( 403#2), 

- 1 -e"' 
Pn =nR--

0
-

tn 
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and the capitalizcu cost of this present worth becomes, by Eq. (4.8#2), 

_ 1 - e-•" 1 R 
K=nR------

in - e-•n i 
ihat is, 

R = iK (4.8#4) 

Equation (4.8#4) for continuous interest and unaftow is analogous ro the corre
sponding relationship R = iK, Eq. (2.7#6), for periodic intcrest and unacost. 

Example -4.BEI Rcpeat Example 4.7EI on the basis of capitalized cost. Capitalized cost of 
the royalty payments, by Eq. (4.S#4), is 

R 5,000 
K=-=-- = 33,333 

i 0.15 

Capitalized cost of purchase is given by Eq. (4.8#3), which, using Appendix 2, Table 1, 
becomes · 

e'•·•$11171 12.807 
K = 50 000 = 50 000 · = 54 235 

, e'o·""'" - 1 ' 12.807 - 1 ' 

1t is cheaper to pay the royahies. The ratio of costs, purchase to lease, is 54,235/33,333 = 
1.6271. This checks the calculation by unaflow in Example 4.7El. 

::::;.:r.p!c 4.1!!:2 !r.:?. ;iven exposure, a ~'lint job lasts 4 years and costs 50.20 per squ;:.re foo!. 
A supplicr offcrs a r.ew co:?.t!:'!; which is clairned io las! 20 years bl!! ccsts 50.60 pcr ~qua re 
foot. 1s it economically auractive to change to the coating which lasts five times as la..-:g 
and costs only three times as much, if money is worth JO%'? Neglect taxes. 

Capitalizcd costs can be calculated from Eq. (4.8#3) and Append1x 2, Table 3, and are 
for the 4- and 20-year jobs, rcspectively, 

eiD•IOIIll - .- }.4918 
. K = SO 20 = 0.20 -- = 0.6067 

C . eiD·IO)ICI- 1 0.4918 

eiO·IOIUDI 7.3891 
KIO = 5Q.6Q eiO·IOI"OI - 1 = Q.6Q 6.389} = 0.6939 

The 4-year coating is the more economical. The savings as flow per year per square foot 
can be obtamed from Eq. (·UI#4) and is 

R = i(K20 - K,)= 0.10(0.6939 - 0.6067) = 0.00872 

That is, use 0f the 4-ye<>r coating saves 50.00872 per year per square foot in comparison wilh 
1he 20-year coaling. 

4.9 lncome ta·x 

The reada is refl!rred to Chap. 3 for a detailed de\·elopment of the effect of income 
tax using p~riodic interest. This section is concancd with the inclusion of income 
tax "'ith continuous interest. Basically nothing new is invol,ed. Suppose an 
item has a depre\:i:1ble tlr~t cost C,,. that it lasts n years and can be written off 111 n 
\C.Jf~ fur Ll:\ rurpJ~~S. til.tl di~C~ll:ntin;,: \\111 OC on a COntÍnUOUS bJSÍS ata decimal 
~:.¡¡~ ( r·:r ~ -·-~r .ti';..:r l.t\C> .. !1\1.~ ¡1¡,¡¡ thc U~C!Il1.tlt:t\ ratc 15 l. Then Eq. (3.1:.;:;.:.¡ 
..::tll b..: \\ íl.l\.'li 

l-!.':lr;:-1 j 

... --·--- -- .. ----
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·.·, .·:~· }-' '> lh~ PiL·:-ol.."ld \.,_; .. l" f'-lr li }C...:.r"' .t:~,! 1
1

' ¡ .. ¡~:.· ;':.:- .. ·~~ ... • ... : .. ' .... ¡ ~,.,( 1.'.> 
¡'r:.·ut"''l JbCOllllk'J Cc'lltÍnUútb!~· :.tl T.tl;; /'. fhL' \;t!tll' ,,¡ ': ,!,:':ii<h l•!'<lll iill• • 

ln,·tlhlJ vf J~preciation ustJ and .:Jn be C.lh:ubt;.•J fllí .tn; :l:L·c~~-'J. FM 1h1~ 
chapter only two mcthods are considered, straight line and sum l)i. di~tts. 

StrJi_;;ht-line depreciation (Sl) is treated as a uniform fl,l\\. t.~ .. as uniform 
contin~10us depreciation. For a to~::l ~o,,- of unity, recalling th:H ~· is a present 
\\'Orth, Eq. (4.3#2) gives, with n' the life for tax purposes, 

1 - e-iu' 

lf'sL = ---
in' = FRP,i,n' (4.9#2) 

~nd Appendix 2, Table 3, can be used. 

Sum-of-digits depreciation (SD) is approximated by a flow declining in a 
straight line to zero as developed in Sec. 4.5. For a total flow ofunity, Eq. (4.5#5) 
beco mes 

"PsD = F~np- · = ~(1 - 1 -e-in') (4.9#3) 
. ,r,u in' in' 

where the right side is tabulated in Appendix 2, Table 4. 

If an expenditure or receipt becomes eligible for tax credit at once, such as a 
m-'!intenance ·expense,-then for such items having no capitalization. for incomc tax 
purposes 

1p = l (4.9#4) 
regardless of th_e depreciation method. . -......1 

\Vith thest: considenitions it becomes possible to use cvntinuous interest on 
an after-tax basis with the same .:-ase as for computations with periodic interest. 
Al! items. of expenditure and receipt are considered on an after-tax basis. with 
proper regard to the timing of tax credits. 

!:xample 4.9EI A SJ,OOO investment has an expected Iife of 20 years and is 10 be depreciated 
cver a 15-year life a! a 52% lax rate using sum-of-d1gits depreciation; money is worth JO~~ 
per year after taxes. Find (a) lhe present worth of lhe capital charges after laxes and 
(b) unaflow. 

- 4_JQ 

By Eqs. (4.9#1) and (4.9#3), and Appendix 2, Table 4, 

P = 1,000(1 - 0.52FsDJ'.0. 1o.u) = l,GOO[l - 0.52(0.6428)] 
- P = 5678.60- · ans. (a) (4.9#5) 

lf R is the unaflow before laxes, lhen V' = 1 for this ítem by Eq. (4.9#41, and the unaflow 
after taxes is 

RO - 0.52) = 0.48R (4.9#6) 

Equat1ons (4.9#5) and (4.9#6) are b01h on an aftel-lax basis and mus: be equivalen!. 
Using Eq. (4.7#2) with 0.48R in place of R, and Appcndix 2, Table 3, 

0.4 8R = 678.60 1 = 678.60 _1_ 

20 F RP.o. 1o.oo 20 0.4323 

P. = S163.51 per year before taxes ans. (b) 

Equivalence ___ _ 

0;1e of the major purposes of a firm is to show a profit, which ·¡¡do es by committing 
its funds to ventures which promise t? do so. There are always alternatives for 
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S tn /' 
Movcs a lixcd sum S lo anothcr instilo! 

of time 11 ycars a¡;ainsl calendar 
p = se-•" 

------- - -------------------------------------

1 R lO/' 
Convcrls a unanow R for 11 ycars to 

prcs~:nt worth ni starl of now 

1 - e-•• 
P=nR--

ill 

P = SF_, 1 •• ;.. 1 

(App; 2, T.1blc 2) 

1' = nRF¡,,.,; .• 
(App. 2, Table 3) 

- ------ - -- ------- ----------------------- ---------------- ------------------
R for 1 yl.'ar to !' 

Prcscnt worth of 1 ycar of unanow 
srariJng X ycars hcncc 

1- e'
P= Rc-•x-; 

-- -¡----------------1-------------------- ----------------- ---------------------

1

1 1' of n,,w changin¡; at an 
~ nrnm:nt ial r ate for 

Prc~cnt worth of R. :: R 0 e±,z 
for n ycars 

.1 
P = nR0 

11 ycars 

~-~~~;];,: dcclining in Flow gocs frorn Ro at zcro rime toO i~---
' j str .. li¡;ht line to ]ero n ycars; total flow Q is nR0/2 

----,!-- 1 Convcrls a present worrh toa unaflow - P 1 P 1 
1 p lO R 1 R =- ---- R = - --

--- _____ -----~-~~~~~--- ___ !__ ___ ,_,_<_1_-_e_-_'"_l_fi_n __ -'---_.J._ ___ n_F;;_H_P_.-_•·-·--------

p = Q [~(1 --' -e-'")] 
in in 

p = cJFsDP.i.n • 
(App. 2, Table 4) 

\ 
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making these investments and expenditures. The fuoction of economic analysis 
is to hclp in making better choices between altermtives by placing dollar values 
on quality, quantity, time, and other characteristics of these alternatives. This 
quantifying needs to be done in a consisten! way so that the dollar values are 
measurcd by the same yardstick, i.e., expressed on an equivalent basis. Doing so 
highlig,hts the better a!ternative, the one with the lowest economic cost or h!ghest 
economic \ ;_¡Jue. 

Discounllng and compounding at the same interest rate places the same 
dolbr value on time. However, since the alternatives may have different !i·.-es, 
e.g., low-cost short-life carbon steel vs. high-cost long-life alloy steel, it is also 
necess:1ry to compare them over the same time interval. Present worth compares 
equi,·alent \alues now; unaflow, the equivalen! continuous annual cost, compares 
the \'3lues on a per-year basis; and capitalized cost compares them on a forever 
basis as a common denominator for all service lives. Comparisons can also be 
made on the basis uf rate of return, discounted cash ftow, as developed in the 
following chapter. 

The method to be used for comparing alternatives or ventures and the choice 
between periodic and continuous interest is lefl to the analyst. There is no 
universal or intrinsic ansv:er, and the choice varíes with circumstances. Sorne 
analysts are more familiar with one approach and therefore prefer it. Sorne 
prob!eins are so expressed that one solution is easier or more meaningful by one of 
the method~. The techr.ique which is felt best by the analyst for ¡?.etting the 
so!utio~. :.o·s::•:e~, is not r.ecessari!y !!"!~ one be~t for prf'~t'nting the solutin;; tr. the 
client. Ahhough an economic specialist may prefer one method or even be 
equally comfonable with all four, the client is often a manager, who is a generalist 
by necessity. Sin ce he do es not ha ve time to be a specialist in every field, results 
must be presented in terms familiar to him-simp:e enough to be grasped on Ü1e 

run. Experience shows that if a solution is presented in unfamiliar or seemingly 
unrealistic terms, it will not be understood; if not understood, it will not be 
belie\'ed; and if not believed, it will not be accepted. 

This chapter has discussed the essence of continuous discountlng and 
compounding, showed how to develop relationships for handling commonly 
encountcred cash flows, including those which may change over time, and illus
tr:Hed thc e ase of applying them by simple examples. Most real problems are more 
complex, not so much in computation, but in defining what the cash flo\\-5 will 
prO\ e to be. Often, 95 ~~ of <he total time in sohing a problem is required on such 
a determination for allocating C·JSts and incomes, determining the applicaole tax 
!Jnd othcr go,ernment regulc.tions, and projecting sales, costs, and so on. This 
circumstance does not mean that economic an:Jlysis of cash fiows is insignificc.nt, 
bec;_¡u~e e\ en \\ith the right cash llows, a wrong anal)sis or intcrpretation can lead 
to tht! 1\'fong. choice of alternati\es. Instead, the obsen·ation is intend:!d to put 
the \·arious p.trb oi pro bicm soh ing imo meaningful paspective for unders.tanJing 
and CL1pin~ hcttcr \IÍth rc:!l ~it11_:¡tions _"hcn they arise. 

.-\ ~u·1~m.H\ Lli thc- \ an0u·, rd.l:il)n,hip, u sin; c0ntinuous interest i~ ~Í\ cr. in 
T:!b!.: -I.IUT! ' 
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-~.1! !'~ omencbture 

C, lkprc..:l:lbh: rir~t Cu-<1. S 
:'\.ap,·riar. úJn~~Jnl 2.718::!8 · · · .. 

F/'Ñ.:.. Factor 10 con1cn P 10 R \\ilh con!inuous compounding; n:.:ipro.:al of Fi:l'.: .•• ycar _, 
F/'.•.7.. FaciOr lO com·crt p 10 S wilh cominuous compounding. , ..•.. -\ppcndiA :!, Table l. 

F;¡ J',;, a 

Fsp,'";,n 

u ,, 

k 
K 
M 
n 
n' 
p 
p 

Pn _ 
Q 
r 

.SL 
SD 
1 

T 
1(1 

'PsL 
'PsD 

di:.1ensionlcss 
Factor 10 conve:l R 10 P v.ith conlinuous discouming; .'\¡¡:::ndix ::!. Table 3, ycars 
Factor to com·en S to P wit:-. contiñuous discounung. ,, -·•. App.:ndix ::!. fable :!. 
decimal, d:mensionless 
Factor 10 convcn a unit _tc;llal flow declining 10 zero a1 a conslani ralc O\'er n ycars 
staning wilh the rcfcrcnce point and with comir.uous drscounting, decimal, dimcnsiur.-
less, approxima1cs 'PsD . 
Constanf i!l exponent::ll-rate ftow chan¡;~. dcc:mal . 
Nominal interesl rate, decimal/year 
Empírica! exponen! in Jearning-curve relationship, decimal, dimensionless 
Capitalized cost, S 
Profit margin, S 
Time, years 
Time for 1ax depreciation, yeirs · ·- ·. -· 
Periods per year _ · _ · · . -. : 
Present worlh, S 
Preser.l \\;Orlh for- n years du~atioo,_ !._ 
Total flow, S - · 
Nominal ráte ·of ret:.mÍ áfter lax~, deci~-aliy~r 

- -uniform flow,- unaflow, S per yeai- · · -- - :. · 
Jni1ial flow rale, S per yez.r ? _ : · 

_ Fl011' ~!!.~'! ~~ lime.-\". f .rr·year: _ 
!='t;t;.::~ ·"·o:t~. S_ _ _ _ .... 
Slraight~Jine depreciatioo' _ .. _ 
Sum-of-digits depreciatioo 
Ir.come -tax· Fa te; decirria! ~ ~:- · ~ -· - · · · -.. -

. Time; years _ . - . - · - · · _- · - - -
Factor associated with present wonh of 1ax benefils arising frorn d.:rrcciation, dimtn
sionless 
The 'P factor for straight~line deprecialion 
The 'P factor for sum-of-digits depreciation .. -

• 

., 

4.12 P-roblems. __ ---,----------·-· --~---------. ------- ·--·----

PI. Dev~lop a'relalionship for c:liscouming a !lo·~ increasing in a straign: line from zero a1 zero _ 
lime to Ra al time n. · ·- - -· ·- · · · · - - , 
P2. De\'elop a relationship for discounling a tlow increasing in a sJraight lme from R, a1 zero 
lime 10 R. al time r.. 
Pl. Develop a relalionship for discounrrng a·scries of periodic r;;sh flows of /.: payrnenls, Yea.:h, 
at intervals of n years, the first one beginning n years hence. 
P4. A fi..-rn has a contnoutory savings plan whereby each employee can sel aside 5% of his gross 
salarv. The firm wiil match 1his amount, invest the s1•ms in its capital stock, and rcinvest all 
div!d.ends in capital stock. Jf an employee's 5alary is consistently Sl2,000 pcr year, how much 
v. ill he sccumulale af1er 20 years if the company's net earnings average 8% per ycar and lhe stock 
cons!sr~n!!y sells a! book val!.lco? . . 
PS. \\'hat is 1he average rate of growth oJthc;_empl()y~) S600 per yczr_p?~!•on of lhe conwbu-
lion? -
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P~. "S~uppose t he ,employee finds an al!crnati_v~ proposition which promises ro double his money 
C\er¡.- years. \\ti! he be better Off lO rarltC!pate 1n the savinos plan Of fore"O the COffit:''inV'S 
contnbuuon and in,·est his contrtbutton in the altcrnative? _, " • ' 
P7. lf the p:nents m Example 4.3E3 <:ontinue thetr mont.h!y savings during the 4 years their child 
attends co!lcg.:. c.g .. for _21\tnstead o~ 17 years, how rr:Jch must their monthly savings be 10 p.:rmit 
53,000 per ycar ~o he \\l!hdra"n untformly over the 4 ycars from the se\enteenth 10 rhe 1...,entv-
tirsi btrthday~ ' 

PB. A ne,: machme cosrs 58,000 and lasrs 10 years, using ~um-of-digits depreciation and a 10-
_:.ear llfe for ta:o. purposcs Jf mon.:y is \loOrth 10~~ per year aftcr a 52~~ tax, how much can be 
~pcnt tu repatr an 0ld ma.:hme to ntend its llfe 3 )c;,rs'? The repair JOb can be ...,riuen off at 
on.::c for tax purposcs. Compare" ith Prob 3.1 5P6. 

P9:/ Repcat E\a~1ple 2.8E6 using conttnu~us discounting. Money is worrh JO% per year after a 
48 o tax rate .. t.: se ~tratght·ltne deprectatton. M achine A will be written off in 8 years for tax 
purpo~es. mac~tne B_m JO years. Matntenance costs and savings from quality control are uniform 
flo"s m years tn "htch they occur. The salvage value is anticipated and cannot be depreciated 
for tax purposes. 

First cost, S 

!v1aintenance, S per year 
Extra matntenance, year 3, S 
Extra maintenance, year 4, S 
Sa·. !~~s ~r=-~ (}L!2!~ty ccn~rc!, 

S ¡:.e~ y;:;-.r 
Salvage value 
Life, years 

-1·-
1 

1 

A 

JO,OOO 
3,000 
4,000 
J ,500 

4 

B 

95,000 
J,OOO 

6,CO:> 
20,000 

10 

P·ro. A ~ompany com!'leted a plant 10 years ago. lt was expected to be serviceable for 25 years, 
but techntcal adv:inces and a~cumulated know-how suggest that obsolesence may have prooressed 
faster than expected; so that ti may be profitable to displace it now. Assume for simpli.:~y that 
(!)a new ~lant \\Ould have the same capacity as the old and would produce the same array of 
pr~ducts "11h t~e s_am:: ini11al re,·enue for _both: so that the advantage of the new is reflectcd only 
m liS '?'l_er opaa11ng costs; _(2) these savmgs m opera11ng costs are SISO,OOO per year; and (3) 
?epr.:ctauon on the old plant ts S35 ,000 pcr yeu on a straight·\inc basis, and present salvae_e val u e 
ts zcro. (4) the tax rate is 50~~ per ycar. , -

lf the invcstment required for thc ncw plant is S 1 milllon and both its usefullife and Iife for 
tax _purposes ar.:: 15 yean \\ith sum-of-digits deprcciation, wl;at is the rate of return 10 b;;: carn~d 
by Jn\cstmcnt m a new plant? 

4.13 

Rl. 

R2. 

RJ. 

R4. 
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present worth (P"!) of $3,000 from year S to inf111ity, using Eq. (8.3) and the 

P/F factor, is 

Tite twu dnnual costs are converted toa capitaliled cüst (P3): 

p
3 

= A1 +A1 = 847 + 5.000 = Sll 6940 
; 0.05 ' 

5 The total capital_ized cost (Pr) can now be obt2ined by addition: 

Pr = P1 + P2 + P3 = 5>34o,997 

COM'.1ENT In cakulating P2 , n = 4 was used in the P/F factor because the 
pres~ut worth of the annual $3,000 cost is computcd in ) ear 4, since Pis a!ways one 
year a}¡~ad of the fir:;t A. You ~hould r~wor!-: the problem using the second method 

sur.gested for calculalingP2 • //// 

Pwblcms P8.17-P8.2l 

-8.4 Capitalized-Cost Comparison of Two Altematives 

· \V~~~n two or more alternatives are compared. on th.: b::sis of their capitalized cost, the 
!'·•nceoure of Example 8.3 is foílowe~. ~~~:-:: • .:~e-;., _,..-....~.-~~n ¡-.-o;--.~ 

· tcuul·Cú3~~.financing·and mcrintain~ng::. given .Jltem~tive lore\'et';-!he-~!tem~tlvn-:w~i 
~lf?J!1~1iC.allY~-"compare¡L..for-.the~same.:nl!mber. of: yeafS (i.e., infi.nity). The 
alternauve with the smaller capitalizcd ccst will represent the most economical one. 
A-.~-.iil"''t.~l~..,rlh-1!r!d-all---othu-últernative.~~v;:iui!tion•methodS;'if"'fr-Clnt)~he . 
di"i:'ct e,;ces.,;n>e!!s!l·ílow· ~tweewth ahematives•whid1 must-be-considt.OTed. 'Fhi.wfo.¡e, t 
wt:ene\'er.rp05Sible~ the c·::!!cul3tions should be~implificc'l by eliminating rhe-elementg 0f 
c¡¡sh .flov..::.vhich.are corr..mcn,tu both altemative~.· Iixample .&A .shows,t..IJ.C: prQced11re 
(r..Jr. cnmparing<two al rerna dv<!S-(ill..the .basis.cf _Clei.r..Capi~~liz.eC.-'SJ$1. 

•Exam¡.Jec-8.~ Two sites are currently u~der consideration for a bridge to cross 
the Ohio River. The north site would connect a majar state h!g.hway with an interstate 
lo.::.p around the city :md ~ou!d alleviate much of the local through traffic. The 
disadvantages of this site are that the bridge would do little to e3se !oca! traflic 
congestion during rush hours, and the bridge w0uld h::·.·e to stretch fro!TI one hill to 
another to span the v,.jdest part of the river, nlilroad tracks, and local highways below. 
Tiüs bridge wbuld therefore be a suspension bridge. The south site would require 3 
much shorter span allowing for construction of 3 truss bridge, but would require new 

rodd construction. 
l11e suspen~ion bridge would have a first cost 0f S30 milliun with annunl 

· -~pection and maintenanc<: costs of S 15,000. In addition, the c6ncretf 'k will ha ve 
bt: resurfaced every ten years ata co_st of SSO,OOG. TI1e tru~s bridge _,,d 3ppro:~ch 

• 
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roads are expected to cost S 12 miUion :md will ha ve annual · f . 
S8 000 The bridoe will ha ve to b . d h mamtenance costs 0 c.Ex2mple..l 1 .l Two routes are· under consider:~tion for a new rnterstate 

• · "' e pamte every t ree years :.t., cost of SIOOOO 1 · · 
addition· the bridoe wiP have 1 b dbl d d . " ~ • · n hig.hw:~y. The northerly route (N) wou!d be located abuut five miles from the central 
$45 000' The CO~t of,purch.,

0
s. e 

53
.
11

h .a~te 211
. pamted ev~ry ten )'C2rS at 2 COS! of business dis!rict and v.ould require Jonl!er travel distanC.:S by local commuter traífic. 

• · ~ .. tng ng t-o.-way 1s expected to b S800 000 ~ h -
suspension bridl!·· and S lO 3 mi!l. f h b.. ' e • or 1 e The southerly route (S) would pass directly through the downtown area and, although 

-~ . .ron or t e truss noge Compare the :Uternativcs-. 
the b"sis of therr c-p'·~llZ. ed cost ·r th · 1 . 

6
; · vn its construction cost would be h.igher, it would reduce the travel time· and dis:ance for - • ~ "-· 1 e m erest rate 1s i'o 

· local commuters. Assume the costs for the two routes are as foUows: 
SOLUTION Construct the cash·flow di2gr<J.ms befare ¡ 

~ you attempt to so ve the 
problem. You shot.:!d do this now. 

Cavira!ized costo[ suspension bridge 

P 1 = presen t worth of initial cost = 30.0 + 0.8 = S30.8 mil! ion 

Initi:JJ cost 
Mainten;mcc cost per year 
Road·uS<'r cost per year 

Route N 

S 10,000,000 
35,000 

450,000 

Route S 

$15,000,000 
55,000 

200,000 

The recurring opercting cost is A 1 = S 15,000, wh.ile the annual equivalent of the If the roads are 2ssumed ~~~ittt-n<Ysa~.re. w~~~l4 be 
rosurf a ce cost is • 2 -co..p;erL.ao.Jhe.b.a.;;i~leíit¡'co~wnalysis·oJ sing--mMntete'.ll'"f".:!tH:lf-.5%? 

A2 = 50,000(A/F,6%,10) = S3,794 

p .t ¡· : f A 1 +A 2 
2 = cap: a rzea costo recurring costs = ----=-

- ! 5,000 + 3,794 
0.06 

= $313,233 

Finally, the total capit2lized cost (Ps) is 

Ps = P1 + P2 = S31,1 !3,233 

Capiralized cost of truss éridcre • o 

P, = 12.0 + 10.3 = S22.3 mi!lion 
A 1 = S8,000 

($31.1 million) 

A2 = :Jrúlua! cost of p:1inting = IO,OOÓ(A/F,6%,3) 
= S3,141 

A 3 = 21m u al cost of sando!ming = 45 ,OOO(A/F,6%,10) 
= S3,414 . 

mLUTION ~~f ... tl~•a.s.ara..ilicady..annualized 1-the·EUA0-method 
ltó!ilkb~~""to-Qbrain the-equivalent anuual--eosc Tohueost8'fO-be u sed 1rnhe B/C ratiu 
a::: • .lh.e .ffii!:abcost.'l! n d.-m a int en a nC6-cóst: 

EUACN = lO,OOO,OOO(A/P, 5%,30) + 35,000 = $685,500 
EUACs = 1 5,000,000(A /P, 5%,10) + 55,000 = $1,030,750. 

;r~e{i~I~;;Hlpl" ;¡re. ::.cpr,•&rü!.eL-b~&d-u~st~;-sineHh~e 

c.;QS~ublic." ~t<Hlenefits;""! :oweve-r;-me-not-t he-4-oad-use.f-C.O!;t.s-them ¡,e)~;~es 
~~ "\O..::~~r¿¡-_ .. ::éc"ii~~~.}.S.~-;f r,.¡G ::~ltc:.ruili;;i:~;r..cr--\~i~;-,.:.~a-t_;liS 

.exa!!!fl1e~there-1sc~4S(t;'X~2Uü,Oüü-=-.~~l5u,OOO..j)er-year·bene!"it-..jf-·Route··~s 

cl.tosen.drute.:HL~f~Routc:--N. Therefore, i!~enefit'-{B)-of-Route--S·over·~outeN·i-5 
5·?5G,OOO----pe~r. On Ihe otl-ter-·hand,. .. thu;os.ts.-(C) .a!>s.ocia~·ith~thcs.e..benefits...:u.e 
repr~ented--by>t he-el ifferenc&-between .the..annual.costr.-oí Ro u tes~ N- and Sr-T hus, 

~~UAG~UAC~3t;-5--;-250 per year 

T'ote that the roille that costs more (Route S) is the one that provides Üte benefits. 
'Hence, the B/C ratio can now be computed by Eq. (11.1). 

-.n¡-=---250 .000 .-.fl.....,714 
-u \... --- 345,250 - V1' -

-...._ 

Tne total capitalized cost (Pr) ts 

Pr = P1 + P2 = S22,542,583 

Sir!Ce PT <Ps, the truss bridge should be constl"lJCted. 

The.B/C..~of less thanrl.Oindicates. that-tbe extra benefits associated with Route s• 
are )es.;_L'lan...the extra cos!s as.sociated with th.is route. Therefore, Ro!lte N would'be 
selecte<L íor..c.cnstrJctios_Note. !ha~ there !s no "do nothing" al!er!1!:!!!ve in -Ói!: ca~~. 

5ince-on~·cr.¡be..Joad.> must-bc construct~. 
(S22.5 million) 

/!!/ 
Excmple b_8 

Problerrs P8.23, Pe. 2-4 

CO!nHJ.;T Jf there had been disbcneíits associated with each route, the 
difference between the disbenefits wuuld have to be added or subtracted from the net 
benefi_ts (S250,000) íor Route S, dq'ending on whether the disbenefits for Route S 
v:e¡e less th2n or greater than the disbenefits for Rot:tc I\. Tha t. is, if t~e cis~:::;¡ef:t, 
for Route S were !ess than those for Route N, the difíerence bttween the two would 

• 
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· ha ve to be •d d ed i O the $25 O ,000~ benif1i f oi RoUte S, sh1ce the d;sbeni fits U,volved 1 

would also favor Route S. However, if the disbenefits for Route S wcre greater than 
1 

· those for Route N, their differe!lce s..hould be subtracted fr.:>m the benefits associated · 
with Route S, since the disbene.'its invo!ved wouic favor Route N instead ofRoute S. 
Example 11.6 illustrates the calculatiuns when disber1efits must be considered. 11/1 . -

Example 11.6! 
Problems PI1.8-P 11.12 

11.4 Benefit/Cost Ana!ysis for Mult;ple Altematives 

When only one alternative must be selected from three or more mutuaUy exclusive 
(stand-alone) alternatives, a multiple alternative evaluation is required. In this case, it is 
necessary to conduct an analysis on the incremental benefits and costs SL'llilar to the i 
method used in Ch.ap. IOJor incremental rates of_retum, The "do nothing" alternative j 
may be one of the considerations. 1 

"f.h~r.:.-two-siirnl.t~ttic:~s.ider~iili.-.Jega~iple 

alteinativ~nal~is-=b}"the-benefit/cost-method-In-th::.Jir.U-~se.df.funds.-.ar~ailable: 

~~~ fum-one'"':l..!'ternatÍV(;Carrb e-chos en- f rom-~no.1g~ve.¡aJ.,..~t-i:>-i<ecessary 
ml1 ;:-to.compare •the -al tematives--ugai ns t ,-lhe..!.' dCr- nothing::.ül te-ma tive. T he alterna tives 
are referred ~o· as independent in this situation. For example, if severa! flood-control 
daros could be constructed on a particular river and adequate funding is available for 
all dams, the B/C r2tios should be those associated with a particular dam versus no 
dam_ That is, the result of the calculations could show that three d2ms a.!ong the river 
wouid be economicaljy jusüíiabie on the oaSIS of reduced fioQd dam~~e. recreation, 
etc., and, thercfore, should be constructed. 
~hrn .oo1y...ane....ili.emative-ca~lec-ted Cióltrarnong 

· ~al :-it...fs=neccs~ry -to...cumpare_thUJ~X.WliY.es-~g¡¡i o.sr "'ach..ot her-r.ather-t han 
{ ag.a.ifl&t-th~o--nothing'~ltemative:-oThe exact procedure for. doing this is discus~ed in 

Chap. 17. However, it is import2nt for you to undersrand at this time the diíference · 

------- -- - --
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n 

-D~.P-:L'¿.(CF)1 (P/F,i7o,j) (11.2) 
i= 1 

where (CE)rnet.c.a&J¡ Oow at-theend ofyearj (j=.J,,~,.-..-.,·n'}. For a gjven interest 
r.ate (i),- UJe~?lue-of-n~- i~ c:ought:" A ftern'·years (not -necessariJv. an inteeer), the-eash 
flows will recover--lhe íirst -cost {P) :m_d· a retum·of i%t ~~1mon, b.ul :incorr~t, 
industrie! --pr:lcric~-is-t~ tieterm1ne n'-·'!ft·; = 0%;·-that is; with -no retum accounted-for· 
tb~-is-illtiitr.a~L®..Exa.mples..s.ection.--ln-this-caso-Eq.--{1+:2) becomes ' 

n' 

O = -p + ¿ (CF)¡ 
j= 1 

( 1 1.3) 

wl• i~-to--.rompute-no-interesr-serv}ce..lj~ore--commonly..c..aUcd.. payboc~r 
r.a_-..out<-pe7iod. If the cash flow (CF) is the same for each year, Eq. (1 J .3) is usually 
solved for n' directly. 

1 p 
n =-

CF 
(J 1.4) 

For a brief look at payback and sorne of its fallacies see Solved Examples, after you 
. rr:¡¡d the next section. 

Problem Pl1.14 

.......... 

~ 
\ 

E~~~!=~~~-!-:-1}-<::--:!n·.~-used-.-!c-fir¡1_the-:!l.!!mb'!~-of_ye.ars_nece~S?ry...Jo,r~ryw>f"the--fl~ 
c.o.st.at-a-stated-rate--of.return. If..t.he.serviceJife (n'.) Js less..than.J.he.time you .. woukl 
expe.ct-'-l~blo-tG-'employ-oF-Tetain~the-·asset;'it--should- be- bought.-lf.n'· is- greatep 
~la."l- the-expected-osable·1if~he--asse.t.. should.not-.be_ bought,..since .there .will..nol. be 
enough·time-to-recover-dre-·inv~tment -plu>.the.stated-relurn·during the usable life. 

between the procedure to be fo!lowed wh~n multip!e projects are mutu2lly exclusive"- "'"'EA.arrtfJTe-=J ~A semiautomatic assembly machine can be purchased for .... 
and when they are no t. In the case of rnutually exclusive projects, it is necessary to S 18,000 with a sal vage value of $3,000 and an annu2l cas!-1 f1ow of S3 ,000. I fa retum · 

1 

compare them against each other, while in the case of projects that are not mutual!y of 15% is required anc thc compa;1y would never expect such a machine to be used for 
exclusive (independent projects), it is necess~ only to compare them 2.gainst the •·ao more than ten years, shou1d it be purchased? 
nothing" alternative_. r.r 

SOLUTION ur;¡~rse~ihere-e~e"\'"~~~mwer-this- question~nt-
Prob!em P11.13 

B-85iC'dli _r,-se-rvice--!J f C-2r,al y s~h-us.erl.. to-d e i.trm.ill e -the. l!!J mo.er...::~~ea rS>-a r~i ·must 
~t<ri n ee "2nd -u sed . to-r.ecilller ~j ts in i t iaLcos.t..JNi th...a~sta ted...rel.llr.n.,.,gjv.:.I-.d l w.-2r1 nu al 
~ow.wd-~vage-.va]ue. T~1e analysis should be performc:d u'ing aíter-ta.x cash-r.ow 
vaJues (CF) (Chaps. ]5 and 16), so that the results are more re~listic. To find the 
economic senice !ife of 2:-. 2s:.et, the fo!Jowi::g model is uti!izeé. 

~th,-E-UA~~te--of..¡e[Uffl"'f:flillysis.-e8ut-;-ki~se-the-ser.vice-Jife approa-.:h. Using 
Eq. (1 1.2), wc have 

n' . 

O ==- j 8,000 + ¿ (CF)¡(P/F, 15%,¡) 
¡= 1 

We assume the salvage value of $3,000 is correct regardless of llow long the asset is ~ 
retained. We, therefore, can modify the above relation as follows: 

O= :-18,000 + CF(P/A, l5%,n) + SV(P/F, 15% 
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where SV(P/F, 15%,n) is the present worth of the salvage after n years and the P/A 
fa:::tor has been used where possible. At n = 15 y~ars we have 

P = -18,000 + 3,000(P/A, 15%,15) + 3,000(f/F, 15%,15) 
= S-89.10 

For n = 16, the result is S+ 183.30. Interpola tion indica tes that in n' = 15.3 years the 
flrst cost plus 15% will be recovered. Sin ce a fair estima te of usability is ten year>, the 
machine should not be purchased. 

COMM ENT The salvage val u e and cash flows will be allowed to vary in the 
material of Chap. 12. //// 

Example 11.7 
Problems P11.15-P 11.20 

11.7 Comparison of Two AÍtern.atives Using Service-Life tomputation 

If capital is tight and the future uncertain (about avhllable money and proposed 
investments), a breakeven (or equivalent-point) service life of two proposals may be 
computed for use in decision-making. Still, other evaluation methods, )UCh as 
present-worth, should be pursued, because se\"ice-life analysis is considered only a 
supplementary too!. !f a finn is shcrt of capitJ.! :L"1d requires quick recovery of 
investment carita!, the service-Jife computations c<~n indic;Jte the spred with which the 
project ·.vill "pay for its~Jf." T!-;~r:forc, capital ¡.:-covery being important, scn:ic¿ lifc át 
a stated rate of retum is found by equating a.!ternativé present-worth or EUAC values 
and finding n' by trial and error. ~t:!m;~an~t!ars. .. 1lli: ... pru.ch.ue.-Wi.ll 
reJ)..S.Qlwb-i_~~.-<h~reposc;]-.yith-tl~rnaUer..pre.se.n.Ww4.lrt.h-or-EUA~aiue is 
~~~- The method is the same as that used in rate-of-return breaJ..:.even analysis (Sec. 
1 0.5), but with the val u e of n sought here. 

~i'\¡l!e;.TP.4 A dirt-moving ccmpany requires the service of dirt-moving 
equipment. The service may be acquired by purchasing a mover for S25,000 having a 
negligible salvage value, SS ,000 annual operating cost, and a $12,000 overhaul cost in , 
year 10. Alternatively, the company may !ease the mover at a tot·al cost of S 10,000 
per year. If alJ other costs are equal and service is needed for 12 years ata 12'7o rate of 
return, use service-life analysis to determine whether L~e mover should be ?urchased or 
leased. 

SOLUTION We use the relation EUACbuy = EUAC1ea;.e and find the breakeven 
n value (n'). 

EUACbuy = 25,000(A/P,! 2%,n) + 5,000 
+ 12,000(P/F, 12%, 10)(A/P,12%,n) 

EUACtem = Sl 0,000 

The Jast tenn of EUACbuy is used only when n;;?; 10. Then when n< 10, ec;uating 
EUAC rel:!tions gives 
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: F1xed cost (Proposol 2) 
------- -~--- ---------

1 
1 

_ 1 Fixed cost ( Proposol 1) 
--------------~-----------1 
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1 
1 

Vor~oble un1ts 

FIG. 12.1 Graplücal illustration of breakeven. 

o¡:;c¡·at;n.; cost or prcdu.:t;,::,¡, cost. figl>r(; 12. j grapi1.ií.:ally iliusirates <he brea;..e\cu 
concept for two proposals (id en tified as Propo~al l aad Proposal 2). As show~ in the 
figure, the ftxed cost (which may be simply the irtitial investment cost) of Proposal 2 is 
greater than that of Propasa] l, but Proposal 2 has a lower variable cost (as shown by 
its smalJer slope). The point of intersection (B) of the two lines represcnts the 
breakeven point between the two proposals. Thus, if the variable units (such as hours 
of operation or leve! of output) are expected to be greater than the breakeven amount, 
Proposal 2 would be se]ected, since the total cost of the operation would be lower 
with this altcrnative. Conversely, an anticipated level of operation below the breakéven 
number of variable units would favor Proposal L 

Instead of plotting the total costs of each alternative and finding the break.even 
point graphically, it is generally easier to calculate the br.!akeven point algebraically. 
Although the total cost can be expressed as either a present worth or equivalen! 
unifom1 annual cost, the Jatter is generally preferable because the variable units are 
oftentimes expressed on a ye~rly basis. Additionally, EUAC calculations are simpl~r 
when the alttmatives under consideration have different lives. In t:ither case, however, 
the first step in calculating the breakeven point is to ~fír!-rorarrosr of "l!ctch 

afit~Rtat n·e--<J~UfiCTiun-of-Ihe-.;;uiahJe....¡)~r;ought- Example 12.7 iUustrates 
breakeven ca.Jculations. 

~p!ec:l2;-9o A sheet metal cÓmpany is considering the purchase of an 
automatic machine for a cert:~in phase of the firúshing pmce"ss. The machine hJs :m 
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1 
initiaJ cost of 523,000, 3 dv:Jge value of S~,000, and a Jife of ten years. If the 
machine is purchased, one operator will be required at a cost of S 12 :Jn ho~r. The' 
outpllt with tllis nl3~!une would be 8_ tons per hour. Annual maintenance and 

·operJtion cost ofthe machine is expected to be S3,500:---

' Alternatively, the company can purchase ~ less sophisticated machine for 
$8,000, which has no s2lvage value and a life of five years. However, with this 
altern:.:tive, tbee laborers will be required ata cost of $8 an hour and the machine will 

have an ;;nnual maintenance and opc¡Jticn cos: of SI ,SOO:Out?ut is expected !o be 6. 
loJJs per hour for this machine. All invested capitaJ must retum ] Wo. (a) How many1 

tons of sheet metal must be fmished per year in arder to justify the purchase of the1 

automatic macltine? (b) lf J.J3n~gement anticip~tes a requirement to finish 2,000 ton~' 
per year, whicl1 m achine sho;_¡Jd be purchased? 

SOLUTION 

(a) The first step is to express each of the variable costs in terms of the unit! 
soug,ht, which is tons per year in this case. Thus, for the automaiic machine, thc! 
annual cost per ton would be j 

- · ·- ------- --~-($12 )(1 hour\(x tons) 12 
Annual cost per ton== L-- ---) --- = - x 

. !oou~, -~ !ons. year 8 

where x = numbá of tons per year fo;- break even. Note that the finaJ u:1its are 
in dollars per year, which is what we want since we are trying to obtain thc 
EUAC. The totai EUAC for the automatic mach.ine is 1 

EUACauto == 23,000(A/P,10%,i0)- 4,000(A/F, 10%, 10) 

+ 3,500 + 1
8
2 

X 

= $6,992 + J .5 X 

Similarly, the EUAC of the manual m achine is 

- . 3 (8) 
EUACmanual - 8,000(A/P, 107o,5) + l ,500 + -

6
- x 

= $3,610 + 4x 

Equating ihe two cmts and solving for x yit!ds 

EUACau 1o = EUACffi2;,u2 ! 

6,992 + 1.5x = 3,610 + 4x 
x = 1,352.8 tons per yeu 

Thus, at an output of 1,352.8 toílS per year, the EUAC of each me1hod is ÜJ_e- · 

same. lf the ou:put is expected lo be greater Íhan this figure, the a!.Jlomat¡c 
machine should be purch2sed; if !he output is to be iess, then the le;5 
sophüticatec' 'Chine should be purch2sed. 
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FIG. 12.2 Breakeven pom~s for thre'! proposals. 

(b) Substituting the expected production leve! of 2,000 .tons per year into the 
EUAC relations, we h&ve EUACauto= $9,992 and EUACmanual == $11,610. 
Therefore, purchase the automatic machine. 

COMMENT Work the problem on a present-worth basis to satisfy yourself that 
either method results in the same breakeven point. A question tl-tat sometimes arises 
after the breakeven point is cilcu!ated is: How do you know which alternative s.hould 
be selected when you are either above or below the breakevcn point? As shown in Fig. 
12.1, the aJternative with the smalle~ slope (i.e., lower variable cost) should be selected 
when the variabie units 2.!e 2bove the breakeven point (and vice versa). //// 

~+<>-proo.;;.Ji~aonpi~~th-only·1\vo"''l!~tffl'~t~~nre-'t)"f1'e of 
a-ual~~n..b..;,.made-f or•t hree--or ··more-· alte-rna l ives,..1 r...-l hi S'(.11Se ~ i !· be<:omes·no::;;.e~S!!IY 

t,o...compar.e..th.f_.aJ terna ti ves .wi th..eaclt.cther .j n-Drder -to..fi'nd..t hei r .rcspectiv c..br~~ ven 
fl.Oints.. The results reveal the ranges through which each alternative would be the most~ 
economical one. For example, in Fig. 12.2, if the output is expected to be less th:m 40 ~ 
units per hour, Proposal 1 sJwuld be selected. Between 40 ;md 6e its per hour 
..,roposal 2 would be the most economicJl, and above 60 units per . ~r Proros~! 3 
,.¡oulc be favorec!. 
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t/.2 ·Se-lec-rion üsing lncremenr:1l R<lle of Retum 

. Yon \~~11 rer?.ll from Secs.--- 10.5 and 1 O.o that thc: mo.:reJ!lC:Illlll-analySJS procedure 
~lernunes ráte·ol retum on the extra ir.resrmenr thallS·Icquircd by tllc pl:Jn havi.Qg 
tllc !-..:?J•er·.lllvt:stmenr cost. As <bcu~sc:d thc:rc:. if the rate,of re1um on the e.>..l.ia 
im.::strncnt 1s greater th:m the .MARR, the plan rrqumng the extra mvestment sho.uld 
be selc:cted. Trus same procedure JS fo~lowed when 3!1Jlyzmg mutually exclustve 
2.lternatJves, but now 1! becomes importan! to determine "'•l.udt~altem<!tives-must·:be 
cúmparl"d wnh-each·other (and therefore, wluch incremcnts will be involved). •hr>this 
¡.egard. tlle.·mruL important-rule1har-musr be-remcf"lbered when ·ev3luaring altematives 
by the increment;,J-Jnvestment rate-of-retum· methnd is1hat an alrernarive can nePerbe 
romparea·WJrfron~ for"Wrlich rhe rncrememal rnvesrmcnf h!Js·nor oeen·¡usnfied. The 
procedure to be used when evaluating multiple, mutu:¡iJy exc!usive alternatives can 
conveniently be summarized as follows: 

1 Rank the alternatives in terms of ~9ug<tnirwl-~ment. 
2 Considering the "do· nothing" a!ternatJve as a defender, compute the overall 
r~,¡ctumTfOAhe"'a1feñí.ítive':>.,vith the lowest initi3l·im;e·stment. 

3 lf ~-!11ARR, remove the:dowest.·um·sunent.=-;lityrnative..-frorrr-ftrrther 
cpnsitkrrnon ·· <md""cr5Iiipüré.,., the- \Jverall, rate of returwfor·thf:'-"next" higher 
ir¡vestment~ alternative. Repeat tl12s step umiki~~MARR for one of the 
alterna ti ves. When ~íARR;~he:dowe~t :mves1 ment-'-alternative::become1 the 
defender and the next higher investment alternative is the chaJlenger. 
; Dct;;rmiTic the inci'cm~ntal ::o~ts ::.:-td inco:ncs b-• .oee .. t!-::: :;;,:l!!!!nger :!:1: !he 

~-.·~~ .,.._ 
de1efrWr. " ~ .-.... , :. :;· ~ 

5 Ga1cul a1eqhe<Tate-=of.•re t uT'Tí-'-UíP:the:i ncrem enr;:;i invest m en t·-reqn irqd =irrzthe 
oh:1!lenger. 
6 Ji the rate of retum calculated (on the inc:ement of investment) in step 5 is 
greater than the MARR, the challenger becomes the defender and the previous 
defender is removed from further consideration. Conversely, if the rate of retum 
in step 5 is less than the MARR, the cha!!enger is removed from further 
consideration and the defeñder rem2.ins as the defender ag::linst a new challenger. , 
7 Repeat steps 4-6 until only one alternative rem~ms. 

"""""' Note that in the incremental analysis (steps 4-6), only two alternatives are compared 
at any one time. lt is very importan!, therefore, that the corree! altematives be 
comp3red. Urde~s the procedure is foilowed as presPnted above, the WTong altermtive 
can be selected from the incremental am.lysts. Tht procedure detaiied above is 
illustrateci 1n Ex;:mp!es 17.1 and 17.2. • 

~E~1M-:;.I Four different building loc;nions !]ave been suggested, of which 
only one WlU be selected. Data for each site are detalled in Table 17.1. Annual CFAT 
vartes due to d1fferent tax structures, labor costs, and transportation charges resulting 
in different annual receipts and disbursements. ~.Llht!o.II1ARR,;~---JO?ó after--t~xes-,-usc 
~cn~t.;;:n.b.r=-t.uri"Uina!~ino selec-rz büilding·1ocati!'m. 

Table 17.1 FOURALTERNATE BUILDING LOCATIONS 

A 

BuiJ¿¡ng cost S-200,000 
Annu3l CFAT +22,000 
L;fe, years 30 

Location 

B 

S-275 ,000 
+35,000 

30 

e 

S-190,000 
+19,500 

30 

SOLUTION The steps outlined above result in the following procedUie: 

D 

S-350,000 
+42,000 

30 

1 Order the zlternatives according to increasing initial investment. This is done 
in the fl!st line ofTable 17.2. 
2 The next step is to find the lowest investment aJtemative that has an overall 
rate of rcturn of Jt leJst JO%. Table 172 indicares a rJte ofrerurn of9.63% for 
Location C, resulting in its elimination from further consideration. ~le---ULxt 
altcrn.allve,-I.-.ocarion • A;'has- an- t- of-1 0:49% -amf--"replaces·"do"11othil'lg" as the 
defem:ler. 
3 The incremental investment between altematives must now be considered. 
Since a!l Jocations have a 30-year life, the rel;;Uon used to find the incrementaJ'i 
is 

O= incremental cost +incremental CFAT (P/A,i%;30) (1 7.1) 

where i is found by triaJ and error. Note that (F/A,I0%,30) = 9.4269; thus an_Y 
P/A value resultin8 fwm Ef!. (17 .1) g~~·--}{:.2:lnr1i.:_.,_:c.:...l.~.s::;~ i$ 
!!;:;;¡ ·~~,.,.....JQ';"'~:!.,.A~r.:f..Jr¡;,.,;..;...;_;_;-..:...:..:.eptaulo. Cucuparing B inc1emem?Jly ro 
Location A, usi.ng Eq. (17.1-), results in the equation O = -75,000 + 
13 ,OOO(P/A ,i%;30). A rate of retum of 17.28% on the extra investment justifies 
Location B, thereby e!iminaling Location A. 
4 With B as the defender 2nd D the chalie:;;;er, tl1e in;;remen.taJ invcstment 
yields 8.55%, which is ]ess than 10% and elimin:Jtes Location D. Only Locations 

a.~i:<-&~mt;fi~s-se:i~dc,.--ti:l~:ll-;,;quires.-i .. li.e->l . .:.rger:tJtV~tmf1nt. 

Table 17.2 Cm!PUTATION OF INCREMEIIo'TAL RATE OF RETURN FOR 
MUTI..iALLY EXCLUSIVE EQUAL-UVED PROJECTS 

e A B D 

Building cost $-190,000 S-200,Ci00 $-275,000 $-350,000 
Annual CFAT 19,500 22,000 35,000 42,000 
Frojects co;-:¡p2red e to no¡¡e Ato non e B toA D ton 
!ncrement2..1 cost S-190,000 S-20{),000 $ -75,000 S -75,000 
!ncrement2..1 CFAT 19,500 22,000 13,000 7,000 
(j' /A .f7c.3 O) 9.7436 9.0909 5.7692 !0.7143 
! !lcrem~mal i 9.63% lO 49% 17.28% 8.55% 
lncrement juslified? No Y es Y es No 
Project selec¡ed Non e A B B 

.. 
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co:.n1ENT We should mention he re agJin, just as a word of WJming, that an 
alt~rn::ttive should a/ways be compJred With an :¡cceptable alternative, noting that the 
"do nothing" alternative may be the. acceptable eme. Since C was not justified, 
Lucauon A was not comparcd to C. Thus, if the B-to·A comparison had not indicated 
that B was incrementally justified, then the comparison D-to-A would have been made, 
instead of D-to-8. 

1 

1 
1 

1 t?~s-irn port.ant-•. 1.'}-~dcrst.¿nd ... tJ¡e-,<USC-o f-in cremen tal ra t e-of-re turn-se Jecri on 
q~cau.se--if .ib-is -not properly applied in m u t ually-exclusive-aJtemative e val uation ,-t. he 
wrong altemath-cs m ay· be selected:-ff-the-·overail·rate ·of return of ea eh altemative is 
comput.;d~~-he r~ults.~ 

Location D ·1 
OveraU i 11.59% l 

~ ,~ 
If=We""YTOW-<fJJply=vn/y=the--fi rst-..cri terion--sl ated -earlier, -rh at~is-;-make-rhel a·rg~, , '', 
i¡west.ment,thal-·hill: a--MARRof 10%-or·more;we would·choose Loc-niorr D: But, ~s'· ! 
spown...above;·l h.is-is-1 he-wrong·selectlon-because ·the -extra· investment·-of- $7 5 ,OQO 1 

bc~weerr-tcr~t1b'ns·s-·:md-D-will 'r.ot·earn lhe MARR:In.fJct,.it will earn-only 8.55% 
(Table 17 .2). Rernember,-therefotl!;that ·incremental analysis is necessa.Iy for selectiog 
of,on~.altcrnative-from severa] when the;-ate-of-return evaluation method is usec4 

1111 

When··t ¡,.,.. ~lternative.~ -unc.iP.r consitieration consisr of disbursements only;- tñe 
"income·• is the difference between costs for two alternat1ves. In th.is case, there 
is no need to com?are any· of the alternattves again the "do noth.ing" alternative. 
The lowest-invt>siment-cost alternative is the defender .. against. the . next
lowest-investment-cost --aJternative .. (challenger). Tlús procedure is illustrated in 
Example 17.2. 

E:xrunple 17.2 ~machines -can-.hed.Jsed· for-a«rtain:stamping operatio·n-:1"he 
~::ts. for. ea.::h machine are shown in-Table -17.3. Determine which machine should .be 
sclected if.ll¡.: Cúmpany's-~!ARR is ·12%. 

Table 17.3 FOUR MUTUALLY EXCLUSIVE ALTERNATIVFS 

M achine 

2 3 4 

First cost $-5,000 $-{i,500 $-10,000 $-15,000 
Annual operating cost -3,500 -3,200 -3,000 -1,400 
Salvage value +500 +900 +700 +1,000 
L1fe, years 8 8 8 8 

·" l ' ·-" 
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its importance been more widely appreciated 
until now? The answer is that many users of 
probability theory (but certainly not the 
original developers) considcred probabilities 
to be physical parameters of objects, such as 
weight, volume, or hardness. For example, 
there was much mention of "fair" coins and 
"fair" dice, with the underlying notion that 
the probability of events associated with these 
objects could be measured in the real wo~ld. 

For the past 15 years, however, an impor
tant minority of ex.perts on the subject have 
been advancing the view that probabilities 
measure a person's state of knowledge about 
phcnomena rather than the phenomena them
selves. They would say, for example, that 
when .somcone describes a coin as "fair" he 
rcally means that on the basis of ~ll evidence 
prcscnted to him he has no reason for assert
ing that thc coin is more likely to fall heads 
thnn tails. This view is modern, but not a 
¡ 1uct of modern times. It w,as studied 
clcarly and convincingly 200 years ago but 
rcnwincd buried for a long time. 

An examplc illustrat.ing this view of prob
abilit.y follows: An astronaut is about to be 
fired into space on a globe-circling mission. 
A~ h'e is ::;lrapping himself into his capsule on 
top of a glcaming rocket, he asks the launch 
!->Upervisor, "By lhe way, what's the reliabil
lly of this rocket?" The launch supervisor re
plies "Ninety nine percent-we expect only 
onc rockcl in one hundred to fail." The astro
naut is reassured hut still has sorne doubts 
about the success of his mission. He asks, 
"Are these rockets awund the edge of the 
field thc sarne type as the one I'm sitting on?" 
The supervisor replies, "They're identical." 
The astt·onaut suggests, "Let's shoot up a few 
Just ~o give me sorne courage." 

The rocket is fit.ted with a dummy payload, 
Prcparcd for Jaunching, an1 fired. It falls in 
the occan, a complete failure. Thc supervisor 
<·ommcnts, "Unlucky break, let's try an
<·' · ·r.'' Unfortunately, that one also fai!s by 
( .. oding in mid-air. A third is tried with 
d1sastrous results a:-> it disint.egrates on its 
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pad. By this time, thc astronaut has probably 
handed in his resignation and headed home. 
Nothing could convince him that ihe reliabil
ity of his rocket is still 99o/o. 

Bui, in reality, what has changed? His 
rocket is physically unaffeéted by the failure 
of the other rockets. 1 ts guidance system, 
rocket engine, and life support syst.em are all 
exactiy the same as thcy were before the other 
tests. lf probability were a state of things, 
then the reliability of his rocket should still 
be 0.99. But, of course, it is not. After observ
ing the failure of the first rocket, he might 
ha ve evaluated the reliability of his rocket at, 
say, 0.90; after the second failure, at 0.70; and 
finally after the third failure, at perhaps 0.30. 
What happened was that his state of knowl
edge of his own rockct was inftuenced by what 
happened to its sister ships, and therefore his 
estímate of its reliability must decrease. His 
final view of its relíability is so low that he 
does not choose to risk his life. 

The view of proba bility as a state of things 
is just not tenable. Probability should be con
sidered as the reading of a kind of mental ther
momet.er that measures uncertainty rather 
than temperature. The reading goes up if, as 
data accumulate, it tcnds to increase the like
lihood of the event under consideration. The. 
reading of 1 corresponds to certainty that the 
event will occur, thc readin~ of O to ccrtainty 
that it will not occur. The inferential theory of 
probabilily is conccrned with the question of 
how the reading ought to ftuctuate in the face 
of new data. 

Encodmg Experience 

Most persons would agree that it would be 
unwise to make a decision without considering 
all available knowled~e before acting. If some
one were offered an opportunity to participate 
in a game of chancc by his best fricnd, by a 
tramp, and by a bw:iness associate, he would 
generally have difTcrcnt feelings about the 
fairncss of the gamc in each case. A major 
problcm is how to enc.ode the knowledgc he 
has in a usable form. This problcm is solved 



by the observation that probability is the ap
propriate way to measure his uncertainty. 

All prior experience must be used in assess
ing probabilities. The difficulty in encoding 
prior knowledge as probability is that the 
prior information available may range in form 
from a strong belief that results from many 
years of experience to a vague feeling that 
arises from a few haphazard observations. 
Yet there is probably not a person who had no 
information about an event that was impor-

. tant to him. People who start out saying that 
they have no idea about what is going to hap
pen can always, when pressed, provide prob
ability assignments that show considerable 
information about the event in question. The 
problem of those who would aid decision
makers is to make the .process of assigning 
probabilities as simple, efficient, and accurate 
as possible. 

The Practica! Encoding of Knowledge 

In the probabilistic phase of decision anal
ysis, we face the problem of encoding the un
certainty in each of the aleatory variables. In 
organizational decision-making, prior prob
ability distributions (or priors) should be as
signed by the people within the organization 
who are most knowledgeable about each state 
variable. Thus, the priors on engineering vari
ables will typically be assigned by the engi
neering department; on marketing variables, 
by the marketing department; and so on .. 
However, since each case is an attempt toen
cocle a probability distribution that reflects a 
state of mind and since most individuals ha ve 
real difficulty in thinking about uncertainty, 
the method of extracting the priors is ex
tremely important. As people participate in 
the prior-g~thering process, their altitudes 
are indicated successively by: "This is ridic
ulous." "It can't be done." "1 have told you 
what you want to know, but it doesn't mean 
anything." "Yes, it seems to reflect the way I 
feel." And "Why doesn't everybody do this?" 
In gathering the information. the analyst 
must be careful to overcome the defenses the 
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individual develops as a result of being askt.. 
for estimates that are often a combination of 
targets, wishful thinking, and expectations. 
The biggest difficulty is in conveying to the 
man that the analyst is intcrested in his statr: 
of knowledge and not in measuring him or. 
setting a goal for him. l 

If the subject has sorne experience with · 
probability, he oft.en attempts to make all h1s · 
priors look like normal distributions, a char
acteristic known as "bell-shaped" thinking. · 
Although normal distributions are appropri
ate priors in sorne circumstances, they should 
not become foregone conclusions. ¡ 

Experience has shown certain procedures to ' 
be effective in this almost psychoanalytic ' 
process of prior measurement. One procedure 
is to make the measurement in a priva te ínter- · 
view to eliminate group pressure and to over
come the vague notions that most peoplc · 
exhibit about probabilistic matters. Unless thc 
subjects are alreacly experienced in decision 
analysis, the distribution of forms on which. 
they are supposed to draw their priors h.:.;·'-' 
proved worse than useless. 

The interview begins with such questions 
as "What are the chances that x wíll excecd 
ten?" This approach is taken because pcoplc 
seem much more comfortable in ~ssigning 
probabilities to evcnts than they are in sketch- : 
ing a probability density function. The ínter- ;· 
viewer also skips around, asking the proba· \ 

' bility that x will be "greater than 50," "le~~ \ 
than ten," "greater than 30," often asking thc 
same question again later in the interv1ew. 
The replies are recorcled out of the view of the 
subject so as to frustrate any attempt at 
forced consistency on his part. As the inter
view proceeds, thc subject oftcn considers the 
questions with greater and greater carc, so 
that his answers toward the end of the inter
view may represent his feelings much bcttcr 
than did his initial answers. 

The interviewcr can change the form of the 
questions by asking the subject to divide thr: 
possible values of an aleatory variable into n 
intervals of equal probability. The answcrs te 
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U these questions enable the analyst to draw 
the excess probability distribution for the 
alcatory var.iable, a form of _representation 
that seems easy to convey to people without 
formal probabilistic training. 

The result ofthe interview must be a prior 
that the subject is willing to live with, regard
less of whether it will describe a lottery on 
who buys coffee or on the disposal of his life 
savings. The analyst can test the prior by 
comparing it with known probabilistic mech
:misms. For example, if the subject says that 
so me alea tory variable x -is equally likely to be 
Jess or greater than a, then he should be indif
fcrent about whether he is paid $100 if x ex
cecd~ a or if he can call the toss of a coin. If he 
1s not. indifferent, then he must change a until 
he is. The end result of such questions is to 
produce a prior that the subject is not tempted 
to change in any way. Although the prior
gathering process is not cheap, the analyst 
necd perform it only on the aleatory variables. 

In cases where the interview procedure is 
t appropriate, the analyst can often obtain 

.. satisfactory prior by drawing one himself 
and then Jetting- the subject change it until the 
subject is satisficd. This technique may also 
be useful as an educational device in prepara
tion fo1· the interview. 

[f two or more alcatory variables are de
pcndent, then the procedure requires priors 
that reftect thc dependencies. The technique 
of. prior ga the.-ing is gene rally the same but . 
somewhat more involved. Since the treaLing of 
joint variables is a source of expense, the an
alyst should formulate the problem so as to 
nvoid them whenevcr possible. 

An Actual P,-obability Assessment 

Figure 8 illustrates prior-gathcring. The 
rlccision in a major pmblem W;Js thought to de
Pend primarily on the aver~1ge lifctime of a 
ncw materinl. Since thc material h:1d never 
bee1Í made and test results wOuld not be avail
abJe until three years aft.er the decision was 
r(•quired, it was necessary lo encodc how 
r·- ·:h knowledg-e the company now had con-
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cermng the life of the material. This knowl
edge resided in tl:nree professional metall ur
gists who were expterts in that field of technol
ogy. These men Wtere interviewed separately 
according to the pril)ciples described. They 
produced the points labeled "Subjects 1, 2, 
and 3" in the figure. These results have sev
era! interesting features. For example, for ' 
t = 17, Subject 2 assigned probabilities of 0.2 
and 0.25 at variows points in the interview. 
On the whole, how¡ever, the subjects were re
markably consistent in their assignments. 
Subject 3 was more pessimistic about the life
time than was Subject l. 

Upon conclusion of the interviews, the 
three subjects werE" brought together, shown 
the results, and a vigorous discussion took 
place. Subjects 1 ahld 3 each brought forth in
formation of which the other two members of 
the group were unc:~tware. As the resuJt of this 
information exchan t;e, the three subjects drew 
the consensus curve-each said that this 
curve represented the state of information 
about the material'.'s lifc at the, end of the 
meeting. Later, thcir supervisor said he un
derstood their posi,tion on the new material 
for the first time. 

lt has peen &uggt::sted that the proper way 
to reconcile diveq;ent priors is to assign 



weights to each, multiply, and add, but this 
experiment is convincing evidence that any 
such mechanistic procedure misses the point. 
Divergent priors are an exccllent indicator of 
divergent states of information. The expe
rience just described not only produced the 
company's present encoding of uncertainty 
about the material's lifetime, but at the same 
time encouraged and effect.ed the exchange of 
information within the group. 

Encodmg New lnformation 

Following thc encoding of the original infor
mation about an aleatory variable by means 
of a prior probability distribution, or about 
an event by the assignment of a probability, 
the question naturally arises as to how these 
probability assignments should be changed in 
the light of new information. The answer to 
this question was provided by Bayes in 1763; 
it is most easily introduced by considering 
the case of an event. Suppose that we ha ve as
signed sorne probability p(A) toan event A's 
occurring and that another event B is statis
tically related to A. Wc describe this relation
ship by a conditional probability of B given A, 
p(B/A), the probability of B if A occurs; as
sigo this probability also. Now we are told 
that B has, in fact, occurrcd. How does this 
change the probability that A has occurred; 
in other words, what is thc probability of A 
givcn B,p(A /B)? 

Bayes showed tha t to be logical in this sit
uation, the probability of A given B,p(A /B), 
must be propo1·tional to the probability of A, 
p(A), and the probability of B given A, 
p(B/A). This relationship is expressed as 
p(A /B) is proportional to p( A) times p(BIA). 

The important thing to remember is that 
any posterior (afler new information) proha
bility assignmcnl to an event is proportional 
to the product of the prior probability assign
ment and the probabilily of the new informa
tion given that the evcnt in question occurred. 
The same idea carries over in the much more 
complicaled situationscncountercd in practice. 

Thus, Baycs' interprelation shows how new 
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information must be logically combined wi 
original feelings. Subjective probability a~

signments are required both in describing thr 
prior information and also in specifying hov., 
the new information is related to it. In fact. ¡ 
as already mentioned, Bayes' interpretatior' 
is the only method of data processing that en- i 
sures that the final state of informati.JD will b, : 
the same regardless of the order of da t.::' 
presenta tion. 

Encoding Values and Preferences 

The other subjective issue that arises in deJ 
cision a·nalysis is the encoding of values anc: 
preferences. It seems just as diffi.cult to ob-l 
tain an accurate measurement of desires a~~~ 
of information. 

The value issue penetrates the core of th~ 
decision problem. Whether personal or orgar.: 
izational, the decision will ultimately depen:· 
on how values are assigned. If each alterna ti,·, 
could produce only a single outcome, it wouL 
only be necessary to rank the outcomes i 
value and then choose the alternative who~ 
outcome was highest in value. However, typ: 
cally each alternative can produce many po~ 
sible out.comes, outcomes that are distribute 
in time and al so subject to unccrtainty. Cor. 
sequently, most real decision problems r.:· 
quire numerical measures of value and of tirn · 
and risk preference. · · 

Measuring Value 

The application of logic to any decisio:' 
problem requires as one of its fundament. 
steps the construction of a value function ... . 
scale of values that specifies the preference ( .. . 
the decision-m3ker for one outcome compare:. 
with another. We can think of the problem :-, ·. 
analogous to the one we fa ce if we ha ve somt · 
one bu y a car for us: We must tell our agu · 
what features of the car are important to ~_; ~ 
and to what extent. How do we value pt:: ·. 
formance relativc to comfort, appearan' ! 

relative to economy of operation, or oth• i 

ratings? 
¡ 

,• 
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To construct a value function in the car 
urchase problem, we can tell our agent the 

dollar value we assign lo each component of a 
car's value. We might say ,. for example; that 
given our usage charactcristics, a car that 
runs 18 miles to a gallon of gas is worth $40 a 
ycar more to us than a car that runs only 15 
miles and that foarn rubber seats are worth 
$50 more to us than ordinary seats. When we 
had similarly specified the dollar value of all 
the possible features of a car, including those 
whose values might not be additive, our agent 
would be able to go into the rnarketplace, de-

. termine the value and price of every offered 
cRr, and return with the rnost profitable car 
for us (which rnight, of course; be no car at 
all). In following this philosophy, we do nQt 
care if, in fact, there are any cars for sale that 
have all or any part of the features that we 
havc valued. The establishment of the value 
fu'nction depends remotely, if at all, on the 
Rpcctrum of cars available. 

The main role of the value function is to 
serve as a framework of discussion for prefer-

ccs. Thc value function encocles preferences 
consistcntly; it docs not assign them. Conse
qucntly, the decision-ma ker or decision ana
lyst can inscrt alternativc value specifications 
to determine scnsitivity of decisions to changes 
in value function. The process· of assigning 
valucs will naturally be iterative·, with.com
ponents of value being added or eliminated as 
undcrstanding of the problem grows. 

A question that arises is, "Who should set 
lhe values?" In a corporate problem, to what 
extent do the • values derive from manage
ffi('nt, stockholdcrs, cmployecs, customers, 
and t.he public? Thc process of constructing a 
value function brings into the open questions 
that have hecn avoided since the devclopment 
of the corporate structurc. 

(stablishing Time Preference 

1'he general tcndcncy of people and organi
zations is to valuc outcomes received sooner 
more highly than outcomcs received later. In 
an organization·, this, phenomenon usually oc-
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curs in connection with a time stream of profit. 
Time streams that show a greater share of 
their returns in earlier time periods are gen
erally preferrcd. 

A number ofconcepts havc arisen to cope 
with time prefercnce in corporaiions. To illus
trate these concepts; let x(n) be the cash flow 
in year n in the future, posibve or negative, 
where n = O is the begínning of the present 
year, n = 1 next year, and so on. A positive 
cash flow indicates that íncome exceeds ex
penditures, a negative cash flow implíes the 
reverse. Ncgatíve cash flows will usually oc
cur in the early years of the project. 

The most elementary approach, the pay~ 
back periÓd method, rests on the assumpfion 
that the cash flow will be negative in early 
periods and will then become and remain posi
tive for the balance of the project. The pay
back period is the number of the period in 
which cumulative cash flow becomes posítive. 

The payback period carne into common use 
when projects were typically investments in 
capital equipment, investments characterized 
by a high ínitial outlay gradually returned in 
the course of time. However, only a few mod
ern investments have such a simple structure. 
The project may contain several interspersed 
periods of investment and return. There 
would seem to be little justification for use of 
the payback period in modern corporate de
cision-making. 

The idea of interna} rate of return was 
introduced as a more sophisticated time pref
erence measurc. The interna! rate of return is 
derived from the present value of the project, 
defined by 

PV(i) x(O) + x(1) (--..!-;) 
. . 1 + l 

+ x(2) (1 ~¿y + 

where l 1s interpreted as an annual interest 
rate for funds connected with the project. The 
intcrnal ratc of return is thc value of i that 
'makes the present value equal to zero; in 

'• 
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other words, the solution of the equation 
PV(i) = O.· 

A justification offered for the use of interna} 
rate of return is that application of the 
method toan investment that pays a fixed in
terest. rate, like a bond or a bank deposit, 
produces an interna} rate of return equal to 
the actual interest rate. Although this prop
erty is satisfying, it turns out to be insuffi
cient justification for the method. One defect, 
for example, is that more than one interest 
rate may satisfy the equation; that is, it is 
possible for an investment to have two in
terna} rates ofreturn, such as 8% and 10%. 
In fact, it can have as many as thc number of 
cash flows in thc projecl minus one. A further 
criticism of the method is that it purports to 
provide a measure of the desirability of an 
investment that is independent of other op
portunities and of the financia! environment 
of the firm. Although meticulous use of inter
na} rate of return methods can lead to appro
priate time preference orderings, computing 
the prescnt value of projects establishes the 
same ordering directly, without the disadvan
tages of interna! rate of return. Furthermore, 
prcsent valuc provides a measurc of an invest
ment such that. the bigger the number, the 
bctter the investmenL The quest.ion that 
arises is what interest rate i to use in the 

r computation. 
Much misunderstanding exists about the 

implicat.ions of choosing an intcrcst rate. 
Sorne firms use interest rates like 20% or 25% 
in the belief that this will maintain profit
ability. Yet at the same time they find that 
they are actually investing most of their avaiJ
able capital in bank accounts. The overall 
earnings on capital investment will therefore 
be rathcr low. The general question of select
ing i is too complicated to treat here, but the 
fundamental considcration is the rclationship 
of the firm to its financia} environmcnL 

There is a cogent logical argument for the 
use of present value. If a decision-maker be
lieves ccrtain axioms regarding time streams 
-axioms that capture such human charac-
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teristics as greediness and impatience-ther. 
the time preference of t.he decision-maker for 
cash streams that are certain must be charac
tcrized by the presei-tt value corresponding b: 
sorne interest rate. Furthermore, if a bank ú 
willing to receive and disburse money at sornc
interest rate, then, for consistency, the deci
sion-maker must use this bank inte'rest raté 
as his own interest rate in the caJ.culation. 
Present value is therefore a well-founded cri
terion for time preference. 

In this discussion of time preference, then
has been no uncertainty in the value of casr: 
streams. Undoubtedly, it was the existence o: 
uncertainty that made payback periods and 
artificially high interest rate criteria seem 
more logical than they in fact are. Such pro
cedures confuse the issues of time and risk 
preference by attempting to describe risk 
preference as a requirement for even greatcr 
rapidity of return. Decision analysis require~ 
a clear distinction between the time and risk 
preference aspects of decision-making. 

Establishing Risk Preference 

The phenomenon of risk preference was dis
cussed in connection with the proposition o:· 
tossing a coin, double or nothing, for next 
year's salary: most people will not play. How
ever, suppose they were offered sorne fractior~ 
ofnext year's salary asan inducement to play. 
Ifthis fraction is zero, there is no inducement. 
and they will refuse. If the fraction is one 
they have nothing to lose by playing and the~ 
have a .5 probability of ending up with three 
times next year's salary; clearly, only those 
with strange motivations would refuse. In ex· 
periments on groups of professional men, the 
fraction required to induce them to pby 
varíes from about 60% to 99%, depending oJ: 

their financia] obligations. Obviously, t.he 
foot-Joose bachclor has a different att.itude 
than does the married man with serious illnes.~ 

¡. 
1 

in the family. .1 

The characteristic measured in this cxperi· 
ment is risk aversion. Few persons are ind if
ferent to risk-i.e., willing to engage in a fa1r 
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gamble. Fewer still prefer risk-i.e., willing to 
engage in the kind of gambles that are unfair, 
such as those offered at professional gambling 
eHta.bli.shments. When considering sums that 
~·re 'significant with respect to their financia! 
strength, most individuals and corporations 
are risk-averse. 

A risk-averse decision-maker is willing to 
fon~go sorne expected value in order to be pro
tected from the possibilities of poor outcomes. 
For cxample, a man buys life, accident, and 
li~bility insurance bccause he is risk-averse. 
These policies are .un fa ir in the sense that they 
have a negative expected value' computed as 
the difference between the premium and the 
expected loss. It is just this negative expected 
valuc that becomes the insurance company's 
profit from operations. Customers are willing 
to p·ay for this service because of their ex
lrem(c aversion to large losses. 

A logical way to treat the problem of risk 
aversion is to begin with the idea of a lottery. 
A Jotlery. is a t~chnical term that refers to a 
set of pri~es or prospects with probabllities 
a• • "ched .. Thus, tossing a coin for next year's 

y is a lottery and so is buying a life in
surance policy. The axioms that the decision
maker must satisfy to use the theor~ are: 

• Given any two pr'izes.in a lottery, he must 
be able to stat.e whích. he prefers or whether he 
ÍH indifferent bet.ween thcm. His preferences 
must be transitive: if he prefers prize A to B 
and prize B to C, he mu.st also prefer A to C. 
• lf he prefers A i.o B and B to C, he must be 
mditrcrent to receiving B for certain or par
ticipating in a lot.tery wit.h A and C as prizes 
for some probabilit.y of winning A. 
• 1 f he p1·efers A lo B, then given the choice of 
two lotterie!o! t.hat both have prizes A and B, 
he will prcfer the onc with the higher proba
bllity of winning A. 
• He treat.s as equivalent alllotteries with the 
Rame probahilities of achievin'g the same 
ptizes, regardless of whcthcr the prizes are 
won in one drawing, oras the rcsult of several 
drawings that take place al the ·same time. 
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Jt is possible to show that :m individual who 
wants to act in accordance with these axioms 

' ' 

possesses a utility function that has two im-
portant properties. First, he can compute hís 
utility for any lottery by computing the utility 
of each prize, multiplying by the probability 
of that prize, and then summing over all 
prizes. Second, if he prefers one lottery to an
other, then his utility for il will be hígher. ' 

If the prizes in a lotte-ry are all measured in· 
the same commodity, then, as discussed pre
viously, the certain equi~alent of the lottery is 
the amount of the · commodity that has the 
same utility as the lottery .. The concepts of 
utility and certain equivalent play a central 
role in understanding risk preference. 

In the practica! question of measuring rísk 
preference, one approach is to present an in
dividual with a lottery and to ask him his cer
tain equivalent. Or, we can provide the certain 
equivalent and all prizes but .one and let him 
adjust the' remaining prize until the certain 
equivalent is correct in his view. Finally, we 
can fix the certain equivalent. and prizes and 
let hím adjust the probabilítics. All these ques
tions permit us to establish the relationshíps 
between points on his utility curve and, ulti

·mately, the curve itself. The interviewing in 
which the curve is measured is similar to that 
used for generating priors: the same need for 
educaiion exists. The same types of inconsis
tency a ppear. 

Although useful utility curves for individ
uals and organizations can be found in this 
manner, most decision-makers prefer to have 
sorne guidance in the selection of utility 
curves.· The dccisíon analyst can often pro
vide this guidance by asking whether lhc dc
cision-makers will accept addílional axioms. 
One such axiom is: if all the prizes in the lot
tery are increased by sorne amount 6., then 
thc certain equivalent of the loitery will in
crease by 6.. The argument for the reason
_ableness of the axiom is very simple. The ad
ditional amount 6. is money in the bank, no 
matter which prize in the lottery is won. 
Therefore, the new lottery should be worth 
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more than the original lottery. The counter 
argument is that having ~ in the bank 
changes the psychological orientation to the 
original lottery. 

lf this ~ axiom is added to the original set, 
then it is possible to show not just that a util
ity curve exists but that it must ha ve a special 
form called the exponential form. A useful 
property of this exponential form is that it is 
describcd by a single number. This means that 
the analyst. can characterizc the utility curve 
of any individual or organization that wants 
to subscribe to these axioms by a single num
ber-the risk aversion constant. 

It is far easier to demonstrate to a decision
maker the consequences of his having differ
ent risk aversion coefficients and to measure 
his coefficient than it is to attempt to find a 
complete utility curve that is not of the expo
nential form. Encoding risk aversion in a 
single number permits measuring the sensi
tivity to risk aversion, as discussed earlier. In 
most practica! problems, the entire question 
of risk aversion appears to be adequately 
treated by using the exponential form with a 
risk aversion constant appropriate to the 
decision-maker. 

A cautionary note on the problem of practi
ca) measurement of risk aversion: experi
ments ha ve revealed that the certain equiva
lents offered by subjects in hypothctical 
situations difTer markedly from those offered 
when the situations are made real. This diffi
culty shows that the analyst must treat risk 
preference phenomena with great care. 

Joint Time and Risk Preference 

In most problems, both time and risk pref
erence measures are neccssary to establish 
the best alternative. Typically each outcome 
is represented by a time sequence of depend
ent uncertain values. 

The question of how to describe preferences 
in such problems is fundamentally rclated to 
the way in which information on successive 
outcomes is revealed and to the extent to 

Two approaches illustrate the nature of tl 
problem, each of which is appropriatc under 
certain conditions. The first-that used in the 
original discussion of the probabilistic phase 
-is to compute the worth lottery implied by 
the model and then use the current utility 
function to develop the certain equivalent 
worth of the lottery. This approach is appro
priate when there is no opportunity to utilize 
the information about outcomes as it is re
vealed, and thus where the prime iilterest is 
in the position occupied after all outcomes 
have been revealed. 

Another approach is to imagine dealing with 
two agents. The first is a banker who will al
ways pay immediately the amount specified by 
a particular company's time preference func
tion applied io any time stream of values that 
is known with certainty. The other is a risk 
broker who will always pay the company's 
certain equivalent for any lottery. When faceci 
with an uncertain stream of income, the com
pany alternaiely deals with the risk broker to 
exchange lotteries for certain equivalents an, 
with the banker to convert fixed future pay
ments into present payments. The result of 
this alternating procedure is ultimately a 
single equivalent sum to represent the entire 
future process. Although appealing, the meth
od may lead to the conclusion that the deci
sion-maker should be willing to pay for "peace 
of mind" even when it has no effect on his 
financia} future. 

Thus the time-risk preference question ulti
mately depends on the decision-maker's tastes 
and options. The decision analyst can provide 
guidance in sclecting from the many available 
approaches the one whose implications are 
best suited to the particular situation. 

APPLICATIONS 

In brief form, two examples illustrate the 
accomplishments and potential of decision 
analysis. In each case, the focus is nn the key 
decision to be made and on the problems pe-

which it can hclp in making future decisions. culiar to the ;.h.alysis. 

32 

:. 
'', ,. 

,( 

''::-



;ht 

ler 
che 
'lSe 

by 
ity 1 

:mt 
ro
lle 

re-
• IS 

1es 

ith 
al
by 
nc
lat 
isk 
y's 
~ed 

•m-
· to 
md 
llY-
of ; 
a 

.ir e 
th-
~CI-. 

EI.CC 

bis 

lti
tcs 
id e 

blc 
are 

Lhc 
ion 
rey 
pe-

istics region by region and custorner by cus-
New Product lntroduction tomer. Moving to the more detailed basis 

A recent decision analysis was concerned ~ffected the predictions so much that the addi
with whether to develop and produce a new tional refinement was clearly justified. How

. product. Although the actual problem was ever, other attempts at refinement did not 
. from another industry we shall suppose that affect the results sufficiently to justify a still 
it was concerned with aircraft. There were more refined model. 
two major alternatives: to develop and sell a Next, a sensitivity analysis was performed 
new aircraft (A2) or to continue manufactur- to determine the aleatory variables. These 
ing and selling the present product (A 1). The turned out to be operating cost, capital cost, 
decision was to be based on worth computed and a few market parameters. Beca use of the 
AS the present value of future expected profits complexity of the original business model, an 
ata discount rate of lO% per year over a 22- approximation was constructed showing how 
year period. Initially, the decision was sup- worth depended on these aleatory variables in 
posed to rest on the lifetime of the material the area of interest. The coefficients of the ap
for which the prior probability distribution, or proximate business model were established by 
priors, were obtained (Figure 8); however, a runs Ol) the complete model. 
complete dccision analysis was desired. Since The market priors were directly assigned 
s~veral hundred million dollars in present with little trouble. However, because the op
value of profits were at stake, the decision erating and the capital costs were the two 
npalysis was well jl)stified. 1 most important in the problem, their priors 

. In thc general schcme of the analysis, the were assigned according to a more detailed 
first. ~tep was to construct a model for the procedure. First, the operating cost was re
business, :;¡..s.shown in Figure 9, which was pri- lated to various physical features of thé de

.marily a model of the market. Thc profit asso- sign by the engineering department; this 
. ciated. with' cach alternative was described in relationship was called the operating cost 
terms of the pricc of the product, its operating function. One of the many input physical vari
costs; its capit~l costs, the behavior of com- ables was the average lifetime of the material 
petitors, and the natural characteristics of whose prior appears in Figure 8. All but two 
customers. Suspicion grew that this model did of the 12 physical input variables were inde
not adcquately capture the regional nature of pendent. The priors on the whole set were 
demand. Consequently, a new model was con- gathered and used together with the operating 
structcd that included the market character- cost function in a Monte Cario simulation that 

Fig. 9 (, rw·+v•.> . ''j 
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produced a prior for the operating cost of the 
product. · 

The engineering department also developed 
the capital cost function, which was much 
simpler in form. The aleatory variables in this 
case were the production costs for various 
parts of the product. A simulation produced a 
prior on capital cost. 

With priors established on all inputs to the 
approximatc business model, numerical anal
ysis determined the worth lottery for each 
alternative. The worth lotteries for the two 
alternatives closely rc~embled those in Figure 
4, PartA. The new product alterna ti ve A 2 sto-

'· 



chasticaJiy dominated the alternative A 1 (con
tinuing to manufacture the present product). 
The result showed two interesting aspects of 
the problem. First, it had been expected that 
the worth lottery for the new product alterna
tive would be considerably broader than it 
was for the old product. The image was that 
of a profitable and risky new venture coro
pared with a less profitable, but less risky, 
standard venture. In fact the results revealed 
that the uncertaintic~ in profit were about the 
same for both alternatives, thus showing how 
initial impressions may be misleading. 

Second, the average lifetime of the material 
whose priors appear in Figure 8 was actually 
of little consequencc in the decision. It was 
true enough that profits were critically de
pendent on this lifetime if the design were 
fixed. But Jeaving the design flexible to accom
modate to different average materiallifetimes 
was notan expensive alternative. The flexible 
design reduced sensitivity to materiallifetime 
so much that its uncertainty ceased to be a 
major concern. 

The probJem did not yield as easily as this, 
howcver. Figure 10 shows the present value of 
profits through each number of years t for 

Fig. 10 
Expected 
Present 
Value 

of 
Profit 

Mtlhons ol Oollars 
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each alternative. Note that if returns beyon1 
year 7 are ignorcd, the old product has a 
higher present value; but in considering re
turns over the entire 22-year period, the re
lationship revcrses. When managers saw 
these results they were considerably dis
turbed. The division in qucstion had been 
under heavy pressure to show a prof:it in the 
near future, and alternative A 2 would not 
meet that requirement. Thus, the question of 
time preference that had been quickly passed 
off as one of present value at 10% per year be
carne the central issue in the decision. The 
question was whether the division was inter
ested in the quick kili or the long pull. 

This problem clearly illustrates the use of 
decision analysis in clarifying the issues sur
rounding a decision. A decision that might 
have been made on the basis of a materiallife
time was shown to depend more fundamen
tally on the question of time preference for 
profit. The extensive effort devoted to this 
analysis was considered well spent by the 
company, which is now interested in institut
ing decision analysis procedures at severa! 
organizational levels. 

Space Program Planning 

A more recent application in a quite differ
ent area concerned planning a major space 
program. The problem was to determine the 
sequence of designs of rockets and payloads 
that should be used to pursue the goal of ex
ploring Mars. It was considered desirabJe to 
place orbiters about Mars as well as to land 
vehicles on the planet to collect scientific data. 

The project manager had to define the de
sigo for cach mission-that is, the type and 
number of Iaunch vehicles, orbiters, and 
landers. The choice of design for the first mis
sion could not logically be made without con
sidering the overall project objectives and the 
feasible alterna ti ves. Key features of the prob
Iem were the time for the developmcnt of new 
orbiting and landing vehicles, cost of each 
mission, and chances of achieving objectives. 
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Approach to Solutlon 

. To apply dccision analysis to the problem 
. posed, a tw~-phase program was adopted. 
The first or pilot phase consisted of defining a 
simplificd version of the decision. To the max
imum cxtent possible, however, the essential 
featurcs of the problem were accurately repre
se_nted and only the complexity was reduced. 
This~ smaller problem allowed easier develop
ment of the modeling approach, and exercising 
of the model provided insight into the level of 
dctail required in structuring the inputs to the 
dcciRion. The second phase consisted of de
vcloping the more realistic and . complex 
model required to decide on an actual mission. 

The Pilot Phase 

To begin the decision analysis, four pos
sible designs were postulated to represent in
creasing levels of sophistication. Figure 11 
shows these designs and their potential ac-

Fig. 11-Configurations and Performance 
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complishments. 'The questions were: what 
design should be· selected for the first oppor
tunity, and what.. .sequence of designs should 
be planned to fo:llo:w the first choice? Should 
the project manager, for examp1e, elect to pro
vide the ultimate level of capability in the ini
·tial design in the face of uncertainties in the 
Martian environ:ment and difl1culties in de
veloping comple)K equipment to survive the 
prelaunch sterll'lization environment? Or 
should he choose- a much simpler dcsign that 
could obtain so,me information about the 
Martian environr:nent to be used in developing 
subsequent, morte complex, vehicles. -

Decision Traes 
------~···- - -~ 

The heart of tthe model used in analyzing 
the ~ecT~in w~~~s;· -~~~c1slünlreet11at-repre
sented the struct·ure of all poss-ible-sequ-ences 
of decisio'ils·- and" ot1fcoñ1es-·a.-n<r provlded-for 
cost;Yafüe·,--añcrp;·roba'bílity in'¡)üfs:Suchtr~es 
éü.ilfaín---t-wo-·fY'i?t~s-- üriiodes···(a-ecis1ón --ii-oaes 
and chaQ_ce nodes) and tw~ypes of branches 
(alter!!_ª-tive branlches and out_~9me .Q.ranches), 
as illustrated in Figure 12. Emanating from 
each decision n<')de is a set of alternative 
branches, each br·anch representing one of the 
allernativcs avaiilable for selection at that 
point of decisiOEl. Each chance node is fol-

Fig. 12.-Tree Relationships 
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lowed by a set of outcome branches, one 
branch for each outcome that may be achieved 
following that chance node. Probabilities of 
occurrcnce and values are assigned to each of 
these outcomes; costs are assigned to each de
cision al terna ti ve. 

Two fundamental operations, expectation 
and maximization, are used to determine the 
most economic decision from the tree. At each 
chance nodc, the expect.ed profit is computed 
by sumrning the probabilities of each out
come, multiplied by the value of that outcome 
plus expected profit of the node following 
that outcome. At each decision node, the ex
pected profit of each alternative is calculated 
as thc expected profit of the following node 
( .. successor node") lcss the cost of the alter
native. The optimum decision is found by 
maximization of these values ovcr the set of 
possible alternatives, i.e., by selecting the al
ternative of highest expected profit. 

Order of Events 

Thc particular sequence of mission deci
sions and outcomes was a significant fcature 
of the pilo!. analysis. As illustrated in Figure 
13, the initial event of significance was the 
selection of the 1973 mission configuration. 
However, since lead time considerations re-

flg. 13 ORDER OF EVENTS 

1968 19&9 1970 1911 1972 1971 1914 191~ 1976 1977 1918 1979 ... 
f lrSI Fllght S l o 

-- --------;-:-~-
S•,cond Fl1ght S l o 
------------ --- ---
Thord Fl1ght S l o 

-- ---------- --
f ourth Flip,ht S l o 

---- --·-- -- e--- -- --
Fillh Fl1ght S ... 

S= Selecl l ~ Launch O= Oulcome 

quired Uwt t.hc 1975 configuration decision be 
made in 1972, t.he sccond mission decision had 
to be made prior to obt.aining thc first mission 
results. Similarly, thc 1977 deci~ion had to be 
made beforc obtaining the results of the 1975 
mission, although aftcr the 1973 mission re
sults. In general, thcn, a mission configuration 

' 
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was made in ignorance of the results of tl 
previous mission. 

Tree Example 

A complete decision tree for the pilot pro 
ect, with the additional assumption that L::: 
the highest leve} of success, is presented ; 
Figure 14. The model that produces the r. 
merical probabilities, values, and costs u:;:-: 
in the example will be discussed la ter. 1\ ode 
at the left side of the tree is the initial decis:-:. 
to select either a Cl or a C2 for the firs t la ur.·~ 
opportuni ty. The box designa ted LO abo·. 
this node indicates that the state at this nc·-:: 
is the current level of achievement. Suppo:;:e 
C1 is selected. The cost of that C1 is S850 m .. 
lion, indicated by the "-850" that is writte 
under that branch. As a result of this cho!c 
the next node is decision node 2. The box dt: ~ 
ignated LO, C1 above this node indicates th., 
the state of this node is the current level 
achievement and a C1 is being constructed f,_ 
the first launch. Now either a C1 or C2 mu 
be selected for the second la unch. If a C1 : 
selected, the cost is $575 million, and the ne~·
node is chance node 7. The two branches f•:. 
lowing this node represent the possible o t.:~ 
comes of the first launch. The LO' outcon~ 
which would be failure to better LO on t~.-
first try, occurs with probability 0.1 \vhere<:: 
the L1 outcome occurs with probability o:~· 
The value of the LO' outcome is zero, where::o 
the value of the LO outcome is 1224. N ow fo: 
low the case of the L1 outcome to decisic:· 
node 34. The state L1, C1 at this node, me3:-:
that the highest level of success is Ll and t~..::.: 
a C1 is being constructed for the next ]aune~ 
Since L1 has already been achieved at ü::
point in the tree, a C2 is the only design th,:.
may be launched in the third opportunity, éH -' 

cost of $740 million. This lcads to decisi0:-. 
node 35, where the state is Ll, C2. 

Node 35 in the example tree illustrates co;:.
lcscence of nodcs, a feature vital to maintai::
ing a manageable tree sizc. Node 35 on th:: 
upper path through the tree can be reachb· 
from four other paths through th~ tree as in· 
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dicated in the exhibit. lf the coalescence did 
not occur, the portion of the tree following 
node 35 would have to be repeated four addi
tional times. In the full pilot tree, coalescence 
rcsults in a reduction of the number of 
branchcs in the tree by a factor of 30. 

Along the path 1-2-7-34-35, at decision noqe 
35, a C2 must be !:;C}ected for the fourth oppor
tunity. At chancc node 36, the outcome of the 
third launch is either an Ll' (failure to better 
Ll with one attempt, which leads tonode 38), 
or an L2 (which achieves a value of 1714 and 
succcssfully completes the program). These 
outcomes occur with probability 0.3 and 0.7, 
respcctively. lf Ll' is the outcome, chance 
node 38 is reached, where the outcome of the 
fourth launch is represented. The probability 

Fig.14 
Example of a Docision Trae 

C2 
-650 

837 

0(0 

37 

of Ll" is 0.24, and the probability of L2 is 
0.76. _Note that the probability of 12 has in
creased over that of node 36 (0.7 to 0.76) be
_caus~ of the experience gained previously. 

One can similarly follow and interpret many 
other paths through the tree. A policy · is a 
complete selection of particulnr alternatives 
at all decision nodes. This limits the set of all 
possiblc paths to a smaller subset. (lt is not 
possible, for example, to reach node 26 if a Cl 
is chosen at node 1.) The probabilities, values, 
and cost of these paths then determine the 
characteristics of the decision policy. 

The most economic policy, given the i_nput 
data specifications, is defined as the- policy 
that maximizes the expected profit · of the 
project, i.e., expected value less expected cost. 

2227 
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The tcchnique illustrated here eliminates 
many of the nonoptimum policies from explicit 
consideration; it is the "roll back" technique 
that starts from the right side of the tree and 
progresses left to the beginning of the tree, 
making all decisions and calculations in re
verse chronological order. Thus, whcn each 
decision is made, only policies that optimize 
decisions for the following decision nodes are 
considered. 

Consider node 38 in Figure 14. At this 
chance node the probability of achieving L1 ", 
which is worth nothing, is 0.24, and the proba
bility of achieving L2, which is worth 1714, is 
0.76. Thus, the expected profit of node 38 is: 
0.24 (0) + O. 76(1714) = 1303. This number is 
written near node 38. 

The calculations are carried out in thi0 
manner backwards 'through the tree. The first 
decision node with more than one choice ir 
node 2. If a C1 is selected, it costs $575 milliOI, 
( -575) and leads to node 7 with an expected 
profit of 1408, which yields -575 + 1408 === 

833. If a C2 is selectcd, ii costs $740 million 
( -740) and leads to node 12 with an expected 
profit of 2106, which yields -740 + 2106 === 

1366. Sincc 1366 is greater than 833, the most 
economic decision is to select a C2 at node 2, 
which results in an expccted profit of 1366. 

Finally, the first decision is a choice be
tween a C1 with an expcctcd profit of 516 ora 
C2 with an expccted profit of 832. Maximum 
expected profit is achievcd by the choice of a 
C2 resulting in an expected profit of 832. This 
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Fig. 15 
Decision Trae 

Note: Nades@~ and ~are the termrnal nades 
Nade @-ªJ corresponds lo l4 and rs reachcd by 
achievrng a totally successful pro¡ect. Nade~ rs 
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reached when two success1ve fadures force termr· 
naloon of the pro¡ect prror to achrev1ng l4. 
#- rndrcates drrectron of coalesced nade bearrng same number 
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the expected profit of the entire project at 
..nc time the first decision is made. 

Figure 15 illustrates the complexity of the 
completed decision tree for the pilot phase of 
the analysis. 

Velue Asslgnment 

A particularly important part of this study 
was the specification of the value to be at
tached to the outcomes of the program. Since 
the 'decision-makers were reluctant to state 
volues in dollnr terms, a tree of point values 
was employed. The value tree is simply a con
venicnt way of showing how the total value of 
the project is to be broken down into its 
component outcomes. Figure 16 shows a value 
tree for the pilot analysis. The points assigned 
to each tip of the tree are the fraction of total 
program value assigned to this accomplish-

l. O 

TOTAL S 

ll .1224 
l2 .1714 
u .3!'111 
l4 .3!'151 

Flg. 18-The Value Trae 

.62 

.. -,·~ 

Ll .0074 
o l2 .0074 
1 

l3 0666 
'lO l4 .2886 
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ment; the values accumulate as the program 
progresses. A total dollar value assigned to a 
perfect program therefore determines the dol
lar values used in the decision tree. 

To derive a value measure, a value tree is 
constructed by considering first lhe major 
components of value and then the subcate
gories of each type, which are identified in 
more and more detail until no further distinc
tion is necessary. Then each tip of the tree 
(constructed as above) is subdivided into four 
categories, each corresponding to the contri
bution of one of the four levels of achievement 
within the value subcategory represented by 
that tip. 

The number 1.0 attached to the node at the 
extreme left of the value tree for the pilot anal
ysis represents the total value of all the objec
tives of the pilot project (thus, the value of 
achieving Ll, L2, L3, and L4). The four 
branches emanating from this node represent 
the four major categories of value recognized 
by the pilot model. The figure 0.62 attached to 
the upper branch represents the fraction of 
total value assigned to science. Two branches 
emanate from the science node, and 60% of 
the science value falls into the category of bio
logical science. The 0.37 attached to the bio
logical science node represents the fraction of 
total value attached to biological science, and 
is obtained by taking 60% of 0.62 (the frac
tion of total value a ttached to all science ). 
Finally, the bottom branch following the bio
logical science node indicates that 78% of the 
biological science value is achieved by jump
ing from L3 to L4. 

The final step in value modeling is to obtain 
the fraction of total value to be attached to 
achieving each of the four levels. If all the 
contributions to achieving Ll (e.g., contribu
tions to world opinion, U.S. public favor, 
physical scicnce) are addcd, the result is the 
fraction of value thai should be attached to 
achieving Ll. The same process is followed for 
reaching L2 from Ll, L3 from L2, an1d L4 
from L3. The results of such a calculation are 
presented in the lower left corner of Figure 16. 



Sur11mary 

On the basis of the prom1smg results of 
working with the pilot model, a more com
plete model was developed to encompass 
nearly all of the factors involved in selecting 
thc actual mission. It provided a more precise 
structure for assigning initial values, proba
bilities, and costs, and for updating probabili
ties and costs based on results achieved. The 
following tabulation shows a summary com
parison of the complexity of the pilot model 
with thc more complete model. 

DECISION TREE COMPARISON TABLE 

Pllot Feature Full Scale 

4 MISSIOn Des1gns 14 
5 Outcomes 56 
56 Decision Tree Nades 3153 
1592 Paths Through Tree 354.671.693 

Clearly, the full-scale decision tree could not 
be reprcscnted graphically. The tree was con
structed and evaluated by computer program 
specially developed for this application. 

A model such as the one described here can 
be a valuable tool throughout the life of a 
project. As the project progresses, the knowl
edge of costs, probabilities, and values will 
improve as a result of development programs 
and flights. Improved knowledge can be used 
in the decision process each time a design 
rnust be selected for the next opportunity. 

An important additional benefit of this 
analysis is that it provides a language for 
communicating the structure of the space 
projcct and the data factors relevant to the 
project dccisions. It provides a valuable mech
anism for discoursc and interchange of infor
mation, as well as a means of delegating the 
responsibility for dctermining these factors. 

FUTURE TRENOS 

Dccision analysis should show major 
growth, both in its scopc of applications and 
in its cfTect on organizational procedures. 

40 

This section presents various speculations 
about the future. 

Applications 

Market Strategy Planning 

The importance of decision-making in ;:: 
competitive environment has stimulated thn 
use of decision analysis in both strategic anc 
tactical marketing planning. The strategic 
problems are typically more significant be
cause they affect the operations of the enter
prise over many years. Strategic analysis en- '· 
tails building models of the company and oi 

its competitors and customers, analyzin; 
their interactions, and selecting strategie~ 

that will fare well in the face of competitive 
activities. Since most of this work is of " 
highly confidential nature, little ha& appean•¿ 
in the public literature; nevertheless, there F 

reason to believe that many large C.S. corpo- ·· 
rations are performing work of this kind, how 
ever rudimentary it may be. The competitiv1 
analyses of a few quite sophisticated compn- , 
nies might rival those conducted in militar:. 
circles. 

Resource Exploration and Development 

Resource exploration by minera! industrie:: ,. 
is a most natural applica tion for decision anal
ysis. Here the uncertainty is high, costs are 
great, and the potential benefits extreme!} 
handsome. At all levels of exploration-from 
conducting aerial surveys, through obtainin::: 
options on drill-test locations, to bidding ar.1: 

' .. 
site development-decision analysi.s can mak-
an important contribution. Organizations ;:¡p 
proaching these problems on a logJcal, quanti 
tative basis should attain a major competiti\·c 
advantage. 

Capital Budgeting 

In a sense, all strategic dccision problems o• 
a corporation are capital budgeting problem" 
for its ultimate succcss depends upon how ¡: 

allocates its resourccs. Decision analy;,:i · 
should play an increasingly important role i: 
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the selection of projccts and in objective com
parisons among thcm. Proble~s. in spending 
for research and development programs, in
vestment in new faciiities, and acquisitions of 
other businesses will all receive the logical 
scrutiny of decision analysis. The methodol
ogy for treating these problems already ex
ists; it now remains for it to be appreciated 
and implemented. 

Portfolio Management 

The quantitative treatinent of portfolio 
management has already begun but it will re
ceive even more formal treatment in the hands 
of decision analysts. The desires of the invest
in.g individual or organization will be fueasured 
quantitatively rather than qualitatively. In
formation on each alternative investment will 
be encoded numerically so that the effect of 
adding each to thc-portfolio can be detenÍlined 
immediately in terms of the expressed desires. 
The human will perform the tasks for wbich 
he is uniqueJy· qualified: providing informa
tion and desires. · The formal system will 
complement these by applying rapÍd Iógic. 

\ ' 

Social Planning 

On the frontiers of decision analysis are the 
problems of social planning. Difficult as it may. 
be to specify the values and the criteria of the 
lmsiness organization, this problem is minar 
compared .with those encountered in the pub
líe arena. Yet if decision-making in the public 
sector is to be logical, there is.no alternative. 

The problems to which a contribution can 
be made cven at the current stage of develo.p-. 
ment are virtually endless: in decisions asso
ciated with park systems, farm subsidies, 
transportat.ion facilities, educational policy; 
taxation, defense, medica} care, and foreign 
a~d, the question of values is cent~al in every 
case. 

The time may come when every ma:jor pub
líe decision is accompanied by a decision anal-. 
ysis on public record, where the executive 
branch makes lhe decision using values speci
fied by the people through the legislative 
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branch. The breakdown of a public decision 
problem into its elements can only serve to 
focus appropriate concern on the issues that 
are crucial. For the first time, the public in
terest could be placed "on file" and proposals 
measured against it. A democracy govcrned in 
this fashion is probably noi near at hand, but . . 
the idea is most intriguing. 

Procedures 

The effect of decision analysis on organiza
tional procedures should be as impressive as 
its new applications. Sorne of the changes will 
be obvious, others quite subtle. 

Application Procedures 

Standardization by type of application will 
produce special forms of analyses for various 
types of decisions-for example, marketing 
strategy, new product introduction, research 
expenditures. This standardization will mean 
special computer programs, terminology, arid 
specialization of concepts for each application. 
It will also mea~ that the important classcs·of 
decisions will receive much more effective at~ 
tention than they do now. 

Analytical Procedures 

Certain technjques, such as deterministic, 
stochastic, and economic sensiiivity analyses 
that may be performed with the same logic 
regardless of the application will be carried 
out by general computer progt·ams. In fact, 
the process of development is well under way 
at the present time. Soon the logical siructure 
of any decision analysis mighi be assembled 
from standard components. 

Probabilistic Reporting 

The introduction of decision analysis should 
have a majar impact on thc way organiza
tional reporting is performed externally and 
internally. Externally, the organization will be 
able lo illustrate ils performance not just his
torically by means of balance sheets ai1d op
erating statements, but also projeciivcly by 



showing management's probability distribu
tions on future value. Since these projections 
would be the result of a decision analysis, each 
component could be reviewed by interested 
parties and modified by them for their own 
purposes. However, management would have 
a profitable new tool to justify investments 
whose payoffs lie far in the future. 

·Organizational management will acquire 
new and more effective information systems 
as a result of decision analysis. Interna! re
porting will emphasize the encoding of knowl
edge in quantitative form. Instead of sales 
forecasts for next year, there will be probabil
ity distributions of sales. Thus, the state of 
information about future events will be clearly 
distinguished from performance goals. 

Deleoatlon by Value Function 

An important logical consequence of deci
sion analysis is that delegation of a decision 
requires only transmission of the delegator's 
present state of information and desires. 
Since both of these quantities can be made 
explicit through decision analysis, there should 
be an increase in the extent and success of del
egation. In the externa! relationships of the 
firm, the delegation will no doubt appear asan 
increased emphasis on incentive contracts, 
where the incentives reflect the value func
tion of the organization to the contractor. 
This trend is already evident in defense con
tracting. 

lnternally, the use of the value function for 
delegation should facilitnte better coordina
tion of the units of the organization. If explicit 
and consistent values are placed on the out
comes of production, sales, and engineering 
departmcnts, then the firm can be sure that 
decisions in each unit are being made consis
tently with the best overall interests of the 
firm. The goal is to surround each component 
of the organization with a value structure on 
its outputs that encourages it to make deci
sions as would the chief decision-maker of the 
organization if he were closely acquainted 
with the opcrations of the component. 
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Organizational Changes and 
Management Oevelopment 

The introduction of decision analysis wiJ 
cause changes in organizational behavior anr: 
structure. A change should take place in thr 
languagc of management, for the concepts dis
cussed in this report are so relevant to thc 
decision-making process that, once experi 
enced in using them, it is difficult to think in 
any other terms. The explicit recognition o· 
uncertainty and value questions in manage
ment discussions will in itself do much to im
prove the decision-making process. 

Special corporate staffs concerncd with thc· 
performance of decision analysis are already 
beginning to appear. These people would be 
specially trained in decision analysis, proba
bility, economics, modeling, and computer 
implementation. They would be responsibk 
for ensuring that the highest professional 
standards of logic and ethics are observed in 
any decision analysis. 

Special training for decision analysts will be 
accompanied by special training for managers. 
They will need to know much more than they 
do now about logical structure and probabilit) 
if they are to obtain full advantage from thl' 
decision analyst and his tools. No doubt much 
of this training will occur in special courses 
devoted to introducing decision analysis to 
management. These courses will be similar to. 
but more fundamental than, the courses that 
accompanied the introductíon of computers 
into the U .S. economy. 

Management Reward 

Encouraging managers to be consistent 
with organizational objectives in decision· 
making requires adjusting the basis for their 
rewards to that objective. If rcwarded only for 
short run outcomes, they will have no incen
tive to undcrtake the long range projects that 
may be in the best interest of the organiza
tion. It follows that any incentive structure 
for management will ha ve to reward the q u al-
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ity of decisions rather than the quality of out
comes. The new financia) statements that 
show probability distributions on future 
profit would be the key to the reward struc
ture. After these distributions had been 
•• 8 udited" for realism, the manager would re
ceive a reward bascd upon them in n predeter
mined way. Thus, the manager who created 
many new investment opportunities for a 
company could be rewarded for his efforts 
even before any were fully realized. 

To make this system feasible requires dis
tinguishing between two kinds of managers: 
the one who Jooks to the future and prepares 
(or it; and the one who makes sure that to
dny's operations are eftective and profitable. 
The distinction is that between an admira! and 
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a captain, or between the general staff and the 
field commanders. Specialization of function 
in corporate management with significant re
wards and prestige attached to hoth planning 
and execution could be the most important 
benefit of decision analysis. 

CONCLUSION 

Although an organization can achieve ulti
mate success only by enjoying favorable out
comes, it can control only the quality of its 
decisions. Decision analysis is the most power
ful tool yet discovered for ensuring the quality 
of the decision-making process: its ultimate 
limit is the desire of the decision-maker to be 
rational. 



,' Man is call~d upnn to make decisions about his home, his business, 
and his pleasurc. These decisions vary in importance, but they have oúe 
property in common: most people do not have an orderly procedure for 
thinki.ng ahout thcm. Of course, it is not practical to spend much time 
and effort thinking about the minor decisions in our lives--yet how can 
we judge what is practical until we develop a logical framework for deci
sion problems? Our present task is the construction of such a decision 
procedure. 

Thcre are three main points we shall attempt to make about the science 
of decision making. 

l. Probabilistic considera tions are es sen tia 1 in the decís ion-
making process; 

2. The lessons of the past must be included; 

3. Thc imp_lica tions of the present decision for the future 
must be considered. 

Let us discuss each of these points. The importance of probability is 
revealcd when we realize that decisions in situations where there is no 
random.clcmcnt ca_n usua.lly be made with little difficulty. It is only 
when we· are .unccrtain about which of a number of possible outcomes will 
occur_ that we find ourselves with a real decision problem. Consequently, 
much of our discussion of decision-making will be concerned with the ques
tion of how best to incorporate probabilistic notions in our decision pro
cedure. 

The qucs tion of using pr'evious informa tion in making decisions seems 
to incite sorne statisticians to riot, but most of the rest of us think it 
would be unwise to make a decision without using all our knowledge. If 
we Wf'r(' offered an opportunity to participate in a game of chance by our 
best frienJ, <l tramp, and a business associate, we would generally have 
dlffcrent fcelings about the fairness of the game in each case •. Although 
wc mighl agrl'c on the necessity of considering prior i.nformation, it is 
not clcar just how we shall accomplish this objective. The problem is 
fntensi. fiecl hcc.lltSc the prior informa tion avai lable to us may range in 
form from a strong belief that results from many years of experience to 
a vague feeling that arises from a few haphazard observations. The deci
sion formalism lo be describcd will allow us to include p/rior information 
of any form. 

The influence of prescnt decisions upon the future is a point often 
clisrcgardcd by dec ision-makers. Unfortuna tely, a decision tha t seems ap
propriatc i.n the short run may, in fact, place the decision-maker in a 
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vcry unfavorahle position with rcspect to the future. For example, a 
naive tnxi driver might be pcrsuaded to take a customer on a long t.rip 
to thc suhurbs by the prospec t of the highe r fa re for such a trip. llc· 

might not realize, however, that he will have to return in all likelih0 , 

without a paying passenger, and that when all alternatives are c0nsidcr .. 
it could be more profitable for him to refuse the long trip in favor 0 ~ 

number of shorter trips that could be made within the city during the 5 .,. 

time pcriod. The solution of such problems requires slightly more sophi 
ticated reasoning than the first two points we have discussed, but it i' 
just as amenable to an analytic approach. 

Let us now begin our analysis of decision problems with an examplc 
that is so commonplace that there will be every possibility of understdr~.
ing the environment of the problem, and yet is sufficiently detailcd th~: 

it is not obvi.ous at first glance just how the decision should be ap
proached. A fellow named Joe, of our acquaintance, is in the market for 
a new car. He has decided to buy a three-year-old Spartan Six sedan, a~! 

has surveyed the used-car dealers for such a car. After searching for " 
while, he has found a car like the one he wants on one dealer 1 s lot. Th. 
going rate for a three-year-old Spartan is $1100, but the price asked by 
the dealer is only $1000. Consequently, Joe figures that he will make 
$100 profit by buying this particular c~r. 

Unfortunately, just as Joe is about to close the deal, he overhears 
thc salesman who has been serving him talking with another salesman. Hi· 
salesman says~ "This used-car business is a tough racket. I have a cus
tomcr interested in the Spartan on our lot, but the practices of our bus:· 
ness prevent me from warning him that he may get stuck if he buys it." 
Thc other sa lcsman asks, "Wh~ t do you mean?" Joe 1 s sa lesman replies, "I 

worked at a Spartan de~lership when th~t car first carne on the market. 
Spartan made 201. of its cars in a new plant where they were still havin/ 
production line troubles; those cars were lemons. The other 80% of totJ: 
production were pretty good cars." The other salesm~n asks, "What is tr~ 

differencc between a 1 lemon' anda 1 peach 1 ?" "Well," says Joe 1 s sales,,:; 
"every car has 10 majar mechanic~l systems--steering, br~kes, transmissi 
differential, fuel, electric, etc. The pe~ches all had a serious defect 
in on ly one of these 10 sys tems, bu t the lemons had serious defec ts in " 
of the lO systems." The other salesman replies, "Well, don't feel so b.· 

maybe sorne cars didn't h~ve any defects, or maybe the defects in this e· 

have already been fixcd." 

"No, tha t' s jus t i t," says Joe 1 s sa lesm~n. "Every c.ílr produccd h.1d 
either l or 6 defects in the ratio I mentioned; and I happen to know, be

cause the previous owncr was a friend of mine, that this particular car 
has never been repaired." "If it is bothering you so much, why don' t Y'' 
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tclt'-'th'e guy it 1 s a lemon and forget about it?" says the other salesman . 
"Ah," answers Jo('' S man, "that's thc trouble. I personally don' t know 
whctht>r or not it is a lemon, and I'm certainly not goíng to take the 
chancc o[ Losing a salL~ by worrying él customer unnecessarily." To which 
thC' olhcr s;llesman replics, "I t' s time for coffee." 

Wc can now imagine the state of our friend Joe. What seemed like a 
real bargain has turned into a potential nightmare; he can no longer make 
the $100 profit he lwd hoped for. Joc's first reaction is to turn and 
flee, but he has the icy ncrves of a decision-makcr and so soon regains 
his compo~:;ure. Joe rcalizes that he would be foolish to forego the chance 
Lo huy thc car he thought he wanted, at this price, without good reason. 
Il€.• decides to callan acquaintance who is a mechanic and get his estímate 
of what the possiblc rcpairs might cost. The mechanic reports that it 
costs ahout $l~O to repair a single serious defect in one of a car' s majar 
systems, but that if 6 defects were to be repaired, the price for all 6 
would be only $200. 

Now Joe considers the possibilities open to him. He can either huy 
the car or refuse it. If he decides to huy the car, then his outcome is 
uncertain. If the car turns out to be a peach, then only one defect will 
dev~lop and Joe will have made a profit of $60: $100 from buying the car 
at a low price, less $40 for repairing the one defect. However, if the 
car should be a lcmon, thcn Joe will lose $100 because it will cost him 
$200 to repair the 6 defects to be found in a lemon. If, on the other 
hand, he re fu ses to huy, then he gains and loses nothing. 

We can represent the decision structure of Joe's probiem by drawing 
~ decision trce like that shown in Figure l. The direction of the arrows 
refers to thc time flow of the decision process. In this figure, each 
directcd line segmcnt represents sorne event in the decision problem. We 
have used K to indic~te the event of Joe's buying the car, and R to indi
cste his refusing it. P is the event of the c~r's ultimately turning out 
to be a pcach, while L is the event of the c~r's being a lemon. The tree 
as drawn in Fi.r,ure 1 shows that the car may turn out to be~ peach ora 
L<'mon rcgnrdless of Joe's action. Note that different symbols are used 
for the noJe joining the 8-R branches and the nodcs joining the P-L 
branches. The X is used to indicate points in the decision tree where 
tite decision-rnaker must decide on sorne act; the • is used for nades where 
llw hranch to b(' Laken is f;ubject to chance rather than decision. We 
shall call th0se two types of nodes "decision" nodes and "chance" nodes, 
respectively. l11 this example, Joe's only decision is whether to huy or 
rcfuse to buy; consequently, only the node joining thc B-R br~nches re
quires an X. The ultimate outcome as to whether the c•r is a peach or 
a lemon ü; goVl'rned only by chance and so the P-L br.;mches are joined 
by a •. 
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B: Joe buys the car 
R: Joe re fu ses to bu y 
P: Car is a pea eh 
L: Car is a lemon 

Joe's Original Decision Tree 

FIGURE 1 

Generally, traversing each branch on the decision tree will bríng 
sorne reward, positive or negative, to the decision-maker. We shall ch0:· 

as a convcntion to write this reward under each branch. In Figure 1 ~e 
have written lOO under the branch labeled B to represent the immediatc 
profit to Joe in buying the car; O is written under R branch, because 
Joe will neither gain nor lose by refusing to huy. The numbers under 
the P and L branches refer to the cost of repairing a peach and a lemon. 
respectively. If the decision-maker follows a tree from its unique sl.H'· 
ing node to all of its tips, then he will experience sorne pattern of gJ: 

and losses according to the branches he actually traverses. The net pr. 
of all such traversals is written at e~ch tip of the tree. Each tip n.l~ 

designated by the sequence of branches that lead to it. Thus in thís c. 
the tip BP is gíven the value $60 ~s the net profit in buying the car J• 

then finding that it is a peach. The tip BL corresponds to a loss o( Si 
from buying a lemon, while the tip R is evaluated at zero because thc c.·: 
is refused. These three tips of the tree represent the three possiblc < 

comes of this decision problem. The outcome BP is favorable to Joe, th• 
oulcome BL is unfavorable, and the outcome R is indifferent. 

Naturally, Joe would like the outcome to be BP with ~ profit of ~'J''· 
but after hearing the salesmen's conversation he realizes that the lil<··l:· 
hood of this outcome will be controlled by Nature r~ther than by híms,·i! 
We can think of Nature as playing a game with Joe, as follows. When :;h.-
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placed thc tar on thc· uscd-car lot, she made ita lemon with probélbílity 
0.2 and a pcach with probability 0.8. She performed her selection \,y 
tossing .1 coin with probability of "heads" equal to 0.8 and made the car 

8 lemon if thc coin carne up "tails." Thus the nodes that were chancc 
nodes in Joc's dccisíon tree we can imagine to have been performed hy 
an oppont•nt called Nature who is not malevolent and who selects actions 

.· usi11g ch.:mcc mcchanisms. 

We can draw a trce to show Nature's options, as is done in Figure 2. 
In Naturc's trce, all nodes are chance nodes. We shall write above the 
beginning uf each branch the probabili ty tha t· Na ture wi 11 follow tha t 
branch. Jn the present example, we know tha t the probabi li ty of a pea eh 
is 0.8, thc probability of a lemon is 0.2. We also write at each tip of 
Nature's tree the probability that Nature will produce an outcome corre'
sponding to that tip. In general, these probabilities are calculated by 
multiplying together the probabilities on all the branches that lead from 
the initial node on Nature's tree to each tip. In this simple case, all 
we must do is write 0.8 and 0.2 at the end of both the P and L branches. 

The importance of Nature's tree, as we shall see, is that it pro
vides a lL the probabi lis tic 'informa tion tha t is necessary for the decis ion 
tree. To illustrate this point, we recall that we have yet to write prob
abi li ti es on c.1ch chane<' node of the decision tree. The results of the 
calculations in Nature's tree allow us to draw Figure 1 in the form of 
Figure J. Thc various features of Figure 3 will be explained gradually. 
At thc momPnt, our cxample has such a simple form that it is not at all 
clear why it is neéessary to considera separate tree for Nature. As our 
example becomcs more complex, the need for Nature's tree will b~ evident. 
The numbers in the square boxes at each node in Figure 3 represent the 
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Joe's Decision Tree with Probabilities from Nature's Tree 

FIGURE 3 

net profit to Joe from future activities if he shou1d arrive at such a 

node. Thus, if Joe is at node B (we 1abe1 nodes by the branches that 
mus t be tra ver sed to reach them), then he expec ts to earn $60 wi th thc 
probability 0.8, and lose $100 with probabi1ity 0.2. His expected earn
ings are 0.8(60) + 0.2(-100) = $28. Of course, if Joe decides not to 1 

the car, thcn he wil1 earn nothing, and so O appears in trie square box 
appcnded Lo node R. 

As a result of evaluating each possib1e action that Joe might takP 
in terms of its expccted va1ue equiva1ent, we are in a position to.hL•Ip 
Jor with his decision. If Joe buys the car, then he expects to earn S~~
i f he r'efuses to buy 1 he wil1 earn nothing. I f Joe is an expcc ted -va lt:· 
decision-maker, he should decide to buy the car. His recommended acti< .l 

is shown by drawing a so1id arrowhead on the B branch 1eading from thc 
decision node. We then write his expected profit from taking that ~ctl• 
$28, in the square box over the decision node. 

As a resul t of this analysis of the problem, Joe feels a littlc h•: · 

than he did before. He has forsaken all hope of a $100 profit and i~ e 

ing around to the idea that it might be wise to settle for an expectrJ 
profi t of $28. However, whi le he is becoming reconciled to the forcL" 
fatP, a stranger approaches him and says, "I couldn' t help overhcarin>. 
talking to yourself about your problems. Perhaps I can he1p you. y,,n 

I worked in the factory where the substandard Spartans, or lcmons ,1<; ., 

called them, wer·~ made. 1 can tc11 you whether the car sitting on th! 
is a lemon simply by looking at the serial number." Joe can hardly h·;: 

his ears. At last, a possibility of finding out whether the car is ~ ·· 
bcforc buying it. 
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Joe looks at tlw man, de·:ides he has an honest appearance, and says, 

"Vou are just thc kind of help I need. Let's go ove1· to the car and t:.ake 

,1 Jook at it. l am eager to find out whether or not it is a good deal'.'' 

The strangcr smiles and repli~s, "I am sure you are, but you can hardly 

cx:pect me to go to all the trouble of examining the car and getting myself 

dirty without sorne financia! consideration." At first Joe is angry about 

the stranger's n~rcenary attitude, but then he remembers he is not in a 

positlon to throw aw.:.1y potentially useful information if it can be ob

t~ined at a reasonablc price. He asks for and is granted a few moments 

t.o· thinl< ,over the stranger' s offer. 

Thc problem is this; how much is Joe willing to pay the stranger for 

his information? He reasons as follows. On the basis of the stranger's 

appeorancc and manner, Joe decides that he can be trusted in his claim of 

being able tu distinguish peaches from lernons. If the stranger reports 

v that the car is a peach, then Joe will buy it and rnake an expected profit 

of $60 .. If the stranger says it is a lemon, then Joe will refuse to buy 
1t and m<lkc nothlng. The probability that the stranger will find a peach 

is 0.8; the probability of finding a lemon is 0.2. Consequently, Joe's 
exp,•cted profit after rcceiving the information is 0.8(60) + 0.2(0) = $48. 
Therefore, is the inforrnation worth $48? No, because even without it Joe 

ex:pects to makC' $28, according to our original analysis. Hence, the net 

value of thc stranger's inform.:Jtion to Joe is $20. That is, Joe as an 

expected-value decision-make~ should be willing to pay any amount up to 

$20 for the stranger's advice. 

This figure of $20 seem:3 high to Joe, so he decides to check it in 

the following way. Joe thinks, without this new information I would buy 

the car and make an expected profit of $28. If I buy the information, 
then with probability 0.8 the stranger will report that the car is a peach 

and his information will be worthless because I am going to buy the car 

~nyway. On thc other hand, with probability 0.2 the stranger will find 

that the car is a lcmon, and in this· case the information is worth $100 
slncr that i~ the amount that I would lose if I bought the c~r and it 

turned out to be a lemon. Consequently, the expected value of the infor

mation tome is 0.8(0) + 0.2(100) = $20, the sarne as befare. Now Joe is 

convinced that he should pay as much as $20. 

We shall call this quantity the expected value of perfect informa
tiun, or the EVPI. lt represents the rnaximurn price th2t should be paid 

for any f'x:perimental results in a statistical decision situ~tion. This 

follows since no partial kncwledge could ever be worth more than a report 

of the actual outcomc of nat.ure's process. We shall h01ve much more to say 

of this quantity in our later discussion. 
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Joc now decides to offer the stranger $15 in hopes of getting the 
information nt <J bargain price. However, when he confronts the stra11gcr 
with this offcr, thc stranger replies that he couldn't consider the job 
for lcss than $25 and suggcsts that Joe think it over for a while. Joe 
is upset by this turn of events, but quickly regains his composure. He 
thinks to himself that the real reason for his difficulties is that he 
doesr1' t h'ave -a wide enoúgh range ·of alternatives from which to select· 
an appropriatc action. Suddenly he has a brainstorm~-maybe he can gtH 

the dealer to give him the guarantee on the car! He inquires of the deaL. 
whether a guarantec is available. The dealer says:, "Yes, there is a guar

antee plan; it costs $60 and covers 50io of repair cost." Joe thinks fast 
and replies, "You certainly don' t ha ve much confidence in your cars. r f 
I bought a car <md it turned out to be a lemon, I could go broke even on 
my 50"1..." The dealer says, "All right. Just for you I will include an 
anti-lemon featur_e in the guarantee. If total repairs on the car cost 
you $100 or more, 1 will make no charge for any of the repairs. How's 
that for meeting a customer half-way?" Joe says that's fine and now he 
would likc to think it over again. 

At this point Joe realizes that he has a new decision tree .. It is 
shown in Figure 4. This tree differs from the preceding one because th[!· 
are now three possible actions at the decision nade. The new alternatí·:·· 
i~ to huy the car with the guarantee; that is, to hedge against the pos~i

bility of getting a lemon by spending $60. This alternative is given th·.· 
symbol G. We see that although the car might still turn out to be a le;,, 

if this alternative is followed, the costs associated with the two outc' · 
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Joe's Decis1on Tree Including Guarantee Possibility 

FIGURE 4 
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are strikingly diffcrent fram what they are in the case where the car is 
bour,ht withaut such i.l guarantee. 

Let us ex;1mine Figure 4 in sorne detail. The figures written below 
each branch are again the expected profit from traversing that branch. 
The numbers on the tips are the total expected profit of the chain of 
bran¿hes leading to that tip. Naw, as befare, we shall choose to caltu
la te· th~ expcc tecÍ· va lue. oi each nbde by using the number an the tips . 
rath~r than an thc branch'3s. However, this cnaice is arbitrary and will 
be revcrsed when a reversJl is canvenient. 

The expected value of the nades B and R are calculated as befare. 
Thc value af $40 written under the G branch refers ta the fact that aur 
ini tia 1 prafi t fram buying the ca r wi th the guarantee is _anly $40 because 
the guarantee itsclf casts $60. The value of -$20 aver the P branch fal
lowing the G action arises because even a peach will require one repair at 
at cost af $40, but half of this $40 will be paid by the guarantee. The 
O under the corrcspanding L branch is a result of the anti-lemon feature 
of the guarantee. Since the cost of repairs an a lemon will exceed $100, 
there will be no charge for repairs. Thus the net profit of buying the 
ca·r with a guarantee·and having it turn out to be a peach is $20, while 
the profit if it turns out to be a l~mon is $40. Since Nature's tree af 
Figure 2 s ti 11 applies to this case, the prababili ti es af these two events 
have values af 0.8 and 0.2, respectively. Hence, the expected earnings 
from huy-ing the car with the guarantee is 0.8(20) + 0.2(40) = $24. Since 
this is less than the $28 profit to be expected if the car is bought with
out thc guarantce, the guarantee does not loak like a good idea. The choice 
should once more be to ~uy thc car without any protection, as is indicated 
b:1 the hcovy arrawhead on the B branch. 

At this point aur knawledgeable stranger returns and once more offers 
his advice--far a price. Has the advent of the guarantee changed what Joe 
should pay? Let's fin(. out. lf the information is bought, the stranger 
will find that the car is a peach with probability 0.8. lf a peach is 
reported, then Joe will buy it without a guarantee and make an expeC'ted 

' pro(it of $60. With pr.abability 0.2 the stranger will discover a lemon . 
. In this case, however, Joe is best advised not to refuse the car and make 
nothing as he did befare, but rather to buy it with the guarantee. As 
the number on the tip of the branch GL in Figure 4 indica tes, by taking 
this action he will earn an expected profit of $40. Thus, the amount 
_that Joe expects to earn by buying the car is 0.8(60) + 0.2(40) = $56. 
Sincc Joe expects to earn $28 anyway by buying the car without this in
formation, the value c•f the additional information to him is $28. 
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t 1 t may a t firs t seem s trange tha t ·the expec ted va lue of perfec t in- ; 
.1 

formation, or EVPI, should increase símply because an alternative has br_. J 
added to those already available to Joe. However, such an increase has l 

taken place as a result of the fact thalt Joe is in a better position to \ 
make u~e of information that the car is a lemon than he was previously. 

•• 
We can verify the figure of $28 using ~he same method employed befare. 
If the stranger reports a peach, then .D'•oe's decision to buy the car will 
be unchanged; but if a lemon is reportei, then Joe will buy the car with. 
rather than without, the guarantee and :so will turn a loss of $100 into 
p~ofit of $40. Consequently, his expec~ed profit will increase by $140 
with probability 0.2. Thus, the inforunation is worth 0.2(140) == na to 
Joe. 

1 Now, of course, the stranger's asking price of $25 for the perfect 
information seems quite reasonable. Joxe is about to purchase the infor, ,. 1 

tion when he has another brainstorm. l!ite knows that perfect information 1 

worth $28 to him, and so he reasons tha~ if he can get partial informati 
at a price sufficiently lower than $28 ~e may be able to increase his pr ~ 

its. He first asks the dealer if he call'l. take the car to his mechanic fr: .-. 
for a checkup. The dealer is willing ~ allow this, but places a time 1: ~ 

of one hour on the car's absence from tibe lot. Somewhat elated, Joe cal; 
his friend to ask what kind of tests comld be performed in an hour and 11. 
much they would cost. The mechanic says that he can only do at the mosl 
one or two tests on the car in the time available. He then supplies Joe 
with the following test alternatives: 

l. He can test the steering system alone, at a cost of $9; 

2. 

3. 

He can test two systems--the f.uel and electrical systems-
for a total cost of $13; 

He can perform a two-test sec¡¡uence, in which Joe wíll be 
able to authorize the second test after the result of the 
first test is known. Thus, umder this alternative, the 
mechanic will test the trans~ssion, at a cost of $10, 
report the outcome of the tes~ to Joe, and then proceed 
to check the differential, at an additional cost of $4, 
if he is requested to do so. 

All the tests will find a defect in each system tested, if a defect cxt-: 
The test alternatives are summarized in Table l. 

Including the possibility of no te$ting, Joe now looks over thcsc 
test alternatives and decides that it ü; worthwhile at least to consiJ..r 
testing because the cost of each of these tests is significantly lcss 
than the $28 value of perfect information. If all tests had cost ov.:r 
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Table l 

TIIE TEST ALTF.RNATI VES 

Dese r·1 p t 1on 

Per l unu no tests 

Te~t slt_•eru¡g system 

Test fuel and electrical systems 

(2 srslems) 

Test Lransm1ss1on 

with upt1nn on testu1¡; dtfferentlal for 

Cost 

$ o 

9 

13 

lO 
4 

$2R, then therC' would be no point in considering a testing program be

cause f'nch test will gener[IJ.ly provide only partial information, and even 

pE'dcct information is worth a maximum of $28. However, it is still not 

clC';rr which tC'.st, if any, should be performed. Furthermore, Joe would 

like lo know thL· value of thc stranger's information under these new 

circurn~;t:•nces. These problcms will he approached by drawing a new deci

sion Lrec for· .lnc· and .::r ncw tree for Nature. The general structure of 

th(· decision tree is shown in Figure 5. 

This trec is quite complicated, so we shall explain it in gradual 

s t('ps. Noticc tha t Lhe fi rs t decision to be made is which of the four 

test options--T
1

, T2 , T
3

, Tl~--to follow. If sorne tests <Jre made, the 

mC'charric will rcport the results, and then a decision about buying the 

c.:rr must be m.::rdl'. If thc test T4 is used, of course, then there will 

also he a step in which tire mechanic is advised whethe:r or not to continue 

the Lcsl proc<'dorc. Let us now examine the situation resulting from each 

tt:s l ln morr· df' t<1 i l. 

If lf'st T
1 

is selccted, then no physical test is made and Joe is re

qui.n:d to makc a dec i_sion ahout buying the car immediately. The decision 

tr .. ·.,. frc,m thic: l'oint on looks just like that of Figure!+. In fact, the 

numhcrs Llrdt appcar in Figure 4 have bcen rcproduced exactly in Figure 5, 

wi lh the l'Xcep tion tha t on ly the numbers on the tips of the branches ha ve 

b('('n c.:opicd hccause they are sufficicnt for our purposes. Indced, a little 

rcflection will rcveéll that regardlcss of thc test program we follow, we 

mu;.t enJ ttp with a Jecisjon trec like that of Figure 4. However, although 

the ntllllhL'r.'; on Lhe tips of lhe branchcs will be the same in all cases, the 
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l'rohnhi 1 i Li.t·S L(l be wri_ttcn on the branchcs will differ in each c.Jse. The 

pruh;,bi 1 ¡ ty o[ tlw fj¡¡,Jl outcome of a pcach ora lcmon will gC'nerally de

¡>C'nd on llll' fLndin¡·,-; rJt tlw C'Xperimcntal program until the time the deci

·~icnl on h11yi_ng lhc c~r must be m.:.Jde. For example, if trwo defects have 

llccn found, thcn Lhe <:1r is a lemon with proh.::~bility one. 

W1: :-:ce th;¡t wh;¡t is now rcquired is a mechanism that wi11 give for 

c¡¡ch pnss i_b 1 v .-L'sul t of Lhe <'xperimenta 1 program the appropria te proba

hiliUcs ror thc ulLimntc outcome of a peach anda lemon. Nature's tree 

is ju::t such <1 mcclwni_sm. It is drawn for this proh1em in Figure 6. In 

this fir.un· we have uscd 0 1 to represent the event that: a defect is dis

cov,: n~<i in thc r i rs t L~~s L on the car, if such a test is performed, élnd 

D7. is LIS('d ~imilé!rly to indicatc the finding of a defect on a second test, 

if any. Thc numbcrs on each branch represent the conditional probabilities 

of ROing to cach following node, given that the presen~ nade has been 

reaclwd. Thc numhcrs on thc nades represent the unconditiona1 probability 

of occupyinr, th;1L node. The tree can then be exp1ained as follows. Nature 

1irsl decides whcther thc car is to be a peach ora let~non with probabi1ities 

O.H :1nd 0.2, rcspecti vely, using sorne random process like the biased coin

flipping dcscril>cd earlier; thus, p(P) = 0.8, p(L) = 0.2. 

Supposc LIJ;¡ t thc c.1r has turncd out to be a peach. Then, using our 

umv<·nti()ll Llt.:.Jl a node is labe1ed by thc letters on th-e branches that must 

he lrélvc,·scd to reach it, wc are at node P. Now suppose that one majar 

sy~:te111 nf thc c.1r is tcsted. Since the car is a peach. there is probabil

í ty 1 in 10, <'r O. 1, that the one defective system will be checkcd and 

foond d('fcct i_vl'; thus p(D 1 !P) =O. l. If this happens,. we proceed to the 

uo<l•· PD 1 ; thcn, p(PD 1 ) = p(P) p(o 1 jP) = 0.08. On the 'other hand, with 
1 

prooald li ty 0.9 no defcct is discovered and we reach rwde PD
1 

• Suppose, 

furlhcr, that .-, ~:Pcond lest on another system is now p>erformed. If \ve 

;1rc· at nnde PD
1

, lhcn thc only defective system in the car has already 

ON'n discoverccl and there is probability O of finding another defect and 

reachí nr. nodf' 1'0 1o
2

. Under these ci rcumstances, we sha 11 be certain to 

pr-on·C'd Lo nod<' Po 1o¿' Tlw overall probability of St11ch event as Po 1o
2 

is ele· te rmined by mu lliplying toge ther the probabi 1i ties on all the branches 

thal lC';ld to thal tip of thc tree. Thus, p(PD
1

D
2

) = ~ and p(PD
1
o;) = 0.08. 

If thc e¿¡¡- wcrc a peach, but no defcct had been found on the fírst 

test, !:h.__•n we would be at nodc P01'· If, now, a secO'.'',d test is performed, 

it will yicld a defcct with the probability that the system testeJ is the 

Onl' d(•fcctivc system in the remaining nine, or 1/9. <Uf course, the proba

bility of fiuding no defcct in this situation is then 8/9. The overall 

p1oh:thi lit:ics p(Po
1
'o ) = 0.08 and p(PD 'o

2
') = 0.64 cam then be calculated. 
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EVENT PROBABI Llh 

P0 10 2 o 

~ 
P0 10i 6/75 

'i 
Po;o2 6/75 

PO' O' 1 2 48/75 

' .• 

L01o2 5/75 f 

Lo;o2 4/75 

P: PEACH (1 DEFECT IN 10 SYSTEMSI 
L: LEMON (6 OEFECTS IN 10 SYSTEMSI 
01: DEFECT FOUND ON FIRST TEST 
02: DEFECT FOUNO ON SECOND TEST Lo;o2 2/75 

Nature'~ Tree !or Complete Decis1on Problem 

FIGU~ 6 
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If Naturc selects a lemon initially, then the same sort of reasoning 
applies. The probability of finding a defect in the first test on a lemon 
is equnl to the chance of testing one of the 6 defective systems out of 
the 10 systems on the car, or 0.6. If one defect has been found in a lemon, 
then the probabili ty c•f find ing another is the chance tha t one of the 5 de
tective systems among the remaining 9 systems will be inspected, or 5/9. 
If, on the other hand, no defect is found in the first test on a lemon, 
then the probability of finding one during the second test is the chance 
of testing one of the 6 defective systems among the 9 systems remaining, 
o~ 2/3. The probabilities of all final outcomes pertaining to the lemon 
branch of the tree are then computed and written on the tips of the 
branches. 

Figur~ 6 contains all the information necessary to artswer any ques• 
tion abou t the probabi.lis tic s truc tu re of the decision procesa. tole can 
best see this by returning at this point to our discussion'of the test 
alternatives in Figure S. 

If the alternative r 2 , test one system is followed, then the first 
requirement is that Joe pay $9 for the services of the mechanic. This 
payment is indica ted by the -9 on thé T2 branch. The next. event to take 
place is the report of the mechanic on whether or no't he found a 4efect. 
HÍs report is a cha~ce event, so ind:icated by the solid dot that foHows 
branch T2. The mechanic reports eithér that he found a de'fect, Dt; or 
did not find a defect, o{. Howevet 1 the probability,that each of the 
branchés o1 or D{ will occur must yet be determined. But p(b 1) = p(PD 1) 
+ p{LD 1) since P and L are mutuatly exclusive and collecti,vely exhaustive 
events. By using the results of Nature'~ tree in Figure 4, we have 
p(PD 1) = 0.08, p(LD 1) = 0.12 and so p(D 1) == 0.2·; of ·course, p(D{) = 0.8. 
These two ·probabilities are r~C::orded on the branches o1 and DÍ that fol
low branch r 2 to indi<:ate the nature of the ·chance p~int. Once D1 or Dí 
has occurred, Joe faces a decision tree like tha t of Figure 4, bu t wi th 
different ptobabilities that will be calculated frotn Nature' s tree in 
Figure 6. In particular, we require the probabilities p(P ID1), p(P Jo{) 
and their complementa. These probabilities are easy to obtain because 
p(P.¡o

1
) = p(PD 1)/p(D 1) by defi.nition, and we have just caiculated both 

probabilitiés involved in this expression. Thus, p(PID 1) = 0.08/0.2 ~ 
0.4, and p(L!D 1) = 0.6. These numbers are entered as 'the probabilities 
of a peach ar\d a lemon, réspectively, on the branches that follow·node 
T2Dl in Figure 5. Si1nilarly,' p(P!Dí) ='p(PDÍ)/p(DÍ) = 0.72/0.80 = 0 . .9,. 
again using the results of Figure 6,' and p(L !Dí) = O. l. The branches 
for peach and lemon that follow nade t

2
o{ in Figure 5' are labele,d with 

theae probabilities. 
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We have tlOW obtained the complete probabilistic struc.ture of the tl'qt 

t 2 • The branches emana ting from evéry chance point ha ve been assigned th., 
appropriate probabilities. It is now possible to determine the expected 
prófit to be obtained by following test T2 • Fir~t, we shall compute the 
deciaion to be made if a defect is reported. If, in this case, Joe decid,~ 
to buy the car without a guarantee, he will earn $60 with probability o.:. 
and lose $100 wtth probability 0.6. His expected profit is then -$36. 1: 
he hedges by buying'.with the guarantee, his expected profit is 0.4(20) + 
6.6(40) = $32. I~ he refuses to huy, he earns nothing. Since $32 is a 
better result than no earnings or a loss, Joe should decide to buy the car 

wlth a guarantee if he finds himself at this situation. His expected re
turn will be $32; bS indicated in the square boxes following node t 2o

1
. 

On the otber hand 1 if the mechanic finds no defect in the steering, 
then Joe will be at node r

2
o{ and will again be faced by a decision. If 

he buys without a guarantee, his expected profit is 0.9(60) + 0.1(·100) ·· 
·$44. If he buys with a guarantee, his expected profit is 0.9(20) + 
0.1(40) • $22. · Atai-n, he tnakes nothing if he refuses to bu y. Sine e $44 
is the·maximum retutn, he should decide to buy the car without the guar
éntee. The expécted ·earnings of $44 are written ~t the end of branch r

1
o;. 

'·• 

Thére is but one step remaining in the analysis of test option T
2

• 
If the mechartic reports a defect, Joe expects to earn $32. If he reports 
no defect, then Joe.expects to earn $44. These two events happen with 
probability 0.2 and. 0.8, reépectively, according to the earlier calcula
tions usiiig'Nature's tt:ee.· Hence, the expected profit before the re!;ults 
of the test are known, but after the test has been paid for, is 0.2(32) + 

0,8(44) = $41.60 .. Since Joe must pay the mechanic $9 to reach this posi
tion, his expectéd earnings from test T2 , including the payment to the 
mechanic, .are $41.60·- $9 a 32.60. This number is entered at the left of 
branch r 2 te;> indicate. the expected profit from following this test pro
gram. Since we have already calculated the expected profit of program T1 
to be $28, it is. clear that Joe is better advised to proceed with the 
test on the steering rather than to make the decision 'in the absence of 
this info·rmation. ay so doing he will increase his expected earnings by 

$4.60. Of courne,, i~ is still not proved that r 2 is the best test altcr
naUve to follow--we. have only shoW'n that it is better than r 1 • It re
mains to irtve.s.tigate T3 and r 4 • 

Before we do so, however, let us return once more to the concept of 
thé val~e of pet'fect information. We have already shown that the p;Hti.d 
information suptJliéd by option T2 is more valuable than its cost. How 
bal th'is r~vélation affected our evaluation of the stranger' s informatil':' 
Before the test altetnatives 'Wére introduced, Joe had calculated that th< 

.,expected. value of ~e'rfect information was $28. As you recall, this fi~\:tc 
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wás determinad by calculating first the amount of money Joe could make if 
thc perfect infonnatiun was available to him ($56) and then subtrilcting 
from this quantity the amount he could expect to earn in the absence of 
this inform.Ation ($28); thus, EVPI equalled $56 - $28. Now what has 
changed in thcse .;a lcula tions? The $56 profi t to be expec ted by using 
perfec t informa tion has remained unchanged sine e the in troduc tion of the 
guarantee plan. However, Joc' s expecta tion wi thou t the st'ranger':; in
formation has been increased from $28 to $32.60. Hence, the expected 
value of perfect information has been lowered to $56 - $32.60 = $23.40. 

l t is in te res ting to note how we ha ve vacilla ted about the walue of 
the stranger's information. Before the advent of the guarantee p1an, it· 
was $20 and the stranger' s price of $25 seemed too high. Then the guar
antee possibility was introduced and the value of perfect information rose 
to $28. At that point the stranger's $25 price seemed like a bargain. 
Finally, however, Joe calcu1ated the results to be expected using the test 
alternative Ti .and saw that the value of perfect information had decreased 
to $23.40, a figure be1ow the stranger's price. Consequently, Joe is not 
in a mood to huy at the moment. Although he has not yét evaluated the 
value of perfect information under test p,lans r

3 
and T4 , at this point he 

is sure that it cannot possibly be greater than $23.40. 

The value of perfect information at each point in the tree will be 
shown in Figure S in the ova1s at pertinent nodes. In every case the EVPI 
is calculated simp1y by subtracting the expected earnings at each node from 
the profit to be expected if the perfect information were available. At 
the two nodes that begin and end branch r

2
,. the result of the test is not 

·known and so the expected profit using perfect information is still $56. 
Thus the node to the right of branch T2 bears the EVPI $14.40 since $56 -
$41.60 ~ $14.40. Perfect information is worth $9 less than it was to the 
right of bra~ch r

2 
bécause of the psyment to the mechanic. 

The calculation of the value of perfect information is performed in 
the same way when the test results are known, but in this case, the ex
pected profit from using the perfect information is different. Cousider 
the situation where a defect has been reported. Joe knows that if the car 
is a peach he shou1d buy it without the guarantee. and make $60, and that 
if it is a 1emon he should buy it with the guarantee and make $40. In 
the absence of any test result, the stranger would report a peach with 
probability 0.8 and a lemon with probability 0.2, so that Joe' s expected 
profit wouJd be 0.8(60) + 0.2(40) = $56. However, now that a defect has 
beeh reported, the probabi1ities of a peach and a 1emon have changed to . 
0.4 and 0.6, respectively. Thus, the expected profit using perfect in
formation is now 0.4(60) + 0.6(40) = $48. It is from this quantity that 
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the expected value of state T2o~, $32, must be subtracted in order to 
obtain the EVPI of $16 entereo 1n the oval above node r2o1

• 

1 

Similarly, we see that if no defect had been reported, the proba-
bilities of peach and lemon would be 0.9 and 0.1, and the expected profit 
of using perfect information would be 0.9(60) + 0.1(40) = $58. When we 
subtrsct the $44 válue of node r 2o{, we obtain the $14 figure for the 
EVPI that is pertinent to that node. 

There is one other observation we should make. The values of perfert 
informstion at nodes r2o1 and T2o{ are $16 and $14. The probabilities of 
arriving in each of these states is 0.2 and 0.8, respecti~ely. Conse
quently, the expected value of what the expected value of perfect infor
mation will be after the mechanic report is 0.2(16) + 0.8(14) = $14.40, 
in agreement with our previous value for this quantity entered in the oval 

at node r 2 • Thus, it is possible to compute the expected value of perfect 
info~tion at each point in the tree by using only the values of perfect 
informa tion pertinent to the fina 1 decision on buying the car and the prob

abilistic structure of the tree. We shall have more to say of these quant.· 
ties la ter. 

Let us now move forward to an analysis of test option r 3 • In this 
case, as you recall, two systems on the car--the fuel and electrical sys
tems--are subjected to test and then the results of both tests .are re
ported to Joe. The possible reporta are that 2, 1, or O defects were 
found. These three events are reptesented by the three branches, o1o2

, 
1 l 1 1 o1o2 + o1o2, and o

1
o2 that are drawn to the right of node r3 in the tree 

of Figure S. Note that once more we have written under branch r
3 

the 
amount to be paid to the mechanic for performing the tests. When the 
mechanic's report is known, Joe must make a decision on buying the car, 
using a ~ecision tree similar to that shown in Figure 4. The expected 
earnings at the tipa of the tree re~in the same, but once more we re-

; 

quire a new assignment of the ultimate probabilities of ·a peach and a 
1emon as a result of the mechanic's report. These probabilities may be 
found from Nature's tree in Figure 6. The probabilities necessary are: 
p(Ol02), p(OlOÍ + D{Oz), p(D{Dí), p(P lo 1D2) 1 p(P lo 1o; + D{Dz) and 
p(PIO{DÍ)· By using th~ numbers on the nodes of Nature's tree and thc 
basic relations of probability theory, we obtain the following results: 

\ 
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p(UlO~ + D~D2 ) = p(PD 1 D~) + p(LD
1
o;) + p(PD~D2 ) + p(LD{D

2
) 

= 6/75 + 4/75 + 6/75 + 4/75 = 4/15 = 0.266 

P(D'D') = p(PD'D') + p(LD'D'} = 48/75 + 2/75 = 2/3 = 0.667 
l 2 l 2 l 2 

o 
= = o 

l/15 

p(PID D' + D'D) = (p(PD
1

D
2
') + p(PD'D )]/p(D D' + D'D ) 

12 12 12 12 12 

= [ 6/75 + 6/75 J = 3/5 = 
4/15 

0.6 

48/75 
p(PID'D') = p(PD'D )/p(D'D') = -----

213 
= 24/25 = 0,96 

1 2 1 2 l 2 

Thus, wc see that after Joe has committed himself to the test, there are 
prohabilities of 0.067, 0.266, and 0.667 that the mechanic will report 2, 
1, or O defects. These numbers are entered in Figure 5 on the three 
branchcs leaving the chance node r 3 • If two defects are reported, 
p(P ¡o 1o2) shows th:~t Joe will make his decision with the satisfying, but 
disappointing, knowledge that the car is certain to be a lemon. This in
forma tion is indica ted on the ~ree by the O and 1 ente red on the branches 
P and L that originate in chance nodes r3o1o2B, T

3
o1o2c, and T3D1D2R. 

Thc expected earnings from making each of the decisions B, G, and R are 
-100, 40, and O. Consequently, the most profítable act for Joe is to buy 
the car with the guarantee, even though it is a lemon, and thus earn the 
$40 profit. This preferred decision is shown by the solid arrowhead on 
the branch G following node t 3o 1o 2 ; the profit of $40 is recorded in the 
square box above that node. 

Thc situation when only one defect is reported ís very similar. In 
this case, we observe from p(P lolDz + o{o2) that the probabilitíes of a 
peach and a lemon are 0.6 and 0.4. These probabilities appear on the P 

1 
a~d L branches at the ends of the sub-tree that follows node T3 (n 1o2 + 
o1o 2). The expected earnlngs of the three acts B, G, •nd R are 0.6(60) + 
0.4(-100) = -$4; 0.6(20) + 0.4(40) = $28; ~nd $0. Once more, the híghest 
expecLed profit will result if Joe buys the car with the guarantee. Note 
that he does this even though the c•r is still more likely to be a peach 
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thRn a lemon. Again we record the expected profit of $28 in the square 
boxcs over thc decision node and indicate the preferred decision with a 
so lid a r rowhead • 

If no defects are reported, the car is almost certain to be a peach¡ 
there is only a 4 percent chance of its being a lemon. When we compute 
the cxpect.~d profit of the three decisions following nade T3 o{o;, usin¡.: 
the probability 0.96 for a peach and 0.04 for a lemon, we find th.n buyin.· 
the car without a guarantee pays $53.60, buying it with a guarantee p~ys 
$20.00, and not buying it at all pays nothing. Thus, Joe is best advis 0 d 

to buy the car without the guarantee, as represented by the salid arrow
head on the B branch following node T2DíDz and by the $53.60 entered in 
the square box over that node. 

We have now calculated the optimum decision and maximum expected 
earnings for each possible mechanic's report under test plan r 3 . As we 
know, chance determines the actual reporting, but we also have learned 
the probnbilities of the mechanic's reporting 2, 1, orO defects, and 
ha ve en te red them in the decís ion tree. The expec ted profi t to Joe when 
he is waiting to learn the test results is thus 0.067(40) + 0.266(28) + 
0.667(53.60), or $45.87. Of course, in arder to reach a situation with 
this expected value, Joe had to pay out $13. Hence, his expected earning·, 
from test T3 are $32.87. Since this number is higher than the expected 
profit under either the policy of no testing or of testing only one svs
tem, the option of testing two systems for Sl3 is the most favorable vet 
e va lua ted. However, i ts margin over test pl~n T

2 
is only $0. 28 . 

We might, at this point, examine once again the value of the perfect 
informati.on offered by the stranger. As we found earlier, this quantity 
can be calculated at each node of the decision tree simply by subtracf.:'ill,·. 
from the expec ted ea rnings wi th pe rf e e t informa tion the expec ted ea rn in,., · 

at that nade as given in the pertinent square boxes. Accordingly, sircP 
1 1 

the expected profit using perfect information is still $56 before the t( ·;: 

results are known, the value of perfect information when Joe has decidcd 
to use test T3 is $23.13 (i.e., $56 - $32.87) befare he has paid the mc
chanic, and $10.13 (i.e., $56- $45.87) after the mechanic has received 
bis $13. 

However, after the test results have been reported, the expectcd· 
profit using perfect information is differcnt from $56. Remember th~t 

Joe can make a profit of $60 if he knows the car is a peach, and of $40 

if he knows it is a lemon. From our tree we see that the pair [p(P),p(L'' 
takcs on the values (0,1), (0.6,0.4), and (0.96,0.04) according to whC't 1

l·: 

2 1 1, or O defects were discovered. Joe's expected profit using perfcct 
information is thuf! $40, $52 1 or $59.20, depending on the defect situ:Jti• 
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Since we have already calculated the expected values of these states to 
be $40, $28, and $53.60 wi thou t perfec t informa tion, the EVPI' s for them 
must be $0, $24, and $5.60, respectively. As befare, if we weigh these 
three numbers with the respective probabílities of 2, l, or O defects 
being reported, namely, 0.067, 0.266, and 0.667, we obtain the figure of 
$10.13, formerly computed as the value of perfect information at node T . 

3 

An observation of particular importance may be based on these num
bers: Although we would expect the amount Joe would be willing to pay 
the stranger for his perfect information to decrease after he is committed 
to a test plan, it is not necessary for this situation to obtain for any 
experimental outcome, but only on the average. Thus, after Joe has de
cided to follow test plan T3 , he establishes that the value of perfect 
information to him is only $23.13. However, if the mechanic should re
port that he had found exactly one defect in the car, Joe now notices 
that the value of perfect information has increased to $24, a net gain 
of $0.87. This means that if Joe had decided on T3, and the stranger's 
price for his information was $23.50, Joe would refuse the information 
and go ahead with lhe test, but then willingly pay $24 for the same in
formation if the mechanic reports only one defect. 

This result is really not too surprising when we realize that Joe 
had already considered the change of being placed in a situation where 
the expected value of perfect information is $24 when he made his optimum 
decision at node T3. When Joe contracted for test plan T3 he had to con
sider how every possible outcome of the test--2, 1, or O defects--would 
affect his state of knowledge about the type of car on the lot. If no 
defects were found, then Joe would be very confident that the car is a 
peach and would be willing to pay only $5.60 to remove his remaining un
certainty. If two defects were found, then the car is surely a lemon and 
the stranger cannot tell Joe anything of value. However, if the mechanic 
reports one defect, then Joe does not expect to make any more money from 
this point into the future than he would have made if no tests whatever 
had been performed; $28. It is important to note that the value of per
fect information is $24 in this situation rather than the $28 figure ap
plicable in the absence of tests. This difference is, of course, due to 
the fact that the probability that the stranger will discover that the 
car is good has fallen from 0.8 to 0.6. Thus, we see that although the 
expected value of perfect information cannot incredse on an average value 
basis in such trees, it is possible for it to increase for sorne of the 
chance outcomes. 

Now let us turn to the evaluation of test plan T4 . Under this op
tion the transmission is tested for $10; when the outcome of this test 
is reported, it is possible to have the mechanic test the differential 
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for an additional cost of $4. Such a t~st proccdure is representotiv~ 

of a 1;-.rgc cla!>S of experimental plans which we may call sequential. test 
Such processes ore characterized by the option to decide whether or not 

to continue testing after the results of the initial tests are known. 

The decís lon tree pertinent to r
4 

is shown in Figure S. The deve ¡e, _ 
ment of this tree is once more most easily understood by considering th,. 
chronological sequence of the decisions that must be made and their out
comes. The payment of $10 to initiate this test plan is indicated by a 
-10 under the branch r

4
• The next event that will occur is the report 

of the mechanic about whether he found a defect in the transmission. Tr 
we establish a chance point that generates branches n1 and o{. Regardlc· 
of whether or not a defect has been found, Joe must make a decision on t: 
continuation of the test. His two possible actions, continue on to test 
thc differential, and stop testing, are shown by the two branches named 
CONTINUE and STOP that leave decision nades T

4
D1 and T

4
D{. Both of the 

CONTINUE branches are labeled -4 to indicate the cost of requesting thc 
testing of the differential. 

lf Joe decides to stop the testing program after hearing thc repon 
on the transmission, he will have to make his final decision on buying t' 

car having only the information that either a defect was or was not foutJI! 
But these two situations were also encountered under test plan T

2 
after t 

mechanic had made his report. Since Joe finds himself in the same· posit1 
they must have the same value to him. (Remember that the money paid out 
for the performance of the test is a fixed cost at this point and so de,· 
not affect the future expected earnings.) Consequently, we should entcr 
in the tree at the tips of the T4D1 STOP and T

4
D{ STOP branches th-:! samL' 

values to be found at nodes T
2

D1 ~nd T
2
D{, respectively. We shall de~ot·. 

these values by v(T
2
D

1
) and v(T

2
D

1
); we see that v(T2D

1
) = $32 7 v(T2D

1
) . 

$44. 

J 
The situation if Joe decides to continue testing after hearing the 

mechanic's report on his first tes_t is an;;alogous but not identical. If 
the CONTINUE option is followed, the next event to take place is the re
port by the mechanic on whether he found a defect on his second test. 

Thus, we create ch~nce points at the T
4

D
1 

CONTINUE ;;and T4D{ CONTINUE 
nodes and n

2 
and D2 branches emanating from them. However, when we re

ceivc the second report from the mechanic, our total information is th.lt 

in two tests 2, 1, or O defects have been found in the car. Thus, wc .11 

in the same positions as we were under test option T
3 

after the mechanl• 

report was known. The appropriate vo;~lue for r 4o1 CONTINUE o
2 

is, thcrc·t,· 

v(T3DlD 2 ) = 40; for T4D1 CONTINUE Dí and T4Dí CONTINUE o2 it is v(T3D¡IJ~ 
D{D 2 ) = 28; c1nd for T4DÍ CONTINUE DÍ it is v(T3DíD;) = 53.60. Thcsc nw· 

have bc('n ploced ;;at the pertinent tips o[ the T
4 

test phn tree. 
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WE have now been able to evaluate the terminal points of the T
4 

tree 
by identifying them with nodes that had been considered earlier. It re
mains to place thc rclevant probabilities on the chance nodes in this 
trce so th.:1t we can procecd to make a judgment about the utility of this 
option. Once more wc (ind dtat Nature's tree of Figure 6 supplies the 
probabilistic information we require. The probabilities of the branches 
o'

1 
and o{ that leave node T4 have already been computed in the tree for 

test plan T2; they élre 0.2 and 0.8. The only remaining probabilities 
are p(D 2 1o 1) and p(D; ¡o

1
) to go to the right of node T4o1 CONTINUE and 

the prohabilitics p(o2 1o{) and p(o;/o{) to go in the analogous place on 
thc n{ fork. Our task is again simplified by the fact that the sum of 
all probahilitics emerging from a chance node must be l. From the defini
tion of conditional probability we can write: 

p (D 2 lo l) = p (D l D 
2

) / p (O l) 

and 

p(D In') 
2 l 

= p(D'D )/p(D') 
1 2 1 

From Figure 6 we find 

p(DlD2) p(PD
1

D
2

) + p(LO D ) 
p(D lo > l 2 

= = 2 l p(Dl) p(PD D ) + p(LD D ) + p(PD D') + p(LD D') 1 2 l 2 l 2 l 2 

l/15 
= = 1/3 

1/5 

and 

p(D'D ) p(PD'D ) + p(LD'D ) 
p(D j D') 

1 2 l 2 l 2 ---- = 2 1 p(D') p(PD'D ) + p(LD'D ) + p(PD'D') + p(LD'D') 1 1 2 1 2 1 2 1 2 

2/15 
1/6 -- = 4/5 

or c-ourse, most of the probabilities in this calculation were computed 
~arlier in the evaluation of test options T

2 
and T

3
• However, their rep

etition at this time serves to emphasize the basic role of Nature's tree. 
Fi.na lly we ha ve 

p(o•Jo> 
2 1 

1 - p(D21D1) = 2/3 

and 

p(D'ID') = 1 - p(D j D') = 5/6 2 l 2 1 
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When the four conditiona1 probabi1ities we have just found are entercd ¡. 
their app1opriate p1aces in thc tree for test option T4 , we are ready to 

proceed wi. th the ex pe e ted va 1ue computa tion. 

At m•de T4o{ CONTINUE there is a 1/3 probability of the value 40 J,r; 

a 2/3 probability of the value 28. The expected value of thís node i.s 
thus 1/3(40) + 2/3(28) = $32, as indicated in the square box. The nade 
T4o1 STOP also has a va1ue of $32; however, in order to reach node 14o

1 
CONTINUE, $4 must be paid and so when viewed from the left end of the T_, 

CONTINUE hranch, this action is worth on1y $28. Consequently, Jae is h, 
advised ta take the stop branch at this juncture and thereby make the 
value of decision node T

4
o1 equa1 to $32. Such a decision has been ind!

cated on the tree. 

At node_ T
4

D{ CONTINUE we see a 1/6 probabili ty of the va lue 28 and 

a 5/6 probabili ty of the va 1ue 53. 60. The expec ted va lue of node T4D { 
CONTINUE is 1/6(28) + 5/6(53.60) = $49.33. Even after the $4 expense ¡, ~ 

continuing the test h~s been inc1uded, this act stil1 has an expecte¿ 
value of $45.33, an amount s1ight1y in excess of the $44 va1ue to be ex· 
pected if branch T4n{ STOP is fo11owed. The salid arrowhead and the 
numher in the square box at node T

4
D{ correspond to this decision. 

At chance nade T
4 

there is an 0.2 probability of the mechanic's r,

porting that he found a defect on the first test and thus causing us lo 

expect a profit of $32. With probability 0.8 we shall expect ea~níngs 
$45.33 hecause he has reported no defect. Therefore, the expected val: .. 

of being at decision nade T
4 

is 0.2(32) + 0.8(45.33) = $42.66. Sincc it 

is necessary to pay $10 for the first test, the expected value af test 

plan T
4 

is $32.66, as shown in the square box to the left of branch \· 

The expected va1ue of perfect information can be easi1y ca1culntcJ 
\ 

for this test plan. All that is necessary is to copy the EVPI numb('r:-: 
corresponding to the value expressions at the tips of the T3 tree. f,·:· 

example, the EVPI in the oval at node T3o
1
o2 is O; this figure is pl:1, · 

in the oval at the node T4o1 CONTINUE o
2 

where v(T
3
o

1
o2 ) has a1ready 

been copied. When this h~s been done for a 11 six termina ting nades c> ~ 

the T
4 

tree, the EVPI of all other nades in the tree can be obtainl'J '· 
taking expected values of these qu•ntities at chance nades and télkin,·. 
the route indicated by the salid ~rrowhead at decision nades. Thc Sl'¡¡: 

Elrrowhead wil1 a 1w~ys correspond to the a e t th• t minimize& the c;-cpl'c t· ' 

value of perfect information. To illustrate, at node T4n1 CONTINtn:. ~ 

value of perfect information wil1 be O if a second defect is report•· 1 

24 if not. Weighting with the (1/3, 2/3) probabilities of these C\'l' 11 :· · 

we obtain $16 at this nade, or $20 before thc $4 cost of the sccon•l ~ 
is paid. At nodc T

4
n

1 
STOP the expccted value of perfect inform¿¡li•':1 

·' 
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$1.6--thereforc, thc STOP altcrnative should be selectcd and the EVP[ at 
nocle T

4
D 

1 
i.s $16. lhe rc<~der should finish the calcula tion of the t:VPI' s 

in thc r 4 tree to satisfy himself that the entries in Figure S are correct. 

We have now evaluated all four test plans. From Figure 5 we can see 
thllt the expected profits from options r

1
, T2 , T3 , and T4 are, respectively, 

$28, $32.60, $32.87, and $32.66. Sincc plan T3 , that of testing two sys
tems, has the highest expected profit, it is the one indicated by a solid 
urrowhcad after the initial decision node. However, the evidence of the 
tree should be interpreted not to mean that T3 is the best test plan, but 
rather that any of thc plans T2 , T

3
, T

4 
will be slightly less than $5 

better than the option of no testing, on the average. The big payoff is 
not in thc selection of a particular test plan, but rather in the decision 
to do sorne testihg. 

Let us review these test plans to show their operational character. 
Tf Joe docs no testing, he will huy the car without a guarantee. If he 
foJlows pl~n T2, he will buy the car with the guarantee if a defect is 
found in the system tested and he will buy it without the guarantee if 
no defect is discovered. Our evaluation of plan T

3 
shows that Joe should 

buy thc car without a guarantee only if no defects are found in the two 
systems tested, and buy it with the guarantee otherwise. 

Finally, if T4 is chosen, Joe should stop further testing if a defect 
ie discovered on the first test and continue testing otherwise. If a de
fcct is found in the first test on the transmission, then Joe should buy 
the car with a guarantee, as we see from the decisioh at node T4D1 . How
cver, if the transmi.ssion is not defective, then depending on whether the 
further test of the di.fferential does or does not reveal a defect, Joe 
wi 1 l ei ther buy the car wi th or without the guarantee, in that order. 
This is dctermined by locating the ultimate outcomes of the T4Dí CONTINUE 
D2 and T4Dí CONTINUE D; branches in the T3 tree. It is interesting to 
note that the reason the nades T4o1 CONTINUE and T

4
o1 STOP have the same 

values is that even if the tests were continued at this point, Joe's de
cision would be to buy the car with a guarantee regardless of how the 
second test carne out. Since the test cannot affect the decision, it is 
not worlhwhile to pay anything for the privilege of making it. The tree 
implies just this result. 

We have now seen that after all the c<~lculations have been performed, 
the final decision offers no real problem. Since test pl<~n T

3 
is most 

favorable by a small amount, Joe will probably decide to follow it. The 
cxpected value of perfect information is $23.13 when plan T

3 
is used; 

therefore, the stranger's $25 price for this information once more looks 
too high. Unless the price is lowered below $23.13, Joe should proceed 
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with having the fuel and elcctrical systc111·s tested ata cost of $13. H12 

will buy thc car wj thout the guarantcc onl·y if no defects are found ,1nd 

with it otherwise. Joe's expccted profit irom this plan of action is 
$32.87, an incl"e<lse of $4.87 over what he (expectcd to make without con
siderin~ testing. Of course, by this time Joe may have decided that he 
would rather walk than do all this ca1cula. 1tion! 

The stranger with the perfcct informaltion has witnessed a good de~l 
of vacillation in wh<:~t Joe is willing to p.ay him. The EVPI was $20 ini

tial1y, $28 after thc guarantee was introiliuced, and $23.13 under test 
plan T3 • From the stranger' s point of view, the guarantee was good ncw·~, 

but the test options were bad news. Howewer, even if Joe decides to 
follow T

3
, thc stranger can still sell his knowledge to Joe by reducing 

its pricc be1ow $23.13. Joe wil1 realize ~n increase in profit equal to 

thc difference between $23~ ~3 and wha t he ¡pays the s tranger. 

Let's suppose, however, that the stramger had stepped away by the 
time Joe had comp1eted his deliberations amd that when he had reappeared, 
Joe had already paid the mechanic the $13 mecessary to carry out test 
plan T3. E ven a t this point, the stranger can make sorne money if he con
siders this situation careful1y. His inwne,~iate problem is that: should 
he offer his perfect information to Joe at. a reduced price before or aftn 

Joe has received the test results from the mechanic, and what shou1d hi~ 
price be? Since Joe already has paid the ®echanic, the EVPI to Joe is 
now $10.13 according to the figure in the JI'ounded box above node r 3 ; Joe 
will presumab1y pay any amount less than $Jl0.13 to get perfect informa
tion. Now the probabilities that the mechmnic wi11 report 2, 1, or O de

fects are 1/15, 4/15, and 2/3. In fact, :i:tt is on the basis of these ¡HQ1
'· 

abilities and the EVPI of O, 24, and 5.60 :u:-ecorded at nodes T3o1o 2 , T 3 rD~ 
, ) 1 1 $ ' + o1o2 and T3o 1o 2 that Joe established true EVPI at node T3 to be lO.lJ. 

Howcver, le t us suppose tha t the s tranger lhad de termined the one piece ,, 1 

information that Joe does not have; namely.-., he has found out whether or : 
the car is a lemon simply by observing the serial number. Using this i1~: 

mation, the stranger can calculate new prmbabilities of the various l"CP<'' · 
of the mechanic according to whether the <ear is, a peach or a 1emon. He '"': 

thus obtain an expected va1ue of EVPI after the report is known that will 

different from Joe's estimate of $10.13. If the stranger's estímate i·: 

higher than Joe's, he wil1 do better in h:iis expected va1ue by not off~rl 
his perfect information until the outcome of the test is known. On thc 

other hand, if the stran¡er's estimate is lower than Joe's, he should oí' 

his information immediately. 

The calcula tions involved are quite rs traightforward. If the stram:• ~ 

determines tha t the car is a pea eh, then lthe three probabi li ti es tha t 

should be used to weigh the numbers O, 24.., and 5.60 should be p(o
1
o 2 11') • 
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p(o 1o;+oío;IP>, and p(DÍDÍjP). If the car 
the appropriate probabilities are p(D 1o 2 1L), 
p(DÍo;IL). These probabilities are computed 
as .follows: 

o 
= = o 0.8 

p(PD 0') + p(PD'D ) 
p(D1D~ + D{D

2
1P) 

1 2 1 2 
= p(P) 

p(PD'D') 
'0.64 

p(D'D'IP> 
1 2 

4/5 = = = 1 2 p(P) 0.8 

p(D1D21L) 

p(LD
1

D
2

) 
5/75 

1/3 '= = -p(L) 0.2 

p(LD D') + p(LD{D
2

) 

p(D1D2 + D'D IL> = 1 2 

p(L) 1 2 

p(LD'D') 
2/75 

p(D'D'IL> 
1 2 

2/15 = = ___.__ 
= 

1 2 p(L) 0.2 

is found to be a lemon, then 
1 1 1 ) p(D 1D2 + o 1o 2 L 1 and 

from Nature's tree of Figure 6 

0.08 + 0,08 
1/5 = = 0.08 

8/75 
8/1$ = = 0.2 

The expected value of the expected value of perfect information that will 
exist after the results of the test are known is computed for the states 
of knowledge of Joe, of the atr•ng~r when the car is a peach, and of the 
atranger when the c•r is a lemon in T•ble II. 

1 

The important thing to note is that the stranger expects the EVPI to 
be only $9.28 after the results of the experiment are known if the car is 

·• a peach, but $13.5.5 if the car is a 1emon. In other words, considering 
that the EVPI of perfect information is $10.13 in Joe's eyes, the stranger 
expects the EVPI to be 1ower than Joe's when the results are reported if 
the car is a peach and higher if it is a lemon. It is, therefore, prudent 
for the stranger to se11 the perfect information to Joe before the mechanic 
calls for, say, $10 if the car is a peach, but to wait until after the me
chanic's report before offering it if the car is a lemon. Since p(o 1o2) = 
p(D¡D2jP) X p(P) + p(o 1o2 IL) X p(L), etc., and since p(P) = 0.8, p(L) a 0.2, 
10.13 • 0.8(,9.28) + 0.2(13.55). That is, the expectation of the EVPI from 
Joe's point of view is the expected va1ue of the EVPI from the stranger's 
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Tab1e li 

Tht! expe(_'ted value of what the expected value of perfec.t 
tnformation wi11 be when the resu1ts o! test T

3 
~re known. 

Probabi1itles of thc Report as Seen bv 
The strang~r when The stranger 'J. :-.L EVPI of 

Report Joe the car is a peach the car 1s a le-

Twu defects, D O 
1 2 

pne defect, 
·D D' + 0'0 

1 2 1 2 

No defects, D'D' 
1 2 

EVPis we1ghed with 
probabilities 

o 

24 

5.60 

.p(o
1
o; + DiD

2
) 

= 4/15 

.p(D'D') = 2/3 
1'2 

10,13 . 

p(D D jP) = O 
1 2 

P(D·D' + D'v jP) 
l 2 l 2 

~ 1/5 

p(DiD~jP) = 4/15 

9.28 

p(D D IL) = 1 2 

p(D D' + D'D 
1 2 l 

= 8/15 

p(D'D' IL) = 
1 2 

13.55 

point of view. This· computation prqvides the essential reconciliation 
'between the viE!Wpoints of the buyer 'an<} seller of perfect information. 

l,'j 

! ' 
2¡L; 

2 

However, to show that our proplem still has hidden facets, we sud
'denly realize that a competitive-gtlfl\e aspect has appearéd. If the stra:1~·: 

offers his informa.tion befare the, te'st results are knO'-Tn, and if Joe kno;..·.: 
that the stranger has reasoned accor~ing to the prcvious paragraph, then 
Joe is certain tha t the car is a pe~ ch. Si.milarly 1 if the offer is ma¿e 

after the test, Joe is certain tn•t the ~ar is a lemon. In either case, 
Joe will have received perfect information without paying for it. This 
forces th~ stranger to randomize his strategy, and so on and on and on. 
We shall give up trying to help Joe a~ this point.· 

\ ' 

Well, at last Joe is driving away in his Spart~~, having used test 
plan.T3 and abided by the results. A most human question is: Did he r.1a::~ 

a good decision or didn' t he? The answer to this question does not dep(:-,: 

at all on whether his new car is ~ctually ~ peach ora lemon. We must ::-•. · ·~ 

a diRtinction between a good dec'ision and a good outcome. Joe made a gl

decision becau&e he ba&ed it on logic and his available knowledge. WheL · 
or not the outcome is good depends on the vagaries of chance. 

~ 
1 
1 
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, Ded~ion Analysis in Systems Engineeri g 

val e of clairvoyance on any uncertainty represents an upper und 
on hat any information-gathering process that offers to shed ght on 
the u ccrtainty might be worth. 

For xample, if we find in the medica! problem that 
clairvoy, ce on whether or not we are going to die fro the drug is 
$500, then at means that we shouJd not pay more t n $.')00 for ariy 
literature sea h or anything else that wouJd prov' e onJy imperfect _ · 
information wit respect to whether or not ~e a going tu have this 
problem. 

That is a revcJatio in itseJf:to many peop -thc fact that one can 
estabJish a hard dollars nd cents number the vaJue of-information 
to us in making a decisio 
what in format ion -gathering 

use that nurnher to guide · 
ight participate in. 

is hard to demonstrate very 
simpJy how to do such a calcuJatJ , but Jet us try by taking the med
ica) exampJc and putting sorne ers in it (see Fig. 6). The patient 
has the choice of taking the m ·e me icine or not. If he does not take 
it, then he is going to get the ain; we ·11 consider that as a refercnce 
point of value $0. lf he do s take the me icine, Jet us suppose he has 
one chance in a thousan of dying and 999 a thousand of getting the 
instant cure. We have so put in numbers h e saying that the cure Is 
worth $100 more tha the pain. He is a reJati Jy poor pcrsnn, hut he 
wouJd pr~y $100 mo for the pamJess cure than would for spcnding 
a painful day in t e hospital. Now for death-wha is the value of life 
t~ a person? Thi person has set the value of his life $100.000. 

Noticc that e "set" the value of his life. What is eant by this is 
that he want the designers of public highway systems and airplanes 
to use the n mber $100,000 in vaJuing his Jife. Why does he not make 
it a millio dollars? If he does, he will have more expen. ·ve r[des in 
airplanes more expensive automobiles, and so forth. He d! s not get 
somethi g for nothing. If he makes it too small, he had \ter be 

. -$100.00 D· Death 

s1oo C: Cure 

P: Paon 

Figure 6 The medical dec1sion. 
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Decisiofl Analysis 

pital with pain, then the number p would certainly give 
si "nto their attitude toward risk and would allow us inde 
,buildi a description of their risk preference. 

The Log l Decision. When this has been done, w n we have car
ried out this ocedure and have established pre ences, the values 
placed on outco the attitude toward time, t attitude toward risk 
(and there is a metll ology for doing all of t s), when we ha ve estab
lished the models neces ry for the decís· one is making and ha ve 
assessed probabilities as r ired on t uncertain variables, then we 
need nothing but logic to arn at aecision. And a good decision is 
now very simply defined as the cision that is logically implied by 
the choices, information, an pre ences that we have expressed. 
There is no ambiguity fr that poin n-there is only one logical 
decision. 

This allows us to egin to assign praise or ame to the proéess of 
making the deci · n rather than to the ultimate 
an analysis o e decision and make sure it is a hi uality decision 
before we arn whether or not it produced a good outco . This gives 
us ma opportunities. It gives us the opportunity to vise the 
anal 1s-to look for weak spots in it-in other words, to tinker ith it 
i e same way we can tinker with an engineering model of any other 
process. 

The Vczlue of In(ormcztion 

lf ~s were all decision analysis did, it would be impressive enough, 
but fr'-1 it we also get other benefits. We obtain sensitivities to the 

: various features of the problem and we learn something that I think is 
unique to decision analysis called the "value of information." The 
value of information is what it would be worth to resolve uncertainty 
once and fcn all on one or more of the variables of the problem. In 
other words, suppose we áre uncertain about something and do not 
know what to do. We postulate a person called a "clairvoyant." The 
clairvoyant is competent and truthful. He will tell us what is going to 
happen-for a price. The question ís what should that price be. What 
can we afford to pay to eliminate uncertainty for the purpose of 
making this decision? 

Of courae we do not have real clairvoyants in the world-at least not 
very often-but the clairvoyant plays the same role in decision anal
ysis as does the Carnot engine in thermodynamics. It is not the fact 
that we can or cannot make it, but that it serves as a bench rnark for 
any other practica! procedure against which it is compared. So the 
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Decision Analysis in Systems Engineering 

value of clairvoyance on any uncertainty represents an upper bound 
on what any information-gathering process that offers to shed light on 
the uncertainty might be worth. 

For example, if we find in the medica! problem that the value of 
clairvoyance on whether or not we are going to die from the drug is 
$500, then that means that we should not pay more than $500 for any 
literature search or anything else that would provide only imperfect 
information with respect to whether or not we are going to have this 
problem. 

That is a revelation in itself to many people-the fact that one can 
establish a hard dollars and cents number on the value of information 
to us in making a decision, and hence can use that number to guide 
what information-gathering processes we might participate in. 

The Medical Problem Evaluated. It is hard to demonstrate very 
simply how to do such a calculation, but let us try by taking the med
ica! example and putting sorne numbers in it (see Fig. 6). The patient 
has the choice of taking the magic· medicine or not. lf he does not take 
it, then he is going to get the pain; we will consider that as a reference 
point of value $0. If he does take the medicine, let us suppose he has 
one chance in a thousand of dying and 999 in a thousand of getti ng the 
instant cure. We have also put in numbers here saying that the cure is 
worth $100 more than the pain. He is a relatively poor person, but he 
would pay $100 more for the painless cure than he would for spending 
a painful day in the hospital. Now for death-what is the value of life 
tÓ a person? This person has set the value of his life at $100,000. 

Notice that we "set" the value of his life. What is meant by this is 
that he wants the designers of public highway systems and airplanes 
to use the number $100,000 in valuing his life. Why does he not make 
it a million dollars? If he does, he will have more expensive rides in 
airplanes, more expensive automobiles, and so forth. He does not get 
something for nothing. If he makes it too small, he had better be 

-$100.00 D: Death 

$100 C: Cure 

P: Paon 

Figure 6 The medical decision. 
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Decision Analysis 

The value of clair voyance is $99 

Ji'leure. 7· Value of clairvoyance computation. 

-$100.000 D: Death 

$100 e· Cure· 

P: Pain 

-$100,000 D: Deáth 

P: Pain 

e: cure 

P: Pain 

weuing a helmet every time, he enters his car. So it is a decision for 
him as to what numher he wants the decision makers to use in this 
c~mpletely logic~l world that we are talking about. 

The number -$100 in quot~s- (in Fig. 6) means that our patient has 
said that one chance in a thousand of losing $100,000 and 999 chances 
in. a thousand·of winning $100 has a value to him of -$100. In ot.her 
words, we have- to ray him $100 to get him to take on this uncertain 
proposition. It is clear that, comparing -$100 to $0, he is better off 
déciding.not to take the medicine. So for him the prohabilities, values, 
and.attitude toward risk leading to the -$100 assessment of.this whole 
uncertain proposition, tlíe best decision is to forget about the medi
éine. 

Clairuoyance. Now the clairvoyant arrives. If the individual we are 
talking about·does not patronize the clairvoyant, then he does not take 
the medicine and rna k es nothing. If, on- the other hand, he does bu y 
the clairvoyance. on the question of whether death will occur, what will 
happen?·First; the clairvoyant will tell him whether he is going to die 
if he takes the medicine- (see Fig. 7). We have "D" in quotes here, 
meaning that the clairvoyant says he is going to die, equivalent to his 
actually dying because the clairvoyant is truly prophetic. "C" means 
the. ciairvoyant says he is going to be cured. Since the probability the 
clairvoyant will say he is going to die has to be the same as the proba-
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Decision Analysis in Systems Engineering 

bility that he really will die, he has to assign one chance in a thousand 
to getting that report from the clairvoyant. Now suppose the clair
voyant says he is going to die. Ohviously, he ought not to take the 
medicine in that case, and he will make nothing. If the clairvoyant 
says he is going to be cured without dying, then he is better,off taking 
the medicine, and he will make $100. Since the payoff from the clair
voyant's saying that he is going to die is $0 and from not going to die 
is $100, and since there are 999 ~hanc~s out of a 1000 that the clair
voyant will say he is not going to die, just by looking at that lottery we 
can see it will be worth almost $100 to him.- He has 999 chances out of 
a 1000 of winning $100. and only one chance in 1000 in winning $0. 

Let us suppose he evaluates the whole uncertain proposition at $99. 
lf he does not huy the clairvoyance, he is looking at $0; if he does huy 
it, he is looking at a proposition that is worth about $99 tu him. Thus, 
the value of the clairvoyance would be $99. 

So here is an uncertain proposition with all ~inds of big numhers 
running- :nound in it, yet a very simple calculation based on his atti
tudes toward risk, life, death, and pain says he should not be willing 
to pay more thnn $99 to know for sure whether he would get the un-

-fortunate evcnt of death if he should take the drug.· · 
Similarly, in any other decision prohlem-and there are some very, 

very complicatcd ones, involving many jointly-related ·v:Hiahles-we 
can e!?tablish an upper bound on the value of information-gatherir1g on 
any aspeet of that problem. We can suhsequently determine the hest 
information-gat.hering strategy to precede the actual rriaking of :the 
d~ision. 

The Decision Analysis Cycle 

Let us hcgin with a word on methodolqgy and then _go on to _an ex
ample. Whcn · doing a decision analysis it helps to organize your 
thoughts along the following.lines. First, co~structing a deterministic 
model of the prohlem and then measuring the sensitivity to each of 
the problPm variables will reveal which uncertainties are important. 
Next, assessing probabilities. on these uncertainties and estahlishing 
risk prefercncc wtll determine the best decision. Finally, performing a 
value of clairvoyance analysis allows us to evaluate getting informa
tion on each of the uncertainties in the problem. The prohlem could 
be very complicated, involving ma~y variables and -months of mo
delling an'd arwlysis, hut' the hasic logic is the same. The phases are: 
deterministic In evaluate scnsitivities, probabilistic to (find the hest 
decision, and informational to determine in what direction new infor-
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Decision Anolysis 

mation would be most valuable. Of course you can repeat the process 
as many times as is economically valuable. 

That is just t~ give an idea of how one does a professional decision 
analysis. Let us now turn to a case history to demonstrate the kind of 
problem that can be attacked in this way. Everything said so far has a 
naive ring to it. We can talk about betting on next year's salary, but 
we are really interested in not just the theory of decision analysis, but 
the practice of it. 

· ·- ' e r-, 1 .. .. '¡ .. ' ......... \... ... 1
' .. ' • ' • ') t· 1~--- >< i. (._ ' . 

A Power Systern Expansion Decision 

Let us take an examplc from the public area. It concerns the plan
ning of the electrical system of Mexico and is one of the largest deci
sion analyses that has been done. lt has been chosen because it comes 
closest to a problem in systems engineering. The specilic question · 
posed was: Should thc Mexican electrical system install a nuclear 
plant and, if so, what should its policy toward nuclear plants in gen
eral be? Of course, we can not really answer that question without 
deciding how they are going to expand, operate, and price their system 
over time from here on out. So the real question is how to run the 
electrical system of Mcxico for the rest of the century (see Fig. 8). 

The Mexican electrical system is nationalized and very large-the 
size of severa! United States state-s1zed electrical systems. Because it 
is a complete national system, its planners have unique problems and 
also unique opportunities. The basic idea in working this problem was 
to look first of all at the various environmental factors that might in
tluence the decision ami then to look at .the various measures of value 
that would result from particular methods of operation. 

The /nputs 

First., Jet us discuss thc inputs. There are four input models: finan
cia!, energy, technolngy, and market. The financia! models are con
cerned with the financia! environment of the Mexican electrical 
system both in the world and the Mexican financia! market. The in
puts that thesc models provide are the amounts of money and the 
rates at which money can be borrowed from that source over time, 
with uncertainty if necessary. An input to this model is sornething 
called x which is picked up from the lower right. lt is the book profit 
of the system. There 1s a feedback between the profitability of the 
system over time and thc amount that it can borrow to support future 
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A Power System E:rpansion Decision 

expansion. The current amounts of debt and investment are also fed 
back. 

The second type of input is ener¡cy costs, both in the world market 
and in the Mexican market. The interesting thing about Mexico is that 
it has just about every type of energy available: coal, oil, uranium, 
and thermal fields, and, of course, there are world markets in uranium 
and oil, at least, whosc price movements over time would influence the 
economics of the Mexican system. 

Next comes technology. This model describes generation and trans
mission equipment according to type, cost, efficiency, reliability. lt 
includes such features as the advent of better reactors in the future 
and the possibilities of new and improved transmission systems which 
might make sorne of thcir remote hydro locations more desirable. 

The last input model is the demand or market model, indicating by 
type and region the amount of electricity that would be consumed, 
given a pricing policy and given a quality of service. So these are the 
inputs to the model of the Mexican electrical system, which can then 
be run. 

The Outputs 

We will not go into the details of the rather sophisticated model 
which was preparcd to describe operation and expansion of the Mex
ican electrical system. Of more interest in this discussion is the kind of 
outputs that were prociuced. There were the very logical ones of the 
consumption of electricity and the cost of producing the electricity by 
region to give a profit for thc electrical system. This profit was what 
might be called the operating profit or book profit of the system, and 
is what the investor would see if he looked at the books of the Mexican 
electrical system. On(' modification to that profit which was co~si· 
dered was an economic penalty for system outages. A mcasure of the 
service provirled by the system is added to the book profit to give 
something called systcm profit-which the investor does not see, but 
which the designer of thc system does see. This penalty makes him 
unwilling to make a system that has outages for hours at a time, even 
though it might be more profitable if he looked only at the book profit. 

The Social Value Function. But what is unusual about the outputs 
here is that many of thern do not appear on the balance sheet of the 
corporation at all, hut are what we might call social outputs; they 
enter into something callcd the social value function. 

The decision makcr in this case was the head of the Mexican electri· 
cal system. He felt many pressures on his position-not just the reg-
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ular financial prcssures of operating an electrical. system, but social 
pressures coming ab.out from the fact that his is a nationalized in
dustry. For example, one of the things that was of concern to him was 
the benefit to Mcxican industry. What would be the Mexican manu
factured componcnt of any system that might be installed? Another 
one was employment. How many Mexicans would be employcd , at 
what level if they went one route as opposed to another? Now we can 
see that the way we dcsign the system is going to havc· major impacts 
on these kinds of outputs. lf we have a nuclear system, then we might 
provide training for a few high-level technicians, but most of the com
ponents would be manufactured abroad; we do not have the army of 
Mexican laborers that we would if we built a hydro system m a re
mote location. 

Another side effect is the public works t.hat are produced by the 
generation choice. For example, with hydro you have roads and 
dams-that is access, flood control, and so on, that we would not have 
if we installed a large nuclear plant in the central valley of Mexico. 
Balance of payments is still another consideration. Mexico at that 
time had not devalued its currency; the currency was artificially 
pegged with respect to the free world rate. The question is, if we are 
going to have an import quota system to try to maintain this kind of 
disparity in the price of money, should we include that mechanism 
within the model or should we say other parts of the g~vernment are 
going to be responsible for making such adju:s¡tments. That is what the 
balance of payment effect is all about. 

There are two outputs left that illustrate h~·o different points. One is 
c~lled depcndence on foreign supply. At tlhe time that this study 
started, there was a worry in the minds of tbre Mexicans that a nation 
supplying nuclear equipment might become lhortile for sorne political 
reason and cut off the supply of repair part~ fuel, or maintenance fa
cilities, muchas thc United States did with res;;pect to Cuba. Ifthat hap
pened, of course Mexico would be in trouble· .. The question was, would 
this have a major effect on the decision, or \Would it not. They could 
buy insurancc against it by stock-piling uraunium until such time as 
they were able to establish alternate sources of supply. But it was a 
real worry, hecausc they wanted to make sune they would be protected 
against any politically generated stoppage (jJJf equipment or suppl1es. 
By the end of thc study, this whole area was !Dif much less importance. 

The other output was pollution. Originally ithe decision makers wer_e 
not too interested in pollution. They said tt:hey could not afford to 
worry about it. And yet, if you have visite<ili Mexico City, you know 
that atmosphcric polution is very high. By •the time this study was 
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over, a_bpu~ one year later, th~y ~ere very glad that they ha.d provided 
a place in the model for pollution because they were now getting the 
sa~e ki.n'd of citize~ complaint that ~e get in the United States. Sorne 
of the things they were planning,- like giant coal plauts· in the middle 
of Mexico City, wer.c not acceptable any more. 
Th~ social outputs from the operating model entered the social 

value function to produce what we call "socia_) profit." It represents 
social ef~ects tha~ do not appear on the balance sheet of the electncal 
system, per se. So<;ial profit is combined Vl(ith the system profit to 
p;oduce ~ational profit. Time and risk preference are expressed on 
nati~nal profit to give an evaluation of the system as a whole. 
Th~. problem that remamed w,as to find a ~ay· to expand the Mex

ican el~ctrical. system that would produce the highest overall evalua
tio~. Various opt.imization procedures were used to suggest installa
Úon~ of different typcs (gas turbines, .nuclear, conventional, and 
hydr.o plants) to achieve thi~ obj~ctive over: t?e rcst of the century. 

T:hf! N.t!-tur_e o( Policy 

L~t us briefly examine the question of what a policy for expansion 
of. such. 8 system means. A common policy in the past had bcen to es
tablish 8 so-called plant list, which was a list of w,hen each · type of 
pl~nt would be installed-in 1979 we are going to have an X-type 
plant in location Y. That is a little bit like asking a new father, "When 
is yo~r son going to wear size-ten pants?" He could look a~ projected 
g~w,th charts and say, "Well, 1 think it will be when he is nine years 
Óld." A~othe~ way to answer the question is to say, "Well, 1 will buy 
h.im size-t.en pants when his measurements get into such and such a 
region .. " This is what we might call a closed-loop policy because we 
can.~ot say in adyancc when we are going to do it .. but we ha ve built a 
rul~ that w,iH. t~ll us the ri~ht. time to do it. 

So w,hen we ask how is the system going to be expanded from here 
o~ out_, no o.ne ca~. tcll us: They can show us expected times for dif
~t:rent t_hings to happen, but indeed, only the program can determine 
what the effect on expansion of the future evolution of the system's 
~~~irq~·~ent ~ill.b~.· [t has what we might call a self-healing property. 
I.f we f«?ul it up by forcing it to put in a giant plant that it cannot 
iJTimedia~ely assimilate, then it is self-healing in the sense that it will 
delay and adjust the sizes and types of future plants until it gets back 
on th~ optimu!'n trae k again. As ·a matter of fact, it is so much self
h~al~ng t,ha~ it i~ harcl to foul it up very much no matter what we do, 
bcca~se in th~ course of time it is a growing system t hat finds a way to 
get around. any of our idiocies. In actuality, ~hen they compared what 
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this optimization system was doing with the designs produced by their 
conventional techniques . using the same information, this system 
yielded superior résults in every case. 

The sizc of the Mexican study is interesting. It took approximately 
eight man-years, and was completed in one calendar year by a staff of 
decision analysts from the Stanford Research lnstitute Decision 
Analysis Group, plus four representatives of the Mexican Electricity 
Commission who were very competent in nuclear engineering and 
power system design. The programs and analyses are now being used 
in Mexico for continued planning of system expansion. 

Other Applications 

Other applications include industrial projects--should companies 
merge, should they bring out a new product, or should they bring a 
mine into production? All of these things are what we might call fairly 
conventional decision arialyses by the criteria that we in the profession 
use. 

Sorne interesting decision analyses have been done in the medica! 
area, such as one recently performed on the treatment of pleural effu
sion, that is, water in the cavity between the lung and the chest wall. 
This was a one-year study done by a graduate student who, as far as 
the doctor (who was the lung expert) is concerned, completely encoded 
everything the doctor knew about pleural effusion. Later the doctor 
was asked if he developed this symptom would he prefer to be treated 
by this large decision model or by one of his colleagues. He said, 
without hesitation, he would rather use the model. 

Another study that has just recently been completed is whether to 
seed a hurricane threatening the coast of the United Statcs. lt was 
based on a large experiment a few years ago on hurricane "Debbie" 
which indicated, but certainly not conclusively, that seeding a hurri
cane with silver iodide crystals would cause the wind to diminish 
about lfJ percent. This in turn would lead to something like a 50 per
cent decrease in damage. The question now is-if you are the decision 
maker in thc White House and herc comes a big one, hurricane 
"Zazie," headed right for Miami--what do you do? Should you send 
the planes out to seed it knowing that, even so. there is a chance that 
it might get worse just because of natural causes and wipe out two 
cities instead of one? Or should you s1t on your hands and possibly 
watch people get killed and property dcstroyed when they might have 
been saved? There is a tough problem. It has scvere social impacts 
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Other Applications 

and is definitely a decision under uncertainty. Study of this problem 
was presented very rcccntly to the President's Scientific Advisory 
Committee. They havc formed a subpanel to see whether the conclu
sions should be put into cffect. 

·conclusion 

We have tricd to characti~rize what is a new profession-a profE>ssion 
that brings to the making of drcisions the' same kind of engineering 
concern and compctem:e applied to othcr engineering questions.- It 
seems 'fair to say that the profession has now come of age. We are able 
to work on virtually any decision where there is a decisiOn maker who 
is worried abmit making that <Íecision, regardless of the context in 
which it may arise. The oúly proviso is that the resources that he is · 
allocating must be real world resources. We are not competent to allo
cate prayer because we can not get our hands on it-or !ove, which is 
infi~ite, But when it comes down to allocating money, or time, or any· 
thing else that a person or organization might have to allocat.e, this 
logic has a lot to be said fo'r it. Ánd indeed, as we have seen, the key is 
lhe idea of separating the good decision from the good outcome. Once 
we have done that then wc have the same ability to analyze, to mea
sure, to compare that gives strength to any other engineering disci
pline. 

Question 

QUESTION. 

ANSWER. 

analysis. 1 kn t to be my own 
decision an· yst hecause 1 am not detach 1 want the 
answer cómc out certain ways, suhconsct sly. For 
. e; if 1 want to make a case for why 1 shoul uy a 

stereo syst.em, 1 will work like a dog to make surc 
1 have lots of variables in the analysis indicating that 1 am 
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A mediados de Abril de 1967, Gerry O'keefe, Vicepresidente 
de mercadotecnia de la compañia Brunswick se encontr6 con que 
tenia que decidir cuantbs Snurfers se deber!an fabricar para la 
estaci6n de invierno 1967-1968. 

El Snurfer era un nuevo. producto; introducido por primera 
vez_al mercado.por la compañia durante Julio y Agosto de 1966, 
pero debido a la dificultad para predecir los requerimientos de 
ventas, la compañri fabric6 mAs Snurfers de los que en realidat 
se vendieron. O'keei'e, no quer!a volver a enfrentarse a la mis 
ma situaci6n en el siguiente periodo, por lo que se encontraba
tratando de manejarla. 

El Snurfer 

El Snurfer no era otra cosa que una patineta (skate board) 
para ser utilizada en la nieve. Consistia en una tabla de made 
ra mddeada de 1.20m. de largo y 17 cms. de ancho, sobre la cual 
el patinador esquiaba o mas bien patinaba sobre la nieve. La 
compañra en un folleto de publicidad lo anunci6 como sigue: 

isfru fuae·-ra-gran emOClon que le 'proporcionara-er-ñüevcn 
ran deporte de patinar sobre la nieve. Los nmños, jove
es y adultos podrAn combinar toda clase de habilidades 
ara sortear las-dificultades de esquiar sobre ~l nuevo 
nurfer Brunswick. Es facil de aprender a manejar y muy 
ivertido. El Snurfer es simplemente el nuevo deporte de 
da - l ------------------- ________ .. ________ _ 

El Snurfer se fabric6 de 2 formas,la regular y la super. 
El modelo regular consist!a de madera laminada pintada de ama
rillo con rayas negras, y huellas de metal para colocar los 
pies. El super era similar pero tenia ~ncorporada una quilla 
de metal para mejor maneobrabilidad; en lugar de estar pintado 
ela barnizado para presentar la apariencia natural de la made
ra y las hu8llas para los pies eran mAs lujosas. Ademas su 
venta inclura cera para el Snurfer, la cual al colocarse en el 
parte baja de este, permit1a aumen~ar la velocidad. 
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El desarrollo del Snurfer, Enero 1966 - Marzo 1967 

La idea del Snurfer se origin6 en Muskegon, Michigan en 
Enero de 1966, cuando un plomero decidi5 convertir· un esqui 
para agua en patineta para la nieve, con la finalid~d de que sus 
niños jugaran. La idea le gust5, y experimento varias formás y 
tamaños y bautiz5 al artefacto con el nombre-de Snurfer. 

Durante el mes de Febrero, un empleado de Bruns~ick 
Corporation, se percat5 del juguete y pens5 que este seria de 
interés para la compañia. En Abril de 1966,· la compañia nego
ciOo la compra de los derechos del diseño y nombre proporciona 
dos por el plomero. El contrato involucraba una suma inicial
y un porcentaje sobre las.ventas totales del producto. El por 
centaje no era valido a ~eno~ ~ue se produjeran un m!nimo de -
ventas predeterminado. 

Posterior a la forma del contrato, los ingenieros de la 
compañia iniciaron el estudio para la optimizaci5n del modelo. 
Algunas pruebas se ·llavaron a cabo en los filtimos terrenos ne
vados, pues el Invierno ya habia terminado. Al final de Abril, 
el proyecto estaba terminado y listo para ser entregado al per
sonal de producci5n. 

Mientaas los ingenieros estaban ocupados en el diseño, 
Noel Biery Jefe de prod~cci5n y D'keefe estaban tratando de de
terminar el tamaño del mercado potencial y los canales de dis
tribuci5n. Debido a que el produ6to aparentemente resultaba 
rn~s atractivo a los niños se decidi5 canal~zarlo mediante ju
gueterías •. Sin embargo, al encontrarse con un desarrollo lento 
de la canalizaci5n se realiz5 una demostraci5n en la exposición 
del juguete en Nueva York. Solo se tenían modelos prototipo en 
aquella exposici5n (Marzo 66) y se encontr5 .que afin asi, los re 
sultados eran ·alentadores. Durante la exposición, el modelo que 
entonces era finico y que despues se convirti5 en el regular, fue 
vendido con un precio de f~brica de $).60 y se sugeria un precio 
al pfiblico equivalente a $5.95 (d5lares). 

Debido a que a mediados de Abril, los prototipos y sus 
especificaciones· se encontraban muy adelatados,.los represen
tantes de la compañia fueron entonces enviados a in~estigar el 
mercado y a presionar para lograr las ventas durante el resto del 
mes. 

Al final de Abrjl, ~'keefe tenia que tomar la decisi5n de 
continuar o no. con el Snurfer, y en caso. afirmativo decidir el 
nfimero de unidades por fabricar. El Departamento de Producción 
de la compa~!a, determin5 que para realizar el producto antes 
de la estaci5n de inviertro, era necesario tener los requerimien-
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tos de producci6n al final de Abril, por lo que O'keefe se lan
z6 a ordenar 60,000 unidades, aun cuando solo se tenia la prome 
sa de compra de )000 de ellas. 50,000 iban a ser de tipo régu
lar el resto super·. 

Considerando lo anterior, una maquinaria con capacidad para 
producir 150,000 unidades/ se orden6/ con un costo de $50,000.00 
{dolares~ y con esto, el departamento de producci5n program5 la 
iniciaci6n del proceso para principios de Septiembre de 1966. 

Sin embargo, en Junio ni una orden m~s aparte de las )000 
se habia recibido y O'keefe, preocupado, se enfrentaba a la toma 
de una dificil direcci6n a seguir. Se investi~5 la causa del 
fracaso en las ventas, y mediante la vista a varias tiendas de 

'deportes, se encontr6 una magnifica reacci5n: en contraste con 
las jugueterlas donde nos se lograban las ventas. Se decidi5, 
por lo tanto, que utilizar las jugueter!as como canales de dis
tribuci6n era un error, consecuentemente se cerraron estos cana 
les y se trat6 de promever la venta. atraves de las tiendas de -
deportes. Desafortunadamente, para esa fecha, este tipo de tie~ 
das hablan practicamente completado su inventario para las ven
tas de invierno, por lo que, aun cuando la reacci6n era buena, 
no existla el deseo de ordenar para la estaci5n en puerta. Asi, 
la gerencia decidi5 cortar la producci5n de 60,000 unidades a 
solo 50,000 y se cambio la proporci5n entre regularas y super., 

El n6mero total de Snurfers vendidos durante la estaci5n de 
invierno 1966-67 rue menor a 35,000 unidades de las cuales el 
60% fueron super. A mediados de Marzo de 1967 se tenian en in
ventario unos 17,00J Snurfers de los cuales 12,000 eran regulares 
y 5000 Super. 

Producci5n par-a 1967 - Abril 1967 

Debido a las dificultades y problemas qu O'keefe y Biery 
experimentaron en 1966, decidieron que los planes para 1967 de~ 
berlan estar firmemente basados en la experiencia anterior. 

Al revisar la situaci5n, se tuvueron razones para pensar que 
los problemas hablan surgido a ralz de canalizar las ventas por 
jugueterlas. Se observ5 por otra parte, que se podla desarrollar 
un fuerte grado de habilidad por parte de los entusiastas del 
Snurfer y que se pod!an bbtener velocidades superiores a los 
50 Kmj.hr. Este hecho, aunado a la magnifica respuesta, aun 
cuando tardla, recibida por las tiendas de deportes sugiri6 
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INTRODUCTION 

Dccision analysis is a term used to describe 
8 tl()dy of knowlerlgt.~ and professional prac
ti1:t· f(lr thc logical illumination of decision 

1,í·o1.tlems. It is lhc lalcst. link in a long chain 
0 ( quautitalivc advances in managcment that 
havc emerged from the opcrations research/ 
rnanagcrncnf science herit.a¡.!e. Il is the result 
vf comhining n~peds of systems analysis and 
.;tntistical decision thco.ry. Systcms a~aiysis 
r,'rew as a· brarH!h" of ·engineering whose 
Atrf'ngl.h was considcration of the interactions 
and dynamic bch::~.vior of complex situations. 
Stntislical decision theory was concerned 
with how to he logical in simple uncertain 
f;it.uations. When their concepts are mcrged, 
thcy can rcveal how to be logical in complex, 
dynamic, and uncert.ain situations; this is the 
prnvincc of decision analysis. 

Thus, dccision ::J nalysis. focuscs logical 

BACKGROUND 

History of Ouantitütive Decision-Making 

Operatlons Research 

Operations rescarch was the first organized 
activity in thc scient.ific analysis of decision
ntaking. 1 t originated in the application of sci
entific rnethods to the study of air defense 
during thc Hatlle of Britain. The develop
ment úf operations research continued in the 
lJ.S. in the Navy's study of antisuhmarine 
and fleet protection problems. After World 
\V,,r 11, many of thc scicntists experienced in 
0 &»·rations rescarch dccided to apply their 
nf•w tools to tlu~ problcms of managcment. 

However, an examination of thc t..ransition 
of operatious resean~h from military to civil-
1•11l prohlems .shows that the limitations in
lh.'r~nt in the military application . .; carricd 
0 \"<·r lo t.hc civilian work. l\bny of the opera-
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power to reduce confusing and worrisome 
problcms to thcir elemental form. H does this 
not only by capturing structure, but by pro
viding conceptual and practica] rriethods for 
measuring and using whatever knowledge re
garding uncertainty is available, no matter 
how vague. When all available knowledge has 
becn applied, the problem is reduced to o-ne of 
preference; thus the best alternative will de
pend on the desires of the decision-maker. 
Here again, decision analysis provides con
ceptual and practica] methods for measuring 
preferences. The problem may require ex
pressing the relative desirability of various 
outcomes, the effect on desirability of changes 
in timing, and the tolerance for uncertairity in 
receiving outcomes. In particular, the impact 
of uncertainty upon the decision can be meas
ured and interpreted- not left to intuition. 

tions researchers trained in the military en
vironment had beco me used to wor king only 
on operationally repetitive problems. In these 
constantly recurring problems, the impact of 
the formak,t~nalysis became evident to even 
the most skeptical observers. Sorne of the re
searchers, however, concluded that only this 
type of problem was susceptible to scienÜfic 
analysis-that is they limited operations 
research to the study of repetitive processes. 

Since repetitive decisions are also impor
tant to the civilian world. operations research 
madc substantial headway in its new environ
ment. Yct, the insistcncc on repetition con
fined the efforts of operations researchers 
within the province of lower and middle man
agement, such as inventory control, produc
tion scheduling, and tactical marketing. Sel
dom did the analysts study decísion problems . 
relcvant to the top cxecutive. 
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r..,1unauon1ent Science 

ln lhe mid-1950s, operalions research 
spnwned an offshool-managen1cnt science. 
'J'his discipline developed in response tó a 
rlcep concem that the ~pecial problems of 
munagement. were not receiving sufficient at
tent.ion in operations 1·esearch circles. This 
uew ficld grew to emphasize science more than 
managemcnt, however. M anagement scien
lists have hccn accused of having more ínter· 
est in lhose problems that are subject to 
í'h·¡:ant m:dhcmatical Lrcalment than in those 
of Lhe top execu li ve, w hich are generally less 
easily qu;mlified. . 

· Although m:my studcnts of business ha ve 
considcred Lhe problcms of top management, 
thcy h<J ve not generally had thc scientific and 
m:tthernat.ical training necessary Lo give sub
stance lo their ideas and td allow their appli
<'~Lion in new siluations. Whcn the top man
ager sought help on a problem, he oflen had to 
choose hclwl·en a mathematician who was 
more concerned with the idiosyncrasies of the 
situation lhan with its essence and an expe
riencerl "<~xpert" who might be tempted to 
apply an old solulion toa radically new prob
lcm. Thus, thn early promise of scientific aids 
for -the cxecu ti ve was slow in materializing. 

Decision Analysis 

-, \ In lhe l~_st few years, a new discil._Jline, 
called "dccision amdysis," has developed from 

' 

tht;~~ec·¿~ssors. f't seE;'ks lo apply logical, 
m a t hcrn :nical,an<h-."'Cien-biíie-pro_ced u res to the 
d~cision problems of top mrmagement that are 
c)laractcrized by the followmg: 

\ 

.,. _lLTJiclllCILg§s. Each is one of a kind, perhaps 
· / similar lo-- hut. never identical with-previ

ous situation~. 
1 .,. JTEP.t?rlanc~. i\ significant portion of the 

\ 

organizntion's.resources is in question. 
· · .,. _ _l!_n~er~a_t~nty. Many of the key factors that 

, must be takell inlo account are impcrfectly 

\

knówn. ·-- · 

.,. ~--o_ry; __ r_un _ impli~·alionl!_. The enterpnse w!ll 
· be fv.-ced to live with the results of the silua-

:\ 
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t.ion for many years~pei·haps cven beyond thr 
lifetimes of all individuals involved. 
~~> Complcx preferences. The task of incorpo
rating thc dccision-makcr's preferences aboul 
time and nsk assumes great importance. 

Decision analysis provides ·a logical frame
work for balancing all these considerations. I t 
permits mathematical modeling of the deci
sion, computational implementation of the 
model, and quantitative evaluation of the 
various courses of action. This report de
scribes and delinea tes the potential of dec1sion 
analysis as an aid to top management. 

The Timeliness of Oecision Analysis 

An appropriate question is why dccision 
analysis has only recently emerged as a disci
pline capable of treating the complexities of 
significant decision problems. The ans\ycr is 
found in the combination of three factors· 
historical circumstance, development of com
plementary capabilities, and the need for 
increased formalism. 

The Computer Revolution 

Despite the elaborateness of its logical 
foundations, decision analysis would be merel:·; 
an intellectual curiosity rather than a power-
ful tool if the means were not available to 

1 
t 

build models <';tnd to manipulate them eco
nomically. The rapid dcvelopment of the 
electronic computer in the past two decades 
has-made feasible what would have been im
possible only a quarter otacentu-ry-a-g0.--The~ 
availability of electronic computation is an · 
essential condition for the growth of the de
cision analysis field. 

The Tyranny of the Computer 

A powerful tool is always subject to misusc. 
The widespread use of computers .hos led 
sorne managers to feel that they are losmg 
rather than gaining control over the opera
tions of their organizations. These feelings can 
lcad to a defensive attitude toward the sug-
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.t.ion l.lwt computcrs should be includcd in 
~1 11: decisiou-rn;• k ing pi·ocess. 

1 >ecision :walysis t.:an play a major role in 
providmg t.hc fot.:us that managemcnl re
quircs t.o control applicatiun of computen; 
t•l m:11wgemcnt adivities. When examined 
thróugh decision analysis, the· pi·oblem is not 
nnc of 111anagcment inform~tion systems, but 
one of providiug management with structured 
dee~sion altct·nat.ivcs in which managcment 
~·,:pcri!'nt.:c, judgmcnt, and prefcrence· have 
ah catly hccn incorporatcd. Since properly ap
l'lied dccision analysis produces insight as 
well 8!-. :•n~~wers, it places control in, ralher 
than out of, lhc hands of the decision-maker. 

Tilo Neod for Forrnalism 

A final force in the currcnt development of 
decision analysis is the trcnd towal"d profes
~ional man:•~:emcnt in prescnt organizations. 
Tlw one-man show is giving way to committees 
and ho:-trds, and thc individual entrepreneur 
··· bccoming rclatively les:..; important. A con-

•itant of t.his changc is the need for new 
profcssional managers to present cvidence of 

' more carefully reasoned and documented de
risions. Evcn thc good intuitive decision
rn:•ker wiiÍ-have "to·-convincé others·- or the 
logj.c of hiS llCCiSio.tls. · ·- -·----- --· 

'v - Ruwev"er-:-tlicneed for more formalism may 

1 
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.dso lw imposed from ouiside the organiza
llon. The nat u re of cumpet.ilion will mean that 
"hen one company in an industry capitalizes 
"JI lhe eflicacy of decision analysis, the others 
"111 be undc.- prcs'surc to hecome more orderly 
111 t.heir own dccision-making. To an increas
mg extent, good outcomes resulting from in
t uitive decisions will be regarded in the same 
hght as winnings at lhc races-that is, as the~ 
r~sult of luck ralher than of prudent mana
l!('rial practice. 

Thu Essence of Decision Analysis 

Oefon.tion of Decision 

In dcscribing decision analysis, the first 
l is to define a dccision. In this report, a 
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dccision is considercll an irrevocable alloca
tion of-rl.·soú1·ces, in"tñe" sens"e Lh,ü il would 
take .. addTtiólúirresources, perhaps proh1bitive 
in amount, Lo change t.he allocation. Some de
cisions are inherently irrevocablc·,-süc-h--as· 
wheth-er oi=-i1oCfo ampútat.e-·a-pia.ilist's hand; _ 
others are cssentially irrevocable, such as the
decisioú by- i-iiúijor -compat1y to en ter a new 
field of endeavor. 

Clearly, no one can make a decision unless 
he has resourccs to allocat.e. For example, a 
manufaclurer may he concerned about 
whct.her his competition will cut prices, but 
unless he can change someLhing about the way 
he does business, he has no decisions to make. 
Conccrn without the ability Lo make decisions 
is simply "worry." It is not unusulal in prac
tice to encounter decision problems that are 
really worries.. Exposing a decision problem 
as a worry may be very helpful if it allows the 
resources of the decision-maker to be devoted 
more profitably t.o other concerns. 

Another common phenomenon is the study, 
which is an investigation that does not focus 
on a decision. Until a decision must be made, 
how can the economic balance of the study be 
determined? For examplc, suppose someone 
requested a study of thc automobile ·in his 
particular community. The person conducting 
the study might: survey cars' weight, horse
power, displacement, bra],ing ability, seating 
capacity, make, type, color, age, origin, and 
on and on. However, if a decision wcre re
quired concernimg lhe sizc of stalls in a park
ing facility, or tfue lcngth of a highway accel
eration lane, t.ü::~e pertinent characteristics 
would become dl<:!ar. Further, decision anal
ysis could even determine, how extcnsive a 
survey, if any, w~ould be cconomic. Thus, con
centrating on a decision Lo be made provides 
a direct focus t@ the a n;·dysis t. ha l is achiev
able in no other w::1y. Stuclies, like worrics, are 
not our concern·. decisions are. 

The next step· is to define a decision-mólker: 
a!l_j_n<!_bd.~~al_ w~~ ~~~s-~_tft~ -~~~el: ~~>--c:~:~t. 
the resources o1f thc organization. In sorne 
cases, tile"<Ie"c1sl:t0n:maker"ñ1ay b-c---::iñ organi:la-

i! 



tionall·ntit.y, such asan exccutive commit.tre. 
Jt is irnportant, however, to distinguish ad
visory individuals or bodies from those with 
the ~ower to commit the organization. Study 
upon sl.udy rnay bt~ performed within an or
ganization advoc:üing or decrying a certain 
<.:ourse of nction, but until resources nre com
mitt<·d, no decision has been made. The first 
step in :wy decision analysis is the idenlifica
tion of t.he rcsponsible party. 

Thn Distinction Betvveen a Good Decision 
and a Good Outcome 

Bdore there can be~ a formal discussion of 
decision analysis, the distinction between a 
good decision ami ·a- good outcom-e -mus Che
understood. A goo-éf decision-is 'one baseCf-oi1-
the j nf()rma 1 ion'-:-v'al u es,· nnaprererencesora 
decisión-rnaker :·k gooCioüfcoffie íS' óñetri8Tis 
favorably rcga,:aed-hy--:\-oecisiori-maKer~- TIIs 
possible tó ha ve go'ó'd decisions-produc'ireithei 
good or l:iad outcornes. Most peí:sóris" follow 
I'ogTcardeá,ion procc'dures because they be
Iieve that these procedurcs, speaking loosely, 
produce the besl chance of obtaining good 
outcomes. 

To illustrate Lhis point, suppose that we 
had agrecd to serve as decision analysis con
sultanls lo <1 person who said that he would 
engagc onl_y in gambles thnt were weighted in 
his favor. Thcn this pcrson informed us that 
he lwd purchnsed a ticket in a lottery. There 
werc 100 tic kets in the lotLery, the prize was 
$100, and he paid $10 for the ticket. We dem
onstrate to him t.hat with 1 chance in 100 of 

-- winning--ifie--$H>O ,-his- ex-peetecl--income- from- -
the ticket is only 1/100 of $100 or $1, so that 
having paid $10 for the ticket, his expected 
loss on the en tire prospect is $9. Consequently, 
in view of this person's expressed desire to 
avoid unfavorable gambles, we say that he 
has madc a bad dccision. 

Howcver, thc ncxt day he receives a check 
for $100 as a con!::>cquence of having won the 
lottery; ev1~ryone ngrees that this is a ~ood 
out<.:ome for him. Yd. we must report that his 
dccision was bad in spitc of the good oulcome, 
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or, pcrhaps bettcr, that his outcome was good 
in spite of the bad decision. This woukl be 
proper situation to be described as "lucky." 

Suppose, however, that the person had paJel 
only 10 cents for his ticket. In this case. his 
expected income is still $1, but beca use hr 
spent only 10 cents for the ticket, bis net ex
pected earnings are 90 cents. Consequently. 
we would compliment him on his good dcr:i
sion. Yet if no winnings check appears on th(• 
next day, the client has now experienced a bad 
outcome from his good decision. 

The distinction between good outcomes and 
good decisions is especially imporlant Jn 
maintaining a detached, profession;ll attJtude 
toward decision problems. Recrimination.,; 
based on hindsight in the form of "Why dirl n 't 
it work?" are poinUess unless they reveal that 
available information was not used, that logit: 
was faulty, or that the preferences of the cle
cision-maker were not properly encoded. The 
proper framework for díscussing the qu.1lity 
of decisions and outcomes is a major aid in 
using hindsight effectively. 

Decislon Analysis as a Language 
and a Philosophy 

The decision analysis formalism serve~ 
both as a language for describing clccision 
problems Pnd as a philosophical guíde Lo thei, 
solution. The existence of the language pcr
mits precision in specifyíng the many factorc; 
that influence a decision. 

The most important feature of the languafj<:> 
is its ability to represent the uncertainty t ha t 

... 

· inevitab-ly -permea-tes a-deeision-pro btem. The--~~ 
language of probability theory is used wtth 
only minor changes in terminology that rc-
flect a subjective interpretation oí probabtlis-
tic measurement. We regard probabihty as a 
state of mind rather than of things. The op
erational justifica tion for this interpreta l io; 1 

can be as simple as noting the changing odd •.; 
on a sporting contest posted by gamblers .1~ 
information about the event changes. As ne-.•: 
information arrives, a new probability assigt:-
ment is made. Decisior. analysis uses the 
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s:1rn<' subjectíve view nf probability. By so 
rloiug, sl.:tiemf~nl ~ rcgarding uncertainty can 
he mudt more precise. Rather than saying, 
"'l'H«~rc is sorne chance that a bad result is 
likely," o¡· an cquivalent amhiguous state
mcnt, WP shnll be able lo spenk direclly of the 
probétbilit.y of él had resuli. -Therc is no nccd 
for vagueness in the la'ngu-age th:Jt describes 
uncertainiy. J'utt.ing what is not known on the 
rccorrl is thc first step to new knowledgc. 

IJecision nnalysis can nlso make a major 
conl.ributton to thc understnnrling of decision 
prohlems hy providing él langunge and philos
ophy for lreating values nnd preferences. 
"Values" me~n the del::iirability of each out
outcomc; "prefercnces" refer to the attitudes 
of the decision-mal<cr toward postponement 
or uncertaint.y in the outcomes he receives. 
Placing values and preferenccs in unambigu
ous ierms is as unusual in current decision
ma king a.!=: is thc use of direct probability as
si[~nments. Yet hoth must be done if the pro-
edure is to be used to full advantage. 

J .a ter sections of this report describe the 
theory and practice of assiguing probabilities, 
vul-ucs, and prcferences, but .the impact of 
thinking in such t.erms can be indicated here. 
A most important. consequence of formal 
thought is the spontaneous resolution of indi
virlual differences t.hat often occurs when the 
protagomsts can dcnl in unambiguous terms. 
Two people who differ over the best alterna
tive nwy find their disagreements in the areas 
of prounbility nssignment, value, or ;prefer
encc. Thus, lwo men who are cqually willing 
to ta ke a risk m ay disagree beca use they as
sigu different probabilities to various out
comes; or two mcn who assign the same 
prohahility to t.hc outcomes may differ in their 
aversion to risk. It is unlikely that the nature 
of thc disagrecment will emerge without the 
fot mal 1:-tnguagc. More likcly, epithets such as 
"foolh¡_u·dy" or "rock-bound conservative," 
will prevent any communication at all. 

The dccision analyst must play a deiached 
role in illuminat.ing the dec1sion problcm if he 
is to resolvc differcnces. He must be impar-

13 

- _, 
J'• '•' 

tial, never committing himsclf to any alterna
tive, hui rathcr showing how new information 
or changes in preference affccl the desirability 
of availablc alternatives. The effectiveness of 
the decision analyst depends as much on his 
emotional detachrnenl as on his knowledge of 
formal tools. · 

Decision analysis is a normative, rather 
than a descriptive, approach to decision prob
lems. The decision analyst is not particularly 
interested in describing how decision-makers 
currently make decisions; rather he is trying 
to show how a person subscribing to certain 
logical rules would make these decisions in 
ordcr to maximize attainment of his objec
tives. The decision procedures are derived 
from logic and from the desires of the decision
maker and are in this sense prescriptive. 

Decision analysis is more than a language 
and a philosophy, but the experience of its 
users justifies it on this basis alone. By focus
ing on central issues, the approach often illu
minates the best course of action in a way that 
makes discord evaporate. 

Decision Analysis as a Logical and 
Quantitative Procedure 

Decision analysis provides not only the 
philosophical foundations, but also a logical 
and quantitative procedure for decision
making. Since decision analysis encocles in"ror
mation, values, and preferences numerically, 
it permits quantitative evaluation of the 
various courses of action. Further, it docu
ments the state of information at any stage of 
the problem and determines whether the 
gathering of further information is cconomi
cally justifiable. The actual implementation of 
decision analysis models is typically a com
puter program that cnables the many facets 
of the problem to be examined together.-Most 
of this report will describe how the philosophy 
of decision analysis carries over into practice. 

Delegation of Responsibility 

Decision analysi:-; provides both philosoph
ical and operational guidelines for delegating 
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rcsponsihility in a11 orgJ.nizalion. If we want 
somcone to makc :=t good dccision, wc must. 
provirlc lhat individu[ll nol only with the in
format.ion bul also with the values and prefer
ences that are relevant to the decision. The 
key principle is that the delegator must supply 
a subordinate decision-maker with whatever 
informaiion, values, and preferences required 
for-him to. reach the same decision that the 
delegaiing individual would have reached in 
the samc situation. While few organizations 
currently use decision analysis principies in 
handling thc problem of dclegation, these 
principies are available when needed. It is rare 
that an org[lnization performs a decision anal
ysis on one of its major decisions without 
simultaneously obtaining new insight into its 
organiza tional structure. 

THE DECISION ANAL YSIS CVCLE 

Decision analysis as a procedure for analyz
ing a decision is described below. This __P.E_O~~ 
dure is not an inviolable method of attacking 

- tfieproElem;Dutis ameañs-of ensurmithaf 
essenb<ir steps have been consciously con
sidered. 

The figure describes decision analysis in the 
broadest tcrms. The procedure is iterative 
and comprises three phases. The first is a 
determinist.ic phase, in which the variables 
affeé(iñ-g 'tJ1e OeCISIOl1 are"d-eJÍñ·ea·-an-arJaled, 
vafues ar·e-·asslgried, añdtliéTínportance of the 

Fig. 1-The Decision Analysis Cycle 

variables is measured wit.hout any considera
tion--of únce"i·TáíriTy-:--------

The- s.e.éoñd-, -o-r probabilistic, phase intro-
duces proba b1liTy ___ assTgrún-en ts-ontheim p-or-
tanfvár1aores-and d-er1~eS3."ssoci~t¡ci-- -p;ob-a
blTíty· assígi1-men.ts .. oíl v~úúes:-rrhisp·h;se ai~o 
iritiódúé-es the · assigniiú~n-tof"r-isk-preference. 
which' provides lhe best'-so1ut1oii-in -the ·ra:ée 
of uncertainty. 

The third, or informational, phase reviews 
the resUTts ortlieTasf two -¡;1iases-todeter-rnine 
the econ"omicvalue-ó{efl'mlnating llncertainty 

;~~[~{~t~r~~~~{~rs~~-~~=:~~~~;0~~~%~ 
pnase'because it shows just what it coulcl cost 
in dollars and cents not to have perfect ínfor-
mation. A comparison of the value of informa-
tion with its cost determines whether addi-
tional information should be collected. 

If there are profitable further sources of 
information, then the decision should be to 
gather the information rather than Ü> make 
the primary decision at this time. Thereupon 
will follow the design and executio~1 of the 
information-gathering program, whether it be 
a market survey, a laboratory test, or müi
tary field trials. 
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The information that results from this pro
gram may change the model and the probabil
ity assignments on important variables. 
Therefore, the original three phases must be 
performed once more. However, the addl
tional w~rk required to incorporate the modi
fications should be slight and the evaluatwn 
rapid. At the decision point, it may again be 
profitable to gather new information and re

¡------------~--------------------------------~~~~ 
peat the cycle or it may be more aavisa bJ.=e-.t'""oc-------'--

Pnor lnlormal10n 

l 
Determmoshc 

Phase -----

N"w 
lnformatoon 

Probaboilst1c lnformat1onal 
HDecos•on Phase --- Phase 

Gathe-r-New 

lnformallon 
lnformatoon 

Gathenng 

Act 
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act. Eventually, the value of new analysis and 
information-gathering will be less than its 
cost, and the decision to act will then be made. 

This procedure will apply to a yariety oi 
decision situations: in the commercial area. to 
the-introd uction-of-a-new-pl'Oduc t-or-the 
change in design of an old one; in the military 
area, to the acquisilion of a new weapon or the 
best defense against that of a potential enemy: 
in the rnedical area, to thc selection of a med-
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''-··· or surgical pro<"l'durc for a patient; in the 
gocial :uea, to the rt-r!ulalion a11d operation of 
public utilitics; and finally, in the personal 
11 .-ca lo !';Cicct.ion o f a ncw car, home or ca reer. 
In short., l.hc procedurc can be applicd to any 
decision susceptible to logicnl analysis. 

1 
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The Deterministic Phase 

DeHcriptions of t.he variow., phases of the 
procedurc follow ueginning with the deter
minist.ic phase. The det.crministic phase is 
e~sentially a systems analysis of the problem. 
Within this phase, efTort.s devoted to modeling 
are dislinguishcd from cfTorts devoted to anal
yHig. The elemcnls of the phase appear in 
Figu-re 2. 

-----------------------------------------Prior lnlorm ,hon 

Fig. 2 
The 

Deterministic 

Phase 

Modeling 

MODELING: 

Gather New 
lnform•tlon 

• Bound Decision 
• ldentily Alternatives 
• Establish Outcomes 
• Select System Vanables 
• Create Structural Model 
• Create \/al u e Model 

Act 

• Create Time Prelercnce Model 

ANALYSIS. 

• Meesure Sensitovoty 
- to Oecosoon Vanables 
- to State Vanables 

Modeling is the process of representing the 
various rdationships of the problem in for
mal, mathem:üical t.erms. The first step in 
m~deling is t.o bound thc decision_L~Q.....§Q~Eify_ 
precisely just what dccision must be made. 
Tnis rcquires .. listiñ.g ¡;. detail the perceived-

alternatives. Identific<1tion of the alternatives 
will scparate an actual decision problem from 
a worry. 

The next step-finding new alternatives
is the- mostcreatlve part o"f decisioña-ñ-afysis. 
N ew alternatl"v.escan._spr(ng -froÍn- radTcallY 
new concepts; more often they may be careful 
combinations of existing alternatives. Dis
covering a new alternative can never make 
the problem less attractive to the decision
maker; it can only enhance it or leave it un
changed. Often the difficulty of a decision 
problem disappears when a new alternative 
is generated. 

The next step is to specify the various out
comesthat "t.bé set Óf alternatives coul<rpr"O
d'uce. These outcomes are the subsequent 
evcñts that will determine the ultimate desir
ability of the whole issue. In a new product 
introduction, for example, the outcomes might 

, be specified by sales levels and costs of pro
duction or even mow simply by yearly profits. 
Thus, there is a cm:tain amount of arbitrari
ness in what to call an outcome. For decision 
analysis, however, an outcome is whatever the 
decision-maker would like to know in retro
spect to determine how the problem carne out. 
In a military problem, the outcome could be a 
complicated list of c:::tsualties, destruction, and 
armament expenditures; in a medical prob
lem, it could be as simple as whether or not 
the patient dies. 

Now come::> the ·L·hallenging process of se
lecting tfíe system variableStor thc analysis, 
which are a11 those variables on which the out
comesCfej)eñd. We can 1dcñflfy tfie sysíem 
mmes by lmagining that we have a crystal 
ba11 that will answer any numerical questions 
relative to the def;.;ision problem, except, of 
course, which altcrnative to select. We could 
ask it questions ai:J.out the outcome variables 
directly, thereby mn.king them the only system 
variables in the problem. But typically out
come variables are difficult to think about in 
advance in the re::t.l world, and so we might 
choose to relate the outcome variables to 
others that are e.asier to comprehend. For 

15 

f 
l 
' l 
¡ 
t 

1.: 



examplc, we might like to know the sales level 
of a new product. Or in licu of this, we might 
attempl lo rclnt.e lhe sales to our own price 
and quality and the competitors' price and 
quality, fnctors that we might regard as more 
accessihle. These factors would then become 
system variables in the analysis. . 

The selcction of system variables is there
fore·a p"roéess 'OfSuécessive refineinent, where
ili~gené·l:allon-of newsy'stem varl"ables is 
curtailed by considering the importance of the 
problem and the contributions of the vari
ables. Clearly, allocation of the national 
budget can economically justify the use of 
many more system variables than can the 
selection of a new car. 

Once we have decided on the system vari
ables to use in the problem, each one must be 
distinguished either as a variable under the 
decJSlon-makcr's control or as a variable de
terminad by the env1ronment of the problem. 
System vária1>TeS1baTare under the decision- · 
maker's control are called decision variables. 
The selecli(;n o(~n alternative in a decision 
problem is really the specification of the set
ting of the decision variables. For example, in 
the new product introduction problem, the 
product price and the size of production facil
ities would both be decision variables. 

System variables in the problem that are 
de~-~~mine~- ~~'.Jh_e environment are known as 
state variables. Although state variables may 
liave-adrashc effect on the outcomes, they are 
autonomous, beyond the control of the deci
sion-maker. For example, in the new product 
introduction, the cost of a crucial raw material 
or the competitor's advertising level might be 
state variables. 

We shall want to examine the effect of fl.uc
tuations in all system variables, whether de
cision variables or state variables. To aid in 
this task, the decision-maker or his surrogate 
must specify for each system variable a nom
inal value and a range of values that the vari
able may take on. In the case of a decision 
variable, the nominal value and range are de
termined by the decision-maker's preconcep-
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tions regarding the interesting alternatives 
In the case of state variables, the nomin, 
value and range refl.ect the uncertainty as
signed to the variables. For convenience, we 
can often think of the nominal value of a state 
variable as its expected value in the mathe
matical sense and of the range as the 10th 
percentile and 90th percentile points of its 
probability distribution. 

Selecting system variables and setting nom
inal values and ranges require extensive con
sultation between the decision-maker and the 
decision analyst. At this stage, it is. better to 
err by including a variable that will later 
prove to be unimportant than it is to elimi
nate a variable prematurely. 

The next step is to specify the rela"Cionships 
among the system variables. This is Tlleneart 
ofthe modeling process-1."e., creating a struc
turar mooJthat captures the essential inter
dependencies of the problem. This model 
should be expressed in the language of logic
mathematics-typically by a set of equations 
relating the system variables. In most deci
sions of professional interest, these equati01 
will form the basis for ,a computer program to 
represent the model. The program provides 
rapid evaluation of model characteristics at 
modest cost. 

Constructing a model of this type requires' 
a certain sophistication in the process of or
derly description and a facility .for careful 
simplification. The procedure is elementary, 
but not trivial; straightforward, but not 
pedestrian. 

Now the decision-maker must assign values 
to outcomes. Just as there was dlfficülty w 
defining an outcome, so there may be sorne 
question about the distinction between an 
outcome and its value. For example, in a busi
ness problem, the decision-maker may think 
of his future profit as both the outcome and 
the value associated with it. However, main
taining the generality of the formulation re
quires creating a distinction between the two. 

To illustrate the necessity for this, consider 
a medical question involving the amputation 
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.f an arm. The outcoincs of inlcrcst might be 
_ornpletc recovcry, partial recovcry, or death, 
cach with or wilhoul lhe operalion. These out
comes would describe the results but would 
not reveal their value. For example, if the 
patienl were a lawyer, he might consider 
death by far the mosl serious oulcome and be 
willing lo undcrgo lhe amputalio11 if it suffi
cicntly rcduced the probability of death. 
Thcsc feelings might be based on the observa
Lían lhat an :um is not essenlial lo his career. 
To a conccrt pianisl, however, amputation 
might be worse Uwn death itself, since life 
wilhoul heing ablc lo play might. be unbear
ahlc. Conscqucnt.ly, he would be rational in 
rcfusing lhe ampulation even if this choice 
rnadc his dea th more likcly. 

Although in sorne cases the decision can be 
reached as a resull of ordering oulcomes in 
ter-ms of desirabilily, most problcrns of prac
I.Jcal inlcresl requirc a numerical (cardinal) 
nuíking syst.em. Thcrefore, assigning a value 
mcans assigning a numerical valuc to an out
come. Though thcre may be many elements of 

aluc in thc oulcomc, the final value assign
mcnl is a single nurnber associated with that 
outcomc. 

In commercial situations, the value as
signed lo an outcomc will typically be sorne 
fonn of JH·ufit. In social and mililary prob
lems, however, the valuc assignmcnt is more 
rlillicult hl'clusc it rcquires measuring the 
valuc of a lunwn life, or a culturcd life, ora 
hcalthy life 111 doll:1rs :1ml cents terms. Though 
lhcsc qucst ions of I'Valuation may be difficult, 
lo¡~ic demands that thcy be approachcd di
rcctly in mo1wlary tenns if monetary re
sources are t.o be alloc¡ll.cd. 

Thc final stcp in crcating the dctcrministic 
mod(•l is t.o sp(•cify thc tin~e ru·cf~-~-e-;~~~ of 'thc 
rlt:cision-r1w k.:r. TinH~ pref(;rencc- -is--the- t~~~ 
used to describe t he human phcnomcnon of 
trnpat.ienn•. Everyonc wants good things to 
h:,ppen to him sooJICI. ¡·athcr t.h:111 lat.er. This 
lfnp:lt.it:Jict' is reflect.Pd in a wiil111gncss to con
sunw ll'ss now ratlwr tha 11 pn~-.1 pone the con
sumplioll. The p.1yment of inlerest on savings 
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accounts and the CIPllect.ion of intcrcst on loans 
are mere rcflectú )ns of t.his phenomenon. 
Consequently, rep.resenting the dcsires of a 
decision-maker re<~ uires a realistic mcchanism 
for describing his time preferencc, a mecha
nism that reduces :~my time slream of value to 
a single number c::-·1lled worth. 

For a corporatt:=: financia! decision, worth 
will oflen be simpty the discounted difference 
between future in¡._;ome and expenditures us
ing an interest r, üe that depends u pon the 
relationship of the corporalion to its financial 
enviroÍ1mcnt. In the mllitary or medica! fields, 
worth may be mo ce difficult to establish. 

The modcling part of the det.erministic 
phase thus progre· ~ses from the original state
ment of the decision problem lo a formar de
scription suitable for detailed examinalion by 
logical and compnt.ational analysis: The de-· 
cision-maker's val ue assignments and his time 
preference permiL rat.ing any outcome t.hat 
appears as a time stream first as a set of val
ues in time and tL:.:!n as an equivalent worth. 

Analysis 

Analysis based on lhe dcterministic phase 
centers on observj,;1g how changes in the vari
ables affect wortl!1. Experimentation of this 
type is known a~; sensitivity analysis; it is 
highly effective in. refinin_g_t11e-1(:n~muYat1on--o-f tne ___ prooréffi _______ ---------------- -- ------------ -· 
_--r_¡_Ji.(dírs l sen si t. :..Yi t_y_ª_!1_<~)y~i~- _\V_ep~rfpr_rp_ is 
associa te~ __ '"Yi_t!:t_ q1e d~_<?i::;ion varia~J~s. First, 
fixing all other st.ate variables in the problem 
at their nominal ",·alues, we then allow one of 
the decision vari,1 oles to traverse its assigned 
range and obser-ve how worth changes. Of 
course, these obs·,~rvalions are usually carried 
out by computer program. If we find that a 
particular decisio•n variable has a maJOr effect, 
then we know th;.lt we were correcl in includ
ing it in ihe orig1 t:al formulation. But if a de
cision variable h.~1s little or no effect, we are ' ' justified in cons1dering ils removal as a deci-
sion variable. I { retlecti0n reveals that the 
latter is thc case. we would say that we have 
eliminated an im.polent ·decision variable. For 



example, the time of iniroduction of a new 
product might seem to be a decision variable 
of major importance, hui because of the com
bined effcciR of competiiive reaction and the 
gaining of production expcrience, it might turn 
out to have very liitle effect. The timing of 
entry would then be an impoteni variable. 

Next, we pcrform sensitivity analyses on 
the slate-varlables, which are uncertain and 

. over wlil"ch the (fecision-maker has no control. 
With all other system variables at their nom
inal values, we observe the change in worth 
while sweeping one state variable over its 
range. lf a siate variable has a major cffect, 
then the unccrtainty in the variable deserves 
special attention. Such variables are called 
aleatory variables to emphasize their un
certainty. 

lf, however, varying a state variable over 
its range pmduceR only a minor change in 
worth, then ihat variable might well be fixed 
at its nominal value. In this case, we say that 
the staie variable has bccome a fixated vari-

determine the amount of simultaneous se 
tivity analysis that is economic. 

The Probabilistic Phase 

The net result of the deterministic sensi
tivity analysis on the autonomous state vari
ables is to divide them into aleatory and fix
ated cla~ses. The probabilistic phase deter
mines the uncerta~-nty--;~-~-aiu-e~I-id.--~orth- due 
foiTie--ruea-tory varía.bles. -TFíe pFíase--will -be 
d1v1ded mtostep-s-oT.modeling and analysis; 
Figure 3 illustrates its interna! structure. 

Pnor lnforrnahon 

A el 

1 
MODELING 

able. A state variable may become fixaied 
eithcr because it has an important influence 

I------0-I-1-.tfie worth per unitoCils range, out an ex-_____ Eig._l. ____ I-•-E:ncode-Uncerta•nty-on---11---
The Aleatory Vanables 

treme)y smaJl range, Or because it has little Probabilistic • Encode R•sk Prelerence 

irifluencc on ihe worih per unit of its range, Phase ANALYSIS. 

even though it has a broad range. 
There is no rcason to conclude that a fixated 

variable is unimportani in an absolute sense. 
For examplc, ihe corporate tax rate may be a 
fixated variable in a problem because no 
change in ii is anticipaied within the time pe-
riod under consideraiion. Yet it is possible 
ihat an unforeseen large change in this rate 
could change a favorable veniure into an un
favorable one. 

Although scnsitiviiy analysis has been de
scribcd as if it concerns only changes in one 
variable ai a time, somc of the most interest-

i------~----
ing sensilivity results are often ooservea 
when there are ~imultaneous changes in state 
varia bies. Sínce ihe possibilities of changing 
state variables jointly grows rapidly_..,with the 
number of staie variables, an importani mat
ter of judgment for the dccision analyst is to 
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• Develop Worth Lottenes and 
Certa~nty Equ1valent 

• Measure Stochast•c Senst!lvtty 
• Measure Rtsk Sensttlv1ty 

Modeling Probability Distributtons 

The fir&t modeling step in the probabilistic 
phaseTs--üi.e-assignrñeñ"CüíProoaETiity-dTstri-
butions-io._tfie -a.Teator.Y-varTab1es~--:EúJiér ___ t11e 
d-e-cís1on--:_-ffiaker--or- -5-ürñ-écni-e- he designa tes 
musí assign fllc pro5aoilityTnace-a-ch-ale·atory-
variable will exceed any given value. If any 
set of alea tory variables is dependent, in the 
sense that knowledge of one would provide 
information a bout the others, then the prob
ability assignments on any one yaria};)le must 

_, ___ --- -- ---------- --· --~----·-·----~ -- ---
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be conditional on the values of the others. 
Gathering tnes-e-assrg;;merrts amounts to ask
ing such questions as, "What are the odds 
that sales will exceed 10 million units in the 
first year?" (See section entitled "Encoding 
Knowlcdge and Preferences.") Sirange as 
such qucstions may be in the current business 
world, they could be the standard executive 
Ianguage of tomorrow. 

Analvsls 

With knowledge from the deterministic 
phase of how the worth depends on the state 
variables and assigned probability distribu
tions on the aleatory variables, it is a straight
forward calculation to determine the proba
bility distribution of worth for any--sett1ñg- o"f·
the "(fedsi.oñ var1ables; thls_p_robabllityd.Tstri
buÜo-ñ -is- the--''worüi Iottéry.;·,--The--woi.tillot-
tery deácribes the u-ncerfaínty in worth that 
results from the probability assignments to 
the aleatory variables for any given alterna
tive (sctting of decision variables.) Of course, 
thc values of the fixated variahles are never 
changcd. 

To select a course of action, the analyst 
could gencrate a worth lottery for each alter
native and then select the one that is more 
desirablc. But how would he know which 
worth lottery is most desirable to the deci
Rion-maker? 

Q~e_ i!!l,eor~-~~-~-P.!Ln_~i~~ tha~_~]!~ws )_ud~i_ng 
.-me wor~h Io~~~EX. ~1'i.Y~!!_g_ oe_!!_~! __ tña~n
·)ther Ü:l that of stochastic dominance, which is 
illus!rated i_n _fig_!.!~~--4_. Part A. o(thTs--fiiure 
shows the worth lottery for two alternatives 
in both proba bility densities and excess prob
ability distribuiion forms. The excess proba
hility dislribution, or excess distribution, is 
thc probabiliLy that the variable will exceed 
nuy givcn value ploited as a function of that 
value. Jts height at any point is the area under 
thc probability density function to the right of 
that point. Corriparison of the excess distri
butions for thc two alternatives reveals that, 
for any value of X, there is a higher probabil-
,y that alternativc 2 will produce a worth in 
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Fig. 4 

Part A-Stochastic Dominance 

Worth 
Lottcry 

(Don~1ly 

Funct1on) 

Al!ernat1ve 1 

Worth 1---o:-----. 
Lottery 

(Probabll1!y 
ol Worth. 

Exceeding x) 

Alternat1ve 2 

Part B-Lack of Stochastic Dominance 

Worth 
lottery 

(Density 
Funchon) 

Worth .,_.~-
lotlery 

(Probablli!y 
ol Worth 

Exceedmg x) 

excess of thilt X th.an will alternative l. Con
sequently, a decjsion-maker preferring more 
worth to less would prefer alternative 2. If 
alternative A has an excess distribution ihat 
is at least as great as that of alternative B at 
any point and greater than B at at least one 
point, alternativoe A stochastically dominates 
alternative B. If stochastic dominance exists 
between two competing alternatives, there is 
no need to inquiJre into the risk preference of 
the decision-mak·er, who rationally must rule 
out the stochasti.teally dominated alternatives. 

Part B of Fi¡;ure 4 illustrates a case in 
which stocha~tic dominance does not exist. 
The excess distri butions on worth for the two 
alternatives cro~s. If the decision-maker 
wants to maxirllt:~e his chance of receiving at 



lcasl a small amount of worth, he would pre
fer allernative 1; if he wants to maximize his 
chance of receiving at least a large amount of 
worth, he would prefer alternalive 2. In situa
tions likc this, where stochastic dominance 
does not apply, the risk preference of the de
cision-maker must be encoded formally, as 
shown below. 

Just because alternative A stochastically 
dominates alternative B does not mean that 
the decision-maker will necessarily achieve a 
higher worth by following alternative A. For 
example, if alternalive A p1·oduces worths of 
five to 15 with equal probability and alterna
tive B produces worths of zero and ten with 
equal probability, then A stochastically dom
inates B. Yet it is possible that A ~ill produce 
a worth of five while B will produce a worth of 
ten. However, not knowing how the lottery 
will turn out, the rational man would prefer 
alternative A. 

Modeling Risk Preference 

If stochastic dominance has not determined 
'jft-------thé-best--áltcrna't-1-ve;_:_the~analys t. m-us_t turn to 

·' 

l. 

the queslion·-·or riskp.reference. To demon
straté that "most1nd{vid-uals are averse to 
risk, it is only necessary to note that few, 
if any, are willing to toss a coin, double or 
nothing, for a year's salary. Organizations 
typically act in the same way. A realistic anal
ysis of dccisions rcquires capturing this aver
sion to risk in the formal model. 

Fortunately, if the decision-maker agrees to 
a set of axioms about risk taking (to be de
scribed in the following section), his risk pref
crcnce can be represented by a utility curve 
like that shown in Figure 5. This curve as
signs a ulilily to any value of worlh. As a con
sequcnce of the risk preference axioms, the 

31-------accision~makcr.!.s-ra ti ng-of-a ny_worth_lo_ttery: 

~1 

'•, 

can be computed by multiplying the utility of 
any possiblc worth in the lottery by the prob
ahility of Lhal worth :.md· thcn summing over 
all possible worths. This rating is called the 
cxpected ulili t. y of thc worth lottery. 

If one worth loUcry has a higher expected 
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Fig. 5 
A Typical 

Utility Curve 

·¡ 

1 
1 

1 

Worth : l 

utility than another, then it must be preferred 
by the decision-maker if he is to remain con
sistent with the axioms. The analyst is not 
telling the decision-maker which worth lotten 
he should prefer but only pointing out to him 

¡ 
1 

1 

a way to be consistent with a very reasonab!e 
set of properlies he would hke his preference~ i 

to enjoy. 
Thus, the utility curve provides a practica 1 

1 

method of incorporating risk preference inh ¡ · 
the model. When faced with a choice betweet• 
two altcrnatives whose worth lotteries do nr)' 

exhibit stochastic dominance, the analyst ( . 
putes the expecteaufilily of eac·h-and-choosl'---: 
the one with the higher expected utility. 

Although the expected utility rating doc 
serve to make the choice between alterna ti ve, 
its numerical value has no particular intuiti'vl 
meaning. Therefore, after compuLing the ex 
pected 'utility of a worth lottery, the ::maly~l 
often returns to the utility curve to see wh:11 
worth corresponds to this expected utility; Wt 

call this quantity the certain equiv(;!lent wonr 1 

of the worth lottery. The name arises as foi-· 
lows: if another worth lottery produced th· 
certain equivalent worth with probabilit~ 
one, thcn it and the original lottery woul: 
have the same expected utilities and henc· 
would be equa1ly preferred by the decision 
maker_ Consequently, t.he certair¡-e·quivalcn-,-:
worth of any worth loLtery is the amount • 
worth received for certain, so that the dcc1 
sion-maker would be indifferent between ~" 1 

ceiving this worth and participating in th 
lottery. Since almost all utility curves silO'· 



!d. 
n- 1 
)l ¡ 
·y 1 

1 m¡ 
le 
!S 

1 

'1 
\ 

-' 1 
• 1 

that ulility inncases as worth increases, 
worth Jotteries can be rankcd in terms of their 
ccrtain cquivalcnt worths. The best altcrna
tive is the onc whose worth lottery has the 
highest certain 'equivalent worth. 

Anolysis 

In returning. to the analysis of the probabi
Jistic phase, the first step is to compute the 
ccrtain equivalcnt worth of cach of the alter
natives. Sincc the bcst d~cision would be-the 
altcrnative with the highest certain equiva
Jent worth, the decision probably could be 
considcrcd solved at this point. The careful 
analyst, however, will examine the properties 
of -the model to estahlish its validity and so 
would not stop here. The introduction of risk 
prcference is anothet· point al which to check 
the scnsitivity of the problem. For example, 
by setting all dccision variables but onc to 
thcir nominal values and thcn swecping this 
onc dccision variable through its range, the 
anályst. may find that although this variation 
changos thc worth Jottery it does not signifi-
:Hltly chango the ccrtain equivalent worth. 

This result would indicate that the decision 
variable could he fixed at its nominal value. 

Aleatory variables rcceive the same sensi-
tivity ~nnlysis by setting onc of them cqual to 
a trial. value within ~he range and then allow
ing thc othcrs to havc the appropriate condi
tional joinl probability distribution. When the 
dccision varh.bles are given thcir nominal val
ucs, thc program will produce a worth Jottcry 
and hence a certain equivalent worth for the 
lrinl value. Swecping the tt·jal value from one 
end of its rangc to the other shows how much 
t"C'rtain equivalcnt worth is chnnged. If the 
change ts small, thct·c is evidcnce thal the 
PJrticular alcato1·y variable may be changed 
to a fixatcd vari:Jblc. We call this proccdure 
fllt.'asurcrncnt of the stochastic ~ensitivity of a 
variable. It is possihle thnt an aleatory vari
;dtle shuwing a largc dctenninistic scnsitivity 
could revcal only a small stochastic sensitivity 
and vice versa. Conscquent.Jy, any decisions 
lu removc vnriahlcs from alc:1l.ory status on 

the basis of dcterministic sensitivity might 
well be reviewcd at this time by ineasurement 
of stochastic sensitivity. 

As in the case of deterministic sensitivity, 
we can measure the stochastic sensitivíty of 
many variables, simultaneously. Once more, 
the decision analyst must judge how far it is 
profitélble to proceed. Measurcmenl of sto
chastic sensitivity is. a powerful tool for locat
ing the important variables of the problem. 

There is one other form of sensitivity anal
ysis available at this point: risk sensitivity. In 
sorne cases, it i's · possible to characterize the 
utility curve by a single number-the risk 
aversion constant (just when this is possible 
will be discussed later). However, when the 
risk aversion constant is applicable we can 
interpret it as a direct measurc of a decision
maker's willingness to accept a risk. An indi
vidual with a small risk aversion constant is 
quite willing to engage in a fair gamble; he 
has a tolerant attitude toward risk. As his 
risk aversion constant increases, he becomes 
more and more unwilling to participa te. If two 
men share responsibility for a decision prob
Jem, ~the Je-ss risk tolcrant will assign a Iower 
certain equivalent -worth for any given worth 
lottery than will the other. Perhaps, however, 
when the certain cquivalent worths are com
puted for alJ alternatives for both men, the 
ranking of certain equivalent worths might be 
thc same for both, or at least the same alterna
tive would appear at the top of both lists. 
Then there would hardly be any point in their 
arguing over the desirable cxtent of risk aver
sion and a possible ·source of controversy 
would have been eliminated. 

The mcasurement of risk sensitivity deter
mines how the certain equivalcnt worths of 
thc most favorable alternatives depend on the 
risk aversion constan t. The issue of risk aver
sion can often be quickly resolved. · 

Thc problcm structure, the set of alterna
tives gcnerate"d, the probability assignment to 
aleatory variables, the value assessment.s, the 
statement of time prcference, and the spccifi-

' cation of risk pi·eference combine to indicate 
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Fig. 6-The Decision Analysis Hierarchy_ 
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the best altcrnntivc in the problem. The over
all procedure is illustrated by the decision 
analysis pyramid in Figure 6. However, it still 
may he bes l. t.o obtain more information rather 
than to .act. This determination is made in the 
thi"rd phase, as described below. 

The lnformational Phase 

Pr.or lnformahon 

Fig. 7 

The 
lnJormational 

Phase 

Analysis 

Ac! 

ANALYSIS: 

• Measure Economoc Sensotovoty 
(Determone Value of 
Elomonatong Unccrtaonty . 

· on Aiealory Vanables) 

MODELING: 

• Explore Feasoboloty of 
lnlormatoon Gatherong 

The fundamental idea in the informational 
phase is ihat of placing a n1onctary value on 
additional in'formation. A key concept in ap
proaching this value is that of clairvoyance. 
Suppose someone exists who knows in ad\·ance 
just what value a ·partícular aleatory variable 
would assume in the· decision problem-(l 
clairvoyant. How much should the .:lecision
maker be willing to pay him for his service~? 

To answer this question, recall tha,t the di:::
cussion of stochastic sensitivity dcscnbed how 
to compute the certain equivalent worth gi\·en 
that an aleatory variable too k on a value s. In 
that procedure, the decision variables were 
set equai to their best values from the proba-

Thc informaii-onalphasc is aevoteO.-t.o find-=- --bilist-ic -phase.-Suppose _no:!V _tl)~_t_~~ engage 
ing out whether i~ is worthwhile to engage in a the clair ... --oyant ata cost k, and then he-tcTf~-u::: 
possihly expensive info¡·mation-gathering ac- that the. alea:tory · variable will take on the 
tivit.y bcfore making a decision. It is, in t.he value s. First, we would set the decision vari-
broad~st se1~se, an experimental design proce- ables to "Lakc best advantage of this in'forma-
dure from which onc vcry possible result is ihe tion. Ho-.vever, since the other aleatory .:.-~ll i-
decision to pt>rfonn no expcriment :d. all. Fig- ables an~ still· uncertain, they would be 
ure 7 Hhows t.he stcps in t.bc phase. describe-d by the appropriatc distribution.,: 
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en the available information. The com
JH.Ilcr program would then determine the ex
pcctcd utility of the entirc decision problem 
including thc payment to the clairvoyant, all 
conditional on his reporting s. 

Bcfore cngaging the clairvoyant, however, 
thc probability to be assigned to his reporting 
s as thc value of thc particular aleatory vari
able is described by the probability distribu
tion showing the currcnt state of knowledge 
on this variable. Conscquently, we obtain the 
cxpccted utility of purchasing his information 
on the variable at a cost 1~ by multiplying 
thc expeded utilit.y of the information given 
that. he rcports s and costs k, by the current 
probability that he will rcport s and then sum
ming ovcr all valucs of s. The analyst uses thc 
current probability in this calculation because 
if thc clairvoyant is reliable, the chance of his 
rcport.ing that the variable falls in any range 
i~ just the chailCC that it will fall in that range. 

K nowing thc cxpccted utility of purchasing 
thc information from thc clairvoyant ata cost 
- ~ 1~, we can gradually increase k from zero 
. ..il the cxpcctcd utility of purchasing the 
informat.ion is just equal to thc cxpected util-

,,it.y of procccding with the clecision without 
clairvoyant infonnation. The value of k that 
(•sl.ahlishcs this equivalence is the value of 
l'i;urvoyancc on thc aleatory variable. 

'l'he value of clairvoyance on an aleatory 
variable represcnts an uppcr bound on the 
payment for any experimental program ·de
~igncd lo providc information on this variable, 
f11r 110 such prograrn could be worth more than 
chirvoynnce. The actual exist.ence of a clair
voyaut is not material lo this discussion; he 
is nwrcly a const.ruct lo guidc our t.hinking. 

We cal! thc proccss of measuring the value 
(•f clairv'oyance t.hc measurcmcnt of economic 
"Cil~Ítivity. rf any aJealory variable cxhibits 
L.~h economic sensit.ivity, it. is a prime candi
d:de for nn information-galhcring pt·ogram. 
ll i· .. possible, ho,.,·evt•r·, for a variable t.o have 
:, l1igh stoch;1st.ic sf'nsitivit.y and a low cco-
1101lli(· _c;ensllivit.y lwc~rusc the available alter-
11 •trves cannot take advantagc of lhe infonna-
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tion received about the variable. To deter
mine the importance of joint information, the 
analyst can measure the value of clairvoyance 
on more than one vnriable at a time. 

The actual information-gathering ·programs 
available will scldom provide perfect informa
tion, so they will be less valuable than clair
voyance. Extension of the discusswn of clair
voyance shows how their value can be 
measured. Whereas the clairvoyant reported 
a particular value s for an aleatory variable, a 
typical experimental program will provide 
only a new probability distribution for the 
aleatory variable. The analyst would then 
determine the best decision, given this new 
information, and compute the expected utility 
of the decision problem. He would next multi
ply the expected ut.ilily by the probability that 
_the exerimental program would come out in 
this way and then sum over all possible out
comes of the experimental program. The re
sult would be the cxpected utility of the ex
perimental program at a given cost. The cost 
that would ~ake the expected utility just 
equal to the expected utility of the problem 
without t.he experimental program would be 
thc value of the experimental program. If the 
valuc is positive, it represents the maximum 
that one should p:.1y for the program. If the' 
value is negative, it means that the experi
mental program is expected to be unprofit
able. Consequently. even though it would pro
vide useful information, it · would not be 
conducted. 

Modeling 

At this stage, the decision-maker and the 
analyst must identify the relevant informa
tion-gathering altcrnatives, from surveys to 
laboratory programs, and find which, if any, 
are e>..pected to make a profitable contribution 
lo Lhe decision problcm. In considering alter
nativcs, they mu:~t take into account any 
dclelerious cffcct o;" delay in making the pri
mary decis1on. \\" :wn the preferrcd informa
tion-gathering pru¡;ram is performed, it will 
lead, at least, to new probabiiity assignments 



on the aleatory variables; it might also result 
in changing the basic structure of the model. 
When all changes that have been implied by 
the outcome of the experimental program are 
incorporated into the model, the deterministic 
and probabilistic phases are repeated to 
check sensitivities. Finally, the informational 
phase determines whether further informa
tion-gathering is profitable. At sorne point, 
further information will cost more than it is 
worth, and the alternative that currently has 
the highest certainty equivalent will be se
lected for implemcutation. 

The iterative decision an~lysis described 
above is not intended to fit any particular 
situation exactly but, rather, all situations 
conceptually. A discussion follows on two pro
cedures required to carry out the analysis: 
encoding knowledge and preferences. 

ENCODING KNOWLEDGE 
ANO PREFERENCES 

Encoding Knowledge as Probability 
Distributions 

Perhaps the single most unusual a~;pect of 
decision analysis is its treatment of uncer
tainty. Since uncertainty is the central prob
lem in decision-making, it is essential to 
understand the conceptual and logical founda
tions of the approach to this issue. 

The lmportance of Uncortainty 

Thc importance of uncertainty is revealed 
by the realization that decisions in situations 
where there is no random element can usually 
be made with little difficulty. Only when un
certainty exists about which outcome will 
occur is therc a real decision problem. 

For example, suppose that we are planning 
____ to-ta kc-a-tFi p-tomo rrow-and-th-aroai:l wea tl1er 

is forccast. We havc the choice of flying or of 
taking a train. If a clairvoyant told us the con
scqucnces of each of tbese acts, then our de
cision would be very simple. Thus, if he said 
that the train would dcpart at 9:13 A.M. and 
arrive at 5:43P.M. and if he de.scribed in dctail 
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the nature of the train accommodations, the 
dining car, and the people whom we would 
meet as traveling companions, then we would 
ha ve a very clear idea of what taking the train 
implied. If he further specified that the plane 
would leave 2 hours late and arrive 2Yz hours 
late, stated that the flight would be especially 
bumpy during a certain portion of the trip. 
and described the meals that would be served 
and the acquaintances we would meet, then 
the flying alternative would be described 
as well. 

Most of us would have little trouble in 
making a decision about our means of travel 
when we considered these carefully specified 
outcomes in terms of our tastes and desires. 
The decision problem is difficult because of the 
uncertainty of departure and arrival times 
and, in the case of the plane, even whether the 
trip would be possible at all. The factors of 

' personal convenience and pleasure will be 
more or less important depending upon the 
urgency of the trip and, consequently, so will 
the uncertainties in these factors. Thus we 
cannot make a meaningful study of decision-
making unless we understand how to deal 
with uncertainty. Of course, in the problems 
that are of major practica} interest to the 
decision analyst, the treatment of uncertainty . . 
IS even more pressmg. 

It is possible to show that the only consis
tent theory of uncertainty is the theory of 
probability invented 300 years ago and stud
ied seriously by mathematicians the world 
over. This theory of probability is the on]y 
one that has the following important prop
erty: the likelihood of any event's following 
the presentation of a sequence of points of 
data does not depend upon the order in which 
those data are Rres_ented._So-fundamental-is--!-
this property that many would use it as a 
defining basis for the theory. 

The Subjective lnterpretation of Probabillty 

A reasonable question is: If probability is 
so essential to decision-making, why hasn't 
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que mediante u~a distribuci6n cuidadosa acompañada de una buena 
promoci6n, se tendr1an ventas potanciales excedentes a las pro
yectadas en 1966. J\unque Biery y O'keefe estaban completamente 
convencidos del exi -,;o futuro del Snurfer, se encontraban ante la 
incertidumbre de la demanda total del producto para el afio en cues 
ti6n,asi como la parte correspondiente por destinar a supers. 
Estaban seguros, eso si, que para maximizar las ganancias del pro 
dueto, serta necesario ·estimar el tamaño de la producción de mane 
ra cuidadosa y sistemltica. Como era de esperarse, la orden de
producci6n tenia que enviarse al Departamento de Producción al fi 
nal de Abril de 1967, 

El primer paso para determinar tal cantidad, fue revisar 
las estimaciones recientes del costo de los dos modelos. El je
fe de producción informó que la maquinaria existente cuyo costo 
era de $50,000 se encontraba en buenas condiciones y ser!a capaz 
de producir 150,000 unidades de cualquier tip6 y en cualquier 
combinación. Para producir entre 150,000 y 200,000 unidades se 
requeria una inversion extra de $15,000, Incremen~ar la produc
ción sobre las 200,000 unidades requerirla otros $55,000 pero 
permitirla a la flbrica producir hasta 500,000 unidades al año. 
Biery decidi6 que los costos de inversi6n en maquinaria deber1an 
amortizarse en el aí'ío de su adquisici6n. 

Posterior a una consulta con los agentes de ventas, se con
sider6 vender los Snurfers en 1967 a un precio promedio de fabri
ca (al aumentar o dLsminuir la cantidad el precio varia) de 
$4.JO el regular y *5.50 el ·super. ·Los costos directos para la 
compañia fueron $2.50 y $J.20 respectivamente. Por otra parte, 
los· costos indirect•)s se calcularon para ambos modelos como un 
9% sobre la ganancia, los cuales inclu1an gastos por administra
ci6n, renta de inmuebles etc., mientras que un J% adicional se 
dedicó a gastos por publicidad. El costo por almacenaje del 
inventario, se carg·S a 2% al mes sobre los costos directos y se 
estim6 que todo _inventario en exceso tendria que almacenarse por 
lo ~egular un promedio de 6 meses. 

Con los costos involucrados definidos, Biery se puso a ana
lizar la dema~da. Aunque no estaba seguro de qu¡ cigra selec
cionarla, estaba.consciente de la improbabilidad de introducción 
de competencia en el mercado. Aun mls, se di6 cuenta que el 
Snurfer era un articulo de novedad y que de seguro seguirla la ten 
dencia caracttr1stica de ese tipo de artículos, como las patine
tas y el hula-hula con ventas muy altas por un par de años y dis
minuyendo rapidamente hasta desaparecer. Por esto, Biery solo se 
concentr6 en la venta del producto para la temporada 1967-1968. 
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Para determinar· la demanda, Biery se reuni5 con O' keefe y 
juntos analizaron las posibilidades de los Snurfers. Finalmente 
concluyeron que la demanda media ser1a de 150,000 unidades. Un 
hecho era seguro, que no estar1a por debajo de las 50,000 ni en 
exceso de las ;oo,ooo, tambien consideraron que hab1a una opor
tunidad en 4 dE· que la demanda ser1a de al menos 190,000 unida
des· y que exist1an J oportunidades en 4 de que al menos fuera 
de 125,000 unidades. 

Para poder decidir la cantidad de unidades a ordenar, te
n1an por otro lado que estimar la demanda para los regulares y 
para los super. Esto, era obviamente necesario pues, se debían 
adquirir diferentes materias primas y por otra parte no se desea 
baque se tuvuiera un resultado final de regulares inventariados 
con demanda insatisfecha de super; o viceversa. Ambos coincidie 
ron en que la demanda entre modelos pod1a considerarse indepen-
diente de la demanda total: bajo el razonamiento de que el con
sumidor seleccionar!a entre un modelo u otro, exclusivamente de 
acuerdo a las diferencias entre estos, y que la decisión sobre 
cual modelo comprar no se encontraba influenciada por el numero 
total de Snurfers vendidos. 

Biery y O'keefe estimaron que el super Snurfer probablemen
te ser!a demandado en un 40% del total pero que se podria llegar 
hasta un 60%. De cualquier forma, la demanda no caer!a por de
bajo del JO% en ninguna circunstancia. Por otra parte, conside
raron que exist!a u~ 75% de oportunidades de que :a demanda fue
ra de un 45% y un 25% de oportunidades de que los· supers formaran 
un J6% de la demanda total. 

Resumen de Costos Qcr Unidad 

Co::.to COSTO INDIRECTO Almace11 
MODELO PRECIO VAF:IABLE Y PUBLICIDAD TOTAL INVEI~TARIO 

Regular ~4.)0 2. so 0.22 2.72 0.)0 
Super 5.50 J . .:::o 0.28 ).48 0.)8 

Cantidades a Producir 

Para dete·minar las cantidades de producci5n a considerar, 
Biery decidi5 · ·~studiar las sugerencias presentadas por diferen
tes personas involucradas con el proyecto. El siguiente resumen 
muestra las recomendaciones de oficios me y memoranda enviados. 
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El personal de ventas argu~enta que las ganancias totales en 
ambos mod·~los 1 hacen que el costo por almacenamiento de las 
unidades :'lo vendidas sea prac tic amente despreciable, por lo 

'que pretenden c~ue una cantidad total de 225,000 Snurfers sea 
ordenada. De Hatos 1)0,000 deber~n ser regu:il::ares y 95,000 
super. 

Por otra parte el jefe de producci6n sugiere 150,000 unida
des, 70,000 super y 80,000 regulares, argumentando que la 
cantidad 10 se requerir~ ninguna inversi6n adicional, y que 
aumentar la proporci6n de lpss super a 47% en lugar de 40% era 
conveniente, YEL ya que estas tenían un mayor margen de ga
nancia y que la proporci6n era m§.s acorde con la experien-
cia de las ventas anteriores. 

Biery considere) que ambos argumentos eran meritorios, pero 
estaba un poco esceptico al respecto por lo que propon!a que una 
producci5n de 200,000 unidades repartidas en 85,000 super y 
115,000 regulares dLsminuir1a el costo deve ventas perdidas sin 
incurrir en una mayor inversi5n en maquinaria. Para asegurarse 
de lograr la decision correcta, se propuso realizar un an~lisis 
de las J alternativas para determinar cual era la mejor. Para 
ello, se hizo asistLr de un cuerpo de asesores expertos en 
analisis de decisio'les, en particular investigadores de la 
'.'Business School" de la Universidad de Harvard. 

Preguntas Guia 

1) Que hubiera hecho usted, en caso de haber sido llamado por 
Mr. Biery? 

2) Hubiera usted analizado todas las alternativas? 

J) · Cuanto es lo que usted le recomendaría a Mr. Biery, pagar por 
obtener inforrnaci5n extra? 

4) Seria posible obtener la soluci6n 5ptirna/ 

(Asuma en su an§.lisis, que los productos no vendidos en la 
edici6n 1967-1968 se vender~n durante 1968-1969) 
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Cll<.lplet· ]_.1 

Cnn1es nncl con1petith·e situations 

Cl'lll¡'<:ttiiH! situ..ttion., occur '' h~n indi' iuu.lls or institutions are at 
cro:,~·purpo-sc5. Th~} are situatior.s in which there is at least sorne ele
ml!nt l'f ..:01tl1t..:t. T" :.1 firms l:'o:~ttl!r~ f .. ,r mark.!t .:;h::~r~ ::~r~ clearly at ero._,_ 
r~l! jll'''í.>· Sl• ,tr~ ~~:"'L'd¡r.~ 'L ~~'-'·"'' ;,\ ~::-' := .l p: i~C' \\ ~lr ... 1 r.,:\\' C~ll' 0.: .. :. 
.:nJ :ll't!-ll'P.~:r b.:=:;l:!~f O\t:t .•ri..:e :.tnJ l'ption-,. a number of(.;omr,~n1e.; 
biJdin.; 1'-~r a SA.S-\ contr:tct. the \\riterofan insurance contrae! and th~ 
in:.ur~d. ar.J an IB\1 representative anda ..:l!stomer working out the de
tails Jf a mul!imi~~ion-dollar ..:o~npuur inst: .. !lLltion. 

in most ofth~~e e\.<!mpks th~ inJI\·iJuals or institutions are not enti;-e!y 
at cross-purp~.he~. hO\\ e ver. The c:1r de afer anJ cu~ tomer. for t:\.amplt!. 
whik <•t cross-purroses regarJing price. share the objectiv-: of closir.g a 
mutuallr ¡,¡Jvant::~geo~ts deal. :'.lost Cllmpetitivc situations. in fact, cont:-ún 
elements of both mutual intere:,t and cro.;,s-purpose. This mixture is part 
of '' h.lt m.tke~ th~ir analysis so ch.dlenging. 

Com·p~titi\'e situarions p~n·ade e\ery sphere of human acrivity
military ~trJteg}. Jip:omacy. governrncnt. poli:ics, bu:Yiness. spo!ls. and 
prt\:tte Jj,~.¡ ar~ ob\iou.; I!Xamples. Becad~e they are !)0 perva~ive, con:
p ... ·trtivl! ~itu,¡t:ons h:J\'t:! b~en stuJii:!J from m::1ny vkwpoints, including 
ecL,r . .:~mics. politi..:~. history. <;ociolo~y. ps) .:h·'J!ugy. rnilitary straregy. anJ 
rhe m~tr..:rnati..:al theory of game~. D.:renuing l'l1 !h<! admini:,lrative situa
tion unJer ..: .. Hhlderatl . .:ln, any one or ,¡ cvmbin<~tiL'n of thc~c viewpoints 
m:ty aid Je..:ision nul-..ing. 

In ~.lt·..:iding L'n '' hich \'Íe\\ poin:s ~o !lring. to bear on a particu:ar 
..;itu:!tiL~n-L'r. :rJeed. \\ hi.::h a-,p~ct" of a p<lrticular \ iewpoint u re 
rt.'k' .• n•-it help.; ¡,, be ;.~\,'are .. ,¡ the dimen:-.illn ... ' 'n wh:~.:h comp~titive 
'>ild.,th•n'> Jt:l"..:f. fLll t:\,lntpi.:. l\\0 ~ilU;ttÍ·)í"•'i 01:1] J¡rla in the d~gr~l! lO 
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'' hi..:h the panie.; hcl\ e mutual intcre~ts. T0 facilitatc thinking a~''ut com
p~liti\'C probkms Ífl g.enaal. it i:. \\el! to be aw;11e ofthe clcments sharcd 
h~ "" su::h situations. 

Thi:-. chapter aJJrcsses the~e issucs. The first section c\plores thl! 
common elcments ofcompetitivc siluations and the significanr dmh:nsions 
on '' h:ch tht:!y dlf'fcr by de.,cribmg in det.til the hattk anHmg :tirlines for 
tran~contincntal passen);!ers. The nc:-..t ~ection pro"iJe~ a fr~tmework for 
analyzing :-.omc competitive situations 'b~ 1.k-;crit'>ing how w analyze two
per~on zero-sum games. In the ia.;t secti~.m this framework is e\t~nded to 
nonzero-sum games in arder to addre~s issues of cooperation and com
munications. 

AN EXAMPLE: THE BATILE FOR TRANSCONTINENTAL 
AIR PASSENGERS' 

Consider the airlines" battle for transcontinental passengers that has 
been going on since the early 1960s. The long hau1s are the routes of 
greatest prorytability. and the J\ew York-California runs have been 
tcrmed the "e!)sence of the e~sence ... Thus. competit:on has been fierce 
among the three largest airlines. American. T\\':\, and l'ni:ed. which 
collectively control about 90 percent of the market. In the days of piston 
aircraft. ju st befo re l he batt le started, T\VA was t he do mi nant 
transcontinental carrier. However. American, then in ~econd place, was 
more aggressi,·e than the others in imroducing jet aircraft. As a result, it 
!)urrassed TWA in the early sixties. achie\'ing 38 percent ofthe market by 
196.:!. For a while TWA. await ing delivery of its Convair jets. and United. 
3\\aiting DC-8s. emphasized services to counter American's jets. 'This 
competitive \\eapon coritinued to be used after T\VA and United became 
competitive with aircraft. Since the industry is regulated, price competi
tion was largely ruled out. 

About 1963, TWA introduced in-ftight motion pictures. and it was sorne 
two years befare American and United folle ":>n suit. Later. TWA \vasto 
offer a choice oft\\O movies. Shortly thereafter. United introduced stereo 
entertainment. and the others soon follov.ed. During the mid sixties. 
United tried single-class service. and after severa! disastrous years re
\'erted to the traditional cDach and first-class sen· ice. In a series of moves 
anJ countermo\'e:-.. the three competitors offered increasmgly elabL,rate 
mea! service. including chotee of emrees or steak cooked in fl1ght. By 
1967. TWA was touting choice ofseven entrees in its first-class sen'Íce. all 
cooked in flight. United increa::.ed the number of rnain course ~.:hoices 

frufT\ two to four in its coach section. Each carrier. as it introduced a new 
innovation, featured it in its ad,'ertising. which "as constantly being u sed 

'\\'e are grateful to Laurence Dot~ of A l'iation Weel. and s;nuce TC'chno/og1 for prov 1dmg 
much of Jhe factual materi .. l for thts section. 
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to ditTaentiat~ lh~ line·s service in the eyes of the public. American was 
the bu-:.ine 'J tr~1\eler's line. t 'n'ited the vacation trnveler·s. 

Once all th~ carrier.., had sufficient jets. thcy began to escalate the 
frc::quenc} of their ftighh. in part in response to growing passenger de
m .. nJ. ~h>re imponantly. the escabtion stemmed from the widespread 
helief that the carrier with the greatest ·number of departures would get a 
sh.nt: of market more than proportionate to its share of departures. This 
was so because many tra-.elers initially contact the carrier offering the 
most f\ights to 1 '1eir destinations when they make reservations. Con
sequently. number of departures became one of the most competitive 
weapons. 

By the late 1960s, just befare the introduction of the wide-body jets. 
hO\\ever, airline capacity -became scarce. Nonetheless. the carriers con
tinued theil C..tpacit}' war on the transcontinental routes. at sorne sacrifice 
t<Hheir less Jesirabk 'routes. For instance, when American added another 
New York..:California ftight in 1967. TWA felt it had to delay the introduc
tion l?f its new Cincinnati-Los Angeles nonstop sen·ice to match Ameri
call·s liight. By 1967. ftights \\ere so frequent from New York to California 
thatA,-iation.\\t-ek IAugust 1-l. 1967) called them a ··shuttle." American 
h_aJ 16 of the 43 fl1ghts a' day,·T\\'A had 14, and United had 13. Their 
n.)'arket ._shares were ranked in the same order. Timing of schedules was 
abo impo'rt •• m: the lines constantly jockeyed with one another for the 
more f:l\ arable departure t'lme~. 

· The capJ.city battle inter . ..;;¡:;. ':i with the introduction of the 747s about 
197'0. F~rmerly C:.J.pacity constrained. the carriers !;Uddenly found excess · 
capacity. bccausc the introduction coincided with an economic recessll)J1 
After lo::~d Ú1..::tors !percentase of occupied seats) had fallen under -lO pcr
cent. Amcri.:: ··n finally tried to break the cycle by unilaterally cutting back 
on capacity. 1t hoped the others would follow. However. United stood pat-
and T\~'A increased capacity. Month by month American watched, waited 
for the other carriers to revise themselves. and lost market share and large 
sums of money. Finally, it relented and again entered the fray. 

In the meantime. plane configuration became the chief competitive 
weapon: the ··battle of the coach lounges" took place. Spurred by empty 
seats. in 197~ Continent~1l Airlines removed sorne !!eats from planes on 
its Chicago-Los Angeles run and installed a lounge in the coach sections. 
The big three quid.ly followed suit on the transcontinental routes. Soon 
one carrier featured two lounges. Then carne the piano bars; first Ameri
can and then the others added pi:.1nos to their lounges, so passengers could 
gather. play the piano. sing songs, und imbibe. The battle of the lounges 
abated in mid-1973. 

1 n 197.! there also wa::. a wave of reoutfitting ~ight attend•mts, with first 
-one carrier anJ then.another introducing. new uniforms. !\tore move~ and 
countermoves on fooJ took place. with one carrier touting Trader Yic 
fooJ. 
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F:tccd \\ ith exce~s c:~pacity. the c:.~rrier::. then tried fare rcductil~ns. 

T\\'A filed an application with the Civil Aeron<tutics Board tCAB) for 
::.pl:Cial bvok-aheaJ fa res where. if t he customcr huokeJ 90 d.1ys in ad
van-:e. the fare paid was appro.\.imatdy une h~df. In Jcfense. American 
... olm filed an applic;ttion for :~n identical plan. Not to be outclassed, 
L'nitcd filed for similar fares with seven-days-ahead booking. but a 
mínimum seven. ma.\.imum nine-day stay. Defensively. the others 
m;ttched the UniteJ plan. The United plan met with the greatest success 
unJ finally was adopted by all carriers. The net effect, of course. was to 
)O\\cr the average fare collectcd by each carrier. 

L!p to this point in the' battle. the carriers had been making capacity 
decisions independently. \\ ithout consulting one another. Load factors 
had drorped below break-even to 36 to 38 percent: competition was so 
fierce that running planes through maintenance and scheduling crews was 
a problem. In 1972, the CAB began to encourage negotiations among the 
carriers ro limit capacity. The negotiations started in the summer, under 
protest from the J ustice Department and various consumer groups, and by 
October 1972, the first capacity reductions led to a 1 O percent improve
ment in load factors. Starting in June 1973 fuel shortages provlded further 
incl:ntives to get together .. and, after protracted negotiations. further ca
pacity reductions followed. As capacity was being cut back, TWA Y. as hit 
by a six-week strike. giving a major assist to the two remaining carriers. 1 n 
early 1973, the carriers used advertising to vie for market share on the 
basis of quality of sen'ice. This \V;1s spurred by American, which was 
trying to recoup market share lost dueto poor ser..'ice stemming from a 
pilot slowdown in December 1972 to January 1973. Beginning in February 
1973, it started túuting the improvement in its service, and the others 
countered by praising their own. 

This particular competitive battle -well illustrates the ri·chness of éom
petitive situations: the widé variety ofweapons u.,ed: the constan! moves 
and countermoves, both offensive and defensive: the importance of tim
ing:'the ·uncertainty about opponents' moves. and whether they will suc
ceed: and the great complexity ofthe total <::.~~~tion. 

Elements · shared by all competitive situations 

Severa! ofthe elements common to all competitive situations whích are 
illustrated by the transcontinental air passenger example are discussed 
below. 

The rules of the game. Perhaps most importan! of all. there are 
specific rules that govern the behavior ofthe competitors. These competi
tive practices are generally agreed upon, general laws as well as specific 
industry regulations. For instance, the airline industry is a heavily regu
lated one; competitors may not change fares without prior-approva! of the 
CAB. 



i' / Ga:nes ?.ld co tttve Sttuat¡ons 487 

P.:Jtenltal payoffs and ultima te outcomes. There is a range of out
como::. or p,:_wffs th:H CJn occur for each competitor-in the case of the 
ai rline s. the variou s market share s, p~ssengers carried, or profits. As a 
result of the :.H:tions of the competitors and possibly of events beyond 
their control. there is an outcome of tht: situation-ont: of the potenual 
payoffs. Ea..::h competitor considers sorne outcomes to be more desirablt: 
than others-for instah..::e. more market share is better than less. While 
thi'!o st:o!ms üb\ iüus. each has relative preferences for the various dimen
siJns 0f t he payoff: market share. immediate profits, long~range profiis, 
c:..hl. ft0". and so forth. 

Outcoines determined by compiHitor choices aiid other everits. 
Each competitor has open to it a range of potential strategies it can 
employ. In the airline e:\ample a strategy consists of a stanée tegarding 
numbd of departures. schedules. plane configurations. in-flight services, 
ad\ertising. and so forth. Each competitor has soíne control over the 
situation. but it does not have full control. Sorne of this control is in the 
hanJs üf the other corr\petitors. American's success, for example. de
pends in p.u1 on its strategy. but it is heavi:y inftuenced by what TWA and 
~nited Jo. Furthámore. sorne elements may not be in the control of any 
competitor. such as the strike closing TWA in 1973, the economic 
do" ntum of 1970, and the pilot slowdown that hit American in December 
J9n. 

Significant. differences Df>:~ng é:ompetitive situations 

There are also various dimensions on \vhich competitive situations can 
ditfer significantly. The v.:ay these factors can affect the analysis of the 
competitive situation are noted in the sections below. 

Number of competitors. The number of competitors. or distinct sets 
of mterests. is one of the fundamental ways to categorize competitive 
situations. lt is customary to speak of a conftict situation having two 
competitors as two-pt•rsoll and one with more than two competitors as 
n-person. although it may justas well be called a many-person situation. 
The word perso11 is game-theory shorthand for a party at interest in a 
competitive situation: in short. one of the confticring ~·sides ... In this 
sense. a person m.tY be an individual. a group of individuals. a corpora
tion, or a nation. 

The two·person conftict situation is the common one in which one 
person andan adversary ha ve confticting interests. Certainly the seller of a 
hous~ you would like to buy does not share your interest in a lower price. 
Two contractors have clear confticting interests in bidding for a construc
tion contract. 

When there are more than two interested parties, the situation becomes 
more compkx. First. there is simply múre to keep track of. Second, and 
more import.mt. there is the possibility that sorne ofthe competitors mighl 
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form coalitions to dcal more l!lTcctivl!ly with the other'\. r, .nstan~e. the 
Ar:1h nations bandcJ togethcr tu set a Cllmmlln oil ptlli.:y with thl! 
Je,~loped n:.ttions in 1973. e'en though thc inJi,iJual nations had sorne
" h~1t difrenng interests. Simihüly. companies form traJe associations to 
lobbv for common interests. workers form unions. and natil\OS sign 
mutl;al aid treaties. Sometimes the coalitions are only implicit ¡tnJ t;~cit, 
such as banks following common policies in setting their p1ime rates. 
Abo. workers sometimes band togcther in informal groups to socially 
control "raté busters ... and card playcrs will gémg up on the kaJcr to keep 
anvone frorri amassiñ!! the number of points r\ecessary to win the game. 

\vhen one is faceJ ~virh coalitions. an important analytical issue is their 
stability. i-iow likely is it that members of the coalition will break with 
their original coalitions to join others. form new ones, or strike out on 
their own? ls ii advaíitageous to ehcourage or discourage this':' Which 
g.i"oup is advanbgeous for you to join? 

Another' implication of n-person situations is simply the need to recog
nize the number of different ihterests. For instance, suppose you are 
negotiating to purchase a small machiné shop from its founders and their 
ch1ldren. The founders want to retire and divorce tnemselves financially 
from the enterprise. The children would like to continue in its manage
ment and, if they are successful. share in the rewards. lf you fail to 
i·eco!.!nize these different ihterests, if you consider "the owners" to be 
mon;lithic, you íisk missing an appropriately structured dea! which will 
be more in the interests of all parties-including yourself. 

Degree of mutual versus opposing interesi. There are sorne situa
tions in which the interests ofthe competitors are strictly opposed. At the 
end of a poker game, for example, there is usually justan exchange of 
assets. Sirice winnings are balanced by losse-s. their hét is equal to zer.o. In 
game theory terms, this type of competit ive situation is called a :.ero-su m 
game. 

The zero-sum game may be thought of as oné extreme-that of pure 
conftict. At the other extreme are situations of pure common interest. in 
which the "competitors" win or lose together. and both prefer the same 
outcome. For instance. in bridge the two partners do their utmost toward 
achieving fu\1 cooperation. Their fates are ine:\tricabiy ihtertwined. 

lt is difficult to find administrative examples of either pure cooperatioí 
or pure conftict, since the vast majoriÍy of competitive situations lie be
tween these extremes. In most situations the opponents e>..hibit varying 
degrees of common interest and competition. Formally, any game that is 
not strictly competitive is designated a non-::.ero-s11111 game. 

1 n a labor negottation. for instance. labor and manag.ement may not 
agree concerning the division of their joint proftt, but both probably wam 
to rriake thejoint profit as large as possible. Thus they have both conftict 
ing and common interests. Similarly, the three airlines compeiin; for 
transcontinental passengers, while they would prefer gaining market shart 
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at the ('ther,· expense. would mutually prefer competilive altematives 
that protit.,b:y ~timul,lte p:tssenger dem:wJ. or those that permit handling 
a g1ven n_~mber of p::~s~enger::. at lower cost. 

The competitive aspects of most busine.;;s. political. and military con
rllcts can only be analyzell in a realistic way if the elements of common' 
interest a' '~ellas contlict are taken into cons1deration. 

Communication or agreement about actions. In the airline exam
pk. the cümpeting carriers first made inJependent decisions on de
parture~. The e'entual result \\as thal departures escalaled and load fac
IOrs dippell bdow break-even. When the carriers were permilled 10 decide 
JOintly on llep:.~rtures. the number of flights was reduced 10 a profitable 
le\ el. 

Th1s d1ft'erence in behavior illustrales 1he significance o(perhaps 1he 
most import.1nt Jistinclion lhat can be made about competitive 
situ::~lions-\\ helher or nol 1he compelitors are allowed 10 commun1cate 
e\plicitly before m..tl-ing their moves. If so. the situation is said to be 
c:ooper,ttil <': otherwise. it is designated noncooperatil'e. 

In general. the more the players' interests coinc1de. the more significan! 
is 1h..:ir abdity (or 1nability) to communicate. Where there is pure common 
mterest. the problem is entirely one of communicatiOn. In compelilive 
situations in'' hich the decision makers ha ve sorne common inlerests and 
sorne confli.:ting inlerests. communicalion. if permitted, plays a complex 
role in determ1ning the outcome. In 1wo-person, pure-conflict situations, 
communiCJ.lion cannot benefit either competitor. 

Sometimes the competttors a.1ust take action 1n the complete absence of 
communication. as do participants in a sealed bid auction. Under such 
noncooperative circumstances. the analysis of a competitor's potential 
actions should influence the other party's actions. Sometimes competitors 
can communicate toa limited degree, as with public pronouncements, but 
must stop short of actual agreement on a mutual course of action. For 
example, the presiden! of TWA might announce that TWA will match 
American's departures plane for plane. The purpose of this type of 
communication-threat. promise, or blutf-is to attempt to influence the 
oppon.;:nt's behavior. The effecr of these limited communications then 
eflters the competitive analysis. 

Finally. there is the cooper;.tlÍ\e siruarion "here the competitors are in 
full communication and jointly attempt to reach agreement. Promises. 
thre.~ts. and blutfs continue ro play a role in attempting to change each 
other's preferences and altitudes. However. nO\\' the aJversaries. through 
dialogue. also al!empt to create new alternatives while trying to reach 
agreement. This is the bargaining situation. 

Before lea' ing the subject of communication. the role of tacit com
munication bears menrioning. In mu::t marketplace competition, the law 
forbiJ~ co!lusion. :'\onetheless. although competitors do not communicate 
directly \\ rth one another. "understanJings" often llevelop. Price leaJer-
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~hip in thc steel inJu<;try is a good e\ample. Th~ kinJs ofunderst.tnllings 
th.1t emerge and thcar stabilit~ b ;an import;mt ;bpcct of such compctitive 
-,rtuations. So i'i the wa~ th.1t compctitors "signa!" their intent 10 onc· 
anoth.cr, without e\plicitly communicating. For c\ample. American was 
app.1rently unsucce~sful in sign~ding the other airl1nes 10 cut back capacity 
in 1971. 

Repeating the competitive situation. Anothcr important dimen
~ion of difference i~ whether the ~ame particip:mts "ill be involved in 
a similar situation in the future. For instal)ce. the buyer and seller of a 
hou-.;e most likely will not. whereas a particular union and company will 
be back at the bargaining table at the completion of a just-negotiated 
contrae!. Similarly, the competition between the airlines is an ongoing 
one. 

In one-shot situations, competitors are usually out for all they can get. 
In an ongoing situation. they often behave much differentl};. :\.11 they can 
get is tempered by what the impact will be on what they might get in the 
future. lf management negotiates too stringent a contraer this time. the 
union may be more militant the next time. · 

Amount of information ea eh competitor has. 1 nformation is one 
of the mosr importan! commodities in a competitive situation. lf this 
were not the case. we would not see the tremendous secrecy with which 
Detroit's automakers treat their new designs. We would not see a pet
rochemical manufacturer photographing a competator·s outdoor chemical 
facilaties from the air, so that its chemical engineers could infer the pro
duction process from the configuration ofthe facility and thus estímate the 
competitor's costs. We would not see frogmen from one oil company 
checking on the otfshore drilling rigs of another. 

lnlleed, sorne feelthat much can be gainell by analyzing a competitive 
sltuauon. particular! y a bargaining one, in terms of exchange of informa
tion. \Vhat would you like to know about your competitor? What would 
you like your competitor to beli~ve about you? 

There is a host of things about. which you might ha ve relatively abun
dan! or limited information. For instance, ··ou may know spec;ifically who 
your competitor is. or you may not. lf you are building contractor submit
ting a bid to the city of Hartford for the con~tructton ofits proposed civic 
center, you may not know who your competitors are. In arder to make a 
decision about how much to bid, you may have to hypothesize about the 
typical comretitors facing you. 

More frequently you know who your competitors are. but there may 
still be substantial information gaps. You may not know what competitive· 
options your competitors are considering. much le~s which ones they will 
choose. Nor will you ha ve a clear understanding of their objectives. or of 
their views-sanguine or pessimistic-offuture conditions in the markets 
for which you are competing. You may not have information about the 
innermost workings of .your competitor's organization, such as ..--~rs or 
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:~·-.¡,,,,ce·,,_,_,~·;,~·-.·- '~'' ~~ .· :tid:ne indu$try CO$! tnt'orm.ltilm is publidy 
,,-p..,rleJ. :,'; ¡n,'.!r,,·-.· hit in ,-,,,:;¡ tn,'u:.tries it is r.ot.\ 

Sllnll'li!!lC:S th~rc- 1:> uncen.u!ll~ ;.tb0ut thc \'tilue of th\! item for which 
~,,u .-.re! comp..:tmg !n .:umpeting for oil nghts leases. for e~ampk. bid
Je¡~ u~ually do n,11 know for cenain the valuc of the reserves on the 
rr•'PI!I t}. To nuk..: m.1tte1 s worse. sorne competitors may ha ve a better 
iJI.'.I th~•n oth..:rs ahüut the value of the ítem. For instance. the seller ofa 
~·,,mp.m~ oft,·n has imp0rtant information una\ ail.1ble to the buyer. 

Sometime~. unl'llrtun._¡tely. you fail to h:we complete information about 
~,,ur~df and your organization. \\'ha! are your object1ves? Do you have 
thl! re:.L1urces necess:uy for the competitive battle that might ensue if a 
p.trticubr course of action is chosen? Apparently GE and RC.-\ did not 
"hcn thl.'y annuunced plans to become greater factors in the computer 
,nJ<l~try anJ then "ithJrew.~ 

FrLlnl the discus:-.ion and examples cited abo\·e. it is evidcnt that deci
,¡llO m a ki ng in l:lll11pl.'t 11 Í\ e situations is a tricky, delicate. ditlic ult busi
n.:,s.. In the following. :.ections some formal structure is presented to assist 
m ;m._¡lyz¡ng CLlmpetiti\·e situations. 

TWO-PERSON ZERO-SUM GAMES 

To introduce some of the key elements in the analysis of competitive 
,jtuation:. and to put these elements as stark.ly as possible. we have cho
'en the simpkst of competitive situations. This is the fii'O-pcrson :ero-sum 
::cunt•. s.o nam..:J because two parties compete for thc same resource: 
'~ hJt one g<~ins. tht' other loses. 

\lthough this l..ind of situJ.tion is somewhJ.t rare. many of the basic 
,,n.,l} tic ideas caiTY O\-l!r to the more realistic nonzero-sum context~ Fur
thl.'ln\l)~e. many people treat competiti\·e situations that are not zero-sum 
·•' thouf:h thq were. lt pays to know a littk nbout the zero-sum setting to 
un•'':'r:.tand ~' hat is \\ rong with their thinking. -

\\'e will LbC as e:\ampks psc:udo-administrative problems in contexts 
'' 11h which you are familiar and \\ ill place you directly in the position of 
th~ Jecision maker. \Ve use the word "pseudo" advisedly. because we 
h.t\1.' had to distort real administrative facts somewhat in arder to achieve 
,¡mple. zero-sum settings. F1rst. \\:e look at a situation in which two 
~··•mpetitors vie for market share through television advertising. \Ve 
.• n.alyze this situation only in part and then dig1·ess to consider three sim
rkr 'iluations which illustrate various solution techniques. We will com
rkt\.' the analysis of the marketing e:\ampk after discussing these three 
•IIU,tlÍOOS. 

\\,lli .. m Fruh..1n. "P)rrhic: \'.ctones for ~larket Share:·· Hunard Businl.'ss Rt'l'it'l\', 
'-rt.:mt-<r-Cktub<r. 197~. 

492 Ovan!llaflve merhods 1n management. Texl and cases 

A mar._ __ ,ng example: General Edison versus Westvania 

General Edison. the brgcst manufacturer of electric lie.ht bulbs for 
home use. has as its sote competitor the Westvania Corporation. Consum
er~ purchase their slightly differentiated products infrequently, :1nd both 
br;tnds are available widely. About three quaners of the purchases' are 
m,tde by consumers who :lre extremely laya! to one brand or the other; the 
other customers are not at all brand loyal. The brand these consumers 
sekct is e:\clusively inftuenced by the advenising to which they ha\·e been 
expo~ed just prior to e:~ch purchase. 

The I\VO companies vie for these uncommitted customers (whom we 
, cal! rile market) solely t hroug h television spo~ commercial s. Wlt h advertis

ing commitments made monthly. The Federal Trade Commission Wj:ltches 
competition carefully and sees to it that the n~tworks keep the advertising 
plans of the competitors confidential. lt is a long-standing industry tradi
tion that GE buys three spots a day on each network and Westvania 
purchases.two a day. 

The television advertising day is divided into three segments
morning, afternoon, and evening. Twenty percent of the bulbs are pur
chased on the basis of viewing morning advertising, 30 percent on the 
basis of afternoon viewing. and 50 percent on the basis of evening view
ing. Whichever firm buys the most spots during a segment captures the 
cntire market resulting from that period. lf GE and Westvania buy the 
same number of spots during any o~e period, each gets half the purchas
ing audience; this is the case even if neither buys spots. Since use ofbulbs 
is unaffected by advertising, neither company's advertising affects the 
size of the market-only market share is related to advertising efforts. 

Suppose that you are the advertising director of General Edison and 
~ you must decide on its advertising plan for the coming month. Given the 
i situation and industry traditions, you are in a zero-sum situation. Your 

interests are strictly opposed to Westvania's: what you gain in market 
share Westvania loses, and vice versa. What will youradvertising schedule 
be? And how much of the coming month's market will you expect to 
capture as a result? ·-- • .. · · 

Let us speculate on how you might think about thesc questions. You 
might consider putting all your advertí sing in the evening. That way yo u 
are assured of at least half the market-how much more you get depends 
on when Westvania uses its two spots. lf, for example, Westvania uses .. · 
one in the morning and one in the afternoon, you will get exactly 50 
percent of the market. since you ha ve the majority of evening spots and 
they have the majority of morning and afternoon spots. Or, if you are 
lucky, Westvania will put both of its spats in the afternoon. In this case 
you could get all of the evenirig plus half of the morning, for a total of 60 
percent of the market.- --

Your thoughts about using all your-·spots in the evening might tempt 
you to conclude that Westvania would never use its two spots in the 
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~·'.,::--·~:,: '·' \Otr mi:;;,r d~cide Ir) !"lit 111,.., in •he e\Cnrn~ :tnd 0n:: in thc
mornlng. Tn.1t 11a~. 1f \\'est\'3nl3 puts its 1\\'0 :;pots in th~ afternoon, }·ou 
\1 ill \1m both thc: morning and evening purchasers. for a total of70 percent 
of the m,,rket. Ho\\'e1er. if \\'est\'ania splits its spots bc:tween morning 
ó.lnd ;,itcrnüon. you will get 60 percent of the market. Fi!:!uring thó.l~ 
\\'e~l\óJni,, might do this. you then think of pulling two spots ¡';, the~after
O('L'n and one in the e\ening: that W3Y you get 80 percent ofthe market. 
But if \\'t:•tl:,nia kne11 you were thinking seriously ofdoing that. it might 
go 11 ith 111 o in !he e\'ening-to get 60 percent of the market. leaving you 
W1th a mere -10 percent. On the other hand. \ ou could counter their move 
h~· going back to your original idea-thre~ spots in the evening-and 
thereby c:~ptu1e a whopping 75 percent of the market. And so it I:!Oes. 

.-\ P.tl!ern emerges. How well you do \\ ith your advenising s~hedule 
JepenJs on what yQur opponent does. You must, therefore~ take into 
:J..:..:ount P''~~ible compctiti\'e moves in deciding on your strategy. And · 
} our comretJtor wdl take your mo\'eS into account. There is a possibility 
for :tn cndkss choir of .. I think that they think that It.hink that they th1nk 
..... Your destinies are innorably intenwined. How can we make pro-
gre~" tn :Jnalyz,ng tht'> problem? . 

Toward resolving the dilemma 

. There are three major stcps'in analyzing a game: ·( 1) unders:anding the 
L)pl!L11l~ Ópen 10 ~ Oll ;tnJ your opronent. (2) underst;~nding the well-belng 
or ) ou anJ your opponcnt tn e1·ery combination of strategies, and (3) 

an.d~ zin~ and choos1ng a ~trategy. 
The fir~t thing you nccJ ro do ts gel a clear picture of the choices open 

to) nu anJ to your opponent. ltturns out that there are ten Jistinct opt;ons 
oren to) ''u anJ si\ oren ro your opponent in this e.\ample. Your opti-ons 

":11~ f11r !11·o evening spoh and one afternoon spot, two evening spots and 
onc morntng srot. and so forth. Since there are 16 options for you and 
your .... 'PJ1l'l1~nt. ~ ou need a ~hotthand to list them succinctly: Let E stand 
for an e\ ~·ntng spot. .-\ for aft~rnoon. ami ;\l for morning. Now if you want 
to rerre~c.:nt two e\ening spots anJ one afternoon spot. you can simply 
11 rite EE.-\. Using this ~horthand. your options and your opponent's can 
be li~teJ. a'> in Table 11-1. Each option is calle<.! a stmtegy. 

Table 11-1 
List of slratesies open to you and 
your opponent 

G,•"•·w/ E.J,,,"·s 
'ilrar,·~tes 

EEE EMM 
HA AA.-\ 
EDI A\M 
E-\-\ Ai\1\1 
E.-\\1 \1\1\1 

\\(•¡/IC/IIia's 
slrale¡,:i.-s 

EE 
EA 
E\1 
.-\ \ 
A\1 
\1\1 

i 
i 
! . 
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In any compelitive ~tlll:rtton. you need to be a\1:-tre ofall the strategies 
~'rc.:n 10 your opponent. or your opp<..11lc.:nt couiJ pOS"itbly slip one ras! ~ou. 
Ynu need to ;.~ho under..;tand your option~ or y0u might miss out on a gl'OJ 
one. simply beca use you did not consider it. t Later on we will sce that we 
re:dly ha ve not lt~ted all the options oren to you anJ your oppl'nent in this 
p.lrllCUiar situatton. and failure 10 consider the omittcd strategies can 
rcsult in leaving money on the table.) 

The second thing you need todo i.;; to considcr how well off you and 
your opponent would be for .tny comhination uf your respectil'e strate
gte~. For example, EEE again~t AA yield .H) percent market -;hare to your 
opponent and 60 percent to you. There are lots of ways to indicate how 
11ell offeach ofyou would be-tables. graphs. formula<;. and words can all 
be used. The best way depends upon the pó.lrticular competitive situation. 
In this case a tabie seems most useful. Across the top you can Iist your 
competitor's strategies, and along the side you can list ·yours. At each 
intersection you can list your market share and your competitor's, that is, 
the two payoffs. 

Actually you do not have to list both your own and your competitor's 
payofl's. since this is a zero-sum game. If you list yours. then your compe
titor's· payotfs \\ ill be known.automatically-if your~ is 60 percent, then 
theirs must be 40 percent. Such atable. called apoyo_ffrah/e, is presented 
for )Our problemas Table 11-2. For instance, the entrv in row EEE and 
column EM says General Edison gets 65 percent of the marke1 (and 
\Vestvanta gets 35 percent) tf General Edison follows strategy EEE and 
Westvania chooses E.M. 

Tabte 11-2 
Market share captured by General Edison 

Wesn ama 's slralegies 
EE EA EA! AA AM MM 

EEE 75 60 65 60 50 65 

EEA 65 75 80 60. 65 80 
1 

--EEM 60· 70 75 70 60 65 

EAA 40 65 55 75 j:¡O so 

EAM 50 60 65 70 75 80 
Genl'Tal Edison's slralegies 

EMM 35 45 60 70 70 75 

AAA 40 40 30 65 55 55 

AAM 50 50 40 60 65 55 

AMM 50 35 50 45 60 65 

M.\fM 35 :!O 35 45 ,, 
60 

:·- ~ -,- --~ -----------.--
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Now 1hat }'OU have a reasonably succ¡nct statemenl of your prob!em. 
vou can he!:!m to analvze it in orJcr to choose a strategy. Before Joing so. 
~\e\\ di COn-;,iJer a se"f.¡e's Ot thre'e SÍ!i"lpkr Cümpetitive SilUJtÍOnS that illus
lf::lh! anJiytical approaches. then return to use them on th1s prob!cm. 

Situation 1: Board of directors meeting, Jimenez versus Smith 

The Giant Corporation will soon have a vacancy on 1ts board of di
rectors. and the current 12 directors will meet early next month to choose 
the cumpany's candid:He for the position. Pedro Jimenez and Hamilton 
Smith are the only t\\O being considered. \Vhoever wins the greater 
number of votes C:lptures the nomination. and such a nomination is usu
ally l..tntJm0unt to election . .-\t ;1 subsequent meeting. the board will m:-~ke 
a tina! Je_;,-;ion about wliether Giant \\ ill follow a slow. moderate. or rap1d 
fh-e-year gf\1\\ t h plan. 

Jt-is thuu!.!ht th;H a nominee's position on which growth plan Giant 
should follo\~ will be the bi!:!gest f:Jctor 1n determining the number ofvotes 
recc:ived. since the two ~!~e about equally qualified for the position. · 
Jimena. howe,er. has a slight edge O\er Sm1th since he is a ('.le\ican
Americ::tn, and the board is eager to h<l\ e ::tn addit1onal minority-group 
member. 

You are Jimenez. After informal conversations with individual di
rectors. you put together Table 11....:3. which shows the number of votes 
} ou e.\pect to receive if }Ou and Smith take the positions shown. You :~re 

the Row pla)er. lf. for e.\J ... ; le. you favor moderate growth, R ,¡, and the 
Column player. Smith. favors rapid growth. CR. then you expect to re
ceive eight 'otes. Smith. of course, wins the remaining four votes. sincc 
this is a zero-sum situ:Jtion. 

Table 11-3 
Number ol votes won by Jimenez• 

eo/umn's tSmirll's¡ clwices 
e, el/ eR 

7 9 10 
Ro11··s 

rl1mtnt~'s¡ R l/ 5 7 8 
drviCt'S 

.: 5 7 

You have no a priori reasons to favor one growth plan over another. 
Your only concerl'l is to "in the nomination. \\'hich plan should you favor?. 

Ana/ysis by dominance.. Observe that you win the most votes if you 
favor the slow-!!ro,q'h plan. R _,-regardless of Column's choice. Stratcgy 
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R. ,.; -;;ud to he your domina/11 slr<ttcgy. Your cho1..:e is ea~} .. Jll wou!J be 
¡",,,,J¡,h In chOl1'iC a str:11eg) o!hcr than R ,. 

\\·llat \',:ill Cs!umn lfo.'? For Smith. !he Slf~i!Cgieo; e 11 anJ C¡, :tre hoth 
J,,min:tted by C, \Remember-he hkcs the ~malkr entri¡:~.l lf Smilh·s 
l1nlv concern is to m:nim1ze his own votes. and. if he perce1vc~ thc silua
tioi~ a.., yuu Jo in Table 11-3. he will be acling in his he~t intere"l if he al~o 
choo-;es to fa,·or !he ~low-growth 'plan. Thus. tf each playcr chooses h1s 
Jominant stra!egy. !he final outcome is seven votes for you anJ fi,e for 
S mi! h. 

In 1his brief analysis \\e have assumed that each playera~ his sole 
obieclive wi-;hes to m:nimize the number of \Otes recei,cd. In other 
\\l~rds. we ha' e a~~umed that both Row and Column are so-calleJ mlional 
player~-lhal each will endeav·or 10 choose a strategy that \\'di _m:J\imize. 
h1:> own ends. 

\Ve also have assumed that each player perceived the situation in the 
s..1me way. Th.at is. we. assumed Row and Column both constructed the 
same payotf t:Jble. Of course. there are situations in which this fundamen
tal assumption does not hold. For example, if Smith is already a m~~ber 
of severa! other boards ami feels he is too busy to hold an addit!Onal 
directorship. he may decide to help Jimenez win by as large a vote as 
possible. In such a situation. Jimenez and Smith do not have the same 
payofr. tables. J1menez will use Table 11-3. but ~~1it)l will _co~struct a 
payoff table whose entries reftect a different uullty of wmnmg each 
numbo!r of votes. In other words, the entries in Smith's table must be 
wei!:!hted to show that he prefers to• win as few votes. as possible. 

1~ our analysis of zero-sum games we will .always make these two 
fundamental assumptioñs: (1) perfect rationality-each player is rational, 
seeking only to maximize his own gain. and (2) perfect inf~rma.ti9n-both 
players have the same payoff table, and they both know 1t. . 

Analysis •by iterated dominance. As the date ~f the ~ee~mg ap
proaches, the business outlook for the next few years 1s grow.mg mcreas
ingly rosy due to unexpeded events at home and abroad, and you, as 
Jimenez feel that fewer of the directors will favor. slow growth over the 
next fiv~ years. According1y, you decide t-.. ~)1ang~ )'our pay?~ iable to 
that shown in Table 11-4. 

Table 11-4 
Revised number ol votes won by Jimenez 

eo/J,~n's c/ro¡ces 

e, e\1 eH 

R., 9 5 7 : 

Ro••·'s choices 8 7 8 

10 6 S 
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· This time you as Row do not hü.ve a clearly dominant stra!egy. Neither 
does Column. but Column has a strall:gy he does not wantto choo~e. his 
dominated .,trategy. C ,. Since every vote not cast for Row is cast for 
Column, Column ah,ays does bel!er by choosing eitherC 11 orCH. depend
ing on whtch ~trategy Row chose. 

A.;suming Column is a rational player. it follows that he will not choose 
C,, so the fir,t column can be eliminated from Tabk 11-i. The red11ced 
game i., ~hO\\n in Tabk 11-5. In this reduced game you will dq best to 
follow your dominan! strategy. R,1• since }OU alwa)s do best by favoring 
moder;:¡te grO\\ t h. 

Table 11-5 
Reduced payolf table 

Co/umn's choices 

c., c. 
5 7 

Rv" ·s choices R 11 7 8 

6 5 

Now. \\hat do you think Column's position will be? \Vell, if he refers 
,~------· .!0.J:::.ble·1 1:-5 he wdl obser\e that he does not ha\·e a dominan! strategy. 
1 Ho\\ever, tf he noti.:es that you do h .. i\e one. R,1, and if he assumes 

you \\di follow 11. !hen es~et'"-dly Column is confronte<.! with the reduced 
game shown in Table 1 1-6. 

Table 11-6 
Payolf table reduced again 

Co!ttmn"s choict's 

c., c. 
7 8 

':' ow. of course. Col u m n \\ i ns more \o tes .if he fa\ ors m oJera te growt h 
O\cr r .. 1pid grO\\lh. Hu\\c\er. :;ou \\tn th..: nomin:.~tion stnce. in the re
du.::eJ ¡;Jme ::.hO\\n in· T:.~ble 11-6. )Ou C:!pture a m::¡jority of the votes 
ref:..!rdks::. of Column·s .::hoice. 

ReJu.:-tton of ;¡ g;tme by J0minJnce is 3 useful tirst step in analyzing a 
pme. Somet1me::. tne reJu.::eJ game c:tn be redu.::eJ ag~tin. as in tht-. 
~itu.;tion, S,)mettmes the ::.e.::onJ redu·cttllrl c:1n be reJuad still funher. 
anJ so fc)rt\-¡ ThtS is CJllc:J unul_l.lt\ h.\ tteru;cd ¡/,Jnlinunu'. In sorne .::.1-;e-;. 

tb .1rpli..: . .riün Je:,J, te' thc .:-hl'tl'c of a best ~tr..tteg~ ior e¡_¡ch pla;er. But 
lhu:.Jii~ ~u·.~ tr..: nut so lud..~. ,tS tllustrateJ t-: the nnt n...tmple. 
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Situatien 2: Selection of an adv~rtising package, 
General Truck versus National Motors 

-
General Truck and National Motors comprise a duopoly in the sale of 

repLtccment parts for diese! engines. B~cau~e ofa persisten! ~lug.gi~hness 
111 t he U. S. econom y du ring. the rast few years. re placement par! sales 
ha\ e remained fairly constan!. \Vhile neither General Truck nor National 
\10tors has ever caplured more th:.Jn 65 percent of total _industry sales. 
year-to-year Auctuatiom. in market share have often been drama.tic. 

Replacement part sale~ have shown little ~ensitivity to eit~·.rrice 
increases or technological innovation. The diese! engine manufacrurers· 
::.upply t.heir customers with a complete maintenance schedule spec:-ify.ing 
how often each part should be répi::Jced. ·Morcover. union contracts and · 
ICC regulations require that párts be replaced according to the ma;nte
nance schedule. -Therefore. replacement part ·sales are a forccd -ralher 
than a discretionary purchase. 

o,·er the las! ten years technological innovation has usually repre
sented only minor changes in dcsign or materials. These changes tia,:e not 
been the focus of any attempt 10 create product differentiation. 

The principal vehicle for selling replacement parts for diese! engines is 
ad\ertising_ Both General Truck and National l\totors ad\ertise exten
SI\·ely in Mvdem Diesel Design. the largest publication devoted entirely to 
reporting trends and developments in diese! engines and diese! parts. 
E' ery November the editors of .\fodern Diesel Design meet \\ ith the mar
keting directors of General Truck and National ~1otors to agree on an 
:.JdYertistng package for the ne\t issue. Because of spacing requirements 

· ( neither General Truck nor Nattonal ~1otors wants their adYertisements to 
appear withtn se\en pages of their competitor·s advenisements) ·and 
:\!c•clem Diesel De.1i~n's poltcy of ltmit1n~ ad\ertising copy.to ~5 pages, the 
edttors usually submitthree different package proposals to each company. 
Each package specifies the size. po~ition. and page of the various adver
tisements in the issue. 

8oth General Truck and National ~1otor:_ :-!"'<'Y choose any one of the 
three packages \\ htch the edttors oi.\!odern Dw~el Dcsig1í ha ve proposed. 
\\'hile one package m;_¡ y offer the advantage of more advertising space at 
the very begtnning or end of the tssue. another package may propase 
sn eral posJttons e lose toan edttorial dtscusstng the diese! pans replace
ment market. 

Each flrm is aware of the three packages which the editors of.\fodcrn 
Dtewl Design ha\ e proposed to :ts competitor. Suppose that y0u are the 
m;_¡rketing director of General Truck. You h<Íve just re' ie\\ed your three 
p:tc\-..ages and the three p~tC\.;ages \\ htch the edttoís h.:.t\ e offered ':'.HtOn2.l 
\1otors. Which package \\Ould )·ou choose? 

Sn·eral f;:¡cto.rs \\ ill inRuence your choice. First of al!. it \\ tll d;;-pend 
u pon ~ our apprats:Jl or' the attracti\eness ·of each pac\-...1ge .\f,,. 1 

-,¡ Dtoe!. 
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{)e_~-;_,•r. has C'ñt' you s,. opJ yo_¡r choice\\ :1 .:;:¡:-.end upon your per
Cef:'!:v~· ~r h~~, .. \\el! eac' ¡, d . .~~-c- v.ill f:i1e ,n l:g.:·,; of the th~~ ... ~·~· .. .:>r.s 
ope11 to ~~~t!onJI ;..1~1:0&~. Final!) your cho:.:e \\ill dcp.:.1J upJn ]Our 
~')llnl.IIÍvn c•t \\ l•:.:h p.tO.:kJge ~ation ... d Motors will choo-,e. 

The chv1ces open to each tirm and the market share gain or loss which 
you. as the marketing director of General Truck. ha ve assigned to each 
p.1ir of choices ~He shv\\n in Table 11-7. For example, if General Truck 
choo'e' pad,age G 1 and N:nion:1l ~totors chooses package N 3 , then Gen
er JI Trud ... will g.Jin X percent ofthe toral replacement market and National 
~1oturs \\ ill lo-;e ~ percent of the market. As we noted earlier, replace
mc:nt part sales h:we remained relatively constan! during the past few 
year.,. Thus any gain in sales for either company must come at the ex
P<=n~e of its competitor. In other words. we ha ve the basis of a zero-sum 
g.tme-what General Truck gains (loses), National Motors willlose (gain). 

Table 11-7 
PayoH to General Truck 

Nationa/ .\folors' choices 

N, N: 

-1 -~ 8 

G~naal Tmcl.. 's choice s G, o 3 6 

G, -3 5 -7 

As you- survey this matrix. or payoff table, you must consider two 
_ feature~ of the game while choosing a strategy. First, you must assume 

tha·t the cornpet1tion is rational; that is, no matter which package General· 
Tr'uck chooses. National ~lotors will behave in a manner which will 
ma\.imize their gain and minimize their risk of loss of market share. This 
idea of r..¡t¡onal behav1or al so points up another importan! feature of zero
sum games. Since th1s is a zero-sum game, whatever General Truck gains 
Nation;,d \lotors m11st lose. There is n~ room for bargaining in any zero
sum g..,r-~e, since nl!ither pbyer has anything to offer his opponent. (\Ve 
eiimin;,¡:._ m-tgn 1nimous gestures of generosity as irrational.) 

Sur-. e~ Íl11! thc r-!:-vtf table. yo• .. tir.;;t e\..lmine the matrix !O determine if 
dominan! strate~ies ~\ist for either Gt:neral Trc:ck or National Motors. 
Since you do no( find an) dominan! StQtegie.:;. the worst possible out
comes '' t>i(h can result for each of General Trucl(s three choices are 
listed. 1 n tht.! payvlf table these .1re the minimum values in each row-the 
St'curiry In t'l for each ~trategy. Of these three mínimum values. you prefer 
the value O lthe minmlllm of GJ. which j..¡ greater than -4 (the mínimum 
¡.}f G¡) or -7 (the min1mum of G :l. This val_ue O. is the ma:>..imum of tht.: 
mínimum values. or the mcr.ri111i11 I'CI!ut'. in Table ll-8 we have recon
-;tructeJ the original pa~otl' table anJ ha,·e listed the three security kvc:b 
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T¡¡ble 11-8 
General Truck's security levets 

G, 

Gt·llcrul Trucl.. 's clwic~s 

G. 

National Motor~' .-Jwic~l 
N, _,,:, N. 

-1 -4 8 

o 3 6 

-3 . 5 -7 

e;,.,,.,.,, Trud. '1 

stcurity le• ~ls 

-4 . 

-7 

for General Truck in the margin. We have abo placed an asterisk next to 
the maximin value. 

You know that if strategy G~ is chosen, then the worst outcome that can 
occur is neither a gain nora loss in market share. Although strategy G. 
mil!ht result in the largest gain in market share (8 percent), strategy G. 
mi>!ht lead toa loss of -t percent. 

To determine the outcome ofthe gáme. you must look at the game from 
the point of view of the competition at National Motors. The marketing 
director of National Motors will follow a pl::tn of attack similar to the one 
vou followed for Gener::d Truck. Since Nauonal Motors has no dominant 
~trategies, the worst possible outcomes that can occur for each strategy 
are listed. However, instead of finding the mínimum values for each row, 
the marketing director of'National Motors willlist the maximum value of 
each column. Remembering that the payofrs in the table represen! the 
market share gain (or loss) to General Truck, the marketing director of 
National Motors must find the maximum value of each column. These 
maximum values are the maximum Joss which could occur from each 
stratel!y. Table ll-9 shows that strategy N. could result in a maximum 
loss ;f O, strategy N 2 in a maximum loss of 5, and strategy N3 in a 
maximum loss of 8. 

Of these three max.imum values (security levels of National Motors), 
the marketing director of National Moti: .; ;:nefers the vaiue O (the 
maximum of N 1). which is Jess than 5 (the maximum of N2) or 8 (the 
max.imum of N 3). This value, O, is the mínimum ofthe maximum values, 
or simply, the minimax ''alue. (We have indicated with an asterisk the 
minimax value in Table 11-9.) 

lf you, as the marketing director of General Truck, play the maximin 
strategy (G~), and thc marketing director of National Motors plays the 
minimax strategy (N¡), neither player will gain nor lose any market 
share-the market share positions will remain the same. 

This game illustrates a special case of two-person zero-sum games 
whcre the optimal strategy for each player is to selecta single option: the 
single option is c::t!!ed apure srrategy. Row chooses Row·s maximin strat
egy and Column chooses Column's minimax strategy. 1t turns out that the 



Tabie 11-9 
Nat1onal Motcrs' sec:urit)' Jevels 

.\'utiunul .\lotors' dJ<JÍ<'<'i 

N, N, N, 

Gtttt'rul Tflldis 
chutal 

,\'utll•ttc.~i .\f,•t••n' 
uc¡,nl)· k• ds 

G, -1 

o 

-3 

o• 

• Sat..x\41 !oloton· m•nima\ •alu~. 

-.$ 8 

3 6 

S -7 

S 8 

Gt'neral Tmc/.. 's 
H'CU ri Ty f ('\'t.>/ 5 • 

o 

-7 

ma.\imin .. ·alue equal~ the mm1max value; this is often called a sadd/e 
puint. In addition. ne.ither player ha~ an)' incentive 10 alter its strategy as 
lonc as the other pbyer choo~es its maximin or minimax strategy. For 
exa'"mph:. ifGeneral Truck plays a maximin strategy, National Motors can 
only lose by playing a nonminimax strategy: N~ would lead toa lo::.s of 3 
percent of the market. and .V 3 would lead to a .l~ss of 6 percent of the 
market. Simibrl~·. if National ~1otors plays a mm1max strategy, General 
Truck can l'nlr lose by playing a nonma\imin strategy: G, would lead to ~ 
los" of 1 p<!rcent of the market. and G3 would lead toa loss of 3 percent ot 
the m:1rket. · 

After each pb~er h.H r.hi''en the appropriate maximin or minimax 
strate.!n·. both h:t'e arrived ata stable outcome. Neither player can ~~in 
from unilaterally changing strategy: the players ha ve reached an eqlllltb
ri11111 puint. and the game is o,·er. This situation. unfortunately, does not 
always happ~n this simply, as we shall see in the following example. 

Situation 3: The fighter aircraft proposal, Excalibur 
Aviation versus Western Aircraft 

For the pa\t thrce d~c:~des Excalibur Aviation and Westem Aircraft 
have dominated the military defense 'market for bombers. fighters. and 
~·li~t..:k aircr..1ft. L'<~h nrm ha) worket.l closely with the Navy, Army, and 
,\i:· Force in resew:h .tnd Je,elopment prOJcCts geared to maintain U.S. 

air superiority. . . 
To ret.lu..:e the risk d depent.lence on any one company. the mllttary 

allocate-. its aircraft Jemand bet\\ een the two companies. 1t doe-.. how· 
ever. chüosc a primary supplier anda secondary supplier. ln the past. a 
comp:1n} 's selection as primary supplier has implieJ í:l 60 to 65 ?ercent 
sh;..¡re of the military's Jem:J.nd::., with the balance of the total requ1rt:ment 
accruin!! to the se..:onJ¡uy si1pplie-r: R~cently. the-military announced that 
it will n'~H be bounJ to any fheJ allotmentof aircraft bet\.,een the prim.1ry 
and ::.ccondary suppliers. 

502 Ouantirarive merhods m managemenr. Text and cases 

Ahhough Congress annu;tlly dcb:Jtes ;,nd approves the U.S. leve! of 
mliil;try defcn:-.c spcnJin!;. thc ctrccr~ oí detente have sub-;tantially lim!tcd 
the numher ohough not the capahllityl of ;urcraft of ht,th the UniteJ 
St:tlc:-. and thc So\'ÍCI Uni1)n. Sincc 1hc Kic,· :\greemcnts 'evaal years 
ago. the aircraft arsenal-; of both nati1m-; have remained constant. . 

Over the year<; the aircraft Jivi~ion of the Navy. Naval Air Systems 
cl)ffimand. has invited both Excalihur and \Ve!>tCrn to rropose the 
specifications of a fightcr ¡_¡ircraft surerior to the mo~t modcrn Sov1et 
design. Whlle the carahilitie-; ofthe Soviet \11G-:!g (the ,.,tnguard oftheir 
!>c:Ho·air defense system) are wcll documented. the Na\'y's request for 
proro~al has failed to define it~ basic mea-.ure of supcriority. 

The cfl'ectivene~s of ¡_¡ fighter aircraft is depéndent upon maximum 
speed and range, weapons load. and avionics gear. Howe\er. there are 
tr:~deoffs in the design of such aircraft. Because no single model can 
incorporate every advanced technological feature, and because no manu
facturer can judge the extent of these tradeo!Is until after the prototype 
stage, it is not unusual for a manufacturer to independently design two 

: di!Terent aircraft. 
In response to the Navy"s newest request for propasa!. Excalibur and 

~ Western have each developed two different aircr¡_¡ft. While neither com
i pany knows which aircr<tft its competitor will propase to the Navy, both 
1 

E:"\calibur and We~tern know the general characteristics of their compe-
;itor's designs. 

Suppose that you are the director of military sales for Excalibur Avia
: tion. Your company has ju!.t completed testing the new E-11 and E-12 
: fighters which were developed for the Navy. Which aircraft will you 
·propase to Naval Air Systems Command? 
! E\'en though you believe that Excalibur's fighters are superior to either 
· of \Vcstern's two new aircraft, your choice of the E-11 or the E-12 will 
: rest on three criteria: ( 1) the capabilities ofeach aircraft, (2) an estimation 
of the performance of each aircraft in comparison with Westem 's two 

, aircraft, and (3) an estimation of which aircraft Wesrern will propase. 
The choices open to each company (either the E-! 1 or E-:12 for Ex

calibur and either the W-7 or the W-17 fcrr \Vestern) and the gain in Naval 
. fighter aircraft market share which you have assigned to each pair of 
: choices are shown in Table 11-10. For example, if -Excalibur chooses 

Table 11-10 
Market share gain lor Excalibur Aviation 

Westrrn's choices 
W-7 W-/7 

E-11 9 2 
E.rca/ibur's choices 

E-12 3 7 
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!>IL.11•~¡;y E-1 ¡ :11 ·~o;tern chooses stra!egy W-17. Exc<Jiibur will gain a~ 
perccnt .;hare oi the fightcr m:.trkc::t. and Westcrn willlose a 2 percent share 
of thc markct. 

Smcc the number of mil!tary fighters has remained consü1n1 'since 
thc ¡.,:¡e\ .-\t!reements. any ~a1n no-;-;¡ 10 one company"s market share 
muo;t repre:ent an equal loss (gain) !O the othcr company. In other 
v.onh. we ha ve:: the b;t~is of a zero-sum game. 

o\s director of milit.uy sales for Excalibur. your first step in solving 
thi~ came 15 t1) e'aminc:: the payoff 1a.ble for dominant strategies. Ho\~
e\Cr: sin.:e no dominant strategies e-..ist. you then proceed to ident_ify 
the ,ecurity k\cls for each company"s str~tegies and t~e respect1ve 
ma,imin anJ 1111 nima.'< values. Table 11-11 hsls the secunty levels for 
both compa.nies anJ indicates Excalibur·s pure maximin value and 
Western·s pure minimax value. 

Table11-11 
Security levels for both companies 

\\"t'stern"s clr01cts 
W-7 W-/7 

E-11 9 

E.u<.~lthllr s clrvices 
E-1:! 3 7 

H'<'lt<'m"s s<'nmry lt"• els •. 9 7t 

• E \C3Iibur '"pun= m.n1m1n ',Ju~ 
t v.~~~~m' pure m1mm~' 'Jiu~ 

E.tca/ibur"s 
stcurity le•·e/s 

2 

3" 

If Excalibur pbys its pure m:1ximin slrategy, E-12. and Weslernplays 
its pure minima-.. strategy. W-17. Excalibur will gain 7 percent of !he 
ma.rket and ·Westem w1U lose 7 percent of the market. However. the pure 
ma\imin value is not equal 10 the pure minimax value. If Western knew 
for su re that Excalibur woulJ follow its pure maximin strategy. a rational 
dec 1sion would diclate tha!. Western abandon its pure minimax strategy. 
w !7. and follo,,· strategy \\'-7. In this\,ay Western could reduce its loss 
fr orn 7 percent of the market to only 3 percent of the market. Bul, on t~e 
other h;1nd. if E-.:c~libur knew lor sure that Weslern would not follow Hs 

pure min1max str~\legy, \\'-!7. but rather would foll~w strategy W-7, an 
equally rational decision wouiJ dictate that Excallbur follow strategy 
E-l l. \\llh a result1ng gain of market share from 3 to 9 percent. 

We c,1n e\lenJ this rype of analysis indefinitely for eilher company by 
adopting the train of re:1soning .. tf l knew that 1hey knew that 1 kn~w thal 
they knew ..... However. bcfore you rush to conclu~e that, as d1rec~or 
of military saks al Excalibur. you h~l':e no concrete rat1onale for cho~s1_ng 
cithcr ... tratc::gy. let us ree\.tmine ''hal we kno''_abou~ the characlensucs 
uf lhe g;..me. \\'e know that no Jominant s1rateg1es extst and that no pure 
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str;n, will yieiJ an equilibrium soluti,,n '' ilh ma\imin equ.tlto mínima) 
\\'..: h;tve abo defl)onstrateJ ¡h;,¡ either company can !:_!ain from knowmg 
which ~trategy its comre.li\Clr will foliow. Therefore. under no circum
:->tances wdl cithcr company have any incentive to reveal it-; strategy. 

The mixed strategy. Because no pure equilibrium strategy exists, 
any of lhc four payolrs i~ possible. ~h1reo,·cr. in the absence of an equilih
rium point. it mighl be reasonable for Excalibur to consider a different 
tyre of strategy in arder to keep its opponent from guessing what il plans 
ro Jo. For example. consider the following plan: You ftip a coin. lf heads 
appe.1r. E-1 i. is chosen: iftails. E-12. This stralegy'snpcctedpnyoffs can 
be incorporated into the payoff table shown in Table 11-12. N atice that by 
playing this mixeJ strateg.y-1, Excalibur has al least an expcctcd ~~-'Í percent 
larger market, a higher value than eilher pure slfategy. 

Table 11-12 
Payolf tabte with a mixed strategy 

E-11 

Etca/Jbur"s choices E-12 

M1-.:ed !Yz E-11, Yz E-12l 

\\'estem"s lt'Curiry /e¡·e/s 

• E~calibur's maximin value. 
t Western's mll\1max value. 

Wesrern's clwices 
W-7 W-17 

9 2 

3 7 

6 4~:2 

9 7t 

E.\-colibur's 
securiry let·e/s 

2 

3 

4Y.!" 

· There is nolhing sacred, of course, about a .SU! SU m1xed strategy. Your 
task is to find that combination of pure slrategies which will maximize 
Excalibur's long-run expected payoff. You musl also recognize that West
ern is searching for sorne combination of its pure strategies which will 
minimize its long-run loss of market share. It tums out thal the optimal 
strategy~ for Excahbur is to choose E-11 <.;.;,u E-12 in the ratio of 4 to 7, 
while the optimal strategy for Weslern is to play W-7 and W-17 in the 
ratio of 5 to 6. These strategies have equal expected payoffs to each 
company, as shown in·Table 11-13. In addition, they are characterized by 

'Recallthat apure strategy is one that dicta tes the selection of a smgie option. We can 
define a m1xeJ slrategy as one 1hat dtrecls the player 10 choose from 1wo or more opt1on~ 
;¡ccording 10 so me probabthstic rule whtch details with.,., h:ll probabthty e~ch op1ion 1S to be 
~lected. 

'For this simple 2 x 2 payoff table, there is an easy graphical method to compute 1h1s 
mi\. In general. for any two-person zero-sum game. mi,ed ~tr.ilegie' can N: determmed by 
formulating and solving an appropriate hnear progr:1m. lt 1S not nece~sary to acquaint )'Ou 
wlth the computational dé"1::¡;l~ of finding mixed str,Hegies. but "··e want w pDint out that there 
:..re silUations in which it is worthwh1le 10 consider mtxed s1r,llegies. 
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p¡ :·e" iabl.: w•<~· opt·mal mixed strategies 

1 

1 

1 

E-!1 

'Wc'Jiun'.r choiceJ 
.\li.ud 

W-7 \V-17 ttr W-7. fo W-17) 

9 :! 5.18 

Excoltbur'J 
ucurity lt'l't'IJ · 

E-1~ 

1

1 ¡_ ,, o~lrl>t.r'J ¡-/rc>ICtS 

.\hudtf. E-1 l. irE-11¡ 

¡1\, Jlc'r#I'J Jt'CIITII.\ /r'1 c'/J 

3 

5.18 

7 5.18 3 

5.18 5.1~ 

1 • E•.:•t.bur·, m.nomm >.lluc 
· \\ntnn'i m,I\JIT\.1\ \3lue. 

9 7 5.18t 

thc: ~.~me propert} found \\ ith pure strategies in the previous example: 
Ellher.company .,.,¡11 do worsc: if it unilaterally moves away from its opti
mal mt'\C:J strategy. Thus there is no incentive todo so. 

Although ~·ou now know the appropriate combination mi.x for each 
pla] c:r. yo u are: .stdl facc:d with the probkm of choosi ng one strategy or the 
?thc:r f?r E\cahbur. Remembering th<tl either company can gain hy know
mg whtch ~tratcgy its competitor will follow, you must guard against any 
tn.tern:1l or e:\ternal influences. prderences. or pressures which would give 
\\'estern any indication of your choice of aircraft. The only fail-safe 
method of m.tintaining the secrecy of your choice and of reflectino the 
aprropriate combinJtion of stratc:gie~ in your decision-making proc:s~ is 
to allow sorne r;.mdom cc:vice t'J make your decision for vou. For exam
ple. you ~ould pbce four red balls (corresponding to str;tegy E-11) and 
seven whtte balls (corresponding to strategy E-12) in an urn and draw one 
of lhe balls. The color of the ball will indicare which strategy you will 
foil~\~'· Al!hough i1 may seem irresponsible to relinquish control of your 
dectston 10 a random device. such a device is only a method of ens.urino. 
that your chL)ice is made purely and e:\clusively on the basis ofthe optimaÍ 
combinati~:m of ~lr;,¡tegies. 

Solution to the marketing example 

. Earlia in thi~ scction. we b~gan ro analyze a marketing.problem involv
mg l\\0 light bulb m;,tnufaclllrers. General Edison ami Westvania, in which 
you wc:re the ad,·ertising director for General Edison. Now that we have 
1!\~mined the concepts of iter:J.ti\e dominance. minimax, equilibrium 
pomls, anJ pure and mixeJ strategies, we are equipped to finish the 
analysis. · ·· 

The P.l}'vff tahk for this problem. Table 11-2. shows that sorne strate
gie~ are: clc:arly bad and can be rejc:cted immeJiately. Considering Tahle 
11-~.' General EJison \\vuld never want to play strategy AAA. si;ce it is 
Jomtnato:d by EE~I: GE -~oes belier to play EE~I instead of AAA. 
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r~gardles:; of what \\'cslvania doe'\. EE~I domin;tlc!'\ A~l~l and MMM as 
\\cll as AAA: ;.~nd EAI\1 domin:ttes :\At\1. Thus GE's la,;t fi\'e slrah:gies 
can be etr~cli\ely delcled. Once th1s is done. M\1 c;;n be d~kled for 
\\'est\'ania. Using iterated dominance. lhe lahle ha~ heen reducl.!d 10 one 
tn which each playcr has five slralegic:s. as shown in Table 11-1-l .. 

Table 11-14 
The reduced marketing game 

Wesnania's .\tralt'gin 

EE EA E\f AA A\1 

EEE 75 60 65 60 50 

EEA 65 75 RO 60 65 

Gt>nual Edison's strart>git's EEM 60 70 75 70 60 

EAA 40 65 SS 75 80 

EA.\f 50 60 65 70 75 

Next you would analyze the reduced lable by finding security levels, as 
indicated in Table 11-15. You, as advertising director for GE. can expect 
alleast a 60 percent market share tf you follow EEA or EEM: Weslvania 
can expect at least 25 percenl (that is, no more than 75 percent for GE) ifit 
adopts EE. EA, or AA. 

lf you adopta pure strategy and Westvania figures it out, then the best 
you can expect todo is to win 60 percent of the market. By appropriately 
choosing sometimes one strategy, sometir_·"'" another, however, you can 
expect 10 do better than this. The same is true for \Vestvania. The Jargest 
share it can expecl to win for any choice of pure strategy is :!5 percent, but 
by following a mixed strategy, it can gain an expected share greater than 
25 percent. 

Since no optimal pure strategy exists, each company can e.xpect on 
average todo better than its security leve! if it follows a suitable mixed 
slralegy. There is an equilibrium ou1come (in between lhe 60/40 and 75/25' 
split) which• is found by adopting appropriate mixed strategies. lf you 
were 10 do the calculations necessary to determine the optimal mixed 
strategy, you would íind that GE should follow each of the strategies 
EEE. EEA, and EAM one third of the time. an.d West\'ania shciuld adopt 
EE 6 out of 15 times. AA 5 out of 15, and AM. 4 out of 15. Then the 

- ·~ '. ~ -' 
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Ttklle 11-1!1 
The reduced rnarkeling gam<> "i1l1 secu1ty levels 

Wr!sfl·am<J·s strurrtgirts 

EEE 

EEA 

EDl 

EAA 

EAM 

Column 
ma\1ma 

EE 

75 

65 

60 

~ 

50 

75* 

EA Bt 

60 65 

75 80 

70 75 

65 55 

60 65 

75* 80 

• Purc \lr~lcgoe> ha \In!! p.holi'e "'eo,¡h!S on opumal m"ed >lr.Hegoe\ 

AA 

60 

60 

70 

75 

70 

75• 
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Ro"· 
AM mi111mu 

50 50 

65 60• 

60 60* 

80 

75 50 

80 

e \pe~teJ pa) otT at G E will b~ 63V.3 percc:nt of the market: Westvania 's 
payoff will be 3~1 percent. 

Not.ice.th::lt oúr analysis of this and the previous example has assumed 
that both opponents are rational. We have said nothing about how to 
exploit irr:.Hion:.1l play un the pan of one's opponent. lt is, however. true 
that.if you .follow your optimal strategy, then having an irrational oppo
nent (i.e .. one \\ ho does not play his .. best"' strategy) w¡ll only increase 
your ewected ,p~yoff over what it would have been with a rational 
opponent. 

Summary 

In this scction· \\c.h:\\e t::~ken a look at how to analyze a competitive 
situ~úion. using the v. ell-1-.nv\'< n t wo-person zero-sum game as a setting. In 
the proce"s we ha' e introduceJ the importJ.nt cuncepts of pure strategy. 
payotTt.ü>k. Jumin.1nce. securit~ !e,el. equilibnum. and mixed strategy. 
In spite of the fact ·th:1t few administrative settings are ze1·o-sum situa
tiODS. the~e CL'n..:¿pts :,erve \\ell in more realistic nonzero-sum situalian). 

In :\JJilion., \,e.'ha'e begun 10 suggest a proceJure for analyzing com
petiti,_e situ:Jtion~. Ji con-;ists of these st!!ps: 

l.' UnJ.:r~tanJ lhe stral.:gie-; open to you anJ your opponent. 
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Uriderstand how well off each of you will be for all combin• s. of 
str;negies by J¡~plc~ying thi..; 1nformation in a useful way. 

3. Analyze 1hc ú1splay to arri' e al a preferred course of act.ion. taking 
11110 :1.:counl ~our opponcnt':> likely strategy. 

The particular ways of handling the bst step in this procedure are quite 
mechaf!icai in the case of zero-sum games. In the next scction we will 
show that the analysis of nonzero-sum situations is not so easy. 

NONZERO-SUM GAMES 

In the preceding section we discussed situations in which persons or 
organizations were entirely at cross-purposes. In most competitive situ.a
tions, however, there are elements of mutual interest as well as cross
purpose. The potl.!ntial value of entering into prechoice communication 
and making binJing agreements is. a majar di!Terence between zero-sum 
~nd nonzero-sum situations. \\'hile this section wlll primarily consider 
noncooperative situations. in which the competitors may not communi
c:11e befare making their moves. it will also consider cooperative situa
llons in which the opponents are allowed to make joint decisions and the 
impact of communication. Threatening. promising, bluffing. bargaining, 
colluding, and preempting al! may play a role, depending on the exact 
nature of the situation. 

\Ve will introduce these concepts in the context of five prototypical 
competitive situalions. Two predominan! ones are known as the Pris
oner's Ddemma and the Battle of the Sexes. The others can be called 
no-conftict situations, threat-vulnerable situations. and force-vulnerable· 
situations. 

Games with little or no conflict 

In nonz.ero-sum games, the payoff tables contain two entries in each 
cell: thc first is the payoffto the Row player and the second is the payolfto 
the Column player. Game A shown in Table 1-1-16 is rather easy to ,_ 

Table 11-16 
Matrix games with Pareto-optimal dutcomes 

Co/umn · 
e, e2 

R, 12. 8 7. 5 

Row Row 

Rz 10. 2 4,0 

Game A 

eo/umn 
e, ez 

·-
R, 12, 8 13, 5 

R, 10,9 4.0 

Game 8 
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anJiy;::.-;>, This g~me repre~ents a no-cvnfiict situation because both players 
do ;.J:o. "el! JS poss1bk whc:n each maximizes his or her ov.n return. ~tutual 
intc:rest i.; overuhelming. Notice. in this game, that by a slight extension 
of the concc:pt of Jominance. the outcome ( 1 :!. 8) can be said todvminate 
all other outcomc:-;. lt ¡.., better, for horh players. than any other outcome. 

Now con~ida game B in Table 11-16. In this game, there is an element 
of conftict. but it is very \\ea k. Both players still ha ve dominant strategies. 
and the equit1bnum outcome ( 12, 81 remains, in sorne sense, the "'natu
r.~r· outcoml!. ;-.;ote. hO\\ever, that Row prefers ( 13. 5) to the equilibrium 
outcome. and Column prefers ( 10, 9¡. All three of these outcomes ha vean 
importan! property known as Pareto vptima/iry. An outcome is said to be 
P:..reto opl!mal whene\ er it is 11ot dominated by any other outcome. None 
of rhe rhree Pareto-optimal outcomes m game B are dominated by any 
ot her ou ll.:ome. 1 n game A, note that ( 12. 8). is the only Pareto-optimal 
outcome. 

Threat and forcing potentials 

T\\O similar types of competitive situations are referred toas rhreat 
l'llint'mbi/iry anJ }orce mlnemhi/iry. Suppose a buyer and a seller re
peateJiy negütiate a contr.:tct in the fol\owing way. The seller sends a 
written noti.:e to the buyer ind1cating the sdhng price per un: t. In reply. 
the buyer inJicates the qu.~ntity that will be purchased at the established 
price. lf the buyer is a retailer \\:10 must then resell the goods. a hyporhet
acal payoff table might be TabÍe 11-17. lf each player chooses his or her 

Table 11-17 
Threat vulnerability game, profit to buyer and seller 
(S thousands) 

Q, =Higlr 

Buytr's quantlly clwices 

Se/lers prict' clwicel· 
P, =: H1gh P, = Low 

2. 4 4, 3 

3. 1 

dominant strategy. the payotfwill be(::!. -ll. Neither player is motivated to 
make a unilateral shift from this outcome. However. the buyer is not 
satistied with the outcomc! (::!. 4) sincc: (4. 31 is more attractive. lf the game 
~~lo he: r•'"c!,lteJ severaltimes. !he buyer wouiJ like the seller to choosc P~ 
to gi' e :,uyer a chance at winning -L 
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lf the player' are allow~d to Cl'mmunic;Jtc:. 1he buyer c1n threatcn the 
:-.clkr 1nto lowcring. the pricc (that is. thrc;ttcn the "clkr anto gavant' the 

i bu ver a ch.tncc at 41 by :-.;tying he nr 'he willonly. buy !he: ·~m;:!lcr quan-

1 
!iiy·. Q~. if the sellcr does not choo.;e P:!· The buy~r·s thre~1t is etfective 
a:-. long as it is not canied l)Ul. Once <Q!. P 1) occurs. hO\\'e\er. it is nol in 

i the seller"s inlereo;t to ~hift to P~. Nevertheless. the seller is bcttcr oiT lo 
l l!ive in rather th;.¡n to suller the consequences of the buyer"s shift. 

- Consider now a situ;.¡tion known as a force vulnerability pme. As 
.;hown in Table 11-18. on1y Row ha.; a dominant strategy. 1f Row uses 
this dominan! str..ttegy. the nalllral outcoml! is (0. ::!). Ro,.,. is less salisfied 
\\ ith this result than is Column. lf the g;1me is played repeatedly. Row 
can communicale his or her dissalisfaction and try toforce Column inlo 
ch.mging his or her strategy. Since Column prefers <R~. Cl to <R!. C,), 
Row can force Column 10 switch to C:! by switching from R 1 lo R ~· 

Table 11-18 
Force vulnerabllity game 
(S thousands) 

Column 
e, 

R, o. 2 

Row 

R: -l. o 

c. 

::!. -1 

1, 1 

As you can see. threats and force are in many ways similar. The key 
difference is how Row tries to inftuence Column·s behavior. In the force 
situation, Row tries to get what he wants by p1aying the strategy that leads 

,, ro his best outcome. therebyforcing Column todo what Row wants. In the 
i; threat situation, Row must threawr to make a move which will punish 

~ Column if Column does not comply. The Row strategy used for threaten-
:. ing is not the one that leads to Row's be ... ~L~tcome, so Row hopes that it 

will not have to be used. 
Opponunities for using threats and,force in real-world situations are 

widespread. Generally, however, they ~re not obvious. The existence of 
threat and force potentials can be extremely subtle. and often they are 
noticed by only one of the players. These simple examples should in
crease both your awareness of such situations and your understanding of 
their structure. A wo.rthwhile exercise is to try to conceive of real-world 

1 satuations where threat and forcing potentials exist. 

The Prisoner's Dilemma 

A class of situations which are not strictly competitive is popularly 
known as the Prisoner's Dilemma. These are situations in whi<"' e best 
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OL'ICOrr~e ior al1 ... uni:crr>eJ r~~ults wh~n each competitor refrains from 
tr) !~,>;tu t"T:_t \::ntze h,~ o-.•·n payoff. A classic ~xample is the airline battk 
for ..t sh3rc ,;f ¡::as">eng,~rs on a r<:nicubr route. As discussed in tht first 
~ection of this chapter. man) behe\e th.1! the carrier with the largest ~hare 
of 1.kp.tr1Ures get'i a share of market Jisproponion.1tely larger than its 
percentJ~t: ofdepartures. For instance. 60 percent ofthe departures might 
yielJ 70 percent oi the market. Consequently, airlines have otien used the 
number of dep,trtures as a major competitive too!, especially on the long
haul route'> such as 1'-:ew York-California. lf one of the carriers-say 
American Airlines-unilaterally increases capacity, hoping to increase its 
mJ.rket share. the other carriers, United and TWA. must decide whether 
or not 10 foliO\\ ~uit. Thé nature of the dilemma is this: lf they match the 
increase. al! will be worse off. since little new demand will be stimulated, 
anJ the atrlines \\ ill end up ftying more empty seats. lf the competitors do 
not m.ttch the increase. hO\\e>er. they will be worse offcompared to the 
carrier that increases capacity. 

Situauons of this type occur so often that they have been studied in 
detail; tn fact. a whole book has been written on the subject.' They aH 
share a common structure. that of the so-called Prisoner's Dilemma. 

Wt: "ill first analyze thl! Prisoner's Dilemma in tht: context from which 
it deri\es it-> name. T"·o suspects. Sam and Harry, are taken into custody 
anJ sep::tr:tted. The district attorney is certain they are guilty cif a parttcu
lar crime. anJ the suspects know they art: guilty, but the district attorn~y 
does not ha\ e aJequatt: c\'iJcnce 10 convict them. 

Each prisonc:r h.:ts l\\ o altetnatives. to confe:;s to thc crime or not to 
confess. lf nenh.:r confesses. then the DA will book them on sorne very 
mtnor trumped-up charge. such as illegal possession of a weapon. anJ 
they will both recei\e minor sentences. lf they both confess. he will rec
ommend le-;s than the most severe sentence; but if one confesses and the 
other does not. thl.!n the confessor will receive lenienl treatment for turn~ 
ing state's e\ tdence. wherea-; the btter will get the book thrown at him. In 
te~ms of year:> in a penitentiary, the situation may be described by the 
payu!Ts in Tahk ll-19. The problem for e:.1ch prisoner is to decide 
\:. hether or not to con fes'>. Sine e they are in separa te cells. they cannot 
communie<Jle beforc deciding. 

Let us lüok ~,¡ the problem from Sam 's viewpoint. lf'he could be su re 
Harry "tll not cont'e,s. perh 1rs h.; sh~)uld not do so either. But on seconJ 
thought, tf Harry does not confes~. why shouldn't he, Sam, confess and 
S(:'l!nd onl:. a h~1lf year in prison? 

In fact. no m::mer 11'/u:r H::trry does, Sam is better ofl'if he confesses. In 
otha words. Sam·s confess strategy do.minates his do not confess stral
egy. The only dit'tkult) is. Harry may reason the same way. Thus. ifeach 
chooses his dominant strategy, both prisoners end up with eight years. 

· An.·uol R:ipoport .1nJ .-\. \1. Ch:1mmah. Pmon~r's Dilt'llllllll.' A SwJ.v vf Cvnflict cmJ 
Cn,Jr<'"''''"' tAnn Arbúr: L:n,\.:r~it~ of ~~i~h1gan Pr.:>>, 1965). · 

! . 
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Table 11-19 
Payo!! table :or prisoner's dilemma (years in penilenliary) 

Jlarr:i'·s dw11·r.1 

Do lhl/ cnt¡(e ss 

1!, 8 ·~. 10 

Sam 's choice s 

S! 
Dv 1101 confess 

This result is not the best possible. since both prisoners would be better 
offif neither confesses. In other words. the strategy pair(S~. H~J is Pareto 
optim:.1l. So are the pairs(S" Hz) and(S~. /-IJ. The final outcome.the 
onlv non-Pareto-optimal pair, is inferior for both players. 

J.f the prisoners were allowed 10 communicate, they might agree to 
choosc the Pareto-optimal pair(S~. H2). Notice, however, that this is not 
an equilibrium pair. Sam and Harry can each do better by making a 
unilaterai chan!!e of choice. so there would be good reason for each of 
them 10 defect -on thetr bargain. lt is 10 everyone's advantage if no one 
cheats. and it is to every pri~oner's advantage to cheat unilaterally-a 
very unstable situation. Prechoice communication cannot help in solving 
the dilemma unless there is sorne légal or moral force to bind the prisoners 
to their agreement. 

It might be that in this situation the prisoners will choose(S~. H~) éven 
if they are not allowed to communicate. lnstead of each prisoner asking 
"When am J best off?" and assuming his opponent will do the same. each 
prisoner asks, "When are we both be<;t off?" lf the prisoners held social 
vaiues that prompted each to ask this question, they then might choose 
(S~. H~J." In this case there is an implicit ·. ""nge in the entries in the 
payoff table, sin ce they must now reflect both Iength of term and feelings 
about the common good. 

\Ve can apply the insight gained from studying the one-time dilemma 
,.facing the two prisoners toa Prisoner's Dilemma situation which is being 
repeated in time-~ battle over advertising radial tires. The hea~ily 
watched Monda y night NFL football games on A BC-TV represent pnme 
advertising time for this product. For severa! years. Goodyear was the 
only tire advertiser during this time. Then Sears also began advertistng 
during the games and continued to share the time with Goodyear for two 

·· .. i\natol Rapoport. Ftghts, Games and Debatel (.r\Dn Arbor: U!'!iversity of Michigan 
Press. 196ó), p. 177. -

... 
\ 
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Sl:'~:.o; --, af!er '~ hi.:h the lat!er withdrew. leaving Sears as the only tire 
.lt.hc•·ti:-;cr. 

The !>IIUJtion fac1ng Sears and Goodyear is shown in Table 11-20. Each 
·manuLJctura mu.;t decide each year whether (yes = n or not (no= Nl to 
~Hh cr!l.;e rad1ab Juring the game. Sorne purely hypothetical payotTs (in 
m1lhon~ •ll dollars of annual contributiQn. taking advertising imo account) 
.1re <.huwn. S0t1Ce that if both companies advertise. each loses contri
butivo. App:,rently the me~sage gets \vashed out ifthere i-. more than one 
:.u.hertic;erin a '>hort time period. In this case. neither Sears norGoodyear 
')t~o.:-"-s in the cun~umer"s mind. 

Table 11-20 
Change in annual contribution due to TV advertising 
during NFL game (S millions) 

Srar"s clroices 

S, S, 

G, o. o - ... 3 

GooJ_, ,•ar"s c:lwic:H 

G, 3. -:! -l. -1 

Why is this a Prisoner·s Dilemma? Observe that if each manufacturer 
chooses his dorninant s:rategy 1:; l• S 1 J. both end up worse off th.:m if they 
had maJe the opposite choicl!s. The pair tG_,, 5,) is notan equilibrium 
pair, however. So it is to both companil!s· advantage if neithl!r advertí ses. 
but it is to each compan{s advantage to unilaterally decide to advertise. 

For se, eral years Goody-ear was the only r:tdial tire advertiser during 
the garne. One year Sears abo Jdvertised. This amounted toa choice of 
1 G ~o S 1 J for a p::l} otT of (-l. - 1 l. The ne'< t year. Goodyear decided to 
stay put anJ continue to ::td\ertise. and so <.lid Sc.:trs. Once again. the com
panies lost contrihution when each tried to maximize its own return. 
F1nally. 10 the thirJ ,·ear Goodyear withdrew. the choice being(G,, SrJ
Th~ game is not ~ et O\ er. howc\ er. sin ce Goodycar m ay decide toad ver
ti se radials during a subsequent year. In the meantime. Sears has no 
inc~ntive to changc its stratl!gy. 

Since we do not have access to what the companies were actually 
thinking. we c;1n only con_iecture about what thr!y v.-ere trying todo. Did 
Sears choose to advertise during the g::~me because it knew Goodyear 
woulJ be forceJ to withdraw after deadlocking at !Gr. S 1 J for a few 
yl.!ars·.) Or were they just lucky? Oíd Sear!> reJIIy understand the situation. 
or did they think that since it was profitabk ior Goodyear to advertise 
Juring the pmr.: it woulJ be profltabk for them toJo so too? 

Th1-, e\ample serves tu point out that you can go astray by assuming 
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Y•)llr opponent J...nows as much about the g::~me as you do. On the other 
h.1nd. you can abogo astray by not ascribmg this much unJr.:rst.tnding to 
an opponent who un(.kr-.tands the gamc as well d:> you do-or maybe e ven 
bet tc!r. · · · 

In the Prisoner"s Dilemma type of competitive situation. the st~c~tegy 
pan· that leave:. both players best olfis notan equilibrium pair. Thus it is 

. to each i ndiviJual" s ad vantage to defect: but if both ddect. both are worse 
, otf. lf the sl!uation is to be rcpeated. the competitors m:.1y wish to reach an 
· a:;reement-an explicit or implicit one. depending on the rules of the 
· game-about their respective moves. But with strong incentives to defect, 
; such agreemcnts may turn out to be tenuous. 

: The Battle of the Sexes situation: American Chemical 
'versus Boston Pharmaceutical 

Another impot1ant type of competitive situation is illustrated by the 
. following scenario: A husband and wife havé two choices for an cvening"s 
¡ entertainment. to go to a prize fight or to a ·ballet. The man prefers the 
1 fight and the woman the ballet: however, to both it is more important 
that they go out together than that they enjoy their preferred entertain
ment. Any competitive situation which has a payoff table with the same 
properties as the one for this situation is popularly known as a Battle of 
the Se>..es situation. The following hypothetical new product introduction 
is an example. 

/ American Chemical Company rnust decide whether or not to introduce 
1 its newest product. so far designated only as Compound K. The company 
1 believes that its major competitor, Boston Pharmaceutical, has a very· 

similar product ready to markct. Each company has two .choices-to 
introduce the proJuct or not to introduce it. f\merican·s new product 
manager has calculated the expected payoff (present value) to each com
pany for each altemative. The results are shown in Table 11-21. High 

1 fixed costs account for the nel!ative entries in the lower right-hand 
1 • - -

· corner. The subscript N indicates the company has decided not to intro-
duce the product; a Y indicates that the co::.;::l'1Y has decided to introduce 
the product. 

Table 11-21 
Payolf table for introduction of 
compound K (millions of dollars 
of contribution) 

Bosron 
B, B 1 

A_, o. o o. 2 

. Amuican 

2.0 -3.-3 



'~otic~ .~JI vOl!~ ~.:ttrs of choices, American introduces and Boston 
dc•c~) lrüt lA¡. B,¡. and Boston introduces and American does not, 
trl ... B ,). are equilibrium pairs since for each pair American·s choice 
is best :!~'":'inst Boston 's, and \'ÍCe versa. Ne1ther r A y. B rJ nor (A"' B ,) 
are equi!il:>rium pairs. Whi!e there are two equilibrium pairs,· ea~h 
duc:s nut ~ ii!IJ lhe same return to the players. This is tn contras! to those 
:.!nctly compeliti\e siluations for which there is more than one equilib
num patr. JnJ every equilibrium pair gi,es identical retums 10 each party. 

Otn iou~ly. Americ:!n and Boston must make their decisions regarding 
the 1ntr<JJuc1ion of Compound K Wtlhout conferring. For lhe sake of 
discus'!lion. first le1 us :.upposc: this is the on!y time the two companies 
e.\pect to be opposing each other in this type of situalion. What should 
.-\merican do·~ What will Bos1on do':! 

Both compJntes must realize the markel is only big enough for one. If 
lhe} buth introduce Compound K. each willlose severa! mdlion dollars. lf 
Bo:.ton. thcrefore, choosesB, to prevent a large loss, it is best for Ameri
can 10 chou~e A 1· But what if Boston e:-..pects American to give in? Then 
both m ay !0-;c \\ ith 1.-\ 1 • B 1 J sine e 1 he un happy state of atfai rs is t ha t what
e\er ratton.t!tzation Boston has for choosing either Br or 8,, there is a 
simli.1r r;.Jtt~.1n.1ltZ.Ition for American. 

Even though they may not confer, however. there are ways in which 
lhe two comp:mies can communicate to inftuence the outcome. American. 
for e\ample. ma} announce that it will introduce Compound K this com
ing fall. lf Boston helines thi· announcement and interprets it to mean 
Aml!rtC;.tn h;:h detlnJtel) committed itse!fto introducing the product, then. 
acting in its üwn best interest. it will probably not choose Br. Disclosing 
11:. plan ahe~td of time rnay allow American to preempt the market. 

lf Arnericz,.n intend-; 10 beat Boston to the market by announcing that its 
proJuct will be forthcoming, it must make ils announcernent credible. For 
instance. tf American lets it be known that it has committed severa! mil
lion Jollars to th~ buildiflg of faciltties to produce the new product, it will 
br: clear 10 Boston that its competitor has 'taken an irrevocable step. In 
tktt ca~e. Boqon will probably leJve lhe market to American. 

In .1 onc·ttme Battk of the Se.\cs situation, it is all-important to pre
em~,¡ th.: (l!her pan y. If. on the other hand. the companies e.xpect to be in 
this t y pe of .;itu:.nion repeatedl) with various new prod~cts, as may well 
be t he case. tht:y would Jo\\ cilio coopera te to try to obtain either (A 1 • 8 ,¡ 
orlA,. 8 1 J. since they are both best off with one or the other of these two 
Pare!O-optimal pairs. Huw they wouiJ go about this is the question. 

, Since thc! two companies are prohibito.J from bargaining, they may not 
arrange to take turns (American totally capturing this market, Boston 
another, for t::\ample) nor may American pay Boslon 10 stay out of the 
markcl (fl,r e\ample. make Boston a S l. million side payment in exchange 
fllr ... 11 chi ng to 1.-\ 1 • B ,). E vl!n in the absence of prechoice agreemen;s. 
however. the c~1mpanics m ay etkctively settk on a pattem of alternation 
bet \\e en t A 1 . 8 d ;.uíJ r r\,. 8 1 J. 1 f they are cons t~mtly in troducing new prod-
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uct'i of similar proñtabilitics, and if each introJu('tion involvc~ high slart
up co~ls, then after one company has spent severa! milllon dollars. say. it 
may not have the resources to introduce anothcr new proJuct immedi
ately. In the me~mtime. Boston can seize th!! opportunity todo so. Once 
American has committed ibelf w proJucing Compound K. for exam
ple. Boston can introduce another product without immediate' direct 
competition. 

The companies might also consider using mi:-..ed strategies. Of course, 
ea eh company has a host of comhinations it can consider. A good way to 
see lhe comple:>..ities of this situation is to make a geometric plot of the 
possible payoffs. as in Figure 11-1. Along the horizontal axis American's 

FIGURE 11-1 
Battle ot the Sexes graph for American and Boston 
new product mtroduclion 

(-3, -3) 

PÓyoH lo 
Boston 

(0, 2) 

(2, O) 

Poyoff lo 
American 

payoffs are plotted, and along lhe verti~~i a.xis: Boston's payoffs. Only 
certain combinations are pos~ible: these are ~hown in the shaded region. 
To each point in the shaded region there is at leas! one corresponding pair 
of strategies having this point as payoffs. Conversely, to each pair of 
mixed strategies there corresponds a payoff which is one of the points in 
the shaded region. 

lf American follows the mixed strategy .8.4_,, .2r\ r then their expected 
payoff is (.4, 0) if Boston chooses not to introduce its new product and 
(- .6, 1.0) if Boston does intrQduce üs product. lf Boston has any idea 
American will follow this strategy, Boston would prefer 8 r· But in thal case 
American does best to choose A_,. 

If Boston follows the mixed strategy .88,. :2B r. then their expected re
tums are (0, .4) if American chooses As and ( 1.0, - .6) if it chooses A r· Thus, 

- ~ .- -. 
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if Am<cicJJl expt~Cts BoslOr. to foUow this mixed str?.tegy, .-\merican should 
ct"Jo·,~ A 1 . But m th:lt ca~e. it is besi for Boston i(• chüose B_,. So if each 
comp;m) opects the other to follow its mtxed strategy. the return IS (-3. 
-3). which is all the more reason to play the mixed stro.tegy, which is al! 
the m0re reason to defect. and so forth. 

The ditliculty is that this pair of mixed strategies is not in equilibrium. 
Ho\\t:\'er tor any Battle of the Sexes situation. there is a pair of mi\ed 
srrate!!ies th..Jt is in equilibrium. These mixed strategies have the desirable 
pro¡x;t) th.Jt they preven! the other player from trying to get more by 
prcempting. 

In the situation facini!American Chemical and Boston Pharmaceutical, 
the equilibrium pair of ;;,ixed strategies is -'/~.A,. ~I:.A r and 3/-; B, .. !f:. Br. 
lf Americ;m follows this mi\ed strategy and Boston chooses B,. the 
return ... are(~/ •. 0): jf·Boston chooses 8 1 • the retums are ( -~>f~. 0). Each of 
Bo~ton·s pure strategies is equally good against American·s mixed strat
eg~. in the sensl! that each has an expected retum ofO. Thus, there is no 
in.:enti\'e to prel!mpt by Boston. 

Similarly. an equilibrium mixed strategy removes American·s incentive 
to prl!~mpt. As long as one of the companil!s chooses this mixed strategy, 
the pa~ otT to the other company does not dt!pend on the strategy chosen. 

Regardle~s of the spl!cific application. any compl!titive situation which 
can bl! Jc~(;ribed by a payotr table similar to Table 11-::! 1 can be thought 
about in th<.! ,,¡me way as this example of new product introduction.; In :.1 

one-time si!tlation. preempt;'-,.- is all-irnporunt. In repeated choice prob
kms. each might also consider choosing this equihbriurn pair of m1:-..ed 
strategit'S. Or. bener yet, they might alternate between the equilibrium 
pairs through either a tacit oran explicit undl!rstanding. 

S~mmary 

This section introduced the analysis of situations that are not strictly 
competit1'~· anJ thl! approach ditfered significantly from .that of the 
stn.:tl\ CL1n1p~titi' 1! ~ituatiL'ns of zero-sum garnes. Wherea~ 10 the zero
sum c~tse it is ne' er advant:tgeous to disclose one·s strategy. in a Battle oi 
the Sne~ situation ·it is all-important to preempt the ·Other party. The 
zero-sum case is .1lso chamcterized by the Tact that all equilibrium pairs 
yield the same return to an individual player, whereas in a Battle of ~he 
Se:-..es situation th<-'" return to a particular competitor depends on whtch 
equi!ibrium pair 1S sele_ct<ed. Furtherrnore. thl! abdity to communicate_ and 
colludl! be.::L)mes importan! in sorne situations. ln others, whether a SJtua
tion "ill be repeJ.teJ m~wy times or is a one-shot decision makes a critic:ll 
differenc.::. The concept of Pareto optirnality is usdul in analyzing such 
situations .. -\ Pareto-optiin::tl outcome is sucli that ncither player can do 

· \11 nc:" rro•' -· lnlroJw.:tiun,. hO\\C:\er. cannllt tic! ¡¡n.¡lyzc:u thi~ way: ,omc. for •n-
,l.,n.:c. h.,, e:·' 1 ·r·, Dilc:mm.t .:~ara.:rc:r. 

1 
• 1 
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better. except at his or her opponent's expense. AH the comrnon ground 
h.ts heen squeezeJ out. 

\\'hen a not ~trictly cornpetitive. noncooperati\'e situ:.ttion is repeated 
manv times. ccrtain aspects change. For example. even though formal 
prep.lay communication is not allowed .. the competitors may de,:elop 
sorne form of temporal collu'\ll,n. Decision m:.~kers in a Battk ofthe Sexes 
situation may <;ettle into a pattern of choosing between the equilibriurn 
p.1irs. In the Prisoner's Dilemma. the players may, after a few repetitions, 

. repeatedly choose the Pareto-optimal strategy pair. This situation is unsta
ble. however. since it is to each 1ndividuars advantage to chcat unilater
ally. 

When a11 is said and done. it is Jifficult to choose a course ofaction in a 
not strictly competitive situation. since one can never be sure what one's 
opponent will do. However. analysis can provide a framework for think
ing about these situations, help prevent foofish moves, suggest creative 
m o\ es. and give sorne in~ight into each situation. 

11.1. 

EXERCISES 

In the ne.\t classroom sess1on you will be asked to play the role ofplayer 1 
or player ~in a game about to be described. At th1s point )Ou don't know 
\\hich role you v.:ill actually play. Think hard about the problem now so 
that when the lime comes you wJII be prepared to act. 
The de~cript1on of the game is: 

l. ., Player 1 has 6 strategies: o,, a~. a_,, a~. o~. and aG. 
Player ::! has 4 strategies: {3,, {3~. {3_,, {3 •. 

3. Each player must choose exactly one of his strategies without any 
kn<;>wledge of the choice made by his adversary . 

4. Depending on ·the choice of strategies tone for each pi ayer) there will 
be a monetary payrrient from one pla;er to the other. Table A de
scribes the paymen1s from player:! to player l. For example, ifplayer 
1 chooses o~ and player:! chooses {3J, then player::! must pay player 1 
an amount of Sl5. As another example. if player 1 chooses o,. and 
player::! chooses {3 •• then player 2 br,es ..:.SI:! to player 1-this. of 
course, means that player 2 gets a positive SI:! from player l. 

TableA 
Payofls from player 2 t_o player 1 

{3, {32 {3, {3. 
o, 

¡¡ 
-1 o 

ll~ 02 o 15 - 3 
o, :2 4 

-1! a. 3 4 
Q~ 2 12 
O e o 10 - 4 

Think about the following questions in turn. Do not read the second 
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Qu~:.tion until }'<lU h¡¡ve responded !O the tirst question, and so on. Record 
yot·r inatral re~ponses. 

lmJgine 1h:1t 10th~ n.:xt classroom scssior. you anJ another cias~r.:.om 
p;.lrticip.Jnt are chusen to play. A fair coan is tossed anl.l you h<ippen 10 be 
ch<,.;.:n for pln_H'r l"t roll:' The game "''"be played JUSI once. 
•1. \\'hat slrJteg~ \~ill} ou choose? (Be prepared 10 rationalaze or justafy 

your choice \\.hen the game 1s da~cussc:d 10 class.) 
b. Before thc ¡;3mc: as actually executeJ, ~uppose that someone ash you. 

as the design..tted pla}er l. 10 sell your rights to play this game for 
sorne amount. say SX. How large does X ha ve to be befare you will 
agree to sell? 

c. What do you tha nk player 1 will do? (Use probability assessments to 
reftect your judgments.) 

11.2. The same in,truction-, as in E \ercise 11.1 apply. but with the payolfs given 
m Table B. In thas e\ercase. each player has two strategies. 

Table B 
Payolfs lrom player 2 
to player 1 

{3, /3! 

~; [ 1~ -~] 
Imagine that in the next classroom session you and another classroom 

partacip:.~nt :.~re chosen 10 play.:\ fair coin is tossed and you happ.:n to be 
choscn for pla.1cr /"s role. The game will be played ju~t once. 
a. Wh...tt ~~ r::~tegy 11 di 1 ~·· _ choose? (Be prep:ued to rataonal ize or jus llfy 

your choace 11 hen the game as discus~ed m class.) 
b. Before the g.1me i, actua.lly executed. suppose that someone asks you, 

as the dc:,ign:ned player l. to sell your rights to play this game for 
sorne amount, say SX. How large does X have to be before you will 
agree to s.-:11·~ 

c. What do }OU think player ~ will do? (Use probability assessments to 
rellcct your JUdgments.) 

d. \\\)uld it be worth any premium to you to be able to talk to your 
aJ"ersary in orJer to make a de..1l with him or her befare choosinc.? 

e. lf you·r ad•ersary had to announce his or her choice befare you w-ere 
oblaged to announce yours. would you gain an appreciable strategic 
ad vantag.:? 

- 11.3. Selecta fellow partictpant to work with you on this e.xercise. Designate one 
of you as the A pb:er. the other as the B player. 
a. The A pla~·cr will sekct eather str:~tegy a 1 ora~. Simultaneously and 

1\ ithout commu nication the B player will se lect either b, or b ~· The 
payoff w1ll be shu\\ n in the cell of Table C corresponding to the two 
choices. For e\ample. af A picks a, and 8 picks b!. then the payoff ts 
shown in the up¡:.'<:r-right-hand .;:orner ofthe tableas (-5,10). The tirst 
of the two numbers in the cell entry is the gain or loss (-) to the A 
player. th<: second th<: gaan orlo~~ 1-1 to the B player. In thas e:<ample. 
A 1.1.ouiJ lose S5 and B wouiJ gain S lO. 
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In t:ll, r:lrt :t"lllllC) Otl \\ill rl.ly th.: ~.tm.: nnly on--~· :anJ th:al 
go.d ~~'!'do 11s 11~.-l/ ti.\" -'"''11 confnr _lulln<'U. You ;m: n..:ith.:r altrua~tac 
noa vmJtctave wath r.: ... p.;:ct 10 }Our competitor. 

Tab1e C 
--·--

~ A b, h: 

a, (5,5) (-5.10) 

a: (10.-5) 0 {-:!.-:!1 

b. Now play the same game assuming you will play this game an indefin
ite nu mber of times with your competitor. The rest of t he rule~ are the 
~ame a' 1111. Remember your goal i~ to get the most in the long run for 
yourself. Your objective is neither todo your competitor in orto help 
ham, 11or asalto do well relaTit·e to him. 

c. Now play the ~ame game a~suming you will play the game with your 
comretitor e\actly 20 time~. Remember. try to maximize _\Our take. 

11.4. Compare how.you behaved in pan e of Exercise 11.3 with how you would 
behave in each of the follov.ang games under the same rules as Exercise 
11.3 (~0 pbys, no communication). 
a. 

~ b, b! .. 

a, (5,5) (-50,50) 

O: (50.'-SO¡~ (-3.-3) 

b. 

~ A b, b, 

a, {5,5) (-4,6) 

0: (6.-4) (-3,-3) 
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JI.S. Play thc: following g..tme once with no communication: 

1~ A b, b: 

a, 11.11 . (3,1) 

a! (0.-:!001 (::!.-300) 

11.6. Play the pme Je~cnb.:J in E-..ercise 11.5. but make your decision al a 
b.Jrgainmg tabl.: w11h b1ndmg contr..tcts. \VhJt happenc:d? 

.. .. 
- 1 

Case 11-1.A 

Fottr·nkl'J" :\lining & l\fctnls Co1·p. 

Fouraker Mining & Metals, operator of a medium-scale molybdenum 
mine in the western United States, was a technically sophisticated but 
marginally profitable producer of molybdenum ore concentrate. In its 
eftorts to improve operating profits, r-ouraker had just entered into an 
exclusive supply arrangement with Sicgel & Company, lnc., to purchase a 
biochemic;dly produccd material calleJ "Fiozyme," which greatly in
crcased molybdcnum mineral recovery from each ton of ore mincd. The 
arrangement required Fouraker to purchase the additive weekly, in small 
lots. at a price set each week by Siegel. Walter Lightdale Fouraker's 
purchasing manager, was in the process ofestablishing a purchasing strat
egy u nder t he new arrangement. 

Fouraker Mining 

Fouraker Mining was started in 1952 by a consulting geologist, Mr. L. 
Fouraker. anda research metallurgist, Dr. Henry Holmes. It was founded 
to dcvelop a large, low-grade deposit of molybdenum ore on which Mr. 
Fouraker had long held mining claims, using chemical processes 
pionecred by Dr. Holmes. 

For thc next six years, they struggled to finance both the rapidly cx
randing pilot plan! opcration and the exploration and development o!' the 
ore hody. ny !95X the rroccss had becn adcquatcly tcsted t~nd thc mining 
opcrt~tion had expanded to the point at which the company was almost 
breaking even. 

In order to develop the ore body fully and to expand the plant to its 
most cmcicnt sizc, Mr. Fouraker obtained a commitment for $16 million 
from a lo~rge international mining company in return for a 45 percent 
interest in thc firm. Holmcs and Fouraker personally held 10 percent cach 
ofthc cquity. with thc rcmaining intcrc~t widcly di~pcr!.ed among inJivid
uals who had hclrcd financc Fouraker Mining's first ten years. Thc hal
an<.:c or lhc j,(¡() millinn <.:apitalization was provided by bank~ ami various 
cquirmcnt supplicrs. In subscquenl ycars thcre was a marked increasc in 
~cale or opcrations but thc company wns only barely profitable ($1.2 
million bcrorc-tax pronr on $37.7 million in sales in 1973.). 
522 
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Siegel & Company, lnc. 

S;c:r-:-1 & Comrany w;ts a smal1 West Coast producer or rroprictary· 
c;Htloh:Jr¡,te dcnvativ.:~ uscd in thc manuf<1Clurc of ccrt;un ·prcp;m.:J 
fonJ, <tnd drug:-. lt had hcen founded shortly afler \Vorld War JI by a 
ynung h1ochcn11~1. Sydncy Sicgcl, in onkr lo commercializc a numb~.·r ,1r 
promising new biologic.dly active substances on which he had obtaincd 
p.&tents 

Dcsr•le 1hc ~mallne~~ and informalily of its operation, Sicgcl & Com
p;my h;•d hecome extrcmcly profitable in recen! yc.ars a-; signifkant mar
l..cts hegan 10 dcvelop for ils highly spccialized, costly producls. Pro
Juced 1n carefully scheduled and interdependent batches. mo~t of it~ 
produch werc ~old exclusively to single users, a conscquence of Siegel's 
pa~t jo1r.1-venturc mcthod of funding the majority of its re-;earch pr,>
gr;¡ms. Typically. lhc jomt-vcnture agreements allowed Sicgcl to ret<1in 
patents anJ lhc righls to manufacture any restilting produch. while thc 
~ronsor hciJ exclu'iive nghts to use amllor Jistribute thc products. 

Flozyme 

Although lhe basic extr,tctive process for molybdenum was well known 
and in widesprcaJ use, Fouraker Mining had succeeded in grcatly enhanc
ing 11s efficiency by spccial techniqucs, including thc u-;e of spccial 
aJJit1v.:~ to 1nc1 ca ... e yields. lis continuing research haJ revealeJ that u~e 
of Flozyme mad~ for a substantial 1mprovement in its rccovery 'or 
molybdenum minerals with Flozyme wa~ introduced into thc process al 
ratc' equivalen! toa few hundred pounJs pcr week. 

An extremely light and chemically unstable powder, Flozyme Wa'i a ~ 
by-product of a complex, biological-organic chemical process. Dr. 
llolmes had lcarned of Flozyme's surface-activating behavior from a bncf 
J~~~:ription of the proccss in a professional journal. On the strength ora 
f~:w tah,natory-~calc te~b. Holmes rccommcnded thal Fouraker Mining 
undertakc largc-~calc process testing of Flozyme so that its precise ell'c.:t 
on molybdcnum rl!covery and thc economics associateJ with it~ use l.:ll!IIJ 

be accur.¡tcly e~!<tblisheJ. 
In r~turn for exclusive rights to buy Siegel's entirc output nf 

l-"loLymc--~hould it pro ve ~uccessful in t his application-h111 raker 1\1 in
ing agr.·:ed to fund a re,c;trch program in which both t he ¡m1duction ;~nd 
application of the Flo1.yme by-product were to be investig<ttcd. Atú:r 
~e' eral ycar~ nr ~rnradic activity on this rrogram, Flot.}"lll~:·.~ ciTe~ ti' e
ne~' w;ts provcn 10 Fouraker's satisfaction. 

Lk.:au~c l:lotyml! was a by-p1 oduct. the yii:IJ llf thc main I'Hlduct \\ .1~ 
greatly. affectcd by the amount of Flozyme de:-ired. Volumc production nf 
FloLyme was po~sible nnly through extcnsive and co~1ly rcq·cling or lhc 
main rroduct. Fouraker had lcarned that Flnzyme productilln addcd 1.:1111-
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-;idcrably to tnt:tl process ~.:osts-the cost incrcment becoming larger as 
Fl11/yme ''ulput incrcascd. Prior to thc sale of Flozyme, any by-product 
m;tll.'l"ial h;td hct:n Jisposcd oras a wastc product. 

The purchasing arrangement 

The ab~cn~.:e of a market for Flozyme outside Fouraker Mininb meant 
1h:1l its rril.:c wouiJ ha ve to be cstablished by ncgotiation. Aftcr lengthy 
di~cu~sion~ with Fouraker management, Sicgcl h~td dccidcc.l that thc 
simples! ;tpprn;t~.:h l'or thc pre~cnt was to quote w~.:ckly an approprialc unil 
pri~.:c for thc rcagcnt anc.l to Jet Fouraker place its ordcr b~tscd on th<tt 
f111CC. lhllh hl\lfakcr anu Siegl.'l hopeJ that prii.'CS and quantitics would 
cvcnltlally ~tabdizc al lcvels acct:plable to both tir ms. With this procedure 
dccided upun. Mr. Fouraker assigned the purchase responsibility tu his 
purchasing manager, Mr. Lightdalc. Mr. Lighttlalc was to base his weekly 
tkcision-; ~lllcly on the profit contribution information (Exhibit 1) 

clcveloped by Fouraker's production superintendcnt, the chief process 
engincer. ami himsclf during the final Flozymc tests. . 

An cquiv;dent tabulation of incremental profit~ for Siegel & Company, 
shl1wn in Exhibit :!, was also available from n project report prepared by 
Si,:gcl chcmi'ils al the test program's conclusion. Thc report was rf'garded 
a~ vcry n:liabk and would unJoubtedly be uscJ by Sicgel in it~ p!·icing 
dccision. The same report contained the information shown in Exhibit l. 

Becau~c ol' Flolyme's great cfl'ect on the main proce~-;. Sydn~:y Sicgcl 
had decide~! 111 h¡1ndlc its sale'pcrsonally in ordcr to keep close watch on· 
thc joint pn1c~~s ilnd its combincd economics. Wcekly, Mr. Siegcl would 
telex a prh:c. in Jollars pcr pound, to Fouraker anJ Fouraker would. in 
turn, trano.,rnit an order quantity, in 20-pou~d drums, f"or delivery two 
wccks hcncc. Fouraker had becn advised th~'t batches of up to 18 Jrums 
pcr week cuuld he produced und that each batch hadan active life of ten 
days at mo~t. This meunt that shipments would ha veto be u sed within ten 
days of manufacture or discarded. 
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:\Jnxc·o ltH:. and tln· G~unbil ('<Jlltpnny 

PART 1 

1\laxw. In~: .. amlthe G;11nhit Company wcrc f'ully inll•gratcd. twjnr oil 
companies. each with annual sales of over $1 billion amJ cxploration and 
d .. :vo.:lopmcnt hudgets of o ver $100 million. Iloth lirm~ wcrc prcparing 
sc:dcd bid" for an oil rights lease on block A-51:! off the Louisiana Gulf 
Cl'~st. Although the deadline for the submission of bids was only thrcc 
wecks away. neithcr firm was very close ton final dctermination of its bid. 
ln.ked. managcment at Maxco had yet to decide whet her to bid at all, lct 
nhme how much to bid. Although Gambit was virtually ccrtain to submit a 
bid, thc kvel of Gambit's bid was far from settled. This uncharacteristic 
hcsitancy in the preparation of both firms' bids was a direct result of 
ccnain pcculiaritics in thc situation surrounding the bidding for block 
A-512. 

Block A-51:! lay in the Alligator Reefarea immcdiately to the south ofa 
knuwn oil-rrodltl.:ing region (sce Exhibit 1). Just to the north werc blocks 
A-~97 and A-4%. both of which were airead y under leasc to the Gambit 
C'mpany. On its leasehold Gambit had two completed wclls whtch had 
h~o'en in prouuction for so me time. 1 n addition Géllnbit hadan o!Tset control 
\\ cll in prot:rC!'IS near the boundary between its leasehold ami block 
A-512. Whcn this well wns completed, Gambit woulcl have ac::ess ro 
dit cct information concerning the val u e of any oil reserves lying beneath 
bluck A-51:!. l\laxco's ncarest leasehold, on the other hand, was sorne 
scvcn mile' to thc southeast. Any bid subm.itted by Maxco, thcrefore, 

1 

would necc~';trily be based solely on indireq information . 

The role of information in bidding oil rights leases 

1 n any bidding situation, information concerning either the object ofthe 
bidding or the notions of competing biddcrs is highly prized. This is ever 
more the case in bidding for thc rights to oil reserves lying, perhaps, 
thousands offcet below the surface. There are, ofcourse. various kinds ol 
informal ion ¡¡vailable to biJJers for oil rights. To summarize these various 
types of information briefly. two categorics-direct ami indircct-may be 
e.,l:tblisheJ. 

lnl"ormalinn obtaincd by drilling on a parccl of lund is Ci.tllell direct 
inf,Jrmation. Ohviously this b the most precise information obtain;tbh: 
cunccrning thc subsurface structure. From core samplcs taken up during 
thc Jrilling orcralion, and from careful laboratory amtlysis or thcse 

J 
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lxhibil 1 
!>ubsurface m¡ the Alllgator Reel area 

ALLIGATOR REEF AREA 
Vicinity Terrebone Parish, La. 

SEISMIC SURVEY, NOBLE 8 STEVENS 
Contoured on= HAYV/000 
Contour ln!ervol' 25' 

8 Producing Well 
~ Offset Control We 11 

-<:>- Dry Hole 
x Estimated Local High 
1 Drilled by 1\ntex Oil Co. 

sample'i. considerable informa! ion may be accumul:lteu not only about the 
prcscnce or absence of oit. but ;1lso about the typc. thickness. composi
tion, and physicat properties of each of thc various geologic strata en
countereJ. Such information then proviJes thc J1 illcr with a rcbtively 
accuratc estimule of the oil reserves lying beneath thc paree!. Dircct 
information concerning adjacent parcels muy be obtaincJ by drilling otl'sct 
control wells. These wells are offset from the princip;ll producing arcas 

! -
' 
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.ll"l' IP,.';ttcd 111.:ar thc hounJ.u ;l!s of thc le;1~cd pared. Such wi.!ll v 
·' pn11'tlk a particular Jc~.,cc with precise antl valu;~hle infurn.. ..n 

alh\U( adjaCCill parccls. 
lndir"'"'l 111lúrmation is uhtaineJ from sourccs other than t.lri::ing and 

m;ay be tought~· divided imo two kinds: scouting aml non ... couting. Scout
ing informati\m io; gained by observing the operations of other dri!lcrs. By 
ClHIIlting the SCCtions Of driiJ pipe-each of known kngth-introJuccJ 
into a hok, "" observer may int'cr the depth_of thc hole. Uy observing the 
quantity l,f ccment-requircd by law-used to plug thc various porous 
~trata th.tt are cncountered, the thicknesses of these strata may be dcter
mincd. Nlll'mally, howcvcr. this typc of scouting information will not 
} il'ld nc;11ly thc prccision <~Vailable to the drilkr. lt can hclp in thc t.lctcr
min;ttion ot' whcthcr or lllltoil reserves exist al a particular lucatio11. but it 
¡, much tes~ uscful in dctermining the !>izc of thc reserves.· 

~hlrc dcllnite scouting int'orm;ltion may som..:timcs be obtaincd by 
more cl;tndcstine means. Eavesdropping on informal conversations in 
rublic places, subtle forms of bribery and inll.:rrogation, even forcible 
cntry onto a competitor's drilling site may proviJe much more detailed
:tnJ more valuable-information. An extreme anecdotc tells of two mcn 
who were caught while inspecting a competitor's drilting log-the source 
documl!nt of a driller's direct information. The mcn wcre rcportPdly held 
at gunpoim for severa! days in anticipation ofthe approaching Je;·Jiine for 
tllc submio;!)ion of bids. Managing to escape the day before the rleadline. 
thc two men wcre able to report back what they had secn in the tog. As a 
n:o;ult, the llper;ttor whose log had been compromised was t'orced to raise 
his bid by $7 million. 

l.css mclndr¡tmatic, but highly significan!, sources of indircct informa
tion are availahlc through means other than scouting. Non~couting infor
lllation. b ohtained, fi~·st, rrom published spurccs, such as govcrnment 
gcolog1c ami geophys1cal surveys, and frol)'l reports of previous explo
ration". Second, nonscouting information ·:may be obtaincd from local 
scismic surveys conducted either by in-house personnel' or by private 
contractor~. A third source of nonscouting int'ormation is found in the 
tr<~ding of dry hole informal ion. The tradition among. drilling operators is 
111 rcvc;llthcir Jry holc expcriences. The feeling sccm~ to be thut there is 
f':ar more to be gaincd from thc reciproca! exchange or dry holc informa
tilm than could be gaineJ from watching a compctitor pour a cono;idcrable 
inv..:stmcnt intu a 'iitc that i~ known to be barren. Fin;,tly. nonscuuting 
inform~1tion may also be obtained fr6m indepcndent prospectllrs. pro
moler\, and tradcrs who may have becóme familiar with certaiti tracts in 
thc past anJ are willing to trade this informatioi1, again on a reciproca! 
b;,~i.... -

As might be suspecteu in an environment whcre informution has such a 
hi~:th:.:.;,;;,: immcdi<~tc-v;¡Juc. interna! security rrcscnt ... a ckar :u1J evcr
rrc'ient problcm. Bnnk-typc v-nults, ürmed guards, and clectrifkJ fcnccs 
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' 
;m: commonplace. On occt_,~ion, cntire urilling rig-.. h;,v..: hccn cncascu in 
canvas to thwart thc efi'orts of prying cyes. Sulv ... t;,ntial slowdowns in 
opcrations, however, under itlmost unbearable working comlitions ha ve 
al so rcsulted. Furthcrmore, a blanket of sccurity must al so be placed o ver 
thc dcrivation and submission of bids. lnformation 'on the leve! of a par
ticular bid can be even more valuable than information on the Vitluc of 
reserves. When bids were being prepared for the tracts surrounuing 
Pruuhoe Bay on Alaska's Nonh Slope, one company packcd i·ts entire 
bidding organization onto a rnilroad train and ran it back and forth over 
the same stretch of trae k until biús had been prepareJ and submittcd anú 
the hidding deadline had passed. 

Finally, with information such a prime concern. circulation of false 
infurmat ion i-; oftcn aucmptcd. 1 r operators are succc:...sful in lcaki ng falsc 
ncgative information about a particular paree!, thcy may be ablc to later 
"steal" the paree! with a rclatively low bid. On the other hand, to divert' 
attention from a particular paree!, operators may feign interest in another 
one by sceming to conduct tests there. 

·Maxco.'s bidding. problem 
j '. 

Mr. E. P. Buchanan, Vice Prcsident for Exploration and Development, 
had primary rcsponsibility for pn:paring Maxco's bid. Mr. Buchanan's 
mformation of block A-512 was, us indicated previously, indirect in na
ture. A!!hough sorne scouting infotmation on Gambit's o!Tset control wcll 
was available to him, the primary basis of his information was a private 
sei~mic survey, together with published governmcnt geologic maps and 

· replms. Maxco had acquired the survey data, in a jointly financcd cll'ort 
. with Gambit. through the· use ora prívate contrilCIOr. The contractor, 
Noble and Stevens, had prepared a detailed survcy of thc cntire Alligator 

· Reefarea several·years previously whén blocks A-497 <tnd A-498 were up 
for bid. Under the joint financing armngement, identicHI copies of thc 
complcted rcport had then becn submitted to both Maxco and Gambit. 
Su~h an arrangemcnt, while unusual, was not without preceden! in known 

. oil-producing arcas. Exhibit 1 rcpresems an updated version of u subsur
facc map included in Noble ami Stevens' repon. 

Uased on all of thc information available to him. Mr. Buchanan's judg
mcnt concerning the monetary value ofthe oil reserves under block A._512 
w;¡.., cssentially capturcd by thc prubability mass t'unctiun givcn in Exhibit 
2. Furthermorc, Mr. Buchan;tn held that Maxco's bid should be bascd 
solcly on this monetary value of the oil reserves. Since it was known that 
no ncarby blocks wcre to be pul up for bid for at le;t'it ten ye¡¡rs, Mr. 
Ruchanan did not a!lcribc any infurmational vahu.: tu uwning a le;1sc on 

. block A-51~. 
Mr. Ruc~ ·1n also fclt-for lhe present :tt lcast-tl1at G;tmbit's unccr-

tainty ~as .tally idcntical 10 his own. He was "iure, howevcr, that 

' 1 
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( i;llllhit'-.. \\ \'11 W\IUid be \.:lllllplctcd by thc dcadlinc for thc ~ubmi:...:...ion oJ' 
bius. At th:1t time Gambit wlmld know the value of thc reserves up to, 
p~rhap~. ·- 5 p~t~o:ent or = 1 !1 per~:cnt. 

For thc pa~t sl!veral ycars, Mr. Buchanan had refused to bid on any 
parcels uf b11d where he fclt he was ata distinct disadvantage toa compet
ing hiddcr. tr a competitor had superior (direct) information about a paree! 
while M.t\co had only indirect information, then Mr. Buchanan rreferrcd 
r.ot 10 bid al all. 

Less than t\ve months ago, however, in an area not far from Alligator 
Rccf, Mr. Buchanan had lost a bid on a bluck ttdjaccnt to •• Maxco 
ka-;ehuld. Maxco had gonc to the expense of drilling an otrsct control well 
on its own blllCk and had found a reasonably large oil reserve. Maxco had 
then losl thc bid, howcvcr, lO a competitor who Was opcrating solely on 
thc basis ol'indirect information. In addition, the compctitor's winning bid 
had still bccn low enough to provide for a substantial profit on the venture. 

Thus Mr. Buchanan was Considering a change in his policySihile he 
v..:ry much doubtcd that anyone else would enter the biduing for block 
A-512, he wa~ beginning to feel that he himself shouh.l do so. lf he did 
d..:cide to bid, he then wondered what sort of bid might be reasonable. 

PART 11 

Gambit's biddlng problem 

Mr. Buchanan's counterpurt in tt1e Gambit Company was a Mr. K. R. 
1\J¡,son: primary rcsponsibility for preparing Gambit's bid thus rested with 
hi m. 

Until Gambit's well on the Alligator Re~f lcas.chold wus colnpletcd, 
~·1 r. Muson 's inl'ormation concerning block IA-512 would be indircct in 
nature. Thc primury basis ofthat informatio~ wa-. still thc privute seismic 
smvcy, for which Gambit h;td contracted jointly with Maxco, ¡ogether 
with publi-;hcd government geologic maps and rcports . 

Although Mr. Mason also had detailed procluction logs on the two 
producing wclls on Gambit's le<tsehold, he felt that this information was 
n,lt relevan! to the problem of assessing thc potcntial valuc of block 
A-512. Thcrc was almost certainly sorne cross-faulting in the Alligator 
Rccf ureu (scc Exhibit 1 ). Since this cross-faulting would probably térmi
natc thc producing area, thc principal uncertainty surrounding tllc.value 
ot' block A-512 was the precise location.ofthe northernmo'it cr.oo;s fault. 
Thus, Mr. Mason's judgment was also essenti<tlly. capturcd by the prob
~~hility ma~-. function given in Exhibit 2. Although Mr. Ma-..un's jud~ment 
Cl:rtainl~ did not coincide prccisely with Mr. Buchanan's, thc facts avail
ihk to thc two mcn ami thc cconomics in the two companics wcr ·gel y 
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Exhibil 2 
Probability dislribution of monetary values 

Mu11ctw·y ¡·al11r 
uf oi/ rtsen·es 
(S mi/liuns}• Prubability 

S 1.7........................ .03 
~.7........................ .116 
3.7........................ .10 
4.7 .. . .. . .. .. . .. . .. .. .. . .. .17 
5.7........................ .:!K 
6.7........................ .IS 
1.1 ........... : ............ _,01( 

8.7........................ .0-t 
- 9.7........................ .0:! 
10.7.. ... . .. .. .. .. .. .. .. .. .. .01 
11.7........................ .01 
1:!.7 ............. "......... .01 
13.7........................ .01 

1.00 

~km ,-aluc =SS lll. 
• N el rre•cnt \aluc :.t 10 percent 

This would, of course, change dramatically whcn Gambit's ofi"set con
trol well was completed. Al that time Mr. Mason would be uble to recval
uatc thc propcrty with a much higher uegree of prccision. 

Nonnally Mr. Masan woulu·then be in a position to submit a bid rela
tivdy clos'e to the true value of the block while still allowing u gencrous 
margin for proll!. Other.bidder-;, not knowing the truc value of !he block, 
would be un:~bte to adopt such a stratcgy. lf they bid at ¡¡11, thcy woutd 
have to cithcr bi~ relativcly low or risk the possibility of"buying in high" 
10 a di~ustrously unproflublc ~ituation. 

Over thc past ycar, however, severa! operators in thc Louisiana Gulf 
Coast hatl narrowly tost out when biddmg ror blocks on which thcy had 
direcl information. Grnnted that in no case were extrcmcly large reserves 
lo-;t, nevcrtheless operators biurJing with nothing but indircct information 
h;td becn able to·"stcal away'" sub:,tantial rc~crvc~ from operutors who 
were basing their bids on dirccr tn!"ormation.-

With a view towan.l reassessing his appronch lo this kind of situntion, 
Mr. Ma::.on thought that it might be us<!ful ro prepare a whole schedule of 
bids. For each possible "truc value" of the re'iervcs. Mr. Mason fclt _that 
he sho~ld be able to es1ablish an arpropriatc bid-givcn that valuc ofthe 
rc~crvc)o. Thus. Mr. Mason fclt lhat he ought to be ;1blc lll complete a bid 
schedule simih1r to that givcn in Exhibit 3. He was wonucring, howcvcr, 
what a rc:asonable schedule of biLis might be likl!. 

OuanlltaiNe mecnods m m:;;.nage.7Jenf Tcx r and cases 

Caso 11-..:lA 

Exhibit 3 
,Gambit's bid schedule 

1/'rhc• trttC' l'tiltu· of 
fftC' /'C'.ICTI'I'\ i1: 

Tllrn (;cmthit'.f hiú 
.lltould/Jc·: 

S l. 7 million . . . . . . . . . 5 mitlion 
2.7 mililun ......... --- mllhon 
3.7 milhun......... million 
4.7 mili ion . . . . . . . . . m1lhon 
5.7 milhon . . . . . . . . . million 
l1.1 n!IIIÍIIO ••••••••• 

7.7 nulhon ........ . 
lU million ....... .. 
1.},7 mdlion ........ . 

lll.7 mill111n ........ . 
11.7 milhon ........ . 
1:!.7 millum ........ . 
IJ.7 mill11111 ......... · 

---- million 
___ milhon 

_....__nullion 
___ million 
___ million 

---milhon 
---nullion 
---mliiiOn 

AmeriCcln Gt·oc:cwy Products (A) 

In lnte January 1970, Mr. John Roberts, Product Manager for Aml·rican 
Grocery Pro~ucts' ncw hot instant breakfast (codc name Product B-141. 
was formulaitng a mat kct strategy for introducing his new prPducl. The 
product had been SliCCessfully designed, and Jimited consumption IC.'il!\ 
h_ad becn conducted lo providc sorne daia for predicting its mat kct lhllcn
tml. The Ncw Products Committee, which Mr. Rohcrts reportcd to. was 
then at the ~~age al wh!ch it had to decide whethcr to test-markct ot lo 
actually launch the ncw product. 

1 n 1970, America_n Grocery Products was one of lhe largest i nli.:gralcd 
manufacture;-s of packaged food products in the United Sta tes. Thc 1.:om
pany market~d _a wide and diversified line of fooJ and allicd prod111:h 
under many m;uor brand namcs. 

Product B-~4 

Il-14 was conc_eived as il rroduct fulfilling a 'PCl'ific nced in tite llt:tr· 
ketplacc. In cssencc, B-14 wa~ :1lmost idcntical ro !he cold in'l<ttll h 1 ~-.~~
f¡¡st r~·ollt.•cls lhal Wl.:t~c rronwlcd as mea! replaccm~o:nts, but il~ imptlll:lllt 
contnbutwn w;_as the fact.that it was designed to he 11 ,cd with hot or w.mn 
wa11!1 · thu-; g•vtng a lw1 mcal rcplaccmcnt. Th~.: ptllduct dcvclopmcnl h.td 

' bccn bascd or thc COIH:cptth;tl, whilc many con~umcrs acccprcd thc idea 

--,¡;~ 
- -- -- --------' 
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Are OR techn·qu=s 
being used? 

Highlights from recent OR utilization 
survey of 116 Fortune 500 firms show 
which methods are used a lot- and 
which are not. Study focuses on the

production industries. Regression 
analysis, linear programming, and 

simulation are the most pop-ular. 

The 500 largest U .S. industrial 
firms (Fortune's 1975 listing) v.·ere 
selectetl for study on the assump
tion that they were most likely to 
repre.;;em "state-of-the-art ·· ut i 1 iza
rion of operatiom research (OR) 
techniqucs. This project was one 
part of a larger study covering a 
number o[ aspects of thc OR 
function. The firm~ were randomly 
divided into t\vo equal groups. A 
separate survey instrumcnt was 
developcd for e<~ch group to exam
ine different :1spects of the OR func
tion. · One instrument examined, 
among- otlwr things, the uc;c ot \'ari
ous OR techniqucs, while the 
secoml examined specific areas o( 
OR application. as well as other 
topics. A total of 1 í6 firms re
~ponded to Ll.e su1 \T~. 

In Table 1, the cump;"ative me of 
the 'il'\en OR techniqucs is shown. 
Rl·spondcnts were asked to indicate 
the frequency of use for each tcch-

Relative use of operations research technlques 

Te·¡ lmiquc., 

Rc·gll'''lf>ll 
.\n.d~ ,¡, 

1 .i 111".11 

:'\tul!bt·r 
o[ 4\:t'\'t'r 

rt''P' HHicn h 1 

9.:; 

(<lc~ree of use in %) 

\'u\ 
frequcntl~ 

2 3 -l 5 :\lean 

2.7 17.6 ~1.6 -11~.6 3.97 

iK l.i. 1 H.l 21.8 Hi. i 32.0 

~ 
(,~ 1'11 •g 1 a lllltllll ~ 

'-li 111 ul;ll in11 

(Jnl'todwtinlll 
.\:t'll•'lll t.. \lodt·l, 
C.~ttt'll<'ing Thc•o¡~ 
1 l ~ 11,1111 ic · 

11.·1 15.7 25.7 :! 1.~ 2!!.9 ~-~1 nov~o 
:i!!_,l___J:!_)Jl__t: •. !> 10.1 -J!.--~~:~--··~1 -?1 
:lfi.ti :J!I.I ~ 1.-1 l.~lti_. fl"' .,G' 

l'ro.I.\Janrn•ing li!l ;,:u; 31i.2 7.2 n.o 2.9 
e .. "w· 1 h, . .,,\ lii :"•!1.7 2:"•.1 8.!1 n.o b7 (¡. ~~ 

--------- - :.~_[)_~~J.-.4-,.-,----r------------J 
'J'nhlt• l. l't'lrt'lllll.l!.D .1/wwn ¡,.-r,· C/ bn..,hrcm 
l'lil " ft'l /¡ 1/1.(,11('. 

11-.1 H.B ;¡ 1 1!1 
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"n·r y f~t·qu~nrly." Sample 
,1/t' \aricd sli~htl~ as many 

o{ the n·~pomk1w. only chn kcd 
,.,!IIL' of the tn hiiHJllt'., ;¡nd ldt 
orlwr' hl.111k. Tlw hlauk' could pn
h.ljh ll.l\t"lwt·n-inlt'IJlll'tnl;" llh'.tll· 

111'-: "nnc·l ... hlll·lhl' lll<lll'(CJJI,t':l:t-

11\<" :IJI!llll:lt h ol o¡d~ ;u¡;d\'/111~ 

.H llt.d ''''P'lll"t'' w;1, 1:1kt'n. Thl' 
li·~run i11 the 1.1hlt: 1 t'l!, .;u-,· rlw 
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r.mge ('XÍSicd in 
the rehttivc use of 

t he 'ario us te eh rliq u cs. 
Rcgrc~sion analysis, 

line;rr programming. and 
~imul.ltiotl apÍ)earcd to he vcry 
ht'a\'ily rnilia·d. while network 
rnodt'ls di~pl.1yed modcrate use. In 
contra~•. qut·ucing thcory. dynamic 
pwgl:llnlllin·~- :lllcl game rheory 
,ho\\'l•tl \1'1\ ¡,,,. \lllil/,llÍOIJ 

Applications in production 

Tahlt· 11 prnt·nh tiH' rdatin· fre
q ut·nn· of ;1ppl ¡, ;¡1 ion of ea eh of tlw 
'c1·en ll't hn;qut·, in 11 ;¡rt·a~ of the 
p1odu1 IH•Il ltlllCIIllll. In adduion, 
l('~poudt·lth ''l'll' ;¡)J,l\\Td 10:-.pccify 
oll~t·t l<"dtllit¡tll':-. :llld orlrcr .rpplic;l-
1 1011 ;11,.;\,. ·¡ hc· figriH'' fot tiH''>l' 
"·~por¡,,., .r1c .tho iucluclt-d in T.1hlc 
11. Tlw lrgtlll' 111 c.tl'h lcll of thc 
1.1hl.- l<'plt'"'lll lhl' lllllllht·l :urd Llw 

J>l'llt'lll.t•:,<· 1111 p:nt'IIIIH''l'') of 
•··~¡H>Ilc!vilh 1d1o ind1c.tl<'d IIH') 

lhl'd .t ll'( ltrlr<p11' in ;¡ gin·n :tn·a. 

Thcse figures ,.,·ere bascd on the 73 
re:.pon<.lems who completed the 
produnion applications portion of 
the questionnaire. · 

Lirit•ar prog1 a mm in~ ~hows a 
relali\'ely high uriliz:uinn O\'er a 
1:HhC'1 ''id·: r:tnge '>t .q>p!,cJ.~rons 
.\lore tllau -tO';;. ol the Jt:SponJeub 
indicated they med linear pro
gramming in analyzing problems 
in the arcas of hlending (43.8%). 
pl;1nt location ( H.S'S¡. and produc
tion schedu!ing (4 Ll'fo) . .-\\so show
ing a fairly high utilitation was the 
broad area of logistics (37fo), as well 
as production planning and con
trol (26'!0). Such a diversity of 
applications is obviously a majar 
reason for the popularity of linear 
programming. 

Siniulc,tio_n showed by far the 
greatc'>t hreaath of ron:rage, with 
only om· ¡rpplication arca having 
le~s than sn;, uti)izauon. Sixapplica-

_ti~Jrlarea~ ha~ a 21';!;, or higher 
utilizaiion ratc: im·emory analysis 
ami control (37<>;.), pwduction 
schcduling (35.6o;,), logisucs 
(3~.9%). plant location (31.5%), 
plant layout (2G0

.;). and production 
planning and control (24.7%). 

Queucing theory showed a fairly 
wide range of application area~ but 
a rathcr low percenwge of utihza
tion. Thc mnst frequentl~ merl
tioned application are<~s were 
pnxluction scheduling (l2.3':o) and 
plant layout (6.8"~). It is quite 
probable that many queucing-typc 
o~pplrctllflll,'i ~~~~· hdll•lln! ,,·ith a 
'lmubtioll appro.lcb anJ ,,·ett' thu:, 
indicated under thc ~imulation 
rcspon5c choice. / 

As wa~ shown in Tahle l, regres
sion analysis rccC'i\ed the higheo;t 
rating on ovcrall degr{'C o[ use 
within thl' finn. Howewr, within 
the production (unction it was not 
a~ cxtensi\'(·ly u~cd as either simula
tion. linear ¡-Hogr;1mmin.~. or ner
\ullk rr,c,dt:!'.. \.n•·rth: k-~. ll 

:,howed " l!lodcst ~~rn·Junt ol 
application within mo:.l of the 11 
arcas with the hcavil'S! nmo:ntra
tion in qu:rlity control (20.5°ó) and 
inlt'tltOI\ anal~,¡, ami control 
( Jtj<¡~¿). 

llndn thc "orhc1" l~.:chniquc~ 
t olurnn, a br1l~ l:ug(' numht•t uf 
ddfcll'lll techntqllt''> \\TIC mcn
lionl'd, includr1rg m;1111 'Jll'CJ.tlitt•d 
(t'Lhllil(lll'S rol J-><llllllrl:rr ;uea:-.. 

.-\llhough tlw II''Jl'>lldt·lll~ \\t'll' 

;rllownl llw op1 Í1111 of Ir '1111~ 
;q>p(ic,JIIOII ;tL ,1, Ollrt'l 1h.111 llrl' 

dt'\'l'll 'pr Cl\·j¡lt·d. \ 1_'1 ~ ft'\\' \\TIT 

ll<lllll"d. Thi~ '>llgc:•·q, tite 1"' nl 

~~ 
1 

! 



t:lnen · pw,·idt·s f.tirly tolltpktl" 
1m,., ,t~t· of ;tppl il:.tLÍotl'- within thc 
jHCHltlllil•ll flllldlllll. 

llw cl.1t.1 lr••rn T.d.tc ri P'''' iclt·~ 
:111 ttttt·rt·-.ttlt.l.; in ... t~hl 111t•> thc 
;~o,il, .l' ,, n• .. ¡ ( >l·~ 11"1 l111i' !ll'.'' \,·irhin 
¡1¡, 

1
d:Jdll 1 ¡¡,J" t111lt :i~"1 r~,t·~ 

lol lo·s 1 atlwr el ose! y thc findings 
n·pntwd in T;-¡hle r on rt-lative 
dcgtt·c· ol utililation of the tech-

tlhJllt'~ within the Firm. 

How well are t~ey utlllzed? 

th ~huwn in T.thlt• lli, tite lllllllb~:l 
,,: ll'\lH'IHknh to " gi\.c'n ·:lll':t 

l.lll.'~t·d lr•llll:llti~4h•\fc,¡¡¡c>i p:c>dtiC-

1 ion ~chedul i ng to a low of 16 fm 
maintenance and repair. Of the 56 
1<:spoudems Lo the p1oduuion 

... dwdulin~4" ;J.rca, slightly over half 
indiratt·d thcy useclline¡~_r program
ming in dealing with ptohlems of 
thi!. typ<'. anrl almmt half indlc;J.ted 
thcy used simulallotl. Tlw next 
mo~t l!t"quently !IH·n:ion,·d ¡'"" tbt> 
··orlwJ" Gl't·gory ol tt'chnlqll·

which includcd heuristic program
ming and material . requirements 
pfann i ng. lE 

[---,:,~~~:.,;.. Appllcat~:~,:t Oper:~:~;~··::,:•chn;ques ~·.::~:.":::, a,.~~;on 
Areas Programming Programming 1\lodel,; Simulation Theory Theory Analysis Other 

----------------------------------~--------------------------------~ 
l'1 "" 111 11011 Sdwdu Ir ng 

l'llldliLllllll Pl.llliiÍilg/ 

( ntllrol 

1':·•)'"11 l'i:llllllllg. 

( "lllllll 

ltl\' 11 1, 11 \ \ n. d \ 'i v' 

( '>lllllll 

<.!tt.dll, C""""l 

\(.JÍIII< ll.lllf<" X.: Rl"JI.lll 

1'1.1111 l <l\"fJlll 

b¡tlllllllf'lll ,\, qui,tlion/ 

IZo·pl.llt"llH"III 

()i· ndin~~ 

1 "~''"" 
I'I.JIII '·"'.Ilion 

l '" 11"1 

30( 41.1 1 

19(26.0) 

10( 1:1.7) 

lld:o.l) 

:!1:.! 7) 

0(0.0¡ 

1:'1(17.8) 

·!(.'"• . ~) ) 

'I~('I:U~¡ 

27(:17.0) 

32(-U HJ 

i(!J.ü¡ 

7(9.6) 

3(-f 1) 

1 ( 1.4) 

31 1 1) 

0(0.0) 

1( 1 ~) 

0(0.0) 

0(0.0) 

0(0.0) 

I(U) 

2(2.7) 

1 (1.·1) 

fi(M.2) 26(3:'J.fi) 9( 12.:1) 0(0.0) 

7(9.6) 18(24.7) 1(:¡.5) 0(0.0) 

28(31l.'l) 9( 12.3) 2(2. 7) 

3('11) 27()7.0) 'i(!í.5) 

1(1.1) 2(2.7) 0(0.0) 

:1( ·1.1) 8(11.0) 3( 4.1) 

5(6.!!) 19(2ó.O) 5(6.8) 

1(1.1) 11(1.1.1) 1(1.4) 

1(1.·1) 6(8.2) ·1(1.4) 

8( 11 O) 24(32.9) 3("1.1) 

!l(ll O¡ 23(31.:,¡ , 1 ( 1.·1) 

2(2.7) 7(9.1i) 1( 1.1) 

0(0.0) 

1(1.4) 

0(0.0) 

1 ( 1.4) 

1( 1.'1) 

0(0.0) 

0(0.0) 

2(2.7) 

0(0.0) 

1 ( 1.4) 

5(6.8) 

3(4.1) 

0(0.0) 

12( 16.1) 

1!">(20 .. 'J) 

1(5.5) 

2(2.7) 

0(0.0) 

3(·1.1) 

6(8.2) 

5(6.8) 

3("1.1) 

10(13.7) 

3(1.1) 

7(9.6) 

9(12.3) 

3(4.1) 

3(4.1) 

7(9.6) 

1(1.'1) 

2(2.7) 

4(5.5) 

4(5 . .'>) 

"ft~l•lr 1/ . .\'u111Ú!'Y~ m Jmrt·nthcw~ are prr(('n/agn ba.H'd on 7.1 resfmr~>n. Thc pcrcentages do not total 100% 
lu·, 1111\!' ma11v II:Sf}()ntlrnts mdicated tltey ll~f'd more titan mu· tnltniqur in a given aJ>/Jlication area. 

'r-·------------~--------------·-----·-·----·------ -------, 
Operations Research Technique Utilization in Each Application Area 

!\: lllll he r 
\ppli< ;11 ion or Linear Dynamic Network Queueing Game Regression ,,, ... tt''Jl'•lldr:lll\ Programming Programming i\lodels Simulation Theory Theory Analysis Other 

'''""'" 111111 
'>< lwdu Ir~~~~ :,¡¡ ,;3.6 1:! ..') 10.7 ·Hi.-1 16.1 0.0 8.9 17.9 

p,' •dlll llllfl 

l'l.llllllllC: ( ... 11 11 "' :17 ;, l. ·1 H.l IH.!l ·H:I.f1 IO.H n.o 8.1 8.1 

,. ·'1''. 1, i 1 ¡¡ 11 111 ~~ 

( llllll ¡" 11) :~;,.O ') . -··' /1) () ~~ :-) .-.. o 0.0 o.u 7 .. -. 

llt\<III<IIV .\n.dy'i' 
¡:, •11 11 ol ·li 23.·1 6.·1 ¡¡.¡ 57.·1 8.:) 2.1 25.5 1-I.Y 

( l: '·" 11\ 
Cntlltol •r _, 7.1 0.0 :u 7:1 0.0 0.0 ;,:;,(i :i3.:~ 

\J.IIIJI<"IIolll< (")\: l{t"jldll lfi 0.0 li.:l lii.8 :;o o HU~ 6.;{ 2.1.0 25.0 

I'I.IIJI 1 .. 1\11111 
•11) ··- 'lll.fi 0.0 ¡: •. ti :,~u J:'d} :u 6.3 Y.·l 

l·tpiiJIIIH"III .\1 qtll\1-

t 11111 R .. pl." c·nn'lll 1)1) IH.~ 0.0 1 ;, :,n.o ·1.5 O.ll 0.0 31.H 

¡:¡, '""ll~ :11 'J 1.1 0.0 2.9. 17.6 2.9 0.0 8.8 !!. ~· 
1 1 )'-'·'"1 ¡,' 11 fi.-•. q 2 1 1'1 -, .-.R.-, 7.:1 ·l. !1 H.li -1. !1 

1'1,,,, 1.4'• ,1II•1U r; 71 1 1-7 1~ li ...... ;_~, 2 :1 11.11 ll.fi '1 :; 
' 1 

l --- ------ --·- ------ ·-·· ------· 
1 ,;l,/,·11/. Ftl.!,llll"\ ¡,, 11' 1111' ¡u· u l'ttlltl~t .. \ IN/\1'./ IJ/1 tl/1111hn o{ 11'1/nJII.\1'.\ .\ltou•11 atlr{l .. /_1!,11/ll.jlt'l( l'rl/11_!!,1'.\ do IIIJI.\11111 

'" /l)i(', ¡,,., 1111\1' o/ lll!tl/ljJI,· 11.\l'oftltl' In luur¡un. 

11. l 11 1\ /7 1 :!1 
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[1) J. von !l'eL·::-.::-.nn a.."':.:i ::J. Morger.:rcerr:, :.'he:J:-•r 0J: Games and Econ0mig_;j:~havic~, 
1S,4!J., I'!".r.·:!:'to1, U:-1bcrsity Press, '3.::-ci-:Edi-~.i.::m, 1953. 

Hi.s·::c.:-icaJ.iy ÍL' "restir.::; as t!:.e first C'JOk en the s•.1Lject .• '!..'1d a 
~rery coa::pre::.:nslv~: ·JnE'. 

An ele.::1ent:u-y .-¡;-.d. en~·~t~a.inir.g Leo):., to 'be read for enjO!!lr:ent. 

[3] .r. ('. e. ~~~cKins-.::y, ;n~!_o::::.~c:t LO.l to ~.hc~:.:?EY. of' Ga;:r¡er-; .• 1952, McG:.·av-:·Ul.l . 

.\ we.~ . .:i.:-wri.tt.::n i:\!;:t., .;:.::;pcci::.ll,¡ us:::ful as supple::!!entar:r rea-:~.~.g ~~n 
garr.o::; hl cx:ten:;ive i'or.':l. 

(4j 

[5] 

S.::.r.:t.:f~l r::.J..c<l .. in, t-'.3-th::_r:::.-:~~1 ··!.::_-:-~-::,.i~_,;~- !~~~::_::e_in G:~.:.;'?~ Pro~p·a~::¡g 
~2·:~~~. Vols. I .. ~:d. :L l'):,_J, Ad i.:..r.on-'-'í~.s] .. ey ?J.blishir .. g Go. 

A r.1.0de:•n.te ly e.dv~.<:-::::ed tex t, c2 -=?Jet'= a.r..d cles..r and a gocd s·~·.rvey 
of t~:-= e::u-l;r lit·~::.~a:.: L~-e. ·,¡el. II i.:; ~..1. infir.ite games. 

G. B. s_,:;. . ..''lder.s CO:J!Pa.i1Y. 

[6] Mc:lvtn D::--u::.:h~r, ThP.:)~¿_rJ.I~.i A.l?ryllsat·~•'J:=l.S of Ga'"'·'=.E of,St!'s.te_gy_. 1951, 
P . ..--::nt.tc?.-E.')..ll, Ir.c. 

Not a t:c::i':~ but -:::..ear s..r:,i :f.reciss rmth=I:.'J.tics.Uy. 

[71 R. D. Luce ·!'l.lld H. Rs.U.'fa, ~-sn<}_::?fcisi~~~· ,1957, Johl4 Wiley ::ud So.t:.<:O. 

A lucid text ~ith o. '!O~e~e!l!,;i·rc t:reau;;.ent. 

[8j D. })~c:~~ .. ·"ll e.r:,ó., H. A- Girshick, Tt~-J;Y. of Cn.rre~ ::>.rld Si:.a:t:.ü:tical Dac~;.~~' 
'j:)5 ·1 ~, J ol~::l lüley 10.u j .=;oas. 

t9J ·T. Ps.rt'n::'.::.u-,_d.by '1..tl'1 T. 'E. S. f;agr.:s.: .. ~:.., 
1971, A.~_,.:·::c.:?..O. t:.:l:::e'fL:r :i:'J.blisl!i.i~g ~:: .. 

f)or.:e Tcnic3 _t_:¡ "I'wo-?"~~SC:l GL't~~, ------------.. -· 

[L1] S. V:tjC.-~., ~~~:__Th~:::~,. _'?:;'_.<:~~-~~ _:·;~~-~·~·-~;:~ .. ?:~:1::'?-~in~, 19)6. 
l::~~'itlC c_·~_;s_r;_ _:_:_, __ L~~~: __ ¿:·rc--~_~:_~-E ~---:_[:_i_~_.:~~~.J_-.¡-~~'J1: ¿~ c1, l~::_~~' 
G:.::i\:n.:¿ ~-.:.p-:!1'!::'~\\;~· . ..:;, 1·:··~) :.:f.:l~:l·:.·~~~. ;~.~ .... ::;.. Co .. 
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.?:.r~ !. G ).~':! ~r: ... .;:.-t,r ----·-·-·-·----· ---···· 

Tr~e const~l..i.ctior: of a zr.a.thet::atica!. ~de). or a 

chocse i3 :~. fairl_¡' jé(;c~nt C.evelo~w..-:·1~ ~ tL.:e history of scier..ce t..ha.t noYJ 

af'f.:;:t~~ s'..l.ch div~rs·: disciplines .=: • .s ;~hem;·~.ry, eng.ineerir..g, medü~ine, 

this d.~ve:.:.u?!I!.ent art s~·1eral ner...¡ r::.a::l:ena.t'Lcal fiel:!s au.ch as linear 

~:hich cocrse l~ bes t. J.ccord~¡¡g to se:!:'.e cri terj_on. The the-:.:7 of gam.es 

S l!!'.:.Ü t.~.!1t;O~S2 . .,r 

eco~otric p!"Cblt::c·s, o!' '::l.Uit~.ry strl:'e, cf confli:::t.i..ne :polit:.cal !..::.terest~ 



r 

'Ih~ Ml.c;.viut.:.-? . .:.. .;;ost c¡o.3t:ly as:~ocia.ted with the creat!.cn or the 

Von ~Ieun:ann' s t:-:-;:o!"y is ~st co;.;plete for thP. :::hs~ o:f' ga::tes ce.:~:!d 

t•,;o-:-er;::on :z.~r;)-::>'l!Il 1~a..:.cs, i. e. gs.!:!·:::·.:l ;.rj -l-:~ -::nJ..y tw-.:; ple.yers in ~hiel:. cr:.~ 
-----·-- 6 • 

pla.yer win:j w~t the o-t;"'l':!l" pl::!.,r:::!r :_.:);es. For thc !;i:n~ being, we rest:;.~:!.ct 

,"' 1 a.ttentio:l to S1lt:h g."J..:~eJ .. 
: 

~riple: 

(X,'l,L), wh~re 

{ 1) X ir a .. .., ... 
~ ·- .. ~· tf::.e S·::i~ o:f f ,¡_rf"tL·33 ~S of :pl::.yer I 

(2) y 13 3. s·~~:) 
~. .. :"le !;e"t e-:"' !: ;~ ~ .. ategies -:f player !I 

(3) L i .. ,, a. ¡•¡;J}.-·.¡ 3.1~:{! .i f .l:lC -. :::_ :::-, u.~fi•.ed o•~ X X Y. 

1 ,.. e '"r•..::cl .•.¡•,_•r_··O;i':.•!' -"J Q1"_ '-~'.··-·.1" 1·· V "" "A," "~,_, e"-"'"1'"\1' \." " V ) -> "" .___ - - . •• 1;. .. <loo.l.L ''--J J ~ •' 

Li :··: ,s· J L( ~-,y) 'j.::. ".1 

L .... 
.L 



.. 

...•. 
. . ,. 

' .. 

,...'-:"..o ·r:o 
_ l ·- -· ._, 

_ ......... ,. ,_....; _ 

-~-

A ;::t.ro..t?. ;:·.r 
·-~- .. ~~-..r .... 

goci or b:..J._, for the t<:a.:J:e of chess. :ño·..teve.c, r.E:vel'•a.l diffe!"·!nt frogrex:s 

tor il':'.str'lCti."1g ~ .r:"l.::.chine to pla~r :::h··?ss hs.'r~ bee!! wri -+;ten. Eac:-: ~:rcgram 

consti"':ut.;s c::e st.l·.:.t~e::,·. The set ·:.f aL!.. s·..;.ch st;:-~tegles for p.~/;.yer :::: 

is denoted by Iht·l.ll*e.ll~:, in t~·.e ge.::e e~ chess i~ is phys:!.c1-lly im-

u:J.l·¡erse. On thc o".ter ;:¡a:_:.d, the r.:.::_":lei' of gar:.~s of' tic-tn.c-tce is ?é..thc:!' 

.s:-!":!.t~;:.:-· 

gar.-.e) 

' '" t ... 

1:.: ) . 

~·e 

for 

'HilJ. 

e::~:~h .~~:·~yc-: . :.ate1·, 

"' -.:.; th".t ll'.an.:r ot:h~l." 

..... ,...,....,\ \ 

"'•"""'-··-~--

.,..~:-_~n we S~ Ud.,¡' +' ... ce exter..s i \ ~ i'c::n~ of ,.., 

·:;,::]?<;;13 of gar;:es C3.:f be tr.odeled ·~.nd 

' -"' .. rl 1 ......_ ............. 



, 

.• _,,.1 

:.r 

1 

1 
,-T::~-·¡ 
' -2 + ·. 1 l • 

~--r----1 
1 

1 1 l 
+3 ! --· J L l __ 

I ( odd) 

2 

L(x,:.r) = !.'~ ~trii:.."li."'l.~G ::: I!'s losses 

... 
It t.1:.~1s out t1ut ene e! the ·:-:.a.y.~rs he l a. dis{~:Lnct ad.·Janta_:¡;e in 

tl;i3 ~r:J·J~. C::.¡¡ ycu tel.l ·w~rl.ch ene:. it i., '; --~· --

Lt.!~ ;j,l3 c..:-L ~.l.: r z e -+·1·.-l-
""' .. -·.> t;~"l.:"':&.~ ·fr;:,)m ·.;la.:.re.::· ::~¡¡; pc'Lnt. o!' view. Su:;--::o$a he 

of th~ time, at rF~do~. 

Ir. -Lh:1 s .:.:~;..; '1; 

l. 
.,.. . 
-! rr calJ.~ O.ú;:;, I 

lz"' J.-· -~ ;J. 

:. '~ ... 
- ... ., ~ le ..J' • ...) 

:-• . ' .l..J • ."::...i".:; •--/ ) 

' . ' . \ J, o·':·¡ 

... ., . ..., ~ 

\ .. -L ..... -. 

3 , -t"ts 
1 J 

of the 



'!hE>.7. is) if I rr.ixe s hi s choices in ~!!~ gi ven 1~·ay, the ga~ i.s e'.' en 

II 

I. 

ti·_:¡¿ 

.- .. \ •. t -¡ 
..J. L .. • l. " 

í t 

=~· iJ.:: t,t.;- .' 

but 

-2p + 3~ 1-p) .· B.nc1 his average winnir:,g:o wh2:1 II 

pl::1;:,·cr I :;"t~..¡ld choos~ p so that 

-2p+3( 1-p) = Jp--4( l-·p) 

3-5p = 7p-4 
':" 

129 .. 7 

:? -- ·~ 112. 

<':'i'' •"' t:·• p--·-:-.,·.-~-:l.;i'r 7/12 an.; -~:.-o ':tith p.rc-t:'.bi] . .:ty 51·'l'2. 
"'~ - - J.... .... , ---. --- .., . ' -

..,. 
J 

. ~- .,... -
~.J.. • ..:. .. "'I 

·¡ e·.----

. , -.......... , 
• ' - ......... ..>'-.. 

"'1'711'"'' "'C::-
1"'?) -.:::~ • . ¡ •. ::: )+~\ -'/ -'~ 

' . ..L _, 

¡;:: 

, /l·'J = .l. --' 

d':'CS. 

or 

- 1 :_;"3 ~ 

f""'\' ... 7 'l-~' ,·,.. ,,_, ., /,."\ 
-c:.\lt ~::.} 1 ")\_);' ... L.j ·-J.-j ... --~ 

1 1 l ,., 
-1 --"- • 



-·- -

For I 

that ~e stouJ.C. re-:et·t~ c.t leas\'. 

8'..l!lJ."'OJl C.ees r...im t:'l.Ll.t L"'JJCh en the a.ver-~se r.-:, Il1..'1-tter wb~ .. t II dces. On 

o 
th~ ':)ther l:'.':l...."\d XI cou.lJ. argllt: tha.t he should not t.we- to p3.y more tho..n 

'. 
) 

S~~ s "!.n·1::! h~ hF· . .s a str~tegr tbnt kee:¡;·.s 'h:l s a..vera.ge :!oss to at mst 
J 

I ' s e pt i.::ns.l 

-c¡·,~· 
' --



,.,,, 
. ¡ 

·.:. ' ~ . 

n' . ..,·-:o·
.... L- -·-

o•Jt. of .?.. 

~r0t J.b i. 1.i ty 

t.:ould ca.ll t01o • 

i~ both 3trate¿y ~ets 

Sine~ 

at i"is ~-ntcJ.; - . , -...:., •n.;.-

- ");: /..).""' 
• - ..J _, ( · ..... 1 

be"i: ¡-= ~.n 

cu.ll on.e, :~ 
.l.J i t -,.¡ere oatw~c.n a.n1 6c~ 

is zaii ~o be a finit¿ ~~~~ ------... --
sets. The fundame:..; 3.1 

enr.·:)tU1 t.c"!':"'ed in tl"~ ~~u;::.~ of O::lu.-or-E'r"Cl hc::..d.:. f'or a.ll fini te t~w-p::::rson 

Zf• C'O- •'L'I\ _g~r~a 

(2' 
\ 1 IPs av~rage loss 

.... 1 ~ """.,... li. 

.. ·: ~ 'j [ :. e- i:. .... :c· r. •.· ::ti. . ' t. r.e ·- l .... ~ 

:._ ~ :r~ :: ~ ~ ~ :, ·e~ , 
.,.r.->') .... j '. 1 • .:•LJo) 

-. ... 
11: .... J 

...... 1.,4 t t .1: t 1 ' -.- ' 
J •• i-"-

',l 
. .,,_~ • l ') ... ' 

... 
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2. l.h.trix Ga.~e. _ccneid~r a. two-~-erson zez·o-sum ge.m~ in norml 
~ .... ·~~. 

finite sets. St:.ch games a.re ~e:;:.::-

tia:e~ called l:ütrix g':l.OK!S ·ber.a.use ti.1e pa.yoí'f tuncticn L ca.u b;:: 

8
11 ... aL.,\. 

A= . . ) where aij = L(xi,yj) 

•.. a~~ ' 
6 
nl 

colu.nn, and l! peys I tl:e entry in -:~e chosen. rCN" f.iru:'. cob;.;t;.1. 

•, 

SR~.dla "2'E.l2· Occasio,1e..:.ly th~ ~-~.:~ is· easily solwd. If s~":l 

ent:-.:r aij ~t tbe mtrix A has ')- prcpe!'t:[ that 'C~f: .... 

(1) aij is th~ z:ü:l~.e:1.lJ!J./ of th.~ ith r(J',;' /l.¡""ld 

(2) aij is tbe ¡¡¡:~!::.:...~ cf t::~ jth cvl'U:llXl, 

t~~.:~ \1~ .'iey ·1ij ia a. ::Jad.d.le poi: t.. Pky~:::- I ca!l tl:.~'il Yin at 

lc!:;.;:Jt a:., by choo:::ir:~ rm1 1. F].-:.~~r ::;:r ::c.n !1:e~p his l.o::::: te 
-oJ 

ut mc:;t j. 

1 

1 

1 

1 
i . ! 

1· 
1 
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Ez~~·~~r,')l~ • ( j --···--· 
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o"!: er~cb. ~olum.n. 
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• 1 
o 1 
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1 

o 

1 

2 

2 

2 

-4) 
'+ 

5 1 
1 

rc:w 
tin 
o 

o 

o 

l 

2 2 

.\ r-1:. :~.:. at~¡::"t.::~~ for s. -· ...-

( "Pl' .... } "ti ) .. • !:1 

-. ' - -~ ~\-
• ~ --- .... ""'· f 

·- '-' .•• J 
.,. ._.,.;. f·-- .: - ·-
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'rbt'; c~nt:!'.<'tl e:ctry !.s ~ 3L".dd.la p:d:nt, 

3in.ce it Í.3 3. ti~!;.n;:¡¡¡ of i·cu %'0';? 

ar~:.. I:l::LXWZ. o'! its cclu::::n .• 

aajdle potnt. If tbe 2 in rosition 

a12 vre r~ cnanged te a 1 ,al- 2 wo·u.ld 

be a a~ddle point. 

an.i V ... 

::1. >o 

e í·" 
~-

... ·'·-

C"'e c::¡l..led -v:Jn:...""':: s·~"··::~J;-;o7-:l.~'1. 
~---~'<'-"ID-..1--

for all i, e.n:! 

I use2 (-:l., .•• n ), 
-j_ ·-¡r~ 

.... - .... __ ,._ ·- .. • .• _,.,J 

- t 

... ~ ·- ... , .. ·'· .. ' 
... · ..... ' -- . :· ... ~, ... :.::!! ~: - )_JI .. 

. · 



'4-· 

.• J.·,~ 

Bolution ot 2 'X 2 ms.trlx ga!r;!!.l. 
-~ 

Consid~r tbe 2 X 2 g.'!.~~ 

mt:tlx (: ~). To FlOh"'! thia ;"'·~~ (Le.- to t"L'ld the v:üue ...... ~ --
~¡J a~ ~'~.;¡t .::..U. c.! op-:;iu:.-~.1 ati..~r ... t~gy :el .. e¡;..:h :pl~·er) ':;:Q p...-o:.:eed 

,,. \ 

s:~·o~-1. H' ·~h.~:r~ is :I.C ,-¡·:.·)dl'?: ~o.l..:l"t. fi')lve b~· t. he· -::r.ethcd o:(' S~!.!·;;ion ::... ----.... ~----~----·- ......... ----c-.4.-c---..._,__..... ~ ......... ....._,. c:a.---
.. 

To proYe tbe :rJethod cf sect:L:~.J 1 works wile:1ever tb.e:r.e is ::.o 

ArHn!m 

otherwia.'! 

ot::~J:rwi~<l 

¡.,) 
\ .L 

th=re ia n? s<:ddla ~ .. -,:1~~. lf' a~ b, 

":) i:s a sa.dUe 3,)0int. B:Lnce b< e, WIJ 

e ifj e. e:W.dlc 3_JO:'...J.t. c .. mttuuir~ th\.10, 

13 n.:l d <a, 

o:::- a. < "l:, b > <:" .:: < d e..:1cl • d > a. 

' .. ·.j ~ 
J. ,· 

... '""1, 
\,.; \ .. - f) • 

tben b < C; 

must h.<:. ve .. ... 

\0!1 s~e ths.t. 

> r.l .. 

1 

1 
t 

¡; .. 

¡ ,, 
b 
¡ 



-1."1..-· 

1 • 
Si!lc~ there is no a:¡dd.J.;: poiüt, (a - b) and (e - d) are 

Flayer I's avera.ge retu.:rn u:31:og thü: st:..'l.~.:t~g is 
...... 

't\ae.:? th~ stre:t~?.e:Y' ( q, l - q)), we equate hia a.ve!'e.ge loc:~es 

~~~ I ~es rows 1 and 2. 

aq ~ b(l·- q) =C.~+ c(l- q) 

-Henc~, 
_, 

q = 
c...:b 

a - b + ·,; ~ d = ---------- "= (a-d)+(c-b) 
{2) e - ·o 

( ~' ,) ) a.q + o(l .• q) = = y ' 



' -':t. ' .... 

2. A ID -

(·2 . 3) 
\ 3 -4 

(~ 
-10\ 

2 ) 

q ::: SI?.Z~ 

:9 
2 ... l =---10 + 2 - 1 

2 +lO q :a 
10 + " - l 

= 

1 
= rr 

12 • -ll 

.]2 .. 

7 
l2 

1 
I2 

:&Jt 1 m.ust b.! bet\,"1.!-!U z~:.-o ~1 on"!, Wha.t ñ~~nedf 1b$ t:ra:.'.hle 

!a "~- " fOZ"got to te&t this :':~tru for a seó.dle poin\i; so of 

c&J.i:""l~ i t han ene". (J. D. ';.JilJ.i~c:; t.h~ ~l~:tt St:::n.tc.(N:st 
- ----"----~~ 

corn~.t" 1a a :JWd~ :poi~t. So· v :: 1 1 ::9 = O !l.'Vd e;.. • 1. 

( ~ 
t, and. d.::.:¡.;; i).'\e cf 

.3· 

IV::.~J n·:.:"lrc. -.- .......... _ ....... .._. 
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Definition. Th.e ith rCN daminataR the kth ro;: 1f .,_, 

3.1j 
~ ... .. -~,kj - .. · ~· c.il .i. Tl:·.~ jth C':J~·-"...~::::.::.:.. '"~ .. ~ .. ,~inst.:':~ th~ ktll 

-:el u-m ~ ~ • .J 

J.~ 
< ail for - ~ 

al:'. 1. 

_,th +b ktn u t~ - rc:-:,r c!c:ú.n~tc:. t~ . ~¡, rc-:f, the re-~ may ~a 

lr.ntead of row k. 

2 o 4 

A., ., 2 ;¡ -
4 1 2 c'bt~z:.: 

.. ?~?-
''..,¡·..a' 

/2~ 0\ 
\ l 2 l 

4 lj 

e 2\ 
4 1/ ThiG 2 x 2 zr.':.t::."i::o.: d~?e not ~ve n s:J.d.ct~.e 

3 1 7 
:point, so T• = ~·· q_""' r¡: v =- ;¡• I's c..'1"t::_:.rc'?.l 

I!'s i3 

/ 

i.) vH~' ;:~c~<:.bi1lty 
"' 

.1. - 1'. 



:j 
' .... 

.- ., 
... 

k vith pMb!l.'bility 1\ t!li"-<3 'be %"\!placed by t!le O!lt! 1n '\thicb. 

lt' a pro'b . .J.'bil!'ty io gpllt 'bet-.;.~.::::n i 1 a.zU · i
2

: 1~ >J ~.rob:i~ility - ~ 

1s ;L.-¡ creo~~ 1 J. by p • pk a.nd. 12 'G jirobabill ty is 1nc:n!..wed. ~ 

( l :P )r;'l:. ) s\ SitúW arg'.lli'\en.t r.:a:,· b~ uaed for COl'l.lmA'lB o 

conllizu'·,loa o~ t:i:l.t1 top r-:n with pHi~e.bilit¡ 

1¡, .w! t~ bottan '1:0';1 wtt~ :prd:~:::!J.-~\.;;· 2/'· 

¡o 4 

!=\ 5 7 
,9 6 

V .,. 5~/1'2 a 9/2. Ot CCUl.'B~, mizt¡:rea Of t:Pl*3 tht!n 

t".tt :'.';t'f) (ce:lu.rou) ;:.":'..y be i:.f.¡~d, t.o c~.:.~ta aJ:?.d na 

. 

b \ :; 

r.rot !~l ~~'(;5 m•.y be re:i;1;:ec" .. by iic ~: •. :t'f.k'l:lce. .In fs.ct, 13W.!l if' tl.~ 

. ..... '1-.,- - -·· r~ ... ·o~l.·-.:.. •'-¡ ~.-.·~·-·.·-- -__ -:._.~r n""t ·o,.,. ~';';·¡• ~.'··r.,<•.l"~> .. te" -... e--·"" ~:l·cj_ • .L~ ••. ':j ;:; ~~;:,,,;J ... t.:..; _v •.!.'~.' -.- .. o.J ~ -- ,.,¿.._._ ~ w~ 

3 X j 

E .. ~1ci::e: 1~. Re.iu .. ~ b:t 'i:z-!-J..r:.:··_.\1:.::: ... ~ 2 X 2 r;~~::..~z t~:"i4:: ~'~'! .. ,.~. - .... -... ........, ___ ___ 

(:t) ls l¡. 1 ¿\ (":;,) 1 J.~ o 7 1\ 
~ : ;, 

¡ )~ 3 2 
·¡ . 

2 6 4 7 ~ 
.. :!~ ~ \ t: 

\ ¡ ) \ o -1 ¡~ 

: J 
\ 6 3 3 5 

\1 --2 1 Gl 
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• 

Sob~.-1. 2 x n and m x 2 B!!t!'.i!!S. · Gemas with ma.trice~ ct 

si~':·~ 2 X n or Ll x 2 m..~:r be .solv~d witl: tl12 aid of a grsphic.il 

' 

.p 

l - l? 1 

1 

6 

'2,"J'("f'\. 
5 

) . lowet" cmvdore 
o m~ x i W\il"\ 

th~ second. rc-..r with prob<..~.billty J ... p. If !I cb.ce3~3 Colum l, 

I · J ll ve.ra.ge -p.~y·off is 2p + l~( 1 - p). S5mla.rl:r, choi~s of 

C·:.b:I~P..s ?, 3 a;ld 4 resul:l; in Er.V<!j;"<lge p~vofts ot 3p ~ ( l - p), 

I· r 6( 1 - p), a.."'1.d 5p resJr- ctiv.~ ~Y. We gra.ph tbese fcur 

l:l~~a.:- functiona of p fe~ O<p<l. 

-- 6~t 
~J . ,. . . col. 1~ 

4 

2 
. :. 

:~'··'"o:"lr .p·: ...... _~(~; .. ~c~ .-:·f ·~lJ.ef!e . -------~·- .-.-

1 
co:! .• 2 

ccl. 1 ~dHI'Ii
nah:.:.~ 



,. 

.... 

. .J 

. , ·.' 
. ,f< .., .. 

... :;J .. 

( ~· , f ) . Su'bje~~ to thD e.cc~":" ·;y o! t~ d.-m."'it:..¿;, t?O ceu:~· 
tt·.n•ei'IJ::ro th3.~ !::1 the oriói.r:.:!l g<r.:l::: ·t• s o;:t:i.i:l."'\l ot.!'ntet&Y i~ 

( 5 ?. \ ·-- ~ "-¡•'l J ... 

It I U3e.s the ctrat~t;Y 

Ce~ 1, 2, 3 and 

4-t· 'l'h.un, ll 
1 

4, 

llO Illf;.tter '\tMt II d~~~ • 

mxQ 
NJ ~n ~i)~..f.;'"!~)~.!': ~ o. 2 A _..,. ~: .:.. ~) c.::'·!.:~·. ~2:;~ tt-¡~ foll~:.-.;_-,~ 

1 l 
1 4 
~ 

\ f) 

¡ ... '?. 

5 \ u¡pel" crwe lo re 
~ ~ m;~; m«>< ¡ 
3/ 

' 1 



, 
'-· ~,-· 

,• '~ 

Tilia is the upper envelope rCN 3 

of the ~~ctior.. II van~s to 

find q that min~~e3 this 

5. 

4~---~~--~----~ 
V'~ 

:...rCJI#f 

f 
31 : : 
2, : 1 

1+ ¡ 1 

---s·i_ l l 

t r 
-:ow 

3.chieves this z::ú.r..~. 'l'he o 1/4 1/3 1 

value cf the g~e i: 4, nad I has an 

opt~~l pure str~tegy: ra~ 2. 

( 

3 2 4 l' \ 

·-2 1 .. 4 5) 

E:terc1:~e 6. !{e duce to 3 x 2 by domina.''lC•:! ~nd sol v-e. 

•' 

2 

1 , 
q 

L1 gener3.l_, tt·,e :;ure-fire te.st r.:.1y be sta~.e:i thus. For a give~ g-¡;!:e, 

'con.ject.¡red cpt iGJ.?1l s t:ra.tegles ( ~ ... ~ ) 
· -"'1' '.t-m :me! 8.1""! ir.decd 

(p ••. ,'lj ) 
1' . - iJl 

(ql, ... ,q ). 
l1 . \ 

(~ 
8 3 1 

~\ 2 r 
3 {_) J . 

\~ 
h 6 ~ 1 

3 ~ e:: 3} ,J 

:-o •• e-~i··"' 7 -~ .. '\. .1 ·~ ~ ... ~ _....:. 

_ f 6 -~o ~ 11 1 . 
'2 - \ ···¡·1·r¡: t;, -3-:-: • n.nu 

.J ~ ' ¡ 1 

( 
l~ 4 l! ) - -·- - () --5. .. -:¡" J •. '7 ' - ~ .. , ' o 
.,) f -1 _.1' 

·.--: .,_:..,.r .. ; - ...... e _ ............. ~--..1- -~· -----··-----
( ·.~? c;o '¡ l ' 

'O ::. ·:--,- • -.-:-::- , ·,-·r,-.·· ) 
lv \-··J l•; J.~)/ 

is 1 o 5 -2\ 
1 o 4 t 
\'~ 1 

-4 o 1 
1 
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_, 

1 .( 
. 1 ' ...... 
/~~ -· lB 

HA.'l'H lh4 

3. Upper 3-nd lo~rer values. Co:1sider an arbitra.ry finite two-,. .......... . ""~ 

person zero-zu:::¡ ga~ (X, Y,L) :nxn gar1e r.a.trL--c A. ,.. ... Tbe sets 

of rlixed strate¡:;ie3 of pla.;yers I ~·.:vi II ~..-il.l be de::nated res::¡ectiv·~ly 

.¡¡. ·'f 
by X a.ild Y , 

* f' 1,.. ) 2:~ .. ' X = t,E = ', !.'l' ••. ,:p.m p. '> J, i = 1, ... ,m a.nd lpl = J.J 
~ 

~-

(~ (ql, ... ,~) ¿;n 1} '{ = = q.i > l, j = 1_, ••• ,n and lqj = . 

It ir: IIGeful to th in~: el' t~e ~le:r:.o::.::.t :: of X* and y* as row vector!;. 

ru··l i.we:nsionrt l. •1u i. t vector e, ........... ~.;-~ th a one for tht; ccll'"?Onent 

~-~~d .,,,., ... ;. ~1~-~~.,h·~r·! l!~·~y be identif.tc•.l. w5.th the :pw.·e strategy of choosi..';.g 

* Thu~, <t·! ''•'.'/ cc:nsid.cr X to be a sub::.;et of X 

b' he a su'!:.l~et cf * y • 

* r;:;•:~ q .; Y an·~ :r. leyer I 

pu._vl,¡ 1'. l.n I l.u 

( l) 

payoff to L t~co~es 

(2) 

-where 

n 
1 )'• 
l . • ..J 

j=l 

""'"' 

P. •• q. )j_J. -
~J ,j ~ 

He CO'.l Ld if we. .:.i;-.. ~ con::;ic'.er tt~ ~~-:::.::: 

chooses row i, the ave::age 

+ 'T' 
I .. (-¡:-.,r:)-= nA. q·, U:~¡u·_:}: this ¿;~'::· ~':.~d !10 lo1'ger ·o~ :1 :fir.it(: gar::.::. 

~-- ~.,....,_ .._, 



]_, 

.. 
,• 

_, 

Suppose tbr.t I ,.,.~re a.b1e to g"'!SS corrc~tl.y- that II has r~ecidcd. 

* to ure q_ e: Y . ...... Ther. he would ch.: os~ tb.a.t row i tta t zrax:imi~e:' ( 1) ; 

'lfo 
or: 12CJ.t~ivc.2..=r.tl,y, he w-:;~lcl choose t1.~t ¡ e :( th;.t c1::!..-..:imi~c 1 (2 j. Rb 

( 3) 

tra:<immt of p A (? 
~-,.... 

n 
Llr1.X Lt 

-l~i$1:1 j:.:;l 
a. .•. q. = 

l.J J 
T pAq ---

over P e X, a~~ ~~,- sir-~~ * xcx, ..... 

t:r..an cr r.<;.'Jal te thc r ic,ht si de. Tbe :!.'e·ter.j~ inequa.lity follc . .;z sil\C~ 

(2) lo li.n o.ve~ag.~ of thc qu:¡ntiti_;::.:; i:1 (1-J c.::.d so cust be les:: tjan IJl' 

thd; a=hieves ·the ~"'<imuru in ( 3) is ca.lled a Ba.ves 

cf (3) i.j a (p·it'<.!) .&.ycs stra:tegy :::;:;:d.nst ~· The!'e a.lwa,-. exi.st ~1;:;-· • 

·11-
B::::.:r··:; Gtra.tcp;i•·c a.~.:'.in::!:. e¡ for -~v,.!r:y q e: f in fir!.it~ ga:.?3 • 

. gt.:~~::: nt th~ prr,'j:lbiliti~::> t.r.at' you t~_:..nk ~--cur o::p~o.cent wi11 play bis 

varl0\.:3 pure !:Lrate.:::i.es, and choos~ ~ ::2ayes strategy aga.i!'lst thi::. Of 

1 
'.:. ·¡ 
1 

rs~~ ~vn~cl.·~e 1 ) .. .....,,._. ,¡,_, • __ ..., ..... .. 

L0t us no~: ?.r.alyze the gener:J.l :.:.a.triz gs.me froGl pla.yer .'.I 's -vie:.,r:;;·,);.:- ·;. 

·)r 

:1e ~:;·:::; 2. e: Y , h,~ is sure of t:.J'c. lcsi::c; rc.~re t.han ( 3) o:~ tl:(! aver·::g·: .. 

.:c-u.Ll lose t:.is .'j;no:J:¡t on t-he aYe :-.,: . .:;e if, for cxaa:.ple, I ···ere to ¡_;_s;: 

(1 • ... 
l) 

1 
1 

1 



,.. 

' 

wi: '..::::.1~ of (3) O\·;::- denotcd ty 1' r.~:. cal!.ed the upp~!" ·;~>.lue 

of -~:~e SJ.rre. 

(4) V -= mi.:'. 
q;:'i-\ .... 

n 
~ 

1.-J. a .. q. = 
j=l ~.j J , . 

~l9Jl 

One rrr..y think of Y a.s tue sma.llest n.vera.g~ .loss tbat p,la.yer II ca.n 

a.ss.ure fo¡· himse~f ~•o mtt~!" wbat I dces. * q S y tha t aciú.eve~' ,... 

th!3 mJ nil!lum in ( 4) is called a. m.j.nirr.;;;·{ stra.t.·~$1:'-: for II. It minimizes 

his l:'ll..dmum loss. There al•oio'a.yti exists a Icini!D3.X stra.tegy in finite gaJI.t!S: 

the ·!lta.ntity (3), being tb~ ca.xi!IlU!ll of m linea.J· ft;JlCtions of q, 
. ~·-

is a 

cont.lu:¡cus function ol' q a.nd sL"lce ,..,. * V ... is a c!.osed bo~~ded s2t; this 

~ * fund. 1 •Jn e.ssu;nes ltn mi:1.i~u:n over y· a.t so!!l~ :point of Y 

If 

_ .... ----;·----------· ... -
f\ rrim.il.JUO uuu.t.·p is may be ca.nicd tb.!-ough trom player I' s viewpoint. 

h 
IIC!ea ~ a X , ··he is ass ured (~~~ winning on the average at lee.st 

!l1 

r.1l1". E. p. a 1" = 
l j i --1 l " . ~ .91 

Tht:! • u 1 unm j ut· the mixed s trategy 'l that achie·;es the mnimum in (5) 
.~ 

\ is cr:Jll·:d e Bay~3 strategy forii &gE.inst E· Therefore,. the best that 

\ I b t.' . • t· * ·- \ __ -~:'l~- _e .. ~u:r_: __ o. _'·!_:_runng on ne 3 vernge by th= U.3e of acy p e X 
' (6) Y.-= L'lll.X-. ·m:l-;---~~~-:j---~·· -~- .. ;-A q'f~------

"OE:X• 1.-:j<n i=l ~ l. ·r.ex* qeY* ..... ..., -
l'v -- Ñ ,.... 

is 

'fhe qu~r.tity V is ca.l.led t.1<! ~o;,er valc.te of tbe ~· It is the 

x* that achleves 1:.he !!".él.}:ill:JtlT!l in ( 6) is ca.lle.: a mini:n.::l.;{ 

te1·mi.c.ól:Jgy in' view oi' ( 6), but fro:r. ~ytrn::::.ry ( either playe1· may con,.. 

sider himaelf pJ.ayer II. for -p:;.rpose:? of -~o.ly'iiis) the se.~ • .. :ord to des-

crib.: th~ same ic:e':l -:r_'iy be pre!'err:J.'c>).z s.nd :.t is certe.in¡;, the c~:.to¡r.;¡,·cy 

--/' 

J 



-("~. 

J_,eJ'~ l. ·--

a.t lt.!BSt 

Ler.:.ma. 2. 

V .:...J '"'' ~ .. ,. . .t"'-"" J ..... 

Y,_ S, V. 

21 

II cannot c.s.:; ::·~ t;:D~:el.t' of losing at mst V. rr. 

This ler;.wa. a..Lso follows í'row. thE~ g·~r.~ral rMtbeC".atical p~C'inci~):.e that 

,.,,,., f'(v y'' ~ "'"'' .;-( .. 1 ,,\ ........ y' ,._, 1 ;:;; .. ....,.X, .. \ .. 'J ·' ¡'cr eve. :/ x and y 1 so tbat. tald.I:.; zta.:.~ •• 
1 ... 

on· thc le.!'t does not c.hc.::J.ge the in.eq:.:.l:.-,;,), nor doea ta.kir.G min on ·~h-:: 
y 

riRht, which giv~s the result. 

Wllf!!\ . V ;:: V a very nice sit~.n.t' en exists. Pla.yer .II can assure 

hinut•.! u· of not lu~J Lns !T';Ore en tbe ev..-1·.:::ge than :!.Jla.ye;¡· I can asG1.u-e 

him~-:!11' úf winnlng. 

V .. V 
' 

.:-:n')t~d sü:Ipl,y h~· V. I~ .. "-. _ .. _ ... _h_e_::·~_o_f 



) 

....... ~ ... · 

constant to ea.ch entry of th_e ga.me n:atrix, and or multipl.ying eacb entry 

... Qf the ga.o::e rr.a. trix by a posi ti ve constant. The ga.r:e having ma. trix 

A = {a .. ) ,.., l.J 
and the ~an:.e ba.v; ,a matrix A' = (a' .. ) · th 1 + b -~ --o ,.., ~J WJ. - aij = aij , 

where b is an arbitrary real number, are very closely related. In 

fact, the ga.me with mtrix ~' is equivalent to the ~ame in which II 

pays I tbe amount b ( or -I pays II tb~ ~unt -b.: )-, and then I and 

II play the game with matrix ~- Clearly any strategie~ used in the ga.me 

withmatrix A' give - I b plus the payof~ using the same strategies 

in the game with n:.itrix A. Thus, arzy mini..r:3.x strategy for either player -
in one game is also min.ima.x in the other, and the upper ( lower) val u e oí" 

the grunt! with ma.trix A' is b plus t"uc. upper (lower) value of the game -
wH.It rr~1Ltrix A. 

:Jlmlla.rly, the game having rnatrix A" = (a'~.) 
-- ~J 

with ca .. , 
l.J 

\olht::!r··~ e is a positive constant, rray be considered as the ga.me with 

mati·lx A with a change of sca.le (a change of monetary \L."'lit if' you -
prefer). A~ain, minimax strategies do not change, and the upper (lower) 

value of A" - is e times the upper (lower) value oí" A. We combine 

these observations as follows. 

Le mi:" .a. 3 . If A = (a .. ) and A' = (a~.) are l!'.E.trices with a.~. == ca .. + b, 
,_ l.J . -- ~ l.J l.J l.,l 

wher~ e > O, then the ga::n.e wi th rr.E.tri-"< A has the same minima..'C stre.tegies 

for I and II as the gam2 wit~ k~trix A 1
• If V and V are the lower 

and unoer values of the gac:e with r:; .. ,-:rix A, then gan:e with D"3.trix A' 
"'""" 

ha::; lm.,.er val u e v' = e V + b, e.nd un-cer v2..lue v' ::::: e V + b. 

.. - ......................... -·-·-..., .... , ... ,.,"~-·~---,...,,,,_ ... ~,..,......:--·-.··~~~-~-.. ··.o-vaca <- --fll'I'W..,.....~-~ ...... ' 
. -· ···"'··· . .. _;._ 

.. 

:. 
l 
1 



• 

..... , 

L"l pe.rticul::-..r, the value V of the ga.I!!~ with Mtrix A exlsts -
i f a.:1C. onl,y 1 f tr.c v' of t!:~' gr..l!:.e with matrix A 1 exista, and -
th·~n V ' = e V + b. 

pl.'1.y!'ir II ena.tlle:1 plo.yer I te ar:..·~v8 at a set of prcba'bilities retlacting 

· hi~1 !J01llcf of the cc-luam tr.a.t II ·,.i.U ~hoo::;e. I thir.ks tha.t wi th 

rE" .s pote t-. L ve ""...'/• 

(•L) Finct t'nt· [ a. E~yes s~:rat.r:-;:r a.ga.in~t (1/5,1/5,1/5,2/5).:.. 

! 1,) Düppt:9tt JI gt:.•.:!ssc~i correc-l:~t th:1.t I is going to '!lSe a Bayes 

~tra.t~~v he ;;hol'J.é'. use - 1.f.?.¡; is) find II's Ba.ye.s- str¿:;l;.egy 

,., 
'-• The t..-•T.e '"'i t~ :na.tri.:c .c.. 

. ~ 

t as 

ís 

op': i:..e.l f'or I. 

(b) 

..l· Eolve t.!1e ~-~:~ •.ofi V1 ~trü 

w\r.;. l"l" a ' o .)nd b :: o. ..., 

.,.~ 

J...!. 

A. = ( 
o -1 1 ) 
2 o -2 

-3 3 ' o 

. 5 3 
9 5 

-1 ll 

in :;;0th ga.II'.es . 
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b 
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1' 



' , . .... ,. 

...... 
) ' é.; 

24 

':'be mi.nir:-::v: thcorei:'l. \le out n::>H to p::-ovc the mini!'!"ax ... ~ 

tbeorel':l. Ec•rc!.¡e:r, tb·~ ::.'oll.oHin¿ ;;e':':-.: trie ~~".:-Cof ~.as oore i·.·/,;ui tJ_ve 

a:pp~s.l. 

Let n d~r:.ot~ the r~al linc' c..:-~c. ]l . 
denote k-dimensio~l real 

vc.:tor sr:::.ce (th s~t of all }:-t'':;:l~s o!' rr:ü r..t!.lnbcrs). 'l'he .s;::p.:-..:rati::;:: 

"h•vp-..-.~l"'"'f' tbr-~,, . .,. .. .J. 
..........:: -- !- t..Oo6J- J -"<J- -· that a:J!r t~:o Jj¡,_jo:int convex sets t::an 

Dcfiniti.nn. 

<'.:vl evc~r:t. ex, O ::;_ ú < J; ax + (:i..-a)y e s. ,...., ,..., 

~ i:>t'"' : ---

t 
. ...,-,k u se -n L·, 

-.. 
'\ (

~-·-----

""' ) ________., 
.--....... 

/ ) 

\__S 

the fet of point~ 

~- 1 

\ 1 V 
e· e~-··.··': ·:X 
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Two se-ea are sa.id t:; be ~~_2ir~! it they llave nv polnts 

..; ·-~t. :;:· .... ;;.:.. .-. ...-~ · ... 

T !- 1') 
..V ....., 

--~ .\ .. _ ...... · ... ~ .. -
"-".. -· ~,.. -' .. \ . 

.• ~T 
:.....· 

e.nd se~ reJ?.l 

.-• .. ·~ 

Lt:.dJ*!l' e, The vector r ia th~ :.tcoc~.~-.:;r no-:·· ':.l. - -·----

~h"! .~eí'.:t:.n.tln:-;: :·~·.-'"'l,:f~·!·~:-~nr:- th:.~o-rem. 
=--~=--=--::.;._-=~:....;:.;:.~~;..=.:._.:. .=-.:=.=..;..=:.= 

!ct S ~r~¡ S be --. l 2 

}.'i.S~ "\;hcre e:<ists ~. vector -- ---~--~~~ 

such ,:;)-.-'lt fo.t" r..:-l ---- ----

iLto two regiol:s, one 

pOi..'ltü of s
1 

c.cd poiJ;\t.;; cf f:52 . E-~~(~ Xo.7'1in { 4] Vol 1·, A'?pendix B.l J 

--~--~ 

o:¡· 3lsCkHell ar:d Girshic:c re J :'o:r ¿ ~;~·oo:r. 

r~·ca; cor..s ii.t:.-·r o. fiJü·~e G?.::e , .... L' 
\·'·; ~ ¡ ·¡ with ~ X r.. ~ ¡r--¿ t. r 1.x A. -

1-~i:. "' !'r:!p'i.'!'S ,~.a,~..., 
.. 

~'":} ·::;. or A. i"""" 1 1, ..• 't.;J ::?.:l., a'=', •'•.;-"., t. r.~ 
... _ = n. 

,._, r...:.,. ....__ ,... .-ol, 
! .. e 

ch.c-:::ses 'r0:-4 1. T:&a.t .:r~ t!1e ~t;¡ 
""~C·lll~;~ncnt of f:...t 1s the ar:ot.:..."''.t 'l'T ..... ,, 

r~:,-·~ J: 1 .. 
•• J. ! \~1: .:-·Js e!:! 

• "1) 

"·'·· 

i 

•• T 
.L ... 

" 

f---:.c..~. T( .... _ 

"). "'! .. 
. l. -. '· 

::t::.c .~ _. 

~ 
r,:l~~_:a .... )~ :S j. I:f I lU3es '!"! € ... .. ~ r., 

·- r r. ,...., ~-

.• 
•' . 
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(2) ( -~ .,. x*J S a: ! = ~ ~ ·- .. 

r:¡ n 

{3) .. f- ~"' -c. ~ p. > o . .: 1, •• ':!'.1, ~:P. 1} 1::. = .:.. .. t..• . . .. . ... •,.., 
' ... ......... .... l ... 

Th~ set S c:Rn i.~ th~ s~t of av~:r:.~e V·~ ;:1)"' v:!ct::': S available to I tn~~¡gb 

tbe u.~ -=>- e! rdxeC. .Gt=ate,gies. '!'h€ orit;in::IJ. .ca::. e (XJY:L) 'tr."ith I being 

I choo;;·~G a n-~int z e S and si7:":'l1 ~2.r.-:::n.;s1 v II chocz~s a coc·rt~.::.::-t-J.te 

j t (l):?., ••• Jn). 

,..,., ____ __..._ ·---
II ~~-s I tho .th 

J cocrd i r.a. te cf' z. --
~·be :first indication that the se?-J.l·atine hy-perpla.n.e theoreru r.a.ight 

bave sc~e usa in an~~v:1s of g?~es i~ th~t S is convex. 

S is c·.Jnvex. 

}'roof. L<:!t ~ € S :md z' ~S ~Uld rY< a~ l. Se are to :~bD-::.1 --· ,.,. 
1 • , 1 ..;e-

tl:~t :¡ .. + \1-c::)z ~ S. ~.ltnc.:e .. e S and z e S thert: i.~ a R. ~ X .. "' ....... ,_. 

l'JLl ?.
1 

:;:: p 1
A. - .... 

It is .suffi :..;; ~.ent 

(X p '1 \ 1 '~ \ ~¡p €: ¡: ..... 

é. ~ defird ':.:.'• 

~ •.: 1_ l o: th~ V e C t OT S ., "' 
~ ... , .... ,~ .. r...... "'m a:n 

lo..-
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e.r.:a.m:ple, ~cn~id~r the gnr.:e wi th rne.tl·~.x A. -
~...... - ... 

th~ t!u·ee points ! 1 = ( 2,-2) ,~ = ( -1,1) 

and !!;J = ( 1, O) • I chooses e. poi.n·;; 

z & S} s.nd II chooses a. coordL"'lt •. -;~ ..... 

e.nd 

would choose· z ..... 

II pa.ys 

so ths.t 

.... 

.J. To 

a .lll3.. 't 1 mu :n ; tha t is J he ·,¡o•.tld choosc tha. t whose mi.niilitH!l COOI'd.LH:!.~;e 

is a nn.xinr..m. The minirnum coordina te of' ( 2, -2) is -2. The ¡..)i:tt 

(1,0) is b~tter; its ::úr.imum coc:::-::!1.n~tc is O. Travcling up the lir.e 

from (l,O) to ( -1, 1) the !nir..i~t·m ccord1.n::~.tc incl"eases until ;:e r~a.cr. --
(1/3,1/3); then i.t start.s to dec:~·.:a:::~·. He cannot obtain ~. polnt of S 

""" with m.:inimum cccrdi.n~te .lD.rf3er tl1an. 1/3, since the set oi• polnts ~<t:t:~s:! 

iJ disjc.::nt 1-'l"o:n 

val:Je is tl'm3 1/3; i t i::. v.tte.in.~d. i:f I choc3cs (1/J, 1/3) e '..i. Tl:ú~ 

...._ d t 1 • (' 1_1-_· ! ¡'3 ,, ro~ ~o a~ re~ -~ce, s1nce . - _ 

( -1, l) and. .-, O•) 
\ ·- ·' . 

( , - '1 :P --").l. ''t" (1-~))(l.:~') = í 1/3 l(:l) 
' 1 ' ~ • 

fl.'J.' p: p ::- 1/J. Thcrcfore the r.J. ":~:.! 

(; t 1' :'.. ·:: ?. ~:;y (o l 1 . ·- ,..., ) .· ~ ~: n i ~::.:;.,. x fO!' T \ '¡;, • .:./.) ·- ... ..... 

'!''~ .. _ :.·i :"1"' ·~:J:: t:~~.:<">~t":~l. 
-~·-· -----------

\ 
1 
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Proof. It is alwa.ys true tbat y :S V We are ta shov V= V. -
(Lcmn.'i 2 of Section 3). t·le are to show V S Y.· loTe may a.ssam:.: without 

.i. ;: o) ·~oulJ 

b~ redllcec! to thi.:; of A ..., 

(LeLJ.m 3 of Sect.ion 3). 

;:~ attcr.r¡:.t t.o shmt th:!.t t~1ere i::; a t'.i.Y.ed stra.teror q for II such that. 

Ll 

(4) y e: i:~.l..X* m.in :0 p.a .. - .. , -, ~. r:ün 7 o ...,_:.,..¡..., 
~~ -

p~Y. l~j91 i=l l 1.J 
~€~r ~.:::.i::n oJ 

(5) 1' T for 8.1".1. .., S a..."lti all .. r < V r ·; .V ,..; ,.., ;... .... ~ -
L~~t +:. ~.~-.1 y t •i ter"d to ~) ·.-~~ .. ::~ ~ t. ::.a t 

U~) 
r {.) . f) ~ .. ' ell ... 

?. r < z f. o. 
·~ ·- ·~ 

J.'ot;:: t:·.1.t no co·-:.:--~:l·.!nt o~· r. (..;.:; ~. ;'.egs.ti v:=. ~·or ii' rk < o, ·tt!rm 

T 'l-
""t.,1.!~~~~~ y ( Q r.;il.it t~\·:! ~: .. ·· ~ .. ;tr.--;~ .-.cr1t, yk' ~i!nJ.:tr-..,; to ~ .. ~fin:!.G,;'", r·:.d 



,,- ... 

. ) 
the rest of the componcnta fixed woul~ entail l !T tending to -.1 

r J. o), r~ r ,..., 
l..... ~"""\ l1 -D~ ~.b-t /..J._ ... >O . 

.i. J 

bave * q ~ y .... and f:ro:n ( ó) •,<e i".aYe '! ~T < O ....... -
to be shown. This co:rr1.1le~es th~ ¡·:rocf. 

Re'-"L~2'k l. -·-

aa was. 

is ~een to 

be th~ nor::Ja.l to t~e s~¡.a:a. tinz hyi~2rpla.ne, cllvidec! b:,r a. consta..lt to J..ul;;e 

the line se~nt from (1,0) to (-1;1). Thi3 has slope -1/2. The 

slope of the linc perpendicular to thi1: 1 ~ thcl·ci'ore 2 •. One norl7l9.l. to 

plnents is 3 so that (l/J~2/3) ~ .. os minitra.~ for II. One DAY ce.zD;¡-

use t!:e methot.:'~ of Scctic:l 2 to che·:¡-:_ th~sc calcul.:.tions. 
~ 

Rer....1rk 2. 

tile cle.ss of GC!l.li-infinite 2:~'~"'-C~ ( .~ y T) 
Í) J J -· 

aP.t of !Rn, Y is [1,2, ... ,n) e.r~d L(~1 j) :a zj. The: :r.roof sro-:.'s tmt 

the gcl:le hs.s a. va.l1.12 and pl~y-.;.r rr 'hs.3 a :'liniü-ax stre.t..eg:r. I.f' S i~ 

... ¡-.as a. ( p..t:"e) 

minL~~~ str~tegy ~ ~ S. 

·. 



E~-~r~i :;es. ----
l. -

(a) Draw e. r.ough plot of the set 

S of eql.W.tio:l (.3). 

(b) Note t1"...3.t ro·tl 2 is dm'Jina.ted by 

rcw 5. Hcv ca.n ycu tell this fact 

tro:n the plot'i' 

A= -

How can you tell t~:!.B fa.~~ rrmn the plot? 

30 

2 4 
6 -2 
5 ·l 
4 3 
7 o 

(d) Fin<l pl.a.ye¡- I's minirr.ax ! & S. To vha.t mixed stra.te,;y 

over the rc'lof& oí ~ does it correspond? 

(e) FinC' pla.yer II•s zr.ird~r.c>x strategy. 

2. Let S = {.~ = (z11 z2) :(z1 - 1)
2 

,+ ~~ ~ 25} (the cixcula.r disc 

of radius 5 cen~~r~d at (1,0).) Ccnslder the g~~e (3,[1,2],L) 

w'bere L(!Jj) = zj, j = 1,2. Find the v.alue, a.n optima.l !Jure 

stro.tegy fcr I e.r.~ an optiru.l stra.tegy for II. 

o 
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MATH 144 31 

·. 
~-- .The.l!,.f:lc~l:_ .ef!!!uil:brJ.~· J'or a zratr1x ¡ame vitb m x n 

aatrix _! . md value V, an optimaJ. strategy l • (p1,. ~. ,p
11

) ror I 

(1) for all j "' l, .• . ,n. 

Simil.a.rl.y, e. st:!'atzgy _s = (q
1

, ••• ,~) is optiml for n !.t &Dd only 

it 

(2) 
n 

· !: a1jqj S V tor a.ll 1 = 1, .. ; ,m. 
j=l 

... 

Wb6n both playera us~ theix optimJ. ntra.tegies tbe averB.3e payoffr 

EE p1a.13ca.j' _is exac-¡;ly V. This rw.y be eeen f'rom th.e ine(i!J..&.li:t:~as 

(3) 

Sinc3 tt.i.f.¡ ~ ... 'l a.n~ ends w1 th V· w~ mst ha·1e eqWIJ.i ty- tt..rougbout. 

The ~~~ ... ·ing s~le tbeorem - tba principla· ot equillbriU!&l -a gives 

condi tion.a ta:: equali ty to be achie-v ~:i in ( l) to::r cert.s.in values ot j 1 

and ,in (2) 'fa¿~ ccrtain values o! 1. 

n 
(4) E o. 1 ~q,j;:: V for !tl.l 1 ~o= whicll p1 >0 ~ 

j:l ,J 

• 

·' 

·. 



(5) 
m 
!: p.a.:_.=V 

.. .l.J i=l 

~l)r}:~' 
~-- .. -

·-~ ... 
.... -~.J.. 

for all 

<Y. 

j 

! .. .... 

. 1 

>'J !'k 

g:!.viil,3 rositive pr··Jb>.l.bi.lit;y 

rC/1.1 1,· then ev-:ry O;ltinal st1'e.t~g:r ot II giv~s I the Y&l.uc ot the 

g~or.e if he- t<Sea row ~ ... 

gs:-" 1 it il3 quite ü::;efu~ i..-l ct.U"taln cla~sF.·:l of gaZJes tar helpi.ng dire•~t 
..,¿. 

\U to"a.rd the ,;olu:ticn. The pz-cc·~o·.::re thls theorf::m su..1ges-:!:! is to t:ry. to 

ycu +.b:!...i:lk it likcly that p. >o. 
~ 

;J= try to sol\-e tce set o! eqm1.t!c:l..S 

( 5) t'o:rl:.-~:i by tbOEe j for whi.Ct Y~J'.: t~ it ll.ke.ly ·~a. t. ~ ... > 0 • .. 

~W.;!!:". 

r (: ¡· -2) Cud f ~ -::: 3 
\ 

... 

..., 
3 '· \ ··.-=. ..... 

., 
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3:.-

Aga.in it is ditficult. to guess who ht.s the a:Ive.ntage. It ve play tbe . 

g~~ ~ f~w tir~~ we ~:ght ~eco~ con\inced thnt Even's opti~l 

stra.t.cgy gi·1e~ F'~,; i.t.be ~-t•.üght ( p::-ob.:.1.:..J.ity) to eacb cf ttc columu. 

l!, so, Odd'::;: o~r.it:.s.l .:.trs.g~c;:¡ .(, rr.n:-r. sa.tis~r 

P2 - 2p3 = V 

( 6) pl - 2p2 + 3P~ = V 

(7) 

X* 'P ~ -

syotem. of' equaticns. Fl:rst we wo:tk aith (6); add the firs·t e11uat.ion to 

the aecondl 

(8) P, - P'.) + :p":l "" 2V 
- &;. -· 

Then th~ eecond e¡¡ua. t:\.on to the ti1üd. 

(9) = 2V. 

Taken togethcr (S) :Uld (9) i!!.r;¡~y tb¿"t V = o. But oef'ore we can &&~/' 

to o~e it Y~ ~ O • ... 
,_ 1 . . t ., /-;, 
.:::.'),... :.: ' o so 'L:üó. :p2 = .~~., ..... 

.;. 

?- e 1/4. 
J. 

( ., f,) ....... J?. = ( J./1:.' l/':., l/4) 

• 
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' \ 

1s a strs.tc!gy fc-r. I the.t keeps hü: average ga.in to zero no ma·tter wbt 

II does. Hence thP. value of the ga::-..e ia e.t least z~ro, a.'ld of c:curoe, 

the opti::.?.l ;e f'or ! gives pcF.!iUvc weig~1t to all rat~s, then II's 

q munt satis~¡ t~e sacc set of equations (6) ~~~ (7) -
trith p repl9.ced 'f:Jy q (beca use t~.e gaa::e mtrix here id et.fltlretJ-:.c). 

There f•'J"!' e, 

( 11) 

I t!oes. Tte va.J.ue of the g~r>~~ i:J zerr""J and ( 10) and ( ll) a:re o¡rti:al tez: 

I 

!.et us eJc-cen.d tbe ~::~etl:nd W! ed. te) &JCl ~-~ 
·v. 

r.:::"'.:. th:·~ g::~ -!Ilet:rix . 
.tl .~ '-~ ~ (\.:..~ ... ~~ ... -~., 

(12~ for j = 1, .. 1 m • 
• 

( 13) p ;, = '! 1 
~-· 

w!:er~ J. =- ( l, l.; ..• . • 1) r~;::r..:Gel:tu -~~ m-:1.!tlan.:.:lione.1 row vectOt" of r..J.l 

1•s. W·~ :.cte t!l,~t '1 I!::O:ll"!rJt·bc z·.:::-c· ::d.~.c':'! (13} ~O•Jld. illl'ply t-h..."1-t A •1:::.:1 -
-1 

A 

.~~' 

·~ 
. ·'¡¡ 

- l 



(14) p =V 1 A. - 1 • 
,_ ............ 

'}'o f .!..r..d V 
' 01' 

1rl vector !1Ctc':~!.c11 p 1 T -· l. !·hlt!.pJyirg both :;iC.es ot ( 14) c.n the l'ight -..., 
T by 1 yiel~..s ,._, 

( 15) 1 =V 1 A-l 1T 
~,.., .,_, 

. --1 
;!.~ 

,., 
1 .1. 

...:. cc.I".not h.e ~ero. 

uniqu~ opti~l st=~egy for I ie tt~refore 

(16) 

If ~ pi > 0 !or a.ll i, ·"e Ce.!\ fi~d the opti~ s·tr':l.tegy fo!' I! cy 

the sa.me mathcl. The re::n~.lt ....,cU..:d be 

( 17) -.. T~ -::!.. , T/ -1 T q-=A ~lA l. ,..., ,.,., ~ ....... ~ ~ 

Ono llli~;ht e)..-_;¡ec t. tbis to \!O!" t. fcr all gti::-es w~~th sq~e rr:s.tr.~ .:es 

for vihlch A -1. exists, becauce the ._, of (16) gi,res 6 ¡;.a
1 

.. =V 
~ ~ J 

for al1 j, a:n-:i tb.e g o-:: (17) g:i.V~?S 2: e..jq 4 =V for all i \-·he~ 
- 1 ~ 

~! RS.ti-~l'ie.n ( 15). The t.rouole iH t;:..'!.t ~ither ,:r. or ..e! or ~oth r.:.? •. 7 

If ü.l.l ~c::;ponents cf 1:, and of 

r.t:v:e (1.3) iL""')ll~ól ttz.t A ic ::>iq:.tl .. 1.::. nc.uev::'!r, the fdalt!.oa cf a 

.,. 
;~ ''\' 



) 

my che.l:lge the g'SI!'J! t:atrix illto beir,z nonai~lÜJ.'l.'r • 

. .. •. 
c.bo·;e ~t!.c1 '=·"-'··'-~-l l'Jr')!: ~:·:·:-i-:. Yet i::' 1, say) '~><ere r~d:.ed to e:\Ch ~-:>~~':"';}" 

cf the c:atr:L,; te obi:..z,in the mt::~..7. A, then A ..... 
"' m,.v e.pply t'he e.~o .. ,-e n:;-Jthod.. Let l1S cf!..rry 

t;;::.·ougil t~e COi:..1JUtat.:.cn~. By oo;:."! r.:.?thod 

\ -1 
or a.nother A is obtei:a.ed. Tl~~n -
1 A 

-1 lT, the 6\1.''11 of tce e::.::e::e~·~,J .. ~:r..'TJ -- --1 iB :f'OU.i"ld to ce l. Tb.el·.~f<t:"c y A , we -

too g~ "Aith rr.:..trix A. ,..,. 

-

:\ 
-1 -

!l 

(~ 
,., -1\ ..... 

A :11 -1 4 .. -- •l' -31 4 
; 

/13 -2 G..,,l ., 1 • 
::: 

f; \~~ 
'.¡. ¿¡ .. 5/ o 

.. 
•l "" ., t l~:~~l,12,.l./'(;.) :'. -= A . ¡• - -

:z.ero rre.y be oolvef]. by c:-1'.:osin~ sm~·:'l r.n..J. taC.ll! s.ju.-'l.re S\fü~tr!..x .A. uf -
order k x k, and 9.TI.J.y ing the e.b·:·-.¡¿; ::r:.ethX-3 .and !07"tnlfl.e ( 15), ( 16): 

is ~ efn.cient ~t.to:l not on.ly fo_¡_· sc1vi:r.g -ac,¡,ua. ~ione. oí' tl·:e fcr:n ( 1;) ; 

nl o o \ 

' ( lé;) A.= d2 o \ 
l -
' ~ . 

\o o , ~/ 

"-

i 1 
, 

•! 



• 

..J • 

Su?J?Qse all diru:;-,M.l ter%1!3 a.re positiva, d
1 

>O. Ths aet of eqil::ltioo:~ 

( , ')) l.,..,. .... """"-
... - 1 &,. - .... _ ......... -~ 

. ( 19) i-: l, ... ,rr:. 

t-= 1, ... ,m 

To fir.d V, 1/e gum ~oth .sice~~ rf'r~r i to !'ind 

!!l. !C 

_,_¡di) -1 (21) l = V I: 1/ii or V - (~ . 
i=l i=l 

Sir.J.üu-ly, the eqt:..!l.t.ions fo:r ~::_¡~yer !I yield 

(22) i = l, ... ,m. 

!10 

tiut (20) !Wd (C.2) giv'! optL;.:ü s~:::o<~~¿-gies for ! a.ud :t..1.- re3pe:;ttvel;y, 

.l 1 ,.... ' i t' ~, ... tl... aJ:l 1.~•-,l g ·;ea . .1e -.¡~ue o. ¡_¡.1~ g:~. 

A.s an 1?-Xa.l.~l~, c·:ms:!.dcr t!~e ;;~ :.3 TJit-r. 
a\ 

(g 
e o 

r.ntl·:L:-c c. ?l O':l ( ·:-n \ aYJ.6 ( 22) tb~ 
..... o o ' "- ~ 1 e ~ 

:e; 

~ ..... o .... o J 
optiiUü s tr~~.-;; ~l?:," :s pr:'pcrtio!!~l t- ,.._-. 0 e o 4 . •>J ~ ... ':: t 

1 

l ~;1') ., ,'3 1 ;•1 . 
J J. "-' .!.¡ J ... , ~ • 



' ·~ 

"' .. 

A clase or ¡:.;a;mea for which the equations (l2'; 

iz:g ~ or !! o'-8~ t··.tJ.ve negntive co:;.;;onent.J. 

o!'"tc.:n eno~.:.g'!:l to ~ri t spec!a.l ~uti~n. 

:t:e.t:rix T. The equs.ticns (12) beccr.~~ -
pl 

-2:pl + p2 

Jpl - 2p2 + 

'P· = V J. P - ·":('.! 2 - __,T 

=V 

=y 

p..; = I..v 
) 

Ne\·ertheless, it lC'Q:!':~ 

o 
-2 3 -~¡ 

Z= 
1 -2 
o l .. :' 
o o i) 

11_ = 4V • 

.Sinc:e l:.p. = 1, \le find V= 1/1: e.r~i p = (1/12, l/4,lj3,1/3)- Tb.o 
~ 

equaticna for the q'::; are 



--------------------------------------------

\ • .... 
' 

39 

ql - 2Cl., + 3q..., - 4q4 =V 1 q
1 

= 4V .. .) l 
~- 2q,; + Jq4 =V ' 

~ 4V 1 ::: 
~ 

> 
q3 - 2q4 = V í q3 = JV 

q4 = V J q4 = V 

Sin:e the p's e.n4 q's s.n nor.-n~3o.tive, V= l/12. ie t'l:.e ve.l:u.e 

is optical for I, ancl q •. ( l/3, 1/3,1/é;, 1/12) 
- ""1 

is cpti~l for II. 

1· Cor.31de:r the game with zt.rix 

(a) Note tha.t this ga.me ias a sa.éldle 

_point. 

o "--- !.f-
' . . . 

(b) .S!lo-W' the.t ~t.e iJl've.!"t.~ of tbe matrix exiota. 

(e) Shc-.r thu.t II eaa ~'l ':l;_~tirr.al atrates:r givins :?)aitivQ 

~~igh~ to eech of hi~ cul~s. 

( d) wcy then, don' t eq•l!.t 1-Jns (17) gi•1e an opti~::U a~"::"l\tegy 

for II? 

~· Co~1.:.1·.L:r the dia..;or.e.l ~t:-:iY. ~o:!!:!~ with zro:t:-i~ (J.3). 

v~lue o.f the g&roe? 

1a nega..t! ve. W~.t i.! the v3.lua of thc .;a.:ne'í 



r.~ wins ,j ... doll;l.ra ~:-::m 

it is. !f ~.~ gue!'1:::8s cc;;:-r~·.:tl.y, 't;e winc l :trom II. !f' h:l: 

. ,,., 
~/~ If he undc:reaths.'::~s, 

tb-s-re 1s no ps.:,·off'. Set .. rp th':! :::3tru ct tbls gé;llle and .:vlva . 

. Í.. I cboose::J a. nu::be r 1 ~ ( 1 . 2, ... , n) • II t:r!es to gu<.u :s -;:;;::¡,:; 

i t ia. If he gue.3aes co¡·ro•-:~ly, there is n:') p~ff. If he 

he loG~~ 1/2 to I. s~lv~. 

.., 
_ .. to I. 

(~ 
-1 -i) (~ 

1 1 ~ \ 3/2 l (a) 2 (b) .1. ; 

l 4/3 
., 1 .L o J 3j \1 ! • j 

1 1 5/ ~, 

f"' ~ ') 2\ • <- 1; 

1 :· < 0 ~ ) 1 - -
\í) Cl 4 
\.l 1 o 1 ' o 

', .. ) 
\ -
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',,1' 

6. S·."T!!:!".et:r ic G:,ar::es. 
~-· ,., ..... A z~e is sy~tric if the rules do 

squar€)), t>.ñ.i :;,<' :p.yof~ i f I uses i a.nd II uses j shouj_U. be 

t~e ::.ee;.1.~!.ve o¡' t[lc P'-YCff if I u:::=:s j e.nd II uses 1. (The 

cr 

r.c.:. trj.1~ l:-. s-: :e:.·:"·:! md. r;f:r-.~ .. ·-:::vü ... ~~: r!.::, ___ ___. ··---

si:n"..:.~-r.e.neo...:sj.y c:i.~rlc.y o:1e of th-~ t.~:ree objects: pa.per, scissors, or 

roc~c If the~r bot~' chcof'e the ss.¡¡-: object to .:lispla.y, thare i.~ r~o 

:¡:.:.~ycff. It' ·tll:'!y chcc.::;(> r!.if:'e>r ~:r.t ::.bje~t5 1 t':len acissora ~>~in o· .... er 

ps.p~:;:- (scissor~~ CL.it p\).per); rr.-c'l:. win.~ ovcr .scissors (roc'i:'. bree.l:!l 

sc:s :;ors), o.:-.d ¡.·G.pe:r win:> o·;ar roe::.. ( po.p.:::r .:cv~rs rock). I t the 

pa,yoff u.ror. · .. rired.ns o't lcsir.g .!.s ..:·:-:·~ unit, tho?n the c.atrL"< of t.he 

II 

T~!Jar se~ e~; ')~.S rci:k 

( 
\ 

9a::·~r ·::!. 1 

' ( 1) T t;C~~sor-3 \ ' r. -1 
J 

... .L. V . 
!'CC~~ ' -l 0 \ 1 
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This ~trix is a~-s~tric so the game is symmetric. The 

d1a.gor..e.2. elements1 o.!' the ca trü: are zero. 'Ihis i.s true of 9JlY aker.-

symmetric ::ctr:! .. :<, :::..!..:1-:0 a.. .. = -a .... 
l..~ ~l 

. ' 

pLve~~.:; s-:..~~ .. ta.4~0'..!.3lj" cllcose te '>~ow a. pet:-'\Y -with e!.th~r the 'b:~ada 
. .. 

o:- tte -ca.u~ :ir!~ :-~dng up. One of .the pl.P..:rers 1 se.y ple.yer I, vir.s 

ií' the choi.ces ~.J.t:.:h. 'rhe ot:·,er ;2.a.yer, pls.~·ér II, wins if tt~a 

choices diff~!". Altl:ougp the:-z is e. great dea.l of sy-¡r:retry ir.. this 

. game, ,.¡,-: de :1.)t ca..ll it a ::.y¡¡¡~tric g.'J.lJ:.~. Its mtrix is 

II 

hee.ds ta.Li .. .:· E Xé.YYt rle of: 

L.a·hil 4v·cue 
bam e. . 

heads 

( 
1 -l· )' 

-1 . 1 

.. ' (2) I 
ta.ils 

Wa ~"'Pect a. s:¡mme trie g<·r.<~ to be f-'lir {V = O). Ths.t 1a indeed. 

/ the ca::.~. 

Tt!eorf:>•r.. -·-·-
C"T)ti::-?.1 f ,1!' e,;!-~ 0::!. '?.·¡e::- i s oc+.:.: .. ~ .. ]. fe!" the __ c_t_.b_,e .... -:_a ...... l~s-o. 
-~ ·-·-· --~ ............ --... - .... - ---~---

F.:·oor. --·--·· 

,., 
( 3) = -n A -p.l. = O. , ... , --,....., 
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It follows that for all P. so tha.t :! ~ O. Si m-

T 
t:'.t!.X '? A q > .) fc:r o.ll q co tr.s.t v > o. Since tr.a 

"O --· ,....., ..._ ...... ~ 
~ 

v~ü'-1-e of the g3.r:.t?. ex.:.st.:;, :.t rust ¡-,e equ:'.l to zero. Now .sup:¡:ose ~ 

is cpti.ü.••J fcr I. T}<-:!n z=r;.ol p1a~j-2 O for ail j. Hence 

L:: 
1 

n .. u. -= -~ • :F /:&. 1 . _$ 0 f'or q_ll i, so th?..t n is also optirul 
J"" lJ",) .;=J.. V .,.J. ,{. 

IJ. By syr::z;;try, i~~ q -

a.nd n i.1clu.s :..-.e, ( r ... ~ 3). If tbe nu.:r.bers e.re ;:qt:.a.l there is no 

by hi~ cr--ponent wins l. The p~yr~r tr.at chooses a. numbez· tw_o or m.:n.-~ 

le.rge:..· tha..'t'l his ,Pppone:-~t losc.1 2. Th~ pa.yoff retrix i:» 

1 

(4) 
~ /~ 
31 -2 
4 -2 

5 \ -2 

\ 

2 

-1 

o 
, 
.L. 

-2 

-2 

3 

2 

-1 

o 
1 

4 

2 

2 

-1_ 

o 
l 

2 

-1 

o 1 

j 

sus~>€c:t t~~-':. ihcr2 i:> a!¡ op:.t::-•.1 ;,t:::-u.te~~~- for I l<fith p
1 

:;.. O, ,.
2 

> t.J 

:l:"lol :r--: > O. I:~ __;.::;, it 'rl'C:IllJ. fol..:c; fror~. the princ~ . .?le of ~,·1¡.ü:.·t";:;:;:l.,..:::, -· 
r 4::!' .... ,, ....... 
\t.-¿ ..... _\.,; i'l optimlü for ii) 

• 



. __ .. 

e _, 

( 5)' 

4p~ .. 1• J so .. 
are posit.ive, 

is opti;:.J.l fo:-: 

pl = 
t'his 

bot'h 
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p2 - 2p3 = o 

-pl + PJ = o 
2:pl -'O -2 = o 

a.nd from the first two equa.tiona, a.ad 

, '4 p -¡ :· 2 = 1/2, p3 :: 1/4. S~ce p
1

, p2 e.;.'ld p
3 

gives th.: solutio::J.: ~ _,_~ ~ (l/4, 1/2, 1/4, o, o, ... ) 

r!...a::·,.:!rs~· 



,. 
'\ ·._, 

b 

La.t~n sou.a.re __ .... J ... ~ ~9.:"r..~:!. A La.ti:1 asqua:re is {Ul n by n e.rra.y oi' 

.:".iff~:re.nt lett.f.;rs s:~ch t!:a.t ~'ich 12tt~r b d 
\ n a. e e· 

b e a e d \ 
occurs ene e a.."ld o~v o:-.c~ in each row and e a. d e b • 

d e e b ~ J eiJ.Ch COlt.:L."l. Tte 5 /. ::; a.rray at the e d b a .; 

right i~; en exampH. If in & !~ti~ sq~ere a = 1 1:,) = 2 

e!l.ch le t. ter i::l 'iseigne'1 a nun:er ica.l va..luc, e a d = 3 e = 6 

the resultil\3 mtri.x i':i the rcatriY. cf a 

(~ 
2 3 3 6\ 
6 , 

3 ~ \ ... 
Latin squa~e ga~. Such e;a~s ba•:e si:nple 1 J 6 

3 3 6 2 
~J 3·:>1utions. Tr.e ·:alue i ,, the e:vera¡;;e ·:>f the 6 3 2 1 ·;> 

chooses ea.ch pure stre.tes.:r wi th e<?.:ó.: ::·roba.bi::!.ity 1/n !.a optil:il!Ü 

for both p~·ers. 'Ite reasor. is n~t ve1·y deep. The conditior..s for 

optt~lity. are satisfied. 

In the ex.s..""tpf.~ i.oove, th::- value is ( 1 + 2 + 3 + 3 + 6 )/5 = 3, 

and (1/5,1/5_,1/5,lf:j;l/;) i::: ·Jpti~.:ll i'or both p1ay-~rs. The ga.me 

of matching ~enn:!.es is a La.tin sqn.'!re ge.:oo. Ita ve.lue is zero e.nd 

( 1/2,1/:2) is nptlme.l for botn ?l:::.:ers. 

l. r-.m ple.yo:rr.s sirr.tl.!.t.aneJ'.1'...ly choose !l.n Lnteger between 1 and 

•1 inc~c:.:;i v~, 

The pls.ye::.· tr.3t chc:J::es 

> "'),p, =. o o ..... ' J . . '- r. 
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SOlv~ for. the opti.m1ü p. ( It is not too di:N'icult si."lce .. ., 
you e:.~ a:;:-Q.!e p1 = p

5 
ar..J. p2 = I"l;.· by sy!nmtry.) Cl:leck 

tr.a.t ir. fa.ct th~ atrategy you find 13 optim3.l. 

SoJ.ve. · 

(a.) 1 o 1 

-~) 
(b) 

(-~ 
l ') -:::::: 

( -1 e o l. 

\ 
,., -3, -2 0 e:. o, 

(e) 1 4 -1 5 \ 4 -1 5 1 

-1 5 1 4 ) 5 1 4 -1 

2 2 2 2 

J.. ~r..;5:1c sq:;.~'1'a:t~'!· A W'~ic square is a.n n x ::1 arrey of 
'? 

tb.c first n.... int.;gers ·;1it.h tl~e property t~t all re¡,· snd 

/13 2 
! u e 
\ 46·_ 15 
\ S 

7 .. 
.L 

lO 
16 

_.,.-:i\ /_..,.< 
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7. 
• n 

'!'be axten:3i ve f·~!'n! o'! a. g<'~. 
u " • • ,. ,.,.~ • ""' 

The normal torm of a g:~ is 

a. ·~om~act uay o? dcz'cribir.g a gGJ!le f,nd 1 t is very conv'3nient mthe-

rJC,:~~l. ':'ha ·.r..otion.'3 of i.OCVe a.nd :;?Osi 'i..ion, of b:Luffin.-.; and signal.ing a.r.::i 

n:E.";he!l:!i."GicJ.l i".".•-:d.el of a gru;:¡a th~t ic built on the baoic notic~'3 of 

·¡<t'l:'~~ :1e•,o~ concept3 tca.ke thelr appc:::.rance in t~~ exte:.lSi ve ÍOL'ill c:t 3. . 

JE:_!,;:'E, is a se"ti T of _points c!lllec1 V.:!rtices to:;!;ethe;: with a. sei:; E 

.,, ... ,:[·.lle:d ef..ga.s. 

di::-ected grapn if T =· (a.,b,c,:-!.,e} and E = ({a.,b),(b,c1(a,c),(c,o), 

( e ,,d) , ( e, e)} ( Figu:re ~-) . 

e~ , ... , ::! ~ E st:ch 
..L !l 

that t
1 

is the first co~onent of e1, 

t. 2 

fol" j = l, ... ,n-1, 

,.-E:rt.ex. 

e , 
n e.nd 

u. v¿::rtex -
a. 

Figure l. 

j ~ the .sa.:-;.;,e .s..c the 

l. 
1 

j 



In game theo:ry ve =e.l vi th a particular type c4 directed graph 

callad a t:rse. ~! is a di.rected gra.ph in wbich 

t·~re is an inl·cial -..-;;rt.:x t
0 

such that 

for evz-.ry v~rtex t € T, the::-e is "' 

un!que pet~ b~ginning at t
0 

and 

ca.1i.:l8 ¡jt t. 

The e:ci:;tence and u.:oiqueness of the 

patll im;;>lies th;¡t a ~ . .-ce~ is c.;.r.;::.:;ct.:"!d, 

hao a ·..u1iq".le initial vz!"tex, e.nd b:.Js no loo:9s 

F1~~ 2. 

Figure 2 ~hoiltB a tree. In a ga:::::e on a:J.ch a graph, ea eh \"el"teX (posi Ucu) 

is aso~d. to oa.e of tha l)layere who ,;.J to choose the ne:ü edge (mo'\."e) 

tron;. the.t po!!ition. Soa:e verticea, however, o;fill be airJ+;led out aa 

poait!ons fro~ ~hicb a c~ance ~ve is ~.de. 

c¡;~'.l'l.~.:= !"'C,Ve:J. 
~--

the dealln-3 ot ca.rds, and the cpi!..nin.g of the wheel of f'c~tune 3Z~ s:a 

typic1.l of ,zmea in vhich ct>..ance z,:;:rves pl:.-..y a.n ~rt&nt role. Evm 

.:r-..t.J~·ru t :..o-:1, --

) 

) 



MATH J.4l~ 

:t'irst move is the che.nce mo~:e of shu.f'fllng e.nd. dca.llng the_ ca.rd!J; 

each pleyer is awere of certain asy~cts of the outcome of thia oove 

(the ce.rd!' he received) t,ut h~ is ::•·)t inforn:.ed of the complete cutcclíJC 

(the co.rds received by the otber pla.ye:rs). This le8.dB to the "POSaibUity 

aticn is a model of a sit~ticn tP~t so~ti~~s occu=s ~n th~ game of 

stud _poker. 

Plcyer I is dealt a ~ard frcm a ci~ck. !t iü a. 

w.tlming c'.lrd wi th pr0cabili "t.y l/4 c\Ild !L lcslng card wi th pro~'lbil!t;r 

3/4. PJ..ayer I liJa';/ t.hcn check Oí.'" bet. Ii' he chect.a, tht:n he win.s -- -
1 dollE:.T ('\;he a.nte) trom-II if :.e t.:\a ~ •.t:inning ca.:r1, a.t1d ha lt'.'Eee 

1 dalla: to II otilerHise. Ii' I t·et~, pb.yer II -I.IO"t k:Lr)'lll'in~~ tfl-!L\t 

-· ca.rd pla,y~r ha.s - I'JUY ~ or e all. If II fold!l, h~ lc61aB 

1 drJlJ.al· to I no I::8."tter· íJha.t card I }:>.as. If II cal13, I wins 

3 dolltÚ:·n ( tte Mtt: plus the bet) from II if he b.a.a &. llinnin.g ~cu-d, 

and lo~2s 3 clollars to II ct~:er~;i;.;e. 

Tl:lere are ~.t 

ccrd for I, {2) I's tr.ove ~ . .n "-''hich he ch~ck.s or bets, e.c_d, (3) 

II' i3 :::~n~ in ~Jhi·::: h hC" fol,;.s or c:e.ll::::. •re¡ E.:;.ch vert:::!x or 'che ;~2-.m2 

b 
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1 ,. 

"),, 

since he is told tr..e outcoo:e of the cha.nce move. This rust alao 

be L"ldi~~t~d en the diagra.:n by dra:üng s~:e.li circlas e.bout these 

verti-::Ea. w~ r:.a::; c.elete o:ls of the labels inC.ica.ting II' s ve=tices 

sir~ce tbey bel.c.:1g to the se.rr.e ini'c·!'z:5. tion aet. It is rea.lly the 

1nforzt!.tion set that IrJ.l&t re lebeled. ~rhc compl:;ted g-a . .me tree 

H 

~ 
3/4 ¡~! \ ... \... ,y /'-e !'lec k "" ..... 

l"'et -~!.._. ·-o:.)t. CüeC"" 

~·-) ol • ---+\ 
cal:.!./ fold 

¡ \ 

I 

II 

1 _, l 

/ 
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Not every set of vertices can form a.n informtion eet. In order 

tora D~ayer not to·be aware of which vertex of a giveQ intormation 

set the g::.me m:: co:ne to, each vertP.x L'"l tb..3.t inforr::E.ticn aet :rr.ust 

· giVC.ll by 

1) 

J~' ) 

5) 

... 
"' 

E, 

T
0

) into tu., g:.·ot.:r.H o:" i.'!:..'c:::;::~t).c.!l 5l~h Tll,T12, ••• ,Tlk
1 

(to:: 

!J.l.t.yer I) and T . ..,
1

, T,...,.., .•• , :l'-: ~ (fe!' pla.yer II) 1 a'J.d 
~ L¿ c-_,1~ 

T 
..,jk' 

C·!!.tO tl:~ $<'!t o.e' 

) 

) 

/ 

) 



.• 1 

The iatormatio~ structure in a 

game in eA~enaive torm c~n be quite 

complP.x. ¡t m y invol ve JJ.l.ck o"! 

l~1owledge of the other ~layer's 

JWVe'5 or of s-:>i!'le O"J. .. th~ cba.nce 

tl:lVea . It ~y i~dica te a. la.ck 

havo! a.lre~d.y becn ~rede in the g.-:tre 

(~s is th~ case with player II in 

53 

l 2. 

Figure 3. 

Fig1ll'e 3) • It rtay de~~crib~ si tu a tions in which one :pla~:t' be. a fo:;:>gott~r. 

a OOVr.! he La.1 Ilí2.de e~:clier (e.a is the ce.se with pl6.ycr I ir. Figu:t•e 4). 

In !'a.ct, one -::ay to t::-y to u;c.'d.el thc 

2 o o 1 

~igure 4. 



1 

A ldnd of degenera te· aitua.tion exists. ) 
wilen a:!. infoxmtion set contc.i%13 b1-::> vertlcea 

whic;.¡ l:..""$ joi.nad by a. pa.th, a.:: is the ca.De 

n 
ta.~re :. t ~...3 e. cor.0f.:!T, 1~ ion t. t. :J. t a. ":Jl~Y'~r rnakea -

... 
.t. cb.c-o~1es · a. tr.e:e is o l 

no :p•·o'b~'..em. If' I chooses b, tb..en in Figure 5· 

n 
) 

b-a :r.ed~ced to .Figi.l!'e 6... Ir.stea.d o~: usir.g 

t~1e a.bo':a ccm.ventioot,_ ~e m:t· if we 1.ilt.e 

ve~tices joiuad by a pGt~. 

· ?ig'.U'G 6. 

r::~.~~~i.~ í".q. 
~ ... -....;..~ ..... -

I he tL-:2.. i':he 
) 



) 

. . 

,•. 

··--·· 55 

llld ·oiith p:ro'oa'billty 2/3 ce is gi,•en no Wormation. Alosa, 

i1' h:; sea:chea the wrcng bcx, he 1E: g1ven no in:f'Ormti·tion. 

I ~int~ one f'roc II if' he fincls the cbject; otherwi.ae 

the:re is no pa.yoff. Dra~: the game tree. 

~· t:z-e.~ tl1e ga.n:e tree for prQbletn l, if' when I is uniiucceeatul 

in W.c 'ltt€.:l:lpt to fina. th:-;: objcct, be is given a eec·:nd. ch~.nc~ 

to search for the o"oj ect wi th the sa..te pro"bs.bili ti ea .·.•f B'.:..CCetJ-;¡. 

{P:J..n.:rer II doea not g~t to hide th3 object e.gain.) 

J.. ~tist1 ce.l :;;~r.r~e.. Playe:- I w tilo ccins. One ia fai.L· 

(prcbabUity l/2 ot b:ad.S e.nd 1/2 of' t~;lls) 8.Zld tb.e ~the! if> 

biued with. :proba.bility 1/3 oí he&da and 2/3 t»t tai~~ l?l'.ya\" 

I . kilows which coin is :f'air and which is biaeed. l!e selec~1' 

one cf the coin'! e.uJ. tcs.oes i t. The o-qtcc=a ot tba to:32 ia 

e.nnounced to !I. Tt~n II ~t guess whether I chose th·· 

f'air o¡- b!!.i.sed <::oio.. It II is correct t~:ra is no pe.yoft • . 
I:f' II is incorrect, be loaes l. Dr~v tha gama t?ee. 

4. A t'a.ir coin (pootabL\.ity l/2 of heads and l./2 o: ta.lli) is 

tossad Md the outco;re ic sh~r.o. to player I. On the "ba.sia 

of the outccms cf t~úa toss, I ¿ecidea wheth~ to bet l or. 2 . 

the outcc:=o.t: _o:: the toa3, ~.y doubl.a or ~sas. II w5~.a ~.t hi;;; 

\ 



, 

2.· 

&b:aolute va.lue of the ~unt won 1a [ the ~t bet ( +l 

u· the CO!.J.l c:o:nes ~p hea:t5)] (x 2 1t I doubled). iJrUI 

th~ .z-.z.e tree. 

Tloro playera B.!'"e each deal t o~ cud 

U I ccecks, II ~-Y e hect: or tet. If I cheeb ~d IJ. bct~ .. 

thcu I r:..'l..'J c..~ or f')ld. If "ooth ?1s:,rer~ chec3:, t.:;.s- ~-.rer 

Y1 t~ t:t-.e ~She¡• C?J,! 1:í il::< or..~. It one pls.y3r be~s &:'.~ tb2 

o·i;bezo fol.:is, t!-1~ pl...>..;;;;r ~ro he·~ wL'1s l. If one plz.J""'..J:" bY:.u 

and '"he othe:: c::.ili, th~ pl.c.ycl· with th~ higher. cs.rt: 'lilln 2. 

~o.w tte ~!::~ t:t"ee. ( ;:!. W. K~b.n, "A .ai:!ll'lif1ed wo-:p·.¡o¡:rson 

pou.r" ~~t~?.2L.~2 .... :~g _ _1'1J<:>Ol7 :>f' a~~!, vol. !, 

pg. 97J 1950, Zd. ~~bn ~uj Tu~k~r, Prin~et~ Un1ver~i~ rr~:s.) 

, 

.) 

) 
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8. Re12.tion 't;e~\-.'C:C!:l t.he nc.:::-J:a.l n."1.1 r::x..t.enni ve fo.rms af ·a. gam~ • . ~ ~ ..... .......,.~.,... .... -.... .... ~- ....,.........,. .. .... ........... - . . ..,.. .. ... "' . . ,._., 

Thc not ion of !1 ;:"'!.::::-:: 3.. n "l.ü!'!"'.J.~. forr: i::: q~1i te s i:l!?le. It is d.escri bed 

by a. trioplet (X.Y,1·: as in :3·::~tion l. '.i'h.:; extensive i'c::m ot a. g3.me 

on the otl:er '!1.and is CJ.'l i t'.! ...:onr1ex. I~ is dt:sc.::ioed by tne ga.me trae 

vith non-termin.:·ü v•:rtic·:::s L::.btó·lcd as ;::., c::a.1ce i:!C':t! or as a. rrove of one 

of t::.e pl.nyel"s, witr: all ir..i.''..l!"!::lt5.on .sets 3Jli::!Cii'ied, with pro'bability 

d.istri'!:iutions giv~n :'c1r ••.11 cl:ance moves, 9.nd with a paycff a.tta.ch.::ci. to 

each terr.U11..!l.l verte;·:.. !t w·)~~l~ seem ttat the theory of ga.zr.es i!l exte.naiv~ 

is not the case. 

Fi::-st, let us cc.ec:,<;. t~.LCJ.t d. g~t".~ in no.:t:nal form can ·oe put into 

exter.Jü-.re form. In the r.·.)rma.l form of a ¡;e..;JJ.t:l, tte p.:a.yere a.:re coruzider.e<l 

to lllalte their choices s:.r:!·.ütane(;,_:.sly, Hhil~ in the exten;üve torm o:-.." a 

gere sil:lulti:\neou.:;; ·Ira:J .-.:::s a.!'e not ~.llowc.::d. Howe·.;cr, simüta.neo\.U% mo·;aa 

may be zrade sequ~n ... i~::.J.y c·.;c; folloHs. He lct ene pla.yer, sa.y ?le.yer !, . 
rrove fi.rst, e.nd th~n ~.r!t ple..yer II !:.OV<:: witho~.<t knowing the O'..ltcome ot 

I' s ro.ove. Thia lnck o:· ~'I..J\~le¿¿;-~ !:'..::.;¡ te d~scri"oed oy the use ot an 

eppropriate .i ni'or;::J;~ :i en .s~t. 'Xl">e r:;~an::ple b:?lc-. illu:itra.tes tt¿is. 

(-~ () 1 \ 
1 

2 ,~) \. 

rua.triY. (l"f":l r~(.}. 
e.-~ 

3 ü 1 -1 2 o 

equi ·talent extem:ive t'or-:.1 
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To go in tlle reve':L'se dir~etion trom the extensive for.l!l or a game 

Le~ T m b ~ U, ... ' ..:. .lit~ e 
l. 

th<:! into:-m.:.tion z~ts '!:or pl01yer I ar.d let L .. , , ••• , Llk b~ ·i~~e corre~;~)Zld-
..1.... 1 

7. = (:el, ... ,~ ..... \ 
#flW ~ 1 

u.~ ele~r,"t!i in 1li' 
the i:~'l.'±le::zo of S11Ch It¡-tupl~:;: C...""ld. han~a the nurili~l" 

4 

of I 1 s puxa stra.t:::gizs b ~ 
. M2 . . 

~1· The aet of l:l.ll sucb. ) 

r,l""': .... , ••• , r..~ ..... , 
eJ. . c.::.r2 

:::;ézoe,,~.;r,v·r :t'or 1! :.z a. !·:-·tt:.p:~~ ··-~ ""2 ,~:. Lr
1

, ... , y, ) 
. "!:2 

~r e ,.. 
,., • ..I.J~~ J <.-,¡; 

::o:: 

.· 
r~l 

. n..., !'-. p:~ .. ;; st;;:·!l te6iE:a ii' :...- ..... ~~ ..... 
~-·.;,_¡\.;: .... ) ........... 

c.. l'-¿ 
.... . 

y 1lt .. :.1ot25 iih:.! set of th;:se ritratf.:,Si~3. 

and y s 'f. ·-
.i 
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e t 

c~cox:c!. "Z<:t'JJ. In ':.e:rr::g of .tb~ orig:L"13l 

(b,b) 

( 
-3/2 l 

(b,c) o <~>1/2 

(c,b) -2 l 

(c 1 c) -1/2 -l/2 

~~ ~~~11 nin a.'t 1:=9.,.~-t a.13 rr.:u~h, a;:-!d Eü'/t:c .mre. Y?itb · the bottc!i.l tw :r-o-~lÍI 

-3/2 1 
el:!!Ll.n.<:;tad· t~e r~1.t:ri-A beco~:; ( · , ) ~b.oa,;; sclution ::..~ z;;~i.::.,V o -J.j2 

!'01:.:11!. The \"B.lue is V= -1/4. I's =.Jpti~tal s~retegy iSI to :cdJ: (b,'b) 

(b,c) '!~i th }.:.!'oba.bili ti es l/6 ~16 
~. 

E~t~ te-:~· T eéi.c.h w:.th t~-m (!C:iic::es. 'l'he- murbex of I's pure strat:gie':: 

2
6 = 64. 

,.. 
c. 

II ms 2 ? =- 4 

64 X 4. 
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~:·.:a.r:!ple3 in~lude tic-Ui.c-toa, c!l.;;;~a, 

:r.rcof. 

I!). . ' or o 

tb.e r~a:. -5'.l.~: oi.' ·~h,:.ss is GO com:plic&.tcd., t!1a:'~ :!.:~ . . 

:~~(~~ .. ~i:s ·!:-: . ............ _....._ .. ___ _ 
l. - ( r.) 

.... , 
1 1 -:, // ', '-...,. ')¡'., 
·1-· / ,- .1 

l./--<:·/ ', \ . , .. _.""' '\ _____ . ..-- '.-..... -~ I! 
. . . ' .... -- ... --· .. . /· ¡'·-------~ • ... ""'- ,,r'',... -- .. )!.... 

• • ~.. ~. ";; ~ •• ..._ ..... ~- .,.,......---~ ·... ' 'Jo 
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1 \.......... .' 1 -···--·-··-·---- ... -- ~~ 
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1 1 1 \ / \ 1 
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6.3 

;rith 
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P => r 
L 
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WITH SEVERE PAIN, 
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PL: p ONCE A YFAR FOR LIFE 
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A PAflTV Pnc:.:u;~,l 

ALTERNATIVES OUTCOi'o,ES VALUE -----
PARTY LOCATION WEATHt:R 

0: OUTDOORS S: SUrJSHINE 

P: PORCH R: Rf .. IN 

1: INDOORS 100 

o· 

ro 
r7<il 0.4 

, P CJ 
~ (Kt--.----:.:---.. -c----_ R 

\ 0.6 -------
1 ~ 20 

VALUE Or: CLAIRVOYANCE: C 

100 

R 
. O.G ----..--...._ 

~~ 

o 
~--:::;-.-.--- 1C' 

EXP[CTED VALUE \'11Tl1 CLI\Ir1VOYI\i:CE ... 70 

EXP[CTED V/.;,LUE \iJIT:-IOUT CL/-.IRVOYf..rJCE "'~'J 

EXPECTED V!>.LUE OF CLAIP.VOY 1\NCE • 22 

W1 Z..ltRJ) 

' .........._ ___ ,1 



A PARTY PROBLEM 

VALUE OF CLAIRVOYANCE - ALTERNATE METHOD 

"EFFECT ON DECISION" 

100 ..... 
\ 
• +10 

1 
90 "' 

@ 
40 

VALUE OF o 
CLAI RVOYANCE 

20 ... , , +30 
/ 

50 "' 

ORIGINAL DECISION 
. ) 

__ .....,. __ DECISION WITH CLAIRVOYANCE 
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100 

so 

20 

A PARTV PROBLEM 

~O+ 70p) 

(so- 10p\ 1-P 

S lOO 

R o 
90 

20 

40 

so 

e: so + sop _ - -;:/' . ........ 

70 _ .... 
_,.. -

1 
1 
1 
1 

0.667 

100 

90 

40 

o ~--_.----~--_.----~--~----~--~----~--~--~ o 0.1 0.2_ 0.3 0.4 o.s 0.6 0.7 0.8 0.9 1.0 

p 

) 
VALUE OF CLAIRVOYANCE 

o 100 

{so+ sop] 
50 

- ff-



1.0 

0.9 

0.8 

0.7 

X 0.6 

=-
>- 0.5 1-
...J 

1-
::> 

0.4 

0.3 

0.2 

0.1 

o 
o 10 

!!!!lo--

u<-ll = 34 

20 30 

RISI< TOLERANCE 

40 50 

X 
VALUE = DOLLARS 

60 70 80 90 100 

THE UTILITY OF A LOTTERY IS ITS EXPECTED UTI LITY 

VALUE 

100 

o 

UTILITY 

o 

o-------34 

u= 0.5 

u<-11 = 34 

CERTAIN EOUIVALENT 
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= 25 

1 

" p 
() @m 

u= 0.628 
u 

ul-1 l = 
-- ul-1 l = 46 

ul-11 = 46 

VALUE 

100 

o 

90 

20 

40 

50 

u 

UTILITY (VALUE) 

' 

o 
!. 

-· ' ( l~' 
0.951 

0.323 

0.569 

0.667 



A PARTY PROBLEM 

100 i...OTTERY ON CLAIRVOYANCE AT COST k 

o o 
100-k 

90 C: u( lOO-k) 

50-k 
. 

20 u( 50-k) 

40 
u(c) = pu(100-k) + (1-p)u(SO-k) 
FINO k SUCH THAT u(c) = u(c') 

50 
k = 20 WHEN p = 0.4 

u(x) 
.......... 

'"'- 1.0 (100) 1.0 

1 (80) 

0.8 0.8 
(60) 

1~ 

0.6 
(40) 0.6 

0.4 
p~ (20) 

0.47 
0.2 

o--- o 
o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 o 20 40 60 80 100 

V 
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A PARTY PROBlEM 

EFFECT OF RISK TOlERANCE ON VAlUE OF INFORMATION 

WITH p = 0.4 

RISK INDIFFERENCE 

RISK AVERSION 

BEST PRfOR 
Al TERNATIVE 

p 

VAlUE OF 
ClAIRVOYANCE 

22 

20 

WHY? BECAUSE RISK AVERTER IS USING MORE CONSERVATIVE 
1 AlTE~NATIVE IN THE ABSENCE OF ClAIRVOYANCE 

HOWEVER, 

WITH p = 0.5 

RISK INDIFFERENCE 

RISK AVERSION 

BEST PRIOR 
Al TERNATIVE 

p 

p 

VAlUE OF 
ClAIRVOYANCE 

20 

24 



RISK SENSITIVITY PROFILE 

CERTAIN EOUIVALENT 

60~--~----r-------~--------~--------~--------~ 

50 

30 

20 

10 

o 
o 

_.,__ EXPECTED VALUE MINIMUM PAYOFF ~ 

0.005 

200 

""" ' 

0.01 

100 

' ' 

46 

' ' ' ' 

0.02 

' ' 

RISK AVERSION 

50 

' ' ' ' 
0.03 

-----

0.04 

COEFFICIENT "Y 

33-1/3 25 

p = .!._ RISK TOLERANCE 
"Y 

100 

o 
90 

20 

40 

50 

EXPECTED VALUE= 

40 

48 

46 

--
0.05 

20 

VARIANCE 

2400 ', 

1176 

24 

INITIAL .SLOPE OF PROFILE IS - 1/2 (VAniANCE) 

i3-



A PARTY PROBLEM 

ACME RAIN DETECTOR 
' 

- CORRECTL Y INDICA TES TOMORROW'S WEATHER 
WITH PROBABI LITY 0.8 

- "S" INDICATES SUNSHINE 

- "R" INDICATES RAIN 

FROM 
EXPECTED, 
V ALU E 
DIAGRAM 

S "S" 
0.32 

S "R" 
0.08 
R "S" 
0.12 

R "R" 
0.48 

0.32 

0.12 

0.08 

0.48 

OUTDOOR, EXPECTED VALUE = 100 p 

= 72.70 

EXPECTED PROFIT USING ACME 
) 

INDOOR, EXPECTED V ALU E = 50-10 p 
= 48.57 

= 0.44(72.70) + 0.56(48.57) 

::: 59.19 

EXPECTED PROFIT WITHOUT ACME = 48.00 

EXPECTED PROFIT INCREASE 11.19 
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EfFECT OF EXPERIMENTATION 

IT 1 "T" & } 

pe 
pe+( 1-p){ 1-c) 

g(p,c) = g(c,p) 

0.8 

0.6 

0.4 

0.2 
A LSO, ~ F 1 "F" & ! g(1-p,e) 

T = TRUE 

F = FALSE 

0.2 0.4 0.6 0.8 

"T" = EXPERIMENT INDICATES TRUE 

"F" = EXPERIMENT INDICATES FALSE 

pe 

p( 1-c) 

( 1-p)( 1-c) 

( 1-p)c 

e = PROBABILITY OF CORRECT INDICATION 

/!J-

1.0 

pe 

pe+( 1-p) ( 1-e) 

(1-p)(l-e) 

pe+( 1-p) ( 1-e) 

p(1-c) 
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PROBABILITY ASSESSMENT 

.. 

-30 -20 -10 o 1 o 20 30 40 50 60 e 
• 

DEFINE FRACTILE <x(f) 

~ )( < <x(f) 1 & ' "" f 

f ""x(f) 

0.01 - -26 

0.26 - 4 
0.60 11 
0.76 27 

0.99 54 

j<x(0.25) < x < <x(0.75) 1 & J .. { x < <x(0.75) 1 & J 

- {x < <x(0.25) 1 & J 

.. o. 75 - 0.25 = 0.50 
= 

· INTERVAL (<x(0.25), <x(0.75)) IS CALLEO INTERQUARTILE INTERVAL. 

fx IN INTERQUARTILE INTERVAL 1 & J = 0.50. 

- -
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• 

Probability Assessment 

Conaider repeated tossing of a fair coin 

H = Head T : Tail 

• 

Let n ~ number of tosses required to 
complete first H H H sequence 

Ex. H T T H H H T H • • • =:;> n z:: 6 

f 0.01 0.25 0.50 0.75 0.99 

.. n(f) L....--1 ~1 ~~-· ---.LI_.__I ___. 

-;t.3-



... 

50 RED ~RED 
50 BLUE "? BLUE 

100 BALLS 100 BALLS 
TOTAL TOTAL 

URN 1 URN 11 

.,. ~--
~--~---71 

FILLED FROM LARGE SUPPLY OF BOTH REO ANO BLUE BALLS 

BY COLOR BLINO CHILO. 

A BALL IS ORAWN- IF YOU GUESS ITS COLOR CORRECTLY 

YOU WIN $100, OTHERWISE NOTHING. 

WOULD YOU PREFER TO PLAY THIS GAME EXACTLY ONCE 

Al WITH URN 
OR 

8) WITH URN 11 

• 

•• 



• 

--- ----------

JO RED BALLS 

1 
? BLUE BALLS 

SO ? YELLOW 'BALLS 

90 BALLS TOTAL 

• 
THE COLORBLINO CHILO STRIKES AGAIN. 

WE PLAY A GAME WITH THE FOLLOWING PAYOFF CHOICE EXACTLY 

ONCE. 

11 

RED 

$100 

o 

BLUE 

o 

$100 

YELLOW 

o 
o 

TWO OTHER PAYOFF SCHEMES MIGHT BE: 

-m 
IV 

RED 

o 
$100 

BLUE 

$100 

o 

- c2- s--

YELLOW 

$100 

$100 



NOW WE MAKE THE PAYOFF SCHEME DEPEND ON THE OUTCOME OF THE 

" 
TOSS OF A FAIR COIN, AND ON WHICH OF TWd OPTIONS WE SELECT. 

BUT 

A 

B 

HEADS TAILS 

A lll 

B 11 IV 

IF 1 > 11, III > IV THEN A > B 

RED 

(100,0) 

(0,100) 

BLUE 

(0,100) 

(100,0) 

1 RESUL T: A - B 1 

YELLOW 

(0,100) 

(0,100) 

[NOTE: (x, y) MEAN S LOTTE AY: p { win x } = Y., ] 
p { win y 1 Y., 

• 



• 

"A LIE THAT YOU HAVE HEARD A HUNDRED TIMES IS MUCH MORE 

CREDIBLE THAN A FACT YOU HAVE NEVER HEARD BEFORE." 

ÜLD ADAGE 

"0UR PASSIONS, OUR PREJUDICES, ANO DOMINATING OPINIONS, 

BY EXAGGERATING THE PROBABILITIES WHICH ARE FAVORABLE TO 

THEM ANO BY ATTENUATING THE CONTRARY PROBABILITIES, ARE 

THE ABUNDANT SOURCES OF DANGEROUS ILLUSIONS." 

lT IS SEEN IN THIS ESSAY THAT THE THEORY OF PROBABILITIES 

IS AT BOTTOM ONLY COMMON SENSE REDUCED TO CALCULUS; IT 

MAKES US APPRECIATE WITH EXACTITUDE THAT WHICH EXACT MINOS 

FEEL BY A SORT OF INSTINCT WITHOUT BEING ABLE, OFTTIMES, 

TO GIVE A REASON FOR IT. 

LA PLACE 

A PHILOSOPHICAL EssAY oN PRoBABILITIES 

"A NEW TRUTH DOES NOT TRIUMPH BY CONVINCING ITS OPPONENTS 

ANO MAKING THEM SEE THE LIGHT. BuT RATHER BECAUSE ITS 

OPPONENTS EVENTUALLY DIE ANO A NEW GENERATION GROWS UP 

THAT IS FAMILIAR WITH IT." 

MAX PLANCK 

- .l. 7-



UTI LITY 

NOTATION 

PRIZES A, B 

A '? B 1 PREFER A TO B 

A ,..._; E l AM INDIFFERENT BETWEEN A AND B 

A > B 
~ 

l LIKE A AT LEAST AS MUCH AS B 

' 



LOTTERY 

·A LOTTERY IS A SET OF PRIZES (PROSPECTS) 

WITH ASSOCIATED PROEABILITIES 

A 

L = B 

p1 + p2+ p3 = e 
~) 

L = ( p 1 1 A: p 2 1 B: p 3 1 
() 

HOPE DIAMOND 

1 TON CHE ESE 

A CASE OF PNEUMONIA 

1F THE PRIZES.IN A LOTTERY ARE ALL MEASURED IN TERMS 

OF A SINGLE COMMODITY (LIKE MONEY)I THEN WE CAN THJNK OF 

A LOTTERY·AS A RANDOM VARIABLE, 

$ p ( • j 
X 0.6 

-10 0.3 
LOTTER I ES : o. 1 

x: 20 
-10 20 50 

DISCRETE o 
50 

MASS FUNCTION 

F (.) 

A X 

CONTINUOUS x: Fx(Xo) = FN(XoiM 10) 

$ M 

- ,2. '1-



CERTAIN EQUIVALENT 

THE CERTAIN EQUIVALENT OF A LOTTERY IS-A PRIZE 

SUCH THAT.THE INDIVIDUAL IS INDIFFERENT BETWEEN RECEIVING 

THE PRIZE ANO PARTICIPATING IN THE LOTTERY, 

NOTATION: -L IS THE CERTAIN EQUIVALENT OF A LOTTERY l 

A HOPE DIAMOND 
IF 

D ,.._ L = TON OF CHEESE 

(HEVROLET 
CONVERTIBLE e CASE OF 

PNEUMONIA 

THEN L = D 

lF-THE LOTTERY ISA RANDOM VARIABLE X 

THEN )( IS ITS CERTAIN EQUIVALENT 



UTILITY 

LOTTERY: 

AXIOMS 

1) ORDERABILITY OF PRIZES 

TRANSITIVITY IF A> B, B>C THEN A> C 

2) CONTINUITY 

IF A.>B>C 

THEN FOR SOME P ~A 
,_ __ .;.._ ___ s ,_ ~ 

e 

-B IS THEN CALLEO THE CERTAIN EQUIVALENT OF THE LOTTERY 

3) SUBSIITUTABILITY 

A LOTTERY ANO liS CERTAIN EQUJVALENT ARE 

INTERCHANGEABLE WITHOUT AFFECTING PREFERENCES 

4) MONOTONICITY 

IF /l. ;> B , 

5) DECOMPOSABILITY 

THEN ~A'?~ IF AND ONLY IF 

~B ~B P>P' 

- J 1-



UTILITY 

AN INDIVIDUAL WHOSE PREFERENCES SATISFY THE 

~TILITY AXIOMS MAY ENCODE THESE PREFERENCES IN A 

UTILITY FUNCTION u ( •) DEFINED ON THE PRIZES, 

THE FUNCTI ON u. ( ' ) HAS TWO I MPORTANT PROPERT I ES: 

1) THE UTILITY OF ANY LOTTERY IS THE 

EXPECTED UTILITY OF ITS PRIZES 

2) IF LOTTERY L1 IS PREFERRED TO LOTTERY L~ 

L, ';:>- Lz. 

THEN u (L
1 

) > u (L.l. ) 

THE UTILITY FUNCTION IS A PREFERENCE THERMOMETER 

THE PREFERENCES REPRESENTED BY THE UTILITY 

FUNCTION ARE UNCHANGED IF THE FUNCTION IS 

SUBJECTED TO A LINEAR TRANSFORMATION OF THE 

FORM 

u' (x) = ~ +j3u(x)Jj3>o 

-3)..-
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MODEL SEOUENCE 

PILOT PHASE 

PURPOSE: TO UNDERSTAND A,ND ESTABLISH EFFECTIVE 

CONTENT: 

RESULTS: 

, COMMUNICATION REGARDING THE NATURE OF THE 
DECISIONS ANO TI-lE MAJOR ISSUES ANO UNCERTAINTIES 
SURROUNDING THEM. 

• SIMPLIFIED DECISION MODEL 
• TENTATIVE PREFERENCE STRUCTURE 
• ROUGH CHARACTERIZATION OF UNCERTAINTY 

• PRELIMINARY RECOMMENDATIONS _ 
• GUIDANCE IN CONSTRUCTING FULL-SCALE MODEL 

FULL-SCALE MODEL 

PURPOSE: TO DETERMINE THE MOST DESIRABLE STRATEGIES 
GIVEN THE AVAILABLE ALTERNATIVES, INFORMATION 
ANO PREFERENCES. 

CONTENT: 

RESULT: 

• BALANCEO, REALISTIC DECISION MODEL 
• CERTIFIED PREFERENCES \, 
• CAREFUL REPRESENTATION OF IMPORTANT 

UNCERTAINTIES 

o DECISION RECOMMENDATIONS 

,, 
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INVESTMENT 

A 
B 
e 

o 
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TIME · PREFERENCE - DISCOUNTING 

CASH FLOWS FOR INVESTMENTS A, B, ANO C 

Oo 01 02 03 04 06 Ce 07 Os 

-1000 200 200 200 200 200 200 200 200 
-1000 250 250 250 250 250 250 250 250 
-1000 500 500 500 300 200 150 100 50 

N 
PRESENT VALUE = l 1 O 

n=o ( 1 + i)" " 

INTEREST RATE 

-S" ..r-

Og 010 

200 1200 
250 250 
50 50 

36 400/o 
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ASISTL:::-..JTES AL CURSO EVALUACION OC: PROYECTOS Y TOMA D.t: 
DECISIONES OCTUBRB D 1~ 1•>7 8. 

¡· 

l. PRANCISCO 13AffAMONDC: TORRES 
'-'.A.R.ff. 
DIR. GRAL. 01.:: PROTECCION Y ORD. ECO. 
REFORM.\ 107-1~ 
Ml::X!CO, O. r. 
TL:f~. 566.06. K8 EXT.l54 

2. ARIEL BAUTISTA GARCJA 
CtNT!{O SAI-fOP 
DL::LlGACION :\SENT. HUMANOS 
lGLI~SlAS 202 P.A. 
PACI!UcA, HGO. 
TC: L . 2. 4 e:; • SO 

3. ENRIQUE BETANCOURT GONZALEZ 
COLEGIO DE BACHILLERES 
AV. CUAL1IITLMOC1236 
ML::X1CO 13, D .1?. 
TEL .. c:;S9. 76.97 

4. RAUL CASTILLO GUERRERO 
I?IDLICOMlSO LAZARO CARDENAS 
MIGUEL A. DE QUEVEDO 276 
MtXICO 21, D.F. 
TEL. 554.11.45 

.5. ROBt: RTO COLSA DIAZ 
CIA. DL LUZ Y FZA. DEL CENTRO, S.A. 
MJ.:LCHOl{ OCAMPO 171 
M t: X 1 CO 17 , D • F • 
Tt:C. 566.47.13 

6. VICTOH. CASTORENA DA VIS 
IGU~\LA 36-2 
COL. ROMA SUR 
M t..:: X J CO 7, D.F. 
TEL. 574.44.32 

· 7. ]OSE C1\ RMEN CONTRERAS GUTIERREZ 
S. 1\ • R. J-I. 

~ 

PL -\Z.'\ D 0.:: LA REP. 31 . 
1v1L::.'\ICO l, D. F. 
TLL . .=592.18.44 

K. POI\ F ll\ 10 CORDOVA SANCl-It:Z 
SL'!ül !U~CCJQ!~ D~ lNVtRSlONt:S DEL 
GOI\lLl\!'-10 DEL t:DO. Di:. Mt:X. 
Pi\L,\CIO Di: GOBERNO, TOLUCA 

1.: ST,\DO DE MEX. 
T1~ L. -t 06. J:3 y -lD690 

I~DlF. l ENTRADA B DEPTO. SOl 
UNJDAD LINDAVISTA VALLEJO 
MI~XrCO 14, D.F. 
TEL. 587.37.92 

TIBO PARAISO 105 
Rt:AL DE MINAS 
PACI-IUGA, HGO. 
TEL. 2.11. 31 

A V. SN. JERONlMO 1491 
MEXJCO 20, D.F. 
T.t:L. 595.09.93 

REP. DE ARGENTINA 96-14 
M E X r CO l, D • F • 
TEL. 554 .ll. 45 

J. SANCHEZ AZCON~ 1412 No. 401 
COL. DEL VALLE 
MEXlCO l2, D.F. 
TEL. 566.47.13 

]OSE MA. MORELOS 215 
COL. LOMABONJTA 
NTEZATHUALCOYOTL, EDO. DE MEX. 



9. CARLOS DE TCAZA LOZANO 
S.A.R.T-T. 
R li FOJtV1A 20-l" 
MliX[CO, D.F. 
TEL .. :::;91.1.:!.61 

10. MA. MARGARITA DEL VALLt: 
D!lL GH.AI~. !Jc BIBLIOTECAS 
U. N. A. M. . 
Tt.:.L . .S-18.65.60 EXT.525 

11. Al\.!TO:"'OVICTOR ECHEGOYEN GUZMAN 
IIL'LJ.:S Ml..:XICANOS S.A. 
LlWNlTZ 1-! 
MC:XICO.S, D.F. 

12. RICARDO ESC03EDO VlLLALON 
ESTL'DlOS Y PROYECTOS INTEGRALES S.C 
DIRLCTOR 
C:\ L 1 LLO 20-401 
iv11<.:XICO 5, !) • F. 
TJ..:L. 5:31.82.42 y43 

13. JORGE FLORliS CANCI--JE 
S.A.R.! l. 
RE FO\ !\·11\ 51-15 
Ml:X1Cü l, D.F. 
TEL. 5:)5. 54. K3 

14. FRANCO DEL V A LLE TE013ALDO N. 
S.A.I'.P. 
XOLA 17 55-4 o 

rvn~xico 12, o. P. 
TLL. 519.80.48 

15. PAl 1LINO ALBC:RTO FRIAS RODRIGUEZ 
FIDt:lCO~liSO IJJ..: PROGRAMACION Y 
P 1\ L:. '1 U l'L' t:: STO 
.\ ll C '- ; L L r\ • !) L: QUE V 1:::0 O 27 6 
\1C:XICO 21, 1). F. 
TC:L •. :::;,:::;4, ll. -LS 

. 16. M1CU~L A:NGLL GALA VIZ HIGUERA 
S • ,.\ . l 1 • O • P. 
lU: FRMr\ 77 -lO 
Tv1L~XIc:O, O. F. 
TLL . .')91.18. 69 

17. AL FH. LDO CA M L:.Z LOP.C:Z 
U\!l\'LI\IDAD VLRACRUZANA 
f-:'¡\('L'LTAIJ ¡y.:: !NGENIElUA 
XI\!.APA, Vt:R. 
T L L... 7 • :3 2 • l ..J 

, ....... ¡.. l .. ~ .l 

A V. CORDOt~A Sll 
COL. VALLE DORADO 
TLALNEPANTLA, EDO. DE MEX. 
TEL. 379.06. 82 

AV. COPILCO 300-ll-20.S 
COL. COPILCO 
MEXICO 20, O. F. 
Tt:L. 548.23.41 

OSA MAYOR 43 
COL. PRADO CHURUBUSCO 
TEL. 670. 54. 12 

MONTE CHIMBORAZO 513-5 
LOMAS DE CHAPUL TEPEC 
MEXtCO 10, O. F. 
TEL. 540.21.7 8 

MORAS 345-1 
MEXICO 12, O. F. 
TEL. 575.48.73 

CALLE 5 # 339 
COL. ALDAMA . 
MEXICO l.S, O.P. 
TEL. 355.29.77 

VALLE DE A TENCO 19 
FRACC. VEH.Ct.:L DE COYOACA N 
Ml~X[CO 22, O. 1::<'. 

MEOELLIN 155-202 
COL. ROMA 
M~XICO 7, O. F. 
TEL. 564. 59 • 66 

BETANCOURT 67 
XALAPA, VER. 

TEL. 772.34 



18. MANUEL CA RCIA CARMONA SANTIESTEBAN 
SECReTARIA DE MARINA CAPRICORNIO 75 
AZL1 ~TA NO. 1 COL. PRADO CHURUBUSCO 
N1EX1CO 1, D. r. . MEX[CO 13, D.F. 
TEL. S2l.79.95 TEL. 581.47.49 

19. ERNESTO CONZALEZ OCAÑA 
S.A.R. rl. 
P. DE LA REFORMA 51 
MEXICOl, D.F. 
TEL . .SJS. S-l. ~{) 

20. RA UL C0017.A LEZ VELASCO 
CIA. DE LUZ Y FUERZA DEL CENTRO 
MELCfJOR OCAMPO NO. 171 
Ml::XICO 17, O. F. 
TE L • 518. 00. 80 

21. TlfELMA GUTlERREZ SANCHEZ 
PE M E X 
MARI'l/\ NAL. 329 
DEPTO. DE SISTEMAS ECONOMISTA 
MEXlCO 17, D.F. 
TEL. 531.37.95 

22 JORGE HERNANDEZ R. 
l. S. T.M.E. 
AV. LC:GARlA 
COL. PENSI¡. 
MEXICO, O. F. 
Tl:: L. 399.69. 22 EXT .124 

23. SAMUEL HUERTA PARRA 
S.C.T. 
INSUI~CENTES SUR 465 
MEXlCO, O. F. 

24. PABLO JARDON HERRERA 
CIA. DE LUZ Y FZA. DEL CENTRO S.A. 
JvlLLCIIOR OCAMPO 171 
MEXICO 17,- D.F. 
TEL. 518. OO. 80 EX f. 213 

la. CERRADA AV. 599' No. 4 
U. ARAGON 
MEXICO 14, O. F. 
TEL. 760.06.79 

CCNTADORES' 56 
JARDINb:S DE Cf--IURUBUSCO 
Mt.:xr.co 8, o. F. 
TEL. 670.29 • .73 

TEJOMULCO 22 
STA. CRUZ A. 
XOCHIMILCO 
MEXICO 23, O. F. 

ANI)ADOR 28 DIV. OELNTE .21 
VILLA COAPA 
MEXICO 22, O. F. 
TEL. 594.09.60 

HIDALGO 28 
TLAI~OPAC 
MEX 1ICO 20, O. F. 

1 ' 

25. JACINTO LIMA M. . 
BANCO INTERAMERICANO DE DESARROLLO \ 
RE.l~OI~i'v1A 379-7° ~U,R~l\13 # 514 
M~Xl(:? 1~ o. F. SE~ TPR POPULAR 
Ti:: L. J3. J7. 09 ~~?d·\CO, D.F. 

IEL. 670.50.93 , 

· 26. MATIAS LOPEZ JIMEN.C:Z 
l"llH. GRAL. DE AEROPUERTOS 

~; • '\ • 11 • ( ) • 11
• 

.\111 .. \ \ ,\ \'1·:. IINIVI·:I~SII)J\1) 17SS-•1° 

c'AL~E SUR lll A # 328 · 
~iERO!ES DE CHURUBUSCO 
iMEXÜ:O 13, D.F. 519. 80.46 
1 \ 
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27. JORGE ROBERTO LOPEZ RAMIREZ --

S.A.R.H. FCO ... PIMENTEL 27 AL TOS 5 
PLAZA DE LA REP. 31-7° COL. SAN RAFAEL 
ME XICO, D.F. MEXICO 4, D . F. 
TEL. 535. 1325 TEL. 535.36.11 

28. JOSE LUIS LUJAN HUERTA 
S. C. T. RET 9 FCO. DEL PASO Y T. 
DIR. GRAL. DE OBRAS MARITIMAS EDIF. 19 A-201 
INSURGENTES SUR 465 MEXICO 9, D.F. 
MEXICO, D.F. TEL. 552.78.63 
TEL. 564.76.68 

29. MARIO GERARDO MACA Y LIM 
S. A. R. H. CALLE BARRILITO 279 
REFORMA 51-15 ° COL. ESPERANZA 
MEXICO 1, D. F. NETZAHUALCOYOTL, EDO.IE MEX. 
TEL. 566.97.69 

30. JOSE LUIS MADRID FRANCO 
S.A.H.O.P. 
XOLA 1755 
MEXICO, D.F. 
TEL. 530.99.71 

31. SALVADOR MANRIQUE LEIJA 
DIR.CRAL. DE PLANIFICACION 
D.D. F. 
SUBJEFE DE OFICINA 
PINO SUAREZ NO. 15-1° 
1<1EXICO 1, D.F. 

32. CESAR R. MARGA IN Y R. S. 
D. D. F. A V. CHAPUL TEPEC 456 
DIR. GRAL. DE P1..ANIFICACION MEXICO 7,D. F. 
PLAZA DE LA CONSTITUCION TEL. 521. 30.94 
MEXICO l, D.F. 
TEL. 521. 30. 94 

33. MANUEL MARTINEZ GARRIDO 
PROFESOR 1 CERRO DEL PEÑON 117-4 
U. N. A. M. i MEXICO 21, D • F. 

•' 
TEL. 548.99.42 j TEL. 689.13.56 

1 

34. IGNACIO MONSAL VO ESCAMILLA 
s~ A. R. H. 

1 

GPE. VICTORIA 286 1 

REFORMA 20-1~103 MEXICO 14, D.F. 
MEXICO 1, D. F .l TEL. 781.45.69 
TEL. 546.64.84 1 

1 

1 

\ 

1 
\ 

1 



35. MARRON HERNANDEZ RIGOBERTO 
S.A.R.H; 
IGNAClO RAMIREZ No. 20 
MEXICO, D.F. 
TEL: 592-36-84 

36. JESUS LUMBRERAS GUERRERO 
COLEGIO DE BACHILLERES 
AV. CUAUHTEMOC No. 1236-8o. PISO 
STA. CRUZ ATOYAC 
MEXICO 12, D.F. 
TEL: 559-55-22 

37. MANUEL ARTEMIO MIRANDA MENDEZ 
COCA COLA DE MEX[CO 
RIO AMAZONAS No. 43-4o. PISO 
MEXICO S, D. F. 
TEL: S91-00-66 

38. MARTHA MARGARITA MONOBE !-IDEZ. 
S.A.R.H. 
REFORMA No. 51-1So. PISO 
COL. SAN RAFAEL 
MEXICO 4, D.F. 
TEL: S66 -97 -9 2 

39. MARIO MONTERO MANJARREZ 
DIREC. GRAL. DE OBRAS PUBLICAS-DDF 
TLALOC No. 1, 1er. PISO 
MEXICO, D. F. 
TEL: S92-31-96 

40. GABINO GASPAR MONTERROSA REYES 
S.A.R.H. 
REFORMA 107-1er. PISO 
MEXICO 13, D.F. 
TEL: S66-95-S8 

41. IGNACIO NIEVA CALDERON 
BCO. INTERAMERICANO DE DESARROLLO 
REFORMA No. 379-1er. PISO 

,COL. CUA7JHTEMOC 
MEXICO S, D.F. 
TEL: S33-57 -09 

42. JUAN MANUEL OR.ENDA Y GONZALEZ 
S.A.H.O.P. 
XOLA 1755-4o. PISO -DEPTO. TECNICO 
MEXICO 12, D.F. 
TEL: S19-80-46 

. 5. 

CABO SAN ROQUE No. 49 
COL. GABRIEL HERNANDEZ 
MEXIC014, D.F. 
TEL: 577 -19-2S 

ANTILLAS No. 507-1 
COL. PORTALES 
MEXICO 13, D. F. 
TEL: S32-89-97 

GUERRERO No. 325 
EDIF. IGNACIO RAMIREZ 
ENT. "E", DEPTO. 1217 

.MEXICO 3, D.F. 
TEL: 597-19-04 

AV. AMERICAS No. 81-201 
COL. MODERNA 
MEXICO 13, D. F. 
TEL: S66-60-27 

ORIENTE 53 No. 338-4 
COL. VILLA DE CORTES 
MEXICO 13, D.F. 
TEL: S90-37 -61 

SARATOGA No. 1017-202 
COL. PORTALES 
MEXICO 13, D.F. 
TEL: 532-46-S9 

ING. CARLOS DAZA No. 212-12 
COL. GPE. INSURGENTES 
MEXICO 14, D. F. 
TEL: 759-19-04 533-57-09 

DIV. DEL NORTE No. 1251-103 
COL. VERTIZ NARVARTE 
MEXICO 13, D. F. 
TEL: 519-80-46 



43. JAVIER PALACIOS MONTOYA 
COM. PLAN NAL. HIDRAULICO -SARH 
TEPIC No. 40 / . . 
COL. ROMA 
ME XI CO 7, O. F. 
TEL: 

44. MAURO PEÑA V. 
COLEGIO DE BACHILLERES 
A V. CUAUHTEMOC 1236 
MEXICO 13, De F. 
TEL: 559-66-73 

45. 'NALTER PINEDA PINEDA . 
TI-IE COCA COLA EXPORT COORP. 
AMAZONAS No. 43-4o. PISO 
COL. CUAUHTEMOC 
MEXICO 5, D.F. 
TEL: 591-00-66 

46. HECTOR F. QUIROZ V lLCHIS 
S.A.R.H. 
PLAZA DE LA REPUBLICA 31-7o. PISO 
MEXICO 1, D.F. 
TEL: 535-13-25 

47. TARSICIO RAMIREZ CARREÑO 
S.A.H.O.P. 
BLVD. XOLA No. 1755 
MEXICO 13, D. F. 
TEL: 519-18-02 

48. LUCIO RIOS A VILES 
DIREC. GRAL. AEROPUERTOS-SAHOP 
XOLA 1755 
COL. NARVARTE 
MEXICO 12, D.F. 

49. FRANCISCO RIOS HERNANDEZ 
S.A.R.H. . 
P. DE LA REFORMA 51-15o. PISO 
MEXICO 4, D.F. 
TEL: 566-97- 83 

50. ROBERTO RIVERA RIOS . 
DIREC.GRAL~ CARRET. FEDERALES 
S.A.H.O.P. 
XOLA Y UNIVERSIDAD 
MEXICO 12, D. F. 
TEL: 519-92-21 

6. 

JUAN A. GUTIERREZ No. 67-4 
COL. MOCTEZUMA 
MEXICO 9, O. F. 
TEL: 762-32-03 

ATLETAS 51-101 
COL. COUNTR Y CLUB 
MEXICO 21, D.F. 
TEL: 544-59 ··45 

. .. 

EDIF. PEDRO MORENO ENT. "C" 
DEPTO. 309 - TLA TELOLCO 
ME XICO 3, D. F. 
TEL: 583-18-31 

BELGICA No. 1003 
COL. PORTALES 
MEXICO 13, D. F. 
TEL: 532-26-00 

A V. MORELOS No. 605, EDIF. C-2 
COL. BALBUENA 
MEXICO 8, D.F. 
TEL: 768-73-09 

FCO. MORAZAN 490-4 
JAMAICA 
MEXICO 8, D.F. 
TEL: 530-30-53 

CLA VELINAS No. 181 
COL. NUEVA STA. MARIA 
MEXIC016, D.F. 
TEL: 556-46-03 

ANICETO ORTEGA No. 1044-6 
COL. DEL VALLE 
MEXICO 12, D.F. 

'559-24-68 
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C)l. ROGELIO RIVERO CARRARO 
. SECRET 1\RIA DE PROGRAM. Y PRES. 

IZAZAGA No. 38 
MEXICO 1, D.F. 
TEL: 521-69-27 

52. JAVIER ROMERO VIGUERAS 
S.A.H.O.P. 
REFORMA 77 -lOo. 
MEXICO 4, D.F. 
TEL: 546-80-17 

53. LUCAS RUIZ GONZALEZ 
I.S.T.M.E 
A V. LEGARIA No. 
COL. PENSIL 
MEXICO, D. F. 
TEL: 399-69-22 - 124 

7. 

FERROCARRIL ll\IDUSTRIAL #56 
COL. LA RAZA 
MEXICO 15, D. F. 
TEL: 355-17-56 

LUIS QUINTERO No. 43 
ATZACOALCO 
MEXICO 14, D.F. 
TEL: 

AV. UNIVERSIDAD No. 903-15 
COL. DEL VALLE 
MEXICO 12, D.F. 

54. VICTOR MANUEL RUIZ PADILLA 
DESARROLLO DE SERV. CORPORATIVOS, S. C. CHOLUL TECAS No. 62 

MEXICO 15, D.F. 
TEL: 583-60-84 

CULIACAN No. 108-2o. PISO 
COL. HIPOO ROMO CONDESA 
MEXICO 11, D. F. 
T.EL: 564-85-00 

55. JOSE LUIS SANCHEZ CONTRERAS _ 
SECRETARIA DE PROGRAM. Y PRES UP. 
}OSE MA. IZAZAGA 38-5o. PISO 
MEXICO 1, D. F. 
TEL: 521-62-41 

56. RAFAEL SAINZ ZAMORA 
S.A.R.H. 
P. DE LA REFORMA No. 20-105 
MEXICO 1, D.F. 
TEL: 546-46-76 

57. LUIS ALFONSO SOSA VILLASEÑOR 
PE MEX 

58. 

MARINA NACIONAL No~ 329 
MEXICO, D. F. 
TEL: 531-37-95 

ADAN SOTO GOMEZ 
S.A. H. O.P. 
AV. REFORMA 77 -7o. PISO 
MEXlCO, D.F. 
TEL: 546-80-17 

SAN DIEGO No. 32 
COL. CAPISTRANO . 
A. DE ZARAGOZA, EDO. DE MEX. 
TEL: 398-20-07 

PENNSYLVANIA No. 280-4o. -2B 
COL. NAPOLES 
MEXICO 18, D. F. 

CARR. DESIERTO LEONES 6563 
COL. V. ALVARO OBREGON 
MEXICO 20, D. F. 
TEL: 566-67-77 Clave 5326 

-· 

SUR 143 No. 1903 
COL. GABRIEL R. MILLAN 
MEXICO 8, D. F. 
TEL: 657 -04-7 3 

.. 
' 



59. ROBERTO TA VERA CARMONA 
S.A.H.O.P~ 
XOLA Y A V. UNIVERSIDAD 
MEX~CO 12, D.F. 
TEL: 530-33-11 

60. VICTOR MANUEL TORRES DELGADO 
D.D.F. -DELEG. XOCHIMILCO 
PROLONG. GLADIOLAS No. 161 
COL • XOCHIMILCO 

MEXICO 23, D.F. 
TEL: 676-06-68 676-05-76 

61. JAVIER VALADEZ BECERRA 
ESC. CIENC. QUIM. DE LA U.A.Z. 
ANTONIO DOVALI SjN 
ZACATECAS, ZAC. 
TEL: 2 19-99 

62. MANUEL VARELA CAMAGIO 
BUFETE INDUSTRIAL 
TOLSTOINo. 22 
MEXICO S, D.F. 
TEL: 533-15-00 

63. GANDHI ZILLI V. 
SECRETARIA DE MARINA 
REFORMA No. 40 
MEXICO 1, D.F. 
TEL: 535-23-51 

64. JESUS ZUÑIGA RUIZ 
COM.AGUAS DEL V. DE MEX.S.A.R.H. 
BALDERAS 55-4o. PISO 
MEXICO 1, D. F. 
TEL: 585-50-66 

' .. 
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ESCULTORES No. 80 
m. SATELITE, EDO. DE MEX. 
TEL: 562-82-62 

RA YON NORTE No. 213-409 
TOLUCA, MEX. 
TEL: 559-91 

DR. IGNACIO HIERRO No. 407. 
ZACATECAS, ZAC. 
TEL: 2 50-15 

MANUEL GAMIO No. ·557 
COL. SINA TEL ·~-. 

MEXICO 13, D.F. 
TEL: 581-07-80 

REFORMA No. 40 
MEXIC01, D.F. 
TEL: 535-23-51 

ADOLFO PRIETO No. 125-404-B 
COL. DEL VALLE 
MEXICO 12, D. F. 
TEL: 

l 
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