
. Fecha Duración 

Marzo 9 17 a 21 h 

lt 10. 9 a 14 h 

• 

'·' 16 17 a 21 h · 

·11 
.. 17 9 a 14 h 

" 23 17 a 21 h, 
'7 

lt 24 .9 a 14 h 

" 30 17 a 21 h 

u 31 9 a,.l4' h 

·f 

Abril 6 17 a'21 h· 

" 7 9 a 14 h .. 
. .. 
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CCNCEF'TC DE CCMPlJTADCRA. 

CBJETC 

E 1 objeto de esto bev~ :eseña sobre las computadoras ele:lrónic.~; y sus 

~•úHiples aplicciciones. al servicio del ho:nSré,~s trcnsmitir al lector unu com?leta vi-

sión de conjunto, mediante. un lenguaje sencillo que permita comprender conceptual-

rr.ente los ternas tratados, sin n'ecesidc.: ~e con~cimientcs previos en la materia. 

Esperamos gue estas páginas, ·.~uy ~irriples en ap.:lriencio pero c·on profundo 

contenido, permitan, o quiene~ las leari, ingres:Jr.al marovilloso.mundo de los máquinas 

automátiCas. 

Es~e señor se llama Co:1t,ol. Trebejo er. una pequeño habita
ción. Tiene o su disPosición uno máquina de_ calcular gue su -
ma, resta, multiplica y divide. T:ene también el señor Control 

, un archivo pareci~o al casillero que existe en los trenes poro~ 
clasificación postal. · , 
Hay, además, en ·le hcloitación, do' ventaC~illas identificados 
co"n sendos carteles: ''Entrada" y 11 5olido''. 
El señor Control tiene un manual ·j•Je le:indic~ c6rr.o debe
desenvolverse cor. estos elementos, si clguier. le pide que.- -
haga un trabajo. 

Una persona quiere saber el resultado de un complicado cálculo. 
Para ello, escribe' ordenada, precisa y detalladan:ente, cada una 
de los operaciones que, en conjunto, integran ese cálculo, anota 
cada instrucción elemental en una hoja de papel y coloca todas
las hojas en orden en lo ventanilla "Entrada". 
El señor C~ti~l, ol ver las hojas, lee en su manual que debe t~ 

. mar esas h.ojas con insfrucciorres, una por uno, y colocarlos corr_: 
I<;Jtivam<Onte en su archivo. Y asi lo hoce. 

Uno v~z ubicadas todas las instrucciones en el archivo, el. señor 
Control comulta nuevomerite el manual. Allí se le indica que,
a continuación, debe tomar la instrucción de la casilla 1 y ejecu 
torio luego, lo de la cassilla 2 y ejecutarla, y así sucesivamente 
hasto ejecutor lo última instrucción. ft,lgunos instrucciones in di
corán gue hoy que _sumar uno cantidad o otr·a ( instrucciones- -
a·ritméticos ); otoos, que el señor Control debe ir a lo ventanilla 
"Entrado" para buscar algún doto que ·intervenga en el cálculo -
( instrucciones de "entrada/solide"), dato que la persona que le 
formuló el problema habré colocado ya en dicha ventanilla, en
otra hoja de pcpel. 
Finalmente,. otros instrucciones indicarán que debe ~degirse una 
de entre dos alternativas (instrucciones lógicas): por ejemplo, -
supongamos que uno parte del cálculo - desde la instrucción que 
está en la casilla 5 del archivo hosto la que esté en la casilla 9 
debe ejecutcrse 15 veces porque el c6culo así lo exige • 
En tal ceso, la instrucción que esté en lo casilla 10 indicaré que, 
si los pos05 5 .a 9 se han ejecutado menos de 15 veces, se debe -
volver al paso 5. Cuando se hayan realizado las 15 repeticiones 
y no antes; el señOr Control seguirÓ·1::on lo instrucción de la co
silla 11. 
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Después de ejecutar todcs !as ins;ruccic~es del archiva, haciendo
con la maquina de coicu!cr los operaciones en .elles indicados, e!
señor Control entrega, o través de lo ventanilla "Salido", los resul
tcdos obtenidos ••. y se sient:J o ~¡:.erar ur nuevo trabajo 

O~sérvese que ta acl·ucción de-t sei"ior C\-,ntro! és P'Jramenie mecó'lica: 
sólo sigue los indicac:o:F:!:; Ces~ •~t· .. ' y cumple de o·~:Jerdc c.on
e!!cs. los. im;trucc:Ít .. "111CS qv'3 ¡·ecibe e trovés de lo •.rf;f'tcnifln UEnt;cda 11

• 

Tomr; c~·:;:ci~i-::-:¡es., :.'er: so~o;n~r:~·ecuand~ s"e {a :eñe lo~ !es o!terncJtiva!'. 
(~vs <:Ox.::>i'crt 11 con qu-2 c¡·¡tefiCJ deSe f:t~~~ar vrz.:> de e!ttJS .. 

~::.i ~.eíkir C.•mr:c\ pu!:-:3$ rt~50Í.,·~:r~1·:1S :::uc!quier ¡xobíemc,. por c~1rnpHc__:; 
:{o c¡:.!í~ ésf1:: :~·~:'!'Q,, ¡:'E:ro t=--o.ro 2Ho clebe:n'.l!: ináiccr!e peso o pcsor e; k_
Formv :11és (f.i(~;ner.l·u!,y d~~!·• .. dk1ó'::.:,. :-o'f.k ~'o que debe hacer f.'-:Jro re:;c!
v~.:rlc.: 1 ¡ i[n :.:f, .. ;·d{..:·l:71'.c~ ·:::;.~.?~Ui\J:n'E'.~~~h~ ~'<!.1(~0 porque~ 0.:1 a~c co:s~~: u~,¡~ 

ti;:;:~· (.:-..;..,!Te¡ ~~ 01 r.c-J:)· !'e: r;c;d·;r: uc-r ;.:e~· s: r.,r~:mo ... 
i,~<l~1~' ;, ... ~ .. ~_.>:\···:·: ~\."¡ ~::;·ur:-..b~J ¿,!, forn'P.J!·.:.c· un ¡::.r::·b~e.rncr (',:i..'oiqwi'e:'o rfc: mo

f~:..., ~:-Jr q!;>Z- ~.:r:o: ¡:-,.:..i·~~)11·-:1 -:::uc:- 110 co¡¡v:r::c 11:cóo a:::e.~c.D de ese prcb!2:-:¡o 

~J~P~cio re.<;:~vnd:; 3:;~ r:·e-:.~c;id·.:::.d de h~ccr c~~;'\s~.d~·~;-:~ ~ ver": g~-·.;:; e: ,,,fio"· 

·~Y[lf':-t·¡r~:::t"i! L1r~n~~o.n~·~·;;. L·rf . 

E! esquema que acabamos de representar mediante el señor Control y sus ele-

rr.entos de !rc:::r.Jjc, corresponde exactamente al_ esquema de funcionamiento de vno cc.m-

putcdoro electré;:ica. 

A continuación presentoreTos una_ breve descripción de los elemento$ de lo com 

putodoro que corresponden o los elementos de trabajo del señor Control. 

Les un_! dad"" de Entrc<_J_a ( representados por la ventoni lla "Entrado" ) : 

Son en la computadora, dispositivos capaces de leer información (Instrucciones 

o Dotes ) con el objeto de procesarlo. Existen uno gran variedad de. elementm de entra 

da, entre los cuales tenemos : 

Tarjetas de Cartulina y Cintos de Popei:Que son perforadas de manero 

que ccd; perforación re¡xeser.to un número, u:10 letra ó un símbolo es-

pecici de acuerdo con un código, predeterminado. 

Cint?S mcgnef"iccs: Cor.ccidas como'fnemorias externos~~ He.nen le ven 

taja de pe.mitir almacenar lo informocíón en forme mas concentrado -

( o rezón de 80 e 2400 ~:Jrocteres por pulgada de longitud ) y de ser 

mas veloces, yo que pueden enviar o recibir información o lo unidad-

de central y velocidades que ven de 1 O, 000 o 680,000 caracteres por -

segundo. Pueden llegar o tener hasta 730 m. de longitud. 

Disco Mocnético : También conocidos como "Memoria extema" en ge-

nerol tienen un diómetrcoproximado de 30 cms. y pueden grabar hasta·· 

400,'000 letras, numen:S. Y caracteres especiales, formando palabras,·· 

cifres,. b registros completos se pueden grabar o leer a razón de n 1 000 

O 312,00() <;Oractere> por segundo y SU tiempo de acceso O iJn registra 

,, • ' ~ " ,. < .... 
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l:Jna diferencio importante '=ntre los cintas y los discos e~ !o siguie~te: 

En las cintas los registros se gr_obcn o l._een secuencial;:,ente. 

En 1~ discos s.e tiene 11 Libre Acceso·• o un registro cuolqu;er~, en for-

mo inmediato, pues cedo ,registro se locoliz.J por su posición físi.ca defi-

tro del disco. 

Lectora Optica de Careciere• lmpre>o5 Puede leer un documento im -

preso por una máquina de escribir, o por uno máouin<~ de contabilidad 

o por la impresora de una comp<.:tcdora· o uno velocidad.de 30,000 cara.:. 

teres por minuto . 

Unidad de Representación Visua·l Esto unidad de e'ntrado/salid.o •ir-

ve paro hacer consultas a la .computadora, por medio de un teclado de 

móquin~ ?e escribir 1 }' .Jbter,er ·fa respuesta refle¡ada en· unO p~ueñ·J -

pantalla de televisión. 

Lo imagen esté formad~ por hasta 1'2 renglonés de hasta 80 corciclere.s -

letr~,· numeras, Ó signes especiales ) coda uno. 

,n 
\\'¡~ 1 •• ' ! lll '----= ~-· . 

-:-~r ~=n 
1 \ L . ! \ 

L
-- i ·-:::--- . ' -1/.--- 1 -- --..,...... ... ...-- --- -- ·; --~- -- .. :::j) 

Vemos aquí o:-rc Unidad de Representación Visual~ más evol~cio~::~dc ~ue 

la anterior, lc.corm.mi:ocibn l,c-mbre-méquina p~ede establecerse en ella 

pcr medio de gréficcs 1 ~ ~f.:.cir ~ue la entrodc- )' -l-:1 :salido de doto:. !ie i-:::_ 

cen por medio -3e imágenes.· 

e 
e· 

Cu~nta e! te unidad paro, ello con. un dispositivo con formo de lápiz, qve 

tiene en su punto uno célula fotoeléctrico. Un delgado hoz de luz· parte 

en determinada momento de un punto de lo pantalla y la recorre en for -

mo de zig-zag. Si se apoyo el."lópiz" e.., cualquier posición de la pan-

tallo, su célula fotoeléctrico detectará en algún momento el haz de luz 

.) 

·Por el tiempo transcurrido de.de que el haz de luz com"f'ZÓ su "borri.l >" 

. hasta que fue detectado, lo computadora determino en qué punta de la -

pantalla se encuentra apoyado el "lópiz". 

Como el barrido duro uno fracción de segu¡;¡do y se realizan muchos bo -

rridos por segUndo, se puede uescribir"·con el 111ápiz 11 sobre la pantalla 

y el dibujo 11 Íngr"es0" en lo memoria de lo compuradoro como uno suce -

sión de puntos c·odificodos. 

Lo pantalla e>tÓ. imaginariamente dividida en 1.040.576 puntos, de mo-

nero que los tr:izos que· se obtienen son prácticamente continuos •. 

Pueden dibuiorse así curvas, estructuras, letras, números y cualquier ti 

pode g;-áfico, y eso informaci_ón in gres a automáticamente o lo comput~ 

dora. 

Por otro porte, los ·resul tcidos obtenidos por fa computadora son repres':!! 

todos en la pantolio·también cómo curvo, letras, etc., bo¡o control-: -

del programe clmocenado en le memoria. 

Lectora Opiico de M:muscrit05 : ~alvo algunos pequei'>as restricciones en 

cuanto al form·:Jto de Jos ·caro~fere~, este unidad puede "leer ti docum~ 

9 
tos escritos por cualquier persono y con cualquier e¡emplo o una velocidvd 

aproximada de 30,000 caracteres por minuto. 

\.tJ 



El '"'Jistrador/oi:a!hcdo' Fotogr:Sn,., '" une ~.Jr.idod de Entrado/Solide 

de datos ~ue re.:riza !".J;, :.igu!cnte: funciones. 

1) Regis trc los resul!c.dos de I<J ccmpvtodoro sobre microfoto 

graffos, mediante un tubo de royos catódicO!·, que ioci-

dE;.,; ~obre t:no p ... e~Ícula foToarófico, y cuyo ~':12 eJectró-

nko actúe goberrwdo p<.>r el Prr:;;:¡romo Alrrocenodo. la-

. película se <evdc o'utcmóticomente dentro de lo unidad 

y 4S segundos después está li$ te pera ser proyectado. 

2) Pro}·ectv sobre uno pon taHa transfúcidc ias mic::rofoto --

grafías ¡egistradas. 

3) 

mer\r.i/' ;:f..·nbfjlr:.;;,., di'bu~r.l'>l gróficcs 1 mopc:s ,' t.:.lJ!"'VO:S:, etc o G, una micro_ 

fotografío de 30,5 mm X 30,5 m:n pueden registrarse hast'J 30,600 le-

·tras 'f r,úmr-:rc;, o hc-sta lb.n7.216 puntos corre.<pondíenleu: imágenes. 

G vdoci¿ad de Regist;-!ldór.jAnólisi~ es de 40.JOC letros, nÚmeros y 

LO$ ¡..,;l!cs Mognetizcntes : Estas ¡:i:ueden mcgnetizorse en ton 

:;entido ó En otro "Recordando" osi',un 1 o un O respect.ivo -

mente. Con 8 de éstos anillos se forma una posición de mem~ 

do~ en {a cuoi pueda ·registrarse unq letra, un dígito¿) un ce:_ 

rócter e$pecioi ,según ios distintos Combinaciones de anillos-

11 En l " V 1'fu on, de CC.tJerdo a un ~ódigo predeterminado 

Las Memorias de _ _Fi!l'.-:-_f~rs 

' 
los Oís ce> M:>gnét ic:os 

L.,; ''"!dodes de solido ( ...,·?resentodas ~ lo ventanillo "Salida"), 

N=,uinos de Escribir ( Teletipos 

Grabadoras de_ Cintos M~gnéticos 

Grabadoras de Discos Magnéticos 

Unidad de Representacrón Visual 

Unidad de Respuesto Or!!l ca:> !<l cuol lo Computadora puede 
hablar en todo ~~ •e..,tido de- io palabra. ' 

•• 



Finalmente, un dispositiva electrónico de control( representado por el 'eñor 

control ) ayudado de un prosrom·1 especial o sistema operativo (representado por el mo-

:JUal del señor Control ) , gobierno todas los operaciones de todas las unidades que -

componen le computadora. 

habiendo descrito les portes que componen la computadora podemos 

mostrar el siguiente e~uemc que lo re;xesento : 

'o en formo más resumida 

Siendo 

(/ /V/04[) ele 
.E/ITRA!JA 

UNIDAD 

t;:ENTRAL 

(111/tJAO 
eéllTI?AL 

t/ !r'l tJ A IJ a'e 
SAL/0.4. 

ALN • .L.CENAMIENTO 

CONTROL 

DJS?OSITIVO ARITMETICO 

Hemcis hablado hasta este momento de la computodoro'electónico desde el Pl""l-

to de visto conceptual. Dur.ante los dos últimas décadas se han producido cvcnces tecnol~ 

gicos ton extraordinarios en materia de electrónico que la computcd::>r9 he. sufrido enormes 

transformaciones. Veremos ahora cómo se ha ido modificando lo idea original hosto llegar 

o los mós modernos s istemos de procesami ente de datas • 

las primeras computadoras tenion circuitos con válvulas de vacío. los -

tiempos de operaci&1 se medien en ellas en milisegundos (milésimos de 

segunda) . Cuando aparecieron los transistores, el diseño de los circui-

tos se mejoró n'otabfemente y la duración de las operaciones er¡ ~~J"s com-

putodoras que utilizaban esta-"Tecnología de Estado Sólido "se midio -

en microsegundos (millonésimas de segundo). 

El hecho d.e que las nuevas máquinas fueron miles de veces má; rápidas -

que les anteriores trajo aparejada la creación de unidades de ,¡,ntrada, s_c:: 

0 lida y memoria externo mucho més veloce5. 

Lo invención de un nuevo tipo de transistor ( "chip" ) pro·to~Ó une verd_c:: 

de.ro revolución en las circuitos electrónicos y sus procesos de fabricación 

el nuevo elemento es ten pequeño que en un dedal de costura ceben más 

de 50,000 cl,ips. Puede ob<.;ervorse en la figura, morcado con en circu:-

lo, un circvito C:)mpleto bcsodo en esto nueva •'Tecnología de Lógico -

Sólidc n·. Debido o su tamaño, se los denomino circuitos microminiaturizados 

o microcircuitos. Los tiempos de. opt;=rcci6n se miden ahora en nanosegu~ 

dos {.milmillo~ésimas de segun~c ) . Ha nacido en esta form~ lo tercera-

generación de com¡:.utcdoros, y los altas ve1o~idaáes alcanzcdcs posibi!,!. 

toror. un nuev::; e~foque e:1 el diseño de los sistemas de proce::::rr,ier,to de 

doto~. 
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Enunciaremos breve.:nente los adelantos. que esto tercerc gt:.-.erac.ión 

ha introducido con re:;pecto o la tecnología anterior : 

.. lo computodOfa se autogobierne y tr-obo~a sin de1enerse, po~a.'ldO 

de un trabajo o otro sin demoro aiguna. 

• El Operador interviene sólo cuando algún proble"'a excepcional -

ocurre. le comunicación entre hombre y máquina se realiza sólo so-

bre !a base de "Informes por Excepción" 

.. ~¡ ocurre une fo1ia er: tos circuitos o en la porte electromecánica 

Jo rné~uino re-.J!:za un outrdi'agnóstico e ¡ndico cuól es ra anornclía .. 

Lo veíoci.~cd é':! S""ltrodo-Prc:.:e.so-Sclído !ie he incre:nentado extra 

" ledos l:::s op0r.ociones de! sir.terr.a se realizan en forma simuit6nea. 

• los lenguo¡es de programación hon evolucionada ele manera notable. 

• E\ ovtacootroí y la ciutcvedfic·::JCÍÓn de operocione> han clcan:z:ado 

niveles insc.'}pec;.hu-de$ .. 

1 
P..;'OC.P.--1.~~ ABS'Ot.i/TO. 

Hasta ahora he."nos visto muchas unidades que, en 
éisl·into~ combínocionesr corlfiguran computacbras -
e!~=ctrónicas pcrc las mós vdriadas aplicaciones. Aho
ra ncs detendremos poro analizar . ei manejo de di -
chos sistemas. 

1 

El Programa de lnstrucc'¡ones almacenado en lo 
Lnidod Central d" Procesamiento, consto de une se

cuencio de órdenes )' camdndos, expresados segun -
uno codificccién ~pecioJ depominada ''Lenguaje Ab
:.oluto de ¡\/¡Óquinou" los pr!meras computadores se-

'' pros;romcban 11 en este compl;eio lenguaje. Hcbíc er:• 
tonces uno enorme diferencial entre nuestro idioma y 
oc1uél s·~gún el cuét debíarncis comunicarnos con lo 
m,)quino. Es t.:.."~ obligaba o ~ grcn esfuerzo común ... 

entre ei cno!istc que .. conoc:a ·et p:·ob1emo, y eJ -
programador qL'e co!'loCiO lo c;omputacoro, pues ambos 
hobínban del mismo proceso 'pero en distintos lengua 
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Se creoroo, poro solucionar el problema, 1.,;
guajes intermedios codo vez más parecidos o nues 
tro idioma •.. Es decir que codo nuevo lenguaje .i;;
iermedio se acercaba más el problema y se aleje-:. 
bo más de le máquina. Paro cado uno de estos -
lenguajes se creó un programo traductor llomodo -
"Compaginador • o "Compi lodor", que tenía la mi -
sión de traducir el lenguaje intennedio al absoluto 
de máquina. Ahor·a~ el analista y el progro,;ador -
"hablan un mismo idioma" : 
ambos conocen el problema y la solución. 

Pero lo computadora seguía desarrollándose, y pron
to los lenguajes intermedios fueron insuficientes poro 
formular intrincados problemas cientiTicas o comercia
les. Nacieron, entonces, lenguajes especializados: dos 
de ellos, el FORTRAN y el ALGOL, permiten. pro
grcmo¡ problemas científicos -té::nicos utilizando uno 
notación casi idéntica o lo notación mctemática co
mún .• El COBOL es un lenguaje comerciai CU)'CS sen
tencias configuran oraciones y frases en formo tal que 
uno persono que no sabe qué es una computador~, -
puede leer un programa y entender perfectamente qué 
es lo que hará la máquina cuando lo tenga almoce
nodo. 

· Coáo uno de estos le..,guojes tiene un programo Com 
pi lador poro coda ti pe distinto de co:nputodora capaz 
de procesarlo. Esto significa que un programador que 
sebe FORTRAN, pcr ejemplo, puede programar uno com
putadora aún sin conocerla. Es decir que estos tres -
lenguajes constituyen un "esper:1nto" de los máquinas.-

Lo tercero generación de compuiodorcs permitió abor
dar complejos problemas que incl'uíon, entre oh-os, aspec 
tes comerciales y cienfiTicos. No había un lenguaje q.:;;, 
abarcara todas les especialidades. 
E.-,ton~es se reunieron todos. los lenguajes conocidos en un 
superlenguaje llor,ado PL/1, cuyo compilador es ton po -
deroso que posibilito .la sectorizoción de la programación 
en la formo que muestra el dibujo: varios programadores 
pueden programar dist:ntos parte$ del proceso, incluso en 
diíerentes lenguajes, y el programo compiloáor entregará 
como res ultodo los ins truccicnes del procesa completo, en 
lenguc¡e Absoluto de tltáquina. 

Hem.os lfegodo O$Í o que fo computcdora nos "entiendo", 
en i~9or de +-:;ue ·-se ·li-mi.te o .recibir .érde;,es en .su idio

·rno. 
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Elcmcnts of computcr problem 
. solving. 

o 

AJ.gorithms · and compu ters 

Computers arouse curiosity in most of us. Articles in popular 
magazines and ncwspapers, current· books, and TV shows 
heighten this curiosity, but such sourccs cannot be expccred 
to prcsenr information in the carefully ordcred sequeno:s that 
is possible in. a book likc this. Whether you are drawn by 
curiosity alonc, or econop1ic necessity, or borh, conscientious 
study ofthis book will help you to break rhrough ro a ncw 
leve] 6f understanding about cornputers, their uses, and rhcir 
conscquenccs. . 

Compllrer sCience deals with people who llave problcms 
to salve· éúld with ulgorithn1s, rhe solutions t~ thcsc problems. 
The solutions rirc ·expressed in special languages ~hat represent 
stored clara and communicatc to machines the manipulations 
that are to be carried out on that clara. . 

Eadi cif rhese füur elements (problcm solver, algorithm, 
language, and machine) aJlects the others in interesting ways. 
For example, depending on irs richness, a langungc can eithcr 
limit or extend our ability 10 express complex plans of Jction 
effcctively. An.d, dcpending on its capabilíries (i.e., its archi-

. tecture),. a m a eh in e can exccute so me plans. of :1ction on ccrtain 
data rcprcsentations more effccrively than ou othcrs. The loop 
of irytcraction closcs when the problem solv.er ch::mges the plan 
oC action, the language, or the machinc architecmre ro suít his 
purposc .. 

This book introduces al! four coi'nponents of this ínter-: 
action. Eve"ry chaptcr takcs you around this "four-cornerccl race 
track" and, with every circumnavigation, you gnin a ckeper 

. and clearcr underswncling of tbe inrerplay among t.he fuur 
ele,ments. You, of course, play the problun solver ming a 

· computcr. To get the most put of thís cxperícnce~ lahorarory 
practícc is almost índispensabk. But, cwn if you can't have 
actual computer experience, a carcful rc~1ding uf this book 
should illuii1inat·e th~~ compurer scicnce scene L1r bencr and 
fár beyund \\·hat you have prcviously perccivcd. 
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\\'hat is an algorithm? /\n a!goritlnn is a list of instructions 
for carryíng om somc proccss step by step. i\ recipc in ü cook-· 
book is 3.!1 excelknr cxample of ar1 algorithm. The prcparatiün 
of a complicatcd dish is broken down imo simple steps thar 

every person expl'rienced in cooking can undersrand. 1\nother 

good example of an algorithm is the chorcography for a classical 

ballet. An intricate dance is broken down into a succession of 

b<lsic sreps ancl positions of ballet. The numbcr of these basic 
steps and positions is very small bur, by putt:ing them toget.her 

in difrerent ways, an endlcss vúiery of dances can be dcviscd, 

. In rhe same wny, algorithms execut:cd by a comput.er can 
combine millions of elcmentary steps, sucll as additions i\nd 

subrractions, into a complicated mai:..hematical calct;lation. Also 
by means of algorirhms, a computer can control a manufac
turing process or coordinare the reservations of an a[rEm: Ui;· 

thcy are receivcd from ticket of11ccs all· over the cotn<try, · 
Algorithms for such large-scale processes are, of coursc-, very 
complex, but 1hey are built up from pieces, as in the examplc 
we \VÍ!I now consider. 

If we can devise an algorithm for a process, we can usua!iy 
do so in many different ways. Here is one algorithm for the 
everyd<:~y process of changing a flat tire. 

l. Jack up the car. 

2. U mcrew thc lugs. 

3. Rcmove the whcel. 

•l. Put on the spare. 

5. Scrcw on the lugs. 

6. Jack the car down. 

\'Ve could add many more details to ¡}ds algorithnL \Ale 
could include gctting the materials out of the trunk, posítioning 

the jack, removing the hubcaps} and looscning rhe lugs l.:wf•)l\:: 

jacking up thc car; for· examplc. For a!gorithms dcscribing 
mechanicn! processes, it is genera!Iy be:~t ro ckcide how 

detail to include. Stil!, the steps we ha ve lisred vvill be adc-quate 

.ro convey the idea of an algorithrn. \V'hen we get l.ü ~IL'.thc·

matical ai~;orithms, we will have to be much more precise. 



3 ALGORITHMS AND COMPUTERS 

A flowchart is a diagram reprcsenting an algorithm. In 

Figure 1· 1 wc see a ftowchart for the ftat-tire algorithm. 

The 

m the ftowchart remind us of the buttons used to start and ·. 

stop a picce of machinery. Each instruction in the flowchart 

is enclosed in a frnme or "box." As \ve will soon see, the stwpe 
of the f;ame indicares the kind of instruction wrincn jnside. 

A rectangular frame indicares a command to t:Jkc some action. 

To carry out the task described by the f1owchart, we begi n 
at the start button (lncl follow thc arrows from box to box, 

executing the instructions as we come to them. 

After drawing a Howchart, we always look to see whethcr . 

we can improvc it. For instance, in the flat-tire flowchart we 
neglected to check whether thc spare was flat. If the sparc is 
flat, we will not change thc tire; \Ve will cal! a gar(lge instead. 
This calls for a decision bctween t\vo courses of action: Fpr 
this purpose we introduce a new shapc of frame into our flow-

charr. 

e ) 
J nside this oval frame we will write an assenion instcad of 
a command. 

V 

This is calkd a dccision box and wi11 have LWO exits, labeled 

T (for truc) and F (for false). After checking thc trurh or folsiry 

of the assertiun, we choose thc appropriate cxit and procecd 
to the i~dicatcd activiry. Incorporating thc llowcharr fragmcnt · 
on the lcft into Figure 1·1, we. obtain thc flowchart iq Figure 

1· 2. 
There is anothcr instri.tctive improvcmcnt possiblc: Thc 

instruction in box 2 of our flowchart acru~1 ll y srant:!s for a 
number.of rcpctitions of tbe s:1rne task. To show thc addirionaJ 
dcrail \\;e could rep\acc box 2 by a stcp for cach lug: 
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The awkwardryess of this repeated instrucrion can b~; elirhi

nated by introducing a loop. 

As we leave rhe box, \Ve find thar the arrow Jeads us right 

back ro repcar rhe task again. However, we are caughr in an 

endlcss loop, since \ve have provided no way ro get out aqd 

go on with the next task. To correct this sÜuéltion, we require 

another decision box, as shown on the left. , 
.. , 

Replacing box 2 Óf our ftowcharr wit.h rhis meéhanism ~md 
making a similar replacement for box 5, we get ihe final result 

shown in Figure 1· 3. 
Now thar you have followed the developrnent of th::: fht··. 

tire flowch:m, [ry te d.::visc one of your own. In tbe algotithw: 

. of thc following exerdse, you will probably disco-.·er sorne 

decisions and loops. There are many ditferent w;:~y~ of J1nw·

charting this algorirhrn~. so many different>-looking fiowchart~ 
will be creared. 
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Unsl'i~w lhe lugs c~ll a g~rJg~ 

FIGURE 1·2 
Second !lat-tire tlowchart. 

,fIGURE 1• 3 
: ?~'inal l!at-tire flowchart. 
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Prepare a l!owchart rcprcscnring thc following recipc. 

Mrs. Good's Rack)• Road 

Ingredients: 

cup choppcd \\•alnuts 
± pound block of baker's chocolate 
-~ pound of marshmallows 

} cup cvaporatcd miJk 
·1 cup corn syrup · 

cut in halvcs 
1 teaspoon of vanill~ 

1 i pound of butrer 
3 cups sugar ~ teaspoon of salt 

Place milk, corn syrup, sugar, chocolate, and salt in a four-quan 
pan, and cook ovcr a high ftame, stirring consmntly umil the mixture 
boils. Reduce to medium flame and continue boiling and stirríng upti! 
a drop of syrup forms a soft ball in a glass of cold warcr. Reri'.QV~ 

from the llame and allow to cool for lO minutes. Bear in burter iH?d 
vanilla until thoroug!Jiy blended. Stir in walnuts. Distribute mursh
mallow haives over rhe bottom of a 10-inch square, buttered baldug 
pan. Pour syrup over the marshmallows. Allow to cool for 10 minptes: 
Cut in squarcs and serve. 

No\v we are ready to examine an algorithm for a inathematic<;il 
calculation. As a first example, we consider the problc~ of. e 
finding terms of the Fibonacci sequence: 

O, 1, J, 2, 3, 5, 8, 13, 21, 34, 55, .·. 

In this sequence~ or list of numbers, the first two terms given 
are O and l. After that, the terms are constructed ac~?rding 
to the rule that each number in the list is the smn of the tVIlO 

preceding ones. Check that this is the case·. Thus, thc :next term 
after the last one listed above is 

34 +55 = 89 

Clearly, we can keep on generating the terms of the sequence, 
one after another, for as long as we like. But, in ordet to wrih~ 
an algorithm for the process (so that a computer could execute 
it, for CX<!mple), WC have tO be múch more explÍCÜ in OU::í 

instructions. 
Before subjecting this process··ro c1oset~ scrutiny; let u:s 

review a little of the interesting history of this sequence, It 
)Nas inrroduced in 1202 A.D. by. the Italian mathematidan~ 
Fibonacci, ro providc a rnodel of population growth in· ~·::.bbits, . 
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His assumptions were: (l) it takes rabbits one month from 
· birth to reach matmity; (2) one month after reaching maruriry, 
and every month thereafter, each pair of mature rabbits will 
produce another pair of rabbits; and (3) ~abbits never die. 

One senses that this model is not complete! y realistic. pur 
the essence of mathematical modeling is ro start with a cr.ude 
model thar·emphasizes the important aspects of the siru.arion 
and suppresses less importan( information~ A more refined 

· model can b~ developed later, profiting from the experience 
with the crude model. Thus \ve might evenrually improve the 
Fibonacci moclel by obtaining more accurate figures on the 
birth rate, taking mbrtal\ty into account,.consic!ering the limita
tions of food stlpp!y, the effects of preclators, disease, and 
overcrowding, and the like. 

In spite of its frivolous ongms, the Fibonacci sequcncc 
has many fascinating properties and plays a role in the solurion 

. of a number of seemingly tu1related mathematical problems, 
There is currentl y a published quarterly journa! entirely de
voted to the properties and applications of the Fibonacéi se
quence. · 

After this long digression, let's see how thc rabbit-pair 
population rnodel gives rise ro the Fibonacci sequence. 
Fibonacci starts with one pair of newborn rabbits at the begin
ning of month one, and he then lets nattn·e take its coursc . 

. This is shown in Table 1· 1, which we now explain. 

Bc•'innin" of ~ b 

,\ \onrh 

Infanr r:abbit pairs 
1\\aruré rabbir pairs 

Total i'abbir pairs 

2 3 

2 

5. 6 7 8 

3 5 8 13 21 

Look at the arrows in the tablc. The nurnber or pairs 
of infant rabbits in any month (:.1fter the 11-rst) is egua! to thc 
numbcr of pairs of mature rabbirs in the preceding montll 
(\ondition 2 in thc Fibonacci mcidel). This cxpbins thc gre~n _ 
arrows. In ench month after thc first, the numbcr of pairs of 
maturc rabbits will cqual the toral number of rabbit paip; in 
thc prcc·..:ding month (condition 1 in thc Fibonacci modcl). 'TI¡is 
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cxplains the gray arrows. Following the arrows, we s;.;-c rh:H, 
from the third month onwnrd,. the total in any month is tht.? 
sum of the totals in the two prcceding monrbs. Thus rhc rabbir 
population· model generares rhc Fibonacci scquence except for · 
the initial. zero, which can be raken as the total number of 
rabbits in month zero. 

Eliminating the reference to rabbits, we can rabulate the 
calculation of thc terms of tbe Fibonacci scquence in Tablc 
1·2. 

r 

lnitially lo k~ thc llt'XI·--· ·-, 

. lall'SIJCTITI lO be Ü 

L and ¡J¡,•. loll'st l•~rm to 
b~ l . 

Find the sum or'the !~test 
l,crm am.l thc ncxHatcst 
tctm 

T 

. 4 

Now t!cmote thc la test krm 
to lile rui\J uf ncxt-
btcst term 

·Now Id thc <umjust 
cakulatcd he designat~d 
a' the !:1tc~t tcrm 

___ .J 

F!Gl.!RE !·4 
Flowcharr for Fibon;¡cci 
sequen ce. 

S 
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Ncxr Latest 
Ter m 

La test 
Ter m Sum 

o ---- l . o + 1 = 1 

~------ 1~ 
1·~2~ 
2·.·----- ---3~ 
3~---->-"-- 5~ 

------ _.J s.a . ______- s-:t- 5 + s = 13 

------ . ' __.-/ ~ . 13~13 = 21 

We can see that in each step the latcst term get.s "de
meted" to the role of next btest term and the sum becomes 
the new latest term. 

Let's construct a 1lo\vchart for finding the first term ro 
exceed 1000 in the Fibonacci sequence (Figure 1·4). 

After going through the loop of flowchart boxes numbered 
2 to 5 enough times (it happens to be 15 times), we eventually 
emerge from box 3 at the T exit and proceed to box 6. This 
box is seen to have a different shape because it calls for a 
different kirie! of acrivity-that of writing down our answer. 
The s·hape is chosen so as to suggest a page torn off a line 
printer, once the most common of computer omput dcvices. 

~ 1 5')7 
o 
o 
o 

o 
o 
o 
o 

l. (a) Suppose in the rabbit problem we had started in month one witl1 
one pair of infant rabbits anc! three pairs of m:.11 ure rabbirs. :\ Ltk~· 
a tablc sii11ilar ro Table 1 · 1 to show the· state of tlle popu!alion 
over the first eight months. 

(b) How would you modify thc flowchart of Figure 1·4 so as tQ 

generare thc tirst term of this .modificd SCCJU<·nce gre:llcr th~lll 

1000? 

2. Repeat Problem ~vith ,thrce pairs of infant rabbits and one pair of 
matun.: rabbits. 

3. (a) For the Fibonacci sequence in Table 1 · 1, calculate from mnnth 
two throuu,h rnonth twcl ve the ratio, r, of the rota! numbcr of 
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rabbits in the currcnt monrh tú rhat in the pr.;.·ceJing monrh . 
. Express each ratio as a decimal and carry uut thc calculatiQn ro 

the nearest thous:mdth. 
(b) Express in your own .words what seems to be happcning to thcse 

ratios. 
(e) Find the reciprocals of cach of the rarios in Problem 3a. 
( d) What relationship betwecn thc ratio r and its reciproca! 1 /r seems 

to be becorning more and more true? Express this relationship 
as an equation. 

(e) If this relationship hcld exacrly, what would be the txact value 
of r? That is, solve the cquarion for r. 

4: Rcpeat Problem .3 using: 

(a) The rabie in Problerri l. 
(b) The rabie in Problem 2. 

The algorithm of the .preceding section can be expressed in 
much simpler notation that is, at the same time, more nearly 
acceptable by a computer as a set of instructions. To do this 
we must introduce a conceptual model of how a computer 
works. This conceptual model is so extraordinarily simple that 
we will call it the SL\1.PLOS computer. It is amazing, but true~ 
that such a simple view of how a computer works is completely 
adequate for this entire course. We will present a more realistic 
picture of a computer in la ter sections of this chapter. 

In computing work, a va11'able is a lener or a string of lctters 
used to stand for something. For now, this "somethingn that 
a variable stands for will always be a number. (As we progre~s 
. rhrough this book, wc will take an ever broadening vievv of 
the sort of thi~g a variable can stand for.) In the formula 

A= LXW 

the letters A, L, and W are variables. r n. the formula 

DIST = RATE X TIME 

DIST, RATE, and TIME are variables. 
At any particular time, a variable will srand for one partic

ular number, called rhe value of the variable, v;hich may 
change from time to time during a computing ptoces~;. The 
value of a variable may change millíons of times durin.g the 
execution of a. single algorithm. 

In our conceptual model of a computer we assoóatc ",;vhll 
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FIGURE 1·6 
Vicw of a SL\tl'LOS systcm 
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each variable a storage box. On the top of each box there is 
a removable gurnmed sticker with the associatcd variable in-

. scribecl on it, and inside the box there is a strip of paper with 
the present value (or current value) of the v:ariable written on 
it. Thc variable is a name jór the nwn~er that currently appears 
inside. 

Each box has a lid that may be removed. when we wish. 
to assign a new value to the variable. Each box has a window· 
in the side so that wc may read the value of a variable with 
no danger of altcring its valuc. Thcse boxes constitutc the 
storage of our computer. In Figure 1· 5 we see one stage in 
the exectition of thc Fibonacci sequencc algorithm of thc pi:e
ceding section. Hcre NEXT stands for "next latest term" and 
LATEST stands for "latest term." 

To summarize, the data storage of a computer is tq be. 
thought of as subdiviclable' into a number of information con-. 
tainers or boxes. Each such storage box may be given a mean
ingful name (sticker), and ea~h may be given (assigned) a value. 

Some people view a computcr as an electronic and me
chanical system having a data storage similar to that just de
scribed, along with a number of other interconnected llnits or 
modules, each with a special sct of functions that, when acti

·vated appropriately, carry out algorithms. Figure 1·6 is one. 
way to depict the organizarían of such a computcr system. If 
we were to pursue the explanation of this sysrem according 
to the module view, it would be nccessary to define tJle func
tions of each module and explain the significancc of the ar
rowed lines into and out of each box. But it would also be 

Input unit 

I.Sticker 
AII!Xér 

1 
unil · 

Control 
anJ 

proccssing 

Read<!r 
unir 

Data stor;~ge · 

AsSign~r 
unit 
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FIGURE 1·7 
The Master Computer and his 
stalf. 
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necessary to bring the diagram to life by explaining the action 
sequences that occur in which each module ser~'es rhe needs 
of rhe others so tbat the overall cffect is ro process infonnarion 
(i.e., ro compute) in the desircd f~shion. 

A second way to view a computer ís to picmre the active 
. modules as robots workíng as a team. The actions of each robot 
always follciw a tix.ed patrern, according to a se·r of relatively 

simple rules. We shall take this view in our conceptual model, 
SIMPLOS. 

\Ve visuallzc a computcr as a number of storage boxes together 
with a staff of four robots-the A1aster Computcr and three 
assistants, the Assignel) the Reader, and the Sticker Ajfixer. All 
these components are quartered in one room, isolated from 
those who will use the computer. 

The Masrer Computer corresponds ro the control and 
processing· unir in Figure 1· 6. He has a fiowchart on his dcsk 
that sets forth rhe instructions according to which he delegares 
certain tasks to his assista,nts (Figure 1· 7). "Notl! that the ilow
chart corresponds to the informatio'n kept in the program storage 
module of SUv1PLOS." 

Mostcr \.omputer Assigner Rcadcr Stickcr 
AITixcr 

To see how this. tea m operates, ler us ~~1ppose the com
puter'" is in the midst of executing the Fibonacci sequence 
algorithm of Figure 1·4. One of the instru~tions in this:_algo·· 
rithm was: 

(. 
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In a simplífied t1owchart notation} this instruction will rake thc 
form: 

2· 

SUM +- LATEST + NEXT 

Inside this flowchart box we find an assigmnent statem.:m. 
Reading this state-menr aloud, we would say, "Assign to SUM 
the valuc ·of LA TEST plus NEXT}" or more sirnply, "Assign 
LATEST + NEXT to SU1V1." The arrow poinring left is 
called rhe assigmnent operator and is to be thought of as· an 
arder or a command. Rectangular boxes in our flowchart lan-·' 
guage will always contain assignmcnt steps and will therefore 
be called assignment boxes. 

To see what takes place when the Master Corpputer comes 
to the above statemcnt in the flowchart, let us assume that thc 
variables LA TEST and NEXT (but not SUM) have the values 
seen in Figure 1· S. The computation callee.! for in the assign
ment statemcnt is spelled out on the right-hand side of the 
arrow} so the .i\tastcr Computer looks thcre first. 

SUM +- LATEST + NEXT 

He realizes that he needs to know the valucs of the varia
bles LA TEST and NEXT, so he sends the Readcr out ro fetch 
copies of these values from storage. 

The Reader thcn goes and finds the storagc boxes labclcd 
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~bster Compuler 

FIGURE 1·9 
.. The !l'taster Computcr rcceivcs 

the copy". 

LATEST and NEXT. He reads rhe valucs of thcsc vari~1bks 
through thc windmvs (Figure 1·8), jots down thc valucs, and 
carries them back ro rhe Mast~r Computer (Figure l·lJ). 

Reatkr Assigncr Stickcr Affixcr 

The lvlaster Computer 
LATEST + NEXT using · th~ 
broughr to him by the Reader: 

8 + 13 = 21 

What does he do with this value? 

computes the value of 
values of these . variables 

The ~.1aster Computer now looks to the lcft of the assign~ . 
mcnt arrow in his instruction. 

SUM •- LATEST + NEXT 

He · sees that he musr assign the computed value of ' 
LATEST + NEXT, namely, 21, to SU.IVt so he writes "21",. 
on a slip of paper, calls the Assig~er, and instructs him to 
assign this valuc to the variable SUM. 

f. . 

The Assigner goes to storage, finds the box labded SUM~-
and dumps out its contents (Figure 1· l 0). Then he places in 
the box the slip of paper containi.ng the new value; doses the 
lid, and returns to the Master Computer for a new task ... 

In otber words, assignmcnt is the proccss of giving a va1ue 
to a variable. \Y/e say that a·ssignment is destructive because ir. 
displaces the former value of the variable. Reading is rzon
destructive because the proccss in no· way alters the val u es of 
any of the variables in storage. 
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FIGURE 1·10 
Th~ ..-\ssignt:r émprying a 
storage box and r~filling it. 

A, B. C. D!ST 

15 ALGORITHMS AND CQMPUTEHS 

In Figure 1 • 11 we present the entire flowchart of Figure 
1·4 in simplitlecl tlowclwrr language. The ole! and new flow

charts are plílced side by side for easy comparison. 
The translation requires very linle explanation. It should 

be obvious that the statement in box 1 on thc lcft is eguivalenr 
ro the two statements in box 1 on the right. The new version 
of box 2 has been discussed in detail. 

We see that the rwo statemcnts in boxes 4 and 5 of the 
old flowchart are compresscd into one box, box 4 of rhe new 
flowchart. This is permissiblc whenever we have a number of 
assignment statcments with no other srcps in berween. How
ever, ir is very important to uqderstand that thesc assignment 
statements must be executed in ordcr from top ro bottom, not 
in the opposire order arid not simu1taneous1y. The order in 
which things are done may be extremely important. 

You can scc tbar rhe statcments in box 4 involvé no com
putation.b~n merely ch<1nge the values in cerrain storage boxes .. 
This sort of activity occurs frequently in flowcharts. 

In box 6 of the ílowchart we see only thc word SUJ\'1. 
The sha pe of the box ( called an o u tpu t bo:x:) tell s us tha r tbc 

· value of the variable SUJ\:1 is ro be wrinen down or displaycd. 

If, in sorne othcr algorithm, wc wished ro writc down thc valucs. 

of sevcral variables, we would list these variables in an output 
box separarcd hy commas, as illustrarcd on thc !cfr. 

\Ve will. now describe the dl!lics .of thc Stickcr A11ixcr. 

We considcr that thc computntion is begun by the transmittal 
. of a flo\vchan to thc Master Computcr. The llrst thing the 

Master Computcr docs is to sean the tlowchart, rnaking a list 
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FIGURE 1·\1 
Translation of Fibonacci 
scqllcnce flowchart into formal 
ftowchart language. 
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lllití.illr ~;,k,· tllv th'\t· 
l:tt~·-.t 1\.'rlll hl h1.• () ;11HJ 

·¡J¡L· bh·:-.1 h:nn to lw 1 

Find 1 !11.: sutn tlf 1 !J~ l;t k~l 
h.'rlll :!ih.l tlh..· nt'XI·I:II ... ·~t 
t ... ·nn 

Now dt.:llh11~ tite lah:st h'nn 
to tlw ruk of llt'Xt·I:Jte,¡ 
IL'rm 

Now kt the sum jusi 
c·:dculutcd k design;~kd 

as the I:Jtest knn 

Writc down 
the vulue of 
lhis SUill 

(a) Old. 

6' 

4 

5 

l\1:.\T •- O 
L\TEST ·- ¡' 

SU~I ~ LATEST + :EXT 1 

6 

SUM 

(b) New. 

of all the variables used. In the case. of thc i:oiboua.cci sequence 
fiowcharr of Figure 1 · llb, rhis list would havc thc form 

NEXT 
LA TEST 
SUM 

The Master Computer hands this list to the Stickcr Affi~er, 
who now springs into action. He inscribes each of rhcse varÍa
bies on a sticker, goes to a bin of unlabcled s,.to.rage boxes, and 
slaps one of these stickers on ca eh of three boxes (Figure 1· 1 2). 
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FIGURE 1·12 
Sticker 1\ffixcr at work. 

Tracing the Flowchart 
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· Now the instructions in the flowchart are exeé:urcd until the 8 instmction is rcuched. At d1is juncrure, thc Master 

Cornputer dirccts the Affixcr ro unpcel al! the Jabels and thro\v 
thcm into a recycle bin .. 

To understahd bettt:r what our flowchart in ·Figure 1·1 1 b docs, 
Jet us trace thwugh it, cxecuLing thc steps as the /vlaster Com-· 
puter and his assistants do thcm (sce Table l· 3). 

In this trace, for case of rt:ading, the valucs of the variables 
are reprQc!uced only when assignmcnts are madc to thcm. In · 
between such steps, thc valucs of the variables do not change 
and thcrefore have thc most reccntly recorclcd values. For 
exarnp!e, in stcp 33, wherc a test is performed, the values of 
thc variables are 

NEXT = 55, LATEST 89, SU1'v1 144 

In step 34 ·rile valucs are 

NEXT = 89, LATEST = 144, SUM = 144 

You can sce that in stcp 48 in r.he execurion of our a!go
rithrn wc finally kavc box 3 by the true exit and pass on to 
box 6, whcrc wc ourput rhc answer, 1597, and stop. 

Thc uttcr simplicity of our conceptual mockl avoids and 
rcmoves certain pitfalls. Thcrc is an cver-prcsci'lt dangcr of 
thinking or assignmcnt as cquality or substitution. (We will say 
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TABI.E ¡. 3 
Tracing of the flowchart of Figure l·llb 

Stc:p 
Fluwchart \'~ilu~s of \'ariablc:s True 
BllX Test (1f 

Numher )iumbc:r NEXT LA'nSr SU,\\ hlbc: 

1 o 
2 2 
3 3 > 1000 F 
4 4 
5 2 2 
6 3 2 > 1000 F 
7 '1 2 
8 2 3 
9 3 3 > 1000 F 

!O 4 2 3 
11 2 'j 

12 ·3 5 > 1000 F 
13 4 '3 5 
14 2 8 
15 3 8 > 1000 F 
16 4 5 8 
17 2 13 
!8 3 13 > 1000 F 
19 4 8 13 
20 2 21 
21 3 21 > 1000 F 
22 4 13 21 
23 2 }1 

24 3 34 > 1000 ·F 
25 4 21 34 
26 2 55 
27 3 55 > 1000 F 
28 4 34 55 
29 2 89. 

30 3 89 > 1000 F 
31 4 55 89 
32 2 144 
33 3 144 > 1000 F 
34 4 89 144 
35 2 233 
36 3 233 > lOO O F 
37 4 144 233 
38 2 377 
39 3 377 / 1000 F 
40 4 233 377 ) 
41 2 610 
42 3 610 > lOO O F 
43 4 377 610 
44 2 987 
45 3 987 > 1000 F 
46 4 610 987 
47 2 1597 .. 
48 3 

-'@TI 
1597 > woo· T 

49 6 
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more about this later.) This and other poter::.ial sources of 
confusion, sucb as the effect of a certain scquence of flowchart 
statements, can be cleared up by thinking in terms of the 
SIMPLOS model, which will a.Iways give the right answers. 

In fact, an exce11ent way to undcrstand thcse ideas of 
reading and assigning values to variables is to makc somc 
storage boxes and, with some friends, work through several 
algorithms as clescribed in this section. 

1. 'What is the effect of chariging the order of th<; two assignmenr state
ments in box 4 of Figure 1· llb so as to appear as seen btlow? 

Trace through the ftowchart with this modification until you llnd the 
answer. 

2. (a) To compare the effccts of the assignment statémenrs 

.aandB· 
find the missing numbers in thc tablc below. 

Valucs ll.:fure Assignmcnt Values After 
Exccution of To Be Execmion of 
Assignment Exccmcd Assigument 

A B A B 

7 13 1 A-_FD ? ,? 

7 13 ? . ? 

/ . 
. (b) In which of rhc two cases is it tme that A = B ajter assignm,.:¡r,? 

(e) Are the dl'ects of the m· o assignmenr statemcnts the same or 
clifTcrenr? 

3. Modify the liowchart in Figure L·llb so asto carry our thc algorithm 
o[ Problcm !, Excrcisc.:s 1 · 2. 

. ' 
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· 4. /Modify the flowchart of Figure 1· !lb so as to outpur cuch term of 
·· thc Fibonucci sequence starring with the third (i.e., omit thc initial 

O, and 1). 

5. Revise the t1owchart of Prohlern 4 to calculatc thc ratio, r, of LATEST 
ro NEXT (as calculatcd in Problcm 3a, Exercises 1·2) and outpur 
this ratio (as wdl as Li\TES'r) at cach step. 

6. Rev.isc tl1e flowcharr ofProblem 5 to calculare at each step the recip
roca] of r. Add rhis value to thc output list. 

1 · 4 Imagine thar you are a bookkeep~r in a large factory. You ha ve 
Input 'outpur records of the hourly rate of pay and the number of hours 

worked for each employce, and you ha ve to calculare the wcek's 
wages. Of course, this can be done by hand, but assume there 
are nearly 1000 workers in the planr, so that the job would 

be quite tedious. Natmally you prcfer to have the computer 

execure this task for you, but you will ha ve to devise a f1owchart 
to convcy tbe instructions to the computer. 

How wil1 the hourly wages and the hours \Vorked come · 

into our computafion? Must each new value of RATE and 
TIME be represcnted by a separare assignment box? This is 
certainly a possibility, but it would require thousands of J1ow
chart boxes-a most undesirable state of affairs. This unpleas.~ 
ant necessity can be eliminared by using the conccpt of input. 

\X'c now introduce a new shape of frame, thc input box, 
into the flowchart language. The input box has this shape to 
suggest a "punch card" (a frequently used input medium, but 
not the only one). Inside thc box will appear a single vari.able 
or a list of variables separated by commas. , 

\Vhat happens in our SUvlPLOS modd ·whcn the Master 

Computer encounters such an instruction? To answer this 

question, we must endow the SI!vlPLOS model with an addi
tional feature not previously needed (Figure 1., 13). SIMPLOS 
has a conveyer belt (called the input belt) that carrics slips of 
paper from outside thc room into the environment cf the com
puting staff. On the outside end of the beir the "user" or 
"programmer" (vvho is nor a membe~ of the computer staff) 
places these slips of paper, with values written on then~, on 
the conveyer belt in the orckr i ;~ which he wanrs them to be 

u sed, 



FIGURE 1·13 
SIMPLÓS with Inrut bdt. 
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Whcn thc Master Computer comes to the input instruct~on 
he does the following. 

l. Steps on a trcadle running the convcyer belt until the ncxt 

slip of paper comes within reach. 

2. Remove his foot from the treadle, stopping the belt. 

3. Takes a slip of paper from the belt and hands it to the 

Assigner with instnictíons to assign the valuc thereon to thc 

variable, RArE. 

When rhc Assigner returns from this task, the J\,\a~Ier 
Computer repeats the above process, but this time tclls the 
Assigner to assign the new value to TU\'lE. \Vhen this is done, 
thc Jvlaster Computer follows the arrow in his flowchart w the 
next instruction. 

We see that an input box is a command ro make assign

ments, but this command is essentially clil!'crent from that in 
an assignm(·nr box. In an assignmcnt box tht.: values to be 
assigned are to be found i.n computcr Sloragc or are compurecl 

from valucs alrcady storcd, whercas wirh an input box the 

values ro he ~1::;signcd are obwined from outside thc compula. 
No calculation is cdkd for in an input box. Moreovcr, tht: 
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.values to be input never appeur in thc f1owcharr itsclf. Only 

the mrjablt:s ro \\1hich thesc vnlues are to be assigned app~ar 
in the input boxcs of the flowchart. 

ln an Jctual compurer (not our conceptual one) the dis
tinction berwccn the rwo kinds of assignmcnt nced not be so 

· sha_rp. Assignmcnts 'callcd for in an input box usual/y involve 

·sorne mechanical motion such as transporting a punchcd card 

or other unit of recorcled ínformation past a readíng starion 

w:hcrc the codee! contents may be copíed. But to gain speed 

the dara often ar.e transported into a spccial section of stor:;Ig•.'; 

callcd an input buffer, well befare the data are actually needed 

. by the executing algorithm. In rhís case, when the input step 

is execurcd, what actually hap~x~ns is thar dara values are simply 

copied at electronic speed from. storage boxes of the input 
buffer to storage boxes of the variables that are specified in 
the input step of the algorithm. 

Nov.r let's see how ro use the input box in our hourly rate 
and payroll problem. Should we input the data from all the cards 
befare we start our calcularions? If so, we would need a great 

many storage boxes in which to store al! rhesc data. Instead, 
we will calculare the wages after each data ser is read. A 
description of our method is as follows. 

l. Input one value of RATE and one value of TIME by L"le 
process described above. 

2. Multiply the RATE by the TIME ro get the WAGE. 

3 .. Output the values of RATE, TIME, anJ WAGE. 

4. Return to stcp l. 

In the ftowchart of Figure 1·14.cach· of the first three st<:ps 
of the above líst appears in a similarly numbcrcd box. Step 4 

is represented by the arrow returníng from box 3 to box l. 

You may wonder why the ftowchart does not have a stop 

button. SUvlPLOS always terminares exccution of an algoritJm1 
when an input step is being executed, and the input belt con.

tains too few values ro match the variables in the input box. · 

Execution of the payroll algorith~ will therefore always halt 

after: the last rate, time pair of data values has bt"~en processed 

and control once again reaches box 1, where it is discovered 

that the input belt is empty. 

Ir will also be usdul to visualize output in a similar y,ay. 
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Output bdt The thrce assistants 

fC5l 
~ 

'"'""' ~,sy l ::.J 

Input b.:)t 

-~ 1 

J----C)----~ 
FIGURE 1·15 
SL\1PLOS showing both belts. 

Rccords \rersus Streams 

1 
¡____. _____ ... :) 

· We endow SIMPLOS, with a second conveyer belt, thc output 
belt . . This belt runs out instead of in and runs continuously--ir 
needs no trcadlc. Each time the flowchart calls for ourpur, the 
Master Computcr writés the proper value on a slip of papcr 

. and dtops it on the output bclt, which carries thc slip through 
the wall ro rhe outsidc cnvironment of the user. A view of this 
situarion from the top is seen in Figure 1· .l5. 

Our convcyer belt model of input-ourpur sugge:;rs rltat .dat::.J 
valucs move as a stréam inro and out ora compttter systern. 
Although in actual computers this is not always stricdy the 
case, the analogy ncvcrt.hclcss is quite clo~;c·. To pursue tllis 
idea lct us consider rhe punched card readcr, one of the most 
common input (kvices on actual computers. First, a sequcnce· 
of data values is punched on cards. Thc cards are Lhcn p!aced 
in propcr orckr in the input hopper of the cure! rc;1dÍtlg ckvice. 
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Usually the <Ynrd dcck is placcd facc down so that thc bt1ltom 

(first) card in the dcck is rhe first ohe to be rcad. Each rime 
more input dara are n:quircd, anorhcr carel is drawn from rhe 
bonom of rhe dcck and its contems are read, cithcr clectro
mechanically or photo-optically. Once read, the card is dropped 

into an ourput stad?cl· and thus discarded. 

The informarían contained on a single punched card 

need not in principie be limited ro one value. For example, 
depending on what a program is designed to exp~fJ,_an-80-col
umn card may contain up to eight_JO-digit integers or up to 
twenty 4-digit integers. 

~OOOOOOCOCg90~00G~OO~GOOOOOOOOBOOOOOOOOO~OOOOOOOOO~OOOOOOOCOHOOOOOOOVO~OOOOOOOOO 
1 1 l 1 1 1 ! 1 1 1~ 11 ;¡ 11 .~ :•. 1' :1. ,, :J d 11 n H ii !' ;1 l! ii j~ ll i? 1~ :1 ~~ :,; !1 il ~l U 41 H Hu H 41 41 H •! :.~ 1\ :1 ~¡ ~~ ~1 ~~ !i 1; H ·~ il {] il U !l íi 11 U H lJ ¡¡ ll ¡J a :~ n 11 1.1 rt H 

1 a 1 1 1 1 1 1 1 1 1 a 1 1 1 1 1 1 1 1 1 a 1 , 1 1 1 1 1 1 1 u 1 1 1 1 1 1 1 1 1 ~ 1 , 1 1 1 1 1 1 1 9· 1 1 1 1 1 1 1 1 1 ~ 1 1 1 1 1 1 1 1 1 ~ 1 1 1 1 1 1 1 1 

22~222222222U22222222Zmzzzzzz222BZ22222222~122222222.222222222H222222122U222Z222 

3 , 3 n 3 3 3 3 3 1 ) J J m 3 3 3 3 n 3 J 3 ~ 3 3 n ¡ 3 3 3 3 o 3 n 3 3 3 n 3 u 3 3 3 3 3 3 3 3 3 u 3 3 3 33 3 3 3 3 ~ 3 3 3 3 3 3 3 J 3 ~ ~ 3 3 3 3 3 

When preparíng da~a cards one i~ always faced with the 
decision of whether to utilize their capaci'ty fully or to punch 
on each only the values required for the execmion of one input 
step in the algorith..m. The laner choice, although somewhar 
wasteful of card space, makes the data cards easier to. check, 

·,· 

Our payroll pnblem provides us with a case in poinL Yf> 
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for convenience in locating data preparation errors, we restr;n 
the contents of each card to onc ·rafe, time pair, then each Lime 
box 1 is executed, one and only one data card will be drawn 
off the input deck, read, and discardcd. We could. be more 
wasteful and punch only one data value on each card. Then 
successive cards would contain first a rate value, then a time 
value, and so on. In this case, each execution of box J must 
cause two data cards to be drawn from the deck ancl read, and 
the anaJogy bet\NCC!1 the input C011VC)'Cf be]t and the card read
ing activiry is very close indeed. That is, when thc lvtasrcr 
Computer hirs the foot tre<1dle ro bring in onc data value, the 
actual computer will signa! the card read~r to draw off one 
card and reacl it. 

The analogy is Iess apparent if we allow the data cards 
to contain more than one raf'e, time pair and if we expecr the 
pairs to be cons.idered in rurn during successive executions of 
box l. In this case, box 1 can no Ionger mean "read a card" 
but, insread, "assign respecti vely to rate and time values · from 
the ncxt data pair in rhe deck. If the next pair cannot both 
come from thc cmrcnt data carel, then draw off another card 
from the cleck ancl rcacl it. If, on the other hand, there is at 
least one more elata pair yet ro be processed from rhe most 
recently read carel, then process that data pair." This inter
pretation assumes that an input bufrer · is filled (ami refilled) 
with data from each newly reacl elata carel and that values are 
assigned to rate and time by simply copying inforn:arion from 
this buffer into the respective program variables, always rc
membering for futme use which items in the buffer have not 
yct been copied. 

\Ve see, thcrefore, that using an input buffer guarantces 
that cach clara· pair in thc scqucncc will be processecl in turn, 
no mJtter how many pairs are punched on ench dala carel. Neme 
will be missed or skippcd ovcr. Iris in this scnsc thar the srrcam 
annlogy is prcscrved cvcn though the sequencc of' dMél iiL'Ills 
is grouped into arbitrary-sized card records. 

The SL\tlPLOS model is a primitivc machine. Tt has only 
srream-oricnrcd input and output. After values are pbCL'd on 
thc:conveyer belt ro be ourput anc! ::tre carried ro rhc oursilk 
cnvironmcnt of thc user, how are they displaycd? \Ve c..:n~tinly 
are awarc that in actual computl:r systcms all valucs ~ue prinkd 

br dispbyed on ~~ scrccn Jl1 sorne sort .of ''format" with a 
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particular numbe"r of columns, but thc only fuct wc urc intcr
cstcd in \\'Íth rc~rectro SL\tPLOS is that thc valucs ar.-: output. 

\\1hcn ir comes to intcrprL'ting ourput boxcs of a llowchart, 
the situation is somcwhat different. The Output box on the left 
is considercd to be a command to print thc currcnt valucs of 
the thrce variables, RATE, TIME, and \\! AG E 011 one fine. 

(If the list won't t1r on onc print Iine, more lincs are used.) 
Furthermore, if the same output box is executed again, the next 
set of thrce valucs will appcar on a new linc bclow thc first 
set. If tbe three variables appeared in three individual boxes 
instead of in one single box, then each would be printcd on 
.a separare line. Thus c~ch execution of an output box is con
sidered ro begin printing a new Iine. · 

-No dmtbt -y.o.u -ha:v..e _wondered why, at the vcry start of our 
srudy, so much anention has been given toa conceptual modd 
of a computer nnd its details. Can any model, especially this 
one, whic~ seems ·so simple and at the kindergarten level for 
sorne readers, be that imporúmt or that valuable ro us? You 
may dcvelop similar doubts about the value of 1lowcharts as 
you proceed further. 

The model and the tlowcharts we develop are abstractions 

of real machines ancl ·of real compurer programs. Once we sce . 
the connection between an abstraerían and the concrete or real 
thing, we can often gain more undcrstanding of the real thing 
by srudying and manipul::ning its abstraer counterpart. So, high 
on our list of priorities should be· an anempr to understand 
and appreciate the conncctions · between the abstraer and the 
concrete. For e::\'dmple, in the ncxt sections of this chapter we 
examine how an actual compurer is organizc(i and how it 
works. Thereafter, ir will be casier to see \vhy the conceptual 
model, no matter how sil! y it may ha ve firsr a ppearcd; is a 
very useful, simplified view of a real .computer. Likewise, just 
as soon as we try to write and test actual compmcr programs, 
we shall see that thc ftowcharr gives us a simpkr but more 
revealing way to think about computer programs for most 
purposes. 

Exp~ricnce has taught us thar problem solvin¿; with com
puters is very effective if we can work first with a simplified 
model of a machine and a simple descriptive algorithmic !an·· · 
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guage in which to express our problem solutions. Then it ís 
· comparatively easy to map these solutions over to programs 
. written in sorne convenient prograrnrning language such as 
BASIC, FORTRAN, ALGOL, or COBOL, so rhat the pro
grams can be exccuted on some real, convcnicnt cornputcr. 

1. Modify the flowchart of Figure 1· 14 ro providc for an overtimc 
feature. All hours in excess of 40 are to be paid at time and a half. 
You will have ro place a decision box somewhere in rhe flowchart 
to determine whcrhcr the worker actually put in any overt:imc. Thc 
formula by which his wages are compur:ed will depend on rhc outc01i1c 
of this test. 

Now we are rcacly to examine how our concepnwl modd of 
a computer can be realized in an actu~tl machine. For thc !1rst 
25 years of modern cornputer history (1949 to 197,1), nearly 
al! acnwl machines were built following a more or kss stereo
typcd pattern suggcstecl by John Von Ncl!mann (1903-19::>7). 
A prototype machinc followíng this pattern is discusst:d in this 
and following sections. \Ve will call ir SAA10S. SA1\'10S is 

a very simple 111~1chine; that is, ir is strippcc! clown to th~ bare 
essentials. Somc fcatures of its operation are describccl in con
siderable detail, while others are glossed ovcr. The program
ming of SA1\lOS is dcscribed briefly in Section 1 ·6 anct in 
more detail in the Appcndix, rhc purpose of which is to belp . 
the reader see n closcr connection berween language for cx
pressing nlgorithms and mnchines that execute them. 

It would be foolhardy to assuine that SAMOS:..Jike ma
chines are the "be all and end all of complltcrs," since the 
archjtecrurc of cornputers is still undergoing rapicl cbange. For 
this reason, asp(·crs of two othcr machines are discusscd brictly 
in this hook. Onc machinc, called BITOS, appt?<lrs la ter in t.llis. 
cbapter; the orhcr, c1lled POSTOS, is consickred in Chaprcr 
8. E:.1ch of thc thrce rnachines exhibits cenain distincr charac
teristics for the i mplementarion of our conceptual modcl, Sl i\ 1-
PLOS. 

Sl\11'\.l>S <-----·"-----··· · Cun,·,·plu:d Jmhkl 

/1"-~ 
S,\.\! OS 
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Core Storage 

FIGURE 1·16 
A magncric core. 

FIGURE 1·!7 
\X'here two wires cross. 
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In onkr ro study this book it is uscful, although ·not essen
tial, ro gain a good undcrsranding ()f how an actual ct1mput12r 
works. Wc suggest rhat you read once through the material of 
thc next rwo scctions without attempting to master it. As you 
work excrcises thJt relate to SAi\·tOS, or have occasion to study 
SAMOS in the Appcndix, you will no doubt come back to 
the next rwo secrions for a more careful smdy. 

How are all those ·srorage boxes of SIMPLOS ;-:.:alizcd. ir~ 

actual pracrice? Th~. storagc of actual compurers. is bui!r úf 
.electronic componerÍts in a variety of wnys und with a variety 
of materials. Hcre we describe onc way thnt a SAMOS storage 
can be built. 

SA.lvtOS storage, packaged in a rectangular box, is an arrang<~ .. 
ment of riny magnetic doughnuts as small as l/40 of an inch 
in diamerer. These doughnuts are· cailed cores (Figure 1· 16). 
The cores are laid out in 61 hol'izonral layers or trays called 
core planes. On each of thcse layers, wircs are strung evenly 
in two direcrions like the lincs on a sheet of graph paper. Therc 
are 100 wires in each direction. At each point wherc two \Vires 
cross, rhe wires are threáded thro~gh a core, like rhe thread 
passing througb the eye of a needle (Figure 1 • 17). (Still other 
wires are threaded diagonally through each core wirhin ench 
plane. Tbcir function is not important to rhe discussion that 
follows; and they are thereforc ignored.) 

Figure 1·1_8 is a picn1re of a core plane from an actual. 
computer built in the mid-l960s. Since there are 100 X 100 
cross:ngs in each · S.'\1\iOS core !ayer, we see that therc 
are 10,000 cores m each core planc ancl .hence 

61 X 10,000 = 610,000 cores in the entire Sl\MOS store 
(storage). 

These cores are capable of being magnetized in either the 
clockwise or the counterclockwise scnse (Figtm: 1 ·19). Because 
of this a core can storc informatíon. ,\Ve could thiok .óf dock-· 
wise magnetizatí~n as meaning "yes" and COllnterc!ocki,vise as 
rneaning "no." We will instead think of clockwise as standing 
for "O" and coumerclockwise for "1." In any event) the infor·" 
mation contained in the magnetization of a core is the smalles:t 
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FJGUHE 1·18 
An acru;¡J con: pl:m..:. 
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FIGURE 1·19 
;\ tagnetiz:ni on of cores. 
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unit of information and is called a bit of inforrnation. \Ve see 
that one core can storc one binary digit, O or 1, but a collcction 
ot' corcs can storc a very Iarge number of bits. \'?e wíll díscuss 
this ·idea la ter, after a digression on how the cores get thcir 
magnetism. 

Firsr, you musr know that a pulse of elcctric currenr 
moving along a wire generares a magnetic 11elcl running <lround 

the wire, as shown in Figure 1 · 20. The srr~ngrh of rh1: mag
netic fidd is srrongcsr near the wire and dies aw<lY as \\'C movt: 
further from rhc w1re. · 

If rhe clirection or the currcnt is rcversed, the direcrion 
of thc magnctic íicld is also reversed (Figure 1·21). 



FIGURE 1·21 
R..:n:rsing rh..: Jir..:crion of rh..: 
magn..:tic fidd. 

FIGURE 1·22 
A core in a magnetic fidJ. 

FIGURE 1·23 
A row of cor..:s in a magnetic 
fiel d. 
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Thus, wlwn a pulse of current passes tbrough a core, the 
~ore will beco;ne Imgnctizcd in one direction or thc otl¡.er, 

depencling on thc direcrion of the currcnt (Figure 1: 22). 

But how can we manase to magnetize just one core inste2d 
of the whole string of cores (Figure 1 · 23) through which the 
pulse passes? The answer líes in the magnetic properties of 
the material from which the core is made. In this material, 

---0-----0 ---0---0--rO---()-c-
if the pulse is too weak, the direction of magnetízarion of the 

core is only tcmporarily altered, and aftcr the pulse of current 
has passed by, the core mcrcly returns to its former magnetic 
condition, whatever that was. 

On the other hand, if the current is !>trong enough, the 

core reniains magnetized in the sensc csrablished by thc din:::c-· 
tion of the current, regardles.s of the formcr magnctic condidon 
of thc c_ore. The situation is analogous ro trying to throw a 
ball from the ground ro the flat. roof of a building. If yóu h<:ive 
cnough power in your throw, the ball will land on the roof; 
otherwisc it v.·i!l bounce against thc wall and fall back to l:hé 
ground. 
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FIGURE 1·2:1 
Doubling rht> magnetic field ar 
th..: \Vire crossing. 

SI.\ 1PLOS Jn"d SAi\tOS 
Storcs Compared · 

The strcngt:h of the pulses is carefully rcgulated so th~1r 

one pulse is not sufficient to permanently magnctize a core, 
but two pulses acting simult:aneously will excecd the threshold 
strength and result in permanent magnetization. Thus, pulses 
passing a long two of the wires (Figure 1 · 24) will permanently 
magncrize just the one core that is located where the w1res 
cross. 

Lct's !cave thc individual con.:: pbncs and consider rhe enrire 
store of the SAMOS tompur~:r, composed of rhc 61 corc planes 
(Figure 1· 25). Each vertical column of 61 corcs constÍllltes a 
computer word. Thus, the storage of the computcr is composed 
of 10,000 words. Thcse words have addresscs that are four-digit: 
numbcrs · from 0000 to 9999 and, likc huust· numbers, thc 
addresscs idcnriCy th~ \Vords. Each of thc 10,000 dots ~;uggestcd 
on the top · of thc box is the top of a vertical col umn o!' 61 
cores (or a worc)). Thc mcthod of assigning thc ''ddrcsscs is 
indicarccl in the íigure . 

. · E:1ch of rhcsc \I'Ords corresponds ro a swragc box in our 
conceptual SL\ \PLOS modd. For each v~1riablc in thc How-



FIGlJRE 1·25 
Con:s of one computcr 
word. 
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chart there 1s a SAMOS word with a definite addrcss. The 
word contains a cerrain pattern of bits determincd by rhe direc
tíons of magneriz:ltion of irs cores and reprcscnting thc value. 
of that variable. "Assigning a vaJuc to a variable" is cffcctcd 
by putting a certain pattern of bits into a word (Figure 1 ·26). 

When we say "the Master Coniputer tclls rhe Assignct 
to assign the value 1597 to the variable SUM," what actually 
takes place is this. The variable SUM is rcprescntcd inside 
the rnachine by me::~ns of its address; suppose it is O 103 . .J,Tov,r 
all the 61 X 2 = 122 wirc:s passing through cores in the word. 
addrcssed 0103 are cnergized with pulses of current in rhe 
propcr directions so asto achievc the patrcrn of bits reprcs¡;nt
ing rhe number 1597. In a modcrn compurer this assignnicnt 
process can be perforrned in a fracrion of a rnicrosecond; a 
microsecond is a millionth of a second. 

In the binary system of represen~ation, a number snch as 1597 
is coded as a string of l's and O's, for example: 

11000111101 

e, 
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FIGURE 1·26 
A bit patt..:rn is assigned to a 
computcr ·word by 
appropriately magnerizing each 
of the cures for that word. A 
corc is magnetizcd by pa~sing 
an electronic pulse through 
each of the two wires that 
intersc<..1 at thar corc. Thc: 
diagram iticntifics thc ll'irc 
pairs that must be sc:J..:crcd ro 
assign a bit partcrn for the 
word at addrcss O 103. 
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For SAMOS any strü g would be preceded by a string of zeros 
to fill out al! rhe bit yositions of the word of srorage. Whilc 
numbcrs are codee! in binary form in many computers, binary 
is certainly not rhe only choice. In a machine such as S,\}vlOS, 
for instance, computation is carried out in the decimal system, 
which means that bit parterns in a word of storagc must be 
coded to rcprest:nt decimal digirs· instead of binary digits. 
Moreover,, we want ro srore krtcrs as wel! ~1s decimal digits. 
For. this reason, we subdivide our 61-bit SAMOS worcls int:o 
11 character posirions as shown bdow. 

1 1 1 ·r......___..____l. rrJ. ___ I~_cJ 
J~ / 6 bits h hi~> '' hjrs 

1 • 

1 i>il 

~..J 

t> hits 1> bih 

The first rosirion (one bit only) is rcsc:;·vcd (ora ende that 
designa tes thé sign, + or -. Hc:re O is sullicícnt: to rcprt:sent 
thc + characrer and, 1 signif1cs the - char~ICtt:r. E;ich of thc 
other po:-,itions consists of six bits and can be used ro srore 
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FIGURE 1·28 
. Dctailed bit path.:rris for two 
compurer words. 

F!GUI!E 1•27 
Character cod..:: 

a digit ora krrcr:,~ that is, character, according ro the code shown 
in Figure 1·27. 

~:.'or each group of six bits) 26 or 64 distinct combin:Hions 
of zeros and ones are possiblc. In Figure ! • 27 wc ha ve ust:d 
up only 37 of the 64 combinations possible with a six-bit code. 
This leaves 27 additional combinations for othcr spccial sym
bols such as +, ~' and thc like. One of the 37 combinations 
of spccial interest is the blank space, O, which is coded as 

110000 

With this code yot,J can see that the two 61-bit compmer 
words displayecl vertically in Figure 1· 28 turn out to be 

1 

+ 

1 

B 

1 

u ¡ y 

1 

o 
1 

6 

1 
o 

1 
E 

1 
G 

1 
G _[] 
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1 1 
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o 
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9 l 7 
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o .:! S 

From now on we shall rcpresent our SAlvtOS computer 
vvords as srrings of 11 characters insrcad of srrings of 61 -bits. 
In a number of conventional computen> of simiiar design eight 
instead of six bits áre grouped to reprcsent char;;¡cter codes, 
making it poss·ible to disrioguish among a considcrabty lc!rgtt 
ser of characters than is the case- in SAlv10S. This dístincüon:. 
however, has absolurely no eifcct on thc principies of character 
representation and manip.ulatión that occur in cnsuing chapter:; 

The consrruction of thc maín storagc for any :1ctu;:ll corn
puter is of great interest mainly to computt:r engineers and 
designers. Storage components currently are buiit from varlou:~ 

. ! 
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SAMOS Processing Unit 

F I <;i U l< E ] • 29 
The principal compon.:nts of 
SAJ\·IOS. 1 

types of physica1 devices and matcrials, including magnctic 
cores, magnetic rhin films, ancl transistor tlipfiops. There is 
considerable varicty in the circuitry used to organize and utilize 
such components and in the methods of packaging a:nd minia·
turizing them. Their physical characteristics, such as size, 

· spced of access for storing and retrieving information, energy 
requirements to operare them, and cost of fabrication, vary al so. 
Nevertheless, schemes similar to that used in the word
organized core storage of SA,\tOS have been uscd to assembk 
and incorpornte all of these types of storage units into convcn
tional coniputer systems. You might be surprised at how much 
understanding Of this subject J'OU can gain \VÜh a rclative]y 
small investment of stucly time. (See, for examplc, one of the 
refercnces on. this topic in rhe reading lisr at the cnd of this 
book.) 

Now tha·t we have seen how the SAl'vlOS storagc is strucn1red, 
we will consider how the storage is used in executing an algo
rithm. 

Our computer has .several other components besides the 
srore. These are shown in Figure 1· 29. 

The solid lincs indicare rhc dircctions in which valucs or 
instructions may be rranstl.:rrecl. Thc dashed lines indicare the 
excrcise of control. Thc control unit and the proc:cssing Unir 
pcrform the dutics of thc "Al::lsra Computer'' :me! his 'hdpci·s. 

i\n irnrorwm part of thc proccssing unit is thc itcczmmla
tor. This sp~·cial computcr wor.d holds rhe result of cnch arith
metic operation. 
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¡\\.achine Language 

CO}.tPUTER 5C!ENCE: A f'IJ(ST COURSE 

Furthermore, a simple assignment such as 

L:\TISf - SUM 

is carricd out by first obtaining a copy of the valuc of SUM .. 
placing it in the accumulator, and then copying rhc value i1. 
rhe accumularor into the computcr \Vord belonging ro the vari · 
able LATEST. The value of SUM is unchanged in rhis proc-·. 
css. Notice, however, th<.Jt values to be input or ourpur do not 

· pass through the SAMOS accumu!ntor but go directly into and 
out of storagc. 

\\lhen the control unit receives and interprets an oYder3 

sorne compurer operation is activated. The ordcrs are in the 
form of codcd instructions stored in the computer; we will see 
about them presently. 

Getting an algoríthm into a forma machine can executc ínvolvcs 
severa! translations that we can represent as follows: 

FLO\I'CIIART 
L;\ \'Gl! AGl: 

You have already had a little expericncc with t~c first 
translation step. The second translation srcp is the process of 
converting a ftow chart into a procedural language such as 
FORTRAN, ALGOL, COBOL, or PL / I. \'ou !carn how tp 
do this in your languagemanual. If approachcd properly, this 
trans1ation step is quite mcchanical and can be pcrforrned by 
a person (or by a machinc) who has no idea what thc algoritrun 
is all about. 

In many computers of advanced design, !he third transla~ 

tÍOJ;l process can be omitted because the machine's itinguage 
and the procedural language are effectively idenrical. When the 
third translarion step is necessary, and ít is for a cornputer such 
as SAMOS, tl1e process is completely mechanical and is ;-:;.ot

mally done by the computer itsdf. This process is e;:¡Jíed com~ 
piling. 

-1 



Sequencing of 
Computcr Instructions 

SUM - LATES\ + NEXT 

FTG ll RE J • 30 
A flowcha¡¡t box. 
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It is not necessary right now to know how compiling is 
done; but it may be interesting to know the reason for doing 
it. Each make and style of computer has its ow~ la"nguage-that 
is, its own set of instructions that · it can understand. U se or 
a proccdural language allowsus ro avoid a tower of Babel in 
which a programmer would have to learn a new language for 
each machine he vvishes to use. A procedural language consti-

. hites a kind of "Esperanto" that enables a progranimcr to 
corll!nunicate with many different machines in the sarhe lan
guage. Mcireover, a procedural lariguage is generally much 
easier to learn to use than machínc language. The programmer 
merely prepares, say, a FORTRAN program on punched cards 
and fccds ir into the computer, which "compiles" a sequcnct' 
of machine language instructions. This sequencc, called a ma-

. chine languag¿ program, i~ then placee! in the computer storage. 
In many systems rhe programmer may transmit his program 
to the computer storagc by typing it a line at a time, using 
a typcwriter·or othcr keyboard instrument to serve as the input· 
device of the computcr systcm. 

Successive SA1\'10S insrructions are placed in consecutively 
addresscd storngc locations starti_ng wirh 0000. Aftcr thc ·com
puter has exccuted an instruction, the control unir will always 
takc the next instrucrion from the ncxt addrcss,. unlcss there 
is a branclúng insrrucrion providing a different address from 
which to wke rhe nexr instruction. . . 

To see bow th is works, consider the instruction t<iken frorn 
. the Fibonacci sequence tlow~hart (Figure 1 • ll b), shown he re 
in Figure 1· 30. 

The procedural languagc cquivalent will nor.Jook much 
diJfetcnt. Tbus, in FORTRAN this instruction would appear as 

and in ALGOL as 

and in APL as 

rind in .BASIC as 

and in COBOL < s 

SUM LATEST + NEXT 

SUM :!= LATEST + NEXT 

SUM •'·- LATEST + NEXT 

LET Si. : = L:\': ·.: l' + NL:·:·i 

COMPU.TE SUM EQUALS LATEST 
PLUS NEXT 



+ LDA 000 
· + ADD 000 

+ STO 000 

FIGURE 1·31 
SAMOS instructions for 
Fif,'llre 1-30. 

A Complete SAl\lOS 
Program 

0101 
0100 
0102 

CO,\iPUTER SCIENCE: A f'!RST COURSE 

In thc SAMOS machinc language, a variable cannot be 
refcrred to by name but only by thc adJress in stor;1ge associatcd 
wirh the variable. Suppose that NEXT, L\TEST, and SUM 
have been givcn, rcspecrivdy, !ocations 0100, 0101, and 0102. 
Thcn in the SAMOS language, the 1low~han instruction trans
lates to a sequcnce of three machine insrrucrions, as shown in 
Figure 1· 31: 

These instructions have the form of 11-character words, 
alrhough the first charactcr is unimportant ami thc fifth, sixrh, 
and seventh are of no interest to us here. The rype or operation 
to be performed is coded using the thrce lcncrs in posmon~ 
rwo, three, and four, and the four-digit numeral at the right 
is the address associated with that operation. 

The letters LpA stand for "LoaD the Accumulator., Tl)e 
whole instruction 

+ L D A O O O O 1 O 1 

means, "Make a copy of the val u e stored in address O 10 l 
wirhout altering the original, and store the copy in the acct1rpll
lator." Clearly, this is thc function of the Read!.!r in our con~ 

ceprual model. We will not go ínto the derails of the elecrronics 
involved in carrying out this instructíon. It is sufficient to know 
that when a copy of that instruction is brought to the coptrol 
unit, certain switches are set by the control unit t.hat allow a . ' ' 
pulse current to pass through the cores of the word O 10 L The 
magnetized cores cause a change in the currenr that, in turn, 
allows a copy to be made .. 

The sccond instruction in Figure 1·31 mcans, "ADD the 
value in the word addressed 0100 to the value already in thc 
accumulator and place the result in the accumulator." The 
third instruction means, "Copy (or STOre) the value in the 
accumulator into the word addrcssed 0102." Exccuting a STO 
instruction is analogous to the work of the Assigner in onr 
conceptual rnodel. Speeds vary from f!!aéhíne r.o machinc:5 bur 

. in modcrn computers, the time required ro carry out . such 
instructions is usually on the arder of a millionth of ·a second" 

We are almost able to translatc the enrire flo>Nd:wrt fo.< tht:' 
Fibonacci scquence algorirhm (repeated here in Figure 1 <32) 
into SAMOS language< First note, however, that constant~ 
never appear explicitly in SAMOS instructions, lr,stead~ !:H~ 
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NEXT .... O 
LATEST +- 1 

SUM +- LA TEST + NEXT 

. ! 

L~ 
5 

SUM 

FIGURE 1·32 
Fibonacci scquence algorithin. 

FIGURE 1 ·33 
Fibonacci scqucncc algorithtil. 
Thc :.!:: column ancl columns 

5, 6, anJ 7 may be kft qnp'.~ 
on lim:s cun!Jining 
instructi(>!ls. 

instruerion to fetch a constant must refcr to rhe storage address 
where the desired value may be found. Of course, this also 
applies to variables. Thus part of the compiling process in
volves providing storage acldresses for the constants (as well 
as for the variables) appearing in the program. We allocate the 
locations 0017, 0018, and 0019 for the constants O, 1, and 1000 
appearing in the fiowchart and specify the proper values for 
these words. 

We assume that the storage locations 0100,0101, and 0102 
have been allócated for the. variables NEXT, LA TEST, and 
SUM, but ·that no values have beert placed in thesc words. As 
execution of the SAlvlOS prog.ram for the Fibonacci algorirhm 
starts, thc state of storage is shown in Figure 1· 33. This figure 
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a!so illustrates a "coding form" on _vd1ich onc might have 
writtcn thc SA_MOS program (gray-colórcJ information). You 

-will notice scver.a! new SAlvlOS operations not prcviously sccn. 
These are explained in the following discussion. 

The instructions in storage addresses 000~, 0005, and 0006 
have already been discussed. Befare looking at the other in
structions, rcmember that the variables are in storage locations 
O 100 through O 102. 

From previous discussions you· should see that tlie instruc-
tion found at 0000 will, whcn executed, copy the value in pop 
(i.e., the number 0.) into thc 'accumulator. Next, rhé instru.ttio:) 
in 0001 copies the value in the accumulator into the won+ :1t 

address O 100. Together these steps are equivalent to assigning 
Oto the variable NEXT. Similarly, the instructions in addresses 
0002 and 0003 are equivalent to assigning th.e value 1 !O the 
variable LATEST. 

Remember that the control unir executes d1c instructions 
in order until it comes to a branching instruction. The first 
branching instruction is found in address 0009, reading 

The code BMI srands for "Brarich on a Minus." The whole 
instruction means, "If the value in the accumulator is negative) 
go to address 0015 for the next instruction; othcnvise, go on 
as usual to the next numbered address (00 1 0)., We \vill see 
shordy that the value in the accumulator ar this time is just 

1000- SUM 

so that the valuein the accumularor will be negative on1y in 
the case that 

SUM > 1-000 

is true. In this case, the branching instruction send:; m; to ad~ 
dress 00 15, where we see the instruction 
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which mcans, . "\\'ritc thc \VorD in <1ddrcss 0102." This 
amounts to printing out the value of SUJ'vl. 

' o 

Now why is ir th:.n whcn the instrucrion in address 0009 
is rcached, the number in the acéumulator is 

Wcll, on Jooking at the instruction in address 0007, wc see rhat 
ir insrructs us ro load the áccumulator wirh the contcnts of 
address 0019, that is; to put thc numbcr 1000 in the accumu
l:Jror. The next instruction, the one in 0008, teUs us to "subtract 
the contcnts of address O 102 frorn the accumulator and put the 
rcsult in the accumulator." ,Since thc coments of O 102 are just 
the value of SUM, this· amollms to the placing of 

1000- SUM 

in the accumu!ator. 
You should be able to vcrify for yourself that the instruc

tions· in acldrcsses 00 lO through 0013 accomplish the assign- · 
mcnrs indicated in thc right-hand column of Figure 1· 33. 

The instruction 111 address 0014 necds to be described. 

¡· 1 B 1 R_¡ u 1 o_l o 1 o_¡ o 1 o_¡·o l·l 1 

BRU stancls for "BRanch Unconditionally." The mcaning of 
the entire instruction is, "Go back to adclress 0004 for the next 
instruction and continue in ordei:' from there." You can see that 
this coriesponds to the arrow from tlowchart box 41.cacling back 
to flowchart box 2, vvhcre we repcat thc summing step. 

The insrruction in 0016, of coursc, srands for HaLT and 
amounts to stopping the computing process. 

You can best understand all this by tracing through the 
SAi\lOS program by hand, keeping a record of thé following 
detailS. 

l. Which instruction is being executed. 

2. The v<llue in the accumulator. 

3. The val u es in the adclresses O lOO, O l 0 1 J and O 102 (the 
values of NEXT, LATEST, ami SUJv1). 

Notice that tbe instructions in addresses 0000 through 
0016 are never altered, nor an~- tht: contents of the Iocation 
0017 through 0019 (the constants O, 1, and 1000). 
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1. Construc.:t a iisr of SAMOS insrrucrions for thc ,flu\\'chart in r·igurc 
1 • 14. You will nccd two addirional typcs of instructions. Thc 11m 
is 

OPERATJON t\ 1> D R t: S S 

1 

1 

1 : 1 : l. : 1 : 1 : 1 : 1 : 1 :: 1 ~· 1 ·; 1 

which is an instruction ro read a valuc from a card into thc computcr 
word addressed 1005. 

· The second is 

./ 

which 'is an instruction ro muiriply r.he value in thc accumulator by· 
t)le val u e in address 1023 and put the result in the accumulator. (Of 
coursc, in the· address pan of these instructions, we may put any 
address we wis,h.) 

2. This qucstion relates ro the flowchart fragment and proposed SAMOS 
trans1arion of it shown below. For each of your answers the assun1ed 
objecrive is ro makc the proposed SAiv\OS fragment consistent wit~'l 
the given flowcl]art i~·agment. · 

z 

Loe Opcode Addr -.. JJ' __ T __ _ 
• 1 

00.18 LOA 000 l 0500 
0019j MPY j · ! 0:151. 
0020 ¡ MPY l 0351 

0021 1 STO l 0451 
0022¡ WWD 1 ¿4~1 
0023; LDA _1 1 ¡ 03:Jl 

00241 SUB J 1 j 0401 
0025¡ l 10030 
0026 i. LOA 11 

035 j 
0021!· SUB 1 1 050:.. 
0028j STO 1

1 

035:· .. ' 

00291' BRU l 1 

0030 l 1 1 

1 1 1 

1 1 i 

-· 
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-(a~ -w'in1 what mcmory location must the variable X be associat~d? 
(b) \\'har operand addrcss is m:cded for thc BR U insrruction th'lt is 

shown at location 0029? 
(e) \Vhat should be the operar ion codc for the instruction at location 

0025? 
(d) What operation codc is needcd for rhe instrucrion located at 0030? 

3. This qucsrion relates to thc tlowchart fragmcnt and proposcd SAMOS 
translation of ir showo bclow. For cach of your answcrs, assume 

· tbe objective is ro make the proposed S AMOS fragmcnt consistent 
with the given fiowchart fragment. 

Loe Opcode Addr -:r ___ 
1 

00171 LOA 000 0100 

2 
0018 SUB 000 02.00 
0019 BMI 000 0024 

Y.-RxP y - V 0020 LOA !OOO 0105 
0021 MPY 000 0107. 
.0022 STO 000 

4 0023 BRU 000 
0024 LOA 000 0100 

y 
0025

1 STO 000 0201 
0026 WWD 000 0201 

(a) Wirh what locarion must the variable X qe ass6Ciarcd? 
(b) What is t)1e operand address rhat should be filled in for the BRU 

instr~ction shown at iocation 0023? 
(e) What should be rhc valuc of the acldress field for the STO instruc-

tion at location 0022? . 
(d) If at location 0022 the STO wcre replaced by a BRU operation 

code, what then would be the appropriate value for rhe address 
field? 

'.4. This guestion relates to tht: following SAMOS program and the four 
data cards displayed tu the right of ir; you are to assume· that the 
given SAMOS program cxecures with the data cards shown. The DIV 
(divide) instruction produces an integer quotient (see Appendix A). 
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0000 R\'iD 000 0012 
0001 RWD 000 0013 
0002 LDA 000 00~2 
0003 DIV 000 OOL:, 
0004 f1lPY. 000 0013 
0005 STO -000 0014 
0006 LOA 000 0012 

. 000? SUB 000 0014 
0008 STO 000 0014 
0009 VIVID 000 0014 !)"¡;¡ (Or<l$ 

0010 BRU 000 0000 
0011 HLT 000 0000 

SA.\10S pr_ogram 

(a) \\lhich of the following is a fa/se statement? 
( 1) The instruction at 00 ll will ncver be reached. 
(2) Only two values will be printed. 
(3) All four data cards will be read. 
(4) The first value printed wi!l be 3. 
(5) Time values will be printed. 

(b) Which of the following is a true statement? 
(1) The program will halt whenever the result of a division is 

zero. 
(2) · The· instruction at 0011 would be executed using the given 

set of data if ~he instruction' at 0010 were revised to BMI 
000 0000. 

(3) Thís program inputs two numbers, selects · the larger, and 
prints íts value. 

( 4) ¡\11 three of the above statcmcnts are false. 

f>roblems 5 through 7.' The following threl.! problcms in vol ve pro
grams to be \vritten in SAMOS machine language and run on 
a computcr using a SA1v10S simulator. If you do nor have a 
computcr available, your final result will be a SA!v10S coding 
form showing your program. 

5. Draw a fiowchart and write artd run a SAMOS program to find rhe 
arcas (ro the nearest integer) of circles with each of the following 
radii: O, 1, 2, 3~ ... , 10, 11, 12. Use '1T = 221 7. The ourput i~ 
to consist of each nidius value followcd by the associated arca, th~t 
is, 

o -E-------e__._.- Fir,l radius 
O ~- First urea 
1 ~-~ So:cond radius 
3 ~ Second area 

!2 
452 

-e !, . 
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This S,\MOS program shotild not executc any input steps. Storage 
locations will be requircd for instrucrions and for al! l·unstants, 'in
cluding 22, 7, thc currcnr radius, 1 (ro incremcnt the raJius to the 
next valuc), anda number ( 11, 12, or 13, dcpcnding on your particulur. 
Jlow chan) to test against \o determine whcn to brancl1 to /¡.¡/t. 

Quesrion \Vil! SAMOS give the same rcsult whcn you compute 
(22 / 7) X r 2 as whcn you compute (22 X r 2 ) ¡ 7? If not, which gives 
a better result? Why? 

6. Draw a flowcharr and write and run a SAMOS program to do the 
following: 

7. 

For the \~alues frorri 1 to~ JO inclusive (i.e., 1 ::; X ::; 10), 
evaluare the following. mathcmatical cxpression: 

F = 5X2 + 10X + 6 

Print out the value for X and F aftcr each evaluai:ion, 

Exmnple The first value of X will be l. For this value, 

F 5( 1 ) + 10( 1 ) + 6 
F = 5 + lO + 6 = 21 

Thus the numbers l anci 21 will be printed out, and F wi!I th-::n 
he C\'aluJtcd for X = 2, 3, ... , JO. The coniplctc output will 
consist of 20 numbcrs: 

10 
606 

Note Additional bzfonnation for Problem 6 

l. No data cards will be needed for this program. • 
2. The values from 1 to lO need not all be storcd at thc beginning 

of the program. 
3. You musr include sorne way to terminare your program after the 

final value has bcen processed and printed. 

Draw a flowchart using variables C, X, TALLY, SUM, and AVG, 
and write and run a SAlvtOS prograf11·to do the following: 

(a) Read a value for rhe variable C. 
(b) Read a value for the variable X. 
(e) Check to see wherher X ,equals 9999. If X does not equal 9999 

thcn check whethcr X equals C If X equals C, then rc.::turn t(• 



stcp (h). If X docs not cqual C, thcn add onc toa counrcr callcd 
T.r\LLY and add X to thc variable SUlvt and ~hcn rcrurn to stc:p 
(b). 

I f X equals 9999, thcn no more data c<Jrds are to be rcad. At 
this point print out the valucs of TALLY and SUM. Compute 
:\VG, thc 'quoticnt of SUi\t anci TALLY (AVG = SUM/ 
TALL Y). Print thc value of AVG. . 

Note Additional Infvmhltion for Problem 7 
l. In your f1owchart the avcn1ge will be a variabk AVG. The variable 
TALLY will hold a counr of how many valucs of X are 110t cqual 
to C. The assignment 

TALL Y ~ TALL.Y + 1 

will be nccded. The sum of the values of X not egua! to C will be 
called SUM. \Vhat should be the initial values of TALLY and SUM? 

2. Thc value 9999 is .callcd a scntintJl \'a!ue. Its purpose is to indicate. 
that all thc values of X have bcen read and proc~scd. (In computer 
!anguagé a sentincl value is said ro represent rhe end. o'f-f.¡J~ Le., .the 
end of dina.) Then:fore, your data dcck will consist of a valtie {or 
C, the given valucs for X, and the valtie 9999. (See Section 2 • 2 for 
additional díscussion of sentinels.) 

3. In SAMOS the only conditional branch instruction is BMI (Branch 
On !v\inus). The programmcr faces a problem when he nceds to check 
wheth:r the values of two variables are egua! or whether the value 
of a variable is egua! to so me constant \'al u e. The following is one 
method of determining whcther the values of the variables A and B 
are egua!. First, subtract the valuc of B from the value of A and, 
if thc result is not negative, subtract the value of A from the value 
of B. .If this resulr is not negative, we can conduele that the valw:s 
of A <ll1Ll B are cqual. 

Exwnples . 
(a) A == 6 and B = 9 

A- B = 6-9 = -3 
Result: A f. B ·sin ce A - B is a negative number. 

(b) A = 5 and B = 5 
A-B=S-5=0 
B-A=S-5=0 
Result: A = B since neithcr subtraction produced a neg:.niv~ 

number. 
(e) A = 4 and B = 3 

A-B=4-3=1 
B-A=3-4=-l 
Result: A f. B since B -- A is ::: negative number. 
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4. The data for Problcm 7 are as fol.lows: 

15 · .. 
12 
17 

<)9<)9 

Most of the srorage capacity of a 61-bit SAMOS word gocs 
unused when a sniall integer, for instance, 2, is represented. 
Conversely, even though a riumber is known to very grcat 
prccision, a 61-bit word ha~ a fixed capacity ro represent digits. 
Character strings, such as names and addresses, for inst~nce, 
vary greatly in Iength. In general, informarían comes in many 
sizes and 1engths, and ir would be exceedingly convenient to 
have computer storage responsive to this fact. 

The SAMOS language is heavily influenced (i.e., con
strained) by its word-orgmúzed storage systcm. We briefly men
tían here anorher kind of ·computer srorage called BITOS 
(HIT-Organized SAlv10S), whose storage is structured in a 
more flexible and natural way-natut'al for the processing of 
different types of informarían. The HITOS stornge is be~t 

thought of as a single sequence of bits instead of a singl~ 
sequence of words that are, in turn? sequences · of bits. For 
exarnple, a HITOS store roughly equivalent ro the· SAMOS 
store contains 610,000 bits whose addresse8 are O through 
609,999 respectively. To fetch a unir of information of some 
known Jength, oñe rnust specify the "bit addrcss" of the begin
ning of the desired inforrnation uhit tog~ther 'with its "bit 
1ength." Thus, 

,op code 
LDA 

address 
24972 

length 
39 

is the way one might write out a Brros instruction ro load 
the accumulator with a data val u e' 39 bits long begim1ing at 
bit location 24972. · 

The inforrnation containers in a BITOS machine resemble 
the storage boxes of the conceptual :mode1 SIMPLOS in that 
the capacity of the containers is arbitrary. 
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There is a sccond important way in whích thc c~ntaincr~ 
of SIJ\íPLOS ami BITOS rcsemblc one anothcr. In borh cases, 

----------._,. values storcd in these containers are self-dc:scribing. Note that 
/ G) the Sil\lPLOS Readcr is able to deduce that a storagc box 

coritains a charactcr string value ns opposcd, say, toa numcrical 

"1'!\UL" 
value, because he is able ro sec the quotation marks. The 
fetching mechaJ!Ísm of BITOS can convey the samc type of 
information to its processing unir because the data object in 
each container consists of two parts: a code that d.cscribes the 
type or namr~ of the value and the data value irself. Fo~ 

example, suppose the container associated with X. is locateq 
at bit address 3901, and suppose character coding for th~ 
BITOS store employs the same 6-bit represe_ntation uscd _iq 
SAMOS. We might expect to see at that location: 

Single 
letter-type vulue 

code 

where the type code S stands for string. Thcn, to rcpresenr 
a string of 4 charactcrs would rcquire 24 bits for the string 
itself and 6 more bits (for the lerrcr S) to idcnrify the 24 bits 
as a string .. For a string of 91 characters, 546 bits are needed 
for thc string and 6 more for the type code-or 552 bits in 
all. If a nonnegative integer variable, AG E, never requires 
more than three digits we can picmre the corrcsponding 
BITOS container as 

for a data value of 52. Here the type code I denotes integer. 
To recapitulare, in BITOS one defines thc size of t."1e 

container to fit the need. That is, the store is' dividec( up into 
containers that reflect their actual use~ Every reference to a 
container consists of the bit address of the container and its 
length. The container itself holds as part of the data object 
:a code that makes the rernainder of the information ú1 rhe 
container sclf-describing. Each time a ncw container is needed, 
a section of thc store large enough to ho!d the required number 
of bits is "partitioned" for this purpose. \Vhen this containek" 
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is no longer needcd, that section Qf srore ancl others like ·¡r are 
rcpartitioned, tbat is, rl:'used, rypically i;1 dilferent coMaincr 
sizes, to suit ncw necds. To make an analogy wirh SIMPLOS, 
imagine that ::lll srorage boxes are constructed to tlt dimensions 
of the data values tbey are to contain. (The Affixcr who pastes 
the stiéka on tbe srorage box can also adjust rhe size of the 
box if necessary.) · 

Only a few of tbe idea~. about SAMOS and BITOS need te 
be remembercd. One oCthe important idens is the sequcnrial 
manner in which the computer works, that is, the step-by-step 
way in which thc computer performs its tasks. Thc ordcr in 
which the tasks are performed is just as important as whar is 
accomplished. 

Another properry of computcrs tl1at we must understand 
is the fiuite zvord length. Wc have seen that SA!v10S words 
consist of 10 characters ancl a sign, so that rhe.largesr number 

· representable in d1is coding system is 

+ 9,999,999,999 

a rather large number, but still finite. Although BITOS store 
may use very "long" containers, thcy are still finite, so rhe 
limitatíon on wbat can be represented, although less con-

. stricting, still exists in principle. From a practica! viewpoinr, 
integer containers, whether in a. SAMOS-like or in a BITOS
like store, are sometimes very unsuirable. Consider a variable 
that, from time ro time, has various values assigned to ir, sume
times very small inregers and at other times very largc inregcrs. 
The storage container for such a variable carinot al\vays be used 
efficiendy íf ir must be· large enough for tlic largesr possible 

integer value that will be assigned ro ir. _ . 
To cover this situation there are other way·s of codiqg 

numbers that not only salve this problem but a'!so allow ps 
to work with real numbers as well as íntcgcrs. One .of tl1C mp~~ 
common ofthese alternare codings is fioating-point form, whid: 
is related·ro the sO-called "scientific notation." 

· To sce hmv this works, recall that any decimal numeral 
such as 

- 382.519 
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· can be exprcssed as 

-.382519 X 103 

in which there · is a decimal point (just after the sign, if a:1y) 
followed by a string of digit., (Lhc.: íirst not zcro) and multipiied 
by a suitable power of 10. \Ve can code numbers in this way 
by reserving rhree character positions for lhe cxponent. The 
result is shown in Figure 1· 34 for -382.519. 

Sign of 
nuinber 

'¡ ¡', 
'\ 

- '+ 
1 

Sign of 
exponen! 

o 

Exponcnt 
par! 

Precisio.n 
part 

. Sorne examp!es of how to code numbers including integer~ 
in this system are. given in Figure 1 • 35. In this figuré, we 
see that the 8-digit representarían of 77, as given in the first 
cQlumn of the third entry, has to be chopped to 7 digits of 
precision because of space requirements. The same holds true 
for 1/ 3 and 11 1 7 at the bonom of the rabie. Thus we see 
that in a computer even a simple fraction such as 1 1 3 cannot 
be·represented exactly, but only toa close approximarion. This 
characteristic of "finite word length" presents important prob-

Nuinber Floating-Poinr F orm 

4 

CoJing of· 
Fk:!ting-l'\lint Form 

++o 14000000 -------·-.,.oc;. .... -.c:- ... ~ ... ~~ ..... ,.oo; .. .,.~·-~-~· ... ;•a• ••·' ..,.~ • .-- .. ;:;.,..ao,...,.lo..'"'1t'h• ....,.r ... 

- 9999.99000 

3.1415926 

-273.14 

.0008761 

.73 

-.999999 X 109 

.314!5926 X 101 

-.27314 X 103 

.8761 x w-3 

·.73 X 10° 

- + 099999990 

++013!41592 

- +03273!400 

+ -03876!000 

+ + 007300000 
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lcms rhat will be discussed in various places in this text, espc
cially Chapter 11. 

In floating-point form we can represent Jarge numbers, 
but for compurers such as SAMOS with t1xed-word size stores 

the price we pay is giving up three pbces of precision. \\'ere 
Si\1\iOS to use floating-point numbers; the largest number 
representable in float:[ng-poinr form wouJd be: 

1 1 + 1 <) 1 r¡ 1 ,, 1 <l 
1 ,, 1 ') [] ') 1 ·] 

which represenrs the number 

999,999,900,000,000,000,000,000,000 
ooo,ooo,ooo,ooo,ooo,ooo,ooo,ooo,ooo. 
ooo,ooo,ooo,ooo,ooo,ooo,ooo,ooo,ooo 
ooo,ooo,ooo,ooo,ooo,ooo. 

· Similarly, there is a· smallest. positive number that could. be 
represented: 

[ · 1 ~ 1 , 1 , 1 , 1 o In 1 o 1 " 1 " 1-l 
.ooo ooo ooo boo ooo ooo ooo ooo ooo 
ooo ooo·ooo ooo·ooo ooo ooo ooo ooo 
ooo ·ooo ooo ooo ooo ooo ooo ooo ooo 
000 000 000 000 000 000 

which is very small~ indeed. 
Coding in floating-point form for a BITOS-like machine 

· cóuld be quite similar to the scheme shown in Figure 1 • 35. 
Óri the other hand, since the size of the container. may be 
chosen to fit ·rhe .particular "needs" of a given variable, the. 
size of the precision part could easily be permitted m vary as 
required. For that maner, the size of the exponeht part could 
cilso be expanded or contracted ro fit the necd. 

In summary, borh SAhlOS-Jike and 13ITOS-like ma
chines are óften builr t~ operatc on numbers codee! in ftoating- . 
point form. However, in our cliscussions of SA/vlOS, in partic
ular in the description gi,•en in the Appendix, the machine is 
initially desG:ribed as if it were not capabJe of dealing with 
numbers coded in floating-poim form, but oniy with numbers 
coded as integers. 
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FIGURE 1·36 
A popular hand-held 
calcularor. 

~ :!. C O :1\ l' U TER S C lE N CE: :\ ¡: l H S T C O U lt S E 

t. Sen::ra! mi!!ion pockct-sizcd ek,·rronic ca!culaturs :1re nu\1' bcin~ 

produccd annu:illy. 'Jh.:y are becumin;; rd:ni1·L'ly acü.:ssihk to ti1L· 
:1\'erage studenr. ;\ \any of rhc·se calcu!awrs, such ;¡s tJ¡¡.: une ~hu\\'Il 

in Figure l · 36, use !luatin~: puitH arithmctic. 

7 e g 

2 
' . ¡ 

o 

(a) Loc:ne an elcctronic calcuLnor and compare rhc mcdwd it uses 
to rcpresent 11oating-poim numbcrs with the merhod 1,.1scd ;n 
SAMOS. 
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1.- . Introducción al lenguáje F0RTRAN 

El lenguaje F~RTRAN, cuyo nombre corresponde'a las primeras 

letras de las palabr...as .inglesas- FORmula- (fórmula) y. TRANslation:

(traducción), _es un lenguaje de: programación orientado a proble- · 
···. · · v11o..i iWI ó. He. o E. · 

mas1' se emplea en casi todas~ las computadoras del mundo. Debjdo 
, .. , .· .. 

a su parecido con e] .le~guaje ~ritmético coman~ el F0RTRAN simpli-
·.. ~ : .. . ~ . 

fica la preparación de problemas que pueden resolverse mediante 

una computadora. Los datos, e instrucciones se. pueden· organizar 

mediante una secuencia de enunciadosfortran; estos constituyen 

el llamado Programa fuente. 

Todas 1 as computadoras que 11 enti enden 11 el lenguaje F0RTRAN, 

tienen lo que se llama.un Compilador Fo~tran, llam~do también tra

ductor o interpret~, eJ cual analiza los enunciados fortran y los 

traduce a un PrograT!la.Objeto; el cual qued~ en Lenguaje de Máqui-

na. 

Un programa escrito en lenguaje F0RTRAN se puede procesar 

en cualquier máquina que. tenga un Compilador Fortran. Esto nos. in-
.·- .. · .- · .. ·. .·...... . . 

di ca que.el 1 enguaje .es i ndepen~iente para cada máquina, o sea que 

el compilador se .. debe preparar en. cada caso. teniendo en cuenta la . ,• . :· .~, .. . . . . .. .. 

~náqui na _que :hq de, v.sarse. en pa.rti cul a r; puesto que las máquinas 

di fi ~ren_ en su or~aqi.~.aci_Ófl i.nterna,. se~ ha qesa r·rollado un núme

ro de 11 dia1ectos 11 del Lenguaje F0RTRAN, c·ada .uno de los cuales es 

apropiado para una cla.se de máquinas. Las diferencias entr·e los· 

.• 4 



J'J 
"!! o o 

varios dialectos son mínimas y se ajustan el uno al otro faci1mei1~ 

te. 

1. 1 El a 1 fabeto 

El aJ fabeto Ff?JRTRAN esta \constituido de caracteres que son 

símbolos familiares de escr-itura y dé teclados de máquinas de· ~.~S"' 

cribir, asi como de dispositivos especiale~ dé perforación; dichos 

car·;acteres son: 

Alfabéticos: A BCD E F G H 

Nu~:éri e os: 

Simbo 1 os: 

IJKLMN 

*~0 o p~Q ,R·~· s ~~ , u~v· ~rx v~z . -~' 

O 1 2 j 4 5 6 7 B 9 . 

+Q·*/= •• ()'@ 

De .este alfabeto se construyen todos nuestros símbolos" expresio-· 

nes y enunciados que se utilizan en el lenguaje F0RTRAN. 

:'. ... ~ Números 

los nGmeros pueden representarse en dife~entes forma~L les 

cuales se asemejan a Jos simbolos de la aritm~tica gener~~~ p~~0 

debido a la estructura interna de l~s computadoras s~ est~blecen 

las convenciones de: Punto Fijo y Punto Flotante que p~)ro~ci ~ 

.!-1·· . . 

• 

-

e 
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se usar§.n solamente con números enteros y los cálculos asociados 

se denominarán aritmética de los enteros o modo entero; mientras 

qué la ·aritmética de los números reales se hará en la fonna de pur.·· 

io flotante y se llamará aritmética de los reales o modo real. De-
•, .. 

· ·• bido·a que tamb1én es necesario distingUir Jas constantes (núme-

ros que no cambian durante toda la ejecuci6n de un programa) de 

las variables (número~ que pueden cambiar), surgen cuatro clases 

de símbolos para los números . 
... ···_. 

2.1 Constantes enteras. 

Dep_endi endo del. tipo de computadora· se podrán representar 
. · .. · '- .. . '. . . .. . - ~ . . 

_.por unciertonúmero_dedigitos, asi para IBM-1130 se representan 

mediante cinco dígitos sin el punto decimal. Si el entero es nega

tivo, los dígitos deberán se.r·.precedidos ·.del signo menos; si el 

entero ~s:positivo el s~gno es opcional. ;-· 

Ejem .. Simbo] os para constantes enteras pued~n ser -entre 

ot_ras: 

1976 .:t--1 . . . ·f) .·: . . :. +1976 ~1976 . . _;..-

1 • .• • •, . 

: Sírnbol os que no se aceptan.-:para .constantes enteras: 

.7483282; (más,de• cinco dígitos) .. 

1976. (el. punto decimal no se permite) 

2.2 Constantes reales 

Dependiendo del tipo de computador_a, las constantes reales 

se podrán representar por varios dígitos, pero en el caso de la 

•. 6 
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IBM-1130 sólo se iHimiter. siete dígitos con punto decimal pudiendo

se co)ocar al principio de los dfgitos, al final o entre dos digi-

.tos ~ualesquiera. Cuando aparece un RUnto en una constante su tra-

tamiento será de punto flotante. Si la constante rea1 es precedi-. 

da de un signo menos, ·se indicalfá que es negativa 9 si es positiVil 
. 

el signo és opcional. 

Ejem. 

' \ 

Simbolos para constantes reales pueden ser entre o-

tras: 

1976. 

-.007 

~.00001976 

.007 

. +12. 345 -12.345 

0.3 
~ 

·símti-olos-que no se ac:eptan·pa:ra constantes ;reales: 

123456789.32 (más de siete dfgitos ~ignificati-

vos) 

5343 (falta el punto decimal) 

Para representar las constantes reales existe tambti§n .la 'n2inaJa. 

forma exponencial; esta la podemos representar n1ediard:,e.una !Jet,.a. 

Esta consténte entera es un exponente del nümero diez; el sis~o 

menos es para los exponentes negativos y para los positivos~ e) 

el uso del punto decimal sea opcional. 

Forma expohenc1a1 

1.328E2 

l ,.328EO? 

132 .. 8 

.. , 
,, .. .! 

/¡ ' ' Ú/ 
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1 ~- 328EOO .. 132.3 

·4~724E-03 -.004724 

+7.61E3 7610. 

·6432E-3 ~6.432 

'· 2.3 Variables enteras 

Estas se representan por combinaciones de una a cinco letras 
. . . . ~ . 

y dig'itOs (IB:M-l130), no s~permiten otros caracteres y el pril)ler 

e a rae te r debe r ~ ~e r un a de 1 a s 1 e t ras 1 , J , K , L , M ó N . E 1 p r i -
·,.· 

mer caracter de"u~a var-iable es el que inc:!Ica si es entera o real. 

· D~~a~i~ 1~ ~j~¿uci6n de un prog~ama, las variables enteras deber§n 

'restr i ngi rs'e a va lores enteros. 

Ejem. 

:, __ . 

Símbolos para vafiables·e~teras pueden ser, entr~ 

otros: 

NUMCT KILO Nl N2 MlO KONT 

1 IALC JCLAV MARY KONTl l1976 

Sfmbo:los no aceptables p<:rra variables enteras:· 

CUENT · '(el primer. c~racterJ'debe ser 1., J, K, 

· L, M 6 N)~ 

KONTADOR' (dem~siados caracieres) 

12.34 (sólo se aceptan letras y -números) . . . 
2. 4 v'a r1 ab 1 es rea-l-e-s . 

F~tas se represe~tan por combinacion~~ ~e una a cinco letra~ 

y d.íg!tos (JBM-.1130)·, no se permiten otros caracteres y el primer 
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caracter tiene que ser n~cesaraamente una letra. diferente a 1, J. 

K, L~ M 6 N. Durante la ejecucfóri de un programa dichas variables 

se deben restringir a valores re~les. 

Ejem. STmbolos 2ara varfables reales pueden ser; entre otros: 

FIJERZ VELOC ACEU CUENT Al A2 

ALFA V1E.LA RA42. X1 PROD SUMA -

srmbolos no aceptables para variables. reales: 

A3.8 (el punto na es letra o nGmero) 

CORRIEN (demasiados caracteres) 

3 BASO (e 1 primer caracter debe sel'" una l etr-c;) 

=-~-- ~~- -=..-""""'=- ~~~-~- ~~~ 
-~~--

MiJMCT ~ {erprimer caracter no puede ser H) · e. 
3.- Operacfone~ ari~méticas 1 

Las operaciories a~[tm~ticas y 1os simbolos que se utlli~an 

en F0RTRAN ·son: · 

Ejem. Algebra f'!1HrtR.AN 

Adición + -~ + b A + S 

Sustracción a - b" !\ ,., B 

Multipl icación * a b Jl, * B 
a 

División 1 .b f\ J 

' ,, ¿ 

Exponenciaciórv ** 
~-

A te <BI"' J~ 
~-~-

-"l.z f'Jd 2 

4.- Expre~fones aritmiticas 

(.~ 
·· .... l 



expresiones ar1tmética~·en l~~guaji F0RTRA~ y nos daremos cuenta 

que~son:may si~ila~es -~las ~xpr~sion~s atitméticas del algebra 

··común.~ 

,_ ... '. ·· · ·• Expresiones F~IÜRAN 

A**2-B**2 

B**2-4~'*A*C 

.. (A+B)/2~ 

··. · C+B-3.*A 

E~presi~nes Comunes 

b2 -4ac 
1 
2(a+p) 

. . . . 
2k..; j+n 

c+b:.:.3a 
.· ·-. 

- ... Las: regl'as a ·:l~s que dkb~mos s'ujetar 1 as expres i ¡Jnes. a ritmé-

~tcas ;son~rieees~r~~s·debtd6 a la estructura de las computadoras y 

al observarlas tendremos un aho~rd e~ el ti~mpo de'ejecuci6n de un 

· programa. 

Regla 1 

. . :· .... 

Si nos fijamos eri las expresiones F0RTRAN anteriores 

nos d~inos cUen'ta que~ Todas las C:onst~ntes y variables 

· -.- en .. Una expr~~,.f6rí. debén ésta r ~n ·e 1· mismo modo, esto 

es, .todas. deben ·~er enú~ra·s o .todas· deben ser rea 1 es .. 

(Como tod·a• :regla ex fst~ ·su excepción que mene i o na re-

·_:·_E~ nec~sario:consÚltélr los manuales de cada m.Jqu:n3, 

ya que como hemos mencionado anteriormente d~pend~ri 

·_ 'es•ta · regla_de( tipo .de tompÚtadora. Por lo prof!to 

la consideraremos como se hél indicado. 

• • 1 o 
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Regla 2 A**l, l**j y A**B son exponenciaciones permTtfdas. 

En el caso A**l se mezclan los modos y es la excep-

ción a la Regla 1, pero sabemos que esta exponencia-

cfón significa multiplicaciones sucesivas (asi 8**3= 

B*B*B), mlenttas que las potencias no eritera~ i~pli~ 

r can cálculos más sofis~icados. Nos damos cuenta que 

I**Ap no es forma· de é}(ponenciación permitida (en 

algunas máquinas sí se permite). 

Regla 3 Deberá tenerse en c~enta que las o~eraciones se eje------· ~ 
.. 

cutarán con las siguientes prioridades~· 
-~·~ - -~~·-=;--...--.~· •. 

Las" operaciones. indicadas dentro d~ los parén~ 

tesis más internos se ejecutan en primer 

2) Exponenciación. 

3) M u 1 ti p 1 i cae i ón y división. 

~) Adición y sustracción. 

Entre las operaciones de 'igual prioriddo el orden 

de ejecución es de izquierda~ derecha. 

Ejem. Si A=5.9 8=8. y C=-2" 

A+B-3.*C se calcu1ari en el slgurente orde~: 

~**2-4.•A*C se calcula en el siguiente 
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·si A~S., 8=8., C=2 . .Y 0=1.6 

Entonces (A+B)/C se calcula en el siguien-

te orden: 

13./2 .=6 ~5 

.. Mientras que A+B/C:se calcula en el siguíen-

te orden: 
'_.· . 

8./2 .=4. . 5_.+4 .=9 .. ·. 

Ahora si deseamos calc1,1lªr (A+C)~*2 condu-
'" . 

. . 

: .~ .. :. 
. 5 .+2_~=7~ 

-

Mi eritr~~ qu~ A+C**2 conducirá a: · 
·- ....... ·., 

: .· .·"' . . .. ~-

:: ~--, .... 

. ·. ·': 

' , ... ·. ~. 

2.**2=4. 5 .+4 .=9 . 

Ahora si: (A*B)/(C*D)=40./3.2==12.5 

Entonces; A*B/C*D=40~/C*D=~O.*D=32; ., 

Fin~lm~ht~ ·$¡·· teneffi~s'paréh~~.s i~ d'~~tfo de' 

otroi par~ritesis se tiene: 

(A* ( B+C}) **2=: (A*l O .J1*~2=50. **2c:2500. 

B+C tiene la más alta priorid~d ~o~ enccin

trarse e~~el par~ntesis más interno • 

(A*B+C) **2~ (40 .+2) **2=42. ~*2=1 ~6lh 

A* (B+C) ~*2=A*1 O. *"*2=A*1 00 .=500 •. . . -_.::.·· 

A*B+C**2=A~B+4.=40~+4.=4~ 
:.:,.:.:,,..:: 

Debemos tener cuidado en expre:>ar lo que 

deseamos' realizar. 

• . 12 
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Regla 4 No deberemos colocar un signo de operación antes 

-
de un s i·gno más o menos 9 esto es, no deberemos po-

ner dos signos de operación juntos. 

Ejem. M-'+N · A/-B· 

Es~as expres¡ones deberin sustituirse pbr: 

M-(+N) A/(=B) 

4.2 Funciones predeflrddas e.n lenguaje F!2!RTRAN 

Estas funciones predefinidas que proporciona e1 lenguaje 

F(llRTRAN son de tipo de biblioteca. Para utilizarlas usaremos eí 

nombre de la fonción seguido de un argumento que deberá estar.en

~~t re~-paréntes·is. ~~o ichos -"a~rgumento~s-- puec!en~sefváriao1 es~-sTiñ"¡) i es~~ o 

con subindices,,constantes, expresiones aritm&ticas u otras fun-

dones predefinidas en FfliRTRAN. 

Para iBM - 1130 tenemos: 

NOMBRE . FUNCION EJECUTADA 
NUM. DE 

ARGUMENTOS 
TIPO DE 

ARGUMEN'fO (S) . 
Y!'í"O i.Yf. 

. FUI\'C ¡ ON 

SIN 

e os 

ALOG 

EXP 

SQ.frf 

ATAN 

Seno trigonométrico 
(argumento en radia~ 
nes) 

Coseno trigonométrico 
(argumento en radia
nes) 

logaritmo natural 

Argumento de potencia 
del número e. 

Raíz cuadrada 

Areo tangente 

Rea1 · 
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ABS Vaior absoluto Real Real 

l·ABS Valor absoluto Entero Entere 

FLOAT Convertir argumento de 
entero a real 1 Entero Real 

IFIX Convertir argumento de 
real a entero 1 Real . Entero 

--.. .. 

S!GN 
._. 

Transferencia d-e sig-... 

no (Arg.l red be sig-::-
-no dé Ar9. 2l 2 Real / Real 

iSIGN _TransferenCia de sig-
no (Arg. 1 recibe sig- .. 
no "') de .Arg.;i _ 2 Entero Entero 

TANH Tangente Hiperbólica l Real Real 

Ejem .. _ SQRT (B*.*2-4.*4.*A*C) indica que a lo que se encuen-

• :~ • • > •• 

.tra ent.re paréntesis se le sacará la raíz cuadrada. 

SIN (BETA) indica que se obtendrá el seno trigono-

IT)étrico de el .. valor de la variable BETA. 

5.- Enunciados 
•. ,.-

·-·:_-:. 

Los enunciados son Jas unidades~basicas con las cuales se 

construyen los programas F0RTRJI,N·.- Podemos clasificarlos de acuer-

do a su función .. en.grupo~~cqmo: 

1.- Aritméticos de asJgnac i ón 

--. 2.-

3.-

4.-:--

De control 

De entrada y salida. 

De esp~cfficación .-

5.1 -.Los enunciados aritméticos de asignación·· 

Se forman con las_ expresiones presentadas anteriormente y 
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nos indican los cálculos particulares que deben hacerse. Su for-

ma es: 

Variable = Expresi6~ aritm&~ica 

El sJgnificado del signo= es el de asignaci6n 9 esto esD 

que deberi calcularse el valor de la expresi6n a la derecha dei 
'. 

sfgno = y su valor se asigne~fi a 1~ variable que se encuentre a 

la izquierda del signo~ la cual tiene una localidad en la·memo- . 

r,iá de la computadora. 

Ejem. Si ::A=S. p B=8., C=2. y 

. X= (A+B) /C se 1 e asignará a la X ~ 1 ~ª hJJ"_ 6 ~ 5" 
- ~ ~ ~-~~ -~~~ 

ALO=(A+B)**2 se le asign~r.á a ALO el ·v~l~r- l6~L 

RAI=SQRT(B~rc) se le asignará a RAI el valor 1:¡" 

Algo diferente al algebra normal es el enuncf~do 

.... . .,(> 

·A=A+3. el 1cual no debe alarmarnos ya que in.dic.d que 

a la localidad de memoria con el nombre A se le aslg-

nará el nuevo valor Af). esto es: 

Si A=S. y.A=A+3-. entonces: 

A=5.+3. A=B. 

·na el valor de 8. y el valor ~nterior que fu§ 5~ sé 

pierde. 

5.2 Los enunciados de control 
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cieiia coridic 6n~ F~RTRAN no~ permite numérar dichos enunciados,_ 
:: ··-; 

Un número de enunciado debe ser una constante entera de uno a cin-

co caracteres.sin el signo más o menos; el número se coloca a la 

izquierda del enuriciado. 

3 CONT = CONT+l. ·:: 

24' RAI Z ·:: SQRT .(A**2+B*.*2) 

5 ~ 2. 1 E1 enunciado Gl T~ 

Este toma la. forma:·G~ T~ N en donde N es un número 

de enunciado. 

El _GI TI produce un salto incondi_cional; asf G0 T~ 
-· \ 

3 envía la ej~cuci6n al enunciado número 3 que puede ser 
·· .. ·• 

la in:trucci~n;de conteo del ejemplo anterior. G0 T~ 24 pa-
~- .. . 

~a el control ~1 enu~ciado 24 q~e puede ser el del ejemplo 

anterior.· 
·---· ·' ,. '. 

Ejem. Supongamos que unos de los enunciados de un _progra-

ma son: 
' ' _:-c. 

Esto nos re~esenta ·. 1 a. suma de . . · . . . . . - . . .. 

1 SUM = O los números enteros, desde luego . . .· ' ,. · .. 

··1 ISUM = ISUM+l es necesario ponerle otros enuncia-

.... 
1 = J+l dos pero por el momento nos aclara 

e~ T0 J lo indicado. 

5.2.2 E 1 ent,mci a do J F 
.. ,.·,-.. · 

···' ... 
Debido. a ~~e lai computador~s estan dise~adas a ba~ 

se de circuitos, lógicos y~) 'pensamiento del ser humano debe 

•• 16 
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ser de ... este tipo, nos concretaremos el IF lógicop además de qur.:: 

el al~mno ~a tiene elementos de algunos operadores de relación 

como OR, ANO y·NOT. 

El IF lógico es de la forma: 

IF (L) S 

L= expresi6n 16~rca que puede tener dos valores: Verdadero 

o Falso. 

S= cualquier enunciado F~RTRAN diferente de~ un O~, un enun-

ciado de especificación o de otro IF túg-1-ce. 

Si L es fal_so (.FALSE.) entonces se ignora S y la computa~ 

.<:~ion ~contTnúa -al -si~uJTente-enunciado~-S ¡--[~es~ verdadero (oTRUL}_ 

el enunciado S se ejecuta ~n seguida. 

Resulta interesante hacer not~r que si les relativamente 
. . 

complicada, éste IF puede ser el equivalente de varios IF adtm<§-

ticos. 

Para formar las expresiones lógicas (L) ut i 1 izdretOOs los. 
.• 

operadores de·comparación y los d~ relacióWJ· 

Operadores de comparación: 

Símbolo 
Matemático 

< 

> 

< 

Menor que 

Mayor que 

· Menor o igual a 

.Símbolo 
'FfORTRAN 

•o U: o 

S 5 g~_ñ t.Lt,3ld() 
1 nt¡ His, 

~~---=-:-~~_;.. 

e, 



= Igual a 

Diferente a 
ó No igual a 

. . 17 .• 

.EQ. Equal 

.NE • Not. equa1 

. Operadores de relación: 

u 
n 

Unión • OR. ó ("o i n e 1 u s i ve) 

1 n te rsecc ¡·ón · .ANO. y ("a 1 in i s mo t i empo) 

Complemento .NOT. no 

Para valuar una expresión lógica se har~ -con l-as -s-fguien-

'ft:s prioridades: 

1.- Expresio~~s entre-paréntesis 

2.- -Operadores aritméticos 

3.- Operadores de comparaciÓn (.LT., .GT., .LE., .GE., 

.EQ. y .NE.) 

4.- . NO'r. 

5.- .• ANO. 

6.-
. ..... 

.OR. 

·En caso de· igUal .jerarq'U'ía.·la··evaluacfón ·sér~ de ezquier-

Ejem. {1) 

(2) 

X=S. y=0.5 
., 

·1F (X.GT~3.'.AND.· :Y ~LE.2~). Z=X**3+X*.Y 

Sígriiflcá que sr-·X>3 •. y (al mismo tiempo) y~2~ 

se asignará a t. ·el valor qu~- se obtenga ·al cal-

~ulár ~ 3+XY, esto es Z=125.+2.5=127.5 

IF·(A.LE.X:AND.B~Gt. Y .OR~C.GT.Z) G0 T0 12 

Significa que si ··A<X y (al mismo tiempo) B>Y es 

.. 18 
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verdadero ó C>Z es verdadero ó ambos, entonces 

se transfi~re el control al enunciado 12. 

(3) 1 = 1 

ISUM = O Esto nos indica 

1 SUM = 1 SUM+l que sólo sumare-

1 = 1+1 mos los números 

1 F (1 oLE.100) G!l1 Hi enteros de1 1 al 100 

STOP 

5.2.3 El enunciado O{!! 

Este toma la forma: 

·~ D~~t( = Lo M, N 

O~ K = L, M 

la segunda- forma sólo se aplica cuando N=1u lo 

que es bastante frecuente-

signo. 
1 

K representa un número de enunciado 

representa una variable entera 
.· o . 

-L, J~~ N son va r i ab 1 es enteras .AJ constantes Si ro 

·--E-1---Dgj~·pToduce la ejecución ·r~petida de todos !os 

enunciados que le siguen, hasta e1 enunciado.namero k~ 

ment~ en la cantidad Nt hasta hacerse mayor 6 Igual ~ H 
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lazo 00 y e: control pasa ·al enunciado que está a conti-

nuación del enunciado K. Así, Les el valor inicial de 

la variable y M su valor final. 1 se llama el índice 

del enunciado D~ y su valor corriente se puede usar éri 

cálculos du.rante la ejecución. del lazo. Todos los enun

ciados qu~· le siguen· al D~ hasta el nGmero K inclusive 

cón~flfuyeri ~1 'rango del D~. Tambi~n es posible que la 

~~fi~bl~ 1 ho se ~~cuenire en ninguno de los enunciados 

del rango del D~ y esto nos indica que se real ice la eje

c~Ción dé: Úidos los enu~Ciaclo~ del rango del 00 M entre 

N ~~et~~ il~ p~tte ·e~~~r~ d~ este cociente M/N). ~ebere-
. . 

'hios tomar·en c\j~nta que: e'i índice 1 se incrementa secuen'"' 

'cial .. y aut.ornática~ente dura'nte la ejecución del lazo y 

que se puede, en estos ~amentos, tratar como cualquier 

variable entera; :el fndice 1 queda indefinido despuis de 

termi_nadoer"taz~ _d~l o~ y puede .utilizar'se para. cualquier 

uso general /Ef::efluricia'do K no de.be ;;er .. un enunciado de 
. . 

espeCi_ficación·nl u~a''transf~rencia de con.trol esto inclu-

ye cosas COin~-G~'T~~jF y D~,'a~Ícomo FORMAT,· END y al-
., .. ¡: 

gunos 6ú6s. Debemos. cons ide.nír que no· se puede desde. ni n-: 

9ún ·punto delp~ogra;,a 1 ieg~~ a ü~ ent.inc.íado:-ri~ntro.del. 
rango de un 'T50> Y qÚe -~~ .ent~ad~ ~-un D0 "deberá hacerse 

a.travis del enunciado D~. Y por Gltlmo es'~uy frecuente 

que un.. D~ ksté comp 1 etaniente dentro de otro. 

• • :!.O 
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Ejem. 

5.2.1¡ 

20 • • 

Ilustrando graffcamente tenemos: 

Correcto 

D~ 

Incorrecto 

DfL 

o~ 

D~, 

Utilizaremos un Dt:l paY'a sumar los númer-os enter.os 

del t al 100,-ejemplo que ya hemos visto ante~ior~ 

mente. 

1 SUM rs O Nos damos,cuenta que el DW tie-

Del 1 1 "" 1 , 100 

1 1 SUM = 1 SUM+1 un Gm Tm y un contadorD tomo po~ 
. 

STOP drá observarse con el ejemplb an-

te.rior. 

El enunciado ST8P 

Este aparece simplemente:como ST~P-y es el que 

nos indica queha ·terminado.la ejecución y~en el-caso·de 

"" ,. 
IBM- 1130 la com~utadora se detiene y el .operadbr tendr~ 

que hacer que continOe ~rabajando. Debido a ello se reco-

· mfenda que se utilice ~l enuncfado CALL EXIT 9 •e1 .cual pa-

putadora continúe ejecutando los otros pmgr01m:a:s q¡_;e sG-

guen a continuación. 
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5.; Los enunciados de entrada y salida 

Estos, como su n·ombre lo indica, sirven para introducir 

·Y sa~ar i11formación de .la computadora~ 

:;.3.1. El enunciadoREAD 

Este enunciado tiene 1~ forma READ (1, N) LiSTA 

y N son enteros sin sign~ y LISTA representa una lista 

. de nombres d~ variables para las ~uales se leer~n valores. 

1 designa-el tipo de periférico de entrada que se utilice 

(lectora de tarjeias, consola~ etc~). N es el nGmero de 

un enunciado F0RMAT ~saciado al R~AD. 
~ 

_.Ejem. El .enunciado READ (2, 101) J, B, H 

Producir~ 1 a 1 ectura de :tres números: un entero y 

~os re~les y se almacenar~n en las lócal i~ades de 

Ja· memorta de .la computador~ designada~ con la~ 

variables J~ -~.y H en su orrlen. Las comas que se-

paran éstos nombres de va·riables-~ el READ son 
.. - -: _.: . 

. indispen~ables, ·2 es la ~nidcttfl.de entrada y 101 

un F~RMAT. 

5.3.2 El ~nunciado WRITE 

Este tiene .la forma WRITE (1, N) LISTA 1 V: N son 

entero! g,fn sfgno y LISTA representa una l lsta de varia·-

bles para .las ·cualés .se imprimen valores. 1 designa el 

tipo de.,per:fféricó de salida que se util.ice (lrhpresora. 

· cinta, etc.).· N es el número de un enunciado F0RMAT aso.: 

•• 22 



ciado a 1 WR.ITt. 

Ejem. El enunciado WRITE (3, 108) L, X» V 

Producirá que se impriman los valores de la~ va-

riables L. X y V que se encuentren en las local i-

dades de memor~a con esos nombres, en e1 formato 

especificado pa~ e1 enunciado nGmero 108 y por 

la unidad de sal ida nGmero 3; las comas que sepa-

ran éstos nombres de variables en e1 WRiTE són 

indispensabies. 

5.4 Los enunciados de especifi~ación· 

culos, no producen transferencia de cont~ol ni estimulan el flu~ 

jo de in.formación, pero proveen al' compilador filJRIRAI\! de tos 

detilles esen~iales par~ la traducción del programa fuente eh 

FIRTRAN al programa objeto en lenguaje de m§qulna 6 para ~a con~ 

ve.rsión de datosL.a la entr·ada o.la saiida •.. 
·i 

. .~ ... :. ·¡ ~. 
Si queremos·,introducir datos a··¡a conwutadorili ·1o pry.J.i;r,;6s 

hacer mediante un enunciado que ;r.;~té dentro del progra~na" como 

A~ 3.1416,·esto'es lo que podrfamas J¡amar ~nlcla1 i~ar una va-

que las compflaciones s~n laboriosas. Para evliat esto se ~ss 

el enunciado READ y los valores que se le den a A pod ssta~ 

en tarjetas de datos, los cuales son lndependientss d2l ~~og~a-
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ma fuente. 

5. 4. 1 El en une i a do F0RMAT 

Este tiene la forma: N HlRMAT ( , , , ••• ) en 

1 a· cua 1-N-·es-·el ·número de 1·-enunc'-i ado·-F0RMAT-y cor-respon-

de a 1 N de 1 os en une i adcis· READ y WR 1 TE. los espacios en-

tre las comas están disponibles par9 las especificaciones 
\ 

del tipo cil!e se describen má.~ adelante, sie_ndo el número 

Ae esp(3cios uno o más, de acuerdo a las. necesidades del 

programador . 
. ,; ... 

5.4.1.1 La especificación 1 :lw 

Aquí 1 indica un valor entero y W es 

~· On enterb ~ue indJca el número de columnas o an-

cho de:~ampo, que ocupa ese valor en la tarjeta 

de entrada o en el papel de impresión. El número 

~ deb~rá 1ricluTr un lugar p~ra·~l s!gno de ese 

valor; ~iendo + opcion~l. 

-· __ :Ejem. JValór ·de ·los datos-

de entrada o sal ida·:· ·1130 

Espec i f i cae i ón: . 14 

5.4. 1)2 ··~La .e·spedficac-i·ón r:Fw.d 
¡ 

+1620 -370 

15 14 

Aquí F .indica u.n valor real, w 1ndlca 
·• 

el número d~ columnas que oc~pari el valor en la 

tarjeta de entrada o en el papel de impresión; d 

o 

11 

indica el número de cifra·s que se encontr;:~rán des-

.. 24 
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pués del punto decimal. w deberá incluir un 1 ugaí 

pa r.a el signo y ot_ro .para el punto dec ima 1 • 

Ejem. Valor de los datos de 

--- entr·ada ó--:sálida: ]2:787 -.oo¡- j 130---:- +3:70 

Especificación: F5.0 F5o_2 

5.4.1.3 la especificaci6n E:Ew.d , 
Aquf E indica un valor real eri forma 

exponencial y w indica la anchura de campo_para 

ese valor y debe de incluir el signo, si lo hay~ 

e 1 punto -d-ecünal..., e-1 1 uga r para 1 a 1 e t ra E, w1 

~-=== 

lugar para-el signodel exponentep si .es negati~ 

vo. y dos lugares -pa-ra .. ,c:d exponente; d indica el 

.namer6 de ~fgitos a la derecha del punto decimal. 

Ejem~ _ Va 1 o r de __ l_os -.da.t-Gs 

' . Especificación: EB.-4 · · E7. 1 
. ... ':· . ' ' 

Es con ven i en.te que' ~.guando. desee\tJCY:S ·~.;:,jC:.-3 t 

información de la computadora 0 tomemos -er~ euerd:.;:, 

i 

para e U ancho de~ ·campo -lo-s-~-gulte!i'lte: · 
' 

nes Fy L 
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_del punto decimal, puesto que muchas 

m§qulnas imprimlr§n all 1 un cero si. o-

tro dígito no ocurre. 

4.- Stiflcientes lu~ares para todos los dí-

gifos significativos deseados, debido 

a que para los dígitos que no se les 

deja espacio se truncan o redondean. 

5.- Cuatro lugares -para el exponente de la 

especificación E. 

6.- El primer lugar se deja en blanco para 

el control de carro. 

5.4.2 El enunciado END 

Este s.e lee _si.mpLemen.te .ENDe lrdorma al compila-

dor que el programa fuente .ha terminado y debe ser el úl-

timo enunciado de cualquier programa"J9lRTRAN. 

6.- .. Arreglos 

Frecuentemente·tratamos con un·grupo ·de variables Qu~ for-

J;--,!.Jn ó pertenecen a una clase o colección· •. Cuando ·1 as vari ab 1 es 
.· ·-·-:..: 
:.-.·.··. 

forman un conjunto ordenado, pueden re 1 ac i ona rse unas con otras 

por 1~ notación de subíndices; entonces de~1~namos esa co1esci6n 

como a rreg 1 o y 1 as var--i-ables .. ,q.uc ·.p.e.r.tenecen a ésta serie son 

los elementos del arrer,·!o. A veces se emplea c9mo s·inómimo de 
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arr~glo el nombre de matrfz yp en consecuencia• hablamos de ele-

mentos de la matriz. 

~.1 Variables con subíndtces 

Un --conj..un to--de -números--que .. pueda .. a rreg 1 a rse-.en.- un .. reng.l ón 

ó co'lumna se considera como un arreglo 1 ineal ó unidimensional, 

y ésta serie puede llamarse vector.· Identificamos lo:s elementos 

de un vector renglón ó columna por un sólo subíndice. 

Ejem. , La co 1 umna de números de 1 vector n amado A D con~ 

- . 
s i s te de. 1 os __ elementos A, hasta An . i me 1 usJ ve y 

se reptesent~ como sigue: 

. Ai 

·. 'ft. '3' 
. l. :. 
.'• 1 

1 

Ai 

An 

A (1} 

A. (2) 

A· (3) 
1 
1 

- , -~ 

·A 'n 
¡ D 

e . 
. 1 

r 

A ·(N) 

•son el nombre de una variable, el co¡r¡ju.mtc ds 'to~ 

·das.ellas es lo que llamamos arreglo·. 

de un arreglo se considera lste como un arreglo bidimensi~h~l. 
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dros con la vatiable CTAJ tendremos 64 variables; per:-o como el 

tablero tiene 8 renglones y 8 columnas, podemos referirnos al 

.cuadro que se encuentra en el reng16n 3 y la columna 5 con la 

variable· CTAJ-(3,5). 

Dependiendo de 1 tipo de computadora será e 1 número de sut:·" 

. Tndices que podremos asignarle a un arreglo; en IBM- 1130 s61o 

se admiten arreglos con un máximo de tres subfndices~ 

Las variables que se utilicen para designar arreglos de

oerán observar. las regl~s que se dieron anteribrmente al hablar 

de variables enteras y reales considerando que para los cinco 

caracteres alfanum~~icos son independiente, de los rndices que 

se encuentran entre paréntesis.· 

6.1.1 Reglas para los slibTndices. 

Regla 1 Un subfndice debe ser un entero, puede ser 

cons.tante, vari·able 6 una de "las exp:·esiones 

aritméticas siguientes: 

A-*oV+b A * V - b 

en donde v es una variable entera y a y b son 

constantes enteras sin signo. 

~jem. Algunos subfndices pueden ser: 

.1 1972 

1976~-N...:B 

lO*KONT 2*1 

2*1-4 2*1+3 

J 

No se pueden usar como subfndice: 

1+1 -1 2-10*CONT -1932 -K! LO 

•• 28 
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Regla 2 Un subíndice sólo debe tomar valores positivos. 

Regla 3 Un subindice en sr no debe ser una variable con 

subíndices. Asi X(l (2)) no es permitido~ 

Regla 4 Un símbolo que representa un arreglo, una va-

riable con subíndi~e, no debe usarse sin sub-

fndices para representar otra variable diferen-

te en el mismo programa. Esto es A(l) y A nb 

deben refed rse a var i ab 1 es diferentes. Como 

siempre hay una excepción que por ahora nq 

tocaremos. 

~ubíndices podrfan incluir: 

X{í) SUM(K+2) A(l ~- 2*J+1) B ( l NT) C{I.J) 

Para variables 'enteras con subíndices 

podemos tener: 

) NT(M,N) 1 (J j 1 CTA(J ,2*1) 
,.1 ·: 

6.2. EJ enun~iado DIMENSI0N 

____s..¡empre que en un programa ut i1 i cernas variables con sub-

,Índices deberemos po.o.er----como prli·mer enunciado el DIMENSI!IJN, e., 

reservar para l¡:;s variables con subíndices. Su forma es~ 

DIHENSI0N u. Vp w, .~. 

Donde u, v, w, ~ .•. son nombres de variables~ cada una de 

las cuales va s~guida por ei m~ximo namero de elementos en el 



arreglo cprrespondie'nte. Deberán observarse las siguientes reglas: 

Regla Cada v~riable con subíndices se debe mencionar en 

un enunciado DIM ENSI0N antes de su primer uso en 

e 1- -programa. 

Regla 2 Los símbolos representados anteriormente por u, v, 

w, ... d~beri tener la forma: 

nombre de variable (máximo número de ele-

mentes) 

el número entre paréntesis debe ser una constante 

entera sin signo. 

Ejem • DIM ENSION A(20), 8(4,8), CARR(5,3,4) 

· ... . E~to indica ~ue el compilador ·reservará 20 loca-

1 idades para el arre~lo A, sus v~inte variables se-

.. rán A(l), A(2), ••• , A(20) al mismo .. tiempo se reser-

vará~,-32 (4x8) localidades para las variables 8(1;1), 

8(1,2)',.8(1,3), .•• , 8(1~8), 8(2,1),.8(2,2), 
' .. R •• •0 , 

8(2,8), 8(3,1), ·B(3,2), .••• ,:··8(3,8).;:8(4,·1), B(4,2), 
. ; ·- . 'tll . . . -· . . . 

.... , .. 8(~,8) y por.·ú~tÍ:~o se res~rvarán 6ó (5x3x4) · 

localidades para las ~ariables ~el .arreglo CAR, ce~ 

tres ·subíndices cada una. 1 

El arreglo que se use en particular, dentro del pro-
.¡ 1 

• 1 

grama podrá tener menos elementos que los especifi-

cado~ en la magnitud del enunciado DIM ENSION, pero 

no más. 

La vari~ble tal como aparece en el- enunciado DIMEN- · 

.SJ-0N--~eoo -t-en-e.r .exactamente e 1 mismo núrne ro de sub~ 
..--
índices que en cualqui~r ~tra parte del prorram~. 



SUBPROGRAMAS. 

Los subprogramas·$ tamb {én 11 amados s:ubrut tnas P son p rograrnas que pueden 

ser puestos en uso por otros programas cuando sea necesario~ 

Las funciones de biblioteca 6 funciones del sistema constituyen una va

riedad de subprogramas. 

7.~- FUNCIONES 

1lioteca del sistema, el usuario puede escrfbir sus propias funciones para uso 

especffico de su programa. 

Tentemos un ej emp 1 o para vis ua 1 izar 1 o anterior: 

e Supongamos que~pa.r:a~.un .. programa en ·especia·J-~~en~e·r~éi.ial trabajamos con grados 

en lugar de radianes, deseamos calcul_ar continuamente SEN9J {X)~ sin e~ uso

de funciones serfa necesario transformar el argumento deseado de g_racios a rO!

d i ane:; y después 11 ama i- a 1 a función 'de 1 sistema S 1 N (X). A COil ti nuad Ó!1 ¡:; n:o:~ 
sentar:'os una función qu-e calculará SENO (X), ·(X en grados) 

FUNCTION SEN~ ( X ) . 

X= X * .. 3.14 15 92/]80. 
S EN~ = . S 1 N : (X) 

RETURN 

TND 

que es 11 amada ~esd_~é 1 progr...ama ·como: 

En base a éste ejemplo _podemos generJ.Liza~ el U$0 de la proposh:J.6r; 

FUNCT i'ON 

.a) Debe ser ~odific:ada erlJ fcr·ma lndependi.ente <Elei progr·ama 

·que la usará, es ded v-, no debe aparecoef" ncle1Hro!e de 1 progrramZ~. 

b) Debe empezar con la palabra FUNCTISN' 

--
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· FUNeTION nombre ·(parámetro ) 

e) A continuación se escribe el nombre con que será llamada. 

d) Después, entre paréntesis y separados por comas, aparecen los argu-

mentos. 

7.1.-1 ·t:Jt:MPLOS.-

FUNeTION RAIZ 1 (A,B,e ) 

"RAIZl= (-B + SQRT (B **2,... 4. *A* e))¡·( 2,* A) 

RETURN 

-EN-D 

FUNeTI~t-; RAIZ2 ( A, B, e ) 

END 

RAIZ2 = ( -B ·-· SQRT (8**2.4.* A* e)) / (2.* A) 

RETURN 

-=···-· -------------------------------------------------------------
e Ee. SEGUND0 GRAD0 

READ ( 2,100) A, B, e
1 

.100 ·FORMAT. ( 3F10.5) 

X 1 = RA 1 Z 1 (A , B , C ) . · .. 

X2 = RAIZ2 (A,B,C) 

WR 1 TE ( 3, 2 00) A, B, e , X '1 , X Z 

200 FORMAT ( 5 c·,F10,5\) :. 

eALL EXIT 

END 

Este ejemplo es solarr•~nte para ·mostr.ar el .J1150 -de la proposición 

FUN.eTI~N y no contempla algunas situacione·s como raíces complejas, etc. 

7.2 SUBRUTINAS 

Como es fácil notar, la proposición FUNCTI0N nos 11 regresa 11 un sólo va

lor y lo hace a través de su nombre. En muchos casos es conveniente ó -

necesario que se nos regrese más de un valer, para éstos casos usámos la 

proposición o enunciado: 

SUBR0UTINE. 

Una subrutina es un _subprograma que puede ••recibir11 cualquh:r númt=tü ··

de parámetros ( desde'cero hasta un núrñero determinado pqr el tipo de com

ni1ador) y puede "regresar" diferentes valores calculados • 
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v~aw~s algunos ejemplos:. 

Supongamos que al imprimir resultados tle -un cierto programa tenemos que= 

. ~scribir algún título usandÓ .l_os primeros .renglones de la hoja. En tal caso po

demos hacer uso de una sub rut'i na como sigue: 

20i) -· 

SUBR~UTINE ENCA 

WRI TE (3 ,200) 

F0RMAT--(/ ,-1 X;--' REPORTE SEMANAL'· , l :) 
--·--r\E-TttRN 

END 

Como vemos no hemos pasado ningún pará~tro ó valor a la subrutina. Para 

que se ~j ecute ésta se debe hacer uso de 1 a pro pos i e i ón CALL » de 1 a sd gu 1 erd:.e '!0 r 

ma: 

dentro del programa y en el l_ygar donde._deseemos .q.ue---Ocuna la impresion. 

Disq;utamos ahora un ejemplo muy simple para ejempl.ificar .. el uso de par&metlfc:¡,:;< 

Hagarros una subrutina que :':'reciba" ·como entrada dos números, los. sume y el ~"=-s~c;: ~ 

·tado lo 11 regr~se 11 en otra variable: Sean A y B los numeres a sumar, y C fa vorii:li V' 

b1e en donde se.pondrá_.él ·resultado. 

SUBROUTI NE SUMA {A,B, (: ) 
' C -= A ·+ B 

RETURN 

END 
¡ 

Es Importante detenerse a ver el significado de los parárr.etros par? L::.s sui; --

rutinas~ 

La ~a:brutina anterior SUMA puede ser 11amadiJ de divers.as fot!'ffil5~ 

CALL ·SUMA (AA,BB,CC) 

CALL SUMA (4, 7, X ) 
1 

etc. 

Como vemos, las variables A,B y C que aparec.en en la subrutina son v.:u-i<Jl()V.es 
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rnudo.s o dormidcts y .solo tienen sentido dentro de la subrutina. Vedmós lo

anterior: 

Supóngase el siguiente programa: 

2GO 

X 1= 3. 

X2= 4. 

CALL SUMA ( X1,X2i~3) 

SUH= X3 

WRITE (3,200) Xl,X2,X3, SUH 

F0RHAT(4 F10.5) 

CALL EXIT 

END 

. _> .. Se. propone como ejercicio al lector que haga las veces de la mayuina y es -

criba lo que"esta_ imprimiría. 

La máqÚiría (mprimi rá : · 

3.0 4.0 ].O ].0 

f>0-~0. Y" 
Una de las fa.cn .. i-dade-s--m~s-utiles en .subrutinas es .Ja de~rreglos corno 

parámetros, ej! 

SUBR0UTINE HAXIH~ (A, HAX 

DfHENSION A ( 10) 

-----
RETURN 

END 

Supóngase que ésta subrl,ltina encuentra el elemento del arreglo A (lÓ) con 

mayor 'valor y lo regresa a través de la variable HAX. Es importa~te notar que. 
o .~· 

si pasamos como parámetro uno ó más arreglos hay que dimensionarlos otra vez 

dentro ·de la subrutina, lo cual s~ ~uede hacer de ·al menos dos formas: 1) 

poniendo la dimensión que aparece en el programa que lo llama~ 

2} Poniéndole dimensión J (v~o) 

Ej emp 1 o: 
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DIMENSION P. (JO). t B (20). 

--.-·--- --

CALL ~ROEN (A} 

CALL. MAX [M (B)_ 

CALt·MAXtM (A) 
.._ ____ _ 

CALL EX[T 

END 
' 

35 .. 

..,¡tli!L-..~J:.~"'..-"RE-·Ji!i"':mvazm:&* & 1 & f te:; F~i~~l!51'1'Sf!I!'Se'F1Síl'G1?rner¡¡:,:"'"'iN.!E't&t·,,~.J.~I:t•o~~"'"'G~~'9¡"".f<"'i'e'R"'~t-~··,.;""'l!o'~''~"·':r-...-$':"1'•-··;·~:~~-~.':""".•':o-~~"'-··~·,..,.,.·~;·!') 

Caso 1: 

SUBR0UTrNE 0RDEN (X) 

D!MENS~ON 

RETURN 

END 

_.._ 

-~-

X (JU) 

~..;.ll.~""!fU.,...,""""""""'""""""""''"......,"""""""""""""m""''""""""__..,.,.,"""""""""""""""""-"""""""-ur-~.--¡~-=""""*~"""""'""'~"""""""~"~~':zrmz;tt":-':.-"'.:~h:>."to. . ..:.M;..·lil!Z·~'.,..,.'AA'B"~~;;;.,~"'".,._.,,,..,,.,~,~.,.:f:Y~,.,,,"', .• :,~,.~·r.r:~.-·"<--:-~"·· .• :-.-,:_~!·~':!S~'S.'~ 

Caso 2·: 

SUBR~UTI NE MAXtM (Yl, 

:;o, MENs toN v e ' t .J ¿ 

RETtJRN. 

END 
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~- z. 1 COMMON. ·· 

Como es po·~ ible vis·,,al izar en los párrafos anteriores, las vario::;) les 
¡ 

usadas en las subrutinas, u 11íejor dicho, dentro de las subrutinas, son total

,nente independientes a~las variables usadas en el programa principal. Mucha~;

veces es conveniente que tanto las subrÜtinas como el programa que'las llama-

-tei'Jgan- ·variables -en -COMUN, P-a Fa-log-r;ar--és ta-exi s te .. -1 a--declaración 

COMMON 

-'. : .. 
La "forma general de ésta proposición es: 

COMMON lista de va~iables 

donde ¡,1 ista de variables•• es un conjunto de variables y/o arreglos separados 

por comas a las cuales queremos adjudicarles la-propiedad anterior, es decir, 

sean comunes a .varios subprogramas. 

Ej. 

COMMON A~ B ~ . X ( 1 O) , AB ( 30) 

Esta declaración de_be eparecer al principio .de cualquier programa o sub

,·ut i na en que se desee usar. Veamos .un ej emp 1 o: 

· . ·t:: SUMA DE. DOS NUMER(':<: 

COMMON A, B, C: 

.. A= 3 

S=:l 

·· CALL SUMA 

z = e 
WRITE (3,200) A, .e,·c, .Z 

200 F~RMAT( ~ F10.5 ) 

CALL EXIT 

END. 

r 
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SUBROUTl NE ~Uf~l>

COMMON A, B, ~ 

C = A+ B 

RETURN 

ENO 

Este programa debe imprimir 

3.0 . 7 .o 10.0 

'· 
Una propiedad importante del COMMON es que s-J un arregló e5 espedfkaclo 

-en COMMON que dá automáticamente dimensionado, es decir, no hay que es:pedfil "

car d!cho arreglo a través de la declaración DIMENSION 

En jas siguientes pig~nas se muestran veintfQn programas, que incluyen sus ~ ·. 

djagramas de flujo, codificaciqnes, da~o~ y~res~uli.~do~,;~e"l-obJ~to-es .que e.l ..,. ·. - 1 
· 

~---~recfor--pueda~co;nplementa-r la -~arte ~eórica con ·1a.:practica
9 

amén d~ que oe.be 
. . 

rá hacer los propios y procesarlos en una computadora a su alcance •. 
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ucoNVERSION DE GRADOS CEN'fiGRADOS A 
GRADos FAREN H EIT DI •• 

INICIO 

1 . 

1· 

C EN= 37.45 

·' 

--·. ~ . .-ll....---o----
·F. AR EN=C EN x 9./5 .+32. 

· ·FAREN 

PROG ~ ~ ---



11 JOB T 
11 FOR 
*LIST SOUReE PROGRAM 
~ONE WORD INTEGERS 
~IOCSceARDtll32· PRINTER)-
c------~------u N o~-----~-~~~ 
e eONVERSION DE GRADOS eENTIGRAOOS A 
e GRADOS FARENHEIT 

·lOO FORMAT(Fl0.4) 

. // XEQ 
1~ 

,- ,.· .. 

IMP=3 
eEN=37o45 
FAREN=eEN~9ol5.+32 •. 
WRlTE<IMPtlOO)FAREN 
eALL EXIT 
END 

RESULTADOS 
-~~: ~". 

l!~ ~ .. 
... __ --------~----~----··--. r.:~~~-----·- -- --- ·- ·-- --~,-:---; .. 

··--- . ·--- i 

- - --~ ·-------·· .... _. - . -- -

/ 

(; 

PROG. 



() 

a¡CONVERSION DE.GRADOS fARENHST A GRADOS 
CE NT !GRADO s.u 

INICIO 

FAR 

.O> =O 

C.EN TI=(FAR-32.) .xS./9 ~ 

.. F.AR, CENTI 

\. 

--

·e 



- ·; / ~JOR T 
11 FOR 
*LISJ SOURCE PROGRAM 
~ONE .WOQD INTEGERS 
*IOCS(CARD,1132 ·PRINTER) 

c-------------0 o s-------~~~~ 
C CONVERSION DE GRADOS FARENHEIT A 
C GRADO~ CENTIGRADOS 

l·OO FORMAT(Fl0.4) 
101 FORMATlF10o4t22H GRADOS FARENHEIT SON tFlOo4t20H GRADOS CENllGRADO 

1S.) 
LEE=2 
IMP=J 

200 READlLEEtlOO)FAR 
FAR IGUAL CERO INDICA TERMINO DE DATOS. 
IFlFAR)210t220t210 

210 CENTI=lFAR-32.)~5.19o 
WRITEllMP,lOllFAR,CENTf 
GO TO 200 

220 CALL EXIT 
END 

- 11 XEQ 
1260000 

126. 
. -14. 

18.26 
o.o 
/~ 

RE s·u·L T A D O S 
...... . ·¡•:- ·-;--~. 

.... ' - ., ..... . . .. 
. . -,·~:-.. ;;-· ....... __ "':'' ·-·.· ... ., ~,... __ .... -.. -..-----
:: -~: "";'-: ........ : ~,;: ~., . __ .....,_, . . .. -··· 4: :, ----··-. . . . --~- . ·. ~: . ---.,.-- ~...__, _ __;.. ______ .. ~. ___ _;___ ·--· -·- --· 

• ·: .: • • • •• • • •• • •., • ,...· .: •• ~-,. • • • ·.: .... ~ • .... .: • : . •• - • • • ·' • • • •• ' • ';<( •• 
.. ··--·-----------

. ·_ .::_ .. ___ ;,__: __ ':":..:_;_~~-;;.-:.·~ . .:.: ,., ·. ~~~·-'···-. ____ :. ' .. 

. 1 
. . ._ ... ~~~:.:·.~;-,~~: · .. 

--···r·"'·l---·--~· ............ __...._.;..~ ... ,.: ... -~----~-·~---- ....... --..... ~.:--.~---- .. ----- --- ---~- ~.:-- ..... ,.,. ,,,., ... ·.-: . 

..... _____ _. __ . -· 
• •• - ·-·~•O+o~ '". M -O •• • • O ' ... ~·· .· '"~·- ....,~--·-~· .. 

,1' •• •. 

•·-··--.- -:--·-·-·-- r ------···· -·~ --·- .. --~-t··"·----:·--=---·-

PROG - 2 



¡¡CüNVERSiON iEi·--.nRE GRADOS fARENHfri Y G·RADOS 
e EN TI GRAoos su 

\ 

INICIO 

¡·-

'SALTO-HOJA' 

INDI,GRAD. 

FIN 

T 

. FAREN=GRADx9 ./5. +32. 



·-

11 JOB T 
11 FOR 
*LlST SOUReE PROGRAM 
*ONE WORD INTEGERS 
*IOeSfCARDtll32 PRINTER): 
e-------------T R E s---~~~~--
e 
c. 
. '·1 00 

-1 o 1 
102 

. '103 

CUNVERSION ENTRE GRADOS FARENHEIT 
Y GRAaO~.eENTIGRADOS 

FORMAT ( lHl) 
FORMAT(IloFl0.3) 
FORMATfF10.2tl5H FARENHEIT SON tFllo3tl3H eENTlGRADOS.) 
FORMATCF10o2tl7H eENTIGRADOS SON ,F9o3tllH FARENHEIT.) 
LEE=2 
IMP=3 
WRITECIMP,l00) 

200 READCLEEo10ltEND=220>INOI,GRAD _ 

-e 
e 

IF(1NDI.;EQ.l)GO TO -210 
1 NO 1 D 1 FE RENTE· DE l DATO ~EN GRADOS F ARENHEI T .. 
SE-CÓN~fERTE A. CENTIG~ADOSo 

-· eENTI=CGRAD-32.>*5./9., 
WR1TECIMP,102)GRADoCENTI 
GO TO 200 

.-2-Io·C·ONTINUE . 
C ~~- EL DATO ES EN GRADO CENTIGRADO. 
e SE CONVIERTE A FARENHEITo 

11 
1 
o_-

~ 
2 

··. ·¡ 
. , 

,¡ 

/ofit 

· ---··----- --F-AREN=GRAD*9 .15 • + 32 • - . 
WRITE(IMP,}03>GRAO,FAREN·
GO TO 200 

220 eALL EXIT 
ENO 

XEQ 
-12000 
11 .. 48 

o. 
32.00 

-16 •. 
18. 

: ___ , ._. _ .. _--·-·: R E S.Jl\.J A- o· O .S ____ .. ~--- .,p _ .... __ 

t--~-----:-··--·-:- ..... ~ _ .... --:·-~· ""t· .. ~-·-<t-"""':"'~ ...... ,.r· .. ~1;"· ~~-.. • - ·c:.~-:·7·~~::·:-,:·-- .... --... ,. ... __.., .. ~ ... ~ ........ _----.... .. .............. -.. -~--~··: 
,. 1 . 

- -------...,._--,..,, ---~~-~7"-~~----.-·· . ..:.... ___ --.-- ~--.- ....... ---..~---- ~_:._ .. __ • __ _ 

.• __ __. ••. . ·~ ....... ..:! .. : . .• · .. . .• .; • .:. ....... _ ·-··. ·- ..• .. . -~ ~-J 

----"---___;__ __ __:.__________,¡ 
1 
1 
' 

-· .. ; ' 

·- '~ 
PROG - 3 



. r.:::::~_-=-,. 
~~o__) 

GRAO 

-~-~"FIN DEl PRO 
GRAMA" - 1------. 

GRAO= GRAD- 360 

¡· 

' .; • 'j ~ 

·~ 
., " . 

r=---""""""'~~""""""'==-~~ 

G RAD==(G RAD ·~ hjO) ~ 
¡ 
¡~ 

=-====-===·-==--=---=--~~ 

RAD=GRADx 3.145926/180. 

~---------r--~------J 



.i&i •• 

• 

--IT--'Joa ~~, . 
//.-FOR 
*LlST SOUReE PROGRAM 
*ONE WOQD INTEGERS 
*IOeS(CARD,113~ PRINTER): 
c--·~---~CDCIDCD------c u ·A T ··R o.:~~-~·-- . 
e CONVERSION DE GRADOS A RADIANES . 

. 101. FORMAT(F8o3) 
··102-FORMAT(F9.3o·12~ GRADOS SON oF6o3olOK RADIANES.) 
10~ FORMAT(///o10Xtl6HFIN DEL PROGRAMA). 

LEE=2 . 
IMP=3 

200 READ(LEEtlOltEND=230)GRAD 
210 1f(GRAD.LT.360)G0 TO 220 

e EL- DATO· ES IGUAL O- SOBREPASA LOS 360-GRAOOS1:SE- AJUSTA) -e
GRAD=GRAD-360 o· 

GO TO 210 
'220' CONTJ NUE' 

e SE TRABA~A ENTRE +180 Y -180 GRADOSo 
lf(GRADeGE.l80o)GRAD~-(GRAD-180e) 

RAD=GRAD~3.1415926/180. 
WRITE(lMP~l02tGRAD,RAD 

~GO TO 20-Q 
230 WRITE(lMP,l03> 

eALL EXIT 
END 

11 XEQ 
90000 

-:o90 • 
3600o · 

0~0 
185.27 
132.4 

-79.9 
/~ 

.• 
,, ' ' ' .R E .S .u -~··:.T.A'·o o S -~-- - ~,-·_: __ ,, .~:--:·~-~-:~~.::':::5~P~:··. ' e '.'' ' 

• •.. r 1 • • '.~ 

·: ·.I,_r-_1_'f""';"'~"":?~S-=~~~~..,.,""1"-~f:0tY:::>;Js_:~_r·~-·~-~: 
..:..... ·.Jo • ·- • -··~·_:_..~:..,M..:. ......... ._:~ .•. ~ ..... ·;.;:.___ ... ~ ,. :r::..... -

~ . ' 

,, ... , .... _ ·-------;:----;::,.---._:.---:---:~-----------
FIN D~L pROGRAMA 

,. 
' 

. ---- ... ._ 
--.:-....... ·· .. :.· .. 

1' 
i 
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r-~=~~~-

\ INiCiO 
"'-==~-· ~-

NTARJ 

"l 
NUM 

.---~~-~-~~~-~~-~e ---~--~- -~- -- · NUM 
· ~ 1 NO={ -1) 

.' 

NUM 

ues PAR" 



• 

• 

---- 11 JOB J 
11 fOR 
*LIST SOURCE PROGRAM 
oONE WORD INTEGERS 
OJvCS(CARDol132 PRINTER> 
c-----------~-c- r N e o-------

e 

DETERMlNACION DE NUMEROS PARES 
E IMPARES 

·lOO 'FORMAT(!3) 
101 -FORMATCI4o8H ES PARo> 
102 FORMAT(l4tl0H ES IMPAR.> 

LEE=2 
IMP=3 
REAO(LEEtlOOJNTARJ 

· NTAR'-1 ·INDitA NO,. DE TARJETAs· coN o·ATos; 
DO 202 l=lvNTARJ · 

READfLEEolOOlNUM 
· IND=C-l)OONUM 

·e 
IF<IND,.LT.O>GO ·ro 200 

EL NUMERO ES PAR. 

. •i .. 

200 

. WRITECIMP910})NUM 
GO TO 201. . 

CONTINUE . . _ 
EL NUMERO 'ES J: MPAR. 

;· . . WRITE ( IMP,l02) NUM· 
201 CONT INUE 
202 CONTJNUE 

CALL EXIT 
END 

11 XEQ 
005 

17 
1 

14 
291 . 

8 
. ... --- :-.... _. ___ , ....... ~·--- ··-··-· .... ~··· . -

,-t. ' 

. ---·--·~-------·-- .......... - . 

,, ···"" • - • • • • •T'' ••• •• ' •• '' 

-. t .. ~ 
' ' ~ . 

' ....... : - ~ / 

1 ES IM'PARe 
·t4- [S PAR • -

.. 

1 
' 

PROG - 5 



.. ¡. 

0 NOMULT.' 

-1 ¡ 
1 ! .· 
' 

IBAS E 

N T-ARJ 

NUM 

IDIV= NUM/!BASE 

RNUM= NUM 

RDIV= RNUM/iBASE 

l 
k--=~·.··~=="'=--· - ·.,.---~- ·. -~=-=4- .. -



j) .JOB .. ·l --· 
JI fOR 
•LlST SOURCE' PROGRAM: 
~ONE WORD INTEGERS 

'C!-fOCS (CARD,1132' PRINTER) 

e 
C. 

lOO 
101 
102 
103 

'DETERMINACION DE MULTIPLOS 
. DE UN NUMERO · 

FORMAT ( J.J) . -
FORMAT<34HlNUMERO-MULTIPLO DE-NO·MULTIPLO DE) 
FORMATC2Xtl3t7X,l3) 
FORMAT (2K, I3,21X, 13) 
LEE=2 
IMP=3 
WRITE(IMP,lOU 

200 READ(LEEtlOOeEND=240)1BASE 

e 

e 

READCLEEtlOO)NTARJ 
DO 230 I=l,NTARJ 

READ(LEE,lQO)NUM 
ID I V=NUM/ I .BASE 
RNUM=NUM 
RDIV=RNUM/IBASE 

... 

IFCRDIV.EQ.IDIV>GÓ TO 210 
.. 'NUM NO ES MULTIPLO DE !BASE. 

WRITECIMP,l03)NUM 9 I8ASE 
GO TO 220 

210 . CONTINUE 
NUM SI ES MULTIPLO DE lBASEo 
WRITECIMP,102)NUM,IBASE 

·220. CONTINUE 
·230 CONTINUE 

Go·ro 2oo 
.. ··24·0 CALL EX! T ... -- ........ . . ........ - ·. ----\. ····· .......... ·.· · 

END · 
11 XEQ .. 
002 ... ·.·--·· 
005 

., -17 
001 

14 
291 

. 8 

... ·-·· ·-1-~·-·-· .. ·-·---·-~·-·--· -~--·. - ·-·-4. ·~· ·-· ..... ··-··· ~- --~-..----·--· 

003 
002 

9 
11 

005 
001 
009 
1* 

··'. ' •.. ·; 

,. 

. . . 
.. ······-,.····-·---..., ..... _ ·- ··--- ·-~- •. ~ ... ------:-· 

. __ .,.._- .. ·- --~ ....... 

·' 

.. . ---- ·--- ........ 

. . '":''"'" 

' .. - .. ·--. .. . .. . ... _ --- ... ··- ··- . . .. ·.--- --·-~--·--·- -- -----~- ·- ~-. --·- ---·--··--·-·-····--
--·---· --- --··. . . -· --·. ··- .. - . ·--- .... - --·-"·· . 

o~n ··~u1 TI~l o DE 
' .2 

.2 

11 3 
--------~9----------------~-----~5~=--------~ 
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fiN 

I.NIC!O 

'ENCABEZAD 

NUM 

' . . ,· ' .. 
NUM 

. !·-
' .. · . 

. 
-.. 

NUM 
'"====~~'~ IN O= (= 1) 

.- ' 

--



·" NUMEROS PRIMOS " . 2a. 

·'• • 
· IMA?<= NU M/2. 

1 = 3 

.. ····:. 

F . IDIV=NUM/1 

' RNUM= NUM- .. 

' 

411'¡ RD IV= RN UM/1 
. . . . 

'N O PRIM' 'PRIMO' 

NUM NUM 
T 

\ ' ·· .. 

\ 
.1 -= 9999 

1 1 = 1 + 1 

PRO G - 7 



1/ ~- Jcti:! r 
1".! !F Ofi! 
GL1ST S04RCE PADGRAM 
•ONE UOWD INTE6ERS 
~IOCS~C~~D~lll2 PRINTERJ 

C · NUMEROS'PRIMOS 
.. .- , :·.l!\»0 füRMAT ( IJ> 

.-

.· -HH fORMAT(l9HlPI-HMOS 'NO P!HMOS) 
102 FOHMAT(2Xtl3) 

·~.: .. :103 FOHMAT(l4X,l3) 

200 

-LEE=2 . 
lMP::J 
WR I TE ( l MP tl O 1) 
READCLEEolOOtEN0=290)NUM 
IF«NUMoGToJ)GO TO 210 

\ 

. ti'' 
•O NUM ES MENOR O IGUAL A 3(1000 NUMEkO NATURAL MENOH O .IGUAL A J·ts 

'WHITE(·IMPol02)NUM 

,.. 
\:.;.. 

-lt. 

t 

e 
e 

. e 

210 
60 TO 280 

>601\lllNUE 
NUM ES MAVO~·auE 3o 

HJD= (=1) 00 NUM 
lf(INDeLT~O)GU TO 220 

NUM ES PAW~TOOO NUMERO PAR MAYOR QUE 3 NO ES PR!MO~Ic 
WRITE<IMP,l03)NUM 
GO TO 210 . .. ... 

220 CONTINUE 
NUM ES IMPAH(SE· INICIA PROCESO DE PHIMO O NU-PHlMO)d 
.I MAX=NUM/2 ......... ····-" .... . _ ·-~- .. 

____ J~3~-- ~-- --
~~30 lf(XoGToiMAX~GO TO 240 

SE UBTIENEN· .. LAS .. DIVISlONES ... ENTERA v. HEAL DE NüM/~ 
CON l DE 3 HASTA NUM/2o: .. ,; .. : 
IDXV=NUM/I.: . 
RNUM=NUM ... __ · ....... : .. _____ ,_ •. 
ROIV=RNUM/1 · · · 
IFCRDIVoEQaiDIV)l=9999 

' .. <:- 1 

_ .......... .1=9999_.JND1CA. QUE .. NUM . .ES .. PR.IMOo· .... --- _ .. 
. ~- . l=I +.1 .< ·~ ·. ·~--.... . . . 

-~ _,: ... . · ' ... GO .JO. 230 .. ... . _ ' .. · 
Z40 ... . -~~-- CONT.l NUE ·~------· .:...._: ·--- .. ______ ................... . 

2\&:0 
;gro 

IF(laLT~9999)G0 TO 250 · 
NUM NO ES PRIMOe 
WRXTE(lMPel03)NU~ 
GO TQ 260 .... _ 

tONTXN4E 
NOJM ES .P~lMOe .' ... --------·· 
WRlTECXMPel02)NUM 

\CtHid'fXNUE 
tONií H:lUIE 

.~Sj «J \Cí!}!f\IT H.Jtn~ 
lGO !rO 200 

~'90 CALl EXXT 
fhlD 

. ! 

') 

:f {/ J~[ ((¿j 

n '\ ........ 



9 
lO 
11 
12 
13 
15 
17 
.19 
21 

¡o 

/ 

¡ . 

RESULTADOS 

--··-- ----..... .... ----.-~-~-----.... -... 

... 

PRIMOS 
. 1 

··--~-..;..,.._--·...,------'-----j 

.q 
~ 

6 
7 

9 .. -. ·-·-----:-------.C-----' 
. 11. 12 

17 . 
19 . 21·· • 1·. 

---'"· ·------.. -·-·--··-------
-,· ... _ . 

PRO G - 7 



-- '¡ 

NMl= 

NM2= O 

N.Ml, NMl 

_¡, • .. ··; 

N UIEVO=N M~+l~tM2 
. 1. 

NM2= NM1 
: \ l' 

NM1= NUEVO 



• 

.... 

· .. ··· 

· -------,,,-Joa··r-··-:-····--··· -·-·--.,------·--···-···· 
11 FOR 
*LIST SOURCE PROGRAM 
*ONE WORD INTEGERS 
*IOCS<CARD,ll32 PRINTE~) . 

e 

. e 

1* -

.... 

e -·· -- • --·~· -· ~-·•• ,.._, .,..,.,w~-~ • • ~· --••• ... , •'••••' 

·- ' . . ..... 

·, 

'· 

_/ 

RE S U LT-A·o O·.S 

'- .. ·· .. 
'·. -ti~·>;.-.f. ·' .. ·. 

. - .· ... -.:. 

...... _______ •; .... ,_ .. 

PRO G - 8 · 

.. ,·· ··-····· 

s?: 
' . . . ·. 
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~FAC·= ~rr.:A . , e x 1 



.e 

•• 

....... 

·· ·-- 11 jos. ·r -· -- · ·· ·· --· ---- - - ····· -- · 
1/ FOR 

··¡ ---·--

*LIST SOURCE PROGRAM 
*ONE WORD INTEGERS 
*IOCS<CARDtll32 PRINTER) 

C. -FACTORIAL 
. lOO FORMATC211) 
··}ol FORMATC!2) ....... 
:102 FORMATCI3,3Xt15) 

·1.' 

C SE LEEN LAS UNIDA~ES LOGICAS DE LECTURA E IMPRESIONN 
READ<2olOO>LEEtlMP. 

·C 

200'READ<LEE,lOltEND=220)NUM 
IFAC=l 
00210 1=2tNUM' 

1 F AC= IF AC«I-1 
210 CONTINUE 

IF(NUM.EQ.O)IFAC=l 
IFCNUM.EO.l>IFAC=l 
SE .IMPRIME EL: NUMERO Y SU FACTO~IAL 
WRI1ECIMP,102)NUMtiFAC 
GO TO 200 

220 CALL EXIT 
· END .......... . 

. · 11 XEQ 
23 
01 
02 
03 
04 
05 
00 

.. /* .· 

, .. ,. ;· ... 

.. ..; __ ... -"·. 

r 
- ·~ . ~- -:· . -. - . 

.... ·-~~--- - ~-· -·· . ------- ----·- ···- ··- ' . ··-· ,. 
' 1 

4 
5 

:~ 
24 

1?0 
. 1 

- . ·- ·.·--¡ 

~.--------------------· 
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NUM. 

FIN 

T ~ -..'~'--~--

. ·~"··· 

NE2 = NUM/ 2. 

N B -= N U M- N .E2 x . 2 

1 ... l 
~¡' 

l tl • 
59 . ! 

...•.. --



•• 

,, 

·- 11 JOB .. T -· 
1/ FOR 
OLIST SPURCE PROGRAM 
OONE WORD INTEGERS 
*IOCSCCARD,ll32 PRJNTER) 

~-· .. ·• . 
··- C-c:~~--~-ca..,·-----0 .... ! ··E·:···z-=-·~:~~=-cm~ea.~ca-.·····_ ... · . .. . .. . .·, .. 

e 
'1 00 

- . ·1 o 1 

CAMBIO DE BASE J DECIMAL A BINARIA 
FORMAl ( 15) 
FORMAT~1Xo!5ol9H EN ~ASE DECIMAL ES) 

102 
103 

FORMATClXolll . 
FORMATC17H EN BASE BINARIAo) 
LEE=2 
JMP=3 

.200 READCLEEolOOoEND=250)NUM 
WRITECIMPolOllNUM 

210 IFCNUM.LE.l)GO TO 220 
C NUM ES MAYOR QUE UNOo SE SIGUE DE.SCOMPONIENDO 

.e 

. NE2=NUM/2 '<. 
NB=NUM.;..NE2*2 
NB ES UNO O CERO 
WRITECIMP,l02>NB 
NUM=NE2 
GO TO 210 "-··.·· · ·. · 

220 CONTINUE : ~-- > .··. ·· 
IF(NUM.EQ.l)GO TO 230 .... 

e SE IMPRIMt EL ULTIMO tERO EN LA REPRESENTACION BINARIA 
. I=O . e• . 

. WRITE<IMPtl02li 
GO TO 240 · · 

·230 CONTINUE 

• •• 1_ • 

. . . 
C SE ·IMPRIME EL ULTIMO 1 EN LA -~EP~ESENTACI ON BINAR! A 

"l =1 
· W R 1 TE C 1M P ol'O 2 ) 1 . .. .. · · · \ 

. . . ·----- .... ',_ ·-- ... . . ... ---. 

240 CONTINUE . 
W R I TE C IM P o 1 O 3 ) ... 
G o ·ro 2 o o ··- :·---~-·~·: ---~-- --- · -

250· CAÜ. EXIT 
. ÉND . 

/ ¡-xEa · 
12. 

163 . 

' ·•- »o.,••• ,,.,.....,, ·--- _,.,, -~·- --~,, •r • ...... ,.,,...., -·' • . --·----- .... ---~-------·--

. . ... ·-;·""',•-·¡ o ·. : ... _. ... 
- 00001 

011 
. ...;T31 1 

o 
1 

'13 
'1* 

·' ¡ 

. 1 

\ 

·- .... 

········ -. ~ ............. _.,., _______ - . .. 

... ···---· •. , .... , ... ,. --· .. ---.-.... - --·····h· 

··-

PROG - 10 



1 = 1 

"lEN BASE BI
NARIA" 

(. 

\ 

. . •'. 
·.··· 

• 

.· .. ·. 

.-----

,. 



. ·--·----..... -- ... . . . 

. ----····: 
. ; -·· ~. ~ -: ·-.-·-··- .. -

• >. -:·-·· ~- ;"·-·--------· ~ • • • ..... - ....... --~----~ -·- ·- ............... --- • 

. RES.ULTADOS · ·: 
,.... . - • •·. ·, -1- •.. --- .. ~ . . • : '· . ·~--- ' 

.. _, ... _,..-:--....,.,_~, --=-:. ,_,...,· :-:-------;---··---
··--! -~- :.: . . h·• •• ~ •••• •••• •'·· .......... ·- • 

o .. _ _() ____ _.__.;.._..;.._ ______ --¡ 

1 
1 
[~~~~~~*+~------------~ 

Es 
1 . '· 

o 
. 1 . . 

-&tt-&A~i-N-A-R+A · ... '• . 1 

l _ 1 EN BAS~ DECIMAL Es 

1 

_ 

: ¡. 1 .. j3 N BASt·,_UECIMAL .~S . . : . : -/· 

,, - ,_ ''' 1 ' L B~~E á';NAR¡~, -_ 
7 f 

. ,:..-.. 

1 

~-·. --r~ ~~~- . ;"\ ;"······ ..... 7"""--~~:---;~:·:-·-: ) 

' :.....~ -....... _ . .:~.·--·{···--·' 

,¡:oo:--'~-"· 

.. ~· . 
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PRO·G - lO 



,==-~ =---~~ 

· INICIO) 

e-==~~-=::::::::.:ib===""\1 

¡ 1 

i 

~-=--;-,, 

. ' 

: : 

'13,12,11 

IDEC ·=O 
J = 1 
IDEC=iD IEC+J x i1 
J= 2 X J 
1 DE C= !D EC + J x 1 3 

''en BINARIO 
13,12,11 

u EN -o EC IMAl ' 
.IDEC 

FIN 

.. '·· .. 

'. !.:¡ :'·" 

~ .. · .... :. 

.. ' 

.... : 

' .· •'. 

-.:. 
' .... 

J _, ... 

:.'\" ,., 

.... 
' ;' .. ' . .._. 

,. 

., ... ·" . 
~-: \'~ 



1. 

. -· ··-· ---11 JOB T . 

11 FOR 

..... , ' 
.• '· 

~LIST SOURCE PROGRAM 
J 

~ONE WORD INTE~ERS ¡ 

-- ·----~.:~=~~~~~~::::~ -~R¿N~~~:-~'-~-- --• _ ~ ___ _ 
C . CAMBIO DE BASE f BINARIA A DECIMAL 

· . lOO FORMATC311) 
·- :1.01 FORMAT(lX, 3llt19H EN BASE BINARIA ES), .... _ 

e 

:102 FORMAT(1Xti5,17H EN BASE DECIMAlo) 
LEE=2. 
I~P=3 .. 

200. READ(2tlOOtEND=210) !3.I2v!l. 
IDEC=O 
J CON TI ENE LAS POT_ENC I AS DE 2 o _ · 

J::.l e:· ..... e: ... · ., . · . 

. I DEC=lDEC+J~I 1 
.· J:ioj . ;-e· .-,.: ::~-~: .. 

:I.DEC:;:J O,(c~·j.t 12 . -. 
J=2~J 
IDEC=IDEC+JOJJ .... 

. ... 
. _,.· 

... 

. · ... 

\· . 

WRITE<IMP~l01)13tl2tll . . 
t IDEC CONTIENE LA REPRESENTACION DECIMAL, DEL NUMERO BINARIO,.. 

WRITECIMP,l02)1DEC 
GO TO 200 

210 CALL EXIT 

11 XEQ 
.. o() 1 e ··---~~~ 

lOO 
''1 o 1 
·11 o 
111 

. ··.·¡~. 

END 

. . . 
.. -·· ·--· -·: ... ·~ ··-·····~·· ~ .. 

·- - .. . .... .. -~ .. , . ··-··--~ .. ,.·<·' :..·. - -· . 

. ., 

. .. . ... :~- ...... :.~-·· ···- - ... .-.... _ ... _ 

·-···-~··< ~----·-~·-· ·-·~·····-· .... 
\ . i 

--_·--~.· ~~~ol ~~;NE; A;¡ s-~ ·-!~-·~-·~ -~ ~-A-t-~ -_ - ~ 

·: ·.··¡· 1-
J • 

. ~· ,., ·.· 

PROG ~ 11 
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01 
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.. · 

1 

1 

1 
J" 
¡ 

. 1 .. 

.INICIO 

I(J), J= 1 , 10 

~D EC :::: O 

J ::::: ] 

·::L ·= 11 - k ., . 
. ' 

' ~· 

1 D EC_:..=;; 1 DEC + I(L) x.J 

~8 EN Bl NARI o DI 

~ (J )v J = ~ D 1 O 

·e 

T 
FIN 

.. 
··~ -- ~~ 

1 

·.' 'l • !'''· 



.. / /"": .JúB ~1'> 
//·fOR 
*LIST SOURCE PROGRAM 
*ONE WORD INTEGERS 
*IOCSCCARD,ll32 PRINTER) 

·c-------------o·o e E~-~~~---~ 
e 
(; 

CAMBIO DE .BASE 3 BINARIA A DECJMAL 
USANDO ARREGLOS · 
DIMENSJON IClO) 

lOO FORMATOOIU 
101 FORMATC1Xtl011,19H EN ~ASE BINARIA ES) 
102 FORMATC1Xtl5o17H EN BASE DECIMAL.) 

LEE=2 
IMP=3 .. 

200 READC2tlOOoEND=220)1 
IDEC=O 
,J::: 1" . 

. O O 21 O K =1 , 1 O 
e SE ANALIZA El:· VECTOR I DE .DERECHA :A IZQUIERDA 

L= ¡¡-..;!(: : 
. 1 

e 
. JDEC=lDEC+ICL)~J-
J CONTIENE LAS~POTENCIAS DE 2 
J=J~2 

·210 CONTINUE 
WR l TE C 1 MP, 1 O 1) ( 1 ( J) t J: 1 , 1 O) 
WRITECIMP9102>1DEC 

·Go TO 200 
.220 CALL EXIT 

END 
.. //'XEQ. 

1 "' .- :, ' . 
._¡ · •. 

_ 1 r 

. . . . . ':~ ... " 

l 

' 
·-·-1 o o o 1 o o o 1 o . .... . ._,, ... ''\' ···- . . ·--:. --~ ... -. ·--· ··. ,;._ --··· .. . 

1 
. 1 . --- . 1 

'" . .. --,o o 1 o o 1 
00 

l* 

... · 1 

·. ,.· 

•.,-

-~-·~·--•-• "••••- ---· •- '·''• , ... ·-·• -~~-··-- •' ,_\ •w••-,•.- •·--"'"':'""''' ~- ·-- ·-

' ,. . . . ~' -·· ... • ............ -- ..... -. 1 

. . . 
·. - ~-~ •.v·--· .... .. . . 

4-TT~~~;~:;:~~!?: :-:~~-~:~,~ :\··::·~ ... : ¡~mc-::3-.:'~~-..-~ . 
l. . . :¡ .: '. . : .· · .... ·: "·;.¿, ... :.ao.. ... -. ,.. ________ • --~ • ·- • 

· ... 

PROG- 12 



F¡;¡: NM + 1 . ! . 

1 N U M = N U M ·- l 00 O 

NUM 

F 

NM ==O 
NQ =O 
N 1 00= O 
~50:: p 
N20 =O 
ND ·=O 
N357

·· =o 
.. 'u·· . .:. ··o· -I'J -~- .· 

'EN CAB EZAD0 1 

N.UM 

r ~) 

1 ~7-, ti o 

.e 

FIN 

.. ' . 
. :\ .... 

~' .. 
·'·-:··. 

:~_:' ... · .. , 



•cALCULO QEL NUMERO DE.BILLETES" · ·· "'·2a. 

T 

N 1 00= N 1 00 + 1 

·. NUM== NUM- lOO--

T 

N50 = 1 

NUM= NUM- 50 

' \ 

·r ... 

' ' .. . . ' 
.: . 

..~./ 
'• .· .. 

NUM = NUM- ·20 

. ' 

ND = 1 
' ' 

NUM= NUM...; lO . PROG - l3 

~~ . ; ·; 



'"CALCULO DEl t-JUMERO DE BILLETES 11 

~-~ ~ -~ --== ~~----- -- - - "'-----~ == -"--- -<' 

® 
1 

N5·= ---1 

NUM~NUM-5 

.. 
l ~·~U = N U + 1 . l . . 

\¡¿,;,;; ~ ~N~U.:-.M;...;;.;=~;,-._U..:..,;M;.;_-_1___;_-~ :..:..Jj _ J 
. ·. ~ 

NM 

N 50 

. '<• 

~ !itO G. '"' 13 



"CALCULO DEL NUMEJro·--,..-, DE--B-ILlETES., 
. ( J / 

! • 

·' ' 

[:~.· 
~-1 

1 .. ~v_--
ND 

NU 

. .. ·. 

4a. 

7o· 

. ,. 

, .: . . · 

... ·. 

.. , : ... 
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&LIST SOURtE PROGRAM 
•ONE WORD JNTEGERS 
•IOCSICARDullJ2 PRINTERJ 
c--------=-===1 'R E C E======= 

·CALCULO DEL HUMERO DE ~ILLETES 
.lOO FORMATíi4) . 

. ·;lO 1 f'ORt-iAT-( 1 ell H El 1\':.JMER0='!)--1(¡¡. o24-~ ó-0-0 ... PUEOE ·oESGLOSARSE. EN) 
· .1~2 FORMAT(l5o '7H DE MIL) 

103 FORMATCI5ol4H DE QUINIENTOS) 
::·--}o4· FORMAT(I5o BH DE CIEN) 

105 fORMATCI5,13H DE CINCUENTA) 
1.06 FORMAT (I 5;\) 1 OH DE VEINTE) 
107 FORMATCIS~ 8H DE DIEZ> 
)08 FORMAT(JSo 9H DE CINCO) 
109 FORMAT(l5o 7H DE.UNO) 

LEE=2 
H4P;::3 . 

20~ READ(lfE~lOOoENO:JJO)NUM 
N M:: O 
NQ:o 
NlCH)g;;(() 
N50g;;O 
N~~o 

No~o 

N5~o 

NU:O 
WRITE(lMPolOl)NUM 

-"="--.=~ --~ · 2 H» X ~ « if'!_l!~ o L ~-" l Q D_())J"i~O~-~TO .2 2 O. . .. ~-- ---· ·. - ·-e-~---~ ~ U\!UM E S MAYOR QUE 1 O O O ' -

e 

·~ 

·NM=NM~ l, 
NUM:::NUM~lOOO 
60 TO 210 

.. .\ --...... ,_. ---·-····· .. -· ~ .. ~····· ~ ··-~···. 

\ 

.220 CIONY X NUE · ~r···· ·.iJ 

X f '( NUM oLIE ~50 O» Go .. ·ro~230 -~- ---. · ....... -:· ~' -· ... --·-... ' 
NUM ES MAYOR .QUE 500 ·(MAXlMO UN ~~lLETE DE 5001 
NQ=l . . . 
NUM=NUMorSO O . -··----~--- ---'· .... :-- : .... 

2:310 CONTXNUE. ~ :. ~. · · 

. . ·- .. ·-· -· ... -· .. ...-_ ....... 
\ 

~- . :. 

240 . X F (NUMo LEb1 00 » GO_':-To "250 
:NUM ES .. MAYOR ··CluE--TOír-·-- ................ -· "--·-.-:~;¡¡ _:- .. : . .,.-.. ... ---·' 
NlOO=NlOO+l 
NU~h:l\lUMt 1 O O 
GO TO ·240 

25@ CONIT X NUE: l 
Xf«NUMolf~SO~GO TO 260 

NUM ES MAYOR QUE 50 IMAXIMO UN BILLETE··nE-50~. 
N5:thd 
NUM~NUM=50 

2~@ CON1Ih!UE 
270 IFINUMoLEa20~GO VO 280 

NUM ES ~AYOR QUE 20 
N\f:NW<J1 
NU~4gf\lUM=20 

\Gü lfü 210 
~~,~')) CúN1 HJU[ 

JFCNUMalfoiDI~O 10 290 
C ~UM tS MAVOR ~UE RO CMAUXMO UN UXLLErf DE 1~3 

11\1[}::::~ 

I;.JQj~)c;;~U.M<=• ~@ 

?.~[) COhJIJ' H0U[ 
IFINUMolEoSJGO IJ'O JnO 

/( 



e NUM ES MAYOR QUE 5 CMAXIMO UN BILLETE DE 5) 
N5=1 

r· '. 

NUM=NUM-5 
:300 CONTJ~UE 
310 IFCNUM.LEoO)GO T0·320 

NUM ES MAYOR QUE 1 
NU=NU+ l . 
NUM:NUM-1 
GO T0310 

· 320 CONTINUE · 
WRITECIMP,l02>NM 
WRITEC1MPtl03)NQ 
WRITECIMP~l04)Nl~O. 
W R I T-E (-1M P , 1 O 5 ) N 5 O 
WRITE<IMPvl06>NV 

. WRITECIMPtl07)ND 
WRITECIMP,l08)N5 
WRlTE-<lMP9l09)NU 
GO TO 200 

330 CALLE-x'IT·-
END 

11 XEQ .. -
9000 
1314 
.6893 
1000 

500 
,13 

/0 

.... · ... , 
.. -·-··· --. 

- ... . --~--! ........ -~. ... . -~ .. . ;· 

:.. ~--· ;, -... ' ..... . . . ..... 

. ~-

. '· ... 

,. 

PROG 13 ¡::;_ 1 ;¡, 



R E S ·u l T A D O S 

¡p .. . •..•. ·~~ .... .,, _____ - -.-~ .... -·-·-· - ·-· ·--··-·-· ........... -.--~··"'· .. -, .. -~-~-··--·-~ ·-!··- ~- -···---···~-----··-~· 

. ' 

.-·-·-·-- --·-··-·-- -- --·-""·----·-----·"'-··--------···---------~----~·-·-·-·· ... ~-- ----

------:---~-...;__ __ ____,_ _ ___,__~1 
__ ._E_L~~~....Ja~f:-R-ll:Ql.4i-~:?-O 0-=-=0~~;_o_o_=_P_U E_u_. ~;__D_E..:.:;.s_G L_o_s_A_R_s_E_E_N ___ __;¡ 

1 :U[ QU lN I ENTOS 
4 DE ·CIEN 
1 DE CINCUENTA 

1 . í 2 DE VEINTE 
~ DE DIEZ Df c~Nco , 

EL ,U:ER¡::3!4.00"PUEDl ·\ DE IL· . . . OE~GLDSARSE EN ' 
----~~~g~É~g~~~l~-~~1 ~--------------------~--~¡ 

o o E B·l N e u E N 1 A \ 

1 ~DE . C ! N C O . ! 
· 5 DE UNO 4 j 

'===o .............. . ,..,., 

. -··---- --~ 
"··----~--~-~~-~~~=-~·~..J--.-~-............ =-~· -~· ~ .. ~--~-~--~-

.¿¡-· 

/JL¡-:;:;¡:_· . 
¡"" '~ 



. . 

u ORDENAMIENTO ASCENDENTE.DE·UN VECTOR 11 

··. ' ~,, ; . :, : 

N 

A(l), 1= 1, N 

uy ECTO R 
LEIDO 11 

A(l), 1= 1 ,.N 

LIM = N - 1 

FIN 

1 a. 
'l.,,; 

7 ~r· 
1 

PROG - 14 



u ORDEN/J¡MIENTO ASCENDENTE DE Uí"·J VEt:YoRcu 
¡(3 

. AT EM_ P = A (K) 

A( K) = A(l) 

A(l) = ATEMP ;. 

"VECTOR 

ORDENADO" 

.•\ .. 
~· L~' C3 ~e~~ ~::. íJ :2~ 



--

11 JOB T 
11 FOR 
~LIST SOURCE PROGRAM 
~CNE WORD INTEGERS 

. -u.;ocs (CARD,ll32 PRtNn:~R) 
c-------------e A ~ o R e Ecracoca· 

C ·oRDENAMIENTO ASCENDENTE DE UN VECTO~ 
. DI MENS.l ON A ( 1 O O) · 

:HlO FORMATCI2) 
-101 FORMATCBFlO.O) 
102 FORMATC13H VECTOR LEIDOp//) 
103 FORMATC10C1X,Fl1.4)) 
104 FORMATC16H VECTOR ORDENADOo//) 

LEE=2 
JMP=3 

2~o-READC(EE~10b~END=240)N 
C N REPRESENTA EL NUMERO DE ELEMENTOS A ORDENAR 

··READfLEEdOÜ (A(l) tl=ltN) 
WRITECIMP,l02) 
WRlTECIMP9l03) ·cA ( 1), I=l tNJ 
LIM=N~l 

·DO 230 t.=l9LIM 
J=I+l . _ 

C ··· SE~ ASUME QUE A ( 1) ES EL MENOR 
DO 220 K=J,N 

'IFCArn.LE.ACK))GO TO 210 
C- ACil FUE MAYOR QUE_ACK) 

"ATEMP=A (K) 
ACK>=ACI> 

· All):ATEMP 
23.0 - CONTINUE 
2~0'" · ·· "CONTlNUE 

·e- AHORA SE TIENE EN ACil EL MENOR 
23·0 CONT I NUE 

WRITEClMPtl04.) 
· ·WRITECH1Ptl03) CA<I>~I=l•N) 

GO JO 200 
·· 24·0· €ALL EXIT · 

END 
11 XEQ 
04 
·-4., l. 17. 
03 
o. ' 

04 
-28 •. 
/~ 

;! 
·1 

--287,, 
' 

-32. 

32. 

11 o o. 

.,· 

. ! -
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RESULTADOS 
_ _,_,,_ .. _ . .,.. •.. -·--·-- ·-· --------- --·~-----

i .... 
1 
1 

., 
¡ 

·4~oooo -~J~oouu loOOOO 17o000Q 1 
·--nClOR"[El~----~~---~~~--~~~~~-----1 

--------~u-oo-o~o~~a----a~2~8~7~e~o~o~ü~c-·---.--~3~2-o_o_o_o~o------~--~----~~~--~ 

VECTOR.QROENADO -- ! 
' 

VE-C~g,~: 82~~8 o 

· Y: l o-ooOO 
-.... 

' ¡ 
--~¡ 

¡ 

' .f. 

' 

' .:: 
~- ~ ~ 
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.e 

"MAXIMO COMUN MULTIPLO ALGORITMO DE 

_,.: . 

- EUCLIDES " 

N,M 

. IDIV = M/ N 
RN =N 

RD IV= M 1 RN 

M = N 
-

T 

T = (RDIV~IDIV) X N 
N= IFIX (T) ' 

-ID IV = M 1 N./ 

RN =N 

RDIV = M 1 RN 

"M .C oD • 11 

N 

FIN 

\ . 

).:;/ 
( \..) . 

1 
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11 ~08 T 
11 FOR 
~L~SY SOURCE PROGRAM 
oONE WORD XNTEGERS 
*XOCS(CARDP1132·PRIN1ER} · 

e 

e 

MAXXMO COMUN MULTXPLO 
ALGORITMO DE EUCliDES 

lOO FORMAT(213> 
101 FORMAT(3H N=ol3o3H M=~I3) 
102 f0RMAT(8H M0CeDo=oi3o//) 

.LEE=2 
IMP=3 

200 REAO<LE~tlOOoEND=230)NoM. 
SE CALCULA EL RESIDUO 
IDIV=M/N 

.RN=N 
RDIV=M/RN 

2!0 IFCIDIVaEOoRDIV>GO TUc2~ 
M=N . 
f:;:(RDIV=IDXV)*N 
N=IFI X (T) 

IOIV=M/N 
RN=N 
RDIV=M/RN 
Go· TO 21 O 

220.CONTJNUE 
N REPRESENTA EL MAXIMO COMUN 
t1RlTE(IMPol02)N 
GO 10200 

230 CALL EXIT· 
END 

11 XEQ 
5 1 
3 6 
8 16 

ll 98 
16 24 

8- 12 
1* 

l 
' 

MoCoDe'&: 1 ' 

MoCoD<Jm: 3 

M~·cotll'!= e 

DIVISOR 

1 . ···-¡ 
! 

1 

1 
! 

. . _ _...._ ............. ~...,---- ..... -. ................................... -...... ............... _ ... ~. ~~~~ 
•• ~ t 



"GRAFICA DE SEN (X) .. 2a. ~o 

® 

LIN (J) = IBLAN 

X =X + D ELX 

PROG- 16 

,·, .. ,:; . 



INICIO 

IX , IY , IAST , IBLAN 

DELX = 6.28318/56 

X =-30 14159 

UN (50)= IX 

J = 49 x SI N (X) 

LIN (J) = iAST· 

1 a. 8 ) 

• 

.e 
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//.JOB Y 
11 FOR 
~LXST SOURCE PROGRAM 
tt0NE !:JORO XNTEGt:"R-s 
OJOGS«GARDoll32 PRINTER) 
C--4--6=------D I E C I S E 1 S---------
t GRAFICA DE SEN(X) 

OIMENSION LINCIOa) 
'lOO FORMAT(4Al). 
101 FORMAT<lOXolOOAl) 

LEE=2 
IMP=3 
REAOCLEEolOO)JX~IY,IAST~lBLAN 
OELX=6o28318/S6 
X =-3.,14159 
00 200 1=1•100 

LIN(Jl=IBLAN 
20t: CONTINUE 

DO 240 1=1956 · 
LIN(SO):::IX 
J=494:1-SINCX)4-50 
LHH.J>=IAST 
lF(laNEo28)G0 TO 220 

00 210 J=lolOO 
e 1 FUE lGUAL A 289 SE IMPRIME EL EJE ,Y 

lXN«J»=IV 
210 . CONTINUE 

. 220 CONTINUE 
WRITE<lMPolOllLIN 

~~~-o --~~~~~--~ -o o -2 3-·o-.~~~ J =r-~~ ~f o o ~ - --~~~-~ 
LIN(J)=IBLAN 

230 CONTINUE 
X=X~OELX 

240 CONTINUE 
CALL EXIT 
END 

·¡¡ XEQ 
xv~ 

1* 
. :. \, . -·r· 

. '\"····-··- ... 
\ 

. .. . . ···~' 

... -. .. 

/ 



/1 -.JOB T 
11 FOR 

- *LIST SOURCE PROGRAM 
*lOCSCCARD9ll32 PRINTER) 
OQNE WORD INTEGERS 
c--------------D I E C l S I E T E----~ 
C t::S TE PROGRAMA CALCULA E_L NUMERO DE GRANOS DE MA i: Z QUE COBRO.~ EL-
C INVENTOR DE AJEDRES. 
C·· FILES 

e 

LEE::2 
IMPi=3 

FORMATOS 
lOO FORMAT<lOX,bHCUADR0,9X9~HSUMA,//) 
101 FORMAT(3Xtl2o2El5e7) 
102 FORMATC///) 
103 FORMAT(S3Xtl1HOOOOOOO~OOO) 
104 FORMAT<S3XollH~ FI~ · O) 

WRITE(lMPtlOO) 
SUM=O o O -
DO 200 I=l ,64 · 

CUA=2o0° 0 ( ¡ .. ¡) 
SUM=SUM+CUA 
WRITE(JMPolOl>IoCUA,SUM 

200 CONTINUE 
WRITE ( IMPo 102) 
WRITE ( IMP, 103) 
WRITE(IMPtl04) 
WRITE(lMPtl03) 
CALL EXIT 
END 

11 XEQ 
¡o 

PRO G - 17 



ao No. DE GRANOS DIE MA!Z GANADOS POR !El iNVENüOR 
DEL AJEDRES 11 

¡ 

o 

SUM =O. O 

o - 1 ) 
CUA=2.0 

- --- -

SUM = SUM + CUA 

CUA , SUM. 

. ¡ 

.. ,'---~--......... -.Ji ,;-----......... 

¡ 

i 

DD *FiN 'll 11 

1 

't 

~-
\' FIN~ .. 

~· ...,_,,..,.,.,..,,.,.,.... . ;t. 



; 1 

j 

··.INICIO 

N U R EN, N L! C O ,: , , 
'NUFIN 

···.·· ·.··.···. ·. 

"*FIN* 11 
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."SUMA DE DOS MATRICES , A y B " 3a. 

1 • 

• 1 

1 

1 
. 1 

1 
! . 

PROG - 18 
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oo SUMA DE DOS MATRICES, A y B G! 2a. 

"MATRIZ A'' 

'-

·.-

l 
¡ 

~~J 

•,' 



CALl fXIT 
ENO 

// XEQ 
2 2 1 

s.o o.o -- .... a 12.2 3o1t 
. ~ -4.7 2.~ 

OoO ~lo2 

2' 2: 1 ..... ' : ·:. 
· ... 9 o • 15 . .·· ..;_a 7: o. o.2 

' . 5.478 .: 12~22 .. 
-90.15 87.02 
-5.478 -12.22 

2 2 o . 
1., _ R ·E.OS. U LT A D. __ O .5 

,., 
. .. -· --~ --·--· - . -- --· .. ·--- -·- -- . 

-- --------,.-
1 

----'-----1·---------i 

MATfHZ A r ; 

OaOOU 
36i¡Qt1 ·l 

\ 

r 
1 

1 1· 
·-------_~[-A-.~M~A-T~R~t~z~;~s~u~M~A~.E~Sn!~-----~ ·: 

0•308 . 12·20 . i 2•tgu 
2•2 o 

¡ 
1 ... 

l 
------~H~A~l~R~l~z~-~~~~~-------------. -·~ 

--~--~M~A~T~R~I~z~eMa------~~------

[A MATRIZ SOMA ES! 

yo 

,. 

PROG - 18 
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11 •• HlB T 
11 FOR 
~lOCS(CAROo!!32 PRINYER) 
~ONE WORD INTEGERS 
'*LIST SOURCE PROGRAM 
Cc:t:u:ooa~ca&>oaoC:::.COOJ:»~C)oC)D I E e I o e H Oe:no=:.CDGitaólla'la~c;o: 

C SUMA DE DOS MATRICES8 A V 8 

11 

C · EL PROGRAMA ESTA HECHo· PARA SUMAR OOS MATRICES. DE l.OX 10 MAXHiOtl 
C SE RESERVAN LUGARES EN.LA HEMOAIA P~HA LAS.MATRICES A SUMAR.Y .PARA . 

. C lA MA.TRIZ SUMAo 

e 

e 

e 
e 

DIMENSION A(l0tlO)v8(10tlO)tS(lO,l0) 
fiLES : 

LEE=2 
IMP:J 

fORMATOS 
lOO FORMATCJ12) 
101 fORMAT<lOF8.3) 

· 102 FORMAT(///o5X.,9HMATRil Ah//) : .. 
103 fORMAT(5X~lO~F8o3o2X)~/) . 
104 FORMAT(///v5~~9HMATRIZ B~9//) 
lOS FORMATC///t5XD18HLA MATRIZ SUMA ESio//) 
106 FORMATf53XollH~~*oo~o~~Oo) 
101 FORMAT(53XollHO FIN o) 

LIEC'TURA DEL NUMERO DE RENGLONES DE lAS ~AJR1CES U'<liJ~f.N-) V DIE:l ;,_¡u¡:-:;[ 
RO DE COLUMNAS CNUCO)GY DE.UN DETECTOR (NUE!N» 

199 READflEE9l00)NURENoNUCOoNUflN 
ANALISlS DE NUFIN., SI VALE CERO YA NO SE EJECUT~.El PROGAAMADDE LO 
CONTRARIO SI., 
lf(NUFIN.EQoOJGO TO 1000 

C_ ~~~~LECTURA POR _RENGLON&S DE lA. MATRicz~~~Ae~~~~ ~ . 

e 

e 

e 

e 

e 

00 200 X=l9NUREN 
READ CLEEe 101) CA ( I tJ) tJ=loNUCO) 

200 CONTINUE ; , .. 
LECTURA PoR:RENGLONES DE LA MATRIZ BG 
00 201 I=l9NUREN 

READ(LEEolOl) CB(!,J) "J=hNUCO) 
201 CONTINUE 

SE HARA l-A SUMA ELEMENTO A ELEMENTO 
DO 203 I=l9~N -

00 202 J=l~NUCO ~ 
.... SO'\).J»=ACI"!1+Bel9J)' 

· 202 'CONTINUE .. ' 
203 CONTINUE 

;· 

IMPRESION D~.LA MATRIZ A POR RENGLONES 
WRITECIMPol,Q2) ··- . -
DO 204 I=l~~UREN . 
WRITE«<MP,~03) €ACit~J) ~J=bd'.JUCÍH 

204 CONTINUE ' ' . 
IMPRESION DE LA MATRIZ 8 POR RENGLONES 
WRJTE(JMPol04) 
DO 205 I:::l,NUREN 

WRIYEOMPol03) CBOoJhJ::J:1oNUC0) 
2'~5 CONTINUE 

IMPRESION DE LA MATRIZ S POR RENGLONES 
WRITECIMP,l05) 
DO 206 l=l,NUREN 
WRX TE «XMP9l 03) ~S (l¡¡¡.J) !!.;~¡ oNUCQ» 

2«»6 ·CONTINUE 
.~o ro 199 

1000 CONTINUE 
~R!VEClMPol06) 
W R l TE ( I MP o Hl7> 
WRI1EfiMPel06t 



'
1 SOLUCJON DE ECUACIONES CUADRATICAS 11 

RAl= -B/ (2.0 X A). 

RA2 = RAl . 

. 'D IS. N U LO 11 

. RA 1 
1 

RA2 

T 

·~ : 

1 
~------~----~~ 

PAREl= -B / (2-0 x A) 
PARE2= PAREl ¡ 

' . 

. PAIMl= (-DIS) /(2 •. 0xA) 
PAIM2= PAIM 1 

; \ .. 

11 DISC ;NEGAT o t>,.O 

RAIC ES COMPLEJAS 1 

PAREl 1 PAJMl 1 

.PARE2 1, PAIM2 

"'! . 
.. o. y¿_ 

PROG - 19 



oa SOlUC!ON DE ECUACIONES CUADRAliC.,A,S ee 

'T 

r 
.· 

A 1 B 1 C 

"EN CABEZA= 
ooun 

A 1 B 1 C 

2 
D IS= B -4. o X A X c. 

~A 1= (-B+ ·D IS ) 1 (2.0 X A) 

RA 2= (- B- D 1 S ) 1 ( 2. O x A) 

f ~N 



20,0 

· · R .E S ·u V T A D O ·s · ·· .... --·-·· -. ·-- ...... -... ·-
.,.... - -- --- ....,.., -- --~,.....____,..,.,.._, __ ._,...,..,.__,...,.,..,....._ ··-.._,.. ·-:- --- ----~--··· ·-···· -~- •• - • ~ --·-- • ...,.. •• f 

. .. ... ~· _......._~..___......_ ______ --'-~· --------------------. .r .... 
···---··LPS -·¿¿~E:Ti'c,I ~N Tt s . o E . LA . E e u Ac I o N so tJ , 

'·.,· ; • .... ;_ :'· . • ·.:· ;~ ~ • .~. ' . • . • 'r ~ • 

.2. ooooo e= ·3•00000 
. - ·-·-· .. -.. 

EL DISCRIMINANTE Es N~GATlV01POR TANT~ 

xt= ..:1!ooooo ·+·¡ 1,4142.1 IMA 
. . . .1 X2= ""ioOOOOO "" 1e41421 HiA .. r. 

-~-------___:. __ +¡¡ ------,----------------------'·--·-----

1 
1 I"T7("~~-:------....------------ ·------·LOS COEJ1CT~DE :LA ITOACION SON' 

·------------.-------------------.... ----------·---
s.oo~oo e= .5•00000 

6 

EL DISCRIMINANTE .Es ·NULOIPDR. TANTO RAleEs IGUALES ... 
. Xl= 

B= ·. 10 oOOOOO . ¡ ... . 1 ••• -
27 o 00000 ' 

1 ' . 
'El OISCR¡MINANTE .ES ;NEGAliV,n,~OR 'lANTn ·RAICES ·coM~LtJAs 

· X1= ... s.ooooo ·+. .1 0 41421 .lMA . . ·x,¡.=. ·-~ .... s.ooooo ..... ·i 

J. j 

l-----------~i~~~~~~--------~--------------~--.. 
· ¡---L-O_S __ C~O=E=r-y-c~Ilr_N~T~E~S--D~E~.L~A~E-c~UArC~I~O~N~S~O-N-,-------------------------

' 
3.oo~oo e= 20:a 00000 e= 1•00000 

·----------
EL DISCRIMINANTE [S POsiTIVQ,POR TANTo RAICES ·REALES 

~1= ""O~o5038 X2= ""6•61629 ¡· 
----·---------·---------

e. 
PROG- 19 



. y¡· 'JOB T - .... 

. 11 fOR . 
•LIST SOUACE PROGRAM 
•ONE ~ORD XNTEGERS 
•IOCSfCARO,ll32·PRXNTER) 
·c;;."" . .-;.;...:; ... .,.,,=--;,. ... .,o .. l. E e 'l ~r u E v ·lE·.,.. ...... ., ... ..,,~ · 
C . SOLUCYON·DE ECUACIONES CUADRATlCAS~ 
-:~~ FORMAT«3Fllo51 ~ 

_ .... ,.HH FORMAT(///o2Xo36HLOS' COEFICIENTES DE LA ECUACION SONu//) 
.. 102 FORMATC2Xt3HA= tfll.,St2Xo3HB:: of'lle5o2Xo3HC::: oFlloSI)//) 

·e 

103 FORMATC2Xo52~EL DISCRIMINANTE ES POSITIVOoPOR TANTO 'RAICES:REALES~ .·. 
1//) . . . . .. 

104. fORMATCSXo3HXl=oFlle5olOXo3HX2=oFll.So///) . 
105 FORMAT<2Xt49HEL· DISCRIMINANTE ES NULO,P.OR 'TANTO RAlCES IGUAlfSo"//) 
106. FORMAT ( SX ., 3HX 1::: ;F-¡ 1 &S11 1 O X o 3HX2= 9 f''ll"é'S o/'//) . . . . 

. X 07-- FORMAT ( 2X, 55HEL DISCRIMINANTE ES NEGATIVO ~-POf~: TAN·ro· RA l CES- "COMPlEJ 
· JAS,//) 

"108 FORMAT(5Xo3~Xl=oFllo5t2H •~fll~~~4H 'IMA~lOXoJHX2=tFllQ5o2H ~DFlloS 
l(I~H IMAQ///)j 
lEE=2 . 1 

!MP=3 
lEE LOS COEFICIENTES 

200 READCLEE~!OOoEND~240)AoBoC 
IMPRIME lA ECUACION 
WR!TIE OMPo 101) 
WRITE(IMPol02)A"BoC 
CALCULO DEL DISCRIMINANTE 
DIS=Ao02=4eO~A~C 

lf(DISolE~ OoO)GO TO 210 
RAXCES R~ALES DIFERENTES 
RA.l:::: (""B+SQRT CDIS)) 1 (2oOt'l;.,) 

.. RA2=·C-B~SaRT<DISl)t<2o00A~ 
WRITECIMRo'l03).
WRilE(IMPel04>RAl,RA2 

' GO TO 230 
- "21 O . CONTINUE ! ... ----- ...... 

e . 

220 

lf(D!SoN~oOoO)GO· TO 22D 
RAICES RtALES- IGUALES 
:RAl= ... B/ C2&0 .. A)" .. 
RA2=RA1 · 
.~RITEÚMPolOS)' . 

· · WRI1'E-0MP"106·rRtU ,RA2. 
GO TO Í230 . 

CONTJNUEj .· -. . 
RAXCE~ COMPLEJAS 

· PAREl-eB/C2cO~A) 
PARE29PARE1 
PAIMl=SQRT«~DIS)/(2ia~AJ. 
PAIM2=PAIM1 . . 
WRlTE(IMPol07) 
WRITE(JMPol08>PAREloPAXMloPARE29PAIM~· 
c;o ro 230 

ENDIF 
ENDIF 

2JO CONTINUE 
GO TO 200 

l.t;KI CONTXNUE 
C~.Ll IE}(XT 
ENO 

11 XEQ 
2ell 
~o~o 
ll'\.1'1 



"PROOUCTO DE DOS MATRICES" 

l 
l ' 
1 . 

1 

¡ '·. 
¡ 

. l 
1 
1 
! ' 
¡ 

1 
1 
' , .. , .. 

P(l ,J) = O. O 

P{I,J )= P(l ,J) + A(I,J) x B 1 

. 1 

' "MATRIZ.A" 

A(I,J),J= 1, NUCOl 

2a .• 

\ 

-- . 

PROG- 20 



>. . 

oa PRODUCTO DE DOS MATfUCtS te 

' .. 
' 

Nl)RE2, NUC02, 
NUFIN 

. A (J , J }, J = 1 , N U C O 1 

B(luJ),~= 1 ¡ NUC02 

. " 

·n *f 1 N* 11 . 



e 

e 

11 "oa· T 
1/ FOR. 
•LIST SOURCE PROGRA-M 
•ONE WOPD INTEGERS. 
•lOCS<CARDol132 PRINTER) 

. c..;. ...... ;., _________ V E·, l. ·N ·y E .... - . 
ca-cs.- -B»c:Dc:ltcr::»~ a::leble)of"."' 

e 
e 
t 
e 
e 

EL PROGRAMA REALIZA EL PROD~CTO DE DOS MATRICES DE 10 X lG MAXIMOw. 
UNA· ES LA MATRIZ ACNÜREloNUC01)e 

e 

e 
e 

e 
e 

e 

e 

e 

e 

e 

e 

LA OTRA ES L~ MATRIZ BCNURE2oNUC02).o 
SE RESERVAN LUGARES EN LA MEMORIA-PARA LAS MATRICES QUE SE VAN A 
MULTIPLICAR Y PARA LA MATRIZ PRODUCTO., 
DI·MENSION A(JOo10)o8(10tlO)oP(10o10) 
FILES 

lEE=2 
IMP=J· 

FORMATOS 
lOO FORMATC512) . 

. 101 FORMATC10f8~3; 
102 FORMAT1/I/o5Xo9HMATRIZ A:o//) 
103 FORMATC5Xt10(f8e3o2X)e/) 
104 FORMAT(///oSX,9HMATRIZ B:o//) 
105. FORMAT(///o5Xt22HLA MATHIZ PRODUCTO ESgo//) 
106 FORMAT'C5XolOE15o7o/). 
107 fORMAT(///oSX,76HEL PRODUCTO NO SE PUEDE LLEVAR A ·cABO'YA QUE LAS 

}MATRICES NO SON CONFORMABLESo///) 
108 FORMAT(///) 1 -

109 FORMAT(53Xo11HOOOO***O*OO) 
110 FORMAT(53XolJHO FIN o)·. 

LECTURA DE LOS NUMEROS DE RENGLONES ·y DE CbLUMNAS DE CADA MATR12 

199 

200 

201. 

1 

202 
203 
204 

205 

206 

Y DEL· DETECTOR NUFINe ~-
READCLEEol00)NUREloNUCOloNURE2t~UC02~NUPIN \-

. . 1 

ANALISIS DEL: VALOR DE NUFIN. SI VALE' CERO EL-PROGRAMA NO SE LLEVA 
A CABO, DE LO CONTRARIO SI. 
IF (NUFINoEO.O)GO .TO 1000 

SE VE SI LAS MATRICES SON CONFOR~ABLESo 
lF(NUCOloNE~NURE2>GO TO 900 

LECTURA POR RENGLONES DE LA MATRIZ ~~~ 
DO 200 I=loNUREl 

READ (LEE, 1 O 1) (A(! 9 J) 11 J=l iNUCOlT 
CONTINUE• 
LECTURA POR RENGLONES DE LA.MATRIZ ~. 

·DO 201 l=loNURE2 .- i· 
;-:.·· 

READ<LEEtl01) <BOeJ) oJ=loNUC02) 
CONTINUE:i 
SE REALI~A EL PRODUCTO 
DO 204 I=l,NURE1 

DO 203 J=.l" NUC02 
P(l,J):O.,O · 
DO 202 K=l~NUCOl , 

P(!,J)=PCloJ)+A(ltK)OB(KoJ) 
CONTINUE 

CONTINUE 
CONTINUE 
IMPRESION DE LA MATRIZ A POR RENGLONES · 

. WRITECIMPol02) 
DO 205 I=l,NUREI 

WRITE ( IMPtl 03) CA ( 1 oJJ •J=l oNUCOl) :
CONTINUE 
IMPRESION DE LA MATRIZ B POR RENGLONES. 
WR I TE ( 1 MP 11 1 04) 
DO 206 I=l,NURE2 . 

WR.ITE(IMPol03) (B(li)J) 11J=loNUCOlJ 
CONTINUE 

PRO G - 20 

\· 



C! PRODUCTO DE DOS MATRICES 8
' 

® 
11 MATRIZ 8 " 

1 . 
B(I,J),J= 1, NUCO· 

11 MATRIZ 
PRODUCT 



"MULTIPLICACION DE DOS NUMEROS UTILIZANDO 
EXCLUSIVAtviENTE MULTIP. Y DIVISION POR 2" 

't 

F 
'. 
1 

:~ B =··(B - 1 ) / 2 -
1 
' 
1 ~~=R+A 

¡¡ 
¡· ¡: __________ __, ___ ____; 

A=Ax2 

B=B/2 

PROG - 21 

¡o o 

o 



o 

-
H~P~ESiiO~f- [)(E··· a:,~ t4.!HR Ll. ·p POR RENGlONEs~·--+_-
ldfH lfE UMP~" 1 OS) 
00 207 !~!9NURE! 

WRITECH~Po-106~ «P«XoJ) 9.J=lt~NUC02». 
:::'07 CONTXNUE · 

GO YO 199 _+ .. -·. 

CONTRNUE 
~RITE(IMPol07) 

GO TO 199 
lOO~ CONT!NUE : 

.. -

.• 

- - --·.- - ,' -· 

WRITE'CIMPol08) j 
~RITE ( IMPt>l09) !, 
WRITE ( IMP,llO). 

••7 •.•.••• -. • • • -

lrJRITE(IMP,l09> 
CAll EXIT 

-END 
11 XEQ 

2 2 2 210 
H~o54 ... 42o07. 
=1 a22 O·e O 

1'9'50o1'5 -12o0 
· Oo001 5o0 
2' :2 2 21() 

©,~2 9Bo'1S 
eol;f20S 32o~2 

·HHH,1o~H . o.,o 
=le52 l5o5l 

2 3 2 2l0 
2 2 2 200 

- . . ... ~-

··---·--· ------··· ··-- ..... \ .":..., 
·: ·¡ 

,. ; 

'' 
.: .. . 

. 1.---·-· .... _ ... , ·-· ..... -···-··----- ..... ··---

- . 

/O/ 

~ ' . 



RESULTADOS 
' . 

.. . . ' ......... ....,... ... _--:-- ... -- '11''':"'"'''"·--·--- .. ~-·-
·., _. .. ~- -·r. ···-

. . e :~-~-:-:._=-;; :~:=- :·- : .. =-=·=.:~=:·:" :'t"·. :-"-·=r·~-D=·~"-'"~--~=------------·-:-:--"---....---·--·-·------·---
... ..: .. -~ .. 

MATRIZ Al 

MATRIZ 8 1 . 1 
i 

LA-MATR~~ PRODUCTO ts1 

MATRIZ ~! 

tg:g~g 

_LA MAyRI~ PRODUCTO ESI 

•49902oOE+o2 
.19o~~oor+o2 

~ 'lS 3 1 6 1 3 E+ O 4 
•e1938750E4-03 

,. 

•,. 
\ 

. \ 

\. 

_ ...... : 

EL PRooUCyO No SE PUEDE LLEVAR A CABO Y~~QUE LASMATRICEs NO SON CO~FORM~BLEs 

. ·, ···- ~--·-···-· .· ...... 

--------·-···.- ---·· 

e· 
PROG - 2C 

f?-?n. 



11 -FOR 
~LiSV SOURCE PROGRAM 
*ONE ·WORD INTEGERS 
§IOCS€CARQoll32 PRlNYERD 

.. .• · . ... •" \ . 
'~~\ 

·, 

-··c=~-~-===-=-~=V ·E. 1 N T x· U N O so~===== 
C ,<·, :MUlTXPLICACION DE DOS NUMEROS 
C . UTILIZANDO SOLO MULTIPLICACIONES V 
C · DIVISIONES POR ·2 

INTEGER¡AoBoCoR,AAoBB 
WRITE C~olOU 

.. 101 FORMAT OHU 
WRITE (3ol02) . 

102 FORMAT (9X~lHAo3XolHXo4Xo1HB~4XolH=o4XjlHC) 
200 RE·AD ( 2 ~ 1·0 O~END=260) A, B 

.. e 

e 

-lOO fORMAT (213) 
R=O 

• AA=A ' 
BB=B . 

1 

210 XF(B~EQ~l) GO TO 240 

220 

230 

Bl=B/2 
B2=Bl.,.2 
lf(B2.EQ.B) 60 TO 220 

ES IMPAR 
8=(8-1)/2 
R=R+A 
60 TO 230 

CONTINUE 
ES PAR 

· B=~J/2 
CONTINUE 
A=A~2 
GO ·ro ·210 

240 CONTINUE 
C=A~R 

WRITE (Jol03) 'AAtBBoC 
103 FORMAT (3110> 

GO TO 200 
260 CAll EXJC 

END 
.1/ XEO 

60 80 
' 19 17 

68 35 
40 11 
77 99 

. /'#:; 

,. 

RESULTADOS 

.. , 

·. 

¡ •' 

. , 

~· .. ·--·~· ~-··.-
\ 

.··:..· 
'. 

\ .......... -· .... - ....... --:~- _. ,.. ........ . 

·, ----------- ----------------·¡ 

•' 
'· e· 

--



"MULTIPLICACION DE DOS.NUMEROS UTILIZANDO EXCLUSIVA
MENTE MULTIPLICACION Y DIVISION POR 2" 

GNICIO. ) 

SALTO-HOJA! 

11Á X B = .. e 11 

A 1 B 

FIN 

BB = rB 

T 
·C =A+ R 

Bl=B/2-
AA 1 BB , !: 

B2 =Bl x.2 

la. 

¡oL¡ 

PROG - 21 



·~-·¡¡ JOB 6 
11 roR . 
@llST SOURCE PROGRAM 
00NE WORO XNTEGERS 
~XOCSQCAR0oll32 PRINlERJ ·. 

- ·c--~---------~v E 1 N T x u N o ~D~-~-~00 
C MULTXPLICACJON DE DOS NUMEROS 

... 
' .• 

C UTILI¡lANDO SOLO HUL.TIPL.ICACJlONES Y' 
l~ · · OI\IIS¡ONES POR ·2 

INTEGER AoBoC~R9AAoBB 
4 ' •. WR I TE ( 31' 1 O U 

H>l· FORMAT (lHl) 

. WRITE ~3,1P2) .. 
102 FORMAl (9X~lHAo3X~lH~,4XolHBt4XilH~o4XtlHC) 
200 ·REAO f2ol~O,END=260lAoB 

lt$. 

10·0 FORMAT (213) 
R=O 
AA=:.A 
BB=B \ . ¡ 

2!0 IFCB~E~a!)jGo TO 240 
Bl~B/2 

230 

R2=Bl~2 
IF«B2~EQeB) GO TO 22Ó 

!ES IMPAR 
. 8:;:; «B-1 » 12· 

lR:RcS-A 
GO TO 230 

\::ONTINUE 
ES Pf\R ~ 

• B=BI21 · 
CONTIN\JE 
A=A~2 : 
GO ro "21 o 

· 24~ C()NTINUE ! 
C:;:;A+R '· 
WRITE CJol03). AAoBBtC ·.·, 

103 FORMAT (31~0~ 
GO T.O 200 ! . 

260 C:All EX l T 1 --~ ·-· 
IEND ¡. 

!1 ~EQ t 

. 6@ 80 
19 l7 
¡f¡¡6 35 
~o 11 
11 99 

·/'~ 

... 

RESULTADOS 

.. 

. ' 

•. 

. • .. ·.". 

!' .. ,. 
. ¡ 

"9 ,. 

.... ·-~~··.· 

.... ., ·' 

fl!t - ......... ., •• _ •• • • ' . . ' . 
• • t:f ~ 

'(1 • ,• 

.... ; ... 
o e:~~._--.-·--··· ..... 

.. • . 

.. 

• o ; i 

-·-·--J--;¡---ra· = · .!¡~o · • ·· · · 1. 

~-~=·- !i--o~~~~-~to~3·=··· ·¡¡ 
4Ú :i1 "''OV 
¡.:;-.-~~~ .. "t-6~ - . - -. 

.. • <U •• 

'" . . 

.,. "' •• o ••. t • 

.· 
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"MULTIPLICACION DE DOS NUMEROS UTILIZANDO 2a. 
EXCLUSIVAMENTE MULTIP .. Y DIVISJON POR 2"' 

't 

1 
'· 

'------z--·-"Á 

F 

~ B =-{8 --1 ) /· 2 ~ 
' 

i ' 

R=R+A 

'''L' ' .... ---......-----J 

A=Ax2 

PROG.- :n 
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Tarjeta 1 

Tarjeta 2 

Tarjeta 3 

TARJETAS PARA USAR EL PROGRAMA GRANM 

Columna 1 
~ 

// JcpB T 

// XEQ GRANM 1 

*LQ)CALINIT, PIV~T, TABNU, RM0VE, CLEAN, TABPR 

Tarjetas de datos 0/ er p6g ina 3) 

\ 

Tar¡eta /* 
final 

NOTAS: 

-Este programa est6 listo para usarse en la computadora 1 BM 1130 de CECAF!. . . . 

-La tarjeta 1 es la tarjeta an~ra.~jada obtenida del CECAFJ. 

- El número 1 que aparece en la 2a ~ _ta;jeta· se perfora en l.a columna 17, 

/ 

-El program~ e~ la IBM, ti~1e u~6 capaci9adde 1 o restricciones y 15 variables inclu-
yendo de holgura y artificiales. · . 

- Este programa también se encuentra .disponible en'Ja Burroughs del CIMASS¡ bajo e! 
nombre de 11/Sif\i,PLEX. Las inst~cciones para c~rrerlo en el CIMASS .aparecen en 
J·a siguiente hoja. Este admite una capacidad mayor sobre el número de restrl cciones 
yvoriables como se indica en la segunda hoja. 

-Este programa utiliza el método de la gran M~ 



T9fjeta 1 

Tarjeta 2 

Tarjeta 3 

i arj~t~ 
final 

NOTAS: 

T p,RJETAS PARA USAR EL f•R0GRAJ\1A ~ 1/S!MPLEX 

Columna 

# USER clave 1 
# RU N (J R 8 2) 11/SIMPLEX 

#DATA FILE 5 

T orj etas de dato: N er página 3) 

#fND 

. -Este programa está listo para us~rse en la computadora B 6700 de CIMAS/CS~. 

- La tarjeta l es lo tarjeta roja obtenido del CJMASS. 

-El slmbolo u# u significa un car6cter inválido. Este se obtiene presioncmc.k:- l<jS tf,~ 

2. 

· clas MULTIPUNCH Y NUMERI~ simultáneamentey perfon:mdo los númercs l 5 :i:,. 3 1 · 

4. . 

- Este programo tiene una. capoci dad de 30 reshh:ciones y 40 vorioblr:::s ineftry::i1do ~:h:: 
holgura y artificiales. 

e. 



TARJETAS DE DATOS PARA EL PROGRAMA GRANM. O 11/SIMPLEX 

La siguiente información deberá porporcionars_e en lo.que se indica como tarjetas de 
datos en 1 as ho jos anteriores. 

'/.' 

. TARJETA DE IDENTIFICACION.DEL PROBLEMA. 

·En esta tarjeta puede usar desde la columna 1 a la 70 para ·poder dar cualquier identi-
ficación qu.e desee dar q su problerr¡a. . 

TARJETA DE DIMENSION Y ETIQUETACJON DEL PROBLEMA Y CONTROL PARA CO
RRER MAS DE UN PROBLEMA. 

El usuario debe dar cuatro números enteros con formato (411 O) en la siguiente forma: 

.-~ .... Columhasl~ lo:· Número de r~nglonesd~l problema. 

ColUmnas 1 l·-20: Número de col.u~nas del problema.·· 

Columna 30 

Columna 40 

NOTAS:> 

.. . . .. ..· . . . 

Escriba el número l si desea poner etiquetas a los renglones -y a las 
· col u m nas. - .. . _ . . . . · · · . - · · 

Escriba.é! númer~O en ~aso contrario. 

Escriba un l si desea correr un probl eme adicional •. 

. Escriba un-O en caso contrario. 

::·· 

· El número de renglones no incluye la función objetivo. 

Si escribe un 1 en la C(),h.Jriina 30'¡ el :USUario, después' de 'la. ta'rjetá deber6 dar el grupo 
de tarjetas para etiquetas de renglones y el grupo de tarjetas para etiquetas de -columnas. 
·Si en lugar d~ un 1 .escril;>e cero debertT-~omitfr éste.- grupo de tarjetas y pasar a l·as tarje-
tas de coeficfentes de lasyariabl.es:artificióles en la función objetivo. 

Si escribe un 1 en la tarjeta 40 vea las notas generales. 

Las etic¡uetas para identificar a 1 os renglones de las reslri cciones, pueden tener como m~ 
ximo 6 carac!-eres de cualquier tipo. 

En una tarjeta puede escribir hasta 7 ·etiqueta·s. Estas etiquetas deben ir en las coluri1nas 
1-6 11-16 21-26 31-36 41-46 51-56 61-66 

'· 1 1 1 1 1 .• 



'lo;; tr.:.trjetas paro identificar e;¡ las columnas o sea (j las variables involucrodcs en ei 
prob!t}inCJ (incluyendo. de h:'Jiguru y c•rtifidales) deberán escribirse de Cicuerdo t1 los 

· reglo'i t.Jnteriores pare etiquetor rengloiíes. 

-TARJETAS DE COEFICIENTES DE LAS VARIABLES ARTIFICIALES EN LA FUNCION 
OBJETIVO o 

r 

A cada variable artificial osignele un 1 y a las variables no artificiales aslgnele un 
O. Estos números escribalos en las columnas 1 O, 201 30, 40, 501 60, 701 de acuer~· 
do al orden en que etiquetó a sus variables (colurnnas) ' 
IMPORTANTE. Esto tarjeta es r~qu'eddo aún si el problema no tiene variables or~ · 

\ . .· 

TARJETAS DE COEFICIENTES DE lAS VARIABLES Nó ARTIFICIALES EN lA FUNClO 
OBJEnvo. 

E;scfiba los coeficientes de la fundón objetivo con el formato (7 F ~0.0). Estos Cóefi~ 
ciente.s debe escribirlos de acuerdo al orden en que etiquet6 $US vcriobles (columnas)~ 
Los coeficientes de los variables de holgura y artificiales deber6 ser cero. 

IMPORTANTE : Los coeficientes de la función objetivo deben corresponder oi problema A 
de minimbzor. Por lo tanto1 si su problema es de maximiz;or multiplique por =i y (;omi~ W 
dere los coeficientes que resultan como los doto~ de entrada en este progmmo., 

TARJETAS DE LOS COEFICIENTES DE LA MATRIZ DE RESTRICCiONES. 

- Coda renglón de restricciones va· en una o varias tarjetas, escribiendo los .~Lsmeíl~os :SU'"' 

· cesivament.e en una· tarjeta con un formato (7 F 1 0.0) o Cadá vez que propt;:r-;:;;onc ·~ 1 ~1 nue 
vo renglón d9be empezarlo en otra tarjeta o -·· 

TARJETAS DE LOS LADOS DERECHOS DE LAS RESTRICCIONES. 
1 

L f • o ~ d 1 1 d d h . d ,, o • ·' . . os coe •c•enaes e a o erec o e restnr:e1one:t se propot·c;ondn :ttH::e::;nnz:,m(:.C'\1(:: e:r\1 '1:~-,.:.· 

· tarjeta o en coso de ser insuficiente use otra tar¡ eta. El formato es (7 F Hj ,.!,)) 

TARJETAS PARA INDICAR EL CONJUNTO !Nit:l!~L DE VARIABLES B.:-'\S¡(/"'$" 

En r;,~no tarjeta programe sucesivamente los núme~'ü3 d<J ia:; eoirumntJ::> qt.';t,': V{ir<-, i.~ "'''' 

como co!urnnas (vmiobles) básicas inídoie~''o Ust'l fotmoh:> (7 i u ü)" 



e NOTAS GENERALES: 

1. El orden de las tarjetas debe ser como el indicado. 

2. Si en la TARJETA DE DIME NSI ON Y ETIQUETACI ON estribi6 un 1 en la colum
na 40 entonces su nuevo problema debe ir después de la TARJETA PARA INDICAR 
EL CONJUNTO 1 NICIAL DE VARIABLES ARTIFICIALES. ~~ imporl·ante que en el 
nuevo problema empiece con la TARJETA DE IDENTIFICACION DEL PROBLEMA •. 

... . -~· . 

. . 
··.:"· ::.·., 



2x2 ~ x3 ~ x4 + i<5 ?- O 

-2x1 +2x3- x4 + xs .::_ O 

Xl - 2 x2 - X 4 + X 5 ~ 0 

Xl + X2 + X3 :;::: 
x. > o ¡-

¿:;. 
1'·· . 

Deberemos multiplicar la función objetivo por- 1 para que el problema sea de minimizó~· 
ción y también agregar variables de holgura a lo:¡; primeras tres restricciones parCJ que ~~. 

lieguen o :;;er igualdades" Con estas observadones e¡ programa lineal estar6 en forma e~ran 
dard, lo cual es un(.! condición para aplicar el progmma GRAN M. Su defincmos 4¡~=2:, .• c-

nu estro prob 1 ema en forma estandord es 

-2x2 +_ x3 + x4 = x5 + s1 

2xl ~2x3 + x4- x5 

-x 1 +2~ + x4 - ><s 

x1 + ~ + x3 

x. > O• 
.- 1 

> 
S•- O; 
1 

i = 11 2v • • ., 5 

j=1,2g3 

=O 

=O 

=o 
. ~ l 

Obsérvese que aunque el programa lineal ya est6 en forma estondawd". ~odavi~iei 1tc .. o:oJó t 
para empezar el algoritmo de la Gran M porq1.n~ en la última restrkd6n no .e>Js;r,t: i•.Fi<! 'Jc')'r 

ble que aparezco en esta restricción pero no se encuentre en las otras restdcc:kr.~s,;," Oe.y nc, 
se tiene uno solución bósico factible inmediato). Pm lo tanto, deberemos una \<i,\<' 
ble artificial que llamaremos t1, o lo cuarta restricci6n para asl complerar r.uesh;:j 

b6sica fqctible en la cual se inicia el algoritmo. Sin embargo, al introducir csk vddoh.!e ·~· 
mtificial en la restricci.ón deberemos agregorid en la función obfet!vo muHpnu.iÓ:i r,c1_ <_n;c 
cantidad. positiva M muy grande. Así nuestro problem(l resulta satg 

?.xl 

-xl 

xl 

min z' = ~-x4 + x5 + Mt~ 

. -2~ + x3 + x4 = x5 + $1 

-2x3 + x4 c:J ·.;(5 

+·2x2. +x = ){<' 
4 :J 

+ ·?V; + )(3 

+~l "'o 
+;¡;,., ~.o 

,:! 

+ ,,~ '""' 1 ·e 



e.·. 

... 

Es conveniente representar el programa lineal en un tabiero (o tableau), para poder enten
der.mós fá:<:il'mente la información que deberemos proporcionar al :programa de 6.:>mputadora 
GRAN M.ó 11/SIMPLEX. Esta represe.ntación aparece abajo 

Función Obj. {F.O.) 

Renglón l (R.l) 
.. ~ 

Renglón 2 (R. 2) 

Rengl?n 3 (R~ 3). 

Repglón 4 (R. 4) 

o 
o 
2 

-1 

1 

o 
-2 
o 
2 

.. 1 . 

o ' -1 

1 1 

~2 1 
.. 

o 1 . 

l o 

1 

-1 

-1 

-l 

o . 

o o o 
1 o o 
o . 1 " o 
o o 1 

o o o 
* * * 
~r .H;Igu ... 

ra . 

M 

o 
o 
o 
1 

* . ..._._,-
Var. 
Art·. ....... ____ ,/ 

Solución i nidal 
bósi ca factib 1 e 

z' 

o 
o 
O. 

1 

. ·\ . 
Este tablero .contiene .toda la información necesaria y la notación apropiada para correr el 
programa GRAN. M·ó el 11/SIMPLEX. A continuación se presenta su codificación para el 
GRAN M. ,Poro correr el 11/SIMPLEX la codificación es idéntica excepto por las tarjetas 
de_ control_como sé mencioneS en la explicación de estos prog'ramas~ ' 



ll-N-~-i\--l'-~ J!-1·---H~-O_J_A __ D_E_C_O_D_I_F_I_C_' A_· _c __ I_O_N __ Y_I_O __ D_A_T_O_S __ F_O_,_R_T_R_A_N __ __..-:--_._I_~_~_g __ ~_;-l_~ -~ -~ I_A_o. ___ F.· _j 
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-,: ,, 
/ . 

-.· ... 

EJEMPLO 2 

s.a:. 
X1 + x2 :.1 

x1 + X2 ~1 

Expresando la función objetivo en términos de minimización e introduciendo variables 
.dé holgl)ra, artificiales; el problema es equivalente a : 

x1 + x2 -. s1 

x1 - x2 + ~ 

En forma de tabl e~ u: 

Fu.nc~ Obj. {F.O.) 

·.Renglón1 .(R.l) 

Renglón 2 (R. 2) 

Reng Ión 3 (R o3) 

-l 

> 1 

l 
_...;1 

+S . 
3. 

-1 o 
1 -1 

-1 o 
+1 o 

•· 

+ t1 = 1 

= 1 

= 1 

M 
- o 

r o 
o 1 

o o 

o 
o 
o 
1 

* * * 
Soluci6n b6-· 

··si ca factiblé· 
··· ·inicio!. 

'·. -· 

-z 

1 

l 

J -



HOJA DE CODIFICACION Y/O DATOS FORTRAN 
--------· -------------.._ 
1 F A C IJ ¡. T A D D !E ¡ 

!NGEN!f.RI~_____/ 



a: - EJEMPLO 3 

Primal 

·Dual 

Resolver el dual del siguie~te par de problemas primal -dual. 

min z=2x1 -3~ 
2x1 - ~ - x3 -~ 3 

. + ~ 2 x1 - x 2 x3 

x . .2:.. o . 1 . 

max w =3 

2A1 + ~ 
A·: A ~ 
. 1 - 2 
A: .·A. <--~ .· 

- l-. 2. 
A; .2::0 

-3. -+ . Al + A2 .:;. 3 

a· 

•. .· ' ' 1 
Este .dual es equivalente a 

' min (-w) =..,:3. Ar- 2 .A2 + Mt1 

2A1 + ~ + s1 

A1 + ~-- -~ +tl 

-Al + "2 +53 

En forma de tableau; el dual est6 dado por 

. F.O o 

R1 

R2 

R3 

-3 

2 

1 

-1 

-2 o 
1 o 
1 -1 

1 o 

o M o 
·. 

1 o o 
o •. 1 o .... 
o -0 1 

' . * * * . 

. . 

=2 
=·3 

=O 

-w 

2 

3 

o 

/1 
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HOJA DE 
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~! __ " ••• 

EJEMPLO 4 

s .a. 

3x3 

~+ 2x3 -

- X1 

x3 

s ~a. 

3x3 

+ xs 

X4 

x. ~o 
1 

+ X5 

X:2 +2x3 -_ x4 

-X1 . 

~n forma.de Tableau! 

F.O. 

R 1 
R2 

R3 . 

R4 

-1 

o 
o 
1 

o 
* 

X3 

1 

o 
1 ' 

o 
o 
* 

-1 3 -1 

3 o 1 
2. ..,1 o 
o o o 
1 o o 

~--~~ 

+ X6 =6 

=10 

+ x6 . =O-

+ x6 + x7 =6 

+·x6 =6 -·· 

=10 

- x6 ~o 

+ X6 + X7 =6 

e 

1 3 -z 

1 o 6 
o o lO 

-1 o o 
1 1 6 J ·-* 



o 

(~L-T _N_T_A_M_! -~ 
' -------·--'----· 

HOJA DR CODIFICACION Y/O D./•To.s FOR'rRAN fAcuLrt,o oe ·¡ 
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2, ALGEBRA MATRICIAL 

2.1 Int~dd~~ci6n. 

Una mat~z e~ un a~~e.glo ~e.ctangula~ de. elemento~ qi~t~i

buido~ en "m" ~e.nglone.~· 1J "n" columna~, ~,¿a .ta mat~z ~el~ de

nota, po~ la le.t~a A, e.n.tónce.~ al eLemento del. "i-é.l.l..Lmo" ~¡.e.ngl6n 

1J de. la "j-é.~.<.ma" columna _!.le le ~e.p~e.~e.nta~á po~ el ¿,.[mbolo a,¿¡· 
Ge.ne.~alme.n.te. una ma.t~.<.z .be ~ep~e~enta m~d.<.ante. pa~é.nte.¿,i¿, c~a

d~ado~ como ~e mue.~.t~a a eoh.tinuaci6n:. 
' 

. . . . . 
• • • o • 

A = 

a mn 

( z o 7) 

Lo~ e.le.me.n.to¿, que. componen una mat~.<.z pue.de.;t ¿,e~ de d.<.ve~

~,o~ tipo~: núme.~o~ ~e.ale.~, núme.~o~· comple.j o.tJ, 6unc.<.one.'.6 en el 

dom.<.nio del tiempo, etc .• 

Al ~e~ una ma.t~z. un .a~~e.glo o~de.nado de. elemett.to.b, pe.~

mi.te. que. al apUca~ cie.~ta. me..todolog.[a a dicho a~~e.glo ~e ob.te.n

g~a. una.·~ e~ e de ~e~ ultado.6 que. ~e.6 po nde.n a la..6 inte.~~o ga.n.te.l.l po~ 

lM que. _.6 e o~.<.gin6 el a~~eglo; e.nt~e. alguno~ de. lol.l p~~cel.l ol.l en 

l'o-6 que. ~e utiUzan a.~~e.giol.l ma:.t~c.<.a.le.~ .6 e tiene: . j e.r...a.~q u.<.za.-- .. 
' . . 

c...{.6n de a.ctiv.<.da.de.l.l, i:tlma.ee.na.mie.n.to de da..tol.l, inve.n.ta.~io.6, ~e.-

p·~e.~1e.n.ta.c.<.6n de .6..L.6.te.ma.6 dinámico~, .6i~.tema!~ 4e e.c.u.acio1ie.6, ~.te. .• 

Exi.6.ten c..<.e~.ta..6 d..L.6t~ibuc..<.one..6 tip.<.c.a:.6 de .to.6 e.te»Je.n.to.6 de 

u:na. mabti z IJ de acue.~do a e.Lta.6 .6 e cla-6 ióic.a. a la.6 ma.t~.<.cel.l en 

d:.t.n e~en.te~ tipo~, en.t~e to~ que. .6 e tienen: 

Ma.t~.-éz Cua:d~adci. 

E.6 ·una ma..t!Uz en .ta que. e..e. nt1me.~o ·de ~e.ngione.l.l e.l.l .<.gu.a.t 

a.e. núme.~o de. cof.,umna.6, e~ de c.<.~, m=n •. Po~ e.j'e.mp.to: 

A = [: :] 
( 2 • 2) 
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· .M a :t.Jti z Nula . 
. \~~~ -~ :t ·-:~ 
~E6 una mat~r.lz de o4den eualqule~r.«, 

lementoJ ~on nulo~; po~r. ejemplo: 

Se ac.o~tumb~r.a deno.ta~r.la po~r. el .61mbol.o o·. 
Ma.tiL..i.z Identidad 

•, 

... ::' .. .\ · .. 

( 2. 3) 

E-6 una ma.tJúz c.u..ad!Lada. e.n. lq.. c.U.al lo-6 e'lemento~ de la. d..i.a.

gonal p~r...i.nc..f.pal .6on un..i..taJt..i.o-6· y el Jr.e.6.to .6on nulo.6, eJ dec.-f.lr.: 

Se ~ u~le denota.~r.la como 1 donde. "n" ..i.nd-i.c.a. el oJtden de la ma.t.lt-i.z: 
-=fl. 

y a.l ~.lmbolo 8 . . ~e le c.on.oc.e c. amo delta de KJtonec.k.vr... PoJt e{etE_ 
-tj 

plo: 

I 3 = ~ ; ~ { 2 e 4} 

Ma.tJr.-lz V..i.ag·onal 

E-6 una ma..tlt..i.z c.ua.d~r.a.da en la qu.e lo-6 ilemeri.to-6 que no pen--

.tenec.en a la d.<.d.gonaL pJr..lnc..Lpal .bon nu~o.6,'·e~ ·decilt:-
a ... == O · ~ 1.. ·.,¿ 1 J 

-<.J 
Un ejemplo de e.6te tipo de »uitJr..-i.z: .6eJÚa: 

ü 
o 

OJ A = 10 . -o (2.o6.} 

o .6 en.t _ 

Ma..tJr..l z TJr..a.n.6pue.6.ta. 

E.6 una ma.tJr...i.z c.ua.dJr..a.da. que ~e obtiene. a pa.Jr..tiit de ut'!.Ct ma= 

tiL..i.z dada. A lnte.Jr..c.amb..i.a.ndo 4engtone.6 ~on c.olumna4. Se. Le deno~a 
- . T . 

c.on el .6-CmboJ...o A y .6e c.ump.e.e .. gue.: 
. ~ - . 

- •7f_j -
... lj - (lj.i 

Ma..tJL-i..z S..i.métJt..i.c.a. 

E.6 una ma..tiL.iz eu.a.d!La.da 8 pa.ll.a. la. que .6 e 

B ~.r 
=< lj 

¿ 
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.!.~9. 2. 7 V.i.a.gJta.ma. de b.toqu.e-6 pa.Jta.· 

e~ pJtogJta.ma pJt.i.nc.i.pa..t 

!, 

-1 
. ' l 

·F·g 2 2 v:a.gJta.ma. de b.tonu.e-6 pa.Jta. ..(.. • • .... '1 

.. ub~ 

SUMI.T 

WeAI 
C(I,Jl•A(l.J) + 
811, JI p:t114 toda. 

J ' 
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4lt 2.2.4 Ejemplo 

e 

En una. ;U en da. .de a.Jr:Üc.ulo .& eléc..tJt-i..c.o.& .6 e ven den ![.e-6 -<...& .te.n

c.-i..M e.léc..t!Uc.a.-6 de 714, 712 y 1 Wa..t.t de. po.tenc.-i..a. en .6 e.i..-6 d-i..n e.-

![.e.n .te.& v a.l o![. e-6 ![. e.6 i...& ti v o .6 • 

. S-i.. lcu, ex-i...&.te.nc.-i..a.-6 un v-f..e.![.ne.-6 poiL la. .ta.Jr.de. .6on: 

1/4 1/2 1 
100 n 200 380 2 7 5 

150 n 400 250 2 75 
1. o. K 500 775 32 5. 

. 1 • 5 K 800 225 150 
1 o. o K 600 380 180 
15. o K 550 250 220 

lj e.l \ hib a.d o ¿,e_ Jr.e.c.ibe una. 1r. e. m e.& a. c. o n. la.¿, .&-i..g LL-i..e.n..te-6 c.a![.a.c..te![.1..6 -

üc.a..&: 

1/4 1/2 1 

100 n 80 90 50 

150 n 90 100 55 

1.0 K 75 90 60 

1.5 K 65 95 55 

1 o. o f\ 80 100 60 

15.0 K 75 11 o 60 

Ve..teJr.m..lne la..: ![.e.& i...6 .ten. c...l M que .te~-td!UÍ e11 ..lnven.ta.Jr.¿:.o el 

e.& .ta.b le c.úni.. en .to el lune.6 poiL la. ma.ña.na dado que n..l el ¿,ába.dú . 
ni el dom..ln.go hubo ven.ta..6. 

* SOLUCION 

TABLA 2.1 Va..to.6 pa.![.a.el ptt.oblema. del ejemplo 2.2.4 

N=6 

M=3 

ZQO 380 2 7 5 
400 250 275 
500 175 32 5 . 

A = 809 225 150 
600 380 1 8 o 
550 250 2 2 Oj 



80 90 50 
90 100 55 

B 15 90 60 
::: 

65 95 55 
80 100 60 
75 110 60 

TABLA 2.2 Re~ul~ado~ del p~oblema del ejemplo 2.2~4 

. . 
!,AS PI!ITR¡CES POR SU!4AR SON 

~~-:--~/¡o o E +o~-----~i;or.toi·-· ;zi'sE tlll 

=:..:..~50 0 E tfl.L.~ o l75Et0l .... o 325EtOL_:_~ 

';eOOEt03 ,2Z5EtOJ ;&50Et6l 

. ---·;¡·ooe:tU olBOEtOJ ¿!IIOEtOJ 

~~.55 0 E tOJ ·--·· o ZsOEtOJ ___ ~Zi!OE t!ll-

.liooi:-:to2--:9oor+oz ·--:soor~·ói ·-. 
. ---~'1!10E+Il~ .. --·- ~ 1 OOE+Ol ____ ~ ~50EtOl __ _ 

·=--~- ~750EO:.IIZ .·.- 0 900EtOZ····- :60ot+itz ~:.~ 

.-.---;6sot+ót':! ·-····;~c;uEtoa ---;se;oE·toz·---

·-·---~s.oor+o~ -·--·-e 1 OO~t_U~ ----~bOO!:.+II~--
-=~=-:· ;?sor:+o2 · · ;s ioe:ul -· ;~ooEtoz · _ .. 
----··"-·· ~- ··--·~-= ·--····. -~- -.- ... ~----~-

MIITRU. 9UMA 

-----; '!i'Y5r .;il ¡¡----; ~i!>SEi·(' J------~JOS¡¡: tti.r-·--
--~~b5Et0.~-- __ .l20f:tOl ____ ~~O~t)_6j__ ___ : .. 

:·:.~ - ~~SO!::ttl:S ~ll90E~Cil ... ;21lOE~6~ -···· 

---;6zs~~o:J -···---~:not~u-···-~.~:aoi:':tl'l;r:---
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2. 3. 1 Obje.to 

Vadcu do-6 ma.tll..f.c.e.-6 A y B, ob.tenell. el p!c.odu.c..to ma.tll..f.c.i.í:ti 

e de la 6oJtma: 

e = A x B (2.13) 

2. 3. 2 .Mé_,tado 

32 

PaJr.a e6e.c.tu.alt el pltodu.c..to en.th.e. do~:. mabt.f.c.e~:. (Ax§.) ~:.e Jc.e.

qu.f.e~e.e qu.e iM ma.tJti.c.e.~:. 1:. ean c.on6oll.ma.ble~:. pa.Jta la. mu.itipUc.ac.i.6n, 

lo q.U(!} equ..f.va.le a qu.e el núme.Jto de c.oiu.mn.a.-6 de la. ma..t/Úz pll.e.mu.l-
. . 

tipUc.a.doJta. (A) 1:. ea. i.gu.a.l a.i n.úmelto 'de. Jten.glo n.e-6 de la. po~:..tmu.l-

tipi.f.c.a.doJta. (~), e-6 de.c.i.Jt: 

-6-f. 

tj 

el 
la 

A1 e-6 de. oJtde.ri (mxn.) 

~e~:. de oJr.den. (Jc.x-6) 

pltodu.c..to ma..ttúc.i.a.l AB .6e.Jr.á po.6.Lb.f .. e. ~:.olo ~:..f. n.=Jt y el oltde.n. de. 

ma.tll..f.z pll.odu.c..to 1:. eJta (mx~:.) • 

S.f. la. ma..tll..f.z ~ Jr.e.pll.e.6e.n..ta. la ma.tlt.f.z Jte.~:.u.l.ta.n..te. del p!c.odu.c.

.to ma.tJt.f.c..f.al AB, e.n..ton.c.e.-6 el e.ieme.n..to c. .. e.6.t4 da.do poJt: 
-.- Y!. -<.j 

c. . . = " a .. o b o • , ·.f.= 1 , • • • , m ( 2 . 1 4 ) 
-<.j ~ . .{.' 'j ·-¡ . R.= 7 j- , ••• , .6 

E~:. .f.mpolt.tan..te. ha.c.e.Jr. n.o.ta.Jr. qu.e. el pll.odu.c..to ma..tlt.f.c..f.a.i n.o e~:. 

eon.mu..tativo, e.~:..to e.-6: 

A x B ¡i B x A 

2. 3, 3 Ve.-6 c.ll..f.~c.f.6n. del Pll.og~r.ama. 

a)Su.bJr.u..t.f.n.a.-6 Jr.equ.e~da¿: 

SUBROUTINE AIULTMA(A,B,N,M,L,X), e..6.ta ~:.u.bJtu.tina e.tíe.c..tua. 
.,. 

.el pltodu.c..to ma.tJr.i.c.i.a.l AxB.El pll.ogJtama. plti.n.c.ipa.l .6e 
emplea pa.Jr.a. la. le.c..tu.Jta. de. da.to~:. e_i.mpl2e..6i.6n. de. Jte..6u.l

.tado~:.. · 

b)Ve..6c.Jt.f.p~.f.6n. de la.~:. va.Jti.a.ble.-6: 

Pa.Jr.a. .ta. 1:. u.b!c.u.Una.. MUL TMA: 

A(I,J) ma..tll.i. z plte..mu.i.t-LpUc.ado Jr.a. de. ,olt de..n · N xM 

{(J 



ma t;I¡_.tz po6 .tmu.LupUc.a.doJut de. ol'Lden MxL 
ma.t.Jc.-i. z. ptt.o duc.to de oJLden N xL 

33 

Xf"luJl 

Pa.ILa. e.l 

A (1 i J) 

B(IpJ) 

p~t.og~t.ama p~~n~pat: 

X ( 1 »Ji 

c.) V~men.&~one.&: 

matA~z p~Le.muitiptl~ado!La de. o~t.den NxM 
matJúz po.&.tmultipl-i.c.ado~La. de oJtden MxL 
mat~z plLoduc.to de ol'Lden NxL 

La pltopo.&~c.~6n V1MENS10N debe~Ld .&e.IL mod~6~c.ada tanto 
en el plt.ogJta.ma. pJúnc.~pa . .e. como en la. .6 u.bll.u.t .. ü(a. (;.u.ctndo ~ 

N > 10 y/o M > 10 y/o L > 10 

d) Fo.JLmato.& pa.Jt..a f.o¿, da.;to.& de e.n.tJta.da.: 

SEC.TARJETAS FORMATO INFORMACZON 
~~=---~ .... ~_ .... _,_ __ .. """""~;;..o~~~ ....... ~-""..:;._"--""'-.::...-:.=:..=-=--'·~":.-""-"-"-e__".-------'"'-~-· 

1~1¡··~ t ,J' .}1 ~ 

(15FtO?Oj 

(8.F10.0} 

M9 M0 L 
A(I~JJg lo4 elemento~ de 
la. ma.tlt..lz .ó e dan Jr..e.ng tán 

poll. Jtengi6n~Emplea~ ta ~4~ 
.t-Lda.d de .ta/r.je . .ta.-6 que. 11e.a. 

n e e e.& aJU..a. , 
B(I,J); igual que ~n el ea 

.&o a.n.:te.IL.ioJt. 

otiLo.& paquete.& de dato4(opciona.l) · 

n 

~JViag~ama de bloque.&: 

TARJETA EN BLANCO., ¿~~ j-i. · 

_nalizaiL toda la in6o4m~~ 

c.-Lón 

1( 
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·Fig. 2. 5 Via.glla.ma. de bto,que.6 palla 

et pJtog:Jta.ma. p!tinc.ipa.t 

UamM hub!IU

.ürta. ~IULTMA 

'1 

• ·e 
1i 1 1r 

Fig. 2.6 Via.gJta.ma. de btoque.6 pa.Jta. 

4ubJW.tÚ\4 

I.IULTMA 

hace.:r.: 

X(K,J)•O 

ha.ce:r.: X!I<,J) .. 
X(K,J) .,. A(K,IJ• 

08(I,JJ 
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C rnUaRau~ PAR• fFVtiU4ij P~C~UCTJS MATRICIALES 
t ~~~urrlr~CC OE LDS V4qlaJLFS [MPL(AOAS 
C ··~&TR!l Pfi["~LTIPL!CAtnqa 0( QqO(~ (NX~) 
C ~·~arR!Z PCSTVULTlPL!CAOJRA DE OROEN (HULl 
e ~o~ATAil PRCOUCTO CE QqOEN CNULl 

e 

e 

11: 

(1 

? 

e 
e 
e 
e 
e 
e 
e 

-
2 

' l .. q 

:¡ 

a 

9 

no 
u 
A~ 
~ ~ 
1.11 
u 

~!H[~SICN ACI0u!O~D9(l~•1@)o~fl0Pl0) 
IRas 
lloa6 
L(Cn;~A CE DATOS 
kEIC(Jo,JC) ~·~•L 
Irto,;l ?,2J3 
CALL Et!T 
~e 4 t•t•h 
REA:CIQ,ll) CACl•Jl•Joj,~) 

1.10 5 1 "'. ~ 
R[AC[!G~tlJ Ca(loJ)•Jet•Ll 
l'PRtSIC~ CE C~Tü~ 
IIIP.!TE<lHi2) 
!JO 6 jCJp\ 
~A!T[C!k•lll ll[loJ)pJo¡,~) 
¡¡~¡Tf.([••l~-l 
¡,r, 7 ¡ol•~ 

GR!TEII~•IJJ (8(1odloJai,L3 
Artrn ¡, Di5) 
LLn~nt~ CE sUeH~II~l PalA IF~CfUA~ PnC~YCIO ~~YIICIAb 
tiLL ~~LTUI(••9•H•••L•I) 
&~PPES!C~ CE RESULYD~OI 
IIC e 1°1•~ 
unYt[!foo!J) (bti~J)IJnt•L) · 

"' 1(; 1 
FLANDYn~ CE LECfU~B E •~PRESlON 
1' ( Q '' H ( 31 S ) 
HQ~<aHenü.ll) 
<cn"~7CQ(/l•~llr ·~·~l'l!l A•,n 

FC~~AYC/•2I•ICCEZ0oJo11)l 
ft~•AT(a(/)s~~•''AfRtZ 9 1 •1) 
FOP~AIC4CI)•5Mo 1 UA1Rll PROOUCTO'•IJ 
!:lit) 

$UaRCUT!NE VULVV.~(A•1•~•~•t"tt» 

S~Pn~TI~A PARn VUL!iOLfcaq COS ~ATRICES 
LL S!G~fr!C~OC ~[ tAS UAAla8LES ENPL(A0A5 ~S 
1°~-TPil PR(~~L11PL!CICO~I DE OROtH (N•~J 
&ouaT~!Z PQST~~LTlPLIC~OORA D[ OUOEN ~~~L) 
xs~p.TPIZ PRU~UCTO 

~XPt~5lcN AC!Ot!0)~8(1Gti0)DM(&Ogg0) 
~e 1 Jat•L . . 
!)(1 t !fo¡p~ 

· XC~od)"t•C 
!:i!l i Je¡p~ 

MC~.dlonE~vd» t aC~~gJ~atlcJI 
:~nytJru 
(.~D 

¡) 
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2. 3. 4· E j e.mplo 

e Cua:tJr..o c..ompon.e.n:te..ó de. u.n au.tom6v-<..e. Jte.qu-i.e.Jte.n c..omo ma:te.Jt-i.a 

pltima de. hule., alum~n.-i.o y ac..e.Jto. La.ó unidade..ó que. .óe. Jte.qu~e.Jte.n. 

de. c..ada ma:te.Jtial palta 6oJtmaJt una unidad de. cada c..ompone.n:te. del 
au:tom6vi.t ,¿e_ p!topo!tc..ionan.a c..onünuac..ión: 

hu.te. a.tuminio ac..e.Jto 
c..omp. 1 8 5 3 

eomp. 2 3 4 5 ;;> 

c..omp .• 3 20 2 4 

c..omp. 4 8 10 
.::,i .to.ó c..o.ó:to.I.:J uni:taJtio.I.:J de. c.. a da ma:te.Jtia.t .ó o n: 

hule. 
alttminio 
ac..e.Jto 

$ 

[
25.00] 
3 o. o o 
4 o. o o 

Ve.:te.Jtmine. e...e. c..o.ó:to :to:ta..e. de. c..ada c.ompone.n:te. debido a. !a 
ma:te.túa · pltima de. que. e..I.:J:tá. c.ompue..ó:to. 

*SOLUCION 

TABLA 2. 3 Va:to.ó palta el pltob.te.ma de..t e.je.mp.to 2.3.4 
1 

N=4 
M= 3 

L= 1 

8 5 3 

A 3 4 5 = 
20 2 4 

1 8 1 o 

[25] B = 3.0 

40 
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TABLA 2.4 Re~ultado¿ del p~oblema del ejemplo 2.3.4 

IU.TRIZ A 

. o800E+Ol oSOOE+01 o)OQ[tOI 

olOOE~Ot o~OOEta! o500~+oa 

o200(9Q~ o2QO~~Oi o400[+0i 

o!OOE+OI oSOO[~@i oiOOE~02. 

o25!11!:+1Ja 

olOOI!:+M 

o$00E+o2 

--li/lTRll PRQDUCl'O 

oHOE+Q] 

o.395E+Ol 

• noE+o 1 

o66SE+'ol 

• 



• 
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2.4 Ihve.!W-i.6n de. Ma..tJt-i.c.e..& 

2 • 4 • 1 O b j e..to 

Va.da.· una. ma..tJt-i.z c.ua.dJta.da. A ,Jb.te.ne.Jt .&u ma..tJt-i.z -i.nve.Jt.6a. A-l. 

~ 2o 4 • 2 Mé.to do 

La. ma..tJt-i.z -i.nve.Jt.&a. de. una.· ma.tll.-i.z c.ua.dJta.da. A e.6 o.tJta. ma.tr~z 
. . - 7 

c.ua.dJta.da. que. .6e Jte.plte..&e.n.ta.·poll. A y que c.umpte. ta. .&-i.gu-i.e.n.te. pll.~ 

p-i.e..dad ~¿ la ma.tJt-i.z A t.6 de. oltde.n In x n): 

Se. de..6-i.ne. a ta. ma..tJt-i.z -i.nve.Jt.6a. c.omo ,: 

- 7 A 
1 

= A' 

(2 • 15 J 

{2.76) 

1 

donde. A' .6 e c. o no c. e c.ómo la. ma..tJt-i.z · a.dj 1..!-n.ta de. ta. ma.Lt-i.z A y 1 ~ 1 

ll.e.pll.e..&e.~.ta. e.l de..te.Jtm-i.nan.te. de. ta ma..tJt-i.z A. 
Ve. la. e.c.ua.c.-i.6n(2.16) .6e -i.n6-i.e.Jte. que. pa.Jta. que. e.x-i..6.ta ta in

ve.Jt.6a. de. una ma..tJt-i.z .6e Jtequ-i.e.Jte que. lA 1 1 O, e.& de.c.-i.Jt, que la. ma.-· 

i.Jt-i.z .&ea. np .&;.tn.gutaJt. 

Pa.Jta. la ob.:te.nc.i6n numéll.-i.c.a. de. ta. ma.tll...[z ..[n.ve.tWa. e.6 ne.c.e..6a

Jt-i.o a.c.ud-i.Jt at método de. Gau-6.&-JoJtda.n mod-i.fi-i.c.ado. E.6.to .6e. hac.e. de. 

bido a que. paiLa. ob.te.ne.Jt A -t e.n una. c.ompu.ta.doll.a. d..[g-i..ta.e. me.d-i.an.te. 

ta e.c.ua.c.-i.6n (2'.76) .&e ~te.quie.Jte. una gJta.n c.an.Uda.d de ·ope.Jta.ciiá-ne.-6 

y c.on.&e.c.ue.n.te.me.n.te. de. Ue.mpo. Pa.Jta. ob.te.ne.Jt ta. inve.Jt.6a. de. una. ma

.tll.iz (10x10) .6e. Jte.que.Jte.n má.6 de. 340 m..[llone.-6 de. ope.Jta.c...[on.e.-6 c.on 

e.l método d-i.Jte.c..to. 

El método· de. Ga.u.&.& -JoJtda.n e..& un método de. e.l-i.rrr-i.na.c.-i.ón .&L6-

.te.má.t..[c.a. me.d-i.an.te. e.! c.ua.l .6 e. .titan.& 6 oll.ma. la ma.tJt..[z oJt,tgútal A e.n 
1 . -

una ma.tll.iz -i.de.n.tida.d In tJ at m-i.Mno Ue.mpo e.-6 .ta ú.l.tj.ma .6 e. .t.Jta.n-~-

no Jtma e. Y!. la. ma..tll.-i. z -i.n V e.Jt-6 a A- 1 , e.-6 de. c.-i.Jt,. palt..:t-i. e. nd o de.! ctftft e. g .f. o : 

[~ In] . (2.77} 

1J aptLc.ando ae.0 w 1a~ de. .f..ct.6 .6-i.guie.n.te..6 .t'u11B nOJima.c..<.one.-6 a.l cÚL'te.g e. o ( 2 . 17) : 
--i.nte.Jtc.amb,to de. Jte.ng!one.-6, 

-mu.t.tipt-i.c.ac..<.ón de. LLYL Jte.ng.t6n po!t un e..&c.alct!t ~ 1 O, 

_¿ uma de. e.qu.ünúltiplo-6 de. l.Ut Jte.nglón a o .tito Jte..nglón. 

~ e. .t .f. c. g a a .t ) .¿ 9 1u: c..¡¡ t c. r1 Jt Jt e. g lo : 



.!In! ~~i] 
L . 

(2.18) 

El ml~oda pa~~e de. la ~upo4ici6n de 4ue A e~ una mat~iz 
no J>i.ngulatc., lo cual impUca que .6U.6 columna~ ~on vectotc.e~ li..
ne.alme..nte J..nde..pendle.nte~, en ca~o de no .óetc.lo el mltodo lo pue
dt de.tec.tatc.; en dicha ~J..tuacl6n ~e ptc.e6enta que todo~ lo6 e.le
!ne.n.to6 de. un tc.engl6n de la. ma.tlúz A o de ~ U4 ma..tJtlce~ .t.tr.a.n-6 ó oJt-

- .i. 

mada6, 6an nulo.ó. 
A 6-in de m.inimi.za.JL lo.ó efLJc.otc.e..& de Jt.edonde.o, la. e.l..lm.ina.~

c.l6n de..eleme.nto6 6e edectua plvateando 6obtc.e.. lo~ mayo~e& ele
¡t-Je.n;to.6 que.· quedan en la. math..iz ~. a en la..& ma.tJt.ice-6 ob.ten.lda..o 4 

paJtt.ih.. de e.&~ta. !1-t:-t.(nw .. poJL .thaJt.66otr.ma.c...ión; debe i.:en.e.lt~e. c.túdcul.rl 

de no empleah.. c.omo pivat~~ elemento.& de tc.e.nglone6 que. ya hayan 

jj,ido\ u..t.(Jtiz:Jxdo.& como p.i.vo.te..¿. 

2.4.3 Ve4ctc.ipcl6n del Ptc.ogtc.a.ma 

a.)Subtc.u~na.6 tc.eque..tc.ida.ó: 'ti 
SUBROUTTNE MATINII(A,N 9 EPS,VETl 6 obtiene la ma.tJt.Lz .{.nveJL~ 

.6a. de la ma:tJU.z A" El pltogll..a.ma. piL-i.nc.-l.pa. . .t .6e. em¡o.tea 
pa~a la lectu~a de da.toa e 1mp4e.6l6n de Jte6ul~ado6. 

b}Ve~c~-lpc-l6n de la~ va.~able~: 

,Palta. la ¿ubJtut.lna. MATTNII~ 

N 

EPS 

VET 

C(J"J) 

MVR (Ti y 
!i!l''•('f\ ji,, l 1 

ma:tJL.i:z. de ta. q u. e. ..1l e. b tL6 c.aJtá !a. ,¿~ v eM a¡¡ 

duJtante el p~toee~o ~e c.onv¿e~tte en ta ma
. ;f:.fl..iz -i.nve.M a.. 
oJtden de la ma.t~lz A 

c4l~e.nio pa~a deteJtmlna4 6l 
nante de l~.matJt1z e~ nulo 

. 17 e_.¡_.. 

pa~r.á.me..tJto que .ind.lc.a.. 6,l, e.t de.te.Ju:fl-i.nan)~~:. 

rt e.Jt.. fJX. tMt:tJr.i 't. ;ÜUJ é.Jt¿ lt 

c.ontado~eb que indiean. ckdte4 • 



. RAMAX 

TEMP 

ma~oñ elemento de la matñ~z A o de ~u~ 
tñan~ñoñmac~one~ que ~e emplea como ele
mento p~vote 
va~~able de local~zac~6n tempo~al 

Paña el p~og~ama pñ~nc~pal: 
.A(I,J) mabt~z de la que ~e ·bu~ca. la ~nveñ~a, du-· 

ñante el p~oce~o ~e conv~eñte en la 
ma.t~i.z i.nv e M a 

N 

EPS 

VET 

c)V-i.men4~one4: , 

o~den de la. matñ~z A 
c~i.te~o paña. dete~m~na.ñ 4~ el dete~m~na.n 
te de la. mat~i.z A e4 nulo. 

·va.ua.ble que i.nd-i.ca. 4-i. el detett..m-i.na.n.te ·de 
-

A e4 o no nulo 

La ptt..opo4-i.c-i.6n VIMENSION del ptt..ogñama pñ-i.nc-i.pal y de 
la ~ubtt..uüna debett..á ¿,e4 mod~6-i.cada. cuando-: 

N > 10 

d)Fo~mato4 pa.tt..a.-lo4 
SEC.TARJETAS 

da.to~ de en:tJta.da.: 

1 

2 

FORMATO INFORMACION 
( 15} N 

(8F70.0) A(I,J), ¿,e pñópoñc-i.o
n.an lo~ elemen.to4 de 
la. ma.t.tt~z 4engl6n .. pott.. 
4engl6n..Emplea.tt.. ta.nta.J 
ta.ñjeta.4 como ~e tt..equ-i.~ 

tt..an. 
----------------------------~-

ot~o4 paquete~ de da.to4 (opc~ona.l) 

e)V~ag~a.ma. de· bloque¿,: 

TARJETA EN BLANCO, a.t 

6-i.nal~za.~ toda la. -i.n6ott.. 

ma.c-i.6n. 
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1 

f,(g o i'" Y() VJ...a.gJta.ma. de b.f..oqu<r:.ll de 
.ea. J.H.tbJtu..UniL MAri NV 

U;rrpiÜ'J!. 
Mlf!!n IJ 
WCUJ 

~b~e.Jt ll!!l!fO!t 
¡¿lamento de 
IZA04 JtenglolWI 



_ 6 J LL6 :tcul-o : 

f: . PROGRf-"A PAR4 !llVEnTIR n~TiliCE1! Por> F:t. m:Tooo DI: CAUS!JóoJORr\AtJ 
-- Q _____ Sl!:i!lirlCADn. N: LflS VAJ¡It.OLI:!l.L:l1PLlAúAS_. ---·--------- -· 
... c _____ II=ORDE!' DE LA '·•ATHIZ A . . .. _____ . --------- ---------------------- . 
.... C. .. -· A='IATRIZ ¡¡E LA OuE SE ~USCA SU HIVfRSA ., . ---------- -- ... --. - ! 
_c_f.rS ;C R I T EP.l :l. PJ. P.II . .JlEJ EI'UllJAfL !:.L Ed.S lL..U.JlO-LA...llLVDlSA. .OLLLilA IR LZ: 
· C CET:.PAPAPE!R!J ClUE !I~DICA SI EXISTE O NO l.A lllV[RSA OE LA MATRIZ ' 

-----------------::-------------------
----- OI 1lCClSlOCI. A(I0.10.)•CC10, lo~-
- ----· xn=s. __ ........ ________ ---------------·-· ________ _ 
---·- It·:;u ····-·

[PS:o.o~oOOl 
e ~ l[Cll'P.A DE. D~TOS 

___ _::l,JlU (' ( zq, 19] N ~--.C-----------------:---
- ------ If (¡¡) 2, :!, 3 .. -· .. --- ------------------------------------ ---
.......... z·c~.LL un ________ . --------------------

__ .:._ __ 3 oc .11 :=t.rJ -----····--···---------------~-· ___ . 
Q REA[l!In,~vl CACI,Jl 1 J~1 1 N) 

e r•:r"rsron DE o~ ros ~ 
________ . nr.I Tf. e In, <:tl _________ ·- ______ -----------
. ----- .. Dü S I = 1, ¡; .. ------------ __ _ 

... 5 ;-t~!Tf (I:J,22l (I,(J,J),J:t.rll . . ... __ , . ' . ' , ... ' ~-· ' ... ., 
___ C _____ LLAillfln í'C SIIOQUTl'IA P.\11~_QOJ~!lf.:R_.l.A...!~!JB.lt HIVERSA 

CALL ;IAf!;IV(A,'l,EPSrDf:Tl -; 
IFtcrr,cr.rr~J G~ ro 7 ·~ 
Wll TE ( I 1'1, Z ::J l.. . -· . 

.. Go TO 1 
_____ 7 Y~Rilf.(I'J,21lJ 

---· T ~gi~E n~~:h-,---c¡cr;J),T='¡,r¡l-
Go ro 1 

___ e __ .... _rO<>I'A Tns DE I,.E;CTIIP,~ .. L lf~P_Fl_E S IQ_N 

_____ ,._ 

·.·~ 

'. 

. . ' 
'·1 

, _____ _ ¡q FO;¡t:~T(lS)_ ...... __ _____ .•. ,. ....., • .,. .. 1 'J--.,-·· 
, . ____ . 2 o F o r, ~ r e e r 1 o, o 1 · 1 . : l : ' . .' • . ' ; . · _t · , : . 

____ 21. FO'lii~T C L1 C /), SX, n1~ Tll JZ 4 t r!.O ___________ _ 
z;> fOPII.H(!,zx,!O([!O,l.tlCJl • 
23 FQR 1lAT(ilC!l,SX, 1 r¡o EXISTE LA IIATRIZ !NYER5~ 1 ) 

--~-!O"~-~-~ILWLt~x,!J[JY~.~-ª~--QLI.~''A!.8 .. tU_!) 
--------· ~i() ________ --------------· 

F~g. 2.11 L~~tado del p~og~ama p~nc~pal 

· 44Z.J 



~ 
e :;~aRI;Yhfí ;o~:l" CrH.t~!':fl lA JP.VFHA ;:¡: UNA IIA.YRU 
C EL STG~IFICIOO tr LA~ VlHIIdlfS EMPLEADAS ES 
C An~AtArl A Li C~f Sf AL5Cl•4 S~ INVENSA Y ~~E DuRANTE EL F~QCESO 
~ .SE Cn•MIEdT(-.(N LA ~lTHil INVERSA . 
C hoCRCf~ CE LA ~~rHil 
e [PSeCRIIE*IC ~~ha :trE~•i\AR SI EL uET(RMINAnTE DE LA ~~1RfZ ES e NULO . . . 
C ~[ToYALCR I~SCLLYC DtL O[I[R~f~ANTE CC LA· ujTRfZ 
C C"I<IATRTl fet:~TICAC O•!É S~ Lflli!A PAR~ CI!Tr:-lEil"LA IHTIIU

1 
INVERSA 

e POR fL ~(TCCC O( G~USS 0 JCROA~ NOO!f!CADO 
C HVR Y u~C•CC~TI~ORES OLE l~CIC~~ CUALES REMCLONES V COtU~ijiS Va 
C rurR~~ ~TtlllACOS CC•O PIVOTES 
e 
e 
C ~6YENC!CN CE LA ~At~!l !OE~TlDAO Y ACTUALtZACXO~ OE YJLORES PARA 
C INICIAR tL PRCC~SC 
e 

e 
e 
¡; 

~ ., ,, 
-1 

~o ! r=t~~~ 
14VI1{!)o~ 

llvcc.n~' 
00 ~ ~~~.~ 

00 J J:rjp~ 

xrua·é-:f.l,J) GO 
cq,.¡)"C•C 
(;11 H1 l 
cn.Ji"toC 
t.CNHhi!E 
~IJi-lT KNUt. 

.O~UNCION ~E 

!)J u 1(:¡¡.¡, 
RMlAV 11 0oé 
Li;O(j 
LRDO 
!lo 6 ~~~.~ 

ro 2 

u ~:;·¡Hi)i 

IFCNVR(l)o(~,t) GC T1 1 
!lO S Jat,~ 

Uttf:O'i$il 

lfC~VCCJ),[Co~J GC r~ 5 
KrcAE!S(¡¡A~Hloiil:•A~S(HJ•Jl)) !lO ;¡¡ S 
llAióAl!eA!I•Jl 
!.R s r · 
!,.Co.J 

$ CON"fi¡.,tJE 
t\ CCNHI!Uf. 

OEToAeS<R~~A~) 
IrCoEToLE•fPSl ~O fO 1~ 
lFCLR•E~·lCJ GC TO 8 

·00 1' 1 e 1 .~ 
H:r-peACLR•Il 
A(LR•l hHL.Cd > 
IICLC•IhT(!lP 
TE~P<~C(LR•!l 
tCI.R•rl~C<LC•O 

'1 ttLC•IlvfE,p 
lll 00 9 ¡n¡,~ 

_MlCo! hACLC• !l(.H~A'I: 
~ CCLC•li•CCLCol)/~A~4X 

ca 1 t r • 1 ,,, 
lrCioE~.LCI GC rd tt 
T!:~P•.A (! sLC i 
DC !O Jat•t; 
A(!,,JJÚairuJ) • f(''P<HLC•J) 

10 Gl!oJI=cCioJ) • T~~P•C1tCoJI 
U GCí\TIMII:: 

tlV~CU:>•LC 
W;CCLC loLC 

l.:i! t;;¡;¡q !ldi( 
¡,Q n ¡o¡,¡. 
(J(J U ,!o i•~ 

~~ !l(K,,;PrU•J' 
t~ kti!.J~h 

!.Ml 

¡ · .. : ;.: '¡ 



2. 4. 4 Ejerop_lo 

Ob.ten.e!t la. -i.n. v e!t.6 a. de la. m a. .t !t-i. z : 

1 o 2 3 - 1 

1 -20 - 1 3 
A = 1 1 -10 2 

2 -1 -1 30 

*SOLUCION 

TABLA 2.5 Va..to~ pa.Jta. el p!toblema. del ejemplo 2.4.4 

N=4 

10 2 3 -1 

1 . -2 o - 1 3 
A = 1 1 . - 1 o 2 

2 -1 -1 30 

TABLA 2.6 Re~ul.ta.do~ del p!toblema. del. ejemplo 2.4.4 

----·-·- ---·-· ·------------------. 
_____ :,.100E •az _ .zcoEt01 ~- .. ,.3ooc:+o L ~ .. HoEto'C_ 

,IOCE•01 •,Znor·~~ •,IOO(+Col ,JOoE+Ol 

,1ooc•~1 --- ,l,OEtOl •,10oE+o2. ... · .zoor+ot __ _ 

.. --- • ZCOE •¡)! ..... ,l.COE t 01. .... • ,1 OOE+O L--•300(toz __ 

-----,347l•J2 .. •,;¡"CJE•nl ,'SSlC•o2 . ~U7¡E•o;!. -----

. ,eTbE·uz •,a37E•oz ••,"77E•u1 ,72aE•oz 

•,~>oot·•·i' ·.zs.lr:-o2·-::<41~E-o2·- ;úrt;;ot--'7" 
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3. SOLUC10N VE SISTEMAS V~ ECUACIONES LINEA~ES 
o 

J .• -7 -I tf:tJtodu.c.c...{.6n 
Po 1t .6 ..{..6 te.ma.6 de. e.c.u.a.c...{.one..6 !..{.ne.a.!e..6 :6e. e.nt..{.e.nde. u.n gltupo 

de. ec.u.a.c...{.one.6 Q u. e. plte.6 e nta. n !a. .6..{.gu...{.ente e.6 .tJtu.c.tu.Jta: 
\ 

a.11X7 + a. 7 2 x2 + + a. 7 X = b 1' n n 

a. 2 ·1 X 1 + a.22XZ + ... + a.2· X = b2 n n 
. -. 

( 3. 1 ) . 

a. m 7 X7 + a. m2x2 + ... + a. X = b mn n m 

donde a. .
1
. 1J b. :6on c.on.6ta.nte.6 y !a.-6 ..{.nc.6gn..{.ta..6 de.! ~..{.:6-te.ma . .6011 

.{. .{. 

!o:6 va.!olte.-6 x., donde. 76.)...6.n • 
.{. 

V..{.c.ho.6 .6..{..6te.ma.6 :6e pu.e.den lteplte.6entaJt en !a. 6onma..: 

A X = B ( 3. 2 J 

donde A .6e c.onoc.e c.omo !a matJt..{.~ de c.oe6..{.c...{.e~te.6 de.! . .6..{..6te.ma,

B c.omo vec.tolt de tlJtm..{.no-6 )..ndepend)..e.nti.6 y X c.omo v~c.ion d~ )..n 

c.6gn..{.;ta.6. 

S..{. e! ve.c.tolt de ;tlJtm..{.na.6 ..{.ndepend..{.ente.6 e.6 d..{.fieJtente. de. 

c.elto .6e ha.b!a. de .6)...6te.ma..6 de e.c.u.ac...{.one..6 no homo~lnea~ y en c.a

.6~ c.ontJtaJt..{.a de .6..{..6tema.6 homaglne.o.6. 

Ante-6 de pnoc.ede.Jt a lte.6o!velt u.n .6..{.~tema. de e.c.u.a.c...{.one..6 e..6 
ne.c.e..6altia deteJtminalt .6..{. d~c.ho .6i.6te.ma ;t..{.ene. .6o!u.c.i6n y e.n c.a.6a 

de teneltla, c.u.~nta.6 po.6ible..6 .6o!u.c.ione.6 tiene. En ba.6e a la -

ante.n..{.olt .6e t..{.ene la .6igu...{.e.nte c.la..6..{.fiic.ac.i6n: 

na homogéneo · ..{.ndeteJtminado 
inc.ompatib!e · · . ··. ~ · {

c.ompatible . { deteJtm..{.nada . 

~i.6tema de . . 
ec.u.a.c...{.ane.-6 
Une.ale-6 

hamoglne.a { c.~mpatib!e 

deteJtminado 
(So!. ,tJtiv-<'.a!j 

·i.Y.Ld.iteltnlinado ·.·.· . ... . 

48 7 '":) 
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S .. i..6.:tema. c.ampct.i:lbte e.~. a.qu.é..e. qu.e. .61. Uene.:·.óolu.c.-i .. ón b· palla 

que e.J .to 4 e C.l.ump.Ea .t,e: Ju¿·q ttú!JLe: 
o 

~ango [A J • ( 3 o 3} 

donde a fa ma.:tJr..J .. z [A¡ B J .6 e 
de e.. .a .l6 te. m a. • 

{e. c.on.oc.e. c.omo.ta. ma.VC...Lz amp.t..La.da. 

S.,l.ó .. te.ma. -i.nc.ompa..tJ...ble. e-6 aquél que .no tiene -óolu.c.-i .. ón y .& e 

c.u.mp.te que: · 

( 3 ,, 4} 

$.(&.tema de,tei'Ll11Útado e-6 UYI. .ó..l-6-fe.ma. C.Ompaübte que pli.e,¿.,en,

.ta. .óotu..c.ián única ff ~Ye ve~t..L6-ic.a, que: 

Jum g o [e. J .,, r¡¡.([ m eJUJ de ..(nc. ó g n.{;ta../} 

, Cuando ~e p~e4enta e6~a Jitu.a~l6n ~n 4l4~e.ma..ó 
.se habia. de .8oiu.c_.ión iJL-iv-Ur.t 9 fj·a. que X = O. 

Un ·6l6~ema ~ompatible. que p4e-óe.nta in6inidad de 4olu.c.lo~ 

ne.J .óe c.onoc.e coma ~JJ-Í.6.te.ma . .tnde.:te.Jtm.i..nado y .e,e c.a.Jta.c..te.fl.,f,za poh.~ 

~tango [A]< núme.Jto de. .Lnc.ógn-i.:tlUI ! 3.6} 
PcU'U1 ta .6otu.c.ión de 4.i..-6.:temct.ó de e.c.U.ac...Lone-6 .t.,[ne.a!e.& ex.(t 

ten dive~Ja~ mltado-6 de lo4 c.aale4 Jalo .e,e. -tflata~~n= Mltado de 

Gau~~-Ja~dan modl6icado y_el Mltodo de Gau.-66-Se..Ldel. 

3.2 M~.tado de Gau.-5ó~JoJLda.n-modi.. 1~.i.c..a.do. 

3 • 2 o 1 O b .i e.:tD 

Ob~en~~ ta ~olucl6n.de 6i~~emah de· ecuaei..one6 lineale¿ = 

de. .ta óofLma; 

A X ~ B 

.L 2 ., :? Me.to do 

"" -~o:ngo [ ~~~ J iZ-'!l /(<~;:. cJ~.Y';f:.idcui de ve.c .. .U,;uz.r.. .t-inea.fme . .;-,.t,z. .. tvt.de.pe.n·· 

d .. i...rotú:.ó d(~.t r:.o•~Ju.:i.éf.:' dr¿ ')r!J>Ü;J¡,.r¿!J c.flf.1urma que 6oltnian .f.cr. ma.~-

49 2 ~ 
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é..i mé.todo c.on.6i..6.te. e.n .tJr.a.ba.ja.Jt c.on la. ma..tJti.z de. c.oe.rilci.e.n.te..6 y 

e..t ve.c..toJt de. .téJtmi.no.6 i.nde.pe.ndi.e.n.te.-6, e..ó de.c.i.Jt, c.on .ta. ma..tJti.z 

a.mptia.da. de..t .6i..6.tema.: 

-[A: sJ . -~-

A di..c.ha. ma..tJti.z .6e .te. a.p.ti.c.a.n una. 

ne.-6 que. c.onduc.en a. ob.teneft o.tJta. ma..tJti..z 

[r.,¡cJ 

( 3. 9 J 

.6 e.Jti.e. de .tfta.YL.6 óoJtma.c.i.o

a.mp.ti.a.da. e.q ui.va..ten.te:. 

( 3. 1 o) 

donde. C Jte.p!te..óe.n.ta. .ta. .6o.iuc.i.6n de. c.a.da. una. de. .ia..ó i.nc.ógnLta.-6 

d e. .t .6 i. .ó .t e. m a. • 

E .t p!t o c.e..6 o e.q ui.v a. .te. a. p!t e.mu.tti p.ti. c.a.Jt .ta. . e. c. u a. c.-<.. o n ( 3 • 9 J -

po!t A- 1, e..6 de.c.i.Jt, e..t mé.todo -de .ta. ma..tJti.z i.nve.Ma., .6'ato que e~ 
.te. mé.todo C.On.6i..6.te. e.n una. e.f.i.mi._na.c.i.Ón .6i..6.temátic.a: de va.to.tr..e.6. 

La. .tJta.n.6 óo Jtma. c.i.ó n. de. .ta. ma..tJti. z ( 3 ·• 9 ) e.n .ta. ma..t.tr..i. z ( 3 • 1 O ) 

.6e. e.óe.c..taa. ba..6dndo.6e en .tJte.6 opena.c.i.one.6 que. no a..t.teJta.n e.t .6-i~ 

.te.ma. de e.c.ua.c.i.one.6 .6-ino ~ue. p!topoJtc.i.ona.n ~i..6.te.ma..6 di e.c.ua.c.i.one.6 

e.qui.va..ten.te.6, e..t.ta..6 .6on: 

- i..n.te.Jtc.a.mbi.o de do-6 Jte.ng.tone.6, .to c.ua..t e.qui.va..te. a. i.n.te.n 

c.ambi.a.Jt do.ó e.c.ua.c.i.one..6. 
1 

- mu.itipUc.a.c.i.ón de un Jte.ng.tón poJt un e..6c.a..ta..tr.. di.ne.Jte.n.te. 
de. c.e.Jto, .to c.ua..t e.qui.va..te. a. mu.ttipUc.a.Jt a.mbo.6 mi.e.mbJt0.6 

de. una. e.c.ua.c.i.6n poJt .ta. mi..6ma. c.on.6.ta.n.te.. 

- .6uma. de. e.qui.mú!tip!o.6 de.- un Jte.n.g.t6n a. o.tJto Jte.ng.t6n, e..ó 

de.c.i..Jt, mu.ttip.ti..c.a.Jt una.· e.c.ua.c.i..ón poJt un~ c.on.ó.ta.n.te. "K" 

y .6uma.Jt.ta. a. o.tJta. e.c.ua.c.i.6n. 

Pa.Jta. a.p.ti.c.a.Jt .ta..6 opena.c.i.one..6 a.n.te.Jti.oJte..6 .6e. pnoc.e.de. e.n .ta 

.6-igu.{;e.n.te. 6onma.: 

(Dse..te.c.c.i.ona.Jt .un Jte.ng.tón pi.vo.te. ·y un e..te.me.n.to pi.vo.te. de.~ 
.tJto de. di.c.ho Jte.ng.t6n. 

(])N o Jtma.U z a.tr. e..t e..te.m e.n.to pi. v o .te., e..6 d ec.i..tr., c.o n v e.Jtti~.e. o e.n 

uni..ta.tr.lo. · 

G Ca.nc.e..ta.Jt e..te.me.n.to.6 que. .6 e e.nc.ue.n.ttr.e.n e.n .ta. c.o.tumna. a.tr.Jt,¿ 

ba. ·y /o a.ba.jo de..t e..te.me.n.to pi.vo.te. me.di.a.n.te. .ta. .6uma. de. -
e.q ttúll1.e..t.¿.p.to.6 . 

G)Re.g~r.·e..óatr. a..t pa..6o (D tJ ci,fJ,(_ .6uc.e..6i.va.me.n.te. ha..6.ta. que. .óe. -

.ttr.a.~t-6 6oJtma. .ta. ma.:tJti.z de. c.oe.6i.c.i.e.n.te..6 A e.n una. ma..tlr.i.z --

'/e) 
'-¡ 

1 
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"' A ... "' ..;. ; c.; ,, 1 1 
4, '-'"o;_. n- 'e-"'-· t.<.-• ~-- --~?1 , 

Vebldo a que du~an~e ~l p4oe~~o ~e p~~JeK~an e4~o4e4 po~ 
Jte_.dandeoa la. fiofl.ma óptima. de e~.>coge.Jt. lo..s e.te.me.rt'to-6 p.,(vote. e-6. ~ · 

~e-tec..c..-l.ona.ndo ef.. mayoll. ele.me.n;to· que. quede en la. ma.t.Júz .!:. o e.H 
~t!Á .:Ur.an,¿ 6o'Ltna.c.1one...6. Hay qu.e . .ter1e-Jt plte.l.len..te que lo.& et~~-l"fil?-~t..to4 de. 

un Jt.engl6n. que ya 6ue. .6e.te.c..c..lona.do como Unea p-lvote. n.o <;e pu~ 

de.n u.6a.Jt c.omo piuo~e4, aan cuando el maqoJt elemento quede calo 
cado en dicho Jte.ngl6n. 

Al 6 e . .tecc..i.o ncu, loi:J pi.. va tlf'.o e.n la fioJtmrL a.nte-6 m~, VI. e-Lo nada 

el ~hJton 4e Jteduce al mlnl~o ~debido a que puede quedak una -

ma. .~-,. . Z 111 O •. .: do .;. . d ' d ·• !) t ;l:' '1 v-1 , • O A q ó "' t j t 11 "' Jf ,, ¡ . -,; ~ "' , . ,.. " ') , ,., ~- : .• ,¡¡_,~,..{. !• -.. . .._.n..._i .. a. u...(.. ---~'<-•;,{_n .• ,.~ 4......._, -~ ~::.'L..._c ..... a,rí."'"'', eo r.~li:-•~'"A'"-'&-t-'.J 

"' P "' n .J· •. , Ji , ~ '" / "' ·t ,., · · "' ~"" w· ,¡, ; 0 ,.;¡e- o r- .,, ,, ;i ;. /, a J -t-· :• o· ,¡, + } "' " /1 .. :t ,;,¡)'f,·o~,-1-,U-~t -· '-"·'" ~~-J!··•··'<"~f!.·L·"'-"·"···c, '-'·"--' >\..'\ .. ,.,,,_ .. "".~ Vó"'-'•<.1--t.~<. a,.u\..LIÍIL- '- 'k , " 
' ' .::--;,}'{, 

e ' ' " . -- . d ,o • .JI _en~ m~n~~ona~ que e~ p~thenxe me~o o e~ un mt~aao d .{Ju¿ c. ·-

t r, d r .. ' • ÍÍ•f .. - f ' '.;, . ~ .. ,., ,, .. -{ +- •··'" • , '". ri- ., · . .,; '· .' _./,.- .j· - u e 6 o L 1l e.{,_ o v.. q /J.. I/' .. n (} Le.l(_ U-< :¿ ( ~:. ''-i t'Jl.t(. .¿j e te e, ..... et(}tt~ n e c.;:.,' vt . "'· trl~.e,.'L·'L fj Jl>c '..<: .. -:. ,_., 

{1 .. . ' f . L ~ . ' '· , . d. • ·" ·' ' .; ' ,, 
6~ e~ ~~6~ema e~ eompa~Lu~e q d~~e~m~na .o, et meZOdD au~an~e ~~-

plt.O(!.e,-6 o p!topohc.-i.ona · cLf..c.ha.. -útfioitnux.(!,Lf)n. 

e 

S.[ e.fl . .&.i4.te.nra e~ c.omp~.t-i.b!e. y d~ . .trVtm.f..VI.ítdo ~ -¿!!_ _¡-.Hoc¡¿d.úr.ie.~i. e 
.:to d.'!_6c.Jt.Lto .oe. puede tl.eva.IL a c..o.bo o-Üt con:tJta::tiempol.i ha..1.-ta RJ:..e.~ 

¡e ~ ,¡ F~~ if ' "1 . g.A c.. . , u e .. 
~~ n' cJ 

Sl lt • .t ~i4tema. e~ c.ompa .. Uble pen..o .{nde.te.Jt.ri'll..vvxcla~ ia. ·má ... trt.-U 

cimyJl.-ia. do. cvlq tú.tr..i..lc.á Ji... a.. e o n 6 i..g u.Jta.c..i Ó!l!. ~ 

r ' =""l• 
y o 2 . ¡ J il 

•1 " ij {! <¡ '2 ; ;, ¡'\ 
¡¡ '-' G ~ - (¡ 

i\ ·-(/ = O~ ? Ó •. ~--:o= ({ ~~ 
L._, - e - •• = ~ ~. = - ,.., '" ~ ~ ~ 

el.í ~,{r¿c..i..tLr. U 1 '¡ 1" H ,; ¡> ,{' i"' n '··Lv .. ;~ .... 0 ~· <~ elt. á ,'fu.!..! a_; en e-fl ta ó .u~ u tJ, c..J... é n 
1/ "' d f) ~ ·"1 ! (:! • ' ¡· • . ,- - ,J ! :t" ,¡ ',, ... fi. ry ' 1' . '1 -<~.-U..Q ~C-U.LI.•-·LOI1,..~,1.·01.0.ef.H',r1..J .• ..,eH .-_.t,J 'f.v~ie ""'-'·'~·-Ct.r, eH et, ¿, ¿.& 

1 ~f ; y ~ .i 

.~ ,., 
.:-::.¡ !:~. o b 1.~ .{ ~~Yi.tJt; 

~! (~ {~. a .. fJ 

'· - !( ."' , "'·· '~' d J O - ,, 1 \ '" • ' '' • VI ' ~ ' " ¡.; '"" n1 ' • , -}'. ' '" " ; M rl"' .¡- ¡', ,:, ¡·,.·' ' l . ' ' ,-/ '' (. t,Ci. , __ ,,,_ lrl!;',{,u·.! {..OgA,.U. C;,,¡rv[t!;_.,ot-'(J,1u,.~_,;r_,,,,;;,.~ ~<·. {1•-tó•ci'..l1'l!.-\.0 <.c,n~<é.·'<.·\"•c,J•I·-'··11·--··"·'···• o 

r!} i~ {!·.,.:·:. ¡¡ ;';' 

(~ f. /:¡ .i ~'\ 

,, ,, 
/'i:\ 

ed incomp«tiblev ~t p~e¿tnta 

r=-· 
\1 )1 11 ij ¡ :! '"1 
¡! 11 ., ' ;¡ ' ;¡ 
:l o ·'} -,~ " ';' 1 li •• ,) ~ ; ~ ~ Q <• '" C> ~ ~ C• = 00 ~> '~ ~ -~<> .~ <O" = • > ,1 
,! ti .·¡ _, . r, '\ ~ ... ·! 

~,;':;'''~ =~-e~":=';~~"-~\::=~ ol 
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_yr. a~"' ~~ ::_:· c.~ ti :: t t.~~~ ··~ ·-~ ~"~:.,~) · .. ~ ·--t~~~-t·~Lt_.c·. r..-L .(ve~ 

~ ~~ ·~ j S~-~~~ d· ~ · 't .., f) ( 1 ¿ Ó "r: ~~-~ J' ~\. :) .u \ ú. ;·¡,~;~· ~t 

fl/ /) -/ {! e ¡r¡_ /; 
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a)Sub~u~na~ ~e.que.~ida~: 

SUBROUTINE GAUTOR (A, B, N, EPS, VETJ, e.~.ta ~ubll.U.üna 

ob~e.ne. la ~oluc..tón del ~¿~.tema de. e.c.uac.ione.~ po~ -
el mé..todo de. Gau!l~...;Jo~dan mod.f.6ic.ado, .el p~og~ama -
p~.f.nc..f.pal ~olo ~i~~e. pa~a e.n.t~ada y ~alida de. dato~. 

b)Ve.!>c.~pc.ión de. la~ va~ab{~~: 

Pa~a la ~ub~u.t.f.na GAUTOR: 
A ( 1, J) 

B ( T) 

N 

RAMA X 

MVR(1) lJ 

MVC ( I.J 
EPS 

VET 

LR y LC 

TEMP· 

ma.t~.<.z de. c.oe.6.lc..f.e.n.te.~ del ~i~.te.ma de. -
e.(!uac..f.o ne.~. 
ve.c..to~ de. .té~m.úto~ .in.de.pe.nd.f.e.n.te.~ del -
~.i~.tema de. e.c.uac.ione.~, du~an.te. el p~oc.~ 
~o !le úan~6o~ma en la ~oluc..f.ón. 
o~de.~ del ~i~.te.ma de. e.c.uac..ione.~. 

. mayo~ elemento de. la ma.t~.f.z A que. ~e. -

emplea C:omo p.ivo.te.. 
c.on.tado~e.~ que. .f.nd.ic.an qul ~e.nglón y c.~ 

lumna~ ya 6ue.~on empleado~. 

c.~.f..te.~.io pa~a de..te.~m.ina~ ~_¿ el de.te.~m.i

nan.te. de. .ta ma.t~iz A e~ nu.to. 
pa~áme..t~o que. .ind.f.c.a ~_¿ el de..te.~m.inan.te. 

de. A e.~ nulo . 
.f.ndic.ado~e.-6 de..t ~e.ng.t6n y c.olumna que. -
~e o utilizan. 

va~.f.able. de. .toc.alizac.ión .tempo~al. 
P a~a el p~o g~ama p~n c..f.pa.t: 
A(I,J) mat~iz de. c.oe.6.f.c.ie.nte.~ de..t.~.f.~.te.ma de.-

B ( 1) 

N· 
EPS 

VET 

e c.) V.f.me.n~.f.one.-6: 

e.c.uac.ione.~. \. 

ve.c..tott de. té.Jt.m-i.no~ .f.nde.pe.nd-i.e.nte..ó. 
o~de.n del ~i~ te.ma de. e.c.uac:io ne.-6. 

c.~ite.ttio pa~a de.te.~mina~ !Ji el de.te.~m.i

nante. de. A e-6 nulo. 
pa~áme.t~o que. o in di c. a ~ ,¿ el d e..te.tttn.f.nan.te. 

de. A e-6 nulo.· 

La p!topo.6ic.ión VIMENSION del pttog~ama ptt.inc.-i.pal U -
de la .6ub~utina lle de.be.tt~n modi6.ic.a~ en Ll c.alJo de. 
qu.e.: N > 10 



53 3 ).___ 

::0 Falr..ma.t.o.o pú.h·l LJ.ó ct.a.;t1).~ cl.e e.n.tt1.ad<t.: 

JEC.TARJfTAS FORMATO INFORMACZON 
·"~ .. ~-"'-'~-= .... ~---:: ...... _..,., .... ..._.~,-.-.-....-.- .. -"''"""''""'"""' ..... - .... .._.,, ... ~-"""·.o<...cr;, ... ,.,. ..... :..o~-..... - .. ,.,'--"" ......... ~--· ...... ~--..... """-···....._...., .. -·~· -.:=c •. -:, ......... "-

1 

2 

o 

n 

( l 5 J . 

{8F.10.0j 

(8F10.0) 

N 

A(I,JJ; 4e dan l~~ ~leme~ 

to6 de ~ kengl6n po~'Aen
gl6n, empleando ~anta.o -
~ahjeta4 eoma 4tan ne~e.o~ 

Jt..La& pa.Jt.a. cada. )[.v-:.gtón. 

8{11, eL ueeto4 d~ tl4mi-

TARJETA EN BLANCO, ~l 6{ 
na..Uz.alt .toda .C.a. Lr!.6CJtrtw .. -

c-i6 r¡, " 



33 
Fig. 3.1 Viag~a~a de bloqueó 

del p~o g~a.ma p-!Unc..ipa.t. 

IU.igrtM va
loJt a fPS 

• 
Fig. 3. 2 Viag~ama de btoque..6 

- de la .6 ub~uüna GAUTOR. 

hac.VL: 
WRill•O 
MVC(IJ •O 

.üldttglL'l e¡ u€ Jtetl

glnne.~> nc lu:tn 6f 
do ~e11do~ 

e.Lún.i.rwt el.eJnCJt
.to6 aJt':..iba y aba 
jo de RAJ.IAX • -

SI 



C P~taqnva Pa~n R¡SQLVEn SI5r[~IS 0( ECUitlciNES LlNEALES POR EL METO 
e ~C tE "bUSS•JCR,AN 
C ~~~~trrcACO DE L~S y~qi~6L[J f~PLEIOAS 
C NaOROE~ OEL StSTE~A 1~ ECUbCir~ES 
C A=~ATR!l OE CCEFfCIE~T[S OEL SISTE~A DE (CÜACiDuES 
C ~ovrcrn~ OE T[R~!NCS l~O[PENDIE~T[S, SE CQiVIERTE EN LA !OLUCXDN 
C CRITERI~ PAqA OETE~HINA~ SI EL ·OETERWININTE 0( A [S DifEREMTE D~ O 
C DETavAqJA9L' GUE I~O!CA SI f.l SJSTENA TiENE O Na SOLUCiON . 

~oT~ENSION A(I0,10),8(10) 
· ~A Q 5 

I \1 D 6 
rPS"lloO!,OQill 

e LECTURA OE CATOS 
!iE.lQf,l11v2G} tl 
lí-'(t¡J ls:id 

1. CALL E<IT 
~ !JO ~ l "1• 'i 
~ HEAO(I'•2!) CaCX•JJ,Jo!,N) 
Hll~(¡q,21) C9CI>•ta!oN~ 

e tPPRESitN or ~aros 
tl:liT!:(l••<i2) 
[j{"J '5 C D j ¡, ., 

q wArTECI••111 (IC3•JJoJot~N)olfHJ 
C LLI~~D~ DE SUBAUYI~B '~nA ~tJ~~~!R EL IISYE~A Dr tcuAeR~NEI 

CILL GILTCR(I•RoNotPSoC[VJ . 
lr1cFT•lt·EP3, gu to ' 

e XP~QESlcH OE R[&UL?l~ns 
~A 1ft( !f·" 24) 
0(1 il l'l•~ 

8 WRtTEC"!b•25) ~16ClJ 
(¡¡) "fl:) 1 

"loflfTf(l>d~) 
...,Q TC i 

t FQ~pRTQg OE LECYUR~ E twPAES~~~ 
j;(j fiJRII aftj 'j) 
21 ra~~a.rcerlo.ol 
22 raR~arr~CI)•5•''EL StSi~~~ O[ ECUACIONES ES 1 1I~ 
JI rc~wBtlJ•21•1C(EiO.l•lU)) , 
~:; r()R;.¡OT(4(1),SXo 91./l SIJLUCION V!H. S:ISH:>ili Kit ~UAC!l:!NU t:S 0 oih~ll~ 0 ~ 

11 •Snr'IC11'•1) · 
25 FUQuiTC/15X•X2t~X•EI2o~) 
~~ FC~~arCqCI>•S~•'EL SISTEMA DE ECUACiaNEI NO I!ENt SOLUC~0N 1 1. 

~t!!l 

56 



e 
C S~9RUTl~A P4RA RFS:L~(q U~ SISTEMA DE ECUACIOUES ·POR EL ~ETQOO O[ 
C GAUss•JcROA~ ~CUIFI~~nc . . 
e lL S!Gt.~!r!CAOC Lf LAS Vl'llABLfS EMPLEAOAS ES 
e A •" Al R 1 7 C E e O El' l e l E·¡ TE S O E L S 1 S TE :u O E E C U A C-I-G11! S 
e B•VECTUP CE TE~MTNtS !NOEP[NOIENTES QUE OURANTE EL PROCESO SE 
C TPANS~O~f'A E~ LA S1LUC!O~ o·EL SISTEMA DE ECUACIONES 
e ~·ORCE~ DEL SISTE~A 1E ECUAC!c~ES 
e HA"A~=~JYCR ELEME~TO nr Ll ~ATIIZ A QUE SE USA ·COHO PIVOTE: 
C HVR Y ~uC•CC~TACORES QUE INDIC'N OUE RENGLON Y QUE COLU~NA.YA rl~e 
e RO~ UTILIZAOCS 
e EPSaCRITERlO PAHA CETER~INAR SI EL OETERH[NANTE DE LA ~ATRIZ A ES 
e NULO 
e UETavALCR ABSOLuTO DEL DET(PMI~ANTE DE LA MATRIZ A 
e 
e 
e ACTUILIZACION DE VAL~RFS PARA INICIAR EL PROCESo. 
e 

e 

oc 1 t•t,~ 
HVRCO•o 
HVCCII•C 

e SOLUCl"~ bEL SISTEN• DE ECuACIONES 
e 

uo 9 l<•t•ll 
RA"'AX•O ,O 
LC•O 
LR20 
uo J r··,.~ 
l f( 11 ~ R C 1 1 , E Q d 1 G O T O ! · · 
!JO 2 J•t•~ 
lf(~UCCJioE~•JI GO T~ 2 
rrc•qsrRAwAti•Ct•Aesc~cr,J>>I 
HA"A(•Acf•JI 
LR•J 
LC•J 

. 2 CO~T !N'Jf 
l CONTTN\J( 

ll E T • t 8 ~ C R 1 :1 H ) 
JrCcET•~E·EPSI QO Tt 10 
lt(Lq,f~olCI Go· TO 5 
liO 4 t=l•<j . 
TE~ P • H. L n • I 1 
A(LR•IlaACLC•II 

4 A C L C • JI • TE f' P 
H~P•flCLRI 
OCL!II•QcLel 
UC LC l•TEf'P 

5 ~e 6 r•t•~ 
6 A( L C • 1 ) • A (Le d ) 1 R ~"A.'( 

u(LCl•ACLCl/RA~AX 
IJC 8 1 "1 'N 
tr e 1 • r 1) .Le 1 ·o o T o e 
TE~r•ACI•LCI . .· 
u C T l •1! e 1 1 ·a TE 11 P • B C L C) . 
uc 7 Ji(i~ ... 

7 ACI,Jl•aCJ,JI • TE~P•1CLC•Jl. 
e CCNTHI'IE 

HVIl CLe laLC. 
HveCLClaLe 

9 CCNT IN.IJE. 
1 O f<ÉT URN 

E:~O 

ao TO 2 

F-l.g. 3. 4 LL6.tado de .e.a .6 u.b~tu.tina GAU.TOR 

•;¡ ./' 
57;¡¡:_:;, 



3. 2. 4 E j e.ir;pl .. o 

Empleando la6 Leye4 
obtuv~e.~an la6 6~gu~ente4 
mollt~a.da e.n la. 6-<-guJta 3.5: 

de K~Jtchho66 (véJt JteáeJtenc~a. 2), l!e 
ecuac~one.6 l.i..nea.le-6 pa.Jta. et c...i..Jtc..u..Lto 

.i..g - _¿4 - rA = o 
_¿4 + ,¿5 + I· = ¡7 . .i..3 ,;:; o A 
¡1" - ¡2 ~· IB "' o 
¡_2 + IB + . + í ·.f_. 7 o ..{,.3 ~~ 6 - "' 
r = Lg ~ .ir. = -l. ~ ;_9 ~ o .. 

c. :) 6 
R ;¡i 1 + Rz.iz = RS-[3 "" o 
R4-i..4 Rs-l.: +· re r;.-i. g - o 

J !} 

R5_¿5 f R :rL" ~ 1((;)..6 :t: o 
;) 

R6-i6 + R7~1 ~ R9-L9 = o 

1A 

Ci.Jt c. 11.·: .. ,t a 

31 
58 

e 



Si.. e .e. va.lo!t de la.·-6 ó uerr..te-6 e-6 IA = 2A, IB = 6A, re = 
fj e .e. de la.-6 .Jte-6 i..-6 .ten.c.i..a..6 : 

R¡ = R2 = 2 n 

R4 = Rg = 3 n 

Rs = R6 = 5 n 

R7 = R . = 4 n 9 

R3 = 6 n 

Ob.ten.ga. la.-6 c. o Jtlti.. en. .t e·-6 de .'l.. a. m a. ,¿ 1' ,¿2' ,;:_ 3' .{.4' ,¿5' ,¿ 6, 

.{. 7, ,¿ 8 1 i..g· 

* SOLUCION 

TABLA 3.1 Va..to-6, pa.Jta. el_pJtoólema. del eje..·:·;plo 3~2.4 

N = 9 

o o o - 1 o o o 1 o 
- 1 o - 1 1 o o o o 

1 - 1 o o o o o o o 
A = o 1 o o 1 - 1 o o 

o o o o 1 o 1 7 

2 2 -6 o o a·· o -o --- 0- . 

o o o 3 -5 o o 3 o 
o o 6 o 5 -5 o o o 

·o o o o .O 5 4 o -4 

2 

-2 

.6 

-6 

·B = 4 

o 
o 
o 
o 

59 ? Jri )' 
-- ¡ 

4A 

-

~ 



u. $.~SYf.~a oc: f:CI.:ACI:iNES ES 

lh ;;. o. •-...l-OOt~Cl 

"•HHJI!+Ol e • aotOCC+Ct o100[+01 

oHi•l!:+ol 0 tl00(+01 o. o. 
1). •100[+01 ~lOCE•Ot o. 
o. C.• llo O o 

.?.e~!:':~os •20QE~01 ... 1!00[+0! O o 

¡¡, c. o. olOOE<-01 

ih (;o o60C(:4()l e. 
!i~ (lo ti• @o 

!.<l !5tl!,t.l<::!c¡;. Ctt. SB'Kf:Cl~ CE ~t:UACl:JNE~ U 

~~n 

.¡¡~~61E~01, 

á "•~~~39E+IH 

"•t1.S96E+OO 

Q ''cS<H59to>QO 

¡¡ oSHi';[4fi(l 

G .•<'l.l'Met•llt 
' 

? • í ~e~n·o~ 

.. C ., aH~r·ol 

& •iOlSlr•OA 

óO 

o. ()o o. olOOE+Gl c. .~001!:~01 

olOOE+Ol o~ O o ,o. Go "e20oE+ot 

o. o~ O• o. llo oll00[~01 

o. .~00[+01 "olOOt+Ot o. \lo "oi!OOI:~Ol 

olOOE+oi o100[+01 O o ' o!OOEHit o1il0E+C1 .~ ClOE ~01 

o. ll· /lo O o @. o • 
'"o5COE+01 ·líe o. olOOEHll l!t e,¡ 

.soor•ol ... SOOE+Oi O o o. O o ilo 

o. .~()0(~61 •IH}ú[<>IH o. "ollOO>:<~'!)i t. 



e 3. 3 Método de. Ga.u..6 .6 -S e.i..de.l 

3. 3.1 Obje.to 

¿¡() 
:51 ( 

Obte.ne.~ la. .6olu.ci6n de. .6i.6:te.ma..6 de. e.cu.a.c.i..one.-6 l.i..ne.a.le..6 -
con la. conó.i..gu.~a.c.i..6n: 

a.1 7 X¡ + a. 7 2 X. 2 + .. 

a.21.x.1 + a.22x.2.,. . . . + a.2 X n n 
= b . 

2 

.,. ••• +a. X. = b nn n n 

e.mple.a.ndo e.l método de Ga.u.-6¿-Se..i..de.l. 

3.3.2 Método 

(3.13) 

El método de. Ga.u..6.6:.Se..i..de.l e..6. u.n método de tipo -i.te.~d.t.i..vo 

qu.e. .6-i.~ve. pa.~a. ~a. .6olu.c.i..6n de. .6-i..6te.ma..6 de. e.cu.a.c-i.o~e-6 l-i.ne.a.le.-6 
de.! tipo: 

A X= B (3~14) 

cu.a.ndo lo.6 va.lo~e..6 nu.mé~co.6 de. lo.6 e.le.me.n:to.6 de. la. d-i.a.gona..t
p~-i.nc.i..pa.l .6on ma.yo~e..6 qu.e. lo.6 de.má.6 de. .6u. co~~e..6pond..<.e.nte ~e.lt

gl6n.. 
Pa.~a. a..6e.gu.na.n_ la. conve.~ge.n.c..<.a. de.l método .6e. ~e.qu..i..e.ni qut; 
a.) lo.6 e.le.me.nto-6 no nu.lo.6 de. la. mct~z de. coe.ó.i..¿..[e.n:te.-6 (~) 

.6e. a.cu.mu.le.n e.n la. dictgona.l p~..<.ncipa.l. 

b J l.o-6 e.le.me.nto-6 de. .·.f..a. d..<.a.gona.l p~.i..nc..<.pctl. de. lct mcctJt.i..z de. 

e o e. ó.i..c..<.e.nte.-6 ( ~) ·.6 e.a.n ma.ljo~e.~ e.n va.lo~ a.b.ó o .f..ttto Q tLe . .f.. a. 
.6uma:to~..<.ct de. loJ valo!te..6 a.b.6olu.to.6 de. lo.6 e.le.me.n:to.6 
~e..6ta.nte..6 de.! ~engl6n co~~e..6pond.i..e.n.te., e..6 de.c..<.Jt: 

1 a..¿..¿ 1 > n 
1 ct..¿j 1 

1 , 2 , .{. = " .. , n ¿ 
j = 1 

j 1 .¿ ( 3. 1 s· J 



ta. de· c.ada e..c.u.a.c.-i6i1 de.t a.JLJt..e.g.f.a { 3. 7 3), e..o dec.-41L, dc:..ope.jáJt .ta. 
l?~C:6gH-i..ta. x_¿ de t.e.a "..C=é~~i.ma. 11 e.c.u.a.c.,i..ón, o .o ea.: 

. =_]-
1 

b 1 - a 12 x.2 - a. i 3 "3 ~ o • • - a.1 " . x 1 a. . _ . _ _ _ n n 
11 . 

r 
. X "" - 1 -1 b Z - a 2 1 X 1 - t'Z. 2 3 X 3 - o ' • - a. 2 Yl. ".t 

2 a.2 2 L 

. 

J 
] 

1 fb ~·a.x =a. x ~ 
X t1: -,-<- ¡ 11. n 1 1 l·t 2 2 ., a ~ 

,. Yi.YL L 
- a ::i.,1·-' Ji ~-¡,¡ n ~ 1 '·· ' . 

~ .: l 
/ 

ó..lga.ie.n.te..~ eeua.Q...Lav:.e..ó Ltell.a:t.[va.ó ~ 

(fzJ lf<-l . lf¿)1 
a1"x." ~ a.,.~:::., . = • •. - a1 J{ 1 

.t. r. • ,·7 _;J YL VL j 

¿ 6e e.6table~en la.o 

,, k t 1) ~ J. -íb 1 "' 
--v - ----~~ L 

; a. 51 . · 

r -
.._U?.4oi)_ 1 L =a. Jf<.+1) _(k.) 
"'9 . - -~ 2 2 1 ""•' - a. ~ ){, ., -~- 'a.22 J. 

23 
:J 

.=..=\ 

= 0..2 V!- XVI. =:='1 
¡ 

.,~ 

(~.16) 

{ 3. 11) 

i f~+ 1 ) = .. :l.... r: -a x(k+1)_ a. x{k+1)_ ••• -
~n nl 1 n2 2 

. 
a x. { k-J-t-;1 

n,n=1 vt .. J JI 
X,, a. ... "'. 

b'h nn 1 
-...J 

d d (f¿ 4- 1) • d • . fJ fJ .1 fJ 11 ' .tr • li • IP. ~ • 11 " o n e x. . 4.11. .te. a. e.{. v a..dY :·t u e. )(...a .{. = d ..tma. -<.n e a a n.{_,..r.a. e:.n ... At -· 
~ v 

i~eJLac.l6n "k + 1" 

Pa~a a.~JLanc.ah el ml~odo 6e e~ta6lece una 6olu~i6n ini-··-
• l' X g {:A •. a_"-·· :;,.o 

~ ·-

r @1 
u >~ l :1 

il • l 
1 

'" ! x.:, 1 
!. 

- i L o ¡ 
' ! 

¡ 

1 
' ~ '" •) i 

11 !\, • 
i n ¡ 
b "=.;; 

(~ic 38j 
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63 ?'L. 

·.:Li.c.ha.6 va.loJte..6 · .6 e .61J...6tituye.n. e.n. e..t la.do de.Jte.c.hci de.. la. e.c.Lta.c.-i.6n.. 

• ( 3. 17 J pa.Jta. obte.n.e.Jr. la. .6-i.gu-i.e.n.te. .6 oluc.-i.6n. a.pJto uma.da.: 

e~ 

X¡ = 

. ( 7) 
"r 

. ( 1 ) 
"2 

. 
L "~ 1' 

(3.79) 

y a..61 .óuc.e.-6-i.va.me.n.te. ha..óta. que. 

1 xn+ 1 - .xn. 1 < 8 ( 3 • 2 o ) 
\ ' .· .. ·· ' 

Pa.~a. pode.Jt e.mple.a.Jt e..6te. método e.-6 ne.c.e..6a.Jc.-i.o ve.Jt-<.6-i.c.a.n c.on. 

a.n.te.Jt-i.o!r..-i.da.d qu.e. e.l f.l.úte.mct .6e.a. c.ompa.t-i.ble. y de.te.Jtm-i.n.a.do; a.de.má-6 

de. que. c.u.mpla. c.on la.-6 c.ond-i.c.i.one.-6 de. c.on.ve.Jtge.n.c.-i.a. de.l método. -
1 • • • • 

A6oJttu.n.a.da.me.n.te. la. ma.yqJt1~ de. lo-6 pJtoble.ma.-6 de. ;Upo -i.n.ge.n-i.e.Jc.-i.l 
c.u.mple.n lo.6 Jte.qu-i.-6-i.to-6 me.nc.-i.on.a.do-6. 

Ci.eJt.to-6 .6-i..6tema..6 que a. pJti.meJta. v-i..6ta. n.o c.umple.n lo-6 Jtequi.

.ói.to-6 del método pueden llena.Jt lo-6 Jte.q u-i..6.{,to.6 med.<,a.nte. un .6 i.m-

ple -i.n.teJtc.a.mb.<,o en la. po.6.{,c..<,6n de la..6 ec.ua.c..<,one-6. 

3.3.3 Ve..6c.~pc.-i.6n. del pJtogJc.a.ma. 

a.) Su.bJtutina.-6 Jte.qu.eh..<,da.-6: 
Nútg una.. 

b)Ve.4c.Jti.pc.-i.6n. de la.J va.Jt-i.a.ble~. 

A 1 I, J) 

B 1 I) 

N 

X( I) 

V 1 I) 

XN 1 I) 

ma.t!Li.z de c.oeñi.c..<,e.n.te.-6 del .6,[,~te.ma. 

vec.toJt de. tlJtmi.n.o-6 i~de.pe.n.die.n.te.-6 

oJtden. del .6i4te.ma. de. e.c.u.a.c..<,on.e.-6 

va.loJt -i.n.ic.ia.l de. la.-6 -<.n.c.ógn.<,ta.-6 de.t l.li-6 

tema y va.Jtia.ble. de. loc.a.l.{,za.c.i6n. te.mpo-

!L a. .e. 
va..toJt.de. .e. a.-6 inc.6g nLta.-6 e.n la. ite.11..a.c.-<.6n 

"n" 

va.lo!L P.e .ta..6 in c.óg ni.ta.-6 e.n la. ite.l1..a.c..<,6n 

"n + 1" 



M 

E 

NCON 

SUM 

t"!- l V.im e nJ i._o n e>~ : 

má.x.J..mo númeJta de . .i.:te.Jta.c.,f.a n.e.& a e 6 e.e:tua.Ji. 

c_Jr.J._.te.IL-Lo de. con voz.g encJ.it 

eantadt4 d~ iteltaeione.& e6eetuada¿ 
.6 wna.doiL 

La· p~opo~ici6n VIMENS!ON debek4 modi6iQa~~e cuando 
.6 e· p!te-6 e.n:te el ea.6a de. que. N > ·H} .. 

d} FoJtma.to-6 pa.Jta .ta.& da:to.& de. e..n..t!Lada: 

S~C.TARJETAS FORMATO INFORMAC!ON 
1 

2 

----------------~--=--·---·--'--
(2!5vF10~0lN, M~ E 

(JOFS.OJ . All,J), lo4 eiemen~o6 de 

la. ma.tiL..lz A -6 tG da.ut -'r.e.n- = 

gl6n po!t kengl6n emplea~ 
do la eaJt~Ldad de :ta.J~:f ~-~, 

:t.a.& rl.e.ee..& {'tJda pcUi.ct ca..da . 

. tt.eHgián. 

64 t..¡_3 

B(I} et veeto~ de titt.mi
:no4 indebendiente.6 le·~~ 

en una. ;ta.Jtj e..ta o wtá.& 4 e~ 

gan et o~den det Aia~~ma. 
4. { 80FB.O) XIII, la Joluci6n pa~a ~ 

1 . 

a.Jtlt.ancalt el mltodo 4e da 
e.n una ta4j e;trJ. o "y¡-¡ á_¿ _¿,e.'" 

g4n .6ea el tamaRo de N. 

------------------------=--------~--·---

TARJETA EM Bi.ANCO;aR.. 
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1 
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'----..1 

F.<.g. 3.6 V.<.agJLa.ma di bioque.ó pct!Lct el pJLogJLama. 
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6 } LLo .t. a. do : 

C P~CC~~u' PA~I RESCLVER SISTE~AS DE ·rcuACiONE~ POR.EL ~EYODO 0[' 
C GAUssa~EICtL 
C S l G ti! rt CAD C fJ C LA S ·iJ 'o!! 1 a !l LO E"" lE A O A S 
• A 0 ~~TRI2 CE CCEFIC!E~TE~ DEL SISTE~A DE ECUAClONCS 
C a~VECTOR CE TCR~TNOS IHOEPENOTE~TES . 
C X0 VALOq I~ICIAL DE L~ SOC~CION DEL SISTEMA 
C XhnSCLUClCh DEL SIS7EM' O[ ECUACIONES EN LA SiCUIEN~E ITfAACION 
C U•OROE~ DEL SISTE~A 
C Y3 VAl0q DE LA SCLUCk1N OEL SJSIENI DE ECUACIONES EN LA II[RAC!QN 
e 4~TfRion 
t M•~AWI~C NUUERO DE IT[RAC70NES 
C [sCRITE~lO OE CONVERGENCIA 

OI~(~SICN AC20~20)pB(20Í~~!20)~Y(~Q),XN(20) 
C LECTURA GE DATOS 

HEAOC5•20~) N9~•E 
HCtO 2~2-J 

2 CALL· E'O T 
.l·{;Q'·Q 1"1•~ 

•4 R[OC(S•JC~I (A(IoJ)pJot•N> 
H[aCC5•3DGJ CB(Jtoial•"' 
RE~O(S•!CO) (XIIl•I•1DAI 

f. l~PRESIC~ OE DATOS 
l'lRIH!tlo40ü) 
!)Q 5 Jsi~N · 

S WRITECó•5C0) (A(ipJ).Jat•N)>B(J). 
~AIJE(&•éGQ) CXil>•l~lsN). 

e ~( I~D4GA S! tl SKSTE~~ CY~PLE lA tONOXCION SUfRfiEWV~ fi~ CHWVt~a 
C Gti'.CIA 

!JO 7 JstoN 
!lC·6J 0 !P~ . 

Ir<A8S{~Ctoil) 0 ABSCACt•J))l 9•6•6 
ILCC'iTf!,U~ 
1 CO~T lNliE 

~.a re 9 
6 wRITE(6,700) f,JPIPI 

GC TC 1 
e 06TE~CICN DEL ~AlOA 0( LA~ 1NCOGNXYA5 

9 f¡C CN D 1 
o o ·TO ·-t·•hll 
X!, ( I ) ,. X C 1·) 

t o _YJ,J-) :.~ ( 1 ) 
11 !JO 14 !<•.lffl 

SU~'" O• 
1.;0 P Joi•N 
lFCK•I> 12111•12 

at .L~=~cM • AC~,IlOMNtf) 
l3 f;QO,T!Nii( 

Xh(K)o(e(K)•SU~l/A{K•~) 
!ll tOflTI~iif 

IJO 15 f0l•N 
C SE Vrlll>ICA S-I -u COt.!V~II!HQ n N['ftlOO 

lF<ASSCXNCI)~Y(J))•[) 15•1ó~~6 
!S CCNTltiiJf 

1: ¡¡.PRES!rN OE RUULH 10~ 

~RTTE<~·!CJl (~hCllot~t.~l 

~AITECáo95~) ~--~ 
UO TC 1 

~1!. I>CQ~¡oNCCN 9 1 
!F(NCC\•U) !9•17•11 

iP WR!T[C6o9~:l (x~C!l•t•toNl 
MRITE(6,952) hC~N 

GO YO 1 
ll:l Ot:i 1~ l•t•N 
~~ Y(f)"X'i'Il 

~JO rr. 11 
f G~ ~ATO S CE LEOI'Il A t. t uP'~t:5 i ()•¡ 

2GD fC~~AT C21SoFI~oOI 
~00 fCR!•4T C1U~•i:l . 
~ O O 1' C R ¡o al C t H 1 • S ( 1) ' 1 5 X • 1 "~ ?iH l--N•~!~-tirt·¡c<-¡ 
SaO fCRM4T (/•!SX•I~(F!.l•5•ll . 
éOO FCR~QTI~(I),I51o 1 P;IiEAI APfiOd!~ACT~& DE ll SOLUCXDU'•IJI,ldM•!Q(F 

t<>·2·~):)) . ~ .. ~. ,. t'{" • ,, 
iDO FCR~ATIC(I)oi!1•'EL YETDn~ PUElt NO t0HVEA3rri_DADU g~, • ''·-•• w• 

~~~c.l2D~D 0 Pl2JJ~} (S ~¿yQ;: Jt.:E •l(•,¡:_::r.'t:tt>!2r.b) 0 J . ~ . 
900-FCR~GT(G(~)~lSl,~lA ~t~GC.!C~ ~tL S~~IE0A E~e.¡¡,S~~~!~t2~~!~~l) ~~ 
IOD FCR~III•[:),I5Z•'~: SC iLEDI AL~ ~~LUGIDN'o//I,IJI• Ll ~Lit~A Arn 

&J~r~aCYCk ~~CC~iRA:4 ftE'•tfi•SI•9\f.i2•5•2X)} 
9SQ FCR~ITI~[I)oi~I•'IIEqAC!C~ES Qi1LI2AC~5• '•141 

!:.NO 
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3. 3 .• 4 E j e.mp.to 

Pa4a e..t c~4cu~~o e..téc~4~co de. la ó~g. 3.8 ~e. ~abe. que. -~-

11 = 1 A e. 1 2 = 2 A__, R.¡ = R 2 = R 3 = R 4 = R 5 = R 6 = 1 ..1.1.. o . 

R4. v3 

R ..... 5 

F~g. 3. 8 C~4cu~to e.lé.c~Jti.~p de.l p4oble.ma de.l e.j e.mplo 

3 • .3.4 ' -' : 

Se. de.l.le.a ob~e.ne.4 e.l vol~aje cÚ. lo-6-n.odo~ v1, V2 1J Vr 
Apl~cando aná.lL~~-6 _ nódal al c~4cu~~o ~e. a btie.ne.: 

.. ~ 

3 V 
1 

V 2 ,_ V 
3 

•· = . ·¡ 

-v 7 + 3 ~ z - v3 = ,0 -
' ; . 

. -V - V + 3 V = 2 
1 2 ·- .... 3 .-... 

a.44e.glo que. e.-6 un .6~.6~e.ma· de. e.c.uac.~one.-6 l~ne.a.le.-6 c.on toda/~ .ta.ó 

ca4a.c..te.4L5Ltc.a..ó pt¡_op~ct.ó pa.Jta. p.pli.e;a.Jt e..t m-étodo de. Gau.ó~ -Se.-<..de.l.' 
·.··. -,.:._ ·.·· 



o. 5 

'" SóLUCION 

TABLA 3.3 Vata~ del p~obtema del ejemplo 3.!.4 

·1' 
.;) 

-1ll 
~ 1 

~ 

=i 

J.¡;ag "'ll uOíill QioOO¡¡ 1o000 
.,g olliU! j.,iJóil "l•t!i!Í\l Ü•<lóC 
"'to@©íl qc()@(j ~.ólió ~·ilóii 

• 
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En ¡rw.c..ha..& oc.a . .ó..Lone..ó ct pa.Jt.t..i.4 de una .6eJt.<:e de va.toJte.& »m.e.& 

t;,'l..a..te.& ~-.donde e.x.i-6 :te. una vaJL..<..a.b.te. de.pe.ndi.e.n:t.e. 1J una. o va.~t.<.a-6 

V·alt..{.a.b .te.6 .. J:.n d e.p en d.{. ea:t.e6 ~ e,,.) n. e. e e.-6 ctlt-i.O ct J U.6 :t.Ct.tl. d.{ C. h O ll punto .6 

po-n_· Üri~ ~~ú.Ja. taf.. q u.e. pe.Jtm.{.ta. dete.Jtmina.JL el va . .toJt de .ta vah .. la --· 

·ble. depe.1idi.?nte. pa.Jta. c.ua.tqu .. f.e.Jt vaf.oJt de .ta-6 vaJt-i.rJ.b.te.J.> lnde.pe.n-

~,[e~n.:te.-6: ~La c.u.Jt.vá de ttju-6te. polr. e..e. r,1é.todo de lo.ó tn,l.n .. Lmo_,~, C.tw.d.i-t..a 

_cio.o--p~.e.dé. ~elt un po.ti..nom.¿o d~ g!tado 11 n", i.Uta.- 6un<:.L6n. de .V .. pa .t.r¿ 

.'J:a!tl.;tvr~ic.a;._?tc..·; d.icha. c.uJt.IHi. -~e e.Jcoge. de ac.ue,~.dó a. t.a. dJ..!Jt.>'t.i.b~~. 
12.-i.ón "de ·f.Ó/¡.pi..tn.to-6 mu.\::..f>tJtaRJ~.-!1 lj vt 6o-'Lma :tal qu.e t:.e nú.n.úH,[c..r .t.c~ 

:.uma. -d~:··· f.o-6. · c.u.acl!wdo.ó de. .e.o0 í!)!.Jtoft..e-6. En t>ILoC:e..:,o.&. e.i.íút.d .. U •. U.r..a-0 
. .- . • . 1 

il ta..t _;t .. [po ~de. aj u..f... :te. .6 e .te dc.rwmin~ fl.e.gh..e..ó.<.ón -6.-Lmpfe o md.t.ti17i.t;:. 

de. !a ·vct-~,(,ab.t~ de.pe.nd.te.nte. ¿\obJte .ta-6 va)L.ia.bf.e.<>. J..nde.pe.ndi...e.n:tc.o ~ 
E.f< _:Jftád¡~. tlé Ae.tac..(6n tX.L!.i.te.n.te en.t!Le la VCUf:.iabie de.pi?..1HUen..t~. {/ 

;a.,. i_Ytde:r)in.:d-Le.n:te ,~e de.nomúw. cafl..P¡,e.f.ac..i.ón fJ a .ta_ me.d-ida dr!- ·t(cf . 

. 'h_e·'.t.~t c.l.d n ó- i. ! e. !.tama e o e 6,,[c..i e.n.te de c. a Jtft e.ta. c-l6 n. b e.e. tu. o: R. .ó e. .0 u. e. 
-:~· :2 -cr'e. y~ (J .tal¡, e o 11 e . .e. .6 bn b o .e. o S ó )( 1 r .z • 3 ~ ... n, , t"/QJ1..d.e-~ e~ 

0 
" ¡va1Lia"ü6~ ~-,;;u;;d;;~·¡. 

J --~ Va~tüoi6n totat ·. i 1. 1) 

S.L 4 e C.OVL-!Li..delta a. Y c.omo la. VCUt..iÓ..bl.e de.peruU.e.n:te, ;2t'A 
' . 

v·a.!t-i a. e ¿J n e.$ .6 e. de. 6 ..[ n en e. a la .6 -Lg u.1 e1t te. ó o Jofta.; 

, . ,. .,. ~ .e. _, r. n_.t ~ v- l z * 
ua~~ae,(,on ~o~a = ,. 

~-;¡ 

~- ve~~ .tj ¿ 



• 

GJtátíic..a.me.nte.,. pa.Jta. et' c.a..6o de. Jt..e.gJte.-6-lón · .6-lmpie. .6 e. te.ndJt.á: 

Yo 

V O, e-6 .t •. 

y • --
1 
1 

' 1 
l. 
1 
1 

1 
1 
1 

. 1 

( y - y 

c..u.Jt.va. de. 
Jt. e g Jt. e.-6 .{. 6 n 

--~----------------------------~-.---...--------------~ X xo 

.. 
7". 2 Mé..todo de. io-6 M_.Lnimo-6 Cu.adJt..a.do-6 

7. 2.1 Obje..to . -·' ··,. . 

E tíec..tu..a.Jr. la. Jt.e.gft.e..6i6.1~. Une.a.t o. e.xponenc..-tat·, .6bnpte. o múL 
;U.pie.,~ .de. ta..va.Jr_ia.bie. x

1 
.-b~bJt..e ta.J,t,) ... va.Jt..ia.biel~ l ·X

2 
,. ; ·.- .• , X

11 
,:.a :'. :·.~ 

pctJt..ÜJt de. u.na: ~c;--btct. de. "m" pu.ntq¿, mu.e.-btJt..a.ie-6 c..on ta.·¿,;.(gu.ie.h-te.· 

c.. o n ó-lg u.Jt.a.c..i6n: . 

Pu.nto 

m .. - ~ 

X n 

·: .. ~-.. . 

· Pctft."ct e Ó ec..·ttt¡¡·'!- eL a.jaste. Se étilJJie.'cC e.:t rne{Ódo qe lo-ó -m.ÚÍ.{_: 
. . 

mo-6 ~u.adJt..ado-6. Ade.md.6, -be. pltopoJt.~iona e.t 2o~~¿¿i~nte. de. ¿onJt.e.-

iac..i6n lJ .e.a,~ de.t,v.tac..-i .. onc.-6 e,~.tándaJt.. de. .[o,~ pa.Jtáme..tJLO,~ de. .fa. c..u.Jt.. 



1) l.t • 

X< 
6 

fi 
x1 

"= :A-1 

A :.e f A X e ·11 ~t ( 7 • 6 j 

SZ ~~ de~ea como cu~va de aju~te un polinom~u de gnado -

X = A + A X + A x2 + 1 "1 2 2 . " 3 2 ... ( 7. ·n 
G ~ :J 

el Jiguiente cambio 

Xq ;;;:: ;(, 1 .. i, 

x3 :::: 1/ 
;r"'2 

x4 "' 
\( 
/\.¡:; 

i 

j 
~n el momento de p~opo~cionan lo~ dato~. 

1,t"i Método 
Da.d.r.t..o un c..onJu.nto de 11 »1 11 ab.Oe.itvac_ . .Lone.b de .ta va.Jt..Liibi~~ ~~--· 

dependiente x1 ~obite una o vaitla~ vait1ableA i~dependie"te¿_ x2~ 
" ••• /J X

11 
.& e bu-6 c.a aj u-6 :t.a..it f:ó.s da:to-6 medifÚt:te la. ¿, lgu.le.n..te. ·cu.hva i 

El uaton de la uaitlable dependiente eo~ne~pcndieh~e al -

\:.! /-;;~:;. 

)( 1 ~~ tYa.,~[DJ~. f:.1 :t .. LP!'iGt{lú de )( 'J 
d ! 

e . 

,. 



• 

y·la 6uma de lo~ e~ad4ado~ de lo~ e44one¿ eon~idenando todo~ -

~o~ ~unto~ mue~t4ale~ e~: 

2 -xl,J ¿ 
i=1 

( 7. 12) 
pa.na obtene.tr. el m-in.<..mo de. la. ~uma de lo~ c.ua.dna.do~ de lo~ e4no 
ne~ ~e de4iva la exp4~~i6n (7.12) eon ne~pecto a lo~ 

A • ·y cada una. de la~ de.4.<..va.da~ .ó e iguala. a. c. eh o. pa.Jw 
j 

pa.náme.~o~ 

:toda._j: 

••• + A-X .. 
n .. n,-<... 

m ·: ' ' ,•e' ', 

= E.r. 2 [Al+ A2x2,i + • • • + A,x.,,:< - x1,1J x1 ,:t 

= o ·( 7. 1 3 J 

.e. o c. ua..f. ~e c.umple ~ola .6 )_: 
m m m 

A7 
¿ x. + . Az ·. E x

2 
.x . • + ... + A LX .X . . = 

).=1 j,-<.. i..= 1 ·.· . ,.-<.. . J, -<.. .. n i=.1 n,-<.. J,-<.. 

m 
=¿ x 

1 
• -x . . (. 1 • 1 4 J 

,-<.. j¡-<. 
i=1 

al .eva..tuan ( 7. 14) pa..tr.a. :toda. "j" -~e ti en~?.: 

m A 1 i· AzEXz + A3.Ex 3. + . . . + A EX = EX¡ n n 

A J EX 2 
2 A3EX3X2 .,_._.··. A t:X nx2 ·EX X + A

2 
EX

2 
·· + o . . + -n . 1 . 2 

;.-.. 
. ·, .. 

( 7. 15) 

A1r.x 
/t 

+ 

·• . ·.-. 

+ A zx 2 
···' .. •· • --- . ti J·¡ 



;· X 
~·. 2 

EX 
!1 

{1.16) 

Al. Jte,.i':>iJL\12)L e.l L{,).t~l;l1ct de. (¿r".:_ua.e.{.one.& (1.16) 3-e. ob~tie.,ncn 

pcut.á:m,,;:..tJw¿, A. de .e.a c.tOLVCi. de. /t.eglte.t>.úJn. 
j 

1Je.n;tJto de.t pJtogJtama ·.6e. p.tavdea el ,~-[¿).tema de 
.. 

e.e:.uac..¿,Dne..,s y 

oóLe.Jti.i!?.ndo ia . .ouma.:totia de. lo.& pu.n.to.o mueó.tJtc<.le..& paJta cada. V!..t"· 

kiable,. paha el ~uadhado de la vaJtiable·y pa~a lo~ phoducto4 

('.··"Ul.z .. 'tdo.&. El Ait.S.te.ma de ecu.ac.lone:.ó .¿,e ~e.o ue.tve. po!L e.! mé:todo -
de GauA4~Jo.Jtdan modi61c.ado . 

• iE .t c. o e 6 .ú~.i. en-te. de c.. o Jr.Jt e.ta. c.i d n .ó e o b_.t.i en e de .ta. · .& -i g u-i e.n .te. 
l ~'i\'1""'''" ' l) t',.J< ~ ~~~ ..... <o 

dondeg 

)[_ 
1_ ( Z3 •• , n,) 

~====~~==========~==, 

v~.~tlac.i6n explicada 
v cuc.J.. a c.-i. 6 n i. o .t a. .e. 

r, ... 1 "' '-' '~ i 
V' CUt.. • .t O .ta.i 

de .la e.eua~i6n (1.181 

-~-~---

.m 

• 
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1 7 9 _"f'f 

¿; 2 = A2 l:X1X2 + A3 L:XJX3 + + A l:X1Xn ( 7. 2 o} x1 (23 •• • n) •f. •• n 

E x
1 
x

2
· ·EX EX 

¿;X 1 Xz 
' 1 2 = m 

L:X1X3 ·EX ·rx 
Ex 1 x3 = 

. 1 3 
m 

r 1 ~ 2 n 
·A lo-6 -téJtmi.no-6 de laJ ec.ttac.i.o ne.6 ( 7. 1. 9} y ( 7. 2 1} .6 e .te<S -

denonii.tia elemen-to<S de va.Jti.a.c.i.6n y c.ovaJtJ..a.ci.L6n Jte-~pe.c.tiva.me.n:te, .. 
ya qu.e x. = X . X y Lct· valt.;:[a.nc.i.a. ·y c.ova.ILi.d:nc.i.a. .6 e de:ói.nen c.dmo; 

..... ·-· · .. -.... 
·. : .. · 

~= X 

2 
E [x - .{] ·· . ( 7. 2 2) 

( 7. 23 J 

A c.ontinu.a.c.i.6n_ .6e deJc.Jti.be .e.a. ob-tenc.i.6n ·de la.. de.6vi.a.c.i.6n 

e.6-tándaJt de Jo.6 paltáme;tlto~ ~j· 
Se ·deóine :a .to-6 ~piLcidú.c.-toJ.J X' X· y· X'~ é.o.mo :· 

X1 X = 1 ... 1 1 .. ; 

.·-.. ·.-. 

X X • 2 2 •• ;• . z~ m. 
:' : . .. . .. 1 

1 

.. 
·-· ·.:, .. 

.. 
X 

2 
••• X n, , n·, m 

11 EX
2 . E>(. 

11 

= rx2 EX 2 EX E X ··- . 2 .. . ·.· 2' 11~ 

' .. . ·. 
~- ~:--~-; ·:. • 1· . ,;:·· -

(7.24)· 

r.x
2 

EX 
n 

2 
EX 

i'l 
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(7.25! 

. " [) . t 1 • 
2",'cbA_on~ e .. {.. ¿ .. u .. e.mcL ae. e.e.uoc.cane-6 (7.16} ¿¿ pued~ denota~ eH 

b(~.séc:. a to a.v1t~.Jr.J.G!i . .c.omo.; 

___ (XPX)il. ::" xuy 
"-- ..__:... -

,:o e V ~r...ep4e~.>e.H:ta e.t u,z.ctoJt de vo)'.oJte<> mue.&tJLa.te.~ de. !a. ua.Jt.ia"

tle deptndien~e.. Po~ lo tanto~· 

! 1 "/ 'jf ., 
¡ • ~ 1 J 

A"" (Xu~}= 1 xa!. {~i,ig} 
Se a¿ume que la e~uaci6n de ~eghe~16n e~ de ta. do~ma~ 

./ 7.· >'¡ ó} 
1 " <. ' 

A. pa.hti.Jr. de la.ó ·exphe.ó.(.one-6 a.nteJt.ioJr.e.t. .óe puede de.nto-6.tJwft 

(ve.Jt. J'"U!..Ó. 1} qu.e la vaJt.(.ancia de f:...o.ó pcuu1.me..tttoJ.. A. ettá dct.d/3.. pOic: 
-L 

z -1 f {A -ex) (A ~ o<l v '" (j I_!t x¡ t 1 ,, 3Ci\i 

- lf-? 2 b d . E.t va tate. de v .& e o t-iene me .ia.n.te la ex.ph.e.6.(.6n ~ 

• . • n 

m-n 

ó vul.,r¿ uú mi'' 1t epJir.<:,.1} enta. .ta c.a.n:t..idad de p wt.to-6 mut.ó ;tJw.t e-!J !j · '; J-t 11 .fo:.I 

c-xnddad t1e va.Jt.table-6 btdepe..ndle.n-te.¿" 

"-·....:.....:.... ___ . --

Pa~n e6ee:ta.ó de Jt.eg~e6i6n e~ponen~ial del tipo~ 

~6 ~l vecto~ d~ di~e~en~¿a¿ en~~e lo~ vaio~~~ 
lo¿ vaioftz6 4eale~. 

• 
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el pkCJ4ama apliQa el opehadoh ''Ln" en ambo~ ~éhmino~ de la ecua 

Qi6n (7.32) con lo que dicha exp~r.,e.~i6n ~e Li.nealiz.a y e..6~a ex-
pJr.e.~J..{¡: Li.neal,(.z:ctda. e.-6 la que ~e. u~iliza paJr.a la ·ob.te.nc.,t6n de 

lo~ pa~ame~Jr.o-6 A .. 
. . . J 

7.2.3 Ve~c.Jr.,(.pc.i6n del P~r.,ogJr.ama · 

a)SubJr.u~iltC~ Jr.e.que.hf.da~: 

SUBROUTINE SISTOR(N,M,C,A,B), plan~ea el ~i~~ema de e-

c.uac.ioi'!.e~ ·~r:e.qU.e.Jr.ido paJr.a la ob~e.nc.,f_6n de lo-6 paJr.áme

~Jr.o~ de la cu.Jr.v~ de. Jr.egJr.e.6i6n. 

SUBROUTINE GAUTOR(A, B, M,EPS, VE~), obtie.ne. la .6oluci6n 

de.l ~i~~e.ma. de ecuac.ion~-6 median~e el ml~odo de. Gau.6.6-
.• 1 • 

J oJr.dan •. Co n.6 ul:ta~r., el cap~tulo 3. 
. . ' . . . . 

· SUBROUTINE MULTMA(A, B, N, M, L, X), .. efiec~ua :pJr.oduc.to-6 ir¡_a~hi 
. . .. . . . -

-ci~le~. Co~.6~l:ta~r., el c.apltuló 2. 

S UBRO UTI NE MA TI N V( A, N, EPS ~ VET) , ob :t.Le.ne la in v e.Jr.-6 a de u-

-na matJr.iz ·. polr. el. método de G~~-J~-!.Ul.a.n~ Con-6 uttaJr. et 

cap-<:tulo 2 • 

. SUBRO~TINE GRAFI(A,N,M); ob~i~ne la gJr.á6ic.a de lo~ valo

ll.e-6 mu.e~tJr.ale-6 y. de.. lo.6 vai.oJr.e.6 e.~ timado~.! . . Co n.6 ulta!t 
el cap-<:tu.to .· i. 

b) Ve~ ci~ipc.i6n de. ·lctll ·. vaJt,(.able-6 : -

PaJr.a la -6ublitU:úta ;SISTOR: ... 
N C.an~,¿dad de. pti vrto.6. mue.6 .tJtale.l.l . 

.. . ·. ~ 

C(Í,J). 

. A( r,-T). 

· B ( I) 

. SUM. 

c.an~idad di y~Jr.lablel.l,, inc.iu.ye.ndo la de 
",:,, . : ·' ,-~- . 

pe11~i~n~e .· 

~a:t¿~ de ta ~a~i.able X ... pc¡Jr.a .el punto -
. .. . . . '· . . . --.j . . ...... . 
nwe..6 thal "_,¿" .. . 

. · ' . ~ .. '· 

.·. ñici:tn.Lz ··de ~oeói.c.ie.nie..6 4e:f., ~.i..6tema de e-.·· . 
., :,...._••: •w '. •' '••• • • '• ,•:, •- • 

c.ua.ci.o.n e~ ... · .. - .. · 
vi~:;ton~ de. 'tÓtm,{:~ol.l·· Dideyjei1di.e:n.t~.6 de.l ~i~ 
·~e;1J(i de e.cuació:ne·-6 

~ahi~bie. que guaJr.da la l.lu.~atohi.a de to~ . 

punto-6. mue.~tJr.ale.-6 

~ttha e.l ~~og~d~a-~Jr.inclpal: 

N cá.n:t'i.dad de. ptLnto~ mtte.~.t!tale.~ · 

c. a 1t.t.i.dad de. v aJr..-i.a b .te.,~ .. üt cl¡ .. q¡ en do .(.a de.-

S'7 



' 
A(l~J) 

B i 1 j 

f.PS 

VET 

PROD(TJ 

5CfR ( 1 9 J l 
XI{lnJ) 

liAR 

BVAR(I) 

ATEMP ( IJ 
c.) V.{Jrre:n-:6-;bo·ne-.& g 

pend.{tt 

va;¡,_{.a.bte (¡ue. ihd.ic.c;. e.t :tipo de Ae.gh..e,¿.itJJ·l 

-
valo4 d~ l~ ua~iable X . pa~a el pu~~o -

. .. j 
tn11e~~ .tJta.t 11 .i 11 

m{:t:tJúz de c.o.e{ic.-ic.n:te.& de-l .&-i.&tema de ¿

C.i-La c..io a e..& 

vec.:toh de. tl~mino.ó independiente¿ del ~¿6 
:tema de ec.uac.~oni.ó 

c..JU..teh.Lo pa.Jta de.teton.inaJt. .6-L et de:teAmitui.H 

.te de A ·2.6 nula 

va~labte que indica ~i el detenminanie ¿¿ 

la ma..:i/t.i z: A e.& o vw · rwlo 

~umato~la¿ d~ lo~ p4aduetol 

mci...tft-lz mod.i~.ic..ada de ia ma.t.ít.{z e don.de.. 

Cf~l ( Iv n ~ N 

mq_;tJL.iz .tít.{OL.6pue.c.ta. de la ma.tJt.iz CM 

m4tJt.iz inve.Jt6a det p~oduc.to ma.thltia.t 

( XTR J (CM) 

c.oeó-ic..ienú:. de eoft..Ju[tac.i6vt · 

v~4-ianc.la no .explic..ada 
de.&u.iac.i6n e.&tanda~ de lo.& pa!tdme.t~o~ de 

la c.uJt.va de ~eg~e6l6n 

vaJr...i..abl.e de .JLe.empla.?;O 

Et p!tog!t-amct tlJ.t.á. e.G.:tft.u..c:tu..twdo pa!ta :Vt.a.bajcuz.. c.ovrw riii{·o 

x-lmo c.on. c..ú¡c.o ~aJc..útb.f.-2.,~ i.ndepe.ncite.ntéf.;. La p~O)Jt>">-L~ . 
' . c .. ión V1MENS10N de.tHVtd mod-L6-ic.cur..óe.. en e{. (:.ét¿o q(Lf' . 

. ta. cantidad de p1.Htto,:, mue.ó.1.~haie_¿ .be.a. mc(ijOi<- de. 30,, 

d) i":-;,tma;to¿, paAa. !o.6 da:toJ:, de en:thadai 
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6} LLó:tado; 

e 
C f' H C G R ~ 't ~ P A q A E H C T U ~ f1 R E r, RE S 1 a '1 L! N E AL O LX f' O N E 11 C ! 4 L M U lT t P l [ 
C EL SlG~!FlCADC CE lA~ ~AR!IBLfS ENPL[AQAS ES ' 
e ''=e ~ ~ r rr A e e F. P ~~Tes ve F. s 1 ' 4L r s 
C H•eA~Tlr~C JE V~RlfQLESCI~CLUYE~OO LA VoOEPENOl(NTt) · 
e 11 T 1 P C : V a R l A .! L E ~U E 1 'HJI CA fL T 1 f' O O E' HE G R E S 1 O N A E f [ C TU~ R C [)(PO O 
C L!N[) 
e CC!,Jl•uALOR CE LA v~q¡A]L( .(JJ PARA EL PUNTO HUESTRAL 1 
C CC!,I)•~AA!A8LE DEPE~OlE~TE . . 
e A•I"ATR!Z 0( CCEfiC !E'Il~S OU. 3JSTEMA OE ECU~ClONES;. QUE SIRVEN PA" 
e R A [~e O~ BAR LO S P ~ n a ~ (T RO S O E LA. fU 11 C 1 O N O E RE G n E S 1 O N 
C .. · O 8 P A q J ~ [T R C S: O E LA F' 'J N C lOs CE ~F. G RE S 1 O N 
e ... I:PS•~'LCR CO~ EL OUE SE CC~SlllEflA NULO El DETERMINANTE DE LA NA" 
e TR!l A . 
e OEf•VALCR AlSOL~TC· D~L GETER~INANTE CE LA ~ATRIZ A 
e PRC;)'Sif~ATOGIAS OE L1S pnccuCTOS CRúZAOGS CON LA V. OEPENOIEHT[ 
b C~·~&yq¡z ~COIF!CAaA D[ LA ~ATMIZ C CÓ~OE C~CI11>mt 
C X T A ~ T A ,1), S P ~ E ~ TA · O E L 4 ~ Al R l Z C ~ 
e Xl 2 ~1Tq¡z !~VERSA DEL PGOOuCTO 4ATRICIAL XT~•C~ 
e . BV4n•DESVIACION ESTA~04R oE·LOS PARAkETROS B 
e ·VAR•VAQIACIQN h~ EXPLICADA 
C ~lvtcErJCIENIE CE·~QqR[L~CION e . . . . 
e LA r~NCION DE REGRESIO~ ES DEL SIGUIENTE TIPO 
C XCI)•BCI) + q(2)X(2l + B())X(J) + ''' + O(~)X(M) e . , . 
C OIWE~SICNES PARA OBTE~ER·LOS P4RA~ETROS O~ l~ FUNCIDN O~ REGRESION 

e 
e 

e 

e 
e 
e 

e 
e 
e· 

C· 
e 
e· 

. e 
e 
e 

e 
e 
e 

e 
e 
e 

e 
.e 
e 

OI~ENSION CC30•lO>•XCl0l•BCIO>•AC10•10l•ATE~PCJO) 

OI~E~SlCNES PARA OOTENER LA OESVIACION ESTANCAR O(. B(f) 
.o~~E~~ICN_f~OQC!Ol•C~ClO•IO>•XI~ClO,JO>•XICIO•IO>•BVARCIO) 

DATA XIAHtCil•4HXC21•CHl(3)•4~·(4),4HXC5>,4HX(6)14HXi7l•4HXCel,4~X 
1(9),5~1(10)/ . 

LEC1~R1 DE OATO~ 

lPS~O•O~OO~JI 
HEAQCS•~Cl N•M•NTIPO 
IF'(Nl 2•2•3 

2 CALL .ttiT 
l DO 4 J•l•U 
4 READCS•sl> cccr.Jl,rmt,~> 

LIN•4~LINE. 

I~PRES!ON DE 

hRITEC¡~52) N•~ 
WRITEC6•5lf (X(¡),I•I•~> 
00 5 1•1·~ 

5 kRITEC6i54) CCCl•Jl•J•I,H> 
" 

LlAJoiAOO DE SUBRUTINA PAR4 .F0Rio4'R t.L SISTEMA DE ECUACIONES .. 

JrCNTIPCoEQ,llNl 00 TO 26 
IJC ?5 l•l•.h 
A TE 11 P ( 1 ) 2 e ( 1 ,¡ ) 

2 5 C ( 1 , ¡.) a AlC G ( C ( I ' 1 ) ) 
26 CALL S·ISTCRCN•M•C•4•~> 

~HPRESI~N DEL Sll~E~4 CE ·rcúAtiONEJ 

WRITEC6•551) 
OC 6 1 8 1•~ 

6 hRITE<6•5SOl CA(!,~),Jdl•~l•BCil 

.-

LLA~AOO CE SUBRUiiNA PARA RESOLVER EL SISTE~A DE C~UACIONES 

CALL CAUTCR(A•B•~•EPS•OETl 
JFCOET•LE•EPS) GO TO 8 

l~PRESIC~ DE RESULTAYOS 

WRITEC~o55) 
IJO 7 1·•1•~ 

7 wRITEC6.S6l r.ecr> 
kRITEC6,552) NllPO 

UB·l[NCIQt/ DE SUMX(I)dAl 

), 1•o. o 
uc 9 r•t·~ 

9 At••t • ccr.n 

.. ·. 
':. i ~:'~';1,. 

726 ~2 

~., ... ,• 



e 

ilt1 2~ 2~Lvt~ 
A2 5 0•0 
~j20cü 
00 J.~ .)"!~ d~ 
A2~At ~ élJ~!)uC(Jiij 

IG Al~-j 6 C(Jot) 
PROO(IIul2 • (Al•A]J/FldA1(~! 

u ce~.;~ !rl!lf 
~Rif[C~·5•) t~~ODI!I•IDI,~I 

OBTI:NCYCN or VARe NO. OPUCAOA V OEI. COtro llE C~'~!IAC!.AClO~ 

VAR~óoO 

0012 I•i•l' 
D2 V~R~VAq • UC~)6PROó~I) 

AI•SCR1CVJR/PROD(1)) 
1/AA~PROn( 1) "' VAR 
VARuyAq/fl04TCN·~l 
WHti(<6•54l VAR 

UOf(NC 101 ¡¡[ U <lHiHII .. .J-.lüfJtrleAo5. ot \!AlOA~ S liUf:SVAAU:S 

O!i i ') 1 n 1 ,N 
uc l ~ .Jd .:.; 
lFCJ,(Q,II.Bú IC Sj 
t~( ~.JbC{I>J3 
Gá Yú ! ,¡ 

U ti' O •JLd o() 
i 4 ~ ú N 11 1J ti [ 
iS. C0'1tii'l 11 f 

~ DBI(•tlrN DE CV IRA~SFUlS7A 

oo ~~ r~1•1l 
!JO iil Jolof.l 

g~ XYRCJP!)8~~CI•J> 

e UtiH~OO Dt ;<;U!lRl:U~~ ll'2flll Ht:t-V.Utlíl i'ROOYCYIJ WHtfiC!AL 
t 

t 

CALL VUti~ACHT~·C~•~•~•uerll 

Ll~VADn ó( SUBRUYXN~ Pt~A OBY[~tR l~ ~~Y~K~ !aVt~SA 

CAlL ~~,~~VCIIP~,[~S•D[f) 
!f(O(l•lEotPSl GO lO IQ 
DO 201 In loll 

~@! WRIT((6>54) CX!(J,J)DJDI"U) 

C OBTCNCX~N gE LA O(SVIACIO~ ESYA~OAR DE LO$ PARA~EYROl 
e 

!JO P' ¡og o~ 
~~AR(i) 0 VARo~J(!~f) 

21 BVARCX) 0 50RY(8VA~C1J) • 

WR JYtÜ, Si!l 
OC H Xd•" 

18 kRlTE(5>51) eCI)•BVA.(II 
WAlTEteo6tH 61 

¡; RfnCOI"'CO 0"1.'--C-HC.S .I"Ml~ 01HntM~ V~!,"IHI[S ?-1tHU V iJ~í.!lit[S i:t'i'HL~" 
e VOS CO~ LB FU~CION O[ ~E~RES}an 
((; 

~F(uYtPOoh[~LIN) GU ro ~, 
!lO 2! 1•! • !i 
t~([ulil"rLOAVl~) 
Cl'lOv:n•cn.n 

. ~UIJ,OoO 
00 :?0 J~2•1-' . 

ac s~~osuu ~ c(igJ}o~(Jj 
. c~ex••loU(~» + su~ 

lli CG!oYf~¡;f 

~e YC 3c 
;H !.iO 29 i•i"N ··., 

Cf'(!•l hflC~Hi) 
C"~¡o;!l"!ii~Y~~~~ 
~itJ r.' ti :r \[~~Be li J 5 
on g J•2•1" 

¿ti .S U ttJ ::S lPA ~ [ i! P ( €; ~ i b J) ~a ( J ~ ) 
c~t¡~;¡)u5u~ 

:i'il i;()q!MIJ[ 

11.7 

' .. 



t' 
e 
e 

o 

LL•,aco CE SUBRUllhA PA~A oR•FtCAR 

lO ~Att G~•rtcc~,~.l¡ 
c.c ro 1· 

8 liRITfU.,sn 
c.c ro 1 · 

· 19 IIRIH:C..;,6!) 
C.O lO 1 

t FOR~6l~S CE LECTURA E JwPR[SlON 
e 

50 f(Rv&TC~I5•J«) 
51 fCR~ITCeFt:.O> 
52 FGR~AlC!~I•SC/),5X•3~HLA CANTIJ~O 0[ PUNTOS HU[S~RALES ES •I5•J(/) 

1•Sx,~e4LA CA~Tic•o DE V1RIA9LES ES •15) 
Sl fCR~ITCt//,S(/),J01•26~LOS V~LOq[S HUESTRALES S0~•///,5X~AS,9(7X•A 

15) ,·,) 
54 FCR~ATC;,2X,t0{1PEI1o4t!X)) . 
55 fCR~AT(//I•SCI),1CX•~7~L~S COEFICIENTES CE.LA FUNCION CE REGRESION 

t SCtHII•HX•If'],Jn,o\HeCt>,l) 
56 fCRviT(J,C5X•l2•101•1Pt!S•f) 
57 fGQ~4TCSC/),SX,~2HEl SISTE~A OE'ECUACIO~ES NO TIENE SOLUC·ION) 
SS fCRutTC!HI•J(/),¡Oxot9~L~S OEsvlaCIDhES ESTANCAR DE LOS COEFlCIEHT 

llS SCN,I/•~5~•tf'E(]J,21X•qPOoS.~//) 
59 fCR~ATCt,tCX•2(1PEI5.~•10X)) . 

.60 fCRy4TCS(/),5~)J4HEL CGEFICIENTE DE CORRELACIONES 11PE15o6) 
61 FCR~Il(51/)~5X•8~P~O EXISTf LA !~VERSA DE lA HATRll EMPLEADA PARt 

tC•tCUl~R lAS DESVI4ClO~ES ES1A~3AR) 
550 FOR~IT(/•2X•IPE10ol•t0CtX•1PI10ol)) 
'!>'!il .rcRp4T(JHl•SC/},5X•27HH SISTE14A DE ECUACIONES [S•Il. 
552 FOR~AT(I/•5X•21~TIFO DE REQRESJON •A~) 

[IJO 

Flg. 7.3 Ll~~ado deL p~ogh~ma p~lnclpal 

e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 

e 
e 
e 

SURqOUTJNE SISTCR(S•1•C•A•e> 

SCARUTI~A PARA PlAhTEAR EL SISTE~A CE ECUACIONES OU[ p R~ 
~~RS~~~~~:cR:D~OET~[OS OE l~A FU~CiaN CE REGRES!ON LlNtAL ~UL~r~ ~BT[• 

"' US V1Rla9LES E:-lPLEADAS ES · · • '·' 
U•CANTICAD DE P~NTCS ~CESTRALES . 
H•CANTICAD CE ~ARlAdLESClNCLUy[,OO LA DEPENCIENTE) . 
C!I•J>•vALDR OE lA V~RTIRLE X(J) .PARA El PUNTO HUESTRAL I 
A•HATRI1 CE COEflCIE~TES DEL SISTE~A OE ECUACIONES 
ti VECTnA DE TER~INCS I~OEP[NOIE~TES DEL SISTE~A DE fCU~ClOUES 

El PlA~TEA~JENTO APROVECHA LAS CARACTERISTICÁS O[ SINET.RIA HATRil A . 0[ LA 

~IH[NSION CC30,IO),A(IQ,10)•BC10) 

OBTENCION DEl SISTCH4 DE [CUA~roNES 
ACJ,l)a~ 

úO 8 J•t•~ 
IfCI•NE.l) COTO 4 
SUI.,-,0 o O . 

~o 1 J=t•~ 
SUII•SU~ + CC,J.l) 
tl( J)•SIJU 
IPl:oJ.U. ----
DO 3 JDIPI•I' 
SU!o!:rQ,O 
DO 2 f<:DJ•tl 

.2 su~·su~ + CCK•J) 
ACI,J> 2 SUI< 
ACJ, I )•H•~ 

3. CONTIN'I[ 
Go ·ro '1 

41 SU.,:IJ,o 
[¡Q 5 J•'I•Pi 

5 SU~=~U~ 'CCJil)+C!J;~· 
tHJ>=su" ·· 

·aa·7 J=t-ili. 
SUII•O.J 

. liD 6 .K&J•h 

6 SU!JuS~~ ·t CCK~J)•CCK•JJ 
A(J,J)~SUII 

ACJ,I)•SU!I 
7 CONTINII( 
a ··cONTJPJIIr · 

R[lu~:: · 
[HO .. 

F~g. 7.4 Ll~~ado de La ~ubTLu~~na SISTOR 



f. :Z. ·~ E f emp f.o 

LoJ valo~e~ ab~e~vado~ pa~a la demanda de ene~g~a etlcthf 
en en el ~ecto~ ~~¿~denclat d~¿de 1962 ha~tu 1913 hon: 

ANO 
_,__~-· .. --·-· VFMANVA ~<rs1Titf.:ffi·kL- -(·tv1Wff1 

1418.757 1. 9 6 z 
1963 

1964 

1965 

1966 

FJ61 

Y968 

1969 

1910 

i 9 71 

19 72 

1913 

1578.572 

1816.236 

1970.987 

2256.216 

~:548,05 

3152,095 

35&2.568 

3919.667 

443L655 

493iL 191 

Sl ~e ~~be que. la dem~nda 

;U~.íi eéd:Jt.,zchame.n-te. Jietac..i.o nada c. un el .t.Lempo ~ e.t fNB, ict pobt.x--- ~ 

·\"._/(!!!. !J e.t p!Loduc.to bJtuto del .e e.ctoJt e..téc.:tJc{c.o del añq {ttt:CeiLla ;L" 

Ob;~:enga ww c.uJt.va de tipo Uneai y otJta. de :t.i.po expov;.enc . .{.af.. qn:::_ 

. .&e {tJu-6.te. lo me.jolt po.t,J.b.ee. a lo~ valoJte..& mu.eóbla.te.!J de. .ta. de_¡¡¡,:;;¿ 

da 4e~ide.ncial de e.ne~tgla ell~t~ic.ao 

* . S t) L lt C 1 O~~ 

TABLA 7. 1 · VoJ.o!:, deR. p!Lob.te.ma. del e.j e.mp.to 1, 1., 4 

N == 12 

M ; 4 

NT1PO = LINE 6 EXPO 

•~¡ 
:/ 



;;r '!AN:fJA RESIV. · TIEMPO PNB POBLACION PB CFE -1 
-·-· . ,. 

1418.157 6'2. 16 53 1 o. 37439. 1609 • 

1518.572 6 3. 178516. 38727. 7 7 53. '~~ 
7816.236 64. 799390. 40059. 2110. 
1970.987 65. 212 3 2·0. 414 3 7 .• 2529. 
2256.216 66. 227037. 42863. 2769. 
2548.05 6 7. 241272. 44338. 3151. 
2803.79 68. 260901. 45863. 3533. 
3152.095 69. '2.11400. 47'441. 4228. 
3582.568 70. 2 9 6 6'0 o. 49031. 4 8 12 • 
3979.66.7 71. 306800. 50718. 5351. 
4431.655 72. 329100. 52539. 5784. 
4930.197 13. 354100. 54560. 6297. 

TABLA L?.. Re¿, u.t.tcido¿, de. .e pltob.tema. de.t e.je.mp.to 1'. 2 .4 

6-8 
( • ..... "' .... 

. ' ~1 ... -.., o o o <> 
• ... • • • 
"' .... .... ... .... 
o .... .... .... 'C. . .... N .., o e ... .,. o .., .... . ... "' 

., .,. 
"' 

·~ h, ... - - o ... "' 
., ""· .. ., o, o o o "' - '&O ... ..... ... • • 1· . 1 .. .... "' 

,., 
"' .... .... ... ... ... .., ... ··:-: . ... .., 

C> .,. ·"' ... N o . o .... .... 
"' "" o ., o ., 

"' .... : ... ... . ... 
"" ... .... .... "' o o o o o 'C> C> .... .... .., 

"' o - "' . ... . ... .. .., 
"' N .... o ... .., .... .. , ... 

"' 
..,. .,. 

"' o .... N "' ... .... 
"' o "' ... "' ., ... - .... .., 
~ 

..,. 
~ 

.., .... ... ... "' ... ~ . . . . . . . .. .... ... - ... 
·"" "' ... • .... e 

:z: .., 
., . .... o "' 

.., e 
"' ~ N .,. -· -o o - o ti "' ... o Q o o o -• ... • • • X ... . ... ' • 1 a ... ... ... ... ... 
2: ..., ..... ... ... ... • o .... "'· ... ';;· e ... o "' "' .... "' 

u 
o .... '"' "' 

.... - "" 
., o ... o .,. "' .. o N O· .., "' u -· .... ... "' o o . . .. . .. .... 
"' 

.., o N 
., 

. 0: .. ... N 
o ... ... ... .. .,. ... ID .... "' "' .. o "' ... ... 11'1 ., .,. 11'1· o: ... 

o "' o "' - ''· ... 
11\ ... o ... 0: 

u N .., .,.. ... ,. ... .,. 
u o - .... o ... . . . .• "" • • • • ... 

"' .. ., ... ... . ... .., .... .... ... Q 
o ' • .,. 

N o .... 
11\ o "' 

.,. z ... ... .... ., 
"' o o ... o . . . . ... ... ..... .., - "' "' u g w ;¡:: 

;:;, IX 

"' .., 
"' o .. o 

D o - - o 

"' . • . • • ... Z' u ... .... .., .., ... ... .. ... .,. N "" "' .. ... .. ... .... "' 
., .. N "' ... :e '" ... ... ·-·_e C' .. ., 

"' "' - w 
0: ... z . o o . .,. p;:. 

u ... "' 00 "' o .... ... . .... 
u ... "' .. ... ... "' ,O ... N ... ... . ... ... ... 
-" u o o o o .... ,_, ... Q 
u .. • • • ... - ·~ ... ... ... ... u .... .... .. ... '"' .... 

<.> N "' 
... ... ... ... • ·~ .... .... o ... ... ,_, > . .. ... 

" "' .. .. .., ... ... ... .. .... ... . . . . . u 
"' Q -.. . .., 

"' "' ... ... ... .. ·u :a 
"' ... -... .., ... ... .. "' ... "' ... "' ... ... 
..! e .... 

"' o u o o Q ·o - .. . • • • C~- ... 
"' .... ... ... ... ... ... o o "' .. o •.. ... ... " "". .. "' u ... ... ... "' C> .. "' . . o . . - ... ... "' 

.., 
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J~cC<J~nC<•Qü 21·,CG;::Cqi~ ti,, a e~ [( ,, ~ ií 
s: :-us¿;[<.·os:- lic.(IH[{•f!:l' t." l.i<' ?.E:,, r ~ 
(JL.c.e.n·[<·n{,~ .\!oiJ~~ICog¡¡ n e 2'~·(>\?<'~~Q 

~c.t~-~-í~·o~~~ (\.,.ce e:~ e>G 

, .ro U:•ol" :1J•OHC~~c;¡ 

Z •«HEQgg· )cZH~~gO 

z<:ttot-:.so ~ o0\l1'tl:<>vtl 

~·oOO'Ii:<>l[!l) ~ oS<?.i'(viJfl 

~v-~(\"~[<tfij¡ 

6•~05(+0) 

:lo~l21tHH' 
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' 
Vl) SOUJC!Ot··1 ECU/,ClONFS DIPEREf'·JClALES ORDINARIAS, 

' • !• f" ' ' d'' • ll 9 1 ' • . LO$ ecuac1ones a1 erencu.:.J~s or 1nar1as son aque as en !OS que a vana··· 

ble dependiente es funci6n. de una sola variable independiente; 

* y{n) = (X Y Y' 
! . 1 1 

n} Método de Eu! er 

(V! .o) 
1 

tonre /:Jx se obtiene la sigui ehfe fórmula Herariv<:~ e· 

~ . e'=.=-:' X 

o . (X~~ y«) 

o ' . ¡ 
::::Y +Y'I 

n 1 
.(\/1 '¡) 

l 



>~ 

··~··-

n.-

La e.cuaci6n VI .l .. nos da la f6rmu la recursiva de Eul er. Para a¡:;lic-:r 

el método se requiere que flx sea pequeño y adem6s contar con un purt0 -:!e. 

inicio (Xo, Yo) . El error producido esdel orden de ~x2 . 

b) EuJ er. modifi.cado - · ... 

........ 
- . . . 

El procedimiento b6sico es el rr1ismo soloq~e paracado Y¡+ 1 S<; h::ce 

una serie de iteraciones con los valores obtenidos sucesi\ramente de Y¡"¡ a-

fin d~ obtener el valor m6s exact~ de Yif.t .: 

Al tener :. 
-. 

se éectdanlas siguientes iteraciones: 

'·- "•,, . 

./'--

'(· -Y. + .. l.frl- . 1 L. 

.:. 

• 

y asr sucesivamente. ha,sta que : 
.\ 

. . -~ _;:-: . 
(: . 

.··:. 

·. ~-: ' . 

! '1 -:t.\ 
~' • ? ) 

¡·l 



/. 

al ct,mplirse11 se procede o obtener Y¡ +2 y asr sucesivamente. 

Al igual que en e! método anterior es necesario emplear incre~er-1 -

tN ( f'l x) pequeños. El error producido es del orden t.x3 . 

· -E~tc mé~odo utlllzc lcts fónnulds de integración antes, vht~""paro Hegm· 
5-

t1 ~íOl obtend6n de $1J proph:dóumu'la recursiva. D~.cho proceso ~t:J:~ baston~e 

[1 b o 1 <:. '· • . na p¡noso por o que no se ,rmart/1. 

ed6 dada por ~ 

. donde g 

v -e 
''"- ! 

/:l'X ( k'o + 2 K~ + 2 !.(2 J~ ~( '3 J 
~ 

( x~'),Yt1 1 

( 1 

4:- '· \! - n. ' " {" '11 'Y 
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La fórmula anterior es la deRunge-Kutta de 4o. orden, hay otras-

fórmulas con mayor cantidad de l·érminos que se obtienen empleando difere~ 

cias de mayÓr orden al deducir lo f6rmula. 

Los par6metros 1< i representan la pendiente de la funci6n en los -

puntos en qúe -se est6 evaluando. El método da un error del orden de ~x5 

y es uno de los m6s pr~-i505 . 

. . .. . . Ej empl.o · 
.·· . __ . 

·. ,, · .. -

... Qbtener la solución de la ecuación diferencial Y• = ·1 -X +4 y para-

5 puntos consecutivos empleando los métodos de Euler, El!ler mejprado y Run

ge - Kutta usa-ndo un incr~me~to !:J~ =o. L <:emparar dichos valores con la . 

solución real si X0 =O, Y 
0 

= 1 . 

Sol. 
. . . -· . . 

La soluci6n exacta está dada por : 

. Y~:= A+ P>x 

• . _-:-- 4 A - Ll_"t)X = ~-X 
··.·,· 

A =· .:. ~ . 

(. 
' 4' >' 

Y(x}·= c.e·~~ 
4 

C-~ .) (o):: ~ - ··-4 



los fórmulas de solud6n para los métodos son : 

(Eu!er) · 

Yñ ~ '(vH + ~~X. L K~ + 2 k:~ ~ 21<~ ~ k'' 4] 
G 

k'a .~ ~ (X \1~~ 7 '1m" sl 

k1."' ~ ('/.,_, + ~~ >Y~'~-• + ~~x) 

V ( ·( v .L j'\ . ..,¡ '\j .~ _ \1: .l\ t./\ 
~~ ~ 'f /\roo! ' 4' h~=>~ · ~ ~'?,; Wf"v}. 

. . 2, 2 



. . 

•••• 

K xk Euler 

o o 1.. 

1 o .1 1.5 

'2 0.2 2.19 

3 0.3 3.146 

4 0.4- 4.774 

5 0.5 6.324 

d) Diferencias finitas 

. E. Mej. R .K utta · 

l. l. 

1 .595 1 :608 

2.463 2.505 

3.737 3.829 

5.609 5.792 

8.369 8.709 

Real 

l. 

l. 609 

2.505 

3.830 

5.794 

8.712 

:¡.9 
8.1.- f V 

Este método se emplea cuando se ti~nen problemas con valores en l.a 

frontera. 

El procedimiento co.nsiste en lo'siguiente :dividir el intervalo de Í!2_ 

tegraci6n en 11 n 11 espacios iguales, emplear las fórmulas de derivación de. 
· .. ·. _. . ·· .. ; . 

diferencias finitas en la ecuación diferencial (todas las diferencias deben -
' .. · .. : ·, 

ser del mismo orden);su.bstit.uir las condicionesde frontera ypor último re··· . 

. ;olver el sistema de ecuaciones planteado: Se tie~e que aplicar el opera-

dor diferencia~ -a .todos los .pivotes del intervalo. 

Ejemplo 

Resolver la ecuación ~iferencial d2 Y2 - y= O, en el intervalo (0, 1) 

d x2 
si y(O) =0, y(l) =, 
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Se divide e:! ilüervolo :en "n 11 partes lguoles, sean 4 en este cciSo ~: 

¡\ ".? -- 1 o 
-~=- .r\ -- -

-4--

empleando diferencias de 2o. orden : 

Y·"= l r\_ Y:_~.11 ~ 2 Y"
1 

+Y;+ i, ]_ 
¡ = (t;..x)2 - . ~ - -

subs!-Huyendo en it-.1 ecuación diferencial : 

1 rv · '1\r·v·l 
1 • '1 =¿_ .-r .+, 

-~¡, ¡- ! u ¡ l 
,O,x2 . "" 

~y.= o ¡ 

J ·v¡ _,1"' 
\j~·-·:J 

V ::: () o . ~· 

'·( -- 'i '4 ·- ' 

aplkcndo VI .4 er,; l-D~ pivotet ~ 
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y o - 2 . 062 5. Y, + y 2 = o 

. - 2 ; 062 5 :y 1 + y 2. = o 

x2 ·= o.s 

y 1 - 2 • 062 5 y 2 +y 3 = o 

x3 = 0.75 

y 2 - 2 . 062 5 y 3 + y 4 = o 

y 2 - 2 .0625. y 3 = - J 

el sistema de ecuaciones es : 

de donde : 

y1 =0.216 

y2 = 0.445 

y3 = 0.701 

(VI .5) 

(VI .6) 

(VI.7 

= o 

- o 

2 .CÍ62 y3 =.- 1 

NOTA: Cuando se trata de ecuaciones.diferenciales de mayor orJen y se-

cuenta_como condit;:i.o~es Y11 =O, etc:., hay que substituir en dichas ecuaci~ 
~ ~ .. .. ~ .. · . . - ~ . . . . .. . ' 

nes las fórmulo_ide diferenciosy despejar de ohi ~as condiciones de fronte~a-

desconocidas. 

. ·~·. 

•·• J 

~: .... ; 
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1 O. 4 S olu. cJ.6 n de S-L-6 -tema./1 de. E c.uac:~o ne-~ V,¿ 6 e.tr.ene4:a.te..6 LJ..nea . .t e~:. 

No Uomogé.ne.a . .ó de. Pn.bne.Jr_ Oltde.Yt 

10.4. Y Objeto -

Ob:tene~ la ~oluai6n de ~i~tema~ de ecuaaione6 d~6e4ene~a

le~ no homog¿nea~, linea.le~, di p~imeh. o~t.den medi~nte el mltodo 
de Va~lacl6n de Pa4dmet4o~. 

ta Jce.p4e.~ e.nta.e-t6n e.vi. óoJtma: ma.t!t.-i.c.-i.al palttt e_.t,;~e. tJ.po di! . 

.o.Ló.te»,cu. de. e.c.uac,i.on.e~ d.-tóe.Ji.J?.ri.c.,[a-f:.e-:'l e.&: 

X(t) = ~ ![~) + B- U(t) 

donde'g_(t) JL.Z.p!te.J.>e.nta e.i vec_;{:o)(. de en.t.tadcw ex.:tvur/L-<'!. ¿¡J~ &c.: Jirt~-~

b.ta de &-ó:é:una-6 6-tJ -Lr~o ,¿," 

Veb/..do a q u. e. cuan. do · -6 2- m o d eta.n 6 .i-6 tema& d.-í¡r¡JÚ/l}~ c. o ,o .tút te!. :E.r.~.L' 

la-6 .6 al..¿ da.-& no -6--le.mphe. c.oJOr.e.-6 pcn¡_den a. la.-8 vaJtiabt:eJ!¡ emp.te.ctdru_¡ 

en la.e, ecuac./.one-s di..6e.Jr.en_c.-iale).'.t en e.o.te pnogJu:tma 1:'..e e:..on-6-ldc.Jw.' 

R.a JtepJr.e.6 en-tac..{,6n e o vt~p-te.ta. me.d-i.an:te va.Aút ble.o de '2.-6 ;ttt:i.o de. :~_~;--~ 

.~,L&.ten¡a_ Ltl~eccl, .ta c.u.a.t e~: 

. 

l X{-t)= A ~{ t} i- BU ( t} 
"-

Y{.t)= CX{t) + VL' f ""} { j[; 7 7 ~: 1 '·'t.-

( , /" .' 

x r t
0 

., X := 

j --0 

" 

tuc.-i6tt det ,{;.L&..te.ma de ?C.t.tae.üntfJ) d..[Ke-t.enc.úi-le.¿ LL,\u~.ct.te.-6 ~JO- 7 /; 

~lene pok 6oluci6n: 

- ' 't .¡- 1 
V { .;, J _, . f\ \ : - -1: '· ¡ , j 
A¡..{, - e-- u ..::o 
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donde. La matfL-i.z e.~(t - to l e..6 .ta ma.tA/z de. .tlr..a.n~.>-i.c..-<.6n de.{i.n-i.da 
' 

e.n .ta ~.>e.c..c..-<.6n 10.3.2. 

Po11.. .to .tanto .ta ~.>otuc..-<.6n .to.ta.t 1.>e.11..d .ta ~.>uma de. .ta Jte.l.>pue.~ 

.ta d~b-i.da a .t. a.~.> c..ond-<.C.-<.o ne..6 -<.n-<.c..-<.a.te.J.> má.6 .ta Jte..6 pue.l.> .ta debida 

a la!.> e.x.c..i.tac..ione.l.> e.x..te.11..~a.6. Palr..a la p!time.Jta pa11...te. de. la ~.>a.tu-. . . 
c..-<.6n ~.>e. d-i.J.>c..u.t-<.6 ~.>u ob.tenc..i6n e.n .ta .6e.c..c..-<.6n 10.3.2. 

. 1 
Vado que. e.l plr..ime.lr.. .tlJtmino de. la J.>o.tuc..i6n ~.>e. e.va.tua m~a-

d-i.an:te ct.na. e.voluc....é.6n de. e.~.>ta:do~.> a -<.nc..Jr.e.me.n.to.6 -i.gua.te'-> de. tiempo, 

la .6e.gtutda pM.te. de .ta~.>oluc..-<.6n: 

~
..t . 

e~ ( .t - 0 
_J B u (. o J d o · ( 1 o. 79 J 

t . . o . . 
:' .... 

tambitn .6 e e.va.luaJtd a. .. -<.nc..Jte.me.n.to.6. igua..te..6 de. tiempo. 

Pa.Jta. pode.11.. · e.vci..tua.lr.. la e.x.p!te..6-i.6n. ( 1 O. 79) me.d-i.an.te. fu c..ompu-

:ta.doJta. .6.e. Jte.quie.Jte. · d:Z.J.>c..Jte.UzafL e..t ve.c...tofL de. e.n.tlr..a.da.J.> U(.tl, a--

p!tox.-<.nuindo c..a.da. e.n.tJta.da.· u(tl me.d-<.a.nte. _pu.t.60.6 o Jte.c..td...6 

c..omo .6 e. mue.J.>·.tfLct a. c..onUnuac.i6n: 
·. 

!\ u(.tl 
;'1 . . 

Á u(.t) 

¡ 
o 

. tvt b.t b..t • • • . 

~·~'~· ... ~----~--~~--~~------~ 

(a.) 
.to .tJ tz .t3 

(b) 
. . . 

.t' o 

_F-i.g. 10; 10 Ap!tox.Zmac..-<.6n de. una óun.c..-<.6n. me.d-i.a.nte: 
.· . .· al pul!.> o~ b l lr..e.c..ta.6 

En ·e.·l··p-fLo·g1La.ma. .6 e.. a.pJr.q x.-<.ma .ta. ¡)unc..-<:6n u ( .t) med-i.ante. ~r..ec..: 

.ta.6, · .t.Ct..ó é.é.uac..-i.one.~.> ne.c.e.-& aJt:2a.6 paJta. .ta. e.va..tua.-c.-<.6n de.· ( 1 O. 79) .6 e. 
de-~ alr..Jtot.e.an a c.. o ntinua.c.i6n. 

Sea.ta óunc..-<.ón u(.t) til0.6tlr..ada e.n la. 6-i.g_ulr..a 10.11 



)~ u (.t} 

' ' 

Fi.g. 10.11 Func.-lón u(,t} y .&IJ. apJt..ox.i.mac-ión »H~.diante 

una Jt..ecta en il lnteJt..valo t 0 a t 0· + ~ 

Se de~ea evalua~.la expJt..e.4i6n (10.19f pe~t..o: 

- a }B U l a ) da -Aa ( . 
e-~-u crjdo 

.. 

r :·~t 
A ll;t \ 

= e- j O 

o 

1e la 6igu~i 10.11 .~e.ob~eJt..va que.: 

u[t
0 

+ 6tJ - u(t0 ). 
u ( a ) g 

-U{t ) -- o 

( 1 O • 2 2 ) e.n ( 1 O. 2 1 ) : 

r A 
+ ) e-

i., 

r r~.t " 
j A ~.t.\ ~c. 1 

e- da ·~~U:0 ) 
"" o . 

B U( a 

8 ~ ( .:~: tJ .j. IJ,t; ~'e 
........... '------·-·--------.-..------....:..-

t; 

._.f 
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e.mp~ e.a.ndo la. .6 :<. 9 u..i e. 11 te. Jte.~a.c..i6n: 

e.n .to-6 

-Aa 
I A a :') - = -'-

T~ 

:t.é.Jz.m.ino-6 e.n.t1z.e 

a da 

+ A2 a 2 A3 a3 + ... (10.24) 
---rr-

C. 0 IL C. ft e. .:t e. .6 .6e. 

= I ( t~.t) 2 + 
2 ! 

3! 

.t.te.ga. a.: 

••• + A11 (llt) 11 +2 + ... (10.25) 
(n+2)! 

A 6.1 ~ó..t -Aa da 
e.- e.- = I( ó.t) + + A 11 ( 6.- ;t) ( 11 + 1 ) + • •• ( 1 9 • 2 6) 

( n+ 1} ! o 

Pa.Jta._la. e.va..tn.a.c..i.ón de. la.-6 .6e.tt.ie..6 (10.25) tJ (10.26) la. c.an

tida.d.. d?· té)un.ino.6 a.. e.mpte.a.n de.pe.nde.Jz.á de. la e.x.a.c..t¡,tu.d de..6e.a.da.. 

Se. IJ.ija. W1: c.Jz..i.te.Jz.io .. de., c.onve.Jz.ge.nc.ia 8 .ta.l qu.e. ¿,¡ ~ ne.pJLe...jle.n.ta. 

a. la. m a.tn.i z de. la. .6 e.n.i e. ( 1 O • 2 5 ) IJ W a. la. ma..tn.i z de. R. a. .6 e.Jti e.. 

( 10~26.) 1 . . .6e c.wnp.ta.. qu.e.: 

·1 z l.~~+ 1 ) -tj .. 

l w~~+7Í -tj 

zlj) 1 <. t 

w~~) 1< ·e 
-tj ' 

pana toda. .ij 

, pa.Jz.a. :toda. .ij 

. . 

( 10. 27) 

domo la.6 .6e.tt.ie..6 ( 10 .25) tJ ( 10. 26} ,,.6olo de.pe.nde.n de.l e..6pa-

c: . .iatJiien.to, .6 e. .te.11d1z.án QLLe. e.va..lu.a.n u.na .6 ola. ve.z, 

En .e.l p1z.og1z.a.ma pa.na. ob.te.~e.n la. ne.la..c..i6n (10.24) hay que. 

~.va.úwJt e.l ve.c..to!z. de. e.n.tn'a.da.-6 U(t) e.n c.a..da.. u.no de. lo-6 pu.n.toll 

en que. ¿,e. .6~bdiv.ide. e.l inte.Jtvalo de. .in.te.gJz.a.c..ión. 

. * ( n) z .. 
-tj 

En· .té1z.mú10 .6 g e.n e.Jz.ate.-6 e.l piLo c.e..6 o a. .6 e.g u..i!z. e.-6 : . 

·f:\ . o • . d .t . . 6 A ( 6. .t) IJ...J e. v a.l u. a Jt {... a. m a .t~t-t z e. 1z. a.11.6 -<- c.-<- n e. -
. . . . ® e.\J;a.~aa.Jt la.6 .6 e.Ji.;(.e-6' dé la.~ e.C.Lta.c..io ne.-6 e ('1 0, 2 5) l} ( 1 Q • 

0 

Jte.p!z.e.-6 enta. e..e. ele.me.n.to z .. ,de. .ea. ma_.tJLiz Z c.ompu.e..6ta po!L 
la. .6 u. m a...to JL.i. a. de. "n." t énm:{ Ao·-6 • 

o 



0 
0 

239 2~1 

eva.luall. U(.t} en .t¡ íJ .t.t+r 

ob~ene~ la ~t.e4pue4~a. debida a la4 exci~ac.lone~ ~x

:te.tl..na-6 med.{.a.n.:te. .e.a. i'te.tac.l6n ( 1 O. Z 3) 

hac.eJL i..=l+ 1 tJ JtegJte~a.iL at pa.óo G) hM.ta. ba.JLit.eJL .to

do el ~nte~t.va.lo de i..n.teg~t.ac.l6n. 

10.4.3 Ve4c.JLlpc.i..6n del P~t.ogJLama. 

a.) Su.b,'Lutincu .~Leq ue!(..lda.ó: 

SUBROUTINE EXPMA('DELT,M.v·A 9 EXPO); obtiene .ta ma . .t.Pt .• Lz de 

~JL~n4lci6n. Con.óulta~ ¿ec.c.i6n 10~3.3 • 

.SUBROUTT NE 1 NTPE (DE l. Tu Ms A, SUMA), ob.:t-Lene la. vnaDt.Lt. de, 

la .6e4ie (10.26}; e~~a exp~LeJi6n ~e emplea pa.~a eva= 
lu.al' .. la ite-s pue.-5 :ta deb.i..da ct .ta.6 e xci..ta.c.ÚHE.tG.!) ex.i:etuta...G 

SUBROUTZNE ZNTRE[VELT,M,A,RECTA)p eva.lua. la exp4e5i~n 

dada pon la ~enl~ de la ecu.acl6n (10.25); e.ó:ta ex-~· 
p!Le.6l6n :6 e u:tlli...za. pa.Jz.a c.a..tc.u. .. f:.a.JL .ta fie..&pue,~.ta debida 

a la.¿ exc.lta.c.lone4 ex:te~t.na-6. 

SUBROUTINE MULTMA{A,BgN,M,LpX} ¡ obtiene el. ptÚJduc.:to mct

t4lc.~a.t AB. Con~utta~ el c.ap~tuio 2o 

$UBROUTTNE GRAFI (A; N, M) 1 gJta6.{.c.a .ta.6 .óoluclorte<S de .La'"~ 

va~lable~ dependiente~ tJ de la¿ he.6pue.6ta~ del 4~6~ 
:tema. Co n.ó ul:talt el c.ap-C:tulo 1. 

SUBROUT1NE EXCITA(TpF) ,. e.val'-!-a el yec.:toJt d·e. e.n:t.rutdo~6 

}!3 tl en el ln.6:ta.n-te .t ~. · 
b) 'J)ei.c.Jr.J..pc.i6n de la . .6 vM-l,ab.te.-6: 

PaiLa. la .6 u.b~t.u.:túta. 1 NTPE: 

.VEL T 

M 

A(I, J) 

EPS 
s·uMA ( r, JJ 
CM 
VIV 

T.'JE\1} 

'"~·r r· l .. \ '\ í : - ) 

e.6paeia.mien.to .e.n:t~e lo.6 valo~e~ de la 
va!(..útble. indepe.nd-i..e.nt.e 
c.anilda.d de. e.c.u.ac.lo He-~ dl-6 elt€Utc..ia t. el:, 

ma:tltlz de eoe6ic.ie.nte.6 eon¿ta.nttl d 

.6i4:terna de ec.ua~lane.ó di6e.Aencial~6 

cJti..:teJl.{o de c. o n v e.-'Lg e ne.-La 

]Yla.:tlt.lz JLeJ.:.i.tLtan:te de eva. .. tua.Jt.. .ta . ..,; eJr..ie. 

contado~ de ltenaeioneA 

6 a c. :t. o lt,út 1!.. d .i v . .[¿, -o-!t 

inelteme.nto de la vaJtiable 
elevado ,a .C.ct y.;¡ o .ten e-Le( 11 aH 

m o.. .tltl z ;_de;¿ :Ud ~td'. 
<> 

..-

f; 



B r r, JI 
x r r, ;¡ 

ma.tJt-i.z A elevada. a. la. po:tenc.-i.a. "n" 

~a.tJt-i.z lte~ulta.n:te ~el p!toduc.:to AB 
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Pa.lta. la. -~ ubJtuüna I 1VTRE: 

VELT 

M 

A ( I, J) 

e~pa.c.ia.m-i.en:to en:tlte lo~ valoJte~ de fa. 

va.Jtla.bi~ -i.ndependlente 
c.a.nü dad de ec.ua.c.io n e-6 di ó eltenc.ia.f e~ 
ma.tltiz de c.oeó-i.c.-ten:te~ del ~i-6:tema. de 
ec.uac.-i.one-6 d-i.óeJtenc.ia.fe-6 

RECTA(I,J) ma.tltiz Jte-6ul:ta.~:te de eva.fua.Jt fa. ~e~le 
CMA(I,J) ma.:tltlz -i.denüda.d 

· B ( I, .JI 
X ( 1, J) 

EPS 
TNEW 

· ma..{Jt-i.z ~ elevada a. fa. potenc.-i.a. "n". 
ma.tltiz Jte-6ufta.nte del p!toduc.:to AB 
c.~iteJtio de- c.onveltgenc.la. . 
lnc.Jtemento de la. va.Jtia.ble independ~ente 
elevado a. la. potenc.ia. "n" 

· CN • · c.o nta.don 
vrv óa.c.toJt-i.a.l d-i.v-i.-60~ 

_Pa.}ta. la. ~ub1tuüna. EXCITA: 

T · va.lo!t del in-6 :ta.rl.te de tiempo ·en el e '.ta.f 

6e de-6ea. iva.lua.Jt la. exp~e-6i6n U(tJ 

f(7,7) 

F(2, 7) 

F ( 3, 7) 

· F ( 4 1) , ' 

F ( 5, 7) 

va.lo!t del p!timelt kengl6n de la. explte~l6n 

U (.:t l etf .el 'Zn,~ ta.n:te :t. - ..(. 

va.lo!t del 6egundo Jtengl6n de la.. explte6-i.6n 
U(tJ en el in~ta.n:te :t. 
- .. .. ..(. 

va.folt det .:teltc.elt ltehgl6n de la. explte~-i.6n 

U(.:t) en el ln6:ta.n:te .:t. - . ..(. 

. va.lo!t del c.ua.Jtto ltUtgl6n de la. explte-6-i._6n 
' . ' / . 

U(;t) en el lnf.J.ta.n.:te t. - ..(. 

va.lo!t ·del qu.[n.:to Jteng.e.6n de .e.a. exp!tc.-6l6n 
U(t) ~n el i~6.:tante t. - . ..(. 

_Palta. ~l p!togJta.ma. p!tlnc.ipa.l: 
M 

N 

NS 

N L/-.'\ 

PERIO 

c.a.ntlda.d de ec.ua.c.lone-6 d-i.6eJtenc.ia.le-6 
C.a.ntida.d de 6ub.i.n:teltva.lo6 en que ~e d-i.vi
d~ el -i.nteJtva.lo de integlta.c.i6n 
· c.á.n.t-i.d,acl de .-6 a.Uda.6 del -6 l-6 .:tema. 

c.a.1tLi.dad de en.tJLada.-6 del 6-Ü tema. 
: .. ' 

.<.n:teJwa.to ele. in.:tegna.c.i6n 



VELT 

A(IPJ) 

B(I,J} 

e rr D JJ 
v r r, JJ 
}({1, 1) 

X{'l,J) 

YY(T,.J) 

STIM,ltf-i ., -1-i . 
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ma.gn.Ltu.d de.. lo .6 .6 u.b.<.n.teJc.va..f.o-6 de. in.t·e.-gJLa~ 

c.i.ón 
ma;tJL..(. z A del .6-l.ó.te.ma de e.c.uac.-i.o ne..6 
matn.i.z B del .6 .i..6 :tema de e.c.u..a.c..Lo ne-6 
ma..t.Jt..i.z " del .6 .i.-6 .te. m a de ec.u.ac..i.o ne.ó \.. 

matJc..i.z V de.l .6 .u, .tema. de ec.u.ac..i.one<> 
c.ondic.lón inicial de la va.Jc.iab!e indepen-
d.ien.te. 

~ondic.lone4 inlclale.6 pa~a aada una de 
.íl.M va.tcJ:a.bte.b de.pe.ndie.n.te-6 v J > 1 
~olucJ.6n del ~lbtema de e.~uaeioneb 

valo~ de la~ 4alida6 del 6i4tema 

integ~al del ténmino con~tan~~ de La e~ 

c.uac.-l6n de . .ta.. lr.ec..ta empleada pcur.a a.p4o x.i ~ 
ma.Jt la e_n:t.ir.ada 

RECTA(I,J} inte.g.~tal del téJtmino va.~tlable de la e~ua

c.i6n .de la. .~te.c..ta. empleada pa.1z.a. apJr.o x_¿~ . 

ma.Jt la en..btada 
~SHOM(I,J} .6oluc..-l6n. de.e. .6il.ltema de.bJ.da a):~ íUU:..-t> 

-.tac.lone-6 extenna-6 
Y(T,J) 

PE NV ( 1, J) 

RE (J, J) 

F{1, J) 

c.) V.<.men-6 ..(o n e.-6 : 

va.loJr. de .ta en.tJta.da.· en e.t ln.& .tan .te . .t.L~ 1 
pendiente ~e la Jteeta empleada pafta ap~o-

. ( 

x~maJc. la ent~~da 

vaJtia.ble de ~eemplazo 
vá~¿able. de neemplazo 

La pttopol.l¿c.t6n VIMENSION del pttogtLa.ma. p.it-iru:.lpa . .e. 
la...~ .6 u.b.~tu.t.i.na..ó de.,b en á: nwcU. 6-Lc.a.Jt.é e. cuando: 

N > 1 O O y/ o M / 5 y/ o NS )' 5 y/ o NU > 
Si he modl6ic.a la e.xten¿i6n de. M~ de.be~dn mod~ó~ca~~ 

.6 e .f.o¿, a.J~g wne.n.to,& de .ta. 6 ubJLu..t.ina E XCI r A~ 
d) Fottmato¿ patta lo.6 da.to-6 de ent~tada: 

SEC.TAI?JETAS . FG RMATO 

(415$F10.0l 

(8F10.0) 

TNFORMACIOM - . ~- __ _,.._., __ ~---
A[Z,Jl, lo¿ ele.me.ritv¿ de 



3 . (8F10.0) 

4 (8F70.0) 

.5 (8F70.0) 

6 (8F70.0) 
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ta~ ta4j~ta~ como ~ean ne 

C. e~ a4.{.a~ 

B(I,J), igual que pa4a la 

mat4.{.z A 

C(T,J), igual que pa4a la 
ma.tniz A 

V(T,J}, igual que pana la 
matn.{.z A 

X(7,J), el pnime4 vat'.o4 de 
be coue~ponde4 a la condi 
el6n ln.{.e.{.al de la vanla-
ble independ.{.ente. 

--------~---------------------

otno~ p4quete~ de dato~ (opcional) 

Y!. 

e)Viag~ama de bloque~: 

TARJETA EN BLANCO, al 6in~ 
llzan toda la ln6onmacl6n. 



Fi.g. 10.12 V,..LagJt.a.ma de bloqueó, 

de . .e p Ir. a g1t.a~1 a ·-p IL.-l.n c.i p al g e¡ 

UAA>.Vt t.ubJu.L
.túta IIIITE 

t!.Mwt t.ub-;:1 
v..:__: Gr.AF_:___] 

tn;kP.c-
ul.ttufoJ; de. 

t.-u. J>a.U.da4 

~---_.,. 

F.[g Q 1 O. 13 V-t~a.g-'wma. de b-Loque~:. 

de La !:tubJt.u~ina TNTPE 

,--;ub'lLcfina -]-_1 
· Jt.TPE , 

~ 38 

.{"~'"-· -~~ ~~·=..."'· 
~ RF'U"''. \¡ 
\~--~.~~-=-~.~-~ 

~ 
. ij 

ruo ~ _________ __J 

-t (1, b f) )._. 
U_ .U) 'i U¡ 

de_ .f..a. 6 u.&ítu:t..Lna 1 NTR 

MJ Í ____ _._ _ _j 
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Q RE A D ( 1 n, 1 S O ) ( ~ (I 1 .1) , J e l.r 1-1) 

----s no. s r = 1, • 1 
PUv(! r•, 1 'j~} . (n Cf~-,1); Ji:j;·;~,.if 
rrcw .• r·1. J> r.J T•) 71 

·---------- .. _. 
01.) (> I=l·r·:·. 
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pU.r(Ir>, 15·'> Crd!, Jl,J=I,!JIJ) 
fl(,\("!",l'l"l cx-u;JJ;J~I;:ü•rr 
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00 'r¡ ¡" 1, ~1 
9 jlj rt Il f CI 11, 2 S O l C D CI 1 J) , J :r 1 , II.U.J 

zrr·:~.f·l,vl r.•J TO .'Y-2 
~>~IT( (!•ir3'dl 
C>O 1 Q 1-:1, "S 

----l.!Lhf!: TE. ( I .e, 25C )_(C C l.,JJ~.J;; 1 ,~!). ___ _ 
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e ¡·¡n~r.:,n 51 LA 11,\TRIZ D ES ~IJLA 

(ll) ¡;> 1: 1 , '!:l 
['J 12 J~l .~."- ............ --·-- -------· 
IFCr.Cr,:l.EO,),Ol GO TO. 12 
1 J= 1 
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12 (t)'ITli,'IL 
73 Il\=0 
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o·rusvs. 
an Jnventory system model 
computes inventory levels and factory output for 
a factory-wholeseler-retailer inventory system. 
/nventorv replenishment and lead time policies 
may be changed in arder to test the effect Óf 
these policies on the performance of the civera/1 
system. 

The purpose of an inventory is to provide a separation irÍ time or location 
between the production of goods and the consumption o'f goods. In our 
specialized economy a man is no longei- his own butcher, baker, and 
candlestick-maker. Rather, we ha ve produc'tion centers (factories) which are 
specialized, centrally located1 and have high production rates. There is a 
great gain in production efficiency from this specialization1 but it also 
requires a large iricrease in inventaries to separate the centralized factory 
from "the ultimate consumer. No longer do we follow the example of the 
little red hen who plarúed1 reaped1 milled1 baked1 and ate {without the help 
of the pig, cow 1 rabbitt or duck) her own loaf of bread. 

The most common inventory system in our economy is the factory
wholesaler-retailer system. Thc wholcsaler provides a time decoupling service 
between the factory and the retailer1 in that he holds the factory output until 
ordered by the retailer. The wholesaler also provides a locatiori decoupling1 
in that he generally ships goods over a wlde geographic area. Similarly1 the 
retailer provides a decoupling service between the wholesaler and the con
sumer1 in that he maintains an inventory of goods on display for sale to . . 
customers. · 

The purpose of this exercise is to provide an illustration of the 
dynamic nature of the factory-wholesaler-retailér inventory system'. A com
puter model is u sed to calcula te week by week how thc retail inventory 1 the 
wholesale inventory 1 and the factory output rate change iri response to retail 

· sales~ The model user may make changes in retail and wholesale inventory 
policy in an attempt to control the overall inventory system. 

25 o 
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Figure 2·1 The factorv·wllole;aler-retsiler syst®m. 

. Section 2.1 explains the normal inventory systems and the ruh:~$ for 
maintaining inventory levels. The following sections presenR duef! i!h.Jsttot.t.:©l 

· computer problem~ for mzintaining cnd controlling tht inventi?ry sy1bRrsm. 

The normal system for the production and distribution of gooos. iliJ 

our economy is through the factory·wholesaler-retailer s:ys.tem. A ·vfi$>1Uiii!fi. 
conceptualization of thi~ system is shown in. Figure 2·1. The function of the; 
retailer in this sy!item is to , .. ,., ... 

-:-ta~~ ~rdersfr~m c.~;~,stQm.ers ,.~., :. . :::·• · : 
: ~deliver goods to cust\)mers from on-the-shelf'inventory · 
-reo~der goods fr~,r; the. wholesaler ·· :· · ;,-·.:·;': · 
-re'céive. shipnients fr,9rn.th~:wholesaler ·;;,,,;~c.,.·;. . 

' ~ • • . . • • . . . . •• • . • • • ).'1 ; ' .. ~ :- .. 

. The function. of tlie wholesalet'is 'similar to the retailer except that 
the 'wh~iesaler's cu~tomer is the retaiier 'ánd' thei:e is ·a:. time lag be~wee~ ~h~ 
ordering and the delivery of góods:'The. ~hol~saler ,;.;usi·· · . 

• •• ,-..,.. 1 ~-~~::\·~-~~t ;''j· .. ' '·''". ¡ 

-receive orders from the retailer, . . . '·" 
-ship goodS'trom tt·;~ w~-r~house i~ventory .. 
-reord~r' goods.from the;factory ·, · .· ·,-. ··.~ · .• ~ ·,· : 

. -receivé.~sh!pments..frorn the.'f~ctory .. · · ·-~·· '.'":·-' 
• ,, • -. . . . . .• \";' - '¡-- ., ~·, ¡ ~ V , . .:. 1",.: ;··,·· ·~-' 

Finally:,· the' faCtóry must pr?~ufe, .t~e .~o~~~ which are ultima~eiy 
sold to the customers: ·Th'e factor}'.rríay or. may,not hold inventaries. In the 
curre.nt model thé' fact'ofy d<iés'· 'hbt. rilairii~¡'~'. ~ny i~~~ntory so that its only 

• . 1. • ; . • . ) :, {! ,\' .... ¡) ',1 ¡ 1 ~ • : ~. • J '. •• ~ • 

funct1onsare:to;·:·~···· · '· · ... _, 1 _,,,,.:,~¡·;, · 

-produce goods.at sollle rate ·>:J•:J;;.; .• ¡,:·. 
· ..C..:changé pi-!:)duction. ra.te .as requested• by whólesaler 

,, . , ··.• '' · . · . ;.,: •. r¡ .. ,¡'rHt'• 

. Jhe. model just desái~~dis' a' si~ple, a·~~t~actiÓn of that which is 
found. in the;industriaJ: sy'stem'.'Dú'rable goods, such as. applicancts, more or 

.. le_ss follqw· .ti) e syster'n desc·ribed'.' Th~~~ -~r.~ v~riatjo~s),n tha¡ som~ i~rg;e · 
· retail~rs !9rqer,,directly Jrom the 'factory;' or the factory may maintain a 
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showroom and make direct retail sales. In other cases, the factory maintain~ .. 
large inventaries and performs the function of the wholesaler. In all of these 

· modifications, however, there ·is a dynamic interplay of sales .with the 
· inventaries maintained and the factory rateas illustrated in this modeÍ. · 

The parameters and formulas for the actual computer model of the retailer · 
are presented in this section. These formulas are a mathematical statement of 
the verbal model description above. We also present sorne sample compu· 
~ations using the retail formulas. · 

Retal/ sales are controlled by the customer. They are part of the 
input to the program by the reader. R_etail sales in the past have been about 
100 units per week. · · · 

Ruail receipts are the ÍJ.nits received from the wholesaler each 
Monday morning that were ordered F riday one week ( 1 O days} prior. 

Retai/ inventory leve/ is the number of units on hand· Friday after· 
. noon at the e lose of business. The inventory Jevel varies through the week as -
shown in Figure 2-2. The formula for determining the inventorv level is 

lnventory le~el. = prior inventory level +retail receipts- retail sales 

Retáil ordersare placed with the wholesaler each Friday afternoon 
after determining the inventciry level. The arder policy is to arder the retai! 
sales for t~e week plus or minus enough units to return the base stock levei 
to 100 units. Thus 

Retail order = retail sales+ (1 00- inventory level} 

The effects of these formulas on inventory level and the retail arder 
can be.seen in thé following sample computation. 

In a normal week 

No. of · 
units 

200 

Retail_sales = 1 00 · · 
Retail .receipts = 100 
Rerail inventory·level = 100+ 100-100 

. = 100 
Retail arder= 100 + ( 100- 1 00) 

. ="100 . 

100 --

,. 

F M Tu W Th F M Tu W Th F 

Figure 2-2. Retail inventory level. 

Base 
stock 

time 

. ¡ 
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Hrtl a week in which sale§ increase 
Ret~il ~le:;;:.:: l n Q · 

· · Ret~il ~ece!pts"' 1 OOl 
Rctai! inv0ntory levei "" 100 ·+ 100 ~ i1 O 

:;::: 90 
Rétaii order"' 1 W + ( i 00- 90) 

""120 • 

!na week in which sales decrease 
Re~ail ~;¡;le>;"' 90 
Re~iliil n;;cei¡:J~~"" WO . 

· R~~il.i! inJverdtory lcvel"' ]0()) 4? WO ~ 90 
= 110 

Ret¡dl order,;. 90? (1 00- 110) 
"'l!..O 

¡! 
. 

. 

The whole~a!er's po!ícies for maintaining inventory an& reordering from tth.:: 
fa_cwry .are $lmi!ar ~o the retai~er's policies, The formulas for the w~M¡,!e:Q~err 
<H'Jd Mmp!<fl ~tam¡r.mt?'ít~or~~ <sre now pr~§enRed. 

· Wholesale shipments <~re· disp~~ched eacl'i Wedl(1]e~iio!V ~mm Olltlieli":li . 

:;ubmitted by the retailer on· the prior Friday. Thes.e ordlers iilri'Ív® <JR ~he 
retailer's on the following. Monday, · 

Whnle5<1!!e ~hipment;; = r~~i! order (pri~r w~®!t) 

Wholesole receipts is the factory producticm Q)W d1Ja; [j'Yif@VÜ<(i¡i.n~ W<l'l®ik 

which is receiv.ed each Monda y mcm.ing: · 
. . 

. ·.Wholesale·.receiptsi= fáctory 'p·rod~ction (prloiT W®&Jk} . 
. . . .. .. . , ···~. ~ .-...... , .. ~¡¡,.·¡ .;i;; r:: ~ ... ·.~~..., . .¡ ; ••• , • 

Wholesole ínventory leve/ is the number of units; OU'I il"9illfrild rFrr'i.dl~y 

· afternoon at · the el ose of business: ·Til.e ·inv~'rit?rY. levei actual! y V<~ries 
through the week as shown in Figure::¿<~. ' 

The formuion foi" determining dí e· Friday ~f~~fi"r10>QII] Bfri1Vi!'ilñlfrll1ilí1f ~.;;~\5<~ : 
is as follows: ·· · ·' .,·,r-;,·· ..•• ,,¡ !.:.,:.:. 

No. of ·' . ' 
.";'' 

· units 
300 

200 

100 
• ! 

Figure 2-3.- Wholesale inventory;· · '· · ~ .·· ·-· · '· ·;. :·~: . ; <: ··· .. ':: 'i.) • h'• 

···~· ' ''"'' ..... ·~··' 

.!·;·, ... ! ·.r 1 ctr!:~·,;rn ¡~:< :~ l 

Th f 

Base 
s%ock 

limfl 

•• 
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Wholesale inventory level =prior inventory level + wholesale receipts 
- wholesale shipments 

Wholesale orders are placed with the factory each Friday afternoon 
after taking inventory. The factory, however, requires a week to change the 
production rate, so two weeks pass befo're the wholesaler receives the actual 
order .. The policy is to arder the current week's shipments plus enough units 
to return the base stock to a normalle_vel of 200 units. The formula is 

Wholesale order = Wholesale shipments 
+ (~ÓO..:.: invérytory level) · . 

The effects of the wholesaler's policies can be seen in the following sample 
computation. 

1 n a normal week: 
· Wholesale shipments = 1 00 · 
Wholesalé receipts = 1 00 . 
Wholesale ihventory level =200 + 100- 100 

. = 200' ' 
Wholesaleorder = 100 + (200 - 200) . 

= 100. 

In a week in which.shipments.increase 
Wholesale shipments = 11 O 
Wholesale _receipts = 100 · . 
Wholesal e inventory h!yel ; 200 + 1 00;.... 11 b 

. =190 
Whole5ale arder= 11 O+ (200- 190) 

= 120 ' 

In a week in which shipments decrease 
Wholesale shipments = 90 
WholeSáie receipts = 1 OO. 
Wholesale inventory level = 200 + 100:- 90 . 

=210 
Wholesale order = 90 + (200- 210) 

= 80 

lt should be noted that in the present simplífied model, the wholesaler only 
services one retailer. This is an obvious oversimplification from the real 
world and allows the analysis to isolate the effect of a single retailer in the 
entire system. 

1 n · this model, the factory· m·aintains no inventory. The factory produces at 
the rate specified by the wholesale order. Thére is, however, a one·week 
qelay when changing thc production rate and a one-week delay for shipping. 
The net effect is that the wholesaler receives the ·actual order two weeks 
after it is placed with the factory. Thus, for example, one might have the 
situation- shown in Figure 2-4. · 

' . 
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:., ,· 

..... 

,·,· 
,,:· 

'.: .... · 

. Week 
f')Ul2;&'b-?f" 

· Wholesale 
ordei1' 

Foctory Wholesale 
rec,;;ípt;;; 

100 
no 
80 

100 
100 
100 

1 oo 
wo 
100 
120 
80 

100 

100 
lOO 
100 
100 
120 
80 

lri!lMY~ é!.J.l Changin¡¡ facto,Y produc'i:lo~ rat0. 
·,is 

11rnis section pn~sents; !he rewlts of fo!lowing ~ 01o.rm2!í ftrr;\N:ét!1J~())¡¡-y 
. ~H,:¡iic;y" l&:lf "normal" we mean &hat the rctailer <md wholesaier foiiow Ufu& · 
rules dt~ribed in the preceding sections. The most sígnific<mt nJiie,. \>J~okiro · 
will be au-¡afyzed in ddail la ter~ is the r~order rule. The norrn~! lí.t:Oifdé!l' nz!<tl 
~vhkh i~ ffr¡;¡!lowed in th-e t;:¡Jrrent tímo!em h; 

O:der the cwYeni week's sales plus o1 minus enough tobri/ag ghre /!J¡qj§i?J 

stock boc/k to its norma/leve/. 

Füllowing this reordér rule anci the other ¡'nve~tory po!id®§ ~~Jtiit'Ye@ 
in Sectioo 2.1, ene can compute over a number of weeks the irwen~e>qt !evd 
and ord<el'$ in response to retail liales. Fo'r example, if retail §ale$ are HJO un 
weeks 1 and 2, then in crease to 11 O in weeks 4, S, 6, and 7, re!IY!~s; wm ~CCilJii' 
as shown in Figure 2-5. 

TMse. results are arrived at by following the compuiatiol'l í"onirJ!Jii~ . 
given in !he preceding section. rór example. the formula for the re&ali @rdtali' 
each wee~ is as follows: · · 

. . :. \ .. 
R~uail order = weekly sale$+ (1 00- invento~y level) 
The retail order in week 5 is 120 unHs, derived from ~he <t!t1e>1Nl fo~ro 

mula as fc~lows: · · · 

.Week 
No. 

1 
2 
3 
4 
S 
6 
7 

Retail arder= 110+ (100-90) 
= 120 

Reta/! 

Sales , Rec lnv 
100 100 100 
100 100 100 

. 110 .. . 100' 90 
110 100 80 
110 120 90 
110 .130 110 
110 120 120 

Order· 
100 
100 

'120 . 
130 
120 
100 
90 

Who/esa/e: :. · · ' · 
!Factor y 

·Ship Rec · ":¡~¡, ·'.''·órder Rate 
• ' . 'r' . . ! t. ~ : 1 .. \ -~ 

100 100 200 100 100 
1'00 100 ... ,2Q0.; .100 :G1:lt\Jij 

·1oo ·. ·. -1oo ·· 2oo .. •-,10o! .. )L,:H1«J?''~ 
. . . ··l·-· 1 ··O 

120 '100 180:.::i140'1·'"·hJIJ 
130 100 1?0 __ ,.::180 100 
120. : .100. -,130. : :.190 140 
109 140 • 17P_.'• J30 180 

figure 2-5 "Normal'' inventory policv. 
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lt is quite possible to compute the results'by h'and for as many weeks 
of operátion as desired. Fortunately, the computer program will do· the 
tedious calculations. We next consider briefly the data cards required to run 
the computer program and then we will. analyze twenty-five weeks of 
operation by using the computer modeL 

This section presents the. data cards requirec:l as input to the computer pro
gram. The program listing is found in.Section 2.6. 

. User name card is the first card in the data deck. lt is used to identify 
Lwho is making the analysis and any other identification desired. This card is 
free fleld, in that·any information may be kéypunched in columns 1 to 40. 

EXERCISE OtiE BY ROY HARRI:S 

o o a a a o o o a o o o o o o ·o o a o o o o o o o o o o o o o o o q o o o a o o o o o a o o o o o 
_1_!,!_! ! .. !_!_.! .!._!l~l!._!l!I~J_!!.II.!'_~ !!_!~2!_!!!!_!1 .!_?~~ ..!!.,ll_!!_ll~ ~!!!~~U.!!_ 

Control card is the second card in the data deck. This card contains 
the numb'er of weeks to be analyzed, which is punched in columns 1 and 2. 

25 
\ 

D O D a 8 O O O ·O O O O O 8 O O O O D O O O O O O O O O DO D O O Q O O O D D O D D O D D 0·0 O O 
1 1 1 • 1 ,. • •· t 11 11 '' ti" 11 '' IJ 11 '' 1111 n lllt n n 11 11 n u. 11 un u n u u 11 :rt u •• u u w q q u u •• 

----------~-~--------·- ---- --· 
Weekly sales cards contain the week number and the retail sal~s for 

that week. There is one card per week and the total number of cards must be· 
exactl.y the number specified .by the control card. The week number is 

.·· '· . keypunched in col u mns i and 2. The retail sales for the week are in col u mns 
11, 12, and 13, righÍ: justified (that is, the last digit is always in column 13}. 

Computer 
Output .. 

01 100 .· 

O 00 D D O O O D O O O O O O O O O O O O O O O D O O O O O O O O Q O O O o: O O D O D O O O O O O 
-'...!..!..!~'..!.2-~'.!.!...I!J.l!,!_I~I~II..!!,1.!,E~~2!..!.!~!2!..!'..!!_lf.!.D....!!_ll~t~~-u~~~!!_ 

The complete data deck setup · for p~oblem one is shown in Figure 
2~6. Each typewritten Íine in the figure corresponds to one keypunched data 
card. · · 

The computer printout resulting from the normal reorder policy is depicted 
in Figure 2-7. The first line .in the computer output is a reproduction of the 
information keypunched on the first data card. The last·Jine of the computer 
output is information from the second data card, the control card. The 
notation 25 WEEKS RUN is a ref11inder that the control card specified that 
25 weeks of data were to be run. lf there is too little weekly sales data or if 
the weekly sales data is out of arder the computer will print the message 
'50METHÍNG WRONG WITH YOUR DATA and stop processing the pro
gram. 

. .. ,:. 
. -· _:,!_,.· 
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5 u o !20 l,li) 1~0 13(1 !00 !50 Uhi Jl!l@ 
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e; 110 90 90 120 !00 190 350 e n:'J@ 

10 U!l lOO k O lJO 120 nJO JI) O {1 ~@ 
11 u o 120 90 !20 130 Jo ~M ilii @ 

12 110 130 110 lOO 120 o !40 ~~o @ 

u u o 120 120 '\)ll) Al)@ : @ ~o ;1;(¡\,;} 18 
l<!.> u o lOO 110 hHI 9@ 10 20 t!'fo l\1.10 
15 110 90 90 120 100 . 180 100 200 .2:b0 
lb u o lOO 80 130 120 260 240 8<• 211,9 
17 u o 120 '10 120 130 210 380 o 1!l9 
ltt 110 130 llO loo 120 lOO 460 1[¡ ~i·' 
lli 1111 120 120 '.JO llHl 80 440 ¡¡ . ¡'} . 

20, 110 lOO 110 lOO 90 o 35@ .. ~) 

21 110 90 90 !20 lOO (j 250 S:t:. ~ 

22 110 lOO fiO 130 120 • o 130 190 1) 

23 110 120 YO 120 llU o ,O Jll: ~u 
24 110 130 llo lOO !20 so o 320 (<,bi) 
~S . 1111 120 120 90 100 19@ 90 l!o ;j)Jú ., 
2~ 1!1/EEKS RuN !J o o o 

Figum2·7 Computer output-normal poli~::y. 
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· Ailalysis lt is quite evident that the ,!¡o-called n.orm¡¡l· inventory policy is not a very 
... of the .· smart policy; Asimple increase in· retaii sales fo a new level 1 o percent higher • 

Normal .. than before- has ser óff unconttóllable fiuctúátions in the wholesale inven" 
lnventory tory and in the factory rate. Even though the factory services only one 

Policy wholesaler· and one retailer these uncontrollable swings cause the factory to 
·· · i::'Omplétely shut down by week 11. Negative inventories, orders, or factory 

rates are not allowed. · · 
By week 25 the situation is still not in control. The retailer has not 

stabilized his inventory level back to 100 units, the wholesaler has i'lot 
stabilized, and the factory is going from boom to bust. This cyclic behavior 
'¡r) the system is. the result of tne lead time_s in tf:¡e system and the "blind" 
ordering policies of the retailer and the wholesaler. The next two sectíons 
consider sorne methods for bringing this sitÚation under control. 

2.3 CONTROLLING THE REPLINISHMENT RATE 

·._.,,. 
This section considers the problem of control.ling fluctuation in the 

inventory system through a change in the.rl;)order policies of the retailer and 
the. wholesaler. The basic concept applied is that of dampening the ampli
tude Óf change. This concept is implemented by changing the reorder policy 
to deérease the amount of replenishment of the base stock. The new policy, 
the computer output, andan analysis:of.the results are preseni:ed, here. 

The . According to tf:¡e old.policy, ttie-reorderformula for the retailer is 
Replenishment 

Concept Retail order = retail sales+ ( 100- inventory level) · 

· .. _ :_::·; 

. i . 

·.· This ·policy saysin effect that the retailer wants to replenish the stock he has 
' áctually sold during the week .. rn addition, if sales are . .above or below the 
.- base stock level of100 units he wants to maintain·, he will order enough to 

'br'ing the base stock to 1 OO. · ., . . 
.•. · This policy appears reasón'ahle enough but it is based on the rather 

.. nearsighted assumptions that · · 

--futüre sale~ will be the same as this week's 
-stock replenishment is instantaneous 

. . . . 

·.. . T.he fir~t assumption is obviouslyl risky for alincist any'reiail opera
tion. The :Second assu mption is obviously no.t fulfilled in the present system. 

: The retail.er orders. on Friday, thc goods are shippcd on the next Wednesday 
andreceived the following Monday. Each Friday, the retailer orders enough 
"to bring the base stock back to normal" ·even though1the goodshe ordered 
the prio~ F riday to .bring the base stock back tó normal still ha ve not arrived. 

· When the arder do es arrive the retailer overreacts by ordering too little the 
next time. The net result, as seen in Section 2.2, is that the r.etailer is nevef 
able tó stabiliie his· order or invcntory leve l. Business cycles may be caused 

.:by jusphiskind o(behavior:· · .· . .. . 
· · · One way to dampen the swings isto changc the replenishment policy 

. ;to specify. that only a pcrcentagc of the base stock difference is to be 
.. prd~r~c;! .. Thus w.e change.the formula to V · ·.···. . . . 

. . .. Ret~ilorder= retail sales+ (io82 ¡·~ve~~o;ylev~t){A%) 
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lf we ser A at 50 pcrcent and thus try io make up only OM-hélf the 
éliffew<:i1Jcc, ahen we can com¡c:are itw lf<"'~ail órder whefll ~i<E§ 2Jre JUP ftó 1 W 
Ulno&s. • ,. 

O!dPo!icy 

Retail order"' 110 + {100- 90) 
"'no+ 10 
= 120 

New ll'olicy 

Retail order= 110+ ((100-90) X O.SJ. 
= 110 +S 
= 115 

When sales are dow11. to 90 Ynits the result is 

OkJPolicy N(/wPolity 

Retai! order= 90 + ( 100 -li -~O) 
= 90-10 . 

IReta.i! order"' 90 + ( ( 100 ~ ] li O) Jt OS] 
' ""'9!1J=5. 

=80 ""Sí5 

Th.e overall effett of the new policy ir. that the retailer only parUy r~act§ io 

in creases o&- 'd.o:ae:ases in the base stock and allows some time for- ioWI[;k'J~o:ri~¡;, 

to retunn; ~o ruorm,;;t Th~ whol~~aler mJy foliow a similar pdk-y ic,, 0~dc:uHi!1J)f, 

from i:he fac!ory by induding 8 percent in the whcilesale ordt:r ~ormoYa. 

((';IQlm¡lluier User f10m.e card remains unchanged. The new reorder poliqi i~ im¡ph:meiük~eril 
~!'1/l.lilj~ by specifying on the control card the percentage value for A (n:taiiet) Dril · 

~~&¡é»l.g;~rJi:>ltirrtM~rnt colum. m; 1 ~ arud 12, and 8 (wholesa!er) in colu. mns 21 and 22. 
· · Rate 

Corm¡:m~er 
OY~put 

-~tephÚ'Ii~h~i'lli:. 
Rate 

A~rnalysis 
· ~f the 

R~pleni$hment 
IRa te 

C~liilttrrol. 

25 50 50 

09SIGDOOOOIDD@DBOU~G08000QODa80618~~68188IDU@BB0B8 
1 t a • ll o • o g .. , 11 u ,, SJ ti l6 n 10 11 N'' n n u s ~ u Jll at lfl·Jt &tu Jd .u m u t1 ~J co 11 eJ u óe es a:~ eJ 40 as -----.---- ____ _. _____ -.E;>_.._~~~~-=-="""""~ 

if the field is Jeft blank, the value for A or 8 is set to 100 percent. Olt¡,erwi~,. · 
A or B may be set from 01 to 99 by the·u§er. 

Weekly sales cards are keypunched as in Section 2.2. 
A complete data dedc li~ting for the new policy is s.howb'll i!ñl fngtwe 

2-8. The retailer and the wholesaler only try to make up 50 po:rc¡;lnla of íllfu.¡¡ 
difference in base stock under the new policy. 

The computer print.out for the new 50 percent reorderíng leve! poiicy l'ithüdll 
is generated from these data cards is shown in Figure 2·9. Note that tt'ue last 
Jine of the printout includes the input values for A and 8 specified in the 
control card. 

The overall result of the new reordering policy is a dramatic impwveml'!i1lt Üfiü 

the performance of the inventory sy:>tem. 

Retail reorders match the new sales level within eleven weelt$. 
Wholesale reorders match the new sales level within twelve w«:e~:o. 
Faétory rate is not yet stable, but appears to be dampeni111g OYl; 

. . 

Most sign.ificantly, the sysiem is no longcr out of control, i.e., <eaa.Bg~& 
up in. uncontrollable fluctuation. The fluctuation$ ihlave been dampeVlle~ 6\L!I~ 
and th~ system sta~ilizes itself to th.e new sal\\15 levet 
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figure 2-8 Computar input-replenishment nite. 
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WEE.K·------·HETAIL--------- •••••WHOLESALE•••••••~ FACTOHt 
NO o SALES kEC I•~v ORDEH SHIP REC lNV ·OIÍDEH RATE 

1 1ÓO lOO 1(10 lOO lOO lOO 200 ~:~1'01' liJO 
z ' . 100 lOO luu 1 0!1 . lOO lOO '200 ''ioo luil 
3 110 lOO ~o 11!) lO U lOO zoo lOO lUO 
4 110 lOO HO 120 115· lOO 185 12.) l\10 

.. ·~ 110 115 · liS 118 120. 10.0 '165 138 lOO 
6 110 120 '15 llJ 118 lOO 148 144 123 
7 110 11tl 1!'3 109 113 123 158 134 l3t1 

,ti .1.10 113 bS lO& 109 138 186 116 144 
9 no 109 llo4 108 108 144 223 96 134 

lO 1111 . 108 ltll 109 108 134 248 84 .116 
11 110 108 99 HO 109 116 254. 82 ~b 

12 110 109 ~9 111 110 96 240 9r ¡,4 
13 llU 110 99 11u 111 84 ' 214 104 ~2 

'. _l'+· ·110. in 1:1(1 110 110 82 185 llfl 'lu 
1S 110 110 luo t 1 o 110 90 165 127 1 V'+ 
16 110 110 lno ·llo 110 104 159 13" 1111 
17 111i 110 luo 110 110 118 167' 126 127 
18 llU 110 loo 110 110 127 185 118 llu 
19 110 110 loo 110 110 130 205 107 . 121:1 
2CJ 110 110 10,0 110 110 ' 126 221 99 1111 
21 11o 110 1ou 110 llo 1lt1 229· 91:1 l1o17 
22 ' 11 o 110 1 rto 1.1 o 110 107 226 97 <.¡~ 

¿J llu 110 lvo 110 110 99 216 10?. "ib 
2'+. 110 110 loo 110 110. 9t. 201 10'1 97 
25 110 11 O· luo 110 110 97 188 116 lUZ 

'2~ wEEKS RúN 5') so o o 

Figure 2-9 Computer output-replenishment rate. 
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~aowever, al! is still not perfect. There i~ still a· long time lag befare 
~!¡.;; factnry "cate hes on" to ~llr: ;'leW ra;N:, Mcreover, .a, simp~e 1 O percent 
íncrease in sales still causes a 20 percent ~hange in the who!o:S<lll;; shipments 
ar.d ~ 44 ¡;.erc;;ot change in the factory rate. Section 2.4 considers additiona;! 
conuc! m:easure;; for hringing [he inventory system · under ~ven tighter 
control. 

--;:. t 

2/, e~N"u'~Ol 0/F UU~[) 'fiMJE 

.... .,.! 

¡¡_,~~dl 

!il~m~ 
Corat@ipí 

This section COilsider$ !he problem of controlling flut~ua~lOillS ir~ ~l'&lil 
lnventory system through a decrease in the lead time b~iween th€: ordll::lf' :.;.nd 
the receipt of goods. The basic cof1Ce¡J¡t i5 to change the i~ad time r@~Ukt~d! 110 
n:!lp(Jnd to change~ in the sy$í:em. This concept is imp!ementedl f.J;y ~e~ai~Jg 

!he effect of fa.:;ter dclivery fr,c.m the wholesaler and faste·r deanr,~oveí" ~;:y <1 

new pro~uctiora rate by the farwry. :" 

Under the ''normal" :tyr.tem setup the tw~ basic !ead tirm~!li il'l trfb~;: ~}':>t<;:~'t• 
were (1) between the order i'.r.d receipt 'of · goods by th"e.· rei:iliiier, ;;mn1 {2) 
betweer1 ~he order 4!'Íd qe.ce¡pt of goods from the factÓry. 'Uh,ti~; weie 2s 
fo!JOW$: , .. 

Retaller normall~tad time 
• .; í. 

Qrder . .on .. :. ·. - -.. Delivere~-6".' -~ ,;r~:;-·¡;:-s:~;;~~¡:i, 
Friday weél< 1 ·. · ft~:0:ndaY.~W~~íc3 _____ .• -:----:.'7· 

_ .... ~ ... -~ ........ · ·."_,_ ..... ·-··------~···-:-; ... ~·~- -~e,·; ·;~ ·; :.~:11á f1;t;,.S·iiJU~-... ~ 
· ·· Who!zSiile'l.:normalleod 't'imii 

..• "t.-~ .... ~··";":' .. \"=~"'""'". ~~~-.. ':tli 

. . , .... O.r~,\'i~t.On. ·· .. · , -~ha~gélate ~:3 :~ .RfJ!y~r gQg~s 
~;~ Friday week 1 ' · Week ~·. ¡10 , . Mo.~day wéek 4 
~~r.. ~ . ·. l' -~ ._, ~ \ .t) 1 l~ •) ; r· • -~ 'C n -~ . S. 

. •. 

i$- ,, . The. ~ffect$ :o f. these"le~<.i tirr,a~s are !fí~arly ~ep _in Section 2,2 whefl 
the ,retailer~reorde~~. ~very 'F!i.day t.9 mak~:"UP gO{;.lJS that; havr: ¡:mwl·(J;us!y · 

.. , bee1 .. order~~~ )n e'(¡f~Ft, he~~~kes á,.doubl~!.rr~rdéf~~or ti{~ same gMd$. ~n 
.· . add:.tJOn, tfie factocy takes sev~en we~~s to :J\e~m t& f!Spond to ;n tha!'!go! ti~ 

. retaJI sales: . · ·:__ · ::. ::,. ¡ ¿_¡ ,¡ o¡ l g 

, In thé current exampfe'we ~!J:i.::onside:r thcfe.ff.ects 9( decreaslif1g thi~ 
lead time. The new .P·p,licy is~tó wor~i_the w~é¡?l~5ale~ 9~ Satt;~ay in m·der tt~ 

. deliv~r· Friday-afternoon order~ ~he v.~(Y nexf o/l;ond~y! ifhus~~ .t 
. ;: . ,: ' . :, o ' 1 u j ¡ ,,, il 

Retoiler decreased lead'time ,,. :: ·r '; ; ~> i .r. . ,, ! 
' . ~ . u : ¡;' {'¡ 1 t ~ ~ l. . l -.: t 

Order on ., · ~ , Delive1éed on o i ~ , o • ! " • 
, · ·: r.- ·'" : :. . {' • r 'd! eH 

Fndi!,Y wet:~ ,¡l. ,;Monday o/eek,J,; · ú ~" l' t 

• _Similar!~ th~, ~~ad ti;;e~ for ;~hé wh~lb~ler %4Y b~~hanged ¡f th~ 
factocy' can s_h'i(t tot•á ~new w9?ucti~n{rate~~tihou~ 1ál week>:>lag and if the 

. .factory.;ships•dvér the W:~eken4: '¡ (; i! t o': ! 1) t! · !. S 

. . ~- ~- ,• 1 t.A -~ ! : .<' ·, • ~-· ¡• \ o ~ -~ o .\ t $S 
Wholesóler dec~eosed l~ai( ti m~,~·, 0 ( ¡. u u ¡: ~ 

, >,'e f,,, i; ~ ,, \' >" • ' [! o tl ( 1 O • ;•S 
. ~ ~ Ord~'r on ú :. vC~ange;.r.ate ~:·¡ peiiVJf~d In(;$ 

:,:, ,·· Frid¡¡y weektl ·week 2·")¡ · .. 'week 3 
,.J"f' r} .,, ·\1.f!.- r.~: _!/\US.l C)13~3t• ·M· ... ~ 

• • - ,. '"'' .,.;r-'"'"'•·•••-'•-"••w~·,.;_.-...,.,,,.,.,_,.,..,, ••• 1«• ~-·' • ..-..- ' ,,.._,...~,,..-o.._•~-•"",._~ ,.,,,.,~ .... ., .. --,.~::•..,_,.,._;;~=~~-:~~-< 
-~ . . . • .:. . í"...: ¡;.l~·IC91··-1"Gl:UC 1.·I!~qrno~J e ... ,.. ~.nql_t· ,, 

~ '))".t j: )."•'r.¡! .~ 1· .• - <:.'- ..... • • 

•• 
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-Lead 
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The user name card is the same as that in Section 2.2. The change in 
thc lead times is implemented in ttie computer model by two fields in the 
control card. A spcedup of one week in the wholesaler deliveries is accom
plished by placing a 1 in column 31 of the control card. A speedup of one 
week in the changeover of the factory is accomplished by placing a 1 in 
column 41 of the control card. 

The control card now reads 

25 50 50 1 1 

o o a o o o o o o o o o o o o o o o o o o o o o o a o o .o o o a e o o o a o o o a o e a a o o o o 
_l_!,.!._!~l.l._!.!._!l.!!_l,!¿_J~I~I...!.!_11..!!.J~~·~.!!..!!~~~2!_M~li.2!._JI~~~~~~..!!._ 

The weekly sales cards retain the same format. 
- Tbe complete data deck setup to test the effects of the decreased 

lead time is shown in Figure 2-1 O. 

Computer The computer printout with lead time decreased is shown in Figure 2-11. ., 
Output · 

Analysis of 
Lead 
Time 

· Control 

The result of the new lead time policy is a further improvement in the 
overall performance of the inventory system. 

Retail orders match the new sales rate within five weeks. 
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Figure 2·10 Computer input-lead.times . 
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-~ !OC AOé iO!! l!J(l HHJ lOO 200 lOO 
2 HH) !.IHi Xu\1 lOO lOO 100 200 lOO 
l A! O lOO 90 !15 115 !00 185 123 
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2~ Ul' u o loo llO 110 u o 200 Uv 
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fi¡¡tJr~ 2-H Computer output-lead times. 

Wholesaler orders match the new sales rate within eight weeks. 
Factory rate is set to the new Bies leve! in nine weeks. 

RATE 
lOO 
!üO 
lüO 
123 
~26 
U9 
U! 
Ul~ 
liOI'l 
~ ~rt 
Hli 
¿~ t ! 
,~¡ .Ill 
!U 
~Hl 

u o 
H<D 
Hi! 
t.;\ o 
lt~U 
~A~ 
UIJ 
no 
u o 
~ l'o ¡, 

in addition to cutting response !ags down, [he re is less f!uctuation .in 
the inventory levels. 

A simple increase i'n sales of 1 O percent causes a 15 percent change in 
wholcsale shipmcnts, down from the prior 20 percent change. Also, th;~ 

factory rate changcs 20 percent, down from thc prior 44 perccnt, Thus., in 
general, it may be said that thc inventory system is now in better control. 

· There are, however, many compli-::a!ions one could add to' the m·udd 
before it wou!d approximate .the real world. For example, ·customers are 
never so kind as to provide such nice uniform retail sales. Hence, the user 
might want to try his hand at controlling the inventory system if retail sales 
were to randomly fluctuafe between, s;¡y, 80 units and 120 unit~ ¡n any 
given week . 
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2.5 JNSYS DATA DECK STRUCTURE 

( 

Control Card 
Card co!umns Format · 

1' 2 12 
11' 12 1 2 
21,22 1 2. 

31 1 1 
41 J. 1 

/ 

Additional data sets 

11 
week 

(

1,2 
Sales 

Weekly sales card 

Control card 

User name card 

/te m 

· No. of weeks 
Percentagc value for retailer 
Percentage value<for wholesaler 
Wholesaler lead time 
Factory lead time 

1----
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17 wlNV = OoO 
lb WORD = WSHIP+((200o•WINVI*81 

If (WORDI 19tl9t20 
l<,J wURO = OoO 

e SET ~ACTO~Y RATE fROM CONTROL CARO 
ZO If l!...f·ll 22,21,22 
21 fRAT~ e wOl 

<>O TO 23 
i!Z fR/\H. • 11102 

e 
e pR¡NT OUT CURRENT WEEK RESULTS 

23 wRITE CMOt33l I t SALES 1 RREC, RINV, RORO, liiSHIP, wHE.C, WlNVv IIIORO, 
1 fRATE 

e UPDATE ORUERING ANO fACTORY RATE FOH NEXT wEEK 
Hl = .RINV 

e 

RO·= RORO 
·ws • wSHIP 
wl a: WlNV 
IN02 = WOl 
11101 z: WOHO 
fH = FRATE. 

Zlt CONTlNUE 

C PHINI CONTROL CARO VALUES 

e 
e 
e 

WRIH. CM0t34.l Nt IRt hit Lwt LF" 
25 (;ONllNUE 

bO TU 1 

26 fURMAT ClUA41 . 
27 FORMAT c!~-tltlBHPROGRAM I~SYS FOR tl0A41 
2b FORMAl Cl2t9Xtl2o8Xol2t8~oll~9Xolll 
2"' fORMAl (3PHOWEEK. -----·-RETAIL••••••••• 

1 3uH*****W~iOLESALEil••••••• FACTORY l 
3~ fORMAl ClH t3bHNO. SALES REC lNV OROER SHlP 

1 23HREC INV ORUER RATEI 
31 FURMAT ll2t8XoF3.. ,) 
32 fORMAl (3¡H SOMETHING WRONG WlTH YOUR OATAI 
33 fORMAl ClH tl2o4fó.OtF7.0o3F6.Qof7.QI 
34 fORM>4T ClttudctlOH wEEKS RUNt4IJI 
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A ó.J 
A 6'+ 
A 6~ 

" 6ó 
A 61 
A 6tl 
4 6'>1 
A 7•J 
A 71 
A 7.C 
A 7.J 
A 7't 
A ·r;, 
A 7o 
A 7 l. 
A 7b 
A 7'1 
A 80 
A 81 
A Se 
A 8J 
A 8'+ 
A 8'::> 
A 8b 
A 8 7 
A 8tl 
A BY 
A 9V 
A 91 
A 9c 
A 9J. 
A 9'+ 
A 9~ 
A 9ó 
A 9"1 
A 9tl 
A 9'>' 
A lOv 
A 101 
A lO¿ 
A lOJ 
A 1 O'+ 
A l O'=>• 
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411 m•U<!JJíéU ú\:J.·;r!)J':,•v0r(~(!C}tf)j <OIIdGil'!Íii1{J idl~,:~!üt:!y 
(·~~(tt!JPU'l.J.:;:¡ the J:rNü.:.t (?fl.:"JilJin.;·;:;t.d fn•.ieni.orv r_)¡yJet· quantitf/ under a 
~::,.¡JtJtv .~y/ l"..:orHJii.ionB,, .Í/':{~/udi;-l/J.,.,'Jrh.·e dixounts, ~hoffagt;~ cost, al}ri 
:;y.i·ura_g~; hn.1 it.ot!o:::·c~. 

A píimary purpose of inventcries is <o decouple production from consump
~ion. Inventarie~ are goods whích may be used as a hedge again:;l: t.mc.erflalnty , · 
in dernand oras a buffer for production fluctuations. 

The replenishment of inventaries is the topic of thi:> e:;erds<i: .. We 
describe an elementary, bui fundamental, inventory replenishmení rncde!: 
the Economic Order Quantity (EOQ) model. In Section 3.1, the develop· 
ment of the basic EOQ model is given. In Section 3.2, the basic EOQ' model 
is extended to include a real world phcnomenon: quantity price discc·unts. 
In Section 3.3, the basic modci is modified to incorpora te short¡¡ge co:>is. 

Ccmideration of storage limitations and thcir effects upon the ord::r quan· 
tily decision are the subject of Section 3.4. 

· The rational basis for deciding how much, if any, inventory 10 hold, 
and to order, is an economic basis. Thcre are costs associated \Nith holding 
invcntory in stock, e.g., insurance, taxes, interest on capita!, <'cnri ~o on. 
Conversely, there are costs related to not holding inventory, e.g., lost :;a les, 
frequent purchase orders, production delays, etc. There is also 1hc cost of 
purchasing thc replcnishment for irwentories, e.g., paperwork and material 
handling. 

The intent of this exercisc is to allow the user an opportuniiy <o gct 
a feel for the effects of changing paramctric values !n thc basic cwnornic 
order quantity formulas. He.nce, the reader is encouraged to condoct sens
itivity analysis on each para meter in the EOQ formula. 

3.1 ECON01\IIC OROER QUANTITY 
This.section introduces thc basic Econornic Ordcr QuanWy (EOQ) 

modeL 1 t al so describes in dctaíl the datJ cards rcquired for the accompany
ing computcr program, and the computer outpu!. 
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MJximum 
inwntory 

O o 

The 
Economic 

Order 
Quantity 

lnventory 
M o del 

lnventory. 
Cost 

.1--- 1 time.,¡ .. /--1 
Figure 3-1 lnventory level and usage pattern for EOQ model. 

A basic assumption of the EOQ model is that the consumption of the 
inventory is constant over time and that it is possible to rcplenish the 
inventory on very short notice. The quantity in inventory at any point in 
time; for this circumstance, is shown in Figure 3-l. The basic EOQ model 
also assumes no quantity price discounts and no backordcrs. 

In this "sawtooth" usage pattern the inventory is consumed over 
time until it is depleted. lt is then instatitly replenished (straight vertical 
line), and the usage continued. 

The rational basis for determining inventory levels is to balance the cost of 
holding inventory against the cost of not holding inventory. In the consump· 
tion situation de5cribed above, the types of cost for holding the inventory 
are fairly obvious. Storage must be provided for the inventory and the 
'inventory must be financed. . 

'. 

The cost of not holding· inventory m ay not be so obvious. Sin ce it . 
was assumed that the inventory \vas easily and instantaneously obtainable, 
then there is no cost attached to being caught short. · However, like a 
housewife who goes to the grocery store three times each day to purchase a 
si.ngle meal, there .is a cost attached to procurement qf the inventory. Not 
holding inventory may lead to very high procurement cost. 

. The issue i.n the economic order quantity modcl is to determin~ how 
much inventory to ·arder each time. The cost of prqcurement per· unit goés 
down if more is ordered each time, but the cost of holding inventory gocs 
up. Figure 3-2 shows a graphic representation of these costs as they vary 
with the size of the order. The total incremental cost of inventory is shown 
as the top curve on the graph in the figure. 

Total incremental cost ==holding cost + ordering cost 

The best inventory policy is to order the amount of inventory each time .. · • 
which yields the mínimum total cost. · This "correct quantity" to order is 
called the economic order quantity (EOQ). 

The following definiti'ons and. variables will be used in deriving a 
mathematical expression for the EOQ. · . 



ro~al incremental 

..---,-- Cost of ordedng 
.,..-~---___...- · · --~~ .. ~ ... -~-"--' ~ruverti·~ory 

-=-~t;-~-----T·~~· --~---- -
{) Oa Unit:; 

Ho!dlng co~t ==(average invento¡·y) X (unit invefltory holding 
cÓst p~r year) ·· 

~ /.Q/2) X (P X FH) 
·.i!;er¿; (] .-:: qucntHy·ütdew;j 

P = price pcr unit 
F;!J..! = annual unit holding costas percentage of the unit prk~ 

Otder cost = (number of order:'i per year) X (cost peforder) 

=(~r(Cp) 
where R = annual requirements in ur1i&s, leve! demand 

Cp == procurement cost (includes costs of paperwork, 
- handling, etc.) · 

Cost óf inventory = (unit price) X (annual requirements) 
= (P) X (R) 

Total cost = holding cost + order cost + cost of inventory 
Q X P X FH R X Cp 

Total cost = + ----· + P X R . 2 Q 
. . Q X P X FH R X Cp 

Total incremental cost = --r--· + Q 

Solving for the economic order quantily Q0 by algebra: the minimum point 
on the total incremental cost curve is when! the inventory holding cost and 
the procurernent cost curves intersect. Where they· intersect they must be 
equal. Therefore, at Q0 : 

~ (P X FH) ;(g) Cp 

Clearing denominators: 

Q(Q)(P X FH' = 2(R)Cp 

2 
_ 2RCp 

. ·Q -PXFH 

Q=.~' ,!;, 
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Solving for Q by calculus: the mininium point on the total incremental cost 
curve is where the first dcrivative equals zero. Taking· the first derivative with 
respcct to Q and seiting it cqual to zero: 

O= (PXFH)/2~(RJQ2)Cp 

(P X FH) = RCp 
2 Ql 

Q2 = 2RCp 
PXFH 

Q = J 2RCp 
PXFH· 

'1 

Sample 1 t is a straightforward matter to find the eco no m ic arder quantity {EOQ) 
Problem · and the total inventory cost. (Te), when the values for R, Cp, P, and FH are 

o'ne known. For exarnple, if 

Computer 
Input 

-Problem 
One 

R = 1600 units {total annual usage) 
Cp = $5.00 (cost of one procurement) 

P = $1.00 (unit price of product) . 
FH = 0.1 O ( unit holding cost per year as percentage of price), then 

Q'== 
2.X 1600 X 5.00 

1.00 X 0.1 

Q = 400 units 

400 X 1.00 X 0.1 
Total .cost (TC) = · 

2 

1600 X 5.00 
+ 

400 
+ 1.00 X 1600 

TC= 20.00 + 20.00 . + 1600.00 
TC = $1640.00 

This computation is no't too tedious to do, if there is only one.· 
However, when there are many alternatives to test and when more compli
cated formulas are required, then a computer program is a great computa
tional aid. The next section introduces the data input and computer output 
for thc simple cxarnple shown above. In following sections Q10re complicated 
problems illustrating the use of the computer program will be prescrited. 

Befare dcscribing the data cards, several comments will be made pertainiñg 
to the program itself.. The u ser should keep these comments in mind when 
using the program. · ' 

The program is applicable only to a fixcd-order-quantity inventory 
system, and all quantitiés in the programare expressed in annual amounts or 
rates. In the case of R (anriual inventory requiremcnt), a levcl usage rate is 
assumed throughout thc ycár. In order to convcrt the program for monthly 
or seasonal calculations one would have to adjust the imputs to the same 
time scále. 

AlthóUgh the figure available for iriventor.y holding costs is often 
stated asan anhual cost per unit, this program requires thatholding costs be 
expressed as a pcrcentagc of the un it val u e of inventory. 

To run the economic order quantity computer model, only two cards 

". .. . -

.,_; 



<Ccmputu 
Outpu~ 

. -Problcm 
· One 

EOQ 

¡uc required: ( l) the w;er na me ord, and {2) the "di!ta" canJl. Whei'l :nrwhip~e 
pwb!e;·ns ;.ue batr.hed roge(her, a rJew na>1Íc card is required for each 
pwblem. 

The user name card may contain any identifying information (such 
as the user's narne) which is desired. Thís ideotifying information is key
punched in the first forty columns. 

C
AGG~lf;:D EOG! F'Rot:Lm ONE · 

c~UüDU~oooo~oauou¡ooaounoooouooo~ijOD~ouc~ou~~o@ü 
--. _: ~ .:._a~.!_!D2!_~l ~~~~~lf_!!.2L!.' !,!_!•~.!!_!!~t2!!~.!!2:.2!_M~U,!!_:! ~~ ~ ~g~ 

The data card contains thc numeri<:<~l data for the economic order 
quantil.y compütatíon. Co!umns 1-5 contain the annual usage requirement, 
amd the on:lering co;;t is punched in columns 6-W. The ho!di'ng W:>~, 
expressed as a pew,;ntage of the unit price, io. keypuocbed in cohJJmr.s ·u~- LS, 
aí"ld thc unit price is punched in columns 16-20. 

(
-'1~600~ 5.00 O. 1 O L Oú . . . . . . . 

I~CIUaO~UO~II6~&gGII~~9UIO~GU~~®~~~e©llb&RtUI.B¿m 
-... ~~· .. ~ ~'_!.! ~3~~!2 ~.,¡~!.~_}~~~g.!!.l!.E ~G._!~~~~2!2!2_1.!!24~~~J.!...:W .!!!:' ~~ ~~~ ~~~~ 

"fhe user name card and the data card are the only two cí.mh 
req,uired. A listing of the two cards which produced the output ~hown iri the 
n;;;x t section is shown in Figure 3~3. 

.. 

-------------------------------~--~~~ 

MAbGAHU EOw PRObLE·1 ONE 
lcuo.s.uo ~.10 I.Du 

figure 3·3 Computer input·-Prob!em One. 

The computer output (Figure 3-4) includes the identification information 
frorn the user name card and. the information specified on the data cud . 
Below this, the program prints out the quantitíes calcuÚted in the prograrn 
These are ( 1) the optimum order ·quantity, (2) the total inventory cost,' (3) 
the nurnber of orders. to be placed annually, and (4) the unit price at the 
Qíder quantity determincd. 

3.2 PRICE DISCOUNTS 
When discwssing the eco'nomic order quarítity model in Section 3.1, 

it was noted that the basic model. assumes no quantity price discounts. 
However, the basic EOQ modcl may be extended to indude price discounts 

PHOGRAM EOY FOR MAGGARD.EOQ PROBLEM ON~ 
INPUT OATA 15 óoooooo~oo~ · 

R CP FH P 1 CS Bl P2 
lbOO 5oDO olO loOO . O O O 

ANALYSIS R~SULTS.ARE oooo 
UPTlMUM OWOER UUANT!TY IS 
AT A PRIC~ PER ITEM OF 
YlELOlNG A TOTAL INVENTORV COST OF 
anERE THE NUM~ER OF OROER CYCLES PER VEAR IS 

figure 3·4 Computer output-Problern One. 

RZ P31 t:J 
o o ¡¡ 

i1>01)oll0 
loUO 

lb40ou0 
/()o,J© 

.•· ,_./ 

., 

•• ·' 



• 

• 

48 
COMPUTER MODELS 

.• 

The 
EOQ Model 

-With 
Price 

Discounts 

Sample 
Problem 

Two 

Solution 
for EOQ 

with Two 
Price 

Breaks 

Cost 
$ 

Total incremental cosl 
(two price breaks) · 

Holding COSI 

(two pricc breaks) 

~-._;,----.Ordering COSI 

Units-

Figura 3-5 Tha effects of price discounts on the e·conomic order quantity.-

. . ' . 
as input variables. lnasmuch as price discounts do happen in reality, the 
extension of the EOQ model.to include price discou'nts will be the subject of 
this section. 

Referring to Section 3.1, the user shoi.Jid note that in the derivatiori of 
the EOQ model the price per unit (P) affects the holding cost (0/2) X · 

.(PXFH), but not' the ordering costs. Nevertheless, :if price discounts are 
introduced .a:s variables, they will influence the total incremental costs (TIC} • 

· The effects of price discciunts are graphically illustrated in Figure 3-S. 
The addition of the quantity discounts to the economic order.quan· 

tity model makes it somewhat more difficult to obtain a solution. lt is not 
possible to find directly the lowest point on the Total Incremental Cost 
(TIC) curve shown in Figure 3-4. The general approach used is to investigate 
the TIC curve at each price break. In addition, the curve must be analyzed at 
different points near the price break"giving the lowest ·TIC to see if an even 
better solution can be found. Problem Two illustrates this general sear~h 
solution whenprice discounts are to be colisidered. -

The supplier has recently revised his pricing policies and now offers the 
following price discounts: lf one orders in.lot sizes of 81 (0s 1 = 300), the 
price will be $0.90/unit (P2 ); if one orders quantity 82 (Os 2 = 2000), the 
p'rice will be $0.80/unit {Ps ). · · 

First calcula te 0 3 ~sing P 3 ; if it is greáter than Os, then order 0 3 • lf it is less 
than Os, theri (using P3 ) it is infeasible. 

Next, calculate 0 2 using P2 • lf 0 2 > 082 , then order Os2 • 

lf 0 2 is less than Os 2 but greatei- than Os 1 , i.e., Os 1 < 0 2 <Q B2• 

then compare TC2 with TCs 2 • 

lf TC2 > TCs 2 , then order Qs 2 • 

... 
~ .. 



·,_·. 1 • 

... :-

. Com~Mte~ . 
. ·_ Ui'lpll.illt 
-'IP'rt!)Mtm 

'11\'1~ 

fif #Ca < TCw¡, ~heLcu ot&e< (12 • • 

if Qa is !ets th~n Qa', ,¡;ak!JJI.M® Q g" 

%' Q¡¡ > Q!J 1 , :t~~it ¿ampare Y(;lfJ 1 wWh 'fCs'l.· 
lf TC8 , > TCs 3 , then order Q6 z. · 
fii 1Cs1 < TC!$ 2 ~ ~~len orderii,}.fl!· 

.•··.·. 

.~!) 

. fE·DQ 

. of .Qn is h~$S t!un (}81 , then compare TC1 with TC81 with TCaa· 
Order the QJUantity correspon<Üng to the minimum total ccst. 

. . /2f1'600)(5.00) ...... 7"' ( . p )' 
Q - \! = - & u·m~ 

¡;¡ - v 0,80(0. i O) • :. "' ~ 
.: ~ 

. /Tcf600)(I.or1l - . 
Q 08 :g\J 'o,go(f;JO) .. 4ll.6 (Y!ingP~) 

· Sincé Q3 i!\ les;~ than Q¡13 (2000), but greater íhan· Q8i (3«J{!!)~ ww; 
r;m¡¡g c;ompa~t TC2 with TCs~1: . . . 

. :- (O.~ó)(íJ.HJH41i 6} , 1600(Hlb) 
rc'ii::; .--_-----

1 
-. ~-·~· "_:-:--t:lúi~ <} l600{o.~o¡ 

. :: 18.99 + 1 tl\.99 + 1440 
"' $1471.98 

OJJ\0(0.10)(2000) -t· ~00(5.00) + 
16

00{0.B.o)' 
TC&!a = 2 . 2000 · -

= 80.00 + 4.00 + y 280.00 

' = $1364.00 

. TCa is greater' than TCaz, therefore,' order in quantitie§ ol' .812{QB:J"' 
2000 units@ $0.80/unit). 

. . 

Th~ uset name card · is t.he first tClrd in the data deck. The data can! (©rr [Íús 
exarr¡ple problem contains · s~me additionai inforin:U!on. CohJmh"D;o ~ <4r!) ;!¡;~ 
~he same as described in Section 3.1. The minimum quantíty that c.;m !:re 
ordered to take adya:ntage of the first prié:e diseount is punched in cdumm; 
26-30 and the unit price at the first prke discount is punched i11l l;;iJ•I~.~mfíls 
31-35. Columns ~640 and 41-45 contain the corresponding inform>itior.t fm 
the second price d iscount. The~data card _is as snown: . ·' :_ . -

!60o;s.oo o~!o 1.oo o ,3oo~ o~9o_z~ooo-.o~a-=~·= 

BOQ0~08UOGOOOOOBO~~g~gtQ~OD09108@Q~00il88~0&6g~oD 
1 1 1 i 1 1 1 1 1 1111 11 11 li 11 11 11 1! ij llll I'JIIl< 111111 la l'll3 ll ll 13 " llllll llfÚHI;GI 13 llJ .w <O <(! ,¡ >J <!ü 

-----~------.-------.-:-------~--:---=a~_, ... "'-~ 
The complete computer ·¡np~t for this exampi~ probl~m· is <':!¡fa¡bo~;;;d 

in Figure 3-6. · · · .; 

MAuGARÚ EOW PRO~LE"' TWOt PiUCE DISCOUNTS 
A~OQoSoUO UoiO loOO_C· . 3~1._ Uc90 20~Go0o~ 

.: ... 

1Pigure.l·6. Computar ioput~Problam lwo. 

• 
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3.3 

PkU~RAM EOY FOR MAGGAHD EOQ PRO&LEM.TWOt PRICE OISCOUN!S 
INPUT UATA IS ooooooooooo 

R CP . FH P l ·es B t Pz Hz P3 111 
lbOO SoUO olO loDO O lOO o90 2000 ,80 q · 

ANALYSIS R~SULTS ARE oooo 
~PTIMUH OHOER ~UANTITY IS 
AT A PHICt PEH ITEM OF 
YlELOlNG-~ TOTAL INVENTORY COST OF 
W~ERE THE NUHH~R OF OROER CYCLES PER YEAR 

Figure 3·7 Computer output-Problem Two. 

.... 2000•00 
oSO 

·:•.:: 13b4;110 
IS :. ·. ~ . • &o 

·.·. 

.·· 
Computer Output THe computer printout resulting from the above data is shown i11 Figure 3-7. 

-Problem Two 

SHORT AGE COSTS - •'.)· 

j ust as it is true that in the real world guantity price discounts exist, 
it is also' true that backorders are a reality. By allowing backorders we are 
saying that if an arder cannot be filled at this tim'e due to stock shortages, 
·then as soon as inventory is available previously unfilled orders;- i.e., back
orders, will l:le the first orders to be filled. However, in ~n inventory system 
allowing for backorders (see Figure 3-8). a shortage cost is usually input 
relating tQ the backorder quantities. Generally, this shortage cost consists of 
costs due to ( 1) possible lost sales due to stockouts, (2) decreased customer 
satisfadiori, (3) additional costs associated· with rush shipments, and so on. 

lnven· 
tory 
level 
lmax 

Backorder 
quantities 

11 = time during which 
therc are positive 
inventory balances 

Positive 
inventory 
balances 

12 = time during which thcre 
are invcntory shortages 

Figure 3-8 An inventory system with (Q -¡ maxl backorders allowed • 

time 

... 
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1 ') ~ .. t:;n;.::~~-r~~~mm,m!'~t.i,f.o~fr-p..eif· ~tclti ·l ~;n:s~:;.~m,ged} 

2. ~;HI·i'~".)_. t~ "' . !h€: ~io!dlng co~t of \he positive inl(f!flh:;ry 
fj~JitJ11;r;& ~¡,u·irug U me t 1 (t is or~ "'" <~1lJit!Zil · 
basi;¡, Le., f ""a fraction of z¡ yeár), •'\ · 
Sililt@ t »"" ! .¡;¡~/ R, this becomes: . 

(P X FH){l.IIW!-
! ~ -:--- . 

. 'lR 
(Q ··/m(;;() 

3. Cs.........,_-~. -t .. 

~· 
. 2 -

iQ -1 )2 
C,¡ !.~~~--

. 2R. 
w~uH<> i MV~> =-= íY\.<!J{ 1mtml kv el of hwen

Wry am~ 
Gs = ~orta;g.s cosl:. 

'·"!(~m.~,. ~he to~a! in:;;r~mer~s~l tC>$~ f,uP. f}m: cyde, fª ? f-:,, of ail invt'<tU>V 
::;¡,:so.':!m whii;f! aílow'ii backordiers i¡¡ 

1 . 

t"P +(PXFH} (/2 tn;,x) + ü(Q-lma")~ 

2R '2R 

Tite a1m:.M! total incrementai cost is now ob~ained by multiplying the ahove 
;;quation t~rough by the number of orders placed per yeotr, R/Q: 

R X CP + (P X FH) (11 max) + Cs (Q -1maxJ2 
TIC = -- , .. ·:,;Q 

Q 20 -
To ·determine optimal value:> for Q and 111w. , take the pu:iiid 

derivatives of the above equations wiih respect to Q and 1 max , equ;1.te to 
zero and obtain 

lmax = Jp2~c;jj~ X 

TIC 
= v2(P X FH)RCp X 

r----es 
V(PXFH) + Cs 

However, if either Q or lma,;, is. constrJined, their respective values M~ 
obtained as follows: 

1. When Q is constrained, for example, fixed at price dis.coueH 
quanrities, thcn / 01 Jx is cJiculaicd as 

CsQ 
lmJ., = CH + CS 
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Sample. 
Problem 

,Three 

Computer 
Input 

-Problem 
Three 

This problem is basically the Sqme as Sample Problem One except that 
shortagc costs (Cs) ~re included. In this problem Cs = $0.30. 

2(1600)5.00 X J(lOOX0.10)+0.30 O( ) 
Q= ="40 1.154 

1.00 (0.1 O) 0.30 

= 461.88 units 

0.30 
TIC= \)2(5.00) (J.OO X .10)1600 X 

40(.866) = 34.64 
( 1.00 X 0.1 O) + 0.30 

= 

TC = (1.00) (1600) + 34.64 = $1634.64 

The reader should_ note that the effect of including shortage costs is 
to increase the size of Q. This is because the annual inventory holding costs 
are smaller due to the smaller average inventory. In addition, the total 
incremental costs (TIC) are less than in the classical model because both 
holding costs and preparation costs are lower. (This rnay be verified by 
comparing the results of this analysis with those from Section 3._1.) 

Thc data card for this example problem follows the same general form 
outlined previously. One additional data input _is necessary. The shortage 
cost of $0.30 is punched in columns 21-25. 

1600.5.01) 0.10 1.00 0.30 

O O O O O D ~O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O DO DO O O O GODO D 
- 1_!.2_! ~i_!..! .!_!I.!!_I!.!_J !!_1~1.2_112!_J2._E !.:]'_!!2!..!!,!!_21 .:!2!J!~ ~ ll.2!_ll2!!1 ~ ~ _!!1 ~ff.!!_ 

The complete computer input is shown in Figure 3-9. 

MAGGARu EO~ PRObLEM TH~EEt SHORTAGE COST 
louo.s.uo u.10 1.0~ o.Jo 

Figure 3·9 Computer input-Problem Three. 

The computer printout, using th is input, is shown in Figure 3-1 O. 

PHOGRAM EOY FOR MAGGARD EOQ PROBLE~ THREEe SHORTAGE COST 
INPUT OATA 15 •••••••*••• 

R - CP FH Pl CS Al P2 H2 PJ W 
lbOO SoOO olO loOO o30 O U O O d 

ANALYSIS R~SULTS ARE •••• 
OPTIMUM O~OER QUANTITY 15 
WlTH OPTlMUM INVENTORY OF 
AT A PRIC~ PER ITEM OF 
YlELOING A TOTAL INVENTOHY COST OF 
~HERE THE NUM~ER OF OROER CYCLES PER YEAR IS 

Figure 3·1 O Computer output-Problem Three. 

4blo!!8 
J~>b•"l 

louO 
l634oó4 

3o41) 



S::Jm¡¡ie. 
W'r<1hkm 

~·{H..:r 

Co;nputer 
il1lput 

-·f'ruh!em 
fot..n· 

Cornputer 
Output 

-Problern 
four 

j.j 

f/71{~~ 

in this s~ction, an additional constraint of maximum ~;to:age !imita· 
sbr.s, cithe!" in terrns of avaHable wa(<;hüUSe §pace or availab!e capital, wHl be 
pl<h.:ed upon the ba,;ic EOQ rnodeL This is intended to be an iliustrative 
examp!e of an additional tV¡:H~ of constraint which may be (and in the rea! 
INorld is) irnposcd upon the basic EOQ modeL By incorporating this addcd 
constrain t the reader shou!d get S{) me additional insighí. into the probiems 
that face rnanagement when determining what quantities to purchase from 
>J..Jpp!iers. 

1 
This problem is basically the ~ame as Samp!e Probfem One el4cept lhat the 
,>dditional constra.111i of rnaxirnum w;uehouse sp.;H::e availab!e (W) has betn 
lmposed, · 

In this prob!em, W == HlO units. !f-rom Sampie t1 robiem Om:, Q '" 400 
unib, bu!. :;incc W < Q, ihe order quariWy must b<~ Q"" W ~_, 100 w::it:,. 

in dlÍS píOble"lll, the COSt Of tf.e fimited Stúrage (,.{)i1Slraint iS fC¡!fOI:d 
-TCw, . . 

TCw 
100 (LOO) {O.HJ) . 1600(SJlO) 

-· --------- ,.. ---------- + 1 WO( 1 ,DO} 
2 100 

- 5 + 80 + 1600 :=: $ l 685.00 

Costw - TC1 - TCw = .$1640.00-$168.5.00 :=-= $45.00 

The data card of the above example problem follows the samr; for:rn a:> 
outlined previously, with one addition. The maximum warehour,~ s¡}2:::e 
avaif<tble, expressed in units, is keypunched in columns 46-50. Th·e d::.~ra cc.rd 
iDoks Hke this: 

(T6t5o. 5. o o o. 10 1, oo o. o. o. o. o. -Ti~~: .. 

L_~-~ ~ ~ L~ ~ ~ ~l~.~~ ~~~-!-~~~~~~~~~~J~1~l~-~~.~~ ~~~~~;_ 
The computer input for this example problcm is shown ln Fir,ute 

3·11. 

MAGGARU EOY PROtiLEM FOUH, STORAGE Ll~ITS 
l600oS.00 0 •. 10 l.Oo o. o. o. n. o. IQOo 

Figure 3-11 Computer input-Problem Four. 

The computer output wilf indicate whether or not thc warehouse COlhtrainr. 
has had an rffcct" on the economic order quanlity. !f an economic order 
quantity has becn dctermined which cxceeds W, the output will indic;¡Je that 
this has happencd. 

Furthermore, on the output will be a statement to the effect that, if 
the warehousc restrictions are opcrative, the order qu¡¡ntity dctennined n'lil.y 
not be_ optimal. Suggc5iions are rnJde for a method to determine thc optirna! 
quantity if this rcstraint is prcscnt. The cornputer ouiput is stwwn in Figure 
3·12. . 

• 
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REFERENCES 

),: 

PROGRA~ EOY rOR MAGGARO EOQ 
IN'PUT OATA lS 00000000.000 . 

PROBLEM FOURQ 'STORAGE LIMlTS 

R:.-:·.L CP FH Pl 
1600 ~·-SellO o lO loOO 

.· ,¡.; ...• 

es 
o 

IH 
o 

·. P2 :· ... 82 
. o ' o 

·~ ·.;. 
:::~~ 

P3 · 
9 

ANALfSIS R~SULTS ARE oooo 
~EFORE THE ~AREHOUSE STORAGE LIMITATION IS.'APPLIED 

·,,~:-:' 400•00 . OPTIMUM OROER GUANTITY IS 
AT A·PWIC~ PER ITEM Or 
YlELOlNG.A TUTAL INVENTOHY COST OF 
WHERE~THE NUMdER OF .OROER CYCLES PER 

.. ~~)_:.; -,. 1 • o o 
-~~·. 1640·~0 

YEAR·',s:' 4•110 

THE ORIJER QUANTITY IS LIMITEO BY TH.E WAREHOUSE SPÁCE 
HESTRICTION ANO IS NOT AT AN OPTIMUMo LOOSEN THE 
RESTRlCTlON ANO R~N AGAIN OBSERVING THE Er~ECTo .· 

ANALYSlS.RE.SULTS ARE un . )\h/, · 
AFTER THE ~AREHOUSE STORAGE LlMITATlON IS APPLI~D .. • · 

bl· 
loo 

. ~~T!H~=~g~o~~R Q~~i~l6; 15 . ·.' ::'·_!:">·:··:·,1¿: lO~:~~ 
YlELOlNG A'.TOTAL INVENTORY COST OF ·. ·':·_· · -.J.·.r:~l68So00 
WHERE THE NUMBER OF ORDE·R CYCLES PER. YEAR IS ·,: :.-' 16•110 
THIS ORDER QUANTITY IS AT THE MAXIMUM wAREHOUS~·CAPA'lTY 

Figure 3-12 :Computar output-Probfem Four • 
• \! • : • .) ·- . • ·~ ! . 

T~.: :~nclude our disc~ssion of economic ~rd~rquantity models ahd, 
In particular this computer mqdel, we would point qut: -:·; ~~t ·.~ · 

' 1. th~i" the model is, in its present form, li~ited··~~· Ónly iwo price 
break{: · · ::;b,', :•: ~ .. '•. · •- · · ·. · · 
2. the inclusjon of shortage costs certainly complicates .the storage 
limitation .problem. In this model, when :bac~or~ers ancl sto_rage 
iimitátions are included in the same problern, the assuinption is made 
itiat 'the backorders are instantaneou~ly fil_led and that the storage 
IÚnit~tion W is a constraint u pon 1 max and .not: upÓ_n Q; The u ser 
must remember that if 1 max is constrained by w th"en neither Q nor 
(~ax ·will be optimal. · . ./ :·:·;.-:-;·.;~¿~::·' ;-. :.. : . :, . 
¡ • '·· .. • .-r"':'·1 .~·- . 

3. this model will solve problems including·- one or.all of the con-
straints previously described in a single probl.ernf:.T~'appr~c.ia~ th'is 
iact the reader may wish to solve the followin{probiem" mam~ally 
and theri by the use of th.e herein described EOQ model. · 

-~t~·;:·,_... . 
R ,-. Cp FH P1 Cs 81 P2 82 P3 W 

1600 s.oo 0.1 o 1.00 0.30 300 0.90 500 0.80 350 
'. ·· ... ~. 

Bowman, E. H., and R. B. Fetter, Analysls for Productlon and Opera'iions Manag:mer1•., 
' T 3.d ed.; !-fomewood, 111.: frwin, 1967. ·. · . · 

B¡.¡ffa; E. S., Modern froduction Monagement, 3d ed., New York: Wiley, 1969. · 
:__;Qpé~atlons Management: Problems and Models, 2d ed., New Y~rki Wiley, 1968: 
·- ,Produr.tion-lnventnry Systems: Planning ond Control;: Homewood,·.·lll.: '!rwir:, 

1968. . . 
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rrllb:1, Si., tfffftMenbi of'Pmtiut:UM f!«ntllng and Control, N2w Vcrk: fl-íacml!ian, ~%2 • 
. 1F'>~·i'?f:dq>', W, L ;,mi !l'. E. To:i]<1W,Gcn,. :[_1¡;,¡;r(JJt/{lff!x> /ffcorwrny: {mfustrllJI Appik7!'JiJfJm i!Jl '· 

O~MtiM:; f?.ere&tCh, (¡¡glewocd Olíf5, i'J.j.: i'relltite·Hall, 1956. 
~mm. iL, j,, and M. Si!ver, Productlon M;;¡¡¡a¡¡am.;nt Ar¡a!ysfs, New York: ·Haríiol.!rt, 

~rnt'~ lit W&id, 1956 .. 
~~1!r.y, G., :;:ncl T. M. INilitlii, .4t;cJysJ" ct;f ftwonffc.'Y Systems, lEilgléwood Cliffs, N.j.: 

Prentice-Ha!l, i963. 
~sman, R. J., Systtlfms Anulysis and Operations Manogemant, Columbus, Ohio: M11rrlll. 

1969. 
MZJg~. ~. f., ami D. M. Boo&m:iln, Produt.fJOfl í?lrmnJng JJ¡7fi .f¡w~mtory CMi!f(l•J, :M e~ •• 
~ · New York: McGraw-Hili, 1g61. 
~-;I~Jdor, íE., lnvtf!i'ltíjlJI Systzrm;, New '{,ull.: Wil~y, 1966. 
~t~n. ~. A., Mtmuf(!jctiJr/ng Mcmti!J&me!lt: A Q~~~Mhotfv;¡ llpproodH, ~<.llí'ó?!~·n, U'"&.: 

üot.:mational Tcxtboo~ Comp;¡¡¡¡y, 1968. 
l:i'ít'IU!, G. W., and O. W. Wright, Pro.tfr.JciJ:I;;ri r§Jid im:M!Cf'J! !f.@flti'IJJ, lbJ~011'w~t<I'Íl dli'till, 

N.l.: Prelltice-Hall, 1%1, 
m!lV, J. L, Productlr.;n Sys;t~'ms: P!onmlii!J, Amiylsis tilld Contr'lil, New Yo;~,, Wi1ey, 

Cord 
tolumn 

1·5 
6-10 

H-15. 
1.6·20 
21-25 
26-30 
31-35 

. 36-40 
41-45 
46-50 

1~'10. -

Formot 
FS.O 
FS.O. 
FS.O 
F5.0 
fS.O 
FS.O 
FS,O 

·Fs.o 
FS.O 

·~1 
.·. FS.O 

ltem 
annual usage requirement 
ordering cost 
holding cost 
unit price 
sh.ortage cost 
mínimum order quantity-·first price discount 
unit price-first price discount _: 
mínimum order quanti~y-second price discount 
·unit pric:e....:second prktH!iK'a"L.~·
~,"fi~b~:WSfiat:e'avaifabfe 

• 
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3.6 EOQ PROGRAM LISTING 

C P~OG~AM f.OQ 
C• ECONOMIC ORUER QUANTITY MOUEL 
C• COPYRIGHT ROY n HARRIS OCTO~ER 1970 
C* THIS V~RSION FUR THE lHM 3bO 
e• 
·e• R: ANNUAL USAGE REOUIREMENT, LEVEL DEMANO 
e• CP = CUST OF ONE PURCHASE URDER 
e• FH. = HOLDING CUST AS A PERCENTAGE OF UNIT PRICE 
C0 Pl!l = PRICE OF EACH UNIT HEFORE DISCOUNT P!ll=Pl 
C0 P12l = PRlCE,OF EACH UNIT AT FIRST DISC.OUNT ~REAK PüiNT 
e• P!Jl = PRICE OF EACH UNIT AfTER FIRST DISCOUNT PIJI = P2 
e• Pl'>l = PRICE OF EACH UNIT AT .SECOND DISCOUNT BREAK flOINT 
e• Pl~l = PRICE OF EACH UNIT AFTER SECOND DISCOUNT P15J = P3 
e• Plbl : ~RICE OF EACH UNIT AT WAREHOUSE CAPAClTY RESTRAINT 
e• ECOQ: ~CONOMIC ORDER QUANTITY 
C• Hlll = FIRST DISCOUNT HREAK POINT Blil = Bl 
C0 Hl2l = SECOND U}SCOUNT BRE~K POINT 8121 : HZ 
C° CS = SHORTAGE COST· 
C0 W = MAXIMUM WAREHOUSE SPACE AVAILARLE 
C0 TCST = TOTAL COST AT EOQ 
e• ON = NUMHER OF ORDEHS PER YEAR AT EvQ 
C0 Qlll = EOQ AT Plll 
ce" 0(31 : EOQ AT fl(3) 
e • a ( ~ 1 = f. OQ A T P (S 1 
e• a121 = Hlll 
e• 0141 = Hl21 
C0 Q(ól= w FOR eS=v Q(bi=OPTIMUM ORDER AT ENV(bl = w FUR CS NOT O 

·e• TCIII = TOTAL COCST 
e• Teiii = TOTAL COST AT Qlll ANO ENVIII FOR I = 1 Tü b 
C0 ENVIII =·HOST ECONOM!CAL INVENTORY LEVEL AT EOQ :Y(JI I=l TO. S 
e• EN~(bl: w 
C0 ENVT : OPTIMAL lNVENTORY WHEN CS NOT O 
e• 
e••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

OIMENSION Plt,lt Q(6)t ENV(Cllt Tel61t Bl31t ALPHAI¡ul 
Ml : 5 
MO = ó 

C REAU ANO PRINT NAME CARO • • • ~ - • • • • • • ~ • • 
1 READ 1Mlt7lr ALPHA 

wRIT~ IM0;721 ALPHA 
C READ A•~O PR 1 NT DA' lA CARO • • • • 

READ (Mlt731 Rt CPt FHt Plllt es, Blllt P131t 8121• P!Sio W 
wRIT~ IMOt741 
wRITt: IM0t751 
wRITf. IMOt7bi_Rt CPt FHt Plllt CSt Blllt Pl3lt tH21t PISI• 11 

C CHECK OUT THE DATA • • • • • • • • • -·· • • • • • • - • • 
IF llH ¡9,¡9,2 

2 IF ICPI l9tl9t3 
3 lF IF'HI 19tl9tlt' 
4 IF IP(lll 19tl9•S 

. 5 lf' lt:HJII 19t14t6 
6 IF 11>1311 ¡9,¡9,7 
7 IF ltll211 l9tlbt8 
ti 1 F 1 tl 121 •tl 1 i 1 1 19 t 9 t 9 

C T~O PRICE tlREAKS • • • • • • • • • • • • • o • • • • • - • • 

~ NSEG "' 3 
lO IF IPISII 19tl9tll 
11 IF' lwl l9tl2t13 
12 " • l•E25 
13 b 131 e W 

IF ICSI 19t2ilt20 
C NO PRICE BREAKS • - • - • • • - • • • - • • • - • • •· • - • • • • • 

A 
A 

It:l~ot 
A 
A b 
A 1 
A d 
A 'Y 
A l v 
A 11 
1 ¡¿ 
A 1~ 

A lit 
A ~~ 
A lb 
A 11 
A 11:! 
A l'P 
A 2V 
A 21 
A U 
A ·zJ 
A 2 .. 
A z'!:l 
A 2Cl 
A 27 
A 2!:! 
A z9 
A 3U 
A 31 
A 3<:! 
A JJ .· 
A 34 
A 3::;, 

JtjN 3Cl 
ItlM 37 

A 3tt 
A 3'11 
A 4U. 
A 41 
A 4.:! 
A 4J 
A 44 
A 4!:1 
A 4b . 
A 41 
A 4tt 
A 49 
A Su 
A 51 
A s·¿ 
A SJ 
A Sio 
A 5!:1 
A 56 
A S 7 
A Stl 
A S~ 
A bu 
A bl 
A 61! 
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~2 
23 
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?b 
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.?:.-1 
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JO 

e 
J3 
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J4 
3!:. 

3b 

3'l 
3t! 
J<,¡ 
4u 
'<1 
42 

''+3 
e 

. \Jf:;;;.¿ . .., <.~ 2' 
',ji{' j '-" ~oÍ:.~;; 
¡¡~- U)i:iD l ;,'iloHlolii 
:'1 ~ 1 ,. 1'= !:~) 
G<~ ·¡o 10 

[iH0R JN DtTA • - - -
Uti!H:. !f.1(L{fl 
uO '({) J 
P!4J .o: PlSI 
"'lzi e fl1 'lJl 
H' ~~·'{3}c?(:'l~) ?.?.92(b2l 
1-' 1.!) i o ,p- ¡ 3 l 

-lF 41-'!á)-•?;¡)~ i:-'H2.!.;~23 
p 1,?.1 "' p! 1 J 
).'(~; e ~=~~ 
!F i;:·:~J~~J-~ 
!F J·.•.Jit;l~ 

:S¡ rt ~ -' ;#! ~) 
•,o t0 ;¡-¡, 
:~!~i l:- ;~ :·.: 

~u j 1.· .' :~ 
f>lóÍ;!; ·;-r;¡ 
<:,O , J .~o 

F ló~ '-' Pl-"1 
0121 "' B(!l 
l.:ilt)Í " u¡;;> 
IH6} n B (3! 

,~8v3uu25 
27 ')2v ,, 2-b 

'· ¡' 

H' !CSl Jl ~31 t61 
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QU!ESIM. 
a;i,model for queuelng systems 
is :a· simulation model for single-phase, multip/e~channel 
queueing systems. The performance of one to nine . 
channels may be int~estigated under a variety of arrival 
and serv.ice.parameters and for a variety of associated 
COSI'f. 

. ' 
·.: 

Queues (waiting lines) are· common, everyday occurrences. Queues occur in 
grocery stores, in banks, in front of movie theaters, during university 
registration, and. so on. Queues build up as a result of an interaction between 
customers arriving for service and a service facility. Almost everyone has · 

· experienced being frustrated by waiting in a liné. The purpose of this 
computer exercise is to allow the user to e~per.iment with situ~tions in 
which queues occur. The mod.el is concerned with more than W4iting time in 
the queues, however. 1 t allows one to loók at the ehtire systell) from the 
operátion manager's viewpoint, i.e., not only worrying ª~put the. <;ustomer 

· but al so being con cerned about the utilization of f4cllit!~s and .the total cost 
of operation. · . • 

The first section provides background information on queueirig con
cepts and how these concepts may be used by the operati6ns manager as ~n 
aid for decisioil making. 
· The. following sections present a situatio.n in which. the computer 
model may be used as a tool for analysis of sorne possible alternative 
management decisions. These illustrative problems include complete. instr·uc-

. 1 . 

tions on how to use the computer program QUESIM. . . , · · · 

9.1 THE QUEUEING PROCESS 
TQiS section contains an introdúction to sorne queueing concepts. No 

m<Ü~cmatical formulas are presented; although references are given for those 
readcrs intercsted .in a detailed presentation of queueing theory . 
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Thi! q!..l~ueing preces!'> is centen;d around a service system which has one or 
more service channe!s. Customers (arrivals) are drawn from an input source, 
or popuiation. in queueing models, the customer arrivals from the input 
s,aull"ce are genera!iy characterized by a probabiiity distribution. The symbol 
commonly used to represent the mean arrival rate of customers is the Greek 
letter lambda ()\). Any arrival entering the system joins a queue, or waiting 
iine (a queue may be of zero length). The customer is selected from the 
queue for service according to a queue discipline or a priority rule. Usually, · 
service times follow sorne probability distribution .and the average service 
ra-te is common!y represented by the Greek letter mu (J.L). In o~der to have a 

· stable queueing process the average service rate (Ji} must be gre~ter than the 
mean arrival rate ('A). After service is completed the customer .exits the . 
system. See Figure 9-1. . . , 

General! y, a queuelng system is characterized ly the following ¡prop~~ ~-' ·. 
er~ies: 

1. i ts arrival pattern. 

2. lts service 'time distribution. 
3. lts queue discipline. 
4. lts layout, or customer·flow pattern. 

The feature that makes some situations into queueing situatíons and otbu 
situations non-queueing is the nature or' thé arrival~ to the system .. Arrivais 
are the customers to the service facility, since they are the people or thíng:; 
that need to be processed. · · · · · . · 

In· the situation where all arrfvals are on hand, such as a íarge stodr. of 
raw materials, the service center may process arrivals at wil!y and there is no 
real queueirig prciblem as such~ In other situaüons where appointments e.r~ 
made ahead of time, there is also no real, 'or at least visible, queueing 
problem. . · · . 

The reaUy interesting problems, those. worthy 'of being stwJied as 
queueing systems, exist when arrivals are not controlled or controllable by 
the service center. The mdst common· assumption made in these cases is that 
the time intervals between consecütive arrivafs are. independen~ random 
variables. Each arrival is considered to .be unaffeÚed by the time at which 

Arrivals 

· • · in queue 

Ser11el'! 
: ·. ;. ': .~ :--~ 7~ ~lt~tbfn~gr~." -~ ,. -f · 

Service 
. , channei 

----------------------------------------~----~--~~-~~-----
Figure ~1 Single queue-sin~le char.nel, sing!e-phase queueing process. · 

\ , 
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any other arrival occurs or by the 11umber of arriv~ls which have already 
taken place. A good example is the placing of telephone calls when. each 
customer does not really know; or care, who else is placing a.call. 

Studies of · queueing systems have revealed _that. the time intervals 
between consecutive arrivals are ofteñ distribúted according to the negative
exponential distribution. (Longer time intervals have a·lower probability of 
occurrence.)· In .this case the number of arrivals expected forms a Poisson 
distribution. Other arrival dlstribtitions are possible, butthePoisson distrjbu-
tion is the most frequently occurring distribution.. . .. 

'-· .. ·· 

The simpl~st situat/ion is that in which each arrival·i"equires the same _time for 
service as every other arrival. A vending machine, .. for example, is usually 
assumed to have a constant service time. The ·tnost commonly assumed 
service time density distributiqn, however, is the negative-exponential dis
tribution. The service process may be further characterized as being single
phase (one operation) or' multiple-phase (a series of operations). · 

The queue discipline is the priority rule by which. waiting jobs are selected 
from the queue for service. Because this represent.S adirectly contr9llable 
decisiori variable, an extensive amount of research h~~ qeen done in this area . 
of queueing theory. . . ... · . . . . . . 

The most comm.on priority r~le is the f!rstlc.ome-first-served rule· 
(FCFS). According to this rule, the first job to arrive in tne. queue will be the 

· first job to be serviced. In addition, the following priority rules hav~ received 
. much attention: (1) · the random rule select:::the job ·which has= tñe smallest 
value of a random priority assigned at t,he time· o(its arrival, ·and (2) the 

· shortest · opération time rule (SOT) selects from the queue the job which 
requires 'the le_ast processing.time at thfit service center. · 

The layoutorflow:patnim,ofa:queueing·system is largely determined by the 
specific ·servicing requirements of the arriving population, and by the physi~ 
cal limitations of the service facility. . 

This factor of specific servicing requirements is important when the 
job must be processed through a specifiC se;vice charmel or through a 
particular sequence of operations. lf the job has no speeific routing require
ments, however,· this factor becomes negligible. lf th~ job requires several 
operations, for example, it is possibl~ that the sequencing of these operations · 
is of no consequence. 

· The physical limitations of the service facility are important, as they 
affect the facility layout. These physical limitations impose an additiona! 
constraint when.they tend to limit waiting areas for'jobs.'As an example, óhe 
m ay prefer to ha ve a· single-queue, multiple-channel service. facility, but 
adequate waiting space may not be available. The followirig arrange111ents are 
sorne examples of system geometry or job-flow pattern.s: single queue-single 
channel (Figure 9~1), single queue-multiple channels iriparallel (Fig!Jre 9-2), 
multiple 9ueue...:.~ultiple · channels (Figure 9-3). service centers in tandem 
(Figure 9-4), and service centers in a network. 

. . ~ ' . . 
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Fi.gure 9-3 Multiple queue~muhiple channe(·single phase. 
,__-------------~--..;_ ______ .;_,._~-·-

· ... 

Service ch~nnels 

2 . 3 

in queue. 

f.Ígure 9-4 Single queue--single channel, multiple·phase. 

·one of the pri~ary purposes for studying queueing thcory is its .predictive 
capabilities: In tur~, this predictivt: capiii)Hity is relevant to the design and 
control of operation systems~ . Sorne ofthe. operationa! charac:terlsti-;s of a 

. queueirig system which m ay be of interesúo a. manager ar;e the aiHrsbutions; 
of: · · · · · · · 

1. Queue length. 
2. Cust~mer w.aiting time (in queüe and/dr in the system). 

3. Id!~ timé of service facillties: · • · . .' . .· 
4. Number of customers in the servic~ sy~tem .. 

These distributions may be described bytheir mean vaiue: standard 
deviation, and the probability that the· variable exceeds a spedfic vaJ·u~. With ... . ' ' 

• 

• 
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information of this nature the queueing system could then be designed (or 
altered) so that · ·· .· .. , 

l. The resulting operational characteristics .. are \VÍthin acceptable 
.limits. ' · 

2. An economic criterion such as cost (or profit)" may be minimized 
(or maximized); · ·. 

An economic criterion m ay be established .if one can associate dallar 
values .with arri,vals and service. For. example, if one knew the revenues per 
arrival and the cost of service,_ it would be possible to set up a. profit
_maxirnization objective. Or, if the cost of an arrival waitirig: in line (or in the ·o 
system) and the cost of service are known, the measure of effectlveness 
could be a cost-minimization function~ · · . · 

For solving operational problems which may be cháracterized as a 
queueing process there are two methods availableo First, if the arrival and 
service tif!!e distributions are well-known mathematical distributions, it is 
possible to derive formulas for desc'ribing the opei"ational characteristics .. 
Secondly, even if the queueing process does not possess properties of 
well-known distributions, one can still attempt to salve the problem by 
means of Monte Cario simulation. In this approach, empirical cr assumed 
dat-a for arrival and service time distributions are used as bases for generating 
a large number of arrivals and serviees, on paper. This may be done by hand,. 
but f-or a-large simulation it is most often done.on a computer. 

Since QUESIM is a computer simuiation model for waiting lines; the 
development ofthe analytical formulas for solving these problems will not 
be prese11ted_ he re .. F or_react~rs. interested ·in the m athematical development 
of these· formulas see Hillier and Lieberman, Morse, and· Saaty, ·in the · 
references for this exercise. 

9.2 · JOHN'S ICE CREAM SHOPP...E . o • 

! · · In this section, a sample probletn suitable for the application of the 
computer model QUESIM will bepresented. The QUESIM model itself wil! 
;:hen--be-described. This description will point out to the u ser the types ··of. 

1 systems for which QUE:SlM is applicable and the control options available to· 
the user;·Following the above, detailed descriptions of both the cornputer 
input and the C!)mputer output for the sample problein will be given. 

Problem · John Entrepreneur, wlío is a senior at the local college of business admjnis-
Statemerlt. tration, is going to open a campus ice cream shoppe. The store fea~ur~s 

seventy-eight varieties cf Ice cream (more than dóuble the number of h1s 
competitor), and pretty coed's to .serve them. Even·though john's stc;>re will 
have more to offer "than his competitor's store, catled .The Establishmen_i, it 
is hypothesized, that in the first few months local busine,ss will be loughly 
divided betweeirboth storeso · .... · \, 

J ohn al so feels that the confection indusúy has a high inclex of 
· substitu.tability and the improved availability of ;jc~ cream due to theo 
opening of his shoppe in the near future will marginally increase the gross 
sales of both .. ston~s. rather than merely dividing the present sales rnarket. 
john's marketingresearch efforts have turned up the following information: 

. ' . ' 
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tlle distribuÜon of customer arrivals ínto -his-shoppe wiil most likely follow a 
. · Poisson dist~ibution, with a mean arrivai rate of 60 people pcr hour. John 

has planned that upon arrival· in his shoppe .each customer will .take a 
~equential ·number and await his turn for service. This will facilitate' his 
servicing of customers on a first-come-first-served basis·. · · · 

John's preliminary analyses also show that one server (whose wages 
are $1.80 per hour) can be expected to service about 30 customers per hour, 
following· a negative-exponential distribution. Moreover, john's marketing 
research shows that when. the service rate is slowe.r than the arrival rate, 
!=UStomers will leave rather than wait.in a long line. john estimates that hís 
cost (possible opportunity cost) will be $0.05 for every min~te that a 
customer must wait. 

Thus far, however,.John has not been abte to ascertain from his 
r~search data the optimum number of servers to have o,[(U duty, Logicalfy, he 
knows that more than one server is required, be cause the mean arrival rate is 
twice the mean sen/ice rate. Furthermore, he realizes tha.t these rates are 
mean reates ofprobabi!ity distributions, not constant rates. 

John recognh:es that his prob!em is one of dt%1ig111, i.e., how many 
service channels to provide in the above quei.Jeing system in order to 
minímize total costs. He could, ·¡n fact, actually operate: his shoppe with one 
server, two. servers, three servers, etc., ·each .. for a period of time, and 
calcu.!ate his total costs. However, John has an.alternative, a·nd that i$ to 
simulate his ice cream shoppe operations in a compressed time period with, 
QUESIM. Using QUESIM, John could experiment with using one, two, three 
servers, ánd so on, until the model indicates to john the optimum number of 
service channels to have in his service facility. Moreover, the simu!ation can 

·be done in· a short period of time, as opposed to. waiting for w~eks of 
empírica! data from actual operations. · 

QUESIM is.a computer model developed for simulating single-queue1 single
phase, parallel queueing systems, that is, the type of system proposed by 
john Entrepreneur. The model determines, through an iterative pr:ocess, the · 
optimal number of service channels to allocate to a service fadiity. The 
colifiguration, or design, of the service facility is under the contrÓl of thc 
user; hence; the user must specify the. following charactedstics .of the. 
queueing system to be studíed: 

1.- The · arrival distribution, the mean arrivai rate, and the cost§ 
assodated with arrivals waiting in line. . . ... 
2. The serví ce time distribution, the mean service ~ime, and ihe costs 
of idle servers. . ··· .. 

. · . . . ' . . 

. 3. The simulation controllimits; or the initial and maximum m:mber 
of service· channels (up to ~ine) which m ay be considered ;wailable !O 

the service facility dúring a simulation run, and the maximurn 1-engrh 
of time for the simulation to run. · ·: · 

The ~po~e ínformation on arrivals, ser-Vices, and .simulatiori control 
limits comprises the input fonhe computer program, QUESiM: 

The computer output includes, at the top of the page, th.c uscr's 
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input data as a means of identifying the user's (proble_m) output. Following 
this identification information, the first twenty simulated arrivals and ser· 
vices ~re printed in a tabular form. The program then prints out statistics fqr 
the number arrived, number serviced, actual. simulation-run 'time, maximum 
length of queue, meari length of queue, mean waiting time In queue, percent 
utilization of service facilities, waiting time (in queue) costs, idle service time 
costs, and total costs of operations. This data is printed out for each iterative 
number of service channels and the simulation is terminated when either the 
number of service chan!le_ls has reached the maximum allowed or the total. 
cost of the system with N servers (channels) exceeds the total cost with N'""'" 
1 servers. . . 

An example of the application of program QUESIM to John Entre
pr.eneur's problem .is. given nex t. . 

' 
.DDDOODOtODlOOOOODOD~OOOOOOOOODDOOOOODUOOOOOODtDOO. 

1 t 1 1 1 1 1 1 1 11 11 11 11 14 11 11 11 11 11 11 11 n 11 l4 11 n 11 11 n 1111 n n 14 n 11 n u·, '' 11 u 41 " '' 41 u u '' 

Arrival data card is the second data card. This card contains- the 
arrival type (the arrival pattern) in column 1, the mean arrival rate in 
columns 11·15, and the cost per unit of waiting time in columns 21-25. On 
this.and all data cards, the user_must keypunch all decimal points. For John 

. Entrepreneur's problem,this card is illustrated below. 

1 !. 1) • (15 

DOOOOOODOO~ODOOOODOOOOOOOOOOOOOODOtOOOOOOOOOOOODD 
. 1 1 1 1 1 ~ 1··1 .i -1111 11 11 11 11 11 11 11 11 n 11 n 11 '' n n 11 11 n 11 11 n n 14 n 11 11 11 11 11 11 11 41 " 11 •• 41 11 11 

The 1 in card column one is for arrival type code 1, which specifies 
the Poisson arrival distribution. The 1.0 in column 11 spedfies a mean arrival 
rate' of 1.0 customers per time unit, and the .05 in column 21 represents th~ 
cqst per .unit of waiting time per arrival in J ohn's Ice Cream Shoppe. 

,:.' : Service data cqrd is the third data card. This C¡ird ~ont-ains the service 
type. (the service time distribution). in column 1' th~. mean servic'e time in 

. ·columns 11·15, and·the cost per un_it of idle servic~time in columns 21-25. 
For John Entrepreneur's problem, thisdata is shown b~low .. 

2 2.0 • 03 ... ' J 
.·:·' 

O O O O O O O O O ~ O O O D O O O '00 O O O O O O O O O O O O O O Q ~ O O O O O O O D. O O O O O O 
1 1 1 1 1 1 1 1 ! 11 11 n 11 11 .11 11 11 11 11 n 11 n 11 11 n n 11 a 11 11 11 11 11 11 11 11 u 11 11 '' 11 11 u u 11 u 41 u " 

·\,_· """"--·-.- ...... ---------.-.------- ------
~ .· 
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. Thc 2 in (o1.1mH,·l '·,, , , :·, r • . :.1t,\L'·c:xponcntiar service time <. 
dlistribu t ion, ;mJ th~· :ti, 1:. • . .. •• .. • , , •. ~ , , 1 hl' riH~Jn serví ce time. 

lhc ~inwliitwn ,, .. ;·,. , ... ,, ¡~·r· lolllth dJta card. This card 
contains thc hl•ginnin~ nw1 ~.,., , ~ "!. , 1 , h.tnrwl' in column 1, the maxi
mum numbcr. of :C.l'r\i(t~ 1 11.·"""'- ,~, . '. ···~~ 1 t. ;!nd thc simulation-run time 
in cólumns 21-25. For ¡ .. hn 1 :•:r(·;"r:·• ;,,·, 1 ,r~>hll'rn, thc simulation control 
card is .shown hl·low. llw t•.", .. ··:! ": t:riH' tur thi~ simulation dala is in 
minu~es . ..r-:------------·-- .. -~-----·---__,--

1 • .. 
OOO~G50&aQOBD818908890~i800600000QOODOOOOOOOOD006 

- '...!...W .!,_1~ !.."~'.!..:· ~ ·~- ·~ '.! ·..:...:~ ::._:....:.!..:.: ~"..:!!~.!!.." 2!.,1!_!!..ll2!.!'!!..!: !!._!!~ ~"..!!.. 

Th~ complete listing of thl· fou1 input d·.11~ cards, one card per typewritt~n 
line, is shown in. Figure 9-5. · 

1'4AbGAtW Y U t. S 1M 
~ . l "o 
;g ·~.o 
l y 

PHOHI..[~ Ul\o[ 
e O~ 
.. ~3. 
~@0 

figure 9,5 Computer input-John's ice Cream Shoppe. 

Shown in Figure 9-6 is ahc wmputl'l uutpu¡ for the first iteration (one 
channel) of John's Ice Crl'.!m Shop¡)c Prubkm. At the top of the computer 
output, the information input on tlw four d;1ta cards is printed out. 

Below the probll'm icknt ifil.ttiun infurmation, the first twenty arriv
als of the actual sinÍul.ttion .irl' t.thui.Md. This ·does not mean that oniy 
.twenty customers arrivcd in (i0 time units. The computer program is design
. ed to print out a tablc for onl~· tiH.' first twcnty arriva!s, regardles~ of the 
simi.llation-run .time specified. 

In the simulation tabie the column headings are the customer's 
arrival time and his departurc time at his respective channel number. The 
program· specifies that the first customer always arrives at time zero, herice in. 
Figure 9-6 customer 1 arrived at· time D.O. The random!y selected service · 
tir:ne for the first arrival was ~.6 .t.imc units; th~s. the first ;uriv,1! departe.d 
.from chaf1nel number 1 (in this case the· orilyi s'ehiice channe!) 'ilt tlme 2.6. 
Customer 2 also·arrived at time 0.0 and required O. 7 minutes of processing 

· time, thus exiting the system at simulation time 3.3 The anival and depar~ 
ture times printed out are rounded off to the nearest one-tenth (0.1) time 
unit. Consequently, this rounding off makes the arrival and departÚre times 
of som·e customers appear to occur at the same time, for examp!e, customer 
number 4 in Figure 9-6. . 

Below the· sample simulation ·data, the summary queue~q1g §tatistics 
and operation costs, which are the information of most interest1 are printed 
out. The first line tells how many arrivals entered the system a.nd how many 
were serviced by the end of the specified simulation-run time .. The number 

·of arrivals will always exceed the number served, by at ieast one. This is 
because in program QUES!M arrivals occur before depanures and ela~:~~~d 
simul~tion time is checked only when departures occur; Nex~, the maximum 

• 



-\ -~~ 

\ 

e:-. 

PAOGRAM QU~SlH fOR HAGGARO QUESIH PROBLEM ONE .. 
AAHIVAL TYPE 1 RAfE a laOO COST u eOS 
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NO. CHANNELS START 1 HAX 9 
MAl TIME 61'1 
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AHHIVAL ••••-•DEPARTURE TIME AT CHANNEL NUNHEH--~··• 
TIME••• ONE T~O THREE FO~R fiVE SIX- SEVEN EIGHT NINE .. ' o 2,.6 

.o 3.3 
el 4 8 6 

s.1 s.1 
6~9 . 8.5 
8.o 8.6 
8.1 &.8' 
9.1 9.4. 

11.2 12.7 · -'-u-~·- · · -· -rz·;·t - , 
H.6 lS.? 
15.1 .17 .e 
11.0 1s,z 
17.4 21.~ 
19.3 24.~ 
19.5 ~e..p 
zo.1 ze..o 
20.2 Z7tt3 
zo.e 28~3 
21.4 l9~4 

AFTER . Sl ARRIVEú 36 SERVED . 60 TIME UNITS 
QUEUE•MAXlMU~ LENGTH = 14 

•MEAN LENGTH a SeS 
•MEAN W~IT TIME = 6o4 

SEHVICE UTILIZATIO~ • 89eh PEHCENT 
COSTS•WAIT IN QUEUE . 33lol UNITS AT S 

IDLE SERVICE 6.2 UNITS AT S 
TOTAL COST OF OPERATIONS 

Figure ~6 Computer output-John's Ice Cream Shoppe. 

·.os • i 
.0_3 • S 

·i 

16·55 
el9 

:-u • .-.74. 

length -of the queue, the mean number of custorl)ers·in queue, and' the 111ean 
waiting time in the queue are printed out. Then, the percent utilization of 
the service facilities is printed out. Th is is follow~d _by the cost calculations. 
First, the total waiting time cost, which · is · the total waiting time of all. 
customers in the system multiplied by the cost per unit waiting time, i? 
given. The next line gives idle time cost, calc~lated as units of id le time (in 
the service facility) multiplied by the cost per.unit of idle time. 

The last iin~·.printed out is the total' cost of operations, which is the 
idle time cost and the waiting time cost added together. lt is this value that 
the simulator uses as a basis for comparing each iteration lo the previous 
iteration for the purpose_ of determining .when to termínate the simulation. _ 

!'n the sample problem, the basic issue facing J ohn Entrepreneur is 
the number of service · channels (servers) he should_ have in his ice cream 
shoppe. The summary statistics for one channel (Figure 9•6) indicate that he 

. . • . ·- 1 •. • 
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should at ieast nave more th;:n ··~t \\'f>t'l, !he average iength of thl.' ~\.:.:.' 
!ine is greatcr ·¡han· fiw cu~t.·n,, :' ·'' :n. 1r1y .• 1~ fourteen at onc timt') .. w.:. 
CUSWIYiers musi WJÍl, un thr ,l\\1.: •. • ,f1',tlll' than 6 time UI1ÍtS (minUtl''!>) l,,," 

in real iife, onc would not l'lo.l'~'· 1 •ll' lfl'.uri shoppe customer!> hl' h· .., 
. patient! Morcover, as onc wouh1 n:···· 1 ,~ ,¡h so many customers wailinc. lhr 
server is busy aimost 90 r~.·rll'lll o! ;!;l· tlflH.'· . . 

For the cost stnKiurc.· ~:i\l·n "' illl' problem, the waiting time Cll\l •. ~ · 

. the customcrs far CX(('l'Ó tlw' :.':,··¡.:::t• lo~t of the single Sff'v'Cr. Tlw ¡ •. :. 

cost of $16.74 consists Jlrnn\Í l'!llil<h ,,¡ w.liting time costs .. 
The simui(Jtion control , '" ,¡ ¡,, tll ¡., problem requested that pro::r.::-: 

QUESIM initially simu!atc John Enta·prcncur's system with onc ~cl\iH· 
channel and continue to simul.tll' hi ... !>yt~m. adding one additionai sen 1u· 

channel each run, until ahe ~inwl.1tion tcrminated. The simu!Jtio~ ",;~ 
terminate either when a he tóial w-.t ot thc· system with N servers excccds tht· 
total cost with N - 1 scrvers or wh~n thc maximum number of allowJbk 
servke channels has been reachcd, 

for. John's problcm, thl' dft.·ct of adding additionai serrvers in hi, 
shoppe is shown balow. Thc cu.,¡ !igures in Figure 9-7 c9me direct!y Í!om 

the computer printouts for uhc solution W john's prob!ei!YL These figure'>. 
like all simulation results, are a function of a random number ge.ncrJ!or 
which may be different for cJch computer. Hence, these figures may bt 
slightly different on differcnt comput~rs. 

Numberof · Waiting Id/e time Total cost 
channe/s cosi ($} cost ($) of operations ($) 

1 16.55 0.19 
2· 7.14 OA9 
3 0.26 2.61 
4 0.96 3.71 

figure 9-7 ·· The total cost of operations for one to four 
service channels. 

16.74 
7.63 
2.87 
4.67. 

Figure 9-7 shows that adding a second service channel drama~ic;.dl~ 
U"e~uces the cóst ofcustomer waiting from $16.55 to $7.14. Addinga third 
service· charinel (server) continues to decrease waiting time cost and i!'. th'. 
number of servers which minimizes the tota! cost ofoperations. Thus. ti;. 

solution to john Entrepreneur's problem, as gi.ven by QUESIM, is for john 
. to provide three servers in his· shoppe operating Únder !lis expected steJdy 
. state conditions. · Keep in mind, however,· that if. we treat each simulatiun 
. time unit as one minute, we have simulated only one hour of operatiom 
Thus, John may want better data and/or a ioñger simu!ation n.Hl bcfoll' 
coming to a definite conclusion about his problem. 

9.3 jOHN'S ~CE C.REAM SHOPPE· REVISiTED 
' ~ 

johllH's 
'1\!ew 
!Data 

Grand .Openingl! John Entrepreneur's ice cream shoppe is now open. He i'i< 

so excited about testing out his previous condusions on the numbcJ o! 
servers to ha ve in his shoppe that after observing 01ily the first fifteen arrivah 

.. 

·•. 
,., 

•• 
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he rushes Over to the local computer center to simulate QUESIM with his 
empirical data. In r~cording his data, john kept track ofooth the time that 
each arrival entered the shoppe and the time it took to se~ve each customer. · 
To john's surprise, he found that all Of the servi'Ce .times were a constant, 
three minutes. john.now wants to use programQUESIM with the data that. 
he has obtained. The required input and .the resulting computer output for 
john's new data· are described next. · 

The user namé card is always the first card in the data deck. 
The arrival data card is the second· card in· the data deck. 

problem it reads as follows: 

4 o • os 15 •. · 

For this 

O D O O O D O O a O O O O O O O O O O O D O O D O O O O D O O 00 Q O B O O O O D O O O Q O Q O U 
1 1 1 1 1 1 1 1 1 i1 11 11 11 11 11 11 11 11 11 11 11 n 11 11 11 11 ll 11 11 lt ll 1! 11 ) .. 11 U li ll ll 11 U ll IJ.II 41 11 U 11 11 ------------- -------~·~ ----:----

Note that in column 1 of the arrival data card the code number is 4, 
which specifies that all arrival times are to b·e "read in'; ·from additional data 
cards. The cost of waiting is puncheq in columns 21r_25. The number of 
arrivals to be read in is indicated by the value speclfied in columns 3 F33. 
Although this value was not required in the previous_problem, here it has a 

· specified value of 15.' 

o 

Read-in arrivals are keypunched twelve per card and immediately 
follow the arrival data card. Since John has fifteen data.values he needs two 
read-in arrival data car.ds, with twelve data points on the'first c;ard and three 
on the second card; These two cards have a.format of 12F5.0 and are shown 
below for Problem Two. Notice that it is the actual ·arrival tim~s that are 
recorded, not the elapsed time between arrivals. 

. 9. 13. 19 • 34. 36. 37 •. ·.3E:. 39. .:.-. 
r.~C.o 63 • 

a o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o. o o o o o o o o o o o o 
1 l 1 1 1'1 1 1 1 1111 11111111 11·1111 llllllll JI llllll !11111 N lllllll4llllll 111! 1011111114 11.1111111! IOIIIll: \41116111! >l -------------------------- -------· . . 

65. 65. 69. 

a o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o a o o o o o 
, 1 1 1 4 1 '¡ 1 1 1 ll 11 ll 11 11 11 11 11 11 11 lO 11 ll 11 ll 11 1& ll 11 l! 11 l1 11 ll 11 11 lS ll !S JI 11 11 11 11 11 1! ll 11 H 01 ----------------------------

The serví ce data card follows the arrival data cards. J ohn noted thaf 
each service required exactly three minutes; Le., a constant service time. 
Code ·3 keypunched in column 1 specifies a const~nt service time. The 

. 1 

service data card now reads as follóws: 

• 1):3 3. 3.0 
.. -

o o o o o o o o a a o o o o o o o o o o o o o o o o o· o o o o o o o o a o o· o a o o ano o o o o 
1 1 1 • 1 1 1 a· 1 11 n .n 1111 11 11 11 11 n 1111 111111 11 a 11 11 n 1111 111111 n :& ill! neo u1l11 « 11 11 11 1111 -------- -----~---~----- ---- __ ,_ 

This card requests a constant service time óf 3.0 time units per ~rrival 
ata cost o'f $0.03 for each unit of idle.service time. · 

\ The simulatíon control card is again the last card in the data deck. 
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The complete input data deck, one card per typewritten line, now 
appears as shown in Figure 9-8. 

Shown in Figure 9-9 is the computer output for the re!itdts of this problem 
for one channel. On the ·computer output, ·the identification information at 
thc top of the page is changed to reflect the changes in the input data. The 
arrival type, service type, and simulation-run time are diffen!nt' from· ~he 
previous situation. Furthermore, the simulation table is for only fifteen · 
arrivals an.d services, as that is the total rium ber of arrivals read in. Notice 

· that on this output a warning message (***WARNING****OUT OF DATA 
BEFORE TIME LIMIT**H) has been printed out. This message is· printed. · 
out by 'QUESIM because the last arrival occurred at time 69, which was 
befare the simulatiori time liinit of 100 units. Moreover, the service facility 

. was id le from time 77 to time 1 00; thus, the actual idle time in the service 
facility is overstated i'n the summary statistics. When this message appears, 
the user of QUESIM must exercise sorne care in. the Jnterpretation of the 
results or go back and rerun with a lower, more realistic, time limit. The 
summary statistics and cost information printed out below the simulation 
tablc is the same for all computcr printouts. 
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9.4 QUESII\1 Do\T·\ IHTK STIUTTURE 

Ar 1 i\.J! 
(.u .J' 

·\::o\ .d ,J.¡ t.¡ (.mi must always be included 

.. . ··.: \ ¡:()! 111:1( /te m 
rt code* for disti'ibutior:'l .. 
1'5.0 . ~ mean arrival rate p~r unit:time 

• 1 ' . n.o . ' ·cost per unit of waiting. time 
; 1 H r .1.o. ·no. of arrivals to be read in 

' l-:,· .. ,kJ Jrr Í\JJ .. dJta card is optional, depending u pon the data. lts 
• .. '.:t '' 1 Jl·_'i.O, so that arrival times· are punched, 12 toa card, 
··~~ ... .u:m,J-~.6-10,11-15, 16-20,etc. · 
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liln® tiD>M!PJ~~r[:e RU11fJilB~ dJlltm d!edc, one carrd per typewriueru íine, now 
<t!:p¡p~21rr~ 21§ :)!'iown in Figu11e 9-8. 

Shown nfl'íl figure ,9·9 is the computer output for the results of this problem 
for one channei. On the computer output, the identification information at 
Rhe ~op of d'U® p.aige is cÜii"ilii'Uged ~o ref!ect the changes in the input data. The 
.auivai i:ype, §ervice type, and simulation-run time are dlfferént from· the 
pr~S:vio1.Hi siwaiion. Furthrermore, the simulation · tabie. is for. only fifteen 
arrivais and serv!ces., a$ that is the total rlumber of arrivals read in. Notice 
~lhat cm thfi:S outpUt a waming.message (***WARNING****OUT OF DATA 
ISEFOIRE TiME UMlT****) has breen printed out. This message is printed 
©Jwt lby QUESiM becaus.e ~~l~ iast anrivai occurred at time 69~ which was 
befo,re ~h~ §imui.ation time liirni~ of 100 units. Moreoverp tl'íl® 5t~;r.Jke fadlity 
Wa\:íi ·&die fmm time 77 to ti m© l 00; thu§, the actual idle time in the service 
fa1dHiy i$ ©V~?;IT5tated i'n &he summary statistks. Whe!'l this m~ssage appears, 
~he ~Jserr of QUIES~M mus:.t exerd!>e some care in the 1nterpre1Ca~ticm of the 
rciuHs: or go back anol rrenJilii with a !ower, more realis;ticb i:hii~® ~!mht The 
stÍmm.:u-y s~atistics and cosK information printed out beicv:~ the sñmu!atkm 
tr<1blc is thc samc foral! computcr printouts. 
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Form:Jí 

11 
15.Ü 
f'i.O 
r.~.o 

!te m 
cod~* for dis~ribution 
mean üriva~ li"ate per unit time . 
cost per unitof waiting time 
no, of arrivah to be read irü 

' l-:cd ;n .uri~· .. l_ tllJ[J cardl is optiona~, deperuding upol"! the: d~ta .. Hs 
'"' :·'. 11 

¡, 1 ~~-~".0, so that arrivai times are punched, ~ 2 ~~·~ card, · 
. •:t .; ... ,wm .. ¡ . .,, 6·~0, 11-15,16-20, etc. · 
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COMPUTER MODELS 

•. 

·. 

( Additional data sets 

( Simulation control card 

·( . Read·in service data card (optional) 

( Service data card · 

/ 

( 
1--

Read·in arrival data card (optionall. . 

' ~rrival data card 1--
( 

.. 
User name card 

~ 

. f.--
.. .. 

3. Service data card must always be included. 

Card· 
coiumns 

1 
11-15 
21-25 
31-33 

Fármat 
11 

F5.0 
F5.0 
F3.0 

/te m 
code* for distribution 
mean service time 

. cost per unit of idle time 
no. of service times to be read in 

rr 

! 

! f-.. 

i-

.4. Read-in service data card is optional, depending upon the data; l~s 
format is 12F5.0, so that service times are punched, 12 toa card, 
in columns 1-5,6-10,11-15,16-20, etc. · 

. 5. Control card must always.be included. 

Card. · 
columns 

1 
11 

21-25 

Format. 

11 
'•11 
F5.0 

· *Code for distripution . 
· 1 the Poisson a{strib'ution 

!te m 

begirining no. of service. channels 
hlaximum no. of ser:vice channels 
simulation run time 

2 the negative-exponential distribution · 
3 a constant rate · · · 
4 historicá.l input data, read-in 

' 1 . 
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. CUPVNIGHJ JUhE 197u NOY O. HA~~~~ 

uf'J1liS ~[~~no~ t"'o~ n~~ EB~/l~® 
OXCVXYN~~V O~ VARX~g~[S · . 
AlfiM~ THE HOURS OF SYSTE" IDLE TIME • TOTAL 
INUMiSNUN ~UM~fA ~f NEIO X~ ~~~!VALS ANO SERVltE 
ANISUuJ AN ARRAY Of READ IN ARRXVAL TIMES . 
~~~ M~oA~R 1~ fH~ ARR!VAL RAfE ANO MEAN TIME 
((;1'1. 't66'4 ¡;¡fi~A'f OF AR~IVAl ANO SERVICE ON-1il~-~t1 CUSfOMERS 
CXULf THE COST OF SVSTEM IDL[ TIME • TOTAL 
tU~Q~~«!@~» AN A~R~V ~HICH SfORES XDLE CUSTOMER ~OYRS 
COSVS. T~f COSI PER TIME UNiV tiF XDLE SEHVICE . 
tOS'illá THI:: ~0$11' PER TIME UNIU' Of lDliE CUS'&'JME~S 
CUSEMYt~CUS THE NUMHEA Df THE CUSTÓ~E~ 3EING SEMVEU . 
C~aBI THE COSJ OF CÚSIOMERS HOURS KN QUEUE• TOTAL . 
O~~ ~BvO~~ VM YHE SE~V!Cf ~AVE A~O MEAN DÚRATXON 
H~S~U THE HOU~S Of CUSTOME~ TIM( KN QUEU[m I@TAL · 
H~J THE CHANNEL ~UMSEA BEXMG P~OC~SSEU . 
ll . ~UMSEA OF ~RNIVALS ~HHCH HAVE OCCUREU 
~6~~s-. ·-· ... iJPllrON ·coDt~·wa~ &.~~il:ltli!,.S ~NO S~R\?H~E 
ND~!B~ nEGINNING1MAAI~U~ NUM~EM CHAN~tL$ . . 
PLUTIL THE PE~CE"T UTILKZATION OF THE SENVICE Fa~ILIVY 
UU~U( THE NUM~t~ O~ CUSTOMERS IN QUEUE Al ANV POXNT 
5¡.¡ C~Cy) · &i-á A~H.Ilit' UF REAO IN SERVJCE 'UMES 
TtüO~ TNE TOTAL COSV OF THE SVSTEM 
TAMEarTKM! CLDCK YXME,MAX S!MULAYXON TlME 
TNARV THE LAIE~T AWRlVAL TIME 
TNOP~ T~E OEPAWTUHE TIME OF THE LATtST OEPARI~RE 

• '-1A1f 'f:JE SET AWTIFICALL 'lf fOR PROGRAM EFfXCXENC'f 
IM~TNDAMNI~ ~EAN ~AlT Tl~EtMEA~ NUM~ER !N QUE . 
CU~MUN AL~HAC! )o ANUHv ARCS~O)e AA~MTt AR~TM~ C~C2~, ~O»~ CU~QUE« 
AAYO»~ CU~UTLo CUSERV~ UEPRTv OIEPT~~ to !USERV@ Kl~ «A• -~CUSD ~So N 
z, f\l~I..AGo~UEUbSNUMe ~IHSt.OI o STATUS«9Jo .Tv Tlf!l~" TYIM[@ y¡\1&~\i'o 1i'I'IJ[ll 
l~~CiJ . . . 

NlN e: ~ 

NOU'f = ~ 
kEAtJ Al\40 PRl•H STUOENT NAMf CARO 
~tAY C~iN~2J) ALPHA 
~Wllt.CNUUTe~4) ALPHA 
t:fAIJ AN!> ~R Xldl! ARH X \/Al DA U CARO 
WEAU CNiNt2~) KAu ARHRT~ COSJA 9 AN~M 
Qkll~ CNOUTtib) ~Ao ARRAlo COST4 ... 
N~AU ARR!VAL STATISilCS 
!F· CANUM oLii:a .:o1;B GU TO 2 
1\tUM :¡¡ ANU~ -
AHRWV :;: !"ll.r. 
1\.1\~8 -
wt.At> CN!Noc7l uwru v 1 = 1o NUMl 
wAJT~ CNOUTo,al NUM 
aRUt. INOU'h29) IARCI»11 1m h NU111) 
SEl A~HXVAL TIME Al INVEWSE OF ARRIV&L ~ATl 
A~~lM ~ lo~/ARRRT . 
HEAU ~NU PRRNV SE~VXCE DATA ~ARO . 
HtAO CN~~0~~D ~So UE~TMt COSTS~ S~U~ · 
~~1JL CNOYieJo» KSo DEPTM~ COSTS 
!F C~NUM aLEo OoOD GO TO 3 
NUM B SNI\J~ • 
IJEPÚII : ll e.i!Jl~ 
~~ 13 ~ 

~tAU «NI~@27» «SRClDo 1 s !o.NUM» 
~ftll~ INOU1o3(» NUM 
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COMPUTER MODELS 

e, 
l 

e 

e 

e 
1 

e 
ti 

e 
e 

9 

IIIRIH. CNOUTt29) CSRCUt I a 1P NUM) 
SlT SEHVICE RATE AT lNVEkSE OF SEHVICE TIME 
OEPRl ·= 1:0/DEPTM 
REAO SlMULATION CONTROL CARO ANO PRINT 
HEAU CNIN 1 32J Nt .MAXS• TTIME ' 
•HITl CNOUTtJJ) N, MAXS 
wHIT~ CNOUTt1•) TTIME 
CHECK SIHULATION RUN LIMITS 
lf 1ARRRT eLE. Oo~) GO TO 7 
lf CUEPTH •LE. O•O) GO TO 7 
lF CTTIME .LE. O•O) GO TO 7 
!f (N .EQ. u) GO TO 7 
IF CMAXS eLT. N) GO TO 7 
If CKA .EY. ) .GO TO 7 
!f (KA .GT. ~) GO TO 7 
lF CKS .Ea. ,) GO TO 7 
IF (KS eGT. ~) GO TO 7 
IF CANUM .Ea. O.O) GO TÓ S 
!F CANUM eGT. 500.0) GO TO 1 
NUM = ANUM 
00 4 1 ia 2e NUM 
J • l~l 
IF CAR(J) .GT. ARCIJ) GO TO 7 
CONTlNUE . 
JF C~NUM .Ea. OeO) GO. TO 8 
IF CSNUM .GT. SOOeO) GO TO 7 
NUM = SNUM 
00 6 I • lt NUM 
lf CSHCIJ .LT. OeO) GO TO 7 
CONTINUE 
GO TO H 
PRINT OUT DATA ERROR.MESSAGE 
IIRIT( CNOUT n5) 
IIIR 1 H. C NOUT t.l6) 
GO ro 1 
ENO UF INPUT DATA CHECK 
I:ICOOP a· 999999.9 
SlMULATlON 0F A GiVEN NUMBER OF eHANNELS CN) I:IEüiNS HERE 
lNlTALlZE SYSTEM FOR NEXT SIMULATION RUN 
UMt • o.o 
TNARV li OeO 
GIUEUt;;- • OeO 
CUMUTL ~·OeO 
cust::wv • .- o.o 
JZ • ·,¡ . . 

KCUS ;a 'O 
NfLAb • O 
IUSEHV a u 
SlT • RANOC1234567) 
00-lo H • le lOÓ 
CUMQUE CM) • •)e0 
UO 11 L • lt N 
TNOPHCL) • 999999 •• 
STAT'USCL) •lieO 
uo ll 1 • lt 20 
lJO 14:: J • ·h lO 
C:HCl• J) • 0.0 
PHINr HEAOlNüS POR RESULTS
wRIT( CNOUTtJ7) 
11RITl CNOUTt38) N 
~rFHTl CNOUTe-•9) 
WHITt:. CNOUTtlt(l) 

A fJC 
A 6J 
A 6,. 
4 6) 
A · 60 
A 61 · 
A tttl 
A 6~ 
A 7v 
4 7J. 
A 7 ~ 
A 7 .J 

A 7 .. 
A. 7~ 
A 7~ 
A 71 
A 
A 
A 
A 
A 

8v 
81 
8~ 

A 8.J 
A 81t 
A 8:> 

"A 8b -
A 81 
A 8t1 
A 8'J 
A 9U 

· A 91 
A . 9&: 
A 9J 
A 
A 

" A 

9 .. 
9~ 

9b 
91 

A 9t1 
A 9~ 

A lOV 
A. 101. 

----A 

A 
lO~ 
lOJ 

A 19• 
-A ~0) 
A lOb 
A 101 
A lO¡; 
A lC1 
lb 1111 
A UA 
A lli 
A UJ 
A u• 
A 11!) 
A Ut» 
A 117 

· A U&t 
A UV 
A lZI.I 

,A l2! 
·.A Ul 

.A 12l 
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«;:~I?,rS:Ii\. ![~{:~ ~t"l.&~~J!\1~~ H<l .nD~ú\1 wcm· ~O~§RI\li!U~ ~[¡l'il~t~nJ~E 
l!!? ~blb 4:1-ll~!MNtlb~ .>!~~ U:)l.~ 0'1\!0¡!:ilFJ :~ 9~.99t:l9a9) THfN GU 10 AflRXVE 
IF 8bL CH~NNELS ARE SU$Y ffTNARV 15 aGEa fNUPRJ IHEN GO TO ARR!VE 
lff<' A· ©~~!.1~11' U NE~1l' nNDPR ES oGf~ iN.M~I'i~ niEi\1 tiQ fO DfPaR1 
SlT A~D 2V~LUE KEEP ~ULIIPLE DEPARTU~E~ IN CONAECT iXME SEOUENCE 
SE"ii' ~ ll}~~~®G~ 

· uo A e;, 1! o R o ~lli 

u· «l""DfiiRUD o~To üNARVl ~ó YO 14 
~¡;: U~DP~U» o@'ii'., SEn (:ji!) 'll'O H 
5[11' o 'fNOi"CH U 
ii:1AL.Y~ fil E 
CONT!'\lUE 
X ~Z~-llitÜ.UE 
íW «~~ir GL V o ®~illl8ta6a' ~a V«:» !5 
ciu .. .&~RhiC 
bY Tu !l 
tAL( º[PA~Y 
06\? ~t.'irWRN IF~_Or..!J [}~ff'.IHH C~ECOC SHíiUL,.lef1[©~ 1J'Z¡:,jf lXMH. 
~v ~ 1!? J(Mli o®V.o 'fi'Xh\:IED @0 11© D 
~N/Ul· OV ~Jíe:JIJ61'H©rll ~QJN"-'==~~ll~V ri"H~~f 'il"t:J~NTV 11H!M,~ 
NA s f.,->! 

XF «CI.JSE.Htf oG~o 20.,ij» GO lTO lb 
NXX m .CUSG;.l1lt7 
Go ro · 11 
1'\!.ltJt 3 gr. 
U() ltJ X S R.(¡ ~!X.!t 
wRXTt. (N01.11o"'A» ltH(!o . .Jh J : lo NU 

·tOMPÜT!f.: ~OURS XI\J QUEUI:: F'OR SUMMAR'!i' P~HHOUY 
HRSÑY § Oo@ 
MAJ(QUE_. e (1 

UU ~,- M z ~ 1J 1 OD 
AF ((.üMQUE«~» eEGo Oo\J) GO TO nCJ 
MAXQlJf. :u ~"'1 

A'O AM & M""'l 
&u .,HSN\ot m HWSNQ~ UMEPCUf4QUE UH) 

lF CMAJtYLJE oi..Yo 99) GO TO 21 
113HlTt.. iNOUT114~d 

~~ i.F lNI"I..AG .. NEo 76) GO TO 22 
tu¡,tXft. «NOUT!lt.>.:j) 

~ti! MI a f.. 
Jtll :: !l 

C PHXNf SUMMARV STilfiSUCS FOR TtilS NUk8ER (N) CHAi'lli\lU.S 
111HXTc;. «>,¡QUTHo~P Xlv CUSEH\1, TIME 
!iMITe:. (t~OIJTe 5) MAXCJUE 
JtMN T A 8. 1'1~SNIJ/T X ME 
~1-(Ift. (1\jQUf¡:¡,()) ltl!>INTX 

AMNTM :¡¡; MF(Sfl!lJ/JUZ 
biNlft. (1\lOU"!'o·.O') 1tMNT1<4 
PCU,f!L.· B HCUMUTL./UMEJE~lOOo).IXN 

.111Miff.. Cl\lOUll'h~H li'CUTIL . 
C~Al T· ~ HH§NtJI!1C0Sh 
bHUt. (i'.JOUYo"~~ HWSN<dw COSlAl1 CWAH 
Al Ti MI:. a ( UME&.Itl\l) ... CUMUTL ... 
CiULt ~ IITXHE~COSTS 
l!liHXTE «NOUVe~O) AHl~Et COS1!'S11 CU>lf 
TCOO~ 3 CIOlE~C~8lY 
ll.fH Tt. « N0U1io ~H » V~OOP ·, ' 
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~ u~ 
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A UA 
A . n~¿. 
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·~ u~ 
/! u~ 
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C:¡ Uij 
{?!. u~ 
(t¡ M>ij_ 
A 8~1 
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é\ },\4(:> 

A l],~~ 
(}. ~04i: 
JI E~Y 
14 l\~1.;1 
t. l\~0 
~· [l~tj 

ft. ]}\];f. 

A .'l~¿.g • fil ~~~ 
A ll (5~:· 
&; R~~ 
{!¡ )l~@ 

~ ~~O' 
6l ~~~ 
/}, !.\ (i;\'! 
[}:¡ JH\>IJ 
& J.i.\i>il 

·¡;., á1J@ 
Gl ii®J 
!!, &~e; 

Pi 1\0~ 
~ H~~ 
~1 ]),6¡ Z' 
¡:¡ !_~@ . 
(j. H~~r¡p 

~ n~ 
~ ~n 
til n~ 
é\ n.-ll 
A !1~ 
tJ l\'íl121. 
e. UC:J 
8: A"in 

.A n~ 
{!:, .1\'?'19 

~ !11~H..i 
{:, M0ll <e [!.¡ u~ 
g, Hl~ 
C;¡ )i¡@(l 
!!.¡ A<IDiil 
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COMPUTER MODELS 

e 
e 
e 

e 

e 
ZJ 
Z4 · 
z~ 
Z6 
~7 
ze 
l'l 
Jo 
Jl 

·JZ 
JJ 
J4 
3~ 
J6 
J7 
Jts 

39 

·~ 4b 
47. 

·. 4b 
4oil 

e 
e 
e 
e 
e 
e 
e 

·e 

e 

sú 
!)1 

STOP RU~ IF TCOOP lNCREASEO FROM LAST AUN 
lF C TCOOP .• ·GE .• · BCOOP) GO TO 1 
STOP AUN IF MAXIHUH'NUMBER OF SERVERS REACHEO 
JF CN .GE. HAXSl GO TO 1 
UPOATE ~UMBER Of CHANNELS ANO CURRENT TOTAL COST 
N • '"•1 
t~COO~ a TC.OOP 
RtTUH~ fUR N~XT RUN ~ITH MORE CHANNELS (N) 
bO TO 4 

fORHAT 
. f ORH,_T 

f URHAT 
FURHAT 
FURHAT 
FORHAT 
FORH~o~T 
FORMAl 
FORHAT 
FURHAT 
FOHHAT 

·. f ORHAT 
t-ORMAT 
FORMAl 
FORHAT 
f ORMAT 

lLS) 
1-'URMAT 

1-----) 
fURH14T 

lllllNEJ 
FORMAl 
1- ORHAT 
fORMAl 
f ORHAT 

11 
FORMAl 
fORMAl 
F ORHAT 
FORMAl 
F ORHAT 

1 F9e¿) 
f ORHAT. 
F ORHAT 
t. NO 

clOA4) 
CZOHlPROGRAH ~UESIH FOR •lOA4) 
Cllt9Xtf'5eOt5XeFSeUt5Xtf3eO) 
(l4H ARRIVAL TYPE. olltBH RATE • tFüo2t8H COSt 8 of8e2~ 
Cl2F'S. O') 
ClH tl4t28H ARRIVALS REAO IN AS F'OLLO~S) 
ClH vl2F'Se0) " l· • 

Cl4H 'SERVICE TYPt. tll tFlH TIME z ef'8o2o8H . COST =vF8o2l 
(JH tl4t28H SERVlCtS REAO IN.AS FOLLOWSJ. 
Cllt~Xtllt9Xtf5e0) 
C~OH NOe CHANNELS START ollo~H MAX tll) 
(JOH HAX TIME tfboUl 
llSH ••••ERROR I~ OUESIM DATA CARoseoo•) 
(JSH ••••COHHECT DATA ANO TRY AGAJNoooo) 
C lHO) 
CJlH,FIRST TwE~TY OCCURANCES FOR·••tiltl~H00StRVICE CHANNE 

CtiH AARIVALt~Xt44H••••••OEPARTURE TJ~E 14T CH~~NEL NUMHER•• 

CbH TIHE••·t~Xt4.HONE TWO THREE FOUR fiVl SlX SEVEN. EIGHT 

(1H tf6olt3Xe9F'Sol) 
C~OH0* 00WARN1NG••••QUE EXCEEDED PROGRAM LIHIT.OF' 99•••Y 
I48H,•***IIIARNINGUU0UT OF DATA BEFORE T lME LIMITo•••) 
C6HOAFTERel6t8H ARHIVEOoFbo~t7H SER~EUtfboUtllH TIME UNITS 

CcJH 
Cc3H 
CcJH 
C23H 
czoH 

UUEUE•HAXIHU~ LENGTH =•17) 
oMEAN LENGTH =•F7oll 
oHEAN wAIT TIME =tF7el) 

SERVICE UTILIZATION =•F7olt8H PERClNTJ 
eOSTS•WAIT lfl¡ QUEUEoF7oltllH UNITS AT-i,F~~2t4H 

'(7Xt)JH1DLE SERVlCE tf7oftllH UNITS AT $tFb~2t4H = St~9.2J 
C7Xt24HTOT~L COST OF' OPERATIONStlbk,lH!tf9o2l. 

A Ub 
A 1'8 1 
A l8ts 
A 18'11 
A 19v 
A A9A 
A !9tt' 
A 19.S 

. A !94 
A 19=» 
A 19b 
A ! 91 
A 19~ 
A 19~ 
A 20\J 
A 20J 
A ZO.C. 
A 20-S 
A 204 
A 20~ 

.A ZOC. 
A 201 
A ZOt> 
A 20"~ 
A 21\J 
A 211 
A Zll 
A ·zP 
A ~~~ 
A z¡:, 
A Zlb 
A 211 
A 2ld 
A 21Y 
A 22U 
A Z2! 
A zz¿ 
A 22J 
A 22~ 
A 22~. 
A 22b 

. A 221. 
A 22d 
A 22'rl 
A 230"' 

~USHOUJlfl¡f AHRIVE . . H 
COMMUfl¡ ALPHAC·lO)e ANUH, .ARC500), ARHRTo ARHTM, CH(i~~- lO) o CUHQUEC 8 

llUOlt CUHUTLt CUSERV~ DEPRTo DEPT~t lo IUSERVt Iz, kA, ~CUS~ KS~ N ~ 

A 

' .J 
Z• NFLAGtC.lUEUEoSNUMt SRC5(10), STATUS(9)0 Tt TIMEt TTIME.o TNARVIl TND R 
3PRC9J . . . . H 

T"IS SUSRUUTINE CALLEO WHffl¡ AN ARRIVAL IS T~E N~XT OC~URANCE 8 
IT Ü~UATES THE TIME SPENT IN·QUEUE . . . · 9 
IT U~UAT~S T~E CLOCK TO lHE TIME OF THE NEW AHRlVAL CPREYIOUSLY B 

StLECTlO) . . _ . . R 
IT C"ECKS EACH CHANNEL JO. SEE IF THE NEW ARRIVAL CAN BEGIN SERVICE B 
IF A CHANhEL IS AVAILABLt IT DOES THE FIRST PART oF THE ~ B 

UtPAHT PHuCESSÍNG.OTHER~ISE IT AUUS ONE TU TM~ YUE~E .. ' 8 
LASTLYt IT SELE(TS THE TIME F'OR TrlE NEXT AHR1VAL TO OCCUR R 
H • YUEUE . . . ~ 

CHEC~ LEN~TH OF UUEUEt If OVE~ 9Q HOLO AT 99 8 
lf 1M .LEo 99) GO JO 1 ~ 



(.· 

'·. 

,_,. 
'· ~~ 8 ~'l.';) 
. ~~U~V~ HOy~~ ~~~~V ~~ @U~Y~ 
!E\!JE:;J~-m~a~ó1l!J s c;ll})l'-'.l@U~«IXl'ÚH'<:>'U'~&¡g¡IJo'ifUiXJlb 
~~@~~~ ~b@~~ V~~~ ~@ ~~~V w~~K~8~ 
H~li:: s ift~&B(l~ 
.~íX:fb~~. ~&.~fXl «;~&1\liMlH.o Rff $'iUH'l!l% SJ ® n X$ &~&U.A~i.,l?: 
liJUJI )\ ~ ,oJ S ll íl ~ 

Ets' a$S.'J.níi'il.3~«J~ o®Ye ®o©»(?¡@ ii'@ U 
~@ ~g~~íi' ~~~r ar? ~~~~~v ~~@~[~$rr~® 
~'Vt!:lüUJJ~~JJD e> ao~ 
fi@ TO llo~0~9~Do Ul 
POX5SuN ~tRVICE A&VE 
ll'l s fl.!!>~(H@ D . . 
~ 0 ~~~«@~~~V0~~~®a~DD 
(l;@ vu ?7 
NlGAJIUE ~E~UIMENlliL SERVIC[ THME 
e.~ o ~1&.í"ii(H ~D 

i ~ A~§CD~Píi'~•a~O®I~DD 
~© 10 í! 
~U~~V&~Y ~~~vgc~ VE~~ 
·~ o !Jk~''íí'~ 
q;;,IQ) Vll "il 
W~~@=K~ i[~VACE VR~E 
R~~~~IJ s ~~U'!il~ ~ 
!?.i¡Q,m a ~NUM 

llf « 1\J~f!;!~ 0~/Eo NIJ¡>4) GO 10 (l) 
i\lfL~b o 71~ 
1i' 9 ~@<§l@lbi§Jo 

bOl il'u IJ 
V S ~~ « EU%~f!l~oH 
~lT IX~E Of ~[nT O~P&RfU~E 
~NO~~«~» ~ iRM~oT 
$VO~~ ~XR~V·V~~~TY· ~[~ARTU~[ ~n~ES ~~ t~ 
M~'IJ~ 8 &<CY~<) 

KW (~CUS o®1~ ~~» ~@ 1~ ~-
U a .J0A " 

'~«~~U~Q 8~D B YNOPR«J» 
(.\JNT.li'\!I!J~ 
CH[C~ R~ ~Mi O~ SXMULATXON TRME 
XF cryg~~ ol'i'o 1i'~OPR«J)) GO lO ~ 

~CCUMY~~TE ~~~t~SSlNG TX~f 
CUMUIL ~ C~MuiLoT ( . 
~US~HV ~ CU$[RV•!o0 
c.,o tu u~ 
tNO UF ~~M~l~f~ON UPOATX~G 
L&ST· U~PARTURE FORCEU OUT AT TTX~E 
TK m Y~«VNDPR«Ji~VTIME» 
1 F l J ~ o <H o u,. C » GO 1 O H 
Yl\ >B { o 

TNUPM(~» ~ TTXME 
~UMUl~ S CUMUTL•T~ 
bu .Tú R4 
if (..1 .,GE.., ~D Gg 'iTO 1:ll 
CUNf.lt.aÜ~ 
A!..L CMM41'11~il,~ M~[ ~Y~io ~00 01\J[ 10 'i'll'il[ @Uíf.Yit 
YU[Ut, ¡;¡¡: QY[Ú[ o& R 
S~L~~V 8A~ll~~L ViMf C$VOHE FnASV V~E~iV E~ C~D 
<iU TU Cl\!"Jel\~on'll~I!U~ eu, 
~OlSSó~ A~~E~~~ V~~~ OX$l~E~ijiH@~ 
~ a ~A.N~ (¡j)» 

Y~8R~ G A~~~6~~T~0ALOG«RII 

Vli#A~ V 8 Y~&~I?O V ll~.~ 

·' . .. 

'· ·. 

. ,.; 

... ·; 

·· .. •. 

193 
QVES!M 

t!1i .u 
lilJ Jl(Y 
IJ\l· 3'i'' 
G 21» 
~-.U 
!'ll ~~' 
-~ ¡g~. 
i1l g~ 
!5l ~~ 
~ Z11?J 
~ (},8 

. a ¡g~ 
~ -~(¡) 

~ l~ 
€1 :u· 
~ ~g 
li5) ;~,~ 

~ ~~-
~ Jj2) 
e;:J ~~ 

® 'H 
~ jj~ 

~. ~9 
@ 4~;J 

~ ~A 
~ <;~ 

í@ 0~· . 
~ (11:) 

~ ~~ 
B1 ·<>~ 
ról 
~ C}l!t! 

~ -~~ 
i\j) @~~ . 

@ ~4 
®- g& 
~ ~H 

~4? 
~l31 
~@¡ 

~ff 
~~ 
~'>!)· 

(§~ 

~A 
Qlt: 
éJ 
~cy 

~~ 
~~ 

~~ 
tM0 
(!,¡~ 

'iJQ;) 

if¿) 
t~ (!<!. 
~ ,!J.j) 

~ lit:> 
¡;?] 'f/2! 
~ 71® 
~ !i·G 
® !lffl 

• 

~· 
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COMPUTER MODELS 
1 

ll e IZ+l 
IF 11Z .GT. 20) GO TO 20 
eH'¡¿' !) • T~IARV 
GO TU 20 

e ·NEGATIVE EXPO ARRIVAL TIME DISTRIHUTION 
lb R u ~AN0(0) . 

R 7~ 
A au 
B 8! 
R 81! 
9 OJ 
R 84 
13 8!2 
~ 8b 
H Ol 
A Sl:í 
8 8'11 
R 9U 
A 91 
8 9l 
B 9~ 

TNARV z ~~S(ARRRT•ALOG(RJJ 
TNARV • TNARV+TlM~ 
lZ • lZ•l 
If ClZ oGT. C:!r.J GO TO 20 
e~lllt ¡J. a TNARV 
GU TU 20 

e eON~TANT ARRIVAL TIMES 
17 TNARV = TlME+ARRTM 

ll 11 lZ•l 
IF ClZ oGT. ?.CJ GO TO 20 • 
CHClLt l) • TNARV 
GO TU 20 

e HEAD IN AHRIVAL TIMES 

·H .. 9~ 
8 9& 
R 9b 
a 97 
8 9o 

lb IZ • ll+l 
NUM = ANUM 

l'J 
' 

lf Cil .L~. NUMJ GO TO 1~ 
AH(llJ i 777777. 
NFLAü : 76 
TNAHV • AHCllJ 
If ClZ .GT. 20) GO TO 20 
CHliLt iJ • TNARV 

B · 99 ... 
S lCHI 
8 101 
8 lOil! 
a lOJ 
B .104 

. Flf TU~N · c:!(i B lOS 
8 Ub 

e 
e 
e 
e 
e 
e 
e 
e 
e 
e 

e 

e 
1 

e 

e 
e 

lNU 1:J lO f.., . 

SUBRUUTINl DEPART . e 
eOMMON ALPHArlOJ, AN~M, A~(500Jv ARRRT, ARRTM, eHcii!O, 10), eUMQUE( C 

llUOJ• CUMUTL• eusERV• DEPRTt OEPTMo ¡o IUSERV• Ilo ~A~ ~CUSt KSt N e 
z, NfLAGtUUEUEtSNUHt SRCS~OJt STATUSl9), Tt JlHEt TTIMEt TNARVo TNO e~ • 
3PHC9J e ~ 

THIS SU~ROUTINE PROCESSES THE OEPARTURE OF EVERY CUSTOHER e b 
.lf UI-'UATES TtiE HOURS SPENT IN THE QUEUE e ·1 
IT UPDATES T~E eLOeK TO ThE NEXT DEPARTURE TIME CPHEVIOUSLY C ü 

S~LEtTEDJ . e ~ 
IT enEeKS THE LENGTH OF THE QUEUE e 1~ 
lF NO DNE IN QUEUE IT SETS TtiE eHANNEL AT AN IDLE STATUE CTHIS e ~~ 

Ui:.PARTURE liAS PREVIOUSLY PARTIALLY PRoeESSEO E!THER AT e. 1~ 
A~RIVE OA HY A PRIOR PASS THROUGH DEPARTJ e ll 

If A UUEUE EXISTS THEN TAK~ ONE FROM THE QUEUEt SET.ITS.OEPAHTUR& e !4 
TIHft ser THE CHANNEL ATA BUSY STATUS AND.RETURN C 1!:3 
M : YUEÜE . C . lb 
CHECK LENGTH OF QUEUEt IF. OVER 99 HOLO AT .. 99 C. 11 
IF CH .LEe 99J GO TO 1 C lb 
M a. ~9 . C l '-J 
UPOATf THE HOURS SPENT. IN QUEUE e ZU 
<.:UHUUEC"'•lJ e eUMQUECM+lJ+TNÜPR(U•TIME e 2A. 
UPOATE TNE eLOeK TO NEXT OEPARTURE TiME C . z¿ 
TIME • 1'NUPR ( Il C • 2~ 
!F ~YUEUEeGE•l•U) GO TO 2 C · 24 
fHIS SEeTJO~ COMPLETES THE,PROCESSI~G OF. A eusT~HEH C ·2~ 
wHEN NO ONE IS WAITING IN THE QUEUE ' C 2~ 
STA!U~ClJ • o.o . C 21 
TNOPH(IJ • 99~999.9 C ~~. 

•
\ e 
'J e 

4:! 

RtTUHN e ~~ 
THIS SEeTION UOES THE OEPART PROeESS[NG J e 3~ 
wHEN THE eHANNEL HAS BEEN HUSY C 3¡ 
YUEUt = UUEUE • lrO C 3i 

,'', 1 

. :· . .... ' 

.•· 
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~O YU l~o0o~0®l0 ~~ 
~tL~~T ~~~~~ bE~&~YURE TE~E 
~@R~~O~ ~~~~K~~ ~~V~ 
e,¿¡ o ~~f'il©a©~ 
V 8 ~~$«~[~~vc~b0~€~»» 
@@ U'IU! ~ 
rt~it©8.llfn~ rg,,¡¡~tJN~Nü~l'!&, $tJ~~xce:· TIME 
~ o M~~@«@D . . 
fe AHSID~~TM0ALOG«R»» 
i~!)J íJIUJ ¡g¡ 
~~~~~~~i ~~~~&~~ VK~f 
r s ~~.?,:~'?~ 
©~ 'Hll SI 
H~AU6RN S~RVIC! TIME 
~us~~·~:r e ~~U~<>~. 
t\lUM s· SNW"l 
IF CIUSEAV ~LE~ NU~D 10 to ~ 
~t~Mb 2jJ íf~ = 

1T m-~&l~~~~o 
GO TY ~ 
1í' m·~¡g¡UIYS[i??N» 
lN~~Ñ«E» a fEM~~V 
~FO~~ ~I~~V"~~E~VV ~~~~RVU~~ TX~~S ~~ C~ 
&\\tUS o ~~~..!l~v! 
lf ·«~tUS o©ic Zu» GO YO 9 
u s J!<>a 
CH«KCUS~ K!» m JNDP~ai» 
CO!\IT ~G'IlUE 
CHECK IF OUT OF SIMUL~TfON TXMf 
~f lfTHME aLTa JNgPAII»I-GO TO 1~ 
RfSEV STAlUS ~ACK TO BUSY ANO RETURN 
CUMUTL ~ tUMUTLoT· . . . 
CU$(~V m CU$ERV•lG~ ·-
SJATY~U» ID .R.siP 

. :~ .. ' . 

: ;···, 

RETtiH~ . . . . 
M)JÚSV r tlliAlltiJ cutllun. e.i TflilMINA'UON o"' SIMULAf¡or,; 
L~$T CUSTOMER FORCED TO OEPART AT TTIMf . 
TK ¡ T~CT~D~RCil•TTR~E). 
if ú·· aGVq; 4hOD GO 1'0 u·· 
TK u g., 

. TNOPH«Rl a 11KMf 
iuMUTL ~ CU~UTL~TK 
STATus u) &3 A G u 
f41ETUHN 
END 

fUNCTlON HANO «~» 

... 

-f.lACHÜ..If. ut:.Pfi\!DfNT RANOOM NVMBER GENER~TOR (O TO 1 » 
T~JS VfASION lS FOR 32 SXT WORO 41BM J60J 

e K ~~T Af POS(TlVE 000 lNTEGER 'TO INITAL!ZE 
K SEf Af lÉRO VO CONTINUE STHING OF R~NOOM NUMSERS 
SEt NAYCOH0tOMPUTER SJMULATlON TECHNlQUESo~X~EY ~SUNS~l966 
Xf (1\) 2tlt I . 
N ~. 1\ 
~ I:J ~~~~1~801 
IF Ü~) Jo~to~ 
N S N+21~7•&J647ol 
AN S N 
WANO m 2tN.iZA~74~3lb.47e 
Ht.TU~N 
f. NO 

. :· 

. . ~ 

·· .... · 

: ,•·' 

...... ,. 

·, .. .., ., 

.. ·. -··· .. 

¡-- .. 

"·• 

-
-. l 

. TfJ5 
QUESIM 

e 3)j • e .]l;> 

~ J~ 
~ l@ 
e le' 
e .]~ 
~· ~1¡;1 

e ~~ 

e <?A 
e ~t! 
e ~~ 

e 44 
e 4~ 
{; 4~ 

-C (ff 
e ~~· 

(!;;: t,¡i'j. 

~ ~~ 
~ ~A 
~ ~~ 
~ ~"" e ~~. 
~ ~~ 
~ @~ 
~. t>e 
¡¡;: ~~ 
~ . t!>~ 
~ ~\'! 
~ ~~ 
e· @g 
e @l~ •• e ~0-

~ @J~ . 

~ ~~ 

"" r;pf \~ 

~ (Íl\~ 
(\! (¿¡\:) 

t !?~ 
~ '17~ 
e; "frf, 

~ 'ifjJ 
e. ¡¡~ 

e 'ül:t 
. e 5?~ . 
e 'P_-¡., 

o .1. 
1)) ?. 

1\@J~ JJ 
p <?¡) 

o ~ 

~ ~ 

~ 1 
[2 ' ilffi 

Ultl::i ~-(} 

ij 3i~a 
H3t\1 H 

~ R?i -.• (. .. ·. Ult-ll'"' 1 p,,4J 
:~ IF';;;n(> .. --o' Llt,~~ %.;o . .!• 
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Y.OUR .NAME 
1 
2 

• A.l. PREHIUM iRUCK 
.,o:, .1667 
l5e . lOOOo 
l. ~OOOo 

2 
o13~ 

1 
YOUR NAM~ • A~ nELUX 'TRUCK 
1 
2 
1 
YOUR NAME 
1 
2 
2 
YOUR NAME 
1 
2 
1 
YOUR ti!AME 
1 
2 
l 
YOUR NAME 
1 . 

.n:;, .1667 
12. 140{h 
1 . 600Q~ 
• A.J TWO PREIUM 
ei'I!:J e1667 
15o Inon. 
2 ~nooo 

2 
.167 

TRUCKS 
2 
.133 

.. d.l. NEW PREIUM TRACK 

.n:, .1&67 2· 
l5o Ano. .lo 
1. ~non. 
• ~é nNE OELUX T~UCK 
eO!:J. e1667 2 
12. ·.·' 1400• .167 
l. f\OÓOo 
• d_, TWO NF.W PREIU~ TRUcKS 
.n:;, .1667 2 

.. ---2- --- - ---l.S.o - -. -----B-0.0-e--· ·-·- o-lO 
2 
YOUR f'..lAME 
1 
2 
1 
YOUR NAME 
1 
2 
1 
v·ouR NAME 
1 
2 

¿ fliOOO• 
"" ~.1. ~JREIU~ 1 4 
eObO'/ elb67 
1s. -rooo. 
1. ~ooo. 

PER HOUq 
2 
.133 

• C~ nELUX 1 4 PF.R HOUR 
o0007 e1667 2 
12. hoo. .167 
l. fliOOO• 
- ~"' TWO P~EIUM 1 4 PER HOUR 
.nt~a7 .J&67 2 
15. .1000· ~133 
l . fliOOO• 2 

YOUR 
-~ 
2 

NAME ... u¿ SOT 
.o:;, .1667 

1400· 
f\000· 

3 
ol67 12. 

l. l. 
YOUR NAME • Ué c;OT 
1 
2 
2 

.o:, 
1!). 
2 

YOUR ti!AME - U_, 
1 o0!:2 
2 15. 
2 2 
Y.OUR NAME • u .1. 

1 .o:, 
2 1!) o 

1 1. 
YOUR. ti!A.ME .. u.: 
1 oi'I!:J 

2 ·~· 1 1. 
YOUR NAME .. U_, 
1 
2 
1 
STOP 

.o:, 
ll!o 
1. 

.1667 
1000• 

.. fliOOIJ• 
c;()T 

.1667 
loo o. 
"OOQ., 

RANDQM 
.. 1667 
lOO O o 

flillOOe 
RANI?OM 

.• 1667 
lnon.· 
(,OOOo 

~ANOOM 

.1667 
l,ttO 1' • . 
fliOOOe 

1 
.133 

3 
.133 

1 
.133 

3 
o133 

1 
o 167 
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pRnc;t-c~~· l.ILJ~UI::!-. t 1.1 ... YCLJ;: 1\· a' ;f::. - fl) ¡.) ~e-,. I u ... H; !'•!':!'. 

Af<P 1 V Al lYt'( 1 re .. l,r:- ·' - • ~ 1 r: C·lq = • 1 7 sc ... t:ouu. l.' ULE 
·e¡; CF!'\1 

SEPVlCf T't'l-'t, f¿lviJ;': ·1c;.•rl'l 
F J.)l.f..[) C:1..•;:, l. i.· 1 illn • (), o13 

~o. CHANNFLS ~t~~r 1 MAv 

FlPST TIIIENlY 11\.C.:UkOCt·j([C: F('~ c;r;:;.¡IITCI-. ChA~\i~LS 
ARPJVIIL ------&•&;t'Jl..I.T••w¡:- TJ·.·F.: AT C••/\1\:N~L "''~HER---·--
yh•F-:--- 01\F l"(.l T'lkF¡: F'ntJ~ FlvE SYX <.,I=.Vft\ FTG~o~T Nlr-.;E 

?6 n .. 
';.6.2 
40.6 

128.2 
115.6 
Í4a.e 
148.0 
1 ~4 .a· 
2~o.1 
2r1o3 
2?.3.0 
243.3 
244.4 
24f.l.7 
24q.7 
2()2·2 
3,:6.8 
311).q 
374.1 

2 ... 
45 .. 
45·, 
56· .. 

1 ~:3."" 
l 'N:4 
? (l t1 •. , 

2G8. 1 

23fl.·~ 
24 7. 4 

ZbJ.r 
265." 
2tn. t' 
2~1.1 
2~(? • .-. 
2b~.n 

3~4-" 
.3J5.n 
331i.l 
42].':1 

' . 
AFTEH 27b A~~lv~n 
QUEUE.-~1 A)(,'¡ i"lU,.. Ltl~hTt.~ 

•1-,EA N LE ,..,e; 1 r. 

¡,~·nr TTME rri\IITs" 
7 

•M[AN I~A ll 1!"[ 
5foVICE UTlLIIÁ 1 J.<'"' 
A \lf~AGF:. AR"l \l¡ll~ ·,...~= i·~ TTMF l!~ll! 
AVF'RAOE ~E~viCt ilut: 
~E11N NO~ l1J Tnf- ;,Yc:T[M 

~E/\N TIME IN lH~ SV5TE~ 

COST INI-,OR""ATlllN. u._: .(lt.if¡,¡~AyiO'·~~ 

1. ~ 
21·~ 
7 4 • _, 1-'F- fo'C E"' T 

• f'4 f-1 n 
16-,6~, 
'¡.73(i~. 

.17.kl~l 

C O S 1 5 -~~o· A IT 11\ . IJ u t. t J ~ . e; 4 ;> l • 5 11 N 1 T S A T ~ o l 7 

sE.Pvicr cosr. 111\l'i.I.ÁIJLE "7?··' IINTTS AT $ .¡ 3 
~E~vlCF cosr 1-IAt.o 1~nn.n0 ~Irh 1 cHAN~ELs 

TOTAL cOST O~ n~~w~TION~ 

·.·.-. 

168 

= $ 

= '$ 

= $· 

~ 

987el? 
36•IR 

,1 000. o o 

2(!23.29 

? 



-- ·:· 

r; V '?. ·.· .~C::~1EDUlE RUU':: 2 
tfCfS» 

~~~iJR«.:!E" uV¡;c'~ ~ [l'>P'l!'i' .. ;¡¡ V';cllt'l 

~~¿.{i:;,a} ~\\.B&H· :10· i-í~0~ 0 tl 1 1 

. ·.:.-: 

n~~"ü' "¡?r;;t:wYV u~r~~l!i~{(ll[¡.:(:f~ ¡¡;of'l~ ] ~~~vyCI?. C~e,NN~LS~; 
&~~~\J&!l "'""""""""""~)~P/VH.II~¡; 'fl•pf I!.'V CHANNe;'l.: ~1114\':ifiRI~':""'"'"""" 
'U'~i~oj[ ... oao Of\:~· !tti«J 'ftH{fP" l?oLIH nvr 5tl'{ S~.I1E!\ nG~'ir Nil\!f 

© 2o~ · · 
6!?@00 q,!j¡Qt.¡ 

~!tao~ ~~,G>t 
,§¡,1}0({;¡ ~~"<lb 

Ri!ILg l !¡)Jo '4 

R3~;!6J n<l;l'il.,~ 
A~~o@ .eOH.,.·u 
All-©lo@ ?,OI:;l.,J 
)!,¡§¡~"'~ ·z:s~ .. 1l 
~~@o~ ~t',~7.,-.o 
~2)1,o¡¡J• "J'QJ,f 
~~]o~ ;t?b5 0 •1 

~&;Jo] 2lfj 1•o:t!_ 
-~~~0(;, ---~1;,;-0--

~~~o~" [¿!~'loM. 
~~t,«v~v 2~s"n 
2<ll~ 0 2 324 0 fi 

lr·~ 0 3 3:S5 .. •' 
'Jli1

0
9 JJd

0
i 

37<t;<!lll 4¿1""1! 

¡:t;fTE:H 27ó Ae-(~111tn 27~ S(RVf:D 
. @U¡qit=r~A.ltXI'IlH•• U:.D'Il(jYt1, . 

. =MEAN LEwüfM . 
=MEAN Wí! i U 1 a'-~¡:: 

SEPVICE 0TILll~iAUw . 
B!Vf~~GE Mtk!\!¡.1 ~ t-l;f~. TI·~~tP' Ui!IY 
~VfRAGf. SENVIC~ eX~~ 

~~EAN NO~ IN lH~ ~V~TEM 
MEAN 11M~ ~~ f~~ ~v~TEM 

cosr tNFOI-\·"'AT tn"' •w oPe:~o~.ar ti)·¡~ 

6001:' 'fVr<lt: tli\tUS 
1 
!,.i1 

;? le~ 
1 .ft,.,-, ~F~C~ P..tf 

• • ¡.¡~~ q, 
16.,~6~~ 
lo13~~ 

]i'al1i~! 

co~r~ .. w.An H. IJUt.lol!:',' ':1~?1.,5 IINHS AT $ ol"l' =e¡,· 
~fp'VXCE cosr VAR¿.Juat.,E .~7?.,:1 111\!XfS AY~ $Un¡;¡:§. 

. $~PV!CE COST l"!t.c.U. ¡;¡nn.,o.r; •.,¡I1t4 1 F.H~N~a·tl~· :e¡; 

~~1ol2 
g?o~V' 

!ia]lt}.,()('¡ 

-zc 

• 
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••• 

. . . 
C 1 PRf T UM / .. 4 :p¡:t-¡ HOIJI~ 

.·7 cnsT = ~i7· ~C!-<iiJULE ~.tl.t[ ;;' 

tt-CI-S) 

SEPVlCE TyPE ~.,,~~ = 1~. ~ 

. F IXt..D (l.i.J 1 'b J I.:O¡t.'l·~ VA11TA~LI:" CCST :,· • 1 .1 

,...o G CHANf'.ELS S h1'11 1 "11\'r. 1 600<: 

Fl ~sT TwENTY '.Jct:vrctJ[".Cf" r:n·~ SERv 1 ct:: Cr1 ~r-·~o.¡E'L s 
ARR!VAL ------IJFP,\I;Ttt~F TI,•F.: AT C11ANt\JF'L f\tt.:O:·~ER------
1' 1 ~E • • • O M 1 w O T 11 H.: F F ntN F' I V E S pe S F' V E 1\ ~ I 6 H T N I M·· 

o 2.4. 
19.5 39.0 
19•6 .39.1 ' 
30•4 4<:1."1 
q6 el · 161 • H 

1~1.6 }67.3 
110,9 }76.n 
110.9 l7ó.,l 
138~5 204.~ 
Iso.o 215.H 
lbS.q 23l.fl 
1~7~2 232.'l 
l"R2,4 248.1 
1R3,2· 2~9.o 
lA4.,9 '25(),7 
1A7,2 252.Q -
219eO ?84 0 "i 

230.0 2"'5.7 
233e1 2"'8 8 H 

2 8 O o S -3 4 ó • ::J 

AFTER 3~H A~~!~~n 374 SERvEO 
QUEUE-~AXI~U~ L~N~T~ 

6 e n·n TJ ME 11111 IT s 
17 

•MEAN LfNI;tn · 
-MEAN ~AlT I!~E. 

SEPVICE UTlLl/AJ¿u~ 
AVERAGE ARRlVAL:) I"FR Tl-"'F UNIT" 
AVfRAGE SERVICE tJvE 
~EAN NO. IN TNf ~Y~TEM 

~EAN TJME lN TM~ svSTE~ 

COST INFOHr-1 AT10t~ OF ·0~1::1-'ATJlhc::; 

S.:' 
·H.A 
~g.r 1-'FRCf\tT. 
. • ···647 
15.7217 

6.3:"4;t 
'17.4811 

c·osrs-wAIT .r"' 1Ju~'-'J:' 3}7?.:;. , IINT rs Ar "' • 17 = 
SEPVlCE CQST V.Cii'1A¡.¡~o~Lf. ~74•'., IINTTS AT $ eli 
sE¡;¡vlCE COST I"I,.~U : l¡¡O:I~llJ . .~ITI-' i r:NANI\IELs 

= 
= 

Cf: 

$ 

'" 
$ 

~288.55 

"4~•74 
1ooo.oo 

. t>J38. 311 

. ' 

'•\ 



1 
' 1 

·~J 

·.~ ... , 

~CN~DW ft)! · .i):tQJJ~.,I~ · :.sJ 

«.~or » 

~~~0E~f VV~~ ~ rr~~~ ~ ~~oryn 
Fx~~o cO~if ~ n'@~.no 

¡w&!?IZ!'if U'M[NYY. nt~~m~t;:NC~~. ~n~ ll ~ERvye~ C~hii\JflS 
. tfil~~ll:lll.l, '7'""""""""""ff»t>Pt.R1!'n~r fXME .av C~-4ANN~t., i\IJ114~ER..,.,. ...... e ... 

. f.E~f"'"'., Oi\ie;. 9 ~mu ííK~E~ FOlJR FXVE SH S~VEI\ ~JGHT NXNE · 
@ z o lfU -

~@ 0 0 ~no~ 
e~o2 .l()~.,il 

40loél s~cl(t 
R~®o~ 1(;\'}of? 
í~~o6 l~5i 0 <G' 

~~eco !gS""' 
A~S 0 0 1~2.,c. 
~ ®4 o® ~ti~ o '4 

. ~~ti!()~ z¿J()';j 
@!&f~o3 e~~oH 
~~l 0 ~ 2:!1>1

0
1 

24'3QJ . ?5504 
'244 .,4 2:,6., o 
24() 0 7 251.,'1 
21<1>~ 0 1 25~ 0 '\1 
2i!'?J2Q2 311.,"-
3"6o8 Ji:?~.,~ 
lt@e9 32@.,1.;) 
l74ol 412.,~ 

&FfER ~76 AH~~~~n 
QUEUE=MAXIMU~ 1.~~6Trl 

... ~lEAN -t.E~Nt:i rn 

?.1, SERVEO. 60~1'1 fVME ~H\l,H~ 

6 

..,M[AN.WA11T Ol&.~~E: 
sE~VlCE UTl!,.li.A B AIJI\1 

AYERAGE AR~IVAL~ ~~R TIMF.u~IT 
AVERAGE SE.HV !CF o H~·E 

- Mfi\N N00 II'J iMP' ~11~·r!EM 
MEAN TIME !N 1~~ ~VSTEM 

CO!';'f lNfi'OR~"~AfUtl•ll oa:- UPE~ArTO·I~ 

. o~ 

XJ .. ~ 
s9 ,. 4 PFRCEr.1T 

efl4~6'1 

13 ~ l {ll:j~ 
l<>(\'97M 

?3o~~41ll 

cosrs-wAXT X,\. iJUC.IIC." 2~"~ol:l IINITS A"f ~ e.li' 
;:¡fpVlCE COSa V_&i"''.!.c,¡~LE o¡,P~o~~ tiNnS 4V· 5li el1' 
sfpvlCE COSi ~~A~u l•"n~"O ~~T~ 1 CMAN~fLs 

TOTAL C05T U~ n~L~~TIONC 

.. , ,: . . 

111 

g 
~ 

:::; $ 
~ $ 

§ 

;·· 

~94 .. ~~ 
45°~~ 

!400(1 tHf. 

194003~ 

-~ ·-

¡. 



• 

• 

··' 

.. pRoGkAM QUEUES -t' IJW '1'(11..'~ rv11 ~~E .. nt R A~'[) 0"'4 

ARRIVAJ .. TYPE 1 l'(~r-=: =· • ) r:: cosr =· ·'~ 17 .. SCHEDULE RllLE 
.:1,' CRAN(JQM) 

SERVICE TYPE ~ t~M~ = 1r::.1n 
F!XED Cu,:,J .·$ llic\1'1 0 0·.• V A~ T A ti L F.' ·e O S T ~ 

NO. CHANNELS ST~"T 1 MAv 1 ~-1 i\ l( T T ME 6000 

FlRST TwENTY ,·,ccuw~E,,¡CEc; c:-nR . 1 SERVJCE CH~NNELS 
ARRI\'AL ----··c>s:-P.üqii~F: TI .... E AT Cl-lANI'I!FL Nl_l"'iBER• ... , ....... 
TlME··- · 01\¡; I•Hl Tlit<EF Fo\JR FivE SIX SFVEI\ EIGHT NINE 

o 2.4 
:?6.0 
:?6.2 
40.6 

128.2 
135.6 
148.0 
148.o 
184.8 
2oo.l 
221.3 
223.0 
243.3 
244.4 

. 246.7 
249.7 
292o2 
3r~6·.8 
3tOe9 
•374 el 

45 ~. 
45. h . 

56· .. 
• }93 ~ 

199:4 
2oa.J 
220.3 
247." 
247.~ 
263 •. , 
278.~ 
2~1.1 
313.o 
314.7 
3Ir." 
318.f!l 
329.b 
330.If 
421.~ 

.. ·.: 

AFTER 276 AH~iYEn 27'"' SER\IEO · 600fl TIME UN~TS. ·.' 
QUE-UE•MAXIMUI\4 U::•'lliTH 7 · - , 

•MEAN LENüJM . 
•MEAN. WA lT · I!ME 

SERVICE UT1Lll41,UN 
AVERAGE ARRIV_AL~ I-IFR TI~'~~F. tJ:HT 
AVERAGE SERVICE- I[ME. 
MEAN NO. IN TH~ ~Y~TEM 
MEaN TIME lN TH~ ~VSTE~ 

COsT INFORM-4Tf0•~ OF OPEHATI0'·lc; 

lo f• 
22·3 
7 4 .~ PFRCf~T .. 

• (141í0 . 
16·320;· 

¡.7771. 
'38o6374 

. ',: 

,]3 

C O S T S- W A IT 1 ~ tJ u e:. uF · 6 1 5 9 • S ' 1 N IT S A T . !> • 11 = ·. $ · 1 O Z 6 • 8 fl . 
SERVICE COST. VAW.I.~~I..E ?7S•I) IINITS. AT $' •1':1 = $ 36•57 
sERviCE cosr fl~~u laoo.oo ~IrH 1 cHAN~ELs~ = s looo.oo· 

' . 2063.37 
.. '·.· 

. ·. ~ ·. 
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1 .• 

-,~ .... 

: >.j. 

-.. :;3d 

. I~~0_)Glf~JC!"! : ©,12': l~SÜK"'X'!;",j 

:,~~=~~~'~ ·:ruree=e=e~""'l=~=e&~i!&~it"l v12g Ziv.mJÍJl;::;Jo;JL~ ~© eti©J Vall~y ¡¡¡;.1®-:~i:dc: C©P©p (lileK®illi\ &'®~®Ei'®d it© ~® tio) - ·• 

2. 

3. 

r~@.mlTh ·.: 'ílcill.'Ci~hl® 

~®ít'\l'i©e ©©s'iG/ 
~k<ffid l(;ifj;~:tf 
gii!ii'11hi'iGJl©Li'1 

!lt-:g. . 1='"'G=··it=~=-====-'=-~=~=i=t==== E''<m 

&=! ],~ 

§<~=;?;; jLl 

~=~ l~ 

.. i-: 
~~1~ 

o1'7 
ol3! 

$J],lj(]IJ 
HIOO 
2000 

©Ji!.il:l ~lh@ifii'!lllilli ~d~ 
on® delux~ t:ruck· \ 
'two premi ll!i\ -t.ruck~ ;: 

·J .. 

F©re itll tlHil a.1t®Jmiíltivas; the ~F~ pEio&ity lt1Jll·~ 'W~S 'I!Se<!Z éill1ld t.h® :!lliMlJ.lated rctms IJJ~lba foJC 
~000 min~~~o Th® Jh@~~lt~ folh th® EUn~ ar@: 

~k-.m 
k-<lit;g~i'h 

!:1 <¡;; ~='"=,j?;HG;U~ 

ll=l JLoO 
Ji·~2l o5 
Ji\=~ .,l 

M®ill! 

W<Ü{): 

time 

~leS 

Ho!li 
Ll 

~®lfll'i(;;® 

~-~i ~-~< ~e» 
CoSJt 
'l:;l'<'llit. 

=~= 

"¡7~o2¡¿, $981~]..&; 

~9.li\ 529oo!JI2 
J?o~ 5lo1S) 

llil!Eo 

©es t. 
Fi::K 
c:ost -= 

$36 • .1~ $1000 
tJS.~:t; 1400 
:;¡¡.¡s,o<il4 ;woo 

t._ . ,¡ 

Tof:.mt 
cos't 

$202J.;_29 
1~75.-22 
208~~-~~9! 

\. ; 
··._ ',..·• 

From the g-1@5 R.io shot!ld chOOS@ mlt,,g¡¡rnati va A=2 as i t has íQ'!!® lOt;;réS"t t.<d't'el ; ~os t~ HoM<.!V~lt. 
if the Ri~ Ccm;pa'1y is pla.rmi~g to qrow i-t 11\ight prefer to ehoose; ·a¡teni:a-iiv~. A=~ 8;il'lce · 
this .UteJt!Jdl\tiw has tite lowe5t. SJeNice u.tili~ation and thus wóli;tA'~a.11©f.ít9~' th® mes~ 
gromll (nóte thlll ;rery low waiting oost. <liS compa.E@d .to altema~.tV:~~:.A=l anBl '.!ll~2~ o 

. . . . .... ... :•.,t........ . .. 

Th~ lower ©ost of the p~emium trtick definitely ohanges 
question l~ The alternativas now available axe: 

th~ .opf~aii" cost' ;jjif~~~"•tiv@ of 
~-~~~-:: ~17<: 

:;..,,.·. 
~~ ¡ 

H~~;é.~·--~J··. ~-ftJ·i~iJ:XAH·~-~:~ 1 -~' 1 ~ 

~

n-1 
B-2 
B-3 

Me~ 
Sl®rtVie@ 

rata 

15 . " 

Variable 
cost/ 
unit 

Fixei'Íl oost/ 
simulation 
run 

$ 800 
same as aU:e:rnative A-2 ..• 
15 ~1o ~1~oo 

.. •·. :. ,._ .... · 
The results from the computer runs areg 

~~Gan. : 
l_er¡,gth 

Alt~ Qui.:me 

n-1 ··:~:: cr· ·· 
B~2 .s 
B-3 al 

M® <m 
wait 
time 

n.s 
Ho5 
l.l 

Servicie i >• Cost"''' i 
:,u.tlhq.;,H·:J Xwait/ ,, 

74.2\ 
59.4 
37.2 

. $987.12 
529.42 

51.25 

n. ¡ .. ::)}r;~l--' ~"!-;tJ:~-~~., 

·~~¡ •. 1' ... ~y'&, i' ,!, ..... ·'.·:~ ·~~:(} ....... 
$27.12'' ·s,aoo··- $üU4~3i·-· _ •· 
45.42 1400 1975.2.2. 
:;;?.40 1600 1678.65 

.·.· ;.'· 

Vi &1~M 
~¡ il3M 

Cl~arly Rio.should s~lcct B-3 as it has by far the lowe~t oost· and becalJ.g@ ©f ~~~e lo~ 
service utiliz~tion wi!l ~!low -for the greatest expansion. 

The· alterna~ive~ C'-=l_o C-2, a.nd C-3 are the sama as AC>l, A=2 (/ and· "c.;.J,=: In thas~ -~~ t.he 
a.rrival rat~ W.l:i i:,c.-r·~ •• ,;.:j 'trol:\ 3 -to 4 per hou~ (Poisson} o ThEJ re~mlts of ~e !i;'\lml'i\ iillée -il!S 

follows: 

113 
~. ; . 

. : ., ~ ' 

• 



•• 
·, 

?( 

J.lean Mean 
length wait Service Cost \·;.lr • r:x :·opl 

A1t. gueue time util. \o.·ai t ':"C·~ ~ ~~~t 

C-1 5.3 81.8 98~0\ · $5288. ~S ~.;9i.; SlCOO · SuJJS~ Jo. 
C-2 1.3 19.8 79.8 1285.83 64.SJ ¡.;oo 2750.62 
C-3 .1 2.1 49.9. 137.50 51.60 2000 . 2189 .• 1() 

Altern~tive C-3 is the best selection. This · is due, as was rnentioned in part 1,' to the 
fact that the alternativa C-3 had room for cxp.:msion \o.'hile tl1e others were already being 
high1y uti1ized. There is stili quite a differcnce bctwecn the. waiting time cost. - . . . . 

4. In this part we are asked to compare the resul t ·of part 1 using the other two pdo:rity 
rules, SOT (D-15, D-2S, and D-3S) and RANDOM (D-1R, o-2R, and o~3R). The resu1ts of the 
computer runs are shown below:· .. · 

Mean 
1ength 

•nt •. gueue 

A-1 1.0 
D-1S .9 
D-1R 1.0 

A-2 .s 
o-~ .S 
D-2R .s: 

Mean 
wait 
time 

21.5 
19.0 
22.3 

11.5 
10.8 
10.7 

Service 
util. 

74.2% 
74.2· 
74.2. 

59.4 
59.4' 
59.4 

Cost 
wait 

$987.12 
873.53 

1026;89 

$~29.42 
494.89 
493.38 

Var. 
cost 

$36.18 
36.18 
36.57 

$45.42 
45.42 
45.·42 

Fix 
cost 

$1000 
·1000 
·1000 

$1400 
1400 
1:400 

,·. 

' .. 
Total·· 
.cost' .· 

$20i3.29 
1909.70 
2063 .. 37 

$1975.22. 
'1940.32 
1938.81. 

A-3 .1 1.1 •• D-3~ ,.1 1.1 ,. 
37.2 $ 51.25 $36.44 $2000 $2087.69 
3~.2 51.01 36.44 2000 2087.45 

o-JR .1 1.1 37.2 52.84 36.44 2000' 2089.29 
'· 

In the first set of a.lternatives, D-lS is the best seiection. Thl~ ,is due primarily to the 
fact that the .mean waiting time is less for the SOT rule since .the ·.shorter jobs are. worked 
on first and gotten out of the system quick1y. · · . · 

The runs using the deluxe truckl, D-2R gave the best result. Here. the range ~as not: 
nearly ~s wide as for the single premium truck. 

In the case of ~e two premium trucks (A-3, D-3S, and D-3R) the run using the soT· · 
rule gave the best results. The best explanation for this is that because of the large 
amount of slack in the syst~ (35% utilization} i t re.ally doesn' t ma.ke ~oo much. difference 
which rule is used. · · 

0.:2R has the lowest cos·t r:>f all nine run~. This incÜi::ates that under pre~ent conditiOM 
the deluxe truck would be the best selection and that the RANOOM. priority rule should be 
used. In· actuali ty the company · should probably selec.t the ·de luxe truck and use a modified 
SOT rule (such SOT between 8a,m and Spm, all jobs in QUEUE at 8pm on FCFS until 8am fol
lowing morning). 

CONCLUDING REMARKS 

l. 

From the results of the run, the fqllawing would be recommended to Rio: 

If Rio expects the arrival rate of calls to remain about 3/hr, they should huy 
truck, provided the premium is not available at the reduced rate. 

the deluxe 

2. if arrival rate is expected to increase, huy the two .premium_. trucks • 

• ) As is sugges.ted, the two premium trucks are probably ·the best selection all around. One 
major reason for this would be that if one of the trucks broke down, the other would still b~ 
~le to make service ca1ls. , · · . . · . 
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M~.i'\!i) R-iE~ 

len.gth 'W'ai~ sexvice Cost \"' ~1r o Lx :·ot al 
.!~.1L~Go º~~~-!:'~ 't~~ u..t~J. wait ·::-e~:~ ·• :..."'C'!: t 

~. ~~~;~---
.. --

,: .. : -~ :, 
{;<l 5o3 ¡g}Jlo~ 98,0% $5288,~5 :::~:97 4 $1 CO::l $0.338.30 - _ .... -~--· 

0=•2 1L.!l 19lofbl 19.5 1285. B:ii f:..;!o8J 1~00 2150.62 ~ --~_:t 
{~e;,] 0.1 ~o! 'Íl!:l.\1 H7~so 51,60 2000 2189.10 :;.-~ 

~ ~~· 

.hl~·.et·n~tive C=:ál is the bast $<eleci;ionQ 'rhis is due, as was mentioned in part lu. tb,'tbe 
fac'&. i;h;nt, ·the alte:t)taH'W~ c~J had room for expa."lsion -.·hile the other<:> were al:?'e,aE.?'l.~einq 
highly tltiliz·edo There i~ stiU quite a differcnte bet\ó'een the waiting ti!Íie éo~t.~ .. ·.•"" 

::""" . - ' . . ; .· .• ·'-'· ._ ..... \ 

l. 
.. . .,. ·-~-~.. -~·:'tlOi:.r·: 

-~~ :in thi~ f!BK-~ w® <!K~ ask~d to compare <i:.he :result: of pa:rt: 1 using the other two p-db:d·tY 
Kules., SOT (b=!S 0 .tl=.2fl1,7 .ruad D-3S) a.nd RANDOM (!FlR, D=2R 8 and D-3R}. The reS~J:lt~; ~Lt.he 
cornputer rtms ;u:~ :shwli'! b<elm•H . · =· · · ... 

- Meat1 M~rull 

len9t:n '1:--M.it 5®~i©a C©st Va¡r. !'i:>t 'total 
Alte Oueue t-ima ü'i::J.lo ~G:it C'©fJt cost OO:>lt' 
~ = 

A-l l,;(l 2lo5 f4e2% $987,12 $56olS $1000 $2023.29 
1')--lS 36.lé 

•, F 

Cl9 l~Qo 14.1,· 81:3o!\3 •1000 1909.10 
D=l:R l.,tJ 2~0~ ")'~.&; l0J:Z6~30 J6o5í' lóOO ~063. 31 

L!t=>2 "' Ho~ ~'!)).<{\ ·$~19AJ: $:~5.42 $11&00 $:HJi7~~ ;i;2 <!-.¿}l 

!J~2S -~ .10.~ '59. 4 "Íl94.89 45,.(j2 1400. 1940o:r~ 
D=~tit .5. JIJ.lo 1 59.4 493.38 ~5.-42 NOO . . 1938.61 

A~3 .l .!L.l 31.2 $ 51.25 $36.44 $2000 : $2087 .6~ 
D=JS ,.1 le! :47.2 51.01 36.44 2000 .. , 208'1 ~ 4 S 
o~3R .1 1.1 ~7.2 52.84 ~6.44 2000 . 2089.29 

l:n the tirst. .set of filltematives; ~ls' 1s the best selecticn~. This is d11e prim..~ri1y t@ t.i;:~ 
fact th~t" the mean Wll.iting time _is less fo:r 'the SOT rulE!! sil'!ce · the $hcn.--t®:!,;' jt'í.©S ~'il. ti'©lt~<te:bl 
on first and gotten out of the · system quié:kly. · ·- · ·' · '-

·~··, ,-· ,_ The lnlns w;;ing the &luxe truck~ D-2R qave the· best.:res;ult~ Her®· thl!l!·i~g'® ~~·:fi©'& 
. ~!r~'o.:: .nearly <:tS wide as for the single premium trock~· .. . ·. . . . - - .. ,_ · 

In the case of t.lle tl."To premium trucks (A-;3¡, :o-.3s, .and ~3R) .thé'.lr-l:ill twing- -t.h®•:g;m 
. rule. gave the best resultso The best explanati~n for this ,is that bec:ause·, of tñe.: ~~e 
antount of slack in the system (35% utilfza~io~) it really··.doesn•t:makq:¡¡.t:ool:t!iJ.Ch aif~erenc.'!ll 
whi·ch rule is used.. · · · · ·_ · · ·'· . · .· ...... : :-L · .. _.· ··.~--·' 

'""r !Ir2R has the !owest :cos·t of all nine rw,:~: ·This indicates that. un~i- p)E'elli<:mt ·oorlclition@ 
tr~ .:del\L'{e t:r-uck would be the bes·t séled:ion and 'that the RANDOM priori .. ty~ rul® ·shouid be 
use d. In actuali ty the company. should. p:rcobably selec.t the de luxe truc.lt 'and IW<!i ·ll. ruodiiied 
SOT:--rul<e (such SOT between 8am an~ f)pin, aÜ jol:>s in QOEUE at Bpm on ,i!'crs· tmtil Bam fol-
lo\--1inq. morning) ~ · .. · :' · : · · 

.1\ 

. ~ : ; . '· 

CONCt.tiDING REMA.RKS 

l. 

2. 

F:rom the --r.estüts of the run, the following \t'ould be recommended to Rt~s 

If Rio eJf:J?ects the arrival rate of calls to remá.in about 3/hr, they .~h.©illld b!,i.Qi' 
truck, p.rovided the premium is not a,vailel.ble · at the reduced rate. 
If arrival rat.® is expected to increase, .buy the two prr.;;mi~ truclu;; •. 

. . ' 

:: ; ·~ 

'•. 

. As · is suggested, t.'le two premium trucks are proba.bly "the best _selection all . .ffiJ;;©lli"!!d,:, 04e •A 
major rea.son for ~is would loe ·that :if one of the t:rucks broke down 0 t.he othe.r wol-~1'ª 5\\:._ill be¡-
<ilile to ma.ke servbce C·Ells. · .'. · ·. · . · . . . ·. ·,· .·· . 

114 



e 
e 
e 

-~ e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 

.e e 
e 
e 
e 
e 
e 
e 
e ., 
-t 
c. 
e 
e 
e 
e 

e 
p 

e 

21 

PROGHAfo4 YUEUES 
~ARC~ 1~/? M J MAUüARD 

-THIS VEH~ION FOR COC 3100 
OICTIONA~Y OF VARIABLES 
ATTIME THE HUURS ~F SYSTEM IULE TIME - TOTAL 
ANUMtSNUM NUM~tH OF REAUS IN AHNlVALS ANO SEkVlCE 
AR(5U0) AN AH~AY OF"READ IN.AHRIVAL TIMES 
ARR Rr,~~R TM THE ARRIVAL RATE ANu TI~E 
CH . AN AHHAY OF ARRIVAL ~NU SERVICE ON FIR~T 20. CUSTO~ERS 
CIULE THE l;UST OF EyETEM lULE TIME - TOTAL .. ' 
CUMQUECiuo) AN AHHAY wHICH STORES lULE CUSTOMER HOuRS 
COSTS. THE CUST PER TIME UN!T OF IOLE SERVICE: . 
COSTA THE CUST PER TIME UN J. T OF !OLE CUSTOMERS :· _ 
CUSEHVtl\t,;liS THE NUME1ER OF CUSTOMt:.HS BEING SERVE.o . 
C~AIT TH~ CUST UF CUSTOMER~ HO~RS IN QUEUE - JÓTAL . 
DEP RTtUtp TM JHE SERVICE ~ATE ANU MEAN UURATION .. 
HRSNQ THE HUURS OF CUSTO~E~ TI~E IN QUEUE • TOTAL 
ItJ THE l;HANNEL ~UMBER ~tlNG PROCESS~D 
IZ NUMHt:.H OF ARRIVALS WHlCH HAVE bCCURED 
KAtKS OPT!UN CODES FOR ARRIVALS ANO SEHVlCE 
NtM~XS BE61NNING,MAXIMUM NUMHER.CHANNELS 
PCUTlL THE ~tRCENT UTILIZATIUN OF THt StRVICE FAeiL!TY 
QUE THE NU~HER O~ CUSTOMtHS I~ QUEUE Al ANY·.POINT 
SRCsoo> AN A~l-iAY UF REAO IN St:HVICT TIMES -
TCOOP THE fOTAL C~ST OF THt:. SYSTE~ -
TIMEtTT!MF CLOC~ TIME,MAX SI~ULATIO~ TIME 
TNARV THE L~TEST ARRIVAL TJ.ME . ""' 
TNOPH THE; Ut.i"'ARTURE. TIME Ot- THE LATEST DEP.AIHUHE 

MAY ~t: StT ARTIFICALLY FOR PHOGRAM EFFICÍE~CV 
XM~TNtXMNTX MEAN wAIT T1~E.~EAN NUMHER IN QUE 
AVARRA AVEHAbE ARRIVALS PER TIME UNlT 

.. • ·:~ . •. 

AVSERV AVtHAüE S~RVICE TIME . ~ ~ . . 

AMNIS MEAN NO. IN .T~E SYSTtM ;· ... ·' 

AMTIS HEAN TIME IN THE SYSftM ·: .. i ..... 

VCOST TOTAL VARIABLE COST Ut- OPERATIONS 
VCOSTS VAHIAHLE COST· PER ÜN!f 

.. . ~ 

:'', 

FCOST TOTAL FIXEO COST OF UPERATIONS 
FCOSTS FIXE~ COST PE~ UNIT . . 
QSVCT AN A~~AY OF GUEU~O StHVlCE TIMES .. 
K RULE SCHEUlJLt RtJLE CODE ( l =HAI\OOM' 2=FCF-S t J=SÜT) 
eOMM0N lLPHA(lOl tANVMtARR~TtQRRTMtC~I20v,l0ltCUMlJTLtCUSERVtOEPRTo 

1 Ot~TMtitiUS~MVtiZ.~A,KCGs,Ks.~,~FLA~tSNuM,sTATUS(9l9Tt 
2 · TJ.MEtTTIMf,t~ARV,TNOPR{9),AVA~RA,AVSERV~AMNlS~AMTIS 9 
3 V t.; u<; T t VCOS t S • FCOS T eF COSTS, K HUlE tI QUE, CUMUI.JE. (l :1}) , 
4 U!>Vcl ciOlltAH(5U0) tSR(SÓO) . . · - · 

COMMON ~u~TAI I~Nu 
DATA C1tND=4HSTOPl 
ISTOP=lt.fll· 
NÍt-.i=óiO 
'NOUT=bl 
REAO A~U PRINT UStH NAMf CARO 
CO~TINlJt 
REAU (NH~dlll lL"'t-~A 
w R lT E ( N u 1 JT ' J 2 ll 1 L IJ lit. 

. IF IH.PHAill.t.lJei~To)P) G() ro JIJI 

.. ··:· 

READ At\U ~¡.¡ 1 t. T A;.,d v•'.L llA T A CARU ~NU SCHEDuLE RULE CQDE 
READ ll'd.-.,3Jl l !\..4,,..;.-.mT ,CCST\,K;h'ULt:.,AI\UM 
¡,¡ R 1 T t 1 ~U t ' T • J .. 1 l " '" • :. ¡~ ' 1 ·~ T • (:.1) T A ' K Hu L f. 

I F 1 "~ • L T o ll (.i u T o¡ 1. ·~ 1 
IF (1\M,GT.~ol ull Td 211 

. IF '"~ LEoLT•t' ~J T, 2~1 
IF '""':'Lt • .-,r._,, .,_· r" 2'1l 
GO Tu tt:l•.llt"'·'• r.••1LE' 

CO~Ti~Lt:. . 
w R 1 TE C "'U· d • J S 1 1 \. . -

. •· 

·. . . ; ·: .. 

.. ¡·. 

....... 

J~ 
.,. 1 
A 2· 
A 2A . 
A - •J 
A 4 
{J 5 

.p. ó 
/l 7 
A 8 

.A 9 
p. lO 
-~ 11. 
f¡ 12 
A 13 
A 14 
A . . 15 

"A ló 
A 1.7 
A 18 
A 19 
A 20 
A 21 
A 22 
A 23 
A 24 
A 25 
A 26 
A 27 
A 28 
A .29 
A JO 
A 31 
A 32 
A 33 
A 34 
A 35 
A .36 
A 31 
,4 38 
A 39 
A 40 
~ 41 

. A. 42 
.A 43 
A 4't 
·A 45 
A 4Ó 
A 47 
A 48 
A 4~ 
A Stl 
A 51 
a '52 
A 53 

.·A '54 
A 55. 
/l .56 
A 57 
A '58 
A .5 '? 
A ;e; O 
A 61 
A 62 
A . 'El~ 

A _ ·64 



PROGH.AM ~.tHE.UES 
~A~e~ A~ll M J ~~~@~RO 
Y~RS VEM~XD~ FOA CUC 3Io~ 
DX~iiU~ANV OF V!AI•GLES 

·::c~.~'.U: J.(Mf 'Vt-'il~ ~'1J\U~~Si O~ S'il'S'il'fM Wl~ IJ EMf = TOT ~IL 
~~UMiSNU~ ~U~~~~ Of REiUS IN ANWIV-~5 AND SEh~ICE 
~A€~00) AN AW~AY OF AEAD ~~ AHUI~AL TIMES 

Rlo~~~ 1M THE ~RftXV~IL AAVE i~U TX~E 
é;if.l.' . ..f'll\:1 t!iN~tf\\'lf OF :t~RRIIAI(, ~NIJ Slf:RV!CE (JN FlRST 20 CUSTOf.'ERS 
C!~L~·-- T~[ CUSY .Df EyETEM luLE liME- TOTAL 
CU~OUEIAuol AN AHNAY WHICH STORES !OLE C~STOME~ hOURS 
c~ST5 THE tOSl Pf~ TXME UNA! O~ XOL[ SERVICE 
COSTA THE CUST PEA TIME UNII DF !OLE CUS1DHERS 
CU~:E~V 11 ii\'t,;li~ l'hl~ trHJME:JER ()¡:' CUS'i0Mt,tt:5 BE XNG SEH_VEO 
ca~tr Y~~ tU$1 OF CljSTOMEHS HO~RS XN QUEuE - TOTAL 
º~p RToU~p ~M T~E ~ERVICE RATE A~U ME~N 0URATIO~ 
HRSNG THE HUUAS OF CUSTO~EH II~E IN QUEUE - TOTAL 
XoJ THE ~~~NNEl-~UMBER ~t,!NG PROCESStO 
IZ NUM~t,N OF aRRXVILS ~MICH HAVE OccUHED 
KAPKS OPTIU~ CODES fOR A~RIVALS AND SEHVICE 
NDM~XS BE61~~~NG~MA~IMUM NUM~ER_CHANN~LS 
PCUTll .THE ~~RCEhT ~JILXZATIUN ©f THE S~R~ICE f&CJLJTV 
QUE .lHE ~U~HER O~ ~USTOM~NS ~~ QUEUE Al A~Y PDINT 
SA«sooJ AN AMNAY UF READ IN St~VICT TIMES . 
6COOP THE ~OfAl tOSY OF TH~ SV~VE~ 
TIMEul1A~F CLOC~ TIMEoMAI SI~Ul~TIO~ TI~E 
iNARV THE L•TEST ARAJVAL lAME 
TNOPN THE UtPARTUNE TIME Or THE LAlEST DEPARTUNE·. 

MAY ~t SET aRT!FICALLY FOR PHOGRAM tFFICKE~CV 
iM~TNoXMNTX MEAN ~AIT Tl~~o~EiN NU~HER JN"QU~ 
A~ARRA AVE~~bE ARRXVALS PER VlM~ UNlT 
AVSfAV lVlNAtiE S~RVICE TIME 
AMNXS MEAN .NOo XN TME SVST~M 
AM1XS HEAN liME IN THE SYSrf~ 
VCDST TOJAL VARIABLE COST u~· OPER¿TIONS 
VCOSTS VAHli1HLIE COST PER UNA r .. 
fCOST TOT~L FlXEO COST OF UPER¿TIO~S 
FCOSYS fX~Eu cosr PE~ UNIT 
dsvcT AN MtHA'I OF GIJEUEO St.HVICE TXMES 
KRllLE S<:HIEuULi:. RIILE cCoE ( p=Wtd\DOl\'lwz=fcF-S,J=Son 
COM~ON JLPH4CIOJ~aNVMtARRHT~4~RTMtChl20el0)tCUMUTLgCUSEHVoDEPRT~ 

1 O~~TMolviUS~HVqlZ,KAeKCUStKSoN9~FLAGoSNUMoSTATUS!9)~ff '·-
2 · TIME,TTIME9rNARVoTNOPRl~),AVA~~~~AVSEHV~A~~~S~A~liSo 
3 V~uSTvVC05TSoFC05T9FCO~TSiKWulE~I~UE;CUMUUE(l,IJ• 
4 U~VcHA0llv~H(5\lOJ9-SR(S00) . ,. 

COMMÓN /ú~TAI IE~u . 
OAYA~(l~N0=4MSTOP» 
ISTOP=lt.1'4· 
NIN=&O 

.NOUT=-trl 
REAO Ahu ~Hl~T UStM NAME CARO 
CONT !J>~Ut:. 
REAU 'll'dl'u 31 R) ll..,HA 
WR!TE (NYilloJ2P H.llH-A 

XF' (,l!,.PM~(l).,~:_u .. ¡~T•lDI GO TO jiJ! 

REAO AI\U ~¡.¡1:\T A,.;~!vt.L llATA CARU lll\jU sCHEDulE Rllll-:. CODE 
READ (~!N 0 3JI» ~~.~~~~T.CCST\ 0 ~HUL~ 9 A~UM 
\:!RlH:. INUt•ToJ"'~) "'~o:,i<• 1 ><~Tt('."')T.I\oKHUL( 

. lf.I"~.LToU ttuT•>.-'· .. 1 
X F . ,,... .!lo íJ T e ~) o U r d ~, 1 
!F·¡,...,. Lto!,.To!l ·'-' T1 2<.1 
11= '""'··Lf..,.>Yo.•J _ ~" é'>l 
GU Tu t~:!o.HgcoA-oo P.r-4\l[ 

C01\1ll'>Lt. 
\\l~U'H. (NIJilDJ'S>U~ '! 
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·, ' 

IJ 1 
/), 2 
~ 2A 
&,_ 3 
6}, 4 
p, 5 

. !A ~ 

. ¡, 7 
~ e 
fj 9 
f}, Hl 
!A H 
(}. u:: 
l.il AJ 
JI¡ ~4 

b Hi 
'{!, ¡6 

RJ 17 
e. n ~ 
~ ! '9 
!k :eo 
¿}, 21 
IJ¡ 22 
f¡¡ ;2j 

f4 e<~> 
~ .t:S 
&. 26 
f;_ 21 
¡j} 28 
Fl ~~ 
!YJ ~o 
fA JA 
.la J2 
t. ]J 
,!1 J~ 

¡;¡.· ~5 

&' j{6 
J., ]1 
A 38 
:! J9 
;'\ 4!J 
f}, ~~ 
fl!. 4·2 
!, <>3l 
El ~4 

~ 4\ ':5 
ti 46 
A io'? 
f), ~161 

&, ~~ 

fl ~~~ 
p, 51 
f¡ ~;: 

& ~:_;¡¡ 
.· fd . ~~ 

{:. 5~ 

a, ~~ 

&. ~? 
ll 5~ 
~ s;;¡ 
i! ©0 
s é!l 
~ ~~ 
~. ~~ 

fJ 64 
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•·· 

• 

3) 

41 

e 
~1 

e 

e 

e 

e 

e 

e 
e 

bl 

lf11 

GO Tu ~! 
CO~'<TlNLJt. 

w ~ l T t. 1 1"' U 1 1 T o 3 b 1 l 
GU Tu c.l 

·CUf'tTl,...LJt. 
w R l T t. 1 '"'u til t ::¡ 71 l 
REAU AR~1VAL STAT.!STICS 
COI'.llNUt. 

IF IANilt-l,LE.o.ul GO TO 71 
NU,.,=ANUM 
ARkRT=J oC::~'+ 
KA=4 
loiRITt. INUtJlt391) NUM 

If IAtlliJMoGT •. 5vtJo0l GO TO 291 
REAO (1\J.I'IIdt:il") (Af.l(!) •I=l•I'IUM) 
w R l T E 1 '" U '·' l ' 4 O 1 ) 1 A R ( I ) , I = 1 v N U M ) 
00 ól 1:¿ 9 t'tUM 
J=l-1 

If IAH(.J}.GT.Af.l(l)} GO TO ?.91 
COI'IiT.LNUt. 
SE.l ARR1V~L TIME Al INVERSE OF ARH!VAL RAlE 
COIIIT!NUt:. 

IF (AHRRl,LEeOoU) GO TO 291 
ARKTM=l.u¡ARRRT 
REAO Alllu PRIIIIT SEHVICE DATA CARO 
READ INJNo4l1) KS•UEPTH,FCOSTS,VCUSTS~SNUM 
141 R 1 T E 1 111 U 1 ! T t 4 2 ll K S , DE P T M 
wRITE INU11Tt43l> 1-COSTS,VCOSTS 

If 11\S.EQ.O) GU TU 291 
IF (1\S.GT .4) GU TO 291 
I F C s '" 11 ,_, • LE • O o U > G O T O 9 1 • 

NUt-',:SNUM 
~)E P T M= 1 o ¿ 3 4 
KS=4 
wRITE. INUliTt44I) NUJI1 

IF lsí'lliMaGT .• svO.O) GO TO 291 
READ lf'..tt'o,J!H) (Sf.IIII ti=!tNU~) 
wHlTE I1\IUUlt40ll l!:iRCII ,Z:"I,t-<UM) 
DO 81 l:J. .1\iuM 

IF ls~cli.LT.v.u) GO TO 2ql 
CON TI NUt:. 
SET St.RvlrE. RATE Al INVERSE OF SEHVICE TIME 
CO~T!NUt. 

!F <ut.DTM.LE•O•Ul GO TO 2~1 
OEPRT=l.v/OEPTM 
REAO SlMULATION CUNTROL CARO ANP ~HlNT 
REAO II\Jt'o,45ll N,MAXStTTl~E 

W R 1 TE ( '"u u T ' 4 o 1 l N H1 A X S • T T 1M E 
CHE.CK S 1 MULAT 1 ON HUN- li MIT S 

1 F 1 '" • "' Q • 11 ) G O T O 2 9 1 
IF IM~)CSoLT.Nl üO TO 291 
IF 111 JME.LE.u.u> GO TO 291 

ENU OF · ,li'IIPI.JT DATA l:HECK 
BCÜOP=9'1-;91i9o9 
SI,.,ULAT!.Urt 01' A GIVEN Nl!M8ER OF CH~r-t~~ELS (N) .I:!EGINS HERE 
IN!TIAL!LF SYSTEM ~OH NEXT SI~ULAIJ.UN RUN 
CONTl NlJt:. 
TlME=o•u 
TNARV::::u.u 
IQUE=l 
CUI-'UTL=u .. !i 
CUSt.RV=u•ll 
IZ=o 
KClJS=o 
NFLAG=o 
IUSERV=u 
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~·< r 
{j -·t;s 
f; 66 
(¡ 67 
A 68 

:f¡ 69 
A 70 
A 71 
A 72 
A 73 

. A 74 

A .75 
.A 76 
A 77 
A 78 
A 79 
A 8(r 

A a r 
A 82 
A. 83 
A ;fl4 
A as 
P. Só 
r:. s; 
~ 8í:l 
A 89 
4 9o 
A q¡ 
A 92 
~ <13 
A 94 
A 9S 
A 96 
A 97 
A 98 
A 99 
A lOO 
A 101 
A 102 
A 1 p3 ~ 
;¡ 104 
A 105 
A 106 
A l 0 i' 
A 10f3 
A lO'~ 
A :Uü 
A lll 
A 112 
A 113 
/.1 lH 
A 115 
A 116 
A .ll 7 
A ·HB 
A 119 
A .120 
A 121 
A l"2.2 
A 123 

-A 124 
A 125 
íl ~-26 
A 121 

,A 128 
·A '129 
A 130 



SEl•RAN~It2J4567ou» · 
KJ!Ll HA ~~.:s]v~~@ 

U~'~Ytlf ~e~ b ~il o© 
~'J!~-i{JIJf ('~'~ » gOJ o {iJ 

Jl.1t \l' • ¡r'©lf<:·qr,!J¡;; 
·~ ~w,~· U~TERMANE §ER~[Ct TIHE FOA THE A§i iRRJVAL 

~O 1u i!gRoR~Ao!~RoR~~»g KS 
C ~O!SSC~ SEAVKCE NATE 
li2~ CliUIJ'O:ilu~;. 

~?,;§(¡¿¡,t~~¡J¡ « ij Q 9 » 
TsAaS«D~~~~e¡(Q~INii 

~(}; 1U l!id!R 
C ~EaAT&YE EXPONENTIAL SER~ICE TIM~ 

ll:H :r;t)I\!UD\lll~ . 
lill•flANQ ~ IH 9 » 
v~~ss«o~~rMe~LO~«N»» 

GO 'i'O ~6.>! 
C CONSYaNT SERVIC~ TIME 

A4lt tOt'llT HHH::. · 
r~OEPl~ 

GO ru 1\?il!. 
C . AEAD 1~ ~ERVlCE TIME 

e 
·e 

!5l.l. CC\1\tUMJt. 
!í'~SR (Av 

A~l c()~UNfJ~ 
OSJI:?CT H »"-'Y 
go ~n a.,~ll\JÉ'l 
TNO~H«LD•9y~~990g 
srtqus o .. , ~o o o 
COf'lTl!\l!J~ 

DO !8! a:=¡~2v 
DO .H~! <J:ol0i!.O 
CH(l~Jú~Uoll 
CONTINut. 
PRINT N~~n!NG FO~ ~ESULTS 
~:&RllíE «NUlJ"i'o~7U N 
~RUE: «1\!U!IT o48U 
~RITE INUUJg-911 
SET FIR~r A~RXV~L UCCURANCE At TI~E l~RO 
TNARII~Oou 

CH (l tl í =u. O 
IZ=IZ+l 
MAXN SIMULAT!ON 8~ANCH POI~T 

CHECK ~ACH CHANNtL IN TURN ~OR PuSSlBLE OEP&RT~RE 
IF ALL ~MA~~ELS AWf !OLE «TNOPR = ~~9~99o9) THE~ GO TO ~RRKV~ 
XF ALL ~MA~NELS AHt ~USY CTNQRV IS oGEo T~OPR) 1HEN GO TU ARRIVE 
XF A DEI"~RT lS NEJ\ 1 ITNoP~ IS eGE• T1'4.gRV) THEN ~O 10 OEPA~l 
SET ANO !VALUE KEf~ MULT!PLE OEPA~fURES I~ CORRlcT TIME S(QU~NCE. 
C01'4TII'Iue. 
SET=BtH~t;dA G 

uo 201 .!.•l9"l'l 
IF (fNn~A(IJoGToTNARV) GO TO 20A 
If (J~nP~«X».GfoSET) GO TO 2vl 

Sf.T::TNO~HI!» 
XVAL.Uf.:tJ! 
CONT Il'llJr. 
ldVALlJi:. 

If (~~T.LTe888~~80» GO T6 211 
CALL ARHAVE. 
. GO lu l 9 l 
CO!'IlUI'IlJ~ 
Ct!.lL Ut~i!Pl 
ON A~ Tl.H~!,. f t:!Q¡..¡ !Jif:¡J !\\RT CHECK ;J XMUl&~ V Hli\ H~f UMU 

u-· OU IM~oGloH0lE» GO 10 jq¡ 
ENU OF ~!~~lAT[ON NUN==-PRINT ~IRST T~ENTY TRIALS 
N!~No~>! 
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3C 
A 131 
fj 132 
!!á 133 \. !f., 134 
ii}J !35 
~ Al6 
!J )137 
!A 138 
~ RJ9 
Ji) HO 
ii) Hl 
$¡ H2 
ki Hl 
~ ]\{;)4 
~· H5 
fJ, 146 ,. H7 
~ .1146 
§l h9 
g,· !50 
91 151 
?J 152 
i!! !53 
PJ l!j4 
[~ :1.55 
&: Hi6 
§J 151 
!k. .Hid 
(¿ 159 
JY.J Aéo 
!}, Ul 
&, .ll.r62. ,. 
f!, 163 
{1, !6~ 
&>. !Mi. 
{!, !(}6 
f!J ~51 
FA 168 

·tiJ R69 
&, n, 
§!. Ul 
& Hl 
fp~ HJ 
&! n~ 
fj ]15 
!~ U'6 
!A 177 
{! liS 
fA ncv 
.fi R·€l r• 
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251 

261 

281 

lf (t:USE.RVoGt:.¿u.ol GO TO 2~1 
NXX=CUSt~-<V 

GO Tu c31 
CUNT!NUt:. 
NXX=20e 
CO~Tl~Üt:. 
DO 241 l=J tNXX" 
W~lTE (t~UUTt501> ICI"IIltJl tJ=ltNl l 
CO~TlNUt. 

.COMPUTE ~OLJRS IN YUEUE FO~ SUMMARY PRINTOUT 
HRSNY=O.IJ 
MAXQUE=u 
DO 261 M=2tlú0 

If !~,;u;.,QUE (M) .tu.o.·tl GO TO 25! 
MAXQUE=M-1 

· CONT 1Nl.Jt. 
XM=M•l 
HRSNQ=HHS~Q+(XM°CUMQUE(M)) 
eONTlNUt. 

IF (MAXOUE.LT • .,•,I) GO TO 271 
·wRITE (NUIJTt511) 
CO,...TlNut. 

IF (r~t-LAG.NE.7ól GO TO 281 
wRlTE (r~UUTt521) 
CONTINUt. 
XI'II=N 
IZ=IZ-1 
XIl=ll 

\ 

PRINT SUMMARY STATl.STICS FOR THI.S NUMSER (N.) CHA~N;LS 
wRlTE (NUIJTtS31) ILtCUSERVtTI~E 
wR lTE ( r~uuT, 5411 MAXQUE 
XMNTX=Ht<!lNQ/TIME 
WRITE. INUtll t 551) XMNTX 
XMNTM=I-1w!:)t-.;Q/XIZ 
WR I TE ( NUtJT t 561) XMNT~ 
PCLJTIL=I ICUMUTLITIMEl 0 100.l/XN 
WRlTE. (NUUTt571> PCUTIL 
CWAIT=Hw::,hQOCOSTA 
AITIMt=IIIMEoXNl•CUMUTL 
COMPUTE. AVERAGE A~~IVALS PER TIME uNTT 
TZ=IZ 
AVARRA=TLtTitJ.E 
wRlTE (NUIJlt581) AVARRA 
COMPUl~ AVERAGE St.~VIeE TI~E 
AVSERV:I,;u~UTL/CUStHV 
"!RlTE (NUtll t591l AVSERV 
COMPUTE MEA~ NO. IN THE SYSTEM 
AMNIS=XMNTX+(AVARHA/(l.o/AVSERVJ) 
WRlTE::. (NI.JUTtbOU AMNlS 
COMPUTE MEAN TIME. IN THF SYSTEM 
AMTIS=XMNTM+AVSERV . 
WR ITE ( ·~UtJl 'ó 11.> AMTI S 
WRITf. !t~UlJlt6Zl>. 
wRITE (NUUTt63ll HHSNO,COSTA,ewAir 
CO~PUTE toTAL VARIABLE eOSJ . 
VGOST = t;ttSERVttVGUSTS 
cOM~UTE IOTAL FIXEU cOST 
FC0ST=XN°FCOSTS 
PRlNT SUMMARY COST INFORMATION 
~R I TE ( t~UlJT • 641 l CUSERV, VCOSTs·, VCOST. 
~RlTE lNU1.1Tt65ll 1-'l.:OSTS,NtFCOST 
TeOOP=F~,;usT•VeOST•CwAIT 
wRl TE. tNúuT t661) ,TCOOP 
STO~ RUN.IF lCOO~ INC~EASEO FROM LAST RUN 

IF ~r~nOP.GtetiCUOPl GO TO 11· 
STOP HU¡" IF M·A-X!f",UM NUMHE~ OF' SERVt.RS REACH~O: 

Ú8 
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A 203 
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~ 2li 
A 212 
A 213 
A 2-14 
/J 215 
A 216 
A 211 
A 218 
A 219· 
A 220 
A. 22 J 

A 222 
A 223 
A 224. 
A 225 
A 22b 
A 227 
A ?28 
A 229 
A 23G 
/1 231 
/l 232 
A 233 
/l 234 
A 235 
A 236 
A 237 
A 23H 
A 23·9· 
A 24\i 
A 241 
/l 242 
A 243· 
A 244 
A 245 
A 246 
A' 247 
Al 24~ 
{J~ 2 4 9 
~ 250 
ti• 251 
Ai 252 
ti 253 
IV 2s" · 

·'''Al' 25!;,· 
Af zst
A~ 25-1 
A'J. 25t1' 

·¡¡~ 25\1 
.A~ ~6-o 
A·1 261 
Aj 26l 
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t'j.61 

~n 

c,¡H 

~91 

~HLl 
SU. 
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53! 

- 51,}1·· 
~5! 
5bl 
571' 
5tH 
S,q]. 

601 
e u 
¡;,zl 
@;H 
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éSl 

66! 

ó7! 
681 
691 

:~gr~'¡ HJU~ 

i;JRJ!.H: ~t\HJUod)7U 
t;;~!l:i~ «a\H.liJ"U'Prá~Jd 
CCI~J1i !l'll!~ 

tlKHt. ~NWJYo69U 

FORMAl 
lNi.l\¡f) 

FOHMAT 
FO.HMAT 
FOHMAT 
FUHMA T 

ll f 

FOHMAT 
· FORMAl 

FOkMA r 
f Of<MA 1 
FORMAl 
FORMA t 
FORMAl 
F 01-(MAl 
FOHM~T 

-¡.:QRMAl 
loF9.2l 

fORMAl 
l9F~ 0 2) 
FO~MAT 1?2H 

¡¡; ~,F~~.o 
FOkMAT te OHUTOTA!_ CÓST OF 

12) 
"FOHMAl 
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31 

4] 

5¡ 

61 
e 

71 

·e 
81 

e 

COMMON lLPI1A(ll)l 9ANUM9ARRRT 9 ARRTM,Cr1(20,l0l ,eUMUTL,eUSERV9 DEPRT, 
1 Ut~TM9I9!US~HVoiZ,KA,KCUS•KS•Nt~FLAGtSNUMtSTATUS<9JtTo 
2 llMr,TTIME9TNARV•TNOPR(q)tAVARRAtAVSERVtA~Nl5•AMTIS• 
3 VLUST9VeOSTS9FeOSroFC0STS•KHuLE,IauE,CUMQUE<lOl)v 
4 G~II('T ( 1 Ql) 9AH (Si.Jul oSR (500l 

THlS SlJt:J~-tOUTlNE CALLEO loiHEN 1\N ARK!VAL IS THE NE.XT OCCuRANCE 
IT UPUAitS lhE TIMt SPE~T IN QUE 
IT UPUAftS THE CLUCK TO T~E TIME Uf T~E NEW ARRIVEL CPREVlOUSLY 

SELE~IFO) 

!T CN~C~~ ~ACH CHANNEL TO SEE IF rHE ~EW ARRIVEL CAN HEGIN SERVICE 
IF A CH~N~EL IS AVAILAALE IT DOES THE FIRST PART OF THE 

OEPA~I PROeESSIN~ OTHE~WISE Il ADOS ONE TO ThE QUE 
LASTLYo lT SELECTS THE Tl~E FOR THE NEXT ARRIVAL TO OCCUH 

IF (ll.IIJEolTolOv> GO TO 11 
CHECK ltNGTH OF OU~o IF OVER 99 HULU AT 99 
IQUE=lOo 
UPÜA H. MUlJRS SPEN r IN l.lUEUE 
CONTINUt 
CUMQUE ( l~>~tlE) =eUMQUt ( I QUE)~ TNARV- T !ME 
UPDATE LLOCK TIME ro NEXT. ARRIVAL 
TIME=li';At<V 
CHECK ~A~~ CHANNEL9 IF STATUS = ú IT IS AVAlLABLE 
DO 61 J=loN 

IF ISiuTUS(JlolHoOeOl GO TO c:;l 
00 FIHSI PART OF THE OEPART PROCESSlNG 
STATUS(..J)=} .. U 
SET TIM~ nF NEXT UtPARTURE 
TNUPR(J)=Tl~E~QSVCT~¡) 

STORE f!M~T TWENTY OEPARTURE TI~ES IN CH 
Kel.JS=KCU~H l 

IF IKt;USoGTo2v> GO TO 21 
II=J~l 
CH(KCUSv!J)=TNUPRI..J) 
CONTlNUt 
ChECK Ir OUT OF SI~ULATION TIME 

If (IIJMEolToTNuPR(J)) GO TO 3! 
ACCUMULAI~ PROCESS!NG TIME 
CUMUTL=t;UMUTL~QSVCT(¡l 
eUSEHV=~USERV~lou 

.GO Tu Hl 
END OF S!MULATION UPO~TING 
LAST ÜE~~RTURE FOHCED OUT AT TTIM~ 
eONTINUt 
TK=QSIIC 1 11 >"" (TNDPH 1 J) ""TT!to!El 

IF ( IK.GTcOoO) úO TO 41 
TK=Oo 
eoNTINUt. 
TNUPR C ..J) ::qT !ME 
CUMUTL=~UMUTL~TK 

GO Tu Al 
COI'4TlNl.Jt 

, iF (..Jor.Eal\tl GO ro ,71 
CONTlNUt. 
ALL CHANNELS ARE HUSY9 ADD DNE TO THE QUE 
eONTlNUt:. 
IQlJE=lGut~l 
SELECT AH~!VAL T!Mt ¡STORE FIRST fwENTY IN CH) 
CONTlNUt. 

GO Tu (919l0l9!lld2llt KA 
POISSUI'-4 ARRIVAL TiME DISTRIBUTION 
CONTlNUt 
R=RANU(U90l 
TNARV=A~S(ARRTM0 ALUGCR)) 
TNARV=TNARV+TIME 

(:jQ 1 u 1 ~ l 
NEGATlVt. fXPO ARR!IIAL TIME niSTRldUTION. 
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p l1 
A 12 
8 13 
e 14 
e 15 
8 16 
e 11 
8 li.3 
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i3 ~l 
8 32 
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. B 37 
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8 . 4:. 
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tN~RY•A~S€ARRATC&lUG(~JI 

V~&RVmTNARVoTX~~ 
Gi!J iVJi '2H 

CD~STA~J ARR[V~b TX~E 
~~o!\ n Nll~r;., 
'J' ~-~ i3 R \f .,q l ¡e¡ f ,:,:;, ¡;H:n í¡:¡ 

~o 1'l'1 !1 ~-'li. 
RElD ~~ ~~RIVAL TIMES 
em~rH\'U~t 
?~U~h~k;\ll!1"l 

·H(,J8:=:;Jl~<·! 

~~ IA!QQoLEoNUMI GD TO lll 
t\~ ~ )fl{;li:H ~-¡·rn17o 
Nffl.:M~~¡>¡g 

COIIlTXNUt. 
iji\lARIJ•~N\¡J;tJQ» 

<COfiiT!NIJt;:, 
1 

Kl•zi<>A . . 
XF LtloG-fe20» lMí 10 ~~! 

C I"H IZ o ! _; :::; r í\i P.JHi · 
BEG!N LOGIC TO ~TORE ARAXVAL A~U SEAVXCE TIMES 1~ QUEUE ARRAY~ 
FoR EA~~ ~AlTXN6 CUSToMER/P~ODUCJ 
DETfHM1NE SEAVIC~ TIME FQR THE Hf~ IAAIVAL 

!CO!\ll IF\JrJ(!;', 
GO 1fu ~H~~"oll«ldfl.nR"P1lJ0 ___ (;{~ ... 

POISSDN SEijVICE RATE 
CON! lf.,¡!J~ 
P.•~.&NU~v~~c,;¡ 
TgA85(D~PR~eAL06(NJ) 

GO Yu 211 
NEGATIV~ EXPONENTiaL SERV~CE TIME 
CO!\JTI!\ill¡¡o_ 
R:3RANU!u~o~ 
T~A~S(O~~TM~ALOG~NJ) 

GO 1íu ?.U 
CO~ST~!\ir sERVICf TIME 
COI\If lMJii:. 
'i'•DEPH~ 

GQ Tu 2!1 
READ~IN SERV!CE TIME 
CONTlNI.Jt. 
NUM::SNIJp¡ 

IF I&L.LfoNUM) 60 TO ZOl 
NFlAG:71:) 
'j":;EJ66ó6@e 

GO iu 2lA 
CONTII'4Ut. 
T=SR<!lJ 
CONT!1'4U!:. 
QSIICT ( I t~Uf:) ~T 

. IF -tlNL Y 01\IE IN UUE ... NO SCHEDUUNG t.ECESSM~Y 
If (Hl1JEoLEo2i uO TO 241 

¡QQ=ll.IUe. 
USE SLnEDUL~ RULt TO REOROER TH~:. YUEUE FOR PROCESSING 
KRULE = ! FOR RANUOM 
KRULE = 2 fOR ?C~S 
KRULE ~ 3 ~OR SUT 

GO Tu (23!024J.o.<!21~~ KRULE 
C ~OT SCHEDULE RULE 
CON TI Nt;t:: . 

1 F ! A l.l (;) o LE " 2 9 ü U T O 21} l 
XF (w~VCliiQU!o~jE~OSVCTf!aQ·l~) 60 TO 2~1 

QTS:YSV~I(IUQa!! . 
YSVCT!lww-l)=QSVCfiiQQ~ 
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<1Sii<.:T ( li,,Y) =IHS 
Y..l~=ruo:..! 

GO Tu .?21 
e RANUO~ ~chEUULE ~ULE 

231 CONTlNUt:. 
CJl=-IYUE 
IYU:(HANU(Ut99)0(JJ) 
IGil.l=li.IQ+J. 

IF Ol.lo.LE.ll l:iU TO 241 
QTS=I.ISVI..I CHlUE) 
asvcT (lYUFl=USVCTilQQ) 
l.ISVCTCI~,~"'¡=QTS 

e yUEUE I~ SCHEDULEu - RETU~~ 
241 COI'jTJ !'tU t. 

e 
e 
t 
e 
e 
e 
e 
e 
e 
e 
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e 
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e 
e 
e 

e 

11 

2¡ 

31 

e 

e 

- _ ·RETURN 
ENU 

SU~RÜUTihf UEpA~T 
CÜMMO~ tLPhAI1ol tANUMoARRRTtARRTMtCH(20tlultCUMUTLtCUSERVtOEPRT, 

1 Ut:.~TMtltiUSt.HVtlZtKAtKeUStKSt~t~FLAGtSNUMtSTATUS(~ltTt 
2 TlMFtTTIMEtTNARV~TNOPR(~),AV~RRAtAVStRVoAMNIStAMTlSt 
3 vcusr, veosrs.FcOsr, Fcosrs, K HuLE, r ouE_,cuMauE e 1 G 1 J, 
4 t.l~vr.T llOll tAt-<C50bl tSRCSOO) 

TH!S SUHt-<OUTINE PHUCSSSES THE OEPAHTURE OF EVERY CUSTO~ER 
IT UPUAit:.~ THE HOUHS SPENT IN THE YÜE 
IT UPUAit:.S THE CLUCK TO T~E NEXT u~PARTURE TIME (PREVIOUSLY 

SELECIEDl 
IT C~ECKS lHE LENbTH OF T~E QUE 
IF NO 0Nt:. IN THE YUE IT SETS THE CHAh~EL AT AN IOLE STATUS (THIS 

DEPAt-<rU~E WAS PHEVlOUSLY PA~TIALLY PROCESSEO EITHER AT 
A~Hlvt:. OA ~y A PRIOR PASS THROUl:iH OEPARTl 

IF A UUt:. FXlST"TH~N .TAKE C~E F~OM uUEt ITS DEPARTURE TIME• 
SET THE CHANNEL AT A BUSY STATUS A~D kETURN 

Cht.CK Lt.I~GTH OF (,lut., IF OvER 99 HULU AT Y9 
IF (J.y(JE.LT.lOol GO TO 11 

I\.llJE=lOu 
U~UAT~ IME HOURS SPENT IN QUEUE 
COf\ITINUt:. 
CUMQUE!J.wUE>=CUMUUtCIQUEl•TNOPRCil•TI~E 
UPUATt IH~ CLOCK TU NEXT DEP4RTURt TI~E. 
TIME=TI\u~R(!) 

IF CHIUE.GT.ll l:iO TO 21 
THIS SE~ 1 ION COMPLt:. TES THE PROCESSING -OF- A--ClJ"STOMER-
WH~N NO UNE IS WAliiNG IN THE QUE 
STATUS(J.)=O·O· 
TNUPRI1)=~99999.9 
RETuRN 
THlS SE~IJON DOES THE bEPART PROCt.SSI~G 
Wrlt:.N TMt:. cHA~NEL HAS BEEN BUSY 
SET NtXr nEPARTU~t. TIMt 
CO!\¡TlNUt:. 
TNUP~!li=Tl~E+QSVCrCJ) 
STORE FJ.t-<ST TWENTY OEPARTURE TIMES IN CH 
KCUS=KCU::,+l 

IF '"·~USoGTo2.Jl GO To 31 
II=I+l 
CH<KCUSttJ>=TNOPRC!l 
CO~TlNUt 

Cht::CK lt- OUT OF S!MULATIO~ TWE 
IF (lfTMEeLToTNUPR(!)) GO TO 51 

RESET SI~TUS BA~K TO BUSY ANO RETUwN 
CUMUTL=~u~UTL+QSVCl (1~ 
CUSERV=cusERV+leU 
STATUS(J.l~1•0 
SH!fT St~VlCE QUEUt UP O~E POSITIU~ 
00 41 ll=ltiQ\)E 
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QSW~TII!I~QSVCVIXAI) 
\búi<:Jll ~Nll~ 
\l,\1~~-:Jt'¡j « t!di\J~ » B~~ o@ 

~U~ATACr fAD~ ~UE ... 
· ·. HJtJ~g !<dutt.'--' R 

t ~O~USV 1 b~D CU~UUL Ay TEA~U~iTXO~ Uf SX~~LATIOh 
C LAST CU~!OMEW FORCtD TO DEPART AT Tli~E 
~~ . o11''n KM.Jes 

1f'L'{.~sQ~Hit o ti»""« 61\lDP~ « li »..-.y y H'[ » 
Xf ~~~oGloOo~l UO TO 61 

-w~23@ o 

6!~ cco~UNi!Jrs 
. 'U'NIJPR « ~ D z'flf !1'4~ 
CU~·HJH,gUJMU 1Tl ó u!\ 
5iJ ATUS «/d.~~ cdP 
.ll!'(liUNfll 
C:ND 

FU~CTXON ~~~D (AuKKI · 
t "ACHINE u[PE~UENT NANDOM ~UMBEA G~NEA11DN 10 TO 11 
C THIS .~EM~JON FOR CUC liOO· 
C K ~ET A! ~OSITIVE UUD JNTEGER TD &NITiiLIZE 
C K SET AF lERD TO CUNTINUE STAING UF ~~~DO" NUMBENS 
C SEE N~~LUQuCONPUY~H SIMULAtlON JECHN!QUES9WILEY oSONSoA~06 

l )J. COf~Y H~:lJ~ 
r-J;;;;K 
Ni'J:¡;¡t\. 
IN!\\1\!:K 

2¡ CONTIN1.!~ 

Xf U~<!.i. ]lioJlloeK 
J¡ COi\11' lMJ~ 

N:l\l<t2C~.!. 

IF «Na 4lo5llo5A 
4! CONTlN!Jt. 

t-J&lf\:1 -toS l~_IGIOI' "V<>~ 

SJJ CONTINi.Ji 
itN~N 

RA~O=X~Iti)S€607. 
RETURN 

C PO~IT!V~ K~ ~UNS S~COND STRi~G OF ~A~OOM NÚMB~RS 
... ~] CONTINUt. 

IF h\K~~o» 'H~>I.hlCl 
H COi\!1!1\JU~ 

NN=NNt)2!b~l 
I f « !\11\i) ~ ~ o 9 A o <s~l 

IH COl'HlNU~;. 
· NN=NN+~~~~607ol 

!:iJS COI\ITlNlJ~ 
JtN!\l~NN 

NANO=XNN/~38ti617o 

RETURN 
C KK OVtH ~ RUNS TMARO STRI~G OF RANUC~ NWMSE~S 

loA COi\!TII'lU~;. 
NNI\l=NNI\Jf!lc·SA 

IF !t\l1~N~ TI)), 1 ~A,:¿ A'" !21 
1 U COi\ITlNlJt. 

· NNI~:NNI\<>es)íH.!6()i'~A 
12! CONT! N\Jt, 

){Nf'JN:::Nf..l\1 
RA~D~X~NN/üJMB607~ 

· m;YUf{f'.4 
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· IF ((A LE. 8) .OR. (6 GT C)) GO W 43 

cause a \ransi•2r oí controi to lh-:; st;otc;r-•<·: ' ·· ''"ber 43? 
(a) A = 25 o. B = 30 o e = 15.5 
(b) .A.~~ 25.0. 8 o~ 230. e= 15.5 
(e) A~" 25.0. B = 230, C = 25.5 
(d) A·~ 5.0. B = 250. e e~ 27.5 · 

25 r,J¡o;Jify the prc9131n·in Fig. 10.18 so that íaZor.s are sent to fan-dli_es wh~re t_he 
ans·ser te qu·~síion 3 is No and thBre are !\\10 or rnore rna!es m HH: t<1rndy. 

Test your program_ _ 
26 tV.odify the prograrn in Fig. 10.18 so th3t ra?ors 2re s:ent 1f lhe éinswcr toques

tion 3 is Y es an-:1 four ~;,r,es the nu1nber óf rnales over 15 plus tv-:o ti¡;;es the 

nurnber· of v.:0rnen over 16 is greaier than 15. 

• • 
z 
LJ __ J 

> 
1 1 
. _ _j 

LlJ 
NONNUMERICAL ALGORITHMS, FILES, AND DATA STRUCTURES 

The use of co¡npufcrs ex1ends through a!n1ost eve;y ~<1rt of our rr;o;:i-:rn 
lives. The iarg8st u~age of COillfHJ~e;s is. fiO'.V.'3\'8í, in ~Le \·,.,~:rids of t; _ s · ··::: ~s 
end government. r~eeping records (boo~;kee¡Jinr;) is ¿;: :.·ays en ¡:-;'"' ~~.::-:~1r: 

part of running a b~siness. and tnis exiei1ds to the l·-.:si:~ss3 o~ run¡·¡.-;; :;-;e 
govemment. For that mailsr, or.e oí the !argest uses of com;::¡uiers by ;ne _ 
mílilary is in logisiics. v;hich is the control of supp!iss. Com;::;u¡e~s a!so 
peliorm such funclions as inven~ory c·ontroi in facioriss and \':ar·;;r;ouses. 
processing checks and calcui,:;,;i~1g ba!ances in banks. and manag¡r•g cir
line and ·,rain reservalions, and lhey take part in just about every as;:;ecf of 
business record mainlenance. Cornput¡;rs a !so pis y major roles in Pf()C~3S 
coi-,iroi and the autvma1ion of mahufacturing, $Chedu!ing o~ pícducticr. in 
factories. monitorírig pa!ients a11er surge')'. scheGuli:--rg e:irc:-2-ft m2;r-.:en-. 
ance. and assisiing rr.dn.:-;gei71ent in rn3king decisio;;s-by gcif'.eri:-:g ::. .... ·:· 
calcuiéting statistics on iterr.s o~ i;-:terest. 

líTlpor1ant applications in science include vJorY. in psycholccn'. bicJ!c:gy, 
G""leci~cine. ar1~ the socic-.d scienc1::s i11 generaL Prob.:1biy n:::) üihCí p2ri of i~e 
compuier ~usiness is QíO"rvin~; as fast .?.S a-.e "vcrk i:-1 1hes2 n:-~-:!.?.S. c:<d ¡he 

poíei'diál gain for rnankind' is lr:...;ly sia~gering . 
.. Jus! as business m.:::r;:·1QC:rr.c;-¡¡ finds i: advan:agec.·us to be abie ~e 
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process data and gatr1er statistics in business tra::~;actions. 1nedical '·~· 
sea•chers lindan irnporti:ln\ app!icat"ion in gaü1ering s!;otistics on the effects 
of drugs when used in treat_ing patierils. Simiiarly, biologisfs and chemists 
now use the da\a p1ocessing cap?.bilities of cornpuiers lo gather statistics 
for their ,•mrk and lo rnodet systems oí interest. molecular slructures, for 
ins~2nce. 

There is an importan! cii!ference in !he use of the cc;rnputer in busi01ess 
da\3 processing and in rnos\ scientific applications. This difíer,.;nce arises 
trom the !acl that business data pr0cessing ge!ieraliy involves 1naintaining 
iarge files ol dala while perfonning rtela!ively le:.r ca lculations on ir1dividual 
data items. In scien!ific computing the cornputer is ge01erally called o'n to 
perlorm many calc;ulaiions on a relatively small nurnber of input data. 
N_e'vertheless. the sarne cornputers are used in both application areas 
(although sorné cornputers are better suiied to scientific applications and 
others to business data pro'cessing). · 

The For1ran langUage was not specifically ·desigr.ed for busin·ess data 
processing applications. although it is often used for this purpose, parti
cularly lar smaller systerns~ The Cobol language was designed especially 
for data handling and h8s beE,r, lhe most widely used language of ti1is type, 
to date. (An official ,4NSI Cobol is used by the goverriment and many 
businesses.) Cobol h3s ver¡ iimi!ed computational abilities, hmvever. and 
is 1arely used in sci¡¿nce and in other applications where much nuiT•erical 
work is cc;lled for. A new language, PL/1, cieveiop8d by iBM. has both 
business dala proce:::.sing features and a Fórt;an-like ability to perform 
numerical calcula!ions (as ;·,.el! as sorne· features for ch<:nacter string 
handling). The language PL/1 is gainíng in popularity, and sorne rnanu
facturers oiher than lBiv'í are now providing PL/1 cornpilers. (Pli1 is a very 
large language, and a complete.cornpiler is of some size.) 

11.1 FILE MAINTENANCE 
Since l2rge busin~~.ses and governrr:ents tend to have large files !o main
tain. iarqe mernories and sophisticated liling techniques are called for. 
Similarly. scieníists v.'f1o gather dala ·sometimes. establish large files of 
data. Asan extreme exampie, consider !he work in automated libraries and 
inforrnation retrieval sysierns which rnainiain bibHographic files containing 

. hundreds of rnillions oí items. In the;~e systerns i!. is possible to search 
rniliions of abslracis· for key iterns in 'minutes. lt was. in fact, a need lor 
special types of íiies with extraordinary maintenn.nce procedu·res which 
led workers in the fieid of artificial intellige>1Ce to develop certain of !he 
most inleresting data siructures, which will be described. 

When discussing file maintenance, i! is usefu! to define certain terms 
.·more careíully. An ítem is an individual piece of in!orrnatior •. A record is 

composed ol ali \he ifems in a file relating to !he same object or individua:. 
A coilec\ion of re!ate.d items is cai!ed a file. 

•• 

------ -- ---- ----------- ------------------- ------

--- --------------------------------------- ---------- ---
License lm.·11 ---------------------------------------------- ......::..__ ______ - ~----
119·606 PIJ'fnOUlh 19GB ,J r- Jones 19 Carey .t..ve V/Ob!Jrn t·Aass 

Entries 192-'131 /./¡ercury 1973 F R. Jackson 18 Knoll SI Gel! non! fv~;'JSS. 
in iile ¿¡ 3·842 Corv21r 1970:: J. P. Ftench 163 Kernel S t. Concord ~-~-:l SS. 

9?2-167 C3v!llac 19?4 ¡: M. t·.f.a)'O 462 ,;pri/ ;..~,ve G~·-j;oni ;-.~::iSS. . 
Note: [¿:eh row is a corn¡:del~ u::so:d cons:'3·Ur1g. ~f ~~ven il·e~J;~.- (i) t~~~ l~c:en.se nL;mbe.r. {2) the 
í:1a~e of the car. (3) lhe year of ma:n;7;:::cture (~l the r.nme oi the o~·.:r1er. {5) íhE: o· . .,·ner's ~;re€t 
address. (6) ir1e IO'.\·n in ·.·.-~lich ihe c;.·:r¡-?r re:;ides. (7) _the sia!e in which :h~ O'Nner res.i.:je~. 
-----------------···-----------. -· 

Examples will help clarify these deiinitions. Ar. itern rnight be a name, 
such as "John M. Jones," oran age. such as ''29," ora marilal slatus. such 
as "M" or "S," oran address. szh as "39 Rhodes Ave:~ue. 1\lawlon. :owa." 
A record would then be the·se: ot all items for .John M. Jones. which \'IOUid 

be John M. Jones. 29, M, 39 Fihodes Avenue. Newton. lowa. A collection of 
records such as ihe 2 bove w~uid constitule a file. Figure 11.1 shows a srT:ail 
porl.ion of a typicc.! íi;e fo:- 2 de;>:::rtrncnt of rT~otor vchic!es. 

Larye tiles can consis¡ of i;om ll·undreds of \housan·:js to mi!iions of 
records. each record containi~lfJ severai ilerns. Consider the fil2s of the 
Bureau of Census or lniefilG! R·2venue Service or the fi!Gs of any major 
insuran:;e cornpany. 89ccuse of the size of these fi!es .. lhcv must be :nein
tain9d on such storage n-.eCl-~ as rnagnetic 1ape or ca(ds or even. ior 
instance. on rnicroii1rr:. The l<i.:;¡;;ienance_ of these files"·requires consider
abie Vlork, since t~~2·y rr~usl t:-=: ccntinually upciaied. :-ur:.her. in arder for the 
files to be rea!ly t.:seful. iJ rnust be possible to e:cquire data ora speciíied 
class irom the files wiih minimsl search time. 

In order to mair,tain large íifes and to search ll•em eiiectively for spe
cified records or iterns in a par\icular class. these .must be carefuiíy 
des1gned with regard ;o iheir crganization. 

The ierrn elata struciure reie¡s to the n1ethod used for organizing data 
and the re~.u!ting interreiations beiween !he data items and their <iddrc;sses 
or idenl.ifiers so tha\ an eHicient 90mputer impiementation resul!s. Data 

. structures fo;rn an im;:;c-~tar:: are<:: :n computer science. as do the aigor:thms 
for rnaintainir¡g and using \he:r:. . 

11.2 OPERATIONS Q;-J FiL!::S 
Large files must be con\inual!y maintained. This primarilv consists of 
adding new records to the file, dele!ing old records, and rnodit)'ing records 
al;eady in !he file. In pe~íorming lhese operations and in localing and 

• 
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:-Jrocessing da1u in the tilcs.-it is gencíally Efficienl to rndi:liain the rr::C')rc:s 
in t!~e .file in sorne ¡::,iescribed order rathcr th.an sirnply acJding n8w iterc1s al 
tfie end. ciosing up "'hoies" when ilerns are dele!E1d, etc. 

In order lo see íhe need for ordering the ilems in a.file, cOrisider the way 
we liíld a narne ir¡ a tslephone book. lí lhe na mes in a !ciephone book were 
not ordereci, we \·10uld have to s!;¡rt at page 1 and search the !y;ok a narne 
ai '"'a tirne. SinL.e. ho·>':c:ver. v.-e kno'.Y !;:;si llétnl8S are nrrar~9eG in ai¡Jhabeiic 
order. \.o.'e can·-c¡uess a; ~he lccation of G n;.lnH:::, opcn !IJG b-:1ok to tlt:·d point, 
and s·ee if .,He have rr.ócje a good guess ür if v .. c need to rilO'-'e for\·Jard 
or backward ,in the book. Ccnüast !he srna/1 ;:¡mount ol hunling neces
sary to locate,:·a name in a telephone book with !he elfort required to lind 
a na~e in a :novel or sorne other book where it is necessary lo search 
at randbm. ·. . . . 
· Arranging ~ given íile in a. prescribed arder is called sorting the file. 

Generally sorr\e particular ítem in ·each record is chosen ·(such as las!. 
name.~ social security rwmber. part nurnbar), and !he file is scirted by ar
rangiflg the records ín trr€ file so that the selected .íterns are in !he pre
scribed arder The selected ítem is called a Aey. and the file is said to be 
sorted on the l<ey .. 

For practicai purposes, sorting in a computer generally consists of 
arranging !he racords by ordering !he keys in ascending (or sornetirnes 
descending-) nun-:erical order. Y./hen alphanuri1eric charac!ers 2:e us·2d in. 
ti1e hey, each.:charscter V\'iil, .in octual practice. consist of SC\ _ :·aJ b;nary 
digits, 2r.·:.' ::,é cur;-rplele set of b;n;;ry uigits in él given key c¿,n !Je con
sidered a binsry num!)er. By :hen arrar1ging the binary nurnbe: s lor !he 
keys in nurnerica!ly ascending arder, v."e can "sort on !he key." [The order 
in which iin alpha;-ru..-,eric·code ca.uses !he characlers in the code lo be 
a: ranged ': ·hen thcy are in ascending numerical (bina:y) orc1er is ca lled 
!he coilatin!J sequence !m ihe code.] · 

Since soriing is such an jrnpo;iant function in·file maintenance. rnany 
algoritt1rns have been invenfed for it. and severa/ o! thern are exarnined in 
the foliowing sections. 

Anolher importan! operc;tion is thc;t ol searc!iing. When a particular 
record or a set o! records wiih sorne specific characteristic in a file is 
requirad. searching the fiie is necessar¡. Th(O! simples! forrn ·ot a search is 
ihe linear sea.;ch w1·1ere the records ere exarnined one at a time in order. 
This is !ime-consuming for rnost memories but is na lUía 1 lor tape rnem7 
mies. 11 a !iie r:as been sor'.e~J. \he mos; efíicient binary search can be 
u sed. Sorne aspGc<s of lile. search prob.lern ;:¡re exarnined in following 
sections. 

A most int;:,resiing and importan! aspect of files involves the v:;sys in 
which the d:o.\a ate s',cr8d in ;be file and \he over&l\ drganizction ol the jite 
structure. Tr.ere ¡;re. in lacl, fl}any v:ays to organize a iiie ·in a mernory. and 
sorne. are exan1in 1=:d in the fin?.l S.P.Ctfons of this chapter. 

• 
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11 3 SORliNG .l>.:m MU::·Gti·IG 
An ir~1pt_··r:ant O~J_(~ratir.Jn in nt~:1i:·.:::;1nrng business 2.r-1d D~: ~·~r líl~c·rrna¡ir.:;n 
syst'~'n fi!~s CCHlSiS\s of snrti~g a frie: on a SC.'Iccted !<~?y /:...s v:.~~s P!c-r:: 1oncd 
previous!y. the so;:!llg p!8ces n,e i':eCords in the file in an orc:t:r so tnat :he 
key iterns ·¡n Ute ri~Cc:·ds are in r~ondescending order lf no t·:,o ,ecc·rc!s in 
the file h?.·:e the s;;:c11C value lor :he r.ey (for insiance. ií thc h-:ov \'.J~;" soc.:al 
security nurt~.~JC?r in n r~·!~fSUíH1el file). the recorl~S \':ould he ~:rr;d:c_;cG ·:vith 
the keys in rJSCC-;:lding onJt?r. In en actt.:31 file consisfií1C of r.:ar:v.;.>re:cords 
each cor.12¡ni.ng S::?\1eral iíerns. snrting tf~e file \'v'Ould i;v.~dve rrr;=··:ing the 
entire rccords ar.our,d (or ai le?.st poir.íers to the records--2s '::ii! t;e dis
cussed laier). Tne actual soriing is general!y done on an 2ifii'/ oí !l-.e \'a'•;es 
o! !he key, hcnever. ~s this is more eHicient. and the rec:orcis ~an be rnoved 
after !he new arrangement lor the l1eys has been found. In lact. ím rnost 
large files it is necessary to keep the lile on sorne mass storaqe device 
such as magne!íc tape, and !o sort the file in. stages. movíng po,tions of ihe 
file from and into the mass s:oíDge devices. Our cor-;cern .. vi!i be \Vith the 
sorling process only; exceileni d<:scriptions of file rnair·:tenan.:e prcrce
dures for rnass storage devices v¿iJ! be fou:1d in severa! oi the ; . .::~·=rences 

Chapters 3 and 7 have illre;Jdy prc,sen!c-j an algori::-:m and ;;,,(·oroora~ 
for sortiilg ah array so ti~at n~e eletn~n:s are in nond~scenciino vn::ier~ r;;e 
existence of ti1is algrJril!lm is assu;a;;ce that \".'•2 c2n s:1;i a;1 2.··:-av. ·into 

;~~~-~~~;s¡~;;~~-,~~;~~n~~'~:r: \i1e: re,;;·,;;¡¡-""º queSiions con~.c-r::. ;;·.·J to' ·:.-2;~c:y oí 

ln arder to exarnute soriing i2CL!Ii(iucs. v;e /irnii ;-.;- p~(':-J:f:·'·· :~) if;at of 

soíiing an ;o.cray 1v1 with imeger ve:iues fvi(1).M(2), .. J.i{'{i so ;.-.a.t iv~(l) rs 
less !han or equal \o iv1(J) when 1 is less than J. 

Perhctf.)S the rnost natural or intui~ive \'Vay to sor! s·J~h e~~ ;s~•::;.y is to 
search 1Qr:ough the so1 of va!;..:es·in f~.e 2rray and f"·~:; .~~e~~~.~·-~~~ value. 
cal/ this value ivl(K). !hen place ;1-:is value in ~v1(1) by e:· :'·,¿,;-,~y'::; ;-s M(K) 

with M(1). Next exarnine M(2).iv1(3)., ... iv1(N) and fir-d ¡.-.¿; srne::i:::s; :::emen1, 
ca/1 this element f•.ll(J). and pl;:;ce this element in M(2) by e1:changin·:;¡ i/r(2) 
and M(J) . 

These -steps are repcaied lor ili(3). M(-1), and so on t.:c;til M(N -- ·1) and 
M(N) are linally compared and arranged. 

The above description de18ils th.= píoc:edure Q·J:-,eíal!;' used by people 
v.:hen arranging a bridge hand Oí \",·hen SOíiiílo a de:k cf i;-:Cex cards ÍíHCJ 

arder. A flovv chart for the algorithm is sho\'m i; Fig. 11.2. anca Fcrtran sub-
program is in Fig, 11.3. · · 

Exarni(laiion of the fio\v chaít and ths p¡ogram inC,~:::·:::~ 1n2: :.-~=-e is an 
outer and.inner loop in the algorithrn. ;:or -31: a:r2¡ v~:¡~t: ;·.; 0.2-:T;·=;::s. :.le outer 
loop is pedor;ned N- í ti;nes: th== firs¡ ~in:e íhe srnc!IC:.S! ot '3!>?r·,:3nf i\h(i). 
M{2) . ... ,hi:(N) is four,d cnd í:tc\;e':J ir:tc; :ví(1). ihe fina; {¡;T:~:: íne ~;:·;¿;liest ~f 
M(N- í) and iv'i(Ñ) is íound anc rnoved i:rto M(N- 1). . 

The inner loop in !he aigorithrn sequences through the sei oi f:is~nents 

., 
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Flg'Jre 11.2 Flo.w chart of e re¡:du:::einent scrt. An onay coi!-.:d rv: of N eterncr.is ;s sorted 

under consider31:on, determinir.g tha sma!iest o! thern, and mov·ing this 
elemen! into \he corree! position. 

In order to evalu3lelhé ~fiiciency o! this algorithm, v;e count the number 
of Pf!SS8S which are made through the inner loop_ Le! us se:l·J equal lo 10 

• 

·.·. •.•.:•.:"'- :-.·. : r.·.r 

:,·. 1 • 

r·.~·2.L. J/¡{i01 f¡~;·~1::J !' ·:: ~· ... :: .. :::=.~ :;r;n ;;f~:CP ; -~ Pl ¡ ::~~IOTl r.~(1j ¡: .. s 

requircs níns p~~ss..:s ihrOt..:~Jh th·2 1r:ner ··co,npar;S':.:;;" Jr,c_.D Tr1en ihe ai')'J· 
rithm e1.amir.8s f..t,(2).rvi(3) .... ~-~(10). flwi;n::; tl•e sn.J!ies: e:emenL \'.:.:eh 
invQ!ves eight p2sses ihrcugh lf,e inner loe-p. V1/'2_ n•y .. ·.: ~~:~:: f:¡.:; b~~StC: p:=li· 
t.eríl: on 1hs 1hird ;.:.::ss through 1h8 Ouiür !oop s~vcn ~::ssc·s \Víll be ~:~ . .-,~;e 
through th-2 inn·:?r loop: on the fourth p;_¡ss :r,rough the o~1:er loop. f¡·,·e r:-:'"1: . .-~r·s 
vvili be rnade ihíough the inner loop; and on the fine: n!ntn Pt1S.S throuc;r·,·¡¡·,e 
ou~er looo one p::ss v:ill be rnade lhrough H1e inner loop. Th!JS. !he al<JO

rilhm rc,quires 9 i 8 + 7 + 6 + · · · + 2 + 1 pilsses lhrough !he ir,neJ kJC•p. 
thal is, 45 passes. 

The genera! case is as foiimvs. To sort an array ol N eiernents. the 
algoriihrn nc¡¡kes N -- ·; pCJsses 1hro;rgh ::~e ou;er loop. Tb~:; firs: p2ss re
quires N - 1 passes through the inr.er lo0p; ¡;-,e second pass <hrougn the 
outer loop requires N ·- 2 passes u·,rough !he inner loop; and this patiern 
continues until on the final or (N-- í)s< pass throu~h the ou:er loop. v;hen 
one pass is required through the inner ioop. Tr,us. v;e arrive al the io!lowing 
sum for !he number of passes through u-~e inner ioop: (N- 1) +(N-- 2) + 
.... + 2 + 1. . 

Then let us call P the value of the eb-Jve sum. Now.: P = N(N- 1)/2 or. 
V.rri!ien 8f!01her vvay. 

This sum grows ve;y quickly as N becomes !arger. For instance. for N= 
100 the value of Pis 4,950, but for N= 1,000 the value of Pis 499,500. 

1
This car, be show~ óS lollows. The a.ve:age \r'álu~ i;-, ~~~'?su;;. {N---;; .... U·.l ·· .?) ·•· · · · ~ 1 is {(1\' - 1) ~ 

1)/2. -.,yhich is éiso N/2. and the;e are N - 1 terrns. s:. ~he St..':T'. r.a~ \'C: ~::· /:rz · t: - ~ o: ¡: J(t~' - l}i/2. 

~liBhf·UTI~F" SGF-·T1C~,'J) 

f.tMr-!·.lSf~ "'lCl(J()} 

Nf·¡=<J-1 
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C SFAhCH f..,f-:;-:Ay ¡.. C·í, 5~~Ll...LS.J \t'~Lt:z. 
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rigura 11.3 Subprogrom fo; replacemenJ sort. Mis fns arra y to C·~ ~.(;r"c·d an(~ r·.; rs the number or 
eie:nents in 1he cacv M 
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' . 
Another sorting algorithm which res.:::rnbles the above but which can L>e 

rnore efficienton !he average is the "bubble sort." When !he bubble sor! ;s 
used. cornparisons are made only betv,een adjacE;nt elernents in the a;¡ay, 
and the elemenls are exchanged i(they are out of arder. In ihe first pass of a 
but·bie sort to sort an array M oí N eiements. M(1) is com;::ared with M(2) 
.Jnd ii 1v1(2) is smaller. !hey are exchanged .. Then M(2) is compa:ed with 
M(3). and !he elements ;:¡re s·.\'apped if they are out of mder. This is con
~iriued uniil M(N - 1) is finally cornpared with M(N). and a swap rnade if 
necessary. During the S·2cond pass !he same general procedure is fol
iowed except only ildjiltent items frorn M( 1) !o M(N - 1) are considered; on . 
the third pass M(1) to 1'v1(N ·_ 2) is considered .. and on !he final pass only 
M( 1) and M(2) are compared. When this sort. is used. larger items float 
do·nn and small items "bubble up." hence the name. A subprogram lo 
implement this sor! is shown in Fig. 11.4. 

The subprogram in Fig. 11.4 has an additional ·teature. which can 
irnprove its efficiency. Each time a pass is made through !he section of ··j~e 
array being exam'ined by !he outer loop. a test is made. and if no exchanges 
are made. the program discontinues its sort. íor !he array is already in non
descending arder. The test is rr~ade by setting the varia bie of "flag" J lo O 
each time !he outer loop is entered and \hen setting J equal !o 1 if an ex
change is made· in !he inner loop. A test at the end of the ouler loop deter
mines if an exchange has been made; if not. !he program returns to !he 
calling program; if an exchange is msde. the program continu,es. 

In the worst case (when !he array is originaliy in descending arder) it 
can be shown that this program requi~es N(N -- 1 }/2 passes through the 
inner loop. However. in \he bes! caso iif :~,e array is already in the correct 

Sl)P.h 0U1 1 'H S 0E1 :;.;< ~# ~ > 
f!-<r'J~J N ~( IODl 
·.•ftl ,•J-1 
[ f' 1 O 1;, ¡, ·'IIFW 
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10 r,p,;¡ ¡·.;t.:.J. 
1 ~ t:(""Jll \lt.H 

~~ ll+.'J 
>'111 

• , __ . • 
•• •, • , • . . ;, .·:.~, ••• , r 
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~~·::~:; i~>~ ptG\1:·1:11 _IC:~~t~i~-'-):~-0; t! ·1._¡;:!s:;r __ ·s :·.·~n;~;h ¡~ •.,; ; t:r loop. In 
ger!~:ral. this progr~Jm cxpic¡:s ~~~r: ~C>~de:ncy of l1s~~; io b'? .:drr_:¿:::y .. ~,()rnc·.·,.hat 

orde~ed; thus. ilS a r·::su!t. for ia'ge value,s of N ¡;~,r; proy;c,~r, ·.e:ncis to be 
more elficient !han !he previ,lus aigorithrn 

The sorting of files is so imporlont in business and inforrnation process
ing that many studies have been macie of sorting a:gmilhms and many 
algorithms have bcen inv<=nied. ln programming langt;ag.:s StJCh as Cobol 
!1-,ere is a SORT oreraiion on a lile which is a subprogram in the sysiem 
just as SiNE, COS!r'lE. SOUARE ROOT. and other functions are provided 
in Fortran. 

The studies of file sórting techniques show that !he number of operations 
required. grows approxime:eiy as N 2 divided by sorne constan! for "in:er
change soning algorithms" such as !hose mentio.ned. More. sophis!icated 
sor.ing techniques such as "radix sorts" and "rnerge sorts" require NK 
limes sorne constan! number ot operations or fl/'· 5 times some constan! 
operations. whe'e N is the number of elemenls and. K is the nurnber of bits 
in each elernent. Thesg sorling techniques requ;re more complicated pro
grams, with !he result that \r,sy are generally not used lcr small numbers of 
elements. 

f'/.ore de\;¡i\ed introciuctions can be four1d in !he book by Flor·:=s and the 
paper by W. A. tvianin iistGd in the Bibliography . 

Foí a reo !ty con1~-:.;rchc; rsive tíeatrTíeni oi sorting ·t.:?ch¡¡iq tJes Jthe reader is 

reli;rred to volurne 3 in lile series of books by Knuth ·::hrch clevotes n:::arly 
400 pa\jes 10 this subject. 1t is very dífficuit lo evaruate ;nail:ematically 
many of the more compiicaied sorting techniques. a;ld S'J quíie of1en the 
aigorithrns are prograrnrned. san-:ple arrays (or lisls) are sor;ed. and the 
'esults. 'evaluatedt The book by R:ch analyzes a nt.nr.ber ol the best sorting 
1echniques by programming Rnd evaluating the tirne required. sto¡age re
quired. and other factors for a number of sarnpte probit:ms. 

Another important opera! ion in maintaining files is that o! merging. Two 
seis are said lo be rnerged when they are combined into a single set; lww: 
ever,, if !he two sets ha ve been ordered by sorting in ascending (or non
descending) arder, the resulting set of items mus! al so be soned in ascend
ihg (or nondescending) arder: 

in arder lo study !he merging operation, we shall again restr ict outselves 
!o internaí merging rather than merging files on iapes (ihe lites could be 
copied into ihe core memory. if they are not too iarge). Let us consider two 
arrays of integers Ml and M2, ·JJith M1 having K1 ele.-nents and tv12 having 
K2 elements. The arrays M 1 and M2 are assumed lo be sor1ed in nondes
cencing arder. and we wísh lo deveiop an arra y M3 wiih K 1 + K2 elemen!s 
\':hich is soned in nondesce;-,ding order. 

The first step in !he a igoríihm is lo com¡::>are M 1 ( 1) with M2{ 1j and place 

'r,; • r.., t:•-=s().k d<::;~:r' iOCS $'1::;, SO:·r~S (fi!',''nq t • or:r..;n ¡¡;o~l!ams} ;:s Ir: e 'onnqJ..Ci' (HJ:- .~le ~r.·: . ··:j :11í: ":ou•~ 
·. ·t 
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Figure 11.6 Subprogrom for rnerge olgociihrn 

SGI 

the srnal!er o! the iwo in r·.-\3(1). lf the ítem M1(1) is selected. we then con
sider M1(2) and M2(1), placing !he srmdler in M3(2); ií M2(í) was seie:::ted 
in the preceding s:ep, we consicíer.M1(1) and M2(2). placing the srnal!er in· 
M3(2). This basic process con!inues with M1(1) being corn¡:¡ared vJiih M2(J) 
at ·each step until we reach íhe end of either M1 or M2 [that is. we select 
either Mi(K1) or M2(1<2)]. vVhen lhis occurs, the rernainíng eiernents in :he 
other array are simpiy copied into the remainder of'M3. 

Figure 11.5 shovvs a flow chart for this algorithrn. and Fig. 11.6 shows 
a Fortran subprograrn to' rnerge two arrays (Languages such as ~oboi 
provide MERGE subprograms in their basic library._ and a prograrnrner 
can simply write MERGE A 11.ND B rather !han writing his own subpro
gram.) 

The exercises al !he end of the chapter investiga! e \he efficiency of the 
above program as well as show a short program for rnerging arrays with a 
special STOP element in the lasl pos ilion .. 

A merge sort is a sorting algorithm which breaks sets of elements into 
subsets, sorts the subsets, and then merges· t[lese soried subse!s. By 
dividing the original set of eler.~ents ínto an appropriate number of subsels. 
so that the sorting is efficient. and \hen depending on the natural e;ficiency 
of rnerging, an efíicíent sorting algorithm can be obtained. The exercises 
develop !his procedu~e. Knuth's book as well as severa! of the others in !he 
Bibliography also treat this sorting procedure in deíail. 

• 
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11.4 SEARCHiNG A FILE 
Probably !he most frequently performe>.d operation in business or informa
tion systerns is that oí searching !he files for elerne:1ts which satisfy sorne 
specified condition. ·The condition specified ranges from equality-for 
1~stance. "Find the record of \he person with social security number 972-
85-36,"-to "Pwduce a lis! ol !he parts in our inventory which cost more 
than $45.'' tri' any case. a file must be searched. and it is importan! that the 
file be organized so that it can be efficiently searched. 1! is also importan! 
to have an efficie.nt search algorithm so thai too much cornputer time is not 
experi'ded on s'earching: . . . 

The organizing of files ando! s~arch proceduresare importan! topics in. 
·· systems design for data protessing systems. lf large files must be main

taine!'d in mass-storage d¡;,vicesa.nd il these files must be regularly main
tained by adding new récords' arid modifying and deleting o id records, and 
if it is ·further.·necessarY to searéh. the files frequently for records whích . 
satisfysome specified crit~ria.·then a file organiza !ion mus!. be found whjch 
is no! loo expensive td update. which does ·not require toci much storage 
space; a·nd which can be co_nveniently searched. Designing a good data 
struciure for)he fiÍe and programming efficienffilemaintenance and search 

. . , .. ·., ,, . 1 

algorithms are interesting and.still developing aspects of data processing 
systems design. . 

we' shal! firslexamine a ,particular aspect of file searching and main
tenance. that cif findihg a !:¡pecjfied. elernent in an array. This. will include 
shÓwing. how the searcli algoritlyr. can be greatly .speeded up if the 21rray 
is sórted. · .. ·.··· .. · . . . 

ti atable o; array is searched for·a given itern·. \he séarch succeeds ifthe 
ítem is found and fails if if.is iibt 'tound. 11 we si ore our table in .an arrcfy 
which we ~all JTEM,aÍ a giv.en lime ITEM will cbnta'in N elements. lf these 
elements'are no! ordered. Ín orcjer tci find a given. ítem 'in !he array, !he most 
natun'il searchalgoríthm is' to exami~e ITEtv1(1 ),' IT.EM(2). ITEM(3) and so on. · 
up tci ITEM(N). eacfl time seeing if the value is !he desired one. 

in order to convert this .proc'edure lo flow chart form, w.e le! !he va lues in 
ITEM be integers ·and ~all.th~ .value lo be four)d M. A flow chart of !he re" 
sul1in9 seÚch algorithm· is shovm in Fig,.11.7a. Ari integer variable K is set 
toO ii the séarch·fails; ci!hf:m·vise if will have a value such iha!ITEM(K) =M. 

A Fortran suoprogram implementing \his a!gorilhm is shown in Fig 11 .lb. 
The question now arising is, "How efficient is this algorilhm?" 1\ is clear 

!ha! if \he uesil.ed value is not in the array, N sieps or passes through the .. 
search loop 1iJil! berequiled lf. ho-uever. the item is in the array (and ws are 
not required lo find d4plica1e values in tr~~ ar.ray), on the aver¡;ge N/2 · 
pa<;se:o )hrough lhe array wiil be required. 

!'·Jo\v iét us· assurne. the-...o.rray has be en Sorted so that the elements are in 
numerically ascending {or nondescending) order. We now sequenc:e 
thmugh !he array. starting v1ith ITEM(1) and proceeding !hrough ITEM(2). 
ITEM(3). etc .. in turnas beíore. However. ai eélc.h step we also test to s-:.:c: if 
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Note T!li<: al~writhrn !'.e<-1rche~ .:;n anA'1• !TE~.1 o!' ¡,j ?:'o~.r;r~!S ;c. f,.-,j an 
elernent M. 'll1or snme I •_k,·3s.!TEM (J¡ =.M. ii,cn l ~~~ D:nc~d ;:-: :r1t:; 

variab!~ K; if for no l doc~ ITEM fl) =-M, im~n K'ts ~-:tv~n ¡h~ v;.,i\1e ~ 

SUB~OUTINE FIND1(M, ITEM,N,K) 
DI~\ENSION iTEM(lOO). . 
DO 5 1 •1, N 
IF (!TEM(I)-M) 5,10,5 

·5 CONTINUE 
K•O 
REJURN 

10 K=! 
RETURN 
END 

(a) 

(bJ 
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Figure 11.7 Seorching a lir.·3-0! af~ay. (a) llnt?or seorch clgo;íthm. (b) Sub;:.ro~ram lo se.::rch o 
!inec1 orray · 



again elernent ITEM(O is grea!er thcm MATCH. a:1d if it is. the search is 
imrnediately terminated. since !he elernent is not in !he array. This will 
improve the etficiency of the search procedure since !he entire pass 
through !he array will not be required in cases where an elernent is not in 
the imay. (Aiso. if duplicates are required. the enlire array need not be 
·s~arched.) A program.for this algorithm is shown in Fig. 11 .8. 

An even more elficient algorithm for searching a sor1ed array is !he 
binary scarch algorithm. lt closely follows the procedure us<}d by most 
people in trying lo locate a narne in a dictionary. índex card file. or other 
alphabetically ordered file. The filé is opened to its rniddle. dividing it in 
hall, the rniddle entry is examined lo see in which llálf !he desired ítem 
would be, and that hall is again opened lo !he middle. and an examina-

,. tion then indicates in which hall the itern lies; this process con!inues until 
!he particular ítem is locaied. 

:In order to make trie above procedure more precise. we assume atable 
of N items. and we shall refer to these.as ITEM(1), ITEM(2) .... , ITEM(N). 
lf N is even. we can divide !he !abie into !wo equal seis o! N/2 items and 
then determine in which hall !he value to be located might lie. lf N is 
odd, the table is "divided" into t:Wo sets. one with INT(N/2) and one with 
INT(N/2) + 1 items. where INT is the "inleger" function which takes a num
ber X into !he largesl integer which is no! grea\er ttlan X. [In For1ran IFIX(X) 
ís a "compiíer supplied" function which takes a real value X into the largesl 
integer no: g~eater than X. lf we write 1 = N/2. however, 1 will ha ve the value 
we cal! INTíN/2). since the value of ! will autornatically be truncated, not 

rounded. :o an integer value.) 
The !arces! e\ement in the "lower hall" of !he table \vith the lowest 

values is n~:r..v examined to see in which part of the table the desired item 
!ies: this ís do;;e b1• seeing if the desired element has a value greater than 
the largest eler::e:~t in the "Jower half." lf so. the upper hall is seiected; if 

no!. the iower half :s seiecled. This step continues unti! either the ítem is 
found or a:e discove:y is made that no such ítem is in the table. Figure .11.9 
shows a f!ow chart ol this a lgorithm and Fig. 11.10. a Fortran subprogram. 

!n both the ilow :::hart and the program, an array called ITEM containing . 
N elements is searched lor an item called M. An integer variable K is set to 
O if the vaiue M is not in the array. The variable K is set so that ITEM(K)·= M 
if M is in t;,e army. 

SUEFl(lti1INE ¡.:~Jr;2!~., I1EM,NPKJ 
Dl~E'ISl n; rur.-.c lCO) 

lf !l1f'1(l)-~) !.· .. :l0v5 
< e 1'•'<11 '<üF 

!i.fTL-f<»; 
F'I!O Figure 11.8 Linear seorch of a ·sorted arrav 
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on el~rn!?nt ,;aqe1 M. <ind if thi~ e!P.rr:ent is in 1he table thcre sit~ an inH-!U'.:!~ v¿¡lue m K such 
~hal_ 11T~f\:(t,~ ::< l\1. 1! no ~lem:3nt in the .:abl<.;> Ct<lled nE.M is equal to M, thcn tne vah'~ o 
lf. rJ~cen ", K. . . . 
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. Figure 11.10 Subprogrom for binary seorch olgorlthm 
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How eflicient is the binary search algorithm? The efliciency of the algo
rithm is most easily evaluated for tables with N entries. where N= 2' for 
some 1 (that is. ta bies with 2.4.8.16.32. etc.,. entries), for then !he table is 
reduced lo one-half its original size !he first step, onecfourth its original. 
size_ !he s'econd sfep. and so on unlil it is reduced to a single element, 
whích eilher is or is nót lhe .ilem desired. Since our rule is that alter j steps 
the ta ble has be en reduced lo a subtable of size 2 -i x N; and since N= 21 

for some /; then when 2-i x 21 = 1. eách of !he two parts wíll contain a single 
e!ement ·and one of thes'é Ynust be !he desiréd eiement. Thus. ior atable with 
N elements. ~hereN•= 2' fór some integer /, exactly 1 passes lhrough the 
basic loop are· r.equired to find·an elemenl usirig the program or flow chart 
_which has _been sl1own. This valuéis less !han N for N greater thán 2 and.is 
mucf) less !han N ior largeN. 

. Fór. any._given N which .. -is ·nota power oi 2 (that is. no! equal to 2' for 
some f), w~ can determine '!he number of passes through the loop as fol
lows.LeU< b.e !he smallest_ir:tege~ such that 2K ;;.;_,N; lhen K passes through 
the loop' are requiredt . . . . . . . . . . 

Can we improve ori this algorithm? 11 might seem that before each pass 
through the loop it wÓul,d be a good idea lo test ivhether !he largest ele
ment in the lovy.erhalf is:indeédthe item desired and lo termínate the search 
if it is. This would mean that sometimes !he search could be terminaled· 
early. For ins'tance. if we had atable wilh four eiements which were the 
integers 1.3. 7,9 and v;e. search it for !he inleger 3: then the table is divided 
into two parts, 1.3 and 7.9. The great()S! ir¡,teger in ihs fb\·Íe(half. which- is 3. 
is seletied, and, instead Ol seeing if lhe de sir es iie:n 3 is grc;'::ter !han 3, we 
al so test lo se e if it is equaL!o3 .. and stop if.it is. In this case¡¡ is !he desired 
eiement. and only one pass t,hrm.Jgh tl)e major ldop has been made. where-
as !he prev.ious algorithm r,equired, two: . '. 
· 1t can be .shown, however. tf;at' oo !he av:;_~a:Je .:;1;:,,;-,,~"'-;:¡er of passes 

through the ~ajbr loop js decreased by .only 1 ~ T1~at is. iH passes are 
required on the ·average· for the firsi. binary sec:;ch ai;·Jri;;,!T,, then L - 1 
pa~;ses are required ·:or.the se,cor.d algoriiMm. lf L is :;2•gé. the additional 
time· required ·io tesi for equality. which le:-,gthBns ths. basic loop. will 
probably éxceed the time. requiredfor a sing!e pass through the'lbop, and 
the original 'procedure.will run fáster on !he averzge_ · .· . ·· 

The above a·nalysis is:typical of that performed .. ori ¡:¡lgorithms for system . 
use. In many cases. _it is impossibie lo compielely· a;-¡d precisely analyze 
subtle points. and itis either necessary lo test the algórLUÍms with a number·; 

'Ir. ger!~ral. if we dr:ime log2(N) ió.tJe a fu:-¡c¡;.:Jn w1t~~ vztue X S'J:Ch ;~..;:t 2l" =-N. :hsr· !-J.~;;{NJ ¡s é:ailed 1he' 
bina,y fóga;ir."if!l of N. and if X= log7 (/ll}. X wlll De sv":le :Jositive rea~ ~~:.;.-:-.:,e-· ior ~.:::::-: posiltvc.inleger N. 
Nm't·. in the :general casn ít can be showh ihiJ: :he nurr.Uer of r;ass~s re::;'..!ir~d is ex2ct!y CFI~ (iog2 {N1). 
wher.e C~!L has value the smallest inte;¡a:" 1(-•ger ~~a;; m equal to lot;:{~'lJ. Th1s sr.cw,s thaí."th·3 number of 
oasses HnDvgh ttle· 10op increa:>ef: ,::t .o b{;;:;rililmic ~ate. · 

• 
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oi t~s: ,_ .. ;ses and compare results or lo ge;·,·erale simulated data. lrY the 
algorithrns on the simulated data. and compare results. . · 

11.5 ARRANGING ARRA YS ANO LINEAR LISTS IN MEMORY 
ihe-slructure of !he data which are processed in business systems can be 
_quite complicated. Further, in fields such as inforrnation- retrieval. lhe 
quantity ot _data:used is quite large. and the structure of the data is quite 
complex. Tne manner of organizing lhe data in .the cornputer's merilory 
can be very 1mportant when targe volumes of data which are interr.elated · 
in a complicated way rnust be processed. · . . ·· .. . 

Tre simples! and most direct way lo orgahize data in a ~~rnputer rne
rnory is by placing ·them in a one-dirnensional array. Consider a table cir 
arra y of data consisiing of N items: By using !he na me TABLE. the iter:ns can 
?e reíerred lo _as TABLE(1). TABLE(2). through TABLE(N). lf the memory of 
!he computer rs word-organ1zed and each item in the list ca.n lit in a singfé 
word in memory. then by assigning a starting address in memory for the 
table. say B. v¡e can_tind a given ítem TABLE(I) with index 1 by looking al 
address 8 + 1- 1 1n lhe memory_ This organization is shown in Fia: ¡ ¡ .11a. 

. -
Example We assign the s!arting local ion B to' location 4000 in rnemory. 
Now 1f t~e 1tems m !he array are reierred io as TABLE(1). TABLE(2), 
through tABLE(100): the vaiues in TABLE wiil be stored in locations 
4000 \hrough 4099 in memory. and TABLE(1) wi/1 be at location 8 + 1 -1. 
which vvill be 4000 + 1-1 or 4JOO; TABL.E(2) will be at 4000 + 2--:1: 
wh1ch 1S 401]1; TABLE(SO) will bu al the address 4000 +so- 1. etc:· 

. The basic idea of piacing !he woids in an array or linear lis! in conse
cutivt; addresses in rnemory can be exlended !O arra)'S wilh IWO (Or more) 

Addrc~ Cnntf!ntS /...1-zr .. •.:, CIJ':i!:nl.:. 
in 

mf.:morv /11''!:>, Hl,' 

3999 './.)C() 

4000 fr;;;::;Jll ri(JU•:J Fl 4001 Ta•;l<!(/i 1 (¡fJOl 

¡Tcr:H311 
1 f.~.~T(l, 2! 

4002 t-00:? ~V,T/1. 31 4003. T;l!Ji·~i4l 1 
fiJ~(). ~.!.Ti? 1i, 

4()04 ~ar,!el~l 1 f..CJD4 · ~,:.re?: 21 j 
4005 fJOíYJ 1ATt/. 31/ 

-~--' 
()J0G 

(;¡j (/¡) 

ffgure 1Ui O:ga.-.:;o:tion of one- and ~-uo-..:.iirns-:o::;;ono1 arrovs in 
m~?ono¡)". (aj Sf.:'lfing an o:;cy • ..... ::t~ Hv-e .::;;-ernenis of .con
!,ecu~lve odCresses in mr:.'Tlo:y. (b} Sio;i.ng a 2-mw. 3-

L,:--r:n a~:cy in m,2'.-;;ory ~b·r row) 
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dimensions or indexes. Consider an array called MAT with four rows and 
tlrree columns. lf each entry in MAT requires a single word in memory, 
then 12 words will be required. lf we choose address 200 to be !he address 
of the MAT(1.1). then 211 will contain !he last entry MAT(4.3). There are 
two ways lo "!ay in" !he array, however: by rows or by columns. Le! us 
use rows;t the elements will tt1en appear in mer~·rory in this order: MAT(1,1). 
MAT(1.2).MAT(1.3).MAT(2.1),MATi2.2).MAT(2.3).MAT(3.1). and so on until 
MAT(4.2).MAT(4.3). lf MAT(1.1) is a\ address 200.rv1AT(1.2) wili be at 201. 
MAT(1.3) él! 202. etc. To find the address of an element M.A.T(I.J) in memory, 
we calculate as follows: MAT(LJ) is at mernory address 200 + 3(1- 1) + 
(J-1). Thus. tofind MAT(3.2). we forrn 200 +3(3--1) +(2--1). which is 207. 

The general rule is: For an array vvilh M rows and N columns with one 
word per element in memory. and where !he first element is to go in address 
B .. the element in the lth row and the Jth column goes al address 8 + N(l-
1) + (J- 1). This organization is shown in Fig. 1l.11b. 

Similar rules can be derived for arra.ys with more !han two indexes and 
for arrays· where elements require more !han a single word in memory. 
Notice the ease with which an element can be located in an array stored in 
the above manner. Arrays are very desirable data structures. . 

The 1ables or arrays which ha ve be en considered above ha ve conta ined 
items of fixed size. Many data are alphanumeric. consisting of names. 
addresses, written text. etc. The individual items in this kind of data have 
mixed lenoths. For instance. suppose we -.vish \o store a list of na mes. Tt1ese 
names will be of ditfering numbers of alphanurneric characters. which 
obviouslv cornplicates the problern. 

A sirn.ple solulion is to atlocate a nurnber of locatións in memory suf
ficient to hold !he longest name and then lo allocate each name that 
amount of space. 

Example A list of 200 names is lo be kept in memory. The computer, 
an 18M System/370. stores ene chara::::ter in a single address (a byte
per-address). The longest name has 20 characters in \l. The lis! is lo . 
beoin at location 1000. We allocate 20 x 200 addresses in the memory 
so ~the list will siart at 1000. and the last character will be at tocation 
4999. 11 we cal! the list NAME, the kth element in NAME [that is, NAME (k)] 
will begin at 1000 + 20k-'- 1 and end a! 1000 + 20k + 19. 

!t the nar:1es are cif widely varying lengths, ti1e above technique causes 
an inefficient use of memory: Fortunately. severa! alternalives are possibte. 
One is to ;;z,vR?. ~;)eci::;l END OF ITEM character and.to place this character 
al:,".''""'~¡-. ~-,":';"' ·¡·¡;'3 ~~ :;':r;.-:.r; ,¡·, i'ig. 1 i. i 2, ¡\~•other !s to keep atable of 

'tn shouid be nored that b)' otfiCia! dt:cree F":~rt;an arr¿,ys are !.iored by lis: ir·'º columns (ra:ner \nan rows) 
in i:onsecu!rve: ord,!r. This is di~cu&sed in n-,e e,::erc.is·~s ai the end ci the chapl(H. 
· 'This is a ·spe(:ial char<lcier. In this case lt is-t.~sed for ene of natne. The sp>;;:ial cha:acter'~ r.arne jusi 

happens tn· te: Et.JO OF ITEM: . 

. :11· 

J~J8 
400 
4ll1 
402 
403 

.1Q~ 

406 
407 
·108 
409 
410 
411 
412 
413 
414 
415 
416 
417 
418 
419 
420 
421 
422 
423 
424 
425 
~::G 
4/7 

(.. 11 l., ''1~~-

N01e. EOI r<o !!1-• f:"N[l n~ flE~-~ ,.~,, ~ ; .. _, 
The m•.·n-.urv <;I•J:e~. c.•;)·.~ c\¡¡¡r~; t•·: ,,., ,._,, r,.) ~ ':r-·,:-. 

1 

1 
1 

i 
Figure 11.12 Storin9 cl~torocief strings using 

END OF mM cho<oclers 

the addresses at which each natne begins. This is shown in Fig í 1.13a. 
· Still another 1echnique is !o ha'.'e .a siarling address anda table containing 
!he number of cha;aciers in ec.:cti nc:n¡; e:.s shown in Fig. 11.13/J. (Wethen 
find the loc;;iion of element 1 b:: a;::!ding ¡¡-,s lengfhs of !he n::¡mes preceding 
1 at !he siarting a·jdress in ¡¡-,e t;,;IJ!e.) 

• 

Wllich technique should bs u~ed depends on tfle charactcri_slics of the 
data. the cornputer word ler.gth. ¡md tha premium on 'i-nemory space and 
search time. The last technique (_tha: in Fig. 11,13b) uses less memory. in 
general. but requires rnore time lo fine ary itern. 

Judgmer.t . .=.s to which lechn:que to use mus! be m a de dependen! on the 
particular fiie characteristics. For ',:;xamp!e. an inventory control system file 
might consist of a set of recoré~~- .,vhere each record consists of several 
items. Figure 11. í shows a sectic¡n ol su eh a file, where ea eh record cc'l
sists of the iicense nurnber. m;_;ke. vear. i<iFne of ovmer. street 151ddress of 
owner. town in which owner resio~s. and state in which owner resides. 
Since these particular items are E;i:her nui'ilbers or atphanurneric st.rings -of 
limited varialions in length. it v:oui.d be praclicallo store \hese records in a 
fixed-length forma! with -a fixed n'umbe~ o: computer words in mcrnory for 
e<lCh record. 

• 
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ArJt.-:lress Contents Arl.lr,_~ss Conl(!rll', 

in '" 
mernury nH:mqry 

400 J 4()() J 

401 o 401 o 
402 H 402 H 

-N 403 N 
403 

f$t;:¡rtrng 404 SPACE 
11~m 404 SPACE 

lt-nuths 405 J 
ad"JII_:~V'!S 405 J 

f-l 406_ o CD 
400 

- 6QO 407 N 407 

:~~ 408- E 408 

409 S 409 

410·' E 410-

411 M 411 

412' '1 412 

413 L 413 

414 ,y 414 

415_ SPACE 415 

416 S 416 

·417. M 417 

418 1 418 

419 .T 419 

420 H 420' 

421 . R 421 

422 A 422 

423 

(-7) 
(b) 

Figure ll.l3 Techniques -ror 'storing lists with tlems of differen' lengths. 
(a) Tab~.e wHh the _oddre~s of first cl'"''J~acler In eo::h 1!em. 

(t>) iable with length of eoch ltem .. 

o 
N 
E 
S 
E 
M 

1' 
L 
y 

SPACE 
S 
M 
1 
T 
H 
R 
A 

.r-

When lisis 0 ¡ re~ords with each record containing se~eral iterns are 
sorted. they are sortedon a key which cons~sts.?f ?n.e ofthe 1\ems. ~hus. lhe 
file shown ·in Fig. 11.1 might weli b~ sorteo w~tn tne license number a~ the 
ke Then 10 locate a particular record g:-ven t:o::> license number. a _bmary 
., 8~-rch w~uld be performed on the list. lf the !:st were s~rted on l1cense 
~ . be and we \V.IShe· d lo search the file fo¡ SCJIT:e olher allflbule. a sequen
nUITl r "d. t' · " 
tial search would be necessary. (Someti;;¡::;s tab!es or _ 1c 1onanes 
which list attr.ibutes-versus-key or iocation in m:::mory are used lo cut down 
!he search time. Fiies organized in this v:~y are ca!led mvert~d f¡/es. Refer 
lo !he Bibliography íor works giving detaJ.Is.) For example. 1! th~ file were 
sorlod using iicen-Se numbers as a key ano we W!Shed lo obtal~ ,he na mes 
of ~~! car owl}ers wi\h Cadillacs from some particular town. 1~ would ·be 

lo S ~arch ·1r.rough th"' file soauernral!y. iookmg at each record m 
necessary "' '· - -. · . · 
the file lo see ¡¡ the o·:;;-,er we;e Jr.om t:.e iO'"" 3ild owned a Ca~1l~ac."' _ 

¡¡ a file consisted of a seto! r:=;cor::is. vmn.e.ach recor~ contam1r.g_~en 
tences in the En'giish ianguage (as rnig_h~. be :he. ~ase Jn an .'~for~.:~:on 
relrieval system), the v3 rying iengths_ 01 _ine_:e ~en.e.nce~_.woLIId r:a .. e a 
s\orage technique ¡·nvoivi:~g use oían t:ND O>ITdv1 cnara~...'-er.or on~ ofthe 

· ¡ · · ¡-- -'· oí 'he ,o.nds of the sen.ences more tab;e tecl-,n,ques or Keepm9 ,a·-·" • · --

• 
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11.6 STACI<S. DEQUES. ANO QUEUES 
A useful- data slructure in cornputers. particularly in systems progr;:¡ms. is 
called a stack_ The name stack is-derived frorn the fac! that the data i',ems 
are arranged in a stack in memory which resemb!es ·a stack of plates in a 
cafetería. In o!her words. the items are s!acked one on the other. With a 
stack the astumption is made that only the last item placed on the stack is 
immediately available. This shows !he resernblance to a stack of plates. 
Only the top plate is immediately available. Similarly. ilems can be placed 
only on !he !op o! the stack. (This "last-in first-out" principie leacis to stacks 
sometimes being called UFO lisis) Placing an itern on top of a given stack 
(lhal is. adding an elernenllo !he stack) is c2lled pushing. and removing an 
item from a slack is ca:led popping. /1s an exampie. suppose we have the 
seto! iterns 1.2.3.4 5.6 arranged in arder. a slack cGIIed STACK. and two 
operatiol)s on the stack PUSH and POP. 11 each ilern is placed in arder in a 
new ordered set when it is "popped" or removed from the stack. then the 
sequence of operations PUSH. PUSH. PUSH. POP. POP. PUSH. POP, 
PUSH. POP. PUSH. POP. POP will result in 3.2.4.5.6.1 being the order in the 
new ordered set. Figure 11.14 shows examples of pushing and popping. 

Stacks are very useful in managing complicated sequences of interrupt 
or olher unpredictable operations. Placing inlormation concerriing program 
slate on a stack where it can be la ter found is a convenienl way to mar.age 
task · sequencing in system prograrnrning Stacks are so convenienl for 
sysiems' use that severa! computers have ilutornatic stacking of interrupt 
informal ion. 

A queue is similar toa stack excep! !ha! new ilems are added to !he top 
of the lis! buf ilems are removed from ihe bollorn. Thus. a queue is operated 
on a first-in first-out (somelimes called FIFC': --- <s ¡,_:s! like a wai!ing fine 

Stack "Pr,;·,p;: .; .. ,,,, 

i!••J¡¡!•· :•:: •. 
·Por:.'· • ; .:!1 

•J.¡. .: .. 

No~:::·. lnt~:·.•:;¡•,.:~~;¡¡l¡q••tl!!'ttit•I~:.J~l ¡•,., r:,¡¡. ¡, .. ···r ·l¡,, ·.' ,¡.· 
1(!\..tHd •• l~lr: 

Thep.JilltcfcoJ;l.lin~ ;t\•·,¡•1-.ire...,suf u ... .. ,,!:•··! ;i •:;¡·; 

Figwe IU4 Stock ope:al:ons 

ilr· 

•. ; ¡ : . • •• , : ,. ·r . , . . , ~ 



31Q INlPODUCTION lO COMPUYf.Q SCifNCt 

Oí oueue for ·a theatre. Queúes are useful in managing tasks when it is 
desirable !o service requests on a basis where "those who have waited 
longest'' gel atten!ion first. . 

A deque is simply a linear lis! where it is possible lo add or rernove 
ilems from both ends. d 

Sorne applications for slacks are developed in the exerc.ises at the end 
o! the chapter. The algorithrns-in Sec. 11.7 use stacks. 

11.7 LINKED LISTS 
The most natural and efficient method for maintaining dala· in a computer 
memory is the one-dirnensior.al array, which is otten called a linear /isl by 
those workina with data structures. There are problems. however, with 

', mainlaining linear lists when· many additions and deletions are necessary 
and the lists.must be maintained in order. 

For instance. in sorne systems where textual data rnust be frequently 
searched and strings o! characters must be added, modifíed, and deleted. 
a data structure ca lled a tinked /isl has be en found to be useful. lnsertions. 
and deletions can be easily made in a linked list; searches are moderately 
efficient. but the data structure requíres more storage space than in linear 
l"·sts. 

A iinked.list essentíally consists of a set of nades. Each node has·two 
parts: a pointer anda data ilem.t The pointer gives the (beginning) address 
of another node whíle the data ítem contains the actual data at the node. 

tThe h~rm data item _i_~ u!":.cd here ins~ead ol simpiy ílem to help di:'::rcn!iate the data part from the 

rc!nter part 

T¡ ..... ·i•!n~s·.;; 111 ~;TAhT q~\·•:~) ih~· . .Jrid;~::~:. r;f :!1e 

iw-.: ll'--'rn 1n ti'~ liS! t. 

E"' !1 :)nin!•Jr ··noinl~·· 1·• •H (_llvc~. -\!,t:-atldn·~.~ 

·-~ 11::• n!!1(1 l!•)d•: :n llu· lt;,t " 

• 

.! 

• 

Tt1is is shown in Fig. 11.15. !r\ actual practice the pointer wiil proba ti/y no~ 
· contain the full address of !he next noae. but will simpiy contain an index 
into an array contaircing the ac!ui'il add•esses or perflaps an amount.to b.:, 
added to sorne beginning ad~Jress !o form the actual address. 

In order to rnanage a !inked list. two other things are necessary: (1) The 
address o! the first node must be store-~ somewhere so we can en\er ::--.e 
linked \ist. (2) A special value or symbol which we shalí cail EOL (lor U~O 
OF UST) must be placed in th'.:: pointer of the tasi node in !he linked list 
(Thís could be a negative nurJ¡ber orO il addresses or indexes -are u sed as 
pointers. since eithervaiue wbu!d indicate that this was no\ a va lid poiri!er 
lo another node.) 

in order to represen! a linked list ciiagrarnatícally, we use 1t1e technique 
shown in Fíg. 11.16. Here each node is shown as a rectangle containing 
two parts. the data itern and ¡iJointer. The START box aives lhe address ol 
!he first node (a special valu~ in !he START box wil! indicate that there are 
no nodes in !he lis!). An arrovJ on ti>e drawing indicates to which node lhe 
pointer points. : 

The addition or deletion of r.odes is straightforward for a líniled list. and 
hereín líes theír prirnary advantage. To add a node. we símp!y place the 
node in mernory at sorne convenient unused address. Jllen the poinier in 
the node which is to prececieithe new node ís changed to give the begin
ning address in the nev,, node: and the pointer in the new nade is set to the 
adcliess ot the nade whictl is :to !o!!ow il. 

The delelion oí a node is also si;aíghilorward .. The poi::\er in the node 
precedíng it in the lin~ed list is simpiy changed lo the address ot !he node 
which follm-vs the node to be deleted. Examples of adding and deleting 
er;tries are shown in Fig. 11.17 .. 

A p~oblem arises alter ma~y-changes have·bee;-, ;-:-¡c;je :o a t:nked list. 
lf a number of nodes ha ve be~n cJeleted. there wíil b-s- ''hoies" in !he actual 
memory space used because eniries which have been óe:eiej wili still 
reside in memory even though they are ef!ectívely "dead." In order to use 
this space, sometimes "garbage co!!ection" programs are 'mitten to ~oilect 

cT' 
\ 1 -

-----.-¡. : r--
\'.!t"·· '~ : i ·--~~r~~-~---~~--.... 1_¡ -_-.-:¡. 

_____ _: _ _, ' 1 -

' Symboflc :epre:.er-.lal.on o! o IH~itn-.::t lis! 
' . 
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---Till'o :1 it_;.j:, .:Jd•:•! !:, o!•·ti"j;rt~j lh":' 

(al 

r•rttnh'• in li·~ nu:i•' • ~"1FtJ:II•¡¡.J \\'HO 
to y•v·· it~ ;.;udl·:~ iJftd pL,,, .. l¡ !he 
adúr~::.s llf lh'.:: nude L.JmtüiiHII9 tJ1ASK 
in 1he rointer of the n•!W node 

. ["~').:.:·:·!::: ;¡,:'::;;;' .'::;,::.::::;·;,:7 
'te· ·;:,!:•.; :·· :: .. , "'"jr. ít:nl..,ini"g GO 

_!!))_ 

figure 11.17 Adding ond deleling node>s ln-_o linked lisf. (a) The linked lis1 in Fig. 11.16 wi1h 
on odded node. (b) n--íe linked lis1 in (a) wilh o node deleled 

lisis of "free space" which can oe used for new entries_ ~imilarly, some_
systems maintain lisis -of freé space continuously so lhat memory is not 
wasled_ A particularly advantageous strategy consists ol maintair.ing the 
lis! of free space in a_stack'and pushing cir popping noqes from the slack · 
as· nades are released from or added lo the linked lis!, respecliveÍy_ More 
details o! !heseprocedures can be fbund in the exercises and still lurther 
delails in- ihev;mks in !he Bibliography_ 

Noté that á linked list mus! be searched sequentially, even though it is 
mainlainéd in sorted order, because the_ entries are no! actually in arder in 
the rnemory_ (Sep<•:ale tab!es can be kept to facilita!e searching, b11t this 
;,,_./.,c_o_ -_::;ic::;; even more space in memory.) • 

11.8 TREES 
As can be deduced froín the prec_eding descripiicns of Cata struclures 8nd 
thé ál;~bfitil~Y:S 1 for searchinG &:!d fvr deletinQ and ir:seiiir;~ nevv iferns. the 

• •• 
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... -, s:ruc.lure e:nploy,'d r-,.-,:; a ;}·oíC>u~'u r:::fecl Dn . •_;:~iency of !he 
· 2•JCl''thm used.and !he a~nount of memory requded ·- ·'"-'•Cular class of 

dJIJ struclures_called trees provides for reasonably ul:,(::c:~l search algo
ri!hms and inseriion and delelion algorithms, with !he per:afty o! addi!ional 
memory required for implemenling ihe structure_ 

The lerm tree derives from !he name of !he familiar "woody pere:1nial 
plant,"t bu! usage in compu/er science appears lo derive from a mélthe
matical structure in graph !heory_ A directed graph is a colleclion of nades 
and branches with éach branch connecting two nodes. Each branch in-_ 
dicates a direction (an arrowhead is used al one end of !he branch in our 
figures)_t Figure 11.18 shows a drawing of a gr~ph with s.everal nades and 
branches. The positicin o! !he arrows on !he branches is irnportélnl. for if lwo 
nades are conneéted by'a branch, the nade al !he end of the branch with 
no arrowhead is called !he predecessor o! !he node a~-~he ei1d of ihe branch 
lo which !he arrow points_ Furtl1er. if node A is the predecessor of node 8, 
then B is called thé successor of A 

In arder ior a set of nades and branches composing a dirc-:-•ca graph to 
qualify as a free, two other properties are required: 

1 There is a single node which has no predecessor_ This nod~ is c~l:ed lhe root_ 

, 2 Ev8ry node. excepling the root. is connecled to the root by a u~~:~ ve {)ath. v.!lere a path 
consisls of the branches connec:tinq a. se.que;-.ce of nades N,.N?. . N,.. . .,.,.::e: e N, is !he 
predecessor ot N,., for all i írorn 1 lo fv1 ·- l. íNoli:.e tt1at there ca.-: 02 c.,;:;y or,._? patn hel\-veen 

1wo nodes if lhe pa\h is unique_) 

1This is·from the defmilion in .. Wt:bster's N~.v Col:e~ia'l'1 DJCttonary.' G & C r.~ .. :~r¡;:;m Co:. Snnngf,eld. 
Mass. · 

2ihe grapns in Fig. 11.19 are al! di;ected graphs. Undi:ect~ gra::~h5 ic·• r.c: r-:c1:r. g:3::-~s) have no 
direction to the b:anches. Consider a roá-tJ rr,ao. The ;:;:;es Gre l·~-~ !• ~ -: ::ss. 27~G ;··.~ ~oads are 
like branches for an u:1d•recied graph .?.ir,ce we car. dri"''= i;¡ eirne; d:!t::c:o--

Flgurt: ~i.18 ÍH~S'S 

/Root nod_~ 

R 

(a) 

~~ 
\ 

/\\ . 

J .. ) X 
/~ lf ' 

-, -,' .\ Jt_ ~ r ~ • 

/ '·· . '\ "\. 
l \ \ 
l ;: 
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Figure 11.18 shows severa! trees. For !he lree in Fig. 11.18a. a path 
from !he root node A !o !he node O follows the nodes R.A.B.D. Does this 
satis!y requireri,ent 2 above? Yes. for R is the predecessor of A. A is the 
predecessor o! B. etc. 

There is a considerable lilerature in maihematics coOJcerning trees. 
Severa! o! !he works in the Bibliography cover !his material. 

In computer usRge, a most importan! kind of tree is called a binary free. 
lt has the characleristic that each node has al rnost lwo successors. Figure 
11.19 shows severa! binary !rees. · 

O.ne rec;son thal !he binary tree is so useful as a data structure lor com
puters reia!es to the means of sloring a tree structure in a cornputer rrrefn
ory. Le! us assume iha! we are to store a nurnber o! data items in a memory 
using a binary tree s!ruc!ure. First we shall represen! !he data structure lo 
be used as !he graph of a binary tree. Each data item will be stored ata 
node on the binary tree. For convenience of descriplion we shall assume 
the data items to be sirnply English letters, and we can then use each !etler 
as lhe name of a node. Figure 11.19 shows this arrangement. 

We can now slore this !ree in mernory by associating wi!h each node on 
the graph severa! words in rnemory which contain (1) the data ítem at the 
node and (2) two pointers. one to the lefünost successor node and the other 
to the rightmost successor node on the graph. A START pointer which gives 
the address o! the root node will be required so we can enier the tree. anda 
special pointer value will also be required which can be placeo in any 
pointer and which indicares lhat no (leftmost or righ~most, whichever the 
case may be) successor exists. An example of this arrangement is shown 
in Fig. 1 1 .20.t 

'As bef·:J!S. !he p~inlPrs may be s.imply inde~es ;r~!o ~n array, va.!ue~ 1-::- ~E ;jded to SOí'le !:.ase "éh.Je. 

etc .. thu::: ~2ving memort space. 

A 

(a) 

t'i9uro 11.19 Bino ;y tree¡ 

. , .,. 

A 

(b) 

• 
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-·- _l _J , ___ L.L....r [-.- __j [_j j. L. L-_L_ 

Figure 11.20 ·Dala stoucture ror bino_r; free in fig. n.l?a 

As may be sunnised, !he storing of two pointers with each dala i1em is 
~or~1ewhat uneconomical i0 !he u.se of mernory. The compensating fac!ors 
''~ m !he ease with which: ilsms can be entered into or de!et·3d from !he 
brnary tree and !he facility;with which !he tree can be secrched (provided 
!he nodes are correctly arranged). 

· Notice that. the tree in F¡ig 11.20 has the nodes ordered' in a specific 
:nan~er .. The reftrnost suc~essor .nade always precedes its predecessor 
m arphabet;cal arder. whi,le the rightmost successor always foiiows ils 
pred~cessor in alphabetic ;arder. When a iree is arranged in this way. it is 
co;¡srdered to be sor!ed. . · 

An importan! use of trees in the data structures for files involves a <ree 
where_ each data entry is a single symbol. This structure is cal! a syrnbol 
lme. F;gure 11.21 shows &. gra;:¡h o! a syrntio! tree for severa! Engiish words 
At ea eh leaf, in 1he tcee !he :address oí the record for the word which terrni~ 
nates in !he leaf is stored. Thus. to íind the record correspond:ng ¡0 a given 

1 
r 

~A leaf in a symbo! 1rce is a node ~t tnt· end of a word. 

1 
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Addres:s AdrJress Actdr~~s 

Figure 1t21 S·;mbol free 

word, we ssarch !he free :ror the woró; and if it is found, the record ror' !he 
word wouid be poi~ted to by ihe poiriter ín the last symbol in the :.Vord_t 

An importan! pÓÍnt can be noted here. The tree in Fig. 11.21 has severa! 
nodes with more !han. two -successor nodes an_d is _therefore not a binary 

· tree. The graph can be stored as a binary tree, fiowever, as shown in Fig.-
1 i.22. (Notice !he :method· for handling nodes wi!h more !han two suc" 
cessors:) . 

(The !rees in Figs. 11.21 and Í1.22 could be used in a directory for an 
inverted file. see questic:ins 6 and 7.) 

In order lo searcli trees siJch as !hose in· Figs. 11.21 and 11.22. one can 
use a version of the binary search algorithm. The search is almos! as effi
cienl as !he. binary search for linear lisls or arrays. The inseíliori or deleiion 
ot a name of word in these files is straightforward and efficient character-.· · 
is\ics that compeñsate for the addilional search time for many files of 
intefest. 

in ordeí to be searched elficient!y. a binary iree mus! be maintained in 
what is called baíanced form. The exercises ihat foliow investigaté this 
subject along with algorithms for bsi&ncing trees .• searching trees. and in
ser\ing and deieting nodes from trees. 

'l., pCtss1b\e: 'Jse- is to hi::!Ve l!le vmrds be 1hGse in a dictionar-y é:ld the recorCs be their rje:;r.iEons. Or 

the wo1"ÓS rñigill be the Dewe·; Cecir.,at no:a!ion ior b'Joks ín.::. litv'áry ano lns r;?.::,:::-Cs :he ds~~:wlion of. 
!ht b()(li.::s. 

•• 

. • 
.1 :. 

Figure 11.22 Doto structure for symbo: \ree 

EXERCISES 
1 For Fig. 11.1 list !he record relati;1g to F. R. Ja-:kson. 
2 A good key for Fig. 11.1 WGuld be ·iicense number.lf we use n<;me of own~~ tor 

key, a key may not be unique. Why? 

3 Giv.e ~he ~-ollating sequence for letiers a.nd numbers :n t::e ANS( (o( ASCil). 
cooe ,n Cnap. 2. 

4 Give the cof1afing sequence. for ie!iers aiid nurr:t--2rs 1or ;h:: EBCDIC code m 
Chap. 2. 

5 Oiscuss sorting a lis! of n:2n1es in EBCDIC or .~SCH us;ng ;f-.-::; :-;!.;rT,::ricai valu~s 
as nur;-,bers (inte:gers} i:~ ~he sort :-ou!ine. 

6 To qeaích the fil?. k1 F:g. 11.1 fcr é. record Givsr: n-,f? : •. ::>':-.-·':;.:: 1-:~:~:t.er. we. w;)uld 
~robabiy keep the 1iíe sc;r;ed wifh lts'ei;Sé i1Uif:S2f as¿; :·?y. H ,T.ér;y derr;ands 
'Nere made to set1.'"Ch ~he file for "r,ame of owr:er:· it :.-.·-:~ .. _;;;:; be convenient to 

/ 
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----- -· --Tree exampks 

Trees 

_______ }}te _ _!J~_e o[_ fioyvcJlarts. t() repre.§C!lt I!.lgQ.r_ithms __ has ,helped us_ 
to recognize their underly_ing stntciure" Furthermore, atten
rion paid to the structur_e of an algorithm usually rcsults in 
a better understanding of the computational process~ and often 
results in our recognizing alternatives and potcntial improve
ments to the original design" Similar rcvvards ·resuh from rttten
tion paid to the stnJChlral rclationships among the components 
of a set of data. 

Therc is, in fact, a dose·"'-Á)nnection between thc-stéps we 
need to cxpress an algorithm and the way we choose to think 
about or represi:nt the da m that are ro be transformed by that 

. algorithm. Experience in constructing algorithms fosters an 
increased appreciarion of this interdcpendence. You will gaín 
sorne of this cxperierice by st.udying the next severa! chapters. 
Your ability to analyze the stri.lcture of a set of data and hmv 
alternare reprcsentations of ir can all'ect algoríthms using such 
data, undoubtedly will improvc. \V'c have already considered 
two st_ructural forms for data, lists and arrays. Another typc 
of structure is called a tree (Figure 6 · 1). Trce strucrurcs are 
important in represenring ceruin rypes of data and, odclly 
enough; the essential stcps of a numbcr of algorithms exhibir 
a trcclike structure. 

First \\'e will gÍ\'C two simple examplcs of a proccss whosc 
· strategy of execution (algorithm) can be pictured as a trce: and 

two examp!cs of data that can be pictured as a trce. Larer, we 
will tacklc threc fa<>cinating probkms, thc tirst onc at the end 
of this chapter and thl' orher two in Chapt~:r 7, Whcn we have 
finishcd 'this studv, wc mnv cbím thc titk trc·c exf>~rt. 

' ·• ..' "' J 

Lct u,s agrcc now, bd.l)n: \\'C gct too far along,. that trees 
in this clwpter will bl' drawn upsidc clown (Figure 6, 2). We 

• 

• 

• 
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FIGURE 6·1 

Example l. 
· Trcelikc Algorithms 

FIGURE 6·2 
This is an upsidc-down treé .. 

COMI'.UTER SCIENCE: A FIRST· CO~RSE 

This is" trcc. Tllis is nul ;o lr,·c. 

do this only because it is .cór1venient You have to be willing 
to think of a tree growirig .tO\vard the. earth, its trunk "hanging" 

from the sky. 

Our first example shows how ·we can represent thc 16 conclu

sions to the well-known eight-coin problem as a 'fc~e<.:i~ion 

tree." The problem is this. You are given eight .coins, a, b, 

e, d, e~ f, g, ~md h, and are told that they are all of úniform 

·· weight except one; \vhich is .either heavier or lighter than the 

others. Yciu are given an .equal arm balance, but you may only 
use it three timq for cornparing coin~ or groups of coins~ Your 
job is to. determine the maverick coin and wherher it is lighter 
or heavier than the .rest . 

. Ht:te ·is· a .stratégy to use (se e tigure· 6 · 3) for all possible 

. cases. 

l. C·o~1pa~e the \v.e!ghts of t\vo subsets of equai numbers .of 
coins and consicier the significance of .the three possible out
comes. If tbe weights of rhe lw.o subsets are' equal., the .coin 

in.wl_lich we areint0rcsrcd cannot: belong ro eirher of the 
· éornparcd subsets. · 

. 2. o'nce we have -isolated. a .pair :containing .the "odd" coin 

and we viant to ~know ~vhcther one of them is heavy pr light, 
we wcigh one of th~ two :CÜi1Jiciates against .any other that is 

known ro be "standard." 

; .1~i1e~e are 16 po~~ible cases, each o( which may occur, 
give~·the eight-·labcled coins. The algorithm shown in Figure 

6·3 has a treelike strxnm~. Condusions are reachcdby'follow-



'FH)UI~E 6·3 
-~lf'ct: di:1grarn -O.f a ~tr~ncg)'· co 
idcnt. i (y th·~ oJcl cniri. e 

Condusion.-; 3rc: sub~cripr..:d: 
. subscript B m..:ans h.:a1y; 

:~-~.h:>cript L rnc·ans lig/1: . 
.. ~ ... 

• 

~+b+ : o!->f+g 

----------------..... 
e+o:b+f .\ 
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COMPUTE R SC 1 E N,'~ E: . A f 1 R S T Cc.,,,R S E 
• ::> ·;\ . ,·"..... 

. . . . ' .~'-._-
l~g a umque parh (a sequen ce of thrce:':.w.·~-'-'·: ·. . · . 

· · · · f ·. · · · · ::,r:Jgs) 1 rorn the 
. ~op or. root. o . the rree · chagram ro .onc of rile, t~''··" · · 

. 1 ·· • ···tl boxes or lem•es ar the bott0111. ·. ,: 
~. 

,. ~- t \ 

1. ,.For dccisicin box iip Figwc. 6 · 3, explain why: . . . 

/(a) If tl1e relariq~ :) +.e.;> f + b is true, one may conduJe tha¡ 
a> f. · · 

(b) If the relation\:t + é. . . f + b is true, one may conclude t!HI~, 
. e> g. .\. 

(> (e) If the rdation\+ e < f + b ÍS, true, ofi'e 'in ay 'con~lude rha~ 
h.> e. 

· 2~ ·_Explaih why b may l~ n!gardell as, a. "standard" coi o, nt dccis.ion bo~. 
5 but not at dccision ~)OX 7. · 

3. ·, s'uppose you'are givci;;,~2·sccrr1ingly identk:al hnl!s and are to!dtlwt 
one ball is hca·vier thal;l tlw ,ol.hl'I'S, which are uf rhc s:11JlC wdght: 
Draw the rrcc cliagram 4l.gor:irhnl ro idcntil'y thc heavy bal! in thre~ 
weíghings: . 

4. Suppose yo u-- are given 12 sccmingl y ic!enticai balls and are told tha~ 
one ball is J¡jf¿m¡t in \veight (~:ither hcavicr or: lighrcr)~ Draw u .tre~ 
diagram algorithm ro i.d.:;n(il'y rh~: ndd ball .amito determine whcthe~ 
it is heavier or !ight~r in thrcc weighings. 

5. Are all decision -~~q.!J~nc~s trec; structures? Consider the thrc\! t1ow-; 
char.ts below. 

' ;~ 

(~) (e) 

(a) Which of th.~s.e ar.e tre_e strl!qttres? 
(b) Conside~ thefollowingat~t.;mpr to definea tree str)J.cntr~ . 
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Exaniple 2. 
G~~e '-rrees 

The mies of "Eighi, 

I'RE~~/¡"· f . . . 

7n A rmde having 1,10 -Sc~menrs .. extcnding .from it is a tenYÍiua! 
node · .. · · 1 ·'.. .. 

(2) ;:\ nodc having Dóe ;)¡~ more scgments extc:ndíng from it is 

/

a nontennilwl nolk. · 
·. . (3,) A tree ·stmcture is a termimd node or a nonterminaí node 

· j whose scgmerir~ conhist either of terminal nodes or tree srruc:.. 
1 tures . . • 

Wh~1t corrections or adciition:'>, if any, are necded in the above definí~ 
tion' so t!un, when applicd to ilowcharts a, b, and e, yóu will re~ch 
the; same conclusions rhat you came to in thc answer to pai"r a of 

· ihis probier'n? 

i 

A more Jnteresting type of dccision tree, frec¡uently referrcd 
to as a H.:anie tree, shows the moves made by the pl:tyt-rs. Eacb 
time a ¡player makesa movc; he selects among t.he available 
choice:·~- of "legal" m oves. Ea eh linc segrncm of rhc tree reprc~ 
scnts one choice by one player during the playingof onc game. 
Figm\-: 6,4 ís a trce for the game of "Eight." This nvo-phyer 
garnf:: is so trivi!.11 you may not enjoy plnying it \i·ery lo11f;. ús 
tree · is simple enough, howevcr, that we c~1n :>mdy it easiiy, 
and it_scrves as a good illustration of similar but für more 
cornplicated games. 

Each player takes a turn at picking a number frorr1 onc to thn~ej 
~tdding this number to a running sum that is initinBy set at 
:zero. The first plnyer has a free choice of numb.:::rs 1, 2; and 
3. The_ choice in each play thcreafter is restricr.;:;d. A player 
may not choose lhc opponern's preccding selection. The player 
\\·ho ~)rings the running sum w a totttl of.exactly eight wim: 
thc game; a playcr exceeding l:ight 'loses. Thcrc is no dmw 
possi6!c. 

\Vhcn we study the g:mw trc,e, we can observe rhm a 
·complete game froin start to linish is rcprescnted by onc-path 
::(e:g., the colored line) from the beginnlng or root of t:h;; tn:e 

ciown· t,o an end or terminal point. Player ¡\ tihvays moves íirst. 
Thus, on the gn.:cn line, 1\ chüoses l from nmong thc three 
initial choiccs. Then B chooscs 3, thcn A chooses J ~ and so 
fonh, untit· at the last 111Q\'C ·for A thc running smn is 7, and 
his cho1ces are l ami 3. So he chooses l to make the sum 8 

~and wins: Triangular-shapcd cndpoints denote a win 'for A. 
Square-shapcd cudpoinrs denote a \Vin for B. 

- .·< J 

• 

•..... i - . 

• 



Plclyt:r A will mov.e first 

Piayer B will move next 

Pi ayer A 

Pi ayer D 

Playcr A 

FIGURE 6·4 
Tree for the g;:;me of Eight. 
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D A..,.:ins 

ORwin!'> 



\:!XERCISES 6·!, 
Sf:T B 

Column 

Row ~ 
.¡ 

1 
5 

3 \1 y 
S 

FIGURE 6·5 

3 

3 

6 

~:~ 
<1 

Bllard position at thc 
hq;inning óf t!t~ g:.nw of lkx. 

TREES 

lEach tirne a player makes a move, you can imagine he 
lookG á1 three choice::; 1, 23 and 3. After the vety iJrst choice 

mxt one <.1f these; t:J.s th¡;: game ruks demand. lrrad

YrJis;;ible •mo\'ts vvo·cdd not ordimni1y appear ín the tree because 
:dit:y tend w clmter rhe ·diagram. \Ve:.have·shown them as dashcd 

· 1ines for B's firsr move only as a reminder. 

1~. (a) How many distioct gam(."S of "Eight:" are there? 

Imagine the game of Eight is played by children at the .local 
kindergarten in thc following way. Player A twirls the arrow of a 

. . . q) 

three--part spinner, to select the initial move. \ . 2'1/i 
1 

\e 
. '-.._~ 

There~ 

after, each player tlips a coin ro decide nmcng ihe two admissible 
choices. (heads thc smaller, tails ih~.: !arger'.) 

(b) \Vhal: percentage of gamcs p!aycd will follow· the color !ine path 
in Figure 6·4? 

(e) Wh::~t are A's chances of ·winning? Ex¡)ress this tesuh a:; the 
:munbcr of gamcs won for ewry lOO g<Hnes played. 

(d) If cach pbyer chooscs ench movc as shrevvdl)/ <t.> possible, what 
do you think •m: .c\'s dJ;mcc:; ul· winning if A plays iirst? The 
answer is O times out of 100. Sce if you can dr.;vdop a proof of 
this asscrtion. r n Chapter 7 wc will take anothcr loo k ut thü: 
proble_m. 

In each of the next two excrcises, you are given the rules 
· of a simple, two-player game. Your job in each case is m show 
part or ail of the game rrc..; with at lcast four compkte gamcs 
clisplayed: 

2. The game of Hex (or Hexap:l\vn) uses a 3 by 3 chcckcrbuard. Each 
playcr begins the game with tlm:!c picccs on his base line, as shown 
in Figure 6 · 5. Play alternat:cs between green nnd gray. The rules of 

. the gamc are as follows. · 

. (a) Either green or gray, in his turn, can movc fonvard one space 
ro an unoccupied position. 

(h) Or he can mO\'C diagonally onc space to capture :m opponem. 
A captured piecc is remm·úl from the board. 

(e) Thc gamc is \\'On by n:aching tb: opponem's baseline" 
(d) Or by kaving the opponcnr wirhour a move. 
(e) Or by capturíng a!I opponent pi~·ccs. 

llint Each segment nf thc tree shoulJ be labded to indiciltt thc- movc 
it n:prl:scms. Onc.: w:1y would b~· to show the !xfm·,: :md oji",-r row, 

• 

•• 

• 
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Example 3. 
.Monorone · Subseguences 

3. 

COMPUTER SCIENCE: A FIRST COUHSE 

column valucs of thc ¡:iicce that is moved.· For ex:unpk, (Hl gr~~;1's 
first plny he has thrce choiccs: (3,1) ~ (2,1), or (3,2) -• (2,2), or 
(3,3) :...:. (2,3). Each of thcsc moves can be funher abbrcviatnl t.o 
four-digir numbcrs without loss of information, tlwr is, 3 J 21, 3222, 
and 3323, n:spcctively. 

Alrernativcly, if we give rhe squan:s of the board thc explicit 
names shown as small digirs in the Jowa right corncr of each squ:¡re 
in Figure 6 ·5, then we can .use a som<..'what more có111pact rcpn::
sentation of a mo\·e: 1nstead of four-digir abbreviutions (c.g., 3!21, 
3222; and 3323), \\'e can use rwo-digit abbrcviations ( e.g., 7:1, 85, and 
96, respcctively) wirh no risk of confusion. 

The game of "31." Take .a die and .roll it. The si de thar turns up gives 
the. running sum's initial. value. Thercaftcr, each playcr movcs by 
tilting the die over on its sicle ( one of four possible si des, of coursc, 
and remember that opposite faces 

always add to seven). 'T'hc side thnt fllfllS up afrcr the t.ilt-ovcr i~ 

thcn added ro the running sum. Th.;,: gnmc procceds tilt afta tilt. ¡\ 

player whose tilr brings th.;,: total tu cxuctly 3! wins rhe gnmc:; a playa 
· exceeding 31 loses. Th~'rc are no drnws . 

Flowcharts of algorithms often havc the characteristic' treelikc 
structt,1rc, but it is also intercsting that data cnn be arr:1nged 
in a treelike structure. Here are nvo exnmples. 

Suppose you are given a sequence (i.e., a list) of N numbers, 
all .giJaranteed to be different. What is ·the !ongcst mono;(lne 

subsequence in the given sequence? 
By a subseque11ce we mean ~he list that remnins after 

"crossing out" sorne nun1bers in the original list If, for exam
'ple, the given list is 

5 o 9 6 1 12 3 7 2, 

then one · of the 511 (29 - 1) possible subsequences of this 

seqtience is: 

~ 6 9 6 t 12 3-1 2 

:that is, -9 -612 3 2 . 
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~fhe :reason fot explaining this idea in terms of "crossing 
oaf"' i:; to make it absolutely cleúr rhut t.he order of the remain
ing terms h not altered. By a monotone subsequencé we mean 
one in whfch either the values 3re increaslng from h:ft to righ!: 
or ~j;_fle in which they are decreasing. Thus the preceding sub
secrueüce, 

is not · rnonótope, but. the following two are, the first being 
iñcreasing and the second decreasing. 

p o 9.~ l)f 3 7 ~ 
~ ~ ~ ~ t )J 3 1 2 

You can check rhat the increasing subsequence is the long~ 
est possible; th6t is, there is no increasing subsequence with 
more than four elements. The decreasing one is not the longest 

po~sible, since the subsequence. 

9 6 3 2 

is longer, 

It is possib!e to deve!op an ¡,¡lgorithm fo:r dt:tcrmining 
longest monotone subscquences of a given scquence, Out imer~ 

· est here is a .bit diiTerenr. Suppose you are ask.ect to pictme 
all the· possíble rnonotone decrcasing subsequenccs of our ex e 

ample sequence, 

5 o 9 6 1 12 3. 7 2 

A hopeless task? Not if we think in tcrms of trecs! Scc the 
ans\vel' in Figure 6·6. 

A most revealing discovery! We have takcn a string of 
numbers, posed a particular -problem concenúng· that srring, 
amfdiscovercd ~hat the. problcm's answcr coulcl lic Ül ·ii1spect

ing a rdatcd tree. Noticc that every monotonc decrcasing sub
sequcúée in S can b~ representec! as a path running from the 
root ·s to one of the tern1inal squares. From now on, we'll 
cafl thCSC circfes anJ squarcs IlUdes. 

The longest of such subsequcnces is easy for rhe eye w 
pick OU[ once the tr~e ÍS drawn. It is tht.' 0!1t: \'\'ÍlOS~~ ftrminaf 

nvde is fo~ind at a levd of the trcc 'farthest from thG root nodc. 
· · '· In this e~arnple, only one p:Jth rcachcs to leve! 4, so therc 1s 

only onc 1ongcst monotonc ckcrcasing sub$cqucnce, 

·¡ 

• 

• 

• 
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Level O 

Levei 1 

Le1·e12 

Levci 3 

FIGURE 6·ÍS 
Treé óf monórone d<'Cn:asing 
subsequences for .the llst 
S = 5; b, 9, 6, _I; 12, 3, 7, 2. 
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FIGURE 6·7 
Data rak..:n from t_ht: printcd 
dass schedule. 
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•. Y.f a computer is to be used for this .approach, we must 
have an a1gorithm that~ in eifecr~ systematically scans thc entire 
'itee. This is rhe im:eresting part, which will be takcn up swrting 
vvlth the next section. 

lL Construct :;:: tree that db:p!uys all mo:mtone increasing subsequences 
of rhe same sequence given in Figun3 6·6. 

2:" Drmv the uee that display:; al! monotone decreasing subsequénccs for 
the sequence S dcfined as 

S = {3~ 2, 1, O] 

3. Imagine you are a srudent registcring at a university and you have 
decided to enrol! in a panicular group of f1vc courses. The nve courses, 
together wirh the available sectiom and _the times each will be taught, 
are Jisred in Figure 6 · 7. We presume tl1ese data are c:xtracted from 
the of!kial dass schedule. Notice that the tirnc periuds are lett..:r coded 
for convt:nience. · 

Course Op.m Sediom 

ENG 132 . D (9-10 lv1\X1F) 
E (lO-!! !'v\\VF) 
F (11-17. 1\-1 \V J :) 

F(ll--12 lvl \'í/ F) 

H (1-2 i\·l \VF) 
Q (10-11:30 TTII) 

HIS 231 . F (11-12 Jl>t\VF) 
H (1--2 MWF) 

MTH172 D (9-!0 M\X'F) 
F (! (-!2 MWF) 
Q (10~11:30 T'l'H) 

ese 13t F (l!-12 M.WF) 
H (1-2 MWF) 

Timt:tabk 

i.""• ·¿~~;';~-~,:._ .. , .. \ ' ·--~~--~,~~i::~~;;~~::~~~~f~:-;;;;:~·i~;·s:;a._~~--, 
• 1 

~.....,.. ___ ...... _·:~-~~·_: .... __ ....,.,.,..._,:..:~------·-r .. --~ ... -~ .... t·---~·-·-.u-=--;~,.:..~~ .... i-
' l No. 1 · No. 2 ¡ No. 3 ¡ No. 4 1 No. ' ¡ 
~. · ,;o-,·•...,.J<.I~:··-··· ·-··--·•'••-.•~• .. --~·•-· ... ......._~,····---...,,~..,., 

~. ENG 132 · · ' l j i j 
. ' 

, .... ._w ~ .... , ... -,... .._, ~-• • , ......... ~A· •', • ,1.;, ''" '""···'--~• •• •. , . ......... OU .. ~ 

1 

. ¡ 
'O,' .-~-... - •• O 0 ............. OAO ............... 0 ... •O, <o V~- ...... ,~ ... "'' > 0 ~'1'' ..... ,_, ~'"' ..... i 

j -
' l 1 J f j • ~ ............ : ... -ID-' .. - ..... ~--.-~ ....... _._ ....... ~:4.,~~~- .... ",, .......... l ... ~~ 

.FRE 141. 
1-

.. HIS 231 

MTH172 l 
' ' •.••• - .......... ·._ ... _. -··-.................. ~ .... ......_ •• ~1¡,¡ll" ..... ~ ............ """'-....t"'• .. ; ..• ..-...- ... ...: ...... --... ! 

·ese 131 l ¡ 
• .......... ' ...... __ ,.. •• ... ......... ~--~ ·- ·,.~~ •• IU,.o ..... ___ :..,¡....._.-..___ ._ ............ ........:.:.... ... _ ...... • .................... '"' ..... v .. •• 

• 

•• 

• 
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Docs a possible set t'f nonconllining'· sectioi1s for the five cumses 
exist? Thar is, is it possihle to selec't '' SL'l wit h río time .c<inflict~? 
If so, how many distincr fcasiblc sers can be s~k~cted? To be tlisrin~t, 
a ser· necd dítlt:r in no more than onc stctíon from other possitil~ 

· scts. Complete a column of the timcl!lbk shown in Figure .6· T tor 
cach feasible ser. 

Hint This problé¡:n and orhers likc it can be sol ved sysrcmatica!ly 
by constructing a .trce of labcled nodcs, The :;tructurc for· thc trec 
could be such that thc ser óf nodcs alohg any path emanating froín 
the root rcpresenrs a ser of noncontlicting course sectinns; For ex·~ 
a m pie, labeled nodes at leve! l could represen t. thc various nvailable 
sccrions of ENG 132 (Figure Ó·8). Nodcs at lcvel 2 coulct com:spond 
ro various sections ofF RE I-11, and so forth: Any parh .running from 
the roót ro leve! 5 such tl~at every node has a di1Terent !abe! woulq 
represen! a feasible set of courses. 

L~vel 1 (ENG 132) 

· 4. Imagine you are. a student registering at a universiry and assume that 
you have decided ro cnroll in the following six courses: 

Communications 267 
English.337 
French 231 
Geography 233 
Mathematics 272 
,\1usic 120A 

(COM 267) 
(ENG 337) 
{FRE 231) 
(GGY 233) 
(MTH 272) 
(¡\lUS I20A) 

Below are data taken from the printed class schedule. ImfigÍne .that 
.when you reach the registration desk, you find that cerrain sections 
of four of rhe desired courses are closed (as indicared). Prepare a trec 
diagram that shows whcther there are one or more possible programs 
open ro you at this time, permitting you to enroll in all six of ¡he 
desired. courses with no time coniÜcrs. If one ( or more) program(s) 
is (are) available, prepare a filled-our timerable whose formar is sirlli!:Jr 
to tll.at gi ven in Figure. 6 · '7. . .. ' 

5. A smdent who was planning to work every afternoon ( I -5 p.m.) for 
the Athletics Department was also hoping to enroll in all of the 
following six courses: COM 267, MUS I20A, GGY 233, MTH 272, 



COM 267 
.P6üi 

·~.'};~~·ttJS 120ft 
::~:!':;\~ EóOí· 

Hó02 , 
P603 
QG04. 

GGY 233 
F601 
H602 
S603 
U604 

AiTH 272 
D602 

. E603 
Hó04 
P607 
P608 
S6!0 

FRE 231 
E60J. 
F602 
H603 
1604 

Q605 
S606 

ENG 337 
0601 
E602 
P604 
5605 

~lÍ TREES 

''rV-FfLM SCENE AND LIGHT 
l 17-KUHT . 930-llAM TT.H 

l'vWS1CYAN~~I-1n~ 2 
129-E 
129--.E 
129-E 
101~-E 

· WORLD REALl\.\S 
101--AH 
101-AH 
210-AH 
101-AH 

CALCULUS m 
204-AH 
2!6-.'\H 
116-T 
7-AH 
lll-7.: 
211A-SR 

JO~ l L\;9i \~ F 
l ~2Fi\ \ 'Y/F 
9-lOA,\i TTH 
.W-11 A!vi TTH 

11-12 MWF 
. l-2P.Vl MWF 

!-2:30PM TTH 
4-5:30P,vt TTH 

9-IOAM MWF 
10-11 :\.\t M \X'F 
!-2P:\l :;,t\VF ·• 
8:30-JOAM TTH 
8:30--!0A,vt TTH 
l-2:30P.ivl TTH 

iNTERA·1EDIATE FRENCH 
.303-AH 10--!JA,\-1 MWF 
!06-Z 11-12 P,f\X1F 
105-Z l-21\\1 M\\'F 
!05-Z 2-31\Vi M\X!F 
rJl.:.Z lO~ li:30:\M 'ITH 
112-Z l-2:30P;vt TTH 

SHAKESPEARE 
105-C 
UO..;C 
110-C 
113.:.C 

9-1 OA1\l M WF 
'10--11:\L\1 M\'X1F 
8:30-IOAM TTH 
!-2:30PM TTH 

COLUNS 

.!Vm.JLJB:R 
MILLER 
HORV!T 
BENJAMIN ,... ____ .. _; 

. \ 
HYER ,,_ ___ \ \ 
PALA·1ER \ 
SHERIDAN -<J--\ \ 
COFFMAN ~ \ 

\, 
RADER 

i 
·¡ closed 

-~-·---··--·-··-· - -·-------·· • -·~.- 1. •• 

RADER 

,\tCU\NDON 
JANSSENS . 

lVlCDERlVíOTT 
HOWARD 

j{ $,.:crion~ 

!1 
/! 
¡¡' 
fi 
¡/ 
1/ 
/ i ¡! 

1 1 
i 1 
1 . j 
1 ' 
: . 
í ' 
f 1 

HENDERSON A 1 1 
f.AKER .., __ :__ ____ ¡ ¡ 

l . \1"1"'1) l. .~t \.r! ... , ,... ____ . __ ,., __ ..... 

TI-lOMAS -

FRE 231, and ENG 337. He rcceived spccia! pcrmísskll r.o ~eg-iswr 
early' (i.e., no doscd SI!CÚOIIS ro worry about). Hü\'\' "mr.ny diJTercnt 
feasible prQgrams could he sdcct, given the prim~:d scht:du!e u"cJ 
in Problem ·1 (ignoring closed scctions), and still tahé~ th·:: óft~rnoüil · 
jcib wirhout a time contlict? 

Example 4. Supposr: ,,,:: ~:re gi ven 
· Tree Representarían. 

of Expressions .. 
((aXw + b)Xw)j2/(dXy) 

It sccms obvious that whoevcr first w.rote düs str!ng of chamc-
ters intendcd thar it have a mathemnricul merming. Hy now~ 
you are qüir:,; expert m intL'rprcting such stdngs, This int:ct' .. 
prctation, n:member, invul\·i:d tiH: applí,:;;tion d n n;L:t;vcly 
complicate"d sct of rules.(T:lbks 2,1 and 2"3). Figuti~ 6.,l) 

• 

• 

• 



• 

•• 

• 

FIGURE 6·9 

Asa 
string 

A tree representation of an 
arithmetic expression. 
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1 
1 1 

1 
1 1 

1 
1 1 

1 1 1 

1 1 1 

. 1 1 1 

1 1 1 

1 1 1 

1 1 1 

1 1 1 

1 1 1 

1 1 .. 1 

1 . .1 1 

1 r. '1 

1 
1 1 

.1 1 1 

1 1 1 

1 1 1 

1 1 1 

1 1 1 

1 

1 

1 1. 1 1 1 1 1) 
w ,+ ... h ) X w J t ~ / . ( d X y) 

~--:~ 

shows how we can represent rhe same string as a tree und gívc 
it the same interprétatiori .. We will quickly disco ver that · ü1e 
rules· for evalüadng. ::'in cxprcssion rcprescnted as u trec are 
mue~ simpler ro state because part af the interpretati01r is inher-
'ent zih the structztre af the tree. . 

.. 1:·¡. . ' ., . . . ' 

Befare proceéding . with this line of thought) it will be 
helpftil to su¡nmarize and · supplement the trce tenninolpgy 

· · dev~loped thus far. This is doric with the aid of Figure 6~ lOa. 
\'\'e see that every tree has a raat nade from which extend 

• ~ • ' 1 

segments (one or more) to other nodes, which in rurn bp1nd1 
to others, eventual! y ending in terminal or leaf nades. (Noticc 
that a root node alone is not a trce.) Every segmcnr leaqs ro 
the root of a subtree, which may be a terminal node. Nodcs 



í .. cvel3 ·, 

FIGURE 6·!0a 
Tret: terminolf•gy. 
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.Ya 

v-.s-- Onlinury nuu~ of J~gr~~) 
'ir h:~s 3 <Jffspringl 

can be located (identified)by !e~'el, which is a nodc count along 
a path from tht~ root !'ode to a terminal. The levd we associarc 
with the root node is purelyarbitrary, but we wil1 mmally t;_¡ke 
it to be zero. Thc nodes along a path are often r.hought of a;:; 
having an ancestral relatíons1:ip one to another. By analogy with 
family trees, moving from a root toward a tcrmirw1, cach nodc 
is the }>wem of its immediate successor nodes (o(i~p;·¡·ng). Two 
or niore. nodes having a common parent are somctime:; callcd 
sibliúgs. Finally, we can suy rlwt the d~·gre,! of a nod~: ~~ thf 

numbcr of its immediatc offspring. 
A node may al so be icknr itl.:d in tcrms ,cf th\; fX-i!lt thnt 

lcads from thc root to that nodt.: .. How can we ·n.·pttsent th~H 
path? An answcr comes ro mind whcn wc reali:t.e that rcprcscnt

.. ing a tr~e in n~o dir~~nsions imposes an ordcring on rhe scg~ 
· me1Ús that emanare from cach nodc. And we mi!~ht as wcll 

. ' : . ~ 

, recoºniie rhis facr of lifc.: by numb~ring thc segnh::nr:; in sorne 
way, s~1y from kft to right or right to !cfr. For simplic1i.y ;md 
consistency ~ we will gcncrall y nurn bcr scgmcnts from left w 
r1ght; as· suggcstcd ió Figure 6 • lOb. Th~sc ordinal numbers 
amount) in efTcct, ro names for rhc segmt.mts. 

• 

• 

• 



• 
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Now a node. can be designa~ed uniquely by listing the 
nam'es of al! the segments in the patlt lcading to that nod~. For 
example, the light green node in Figure 6·10b may be dcsig
nate.d by the list (1, 1, 1, 1, 2), the dark grecn nodc b)• tl1c 
list (3,. 1), the gray node by the one-clement list (2), and tJle 
blacknode by(l, 1, 1). (How would the.r'oot nodc be dcsignatcd 
in this sch~me?) Distinct nodes have distin<;t paths ami hcn~e 
distinct lists. ' 

The expression tree, by its very strticture, provides thc kcy 
to evaluating the cxpression· that is represemed. For example,. 
suppose values for the :variables of our expression are: 

lalwlbl.d 
t2=1~r-;-¡ -I 

1 y ! ' ( 

12] 
·A subtree.of the form shown in Figure 6·11, togct!Jcr with 
ihe above table, can be understood to mean: Look up the values 
of a and w,. compute a X w = 3 X 2 = 6, and replace · th5! 
subtfee by the terminal node 6. 

· '. Cotrespondingly, rhe subtree shown on the l'cft. can be 
interpreted as: Compute:d X y =:= - 1 X 7 = - 7 andreplace 

the subtree by tbe terminal node - 7. 
Figure 6·12 represents. a sequence of mean!ngful substi .. 



-~ ·, 

...... · 
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rutions thar, when carried out, will ultimmely lead to the re
placement of. the whole trec, root node and al!, by a single 
terminal, which represents the valuc of thc expr~i.ision, 

Proper evaluation is gu:u·amccd if wc fo!low eme sirnple . . 

replace;fient rule thüt says: 

T'f7hene·ver yo u find a súbtree cw:súting of a root J'Wck: !eading 
to tltree terminals .(an-operator.i:md t'wo op;:rcmds), V~?p!ác.:· 

that subtree. h· a sirwle ftnnir.eal valn:t.<S" . . ... ~) 

Thüs 'the replacement seí.wencc ín I•igure 6·13, nhhough 
differen.t from that of Figure 6· 12, leads us irrevocnbly m the 
. ·_· ... ( _· . .· . . ¡:2~~ . ' . . same va.lue, 7-. -.. A con1puter performmg e1thct seqtH::nce 

. 8~61 
. wouJd evaluate. the same indicated quotient o~ ~~ r!OtWit'h-

standing the fact that computer operations on Homing-poinr 
numbers ·are nonassociative, a fact explained in Chapter 1 L 
Another point to ·note from the fif,'l.lres is íhat rhe trcelike 
representarían of a complicatcd aríthmetic expres:;ion allows 
us to see al! the meaningful subexpressions (al! ihc subtrc:es) 

·at a glance. · · · · · 

·Once an expression is represented us a 1:rtt:1 .;_~valúation 
depends only on·repeatedly searching anc! find.ing subtn:cs thtH 
are. subject to .thc: rcplaccment rule. At any given timt, :m 
exprcssioh. tn:e, .jf not alrcady fully evalu;ncd, wil! exhibit :H 

"Jeast one such subtt·~e. 
A,qu.cstion that has no doubt been uppc:1;n1qst i1·, rh~ mimb. 

of SO!l1e rcack:rs is: How should trcc srructtn·es be<. representcd 
·in storagc? Linkcd lisrs, .íntroduccd irvChap(tr 4; sngg;:~st tmc 

. . . . 

• 

• 



• 
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FIGURE 6·12 
A stepwise evaluation of a tree 
expression . 

S!<p l . 
. r-.·plat.:~..• 

SI"P ·~: 
r~pla~o:~ 

Slcp 3 . 
· r~plac.:e . 

Slcp 4. 
nipl<t~e 

S~ep5.. . A' . 
rcplacc' Gf· 0 0 by 

Slep 6. 
n.:plate 

~? ·.::: 
,# ..... 



. . · ,· 

I'IG URE 6· 13 
.\lt.:rn•Úiv.: r.:plac.:rn.:n( 
scqu.:iicl.'· for cva!u:uing th.:: 
trcc .:xpr.:s~ion. 

3 '\'l"'' TREES 
o ],_ 6' 

Step l. 
r~placc 

St~p ::!. 
rt:pl~~.:c 

Stcp 3 .. 
rcpbt.:c: 

~··---
Step 4. 
re place 

M. hy-

00~ 

St~p S. 
r\.'pla ... ·~ 

S1 ... ·p ó. 
f\.·pJ;¡¡;t_; 

3j 

• 

•• 

• 
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.Tr~:c Tab!t: 

way. \\1ith this approach, onc storúgc rcpres(~!ltation for thc 
e~pr.ession 

((a X w + b) Xw)j2/(d X y) 

is shown in Figure 6·14. A four-column table is uscd. Eac!1 
fOW representS a node \VÍ(h !OW 1 rcprcscnting thc root nodt.< 

r= - ~·"---:-----; .... ·---.. ~~----=-.-_.-··":"'' ................ , 
.¡ ~odc · \'alue 

~ 

' ~umbcr. (Srring) · 
t· •.. , . • : ... _h 

L l.cft 

T·"·~--:-:: .... _: " 
..... .. ~ ...... 

1 o 1 2 
l· !' o 

1 

3 
1 3 ' tJ 4 1 

4 o 1 í S 

1 

~ 1; o 6 
6 ¡: a 
7 

,, 
X 1-' -i ! 

8 ,, w -
9 ! ~ +· •: 

10 ;·: b 
11 [j X 
12 ,. w 
13 

l,j 
i ¡; 

14 t! 2 ~~ . 

·ls 1! 1 '1 
16 t. D 17 ;¡ 

17 ,¡ d 
18 H X 
19 !1 y ,, 

FIGURE 6·14 
. Tabular representation of an 
expression tree. 

1 

Links 1 
·--··· ·.,.;;.- .. ·· .. ,· .... '"J 

.\liddk Rioht ~ -b . l 

--
15 
13 
n 
9 
7 

18 

.. .. -. 

:~-·-·--¡ 
1 

12 ¡ 1 

r 10 ! 8 
1 
1 

! 
! 
¡ 
1 

1 !9 1 
1 . .~ 

The first column holds thc vu1ue of thc nodt if it is a tern,inal 
or sorne special mark, for cxarnplc, O, if the node is nontcr-: 
minal. The rernaining three columns hold nodc numbcrs t!lat 
designaré the leí\ rniddle, and right offspring. Thcsc positions 
rnay be left ernpty (undefined) for terminal nodcs. Node nup1.., 
bers in the 1eft, midcllc, and righr columns serve as lin/{s io 
other nodes. Other tabular descriptions of tree structurc u::;i~g 
the linked list approach are discusscd in Chaprer 7. 

A Peek at Sorne. We noticed in the expresswn tree of Figure 6·12 that tWQ 

Future Models of SIMPLOS · separa te subtrees 

and 
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had onYy te.nninnl nodes as offapring. At the start of evaluation 
'Ne cou1d invoke the repiaccrnent rule on dther of these sub
rree&, Yt 1Fl<1S inimatcrial wl1ich wc picked first, This will always 

t.he case fot ~.;ubtreesi:vhnlie roor Jrwdcs are sibJings o:r the 
odispring of sibling nqde;¡ (Le., cousins once or more removed). 
fi1~-o,nt i:he" standpo.irrt of cxpres~>ion evaltwtion, such subtrees 
.are mutuaf~y im!ependent, · 

· Under what circumstances can a computer work on the 
evaluation of two or more independent sübtrees ar th~ same 
time? With our presentSil\1PLOS mode1 the. answer is never, 
because at any one time there is only one. te:1m of perso.hriel 
(Master Computer, Affixer~ Reader,· and. Assigner) avai!ablc ro 

do work. On the other hand, advanced models of cornputer 
systems having several, perhaps m<my teams of person.nel;¡ are 
quite fcasible. 

Aldwugh it may bogg1e the mind to think abo'ut it~ one 
may anticípate that future comptiters. will evaluare mumally 
independent subtrees concu.rremly, that is, in para!!e!, vihcn~ 
ever more than one tearn of ¡)ersonrie! is available for. tlw 
purpose. In cases where speed- is essential thé capabitity o·:· 
concurn:nt computation offers the opportunlty to solve pr.ob
l~ms that cannot be solvcd fast énough in any other ~,vay. Ex
am.ples of such problcms already abound in our tc-chnoiog\cal 
society; More c¡¡n be ~ound 01~ this tópic in udvunccd i:cxts. 

Evaluate the expression trees bc:low,. using thc"gh~en :values t0rt ·the 
· variables. 

Á,. 1 
H ~ ·· 3 
() "' 1 o 
e = -·~>O 

• 

• 



• 
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A ; ~ 

ll = J 
(_' ; 2 
!) = 1> 

2. Draw a tree represcntation for the exprcssioü 

B¡2- 4 X.AXG 

A a 2, 
IJ ~ .l, 
e = 1, 
ll = .¡ 

-¿:;¡· _ ...... 

;t ;: 1 ~. 
1\ a ~. 
1.' la ~: 

.,, ~ !· 
1 ~ .. 1 

3. The following are rwo proposed trec rcpresentations for the cxprcs
sion 

I- NXAjN/D +O X l.J:~ T 

Which, if either; of these trees; evaluated· by the rcplaccri1cnt' rul'e; 
yiclds a result computationally· cguivalent to the rc~ult we get- by 
following the· evaluation rules la id down· irr Tablcs 2 ·1- and· 2 ··3·( 
If the evaluation of cither one of the· trees is· nor comp:1tiblc with·. 
t:1cse rules, describe rhe discrcpancy~ 



<f, Draw a tree representation for the e:.,pressiori 

(a~ b)X(c ~ d)/(eX(f+ g))_ 

l\70 Find which ·of the three trees given b(~low :;;ott~ct!y "'~presents the 
givcn expressíon and e.xhibit.the expression represemed by 'cach of 
the orher trees. · 

(a) .. 
(b! \ 

1~ T"", 

~h J "(-L] _...,~ 

.. ¿~ ' r6 /1\, ¿\ GJ - G·-¡ 
. -- L-

'· .. · .. 

• 

• 

• 



• 

• 
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.~q ..... ' . 1 

6. Find the·tree among the four givcn bclow that rc¡m:sc:nrs the givcn_ 
expression corn:ctly and·exhibir tlic expn:ssions n:prescntnf.by cad1 
of the other irees. · 

-axb < e+ d/(f +.g) 



'rv O:m:vert rhe crees bdow into the correspondjng arithmetic expressiom>, • 

• 

(e). 



• 

·Leve! O 

Lev~l 1 

Leve! 2 

•• 
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S; · l1ow \rould yo u draw thc expression . ·trce for th~ . cxpn:ssjo~ 
A X (- B)? The probkm here is ·ro lkcide'how one shoulll:represept 

· a unar~.' operation. Oile possibi!ity is shown in the tree on rhe lt;fr: 
Hm.: the .subtrec .expr.ession - B is ·treatcd as a root nodl· haviqg 

a w1ary operator [J and ·one argument:[~ as oll'spring nodes. Onc 

can .deduce ·thar the operaror is uhary by .the fact thar the (kft-hand) 
opcrand nodc is missing. Eunctiqns such as v'-, cos, and so forth, 

·can be thoughr .o( as un~u·y .oper;ttors . .Using rhc above exprcssiqn 
. SChcme, Of another of )'Ollf ·0\1'11 CiJ(lUSÍilg, OCVdop·:expressÍOl1 l'fCC~ 
for: 

(a) A + \IX 
(b) cos (x 2 + y2) 

(e) J+x (1·+ q / \fp2 ·+q2) 

9., Which of the following stalL'IllCiliS .ís rabe? 

10. 

(a) A·terminal ·node has on~ anc~stor nod~: and no dcscend;mt nodcs; 
(b) A root nodc··has :no ancestor modes ami m ay ha ve no ,JL'scendanL. 

· (e) A nonterminal ·no ele .has no .d~:scctH.Iant. nodes. 
(d) A nonterminúl node may ·ha ve only one .anccstor nodc . 
(e) A terminal no de can be .connectcd ro nn üncestur. 

Hint ··If you ·have any .question as to•the :meaning of "anccswr" and 
"descend:mt" just ·think of .a family ·rrcc. 

Any given two-dimensiomil matrix .can 'be reprcscntcd as a trcc. For 
example, the matrix 

[

3 4 ·5 ·6l 
f:.. = 8 3 2 '9J 

1 .17 4 .6 

can be expressed .as 'the tree: 

(a) Given the reprcsentation above, :rhc 'four:nodcs at :Lcvd 1 :corre
spond to (choose one): 

( 1) The four elements of ihe ·main diagonal·of'·the givcn matrix. 
·(2) The four demenrs of row 1 '0f:the ~givcn.matrix. 



(3) The four cdum.ns of thc givcn m:1irix. 
(4) ~-"he sums o:.' rh~ ':k:~ents in each of t.he co!umns of the givcn 

matrí.x. 
('J) None of thc above. 

o 

(b) Show ilt h.:ast one other way to. rcpn::scnt the matrix A as a tie¡: 
stri.lcture. 

XL Using Est nor~tion, give.the paths for the nodes Iabeled f~~}rüJ 

. , and['2J,. in thc s·econd of the two trees referred to in Problem 3. of 

this exercise set. 
.. 

12. ·. Devd_op a scheme ro denote thc saving in time that, in principie, is 
possible in a computer having muitip!e processing units that can 
·execüte concurrently in the satnl' expression. Shew how yot¡r scheme 

· wou1d work on the fo!lowing cxprcssions. 

(a) a2 + b2 + c2 

(b) (a- b)X(c- d)/(eX(f+ g)) 
(e) (vx+ cosy)/z . 

13. In the text we have ¡_¡Jways shown tht: opemtor symbol of nn expreso 
sion tn:c as a terminal ·node, so cach noni.crminai n;_xle of the n·et~ 
has three offspring íf the opcraror lJas two opernnds, and two olTs¡)ring 
if the operaror. has one operanct. Anorhcr way ro draw rhe trce is to 
place each opcraror symbol at its parcm (nonterminaJ) nock. For 
examplc, the tree for the expression-

Á+ B x.c 
may be clra\Í'n as. 

instead of as 

r __ 
' ' i..::é_, 

• 

• 

• 
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6·2 
Tree searches 

Narural-order Trec. Search 

The ncw fonn, which wc sl¡;tll ctll a binaiJ' exprcssion tr~~·- !Yl~ 
fcwcr rwdcs but thc samc :únount of iufonnation. ¡, 

Rcfcr ro Figure (¡ • 14 ·and: 
. . 

. (:i) r>roducc thc hill<ll'Y cxprcssiou ll'i:C equivnknt !O thc cxprc~sio1~ . 
tree givl:n in tllc figure. · · · 

(b) Show lww·r!Jc ircc tahk in thar figitrc can be ch:tngcd in stru!-·ntrc 
.. and in coll!~IH to rcpn.:~c11t tlll' hi nary tnx· yo u dc\·doped i!1 j);~n "'. 

a. 
(e). WhiCh tree rabié would rcq~tirc kss storagc· in a computcr rcprc-

scntarion? ; . · · -. 

We have riow seen cr10ugh oft.recs to haw observed rltcir 1i1ain 
structliral charactcrisrics; s~.:gm~._:ms of a subtn:e always e;)·,;; 
nect to new nodcs that fornr a continuarion oC thc same subtrei!; 
·tl1ere is no looping back Lo riocks closer ro the roN; am! thcrc 
· is no crossing or crisscrossii1g bctw~:cn subtrccs .. 

There are many ways one cún construct and ·storc a tr~c. 
· structure. Dcpencling on · wbat use is to be m a de of thc m;~, 
. sorne representations (we \VÍlJ caJl ÜÍCSC storag¿ S(I:IICfill'es) .are 

better than others. Trees are searched for one r~:ason or another; 
either ro gain spccific inCormation, to .rcach a conclusion: ·~~ 
to modify the trc¡: in a ccrtain way. A trcc sc¡¡r~h líes at Ü!C 
heart of a number of mathcmatical problcms and a grca.t nt11i1~ 
ber of gamcs. - _. .. ,-

There is a sy~tematic way ro sean aH thc nodcs or a trcc that 
is used fregucnt!y in solvinb problems.'Wc clll ·¡r Jwlura!-orda 

.searching. Although a squirrcl may h:1ve buttcr ways of linding 
nuts in a tree, ir will help us ro understand narural-order search 
if we 1magme a nutseeking squirn:l willing ro foiiow _rhcsc 
rules. 

l. Sta.rt at the. trunk {root) and .qon't stop trying scgm~1its 
until you ~ea~h a ic'at (rcrrni_nal no¿lc) unlt~ss you Jind a nut 
and choos~ ·ro stóp ~n that point. · · ' ·. 

2. Upon reaching a termiqa) wíthout 11nding a n\1r, b:fck urv 
w·thé n'ode you just passcd,: that·i_s, _w the J>~Ircntnode of ~hi~ 
tenriihal. · · · · · · ' · 

3. No~, choosc the ncxt untricd segmcnr, lf any, :md ·rt1ovc 
forward along it toward anor.hcr léaf node.- · . ., 



FIGURE 6·!5 
Systematic (nawral-orda), 

. scan:h r~)r ;¡ nllt. 

Algorithm for Natural~Ordt:r 
·rrce _Scitrch · 

If thti"C are no t:mrxicd segments; cniwl backward to the 
· ptedecr.:·ssot (parent) nodt: and repeat the process of trying to 
. feach ~:moü¡:;~ .. v::J nod.e. 

5~ rf you ever find yoUrself b~lCk at thc root having alrcady 
trie:d a11 segments ftom rhe ¡:oot withom finding a nut, you have 
finished searching the entire tree in natural order and can report 
a failure to find a nut. 

Figure 6·15 shows a natúral-ordcr search of a tree, The 
numbers beside the, nodes ,indicntc thc scquence in which thcy 

.1 

1 
1 

¡"" 

' 

/ 

\ 
1 

1 

are first encountcrcd (i.c., ns thé squirrcl sces thcm in its for·· 
ward progrcss). \Ve pictLJre .OilL' of thesc: nodes us a mn. h ls 

· the 23rd IH:ide ·¿;¡1C~Lilúáed·. NoLice tlll~ systcmatic; kfHo-right 
·st:lectiori of scgrúcnts at ~ach Í1odc ... 

. ' .. 

Now slipp()se we iNish to construct a tree search algorithm thar 
g~nerally'fóllo\rs t!~c stótl.'d set 9f'w!es. One of our problcrm; 
is · how to. ínrcrpn:t rule 3, th:~l! 1~, l.~ow w choosl~ among thc 

' ,. 

~ ., . . . -: . ~ . 

V_Y 

• 

• 

• 
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rcmaining untricd scgmcnts. If we rccal!, howc\'cr, thar tlw 
scgmenrs .emanar_ing from cacb nodc are, or ahvays c:1n be, 
ordcrcd, thcn a simple interprctation comes quickly tll mind: 
choosc rhc segmcnr, if any, whosc ordin:d numbcr na me is onc 
highcr than that of rhc scgmcnr prcviously tricd. 

To make this choice implil's thar rl;c :tlgorirhm can always 
identify the ancestor or parcnt nodc fro111 \\'hich the "prcviously 
tried" segment cmanuted. Tbar·is, the algorithm can only idcn
tify additional segmcnts ·in tcrms of thc common parc11t. 'Tl!is 
baclwp capability is assured if thc :tlgoriLhm at all times has 
an up-to-date record of wherc iris in ·riiL' trcc scarch and ran 
represent this data in the form of a_parh list. Fur cxampk, 
suppose ir has becn discovcrcd that tllc scgn1L'nts frum tl!c nodc 
\vhose path designarion ·is ( l; l, 2, l) nccd ·be ex:tm in e el no 
furrher (Picture 1). 

/ 

// 2 

. /" ' 
' ' ', 

n~n~e ' 
• n.uncd ( 1, 1, ~. 1) 

PICTURE ·I 

Roo! 

' ' ' " 

\Vhat is the path name Jor the parent nfrlwt nodc?' Thc answer 
is ( 1, 1, 2). 

How do we apply ruk 3 lO this paren!·(!, 1, 2)? .(Rule 
3: choose the next untricd segmcnr, ir :1ny, and .mow lorward 
along it toward another Je¡¡f nude.) '!'he :ws\ver is, if tbcrc r'.~ 

a node whose path is (1, 1, 2, 1 + 1 ), try it(Picturc 2). · 
In general, supposc wc have tricd. the segmenr lcading 

from node (1, 1·, 2) ro no~ic (1, 1, 2, i) and :the·subtrec wlwsc 
root is (1, 1, 2, i) has failed ro contain rhe;nut we are looking 
for. To sclect the next untricd segment, if any,.0f nodc (J, 1, 
2), we ha ve only ro check whether rhcrc cxisr;s a val id node 



/ 
/. 

" / 

Tltc·.nod~ named ( 1, 1, 2) 

" ' ' 1 ' ·. . . 

o 

O Thc.uo,ic llonicd (l. L 2, 2) 
lu be lr'icd afia ( !, 1, 2. l) fails 

..... . · 

·whost~ path is (l, l, 2, i + 1). If so, selcct ihesegmem lead1n.g 
to tll.is node and if not, back up) and check ·whether lhere is 
a valid node (1) 1, 2 + 1). If so, ·select t11e ·~~íirnent lead\ng 
to thís node, but if not, back up again and scc whethcr ( 1, 
1 + 1) is valíd, and so on. . 

. We .now sensc that by staning out with a pmh Hst th<lt 
represents the ro()t node (an cmpty Iist uf segments), and by 
continuing to update that l ist as we m ove through the tn:e i:o 

reflect wherc wc are in the search, 1 hcn simple adjustments 
to the path allow us ro dctamine each ncw direction of sem'ch, 

ve 

Figure 6·16 shows a systcmatic procedtm;, thm is, an 
algorithm for conc!uctíng natural-onkr trcc scarch. The n!go
rithm is reprcscntcd in top-dowo styk, with Figure 6" 16<! 
giving the topmosr view. 1\riy. n<.:L:cssary dala are input in bos 
1 and thc tree scarch bq!,ins at bnx 2. In Trce __ Se:Jrch, \Vhcse 
details are given in Fi:;ure 6· 16b, thcrc are two h~y vntiablc:;;. 

leve! anci path. Thc v:1lue of leve! tells us thc number uf ele~ 
ments in path. Values of these two variables determine lhc 
aurrenl node of thc. search. J n a sensc thc currcr1t node is the 
one we ~re standing on whik we try to Únd tl1c iltJ:t nodc to 

move ro. These variables· are ínitiaiízéd 'in box l of Figure 
.6 · 1 6b. ;frec_Scarch :;ets·somc sort of s\Vitch to indica te :'ucccss 
or failure. (Recu!I thar a root no~k by ítself does not comtirmc 
a rree. Thcre must be ~1t lcast. one subt.re~~. l.~ór this rc:tson the 
first ti m.~ box 2.2 ís exccutecl'thc Y es riutlcr \Vil! be taken.) 

. U pon exit from Trce~_Scari:·h, dk rmún program, itt dTect, tests . 

.: ... 

• 

• 
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. ~ ,, ,¡;t, ,[¡t 

FlGURE 6·16 (e) 

Top-down devclopmcnt of an 
algorithm for nantr~l-ordcr 
tt~e search, 

1 

( b) 

~J 
r----·-_"1· ' 1 

!{ ~· Jlll"••'' 1! 11 ll' 1 ¡·lt l( 11 ¡¡.f..._. ,t' 
1! ll' , · 1 111'·,' i ti :: l >l,l~· ! '~ ,; ,·.¡ r' Jl· 

ill¡! IIJ!1Ltl \.iltl>'>-[!t)l:lf[i 
:1/ld lv\ l'l h ·.-'·•• '.'w 

<._(> 



(d) 

{;Jdiqted, .thc path !ist is displayed, 

idcntifyipg the !ocarion in thc r.ree when.: the nut \_vas found; 
ütherwisC> a failurc nH~ss;lgt: ·¡s di:;plnycd. 

To simplífy the details oí' 'frct~_Scarch;·ürrtt cif its bmws 
. _.are given iri more detail in Figure 6· 1.6L~ 6·16d, nnd 6·.16e. · 

Notice that rule 3 is impkmen1.ed in box 23 ;;:s n cal! ro a 
proccdurc, "Scek_Anotller_Sq:rm:nt," wbost: .. dct:1ils (Figme 
6·16c) includ¡_; a test for ndmissibiliry of·Üntried segmenrs. 

. Although not shown in the Icvci of dctail give·n in Figure 6· J 6cJ 

· · we. ÍI?aginc that some sort of switch is sct by Sérk __ Another~ 
Scgmcnt; which can be tcsted upon rcmrn to,Tn;e .. _S.:~'irch t>O 

that the formcr's success or failurc can be dt:tcrmíncd at bmh 
2.4. If succcssful, there is a new node ro which the search may 
advance (c!etaib ín Figure 6" lód). Ir unsuccessfu1:. ir ;,, ·n.::ccs~ 
sary to retrcat ro thc parer1t: nodc, iriln)"'(l''igurri .. 6~ J6c). (Re-

·mcmbcr that Sc ... :k_An.othcr_Scgmcnt .rcports .failurc only after 
·.al! segmcnts· ha ve bc~.:n t~~;ted.) 

The b.oo)zkccpiog of thc rctreat operadurr (box 2.53) is· ;;¡ 

twci-stcp proccss. 

l. . Dctach t:hc last dcmt?nt :Df path,. which is 8 scgmcnt: num~ 
ber, and savc it to use the ncxt time Scck Anot!lü Scgment .. .. . . , .... -·· ""::~.· .. . . . . -- . . 

is called at box 2. 3. 

2. Dccr~·mcnt /~_··z.A by on..: to rdlcct. tht: shorti.!n~:d kngth of 
path. 

( )y" 
( (~·' . 

. ' ~ 

-~ . 

• 

• 
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EXERCISE 6 ·2 

6·3 
The four·-color 

oroble1T1 
" 

:tt~ C O ,\ t !' !J T E !{ S e J E N e E : A F 1 R S T C O IH S E 

Thc se"ment numbcr sa\'L'd in stL:P 1 is ncc.kd in hoxcs . ~ . . 
2.3.1 and 2.3.3. \Vhen a ncw sL:grncnt numh(:r is sdcctcd in 
box 2.3.3, it in turn is savcd f(lr u~;L' hy ¡\dv;nH.:e, thc ncxr time. 

thatyroccdure ,is callcd at box 2.ü. ;\d\':lllCl: irl~'l\'lllcrlls /,·i'd
by one ;111d ::![•pcnds tht~ ncw sc!~111L'.!lf 111111t!K·r nn lo lht: ,_.lltl 

of pat!J. \\!e Jcav·c .tO thc rcadcr tllC pkastlrc l'( !"L'\'ÍL'\\'ÍilL~ lhL'SC 
,derails :md convincing himsclf ofthcir corrcctncss. As a parting 
rcmark, ir is worrh observing rlwr rhc rwturc oC thc admissi
bility <:hcck hínrcd ar in box 2.12 111:1." bL~ crucial to thc socccss 
ofthe search. As tnany inadmissiblc stn1crurcs :1s possible must 
·be ruled out at each swgc. · For cxa!11pk, thc squiiTel should 
recogniie each. dcac! limb and not si: .. arch it. Othcnvisc, rhe · 

. proponían of uscless p~lths m<ty grow r~1pidly, meaning tlú.¡t 
the etli.ciency of the scarch mcthod can p!tlll1!11L'l tO\\"<trd zero. 
Ne:-.r we examine severa! intercstin¡; probkms tll:tt cmploy this 
rype of searc:Í1 in t.hcir algorithmic solulion. 

1. List the nodcs of thc trcc bdo\\; in !he o;.;kr in wltich thcy Wllllld 

. be el1count.<:n::J itY a natural-ordcr scarcli~ 

' 

Maps are colored to make it easy .to see at a glance the cxrcnt 
of each country. It is necessary that neighboring countries (i.e. 
countries with a common boundary line) be assigncd dilfcrcnr 

. colors. Does the mapmakcr then nccd more than four colors 
to do his job? He docsr:'t Clr(~, but wc do . 

'·(.· 



; .> 

·~rhis r~·oblem was one of the most celebrated chullenges 
in ~;·¡1arhem~'itics~ It i:;. üfgreni: intd!ccrual intctcst and h<ts in
trlg'E:d n1any·people. fron! a11 ¡:iaths illifc. 1\.ctmdly, its soltttion 
hHs littk. ¡)f' nóthing whatsoc·ver Hi do vvith making maps. A 
mapmakcr is ánd always will be <Íble w print mnps using as 
many different coíors n.s he nccds. 

A checkerboard is ari ex:unp~,~ o{ ~J. map thnt can be colored 
whh <;nly tzuo colors. 'I'he fol!r--country map shown in Figure 
ú, 17 requires .jóur colon;. Jkcause ea eh pnir of countrics is 
adjacent, no two can have thc same color . 

. It didn't take us long to l!nd a l"nnp reqoiríng tour colors. 
Yet, in over 100 years of searching~ !io on;; has stlccceded in 

. finding a map requiring fivl:! It is natural ro conjccmre that 
every map can be co!ored wíth, four éolon;l and. many ma.:he~ 
maticians ha ve r:.~cked thcir bniins trying. to prove this con
jecture. The best they ha ve bccn ab!e to do so far is t.o show 
thar evcry map can be colored using no more ÚHH'! Gve co1ors"* 

\Ve Jre about rosee hovv computer rnethods cm be "PPLiéJ 
to the four-color problcrn. Wc wiH not use the_ compuú:r to · 

. shoW that che four.-color conjccturc is true. Indeed; it is entirt;ly 
possiblc that no compurer cnn cvc:r prove this, Howevcr,, true 
Or fa]SC¡ We can use the COillpWl!i' tO detcnnine Wli~LhC~ a . 

particular map can be, colon·d in only four co1ors. This is thc 
task for which wc wam to COil~;truct: un algorithm. 

Befare stnning on this :dgurithm, u fcw rernarks concern
ing the co1oring of mnps may hl' helpful. 

A minimalfi:zJ.:-co!or map is a map requ;xing i1vt: co!ors, 
so t11at every other map requiring üvc co!r)rs h¡_¡s m kast as 
many countrics. Of coursr, no miuimal f1vc-color map hm1 cvcr 
been found. But marhcmatícians han: shown that if surh 'mups 
exist at .atl~ thcn some of thl·m s;.ttisfy thcse two condüíons, 

l. No point ís a boundary pnint of more than threc cmHHrk~~" 

2. Each country is a ncighhor of at lcast fivc or:hcrs. 

l'v1oreover, it can be sbown rhm c·z.•;:t:v minirnal map, if <tny n:ist, 
must satis'fy rhc s~cond condition. 

It is thercfure custornary to consicl!:r as candid~:í.t~; for 
counterexamplcs to thc four-color conjecturu on!y rnilps fui
filling these conditions. 

* :\- simpl.: prouf t)f thc !i~·c·l'<'llor dtc•t•rc•n ~.·xist~. It may be fn;md, {ur o.:;;.lrn.pk·, in 
!V/;.rt Í.i .if.Hit.•m;¡¡¡,.,::, OÜilt\1 Univ:~rsity l'r~ss ( !9-11), hy c:::ur.m¡ ¡¡¡;¡J ~~ .. hhins, 

• 

• 
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Four.,.Colorihg as a 
Trce .. Scarch 

FIGURE 6··18 . 

Country 
{l~vcl) 

. i 

. 2 

etc. 

FIGURE 6·19 

Country no. 
(leve!) 

2 

3 

. 4 

FIGURE 6·20 
¡ 

·-:·• 

')'l '1 · e).J--
CO.\\PUTER SCIENCE: t\ F!HST COURSE 

. . 
\X'c caí1 modcl tlie problcni óf four-coloring a·· gi\,cn map, say~ 
the 01ic pictureJ. in Figure 6·18; as tH1C of travcling along u 
path through a tree such as t:hat s!Jown in Figure (). !9. Each 
segmenr.. represcnts a dccision tu color a counrry, with colors 
1:, 2, 3, or 4. The· ith scgrneÍ1Lin a path'from the .roor corre.:. 

···· sponds to'rhe colorini~ of rile irh coun1.ry of thc map. 
! l"' . ·-' • : 

(\ 
--.. 

\ 

--.. \ 
:' ··. . 

1~ 

~-·~. / . . 
í ! 1 

··¡ 1 

( : <'>; \_¡ ) . ) 
\ ,, . 1 

~/ ---: __)~·/ 
------- . 

'------:-::----J 

. . . Observe that many paths through the tree turn ·out to 
· represent identical colorings of thc:: máp except foriTJ1an1i;lg 
of the coJors, and Ít is cksirabJc !O avoid searéhing througl1 
SUCh düpJieate pátternS .. (E.g.,. t){e. t\VO hl.!c1V)'-1Íl1L' par!Js in 
Figure 6·20 represent the s<Imt.: coloring pancrns· with di!l"r.:rcnt 
namesused for.the color.s.) ()nc \~ay to·avoid the unr](:c~ssai·y : 

. s¿archis. to fix <tr'rhe" outs~t lll;a qui;te llrbitr:try way .the colnrs 
f6r neighboring countri~~ 1, ), u·nd 3 and to begín t.be real 
search \vith the cc;loring ofcountry4. 

In coloring all countriés, from the fourth country :<~n, as 
seen in Figure 6·21, we assurne th<lt al! four choices <tre possi
ble. Most of the time, howevcr, as c:m be seen in Figure·6·22l 
only one, twol or three of these cboices will be ndmissibJe. 
Sometimes even all- four choices will he inadmissiblc,, ns ex-



f!GIJI<E 6<¡;] 
.:·?.h!H\ring co!or~rig n~·c [ü·td oue 
p3<-h rcpr<:-stming the coloring 
~-_;[" rhe firsl si~ Ct:~tir¡n·ics: 
{c;;Lxcd tint). · 

( Dl.H:t:-ry OO. 

¡i.:vel) 1 
1 

,P ., . 

'l 

8 

lO 

11 

1 ~ 

FIGURE 6•22 
An rntire coloring trce. , 
shtlwing how to four-color the 
m<~p of 1-'igun: 6·18. 

!oXERCISES 6 • 3, 
SJ:T A 

cvl-nily ¡r 
' ~-~-------~------~-~---··· ··----·----~;¡ 

, .. !. \ ¡ i'~ ·. -~ 

:. ~~-~==-~=. =~-~ ~~~~ --~~~~--;-;¡ ___ ~~,~~~~ 
; ··=-J(J{~~Ad{h\/áA~ )h~ 

cte. 

Noti:: Thc small number lo 
1hc lefi of cach scgmcn! 
is a coJ.¡;r cod,~ fnr thc 
counrry rcprcs~n t~d by th~ 
nnt no.!c. 

l " l<iUY 
~"' íigh1 ¡;rt>en 
3"' l>la~k 
4 "' d'lfk ¡j(I)Cil 

1 O Sthxes~s. nwrkcd by knuin~l nodcs of thc form 1]] 

16 Failur~>. mar~~d hy tcrmipal Jl<>dcs of rhc form /.Í.\ 

emplified by terminal nodcs marked F m Figure 6<~2. Only 
10 paths Icad ro S (suc.:ress) tcrminals. 

1. Coinputc tbe theorctica! mmdmum numbt•r of pos;;'i'tM.Ú.:rjnÍ!~¡¡_! noJes 
for rhe rolnring tro::t.~ 6f th~ 12·c(luntry mar in ,Figure ó • l ,13, :. 

. . ·.. .'. 

llint Use Figun: 6 • 2! as a guidl'. _ 

• 

• 

•• 
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.A Four-Coloring 
Algorithm 

'·FIGURE 6•23 
Example of map to be 
Jour-colored by a computer 
:algorithm. 

COJvtPUTER SCIENCE: A FI.RST COURSF. 

. · · 2;· Asslliii.e thiit ;¡( takcs oni); 1 rñicrost:cond to check anothcr path to · 
a terminal; and:thir thc sc:ü·ch o(haít'ofthcsc p;tths is n:quir,·d lxforc · 

. thc ch?sircd termi]1al is'rc•tchcd. I-luw long wou!d thc computcr chug 
away bdore ít found what ít was looking for in a 39-country map? 
Assume a!l segments tq be admissible. Expn:ss your answcr in units · 

· ·· of years: 

3: By renumhaing the countri~s un thc tmp of Figure 6· lB, show rhat 
a ·colorihg trce can hav~ nocks witl].lltrec and cvcn ftlllr permissible 
segínent's·cmamtting from them: 

· 4.. Using a form similar to thm of Figure 6 · 22, draw a "coloring trec'' 
for the n1ap shown below ... 

. Lct us see how to apply what we ha ve just !carne~! ~1bout trce 
.. . search to an acmal problem. Ir is one thing to di~;cüss a trce 

.. in the abstraer and another to start with a probkm, define in 
·. so~e dctail tl~e trce se·arch thát is involved, and thcn dcvclop 

a· detailed flowchart algorithrÍ1. r;, this case~ we will. tnkc as 
· our problem statement: Develop a detailcd 11owchart algorirhm 
for four-cofoiing any n-country niap.. . 

Thc first srep · toward this objective might be ro dévise a 
.• method to réprcsent · úny n-C()Untry map. 'To do this. Wl.! nced 

a sumplc mup for study as, [(;1: cxampk, in Figure 6· 23. The 

...... 
.. .5 1 
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rJlap consists of 39 countrics, ii!rid the countrie:s have been 
'l"j.V'Ti't•·F'!('t'"·~l f)>r ·¡·;¡d'I.''.'F•d l.Ú '' 1V" .:w·<.:k·!~ ;.'!...:>~ ti'¡';" ''·lg0'fJ'•llJ11 ur¡'}l - '-''··-··.U"-"" ·'~ ... ~ ... .:!. - ... _,(l.""'\..- ~ U .. \.J ~- ~.~<t. tjJ.¿\t .J. .._. ,(¿ ! Q..-'. l. - V\1 . 

21tte¡'1iJpr. i:o "color'' rhettL 
The efficiency of the algorithrr¡ will be greatly improved 

if ,t:ai::h \::','.J'Jntry borders on as m;my lovvcr-numbcrcd countries 
as possib!e. We do nor ~J.bsolute!y insist on this bw:) Ifyou havc 
done Problem 3 of Exercise 6·3~ you will nppreciatc wby wc 
recommend this approach. Wc do, however, rcquire that thc 
first three countries al! be ncighbors of each othcr. 

How do we represent thc map in cornputer storage? One 
way is to. construcr a 'cconnection rabie," lisring after cach 
country aH of its ndghbors in increasing ordcr. This is shown 
fo:t m:r example in Table 6, L 

· Our algorirhm should consult this table whcn d;:cidi:dg 
how to color a particulilr country. For example, if we WtTt 

coloring country 15, · we could S(:<: in row 15 rhat countries 5~ 
6, ;md 14 are neighbors alrcady co!ort'd. Our choice of color 
for 15, then, dcp,;nds sol el y on the currcnti y eh osen colcrs for · 
5~ 6, ·ami 14. 

Kn;J,Ning tlwr country 15 abo ba:nH:-igllbor:s ::cnnr¡bered 16, 
25, and 26 appcars to be supcrfluous. This !eads m to the ii.lca 
of a shaved-down rab!e, which wc willca!l the "r-edúced corrncc'" 

Th~ Conn~ction Tabk fÓr th~ ,\!up in Figure. 6·23 

Coumry .N.:ighbors 

l. 
2. 
3. 
.¡_ 

5. 
{¡, 

7. 
8. 

·9. 
10. 
11. 
12. 
13. 

2 

2 
2 
2 
3 
3 
.¡. 

4 
1-1. 5 
!S. 
!6. 
17. 
IR. 
llJ. 
2\l.' 

5 
6 
7 
7 
l:i 
9 

3 4 
3 6 
2 4 
3 5 
4 6 
2 5 
6 8 
7 9 
3 8 
9 11 
4 10 

11 13. 
5 .12 

13 15 
6 ¡,¡ 

7 15 
16 11:\ 
8 17 
9' ¡~ 

10 19 

5 6 
7 8 9 
9 lO 11 

,11 12 n 
13 14 I'i 
7 15 fó 

16 17 18 
li:J 19 
JO 19 20 
:20 2l 
12 21 22 
')') 23 
1-1 23 2-l 
21 ?" _) 

16 )" _) 26 
17 ~(¡ 

]ti 
,.,~ _, 2S 

]<) 2H ]í) 

2() 29 }t) 

21 )() 31 

Counrry Ndghhors 

21. 10 11 2'0 
22. 11 12 2! 
23. 12 13 22 
2'1.. l3 14 2'3 
25. ].¡ 15 2:1 
26 .. 15 16 17 
27. í7 26 28 
28. 17 18 27 
29. IH 19 28 
30. l9 20 29 
31. 20 21 30 
32. 21 22 31 
33. 22 23 32 
3-l. 23 :>l 33 
~- 2·1 'J<' 3~l .)). •·-". 
31l. 25 26 27 
"37. 2'7 28 29 
3tl. 29 30 31 
3<J, 32 13 Jol 

22 
23 
24 
25 
26 
25 
36 
29 
30 
31 
32 
33 
3~t 

3) 

36 
y; 
36 
"\ ... 
..;',~ 

35 

3! .,, 
_).~ 

33 
34 
35 
?.7 
37 
37 
37 
JB 
3'' ,) 

3H 
ji) 

39 
39 
37 
-i¡j 
Jv 

37 
36 

33 
Jt 
33 
36 
36 

3S 

39 

39· 
30 
J') 

37 38 

• 

• 

• 
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TABÚ 6·1 
Rl..'duccd Cnnnl..'ctiun T~bk for thc .\ \ap in Figure 6 · 23 

Country 

2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 .· 

17 
18 
19 
20 

The reduccd connécrion tahlc fór our example is SCCil in T;,ble 
6 · 2 and can be thought of in this cas<: as a 39-row by 7-colnmn 

array called CONN. The numbcr of nonnull dcmcnts in each 
row is given by elcmcnt~; u!' ün associated l isr. w. Tbus the 
algorithm can seurch the. lirsr W¡ clcmems in the ith row 

.. of CONN to determine w!Íich ncighbors havc alrcady becn 
colo red. 

If \Ve are to apply our gcncralized tree search algorirhrn 
(Figure 6·16) ro thc m:1p-colciring prüblem, :ve m11st also e!.> 
cicle how to reprcscnt thc clnT<.:nt nade (i.e., how w rcprcsent 

the variables pmh and /e7.'d). Thc variable parh is a lisr of 
elements, each of which designates a scgment choice. Our 
decision 'to use color cocks !, 2, 3, <mcl 4 for.the four p·.lssibk 
color choices kads us dirculy ro thc dccision th:1! a ~carch 

from a node may he acc<;rilplisl1ec! by selecting (trying) [he 
segments in. the sarne orCiér, l, 2, 3; andA. The decision to 
make' this correspondencc betwcen thc.: color· codes and the 
segmcnt order imposes thc rcquired ordering on tlH.' scgmcnts 
frorn each node of our c;oloríng trcl!. Moreovcr, t:hc ith clement 

j :··-r· 
' ,.,/ 



o 

.. 
""'~([~ 'TREE$ ,).,y,_,. 

·üf pallt automatica11y identifies the co!ot chosen for the irh 
· conntry1 This meam that whcnever. w~ have bécn uole to 

dwos~; ::, va!id colct for rhe n.th mu:ntry, rl1e curr~nt con.tcnts 
of "[he v.x~th is thc desired iist of colora for the n· counn·ics of 

~ . 

the rn:oq). Nothing could t;,.; sirnpkr. For chis problem, Jet us 
c~di the path list COLOR, since it is more suggestive of our 
desired objective. . 

Figure 6 · 24 shows a !10\vchart a1goril:hm incorporating the 
foregoing concepts and dct~1ils and following the idcntical top
down stn.JCtlJre given in the generalizcd search (Figure 6· 16). 
Ir will be casy to vcrify the cbinHxl similaríty. If you have 
any difficulty in fol1m.ving Figure 6·24, rer:1cmber that boxes 
with correspGnding numbc-r<: in r.he genera!.izedt1ovvchart h:wt 
similar meanings, Only Fig,urc 6· ?<V, the detall of th adrnissi
bility test in box 2.3.2, is J'l~:::!ly newo 

Box 1 of l;-igun:- 6<?A is a cotmterp::m ro-boK 1 of :Figure 6" 16. 
In the detailcd algorithm w~: mu¡;t inpu1: dlt.:' data explicitiy to 
represcnt tbe m:.1p if we are going to deduce the acru:d stnKture 
of the tree. In Figure 6·24b, to kecp track of what trce levd 
has been reached, a Jevel or path lengtb cot.mte.r k Ítl · needed,. 
This countc:r is initially set: to O in box 2.1 to rcfiect the statt 
of thc search at tlh: root node. fThe ulgoritlnn cou!d b~ mad~ 
more efficient by inirial.izi ng the leve! counter to 3 and paith 
to (ls 2~ 3) to rei1ect coloring the first three C'Ol..l'itrie.s wii:h m~ 

·first three colon;, as suggestcd in F1gurc 6 · 2 L] 
Success_Switch is a three-valued switch va.rio.1bk rhat hí 

initin!ly sct to "tmdecidcd" (at box 2. J ), nnd then is ;~¡_:;( w eithet 
"Y es" if the trce search succccd:> orto "No" if the scurch faib. · 
To sct~ why or where this switch is sct to eithet "'Ycs" or ro 
"No," you may havc to dcsccnd to the nexr lcvds oT det:.1iL 
Thus, whencver wc discowr that the search is about to back~ 
track to 1evd zcro, the search has failed (boxes 2.5J. anct 2.5.2 
of Rctrcat). Jf' k ·- 1 :::: O in box 2.5.1, t.he _current node is 
.at lcvd L r n otlJLT words we ha ve backtrack:~d to thc fir~t 

coumry. The tirst cetmrry was coiored '~víth c;J>ior l at rhe 
beginning of tlH~ ~~.·arch .. \Ve llave not tested co!ors 2, 3, or 
4 on coumry l. Should we? Not renlly, bec:..msc we knovv ÜJ~t · 
any colorih;;,, we lind will simply b¡_Ó a rcnaming; of a preVX1)V~ 
cbloring (il. any) \vhcn C{Hmtry i had color L W'e won't find 

•• 
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any ncw patterns. If we \vam to search the ci)m¡.ikte rrce, 
however, including thc four possíble colors for thc í1rst counrry, 
we have only w changc thc test in hox 2.5. í ro rl~nd · 

Whenever the leve! coumer k i::; found to equal n (boxes 
2.7 and 2.8 of Trcc~_Scarch), _Succcss_Swirch i~; ;;ce to ''Y cs.!' 
Tbe variable Seek_5witch tested hy Trcc ___ s,~;Jrch in bo;.; 2.4 
is set to cirher "Y es" or "No" by Scck_i\noLher __ Scgmcnt (Fig-

. tm: 6·24-c). This procedure in turn rcpons succc~;s if and only 
if the subprocedure Admissibility._Chcck rcport:; succe~s. This 
la¡ter procedure (Figure 6 · 2'1/) determines whcthcr any of the 
previouslycolored ncighbors (tlJ<..•rc are \\'¡¡+ 1 of chem) have rhe 
samc color as thc rcntative color, te, rh;lt is being considqed 
for the k + 1 st cl1ur1lry. If so, i\dmissibility __ Switch is set to· 
''No" so that, afrcr the RETU RN to Scek __ i\nother_Segmeilt, 
another (the next) color may be tríecl. Noricc tbat only in 
Admissibiliry_Check is there any rcfc:n:ncc ro r.he map's rep
resentation. This s.uggests that derailed tlowcharts -fo1: dilfertnt 

natural-ordl:'r · tree search probl ems will diiTer mainl y in the 
details of this particular part of the search algorithm. 

Thc bookJ~eeping of Rerreat and J\clvance in Figure 6 · 24 
uses auxiliary variable; te, tcntative:: color. This variabk is aí~o 
used in Seek_Another-'-Segment during thc search for an ad
missible scgment and, in ~ox 2.3.5, te is ineremented whencver 
an inadmissible segrnent is found. In Advancc, k is intremc:ntcd 
to represent the longer successful coloring path. 'T'hc successtl..1l 
tentative éolor· is srowed away in Co1or1,, :ind rhe auxi!ia.ry 
V,ariable te is reset to l. (See box 2.6. l.) During- Retrt'or rhr..! 
current color choice for country k must be remembcn:d so 
that the search for anothe::r segrncnt of count:ry k's pari..'nt c~1n 

resume at a value of te that is on~ grcarer th~m the L1~>r one 
tried. The saving of this infúrnacion is accornplished hv the 
assignment srep, 

te .,.__ Colot1¡ + 1 

as seen in box 2.5.3. Then the pat.h length k is shortened by l. 

s¡ 



l'lG I.Jl<F. fl·25 
A dH:,::;boarcl wich two 
Quee:n~ ~m diff•.:r,~nt row~, 

~olun1ns .. af!d di~got~als. 

,. .• ',, 1' ~ !' . ' d 
Hi tn.t probJf~tri se! triat r~.l.LüW5; yo11 are mt.<·oduce te 
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n1erhod: 

The Eig!Jt Quecns PYablem. A ch:.:ssboard ls un eight~by--eight army 
of poútions. 'The Queen is d1<e most pm.V(!r[ui picce in thc game of 
dwss in that ir can capt.ure any othcr pit.~ce encounu~rcd on the smne 
row, coh!!nn, or dÍi1gonul. The prohlcm is ro so place eight Queens 
on the chessboard so that no Qu~:en cm1 C¡lptutc ~wolhtr Qu~en. 

If rilen: h:; a solution to · r:IH: Eighr Q\.Ktrw Problem, h ;3 evídenr 
that each Qué~n musr. be on a d,ifi'crcm row, column, ;md dillgon:l! 
of tbe ch:.:ssbonrd (Figure: 6 ·25). T!iis suggc;:;ts the need fm· a systtrn.
;nic way c;f pbcing t!1c eight Qur.:cns on the boan..l1 one ut a time. 
It .is cert~linly immutc:rí'al 'Nhcre the finn Quc~n s!tculd go bm, w be 
systematic, we can think of putt.ing it somt:wherc in column i with 
the objcct of pl:Jóng each sub.;c~sivc Q¡_;,;en in a ~:uo;teding cnh.zmn, 

.T n phci.ng 'tÍ'; e lir:;¡ Qm:t!n in coiumn o¡;;.~, th~;ri: rm:: .~;ight choice~, 
t:ad< of which eliminares sontc uf 'thc dwices for plüdng a Quee!l 
in co\umn two. 'fh..:se cighr choic~s nwy bt: repr!!s~nl;;{.! 'by a rne 
\Vhh eight segrnents cmm1a~ng from •:he roo~: node .. As or,e move:> 
down t.his tree of choices, ther\! \VÍll be fewcr nnd fewet admi:::siblc 
branclu::s. A solution to the Eight QLh:t:ns Probkm is rcprese:.nted by 
a path through Lhe trec reaching al! the way to leve!. eight. 

The nmural-ordcr rrcc scarch is suirnbk for searching the tree" 
but ít is nec;essary to be expli..:it nhour. rhc tc~:t to det,:rf!lÍN: whích 
seg.ments of tht~ ln;e ;;;re adrnissibk, i\!though it is ttmpting w n~pre"· 
sent the du::s:;bo<lrd as üll eight-by-cigl;r urruy, ir is e::lsy t~o S·E:e t:h.a~ 

a single e:ight-ekmcnt list, say {Q,, i =- 1(1}8.}, vviii ;míTice, since 
in the Q list we c¡m store the row Ímmber for each Qw.:er1. 

Suppost; that k Qu•.:•.:ns havt: uln:acly b~en plao.!d ;¡Jmis:dbly h~ · 
the first ~ columns ofthc board. Te dctl'fminG whclhtr thc neü Quecn 
can be p!aced in po:>ÍtiOil j, k + l, at ÍellSt l.WO tests Tnf.JSt b~ tn:.¡dr:. 

·(a) Istherc alrt:ady a Qth:<:n in ww j? 'flun is, hns the v¡¡Jue i already 
been assigr¡,!d to nn clt~nlcnt of thc Q lis·t'? if- ~:.t), tb!s p~.Hútiü_Ff 
(j, k + 1) is inadrnissibk. 

(b) ls ther·c aln:ady u Qu::cn on on.: of thc two diugonuh; r.hm paS;~:; 

through thc ncw posit!on? The lht diagonr!l, whidl wc wm CHH 
a "m;:ljor" diagonal, shms from upp,:r l::t'l to \c;;w,:r :·ight. The 
second one, a ''niinor" diagonal, stmrs ti·om lnw~:r left lO uppe.r · 
ri.ght. 

Ir thc ;1nswers 10 al! thcst: tcsrs ¡¡¡·e ncgativ~, .:he ncw position 
. 1 . 'hl ., ! ¡ ' 1 ' • . .• . .• 1s ac iTtrsst. c. ! ou SilOllll g:ve t.1ou¡;nt 1.0 ·;:anous ways or represtanng 

· thc n~cdcd data :1nd perfonning th,• fl~quired tt:st.s. Or1<:: w.ay 10 td~ord 

thc po~;itions of tlw Qucens (kast amounr of stor;_¡ge) is with a sing!e 
cight--e!emcnt list wlwsc ith ckrn;;nl is the row number tf th:~ ith 
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'MODELO n 

.~EL PRÓBLEf0ADf lA úiETA· Y SU DUAl 

--:J-,.iEF BNLCION DEL PROBLEMA DE LA DüE'f:A .. 

~:u ponga que_ un dlatista estO h(ltOJnd© :cl!®·~,,eij~r.edc~;IJ'%'>Jii \\!Jir'J~CJ ~:omburi©JdórrJ.d~ d~CQ) ~i¡p,:b:? 
_ ~~ ·alnmentos (naranjal manzaria,.-~®dn:::Jg•a 17 ~M"dh©lN;v y z";¡;fnióh©dti) de-mon(f>!tá qu€r eü 

_ -:- --"""-..:: .,.gj¡i 1mento re5LJI tonte de . .esta c6mbinad6n r!íiiun(jj d~rt<:>s t.;;;qú~rimi'ern»-o5 nutr9.1!;ion~l.es y 
-- - ;tenga un COS"I"o mínimo. los requerimientos nutdc;oonaie~ que debe t~ner eu aHtrn¡en~ÚJ 

- --- · tre:;ultante es de al menos 21 unidades de vHami/1)©! A-y a! rnenos 12' unidad~~: de Vifr:\Q''"" 

• ·~ 

mina B o. Las .propiedades de los cinco ele~(lentos disponGb!íe~ son: · 

ALIMENTO CONTENIDO DE ' CONTENIDO. DE 

1 (Nar.an·ja} 
2 (Manzana) 
3 (Lechuga} 
4 (Chícharo) 

·· ·s (Zanahoria} 

VITAMINAA POR ViiAMiNAB i?OR 
UNIDAD- DE·A~I- UNIDAD DE: AU--
MENTO:e ' MIENTOo · 

. 1 
o 
·.l· 
l' 
'2. 

o 
l .. 
"ll .. 
&" 

. ' 
. ~ ... :. 

..': .!, ! .:. 

COStO:f'OR 
UN~DAD DE· 
·Ati'MEN-~0-

20 
20 
jl' 

~l 
tt 

El problema a que se enfrenta el d.ietista se puede mod~iar .. oo~ un problema'der ¡pro- . 
. gr~mqci6~ lineal (o progra~a li'"!eal)~.de la siguiente manera·.~ . " 

Sea x¡ la ca~tidad·de.alimento--i.(i=l,2; oec,, 5) que·.deb~ estar-~n.efaiJmento_ !!esul-
. tante de lo combinación de--los cinco alimetfj¡il'o5j~ Por ~o ~O!!tilt0 1 ::el costo d~- n!rltt¿¡duelr 

el .<tHmento i en la mezcla seró su. costo unHC;;!rio por ~-\QJ ICOtiitñdad~x¡ que: esta. presént~ en 
la mezcla. ~.El costo total.de la combinod6f11 de los dnoo-l!lUmentos sert::l ~-o·$umo,~Je.los·' 
cos.tos al combiñar x1, x2, e .-.-y-x5 unidades d.e· cada-ainm~i111to; :._ie.si; z. e$·ef costo t9t~! 
entonces. · · . .. . . · · . ;.. . . 

. z ~ _20xl + 20~ + 31x3 + 11 x4 + 12x5 
. . . -

Ya que el objetivo del dieti~ta es minimizar e$te costo totd
11

· ~ntonces esie·ob!erhto se. 
p\J''_de representar a través de.la siguiente fi.Hildón obje.ti·Vó · 

Los requerimientos nutricionaJes de vitami n~ A se pu~d~n !íe¡ptresEmtCJr en !111. ~nguS'enre fpr
ma. Si el alimento nutricionop _est6 presente en uno r¡:;firaund~tf ~¡- enkH1ice~, ¡:;ropcrd()ncr 
un~ cantidad de vitamina A igual al_.produch'J devHom811lCl1 A_qti.~'COir!JHeUiJeU.Ir<OJCJ.L"'ddod de:· 
alir0ento por l_a C::q!Jtid_ad x¡· .• lq .cantidad total proporcaontJd~ F>ar los d'nco a~·nment~s S! 
r6 la suma de vitamina A conque' controbuye cada olimento y esta deberá :ser mayor que el 
contenido minimo r.eguerido ql!e es de 21 uli1idodes, ie. 
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1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

CONTENIDO 

Objetivo General 

Objetivos ~sp:;:::Íficos 
r'· 

Resumen Generul ·da los .Hétodo·s Existen
tes pura Plariea~ión Programa:::ión y :con
trol de Proyectos. ·.·' 

Diagr.a·m~ d~,· :Barras 
.. '··' 

Deficiencias al Ut~lizar un Diagntlll\a de 
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_· OBJ:ETIVO GEl·!BRi\L 

. . . . 

Los directivos ele un pr.oyecto «cl;uirirán u.n enfc.q-:.w 
muy \itil y· preciso. en c.:u~nto corre;;ponde á los. mc·i:oclot:.;. CPi·1 . y 

. PER'l', (CRI'riD"'\L .PA'l'H. HEl'HOD . y P.Roc;r:J\H J~'i.~~WI\TlOl~ l~ND RE-vr:r:::·~ 
'rECHN;LQUE), para pl<lnlficar- y controla:;:-· pl:'~_-,~·ectof; cor.1plcjor:. -. , . . . 
Qe gran importancia, pcrmitiendolcs compav.c!!:c-ycv;:tluar_de tm~ 
manera rét'pi.dC<. y cfica~ los .distintos progr~a'J.S de truh:.l.JO. 
1\demás de proporcionv.r .los efectos de ca<~ "ariaciÓn o :ret:t:il= 
so en lor;; planen aciopt<=.:clos, y con ello ~d~"fd.f.i.c~:f.' las opcr<l~ 

• . . 1 . 
c~ones q·uü requJ.crt-;:n ct:uf!)10S. _. 

No[; pr::Jr.mi t:i.rnos ac(~rcar u todos los., que di:r.,~·r.~t'l o in(1-:,"~ 

rectamente tic:men · c;:ontacto con proyectos .v,i t~les. de alguna ..¿~ , . . ., . . .. ~. . 

· E1nprc_s,1., COj1 ül afan_de· aumentar su gran pot'Emc:ic.V. en c·l'1c::nto 
·.a, la planificación,· p~·q.<]l;'c.tmación y. control,··d~-~; los· 1nir::mos"' 

. :~·;: :-: • ' •• ··. . . . . . ! .. · •• : .... ~ ~ 

Trn taremos ele dnr respuesta a . .P~·~glblt:a.s • qnc siemp:te 
-. surgen entre los dircctiyos .de un proyecto. ··•· 

¿ có~o idcntificnr las acti vidudli&!ID q\l!l~ .·se . deben 
nar _ de acuerdo a lo planeado -?. · · · · · · 

tern~-:~~ ... _,_ 

¿ Si el proyecto compuc::;to se. va· a _:ih,~YJT!i!1ar d6 act~erdo 
también al r>rogramá ? .. · ,.: :: 

·.-._.:·· 

¿ CÓmo revisar.· lOS avances del prO)'~t;t) COYJÍC.Jr!nC pa:k: 

el tiempo ?., 

Roga.rr.os que. si nuestro trt.tbajo ha~@ lfijié~Jt Cll ti.stedas. 
una incruictud de crÍticá siempre constru.clh1~,: unirerr.oz nu<::~>~ 
tres c~fucrzos para dur · c~nte;_tación a lit!'@. i~te:r:r;Jgantcs que 
presenturcn. 
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OBJETIVOS ESPECIFICOS 

En suma el _objetivo general antes IC)c;pt'esado es la con-
junciÓn de los sigt+icntes objetivos espe.c{ficos: · 

l. - Informar- sobre los antecedentes- del CPH y PERT •. 
. . ~ . . 

2_. - Resaltar que la diferencia entre· CPH y PERT ·no 
es .subtancial solo-de forma/ -formato y nombre. 

3. Valorar· las ventajas que_ nos proporcionun estos 
métodos.CPNy PERT. 

4. Ver que el diagrama de GA~1TT' :presenta serias di. 
ficul tades para los . fines dQ 4;:ontr.eJ. en cna.l-- ·"":'·
quieJ:, tii?;o • de J?royectq •..... · 

.. 
. 5. - Saber elaborar una tabla .. de· ·secuencias nccesa-

. rias para la coordinación de- act:ividades -dentro 
del proyecto. · · _., 

· 6. -. Diagramar la red lbg;Lca de ·a..ctividadesn apoyán
dose ~n tablas de· secuenci~u;, • · 

7 • - ---Interpretar la programaciÓn de ·un proyecto con 

8. -

ayuda, de ·CPH y PERT. . 
.. ,_. ,. 

Calcular· la· solución de una r-ed lógica de· acti
vidades-_ por los métodos CPH y .-PERT .. 

9. ·- Llevar: al éxito todas las. etap~s .de un. proyecto 
al utilizar métodos CPM y P~T ~: 

10. - Mejorar laplaneación, pro~,aciqn y control
con ayud~ de estas técn~qas CP.M y; PERT"-

- 2 -



.. -RESUMEN GENERAL DE LOS l'!ETODOS E..'\:!STEl;'l'ES PlU~A 

PI.J\NEACION PROGRAM.Z\CION Y CONTROI. DE PROYECTOS 

1.1 Diagrama de Barras: 

No es nada nuevo el saber utilizar. eL ·aiagram~ de ba~· 
rras,o diagrama de Gantt, para poder cla.botarprogra:mas dé 
.trabaj9 y· ejecutar un proyecto, ya· que ~e· fo.¡nna ·como sigt¡,eg 

.,.· 

a. - Se .. determili.á.il cuales son las ··ac-t..ividades · importan 
tes de un proyecto. . · 

.. - . -

b. Se asigna. una estirnz:.ción de tiempo pare: cadt;!. acti, 
vi dad~ 

e. - Se representa cada actividad P?=C" . .una recta hori=~ 
zontal acotada en tiempo. 

d. - Se hace una lista de actividadeS por cada renglÓn 
y con un cierto orden de ejec~(:iÓn ·se coloc~n· .... 
'las barras según el tiempo efe~tivo:o 

e. - Se convierten los tiempos ef~~~ivos a una ,ascal;:;~ 

· · de . fechas de calendario, y se hacG coincidir .el 
inicio del pro~'ecto con ·esta ~sea la de. fecho.s ca,.., 
lendari_o. 

.. ·. 

d~· Se ajusta-n las posiciones de.las.:ba,rra~i represen~ 
tativas de las actividadesr · t~11ado e:n cuenta la:::; 

·fechas no laborables (. dÍas d~· de.scan~oiJ festivos, 
vacaciones)-· 

. }··. 

Un diagrama résul tante·, será el demcs-tr~do en la figura 
siguiente: 

- 3 
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~ : .... 

····· . ·~ .. 

DEFICIEÜCil\S AL U'l'ILIZAR t.JN -DlAGHJ:'07\~ DB GAN'l'T1, El'l' 

PLANEACION PROGRAM?\CION Y CüNTHOJL DE PROYl~C'l'O;"L 

a •. - l!:xisten problemas para representar la coordina=~. 
ción lÓgica de actividades, ~crecr::ntándose aún -
más cuando el proyect:o es coo¡plejo .. 
~1 final de CL1entas no es posible evaluar el pr.2_ 
greso sin intervención cont~:úua del pcr:s:on01l 
principal. · 

b.- No se logra por este métodO diferenciar la plane-ª. · 
ción y programación, y no. es pc~ible ver clara= = 
mente que actividades necesit~n-ser inic.io.da&~ al 
término de alguna actividad en. c\~ElstiÓno 

. _1 

c.- ·No se de·tectan facilmente ctiale~ son lªs activi_;;,'"'" 
da des que . en realidad cont~olan ·ltl. · dure<..:.ción del 

. proyecto,_ ya sea que aparentemeirte toclas tienen ~. 

•• 

la m:i.f;:Il1~': importancia, . y po_r con.sigt.d.emte si se . - :.& 
llega a retrasar alguna priDCipalo · el proyecto· sg_ · ~,. 
fre una descompensac:ión con respecto a la . dura~~ 
ción de loanter.iormente prc;gram~do_sln poder pre 
decir este tipo. de efectos 8 :tomándose a poco t:i.en~ 
po de iniciado un proycctoo me~Yid!as de ~celera.~ =: 
ción ·del mismo, para compenoor eutas deficienc~a~L 

,d.- . No es • posible ase_gurar ninguna: ~·xeclla de i:erminG~.~~ 
ción de ciertas actividades ya que. pueden ocn:rrir 
retrasos in:evi tables. de condiciones de trabajo e· ~ 
clima, .etc.,· provocando ·muy· tSegJi_os problemn~L 

. . . . . . ~ . : ·. . . . . , . .· ' . . ' -""' . " . -
e.- Es ~mportante tamb.1.en ·hacer not~::r ·que el. dJ..agrama 

de Gantt, tanipOCQ es recorn~dable. para d.istrib\,4..:~ 
ción de recursos (material e. pelb~onal equipo u ca pi,= 
tal, etc.,) y pro·:rcamación, & \dífl;) p.roycc'to" .. 

- 5 - •• 
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LOS RESULTA DOS DE · CDI•'l 

Un úiagran:t de Gantt que represente a un. proyecto con 
el auxilio de los métodos de programaciÓn, muestra objeti 
varnente las duraciones, o sea la~ f~~s de iniciación y 
de terminación vosibles,. y lns holg-g...oras para cada activi
dad de que con~ta el proyecto, así C<:ll."l"!O para determinar·= 

. . . , . . 

la distribucion en el tiempo,· de los recursos necesa:t:·iorj 
para. el proyecto o . 

1. 4 ANTECEDENTES DE LOS NE'rODOS CPM y PER_T ( 1-m·Topos DE · 

PLANEACIO!.'r, PROGR'Z\!·1Z\CION y COf-!~f.'ROL) o· 

·.,:··· , . . . 

A Últimas fechas se idc:;aron do·s metQdos para la· pla--
neación, programw.ción y control: 

a.- Método. de la ruta crÍtica (CPM), dura.ciÓn dater-
•. 1 • ' 

mJ.nJ.StJ.ca. 

b.- Método.PERT, duración p:r;obabil:Cstica., 

· ..... 

Para efectos de nuestro traba] o, hablaremos de· CPN . y 
'.1 

PERT indistintamente. · 

El· método de la ruta crítica ·fue desaxrollado en los 
Estados Uriidos,. a principios de 1957, por .. el Sr:" Norgan R. 
Walder, en ese ·entonces, miembro del Departament;o de In.-· 
geniería de la.~CornpañÍa E. I. Dupont de<N.emours &. Coo·e y-. 
por el Sr •. James E. Kelley, Jro, entonces investigador d·3 
.la CompañÍa Remington Rand. ·.··· .. 

. . .' : .. " 
_ A partir de ello, el método CPM, I.o. ~ti lizo la compa.;.. 

nía Dupont desde 1957, dedicándose a const,ruir. y rnoderni-· .· 
zar plantas quírnicg.s con exc~lentes ·resultados .en la eta
pa~ de. plaheacion, progra~aciÓn y. control . .; . (ver referen:._ __ 
ci~s bibliogiáficas:) •· · · · · 

- 6 -



rnos: 

En 1961, en la DirecciÓn General de Construcción de -
Edificios,·y en la Secretaría de Obras PÚblicasu En 1962 en 

.. ~· Comisión Federal de Electrícidad y despu.és eli el Combina'""~ 
<Jo .Industrial Saha,gÚn, . y en otras grandes· co)npañías construc 

to.ras del Pa-ís~-

El método PERT, fue desarrollado en los. Estados Urii =~· 
dos en el año de 1958, por un grupo de inv~st:igadores dé la 
Boos, Allen y Hamilton de Chicago, a solicitad de la B•special 
Pr6] ects Of:f:ices .. de la Marina de ios Estados Unidos" · 

Este.método permitió acortar la duración -del proyecto 
~ola~is, en dos aflos~ 

-
1.!? BASES DE LOS ME TODOS DE PLA·N":E~iCION-. ~~t>.GRA!'fl.J\.CJ0.!.'J Y 

CONTROL 

Veremos a continuación en.forrnabreve, los fundamen~ 
tos ~e los métodos .CPM y PERT.,· y· los. anál:is·is que pueden 
efectuarse en ello-s. 

Sus Bases son: 

.a .• --

b. -

e ,P "j G .J-' ·Pe.rmitir la diferenciac~o:n er..-:tre. planeQcl..o:c.~ y = 

·• " programac.1on. 

Reconocer.en la planeaci6n~ 

· .. 
l) Actividades coi:nponentcs d~l pro:tecto 

2) cÓordinación de las actividades. eh orden·lÓ 
gico. 

'.''·. 

e. - Presentar un proyecto en dia_<Jl.:ama d~ .flech<e<S;;, 

d.- Asigriar'a lá.s.dúraciones de cada.actividu.de. en el 
Método PEWr, tres tiempos: -:1~ás prú~ableq optimis 

.. ta; Pesimista o. niediante los. wale.~ :Se vju;.s:ta uha 
distri~ución convepicntc. dp; p:'GJbabilidad par~ la • 
duracion de_ la actividad., · : .. 

- 7 ~ 
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e.. - Dar informacion pura li.ace:K· \lllfi 'análisis o en: .reía= · . -~ . 

cJ.on a cuanto se aminora·~eJ:. .. c::nsto de UEa acti¡•, :;.. ¿. 

dad si reducimos su duraciÓnc 

f o Proporcionar datos.,p3.ra analiza:r: ·los recursos_ r~ 
·· queridos,· para cada duración posible. de cada a c..;, 

tividad. 

, g. Apoyars'e en métodos corno .la programaciÓn lineal .. 

h.. Para el m~ todo PERT, se auxiliA en métodos esta.-
d 
... 
J.stJ.cos. 

1.6 AN11~SIS BJ\SICOS. DE LOS HETODO$ C?N y PE~'r 

Al tener la presentaciÓn de un proyecto, por medio de un 
diagrama de flechas, seprocede a la progranación o al anál.i.si~ 
de tiempos. 

En ·e.l diagrama . la longitud de cada flecha es:: 
. : '. : .. 

. En él Nétodo CP.M~ la. duración de la actividad.,· 

b. En e.l 1-1.étodo PERT, la duración-probable de la ac
tividad coircspondiente. 

Con base a estas ·longitudes, · se ·.consigue 1~¿ du.raci.Ón ·de 
1 t 1 ,,. d 1 .. . d . . , d 1 . . a ru ·a mas arga aan anos a nunJ.ma . uracJ.on e p:c·oyectou· 
proporcionándon.os así-,· una rut.a crÍtic~. y .las actividade::.: qt.J.-3 

son excluyentes de las anteriores se consideran ·tener holgu~-as¡ 
l~s cuales son importantes para progrC~.rnaciÓn de re.::·~.l:tsos.. sic~ 
pre y cuando no se c:.onsuman duraciones mayo:res de. las pG:rmit:í.....: 
das y reti.asen el proyectoo ... 

. En el método.PERT, además ·es· posible. determinar ·las ·pro· 
habilidades de que se pueda terminar un deU2rminado grupo de ~· 
actividades, del proyecto.en conjunto a un4leterminado tiempo .. 

l. 7 .. GRAFICA__x_A:nt~LISIS ·QUE SE PUEDEN Rl\Cf!{ FJ\Bir::NiX?_ 

UTILIZllDO · LQS NETODOS. CP~·Í y PE~ 
f 

~- ·. 

Habiendo utilizado en un prQyectoc les métodos de CPl·l y. 
PERT. es posible elaborar diagrama::; de Gant-t:, ·.que noEi represen 

- 8 



te. todas.· y cada una ·de· las act::ividades CQ:fi 'holgara· !:e0pectiv~~: 
decreciente, basta llegar: a holgura cezoo ~i~nilfg,·· ~sta la ~-:c'-ti 
viClad crítica de un proyecto o r..a.s holiara~ son :f..;;ax~~~~·.g'trú.s ..... 
importantes en cuanto a .. elab.orar .con e1l©$ gráfic~z t:Lpo :t:ü-~ 
cursos requeridos va. tiempo, . evaluando. el e.xcesc; o íalta · t:b 
ciertos recursos para poderlos distribuir Óptirnament~ a tra~= 

;,· .. - . . . 

ves de todo el proyecto. 

(L 

Si· la ruta ·crí tict-t de. un proyecto o ·da fechas mayores n 
la deseada, se puede recurrir a métodos de programaciÓn lineal,. 
ópti,l;Uizando para 121, ac:ti vi dad en questiÓn Ull costo YnÍnim~ a ~~. 
menor duración, lo mism·:J .logrando reunir estos ·parám.gt:rog pa~ 
ra las actividades· de. un proyecto, podemos decidir· alcanz::1r i;l 
objetivo a .un m{nimQ costo y a un mÍnimo tiempo o 

1.8 APLICACION DEL CPH y PERT AL CONTROL DJ=. EJECl.iCJOl~ D~ 

UN PROYECTO· 

Los métodos CP!-1 y PERT, pernú. ten det~nninar 1<1is activk_ 
-.:~ades crí i:icas y l~s que tienen holguras pe~eñas.. ;Si el J?'K,~. 
yecto en c;:uest:Lón s-q.fre retrar:os, en alg-J.na, actividad. crf t:ica.:
estas ·técnicas nos proporcionan información sobre el nuevo ~-~ 
_tado -óel proyecto •.. 

Queda al consejo Directivo decidir el. comprimi:rc lE! :red<~ 

o dada la imposibilidad d·~ bacerlo, llevar a cabo un c~tric:to 
control de la nueva x:uta crítica y de las. activida.des con pe~ 
quepa· holgura. 

Tanlbién 1a :información .permite la ·asignación ,ÓIJti:ma 8.·2 
recursos, conforme:: á los progresos alcanzados por ;t::JL proyecto" 

.. . ·~ . 

a~··-

1. g· VENTi\Jl\S DE LOS METODOS CPH y 1?.!1-11! 
.···. 

Desglosar un proyecto en todas su~. aetivid;.~dag 
component$s, el podE;!r . clasificar en ~den- d::: 
importancia ·y organizar la planeaci<?"rlq . prog:r·~rna= 
ción y control de ejecución del 1~1i~md,· b;sj·ü. e.~as 
mismas reglas .. 

..·:·· 

9 
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b .. Coordinar -de n.na manera eficiente C!. tod(1~ loti:· or= · 
ganismos involucrados en_f~l proyecto en las \3-'i:e->F.. · 

· pas de plancaciÓn, programación y control de .eje'-". 

cución del proyecto" 

e o ...,. Utilizar la e:>rperiencia de un grupo directivo de 
distin-tos. organismos responsables yclaborCir ~ri
conjunto un proyecto Maestro que enfoque toc'b.s~ 
las actividc:tdes del mismo. · ·· 

d. - Determinar cuales son las acti vi.dades del proyectO 
que controlan la duración {actividades critica~) 8 
y las holguras_o márgenes de tjempo disponibl~s
para retrasa.r la terminación de las otras activi~· 
dades, ··sin retrasar la tenninación ·del proyecto .. 

e. - Deterrétin::1r de antemano y con toda ~precisión los.
recursos (Iúateriales, personal/ equip=> capital, 
etc.), necesarios en cualquier tiempo durante la 

-~ . . 
ejecubion del proyecto. 

f • ...;.. Campar~ planes y programas alternativos para el :~ 

mismo proyecto, o para una de sus partesv y ajus
tarse·a las condiciones propias de la empresa en. 
cuestión. 

g. Analizar los efectos de· cualquier si tua.ción .Ún,1">re 
vista y ·de tomar las nv=didus correctivas e;t:icien
tes. 

h. - Permitir que el personal direct:ivo de un proye~to 
sÓlo tenga que Ú1tervcnir .. cuanao ocurre .algu.na ~:?i 
tuaci9n ,_imprevista. 

' . 
i. "Perrni tir el delegar res.:_.:>onsabilid.ad de los dife~-

j. -

rentes organismos ,encargados ce un proyecto o ul
gunas _ae sus p3.rtes. 

Poder ---su.:s-t.it·uir personal directivo en cualquier· -
momento,: sin trastorna'~:" la ejecución del proyec:
to o de una parte del mismo. 

k. - Encauzar la experiencia adguiri.da en .la ®jecu.ciÓ:l 
de proyectos productivos similares, .. por lr,) tanto~ 
J..a elaboraci6:::. de planes standard •. · 

- 10 -
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l. - Comparar.· ordenadnmente los datos estim~.dos corl'·"·- · 
los valores de ejecuciÓn-y detenninar el efecto 
d-e las desviaciones. 

1.10 APLICl\CION DE C0~·1PUTADOR1\S ELECTRONICAS EN LOS 1-"U::TOD;)S 

CPI'i.:..Y. PERT .. 

Calcular los métodos CP.lvl y PERT se puede hacer a manq 6 . 

sin embargo, por la ~agni.tud de los proyecto se ·hace impres·~ 
ci!ldible la·a~da del computador. 

·-

Tenernos a nuestro alcance computadoras de firmu.s como 
Burroughs, IBH,.CDC, BULL, UNIVAC, que proporcionan todos los 
cálculos· para la base .de programLiciÓn, y'expeditar programis 
de Gestos. 

'•: .·-. 
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2 TA BL'I\ S· DE SECULNC!l-\ 

·.Al inici~r la planeaci.Ón de un proyecto deburer,'los tom::..r 
en consideración sus diversas fases para lograr una base sÓli
da en la aplicación de los métodos de programación CP~!l y I1 :ER'l~o 

Sin e~)urgo antes de iniciar la primera fase que serñ ~ 
la de enun1eru.r todas· las activid~d~s por ·Orden de iroportanciao 
debemos de cumplir con tres reglas básicas~ 

a.- Debemos de_ tener colaboradores experimentados y= 
con ~mplios conocimientos en la parte especffica 
del proyecto, que les corresponde. 

b.- Se requiere además informaci-ón sobre.los xecursos 
·disponibles co::no los humanos,. econÓmicoso equipo 9 

espacio para la realizaciÓn delproy~Ctb" 

c.- Hay que tomnr en consideración fechas claves para. 
el cumplimiento de determinadas actividades y ~::.Ul"&fh. 

: do a 1 medio ambiente que influye ·en forrnn impor
tante, en el deparrollo del proyecto. 

2 .1 PRD1EPJ\ FASE EN L.~ PV\NEACIOI:J _Df:: UN 

PROYECTO. 

La primera . fase. es ia el~.boración O.e una lista de o.cti 
vidades componentes de \.111 proyecto en act:ividades ·de primel:" or_, 
den o principales, y subdividir c:J.da una en. activid¡;.,.d2s de Eo~ 
gundo orden y sontinuar asi sucesivamente. 

~sta división mencionada anteriormente se puede repre ... 
s.entar· en la sigu~cnte ilusb:aciÓn; . . 

- 13 ;... 



'·:-·, 

. ·, 
... 

,.I 

... , .. ·_-.. --N.-,l.-:ím_a ___ cs·_r_o-.d-e--0-r_d_e_r_t_d_e-;---~~~~~¡¡r=.-~.~-~-~~ .. -= .. ~. -~r~~= .. _Oj _ ¡¡ 
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I PROYECTo· 

.. 

1 
2 
.. 

. f. 

j 

: 2. 2 SEGUND~ FASE EN I.A PLl\NEACIOlr'.DE 

· . UN PROYECTO 

ra 

l
~ 
v 

m 
-

En esta · i;C! se ---se especifican el ordeñ. de secuencia de 
ej_e.cuciÓ!1 ·de activ~idadcs del proyecto, pa:ra lo cual se to..,.._.: -· 

·roan en cuenta los :requisitos del proyecto¡ ya sean condicio 
nes necesarias de Una persona .o empresa ... --

Para cumplir esta fase de planeación es rcco:tnendablc 
preparar una tabla de s~cuenciase 

La 'habla de secuencias es una matr.Jz cuadraa?¿ do~de 
se describen todas las actividades en los renglones y colum 
nas., de manera que a cada actividad re.n9'16rx le cc.r·re:~p·;:md~~= 
u. na· actividad colunma" 

j .r, 
[. J: • 

• 
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• cías: 
Se siguen dos re13las para· .forma.r una tal.ila de 5ecuc·:~·'· 

B.. - Se analiza cada act~vidad correspon~iente al · -
zengl6n en turno ~ se determinan cuales nctivi

. dadcs se pueden hacer inmediatamente después,.~-. 
colocando una cruz en el casillero correspondicn 
te. 

b. - Se analizan las actividades Cc:>lurnna y se dcter-:
minan cuales activid::..des se pueden hacer inme..,-.;., 
diatamente antes de dichas actividades., coiocah 
do una cruz en el -casillero correspondie...'1.te" 

,La aplicación de las reglas anteriore~ se pueden hace?= 
en cualquier orden,.· una vez determinada la tabla de secuen-
cias debe ser revisada una y otra ve~ _p~réi. 1nejorar la plane.'l-. .. c1on del proyecto~ ......... 

Esta tabla de secuencia es es8ncial para la ejecuciÓn , .. 

de un proyecto mas no forma parte del metodo. CPM y PERT$ So-
lo es una investigaci6n de objetivos.,. métodos y elementos '
disponibl..;s •. 

,. . Toda esta etapa nos aclara si nuestro. proyecto satis...: 
face nuestros objetivos y si es costeable.su realización .. 

-Cuando dispongam"Js·de un conocimiento de. redes aunado a la -
tabla de secuencicts, entonces podernos elaborar el diagrama -
de red. ele un proyecto en particular.. · 

3 CREACION. DE LA o.RED DE UN PR.QYECTO 

El primer paso· para utilizar lc;>s niétodos de ruta cr{~ 
tica es la identificación de todas las act.iv.idades c~onteni-
das en el proyecto, y la representaci6n de estas a~tividadqs 
por medio de un diagrama de flecho.se . . 

Este paso ~s usualmente 
Aquí' nos limi tar~mos a indicar 
un primer dibujo de una redo 

15 

: . . . -· - -··. "'. 
llam:;¡_do ."fase de planeacion 11

.; . 
. . . 1 • 

las reglas _has~cas para hacer 
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Existen ciertns re·glas y ccmvencionalisrros q:J~ O•C}X:! ::.;i 

seguirs9 en· preparar 'redes, éstas no;:; mostra:1tál1 un alto g:cEdc' 
de conocimiento so'!:>re el. proyecto· y todos los ju.icio::o. "' c,s 
qU,e hay qu·e conservar. Por supuer:to las :r.eglas lejos de Sf.:::c 

rÍgidas S(>n muy flexibles dependiendo del usuario., sobre el = 

con:ocimiemto de los·conceptos y su experiencia en. métodos de 
. CPM y ·PERT •. 

Hay varias formas de dibuju.r una red., Aquí CA;tfGl.tiza....;~ 
remos· el convencionalismo existente en el ramo ü1dustrial co= 
mo la construcciÓn de usar en métodos de_ruta crítica., el sis. 
terna de· actividad en una flecha o· 

3.1 TEill-1INOS B..'\SICOS . 

Varios de .los más comunes térmir1os en trab:2jos de 1~e.,;, 
des sr:::- definen -a continuaciÓn: 

DefiniciÓn: 
Una actividad .es una porción dé un· proyecto que esta 

conforme a ios si,gui_entes indicadores.:. E.pta.:no "PUede come·n,;_, 
zar a menos que sus predece_soras · ::n orden ·lógico sean. termi 
nadas. 

Las actividades siempre tienen un principie y un. fin 
y ~Ueden estar asociad·:) S a las mismas# tiempos 1 recursos ael 
proyecto • Las actividades se representan graficmnent e por = 

. flec}1as- acompañada qe la descripción y el tiempo esi:::irnado de 
la misma. 

DLBUJGS .DE ENSAHBLES 

r· 
·.Figura # 1 

. DefiiÚciÓn: · 
·- Una flecha ·que. só;to :ü • .:.;...:. .... ú. una dependencia· :ct3 .u.r.~,a a·ct::t~ 

vi dad con otra, es una actividad ficticia o · Una fict;ici?.o tic·= 

- 16 

• 



• 

• _/. 
\ 

ne duración de cero y se represont.a tan -corm:.mmG>rd·;a .. .::omo ·t:,;:c;:'' 

flecha de lÍnea interrumpida (:t'igu:ea # ;n G' ü u.n .. ;;.i flecha· 
lida asociada COn cero ch1~aci.Ón {fi.gt2Dt?, ·-}~ 3).., 

O ' 
. 

Figura # 2 Figura # 3· 

D-;:;finiciÓn: 
. Los puntos iniciales y los finales de las activida--

des.son llamados EVENTOS. 

TeÓric~mente los eventos son puntos insbintaneos en 
el tiempo. Hay sinÓnimos com::> Nodos y Con~_c_:tor~~~ Si un 
evento repres-:nta la lleg:::.da final de más deunaactivicad, , . . . . . 
este es llami:tdo evento Receptor. Si un evento. repres~n.ta el 
punto de partida de . v"arias actividades S~ <.llarn~ é.Vento ~= 
Radi<:mtc" Un evento se pres-enta a me.nudo corno una figura 
geom8trica como e3tá a continuación en la: figura # 4. · . 

·Figura·# 4 

EVENTO EVEN'l'O RECEPTOR 

DefiniciÓ.:1: 
Una red es una representaciÓn g:X:.áfica de la planea~

ción de un prcyectb, ·rn::>strando las intcrrelacioncs_de varias 
actividades. Las redes pueden. ser liama.das 11 DÜag.Lt:;TrúlS a.:i 
Flec11as" G Figura # 5 cu'-lndo los resultados- de lc;s t:iernpos. 
estimados y computados han sido agregados a ·1a r€?;do se pue-. 
de usar como para programar un proyecto., · 

. - 17 -
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Las pocas reglas p.:u:-a red8'a r''1iE.~.dJ:&lt.:. se:c; el~"' " 
cóm~ todas comunes a· toclás .. las act:Lviciade.s ·de ur1 dülg.t'u).~e; 
de flechas, y estas reglas son impuestas para el uso dO 
-.:!omputadoras que manejen los métodos Cl'M.- y PERT" 

. . . 

4.1 REGLl\S BASICAS DE ül·lA RED LOGICA-

Regla l.- Ant~s -de iniciar una acti:ri.daa a todas · la.s- ;:~cti ~.o 
vida des· precedentes deba1 ~: terftlinarse .. 

R~::yla 2.- Las: flecha.s sÓlo implican Ul!:ha. préc~dencia 1Ógi~, 
ca. La longitud de la- .flecha· no tiene ni:rv-:;t'Ún = 

significado.. ( A menos q¡¡¡a-_~ se utilice la ~sea~ 
la tiernpo·para la red). 

· .... ~ . . 

4. 2 REGIA S IHPU ES 'IA S POR LOS COHPFTA DORES 0 METO DOS bE _ _f:0,LCtz.hQ~ 

Regla _3.- Dos eventos pl1Gden directamente conectar una SO=· 

la ·actividad . 

Regla 4.-
.. 

Los numeres de· los eventos no .deben estar dupli~ 
cados. 

Reglas.- Las Redes dsben tener solo un 'evento inicial que 
· no tenga predecesor}, solo un. evento final { <;:füC 

no t~nga suceso~) o 

Existen paquetes de computadora que no tienen er; . . .. 
ta restrlccl.,on. 

IJa regla 1 y 2 pueden· ser interpretadas si_ conocemos 
la porción da una red de la figura # 6 .. 

De acue;::-d') a la regla, _1, este diagrama esta.blcce que 
élntes dP. que la actividad·D pueda iniciarse,· las activida-
des A, B, ·.r ·: de~en ser- completadas •. ·_·--:, . . . .. ·-;· .... · r-· 

~19 -



· Note que esta no hoplica que.l!qnt. <~M.::tividadeo.s !f>¡, B y.c 
sean co::upletame;-lte simul tá:1c;as o • 

Note ·que además qne el evento 4 es u:r& (8V-eiito reccp·"'~ · .. · 
tor por que ahÍ . terminan las actividi:.~de~ .A o .B y e y com.ie;:~~l:--:c. 
la actividad D. 

4. 4 ERRORES COHUlr:C::·; 

; 

I.os -erro1~cs ·mas comunes que se presentan son al :no. rcro 
petar la rteqla l. 

Nos ilustri:t:remos con la misma figura 6, supong<:u.no.::; 1 
que la activid::Ld B, depande de haber te::rminado la act.ividw,d ·-
B y e de:;:. solo ur.·:i parte de la actividad A y .completar lé! se-~ 

· 91:1nda parte ·de: A totalmente independiente. El . diagr.om;;t qne ~· 
ilust;ra. correctam:~nte esta situaciÓn es: 

A B-
1a. PARTE 2o.PARTE 

s.:. ·.o. 

e 

Donde la u.ctividad s-a divide en do~ activido.C.es JlJ la., 
·parte y A 2a. parte además de introdu.cir una. acti·~idad f1ci:i 
cia, éomo veremos en_ la figura # ie ·la· a.ciiviqad f:ic:ticii:'l ·se 
ha usado para cOrregir el problern.a· .. 

. . 

Otra condic:Lón se p~ede presentar en· una Jtié'd!lu se ilus 
1 .t::' 4 8 -cr~ en . a .1..1.gura v . ·e· 

E (·~ ... ). 
·-:--~-.-=~· ~- _,~-~· ~t . . 

. / 

~ . ~··· 

OA 
.. ,· 
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~· ... as act.i.vioades Du C~ D" fe;,;cmat'4 'Jil;lJ :'1~0CJ~-;a ·el ,;_:ual rés ·,-,;:: 

la indicncioh de un error en la _lÓgica de .. la red, 

.-En ·la figüra 8 la a e t.i vi dad B no "~Ct!edB> ~~-z;i :':·, -. 
~'> ' 

no completar . la actividad D asimismo la D no se .inicia al .rL:: 
terminarse la e y la e no-principia porque no se ha terminado 
la B y caemos e::-l .un circuito .cerrado que impide .la lÓgica do·. · 
la red. 

4. 5 REGL?\S PARA IN'rRODUeiR ETJ PROBLEMA A . -

U:~·FI ·C0~1PUTl\ DORA ---
Las regl2.s para redes la 3, 4 y 5 son los proce~lin;:Le!l_ 

tos :?cl.r:a. codific<l:c redes para el análisis })Or compute:,d0J.:é:"L .. 
·ta regla 3 se viola cuando ocurre-lo demostrado en lQ figurn 
# .9. 

8 
-~~-~ .· 

e po 
__ __;;_ ___ ..-...,,~ . . 

Figura # 9 

Las actividades B y e puede llamarse actividades re
petidas; como lé.!.. fori.na de distinguir l<.ls ·ac.tivicl.::\dcr.; son 
sus nodos 

CÓdigo Co1T1putadu1.·a 

1 - 2 Actividad B 

1 - .2 Actividad e 

E "- · 1 -.s act.; ''~.:¡.,.., .• :-¡.,..,e 1-•. .;c-. nconces ~_e::-1emos qLle rec1,lr:t:lr a .... a. . . ..... v .~.~~'-'-''--~·-· .... 

t !c"a- p~ra no~~~~ en ~rror a~P 1~ ~~nl~ 3 co~~o ~P ~~~,~~-.J.. J. '--' .::¡ ! '-'-'-<.:..:..<.. • "' - - .._c. :J ._.. .i' -• . "' ... ./-~n--~"-'r 

tra en· la fig: . ..1ra # 10 .. 
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~· 
-------

e 

Figura # 10 

Ahora si se pucdGn distingu-ir las dos activic1.ud2~ al 
ser bautizadas de la siguiente manera: 

CÓdigo Computac1cn:.-a. . . . " 
Des·::r~pc¡on Actividad 

1 2 Actividad B . 

1 - 3 Actividad e 

2 3 l\ctividad .F.ictic.ia 

4. 6 EL USO DE L?'IS AC'.l'I\TID:"1DES .FIC1'ICF>S ------- ... ·------
Algunas ve.ces se emplean ac t:ividades ficticia~~ en ~ 

forma rc~·dundc..:.nt:e como en ·la figuru. :¡.-¡: 11. 

A 8 

D·:mdc evidenter..2nte para iniciar la activ.id!J.d .:e es 
~olo si se ha concluido la actividad Dr C y B lo tantc 
rem~rcu.r que la c::.c ti vi dad B es 11'ecesaria para iniciar la 
activid2.d E, viene siendo redundante. 

- 22 -
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---·-·-·~---..--··· ---- _____ ...,. ____ ., ··--- ~-·--·· ...... _ .... -··-~~~~·--··~·. 

. ~-----~- ":''"~-· ., , --~ ···-.. ·- ·-· ·---- .. , .. - . -· .. - ·---j-._ .... 

Otro caso donde lns act'!l. ·J.i.r:~~-6:~~-- ~H.cti>.r;.~,a ~ t<"l so~1- }'H2-·. 

cesarias es la figura 12. 

En donde las actividades 2-5 y ?-5 que al se:x..~ fictj._ 
cias no tienen duraci6n si podemos prescindir de ellas y 
modificamos la figura 12.a la figura 13 siguiente: 

e 

1. 

otro uso importante de las actividaaes fict:i.cias er.; 
ta ilustrado en este ejemplo. SupongaNoS en una parte de 
un proyecto ·ae la figura 14 este se realiza 

-o-A 
-~o-B o-· · -_ 

·- ·-_¡ ... :.·. ;_- - -·. - •.. ~- ·.·:~:-.. - -- - -.:; ..... •'*-. :"" .. -~ .•.• ·. -· ~-. • .. ··-·· -- - ... .• :~ .. -· ••. 

---...;. .:. . -Figura_ # .14 . · ' •· lS . .. _,·---------F~guxa.'íT- . -~· 
~ . . 

que' la a~tividad B depende de la ~ctiviaad A por tener en~ 
común el mi.smo recurso, .ya se~l- una persona _en és1x~cial o 

, . "f. d b '1." . una maqu1na espec1 ·1ca. En este caso B e e ~l~~j~rsc como 
dcpendic¡-ltc: c!o A por c:l uso de 1..1r1é1 ·ac·t_iv.i.da.d fi.c~~~lc~ia .f.itJl.l .. 

ra .15. 
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5 c,:AI.CUI,OS B1\SICOS Pl1.Ri\ T_.!.\ PROGP.i'\~0\CIOH . 

. Con base a los fundamentos para di6~fiar-la red de~~ 
.'" proyecto q1~eda por calcular los tiempos c;~.proxin;3..dos que ;:.:e 

;e··. ¿ ,;;1 

• ., d d 1 ' 'd d " as1gnaran a ca a una e as act1v1 a es; y asl comenzar a prQ 
yramarlas ~ calcular la ruta cr{tica de la red~ ~n el caso de 
.. t • 1 ' .¡.. 1 ""t 1 ]) 1 t ' d t r ' ' u l lZR~ e me-o0o C.M os -lcmpos son e ermlnlstlcos o 2c2 
una sol~ duraci6n por cada actividad: en el ru~todo.PERT los -
tiell~pos i:fun probabil{st.icos en donde se asocian tre;- p;ra e~-

. ,. 
da una~ de lQs actividades, salvo esta diferencia entre len m~ 
todos c~H.y PERT todos los cálculr::>s que d-escribiremos aqu{ 
son iqénticos para .ambos. 

La· progrrtmación de un proyecto comprende dos pa.sos ·}x:~ ~~ 
sicos, el primero que hace un c2.lculo hacia adelante y el se
gUndo es dl c~lculo hacia atr~s ~n la red. 

Basándo.3e en un tiE:mpo de ocurrencia. del nodo inicie;.]_ 
de red, el ~~lculo hacia adelante de 1~ fecha d~ inicio m~s 
temp:c~r'!.o y tard{o parü. cad::t ucti vidad, e i ndircctamente el ,. 
inicio m::1 ~ temprano y m;Ís tardio para cada. uno <18 los even---·· 
tos. 

Los tiempos real0.s, se conocen sÓlo dé~pnés de h::;.ber -· 
conclu{do v;:;.rias activid.ad~s y poder compa:a!':t cont:r:<• los tiem 
pos-§sperados, pueden diferir por la desviaciones entre los.~ 
tiempos reales y estimados de los tiempos plane~'..dos ~ para ca~, 

da actividad. 

Por la espccÍficaciÓn de los tiempos de OC'!U:l'~renc:La tE:2~ 
~ . ~ 

minales para los evento.'~ d.:~ una red el calcul_o hacla atr:a.s 
1 "'1 . ·"" _,. l'' -. nos ca culura a tenm.n<'tclon m.:ts temoruna v tarcla para caca 

actividad e -indirectan-iente la terr.1in~ciÓn p~rmit:icb de .tiem;y.) 

P ara cada evento. D:;sDués dr; un c~lcuJ.o 1:a.cia ndel.:1.n"L¿:: \r 112.--. -
cia atrc.1s se ha realiz<J.do, queda por hacer el ci:1cn1.o cJ.n· 1:~::; 
holguras .para cada, actividad y determinar los arcos cr:Ítico:.::> 
de una red. cua~do una activida~ tiene holgura, h~y m~s tiom 
po disponible para hacer lo gue esta actividad desea. 

casi siemprq 
Es muy conucniente 
dades en d{as de 

se c:dopta la 
plc:~near los 

trabajo, en 

- 24 ...;. 

unidad de trab,c_jo de ur. dÍa, 
tiempos de lc..s act.ivi ·

las redes CO!"f',enz.;;:u'i.dO c·on un 
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tiernpo inicial de cero en el ev<:~ntc :hlic.ial del rn:-oycctl.)_ · 
. ; d t "'1 .. ~ ' " " ' La convers1on e es os ca cuLos a recnas ca~endar~o reqJ 

re de hacer un ·calendario CjQC cont.ample s!:Slo los é}:{c:.s de; -

trabajo numerados. En suma se c·:nnp:rende que el proycct0 --
tic~e solamente un evento inicial y terminal y ~ue la ter
minaciÓn p2rmi tida p::1.:ra el proyscto es igual a la inicia~
ciÓn m~s. tardÍa obtenida de los c~lculos bacia atr~s. Es
tas considcr<J.cioncs, se asocic:m normalmente ·con c1 raétoc1o 
CPH, pcr'o no usualmcnt::c p2.ra el m2todo PER'l''o Fin;:..\l~nenb~ 9 

se toma en considcl'o.c.i.Ón que un div.grama de flechéls porú ,.... 
rcprcse:mtu.r un proyec L:o es el que se usa para inic.ÜtJ;' con 
los c~lculos mencionados. 

La siguiente nomenclatura se deberá us<:;,r en h~s 
~:rulas que describen les. cúiculo·s para la prcgrcm acic)n3 

N = Conjunto de todos los evento~ de un .proye:ct:o o 

N . . J 

= Nodo que representa el evento 1 
Llamado también Nodo Inicial. • 

. 
= Nodo que rsp~csenta el evento 

Llamado tan0)ién Nodo Final. 

i = 1 "o o om .. 

A = Conjunto do todas las act:i.\.riélades de v .. n pr·oyecto 

t·. lJ 

llk 

= Es la ac.ti··vidad qtle se inicia en eJ. 1'1oc3o Inic.i.aJ~ 

i y termina cm el Nodo Final j. 

= Duración de la ac·tividad del l1i al N..;" 
·' 

== K-esima Cadena que conduce del evento inicial N· 
1 

al e~ento finQl Nj• 
., -

k = N~mer~ posible de cadena que conectan el evento 
i~icial Ni al _everito _ fina_l ~j. 

~ - -
t(llk) = Dur2.cion total de la cade-;1a llk. 
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Ei "' == Ti.cn1po de 0currencia )l1as. t~e1nprarra el cv.::.''--·-~---··· 
inicial i .. 

Li = 'Tiempo do ocurrencia más tardÍa. del eve:n-t~o i.ni··~
civ.l .i 

ES·· 
~J 

LP· · ~J 

EF· · . J.] 

LS· · .·- ~J 

Sij 

FS· · J_J 

= Tiempo <le iniciación más temprana para la activ.L 
dad (i-j) •. 

= -Tiempo de terminaciÓn 
vidad (i-j) • 

·- Tiempo de te:r.nünac.i.Óú 
dad·i-j. 

.. 
rnas 

tardÍa. p:tra h:. acti vi~-· 

temprana de um1 ac·ti v ]. --

• • • • ~ .,# ;' = 'l'ie:.npo de .:t.nJ.c~&cJ.on mas tard~a p~ra 1a act:i vitL·,_. __ ;. 
(i-j) • 

= Holgura tot:LJ. p:.::tra lf. uctivioad -i-j o 

= Holgu.ra libre p::1ra le~ actividad i-j .. 

Ts :::: Tiempo pros·i:<::'·~t.:tdo pa~ a la terminación de un proyes__ 
to o la ocu1:rcmci<1 a..-~ ev;;)ntos clavas en un p:co:ri~:·::>

·to. 

. Como se vio anteriorm0nte el c~lculo hacia u.dcilante ss 
el cálculo de la inic.i.aciÓ~ rúás temprana y m6:s t.;:;rc1Íu. )?.:tt.'c', e·_, 
/da ac;tividad en el proyecto u.poyado. en un .. d:Ía .de ·t~~CJ.bajo __ .. _ 
pecÍfico. Complementc.nc.i.o esto, el cálculo 11ac:i.a ad::ü:::nt:.e ~~:-~ 
iriició en Hn ticm~o cero ~ad~ una fecha base y todas las ~e~~ 
vidac1cis subsecuentes e:.npiezan lo m<is pronto posÜ)l.c, acon l~c: · · 
ciendo t~dos su eventos sucesores. De acuerdo a la l6Jic~ 
d d t f . 1 . ' t 1 "-, t-. ... • ',. e una re , un even -o -lna ocuYrc cuanao oc.u.::; .L&S u.cL~L v.l.c.::¡_ .. , 
des predecesoi~cLS se han terrn.Lnac~o y entonces o el tie1~~po rr.i:.s --.. 
t c-n¡1-r'"'no .,..,..,r·"" ;...,.U"'' ocur·,....., 'll.J ""'VC11t0 "'~ ) a,-) l ;:¡ 1·;,,-, .. ,.n.,. +- \ '···r:<·•;-, ~. l•.;..J (4.. . lJc,.c. u '"'J ~· .J...n \. ~· .. '..:_;,3 ·-...JC-C..- --..:;:::···; .. .-.. 2 ·.,"......., ~---·· ... \•J.-"-' 

iniciación tard.Ía de tOd=:s las actividades-que llcgcte;¡ nl , . .. 
evento en· cucstion. Estas consideraciones o ro9la.s· c.st<:m~ ;:;\_~· · 
marizadu.s abajo. 

- 26 
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5. 3 REGIAS PAf',]\ EL CA:LCÜLO rLi\C1J\ }\DE'GiUTTB. 

.l. -

2. -

. 3. -

.bond e 

El tiempo de. ocurrencia del pri'ilu'l~ · cv5::·nto i2rAici~];· de 
la red se conoid-::!ra ceroo E 6 =0 para _IP.:l primGr e\rcnto:v 

cada activi-a3:d comienza tan pronto como se.:;s, po~j,b¡-n . 
.hasta que ocurra su event.o. predecesor .. 

Para una_acl:ividad u:r:bitraria (i-j) se puccln es~l:ilJirg 

ESij = El mayor EF de las actividades i:nnlcdiqtt;l~ncnte 
precedentes de la actividad (i~j) ~ .... 

El tiempo d1; terminc:.ción rnél' s temprana d~ una activi
dad es la ~urna de S'.l tiempo de in.'.~-::i.ación nr~s tempr¡;'l
na y la- duraciÓn estim:do. por actividad"' Para una - · 
actividad arbitraria (i-j) esta~ se puede es~rihi.r · co
ro:>: 

Ej = Háxirno' de. los vulor~~s EF1_j de·: las ~ct::.vidadq~, c¡u~ 
llegan: 'ª l . ev..ento -j ~ ·· · 

E· . J = l·1ax (ES ij + tij ) = Eax 

i E B(j) 

B(J) - Es el conjunto de nódos que. conectan con Nj ~ 
Estas reglas las podemos representar cOMO' .las· :mo::.t.ramqs cp 
la figura .. 



. ·.;. 

·-· .. 

·.·., 

:, .. :',• 

: '. ···, 
·~ '.t 

• 



.. ) . 

··), 

••• 

.\ 

Regla 2.-
• J.-' ,t) . ' • ·rJi . 

El tiempo de tE::rminacion '~tr,as ·tard::ta: 'p21ra '.Un~ ~":'~·- .. 
tividad ;;:.rbitruria (i-j) e~ .i_gual :a:::ta ,má:s ,¡;fJ;7 

que5a, o más temprana o e~~ 1©~ tiempos ·do :tb'lliüJi..;;t · 
. . . .· . •'·""' 

ción más tardía de sus activiqadcs :sucesora!L. 

LFij. = HÍnimo de ·las .LS :de .las_ ac:tividad~:s,o' . 
. Directame~1te dirígic1as :a ~·la acti.V.Jrdad {(.i-~tj';) . 

• • • • 1 

1 t
. " . . . . . . ... , ·t . d" . . Regla 3.- E • J.empo oe J.llJ.ClacJ.on. mas . ar :u1 :pana ;.uq~ :p:q~ 

v.~::-: . .::.- tivido.d ar.bitrcn:.ia (i-j:) es su ~tienr.-?o :de 1t·er:r:1¿t-r 
;· ; . . . .. . . ....... '. . '' .. -- . 

na e ion más taruía menos ,la, •cltu:<acfd:Ór,;. .ea;tim:n:d~ :~~ 
la actividud. 

LSij ~ LFij - Tij 
LFij = El menor de LSij para··un e:v:enf.:o ·co.n :'n <~S!: 

tividades que salen. 

B(i) 

LS' · .:LJ 

= Conjunto de eventos. 

= LFj. - Tij 

LFij = min (LFij - 'l'ij) 

E::.tas re•Jlas se presenta!). en la :figurae ·. · 

/. 
1 

1 
1 

l 



·.'·¡··· 

·~.: 

. -~· . ~ 

·:.::-;·.~·,:-·-·~ ·: De ._rnuchqs._ tipos- de holgurns definidos r;;;n lit.cx:at>..:~:i~-;::· 
sobre e~ terna, solo _discut:irem:>s dos claseso la holgura t_,;::_ 
tp:l, por-actividad, o simplemente holgura totalo y holg:urn. 
l~):n:::q, p.or .. ac:tiv.idád;- o sin~1·Hemente holgu:ra ·libre, cu.da 1101 
gura tiene una interpretación y aplicación diferente como 
.los describiremos a c6ntinuaciÓ:r. . 

- . ·~ . / . ' 

( 
J-~ -

' .. t· ~-

5. 7 HOLGURA TOTAL 'POR ACTIVIU'I\D __ ·. 

·f .. - .... , ·-·De r:nx.e:~·-lo::-n -· .:' . ;.,. 
Holgura total por actividad es i<_ru.a.l a la dif~reh-~ 

cia entre lo más temprano y lo más tardÍ_o permitido entre 
el tiempo inicial-·.o final·-pura-._~na-ac·tividad·en cuestión, -
·Entonces, para la· actividad_ (i-j) ,·- la._holgura total esta 
dada por: 

..... 

Sij = LS· · ESij ~J • 
"' o 

S·. = _LEij EJfij . 
. lJ ·: ,. 

,_ 5._8 HOLGURA LIBRE POR ACTIVIDA_I_? __ 

· Definis:_iÓ1~: -. 
Holgura·. :Libre por actividad es igual t.icmpo de ini. 

cio más te:nprapo de .las actividades sucesoras menos el ~
tiempo pe termiriaci6n más temprana de la actividacLen 
cuesti'on~ Entonces, para la actividad, (i-j) ~ ·12c holg-~lra 
libre .esta duda por lo siguiente¡ 

j .:.. kmuestra a una actividad sucesora 01. .la ~ctividu.d e:n 
cuestión. 

- 30 ... 
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5. ~, IDENTIFICl1CION' DE LA_ RU~'A CRJ"TIC."t-

DefiniciÓn: 

. '··. 

·,:¡, ~,
"'¡ ., ..;1._-,: 

... _, L~ ~uta crítica es "la c4rva co~ 1~ ~tenq):' .:~ol~·.urp - ~ 
. .,.;total". s~ la holgura cero como un convellC::+O!'lal.u~~n<;> l:,l:' ·pn-. 

. <",; ra el evento final de la r.cd preoen~r;1da .en ~a- r4ta .qriti(;~ 
· tendrá hol0u.tet cero; ck lo contr.ar..:i.o, la holgu:rru sqln:·~ t,ln~ 

ruta crítica puede ser pos:i .. tiva o negativa. Si la -~~d ~ie~ 
ne un solo evento inicüü y final, y np existen f~chq.~ prCt
gramadas impuestas a nodos intcrm~dios. de l.a req, en.~o.l1c;:o::t 
la ruta. crítica es tumbién la mayor trayectcn;ia dent)."Q ~e 1'!' 

la red . 



.··. 
. --~·-

6 USo;: :r·~·: SIHOOl~Q.S_ ESPEC:tl\J:,ES B~L . 
...1 ~-- • • 

. . . 
. .. .. 

~~iLCULOS PROGRlÚ·!.:Z\DQ[o ... :_ ..... 

i 

Utilizarr¿mos uno::; s!mbolos pura fácili ta.r los cálculc.: 
de uno. RED. :r .. a ilustración es· la siguien~e~ . 

''-'· r- ·.·... • ... ; 
. . •! : i •• .. • ; • • • ;;-..-~ • ..' •• 

.. ... ': · .. 
~ . .: ~· -: -~- ' . ' '.'· . 

. ... -~ ·. -~-. 

. . -··.·.· .... -......... -... . 

. : .. :~ -

. · ....... · ... · 

. -·· .. 

.. • ~ .> • 

. . ........ ·. 

LO r•!AS 
TARO 10 

-·rrt. LiPO ~-:··¡N 1 e lA LES 

' .. 

LO MAS 
·tEMPRM~O 

Tlf;MPOS FINALEs· 
. P .O R A e T 1 V 1 DAD ( i:..j) 

.. 
P 0 · R .IJ. C Ti V o.i .D A D (l ~-·b } 

• • . . d 

PASOS EN L'l\ PROGR;!,~~CIOH USf\.NDO Sil·lBOLOS . ·---:--~---..____ ' 

ESPECL"\LES PAPJ\ AC'l'IVJ.DADES Y __ :EVE!·1TOS" 

PASO HACIA J\DELANTE 

·."'· T=7 

. ··:· ·-
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·~· ' / 

• 

,_ ··- . ,::~ .<if""' 
't') ·"; 
?"". 

, Para una activid::1d cualesquiera ·(~8...:~9} ·u 'f':;\ -~i-~fCiJ:'o· ·<0f·.:; · .· 
iniciaciÓ!l más .temprnno (digamos .23 -~n ;est~ cü.soJ' ~n ·.el q~t~+. 
drante de la ~zquierd:l de.l sÍmbolo d~l .(;vento.; ,., 

'· 

· Entonces agrcgnremos s~ duraciÓr'l :{7) · á ticn1po .. d~ :~n~·or-
. ,. ·oiación rn~s ternpri.no y obtendremos su tiempo de ·termimlción . 
~.":más temprano {30).. E~cribiremos 30 en "!~ p1.1nta ,de ·la f:i.eci·¡~~ 

. • • . . • 1 

··~ 
---1130 

~ 
Supongamos que tres· a e ti vida des llegan al .. Nodo 1'9 ;.::: 

anotará en el cuadrante de la izquierda al m~yor tic¡npt» :d~ 
terminación más temprana. 

( 
._-

.T \ f • ·-~-- .,, 

2 8=35 -7 
1

' t 
·~ T:; 7 

~~-t!(.c 
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·:·i·~/Lk¡. El tiempo _programado ·para el cv~'.!nto final de un~ t:c'+:~_~· ..... "-'~-"· . •... .. . ·.. . . 
':<>-~:;'Vfr'~/i.t:laq en· cuestión .(lü-19) deberá éer· colr'lcado e:;. la dcrech~"~ 

0d:ei slmbblo ·deÍ evento ·• Para otros. üVcnto5 se · inc~Xtú:r:Ú el ·- · 
-tiempo d0 -ocurr~ncia más tardio o Para e::~-Le e~ so. especi".l~ 
b,ay que pq1yt;.:t;a~r su d'uración ('7) del tiempc• de tcrminnción 
más tárci.:i.Q ·. (3'5) >para . obtener·. el tiempo. de iniciación más tur~ 

· dio · -(2'8 )~). ::neberú escribirse 28 al final <le lá flecha o . . . . . . . '" . ~ . 
. . . :, ~. ' 

.. ,; 

.. 
. . , .. 

··'·c~:tndo~ d~·s.o·m~s actividades sal<::n.de un cver&too se· 
deÜe·: cÓlc.:'c:-.r en el c~~drante de la derecha el valor 1&"1s P9_ 
queño de los tiempos de iniciación m~s tard!a para la a.cti · 
vi dad. 

. ·.·· 

EN . EL CALCULO . DE· LAS HOLGUR;1,S 
~----~~----------~~ 

.. " -~. ··:·· .·· .... 

·. ~-~.~~~~ ---· .. l <_y ¡;- .· . ' 

• 

:. -~·--··: . ---~-.: . ·¿ ~· 

~T=7 

F S= 32-~o~z' " l /'"-----.. · 
( } ~ ~r::~~;,, 5 ~ · Ul)j\~0yL.· .. · 

r--;~ .. 

- 34 ~ 

{~;~) 
'7 'V . 

':.)'~ 
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•• 

•t' '.:··· •.• 

.. . ·-· ~-- . 

/ . ,-:·.·· .. 

.• 
'•; 

. . . 

7 FJEr.1PLO. ILUST~. T!VO 

·.;,.·· 
·,:. . .. 

Hasta el momento tenemos informacio.ri ':·$óbrc :la~ ±¡ili.l:~s 
;·¡e· s~cuepcias; .lus;/r.eglus para elaborar. 'Una ·red ::Y':.~ ·1pa~;ti~r, --"" . . . ., ; ,· ' .. . . .. . . . . ' . 
de esta efectuar los calculos. bas~cos~ ·• ·· ,:. '. · .. · .· 

r :. ' ' i,,; . ~ ~ . .;~ .: ·: . .'. . 
·.' .. :· -~ ~;;,. .. · .. > .. : ·, :'_<', '/ ,: 

con éstos '.eiementos podernos obtener -:todos ·ao~ ;ifl~:to~ .. ~ 
para plan).ficar, · p~ogramar y controla-r ~-ClJ.a::l;qu'ier ::Pr(?}'fJdt:o,~ 

. ,l• :~ • ' : 

•: ... 

35 -

..... 

. . . .•· . '·' 

i: .·· 

·_ .. ; 

¡; .... 

'· ,',_·. 

t- ..... 

. ' 



.. ··-··----· • 
.·; .. 

ACTIVIDAD 9 
._,,. :·· 

. ~~.r:-nV!D.~~ !O j :. \Th~~::j¡;¡L.:d·'.·. :. '·:~: 1 1 H ! ¡, '. 1 . ·l ' . r . 
[ACTivrDAo H 1 T?1· :.,;~':· .· J ' · .• r; 1 i 1 i ~G::=:::e~;:;;~~ ·-

-~- -~:·-···' : 

. : . . . . ' ~-

.. ~ - . ... _-,:.•-

_,( ... i 
·.-.· 

- 36 -



•. 

•

'¡ 
.. J 

. ' 

.. 

•' : .. ,: · ...... ··. 

•" ·. . ~ 

.. · .. · :' 

· ....... ''. :.· 
':· . 

.. · : .. En· el diagrafUa anterior las. actiwid~vc~eiS no :t.ionell'il sd::~~ :· · 
. , . . ,11 ¡{" ·. . \ ···: . . . ~ . ', . . . '•,·.' '·· . 

. gllna relacion entre. sJ. y es d1.ficil :li:nv~$.ti~:a~Jr1o{~ 
.:.., .. ·: /· ':. ·• .. ,_ . 
. :· . ~.: ... 

··Él cumplimiento de un: proyectó ·G©~··~i.á~ .:~arac.t~t!sti-:">~ 
cas mencionad.~ S . es.- una tarea muy árdua··ya que_ :el. rcsponsaÍ:.J-9. 
por actividad al uo . tener info.nnación ds: otras·· q.~t·ividudcs: ~ 

·no cuenta. eón datos para iniciar la .suya propia· y cq .. c~ert~ ·, 
medida tendrá at1n ·problemas para .terminarla y ·coritrio.lar.la .. · 

' pretar 
liaga~os. t1s~/ de las técnicas antes mencion~dtu:; .-.:e. 'ini:~~~ 
correctamente. lo visto hasta· ahora o • · · 

. . ,. Primero sé .~diseña un listado· de todas ·.las >ac:tiviclna~~; . . . . . . . . .,· ,. . ' 
de nuestro ,I?royect_o, no importa1:1do el orden. de 'COl:o~acicm.~ 

¡,ista 'de Actividades 
. . : . . t~· 

. ,\·· . 

.· 1 • • ., Actividad 1 
. ,,.,. ... 

Act;i vidad 2 
~ :-~ . . 

,'. : .. , 

..... ' 

., :-. :'·' . 

. i . . : ... ~. . . 

11 
'f ,. •., ~ ' •• 

. ' .. !. 

' 

. ' '.1'. 

". ' .. 

. .. . .. ..• -~- ........ 
'' 

... ; ..... 
3.7 ~ 

· .. ·, . -~. . : 

-:· ... . : ··.; 

. ·:.: .·. 



,_) 

• . ~. ; . 
-· .. 

· -.El' -.s.j,gt1ientc pasi> es .. elaborar .. la matriz dB ~Secucnc.},<, :;:~"' 

.. ·, .. ·. --. '7 
· .. :~- :'. .. . - -- -~ -·. ··: . 

,. --~ . 
.. ~ . -· .. 

. " 

·~· 
,. ' . . - ... 

... 

AC1; .1 N~\1~. 
. " . " 

, ... .. 

~ .... - t.CT. AGT ACT /\CT. ACt ¡,~"¡ '\~t ! \:.:). ACT. ACT. /.l. CT. ," 1 Nfvl. · . . e: " 1.· .. .. 

5 7 8 9 ANT'-n'""';' 2 3:.· 4 G 
c.n tv; ·.-", . .. 

1 . ~ .. l r -· .. 

ACT. 1\ .,., ·" ·· .. ' : '· .. . ·::..· •· ,, 1 
··: ¡ -- - ! ·.· .... ' .- -~ 

1( \./ ACT. .2 1:\ ¡.' ''-# 
1 ... ·-

\. ,f,l 

ACT. 3 •• ' 1\ • 
-- r---· -- ~ . ---

~~ 
-. 

ACT. 4 1\ · .. · 1_1 ; -· .... ·--·-- V ACl: 5 /\, 1 

-~ ACT. 6 ·x 
... 

ACT 7 "i ¡J' ·' ' 
---

·~ ACT. 8 ' )( 
.. 

' 
Í! ij ACT.. 9 ' ! .f 
~ 

--- : ... t \.f : 1 

1 

ACT. 10 _ __¡ ji\ ij 
f-.-, :-·- 1 "·'.- 1-1 1 

ACT. 1 1 i : J ¡ .• ' ! --- -----~---41 

MATRIZ. DE. SECUEf\lClAS 

'·· ' . -

._ 38 



• 
A purt·ir c1e la mat:JCiz d~ S'1:1:éu~nd .. ta~ :se é.labor.a .le1: }:'ea · 

y se enu~eran los nodos • 

- 39 -



. ( . r· ..... 

Al tener lista la red se complementa con J¿ 
. ción adecuada, 

O ESCRIPCIO N 

ACTIVIDAD 

ACT. 

C 001 GO DE 
IDENTIFIC!!.CION 

N·o DO ~lODO 
lNlClAL FINAL 

DURACION 
EN 

O ij A S 

._ __ A_C_T. ___ 3 ___ + __ o ____ .¡._:_ __ 6 __ •-~--~i : ¡ 
ACT. 4 1 2 ·- -

i~CT. 5 2 5 

AC.T~ 6 3 4 ¡ . 

.; t--~·-A..,..CT~·-___ 7_·~· --+---3-' -+---7--+-~~~6~~-. !l 
4 5 ~ . ~ 

·~~ ~ . .:. : 

AC't· 8 
. !¡ 

8 .. ª 

6 7 :qu 
'U 

~--------~~----+-----~------~t---~-

.ü.CT. 11 . 7 8 t;, 1 
'-----------~..1...----__.li..--.,..--~""'---·~---~-.. ~-~· -- ..... -.... .... .. 

"·.· 

·ACT;·... 9 5 
., 

ACT. ·.lO 

. -- •lO -

. . 

•• 

, . ..... 



,,· ~.-~~ ' 

L~~ 

•• 
t 'd 1 . f . ; :¡ Con · o a a ~n ormac~on proccr.~mos 

tro .proyecto con los símbolos espaciales . 

• 

._>, 

- 41 -



Red ilustrativa del proyecto utilizando los símbolos 
especiales, para los eventos, actividades y el paso hacia ~ 
adel~nte. 

M 4 · -~·· ryl:)-2< -) [])·'b!L/ 

- 42 -
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• ' 
' 

• 

Ejemplo que ilustra la red del proy~ctÓ 1.1til:Lzando · :L , .. 
· s:fmbolo:3 especiales para los eventos.J. aétividades u ;,.os :_;-Pt:: .~· ··-''' 
hacia adelante, hacia utrús, la~ holgtiras total y libre., 

r~a = E = 15 8 
- 43 ·-



Podemos resumir· todoa los datos·· conténi'db:s en el J?1c ··;.;e:: . ••• 
en l'a · lista ··de ·a:baj o. 

rctividad 
Hás 

1 

" .•ra.1:dÍo 
.• 

Lo Temprano Lo r\1as Eo1guxa Critic.;:.¡ 
1 .. .. 

L~ 
Total 

! ES·· o E· EF· · J~Sij LFij o 
' ~J ~ ~J .J 

Tieinpo de Tic.:mpo de 'i'iempo de 'l'icmpo ae ¡ ¡l 
1 Inicio. Terminac. Inicio. Termina c. 1 1 

1 

l -·---· - ·t-- - ~· ~· ~~-.-:---~ 
1 

1 

0-3 o 2 o 2 ·o 1 CRI'l' --- .. ... . ""'"·~--. 
' 

3-7 2 10. 2 lO o Cl~JC~r 

~-· -·-l-- ---·- .. -· -
' . 

7-8 10 15 10 15 ' . o . ··~.·l···· CRT'l'_ -· -
3-4 2 7 3 8 1 . . .. 

' -· - l~---~ 

4-:-5 7 11 8 12·.· 1 . 
- - ____ f .... . f¡ 

il 
5-8 11 14 12 15 1 _L .. - - ., < 

·-~· ,, 

0-1 o 2 5 7 5 . 1 . . . 
- -~-·-__....._...,;..·~--··· 

! 
6 7 11 12 .. .. ~ 

2-5 ;,) 

¡~·· . ---~-·-· 
' ,. 

~ 6 7 6 0-6 o 1 
-~-i=~·· ·~: .. ·-·~-. . 

6.,-7 1 4 7 'lO 6 ~ 

-·-·· 
-~--......... :!' 

- ~~~· .-----· 
» . 
'1 . ¡, 

J.-2 2 6 7 11 5 1 

- 44 - • 
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·ACTiVIDAD 9 · 

D " 
~r •••• '-:"!'!') ,, ·.· ... 
t,.,f' :.-.=-

N = Tiempo Norm;~.l. e = crítica S Holgura Total 

-44 Bis-
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1 
1 
¡ 
l 

i 
!. 

1' 
1 ~ ., 3 .. 
11 ,1 "':1 ¡! .... 
j• 
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· ... ·. 

. : ~ . . -~ ..... 

. . .. : ,· : .·~ .. '.·' 

e O N e TJ U S I. O N E..,.ª-

r..n. utilización de dichas técnicas en· un proyecto ~n 
el cll;~, l ·.i ri.::ervenga ·el lector, será la experiencia mé1s pro~ 
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14. PROGRAMACZON LINEAL 

.·. t4 .• f:-1n:tJr.odu.c.c..i.6n 

En d.i.vvr..t.M ~.i..tu.a.c..<.one.~ pa.Jr.a. la. .toma. de. dé.c..i..6;¿one.-6 Jr.e . .ta-~

c..to.nada-6 c. o n e.t u.~ o e 6-i.c.-l en .te. de. u. na. ~ e.IL-le. de. Jr.e.c.u.JW o~ o a..tJ~g..; 

nac.i.ón ·óptima. ·de .. ~r.·e.c.u.M o~ .t.i.m.L.ta.do~, e~ nec.e~ a.Jr.-lo c. o n.6.t1Lu.L~ u.n 

mode..to. ma.temd:.t.i.c.o •· S.<. d.lc.ho mode.to ·ma..temt!.ti.c.o .6 e pu.ede. ex.pJte.J.>~Jt 
c.omo un .6-i.J.>tema. de du.<.gu.a.-tda.de.-6 .t.Lnea..te-6, da.da.-6 po.lt /,_114 ~teó----

.tJti.c.c..ione~ e.n .ta. d.<.~pon.lb.<..t.Lda.d de .to~ Jr.ec.U.IC.~ o~, y u.na. 6u.nc..t.6t!
q.ue. ll.ep/te~ en.ta. .ta. meta u. o b j elivo a. ai.c.a.nza.Jr., ~a.mb-<.€.n de. Upo 

' . : 

l-ine.a.l,. ~.e d-i.c.e qu.e ~e .tJta..ta; de. u.n pJtob.tema. de p.ltogJta:ma.c..i6~ .t.{.-: 

ne.a.l.'. Lit 6unc.L6n objeti.vo geneJta..tmen.te Jtep!Le~ en.ta. c.o.6.to~ o u:U~ 
. '· 

U da.d e~ . 
En .tlJtm.Lno~ gene.Jtat.e.t. e.t ~ú.tema de de.-6-i.gu.al.da.du lútea.le-6 

túidJr.4 m4~ va.Jr.-<.a.b.te.6 o -<.nc.6gn.i..t~ que. de.-6-i.gcia.:l.da.deJJ , pa.Jta iu ~o T" 

luc..i6n ~e. Jtequ.eJL-lJtá. c. o n v e~r..t.i.Jt e..t ~¡¿,tema. de du.Lgu..a.lda.de.-6 en e~ 

c.ua.c..ionu peJto e.l ~-<.~.tema. ~ eJtá. de tipo .LndeteJtm-<.na.do, .6i.n em:':" ~ 

ba.Jtgo, la c.omb.i.na.c.i6n de. .e.~ Jr.e~4-Lc.c.iune.t. c.on .ta. 6u.n.c..i.Cín ob1je . . . . . ~ 

Uvo- .t.ta:n~6oJtma. e! ~.<.~.tema. deteJtm.i.n.a.da en u.n ~:i.~te.ma. de..te1trt1,Lsui.- · 
do que tendiLá. ~olu.c..i.6n ún.<.é.a. y a.demlf-6 d-i.c.ha. ~.olu.c..i.6n op.t-ún.tza..,. 

lt.4. la.. 6u.nc..i.6n objeüvo. 

El pJtop6.6..i...to de .ta. pJtogJr.a.ma.c..i.6n .t.i.nea.l ·e¿, encon.~.lta)r. dic.ha. 

~olu.c..i6_n óptima.. Ve lo~ ml.todo-6 ex..L~.ten.te.-6 ple.oba.bteme;ll!.te ~.t 

mú emplea. do ~ea. el método S.i.mpte. x de Va.n:tz.tg. 

La. a~tiLu.c.:tuJc.a. gene~ta..t de u.n p~tob.tema. de p1Log~tamac.-i.6n U

nea.l e.-6 : 

. ma.x. 
6 

m-Ln 

4 u. j e.:ta. a. : 

z = 

x. ::::a. o 
.{. -

n 

n . 
e .x. 

.{. .{. 

, .f.= r , . . . . , n 

¿ Ak,¿X.¿ ~ Bk , k= 7, • • • , ó 
.<.=1 

(14.1) 

( 1'4 • 2) 



''· ' . '\. :_ 

Yl. 

¿· Ak_;¿X_¿ · ~ B¡¿ .. ; :k.= á+ 1~ 
. '· ..{.= 1 

Yl. . 
,··tt=g+1, ""Ac. .X. =· · B~. 

L.;.¡ r<..t. ·.t. · r' . 
.(_:: 1· -. ~ 

. ~-. 

o • • , g 

• , . m 

1 
1 

.1 
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·'·'·. 

.. ............ . 

. . ,.. . . . -'•' •. -~ 

............. _ ·' .·-·' ~;- . 

don.de m < ~., Z e~ .lá 6unc.i.6n objetivo a. op:ttm..i.za.Jt, a. td~<va.
loJLe.s . é ..¿ .se ·l_e.s denomi.na. c.o e:6i.c..ien.te.s de' c.o.sto .s, la..s. vdju·able:.s 

X,¿ ~on la..s i.nc.6gni.ta..s del p!toQle.ma., a. lo.s coe6i.c..ten.fe.s":A~'¡' .se· . 
. le..s de.nom..i.na. c.oe6i.c.i.e.nte.s e..stttuc.·tu:--a.le..s g ·a. ·la..s c.on.s·tdn.f·etl: Bk. 

.&e !e.s- de.nomi.na. e.¿¡tipuJ.a.c.i.one..s. La.·.s .Jte.stltic.c.i.one.s. del pltoble.ma. 

~.stá:vt da.da.~- p~~ e! . .si..s.tema. de.··.de-6i.gu.áua.de1l (-1-4.2·) · ¡~: .. .: 

·. · L~.s c.~a.c..te~.&ti.C.a..s que·· de.b e . de Jz.eun..i.Jt ·un pito bl~ma:: de~ pito ... ~-
.;. 9.1ta.ma.c...i.6 n·· li.,n ~a.l .son:· ··· · · .. ·. 

1) que el modelo .sea. det(!_Jtm..i.n1:.6·ti:c.-{1,.. , ;> 

2.) vCJ.}[...i.a.ble..s po.si.Uva..s·, . 
. . . •· . . ' . 

... · 
. . ~. ' .. : ~·- _ ..... 

. 3J._q.ue. el úyti.c.o objetivo .se~ ma.:U:mi.za.lt .o mi.ni.m..i.za.Jt ' · ·. 
4) c4v..i..si.bUi.da.d de .ta..s va.Jti.a.ble.s, e.s de·c.i.Jt,_ que· pue.da.n adq-U...i.-

Jt..i.Jt va.loJte.s 6Jta.c.c.~ona.Jti.o.s. . · .. '· 
Se. den.omi.na. .s oluc...i.6n bá:.si.c.a. · 6a.c..V~ble. del .s..i..ste.mcú :.. ·; · ,. ;. 

l 

¿ Aft¡X,¿ = 
..i.=1 

. ·s 
k. ,.k.=1, 

·,···-¡\' 

• • .•. , . ·m (74.3} 
. : ~ ·-... . ·- ... 

a. un c.o nj unto de. "m" va.lolte..s X.,¿ ta.l qu::e . .sa.U.s 6a.ga. el .si..ste.ma. 
de e.c.ua.c.i.one..s (14.3) 1J que. no ne.·c.e..sa.Jti.a.me.nte-opUm..i.za.la. 6un_;

u6n o b j e.:Uvo. A c.a.da. una. de. la..s · "m" va.Jti.able..s X . . .6 e le.s deno-
. . . ' ' . -<... .. ·. . 

m..i.na. va.Jt..i.a.ble.s · bá.ó..i.c.a..s IJ de.be.Jtlin .s ~lt po.s..l.Uva..s . pa.Jta. ga.Jta.nUza.Jt 

una. po.s..i.ble. .soluc...i.6n·y.evi.ta.Jt que. dege.ne.Jte el método a. emplea.Jt. 
Pa.Jta. c.o~veJt:ti..Jt la..s de.si.gua.lda.de..s e.n i.gua.ld9--de..s 'e.s nec.e.sa.:.. 

Jti.o a.glt~ga.Jt c.i.e.Jt.~a..s vdJti.a.b{e..s .. a.l .si.:&te·ma. c.omo .se. mue..stJta. a. c.an:.. . 
· tinua.c..i6 rt. ;A ., 
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X¡ + x2 + 2X3 
¿ 1 o ..... 

X 7 -2X 
2 

+ x3 ::: 5 u 4 ·1J 

x1 - 3X3 
~ t2 _, 

c.on~.i.de.Jr..a.ndo qú.e ':toda. X.¿ e.& po.&.<.tiva., .ta. c.onve.Jr...&-i.ón de la.-6 de~ 

~.i.gu.a.!da.de.& en .i.gu.a.tda.de.& .&e logJr..a.Jt.~ a.gltega.ndo tJ Jt.!l.&.tctndo c.a.n~ 

üda.de~ po.&.i.Uva..& c.omo .&e mu.e.&.tJLa. a. c.on:tütuae.ió'b'&i 

x1 - 2x + 2 

. - · 3X . 3 

·.' ~u{) 

+ x· =12 7 

La..& va.Jr..ia.b!e.& X¡, x2; x3 .6e c.onoc.en c.omo Valt{o..b.leó ~-~\.tl'I..!U.'.,-~ 

:tu.Jr.a.!e.& y tienen .&.i.gn4..6.lca.da fu.ú:.o; la.,g va.JL.labt~:~ x4 ~( ){5 ~e. · 
c.onoc.e.n c.omo va.Jr...(.a.b!e..& de hoi.gu.Jt.a, .t.ienen b.ign16-L!;_tldu JA"_ .. i),Ú:'.!J 

y ~u.& .c.oe.6..tc..ten.te.& en .la 6unci6n objeti\!o .&oli ·nci.Z.ü,¿~ a. En . .o va-' 

Jr..ia.b!e.& x6 y x7 .6 e !e.& de.nom.Lna va.Jt.la.b!e:ó a.~1..6iutt.l.e.~3 9 ~U) Ú,~_l?,= . e ne.n .&.i..gnJ..6.i.c.a.do 6-U.ic.o. a..e.guno tj .!\e a.gll.e..ga.n pa.Jr.ct rn~JizJ[. fioJtma,.'l', 

la. pll..imeJr..a. .& o!u.c..Ló n b d.& .Lc.a. de P.. .6.l.ó tema., p~tfto ..tH:. d~.h t: g a.'l.d.ft 

Ü.'tJUr. .&u. e:x.c..lu..&..L6n de .ea. .6olucú]n óp.t'i_ma. de! .6-l&-t![Ji'Ulo. Li\to t1..f?.= 

timo ~e .toglla. a..&.i.gnt:{ndote..& c.oefiic-Lente,,; de C0.6Z0.6 e/ muy nega.-
"" 

·t..f.vo4 c.u.a.ndo ~e de~e.e ma.xim.{_t:a..lr. o muc.Jw rHUl!jOJte.-6 qu.ti'. u~.1to r~u.a.~t~, 

do ~ e .de-6 e e m.i.n.lnr.i.za.4 .. 

14.2 Mltado S.i..mptex· 

1 4 • 2 • ·1 O b j e:t o ' 

Va. do e.e. m o dc..e.o de pilo g Ju.tma.c..i..6n Unea..t pa.Jr..a. un .tJ..L6 tema., en. 

la. 6ollma.: 

max 
ó 

/ 

_ .. mút 
z = ~e .x. L..J . ,(. ,(. 

,(=.1 
( 14.6} 

11 

L: A1, .X . ~ Bk . , 17.= 1, · .• 
.• ..t ,¡_, "> -· 

..i.=1 



ob.teneJt !o¿¡ va.!oJte¿¡ X;. que optim.i.za.n !a. 6U.nc.-Lón Z med-la.n.te e! 
..(. 

ml.todo S-lmplex en 6oJtma. c.omp";ta.~-lona.l. 

14.2.2.Ml.todo 
··-- -----·-----· 

-Pa.Jta. ob.teneJt .!a. .&oluc.Xón de.t modelo . { 14.6) e.6 · nec.e.6a.Jt-i.o 
.... . . 

c.onveli.UJt .ta..& de.6-lgua.!da.de.6 en .<.gua.i.da.de.6-, . 0. .6ea.1 !!egci.Jr: a.! 

.6-lgu-len.te 
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-l=1 l14. 7} 

·•· .. , . m : . : :· .... 

. . 
. ~- . 

dond'? la.:&. vaua.ble.6. X¡ pa.Jta. .<.=n+ 1 p::' • •• , ! .&OYI. vaída.b!e¿¡.: de 
,;,..o 9, .. a. ,,.,.. ,. .. +:1 :,.. :,.p,, . ., P 0 ..... 0 ~tJ ¡, ;,.,,'.,.," f' ··d,. •d;,·· ·::.;";,+1 · 
,~V-;\- ~A' .... !1/ V ""~C."-'\;. ij '\,.<.;.'\.......,._oc;..., !1 .,_, ._. . <,;. ·oc;. ij:""<.;."'-oc:;.H'\.."-":' . \Ji "-"" o:;. -- ,. 1 1. 

,. ! •. · 1 l. tienen el.:4i.gu-i.en;te va.loJtL ;. ' e 

e . 
..(. 

= 
.. ·,_ 

.l= n + 1 , ••• , ! 

o . ¿¡_(_. c.oJtiÍ.e.6 po nde a. una. va.Jt.i.a.b!e de 

· ·h. o .e.9U.1t.u 

>>o 

<<o 

'.ói c.dltfr.e.6p.o'nde ·a. una. váh.ia.bte' a.JtU

, 6-lC.ia.! y .6 e · e.tl.td m.(.nimiza.ndo .. z . 
¿¡.( c.oMe.6ponde a. una va.tc..iab!e a.JtU-

6.lc..i.a.! y .6e e4:td ma.x.<.mizando Z .. 
. ' 

A c.on.t.<.nua.c..lón ¿¡e noJtma. !a. .6igu.len.te . .ta.b!a que 4 ue!e den o-

m.i.n.CUL.6 e como TA BLEAU: 



1 

BM e 

xlfl .. 1 -

. 

. 
o .. 

X"' k. 

. 1 

• 

• 

x~ 
m 

.,..._" 

e de .ea. 
bCUJe 

e* 
1 

•.. 
.. . 

. 
-. 

e* f¿ 

• 

• 

• 

e* 
m 

---" 

.. . · .. 

... 

.. 

• o o A') 
hfr ~ .-, ,_ . 

va.to.lt de Z 

F.i.g. 14 o 1 Ta.b.ie.a.u. prvta a.pt-i..ea.4 e.i... Método S.i.mpfe.x . 

c.omptLtttci .. o na! 

3Z3 

ta. p![ . ..{.melta. .6olu(.!.i.6n b'1.6i..cJ.{ ¡¿&.t:ruui fioltma.d.a. r'r.h. io.J~ vrrt¡ .. {.a.·· 

bl,e,,6 de. holgwr..a. y va.lt.i..a.ble.ó Gt.Jt,:U6ic.ll!.l..é.6 . qwl :te.n.ga.n cr,e.(lf..r.J .. e..n .. 

te IJ.YI,J..taJLi.O p0-6 i.:t.i..VO, habJtá. 11 m11 VdlL J..cfJJ .f..t:~S !? ~! ll; ~ il.rYlp.f-clt:1 f.!l a.n..te. ·· 
Jc.i..oJL¡ !a.-6 vcur.i..a.bl~ qu.e no fic:uunatn rJd.Jttíl. de l11 bt!..l· ··~. { f t::JH'.H va.-- · 

lo!t n.u!o. 

E.t plto c. e..6 o del m~to d.a Si.mpf..f:. ;;:. t:.o n.~ l0 -t~ e.n. ./_ir. ''A.wd.Ylcvu.l.o f.o..~ 

V nlria.,bDo!... I'JII/} rlnJt-l•¡,wetiO .. t rl /}!'" 1~~¡Jtn ,.,.,¡· t,ll,l"l't'~ r.J···~.; .. \~\,'¡~·-l:,~-y t-9"~"1(.,.., 
~!.-A"' .{...-<.> ¡,~;,¡,(t'~ f'o;.".<l,«;..H ._.~f. '·"' .t. ... 4- L/• .... f,lrr, Ir-•· l)c.!c.~,.,¡;¡, .~ ... "q.,·,.',1" '•·'·· .(,. >•H .. •-'"'"'' 

~ • • D 1 • 6 b • . .f-: ¡(') ' , , !. ' ¡• op"'-A.m.c..,zaJ¡, .(,.a ¡¡U.rtC.>(.. n o JI?..-4A.VO ., · (r.uat ae.&t!A ... ·t~J-t.·'!. e.z . ."'''.:''".o.óo ¿,e_. 

c.on.6i.deJta!Lá. que .6e de.6ea. m.tn 1.~ .lo a.n:te.Jt.io!L no oft,.-iogú?a. nJ,ngu.

na 1Le.6tlt.i..c..c.)..6n puu.to qtte, 'm..Ln l e.qu./uC! .. C.~- a ma.x.( ~Zi. . . . 

A.i .6 e.te.cc.,to na.lt !.t.t piL-t'.meJ.w. b a.1;, e. o ·~o f'tu:;.l.. 6n 1} rJ, t:o lfJ, r. e. ú·~.<>·-

c...i..a.t de! .6-l..ó.tema., lo.6 el.emen.to6 de.t Ta.b.f.eatt de :ea. (!.f-~J. 14. 1 

~end~tá.n e.e. .6-l.guiente vaLo~: 

A* - A k.i.. - b..-i. -j B~ :: Bh 
z . 

.{. 
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Z ·O = C I B l + • • . • + C ~ B ~-

X'it 1 . p • . . , 
e i , . , ·C7jl 

m 

c..ión bá.-6-i.c.a. 
~~~-~ .. 

: c.oe.6-ic..ie.nte..6. de c.o.6to.6 c.oJr.Ji.e.6pond-i.ente.6 ... 
a !a-6 vaJr..iab.te-6 de. la .6 o!u.c..ión bc!-6-i.C.a · · 

PaiLa Jte.6oi..velt e! .6.i.6tema de. ec.uac..ione-6 Jr.epJr.e.6entado polt e! 

Ta.b!eau. .6e apl...l.c.a. el mé:todo de.. Ga.u-6.6 -Jo.Jr.d.a.n a la. .6 ec.c..ión 11 ·del 

Tab!ea.u., la .6e!ec.c..ión de! elemento pivote p~Jr.a. e6ec.to.6 de 

mlnlm.iza.c..ión .6e de.6c.ube. a c.onünuauón: 
·. G) . Ana.!...l.za.Jr. !o-6. e.leme.nto-6 Z,¿- C.,¿ pa.Jz.a ·toda. '~.i" a. 6-i.n de.· 

0 

0 
0 

de.te.Jr.m.inaJr. .6...l. ya .6e optimizó la nunc..ión objetivo~ El 

m-ln.imo .6e. obti'?-tte c.uando { Z,¿ - C.,¿} ~ O pa.Jr.a. toda. "...[", 

.6 .i .6 e c.ú.mp!e. ·lo an.teJt.ioJt .6 e ·detiene e.! pltoc.e-6 o y el 

~va.!oJr. de !CL:ó .inC.ógn.itM. que. 6oJr.man !a. ba-6 e e-6 la .60-

!uuón óptima. En c.Mo c.ontJr.a.Jt.io c.onilnu.a.Jt. 

Bu.6c.alt todo-6 !o-6 ( Z,¿ -.C.,¿) > O y .6e.!e~c..ionalt c.omo 

·c.o!umna de..e. e.te.me.n.to p-ivote. aquéUa c.olu.mna. "-l." pa.

Jr.a. la. que. .6e c.iunpla qu.e. (Z. · ~ C.} >O e.-6 'el mc!xlmo • 
..(. ..(. 

Pa.Jr.a. a..6eguJr.a.Jt la 6ac.tib.i.t-i.dad ·de. la. nueva. .6oluc.-l.ón, 

e.l Jr.e.nglón "k u del elemento p.ivo te. .6 e.Jr.cf a. qué! pa.Jr.a. 

el c.ua.i.. .6 e te.ng a. el m-in ( B ~ 1 At . J ta.l que. A~ . > O, · k r<. r<..t. . I'--L 

".i" c.oltlte..6ponde. a. .la. ·c.olu.mna. .6 e.le.c.c..iona.da. en 

· .6 o 0. . La. .6 oluc..ión .6 e.Jtcf no a.c.ota.da c.u.ando 

. pa.Jr.a. toda. '!k". 

e! pa.
A". ¿,O k-<.-

I ntJr.o du.c..ilt en la. ba-6 e. la. nu.e.va. va.Jr..ia.ble. bc!-6-l.c.a. X. , 
. ..(. 

e.-6 de.c....l.Jr., ha.c.e.Jr. Xk_ = X,¿ y Ck_ = C.¿ 

Apl.ic.a.Jr. e..e. método de. e.l.im.ina.c.ión de. Ga.u-6.6-JoJtda.n a la. 

.6e.c.c.-l.órt II del Table.au. p.ivote.ando_ .6obJte. e.! elemento 

Ak.i • Al e.6e.c.tu.aJr. e.6.ta e.l.im.inac..iórt, lo-6 nuevo-6 valo-
Jte.-6 B* c.oJtJte.,~pondé.Jtá.n· a lo-6 valdJr.e..6 de. la-6 valt.ia.ble.-6 

qu.e óaJtma.n la bcú e x-. 
Re g Jt e.-6 a.Jt a.! .P a-6 a .G) 

c.o a de.ge.ne.~ra.üvo, lo c.u.a..t e..6 u.n.a..pa-6-i.b..tL.[da.d mu.y Jte.mota. e.n 
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pJt.oble.mM Jt.ea..e.e~. En p.Jte.v.i..t>.i6Vi a lCJ···an.teh-ilokrr .Je .debe, e~.ta.bte

ceJt. un mc!umo númeJt.o de .<..teJta.c.<.one-6 ai. .imple.me.n.taJt r¿.e. algo41t~ 
· m_Q_· en una. c.ompu..ta.doJt.a.. S-i .ó e tiene un. .6-Í<Ó.te.ma. con 

ne~ ·~e Jteq u.oc..<.Jt.á.n a.pJt.o xi.mada.men.tc ~v t~'v .. ~~mb.Ú; ~ de. 

"m 'u lLP~lJ :I:.A .. -L ;; ,~'- :·. :> 
1 ·--

1 . 

gaJL a. . ta. 4 o!uc.i.6n óptima., en ba..o e a. . ~_-6.to .6 e puede 
- má.~tno . n'úmeJc.o d~ .¿·;teJz.a.c..<.o ne-6 a. e 6 ec..tua.Jc.. 

E D d • bo .¡.:¡ • . n . " n e~ ca.-6 o e que a.pa.Jte.:zc.a.n Ma.)L..{.ct -i.-e.~ aJi.--v¡.,r~-t.:!A.CL-r_f:-6 ,_. iH ... e.-;) 

que 4 e emplea.Jz.on, -.é.n ia ~o tuc.,{.ón óptima. -6 e..tlf ne.r.:.~!ÚUi< .. Lo t;·:,_H1¿ 1§-i~
c.a.Jt. .6u~ coe6-tc-ten.te.o de co~to-6 y vo.J!..veli. a.· ripUca.Jt e.t mej~,u!a 

S-lmptex a.l -6-l~.tema. de ec.ua,c..ione~. 

La..6 va.Jt..i.a.ble~ ·que no fioltmen pcvt.te dg la bo.JJ f!.. · c.a.~!r..eLJPM1.dA:.e~ .. 
1 

.te a.·.e.a. -6olu.c.J..6n 6p:U.ma. il?ne.n vo.tofL nul.o. 

i 
14.2.3'Ve4cJt.ipc.~ón del PIZ.ag4~ma 

a.) SubJt.u.:Uno..6 Jt.eq ueJU..do..-6 ~ 

N-i..nguna. 

b) Ve4 e11..-ipc.i6 n 

M 

PO 1 I, 1) 

el 1, J) 

ASK 

LA(I, 1) 

C01(I, 7) 

de la..& v a.Jt...La. b l e-6 : 

c.a.n:t<.da.d de lle.nglone.~ de la nuLt!l.-l.z de.· 

c.oet)-l.c.-l.en.te-4 del -6..-l.¿)te.ma. d.rt e~tutc.lone.~ ._ 

c.a.n.:t.,.l.da.d de cotu_mna.~ de la wt.U:.tz: de. c. o t~. . .~~- ... 

á..f.c.-le.n.te.6 ;3 vcvtlab.te.o e-8 ;i:J'Utt .i;.¡J;¡~~:~.tu:, _, v~ . . 

IC.,{_a.bl:.e-6 de ha .t..g u.H..a. + ~,q a.Jr.ia..t. .u.~ cutt.f.6 i...- ~ 
·· c..f.a_l e~.& 

~at.~r.lz de ~oe6ici~n~ea·q~~ c0~ 
e.l.emen;f::o.-6 A i , 

,¿..{, 

v e.c.:toJt dt.L ttfJtm.ino _¿ -l .. ndr;~;pe.rtd.¿ 

~ljtema de ecuaclo~e~ o e4 

Bk 
c.oe6..Lc.iente~ de cod~o~ de la 6u~c...l.6K ob~ 

jeU.vo 
va.Jc.-i.a.b.te que. -i.nd.i.cti.. ef:, tipo tk ,:í pot.út{~ ¡¡;_ 

c..<.6n a e6ectua~. pu~de ~e4 MAX 0 MiN 
lnc6gnlta~ que 6ohm«K p~~te dE fa fuif6~ · 

c. o e 6 -L c. . .i,r,u-~ ú!4 de c. o .6 to (! de t Dt e 6 9 :;L.¿ 

.tu que 6oJr.ma.n pa..~r.te. de .f.,a. bct(\ ''> 
lndlce-8 que indica~ cuando de~~~~~ ~t

pJc.oce-6o, 6Dn lo4 U4loAe4 Zi - C¿ 



. . , 

VALZ 

X ( 1) 

L 

·K 

1TERA 
LLL 

· L1M 
AMAX 

AM1N 
LR 

LC 

ATEMP 
~) .Vi..men.6i..one:t>: 
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valo~ de la 0 un~~on obje~vo 
~a~á.~.te~e-6 al6anu.m€JU.~o.6 que .6·e u..til~zan .· 

. en la bryptc.e.6i..ón p~a ~ep~e-6 en.ta~ la-6 va- . 
·· ~~ablu X . 

.(. 

~on.ta..do~ 

~den~6i~a.dó~ de-la-6 va~able-6 qu.e 6o~ma

~t:!n la p~i..metc.a. bM e 
· · ~on.tado~ de ,t.te~a.~.i..one-6 

va/U.a.ble de ~eemplazo .: 

l~m~.te de ~.te~a~~one-6 

valo~ del. máúmo lndl.~e Z • - e . > O 
..(.. ..(.. 

·val o~ del mbti..mo ~o~i..en.te Bk_l A k_..¿ 
i..den~6i..~a.doJc. de tava~i..able qu.e .6a.táJLá. 

·de la bru6e 

i..den~6~~a.do~ .cte la va~able qu.e en~a~d. 
. a. !a b a..6 e 

va.~a.ble ·~ ~iempla.zo 

La-6 p~opo.6i~i..one.6 V1MENS10N y VATA debe.~á.n modi..ni..~aJt-

.6e. c.u.a.nd.o: 

N > 30 

d)Fo~a..to-6 pa~a. lo-6 da.to-6 de en.tJta.da.: 
M> 30 y lo 

SEC.TARJETAS 
1 

2 

3 

4 

FORMATO 
( 2 12) 

(8F10.0) 

{8F10.0} 

{ 8 F (O. O) 

INFORMACI ON 

M, N 

B(I,J)) Lo-6 e.le.men.to-6 de. 

la. ma.tJti..z .6e dan Jtenglón 
poJt Jte.nglón. Emplea.~ la-6 
~a.~je.ta..6 que. .6e.a.n ne.~e.6a

Jt~a..6 • ' 
PO ( 1, 1 J, lo-6 .t~~mi..no .6 i..nde.
pendi..e.n.te-6 .6e. dan uno a ~on 
.t~nu.a.~~ón del o.tJto en· una. 
o md-6 .ta.Jtje.:ta.-6 .6e.gún .6~ ~e.

qui..e.Jta.. 

e { 7, J} 1 lo-6 ~oe.6i..~~en.t~.6 ~.~ . 
~otJ.to-6 fle dan uno a. c.onti--

;-



.. 

5 {A3} 
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nua~¡6n de! o~4o. Emp!ea4 

!ci~ ~ta:4je~a..6 que .6ea.n ne~~ 
. .6 Ci/{l:;: ¿ ·. . .. . 
ASK;:: · puede a.dop~cur. do.ó va 

!o4e.6: 

MI N ~u ando .6 e de.ó ea. m¡nbni. 

ZaJt 

MAX ~u ando .6. e de.ó ea. ma.x¡m,¿ 

zaJt 

-- ------------ ------- ---- -- -- -~ 

o:t.Jr.o" paque~e~ de dato" (opc¡ona!} 

------------------------------

e) V..i.ag4ama. de bloque": 

TARJETA EN BLANCO, a.l 6-i.na.

. L<..za.Jt toda. !a ¡nóo4mac.¡ón 

: •, "'· 
' .. ~ . 

. . . . 



,_ . 
. í 1 

fri jaJI. d. u
mUe de. .é.ú.
~lte.6 

CQII'b.úJA ¿ .igno 
4 coe 6-ic.ieJt
ru di. co¿to¿ 

bu..ICaJI. "m" vec.to 
lle.6 un.i.taJLi.o6 a 
"t.alrne.nte. út cú -= 
peJtd.ieJt.iU 

6oJQ1IL/l tll ~
~ ba¿e. CCII !04 
ve.c.to-tu WlÜlt
lt.i.o4 vtcon.t.~tado 4 

.úl.ú:.úvr. con
t4doJt . de. ¿u -
~0111!.4 -

eva.ltulit coe6. q 
.úllü.c4n CU<ll!dO 

dúvtu et ~
do y la 6· ob jet . 

.úrrp 't.inM. Jte 
4u.Uado6 áe 
ta. .U~c. 
e6ec.tMátt 

bu.! CaJI. .útc.c5 gn.é.
t4 que. 4a.l.dluf 
de. ta. ba¿e. 

tMI16 ~ O·'lmt-t 
rna.tot.c:z de. e o e. 6 • , 
.tl!tm. .útdep. 1J 
coe6. · de. c.o4-
.to6 poli. e.timi
n4c.i6n 4.i4 Um4 
Uca -

.útc:Mme./Wvi. con 
dOit de.~ 
nu 

F{g. - 14-.,2 -:V..ia-gJtaina -de_--beo-qu.e..6 de.t- p.~z.o g.ta.ma.

ptc.-i.nc..ipa.f. 

-, 
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e 

-

e:¡ 

6)Li..6.ta.do: 

e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
c. 
e 
e 
e 

" .. 

.e 

~e 

e 
e 

e 

e 

e 

2 

l • 

!'HO,Gq&••J p~,,. APLIC4'1 rL II[TQOJ Sif!PLEX EN I;N SIST!:IIA ilC Eet..UH 
HES Ll~fAL~E~TE ~~~[D[~QIE~TES nE GRCEII IIXN• QUE CO~TJENE ~ Vtetut 
RES UNtTAqiOS LINE~L1E~TE JNO[P(~OIEhTES ~f 
LL SfG~!FICACC ~r LA~ VARIABLES E~PLEAOA5 ES ! 
H 8 NU~ERG DE REhCLG\ES CE LA IIATRIZ DE COEFICIENTES 
N~NuwE~C ~[ CCLU~HAS DE LA IIAT~IZ 0[ COEFICIENTES 
b 8 ~ATRI2 CE ~CEflClE,TFS . 
PO•VECTcq CE CC~ST~~TES I~CEPE,QIENTES 
C•COEFICIE~TES DE LA ru~C[CN A OPTIMIZAR 
AS~•VARIISLE COH LA 1UE SE JNQICA EL TIPO DE OPTIIItlACICN(IIAX•W[N) 
LA Y Cnl•ft,CCONITAS Y SUS COEFICIENTES EN LA f'U~CION A llPTiwtlAif 
QUE f'Q~"A" LA B.tSE ·~ 
II•INOICES ~CE Ilon!CA'I CU4~CO DETENER EL MEfODO 
VALZ~VALOR. CE LA rUNCIC~ 1 OPTI~IZAR 
LI11•Lf~1TE DE IIERACIO~ES 

OI~E~SJCN BCJQ,)Q),p~(JO•lt•CCl,JQ),LA(lO,}),CQf(J~,i>~xclOl•OC!,l 
10) . . 

IIATA XCll•XC2),JCJ),~(4l•XC5)•XC6l•XC7)•X(8l•XC9l•XCt0loXClt1oXC!' 
l)oX(IJ),X(14l•X(JSl•~(J6li~CI7loX118)oX(l9)•X(2Q)oX(21l•XC22l•X(2J 
2 1 • xc 2 4 > • xc 2 s > , xc ;~6 > , '< e H l , x e 2 e > • x e 2 9 > , x e lo )12 H x 1 • 21l x v 2" o. ~ 14 u , 2 ti 
lX5•2HX6•21'X7•2H~e•2HX9,JHX10•3HXll•JHXl2•JHXll•JHXl4•3~X1~•JHXt6•l 
4HX17•l~~l8•lHXl9•lkX~OtlHX21•l~X22•JHX23•JHX24•JHX251]HX26•JHX27oj 
'HX2S•J~)29,]HXJO/ ' 

DATA ALfllHiJIIí/ 
LECTURA DE~ ORDEN DE LA HATRtZ·QE CDEf'ICfENTES 
IR•S 
lW•6 
REAOC!RolCCl ~~N 
lf"OI) 2,21) 
tALL [(!T. 
LECTURA DE LA ~ATRIZ OE CDEf'ICIENTES 
DO 4 t•t•ll 
k[AO(Iq,ISCl CBCI•~>•J•t•N) 
(ECTURI DEL VECTOR OE CO~STANTES INDEPENDIENTES 
REAO(f~,I~Ol CPOCI•ll•I•I•~l 
LECT~RA DE LCS CoErJCIF~TES OE LA f'UHCION A OPTIMIZAR 
REAO(fR•lSC> CC(loJ)•J•l•N) 
l~PRESICN UE DATOS 
HRITECI~•95Jl ~~~ 
NRITEctu200) 
110 s··r"l•~ 

5 HRITECI~•250) CBCI•JloJ•l•~) 
. HR.ITEC l~,JIJQ) 

00 6 PI•~ 
6 HRITEClo•l5vi ~111~ 

llfliTEC !w,40Jl · 
~RITECI~•2SO) CCCl•J),Jat,~l 
LECTURA DEL TIPO DE ~PTtNtZACtON DESEAD~ 
Ll11•4U~ 
REAQ((Qo450) ASK 
lf"CALF•E0eASK1 GO 10 a 
DO 7 JDJ•II 

7 CCt,J)aeC(I,J> 
ausouo• -CE LOS M-·-~ECTCRES UNIT.RJDS. LINEALMENTE IIIDEPE~DIEN'i'ES 

a LIC 10 J•I•H 
L•O 
lí•O 
oc 9 t•l• 11 

¡rceCI•J>•EQeOoO) GO TO 9 
1<.•[ 
L•L+I 

9 CC~TI~'JE 
IFCL•~E.ll GO TO 10 
lfCBC(•Jl·~E•l> GO TO ·10 
LACK• 1 leJ 
CCtC~ol >•CCI•.Il 

lO CC"'TIP.:\JE 
IHRI 2 1 

ll lf"<ITfoA•LTeLI~) GO TO t2 
WRITEC~,SOO> 
¡¡e T~ t 

1211C Jll•b~ 
tl ¡;ct,r>•c.c 

'OLZSC•C 
~6![\Cl~N CEL VALOR ~E LA FUNCION CUE SE ESTA OPTt~fZA~DO 
úG .14 "'!•~ 

•• vAL L~~.:.t..LL ~-9~'l!P ·e~! e 1( • ll · 
., . -.. ~ '.: :·, .. , - - . ' . ' ·.· ;· ·. .-

.,·, 

329 



e CALCLLO DE LOS coErtCIE~TES 0UE INDICAN CUANDO OETENER~EL·METOOO 
Ji. oc 17 J•l•r¡ 

00 16 l•l•N 
16 UCI,J>•CCtiJ) i BCI•J>•COICI•l> 

ú<t.~>•r.CliJI ~ CCI•J> 

330 

• .. ·.= 17· CC'ITIP..II[ . 
l~PHEStrN O~ ·LOS VAL~R~s·oaTENIDOS EN LA ITEAACtON trECTUADA 
hFITECI••~50) ITERA 

e 
e 

ICRIT(<t~•600) 
tiC 111 foloH 

18 ~~i;;:~!:~~o> X<LLUoPOCI•O ,. · 5:rF~(A-S"·,~&l,ftt.F). W~. (nJ,~O) V.A~ 
. IIA!TECI••750l~ · ~ IJ."'(Ml<,~J:. A1-F") W~{!W,~D)-V~-? 

"AITE01,..250l COCbJ).pJa.1o.N.) · . · 
A"Ax•DC 111) 
L.i:a 1 ; 
SE IIIOAGA SI YA TEIIM.tNC EL PROCtSOÍ EN _CASO CONTRARIO $E ~USCA LA 
lNCQGNtlA QUE ENTRARA A Ll BASE 

:o o 19. J • t • r¡ 
HCA~u.ar.oct•J>> Gil ro 19 
A.,Ax~oc ,,.,, · 

: LC•j 
19 CCNTINllE 

JrC·A~A't.GToOoCl GO TO 21. 
~~~REST~N DE LOS VALORES QUE OPTIMIZAN. LA.rUNCIQ~ 
IIR lT E C T ~ • 8 O O ) 
OC.'20 't•l•M. 
LLL•U (I • 1) 

20 WR ITE (J 1.,-450) X ( LLL) •Pil Cl ,-1) 
i . WRITEH~o850) VHZ 
. Gil Tll l. 
21 ·vo 

KGQ 
C UUSQCEn·A-of.LA lNCOG~ITA CJU[ SALORA g[. LA BASE ... 

e 

e 

.e 
e 

UC 2'i l•t •M 
IrcaCI•LCloLE•O•O) 00 TO 22 
CiD TCl 2l 

22 !.. 11 Lt1 
GO TC! 25 

2l K•Ktl 
JrtK•NE•ll GO 10 24 
A~IN•POCI•l)IBCI•LCJ 
LR•I 
GO TO t'S 

24 ATE~P•PC(J,t>iecr,LC) 
Jf(Awt~.LE.ATEMPJ 00 TO 2, 
AlollN"AT[~P 
LRar 

25· CO~jf lN'JE 
lNVESTICA~OD SI LA SOLUClON ESTA ACOT_.AOA 
lfCLoN(,~l GO TO 24 
IHiiJE( lw•9Cil) 
Cio ro 1 
lNS[RC!r~ CE LA INC01NtT~ [N LA BA~E 

26 LACL~Ótl•LC . 
COICL.•Il•C(I•LCl 

'i'. 

. TRAN'stn~loiA.C ION CE L4 N HAll DE COEF'·lCICIITE8 Y DCL 'iECfQII DE CONI• 
TA~rrs !NCE?fNOIENTES 
Alff'P•'lCt:••LCI 
DO ·:2 7. J •1 • N 

2 7 IJH R • J lw B C Lfll J ) 1 H [ M P· 
PO(lq•J)aPO(LR•ll/ATEMP 
DO ,29 I•lol' 
Jr~lo[l,LR> GO TO 29 
AH 1-' p·a 'l C 1 • L C > 
o o' 2 e Ji 1 , ,, • 

28 IJ(J,~l•eC!,J) • ATE~P•eCLA,J) 
PC<I•ll•PCCI•l> • ATE~P•P~CLR•1! 

211 CONTI~'Jf 
lTfRi•ITEilA t l 
é.C TC 11 



C F0Pfljf0~ -f! "\:ECTIJRA !:· JwPR[SIQ:-¡ 
lOO JCRuAT C2J2l . 
150 FCPpJT cart),Q) 
200 FCqt'AT c-JC/l•45:t• 'LA 'IIATR'IZ :JE CO(flCJENTES O[L .SlSH:II'A ES'•Ií 
2 5 a re R t'IT e ¡, s x' ec Ello~ • 2 r l > 
lOO FORIIAT C3C/l•45X~ 'EL VECTO~ 0!: CONSTANl!:S IND[P~NOtENf[S (5 1 ~~) 
150 f'OR~Jl Cl•53~•[1l•SJ 
400 fORt'AT CHil•42XI 'LOS COEF'·JCJE:NTE'S DE 'LA F'Ut~CtON A OPll"tlAR 5011 
. 1 1 '/) . . 

450 fQAiiHCA]) 
500 .fQR¡IAJ()(I).,54lf• 1[L PIIOf!L[IU [5 ;ClCL'IC0 1 ) 

55'0 fQR~UJ(SC/),5llC• 1 +tt !TEHACT•Jij NIJfi[RO ·•,12) 
·600 fCRt'ATC":(I),Iell• 1.J~CCQ~IITAS .~tJ[ :fU¡;IUii LA BASt:'•:l2X~'VALtlll ·Or LO. 

l~ INCOC~I1A1~•1l 
6 5o :re R" • r e "' Jt ~. ~.·3 , 5.0 ~ • E 1•5 • 8 > 
700 .'fORpAT'( Hl l •.l5X• 'v•LCII DE LA ·.ruNCJCN QUt: .SE .[SU OPTIII.iHilDO 1

D[ 

11'5. eí 
F50 fORI'Af(JC/hllX• 1V4LOR DE LOS COE'FICIEN.TES ·~U[ :IIIOICAH CIJ .. NDO DE 

l TE!~[~ (L PRCCES0 1 
' ' J 

800 FCRIIATI5Cil•4lX• 1 •tt LOS VALORES QUE DPUII.IlAN LA rU!fClQ!I .SOI/ 1 ,¡ 
li•28X• 1 lNCDGN IH 1 ,ux, 1.VALOR 1 •/) . 

'850 f'DRIIAJ(J(I),41X• 'EL •Vli;QII OP.TINO DI: ·LA ;f'.UNCION.tS ·•,H5e8) 
900 f'CRIIITC5(1J,'3lX• 1L4 .. $0LUCJ9N !40 .ESTA .ACOTA0.4°, -
9.50 f'CRIIATCtH1•5C/)¡o42X• 1 [L ORO[N 0[ LA MATRIZ DE COEF'IClE"TES [S '' 

ll2• •x•, 12> 
EHD 
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1 4. 2 • 4 E j e.mplo 

En un ;ta.ll eiL .6 e c.ue-n;ta. c. o n tlle-6 tip o-6 _ de m·t!q u.i.na.-6 : c. o!L;ta.

doJw,. {A}, ;to!Lno {BJ y ;ta.l.a.d!Lo (C}. En d.i.c.ho ;ta.f.!eiL .6e 6a.biL.i.c.a.n 
' 

eu.a...tJta p!toduc.;to.6: 7, 2, 3, 4. Ca.da. piLoduc.;to debe de pua.IL poiL 

. r~Jtda. máqu..i.na. c.on l,a. .6ec.uenc.-i.a. ABC~ El :Ue~po {hoJtu) emplea.do 

pott.. _t~.a.da. máiqu.i.na paiLa. el ·á.C:abadó del -piLoduc.;to~. la .c.anti.da.d de,. 
. . 

haf.ta.& e 6 ec.;t.l.va.:&· ·de br.a.baj o de c.a.da mcfqu-i.na ·y !a. uUl.i.dad ne;ta 

. ob;ten-i.da.-poiL la. ,ven.úi de c.a.da. p!todue;to ;teJi.m.i.nado .6on: 

r .ipo de Md.q~ T.i.empo ú.i.i.l · P !Lo duc.;t(r-6. · 
' de ;t!L a.b a. jo 7 2 3 4 ·--... 

A 3,500, 2· 1.5 ·3. o 1.5 
' 

~ ·.8, 0~0 J.5 5.5 1. 5 4.0 
_ _,,, 

e ; 

4 ¡, 50:0 '2 3.5 4.0 "r. 5 
.. 

u:Ul.i.da.d 70 90 100 60 
u.n.Lta..Jtl.a: 1 ~ 1 

'T 1 

Pa.ILa. que la. p.ILo duc.c.-i.6n .6 ea. ILen;ta.ble .6 e Jr.eq·u..i.eiLe que la 

c.an.t.idad de a!L..Uc.ul.o .6 · e!ab o1r.a.do.6 4 ea· m·ayoit de 5o o. 
Ve;te!Lm-i.ne la c.an;t.i.dad de aJr.;tic.ulo-6 de c.ada tipo que .6e 

deben. plr..oduc..i.Jr. en el año paiLa que la ga.na.c..ia ob;ten.i.da .6.ea 

má.x..[ma.. Con.6.i.de1Le que ;todo-6 lo.6 p1Loduc.;to.6 ela.boJr.ado-6 .6on ven
d.i:rlol>. 

\'\ SOLUCION 

El m o del o ma..temá..Uc.o de :e. piLobi.ema. pla.n.;teado e-6: 

mix., Z= 70X 1 
.,. 90X2 

.,. 10,0 X 
3 

+ 60X4 
• 

.6/a. 2 x 1 
.,. 1. sx2 

.,. 3.0X3 + _1. 5X4 L 3500 

1. sx 7 .,. 5.5x2 
.,. 1. SX 3 

+ 4. ox4 ~ 8000 

2 x
1 

.,. 3. 5 x
2 

.,. 4. ox3 
+ 1. s x4 ~ .45.00 

--~ ~·. ··--··---,. •• ::.::t;; ... ;_· ... ~ 

x3 >- 500 X + ' X '+ + x4 7 2 ....-. e 



--

e: 
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El..Lmi.na.ndo de-6-igua..ld·a.de~: 

max z = 1ox 1 + 90X2 _+_1oox 3 + 6·ox4 .:. ~x5 + ox6 + ox7 + ox 11 .,. 
1. ,-,·· ·' •• 

' .. , . 
. 2X 1 + 1.SX2 + 3X3 + 1.5X4 + x5 ~3.500 

.. 
. '·.s~ 1 + s.sx2 + 1.sx3 + 4.oxíl + x_6._. ~sooo. 

2.0X1 + 3.5X~ + 4.ox3 + 1.5X4 + X7 · =4500 

X 1 + . x2 + x 3 + X 4 - x8 . ,. J'.9 = 5O JJ · 

TABLA 14.1 Vato:6 paJt.a e.t ·pJt.oblema del ej.~mpla 14.2 .~ 

M= 4 

N= 9 

2.0 1.5 

B= 1.5 S •. 5 

'. 2.0 3 •. s 
1.0 LO 

'3500· 

PO = 8000 
. 4'500 

s·o.o· 

3. ·o 1. S. '1 .·O 
1. 5. ·4:.:0 o. o 
4 •. o 1 .·s ... o .-o 
'1. o LO :0. o 

o. o o .. o lL.O. ·D. O 

J .o .O ."0 :0 ~o o .~o: 
o. o 7. o tJ.O O •. O'. 

0.0 OoO .... J. J .• o· 

e= (70, ·.9o, 1oo.~ 60# o, o, ,·o~· o,-tooo·oJ 
ASK= MAX 

TABLA 14.2 Re~ ultadoi, del pJt.oblema del ejemplo 14 .• 2. 4 
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.uooor +o 1 
O• 

o2QOOO[+C 1 
O• 

•700 Ot+C2. 
•o10000E+O 

o10000E,;Ol 

o9C000E+02. 

EL .OA.Oh DE LA NATRll DE 'COEfiCIENTES ES 41 9 

LA MATRIZ DE COEriCIENTES O~L -SISTENA ES 

olOOilGE+Ol o&!IOOQE+Ql •l OCTDOE +O l e. 

ol500CE+Ct o4000QE+Ql O o • aaoocr:+ot 

o400oct•ot ol5000E+Ql O o •• 
~ 1 oo'ócE •o 1 •t_oooot+ot O o •• 

_EL VECTOR OE CONSTANTES INDEPENOIENTES ES 

· .uooat•Ól· 

ol500.0t+o4 

o80000E+04 

o45000[+04 

o5000QE+Ol 

o. 

••• tTERACION NUNERO 

•• 

o. ., 

o. 

olOOCOE+Ol 

o. 

o •. 

INCOGNlTAi QuE rORNAN LA BASE VALOR DE LAS lNCOGNITAS 

O• 
olC07.0[+G5 

X!l 

)(7 

' X9 

·'· 

ol500000QE+04 

. oHOCCOOC[+04 

o!IOOCGOOCE+OJ 

VALOR DE LA ruNCION QUE SE ESTA QPTIHIZANDD •o5000COC~E•C7 

VALOR DE LCS COEI':ICH·t;.TES QUC·INO'ICAN CUANDC ·Ct:TEIIER EL PROCESO 

ol0090[o05 O o O o o. 
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e. 

e 

e 

··10000[+02 
•ol0l~OE+05 

oZQOOO[+Ca 
•• tOOOOE+C! 

··.teaco[•l:2 
•otOOOOE•'=!o 

+t~ ITERACICM MUWEAD ~~ 335 

INCDGNITAS Out rCNWAN LA BASE VALOR DE LAS IHtOG"tTAS 

U . -- o200COOQOC+04 

Xt o72SCOOOCC+Ó4 

X7 ·.asocaaooE+o4 
xJ - .saocoaooE•oJ 

( 

VALOR DE LA ruNClQN OUt SE ESTA O~TtMtZANDQ o5000w00JE+05 

VALOR DE LOS CpttiCtE~TES QUE INDtCAN·CUANOO. CETEHEA EL PROCESO 

•olG000[+02 o. ·•o4000QE+02 a. ·.o. o. o&OOOO[+Ol 

+++ lTERA~ION HUMEAD l 

lNCQGNITAS ~UE roR~AN LA BASE VALOR DE LAS tNCOGN1TAS 

X5 ol250000Q[+Q 3 .. odlU5Doot+o4 

XI oU500000E+03 

u oll2!0000E+04 

VALOR DE LA tUNClON OUE SE ESTA OPTIMIZANDO • u~sogcoc +06 

VALOR·DE LOS CotrtCIENTES QUE INDICAN CUAND~ CETENER EL P~OCESO 

.a,oooc1os o• o22500E•oa o. o. •o250C;E+02 o .•.. 

+tt ITEAACICN NUV[RO .·4 

INCOGNITAS QUE rORIIAN LA BASE· 1/Ai.QR OC LAS INCOGNtTAS 

X4 olJllllllE•Ol 

x• •51666667t•o4 

XI oBlllllllt•Ol 

XJ o100Q0000E•04 

JALDA ~t LA rUNCIQN OUt SE· ESTA QPTIMJZANOQ ol2000~00[+06 

'IALOII D[ LH CQtrltiE·¡T[S_ lUE IIIOJC~'l CU.lNDD CETENER EL P~OCCSO 

.7~01)0[•02 O o O o •o60000Pú2 O• .zoo~OP~2 o .• 



o85057E+C1 
"•10000E•05 

o. 
••1000_0E•05 

I~COGN1T~S CUE ·raA~AiLA BASE 

x4 

X2 

xa 
XJ 

'' 

••• ITtAACION_NU~EAQ 5 

VALOR-DE LA FUNClON OUE SE ESTA OPTIMIZANDO 

VALOR CE LAS INCOGNITA$ 

• 14022989[+04 

olS6l2184E+OJ 

oU45971CE+04 

o2e735632E+Ol 

• U4942!UE+06 

VALOR: DE LOS CotrtCIENTES OUE INDICAN CUANDO .CETENE~ EL PROCESO 
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~. O o O o •ol1379t•oa 

••• ITEA4CIQN NU~ERO _ 6 

INCDGNIUS QU_E FORIIAif LA USE VALOR DE LAS INCDGNITAS _ 

O o 

114 

X2 
.. 
XI 

X1 

XJ 

.-

ol1086957E+04 

.• sooooooot•o 1 

o16521tl9E+04 

o54l47826E+Ol 

VAi.OA DE LA F'IJNCION QUE :St··ESlA OPTÍMÜiÑDD oiU56522E+06 

VALOA~E.LOSwCOEF1CIE~TESrQUE INDICA~ CUANDO CETENER EL PROCESO 

·•.o16087E-•02 o. ··20000[+02 

•h _LOS _Y..ll-Q-RE-1 'IIUE OPTIM_IZAM LA 'FUIICION SO~. 

VALOR 

ol1086957E+04 

o90000001l[+0] 

ol652l7l9[+04 

o5U47Íl26E+OJ 

,\' 

o. 

\Jo 
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i'6. RUTA CRITICA 

16.1 In.t.Jtoduc.c..i..6n ,. · ·· : . . . . 

.. Todo ~-W:.tema o -pitoifeé..to: c.o.mptejo ~e e~c.U:en . .tlta; óoJLmado poJL · 

gJLan c.ari.t.i..dad de a~.t.i..vidade-5, ta4 c.aate~ ·. p·ueden o no. e4.taJL .i..n

.teJLJLetac.i.onadll4. Med.i..a.nte e!. pltoce~o d~ jeJLaJLqu.i..i.ac.;¿6n i~ po~.i.. 
bte. de.te.Jtm.i..na.JL c.uá!.e~ de e4 M a.c..üv.i.dade.~ · deb~n JteiLUÚut4 e a.n.
.te.4 de podeJL eóec.tuaJL a.tguna.4 oVr.a.4. · ··· 

Cada. a.c..t.i.v-i.da.d g eneJta.tment~ tery.dJtá M o c.-é.a.do un tiempo de 

duJt.a.c.i.ón .y· !.a. -~.uboli.d-i.na.c.,tón en.tlle cic.U~-i.da.d~~ puede ·~ eli. Jteplii

.6en.ta.da med-iante. una. Jte.d gJt.áólc.a. de ótuj~.: · 
. . . . '""- . . . . . . . . 

Pa.Jta po~e.Jt. togJt.aJL et coJLJLec.to a.va.nc.e det pltoyec..to o de4a~ . .. ' - : ,. 

Jt!toUo deL 4-i4·.tema. a4·t como paJta.. e.~.tiibti.c.e.Jt é.t c..ón.t.iol 1:J ptcúí 
de. a..va.nc..e e.4 nec.e~aJLi.o. C.on..ta.Jt -C.on. ·.e.a. -i.nóoJtmcié.-i.Ó'n ·de io~ ·tiem-

po4 que. emplea. _c.a.da. a.c.tiv-i.dad. PoJt otiLo ta.do, ~t c.qno.c.:.i.m-i._en.to 

a.c..eJtct;t :de !.a.~ a.c.Uv-i.dade.4 a. ta.~ qU.e no 4e ·puede 'mod.i.ó'-é.c.a.JL ¿¡u· ·
.Uempo de -i.n-i.c.-é.ó o de.· .teJLnü.na.c.i.ón, .a.-6-l 'como· de .e.a.~ ·· étc.Uti.i.da.de.~ 

e 

que pueden ~eJL mod-i.ñ-i.c.a.da.é en. ~u tiempo de .i.núi.-i.o o duJ:..cÚ.:i.ó11 .- .e 
pe.Jtm-i..te una. a..6-é.gnac..i..6n mi!~ e:6.i..c..i..e.n.·te· de Jtecult.6o4~ !.a. ,Jtea.·~-i.gn.a:.. 

. - - . . 
c.-é.ón de .ti.empo.6. de duJt.a.c..i.6n y ta. Jtedefút-é.c.-é.6n de ·Jteta.c.-i.one-6 en 

óo~ma. .ta!. que. e.e. 4~.6.tema ~ p!toyec.to c.umpta. .6u obje.t-é.vo en et -

Ue:mpo que .6 e te hab-la. a.6:i.gna.do y en ta. óoJLma. md~ eC.onóm.i.c.a. p~ 

.6-i.bte. 

Un método paJt.a. e.óec..tua.JL e.e. c.on.tJr.ot a.n:te.-6 'menc.-i.ona.do e~ e..e. 

método de Ruta. CJL.l.t:i.c.a. (CPM), e4te método óue de4a.JLJtotta.do eh 
1 

79~6 en U.S.A. :I:J e4 una de !.a.4 .heua.m-Lenta.4 bá4-i.c.a..6 en .e.a. pta.-. 

ne.a.c.:i-6 n .Y. _d.i.lt-e.--e·c.-i:án ·de p.tr.. o y e c. to .6 . 

' 16.2 Método de ta. Ru.ta CILU.i.c.a. 

16 • 2 • 1 Objeto 

Va.da. una 4elt.i.e.. de. a.c.Uv-i.da.de~ que óoJtma.n palt.te. de un piLo-: 

yec.to, la.4 c.ua.te-6- pueden 4 ett .6lmuttánea..6 o .6 ec.ue.nc..ia.te-6 a.-61 c.~· 
nw .6 u-6 tiempo .6 de ej e.c.uc.t6n, de.te.Jtm:f.¡ta.J· .. : 

a.) a.c.tiv-tdcr.cie-6 que óo-t»Htti pa.Jr.te de ta. .tr..uta. c.Jt.lt:i.c.a., .6on a.qut.e.ta.-6 

que no pueden a.dc.l.:ntaJt.6e n-t JtetJta..6a.t't.6e y que po-'r. .e.o tanto c.ort • 



• 

• 

.tJtola.n el .t.<.~po .. _.to.ta.-t- de, duJta.c..tón de.l.p.Jw-lj-e-e-:t..fJ, 

b)lo.&. tiempo.& de holguJta exL6.ten.te.& e.n.tJte.-.ac.Uv.ida.de.~ .6e.c.ue.n-~ 

c..<.a.le-6 que. no· pe.Jt.te.nec.e.n a. la Jtu.ta. c.Jt~.tlc.a. y, 
c.) tiempo .to.ta.l ne.c.e..&a.Jt.i.o pa.Jta. lle.va.Jt .a. c.abo el plr.oye.c.to. 

76.2.2 Método 
P.a.Jta. la. Jte.pJte.-6 en.ta.c..<.6n gJtáó.lc.a. de. la; .6 e.c.ue.nc.<.a. de. a.c.tiv.i.

da.de.-6 .&e u.til.lza.n. n.odo-6 ( c.lJtc.ulo.&} y. Jta.ma.-6 (.&e.gme.n.to-6 di.Jt.¿gido-6..). · 

Lo.-6 n.oc;fo.-6 Jte.pJte.6e.n..tan evento.& o a.c.Uv.ida.de."-6 .tj to.& .6e.gme.n.to..6 dl.

Jr..lg.ldo-6 _la. Jte.la.c..<.6n e.n.tJte. a.c.tiv.Lda.de.-6. A toda. ILe.d lle te o .• ~.i.gnq.n 
do.& nodo.& o a.c.tiv.<.da.de.-6 6.ic..t.<.c..ia..6 de. duJta.c..<.ón nuta.: . el. nodo .<.ni 

c..la.l y el no do· .te.Jtm.ina.l •. 

Como ej e.mplo de. una. Jte.d ·d-e ·t,-ec.~e:nc..Za. de .a.c.Uv.ldad.e.-6 .& e 

· tie:n~: 

nodo 
6.úult 

r.lg. '16. 1 Red g·Jtáó.i.c.a. de. la. .6 e.c.ue.nc..<.a. de. a.c.Uv.i.da.
. de..-6 

La. duJta.c..<.6n de. una. a.c.tiv.lda.d e.t. el tiempo ne.c.e..t.a.Jt.i.o pa.Jta. 

lle.va.Jtla. a. c.a.bo, · d.<.c.ho .tiempo .6 e. de..te.Jtm.i.ncC e.n ba..6 e a..t c.onoc..i.

m.<.e.n.to que. .tenga. del pJtoye.c.to el e.~c.a.Jtgado del m.l.&mo. Como 6e. 

me.n.c..i.onó c.on a.n..te.Jt.ioJt.i.da.d, la. duiLa.c.i.ón del evento -Út-tt:.i.a..t y de..t 
~oe.n.to ~.<.na.l ·e.6 nula.. 

Pa.Jta. la. de.6c.Jt.ipc..i.ón del m~.todo e..t. ne.ce..t.a.lt.i.o de.ó-f-n.i.Jt a..tg~ 

no.6 .·c.onc.e.p.to-6: · · '' · 

1) T .lempo m á~-- pll.óx-:imo de. .ln.i.c..i.o ( EST) de. una. a.é.üv.<.da.d,· e..6 lo 

má.6 pll.on.to que. pt~e.de. c.ome.nza.IL.t..e. .t.u e.je.c.uc..i.ón.. 

2) T.<.e.mpo n1á.6 p1L6.X: . .i.mo de. .te.Jt.m.i.nac..L6n_ (EFT). de ·una. O..c.Uv.i.da.d, 

e..6 ..tgu.a.l a.l EST de. !a. ac..t.<.v.i.da.d -mLf.& ·.t. u. dtoi.ac.i6n. 

3) T.ie.111po má-6 .e.e.ja.no efe. .te.Jtm.i.na.c..<.6n (L.FT) de. tuui (lc.:t.Lu-i.daJi, e.~~ 



el tiempo mM Jt.emo.to en q u. e .6 e pu.ede .teJt.m..i.na.Jt d..i.c.ha. a.c. :U- . 
t 

v..i.da.d .6..i.n· Jt.e.tJt.Ma.Jt. el .-i;n..i.c..to de c.u.a.lqu...i.eJt. a.c.tiv.<.da.d .6u.boJr. · 
.. ·; . 

d:f.na.da.. 

4 j T i.empo mcú .~,eJa.no de -ln..i.uo { LST) de u.na.. aci. . .t..i.v..i.da.d, e.6 ..i.gu.a.-t 
a;l LFT' ··ci;· la. ·~c.Uv-i.da.d ·meno~ .6u. du.Jc.a.úón ·• 

5) T..i.~mpo de Holgu.Jt.a To.ta.l de u.na. a.c.;t.Lv.ida.d, e.6 la. c.a.nUda.d .to..: 
' .. 
.ta.l de tiempo . qu.e .6 e pu.ede Jc.ebta..6 c{Jr.:. la. a.c.Uv-i.da.d .6-i.n Jr.e- · 

.t.Jr..u aJL e.l üemp o de .t~Jc.m..i.na. c...i.6n de_l p!C.o y e c..to • . 

6 J T ..lempo de H olgu.Jt.a. L..i.bJte de wta. a.·c...t..i.v . ..i.da.d, e.6 la. c.a.nüda.d de 

.t-<.empo QU.e .6 e pu.ed~ Jr.e.tJt.Ma.Jr. la. ···(lc.t,iv.tda.d .6..i.n Jr.e.tJt.a..6a.IL c.u.a.l 

Q u...i.eJL o .tJt.a. a.c..t..i.v ..i.dad. . .· · 

Lo .6 pJL..i.meiC.o.6 c.u.a..tJr.o c.: o nc.ep.to.6 .6 e Jr.ep1C.e.6 en.ta.n en la. gJt.46..i.

c.a. de la. Jr.ed en la. .6lgu.-i.en.te 6oJLma.: 

----__ 1 ~FT[> 
- w 

------~-----? 
~. 

<J=LST 1 LF( 

F.i..g • . 16. 2 RepiC.e.6 en.ta.uón gJc.d6..i.c.a. de wta. a.c.:U..v..i.da.d 

c.on .6u. du.Jc.a.c...i.6n, EST, EFT~ LST, LFT. 
. . . 

Pa.Jc.a. ob.tene.Jr. lo.6 va.loJr.e.6 EST y EFr .6e Jr.ec.oJc.Jc.e la. Jted en 

.&en.t..i.do d..i.Jc.ec..to de.6deel nodo ..i.n..i.c...i.a.l ha..6.ta. el nodo 6-i..na.l a. 

.tJc.a.vé..6 de .todM .6u..& 1La.ma..6 y palLa. .ta.. "..i.-é..6..i.ma." a.c..t.(v..i.da.d de 

la. IC.ed .6e .ten~Jc.d: 

E~T. = ma.x EFT de .toda..6 .ta.~ a.c.Uv'..i.da.de.6 p.Jr.ec.eden.te.6 
. .(. 

lnmedla..ta..6 de la. a.c.Uv..i.da.d "-i.." ( 76. 1) 

EFT. = EST. + Vu.1La.c...i.6n de la. a.c.:Uv..i.d~d 
.(. .(. 

(76.2) 

Lc;¡.6 va.loJc.e.6 LST y LFT .6e obtienen Jc.ec.oJc.IL..i.endo la. 1r.ed en· 

~entido ..i.nvell..&o de.&de el nodo 6..i.na.l.ha..&.ta. el nodo ..i.n..i.c...i.a.l a. 

• 

1 

.t!C.a.vl . .& de .toda..6 la..&·iz.a.ma..& y pa.ll.a. .ta. "-i..-é.&..i.ma." a.c.Uv..i.da.d .&i .ten· -, 
áJr.á : 



• . . ' 

LFT. ·= m.i.n LST de. :toda-6, lcu· .. a.cUv.i.da.de..& de. .ta.-6 cua.te.t 
..(.' 

la ac.üv.i.dad. '' -<." .· e.& pJLe.ce.den:te. -<.nmed-<.a:to 
{ 76. 3} 

LST. = LFT. - Vu1Lac.i.6n 
. ..(. .. ..(. . 

( 7' 6 '1 ' t¡ 1 

Lo.& :t.i.e.mpo-6 de. holguJLa palLa una acUvi..dad "i.." .tJe e.valua.n · 

como a. con:t.i.nuacl6n ~e. indica.: 

(HOLGURA TOTAL}.= LST.- EST. = LFT.- EFT. (76.5)· 
' ..(. ..(. ..(. , . ..(. ..(. 

(HOLGURA LIBRE). = (min EST de. ;todcu la.-6 a.c.Uvidade-6 
..(. 

SiempJLe. .&e cumple. que:· 

HOLGURA LIBRE 

de. la.-6 · c.uale-6 la a.c.Uvi..dad "i" e.tJ 

plLe.c.ede.n~e. lhme.dia.:td} - EFT . 
..(. 

(76.6) 

HOLGURA TOTAL '(16.1) 

La. JLu:ta c.~:tic.a. e..tJ:tá óo~ada polL ;toda.& la.-6 a.cUvidade-6 

que :tienen holguJLa to:tal nuta.. 

PaJLa. de.tJa.IUr.:otta.tr.. e.t pltoc.e.tJo e.n una. c.ompu:ta.dotr.a. dlgita.t e.6 

ne.ce..óatr.io plLopotr.cionatr. .ta.-6 c.onexione-6 e.xi.tJte.n:te.-6· en:t-'te. lcu ac.U 

v.l.da.de..6 media.n:te una. ma.:ttr.iz 6-i.na.JLla. G .• Si e.X-i..tJten "n". a.c.Uvi

dade.-6, incluyendo ta..6 óic.tic.icu, la. ma.tJr.iz .6 etr.á de. otr.den ( nxn) 

y .6ui e..te.mento~ e.tJ:ta.tr.án da.do-6 en la .&iguie.n:te. óotr.ma: 

o .6i i = j 

glj = 

o , 

76.2.3 Ve..6c.lt-i.pcl6n del :Pitoglta.ma. 

a.) SubnutinM tr.eq uetr..<..dcu : 

Ninguna. 

.&-l. la a~Uvidad "j" e.& ptr.ece

de.n.:te inme.dia.:to de. la. ac.:U.v,i.

dad "i" 

.tJi ta. a.c.Uvida.d "I".no e.tJ plte.

ce.de.n:te. btme.dia.;to de la. a.c.tivi 

da.d."i" 



.. 
b)Ve~c~pc~ón de !a4 va4~ab!e~: 

N cantidad ·de a.ctiv~da.de~ · ~nc!uyen·do ta.~ 

do~ a.c:U.v~da.de~ ó~c:U.cia.~ 

G(I,J) 

.V ( I) 

GBJI ,J) 

es r 1 J 

EST( 1) 
• 1 • 

E FT( 1) 

LST ( 1) 

LFT (1) ' . 
· NCON 

FF(1) 
TF ( 1) 

·RC ( 1J 

L(I). 

IVASH{.J,J . 

e) V.i.men.6.i.one..&: 
• ¡'. 

. mat4~ z b~na.4~ G·.· que ~ncUca. cu<f!e.& a. e

tivida.de~ .&e encuent4a.n di4ectamente in

. te4co n e ct a da.& 

. vec.to4 c.on !a. du4a.c.(.ón de toda..& la..& a.c:U .· 
v~da.de.6 · 

· ma.t4iz bina./Úa que da· la4 !z.ela.c.~one~ cU-. 

4ec.ta..6 entJLe a.c.:Uv~da.de~ a.! e6 ~c.tua4 e!-. 

· ·4ec.o4ic.~do de la 4ed .. e·n .6 e.nti.do ~nve!z..&.o 
·con.tado4 

fec.ha. má.6 pll.6U.ma. de.inic.~o 
. .:- . . . 

6ec.ha m'á~ p4óx.-i.ma. de. .te4m~na.uón 

6echa má.6 !eja.na. de . .i.n.i.c.i.a 

6ec.ha. má.6 lejana. de .te4mi.n.a.c-(qn 
con.ta.do!z. 

ho!gu4a--zi.blr.e 
\ 

holgu4a total · 
va.4i.a.b!e ·en la. q.ue .6 e a..tlc.h~va.n la..6 ac.:U 

--v,{--dtnle-6 que 6o4m·a.·n pa4:te de la. 4u.ta. citl. 

.Uc.a. 

i.den:U6i.c.ado4 de .toda~ ta..6 a.c.Uvi.dade~.:. 

p4ec.eden.te~ o c.on~ec.uen·.te.6 ·en óo4ma. .f.n;.. 

mecUata a. U:na ac.tivi:d-a..·ti. 

,,gu.i.ón .(·-J .6 e emplea. pa.4ci. i.mplte.&.i.6 n 

La p4o.po~~c.i.6YL 

N > ·. l!J.O 

INTEGER debe4á mocU.ói.ca.Jt.&e c.ua.ltdo:· 
-~ . ./ 

- .-,.. -..;. 

d).Fo!z.mato~· palla lo .6 

SEC.TARJETAS 

1 

2· 

da..to.& de 
FORMATO 

( 13) 
i 

·(401.2) 

en.t4a.da.: 

1 NFO.RMACI ON 

N 

G ( I, JJ lo.& e!emento.6 de 
t a m a. .t4i. z . b -l. n CUt-<. a. .6 e da. n 

4engt6n po~ 4engt6n em-

pleando· la. c.a.nüdá..d. de ,.. 

·.· ;-· . / 
· .. ··,_, 



-~.o .. r" 
3 (7615).· 

· :taJLje:ta.4 que 4ea. nec.e4a.IL.ia. 

V ( 1) , . i,M · du.ILa.cúo ne4 de - ~ 

la.4 · a.cUv.ida.de4 4 e pJc.opoiL
c.iona.n·u.na. a. c.onUnu.a.c..¿6n 

de la. o:tJc.a. y deben 4eJc. va.-
lo1Le4 ente1Lo4. Emplea.Jc. :ta.n 
:ta.4. :ta.Ji. j e:t~4 . c. o m o 4 ea. n n e.
c.e4 aJLi..M •· 

o :tJc.o 4 pa.q u. e.:te.4 de da.:to4 (o p c..io na.l} 

-------------------------~-----~------

3'/3'. 

n TARJETA EN BLANCO, al.n.¿na. 
li..za.IL :toda. ld -in6o1Lma.c..i6n. ·· 

e}V.ia.g!La.ma. de bloqu.e.4: 

F.ig. 16". 3 v.¿a.gJc.a.ma. d 

obte~:c.t Mtttü 
de ~Ubt:'tdútac.Wn 
JXl'ttt lte.cc.'Lt.ü:lo 
tll u.ntüío .iltvl!ll · 
60 de l~ .\e.d -

· obunvr. LST y 
L FT pa. '!4 e 11éa 
ac.ti.v.ida.d "-'." 

obü.ne,t holgu.ILa 
tibtt t} total. 
¡xwt to d.'IJ !iu. 
aetiv{cfude6 

bt.L4eM ac.ti.v.ida 
de6 can hol9u.-
JtaJ nu..W 

.ide.n.U 5 ic4Jt. a e
üv.id.tdu que 
pe.tt.anec:en a lA 
'LtLt.t CAÍ ticil 

NO 



e 
e 
e 
e 
e 
e 
e 
e 
e 

e 
e 

e 

. '· . 
6) LL& .ta.do: 

lec ¡,J>.,.J:l,NJ .. 

f.[SLLTADOS 



e 

e 



.. 
' 



_16.2.4 Ejemp.e.o 

' ' .. ,· 

Obzene~ pa~a ta je~a~qu~a no z~v~a.e. del ejemplo 15.2.4 -
.la ~uta c.~1.:U.c.a de .e.CIÁ ac.:U..v~dadé.-6 .6~ la duJtac.~6n de .l.a-6 m-i.4,.,. ~ 

ma.6 e-6 c.omo .6e mue-6-t~a a c.onUnuac.~6n: 
. ' 

Ac.Uv~dad 

A) Vetene~.e.e. c.oc.he 
B) Pone~ 6neno de· mano 
C) Baja~ del veh1c.uto y c.hec.an 

!tanta mata 
V) Ab!t-L~ c.ajueta 
E) Sac.a~ t.e.anza buena 

F) Sac.a~ gato y pone~.e.o 

G) Sac.a~ llave de c.nuz 
H) Qtúza~ zap6n 
1} A6.l.oja~ y qtúza~ tli.enc.a-6 
J} Sub-i.~ c.oc.he 
K) Ve.ómonza~ !tanta mata 
L) Monz~~ !tanta buena 
M) Ap~ezctll. · tue~c.a.6 y pone~ tap6n 

N} Baja~ e! c.oc.he y guaJtda~ gato 

0) Gua~da~ !tanta mata 

P) Gua~da~ .e..e.ave de c.~uz 

QJ Ce~~a~ c.ajueta 
R) Sub~~.6e al c.oc.he y qu¡ta~ 6~eno. 

· de mano 

S) A~~anc.aJL 

* SOLUCION 

Vu~ac.~6n (.óegundo-6) 

.8 

2 

30 

30 

30 

40 

15 

2p 
·< __ · 60 

~.' 

35 

15 

25 

7Q 

~o 

20 

r5 
5 

r5 
10 

La ~ed de ac.uv¡dade-6 .apa~ec.e en .e.a F¡g. 16.5 



. F.ig. 16:5 Re:d de. la. :cs~c.u.e.nc..ta. de.. a.c.Uv.ida.de..& de.l pito ble.ma. 

de.l e.je.mplo 16.2.4 



TABLA -16 • 1 Va.to.6 paiLa e! piLob!ema de! ejemplo 16. L 4 

Ac:tivJ..dad IncUce a.6 o ci.a do 

i.n.i.ci.o 1' 

A 2 

B 3 

e 4 

V 5 

E 6 

F 7 
G. 8 

¡.{ 9 
/ 

1 10 

J 1 1 

K 12 

L 1 3 

M 14 

N 15 

o '.16 
p 17 

Q: 18 

R 19 

S 20 

Fi.n 2 1 

V= (O, 8, 2, 30, 30, 30,· 40, 15, 20, 60, 35, 15 9 

2 5 , 7 o ' . 2 o, 2 o, 1 5, 5.1 15 , 1 o, o·) 

N = 21 



1 2 3 4 5 6 1 8 9 1 O 11 12 7 3 .· :¡4 1 S 16 17 .18 I 9 -.2 O 2 1 
·~ 

·. 1 O O .O O O O O O O O O O O ·. O · O O . O O O . O . O 
2 .' ~1 o o o o o o o o o o . o . o ·. ·o.. o o o . o o o o 

.) 

/3 . o 1 o o o o o. o o o o . o o . o o o o o o . o . o 
',4 o o 1 o o o o o o o o o . o .· o o o o o o o o 

5 O O O 1 0\0 O O. O O O O. O O O O O· O O O ·O 

. ~ O O O O 1 D O O O O O O . O O O O O O O D O 

7 o o o o 1 o o o o o o o o o o o o ~ o o o 
8 O O O O 1 O O O O O . O O O O O· u O O·. O 

/ 

9~ooooooo1o o·o o·o_o·o o o o 
10 o o o o o o o o 7 o 'o o o o o o o o 

G = 11 O O O O O O 1 O O ·O O O O O O O O O 
12 o o o o o o o o o .· 1 1 o o o o o o o 
7 3 o .. o o o o 1 o o o o o 1 . o . o . o. o o o 

o 
o 
o 
o 
o 
o 

o . o 
o . o 
o. o 
o o 
o 
o 

o 
o 

14 o o o o o o o o o o- o o 1 .. · o. o o o o o o o 
15 o o o o o o o o o o o o o 1 .. o. o- o o o o o 
16 o o o o o o o o o o o 1 o • o· o o o o o o o 
11 O O O O O O O O O O O O O· 1 · O · O O O 
rB o o o o o o o o o o o o o · o . r· 1 1 o 
19 o o o o o o o o o o o o o o o o o 1 

. ' 

20 D O O O O O O O O O O O O . O O O O O 
27 . _o o o o o o o o o o o o o o ~ o o o 

TABLA 76.2 Re~ultado~ del eje~plo·16.2.4 

o 
o 

o· o 
o o 

o o o 
J. O ·O 

o 1 o 

-- ~· 
~~. 

/a,· .,. 



3 

. o o 

NG • ~ 
1 o e o 

hG, j 
c. 1 o o 

o 
t .. r.. ~ 

(.¡ o 1 

t'-ir,. ó 
(.¡ (J o 

hG • i 
(.¡ o o 

NG •' o 
(, o o o 

t>.t1. ~ 
(,¡ o 

t.r..a. ,.,-o 
l'lr.,11 

\i o 

!>4n.1J 

o o 

e o 

o o 

o o 

(.¡ o o o 
t1 r, • 1 '1 (., o (1 o 
¡, G, l' 

{.¡ o ('l o 
t, r, • 1 6 

(., o o 
r-.r..17 (., o o o 
I>Gelb 

(¡ o o 
f'-.¡(;.1'1 

L . (j e o 

o o 

o . o 

11 A T R 1 Z C r S lJ 8 O t: O HÍ A~ I O 1~ O E A C T I V I O ~ D (, ~ · 

5 6 7 8 9 10 11 . 12 1'3 . 1 4 ·. ' 1 5 1 6 17 19 2ú 

o o ú o. e o o o ó o . o o o o 

o o o o . ·o o o o o o o o o o \Q. o 

o 

o 

o 

1 

1 

u . o 

o o 

o o 
1 o o 

o o 

o o o 

o. o o 

o o o 

o o o 

o o o 

o o o e o o . o o 

o o o o o o . o o -·.e e 

o o -.e o o . o . e o ~~ _- o 

o o o o · e o o o (() o 

o o o o o o o ·o ·e· -.o 

1 o o o o o . o o o . o o o O lC 

o o 

o o 

o o 

o o 

o 

r 
V 

1 

o 

1 o o 

o 1 o 

o o o 

o o 1 

o 1 o o o o 

o o o 

o o o 

.O o o o o 

o o o o o o 

o . o o o o o 

o O ·O o o o 

o o o . o o o 

o o (J . o . o o 

o ú o () o 

o e n e e 

o o o ·o . o o o o e o 

1· o o o o e e o o o 

o 1 o o o o o o e o 

o o 1. o . o o e; :o . e o 

o o o 1. o o e o e o 

o 1 o e o O. e 

o o o 1 o o o o 

o o o o 1 1 ' 1 o e o 
·' 

o . o o o o o . (i e o 
.. o o . o o o o . o ·o 1 o 

o o o .. o o o e o e 

2 

( 

(, 

·' '· 



LOS 

t.cr!VIuAO, OlJRAC.!.ON EST 
ao••~caD•~--~-~·b=b••a•w~•oa=• . ~ . 

1 o~uo 0o00 
·2 8e(jQ OeOO 

3 2 O\:¡ O t'-oOO 
¡~ 30ou0 10o00 

5 30•u0 4flo00 
_.--6 jO•uO 70e00 

7 40•u0 7flo00 
8 l=>•uO .7()o00 

9 20•U0 85o00 

10 6 O o 1.iO 105e00 

11 3~•u0 110·00 
12 15•v0 165.00 
13 25ov0 180e00 
14 70ov0 205e00 
15 ' í:O•uO . 275·00 
16 ~o·uo 180•00 

17 15•UO 275o00 

18 !>euO · 295o00 

19 15eu0 JOOoOO 

20 lO•uO 315o00 

21 O•uO 325o00 

RtSULTADC~ Ol:lTENIDOS ·soN 

EfT LSl trr 

OoOO OeOO o.oo 
8 é o o . 0700 8oOO 

lOo OC 8~00 101100 
40e00 10e00 40.00 
70o00 · 40e00 70e00 

lOO o OC 150e00 ... teo.oo 
11 O e 00 90e0Q 130,00 

85o00 70 !00 05o00. 

tos.oo 85•00 10So00 
165 • ÓO 105•00 

A • 
165o00 

145tÓO 130•00 165.00 .. . . 

180o00 165o00 180.00 
205·00 ;eoaoo ·2cs.oo· 

275eOC . 205•00 275.00 .· . . 

295eOO 275•00 295.00 
200•00 275•00 . ·295oOO 

290o00 2eo.oo .. 295 o 00 

300oOO 295o00 Joo.oo 
315a00 300o00 

;, ' t 
315.00 

325oOC 315o00 325.00 
r 

325oOO 325•00 325.00 .. . 

• 

rr rr 
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.- ·. DIRECTORIO· DE ~_jLiDY!!!O~ IJ~lG (C!CJJ~~~O- -~ IN11tQo·ocCió~J 
Y: COMPUTACION ELECTJ~ÜJJWícA 1Si19 o .. 

• RICARDO ACOSTA ROSALES .. 
l. S.A.R.Ho 

REFORMA 35 ENTREPISO 
MEXIC0 1 D.F. 
TEL. 546 :~2 .30 

,2. J. ALFREDO ALVAREZ MAGAÑA 
S. A. H. O.P. ., 
JEFE DE LA SECCION DE ESTUDIOS 
COMPLEMENTARIOS 
XOLA 1755 
MExiCO l2, D.F. 
TEL. 530.30.85 

3 • HUMBERTO EDUARDO ANTJMA MIRANDA 
~~RETARIA DE LA DEF~SA NACIONAL 
LOMAS DE SOTELO 
MEXIC0 1 D.F •. 
TEL. 557.34.22 

4• ROBERTO AREVALO RAMOS. 
.• S. A. R. H.· 

P. DE LA REFORMA 45 
MEXICO, D.F. 
TEL.S92.00.90 · 

p. GUAPALUPE ELDA LILI BARRERA GARCIA 
S. DE LA DEFENSA NACIONAL 
AV. INDUSTRIA MILITAR 
MEX¡CO l01 D.F. 
TEL. 557.45.00 

6. ING. JOSE GUSTAVO BARRERA VILLARREAL 
SECRETARIA DE LA DEFENSA NACIONAL 
LOMAS DE SOTELO 
MEXICO 10 1 D.F •. 
';!'EL. 557.88.86 

7. JOSE LUIS BASTIDAS NUÑEZ 
FONDO NACIONAL DE FOMENTO AL TURISMO 
I. LA CATOLICA 24-4 ° 
MEXICO 1, D.F. 
TEL. 585.30.44 Ext.156 

GLORIA BAUTISTA NIETO 
S. A. R. H. 
REFORMA 51-13° 
MEXICO 1, J;>.¡¡.F. 

. . 
TEL. 535.64.56-

. " . ' ... ~ 

Copilco 178 Edif~ 21-5~1 
México.20, D.F. 
·Tel .. 548.12 .• 16 

Mont~video 470. 
Col., LindavistQ!. 
México 14 1 D .,·F ~ 
Tel •. 586.48.27 

'Gralo A. Obregón 17 
Col. Huiz achal 

'México, D.F. 

. P. de la Refa·ma N te.. 668 Dto¡:A:;o ., :~ 
. '1022 

Col., T1atelolco 
Tel .. 597 .49.,61· 

Ajusco 55 
. c61 .. Alpes 

México 20, ~eJ¡'f' o 

.Tel e 593 .. 64 .. 31 

-. ,• ~. ·. 

Austrtacos 6Q 
Col., .Paraiso 
México 18a D"lf'o 



'· 

9 • Ai:>DY ASTRYD BETANCOURT PJME!r.r~L. 

FINANCIERA NACIONAL AZUCAJRDA ~~Ao 
HUMBOLDT 26 . 

.. MEXICO 1, D.F. 
, TEL. 521.16•87 

10. RICARDO R. BOISSON GARCIA 
. S. A. R.H. 
· DIRECCION GENERAL DE ESTUDIOS · 

REFORMA 20 DESP.l05 
MExiC0 1 D.F. 
TEL. 546.46~76 

11. JOSE EDUARDO CARREON GUTIERREZ 
S. A. R.H. 
Av.OBSERVATORIO 192 
COL. TACUBAYA 
MEXICO lB , .D. F • 
TEL.516.37.~6 

12. LUIS E. DELPECH DEL A. 
.PEMEX 
MARINA NAL.329. 
MEXICO 171 D.F.~ 

TEL.45.06.92 

13 .MANUEL DEL SC OODERO. R. 
AVE. UNIVERSIDAD 1704 

·coYOACAN 
· MEXICO 211 D.F·. 

TEL. 548.30.00 

·, . 

... 

14. F~CISCO DEVEREUX VAZQUE~. 
S. A. R.H. 
AV. OBSERVATORIO 192 
MEXICO 18 , D ~ F • · 
.TEL.515 .. 58.97 

lS.ROBERTO ESPINOZA FELIX 
DIR.GRAL. DE CAPTACIONES. Y CONDUCIONES 
DE AGUA 
S.A.;R.H. 
IG1.'1ACIO RAMIREZ 20-4 ° . 

. MEXICO 1 D.F. 
TEL.566 .35.71-

ü~idad II Deptoo 325 
~í9Jlo J~()li,¡,J¿¡ lSalh'a~a. 

M®st:irg© 9 Q ]Q)oJt o 

1'®1.,57/1 o l3o ~~ 

Ar~nas GUzm~ ~56 
· Col.. Villa de corté.s 

México 13, D .. F .. 

Av.Universidad l953~3S~3Q3 
Col. Oxtopulcq 
México 201 D .. F .... 
Tel.516 .. 37 .. 96 

Cda.Plan de Áyala 11 ... 1 
Col.Sto .. TOMál[l! 
México 171 DoFo 
Tel.541.65.25 

Corona 181 
Col .. Industrial 
México 141 D .. F ... 

Av. Coyoacán 1'~181=401 
Col o D~Jl. Vall® 
Méxi~o 12, lD>"Fo 
Tel .. 559l~58~9~ 

-16. JOSE LUIS GARCIA GARDuijO Paseo Sauce~ í~6 
FIDEICOMISO PARA OBRAS DE INFRAESTRUCTURA Col~ Casa ~J©~ 
RURAL · Tolucan Méxi~t1! · 

. CAMPECHE 280 

... 'r,,: ~:~c~7!~;5~;!· 

{\_.-..... -... 

•• 

. ~ . 

.e 



. ', ··-· 

i • . ·~··. ' . ~~~;,ty . 
17. ALICJ;A?@óMEZ AGUILAR 

S .A.R.H·,~- -
P.DE LA REFORMA 35-11° 
MEXICO,.\D:F •. _ 
TEL. -59i~-03 .-83 

' .if'" 
--.·· ., 

,,'.,_.:· 

18. JOSÉ:. LUIS GÓNZALEZ MATUS 
-S~ A. R,~ H. 

- P. DE L,A REFORMA 3 5 ENTREPISO 
11.:~_¡CQ __ ~, D. F .• 
TEL.546~59.28 

19. NOE LEOVIGILDO 'GONZALEZ ~ODRIGUEZ 
S. A. R.H. 
TEL.592.00.90 

20;. JUAN MANUEL GUTIERREZ ARRIETA 
SECRETARIA DE . PROGRAMACION Y 
PRESUPUESTOS __ . 
FRAY S. T. DE MIER 77 
MEXICO 1, D.F. 

21. JOSE RICARDO · CUZMAN NAVA 
S. A. R.H. 
TePIC 40 
MEXICO 7, D.F. 
TEL.574.10.73 

2 2 • RAFAEL HAM YEE 
FACULTAD DE INGENIERIA 
UNAM 
MEXICO 20, d~f~ _ 
TEL.550.52.15.EXT.4608 

. -

23 .ING. ROBERTp HEATLEY CORTES 
S~FI 

TACUBA 5 ENTREPISO _ 
MEXIco- 1; -D.F~ 
TEL • 512 ·• 33 .5:3· 

24.MA.PATRICIA HERRERA FIGUEROA 
FINANCIERA NACIONAL AZUCARERA S. A. 
HUMBOLDT 26_ 
México ).;_D.F. :· · 
TEL.521.16 .87-- · 

···:·.·. · ... · 
- ·-

e Citácl <1'2 B~l~_ír ~(;j.~¿t®~ JLé~ifi 

e a::!~tp·~dl!tt'ª ~l~~\illlt'OO~(j~ 
1{;~~2&irGV ~ ]~ ú ~ 0 W u 

~~itBl" 544 .. 11 u //tf) 

vértiz ,.953=11 
Colo .Narvart.e 
M~Xic.lO 12 o D.,F o • 

Tél;, 5~3 : '1.3 ... 63 · 

Río Carmen 15 _ 
Col. Paseos _-de Chm:uhusco 

· _ -México :13o D .. F" 

Ah_orro .Postal -65 .D~pto .. 4o_¡-~ -
Col .. Postal 
México 13 o D.,F., 

Fundidores 48 
Col.. Trabajadores _del Hier~o
México 15 u D.F .. 
Tel .. 567.21 .. 16 

Héroes Ferrocarriles 12-5 
C©;l .. Guerr~o 
México 3 ,. DoF"' 

Augusto Rodfu .358-307 
C©l., l!.ioche'lbil!1<$?1.i.a 

· ~~dlti~o 19 o llJo~"' 
T~lo59JS.:l\5a3~ 

Payt~ 706 
Col., L indatll .:H)3t <B 
M ;;_ ... ,· -~ ,,.._,,,_.,. ·14 'Ir<\ - <~:>) 
.L'-!.Gdt.:l!."-"'>v • o : !!JI u J!l " 

~Tel'..586.22.,89J 



. 25. JOSE MARCELINO HERNAN:On @~0 
S.A.R.H.: , . 
P. DE LA;'·REFORMA N0.20~105 
MEXIC0--1~·- D~F~•· ·. 
TEL.546.4~676 

26 • MOISES HERNANDEZ MIRANDA . 
S.A.R.H. 
P. DE LA REFORMA 51-15 ° 
MEXICO 1, D.F. 
TEL.535.54~83 

27.J.JESUS LANDEROS ORTIZ 
COMISION DE AGUAS DEL~E DE MEXICO 
B~DERAS 55-2° 
MEXICO·l, D.F. 
TEL. 585 ¡,:50~66 EXT .206 

28.JORGE LAVALLE REYES 
·DIRECCJ:.ONGENERAL DE CAPTACIONES Y 
CONDUCIONES .DE AGUA . . 

IGNACIO'RAMIREZ 20 
e COL. S.AN RAFAEL 

MEXICO '!-, D.F. 
TEL.566.35.71 

29~ARM.ANOOLOPEZ GASCA 
UNIVERSIDAD AUTONOMA DEL ESTADO DE 
MORELOS 
AV.. UNIVERSIDAD 1001 
CUERNAV ACA, MOR. 
TEL. 3 -·~ 28-. 57 ·. 

,r ,' 

3 O. ALEJANDRO LOREA HERNANDEZ 
INDUSTRIAS RESISTORL.S.A. 
BOSQUES DE CIRUELOS 99 
BOSQUES. DE LAS LOMAS . 
MEXICO lO,·ri.F. 
TEL. 596 ."04. 59· -· 

31. FERNANDO IRIGOYE~ MACIAS· 
UNAM 
TACPBA NO. 5-1° 
MEXICO 1, D.F. 

3 2 • JOSE LUIS MACIEL HERNANDEZ 
FINANCJ:ERA NACIONAL AZUCARERA S .A. ·· 
HUMBOLDT 26 
MEXICO 1, D.F. 
TEL.-521.16 .·87 

1~~~1lei J 11©t;@l e~ .UC~) mn JR:E:~ . 
lD'BJ:Kit»~~ C.,"Jtl.,Mo . . ·• . · .. ·. . e 

. . ~ 

l~DE MAYO 63 Bis 
Col.; Nativitas 
México 13, D .. F .. 
Telo 579.49 ".28' 

AvaEzequi~l 78-9 
Col. Gpe. Tepeyac 
México 141 D.F. . . 

· Tel.537 .40o54 

BEJEN-85-97 
Col. 'racubayiñ\ 
México 18 ·~ D., lE"., 
Tel., 16 .~3 .. ~6. · 

Allende lOO 
Lomas Selva 
Cuernavaca~ More1o~s ' 
TeL,J. 18 .·os 

Pitágoras "I:tl1=17 
Col. del V al le 
México 12 1 ··D~F" 

Sm' 109 NOo 11!3":"'8 
Col." ~.Milit;~ 
Mi;!xico 91 Do~~ . 
Tel., 552.07.,23 

· Arag~n 83-HU. 
Cvl., AlamO$;:.• 
México 13 9 ·DoWo 

.· - -
T~l~-530.,63 "39 

• 



. '~~t~~~>- .. 
· . '-~>33. JESUS·f:MART.INEZ SOSA 

· • UNAM . ::: ::_,. 
- PROGRAMADOR 

-~·-. ·. . ~ . . . 

MEXIe0:~20; D.F. 
TEL.ss:o:~~_S2· •. 15 EXT.4000 

. ,. ·."~~~·;: __ ;.;~::_('' 
34 .SERGIO:·MENDEZ. SANTILLAN 

COMISIÓN¿::-:DEL :PLAN NACIONAL HIDRAULICO. 
TEPic~~\i'o:::-:·: ·· · · 

... ::. . .. 
MEXICO 7, 1 _.D.F. 

-~ -~ ·': .. ·: .. ~ . 

3 S.. MARIQ. MORALES BALDIZON 
FONATUR .. _ ... 
I. LA C::_ATOI,i_ICA 24 
MEXICQ 1~ D.F. 
TEL.S85.50.44 

3q. JOSE DE JESUS MORALES MARTINEZ 
COMISION- DE AGUAS DEL VALLE DE MEXICO· 
BALDERAS ~O. S S. 
MEXICO 1 1 D.F. 
TEL.S8S.S0.66 EXT.600 

. • . 3 7 • JORGE NAVA FLORES ·· 
S.A.R.H. 
P. DE: L.A REFORMA NO. .. 6 9 
MEXIeO 1 :p.F·. 

38. ARTuRO PEREZ CABELLO 
SECRETARIA DE LA DEFENSA NACIONAL 
LOMAS. DE SOTE LO 

. . . 

. MEXICO 10.1 D.F. 
TEL.557 .33 .• 54 

39. RICARDO: QUEVEDO ROBLES . 
FONDO N~CIONAL' DE FOMENTO ALTURISMO. 

· NAFINSA. 
I .- LA . CATOLICA 24-4 ° 
MEXICO 1 1 D.F. 
TEL.585.30.44 Ext.l42 

40. LUIS RAMIREZ ZAMORANO CRUZ 
. - ., _--t·. __ , ,., : . 

v. M. ·,: Aleman 19.0 
COLINAS :'J:;~·<BUEN S ~A·.. . ·. 

. MEXICO -,.D ~ ]!' •. 
. . . . : 

.. TEL. 538 ~4S .• 38 
. :.- . ~ 

4l.TARSICIO'RAMIREZ CARREÑq. 
S • A • H •. o ~ P.~ . ·' 
Blvd •. ~OLA· 1755 9 ° 
MEXIeO. 1~ 1 · D •. F. 

©tE 145 L 1 !YL.2l 
. CoL, Jru'!J,~OS J"'JCIL;L.Mt 
!Y!éJ{;ico. 8 1, )l)" F' o 

T~lo.657 9Q.,5"'J• 

· Edif.B~ A. riep~3020. 
·Col·. Lindavist~ · 

· México 14,. ·o ... F • 
Tel .. 587. ... 12 ... 73-

·, . 

4to •. ,CallejÓn•.de ctri1alipa· 1$ 
Col. Xochimi'lco· 
México 23, Dc,.F-.,. 
Tel .6.76 o-50 .. 62· 

Edificio G;,.6 D_ept(J-o43'i · 

Col. Lomas de P.la:telq:l 
. Méx~co 19o. :OaF.,. 
Tel. 6'5'1.0359· 

Valle -'de· México. 96· 
Col. Valle de, Arag.ón, 
México, D o.F·~- . 

Ciruelos- 78 
Jardines de Sn., ~rateo: 
Naucalpano Ed·.o •.. ~~e: Méx: .. , 
Tiel.,373 ~57 "88 

San Borj a l3S8 
Col o ·Narva:r:-.t<e;. 

... ... 12' ll"' ,Mexxco · .o. D\,.!(o-; 

Te1.559·.,~73 . ., 95 

Av .,_·More:tos 605' Ed±f:~., c~z¡ 
Jardín Ba-lbuena. · ·· 

.> ' . 

t-i<eXd!.CO "lD .JF'". 
· ·rel ~'l68 "73-<J~Q9·~ 



42 • VICTOR- ROMERo' CERVANT~~ 
. . . . 

SECRETARIA DE PROGRAMACION Y 
_F.;· S ~-~;~.DE. MIER 7-7~8 ° 
MEXICO a·, D.F •. 
TEL.761.40.44 EXT.264 

43 .AMALIA ReMERO SOLORZANO 
.-..'·.··· . 

PEMEX' 
MARINA NAL329~3° EDIF.A 
MEXICO 17, D~F •. 
TEL. 254.08".56 

44. SERGIO RCMO JOVE 
·._PEMEX' . 

MARINA NAL. 329 
MEXICO 17, D.F. 
TEL. 531.15.31 

45. FRANCISCO SAENZ DE CAMARA AGUIF.RE 
S~A.R.H. 
P. DE LA REFORMA 20-4° 
MEXICO, D~F. 

TEL.546.95.45 

S·"tá .. I>~a .. l:Sati'<liitas 
~ol o !~hd:_o$; i8J61to@~-
V' ~""' ·'L·"" -- ¡· _, ir\\ 1"' ~0)\©\""'""'""'0 _,¿;o l!J¡,,!!;' 

'l\~1 o 5191., 1B o 15> 

Manantial 14 · 

,:.. ·,· 
.. , •. ~. ? . .,. 
'"'"•' 

Col. Pastores 
Naucalpán' Edo., de Méx .. 

. ,, ,...~. ~ 

Ret .. ll Lic., Gen!S:'Jt;'O Garcí.a 9""':8> · 
Col. Jardín Balbu.ena · 
México· 9, D .. F. 
Tel .. 552 .. 43 .. 55 

Asturias 31 
Col .. Alamos 
México 13 u D"' F o 

Tel.519 .. 29o94 

46. CARLOS ARTURO SALAZAR.ORTEGA Thiers 173-4 
S.A.R.H. México 5# D.F., 
DIR. GRAL. DE CAPTACIONES Y CONDUCIONES -··Tel .. 53l.'S9.,45 
DE AGUA· 
IGNACIO RAMIREZ 20 
MEXICO, D.F. 
TEL.592.36.84 

47. LUIS SALAZAR ZAZUETA · 
S.A.R.H. 
SUBDIRECCIN DE PROMOCION Y PROGRAMAS 
P. DE LA REFORMA 35~11° 
MEXICO, D.F. 
TEL·. 591·-~ 03-.83 

48. ESPERANZA SEGOVIANA AGUILAR 
UNION DE PROFESORES 
FACULTAD DE INGENIERIA 
UNAM 
MEXICO 20, D.F. . 

TEL.550.52.15 EXT.3748 

49 .LUIS HUMBERTO SOTO BERtMEN 
UNIVERSIDAD TECNOLO~ICA DE MEXICO 

·- A.MÁRINA NACIONAL 162 
MEXICO 17, D.F. 
TEL.527.03.18 

~itágoras 1239-12 
!·léxico 12 o Do F .. 

r:rig;G~yuca Ht 
M~~ico 2 o 11) de'" 
~:J\~1 ~ 526 o 3 o·o 110 

. C®:t':t'O d ~ 5tiL Anóbtés 278-10~ e 
Col" ChuJ:t7nhtJl::5CO 

l-4é:ldCO 2:1 0 Ds~ .. 
~['¡¡;¡1 e 549 ~ SJ;~ e>¿;~ 1 ~-' 



l.._ -·- .. 

• SO~ ROMAN VAZQUEZ BERBER 
COMISIC.N DE VIALIDAD Y TRANSPORT~ Uí.ffBJ\,1;:~0 
AV. JUAREZ 42 EDIF. a~2° 
MEXICO 1 1 D.F. 
TEL.585.10.11 EXT.222 

51. MIGUEL ANGEL VAZQUEZ PEREZ 
DEPT. DEL DISTRITO FEDERAL 
PLAZA DE LA CONSTITUCION NO. 1 

- MEXICO 1 1 D.F. 
-TEL.518.66.18 

52. ''FRANCISCO VEGA GARCIA 
DEPARTAMENTO DE ESTADISTICA 
UNAM 
MEXICO 20 1 D.F. 
TEL.550.52.15 EXT.4000 

53.CELIA PATRICIA VEGA MARTINEZ 
D. D. F. 
PROCESAMIENTO DE DATOS 
PLAZA DE LA CONSTLTUCION.NO.l 
MEXICO 1 1 D ~F. 
TEL.521.17.95 

54 • JES US RUBEN ZAMBRANO PACHECO _ 
UNAM 
MEXICO 20 1 D.F. 
TEL.550.52.15 EXT.4000 

55. ENRIQUE ZARATE LEYVA 
S.A.R.H. 
REFORMA-NO. 45 
MEXICO 1 D.F. 
TEL.592.00.90 

Ing. Antonio Nar.Jeo 109, IJP.;t.,3 
Col. Industrial , .. · 
Mexico 14o D .. F. 
Tel .. 537 .. 44. 71 

José Ma .. Correa. 226 Al"tott;l: 
Col. Asturias 
México 8, D.F .. 
Tel.530.02 .. 89 

Manzana ·4 Gpo~3 Casa 31 
Col. Sta'., Fé 
Méxi·~o 18, D.,F o 

Quéretaro 3 7 
Col. Progreso Ti~apán 



... - . ... . 
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