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CCNCEnC DE CCMPt,;TADCR ~ 

OBJETO 

múltiples, aplicacÍ~nes_al servic"o daf r.cm!lr_e, es trensmitir al lectac- únO CCIT',:Oieto vÍ• 

. sión de ccnjunto, media~~ un_ler.g""?je sencillo,que permita can-prenc!er-ccnceptual-

mente 1~ t~ trotados, 'sin ne_cesic!c_:! ~e c:onoci:nientos.previO'l_en.lc '"oteria. 

~romos.que ~tos c:ág:~,. muy •implas en apariencia-pero con protundo 

--~t~n;,do, per;nitan, o quienes las !ecn, ingresar·al maravilloso mundo de las máquiMs 

automátieas. 

-¡·' 

, ., -~'. &te.sollar-se llam:l Co;th'ol • .Tra]x:jo ~n. uno'pequeilo habita-
-: ~,;¡· c:ión.'Tlene'o,su clls¡:osición-uno'mdquino·de calcular que su-

' "·~l ....... ~ ' 1 

.}~, ~' -•·.!M• restg, 'm)iltiplic:"!J r. divide.· Tiene también' el seilor ContTol 
,.,. . • un arc:hivo·parcci:lo -:1 ccsi!lero que eltiste en-los trenes pa'"C-
. ,_ .. cblficación posÍ-ll. . 

. , ,Hay, ademds,. en 1: (K:i:i(;zci9n, •dOS vent;znillas identificadas 
, ..... :. ,ccn sen.dos carte!es: ~Entt;a~~ r~·salida" • 
• :. ··,,, .: ~El' Hilar Control ti ere. _,un manual l''e, le indic:~ cÓir.o debe

. dusenvolvene. car. ontc5 element:ls, .si olguier. le pide que - -
hGga ~trabajo. -

... , ..• U.a cersor:o quiere ~i:er 'el·resultoc!0 de un cor.-olicado ::_ákt.' o 
1 

• ~'taro .ello, ~cribe ordenada, ¡:¡,.e~ÍKI y detQIIc:!cr:.ent_~, c::-:'l Jna 

·- • de las operáciones que,'en c'on.j•.;nto, integcr ese cálculo, or.:t'l 
cada instÍ'uccién elemental' en une no¡o de Pc:pel y coloco todcs-

.-, ' -·ias hojas en orden en la' v~!'nnilla "Entrada". 
·'El sei"'or·Cantrol', at-:ver lés'hójcs, lée eri ,.:, inanú~l que debe ~o· 

- ·'' - ,:· . mar asas ho¡as céin·lnstrucdion'es, ...na pcr .. .,a, y colocarlos ccñ! 
. ·r' .... 'lcrrivamente en· .... ~arC:nivo: y asilo hccl!l. 

r 
Una voz ubicadas toda~ ias instrui:.C:iones en el crchivo, el sei'icr 

• Cmtrot·consulta nu<Namente el rnanual. Allí se le indica que,
a cantinücciári, debe tomar lo' insti-uccián da la casilla 1 y ejec~ 

. tarta lllego, lo de la ccs.Silla '2 y ejecutarla, y así sucesivamente 
'-ta' ejecutar la última instr1.1ccióri'. Algunas instrucciones indi
=rán que hay que sumar l.lrio canti?ad 'a' otra ( instrucc_iones- -
aritméticos ); ·at:as, qúe el" sei\or Control aabé ir o la ventanilla 
•fntrada• ¡loro ~ilr 'algCn dato que intervengQ en el cálculo -
(instrucciones de •en'!Tada/sélida~ ), 'c!Oto que la persono qua le 
fmnul6 el FOblmr.o habró coloeado ya' en dicha ventanilla, en-

cofra hoja de papel. ' . 
Ftnalmmte, otros iñstrué¿ionM indi~rán que debe. elegirse una 
do antro dos oltemotivaí ( instrucciones lógic:Gs ):·pCr- ejemplo, -
IUfiCII&amas qua uno parte del cáléulo • deSde la-ir.strÚccián qYe 

' .. 'est6 en la' casilla 5 del archivo (.astó !á qu!f está en lá cosilla 9 
deba ejoc:utcrso 1 S véce5' porque el' các:ulo: as rto exige • 
fit tal C:CISO, la instTucción -:¡uo eStá' m la ces illa 1~ indicará que, 
·d loa pisos S o 9 ia háti'ejeéutado rrienas 'de ·ls'v&.:as, se debe
volver al paso S. Cucindo se hbyan'realizadó las 15~repeticiones 
y no antes, el sellar' Control' seguirá ccln lo instruccián de la ca
ama 11. 
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Despuél de ejecutor todas las ins:rucci011es del archivo, hac;endo
can la maquina de calcular los operaciones en ellos indicadas, al
•~ Cmtrol entrego, a través de lo ventanilla "Salida", los resul
lactos obtenidaa ••• y se siento a esperar ur nuevo traba¡o 

~ lb 
1-r --+ r 

0'.1S&vese que la actucción del sailor Control es puramente mecÓI1i-:o: 
sólo sigue las indicaciones do su ,_,. .• y cumpla de oc•Jerdo c0f1-
Cli11Cr.J los instrucciones que recibe o través de la •er>tcnillo "l:nt;-ado". 
TClm<l decisiones. pero so!amentecuando se le soilolan los alternativas 
que ~»rlsten y con qué criterio debe elegir uno de ell035. 
a so11or Control puede reso!~emos cualquier problema, por complico 
cto q~:~ &te seo. Pero poro ello debemos indicarle poso o poso, er: !oi"
farma mcis elemental y det::~llada, todo lo que debe lmcer ¡:aro resol
verlo, sin olvidamos ablolutomente nado porque, en ese caso, el •e 
Rcr Control no sabría continuar por so mismo. -
Hogo ol 1~,• , la pruebo de formular un problema cualquierc de mo
do tal que uno penono que no conozco naoo oc.erca de eso prooler~a 
pt.~eda resolverlo sin ne-:ssidad da hacer consultas. Vetó que es ~.mo~ 
~perie:ncio intere!<lntis imo • 

El esquema que acabamos de representar medicmta el sallar Central r sus ale -

mentes ele trabajo, cO<•esponde exactamente al esquema du funcionomi\lnto de uno ccm-

putacloro eiQ\:trónic:o. 

A ~tinOJOción pres~~~omos una breve descripción de los elemer~tos da la e~ 

putodora que corr05ponden a los elementos de trabajo del señor Control. 

_!.t? U:J~d~ d!! __ ~ITe~ ( roprc:;entodos pcr la ventanilla "&.track!Q) : 

Sen m la comput:2dcra, disp<:15itivos capoce!: de leer información ( lnstruccion~ 

Q Datos ) C:Cin ~1 objeto da pr~esorla. EXisten una grcn variadad de elemento:; da mtr_2 

da, attre les cual~ tenemos : 

Iari~ do Cartulina y Cintos de Popei;Que 101 perfc.radas do rnw1era 

que =do parforac:ión representa un número, ~.na letra ó un símbolo a· 

p=ial do ocuerd::> CCI'I 111 código prl:daterminoc!o. 

Qntas Magnctic:as: Canocidas c.omalfnemcwias externas: tienen la ven 

tu¡a da petMitir oii!IQCenar la infori'IICicién en formo IIIOl concentrado-

( e razén de 80 a 2400 caractares por pulga&.! da lcngitud ) y do ser -

mal veloces, }'O quo pu~en cnviW' o recibir información o la unidad -

cfo control y velocidades que van de 10,000 a 660,000 caructares por -

sqvndo. Puedan llegar e1 tenor hasta 730 m. de longitL-d. 

DJsso Magnética : También ccnociclas como "Msmoria externa" en go-

neMf timen un diámetro aproximada de 30 cms. y pueden grabar nast;-

<!00,'000 letras, numeras, Y caracteres especiales, formando palabras,

cifras, ó registras completos se pueden grabar o leer a razón de 77,000 

o 312,000 caracteres por segundo y su tiempo de acceso o un registra 

alcanza un promedio de 60 mili-1egundas. 

.......... 

~ 

~ ~ • f ; 



Una diferencia import;lllt" entre las cint~ y los discc.s e; la s•g:;ie.,re: 

m las ci,tas las regisrras se graben o leen secuenciolnente. 

m las discos se tiene "Libre Acceso 1 a In registro cuclquiero, en ,,_ 

ma inmediato, pues cedo registro se locoÍiz<J por su posición física der>-

tro del disco. 

UetOI'I'I Optica da Corccteru Impresos : Puede le<.!r un docurrento om -

pre.; por uno máquina de escribir, o pcr una máauina de contabiliead 

o por la imFesara de uno c:am¡x;todaro o una velocidad de 30,000 caro~ 

teros por miñuto • 

Unidad de Representación Visual Esta unidad de entrada/~alido sir-

ve paro hacer consultas a lo coinputodon:o, por medio do un toe: lodo de 

m6quino de escribir, y 'lbtener la respuesto reflejada en una peqvei'kl -

pantalla do televisión, 

Lo ln-.=gen está formada por hasta 12 renglones de hasta 80 caracteres -

( letra, numeréis, á signas especiales ) coda uno. 

'Vemas aquí olra Unidad de Representación Vi.uol, mcú GValucionada cue 

la anterior, lo c:omunk"ción hombre-má:¡uina p¡.ede eotablecene en ella 

por medio de gráficas, es decir que la entrada y la solido de cbtos se h! 

cen por medio de imágenes. 

CU8ftta esta unidad par:: ello con ui dispcsitiva ¿Qñ fom:O de lépii, q~oa 

tie~e en su punta una ciilula fctoelé<.trica. L.n delgada f·az de luz p:rte 

en determinado momento de un pvnto de la pcntr.ll!a y la recomt en for "" 

ma de zig-zag. Si se époyc el •íápiz" én cwlqui~ÍX:Sicien de la pan

talla, su célula fotoelécrrica detectará en olgCn mCMenta el luJz de luz 

Par el tiempo tran~currido desae que el haz de luz cc:menzó su "barrí.,. 

hasta que fue detectado, lo computad~ deten'l"ina en e¡.,.; pu~ta de la -

psmtalla se oncueniRI apoyada el •lápiz•. 

Camo el barrido dura una fracción de segundo y se reoliZr::lft rruchos be -

IS'idos par s~ndo, se puede "esCTibir• con el "lápiz" SC!l:.re lo pantalla 

y al dibujo "Ingresa" en la memoria de la cQmputadoro <:<X<lO 1.00 suce -

alán de puntas codificados. 

La pantalla ostó imaginariamente dividida en 1.o.«l.S76 pc;ntc.s, de mo-

~- quo las trozgs que ~a obtienen san prácticamente continuas. 

~ dlbujano así cUNCs, esti'Uct~, letras, númetos y cualquier t.!. 

p:. do gráfico, y esa inforrnocián ingreso automáticamente a la c:omput! 

dora. 

~'a- otra parte, las resul tcdgs obtenidas pot' lo camputc:dora son rep'es~ 

lados r.a la pantalla también como cuNa, letras, ate., i:lajo control-

dal programo ~!mac:enado en la memoria. 

~ Optic.l de M"J..,~critas : Salvo algunot peqveib~ restricciones en 

cua:~to a! ~ortrato de les caracteres, e5ta unidad pued~ "'eer• dxvm~ 

o 
tos .,;c:ritas por cuolc¡u!ar Fen~o y c:on c:uo!quiet ejemplo e WIO veloc:idcd 

aproximada de 30,000 caracteres por minuta. 

..., 



El registradar/analizcdor Fotogr:!ifico es o.~na 'Jnidad oo E:.trcda/Sa!i.Z 

de dcrtos que realiz.:1 :~ siguier.tes fun.;ion~. 

1) 

2) 

3) 

Registro los res~.>ltodc:-.s de lo :ompvtadora sob<e m!:roJfato 

srofi'os, mediante un tubo de royos cotódicoo, que inci

den sobre uno película foro;;ráfi.:a, y cuyo !l.,z electró-

nieo actúa gobernado po<>r el Programa Alrracenodo. lo -

• pdícula se revela automáticamente dentro de la unidad 

y 48 segundos después está listo p:~ra ser proyectado. 

Proyecta sobre uno pantalla translúcido los mlcroFoto --

grafi'as registrados. 

Analiza Imágenes reprodueidas en negtrtivo sobre palie~ 

IG tl'msJX!rento, los digitaliza y los transmito a la Uni-

cfad Cmtral do Ptace10mi er.to. 

Lo polículo utilizado tiene 30,"' onilímetros ele ancho y 120 metros da • 

IC!!Igltud. lo fntrada o Salido de imágenes puede consistir en letrcs, nE, 

meros, s rmbolas, dibujos, gráficos, mapas, curvm, etc. &! una micro 
t -

fctagrofi"a de 30,5 mm X 30,5 mm puedatt registrane hast'l 30,600 le-

tras y números, o hasta 16. m.216 puntos conespondienta e imágenes. 

!.!:! velocidad de Registi'(Jción/Anális is es de 40.00C letrc:s, números y • 

s!Mbolos por segundo, a su equivalente d se trota de imágenes. 

Maquina de Escribir ( Teletipc ) . los unidades de almacenamiento o me 
.. - - --- - - - - - - . --=-

~~~ ( ReP'esentadas par e! archivo del s enor COt>trol 1 psrmiten re -

glstrar los imtrucciones y los datos paro resolver un problema; entre es-

la 10 tienen. 

Les Anill01 ~~etizantes : Estos pueden M0!7'etizcrut en """' 

Mlntic!o ó en oh·o "Recordando" osi un 1 o un O rm.pr.c~iYCI -

r<..-otllt. e~, 8 de. é5tos anillos se Formo ""o po1ición de mcrn! 

r·_,, en !a <:lii.!l puede- rcsis trono una latra, un dígíto ó un e~ 

ffiet« w¡:.aeí'll ,~flo¡¡ún los distintos combinaciones de cnill~-

.. fn 1 "'f "!n o~' dm ocu.erdo a Vfl e60rgo predotll>'mlnodo • 

!,m Memoria:; dG Fl!t»_~_f.~ 

ten Clritos Magnétieas 

~ ms.= M:lgnéHeos 

~ li:e;:J_ilrro aritlflética (representado por lo máquina ele c.)lculo; ) 

B'flllllza las clli:ltro OpcTOcionos aritnHiticos. 

~ 16'1!dlzde1 do ralidr.J ( n!pfe5<1ntodos por lo ventan lile~ "Salido • ) 1 

qua puedan ser : 

~as 

Maqulnas de &c:rlbir ( Telctipa ) 

Grabadoras de Cintos Mlgnáticas 

G:oabadoras de Discos Magnéticos 

IJnlc!Gd cb ReFesontoción Visual 

llegistrcub- Analizador Fctográfi c.o 

Unidad da Rmpuesta Oral con la cual lo Computada-o puede 
hablar en todo el sentido de la p:~lobra. 

Cantieno uno Onta magnetofónico en lo c:vc~l 1.n locutCIO" ho 

grabado un diccia"'arlo de una gran variedad de pe~ labros, m 

ewiquii51' ldiQIIIO. 

,',-



~'!alml!!l!!r '.!" ~!~~lt!v«? !!!~tr~lc'? ~!! c:;~tr~l( r~P,r~entg~q ~el ~ei'lor 

cantrol ) ayudado de un f!'Ogramll especial o sistema operativo (representada por el ma-

nual del sei'lor Control ) , gobiema todcs los operaci:2>es de todos las unié:lades qua -

componen lo computadora. 

Habiendo descrito les portes que componen la camp.stadora podemos 

IIICitftrr el s igviente asqu~ que lo reprosenta : 

O Gil forma más r&umi~ : 

Siendo 

UN!bADtle 
$11(Af!A 

UNIDAD 

UN liJAD 
Cti'ITMI.. 

VHibADdé 
3.4UPA 

ALMACENAMIENTO 

CENTRAL 1 CONTROL 

i DISPOSITIVO ARITMETICO 
'-

_,.., .. 

H.amcis'hOblaCio'ha5ta·este mOineñto- de h ci::ir.putácbra el~tóñica·desde el P"" -

ta' do visto conceptual. 011rantc> las dos úl tirros dé.::odcs se han prod~.eido ovan e; es tecnol~ 

gicas tan extraordinaria. en materia de elec:rénic;a que la ccmputadcro ha suirido enarr-:s 

transfcrmacion~. Veremos ahora cómo so ha ido modiflccndo :a idea original hasta II~~F 

a la: más modernas s istemcs de procesamiento de datos. 

l.aJ primeros camp<nador~ ten ion circuitos can válvulas de vacío. l,gs 

tiempos do operaci6n se median en 4!1los en milisegundos (milésimos de 

aq¡un<l9 ) • Cuando aparecieron las transistores, el disei'lo de Jos circui • 

tos se mejoró notablemente y la duración da los operaciones en les cam-

pumdoras que utilizaban e.ta "Tec:noiO!)Ía da Estado Sólido • se midio -

en mlc:rasegundaJ (mi li0o11ésimos do segundo ) • 

Ei hKho de c¡uo las nuevas máquinas fueran miles de veces més rápidos -

c;vo las anteriores trajo aparejado la creación de unidades de entTaóa, s~ 

licio y memoria externa mucho mÓI veloces. 

La invenci6n do un nuevo tipo de trat:sistor { achip a ) provocó uno ver~ 

cfei.O revolución en les circuitos electrónicO! y sus procesos de fabricación 

el nuevo el omento es tan pequello que en un dedal de costura caben mÓI 

cb SO,OOO chips. Puede observane en la figura, ~cado ccn 1r1 circ:u.

lo, 1!1'1 circuito completa baJodo en esta nueva "Tecnología de lógica -
/ 

Sóliclam. Debido o su tamai'lo, se lcs denomina cir.;uitos micrcminiaturizodos 

o microcircuitos. Lm tiempas de o~ción se miden charo en nc:ncseg~ 

ch:a ( milmlllonésimas de 1egundo ) • He nacido en esta forma la tercera· 

f"'ereción dá·camputodorO'I, y le! alto¡ velocidades olconz:odos posibi!!_ 

hiD'on un nuevo enfoqu!! en el disei'lo da los si1temas de procesamiento de 

dotas. 
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61unclaremas brcvemenfa 10'1 cdehntos que e:'la tercero generación 

ha introducido can respl!Cto a la tecnologi"" anterior : 

• 1.13 computadora se autogobiema y trcbaja sin detenena, posando 

cfaa un trabajo a atro sin demot"a algi.Zla. 

El Opaadar interviene sólo coondo algún problema excepcione! -

CleiA"''é. le! comunicaeión entre hombre y móquina se realiza sólo so-

hro la bcz¡a de "Informes por Excepción • • 

• Si occ.sre WIO falla en la:: drcuitos ~ en lo parte electromecánica 

la máquina reolim un autodi.,gnóstico e indica cuél as la anomalía. 

~ La ~eloeidad cb fntrac!a-Proceso-Sc •:cfa se ha incrementado extr.!!_ 

crc:UnCIII'iamaate. 

• Todm: los operacionc:: del sistema so realizan en form:. simult6nea. 

l.cl lenguajes de programación han evolu<:ionado de mo..,era notablo. 

El 0\.1ocantrol y lo autoverificacián de aperne iones han alc:an:.:ado 

nfvelez insm~07. 

• Vt:aden r<a<:~lizarse, CC.'t máximo rendimie.""tto, V'orios trcbajos distin-

tU" uimulttincamente. 

~~ 
~-..Jo.~~ 
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limito ahora hemos visto much<n unidades que, en 
c!tsttntas combinaciones, configlJI'on c:CMputai:1ras -
elac;ITMicos para las mm variados aplicaciones. Aho-
r.:~ ncs dd!!ndremCG para analizar el mct1ejo de di -
ches sistl!fl'las. 

El Programa de lnstruc:cianes almacenado en lo 
l.nickld Central de Procesamiento, consta de una se
cuencia de órdene y comandos, expresados según -
lll!a codificaeión especial denominada "Lenguaje Ab
aoluto de Máquina •. Las primeras computadoros SG -

" programaban" en ..ste complejo lenguaje. Había en
tonces una enorme diferencia entre nuestro idioma y 
aquél según el cuál debíamos comunicamos con la 
máquina. Esto obligaba a un grcn esfuerza común -
entra el analista que conocía el problema, y el -
programador que conocía la computadora, pues ambos 
hablaban del mismo proceso pero en distintos lengua 

~- -

•,.?." 

_. 



-,2-

Sa aOOIV0 1 paro 'Oiucionar !!1 orobloma, len • 
13110f011 intermedios cada vez m~ parecidos O OUU 

1m idioma. Es decir que cado nyevo leng~~e~jo i; 
l'emle&o ss oc:ercoba más al problema y S& ole¡.;. 
b máa de la máquina. Poro cada IZIO de estas • 
lenguajes se creó un programa traductor llamado • 
"Campaginaclor• a "Compilador•, que tenía la mi • 
llán ds traducir el lenguaje intermedio al cbsaluto 
do máquina. Ahora, el analista y el programadar • 
"tt.abran un ml11110 Idioma • : 
Cllllboil conocen el probl- y la solución. 

11\mJ la com:wtodcra seguía de5arro!l&.dcue, y prC~n<> 
to fe:, lengwja intermedie~ fuc.YOn insuficiente¡ paro 
"=mular intrinc:adas prablanas cientfficcs o cgm~c;jc¡. 

11!>11. l"'!aclerct, wotonc:es, l""guajes es¡:ecialiZ<~do;.• c!,as 
da ellas, el FORTRAN y el ALGOL, permiten ¡:;o
g;ram<n" Fobiemc:s cientffic:os ·técnicos utilizcn~ una 
notaclón casi ld~tica a la nctc:.::ión matemático e~ 
cnún. El COBOL es un lenG'Iaie cc,.erda! cuyos sorl
ta!c:IC!ll ccnliglll'an aracione:z y frcr.e¡ en forma tc.l c¡t.:'! 

1m0 penana qr..e no sabe qué ~ una cornputc&.ni, -
p¡¡etb leer oo programo y enta~der perfectamcn;e qué 
es !o qw hará la móquina cl.la:'lda lo tenso oitM-::e
nczdo. 

~ uno ds estas lenguajeo tiene un programa Com -
pf!o&lr p2ra cado tipo distin~o de computadora c:o')az 
da procesarlo. Esto significa que un programodof' q~e 
sabo FORTRAN, por ejemplo, puede ¡::rogramcr una c:om
pvtadora aiin sin conocerla. & decir que estas tres -
languajcs constituyen un aesparanto• de las rnáqulnm .-

La terc:~o g81erac:ián de computadoras pennltió abar
e complejas problemas que incluían, entre Oh'os, aspec 
tos c:omerc:iales y cientffic:as • No había un lengwje que 
ahczrc:ara todas las especialidades. 
&.tancea te reunieron todos los lenguajes conocidos en un 
UfFI~gutfje ~icmodo -P'./t, .::uyo -campilador e¡ tan po -
den:oo quo posibilito ltJ soctorizac:ién de lo programación 
(~ 1~:~ rom:o que muedro el dibuja: variOll prragramadorei 
p&rQden programar distintas pertes del prcceso, incluso en 
difaentas lengUCijes, y el FfOSfama c:cmpilador entregará 
COI!\0 r~:s uiiCido las in; truccion~ d;~l pro;~Q ;QII1phit9, t:n 
l.engu:2¡o Absoluto de Máquina. 
Hemos llegado así a que la c:ompvtadcro nos Qenticndam 1 

en lugar de que se limite o recibir órc!e.,es en su iclio-
1110. 

l';ti'OGRA.VAI)OQ CléNr/Í:It'O 
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Chapt~r 
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Problr m solver 

"·<1>·-
langua~c 

Elcn1cnts of computcr probiem 
solving. 

AJgorit!uns and cornputers 

Computers arousc curiosity in most of us. Articlcs in popular 
magazincs and ncw~·pflpers) current hooks, and TV shows 
h~ightcn this curiosity, bm such sourccs cannot be expcctcd 
to prcscnt informauon in the carefully ordcrcd sequences that 
is possiblc in < t>cok !ike this. Whethcr you are drawn hy 
curiosity aionc, or econoJnic necessity, or both, conscientious 
study of thí~ book will hclp you to break through to a ncw -
kvcl of understanding about computers, their uses, a'nd thcir 

conseq ucnccs. 
Compurer science deals with pcople who have problcms 

to solve and with algorithms, the solutions to these problcms. 
The solutions are expressed in special languages that rcprcsent 
stored data and communicatc to machines the manipulations 
that are to be carried out on th'-"atl'--<'fd~at""a,_. ----

Each of these four elemcnts (problcm solver, algorithm, 
language, and machine) affects the others in intcrcsting \vays. 
For example, dercnding on its richness, a language can eithcr 
limiE: or extend Otir abi!ity ~o express cornp!ex plans of action 
effcctivdy. And, d..:pt:nding on its capabilities (i.e., its archi
tecture), a machinc can exccme sorne plans of action on ccrl.ain 
data rcpresentations more etfectively than on others. The loop 
of it)tcraction doses when thc problem solver changes the plan 
of action, the language, or the machine architecrure to suit his 
purposc. 

This book introduces aH four components of this imcr
action. Every chaptn: takes you around this "four-cornered racc 

track" and, with every circumnavigation, you gain a dccper 
and clcarcr understanding of the interplay amo~g the four 
clcmcnts. Yoth of course, play the problcm solver using a 
computcr. To gct the most out of this cxpcricnce, laboratory 
practicc is almost indispensable. But, cvcn if you can't havc 
actual compu~cr cxperiencc, a carcful rcading of this book 
should iliuminatc thc computer scicncc sccnc far bettcr and 
far beyond what you have previously perceived. 
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COMI'UTER SCIENCE: A FIRST COURSF. 

· \\'hat is an algorithm? An algo,.itlmz is a li~t of imtructions 
for carrying out !>Omc proccss stcp by stcp. A rccipc in a cook
hook is an exccllcnt cxamplc of an algorithm. Thc prcparation 
of a complicatcd dish is brokcn down into simple !>tcps that 
C\'cry p1:rson cxpcdcnccd in cooking can undcrstand. Anothcr 
good example of :.m algurithm is thc chorcography for a dussical 
ballet. An intricatc dance is brokcn down into a succcssion of 
basic stcps aad positions of ballet. The numbcr of thesc basic 
stcps and positions is vcry small but, by putting them togcthcr 
in difl"crcnt ways, an cndlcss variety of dances can be dcviscd . 

. Jn Lhc :samc way, algorithms cxccutcd by a computcr can 
combine millions of elcmentary stcps, such as additions and 
subtractions, into a complicatcd mathematical calculation. ~Also 
by mcans of algorithms, a computer can control a manufnc
turing proccss or coordinare the reservations of an airliue as 
thcy are receivcd from tkket officcs alJ over the cotmtry. 
Algorühms for such large-scale processes are, of course, ·vcry 
complt>x, bm thcy are built up from pieces, as in the e:samplc 
we wiH nuw consider. 

If we can devise an algorithm for a process, we can usually 
do so in many different ways. Here is one algorithm for the 
everyday process of changing a flat tire. 

l. Jack up the car. 

2. U nscrew the lugs. 

3. Rcmove the wheel. 

4. Put on the spare. 

5. Scrcw on the lugs. 

6. Jack the car dow~. 

We could «dd many more details to this algorithm. Wc 
could include gcttmg the materials out of thc trunk, positioning 
the jack, removing the hubcaps, and loosening the lugs beforc 
jacking up thc car, for exampJc. For algorithms describing 
mechanical processes, it is generally best to deci~e how much 
dctail to indudc. Still) thc stcps wc havc Jisted will be adcqu:uc 
.to convcy thc idea of sn nlgorithm. Whcn wc gct to maahe~ 
maticai algorithms, we wm h:tve to be much mQre precise. 
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A fto•wc!urn is a diagram reprcsenting an algor~thm. In 
Figure 1 · 1 we sct<: r~ fiowchart for the flat-tire aigorithm. 

The 

in the How~hart xrmind us of the buttons used to start and 
stop a pkcc c;f mad1incry- Each instruction in the flowchart 
is cndor/:n in a trnrc!e or ''!Jox." As we will soon sce, thc shape 
of úe trame indic~tes d!e kind of instruction written insidc. 
A rect;mgt:Llr frami: indiGnes a command to take sorne action. 

To car~'Y out thc wsk described by the flowchart, we begin 
&t the ·St~n button 1.md foliow the arrows from box to box, 
execming the instmctions as wc come to them. 

After drawing a Howchart, we always look to see whethcr 
we can improve it. For ~nstance, in the flat-tire flowchart wc 
neglected to check whether thc spare was flat. If the spare ú 
fla~, we will not change the tire; we will call a garage instead. 
This calls for a decision bctween tWo courses of action, For 
tlüs purpose we introduce a new shape of frame into our ftow
ch~ut. 

Inside this oval frame we wm w.rite an assertion instead of 
a .::omrmmd. 

This is callea a dccision box and will have twq exits, labcied 
T (for truc) nnd F (for false). After checking thc truth or f<Jisiry 
of thc asscrtion, wc choosc thc appropri:.ne exít nnd procccd 
to the indicated activity. Incorporating thc How¡:hart fragmcnt 
on thc lcft into Figure l·l, wc obtain thc flom;hart in Figure 
1·2. 

Thcr~ is anothcr instructive improvcmcnt possible. Thc 
instruction in bnx 2 of tmr ilowdum ncrunlly ~hmd~ for n 

, number'of rcpctitinns of thc sume tnsk. To show thc nt.ldidonul 
detail wc could replace box ~ by a step for eaf:h lug: 
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The awkwnrdncss ofthis repeated instruction can be elimi
nated by introducing a loop. 

As we Jeave the box, we find that the arrow Jeads us right 
back to repeat thc task again. However, we are caugh~ in an 
end1css loop, since we have provided no way to get out and 
go on with the next task. To corrcct this situaticn, ~e require 
another decision box, as shown on the left. 

Replacing box 2 of our ftowchart with this II!Cchanism and 
making a similar replacement for box 5, we get the final rcsult 
shown in Figure l• 3. 

Now th~t you havc foJJowed the dcvelopmen~ of the flat
tire flowchart, try to devise one of your own. In the algorithm 
of thc following exercise, you wm probably disFover somc 
dccisions and loops. Thcrc ore many diffcrcnt wqys of flow~ 
charting ahis algorithm,. so many ditfcrcnt-looking fiowcharts
will be created. 
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Calla ~llragll 

fiGURE 1•2 
Second flat-tire flowchart. 

FIGURE 1•3 
final flat-tire flowchart. 
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a. , Prepare a llowclmrt rcprcscnting thc fnllowing rccipc. 

Mrs. Good'J Rocky Uoad 

Ingrcdicnts: 

1 cup chorrcd walnuts 
! pound block of bakcr's choctllatc 
! pound of marshmallows 

cut in halvcs 
3 cups sugar 

i cup cvaporatcd milk 
l cup corn !.yntp 
1 tca~roon of v<milla 
! round of buttcr 
! tcaspoon of salt 

Ph:c milk, coro symp, sugar, chocolate, and salt in a fm:;·-quart 
p:m. and cook O"cr a high flamc, stirring constantly until thc rnixtur\! 
boils. Reduce to mcdium llame and continuc boiling and ~tirring unti~ 
a drnp of symp forms :~ sott ball in a glass of cold water. R:-mov~ 
from tht: Hamc and allow to cool for 10 minutes. Beat in buttcr and 
,·anilla until thoroug!tly blendcd. Stir in walmns. Distribute marsh
mallow halves over thc bottom of a 10-inch square, buuercd baking 
pan. Pour symp over the marshmallows. Allow to cool for 10 minutes-; 
Cut in squares and serve. 

Now we are ready to examine an algorithrn for a mathematical 
calculation. As a first example,\ we consider the problem of 
finding terms of the Fibonacci sequence: 

O, 1, l, 2, 3, 5, 8, 13, 21, 34, 55, .· .. 

!n this sequence, or list of numbers, the first two terms given 
are O and l. Aftcr that, the terms are constructed according 
'i<J the rule that each number in the list is the sum of tht: two 
;;rreceding ones. Check that this is the case. Thus, the next term 
aítcr the iast onc iisted above is 

34 +55 = 89 

Clearly, we can kecp on generating the tcrms of t.he scquence, 
ene aftcr anothcr, for as !ong as wc likc. But, in orj.lcr to writc 
an algorithm for thc process (so that a computcr cquid exccutt: 
it, for example), we have _to be much more explicit in oul' 
instructions. 

Before subjecting this process to closer scrqtiny, let us 
review a littl~ of the interesting history of this ~equence. It 
was introduq:d in 1202 A.D. by thc ltalian ma¡hematidan~ 
F ibonacci, to provide a model of population growtfl in rabbim. 
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R11bb1t Population 

Q 'ALGORITHMS AND COMPU rERS 

Hi.s assumptions wcre: ( i) it tak~s rabbits one month from 
birth to reach maturity; (2) one month after reaching maturity, 
and cvery month thcrcaftcr, er.ch pair of mature rabbits wiJI 
produce another pair of rabbits; and (3) mbbits ncvcr dic. 

Onc scnses that thi::; modcl is not complctcly rcalistic. But 
thc csscncc of mnthcm:.Hical modcling is to start with a crudc 
modcl that·emphasizcs the important aspccts of thc situatlon 
and suppresscs less imrortanf information. A more rcfincd 
modcl can be devclopcd hncr, profiting from the cxpcriencc 
with thc cn.1de modcl. Thus we might evcntually improve the 
Fibüna.xi medel by ;Jbtainiug more accuratc figures on thc 
binh rute, tJ!dng mortr.lhy intc acconnt~ considcring the limita
i.ions of food ~upply> the eir.:cts of predators, discasc, and 
overcrowding, and the !ike. 

In spitc of its frivolous origins, thc Fibonacci sequence 
has m:-~ny fascinating properties and plays a role in the solution 
of a m•mbcr of sccmingly unrelated mathematical problems. 
There is currently a published quarterly journai entirely de
vo~ed to the prope.rtics and applications of the Fibonacci se
quencc . 

. After this long digression, let's sec how thc rabbit-pair 
'population model gives rise to the Fibonacci sequence. 
Fibonacci starts with one pair of newborn rabbits at the begin
ning of month one, and he ~en lets narore take its course. 
This is shown in Table 1·1, which we now explain. 

neginning of 
Month 

Towl rabbit pairs 

2 3 

2 

5 

3 5 

6 7 8 

S l3 21 

Look at thc arrows in thc table. Thc numbqr of pairs 
ef infant rabbirs in any month (nftcr thc first) is cqual to thc 
<;urr:bcr of pairs of mature rabbits in thc prccedjng month 
(~nmiition 2 in thc Fibonacd modd). This cxplain~ thc grccn 
nr~·nws. In cach month aftcr thc first, thc numbt:r pf pairs of 
marurc rabbits will cqual th~ total numb:r of rabq¡t pairs in 
t~'1e preceding month (condition l in the .Fibonacci mpd~l). This 
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cxplains thc gray arrows. Following thc arrows, wc scc that, 
frum thc third month onward, thc total in any month is thc 
sum of thc totals in thc two prcccding months. Thus the rabbit 
population moJel gcncmtcs tl1c Fibonacci scqucncc exccpt for 
thc initial zcro, whkh can be t~kcn as the total numbcr of 
rabbits in month zcm. 

Eliminating thc rcfcrcncc to rabbits, wc can tabulate the 
calculation of thc tcrms of the Fibonacci scquence in Table 
1·2. 

'2--. ' lmll~lly tak~ thc m·xr-
; '·'''''' terrn to b~ O 

L and llw ldll'~! te• m lo 
he 1 

Frnd the su m of thc latcsl 
tcrm and lhr n~xt-lalcst 
tcrm 

T 

2 

. 4 

Now demole !he latr•l lcrm 
lo lhc role or nexl
lalc~llcnn 

~------~-------~ No"' lcllhc su m jnst 1 
ca k u-·•tcú he desi~tr~ted. 1 
a~ lhc l:llc« h'rlll ,_J 

FIGURE 1•4 
Flow~hart for Fibonacci 
Geqllence. 
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Ncxt tatest 
Tcrm 

Latesr 
Ter m Su m 

Wc can s~~c that in cach stcp thc latcc;t term gcts "dc
T:loteJ'' to thc role of ncxt lai.e~tt tcrm and the sum bccomcs 
thc new latcst tcrm. 

Lct's constn.tct a Rovrchart for finding the first term to 
excecd 1000 in thc Fibonacci s~qucncc (Figure 1·4). 

After going through thc loop of flowchart boxes nurnbercd 
2 to 5 enough times (it happens to be 15 times), we eventually 
emerge from box 3 at the T exit and proceed to box 6. This 
box is secn to have a diffcrent shapc because it calls for a 
diffet·cnt kind of activity-that of writing down our ans\vcr. 
The shape is chosen so as to suggest a page torn off a line 
printer, once the most oommon of computer output devices~ 

i. (a) Supposc in thc rabbit problem we had started in rnonth onc wi::h 
onc pair of infam rabbits and three pairs of mature rabbits. Makc 
a tablc similar to Table l ·l to show the state of thc popul~tion 
ovcr the first cight months. 

(b) How would you modify the flowchart of Figure l· 4 so as ~o 
generate the first term of this modified sequencc greatcr than 
1000? 

~. Repcat Problem 1 with thrce pairs of infant rabbits a~d one pair of 
maturc rabbits. 

3. (a) For the Fibonacci sequence in Table i •1, calcula~c from month 
two through month twdve the ratio, r~ of the tqtal numbcr of 
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rabbits in thc currcnt month to that in thc prcccding month. 
Exprc'-ss cach ratio ac; ~ decimal and carry out thc calculation to 
thc lll'arl'~t thousandth. 

(b) Express in your own words what scems to be happcning to thcse 
ratios. 

· (e) Find thc rcciprocals of cach of thc ratios in Problcm 3a. 
(d) What rclationship hctwccn thc ratio r and its reciproca! 1/r sccms 

to be b< .. '<.·oming more and more truc? Express this rclationship 
as an cquat ion. 

(e) If this rclationship hcld exactly, what would be the exact value 
of r? That is, solvc thc cquation for r. 

4. Rcpcat Problcm .3 using: 
' 

(a) The tahlc in Problcm l. 
(b) Tite table in Problem 2. 

The aigorithm of thc preccding section can be exprcssed in 
much simpler notation that is, at the same time, more nearly 
acceptable by a computer as a set of instructions. To do this 
we must introduce a conceptual model of how a computer 
works. This conceptual model is so extraordi~arily simple that 
we will call it the SIMPLOS computer. It is ~mazing, but .true, 
that such a simple view of how a computer works is completely 
adcquate for this entire course. We will presenta more realistic 
picture of a computer in later sections of this chapter. 

In computing work, a variable is a letter or a string of lcttcrs 
used to stand for something. For now, this "something, that 
a variable stands for will always be a number. (As we progress 
through this book, we will take an ever broaderung view of 
the sort of thing a variable can stand for.) In the formula 

A= LXW 

the letters A, L, and W are variables. In the formula 

DIST = RATE X TIME 

OIST, RATE, and TIME are variables. , 
At any particular time, a variable will stancl for onc partic

ular numbcr, catled the value of the variabJe, which may 
chimge from time to time during a computin~ proccss. Thc 
voluc of a variable may ch:mgc millions of ti¡ncs durin_g thc 
execution of a. single algorithm. 

In out conceptual model of a computer we associate with 



FIGURE 1•5 
Stcrage. 
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Vicw of a SIMPLOS systcm 
as a sct of interconncctcd 
modules. 
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each variable a storage box. On thc top of each box there is 
a removable gummed sticker with thc associatcd variable in
scribcd on it, and inside the box there is a strip of paper with 

: the present ·value (or current value) of the ~ariable written on 
;. it. Thc variable is a llame for tlw nwnber that currently appears 

insidc. 
Each box has a lid that may be removed whcn we wish 

, to assign a new valuc to the variahle. Each box has a window 
in thc sidc so that wc ma:y rc.1d the valuc of a variable with 
no dangcr of altc~ing its valuc. Thcsc boxcs constitutc the 
s#orage of our computcr. In Figure l· 5 wc sce onc stagc in 
thc cxecution of thc Fibonacci scqucncc algdrithm of thc prc
ceding st:ction. Hcre NEXT stands for "next latest term" and 
LATEST stands for "latest term." 

,.To summarize, thc da'ta storage of a computer is to be 
thottght of as subdividable into a number of information con
tainers or boxes. Each ,'such storage box may be given a mean
ingfut name (sticker), and ea~h may be given (assigned) a valuc. 

Sorne people view a computcr as an elcctronic and me
chanical system having a data storage similar to that just de
scribed, alo,ng with a number of other interconnected units or 
modules, each with a special set of functions that, when acti
vated appropriatel y, carry out algorithms. Figure l· 6 is onc. 
way to depict thc organization of 5uch a computcr system. If 
we were to pursue the explanation of this system according 
to the module view, it would be necessary to define the func
tiorls of each module and explain the significance of the ar
rowed lines into and out of each box. But it would also be -

inpua unlt 

S!icl<er 
Af11xcr 
mut-

Control 
antl 

proces~mg 

Reader 
Untl 

Output URII 
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FIGURE 1•7 
Thc Ma!itcr Computer and his 
staff. 
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neccssary to bring thc diagram to life by cxplaining thc action 
sequcnccs that occur in which each module scn·cs the nccds 
of thc others so that the 0\··erall cffcct is to proccss information 
(i.e., to compute) in thc desircd fashion. 

A sccond way to vicw a computcr is to picturc the active 
modules as robots working as a team. The actions of cach robot 
always follow a fixed pattcrn, according to a sct of relntivcly 
simple rules. Wc shall take this view in our conceptual modcl. 
SL\U'LOS. 

Wc visualizc a cornputcr as a numbe,r of stomgc boxcs togcthcr 
with a stalf of tour robots-thc AJastcr Cvmputcr and thrcc 
assistants, thc Assig11er, the R~acier, and the Stickcr Affixer. All 
thcse components are quartcrcd in onc room, isolatcd from 
those whp will use thc computer. 

The Master Computer corresponds to the control and 
processing·unit in Figure 1•6. He has a ftowchart on his dcsk 
that sets forth the instructions according to which he delcg-atcs 
certain tasks to his assistants (Figure 1•7). "Note that the flow
chart corresponds to the information kept in the program st"rage 
module of SIMPLOS." 

M"''''' C'oanpufer Ass•~ner Rcadcr St1ckcr 
Affixcr 

o To see how this team operates, let us suppose the com-
puter" is in the midst of executing the Fibon~cci sequence 
algorithm of Figure 1•4. One of the instructiorn¡ in this. algo-
rithm was: • 

Find the sum of the 
lalesl tcrm and lhe 
next-latcst term 

2 



1 ;t;URE 1•8 
Thc Rcadcr copying a volue 
1 rum Sloragc. 
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~~1 a simplified ftowchart notation, this instruction will tak'e the 
fórm: 

2 

!nside this ftowchart box wc find an assigmncnt statement. 
Rcading this statcment aioud, we would say, "Assign to SUNl 
the v<1luc of LATEST plus NEXT," or more simply, "Assign 
LATEST + NEXT to SUM." Thc arrow pointing left is 
called the assignmcnl op.erator and is w be thought of as· an 
ordcr or a command. Rectangular boxes in our flowchart hm- · 
guage wil! always contain assignmcnt steps and will therefore 
be called assigmncnt boxcs. 

To see what takes place when the Master Computer comes 
to the 'above statemcnt in the fto\vchart, Jet us assume that the 
variables LA TEST and NEXT (but not SUM) have the values 
seen in Figure 1·5. The computation called for in the assigr
ment statement is spelled out on the Tight-hand side of ·t.:....e 
mow, so the Master Computer looks thcre first. 

1 

EM ... LA TEST + NI:.XT l 
He reaiizes that he needs to know the valucs of the varia

bles LA TEST and NEXT, so he sends the Readcr out to fetch 
copies of thesc values from storage. 

The Readcr then goes and finds the storagc boxcs labdcd 



~bder Camruter 

FIGURE 1•9 
Thc Master Computcr rec:eivcs 
the copy. 

LATEST and NEXT. I le rcads thc valucs of thcsc variables 
through thc windows (Figure 1•8), jots down thc V~llucs, and 
carrics thcm back to the Master Computcr (Figure 1•9). 

Read~r Assigncr Shcl;cr Affi"cr 

The Master Computer 
LATES~l' + NEXT using the 
brought to him by the Reader: 

8 + 13 = 21 

What does he do with this value? 

computes the value of 
values of these variables 

The Master Computer now looks tq the left of the assign
ment arrow in his instruction. 

~M ... LATEST + NEXT 

He sees that he must assign thc computcd value of 
LATEST + NEXT, namely, 21, to SU.M. so he writcs "21" 
on a slip of papcr, calls the Assigncr, and _instructs him to 
assign this vaJuc to thc variable SUM. 

The As¡;igner goes to storagc, finds the box lpbcJcd SUA\, 
and dumps out its contcnts (Figure 1· 10). Thcn he pinces in 
the box the slip of papcr containing thc new valpe, doses the 
Jid,' and reUJrns to the .Master Computer for a new task. 

In other words, assignmcnt is the process of Piving a valuc 
to a variabh:. \Ve say that assignment is destructivc because it 
displaces t~c former valuc of the variable. Rcpding is non
dcstructive bccuusc the proccss in .no· way ahcrs thc vnlucs of 
any of the variables in storage. 
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IFIGURf. 1•!0 
Thc Assigncr cmptying a 
storagc box and rcfilli11g it. 

A, B. C, DIST 
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in F~gurc l, 11 wc prescnt the entire flowchart of Figure 
k ·4 iro sÍIIlplified flowchart language. Thc old and new fiow
charts are placed side by side for easy comparison. 

Thc translation requircs very little explanation. It should 
be obvious that the statemcnt in box 1 on the left is equivalcnt 
to the two statemcnt.s in box l on the right. The new vcrc;ion 
of box 2 has been di~cusscd in detail. 

We see that the two statements in boxes -4 and 5 of the 
old ftowchart are comprcssed into one box, box 4 of the new 
ftowchan. This is permissible whenever we have a number of 
assignment statcments with no other stcps in between. How
ever, it is vcry imporlant to unclerstand that these assignment 
statem€nts must be executed in order from top to bottom, not 
in the opposit~ order and not simultaneously. The ordcr in 
which things are done may be extremely important. 

You can scc that thc statcmcnts in box 4 involve no com
putation b~t rncrely changc the values in ccrtain storage boxes. 
This sort of uctivity occurs frcqucmly in flowcharts. 

In box 6 of thc flowchart we scc only the word SU.l\'\. 
The shapc of thc ~'ox (called an output box) tclls us that thc 
valuc of the variable SlJ M is to be written down or disptaycd. 
If, in sorne othcr algorithm, wc wishcd to writc down thc valucs 
of sevcral variables, we would list these .variables in an output 
box scparated by commas, as illustratcd on thc lcft. 

We wiii now describe the duiics of the Sti~kcr Aflixcr. 
, We considcr that rhc computation is bcgun by th~ transminal 
of ln flowchart to thc Master Computcr. The first ~hing thc 
Master Computer docs is w sean ilie tlowdm~t, ~~akHng a list 
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FIGURE 1•11 
Tran~lation of Fibonacci 
scquence flowchan into formal 
flowchart language. 

l 

lniti.dly 1.1k,• thc n··~l· 
l.oh''l h'rill in¡,,. O .llhl 
tk 1.11, '' h'rm In he 1 

rmd l!oc <11111 ul lhc l.lh''' 
l<'tlll .uul tlk ncx!-l,olc't 
ter m 

Now o.l<'n•<,IC th~ late<! ¡,·rm 
lo !he role of nexl·late'l 
lrrm 

Now id th~ 'u m ju~l 
calcul~tcd l•c dc~1gnated 
os thc IJ!Cst lcrm 

Wnlcdown 
thc value of 
this su m 

(a) Old. 

6 

4 

5 

l 

1\.IXI~ 
tAliS~~ 

SUM 

(b) New. 

of all the variables used. In the caso.of the fibciJ¡acci sequence 
ftowcharr of Figure l·llb, this list would have thc form 

NEXT 
LA TEST 
SUM 

The Master Computer hands this list to the Sticket Affixcr, 
who now springs into action. He inscribes each pf thcse varÍa
bies on a sticker, goes to a bin of unlabclcd SJ0(1ígC boxes, and, 
slaps one of these stickers on each of three boxes (Figure l•l2). 
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HGURE 1•12 
Sticker Affixcr 11t wor!:. 

Tradng the Flowchart 
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· Now thc inst.ructions in the flowch.'lrt are exci:med umil 1he 

8 , instruction is reached. At this juncture, the Master 

Computer directs the Affixer to unpeel,all the labels and thw\•." 
them into a recycle bin. 

To undcrstand better what our flowchart in Figure l·llb does, 
let us trace through it, cxecuting the steps as the Master Com-· 
puter and his assistants do thern (see Table 1 • 3). 

In this trace, for case of reading, the valucs of the variabks 
are reprQcluced only when assignmcnts are made to thcm. hi 
betwecn such steps, thc valucs of the variables do not changc 

p 

and thcrefore havc thc most recently recordcd values. Fc-r 
example, in stcp 33, where a test is performed, ti)e values of 
the variables are 

NEXT = 55, LATEST -· 89, SUM - 144 

In step 34 ·the values are 

NEXT == 89, LATEST = 144, Sl,JM = 144 

. You can $Ce that in step 48 in the exccution pf our algo
- rithm we fina!ly lcave box 3 by the true cxit an9 pass on to 

box 6, whcrc wc output thc answcr, 1597: and stqp. 
Thc uttcr simplicity of our conceptual modct avoids and 

rcmoves ccrtain pitfalls. Thcrc is ap cver-prescnt dangcr of 
thinking of asr;ignmcnt as equality or substinuion. (Wc will say 
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TAIII.F. 1· 3 
Tracing of the Flnwd1art uf Figure 1•11b 

st~·r 
Fh,wchart Valucs of Variables Tmc 
Uox Test . ''" l'umhcr Num"c:r NEXT LATEST SUM ¡: :!lo;c 

1 1 o 
2 2 
3 3 t> 1000 F 
4 4 
5 2 2 
() 3 2> BOOO to• 
7 4 2 
8 2 3 
9 3 3> 1000 F 

lO 4 2 3 
11 2 5 
12 ·3 5 > 1000 F 
13 4 3 5 
1·1 2 8 
15 3 8 > 1000 F 
16 4 5 8 
17 2 13 
1S 3 l3 > 1000 F 
19 " 8 13 
20 2 21 
21 3 21 > 1000 F 
22 4 13 21 
23 2 34 
21 3 34 > woo F 
25 4 21 34 
26 2 55 
27 3 55 > 1000 F 
28 4 34 55 
29 2 89. 
30 3 89 > 1000 F 
31 4 55 89 
32 2 144 
33 3 144 > 1000 F 
34 4 89 144 
35 2 233 
36 3 233 > 1000 F 
37 4 144 233 
38 2 377 
39 3 3T1 ~ 1000 F 
40 4 233 377 
41 2 610 
42 3 610 > 1000 F 
43 4 317 610 
44 2 987 , 
45 3 987 > 1000 F 
46 4 610 98" 
47 2 1597 
4H 3 

u~ 
1597 > ldp(>" T 

49 6 

aQ'"tm"'t"'[V?'l ====··nn="'!'F . ....,,......_r.,......,PfEJh'f"''M....,.,. ... -
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more about this latcr.) Thís and othcr potcntial sourccs of 
confusion, such as the effcct of a certain scquence of flowchart 
statements, can be clearcd up by thinking in terms of the 
SIMPLOS modcl, which will always give the right answers. 

In fact, <m exceHent way to understand thcse ideas of 
reading and assigning values to variables is to make sorne 
storage boxes and, with sorne friends, work through several 
algorithms as described in this section. 

A. What is the eifect of changing the: order of the two assignment sane
menw in bmt 4 of Figure l•ll.b so as to appear as seen belQw? 

LATEST +- SUM 

NEXT <- LATEST 

Trace through úte flowchart with this rnodifkation until you fmd t.l)e 
am;wer. 

2. (a) To compare the effccto; of the assignment statements 

. ~ \ 

~d the missing numbers in the table below. 

Vnlues Bcfore 
Execution of 
Assignment 

A B 

Assignmcnt 
To Be 
Executcd 

Valucs After 
Execution of 
Assignment 

A B 

7 13 - ¡-¡-:=-8] ? ? 

M• '* ••_,..,_,,,,..._r..,..,. •. .,~ .,.. · • ...., •-, ..- -, ...... -.-·~"'~.,..,u~ 

7 13 [B ~ Al ? ? 

· (b) in which of thc two cases is it true that A = B after assignment? 
(e) Are the effccts of the two assignment statemcnts the samc or 

diffcrcnt? · 

3. Modify the flowchart in Figure ! · n 1 b so ms ~o carry out the algf?rithm 
of Pro~lcm 1, Exercises 1 · 2. 
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Input /output 
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.a. Modify thc tlowchart of Figure l·llb so ns to output cach tcrm of 
thc Fibonacci scqucncc starting with thc third (i.c., omit thc ini!ial 
O, and 1). 

5. Revise thc tlowchnrt of Problcm 4 to calculatc the ratio, r, of LA TEST 
to NEXT (as calculatcd in Problcm 3.t, Excrciscs l •2) and output 
this ratio (as w.:ll as LATEST) at cach step. 

6. Revise thc flowchart of Problcm 5 to calculate at each step the rccip
rocal of r. Add this value to the output list. 

Imagine that you' a~e a bookkceper in a large factory. You nave 
. records of the hourly rate of pay and the number pf hours 

workcd fur cach employce, and you havc to calcula te the WCl'k's 

wagcs. Of course, this can be done by hand, but assumc there 
are ncarly 1000 workers in the plant, so that the job would 
be quite tedious. Naturally you pn.:fcr to have thc computc:r 
execute this taf.k for you, but you will have to devise a flowchart 
to convcy thc instructions to the computer. 

I-Iow will the hourly wages and the hours worked come 
into our computation? Must each new value of RATE and 
TIME be represented by a separare assignmcnt box? This is 

1 

ccrtainly a possibility, but it would require thousands of flow-
, chart boxcs-a most undesirable ~tate of affairs. This unpleas
ant nccessicy can be eliminated by using the conc:cpt of input. 

Wc now introduce a new shapc- of frame, the input box, 
into thc flowchart languagc. Thc .input box has this shape to 
'su~gcst a "punch card" (n frcqucntly uscd input rncdium, but 
not thc only onc). lnsidc thc box will appcar n sing¡c variable 

, or a list of variables scparatcd by commas. 
· ..,\'\'l~at happcns in our SIMPLOS model wh~n ~he Master 
Computer encounters such an instruction? To answer this 
qu.estion, we muse endow the SIMPLOS rnodel wi~h an addi
tional fcarure Qot previously necded (Figure 1·13). ~IM.PLOS 
has a convcyer bclt (called the iuput belt) that carrjes slips oí 
paper' from outside the room into the environment qf thc com
put\ng staff. Qn the outside end of _the belt the "user" or 
"programmer" (who is not a member of the computer staff) 
places these slips of paper, with v~luee written on them, on 
the conveyer belt in the order in which he wants Jhem to be 
u sed. 



FIGURE 1•13 
SIMPLOS with Input belt. 
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When the Master Computer comes to the input instruct.ion 
he does the following. 

l. Steps on a treadle running the conveycr belt until the next 
slip of paper comes within rcach. 

2. Remove his foot from the tteadle, stopping the belt. 

3. Takcs a slip of paper from the belt and hands it to the 
Assigncr with instructions to assign the value thereon to tl1e 
variab!e, RATE. 

When the Assig11er remrns from this task, thc 1\\aster 
Computcr repcats the above process, but this time tclls thc 
A~~igner to assign the new value to TIME. Whcn this is done, 
th~ Ma.stcr Computer follows th,e arrow in his ftowchart to the 
next i~structíon. 

We scc that an input box is ~ command to ynake assign
ments, but this command ~s cssentia.lly differcnt from that in 
an assignmen,t box. In an assignmcnt box the vaiucs to be 
assigned are to be found in computcr storagc or ~re computcd 
from valucs alrcady storcd, whercas with an input box the 
values to be assigncd are obtaincd from outsidc thc computcr. 
No cakulation is called for in an input box. Mor~over, thc 

\ 
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J!JGURE I·H· 
PayroU· algorithm. 
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values to be input never appcar in thc flowchart itsclf. Only 
thc 'mriablcs to which thcse valucs are to be assigncd appcar 
in the input boxcs of thc flowchart. 

In an actual computcr (not our conceptual onc:) thc dis
tim:tion bctwccn thc two kinds of assignmcnt nccd not be so 
sharp. Assignmcnts callcd for in an input box usrtally in\"Olve 
some mcchanical motion such as transporting a punchcd car.d 
or otlicr unit of rccorded information p:1st a rcading stt}tion 
whcrc the codcd contcnts may be copicd. But to gain spccd 

thc data oftcn a~c transportcd into a spccial scction of 'rorage 
callcd an input buflt.'i! wdl bcforc thc cinta are acrually nccdcd 
hy the cxcéuting algorithm. In this l:asc, whcn the input stcp 
is cxccutcd, what actual! y happcns is that dat.1· valucs are simp!y 
copicd at clcctronic spccd from storage boxcs of the input 
buffer to stomgc hoxcs of thc variables that are spccified in 
thc input stcp of the nlgorithm. 

Now Jct's scc how to use thc input box in our hourly ratc 
a11d p¡¡yroll problcm. Should we input the data fromaH thc cai.ids 
bcfore wc start our calculations? Ifso, wc wou!d nccd a grcat 
m,any storagc boxes in which to storc all these data. Jn5tead, 
we will Ctllculatc the wagcs after 'Cach, data set is read. A 
description of our method is as follows.-

l. Input onc value of RATE ,and one value of TIME ·by the 
proccss describcd above. 

2. Multiply the RATE by thc TIME to get the \VAGE. 

3. Output the values of RATE, TIME, and WI\GE. 

4. Return to stcp l. 

In the flowchart of Figure 1· 14 cach" of the first threc stcps 
, of the abovc list appears in a similar! y numbcred box. Step 4 

is represente~ by the arrow returning from box 3' to box l. 
You, ma:y wonder why the flowchart does no~ have a stop. 

b¡nton. SIMPLOS always termÍI.la~es execution of an algorithm 
~beri éln input step is being e~ecuted, and the input belt eon
tai~s too few values to ~atch rqe, yariables in tqe input box. 

Execution of the payroll algorithm will thcrefor~ always bah 
aftet the last rate, time pair of data values has bqen proccssed 

and control once again reaches box l, where it is discovered 
that the input belt is empty. 

It wiU also be useful to visualize output .in' similar way. 
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Oulput bell · 1 
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FIGURE 1•15 
SIMPLOS showing both 'belts. 

Records 'lersus Strcams 

· We 'endm:ír SIMPLOS with a sccond conveyer belt, thc ouqmt 
be/t. This beh runs out ínstead of in and runs continuously-it 
necds no trcadle. Each time the flowcharc calls for output, the 
Master Computer writes the propcr value on a slip of p:tper 
and 'drops it on the output belt, which carries the slip through 
the .wall to · the outside cnvironment of the user. 'A view of this 
situation from the top is seen in Figure 1·15. 

Our conveyer belt modd of input-ou_tput suggcs~s thatdata 
values m·ove as a stream into and out of a compqter systcm. 
Although in acntal cornputers this is not always strictly the 
case, thc anal<;~gy ncverthelcss is qyite dose. !o pursue this 
idea let us COfiSidcr the punched card rcader, one ~f thc most 
com~on inpu( dcviccs on actual computcrs. First, a sequcncc 
of qata values is punched on cards. Thc cards are the&1 placed 
in propcr order in the input ltopper of rhe card rcaqing device. 
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Usually thc card dcck is placcd facc down ~o that thc bouom 
(first) card in thc dcck is the first one to be read. Each time 
more input data are rcquircd, anothcr card is drawn from the 
bottom of thc dcck and its contents are read, eithcr electro- · 
mcchanically or photo-optically. Once rcad, the card is dtoppcd 
into an output staéker ar.d thus discardcd. 

Thc informatio.1 contained on a single punchcd ca'rd 
nccd not in principie be limited to one vaJue. For examplc, 

~ 

dcpcnding on what a program is designcd to expcct, an 80-col-
umn card may contain up to cight 10-digit intcgcrs or up to 
twcnty 4-digit intcgcrs. 
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When preparing data cards one is always fafed witl1 the 
decisiou of whether to utilize their capacit)• fully or to punch 
on each only the valucs required for the execution of one ipput 
step in the algorithm. The latter choice, althou~h &Omewhat 
wasteful of caed space, makes the data cards ea,ier to _check. 

Our payroll probJem provides us with a cas~ in point. If, 
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for co:;-¡~·enicr:ce ir: l\IC;lting dJr;,: prcparation errors, we restrict 
the contcr.ts of each card to one· rafe~ time pair, then cach time 

box l is exccutedr one and only one data card will be drawn 
off the input deck, rrad, and discarded. We could be more 

wastcfui ~nd punch only one data value on each card. Then 
successive cards would contain fust a rate valuc, then a time 
vahxe, and so on. In this case, each execution of box 1 must 
cause two data cards to be drawn from the deck and read, and 
the annlogy betwen the 1nput C011veyer belt and the card read
ing actn:ity is •.rery do~e inu1;ed. That is, whcn thc Master 
Computcr hits the foot treadle tu bring in onc data value, the 
actual computcr wiH signal the card reader to draw off one 
card and ! ~ad it. 

The analo~y is less apparent if we allow the data cards 
to conla[n moce than one rate, time pair and if wc expect thc 
p<'ir~ to be considered in turn during successive cxecutions of 

box l. Jn this case, box 1 can no longer mean "read a card" 
. but} instcad, "assign rcspcctively ro rate and time valucs from 

the next data pair in the deck. If thc ncxt pair cannot both 
come froh1 thc currcnt data card, thcn draw off another card 
from the dcck and read it. If, on the other harid, thcre is at · 

least one more data pair yet to be proccssed f~om the most 
rccemly read card, thcn process that data pair}' This inter
pretation assumes that an input buffer is filled, (and refilled) 
with data from each newly read data card and that values are 
assigned to rate and time by simply copying information from 
this buffer into the respective program variables, always re
membei-ing for future me whích items in the buffer have not 
yet becn copicd. 

We see, d¡ercfore, that using an input buffer guarantees 
that each data pJir in thc 5equcncc wiH be proccss€?d in rurn, 
no matter how many pairs are punchcd on each data oard. None 
will be misscd or skippcd ovcr. It is in this sense that the stream 
analo_gy is prcscrved cven though the scquencé of pata items 
is grouped into arbitrary-sízcd card recor-ds. 

Thc SIMPLOS model is a primitivc machine. Jt has oniy 
stream-oric.nted input and output. Aftcr values are placed on 
the conveycr bclt to be output and are carricd ~o tpc outsidc 
cnvironmcnr of the user, how are they displayed? \V~ ccrtainly 
are aware that in actual computcr systcms aH valucs are printt>d 
or displayed on a screen in sorne sort of "form<Jt'' with a 
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particular numbcr of columns, but thc only fact we are intcr
cstcJ in with rc~pcct to Sll\\PLOS is that thc \'alucs art: output. 

\Vhcn it come~ to intcrprcting output boxcs of a llowchart, 

thc situation is somcwhat diffcrcnt. Thc output box on thc kft 
is consid~:rco to be a command to print thc currcnt vatucs of 
thc thrcc \'ariablcs, l~ATE, TIME, and WAGE on om: li11c. 
(lf thc list won't fit on onc print linc, more lincs are uscd.) 
Furthcrmorc, if thc same output box is cxccuted again, ¡he 11cxt 
sct of thrce values will appcar on a ncw linc befO\" thc Jirst 
set. lf thc thrce variahlcs appearcd in thrc~ individual boxcs 
instcad of in one si~1glc box, then cach would be J'\:·inted on 

.a scparatc Iine. Thus each exccution of an output box is .con
sidcrcd to begin printing a new Jine. 

No doubt you havc wondcred why, at the vcry start of cur · 
study, so much attcntion has bccn givcn toa conceptual modcl 
of a computcr and its dctails. Can nny modcl, cspccially·this 
one, which scems so simple and ar thc kindergarten levcl for 
sorne rcadcrs, be that importan( or that \'aluable lo us? 'You 
may dcvclop similar doubts about the value of flowcharts as 
you proceed further. 

The model and thc flowcharts we develop are abstractions 
of real machines and of real computer programs. Once wc sec 
the connection between an abstraction and the concrete or real 
thing, we can often gain more undcrstanding of thc real thing 
by srudying and manipulating its abstract counterpart. So, ·high 
on our list of priorities should be an ancrnpt to undcrstand 
and appreciate the connections between the abstract and thc 
concrete. For example, in the ncxt sections of this chapter we 
examine how an actual computer is organized and how it 
works. Thereafter, it will be ca5ier to see why tpc conc~ptunl 
mo~el, no matter how silly it may have fu:st ~ppcared, is a 
very useful, simplified view of a real computer. pkewise, just 

as soon as we try to write and test actual comp~ter programs, 
we shall see that the flowchart gives us a simrler but more 
revealing way to think about computer progr~ms for most 

) . - .. 
purposes. 

Experience has taught us that problem solving with com· 
P:U,ters is vcry effective if we can work first wifh a simplified 
model of a machine and a simple descdptive algorithmic lan-



,'-... ' 

EXERCISES 1•4 
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\cw~1l computcrs 
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gvagc in vvhich to cxpreE'; our problem solutions. Then ir is 
comptlrativc!y casy to map these solutions_ over to programs 
written in some conven:cnt programming language such as 
BASTC, FORTRAN, ALGOL, or COBOL, so that the pro
grams can be exccmcd on sorne real, convenient computcr. 

!l. Modify thc ftowchart o~ figure l· 14 to providc for an ovenime 
fcaturc. All homs in excess of 40 are to be paid at time and a half. 
You will havc to place a drcisbn box somcwhcre in rhe flowchart 
to determine wh~thn t!Jt v~·ür~er actually put in any overtime. The 
formula hy which his WJges are cümputed wiil depcnd on the omcomc 
of ihis test. 

Now we are rcady to examine how our concepmal model of 
a computcr um be rcalizcd in an actual machine. For rhe first 
2:i ycars of modern computer hi<;tory (!949 to 1974), ncarly 
all Jcr.ual machines were built following a more or le:;s stcrco
typt.:d pattern suggcstcd by John Von Ncumann (1903- 1957). 

A prototype machine following this pattern is discussed in this 
anr:i following scctions. We will call it SA1\-~0S. SA.'v10S is 
a vcry simple machinc; that is, it is stripped down to thc bare 
esscntials. Somc fcamrcs of its operation are describcd in con-

. sidcrable detail, while othcrs are glossed over. The program
ming of SAl\,iOS Ís dcscribed briefly in Section 1 ·6 and in 
more detail in thc Appcndix, thc purpose of which is to help 
rhe reader sce a cl¿scr connection between language for ex

pressing algorithms and machines that execute them. 
It would be foolhardy to assume that SAMOS-like ma

chines are the "be al! and end all of compu~ers," sincc the 
archjtecturc of computcrs is still undcrgoing rapid changc. For 
this reason, a:.pccts of two other machines are discusscd bricl1y 
in this book. Onc machine, called BITOS, appears later in this 
chapter; the othcr, called POSTOS, is considered in Chéípter 
8. Each of thc th1ce machines exhibits certain disrinct charac
teristics for \:he implemcntation of our conceptual modd, S!M
PLOS. 

StMl'LOS <~--~ --,..,___- Con,·cnlttJI mótkl 

/ 
S AMOS Rtl'OS POSTOS ..-a__ A~:hrul mochin~s 
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SAi\10S 

Core Storage 

FIGURE 1·16 
A magnctic core. 

FIGURE 1•17 
Where two wires cruss. 

2t) CO.\IPUTI:R SCIENCE: A FIRST COURSE 

In ordcr to study this hook it is u~cful, althoubh not cssen
tial, to gain a good undcrstanding of how an actual co111puta 
works. \'re suggcst that you read once through the material of 
thc ncxt two scctions wiLhout altempting to master it. As you 
work cxcrciscs that relate toSAMOS, or havc occa¡;ion to study 
SAMOS in thc Appcndix, you will no doubt come back to 
th~ next two scctions for a more careful study. 

How are all those ·storage boxes of SIL\ lPLOS rcalizcd in 
actual practicc? Th~ storagc of actual computen 2s built of 
electronic components in a variety of ways and ·..ví!h a variety 
of materials. Here we describe one way that :; SAMOS storage 
can be built. 

SA:\-\OS storage, packagcd in a rcct:mgular box, is an arrange
mcnt of tiny magnetic doughnuts as small as 1,'40 of an inch 
in diamcter. Thesc doughnuts are called cores-tpigurc~l·-16). 
Thc cores are Jaid out in 61 hol'izontal laycrs or trays called 
corc plmzcs. On each of thesc laycrs, wircs at·c strung cvenly 
in two dircctions likc thc lincs on a sheet of graph papcr. Thcrc 
:.trc 100 \vires in each dircction. At each point whcrc two wires 
:ross, the wires are threaded through a core, Iike the thread 
_t'assing through the eyc of a ncedle (Figure 1 ·17). (StiU other 
wires are threaded diagonally through each corc within cach 
plane. Thcir function is not important to the discussion that 
follows, and thcy are thcreforc ignorcd.) 

Figure 1 ·1.8 is a picmre of a corc plane from nn acmal 
computcr built in the mid-1960s. Sincc thcrc are lOO X lOO 
crossings in each SAMOS core !ayer, wc scc that thcre 
are 10,000 cores in ea eh corc planc and hence 
61 X 10,000 = 610,000 cores in the entire SAMOS store 
(storage). 

Thesc cores are capable of being magnet!~ed in either the 
clockwise or the counterclockwise scnse (Figur,e 1·19). Because 
of this a core can store information. We could thiok .Of clock
wise magnetizatiÓn as meaning "yes" and co~nterclockwise as 
meaning "no." We will instead think of clod;wise as standing 
for "O" and countcrdockwise for "l." In any event, the infor
mation contained in the magnetization of a core is' the smallest 
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fiGURE 1•18 
An actual core plane. 
(Courtcsy of IBM). 

FIGURr 1·19 
Mag•~etization of corcs. 

FIGURE 1•20 
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A magnctic ficld rcsulting from 
a puhc of clcctric currcnt. 
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unit of information and is callcd a bit of information. "\Ve sce 
th<H one core can storc onr binary digit, O or 1, but a collcction 
of corcs can storc a very largc number of bits. \Ve will discuss 
this idea h!tcr, after a digression on how the corcs ge~ their 
magnetism. 

First, you must know that a pulse of elccrric current -
moviug along a wire gcnerates a m<~gnetic .fic!d running around 
the wire, as shown in Figure 1• 20. The strength of the mag
netiC' field is strongcsr near the wire and dies away as wc move 
further from the wire. 

If the direction of the current is reversed, thc direction 
of thc magnetic fieJd is also reversed (Figure 1·21). 



HGURt 1•21 
Re' a-.ing thc dirccrion of the 
magnctic ncld. 

fiGURE 1•22 
A corc in a magnctic ficld. 

FIGl' RE 1•23 
A row of cores in a magnetic 
fiel d. 

., '1 COMI•UTER SCIENCE: A FlltST COURSE 
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Thus, when a pulse of current passcs through a CO'rc, the 
corc will becomc magnctizcd in onc dircction or thc other, 
depending on thc direction of thc current (Figure l ~ 22). 

S S S S S S 
r t\ {\·~ ~~ 11 ;\ 

\ ! 1 df~ ' ~ \ 
---.--r-~~ --··:··-,-r-:--

ÑNN 1 NNN 

But how can we mana~e to magnetizc just one corc instead 
of the whole string of corcs (Figure 1· 23) through which thc 
pulse passcs? The answcr lies in the magnctic properties of 
the material from which the core is made. In this material, 

if the pulse is too weak, the direction of magnetization. of the 
core is on!y temporarily altercd, and after the pulse of current 
has passed by, the corc mercly returns to its forme'r magnetic 
condition, whatever that was. • " 

On the other hand, if the current is strong enough, the 
core remains magnetized in the sense cstablishe~ by thc dircc
tion of tite currcnt, rcgardless of the former magpctic condition 
of the 'corc. The situation is analogous to trying to ~hrow a 
ball from the_ ground to the ftat roof of a building. If you havc 
cnough powcr in your throw, thc bnll wi!l laa1d on tite roof; 
othcrwisc jt will bouncc against the wall and faU bnck to thc 
ground. 
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Dout,itng the magnetic fic::ld st 
thc wire crossing. 

The strength of the pulses is carefully rcgulated so th.a~ 
onc pulse is not sufficient to permanently magnctize a core, 
but two pulses acting simultaneoúsly will excecd the threshold 
strcngth and result in pe~manent magnetization. Thus, pulses 
passing along two of the wires (Figure 1 ·24) will pcrmanently 
magnetize just the one core that is located where' .the wires 
cross. 

SIMPLOS and SAMOS Lct's leave the indivicluai core planes and consider the entire 
Stores Compared storc of thc SAMOS computcr, composed of the 61 core planes 

(Figure 1·25). Each vertical column of 61 cores constitute3 a 
computer word. Thus, the storage of the computer ís composed 
of 10,000 words. These words have addresses that are four-digit 
numbrrs fmm 0000 to 9999 and, líke hous¡; numbers, the 
addr~sscs idcntify thc words. Each of the 10,000 dots suggested 

· ' on the top · of the box is thc top of a vertical column of 6 l 
cores ( or a word). The method of assigning thc addresses is 
indica.tcd in the figure., · 

. Ea eh of thesc words con~esponds to a st~r~ge b9x in' our 
conceptm:¡l SIMPLOS m~de~. F,or .ea~h ~~riable in the fiow-

1 1 '1 
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The column 
ot 61 cores 
for the word 
address 0002 

f·IGURE 1•25 
Cores·of one computer ''-,~._. 
.word 

' 1 ,.._ 

Characters 

chart there is a SAMOS word with a definite address. Thc 
w9rd contains a certain pattern of bits determined by the.dircc
tions of magnctization of its corcs and reprcscnting the valuc 
of that variable. "Assigning a ·valuc to a variable" ,¡s éffccted 
by putting a certain pattern of-bits into a word ·(figure 1· 26). 

, When we say "the Master Computer tclls the Assigner 
to assign thc value 1597 to -the variáble SUM," ~vhat actually 
takes place is this. The variable SUM .is represcnted ·insidc 
the machine by mcans of its addrcss; suppose .it ,¡s 0103. Now 
all the 61 X 2 = 122 wircs ·passing through corcs in the word 
addr.cssed 0103 are energized with ·pulses of ·current ·in the 
propcr directions so as to achievc thc p~tt~rn c;>f'bits rcpresent
ing the number 1597. In a modcrn computer ,'i}lis assignmcnt 
·process ca!l ·be per:formed in a fraction of a microsecwnd; a 
,microsecond is a millionth ·of a sccond. 

In the binary system of represen~tion, a numbtlr such as 1597 
is coded as a string of 1 's and ·O's, for ·example; 

1 1 o 0·0 1 1 1 1 o 1 



FIGURE 1•26 

in~crscct at th:ll core. Thc 
dwgram i'dcnufics thc wirc 
pairs that must be sclcercd to 
assign a bit pancm for the 
word at address O 103. For SAMOS 3ny string would be preceded by a string of zeros 

to fiH out all thc bit positions of the word of storage. Whilc 
numbcrs are codcd in binary form in many computcrs, binary 
is certainly not tl1c only choice. In a machinc such as SAMOS, 
for .instancc, c,>mputation is carried om: in the decimal systcm, 
which means that bit patterns m a word of storage must be 
coded to rcpresent decimal digits instcad of binary digi!.s. 
Moreover,, >ve want to store letters as well as decimal digits. 
For this reason, wc subdivide our 61-bit SAMOS words into 
11 character posirions as shown below. 

[ 1 I.I~I. 1 ¡- 1 
t~ f 6 bits ñ hit• 'ft bits •.......•••....... 

1 bit 

:1 LJ 
,~__.1 

6 h&!•; 61111~ 

The first position (one bit only) is reser\·cd fop a éode thJt 
designa tes the sign, + or -. Hcrc O is sufllcient ~o rcprcscm 
thc + charncrer and 1 significs thc - charactcr. ,E3ch of lhc 
othcr positions consista of six bits and can bl~ U!'Ctl to swrc 



ChJractcr C\1dc Charactcr Cndt: Charactcr Clldc Charactcr CoJc. 
1 1 1 1 

o 01110000 1 1 o 1110000 
1 00 111001 A 01:0001 J 10100111 : 
2 oo:0010 8 0110010 K 10:0010 S lltOOL0-
3 00 10011 C O 1 1 0011 L 1 O 10011 T 11' 00 11 
4 oo :o 100 o o t 1 o 100 M 111 1 n 1 o o t' 11 : o¡ no 
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6 f'Oitl!IO F oq0110 O IOtOliO \V lliOtiO 
7 oo:0111 G 0110111 P 10'0111 X lltOill 
8 0011000 11 0111000 Q JO: 10110 y 11' lflli)tl 
9 oo: uxn • 01 r 1001 H 1011001 z 11: 1001 
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FIGURE 1•28 
Dctailcd bit pattcrris for twO 

computer words. 

FIGlll\E 1•27 
Charaacr codc 

_ a digit or a lcttcr, tllat is, cltaracter, according to the C(ld\! shown 
in Figure l · 27. 

For each group of six bits, 26 or 64 distincr combinations 
of zeros and ones are possible. In Figure 1· 27 \\'e ha\'e used 

, up oniy 37 of the M combinations possiblc with a six-bit code. 
This leaves 27 additional combin3tions for othcr special sym
bols such as +, ~' and thc like. One'of the 37 combinations 
of spccial interest is the blank space, O, which is codcd as 

110000 

With this code ym.1 can sce that the two 61-bit computer 
words displayed vertically in Figure 1· 28 rurn out to be 

1 + 1 :B 1 U 1 y 1 ~O 1 ~[ O 1 E G G S 

and 

From now on we shall rcpresent our SAMOS computer 
words as strings of 11 characters instcad of strings of 61 bits. 
In a number of conventional computers of similar design eight 
instead of si~ bits are grouped to reprcsent character codes, 
making it possiblc to distinguish among a considcrably largcr 
set of characrers than is the case in SAMOS. This distinction, 
however~, has absolutely no cffcct on the principie$ of character 
representation and manipulatión that occur in ensqing chaptcrs. 

The construction of thc main stomgc for any ractual com
puter is of great interest mairtly to computcr ca1ginccrs: ~nd 
designers. Storage component_s- currently are buih from various 
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SAAiOS Proce:-:sing Unit 

FIGURE 1•29 
The princirai components of 
SAMOS. 

. typcs 0f phy.,ical dcvicco:; and matcrials, including magnctic 
corcs, magnctic thin fi!ms, and transistor flipflops. There is 
comiderab!e var:cty !n the circuitry used to organize and utilize 
such componcnts and in the methods of packaging and minia
r~uizing them. Thcir physical charactcristics, such as size, 
spccd of access for stodng and rctrieving information, .energy 
rcquircmcnts to opcrat·: tlH:-m, and cost of fabrication, vary al so. 

Nevertheless, scb:rne~ similar to that used in the word· 
organizcd e ore storage of SAl\ íOS ha ve been u sed to asscmble 
and incorpora te all of the~~ types of storage units into cmwcn
tion~ll computer ~;ystems. You might be surprised at how much 
undcrstanding of u.;is :::ub!ect you can gain with a relatively 
smaH investn1ent o~ study time. (See, ior examplc, one of thc 
referenccs on this topic in the rcading list at the end of mis 
book.) 

1\l'mv that we havc scen how the SAMOS storage is structured, 
·we will consider how the storage is ~Jsed in exccuting an a!go

rithm. 
Om· computer has severa! other components besides ilie 

~tete. These are shown in Figure 1·29. 

INPUf 
(cm.l or 

tap: rcJucr} 

OUTPUT 
(lypc\HIICr Qf 

ltnc pnntcrl 

')rb"c salid lincs indicatc thc dircctions in which vah21:s or 
instruqions may be transfcrrcd. The dashcd. lin~s indicare the 

cxercisc· of control. Thc control unit anJ thc procc~sing uni[ 
perform thc dutics of thc "Master Computcr" apd his hdpcrs. 

An important part of the processing unit is thc accumula
tor. This spc:dal computer word holds thc cesult of each ariili
metic oper~tion. 
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Furthcrmorc, a simple assignmcnt such as 

LA fl ST - SUM 

is cmricd out by first obtaining a copy of thc valuc of SUM, 
placing it in thc accumulator, ane thcn copying thc vahJc in 
thc accumulator into the computcr word bclonging to thc vari
able LATEST. Thc v2lue of SUM is unchangcd in thiu proc
css. Noticc, howevcr, that vaiucs to be input or omput do not 
pass through the SAMOS accumulator but go dircctiy into and 
out of storagc. 

\Vhcn the control unit receives and-interprets an o,rder, 
sorne computer operation is adivated. The orders are in the 
form of coded instmctions stored in the computer; we will see 
about them prcsently. 

Gening an algorithm into a forma machine can execute involves 
severa! translations that we can represent as follows: 

FLOW(!IART 
LAl\GllAGL 

f'Rflr l !)1 '1: \L 
1 \'\( ,l \(,1_ 

You have already had a little experience with the first 
translation step. The second translation step is the process of 
converting a ftow chart into a procedural language such as 
FORTRAN, ALGOL, COBOL, or PL 1 l. You lcarn how to 
do this in your language manual. If approachcd properly, this 
translation step is quite mechanical and can be performed by 
a person (or by a machine) who has no idea wha.t the algorithm 
is all about. 

In many computers of advanccd design, thc third transla
tion process can be omitted bccause the machin~'s 1anguage: 
anp ~he procedurallanguage are effectively idcntiql. When the 
third translation step is neccssary, and it is for a cop1puter such 
as SAMOS, the process is completcly mechanical and is nor
mally done by the computer itself. This process i~ called com
pililzg. 



Sequencing of 
Computcr Instructions 

Sil M .._ lXI UiT + NE)(T 

FIGURF. 1•30 
A ftowchart box. 

~. 
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. Ií: is not neccssary right now to know how compiling is 
done, but it may be interesting to know thc rcason for doing 
it. Each make and style of computer has its own languagc-that 
is, its own sct of instructions that it can undcrstand. Use of 
a proccdural language allows us to avoid a towcr of Babel in 
which a programmcr would havc to lcarn a new language for 
each machinc he wishcs to use. A proccdural languagc consti
tutcs a kind of "Esperanto" that cnablcs a programmcr to 
conmmnicatc with many diffcrcnt machines in thc S:!mc lat~" 

guag~. Morcovcr, a proccdural languagc is gcncrally much 
<.'asi.cr. to lcarn to use tban machinc languagc. Thc programmcr 
mcrcly prepares, say, a FORTRAN program pn punchcd cards 
and ft·cds it into lhc computcr, which "compiles" a scqucncc 
of machine languagc instructions. This scqucncc, cullcd a ma
clu"llc language program, i~ thcn placcd in the computer storagc. 
In many systcms the programmer may transmit his program 
to the computcr storagc by typing it a line at a time, using 
a typcwritcr or othcr keyboard instrument to serve as the input 
device of the computer system. · 

Successive SA.1V10S instructions are placed in consecutively 
addrcssed storage locations starting with 0000. After the ·cqm
puter has cxecuted an instruction, the cont.r:pl unit will always 
take the next instruction from the next address~ unlcss there 
is a branching instruction providing a different addrcss from 
which to take the next instruction. 

To sce how this works, consider the instructipn uiken fron' 
thc Fihonacci scqucncc flowchart (Figure l•llb), shown hcrc 
in Figure 1· 30. 

Thc proccdural languagc cquivalcm wiÍI npt look much 
difietcnt. Thus, in FORTRAN this instruction would appear as 

and in ALGOL as 

and in APL as 

and in ~ASIC as 

and in COBOL_ as 

SUM = LA TEST + ~EXT 

SUM : = LA TEST + NE¡XT 

SUM -E- LA TEST + NEXT 

LET S.üi.l, = LA'L.ST + l'-fEXT; 

COMPUTE SUM EQUALS ~ATEST 
PLUS NEXT 
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+ LOA 000 
+ ADD 000 
+ STO 000 

FIGURE 1•31 
SAMOS insuucaions for 
Figure 1·30. 

'; ~ 1 

. 0101 
0100 
0102 

A Complete SAMOS 
Program 

In the St\tv10S machine language, a variable cannot be 
rcfcrrcd to by uame but only by thc addrcss in Morage associatcd 
with thc v:mablc. Suppose that NEXT, LATEST, and SU M 
havc bccn givcn, rc!'pcctively, locations 0100, 0101, and 0102. 
Thcn in thc SAMOS languagc, thc llmn:hart in~trw.:tion trans
latcs to a scqucnce of tlu·ec machinc instructiom;, as shown in 
Figure 1·31. 

Thcse instr\.lctions have thc form of 11-characé"=r words, 
although thc first charancr is unimportant ~nd thc fifth, sixlh> 
and sevcnú1 are of no intcrest to us hcre. Thc rypc of opcratiou 
to be performcd is coded using thc thrcc lcncrs in pos1t10ns 
two, three, and fuur, and the four-digit numeral r< the right 
is the add1·ess associatcd with that operation. 

The !encrs LDA stand for "LoaD the Accumulator." The 
whole instruction 

+ L D A O O O O 1 O 1 

means, "M a k e a copy of the value storcd in address O lO 1 
wirhout altering the original, and store the copy in the accumu
lator." Clearly, this is the function of the Readrr in our con
ceptual model. We will not go into ú1e details of the electronics 
involved in carrying out this instruction. It is sufficicnt to know 
that when a copy of that instruction is brought to the control 
unit, certain switches are set by the control unit that allow a 
pulse current to pass through the cores of the word 0101. The 
magnetized corcs cause a change in the current that, in rurn, 
allows a copy to be made. 

The second instruction in Figure 1·31 mcans, "ADD the 
value in the word addressed 0100 to the valuc already in the 
accumulator and place the rcsult in the accumulator." The 
third instruction means, "Copy (or STOrc) the value in the 
accumulator into the word addressed 0102." E~ccuting a STO 
insu-uction is analogous to the work of the Assigner in our 
conceptual modci. Speeds vary from machinc to machine, but 
in modero computers, the time requircd to carry out such 
instructions is usually on the order of a millio\lrh of a second. 

Wc are almost able to translatc the cntire flowchart for ú1e 
Fibonacci scqucncc algorithm (rcpeatcd hcrc in Figure 1• 32) 
into SAMOS langungc. First note, however, rhat constants 
never appcar explicitly in SAMOS instructions, Instead, an 
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Nl'XT o- O 
LATl.Sf - 1 

SUM - LA TlST + NEXT 

NE'\T .- LATFST 
LATEST - SUM 

SUM 

FIG,URE 1•32 
Fibonacci sequence algorithm. 

FIGURE 1•33 
Fibonacci !>cqucm:c algorithm. 
Thc ± column and columns 
5, 6, and 7 may be left empty 
on lincs containing 
instructions. 
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instruc'tion to fetch a constant must rcfcr to thc storagc addrcss 
where the desircd value may be found. Of course, this also 
applies to variables. Thus part of the compiling process in
volves providing storage addresses for thc constante; (as well 
as for thc variables) appcaring in lhc program. We allocate the 
locations 0017, 0018, and 0019 for thc constants O, l, and 1000 
appcaring in the flowchart and specify the proper values for 
these words. 

We assume that the.storage locations 0100, 0101, and 0102 
have been allocated for the variables NEXT, LATEST, and 
SU M, but that no valucs have been placcd in thesc words. As 
execution ofthe SAMOS program for the Fibonacci algorithm 
starts, thc state of storage is shown in Figure 1·33. This figure 

StorJgc Opera !Ion Flo" ~hart 
lO~oJIIOll !: (ode Addres' Equl\alcnt 
( A<l<lrc>~ t 1 ~ J 4 5 6 7 8 9 10 11 

o o o o 1 D A o 1) o o o 1 7 
h 

o o o 1 S T O o o G o 1 o o > 1 NEXT .-O 1 
~ lb 

o o o ~ L ll " o Ot n o o 1 8 

.~ 1 1 
o o o J S T o o o o o 1 o 1 LAT.EST- 1 

2 o o o 4 L D ,, o o u o 1 o 1 

~!'-1 .... LA TEST + NIOXT 1 o o o 5 .\ D IJ l1 o o o 1 o o 
o o o 6 S 1 o o o o o 1 o 2 

1 ~ 3 
o o o 7 l D " n o o o o 1 9 

(su:o.J > 1000 
T 

o o o 8 S l! B 1) o o o 1 o :! 
o o o 9 11 ~1 1 o o o () o 1 5 lF :~ 43 
o o 1 o L IJ A o o o o 1 o 1 

~~EXT- LATEsr 1 o o 1 1 <; 1 o () o o (l 1 o o 
4o 

o o 1 ~ l. IJ ,\ () o o o 1 o ' 

1 LATEST - SUM 1 
-

o o 1 3 S 1 o ll o o o 1 o 1 

o o 1 '.t 11 R ll 11 o () o u o .t Arrow rrom flowchart 
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S 

o o 1 5 \\ \\ l! o () o o 1 o . L0i=J -

o o 1 b 11 l. 1 o tJ u o o o o .> 8 
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..-- -::::-
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o 1 o 1 1 he '~nJI>k LA fi:ST 

o 1 o ~ Thc v.mo~l:>k SU!\1 



40 

Discussiun 
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abo illustratcs a "coding form", on which onc might have 
wriucn thc SAMOS program (gray-colorcJ information). You 
will noticc severa! ncw SAi\lOS opcrations not prcviously sccn. 
Thcse are cxplaincd in thc following discussion. 

Thc in!>tructions in storngc addrcsscs 000-l, 0005, nnd 0006 
.ha\'c alrcady hccn di~cuss~.:d. Hcforc looking at thc :>lhcr in
strurtion!>, n.:mcmbcr thatthc variahh:s are in storagc lucations 
0100 through 0102. · 

F ro m prcvious discussions you should scc that t( i! inslruc
tion founJ <lt 0000 will, when cxccutcd, copy thc v.:lJil~ in 0017 
(i.c., thc numbcr O) into thc 'accumulator. Ncxt, thc nlstruction 
in 0001 copies thc value in the accumulator into thc word at 
address O 100. Together thcse stcps are cqui\'alent to assigning 
Oto the variable NEXT. Similarly, thc in~tructions in addrcsses 
0002 and 0003 are equivalent to assigning the value l !O thl! 
variable LATEST. 

Remember that the control unit executes the instructions 
in order until it comes to a branching instruction. The flrst 
branching instruction is found in addrcss 0009, reading 

f 1"1"1 lololol•l·l 1·1 
The codc BMI stands for "Branch on a Mlnus." The whole 
instruction means, "lf the value in the accumulator is ncgative, 
go to addrcss 0015 for the next instruction; otherwise, go on 
as usual to the next numbered address (0010)." We will sec 
shortly that the vaiue in the accumulator at this time is just 

1000 ·- SUM 

so that the value in tl1e accumulator will be n~gative only in 
the case rqat 

SUM > 1000 

is true. In this case, the branching instruction sends us to ad- , 
dress 00 l S, where we see the instruction 

L l w] w 1 ° 1 ° 1 ° 1 ° 1 ° 1 , 1 T 0 
] ] 
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,._,_ which •.:ncans, "Writc thc WorD in' addrcss 0102." Thi~. 

amounrs to printing out thc valuc of S(TJ\1\. 
Now why is it that whcn thc instrucrion in address 0009 

is reachcJ, thc number in thc accumulator is 

1000- SUM 

Wcll, on looking at thc instruction in addrcss 0007, wc see that 
it instructs us to load thc accumuiaror with the contcnts of 
address 0019, that is, to put the numbcr 1000 in the accumu
lator. The next instruction, the one in 0008, tells us to "subtract 
the contcms of addrcss 0102 from the accumulator and put thc 
resuh in thc accumulator." Sincc thc contents of O 102 are just 
the valuc of SUA-1, this·amounts to the placing of 

1000- SUM 

in thc accumulator. 
You should be able to vcrify for yourself that the instruc- · 

tions in addrcsses 0010 through 0013 accomplish the assign- -
ments indicatcd in thc right-hand column of Figure l· 33. 

· The instruction in address 0014 necds to be described. 

BRU stancfs for "BRanch Unconditionally." The meaning of 
the emirc íns.truction is, "Go back to addrcss 0004 for thc ncxt 
instructH'II and continue in ordcr from there." You can see that 
ihis corresponds to the arrow from ftowchart box 4 Ieading ~ack 
to ftowchart box 2, )whcre we repeat thc summing step. · · 

T~e instrüction in 0016, of course, stands for HaLT and 
amounts to stopping the computing process. 

You can best understand all this by tracing through the 
SAMOS program by hand, keeping a record of thé following 
details. · 

l. Which instruction is being executed. 

2. The value in the accumulator. , 

3. The values in thc addresses 0100, 0101, and 0102 (the 
value~ of NEXT, LATEST, and SUM). 

Notice that the instructions in addresses 0000 through 
0016 are never altercd, npr are thc contents of the locations 
0017 through 0019 (the constants O, 1, and 1000). 
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EXERCISES l •6 

D 

.f') COMI'UTlilt SCIF.NCf: A Fl RST COURSE -...... 
l. Construct a list of SA¡\-IOS instructio(ls lor thc llowchart in Figure 

l • 14. You will nccd two additional typcs of instructJOns. Thc first 
is 

O 1' i· R A T 1 O N A 1> 1> R t: S S 

which is an instruction to read a valuc from a card into th\! computcr 
word addrcsscd 1005. 

The SLcond is 

which 'is an insttuction to multip!y thc value in the accumulator by 
thc value in addrcss 1023 and put the rcsult in the accumuJator. (Of 
coursc, in the atldrcss part of thcse instructions, we may put any 
aduress we wish.) 

2. This qucstion relates to thc flowchart fragment and proposed SAMOS 
translation of it shown helow. for each of your answers the assumed 
objective is to makc thc proposed SAMOS fragment consistent wil.h 
the given flowchart fragment. 

Y. .... X- 1 

Loe Opcode .. Addr 

Ojl8 LOA l 00010500 
0019 MPY 1 0351 
00~0 

00?1 
00?2 
OOJ23 
0024 
OQ25 
0026 
0~27 
OP28 
Op29 
0030 

MPY 
STO 
WWD 
LOA 
SUB. 

LDA. 
SUB
STO 
BRTJ 

1
0351 

''1 0451 
,¡ 0451 
/1 0351 

--¡ 

0401 
0030 
0351 
oso: 
035: 

'1, .... -
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(a) \'\1ith what memory loc;~tion mus! 1hc vari;~hlc X be associatcd? 
(b) \'\1h:tt t'pcrand addrc~~ is nccJcd for thc 1\lZ U instruction that is 

!-hmm Jt' location 0029? 
(e) \Vhat should he thc opcration codc for thc ínstruction at location 

0025? 
(d), What opcrntion codc is m:cdcd for thc instruction lot:n!cd at 00.30? 

3. fhis qucstion rcl:ltcs to ~he flowchart fragmcnt and proposcd SAM.O~ 
trunsl:nion of it showu bdow. For cach of your answcrs, a.'S•lm...: 
thc ohjccti\'C is to mnkc thc propcscd SAMOS fragrn,!nt consister.; 
with thc givcn flowchurt fragmcnt. 

Loe Opcode · 1\ddr ----r-T--
0017 LOA 000 0100 
0018 SUB 000 o~oc 
0019 BMl 000 0024 
0020 LOA oca o1os 

·' 0021 MPY 000'0107 
.0022 STO 000 

" : 0023 BRU 000 
0024 LOA 000 0100 

y 
0025 STO 000 0201 
0026 WWD 000 0201 

1 
1 

. . 
(a) With what locatión must the variable X be associated? 
(b) What is the operand addrcss that should be filled in for the BRU 

instruction shown at location 0023? 
(e) What should be thc value of the address field for the STO instruc

tion at location 0022? 
(d) lf at location 0022 the STO wcre replaced by a BRU operation 

code, what then would be the appropriate value for the address 
ficld? • 

't 

4. This qucstion relates to thc following SAMOS program and thc four 
data cards displayed to the right of it; you are to assume·that the 
given SAMOS program cxecutes with the data cards shown. The I,HV 
(divide) instruction produces an i11teger quotient (see Appendix A). 
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0000 R\':0 000 0012 
0001 R\',D 000 0013 
0002 LDA 000 0012 
0003 DTV 000 0013 
0004 t.a"i 000 0013 
0005 STO .ooo 0014 
0006 LDA 000 0012 
0007 SUB 000 0014 
0008 STO 000 0014 
Ó009 WWD 000 0014 Dala l'3rds 

0010 RRU 000 0000 
0011 IILT 000 0000 

S:\:'\ \OS pr_o~:• a m 

(a) \V"hich (lf the f01lowing ir. a Jalsc sr:ncmcnt? 
( l) Th!.! instmclion at 0011 will ncvcr be reached. 
(2) On1y two v:ducs wi!l be printcd. 
(3) All four data c:mb wil! be rcad. 
( 4) Thc first \':lluc printed will be 3. 
(5) Thn:c valucs will b~ ¡Jtintcd. 

(b) Which of thc following is a tr¡;c statcment? 
( 1) The program will hall: whcncYer thc rcsult of a division is 

zcro. 
(2) The instruction at 0011 would he cxccutcd using the gh·en 

sct of data if the instruction at 0010 were rcvised to BMI 
000 0000. 

(3) This program inputs two numbers, selects the 1arger, and 
print<; _its value. 

( 4) All tht ce of the above st;"ttcment~ :!re false. 

Problems 5 through 7.' Thc following thrcc problcms in vol ve pro
grams to be wrinen in SA.M.OS machme languagc and run on 
a computer using a SAMOS simulator. lf you do not have a 
computcr availablc, your final result will be a SAMOS coding 
form showing your program. 

6. Draw a fiowchart and writc and run n SAMOS program to tind the 
arcas (to the 'ncarcst intcgel) of circles with each of the following 
radíi; O, 1, 2, 3, ... , 10, 11, 12. Use '" = 2211. The QUtput is 
to consist of each r#(dius value followed by the associ2ted area, that 
is, , 

O +-----a-.- Ftrsl radius 
O~ Firstarea 
1 -e--Second r~dlus 
3 ~ a.. - Second orea 

12 
4~2 
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Thb SAl\ \OS program ~hould not cxccutc any input :>tcps. Storagc 
locations will be rcquircd for instruction!\ anJ for all t.:llll~tants, in
cluding 22, 7, thc currcnt radius, 1 (to incn:ment th..: radius to the 
ncxt value), and a numbcr ( 11, 12, or 13, dcpcnding on your particular . 
flow chart) to tc!>t a¡;ainst to determine whcn to branch to h&Jit. 

Qut•stimr Will SA~\OS givc thc samc rcsult whcn you C('rnpute 
(22 1 7) X r2 as \\'hcn you compute (22 X r 2) /7? If noi:, which givcs 
a bcttcr rcsult? Why? 

6. Draw a flowchart and write and run a SAMOS program to do the 
following: 

For thc valttcs from l to 10 inclusive (i.e., 1 ::; X :;::; lO), 
C\'aluatc thc follt'wing mathcmatical cxprcssion: 

F ="-SX2 + JOX + 6 

Print out thc vuluc for X and F after ench C\'aluation. 

Example The first value of X will be l. For this value, 

F = 5( 1) + 10( l) + 6 
F = 5 + 10 + 6 = 21 

Thus the nurnbers 1 and 21 will ~e printed out, and F will then 
be cvaluatcd for X = 2,· 3, ... , 10. The complete output will 
consist of .20 numbers: 

10 
606 

Note Additional lnfonnation for Problem 6 

l. No data cards will be ncedcd for this program. • 
2. The 'values from 1 to 10 need not all be stored at the beginning 

of the program. 
3. You rnust include sorne way to terrninate your program after the 

final value has been proccsscd and printed. 

7. Draw a flowchart using variables C, X, TALLY, SUM, and AVG, 
and write and run a SAMOS program to do the following: 

(a) Read a valuc for the variable C. 
(b) Read a value for the variable X. 
(e) Check to see whether X equals 9999. If X does not equal 9999 

then check whether X equals e: If X equals C, then return to • 
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stcp (h). lf X doc., not cqual C. 1 hcn add llOC to a countcr callcd 
TALLY and add X to thc ,·anahk SUM and thcn rcturn to stcp 

_(b). 
Jf X ~quals 9999. thcn no more data carus are to be rcad. At 

tlliS p(lllll pnnt out thc v;.~lucs of T1\LLY und SU~\\. Compute 
AVt;, thc quotir.:m of SUM and. TALLY (AVG = SUM/ 
'fALL Y). Print thc valuc of AVG. 

Note .4dditinual ln(vmwfi(m for Problmt 7 
l. In your Uowc:hart thc a\·crngc will he a vnriablc AVG. The variable 
Ti\LLY will hold a count of how many valucs of X are 11(1/ cquai 
to G Thc assignmcnr 

TAI.LY - TALLY 1- 1 

will be nc~.'l..!ed. The sum oi the valuc:; of X not cqual to C will he 
callcd SUM. What shfluld be thc initial valucs of TALLY and SUM? 

2. Thc value 9999 is .callcu n .scmind ,·aluc. Irs purpose is to indicatc 
that al! thc \'alues of X have bccn read :má proccssed. (In computcr 
J:mguage a scntincl valuc is said to rcprescnt the end of file, í.e., the 
end of data.) Thercfore, your data dcck will consist of a value for 
C, thc givcn values for X, and the value 9999. {Sce Section 2 • 2 for 
additionai discussion of sentincls.) 

3. In SAMOS the on!y condttional branch instruction is BMI (Branch 
On Min1,1s). The programmcr faces a problem when he nceds to check 
whcrhcr thc valucs of two: vari:lblcs are cqual or whcthcr the vaJue 
of a variable IS equal to sorne constant valuc. Thc foll0wing is one 
mcthod of determining whcther thc values of the variables A and B 
m e cqu:il. · F il·!>t, subtract the valuc of B from the vn.lue of A and, 
íf thc rcsult is not ncgative, subtract the valuc of A from the valuc 
of n. lf this rc~uir is not ncgatives we can condude that the values 
of A .111J il are CIJll:ll. 

Examples 
(a) A· =:= 6 and B = 9 

A- B = 6-9 = -3 
Rcsult: A f:. B since A - B is a negative number. 

(b) A = 5 and B = 5 
A-B=5-5=0 
B-A=5-5~=o 

Result: A = B since neithcr subtraction produced ~ negative 
nuinbcr. 

(e) A = 4 and B = 3 
A-13=4-3=1 
B-A=3-4=-l 
Result: A -¡!; B sincc B - A is s ncgative number. 

1 

1 
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4. Thc data for ProbJcn: 7 are as fo!lows: 

~o 

~' 
J 

10 
15 
1 ~ 
17 

991J9 

Most of the storage capacity of a 61-bit SAMOS word goes 
unused when a sn'lall inte:ger, for instaoce; 2, is .reprcsentcd. 
Conwncly, cvcn though a number is known to very grcat 
prccision, a 61-bit word has a fixed capacity -ro reprcs(!nt digits. 
Character strings, such as names and"addresses, for inst~nce, 
vary greatly in length. In general; informati9n comes in many 
sizes and lengths, and it would be exceedingly conveniem to 
have computer storage responsive to this fact. 

The SAMOS language' is heavily influenced (i.e., con
strained) by its 'Word-o,.gauized st.orage system. \V'e briefty men
tion here another kind of computer storage called BITOS 
(BIT-Organized SA.MOS), whose storage )s strucrured in a 
more flexible and natural way_:_nátural for;,the processing of 
qifferent types of information. The BITQ.S storage is bcst 
thought of as a single scquence of bits i~stead of a single 
sequence of words that are, in turn, sequ~~~s ~of. bits. For 
example, a BITOS store roughly equivalcrit to the' SAMOS 

! 

store contains 610~000 bits ·who~e addresscs are O through 
609,999 respcctively. To fetch ·a unit of ínform~ticn of somc 
known lcngth, arte must specify thé ,-,b~.~ addrcssn of the bcgÍn
ning of the desired info!'mation unit toge~her 'with its ccbit 
length." Thus, 

op coqe 
LDA 

address 
24972 

length 
39· 

is the way one might write out a ~ITOS instrpctión to load 
t~e accu~ulator with a d~ta value 39 bits ~on~ beginn,'ing at 
bu locatton 24972. · · · · : 

Th.e information containers in a ':BITOS ;;naqhine resemble 
the storage boxes of the conceptUal model ~IM,PLOS in mat 
the capacity of the containers is arbjtrary. · 
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Thcrc is a sccond important way in \l.:hich thc containcrs 
of Sl1\ \PLQS ;~no BJTOS rcscmblc onc anothcr. In both cases, 

,--------"""?t vah.:cs storc:d in thcsc containcrs are sdf-~kscribing. Nlltc that 
thc SIMPLOS Reallcr is ah!c to deduce that a storagc box 
contaim. a charactcr ~tring valuc as oppo~:.od, s·ay, toa mnnct·icr:l 
valuc, bccau~c he is nble to sce thr quotation maa )~;.;. Thc 
fctching mcchal,lism of BITOS can com·cy tl.1c samc type of 
information to its · proccssing unir bccausr tlv: data ob¡ect in 
ench container consists of two parts: a codc that describes thc 
typ.:: or nawre of thc valuc ano thc Ll:~ta yal\Jc i':·;df. For 
c-.umplc. !·llppose~qlr. C:(Jntaincr assnc.i:tk·l with X ~:> locntcd 
'nt 'hit'· adJrcss "NO 1, ami supposc chal'at.:tcr ·coding for thc 
niTOS· storc emp>loys thc samc 6-bit rcprcr.c_nraticm uscu in 
SAMOS. \Ve might cxpect to sce at that location: · 

~ L 

Sio1gl 0:1ta 
lcttcr- iyre value 

e o de 

where the type code S stands for string. Thcn, to r~present 
a string of 4 characters would 'require 24 bits for the string 
itself and 6 more bits (for the lcttcr S) to idcntify rhe 24 bits 
as a string. F or a· string of 91 characters, 546 bits are needcd 
.for. tl;lc string and 6 more for the typc c.odc-or 552 bits in 
·all. · If a nonnegative integer. variable, .AGE, · never requires 
more · than three digits we can picturc the corrcsponding 
BITOS container as 

for a. data value of 52. Hcre the type code) d~notes úzteger. 
· To recapitulate, in BITOS one d~fin~s thc sizc of the 

.container to fit the nced. That is, the store fs dfvided up into 
containers that reflcct their actual use. Every fcferencc t0 a 
conta~ner consists of the bit addrcss of the coqtaincr and .it5 
length. Th~ container itself holds as part of tl'le data object 
a code tha~ makes the remainder of the information in the 
container st;lf-describing. Each time a new container is needed, 
a section of the store laq~e enough to hold the reguired üumber 
Of bits ÍS upartitioned" for tijiS pUI~pQS~. •\V/hen thiS COntainer 

6 
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is no longcr nccdccl, that scctiqn of ston: and others Jikc' it are 
rcpartitioncd, that is, reused, typically in d!ffcrcnt container 
sizcs, to suit "ncw-nccds. To makc an analogy with SIJ\\PLOS, 
imagine that all storage boxcs are constructed to fit dimcnsions 
of thc data valucs thcy are to contain. (Thc Aíftxer who pastes 
the stickcr on thc storage box can aiso zdjust rhe cizc .uf thc 
box if neccssary.) 

Only a fcw of thc ideas nbout SAMOS and BITOS ne.cd to 
be rcmcmhcrcd. One of th~ in1portant ideas is 'thc scqucntial 
manner in wbch the computer works, that is; rhe stcp-by-step 
way in which thc computer performs its tasks. Thc arder in 
which thc tasks are performcd is just as importan't as what is 
accompl ished. 

1
, 

Anorher property of comput~rs that we must understand 
i~ ~he. finite 'icord lengtlz. \Ve have seen that SAl\lOS words 
consist 9f 10 charactcrs and a sign, so that thc largest number 
represcma!Jle in this coding system is 

+ 9,999,999,999 

a rather large number, but still finite. Although Brros storc 
may use \'cry "long" contain~,rs, they are st!ll finite, so the 
limitation on what can be reprcsented, ¡¡lthough less con
strícting, still exists in principie. Fwm a practic.al viewpoint, 
integcr containers, whether in a SMio's-Iike pr in a BITOS
like store, are sometimes ~ery unsuitablc. Consider a variable 
that, from time to time, has vario.us values assigned to it, sorne
times very small integers and at oth~~.· times very large imegers. 
The storagc container for such é\ yari.able cannot ahyays be used 
efficicntiy if ir must be larg~ enough for the 'lar~est possiblc 
integer value that wi!I be assigned to it. _ 

To cover this situation th~re are other \Vay~ of coqing --
numbers that not only soJve this problcm bút a1so allow IJS 
to work with real numbers as well as integcrs. One of thc most 
common of these alternare codings is floating-pJ_itzt form, which 
is related to the so-called "scientific notation.':'. 1 

• 
1 1 ' ' • -- • 

To sce how this. works, recall that any d~cin1al numer~1 
such as 

-382.519 
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An.lll'l''~ t•f ,, 11"'"ing-a,oinr 
numtx·r for a lixcd-word size 
storc. 

FIGURE 1•35 
Flnaring-point coding of 
numhcrs in a fixed word-sized 
store. 

' 
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can be cxprcs~cd as 

-.382519 X 103 

in which thcre is a decimal point (just aftcr thc sign, if any) 
followcd by-a string of digit., (Lh~ íir~t not zcrc!) and multiplicd 
by a suitablc powcr of 10. Wc can codc numbcrs in this way 
by rcscrving three character positions for the cxponcot. Thc 
rcsult is shown in Figure- 1· 34 for - 382.519. 

S1¡¡11 of S1gn oi 
numher e~ronent : 

) . / 
\ .~ (\, -'~ ...... /"' 

- \ + _ . O . 3 .i .; _ S ~ S , _1 .. 9 _O_; 

( l!xronenl "¡ l'rcd\lun 
1 rnrl !WI •·, 
\ ,. ,~J ~ 

' 
..... \ 

Sorne .examplcs·of how to codc numbcrs including integcr~ 
in. this systcm are givcn in Figure 1 • 35. In this figuré, we 
:;ce that thc 8-digit rcprcscntation of -r., as .givcn in tlú! first 
column _of the third cntry, has to be choppcd to 7 digi¡s of 
precision because of space requircm.ents. The same holds true 
for 1 1 3 and 11 1 7 at the bottom of thc tablc. Thus we sce 
that in a computcr even a simple fraction such as .1/3 cannot 
.be r'cpresented exactly, but only to a·close approximation. This 
characteristic of "finite word length" presents important prob-

. . 

Nuinber Floating-Point Form CoJmg of 
l·lt'~t tn::;-Pt'int F orm 

4 .4 X 101 ++o 1 ~000000 -.... --------=--.. .,. ..... -- ... ~~---~...--· ___ .._ ....... 1. , __ -.--.;.- • _..,. 

-999999000 -. 999999 X lOg - + 099999990 ........ - :: - - • ·~"', ~ ....... _,_._...~ T""-.,.. __ ,.,... __....__._ 

3,14.15926 .31415926X 101 -:- +o 1 3 14:1 59 2 

-273.l4 -.27314 X 101., :- + o 3 2 7 3 1 40 o 

.0008761 .8761 x w-3 +~038761000 

.73 + + 007300000 

! .333333333 X lOO + +003333333 ..... __ ....,...'\'", _...,_, ___ ~"WWOn. _________ ___...,.. ....... _. __ _ 

lf .1571~2857 x w + + o.¡ 1-s 1 1 4 2 8 
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lcms that will be discusscd in various places in this text, cspc-
cially Chapter 11. · 

In floating-point form wc can rcpresrnt Iarge numbcrs, 
but for computcrs such as SAMOS with fixed-word sizc stores 
thc pricc \\'e pay is giving up tltrcc placcs of prccision. \'\'en~ 
SAMOS ro use floating-point numbers, rhe Jargest numbcr .. 
representable in floa~ing-point form wo~ld be: 

[ . 1 1 ' 1 ' 1 ' 1 ; ,. '·¡ ·, l. ·1 ., 1 ~ 
which reprcscnrs thc numbcr 

999,999 '900,000,000,000,000,000,000 
ooo,ooo.ooo,ooo,ooo,ooo,ooo,ooo,ooo 
ooo,ooo,ooo,ooo,ooo,ooo,ooo,ooo,ooo 
000,000,000,000,000,000 

Similarly, there is a smallest positive number that could be 
rcprcsentcd: 

.000 000 000 000 000 000 000 000 000 
000 000 000 000 000 000 000 000 000 
000 000 000 000 000 000 000 000 000 
000 000 000 000 000 000 1 

which is vcry small, indeed. 
Coding in ftoating-point form for a BITOS-like machine 

could be quite similar to the scheme shown in Figure 1 • 35. 
On the ot~er hand, since the size of .the container may be 
chosen to fit the particular· "needs" of a givcn va~iabJe, fhe 
size of the precision part could casily be pennitted -to vary as 
required. For rhat matter, thc size of the exponeht part could 
also be expandcd or contracted to fir the need. 1 

In summary, both SAMOS-like and BITOS-lik~ ma
chines are often built to ope-ratc on numbers coded in ftc,ating
point form. However, in our discussions of SAMOS, in partic
ular in the description given in the Appendix, .the 11Jachine is 
initially describcd as if it wcrc not capable of dealin~ with 
numbers coded in floating-point form, but only with nu,nbers 
coded as integers. 
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FIGURE 1•36 
A popular hand-held 
>calculator.-
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l. Sc\'l"·ral million pockct-sit.cd clcctromc calculators are now bcin;; 
proJuccd annually. Thcy nrc bccomin;; rdath·cly accc!>s_Jbk to thc 
a\'cragc studcnt. 1'. \any of thcsc calculators, !'Uch as thc one shown 
in F1gurc 1 • 36, use lloati:tg point arithmctic. · 

•\ 
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(a) Locate :m elc<:tronic calculator and compare the method it uses 

to reprcsent ftoating-point numbers with the rpethoq u1.ed in 

SAMOS. ,. 
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(h) \\'hich form do you pr,di:r and why? 
(e) Run SC\'Cral simple computations on thc pockct calcu!ator~ ~uch 

as a + b, to ohtain e 

or a X b, to ohtain d, etc. 
whcre a and b are kcycd in manually as real numbcr!> in ordinary 
decimal notatión, lor C'-amplc, - 382519. Determine undcr what 
conditions rcsults e and d are displaycd in floating-point form. 
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·l.• Introducción al lenguaje F~RTRAN 

El lenguaje F0RTRAN, cuyo nombre corresponde'a las primeras 

letras de las palabr-as .inglesas. FORmula- (fórmula) y .. TRANslation 

(traducción), es un lenguaje de programación orientado a proble-
voo.~t.Wicit¡,o, , · 

mas'Y se emp_lea- en ·casi todas las computadoras del mundo. Debjdo 

a su parecido con el lenguaje aritmético común, el F0RTRAN simpli

fica la preparación de problemas que pueden resolverse mediante 

una computadora. los datos e instrucciones se pueden organizar 

mediante u.oa secuencia de enunciados fortran; estos constituyen 
1 

el llamado Programa Fuente. 

Todas las comput41doras que .. entienden" el lenguaje F0RTRAN, · 

tienen lo que se ll~ma. un CQIIlpnad~r. Fort-ran, llamado también tra

ductor o int~rpr~t~.; .el cual anal iza los enunciado.s fortran y los 

traduce a ·un. Progr~ma Objeto, el cual queda en Lenguaje de Máqui-

na. · 

Un. p-rograma escrito en lenguaje 'F0RTRAN se puede procesar 
. ' ., 

·en.cu~lquier máquina _q~e tenga un_Co~pilador'FQrtra~·- fsto nos in-

dica que el lengua.je, es independiente par.~ .. c:ada.. máq~inr• o sea que 

el compilador, s.e debe preparar en cada caso teniendo er cuenta 1 a 

máquina qU'e h~ ~~ .. us.~rs.e. .en particular; puesto que las má.quirias 

difieren. en.'_su ,or~~ni~ac1ÓJ1 interna, s~ .. ha desarroll~df> un, núme

ro de ",~ipJ~c,t9S~i .. del. Lenguaje F0RT~N. ada .uno de lo~ cu~les es 

apropiado·:para u~_a ,cl~se ~e máquinas. L-.s diferenci's rntre los 

o .4 
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varios dialectos~ son,frif,nimas··y se ajustan el uno al otro· facilmen-
'· 

te. 

,1 1 
.,. 

1.1 El alfabeto-"' · · 

., 

El ~1 f~~~t~~~.~W~T~~, ~sta const:i.tui.dQ dt-: caracteres que son 

símbolos f~mi}i·~r.es. ,de escritura,.y de teclados de máq~~nas de es-. 
l. • 

cribir, asi como de .dj_spositivos especiales de perforaci6n;:. dichos 

caracteres.son: 

Alfabéticos: ·:~~~e ,Q .. ~ f (;,H 

.J, ~.:K·;~ .. M N 
1 •• 

. ~. 0 .~ Q, :R , S , T U V W X Y Z . · 
' • ~ 1 

.,0 J. z ··~ ¡·~,$' 6' .. 7 .. 8 '9 
.o o<~ ~ ! \ L o o, t. ~ 

Numéricos: 
; ' 
Sí mbo 1 os : , , +-*/=;.·,()'@ . ' 

11 ¡', , • 1 

De est~ al fab~;to'~sf!1,,col,1.struyen todos nuestr.os s fmbolos .• ~presio-
• ( l , ~ ' , 1 '1 0 

1 ' ' ' ' , 0 r \ : 1 ' 1 
1 

,. • : ' 

nes y ~nu~~fi)dos que .se. utiJizan en .el .lenguaje F(lJRTAAN.· .. ·_-' 
' [ 1 ~ ) O ' 1 O 0 '. ~l O \ O O O 

0 

V 

• l 

L.- NúmerOs 

, ... Los nú.merosr·pueden representarse en d~feren~~s f<?rf"aso las 
•!' ,, ' . . • . (\ ' 

cuales se as,em~~a.~ a :l.os sf111bolos de la_ ari,tm~~ic~ ge~er~l; pero 
' 

debido a 1 a es t~u~t.ura i ntenni) de 1 as computadoras se es tab 1 ecen 
1 1_, • :, ' ' • •• ' • 1 . '· 

las convencione~ de: PuntQ' .flijo:y Punto Flotante que :?roporcionan 
) 1 

1 

~ , 1 
0 

: , 
0 

• 1 • o L ~ , 1 o 1 ~ _ 

",\',.' "' 

facil idade.s ·Pa'riCsu ma·nejo ~n f0RTRAN. Los sfmbolos d~ punto fijo . ' 

1 í 1 l 1 1' 

·t. '' ' 1 ' • 1\ • 1 

* la letra O. l~ .. e~P:'i~S,a~!llos como 0 para diferenci~rla. d~l N° .cero • 
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se usarán solamente con números enteros y los c41culos asociados 
1 

1 

se denomina ~án a ri tméti ca de 1 os en-teros Q modo'¡ entero i mi entras 
•• - :,- • '~~:-- ' .; 1 -

qu~ ,la a~i_tm~tica de. los números reales se har~ en la fo~a de pun

'o flotante y se llamará aritmética de los reales o modo real. De-
~ ' - ' . . . . . . ~ 

bido·a que también es necesario distinguir las constantes (núme-
• _1 -, •• ' ' ' 

ros_ que J10 cam~ian durante toda la ejecuci6n de ~n programa) de 

las variables (números que pueden cambiar.), surgen cuatro clases 

de _~fA.'~~ l_os par~. _1 «?S nú~eros. 
• >' \. ' :.., ··-· ·, ' 

2.1 Constantes enteras. 
'~·~' : \ ' ' l .-, r •., • •' • ' • l ~ , -

Depend,iendo.. del'··ti'po de computadora se podrán representar 
' ; 

por un 'cier'ti)"~í:imerd 'de .df.git~s-, asi ~a-ra ll~M~ll30. se rPpresentan 
" l 

¡, ' - ' • ·' ¡. ' 

mediánte cinco dígitos sin .el punto decimal. ·Si· el entero es nega-.. - ' - . ' 

tivo,· los· dígi,tos ·deberán ser precedidos del ~igno menos; si el 
,, 

entero e$' pos'i_tivc(el signo e-s opcior:a1. 

Ejem. Símbolo-s- para·-· constantes en-teras pueden ser f!ntre 

~ •• ' .~~ 1 ,, 

2.2 

r.:·- .. ,¡ .,. 

·otras·:· ;-, 

'--1976': '-t:l o 
.,!, 

+1976 ·:-1976 

. -,'S'fmbolos 'que no se acepta'n 'para ·constante~ erteras: 

'748~_82 '{"'ás -de chaco dfgitos,) . . _ 

Constantes reales 
.... (' . :, ~. ._ 

Dependiendp del tipo de computadora·~ l~s_'-constante~ reales 
,, ~J'. 1 .. ~ .. ' .... ~ ': ~ ', • • .. ' ', 1 

' ,, 1 

se podrán representar por varios dfgitos, pero en el caso úe la ., ,,, 

•• f. 
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1 • • 

IBM-1130 sólo ~e admiten siete dígitos ~punto· decimal pudiendo-
·' 

se colocar al ~rincipio de los d1gitos, al final o eptre dos· dígi-
• 1 ¡¡1¡ : ., ' ' 

,, • l 

.to,s cuale1squiera. Cu~~dq,:' .aP.~rece. u~ ·P.unt_g en una constante su tra-
• 1 \ • 

ol ' ,. ' 

tamiento será de punto flotante. Si la cons.tante real es·. precedi-

da de un signo,menos, se indicará que es negativao si es positiva 

el signo es opcional. . 
•''.' 
' í 1> i 

Ejem. ~fmbol'os,.pa,ra,constantes rea·~es pueden.ser entre o-

;t'rás :, · · · 

'~9'76. 

:-.007 . 
• \ í 1 
' ' 

~.00001976 

.007 ' .o. 3 

'símbolos que no se aceptan para cons~~f)tes re~l~s: 

. 12345~789:',:~2.. .· .(m~~ de ,·siete dígitos :significati-
{ 1 1 : ' • • '~ ~. ' ' • ¡ : ', f 

, ' ' ' . ~0_5¡) ,• 

· .:,. ,~;iA~·.! :,,,(falta el puntq d~~im~l.). 

?ara repre.s~ntar:.las co~~·t¡1nt~.s·reales existe también la llamada 
' ,, 

,j,..,•'"·· 1 

forma expon.e.nqi,~l)L¡~~.~~.¡ o, á, ;po~emos , repres.e{l,t¡¡ ~ .. ~di il¡~.te: ~qa .1 etra 
1

, ' 11 • ' " ' 

·E y una ·cons"tá'lt~,_,~'l.~.~~ii·d~ ur~o.o.dos dígivtos, positiva o negativa. 
' ( ~· ; 1 - • ' ' ' ~ 

. . 
Esta constan'te ~~,r,a~~f,q,. f:!S, .~~ .e~pon.ente d~l ,número. diez; el signo 

~ • ' ' 1 1 1 • . . - -

menos es para los exponen_tes_ negativos y para 1~~ positiv~s, el 
1 1 '1 

signo ~s op~_i_qr,~~lr:·,~.n .. F,~~T~~. la presencia del ~~P,Q.n~nt~.:~~~e que 
' ·, : ,., 1· ! .• ' ' ' ' . • .• 

el uso del, ,PU"'~C?·.p~~-i!TI,~:l.,sea .PP.~iQ_na1. 
' ' ¡ \ ~ ' 1 ' : 1 • ' .1. • ' 

Ejem. :'f~ma"e~pon~ncial Fonna:no exponencial 

1.328E2 ' 132.8 

. 1.32~E02, ' 132.8 , 
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1.328EOO 

-'t.724E-03 

+7.61E3 

' -6lt32E:.:_3. 
'• '1 

2.3 Variables entt!'r"'as 

132.8 

-.00472~ 

7610. 

-6.432 

.7 •• 

Es~as se, representan por combinaciones de una a cinco l~tras 

y digitos f8'9M,.'h3b')J.-:':no se permiten otros caracteres y el primer 

caracter deberá ser una de 1as letras i, J~ K, Lt H ó N. E1 pri-
Í ' 1 j / r 1 • ! ~ ' ; t 

1 
' 

1 1 
' 

1 

mer carat:~er de·"una· ·varláble es el qu~ indica si es entera o rrea}. 

Durante la. eJecuc.ió~ 'eh! ,ui!l: .programa, las vaHables enteras deberán 

' ' 
restringirse ~ valbres ent•ros. 

1 

Ejem. S. í níbó.l os para Vóilriables enteras pu~den ser, entr~ 

· ·otro's: 
.,. 

:NU,H,C,;r,l . K'll:.O Nt · N2 H10 KONT 

. · 11 Mt~~~. < · 
'1 ' • 

· ~.Cl,~V. HAf\Y. :·~ONTl·, . LJ976 · 

~Sf~~pJos, .1")0 }~C~ptables para var.ié~b,le.S.· en,t~r.-s: . . ' 

tUENT- · (el primer: caracte~Jdebe. ser .. l." J, 1{, 

. .,_ ~· ~ 6 N) • 

,· ~~.~~~PQ~ Jc;tem~s. i ~do' caractere$) · 

(~p,lo se aceptan letras ) .númercas) 

2.4 Variables rea~es 

F~tas ·s~ representan.por combinacione~ de' una a c;nc~ letras 

y dígitos (.IBH-'.1l30),,.no se·pennlten otros caracteres y el pdmcr 

•• S 
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caracter:, tien~. que ser' neces,ariamente urna letra diferente a·l, J, 

K, L., M 6 N. Du1·ar~te 1a ejecución de un programa drchag variables 

se deben, restdnglr a valores reales • 

Ej e'T!. . Símbolos .para variables reales ·pueden· ser. entre otros: 

FUERZ 

lÜ.:FA·. 
'1 

V!ELA 

ACEU 

RA42 

CUENT Al A2 

PROD SUMA 

•
1
S;:!mb9l.os no aceptables pa,r~. ~adab.les rea,les: .. 

·.,,A-3.~8·;, (ei punto no es létra>c)número) 

.CORRIE~ (demasiados caracteres), .. 

'J,.~ASO:: .(~1 primer carac.t~r .. ~el!~. ser,ul"!a .. le.tr~) 

.HI:JMCT• .. 
, 111" ' ' 

(~1 .primer caractert no puede ser H) 
' ;· f, :i-.}1' . 

\ 
\ 

Las·operadones aritméticas ·y los símbolos·que··se uti'J:i·zan 

en HlRTRAN. s·on:. 

·,. Ejem. 

Adición 1 + 
1 

Sustrae e ión·.· 

Multiplicación* 

0 i V Í S i Ón · , , .':'J , 

E;<ponen¿i~.c::uón::\;~~·.··:' 

E~pres i on·es; 'art·l·~in~~! é:aS' · 

. .. 

Algeb~~ " 

-.a ·.~.,t).:,, ·' 

a b 
a 

:.b 
ai .. 

F~RT~N'·· 

- A .:+:·.~·. 

A - ~ 

A *. q 
' ' 

:~-.~ ·-r:, 
'·A···:é'~ 

• y ' ' 

: L ~ 1 '~ 

Aj*.J, 
.... ~ ' ! ' 

E~ ~a·s'Et' 1a · 1o_:!~.P~e~t·~' a!11l:l!d·'~rmente ·pod~s ahorá' f~;mular 
1 

o .9 
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:• 
expresiones arltm€tlcas en lenguaje FflJRTRAU y nos daremos cuentO! 

que son muy similares a las e~presiones aritméticas del algebra 

común. 
' Expres ion~s ·:FQJRTI;\AN Expresiones Comune~ 

... a2-b2 

8**2-~.*A*C 

(A+B)/2·. 

2*~-J+N 
': 1 ,\•1' • 

2k-j+n · 
. ~ ' 

C+B-3.*A c..,b-3a 
;' '' 

lt.1 Reg·l.~~ p~~~ las _expresiones aritmét feas 

las reglas a las_q~e debemos sujetar las .expresiones aritmé

::i.cas son ~ecesarias debido a la estructura de las ~ompu'.tadoras y 
'1 

.,.1 observf!rlas·tendr.emps·!Jn ahorro' en el tiem.po d.e ejecu"=iqn de un 
~ • 1 1 

~rograma. 

Regla !_ 
1. 

Si .nos fijamos en las expresiones F0RTRAN anteriores 
•" 

nos damos, cuenta que.: Toda~ ._las. co.ns.tantes_ y variables 
•• 1' 

en una expresión deben estar~n :el-mismo ~d~, esto 

eso todas deben $er enteras o todas deben se~ reales. 

(Como,~oda 'regla existe su excepción que menqionare

mos m~s adelante}. 

Es necesari.o c~n~ultar los manuales de cada ~quinap 

ya. que. COI!I01 .~emo~ mene ion:!do 'anter: iormente d'pen.derá 
' •· 

esta r~gi~ del' tfpo de computadora. Por lo ~ronto 

la ~onsideraremo~ como se ha Indicado. 

• • 1 o 
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'' A-k,<: 1 P 1 **J y A*"'l3 son exponencf ac i_ones permitidas. 

~n ~1 easo A**i se mezclan los modos y es la excep-

' 
ción a ia Regla 1, pero sabemos que esta exponencia-

c,ión significa multiplicaciones sucesSvas (asf 8**3= 

D~B*B)~ mientras que las potencias no enteras impli

can c~lculos más sofGsticados. Nos damos cuenta que 

l**Ap ilo es forma de exponenciación permitida (en 

a·i gun.as máquinas sí se permite) • 

Deberá te~erse en cuenta que las operaciones se eje-

'· cutarán ton.'las siguientes prioridades: 

1) Las operacione' indicadas dentro de los par~n-

.tes i.s más, inter:-nos se ejecutar:o.· ~l'l primer lugar. 

2):-- ~xponenc i ación. 

3) ::.Mu,ltipl,i~éH;Jón y división. 

4) ·A~ici6n y ~ustrac~ión. 

-Entre ~as operaci~nes de 'igual priori~~~' ~~ prden 

:~e ejecución es tie izquierda J!l d~recha. 
' 1 

~Jem. ~ . Si .A=::S., 8=8. y C ... 2 •. 

A.+:'e-j."fC se ca,lcular~·~m el .siguie11te orden: 

3 •. *Z.e:;o~ •. ~\ ,' 5.+8.=1).. ,'' ~3.-6.eq. 

R**2-4.*A*C se calcula en el sigui~nte 

orden: 

~ t "' • 
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SI A=S., B~8. 0 Cu2. y D~1.6 

Entonces (A+B)/C se calcule en el slguieno 

te orden: 

Mientras que A+B/C se ca.lcu,a_ en el sfguien-

te orden: 

8./2.=4. 

Ahora si deseamos calcular (A+C)**2 condu· 

drá a: 

5.+2.=7. 7.**2 ... ~9. 

Mientras que A+C**2 conducirá a. 

2.•*2="'· 
11 

~5.+4.=9 

Ahora si: (A*B)/(C*D)=40./3.2=12.5 

Entonces: A*B/C*D=40./C*0=20.*D=32. 

Finalmente si tenemos paréntesis dentro de 
\ 

otros paréntesis se tiene·:. 

(A*(B+t))**2~(A*10~*2=50.**2=2500. 

B+C tiene la más alta prforfdad por encon-

trarse en el paréntésls más interno. 

(A*B+C)**2~(40,+2)**2=42.~*2=1764. 

A*(B+C)**2aA*10.**2=A~100.=500. 

Oebemo~ tenell" ~qJidado en expresar lo que 

~eseamos ~e~l~~~r. 

• .12 
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SIN 
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No deb~remos colocar un signo de operación antes 
~ 

de un s'gno más o menos, esto es, no deberemos po-
ner dos signos de operación juntos. 

Ejem. A*-B- 1+-J ·-- M-+N ·- A/-B 

Estas expresiones deberán sustituirse por: 

A*(-B) 1+(-J) M- (+N) A/(-B) 

~.2 Funciones 'pred'ef.infd~'s en lenguaje F0RTRAN 

Estas funciones predefinidas que proporciona el lenguaje 

' 
F0RTRAN son dé tipo de biblioteca. Para utilizarlas usaremos el 

nombre de la función seguido de un argumento que deberá estar en-

tre paréntesis. Dichos ·a~~umentos pueden ser variables simples ó 

con subíndices, constantes, expreslones aritméticas u.ot~as tun-

cienes predtªf(nidas· en·FfBRTRAN. 

Para IBM - 113Ó tenemos: 

FUNCION EJECUTADA 

Seno trigonométrico 
(argumento en .rad ra- ' 
nes) 

NUM, DE 
ARGUMENTOS 

TI PO DE 
ARGUMENTO(S) 

. ·J' 
· Real 

'• 

.TI PO DE 
1 

'FUNCION 
:, 
' ,_ 

·¡ 
·Real 

COS Coseno tri gonomét rl.co 
- (argumento' en radia-··, 
,nes) 

Al:OG---L:ogar-i tmc-n~tura 1-'-~~--

EXP 

SQRT 

ATAN 

' ., 1 '~ ', ~ 1 

Argumento de potencia 
de 1 número ' e;: . 

Raíz cu~drlad'a ··.: .. 

Arco tangente,· 

1 
1 

Real 1 Real 
j 

--~· -:-Real------~--~¡ ... .:.Rea l __ . --'----
, ' l 

i ' 
Real 

• 

1 

¡ .. Real 

Real 
1'' ' 
¡.·'Real 
1· 
1 

R~a1- ¡··Real· 

•• 13 



13 ... 

ABS \falor absoluto 1 Real Real 

IABS Valor absoluto 1 Entero Entero 

FLOAT Convertir argumento de 
entero a real 1 Entero Real 

IFIX Convertir argumento de 
· rea 1 a entero 1 Real Ent~ro 

SIGN Transferencia de sig-
no (Arg.l recibe sig-
no de Arg.2} 2 Real Real 

ISIGN Transferencia de sig-
no (Arg.l redbe sig-
no de Arg.i) 2 Entero Entero 

TANH Tangente Hiperbólica 1 Real Real 

'?:jem. SQRT (B**2-4.*4.*A*C) indica que a lo que se encuen-

tra entre'paréntesis se. le sacará la raíz cuadrada. 

SIN (BETA) indica que se obtendrá el seno trigono-

~étrico de el valor de la variable BETA. 

S.· Enunciados 

Los enunciados son la~ .unidades basJcas con las c~alc::. se 
.J 

construyen los programas F~RTRAN. Podemos clasificarlos de ecuer-

do a su func f6n· en grupos· cqrno: 

1 • ..:. Aritméticos• d~ ·asignación, 

2.- De control 

3.- De entrada y 5a1ida 

4.- De espectflc~~ión 

5.1 Los enunciados ~rltméticos de asignación 

Se forman con las,expres!ones presentadas anterionmente y 

•• 14 
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nos indican los cálculos particulares que deben hacerse. Su fo~-

ma es: 

Variable e Expresión ar~tmética 

El significado del signo= es ei de asignación, esto es, 

que deberá calcularse el valor de la e~presión a la derecha del 

signo m y su valor se asignará a 1á variable que se encuentre a 

la izquierda del signq, la cual tiene una localidad en la memo-

r i a de- 1 a computadora. . 

ijemo Si~A=5. 10 8=8. 8 C=2. y 0=1.6 

X=(A+B)/C se le asignará a Ja X el valor 6.5 

ALO='(A+B rA-*2 se 1 e asignará a ALO e 1 va 1 or 169. 

RA'I=S·QRT(B*C) se le asig'nará a RAI el valor 4. 
'j •• 

Algo diferente al algebra normal es e1 enunciado 

AaA+3 •. el cuál· no debe alarmarnos ya que indica '_que 

a la: localidad de memoria con el_ n_ombre A se ltl asig-
: . ~ ) 

nará-' el_ rluevo valor A+3. esto es: 

A=S.+3. :· 'A=8. o sea que Ja variable A se le asig~ 

-··na el .va'lor de 8. y el valor anterior que fué s. se 

pierde··· · 

5o 2 Los enunc iádos· •de · con_~t~r~o~l _______________ _ 

Debido a _que ·.lQs.enundados de un programa FeJRTRAN se. e)e

cutan en el orden .que apa~e~en y que en muchas ocas:ones qúerpmos 

transferir la ejecución ·a otros enunciados si se satisface una 

~, 
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l·erta condición, F~RTRAN nos permite numerar dichos enunciados. 

-_,, número de enund a do debe ser una constante entera de uno a e i ri· 
~ . . ' 

co caracteres.s.ln el ·signo mas''·() menos; el número se coloca a la 

izquierda del enunciado~ 

Ejem. 3 CONT S CONT+1. 

2lf RAIZ .: SQRT (A**2+B**2) 

5.2.1 El enunciado GG Tm 
Este toma la· forma G~ T~ N en donde N es un número 

de enunciado. 

E 1 l G~· TIZJ prod'uce un salto i ncond i e i ona 1 ; as f G0 TIZJ 

3 envia la ejecución al enunciado número 3 que puede s~r 

la instrucc.ión de conteo del ejemplo anterior. G~ T~ 24 pa

sa el contr.ol ·~1 enuncf.ado 24 qt~,~e puede ser el del ej~mplo 

anterior. 

Ejem. 

5.2.2 

Supongamos que unos de los enunciados de un progra~ 

ma son: 

'1 .. 1 

ISVH ~;~ p 

1 ISVM· ~ .I.SUM;t.1 

1 ... , ,1+1 
'' . 

CIZJ TIZJ 1 

EJ ~~unciado 1 F. 

Esto nos rett'resenta la suma de 

los números enteros, desde luego 

es nece~arlo ponerle otros •nuncra-

dos pero por el momento nos aclara 
' . 

lo indicado. 

Debido a que _las computadoras estan dise~adas a ba-

s~ de circ~ftos ,lógicos y el pensamiento,de1 ser humano debe 

,.16 



ser de este tipo, nos concretaremos el !F lógico, además de que 

el alumno ya tiene elementos de algunos operadores de relación 

come OR, ANO y·NOT. 

El l F lóg.ico es de ·1 a forma: 

IF (L) S 

l= exp res i ón ·1 óg i ca que puede tener dos va 1 ores: Verdadero 

o Falso. 

S= cualquier enunciado F~RTRAN diferente de: un D~, un enun-

ciado de especificación o de otro IF lógico. 

-------- ---s ¡---L- ~~ -f~-Ts~ (. FALSE.) entonces sei gnorafY1a-computa:----- ----------------

ción continúa aL sif•uiente enunciado. Si les verdadero (.TRUE.) 

el enunciado S s~~ejecuta en seguida • . , , ' ' 

Resulta: in~eresant~ hacer notar que si les relativa~ente 

complicada, ,éste·. I.F ,puf-de ser el equivalente de varios IF ~ritmé

tices. 

Para _forma·r las. expresiones lógicas (L) utn izaremos ;·los 

operadores ":de~.comp~r:~~ió,n. y los· de .• r~l.:Jciógp 
-. 

Operadores. de.cpmpara~ión: 

Símbolo 
Matemático 

< 

.Símbolo 
~nificado , F0RTRAN 

,Menor que .LT. 
-------~--

> _Mayor._ql:'e .GT. 
' • • ~ t 

< . ; MenQf e;> i gua 1 ..: .LE. 

> Mayor o Jgua1 a .GE. 

S i gn i fJ cado 
Inglés , --

Less tl!l;:m 

Greater. than· 

Less Of equal 

Greater ~r eq~al 

•. • 17 
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Igual ·a 

o'r fe rente a 
6 No igual a 

.EQ. 

.NE. 

Equal 

Not equal 

Operadores-de relación: 

u 
n 

·Unión .OR. ó ("o Inclusive) 
1 ) ~l ' 1 • ' 

Intersección .-ANO • y ("a 1 mismo tiempo) 

Complemento • NOT, no 

Para valuar una exp,resión lógica se. hará con las siguien .. ,, . . . 
' ' 

~es prioridades: 
.'' 1 1 :. ' 

i . - Exp res! <?.ners. t;P t:r:~ P:a r.én tesis 
••• 1 

2.- Operadores aritméticos 

3.- Operadores de comparación (.LT., · .• GT • ._ ~LE .. _, .GE., 

4.-

5.-

'6.-

.EQ. y ·.~NE.) 
.. ,· 

.NOT~ 

.M~ o'/ 
1' 

1 

.OR." · 
. ' '', • ,· ~~ ,. . • ·. . \ r 

.En ·caso ·de J~ua~·¡Jerarqufe la evaluación será de ez'qul~r-
.1, 1. 

1' '~. \ 

da a derecha. 
"' ~. ' ~ ' 

Ej~m. (1) . ·x ... s ~ ·: ,. . y=o .• s 
IF (X.GT~')·:.AND~ tY .LE.2.) · z,.,X**3+X*.,. 

1 '·' 

· ·Sigrirfi.ca que si X>). y (a1 mi.smo t'iempo) y<2.: --
se asignará a- z el valor que se obtenga al cal~ 

cul.ar' lt 3+XV, este~ f!S Zl!l!l125;+2.5=127.5 

(2) lf· (A.LE.X.ANO.B.GE. V .OR.C.GT.Z) Gil TBJ 12 

Significa ·que· s ñ A~X y (a 1 mismo tiempo) B>Y e~ 

•• 1~ 
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verdadero 6 C>Z es verdadero 6 ambos, entonces 

se transfi~r~ el control al enunciado 12. 

(3) 1 = 1 

ISUM r::j O Esto nos indica 

._1 iSUMeDSUM+1 que sólo sumare-

¡ t:¡ 1+1 mos los números 

IF (l.lE.lOO) G0 T~ 1 enteros del 1 al 100 

STOP 
'1 

5.2.3 El enunciado om 
~---------------------

Este· toma' i'a ·-forma: 

o e K CD L, l-1p N 

D(ll K "" l, M 

la ·segun:Oa forma sólo se aplica ~uando N=1, ~o 

que es bastante·f~~cuente. 

1( representa un número de enunciado 

1 ·representa una variab 1 e entera 

:~, ~~rN ~on varJabJes enterasd constantes sin 

signo. 

El Dgj produce· ·la_ ejecución repetida de 'todos lúp 

enunciados que le siguen, hasta el enunciado número K. 

la primera vez quec_~e, ejecUtan eStJtS_enunc}ados_l_a_var:.i.~=--~------~~-
-------------------~-----------

ble 1 es. lg~~l a~l, en cada paso subsiguiente 1 se incrp-
' 

menta en la ~~n:t {fila~·:.t.!·,. hasta hacerse mayor 6 i gua 1 ~ M 

en el pa~o fi.na~; ·,en. ~s,te momento-se termina el llamádo 

•• 19 
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lazo 00 y el control pasa al enunciado que está a conté-

nuación del enunciado K. Así, les el valor inicial de 

la variable y M su valor final. 1 se llama el índice 

del enu'nciado D!ll y su valor corriente se puede usar en 

cálculos durante l.a ejecución del lazo. ·Todos los enun· 
' 1 • 

ciados'·que.·h~ siguen·ar DftJ hasta el número K inclusivt< 

constituy,eri. el rango· del Of{J. También ~s ·posible que la 

variable 1 ;~b .·s·e ·.encuentre en ninguno de · 1 os en uncí ados 

del rango del D!ll y esto nos indica que ·se realice la eje• 

cuci6h~d· ~odos los enunciados del rango ~el D!ll M entre 

N veces· (lé' part~ entera de estez.cociente H/N). Debere-

. mos ~om,ar.' 'en·.!·é;:uell,ta:.que:• el fndfce 1 se incrementa ·secuen:-

cial ,.Y, .~utomáti~~m~~-te .dura'nte la ejec~ci~n del lazo y 
l -, ' 

que s·e·- pu~de,- en ·-~~~os momentos, trata~. ~omo 'cualquier 
1 \ ' ',, : • f ' '1 ' ! 1 ' 1 • - ' 

variab.l~·. e.rite~~; e.l. índice .1 queda of.ndefln¡do después ce 
1, ' 1 \¡ ' 

. terminado·:el .~1azo ... d.e.1 ~O!ll y puede .u~.ll iza.rse pa~a .cÚalquEe; 
• ' 1 ' 1 • \ : ' ~ l ' 1. J :: 1 • -

uso genera~~.~;-_~t :e~~n~ia~~· ~ 110 debe .. ;¡e.r-:"'n .. e~uociado de 

especifi.ca~ión ni una ~ransferencia de c.o~trql, esto inclu

ye cosas COJ'1'P. Gi) Tll, ~ 1 F y' Df/J,. así como FORMAl, END y a 1-
'1. l '1 • 

guno.s. ot~~s •. ,Oe~em~~·. c;o~' '~erar que no se- puede desdq, n in-

gún p~"-~.o:,~~l .. ¡~t~gr::am.aJ legar a un ·,enunciado dentro 1e1 

rango de• un .. D~. Y que la entrada a un D0.d.eberá hacetrse 
' • 1 ~ ' • ' • ' 

a través· d,el t;nun~i.i¡lldo .. D~ •. V.por último es muy fr:-ecu,nte 

que ~~ os\· ~~t'é completamente centro de otro. 
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Ilustrando gri'!fl carr.ente tenemos; 

CorrActo Incorrecto 

00 OUJ __ 'DilL Dr6 

qeJ OQJ .oe · 0(6 

!)gl ' Ola 

Ejem. Utilizaremos un DQJ para sumar los números enteros 

del 1 al 100D·ejemplo que ya hemos visto anterior-

mente. 
! t ',' 

ISUM.,. o Nos damos cuenta que el 0(6 ti e-

DllJ 1 1 "" 1,1 ~o ne Ja misma función que un 1 F D 

1 ' ISUM u !SUM+1 un GllJ TRI y un·con~ador; como po-

STOP d~á observarse con el ejemplp an-

terior • 

.).2.4 El enunciado ST(6P 

Este ap;:1,rece simplemente, como STfJP y es el que 
' . 

nos lndlca que ha te.rminado ··Ja ejecución y·en el .. 1caso .de 

1 BM - 1130' 
' os~··,,'','\ 

la .. computadora se detiene y el".operador tendrá 

oue hacer que continúe ·trabajan-Jo. Debido a ello -se reco-

mienda que se utll ice e1 enunciado CALL EXIT,' el ·.cual pa-

sa el control a un pro9r~~? ~nitor que hace.que ·la com-

put~dora coñtinúe ejecutando los otros programas que si-

guen a continuación. 

Tanto el STRIP como el CALL EXIT podri!in · ar,arecer 

después de cualq~ier enunciado. 
•,t 
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5.3 los enunciados de entrada y salida 
. 

Estos, como su nombre lo Indica, sirven para introducir 
' 

y sacar informa~ión de 1a computadora. 
' ' ' s. 3.1 El enunciado READ 

Este er.uncir:~do tiene 1~ for·ma READ· (8, t~) ·LISTA 

1 y N son enter:os s.i~ signo y LISTA rep.resenta una lista 

de nombres de variables para las cuales· se leerán valores. 

·1 designa, el 'tipo de periférico de .. entrada que se utilice 

(lectora ~e'tarjetas, consola, etc.). N.es· el número de 

un cnunci~do F~~MAT asociado al READ. 

Ejem. El enunciado READ .(2, 101) J, B, H. 

l 0 • t/1> ' O (o 1 \ 0 ,P L ¡ 

~roductra la lectura de tres numeros: un entero y 
1 ' '·'' . 

o ( 1 o ' _. ¡ .. L 1 1 • 

dos real~~·y se ·almacenaran en las local•d~de$ de 
' 1 ---

' ' r , , 'v ' 

:la memoria de la ;computadora designadas cori l.s 
• 1 ,, ' "' ./ ' 

variables J, By' H en su orden. ·las comas que se-
• ' 1 • ; ' ~ 

' ' ¡ 

paran éstos nombres de variables en el R~AD s,n ... 
•indispensables, ·2 es la ·unid~ de entrada y ~,1 

~· 1 • 

5.).2 · El enunci~do WRITE 

Este tiene la forma WRITE (1, N) LISTA 1 y .N fOn 

antera~ s·ln · slgno'~y 'LISTA representa una. -~·lsta de yarla· 

bles para' las.'cuales se Imprimen •Ja_lores~ ·e ·des'igna ~~ 

tipo de periférico 'de sal fda que se utfllce (impresorfi, 

cinta, etc.). N e! el número de un enunciado F0RMAT a~o-
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ciado al WRITE. 

Ejem. E1 enunciado WRITE (3, 108) L, X, Y 

Producirá que se impriman los valores de las va-

ri~bles L, X y V que se encuentren en las locali-

dades de memoria con esos nombres, en el formato 

especificado por el enunciado número 108 y por' 

la unidad de sa 1 ida número 3; las comas que s,epa-

ran éstos nombres de variables en el WRITE son 

indispensables. 

;..4 
1 

Los enunciados de especificación. 

Este tipo de enunciados no inician por ~i mismos ~os cál-

culos, no producen transferencia de control ni estimulan el flu-
' 

'jo de información, pero proveen al' compilador FQJRTRAN de los-

deta.lles esenciales para la traducción del programa fuente en 

Fi)RTRAN a 1 programa objeto en 1 enguaje de máquina ó para ·1 a con-

' 
versión de datos~a la entrada o.la salida •. 

Si queremos -introducir datos a la c~~tadora lo p~demos 

hacer mediante un enunciado que esté dentro del programa, como 
\ 

A= 3.1416, ·ésto es lo que podríamos llamar inicial izar \Jna va-

riable; y el programa se ~o~pilaría-cada vez que quisier~mo~

ddrle un valor diferente a A, lo cual resulta muy custosp, yd 
--~-----------------------~----

que las compilaciones son laboriosas. Para evitar esto s~ usa 
o 

el enuncrado REAO y los valores que se le den a A podrán estar 

en tarjetas d~ datos, los cuales son independientes del progra-

•• 23 
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ma fuente. 

El enunciado F~RMAT 

Este tiene la forma: N F0RMAT ( • , , ... ) en 

la cual·N-es-el ·número del--enunciado F.,RMAT-y- cor-respon-

de al N de los enunciados· READ y WRITE. los espa~ios en-

tre las comas están disponibles para las especificaciones 

del tipo que se describen más ad~lante, siendo el número 

de espacios uno o más, de acuerdo a las necesidade~ r'ei 

programador. 

la especificación 1 :lw 

Aquí 1 indica un valor entero y W es 

~n entero que indica el número de columnas o an-
\ 

cho de: campo, que ocupa ese valor en la tarjeta 

de entrada o en el papel de impresión. El númerc 

w ·deberá incluír un lugar para· el signo de ese 

valor, siendo+ opcional: 

Ejem. Valor de los dato~ 

de entrada o salida: 1130 ·+1620 -370 O 71~ 

Especificación: 14 15 ! 4 11 13 

!).4.1.2 ·· .. La·especificación F:Fw.d 

Aquí F indica un va 1 or rea 1 , w i nd i qa 

el número de columnas que ocupará el valor en la 

tarjeta de entrada o en el papel de impresión¡ d 
. . 

indica el número de cifras que se encontrarán des-
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. ' 

pués del punto decimal. w deberá incluir un lugar 

para el signo y otro .para el punto decimal. 

Ejem. Valor de los datos de 

Especi f i cae i ón ~ F6.3 FS.3 FS.O F5.2 

5.4.1.3 La especificacüón E:Ew.d 

Aquí E indica un valor real en forma 

cxponenc i a·¡ y t..r ¡ nd [ca 1 a anchura de campo para 

~se valor y debe de incluir el signo, si lo hay, 

el punto decimal, el lugar para la letra E, un 

lugar para el signo del exponente, si es negati-

vo, y dos lugares pa.ra_ el exponente; d indica el. 

número de :dígitos a \a derecha del punto decimal. 

Ejerr; .. ·Valor de los datos 

de entrada o sal ida: .1403E04 -.7E-02 .14-42E+04 

·;Especificación:'· E8.4_··; .'"E7.1/ .. E9o4 

. Es -conveniente que-~ando deseemos $ac~r 
·'· · .. 

:nfonwJci6n de la computadora 0 tomemos -en -cuenta 

-para el ancho del campo lo siguiente:· . , . 

. • l -' :..( \ . '· ' . 

no .se imprime. 
·------------------------------

2.- ' El punto decimal par~ las especificacio-

nes F y E. 

3.- Por lo menos un dígito a 'ia· izquierda 
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del punto decimal, puesto que muchas 

máquinas imprimirán allí un cero si o-

tro dígito no ocurre. 

4.- Suficientes lugares para todos los dí-

gitos significativos deseados, debido 

a que para los dígitos que no s~ les 

- deja espacio se t~uncan o rédondean. 

5.- Cuatro lugares.para el exponente de la 

especificación E. 

6.- .El primer lugar se·~eja en blanco para 

el control de carro. 

El enunciado~END 

Este se lee simplemente ENDe. informa al compila-
' . ' . / 

dor que el programa fuente ha terminado y debe ser el úl-

t~mo enunciado de cualquier·program3~m~T~N. 
' • 1 ' ' ' • ' • • ~ ;. 

6.- Arreglos 

Frecuentemente tratamos con un··.g·rupo ·de variables que for-
.,. . . - . 

man o- pertenE7cen -a· una e 1 ase .o co 1 eccl ón., Cuand~ ·1 as var i ab 1 es 

forman un conjunto ordenaqo, ~ueden relacionarse unas con otras 

por la notación de subíndices; entonces desfgna111os es~ colec,cl6r. 

como arreglo y las variables ·qu~ pertenecen a ésta._serie son 

los elementos del arreglo. A veces se emplea como sinómimo de 
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arrei:jio.el nombre de mátríz y, en consecuencia 0 hablamos de ele-

mentos de la matriz. 

6.1 Variables con subíndices 

Un -conjunto de .números--que .pueda arreglarse-en .un--renglón.-

ó columna se considera como un arreglo lineal ó unidimensional~ 

y ésta serie puede llamarse vector.1 .1dentificamos los elementos 

de un vector renglón ó columna por un sólo subíndice. 

Ejem. la columna de números del .vector llamado A, con-

siste de los elementos A, hasta An inclusive y 

se represent~ como sigue: 

Notación asoctumbrada. 

Ai 

As 
1 

'i 
1 

Ai 

An 

Notaci6~ F~RTRAN 

n (l) 

. A (2) 

. - ,- A· (3~ 
J 1 

1 
. 1 

:A { 1) 
1 

-1 
9 

. ~ 
-Cada una de ·estas A(l), en donde 1 varía.de i a ~i 

·son el nombre de una variable, el conjunto de to~ 

das ellas es ·lo··que 11amamos.arreg1o'. 

' 
Si se usan dos subíndices para identificar los elementos 

Cle un arreglo se cons Hiera é!i"te como·--un-a·rre·glo-b·i-dimens-i-ona·l. 

los cuadros de un tablero-de ajedrez, pueden considerarse ~o~~ 

-un arreglo bidiminsionaL V si Hamamc.s a cualquiera de lo~ ,~i;a-
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dros con la variable CTAJ tendremos 64 variables; pe~o como el 

tablero tiene 8 renglones y 8 columnas, podemos referirnos al 

cyadro que se encuentra en el renglón 3 y la columna 5 con la 

variable CTAJ-(3,5). 

D~pendiendo del tipo de computadora será el número de sub-

ínciíces que podremos asignarle a un arreglo; en IBH - 1130 56lo 

se admiten arreglos con un máximo de tres subíndices. 
~ 

Las variables que se utilicen para designar arreglos de-

berán observar las reglas que se dieron anteriormente al hablar 

de variables enteras y reales considerando que para los cinco 

caracteres alfanuméricos son independientes de los índices que 

se encuentran entre paréntesis. 

6.1.1 Reglas pa.ra los subíndices.· 

Reg 1 a Un subíndice debe ser un entero; puede ser 

constante, variable ó una de las expresipnes 

' .aritméticas S'iguientes~ 

A* V+ b A * V- b 

en donde ves una variable entera y a y·~ son 

constantes enteras sin signo. 

Ejem. ·Algunos subíndices pueden ser: 

1 1972 10*KONT 2*1 J 

1976*N-8 2*1-4 2*1+3 

No se pueden usar como subíndice: 

1+1 -1 2-lO*CONT -1932 -KILO 

. • .28 
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Regla 3 

Regla 4 
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Un subíndice sólo debe tomar valores positivos. 

Un subíndice en sí no debe ser una variable con 

subíndices. Así X(l(2)) no es permitido. 

Un símbolo que representa un arreglo, una va

riable con subíndice, no debe usarse sin sub-

índices para representar otra variable difereno 

te en el mismo programa. Esto es A(l) y A no 

deben referirse a variables diferentes. Como 

siempre hay una excepci6A que por anora no 

tocaremos. 

Ejem. Los símbolos para variables~reales con 

subíndices podrían incluir: 

)( ( 1) SUM.(K+2) A( 1 ,'.2*J+1) B { 1 NT) 

Para variables enteras con subíndices 

podemos tener: 

JNT(M,N) 1 (J) ICTA(J,2*1) 

6.2 El enunciado OIMENSI0N 

Siempre que en un programa utilicemos variables con s~b-

índices deberemos poner como pnlmer· enunciado el OIMENSigjN, el 

cual indica al compilador qué tanto espacio de memoria se d~be 

reservar para las variables con subíndices •. Su forma es: 
----------------------~ 

OIMENSI0N u, v, w, ••. 

Donde u, v, w, •.• son nombres de variables, cada una de 

las cuales va seguida por el máximo número de elementos en ~l 

' ( 

C(I,J) 



arreglo correspondiente. Deberán observarse las siguientes reglas: 

-Regla ! 

Regla 2 

!_egla 3 

Cada variable con subíndices se debe mencionar en 

un enunciado OIMENSIGN antes de su primer uso en 

e 1---programa. 

los símbolos representados anterionmente por u, v, 

w, .••• deben tener la forma: 

nombre de variable (máximo número de elem 

mentos} 

el número entre paréntesis debe ser una constante 

entera sin signo. 

Ejem. DIH ENSION A(20), 8(lt,8), CARR(S,3,lt) 

·.Esto indica ·que el compilador reservará 20 loca-
' ' 

' ~~ 

lidades para el arreglo A,·sus veinte variables se· 

rán A(l), A(2), ••• , A(20) al mismo. tiempo se reser-
' 

varán :32 (~x8) localidades para las variables 8(1,1), 

8(1~2}. 8(1,3), ..••• , 8(1~8),.8(2,1), 8(2,2), ..... 
'8(2,8), 8(3, 1), 8(3,2). ..... ·- 8_(3,8) o 8(4,1). 8(4,2)-

••• , 8(4,8) y por último se reservarán 60 (S~3x4) 

localidades para las variables ~el .arreglo C~R, con 

.tres subíndices cada una. 

El arreglo que se use en particular, dentro ~el pro-

grama podrá tener menos eleme~~os que los especifi

cados en la magnitud del enunciado OIP4 ENSIOfi, perc. 

no más. 

o .30 
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Regla 4 La variable tal como aparece en el enunciado DIMEN-

SI0N debe tener exactamente el mismo número de sub-

' fndices que en cualquier otra parte del programa. 

'.' 
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7 - SUBPROGRAMAS. 

Los subprogramas·,· tamb[én llamados s.ubrutlnas, son programas que pueden 

ser puestos en uso por otros programas cuando sea necesario. 

Las funciones de ~iblioteca ó funciones del sistema constituyen una va

riedad dé subprogramas. 

].1- fUNCIONES 

Cuando el ·valor de una variable depende de una ó más variables ó constan

tes y además de una serie de cálculos,y dicha variable ha de calcularse repe

tidamente y en diferentes puntos de un programa, es posible definirla como-

una Función. En otras palabras, Además de las funciones con que cuenta la bi -

blioteca del sistemai el usuario puede escribir sus propias funciones para uso 

especifico de su programa. 

Tomemos Ún ejemplo para visualizar Jo anterior: 

Supongamos que para un programa en especial, en el cual trabajamos con grados 

en Jugar de radianes, deseamos calcular continuamente SEN~ (X), sin el uso

de funciones serí~ necesario transformar el argumento deseado de grados a ra-
' dianes y después llamar a la función del sistema SIN (X). A continuación pre-

sentamos una función que calculará SENO (X), (X en grados) 

FUNCTION SEN~ ( X ) 

X a X * 3.14 15 92/JBO. 
·SEN~ = SIN (X) 

· RETURN 

END 

que es llamada ~esd~el programa como: 

GRAO= SEN0 (GRAD0S) 

En base' a éste ejemplo podemos 9eneral izar: el uso de la prOJ:JOSición 

FUNCTI ON • 

a) Deb! ser codificada en forma independiente del programa 

·que la usará 9 es decir, no debe aparecer "dentro" del programa. 

b) Debe empezar con la palabra FUNCTU!IN 
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· FUNCTI ON nombre (parámetro ) 
/ 

e) A continuac,ión se escribe el nombre con que será llamada. 

d)· Después, entre paréntesis y separados por comas, aparecen los argu

mentos. 

].1.1 EJEMPLOS.-

END 

FUNCTION RAIZ 1 (A,B,C ) 

RAIZ1= (-B + SQRT (B **2- ~.*.A* C )) ¡·( 2,* A)' 

RETURN 

FUNCT! 0N RAI Z2 { A, B, C ) 

END 

RAIZ2 ~ ( -B - SQRT (8**2.4.* A * e )) / (2.* A ) 

RETURN 

e EC. SEGUND~ GRAD0 

RE AD ( 2 , 1 00) A , B , C 

100 ·FORMAT { 3Fl0.5) 

Xl = 'RAIZl {A,B,C) 

X2 = RAIZZ (A,B,e) 

WRITE (3,200) A,B,C, Xl,X2 

200 FORMAT ( 5 {: ~F10,5') 

CALL EXIT 

END 

Este ejemplo es solamente para mostrar·el ~o de la proposición 

FUNeTI0N y 'no contempla algunas situaciones como raíces cpmplejas, ·· 

7. 2 SUB RUT 1 NAS 

Como es fácil notar, la proposici6n FUNeTiflJN nos "regresan un sólo va

lor y lo hace a través de su nombre. En muchos casos es cpnveniente ó -

necesario que se nos regrese másCJe-un valor-,-para éstos casos---usamos--la 

proposición o enunci a~o: 

SüBR0UTINE. 

Una subrutina es un subprQgrarna que puede "recibir" cualqui·er ru:ín.e-rv -

de parámetros ( desde'cero h~sta un número determinado par el tipo de co~ 
pilador) y puede "regresar" diferentes valores calculados. 
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Veamos algunos ejemplos:· 

Supongamos que al imprimir resultados de un cterto programa tenemo~ ~~~ -

.escribir algún título usando los primeros .renglones de la hoja. En tal caso po~ 

··demos hacer uso de una subrutina como sigue: 

SUBR~UTINE ENCA 

WRITE (3,200) 

20D · FRJRMAT--(1, lX,- 1 REPORTE- SEMANAL-1 
, / i 

RETURN 

END 

· Como vemos no hemos pasado ningún pará~tro ó valor a la subrutina. Para 

que se ejecute ésta se debe hacer uso de la proposición CALL,- de la s_iguiente fcr 

ma: 

CALL ENCA 

de.ntro del programa y en el lugar donde deseeroos que ocurra la impresión. 
\ 

Dis~utamos ahora un ejemplo muy simple para ejemplificar el uso de parámetro¡. 

Hagamos una subrutina que 11 recibá11 co100 entrada dos números, los sume y el resul -

tado lo "regrese" en otra variable. Sean A y B los ·numeras -a sumar, y C la varia ·· 

ble en donde se pondrá el ·resultado. 

SUBROUTINE SUMA (A,B,C ) 
C=A+B 

RETURN 

END 

i 

Es importante detenerse a' ver ·el significado ·de los parámetros para las sub -

rutinas: 
i 

La subrutina anterior SUMA puede ser llamada de diversas fo~ma~: 

CALL · SUMA (AA,BB, CC) 

/ CALL ·suMA (4, 7, X ) 
1 

etc. 

Como vemos, las variables A,B y C que aparecen en la subrutina ,on variab)es 
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mudQ.S o dormidq,s Y solo tienen sentido dentro de· la subrutin::.. Veamos lo- , 
anterior: 

Supóngase el siguiente programa: 

200 

Xl::: 3. 

X2= 4. 

CALL · SUMA ( Xl ,X2 ,X3) 
SUM== X3 

WRITE (3~200) X1,X2,X3, SUM 
F0RMAT (l.f Fl O. 5) 

CALL EXIT 

END 

Se propone como ejercicio al lector que haga las veces de la máquina y es -
criba lo que ésta imprimiría. 

La máquina imprimirá 

3.0 4.0 ].0 ].0 

po.~c..Y 
Una de las facilidades m;js .utiles en fUbrutinas es .Ja de~rreglos como 
, . 

parametros, ej! 

SUBR~UTINE MAXIM (A, MAX 

DIMENSION A { 10) 
------
---------------
RETURN 

END 

-,--------Supóngase_que_és_ta __ s_\,lbrutinª __ enc~entra el eleroento del arreglp A (10) con 
------

mayor valor y lo regresa a través de la variable MAX. Es importa~te notar que . 
si pasamos como parámetro uno ó más arreglos hay que dime~sio~arlos otra vez 

dentro de la subrutina, lo cual se puede hacer de·al menos dos formas: 1) 

poniendo la dimensión que aparece en el programa que lo llama~ 
' 2} Poniéndole dimensfón l (u"'o) 

.Ejemplo: 
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JIMENSlON A (10)., B (ZO}. 
_._ ___ _ 
--·-- --

CALL 0RDEN (A) 

CALL. MAX lH (8} 

·~All MAXlH (A} 
-------------- -------- --------

CALL EXrT 

END 

-·""'·----------------
Caso 1: 

SUBR0UTINE SRDEN (X) 

DIHENSlON X (JO) 

RETURN 

---~E::,:N:,.D--------------~--,,. -~-------"""""""-
Caso 2: 

SUBR"UTINE HAXIH (il 

·-·DIMENSION "( (l} 

----

RETURN 

END 
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7. 2. 1 COMMON. · 

Como es posible visualizar en los párrafos anteriores, las variables 

usadas en las subrutinas, o mejor dicho, dentro de l'as subrutinas, son totai -

nente independientes a las variables usadas en el programa~principal. Muchas -

veces es conveniente que tanto las subrutinas como el programa que'las llama 

tengan--variables-en COMUNT Para-1ogr.aHsto--existe ~la declar-ación 
1 

COMMON 

La 'forma g~neral de ésta proposición es: 

COMMON 1¡sta de variables 

donde ulista de variables 11 es un conjunto de variables y/o arreglos separado~ 

por comas a las cuales queremos adjudicarles la-propiedad anteriorp es decir, 

sean comunes a .varios subprogramas. 

Ej. 

COMMON A,B, X (10), AB (30) 

Esta declaración debe aparecer al p'rincipio de cualquier programa o sub

.rutina en que se desee usar. Veamos un ejemplo: 

SUMA DE DOS NUMEROS 

COMMON A, 8 9 C 

. ·A= 3 

B= 7 

CALL SUMA 

z = e 
WRITE _ (3,200) A, B, -·e; -2 

· ·200 F0RMAT ( 4 Fl O. 5 ) , 

CALL EXIT 
-------------------

END 

.. 
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SUBROUTI NE SUMA 

COMMON A, 8 1 e 
e ... A+ e 
RETURN 

END 

iste programa debe imprimir : 

3.0 ].O 10.0 10.0 

Una propiedad importantt: del COMMON es que s·i un arreglo es especificado 

en eOMMON ·que dá automáticamente dimensionado, es decir, no hay que especifi -

car dicho arreglo a través de la declaración DIMENSION • 

En las siguientes pági·nas se muestran veintiún programas, que incluyen sus-. 

diagramas de flujo, codificaciones, datos y resultados¡ el objeto es ~u• el'

/lector pueda complementar la parte teórica con la práctica, ·amén d~ que d~b~ ~ 

rá hacer los propios y procesarlos en una computadora a su alcance • 

. • )8 
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"CONVERS!ON DE GRADOS CENTIGRADOS A 
..:; RAD OS FAREN H EiT" -

INICIO 

1 CEN= 37.45 
~.~--~-~~,..) 

r F.A~EN=CEN X 9./5.+32 • 

. ,, 

FAREN 

( 



,'/ JOR T 
11 FOR 
oLIST SOURCE PROGRAM 
oQNE WORO INTEGERS 
OIOCS(CARD.l!32 ?RINTER> 

C CONVERSXON bE GRADOS Ct.NT!GhAOOS A 
C GRADOS FARENHEIT 

·lO o~ F O 1~ M A T ( F 1 O a 4 , 

/1 XEQ 
/0 

IMP=3 
CEN=37 .. 45 
FAREN=CEN°9.,/So+32 .. 
WRlTECIMP9100)fAREN 
CALL EXIT 
ENO 

RESuLTADOS 

r'RO G. 1 



"CONVERSlON DE GRADOS FARENHllT A GRADOS 
CENT!GRADOS" 

CINI~O ; 
¡------~ 
1 --~~~~ 

r 
lCENTI=(FAR-32.) x5./9. 

f.AR 6 CENT 1 



11 ~on ~· 

11 FOR 
*LIST SOURCE PROGRAM 
*ONE WOHD lNTEGERS 
0 lOCS(CAROvll32 PRINTERl 

C CONVERSION DE GHADOS FARENHEIT A 
C GRADOS CENTIGRADO~ 

lOO fORMAT<FlOQ4) 

'1 

101 FORMATCFl0$4v22H GRADOS FARENHEIT SON @Fl0o4t20H GRADOS CENTIGRAOO 
1$.,) 

LEE=2 
!MP=3 

200 REAOCLEE,]OOJFAH 
C FAR IGUAL CERO INDICA TERMI~O DE DATOS. 

lf (fAI02l0·.,220t210 
210 CENTl=CFAR=32o)~5e/9o 

WRlTE(lMP910l)FAR~CENTI 
GO TO 200 

220 c;~,LL EXJT 
r~ND 

1/ XECJ 
12h0000 

126. 
-14 .. 

l8o2t 
o.o 
/0 

R E S U L T A D O S ·. 

PROG - 2 



••cONVERSlON ENTRE GRADOS FARENiiEIT Y GRADOS 
CENTIGRAUDS" 

FIN 

FGRADx9.;;,- ~ 32. 

- l_ -, 
ICENTI=(GRAD-32.)x 5./9. J 
1 .¿; - ¡. ·--

: GRAO, FA RE NI 
j 

G RAD,, C~NT! 

1 

.-~--_j 

PROG- ~ 



11 JOR T 
11 FOR 
~LIST SOURCE PROGRAM 
~ONE WORJ INTECEHS 
~IOCS(CARD~ll32 PRINTER} 

C CUNVERSION ENTHE GH~DOS fARENHEii 
C. Y GRAOOS CENliGRAOOS 

· ·l 00 FORMAT ( lHl i 
101 FORMAT(ll9Flo;3~ 
102 FORMATCFlOo2,lSH FARENHEIT SON 9Fllo3tl3H CENTIGkADOSo) 
103 FORMAT(fl0c29l7H CENTIGRAOOS SON of9c3tllH FARENHEIT.l 

LEE=2 
IMP:J 
WRITE<!MP'l'10D) 

200 HEADCLEE~lOloEND=220)lNDioGRAO 
lF(lNDiaEO~l)GD TO 210 

C J~DI DIFERENTE DE l DATO EN GRADOS FARENHEITo 
C SE CONVIERTE A C[NTIGRAOOS@ 

CENTI=fGRAD•32ol~5Q/9o 

WRITE(TMP9l02)GRAD~CENTI 
Go ro 200 

210 CONTINUE 
C EL DATO ES EN GRADO CENTlGRADOo 
C SE CONVIERTE A FARENHE!Ta 

FAREN=GRA009o/5o~32o 
WRITEClMP,lOJ)GRAD,FAREN 
GO TO 200 

220 CALL EXIT 
END 

11 .XEQ 
1 12000 

·O llo48 
1 o. 
2 32o00 
1 -l6o' ·· 
l l8o 
/0 

R __ ES U LJA DO_~ 

PROG - 3 

.•. 



'
1 CONVERSION DE· GRADOS A EADIAN tS" 

~--~··=\ 

it"'iCIO ) 

8----------tJ~· "--=--......., 

' 
GRAO j' 

~·~,--

T 

1 

Jr 

1 E-~-~-(GRAD-180) 
f- - l 

,,_.L~A--D-=G~R~=:-o_x...;¡;:~ 1459 26/18 o.¡ 
l -·- " 
1 

,....---lL.!r --~ 

GRAO, RAD 1 

·-k 



11 JOr1 T 
11 FOR 
OLlST SOURCE ?ROGRAM 
~ONE WORO INTEGERS 
~IOCS(CARD,ll32 PHINiER) 
cCD-·----------"='-c tJ t\ o- R ()-fQ:-~~-~ 
C CONVER~ION DE GRADOS A RADIANES 

. 101 FORMAT(F8Q3) 
··102"FORMAT(F9o31ll2H GRADOS SON !lf6.,3-¡¡lOI·(RADlANESo) 
lO~ FORMAT(///ol0Xvl6HFIN DEL,PROGRAMA) 

LEE=2 
IMP=3 

200 READ<LEEvlOl~EN0=230)GRAO 
210 IF<GRADaLT~360)GO'TO 220 

C EL DATO ES ! GUAL O SOBREPASA LOS ·JóO-- GRAO"OS1 sE- 'AJUSTA}-.. 
GRAO=GRA0-3p00 
GO TO 210 

220 CONTII\JUE 
C SE TRABAJA ENTRE 41RO Y -180 GRAOOSo 

IF {0:-·AO.,,GE., lfHI., i GRAO=- (t:rRAD ... !OO .. ) 
R A \):. ~~HA O~.:! .. 1 '• l 59 2 6/l 8 0 e 

wr.lTECIMD~l02lGHAOoRAO 

GO TO 200 
230 WRITEC1MP;l03) 

CALL EXIT 
END 

// XEQ 
90000 

.... 90., 
3600,. 
-380e 
O o O ' 

185.27 
132.4 

-79o9 
1* 

R E S U L ·r A D O S 

PROG - 4 



r--=~-

1 
1 

1 

1 
1 

1 , 

t /.¡, 
¡ 

1 

1 
1 

----~~·"""\ Gro) 
/ -¡ 

( ¡ 
' ' 
: ; ; ! } ~ ' 

1 
¡ 

l 
i 

-
1 

1-'ROG ~· :'.! 



11 ~OR -¡ 
/1 fOR 
~LIS T SflUl\CE PROGRAM 
*ONE ~JOiW I NTEGERS 
*IOCS(CARD 9 ll32 PRJNTER) 
c-------------e I N e o-------C DETERMlNACXON Dt: NUM[ROS PARES 
C E IMPARES 

lOO FORMATC13) 
101 ,fQHMAT<l4oRH ES Pt.\H,.) 
lOZ FOHMATCl49lOH ES JMPARu) 

LEE=2 
li1P=3 
REAO(LEE~lOO)NTARJ 

C NTARJ INDitA NO~ DE TARJETAS CON O~TOSo 
DO 202 l=loNTARJ 

READ(LEEolOO)NUM 
lNO=(=l)fl'*NUM 

1 

lF(INDolT60)60 TO 200 
C EL NUMnW ES ''ARe 

~i¡{J1f(IMPol01 )NUM 
GO TO 201 

200 CONTINUE 
C El NUMERO ES XMPAR~ 

WRITEllMPol02)NUM 
20 1 CONT I NUE 
202 CONTlNUE 

CALL EXIT 
END 

11 XEQ 
005 

17 
1 

14 
291 

8 
/0 

R E .S U L ·-r ·A. O O S 

----
¡--7 E: S IMPAR e 

1 ES IMPAR o 
.14 [S pARA 

291 ES ~~~!R~ 8 ES 

! 
1 

'1 
' 
\ 

PROG - 5 



"O·ETEKMfNACION DE MULTIPLOS DE UN NUMERO•· 

IBAS E 

------· 
í 

fiN 

NTAiU 
L .. _ _,,._ __ 

·--.... "'"11\1--· . .,.._.,_ __ 

NUM 

1 
:. 

l 
!DIVa NUM/IBASf ~ 

i 
RNUM=NUM ' ' 

J &DIVa RN UM/,BASf 
• ¡ 'NO MULJ .• 

1 

e 

t ¡ Nl¡M,IBA.Sl f T 

\ 

\, 

'MULT • , 

•' '· ¡ 
\' 
') 
•, 

1' 
·' \ 
' .. 
\ 

\ 
1 
1 



!'/ JOI~ T 
11 FOR 
Ol; S T · SUIJI.<Ci:_ P~WGRAM 

OQNE WORO :N1[GERS 
OJ0CSCCARDvll32 PHINTER} 

e-------------s E x s---------
C DEíERMINACION DE MULTIPLO~ 
C DE UN NUMERO 

lOO FORMAT(J3) 
101 FOHMJ\TC34HlNLJMERO-MUt.TXPLO DE""'a~J 1\HJL.TlPLO DE¡, 
1 O 2 F O IH4 l\ T ( 2 X 11 I 3 o 7 X , l J ) , 
lü3 FORMAT(2Xol3o2lX~lJ) 

LEE=2 
IMP=3 
WRITE(lMPelOl) 

200 READCLEE,lOOeEN0=240)1BASE 
READ<LEE9l00)NTARJ 

. ... 

21(. 

DO 230 I=l~NTARJ 
READ\LEEelOO)NUM 
I O¡ v-.-=NU"'ll 1 HASE 
rl :·íUii=~·JUM 

íWI V==RNtJM/JBASE 
i F < f<!l IV Q E Q o 1 O IV l GO TO 21 O 
·- NUM NO ES MULTIPLO DE IBASEe 
WRITE<IMP~l031NUMelBASE 
GO TO 220 

:ONTINUE ~ 
NUM SI ES MULT!PLO DE l~ASEe 

WRITE<lMPel02)NUMolBASE 
220 CONT p;¡ ,,-

?'"~ 

ilt0 LALL EXlT 
END 

/1 XEQ 
-ooz 
005 

17 
001 

14 
'291 
·8 

003 
002 

9 
11 

005 
01 
09 ,, 

-, 

PROG - 6 



11 NUMEROS PRIMOS ., 110. 

INICIO 

'ENCABEZAD 

NUM 

fiN 

NUM 

;------.--, · ·NUM 
~-~·IND= (-1) 

F 

'NO PRIMO.,_ __ ~ 
NUM ,.~ 'PROG '"'7 



F 

l
¡ •No PRIM'l 

NUM 

11 N Ur.l\ E RO S PR HJ, OS 0
' 

1 = 3 

F 

l 
IDIV= NUM/1 

RNUM= NUM 

RD IV= R N UM/1 

1 = ! + 1 

2a. 

T 

1 = 9999 

PROG - 7 



11 .JOb T 
11 FOR 
*LIST SO~~CE PROGRAM 
~ONE WOHO lNTEGERS 
~IOCS(CARDoll32 PRXNTER> 

e 
< .1 00 

·lo l 
102 
103 

200 

.e 

ZlO 
e 

NUt-1EROS PH lMO~ 
FOf<MAT~I3) 

FOHHATC19HlPRIMOS 
f01-J.MATC2X913) 
FORMAl (14X,!3) 
t.EE=2 . 
IMP::J 

..... NO PHIMOS) 

W IH TE ( l MP 0 1 O 1) 

R~AO«LEE~lOOvEN0=290)NUM 
lFCNUMAGTeJ)GO TO 210 

NUM ES MENOR O lbUAL A J(lOOO NUMEkO NATURAb HENOH O IGUAL A 3 LS 
WRlTttlMPel02)NUM , 
00 TO 2HO 

CUNl'li\IUE 
N~M E~ MAYOH ~UE Jo 
lNO:::(~l) .. ONUM 
lF(!N0eLT60)~U TO 220 

e NUM ES PA~(TOUO NUMEHO ~AR MAYOH QUE 3 NO E~ PHIMO~)e 

WH1TE,IMP9103)NUM 

220 
e 

230 
e 
e 

e 

24ú 

e 

GO TO 270 
CONTlNUE 

NUM ES IMPAH<SE INICIA PROCESO DE P~lMO O NO~PHl~O)Q 
)MAX=NUM/2 
1=3 
IF<I.GToiMAX)GO TO 240 

~E UUTltNEN LAS .OlVISlONES-ENTERA Y REAL DE NUM/1 
CON 1 DE 3 HASTA NUM/2.'· 

- IDIV=NUM/1 
RNUM=NUM . 
ROIV=RNUM/1 
If(RDIVoEQalOIV)l=9999 
l =9999 .l NOI CA QUE NUM .. ES.: P.R,IMO o 

1=14-l 
GO TU 230 

~uNTlNUI:: 

lF<IoLT.99~~lGO TO ZS~ 
NUM NO ES PRIMO. 
WklTE(IMP,l03)NUM 
60 TO 2&0 

- 250 CONTlNUE 
e NW-1 ES PHlHOo 

WHITEtiM~e!02JNUM 

260 ct:l\lTINllf 
270 CONT!NLI[ 
2¿j0 CONT!NUt:: 

GO lO 200 
290 CALL EXI! 

ENO 
11 XEU 

l 
2 
3 
4 
~ 
ñ 

··1 
PROG - 7 



'1 
lO 
ll 
12 
13 
1~ 
17 
.19 
2l 

/411 
"'ESULTADOS 

- - ----------..,,---

-~ ...._.. .. -. l 

. - : 

é 

1----------e---------
9 

~--~~----~---C--~-----
11 12 

----~.l~---------~1--5---------~ 

17 --¡. 
21 

1 

-~--------, i 
-----=-----------------........-

P~OG -r 7 



NTERM 

NMl= 1 

NM2= O 

NM1, NMl 

N UEVO=N M 1-+~.M2 
' ', i 

NM2= NM1 

1 NM.l= NUEVO' 
{ -

NUEVO 

PROG -S 

S 



// .. J0L1 T -
,·¡ F\)R 
~LIST SOURCE PROGRAM 
tQNE WORD INTEGERS 
vJOCSCCAROoll32 PRINTER) 

C .5ERIE DE FIBONACCX 
lOO FORMATCIJ) 
lOl FORMAT(I493Xo!5) 

LEE=2 
IMP=J 
READCLEE9100)NTERM 

C NTERM REPRESENTA EL NUMERO DE~EADO·DE TERMINOS' 
NMl=l 
NM2=0 
WRITE<IMPolOl)NMloNMl 
00 200 !=2,NTERM 

NUEVO::::NMl~NM2 

NM2=NMl 
NMl=NUEVO 

~ SE IMPRIME LA POSIC!ON_ Y fL VALOR DEL TERMINO 
WRITE(lMPol01)l9NUEVO 

200 CONTINUE 
CALL EXIT 
END 

11 XEQ 
-015 
¡o 

RESULTADOS 

--- --
1 ,. . . 

1 

.~----
____.. 

1 
1 1 

3 
i 

Y,. 

4 .. 3 
1 5 5 ; 

9 13 1 

8 2. -~ -~a 1~. ' 5 \ 
¡ 

1- &-9. 
1~ 

. .. 144 

14 . ~11 
15 . ' ! o 1 

.1 
! 

·- -- --------.......--

FROG- 8 



·~ FACTORIAL " 

INICIO 

LEE IMP 

NUM 

IFAC =1 

IFAC = 1 

IFAC = 1 

JQ-.----1 
NUM, IFAC 

PROG - 9 



11 .JtiH T 
1/ FOR 
~LIST SOURCE PROGRAM 
~ONE iJOHD INTF.GERS 
o¡ocSCCAHD~ll32 PRJNTERl 

.... 
w 

lOO 
lOl 
102 

rACTORlAL 
FOHMAT <211) 
FOHMATC12) 
FOR~1,J\T ( !3,3Xv 15. 

e SE LEEN LAS UNIOAOES LOGICAS DE LECTURA E IMPRESIONN 
REA0(2ol00)LEE9IHP 

.. 
v 

200 

210 

220 

REAO(LEE~l01QE~0=220)NUM 

IF AC=l 
DO 210 I=2~~NUM 

lF"AC=IfAC¡,}I 
CONTINUE 
lf{NUMoEQoO>IFAC=l
lFCNUMoEü~l>IFAC=l 
SE iMPRIME EL NUMERO V SU F~ClOR!A~ 
WRiTE(lMP,102~NUMtlfAC 

GO TO 200 
CALL EXIT-
EN'"' 

11 XE(J 
23 
Ol 
02 

,03 
04 
'i5 
~D 

o 

___ !LE..S U_LT A.D O· S 

-- ________ __..., 

_~....,.~---0-~ --___:_j 

45 24 ·¡' 120 
o 1 

PROG - 9 



"' r 

11 CAMBIO DESASE, DE DECiMAL A BINARIA .. 

NUM 

lEN BASE 10' 

NUM" 

1 NE2 = NUM/ 2: 

1 ' 

N B = N U M- N .E2 x . 2 

NB 
'1 ó o• , 

NUM = NE2 

T 

FIN ' \ 
¡ 

,< ____ .... 

1 =o 

-----=--

PROG- lO 

1 e. 



11 JOR T 
11 FOR 
ctLlST SOURCE PROGRAM 
oQNE WORD INTEGERS 
o¡QCSCCARD91132 PRINiERJ 

- c-------------0 -x E-~--------~ 
C CAMBIO DE BASE ~ DECIMAL A BINARIA 

lOO FO~~AT(IS) , 
101 FO~MAT~1Xol5wl9H EN BASE DECIMAL ES) 
102 FORHAT(lXoll) 
103 fORMATC17H EN BASE dlNARIAol 

LEE=2 
1MP=3 

200 READ(LEEtl009END=250)NUM 
WRlTE(IMPolOl)NUM 

210 lF<NUMoLEol>GO TO 220 
C NUM ES MAYOR QUE UNOo SE SJGUE DESCOMPONIENDO 

NE2.::NUM/2 
NH=NUM-NE2ct2 

C NR ES UNO O CERO 
~RITE(lMP9102)NB 
NUM=NE2 
GO TO 210 

220 CONTINUE 
IFCNUMoEQol>GO TG 230 

C SE IMPRIME EL ULTIMO CERO EN LA REPRESENTACION BINARIA 
I=O 
~-.'R 1 TE C I MP o 102) 1 
GO TO 240 

2JO CONTINUE 
C SE IMPRIME EL ULTIMO 1 E~ LA "EPRESENTAClON BlNAR!A 

1=1 
WRITE(IMP,l02)J 

240 CONTINUE 
IIJR 1 TE ( I MP o 1 f 3} 
Go ·ró ·zoo 

250 CALL' 'EXIT 

11 XEQ 
12 

.63 
lO 

00001 
011 

-131"". 

/0 

o 
1 

13 

END 

PROG ~ 10 



"CAMSIO DE BASE DE DECIMAL A BINARIO 11 

\ 

"EN BASE B I
N ARIA 11 

2o. 

PROG- lO 

/.C,I 



.. __ R F. S U l T A D O S 

--....---- ------------ --~---, 
1 

---f2~-[A1IT-. .....,E~<T-"~ - ---r· 
o i 

----0---------------------------4 1 
1 . 

--+E~-A-s--E-13-r-N--A fri-A ,.----------t 
!63 EN BAS~ DEC¡MAL Es __ 1 

1 
o 

·-·-8--------·--¡ 
. i 1 

-.-? ¡_ 

---=E}LflASE DINARIA•~....,...,~ 
O ~ 0-EN-BA"5"~-lJEC I MAL &::s·--- ~ 

_ __1 ____ _ 

o 
1 

--EN-BA SE--BI NAR-l-A-u------~1 
i 1 EN BAS~ DECIMAL Es l 

---.E...-..N-:----.-.B1CSTtlnfA R TA--o ------- .J 

11 EN 8AS~ DECIMAL Es 1 _ __.1 __ _ 

1 
o 

--1-----. 
E N 8 A S E BINARIA o .. " /. _ ---

,---,.,~Lll EN B~S_t:_Q_(:CXMAL Es . -¡. 
1 o 
! EN BASE BINARJAo 
-~1 ---0~~0--~E.N-BAS~~oE~c~rt~~~----~ 

EN BASE BINARIAo 
--~-tt--t:-cE N-O A-S 1:.-=-oE~-1--~----1 1 , . "'A ,.,1'\ 

E N BASE B I_N ARIA Q • 

.. i 1 13LNBAS~ .OECIMAL ·~S . : !·:·---~_·._-__ 
~---~-------:------~-~.. ......,...,..__ 

1 

., . 

r-, --F-~~frllr\ S E B lNAn-R 'f-11 A~.,r· --------i 
., 

___,.........,.. ____ ......... ---,- . --.. ..,.--·------
' ,., 1 ' 

___ ,_,! -----·----------·-·-·"·--J 

/ 

; ' 



"CAMBIO DE BASE, BiNARiO A DECiMAL" 

-~--...... 

13,12,11 

IDEC =O 
J = 1 
IDEC=ID EC+J x 11 
J= 2 X J 
IDEC= IDEC + J x !3 

"en BINAR 10' 
13,12,11 

,¡ 

"EN D ECIMALj· 
IDEC 

FIN 

PROG - 11 



.. 11 JOB l 
11 FOR 
OLIST SOURCE PROGRAM 
OQNE WORO INTEGERS 
OJOCS(CARut1132 PRINTER) 

- - -·c-C»-CSJ ________ c:oO N e EoaaGVc=-c:::t~a»CI&~C8 --

e CM;u¡o DE BASE 6 BINARIA A DECIMAL 
:lOO fORi·h\T (JI l) 
··101 FOi~Mt,T(lX, 3Il~l9H EN BASE BINARlf~ ES) .. 

e 

102 FORMAT(lX,I5ol7H EN BASE DECIMALo) 
LEE=2 
I f-1P:J 

200 REA0(2olOO~END~210)13ol2~ll 
IOEC=O 
~ CONTIENE LAS POTENCIAS DE 2a 
~=l 
IDEC==IDEC~JO!l 
.J::;?ltJ 
IOEC=IDEC~Jt~-12 
~=Z~J 

lDEC=IDC:C_..JoiJ 
WRITE<IMP,l01)!3ol2oil 

. ' 

e IDEC CONTIENE LA REPRESENTACION DECIMAL DEL NUMERO BlNARlOo 
WRI!E(IMP,l02»IOEC ... 
GO TO 200 

210 CALL EXIT 
END 

11 XEO 
00'1 
010 
011 
lOO 
101 

·11 o 
111 
/0 

'' 

·;- R E-s U l T A D O S 
r-- .. ' 

\ 

_____ ......__.......__ _______ ' 

-¡- ______ .,_ -- ....... - - -

' 

-·- ----~---

1 

• ':; --. 1' 

' ' -- ---- - --- ---- ---- _____ ___,..~' 

... 

PROG - 11 



11CAMBIO DE BASE, BINARIA A DECIMAL USANDO ARREGLOS" 

e INICIO )' 

I(J), J= 1 1 10 

ID EC =O 

J = 1 

L = 11 - K 
,, 

IDEC·= IDEC + l(l) x J 

f "EÑ Bl NARI O 11 

1 (J ) 1 J = 1 ' 1 o 

T 

1 ,, 

FlN 

PllOG""' 12 



~ .. - -~--- ¡¡· JOA T - -- --- - ---

/1 fOR 
vL I ST SOURCí:: PI<OGHAM 
t>QNE WOí~!J I NTEGCRS 
a¡QCS(CARDoll32 PHINTER) 
c-------------o·o e E----~----
C CAMHIO DE BASE 3 BKNARlA A DEClMAL 
C USANDO ARREGLOS 

D H1ENS ION I ( 1 O) 
lOO FORMATOOXU 
101 FORMATC1X9l0Il"l9H EN HASE BINARIA ES) 
102 FORMATC1X,X5tl7H EN BASE OECIMALo) 

LEE=2 
IMP=3 

200 'READC29100,END=220>I 
IDEC=O 
J=l 
DO 210 K=lolO 

C SE ANALIZA EL VECTOR 1 DE DERECHA A IZQUIERDA 
L=ll-X 
IOEC=lOEC~I(L}~J 

C J CONTlEN[ LAS POTENCIAS DE 2 
J=J~? 

210 CONTINUE 
W R I TE ( P.l P o l O l ) ( I ( J ) o .J = 1 o l O ) 
WRITECIMPol02)!0EC 
GO TO 200 

220 CALL EXIT 
END 

11 XEQ 
1 

11" 
--~1000100010 

1 
1 ... ·. 1 
. ""!001001 

00 
¡o 

, Q- - -· ....... ' 

-- -··- ---·-----

-- ·----- ... 
' 

. 

.. _ ~ -~-·-- -- -- -.----~-------~- --· ~ 

PRO G - 12 



u CALCULO DEL NUMERO DE BilLETES a la. 

F 

NM = NM + 1 

NUM-= NUM .. ¡ooo 

INICIO 

NUM 

NM =O 
NQ =O 
N lOO= O 

l'tl50 == o 
N2Q =O 
ND=O 
NJ 5' =o 

-N u= o 

'ENCABEZADO' 
NUM 

FlN 

~--) 

Q = 1 

~UM= NUM- 500 

PRÓG - 13 



"CALCULO DEL NUMERO í)~ SlLLEn~5 11 

(fi\ 
. \...~J ____ -,¡ 

' ' ' ~ . ., 

t - t F ""' j 

N 1 00 + 1 · l y· 
NUM- lOO ¡ 1 

·------·_; 
~--J 
· NUM~50 ">. T ~ 

1 

N50 = 1 

NUM= NUM- 50 

T. 

j 
' i 
ú 

·:NV = .. NV +1 

NUM=NUM-20 

T 

ND = 1 
\ 

NUM == NUM- 10 PROG - 13 



"-CALCuLO ()EL NUMERO·DE BILLETES•• 3a. 

'® . 

N5 = 1 
N'UM = NUM- 5 

T 

NU=NU+l 

NUM = NUM- 1 

NM 

.NQ 

N lOO 

N 50 

PROG - 13 



"CALCULO DEL NUJV'IERO - DE BiLLETES 11 
¡ e- '1 
( _., ' \ 'j ) 

--~_:_~"-, 
¡ 1 
! . 
1 

í 
1 NV 
1 ,.....--J 
~...,_ ........ ----··¡ 

l~: 
¡ 
1 
l . 
. l~ r~ 5 ! 

--'!' 
~__.J 

l 

NU 

4a. 

PROG - 13 



I/· J,O,~ T 
11 FOR 
QLIST SOURCE PROGRAM 
OQNE WORD INTEGERS 
0 lOCSCGARDP11J2 PRINTER) ' ,_' ... ... - ::..-- .,., ' ~- -
c~~~~-~~~~~--~T R E e E-------
C CALCULO DEL NUMERO DE HILLETES 

.~Q(l FORMATCI4)" . . 1 

.. :101 F.ÓRMATC/ollH EL NUMERO ... ;l4o24H.ÓO .. PUEDE ·oESGLOSA~SE.''EN) 
l02 t-:Ói~MAT(JS, 7H DE MIU • . · .... ·-· -· .. ·. "• .. 

id~ ~ÓRMATCI~ol~H DE QUINIENTOS) . 
··1o~· É'·ORMATCIS~·aH DE CIEN) 

• ~ ' j ~ 

105 f0RHATCI5ol3H DE CINCUENTA) 
106 F.ÓRMATCÍSolOH DE VEINTÉ) 
tói ~ÓRMATCI~t 'sH bt DIEZ) 
iÓ~ ~OR~ATCI$• 9H Ó~ CINCO~ 
109 F.ORMATCXSo 7H DE UNO) 
·. , - i..EE::;2 . .. . . . - .. 

ÍHFb3 
?~P ~~A6i~~~~l00o~N0=330~NUM 

NM:::Q 
' • • -- ¡ 

~a.=.o 
NlOO:::O 
!f' ~ ' • ' ' ' 

t:l?-9::=0 
~\1?0 
NO= O ' . NS=O ,_. 

NU=O 
~~lTECIMPolOl)NUM 

clO ÍFCNUMoLEelOOO)GO 10·220 
~ . . N~M ES MAVpR QUE 1000 

e 

e 

e 

e 

·f\!M=NM+ l 
NUM:NUM-1000 . ' . 
GO TO 210 

22~ ~QNTINUE 
lFCNUMoLEo500)G0 i0-230 .. - .... --- -

. \ 

-~ - -- 1 • ' -

NUM ES MAVOR:QUE 500 CHAXl~O UN BILLETE· DE .5~0) 
NQ=l 
NUM=NUM-500 -·----· ---- -- ·--. __ , ··_ ., .. -... - --. --·---···-

, •. .... --- . ' . 
230 f:PNTINL!E 
240 'If (NUM.LEo 1 00) GO .. TO "250 

• ' e :NuM ES. MAYOR 'QUE. 1 o o-- - .. -·--- -----·- ·-·-· -- -·----· 
NlOO:NlOO+l . •' 
~L!M=NUM•lOO 
GO TO ·240 

250 ~~NTINUE 
lfCNUM.LE.SOlGO TO 260 
• NUM ES-~iYOR QÚE 50 CMAXXMO u~-BILLET~-oE-50) 

NSO=l 
NUM:NUM-50 

260 ~ONT I NUE 
270 IF (t\llJt4.LE.20)G0 TO 2HO 

NUM ES MAYOR QUE 20 

280 

?.90 

NV=NV+l 
NUM:NUM~20 

GO TO 270 
~ONTINIJE 
lfCNUM.LEolO)GO TO 290 

NUM ES MAYOR QUE lO CMAXlMO UN ~ILL~TE OE A~) 

NO:;=:l 
NUM:NUt-4-l O 

CONTINlJf. ... 
lfCNUMeLE.S)GO TO 300 

1. 

PRO G ~ l3 . '- .. ~ 



C N U 1'-l E S M A Y O R O U E 5 ( M A X I M O lJ N 8 ll U:. ·¡-E DE 5 ) 
N~.J:.: l 
NUM:NUM-5 

300 CONTJNUE· 
310 lf(NUM$Lf.O)G0 TO 320 

NUM ES MAYOR QUE l 
N_U~NU+ l 
NUM:NUM-1 
GO TO 310 

·320 CONTINUE 
WRI1E(IMP9102}NM 
WRITECIMP9l03>NQ 
WRilE(lMP9l04)NlOO 
WRITECIMP9l05)N50 
WRITEClMP9106)NV 
WR 1 T C ( 1 MP t 1 O 1) NO 
WRITE<IMP~l08)N5 
WRilf.(lMPvl09)NU 
GO TO 200 

330 CALL EXIT 
ENO 

11 XEQ 
9000 
1314 
6893 
1000 

500 
13 

1* 

' ' 

---~--- - ~ ,....-



RESULTADOS 

........ - . ,.. ___ -- ___ , ___ .... _ --- --- -~.- .... --- ... -· ·--- --~- .... - -· -------. . ' 

--- ...• 1 

--------~----------------------------------j 1 
1 

l -

---------------------1 

' 
1 

-------~------~--------~ EL NUMfRo•1314aOOaPUEUL OE~GLUSARSE EN 1 

1 DE ~~ I L - 1 

~tri-Em'"tJS··-------------------

3 DE CIEN 
' gg~&l~ 

1 UE. DIEZ 
--~OJ...-UDI:..-.C-IR.CO-.--~ ~----------.....; 4 DE UNG 

Ec ~U5ER~je89J~oo·PUE~~ OE~GLOSAHSE EN 

-------+!~g~E~8~i~~IE~N~r~os~-----------------------------------~~. 
; BUil~YfNiA 

----~o~DE Drr.z~----~----------------------
0 DE CINCO 
3 DE: lJt-. 

E.i.. t\~tRg~ 1 500 ~ OO"'PUE~~ OE~GLDSARSE EN 1 
__ _.~o uHuYNfENTOS ' ~· 

4 DE CIEN 
---'i~nM1-~'tt1YEHNt-v-T*""A --------....---- , . 
___ o ur o IE z ________________ ---;! 

1 U f.\:1 N'CTT 1 
5 DE. UNC j 

EL NUM[Ro· íl.oo=puEuE OES_GLUSARSE EN 
11

1 
O DE Mil. . ·• 

-{)-0-f:--{l tt-I*i-f-N-'l-'f &O Ss------------------:...------t 
O DE CIFN 1 
O O E C l" C IIE-'-'-N T..L..;A~--..,.-----------1, ---o-oc-vra:tc - · 
1 OE DIEZ i 

----u-0 -"!DH.I-NtLn _________ ~~---
3 1.) - IHJr,--

PROG- 13 P-t3 



"ORDENAMIENTO ASCENDENTE.Dt; UN VECTOR 11 

N 

~~:~ 1= l,N 

11VECTOR 
LEIDO., 

A(l), 1= 1 ,.N 

LIM ~N - 1 

fiN· 

1 a. 

PROG - 14 



"ORDENA~IENTO ASCENDENTE DE UN VECTOR 11 2a. 

i 
' 1 

1 

l 

"VECTOR 

0RDENAD011 . 

. A(I),;:J 

~ 
PRÓG - 14 

,, "~~.,.. ---

i' 



'' 

/1 JOC T 
// r-o¡~ 

.;;·L l ST :~~..,lí-~CE PHObRAM 
~ONE WOHD INTEGERS 
*IOCS(CARD91132 PRINTER) 

e 

·lOO 
lO l 
i02 
103 
104 

200 
e 

e 

e 

210 
220 

C· 
230 

ORDENAMIENTO ASCENDENTE DE UN VECTOR 
DIMENSION AClOO) · 
FDHMAT(l2) 
FORMAT(AflO.,O) 
FORMAT(l3H VECTOR LEIDOo//) 
FORMAT(l0(lXoFllo4)) 
FORMATC16H VECTOR OROENAD09//) 
LEE=2 
Ii"iP=3 
R[AD(L[EolOOeEND=240)N 
N REPR~SENTA EL NUMERO DE ELEMENTOS A 
READ!lf[9l0l) (A(l)ol=loN) 
WHI7( {HiPo 102) 
w H .í TE ( l MP ~ lo 3) «A « X) 9 I = 1 V N) 
LlM=N-1 
00 23ü I::l tl 1M 

J=l~l 

SE ASUME QUE A(l) ES EL MENOR 
DO 2í?O K=J\lN 

IF<A<I>.LEoA!K))GO TO 210 
A(l) FUE MAYOR QUE A(K) 
ATEMP:A(K) 
ACK>=A<l) 
A(I)=ATEMP 

CONTINUE 
CONTINUE 
AHORA SE TIENE EN A(!) EL MENOR 

CONTINUE 
WRITE(¡MPvl04) 
t..JRITE<IMP9l03b CA(l)\Íl=lwN) 
GO TO 200 

24 O C ¡, .... L E XI T 
END 

11 XEO 
04 
·~4o le 

~ ~ ........ 
-~Jo 17. 

03 
O o -287o 32o 

04 
-28. -32o !lo O o 
¡o 

.. 
l 

ORDENAR 
' 

PROG-14 



RESULTADOS 

1 ••• 

-

-vt"CjüH [EIDO 
' 

-4ocooc loOOOt" "'JoQOOO 17~000C T 

VECTOH-ORDENAOO --
""4oQ000 ·•JoOQUU loOOOO 17o000C 

VE:C10fr[EI00 m - ' 

OoQOOO s287oOQOC 32ooooo 
VECTOR-ORDENADO -- ~ 

~ 

' fit87!0~ºº ---v OR L .lUl;J 
O•OOUU 32oQ000 

. 

VECT1~~g~g~NADOB 32 ' 00 ~~ 1¡oQOOO o:oooo 

•32e0000 •28oOOUU oooooo 11•0000 
' r ,. ,_ 

. V 

' 
-

_1 ___ -- -- --- -
' _,, 

PROG - 14 P-1'1 



" M AX 1M O C O M U N iv\ U L; ¡ r L O J.\ L G O P.! T M O DE 

N,M 

f 

¡-;-;1~ 
~ RN ::..: N 
~ RD IV= M/ RN 
~ 

L===-c.o~,----J 

T 

M = N 

T = (RD IV-: ID IV) x N 
N= IFIX (T) 

·IDIV=M/N# 

RN =N 

. RDIV= M/RN 

11 M oC ,.0 o
11 

N 

FIN 

PROG - 15 



'• 

11 JOR T 
11 FOR 
uLlST SOURCE PROGHAM 
~ONE WORD INTEGERS 
~10CSCCARD~ll32·PRINTER) 

... · - c~-.,----=-------a u~-~ 1 N e E ... --.. -
C MAXIMO COMUN MULTIPLO 
e ALGORITMO DE EUCLiDES 

lOO FORMAT(2l3) 
101 FORMATC3H N=,I3t3H M=ol3) 
102 FORMATCSH MoCeD&=tl3o//) 

LEE=2 
IMP=3 

200 REAO(LEEtlOQoEND=230)NeM 
e SE CALCULA EL RESIDUO 

IDIV=M/N 
.RN.:N 
RDIV:::M/RN 

210 lFCIOIV~EQoRDIV)GO TO 220 
M=N . 
T=CRDIV-IDlV)«tN 
N:: l F IX ( T) 

IDIV=M/N 
RN=N 
ROIV=M/RN 
GO. TO 210 

220 COi\!TlNUE 
C N REPRESENTA El 

WR 1 TE (1 MP o l 02) N 
GO TO 200 

HAXIMO COMUN DIVISOR 

230 CALL EXIT 

11 XEQ 
5 1 
3 6 
B 16 

ll 98 
16 24 

8 "12 
1* 

END 

. .-. 

.. 

-·· 

. . . -· 
\ 

··R E S U L T A D O S . 
- .... _ ~1 1 ..... • •• ~ 

• ,. • ., -- •"< 

······- .....-- ~-~ --..... _. -·---- --· -----·-. --·~-"----..... ~------~~~¡ : .... ~ 
' - _... - ~' -

6 1 

1 -----------------------¡ 
1 

.. 

.... 

- .... 

• 



"GRAF!CA. Dt SEN (X)" 1 a. 

,_.\ -~-· V 

1 DELX =6.28318/56 

. ., 

l X "' .. 3 .. 14 159 
~=-~·-··-r---·-

p _ _.~,~ 

1 
C\__ "'' ~..~---·~. __ .. ,, ! ~ 1 , ·¡ 00 

FIN 

UN (50)= !X 

J :::: 4 9 X S 1 N (X } 

liN 

PROG- 16 



ID G RA F! e ~~ D E S EN ( X ) aa 2a. 

® 

LIN (J) = IBLAN . 

X= X+ D ELX 

PROG- 1'6 



/1 J0~1 T 
/1 fOR 
~LIST SOURCE PROGHAM 
ooNE wo~~ lNTEGERS 
oJOCS(CARD,ll32 PRINTEH) 
c-------------0 I E ~ I S f 1 5=--------
C GRAFICA DE SEN(X) 

o:MENSION L~N(loa, 
lOO f0R~MT(4Al) 
101 FOHMATC10X9l00Al) 

LEE::2 
lMP=3 
READ(LEEtl00)!XQIY9IAST~IBLAN 
OELX=6 .. 2R318/S6 
X =-3ol4159 
DO 200 t=l9l00 

llN(l)~!BlAN 

200 CONTINUE 
DO 240 I=lt>Só' 

llNISO~=lX 
.;:4qosiN U{} +50 
l I N r ~n == I A S T 
IFli~NEo28)G0 TD 220 

DO 210 .J=l"lOO 

'' 

e I FUE IGUAL A 28~ SE lMPHIME EL E~E Y 
L1N(.J>=IY 

210 
220 

CONTINUE 
CON7INUE 
WR17E<IMP!l0l)LIN 
DO 230 J=l9l00 

L!N(J)=lBLAN 
230 CONTINUE 

X=X.o-DELX 
240 CONTINUE 

CALL EXIT 
END 

11 XEQ 
XY-c:i 
/'lt 

PROG - 16 
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.. N o • D E GRAN O S D E i -~. ¡ ·z: -:-; A N .t .. DO S PO R EL 1 N V E N T O R 
D EL A j ~ u f' ~S l' 

¡', 
,•, 
G~ 

,, -~-r-=- ---1 
' EN CABEZA~ O 

o - 1 ) 
CUA = 2.0 

SUM = SUM + CUA 

CUA , SUM 

11 * FIN tt u 

' ,, 

PROG- 17 



4 

·- ·-- ·-¡ 1 .JOB T 

11 FOR 
*LIST SOURCE PROGRAM 
*lOCS(CARDoll32 PHINTERl 
*ONE ~ORD INTEGERS 
·c--------------0 I E ·C 1 S l E T E~----

C t.5TE PROGRAMA CALCULA El.. NUMERO DE GRANOS DE HAÍZ QUE. COBHO.'EL' 
C INVENTOR DE AJtORE~ 
C·· FILES 

LEE=2 
1HP=3 

C fORMATOS 
lOO FORMAT(l0XtóHCÚADROo9Xt4HSUMA9//) 
101 FORMAT(3Xol2t2E1Se7) 
102 FORMAT(///) 
103 FORMAT(53Xwl1H~•ooo~ooooo) 
104 FO~MAT(53X9llH* FIN *) 

\oJRITE (IMPolOO) 
SUM=OeO .. 
DO 200 1=1"'64 

CUA=2 .. 0° 0 (l•l) 
SUM=SUM+CUA 
WRITE<IMPolOl)l;CUAcSUM 

200 CONTINUE 
WRITE(IMPill02) 
WRlTECIMPtl03) 
WR1TE<IMPtl04) 
WRÍTE ( lMPtlOJ) 
CALL EXIT 

11 XEQ 
¡o 

END 

• . . ·-· - _,. ____ -- -- - - ... 
' 

PROG - 17 
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.. 

INICIO 

e--
NUREN,NUCO, 

NUFIN 

~ 
A(l, J),J= 1 , NUCO 

. 8 (1, J) ,.;J ·= 1 ,. N U CO 

· .. *FIN~" 

~ ~---------------
S(I,J) = A(l, J~ B(l, J) l 

~T 

- l e FIN ) 

1 

PROG 18 



u SUMA DE ~·OS MATRICES, Ay B" 

~ 
~·7 

l - 1 A(I,J), J-l,h-!U-
CO 

81MATRIZ B 11 

"MATRIZ SU
MA11 

1 

~ 1 ¡ 

?o. 

.. 
4 • - '~ . ' . . 

' ' "' . 

PROG- 18 



o
11 SUMA DE DOS, MATRICES, A y B·' 3a. 

?ROG - 18 



11 JGí1 T 
11 FOR 
o¡OCS(CARDoll32 PRINTER) 
~oNE WORD INTEGERS 
ULJST SOURCE PROGRAM 
c-------------D 1 E e I o e H o-~------~ 
C SUMA DE DOS MATRICES: A Y 8 
C EL PHOGRAMA ESTA HECHO PARA SUMAR DOS MATR!CES DE lOX lO MAXlMOe 
C SE RESERVAN LUGARES EN LA MEMORIA PARA LAS MATRICES A SUMAR Y PA~A. 
e LA MATRIZ SUMAe . 

e 
e 

e 
e 

e 

e 

e 

e 

e 

e 

OIMENSION AClOelO)vBClOtlO)eS(l09lC; 
filES 

LEE=2 
IMP=3 

F0RMATOS 
lOO FORMATC312) 
101 FORMATClOFA.3) 
102 FORMAT(///v5Xe9HMATRIZ A:~//~ 
103 FORMATC5X9101F8o3t2X),/) 
104 FORHAT(///t5X,9HMATRIZ B:o//) 
105 FORHATC///t5Xcl6HLA MATRIZ SUMA ESl9//) 
106 
107 

199 

200 

201 

•202 
203 

204 

205 

206 

1000 

FORMAJI53~QllHooooooooooo) 

FORMAT<~3~ellHo FIN O) 

LECTURA UEL NUMERO DE RENGLONES O~ LMS MATRICES 
RO DE COLUMNAS CNUCO)oY DE.UN DETECTOR CNUF.!N) 
READ<LEE9l00)NURENtNUCOvNUFlN 
ANALISIS DE NUFIN. SI VALE CERO YA NO SE EJECUTA 
CONTRARIO Slo 
IFCNUFIN.EQ.O)GO TO 1000 

LECTURA POR RENGLONES DE L~ MATRIZ Ao 
00 200 I=l,NUREN 
READCLE~tlOl) CA(l,J) eJ=l•NUeO) 

CONTJNUE . 
LECTURA POR RENGLONES DE LA MATRIZ Bs 
DO 201 l=l ,NUREN 
READ(LEEolOl)CBCI,J)oJ=l~NUCO> 

CONTINut: 
SE HARA LA SUMA ELEMENTO·A ELEMENT~ 
·oo 203 I=l,NUREN . 

DO 202 J=ltNUCO 
S(loJ)=ACloJ)+BCl,J) 

'CONTI NUE . - .. , "· 
CONTINUE 
IMPRESION DE.LA MATRIZ A POR RENGLONES 
WRITECIMPt'l02) . 
00 204 I=ltNUREN 

\'IRITE ( IMP,l03) CA (l,J) tJ=l o NUCO> 
CONTINUE 
IMPRESION DE LA MATRIZ B POR RENGLONES 
WRITECIMPtl04). 
DO 205 I=l,NUREN 

WRITECJHPol03) CB<.IoJ)tJ=ltNUCO) 
CONTINUE 
IMPRESION OE LA MATRIZ -s POR RENGLONES 
WRITECIMP,l05) - -
DO 206 I=ltNUREN 
WRITECHiPt103) CS(loJ) ~J=le'NUCQ) 
CONTINUE 
GO TO 199 

CONTINUE 
WRITECIMPtl06) 
WRITECIMPt107) 
WRITECIHP,l06) 

CNURf~\ Y OEL NUME 

PROG- ~S 



·' . 

CAU." EXIT 
END 

11 XEQ 
2 2- 1 

12.2 
-4o7 
. o. o 

2'2 1 
90.15 

5o478 
-90al5 
-5.478 

o.o 
3o4 
2.1 

-loZ 

-87o02 
12s22 

- 87oOZ 
..,l2o22 

2 2 o . 
/0 _ R ·e_S _U LT AD_O .S _ 

AATRIZ Al 

MATRIZ sr j 

i 
•4e70

0
0 21 ot'O~ j. 

QoO O '"' o20v ¡ 

-----. L.-A-.M~Aro'....,f Roroyrz,_..,sr.-u:"'l"M~'llli--...r~s-v! ----: · -- -· - ·- --- -- --- ·-

9 g:11~ · •ei~:'~~g ¡, 
-~--~1 

~RIZ ea 1 

1 

LA MATF I Z SURA .. ES* . 
0•000 o o· o o o 

--- ~-

' 

PROG- 18 

----------
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•• SOLUCION DE ECUACIONES CUADRAT!CAS 11 

' 

... 
1 

A , B, C 

r= 
!'•ENCABEZA

DO,. 

A , B, e 

2 
o IS= s -4. o x A x e 

RA1= (-8+ -DIS ) 1 (2.0 X A) 

RA2= (- 8- D !S ) 1 (2. o X A) 

"D 1 S e .. PO S 1'! 

RA1 , RA2 

FIN 

• 

PROG - 19 



.. 
81 SOL UCIO N ·pE EC U.ACI ON ES CUADRATICAS u 2o~ 

0 

RAl , RA2 

\ 
\ 

PAR El= -B 1 (2.0 x A) 
PARE2= PAREl 

T 

PAIMl= (-DIS) 1 (2.,0 x A) 
PAIM2= PAIM 1 

"D ISC .N EGAT •• ·, 
RAICES COMPLEJAS 1 

PAREl, PA!Ml, 
PARE2 , PAIM2 

r 
1 

PROG- 19 



11 JOB T 
11 .=-oR 
oLIST SOURCE PROGRAM 
GQNE WORD INTEGERS 
i~-IOCSCCARD¡¡ll32 l'RlNTEI.) 
c-------------0 I E C IN U E V E------- ---
e SOLUCION DE ECUACION(S CUADHATICASo 

.::o FORM.4T(3Fll.,5) . &\ .. 

• 1 

'101 fORMAT(///o2Xo36HLOS COEFICIENTES Dl lA ECUAeiON SONo9//) 
102 FORMAT(2Xo3HA= efllo5o2Xo3H8= 9Flle5t2X~3He= oflloSo//) 
103 FORMAT(2Xo52HEL DISCHlMINANTE ES POSITIVOoPOH TANTO RAieES-RiA~ESo 

1/1) -
104 FORMAT(5Xo3HXl=oFllo5910Xo3HX2=oF:le5o///) 
105 FORMAT(ZXo4qHEL DlSCRIMINA~TE ES NULOoPOR TANTO RAleES IGUA~¿St//) 
106 FORMATCSXo3HXl=oFlloSolOXo3HX2=eFll.5o///) . :-
107 FORMAT(2Xo5SHEL DlSeRlMINANTE ES NEGATIVOoPOH TANTO- RAleES COMPlE~ 

lAS11//) 
108 FORMATtSX~3HXl=?Fllo5e2H •ofllo5o4H XMAo10Xo3HX2=oFll.So2H ~oFllGS 

lo4H ;MAo///) 
LEE:::.· 
1 MP=_-l 

C LEE LOS COEFICIENTES 
200 REAOCLEE~I~J,END=240)A~BoC 

e IMPRIME LA [CUACION 
WRITE ( lMP, l úl) 
WRIT~CIMP~l02)AoBoC 

C - CALCULO_DEL DISCRIMINANTE 

e 

e 

e 

DIS=H~~2-4oO~A~C 

XFCDISoLEo OoO)GO TO 210 
RAICES REALES DIFERENTES 
R A l = < - ¡; • S Q R T <D I S ) ) 1 ( 2 .. O o A_) 
RA2=<-8-SQHT<DI5))/(2,.00A) 
~IRl lE ( IMP,l 03) 
\JRI TE ( 1 MP o 104) RAl11 RA2 
GO TO 230 

210 CONTINUE 

220 

lfCDIS.NE,.O .. O)GO· TO 220 
RAICES REALES IGUALES 
RAl=-B/C2·~t·ooA}- -
Rt.2=RA1 · 
~RITECIMPol05) . 
WRlTEClMPol06)RAl~RA2 
GO TO 230 

CONTINUE 
RAICES COMPLE.JAS 
PAR,E 1=-B/ ( 2e o·., A) 
PARE2=PARE1 
PAIMl=SQRTC-DIS)/(2 0 00A) 
PAIM2=PAIH1 
WRITECIMPol07) 
,~RITECIMPol08)PARE1oPAIMlvPARE2oPAIM2. 

e 
e 

GO TO 230 
ENDIF 

ENDIF 
230 CONTINUE 

GO TO 200 
240 CONTINUE 

CALL EXIT 
END 

11 XEQ 
loO 2e0 3o0 
s .. o 1o.o s.o 

--------~luo~O~------~l~O~o~0 ______ ~27.n 

L. 
lo , 
~ . 

• 

.. 
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____ ._.. ___________ _......., ... ..,_..,,_.,.,~........,-~-~~- ...... -, 
LOS COEf¡cl~NTES DE LA ECUACION SON' 

---·---------· 
·3 o 00000 

- '"1 • 

EL OlSCRXHlNANTf Es N~GAT~VO,POR TA~T~ RAleES COMPLEJAS 
--------------· 

X2c ~ioOOOOO ~ lo41421 IN~ -------------------------------·-----------

-----·--------- ·---·-------
5o00000 

---------------------------- --~-------:.........-~ .. -... --

,---------------------~---------------------------~-----

- 1 o o ooooo e= · 
4 ' • 

27oOOOOO 

' 

'EL biSCRzMlNA!HE ES NEGATIVQ,~OR ·¡ ÁN'fn ·RAICES COMPU:JAs ··-------

.... s~~coooo ·+ _,.,. 5 o O O O O O ·"' 1 o 1.6 14 21 1 N A 
-.....-._.;;,..--.-.. 

1--~-__ ___._ ________ __,_ ________ ---:---------------~-
. l 

~ 
• ¡- LO S C O E f I C ll tJ f E __ S,_O_E_c-.. -1..--,A--...f.-c~u-A·-f".=-..,¿=-=o=-:-r,.-:-, -S-0-tJ-,-----·----'-~---...:.....----

1e00000 

EL ClSCPIMINANTE Es PosiTIVQ,f'OR TAtJTo RAXCES ·REALES 
--~·-.;.a-~o-so-38-- x2= ""6a61629 ---------------------

-------------- _____ ..__ _________ _ 
' 

PROG - 19. 



u PRODUCTO DE DCS MJ..TRICES u 

. -~ 

~~Ñ1~C01, 
. N'URE2, NUC02, 

NUFIN 

A(I,J),J= 1,NUC01 

B(I,J),~= 1 , NUC02 

' ' 

nvf 1 N* 11 • 

1 Q. 

PROG - 20 
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11 PRODUCTO DE DOS MA-.TRlCES" 

~~-~ . ¡ 

r-~ 

1 
! 
! 
l 
¡. 

1 
1 
' ¡ 
! 
~ 

1 
! 
¡ 
J, 
V 
l ¡ 
1 
¡ 

1 

+ . -.y 
L
. L L P(J,J}=P(I,J) ~ A(I,J) X B:I,J¿ -'¡ 1 

--- = . - -: ~ -.- ' 1 1 

---~ _._ .. ·---~~' 

' 
1'MATRIZ A" 

~~ 1 A(I,J), J= l 1 :3 ~ 
1 

0 1 

-~J. 1 

L 

2a . 

PROG ~ 20 
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11 PRODUCTO DE DO :S l'v~ATR ICES " 

. 
J 

¡ 
A 1 
1 s (1, J ) , J= 1 , N u col 

l~ 
"MATRIZ 

PRODUCT 

__ _;Sr~¡ =---. ,, 
¡.- ' ¡ 

: •7 : ; 

P(I,J),J= l,NUCO~I 

1 

, 
o_, 

3a. 

PROG - 20 



,• 

/ .. ) 

/1 ..JOB. T 
11 FOR 
~LIST SOURCE PROGRAM 
~ONE WORD !NTEGER5 

.. ~IOCS (CARD9ll32 PRINTER) 
~-·- •* --·- ·~- ·-- .... _ ------·--·-----·-. . 

e EL PROGRAMA REALIZA EL PROUUCTO DE DOS MATRICES DE lO n·¡o MAXIMO; 
C UNA ES LA MATRIZ A'(NUREl9NUCOl) o ~ 
t ·· LA OTRA ES LA MATRIZ B<NURE2oNUC02), 
C SE RESERVAN LUGARES EN LA MEMORIA PARA lAS MATRICES QUE SE VAN ~ 
C MULTIPLICAR V PARA LA MATRIZ PRODUCTOo 

01MENSION A(lO~l0)oBtlOwl0)oP(l0ol0) 
e fiLES 

LEE=2 · 
JMP=3 --------·· --·--·-· 

C FORI-1A TOS 

e 
e 

e 
e 

e 

e 

e 

e 

e 

e 

lOO F0Ri'1AT(;";!2) 
101 FORMAT,lOFB~J) 
102 FORMA7,/ 1 1,5Xy9HMATRIZ A:~//) 
103 fORI-1A1 (5>,J10CF8o3o2)0 9/) 

104 FORMA~(ri!v5Xv9HMATRIZ B:~//) 
105 FORMAT(///o5X922HLA MATRIZ PRODUCTO ES:o//) 
lOb ·FORMIIT'{5Xo10El5o"f~t/) 
107 FORMATC///v5X~76HEL PRODUCTO NO SE PUEDE LLEVAR A ~ABO YA OUE LA~ 

)MATRICES NO SON CONFORMABLESo///) 
lOS FORMATC///) 
109 FORMATí53X~l]HOCO~~~~-~~O) 

llO FORMATC53X,J 1h* ~IN ~)". 

LECTURA DE LuS NLIH[~OS DE RENGLONES ·y DE COLUMNAS· DE- CADA ..-IATIH7. 
V DEL· DETECTOR NUFIN~ 

199 READCLEEol00)NURE!oNUCOloNURE2oNUC029NUrlN . 

200 

201 

202 
203 
204 

205 

ANAL I SI S DEL VALOR DE NUFI No SI VALE'· CERO EL PliOGRAMA NP SE LLEV 1\ 
A CAB011 DE LO CONTRARIO SI e~ - - .. ~ .. --- ... ---- -

lFCNUFIN.EQ.,O)GO TO· 1000 
SE VE SI LAS MATRICES SON CONFORMABLESo ··. 

'1FCNUCOl .. NE~NURE2)G0 TO '900· · - .. --- -·-- ." ... __ 
LECTURA POR RENGLONES DE LA 'MATRIZ A. . . · 
DO 200 I=l9NUREl . ·· . 

READ (LEE 11l O l) CA (1 >~ J) 11 J:l ~-~ue'Oll "' . ·-:·.--..., : ... 
CONT I NUE --· · :-. ~ ~---~ .. 
lECTURA POR RENGLONES DE LA' MATRIZ SQ ~: ~~·: . . ' 

-···DO 201 I=loNURE2. ~- -·---- -· --·. -· . 
READ<LEEolOU (8CloJ) ~tJ=leNUCQ2) 

CONTINUE: 
SE REALIZA El PRODUCTO 
DO 204 I=l9NURE1 

DO 203 J=!oNUC02 
P(I~'J):Q.,O 

00 202 K;:;l9NUC01 

-~-~" 1, ... 

PCI9..J):P(loJ)+A(l,K)08(KoJ) 
CONTINUE 

CONTINUE 
CONTINUE 
IMPHESION DE LA MATRIZ A POR RENGLONES· 
WR!TECIMP,l02) 
00 205 !=l,NUREl 

~HH TE ( I M P o l O 3 i ( A ( I v J ) o .J = l ' NUCO 1 ) :
CONYINUE 
IMPRESION DE LA MATRIZ B POR RENGLONCSD 
\-IR I TE ' H1 P o l O 4 ) 
~O 206 I=l9NURE2 

WRITE!Ih~tl03)(8<I~J)~~=l,NUC01) 
CONTINUE 

... 

PROG - 20 



H-~PRt-:s ION- DE. LA MA 1 :u l P POR RENGLONES s 

!:.! !·H ~- .: ~ I i·'l P ._ 1 O S) 
DO c07 I=ivNURcl 

~·ifH "iE ( I MP ol 06) ( P ( l ~ J) ~t ~J;.: l ~ NUC02; .... 
207 CONTINUE 

GO TO 199 .-·---~ . ··-----

900 CONTlNUE 
WRITE ( HlPql07) 
GO TO 199 · 

·lOO O CONTINUE 
WRITE<IMPol08) 
v;R I TE ( I MP ol 09) 
IIIRITECIMP,llO> 
WRITE(lMPol09) 
CALL EXIT 
ENO 

11 XEQ 
2 2 2 210 

15o54 -42.,07 
~1 .. 22 (i,.\l 

1950.75 ~·L.Joil 

o.oo1 ~ . .,o 
2 2 2 210 

O ID2 9.'< e 7f) 

-12.,'5 32.,52 
·lOOOoOl OoO 

-1 .. 52 15.,51 
2 3 2 210 
2 2 2 200 

1* 

'' . 

... 

.. , 

' \ 

PROG - 20 

\ 

' 

-. ,-:; 

P-20 

... 



J 
<• 

~ 4~••- -~·-··•-· .. -~ . .,.~ .. - '"""" ---··- ~a- .. --·; ____ ~-·•~ -~-,_,.., _______ , ---

RESULTADOS. . ' . 

~ . ~ .._... ·- ~ -~ 

¡ 
. -··- .... ____ -·---:. .. ______ ·-- ...... ··~ . .. 

~·- •• ····-·· J ··-- .. -·-·--.:,r ·--·;- ..,. ..... 
_...,__;,... ___ ~·---.J 

' !9:.8; 6_5..._~::c--= ~ :.&~~0"------------------------------~ 

LA MA¡R~~·PROoUCTO ESa 

-----------------------~-----------------------------------~--------------

, . . 
-----------------------------------------------------------~~----------------~ 1
• ··~ATRXZ A! \. 

9Ao750 
.. 12!1500 

"_l_0~2?~:g~¿g~~l~~o~:~g~~8~~----~-------------------~~~~----~~-
" 

' LA MATRl~ PRODUCTO ESa 

. o49902oOE+o2 o1531613E+o4 
1 

_; -~J.9 o~ OJ)_OILJE~+.:...~oLJ,J2~..-_ .. ~;, A"-9~3..r.;8!!771....5~oloLIEt....·~.:..;ot.L3"'----~----------_;___,... _______ ;,;...,, .:...--
t ~\ 

\ ~ 

~----· -·-------------------------~----EL PRooUCTO No st'rUEOE LLEVAR A CABO YA QUE LASMATRICEs:NO :soN CONFORM~BLES ,, 
,• ~----------------------------------------~-----------.--r--------~--.. ~---.... ~ --, ----;-- ·--· ·-. - ....... 

, 'L' 
.... _,.,.. 

·-----,-:----------~ ----·-
' i -

P;ROG - 20 
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"MULiiPUCACION DE DOS.NUN,EI~OS U'f .... ;/.1-\i'-<~v Lt\.::.LL·SIVA
M EN TE MUL T! PUCJ-\CION Y D iVlS!O"'~ ;>OR 2 '1 

SALTO-HOJ~ 

' ! 
I"AxB=c.~~ 

A , B 

R=O 
AA =A 

BB = B 

F 

Bl = B / 2 

B2 = Bl x 2 

FIN 

T 
C=A+R 

AA , BB , <C 

• i Q. 



"MULJIPL!CACION DE DOS !'!UMEROS UTILIZANDO 2a. 
EXCLUSIVAMENTE MULTIP. Y DIVISION POR 2 •• 

't 

A=Ax2 

' 1 

PROG - ~1 



-- 11 JOB T , 
/1 FOR 
OLlST ~OURCE PROGRAM 
~ONE ~OHO INTEGERS 
OJQCS(C~RDP1132 PR¡NTER) 
C-------------V E I N T ~ U N O --------
C MULTIPLlCAClON DE DOS NUMEROS 
C UTILIZANOG SOLO MULTIPLICACIONES V 
C DIVISIONES POR ·2 

!NTEGER A9B~CoR,AAo~B 
~·lRITE (3ol0l) 

·101 FORMAl <lHl> 
vlRITE (3o102) 

102 FORMAT (9XolHAo3Xo1HXv4X,lHB94X~lH=94X9lHC) 
200 READ (2vlOOoEND=260)Av~ 

e 

e 

lOO FORMAT (213) 
R=O 
AA=A 
Bii=B 

210 :F<Bo[\.l,.\) GO TO 240 
H):.;t~/2 

220 

230 

i-~?=Jl~2 

lfCd2oEQc8) GO TO 220 
ES IMPAR 
8=(8=1)/2 
R=R+A 
GO TO 230 

CONTINU~ 

ES PAR 
• B=B/2 
CONT¡NUE 
A=A*2 
GO TO 210 

24 O CON~-l NUE 
C=A•R 
WRITE (3tl03l AAoBBtC 

103 FORMAT (3110) 
GO TO 200 

260 CALL EXIT 
ENO 

11 XEO 
. 60 80 

19 17 
68 35 
40 11 
77 99 
/~ 

RESULTADOS 

1 

! 
-----¡.---"lxr-----~------=----c-----i 

--- ~~ r~ 4eg~ 1 
6f· 3.5 23oo ---¡ 
4Ü 11 440 ·Í 

----11· 99 7623 1 

... 

.PROG - 21 
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2. ALGEBRA MATRICIAL 

2. 1 I nt.ILoduc.c.-i.ón 
Una mat.IL-i.z e~ un a.ILII.e.gi.o ILe.c.ta.ngula.IL de. elemen.to-6 d.(t.tiL-i.

bu.(do~ e.Jt ,;m" ILenglone.t. · y "n" c.olwnna.J.., .6-i. a la ma.:tJúz. ~e. le. de

nota. poi!. la. letl!.a A, e.ntdnce.J.. al ele.minto del "-i.-l6-i.mo" 11.engl6n 
y de. la "j-l~-i.ma" columna t.e le. ILepiLe.lle.nt.aiLi poi!. el ~lmbolo a .. 

. ~J 
Gene.ILalmente. una matiLlz !le. ILepiLellen.ta. me.d-i.a.nte. pa~lnte.ll-i.-6 c.ua-
dltctdo-6 como t. e. 111ue.6 tiLa. a. c.on.t.i.nua.clón: 

' 

A e 

• 
a. 

m2 

t. •••• 

u •••• 

• • • • • a.mn 

( 2 • 1 ) 

Lo-6 e.le.me.nto-6 que componen una. ma.t.túz pueden .& el!. de dive.IL
~o-6 Upo-6: núme.ILoll l!.e.a.i.e.J.., núme.ILoll· c.omple.jo-6, 6unclone.6 en e.l 
dom-i.n-i.o del Ue.mpo, e..tc. •• 

Al .6 el!. u.na ma.t.Jr...i..z un a.tur.e.glo oiLde.na.do de. e.le.me.ntoJ.., peiL
mLte que. a~ a.pUcaiL c-i.e.ILta. metodo!og-Ca. a d-i.cho aiLILegi.o .&e obten
ga una lleiL-i.e de. 1Le.6utta.dot. que 1Le..6ponde.n a la-6 -i.nteiLILo~a.nte.t. poi!. 
la..& que .6 e. oJL-i.g-i.n6 e.l a.Jt.ILe.glo; e.nt.ILe. alguno .t. de. to.t. p1Lpce.& o t. en 
lo .t. q u e. .6 e. u.t.i. U z a. n a.I!.Jr. e. g .e. o t. m a. .tlr.-i. c-i. a. t e.6 .6 e. .t.i. en e : j e ILftlt q u.<. z a. - -
c..i.ón de acUv-i.da.de.6, a..e.ma.c.?na.mlento de da.to6, inventa.IL~ot., ILe.

piLe.t.e.nta.c-i.6n de. .6-i.t.te.ma.t. dlndm.i.cot., t.it.tema.t. de e.c.ua.c.ionet.,e.tc. •• 
Eut.te.n c-i.eJr.ta.t. d-i.t.tl!.-i.buc..i.one.t. .Up.i.c.a.t. de lot. etementot. de 

una. ma.t.IL.i.z y de. a.c.ue.ILdo a. elta.t. t.e c.la.t..i.6.i.ca a. ta.t. ma.tlt.i.ce.t. en 

d-i.6e.~tente6 Upo6, ent.ILe tot. qu~ !le tienen: 
Ma.tJL.i.z Cua.d~ta.da. 

Et. una. ma.tiL.i.z e.n la. que e. .e. nt!melr.o de 11.eng lo •t e.t. e.ll .i.gua..e. 

al númel!.o de. columna.t., e. t. dec.i.IL, m=n. Polt. ejemplo: 

A = [: :] ( 2 • 2) 



24 

Ma..tlr..i.z Nu.R..a. 
E~ una. ma.t~L.i.z de o4den cu.a.R..qu..i.e4a, en R..a. que todo~ lo~ e

lemento~ ~on nuR..o~; po4 ejemplo: 

. ¡,o o] 
8 • ~ : 

( 2 • 3) 

Se aco6tu.mb~a. denota.~R..a. po4 el 6lmboR..o o. 
Ma.t4.i.z !denUdad 
E~ una. ma.t4.lz cu.a.d~a.da. en R..a. cu.a.l lo6 elemento~ de la. d.i.a.

gonal piL.i.nc.i.paR.. 6on u.n.i.ta.4.i.o6 y el 4e6to 6on nuR..o6, e4 dec.i.4: 

.i. ; j 
, .i. :: j. 

Se ~u~le de1tota.1Lla. como In donde "n" .i.nd.i.c.a el oiLden de la ma.tiL.i.z 
y al.. ~.lmbo.to 8 .. ~e R..e c.onoc.e como delta de KILonec.keiL. PoiL e.jem 

.t.j 
plo: 

13 • ~ : ~ '2 • 4) 

M a. .tlr..i. z V .la. g· o n a.l 
E6 una. 

.tenec.en a. la 
ma.tll..i.z cu.adll.a.da. en ta. que R..o~ eR..emento4 
d.i.a.gona.t piL.i.nc.lpa.R.. ~on nu.to~, e4 dec.i.IL: 

que no pell.-

r 

a . . ,. O 
.t.j 

~ .i. .i. ; j ( 2 • S) 

Un ejemplo de e~te .tipo de ma.t4.i.z 6e1Lla.: 

A • ~ ~: H:J ( 2 o 6) 

Ma.tll..i.z Tll.a.n6pu.e6ta. 
E6 una. ma.tll..i.z cu.a.d4a.da. que 4e obtiene a. pa.ll.t.i.IL de una. ma.

.tlt.i.z dada. A .i.nteltcamb[a.ndo IL.engR..oni.& ·can· c.oR..u.mna.6. Se <i,e -denota. 
c.on et 6lmbolo AT y 6e cumpR..e que: 

T a . . = a. .. 
.(. 1 J.(. 

Ma.tlt.i.z S.i.m€t~L.i.ca. 

E6 una. ma.tlt.i.z cu.adJta.da. 8 pa.4a. R..a. que..~ e cumple: 1 
i 

( 2 o 7) 

< 1 

8 = 8T (2.8) 
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o equ~va.!en.temen.te: 

b ... ,; b .• 
..C..J j4.. '2. 9) 

Ent~e !a~ ma..t~~ce~ ~e deó~nen do~ ope~ac~one4 b4~~c.a4: 

-~uma. o ~e~ta de. mat~c.eh 1 
-multipl~c.ac~6n mat4~c.~al. 

2 • 2 Suma. Mct.t~~ ual 

2. 2. 1 Obj exo 
Obteue~ !a huma de do~ ma.~ce.~ de ~gua! o~den, o ~ea: 

(2.70) 

2.2.2'Método 
PaAa pode~ e6ec.tuaA la ~urna de do~ matA~ceh (A+B) ~e Ae-

~.. -:- -
qu~e4e que ~ean con6o4mable.& paAa la huma~ lo cual ~mptic.a que 
et oAden de la.& do.& mat~ce.h e6 igual. En ot~ah palab4~: 

.&.i A eh de o4den· (mxn) 
y B e.6 de o4d~n (4xh) 
td. ~urna.~=~+~ e.& po.&~ble JJolo 6~ m=~ y tt=h. 

Loh elemento~ de la ma.t~z .&urna e~t~n dado~ poA la .&igu~e~ 
te. ~e.la.ci6n: 

c .. =a. .• +b .. 
4..J 4..J 4..j 

12.11) 

El 4e.&ta4 doh ma.t~c.e-6 eq~vale a c.amb~a~ e.t .6igno de. to
do6 loh elementoh de una d~ ella6 y' e6ectua4 la 6uma, e.&.to e4: 

W r:r X - Y = X + ( - ~) 

2.2.3 Ve.&c~ipcl6n del P4og~ama 
a.) Sub~u.túta.& ~e.queJt.i.da.t>: 

(2. 12) 

SUBROUTINE SUMAT(A,B,C,N,M), eh.ta .6ub1Ludtta. e6ec..tu.a. la 
.&urna mat~iciat, el pltog~ama. p~inc.~pa.l le.~ ~ imp~ime 

~e.6 ul.ta.d o.& • 
b)Ve.t>c~lpci6n de. la.6 va.~iableh: 



. 
• 

Pa~a la ~ub~u~na SUMAT: ·' 
N 

M 

A(I,J) 

8 ( I, J) 

C(~,J) 

', 
c.anüdad de. ILe.ngl.orteó de c.a.da un·a dé. la~ 

matJLic.e.~ q~e óe de.óea óumaiL. 
cantidad de. c.olumnaó de c.ada una de lu 
matJt.ic.eó q~e. óe de.óea óuma.~. 
mat,'L(.z ó uma.ndo de oiLden N x.M 
ma.tJL.i.z ó u.ma.ndo de o~den Nx.M . 
mat!Liz ó uma. 

Pa~a el plt.ogJta.ma. p~-i.nc..lpal: 

N cantidad de ILengloneó de la.ó mat~c.e~ 

M c.anüdad de c.olwmtM de la~ mat.IL.ic.e-6 
A(I,J) mat!L.lz ó wna.ndo de o~den Nx.M 
8(1,1) ma.t!Liz huma.ndo de o11.den Nx.M 
C(I,J) ma.tiLi. z ó wna 
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'c.) Vi.menó i.o n eó : 
La. p~opo~i.c..i.6n)VIMENS10N debe!Lá óeiL modi6ic.ada tanto 
.to en el p!Log!Lama p!Li~ci.pal como en la óub!Lutina. c.uan
do: 

N > 1·0 1J /o M > 1 O 

d)Fo!Lma.toó paiLa loó 
SEC.TARJETAS 

dato-6 de 

FORMATO 
en.t!Lada: 

1NFORMACION 

r 

1 

2 

3 

. • 

( 2 I 5) 

(8F10.0) 

(8F10.0) 

N,-M 

A(I,J),óe dan loó elemen.toó 
de la ma.tJLiz 11.engl6n poli. 
ILengl6n.EmpleaiL ta.nta.6 ta.Jt. 
je.tu c.omo ·óe ~equ.i.eJLa.. 

8(I,J), igual que paiLa. la. 

ma.~.i.z A • 

. ---------------------------------
otiLoó paqueteó de da.toó (opc.iona.l) 

------------------ -------.. -----------
n TARJETA EN BLANCO, a.l 6.l

natlzaiL toda ~a i.n6oJLma~ 
c.i.6n. 

e)Vi.a.g!La.ma. de bloqueó 

·.t 



F.ig. 'l. 1 Via.gJta.ma. de. bioque.6 pa.ll.a el pJtogJtamp. 

pJtincipal 

. ' 
' 

'1.1 

/ 



h..tt:.VI.I 
Cll,Jl•A(LJ) + 
BU,JI pMa toda 

J 

F.<.g.2.2 V.i.a.gJr..a.ma. de b.i.oqu.e.~ pa.Jr..a. la. .6u.b1Lu..t.i.na. 

SUMAT 
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ó} L.i...6.tado: 

1: P,¡nG~>II''I, rAr,h !:HCTu~R LA 5u''A oE nOS· ''ATRtCEs 
C tl .-tG'llF' l('A')Q Df LA5 V.:.Rlf\i.JLI:.S [III'LfADU-ES --· 
C I•:CMITlOAO C·~ Q( 11Gl011(3 flE LA3 llfqRlCE.3 •. -. ----- .. ·- -···--·. 
C II='=AIITI¡¡Ao ¡¡( COLU'111AS oE LA3 11ATHICES • . -···-· -· ·····-·· · • 

-C---A Y r.!="•\TIHCE:; QUE SEHA/1 SUIIAOA3 
e C '"'A T R rz SUfiA 

--Ol''(rr:.to~ A(IO~ 10)-,B(¡o, IO)rC(lOtlO). __ • • --- ... -
C U.CTl'llA flE OAT03 . --- _. -----· -e ___ _ 

1 P(A0(5, 1n01 •1 1 11 
lf(l¡l 7,2,3: _____ 2 
CfiLL [.lCif ---·---·------------------!l 

4 
"10 (j ¡:¡,11 -----· ---·- ------
~tAO(J,l5U) (A(l,J)¡Jai 0 N) 
!'os p¡,H. . ____ _ 
qc~ocs,¡so) CDilrJ),J~IuN) 

-----5 
e: 

___ IC -·· iiii'Pf3l011 DE: ÓATOS __ _ 
e 

f. 
-- C --- J 11Pfl E S t 011 DE RE SUL 1'Aoos· ---

C 

- é 
e 
e 

11RITE (,, 350) 
l:lo e 1 :q, 11 

9 ~HITf(b,2~0) (C(!,J),Jul,N) 
(',Q TO 1 

.. - ------·---·-------
FORIIATOS DE LECTURA [ 111PRESI0 1~ 

lOO F'O'IIIATC2t5) 
ISO F'ú 0 ."T c7F'lO,O) 
200 FORIIA 1 (lit lo 5 ( 1) r l OlC, 1 LAS_ ~AT~ ~~~-S PO~ S-~~~8~l_'i!.!l (I),JO!tt.~!"AJ_!I lt_ 

2So 1 :~~r:!TC¡,3X,IO(Et0;3,2X)) .. -----6----. ·- -- --· -·· -·· ·~ 
300 F'(J'lJ:.\f(3(/)

1
lOXt'Pt4TRll nl,jl) -- 4

--

4

---- ...... -· '-

350 Fop:'Al (~(1), loll, 1 MAJ111Z. SU'IAi;·;r 
t•1n 

Fig. 2.3 Li.6.t4do de! p4og4ama p4incipal 

5U!1Rr\IT¡~IE S"'!AT C.\.El,C,Il,l¡) 
e g!Jfl~cl'T t•;A 0 A<lA S'' lAR "ATniCE:J _e_. ~¡r.•:trtCAO'J r'll: LAS V~H[A!lLES C:"'I'LE~D.\S __________ _ 
C A 'f 1'~"4TRlC~3 uiiE ~r I'IESEA lóli''Aq 
C ••=C:t.'•Tit:AO oE PlllGLO''(S 1'1( L~S IIATPICES 

_c._ ___ II:CA''l IO~C IJE CtJLU'IIIA9 OE. LA!I 'IA!uiCEil--------
[IJP'(II,j[O'I 4(10 0 30),6(10, lO)g(;(JO, 10) •. _ ... _ •. -
oo 1 1"1,11 

_____ oc l Jz¡,u -----------...o----·---------
1 CCT,J)aA(l,J) ~ D(I,J) 

II[TURII 
--- -- ,_(110 ____ - - ------·----------

Fig. 2. 4 Li~ .t4do de l4 .& ub4u-Üita S UAfAT 
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2. 2 .'4 E j e.mplo 

En una :Ue.nda de. all:.Uculo~ e.lé.c.tlt.f.co~ .6 e. v e.nde.n lte..&.f..&.te.n

c..f.a..6 e.lé.c.t!Uc.a.& de. 114, 112 y 1 Wa.tt de. pote.nc..f.a. e.n .6 e..f..& d.f.ó e.-

Jte.nte..& va.loiLe..& Jte..&..f..&:Uvo.&. 

S.i.. la.-6 e.x.i...6.te.nc.-i.a..6 un v.i..e.Jtne.-6 polt la. .ta.Jtde. .&on: 

1/4 1/2 1 

100 n 200 380 ?75-1 

150 n 400 250 ; ~5 1 
1. o. K 500 175 325 

• 1 • 5 K 800 z 2 5. 150 

1 o. o K 600 380 180 

15.0 K 550 250 220 

fJ el , ¿4 b a.d o .&e ILe.c..i..be. una IL em e.6 a. e o n la..& .&.i.g u-i.e.n.te..& c.a.ll.a.c..te.IL.l-4\-

Uc.a..&: 

7/4 1/2 1 

100 n 80 90 50 

150 n 90 100 55 

1.0 K 75 90 60 

1.5 K 65 95 55 

1 o. o K 80 100 60 

15.0 K 75 11 o 60 

Ve..te.Jtm..f.ne. la..6 lte..6..f..&.te.nc...L~ que .ten diLe! e.n ..Lnve.n.ta.JL..f.o el 

e..6 .t a. b .e e. c..i.. m..i. e. n .t o el .tune.& poiL la ma.iia.na. da.do que. n.i.. e.l .&ába.do 

n..L e.l domingo hubo ve.n.ta..& • . 
* SOLUC10N 

) 
1 

TABLA 2.1 Va..to.& pa.Jta. e.l p!toble.ma. del e.je.mplo 2.2.4 

N=6 

M=3 

200 380 2 7~l 
400, 250 27J 500 775 325 

A e 800 225 150 
600 380 180 
550 250 220 



r-
80 90 50 
90 100 55 

B 75 90 60 = 65 95 55 
80 100 60 
75 1 lo 60 

TABLA 2.2 Re~ul~ado~ del p~oblema del ejemplo 2.2.4 

VS IIATR¡C[9 poq SU"AI' SON 

IIATnU A 

1 1100EtOJ---~Z50F:+Ol 

=-=-- ~ 500Etlll ~- 0 l7SE tOl 

·,eOOEtOl ___ .. .,_ . 

;z?S[+IIl 

oi!75E+IIl 

0 3i!5Et0l --

~150EtOl 

o600E+U - ol&OE+U ~&IIOEtlll 

~oS50[t0l ___ eZ'50Et03._~i!ZOE+Ol_ 

--;eoortoi!~9oor•oz ---;soor+CIZ-
___ .. 900E+IIi! ____ ; & 00[+03 -----~ S!ig[tOZ __ _ 

-=:~ o 7'iOE+fli! - - ,900E+OZ - . ;uoE+OZ ~. 

---;6!iOEt02 -- ·;~'iOE+OZ- -- ;s'iOEtO~ ---

--- ~eoonoz. ___ , 1 oor+_oJ _;uortnz ___ _ 
-::·:--· ;'ISOE+OZ ;uot+Ol ;uoE+Oi! 

MATRIZ 9U"1A 

__ ~C!80F+OJ_ 0 Q70E+03 --· 0 l25E+O~--

~- ;q'luE,nJ .:ssor.o:s ;noE.Ol 

---- ;575(t0] -- ;2&5Et03 ---·;:sAS[tOl --

--~~bSF.tOJ ___ .llof:+lll __ ¿zosr_+Ol __ 

:--~ . ;ó&OEt03 ;IHIOE+Ol ;ZQO[tlll .. 

---;usEtGJ- --;noE+u--··-;2eottol·-
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2.3 Mu1..t.ipt.i.c.a.c..i.6n Ma..ttt.i.c..i.a.t 

2.3.1 Objeto 
1 

Va.dM do-6 ma..tJt.ic.e.-6 A y ~ o b .ten e.Jt e.t. pJto duc..to ma..tJt.i. c.-l. a. .t. 
e de la. 6aJtma.: 

C=AxB (2.13) 

2.3.2 M€-.todo 
Pa.Jta. eóec..tua.Jt e.t. pJtoduc.to en.tke do.6 ma..tJt.i.c.e.6 (Ax~l .6e Jte

qu..i.eJte que lM ma.tJt.ic.e..6 .e, ea.n c.onóoltma.bte-6 palta. la. mulüpUc.a.c..i.6n, 
,to que.< equ.iva.te a. que e.t núme.Jto de c.olumna..6 de la. ma.tJt.i.z plte.mul
.t.ipt.ic.a.dolta. (Al 4ea. .igual al núme.lto de Jte.nglone.~ de la. po.6.tmut
~pl.ic.a.dolta. (~), e.6 dec..iJt: 
.6l A:e~ de oJtden (mxn) 
~- B-t~ de oJtderl-1~x4) 

e.e. p!toduc.to ma..tlúc.lal AB 4eJtd po.c,.i.ble 4olo 4l n=lt y el oJtd-en de 
la. ma..t!tlz pltoduc..to 4e.Jta. (mx-6). 

Sl la. ma.t!tl z f_ JtepJtel.l enta. la. ma.tltlz Jte-6 ulta.nte. del pltodu.c.
to ma.tJtlc.la.l AB, e.n.tonc.e-6 el e.teme.nto c. . . e-6 .tti da. do p oJt: 

- .(,j n 
c. • • = 2 a. • o b .o • , .i= 1 , ••• , m ( 2 o 14) 

.(, J .(,.(. .(. j . 1 
. l= 1 J = , • o • , .6 

E.c, lmpoJtta.nte. ha.c.elt nota.Jt que e.t. pltodu.c.to ma..tltlc.la.l no el.l 
c.onmuta..t..tvo, e..6to e.c,: 

2.3.3 Ve4c.ltl~c.l6n det PJtogJta.m~ 

a.)Su.bJtutlna.l.l JtequeJtlda.6: 
SUBROUT1NE MULTMA(A,B,N,M, L,X), el.lta. .c,u.bJtu.tl~ta. e6ec..tua. 

... 
e.t. pltoduc.to ma.tltlc.la.t Ax~.Et-pltogJta.ma. plt.inc..i.pa.t .cl.e 
emplea pa.Jta. ta. tec.tu.Jta. de da.to.c, e lmplte6.i.ón de. lte6ut

ta.do.6. 
b)Ve4c.tt.i.p~.i.6n de la.l.l va.Jtla.bte.-6: 

Pa.Jta ta. .c,ubJtu.t.i•ta. MUL HIA: 

A(I,J) ma.tltlz plte.muttlpUc.a.doJta. de. .o~r.de.ti N x.M 

1 
\ 
1 



B!I,Jl 
X(I,J) 
PaiLa. el 
A(I,J) 
s r r, J) 

X ( I, J) 

ma.tJL.lz po.6.tmu.ltipUc.a.dolta. de oJC.den MxL 

ma~~z pltodu.c.~o de oltden NxL 
pltogJC.am~ plt.lnc.-Lpal: 

ma.~Jt.lz p!t.emu.l:UpUca.dolta. de. o!t.den N xM 
ma.~~z po.6.tmu.lt.lplic.a.dolta. d~ oltden MxL 
ma.~lt.l z p1r.odu.c.~o de oiLden N xL 
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e} V.lme.n'-6 i.o n e.6 : 

La. pltopo.6ic.i6n 
(l.n· e.t pltogiLa.ma. 

N > 10 y/o 
d) Fo'IL111a.to.6 pa.Jta lo-6 . 

SEC. TARJETAS 
. 1 

2 

• 

3 

VIMENSZON de.be.Jtd .6e!t. mod~6-Lc.ada. tanto 
plt .. Ütc-i..pa.t como en la. .6 u.b4u.:U.na. cuando: 

M > 10 y/o L :> 10 

da.to.6 de en~a.da.: 

FORMATO INFORMACZON 
(315) N,M,L 
{8F10.0) A(l,J), lo-6 elemen.to-6 de 

la. ma..tlt.iz 6e dan 1Lengl6n .. 

(8F10.0) 

poiL ILengl6ntEmpLeaiL ~a. ca.~ 

~~dad de ~a.~je~a-6 qu.e 6ea 
n e c.e.6 all.ia. 
B(I,JI, .lgu.~l qu.e en"eL e~ 
.60 an~e~r.-LoiL~ 

otiLo-6 paqu.e.te.6 de da..to.6(opc.-i..onaL) 

e)V.la.gnama. de bloqu.e.6: 

TARJETA EN ~LANC0 1 a.t 6-L
nallzaiL tod4 la ln6o1Lma.-

1 c.-i..ó n 



Fig. 2.5 Viag4ama d~ bloqu~ó pa~a ~l p4og4ama 

pJLinc.ipal 
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4ubllU.tioul 

&IULTMA 

ha.ce,\: X(K,J) • 
KIK,Jl + A(K,l) 0 

•su,JJ 

Fig. 2.6 Viag~ama de bloque~ pa~a la ~ub~~ti~a 

MULTM!: 
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6) l.t.6 ta.do : 
) 

e I'IICyRA"A P~~a ULCTU4~ P'tC~UCTJS t•~TIIICIAL.(S 
C ~~~~trlc~CC nc LAS v~q1AlLF5 r•PLC.OAS 
e A"~ATPil Ph("~LTIPLI~A~n~a 0[ 0~0[~ 'NX~l 
e ~·vATAil PGST~~LTlPLICa01RA or nROtN IHX~) 
e X•~AT~IZ PRCOUCTO CE: ORO~N CN~~~ 

~¡wr~SICN ACIO•IO),Q(ICriO)IMCiO•iO) 
lR•S 
~~·6 

e LCCTlPA cE onrcs 
klAC(I••IC) ~~~•L 
Irl~l '•2ol 

2 CALl (t¡T 
, 3 wC 4 1° 1' ~ 

4 ~ca:ct•.ttl IAii•J>•J=I•Ml 
I.JG S tat•• 

S R[A~(l 0 •lll Cell•J>•Js¡,L,) 
e l~P~ES!C~ CE DATOS 

loRIHI1••12) 
llO t 1•1•~ 

6 ~~IT[{Tn•lll (ACI•Jl•J•t•~) 
liFIH<1••14) 

"' 1 '""" 1 •RIT[IT••Ill (B!I••>•J•I•L) 
o0 1H(I.,15) 

e LLA~ac~ CE sueR~Tl~A PAqA E'[CTUAR PRODUCTO MAYRlCIA~ 
(All W~LT•A(A•8•H•"•L•Xl 

C l~Pp(SIC~ Ct AtSULTA~OS 
úC e ¡a¡,, 

a ontrrcl••lll <~ct.~l,Jal•~l 
l.C TC 1 

C FCAuaTn~ ~[ LECTURA C ¡vPRESION 

e 
e 
e 
e 
e 
e 
e 

1 O f ~ q ., ~ T C J 1 5 l 
11 fCQ~AT(efi~.Ol 
12 fC~wlTC4Cil•~X•'~AT~tz A0 ,/) 

ll fC~~AT(I•2X,IC([I0ol•llll 
14 fCR~IT(~(Ilo5X•'~ATRt1 A'•ll 
15 FOP~AT(G(I)•5V• 1 ~ATRlZ PROOUtTQ 1 p/) 

(fjQ 

SU9RCUTIN[ ~ULT~A(~•1•N•H•L•X) 

St.~niJTI~A PARA ~ULflPL!CAq 'oo~ 'IATRICES 
LL SIG~lfiClOC C( LAS VA~IABL(S EMPLEADAS tS 
A·~-TPil PR(~t.LTIPLICACOHA OC QqO(H (N,~) 
b•ullRIZ POST~t.LTIPLICAOO~A Ot ORDEN (MIL) 
x•uATPIZ PRCOUCTO 

úi~E'SirH ACIO,IOliBC10•10J•XClO•l0) 
úC 1 J 0 I•L 
oc 1 ,.¡.~ 
XC~,J)mCoC 
ú0 l fal•ll 
X(~,J)mV(~IJ) 9 A(K•IleB(J,J) 
I!CTUAN 
thQ 

F..i.g •· 2. 8 Li.6 ta.do de .ta o ubiLutúta. MUL T~IA 

'l•, 
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2.3.4' Ejemplo 

Cua.:t.'r.o c.omponutte.6 de. un a.utom6v.il JLeqtúe.ILe.tt c.omo ma.te.ua. 
p!L.ima. de. hule.g a.lum..i11io lJ ac.vr.o. Lctó un.ida.de.-.6' que. ..6e. Jr.e.qu.ie.ILe.t-1. 

J 

de. c.ada. ma.te.Jr...ia.l pa.11.a. 6o1LmaJr. u11a. unidad de. c.a.da.· componente. de.L 
a.utom6v.it he p1Lopo1Lciona.n ~ c.ontinua.c..i6n: 

c.omp. 
c.omp. 
c.omp .• 
comp. 

~ 

2 

3 

4 

lw.ie. 
a.tu.m..in..io 
a.c. elLo 

hule. a.tum..in..io 
8 5 

3 4 

20 2 

1 8 

$ 

[

25. 00] 
30.00 

40.00 

a.c.e.ILo 

3 

S 

4 

10 

Ve.te.JLm..ine el c.o~to tota.t de. c.a.da. componente. debido a. la. 
ma.te.Jt.la. · plt...ima. de. que. e...6ta. c.ompue..6to. 

·*SOLUC10N 

TABLA 2. 3 ,Va.to.6 p a.JLa. el piLob.te.ma. de..t e.je.mplp 2.3.4 

N=4 

M=3 

L= 1 
8 5 3 

A. 3 4 5 a 

20 2 4 

1 8 10 

8 = Dn 
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TABLA 2.4 Re6ultado4 del p4obLema del ejemplo 2.3.4 

IIATRIZ A 

o&OOC+ot o~ooE•ol olOCE•Oa 

olvOEtOI .4QOE•OA o~OOE+01 

o200[tü2 o200E•OI o40~Et01 

o~OOE+O! oOOOE•oa olOOE•Oa 

NATRI2 B 

_____ ,2:JI)(_o_Q2 _________ ----------------

olOOE•o2 

~400E~02 

HATR 1 Z PRODUCTO 

,q7QE+QJ 

ol9S(t0] 1 

o720E•Ol 

o66SE+OJ 

---------- ----
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2.4 1nve~~Ai.6n de Ma.tJL.<:ce~ 

2 .4.1 Objeto 

Vada una ma:t~~z cuad~ada A ob:tene~ ~u ma:t~i.z i.nve~6a A- 7• -
2. 4 • 2 Mé..to do 

La ma.t~i.z ~nvell6a de. una ma.t:u.z cuadJr..ada A e6 otila ma..tuz 

cuad~ada que ~e. ~e.p~e.~e.n.ta po~ A- 1 y que cumpte. la. 4i.guien.te. p~o 
piedad ~¡ la ma.t~i.z A e.~ de o~de.n (n x nl: 

A A-l I -- A-J A 
=--t1. fZ.-15) 

Se de6Lne a la ma.t~z ~nve.~a como: 

A-l e A+ 
{2 .76) 

1 

donde A' ~e cono c. e como i..a ma..tll~z a.dj U:n:ta. de. la. ma.:tJr...iz A 1J 1 A 1 
lt.ep~e-6 e.-ttta. e.l detor.mi.na.nte. de. la matlli.z A. 

Ve. la ecuac.~6n(2.16) .6e i.n6i.e.Jte. que. pa~a. que e.xi..6.ta. la i.n

vell.6a de una. matJU.z ~e ~equi.e.~e. que. J A 11 O, e..6 de.ci.IL, que. la ma~ 
t.Jr.i.z ~e.a no .6-i.ngula~. ,-, 

OJ 

Pa.~a la obte.nc.~6n numé.lli.ca de. la. matJr.i.z i.nve.~~Aa e.-6 ne.ce..6a~ 

lli.o a.cudi.ll al método de. Gau4~-Jo~dan modi.6~cado. E.6:to .6e. hace. d~ 

bid o a que. pa.Jr.a ob.ten.e.Jr., AT: 1 e.n una compu:tadoJr.a di.gi..tal me.di.ante. 
• ' / 1 

la e.cua.c.i.6n (2• 76) ~~ Jr.e.quie.lle. una. glla.n cantidad de ope.~ac.i.oñe.-6 

y con.6e.c.ue.n.te.me.n.te. de üe.mpo. Pa~a ob.te.ne~ la i.nve.~a de. una ma.

:tlt.i..z ( 70x70) 6e. Jr.e.q.ui.e.Jr.e.tt me!~ de. 340 mi.llone.-6 de. ope.~ac~one.-6 con 

e.l método di.Jr.e.c:to~ 

El método de. Gdu-6.6-Jolldan e.-6 utt método de. e.li.mi.nacl6n ~l-6-

.te.má.ti.ca me.di.ante. e.l .c.ual .6 e. .tJr.an-6 6 ollma la ma:tiLi.z oiLi.gi.ttal A e.n 

una ma.tJr.i.z i.de.nti.da.d 1· IJ al mi.-6 m o .t.ie.mpo e.-6 :ta última .6 e. :t~an-6-

6o~ma e.n la ma.:tlr.i.z ¡n~ll.6a A- 1 , e.-6 de.ci.~, pa~.ti.e.ndo del a.Jr.~e.glo: 

[ ~1 In J ( 2 • 1 7) 

1J ape..i.c.ando cti..gwtM de lM .6-i.g!.U.en.t~ tllatt-~6oJtmauone.6 a.l a.~ttegeo (2. J7): 
--<.n:te.Jtc.ambi.o de ~engtone6~ 
-mut.t-<.p.ti.cac-<.6A de un Jt.e.ngl6n poll un e.6c.alalL A 1 O, 
-.6uma de eccU.i.múi..~plo-6 de. un Jr.eng.t6n a o:t~o Jr.engi..ótt • 

.6e i...Cega a..t 6-ifJIU:('I!tC CUt.lte.glo: 

,. 
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[ r : A- 1] 
-fl.'--rt 

(2.78) 

El método pall.te. de. la .6u.po~.i.c..i.6n de. que A e.ó una ma.tll.i.z 

no .bi.ngu.lall, lo c.ual .impli.c.a. que. ~u.b c.o.t.umna.o .ó on ve.c..tolle..ó l.i.

ne.alme.n.tc inde.pe.ndie.n.te.-6, en c.a~o ~e. no .óe.llLo e.l ml.todo lo pue
de. de.tec..tall; e.n di.c.ha ~i.tuaci6n ~e plle..óe.nta que. todo~ lo.ó e.le.

men.to.ó de un lle.ng!6n de la. ma..tJL.i.z A o de. ~ u6 ma.tll.i.ce..ó .tlla.n.ó 6 olt.

mada..6, .óon nhlo.ó. 

A 6.i.n de m.i.nimizalt. lo.ó e.llllo!Le.~ de lle.donde.o, la e.lim.ina-

c..i.6 n de e.l e. me. rt .to.ó .6 e. e 6 e c..tua. pi. v o . .te.ttndo .6 o b !Le lo .6 m a. U o 1Le.6 e. le.

me.•t.to.6 que.· que.da.n e.n la ma..tiLi.z A o e.n la.6 ma.Vt.i.c..e..ó obte.n.ida..ó a: 
paiL.tiiL de. e.-6.ta. últ..ima. poiL tJLa.1t.6 óo1Lma.c.i6n; de.b e. te.ne.IL.6 e c.u..i.da.do 

de no e.mple.all c.omo p..i.vo.te..6 eleme.n.to6 de lle.nglone.6 que. ya. hayan 
----~ido\ uUliza.-doh-com-o p:tXici'[rt.:;:---------------------- --. ----------------- _____________ _ 

2.4.3 Ve..óc.llipc.i6n del Pllogllama 

a)Sub1Lu.tina..6 ILe.que.~da~: 

SUBRO,UTINE MAT1NV(A,N,EPS,VET), ob:Ue.ne. la. ma.tlt.i.z .inve.Jt.

~a 'de la ma.tJt..i.z A. El piLogJt.ama pll.irLc...i.pal .6e. e.mp!e.a 

~alla la le.c..tulla. de. da.to~ e. implt.e.6..i.6n de. ILe.~ultado~. 

b 1 Ve.~ c.·ll..tpc...i.6n de la.6 vaJt..i.able..ó: 

Palla la .óubllulina MAT1NV: 

A(l,JI 

N 

EPS 

VET 

e¡ 1, J l 

~lVR 11) ·Y 
MVC(I) 

ma..tiL.i.z de. la que. 6e. bu..óca.ILCÍ .la. -<:,nve..u.a, 

dullan.te. e.l plt.oc.e..bo .be convie.ll.t~ e.n la ma

.tll..i. z in v e.Jt.6 a. 
ollde.tt de. la ma..tll:..i.z A 

c.ll..i..te.ll..i.o palla de.te.ILmútall .6..i. el de..te.llmi

nante. de. la ma..tll..i.z e..ó nulo 

pall~me.~llo que. ..i.nd..i.c.a ,t,..(. e.l de..t~llminan.te. 

de. la. ma.tlliz e..ó nulo 
matlt.i z ..i.de.n:t.(dad que. 6 e Clllp!e.a. paiLa o b.tc.
ne.ll la matll..i.z i.nve46a 

.c.on.tadolle..ó que. -i.1tdic.a.n c.uále..ó Jte.ngtone..6 

lJ cuá.fe.6 c.olumna6 de. !ct 111ct.tll..i. z A ya 6 u e.

ILon e.mp!e.a.do~ c.omo p-i.vo.te.6 
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ma.yolt elemento de la. ma.tiL.i.z A o de l.U.6 
~1La.n.66o1Lma.c.i.one.6 que 4e emplea. como ele
mento p.i.vote 
vaiL.i.abLe. de. loca.Llza.cldn tempoiLa.l 

PaiLa. eL piLogiLama. piLlnclpaL: 
A ( r 1 J) ma.tlLlz de La que .6 e. OU.6 ca. la. ln.ve.tia., du.~ 

ILa.nte el p~oce.6o 4e. c.onvieiLte. e.n la. 

ma..tiLiz .i.nveMa. 
N 

EPS 

VET 

c)Vimen.6ione.6: 

1 

o~tden de. la. ma.tiLlz A 
ciLlte~o paiLa. deteiLmlnaiL ~l el deteJtmlnan 
te. de la. matiLiz A e.~ nu.lo. 
v a.Jti.a.ble. que. indica. .6i e.l de.teltmina.nte. 'de 
A e4 o no nulo 

La. p1Lopo.&lci6n VIMENS10N deL piLogiLa.ma. p!Llncipa.l y de 
la ~ubfl.U·Üna. debeiLá óeiL modi6.i.cada cu.a.ndo: 

N > 10 
d)Fo!Lmatoó paiLa. lo.6 

SEC. TARJETAS 
dato.& de. e.n.tiLada: 

FORMATO INFORMACION 
( 1 S) N 

2 (8F10.0) 

------------------------------

A(I,J), 4e. p1Lopo1Lc.i.o
na.n lo~ elemento4 de 
la. ma.tJtiz 1LettgL6n -poiL 
ILe.ngLdn.Emplea.IL ta.n~a.6 

taiLjeta.ó como 4e Jtequ.i.~ 

Jta.n. 

ot1Lo.6 paqueteó de da.to.6 (opcional) 

---------------------------~--
.n 

e)Via.giLa.ma de.'bLoqu.e.&: 

T-ARJETA EN B,LANCO, al 
6inaUza.IL .toda la. út6oJt 

ma.c.idn. 
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F.i.g. 2.9 V.i.a.glLa.ma. de. b.toqu¿-6 de.t plt.ogJta.IYla. pit.inc.i.pa..t 

., • 1 



UmpiM 
MVR(ll 1J 
MVCI Il 

bu4ca\ ~~~gContA 
qut. "" lt.tn 4.i.da 

cmpit.itrlc'4 

ob tenr.~ IMlJO.\' 
t.lrr•t.•tto dt. 
Uo4 llCJtgtonu 

c.UmuoM d.c
men.tc4 me<Uml 
U pil'O.tf.D ' 

0 
J, 

F.i.g. 2. 7 O V.i.agiLa.ma d~ b.toqu.e.~ de. .ta. ~u.bJLu..túta MATI NV 
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ó) Li.~ .tado : 

f . PROGrt"A f'Ailh TfiVCnTlfl IIATRICES Pur I'L rlf.TOOO [IC CAU33'"J0RnAPI 
. 0 .• -- SI~'IlrtC/100 N: L~:; VAI;l/,QI.C!l.[ltPLlAUA!i ...... -·--- ---- .. ----·- -· 
.. L •... r¡:Or.'l[" 0[ Lo\ ''IITilll A . . .... __ ---- --------- -· --- .•.. 
. C •• 11='11\ TrI;: ;1r LA Qu( ~t.: f1li5CA SU liiVfRSA . • 1 
-L-•. Er!i:ri'ITEP.I.l f'l.fl~ DI:TEr>ttiiiAR :;!. E4ISYC 1l JIO .L.\ _¡rl'l[:nsA OE. LA IIAtBLZ: 
· C ('(TaPAf'AI't:lílf) QUE trHHCA 3l EXISTE O Nll LA l11V[RSA O[ L.A HATRlZ ' 

OI'i(IJ:llOII A(IOo!O~·Ce&O,lO~ ------------------------. 
ifi=S --·- _____ .. __ .. ----

----· I.t=u ·- ---------
[0!'\~n.n"nO(Il 

t ~ L(CTI'I'A O( OATQ;:, 
-------1-fiUC'CI'<,¡?J N----·--

H (.¡l 2,.:, l 
- - " 2 cnL tqr 
--~-l ce .. : ~ 1,11 __ ... ______ -------.---

Q rE~~c¡n,?Ll (A(I,J),Jat 1 N) 
e ¡· ro.r ~. r :::·, (lC o~ Tos 

i1í!Tf.(lo•ri:l) -----. ----·------
Dv S¡:¡,¡, _ -------·---

. 5 .1r:rrrcr 1,22> u.O,J),J::¡,r¡l . .. . 
__ C ____ LL~·or.,on ('[ :¡rJ!JOU'l'IA Po\llA_OO_Tf;!lf;R_J.!..~!J.B.l.Z. JIIVERSA 

U.LL :thTT IV(A,'I,Ef'S,OET) 
IFCC~T,GT,fP~) GI'J TO 7 
t1íiiTEIIIItZY)' .. __ 
Go TO 1 

---· .7 ·~rtiTf.(l'/,2Q) 
_____ (") o x=,,·,. ---e----~-~ 

6 •niJ~([,',22) (A I,J,,J:¡,rr, 
G\1 rn 1 

__ .C.... ro<>r•Hns !'E I.[CTIII'A E Jrti'IRESION 
•·-· .1'1 FO:?I~T(l5) . __ --:·_-_-- -
, __ 20 ro""•'ITC6rlo.o¡ 

21 FO"II~TC4(/) 1 SX, nthfi?JZ t.,t 1 1/) 
z;~ FOPIIH(/,C:x,JO((IQ,),¡y))- ----· 
Zl FQP'If1T(t1Cil,5X, 1 t¡Q EXISTE LA IIATRIZ JNVEil5o\ 1 ) 

---~ _fon~!A!. tiifuS.X• !J!I'{t_~§~ .. ~E_I.,LI'A!.I!.!.f .. ~_!) _____ ~iD ______ ... __ 

-------------- ---------

\' t.· r ... '. , J / , ~ ~ . 
1 • 

----------- -

Fig. 2.11 Li~.tado d~l p~og~ama p~~ncipal 

44 



e 
e ~LRR~TI~A P~PA CPTE~~A l4 JhVflSA :e UNA HATRl~ 
e LL SIG"Jrlc~nO ~f' ~H y¡~J~tJLEi EPirLt:AOAS t:S ) 
e A 0 ~~TRII • LA '~r i( ALSC¡~& SY I~VEhSA Y ~~[ OyAA~Tt EL P~OCESO 
C S( C~~Vl~iT( L~ LA ~ITHI1 IN~ERSA 
e hDORCf~ CE L• ~iTRIZ , 
C LPS•CRII[~IC PAnA :tTE~HI,AN Sl EL OETtRHl~ANTC DE LA ~~1RIZ tS 
C NIJLO ' ' ' , 
e ~(TaVALCR AJ~CL~TC OCL OtTrR~I~ANTE tC LA ~AT~ÍÍ 
e C 0 HAT~IZ lCC:~TfCAC Q•JE S( LflliZA PARA CATE~Eil LA HHP.IZ [NvtRSA 
e PoR EL b[TCCt oE G~~ss•.cHnA~ woorrrcaoo · 
e HVn l ·~cac~hTALOR[S OLE I~CIC~~ C~ALCS RCNOLONiS Y eoLU~NA$ YA 
e· r~ER~~ UTILIZACOS ec•O PIVOTES 
e 
e 
e 
e 
e 

e 
e 
e 

.. 
~aTr~CIC~ CE LA ~AT~ll IOt~TlDA~ Y ACTUALIZACIO~ OE VALORES PARA 
INlCIAq (L ~RCC¡SC 

00 1 1•1~1'1 
1 HVRCT>•~ 

11VCCil 0
' ' oo 4 r·1~h ,, 

úO l Ja¡,~ 

lr(Jo(ll,Jl GO TO 2 
cct.J>ac,c 
¡¡¡¡ TC l' . 

2 CC ¡,,¡)DioC 
l CC~flhi!E 
4 CQo¡T P.; U( 

06T(NCION CE LA ~ATRIZ I~V[RSA 

oc :2 'C•loh 
R~~H•OoC 
LC•O 
LRoO 
00 6 1~1•11 
1fC~VRCtloEQoiJ GC T~ d 
OC 5 JDp' 
lFC~VCCwloEC•~l GG T~ 5 
lrCAPSC~A•~tloGCoA3SCHI~·I)J) GO TO 5 
RAI'AX-'Cio~J). 
LA •1 , , 
LC•J 

S CONTihll( 
6 CON TI ~·ur ; 

(IET•AflSCfli~AXl 
IfCOET•LEoEPSl ~O TO 14 
IrCtR·r~·lCl GC TO S 
ilO 7 1•1•~ 
TEIIP•ACtn•ll 
ACLR•I l:Htc• 1 l 
A(LColhT("P 
Tr~P•CCtR•I l 
CCLR• 1 hCCLC•I) 

7 CCLCPl hTEI'P 
8 DO 9 1•1•' 

ACLC•IloACLe•l)lqA~A~ 

9 CtLC•Il•CCLc~ !)IRA~ t.~' 
C;C 11 1•1 ,., 
rrc¡.r~.Lc> r,c ro 11 
TE~P•A ( 1 •LC 1 
OC lO J • 1 • r; ... 
AC I,J)oAC lul • T('•P•ACLC•Jl 

10 CCI,Jl=cC l•Jl • TC~PoCCLC•.J) 
ll CC~Tih•J~ 

H~ACLC hLC 
H'<CCLC lóLC 

12 CC~TII••I( 
¡,Q 1l l•oÍio 
oc t] ,,!8¡,.,. ' 

11 ÁCr,~i•ccr~J> 
14 hE Tu A P. 

'LhO 
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2.4.4 Ejemplo 

Ob.te.ne.IL !a. in v e.IL.6 a. de. !a. mi:t;ttr...<.z: 

7 o 2 3 -1 

7 -20 -1 3 
A = 7 1 - 7 o 2 

2 -7 -1 30 

~SOLUC10N 

TABLA 2.5 Va.to.6 paiLa. e.! p~obte.ma. de.! e.je.mp!o 2.4.4 

'Na4 

10 2 3 - 7 

7 -20 -1 3 
A = 7 7 -10 2 

2 -1 -1 30 

TABLA 2.6 Re..6u!ta.do.6 de.l p!Lob!ema. de.! e.je.mp!o 2.4.4 

.......... . 
·-.... 100t•az- .zc~ttol_-·_ olOOC:+OLo,Hof:tOt-:..:__ 

,aoct•OI ... znor·~~ •.toot•o& ,lOuE+OI 
----- - . --r- -· --·. - ..... ----- - --- . -- ---

olOOC•Ill - ol~OEtOl ... IOOE+Ol. •.• zooEtDL--

. -· oZC0(6CL : ... 1COEtOL--•oiOOEtOL~30oCt02_-_~ 

·¡ .... 

l'li!.1'3f CIL L'· ''"f11Z A 
,"-'.....!.. !... - --

- .•• 3Q1l•Jl ·.o~"c.E•o¡ .sslC .. oZ , .a7¡E .. o.; __ _ 

.. • !lTbC;.~z ... ~HE•oz •.q77t•ul • 7Z4f ... oz -- --

•.e.oot•r.;o •,Z'Slf:,.;o2··-;~,¡~ci .. oz- --.Ú7E;.¡,,-·--
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3. SOLUCION VE 1 SISTEMAS VE ECUACIONES LINEALES '' 

3.1 Znt~oducc~6n 

Po~ ~~.6te.ma.~ de. e.c.ua.c~one.~ .line.a..te..6 6e. entiende un g~upo 

de ecuac~one~ que. p~e~entan la ~~gu~e.nte e~t~uctu~a: 

) 

dondt a.
1
. y b . .6on con.6tante..6 y la6 lnc6gnlta.6 de.L .6~.6te.ma .60n 

.,(. .,(. 

to.tJ valo~e..6 x . 3 do 11de 1:::;, .{. ~ n . 
.,(. 

Vlcho.6 .6~.6 .te.mM ~e. pueden ~e.pJte.ó e.nta.~ e.n la ¡) o~ma: 

A X = B ( 3. 2 1 

donde. A .6e. conoce como la ma.tJt~z de coe.6~ciente..6 del .6~.6-te.ma,

B como ve.cto~ de té~m~no.6 lnde.pe.ndle.nte.-6 y X como ve.ctoJt de. l~ 
c6g'nlta~. 

S~ e.l ve.ctoJt de té.~tmlno~ lndepe.nd.i.e.nte.-6 e4 dl6e.~ente. de. 
ce.lto .6e. habla de. .6l4te.ma.6 de ecuacione..6 no homoglne.a.6 y e.n ca
.60 cont~a~lo de .6l4te.ma.6 homogéne.o6. 

Ante.4 de. p~oce.de.~ a Jz.e..6o.tve.Jz. un .6~.6te.ma. de. e.cuaclone.ó e.6 
ne.ce.4a~lo de.te.~mlna~ .6l dicho .6l4tema t~e.ne .6oluc~6n y e.n caóo 
de te.ne.~la, cuánta.6 po.6lb.te.6 6 o lu.cio ne..6 t~e.ne.. En. ba.6 ~ a R. o --
ante.Jtlo~ óe. t~e.ne. la 4lgu.le.nte. claAl6lcacl6n; 

Sl4te.ma de. 
e.cua.clone.~ 
Une ale.~ 

l 

no hbmogéne.o lnde.teJtmlnadq 
{

compatible. { de.te.Jtmlnado 

homog'éne.o 

J 

· inc,omp a.tlb.te · · · 

{compatible I 
de.teJtmlna.do 
(.Sol. tlt.lvla..el 

l .indi.te.Jtlllln.adq1 
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1 

S..L~.tc.ma. ,compa.Ubte. e~.> a.qu.él que ¡,.(. .Uene ~.>olu.c..i6n '~· palla. 

que e~.>to· 4e cumpta. ~Je ~t.equ...LeJt.e: 

'3. 3) 

donde a. la. ma.tlt.A:z [A~ 8 J .6 e le conoce· c.omo la. ma..tJt...Lz amrt.i.a.da. 

deR... 41...& .tema.. 

S ..L.& .tema. ~nc.ompa.t..Lble e.& a.q u él que no .U ene .6 o.e.u.c.ión IJ .6 e 

cumple. qu.e.: 

( 3 o 4) 

S.f.~.> .te. m a. de .t.e~t.mbta.d o e.& u.n .6 ..L~.> tema. compa..t..Lb le q u. e. ¡:Pte.& en

:ta. .t,olu'c..L6rt ún..Lca. 1J .6e ve.Jt...L6.i.ca. que: 

''[ J ( . · ·: ILa.ngo A "' ttúmelt.o de ..Lnc6gn.i..ta..6 ( 3. 5) 

Cuando ~e plt.e~Jen.ta. e4.ta. .&..Ltu.ac..L6~ ~n .6.i..6.tema.J homogl~eoa 

.6e. hab;t,¡_ ·de .6olu.c.ión .t.Jt..iv.i.al, rja. qu.
1
e. X~ o. 

'. . -
Un ~.i..&.t~ma. compa..t.i.ble. qu.e. plt.e.6e.h.ta. ..Ln6..Lnidad de ao~u.c.lo-

rte..& .&e conoce ·.co.mo. ,t,.ü.tema .lndi.te.ILm.i.na.do y .6e ca.Jt.a.cte.Jt..Lza. polt.: 

.tango [A]< númelt.o.de. útc6gni..t.a..t, (3.[.) 
PaJta. la "·.1of.u.c-L61t de. .6-l~.>.te.ma.-6 de ecuac..Lon.e.6 l.1~n.e.a..t..e.ó ex..L6 

.te.n d..Lvelt.~.>o~.> mé.t~do.6 de ·lo.& cu.a.le.-6 .&o~~ .6e .t1La.ta.Jt.4n: Método de. 

Ga.u.-6.6-Jo~t.da.n modi6.i.ca.do 1J el Método d~ Ga.u.-6.6-Se.i.de.e.. 

3. 2 Mé.t.odo de. Ga.u.6.6-Jolt.da.n.mod..L6.i.~a.do. 

3.2.1 Obje..to 
Ob.te.ne~t.La. .6olu.ci6n .de ~.>.i.IJ.te.ma..t,. de. e.cu.a.clone6 linea.le.& -

de. la. 6o~t.ma.: 

A X = 8 '3. 7l 

3.2.2 Mé.todo 
Vado el . .6l.&.te.ma. de. e.c~a.c..Lone.-6: 

A X = B '3. 8) 

"' lt.Ltngo ( ~] e.& la. ca.11t..{.~ad de vec.tolte.6 l.i.aea . .itHeH te. .i.ndeper~

di.elt.tc.~ dc.t. c.onjLut to de. ve.c.to1Le.6 c.oiwmta. que JO•'tnian t.t. n¡,t-

.t~ti.z A. 
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tl mltodo con~i~te en tAabajaA con la mat~iz de coe6iclente~ y 

el vecto~ de. té~mlno~ lnde.pe.ndle.nte.~, e~ decin, con la matAiz 

ampliada del ~i~te.ma: 

A dicha ma"Vl.iz .6 e le aplican una. 

ne~ que conducen a obte.ne.n otna matnlz 

[ lnl eJ 

( 3 o 9) 

~e.nle de tna~6o~ma.clo
amplia.da. equivalente.: 

(3.70} 

donde. e lte.pne.4 e.;tta. la. .óoluu6n de. c.a.da u.na de. la~ lnc6gnita6 

del ~ l~ .tema.. 
El ¡¡:1.0 ce.11 o eq u-<. vale. a. p~e.mui.tiplica.~ la ecuación ( 3. 9) -

polt A -J, e.& dec.-in, el método de la ma.t~-iz -tnvetia, .óolo que. e~ 
:te. mt.tado c.on.óL.óte e.n Luta. eUminacl6n .6l.6te.má.Uca. de. va.lo~e.~. 
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La. .t~a.n~6o~ma.cl6n de la ma.~iz (3 .• 9) en la. ma.t~-?z (3.70) 

~e e6e.c.t~a. ba.6ándo~e e.n t~e~ openacione..6 que no a.lte.nan el 6l~ 
tema de. e.cuaciane.-6 .ólno que. pltopoltc.iona.n .&i6te.ma..~ de e.cua.clone.~ 

e.q uiva..teHte.6, e,lla6 .6 o n: 

- ln.t·e.~c.amb-io de do-~ ~englone~, lo cu.a.l e.q u.-<. vale. a. -in te.:!:. 

c.ambla.JL do.6 eetta:c-to ne~ • 
- nrul.ti..pUc.a.cl6n de un JLengl6n pon un e..6 calaJt. dl6eJt.e.nte. 

de 'c.e.Jt.o, lo cual e.qu-iva.le a. mul.ti.p.e..ic.a.n ambo.6 mle.mblto~ 

de. una e.cua.ci6n polt. la mi.6 ma. c.ort.6 .tan.te.. 

~uma. de e.qulmúlt-iplo~ de. un Jte.nglón a. otno-ne.ngl6n, e.~ 

de.c.iJt., mul.ti..pllé.a.Jt una. e.c.ua.c.lón poll. u.na. c.on-6-"(:ante. "K" 
y .óuma.~la. a otJt.a ecuación. 

Pa.~~ apl-ic.aJt la.ó opelt.ac.ione~ ante.Jt.lone.~ '.óe.,plt.o~e.de. en la 

.6-i.g ui e.nte. 6'o Jt.ma: 

(i)se.te.c.c.lona.lt un ~e.ngl6n p-ivote. y un e.le.me.n.to pivote. de.!:!-_ 

tno de. dicho nengl6n. 

(!)Nonmal.izalt el elemento pivote,e..6 de.c.-i.Jt, c.onv~ntinlo en 

~.uti.tatúo. 

Q ea~celaJt. e.le.me.nto.6 que. .6 e e.ncu.e.nt!Le.n e.n la colum~ta. atLJt.l 

ba; y /o abajo del elemento pivote. me.d-ia.nte. la. .6uma. de. -

eqttl~IJÚLU·plo'~ • . 

@Re.glte..6alt al pa...6o (]) IJ a..ó.<: .óuce.&-iva.me.n.te ha..ó:(;.a que. 6e -

tna.n.6 6oJtma la. matAlz de. coe.6-ic.-ten.te.6 A en una ma.tlt-i..z --



ide.n.ti.dad ltt. 

VeJbi.d o a. q u. e. du.Jta.n.te "-l piLo e e..6 o .6 e. p1Le.6 e.n.ta.n e..Jz.JtoJte.-6 poli. 

lt.edondeo:, la 6oJuna: óptima. de. e-6 c.oge.IL lo.6 e.le.me..n.to-6 pi. va .te. e.6 -

.6e.le.c.c.-io~nando el ·mo.yolL c..te.me.nto qu.e. qu.e.de. en la. ma..tJt.i.z ~a en 

51 

:6u..6 .titan~~ 6oJtma.ci.on-? . .6. Ha.y que .te.ne.IL p1Le.6,en.te. que lo.6 e..le..n~e.n..:to-6 de 
u.n Jte.ngll6n qu.e ya 6u.e. .~>e.te.c.c..i.orta.do como Une.a. p.i.vo.te. no .62 :pu.~ 

den r.t.ó a.Jt. c.. o ni o p,i~'o .te..6, a.t1n· r.u.ando e .e ma.ljlfJIL e.te.me.n.to q u. e. de. c:ol~ ' 
cado e.n dicho Jte.~gl6n. 

Al .óe.le.c..c..i.o'na.Jt R.o.~ p.i.vo.te.-6 en la óoJr.ma. a.n.te.ó menc.:.,[on.a.da. 

e.e. eiLILOIL .6e ~edu¿e. al mlnimo ~debido a que puede qu.e..dalt u.na -

ma..t.U:z H'D • -<.de.nüda.d al'_ .t€Jtm..i.n.o de la..ó Ltvr.a.c...i.one..-6, e.& ;te.c.e.6 a.Jt..i.o 

eóe.c..tu.a.Jt un .l.lt:teJc.c.ambi.o de l.Cne..M hct.6.ta ob.te.ne..IL 1 • -n 
Ca.'be me.nc.-Lo11a.Jt. qu.e. el pl!.e..6ertte mft:odó e..6 u.n método di.Jtec~ 

.to de .6o!uc.i.6n que no ~t.equ..i.e.Jte que. .6e de..teltm.i.ne.. con a.n.te.Jt.i.o4idad 

l:J.i. e..t .6i..h .tem,a. e-6 c.ompa.Ubte. 1J de..te..Jwlúta.do, . e.t mé.to do du.ILa.tt.te.. e..l 

p1Loc.e..6o pltopoltc..i.ona.·d.<.c.ha. i..n6oJtma.c.-L6n. 
,• 

S-L e.l .6-i.l:J.tema. e.ll ·Compatible y de...teJtm-Lna.do, el pltoc.ed.(m-i.e!!_ 

.to de.6 c.Jt.i.to ·.6 e. p~e.de. l.teva.IL a. c.a.bo .6.i.n c.on.t1La..ti..e..mpo.6 hct.6 ta. lle-

9 a.Jt a. [ [{ it : ~] • 

Si.. el .6 i.-6 .te,ma. e.& compatible pelLo .i.nde.te..Jt:m..i.na.do g la. ma..tl!..i.z 

a.mpl..i.ada adqu..i.Jtl~d la con6.i.guJtac.-L6n: 

[_;_-; _L _j __ ;_ 
. -o: o ___ o ___ o.,_~ 1 .... _o __ _ 

(3.11) 

e.6 deci..Jt, un Jtengl6n .6e.IL~ nulo; en e.6.ta. .6-L.tuac.-L6n .6e ob.t~e.n~n -

lM ec.u.a.c.i.one.~-Ln.de.pe.nd-i.e.lt.te.~ que .-'Le..6.ta.n en e..t .6-Ll:J.tema. 1J 6e ap.e.i 
ca. .ea. me..todolog.Ca. c.oltiLe..6poncLi.e.tt.te. a .6i...6.te..ma.6 ..i.nde..-teJtm.i..vz.a.do-6. 

S..i. e.l .6i...6.te.ma. e-6 ..t.nc.ompailble.., .6e p1Le..6e..n.ta.ILá lo .&i.gu..ú!.n.te..: 

r~--~--~ __ j_; ___ J (3.12) 

L:o- .~ ~- h o_--:_ .0_ ~-~J 
o 1.1e.a., o = A. 1 O, lo c.ual e.6 una c.on.tlta.d.i.c.c..i.6n. 

3.2.3 Ve.6c.~lpcl6n del P~ogiLama. 
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a.) Su.bttu .t<.na..6 tte.q u..etti.áa..6: 
1 

SUBROUTINE GAUTOR (A, B, N, EPS, 1JET¡, eó..ta. .óu.bttu..U.na. 
obtiene la. .6 o· tu.c..i..ón del .6.i...6 .te.ma. de ecu.a.c.i..o ne.6 polt. -
el mltodo de. Ga.u.-6.6-Jottda.n mcdi.6lca.do, el plt.ogJt.ama -
plt.i.nc..i..pal .6olo .6i.Jt.ye paiLa en~Jt.a.da y .6al~da. de dato.6. 

b l Ve.6 ctipci.ón. d'? la.6 valti.able.6: 
Patta. la .6ubttu.tina GAUTOR: 
A(l,J) 

B {1 J 

N 

RAMA X 

MVR(I) y 

MVC(1} • 

EPS 

VET 

LR y LC 

TEMP 
PaiLa. el 
A(I,J) 

B ( I) 

N· 
EPS 

VET 

ma.tJt.i.z de coe6i.c-te.n.te.6 del .6i..6te.ma. de. -
ecu.ac~o ne..6. 

vec.toJt. de. tl1Lmino.6 .i..ndep e.nrüente.6 del -
6.i...6te.ma. de ecu~c.i.one.ó, du.Jt.ante el plt.oc.é 
.ha .6e .tftan.66oJt.ma. er,z. la. .6olu.c.i.ón. 
o~de.~ del .6L.6tema de. e.c.u.a.c.i.one6. 
ma.yoJt. e.leme.nto de. la. matttiz A qu.e óe. 
emplea como pivote. 
c.ontadotte..6 que .i..ndic.a.n qu.é Jt.e.ngt6n 'y e~ 

lu.mna.6 ya 6u.e.Jt.on e.mplea.do6. 
cttiteJt.lo pa.~a de.te~J~nalt. .6i ee dete~ni-
' nante. de la ma.tJt.iz A e.6 nulo. 

pa.Jt.ámetJt.o que indica. l.ll el dete.Jt.minan:te 
de A e..6 nu.lo • 
.i..ndlc.adolt.e6 del Jt.e.ngl6n y columna. qu.e. -
.6 e.· u.:til-i.za.n o 

vaJt.lable. de loc.a.liza.c.ión te.mpo~al. 
piLogJt.a.ma. plti.nc.ipa.l: 

matJt.i..z de c.oe.óic.ie.n.te..6 del, .6.i.6.te.ma. de. -
e.c.u.ac.ione..6 o 

VectoiL de. tlttmino.6 inde.pend.i..e.n~e.l.l. 

oJt.de.n de.t .6L6 .te.ma de. e.c.u.ac..Lo ne.~. 
c.tt.Lte.Jt..Lo pa~a. de.te..tw1in.a.tt .6.l et de.te.Jt.mi
n.ante. de. A e.& nu.loo 
paJt.áme. .tJt. o que. in d.i. c. a. .6 i e..e. de :tq Jt.m.Lna. H .te 
de. A e.6 nulo. 

e)V.Lme.n.6.Lohe.ó: 
La p1Lopo6.Lc.i6n VIMENSION de.t pttogtta.ma p!tln~.Lpa.l U -

' ' 

de. la·.tJu.bJt.u.t.Lna óe. de.be.tt~n modi6lc.a.Jt. e.n ~~ ea4o de. 
e, 

qu.e.: N > 10 



d)Fo~mato~ pa~a lo~ 

SEC.TARJETAS 
1 

2 

3 

da . .to-6 de 

FORMATO 

( r s' 
(8F10.0) 

(8f10.0I 
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e.nVz.a.da: 
INFORMACION 
N 

A ( 1, J) , ~e. da.n lo;., e..e.emen 
to6 de A kengi!.6n po~ ~~n
gl6n, empleando tanta-6 -
ta~j e.ta.6 como .6 ea.n nec.e.-6 ~ 
~a.6 pa.~a ca.da. ~e.ngt6n. 

B(I), el ve.cto~ de. tl~mi
no.6 · it:t.de.p e.ncUen..te..& 1.> e. da 
e.n una ta~je.ta o má-6 4e-- , 
gún la c.a.n.t<.da.d de. e.le.men ' 
:to~. 

ot~o¿ pa.que.te;., de. da.to-6 (opc~ona.l) 

-~------------------------·----------

e.}Viag~ama. de. bloque.-6: 

TA~JETA EN BLANCO, al 6i 
naUza.~ toda la. ..i.ltóo~ma.

c...i.6n. 



U.am:u ll ubluJ.

tino. GAliTO R 
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----"-~-., eLimlna.Jt elanc.n-
lob OJt.t.i ba IJ aba 
jo de RA.IIAX • -

~~IJO VET•O 

RETIIRN -
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6 l L.ü:d.a.d a: 

e 
e 
e 
e 
e 
e 
e 
e 

e . 

e 

e 

e 

e 

~RCGqAY6 PA~A R:~CLVER SlST¿~AS DE ECUACIONES LINEALES POR EL ~L'L 
IJC r.E "t 1 J~S·JCil~Ar; 

~~~~IFICACO DE LAS ~\ql,~LES [4PL(AOAS 
N•cnoE~ CEl S!STE~A 1r (CU4Cir~ES 
A~"ATRJZ OE CCUIC!E ITC:S DEL SISTE~A DE ECUAClOr¡ES 
~·VECTn• CE TCR~INCS I~OEPENDIE~TES• SE CO~VIERTE EN LA SOLueioN 
'RITfRfr. PAqA DtTE~MI~Aq SI EL DETERMINANTE DE A ES oirERE~TE 0[ O 
UET 0 VARIA~L' GU( INDICA SI EL SISTEMA TIENE O NQ SOLUelON 

,• u l~' E" S 1 O N A C 1 O P 1 O) • 9 ( i O J 
lR~s 
lHaó 
lt'S•O•OLOOvl 
LECTI.lla DE ¡:tATOS 
H•oC!Q•2Cl N 
1 • ( ll ) 1 ' 2 • J 

2CALLt'lT 
l uO .¡ r•t•~ 

4 H(AQ(!1,2\l CACI•JltJ~t.~) 
II(AC(IQ•Zil CB(Il•l~l•~r 

l"P1fSI~~ CE DATOS 
WfllT(CC•I22l 
1..0 S 1"1•\ 

S ~Rrrr<l••2Jl (A<I•JloJut•~J,B(I) 
LL~uac~ OE SUORUTI~A PARA RESOLVER EL SJSTE~A D! ECUACiOHES 
c~.L GIL TCR(4•B•N,~PS•OETJ 
HCcET•l[•[PSl GCl T0(-1 
~~~~~sieN DE RESULTA?DS 
MRITCCII-•24) 
00 6 1'1•~ 

6 ~NITE<I••2Sl I•B<Il 
IJC TC 1 

7 hll!TECI~P26) 
"0 TC 1 
fOP:•6TrJ( Ot: LECTUR~ E ("PR(SIDrc 

20 f~~II6TCjSJ 1 

21 FC~~tT(PfiO.Ol 
22 [C~~4Tf4(1),~~''EL StST(~a DE teUACtONES ES 1u/) 
2) fCQ~AT(/,2X•\C((I0oJ•lR)) , 
24 fCq~AT(4(1),~~P 1 LA S~LUCION DEL SIST(HA DE E$UACl0NES ES 0 #//,5XD 1 1 

1 1 •5X•''Hll'•l) . ' 
25 rc~~ATC/•5X•l2•4X•EI2o~) 
26 FCR~AT(~(I),5X, 0 EL SlST[HA OE ECUACIONES NO li[NC $~LUeiON 9 ) 

!:NO 
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e 
e 
e 
e 
e 
e 
e 
e 
e 
e 

t 
e 
:e 
e 
e 

SLqRuTI~A PAqA ~fSCL1Cq U~ SISTEUA DE ECUACID~ES POR EL ~[TODO OE 
GAUSS•JrROft~ ~CUIFIC~~C 
LL STG~IflCA~C ~f LA~ vaqlABLFS EMPLEADAS ES 
A•VATRT7 CE CCEFICIE1TES DFL SISTEMA ~E ECUACIO~ES 
B•VCCTU~ CE TE~PI~CS T~nEPE~DTENTES QUE nuRANTE El PROCESO SE 

TPANSrCRI'Á E~ LA S'JLUCIO~ DEL SISTEMA DE ECUACI0'4ES 
11 • O R r. E '1 ~ f L S l S H 11 A 'J E ECUA C 1 C' 'd: S 
llA•'01"''.1YCR Ct.Ei'r.~TO nr LA ~ATliZ ¡. IJUE: SE USA COHO PIVOTE 
HVR T 4 VC•CC~T,COA~S QU( I~OIC6N IJU[ RE~GLDN Y QUt COLU~NA.YA fy[• 

RO~ liTILlPDGS 
Er~~CPTTERIQ PAHA CETEA~l~AR SI EL OETERMIHANT[ DE LA ~ATRIZ A ES 

NUlO 
~ETavALCR ABS~~UTO DEL D~TEA~I~ANTE DE LA ~ATRIZ A 

~lU[NSIOU A(IQ,lOls9(lOl•~UR(lO)PHVC(IOJ 

e ACTUALIZACIO~ ~E VAL~~[S PARA INICIAR tL PROCCSo 
e 

e 

oc l l"ltÁ 
H'JR(f)GC 
ltVC(I>•C 

C SOLUCi~~ OCL SISTE~A 0[ COUACID~tS 
e 

lJC 9 l(s¡•li 
H.I"H,.O.il 
LC•a 
:.AtO 
L!O l l''l•~ 
iFC~~R(!lu(O•!) 00 TO, 
lJO 2 J~l•"' 
¡rc~vCCJ)o[;,J) co T~ 2 
lFC~qsC~A~At)•GEeAa~C~ClPJ)J) 00 TO 2 
tiAUA(U(l•J) 
Lfl•l 
LC•J 

2 CG~TIN"If 
.1 e o~ T 1 ~ ''r 

O ( T • • a~ ( R a!' u ) 
IF(C~T•Lt•EPSl GO TO JO 
IFCL~.F~·LC) GO TO 5 
C.O Q PI•~ 
T(~p•ACLI1•l) 

A C L R • 1 )'oH l. C •U 
4 A(LCol )ul(r•¡:; 

lC"P•AfLRl 
UCL!!l•~CLC) 
UCLChT(PP 

5 IJQ S l•t•~ 
6 A(LC•I)•ACLC•Il/RA~A~ 

lJ(LCl•r.(LC)/RA~AX 

IJC 8 1 "1 •., 
IrtJ•f~.LCl GD TO 
Hr-~r••{[PLC) 
b(ll•B!l) o TE~P•B(LC) 
oc 1 .¡~¡.~ 

7 ACI 1 J)a~(¡,J) a TEYPeA(LCtJJ 
6 CCNT lf./ 11( 

H ... R(LC)•i.C 
HVC(i..Cl91.C 

9 CCNTINUE 
lO llETUAH 

['-0 

F~g. 3.4 L~4tado de la ~ub4utina GAUTOR 
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3.2.4 Ejemplo 

Empleando la~ leye4 de Klkchho66 (vek ~e6e~encla 2), 6e 
obtuuie~on la~ 4-i.guiente~ ecuacione~ lineale~ pa~a el cl~culto 
nw.ó:t.Jt.ado en la 6-i.gu~a 3.5: 

ig - -<-4 - rA = o 
.¿4 + -<-s + IA - -<-¡ - ,¿3 = ,• 

V 

A... 1 - -<-z - Is e o 
.{_o ~· 1B + .{.3 ... .{.6 - ,{.7 = o 

'-
1 - -<.8 - .{.5 - .{.6 - .¿9 ::1 o e 
R_¡l¡ + R2.¿2 - R3i3 = o 
R4,{.4 - R5.{.5 + Ró,{.S = o 
R5,{.5 + R3i3 - R6,{.6 = o 
R6.l6 + R7.l7 - R9l9 = o 

F.lg. 3.5 Ci~cu-i.to d~l ejemplo 3.2.4 
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S~ el vaio~ de i~4 6uente4 e4 IA = 2A, 18 e 6A, Zc = 4A 
y el de la4 ~e4~4tenc~a4: 

R¡ e R2 = 2 n 

R4 = Rg = 3 n 

Rs = R6 = s n 

R7 = R9 = 4 n 

R3 = 6 n 

Ob.te.n9a ia.4 e o ILIL.i. en :t. e..6 de ~a.ma. ,¿ 1 , ~2' ~ 3' ~4' is, .(.6' -
~1p .(.8' -<.9. 

* SOLUCZON 

TABLA 3. 1 Va..to-6 pa.~a. e.l p~oblema. del ejemplo 3.2.4 

N = 9 

lo o o - l o o o 1 o 
1 - 1 o - l 7 7 o o o o 
¡ 

1 -1 o o o o o o o 
A = o 1 1 o o 1 - 7 o o 

o o o o 1 1 o 7 7 

2 2 -6 o o o·· o o ---o· 
o o o 3 -5 o o 3 o 
o o 6 o 5 -5 o o o 
u o o o .O 5 4 o ;_4 

2 

-2 

6 

-6 

8 = 4 

o 
o 
o 
o 
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TABLA 3.2 Re6ul~ado6 det p~oblema del ejemplo 3.2.4 

E:L SlSTE"• Dt ECI;AClONtS ES 

O o ,. c. <>.!OOE~C1 

'"olOOE+ol c. 0 o10C(~CI ol00(~01 

oiOuE+ol •olQi)(+Ot a. o. 
Oc olOOE+Ol oiOCE•OI o. 

o. C. o o. o. 
o200t•ol o2.lCE+O¡ 0 o600(•Q1 o. 

o. Co o. olDOI:~Cl 

o. C:• oc.OeE+Ol c. 
o. O• Co o. 

LA ~OLUCTCh ~EL SlSTCHA CE [CUACI~Ht~ ES 

liU) 

oa37&1E•Ol 

2 •o 362l9E+OI 

•,e IH6E+OO 

e ;,o56l59E•oo 

5 o52l7JE•Oíl 

6 •24Her•ol 
\ 

7 oi96Qf[4Ql 

G ol4l6~E•Ol 

9 o701!1\roQ& 

O o O o O o •100E+Gl O o 

olOOt~Ol O o o. O o o. 
o. O• O o o. O• 

o. olúOE•OI <>olOOE+OI o. ~. 

oiOOE~Ol olOOE+OI O o •100[+01 olOOE+Cl 

o. O o O o g. o. 
0 oSOOt:+a1 O o o. •lOOE+Gl o. 
.SOO(~Ol oo500[+0l o. o. O• 

O o oSOOE-'01 o400C:•Ol O o '"o400E+01 
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o20Q[+01 

'"o200E•Ol 

o600E•01 

"o600E•01 

o400[+01 

o. 
C:o 

c. 
C:o 



¡, 

~.3 Ml~odo d~ Gau44-Seidel 
',• 

~. ~. 1 O, b j e .t. o 
'• . 
• ,. ··.. Ob:tenelr. la. .6o.e.u.c..i.6n de i.i..6.tema..6 de ec.u.ac..i.one.& {-i.nea.l.e4 

i; 1 
1 'j ·~ 

c.on La. c.o~6~gu.~ac.i6n: 
- :; ' .. 

~11 X 1 + a.1z"2 + ... + a.1rtxn = b l 
2 

a.~¡X¡ ~ . a.2 2 x.2 ' + • • • + a. X 2n.n 
r: b2 

(3.13)· 

• 

+ ••• +a. X = b nvt n n 

emplec.ndo ~.e. métoc{o de Ga.u.~~-S~-i.d~-?. 
' ' -" ' ' 

3.3.2 Método 
~ . 

Et mt.to do 
{ . : 

d~ Ga.~.ó.:S~ide.l e.6. u.n mé.~odo d~ «po .i.te.Jt.a.üvo·· 
- ,,-,;} ¡ ' 

que .&.i.~ue ~a.lr.a. l4 6olu.c.i.6n de . ' 

del UpÓ: . e 

~.i.4.te.ma.4 de· e.C.u.a.C.ione..& t.úiea.i.e.&··:· 

A X = B (3.14) 

c.u.a.ndo lo.ó. va.R..olte.6 nu.mé-uc.o-6 de. lo.& el,eme.n.t~~ ~e la. dia.g~na.l -. 
pJÍ.(.n~pát· .60tt ma.ljÓILe.-6 qu.e l.o.ó demá.& de' .6U. C.OJL!Le.&pond.(:.~-n.te' iz.ett~ 

. . 1 . . . ·. : ·. ~ '• . . .. . ' . > ·' 

gl6n. 
! 
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Pa.!ta. a..&egu.lta.lt la c.onveltgenc..i.a. c{e~ m~.todo .&e ·JLeRu.ie~r.e que: 
a.)~· ioi · ele.me.n~o6 ~o nu.lo.& de la. dma.iliz ·de'" C.o:é.ólc.~~nte~ · :(A) 

O l' "'r r ~ .., •! ' ' • ' : .: O ~. IW ~·~ ! ); ~ 
· .6 e. aC:~mu.le.11 en la. d.Lo.gona.l · pJL.Lnc..Lpa.e: · 

b) .e,;~ ~leme~to6 ~e ~a dia~otta.~ ~~l11~~~a.l 
_, ..-.· - ¡ . ~ ' : - - ,_ 

c.oe6iciettte.6 (A) ~e.a.n ma.yolte.& en val.oJL - - ~ - .. - ' . 

de. lrt ma.tlt.i.z de. 
•' ' \¡ -

a.b-6 o ,tu.to ~U. e la. 
.6 u.mq..tolr.ia. de .f.o.& va.lo!te.-6 . a.b-6 o.e.'U.to-6 -de. . lo.6 eletÍ1ento.6 .. 

·, . ~ . ' " 

~te.6tan.te..6 del 1r.e.ngl6n c.oJt.ie.&pond.i~nt~, e.& dec.l~r.: :· • 
.. ·· .:< .. · , ... ,.::,::~.·· 

n 
1 a. .Lj 1 

i 1, 2, 1 CL ·1 > ¿ , = ••• 1 n 
.(..(._ ,.'' f'' ' 
' '\ \ ' 

J = 

j ; ,¿ ~,~.7?) 
"' 

• ~ J, ~ 

Pa.tta.apt-i.c.a.lt e. .e. mé.todo .&e pito cede a. de~peja.li -u¡Ht .i. 1t é tJ: 9 n-i · 
(, ' ' ~ ~ ,• '" -.:/d :1-' •,,, 



ta i~ c~da ~¿uaci6n del a~~eglo (3. ;3), e~ ~eai4, de4pej~~ la 
.<.nc..6qnlta. x. de. la "l-é4lma" e.c.ua.c.l6n, o .cea.: 

~ ..(. 

..<. =-7-fbl - a.¡zx.z - 4 73x.3 - • • • - a.7n"n 
1 a.11L 

x
2 

::-1-fbz - a.21"1 - a.23"3- ••• - azn"n 
a22 L 

. 

J 
l 

'n ="~n~- "n1x1- "n2'2- ···- "n,n-l'n-1] 

2n n - a. X. J 

(k.+1) 1 
X. =--n a 

YLYL ~ -a x(k+7)_ a. x(k.+7). -
n · nl 1 n2 2 • ·' 

' 

(3.76) 

(3.1.7) 

donde x.~k.+l) .<.ndlc.a. el va.lo~ de la. "l-é4lma." lnc.6gnita en la. -
..(. 

ite~a.c..<.6n "k. + 1" 

Pa.Aa. aAAanc.a~ e.l mé~cdo ¿e, e.~ta.ble.c.e. una. 4oluc.i6~ ini--

c.ia.l ~: 

X = :!{) 

x" 
1 

X o_ 
n 

(3.18j 
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cii.c.ho6 va.R..olte-6 .6 e 6 u..6Utu.yen en e.t lado de~t.ec.hci de. la. ec.Lta.c..i.ón 
{3. 77) pa.lta. obteneiL .ta. 6-i.gu.-i.ente 6oluc..i.ón a.piLox.i.ma.da.: 

~1 = (3.79_) 

(3.20) 
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PaiLa. podeiL e.mple.a.Jt e.o~e método e-6 nec.e.6a.Jt.io ve.IL.i.ó.l.c.a.IL c.on 
a.n.teJt.i.o/Úda.d que e.R.. 6-i..o.te.ma. .oea. c.ompa.Uble. y de.teiLm.i.na.do¡ a.demá·-6 
de que c.ump.ta. c.on. R..a.-6 c.or·.d.i.c.ion.e.-6 de. ~onvell.gen.c..i.a. del mé..todo. ::_ 
AóoJt.tu.na.da.men.te .. la. 'ma.yo!Úa. de lo-6 pJt.oble;ma..o de. :t{po .i.nge.niell.if. 
c.wnplen to.o Jtequi.oi.to.o me.nc..;i..onad.o.o. 

' '\' 1 

C.i.eJt.to-6 .o.i..o.te.md~ que. a. pJtime.Jt.a. v.i.6ta. no c.umple.n lo6 Jt.equ-i.-

6-i..to.o det método.pu.eden lle.na.lt. lo.o lt.equ.i6-i..to.o mediante. un .o~m-

pte. in.teJtc.amb.i.o e.n la. po.o~c..i.6n. de ta..o ec.u.a.c.ione6. 

3.3.3 Ve..oc.~¿pc..i.6n del plt.oglt.a.ma. 

a.) Su.bJtu.tina.-6 Jte.que.Jt.i.da..o 1: 

N.i.n.gu.na.. 

b)Vi.o~lt..i.~c.i6n. dt la.~ va~t..i.a.bte..o. 

A(1,J) 

B(IJ 
N 
X ( ZJ .. 

Y(1) 

XN ( 1) 

ma.t.JL.i. z de. c.~ e. ó .iC..i.en.te6 del 6 .{.6 .tema. 

ve.c.tolt. de .t.'éli..IP;.ino~ .i.nde.pend.i.Prnt.e-6 
1 

. . ' 

o~tden .del .6-i..O.t~ma. de ec.ua.c.io~e.6 
' 1 

va.loll. .i.n..(c..i.al. de. la..o i1·tc.6 9 tu:{a..o de.t .o.l..o-

.te.ma y va.lt..i.~ble: de. loc.a.l.i.z~c.~ón. .t~mpo-~ 
' ' !tal. , 

va. .t. o,'( de la.6 .tltC.Óg tú.ta..o en lq. .i..te.J:..a.c..i.6n . 

'~n" 

va.lolt de la.6 .i.ricó g ni~a..o e11 l'f i:te.Jta.c..i.6 í1 

"11 + 1 , 



.M 1 

E 

NCON 
SUM 

c.) V-i.men.6 -i.o ne.6 : 

máx-i.mo núme~o de i.te.~a~~one.6 a e6ec..tua~ 

c.~-i..te~o de conve~gencia 
c.on.tado~ de i~e~ac.ione.6 e6ec.~uada.6 

.6 umadolt 

La p~opo.6-i.c.i6n VZMENSZON debeh4 modl6ic.a~.6e cuando 
4 e p~e4' en .te el c.a.6 o de que N > 2 O. 

d)Fo~ma.to4 pa~a lo.6 
SEC. TARJETAS 

1 

z 

3 

da.to.6 de en..t~ada: 

FORMATO INFORMACION 
(215,F10.0}N, M, E 

( 1 OF8. O) A¡ I, J), Jlo.6 elemen.to.6 de 
la ma.t~iz A 4e dan ~en-

gl6n po~ ~englón emplea~ 
do la. c.a.n.t,f_dad de .ta~je

.ta.6 ne.c.e.l>a~a . paiLa cada. 

.~engl6n. 

(10F8.0) B(I) el vec..to~ de .té~e.m,f_-

64 

no.6 independie.n.te4 4e da 
en una .ta~je.ta. o má.6 4e

·gún el o~den del .6-i..6.tema. 
4. ( lOFB.O} X(I), la. .6oluc.ión paiLa -

alt~anc.a~ el método 4e da 
en una. .ta~je.ta. o má.6 4es 
g ún .6 ·ea el ~am-año de Ñ·: 

----------------~----~---·-------------

e)Viag~ama de bloque.6: 

TARJETA EN BLANCO,a.l 6-i.n~ 

liza~e. .toda la -i.nno~mación. 



. " 

lutcvu 
.IIN(fi•XIfl 
VIII a X( ll 

Q<~., 

c: lll!.ll loA 
vo4 va.l.o 

: XN!ll 

.útc ,,:men t1111. 
con t.xd c'L ck. · 
.Ue.'lacionu·. ' 

1' . 

NO 

'· ' l F.lg. 3. 6 fUa.gJLa.ma. de bloque-6 p([ILii. 'el. piLog~ta.mr 
l. 
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l) 

lll 

P~CG~~v~ PAlA AESCLU~R S!STE~AS O( tCUACIO~ES POR EL H[TODO DE'· 
GAU~S·~E !C(i. 
~~~~lriCA~C 0( LAS V'Rl4~L(S [~ 0 L(AOAS 
A·~~TRIZ CE CGEFIC!E~TES DEL SISTEPA 0( ECUACIONES 
U•V[CTn~ C( l[R~IhOS l~O(P(NDIE~T(S 
X0 VAL0q I~!CIAL O( L~ SOLUCION O(L SISTEMA 
Xh~SCLIIC!Ct. CE\. SJSiCI>Ia DE ECUACIONtS I:N I.A Sl0U1ENTE JT[RACION 
U•OnOE~ OEL SlSTf~A 
Y•VALO•l CE LA SCLUCI~N OI:L SISTEMA DE ECUACIONES tN bA ITERACIQN 

ANT(RIQn 
H 0 ~A~I~C hUN[RQ OE IT(AICIQN[S 
t•CRITf~IO DE CONVI:RaEhCIA 

UI~E~SICN A(20•20),0(20),~(20)PVC2Q)gXNC20) 
LlCT\¡IlA GE CATOS 
H(A0(~•70J) NI~P[ 

lf(tj) ·l·2oJ 
CALL E•lT 
UQ q ¡a¡,~ 

R[A~(:i•JC~) CACl•J)dOio~) 
H(A~(5tJ0~) (8t¡),¡aj,~) 

REAJ(5•~CCl (XCil•ld~~~) 
¡fPR(S:c~ O( CATOS 
WRIT[(6t4~u) 

O:J 5 I•I•N 
MR!TEC6t5COl (A(J,J),J•I•N)•B(J) 
~RITEC~•óCQl (XCil•l~l,N) 
~C I~OAGA SI EL SISTE~A CU~PLE LA CQNOlCICN Sur¡eltNTE 0[ CON~[R 0 

(j(~ClA 

uO 7 I•l•N 
DC 6 J•l•ll 
lf(AqSCACI•Jl) 0 ABSCA(JPJ))l S1616 
ccq r~ur 
CC'i [NliE 
uO re Q 

hNITEC6,700l ~~~~I•I 
GC TC 1 ' 
UBTE~CICN DEL ~ALOR OE LAS KNCOGNlTAS 
uccr~•l 
uO 10 I•I•N 
X 'd I l " X C I ) 
Y(I)~X(¡) 

UC 14 K•I•N 
SU"•O• 
LC 1l t•l•li 
lFCK~ll 121!3•12 
~Lw~~u~ ~ A(K•J)6XN(I) 
CC" T 1 !';I!E · 
X~C~)a(~(K)oSU~l/A(KPK) 
CCNTTNIIE 
UO 15 I•loN 

e SE VERifiCA SI YA CO~VEAGIO EL NETODO 
lf(ARS(~N(I)oY(l))o[) 15•16PI6 

IS CCNT!"'Uf ~ 
C l~Pnrs TrN OC ~~SULT4lOS 

MRTTE<~·~-.l (lh(ll•l 0 1t~l 
WRITEC6tq~;¡ ~~~C~ 

GC TC 1 
16 r• e a~ • N e e N • 1 

¡r(NCC~·u) 18•17•17 
17 WRIT((~,9.;) Cx~Cil•t•t•Nl 

WRITf(é,QS=l h'~" 
GO TO 1 

1a ce ~~ t•t•H 
l 9 Y C I l • X •¡ C I l 

GO TC 11 ' ' 
C fC~~ATOS- CE LEC~I'R6 t !HPA(SIC•¡ 

200 rcR~AT (~IS•FI:ool 
lOO fCR~AT Cl•F~·'l 
400 rcquAT(tHI·~(/)oi5,• 1 UAT~IZ AW~LIACA'l 
500 f'CR~AT (/otSX•I"(f~.l·~~ll 
600 rcquAT(~(Ilt15l•'P11~E~4 APROXI~ACI~h DE LA SOLUCION°•1//,iO~•ICCr 

l6o21~X))' 
700 fCRuAT(A(I),t5t•'EL ~E:TQ1C PUEJE NO CUUVERG(R DADO QU[',/I•l5Xo'A~ 

2\•12•'•'•12•') ES •AYC~ J\.( 4(1tl2•'•'•l2•'l'l 
800 f:CRv6T(A(I),t5Xt 1 LI ~C'lt.C!C~ !'ti. Sl)r<:IA ES'.t/,5Xo9C(12o'.i•2Xl) 
900 FCR~AT(~(/l,ISX•'~: SE Ll[~A A LA S~L~CION',///,1SX•'LA ~LTl~A APA 

Lbxt~ACICN [~CC,TRA:A rL['•I/I•$,t9((12,~•2Xl) 
950 rCRMAf(q(l)•l'l•'ll[qACtC'(~ A!4LIZA~AS• '•14) 

END 

F~a. ~~7 L~~tado del P40a~ama 
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3.3.4 Ejemplo 

Pa~a e! c~~cu~to e!€ct~~co de·l« ó~g. 3.8 ~e ~abe que --
t1 e 1A e 12 e 2A, R

1 
= R2 = R3 a R4 "R5 .. R6 "' 7..l'l.. 

F~g. 3. 8 C~Jtc,u.~to elécbúco del plloble.ma. del ejemplo 

3. 3 o 4. 

Se. de.6ea obte.n.e.~ el voltaje de ~0.6 nodo~ v1'· V2 Y V3• 

Ap.R...i.c.ando anál.i.6 ~.6 no da.l al c~lr.~.lu~to .6 e o b.t.i.ene: 

3V 1.- v2 - v3 = 

-V
1 

+ 3V
2 

- V
3

= O 

-V 1 - v2 + 3V
3
= 2 

a.JULeglo .que. e-6 un IJ~~Jtema· de ec.ua.c~one;6 lútea.le..o co•t· toda-~ ta.IJ 

ca.~ac..tvz..C.6Uc.a.6 p1LotJ~a6 pa.Jz.a a.pl~ca~ el método de Ga.tL~IJ-Se~det. 
1 



,:r SOL UCI ON 

r- í O. S 
IJ 

v1 
vo lo.s 2 
vo o.s 3 

TABL: 3.3 Va.:to~ del pJtob.tema. del ejemplo 3.3.4 

N = 3 

M = 50 
EPS = 0.0001 

[: -1 -J 3 - 1 

1 -1 3 

A s:: 

B = 

GJ 
e·:J 0.5 

0.5 
X = 

' TABLA 3. 4 Re.6 u.l:ta.do~ de.(. pJLob.tema. del ejemplo 3. 3. 4 

MATRIZ AIIPI.UD4 

lo~OQ 

loOOO 

•t,ooo "l oC OO 

"loOOO 

loO OO 

loOOO 

~.ooo 

2o000 

PAlM[AA APRO~I~ACIQN DE LA SDLUCI~~ 

O o 50 O o 50 

LA SOLUCION ~[L SlSTC~4 ES 

o10000[oQl o75000t•co •lasooc~oa 

IYEAAClONCS R[ALllADASm &G 
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IF ((A LE 8) 0=1 (3 GT Gil GO TO 43 
cause a trans~er d cc.-rrol :o tt·.e statemenl number 43? 
(a) A = 25 O B = :; ) ;) C = 15 S 
tbl A,- 25 o s = z:: ·: e= 15 s 
(e) A= 25 O. B = 23 •J. C =< 25 S 
(d) A = 6.0. B == ¿¿ tj C "" 27 5 _ 

25 Mod•fy the pro¡;::-, ;,, F.g 10 15 so thal razors are sent lo fam•h.es where '!'e 
answer to ques~.::m 3 is No and tnere are two or more males m the fam•ly 
Test your pro;¡ram _ 

26 Mod•fy the progr.:-;; h Fig 10 18 so that razors are sent if the answer lo ques
tion 3 is Ves ano ~1,1r tm·.es L"le nÚmber of males ovar 16 plus two t1mes the 
number of women o•er 16 is greater than 15 

z 
w 
> 
1 1 J 

1 
w 

NONNUMERICAL ALGORITH:viS, FILES. ANO DATA STRUCTUr.>ES 

The use of cornputcrs extends through atmcst every part of our mod~rn 
lives_ The largcst usagc of computers is, however, in :he v¡orlds of bus111ess 
and government Keeping raco1ds (boo~o,:..eepmg) •s always an •mpcrtJnt 
part of runníng a business. and this e..<ta•ds to the bus•ness o! runnmg tr.¿ 
governrnent_ For that rnatter, one of :he l:::rgest uses of compulers by th~ 
mililary is m log•stics, wh1ch 1S :he con:ro: of sup¡Jhes Corr.puters alsG 
perform such functions as mventory co:1trol in faetones and v .. arcnouse:;, 
processing checks and calculating b;:;lances in banks, and mar>agmg a1r-

. line and !rain reservallons, and t•:ey take part in jusi about every Jspect of 
busmess record maintenance Computers also play ma¡or roles m process 
control and !he automatíon of manufacturing, schedu!ing of prcduCI10n m 
factories, monítoring patJants alter surge:y. schedul1ng aircra:t ma'n~en
ance, and assisting mannger..ent in making deéisior.s· by gathering and 
ca!culating stat•slics on tt•Jrr.s of mter¿st 

lmportnnt applications in science mclude v,o•k m p5ychotoay. b1ology. 
medicine, an~ the socml sc•ences m general Prob.1bly no othcr part of ihc 
compuler business is growing as fast as the wor;o. m these Meas. and the 
poten!ml gain for mankínd is truly sta~gering 

Jusi as business man.Jgemc:-:1 flr,ds 1t aov:~nt.Jgequs to be ¡¡blc to 



proCeSS data and gatner Sla!ISIICS In buSineSS trc. 'SJCttor,s medtCéd r 

searchers f,nd an 1mportant appl•cat•on 111 gathermg stat•st•cs on the ef~--::·c, 
of drugs when used 111 treatmg pat•ents S•mdarly, b:olog•s!s and chc.~.,s•s 
now use the data processmg capabil•t•es of cornputers to gather sta:,s: es 
for the1r work and to model systems of mterest. molecular structures tor 
mstance 

There 1s an 1mportant d•lference m the use of the computer 1n busmess 
data processmg and 1n most scfent•f•c applicat•ons Th1s d•fference ar1ses 
·from the fact that busmess data processmg generaliy mvolves mamtam1ng 
large f1les of data while performmg relatively few calculat1ons on md1v1dual 
data items In SCJenlif•c computmg the computer IS generally called on to 
perform many cal<;ulations on a relat•vely small number of mput d~ta. 
Nevertheless. the same computers are used m both appl1cat1on areas 
(although sorne computers are better su1ted to SCient¡f¡c appl•calions and 
others to busmess data processing) 

The Fortran language was not spec•f•cally des•gned for busmess data 
processmg applicat•ons. although it •s often used for this purpose, part•
cularly IÓr smaller systems The Cobol language was destgned especially 
for data handling and has been the most w1dely used language of th1s type. 
to date (An off:ctal ANSI Cobol is used by the government and many 
businesses) Cobol has very lim•ted computat•onal abilittes. however. and 
is rarely used 111 sc1ence and m other applicat1ons where much numeric::II 
work 1S called for A new language. PL/1. developed by 18M. has both 
business data processmg fea•ures and a ;-1rtran-l1ke abil1ty to perform 
numencal calculat•ons (as well as sorne features for character str1ng 
handlmg) The language PL/1 1s gaining 111 populanty. and sorne manu
facturers other than 18M are now prov1d1ng PL/1 compilers (PL/1 1s a very 
large language. and a complete compiler is of sorne stze) 

11.1 FILE MAINTENANCE 
Smce large busmesses and governments tend to have large !t'ss to ma•n
tain. large rnemones and soph•sttcated !ilmg techn1ques are called for 
Stmilarly. sc•enlists who gather data somet1mes establ1sh large files o! 
data Asan extreme example. constder the work in automated libranes and 
ínformat•on retneval systems wh1ch ma111tain b•bl•ographtc files contatn•_ng 
hundreds ol mill•ons o! ttems In these systems ti 1s possible to search 
milhons of abstracts for key •tems 111 mmutes lt was. m fact. a need for 
spec1al types of files w1th extraord•nary mamtenance procedures wh1ch 
led workers in the fteld of arttftctal 111tell•gence to develop certain of the 
most mterestmg data structures, whtch wtll be descnbed 

When dtscussing file ma111tenance. it is useful to define certa•n terms 
·more careíully An ítem 1s an md1v1dual ptece of mforrnat•on A record is 

cornposed of all the items tn a f1le relatmg to the same ob¡ect or Individual. 
A collect•on of relateo 1tems 1s called a file 

------------------
------- ------- -------------------------

L.-:1":-r :':: p,~;::rc '(¿"· Narne Slr~cl Ar!G•._:;~ l(" •• n s ... :"' -- ----------
119-€.)3 P.¡mr~· .. :n ,=::: J F J0nes 19 Care( A.~ '1/Qb 1rn Wa~o:; Entr•r.s 1:J;1.7JJ ~.~~~;_~rol ' - ~ :> J-.~~~r,n 18 Kr¡'):r S: 8~1',1:~~,¡ ~l-.~;, on lile 473-at.2 C0r111,.. ;:-! -· ;> Frf..- en 163 ,. ... : ,·, '~' St C:. ... c:::ra ~.': =-.:; 
972-157 C,aj.::a~ ~ ~~ ~ ~~ ~layo 462 Ap:tl h. ve B~d:ord '.'2SS 

Note Each row os a com;:;le:e re::·'! e:•' S ;·,r.g al scven ttC'TlS (1) lhe hcense nuMber~(2} tr.a 
ma~e ollhe car (3; :n~ year ol ma- -'-"~·--'~ (4j the name of th,~ o,·.ner (5) :he OY.rer's·s:•r:P: 
address, (6) lhe to~.n tn whtCh t~.e :-, .. -~· re:;.des. (7) the s:a:e '" v.h eh tne ONner restdes 

Figure 11 1 A se-:;t,on ol o f1le 

Examples will help ciar,;¡ :-ese defin1t10ns An 1tcm m1ght be a name. 
such as "John M. Jones." or .:;.:1 age. such as "29," ora marttal status. such 
as "M" or "S," oran address S'Xh as "39 Rhodes Avenve. Newton. lowa" 
A record would then be the·se: of all •tems for John M Jones wh:ch would 
be John M. Jones. 29. M. 39 ?.·ndes Avenue. Newton. lov.·a A coilectton of 
records s¡_;ch as the abo·Je v::::~i-j const,tute a file F1gure 11 1 shows a srnall 
portion of a typ¡cal f1le for a ~e;:¡;¡rtment of motor vct11cles 

Large f1les can cons1st el f•om hundreds of thousancs to mtll1ons of 
records. each record ccn-:::.-·-:¡ severa! otems Ccnstder the ftles of thc 
Bureau of Census or lnter:-'a' =l;: ,e-.ue Serv1ce or the f¡lcs of any rna)or 
insurance company Be:::ause 'Jf tne soze of these !des. lhey must be rna rn
tamed on such storage r-es.~ as magnelic t;:¡pc or cards or even for 
instance. on microfilm The ma::;tena:-~ce ol these !des requtres cor¡s,der
able work, s111ce they must te ccnt•nually updnted Fur.ner, m ordcr for tnf' 
f1les to be really useful. 1t m.Js' Ice poss•ble to é.oCCJutre data of a spec,f,eJ 
class from the !des wtth mn¡r.·.;;f search t1me 

In order to mamtam large f .. es and to search thern et:cct:vely !or sw~
cilied records or 1tems in a ¡:¡art1cular class. these .must be carek·i:y 
designed WI!h regard to the.- crgan¡zai!On 

The term data structurro; re~-::~s to the method uscd for organ,z,ng c'dta 
and the result111g mterrelat.cr.s ::.e1ween the data 1tems and the1r addre3ses 
or idenl!f•ers so that an efí,c•en: computer 1mplementat•on resul:s Data 
structures forman Importan! are a 1n computer sc1ence. as do the a!gonthms 
for mamtaintng and us•ng tr-;e:-n · -- ~-

-... ~ .:.:-. 

11.2 OPERATIO:--JS ON FILES 
large files rnust be co.-::,.-.c.<:íly mamtamed Th1s primanly cor,s•,ts of 
add1ng new records to the t;;e deletmg old records. and mod•fymg records 
alreRdy on the ftle In perfor:-n.r.g these operattons and 1n locat,ng and 



tN~JCf~C-N tO cor.,.~un~ ~e· ·~ _. 

process:ng da!<~ m !he f1les. il 1s gencrally efhcient lo maintain the reccrcfs 
in the file m som·e prcscnbed order rather !han Slm¡:>ly addmg nf.w rtcms at 
the e;-¡cf. ciosmg up "hales" w!oen items are deleted, etc. 

In order lo see tne need foc :ydcring !he 1!cms m a file, cans1der !he way 
we linda narr.·' in a telephone b'JO'r< lf thc names m a telephone book \'•ere 
not arde:ed. v.·e would ha ve to start al paQe 1 and search the book a namc 
at á lime Sanee ho·::ever, we know las! names are arranged in alphabctlo 
arder. v:e can guess a: :he location of a name, open the book lo thal pumt. 
and see 1f we have made a good guess or if we need lo move forward 
or backward in the book. Contras! !he small amount of hunting neces
sary to locate a name in a !elepllone book w1th !he effort reqUired lo hnd 
a name in a novel or sorne other book where it is necessary lo search 
al random 

Arrangmg a g1ven file in a prescribed arder IS called sortmg !he file 
Generally sorne particular item m each record is chosen (such as las! 
name. social secunty number. part number), and !he file is sorted by ar
ranging the recards in the f1le so that !he selected 1tems are m the pré
scnbec.l arder The selected item is called a key, and the f1le IS sa1d lo be 
sorted on the key. 

For pract1cal purposes. sort1ng in a computer generally cons1sts of 
arra11ging thc records by ordenng the keys in ascending (or sometimes 
descending) numencal order. When alphanumeric characters are used in 
the key. each character will,·m actual pract1ce, consist af severa! b1nary 
dig1ts. and the complete se! al binary dig1ts m a given key can be cdh
Sidered a bmary numbcr By then arrangmg the bmary numbers for the 
keys 1n numencally ascendang order, we can "sorl an the key." (Tile order 
in wh1ch ñn alphanumeric cede causes the characters in the cede to be 
arranged ~ ·hen they are in ascendmg numeric?l (bmary) arder is called 
ihe colla/m[¡ sequence for the code] 

Smce sorting IS such an 1m portan! function in file maintenance~ many 
algonihms have oeen invented for ilo and severa! of them are examined in 
the followmg sect1ons. 

Another 1mportant operat1on IS that of sear~hing. When a part1~ular 
record or á set of records w1th sorne spec1fic characterisllc in a hle 1s 
rcqUired, searchmg the f1le is necessary The simples! lorm of a search is 
the ÍmGar search where !he records are examined ane al a time m arder. 
Th1s 1s t1me-consummg for most mcmones but is natural for tape mem
óries. 11 a file has been ::.orted. !he most efficient bma;y search can be 
used. Sorne aspects al the search prablem are examinad in followihg 
seclfons. 

A most íntere:>t1ng and importan! aspcct of f1les involves the ways in 
which the data ¡;re stQfed in the file and the overall órganizalion of the file 
structure. Tt1ere are. in fact, n¡any ways lo orgamze a file in a memory. and 
sorne ar1:: c;-.1nun~:l 10 !he hríal sections of th1s chaplcr . . 

•• •.· ,•• -:t.• .. _~,!/'· • "~ •• • ..... :.. ,_ .... ~ * -.: -f:. 

11 3 SORTINS A: ;D Mf:RGHJS 
An tr.1prJr~-1r.t o;J~·rat1:>:1 rn rnéJ!;-,•..:rnw.~ tus1r:e5s anc o:i.~' Jnft:.,:r:1S~tH::;n 
sys:e11o filr:s conSISt:; of sortrng a ldr: on a sclected key. As w;-¡s n :::r.:,or.cd 
prev1ously. the sor:•ng places tr.e rc:s·ds 111 tne f le m an ordt:r so tnnl tnc 
key items 1n thc rer;o.ds are 1:1 nondescenc•ng arder 11 no tno rcccrds .n 
the f1l<: h<:ve thc s<:rne value lor th·~ key (for ms:anc..e. 1f thc kcy v.¡:¡s a sG::•z!l 
socur1~t tiurrtbN 1h r1 pi)ls<;F;MI 1de). be recórds ~·.ould be arran;;;cd :1:'n 

!he ke¡s •n asc·~••c!1ng crcJer In an <Jctual tde cons1stmg of ma'ly rcccrd.
each contamu•g S!:veral 1terns. sortong tr.e f11c 'lo'ou:d involve mo11ng the 
ént1re recofds ar•')und (or at lea!>t po111!ers to !he records-as wlil be diS
cussed la!er) The actual sortmg 1s generalry done on an array of ¡~.e values 
of !he key, however. as tn1s 1s more eff1C1ent. and the records can be moved 
alter !he new arrange_rnent foi the keys has oeen found In fact. tor most 
large files it IS nccessary tó kéep th"l file on sorne mass storage dev1ce 
such as magnellc tapa, and to ~rt the file m stages. movmg port1ons ol the 
filé fróm and into !he mass s:oru;¡e dev.ces Our concern w:ll be w11h ttle 
sorting proce~:> only, exceilen! descropl1ons of file mamtenance proce
dures for mass storage dev•ces imll be found in severa! ol the relerences 

Chapters 3 and 7 have already presented an algonthm and subprogram 
for cart1ng an array so that the eieme:-~ts are in nondescendmg order The 
existenc& of th1s algonthm IS assurance lhat we can sort an array mto 
nonc.Jescendmg order: the remamH"9 quest1ons concern the effiCiency of 
the sorting techn1que 

In arder lo exarnme sortmg tect.n1qucs we limll the problem to tr.at of 
sortmg an array M wiln mteger values M(1).M(2) .... fv1(N) so tha! M(l) IS 

less :han or equal lo M(J) when 1 1s lcss than ,1 

Perhaps !he n,u.,t natural or mtUitl•:e way to sort such a11 d~o,:v s to 
search th~ough fl¡e set Gf va!ues in !he afray áRél fina ffHi smafiesi value. 
Call lhis value M(K), lhen place t111s value 111 M(1) by exchang1i1g !h1s tv.¡K) 
with M(1) Next examine M(2).M(3) ..... M(N) and fmd the smdliest elcrncnt. 
~all this elcment M(J), and place thos elemerít m M(2) by exchangmg M(2) 
and M(J) 

These steps are repcated for M(3). M(4). and so on uhlil M(N - 1) and 
M(N) are fmally compared and aroa;-¡gecf 

The above descnpt1on deta1ls tne proccdure generali)' used by peopie 
when arranging a bndge hand or \',hen sortmg a deck of index cards mto 
order. A fiow chart for thc algontnm is shown 1n F1g. 11 2. anda Fortran sub-
pragram is m F1g 11 3 · 

Exammation of llie flow chart and the program indica! es that there 1s an 
outer and mner loop m the algoritnrn For an array VJilh N e!ements. tnc ou!er 
loop is performed N - 1 Irme:.. ti1e hrst time the sma llest ol elemcn! M( 1 ). 
M(2) ..... M(N} •s lo:m::1 a:1d mov;;d 1r,u rv:(í). !he lina1 t1me the smallest of 
M(N- 1) and M(:-J) is found ana Moved m:o M(N - 1¡. 

Thr:- inncr loop m the algor1thm sequences through the set of elcrnents 
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R!t•;rn False 
from 

!Ubpr oqr :tm 
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1 
1 
1 
1 
1 
1 
1 
1 

1n,..r 1 
,~1 

1 
1 
1 
1 
1 
1 
1 
1 
1 _._ __ 

NEW ~N- 1 
1-1 

MIN ~ 1 
J ~ 1 + 1 

1( ~ J 

INTROOUCIION 10 CO•UUTtA SC•I.,CI 

1- 1 + 1 

Kl- M(li 
>..:::..:..-~ M(ll - M!MIN) 

M(MIN)- 1 < 1 

MIN- K 

figuro 11 2 flow chort aro replocemenl sorl An arra y colled M or N elemenls ls sorted 

under cons1derat.on. determ1ning the smallest of them. and movmg th1s 
element mto the coorcct posit1on 

In arder lo evaluate thé eff1c1ency of this algonthm, we count the number 
o! Pf!SSeS Wh1Ch are made through the mner loop Lct us set N equalto 10 

' . ~ .. -~ •• ;q, 

, - ::e "'d'oJ'..' r:'"~ ;!" ,· .. ~ ~ ¡ ......... f-1'' t :~~·~ 

1.~'21 .r.!H1úJ :, ':-··J .. e,._--.,·:;_~: ,,r ,; ;;-ac·· · 1n; _:-,.~.e--: f.~t1J T ._, 
requires n1ne passt.:·s thrcu~h tba 1r.rer "cC'i'ip.Jr:s-:'". · !o:..;J Tr.e~ :'le ai~:')
nthm exarrnr:r;,s 111(2) 11.(3¡ .~/.( 10) flr1(Jif';:} the :;,-:-. .:;Pes: e'erne:-.t wr.,ch 
mvoh,res e1gt•t p::Jss~s thrc.ugh the 1nner io<;o We r')·:: ~·-:; 1'19 t•->S•C p'l:
tern on thc th1rrj ~-.l~r.; through the ou~e:r !:..op SC·:c.·· ~~-:~J-:5 v;~:l be rr.;;,r~,, 
through tr,·:J 1;1:-J ... ' l:..,op, on th~ fourth pass ~n~.:..JQil t:~e ou~e~ ,::::,e,¡:) ftve p.-t:.r.~ s 
w•ll be made through !he mner loop, and or. tne f¡;;¡¡i ..,¡..,•¡, ¡:::3s tnroe~c;·. ;; .,e 

outer loop one pass will be made through the mncr lo0p Thus,"_l:;:~ a:rJO· 
rithm requ¡res 9 + 8 + 7 + 6 + · · · + 2 + 1 passes through the inner looo 
that 1s. 45 passes ,~,: 

The general case is as follows To sort an array of N e:er;,e-ñts. the 
algorithm make:; N - 1 passcs through the Ot.;ter loop The l1rst pass re
quires N - 1 passes ihrough the mner loop, the second ¡::ass througn the 
outer loop requires N - 2 passes through the inner loop, ar.d this pattern 
contlnues unt1l on the final or (N- 1)st pass through t"e ou:er loop when 
one pass 1s required through the inner loop Thus. we arme at the fe if::Jw1ng 
sum for the number of passes through the inner loop (N- 1) +(N-- 2)-+ 
···+2+1. ' 

Then let us call P the value of the above sum Now.1 P = NíN- 1)/2 or. 
written another way, 

P= N2- N 
2 

This sum grows very QUICkiy as N becomes larger Fo~ ms:ance for N=' 
100 the value of P 1s 4.950. but for N= 1.000 the value of P 1s 499,500 

'Th•s can be shown as fol/oNS The ayerage value rn the sum (N- 1) • ¡:¡ - 2J • + 1 os {f'v - 1) ~ 
1}12. wiÍ•ch rs also N/2. and there are N- 1 lerms, so !he sum.has valuc t;¡-z • '· - 1 ar [N(.V- 1lli2 

:!ll•E>hi"UT 1 '<IF SC'f-11 C 'lo '11> 
LIMt'llSI N "iC 1001 

N~h'll·1 

[r(l 3 1 ~ 1. t:t ¡ 
C l>l'LrC1 1-iF fl,f":f'lll ":C 1 l AS A FC1S~I1? 1~l' ~t"f'.'.~~1 

Ml"'•l 
e SFAhC-i ~~Pnt trh S~PL~fS1 \ALUt 

J~I•l 

e 

Irr S I(=.J,N 
IF C~CI(> -~1· MCM!Nl MI~=K 

S er.Nll'IUr 
F~CHn~~E l~f S"'AL~l'Sl JI1K MCI> 
I(Jc"!Cil 
I'!C l l=~CM!IIIl 

3 P'C"!!'Il='<I 
¡,flUñ"J 
f'll,. 

F1gure 11 3 Subprogrom lor rcploccmenl sort M 1s rne orroy to be' ,~~e o oc<: ~. •s rne numbor el 
elements In lhe arra y M 
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Anc!'ier sort•11g algonthm wh1ch rescrnbles the above but wh1cr1 can be 
more eli1c•cnt on !he average 1S the "bubble sor!" When the bubble sor! IS 

used comparosons are made only between ad¡acent elements tn thc array. 
and !he elements are exchanged if they are out of arder In the frrst pass of a 
bubble sor! to sor! an array M of N elements. M(1) 1s compared w1!h M(2) 
and if M(2) 1s sma!ler. they are exchanged Then M(2) IS compared w1th 
1\1(3). and :he eie~,,~.>ts are swapped tf they are out of arder Thrs rs con
tmued until M(N -- 1) 1s fmally compared w1th M{N\ and a swap made 1! 
necessary O:.mng t':<:! second pass the same general procedure 1s fol
lowed except Ónly ad¡acent 1tems from M(1) lo "J.(N -1) are ccnsidered. on 
the th~rd pass M( 1) to M(N - 2) 1s consrdered. and on the ftnal pass only 
M(l) and M(2) are compared When th•s sort 1s used. larger 1tems float 
dotm and srnall items "bubble up," hence the name A subprogram to 
1mplement !h1s sor! is shown in Fag. 11.4. 

The subprogram in Fag 11 4 has an add1l1onal feature, which can _ 
1mprove 1ts eff1c1ency Each time a pass is made through !he sect•on of the 
array berng examined by the outer loop. a test is made. and af no exchanges 
are made the prograrn d1scontmues its sor!. for the array rs a!ready in non
descend1ng arder The test 1S made by setttng the varrable of "flag" J lo O 
each t1rne the oucer loop 1s entered and then settmg J equal lo 1 1f an ex
change :s made m the mner loop A test al the end o! the outer loop deter
mines ,f an exchange has been made, if not. !he program returns lo thé 
callmg program; if an exchange is made, the program cont•nues 

In the worst case (when the array is ong•nally in descendang arder) it 
can be shown that th1s program requires N(N - 1)/2 passes through the 
inner loop. However. in the best case {if the array is already in the corree! 

S!JPt>\•U11'11f Sl'f<l?.Cf'!,I'U 
ri"'F'l!>l C"l "!C 100) 
'llfll ='11-1 
t 1' 10 1•J,"Jfll 
J~'l-1 

e !>tt A F~At 1~ Stf 1~ txCHA'lr.fs occur 
lt'.Ai =O 
[11' s t("'"J 
kl~~<•l 
lf CI'ICIO .r.t;. I'IPUl) t;n tn e, 

C HCH(I'llF THF Hl' FL.F''IF'lt::: A•H SfT T'IF ~r.Ar. 

K ~•11•~ ·~(1~ 1) 

1'1(10(1 ):"!C>O 

P'Ciil•~SIIlfo 

lt-• ... Al:rl 
~ tr<Jll'l'.'r 

C !>H IF • .(CoiA'olHS •IAU i'H'I '11\!t Py t[q!'lli\ IH.Ml 
1t !IH.A; .~ .... !,) 'H' 11' 1" 

'" r.r-.~t~·:u 
1 '> t. 1""111 'lUt 

ht lll ., 
PH 

• •• ... t o t. ~ ~-:.:.. ••••• , • , ,. •• •• '.1. .. • •• • - ./) 

' .. ':!e•J : 1 t:.: r ... rc:j7)íri r.-:.";UI~·:s (J:, • fl - 1 ;) ¡,., ... ,,_._s f '~IJfjt :· •... . ... .r IGOtl In 
ger>cral ttm, prog•::~rn exp!c.:s n''] t~-:derc·¡ ol lis:~. •:; b:: ;.Iré:. :¡ sorr.e·.·;hat 

.ordered. lhu:;. étS a resOJ'I. for la•ge values o! N ~~~~ pro:;r<•'" :t.nds to be 
mor~ efficaenl Ir•<::" the p. e~ 10~s :; :gor1\:1;n 

The sort1nr,¡ of files 1S so ·~;::>oilant m t.us1ress ;nd mform<Jtlon process
ing lr•at rr.¿,r,¡ s'¡;d,es have b~en m¡;ce o: sortong a:gontnms ar.j 1n2ny 
a!gonthms r•-. 1-~ b•::Jn lr.'l2'1tcd :n progr:;mm,ng langua';)e:; sucn as Coco! 
!11e:re is a SCJiH opE:ratiO> on a file v1hrch 1s a subprogram tn the syst'"m 
jusi as SINE. COSii-JE. SO~ARE ROOT. and other func!lons are prov1ded 
in Fortran 

The studies of file-sorting techn1ques sho,.., that the number of operal1ons 
required grov1s _?pprO)flm¡;:e:y asN1 .div1ded by some constan! for "mter
change sorting algonthJ7~s" such as !hose meñt.oned. More sopnJStlcated 
sorllng techniques such as "rad•x sorts" and "merge sorts·· requ1re NK 
times sorne const;¡nt number of operat;ons or N' 5 t;mes some constan! 
operalions. whore N is the number of e1ements and K 1s lhe number of b•ts 
in each element These sort:r1g techn1ques requ:re rr.ore compl1cated pro
grarns. with the result thattn;;~· are oeneraily not used for srnall numbers of 
eleme'lts 

More dela1led mtroauclions can ba foc¡nJ .n the book by Flores and the 
paper by W A Martm hstea rn the 81bl1ography 

For a re:ally comprel,ensive trealment of sortma techn1ques the reader is 
referred lo volume 3 an the senes of books by Knuth wh1ch devotes nearly 
400 pages lo this sub¡ect lt is very d1ff1-:utt to cvalu:Jtc matllcmatlcaily 
many of the more compl1cated scrtmg tech111qucs. and so qu1te ofter1 the 
algorithms are programmed. sample arrays (or hstsj are sor:ed. and the 
results evaluated.~ The book by Rach analyzes a number o! the best sortmg 
techniques by prograrr.mmg and evatuat1ng !he t1rr.e reqUired. storage re
quired. and other factors for a number of sample problems. 

Another importan! operataon m maintaining f1les 1s that of mergmg Two 
sets are said lo be merged when they are combined into a smgle se!. how
ever, il the two sets have bee11 ordered b¡ sortmg tn asccndmg (or non
descending) arder, !he result:ng set of 1tems must aiso be sorted m ascend
ing {or nondescendir.g) order. 

In arder lo Sli.Jdy the mergmg opcratl:)n, we sha!l agam restr•cl outselves 
to ~nterr.al merging rath2r than merging files on tapes (the files could be 
copied into !he core rnemory. a! they are nct too !arge). Let us cons1der twc 
arrays of integers M1 and M2. w1lh M1 hav1ng K1 ele;nents and M2 havang 
K2 elements. Tne arra¡s M 1 and r./.2 are assumed to be soned m nondes
cending order, and We ··::sh :o devclop ar. array Ñ:3 •\•th K1 + K2 elements 
wh1ch is sorter:l m nondescer1dang order . 

The farst step an the algonthm 1s lo co-npare M1(1) w1!h fv12(1) and place 
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Figure 116 Subprogram ror merge algo:lttlm 

the smaller of the two m M3(1). lf !he 1tem M1{1) 1s se''=:'ed we then con
Sider M1{2) and M2{1), placmg !he smaller rn M3(2). ,; 1.:2(1) was selected 
rn !he precedmg step, we cons1der M 1 (1) and M2(2). p::;:::~g the smaller rn 
M3(2) Th1s basic process contrnues w1th M 1 (1) bemg cc,.-;;:¡a;ed v11th M2(J) 
al each step un111 we reach the end of e1ther M1 or r.'.2 ::hat 1s, we select 
e1ther M1(K1) or M2(K2)] When th1s occurs, the rema•:o.~g e:ements in the 
other array are s1mply cop1ed mto the remainder of M3. 

F1gure 11 5 shows a flow chart for th1s algor1thm ;;:-.,:: F1g 11 6 shows 
a Fortran subprogram to merg~ two arrays (Langu;;;es such as ~obol 
prov1de MERGE subprograms m their basic library ;;~d a programmer 
can s1mply wnte MERGE A ANO 8 rather than wr.¡,~:; h1s own subpro
gram) 

The exerc1ses at the end of \he chapter investiga:e :>;e eff1C1ency of the 
above program as well as show a short program for rr:e<g1ng arrays with a 
spec1al STOP element rn the las! pos1tion. 

A merge sort JS a sort1ng algonthm which breaks s':;:s of elements into 
subsels, sorts the subsets. and then merges these s:<:ed subsets By 
dlvidmg !he or1g1nal se\ of elements 1nto an appropr·::·e -·J:nber of subsets. 
so that the sortmg 1s eff1C1ent. and then deper.d1r:g or. i~:: :;.~:ural ef:¡c;ency 
of rnergmg. an eff1cient sort.ng algon\hm can be ct:::;.--:d The exercises 
,. '"<>lop th.s procedure Knuth's book as well as seve·::'• of the others m the 
81bliography also !reat !h1s SOrt1ng procedure Jn ce:ail. 



11.4 SEARCHlNG A FILE 
Probably the rnost frequenlly perforr.,ed operation in business or rnforma
tlon systems is that o! searching the fli2s for eleme:1ts v1h1ch sat1sfy sorne 
spec1fle.j cond.:.on The condt!lon spec1f1ed ranges from equality~for 

ÍnstanGe. "Frnd the record al the persor~ .with.soc;ial .s.ec1,HIIy numpe¡r 972-
85-35."-to "Pro:luce a lis! of the par:s m our mventory wh1ch cost more 
than $45" In any case. a file IJlUS! be s:::Jrched, and it is importan! that the 
file be orgamzed so that 1t can be efhctently searched 1t is also 1mportant 
to have an efltcient search algonthm so that too much computer ltme 1s not 
expended on searchrng. 

The organiz,r.g of files and of search procedures are importan! top1CS in 
systems destgn for data processing systems 11 large files must be main
tamed in mass storage dev1ces and 11 these files must be regularly main
ta111ed by add1ng new records and modifymg and deleting old records, and 
if it IS further necessary to search the f1les frequently for records whích 
sat1sfy some s;:¡ec1!1ed entena, then a file otganizatton mus! be found wh1ch 
is not too expenstve :o update. which does not require too much storage 
space, and wn1ch can be conven1ently searched Destgnmg a good data 
structure for the f1le and programming efl1cient file mamtenance and search 
algonthms are interesting and shll developing aspects of data processmg 
systems design 

We shall f1rst examtne a particular aspect of f1le searchrng and mam
tenánce. that o! fmdmg a spec11ied element m an array Thts wtll include 
showmg how the search algorithrn can be grea!ly speeded up 1! the array 
is sorted. 

11 a t¿ble or array is searCh!;!Q .fQr a giv~n item, th_~ ~~arc;h suc;c;e~ds if the 
ítem i~ found a'ld farls 1! it IS not found 11 we store our table in an array 
which we r.alf ITEM. al a given time ITEM wtll contain N elements 1! these 
elements are not ordered. m arder to fmd a given iterr in the a fray, !he 'most 
natural search a:gonthm is to exam.ne ITEM( 1). ITEM(2). ITEM(3) and so on 
up to ITE~I.(N). each t1me SeP.mg 1f the value 1s the des~red one 

In arder lo convert th1s procedur~ to flow chart form, we let !he values 111 

ITEM be integers and call the value •o be found M A flow chart of the re
sultmg search algorithm is shown m Ftg 11.7a An integer vanable K is sct 
toO 1! the search fails; otherw1se it vnil have a value such that ITEM(K) =M. 

A Fortran subprogram tmplemenling thts algonthm IS sho~m in F1g 11.7b. 
The question now ansing is. "How eff:ctent is th1s algonthm?" lt 15 clear 

·ti'lat ·tf -tne-<les-~r-ed value js notln !he are~ N __ steps or passes through the 
search loo;> will be reqUired. lf. however, the 1tem is in the array (and we are 
not reqUtred to f1nd dupltcate values m !he array), on the average N/2 
passes through the array will be required • 

Now let uz assume the•array has been sorted so that the elements are in 
numencally ascendtng (or nondescenoing) order We now sequence 
through the arra'/. s:arting ~111th ITE~/.(1) and procecd;ng through ITEM!2). 
ITEM(:.J). etc, in tum as before However. al ench stcp we also test to s< t' '' 

K- 0 

Rctwn from 
subprOQram 

K~ l 

R~ru,, trom 
subpro-:¡ram 

1- 1 • 1 

Not~ 1n•t ;,'~'Jf•t'•~' SP...-~~r:J,e-:, an arra•¡ fTE.\~ of ~ eiemcnrs to ftid an 
elerrY•nt tJ 'lf fcr snme 1 d·~ ITE~.1 Ul ::r M ih¡;n ¡,-;. p dCC1tl'l the 
var•a!Jit K, tf fr¡r r.o 1 ·;~ ITé:.f,t tl1 -:M, tt•l•n K tS ~·\en tht: ":l~tC O 

SUS~OUTINE FI!'.Ol(M, !TEM,N,K) 
OIMé:lSIC/l ITEM(lOO) 
00 5 l•l,tl 
IF (ITE11(l)-M) 5, lO, 5 

5 C:ONTINUE 
K•Q 
RETURN 

10 >:•! 
RETURN 
END 

(a) 

(b) 

Figure 11.7 Scorch.n<¡¡ o linear O'IOY (a)llneor seorch algofl•hm 10:.1 Subó)rcgrom lo seorch a 
llneororroy 
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agam element ITEM(I) ts greater !han MATCH. and tf ti tS, !he search ts 
tmmedtatery termtnated. stnce the element rs not tn the array Thts wrll 
improve the efftctency of the search procedure stnce the enttre pass 
through the array wtll'not be requ1red in cases where an element rs not tn 
the array. {Aiso. 1f dupltcates are reqUtred. the ent1re array need not be 
searched) A program lor !hts algortthm is shown 1n Frg 11 8 

An even more eff1c1ent algonthm for searchtng a sorted array ts the 
binary search algonthm. lt closely follows the procedure used by most 
people in trytng to locale a name rn a drcltonary. index card ftle, or other 
alphabettcally ordered ltle. The ftle ts opened lo tls mtddle. drvrdtng t! tn 
hall, the mtddle entry •s exam1ned to see tn wh1ch hall the destred t!em 

. would be. and that hall 1s agam opened lo the mtddle. and an examtna
tion then tnd:cates rn wh1ch hall the rlem ltes, th1s process cont1nues unttl 
the parttcular item ts located 

In order to make the above procedure more prec1se. we assume a table 
of N tlems. and we shall reler lo these as ITEM(1). ITEM(2). , ITEM(N). 
lf N ts even. we can dlvtde the table tnlo two equal sets of N/2 items and 
then determtne in whtch hall the value to be located mrght lte lf N is 
odd, the table 1s "dtvtded" into two sets, one wtth INT(N/2) and one wtth 
INT(N/2) + 1 rtems. where INT IS the "tnleger" luncttO:l which takes a num
ber x· tnto !he largest tnteger whtch IS not greatcr !han X [In Fortran IFIX(X) 
is a "comptler supplted" functton which takes a real value X tnto the largest 
integer not greater than X lf we wnte 1 = N/2, however, 1 will ha ve the value 
we call INT(N/2) stnce the value of 1 wtll autornattcally be truncated. not 
rounded. lo an tnlegc; value) 

The largest elemenl in the "lower hall" ol !he ta~le wtlh !he lowest 
values ts now examtned to see tn whtch par! of the table !he destred tlem 
hes. thts tS done by seetng ti !he destred elerr.ent has a value greater !han 
the largest element tn the "lower hall" 11 so. the upper hall tS selecled; il 
not, the lower hall rs selected Thts step contmues u:-.ttl etther tne ítem ts 
lound or the dtscovery •s made that no such ttem ts tn tne table Ftgure 11 9 
shows a llow chart of thts algonthm and Ftg 11 1 O. a Fortran subprogram 

In both the llow chart and the program. an array called ITEM contarntn~: 
N elernents 1s ;,earched lor an t!em called M An 1nteger variable K IS set to 
O if the value M rs not tn !he array. The vanabie K ts se! so that ITEM(K) =M 
tf M tS 1n the array 

SUEfl('oU1lil/t fiNI;2C:-t, IlE"'.N•Kl 
DIME'I~l f1'l IHM< lOO> 
J)ll 5 I•I.N 
lf Cllf"!tll-"!> 5.10.5 

5 CrvHII'/Lf 
l(cO 

RElLF<'I 
AO K•l 

Rf TL•F<'I 
PILJ Figura tt8 llneor seorch or a sorted orro¡ 

Tru~ 

1 
,,_~;"~ 

Return 
ITEM!KI $M 

A2turn ir1~r~ rs 
no vafue -sa•.J<,I ro 
M m the tatll<:.-s 

"fruc 

Not~ ltll"; ai']Qrl!h'"'"'l !'.dr;:.: .• ~ ... a ·1~¡,.. caitcJ liEM v11th N entnt~ Th~ dl-.or11Lm •.r-1rches for 
an ele-nr.!ftt r.¡!fo.;d ~A. :t"' J tf 1/,¡.c; el !li'~nt 1s tn thc !nble thPrc sns an In[• ,'-' vJiu·~ m K sudl 
that ITE~:o-:1 o:. ~.1 lf no .~:1:-nen.t 1n tnc _tab!e colled ITEM IS eqva1 tu M, t11cn H•c v.Jid·1 O 
tS pi.)("'I""CI '" K 

Ftgure 119 Btnory seorch otgon~hm 

S~PRrUliVE fiVC3<M,Il~~.N.Kl 
tl"!fV~lrtl llf'H100l 
IfiHSl•l 
ll..ASl•V 
oo ro !' 

10 IHI[l..=CIFIR~l+ll..ASTl/2 
IF CM ·GT· loi'ICI"!Itol.ll r.o TO 1~ 

e rn.., 1s 111 LNEh HAL.f oF rAe•.r 
ILAST=IMII:J-
G r TO 5 

e ITl"! IS I'l UPPEh HAI..F OF TAELE 
15 IFihST=l~ILI..+l 

5 IF CIFIHST ·I'IE· Il.ASll GO TO 10 
IF CM •FQ. IH~CUlnS1ll GO TO 20 
K=O 
RFTIJR'I 

20 K~lflll;,T 

RETUR'II 
ENt 

Ftgure 1t 10 Sub;:uogrom lor btnory seorch olgon:hm 
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How eflrcrent rs !he binary search algorltnm? The effrc.ency of the algo
rithm rs most easaly evaiuatcd for tablcs with N entries. where N= 2' for 
some 1 (that rs. tables wrth 2.4.8.16.32. etc .• entries). for then the table is 
reduced lo one-half rts origrnal size the frrst step, one-fourth its orrgrnal 
size, the second step. and so on untrl rt rs reduced to a srngle element, 
whích either rs or is not the rtem desrred Srnce our rule is that alter¡ steps 
lh!'! t¡¡ple has \)e en reduced lo a subtable of sile 2:1 KN, aAfl srnGe N= 2'· 
for some 1, then wnen 2-' x 2' = 1. each of the two parts wrll contarn a srngte 
element and one of these mus! be the desired element Th¡,¡s. !ora table wrth 
N elements. where N = 2' for some integer l. exactly 1 passes through the 
basrc loop are requrred lo frnd an element using the Lprogram or flow chart 
Y<hrch has been shown. Thrs value rs les§ !han N lor N greater !han 2 and is 
much less !han N for large N 

For any grven N which is not a power of 2 {that rs. not equal lo 2' for 
some !). we can determrne the number of passes through !he loop as fol
lows Le! K be the smallest rnteger such that 2" ;a. N, then K passes th(ough 
!he loop are requrred t 

Can we rmprove on this algorrthm? 11 might seem thal befare each pass 
through the loop rt woyld be a good 1dea to test whether the largest ele
ment in the lower half •s rndeed the rtem desireq and to termrnate the search 
if rt rs Thrs would mean that sometimes the search could be lerminated 
early For instance. rf we had a table wrth four elements whrch were !he 
integers 1.3.7.9 and we search it for the mteger 3. then the table 1s d1v1ded 
into two parts, 1.3 and 7.9. The greatcst integer in the lower hall, which •s 3. 
is selected. and. rnstead of see1ng 1f the des1red rtem 3 rs greater !han 3. we 
al so test to s~e rf rtrs equal lo 3. and stop if it is In thrs case itrs !he desrred 
elcment. and only one pass through !he majar loop has been made, where
as-the-pfevreus·algOFrlhm-requrred-two 

1! can be shown, however, that on !he average the nl!mber of passes 
through !he majar loop is decreased by only 1. That rs. if L passes are 
required on the average for !he frrsl binary search algorrthm, then L - 1 
p~sses ~re required for !he ~econd algorrthm. lf ~ is large. the add1tional 
time requrred lo test for equalrty. whrch lengthens !he basic loop, will 
probably exceed the Irme required for 1;1 !lingle pass throl!gh the loop, and 
!he original proc;edure will run faster on the average 

The above analys•s i~ typ!Cal of that performed on algorithms for system 
u~e !n méjny cases. it is impossible to complet¡:¡ly and precisely ané!lyze 
Sl,!blle points, and it is e!ther necessary to test the algorrthrns w1th a number 

trn geneml . ..t~.ne ~,IN)1obe t~"fum.tron w•lh .arqc X"SUCh11r.n 2' ~ N.lhen ro<JNJJ •s cªlle:l lhe 
bmaty IC')<Jttfflm of N. an-:J ''X-= loq,(fJ) X .v1n be l!iornc po~•t•ve real numbor for ea eh pos•T•va 1ntegcr IV 
t'-o'N an thc gcnernl ca~e •t C:J.O be sno.om 1hat the number of passe5 rcqwred tS exactly C[IL (log,{N)). 
where CEH .. has valuP. the sn,<:~ll~;,t ntet;~r rrqer than or equaf to log1 {l'J) Th¡s shows thallhe number of 
p~s.~s throu~'l lhe loo~ :n.ccc..ao¡,cr. a! a log.;r&thm•c. rala 

'• lll 

of !<::-;: ·,,,-;.;:; and cornpa~e results. or lo ger.erate s:mulated dªta. try the 
algcrr!!'-;rns on the s•mulated dala. and compare results 

11.5 ARRANGING ARRAYS AND UNEA:< USTS IN MEMORY 
Th~ structure ol In e d21::1 wh•ch éHe p r~~f.>5" j In busrncss s¡stems can be 
Q!JI!€1 f;(;ffiíJII';<Jll~rJ · f.w(flf¡r, 111· f•olcJs ·suctr as rnfoflnat1on retr.eval. the 
quan:~:¡ of (J¿;ra u~ed rs qu¡ie large. and the structure of thc data rs qurte 
compre..: Tne manr.er of organ1zrng !he d;:rta r'1 the computer's memory 
can be ver¡ rrnportant when large volumes of data wh1ch are rnterrelated 
in a complrcated way rnust be procecsed 

Th~ srmplest antj rnost drrect way lo organ1ze data rn a computer me
mory rs by placrng thern in a one-drrner.sronal array Cons•der a table or 
array of data consrstrng of N rtcms By usrng the name TIIBLE. the rterns can 
be referred lo _lls TABLE(1), TABLE(2). through TABLE(N). lf the me;nory of 
the computer rs word-organrzed and each rtem in tne lrst can f1t m a srngle 
word in memory. then by assrgnrng a stanrng address rn memory for the 
table, say B. we can f1nd a g1ven 1tem TABLE(I) wrth index 1 by 1ook1ng a: 
address B + 1- 1 rn the memory. Thrs organrzat1on is shown rn Frg. 11.11a. 

Example We assign !he startrng loca !Ion 8 lo locatron 4000 in memory. 
Now rf !he items in tne array are referred toas TABLE(l). TABLE12). 
lhrough TABLE(100). !he varues rn TABLE wrll be stored in loca:rons 
4000 through 4099 1n memory, ano TABLE(l) wrll be al locat.on B + 1- 1. 
whrch wrll be 4000 + 1- 1 or 4)00, TABLE(2) wr!l be at 4000-+ 2- 1 
whrch is 4001; TABLE{SO) wrll b,_• a: the address 4000-+ 50- 1. etc ' 

The basr~ idea_ of placing the words In an array or lrneªr lrsl m conse-
cutrvt: addresses rn memory can be extended to arrays wrth two (or more) 

AdrJr~ Cofll~ntl AJ•tr•' * C•mf•oftl> 

'" "' mem•Jty 
""''''V 

J!l9!l '.,n~n 
4()()1) r •• ,, '11 f IIJ -:1,\T!I, 11 4001 r t'J"<7t fJrJ01 r.l.;T•I. 21 
4002 Tot l•.f3r (/JIJ2 ~1ATI1, 31 
4003 T1hJo(4J (,(){lj ~.:r. rtz. 11 
4004 Ta','•.f':rl (;001 ~·;..l,"J 21 
400'; OJO', Mr, rt7. 3! 

6')Qú 
(.J) {/¡) 

Figure 1111 Orgon,zc'•on ol o:1e- cnd two-dJmensi.Jnor o11oys In 
merr.crv {a) Storar,:¡¡ on orroy Vw•ii'l f110 elcmonts ot coll
se:IJ:,ve odd:e~e¡ In mcmory íbJ Slconng o 2-row. J. 
COiumn onoy In mer01ory (oy row) 
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drmensrons or indexes Consrder an array cal!ed MAT wrth four rows a::J 
three colurnns lf each entry rn MAT requrres a srngle word rn memory. 
lhen 12 words ·,\il! be requrred 11 we choose address 200 to be the address 
of !he MAT(1,1). then 211 wrll contarn the last entry MAT(4.3) Tnere are 
two ways te "lay in" the array. however. by rows or by columns Let us 
use rows ,1 !he elements wrll then appear rn mernory rn tt,rs arder MA T( 1,1 ). 
MAT(1.2).MAT(1 3) MAT(2.1),MAT(2.2).MAT(2.3).MAT(3.1). and so on untrl 
MAT(4,2).MAT(43) 11 MAT(1,1) rs at address 200.MAT(1.2) wrll be at 201. 
MAT(1.3) al 202. etc To fmd the address of an elernent MAT(l.J) rn memory. 
we calculate as fo:io·.vs. MAT(I.J) rs al memory address 200 + 3(1- 1) + 
(J- 1) Thus. lo frnd MA T(3.2). we form 200 + 3(3- 1) + (2- 1 ). whrch rs 207 

The general rule rs· For an array wrth M rows and N columns wrth one 
word per element rn memory. and where the frrs~lement rs lo go m address 
B. the element in the lth row and the Jth column goes at address 8 + N(l-
1) + (J- 1) This organrzatron rs shown rn Frg 11 11b. 

Srmrlar rules· can be derrved for arrays wrth more !han two rndexes and 
tor arrays where eiements requrre more than a srngle word rn memory. 
Notrce !he ea se w1th wh1ch an element can be located m an array stored 111 

the above manner. Arrays are very desffable data structures 
The tables or arrays whrch have been consrdered above ha ve contain.ed 

rtems of r;xed srze Many data are alphanumerrc, consrstrng of names. 
addresses. wr1tten text. etc The rndrv1dual rtems rn th1s krnd of data have 
mixed lengths For rnstance. suppose we wish to store a lis! of names These 
names wrll be of drfianng numbers of alphanumerrc characters, whrch 
obvrously compircates the problern. · 

A Simple solutron rs to allocate a num'::~r of locatrons in memory suf
frCI<:!nt to hold !he longest name and then to allocate each name that 
amount or space. 

Exampfe A lrst of 200 names rs to be kept 1n memory The computer, 
an 18M System/370. stores one character rn a smgle address (a byte
per-address) The longest name has 20 characters rn rt The list rs lo 
begrn at locat1on 1000 We allocate 20 x 200 addresses rn the memory 
so the !1st will start al 1000. and the las! character will be at locatron 
4999 11 we ccll the lis! NAME. the kth eiE:fT'ent rn NAME [that rs. Nfi.ME (k)] 
wrll beg1n at 1000 + 20k- 1 and end at 1000 + 20k + 19 

lf the names are of wrdely varyrng lengths. the above technrque causes 
an inetf1Crent use of memory Fortunately, severa! alternatrves are poss1ble 
One is lo ha ve a spec1al END OF ITEM characler and to place th1s character 
after ea eh na me t Thrs 1s shown 1n Frg 11.12. Another 1s to keep a la ble of 

'ft shou·d be no~et:1 that by o~·c•al decrce Fortran arrays are srored by ¡,:;!¡ng corumns {ratner rnan rows) 
1n (:.,~ecutrtt: ord-==r Tl.rs 15 d.s.cuss~d 1n the exrrc•z.es al the end of the Chaplcr 

•rh•s rs a spet:•al ct--3rac:er In thrs case 11 1s u sed ror end ot name The spectdl characte•'s name ¡ust 

t.,..~ · ·- be ENO QF ITEM 

,, (..,,,,, 11, 

, ...... .,,,, 

J 
f) 

~/ 

'1 
4r~<1 c-;r 1 r:,; 
•t01

.J j 

<1('·-: o 
~07 N . 
4013 E 
409 S 
410 (QI 
411 E 
417 M 
413 r 
4H l 
4t5 y 
416 SPIICE 
417 ~ 
4iH 
419 
~20 

4?1 
422 
423 
424 
425 
4./ü 
4')1 UJ 

NorP EOI•, t'1• END (Jf: ITEr..t ¡[¡¡r,•l•r 

Tht ffi•!T;"'"o(,('( ~.tr,·e~ orv~ ct .Jf.,lo t<•r ,,, • ,lt ,, 1! lrr ,._<., 
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j. :. 

. ' 

1 
Figure tf 12 Slonng charocler 'lrrngs usma 

END OF llfM cnorac.er$ 

the addr~3ses al which each name begrns Th1s IS s11own rn Frg 11 13a 
Strll another technrque rs lo ha ve a startmg address anda l;:¡ble conta•.'"'º 
the number of characters rn eacll name as shown 1n F1g 11 !Jr, (We •r.~n 
fmd the locat1on of eleme01t 1 by Rddrng lhe lengths of ihe ndmes precci'l:ng 
1 at !he startrng address rn ll1e table) 

Whrch technrqu~ shou!d be uscd depends on the charJclcrrsliCS of !he 
data. lhe computer VJO'd length and the prernrum on memory space an.d 
search Irme The las' techn1que (thar rn Frg 11 13b) uses lcss memory. m 
general. but requrres more' lime lo frnd an rlem 

Judgmer,: as lo w~11ch techn1que lo use mus! be made dependen! on !he 
partrcular f1le charactenslics For example. an rnventory control systcm frie 
mtght consrst of a set of records. where each record cons1sts of severa! 
items Frgure 11.1 shows a sect1on of such a file, where each repord con
sists of lne l1cense numb'er, make. year. name ot owner. strect J'ddress of 
owner. town in which owner resrdes. and state rn wr.rch owner res1des 
Srnce lhese partrcular 1tems are e1ther numbers or alphanumerrc slrrngs of 
lrmrted varrat1ons rn lengtn. rt would be practica lÍo storc thcse recorus m;¡ 
flxed-length formal wr:h a f1xed number of compuler words rn me:nrory for 
each record : 
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A1Jtr•:ss Cnut•:nts 1\dJI•_....._') ·Cont .. nt. 

'" '" 
mt:IT'Iury 

merruJry 

400 J 400 J 

401 o 401 o 
402 H 402 H 

403 N 403 N 

-'~flFfUI!J 41)4 SPACE - lttml ' ,, 404." SPACE • e 1 

len<Jths 405 J a-J Jr~-.~r; 405 J m !Wl 400 o 40G o 
4•)7 N 407 N 

o 1 
4,)8 E 403 E 

421 409 S 4119 S 

410 E 410 E 

411 M 411 M 

412 1 412 1 

413 l 413 l 

414 V 414 V 

415 SPACE 415 SPACE 

416 S 416 S 

417 M 417 M 

418 ' 
418 1 

419 T 419 T 

410 H 420 H 

421 R 421 R 

422 A 422 A 

423 

,_,, (b) 

~ _____ Figure 1113 Technlque; lor storlng ll;ts wolh llems ol d'flerenltengths. 
(al Table wllh lhe address ol firsl characleJin each rtem 
(b) Tabla wilh tenglh ot each l!em 

When tisis of records with each record containing severa! items are 
Softt!d;•they are-sorted•on a•key whiCh·conslst_s of one orthe items.·Thus. !he 
file shown in F1g 11.1 might well be sorted with the license number a~ the 
key. Then. to locate a part1cular record given the license number. a _bmary 
search wou!d be performed on the lis! lf the lis! were sorted on ltcense 
nurnber and wG wished to search the 111~ for sorne other attnbute, a sequen
tia! search would be necessary (Somet1mes tables or "dictionaries" 
which ltst attnbutes-versus-key or location in memory are used to cut down 
the search time F1les organized in th1s way are called mvertcd ftles Refer 
to the Brbliography for works g1ving details.) Fo~ example, 1f _the hle were 
sorted using l1cense numbers as a key and we w1shed to obtam the names 
of all car owners v11lh Cadillacs from sorne particul;;¡r town, it would be 
nece~sart to search through !he fiJe sequenlially, looking al each record '" 
the file to see if the owner were from the town and owncd_a-Cadillac. 

lf a lile consisled of a se! of records. w1th each record conta1ning sen
tences in the English language (as m1ght be the, case in an mfonnation 
retneyal _system), the varymg lengths of these sentences would make a 
storage te_chmque involvmg use of an END OF ITEM character or one of the 
tablc .tecl1niquc:. for kcepm¡¡ track of the ends of tne sentcnces more 

c!hcicnt. 

,_.,:.,,•, .1'." _,...CA. ~.c-:,;.r• '1. f'l~S .t.•,v :;.:.fA S·: . :,¡•~ ~:; 
( 

11.6 STACK5. DEOUES. AND QUEUES 

Jll 

A useful data structure in com;:>u\srs. parttculariy in sys!ems programs 1s 
called a slacl- The name stack rs demed from the fact tnal the dala 1tems 
are arranged m a s:ack m memor¡ whtch resemb:es a stack of platos m a 
cafcterta In other words, tw~ 1~e:n:; are s:acked o:oe en the o\her \':1th a 
stack .tha a~!Jump:,orr is rncuEJ t1"at or. :y·t:-.e ras! tlé:'li p!:::::ed on the sl;:!ch 1s 
immcd,alely _a•Jai!abl~t Thrs .s-1ov:; ::~;; resembla;;ce :o a .staci<. of p:3:cs 
Only lhe to;-> pl;,~c ,o; 1rnme•Ji.:;t.s:y ava,:a!:lle s,rn,larly. 1tems can be p:acerJ 
only on the·top of th9 stack .(Thts "Jast-ín flfs:-out" pnnciple leads to stacks 
somet1mes br.:'''9 callc:d UFO l•sts) Placmg an 1tem on top of a g1ven stack 
(that is. adding an element lo lhe stack) is called pushmg. and removi'}g an 
item from a stack ís called popp1ng Asan example. suppose we ha ve the 
sel of 1tems 1.2.3.4.5.6 arra_ngec m order. a stack calted STACK. and lwo 
operations on !he stack PUSH anc PO?. lf each 11em 1s placed m order 1n a 
new ordered s~t when 1t.1S "popped" or removed frorn the stack. then the 
sequence of operat:ons PUSH. PUSH. PUSH. PO?. POP. PUSH POP. 
PUSH. POP. PUSH. POP. POP w111 result 1n 3 2 4.5.6 1 be m~ lhe crder m the 
new ordcred So:!l. F1gure 11.14 shows examp!es of push,;-,g and pop;:¡mg 

Stacks are very us9ful in managmg compl!caled sequences of inlerrupt 
or othér unpredtctable o¡:¡erattons Piacrng ínlorma11on concernmg program 
state on a stack·where il can be la ter 'ound 1S a conven.e:1t way to manage 
task sequencmg m systcm programmmg Slacks are so conven1ent for 
systems' use that severa! computers have aulomal•c stackmg of mlcrrupt 
informa !Ion. 

A queue IS Slmtlar lo a stack excepi lhai nen 1tems are addec! lo the lop 
of !he ltsl but 1!erns are removed trom tne bot:o'Tl Thus. a queue 1s operaled 
on a-first-m f~rst-out (somelrmes c~lled FIFO) bas1s ¡ust hke a wa1tmg lme 

ltll' •'• '"' 

• p· 

1-----6-~ .~"~::.:~ h~ --¡ .. ,.,,.,, ! '. 

'f.-,.,p ,,z , , Pt~.'• •, ,,n 
U·•n-f•,, •,1 tt•m 1 ,h .,,,. . .. 

NtJ\ol! In ttu • ..r.~.':·,rf111 ..-•1 ,.l 1•'•• st,¡• J. ,.., r r1•1· . • . • r fr,• • tf• •':.' ,.,,.,,_. ,, 
rer .. orrlí, c:.-
TM 1''~1 111ttr c.•J"l!.JH,:; r,-. J'fdn '» .,{ Ir' ,, •. : r .~ '# .. 

Figuro 1114 Stock opo,oloc.r.s 
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or queue lor a lhealre Oueues are useful m managing lasks when 11 IS 

des~rable to serv1ce requests on a bas1s where "!hose who have wa1led 
longest" gel atten!lon f~rst. 

A. deque 1s s1mply a !mear lis! where it 1s poss1ble lo add or remove 
items from both ends 

Sorne applicat,ons for stacks are deveioped m !he exerc1ses at tf,, e;-< 

of the ~hapter. The algonthms 1n Sec 11 7 use stacks 

11.7 LINKED USTS 
The mas! natural and efflcient methad for mamtammg data in a computer 
memory tS the one-d,mens1onal array, wh1ch rs afien called a /mear ltst by 
thase warkíng w1th data structures There are problems. hawever. w1th 
maintaming l1near l1sts when many add1!1ons and delet1ons are necessary 
and the llsts mus! be mamta1ned m arder. 

For mstance. 1n sorne systems where textual data mus! be frequently 
searched and stnngs of characters must be added. modíf1ed. and deleted. 
a data structure called a lmked ltst has been found lo be useful lnsert10ns 
and delet1ons can be eas1ly made in a línked !,sr. searches are maderately 
eff1cíent. bu! the data structure requ1res more starage space than m !mear 
ltsts 

A llnked 11st essent1ally cans1sts af a set of nades Each nade has two 
parts· a po1nter and a data 1tem t The pomter g1ves the (begmntng) address 
of another node whlfe the data ttem contams !he actual data al th.e node. 

'The ter m dara 1tem ts uscd here mstead of stmply rtem lo help dtfferenttate the data part from the 

pcuntcr part 
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Th1s 1s show,... 1n F1g 11 1 S. In a:...tual íJ•ac.iice !he po:nter \'till proba bly not 
contam the full address of the neYt node. our w111 sirnply C0:1!al!:t an mdex 
mto an array contam1ng tho actual addresses or perhaps an,~mO!Jilllo be 
added lo some begmn1ng adores:> lo form the actual address ~ .~;.' 

In order lo rr.anage a l1nked l:st lwo other thmgs are necessary ( 1) Tt1e 
address of t:1e f~rst node must be stored somewhere so \'te cail cn!er :he 
llnke::ll1st (2) A srJec1al value or ~:¡mboi 11h1Ch we shall cail EOL (for ~_¡;o 
OF LIST) must be p!aced 1n the po1nter ol the las: node •n the l1nkt:d l1st 
(Th1s cauld be a negat1ve number orO 1f addresses or Indexes -are use'j ;-;s 
poínters. smce e1ther value wauld md1cate that th1s was nota va lid p01111er 
to another node) 

In order to represen! a lmked l1st dlagramat1cally. we use !he techn1que 
shown tn Ftg 11 16 Here each nade is shown as a rectangle contammg 
t.vo parts. thc data 1!cm and poonter The START box g1ves thc addrr.ss al 
the f1rst node (a spec1al value m the START box wlllmdlcate that tr.ere are 
no nodes m the list) An arraw on the drawong 1ndrcates lo wh1ch node the 
pomter pomts 

The add1t1on or delei1Dn al nodc5 1S stra1ghtforward for a lmked l1s!. and 
hcretn 11es the1; pnrnary advá:-~:age. Ta add a nade. we s•mply place !re 
node tn memory al sorne conven1ent unused address Then the pomtcr m 
the node wh1ch 1s lo precede the neN node 1s changed to g1ve !he beg1n· 
nmg address m the new node. and !he pomter tn !he new node ts se! to !he 
address of !he node which 1s lo follow 1! 

The deletron of n node IS also str<llghtforward The pomter m the node 
precedmg 1! m the l1r.ked l1st 1S Slm¡:¡ly changed to the address af tr.c node 
wh1ch fallaws the nade to be dclcted Examples of add.ng ard delet•rg 
entnes are shown 1n F1g 11.17 . 

A problem aflses a !id many changes have been made toa ilnked i•st 
lf a number of nades have been deleted there will be "halcs" 1n the ac:uC>! 
memory space used beca~se entnes wh1ch have been deleted w.!l s:dl 
res1de 1n memary even thougt1 they are effectlvely "dead" In arder ta use 
th1s space. samet1mes "garbage collectlon" pragrams are wntten to cotlect 
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figure 1117 Add•ng and deleHng nades ln_o Unkcd Usl (a) The Unked Ust In Frg 1116 wllh 
an added node (b) lh"l ltnked Usl In (a) wrlh o node delefed 

lisis of "free space" which can be used for new entnes S1milarly. some 
systems marntam lisis of free space contmuously so that memory is not 
wasted A particularly advantageous strategy cons1sls of maintair.mg the 
lis! ol free space in a stack and pushmg or poppmg nodes from !he stack 
as nodes are released from or added lo the linked lis!. respccttvely More 
delatls cf these procedures can be found m the exerc1ses and Sllll further 
details in the works m the 81bliography. 

Note that a linked lis! mus! be searched scquentially, even lhcugh 11 is 
mainlained in sorted Órder, because the entries are noi actualiy ir1 arder in 
the -memory ~Sepatate labl2s ca o_ be kept to fac11ttate searching. bu! thís 
involves using e·1en more space in memory ) 

11.8 TREES 
As can be acdused frorn the_preced1ng descript1ons o! data structures and 
tt1e algor•thms ior sea~chmg and for deletmg and rnsert1ng new 1tems. lhe 

· -:.~:.'·~·-·.•.ru JP,· _·:.::.-.·:ro; l21 

·· ~:rur:~u:-e e;-r-·p 1 'iJ~C! r.-·s () ;;·c., 1 ")U"'V~_: .~_'~~~('' r,:l . · ' -:l~f1C.'J of the 
· z· ¡o·•thm US':é: ~~.:J ;te a:nour,t :.1 mcmory •e':<u···~a . ; ... ··.cular c1ass of 

d<:tiJ structures ca!l<::d trec:; pro·N:Jes for rc:;¡:;onabiy r;!:.c.·_.·.¡ se;¡rch algo
ritnms and mseruon a"'d dc1e:1on algon:trr.s. v11th the p:er.;:.::y of add1!1onaf 
mcmory requircd for itnpléfnéh:i,~ the structure 

The te1m tree denves frorn lhe name of the famil1ar "wocdy perenn1af 
plant."1 but usage m com;>uter sc.ence appears lo der1ve from a math~
matlcal s!ructure m graph theory A d•rected graph is a coliecl10n of nodes 
and branches w:th each branch connectmg two nodes Each branch m
dicates a d1rect1on (an arrowhead is used at one er.d olthe branch m our 
f1gures); F1gure 11 18 shO'IiS a drawmg of a graph w1th :;cveral nades and 
branches. The posll10n of rhe ar~c·ns on the branches 1s un porté! ni. for 1f two 
nades are connected by a branch. the nade al the end of the branch with 
no arrowhead is called !he predecessor of the node al !he end of the branch 
to wh1ch the arrow pomts Further. 11 node A is the predecessor of nade B. 
then B IS callec.J the successor of A 

In order for a set of nades and branches compos1ng a d1rected graph to 
qualify as a tree, two other properties are required 

1 There is a songle "ode ,.,h,ch has no predecessor Th•s nade os called the roer 
2 Every node eYcept:~g the roo! rs cor.necl~ to !he roer by a unoque path where a palh 
cons•sfs ol the branches connec:l•nq a sequer.ce ol nodcs N, N¡- N., where N. rs lhe 
predecessor of N .. , lar allr lrom 1 ro M- 1 (Nol•ce thallhere can oe only onc palh between 
lwo nades rf the path rs uruque) 

1Ttus. 1$ from lhe d'efl"'llttOn m 'W-::Dster S ~.~N Col,cg•ale OiCI•Or.dr¡ G & e r,1t:trtam Co S;mngfrcld 
P.bss 

1The graphs m Ftg 11 19 are al! d~tectc'J ~r:¡pns Undnected graphs I'Jr 1'·~! p:a,'l gnphs) have no 
rt1rect10n to thc branche:i Con5tdcr a road map The C•!•es are l•it.e tt'r· nc.•_!=-:; and the roads are 
hke branehes for an U:"'dtrecled -~aph s•r,ce we can duve an e•ther darect•on 
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F1gure 11.18 shows severa! trees For the tree in F1g 11 18a. a path 
from the root nade R to the nade O fo!lows !he nades R.A.B.D Does th1s 
sat1sfy requ1rement 2 above? Yes. for R 1S the predecessor ol A, A 1s the 
predecessar of B. etc 

There 1S a cons1derable l1terature m mathemat1cs concernmg trees 
Severa! of the works m the B1bilography cover th1s matenal 

In computer usage. a most 1mportant k1nd of tree 1s called a btnary tree 
lt has the characterist1c that each nade has al most two successors F1gure 
11.19 shows severa! brnary trees 

One reason that the bmary tree 1s so useful as a data structure lor cam
puters relates to the means ol stonng a tree structure m a computer mem
ory. Let us assume that we are to store a number ol data 1tems m a memory 
usmg a binary tree structure F1rst we shall represen! the data structure to 
be used as the graph ol a bmary tree. Each data 1tem wlll be stored at a 
nade on the b1nary tree. Far conven1ence ol descnpt1on we shall assume 
the dala items to be simply Engilsh letters. ano we can then use each letter 
as the name al a nade F1gure 11.19 shaws th1s arrangement 

We can now store this tree in memary by assoc1atmg w1th each nade on"'~ 
the graph several words m memory wh1ch contam (1) the data 1tem at the 
node and (2) two pomters. one to the leftmost successor nade and the other 
lo the nghtmost succ-essor nade on the graph A START pomterwh1ch g1ves 
the address of !he roo! node wlil be required so we can en ter the tree. anda 
spec1al pomter value wlll also be requrred wh1ch can be placed 1n an)' 
pointer and which mdrcates that no (leftmost or nghtmost. wh1chever the 
case may be) successor ex1sts An exar .. pie ol th1s arrangement 1s shown 
in F;g 1120t 

'As befare. the pomter!J. may be s•mply •ndexes rnto an array, values to be added 10 sv.ne base value. 
ate .. thus savmg memory spaca 
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Figure 11.19 Blnary lrces 
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Figure !120 Data stru.::h.IP·) tor bmor¡ frel3 In F1g 1117a 

As may be surm:sed. !he storrng ol tNo po1nters w.th each data 1tern 15 
somewhat uncconom1Cal 1n tne use of merno;y The compensc::rng factors 
l1e m the ease w1th wh1ch 1tems can be entered t'llo or deleted írc:n the 
brnary tree and !he faclltty wtth whrch thc tree can be searched (prov1ded 
the r.odes are correctiy arranged) 

Notrce that !he trez m Ftg 11 20 has the nades orde11~d1 tn a spec 1f c. 
~anner The leftrnos: successor nade always precedes rts predecessor 
m afphabctrcal arder. whtle !he nghtmost successor always folíows 1ts 
predecessor m alphabetrc o;der When a tree rs arranged m thro:: way. 11 is 
cons1dered lo be sorted 

An Importan! use ol trees m the data structures for files rnvolves a tree 
where each data entry 1s a stngle symbol Thts structure 1s cal! a symbol 
tree F1gure 11 21 shows a graph ola symbol tree lor severa! Engitsh w(l;cJs 
At eac_h leal 1n the tree the address ol the record lar the word whté::h term1-
nates In tl"le leal 1s stored Thus, to lmd the record correspondingto·a grven 

1A /ea/on a symboltreo os a nodc al lhe end ola wc e: 
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Figure 'u 21 Symbollree 

word, we 'search !he 'tree for 'ttie word. and fr 'ít is 'fciuríd. the récord for !he 
word would •!)e 'pomted 'to by the póintér 'in 'ihe las! sym'bol in !he word 't 

·An ·imgortarit poirÍt'can be riotéd'hére. The free 1n F1g 1'1 2'1 has severa! 
;:-,..-'---¡c''~-J'~ ·••~ • ~, . ..,,..t."",....,..._.._,.,~._.,,,-,··' • t' .,,"·"~- .. •·.--~.·· 

·node~ w1th more than t;vo successor nodes •and 1s therefore ·no! a b1t:~ary 
tree The graph 'ca'n be stored ~lS 'a bmaiy 'tree. h'owever. as 'shown in FIQ. 
'1 Ú2. (NO!ICe .!he 'm'eihoa ífc)r chandling 'nodes with 'more 'than 'tWo SUC
;Cessór¡{) 

:(Ttíe 'trees 'in 'Figs ·11 :21 ·and 1'1·22"could tie.used 'in:a 'directory 'tor an 
·iiiVeaééJ itfe.' se·e qúestions '6 · and Y) 

'In 1ofciér ;to'·search 'iré eh such·as lhosE!'Ín Figs .. 11 ~2'hind 'f1 :22:on'e can 
'üse :a \íersión 'ot 'the ~binary search ·a!gorithfn. ~he ·search 'IS ·alrriósl 1as ··effi
'CICrl! 'ás thé'birla,.Y·sea'rch 'forlinear 'lists or arrays ifhe'insertion:ór'~elelion 
'ot a 'hame'Cíf word 'ih!the!Íe íriti{s is "stfaightfórviard~~iÍíd 'efficierit;charactér
:¡stii::s ilhtlt 'éomperis~ie ;ior 1ítie additlónal 's'ea'rch :time 'for many 'files 'of 
5iiitcrest 

'ín \c)f(Jfir 'íó :be 'séáf'dhed 'eific'iéntly. ·a l:iiria,Y 'tréé · rriúst··be ··mainüiiríéd '1h 
Wh~it ;¡5 :c-áiteC! ·ba'ii:ince'éftrorm. lñe ·exercises thi:it :roilow 'investig'afe ;this 
. sÓtlj'éct·~lón'g :/itth algo'riitírris .'for balárícing trees .. searching 'trees.'and 'in
:sefting1and'detetlng 'nódes trom tteés. 

~tA·p¿s;lbi'e:~s''! ¡s'Ío ha." lh.e worGs~be thOse Ín a dtCtiiJnáfy-'and iht1 reCords be'thctr de~tntlions Or 
·die 'Wortls in'ogllt' t><!'tr:O DiiÜy-dec•mat ñótahon.íor' books on;, hbraiy 'ánd the records !he d~scnpl;on ol 
th6 b00k1 

'F1Quro'11.22 'Doto slructure lor symbollrce 
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1 For 'Ftg 11 '1 hsl'the record relatong ·lo F. A ;Jacl-.sofl 
:2 'A'goi:x.J key for Ftg 11 ·1 would be ltCE!nSe number •11 wc·use'hame'of owncr for 

·key, a;key m'ay not be uM:¡Je Why? 
3 'G•ve '!he collahng 'se'quence for letfers :and ·numbers m thc ANSI (or 'ASCII) 

'éode in Chap 2. 
·4 ~•ve the·collattng se'quence :ro: 'telters and numbers ·ror the EBCDIC code m 

Chap.·2 
·s ~~~cuWsótt}.n~-a list·ofn.:imes '"EBCDIC(" ASCIIusmg the numerocal valucs 

as numbers\(tnlegers) tn the sort routme 
'6 To·search the·ftre tn Ftg H 1 lora' record gtven the hccnse number we v.ould 

'probably kcep·thc fole sorted wotn ltcense numb.:;r as a l<.cy 11 muny dcmands 
were•made to'search the ftle 'for "name ol owr.er.' ot would be corwentcnt lo 

l
. 
·' 
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6· 1 
Trcc cxamplcs 

Trees 

Thc use of fiowchans to rcpresent :-.lgorithms has helped us 
to rccognizc their undcrly_ing stn ,·ture. Furthermore, atten
tion paid to thc strucrure of an <dgorithm usually results in 
a bcttcr undcrstanding of the computarional proccss, and oftcn 
rcsults in our recognizing alrcrn:nives and potential improve
ments to the original d~sign_, Similar rewards result from atten
rion paid ro the strucrural rclationships among the components 
of a sct of data. 

Therc is, in fact, a close connection between thc stcps we 
nccd to cxpress an algorithm and the way we choose ro think 
about or represcnt the dJta rhat are to be transformed by that 
algorithm. Expericnce in constructing algorithms fosters an 
incrcascd appreciarion of this interdependencc. You will gain 
sorne of this cxperience by studying the ncxt severa! chapters. 
Your ability to analyze the structure of a sei'of data and how 
alternare representations of it can affect algorithms using such 
data, undoubtedly will improve. \Ve have alrcady considered 
two st,rucrural forms for data, lists and arrays. Another type 
of structurc is called a trrJe (Figure 6·1). Tree strucrures are 
important in represcming certain types of data and, oddly 
enough, the essential stcps of a numbcr of algorithms cxhibit 
a trce)ike strucrure. 

First we will give two simple examplcs of a process whose 
stratcgy of execution (algorithm) can be pictured as a tree and 
nvo cxamples of data that can be picnm.:d as a trec. Latcr, \\'C 

will tacklc three fc.scinating probkms, thc fi.rst onc at the end 
of this chapter and thc other two in Chapter 7. When wc have 
finishcd this study, wc may claim thc titlc tree expert. 

Lct us agree now, bcfore wc gct too far along, that trecs 
in this chapter will be drawn upside down (Figure 6 · 2). We 



' ' fiGURE 6•ll 

. 1~:-~~irnplc 1. 
Tr~clikc AL.:;oritlinis 

FIGURÍ: 6~2 
This is .an -l)psidc-do~n trec. 

·~:~" COMI'llTER SCIIlNCE: A FIRST COUJ(SE 
''"'V 

Tlus 1s a trc~. llu~ •~ not d trcc. 

do ~this only bccausc it is convcnicnt. You havc to :ue willing 
to think of a. trce growing toward the eart.h, its trunk "hanging" 
from thc sky . 

Our first examplc shows how 'wc can rcprcscnt thc 16 concl~•
sions to the well-knoi:n eight-coin problcm as a "decision 
trcc." Thc .problem is ~this. You are given cight coins, a, b, 
e, d, e, f, g, and h, and are .told ,that thcy .are all .of uniforn) 
wcight cxccpr onc, ·whi.ch is eithcr hcavicr or l~ghtcr th:m _thc 
.t.>thcrs. Yóu are giv1.:n ai1 cqual arm balance, but you m;_ty only 
·use it thrcc times for co.lnparing coins or groups of.coins. Your 
jób is to determine thc ¡maver.ick coin and whcthcr it is lightcr 
.or hcavicr than the rcst. 

Hcre .is a su·atcgy tto use -(scc ·Figure 6· 3) {or all possibl!! 
.cases. 

l. Compare thc wcights of ·two subscts .'of ~qual ·.Ím111b~rs of 
coins arid considcr the· s~gnificancc of ihc :tllree ,possi.blc ,out-

. colncs. 'If the weignts .of the two .subséis ari-... equai, ·the ,coin 
in which .we are ,intcr.cstcd .. caimot bdorig j:p .e~thcr of JÍie 
comparcd .stiQscts. 

2. ;Once ·we havc is'olhtcd a :pair ,comnining thc "od_d" ;coin 
and · we want to know .\vhether _one of them is .heavy ,or. light, 
we wcigh one ,of _thc nvo _candidates :against :any .~thcr th~t .is 
known to be "s~andard!" 

Thcrc are 16 possiblc .,cases, cach of wliich :m4y :o~cur, 
·givcn thc cü;tht Jabclcd.~coins. ·:--rhc algoóthril_sh>own ;in ._Figure 
6 • 3Jlas a treelike struciure"Conclusioris. ar_e r.cache'ii:by:follow-



FIGURE 6·3 
Trec l.liagram of a strategy to 
-ii.lcniify t11c odd coin. 
Conclu:-.ion~ are subscriptt:d: 
subscript H mean~ lt<•,wy; 
suh~cript L meJns lz¡;ht 
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EXI.:RCISES 6•1, 
SE'f A 

on•) C0,\1 PUlJ:f\ SCl ENC E; A f 11\ST COU RSE .>v-

(a) 

ing a uniquc path (a scqucncc of thrcc wcighings) from thc 
top or root of thc trcc diagram to onc of thc terminal boxcs 
or h·a1..·cs at thc bonom. 

1. For dccision box 2 in Figure 6 • 3, cxplain why: 

(a) If tl!c rclarion a + e > f + b is truc, onc may concludc th~r 
a> f. 

(b) [f thc rclation a + e == f + b is rruc, onc may concludc that 
e> g. 

(e) If thc rclation a + e < f + b is truc, onc may concludc thar 
b >c. 

2. Expl::tin why b may be rc'gardcd as a ":.tand:1rd" coin at 1.kcision box 
5 hut nor .1t dccision box 7. 

3. Supposc you are gi\'cn 12 sccmingly iJcnrical balls and are rold that 
onc b.ill is ltcavit'l' than thc othcrs, which are of che ~ame wcight 
Draw rhc trcc diagram algoritlu11 ro idcntify thc heavy baH in thrcc 
wcighings. 

' 
4. Supposc you are givcn 12 sccmingly idcnticaÍ balls and are told that 

onc ball is diflámt in weight (cithcr heavicr or lighrer). Draw a tree 
diagram algorirhm to idcnrify rhc odd ball and to determine whcther 
it is heavier or lighrcr in three weighings. 

5. Are all decision sequcnces rrec strucrures? Consider the three flow
charts below. 

~! 
1 

(b) (e) 

(a) Which of thcsc are tree structurcs? 
(b} Considcr thc following attcmpt to define a trce stl"\lcrure. 



Example 2. 
Gamc Trecs 

Tlzc rules of "Eight" 

/ 

303 TREES 

( 1) A nod~ hJving nc ~cgmcnts extcndíng from ir is a tennirzal 
node. 

(2) A nodc having one or more scgmcnts extending from ir is 
a nonterminal nodc. 

(3) A tree su·ucrurc is a terminal node or a nonrcrminal node 
whosc 1>cgmems consi:-t c1thcr of terminal nodcs or tree struc
tures. 

What corrcctions or addirions, if any, are necded in the above defini
tion so that, whcn applicd to ilowcharrs a,_ b, and e, you will rcach 
thc samc conclus10ns that you carne ro in thc answer to part a of 
this problcm? 

A more inrcr~sting typc of dccision tree, frcqucntly refcrn:d 
to as n game tre.!, shows thc movcs made by the players. Each 
time a playcr makcs a m6vc, he selccts among the availablc 
choiccs of "h~gal" movcs. Each Jjnc scgmcnt of thc trec repre
SC'I!ts onc choice by onc playa during the playing of one game. 
Figure 6·4 is a trce for thc game of "Eighr." This rwo-playcr 
game is so trivial you may not enjoy playing ir very long. Its 
trcc is simple enough, howevcr, that \'t'e can smdy ir easily, 
and ir serves as al good illustration of similar bur far more 
coniplicatcd games. 

Each player takes a rurn at picking a number from one to three, 
adding this number ro a running sum that is initially ser at 
zero. The first player has a free choice of numbers 1, 2, and 
3. The. choice in each play thcreafter is restricred. A player 
may not choose the opponent's prcceding selecrion. The player 
who brings the running sum to a total of exactly eight wins 
t.he game; a playcr exceeding cight loses. There is no draw 
possible. 

When wc study thc game tree, we can observe that a 
complete gamc from start to finish is representcd by one path 
(e.g., the colorcd linc) from rhc bcginning or root of the rrce 
down toan cnd or termmal point. PlayerA always movcs fir1>~. 
Thus, on the gn:c·, linc, A chooscs l from :unong the thrce 
initial choices. Then B chooses 3, thcn A chooses 1~ and so 
fortl1, until ar rhc last mO\·e for A thc running sum is 7, and 
his choiccs are 1 and 3. So he chooses 1 to make rhe sum 8 
and wins. Triangular-shaped endpoints denote a w1q for A. 
Square-shaped cndpoinrs denote a win for B. 
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FIGURE 6·4 
Trce for the game of Eight. 
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Bo.Jrd rt)~Hion al the 
beginning of the gJme of I kx. 

Each time a playcr makcs a move, you can imagine he 
looks at thrce choiccs 1, 2, and 3. Aftcr thc vcry first choice 
he rules out one of thcsc, .as thc gamc rules dcmand. Inad-

:t' ~ 

missible movcs would not orainarily appear in thc tree because 
thcy tcnd to cluncr thc diagram. We bavc shown them as dashed 
lines for ll's firí->t movc only dS a rcminder. 

l. (a) How many distincr game!> of "Eight" are thcre? 

Imagine thc game of Eight ts played by children at the local 
kindergarten in thc followmg way. Player A twirls the arrow of a 

•. 1 ¡···¡ ~1. 
mrcc-J"" >pmncr, to '"'" t >e '"'"" movc. V hcrc-

afta. c.Kh pJ;¡ycr ílir~ a cnin to decide among the rwo admis~>iblc 
ci10icc::.. (hc.t.Js Lhe ::.m.Jllcr, t.tiis the largcr.) 

(b) \\1hat pcrccnta;c ol games playcd will follow thc color linc p;;th 
in Figure 6·4? 

(e) Wh.lt are A's chances of \\"Ínning? Express this rcsult as thc 
number of gamcs won for cvery 100 gJmes playcd. 

(d) If cach pbyer chooscs each move as shrewdly as possiblc, what. 
Jo you thmk are A's ~hances of winning if A plays first? The 
answcr is O times out of 100. See if you can develop a proof of 
this asscrtion. In Chapter 7 we WJII take another look at this 
problc.m. 

In cach of the ne:-.:r t wo cxerciscs, yo u are gi\"en the rules 
of a simple, t\\"o-playcr ¡;ame. Your job m each case is to show 
p.lr[ or al! of the gaml.! trec wiLh at lcast four complete gamcs 
di~rh•ycd. 

2. The g;¡mc of 1 k\· ( or I-Ie:-..ap;¡wn) uscs a 3 by 3 chcckcrboarJ. Ea..:L 
player bcgms rhe gamc wnh three picccs on his bJsc hr.e, as &hown 
m F1gure 6·5. Play alrcrnatcs bct\\'o~en grecn and gray. The rules of 
thc game are as follows. 

(a) Enhcr grecn or gray, in his turn, can move forward onc spacc 
to an unoccupicd pos1t1on. 

(b) Or he c.m move dia~onally onc space to c;¡pturc an opponent. 
A captun:d piccc IS remo\"cd from thc bo:1rd. 

(e) Thc gamc is won by rcJch•ng thc opponcnt's baseline. 
(d) Or by lcaving the opponent \\"Ithout a move. 
(e) Or by cJpturing all opponent p1eces. 

ilint Ea eh scgment of thc trec should be labded ro indica te thc m ove 
1t rcprescnts. One way wou!J be ro show thc /:>,for.: and aftq row, 
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Data Trees 

Example 3. 
.Monotone Subsequcnccs 

column \"alucs of thc piccc that is mo\·c.:J. FM cxamplc, Ol.l grccn's 
lirst pl.1;. he has thrcc choiccs: (3,1)- (2,l), or (3,2) -• (2,2), or 
(3,3) _, (2,3). E;:;ch o!" thcsc movcs C.lll be furthcr abbrcviatcd to 
four-d1¡!it numbcrs withour lo!.s of information, th:H is, 3121, 3222, 
and 3323. rc:-pccti\'cly. 

:\ltcrnatJ\'cly, if wc givc thc :.-quarcs of thc board the cxplicir 
namc!. ~hown as small digirs tn thc Jowcr right corncr of cach square 
in figure: 6 • 5, thcn wc ca o use a somcwhar more compact rcprc
scnt.ltion of a move. Im,tead of four-digir abbrcviations (c.g., 3121, 
3222, anJ 3323), we can use two-digit abbrcviatíons (c.g., 74, 85, and 
96, rcspccti\'dy) with no risk of confusion. 

3. Th~· g.unc of "31. '' Takc' a die :md roll it. The sid..: thut n1rns up givcs 
rhc running sum's initial. valuc. Thcrcaftcr, each player moves by 
tilring thc die ovcr on its sidc (one of four po::.siblc siJes, of coursc, 
and rcmcmbcr that opposite faces 

always add ro seven). The side that turns up after the tilt-over is 
thcn added to the running sum. The gamc procecds tilt :úrer tilt. A 
player whose ulr brings rhe rotal ro cxJcrly 31 wins the game; a player 
exceeding 31 loses. There are no draws. 

Flowcharts of algorithms often have the characteristic treelike 
structl,lrc, but it is also interesring that data can be arranged 
in a treelike structure. Here are two examplcs. 

Suppose you are givcn a sequcncc (i.e., a list) of N numbers, 
all guaranrccd ro be diffcrent. What is thc longcst monotone 
subsequence in thc givcn sequence? · 

By a subscquence we mean the list that remains after 
"crossing out" sorne numbers in the original list. If, for exam
plc, thc givcn list is 

5 o 9 6 1 12 3 7 2~, 

thcn o!le of the · 511 (29 - 1) possible subsequenccs of this 
sequence is: 

) ó 9 6 t 12 3 1 2 

that is, 9 6 12 3 2. 
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Thc rcason for cxplaining this idea in tctms of "crossing 
out" is ro makc ir absolutcly clear that thc ordcr of rhc remain
ing rerms is not altered. By a mrmotone subsequcncc wc mean 
one in which eithcr the valucs Jr.: incrcasing from left to right 
or onc in which they are decrcasing. Thus the prccedmg sub
sequcnce, 

9 6 12 3 2 

1s not monotonc, hur thc following two are, thc first bcing 
incrcasing anJ thc ~c~.:ond dccn.:asing. 

$ o § p 1 1~ 3 7 ~ 
5 9 ~ ~ ~ J2 3 7 2 

You c,m check that thc incrcasir.g subsequcncc is thc long
.!St possiblc; rhat is, rherc is no increasing subscquencc with 
more than four elcmcnts. Thc decrcasing one is not the longest 
possihk, sin.:e the subscquence 

9 6 3 2 

is longer. 
It is possiblc to develop an algorithm for determmmg 

longest monotone subscquences of a given sequence. Our inter
ese here is a bit differem. Suppose yoú are askcd to picrure 
al/ the· possible monotone decrcasing subsequenccs of our ex
ample scquence, 

5 o 9 6 1 12 3 7 2 

A hopclcss rask? Not if we rhink in tcnns of trecs! Sec thc 
answc1' in Figure 6·6. 

A mosr rcycaling discovcry! We have wkcn a srring of 
numbcrs, poscd' a particular problcm conccrnmg that string, 
and discovcred that the problem's answcr could lic in inspect
ing a rclatcd rree. Noticc that every monotone dccrcasing sub
scqucnce in S can be reprcsentcd as a path running from the 
root S to one of the tcrmiml, squares. From now on, we'll 
call thcsc circles and squares uodes. 

The longest of such subscqucnces is easy for the eye to 
pick out once thc tree is drawn. It is the one whose tenninal 
uode is found at a lcvel of thc trce fanhesr from thc root node. 
In this examplc, only one path rcaches to leve! 4, so rhere 1s 
only onc longcst monotone dccrcasin¡? subscqucnce. 
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· If a computcr is to be uscd for this approach, we must 
havc an a!gorithm th,n, in cJTccr, ~y:o.temancally scans thc cmire 
trcc. This is thc intcrcsting part: which will be takcn up starting 
with thc ncxt scction. 

1. eonstrucr a trcc that disp1ays all monotone increasing subsequenccs 
of lhc samc scqucncc givcn in Figure 6 • 6. 

2. Draw the trce that displays al! monotonc dccrcasing subsequences for 
thc sequcnce S defincd as 

S = {3, 2, 1, O} 

3. Imagine you are a studcnr registcnng at a univcrsity and you have 
dccidcd to enroll in a particular group of five courses. The five courscs, 
togcthcr with thc availabk sections and the rimes each will be taught, 
are listed in Figure 6· 7. We presume these data are extracted from . 
the official class schedule. Noticc that the time periods are letter coded 
for convenience. 

Course Opcn Sections 

ENG 132- D (9-10 M\VF) 
E (10-11 lv1\\'F) 
F (11-12 1\l\VF) 

FRE 141 F (11-12 MWf) 

H (1-2 M\VF) 
Q (10-11:30 TTI-I) 

HIS 231 F (11-12 l\1\Vf) 
H (1-2 MWF) 

MTH172 D (9-10 M\VF) 
F (11-12 MWF) 
Q (10-11:30 TTH) 

ese 131 F (11-12 MWF) 
H (1-2 MWF) 

Timct,lblc 

r···¿~;~;-.. - ~ · ... ~ -···--·-i:::;;~C:,~~:-;.:);~):~·~~: Sct~ ~·l 

¡-------·i'N~--r-Ñ;;;-T .. N::3_;"·--~-¡ No. s : 
' E~G 132 "----- __ T _______ . '(- -~ 

1 •~--·• .. u ~ ..... ~-•••, "''-•'""" ''--•..... '''""'""""""'-'.__ ..... ~,..,..._ 1 '·"--.._..., 0 

• 1 

FRE 141 1 l 

!._H~~?~ 1 .,o ~·· •-•u'~->~~:.=~l=-~·=(·~-=·--L=-=1 
1 1 . l MTH 172 : , ! •.- ....... ,, .... .., --r ,. ,_...,..,..~-~ •--_. .. ..,....,. . .., ... --...., ., __ ,.,....,.._.__._, 
' ese n1 

1 
' i 

!. .. .. _ ... --··-·---- -~ ............. - ...... ·--- j... ..l._ ..... .._ .... 
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Do~s a pos,ibl~ ~-.·t (lr nonconllicting ~ccti0n~ for thc ll\'c cour~cs 
cxi.,¡? That is, is ir po:-.:-.Jhle to sckcr a ~ct wi1h no time cünllicts? 
If so, how many di~!incl fea~iblc scts can be !.clcctl'J? T(l bl! distinct, 
a sl:t nc~d ditfcr in no more than one !.cction from o1her possiblc 
scrs. Complete a column of the timccablc shown in F1gurc 6· 7 for 
cach fcasible ser. 

Hint Th1s problcm and othcrs like it can be solvcd systematically 
by constructing a trce af labclcJ nades. The srructure for thc trcc 
cauld be such that the ser of nades alang any path cmanating from 
thc roat rcprcscms a ser of nonconflicting coursc sccrions, For cx
amplc, labclcd nodcs at lcvcl 1 could reprcsent thc various available 
scctions of E~G 132 (F 1gure 6 • 8). Nodcs at lcvcl 2 could corrcspond 
to various scctions ofF RE ¡..¡ 1, and so forth. Any path running from 
thc root to lcvel 5 such t~at e\·cry node has a diffcrent label would 
reprcsent a feasible set of courses. 

lcvell (ENG 13:!) 

4. Imagine you are a studem reg1stering at a univcrsity and asswne that 
yau havc dccidcd to enrall in the fallawing six courses: 

Communications 267 
English 337 
Frcnch 231 
Gcography 233 
Mathcmatics 272 
.'vlusic 120A 

(COM 267) 
(ENG 337) 
(FRE 231) 
(GGY 233) 
(MTH 272) 
Uv1US 120A) 

llclow are data takcn from thc printcd class schedule. Imagine that 
whcn you rcach the rcgistration dcsk, you find that certain sections 
of four of the desircd courses are closed (as indicated). Prepare a trcc 
Jiagr:~m that shows whcther there are one or more possible programs 
opcn to you at this time, pcrmitting you to cnroll in all ~ix of thc 
desircd cmmcs with no time conflicts. If onc ( or more) program(s) 
is (are) available, prepare a fillcd-out timetable \vhosc format is ~imilar 
to that given in Figure 6·7. 

5. A srudent wJlo was planning ro work every aftcrno~r. (1-5 p.m.) for 
the Athlctics Dcpartment was also hoping to cnroll in all of the 
foilowing six courses: COM 267, MUS 120A, GGY 233, M111272, 



CO,\l <~!,-; 
J~(llll 

MUS 120A 
1-:M 1 
11602 
p¡,()) 

QúlH 

GGY 233 
F601 
li602 
S603 
U601 

MTH 272 
D602 
E60.3 
H60-l 
P607 
P60S 
SólO 

FRE 231 
E60! 
F602 
IWH 
lúO-l 

Q605 
S606 

ENG 337 
D601 
E602 
P604 
S605 

31! TRLL3 

TV-FiU\\ SCENE Al\iD LIC!IT 
117-KUllT 930-1 !AM TTH 

MUSICIANSIHP 1 
129-E 
129-E 
129-E 
101-E 

WORLD REAL\1S 
101-:\1! 
101-AH 
210-AH 
101-AH 

CALCULUS III 
204-AH 
216-AH 
116-T 
7-AH 
111-Z 
211A-SR 

; 0-11.\.\1 WF 
1-21'.\1 WF 
9-10:\,\\ TTl-1 
10-IIAM TTH 

11-12 ,\\\'\'F 
1-2P,\\ ,\lWF 
1-2:30P.\\ TTH 
4-5:30P,v1 TTH 

9-lü.-\,\1 M\X'F 
10-IIA.\\ ,\1\\'F 
l-2P.\1 ,\1\\'F .. 
8:30-IOA,\t TTH 
8:30-IOA.\1 TTH 
l-2:30Pi\1 TTH 

IXTER.\\EDIATE FRENCH 
303-AH 10-11A,\\ .\\WF 
106-Z 11-12 1\\\\'F 
105-Z l-2P,\\ ,\1\\'F 
105-Z 2-3P.M M\\'F 
lli.:..Z 10-11:30A.\\ TTH 
112-Z l-2:30P,\l TTH 

SHAKESPEARE 
105-C 
110-C 
110-C 
113-C 

9-10Ai\\ J\1\VF 
10-IIAM M\\'F 
8:30-lOAt\1 TTH 
l-2:30PM TTH 

COLUNS 

MfLI l~1{ 
MILU:R 
IIORVIT 
BENJA;\liN _, -- --· 

HYER.. , 
PAL,\IER \ 

~~}.~~~~;~ .. -~ 

RADER ' 
___ __ ------'--closed 

RADER 

MCLENDON 
JANSSENS 

MCDERMOTT 
HO\VARD 

HENDERSON A , 
EAKER -___j 

EAKER ----..J 
TH0,\1AS 

1 sectlons 

" ;¡ 
/í 

1/ 

FRE 231, and ENG 337. He rcccivcd spccial pcrmission to rcgister 
carly. (i.e., no c/oscd s~·ctiom ro worry abour). How many diffcn:nt 
fcasiblc programs cou!J he sclcct, givcn the printl!d schedule u~cd 
in Pioblem 4 (ignoring closcd sccüons), and still take the afternoon 
job without a time conJlict? -

Ex:1mplc 4. Suppose we are givcí'l 
Trce Rcprcscntation 

of Exprcssions 
((a X w + b) X Vt)j2/ (d X y) 

Iúeems obvious that whoevcr first wrote this string of charac
tcrs intendcd th¡¡t it have a mathematical mcaning. By now, 
you are_ quite expert at intcrpreting such strings. This inter
prctation, remef)1ber, invoh·cd the application of a .relativcly 
.complicatcd sct of mies (Tables 2·1 and 2·3). Fi§?urc 6·9 



·FIGURE fM9 
A trcc .rcpn:scntation ;óf an 
arilhmctic .:c~prcssion. 
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1 1 -1 
'1 1 

1 
,¡ .1 'l 
1 1 1 

.1 1 ·1 
1 1 1 

1 .1 .1 1 
1 ·1 1 '1 
1 1 ·1 '1 
1 1 il '1 
1 ! ·:1 -1 
1' 1 '1 1 
1 1 ,1 ·1 
1 1 ·1 .1 
1 1 ·1 1 

,1 ·1. ·¡ ·1 
1 '1 :1 1 
1 1 1 .1 
1 1 .1 1 
1 " .1 .1 

shows.how ·wc can ·represcnt ·.the same •strii'}g ;as .a .tree .and :give 
iit fue .sarne .ü1tet;pretaiion. We ·,will ·.quid~y discov.er .that ·fue· 
.rules ;for e-.Yaluating 'án '<expression ·.r~prcscnted .as .a ·trcc are 
m u eh •simpler to .state ·beca use .part .of:the :inte~pretatiorr.i's inher
.:ent .-in the structure -of rt7ze :tree. 

··Befare ¡proceeéliqg ·with .this aine of itho~ght, ·jt will ,be 
'hdpfúl :to -summarize :and ;supplement .fue ;ttee u.enriinolqgy 
.·developeél thus Jar. This ,is .done·wit'.h ~the.:~iidzof ~Fioovre-;6•10a. 

·we ·see ·that .every .rree :has :a root :nade from -~v-líich -extend 
,segme11ts ,(one ;or mort;) .to -.other .node~, \\lhich ün rurn :braoc11 
·to others, eventu<illy .ending :in ·tenninal .or !/eq.f;no8.es. ;_(Notice 
·.that ·a root :node -<ilone is :not-a 'tree:~ .Ev.ecy sc;gme.qt lleads :to 
.tbe ·root ·of ;a subrree, ·-which 'm~y ::be .a ;temiinál.:Ilope. "Nodes 
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,._s- Onl1n"ry nodc of dcgrcc 3 
111 hJ> 3 oifspnng) 

Offspnng (two or more 
ottspnng of thc s1me pdrcnt 
•re CJ,Icd srúlmgs) 

.._s-Termmal nodc 

can be locatcd (identified) by le7.'cl, which is a node count along 
a path from thc root node to a terminal. The level we associatc 
with the root node is purely arbitrary, bur we will usually take 
it to be zero. The nodes along a path are often thought of as 
having an an~cstral relationship one to anothcr. By analogy with 
family trees, moving from a root toward a terminal, cach node 
is the -parcnt of its immediate successor nodes (offspring). Two 
or more nodes having a common parent are sometimes callcd 
sibliugs. Finally, we can say that thc dt.:gr,;e of a nodc is the 
numbcr of its immediatc offspring. 

A node may also be idcntificd in tcrms of thc path that 
lcads from thc root to that nodc. How can wc rcprcsent that 
path? A~ answcr comes to mind whcn wc rcalizc that rcprcscnt
ing a tn:c in two duncnsions imposcs :m ordcring on thc seg
mcnts that emana te fr ::>m cach nodc. And wc migh~ as wcll 
rccognizc this fact of lifc by numbcring thc scgmcnts in somc 
way, say from lcf't to right or right to kft. For simplicity ami 
consi~tcncy wc will gcncrally numbcr scgmcnts from lcft to 
right, as suggestcd in Figure 6·10b. Thcsc ordinal numbcrs 
amount, in cffcct, to namcs for thc segmcnts. 
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Now a node can be designatcd uniquely by listing the 
names of al! the scgments in the patlt leading to that nod.:. For 
cxample, the lig!u grcen node in Figure 6·10b may be desig
natcd by thc list (1, 1, 1, 1, 2), the dark grcen node by d1c 
list (3, 1), the gray nodc by the onc-element list (2), and d1e 
bl ::1ck nodc by ( 1, 1, 1 ). (How would the 'root nodc be designat~d 
in this scheme?) Distinct nodes have distin<;t pad1s and hence 
áistinct lists. 

The expresszon tree, by its very structure, provides the kcy 
to evaluating the expression that is represented. For example, 
suppose values for d1e variables of our expression are: 

y 

7 

A subtrec of thc form shown in Figure 6·11, togethcr with 
the above table, can be understood to mean: Look up the values 
of a and w, co111pute a X w = 3 X 2 = 6, and replace d1f 
subtree by the terminal node .6. .. • 

Correspondingly, the subtree shown on the lef~ can be 
interpreted as: Compute d X y = - 1 X 7 = - 7 an<;l replace 
the subtree by the terminal node - 7. 

Figure 6•12 rcprcscnts a sequcncc of mcaningf~ substi-
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tutions that, when carricd o'.lt, will ultimately lead to the re
placement of the whole trec, root node and all, by a single 
terminal, which rcpre~ents the value of the expression. 

Proper evaluation is guaranteed if we follow ~ne simpl.: 
replacement rule that says: 

!Vh..:nc·veryou jind a subtrec comisting of a root nade leading 
to three terminals ( an opcraror and t<co operands), re place 
that subtree by a single terminal value. 

Thus thc rcplacemcnt sequencc in Figure 6 ·13, althougn 
diffcrent from thar of Figure 6 ·12, leads us irrcvocably to the 

- [2561 same valuc, -
7
- . A computer performing either sequcnce 

would evaluare the same indicated qu_otient ¡- ~56 j, notwith

standing the fact that compurcr operations on fioating-point _ 
numbers are nonassociativc, a fact explained' in Chapter 11. 
Anothcr poinr to note from the figures is that the trceiike 
rcprescnrarion of a complic::ncd arithmetic expression allows 
us ro see al! the meaningful subexprcssions (all the subtrccs) 
at a glance. 

Once an exprcssion is rcpresentcd as a tree, ev¡¡luarion 
depcnds only on rcpcar .:dly searching and finding subtrees thar 
are subjcct to thc replacemcnt rule. At any given rime, an 
exprcssion trec, if nor already fully evaluated, will e4hibit at 
least onc su eh subtrec., . 

, A qucstion that has no doubt been uppcrmost in rne minds. 
of some rcadcrs is: How should trec srructures be represenred 
~~" :.toragc? Linked lisrs, introduccd in Chapter 4, sug~est one 
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Slcp l. 
rc¡¡lace 

M. -by-_ 
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Stq> ~ 
repiJLC 

~by~ 

Stq> 3. 
n.·piJ ... c 

~ by 

Ster 4 
repl~cc 

~ by 

Step S 
n.•pl.,,~ 

~ by 

St,·r n 
Cl..'piJ~C 

~ hy ~ 
L:.J 
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way. \\'i(h ·rhis .ar.,proach, •Onc storagc rcprcscntation tor thc 
'• ·cxpn·ss1on 

~ ' ; 

'((a-X •W + ;b) ·X w)i2/((d.X:•y) , 

-is shown in ·F;igux:e '6-·14 .. A four-dohm~n ·tablc ·is u~cd. Each 
.row r~prcscnts a 'nodc .with row 1 -rcpr:cscnti11g ·.thc ;root nodc. 

: : :¡ 

1 ·- ; 

! - J 

' ' '-

:lJ9' 
~-----w------._--~----~ 
F~-GURE 6•14 
Tabular reprcsentation of ·an 
o.-pression uce. 

'The .first .column .holds the value ·ofiihc ,nade ;jf it ;is a ;terminal 
·or sorne specia'l mar k, 'for ·examplc1

,' 1[3., :¡f ~ihe :nódc ·¡s ·nomer
.minal. '11he ·remaining .thr.ee •colun-ks ihola .node'•nurnbers ·[hat 
·designa te :the left, middle, .and ·r:iglii: "oíf&pr,ing. ·:rhcsc ,positions 
may be lef.t ernpty ,'(.undefined) for ·terrríiñal';nodes: 'Node ·num
bcrs in ilie 1e'ft, n1icldle, .and ,r;ight' rcoluibns ·serve .as ·:links .ro 
•other .nodes. 'Üther .tabular :descr.ipÓiohs',of1trce :str.ucture using 
·the linked ilist ·ap,proach ·are 1discuSied 1in 'Chapter 7. 

,, 
' 

· ·A Peek at Sorne We no~iéed ,in the .expression tree of ·F~gure ·'6•12 that two 
Future Models of SIMPLOS · separa te subtr~es 

and 
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had only taminal no ... ks as offspriq:~. 1\.t thc start of cvaluatwn 
wc could invokc thc rcplaccmcnt rule on cithcr of thcse sub
trccs. It was immatcrial which wc pickcd first. This will always 
be thc case for subtrecs whose root nodcs are siblings or the 
o!Tspring of sibling nodcs (i.c., cousins once or more removed). 
From the standpoint of ex¡xession cvaluation, such subtrces 
are mutual/y imlcpcndcnt. 

Undcr what circumstanccs can a computcr work on the 
cvaluation of two or more indepcndcnt subtrccs at the sam..: 
time? With our prcscnt SIMPLOS modd thc answer is ncver, 
because at any one time thcrc is only one team of,personncl 
(Master Computcr, Affixer, Rcader, and Assigner) available to 
do work. On thc othcr hand, advanced models of computcr 
systcms having severa!, perhaps mapy teams of personnel, are 
quite fcasible. 

Although ir may bogglc the mind to think about it, onc 
may anticípate that furure computcrs wlll evaluar..:: murually 
indepcndenr subtrces concurrcntly, that is, in parallel, whcn
cver more than onc tcam of pcrsonnel is available for the 
purpose. In cases where speed is esscntial the capability of 
concurrcnt computation offers thc opportunity to solve prob
lcms that cannot be solved fast enough in any other way. Ex
amples of such problcms already abound in our tcchnological 
socicty. More c..1n be found on this topic in advanced texts. 

'· Evaluate the expression rrees below, using the given values for the 
variables. 

i' 

.=· = 1 
¡¡ = ·-3 
D = 10 
e = -60 
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A = S 
11 = 3 
e = ~ 
D = ll 

·~ 
6 C:J EJ 

..1 ;:; 1 ~. 
h ~ 4. 
t. e ~. 

d a l. 
Z e - 1 

2. Draw a trcc rcprcscntation for the cxprcssion 

llj2- 4 XA XC 

3. Thc following are two proposed trec represcntauons for thc cxprcs
sion 

1- NXAjN/D + OXU --T 

\\'hich, if eithl!r, of thcse trces, evaluatcd by the r~placcmcnt ruk, 
y1clds a rcsult computationally cquiv.alcnt to the result we gct by 
foll0\vin6 the evaluation rules laid down in Tables :l·l and 2· 3? 
If the evaluauon of either one of the trees is not compatible with 
thcse rules, descrilx the discrcpancy. 
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(a) (b) 

4. Draw a trce rcpresenc,uion for the expresswn 

(a - b) X (e- d) 1 (e X (f + g)) 

5. Find which of the thrce trccs givcn bclow correcrly rcprcsents thc 
givcn cxprcssion and cxhibít the expression represented by 'each of 
thc other trecs. 
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6. Find the tree among Í:he four given' bclow that rcprcsenrs the givcn __ 
exprcssion córrcctly and exhibit the -cxprcssions reprcEented by cach 
of thc other trees. 

a X b < e+ d/(f + g) 



! 

/ 
/ 

1 

/ 

(e:) 

"'')3 TREES .>-

7. Convcrt the trees bdow J.mo rhe corresponding arithmetic expreSSlvi:.v 
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S. How \Hluld you draw the cxpr.::s5ion trcc for thc cxpn:~~ion 

A X ( -,B)? The probl·.::m hcrc is ro dc-:idc how ont: shoul~ rcprc~(:nl 
a unary opcration. on~· possibility is :.hown m the trcc on thc lcft 

Hcrc che :.ubtrcc e:-.prc!-sion - B is tr~.·arcJ as a r?ot nodc having 

a unary oper<~tor G anJ onc argunll'nt 0 .1s olhpring nodcs. Onc 

c.lll deduce Lhat thc opcraror i:. unary "by che fact that thc (lcfr-hand) 
op.:rand nodc is mi~smg. Functions such a~ v', cos, and so forth, 
can be thought of a:, unary opcrator~. Using thc abov..: cxprcssion 
sch.::mc, or anothcr of your own choosing, dcvdop cxpr..:s~ion trccs 
for: 

(J) A + /.x 
(b) cm. (x2 + y2

) 

(e) li X(~-.;. q / yp:f.::¡- qZ) 

' 9. Whid1 oC thc fc!lt,\ving :.ratcmcnts is falsc? 

10. 

(a) A rcrminnl nodc has onc anccsror node and no dcsccnJanr nodcs. 
(b) A roor nodc has no' nnccstor node:. and may have no dcsc~.·ndan[. 
(e) A nontcrminal nock h.1s no dcsccndant nodcs. 
(d) A nontcnmn¡¡J nod<.! m¡¡y ha\"<.! only onc anccstor nodc. 
(e) A terminal noJc can be conncctcd t~ an ancesto~. 

!!int If you ha\'c any qucstion as to thc mcaning of "anccstor" nnd 
"dcsccndant" just rhink of a family trcc. 

' . 
Any given rwo-dimensional matrix can be rcprcsemcd as a trcc. For 
examplc, the matrix 

~ = G j 5 
2 
4 ~] 

can be expressed as thc trce: 

(a) Given the rcprcscntarion above, thc four nodes at Lcvcl 1 corre
spond to (choose onc): 

·. :. . . " 

(1) Thc four elements of the main ¡;liagonal of ~he given matri."' 
(2) The four elcments of row 1 of the givcn matrix. 
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(3) Th~ four column:; oi rhc givcn mat"rix. 
(4) Thc sums oi thc eicmcms ;n cach of the columns of the given 

matrix. 
(5) None of the above. 

(b) ShO\v at lcast one othcr way to represcnt the matrix A as a tree 
structure. 

U. Using list notation, givc the paths for thc nodes labeled [~} 0• 
and c:J, in thc sccond of thc two trccs rcferrcd ro in Problcm 3 of 

Lh i:. cxen:isc se t. 

12. Dcv~o.·lop a sehcm~ lO denote thc ~aving in time thm, in principie, is 
possihlc in a compute¡· having multiplc proccssing units that can 
cxccutc coucurrcmly in thc !:lame exprcsswn. Show how your scheme 
would work on thc foliO\\ mg cxprcssions. · 

(a) a2 + b2 + c2 

{b) (a- b)X(c- J)/(cX(f+ g)) 
(e) ( v'X + cos y) 1 z 

13. In thc rcxt wc han: always shown thc operator symbnl of an exprcs
sion trcc as a terminal node, so cJch nontcrminal node of the trce 
has thrce ofTspring if the opcrator has two operands, and two offspring 
if thc opo:rator has one operand. Another way to draw tl).e tree is to 
place cach opcrator symbol at its parent (nonterminal) node. For 
examplc, the tree for the expression 

A+BXC 
may be drawn as 

instead of as 
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Ón2 
'T;í.:e s~archcs 

N a.rural-order T rcc Search 

The n~w form, \l'hich wc ~hall cJll a bin,n)' ~>..prcs~ion trcc, has 
f~\\'cr nocks but thc s.Hn~ amóunt o[ inforínation. 
Rcfcr to F 1gurc 6 • 14 and: 

(a) Produce thc binary cxprcs1.ion trcc cqui,·alcnt to thc cll.prcs~¡on · 
trcc gin:n in thc l)¡;urc. 

(b) Show how thc ti'C~ tablc in that figure c;¡n be cllangcd in strucrure 
nnd in comcnt tó rcprcscnt thc binary trcc you dc\'clopcd in part 
a. 

(e) Which trcc tablc would rcquirc lcss storagc in a ccmputcr rcpre
~cntation? 

\Ve bavc now sccn cnough of rrccs to ha·,rc obscrvcd thcir main 
:-.rructural charactcri:.rics; ~~gmcms of a subtl·cc always con
ncct ro ncw nodes that fonn a continuation oí thc samc ·subtrel!; 
thcrc is no looping back to nodcs closcr to thc root; anu thcrc 
is no crossing or crisscrossing bctwcl!n subtrccs. 

Thcrc are many ways eme can construct and storc a trce 
structurc. Depcnding on what use is to be madc of the trcc, 
somc rcprcscntations (wc will call thcsc stomgt! structures) are 
bcucr than others. Trecs are searchcd for one reason or anothcr, 
eid1er to gain specific information, to rcach a conclusion, or 
to modify the trcl.! in a ccrtain way. A trcc scarch lies at the 
hearr of a number of mathematical problems and a great num
btr ot games. 

Thcre is a systematic way to sean Jll ti1e nodes of a trec that 
is used frequcntly in solving problcms. We call it natural-arder 

.searching. Although a squirrel may ha ve bcttcr ways of finding 
nuts jn a tree, ü will help us to understand natural-ordcr scarch 
if we imagine a nutseeking squirrcl willing to follow these 
rules. 

l. Start at the trunk (r0ot) and don't stop trying segments 
until you reach a le:af (terminal node) unless you find a nut 
and choose to stop at ~at point. 

2. Upon reaching a terminal wid10ut fi.nding a put, back up 
ro the node you j ust passed, that is, to !he parent node of this 
terminal. 

3. Now, choosc the next untried segment, if any, and movc 
forward along it toward éinothcr lcaf node. 

/ 
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4-. Ir ti--(;::¡..; ,lr~ no ur.cri·~d scgrr.cnts, c;-áwl backward ro the 
',' ~· p:.::dcccssor (parcnr) nodc J;Jd repcar thc proccss of tryíng ro 

¡;each anothcr kaf nodc. 

5. If you cvcr tind yoursclf back at rhc root having alrcady 
t!'ied all scgments from the root without finding a nut, you have 
i1mshcd scarching thc cntire tree in natural ordcr and can rcport 
a failure to find a nut. 

Figure ·6·15 shows a narural-ordcr search of a tree. The 
numbers bcside the noJes indicare the sequence in which they 

o 

1 

~3:~ 
~---~ ~ 

!-lGUME 6·l"i 
Sy~lcmaric (no.Jtural-orJcr) 
~cardt for a nul. 

Algorithm for Narural-Ordcr 
Trcc Scarch 

1 
1 
\ 

\ 
\ 

' ,_-- -, 

, .. 
1 
1 
1 

; 

\ 
1 

1 

are first cncountcrcd (i.c., as thc'~quirrcl sccs thcm in its for
ward progrcss). Wc picture one of thesc nodes as a nut. It is 
thc 23rd nodc cncountercd. Notice the systematic, lcft-to-right 
sdcction of scgmcnts at each node. 

Now supposc wc wish ro construcr a rrcc search algorid1m [hat 
gcnaally follows thc ~rarcd ser of rules. Onc of our problcms 
is how ro intcrprct ruk 3, that is, how ro choosc ampng thc 
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rcmaining untricd ~cgmcnts lf we rccall, howcn:r, that the 
scgmcms cn,,¡n;.~i .. ;_: l'r•;•-.1 ..:.~t.:h node are, or always can be, 
ordcrcd, thcn a simple intcrprcration comes qUickly to mind: 
choosc thc scgmcnt, if any, whosc ordinal numbcr na;nc is one 
highcr th::m that of thc scgmcnt prc:víou::.ly tricd. 

To makc this choice implics that thc algorithm can always 
idcntify the anccstor or p::1rcnr nade from \\'hich thc "prcviously 
•tr.icd" scgmcnt cmpnatcd. That is, tbc algorithm can only idcn
tify additional scgmcnts in tcnns of thc cnmmon parcr.t. This 
b{JL"i~up capability is assurcJ if thc algorithm at all tlm,:s :has 
a1~ up-to-datc record of whcrc it is in th.: tn::c scarch and can 
rcprc~cnt this data in thc form of ,a path list. For cxample, 
supposc ü has bcc.'n discovcrca th<it thc scgmcnts from ¡he nodc 
whosc path dcsignation is ( l, 1, 2, 1) nced be examincd no 
furthcr (Picture 1). 

" // 2 

' /' ', 
T~n~c ' 
... uncd ( 1, 1, 2. 1) 

PICTURE 1 

Roo1 

' ' ' ' 

What is the path name for the .parent of that nade? Thc answer 
is (1, 1, 2). 

How do we apply rule 3 to tb.is parcnt {'1, l, '2)? (Rule 
3: choosc thc ncxt untricd scgr:.1car, if ;.my, and movc forward 
along it mward (lnothcr. lcaf nodc.) Thc al'l~\\'Cl' is, if :rhcre is 
a nod..: whosc path is (1, l, 2, 1 + 1), try it .(Picrure 2). 

In general, suppose we have tried the segment lca9ing 
from nodc (1, 1, 2) to nade (1, 1, 2, i) and the .subtrec whose 
ro~lt is (1, 1, 2, i) has failcd ro contain thc nut wc are Joo~ing 
.for. To ~ckct thc ncxt tmtricd scgment, if .1ny, cf ~nodc ( 1, ·1, 
.2), \VC have only to check whethcr there exists a valid !'lOde 



/ 
/ 

1/ 
/ 

Root 

' 

Th~ uod~ namcu ( 1. i. 2t 

Th~ nnd<' n4m~u ( 1, l. 2, 21 

' ' ' 

!o l'.: lrl~d Jlter \ !, l. 2, 1 1 l,ub 

PICTUR.E 2 

wiiúse path is (1, 1, 2, i + 1). If so, selcct rhe scgmem k::~ding 
ro this nodc and if not, back up, and chcck whcthcr thcre is 
a valid nodc ( l, 1, 2 + 1). If so, select the segmcnt leading 
to this node, bur if not, back up again and see whether ( 1, 
1 + 1) is v::~lld, and so on. 

We now scnse that by starting out wirh ;.; ?ath list that 
represents rhe root node (an cmpty lisr of segments), and by 
continuing ro updatc that lisr as we move rhrough the tree to 
rcfiect wherc we are in the scarch, then simple adjustments 
to the path allow us ro determine each new dircction of search. 

F igu:c 6 · 16 shows a S} stemaric procedure, that is, an 
algorithm for conducting natural-arder tree scarch. The algo
rithm is represented in top-down stylf, with Figure 6·16a 
giving thc topmost vicw. Any neccssary data are input in box 
1 and the trcc s~arch begins at box 2. In Tree_Search, whose 
dctz.íls are given in Figure 6·16bJ there are two kcy variables: 
l.:v;l and path. The value of levcl tells us the number of ele
ments in path. Valucs of these two variables determine the 
current node of the, search. In a scnse thc current node is the 
one we ~re standing on whilc we try to find the next node ro 
movc to. Thcse variables are initialized in box 1 of Figure 
6·16b. Trcc_Search scts borne sort of switch to indicare succcss 
or failurc. (Recall that a root 'nodc, by itsdf docs not constirutc 
a rrcc. Thcre musr he ar lcast one subrrcc. For this rcason the 
ílrst time box 2.2 is cx~cutcd thc Yes outlcr will be takcn.) 
Cpon exir from Trcc_Scarch, th.: main progr<lm, in cll"cct, tests 
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(a) Main fiowchart 

' ; ~ lt~· \ 1, 1. ¡ ~ 1 h .. ll.t:-. 

1 ''\'l'll .......... ' ..! \'. L!lat,\IL 

l.. ti ......... , 

1· 'G un 1. 6. 16 (e) 
Top-d .. wn J¡;\·dupmcnr tlÍ an 
algomhm for natural-ordcr 
uce scarch. 

// u 
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that switch. If ~mccl!::.s 1s mdicated, the path list is displayed, · 
idcntifying the location in thc tree where the nut was found; 
otherwise a failure mcssage is displayed. 

To simplify thc dctails of Trce_Search, three of its boxes 
are givca in more detail in Figure 6·16c, 6·16d, and 6·16e. 
Notice that rule 3 is impiemented in box 2.3 as a call to a 
procedure, "Scek_Anothcr_S-egment," whose dctails (Figure 
6 ·16c) includc a test for admissibility of umricd segments. 
Although not shown in the lcvcl of dctail given in Figure 6·16c, 
we imagine that sorne sort of switch is set by Seek_Another_ 
Scgment, which can be tested upon rerurn to Tree_Search so 
that the formcr's success or failurc can be determined at box 
2.4. If successful, thcre is a new node ro which the search may 
advance (demils in Figure 6·16d). If unsuccessful, it is neces
sary to retreat to thc pare1it node, if any (Figure 6 • l62). (Re
mcmbcr that Seek_Anothcr_Segmcnt reports failure only after 
al/ scgmcnts have bccn tested.) 

Thc bookkeeping of thc retreat operation (box 2.5.3) is a 
two-step process. 

l. Dctach the last clcmcnt of path, which is a scgm\!nt num
ber, and savc it to use the ncxt time Scck_Another_Scgmcnt 
is callcd at box 2. 3. 

2. Dccrcment leve/ by one ro rcftect thc shorrcncd ~cngth of 
patlz. 
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Thc scgmcnt numbcr sa\'cd ÍP stcp 1 i~ ncc~i,:J 111 boxc:-. 
2.3.l and 2. 3. 3. \Vh~.:n a ncw scgmcnt numbcr is sclcctcLi in 
box 2.3.3, 1t in turn i::- SJ\'Cd fur use hy Ad\'Jncc, thc ncxt tirnc. 
that proccdurc is calkd at box 2.6. Adv::mcc incrcmcnt~ l.:t•d 
by onc and appcnds thc ncw scgmcnt numhcr on to thc cnd 
of pat!t. \\le lcavc .to thc rcadcr thc plcasurc of rcvícwing thcsc 
dct.lib ~md convincing himsclf of thcir corrcctn..:ss. A':> a parting 
n.:mark, ir is worth oh~~.:rvmg that thc narurc of thc admi:.:-.i
biiity chc(k hintcd ;¡t in bux .2.3.2 may' b..: crucial tu thc ~t~~.:ccs':J 
oC thc ::.carc!1. ;\s many in.1dmissibk structun:s as po:-.siblc mu~t 

J ' 

be rukJ out at cach ~tagc. For cxar:1plc. thc squirrcl should 
rccognizc cacb dcad limb and not scarch it. Othcrwisc, thc · 
proporrion of usdcs!) paths may gro\\' rapidly, mcaning that 
th..: cflicicncy of thc scé1rch mcthod can plummct toward zcro. 
Next we examine sev..:ral mtcrcsting problcms that crnploy this 
type of scarch in thcir algorithmic solution. 

l. List rhc nodcs of rhc trce bclow in ti1e order in which thcy would 
be encoumered in a narural-ordcr search. 

Maps are colorcd ro make it ca~y tv scc: at a glance the extc1~t 
of each country. It is nccessary that ncighboring countries (i.e. 
countrics with a common boundary line) be assigned diffcrcnt 
colors. Does. thq mapmaker then need more th::m four colors 
to do his job? He docsn't carc, but wc do. 



FIGURE 6•17 

_ This problem was Oíle of the most cclcbrated challenges 
in mathematic<>. It 1s of grdt imcilecrual imcrcst and has in
trigucc! many pcople from all paths of lifc. Acrually, its solution 
has línlc or nothing whatsocver to do with making maps. A 
mapmakcr is and always will be ablc to print maps using as 
many di1Tcrent colors as he nccds. 

A chcckerboard is an example of a map that can be colorcd 
with only two colors. The four-country map shown in Figure 
6 · 17 n:quircs four colors. Beca use ea eh pair of countries is 
adjaccnt, no two can have thc same color. 

It didn 't take us long to find a map requiring four colors. 
Yct, in over 100 ycars of searching, no onc has succeeded in 
finding a map requiring fiv~! It is natural to conjccrure that 
evcry map can be colorcd with four colors, and many mathe
matici<ms havc rackcd thcir brains trying to prove rhis con
jecturc. Thc bcst thcy have been able ro do so far is to show 
that cvery map can be colored using no more than fivc colors. * 

\Ve are about to scc how computer mcthods can be applied 
to thc four-color probkm. We will not use thc. computcr to 
show that the four-color conjecturc is tru..:. Indcl·d, iris cntirdy 
possiblc that no computcr can cv.;r pron:: this. Howevcr, true 
or L1lsc, we can use thc compurer to determine whcther a 

particular map can be. colored in only four colors. This is the 
task for which we want to construct an algorithm. 

Befare starting on this algorirhm, a few remarks concern
ing thc coJoring of maps may be helpful. 

A miuimal five-color map is a map rcquiring five colors, 
so that evcry other map requiring fivc colors has at least as 
many countrics. Of coursc, no minimal five-color map has evcr 
becn found. But mathcmaticians havc shO\vn that if such maps 
exist at all, thcn some of thcm satisfy thcse two conditions. 

l. No point is a boundary poinr of more than three countrics. 

2. Each countey is a ñeigbbor of at least five othcr$. 

Morcovcr, it can be shown that e1.,•¡:ry minimal map, if ~ny exlSt, 
must satis'fy thc second condition. 

It is thcrcfore customary to consider as candid::nes for 
countcrexamplcs to the four-color conjccrure only maps ful
filling thcse condition~. 

• i\ Slmph: prwt ot thc ti\ c-co:or thcorcm ··~ms. It m.•:·. be iounJ, for cx;¡mplc, in 
11."/¡.¡f u .H<Jth,·m.l/1<>?, Ü\lnrJ Unm:r)lty l'n:~s ( 19-l 1), by Cour.mt ~nd ~obbins. 
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FIGURE 6•20 
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\Ve can modcl thc problcm of four-coloring a gi\'cn map, say, 
thc one picturcd in Figure 6·18, a~ onc (;[ traH~ling along a 
path through a trcc such as that shown in Figure 6·19. Each 
s~'gmcnr n.:prcscnts a dccision to color a country, wil:h colors 
1, 2, 3, or 4. Thc ith scgmcnt in a path from th~ root corrc
sponds to thc coloring of the ith country of thc map. 

1 ~ 

(\ --- '-¡ 
1 

- ---.. \ 
; -- \__ 

--~ 

Observe that many paths through thc tree rurn out ro 
rcprcscnt idcntical colorings of thc map excepr [o( rcnaming 
of thc colors, and it is desirablc ro avoid scarching throug;, 
such duplicare panerns. (E.g., the two heavy-linc paths in 
Figure 6 • 20 reprcscnt thc same coloring paneros with di ti crcnt 
names used for the colors.) One way to avoid the 4nnecessary 
search is ro fix at the outset in a quite arbitrary way d1e colors 
for neighboring countrics 1, 2, and 3 and to begin the real 
search with t:Qe' coloring of country 4. -

In coloring all countries, from the fourrh count.ry .ón, as 
seen in Figure 6·21, we assume that all four choice~ are possi
blc. ~íosr of the time, however, as can be scen in Figure 6·22, 
only one, two, or threc of thesc choices will be admissjble. 
Somctimes even all four choices wm be inadmissible, as ex-
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FIGUR[ 6·21 
Snowmg C<)loring trcc and onc 
p,uh n.:prcscnun:.:: thc co1oring 
of thc flr~t ~tx countrics 
(.:olorcd lmc). 

Cot¡;'lli\ no 
¡j,·,d¡ 

1 

_; 

4 

6 

8 

10 

11 

1 ~ 

l'l G U R E 6 • 22 

~ 
1 

' ., 

An cnttrc coloring t:rcc 
~hm\ ing how to tour-color thc 
mJp of hgure 6·18. 

f.XERCISES 6 • 3, 
HTA 

C•.:.unlry 

2 

3 

etc. 

\' 
¡' 
' 

2 

3 

etc. 

Not<' Thc small numbcr to 
tllc lcft of cJch scgmcnt 
is a color cOtla for thc 
country rcprcscntcd by the 
nexl noJc. 

1 = gray 
2 = hght grccn 
J = b!JcK 
4 = d.uk grecr. 

JO Suc<c~~'· mJr~cd by tcrmm.l nodcs of the form LID 
16 fJ1Iurc<. mar~ed !>y tcrmulJI noJcs of thc form ~ 

emplificd by terminal nodes marked F in Figure 6·22. Only 
10 paths lead ro S (success) tcrminals. 

l. Compute the thcorctical maximum numbcr of possiblc termwal nodcs 
for thc coloring trc¡;: of thc 12-country map in Figure 6· 18. 

Jlint Use Figun: 6·21 as a guide. 
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A Four-Coloring 

.j 

:y 

Algorithm 

Q-

FIGVRE 6·23 
Exampk, of map to .be 
fourrcolorcd by a computcr 
algorithm. 

3. 

4. 

.\"umc th.n n t~1l-.c~ onlv, l micro ... .:cond to _~.:h~~.:k. anotJla p.11h tu 

a 1Cl'll1111:ll, and that thc ~cartb oJ' h,JI! of tbC~C path~ i:-. f~\lllll'~·d bt.:fOfC 

thc d.·:-.it ~·J tcrmin.ll i~ rcachcd. How lüng would thc: }.:omputcr chug 
a~\'ay lxforc ít found what il was lookmg for 111 a. 39-co.untry m.1p? 
As~umc all sc~mcnrs lo be aJnus~iblc. EJo.prc:s~ yuur :.lllS\\:Cr in ,units · 
of ycar·s. 

' ' l ' 

By rcnurnhcnng thc coun~-rics on thc: map of Figure .6 • .1s: show that 
a colonng tr~c can hav(~ nodc:~ with tlm.:c anJ cvén foÚr ;pcl<mis~iblc 
scgmcms cmanarmg from thcm. 

1 '¡, ¡ 

Using a f01 m simtlar to that of Figure 6 · 22, draw a ·~coloring trcc" 
for thc map shown bciO\V. 

Lct us see how to app~y what "'!! havc just leárned abo~,;.r trce 
search to an actual ;¡roblem. It is one .thing ·~o .discu.ss a tree 
in the Jbstract and another to start with a J)robléfn, .define in . ~ ~ . . ' ' . ~ 

sorne detall the tree search that 1s mvqlved, and .. tl¡en dcvcl~p 
a detailed ftowchart aJgorithm . .In this case, we Y.,ill t~ke as 
our problem statemen~; Develop a detaÜc~ ,fi~wcha.rt.al¡;orithin 
for four-coloring .any n-country map. , 

1 
• • •• ,, , • •• • • _ 

•· ~ ' h· • '. t ' ... • . 
The first stcp toward this object_ive :mi,ght, ·b~ to d~v,ise_ ·a 

method to represent .any n-couim:y .'n1'a~p. ·to.~4"ó ~tnís -\v~ n~ed 
a sample map for study as, for example, ,i~ .FigurF ·6 • 23. The 
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;:n:.1p consi5ts of 39 countrics, and th:: countries have been 
numbcr~d or 'indcxcd in thc ordcr that the algorithm will 
attcmpt to "color" thcm. 

Thc cfficicncy of tbc algorithm will be grcatly improved 
if cach country bordcrs on as many lowcr-numbered countries 
a·. possiblc. \Y/e do not absolutely insist on this but, if you have 
,, ,~nc Problcm 3 of Excrcisc 6 • 3, you will appreciate why wc 
1·ecommcnd this approach. Wc do, however, requirc that the 
first thrcc countrics all be ncighbors of cach othcr. 

liow do wc rcprcscnt thc map in computcr storagc? One 
way is to_ construct a "conncction rabie," listing aftcr cach 
cou1.try :1ll of its nci3hbors in increasing order. This is shown 
for our e:mmpie in Table 6 ·l. 

' Our algorithm should consult this table when deciding 
how ~~ color a particular country. For example, if we were 
coloring country 15, we could sec in row 15 that countries 5, 
6, and 14 are ncighbors ;~lready colored. Our choice of color 
for 15, thcn, dcpcnds solcly on thc currcntly choscn colors for 
5, 6, and 14. 

Knowing that country 15 also has neighbors numbcred 16, 
25, and 26 appears to be supcrftuous. This Ieads us to the idea 
of a shavcd-down table, which we will call the "reduccd connec-

Th.: Connection Table for thc: Map in Figure: 6·23 

Country Neighbors Country Neighbors 

l. 2 3 4 5 ó 21. lO 11 20 22 31 32 
2. 1 3 6 7 8 9 22. 11 12 21 ... -_, 32 33 o 
3. 1 2 4 9 10 11 23. 12 13 22 2·1 33 3-1 
·1. 1 3 . 5 ,11 12 13 2-l .. 13 11 23 ?" _) 3-l 35 
:5. 1 4 ó 13 14 1:5 ,.,. 

.). 14 15 21 2fl 3'i 36 
6. 1 2 5 7 15 16 26. 15 ){l 17 25 '27 36 
7. 2 6 8 )(¡ 17 18 ')-

-f. 17 26 2S 36 37 
8. 2 7 9 !'..' 

1.) 19 28. 17 18 ')-_, 29 37 
'9. 2 3 8 10 19 20 29. 18 19 28 30 37 38 
10. 3 9 11 20 21 3(), 19 20 29 31 38 
!l. 3 4 10 12 21 22 31. 20 21 30 32 38 
!2. 4 11 13. 22 23 32. 21 22 31 33 38 39 
:3. 4 5 12 ¡.¡ 23 24 33. 22 23 32 34 39 
1-l-. 5 13 15 2-l 2:5 3-t 23 24 33 35 39 
1:5. 5 6, ¡ . .¡ 16 25 26 35. 24 25 3·1 36 39 
16. 6 7 15 li 26 36. 25 26 27 '1,' _) 37 39 
Ji. 7 16 18 26 27 28 37. 27 28 29 36 38 39 
18. 7 8 17 19 28 29 38. 29 30 )¡ 32 37 39 
19. 8 9 18 20 29 30 39. 32 33 3-t 35 36 37 38 
21). 9 10 19 21 ·30 31 

-...-..,..... ...... --
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:~3S COMl'UTcR SClcNCE: A FIRST COUl~SE 

T.HLf: 6·2 
It .. :du .. :cJ Conncction· Tabk f•>r thc .\iap in Figure 6·23 · 

Country 

2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
1·1 
15 
16 
li 
18 
19 
20 

"!': ci ¡; h bors 
co~~oj· 

1 
1 2 
1 3 
1 4 
1 2 5 
2 6 ., 7 .. 
2 3 8 
3 9 
3 4 !O 
4 11 
4 5 12 
5 l3 
5 6 14 
6 7 15 
7 16 
7 8 17 
8 9 18 
9 lO 19 

WiJth Countn· >-:.:tghbnrs \\'tdth 
w, cu~~.~ \\1 

o 
1 
2 
2 
2 
3 
2 
2 
3 
2 
3 
2 
3 
2 
3 
3 
2 
3 
3 
3 

J. 21 10 11 20 3 
11 11 12 21 3 

11 23 12 13 22 3 ( ~-
11 24 13 14 23 3 H ')- 14 15 24 3 q _) ,, 26 15 16 17 25 4 p 
•' 27 17 26 2 1' ¡; 28 17 18 27 3 
i· 29 18 19 28 3 
:· 30 19 20 29 3 
: 31 20 21 30 3 
¡: 32 21 22 31 3 
1' 33 22 23 32 3 ·' 1\ ¡· 34 23 2·t 33 3 
1: 35 24 25 34 3 
tl 36 25 26 27 35 4 :J 37 27 28 29 36 4 ·¡ ¡, 38 29 30 31 32 37 5 r1 

39 32 33 34 35 36 37 38 7 
,, 

' 
tion tablc." It is constructcd by striking out of cach row in 
thc table all numb~rs grcntcr than thc numbcr of thc row itsdf. 
Thc reduccd conncction tablc for our example is sccn in Tablc 
6·2 and can be thought of in this case as a 39-row by 7-column 
array called CONN. The number of nonnull elements in each 
row is given by elcments of an associatcd list w. Thus the 
algorithm. can search the first W¡ elcments in the ith row 

·. of CONN to determine which neighbors havc already bccn 
colo red. 

If we are to apply our gcneralized tree sea,r'ch algorithm 
(Figure 6·16) to the map-coloring problem, ~ve must also de
cide how to rcprcsent the cun·ent nade (i.e., how to represent 
the variables path and leve!). The variable path is a list of 
elcments, each of which designares a segmen~ choice. Our 
decision to use color codes 1, 2, 3, and 4 for the four possible 
color choices leads us directly to the decision 'that a scarch 
from a nodc may be accomplishcd by sclcctin'g (trying) t.hc 
segmcnts in thc samc order, 1, 2, 3, and 4. The decisión to 
makc this correspondcnce betwccn the color ~odcs and the 
scgmcnt arder imposcs the rcquircd ordcring oq thc segmcnts 
from cach nodc or our coloring trcc .. M.orcovcr, ~he ith clcmcnc 
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c.f pcrí1 automatically idcmifiLS thc color cho~cn ~-or thc ith 

country! This m\.!ans that whenevcr we havc becn able ro 
choosc a valid color for thc mh country, the current contcms 

of thc path is1 thc dcsired list of colors for thc n counrrics .of 
thc m:.1p. Nothing could be simpler. For this problcm, let us 

call thc path Iist COLOR, since ir is more suggestive of our 
dcsircJ objcctive. 

Figure 6 • 24 shows a flowchart algorithm incorporaring rhe 
foregoing conc-epts and dcrails and following the idcntical top
dowu strucrurc g1ven in the gencralized search (Figure 6·16). 
It will be easy to v~rify the claimed similarity. If you have 
any ciitliculry in follmving Figure 6 · 24, remcmber that boxes 
with corresponding numbers in the generalized fiowchart have 

similar mcanings. Only Figure 6·24/, thc detail of the admissi

bility test. in box 2.3.2, is really new. 

Box 1 of Figure 6·24 is a counterpart to box 1 of Figur~ ó·16. 

In the dctailed algorithm we musr input rhe data explicitly ro 
n!prcs~nt thc map if we are going ro deduce the ·actual stru~rure 
of the trcc. In Figure 6 • 24b, ro kccp track of wh::n trcc lcvcl 
has h.;cn rcachcd, a lcvc1 or path lcngth countcr k is nceded. 
This countcr is initially ser ro O in box 2.1 ro rcflcct rhc srart 
of thc s~:.m:h at thc root nodc. [Thc algorithm could be m,¡d~ 
more cflicicnt by inirializing thc lcvd countcr to 3 and path 
to ( 1, 2, 3) to rc11ect coloring the first rhrcc countries \virh thc 
firsr thr~:c colors, as suggcstcd in Figure 6 · 21.] 

Success_Switch is a thrcc-valu~d switch variable ·rhat is 
initially ser to "undccidcd" (at box 2.1), and thcn is sct to cithcr 
"'ves" if the trcc scarch succccds or to "N o" if thc scarch fails. 
To scc why or whcrc this switch is ser to cirhcr "Ycs" or ro 
"No," you may havc to dcsccnd to thc ncxr lcvcls of dcta:l. 
Thus, whcncver wc discpver that thc scarch is about ro back
track to leve! zero, the scarch-has failcd (boxes 2.5.1 and 2.5.2 

·of Rctrcat). If k - 1 = O in box 2.5.1, thc currcnt node is 
at kvd l. In other words we have backtracked to the first 
country. The first country was colored with color 1 at the 

beginning of the scarch. \Ve ha ve not rested colors 2, 3,. o~ 
4 on country l. Should wc? Not really, because we know th.lt 
any coloring we find will simply be a rcnaming of a previous 
coloring (if any) when counrry 1 had color l. \'í/e won't find 
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~ny ncw p,l~tcrns. If \\"e \\':l~lt to :-cJrch thc complete trcc, 

how..::,•er·, inclu~iing thc four1possiGie ó)!oi·s (ot' rh'c "fi'rst' cb.untiy; 
\\re Jú1vé only·ro change·rhc test in'bo~e?:~:Yi:o'rdád\'.~:,,,¡!·'., 
•• • - -- .... • ...: ~ .. ' ' ' : "' \." ~ ) - ; ... ' (" ' .... - \.0 

., 
Whcnevcr thc kvcl coumcr k is founcl to equ:.ü n (!)o.\.::S 

'- • • - ' ' - f • ~ J l '.. ' ... ~ . -
2.7 and ·2.8 of Tr~c:_Scarch), 'Succcs's_Swirch··¡fser ro· "Yés:·~ 
tJ~..:: ·variaBle ·sc~~k Switch' 1tesitd ·bs~ Trcc· Starch'ítrí'·bo~.:2.1 
i~ ·ser ro'cithcr ''Ycs-;-':or "~o" biS0ck~Anotl1cr_:S~grliche(ffg~ 
ur~· '6 ~ 2•1c). This· proccdui·c ·¡¡1 iurr. "rcp~rts ·succcss· i( ~lid :6nty 
W th~ subpr~~cduá: Adin·issibihty ~Check rcpoi-ts''suc~css~' Thls· 

~ 1 .. l".... . 
Iáriei pi-'c)'ádure (Figure· 6·· 24}) dercrinines'"í,;hdher: ány··o( tn1é· 
~.;r-~~·.;iousl~; colorcct neighSor~· (thcre áre \vk+l ·o(t11émn1a\·c rlie 
s:íir1'c'to1~r 'ás !.he tcrirarive-:color; té; rh'<Ú·-is 'bdng···con'sidct:cd 
fdr' thé~: + ·t sr··counri-y. If 'so~ Admissibiliry~S,vi!ch'·is -s~r-td :· . , ' . . ~ . . . - . ~ 

¡'No'; 'so- rl1ar; 3fü~r·'rhe RETURN ·ro: Seekj\norhér~Scgn:~em; 
a'n'óili'er -..ct~e ·- n·e~rr éo1o/ ni~ y- be: rrie(:c -=N{)ti_cé · rriar\: on~y ,:;in 
fidinissi8il'ity ~Chetk is 'thcilc"any' refcrenré'fu';tl1~·'n1ap's· rep~ 
ics.¿ii üúi~~: ·This ·si.Jgge's rs 1 tl~~ r · tktJilci.i' f!o\~·c ¡~·drr~ 1ai:-:tfitreftnr 
riatuí-a!'~orde~; .trce' séarch' p'toblcms '\'vlll' a~tfJi ~- mai_¡~~i _·~h. ;fue 
dcra'ihh>f''i:his 'p'aáicul:Jr''pafr\~f thc sc~rcH 1 ~1gorlrl1h1/ -:,·_:., i-'>' 

·: • 1:' ·Thc' bo'6kkcepin CT ·of :R.étrear: ~irid"'A:cl\~ancc··'iR 'F i'iurc 6 · 24 
uses ~~~xiliary:~ariabl~, i:~, tentative' cblór~' Tl1is ~:arih8íe;·.1!/al;o' 
tú;é'd :iri·'-Sák~Anothe'r_Scgmeni ·a_urin[(i:hc ·:s~atc~::r&,::a·n :a:a::: 
n'"iissible scglúent'an'ci, in- box- 2.3.5~ ·re 'is ii1;creihen~~d.fwh~deJ~r 
rin'inaCÍffiissiblt:.s'egni~nr·is found: -in'AHv'ri"nC:cF·k~stfti~ttrrrel'lrect 
io'repr~'sent 'the I.onger' s'uécdsfuÍ ¿6Iotirig ¡.;tirh~ -p!iél~ffi:!cdst~l 
rchtative···-color'- is · stówcd'· ·a,\~ay'1iri:~C61br ~t~nd :.¿h~ ';au~ifí;iiy 

. . . ~--.... k . ''" 
variabl't(tc is 'rc5ct~i:o·' 1: 7(See'l1di 2.6:·1':)¡,Dütiñ{~etr~at"the 
cur'l·ehr'=cólor cf1oice'tdr cÓ6'11tryxk 2~ust b2terneihbérétl ~~o 
Hi~r t~e s'é~ré~ 'fci;'a-n~thets~gí-iieni d~ 'c({uHtl-f'·~l~fp~:~~nt .-tan 
resume::atca··valüe; of'tc~ 1thateís'1óni grdit'éf:~n·arf uie·~ra~t; one 
trie'd~:-Tn:e savihgt:of~thís ~infurmaiiorí" is'1accotnplished' ~~y thé 
\" "• ~ _f,.:,' r ~---..,C ~-...,; i¡"·.- - ,,...,...,,_.,,.,. ''""' ;_ :_,•~- i~1- ...._·~~._\-L.J!,4 ¡., aSS'lgl1ffiC0[ Step,'6 •<- ' .~· ' ,¡.~. •••'•'··''" ,e,--~··- ... _;,--.-._..·t:·~ ~/;.' c\H 

,j~;_,..~¡¿:~·:~n.;i¡t ~~·- F: 
te ~ Colork + 1 
1:. .-__ .. :.. ~ -:, .. _ ¡' - ~- .. 

as secn in box 2.5.3, Then the path length k is shortened by l. 
~:: -.·:,·_ : ~- -~ ~ ~~ '~L• . .' :.}(' _: ·~ .':· .¡:::---{(},; ;.: .::- ~[~,c,,.-~~p'-~j :-.;y 1t 
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EXE·RCISES 6 • 3, 
SET B 

FIGURE 6·25 
A chcssboJrJ wirh two 
Quccns on ulft"crenr row!., 
columns, and d1agonals. 
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In the probkm ;,~t thar follows} you are mtrodu.:cd ro 
severa! wdl-known probkms mvolving trcc scarch. Hcre is 
your chance to apply our gcncralizcd natural-ordcr tree search 
mctho::l. 

1. Tlw Eight Quecns Problt!m. A chcssboard is an eight-by-eight array 
of po~ltions. Thc Qucen is thc mosr powcrful picce in the gamc of 
chcss in that n can cap1urc any othcr piece encounrercd on the same 
row, column, or diJgonal. Thc problcm is to so place eighr Quccns 
on rhe chcs::.board so th'lt no Quccn can capture another Queen. 

If therc is a solutwn to the Elght Queens Problcm, ir is cvidcnr 
thJt cach Quccn must be on a diffcrcnt row, column, and diagonal 
ofthe chessboard (Figure 6·25). Thi~ suggcsts the necd for a sysrcm
atic way of placing thc eighr Quccns on thc board, one ar a tiillC. 
It 1s ccrtainly immmcrial where thc firsr Queen should go bur, ro be 
sysrematic, \ve can think of purting ir somcwhere in column 1 wirh 
the objcct of ?i.Kmg each succcssivc Queen in a succceding column. 

In placing the firsr Quccn in column onc, therc are cighr choiccs, 
cach of which elimmntcs sorne of rhc choices for placing a Quecn 
in column t\\'0. Thcsc cight choices may be represemcd ~y a ~rce 

wüh eight segmcnrs cmanaring from thc roor node. As onc movcs 
down rhis tree of choices, there will be fewer and fewer admissiblc 
branches. A solurion ro rhe Eighr Qucens Problem is represented by 
a path through the tree reaching all the way ro leve! eight. 

Thc natural-order trce search is suitablc for scarching the trcc, 
bur it is necessary ro be cxplicit about the test to determine which 
scgmcnts of the trce are admissible. t\lthough it is tcmpting to reprc
sent the chcssboard as an eighr-by-eight array, it is easy ro sec that 
a single eight-elcmcnr list, say {Q,, i = 1(1)8}, will suffice, sincc 
in thc Q list we can storc thc row numbcr for cach Quccn. 

Supposc thar k Qu~..:ens have already bcen placed admissibly in 
th.: first ~ columns ofrhe board. To determine wherhcr the next Quecn 
can be placed in position j, k + 1, at lcast rwo tests must be made. 

(a) Is therc already a Queen in row j? That is, has the value j already 
bcen assigncd ro an clement of the Q hst? If so, this posirion 
(j, k + 1) is inadmissiblc. 

(b) Is there already a Queen on one of the two diagonals rhat pass 
rhrough rhe new pos1tion? The first diagonal, which we will cal! 
a "major" diagonal, slants from upper lefr to lower right. Thc 
second one, a "mi:-or" diagonal, slams from lo\vcr lefr ro upper 
right. 

If thc an::.wcrs ro all these tests are negativc, thc n~w position 
is admissiblc. You should give though• to various ways of n:prcscnting 
thc nccdcd data and pcrfor~1tng thc rcquired tests. One w.1y to record 
thc positions of the Qucens (lcast amount of storagc) is w~th a singk 
eig!u-clcmcnt list whose ith clcmcnr 1s the row number of rhe nh 
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1. APROXI Mt\CI ON POLI NO ~11 AL Y COE F1 C1 ENTE VE CORRE LACI ON 

1.1 1nt~oducci6n 

_. :Ett- tnu.c.ha..& oc.a.4ione.6 a. pa.IL.tilt de una. 4e1Lie de va.lolte-6 mu.¿...> 

~!La.l.e~ ~ · d~~t~e exi~ te una.· va.ILia.bl.e dependiente tJ un_a. o va.ILi..a.-6 --
. _\,.{útlab.ee¿ ".t.'Vtclepend.[en.te.&, e~ nec.elJa.lt.i.o a.ju6ta.tt di..c.ho-6 pun:to-6 -

po-11. · u•i~ ~uj~Ja. 'ta.l.. que peJtmi..ta. de.:te.ttnli..ncur.. e.l. valo1c. de la. vo.J~.i..a.- .. 
-l>'.e.e dcjjé_¡~d;¿c;.nte pa.tta. cu.a..tqu.ieiL va.lo!L de· la.~ va.Jc.,(.able.-6 indepen-

d_.i.cl~te.-6: -L~ ·cu.1r..va de aju..6te polt. el mé.todo de .C.o-6 mbti..mo . .6 tu.adlt.a. 

_do~- -P~~de 6 elt. un pol.i.Jto111-l.o de g1t.ado "n", u.na.- 6u.nc.l6n de :Upo lE!_ 

g~1/LL~IIIi..co,~ _c.tc..¡ dicha. c.u.1r..va ~e e..6c.oge de ac.u.e.1t.do a. la. di4:tlt-l.b!!_· 
·c¡6n ·¿¡e.· lo-6~ pu.nto~ muc..6tlta..te.~ y e1t 6oltma ta..e. q u.e .6 e m.i.ni..mi..ce. la. 

~-wlla. :d~ 'lo.6 · c.ua.diLa.do-6 de lo-ó e.J(..It.Oit.C-6. En plt.oce.6o.6 e.6ta.d1.~ti..co.6 
· -a .ta.·e Upo ·de a.ju . .6 te .6 e le dc1tomi..na. ILegiLe~ión. .6imple o mú.Lt-Lp.te 
~ • o • "' 

.~e ta. "va.~~abl~ dependiente 4oblt.e la..6- va.ltia.ble.6 independie.nte.6. 

:E( _giL_aci~ --d.~ _11.ela.c.i6n ex-i..6tente cntlt.e la. va.lt.ia.ble dependiente tJ 

~d L~de.~i~diente .6e denorn.i.na. c.ottttela.c..i.6n y a. la. medida. de ta.l. 
~ 1 • .. • 

, ~e.taC.i6n .&·e .e.e llama c.oefi.lciente de. c.oiLILel~c.i6n, el c.u.a.l 4e .6tte. 

te;~~n:_o_t·Ci.'t./on el 4l.mbolo ~ 6 IL 1 (2 .3 ••• n). Vonde: 

Va.1t..la.c.i6n explicada 

Va1t..la.ci6n to:ta.l ( 7. 1) 

~¿ .&e. c.on.6ide!La. a. Y como la. va.Jtia.ble. dependiente, l.a..6 

va Jt.i..a..c..lone.-6 4 e de 6-lnen en la .&.igu..ielt:te 6oJt.ltla.: 

~ 

va ~tia. c.f. 6 lt total = I: (y 
1 

va.ltia.c.i6n e x.plic.'a. da = 

V a.IL.i. a. C. .f. Ó tt tlO ex.pUc.ada. = 

E.( y - Yl2 :: I: ( y C;-6 t -

N
y = ,_, y. 

,t_J. ..(. i., 
,/ 

- Yl2 * 
t ( Ye.6 t - YJ2 

t (y Ye4t) 2 

YJ2 + r n' .-, Y~.6.t) 2 

.l = 1 . , paiLa. N pwt.to~ mue-~ .C!ta.le.6 

{ 7. 2) 

( 7. 3) 

( 7 • 4) 

( 7. 5) 



V O,e..&.t. 

l 

' 

- -i - - - ~- - - ~ - - - - -- ~ --' - -?,1 
~ (y y(!.~ :t) . 

__ ) ___ ~-~----------------~ 
l 

1 1 -
1 ~ ( y ·~ • 1· ~ y ) 
1 ' \:.~· •1. 

V J. ~)--
' i 
1 

1 

( y - y 

1 í 5 

c.uJz..va. de 
Q lte.gJz..e..6.L6n 

---~1~---------------------------x~o--------------~----~ x 

1·. i Método de. lo.& M-Cnimo.& Cua.dJLa.do.& 

7.2.1 Objeto 
E6ec..tua.IL la 1Le.Qite..6.<.6n Une.a.l o e.x.pone.nc.l..al, .&imple. o mú.t 

tiple., de. la. vaJLia.ble. X¡ .óO bJ:..e. .e.a. (.&) vaJt..lab.te. (.6) x2, ••• 1 xn a 

pa.IL.t.i.Jz. de. una. tabla de. "m" punto.& mue..&tiLale..& c.on la. .&..(gtúe.n.te. 

e o n6i.g uJtac...(ón: · 

Punto 1 
X¡ x2 1 X 1 ... 11 

1 ! 
l 

¡ 1 
• ¡ 

~1 -

ll1 lr i ! 
Pa.Jta e.6e.c.tua.Jt. el a.ju.&te. .&e. e.mp.te.a e.l mé.tocio de. lo.& m.llt.l

mo.6 c.uadJta.do.&. Ade.má.&, .&e p1topo1Lc..lo11a el coe.ó.lc...(e.n.te. de. coltll.e.
Ca.c..f.ón y la.ó de..& v.f.a.c..ion.c..6 e~ .tá.nda.IL de. lo.6 pa.ll.áme.tll.o.& de. .ta. c.u.JL 
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va.. 

La& C.U.ILVa.-6 de a.ju.6~e .6enán de! ~po: 

X¡ = A + A2X2 + A3X3 + • o • + A X l . 1 n n 
' ' 

r 6' A eA2X2 eA3X3 A X 
X¡ =e 1 ... e n ~t 

.) 
( 7. 6) 

Si ~~ de&ea. como cu4va de aju&~e u.n po!l"omlo de g4ado -

" { n- 1 ) " o ~ ea. : 

~olo ~ e ILeq ue1ti1Lá. 

o •• 
+ A xn-1 

11 2 

efie.c.~u.a.n e. .e. .6 l g ul e n:t e c.amblo 

x2 = x2 
x3 = x2 
x4 = X 2 

X xn-1 
lt = , 2 

e~ e! momento de piLopoiLc.lonaiL !o-6 da.to-6. 

7.2.2 Método 

'7. 7) 

d~ vaJt-i.ab le: 

( 1 • el 

Vada-6 ua conjunto de "m" ob-6 vwa.c.-i.one-6 de. !a. va.1úable. -

depend.le.n:te. X 
1 

.6 o bne. una o van,t:a-6 va.IL-i.a.b!e.-6 · lnde.pe.nd-le.nte.9. x2·, 

•• o, X .6e. bu..óc.ct a.ju..6ta.Jt. io& da.to-6 me.d-la.n.te. la. .6l9~e.n~e ·.c.unva.: n 

"" fi{X) = x1 = A1 + A2X2 + A3X3 + ••• + AnXn * (7.9} 

El valoiL de. lct va.Jtlab.e.e.. de.pe.nd-le.n~e. c.o1Lne..6pondle.n:te a..e. -

v~loiL de la.-6 va.n-la.ble.-6 .útde.pendle.n:te.-6 e.n un punto mue.-6 ;tlta.,f:. X,¡_ 

e~ xl,i' poiL lo que. el e.nnoiL Je~á: 

e. = 6(X.) '- x1 • 
~ ~ .~ 

e¿ =A¡ + A2x2,l + A3x3,l+ ... + Anxn,~- x7,l 

¡ 7. 1 o) 

( 7 • 7 1 ¡ 
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111 m . 2 
~ 2 ~r l 
~1 e~= ~1~1 + A2X2,~ + A3X3,~-+ ••. + An.Xn,~- x1,~ 

\j (7.12) 
pa!Ut o b tc.n eJt. c..t mútb11a de la .6 u.ma d c. la~ c.u.a.d.lta.d 0.6 de lo-6 e.Jtlt o 

Jt.C~ ~e deJti..va. la ex.p:tc.-6~611. (7.72) c.on ttc.6pec.to a lo.6 patuíme.tAo-6 

A. y c.ada una d~ la4 dc.lt~vada-6 ~e ~guala a c.elto palta .toda.]: 
J 

a 
a A • 

j 

m 

=z.:: .<.=1 

lo c.u.al 4e c.umple 4olo ~~: 
m n1 

• • • + 

... 

A X • n n,.(.. 
-· 2 

- X J 7 1 .f. 

+ A X • X¡ ·]· X. . n n,.(.. .~ j,.(.. 

=o (7.73) 

m 

A 
7 

L x . . + A 2 E . x2 . x . . + ••• 
i" 7 j, ..(. i= 7 ,.-<. j 1 ..(. 

+ A L; X .X.· . = 
n i..= 1 n., .(.. J,-<. 

m 
=¿ X 

1 
• X • • (. 7 • 1 4 ) 

,-<. j,.(.. 
.i=1 

al eva.tu.aJL ( 7. 1 4 )· paiLa toda 11 j" ~e .tiene: .. 

m Al <· A2 tX 2 . + __ ; A3I:X3 +- o -. • + A I:X = I:X 
' 

n n 1 

A7 tX2 
2 A3tx3x2 + A EX X2 I:X1X2 + A2tX2 + + • • . = n n 

• 
( 7 • /:: 1 • J ;J 1 

o 

A1rx + A2tX2X + A3tX3Xn + • • . + A tX2 = EX X 
kt ' j1 n n 1 n 



r 
i 

m 

o 

¿ X 
tt 

y 
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= 

• 

•. 

(7.76) 

Ae Jr.c.bo.tveJt e.t .6.<'..6tema. de ecu.a.c..l.one.ó (7.76) .óe obtienen 

los pa.Jt.áme:tJLo-6 Aj de ta cuJr.va. d·e Jr.egJLe-6.i.6n. 

, VentiLo del pito !Jic.a.ma .ó e. pta. n-tea. e.l .ó.l..ó tema. ·de e.c.uac...lo ne.ó 1 

o b.ie.n.lcl1do <e.a. .& uma.to1cla de lo-6 pu.n.to.ó mu.·e.ó.tlia.le.ó pa.Jta cada. va.

IL.la.~b.te, pa.1r.a. e.t c.u.adJtado de. ta. vaJL.la.ble. y pa.Jt.a. to.6 pito d.u.c..to-6 -
l 

. c.Jr.u.za.do.& o Et· .ó.l..ó.tema. de. ec.u.ac..i.o•te.ó .& e Jte.ó u.e-tve polt el método -
( 

de Ga.u-6.&-JoJr.dan mod.l.6lc.a.do • 

. El c.oe6-tc.i.e.n.te de. c.oJLJLe.la.c..i.6n .6-e. obUe.ne. de lá. · .6-i.gu.l.e.~.te. 
6oJr.ma.: 

}(. = 1 (23 ••• n) 
V~Jt.i.a.c.L6~ e.xpt.lc.a.da. 
va.Júa.C..i.ón .to.ta..e. 

1 
2 i 

\~- Ex¡ (23 ••• n) • 
= ~--~----t-X~~~----~~- (1o17} 

donde: 
2 

, tx 7 = ¿x2 tx2 
1.23 ••• n + 1(23 ••• n) (7.18} 

va.JL • .to.ta.t vcut.. no explicada. va.Jt. expUc.a.da. 

la.-6 c.ompone.nte.-6 de la. ec.u.á.c..i.6n ( 7. 7 8) e..ótán da.da..& poJL: 

m m 2 
¿ X 1 • - ( E X¡ • ) 

i=1 ,~ .l.=1 ~~ {7.19} 
m 

* x.=X-X 



¿ x2 = A2 1 (23 ••• n) 

rx x 
1 tt 

EX 
11 

: ; C¡ 

,.'"." -1 ú 1\. ·¡"'- 3 . • ' . \ 

(7.20) 

l 
1 

J (7.21) 

A to-6 .ti!Ji..mútoJ ele .e.aJ c.c.,wc.-l.one.J (7.79l!J (7.27) Je .f.e..~.>

el en 0111 Ln•t e..:::.:::.mc.n.toJ de v ctJt.i..ac.-l.Sn !f e o va.Jt...i.c~c.-Ló n Jt..c.,~ p r.cil v aniC?.n.tc., 

ya. qtte x = X - X y .t.(l va.I! .. Ütnc.i.a y c.o va.Jt...i..a.n.c.i.a .6 e de 6.i.nen c. o m o: 

o~ = E [x - {]
2 

(7.22) 

c.ov XY = E [X ~ X ] [v - v] (7.23) 

A c.ontinua.c..i..6n J e d;!.l.> c.}(..i.be la. obtenc.i6n de !a.-·deJ v.i..a.c...(_6n 

e~.>tánda.Jt.. de lo~.> paJt..ámetJt..o~.> A .• 
j 

Se de6.i..ne a lo~.> pJt..oduc.to~.> _X' X y X'~ como: 

r-
X' X = 1 

= 

x2 1 , 

X 
t.' 1 

:n 

rx 2. 

EX 
n 

1 • o • 1 

x 
2 

o •• -x 
n, n,m 

I:X 
2 

;:.x 
n 

1 

1 

1 

-l 

L 

o • • 

. . . 

-¡ 
X ! n, 1 l 

. 1 
! 

1 
1 

X. i 
n,m i 

-. ..... ! 

(7.24) 



1 .] 
1 
1 . 
· x2 1 

' 1 

.. 

• 

-¡ ¡- l 
1 1 

X 1, 1 . ! 

1 1 
x, ¡ X¡ 2 ... ,m , 

1 
1 , 1 
1 í 

• X 
tL,m_j _<mJ 

.-
l EX 
1 1 

·1 EX
1
X2 

1 
- 1 (7.25) -

• 
1 

l:X7Xnj 

~ea A eL ve~to~ de loJ pa~~me.t~o¿ de la ecuación de. ne.

E~e.~i6n, et ~.>i.ótema de e.cuacione.-6 (7.76) 4e puede de.no~a~ en 
t. C1..6 e .a lo a.ltte.Jt.i.o JL como: 

_(X'~) A - X' Y (:7.26} 

120 

C::c nd~e ~ ~ep:lte-6 e.n~a ·el. ve.c~o~ de va.loJLC.-6 mue..6 tJta.le.-6 de. la va.~la

tle. dependiente.. PoJL lo tanto: 

( v e.IL 

Y= X A + e·· 

·A= (X' X}- 7 X' Y 

(7.27) 

(1.28) 

Se a~.>u.me qu.e. la. ecuación de. ~egJLe4lón e.& de la fio1Ln1a: · 

Y=Xo< +E; (7.29) 

A pa.JLUIL de .e. a.-6 e xpJLe~.> lo n e-6 anteJLiolLe4 -6e puede d enw .6 .tJta.IL 

11.en. 1 ) qu.e. la. va.~ian~út de lo-6 paJtáme~o .6 A. e4tá. dada. paJe.: 
..(.. 

E (A - cq (~ - o<) 1 
2 -1 

(1.30} = a- l..Í X' X) 
2 / 

El. va.loJr. de o· 4 e obtiene. mediante la ex.piLe.J·.i.ón: 

cr 2 
= sL 2 3 • . • n (7.37) ... 

m-n 

donde. "m" JLe.plte.4e.nta la. ca.nt_,{_dad de. pu.ato-6 mu.e.6tltale.6 y "n" la 

Cln:Uda.d de vaJL.i.a.ble.-6 lnde.pe,¡d.i.e.nte-6. 

e e. 

PalLa e~ec~o~ de neg~e.4i6n exponencial de.l tipo: 

. . . (7.3~) 

e-~ e.t ve.c.toJt de. dlóe.Jte.ncla.-6 e.nt~e. lo-6 valolte.6 e..stima.do-6 u 
lo-6 valoJLe.-6 ne.a.le-6. 
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c.l phC'J lLama apt.<. c. a. e f. o p ClLC~d oJ:. "L n" ~ 11 a m 6 o -6 .t é><..nJ-i.. l'l. o 1.:, cie. ta e. c. u a. 

c.i.Sa _!í. 32) con. .to que. d.tc.ha e.xp1Le.-6.t6n .6 e .U.nea.t.<.za. y <? • .6-ta e.x.-

pJ:..r-~.(..é,: l.i.ne.a.t.<.za.da e.-6 lct que. .6 e u:t.it.lza. paiLa la ob.:t.e.nc..l6n de. 

lo-6 pa~ametJ:.o-6 A .• 
j 

7.2.3 Ve.J.:.c.IL.lpc..<.6n del PJtogJ:.ama 

a.) Su.b!Lu . .túta-6 r..e.que.IL.i.da.J.:. : 

SUBROUTI1VE SISTOR(N,M,C,A,B), plan-te.a e.t .6-i.-s-te.ma de. e-
cu.a.c.<.o nc.J Jterl cLe.tt.tdo pa.,o¡_a la. obte.;tc-i.6n. de. lo'~ pa.r...ált1C.

t~to.6 de la c.ctJ:.va de ILC!Jii..C..6.i.6n. 

SLlBIWUTINE GAUTOR(A,B,M,EPS,VET), obtiene. la ~.:,olu.e..(.6n 

de..t .6.i.J.te.llla de c.cu.ac..lonc.-6 me.d.ta.n.te. el método de. Cc[t:~ ¿

JoJtdan. Con.6ul:taJt el e.apltulo 3. 
SUBROUTINE ,\lllLHIA(A,B,N,M,'L,X), e.6e.c.tua pll.odu.c.:t.o-6 ¡r~_a.tiL.{.. 

clale.J. Con.óulta.Jt e.l c.apltu.to 2. 

SUBROLITINE MAT1NV(A,N,EPS,VET), obtiene. la. .i.nve.r..-6a de u

na matJL.i.z poiL e.t ml.todo de. Ga.u.-6.6-JoJLdan.. Con6u.lta.IL e.l 

capl.tu.lo 2 • 

SUBROUT1NE GRAFI[A,N,M), ob.t.te.~e. la g1Lá6.i.c.a de. lo-6 valo

lt.e.-6 mu.e.6.t1Lale..6 1J de. lo-6 va.loll.e.-6 e-6 timado.&. Co n-6 u.l:ta.n 

el ca.pl.tu1. o 1 • 

b)Ve.4c1L.lpc.<.6n de la-6 va.Jt.i.able.-6: 

Pa.Jta. la. .6 ubJtu.:t.ina S 1 STO R: 

N 

M 

C(I,J) 

A(I,J) 

B ( 1) 

SUM 

can :Ud ad dé. p u rcto-6 mu.e-6 :tJLCL!e.-6 

can:t.<.dad de vaJLlable..&, lnc.lu.ye.n.do la de. 
...... 

pen.~.<.e.n:te. 

vafolt. de. la va.J:.la.ble. X. paiLa el punto
j 

m u e-6 -tJtat 11 ,¿" 

nmtJt.<.z de. c.oe6.<.cle.n:te.6 del ~.:,.<.~.:,tema de e.
cu.ac.<.o nc..6 

ve.c:toJt de. .;::~r..m.lno-6 .tadepen.d.i..en:te-6 de..t é-l.~ 

:tC.Iil.-t de. e.c.u.ac..to nc.6 

vaJt..{.ab.te. que guaJtda. .ta .6 u..ma:toJtla de i..o-6 

pu.n.:to~ mue.Jthale.-6 

PaJta e.t pJtog~ama pJtlnc.tpal: 
1 

N cant-idad de. punto.& uiue.-6-t!La.le..ó 

~~ c.a.n:t.i.dacl de. vaJL.<.ab.C..e~ útc.tJ.Lue.ado ta. de.-



NTIPO 

C(I,J) 

A { 1, J) 

B ( 1) 

ET'S 

VET 

' 
PROV ( 1) 

CM(I,J) 

XTR { J, J) 

XI (i, J) 

A7 

VAR 
BVA~(I) 

ATEMP{I) 

::.) V.f.me.n.6io i'le..6: 
" 

122 

¡Je11d-i.en.:te 

vaJr..<.a.ble q u.e .f.nd-i.c.a. el .U.po de ltegJte~~-l.C ,

a e 6 ec..tu.a,t 

va.e.o~ de la va.Jt.f.able xj pa.lta. et punto -
llHL C..ó ;f.:Jr. a.l 11 J., 11 

tl1ct:t.'t.lz de c.oe¡).f.c.-len.te-6 del .6.f..6.tema. de. e

c.u.a.c.-i.one.6 

vec..tolt de :téJtm.i.no~ btdepead.f.cn.te.6 del .6.f.-~ 

.tenra. dr. ~.c.tr.a.c..f.o ne.ó 

c.ILJ..te.Jt.i.o pa.Jta. de.tetwJ.f.nctlt .6.f. el de.teJwr,(na.!:l. 

te de A e<!l nu..C.ú 

vcutla.b.tc. q u. e .i.nd.f.c.a. .6 .f. el deteltmi.na.n:te de 

la. ma..tk.i. z A e..6 o no n.u.lo 

.6umatolt-la6 de Lo.6 p!todu.c..to-6 c.~uza.do-6 X.X. 
' ' ~ j 

ma.tJr...i.z mod.l-6-lc.a.da. de i.a. ma..tlt.f.z e dond'e 

CM{I,7)=1 

ma..tiú z .:tr..an.6 pu.e.6 .ta de la. ma.~.f.z CM 

ma..tJt-i.z .f.nvelr..-64 deL pli.oduc.to ma..t.uc..f.a.L 
( XTR) ( C,\l) 

c.oeó.f.c..f.e.n.te de. c.oJtlte.la.c..f.6n 

va.lt.lanc.-la no .expti.c.a.da. 

de..6v.f.a.c.-l6n e.6tcinda1r. de lo.ó pa.r..áme.tlto-6 de 

la c.u.Jtvct de. lteg~te.6.f.6n 

valt-i.a.ble de r..ee.mpla.zo 

E.e. p1r.og1tama. e.ót.á. e.6tlr.uc.:tu.Jta.do pa.r..a. :tAa.baja.IL c.omo má.-: 

:Umo c.on c.-lnc.o vctlt-la.ble..6 .<.nde.pe.ncU.en.te-6. La. pltopo.6-l-
• 

c.-<.6~ VIMENSTON debehá. modi6ic.ct~.6e en el-ca6o de qu.e 

la ~a.ntida.d de. pu.nto.6 mu.e.6 tJtale.6 .6 ea. mctljOJt de 30. 

d) FoJÚua.t?.6 pMa. loJ da.:to.6 de c.n:t.'tacla.: 

SEC. TARJETAS FORMATO HJFOIZ~~lACTON 
--------------------------

{ 2 I 5, A4) N, M, NTI PO, paiLa. ta va.l1.i.a-

ble NTZPO .óe debe~t~ peJt6o

li.a~ LINE en el ea~o de ~e

gr..e~-i.6n Unea.t u EXPO paJtct 

Jte.gJte.&ión e.x.pottenc.-út!. 
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n 
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Cii,J) 1 lo6 elemento6 de 
la ma~~iz 6e dan columna 

po,i. c.olu.mtta.. Empleatc. .:ta.vL

.:ta6 ~a.~jeta4 c.omo 6ea.n ne 

c.e-6 a.Jt.la.-6. 

TARJCTA EN oLANCO, ) 1 • 

(( .,_ b .{.. -

naliza.~ toda la in6o~ma.-

c.i.6n 



CL·;i~ 
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), 

<\ ¿!_.o r--::::.-~ 
wr~ .... 

J, 

r oCÍlr¡J'L ~ ~ 
J, 

obtCJIC.It 

Ln (C(l, 111 

~M 6ub~iJ 
.tina. SlSTOR fJ 

1 

0 

-Ü>')J'ltJ!It/t 
ó.il>t~•u de 
~C.UliC.lCIÍU 

.Utv'II.UlVL 
llC4uft,ttf,,4 

obt'C.liC-'t C<'"¡'OIICJl· 
~C-i Va.t, r!O exp, 
IJ coc.6. d~ co'Ltc.
e<teJ.6n 

cb tCJH!A · nu Otú 
n:odt6~.c!Wa d::. 
v.:tlllll u nuu .tita -
!~4 

obtenCil ta. 
t'UUtWtte.Ha de 
ua nrtt.'tü 

Uanwr. Jubi!U- 1·; 
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rnGGRA''' P~qA crrcT~~n PE~nrsiJ, LI~EAL o EXPG~(UCI4L ~ULTIPLt 
(L SlG~IflC~UC CE LA~ VA~IA8LFS ENPL[A~AS (S 
r•=Cftq ¡r A~ c:r r,qr.~ u!_;sr:nLr:> 
1• n CA ~ ri r ~ :; l)( V .l R l ! ; l. E ~ ( 1 ~ C L U v (';o O LA 'i • O E P ( N O IE 11 TI: l 
llr!PC=HniA 1LC CU( l'HJICA (L ltr'O 0( k(GR(SlO!I A UECTVAR([l(PQ O 

L 111 E) 
CCJ,Jl·~~L~R CE LA v~q!AllE X(J) PAn~ EL PUNTO KUESTRAL 1 
CCI,1la¡AR!APL( OCPE~OIE~TE 
A•IIATR 11 CE CCU IC IE'ITO DCL S !STEHA UC !:CUAC IONES• QUE SIRV[H PA• 

RA [~CO~TqAR LOS P,nav(fqQS DE LA ru"CION DE R[CR[$ION 
U•Piq~YfTRCS OE LA F~~c¡ry~ rE REGRESIUN 
EPS•~ALCR CC~ EL Q~E SC CO~SIO(RA hULU EL OETERHINAHTE OC LA kA• 

TRJ1 A 
DET•~ILCR AlSOL~TC O~L DET~AYI~~NTE CE LA N¡TRI1 A 
f'RCil"S"•ATO'IIAS DE l1S PllCcuCTuS t,SUZADO'S CGtl LA Va O,!:P[hQI[HT[ 
:C~·~ATolZ ~GOIFICft~A nE LA ~\T~IZ C CQtiOE C~(¡,¡)et 
X!R~IRA~SPC[~T! O~ L~ •AT~iZ C~ 
Xl~~•ro¡z ~~~ERSA CEL oqoouCTO ~ATRICIAL XTR•CN 
OV,n•oFs~IACIOh ESTA,OIH OE LOS PARA~ETROS O 
V~R•VAQIACIO~ ~~ (X?LICAOA 
AlutcErlCI(~J( ~E COqR(L.C!OH 

LA rLNCICh 0[ RtCREStn~ [S CEL SIGUIENTf tiPO 
:u, 1 > • .e e 1 > • 'l e 2 >Y e 2 > • o e 1 1 x ( J > • , • • + o e M > x eH> 

Ol~(~SICH(S PARA OSTEN(q LOS P4RAHCTAOS OC L~ FuNCIOU OC R[GRCS%0~ 

1J 1}' t: ~S f 1'1'1 C C J ll P1 O) 1 XC 1 O ) •IJ ( 1 O)' A C1 O 1 1 O ¡,AH fl P (JO) 

DI~E~SICNES ~IRA OOT(N(R LA DESVIACIO~ ESTANOAR OC B(I) 
Dl~Eh~ICN.~~00(10)•C~(lO•lC>•XT~C10,l0)•XICIQ,10)•0VARClO) 

Vl~A -~/4~1(1)•4HX(2)D4h~(3)14HX(4)•4HX(~),4HX(6)14HXC7)•4H~(0),4HX 
H9l,5thC10l/ ' 

LECTIJPA DE cATOS 

I.PS•C·O~OO\lJI 
HE'A0(5o':Cl N•II1NTJfll 
lf(!l) ;lo2•'J 

:' CALL ntT 
3 00' 4 J •1, 11 
~ RE~OC5•5ll CC(l,J),la1,H) 

,LI.11•41'L IN( 

lfiPREStCN DE 

hRITEI6•52¡ ~•11 
HRITEC6o5J) (X(Jl•l•l,N) 
1.10 5 111 1'" 

5 IIRHEC6•54l CC(l,J),Jat,H> 
e 
C LL~IIAD~ DE SUBRUTINA PARA FOA~~R EL SlSTEHA DE ECUACIOK[S 
e 

e 
e 
e 

e 
e 
e 

e 

¡r,NTlPCo(Q,LIN) GO TO 26 
oc 25 1•1•1. 
AT~r•PC T >~c.< I • 1) 

25 CC(,l)aALCGCCCI•lll 
26 CA~L SISTQ~(N,~•C•~•A) 

lNPRESirN DEL S1STEH4 DE ECUACIONES 
., 

URlT<:€11•5~1) 
[JC 6 l u 1,11 

6 hRIT((6,550l (~(I•J)oJ•I•H)•B(!) 

LLAPADO OE SUORUYINA PARA r.ESOLVER EL SISTtWA DC tCUAClONCS 

CA ~rl li A U 1 C R (A 1 l1' 11 • (?~,O ET) 
Ir~oET•LE•EPS) GO TO 8 

C l~PRESICN D[ R~SULIA?OS 
e 

e 

IIIIITE<~•S5l 

u o : r r ·•,"' 
7 W~lf[(~•56l I•O(ll 

WRIT(C6,S52l NTlPO 

C UBiEHCION 0( SUHXCl)sAI 
e 

AIDQoO 
iiC 9 ¡a¡,~ 

9 AIPAI • C(!pl) 
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e 
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e 
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e 
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~·v 1\ T•l•ll 
.\2"0o0 
Al>\J,O 
llO 1 O J•l • U 
A'•A~ • C(J,Il•CCJ•ll 

lO A)•A) + C(J,J) 
l'llOO( l)oA2 • (~I•AJ)trL041(Nl 

11 CC"T trwr 
kRlT[C~•S4) (PRQD(1lDT•l•~> 

OOT(NCTC~ 0( VAA• NO [XPLIC~OA V DEL CO[ro DE ~QRRt~AeiON 

VAAdOoO 
oc 12 1•:? .. !1 

i2 V~R•VAq • U(,l•PRQ0(1) 
Al~SCQT!~~A/PRC~Cill 
~AR~PRC"(I) • ~~R 
V~R•VtQ/FLCAT(~·~) 
hHil[(f.,~4) VAA 

oc 1 ':i l• 1 •11 
llC :~ J•I•H 
IfCJ,(q,\) 00 TQ ll 
CI'C 1 ,Jl•CCI ,J) 
t.C TO 1 ~ 

ll C!ICI•JhloO 
14 CCNTir;t!t 
l5 'O'fTIN"[ 

" C boTtNCJrN CE C!l YRAHSPUESTA 
e 

e 

DO 16 l•l•li 
DO 16 J•l•l' 

16 XTRCJ•l~cCHCI•J) 

C 'LL~!Iar.o OE SUeRCllNA PARA tFECTUAñ PRODUCTO HATRlCthL 
e 

e 
e LL~!IACr. ot· SUDR~TINA PARA OBTENER LA HATRlZ I~V(R~A 
e 

e 

CALL ~4Tl~V(Xt•IJI[PS10(f) 
IFCCETolEoEPS) GO 10 19 
00 201 , .. 1•11 

201 IIAITE(6,54) (Xl(J,J)DJollll) 

e oBTENCirN DE LA OESVIACtON ESTA~OA~ DE LOS PARAHETROS 
e 

e 

.IJO i1 I,Dl•l' 
,-IJVAR(I)sVAR•XICld) 

17 DVAR(l)DSQRT(DVAR(I)l 

e JVPREStr~ DE CtErtCIC~trS Y DESVIACIONES (STANDAR 
·e 

e 

, lfR I TE ( 6, ~e) 
,00 1~ ¡;¡, .. 

lO hRJT[(~,5Q) e<Jl•D~¡~(I) 
,WRlJ((~•6.;) Al 

e 'R[ACC~"CO CE CATOS P~R4 ORartC4R VALQR~S RC~LES Y VALORES CSYI~Á0 

e IJOS Ce~ L• FUNCION OC ~EGRE~IQN 
e 

IFCuTtPO•\Eol[N) GO TO 27 
UO 21 Ie1•!1 
C~(I•tl•rLOAT(J) 
CI'CI•2,.CCl•O 
!!UtnrQ ,() 

DO ~C .1"2•1' 
20 S~M·~~u + C(l•J)oD(J) 

C~Cl•I'•D(I) + SUH 
21 CCP,Tto;t r 

1.C TC 3~ 
27 LJO 2Q 1•1•11 

Cl'( 1•1 hFLC~H l) 
(I'(J•2'"AT[:.tP(J) 

.. '! ~LJ~o(lP(0(l)) 
DO 2~ J•2•~ 

28 suw~su~•t1PCC([,J)QQ(J)) 

CI'(I~llvSIIII 
19 COPITINIJ( 

/ 
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·' 
C LLA~ICO 0( SU0~U1lhA PA~A QRAflCAR 

e 
e 
e 

30 CALL G~~fi(C~•U•l) 
I..C lO 1 

11 11 H 1 T (( !'> ' 5 7 ) 
GC TQ 1 

19 1tRIHC1,,61) 
c. o 1 o l 

FORwlf~S CE LECTURA C I~PRCSIO~ 
' 

50 FGAv&tr?t5•A4) 
st rcR~&Tt~rt:.o> 
52 fCR~AT(I~I•SC/)o5X•l~HLI CANTtJ~O DE PUNTOS HU(S~RALES ES •I5•)C/) 

I•S,,~d''LA CANTH~O 0!: ~AR!A8l(~ ES ,!Si 
53 rcq~&T(///oS(Ilol01o26~LOS V~LQq(S HUESTRALCS SOij•///,~X•A5,9(7X•A 

1:.), ¡1) 
o; 4 ,· ¡,; 11 '' 1 T 1 1 • 'X 1 1 0 ( 1 1' ( 11 , 4 • 1 • l ) 
~~· 1 :'lliJ4TUIIo~Cild1:1, l7~L'1S COr.t"ICIENTES OC LA fUtiCION OC IIEQRI:SlON 

1 s e 11 , 11 , ~ 6 :1 , 1 ~ 1 , 1 7 ' , '~ r. e 1 > , 1 > 
5ft IJNviT(/,,St•l2oi01•!Pr¡5,el 
57 fG~i"&TC~(I),'lXo4í.'ti(L SISH~A OC fCUACIOI<ES NO T¡[NC SOLUCION, 
5~ FC~v&TCIHI•JtlloiOX,,Q~L\S OEsvtatiOhES ESTANCAn DE LOS COEFlCIENT 

llS SCNoi/•4~1•4~P(ll,21X•4~0•Se•//) 
59 ICR~&TCt,~'X•2(1PEI5o~o\0Xl) 
60 ICRu,TC5Cil,~~.)aH[L CC[FICIENTE DE CORRELAClOU ES 1lPEl5o8) 
61 FCR~•TC5CI),5'•3?H\O E~IST( LA !~VERSA 0[ LA HAtRlZ EHPLEAOA PARA 

\C~LCUl~n lAS úc5VI~CIO~(~ tSTA~JARl 
~50 fCR~AT(I•2X,\P(IO•l•\0(\X•tP(\Ool)) 
551 FC~P4l<lHI•5CJ),~X•27HEL SISTE~A 0( ECUACIONES CS•/) 
552 FOR~AT(//,5X•2tHTlPO DE R[QRESION IA4) 

[liD 
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e 
C ~COUUTT~A PAq~ PI AhTrAq (l SfSI~~A 0[ ECU~CIOU(S OU( P(RWJTr ODTC• 
e N lll l 1' S 1' a H A ~ r 1 n 11 S ll C L'l A r U N C l 1 !1 C L R ( G R ( S l O 11 L l r¡ CAL ~U L T 1 P L ( 
C lL S 1 G 1 ll l CAD C ~ r L \ ~ V Ull ~ ·11. f S C H P L (A 0 A S I:S 
e I:'CANTl{.AQ Cf r1..r1TCS "IJr)fGH(S 
C uac,\l.lli:Afl CE 'oRIUI.l'SCl~CLUy("IOO LA Q[f>(tWlOITC> 
C C(J,J)uvALCil 0( LA v'n¡~BL[ XCJI PARA EL PUNTO ~UESTRAL 
e A•PAfRll C( COEI ICll~'ES OEL SISTL'A DE ECUACION[S 
C O•VCCTilr. OC TERI'INOS l~>I')CP(NO(E'¡T(S Oí:L SISHHA OC (CU..ICIOIIC. 
e 
C ll PLA~TC4~IENTG APRnVECH~ LAS C4RACTCRISTICAS DE SIUrT~IA DC LA 

~e IIA TR 11 A 
e 

~¡w¡;'SlON CCJO,IO),A(IC•101•DC10) 
e 
C UD1C~CION DEL SISICH' DE ECUACIONES 
e 

Atl.Jl•r. 
(10 r. 1 "l ... 
¡rcr.~r.ll ca TO 4 
S\;1'30, o 
uO 1 J•J•IC 
:.uv~so~ • CCJol) 
IJ{f)"SIJV 
1 r 1 = 1 + 1 
OC l Ja¡p¡,l' 
.óUH2'lo J . 
00 2 K•llt. 

2 s~~·su4 t CCK1Jl 
A C 1'• J l • S U 11' 
A(J, r l•su,.-

l CONTIN"IE 
C.O TO ~ 

4 SU'<:'l.J 
úC ~ J•a•fi 

S ~UN•SU4 • CCJ,¡)oC(J,ll 
UCI>•S''" 
UG 7 J 2 1111 
:;u"·,c .0 
úG 6 K"l•h 

6 SU~aS~4 + CCK,J)•CCK-Jl 
A(l,Jl 2 SUU 
A(J,(l 0 SU!I 

7 CONi !IIIIE 
6 CONTHII'~ 

RETURN 
tkD 

fig 1.4 Li6tado de la 6ubnutLna SZSTC~ 
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7.2 • .-J Ljcmplo 

c. a (!.11 

L u~.) ·JCtlo tr.e.: C' b.6 e.Jtvado.6 íJ'VLa. .ta. demanda. de ene.Jtg-f.a e.l{.c.:tJL..[ 
e v ·"· ,se c.:toJL 

,\MO 

1962 

7963 

1964 

79 6 5 

7966 

7967 

i96S 

7969 

79 io 
·' 

79 77 

19 72 

19 7 3 

ne.6ide.ncia.l de.6de. 1962 ha6la 7973 6on: 

VC:M!\NVA RESTVENCIAL (M(lJI{) 
1418.757 

1578.572 

1816.236 

1970.987 

2256.216 

2548.05 

2803.79 

3152.095 

3582.568 

3979.667 

4437.655 

4930. 797 

S-i. .6 e 6_abe qu.e. la de.111anda de. envz.g.Ca. e.léc.tJt.i.c.a. .6 e? e.ncu.e.n

:tJLa. e.6tJte.c.ha.rde.nte. Jz.e.lac.-i.ona.da. c.on e.l tiempo, e.l PNB,. la. pobla.-

c.-i.6n g e.l pltodu.c.to btr.u.to del 6e.c.toJt e.l~c.tlt-i.c.o del año a.nte.~oll.. 

Obtenga u.na c.u.Jtva de tipo Une.a.l y otJta. de tipo e.x.pone.nc.-La..l qu.e. 

.6 e a. j tt.6 te. lo m e jo JL p o .6 -i.bl e a lo6 val o Jt.e..6 mu.e..6 tltal e.6 de la. de.ma.n 

da. 11. e-6 -i. d e.I'L u a.l d e e n e 1t 9 .t a. . el é c. t.JL,{; e a. • 

TABLA 7.1 Va..to6 del plt.oble.ma. del ejemplo 7.2.4 

N = 7 2 

M = 4 

NT1?0 = LINE 6 EXPO 



~ : ·~:' .. 'tDA 1~CS1V. TI t :.1P~1 PNB POGLAClQ,\J PB CF[ - ] 

1-115.75'1 6Z. 165310. 37439. 16 o 9 • 

1578.572 6 3. 178516. 38727. 1 7 53 o 

1516.236 64. 799390. 40059. 2170. 

1•J70.9SJ. 65. 212320. 1/14 3 7 • 2529. 

~256.'.?16 66. 227037. t/2863. 2 7 6 9. 

25·1~.05 67. 2412'/Z. 44338. 3 15 7 •. 

?S03. 79 6 S. 260901. 45863. 3533. 

3152.095 ó9. 277400. 47441. 4 2 2 S. 

3552.5[,8 70. '1.96ó00. 49031. 4 8 12 • 

3979.667 7 1 • 306800 • 50778. 5357. 

./431.655 72 o 329100. 52539. 5784. 

49;)0. 19'/ 73. 354100. 54560. 6297. 

TABLA 1.2 Re~ultado~ del pnoblema de. ejemplo 7~2.4 

1 :;> 1 
• J 1 
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Vl/ )ULUCION ECUACIONES DIFERH~Cl1\LES Or\DIN/\i\lAS. 

los ecuaciones difcrencialc:. ordinw ios son aquellos en las que la vario-

blc dependiente es funci6n de una sola variable independiente : 

~· y(n) =(X, Y, Y•, ... , y(n-1)) 

e~) Método de Eu 1 cr 

Se trator6 el caso de ecuaciones d_iferenciales ordinarios de primer orden : 

d y= y• dx 

:.'.Jbstituyendo por los incrementos en la exprcsi6n on~erior se ti~ne : 

(VI.O) 
1 

Tomando.un punto inicial para arrancar y conservando un incremento cons 

tontc /~x se obtiene la sigui en~e r6rmulo iterativa : 

Y1=Y0 +Y' 

Y2 =Yl +Y' 

o, 

o 

;nt 1 = Y n + Y' l 

* y(n) =:: d 0 .Y 
dXn 

~X 
(Xo, y o) 

Dx 
(X,, yi) 

6x 
(Xr¡, "' •n; 

(VI.l) 



; 7 .. 

La ecuaci6n Vi .1 nos da la f6rrn.;ia recursiva de Euler. Para e:.~~ .. - ... . ........ 

el. mé::::.Jo se requiere que /1x sea pequei'io y ademús contar con un purt':i :e 

'i:ni cio (X0 ,. Y 0 ) • El error producido e~ del orden de b X2
• 

¡:¡ proccdimicn~o b6sico es ei mismo 3olo que para coda Y¡+1 ;~ ~cce 

" d . t • 1 1 b • f • - ¡. ' '· u:na s0., . .: e· 1. erac1oncs con os va ores o tcn10os succs¡vJme¡ .. e oc 1 ;-:-1 14 -

fin de obtener el valor m6s exacto-de Yi+! . 

Al tener : 

_ (vt.2) 

se efectúan las siguientes iteraciones: 

.)'. 

'( . .... 
Ltl: '(~ + 

y asi sucesivamente hasta que 

,.., 
"'"' 

,.... 
'· 

~~. ',/ !'-¿ e - l· L~ 
't.+l L.·( ~ l 

1 

' 
' 



7a ... 

ctl cump!irsc,se procede<.: obtener Y¡ +2 y osrsucesivomente. 

Al igual que ~-:n el método anterior es necesario emplear incremen• 

tos ( L\ x) pec¡ucños. El error producid~) e-s del orden f:lx3. 

e) Mél·odo de Runre - Kutta 

tsi"~ m~todo util;zo las f6nnulc;s de intcgroci6r. antes viste paro !legor 
-~ 

,, o lo obtención do su propio f6rmula recursivo. Dicho proceso os bg¡tonte 

laborioso por lo que no se trotará. 

l.a sofuci6n poro una ecuaci6~ diferencial c!c primer orden -Y'=I(x,y) 

c~t6 dada por : 

donde : 

_ ~Y.,.= ~-'X. ( 1<'o + 2 K~ ·r 2 1<2 .;-l(s) 
~ 

l(o = f. ( X~ 7 Y Vi) 

K, = f ( )e, + ~~ x y v· .¡ .. 
-- :> ¡ . z 

1<: z. -= ( ( '/. 1'¡ ~ ~.x .. Y~ + 
2. , ' 

K~= ~ ( 'JV).¡. Lx) Y~+ 

k~ ~X J 
2 

!<1 ~~ 
2. 

1<2.) 



Lú formula anterior es la ele Rungc--l<ulla de f.o. orclen, hny otoas-

fórmulus con mayor c~nlidad de h~rminos que se obtienen ernpleando-difcre~ 

cías de mayor orden al deducir la f6rmula. 

Los par6mctros K¡ representan la pendiente de la funci6n en los----

puilros en que se estó evo! uando. El método da un error del orden de ~ ·;:5-

y es uno de los rn6s precisos. 

Obicner la solución de la ecuación diferencial Y'::; 1 -X+4 y para~-

5 punlo:. cor~1S0Culivos empleando los na6lodo~ ele Eulcr, Eulc~ meioracio y Rún-

gc - Kutta usando un incremcnlo /;Jx= 0.1. Comparar dichos valores con la 

so!uci0n real si X0 = O, Y 0 == 1 . 

Sol. 

La soluci6n exacta está dada por 

Y
7

-4Y~~-X 

Yh =- e e-4x 

-Yr= A +Bx 

., . -~ 4A - L1"BY. -· 1-X 

¡ 

..q 
'{(o)= ),: C-1 -A 

' 



.. r.. ¡ 

,(:. í 6rmu:o!i de solución para lo:> métodos son : 

8G.-

(Euler) 

A 1 
Euicr mejorado 

V - ,, ,_ 
)\'\- ''~~·• -, 

Yn =. '(,., + Ali L K,+ 21<2 +2 Í~;} ·~· k'4] 
G 

\(, .= ~ (X Y,•l1 '(f1u l~ 

\<'2.:: (- (x(l-• -:· b-:6 , Yr1-1 + ~, 6.x) 
2 2. 

Runge KuHa 

~ (X()., ·l~ t.'6. > Y",-• + ~i 6 x '; 
2 2 

los soluciones se muestron en lo siguiente tcbla: 
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,--.:--1---fl-·-]-· TR 
~-~:-~--~~(-¡ Eulcr E. Mcj. " R.Kutlo ----·-: 

o ~~ l. ¡__ l. l_2_. --+--··1_. __ , 

_~---~ ·O .1 1.5 i.595 1 . 1.608 t. f-09 l M· -----· 
t 2 1 . o.?. 2 . 19 2 .4ó3 2 . 505 2 . 505 

~ 3~-_-0-.3-·¡l--3-.-, ~.-.6--!-~-_3_.7_3_?==~-~,.-_3_._8_2?_-j·,__3_._8_30_1 

'"-' L...Q!~-~~-L-~ _.7_7_L._f -+1---~-' 6_0_9 __ , __ 5_, 7_9_2_-!-_5_._7_9_4_¡ 

·-Real 

5 0.5 l 8.369 8.709 '8.712 

· d) Dif crcncias finilas 

Este método se emplea cuando se tienen probl emes con valores en lo 

··f.·ontero. 

El procedimiento consiste en lo'siguienle: dividi.r el intervalo de i!1, 

·.legración en "n" espacios iguales, emplear los fórmulas de der.ivación de 

'difercncias
1

-finitos .en lo ecuación diferencial (todos los diferenc·ias deben~-

'-ser del mismo orden), substit_u-ir las condiciones de ·frontero y ,por .úl rimo~ré-

solver el sistema de ecuaciones plonreado. Se tiene que apl icor el opera-

'dor difer·encial-o todos los pivotes del ¡ni ervolo. 

Ej ernplo 

·Resolver lo ecuoci611 diferencial d2 )'? -y= O, en el int.crvolo (0;1) 

c.: x2 
~si y(G) =0, y(l) = 1 



.j,~ divide el intervalo en 11 n 11 pe.; le~ igualesJ sc:Jn 4 en este caso : 

b, X= ·1 -O =O .25 

._mpl eanclo diferencias de 2o. ore! en : 

-
Y¡ 11 = __ 1_

2 
( Y¡ __ 1 - 2 Y¡+ Y¡+¡ ~ 

(!::.X/ 

~Jbti ~uyenclo en la ecuación diferencio! : 

-y.= o 
1 

Y¡ -1 - L • O 62 5 Y¡ + Y¡ + 1 = O 

las condiciones de frontera son : 

y =O o 

opliccmdo Vl.4 en los pivote:. 



~<, = 0.25 

- 2 o 062 5 y 1 + y 2 = o 

y 1 - 2 o 062 5 y 2 + y 3 = o 

V? - 2 , 062 5 '( 3 + y 4 = Q 

el sisterr.a de ecuaciones es : 

- 2.062 y1 + y2 = o 

y 1 - 2 . 062 y 2 + y 3 = o 

de donde : 

y1 = 0.216 

y 2 ==o .445 

y3 = 0.701 

y 2 - 2 . 062 y 3 = - 1 

83.-

(VI .5) 

(Vl.6) 

{VI.7 

NOTA: Cuando se trota de ecuocior>es.difercnciales de mayor o;den y st.-

cuenta como condiciones y"= O, etc., hay que substituir en dichas ecuoci~ 

nes les f0rmulns de diferencias y despejar de ohr las condiciones de fron~eia-. 
desconocidas. 



1 O. 4 .So.tuc..i.6n de. SL.s.te.'ma.-6 de Ec.ua.c.-i.one.4 t),(,~e..he..,¡c...{.a.Ze.-6 L.<..ne.a..te.~.> 

N~ llumog~n.e.a..& ele. PIL.t.me.IL 0Jc.den 

JO. 4. 1 O ó j e.to 

Ob tc.ae.IL la .so!u.c..t.úv:. de -6..i..o.te.11ut-6 de. e.c.u.ac...tone.. . .s d.lóetL.c.a.:.<..a..

tc .. ~ nu ;;o,¡Jogé.l-:.c.a.-6, .firuud'.e..ó, di pl:...i.me.IL olLc!.e.n m~cl é:¡,¡-t;e. e..t mé.todo 

de. Va.Ju~c .. c..{.6¡;. de Pa.Jtán:~.tJto . .s. 

La. llc.phe~ e.n:t.a.c...t6a en 6oJ.:.¡¡¡a ma..tJtlc.-i.a..t pa.J¡_a.. e . .s :te Upo de . 

.ó i..-" :¡.\'.:Jict~ de. e.c.u.a.c.i.u nc.-6 á.i 6 e.J.:.c.n c.úcte.-6 e.&: 

.'.J .t} ::: ~- X ( .t) + B i!_ ( .t} (10.16) 

X { .tO) ::: ~D 

d (Ji~ de !:!_ { t) Jt epi!. e_-6 en ta e..t v e.c..totc. de. e.n.tr..a.da . .s e. x.tvc.na.-6 .& ..¿ .& e. ha.-

b.ta de .si-6 .le.uJcc..ó (J.[¿ -le. o.&. 

Vc.b-i.do ce. qu.e c.u.a.n.do .&e mode.[a.lt .ó.L6.te.n;a.~ d.i.J¡,{[,¡¡.{.c.o-6 .t.tne.a.~e.-6 

.ta..& ¿al-<. dct-6 no -6 .¿ emp te. e c. oJUc. e. J.. p o n.d e rt a. .ta.-6 v a.IL-i.a b .<: e.-6 emplea. cla.ó 

c.n la.& e.c.ua.~..tone..ó dl6eJte.nc.ia.le.J.J, en e.&te pll.ogll.ama. .6e c.on.&-i.de.~a 

la. tc.e.ptc.e.-6 e.nta.c.i6n c. o mple.:ta. mc.cU.((.n.te. va.tc..<.able..& de. e.-6 .ta.do de. un 

t~.&.te.ma lineal, la c.u.al e..&: 

. ¡ X(.t}= A ~( .t) + BU ( .t) 
! 

Y(.t)= CX(.t) + VU(.t} ~ 
( 

( -1 o • 1 7} 

1 

x ¡ .to l X o 
~ 

= ¡ 

) 
donde. Y[.t} ll.e.pll.e..6e.nta. e.l ve.c..ton de. .óa.l.<.da-6 del .6..i..&.tema. 

1 u. 4. 2 ~-!é.;tádo · 

E.t mé.todo de. va.Jt-i.a.c.i61t de. pa.r..ámc..t.'i..o~ e.-~.ta.blec.e. qu.e. ..:a .!Jo

.C.uc..(é;(dc..t ¿¡¿,.:,.tu,:a. de. ~.c.u.a.c.iol'l.c.,~ d.t6e.'tCliC.út('2.j .e..t.nec:..¿e~ ( 1 O. 77} 

.t.(. ~-11 C. p u IL ..S O (. U. c..{. Ú H : 

X ( .t) (10.JS) 



• 

1 .~ 1 
L J(J 

/1.(-t: - :t 1 do 1:1. d ::.. ~ :L !il a.l11.-i.. <: e..- O e..-~ la Yl'cctJr....¿ z de.. :tlw.n-~ -<..c. i. 6 n de.~ -<..ni. do. 

en. .ta. -~ ·.cci.6n. 1 O. 3. 2. 

Po~ lo tanto ~a ¿o!uci.6n lo~al 4el!.~ la ~wna de la l!.~ópue..~ 

.ta. deb.ú{Ll ci R..M c.ondi.c.-i..one..,) i.n.i.c..i.af.c.-6 m~4 la. l!.e...ópue...óta. de.bi.da 

a la.!! ~>:c..¿.tac..i.o ne..b e.xte..ttvu~ . .ó. Pcuw. .ta. p1Li.me..J~a. pc<.JL:te.. de.. la .6 ú.f.~

c..iGn .óe.. di..óc~;ti.6 .6u obte..~c.i.6n e..n. la .6~c.ci6n. 10.3.2. 

V:~do que. e! p1tú1e..11. :té:~m.{no de.. út -!!oluci.6n. .óe. e..va.R..Li.a me"'

d¿a.¡·~.te tuta e..vo.tu.ci.6n de e...ó:Lado-6 a i.n.c.Jte.;¡¡e,¡-..to,~ i.gua.le...ó de: .Uc.mpo, 

.f.<l .6egu,uitt 1Ja.Jt.te de.. la. .tJO.f.t¿c.i.6n: 

(70.79) 

.ta.tnb..¿é.n .6 c. eva..taa.ILá t1 iltCJt.e.me..n.to-6 .<.gua.le...ó de.. tie.rnpo. 

Pa.JLa. pode.IL e..vrA..e.u~vc. J.?.a e..x.p!Le...ói.6n. ( 7 O. 79} me..di.a.n:te.. .frc. compu.

ta.d:o!La. .6 e ·,c.equ.i.e..Jc.e dL6c.fi.c..tl.zcuc. e..l ve.c.:toJ:. de e.HtiLa.dM U(.t), a.--

pltaxi.rria.nclc · ca.da e.;t.tJutda. u. (.t) me..di.a.r.te.. . pul.óo.ó o JLe..c..tcw 

como .6 e nme.-6 :tJc.cL a. c.on.tin.ua.c.i.6n: 

¡\ u(.t) ~ u.(.t) 

Fi..g. 10.10 Apl!.ox.Lm~.tc.i.6n de. u.na. óu.nc..<.án me..di.a.n.te: 

a) pul.óo.ó b)ttc.c.ta.-6 

r ,, e.t p1w _91ta1ML .6 e ap11.o x.i.ma. la. 6 Lutc.i.ún tt ( t) mc.d-i.a.n:~e. Jt~c

;ta¿¡, {Cj (' C.LUtC.i.OHC.f.J HC.C.C,/¡ctl:.ta.ó paiLa. .f.ct ('.VLl.ÚUt·Ci.Óit de. ( 1'0. 19) .6 C. 

d (!..~.aiLIL.J U: cUL Ct C. O I'!.Ültu.Ci C .. t Ór:. • 

Sc.a .e.a ówtci.ón tt(.Lj ti:of.J.thcuict e.n .ta 6L.Qlt:,.-t 10.¡1 

l 
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'l' 
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¡ 
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/i 
l! 

1 
f 

1 

i 
i 1 
l ' 1 
1 i, 1 1 

-
! ----- ;-----r----,~--------------~:~ 

o 

2 ; ·¡ 
,1. 

• 

F.f.g. 1 O. 7 1 FLL n c.-i.6n u í .t) lJ -6 u. ap1w x.<.mc{.e:.-i.úrz. mecUc~~·;.te. 

ww Jtec..ta. c.n e.f. bL:tuwa.to t 0 a. .t0 + :t 

Se de~ea evalu.a~.la exp~te6i6n (10.19} pe~to: 

r ... ;t. 
\ v 

A.t \ -Ar1 
= e- \ e - ~ U ( a } d a 

<?.va.tt..w.ado de t 0 

\.to + t:.t 

\ A(t -\ e-• 
-A a e - BU( a }da !10.21j 

") L 

"--O 

---~fe t~i -6 ¡ D u-ii.Ct_l_ o~- 1 -1 .6 -e -o [j¿-eJLVii. --que: -- - -- -----

u(a),g 
u.(.to + t:..t) - u.(tvl. 

·~b~.t<.t;.tyendo (10.22) 
,, [).,t. 

M.~- e-Aa B U(a 
.... J 

-U(;t } - o + 
r A 
\ e.- t:..t 
! .... 

en. ( 7 o • 2 1 ) : 

a :: 

(' f:.-t 

\ 
~ 

\...) o 

r (ó:t 
i A At \ - A a da 1 Le- j 

0 
e - a J 

' 
-Aa J¡ e - d a B L(( .t O ) 

' 1 o . z 2 ; 



/ 

/ 
1 

- \a 
(: - - I 

' ('. ó -l-

- Aa 
·T~ 

z 2 
+ A a 
~ 3. 

a 5 
+ ••.• (10.24) 

A t:..t \ -t. -Aa 
e- j e 

o 
adcr :: I( ~.t) 2 

---¡;-r--
2 • 

+ • • • + A n ( 1J. .t ) n + 2 + • • • ( 1 O • 2 5 ) 
·cn+-zT!"" 

~ I [ ll.t) + • • • + 

Pruu:t .C.rt c.vcr..tu.cu~ .. ¿6Jt de. f.c_.~ .tJC.JL-i..C.-6 (10.25) t:f (10.26) la. c.an-

;t.[dctd de. t.é}¡_t·i.ü:.o-6 a c.r;;p.te.aiL de.pc.nclc.J¡,á de !a exo.c..tJ..:tttd de1.1 cada.. 

~-·se óJ..ja. w1 c.Ju.tc.JLJ..c de. c.onvc.Jtgc.nc.ia. S :tal que. -6-i. ~ Jtep1L(j-4en.:ta 

a .ta tllatlt-Lz de la .6V:.-Le (10.25) y W a .ta ma.tJti.z de .ta I:JeJt.i.e.. 

(10.26), 1.1e c.umpla gue: 

1 
z ~ ·~ + 1 ) 

-<..j 

l , ( n+ 1) 
(() .. 

-<..j 

Z ;.Jvi_) j < e d . "" 0 palta :to a .i.J 
( 10. 27) 

CotJJo lai .6elt-i..e.6 (10.25) y (10.26) ~:Jo!o dependen del e-~pa

c.ia¡¡¡.{.ento, ~e .tc.ndJLán que e.valuaJL una .6 ola vez. 

En el phoghama. pana. ob~ene.Jt la 1telac..i.6n (10.24) hay que 

evaluan el vc.c..toJ¡_ de. enin~dai:J Q(l) en c.ada uno de .to4 pun.to~ 

en que .6e 1.1ubdlvlde el ln:tenvalo de ln.tegnac.-L6n. 

En .téJunJ..no-6 geneJta.C.eó et pr..oc.e-6o a .6egui.Jt e.6: 

G) 
0 

o • d .t . . ,. A { .6 .t) c.vatua:t -<-ct ma.tll-1.z e tutn-6-<..C.-<.un e-
(10.25) IJ (10. 

2 6 ) 

0 ob.teneJt la ILC.·~pue.j.ta debida a ta-6 C.Oií.C:.-Lc.J..o¡~C.-5 J..ni.c..[ct 

leó paJtcL :t. 
-<. 

-------·-------------- .. ____ _ 
ILC.phc.6 r.11 ta e .. e. e.C.C.lt'IC.n.to z; ; ele la ma.t:t.{.z Z c.o;;¡puc. ~ ~:t ¡.1 f' ~~ 
la ~w,¡a.l.I.Jit-tct de. 1'n" téiLHl·u:.o-6. 



,.--. 
' . \ e v rl t.. u.~lJL \ ·: ) 
'- ./ 

.t:e.JuLa.-6 mc.cU.a.J·L-tc. la. lr.e..f..u .. éútt í 1 O. Z 3 í 
~ (i) ha..c.c.h . .i=,¿-1·7 :; ILC..filLC..6cVL c...t pa.óo G h.U4..ta. ba.JOteiL -to-

d,) el i._n.te.J;.vcd!_ ~· de .<.n.iey~ac..f..ó n. 

10.3.5. 
~·rpn·1t¡·~ 1 .,r.: ¡• 1--o;::;r•r-•r ,, .~ -.. ,,¡\} 

..)lo:.)I,Vl 1 l\11.. -~ 1 r L. l 1.1~ L. 1 1\1 1 ,1 1 .'::i~;t¡r 1 o b,U .. c.ae la ma:tJL-iz de.. 

la .6e.Jr..i .. e. (10.::6); e,~.t.1 ex.pJte..6-i6n óe emplea palla. e..vü.

llUUi.. .¿a. lí.i?..·~ p u c .. ~ .-ta. d c. b.i. da. a. la .t. e x.c.,(..ta c..i.o a e-6 e xteAH c. . ..<. 

SUGí<1H!TINE INTRE(VELT,M,A,RECTA), eva.lu.a. la. expll.e.6-i6n 

dada poll. la .6c.n-ie de la. ec.u.a.c.iún {70.25); ef..~a. ex-

p~c.6.<.6n .6e u~il-iza. pana. c.alc.ulall. la. ll.ef..pue.t.t~ debida. 

a la.l> exc.Lta.c.ione-6 ex.tc.Jwa,~. 

S l/BROUTI NE WIL TMA {A, B, N 1 A{, l. 1 X} , o b.U e_,¿ e, el pilo du.c.to ti . .:-t

tniciat AB. Con.6ultaiL et c.a.p~tuto 2. 

SUGROUTINE GRAFI(A,N,M), giLa.é.i.c.a la.J 6oluc.lone6 de. la.-6 

vaJt.ia.ble-6 clc.pc.nd..Len:te-6 y de la..& Jte-6 pu.e6 ta.-6 del .6-i-6-

terna. Con6ulta.IL e.l c.apl~ulo 7. 
SUBROUTINE EXCITA(T, F),. evcctua. el vec..toll.. d·e. e.n.tlla.4~.6 -

U(tl en el in~tante t~. 
b)Ve~c1Llpcl6n del~~ va~iablc.~: 

Pctli.a.--i.a~-~-Úbll.ui.Ltta --1 NTPE-: 

VELT 

M 

' (- Jl 1\ l 1 J 

EPS 

SUMA(T,J} 

c.v 
VIV 

(',., 1 ·r 7, 
• ol\ \ l • J 

e~pac.ia.mieh~O ent~e. lo4 va.lo~e6 de la. 

v aJt.ia.b le ~l'l ckpeH d-i ~.n.te 
c.a11.:t.J.da.d de. C-C.UC~(~ÜilC./~ dlS~!:.C.ILC..i.a . .lc-~ 

¡;¡c(.:tJL.iz de. eoc.~ílc.-éc.n-~¿~ cc·n~.tc~.n.te.~ d~ . .t 
.6.i6.tc.ma. de c.c.uac~onc.J di6c.~c.nc.iGle4 

C.JLi;tC.!t_{_o d C C. O iL V C.·'l.::) C. H C..¿a, 

ma..Uúz r..e.~ uLt.a.¡:te de. ev ~<-.tua.lt .ltt ~ eJúe 

contado~ de -<.tc.hac.ionc.~ 

6ac.to~iat divi6~1t 

.tacJLc.men.t..u e{¿ Ut vcu .. .ia.!::d.e iHdepead.i.c;l.tc. 

elc.vc(.clo a. .C.a .,po.te.nc.ia. 11 11
11 

ma tn.Lz . .<.de.;! t.édad 



b ( T, J) 

X ( I, J) 

P (1. ·\.a la 

1/t".i.T 

ma:{.ir.-i.z. Á e.le.vcldct a la. po:ée.nc.-<.a 11 n" 

¡¡1ct.t:JL.ü !te.~~ u.t.ta.n-\.e. del P'LO du.c..to 1\B 

.6 tLb,.w :ttnct r N TI~ E: 

e.-6 pac.,f.a.m-<.e.n.to e.n.tJLe lo-6 va.toJLe-6 de la. 

v a.Jt.t ab .C. e -<. 11 dc.p eH d-<. c.n:t e. 
c.a.n~[dad de. ec.u.ac.-<.one.-6 d-<.6e!te.nc.-<.ale.-6 

ma.tJL-<.z de. c. o e. 6-<.c-<.en.te..s del -6 .<..s .tema de. 

e.c.u..ac.-<.o He-~ d-<. 6 C.:Le.nc.-<.a.f.e.-6 

¡¿ECTA(I,J) nJtLt-'L,f.z li.C.-~u.t.ta.nte. de. e.va.C.u.aiL la. -.6e.Jt.(.e 

.., ¡1 A "f ·r ~ J 
l-1':11,~,J 

... , ... J) 
/\. 1 l. i 

l: 1' S 

TN[W 

CN 

¡j~a.tJr.i.z (:_ e.te.va.da a .ta poú:..-.cút 11 i7. 1
¡ 

ma.tn-<.z Jte.6u.ltan~e. del p!todu.c..to A& 

C)L.{_.te.JL,{.O de. C.O H VC.ItgC.nc..(.a. 

-<.nc.JL r>111 r?.n.:to ele. la v a.Jt.<.a b .e.~. .<.nd ep eri. d.<. e.¡~.te. 

e.le.vaclo a la po.te.nc..<.a. "n 11 

) 

c. o n.ta el o 11. 

VTV 6ac.tcnial d-<.v.<.-6olt 

Pana. la .6ub!tttüna. EXCITA: 

T 

F(7,7) 

1-(2, 7) 

¡:(3,7) 

F(4, 1) 

F(5, 1} 

va..f.OIL del ,{_n,-6 .ta.rL.te. de Üempo en el c.ua.f. 

.se de.6ea. e.va..tuan la. expne.6-i.6n U(.t) 

valo!t del p!t.<.me~t Jtengl6n de la exp!te..s.<.6n 

U(t) en e.l -<.n-6.tan.te .t. - ~ 

valo!t del .segundo nenglón de. la. e.xp!te.t>Lón 

U(.t) en el in.slan.te .t. - ~ 

valo!t del .te.Jtc.e.~t Jte.hglón de. la e.xp!te.-6L6~ 

U ( .t) en el Ú7.-6 .ta.n.te. .t . - . ' ~ 

valo!t del c.ua!t.to Jtenglón de la e.xp!te-6i6n 

U(t) en e.t ln.stan.te .t. - ~ 

va.lo!t del qu.,{.n.to !te.nglón de. la. exp!te.s.<.ón 

Q(.t) en e..f. .<.n-é.tcud.c. :t. 
,(.. 

PaiLa e.l p-':o gJtctma p!tÚLc..i.pat: 

f.! c.a.nL<.dad de. e.c.(t.:t.c-<.o ne-6 d.i. S e.!teH c..i.a.le~ 

N c.c..nudad de -6 u.b.Ln.tc.JLv ato -6 C.H '[u. e ~c. d.<. v-i.
de c.! . . <.n.tc.Jtvcd~.o ele. .i.n.te.9ltctc.-<.6n 

NS 

NU 

c.an:U.dn.d de. ¿¡a.l.t.daó de..t .s.l.s.te.ma 

c.cm-ü el a d ele. e.n.tJL(1 da . .s dc.l ~¿~.tema. 

-<.n.teiLvctR.o de. .i.n:~í!.gJrac..i6n 



,\~I,J} 

,, 1 1 J} 
", l ... ' 

e¡ r, JI 
V(I,J) 

X(7tl) 

X ' ' 1 ~ 
\ • , .J J 

X(~,Jj 

>'V(I,J; 

SU.'.~f\(1~1} 

A det 

13 del 

de.. e.c.u.a.c-Lone.-6 

d e. e.cu.a.c-Lo n.c-6 

¡¡¡rU IL i..z ·o de ..C. ,~ Ls .(.:e¡¡¡ c.. de. ec.u .. ac.-Lo 11ef.. 

2 :J? 

c.o;d.i.c..Lún i..n-i.c.-ial de. la. vaiL-La.ble. -Lndepen-

d [ C.J'i. .t e. 

c.o ndi..c.-io ne..6 .i..;Li.c..i..a..f.e.-6 paJ;..ci.. c.a.da u.na de. 

lcv.) v cut.{; a. b .e. e ... :. d c. p c. n. e U. e.¡¡ J. e. :., , J > 1 
• F 

-~ c6.ce.ma 

in.tc..nJ¡:¡_,f, de..t .téJtm-ino c.o.r~-6-Lc~n.te. de ta e
c.ua.ci6n de. la necla. empleada pa~a a.piLoxi

mcut ..e.a. en-tJLada 

RiCTA(Z,J) inlc.gnal del ~liL»~n~ vaiLiable. de. la e.c.u.a

c.i6n de. la ~tec.ta empleada pa~ta apiLoxi-

SHOM(I,J} 

Y(I,J) 

PE NV (1, J} 

1 

2 

rnaJz. la. en .tJLad a 

.6o.tu..c.i6n del .6..{..6-te.ma. ae.b,[_d.a. a .la.6 e.xc..<.

.tac-ione-6 e.x.te.~Lna.6 

valoJL de. la. en.tJtada. en e.l ..f.lt-6-tan.t.e. :t. . . , 
' .(.-¡ 

pendien-te. de la kec.la emplee.. de-. pa.:~a. a.-:..,"-

'",( /111 (i.)¡_ .r. ::'. {' 11. :(· 1'. n.d (/ 

( 4 I 5 , F 1 O • O ; /.l, N, ,V S, N U, PE R I O 

(8F10.0) A(T,J), lo-~ e.te;¡¡~¡~.to.~ de. 

la. ma..t~iz . .\e da.;-. ILe.nglú.~ 

po~ 11..engl6n.. Emplea.Ji.. .ta,¡-



3 (&FJO.O) 

4 (8F10.0) 

5 i8f10.0) 

6 (8F10.0j 

?-í 2 

.ta.~ :tcvtje.tcu:. c.o,;1o 1..e.a.;1 ;¡(' 

c. e~.> a.Jt.ÜJ..I.> 

B(I,Ji, igual que pa.Jta. la 

ma..tJt-i.z A 

C(I,J}, igual que. pa.Jta ta 
r.1a.t.Jt-i.z A 

D!T,J}, -i.gua.t que pa.~a. la 

ma:ttt.iz l\ 

X ( í , J) , et p lt;{.¡,¡ C>'l. v.al·o lt e! c. 

L e c. o JL.Jt e~.> p o.n d c. Jt a .e. a e o n cLi. 

c..-i.ón in-i.c.-i.a..t de la. va.JL-i.a.-

ble. inde.pe.nd-i.e.nte. 

ot/to-6 paquete-6 de da..to-6 (opc.-i.ona.l) 

·.) Vla.gJtama de. bloque.-~: 

TARJETA EN BLANCO, al 6i.;:a 

liza.Jt .toda la -L.n ó o J¡_ma.rc.i.ó n . 



v __ _ 
~·~:.:(·1, 1 
¡ .. ,., '"1 • 

11, .), i':lot# ¡ 
f í't::it' 1 '----p ____ , 

1 

<
\~ .~ J .----.. /=--·-t ST;':' j 
,t 

/
--:-·--(.,·-:.. 

1 
¡ l ", J) ¡ L-_ ___ _ ___.J 

\ . ,, 
~--'r.___, 

/ úc.: 

\.__.__ ___ _.) 

Í:\, 
\..'j ,i, 

~~:---~ -~~--q 
1 ~t.<J,i:Vt Jth,.t- 'J 

1 .O:<t:<c. • "''1 \ \'l 
! LAJ •t ¡ i ¡___¡ ___ . 
,----·--)' ____ ~ 

( ~· ,,,~·l 01tlJ~J¡ 1 
(uul 1.:J-¡'j ;¡ 
---,---~ 

~ ! 
,t; . ·---·-----, 

{ ¡__~,.·, .... r~,:. '.. 'I.L• ~~J.- , , 
.• , ' ·1 ¡ ..... u1h. p~r;,t , 1 

L---.-----'. 
\!/ 

,..->e\,.' 
( ,.._..-----, 
'-¡.../ 

' •'' 

0 ¿ 
------·--~ 
Í c1t (¿J~C \ la ~ol. 1 

1 z_.(t'rJ\ ln~ tu:f(l~.'t~j 
¡ do:.{. 4t6(.-,-., • 
1 . __ _j 

' d.-
-----~- .. ----· 
~ <JI•,J""._.( ¡' 1 .. t:.~•-: 

1
6(.~(;,\,~ C:.:. i 
va.~. d.:. ~dtl. i 
'----~ 

1 
,l, 

r-----·-·. 
1 lü:;~u.:· .. ótt~•'¡,{-:: 
! .t'u:..t l:~u-z ¡ l 
L__, ____ :_¡ 

,¡; 

10.12 D.c.::·i'LliliW. ele. b.fnc{LU!.-~. ele .. plto[JIL•lti:C. 

p tc...i.H c..{.1J a l. 



a rrs 
l---,_j ,,, 
,..----l--¡ ! a~:r tll•'t m.t~ 
' t~' ~ ~de•.ü.-
• ód 

!JdlCA<l 'l. JIU~-~ 
Vt' li'll'ltllO 

de Ca 40::..J 

~~ 

RETLi!iN 

F..i.g. 10.73 Vi.agJtama de. bloque..J de. ..C.a. ~LdJtLu.t.i.,La. 
1NTPE 

l ,' '• .... , ' 



--~----:·, 
\ .6ub~u((¡¡¡¡ •' 

j lf.'T~L ! j 
.¡ ~' • 

----0~---'·' 
r--- ·--¡ 
, ''" ~ (:: · .1 'l vr ... to 'l 1 

j a. Lí'S j 
L--¡-;-_j 

r--~~ a..:~:~,~";, f1l¡T.. J 

l u.{·4. .J..l1~t;Ct- t 
l ¿,1d ¡ 
~r--.-J 

\~ 
-·"\ _.. 

~r-
r---·--~ 

~ t~C,I(~~~t~ I!'IC.""' j 
j \>"' ~~1u:u1J j 
~-'~~·..::.0:__.) 

___ .. ____ , 
! 

Fl.g. 10.14 V.{ag;¡a;na de b.tor[(te.~ d12. .L-1 -HLb:ud-iaa. 

TNTRE 

2 •r ~~ 



6) LLv .tado: 

e ;•:¡r,r,n¡ · .. p .. ,A ~r··uLr,r ~~~rr·r·~; 0 r:rt-nrcr:; t.Jr¡r.~t(>: r11 u•rr. erHlr>r.;lA-
c. ·- _,-,._,r·;, r·rr,!T'L ·;c;,.¡t,·•rr: (L r ~Ia.:r 9L t.~i!JAUO;j_[)Lr/,RM'í.Tf!O:O 

e 5¡r.: lf f(..\('1 ''(. Ll j '/fr'l••':Lr 1 [''PL,_t.l ,\::¡ 
e -·- t•:(¡',l'rT::',ItJ ;¡¡ fCt;:,c IG l[:i t:lf(í'(í;C I·'Lf.S _ -

__ C ___ ¡::CJ,',TJ...,o',íJ v!. ."1\'il~~ l'. ~U( 51. :;u~r.lVlr,C ([..__lUT(Il\'ALO. ct..IIITfC.i!/,• 
e e ru:r 
C r.socrrrT('I,\0 1)( :JhLf:O,I5 

___ e _____ r:v=r:t;:rro:.:- nc L'lf"'AC,\1 . _ -· __ .. -----------------· 
C __ PE''l'':;"•V~-jl T'lJ ;)'::L [I'Tf.il'•·\LJ Df T:rTCGRIIClOtl ______ _ 
e oCL r=·:~r;:riT:.H' :"~ L '15 :J"lll'.TLPVI·L '15 -. 

_C ____ t¡:",\Tf~IZ.,\ ~fl. Sl~'L".', {'~ fCl'~.Cl~ .. f:l_ -----------------------
C t'=~·,,rntz n l:r-L. 5I;T~··,\ :..{ fCIJt.rl, ,r~ 
e C="ATI\Tl C PfL :;¡:;rL"~ (rl íL'IACI').,(S 

_C_._ .• D: ·,;r '!! D ::>fL :il::.ll''A u[ fC'J,1({;-t,¡!_:., ____ -----·· __ --·----- --------
( ___ X(t,li=liJ:¡"~¡c¡jl, l''Hl~L ~·~ L,\ '14,¡[,\nl.f: I:I('ILPI: 11iHE'1TE 
C X ( 1, J) oC>":,"~¡( !CJ',(~ ¡•r;':¡I,LC:;. 

__ C _____ X="·')L'.'C!n¡ ¡·~.~~ L:,~ ".\rl 1•..~Lf:S f'L: (5Tf•C'':l .. __ 
C yy:::\'.~Ln1 r>r LA'l ~~~~:~.~", 

C .:;.,, .. ~.·r:;:->,_¡r =.t ¡, ;r~rlct 1, L,;g ():(' JT:,C' Iorrr 3 l:)'TfflPIAS 
_e __ fXI'rJ: 1.\T'lil .~!: r,.,:,··;¡rcll''' _ _ __ ·--. 

C .-:~·<~=-iiiTr(..~t.¡ ('[ L' n;,r¡¡~ CJI•~TA''Tf f'L Ll· fCIIAC:!MJ D[ l~ llct;:T:. 
. C . 1 [CP=t ,rr_r.;¡~l. (Ci.. TfF.' I'iiJ \'l.r;I4~Lf ('( Lf· fCIJAelO/l OE LA llEClA 

C y:v~: 0" "[ l,:. r;,rr,.\iJ,', r•¡ ~L Tr:5TA 11 Tf. T(l~l) 
----C ---- ;=•!M u'l ;>(. I.A r.·,t:¡•;:~ l•l :l llo!lfA,,Tl. T(¡) 

e P,:•,r=rr ¡~'¡r ;T( ~,,.. t A r•rc. T,\ 
_e ____ ''r 1 :r /,!' il ,H.,• ¡)~ COL U"';A ;¡ C·fL,_ t,r¡¡f ¡,LO _r•AJfl I t;_I AL X 
. C __ • n¡;;:~•rAT'l!Z 1"1( ll~L"f'l.•\Zv 

!' i "L r i:; i tjr¡ ~ ( '> , 1• j~ fi C ~; b ) , C ( ¡;; 1.)-; OC·¿;;-¿, j ;·x ( 1 O l , 6) , Ex PCI ( ~,', b) , fJ( C T A Ct., ¡. 
¡ >, su··,l(,.,¡,), 'l. lO :Cb,IJl, v(t>,6), r•Cil~'\l>,bl ,PE(b,6),f(b,c.), vy(1o¡,ol 

!1"1"5 
1•-=& 
Llr:Ttt~h 1\( :>ATO:i 
P[AO!I", lvl)l ·•,:¡,r¡~,,,u,rn¡¡o 
¡F ('rr ?, ?., 3 --- · ---- ------·-------------

2 c:.u. P!T 
3 1'1' 1 =·· ., 

n~ .:r ·1 = 1, '1 
ll ilU•D(lr>,I'JO) (A(I,.J),Js:l,ll) 

no 5 ~I= 1, ·r 
-----; PU.ucz.,,,~~) cr•c¡~n;J:¡;·,-¡"¡ 

lfCII"·.r •.~> r.J T•) 11 
DJ b ¡:¡,·;-; 

6 r;[ :, :; 1 ¡ n 1 J 'j n ¡ · ( r, ( 1 ; ~1) ; J 0: ¡;•11" 
DO 7 ¡:¡,•;'; 

- - - 7 
·--y¡ ~g~:~ i~: :;~~ ~~i~ :!r~;j~ :;:;~! .---------------

e l'"'llf :;¡,,., PL o~ ro:. 
niHTf (!o~,2PQ) 

--- co 1) i=l,'1- --
tí n PI T ( ( l d, 2 r; O) ( .\ l¡, J) r J ::¡ ; '') -- .. - ..... - -

- - "I'ITr(lii,}~Ol ------· 
-----00 ., ¡~::.J,'! -----------

4:¡ rlflllf (111,25(1) (0(l,J) 1 Ja1 1 PIU) 
rrr .. ~ .r J,.¡) r;.J TO "!2 
"'H H O·r.J<; 1: 
C•C ¡1) 'p¡ ,":; 

---·--- ---- ------
1. 

-10.1•1"1: TE e;:•, 2'>L'L(CCl,Jl.,J;:l,~l) ____ _,_ ___________ _ 
~ '1 l T f ( I '·, ~·.O l 
L'(J ti 1" 1, ''') 

--- -- .11 11'l I T ( ('I 11, ~~.,; L C O (l, J), J: 1, IJU.l ----
7~ '''nHn,;,.¡',JJ -· .. -----·------ ________ .. 

_ ,,;¡t Tf e 1 .:, ¿r,.¡J ex C1 ,Jl ,J~ 1, 4Pt ) __________ ·- ____________ _ 
----- _ If(..S.l·l.O) GO TO_Jl ____ ---

e T ;·1~r.,~r> 51 LA 11,\TfUZ D ES !IJLA 
l':.l Ji' l = 1, •::; 
C'J ¡,?'J=t,!.ll- - -------------
!FCrCI,J),(Q,).~l GO lO 12 
¡,): 1 
f.:J H' 13 _ .. 

¡? C 'J '1 T l ', r 1 L 
7 3 ; ,.:... ' 

·---------------

C _____ r.u !!..'.Cr U· ¡,-, Tr>l Z "JE: TnA:IsiCiotL-------------- --
1 l ¡· r l. r = r f [" 1 '; 1 r L'." r (1' 1 

C\lL L~•"'•",(L>(L.T 1 " 1 h 1 (,(1'Q) 
e ...,,\TI'~f"1 .. ,•;·'\'~ftCT.\. 

,·r,l L !' ,., LC.J(I.t,••,.'\,~l,¡''l\) 
(:•lL ~:·i·'E.C.J.L.T 1 " 1 A 1 ~'.LrTA) 

? • : 
~ •/ V 



e 

e 

r·tli~'.:_n .L··, ,.Jnl'I•,TQ'J TOJJ'~L 0f...L,\~ V•','•'lr .. :·!) D[ t:~·(¡\:iQ 
: ¡,.! =.. ~ ¡ 
;-:¡ 1 /1 ,. : ¿>' 'lr'l 
; ; v 1 1 ¡ =, n: -1 .1 > • or: T . .. .... 
·. t'l. t..n L~~ :,;,lt"L Jr,;¿ rc.n¡n,; ;. Ll\~ lfJ ¡.,,~oA:J 
T=~lr-l,l) 

ftl~ L'l!T~(¡,r) . 
C·t ,_ ··•q r ·t ('•,r,.,,-,u,¡,v¡ 
T = ~ ( w 1 \! 
C·'t l. r. •l y p. (, ,r ¡ 
C-\ll •'1'1 rn:,¡n,r,·•,IIIJ,J ,r.c¡ 
[lll 1'1 1:.: • 'l 

1 11 1' C' t; ( ¡ , 1 ) ; ( :~ i' ( ! 1 1 ) ~V ( ¡ , J ) l 1 lJ ~ L T 
( o\ L l. 'll l T " \ ( i 1 1" 'o , V , 1' , ' 1 , 1 , .:, •1 ~) ' ) 
C"' t ~·~ L' ··'(':(cr~,"L·:o~·~,:,,¡,r:r l 
1'1) 1... i = 1 , " 
:;~t'·'(;,,)::t;¡¡"~'·ci,i1 t '\ftf,¡) --- ·---------
n,,r¡' l" ',;)L1Jt;l1'i l•flli:J•\ A ~_;.5 co•toiCil·l.l'l llliClALC:i 
0•1 1 "1 ...r~ 1, •• 
~¡-: 1 J•l~"O,J 
r:J 1 e· ¡:: ~~, ''l~ 1 
\(r,J•1 J:,c~,Jtl) ~ 
(•"'pct·~P l.~ :-;'":L'IL ¡~'! 

~ 1 ' 1 1 < 1 ) :; X ( r' , .1 + l ) + 
r n·¡ r ¡ ··r 

r: • "D C;, I -l ) "): (>, •· • , I } 
TC:L\l . -- ... ---------------------------

"¡, ·'·' ( J' l ~ 

1r (·,·~.<':.u r r.o ·1o· 10---- • --------- --- ----------- --- ·- ---·--

,.¡~f .. !.' 1 L '1-~L'J•: ~~- LA'i !;,;¡_IQ,\S p;,i;A 7tiOúS-Lil3 pur¡TO:J >lv:::;·;,,,l:._CS 
; r e ¡ ~, \) r •1. 1)) f.!) ¡ rJ :·~} -· 
;l•) ,:¡ ~~i,'••'l -- ---- --------·----------------------

{' ( 1 ,! 'í l :::; 1 1 , ~ :3 

---- _1_5_ yy(¡,,¡)::;:, ------------- ------------¡-\(', í)- --- ·- ----------

r:.LL (\CIT~(l,t) --
CAlL fl\'l_l'll,(i),r ,•,:;,::u,! 1 A) -
f>U 31 ·¡~1,1<;- --- --- --------------

31 VY(~,¡):YY(K,Il t A(I,I) 

fll) ¡o ¡:q ,·• 
¡o ~[C¡,¡l=X(K 1 Tt!) 

C·\ll '1'1Ll"~(C 1 1;(,1J!;,I' 1 1 1 A) 
____ v•) zn r=-:,••:J ·---------

?n YYC~,¡):VY(K,Il + A(I 1 1) 
21 f¡Jflj 1 .,11[ 

GO l r 3 J 
2~ (liJ 2., ~=t, "IPI 

00 27 I=!,'' __ -· _ ·--·--- _ 
____ 27 [1

\.( l d) =· (" ,It 1) . ----------------------------- ·---· 
cr,t.L llliLT"f•(C,'lL,•;:;,..,,¡,II) 
ro 2.'~ t=t,•:j 

----· ?6 YYCK,¡)::VY(Kd) t fdl;l) 
i!Q CO'IT 1 1¡''~ 

C jri(•P!•I!r f'fj'ILl•\l'líJ::; conr~~P(J'tOil'.¡f:¡ A Ll•~ VIIRTI•C:LE3 OF f:JT/.:•0 
___ ~O tu1J H. C: 1, ~ ~ v) ____ ---------- ·--- ___ . 

DO ,;,• 1::1, I'PI 
Z2 ~r.ITl(lll,.''iO¡ ¡X(I,.I¡,J:IJ,''PI) 

----- .. \t.Lt. r.r;:,r¡(;..,·,r¡,r¡r1) __ .. 
¡rc::~.r·l,Ol r.o ro 1 

C 1'11'1'11111' llf'i•rLTt.l'lO'• CCH>;JfSP!J'IDIC'nt.S A 1.43 S~LlD/•:l or1. :¡ISí(IIJ. 
_. -·-- _VI•IJT!:(J•I 1 ~i"il)) ___ .. ______ _ 

PO ¿:¡ I:: 1, "1' 1 
~l rd1IH(Iil,¡:·,n¡ xCI,J),(yy(¡,J) 1 Ju1 1 tJ~) 

--------Po 21, ¡:q 11rl'l __ :. __ _ 
f!U ~IJ ,J::.: 1 1 '1~ 

zq x<:,J+1l=vvn,.r~ 
tt:¡=IJ:; • ! ' 
c~tL r.r.:r-¡rx,'l"l, 1t'll 
r.o r,., 1 

_C... rll"'lt.T'l:; ¡:r Lrrr"~'·' r It·ro,¡r.:;¡o:r 
lOO Ftll•r:nl·l!'il¡ IJ>) .. -----------
1 ~n "\,,,· •: Te ,,r 1 e, n J 
2011 f0"':1T(! •¡,~(/), 1~{, "'IT~¡l Al,/) 
?Sn FLt·l:·r,¡(/,J~·'(,,,(L.li'.~,.)<)) - ---·----
101'1 fJ,,:I,q(',f/),t';t 1 ' ':.rr¡l 'l',l) 
J)n FJ'1 '1/·f(',(/1,l 4

l'l'1 1 '\•f ':' c•,;l 
tj o o f 11'' ·" t e 'J e 1 l, 1 ~. v, • ~' r. : , ..... • , .: ·1 

~;::¡o ron' 1 ,\f(:,(/l 1 1'J'•.'L~3 C.~'•t·¡:¡n¡r~ ¡r¡¡CpLfS sm¡ 1 ,t,:sx, 1 ;Il 1'Pn',¡·( 
1, 1 X ll) ', 1 1 l., • < r ~' r 1: 1 X, 1 ~ 1 1) ', ll \, '\; J) 1, L l ~, r ·¡ (r) t, t;} 

--!J01'1'íUII'1/,f(•JI/) 1 ¡'Jv, 1 L.l JDLI'CI:J'I Pl·i:·\ l•\'; V,\•'lr•!ll[.S Cl l~POfl r.,•,I,.O 
1 x, '; 1 r •-r u 1 , 111 <, ll( < 1 l ', 1 1 ~, '1. e 2 l', ¡ 1 ~, 'Y í 'l 1 , 11 ): , 1 >. r" l ', 11 x, 1 x (" l ', 
21/l 

--S$0 r·ur>n:,((~(i);·IS'<t 1 f.L Vl•LOP.i'C L-~:;· c:.:.lL•),:¡'t$ 1 ,/~¡II·X, 1 Tlftlru 1 ,JO>t, 1 Y 
- _ ___ . 1 ( 1) 1 t ll X 1 ' V ( 2) ' t 1 1 r t 1 Y (3) 1 rl !X 1 

1 Y ( Q 1 1 1 1 P 1 1 Y (S ) 1 , ll 
--- __ fl¡l) 

F-.i.g. 10. 1~ L.i.6lado det p~og~ama p4.i.nc.<.pal 

·- ·J / 



~): HHH, '-' T ! , 1 e: 1 · 1 r ...., e ( ¡ 1 r L r ~ '·, r- , e; 1 J" /1 ) 

C t.\ll'i'\'r!,l4 r,l-;,¡ l 01 ,,LI;~;; Lll IIIT[r.¡;~L llfl. T[f!"I'IO COW)PIHL Df l!. 
. ___ e ____ nu-:¡ ~ - ·- - -· - . -- - ------ --------------··-·· ---

e str.ntr¡u."'rt nr L''l v~:!Ti'1Lf:l ["í'llf·i>~:¡ 
e ['ll T~! ::I'~C T ."."!CIIT•J l' T"E Ln:, V1.LI'),¡f:, [l( LA VH!lAOLF: liiO[f'LFI"t(r:tr 
e __ .I'=C.'.IJT!i)l,(1 ilC (CIIA:I:J.:U; DllriH.:tCl~LE~ ·---------------------
C _ A·'•AII:tl. /, llf.L :il'i!l'',\ l'[ rC•JACIOI,f.J •.. --·-····-- .. , •• 
e ____ Sll''•ic·•.H"IZ r.i:'J'JL T~t1Tt: or lv.~I.\Jfll'l Lll ¡r.YfC.f'l\l .. ______ ••. ____ ..•. _ 

_ e___ u J ~t:t: r rr..:¡ tu e:: r ll ,-,·c.¡r.c,u A ________ ------------- ____ .•••• 
C c.·t.~r·f,THti :,.·C"Tli .. ~" 
e (:•::cr••¡Y.\fl;)l' r.( Plr,·.r;(Oi:(:¡ 

__ e_~ oiv:rtr:i:Jí:lHL nl\'IJLr _ . ____ ----·--·- ------------4---~ 
. C _ ... f,.f :¡:l 1•C"f 'L'Iifl f'C TJ(.'•pn ('Lf '/I.O(I A LA POTEIICl'\ 1¡ 

C fl~ 1 .\Tr:l.: .\ f..I(Vi,C',¡ ,, 1..•\ f'IJTL••C!,', ll . -----
_C ___ ~="1\Tf'l;: f:[:l'll. T¡\r¡TE ;'llL.flrll10UC:1'0 .1111 . _. _ -·--··----------

l"ll"f":Jltl'l o\íi,,~),C''.',(ó,ul,n(b,blr)((o,t>lrSU''A(b,ó) 
f 1' ~ = n , o·) •10 1 

_¡: ____ (Lrolr.~¡¡ ''t,THlZ ¡o¿:,lioAO. ........ -~-------------
C'Cl 3 ¡:¡1:1 ...... .. 
flí'C:J=11:1 , --~-·- ..... , ... . 
!' C l.fl') •. l) GJ TO.l.----~-----------
VI'(I, l)~ry.:¡ 
c:.~.J ¡ n ;' 
c·~•·íi.JJ=l.L 

,; ( órll T ¡ '1"( 

:' (ll'IT 1 1'1[ _·_c_= ____ rrJT["f ;•_ LO:J _001 .. ~~TJ:E~'}LJr"l11!lllOS __ I'[_I.A _ _o;E~lE 
(1:) •1 1 = 1 1 ., 

[l.J l¡ .!=1,11 
---- _ ... _ s:'"·' C i, J l ::t:ilh (1_, 4) ,_p_rh_L:!:. _C_i\ ( l 1 tJ.r..~J.L.T.~_or._L.!) 12, O 

. _ a a \ 1 , .• l = ;, e 1 1 J l . ,_ _ . _ _ . . _ 
í :¡r II=I'[L. lA!'lL¡_ T 
r ·, .- ~, n 
r~ 1 ,. =í' ~o 
(>~l'li•Lr: LLl': Tln~IIIInS nr~TAIITl:J oE LA :;f¡¡t( . 

___ ~ 1•1·:=1'/V.r'l 
T 'lf ,¡: i "t:.l • r EL:T. • ....... --------·------------ ----- -- - --·-. 
r .\I.L. ll:JLTIIA(f1 1 R111 1 it,'i 1 lC) 

fl•1 t.. I:i,'l __ ------·- --·-·-----·--·--------------- _____ .•... 
(1\1 ó J~ ¡, '1 
n e 1 1,J l " (e r, J) 

i; ('l'f•(l ,J),(X(I 1 J)•T'IEII)/OIV 
---- Jrec•.-~..;,) '?1"•Íl -:-· ···· .. ·-=-·---.--------~-------~----·-------.-=-.. ~ ¡ ?. A 1 ,•, X :: C r 'fd 1 ,¡ ) , 

00 (1 ~ = 1, ., . 
·---·-ra·7 J=t,.,---- ----------------

111 
----7 

(¡ 
-· e' 

1 F C.~":; e C "A rr, J l l ~ r\ 'l S ( A11 A X) l 7 1 7, 1 q 

.~ ''•<:>:"hq!_.J..L --·-----· 
C·<il r ¡ ::••¡: 
e:•·, i l'ltJC • 
v::·If lft.rl 1.4 C'l•:vEilGF'IICih tlC Lll SE:IllE 
1, < t,P~ ( t.";,x l ;.¡:r~) i 1 ;1 r; e¡----- - ·- ·---

e; l'J 1 (i 1:: 1,'1 
r•'J 11') J• 1, ., 

1 o •, j'\,\ ( 1; J) = ::;úil(, (¡ I.J ¡-··-:-üi'A( i ,·J ,-_:-::::~. --· -·- --- ----· -- . - ------ . -
.. Jr(Gii•20,0I 15,15 1 11 __ . ___ .. 

__ ¡•_,__e '"'-''.•--•'-o __ -----~------ ------------·-
G::J TO S 

1 l HCTURII 
(1¡0 

F.ig. i0.16 L.iJ.>;ta.do de. .t.-l ¿u_[)J¡_u..t.ina.INTPE 

.. 



e :.'J··' t · r r ·,.\ P .\•},, 

C _ •••.. !" 1J' C ! J 1' r' C L \ -

: ·,: L;, ' 1f t\, r. L: ; 1', 1 
'.'L'·t.n L·' !'11[GI~'·L 
(' . -- -~ ------- ------ -- - -·-- --e 

e 
e 
e 
e 

'PI 11'!t l P ~.¡ , :s ','l'r,f//'l..r .:J :": l! =--:''\!_; 
r~; ~ :~:·r~_r.,··:~ .. r., L'lji'f. L,.~ l·'•ll',,r:, lL L,', V·lH:/.Gi.E ¡;tr•li'::~.()lf:.'·rC 

! =-e t T:r .'r1 "~( tCII.',C"ir,·tr;, í•Iff~·~-~c¡..;:._f.~ _ ... _., ____ -----·- -- .. ------· 
:,:''\f ~l ,, ;¡¡_ ~r~r~.···~ (1t ft..•'\tl•l·,f·J _ 
,,tr.7i·=··.-.1rt, r~J'.·LÍ/·'JfC nf __ L\:,LuA,< l.A ~:..nrc ____________ _ 

e .. 
e 

e•: =· 1 rr· r .: r "L'' r! c .-.r _ ... __ ---·· . ----------- ___ ~- ____ _ 
1 ~ = · ·,. " : ~ ! l .\ L L e ·.· ... '\ :. ,¡ L .'1 r . 1 r ~-··e 1 A r, 

e 

e 

e 

~-··~·.~I'TZ r•c:,•ltl,'\ 1jí r{L n¡.-•ti!C1f) ¡¡n 
f,·-,·c·Jr:;:¡l~ ~e ~Jl\'f¡¡;,c·,ci! . ____ -----~-----
r·,r .. "¡· C:o'C"l'tTfl 1': L•' \'t,'l¡.\tlU: l'I(IU'f.I:''Hi¡1f. (L(V.".O(J A LA f'OT(.IICU, 

r¡ 

cn=v· 11 \0':::o "L p::_n,.r;¡n¡,f:J __ ---·-
!' 1 ":; .~.':' ¡,.;-!1 ·\L {"'l'! r ',pro 

1'11" L. : • r)'J \ ( b' ,, ) , q ( e i A ( b t ¡)) ' e: 1 A ( ~' ¡,) ' u ((, t•) 1 X (" 1 ó > 
CP'i~n •.. ~.,J1 . ···----..._..· --·-------.-.-- -. ---------------
~~·:_r-,r 1r'1",..IZ IO{.'.jl040 
r:· 3- : · 1, ,. 
( J 2 . .,! :-! 1 ., --

¡, r!. 1 'l. r ¡ r,fl T o 1 
;_ : ' i ' '):. ~ • (1 

r. \ 1.1 :: - ------ ·-
( ~ .·. e ; .... ; : ¡ • o 

;-- r :1, r T r, r ~ 

{ t) ., .1"" 1, 
; ' ,- 1 .- ( 1 ; J J = (r ' 1.\C; ·;] h Df L 1 • ('( ~ ilt2: ó- ;· ( r\ C I ;·J ¡ ~ ( i)( l. T"' ,.3)) Jó; O 

t¡ ,, l! 1 J) ~~ ( 1, J 1 

1 :·,.=:lrr..r•r>ELT•i'f¡ i ·------·--------------
( •l.: ': .. o 
r· IV e 1•, 1 

___ C ___ . ('<lY[" L ~ f l ~~~ :iT~_ll~.l.~J ... H .. R_I_I¡:!Q_~j}c;. __ L,.t_:;~~ ¡¡; ---
'.J r·t J = •' ¡ J ~e., 

1 :r"= f'tl . , "·CL r 
----- C .'.lL "'IL¡'I,, (A,~' 1 :', ' 1 ,"~-~~-- --------------------' ______ _: ______ _ 

f'll b 1 = l' 1 
re & J::,·, 
f1 ( 1' .J) =,. ( l, J) 

----¡,--e '·'e 1, :n =e~<' ;:.r f* i--1c ¡;¡ i6Tv _____ -. -~---_--- .. _____________________ _ 
¡r<r.·-.1 E,~>,Ql r.o 1n Q 

_ r'l!.~=c·~ ,q, ¡ > ····--·---~~--.:_~-~--~-----~-~----~--~-----·_:_·_::~ 
C•tl t1 ! =-1 , ' 
[l:J 7 j:: 1 ''\ 

----·--· ¡; C.V ~~l~'.l( I, ~l.l.lL~, A~_$_(A_I_IAt2?_5oO _10 _ _L ______ ·--------------~ 
~ 1.'.~:(",(1 ,J) 

. . 7 CO"Ii 1/:'l[ - ~--- . - - - ------- ------·· =~-=---=--~ -__ :~ ~- _-_·----··-
1\ (IJ'li J'¡to[ -e··-- vC;> l r ¡ r ;,.-, r ri•/y¡ r;~;~:·,cn;-or·-CA-·som:

tF!fl~.:;r.,·•t.X),LE,EP3} GO TO 11 
') 110 l p 1 = 11 '1 

PO l ~ • . j: 1 1 ,,- ------- --------------------

)') r1(Cp ( l 1J) <H(CYI\( 1 ,J)-- +-CHAO ,J) 
.. yfíC'•,r,t,2~>,l __ 2,~ . .T.~.J 1 _______ _:__~----------

to~:c: • 1 ,i) 

r.o H' e; 
11 I'(Tl'r.t¡ 

[110 

O,:J[li'niJT;r•[ [~CITA(T 1 F) 
Dl''(;t·.:;! r·, r (6, ~> l 

__ f{:! 1 ¡j:~,•[X<'(Dij,•:) _____________________ _ 

r l?, 1 >=o:;~:;p,o,•n 
ro,! l=o,o 

___ F ( '4 1 L.l =ú..CL 
f(<i 1 J)uQ,O 

______ r(TIJ"U ------------·-·---·-- ---
_f_¡¡O_____ ------------

F-i..g. 



,. 

250 

L 
+r-...-.1"'~~-¿ 

1' 
Ó"l)i) --- r •. • 1 

1 1-¡4 
+- 1 

~ 
_::...;~ 

GD -.;-:..>~ R - e 1 (t) V (.t.) (,- <...._ ,.-·-"....--.... -> 1-
1-

1 

1 
4 
1 

! 1 

; l 1 

---~=--~----
1 

1 

' 
Fig. 10.19 CitLC.l.t-<.:to e.lé.c..thú!O de! pJtob!e.ma. c{e..e.. e.jem-

p.f.o 1 O • 4 • 4 

.ói óe. con.r.,ide.,l.att como .GaUda-~ 1 e .l} VR , .óu Jte.pJte..óett-ta.c.-<.6n me.-

dia.n:te. va.JL.i.able..6 de. e...tJtado e-6: 

di~ 
d-t ! 

• ¡ = 
dV e 1 

d:t _j 

do: 

-1/ L 

1/C -1/RC 

-1iR 

r 
I, 

1.. l 
+ ¡ 

! 
' r-~ 

' i 

1 / L 

o 
'--

V ' c. 

1 o 

-1/C 

- 7 ¡ 
1 

o 1 
_j 

jv¡;t}l 
1 1 ¡ l 

1 ·r ' ,., ) 1 L ~-~· _ 



4 ·'· 
''(;¡'·i - t ,·· ·Lr (-J-\ ¡'l,IJ 
1 ¡ J ~ L• " ·~ 1 • 1 

1(.¡_)- O.S,5e.n(3;t)u._
1

(.t) 

R. - 1 o o 0 [ Lill/... 

e == O. 1 ¡, 
¡ 

L =- ¡ . o ¡r 
,¡ 

... o • -~ 

" V r 1, } 
c.\"--'0 = 

- -' \ = 1 i l .-\.. r. 1 
¡, L/ 

J. = 10 .,S .-\..' 
" 

() ¡ 

1.. ¡ 

o. 3 A 

i' l"i j·,= t. 

N= 100 

NS= 2 

NU= i 

PERlO= JO 
1 

¡ o 
A = 

17 o 
L.: 
5-
1 i • l 

l3 :;. 
¡ 
f 

Lo 

-1 

-o. 1 ¡ 
-· 
-¡ 
o ¡ 

·1 

; 
¡ 

- 1 ú ! 
_.; 

¡-1 - j. o 1! 
! 
1 e = 1 ¡ ' 1 ' l M 

l o ~ 
! ._ ...;¡ 

V = 

;- -1 l: o 1 
:J 

' ~ •, 
~ { \ . 

X(7,J) =(O, 0.3, 2 

25í 

.. 



F(2,1)=· O.!J~··sYN(3.o··r, 

F(3,1)= O. 

F{4, 1)= O. 

F(5, 1l= o. 

252 



L~ .,;rl\ ·~·( l11'1 r',.\0\ i ~ ·~. L~ l;._é :, ,,, "J 1.nc e~. 

\U.qP0 .-:¡) ;:~~; 

u, 

... ,2'Sú7'\~.-..~\ 

---- .• ~\:o i J l .. ,"' 

---~~--- -- ·- -----,---- ------------ -· 
.:... ... c:.·"Yv··.:'~'f'...,l ·.?:;~t1°f .. ~~:¡ ... ~¡7J' 1 Q[t00 

~- -----l7V0 1)rf~l - ._ ;t;r~J-.[•·~0 ----' --- - . -- ------•- .. . -.-
,lO)~~(tCil 

~=.=---;¡o o,·n ~.; ,-- -;;" ~ ;; 1 ~ --.-;·o-:._·:-·;c.n t3~tó(-·-:_ ~-= -::_:;_S~f!01~!Y 1 ____ : ,~J_?_38E• J!} _ _: -__ ,2:! ~ )l (tOO-=_:_ __ .:::__~ 

•,5d102'EtC~ 

-=--:;2zoo oYi5~·,;-, ~(;(>-, ;:~. c-;,-_--:--.;;;¡q·<lo'i~C ~o¡·----· 
_"~::..._ ~!J_O~-' ~r~¡ _:_:_:._¿..§.2~_7 E • ,,1\_:_:-,: ~~~~~ •.':.L_. ___ _ 

-----.,.·--- - -----------v-----. ---
0 o 

,?OOOOf+~l 

,?'IOOJ~t~l 

~~-.-¡••oou(,o¿ 

o 

,37?13(+¡,1 

... ~771(•Jl 

.,, :;: 
... J ... • 



1:. " ~' l • ' • ' ·--·- ..... .,. .. ~-''" " . u.... . ..... ~ ... ,, ... . . 
l '·' r •••••••••••• • •-. ~ •.! ••'l ,. , 

L'.,. '- .... : • 0 

_, ....... •'1 -----·-·--. ,,,.\,~' "11\ 
' ••••••••• o - ,.,, 

__ , ..... , ....... . ... , .. . 
-,_1.'_' ... 1' • ) • ., ............. 111 t 1• t'l\.•1"' ... ' ..... ; . . . -\ ················ .... - . ' , ... '·01 '· ••••••••• :~.:: ., ' .. 

.• ---- ' • J 1 

. - -···: . . ) ..... . 

.. ·; 

·e:··: • •. ..... . ! ... , ---- ' " •··· 

.... :'. j' • .>' 

1 

~ -----· 
•' • 

-· 
o 1 ;> .. 

:::::;;:¡ - ·:---·- ... 1 ·,-' ".~·· .. -- ' .. - ---- o ,,.-. . ·--- , ........ f:~<-~ --------------- ___ ,r : 
;;¡;;¡;,:~ -:--__; ----· _ .... 17~-.:··--

. L----·-···-~-
___ .,_ -- .. ~---

~· ,' •"~~o • ----· [) -:: , t: , .... ; r .. ·"' 
0 

• --~---- 1 ~ __ , •.. -... -·---- -, ' . ......... .. . ,·~C'.Jl•l ..... • q ,... ___ • ____ - ..:.: .... • ---- --·----- ., ........ ... .. . ' 
._,,.,.,.,; - ;,1 ;.s~.:-~···;--:---- -- • • ,l' .. """ ... , • .. • - ,_,'¡' • 

2' ' .... "' • ,. • ó..',!J•t•"l~•f\.) 1'1-- .• -·-... .,:-2" • ,_,,,, ... - ~ ... . -r· ~.,~.-·.:•;'\,:"! --- '--- ~ • :·!·~· .. ~•"0- .. -----~ • •'z. 
.... ~, ... ~ • .,... . --! --- o '2 ~. > • • r • '" ~ -;-----~-----~"""-. . . ,, . 
'·: .. • !..E• '~ •. ·--- ---• ~~---•-:'J'"'(·~,· ----- • C" --

'~ 1 . .---'-

;-:: _, .. , ' .. " ... , .--- -.,, ... 
'. '- " ... ' J- ... . ~ • .J.~ e r • ... ..,. • -·---·-- _:::::-~·:-------~- ~;'.. 
'·''""' ........ • ·- . ,, '· .1 e \Ir .. J. --- - - ------• .·---'-?_ • 
' •,:'" r • o~ ---• ----- -·· -- ! --'---

---·-

--~ 

,-. 

/ 

" 
--·- ----- ,.._ ... _ 

.-__ ~-,---- -'L-
• 

.. . . - . 
--- ---~- ·--··-. ··T? .. -. , . _-_--. _ __..:_ --- . - . -•- --.. ---

" ~ ft __ ....._. 

_,_ ' ---- ---'!1.- --- ---" _____ ,----

-. 

., .... .. .. ---= _ _. ____ : .. ---.. 
Q __ " __ _ 
.. 

.__ " ---
:·':U•"• '--~ ---•- ' ;_?-' ---

, ... '•'O _,.. ,_,,>_-,,f.''" .__ -~ ! -~ • .,.I!-_. ..... 2 ... " 
-.,Vit..r .. '·"' ---• --·--- , _, ____ , :;.~-..,......,,..? ....... '·"·<'·'' .. --- _,.- •. ___ _,_ ' .. ----·· ~, --- ---~ ". ""' .. . ...,-- . . . -------· . . . ... ----- -~ ·--- --- ·-. . ,--- !..._-=- ..... 

---- ----~~--

----
" 

'- f> 

r • ',. ', ( • "'1 ~ ~-- --- ---- o e; 
;•c .. r•~"~t1 ---- ~ :.·¡ '"'''' -- -... ~~--
'··'. r.( •''l - .__ >'""'" . __ ,_ .. ". ".,. ' . --·-

·' 

. -~--. ---

-------- , __ -
. '--

.. .. .--.. --
- ---' --------" ,; ---

" > ~n :r •·1~ " • ---- -~·-...:::~.. • 
:·''"''" . . .. . . . -· ~:~:::~:~~ :· . ¿: .. ..,_) --~.;.::~-----

- '· "" ... o • • • _, __ :J.;~.:~··.\J, 7 ' .. 2 ::; ;;;;: - .. __ ....:..:_ ---- ----:---- -__ .. ...,~: .J,~~·Jr~,~ ---- --·-----·----=:.._----- - --- • • z,-• :· •' ·'· '· - ......... • . - ----. ~ ........ ¿.. .. " ·:·""'" .:..--- " -~-·------,------·--· 
__ , ,>[•' ..... ~--~- - ---·--" . ' -------

- -. 
----·--" 

.. 
,. 
" 

-~--
" 

(•,''"t'"•'·'l ' --~ • _.. • • - l:..-'--- --------
~:~~~;.·:· .. :¡. • • '"' ----

., _____ • __ · __ .. _ .. __ ~;! -- ·----------

!·'' "'' .... . ... :. : ~ : .< : ~ : --... - -·o;.;;-¡::·:-::--~.::::::::....:::.: - . . :· -----: -- _..,_ .. -:-:;·;:: --·- • -- • • ----~. ... -·. ____________ :1 . . .. . --- • ·-. 'i,' - •· . ----

: ·'" ·'. ... . .. . --- -- . ' ----·----- -'" ---- ... -. .. _____ .,_,__ -~ . 
, . :. . "" . ---~- -·- .. . . - -.. , . 1' ,' _., ',O)•) -·-··-·--· 0 ;/-J-i'..:.. ·---L ----

t 1 \ ~ • •• 1 ---- • -

~: -~~: ~: ~; . -- .. ---~.- -~--=~------·---- ~ . .. -:- ~=--=---;:----------- _; ____ _ 

... ......... -·----.- -- . - ...... 

" 

.. ·;:· .. ,., ____ ,___ ---.. · ~ .. ··'J ------· --,------·· 

·, •: ,, .. , ' . ' .. ·'.. -------· >' 
... -~ ·~('· ' --·--· 1- • .. ...... -:> .. - _ ...... ,."'_:_,._)_,.2.._ 

;.'""' ... ----~,~-~z----~- . .. . 
~ __ f!l_,... __ 

• 

•• : .. ". y ' • • ---· • ·-- ' 

' ... ' " ' ·'.'- -. . 
<::·:•IJ -..,;'!. • 

____ .__ ---
-----.. ~-~ -·-- --~ -·--·--- • "!.. __ -

* 

'', : .. 

. ' 

.. , ..... _ __ !._---2 
. ' --':·-·-

'. t 1':; 
• 't ,, 

r • • .. ' 
r • 

'. 

'• 
.! 

--- t 

....... '.! ... 

_--;.,.:-·.:_-~ :_·-=~---·------ • ___ e -- -. --2-- . - t. . ... : .. •·:7'----~:~ .-~-~.~~Z--
. 

~~---=-- .. ~: . : --· ·' ... - --. .---· . _,..x '- . ' ·--

--· ------ ·--"-----·--- ,.-----

"'7-.. • ... . -
~. 

,."'~ .,1"':: 



C: l.. V~ L ... ,, ,. C l;..:;;, ~ ,' L.! r .', "{ f.¿ 
rtE"~a ____ . __ ·¡¡u \\e¡ 

.J. - -
G ~)ti; i( ~ i) ¡1 • ';'•1 .; \::.,.. ~ 'l 

• ¡o~JllC•~~ .:.\"¡l)~C:·J~ .. ~:s.!~Jr~"i 

---- :~o ;r. Jt:; "v- --- .-')2 i J ~·[ .. 'Jo·---.:~~~ ;!-i:- ;Qi --

·--·-- .• l., J) ~~ -:·~ .,L _____ .J \\ ..:..·~:. .. -.! l~-- "','7'...i~' .. ~tC! 

• ~• 0•.1 ... ) e ..... 0 ... ' l ~ 17 :\L.~·} ) • " { 1 ~ • .,.:.! 

.~lh~J~, .. :\,. G.3.,' 1 l)~l'ú•' ~:lJ~n~tül 

. • ...,r. ,: "~ ,. "~.:;. -.,~.5t,' ¡,_:+t,.J ---- .~<"'2J.1S.t-·Jl 

• 7.)~.:=:•.'J ·.',;~·s·,c•J" .1J~nt.~ttl1: 

.L1 ~J ,;~1 :J ~·.' .''1 ,'.';~tJ"l ,rt,'i·.,:;r ·~a 

--- .. ___ , '' ..... J,) E t '~ - . - .. e r¡ 
1
} ': G ü: · ~ n .~J11'J~t~~ -~-

.lJO~ú(•,ll •,)2'01(•0n -. i 7'ioor•r.o 

... 1 !~I''JE~~ 1 ..... , ~:.~·,,1 Cvuli .. c.~·"~-t J:Ct~O 

___ c.!2:~v:~·~~---- .. 57_,.~.::~~~~t~-~ -" ~G''·2~:.¡úV 

,.l~C(i0(+0~ .22t:3C+(ll; w, 3 ~ l ·J7 E • v li 
---------- -- ------
-v ___ o. G1'lJ,0~c,'il ___ .~.::Q7~:+J(• ... ~ l'j")(3E .. U1 

-=--==:~ .. 1 s; '1~'-~r.:t~L~-- ~\~e; ;s~: (<Jo ____ ~, 3? 7?J~~o o 

,lbi,r,O(•~l • :s.~l!2fJ(..+ ;o ,b7.~oc.no 

=--=~-~7-~ <;uf.:~r; ¡ ~---~-- ~? 0 lS ni .,jn ------. ~ h' .l~ .o o 

==~ ,1 ')')()0€_+~_! __ :._ __ .2~ ~ ,.., n~.\1 ! __ .. t JlS ~~f.:tf1l 

,1'l000E•:;t •.lij7.:\t?~+:JO ,97Zl3f~OO 

==;zo·fC'.J;: ~.¡·¡- -_ ··.;J0o,: ¡;+;,o ---- , ;~-3 \¡-c+rló __ _ 

=.__-_::_. z: J e_ o~~ 1 ___ - ~s_,:: '!'-~u_'~ ______ • 1_11 ?or!~ o_ __ 

,22J00(+~1 ·•.717:JCi(<e>jC .,.,1a~9~•ov 

=~2"'\·Jn-Jt-.o r_-:--~:;.~-7:; 7c7E·-.~.;--_:-·-:-.;; 12 s r •E'• o¡::-

=.::._.__z~o-~~F.-~il_1 __ .::.~91J _ _6c~,;~ __ .::._- 1 1:'~'•1 E!~_¡_-_ 

,2S:>OOE+01 oo.3J ¡¡qt:+o,; .,¿')J')qt:•Ol 

___ • __ 
1 
-z.;;¡ouE-..-··•c-:-:-:-··.;~ ~7'11 1r.-.-, ·l ~---- --.--.. 1 l'i n • .r:·-:

=~ ~7.J 2 ~e:+~~----_:_~ IJ 1,_!..; 1f_:J ~--:~_? i •_}?;: ~~ ~ ---

,2'3vOOE+'ll eU"J3VjL+jQ ~.¿~•H7E•01 " 

=--=-;~·1,j3Jé._ii_l:-:-~, 7:;<;')~¡:.; ¡n·_- ·,23JHE·~-1--:-

-· ···-3ov~o~·rq ·-.~(t::;Jo:+;1 --,13?."~F'•I1l ----' -- - ---- ·-- - -~ . ----- --~- - . ---
·,:H JOQE•Ill 

o 

o .. 
,02·)00(+01 

., 1272A~•.tt •,ZI~'l'?~•OO 

-------------!.~----
0 

• 
,aS2··1E+ot ·.¡2~t..S('f'O¡ 

_ ____.93~~'J!:.!.~L - --•·;~~':,7L.•¡,¿I_. ___ .. ~z~~~CtJl.--

,'1·1~/):ftr.1 • 41 ·J', GP-¿..,. ~~ 1 .. 7b!o ... r ... n! 

-----· 
.r;St;""i(+il • '21..,.~:.:•-.:l ~ll28'j[,~.! 

=~~-;;~~..e ~L.' ~1----·~ ~~:2.:•.,.L ... _.,l3'j:;'"~ t~~ 

,'l70''Jr:•·1¡ ,h~17w7L•~1 ,1S3\~"•'l~ 

---- ::..;.\-JO:E:t-ñl--·--~;~·;·1·1 i~E,;w, 
1 
¡•,2~7l<t11~ 

::__.11J~')..'f:r1l ____ ·.2l7ü~~~~~- _ .• i37'1C(t"':.":.--

,lli'n'r•'Z •• ~.cn·:~c· Jt 'l')tf ~ ... :' "(\ ~ 

~ :.~~ 

._ .. , 



~ • ... '(.tt•·~.•,'•'' ... •J"•r- 0 ,. 1.'~• 1:,,•".••'·'• .. ' 1 11 ••,i~.••'\ ', 1 ',, f• 1 '',~ •.,. , •,.;· t,•''lt}l , ~ •• •w' 

.... ~.~~---··-·-·----·-~---·--·~-----·---·---··----·--·----~··~~-------·-------···---------·--4··-
' ' ... 
,: .. "._ J, •· L • 
~.\.J .. r-:1 o 
1!. 1,1 l 1 /"- ~ ~ .. 

-s*~'·'· e- 'l • 
').Q•) .. ·L• ~: • 
i.J".:~- ~ 
6' .._ .. _, ... r ••· ¡, • 

-·~.~'"" .. ·~--·t. 
~ .... t, l: •• : ~ 

l .. ~)...: ( .... : Q: 

--·-9-

• 
- ·-~----- -- -·--

:. •• ~(\·)[ ··~ .. o ----- ·-
~ • ,;. ('.: ':. .. '~ {f 

... ~ ,.sr.,_ ~ .r, ~- _ .. ----- • ___________ _. ___ _ 
1,t.~t"J~:~· ... ~ !) 

t.:., l. -:,. 1" ._," 4 • __ l.~~' .. C:.•·'~ • ________ ..__ ___ ..... _____ .._ ___ _ 

l.~~'J¡:;•\'.'. ----- ··-- -- ·-·-- -- --• 
z.:"J~ .. I'\~ e .... --- -

__ ?.. .. ~ i' lr'.,. 1 -' .. ---- ----~•------- .......... --- -· .. _____ _ 
2.2VL'·C•"~ " 

.• 

.. ---·--·- •--------- -"·· --. 
~--;v-- .. _ • • 

• ...:- .. .?-.-.- ... 

·-

'· 

.. - . -·-·- 15-- .:... ------ ·- -------· . --~~ 
• ,...........} S O 

'l •• ,", r •. --"" 

___ .. _ .... _____ _ 

--------·- -- ---- .. __ - ---

" 
" !'t 
~ .. 
~ 1;. 
... 

.. 
- • __ 1?• . 

" 
" 

-..___ ___ - -·--
" 1 ;!
~ 

"------·----"---. 
-.-

·----L-------~------•-------
•·- ----- "!l: ----.. 

-'-----t-----''-----.. ----

~------

.. 
• ----A..--- bo----4-------.. --

. . - • .. -- -~··:-------·-"---·--- - -- •--·-
R 

• . ---- • ______ ...__ ____ --...L------,-·----
1 • • 

- ---· ... -~----..: 
---~-...:-



' 1 

19 7 3. 

pp. 1-36 (c.ap. 3), i-:;7 (e;_c.._;). 5). 

::::. C:r\R..\it\í{/,,\ 8., L! .. !Tff[R. 1-:., WYU\..ES J.,''Ap;.:Lc".e.c! lVu.ulC.It-i.c..a.::. 

!•.-,<< • --·-L·;6'Ji" I·J~·~'[I ,., ...... J'.) ..... , • .. 1\t .. { •l-' \ Lo-~¡'..,:....)\.. l..~¡ 19 7 ú. 

c_{o-6 de li!fJ¡¿J~<.l'.:c[c .. S. A., 1972. 

;J ::J • 3 3 o-- :; 5 ~ , .; s CJ - -16 3 • 

5. KUJ S. Sfwn~ ''Cuilipu-tc.IL AppLi.Nd:.,(,on-6 ofi N:éu1;?. 1~i.c.a..t 

Mc.:thocU:, 11
• l~c.a.d-i.n.g Ma-6.6.: AdcUMnt-:.Ve..t>::..!.U C0., 1972. 

pp.12~-166. 

6. OGATA Ka.:t.~ul¡¡fw , "f.iude.hn Con.,tJLoi. Th;~o,;.q". En.g!eL'Jood 

c.t-tt) &-6 N. J.: PILe.n:ti.ec.-lh.tl IHc. ., 1 ·7 7 e. 
rp.663-704. 

7. S.\iiTff G., JAMES M., OJOL-;:O!~J J., ",\pp.t.:_e.c: Ntur:e.IL-i.c.c~.t. 

Sk.thocf,s 6oJL V-i.g-i..t.cd .. Colilpu-tc~.ti.on ¡V-[_,¿{¡ . OR.Tr.:.,\,'\". 

Sc_Jw.n..ton Pe.;w.: In..te.JLno..:t..i.on.a..t Tc.x.:t.boor~ Ca., 1967. 

pp.350-356. 

·) - . - _-,¡ 

_, 
"' Jr 



centro de educación continua 
división de t d' · es u 10s superiores 

facultad de ingenierra, un a m 

INTROi ;uCCION A LA PROGRAMACION Y COMPUTACION ELECTRONICA 

Palacio de Mlnerra 

., 
'•t l 

~ ....... ' ..... •' -
--- ~ --;-~-.::::== ;::::::-:;::::.:---..::.~-

DR. MARCIAL POR TILlA ROBER TSON 

Febrero-Marzo 1977 

Calle de Tacuba 5, primer piso. México 1, D. f. Tels.: 521-40-23 521-73-35 5123-123 

-., 



n · r\ n ..:"'"'~ ·"\ 17 ~ 
/,' fi\\!/ 1...::::_-\ \'/ ~ 
Ll J \_j \':_,_ ·> ¡J ".:-::..:::) 
an :rrvcntory syst01n rnoo'c:l 
com¡Jutrs tn.lt:nwry leve/~ .m,/ IJctory vuiput for 
a factor¡-wliolc~,Jiar·rctatlar mvcntory .~v,srcm. 
!nvcnwrv rc,li<!nt,>hmcnt and /cad ttmc poltct.'S 
mJy be ch.:;n;pd m arder to test the effcct of 
che se po/tetes on the performance of che overa/1 
syslt!fn. 

"' ::~~ :~ :~ ;:~; ~ r•\ ~~~~:~ ~ ·~ ", :;,; 

Thc purpose of an mventory 1s to providc a scp'iratlon 1n t1rne or loco.~tion 
bctween the production oi goods and the consumpt1on of goods. In our 
spcciai¡zcd cconomy a man 1s no longer h1s own butcher, baker, and 
candlrstick-makcr. Rather, we have product1on ccnters (factories) wh1ch are 
spccial¡zcd, centrally locatcd, and have high product10n rates. There is a 
grcat gam in production eff1ciency from th1s specializat1on, but 1t also 
requ1rcs a large incrcasc m inventaries to separatc thc centralizc'd factory 
from ·th<! ullimate consumcr. No longer do wc follow the example of the 
littlc red hen who plantcd, rcapcd, mdicd, bakcd, and ate (without trc help 
of thc pig, cow, rabb1t,, or duck) hcr own loaf of bread. 

Thc most common mvcntory S}'stem 111 our cconomy is thc factory
wholcsalcr-rctailer systcm. Thc wholcsaler prov1dcs a time decoupling scrv1ce 
betwccn the factory and thc retailcr, m that he holds the factory output until 
ordcred by the reta1lcr. Thc wholcsaler also providcs a locauon decouplmg, 
m that he gcncraily sh1ps gnods ovcr a widc geograph1c area. S1milarly, the 
retailer provides a dccoupl1ng serv1cc bctwecn the wholcsalcr ancj the con
sumcr, 111 that he ma1ntams an invcntory of goods on display for sal~ to 
customcrs. 

Thc purpo~c of this cxcrclsC 1s to provide an illustratiqn of the 
dyn;~mic naturc of ,the factory-wholesalcr-rctailer mvcntory systcm. A com
puter m o del 1s u sed to cale u Id tl' wcl!k by wcck how thc rctail inventory, the 
wholcsalc 1nvcntory, and the factory output rate changc 1n rc~pon5c to rctail 
sales. Thc modcl uscr may makc changcs in retad and wholc~alc 'invcntory 
pol1cy 111 an attcmpt to control lhc overall invcntory systcm. 

25 
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COIIPUTER MODELS 

~Orders 
~----------Goods 

F r¡¡ure 2-1 The factory-wholesaler-retarler system. 

Scction 2.1 explains thc normal invcntory systcms and thc rules for 
maintainang inventor)' lcvcls. The followang sections prescnt threc illu~trated 
computer problems for maantainang and controllang the inventory systcm. 

2.1 FACTORY-WHOLESALER·RETAILER ~lODEL 
Thc normal sy~tcm for the production and distributipn of goods in 

our cconomy is through thc facrory-wholcsaler-retailer system. A vasual 
conceptualization of this system is shown an f;agur~ 2-l. The function of the 
retailer in this system is to 

-take orders from customers 
-delavcr goods to .:ustOmcrs from on-the-shelf inventory 
-reorder goods from thc wholesaler 
-rcceive. shipmcnts from the wholesaler 

The function of thc wholesaler is similar to the retailer except that 
the wholcsaler's customcr as the rctailer and thcre is a time lag between the 
ordering and the delivery of goods. The wholcsaler must 

-receive orders from the retailer 
-ship goods frorn the warehouse inventory 
- rro, der goods from the factoíy 
-receave shipmenis from thc factory. 

Finally, the factory must produce the goods which are ultimatcly 
sold to the customcr~. Thc factory m ay or m ay not hold anvcntorics. 1 n thc 
currcnt modcl the factory docs not maintain any anvcntory so that ats only 
functions are to 

-produce goods at some rate 
-change producl ;on rate as requcsted by wholesaler 

The model just describcd as a simple abstraction of that which is 
' found m the mdustnal system. Durable goods, such as applicances, more or 

less follow the system descnbed. There are variations in that sorne large 
retailers order directly from the factory, or the factory ¡nay maintain a 
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showroom and m.1kc d1rect rctail sales. In oth(;r c.¡scs, the factory mamt<llns 
largc mvcntor1cs dnd pcrtorms thc function of thc wholcs;¡lcr. In all ot thcsc 
modlf1cations, howcvcr, therc 1s a dynamic mterplay of sales with the 
invcntones mamtaincd and thc factory rateas illustratcd in thts modcl. 

Thc paramcters and formuias for thc actual computer rnodel of thc rctailcr 
uc prcscntcd m this scction. Thcse formulas .He a rnathcmatic.1l statcmcnt of 
thc verbal modcl dcscription abovc. We also prcscnt sorne sarnplc Compu· 
t.1t10ns using thc 1ct.ul rormuiJ~. 

Retad sales are c~ntrolled by the cu3tomcr. T!·,cy are part of the 
input to the progiaJ!l by th<! rcM:c:. Rct.HI sal.:s m the past havc bce:1 ¡¡bout 
100 un1ts p<.:r w.:ck. 

Rclatf rccc1pts are thc un!t~ reccived from the \'lhr;)c~.ller cach 
Monda y morning that wcre crdcrcd F riela y onc weck ( 1 O cl;:ys) p• 10r. 

R.etail invento1_,- leve! 1s thc numbc1 of unlt~ on iland Fnday after
noon at tnc e lose of busines~. "ihc invento• y :cvel varic~ thí011gh thc wcc'k as 
shown 10 F1gur~~ 2-2. Thc formula for dctcrrnining the invento, v leve! is 

lnventory leve!,= prior inventory lcvcl + retail rcccipts- rct<:.il sales 

Reta1/ o1ders are placcd wtth tht wholesalcr each Friday aft~rhoon 
aftc.- dctcrmining thc 1nvcr;wry leve!. Thc order policy is to order the retail 
sales for thc weck plus or minus enough uníts to return thc base stock levcl 
to 100 units. Thus 

Rctat! ordcr = rctail s.1lcs + ( 100- inventory lcvel) 

Thc cff ccts of Lh·~sc formLilas on inventory Jevel and thc rctail ordcr 
can be ~ecn in thc foBowin!; sample computation. 

In a normal wcek 

No. of 
units 

200 

100 

Retail sales= 100 
Retail rcccipts == 100 
Retail invcMory le\- el == -100 + 100- 100 

:: 100 
Retail ordcr = 100 + ( 1 00- 1 00) 

="100 

r 
- - l - - - - ·- - - - _;-::...__.._ 

F M Tu W Th F M Tu 

Figur¡¡ 2·2 Rcta•l .nven¡ory levei. 
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~ase 
stock 

tjme 
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Wholcsalcr 
Modcl 

Formulas 

In a wcck in wl11ch sal~~ incrcasc 
Rctail sales= 11 O 
Retal! rcccipts = 100 
Retail inventory lcvel = 100 ·+ 100- 11 O 

= 90 
Retail order= 110+ {100-90) 

= 120 

In a week in which sales dccrcáse 
Rcta1l ,sales= 90 
Rctail rcceipts = 100 
Retail inventory lcvel = 100 + 100- 90 

= 110 
Rctail ordcr = 90 + (100 -110) 

= 80 

Thc wholcsalcr's policics for maintaining inventory and reo1 dcring from thc 
factory are similar to thc retailcr 's policics. The formulas for thc wholcsalcr 
and samplc computations are now prcsentcd. 

Wholesale shtpments are dispatched each Wcdnesday from orders 
submitted by the retailer on the prior Fnday. These ordcrs arrive at the 
retailer's on the following Monday. 

Wholesale shipments = retail.order (prior week) 

Wholcsale receipts is the · factory production of the previous week 
which is reccivcd each Monday morning. 

Wholesale reccipts = factory production (prior weck_) 

Wholesale ln.ventory leve/· is thc number of units on hand Friday 
afternoon: at. the, clase of business. Tpe inventory levcl actually varíes 
through'·tlle week as shown in Figure 2-3. · 

" The formula for detcrminmg the Friday afternoon inventory level 
is as follows: 

No. of 
unit!> 
300 

200 
~=l __ _._l ____ j ____ L ___ ~ Base 

stock 

100 

F M Tu W Tn 

Figure 2-3 Wholesale anventory, 

F M· Tu W 
Time 

Th · F 
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Wholcsalc invcntory levcl =prior ir.vr.ntory lcvcl + wholcsale reccípts 
- whulesale shipmcnts 

Wholesale orders are piaccd with thc factory cach Frid.Jy aftcrnoon 
aftcr tal-mg'11wcntory. Thc f::lctory, howcvcr, rcquircs a weck to changc ti1c 
production ratc, so two wrck<, pass befare thc wholc~alcr r.;ceiVI!> the actuJ.I 
ordcr. Thc poll~y is to ord.::r thc .:-urrcnt weck's shipmcnts plus cnou;;h un¡ts 
to return thc base stock to a norrnai lcvcl of 200 units. The form(Jiii :s 

Whclcsale ordcr = wholesaic shipments 
.¡. (200- inventory level) 

Thc cffccts of thc whoiesalcr's po!kics can be sccn in thc follow:,,; i-lmple 
cornputation. 

In a normal wcck: 
\1/holcsalc shipmcnts = 100 
Whoks;¡l~ rcccipts:: 100 
Wholcsalc inve.-alory lcvel =; 200 + 100- 100 

= 200 
Wholcsalc arder:::: 100 + {200- 200) 

::: 100 

In a wcck in wh1ch shipmcnts mercase 
Wholcsalc shipn•cnts = 110 

' \Vholesalc rcccí;:>ts = 1 00 
Wholesale invcntory lcvel = 200 + 100- 11 O 

= 190 
Wholcsale order = 11 O+ (200- 190) 

= 120 

In a week in which shipments decrease 
Wholesale shipments '= 90 
Wholesale receipts ~ 100 . 
Wholesalc inventory· level = 200 + 100 -' 90 

= 210 
Wholesale order = 90 + (200- 21 O} 

= 80 

lt should be notcd that in the prescnt simpl¡f¡ed modci, thc wholesalcr only 
scrv1ccs onc retailcr. Thi:. 1s an obv.oús overs1mplification from thc real 
wo1ld and aliows the analysl> to isolatl' the effcct of a single retailer 1n thc 
cntirc sy~tcm. 

In this modcl, thc factory maintains no inventory. The fdctory p1qduces at 
thc rate spcc1fied by the wholcs;M order. Therc is, howcvcr, " qne-wcek 
dclay whcn changmg thc product1on rate and a onc-wcek dclay for ~hippmg. 
The net cffcct is that thc wholcsalcr rcceives the actual order twc wccks 
aftcr it is placed with thc factory. Thus, for cxamplc, one might nave thc 
situation- shown in Figure 2-4. 
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Weck Who/csale Factory 
number ordcr rote 

1 100 100 
2 120 1GO 
3 80 100 
4 100 120 
S 100 80 
6 100 100 

f1guro 2-4 Changing factory production rate. 

Wholesale 
receipts 

100 
100 
100 
100 
120 
80 

2.2 NORMAL INYE~TORY POLICY 

-- . 

This scction pr~scnts the results of following a normal 1nvcntory 
policy. By "normal" we mc.1n that thc rctailer and wholcs<~ler follow the 
rules d.::scnbcd in, thc pr~ccding scct10ns. Thc most s1gn1itcant rule, wh1ch 
will be .1nalyzcd u'¡ ddail latcr, is ¡;¡e rcordcr rule. The normal reorder rule 
which is ivlio~ved 111 thc current problem is 

Ordí!f the current weck's soles plus or minus enough to bring the base 
stock back to tls norma/leve/, 

Following this rcorder rule and the othcr inveníory policics outlined 
in Scction 2.1, one can compute ovcr a number of wccl..s thc mventory levcl 
and ordcrs in response to rct;ul sales. For example, if reta ti sales are 100 111 

wccks 1 and 2, then in crease to 11 O in weeks 4, 5, 6, and 7, rcsu 1 ts w ill occur 
as sho\vn in F igurc 2·5. 

· Thc~e rcsults are arrivcd at by following thc computation f.:.(l;lJias 
giverÍ in thc prec:cding scction. For cxample, the formula for the rctail order 
eac:h wcck is as follows: 

Rctail order = weckly sales+ ( 100- invcntory lcvel) 
Thc retail order in weck 5 is 120 units, derived from thc above for· 

mula as follows: 

Retail order = 11 O+ (1 00- 90) 
= 120 

.Wcek Retal/ Wholesalt Foctory 
No. Sales Re e lnv Order Shrp Re e lnv Ordt:r Rote 

1 100 100 100 100 100 íOO 200 10Q 100 
2 100 100 100 100 100 100 200 109 100 
3' 110 100 90 120 100 100 200 100 100 
4 110 100 80 130 120 100 180 140 100 
5 110 120 90 120 130 100 150 180 100 

•'6 110 130 110 100 120 100 130 190 140 
7r 110 120 120 90 100 140 170 13() 180 . ' 

Figure 2·5 "Normal" inventory policy. 

,;· 
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lt is qu¡tc posstbi1· to compute thc rcsults by hand for as many. wceks 
of opcration ;¡s dcsul'd. Fortl1'1.tlcly, thc computcr program will do thc 
tcdious olcul.ltiom. \Ve ncxt con,id~r bricfly thc datil cards rcqutrcd to run 
thc computcr progr.Pll ;md thcn wc will analy..:c twcnty·fivc wcc;-s of 
opcration by u~1ng thc conlpUl(;l' modcl. 

This scction prcscnts thc d<~La C.ltd~-rcquucd as input to thc cumput<'l' pro· 

gram. Thc prograrn listing 15 fouolC: in Scclion 2.6. 
User namc card 1~ th.: fliSt cé!rd in thc d:~ta dcck. 1 t 1s u~cd tn ide;ntlfy 

Lwho is makin[! thc analys1s and an~· othcr idcnttfication dcsircd. Th1~. t.Jrd 1·, 
free field, in thal any 1nformation n1J\' b.: :..cypuncl-tcrl m colun.ns 1 to 40 

/EXEERt' l ,.,. l'lli' -,::;~;-;-:-i-7¡~·~· T ~ ( ~ -· .'1:.. !;. ,, • , ... L. jl '11 .r" A. ..... 

l o o e a o o o o o o G G o o o o J e ¡1 o o a o o o o oo e n o n r. r. e o o .;n n " o ~ J ; , .;o ; 
-~ 1_!.!..! !_1,,.!._! !_2'~'!_!J .!!_lí~l~lfJ:J.I_!.J ~i_!;~ :!J1.!.:2!...!'.22...''~U_!!_H ~~· :.__•• ~~ ~~~ ~ ~~~~ 

Cor.trol card ;s thc sccond card 10 the data deck. This card conta1ns 
thc number of wcd..s to be anaiyzcd, which is punchcd in columns 1 and 2. 

G 
______ ...._,_,_ 
~ ' 

G D O n G O O O O O O O O O u O O O C D O O C O O O O O O O O H O O u O D OC O O O O O O O 
.!._! ! .. .'...!l ~~~~~ ~·~1!._•'-'!.."..!:~~1.!:1~.!!.!! !~~ ~~,¿~·..!.:,~~)& .!.!....'! ~ ~ ~· ~~.!'.!.., 

Weckly soles cards conta::1 the w"ek number and th.: rctail s;¡IC$ for 
that week. Thcre is onc c;ud pcr wcck.an9 thc total numbcr of cJrds inust be 
exactly thc numbcr spccif1cd by thc controi card.· T~e wcck numb.::r 1s 
keypunched in columns 1 <'nd 7. The rctail sales for the '.veek are m columns 
11, 12, and 13, right jwtified ( tha t is, thc last d.git IS always in col u mn 13). 

01 lOO 
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1 1 1 e ~ 1 ¡ ,., ·111 u u u 1\ 111~ u~, l' Jl Jo n 11 n :¡ 11 11 ."lll :1 1t u p Jau 1· 11 n 11 u 11 u u u'' e u ti 

.__ ------------ __ .... _ ----------- ---- -- ...... -
The complete data deck setup fór pro01cm onc is shown iJ"' Fig~re 

2 .. 6. Each typcwntten !inc 1n thc fi¡;ure corrcsponds to one kcypunched Ó;::ta 
card. 

Thc etJmp~1tcr pnntout r.:sult111g from thc normal rcord'er policy IS depíc;ted 
in Figure 2-7. Tbo,: f11st i111c 111 the computcr output is a rcproduct1on of thc 
ir.formJt1on kcypunchcd on thc f1rst dalJ c.1rd. Thc last linc of th~.: computcr 
output is infounJt10n IIOI'l th.: >•: .. ond dat;; card, thc control card. Th.: 
notation 25 WEEKS RUN 15 a rc111inde1 that :he control card spccif,;:d ~hJt 
25 wccks·of data wc1c to Le run. lf thcrc is too littic wcckly sales Jata qr ¡f 
thc wcckly sales data 1s out of orccr thc computcr will print the rncs~Jgc 
SOMETHING WRONG W!TH YOUR DATA and stop proccssing thc ¡!lro
gram. 
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EXlRCI~l O~~ ~y ~OV HARHIS 
z~ 
01 lUO 
02 luO 
03 l ¡o 
O'+ 110 
O!) Uo 
oo uo 
07 11 o 
o~ 11 o 
O 'JI 11 U 
lo !lo 
11 11 e 
1¿ 'Ú•l 
13 11<' 
l'+ 110 
15 llll 
16 11ft 
l 7 11 il 
ll:J 11 o 
1<J ll'l 
20 11\l 
21 110 
22 llll 
2:s 1111 
21t 11" 
25 11•: 

Figure 2·6 Computer mput-normal policy. 

PROGRAM ¡NSYS FOR EXERC¡SE ONE BY ROY HARR¡S 

WI:.EI\ •••••••RETAl~·-••••••• eoooowHO~ESALEoo&ooooo FACTORV 
NO o SA~ES REC lf~V O~OER SHIP HEC INV OHOt:H HA TI:: 

1 lOO lO!t loo lOO lOO lOO 200 lOO lOO 
2 lOO ' lOO loo lOO lOO lOO 200 l 01) llJO 
3 ,110 lOO •o 120 lOO lOO 200 lOO lvO 
4 110 1 00· liO 130 120 lOO 180 140 lUO 
5 llO, .::,,:120 YO 120 130 lOO 150 18u 100 
b, uo''· 13o llO lCO 120 lOO 130 190 140 
7 110 120 120 90 lOO 140 170 13(' ltii) 
8 110 lOO 110 lOO 90 18il 260 3C. 1YO 
'1 110 90 qo 120 lOO \ 'i '¡ :;so e 130 

lO 110 ' 1 o o k O 130 120 i30 360 (1 30 
ll 110 120 '10 120 130 30 260 7J o 
12 110 130 110 lOO 120 o 140 180 o 
13 110 120 120 '10 lOO . o 40 260 70 
l'+ 110 lOO 110 lOO 90 70 20 270 1~0 
15· ·110 90 ')O 120 lOO 180 lOO 200 2b0 
lo 11 o . 100 l.iO 130 120 260 240 8(1 27U 
17 110 120 '10 1•20 130 270 380 n· 2011 
11i 110 130 110 lOO 120 200 460 (J tiJ 
1'>1 .110 120 120 90 lOO 80 440 u ú 
20 11,0 lOO 110 lOO 90 o 3SO n o 
21 .u o 90 90 ~20 lOO o 2SO S•· u 
22 110 lOO fiO 130 120 o 130 190 (¡ 

23 110 120 '10 120 130' o o 33!' !)() 
24 110 130 110 lOO 120 so o 320 1'>~0 
2~ 1111 120 120 90 lOO 190 90 210 J~ú 

2~ wEEI\S AuN O • O O O 
' . 
' _, 

Figure 2·7 'Compute·~ output-normal policy. 
' ' 1 ' ' '\ \ ' ' ' 
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lt is qu1tc eviucnt that thc so callcd normaí mvcntory po!1cy is nota vcry 
smart pol1cy. A simple .ncrcJsc 10 ICtJil ~alcs toa ncw leve! 10 p-:rccnt h:ghcr 
th;u¡ Lcllll-: h.1~ sct orf uncontroJI;¡blc fluctuat10ns 1n thc who!c~alc inv~..r,. 

h1ry ; .. ¡d In tht: ractory ratc. Evcn though thc f.¡ctory SCi"v'ICCS cnly On(; 

whok~.il1.r and onc rcta1!cr thcse l.ncontrollablc swings cause :he L1ctvry to 
complctcly shut clown by wcd. 11. Ncgativc mvcntorics, ordcrs, o: factory 
ratcs drC not allowcd. 

By wcck"25 lhc s1tuation is still not in control. Thc rct<dlr;; has not 
stJbilizcd his mvcntoty lcvci bark to 100 uruts, tite wholcs.11\'r has not 
stabilizcd, and thc fJ.ctory IS eoing from boom to bust. ThiS cyci!C bdJJVIOr 
in thc svstcm is thc rcsult ot t!ic lcJ.d times 1r. thl' systcrn and t'w "t;lir:c~" 
ordcnng pol1cics of thc rct;ulcr .:tnd lhc wholcsalcr. Thc ncxt ~\"1' r.tio.1s 
considcr some nv;thocb for bringing rhis s1tuat1on undcr control. 

2.3 CONTROLLING THE REPLINISH,viENT RAT)E 

The 
Replenishment 

Concept 

Thls SCCtlon COilSidcr~ the problem of controlling fluctuation in thP. 
invcntory systc·m throL•gh a cha;~,;c in thc reord.:r policics of thc reta1ic~ and 
thc wholcsal~r, .. ,Thc ba~:c concepr J.pplicrl is · th.lt of dampening thc <'t•ipli
tudc of·change'. This concept is implcmcnted by changing the rcordcr policy 
to dccrcase thc 2mount of replcriishment of the b;isc stock. The ncw pclicy, 
thc conip:;ter OL•lput, andan an2lysis of thc result!> _are presr:ntcd hcrc. 

According to the old pol;cy, thc 1 corder formula for the retailcr is 

Retail ordcr = reta 11 sales+ ( lCO -- invcnt.ory lcvel), 

This policy says in effect that tl1e retailer wants to repl~~ish the stoc¡,. he has,. 
actually sold duPng thc week. In addit1on, if ~ales'arc above or"Lc!ow the 
base stock leve! of 100 un1ts he wants to maintain, h~ wiil order enough to 
bring the base stock to 1 OO. ' 

. This roiicy appe ... rs ;easonabie (:110Ugh but: íl is ba~ed 011 the rathcr 
nearsigh tcd as>u mpttons thar · 

-future sales ·mil be thc same as th:s week's 
-stock replenishmcnt .s msiantaneous 

The first assumptlon is olmously risky for almost any rctail opera
tion. Thc sccond as>u mpt10n is obv1ously not fuiflilcd m thc pr.:sent systcm. 
Thc retailcr ordcrs on Fnday, thc goods are shippcd on the next Weoncsday 
and recc1vcd the foilowing Mond,1y. Each Friday, the retailer 01dcrs cnough 
"to bnng thc bJSC StOCk bJCk to norr.1al" CVCO thOL;gh th1~ goods he ordf.lt'd 
the prior.FridJ.y to bring thc ba>'~ stock back to r10rm~l suil hav<! Pot arr:vc<i. 
Whcn thc ord..:r do..:s urnvc thc rctadcr ovcrrcacts by ordcring too i¡tilc the 
next time. Thi! nct re~ult, as st:en in Section 2.2, 1s that 1he rctal!cr 1s ncver 
Jblc to stabliiz1! ,his ordcr or invcntory leve l. Business cycle!> r.uy b~ caused 
by ¡ust th1s k1.1d o(bchavior. 

O:ne ~Y·'Y to clar.•pcn thc swings is to changc thc rcplcnishmcnt pot\cy 
to spccify that only .1 pcrccntagc uf thc base s'tock d1ffcrcncc i~ to b,; 
ordcred. Thus w~~ changc ¡he formula to 

l<.etail orJcr= rct¡¡,1! sales+ (100- invcnlory lcvcl) (A%) 
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lf wc scr¡A at 50 pcrccnt.and thus try to makc up only onc-half thc 
dtffcrcncc, thcn wc can compare thc reta ti ordcr whcn sJics are up to 11 O 
units. 

0/d Policy NewPol/cy 

Rctail ordcr = 11 O+ ( 100- 90) 
= 1'10 + 1 o 

Rctatl ordcr= 110+ !(100-90) X 0.5] 
=110+5 

= 120 = 115 

Whcn sales are down. to 90 units Lhc rcsult is 

0/d Po/ley New Policy 

Rctail ordcr = 90 + ( 100- 11 O) 
=;o 90 -'10' 

Retai 1 ordcr = 90 + [ ( 100- 11 O} X 0.5] 
= 90-5 

=so = 85 

Thc ovcra!l cffcct of the ncw policy is that thc rctailcr only partly rcJcts to 
mercases or dccrcascs m thc base stock and allows sorne time for tnvcntories 
to rcturn to normal. Thc wholcsaler may follow a stmtlar policy in ordering 
from the, factory by including B pcrccnt in thc wholcsale order formula. 

' ' ,\ ' ' 

User name card remains unchanged. The new rcorder policy is implemented 
by· specifying on thc control card thc percentage val u e for A (retailer} in 
columns ·11 ar.d 12, and 8 (wholesaler) in columns 21 and 22. 

1 ', \, ' 

25 50 50 
- 1 • Ll 

ooaoooooooooooooou~aoooooooooooooQoooooahoooooao 
~ ~.!..! !_1_!...! .!...!·~~J ,!!_1! .. !._'~11_!!.~1 ~t~_!!!~t~:.!I2:.:''.2;,.U_!}}1.!!_2 ~l !!_!1~ ~l,!_ 

' ' :. ' 

lf the field is'left blank, the value for A or 8 is sct to 100 percent. Otherwise, 
A or 8 may be set from 01 to 99 by the user. 

' 'Weekly sales cara~ are kcypu~ched as in Scction 2.2. 
A co~plctc data dcd. l.tsttng fo'r thc ncw poltcy is shown in Figure 

2-8. The rctailer and· the.wholesaler only try to makc up 50 percent of the 
differcn_ce in :base stock under the new policy. ,. 

The computer printout fO'r the new 50 percent reOídering lcvel policy which 
is generatcd from these data card6 •s shown in Figuíe 2-9. Note that the last 
linc of the printout includcs thc ¡n¡JUt values for A and 8 specified in the 
control card. 

The overall rcsult of th~ new rcordcring policy is a drama tic improv~ment in 
thc pcrfo~mance of the inventory system. , 

Rctail rcordcrs match thc ncw sales lcvcl within eleven wccks, 
'· Wholc~.tll· rcordcr~ m~tch the ncw ~ale~ h:vcl w,ithin twclvc Wfcks. 
, F,acto,ry riltC is not yct stablc, but .lppl'MS to be J.11np~niflg out. 

Mast significan ti y, the systcm is no longcr out of contro!, i,c1; caught 
up in uncontrollablc fluctuatton. The fluctuations have been damp~ned out 
and the system stabilizcs itsclf to the new sales..lcvel. 

\ ,,. 

.. 
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f.II~RClSE TI• O t:IY R(J'f HARR!S 
2~ 5t• so 
01 lOO 
o¿ iCO 
03 ll(, 
0/t 110 
0!1 1\C 
Ob u o 
07 llu 
00 ll p 

o~ llu 
lO 110 
ll ll•.' 
l.r! 11" 
1.:\ ll( 
14 ll • 
15 .\ l L 
l6 !l" 
1 7 il 
ltl l. l r 
1'>' ll 
20 11'1 
21 ll. 
22 ! 1' 
23 ll 
2~ n 
z:. !l• 

Figura 2-8 Comnuter mput -r eplcnrshrnent rate. 

-----------
PHUGRAM'lN~YS fOR EXERCI5E TWO ~y ROY ~AHniS 

II!Ef.K -----~-HETAIL--·--·--- o~~~~WHOLESAL~~ooo~oo~ 

NO. SALES HEC I ,, V ORO EH SHIP REC JNV OI<OCH 
1 lOO lOO l (1 o lOO lOO 101) e: o o lo r• 
2 lOO lOO loo lOO lOO lOO 200 lOO 
3 llU lOO ''1,0. 11':> lO U lOO 200 lOO 
lt ll o l.O O ' 'HO 120 115 lJO 1Fl5 121 
~ 11 o. 115 k':> ll u 120 lOO 165 131-l 
b llO 120 '>5 ll3 lltl l u\) l4il 1 ~ 1.¡ 

7 l•U ll ~ l" 3 109 ll:J 123 15ii 134 
t:l llll llJ i'J':> lOl-l 109 l3R 106 llb 
~ 110 109 ll• 1¡ 1013 lOb 1<+4 ~?-C.--' 'lo 

lO l1U lOtl l.: 1 109 lOil 134 24il 8'< 
11 110 lOR 49 110 109 \16 254 82 
12 llO lO~ '19 1 J 1 llO 96 ?40 <¡, 
t3 llU ll o 99 11 u lll 84 2~4 104 
1 .. 'll u 1 ¡ 1 1:1(1 l1 (} ¡lo P.2 185 li fl 
1~ 11 u i 1 o 1un ' 10 ¡ lo 9j 165 J.27 
lb 110 l lú 1110 110 illl 104 159 13'' 
l7 11 (¡ ~ lo loo ¡lo ll o llA 167 l2o 
16 llv llO lOO llO 110 i27 lt\5 ll" 
19 llO llO luo 110 liO 130 ' 205 l07 
2U 110 ¡¡o· lno 110 110 12& 221 94 
21 110 llO l <10 l \o llll llH 229 9b 
22 110 ll \) 1 (¡o 110 ll o 107 22ó 9T 
.u l llJ l10 1•.1 o ll o u o 9<:¡ t'lt> lO~ 
24 ·, no 1 lo l•J o l 1 o l lo 9h 201 l ,¡ <.¡ 

2~ llO 110 luo u o llO 97 188 ll('o 

2~ w<:EK$ RUN ~1) 50 o o 

Figuro 2·9 Compute:r Olllput-rcpl2nrshn.cnt ruto. 
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Howcvcr, all is still not pcrfect. Thcre is still a long time lag befare 
the factory "cate hes on" to thc ncw ratc. Moreovc., d s1mplc 1 O percent 
incrcJsc 1n sales still causes a 20 pcrccnt change 1n thc wholcsale shipmcnts 
and a 44 pcrccnt change 1n the factory ratc. Scction 2.4 cons1dcrs add1tional 
control mcasurcs for bringing thc invcntory systcm under evcn t1ghter 
control. 

2.4 CONTROL OF LEAO TIME 

Lead 
Time 

Conccpt 

This scction considcrs thc probil·m of controlling fluctuations m thc 
mvcntory sy~tcm through a dc.:rc.óc in thc !cae! tllnc b.:twccn thc ordcr and 
thc rcccipt of goods. Thc basic conccpt is to changc the ic.ld time rcquircd to 
rcspond to char.ges in the systcm. Thi~ conccpt is implcmcnted by tcsting 
thc cffcct of fastcr dclivcry from thc wholcsalcr and faster changeover to a 
ncw production ratc by the factory. 

Under the "normal" system sctup the two basic lead times in the system 
wcrc ( 1) bctwcen thc ordcr and rcccipt of goods by thc retailer, and (2) 
bctwecn the order and rcceipt of goods from r.he factory. These wcre as 
follow:s: 

Retai/er normallead time 
Order on 
Friday week 1 

Dcllvered on 
Monday week 3 

Wholesa/er normal/ead time 
Order on · 
F riday week 1 

Change rate 
Week 3 

Dtilv.:r gooo) 
Monday week 4 

The effects of thcse lcad times are clearly seen in Section 2.2 whcn 
the retailer reorders evcry F rida.y to make up goods that ha ve prcv10usly 
becn ordercd. In effect, he makes a double reordcr for the same goods. In 
addition, the factory takes seven wccks to bcgin to respond to a change in 
retail :;ales. 

1 n the current example we will consider the effects of decreasing th is 
lead time. The new pol1cy is to wor~ thc wholesaler on Saturday in order to 
deltver Friday-afternoon orders the vcry next Monday. Thus 

Retailer decre'ased lead time 
Ordcr on 
Fnday wcck 1 -

Delivcrcd on 
Monday weck 2 

Simllarly the lcJd time for the wholesaler may be changcd if the 
factory can shift to a new production rate without a week lag and if the 
factory ships over the weekend. 

Wholesaler decreased lead time 
·arder on 
F~iday week 1 

Change rate 
weck 2 

Delivered in 
week 3 
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Thc user na1'1e card is thc same as that in Scction 2.2. The changc in 
thc lcad times ~~ irnplcmcntcd in thc computcr modci by two fields m thc 
control card. A spccdup of onc weck in thc wholcsalc~ dcliverics is accom· 
plishcd by placmg a 1 m column 31 of thc control card. ,\ spcedup of one 
wcck in thc changcovcr of thc factory is accomplished by placing a 1 m 
column 41 of thc control cMd. '" 

Thc control card now rcads 

C
25 50 50 ! ¡ 

QQODODOOOOOOOGOCOOODOCOOQOQflOOQOQOOOOOOOOO~OO~O~il 
- ~.!~ ~12_! .!_!1~'.!_21 !!,_1~411~11...!:_•2_}_1 ~l'_l; !.}~ :!2~~~'2.!,.!•..!!.,li~U,!!,!!!!..!} ~ ~ '.!._!1!!,. 

/ J ,' 

Thc ~wchl:/ sales cards rl t.lin thc samc forma t. 
Tbc complete d.11.1 uu>. sctup to test toe cffccts of thc dcc.·c;;,.;,, 

lcad limeis st1own an Fot;Uic 2-: O. 

l he cor.1pútcr printOllt with kad time drcrcasca 1~ showr. 111Ft¡,''": ~-1 1 

Thc rcsult of thc ncw :c~d time policy is a f,,nhcr improvemcnt in the 
ovcrall performance oí thc invcntory systcm. 

Rcta1l ordc1 s match the ncw sales rate within five weeks. 

lXERC15E' lhREE BY ROY HAR~lS 
25 So so 1 l 
Ol lOO 
02 100 
03 .l.lll 
04 llt• 
os llt' 
Ob ll,:> 
o 1 llo 
Ob ll tl· 
0<,1 11,: 
lO llll 
ll ll·' 
l¿ 11: 
13 ll ~ 
14 11•· 
15 L 1 ~ 
1 b 11 ' 
1 7 11• 
~~ 11 ¡. 
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REFERENCES 

PROGRAM IN<;YS FOR e:Xe:RC~SE TH.f.IEE flY ROY HARRIS 

WEEK -----··RE T AIL~-··a•-•e• ooo~o~HOLESALEoooooooQ FACTORy 
NO o SALES I-IEC I"'V ORO E k SHIP REC INV ORDER 

1 lOO lOO lOO lOO lOO lOO 200 lOO 
c. 100 lo o lvo lOO lOO lOO 200 lOCJ 
3 llO lOO 90 115 115 lOO 185 123 
4 110 llS 95 113 !13 lOO 173 126 
ó 110 113 98 111 ¡ 11 123 184 119 
6 11 u lll 99 111 111 126 199 111 
7 llU 111 99 1 1 o ll o ll C) 208 lOó 
1) 110 110 lOO 1 lo 1 l (l 1 •• 

l ' 
209 10h 

9 ·no 11 o '1 00' llO 110 lO& 205 107 
1 o '110 11 o 1 (l'O 11 o 110 106 201 llv 
11 llO ll o lOO 110 11 o 107 148 111 
12 l·l o ll o lOO 110 110 11 o 198 lll 
13 1l0 110 lOO 110 11 o 111 199 111 
l4 ¡ 1 o 110 lOO 110 11 o 111 200 ¡¡¡, 
l!l llO 11 o \1 'o o 11 o llO 111 200 11 .· 
lb 110 llO loo 110 ll o 11 o 201 lliJ 
1 7 llO llO loo 110 11 o 11 o 200 ll!.' 
lb 110 ll o loo 110 110 11 o 200 11!: 
19 110 110 1:>0 11'0 110 11 J 200 llú 
20 110 110 loo 110 110 ll o 200 110 
21 110 'll o loo 110 110 110 2\10 ¡¡r, 
zz 110 110 loo llll 110 110 200 llv 
23 no 110 loo 110 110 110 200 lli 
24 úo 110 loo 110 110 11() 200 1 i f¡ 
2~ po· 110 loo 1111 110 110 200 llG 

2!:1 wEEKS-- HUIII 50 so 

Figure 2·11 Computer output-lead t1mes. 

Wholcsalcr orders match the ncw sales rate wJthin eight weeks. 
F~ctory 'raie is set to thc new sJics lcvcl m nmc weeks. 

RATE 
lúO 
lvO 
liJO 
123 
126 
119 
1 ' l 
lU6 
106 
l'.J7 
ll o 
! l l 
lll 
l ¡ 1 
llu 
llO 
!lO 
lli> 
110 
llO 
1111 
11\l 
llo 
110 
llU 

In addition·to cutting response lags down, thcre is less fluctuation in 
the inventory levels. 

A simple in crease in sales of lO percent causes a 15 perccn t eh~. ·.~e ;; , 
wholcsale shipmcnts, down from thc prior 20 pcrcent change. Also, thc 
factory ratc changcs 20 pcrcent, down from thc prior 44 percent. Thus, in 
~ncral, it may be said· tl~át 'the invcntory systcm is now in bcttcr contrÓI. 

There' are, however, many compllcations one could add to' the modcl 
bcfore it would approximate the real world. For example, custorners are 
never so kind as to provide such nice uniform retail sales. Hence, the user 
might want to, try his hand at controlling the invcntory S~'Stem if rctail sales 
were to randomly fluctuate bctween, say, 80 units and 120 units in any 
give~ weck:. 

1 
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2.S INSYS DATA DEO< STRUCTURE 

Control Cnrd' 
Card co/un,ns 

1, 2 
11' 12 
21 í 22 

31 
41 

,.e::·-:-~=---.:- -::::ll 
¿.~======--=-· ,~!11 

L. l ~:q¡ / 1'•¡ 
,....C.__l_ _ Add•t•onal dota scu ~~~~~~~j~~ 

~~~- - - 11 ;l¡l ' ' .1 ! 1 

( wcol.: Sales'~ 1 ~~ .L Wcekly satos card , • , 1
1 

1 , 

/L <-""" , .. , 111 r 
( -----~~;- l -. -~ . 

1 .,, 

' :,, : 
,, 1 

Formal !te m 

12 
l2 
!2 
¡ 1 
; 1 

No. of werks 
p(',CCíit.l;:;c v;:iu~ for rctailcr 
Pe; .:.::r•:Jt;(; ·,',¡Juc for wholcsalcr 
W:ool.;s;¡icr lc;¡d time 
Factory lead time 
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2.6 INSYS PROGRAM LIST!NG 
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' PHOvHi\M !IIISYS 
!NVENTORY ~Y~TEM CONTROL MOOEL 
COPYRIGHT !9~9 BY ROY O HAHRI~ 
THIS V(RSlON FOR !~M lbO 
UlME~SION ALPHAilOI 

R~AU ANU ~Rl~T STUOENTS NAME CARO 
M1 = 5 
MO = b 
H~AO 1Mlo261 A~PHA 
wHITt (M0o27l ALPHA 

W~AU CONTROL CARO ANO:INlTlALI¿E 
Ht.AU IMI oc8l Nt lRe IIft LWo l.f 
tF tll<> lfc•J 
1\ "' loll 
GO iu 4 

A : lRtlOO. 
H liwl !lv~Hb 

H " i ol 
vO lO 7 
b .:: IW/lOOo 
kl "' 1{10. 
RU = 1 ~rO • 
w~ = lOO• 
.. ¡ = 200• 
~>02 -= 10u. 
1001 = lOOo 
~¡.¡ = lllOo 

\ \' ' 
Pf.!INT HEAU!NijS FOH .r~I:":EIC;l.Y OIJTPUT 
~tt<ITl:. (M0o29)'.-
wiUTt. iMOo,3\ll 

STAHf OF UO LOOP THHOUGH wEEKL.Y CUMPUTATlQNS 
UO z,. 1 = lo N 

klAU ANO•CHECK OATA CARO CONTAINING wEEKLY SALES 
Ht.AU (1-11•)'¡1 'I<WU'K,t 'SALES, 
lF ll-1\R'((I\i l;<o,'1o8 
wHl Tt. IM0t321 . 
uU tu 2S 

:oMPuT~ HETAIL lNVENTORY LEVEL. A~U OROER 
kllEC = WS 
H!Nij = RI•IlR~C-S,LES 
lf IHlNVI lúol(l.tll 
H!NV : OoU ' 
fWRO = SALE.S• ( (,1¡¡¡. 0 •Hl~V)OA) 
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HUfW e Uou 
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11 W!NV = OoO 
lu wúRO ~ WSHIP+II?OO.-wiNVl~~~ 

IF (wOROI 19,19o20 
¡., t~URD e OoO 

e SET tACTOHY RATE FRO~ CONTROL CAHD 

e 

20 IF ILf-ll 22,2lo22 
Zl FR~ Tt. a: ~>01 

t.,Q TO r'3 
e!?- F llA H. "' WU2 

C ~N¡NT OUT CURR[NT VEEK R(SULTS 
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Fk = fRATI:. 
CONTlNUE 

FUH~I.·lT <1UA4) 
FURI-1•\; :ltilol8HPROGRA11 lfJSYS FOR tlOA41 
FU~H~T 112o~Xt!2o8Xol2o8~oiJ,9Xvlll 
F0,1H4T 13t•HOWEEK --:--··-RETAIL-·-------

1 3ttHI>I>ot>t1WttOLESAL[t>IIOo<H><>o, FACTORYI 
FURMAT llH t3bHNOo SAL·ES REC IN\1 OROER 

1 23HREC I NV ' O ROER\ 'RA TE 1 
FURMAT 112o8XoF3.o .1: ,. 
FURMAT (3¡H SOMETHlNG WRONG'~¡TH YOUR OATQI 
FORMAT 11~ oi2o4F6.~oF7.oojfo,QoF7,0I 
FURM~T llrlOti¿•IOH WEEKS RUNt4I31 
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SHIP 
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A 6'+ 

A 6~ 

r. 6o 
A ól 
A 6!:1 
A 6'i 
A 7·¡ 
A 7! 
11 'l'c! 
4 7J 
.. 74 
A 7':> 
,\ 7o 
4 7 1 
Á 7t:J 

r. F¡" 
A 8! 
A a¿ 
A SJ 
A 8 .. 
A 8~ 

A 8b 
A 8 l 
A 8r.l 
A l:l'i 
A 9V 
A 91 
A q¿· 
A QJ 
A q4 
A 9~ 

A 9o 
A 9/ 
A 9t:J 
A 9'i 
A lOv 
A lO 1 
A lO¿ 
A l OJ 
A 1 u'• 
A l'J':l• 
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a modo/ fo¡-:.·'jnventory order!ng poUcy · 
C0!11pUuJS Che moot <!COnOm/CiJ/ inventory (Jf[,r'r •:u.mCtty undera 
vJriL'iy of conóuons, including pflce diliCOUnil>, "hortage cost, and 
storage /¡mlfat¡ons. 

A primary purpose of inventaries is to decouple production from consump
tion. Inventaries are goods which,may be uscd as a hedge against uncertamty 
in demand or as'a· bl!ff~r for production fluctuat1ons. , 

The.·replerilshment of invent'oncs is thc topic of this exercise. We 
-describe an elementary, but fundamental, inventory 'replenishment moriel· 

the Economic Order Quantity (EOQ) model. In Section 3.1, thc devc!op
ment of the basic EOQ model is given. In Scction 3.2, the bas1c EOQ model 
is extcñdcd t9 in~ludc a real world phenomenon: quantity pnce d1scounts. 
In Section-3.3, the basic model is modified-to mcorporate shortage costs. 
Considera:tion of· storage limitations and thc1r effects upon the .order quan
tity decis!on' arc.the subject of Sect1on 3.4. 

The rational basis for decidmg how much, if al')y., inventory to hold, 
and to ordcr, is an econom1c basis Thcrc are costs associated with hoid••.;; 
invcntory in stock, e.g., 1nsurancc, t¡¡xes, mterest on' capital, and so o•1. 
Convcrscly, thcre are costs rclatt:d to not holdmg in~o:cntory, e.g., lo$t sales, 
frcqucnt purchas~ orders, product1on dclays, etc. Thcre 1s also the 'cost of 
purchasing thc replcnishmcnt for invcntor1cs, e.g., paperwork and material 
handling. · · · · 

.' Thc int~n-t ¿f tl~is cxercisc is to ;tllow thc uscr an opportunity to gct 
a fccl for the effects of clungmg p~ramctric values in the basic economic 
ordcr quantity -formulas. Hencc, thc reader is encouraged to condu~t sens
itivity analysis on each P,arametcr in the· EOQ formula. 

,' 
0 

< LO\ \ 1 l ~ L \ 

l \ \ \ ' ' ~ ' •' 
3.1 ECONOMIC ORDER QUANTrrY· ., ·''' 

'.,1,' 
, .. , - .' This section introduces the basic Econorhii: ·ordcr Quantity, (EOQ) 
model. lt'also describes in dctail thc datJ cards rcqu11ed for Lhe accompany-
ihg computcr_program, and the computcr output. · · · 

43 
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ln\<'IIIOIY 1'-
1 

Qo 

Thc 
Econcmic 

Ordc1 
Quantil y 

lnvcn:o;y 
M o del 

lnventory 
Cost 

_ Avcr,¡gc = Q/2 
mvcntol y 

Fi!Jurc 3·1 lnvel"tcry levcl and usage pattcrn for EOQ model, 

A baste assumptton of \ÍH! EOQ mo,l.:i ts that thc consump;ion o1 the 
mvcntory ts con~tant uwr ttmc and that it ts posstblc to rcplentsh thc 
rn.·CillOJ y on vcry ~hon notrcc Thc quantity m ir.ventory at any point in 
tim.:, for th~~ etrcumsl.~r.cc, b sllown :r> Ftgure 3-1. 1 he baste EOQ model 
aiso ;;~~l""''' tto qu,ull.ty pnc.:: ,it~CG·Jnts dlld no bad.ordcrs. 

In th:s "sawwoth'' usagc 11anen1 thc mvcntory is consumcd ovcr 
time unt1; it is deplc te d. 11 rs thcn •Jl· :,n :i)' rcplenishcd (sm,;_¡:;hr vertical 

' line), and the usage continued. 

The rattonal bas1s for determ:nmg mventory lcvels is to balance the cost of 
holdtng, 1nventory agarnst the cost of not holdmg rnventory. ln'the consump
,t1on siq.1ation descnbed above, the typcs of cost for holdrng :the inver.tory 
are fatrly obvrous. Storagc must be prov1ded ·for, the inventory and the 
rnventory must be financed. 

The cost of not holdmg inventory m'ay not be s~ obvlüU$. Since it 
was assumed ¡hat the rnvcntory was easily and 1\\Stantaneous)y opt;1inable, 
thcn there .is. 'no cost attached to being caught short. Hqwcv~r, iike a 
housewifc who goes to the groccry store thrce t1mes each day;to purch;;se a 
singl":! m cal, th~.:rc is a cost attachcd to procurcment of the inven'tory. Not 
holding invcntory m,¡y1cad to ver y hig1l procurc'ment cost. · 

. Thc issue 1n the cconomic ordcr quant1ty modcl ts to dcterr1me ho'_Y 
much mvcntory to ordcr cach wnc. Thc cost ,of·procuremcnt'< pcr unrt goes 
down if more is ordcred cach t1rne, but thc cost of 11old:'ng :nvc~tory ¡;oes 
up. Figure 3-2 show!> a graphrc rr,:o• ~·-cn:at.on of th.;~c· co~ts as thcy vary 
with the. sizc 'of thc ordcr. The tot,;: .,,, , ·:mental cost of invcntory ·~ shown 

' as the top curve on the graph rn thc fr¡;urc: · . , , -

:Total 'incremental cost::: holding cost +'ordering cost 

Th,e .be~t ir~ventory policy 1s to order the amount of inventory each time 
,which ytclds the rntnimurn total cost. This "correct quantity" to order is 

. callcd t,he cconomtc arder quant•IY (EOQ). 
Thc following dcftn1110ns and variables will be used in dcriving a 

mathcmatical cxpression for tne EOQ. 
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Total incremental 
.cost 

Cost of holding 
inventory 

Cost of ordcring 
--- invcntory 

O o UnltS 

Figure 3·2'' Costs of·holdeng and ordenng enventory. 

Holdi'ng cost = (avcr~1gc invC'ntory) X (unit inventory holding 
..... ,. '.c~sr'rcr year) - .. 

\,' ·' !.:)(:'.; X fP X FH) 

pricc pcr unit 
whcfl: 0 == 

!' =· 

FH= annual unit holding co~t as percentage of tr,c un;~ price 
1 

Ord~r cost = (numbcr of ordcrs pei yc.;,) X ¡cost per orc:icrj 
·, .. ~; :. , =/R\x(cp) . 

· ¡' • · \oT J' 

where R = a'nnual requirements in units, level demand 
Cp = procuremcnt cost (includes costs of paperwork, 
' · · h,and!ir\g, etc.) 
Cost of•inventory = (unit prlce) X (annual requirements) 

' ' = (P) X (R) 
Total.cost =holding cost + order cost + cost of inventory · 

· .,' Q'X.PXFH RXCp 
Total cost = 

2 
+ Q + P X R 

. • Q XPX'FH R X.Cp 
Total incremental cost = --2-- + . Q . 

1 ' 

Solving for t~e economic order quan'tity Q0 by algebra: the mínimum ppint 
01"¡ the total ¡'Q.Cq:'mcntal COSt Curve IS whcrc the inventor y hold111¡; C05~ ;¡¡¡d 

the, procurement cost curves intersect. Whr.rc t!1c¡• intcí!>CCt they mus~ be 
equa,l. Thcrcfore, at Q0 : • 

~ (P X FH) =(~) Cp 

Clearing denominators: . . ' ' ' 
\• ' 

Q(fJ) (P, X FH} ?=,2(R)Cp 

2 _;2R~- -
Q \ .. PXF/1 

'; ~2RCp 
Q =~. PXFH' 

• 1 

'' 



íG 
CO.\/PU lE R MODELS 

S:trnplc 
Problcm 

Onc 

Computer 
Input 

--Problem 
One 

Solv111.: for Q by c.ilc111us thc min11num pomt on thc total incrcmcni.al co~t 
curvl')l~ whcrc tlw fn~t J.:nvatiVl' cqu.1ls Lcro. Tai-ing thc ftrst d.·r tvauvc wtth 
rc~pcct to Q and sctt111:_; 1t cqualto Lcro: 

O = (P X F/-/)/2 - (R /Q l)Cp 

(P X Ff-1) = . R Cp_ 
2 Ql 

2RCp 
Q" = 

PXFF-1 

{2R·Cp-· 

Q = .• J·P-x Fl i 
lt is ,¡ sira,ghtfor,v.lHJ lll.lltcr lo find thc cconomíc ordcr quant~ty ¡EOO) 
anu thc total .m ven to1 y cosr ( TC), whcn thc .val u es for R, Cp, P, and FH are 
know:o. Fc.r cx .. :nplc, tf 

' .. f:.:..:;= 1600 untl~ (tot.11 annual usagc) 
. Cp =.$~;.oo (rusto! on•: ~1rocmcmcnt) 

P:::; $1.00 (unit ¡me~ "! p1odu~t) 
Fl-l.::: O !O(,,,,¡ lwldin<c: cu~t pcr ~··::.~: .¡~ pcrccntag<- of pricc), thcn 

·o.:=. {2 x i6c;,)·x s.oQ . ,r. ~.oo x 0.1 

Q =-'.toó units 

1600 X 5.00 · . 400 X 1.00 X 0.1 
Total cost'(TC) = ---.,--- + .. --

4
-
0
-
0
-- + 1.00 X 1600 

TC = 20.00 + 20.00 + 1600.00 
TC = $1640.00 

'This cornput,ation is not too tcd10us to ·do, if there;is only one .. 
Howevcr,, »',l~.~n:ihere'arc many <:lierflattvcs to tPst and whcn more compli
catcd 'fo'rmulas are rcqutred, thcn a cotolpu,rer·progra,m is a great ~omputa· 
tional ai.d. The'ncxt sectton introduces the Jata input and computer output 
for the stmple cxample shown above. In following s~c~ions more complicated 
-problems illustraitng the use of the coÍnputer prograln will be presc~ted. 

Bcfore 'dcscribing thc data cards, severa! comments will be ma~e pertainiñg 
to th'e prpgran1 itsc,lf. Thc user shoulcJ kcep thrsc cornmcnl~ m .mmd when 
using th,b 'prpg'ra~. " 

The progra'm i:. a¡Jplicahle oniy to a fixed-order-quantity inventory 
system, and a,ll quanttw;s in the programare expressed in annual amounts or 
ratcs. 1 n tf,e' case of R. (annual inventory requiremcnt), a level usage rate is 
assumed throughout thc yc;:.r. 1 n order to convert the program for monthly 
or seasonal-calculations one would have to adjust the imput~ to tne same 
ume scale. 

Although' thc ftgure avatlablc for inventory ho:ding cost~ is oftcn 
statcd as an annual cost pcr untt, thts program requires that holding co;;ts be 
expressed clS a pcrc:entagl! of the unit value of inventory. 

T o run the cconQmic ordcr quantity computer model, only fWO cards 
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-Problem 
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are r~.quircd: (1) the uscr nJme card, ;;.r.d (2) thc "data" card. When mult1plc 
problcms are batched together, a ncw name card is required for each 
problem. 

The user name card ma y cont,1in any identifying information (su eh 
as the us~r·s nJmc) wh1ch 13 desircd. This identifying informat1on is kcy
.punche,c! in the first forty columns. 

~~~~------------------------MAGGRRD EOQ PROELEM ONE 
' ' ' 1 oooaooo oooo oc ooo o• oovoHoo o ooaoo o o o o e o o ooo o aJo ooo 

_1_!!_! ~~~ .!._!0~-~~_!J ~~~! .. }l~ri..!:_~!J =.:_t~.!!.!,!~I~!_!I.EJ'2!.·~U~ ~ ~42..!_1 ~1.!!_ 

Thc data card contair.s the n.Jmerícal data for the econom1c order 
quantity computation. Columns 1-5 contain the.annual usage requíremcnt, 
and '· the ordenng' cost 1s punchcd m columns 6-1 O. The holdmg cost, 
exprcssed. Js a percr~nt<Jgc of the un1t pricc, is keypunched in columns 11-15, 
and thc unit price· is punchcd in columns 16-20. 

(I'6oo. 5. o o o. 1 o 1. o o ----------------
\ 

r. .- 1 ¡¡ o J ¡ n ; e o J ; ¡, o u 1 J o ¡ J o a e Q o o o o o o o' o o o o o o o o o o o o o o o o o 
j : t : 1 • • 1 1 1 ' ,, ,, 1' ; un,," u u ~ r ·; ,. ,, 'n .~ '·;JI n l¡ 1' n !t 41 Jt :• u 41 'l H" t} '• '· •J ,, 
l-- ---· ---------- -- ---~~--- --------- ~ ---- -~-

' 1 1:;:: u::,-:r namc ·cJíd ,1nd th d,,¡a c;rd are tí,,; o.:lr two ca:ds 
req.uir~~· A listín¡; of the two ca.-ds wh1ch produced the output shown in the 
ne~t section is shown in Figure 3-3. · 

MAb6AIÚJ -'EO~o~ PROtlLE 1 ONE 
lb~O.s.uo ~~10 l.~v 

• l,, ¡•! ' 
' 1 ,, ' ' ' 

Fig~re 3-3:' :Cc)mpuier input-Probiem One. 
~ \ 1 

1 
' 1 

1 

The comp~ter output (F1gure 3-4) mcludes th/idc~'ti'ficatior. information 
from thc use¡ namc card and the information spccified on the data card. 
Below 'this,, the pro¿ram p11nts out the quant1ties calculated !O th¡;::pro~ram 
These are ( '1) the optimum 01 der quantity, (2) ihe total 'inventory CO!ít, (3) 
the .numbe~ of ordcrs. to be placed ;:.nnually, and {4) :th~ unit price ,t the 
order quant.ity determmcd. 

' ' ,.;'\, 

3.2 PRlCE DlSCOUNTS 
_ When d1scussing the cconom1c order quantity modcl Íil Sectio~ 3.1, 

1t Wa's no'téd -that."-the. bas1c model ;!Ssumcs no .. lu'i¡¡nt:ty · pr,.;c d1scounts. 
Howcvcr, tl)c bas1c. EOQ modcl may be cx'tcnd~d to 'inciudc price éJiscqunts 

' 1 l' <· ' \ ": 1 

PHO~RAM EOY .ffOR 1 ~hGGARO EOQ 
INP~J~PAT.'i~ •oo~oo•oo~o 

'. !·: _: '· R'' 'CP fH P 1 
lbOO S•oo olO 1.00 

' ,' 

ANALYSIS ~~SULiS'AWE 9ooo 

PROBLEI<f ONE 

rs Rl 
o o 

UP.TIMui1 OwoER CJUM.TITY IS 
'AT-.A.PRIC·E•PER lTt:'l OF 
'i.lELtÚNG\A' TOJAl:., !NVENTO~Y COST OF 

PZ 
o 

~NE~E TH~~UM'IER OF OROER CYCLES PER YEAR IS 

Figure 3-4' Cc)mputer output-Probl~m Onc. 

AZ 
o 

P3 
o 

400. •)0 
.. 1 ~ 110 
ló4,o;uo 

4 • .¡o 

w 
o 
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'IS 
COMPUTER MODI:."LS 

The 
EOQ Model 

-With 
Price 

Discounts 

Sample 
Problem 

Two 

Solut.nn 
for EOQ 

with 1\ro 
Price 

Breaks 

co~t 
$ 

1 

Tot.d u1cr<.·m .. ·nl.d co!Jl 
( 1 wu pr •ce lJr~d ks) 

------·- (hJCf11 1f, COSI 
1 v o~--------:ü7~-----------if--------

F•gurc 3 5 íhe cffeci..S of pnc,• d•sco-unis on the .eco01omtc arder quar&tttV. 

' ;;; ,,,put v;:;.na:¡Jcs. :n.1ói~Juch ¡¡~ pricc d1~.counts do happ~n in rcality, thc 
.::--;. nston ol u-. e E.OQ mod,:l to tr.cludc p1 ice dtscount~ w,¡r b.: th.:: suo¡co:t pf 

t.'lls scction. ' 

Refernng to Scc;"- .-. '3.1, :::e Lscr ~Lc,,i<, no<c tiMt in the derivatio10 e; 
the · EOQ mod¿ 11:<! p11cr ,,,_, l•ól·t (P) affccts th.: hoidmg cost (0/2) X 
(PXF/1), but not the otdl-~tng costs. Nevcrthcless, if rticr d1scounts are 
introduced as vanables, thcy will influencc thc totalmcrcm~ntal costs (TIC). 
Thc effccts of price dtscounts ar'e graphica!ly illustrated.tn Figure 3-5. 

· The addit10n of ;hr c¡uantity discount~ 'l~ the economic order quan· 
lit y modc[ makes' it' sornewhat more dtff¡cult to obtain a solu;ion. lt is not 
poss10le to '.fmd directly thc l~wc~t point on the Total .1 ncr~mc,na! Cost 
(TIC) curve shown li1 F1gure 3-4. The general approach u~ed is to tr.vesi.igatc 
!he 'T/C curve J t CJCh jJfiC<: brc~K. l i1 addtttOn, thc CIJI Vl' must qe analyzcd at 
diff,ercnr points n.::ar tnc ¡mee break"¡;iv;r.g thc' iowcst TIC ~o sce if an evcn 
bcttcr soluuon can be found. 'Problem Two tllustratt:s this ¡¡eneral sear~h 

· solution when price discounts arc'to be considered. 

The supplier' ~as_ reccntly revtscd his ¡;rici:"g po~¡cics- a.~'d í1pw offers ti1e 
followmg·p¡ice disco••¡ots if onc ordcr~ tn ¡,¡ ~~;:~.,, n~ d1'~0,¡¡,; 300), ¡t,;,: 
p1icc will be s.n 9i)/,_¡,;¡t: \/. ,; one orucrs c;•:.H1,i.:1'o' '.:12 (1) 02 = 2000}, ÜH~ 
pn.:>' ~t ti! bf'" ·1 ... :: ,~~·~.,:u:1:l (/'1 ~. 

F1r5t C<llr;.:l"te (\ <•""L: -,o,'' .; i·, ¡:;;t..lll~,- i:han Os, ;.•e¡, (•(,,.;, ()3 • lf it is ll'>í 

lhrH~ (/{i 
1 

,'-;.t~rt '( :;•,¡ilg P3 ) ¡¡ iS lnfc,i~lb;e. , 1 

.'-b .•. , c.:·•·:uiate 0 1 using P1 • lf OJ > Q82 , 'tnen ordcr q82 • 

lf (/: •s :Css than 0 02 but ¡;rcatcr than Q81 , i.e., Os 1 < Q2 <O 61, 

then compJr.: TC2 Wii.h TCa 2 • 

lf TC2 > TC1n, thcn o~dcr Qo 2 • 



~~omputer 
Input 

-Problem 
Two 

lf TC2 < TCa 2 , thcn or ~er 0 2 o 

lf Q2 is less than QH 1, cJiculate 0 1 0 

lf 0 1 > 081 , thrn ''-'•1lp.~rc íCa 1 wtth TCa 2 o 

lf TCs 1 > TC82 , then ordcr Oo 1 o 

lf TC81 < TC82 , then order Q81 • 
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lf Q 1 is less than Os 1 , then compare TC1 with TC8 1 with TCs 1 • 

Order thc quantlty corrcspond:n;;.to the mínimum total cost. 

Ql = 

2(1600)(5.00) 
72

(. P) 
------- ::: 44 . USing 3 

0.80(0.10) 

2(1600)(SOOO) = 421.6 (usingP
4

) 

0.90(0. iO) 

·~ince 0 2 is lcss th¡¡n Qs 2 (2000), but greater than Oa 1 (300), we 
mus~ co'mpare re. Wlth íCa2. 

(0.90)(0.10¡(471.6) 1600(5.00)' 
TC2== ----2------ + 

421
_
6 

+ 1600(0.90) 

= 18.99-1 18.99+ 1·140 

=·$14'17.98 

e 0080(0.10)(2000) 1600(5.00) + 1600(0.80) 
Ti sa= 2 + 2000 

:' = 80.00 + 4.00 + ¡ 780.00 

,· ,::: $1364.00 

Te; is' grcater than TC82 , therefore, order in quantities of B2(Qa 2= 
2000 units'@·$0.80/unit). 

The u ser na me card IS thc first card in the data deck. The dota card for th is 
example problem conta1ns some add1tional mformationo Columns 1°70 are 
the same as descnbed in Section 3.1. The' mínimum quant1ty that ~an be 
ordered to ·.take advantagc of the first price discount is punched in columns 
26-30 and 'the umt price at thc ftrst pnce'discount is punched in columns 
31 ~35~ C.olumns 36-40 and 41°45 contain the corresponding informatipn for 
the second price discount. Thr.d,na c.:rd ;s as shown: 

~61)(1. '5. ül) o. 111 i o i)'l ü 

0 O O O O O D D H C O O O O O O O O ,; J O O O O O Q O O O O O O Q O O G Q O " ; e O ~ O O O G O 
_'....!..!....! ~~ ~·~'~' ~·~·'~"...!!_~1 !!!~.!!.!.!.~'.!!,!~12!_2•.2!_;11..2..:_112..:_~ ~~~':.:J.' '!_~J~ 

,, ,T,he complete computer mput for this example problem 15 exhlblted 
in Figure 3°6. : 

MAi.>ClA'R¡) E'Oy PROt;LE"' TI:JO, PRICE OISCOUNTS· 
lbóu.s.·uo• u.¡o 1.00 o 3oo. u.90 z'ooo.o • ., 

~' l ' 

F1gure Jo6.' · :·eomputer input-Problem Two . . ' . 

,', A 
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3.3 

P~U6RAM EOY FOR MAGGARD EOU 
INPUT UATA !S ooooooooooo 

PRObLEM TWO, PRICE OISCOU~!S 

R (.p FH P l . es 
o 

8¡ 
300 

Pz Hz P3 
lbOO SoVO olO loDO .9a zooo .ao 

ANALYSIS Rt!:>Ul.TS AR( oo.>o 
OPTlMUM UHuER UUANTlTY 15 
AT A PRlCt PER ITcM OF 
YlELOlNG-~ TOTAL ItiVENTCKY COST OF 
wHERE THE NUMIIE.R 1)F ORuER cvcLES PER YEAR xs 

Figure 3-7 Com'puter output-Problcm Two. 

[l!llU'O o 'JO 
ociO 

13ó4;1l0 
o dO 

Compll!cr Output Thc computer J:Hintout rcsulting from the above data is shown 'in Figure 3-7. 
-Prcwiem Two 

SHORT AGE COSJS 
' 1 

justas 1t is truc that m thc real 'world.quantity price dlscounts exist, 
it is' also true that hacíwtders ~re a reality. By' allowmg backordcrs we are 
saying ,th;:.t if •a~ o:rd~r cannot be fillcd a't this timl' due to stock :;hortages, 
thcn as soon as inventor y. is av.111Jblc W'CVIOU~Iy, unf¡JJcd ordcrs, i.e., back· 
01Jrrs, will b~ thc f¡r;;t ordcrs to be 'fillcd. Howevcr, in an inventory ~ys;cm 
allowing for backordcís (scc Figure 3-S) a shortage cost is usually input 
rel.1ting to 'thc backorder quantirics. Gene¡ a!ly, this shortage cost consists of 
costs due to ( 1) poss1blc lost 5alcs' duc. to stockouts, (2) d¡;crcascd customer 
satisfact'iorl, (3) additional costs associatcd with r,~sh shipments, and so on. 

lnvcn
tory 

Backorocr 
quan!ltoc~ 

11 = tome durong wh1ch 
thcrc'arc po<.n.vc 
onvcntory bal~ncc~ 

t z = time during which thcrc 
are •nvcnlory shortagcs 

F.ogure 3-& An inven~ory system woth (Q -/ maxl backorders allowed. 
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The basic EOQ formula may be mod1fied to 1ncorporatc shortagc 
costs as follows: 

l. Cp = procurement CO!>t prr order (unchanged) 
(P X FH) (/rnD•) 

2. tJ 
2 

(P X FH)I2 max 

2R 

3. Cs (Q- /millC) t,. 
2 

Cs (Q -/m"")2 

2R 

= the holding cost of thc po~ttive inventory 
balance during tune t 1 (t is on an annual 
bas1s, i.e., t =a fraction of a ycar). 
Sin ce t 1 = 1 maxl R, this beco mes: 

= the shonagc cost of the backordcrs durmg 
t1mc t 2 • Q _

1 
Since t 2 =--~, this bccomes: 

R 

whcre /mm~ maximum leve! of inven
tory and 

Cs = shortage CO!>t. 

Hencc, thc total incremcnrai cost for one cycle, t
1 

+ t·;, of an inventory 
systcm whicn allows b.;c!-ordc. > is 

Cp +(PXFH) (/2 mJx) + Cs(Q-1max) 2 

----
2R 21< 

The annual fatal incrcmcnral cost is now obtaincd by mult1plying the above 
cquation' through by thc nu mber of ordcis placed per y.:ar, R/Q: 

. RXc;P. +(PXFH) (/2 ma,..) +Cs(Q-lmax) 2 
TIC=-- ---

Q ' 2Q 2Q 

To determine opt1mal val u es for Q and 1 max. , takc the partía. 
dcíivativcs of the abo ve equatmns \~ nh rcspcct to_ Q and 1 max , equate to 
zero and obtain 

Q=~ X 

= ,/2RCp 
1max V p X FH X 

TIC =_ J2(P X FI-I)RCp 

¡-cs
V{i'XFH) + Cs , 

X / Cs 
V(P X FH) + Cs 

However, if. eithcr Q or lmax is c~nstramcd, their respective values are 
obtaincd as follows: 

l. When Q is constraincd, 'or example, f1xcd at price discqunt 
· quantities, thcn 1max 15 calculatcd as 

CsQ 
lmax ~-Cfl.+ es 

.. ·~ 
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Samplc · 
__ Problcm 

Thrcc 

Computcr 
Input 

-Problcm· 
Three 

2. Whcn 1 m•~ is constr;¡1ncd, for cxamplc, limltcd by ~toragc con· 
straints (scc ncxt scct10ri), thcn Q is calculated as 

{2CpR + (P X FH)I~ax + Cs/~ax 
Q = v- -c-;-·.-:.:.:c~-.,;..;.: ... 

This problcm is ba~icaily th;.; s<~me as Samplc Problem Onc 0xcept that 
~hortage ccs~s (Cs) are includcd. In th1~ problcm Cs.=·$0.30. 

· = (2(16oo¡ s.oo x . j (·J oo.x p.1 o)~ o.3Ü = 400 (1.·154) 
Q \j-u;Q {0.10); \¡ 0.30 ' ' 

'·' \ ) 1 = 461.88 un:ts 

TIC = V2¡s.oo) o.oo >C.1o)l6o0 x '· :.¡---o:'i¡r·-
\j(i""JiOxo:¡o¡ -~ o.3o 

= 40(.RG6) -~ ~14.64 . , 

TC = (1.00) (1600) + 34.64 = $1634.64 

fbc r~adcr sho11ld note th~t thc ·cff~ct' of mcludin¡; shortage costs is 
to inc'rca~c thc me of Q. T11'is is bccausc thc annu;,!l mvc1íio~y h9.lding cost:; 
are srñatlcr 'duc to thc smalkr average inv~rt~ry. ,,1 n add1 .. tion, · tnc total 
incremental costs (TIC) are less tl)an in 'thc classical. modeJ because both 
holding costs and pr~par;~:ion costs are lower: (This may•: be verificd by 
comp.Jring thc rcsults of thl!> analy!.is with thosc frpm Sectiorí'3.1 .• ) 

• ' : '. • ' )' 1 

The data card -for thi~ \'Xamplc problc·m. follows, thc. sam'e 'general form 
outlincd prcviou!>ly. On<? add1ti6nal. aata :inpu~ is ncccssary. The shortage 
cost of $0.3015 ~h1nchcd m columns 21-25. · ;. · 

' ' 

1 ' 1 (
160f1.5.oo 0.10 1.üo o;so 

L 'a o o o a o ~ n o o o o • o ~Lo o J,o o ~~o· o o n-o o a o a o e o o o o 'o o o ~ o o a o a a a D 
_ '_!. ~ ,!_'2..,! .!_.!I,!!_~J ~ 1~~~"_.!!.7.:.!} ~·~.!!..!! ~ .!!.!~2,!_)' ~ M..!!.,U ~ :.!,2 ~ .!,!1 ~ .!!_ 

,Th~ c.o~plet~ c'oinputcr input is ~how~ in Figure 3-9: 

MAGGAHU EOY PROb~EM TH~EEt SHd~iAGE~~O~T 
lbUO.s.uo u.lO 1.0~ o.3C 

1 (:) ·' ' 

Figuto 3:9, Computer mput--Problcm Three'. 

Thc computcr printout, using this ;np~t,' is shown in,Figure 3·1 O. 

PHOGRAM EOI.I FOR HA(iGARD EOQ PROBLE>4'. TH~Ee:. 
lNPUT,OATA lS •u~~ooo•o~• · 

R CP rH P.i CS Rl P2 
lbOO SoOQ ··}O -loO O o lO O U 

A~AtYSlS ~~SULTS A~E oooo 
OPTIHUH OHOER Q~ANTliY lS 
Id TH O~TlMUM· INVENTORV OF, 
AT A ~HiCL PER lTf:M OF 
Yl~LGlNG A TOTA~ I~VENTOMY COST OF 

1 ' 

SHO~iAGif. CUST 

jj2 P3 
o o 

~H~RE T~E NUH~ER OF OROER CYCLlS PER YEAR IS 

4bl•B8 
J4bo41 

l•uO 
1634·<>4 

3o4b 

F1gure 3-10. Computer output-=Problcm Thr!lli.' 

' ' 
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3.4 STORAGE UMIT ATIONS 

Sample 
Problem 

Four 

Computer 
Input 

-Problem 
Four 

Computer 
Output 

-Problem 
four 

In this section, an add1r1onal constra1nr of m.1x1mum srorage !muta
tions, either in tern;~ of ¡¡vadablc warehouse space or available capital, Wlil be 
placed ,upon :the hNc EO~ modcl. This 'iS 1ntcr.dcd ro be ~n illustrat¡ve 
example of an ;rddit10il.11 typc of constram< which may be (arÍd in the real 
.world ·'is) impó~cd u pon thc bas1c EOQ model. By mcorporat1ng this added 
constraint thc readcr should ¡;c:t sorne :~dditional insight into thc problems 
that f~c~, managcment when detumming what quant1ties to purchase from 
suppliers. 

This problem is b,asically 'thc same as Samplc Problem Onc except thát the 
additional 'constramt of max1mum warehouse space avadablc (W) has bcen 
m1pos~d. 

In this problcm, W = 100 uroits. From Sample Problem Onc, Q = 400 
units, bl!t sin ce }V< Q, the ordcr quantny must be Q = W = 100 units. 

In this problem, thc cost of thc limitcd storage constramt is TCprobl 

-TCw. 

TCw = 10Q (1.00) (0.10) + 1600(5.00) + 1600(1.00) 
2 ;oo 

= S + 80 + 1600 = $1685.00 

Costw = TC1 -TCw.=$1640.00-$1685.00=$45.00 

Thc ~ata card of the 1 abo~e' ex~mplc proo . .:;;1 follow~ thc same form as 
outlmcd 'prcviously, 'wnh on.e adJ¡¡,,Jn. lhc maximum warehousc spacc 
ava1lablc, exprcs5cd Hl units, is key::Jur.chcd in columns 4ó-50. The d?ta card 
looks:like th 1~: 

16;00. ~. Oü O. 1/1 J. 00 O. o. o. o. o. lOiJ. 

OOOon~O&bd~b~O¿OOOfiDODOODDODOOOGO~DOOOOOOODOOOOOO 
L.:..''.:{!:! ~·..!....!l...!'~'!..!,J !!..'~'-'!..".!:..'!.!l ~4_2!.!.!2!. :.!2' 2!.!~'2.!.!'.2:. ;5_!..11.!!..!.' ~ ~·~' ~J~ 

The computer input for this examplc problem 1s shown in Figure 
3-11. 

MAI>G'~RU EOIJ. PROt1LEM FOURo sTORAGE U"liTS 
1 o 1) o • 5. o o " .l o 1 • o o o • o. •'J o o • i) o 111 o o 

'1 '' 1 

F1gure 3·11 Computar mput-Proolcm Four. 

The computcr output wdl 1nd1carc whcthcr or not thc warehousc constr~1nt 
has h,\d an cffcct qn the econom1c ordcr quantit~'· ¡f an cconom1c ord"r 
qu.antity has bccn determmcd Whlch exceeas W,,the output wdlmdicatc ~hat 
this has happcncd. ,' 

_ ( Fu~thcrm?~e. on the output.wdl be a statcment ro thc effcct thaf, if 
thc warchousc rcstrict10ns aro opcr~t1v2, the ordcr quz.nt.ty dctcrm1qcd rpay 
not be optirnal. Suggcs~ions are rnadc 'tora mcthod to dctrrmmc thc opti¡nal 
qyantity .if th1s rcstraint 1:. prcscnt. Thc computcr output 1s shown m Fi&urc 
3-12., 

' ,, ,, 
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1 

PROGRAM EOU FOR MAGGARO [0U PROBLEM FOURo STORAGE LIMlTS 
INPUT OATA !S o~~oooo~ooo 

fl <.P F:H P.l CS ~1 P2 ~- 82 P3 w 
loOo s.uo .lo l.oo o o o o o loo 

ANALYSIS Rt.SULTS ~RE ooo• . 
l:iEFORE H1E \'it.f<EHOUSf. 'STCRAGí': LIMíTATION 
OPTlMUM Okut:fl C)U/•·<fll '.' IS 
AT ' PHI(t PER lT¡._M O~ 
YlELOlNG A TUT•\L !NVEIJTOHY C::JS"f Oi" 

lS APPL'E::J 
4·JÚ•UO 

1·00 
;.<.4(¡o.JO 

WHEPE THE NlH-idER OF ORLcH CYCL~S PER vCA ~ I S 

lHE ORLJER !JUAf><TliY IS Lir~lTf.D 9'." iHE 11AREHü:.JS¡: Sí'~CE 
HE·STRICT IUN •\NO I S NOI AT AN OPT IMU~I. LOO~I::N ·, 1 1~. 
RESTRICTIUN ANO R0N AbAiN OOSEA~i~G i~E EFfECT. . . ' . 

A~Al'\'ISlS RE.~UL TS AR:'.: <><H><> : , 

AFTER THE hAFE~OUS~ STO~AGE LI~lTAT!ON IS 
OPTI~UM C~G[R OU~~llTY IS 
Al A PR!Ct. PC:fj 1ITEM CF 
nELUlNG ·~ 1 rOTAL INVCI~fORY COST OF 

APPL. ¡ .. >.: 
'r.). o o 

l•UO 

. ,. ''"~}<E THE. NUMdER Of OROER CYCLf.S i'ER YE:.'.fl ZS 
THIS OHDER OUANT!TY 15 .AT ,THE MAXIMlJI>-i ·~IARE¡-¡OUSE 

) 6b5oVI) 
¡&.uo 

C:APAt.lTY 

--------- -------·---·-------
Fayure 3-12: Computer output-PrC\blrm Four. 
'' ' 

- < 

' :', ':' T o conclude our di,cussion of cconomic oracr quant1ty ;nodels and, 
· ·· 'rn' part1cu1 ... ~ ~his comrurcr modcl, wc wou!d po1nt 'out: 

.. ' 

., ' 

:. l. tlut · thr.: modcl .s,.m its prcscnt form, l11nited to only two price 
prea.ks. · .. 

2·. thc inclus10n of shor:age co~ts ccrtainly co:nplicates the stora:;c 
llmitat;on .problcm. In 1h1s modcl, when backorde;s and storage 
lim1thlibns are 1ncludcd rn t!oe sarpc probÍcm, the assumpt10n is madc 
tl-;at thc- backordcrs are lnsp~~ta'ncously fillcd and th;,t thc storage 
IIJ,nitation .iV is a ··onstramt upt?n.'/~,,. and not ·u pon Q. Thc uscr 
rúust rcmcmiJrr thdGIÍ 1 O' V'. IS c'onstra¡ncd by iv" tllC'n nc¡ther Q nor 

'J· 1 max w ,11 be optiiT'al. . : . 
J 1 

\..1 •' 

• 1' 1 

3. t!lis. m o del w1i1 sol ve probk¡)'ls in~l~c ing '<1nc or ad of the con· 
strai¡lt~ p¡~v¡ously d_~.scnbed' in 1 ~ \in61t:! problern. To apprcciate this 
fact t\Jc•re"der rnay WISh tO soive the fo:ÍOWií't; prob!em manually 

.. - 'áfid·' ttien 'by the use of th9 herem. descnbed EOQ model. · 

Data 
R Cp Ff-1 P·1 Cs 81 P1 ,82 P3 W 

·16oo 5.oo 0.1 o 1.oo o:3o aoo o.9o 5oo o.so 350 

' ~ ~~ ... '• : .. , 1. ~ .... \ ,' ' ' • ' ' 

REFERENCES ' Bqwrilan, E.'· H., and R'. !3. Fettcr, ·;\nal¡~is for Productioll 'aru.J 'Opcmiinns. Managcment, 
'· .~d.cd.,'Hor.¡ewood, IH •. lrw1n, 1967. 

B<.~ff.~~·f; S.; 't1od.tl ;1 Product•on Ma:wgement, Jd e d., Nc:-v York: Wi!ev, 19{59 . 

.._,Q¡JeratiDns Manogamcnt: P1oblems and Modds, 2d cd., New York· Wilcy, 1968 
-· _;Productton-lnvcntory Systerns: f'lannmg ond Control, Homcwoúp, !!1.: lrwin, 

' 1968. 
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Eilon, S., Elt!ments of Produrtion rtJrming and Control, Ncw YorK: Macmillan, 1962. 
Fabrycky, W. )., and P. E. Tor:'Císe•, Opcrauons Economy Jndustna! Applicatlons of 

Opcrat10m Rescarch, EnglcwoocJ (!¡ffs, N.J .: Prcm.cc·H~Il, 1 96ú. 
Garrctt, L. )., and M. Silvcr, Product1on Managcment Analyst>, Ncw York: Harcourt, 

Brace & World, 1966. 
Hadlcy, G., and T. M. Wh1tin, Analys¡s of lnventory Systcm~, Engicwood Cliffs, N.J .: 

Prer.ticc-Hall, 1963. 
Hopeman, R.' j., Systems Analys1s and Operotions Monogemem, Columbus, Ohio: Merrill, 

1969. 
Mo~gcc, ). F., and D. M. Boodman, Productlon P!anning and ln••entory Control, 2d cd., 

Ncw York: McGraw·Hill. ;'):;7. 

Naudor, E., lnventory S:rstems, ~,,.w York: Wiley, 1966. 
Ol>en, R. A., Monufacturmg ¡\/unaqcment: A Quantitaflve Approach, Scranton, Pa.: 

lntcrnational Tcxtbook Company, 1968. 
Plo~sl, G. W., ~nu O. W. Wn¡;hr, ProductJor. ond lnventory Control, Englcwood Cllffs, 

N.j.: P~cntice·Hall, 1967. 
R•ggs, J. l., Production' Systems: P/onning, Analysis and Control, New York, Wilcy, 

1970. 

3.5 EOQ DATA OECK STRUCTURE 

,. 

Data Card 
Card column Formot 

1-5 F5.0 
6-1 o F5.0. 

11-15 F5.0 
16-20 F5.0 ., 

t. 21-25 FS.O 
,26-30 F5.0 
31-35 F5.0 
36-40 F5:0' 
41-45 F5.0 
46-50 .f:5.0 

l 

Add•t•onal data •ets 

Data r.ard 

Usor nomo card 

ltcm 

ar~nual usage requírement 
ordeíing cost 
hc,lding cost 
unrt pnce 
sh.ortJgc cost 
m:nrmum orde~ quantity-frrst prrce d¡scount 
unJt pnc.e-first price d1scount 
m1nrmum order quantrty-sccocnd pricc ~Ji!.count 
unlt pnce-second ¡:¡rice discount 
max¡:num warehousc space avai1able 
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3.6 EÓQ PROGRAM LISTING 

e PHOGHAM [QQ 
e~ ECONOKlC ORUlR QUANTlTY MOUtL 
e~ eOPYRluHT ROY n HARRIS OCTO~~R 1970 
co THlS V~HSION FuR THE lHM lbO 
e o 

R = ~N~UAL USAGE REUUlREMENTo LEVEL DEMAND 
CP :o CUST Of• DilE PURCHASt: OH(;(~~. 
FW r ~ULDlNG COST AS A PERClNTAGE OF UNIT PRICE 
PIU;:; Pi-llC~ OF E!tCH UNIT HEF'oflF. DlSCOUrH Plll:P1 
p¡¿¡ ; PRICE,OF E~Crl U~IT AT FXRST uiSCOUNT ~REAK P~lNT 
P!3} •· ?r<ICE' OF EACH Ut~Ií AFTCP. F!HST üiSCGUNi ?13) = P2 
Pl<>l '' ?RICE OF EMH U"'!T AT .SECON[) DlSCQUrn I:I,REAK f>OINT. 
Plbl •· ~·RICt.' OF EACH UNIT r,FlEf~ SECO~·W OISCOIJNL Pl!:ll ~ P3 
P!tl •:¡ '-'r:ICE OF EACH UNlT AT liAHEHOUSI;. CAPACITY HI:.STRAINT 
EC':ll<•· ~·;..ONOMIC ORDCR Q~ANTl Ty. ' \ 

·H ( ll ~ ·~ lRST: DISCO~NT,':nREA 1~ POINT 1311 l :a Bl 
H!ZI .r SE,CONO, ~I,SéOUtH OREAK POINT fHé:l = IJ2 
CS :: :)~lOR:rt.GE COS l 

.. y = !<IAXIMUM \1/Af~EHOI.ISE Sf>ACE AVAILMlLE 
TCST : TOT&U COST ~T EOO . 
ON ~ 'NU~HEH; OF ORD(HS 1PER YEAR AT E~Q 

:a 1 11 ¡,.,. e:oo AT P 1 1 lJ 
_u' 3 1 :. = e: o a ;o T .> fJ ( 
1 O~~ l: '"' ~ Oíf ~ (:''&:»·151; 
.·() ( 2 1 :; t; ( 1 ) .1 

o (4) :. 1:1 12) 1; 

Olb''" t1 Fonr,cs=v Qlt>I=OPTlMUM 
TC <I 1 = TOT t.¡L COCS',T 

ORDER AT ENVCbl u ~ FOH ~S NOT O 

"TCIIl ~ TOTAL·COS~ AT Olll ANO (NV!tl FOR 1 = 1 T~ b 
ENV!Il = MOST ECON0"41CAL INVENTORY LC:VEL AT EOQ a:Yill I=l TO 5\ 

e 
1 

e 

z 
3 
4 
S 
6 
7 
u 

~ 

lO 
11 
¡z 
13 

··ENV lbl ::: ¡,¡ ••. ·· ·. ·.' 
:ENVT·= OPti~AL· INVENTOHY W~EN CS NOT O 

,. 
~~- -·- ·- ,•,----

1 ·¡. ... ' ~ '-

-.-

• - • a • • --·-

I ¡;,.., 
:. e: 
A j 

ItlM .. 
A ~ 

A b 
A ' A' el 

A 'i 
A lV 
A ll 
1 le 
A lJ 
ll 1" 

" l~ 
A lb 
r. 1 f 
A lt! 
A ~~ 

A 2V 
A ZL 
A z¿ 
A •2J 
A Z<t 
A 2!:1 
A 2b 
A 2f 
A 2d 
A z<i 
A 3U 
A 31 
A Jc! 
A 3.:1 
A 3'-
A 3::! 

ltlto.C 30 
ltlt-1 37 

A 3d 
A 3'11 
A 4"' 
A ' 41 
l\, 4.! 
A 4.:1 .. 44 
A lo!:l 
:. 40 
A "' A 4tl 
A ;,9 

A su 
A ~; 1 
A :;e! 
A 5...1 
A 5·• 
A 5:. 
A Sb 
A Sl 
A Stl 
A 59 
A 'bu 
A bl 
A be 



h N$EG " 1 
1;)( 1 ) = l • f.25 
lF 1P13) 1 19,15,19 

l~ P13l "' Plll 
lF (tl(2)) 19e17t19 

C ONE PRlCE dHlAK • e • - a e ~ ~ • • - ~ e o a ~ o ~ u ~ 

lb NSEG = 2 
17 ijl2) = lol25 

lF lPISI 1 19tl8ol9 
lü 1-'151 = PIJI 

GO i' V lO 
e ERkort IN DATA - • - - - • - • - • - D - a - ~ - - - o - ~ - ~ o ~ ~ 

e 

19 WfHTt. IHOt771 
uO Tu 1 

2~ Pltoi = PIS) 
¡:. <zl = PI JI 
lf 1~151-PI3ll 22o22•21 

21 t>l4l = PIJI 
22 lF 11-'IJI~P(l)l 21ttclte23 
z;, Plz> = Pí¡l 
<' 4 p ( b) = ? •'2) 

Ir ,,._flllll 2A•3u•25' 
.:~ if c .. -H ¡z¡ 1 2'fo29oc6 
¿() p 'ó) ::. p (!)) 

uO TU 30 
~7 PI~) = PIJI 

úU TV JO 
P16i : Plll 
úO TU 30 
1-'161 e P (lo) 

Q(z> "'s(l> 
u (/o) = ti(¿) 
Yl61 = Bl31 
1 F 1 C S 1 31 , 3 t,e ó 1 

SHO~TAGES.NOT ~LLO~ED' 
. 31 llO J¿ I' = 1 9 J ' 

..) c 2"1-1 
CALCUL~TE 1.1111 I=ieJoS 

• - - ~ ~ - • a ~ • • - • - - • o • • ~ 

- Q ~ - - - - - - - - - - - - - - -e 
3¿ U(,J¡: SOflll'oocPoR/!FHo¡.o¡,J))) 

e 
JJ 

3b 
e 

37 
Jtl 
J~ 

4u 
.. 1 
42 
.. 3 

e 

uu J~ 1 ;: l• b 
IF IUIII-¡.~251 33e34•33 

eALCUl.AT(TCil), I=l TVó ·---·--· 
TCill = ICP 0>UQIII•P11)0R•Pil).<>F'i 0 QI{)/2ol 
bO Tu 35 · 
TCI11 = lot.!'J 
CONTINUE 
IJO 3o I = 1 9 n 
E.NV(l) = Ylll 

Tf.ST FúR Ft.ASI•dUTY w!TH kf.SPECT TO THE PIHCE ¡;Rt:AX!;) 
lf (VIli-(H211 3Ye39e38 
TCill = loE2; 
1F IY12l-YI)I) 4Jt4~e4l 

If lu~l)l-01411 lt2e4Ze41 
TC13l=l •. E2:>', ,•'l 
1f 1"'141-UISII 44•44'.e43 
fCI':Il = loEZ!> . ' . ' ' 

Fl/I¡U f.U(., •,¡¡ Th OUT ·STO~,ÁGE. LIH1T4TIONS - -- - - -
1\flcl ;:: 1 
TCSi : TC(ll 
t.I.:OI.I = Ull 1 
t.NVT = E/I¡V(l) 

uiJ "b l "' 1• S 

•' 

57 
EOQ 

A e,.; 
A o<. 
A 6~ 

A 6b 
A 67 
A ¡;,d 

A 6Y 
A 7v 
A ·¡. 
A u. 

" 7J 
A 7'+ 
A 7>;, 
A 7ó 
A 77 
A ·¡' 

·" 
A 7 ... 
:. Sv 
A tll 
A 8<! 
A OJ 
A 8'> 
A 8";, 
A O o 
A 81 
A e o 

" 8'1 
A c_,u 
r. 9l 
A ')<'. 

A . 9J 

A 9'+ 
A 9~ 

A 9o 
A 9/ 
A 9tl 
,A 9'1 
A lGv 

•• ;.. !._.. ~ 

A . '_. _,_ 
A lo J 
A lO'+ 
A !O~ 

A 106 
t. 107 
A lOd 
A lUSI 

A llv 
A lll 
A ¡¡¿ 
A 113 
A !!'+ 
A ll':> 
t. llb 
A l ¡7-
A lld 
A 1 l.,. 
A l2v 
A 121 
A lU 
11 l2J 
/1 12" 



... 
• 

SS 
COMPU7 f:R MODfLS 

4ó 

e 

e 
51 

52 
'SJ 

... .. 

~8 

59 

t>ú 

e 
61 

lf ITCST·TCIIII 46t4bt45 
TesT e TC¡l) 
K~ Ll~ ::: 1 
,-,:ou-= attl 
I.NVT " E.NV(ll 
CONTlNUE 
ON = ,8/ECOO' , 

PRI~T H~SULTS ~EFORE STORAGE RESTRICTlONS • • • • • u • • • • • - -

11i-ll7¡: IHOo JO) 
·IF lw.•loE..!Sl 47t4Ho47' 
11RITt. IH0t79l 
~RITt. IH9oSQI ECOU 
!F (CSI '•'1•5 o49 .. 
WW!Tt. IH0t90I ENVT 
III'~IiE ~~~0.81) P(l\f'Lill 
.,;¡¡n_ (H0v8cl TCST 
~d-il ir: íHOoú)l ON· 
IF í•·-l.lc51 SltloSl 

TEST fOi( fEASIHlLITY Wltll RESPECT ro Tt1E STO~AGE riE~IIlREH::ta 
UO 53 I :: lo S 
If IENV(ilo\0 53t53o5.2 
TC(ll e leE2S 
CUNT Wu:;: 
lf CTC!KFLBI•li.E;ZSI, S4oSS,S(, 
t:~RITt:. !H0t84l 
GO · TO 1 . 

FIND EOQ NlTH STOR6GE LIHITATIONS -:• 
KfLE; " l . 
EST :: TCI¡) 
ECOO: Q(l) 

!:.NV r = ENV ( l) ,•
UO 57 I =·: l o • 6 
IF ITCST-TC!III S7t57v5& 
TCST = TCIII 
E.COIJ= U( H 
KfLi:l = I , 
ENVT = ENV(il 
CONT H_jUE ' 
ON ::: R/ECOQ i 

• • 'ca e .. 
' 

4?RlNT HESU~TS uFTER STORAGE LlMITATlONS • • Q a g • - a o 

WRIH. (H0~851 ' 
ll'RITE. (M0t861 
\;IRllt (M0t87l 
1.R¡ Tt. (H0o781: 
¡,¡R¡T~ IHÜt08l 
WRITE (MO,B~l ECOQ 
lF. ICSI 58,59t5G 
l1R¡Tt:. IM0•90 l ENVT 
CONTlNUE 
tJRlTt:: (MÓt8ll• PIKFLBI 
WHITE IHÓtSZl TCST 
l1HlTt:. IM0t83) ON 
lf IRF'l8.:,6·1 lt'60•1 
tJRITt:: (M0t891 
úO Tu 1 

SHORTAbES ALLOdEQ ~ - - • ~ • • - • ~ • • o • - e o • • - o • o o u 

[ NV (ó) GS
1
,Q (6) '"' · ,,;,' ' , 

J9 62 I ~.l;·s~ 2 ' 
ENV(ll- e 1 SORT"t2o~CP~R"CSIIFHup¡¡¡otfH<>PIIl~CSIII 
U<ll s sdRTt¡z.&cP~R<>IFH"Pill+CSII/IFH~?¡¡¡ocs»l 
00 &!J 1 .. l• 2 
J .. zo¡ 

,l. 12::> 
A l2b 
A 121 
A l2d 
A 12~ 
A l3L 
11 l 31 
A 13" 
,.. l3.$ 

'• 13'+ 
A 13~ 
l¡ l3ó 
A 13 ·¡ 
A l3d 
A 13'11 
A l lv V 

A l4l 
A l4~ 
A l4J 
A 144 
A 14~ 
A l4o 
A i4/ 
A l4b 
A 14'11 
A l5U 
A lSl 
,. 15¿ 
A l5J 
A 154 
A l5~ 
A l5o 
A 15/ 
A. lSI:i 
A lS'ol 
A 'I 6U 
A 16 i ' 

.. l6J 
A ló4 
A 16~ 

A l6o 
A Á67 
11 ~6tl 

. ,, l (,"' 
A j,"/U 
A 171 
A 17.:. 
A 17.! 
A 1"'(4 

A 17~ 
A 1 i't, 
A 1"17 
A 17d 
A l7"J 
A if>v 
A l8J. 
A ló.;: 
A lo..l 
A l&'
A ¡e::.. 
A l8t> 



e 
e 
e 

ó4 
o!:l 

ób 
b7 

b'l 

70 

71 
U. 
73 
]~>; 

7~ 

7o 
77 
7tl 
7'0 

IH• 
61 
<;e 
tiJ 
1:14 
ti!) 

tlb 

b7 

9u 

lr IWIJI•l.E251 ó4oóJo64 
'-••V 1..11 = 1 ,E¿o; 
<>o iv 65 
ENVI.JI = IUIJ1°CSI/(PI..JI°FH+CSI 
C.uNTINUE 
lf \LNV l<':>l-l.E251 bb•b7obb 
1.1(61 = S•liHII?.ocpo'R•ENVIólU?,<>ICS+P(6l 0 rtill/CSI 
u o 1 u I = l , 6 . . ' 
IF' IÜIII•¡.Eé'S'l blio'ó<it68 
TCill :: ICP0 ~/Qill•FH0 Pill"E~VIl1" 0¿/(2o 0Q1Ill•~"Pili•ICS0 1Q(ll•EN 

¡VIllli>"2l/12o 0 0IIIII ·,•,: 
<>O TU 70 ·, 
TC 1 l l = ! • EZS , ' ·' 
C:ONTINIJE 
l•O lv 37 

TABLf. OF FORMATS 
.. ~ 

rcr~r~Ai '~v~\4) ·. 
H!í~:-iAi (\7r:!PROG~AM'E,OQ FOH tlOA41 

(llt5eL•) 

(2t>H l~PUT DATA IS ooooi>oooao• 1 
~u;:.· ... ~~ T 
f u'iHAT 
f ORMAT (oOI1 R ·Cf> fH Pi es tH PZ 

1 ' .. 
fOI-?MAT 
f l,n\H.; T 
FORMAT 
i'ORMAT 

1 1 

¡ ·' 
llX;F~~n~4fó.loFo.ooF6.2tFb.UoF5o2tfó.~l 
14<oH ERROR IN lN~~T OATAo CHECK ANO RU~ AG~1N 
12bHOANA~YSIS RE~ULTS ARE o4oo¡ 
I54H úEFOHE' THE ~ARlHOUSE STORAGE LIMITATION 

1 

f ORHt. T ( ¿7H 
f (JF;.~A T' (¿;,H 

OPJIMUM ORUEN ~UANTITY IS•2oX•Flo•¿l 
Ai' A"P~ICE PER ITEI-1 OF' •22Xofl0o21 

') 

IS APPLIEU 

VIELOI~ú A TOT~L INVEIJTORY COSi OF PlJX,Fl0.21 

PJ 

.~ v;;I1AT .. (J7H 
fO'O.~AT 147H 
fURt·IAT (51H 
F OR~IA i 1 54HO 
l"CHIMAT 15411 

¡1 

WHERE ~kE NUM~ER QF OROER CYCLES ?~N ttAR IS tFlOo2l 
·THE·,··wAREHOÚSE. LI1-1¡TATION HA,) NO ,EFft:Cl O'J TnE EO(J l 
iHE ORUER OUANTITY IS Ll~ITEO BY T~E wAREHOUSE SPACEI 
:RESTRICTION A,~'<O. ·~~! N.OT• 'AT AN .OPTIHUM~. LOOSEf\1 THE 

~ESTRICTION' ~~~·O· ~~~ AGA!Il OBSERVlNLi THI:: EFFECTo fúi\MAT (5eoH 
¡ 1 

fORkAT I6UH 
1 

f ORMAT 
l!JY 
FORMA~ 

lNO 

1 ,- - ' 1 ~ : \ 

AFTER t~E W~~~HOUSE STO~AGE LIHITATIOh IS APPLIED 
1 

lHlS ORUER.UUANTITY IS AT TnE MAXl~UM ~AREHOUSE CAPAC 
'• 

WIT~ ~PTIMU~ INVENTORY OF •19Xtfl~o21 

'' 

\ 
'1 

•' 

59 
EOQ 

A 18 1 

A J.l:ltl 

A Jl)'-1 

A !9u 
A l9l 
A 19c 
A l9.l 
A 194 
A 19~ 
¡, 19b 
¡, 191 
A l9o 
' !9'>~ .. 
A ¿o u 
A 201 
A ·zc¿ 
A ¿o J 
A 2:J'> 
A 20:0 
4 ~Vb 

A -¿;:;7 

A 20tl. 
A 20Y 
A 2lv 
A z ll 
A z¡¿ 
A 21.$ 
A 21~ 
A 21::> 
A 2lb 
A 211 ,, 211:! 
A cl'1 
(¡, 22'J 
A .:!21 
A 2U 
A 22-l 
A 22 .. 
A 22=> 
A 22b 
A 227 
A 22!l 
A 22'>1 
A 230 
A 231~ 
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1 .. 1 

1.3 . 

1_.4 

1.5 

1 .. 6 

1.7 

1.a 

1.9 

2 

C O N T E N I D'O 

-, 

Objetivo C~ncr.al 

Objetivos Esp·3~Íficos 

Resumen Gcnerul d~ los .Hétodos· ~Exis.t:on
to0 p::n: n. PlL1nc:J.ción· I'rogruma~i.Ón y Con
trol.do Proyectos. 

Diagrama de Barras 

' 
De;fi'cien(!ias al· Utilizar un Diag~ de 
Ga:ni.:t en Pluneación Programación· ,.,- Con-
d:o~ d~ ~ Pr(?ye.ctos ~ . · · ... ' ~ 

Vel~ti:\ja,s:' d~f Di.·~grama de Gant~, cu.ando 
' , • \ ' r 

l~i.tcstril los .~es\iltados de CPM 
~ • o 

o \o 

' ' 1 ' r ' ' ' , J , ',' 

1"\t1te.~cd~ntc.:3 de -1los Mctodos CP1~ '} PERT 
{.Métodos: de,.·· I:Jlu:peación., Programnc:'ió'l'l Y. 
control).~ · 

Bases de los .r-1ét.odo.s de Planeacié!ll ·Pro-
gramación' y control.. , 

' 1 

., 

l'.nálisis l3ásicos de. los .r-tétod~s c~~-1· y 
P,;ER'r. . , .. , 

Gráfica·y'.Artálisis .q~e se Puedan.·Ha:cer 
Habiendo'Util:iz~dc;' los Mé~~d9~ C::PI'4.Y: PERT ' 

Apl;i.cación der.·.cP.M y PERT al':·cont:T'oL de 
E)ecuci.Ón a.e· 'uh :·Proyecto. 

Ventajas de. los Hétodos CPI-1 y 'PERT · ·. · 
o o o 

1\plic:lc'iÓn:. da_ Computo. doras· Ela.ctrónicas en 
los MÓ't:odos CPM '!( PERT. , 

•l'ublas óe Secuencia 

. , 
Primera Fase en la Plancacion de un ~royccto. 

'' o \ r '' 

scgunc1:l r·usc en. la 'PlaneaciÓri tle' U'h Proyecto. 
' \ 
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3 

3.1 

4.1 

4.2 

4 .. 3 

4.4 

4.6 

5 

5.1 

5.2 

5.4 

5 .. 5 

5.6 

5.7 

5.9 

Creación de la Red de un Proyecto. 

T~rminos B~sicos. 

Reglas de l~ Red~ , 

Reglas B~slc~s de una Red LÓgic~. 

Pc~rlu.n tmpuostaa por lcscompu'tadores ó 
.Hétodos 'de C~lculoo 

Intcrpretaci6n de las Reglas. 

Efrore.s Comunes .. 

Reglas. para Introducir el Problema a una 
Computadora. 

El Uso de las Actividades·Ficticias. 

cálculos Básicos pa~a la Progr~ma~ión. 

Nomenclatura. 
' ~ 1 

C~lcu~o Hacia Adelante. 

ripgla~ p:lra ,, el cáic'j.l!o Hacia. Adelante~ 

cálculo Ha'cia Atrás 
' . 
1 + ¡ 1 

RkglaS' para Cálculo Hacia Atrás 

D~fjnición e, In~~tpretación de·Holguras 

~ol9ura Total po~·Actividad. 

Jlolgura-·~~bre ,po~,.i, .A9~~v~daa·: 

Id~ntificación ·de, 1~ Ruta cr!~_'i~a· ... :, .. 

'·, 

1 ' 
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28 
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, r: , 

cé:mclusioneso'.' ''' 

Bi.bliog~~fía' Reicomenditdn o 
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' ' ¡ 

'' ' ' 
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': ~ ' ' 

OBJETIVO - G1~J:!B117\L -· - -•, ''' ,, 

J ' { 1 1 ' 

Los· d ircct: i.vps 
1 
,clp· ':l.n p:r:-oycc.'t<;: adq\vir ir.t:~n un enfC",<}~H1 

.1" , 

1 
1 t 1 , 1 1 '• e' l • ' • ' ., , 

. muy u b.. y 'lll~ec.;.so· en C.:Uf ... l'l.to•\ coJ:,~c~¡:mnde ·e lc•r-; mc·:·odor, cri1 y 
• • 1 '! . 'il 1 ' ' 

PEl~1', (CH:t'i'ICl\L, Pl\'l'il HE'l'HOD y PROGJ.':.t\l•'l,J~\:iU • .UI\'l'J:OH 1\l'ID Hl:"\TJ::r-:·..¡ 
'l'ECJJN,t:0.U!..--:),. para ¡p1~uiif,:!..ci;lr. y contro'i~v:' 'p~·L·::::·cctor; col,,pJ.cjcr; -
de gran ilnportanciu ~: pcrln:U:i.énclolcs · comp:tr.;t:c , y cvCtlunr de t, n;.t 

' 11 1' 

m:ulCra ':-;;~pi.él~ y ·.-;i:~C:az , los distintos .,·pro;T~as c1c trv.lJ!tj o. 
1\dcmás de :propc:>rcj:onólr los efectos· do-:c.ac1:¡~¡~a.r.iu.c i Ón o xet:l:«
r.o en lo;; pl~nc.n.' .cid~p-~aclos, · y con e1'iJ ia~J'\t.{:fica.:r. las opera-
ciones qtw, requi,c;rt:Al cambios o , , •. • 

1 .\! •, ' 

' ' ' 
Not; pr:;::r.m.:i t:P..\·,1ps_ ~C(Jrc;:ar a todos. fC?S que d:i.:r..-·t:~bl. o :i.1¡rl :_. 4 

rectal-:-lCD te: tien~'i\ .. ~Ol~~a;~t.o ,C,~)ll rr·?YGC'l~;OS V,~ tale:; de alguntt -
ErnprCSi.'i, c,.¡.>n·.1o1. ~J~~ur.a_ <J.e·1 ·,~'~lll~n.to.r s~ .... ~~~.l'l;•·Pot:Emc:.Aal en C\Wni;n . 

n la pluni'(:icaciqn~· ·. pr.osril~lción y: c'oli1tro~ de los mi::-111os .. 
'1 ', 

Trn tnrernqs _ ele ,d~r ~espucsta1 a pl..ég\1)'\'t;aS·.· que si~mpre 
~urgen entre lo~ ·.~:i.~cct·i\ltis .d~. \.ln pr.oy:dcto .. ~.· .. 

' ' 

,. 
: • • 1 • '. ' ', • 1 ~ ~ ' ' 1 

¿ c.~~6 i~c~t~fic~-r las activiclüdes· qU.e· 'se ?e:Pan terrr.::::. 
nfr do ·acuerdo a lo plane~d~ :i .·, 1 

' . 
¿ cómo · ~q:v:l- s~r' los avance.s 

el 'tiqmp~' ? ~· ...... · · 
1 4:' 

' ,1 
• ' 1 \ ' 1 , 1 ' 1 ~ f '" • 

Ro1Ja1r.9~ CJ~C' s:f~ nuÓ'~t;¡;o t1·~b~j:~ 1ll~~~" nacer r-11 '· u~tedc!S 
una inquicl:\•tl .~cr;.c;:;~~ 1;:i'c~, i, siempre c~ns~ruc:tav~, un·~.rfm6o m.1cH= 

tres czfuc~~~~ ~p~~a¡ ~~qX:·.': C.~ntos.tnciÓn. a. l~a····.hJi:él;:rog~ntCD 1.'<JllC'! 
presentaren.;· · · ··,., ,. ·· .·.·: .. · '. ' · 

\' 1 , 

r, 1 ,., ' 

, 1 t ~ , 1 f " ' 1 ·1 } 

., 

"' 
' ' 



- 1 1 : ': l't 

OD,TJ.::TIVOS .. ESPECT.FICOS 1. ••• 

e~ la con. 

• f ' ' 
J • ~ .. ~ 

'· ' 
'• ' ' 

Informar' s0bre ·los antececl~~~~..S del.; -CPH V PERT .': 

2 ~ - ·: ~c·s~it~r. ~1~· ·:~a: difcrcnci:~, ~~,~~: ~-p~,1: y PERT no 1 

~s ::;ubtanci¡'ll solo da fol:lma". formato y nonlbre .. 
• 1 • 1 1 1 1 

1 ,• 1 ' 

~ : • ' 1 <' ' ! ' ' l t, ' \ •• '¡\~ w 11' ,' '\ ',. • ' 

va'lor~r,. las, v.entaja:s qué 1)0~ Px-'opor.cionun ~stos' 
1 , • ' ~ 

me~cdos: qr~~ · "!, , PERT •· . ·' '. ~: .. ', • . 
'· ' 

3 ... 

1: ¡ ' ' 7 r ' ~ 1 1 ' 
1 

' ! ' r ~ l 1 
', 1 ' 1 ! : 1 

1
1 < ., 1 

, í., , ' ' ~ : 
1 1 • , 1 '¡\¡. í : \ 1 1 ' ',\, \11, 

4. - .Ver.!quá.1 e'l·i~·ctiagrama de1 .. GAlr:I'T presenta serias di 
. · · ,fj.cu!tades .para. ·los fincs:,da· cC:mtrc~J. en C\la.1- ~ 

' ! ~ ' 1 1 1 

. 6 .. : 

7. 

8. 

9. -

lO. -

, .quieJ~· ·tipo de 1 proyecto. ,. : ;· .·. · · •· :_· " 
'' ,,,' '·:· i i '.: :.',· . . -:',. \'' ' ' l',.' '' ' - '• 

Saber' ela'RQ*~\+''• una tabl~, de $'ecL'H~ncias nccesa-
. rias ·pa~a' +a coordin'acióxr de·ac-bividapes dentro 
del proyecto .. 

~i~·~:t:~~ai:.l~··~ed lÓg~ca · d~;·:~ctivida):ler, appyán-
. :. <;los.e '~n~ .. t~bla~ da· ~~cuencic,ú:::: :.,-y,,, (.:." ~ ·. · 

' ' 1 , ' 
' • • '• 1' 1 -- -

¡, ~ ' . ' • - •1 • ' , - ' 1 

Inte~prct~r: 1~ programaci.on:,_~~· :1.\n:' p;r.·c,~recto con 
~yuda: de LCPM :Yf PER':r_. ·. · ....... , .t ,": '· · . , , 

., 1 ' ~ • 1! ' ' 1 l ( j ' 1 \ ' ' : 1 1: ' 1. 1 

cal.cula~ .. üi. .sqJució~ de ,pna· .. tea· log.:tcfl. de 
· v~dad~s·,_ por: '2qs. 1 métodps. 1,C!Pz..i:- y -rERT o: ¡ , 

' • ,' ~ ' : i, :1 ,' ; ' : ' 1 
1
l '~', ' 1 ; '- ~ - 1 ' ' ' ' • ~ - ( ' 

1 
;: ' 1 1 

acti-

~le~ar: al. \éxi~o t:·bd~F ~la.s"E!·tapas de: up ·proyecto 
al uti·li~ar .métodos CPM ·y. P!.Rl~·. · • · 

' '.,-:: : ¡' ' ... , '-'·< ' ::' ,. : < ' 1 •': ,· : ' ··:· ' 1 ' ' ' 

Mejotnr _: .:t~·.'·pl'ancilación, · próg,r?t~'ci'c$n y control -
c~:m···ayudá de astas t'éqní.qM)' C!?M' y PER~ o 

•' '¡, 

~ . ( 
/ ¡o l 1 : L 1 

.... 2 •'. 1 1 '·' ·: ' 

\, 
\ 

\ ', V~ ' 



l .. ""' lf:!;';§YJ:f8N 'GJ.I:NE}~1\ TJ DE r.,os NETODr>S EXI·S.TE!/'l'T~S J?l\ AA 
'l 1•1 '¡ \·, '\ '1 

, , r • t. 

' -' 
pi~~'t'nma•, de B.:.rrar.: 

' . ~ ' 
' , '1 

No es nada·, 'nt~evo ~1 s~ber ,utilfzar·, el· .t.dic.~.grama de ba-· -
~~..-.~> rras, o diagr~m~':,de ·Gant1-:,· para poder ·clabotc~rprogramas. de -

trabajo y_'f7j~cu~ar .un proyecto, ya q\le ··t::e-:·fonn;;t .como sigt·.c~ 
' ' \ 1 • J '1 ! \ 

'1 : \ .. ·: \ 1 ' 

' ' 1 1 1 
1 

a.. Se: d~~~rmipan' ·~~~:les .~on ias. ac:tlvic1ades importan· 
1 ' ' 

t~~ , qe, ·u~·! .proyecto.. · · · · ·· i ·, 
... '• 1 ' 

''• 

b. .... Se, a~igncil.'··~na es~i1nz.ci6n de .i;:i~mpo Pé+ra cada acti -
vidado•,-J ·.·.' ,,, 1 

1 

' ' ' l. 

1 1 ~ .¡ o~ L 

't 1 • • • 1 ' ' ',· •• ,,' ... ¡. ·\,\ ·: ' ' í 1 

( 1 ' ' r l \ ' ~ ~ ¡ 1 1 1,. ~- r 1 /l '. 1 ' \¡' \•' ', ~ 1 1 -

e .. ..\ Se: x-~p~~sjen,ta '.cada act_ividad pc:rr ·una·'-recta bori--
zofltal·:acotada'· en. tiempo .. · ··:•: ·.· ' 

' { \ ' 1 ,, ' ' • ' 

' , ' '· ' ; ' 

d .. - Se·· h~be un.a. lista de actividades por cada ·rel"~glÓn 
y ~on un ~ie'rto ·o!t'den. de· :~)~u.C:i;ón · se· colocan 
las barras. segÚn· e·l ticmpq: .léfet·t~ivo .. ~ : 

e., -, 

· , . ~ ,,, .. ·r 1•• ··, • 

Se:' convierten 'las· tiempos ',_efecf;ivós 
de fechas de' cal(;mdard.o, "'y' sé<'lr\a'ce 

' \ 1 ' \11 1. • 

inicio. del proyecto con:· es.t:'á .es~ala 
1 ' 1 ' ' ,· ' ! ' 

léqdatio.. ' ·::. · · . . ·· .. " ' ·· 
O • \ .~ '~ '.,el O 't 1 ; 1 ¡ ;. ~~ > t O O ) !O ' 

a una escala 
·coincidir el 

' 1 

de. fecha~ ca~ 

·: ~ \! ' '1 ¡ • ' 

da a.. \ Se ·~jus~qn las· l=l~~iciohcs' :pe '-i~s. barras~ rep:r.Gscn~ 
ta~i;Ve.'·sl.:q~·.'.'l~s actividad«?s~· ,t;cirita..ndo ~ri 'púénta las 
fee~i!·~' 1:li<i,. lá.'D'Órabies · (. dia'i3< a41Ldascan!lo, festivos; 
~ada·ci~ha~:l .... <' :· . : :,;·: · .:.: -., ·: ·· · 

1 1 ~ '1 .... \, ' 

... ~" ;• 
¡ ' 
' ' ' 1' • ' • • 
1

"'"'t •• •' •• , 

, Un diagrctma. resultan ter" sera 
) • ~ 1 1 \ ' ' 

siguiente: ' · '· ;. : ·, · · \ '- ' · · · 
' '1 ,; 

' 1 •, l¡ •, 

'1 :: 1 

- 3 

' ' 
( '' d ' 

t J,' ¡ 

''• 

"'; 1

1 
., ( ...__' ~· O O [ 0 r ; l l 

0 
L t 

' \ ,'' f ' 

e'l ~eíno.stR;ádo·::an' -la ,f;gura, 
' • '. ~ 1' 1 • • • / 

¡,. 

r' ' ~ 

; ',' !,' \ [ 

. ' 
'' 
•' 
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lo2 DE_J:'I_c:n::nCJl\S l\L U'J'lLI?.AR UN Dtl\r;RM7!_QI': GANTT, EN 

PLl\NF..ACION PnOGRAt-~.7\CION Y CúNTROL DE 'PROYECTOS. 

a •. - Existen problemas para representi.lr la coordina-
·ci6n 16gicti ~e actividades, a~rec2nt~ndose u~n -
m~s c~ando· el proyecto es co~lajo~ 
Al ·filial de cuentas no es pot'ii.bld:? cv~luar el pro 
gr.eso sin intervenci621 contíh\.\a. dcJ. personal 
principal o 

b o ... , No· se logra por este método dlferiéuciRr la plane!!_ 
ci'6n y programación~ y no es .posib'le: ver clara- -
mente qtte actividades necesitnn ser iniciudas al 

1 término de alguna actividad ~~n cuestión. 

c .. - .::N~·· se. detectan· facilll'le~te c:U~:des· .son las activi~
dadcs 'que en realidad ('Ontrolan J a duraci6n del 
proyqcto,. Y?l sea' ·.gue aparentem~nte tocl::lS tienen -. 
·la: ·m:j.·~:n\,a :j~mp·o:r.tancia, Y. por ·~ons~guiente si se. -
"llega·a rctra~ur a~gun:J., principal,·cl proyecto su 
fre ~na descompensación con res·p~cto a la dura-
,ció~, de, lo ·a1:ter-±ormente pr~¡gr~a.ilo E.:in ppder ~rQ 
dec1.r este t1.po 4e efectos, ¡t;o;11cu1do::;e a ppco txem 
po d~ 'iniciado un· proyc·cto, ·ÜuüHdas de acplera..:. -
cien del mismo, para compensar e:-~tas defipiencias .. 

d.- No es posible ase:c:¡ur~r ninCJl?-~~' !'echa de tprmina-
. ción de cie!l:·tus' ·a9tividades ya· que' puegen ocurrir 
retraSOS rÍnevi'talrfE::l'S de COrt~cio7leS de trrbajo, -

·clima, et.co.'' provq,ca.ndo:muy se~.i'éys ·problef::lS .. 
' - ' - 1 

'• ' 

•e.,... Es i:mpórtante· taml;>ién ]lacer <nct\i\r· ·que el piagr~ma 
de Go.n1;:~ ~ ·taritp'oco· ·es 'recome.ri.qab le· para distr ibu-
~ión ·de· '~e·~-~~rsos :•·~mater~a.l, · :perr.5prial eq:uipoi capi
ta 1·"· ' ~'te~~·) ly: pro,ramaci.Ón' ~ .ly~. · pr~yec::~o. 

'1 
1 ' ' ' 

) 1 

', 
,, 

,: . ' ' ¡ 



1 ' 
,1 

1 .. 3 
·1 

VENTJ\JAS !.om:. D!l\GH7\Ml\ J)F: Gl\NTT·,. ¡cm\!HJO I•IDl~STP.)l ... 
r 

LOS RESULTl\003 DE.: C!'I.f. 

! 1 ' ~ 

' ' 

Un dit:~.grun::l. de Gantt que rcprcs~nte e. un proyccto:con 
\ , ' \ ., 1 1 ' 

el auxilio de .. los mctodos de pro9r~c.ion·,- m~cst1.·a obj~ti-. 
t 1 'l • 1 f--1.. d . . . . ... 1 vamcn e él S cnr~cl.oncu, o sea r.w ·~u'J.~ · e· J;{l;tc~acl.on y 

de terminación posibl·~s~ y lns hol91:1%"as' pa:ta. c*da f\Ctivi
dad de que con:.:: ta el proyecto, : a sí corno para dqterminar -
la distribución ·.cri ·el·· .tiempo,· de los rec.utsos necesarion 

'1 ' ( 

para el ,proyecto·~ · · ·. ·.. 1 

+ \ \ 1 
1 ,, ,'," \' ,· \ 1' 11\ 

1 .. 4 

' , '.!t' . ,'','',• 'rl 

}\NT~CEDEI~~S DE 1J.JOS ·l'lErroDOS. CPM. :y"PE~T· .. ( !·mtQ.llQS 

:1 

DE. 

·¡ -¡,r.;'l~Ehc!o··~. · .. r~oC?~l\t:t.~ci.pl'li y -~c~T~PL> ~ 
1

\ L o 

1 ' 
•' 

.. 
¡ ~ '~' • ¡ 

A Ú~~tim~~· f~{~has se ~déaro~ dos·, matc;t~~s .. para' la 'pl~--
neaciÓn, prograrr\~\ciÓn· :y .. cont;·~ol: · · ·" ~ .· .. 

1 1 ' :\ 1 ¡' ', 1 i \ ~ ,. 
1 1 1 ' ; : ' ' ' ( ' ¡ lf ! 1 ~ ' . 1 

a.- Méto:do de l~·~.r~t~··,_~~{ti.c~ ::<º~)';~:.4uraci9n da·t~1.·-
• 1 t. m~n~s J.Ca. ., ' 

: 

l 1 < ,,: 11]0 l,n;. ,, O -, 

b.-: ~é-t·.qd<> PER~,, duración ~r·~~ .. ~fs,ti_ca .. : .. 
' l 1 ~ \ ' • l l. \ 

-¡ ,, ( t . ' 1 1 ~ ' • 

' :1 
,• .. 

1 '1' 1 ,· ( ··, ,t ' ... 1; ,• \' 

Para ef¿ctos ·ge: ~~~·~t~-~ tr~b~j~, .. }lal;>l~remos 9e CPH y 
PElR'l'. indi~t~rl'~a~~~.~-t;e ..... :>· . : _ . · ;; ··"" .. ., .. ' . .. .. ¡. 

. ' 

:1 

, ' •• • ... , , ,. • , , 1: • • • • ' .' , • r: ' , ~ .. ; ·:·:.' ·, ; , 1 • • •• ' 

El mét;od~ ·~de,':, l~. r'-'~a.~.,~~~.tica. 1 ;~~c; .. d,~.~:t:"r?J..:l~.dCl ~~ ~?S 
Estados' pn:icló.~;, ·~ .prj 1\c:ipios d~ .~9~7. '.~<?'I'- .. ~1 S::~; .. Horgan R, 
Wqlder~: en ese cntonses, mie~~? del Departame~to,d~ In-· 
g~nierJ.:a de :la Compañl.ft E;. I •. Dup~.:m~~:4~. N,~~o~r~ é} Co., y -
pqr cl sr .•. ~af!l('p,- E.··, Kell:ey, · Jr~., q~tonces ·J.nve:;t1,-gador da 

1 , 1 1 ' 1 ' ·\ 1 •1 lt 

lél Compañl.a .,Rernington Rand. -1 , , 1 • • 
1 

• 

- ~ ,' : ~ \ l ~: i, ·: ; '' ':; \1 ' { ¡]' 1 ~ ' : ' 

1\ par-tir :·de ello, el' rop·todo: GPl-1',,~ .. ;l.P1.¡Ut';tlizó· +a .conÍpa
fi.Ía Dupont desde· 19 s7 i, dedicándpse' -a con~itruir \y 'IDOllerni
zar plantas -qUll\licas con· excelc~tes' resultados; eq. la 'c¡ta
pas de 'planéación, programación y c:ontro~·' tvei: ~eferen--
cias bibliográ;ficas ). • · i 

1 

-' . 
,;,.. 6 -

,, 



.... 
En Mex1co, el CN1 se ha utilizad6 en diversos organi~ 

mos: 

En 1961, en la Direcci6n Gcncr~l de Construcción ·de -
Edificios,·y en lu Seérctar.Ía dc·Obr~s PÚhJi.cas, En 

.la Comisión Federal de .Electrícido.d y de.s.f'".és er: el 
..... do Industrial Si..thagÚn, y .en otra.:j grandes c::ompaii.!as 

toras del País. 

1962 en 
Con1bina
construc 

' 

El métqc1.o PERT, fue dcsurrollado en· los Estados Uni -
dos en e::. aiio 'de 1958, por un grupo d.e invest:igauorcs de la. 

1 ' 

Boos, Alj_cn y Ilo:tmi.lton de Chicago, a solicitud do la "Spec i.al 
Pro)ects Offices 11 de la Marina de los Estados Unidoso 

l 

Este mét~do permitió acortar la duración del proyecto 
Polarist en dos años. 

-
!.'RO'JRAM'\CION Y 

Veremos a continuación en forrna breve, los fundaroe11-
, ' ¡ '· • • tos de los met:odos CPM y PERT, y los anc:..!..iSJ.S que pueden 

efectuarse en clloso 

Sus ·Bases son: 

bo -

Permitir. -la· diferencic.ciÓI;l. e~tre planeación y = . "" 
programuc-J~on. 

Reconocer.cn ¡a planeaciÓng 

1) Actividildes componcnt.es del proycpto 

2) Coordinac.;tón de las actividades ep orden lÓ 
gico. 

c .. = 'Presentar un l?royecto c:h diagcama ce fJ.ech~s. 

do };\signnr a las ~uraciones de c3..da actiiV'idi:ld, en el 
Método PERT, tres tiempos:· ·Más probaplcu Optimi~ 

. 'tu.., Pesirnistaa mediante· los cuales 'se_ ¡¡justa una 
distribución c;:onvenicntc de ·Fo:babili¡dad para la 
duración de 1~: act:iivieo.áo , · · , ' 

' ¡ 



e. - D<lr informn.ción para hacer un análisis, en reln
ción a cunnto se aminora.el.costo dc·una activi
dad si reducimos su duración. 

,' : . 
f. F Pr?porcionar datos p~ra analizar los recursos r~ 

· .. queridos, para· cada duración posible de cada ac- · 
tividad. 

g.. Apoyarse en· métodos como la programación lineal. 

h. Para el método PERT, se auxilia en métodos esta-
d ,.;· t' 
~S ~CCJS o,: 

' • ' 'l' 

1 ~6 M'-~.iJHS BJ\SI<;OS: DE I10S 1-1ETOD.Q$ __ CPM y PE!t'r 
" . 

'' ' ! •' l ' 

Al tener' la prcsenta.ción de' un proyecto, por medio de un 
dia·grama de flechasr·S~~:procede a 'la p~ogrcmac.ión ·o al an~l.iois 

• .' .1 
de t~emp·.Js" , . . . i' 

; '' ' 

En el di~g.r.a~a la .. longitud de• · cc:;,da· .. flecha ~S:· :1 'i 

1 1 \ ', o '1 l 

a.. En.' el r~iétodo CPM, la ;duradión de la act;i.vidado 
~ ' :..·. '• ' 

b.. En. 31 Hétorlo PERT, la duráciÓn probnble de la nc-
tividad corrcopondicnteo 

( . 

Con bu. ser. u estas long.:i,. tude3, se consigue la d1,1raciÓn de 
la rutu. ma~ larg;;~ dS!ldonos lq m!nim:J. dura.ciÓn del pr9yccto, 
propo:r.cionándonps a~í, .U1,1~ rt.Jt~ crftic~ y. las acti.Vifkd.cs qu~ 
son excluyentes,de l~s ant.:er~ores se cbnsi~eran tenef holgu~os~ 
las cuales .son importantes p9-ra pr.ogr~ación de re-::ufso;;;, siom, 
pre y cuanC1c no\ se cons·uman 4uraciones f,Il\ayo:res de laf · ·p~rrrli ti-· 
das y retLqsen el proycct~. 

En el método PERT, .a-demás C!S ·p~sible ,d.e·tet'minar lüs pro 
babilid.-tdc:; de que sP. pueda t;erminar un deb:?::cminat:o 9rupo de -
activld~~cs, del proyecto en co~junto ~ un dctcrrni~~4o tia~po. 

l. 7 G731'})~1:C'J\ Y .J~~~~_l,ISIS QUE SE PUEDEN IIJ'\G_.E8 _ _l·Jl\DJl~_E·2 

U.~-..- ''"Z" DO Tos ~1-:"TO"Y'~ '"'P"l 'Y PENn 
j .1...-JJ .. _JJ.' - :..--4-.:..._:: '-',_:. \.,.. 1' '' :02:_ 

Habier.dc utilizado_ en un proyecto 11 les métodoq d~ c:p;.¡ ~· 
PERT, es posib::.~~ ::labor~:.:·· dia,gram::¡s de .Gantt, que no~ represor:_ 

'\"'S -



te todas y ci.lda una de·' l~1s acl:ivid~dci:s ·con ñolgur;:o. rcopectivu. 
· d~crcciente, l)aGta. llegéi.:l7 a ho1gura ceX'Oc siendo ésta la CJCti 
.-vidad cxítica de t-:.n proycctoo r.as holguras· son parámetros -
impor::antcs en C'.lanto él elaborar con ;ellos gráfi·:::as tipo re·-·~ 
curs.-.)s r~querido.s · vs · .. tic mpo~ evaluando el exceso o falta de 
ciertos iecu::t·s()z p¡n::a poderlo~ distribuir Ó¡;timame:nte a t:r.·a-
vés de todo el pro..Jecto. 

S • 1 •, L "'t • d ..:! f J.. __ a ~~uu:.: C:!:J. J.Ci't P. '\..~n proyecto 0 ua ·2chas rnayorc.:; n 
le;. dcsG<~.dd¡ ::CG pu:;<riC recurrir él m.étodo3·de programación lineal, 
optimiza!Hb p.·,r·<l h1 actividad ·2~ cnestión. u·n costo m.{nl..mo a -
lLeno.:: c'll':r.::c:ciónt lo rüsm::i log:ca:1'-:J :reunir e_stos parámetros pa
ra las ac~:.: ..... -id:::.iles üc un proyec-to, poC.emos G.ecidir alc:anz:;::.r el 

b . J • "' • • ,. • t" o ] e ,:1.vo ~ un m.1.:1~mi'J co.s'!.:o y a un mJ.n~mo J.!?mpo. 

¡· 

l- f'jJJ:Cl\CIOH D:~I· CPt·l ·v PERT 1\I, CONTROL !)E EJ:i:CGCJ"C\ DE ------------·---------· -· -------'b 

!lli..R_ROYECTO 

Los lt~é toc1::.: 3 CPN y I>ERT, penrd. t'e.n, 
1

,detcrniin<:tr las a~ti -_,-:-:_ ,. ' . 
dadcs crJ.-.:..lcc.3 :· J.?.:=> que tienen holguras pe~efiaso Si e1 pr_~ 

yecto e~ cur:s-t.:i0r¡ s•J..fre r~tra~os, en- a-lg.J.na. a~tiv:.d-ad crÍ-tica,. 
estas t.:;c;: ~C<:..!":> 110S :)J:OpCZ'CÍOTIQ.r, informaciÓn SObre ~::_ nu:;:vo ~S 
tado acl proyecto~ 

Queda ül CL;::sej o Di~ect:ivo dec.idir · el comp:-ci;,rni::::: la !."ec-1,. 
o dada la .imposilJi2.idild d~ ~acerlo., llevar a cabo tp:. c::-::ricto 
~ont~ol de la .:nt:ev-a ruta crítica y de, las ·activida(/2:.s ·::on pe
qt¡efia holq.¡ra" 

TaiP.biÓn la información .p-errni te~ la asignaci5!1 Ó~.?ti:n2. a e 
·rE!cu::-sos u conforme a los p:vogresp.s alcanzados po~ 91 p.::-oyec-to .. 

. ' 

1.9 VF.l·1T· .T!\ S DE LQS }JIETODOS CPI-I.:y P!:mT 
' ... _ 1 ' - ' , ----

' - ' ~ 

Desglosar un proyecto en todas sus aetiv:i,.d?.c}cs 
componente::: 1 . ul poder c2..asificar en .orden c14 
impo!:tancia y organizar l-a pla:neaciÓl1e programa
ción y, control de ejecución de,l mismo, bajo esas 
mi·srnas regla~ .. 

1 1 

1 ' 

= 9 

,. 



b .. -

c. -

d .. 

e. -

f. -

9· -

h. - l 

i. -

j. ~ 

Coordinar de una manera efi~icnte a todon loG or- · 
ganismos involucrados cn.cl proyecto en lus Ct<l--. 
pas de pl~ncación, programación y_control de e~e
cución del proyecto. 

Uti~izar la experienciri de un grupo directivo dq 
dis~in·t.os organismos responsables y elaborar an: 

-conjunto un proyecto nacstrq que enfoguc to~s 
· las ~ctivid~des del mismo. · 

Determinar cuales son las actividades del proyecto 
que 1controlan la duración (actividades. critica~') , 
y las holgura.s o márg.-~ncs de tj empo disponiblcc -
para ratrasc::A.:t:" la te1.4min<:~.ciÓn ·de las otras activi~ 
dades, sin. retrasar la termi1~aciÓn d~l proyecto. 

. . . \ 

Detci~rninar'de a1;1teman~·y con toda precisión lof;
recu;csos. (1rater iales, personal, equip.:> ca pi talv 
etc.,), necer>arios en cualquier tiempo' durante la 
ejec~ción .-del proyecto~ · · 

¡ ' f, 

<... '• 

comparn: pl,ancs y programas qlte~nativos para e;J. :· 
mis~o pr.oyectd:,, o ,para una. 9.Ei! sus partes, y 'ajp.s
tarse a las condiciones propias de la empresa . en 
cuestión. . . 
Analizar lofi efectos do cualquie~ situación imoj:-c 

.• -
vis~·a y de tomar las rn·;didns correctiv~s efici~n-
tes. 

Pcr~itir.'qnc·cl ·personal directivo de un proyec-to 
sÓld tenga ·que intervenir cuando·ocurro ~lgun~ o!_ 

· tun<~ión ~ntpre;ista_. 

Per~d.tir'ei dQlegar·respons~bilidad ~e.'lqs·difc-
rcnt.es o~gnnismos encargados de un proyeqto o ü1.
gunas ~e sus pa~~es. 

" 

Pode:r .. sust.ih;t~;t' ·,,pCJ;::!>Onal d.irectiy9. ~n t!uu,lquicr 
momento, sin trastornar la ejecución deJ,·proycc
to ·.¿ de úna parte del mismo. 

i . . 
k. - Encauzar la expericn~ia adquirida efi la ~jecució~ 

de proyectos prodt,1ctivos similaresD por lp tanlo, 
la elaboració~ de planés standardQ .. 

-lO 



1. ~ comparar ordenad<lmcnte los datos estim<1dos con 
los vo.l.orcs de ejecuciÓn y determinar el efecto 

·do l~u J~3viaci6n~so 

Cct1cLll3. r- lo:o; mé l:odos CPl-1 y .PERT se puede lw.cer a rn::mo, 
sin cr:>.bL"u: g'),, por 1::>. magnit-ud de los proyecto se hace impres-~ 

1 

cindiblc l¡;¡ ayuda del computadorG 

Tt:!nemos a nuestro· alcance computadoras de firm<:~.s corno 
B<.n::rcu.ghs .. IDl·1'" CI::Cu BULL, UNIV.i\C, que proporcion;:¡n todon los 
cáJ cu.J.or.: parc;1. 12. bu. se .c.le p:r.ogramilción, '.! expeditar progr<::.~':tt.:..s 
de co;:;tos~ 



2 TAI3Ll\S DE SECUr.NCIA 

A 1 inicü:.r la plv.neación de un proyecto deberemos tor~:1r 
en consideraciÓÚ sus diversas fases para lograr una base sÓli
da en la aplicación de los métodos de programación CP?1 y P.t;l~'r. 

Sin/ ernbi:lrgo ~ntes .de iniciar la primera fase que ser& -. 
la de enumerur ~oc1us las activid~rJ~s por ·Orden de importancia, 
debemos de cump'lir con tres reglas básicas: 

a o-· Dcb~n1oo .9:~.: }:.~.ner colcboraaores experimentados y -
con:amplios conocimientos en la parte especÍfica 

.· d~l~ proyect·o·; · que· les correspo71de. 
/, ' 1 

1 !' ' ' '' ' 1 

,. ' 11 .' , 

b.-' Se r.cquiere adernas informacion sobre· los recursos 
disponibles co~o los humanos, económicos, equipo, 
esjacio para la realización del proyecto.-

, ~- ' \O, ,L j • 1 1 

e.-·· Hu:i que tom:l.r en con~idera~ión fechas cla.ve·s para 
:· el 'cuntplimicnto de determina.9as actividades y ~ur1g_ 

do · a 1 medio ambiente que influye en· form:t imJ?or-
tan~e, en el de$arrollo de~ proyecto. · · 

2. l PRH1EPJ\ FASE EN L'l\ PJ~T,NEACIOl~ DE UN 

,, , ··, .. PROYECTO. 

1 1 1 ' ' 

. La primera .fa·se· es·· -la elv.boración de· una J~ista de ac:t:i 
vfdades co~ponentes.: d·~ un. proY,ccto ~n, act:Nidades .qe· prin~~r. o~ 
den o princip,~;I.o·{~,. y, subdiv:idir c~~a· .. ,u~a· en activid~d~s de se~ 
gundo orden y cbntinuur- a·si sucesivam.ente. 

Esta di~i.sió~ 
1
rnencionada anteri,orm(?r)te se puede rep.t·e

sentar en ·la si~guicnte ilust~aciÓn: 

\ 
\ 
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I 

o 

1\1 
.. 

PROYECTO 
j 

A ... 
.1.. 

2 .. 2 SEGUl'fD'\ F~E E~{ I...A PIJ\NEACIOl{ DE 

UN PR.OYECTO --___,....----

ü. 

b 

" 
o 

.. 

En esta fa se se e.sp:z¡c~fica:n el orden de sectlencin de! 
cjccucié:.:. de actividades dol proyecto 11 · para lo cua'- 'Se to--· 
roan en cuenta. los :requisitos del proyecto.~ ya seun condicio 
nes necesarias de una persona o empresae 

Para cumplir. es·t'a · fqse. de planeaciÓn es recprnenc1ahla 
'preparar .una tabla de s~c~~nciaso 

La tab;ta Cle secue.nci,as es unu matrjz cuadra9.a do:1de 
se describdri ~odas ·las a6t~~idadcs cn·los renglo~c~ y colu~ 
nas, de nmnera que a c<ida· a¡ctividad renglÓn le ct.:-.r+espondc·-

una actividad colunmaG 



cias: 
Se siguen dos' re•3las para formar una tabla de secucn-¡ 

·a.·.- · Se antiliza cada actividud corrcspon~iente al 
iengl6n en turno y se determinan cunles activi
dades se pueden hacer inmediatamente dcspué~, -

1' 

b •. 

~clocando una cruz en el casillero correspondicri 
te. 

' . 
1 

·Sc,an3lizan la:J actividades coJ.unma y se deter-. 
1 • 

·~inan cuwles activid:idc8 se pueden hacer inme--
cf.iatnmente antes de dichas actividades, coloc~n 
do una cruz· en ·el casillero correspond.ic."'lte. -

1 

La apli~u.ción de las reglas anteriores se pueden .hacc:tr 
en cualcp,ier orden, una vez determinada la tabla de secuen--: 
cías debe, ser revisada una y otra vez para111ejorar la planea-. .. 

1 c~on d<.:!l proyecto. 
' . 

Esta tabla de secuencia es esencial para la ejec~ción 
de. un proyecto m~s no·· forma parte· del método Cl,I-1 y PER'r.: So- . 
lo es una: itriJés~igaciÓn de objetivos~ ·métodos y elementos · 
disponibl·.J::> e 

' 'j 

Todp_:. es;ta 'etapa nos aclara· si nuestro p1.·oyeato satis
face n\les·i:ros ;objetivos y si es costeable su real.i~aciÓn~ 
cuando di.spongam:::>s· de un ·copocimien·to de rc.des auna,dq a la -
tabla de secuencins, eritonc~s podemos: elaborar ol qiagrama -
de red. c.1e<un·p,royecto en particular. 

3 'cREACION DE IJ\ RED DE 'uN PR~EC":.'l'O 
•' ' 

El primer.· paso para \ltilizar los métodos de ruta crí
tica es la identificaci6n.d~ todas 1~~ actividades conteni-
das en el. proY,ccto, .. Y.' .. ~<{re.presentaciÓn d~ estils activlcl6.C.es 
por medio c1c uA·· diu.grp.ma de flccho.s. 

',• ! • . \ 
\ 

Es~c pil~O es u~ualmepte 
Aqu{ nos limi tp.rc.mos a indicar 
un pr irner:' dibu~ ~ de una red, 

. ' . . ·- .. 
llam;tdo u·rasa ele plancacion". 
las reglas básicas para hacer 

:, .., 15 ... 



Exi::;te:p cicr'-us reglns y corrvencion<llü:mns quq dc:bcr.in 
~eguirss en· prcpar~~r redes~ éstas nos mostrarán un alto sr.2.uo 
de conocimiento so~rc el proyecto y todos los juicios lÓgicos 
que hay que cons~rvur.. Por supuer:to' las ;.:eglas lejos ele ser 
rfgidus ticm muy flexibles dependiendo del usuario, sobre el -
conocimiento-de loD conó~ptos y su experiencia en métodos O.e 

- ' () 

CPM y PERT .. 

Huy varias' form<ls de O.ibujilr una reJio 1\quÍ enfu.~i.z&-
remos el convcnc.i.on:::ü ~ ~smo existente en el rarn:> industrJ.:::l co-

¡ ,.. .,.. !' ~ 

mo la constru~·;r.::J.on dG ur>a:r en mctodos de ruta cr~ticav el si¿_ 
tema de ucl:iv: .. dCJ.d en una flecha .. 

Varios de los m,ís c:omt;.t:..cs términos en trabajos de l~e
des se definGlJ a continuaciÓn: 

DefiniciÓ:-1: 
' . , 

Una ~c~ividad ~s una· porc1on de un proyecto que es~a 
confornK!, .:1. los sigui'cntes inC.icador.es g Es-f.;a no pued_c cor::zn
zar a :menos gue sus predecesoras ::n orden lÓgico sean 'te:cr.l.i 
nadaso ,r 

Las acti vió.J.dcs sic-n·.pre tienen un principio y un' fin, 
y pueden,· esta~ asocit:.c:.'J's a la e :.Ttismas 1 tiempos, reerur:::;os del 
proyecto .. · ''Las o.c:tividaC:Gs e e repres~ntan grafica.ment e por -
flec~-..&s acc:npañada de la descripción .y el tiempo estimado de 
la mi.:;;rna._ 

r'\,____n_r_r._w_J_O,_S~D_E_:SHSAHBLES 
~¡-

Figura # 1 

' .. 
u~a flecha que solo i&¿ica tina dependencia dG u~a 

vid~d cc:-1 otra· e es una aétivL:!ad' ficticia., Una' ficti:::::.:~ 
act:i. , __ 
tic-

16 



,. 

nc duración de cero y se representa tan comunmcnte como una 
flecha de lÍnea interrumpida (Figltra # 2), o una flecha sÓ- .. 
lida asociada con cero du:t;t¡ciÓ:-& (figura #' 3) • 

O _:__. 
\ i 

Figuru~# 2 

0-----t 
E'igura # 3 

f
. . . , :1 

.Q2_¿.~~.2D.:.. , 
Los puntos iniciu.lcs y los f~nales c1e las activida-

des ~on J.larr.~dos EVENTOS. 

~L'eÓric~!nGnte loa eventos son puntos instántan(~os Em 
el ticn1po¡.. H4Y sinÓnimos ~om:> Nor]os y ccm_~c_to!'_~-~· Si un 
evento reprcs~nt:a'la llcg:.:!ca final dc,más de una actividad., 

, • 1, 

este es lJ.4lul;:-,do evento Receptor. Si. un evento .repres~nta, el 
punto de i)art:idil de ' varias adtividades se llaiTI.!l event~· -
Rüdinnt:e., ' Un evc~11:0 se pres-anta · a menudo como una figura ,. _, , . . ' " 
geom~trica como esta a coz;tt;i.nuacion e~ la figura ::f 4. 

'11 1' ' 

,¡ 

-0!--, 
EVENTO EVENTO RECEPTOR. EVENTO Rl\ DI.P.Nl'E ' 

f
. . . , 1 

}lQ...;_J n 1 c_2.o:r: :. • : . . . , 
1 

Ulléi red: e.s una, re.presentaciÓn ·:gráfica de la planea-- ;· 
ciÓ:t de un proyecto,: m:>zi:rándo la~ interrelaciones de varias 

1 

actividudc·s. · Las. redes pueden ser·ll"madas 11 Diagrarnas dri 
Flec11a:_,". ·', Fic:--ura # S. cuando los resu~.ta.dbs de los tiempos 
estir.ndos y cornp...itudo3 han ~ddo agregados ·a la red, se pue-. ,. 
de usar como p:1ra pll'ogramar un proyecto • 

. ,- ' . 

17 -
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4 REGL.7\8__DI::: lJ\ RED 

t '' 

Las pocus reglns p3ra red~a pueden ser clasificudas. 
com:> todas comunes a tocl~s las r-tctividaoe.s de un di;:~,gram;:... 

de flechas, y estas reglas son i mp·.1estas para el uso do 
. computa. doras que manejen los métodos CPM. y PERT o ,\ 

Reglo. l .. -· Antes de iniciar una actividad, todas las actj_-a , 
vid_cldes precedentes clcba1 d-a ter1nina¡:se" 

Regla 2,.-- Las flechas sÓlo implican una precedencia lÓgi
Cf;t~ La longitud de la flecha no tiene nin3Ún -
signifi€ado;, · ( A menos qua se utilice 1~ csca-
1~ ti~mpo·par~ la red). 

Regla .3 é- · Dós·· eventos ·pueden directamente conectar una so
la· actividad. 

Regla 4 • .:... Los . .nÚrnerqs: de ·.los' eventos no deben estar dupli
c~dos •· .. : 

Reglas.-

,. 

Las,Redes d~bén tener solo un evento ipicial que 
no tenga pr,edcccsor) 1 solo un evento f~.nal ( que. 
n6 tcriga sucesor) • 

1' • 
E~istcn p::1quctes de cornpu.tadora. que -no tienen es 
t~ restricción. 

'· 

4. 3 · INTERJ.>RE·r~~CION DE LP.S. R)::GLAS_ 

};a regla 1 y 2 pueden ser interpretadas si conocemos 
la porción de una red de la fi~ra # 6o 

' 
. I>e acuc:::-d:> a la regla 1, este· diagrama estcp.blccc que·. 

antes dP. _que ,la activi,dad;· o puedn iniciars@,. la's ,ctivldil-
dcs 1\, B-~- y C de~en ser C<::;l1l1Plet?-<las o . 

. ' -.19 -



· Noté que es lu no implica que las activicléldcs 1\, D y e 
scu.n co:-nplctamc:;d:c simul tí..Í:1cas .. 

Note que udem~s qu,e. el evento 4 es un evento rcccp·-
tor por que ah:l tcrminnn las actividudc'3 A~ B y e y comienza· 
la a e ti v J.c1u.d D. 

¡, 

ERROr. J. S COl·lUNES 

I.os C!rrm·c::.; 
petar l;:l r~=-~Jj~_)_o 

; ' ma:::; com,lncs que se presentan son u.l no rcQ_ 

Nos ilus i:rt'l.rcmos con la misma figura 6, S1.tpongu.lno;::; 
que la act¡i..vi<!1¡:l_d B, dcpande de ht.1bcr terminado la activid¡::>.d -
B y C de solo ur,·¡ pél.:rte de" lu actividad .A y comp] etar lé! !:C-

gund<l. p::>.r t~ dG ]\ to talmen·te indepe·ndiente. El diagrt~rua que -
ilustra corre(;tam-~ntc esta· s.i.tuación es: 

.u. .... ·¡,- ' ( 

Donde la nctividad s~ divide en dos activid?c!8s A ).a .. 
parte y A 1,2,a • .P'c.r te adcm;;r·~l de introduc'ir una' actividad· ficti 
cia,. como .~ercnir)s en la· figúra # 7 v la 'actividad ~iq:ticiü se 
ha usado par,u corregir el probleMa·.. · · · 

1' 

' 
Otra COl1diciÓn SS p..tede preseiltilr en. una.' ·r~d~ ''~e ilus 

tra en la Zigura fr 8e 0 

A , 

·' 



Las a¡;:::t.:i.vidaclcs D, e, D, formn·n un Loop, el cuOll es -
· la indicaci6n d~ un error en la 16gi~~.~e la red. 

~n la fi91.tra 8 la ~ctivid<1d B no ;puede iniciar.t:e na:::;L;:¡, 
no complet:ar ln ·o.r..:tivi_ch.d D asimimno la D no SQ i:nicin nl .no 
tcrminñ.i·se. l¿l ··e y la e no principj a >:porque no se llil tcrminudo 
la B y caemo~ c..-. un cir~u~ to. c~rrado que impide la l6gica d·.:J 
la red. ·' · 

4· ~S REG:G'\S PARA _ _;r'N'rnODUCIR :Er~ PROBLEMA A 

Las regl~ s para redes la 3, 4 y 5 son lon procefiiiilicn 
tos p~u.·a cod~íicar redes para el análisis por comp~tá.c1vl:é:"~. ·
La regla 3 s~ yiola cuariqo ocurre lo demostrado en 1~ figur~ 
# 9. .. 8 !', 

A D 

'' 

e 

' .' 
Fig-Ura # 9 

!.las· a·ct:'i~d'dades· :n 'y· e pltede '1i~mar.se actividaoes re
petidas¡. corn~ la for1.na de distin~ir +.a,s actividafies son 
sus nodos 

... ' ,. 
Quedaru. ·as~: 

' . 

e6digo cornputador·a 
' 1 ' ' 

Des'cripción 1\cl:iyidacl· 

1 2 Actividad B. 
1:' ' 

1 2 A~tividad e 
' ' ' 

Enqonces 'te~emos qqe recurrir a las activi~adcs: fic-
tic.:i.as p3r.a no .c<lcl;"· en error de la regl'a 3~" corn~ 4»e demues
tra en la ,figura # 10 •. 

- 2! -



A 

_.;;;...D_~ 

E'igura ~:/: lO 

!\hora ¡;i r.::c puede-n di:::;tinguir las dos a e ti v:i.dt.ltb::: a 1 
• ,, ¡ 

ser bi::!ul:izu.dan dC! la.s:i,guiente manera: 
. 

CÓdigo ComputndtlJ:a -· Des·~tipci6~ A e ti Yidad 

l - 2 Actividad B 

1 - 3 'Actividad e 
1 

2 - 3 Actividad Ficticia 

Algunas .veces· se emplean actividades fictipias en -
forma rcdund~nte como en 'la figura # 11. 

A B 

D·:mdd cvidc--nter:&Gnt.c para iÍliciar· la actividad B es 
solo si, se h;a.'concluido ;t.~ actividad D, C y B por lo t~nto 
rcnmrcní .. que' 'la' u.cti'vidaq n es necc$aria· para iniciar la 
actividAd Eu' viene .-sien,do'·.redundanteo 

- 22, .... 



Otro caso donde las activid~d~s. ficticias no son ne-. 
cosarias es la figu~a 12. 

. ' 

. A 
1' -·~ 2 -......... . 

8-_g--lo~ · · ~-~ 
Figura .ff: 12 .. 

~En.· dond~'-:las:. ·.actividades 2-5 y 4-5 que al ser fict.i_ 
cias no tienen, duraci6n si podemos prescindir de ellas y 
modificam~s liJ!.i . .figura 12 a la fi~ra 13 siguiente: · 

e 

l. 1 ,,• 1' Figura #- 13 

Otro, \lSb. irnporta)1t~ .. de. las actividades ficti-cias e::; 

ta ilustrado e'l:l est~ ejemp~C?· Suponga~os en una p~rte de 
un proyecto de. la' fig:Ur~ '14- este se realiz~ .. '' . 

-o 
., ' 

A -o-~-

-~n ~~-
' . ~ ...... 

Figura. #- .14 . 
' 

-t():-.· A;, 

'/ 
,./ 

.· 

~-·,._.;.._·-a~ ... --i· o~--· 

!O'igura.,.41- lS 

·que· la actj_yj dap ·~ cJcpcnd~ de la activ~d3d· A por tcqcr en -
común el mis.mo' ~e(r'ursq, .~ya· se¡¡ .. tma pcr$ona .en cspcc.i,al o 
una máquir.a ·~~pec~íica· •. '· ~.n · ~E;.te caso B 'd~be dih.1jarsc ·co:~1o 
dcpc.:ndicrttc ac A' ,p,qr· .e'l 'uso'· ae una actividad fictici~ f~9U. 
ra 15. 
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S CAI.CUI.OS Bl'1SICOS PAH.'\ V\ PROGl?..i\f/J\CION 

• 

con hlsc a los f.un.du.mentos para diseñnr. la r.ed de un -
proyecto ~ucda por calcular. lqs ~icmpos aproximado~ que ~e·-. 
ar;ign~n:i\n;u cu.:da una de ~ns actividc:i.dC[J¡ y_a..s.L: comcnz¡u~ a prQ 
gra.m;•,rlas_' y c<lJcuJ i:.lr la. ruta crít j ca de la red: en el cuo6 de 
'ütili:t.~tr pl n~<~.Loclo cP:-1 los ticmr.:~o~ son detcrmL!Ü~:t.i.r:or~ o. :::e~~ . 

• (. ti" • • ~ 
unu so] a cJur;:1cJ.on por CL.\di:l «c'l:~vJ.<.ktcJ: en el m~t~1do PJ·:r.:r l~Js -
ticmpou ~9n pr'.::habil.l1::t.Lcos en donde He asocian tr·e;·-i;;ra cil
do una (Jt:; ·, lci ;-: i:<i: l:i vic1<:tdi~-s, s:.:tlvo cat~ diferencia entre lo:; mó 
todos C.!.....,I·l y Pl·:J~.T todo~ los cálcu] -:>G que descJ:ib.i.rcm·::>s aqu.Í -
son idéntico::; p~:t·a amJ)o~ n • 

r.a ·:.progrumación de un proyecto comprencJe dos pasos bá-. 
sicos, el prim~ro que hace un c~lculo hacia adelante y el se-., ""1 • , 
gundo es el calculo hacia atrQ.S en lu red. 

Bas,áncl-J-:sc en un tiempo de ocurrencia. de;l nodo inicial 
de red, el: c:;lculo 'hacia adelante de li1 f(-:cJl.:'l ck inicio má= 

r: .... ~ ., t. • •• 

tcmprt.no y tarolo para cada .act1. v J.dad, e 1 ncu.rcctamente eJ. -
inicio más; tell'.ih·~.no ,Y m:l\s, tardio para cac1a ·uno cJ'3 los ev~n--
tos. 

' '' 
t t1 

Los tiempos· reales, se conocen\ sÓlo después de hi:'.ber -
concluÍdo p~rias actividad~s y poder compa~ar contrn los tiem: 
pos espera'c1os, 'pueden/ di'ferir por la d?sviaciqncs. entre ~os -
tiempos rea)'cs y estimados de los tiempos pla:ne~dos, para ca-
da actividad. · 

1 • 

Por: lo. e'spccÍf.icaciÓri de· ~os tien1pcis · de O~l~r~en.cia tef__" 
minales pa~~a i~p cventor; de una red el cálculo ha~iq atrás 
nos calcularil la termj nr~ci ón m::ís temprilna· y tan.1Ía para cnc1u 
actividad ~ in~irect:an-ícn le lc;1 tc:r ~inación p~rmi tid::t de tieml:~:::> 
para cada ~vento o D~spués de un c.:1lcuJ o 1:-:tcia n.délc\nte y hu
cia a trt.1s f;e hu. rca liz'üdo, queda por htlCCr el cálculo clc-1<::~5 
holguras paru cadu. actividad y determinar los arcos crÍticos 
de una red:~ cuando una' actividad 'tiend hoJ.:gllrCl, hay más- .ticm 

1 1 ' ' ' ¡ ' 

po dispon~ql~.' P?ra hac~r. ,lo que cnta ac::ti~idac;l. de~:fea. 
1, 
11 n 

casi siempre 
Es mu:y cot;~·cni~nte 
dades en ~huo · df3 

·' 

se ~dopta· la 
· plZinear los 
trabajo, en 

1 1 ~ 

·.·~ 24;_-

unidad de trabajo de un díuo 
't'iempos. · de J.u::5 activi·

las vad~s·c0menzan~o coh un . \ .. ¡ 

\ 
\ ' 



tierilpo iniciv.l· de cero en el evento inicial del proyecto. 
La conver~i6n de estos c~lculos a fcchos calendario rcq~ia· 
re de 1mc~r un: Calendario, CjL\C COtl~CJ'!lp~G SÓlo lOS dÍas dci, .:
tr'-b:.lj o numerados. · En SUI'!l~, .s~ c'·:>mprende que el proyecto' -
tic-:1e soll.\mentc un. e:v.cl1t'ó\''l'nicial :y· termil!a 1 y que J.u ~cir
minilc:l.Ón i:>·~l:-mitida p3..c~ el proyecto es igual a lt:t inlciu-
ci6n rn~3 t:urc..1Ía .'obten:i.rb. dH los cálculor; hacia atrnr;. Er;-

• ' '',J ' ' ,' ','' 1 """ ' ' 

tnn considcrv.cio'nc.sl. s,c as.ocic.m normalmente con el r.1ctocio 
ePa, pero 1 ¡no U!-:;ttr.llmcni.:o ·pz;,ra el mr";t6do PER'l'. Fit;.::tlmc.n l:n, 

• se toitlil en conG.idcl.'ac.i.Ón que tUl dio.grama de flccho..:J purn - · 
rcp1.·es~nl:nr un: proyecLo os el que se usa para ini":inr con 
los cÚlculos mencionado::; .. 

' ' 

, 5.1 NOHEr·k!.?\ 'J'UR7\ ,..,..._.. ____ _ 
La : si~u~e.nte nomcncl,at~ra se .4~b~r~ us~r en las fÓ,;:_ 

mulas que -dcscl:'iben les c-álct.llon para ;la_ progr~ ación: 

i :\' \•; 

. , ·~··\·~~.\ :, ~ 
N = Conjunte;>. de." todos lo:J event.os de un proyecto. 

1 

N· 
J 

}\ 

Aij 

t·. 
~J 

- Noa~ q~e x::ep+esp~ta .el evep.to. i 
Llamado :tambiéri·:Nodo Inicial.• · .. 

,1 

i = 
1 

l o o •• m •. 
1' 

:::: 

= 

• 1 

' ~ '' ' . 
Nodo ·que, rc:::p:::csenta el eve~.to j 
Llatp~do 1~r.lnLbién Nodo Final •. 

j 
,, 

.R lt ... on· 

·_:un}u.nt.o' de tqdas las aptivida~es de un p:r;oyecto 
1 l ' ' ' ' •• 

' ' ' ~ . ' 

Es ·fa:;>~ctivi<lad.'.qu'e se l.ni~~a .en E;!l No~o ±nicial 
. i y· i;:crmipa en el No-:lo Fina:l j .. 

,1 
,, 1 1 • 

' •, ' ',. 

llk = I<-es
1
ima cadena .que .con~uce del. C\'ento :~nfcia1·Ni 

al e~~nto final Nj• 

k :d- NÚmc·~q posible ~e cttd-:ma qu_e 1 'conectan el ·-evento 
1 i~~ci:al· Ni al ~v_entp fina_l ~j •· 

'25 

:;:~ tij 
1\ije ~~: 
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.. E.i: = •ri cmpo do ocurrencia m::Ís temprana pi:lr.ü el cvcnlo:, -
iniciu.l i. 

Li = 'l'ie:.mpo c1o ocm:renci:l más tard!a del cvc:nto ini-
c:Lv 1 i 

LP· · 
~J 

EF· · ~J 

Sij, 

FSj_j: 

, , - ' 

::1 ':J':i.enmo u'=! in.:i.ciacion mas temprana p~ri.1 lt:\ nctlv.i.'. 
d;:."td (i-j) -.. 

:::: ·-· · d 1· • • ' 1n~ r.: .~--.rdJ.'a 1 t · · .t:ompo •.! ·.qr.m~nac.1.on ,_.~ ~o.q. p::~.ra n ac-J.V~-

vJdilcl (i-j) .. 

·- Ticml_')O de t.er.rnina.ciÓ:t más tempranr;t de una ac·tiv~.
dad i-j. 

- 'l'ie:-npo da iniqiélciÓn nr:ln tard{a p.:1ra la acti vidnd 
(i-j) o 

-· t-:oTr:-¡,Jr.a toi::l.l para le:. <:rcUvid-:>11 J.·--¡ -

= H6lgura libre p~1ra l<:!. actividad i-j D 

= Tiempo progl':-r.~·~¡ado pa.: a la ·terminación de un proycc 
t6 o la ocurrencia dr~ ev¿)ntos claves en un proycc
:to. 

-,. 

Como t;lc vio ant(·:r.io):nv=!•lte el cálculo 1v1cia u.c121ant:c c!:i 
1 '1 1 ] 1 . . . ' .. ,. " el, e ca. cu 'o e e . a ll1lC.LucJ.o:l nvts tcmtp'Lil:na ·y -m:ts tc::x ~u. )_:J-::1ra c;1 

~da actividad' en el .proyecto o.poyado en· un dÍa de ·t .. :c:tbajo e~:-!. 
pcc:ln.co~ · c6mplcroenté.1ndo esto, el c<Ílcu1o 1)acja ad2Jante ::;n 
iniciÓ en Uli. ti.cmpo co·co (_¡Gti:.b. u:r.a fecha base y top;;l.D la C W.C t_t._ 
vidudcs f:su1n;ecuentcs e·.npiazan lo más pronto po~.,;iblc, aéon tc··
ciendo tocios.' ::~u evcnton sqcesorcs o , De acuerdo :a la lÓJic~.,_ 
clr; unu. ticd, t~n cvc1-i.tb · finr::rl o:::m-rc cuando ·to·c~ils lp.s u.c.tivid;..l
<.lc::; prcrlccc::;oras se hcm '':torm.i.nar"!o y -entonces, e-1 tiempo m~ a -

' i, - ' ' • l ] . ¡ tcn¡;..J"{ll'\0 p;:u:~ quc.1_ octu::r:n. ·tUl nvqnl~o _.es . l.<JU\4 - 't.;..mílyor l:.Lül\1)'1::> 1 .u 
inic_l.:tt:_::_'Ón ti:lXUÍaJ~-dC tOÜSl.~ J.us acl:iv~clüd~.S C'jUC l.J.cg1HE'l ül 
evcntc (;:n cucs~iÓno Es~~s consideraciones o rc-::;¡lp.:; cs·té)n Gl'.-

• il ... ti. 

mal;' ~z~H1;J..::; ~'',_,,:;'!~¡o o 
;, 
\, 



S o 3 :.g~GJJ\S Pl\r-']\ tr, Cl\J.:!.~ULO ltnCTl\ 1\DELAl;rT.'E 

lo.-

2 .. -

3 .. 

Don da 

1' .'. ' 

El tiempo de ocurrc:ncia de;t primer ciV_t)ni;o · iniciul c1c 
la red so 'conaid~ra cero. E,,~O pa:~a el primc1.· evento. 

1 

,, . ,. 
cu.du. ~cti vichd c:omienz.-1 tan pronto como. t;·::!a· p::.>siblc 
.hasta 

1 

qtie ocurra su e ven i.::o predecesor. 
1 ' 

Pura ~~na a e ti vi dad nrbi trariu (i-j) ·se p·J.ccl:J czcribil:: 
) 

ESij ? El _n1ayor' ._EF, de lao actividades inmcdiata1~1cntc' 
fir.ecedcntca 'de' la actividad (i--j) A 

' . \ ~· ~ ~' 
' 1' ~ ;~ \ ~ ' ' ' ' ' ( 

El ticm).)o ·;.:¡.~, ;t:~~:minc:.ciÓn m;;) s ·temprana oc nna acti.vi
dad e.s · la ."s~1nil··. ele s•..t t:iempo de ü·. ~-:iación r.r:\s tcmprc."l.
~a .y ia·,.:duF~C.~.QlJ:_ est:im:\d~ ·por .a~'!:·ividad.. l'ara una 
b.ctividad··~·a:tl)itruria (i-j). esta se puede escribir co-

it ' 
~\\:>: ; ', - ' . ' 1 ' 1 ~ \ '': 

! 1 ' ·: ' 

1 

' \ ~~ ,, ; ' \ 1 

t!!j ·.·=.~l.' 1n~yor de EFij = :csij ·· + Tij 

~j· ~ k-l~~imo de los valore-s EFij' de las ~c·t:.vidados c:¡üc 
~legan al evento j. 

· , .. ; :. + t'i'j) = I•.¡ax (EFj_ ·) j=2, 3 .... m 
:..: J,j' 'J. 

i E B(J) l. e ·:n (i) 

1 1 ' • 

B (J) ;~. Es. el conjunto ele nodos f1l.l'.? ·cnh0r.".:tan c0n Nj ·~ 
Eztas rc~rlan 'las' podemos :,:-epreson.ta.( cor,,o lu.n 11\00l:J.:;:;.Hl'JS en 
la figu:i·<: . 

t .. l.J 



Estas conoidcraciones o rcglas.ae aplican a todo ti
po do. redes como la domos i:rada en J.:;:¡¡ figl.u:a 

.. . l 1 .. . t " El propo::ato ce cu.lculo 11ae'aa a ra::; es contabili2¿tr 
los tiempo~,; rd; s tard~:os p:rcmi tit..1os de inicio y do tcrmi:1i.l--· 
ción pu.nt c,:¡_c1::.. una do J.<:.~..s act.ivi(.b.c1c3 lo cual pc:r.m:i.tü.-.1 que· 
ocurra el evc!.nto i.:t:.:1~m;im-1l en su tiempo má:s te1npru.no ef.ip8t~a
do, corno en el· c~lculo hacia adclnntc. 

Paru. cor•lpletar e~~to; el c<:Ílculo hacia utJ;i:s se ifti-
cia. en un solo ~~·;en l.: o termina 1 del ·proyecto y arbi 'lTari::uncn 
te so le a sig11ú el. J:t:Lbmo tiemTJo de' CC\..trrencicl m:ls te,-11Pr ...:.llU.
y cort~c$ponr19 v lo _)n~:{imp. por~d.tido pa"Ca -que ocurr;'" Sj JUici1. 
do convencio1Íuli¿3lflos, ·uno Jo puede inte:cprotu.r co::.~o el ·~:icm' 
po miís tu:ccl~o de i.niC'laciÓn de una actividadv al d<·Lrle el ·::_ 
tic:npo G(-~ inicio de una actividad que puede ser J~c..trc.sado -
sin en. usar ni1~cc tamon te alg'.:Ín incremento en el ti~:n1po totnl 
para co:rtplctt::.r el proyecto .. 

cuu.~1c1o ~i' · =- '1;-j se usigna pm:a el evento ter:minal 0e unél. red o 
'~ 1 ' ' ' • • • 

retraso permitido paru. _que uné'\ actividad se ir.ic.:i~ se e,~· lc1!.. 
la como 'la ~:nibstrucciÓn ele la duraciÓn Q9 la élC =i '\• idud c-.1 -
Úl ti m:> t~emp~ ~fj~n<:tl pcrmi ti do o .F'inal..mente, de ~cuer.do á. la 
lÓgicil d·::J J.a red, un evento debe ocur:rir antcu d~ que ni.n~u 
na actividad, S'.lCGSora CQmicnCCc Po:c .J.O tanto, el tÍJ.ti¡;-1,-J -

tiempo permi·t,itl-·> p.:'.ril un evento es igua~ al m~:1CJ:r. de lo.::; 
tiempos ''de inic;i.uciÓ'n · tnrd.ia p::::r~iti.dél de. las actividad~~s 

1 • l • ., 

que salen•de¡ évent9, en cuestiona ·' 

Estas cqnside,iacibne s o· xegla& lü's .,-s.uma-:ti zamos aqt.tÍ .. 

Regla 1 e
1
-:-' 'E~. 'tiemp:> ele te~mil1c1CiÓn más tard.ic- para 'els-\-f'H

toi ~inal del p.ppycctO {t) _'eS Un' co'nj'lll1tO .i.cJL~'ll' , 
o )nc~or qu,c 'i;lna fcch:;l p~pgra:mad:t' para ~ch.~.mütar -
cJ!. pr,o~recto, ·. '1:1 5 -:> debe ser lC}Ual a SU tiempo de 

) .. ' ' 

oourrcnci~ nms ·~cmpra~a·calctaada po~ los c~l~u· 
l~:S· ~aci.a ,adela~Yte·.. \ · 

', 



Regla 2~ .. 
~ , , 

E:). tiempo de tcr.mi.nu.cion m<.!s turd~~.a. pnrn unil uc, 
tividcid urbitraria (i-j) es iguu.l ::1 la más pn-
quc~a, o más tcn\prana, do los tic~pos de inicj f!. 
ción m~s tardíu. 'clr.:: sus· actividadc~ f;Ucaaoruo o 

L:é"ij == HÍnimo de las I,S de las CJ.ctividu.uos. 
Dir~ctamante dirigid~o a la actividad (i-j) 

J '. " . • • . , , t d"' Re<Jla 3 ~- E . · t1 empo etc ~luc.Htcl.on n~as ar HL p~u .. ·a unu. ac-
t'ivid~.d tn:bitrrt):Ül (i-j) ·es su: ticn1¡)0 de tc::nn·i.-

, nación ·111Cl¿ taru:lu monos 'la dur,~ciótt esti.n,~ciu. c1s . 
' '· . 1a n·cti ,,id~tcl. __ .. l 

\ ' 

'· 

LSij ~· 'r..Fi j '- Tij ,· 
LFij = El menor do, LSij·'.para.· UI:l .even•.:o con n a_g_ 

. tividadcs .que. sa·leno · 
' ' 

· B,~i)', = ~onjunto, de eventos. · 

LSij =· LFj. ~ 1 Tif 

Estas rc•Jl.t\S S~ pre:;eni;:a~ en la figura. 

'i 
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5.6 , .mn:::-cN:CCION E :tNTERPRE'l'l\CION DE HOT.~GUM~ 

De muchos tipo~ ele l1olgurns definidos en litcru.tur<:t 
soiJrc el t0rn:l, solo discutirc:.Ds d1')S clases, l<l holgura t.9. 
tol por.activid<:td, o "simplemente holgura total~ y holgur<1. 
lillrc por actividad~' 'O' silllplcmente' holgu:r.a lih:rc, Cü.cla hol 
gura tiene un~ interpl:éj:ación y aplicaciÓn diferente como 
los dCSCl.'ibl:t"el\\OS a continuaciÓ:1. 

' ' ' 

. S. 7 HOLGUn.7l_ TOTi\L POR 1\C'riVID:\D 

-. ' . , 
Dc:L~(.-~: 

Holgura. tot~l por activid~d-es igual a la diferen-
cia entre ,lo :nás temprarr9 y lo más tardío permitido entre 
el tiernpo inicial o, f.tnal para una ac-tividad en cuestión. 
Entoncqs,·. pqra la activi~d (i-j) .' la holgura total esta -
dac.1a pclr: 

' , 
o 

~Íj = LFij. ~ .E~ij 

5 ~ 8 .,HOLGUM LIBRE POR ACTIVIDAJ? 

f
. . . , 

~~~~= 
·:Holgura libre por actividad .es igual tiempo de ini 

cio m.-1~ tcfnprano de .las activ,idades sucesoras menos el -
tiempo de t~rminacicSn 'rná~ te>-;lprana "d.~· 'la acti vidpd en 
cuestiÓn. t::ntonces, paré;l la actiVidad (i-j), la holg-.1ra 
libro bst~·auda por ·1o s~guicnt~: · 

r, 

j - kmucstra ~ una,actividad sucesora a la actividüd en 
.· cue::itión o 

.. ~.~o-



,, 

5. 9 IDEN'l'Il;oiCl~C"f.O!T DE T.A P-U'!'A CRITJ.CZ'.!.. 

f 
f 1 f , ' r 

Do l.l1l.C:t0l}_!_ 

La ruta crf.tica es 11 la curva con lu. n\cnor'hoJ~~JlU':'U 
'-"fotill 11

• ; Si J.:n holguru \cero como' \U\· convenciO!'lilliumo JJF pn.-' 
1 , 1 '' ,\ r '-. ' ' , 

ry el evento !finnl de, ... ln.'i·,cd· pr<:.~D':!ntt~'da .. en ·.la 1.·.uta c.c~tica : 
tenc1r¡) holCJnr.f\ cerd;. 'c1;~ .. .'lo contr,l.r.3.'oj la holgltr¡:-., sobre ~nc. 
x-uta crí;ti~« 'puede ser· p9s:j.t~vn o ,neg~tiva. Zi la· rcu ·,tic
no un oo'lo .evbnto inicü'.l y. final, y no ·existen :fechu.s pr(.•
gram..-..das ·,impuestas., a riodos intr-.t·m~~if?s· .. de .~a red, ento11ccu 
la n1 to C::r.:L:t:Lca . .'es tamoié~ .la mayor trayeet oria dcntr,o de -
la red. 

·' ' 
'f. 



6 US0.' ! ·~·: SIHnOJ!_Q..S ESJ?ECT.i'\T .. ES EN. 

;~~~LCULOS PROGHAH."I\DQª-.. 

Utiliz~r~mos uno~ n!mholo~ pQrn facilitnr los cálculo~ 
de uno. RI::D. ·.rJa ilustrac;i.ón es ln iliguierite:; 

·,-~ . ---··--¡ .· · __ _J 

LO MJ\S ~:. 

' 1, 

·LO r~iAS 
.TA'n 0._19 

' ' 

IIOLGIJRA 
t:OL.G U RA 

LO i.·:AS 
TE M. t"' RAl~O 

LO' :.;,!'.¿j 
TI\RDIO 

! ¡¡:- J·.';P'OS· iN lClALE:S· · . . 
' ' ' 1 1 '1 ' \ •• \ ,, \ 1 ' ·~ 1 

T lE M PO S F- l N 1~ L E S 
POR ·A e T 1vv 1 o.Ao·u-n . POR ·.~ C Tl V l O A D (i·-j) 

' • : 1 ' ' \ l 1 • ' ~: ¡ - - ~. -

ESl?ECIJ\ LES1' PZHm · A <;'I'IVl D~.OES Y-~-EVENTO~ ; 
~·~ - • ! ) -

2 3 +:=50 . ~ PA~O !-;lACIA ;AqELMTE 

·'\· ...... :: -~· . 
. ~~' ,·~ 

' ' ~ · ··· T-7 ·.' · ··, ,... -{ ,_.:,' ~ 
J_l,,i 11."'~ ~~ 

t' ' - ' 1 ...... : --.--

1 '.¡ 

•• 1 • > '. 

,'.' 1' : 



Para una act:i.vjd:.\d cualccquir::ra (18-19), n ... 'l.. t.it:mpo c1c 
inici~ciÓ!1 tn:Íp tcmprnno (digamos 23 en esto CuCO) en c.:l CUi.~
dr~nte de la izquicrdl del s{rnbolo del'ovcnto. 

Enton~cs agrcgorcmos su duración (7) a tiempo de ini
. c.li21ci Ón l)tÚs t~m];>l~.:.no y obtcmcll:'clnon sq tientpo do ternd-.t•aciÓ:1 

· '.¡u.Áu tcm¡n: .. \no (30). g:w.a:ibiromos 30 on la P"mt;:~ uc 1 .. 1 fJ f..:c1~~·. 

Supongamos que tres•actividadcs llegnn al Norlo 19 e~ 
anotará en el cuadrante do la izquierda ;-~.1 mr:::.yor tiempo de 
terminac~ón más tempran~o 

PASO H AClA A TRAS r--
2 fs=35-:7 
1 t 

~ 'tf. T::: 7 · 

3J -



El tiempo proc;r~.:.m;1.do para el evento f:i mtl de un."l ücti
vidad en cuccti6n (10-19) dcb~r~ ser colocado n J~ dBrccl1il 
del sÍmbolo del evento. Pura otros. cvcnb)~ se inscrt~..t;.i\ el ·
tiempo d.:: ocu.rrcnci.~ milz tardio. Puro. ewle c~~so cHpeci~.l, ,,
hay que Gubtracr su dUJ,:"¡;lciÓn (7) dql ticmpc• de tcrminncj Ón 
mns télrd:l o (3'5) para obtener el tiempo de iniciación más tr.u:
dio (20) '• Deber¿ cscribi,rse 28 al :final uc la flecha .. · 

.~ 1 ,¡ ' • ' 

' ' 

' \ 

' '• ', 

cu'~n1.do 'dos o' nltl~ ac.tividades ·sal~n de un evento, se 
deb".;! colo . .:'t-:r en el cu~d1·arite de la derecha el valor mús pe 
qu0.ño de los tiempos da iniciación mús tard!a para la acti
vidad. 

PASOS 

' ·' 
' '' 

' 1 

• r 

'.,,1 

34 

·e· m""" 

F s~·3Z:..30=2 .. 
~ 

•'' 



J 1 '. 

7 J;"".JEHI'LO 
·, 

II.UST.R.J". TIVO 
,, 

1' 

1' 

Ha;;ti:l e'l momento tencmo:J información sobre lus tahJ:::.s. 
de secucn.cius,· la~ regl~l[) para clilbor'ar uni:l 1~cd y ':\ porti+ 
de ~sta ~fectuar los c&lculos b6sicos. 

\ 

' ' Con éstos ,ele.mentos .podemos obtener todos los c1u.toz -> 
" ¡ t' • 1 

para plunifipti,r:, programnr y controlar cualquier proyec~o. 
\' • 1 • 

Si,, ej elilOlificumOS tln determÜl:\dO ·proyecto que l10S IT.~lc:>.~ 
tre las difcrc;1CÜlS entre. un proycc;to que no utilice J.ns t éc.:.; 
nicas _ CPl'1· y PERT contra otro en el cual si se tomen (;Ín oonrü
deración,·· vcrem-:>s, la gran diferencia que se hizo resalti:lr 
con antdribridad. 

El método :antiguo -solo dif:lponúi: ,de. Diagramas de G~11tt · 
para coordinar proyectos'" como el siguiente: 

35 

•, 

\ 
,l 
1 

\ 
' \ 

'\ 
\ 

,1, 

';• 

' . 
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En el dic-Lgrama u.ntcrior l~:J actividades no tienen nin
guna rcltición entre sí y es clÍficil invcs.tigarlci. 

'El cumplimiento de un proyecto .. con las caructcrístj -
CClS mcnciO!lad':\~ eD un~. tarea :nuy nrdun ya que el rc.:sponsa.l;lc' 
por actividi:ld nJ. nó ''!:,~·nob:.ihformación. da 'otras actividi:ldes ...;, 
no cucnt.:: con ~V:.ltos 'pu.'i:"n ,inicL:lr la .suya propia y en ciert.~ 
medida tcridrá: ~1.\Ín t>roblcinti:J pv.ra terminarla y contra lu.rla a 

l :· :· \ 1, 
\ ' : \ 1 

¡.¡.i;;gamor.; l1no .. ele. :las'. técnicn::;~ ·,¡;1ntcs. m~ncionndun e inter-
pretar corccc"!:i.lmente lo visto hasta ahora. 

Primero se diseña un listado da todas las actividi':.c1~f: 
de nu(;st::o proycctou no impo1.·t~.ndo el orden de coloc.;lción. 

Listá·· de Actividades 

Actividad 2 

Actiyicla~ 11 · 

: ' 



El siguiente p?..s.:> es eluborar la matriz de~ secuencie& S. 

~~Cl: -1\! r:i . · 
SIG .f:I.-2-T. ¡:,...~- ACl: 1-\Ct ACT~· 1\CT. t\CT. fiCT.I ACT.¡ .• , l. ACT. ~ .. cr. ·¡Nr,.· "( , 1 .,,, 1 

2 3 4 5 G 7 8 9 lO 11 1 A 1\l·r·-,., · ..... · · .... i Cl \ l\..J, ,-..,, .. 
ACT. 1 ¡ __ \;.,i 

1 /\ 
- --- -- J 

ACT. 2 '>f \1' 

1 
, .. " 1\· .... 

¡.- -- -··-
ACT. 3 =[v 

1 1\ 
1---- ·--

ACT. 4 t.l xl---l\ ·- .. -
A c-e 5 

1 ,_ __ 
¡ 

1 1 X ACT. 6 .. 
' 

. -

ACT. 7 
\l; 

¡ 1\-o -- ··--- .. ' 1---.. 
)1 ACT. 8 '\ 
. Ac·r. 9 1 

' .. - . - ----.- , ... 
ACT. 1 '. 10 l\ 

. 
... . , 

ACT. 11 \ ' 

. ·M:AT:R lZ. ·o E SECUENCIAS 



'' 
1 

l. 
1 
1 

A partir de la matriz· de~ sccuc:iicins so clvbo:ca la rc:d 
y se enumeran los nodoDa 

NI\ ~ 
·:> \.f.YIJCT.IO >\!Y---

= 3~ -



! 
1 
! 

1 

~· 
1 

¡ 
,1 

Al tener listu la red se complementa con la inforrr.<:t
ción Cl,decuadu u 

D E S e R l PC.l O ¡~ 

A e T 1 V 1 D A: o 

ACT. i 

ACT. ' '2 
,• 

ACT. 3 

ACT . .'· 4 

ACT. 5 

ACT ... ~ 6 
. 

ACT. 7 

AC1: 8 

ACT. 9 

ACT.. lO 
' ' 1 

ACT.! 
'1' ' • 

11 
' 

e o o 1 G o DE 
ID E 1\lTiFICf'.CI ON 

N 000 .NODO-
lNlClAL FINAL 

o 1 

.O 3 

o 6 
1 

.1 : 2 
' 

2 5 
' ~ - - -

3 4 

3 .7 

. ' ; ' rll 5 r 

' a 5 
.. :;. ·,'6 

. 
7 ' ' ' 

' ' 1 8 
1 

1 

1 

3 

-
DURACION 

' 

o 

-

1 

' '' 
' 1 
¡ 

EN 
1' A S 

2 

2 

1 

4 

1 

5 
' 

.· 8 

·.~ 

3 ,, ! 

1 

3 
1 

5 



Con toda la información procedP-mos a calcular nue~ 
tro proyecto con los símbolos espaciales. 

o 
1 

.) 

,-.-y~· 
...,_f""" '' 
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Red ilustrati~a del proyecto utilizando los sÍ~Jolo~ 
especiales, para los eventos, actividades y el paso h~cin -
adclc:::.nteo 

- 42 -



.. 

Ejemplo que ilustra la red del pro~{ccto utiliza.!"ldo lo5 
sÍmbolos, c~;pcciales pu.rcl loa eventos, nctivic1adcs, los l'asos 
hacia adelante, hacia otrús, lao holgüraa total y libre. 

~·- '4 o,~ 
\;'(_"V~GD-ID~ 

1 ( 

,l 

~ 1 8. 

o - ó ~ 
~~ !l_A).,.:;,p . 
~ILY)~~~ 
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. l?odcmos resumir todos los datos· con-tenido:J en el proycc t.;_-) 

en la lista de abajoo 

~ --------~--------·--·---------r-----------~------·-----· 1 . i 1 1 

1

1 ¡ :.r_,o !·1::.1s Tcmpr<J.no J Lo r'1ás 'i'cn.:dío Hol~nn·u. cri tic¿Ll:i d·1~; 
l1ct:ivichd ~--·-·---.-------- -· - - ¡ 

1 I::Sij ó Ei EFij IJJSij LFij ó Lj TOtctl 

1 
1 

'I'i~m~)() dt:· ::ic;-n~"),:) de L·~,i~m~o ele 'l'icm~o ae 
1 In~cLo. ~erm1nac. In1c1o. Term1nac. 

r~~3---¡,--··-·~-r- 2 0 -·-2----t--0--- --CR-\I'~.---~~ 
f--- - ¡-----·- -~ - ·-----1---.,-----¡ 

~-"-~--}_ _____ J ______ 2 ___ -+¡ __ 1_o____ _ ___ 2 ____ f-_l_o __ -l-__ o ____ ~--c_t-_a_T_. _____ / 
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T orjeta 1 

Tarjeta 2 

Tarjeta 3 

TARJETAS PARA USAR EL PROGRAMA GRANM 

Columna 1 
4 
// JrpB T 

// XEQ GRANM 1 

*LC/)CALI NIT, PIV~T, TABNU, RM0VE, CLEAN, TABPR 

Tor¡eta.s de datos (Ver p6gina 3) ·, · · 

Tarjeta /VI 
final 

NOTAS: 

-Este programa es.t~'listo poro usarse en lo computadora IBM 1130 de CECAFI. 
' . 

- La torjctCl 1 es lo tarjeJo anClranjcido obtenida del CECAFI. 

- E 1 número 1 que apar~ce en lo 2o. _tor¡eto se perfora en lo columna ~ 7. 

-El program~ en 1~ IBM, tiene una capacidad de 1 O restricciones y 1 ~ voriobles inclu'-
yendo de holgura y artificiales. · · 

' . 

-Este programa t~mbién .. se encuentrq disponible en' lo Burroughs del (¡IMASS, bajo ~1 
nombre de U/SIMPLE X. Los instru4=ciones para correrlo en el CtMASS aparecen en 
lo siguiente hoja. Este admite uno capacidad ~oyor sobre el númerf de restricciones 
y variables como se indico en la sesunda hoja. · · 1 · 

1' 

- Este programa utiliza el m~todo de la gr~n M~ 

'· 



Tprjcta 1 

Tarjeta 2 

Tarjeta 3 

Tarjet~ 
final 

NOTAS: 

TARJETAS PARA USAR El PROGRAMA !1/SIMPLEX 

_,., Columna 1 

fl USER clave 1 
HRUN (J R82) 11/SIMPLEX 

N DATA FILE 5 

T or¡etas de dato~ ~ er página 3) 

1 END 

-Este programo está listo paro usarse en lo computadora B 6700 de ClfAAS/CSC. 

- Lo tarjeta 1 es lo tarjeta rojo obtenido del CIMASS o 

-El simbolo u# u significa ~n carácter inválido. Este se obtiene presipnando los te= 
clas MULTIPUNCH Y NUMERic; shnultáneamente y perforando los ~úmeros 1 ~ 2~ 3, 
4. ' ' 

.. Este programo tiene una capacidad de 30 restricciones y 40 variabl~s incluyendo de 
holgura y artificla~es. , · ·. . ·· 



TARJETAS DE DATO~ PARA El PROGRAMA GRANM O 11/SIMPLEX 

la siguiente información deber6 porporcionarse en lo que se indica como tarjetas de 
datos en las hojas onterioreso 

TARJETA DE IDENTIFICACION DEL PROBLEMA. 

En esto, tarjeta puede us~r desde lo columna 1 o la 70 poro poder da·· cualquier identi
ficación que:! desee dar o su problema. 

TARJETA DE DIMENSION Y ETIQUETACION DEL PROBLEMA Y CONTROL PARA CO
RRER MAS DE UN PROBLHAA. 

El usuario debe dar cvotro números enteros con formato (411 O) en la siguiente forma : 

Columnas 1- 1 O: Número de renglones del problema. 

' Columnas 11-20: Número de columnas del problema. 

Columna 30 

Columna 40 

NOTAS: 

, Escriba el número 1 si desea poner etiquetas a los renglones y o los 
columnas. 
Escribo el número O en caso contrario., 
' 1 

: , Escribo un 1 si desea correr un problema adicional • 

Escriba un O en caso contrario. 

El número de renglones no induye la función objetivo. 

Si escribe un 1 en lo columna 30, el usuario, después de ta tarjeta deber6 dar el grupo 
de !orjetas para etiquetas de renglones y el grupo de tarjetas paro etiq~etas de columncs. 
Si en' lugar QC un 1 escribe cero deber6 omitir este grupo de, tarjetas y posar a los tarje
tas de coeficientes de los variables artificiales en ta funci6n objetivo.' 

1 

Si escribe un 1 en lo tarjeta 40 vea las notas generales. 

TARJETAS PARA ETIQU~TAS DE REN<?LONES. 

los etiquetas para identificar o los renglones de las restricciones, puecfen tener como m9_ 
ximo 6 caracteres de cual'quier tipo. 

En uno, tarjeta puede escribir hasta 7 etiquetas. Estas etiquetas deben ~r en los columnas 
1-6, 11-16, 21-26; 31-36, 41-46, 51-56, 61-66o 



TARJETAS PARA ETIQUETAS DE COLUMNAS (VARIABLES) 

Los tarjetas poro identificar a los columnas o sea o los variables Involucrados en el 
problema (incluyendo de holgura y artificiales) deberán escribirse de acuerdo a las 
reglas anteriores para etiquetar renglones. 

TARJETAS DE COEFICIENTES DE LAS VARIABLES ARTIFICIALES EN LA FUNCION 
OBJETIVO. 

A codo variable artificial.osignele un 1 y a los variables no artificiales osignele un 
O. Estos números escribalos en las columnas 1 O, 20, 30, 40, 50, 60, 70, de acuer= 
do oi orden en que etiquetó a sus variables (columnas) · · 
IMPORTANTL Esto tarjeta es requerido aún si el problema no tiene variables or-
ti ficialcs. 

TARJETAS DE COEFICIENTES DE. LAS VARIABLES Nó ARTIFICIALES EN LA FUNCION 
OBJETIVO. · · , 

Escrib~ los coeficientes de la· función objetivo con el formato (7 F 10.0). Estos coefi
cientes debe escribirlos de acuerdo al orden en que etiquetó sus vcriables (columnas). 
Los coeficientes de los·:vnriablcs do holgura y artificiales deber6 ser cero. 

IMPOifl ANTE : Les. cocli,cicntes de la función objetiv~ deben corrC'spondcr al problema 
ele minimizar o Por lo tanto, si su problema es de maximizar mulTiplique por -1 y consi= 
dere los coeficientes que resultan como los datos de entrada en este programa. 

TARJETAS DE LOS CO~FICIE NTES DE LA MATRIZ DE RESTRICCIONES • . , 

Cada renglón de restricciones va· en vna o varias tarjetas, escribiendo los ~!eme ratos su
cesivamente en una tor¡eta con un formato (7 F •1 OoO) e Cada vez que propprdone un nue 
vo renglón debe empezarlo en otra tar¡eta. 1 • -

. ' 

TARJETAS DE LOS LAPOS DERECHOS DE lAS RESTRICCIONES. 

Los coeficientes del_ lado derecho·. de restri ccic'1es se proporcionan sucesiv~mente en una 
tarjeta o en caso de se.r insufi ci~mte use otra tarjeta. El formato es (7 F 1 q. O) · 

. . . 

,' \\1' :' 

\ 1 j' 1 

TARJETAS PARA INDICAR El CONJUNTO INICIAL DE VARIABLES BASI~ASe . . . 
En una tarjeta program:e ~uce~iva~nte .lo$ números de ios eolu,mnos que VOf' (1 ser usados 
como columnas (variables) bó.sicas ün'lci'ales. Use formato.(7110).. . 

\ . 



NOfAS GENERALES: 

l • [1 Ndcn de las torj e tos debo ser como el indicado. 

2o Si •·11 lo TARJETA DE DIMENS!ON Y ETIQUETACION escribió un 1 en lo colum
na 10 rmi·onecs su nuevo proh!crna debe ir después de lo. TARJETA PARA 1 NDICAR 
EL CONJUNTO 1 I"JICIAL DE VARIABLES ARTIFICIALES. ~s importante que en el 
nuevo problema empiece con la TARJETA DF. IDENTIFICACION DEL PROBLEMA. 
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EJEMPLO 1 • Considere el problema lineal 

s .. a. 

-2x1 

max z = ~4 = >1:5 

2x2 - XJ .. x4 + X5 ~ 0 

+~x3~ ><4 + xs. =., O 

x1- ~x2 - )(4 + xs ~ o 
Xl + X2 + )(3 - 1 

x. > o ·-
Deberemos multiplicar la función objetivo por - 1 poro que el problema sea de minimiza
ción y tarnbién ouregor vorlobks rlc holgura a los primeros tres restricciones poro que -
lleguen a ser igualdades. Con c~las observaciones el programo lineal esteró en forma esta~ 
dard, lo cual es una condición paro aplicar el programa GRAN M. Si definimos z'==z, -
.nuestro problema en forma estondard es; 

' . 
min z' =- x4 + .. x5 

-2x2 + x3 + x4 - x5 + s1 = O 
1 

2x¡ . , . .· ... 2x3 + x4 .. xs +52 =O 

. "'X 1 +2~ + X4 .. X5 +sa = 0 
. . 

X¡~ O; 1 = 1, 2, 00 ., 5 
>. . 

. S• - O; 
·1 . . : t = 11 2, 3 

Obsérvese que aunque el programa lineal yo estó en forma estondard, todavia no estó listo 
paro empezar el algoritmo de la Gran M porque en lo última restricción nQ existe una voric1= 
ble que <:~parezca en esta restricción pero no se encuentre en las otros restricciones. (ic. 1 no 
se tiene vna soluci,6n bósica factible inmodiatq). Por lo tanto, deberemo~ agregar una varia 
bl e artificial que llamaremos t1, a lo. .cuarto restricción poro osi completar nuestro solución -
b6sica factible en lo cual se inicia el algpritmo. Sin embargo, al introdu¡eir esta variable -
artificial en la r,estricci6n deberemos ogrc:tgorlo en lo función objetivo mulfiplicado por une = 

cantidad positi~o M muy grande o. Asi nu~stro problema ·resulto ser: 

' \ ! -

rriin z' = -,x4. :.xS, + Mh · .. . 

-~·>12 + •'x:f'+ x4 .- x5 + s1 =O 
' . ' 

2x1 -2
1
x3 +x4 .. :-·x5 +~ =O 

-x1 +2x2 . . : .. ~.x4 - x5 +s3 =·o 
x1 + '7 + · xa · + t, = 1 

1 : 

> x¡ -·O; 
's· ~O; 

1 
t1 ·~o. 

i =1, 2, •• o,-15 

i=1,2,3 



Es conveniente r.eprcse~lar el programa lineal en un ta~lero (o tobleau), poro po~,er enten
der m6s f6cilmcnte IQ información que deberemos proporcionar al programa de Ó.:>mputadora 
GRAN M ó 11/SIMPLE~ o Esta repr~·sent'a'ci6n aparece abajo 

Función Obj. (F.O.) 

Renglón 1 (R. l) . ~ 

RenS)I6n 2 (R u 2) 
Renglón 3 {R •. 3) 

Rcng 16n 4 (R .. 4:~ 

o " o 
o -2 
2· o 

. rl :Z 
' 1 1 ,' l' 

,...._.,_.. ... ,_,.._..., 

·O 

1 
·-2 

o 
1 

·r' 

' -1 1 

1 -1 

1 -1 

1 -1 

o ·O • , -

o.' o o 
1 ' o o 
o 1 .O 

' ' 

o o 1 

o o o 
* * 

VC:'r .Holgu
ra 

M 

o 
o 
o· 
1 

~ 
Var .. 
Art. .......... __ .., ___ ..... 

Solución inicial 
b6sica factible 

' . 

z• 

o 
o 

1 o 
1 

' ' 11'. • ' 

Este tablero contiene toCJa' la información necesario y la notación apropiada para correr el 
programa GRAN M 6 el 11/SIMP.l~X .• A continuación se presenta su codificación para el 
GRAN M. Para correr el 11/SIMPLEX _la codificación es, td~ntico excepto por los tarjetas 
de control como se mencionó en ·lo explicación de estos, programas. 

' '¡ 

' ',•, 



(~_U __ N __ ¿_~ __ 1_1~ ______ H __ O_J_A~~_-D __ E __ C __ O_D __ I_F_I_C_A_._C_I_O __ N ___ Y __ I_O ___ D __ A_T __ O_S __ F __ O_I_~1'RA_N_r--~~-.--~-~-~-~-~-~-:-~-,A-o_e_J 

1 1 1 

~'- 1 1 1 1 
_ T 1 1 1 1 1 • t 1 1 1 1 J • 1 ' 1 1 t 1 

-
1 1 1 

f 1 ~ f 1 .. t .o 1- 1 1 o 1 1 1 1 1 1 1 , :o 1 1 1 1 r 1 r 1 ¡O 1 , ~~ 1 r. ~- 1 1 , ,O 1- 1 _ 1 ,• 1 , , 1 1 O 1 1 1 _1_ 1 

J .. l 1 1 1 1 1 t 1 1 1 

o .,o 
1 1 1 1 1 1 1 1 

-1 • o ' 1 

1 1 1 

1, .,o 1 o._ .. _o 1 , , , o .,o 1 1 1 1 

1 1 1 1 1 

- ·0, •1 O, 1 J 

1 1 

' 1 1 1 1 1 1 , 1 1 , 

1 1 t ' 1 1 1 1 1 
' 1 

1 1 1 ' ' 

1 1 1 lllld 
1 1 1 ' 1 1 1 1 1 1 

~0~'":~~~;~~~~~_-FLO~·~O~-L~~-L~~-L~~-L~~~~~-~·-L~~-L~~_LJ_~·-~·~~·-~·-L~~-L~~-L~~-L~~~-r~_.~~-~~ 
~2~··~-·~0~·-~L--+-,_~,-~--·~o-~·~·o~~··~~~-~~-~~~~-~--~P~-~-~~~.-~~+l~~~~~o~~_¿_~~-~·~-~'~~~o~~~_¿_~-+o~·~o~··~~~-~·~~t~··_o~~~~~~-r~~~--~
~o~~~~~~·-:~~~-L-11~~0~·~-0~~~-~~~-L~~~-~ I~_L-~I~-L--I~~-~11~-L~~i~_I~-L-1~3-L-I~IJ~-L~,_L-~1~-L~~Ji~~-L-L~~~·~-L~;-L-'~-~~~-_.I~t~t-i 
~e~'j'~·~~o~,:-+-~~-~~·~-~''·LI•~·~·~a~~~·-~-~~~·~·~·_.,_1~o~-~~·O~~i-~~~~~ ·~'~·~o~~~~-L-L4-·i'~~·~o~·-L-L~~~·~o~·~o~~~LJ-L-L~~~~·~o~·~-L~~·-L-·~~-r~~~·~~·~~~ 
1, •. o~.·1 --. o,.,o r L·;L , 1 ,,, _l. '11_1_~1_ _1J_ 1 ,, ~ 1 



EJEMPLO 2 

max z = x1 + ~ 

Expresando ~o función ob jrl ivo en térmi~os de minir:nizact.Ón .e introduciendo variables 
de holgura,. ortifi~ioles; el problema es equivalent~ a : 

' ' 

mir:t (-z) = - Xe ... x2 + Mt1· 

x1 + x2 ... s¡ + t¡ = 1 

x1 .- x2 + ~ · = 1 

En forma de tableau: 

Func., Ob¡. (F ... O~), 

Renglón 1 (R .,1) 

Renglón 2 (R. 2) 

Renglón 3 (R .,3) 

" 

-1 

1 

1 

-1 

-1 o 
' 

1 -1 
-1 p 
+1 p 

= 1 . 

M -o o 
,, 

1 ' o :0 

o 1 o 
1 

o o 1 
'' 

"' * ! * 
Solución. b6-· 
sica factible 
lnicialo ' 

-z 

'1 

.1 

1 



(1[N A--M--~~-----H-O __ J_A __ D __ E_C __ O_D_I_F_I_C_A __ C_I_O_N ____ y_;_Q ____ D __ A_T_O __ S __ F_O __ R_T __ R_A_N_r------~-~~~-~-~--~r-~:-~-.A-:-J 

,..~.,.n~ O~ ;~t PROGRAMA 1 HOJA DE ,. IDENiiF:CACION l 
P~C·P~S.CI.:>N¡! 1 - . y 1 
.,- cr ... ~··n•; 21 PROGRAMÁDOR 1 FECHA 1 SEC!1EN(IA 

1 1 2 j l 1•1 s ¡ 6 1 1! 3 1 • !'o •11 ~ 12 ¡ 13 ·1•;15 !•• ;17,1BII•J20 21jn¡ 71 1 H¡ m lo, 27j2aj¡ojJo ~ ll]l2jlJ; H; JS•J>!l7Jl8! 1•j•o· •1! 12!•1! -.; • ,: "· :3:sl••!so

1

. 5 11 n: sJls~ ss!s •fS1! B¡ s•,oJ • ·'o: ol!o•! osJ o•, ,,· 03' ••' •:· 1t! 12· n 7•>S: 7o! n· ~~~ 

/l/1 J.t:>_s!_ T . - · ; - -~ 1 1 1 1 1 1 ,-, , 1 1 1 1 ~--~, -~, 1 1 ~-~_t_~l 1 1 1 ~-, 1 1, 1 1 l,, 1, ~~ 
LLL-l.M_'Q G R Ajl\( M·.'- ' 11 t. 1 ..1 _l 1 _¡_ 1 '{;. :. 1 1 '1 1 1 1 1 1 1 ~. ' 1 1 j 1 l 1 1 1 1 1 ' 1 
:- .LSZtCA ;.L.:t N 14nl..CY-,Q.-T,, r~ ,B ;t:'-1~ ~-·-~ RMf5~V~_I,I c¡~~E 1A-~N~-·~ T/~·~B P ~Rj 1 -'!~ 1 , 1 , ,_ 1 , , 1 1 r 1 1 , , 1 ,, 1 1 1 ·1 , 1 1 1 1 1 , l 

.8-L~E-'M..A ~~~:_cy5T-,A 1 D<;d, !D1E1 ,I 1N,V 1E·,S 1T,I ¡GIA¡C1 1 1~1N 1 p,E, .(> 1P 1E~ 1A 1C;1 10,N,E[S; 11 11 , 1 ,:. , 1 \ 1 1, 1 ~-~,, 1 : 

- 1 - -o! · -- 1 
1 -¡ ~ 

~-'-+-+-~·~"·(:--...._,._o J~-· '--•--u• __ ~"+ R~3 ----L-
1 

.1--..L.' --'--1--.J-.~~~:~--L....L.--L.,-~~~L-.l--:-~.: ~-~-: ·:' :-: : ::~j ~-:·.¡ ~ -• :---~~~-:-~ 
1 , _.J __ .

0
_f

1

· -_, __ , 1 1 1 , 1 1 , 1

1 

,- ¡." " 1 , ~ 
1 1 1 f -1 1- 1 l 1 1 1 1 ' ' 1 1 1 1 • • .-..!._....j 

1 l 1 1- 1 1 1 1 1 ' 1 1 1 <_!__! .. ! 

f r 1 r 1 1 1 1 1 J 1 1 1 1 1 ' 1 1 

1 ( ' 1 1 ! 1 t 1 t 1 ; 1 ' 1 1 1 1 

1 • ' 

' 1 1 



" 

- ' 

EJEMPLO 3 Re~olver el duql del siguiente par de problemas primal - dual. 
' 1 ' / • 

Primal 

Dual 

. mtn. ~ = ~x1 .. 3~ 
. 2x1 ...; ~ -. x3 ~ 3 

X¡ .. X 2 . + )(3 .:_ 2 

)(. ~o 
1 ' 

'max w := 3 } 1 . '+ 2 . ~ 2 

2 ,· .,· .. '\ < 2 ,..1 '"~ 

- i 

'' 

' . 
' ., 1; •'' 1 

~ i. .<. -3 + " +: >.2-' > 3 
~ 1 - '2 1 . ' -

' . . ~ 
.- ).1 -. ~ < 

. . A .?..0. 
o • 1 

' ~,, ' ... ' ' ' \" :·' 
. ' 1 

Este dual es equivol~nte a : . . ' •'. 

' ', ' 

,m~· (-w~ =.,; 3 Al' .. 2 >-2 .+ M_t1. 

:= 2 . 

+ t1 = 3 
~A 1 + :~ .f.· s1 . 

A 1 + ~ . . . ~ , ;~ ~ 
. ,. 

~).1 '+ ·~. +·sa .. =o 

En formo de tab.leau'; ·~1 d~al, es,t6 .dado por 
'1 ' :··· ' )' \ • • ' 

F.O o 

Rl 
R2 

R3 

-3 ·..:.2. o· 
2: 1 o , 
1' 1" -1 
l' .- ' r 1 .o 

o M o 
f o o 

:0 ¡ l· 9 . 
o .o 1 

* * * ' ' 

'· j : ' ! 

'• 

-w 

2 '¡ 

3 
1 

O. ~ 
' 



(~-U--N--A---N1--~-----H-O __ J_A ___ D_E __ C __ O_D __ I_F_I_C_A __ C_I_O __ N ___ Y_/_O ____ D_A __ T_O __ S __ F_O_R __ T __ R_A __ N_T ______ ~--~N-A-;-~~~r-,~-;-,-:-e~) 

. 1 1 - ..::t3 .•. o, L 

' 1 .¡ 
. 1 

-~,~ •. ·o, 1 - 1 1 t 

1 e 1 
1 ' ' 

1 1 1 1 1 ' ' ' 1 1 1 1 1 1 1 1 ' 1 ¡ ' 

O¡ 
1 1 ' 1 1 

-· _· 1 
1 1 

1 ' 
,, 1 1 1 1 1 1 1 

o • (}' 
1 ' ' 

o, "1 o, ' 1 1 1 ' o _.,o, o,. ~o 1 l , 1 _, , • 1 1 ' 1 1 1 ' 1 1 1 1 1 1 1 ' 1 1 1 1 r 1 1 1 

J 1 1 ' 
1 o o o o, .,o, ·- ,- 1 ••• 1 °1 1 1 _l 1 1 1 1 1 °1 1 1 - 1 • 1 1 _, .1 .L -' ' ' ' ' ' 1 1 1 1 1 1 1 1 1 

' 1 ' 
1 1 

- '~-ClL-L-L-L-~~ro~~·~o~~~·~·~·~~·-+'~·-·~o~~·~·~-·~·~~r.o~·~·~·~o~~·~~·~·~·~·~~·~·~·~·~~·~·~·~·-r-·~~·~·~·~·~·~·~·-; 
o.o o.o 1 1,.0 ,,. 

' ' 1 ,, 1 1 1 ' 1 ' 1 1 1 ( 1 1 

1, .,o, ' l 

1 O l·o o 
1 t ' 1 1 1 ' 1 l 1 ¡ 1 1 ' ' 1 •• ' ' 1 .1 ' _L 1 ' 

0
1 1 1 1 1 ' '· ~1 1 

~~~L.__,OL-tL-~-L~~~~~3~t~m~G~,L~'-L'~'~'~'-JI~o~,L~Q~~~~-L-+~~·-L~~·~~~-L4-~~~·~-L~-L~~L-~~~~-L~~~~~~~-L~~~~~~~~· ~~L-L-
~~~~t--~~,~~-·:~~~.~~-~J;·-.~~4_q-L_~~->~~-~.~~:L·_:~--~,:~5~ __ ~,~~,~~~·-L~~6~~.,~--~~~-~~~-~,-~,-+~·~-~~-_j~.-L~~~-L~~~.-.~--~---L-11-i.~l~t~:~~~:~·-~·~~~-+~~·~~~~~~~,~.~~1 

~··~-~~-!~J"~~~~-~-~~-4-~-~~~-L-L-L--~IL-L-~L-~~~~~L~~--~~4-~~L-L-L-L-L·-~L-L-~-~~~~~~~~~~~~~-L-L-L-L~-L-1 +-~'-L-'L-~~~~~~~~~-;~~~~-~~_j 
~·~·~·L-~1+-~-L-IL .. 4-~~~~~~-L~-~-_L~IL·~~~~~-L~~~~-L~~~~~~~L~-i~_I~-L-i~L-i~i~J~~~~L-~~-.L~~-L~I~L-L-L~~~·~-L-r~~~---~,~ 

- 1 
• 1 ' . 1 1 1 1 1 1 

.. 1 

1 1 1 



EJEMPLO 4, 

s.a. 
' 

. 3x3 . : -~. ·xs 
1 1 1 í,: \\._, .. : \' 

~+ 2><3 ... · .x4 . 

- ~1 

l ' . x. ~o 
' 1 o 

s.a. 
' ' ''' 

.' · 3xJ ·+· xs +· X6 

x2 +_ 2x3 ... x4: .' . 
x¡ - X6 

\ 1 . ' , 

+ X6 ~.X]' 
1 ,, "· ~ l . 1 ' ' 

., 
·=6 

,=·10 

=O 
=6 

i' :· ' 

, ;, 

=6 

, = 10 

=o 
, 1' 

:=6 

En forma de Tablea~:·.'' 
',' 1 

F.O. 

Rl 
R2 

R3 
R4 

1 ': 

,. 

xl .. x2 X] X4 xs x6 x7 .,.,.,,. 

-1, \ 1 ' -1 3 -1 .1 3 aoz 

o· o .3 , . . o· 1 1 
', 1 1 

O, 6 
:.01 :1 2 -1 . o o o: 10 

1 . ' 1\ ,. , 1 

1 ! o o o 1,1' ·O -1 o 1: o 1 

0': o·. 11 o o 1 1 6 

• t, 

1, 
1 



(U N A l\1 HO.JA DE CODIFICACION Y/O DATOS FORTRAN FACULTAD ::>(] 
INGENIE~! A 

.-;1-.• .o·.~ , 1, 11.¡0, ,--,'·-~~l:-·-..:1,.;.1_·,~..-=.·:..:•o'-'-l_._,_-.._,_,_,--'-,--.l..~-+1.:3.,1..:•_,_,0.:.1.,___,1_·...~...• ... •__,,__,,'---',:..-¡...:._,_;1_-:..:I•::...:..:IO::.~,__.l..,_,_l-'-'-'-'-'-'-+-'r·•o,,,, 11, ~··~o, 1.11 !, 
~~~L::.~I~•~:..:·~c~LIL __ L.._-_+r--+ti-L,~:~·~:-4~~~~;~~~-~~~~LI-'~L-LI-~LI_:LI_:.+1ª~1•~~~~~~-!1~1~1~--'I~¡...o::.l~•::.·.!..llo:...!..-L-L-.!..I_,_I_,__,_-4.-'_,_o.:•_,_I_:Q_,_I_~~...L..-...L....:'__,I__,I~!~~'~··~·Q~,--.l..'-.l..l~l 1 1 !O,._LOo 1 1 1 1 1 1 

' ' 1 11 ~ 

~l .. ,O t_¡;·lo_j__l '-_l .1_ L' ·!2,.,0, ~- 1 1 1 ! -,1,. o 1 1 o;~.o; -, 1 1 -'\..--l-o-l • .l~·..:l_o-l--l-...1.-..!1___:1___:1_,, --!o,.-10,- ' 1 ' ' ' 
r-l_,:_•;..:__•o_,_, -"--T-1--'-' _,_1_,_,-f_o_,_,-'•..:l_o_,.-:•--:•__,_t~...,.;l~!..~ _.Lyo.:..!.l.:.".!.'o--=.1--=-·~·--'-~---'·~·~·~l~o-~~:..·:..cl._o_l!,_l.___.._, _.._, _,_,'"""~:!:-::..!.1-+·~, ·,o,- , , , , L .. , 'i ,. ,o, , , ,_ -' _i(), ·,o, _j , 1 1 • , 
-o -.jo' 1 ., • • o '. o - ' h. • o -' - - o o ' o • o ' ' 1 • o t • o 

1 ' 1 1' 

' ~--

• 

' ' 1 ' 

1 t • ' 

t t 1 1 1 1 1 

~ •. o-_, , 1
1
0,-.--.o, 

1 
__ 

1 1
_Q ._._o -i _1-~-- 6 o -. 1 J .... JL 

' ' 1 ' 
,5 l.-, ' ' ¡ 1 .2 ' 1 J - ,1 ! 1 l- 1 1.1 1 1 ~-- 1 - 1 - 1 1 ' 1 r 1 .f ' 

1 1 ·J.- 1' "1 l .1 - ' 1 L 1 1 ' 1 1 1 1 ' 

1 1 • 1 1 1 1 1 1 

' ' 1 ,. 1 1 1 1 1 1 í ' 1 
-, 1 1 ' ' 1 
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MODELO 1 

EL PROBLEMA DE LA DIETA Y SU DUAL 

DEFINJCION DEL PROBLEMA DE LA DIETA. 

Suponga que un dietista est6 tratando de seleccionar una combinación de cin'o tipos 
de alimentos (naranjo, manzana, lechuga, chicharo y zanahoria) de manera que d 
alimento resultante de asto combinación reuno ciertos requerimientos nutricionalcs y 
tenga un costo minimo. Los requerimientos nutricionales que debe tener el alimento 
resultante es de al menos 21 unidades de vitamina A y al menos 12 unidades de vitq
mino 8. Los propiedades de los cinco elementos disponibles son: 

ALIMENTO 

1 (Naranjo) 
2 (Manzano) 
3 (lechuga) 
4 (Chícharo) 
5 (Zanahoria) 

CONTENIDO DE 
VITAMINA A POR 
UNIDAD DE ALI-
MENTO. 

1 
o 
1 
1 
2· 

CONTENIDO DE COSTO POR 
VITAMINA 8 POR UNIDAD DE 
U NI DAD DE Alt- ALIMENT!> 
MENTO. 

o 20. 
1 20 
2 J1 
1 

1 
11 

1 12 

El problema o ·que se.'enfrento el dietista se puede modelar como un problemo de pro
gramación lineal (o programo li~eol); de la siguiente manero. 

Sea xi lo cont,idod de alimento i (i=1,2, ••• , '5]que debe estor en ei ol.imento resul
tante de lo combinación de los cinco alimentos. Por l.o tonto, el costo de introducir 
el ctlimcnlo i en l,o mezclo seró su costo unitario por la cantidad Xi que esto presentE' en 
lo mezclo. fl costo total .de lo combinación de los cinco alimentos seró lo suma de íos 
coslo5 al combi~or x1, x2, ••• y x5 unidades de codo alimento, ie.si z es el costo total 
entonces 

z = _20x1 + 20~ + 3lx3 + 11 ><4 + 12x5 

Yo que el objelivo del dietisto es minimizar este costo total, entonces este obietivo se 
.pueqe representar o través de. lo siguiente funci6n objetivo 

min z = 20x¡ + 20~ + 31x3 + 11x4 + 12xs (l) 

Los requerimientos nutricionales de vitamina A se pueden representar en lo siguienL· íor
ma. Si el ol imento nutricionol i est6 presente en uno cantidad x· entcnces proport iuno 

' 1 . 
uno cantidad ele vitamina A igual al producto de vitamina A que contiene uno Lmicu.:l de 
ol imc!'to por lo cantidad x¡ ~ lo cantidad total propo•·cionodo por los cinco al imcnlos s~ 
r6 lo sumo de vitamina A con que controbuye codo olirnento y esto deber6 ser ma}'Oi que el 
contenido mínimo requerido que es de 21 unidades, ie. 

(2) 



Similarmente, los rcc¡uerimientos de vitornina B se pueden representar por 

(3) 
·'.r.; t 

Po-; úitimo, otro restricción que debe estar presente en eLproblemo del dietisto es qlle 
lo cnn!·idad x¡ que interviene en lo mezcla debe ser rw.Jyor o- igu?i a cero, ie., 

X.> o 1-
(4) 

Esto restricción es impuesto ya que no tiene sentido hablar de que uno cantidad nego
¡-¡ va x¡ e5t6 formando porte de 1 a combinación de alimentos. -

tn resumen el problema del ciietista es encontrar valores_ x1, x2, o •• , x5 para los cua
:Cs lo función objeHvo {1) alcance su minimo y satisfagan los res1riccioncs (2), (3) y (4). · 
Reescribiendo los ecuaciones dd {1) a! (4), el problema d~l dietisto estó simból icomente _ 
dori~ por 

min z =20x1 +20x2 +Jlx3 + 11x4 + 12xs 

x1 + x3 + .x4 + 2x5 ~ 21 

~ + 2x3 + x4 + xs > 12 

x¡~O 

(*) 

1 
{**) 

La formulación anterior, (*) y (**), se acostumbro representar en un tablero {llom-:Jdo tam
bién tobleau) que oporecer6 obojoo Esta representación es solo uno abreviación de escri
turo (o manero de una taquigrafie de programoci6n.Hneo!) que es útil en el olgorHmo de 
solución, en el p-roceso convencional al procesar el' probl emd por computadora y por .ur.a :
gran claridad en la formulación del problema dual que se presentor6 c)espués. lo repfase~ 
tación de un programa lineal en forma de tablero consiste representar cada ecuación o "de~ 
gualdod únicamente ·por los coeficientes de las variables omitiendo la escrituro de sus _co
lres;:¡onclientes variables. Poro conocer o que variable pertenece un coeficiente c¡ue apare
e~ ;::n este e~qucrna se da la posición del coeficiente, escribiéndolo en io columna encoLe~ 
zado por lo variable que le corresponde o 

Para nuestro p~oblema (*)y (**), la representación a través de un tablero est6 dada por 

20 20 31 11 12 z (min) ! 

1 o 1 1 2 ~ 21 

o 1 2. l 1 ~ 12 

' ·--

x¡ F: O 



M O O E l O 2 

~na compa~ia.tiene tres almac~nes w, •. w2, y w3, y dos tiendas de ventas al por me

nor, R1 i R2• las demandas en las tiendas al por menor y el inventario en los alm~~ 

cenes, se muestra en lai respectivas cajas de la siguiente figura. Los costos de 

:· wio por tonelada también se muestran en la figura. la compa~ia desea detcrminor 

.. ·a manera de realizar los envios en forma tal que minimize los costos totJles de 

.mvíos~ satisfaga las demandas de las tiendas de menudeo, y no excedan los inven-

tariós en los almacenes. 

$5/ton 



Sca-x. las toneladas del almücen W. a la tienda de menudeo R .• Entonces x32 reprí.!-
1J 1 J . ' 

- ' t •• 

senta el tone~aje enviado del almacen w3 _a la tienda de menudeo R2 ~. 

Si z representa el costo total de envios, entonces nuestro problema se puede formu-

i ar por: 

sujeta a 

Restricciones sobre 
disponibilidad de 
almacenes 

Rcstriccinn~s sobre 
lo'dem«ncla E>li tiendas 
de de menudeo 

)(11 + )(12 !: 20 

x21 + x22 !:: 30 

x31 + x32 !: 40 

xll + _x21 + X31 ~ .r!O 

x12 + x22 + x32 ~ 50 

{*) 

(**) 

La formulacion anterior, (*) y (**), se acostumbra representar (por convenencia 

del algoritmo de solución y del proceso convencional en el procesamiento. en compu

tadora) en la siguiente tabla: 

~32 

. 
1 3 2 6. 4 5 = z 

-. ' 
1 

' 1 o o o o- t: 20 1 ~ 

1. 

1 
o o 1 ' 1 o o t:: 30 

1 

o 'o o o 1 1'; f: 40 

' 1 1 o 1 o 1 o ~ 40 

1 o 1 o 1 o 1 -~ 50 ¡ 
1 
j 

L 



r~EPRESENTACION NJ\TRICIAL. La 
" ' 

formulación (*} y (**), se puede representar matricial-
-· 

me:1te como sigue: 

mi n z ~ [ 1 3 2 6 •' 4 s] xll 

x12 

,x21 

x22 

·XJl 

x32 

suJeta a 

1 1 o o o o xll 20 l 
o o 1 1 o. o .x12 30 

o o o o l. 1 x21 ~ 
40 

> 
40 

' 1 o ,. o 1 o x22 ~ 

50 
·o 1 o 1 o 1 x31 

L x32j 

COMENTARIOS. El problema de programación lineal anterior ocurre tan frecuentemente 

en la practica, que se le ha dado un. nombre especial: el problema de transporte. 

Los problemas de transporte en geneal, tienen tablas ralas (o matrices ralas), lo 

cual significa que la tabla tiene muchos ceros o sea pocos elementos distinto:; de 

cero. Oantzig y otros han desarrollado n1étodos especiales para la solueión rápida 

~e estos problemas. 

Otro comentario importante, es la caracterfstica que presentan cada una rie l~s ~a

lumnas de la matriz de restricciones: observe ~ue cada tna tier.r- dos unos y 1os 

demns elementos son todos ceros. 



MODELO 4 

Un !n-.-:t~rsionista tiene disponibles las actividades financieras A y B, al comienzo de 
coda uno de los siguientes cinco años~ Cada peso invertido en A, al comienzo dE."un 

·af'io, le regresa$ 1 .40 (una ganancicr de $O .-40) cios años más tardé (en el momento 
pr~ciso pwa una reinversión inmediata). Cada peso invertido en Bol comienzo de un 
ano·, le regresa S 1 o 70 tres años desp~és. , 

Adcm6s C'XÍ!itcn dos actividades financieras e y D que estarán di~poniblcs solamente una 
vez en el futuro. Cada peso invertido en C en el comienzo del segundo afio lE:. regre-
sa$ 2.00 cuatro años más tarde. Codo peso invertido en D, en el comienzo del quinto 
oiio 1 e regreso S 1 .30 un año más larde. , 

El inversionista comienza con$ 10,000.00. El deseo conocer que plan de inversión ma
:dmiza In cnn!idod de dinero que el puede acumular al comienzo del sexto año. Formu-· 
k un mock·lo de programación lineal poro esle problema y también cxpréselo en forma ta~ 
buiar. 

SOLUCION. 

Sea X.. ia cantidad de dinero invertida en 1 o actividad i (i =A, B. C, D) en el oño 
ll ' 

( i = 1 ' 2 ' 3 1 4 f, 5) • 

Las coracte>l Tsticos dadas sobre los formas de inversión de codo una de las actividades --
A, B, C y D p~eden mostrarse esquem6ticame-nte como sigue o • 

CONDICIONES DE rNVERSION EN LA ACTIVIDAD A. 

XA2 XA3 XA4 

2 4 

!. t 
6 

! 

1 NVERSIONES 

Años (principio de 
oi'\o) 

RETORNO 

1.4XA4 

CONDICIONES DE 1 NVERSION EN LÁ ACTIVIDAD B 

XB2 Xs3 

[ _ _L--"'--1 -"'=-r--<-¡• -·--..---

3 4 5 2 

! ¡ 
6 -' ! Ar"'los (pr inci ·

pi o de aiío) 



1 

CONDICIONES DE !NVERSION EN LA ACTiViDAD C: 

1 

2 ·3 4 S . 6 

1 

CONDICIONES DE INVERSiON EN LA ACTIVIDAD D: 

2 3 4 5 
¡ 
6 

1 

A~ ( . • no:i pnnc¡-
.. pio de oi•o) 

Años (principio 
eJe OÍIO) 

La cantidad acumulada en el comienzo del scxto·año es la cantidad origino! (10000) 
mós lo ganancia obtenida hasta esta fecha. Por lo tanto, el- problema de maximizar 
la canlidad acumulada de dinero es equivalente a minimiza.r la gananciQ, ya que la 
cantidad CJriginal disponible es uno constante que no afecto el valor del dinero acu
mulado o través de ciolquier plan de inversión que se siga. 

Si :é es lo ganancia total obtenido hasta el comienzo del sexto año, entonces la fun
c.ión objclivo ser6: 

Del enunciado del problema, se observo que los restricciones al problema est6n dados por 
lo Cllntidod Jisponible para invertir en codo aiío, -y por los caracterrsticos de los activida
des A, B, C y D. Estos re!otricciones sobre los inversiones anuales se determinan como 
sigue: 

!'RI!v'IER .óF!O: la cantidad de dinero invertido en el primer año debe satisfacer : 

!5 10000 

Si ~1 es uno variable positiva o cero, que se odicióna a Jo· d.esigualdud anterior, raro c¡uc 

7 



esta des~:_ .• ¿;ldad llegue a ser una igualdad, entonces 

:.~u~s: 

U~ ~ 0 ¡-

( 1 ) 

1. A ld V.:1l'iable que se adiciona a una desigualdad pt~ra convertida en i91Flld,Jd 
se 1~ llama una vadable de holgura. Entonces u" es una variable de holgura. 

1 • 

P. Observe que u1 representa la cantidad de dinero no invertido en el primer a
- fio, y por lo tanto tarnbiªn representa la cantidad disponible para invertir 

en e~ segundo a~o. 

S!:t~l!NQO :~ÑO: Las inversiones en este año deben satisfacer (observe en lus fiqu
-~~"f(s--.1nfer1otes en que actividades financieras podemos i nver·t ir para el segtitldo 
año): 

XA2 + XB2 + XC2 ~ u, 
Si intrGduc:illiO<; una va1·iable positiva u

2 
para pasar la desigualdad anterior a 

~!igua1dud, entonces 

xA2 + XB2 + X~2 + u2 = ul (2 ) 

u2 ~ O 

Obse1·vesc que la variable u? es una varible de holg_ura que representa 1a canti
dad no invr=:rt ida 'en el 'segundo año. 

TERCER AÑO: En este año la cantidad de dinero disponible para invers1ones pro
-vi eñecfeTr·es fuentes: 

i) cantidad nq invertida en el segundo año: . 
ii) ganancia obtenida de inversiones anteriores: 

iii1 cantidad recuperada de inversiones anteriores: xAl 

. u2+1.4xAl 
Observando cada uno de los cuat~o diagramas mostrados anteriormente, se tiene 
que pura el tercer año las inversiones deben satisfacer 

XA3 + XB3'~ u2 + 1·4XA1 

Introduciendo una variable de holgura u3 (u 3 ~ O). se tiene que 

·xA3 + xB3 + u3 =- u2 + 1.4xA1 (3) 

,-, UJ ~ 0 
Olr.J vez notcsc que u3 ·,representa la cantidud no invet~tida en el tercer a1io. 

CUARTO A~O: En forma iimilar al análisis del tercer año, se tienen tres fuentes 
cfedinero -disponibles: 



i) cantidad no invertida en el tercer afio: 

ii) ganancia'obtenida entre el tercer y cuarto 
periodo: · 

iti) · cantidad recuperada de inversiones anterio 
res: 

u3 

0.4xA2+@.7xB2 

XA2 + XBl 

u 3+1. 4x1\ 2+1. 7xBl 

Por lo tanto, lai inversiones en el cuarto pertodo deben satis
facer 

Introduciendo la variable·d~ holgura positi!a u 4 , se tien~: 
1' 

= u 3 + 1.4 ~ A2 + 1.7 x81 

u
4 
~O 

( 4 ) 

'QUINTO A~O: 
de: 

La cantidad disponible en este per~odo proviene 

i) cantidad no invertida en el cuarto a~o: 
. 

u ·4 

ii) ganancia entre el tercero y el cuarto· período: 0.4~A 3+o. 7xB2 . 

iii) cantidad recuperada entz:e el período ··3. y 4to •. : 
1 

Por lo tanto, 

u4 + 1.4 X A)+ 1.7 xB2 

Si u· es una variable de holgura, entonc·es 
5 

~5 + u5 = u4 ·+ 1.4 XA3 + 1.7B2 

u4, us ~ O 

( S 

Por lo tanto, nu~stro modelo de programaci6n lineal quedaría 
definido por la función objetivo, dada anteriormente y el -
conjunto de restricciones definidas por la ecuaci6n del (1) 
a la ( 5) • 



·~e::cscr~biendo las ecuaciones anlcriores, nuestro modelo ue 
programación lineal queda expresado por:. 

' o 
max z= 0.4xA 1+0.4xA2+0.4~A3+0.4A4+0.7xB 1+0.7x82 +0.7xB3+xc 2+ 

.O.JxD5 (O) 

sujeto a ( s.a.)_ 

XAl+ XBl+ ul = 10 'ooo ( 1 

XA2-I- XB2+ XC2 + u.2 = ul ( 2 

XA3+ XBJ = u2 + 1.4 X Al ) 3 

XA4+ u4 =· ~3+· l. 4xA2 + l.? X"Bl 4 

' ' 

xDS + P.5 =, u4+ l. 4xA3 + l. 7xB2 5 } 

XAj ~ o ( j= 1,2,3,4 ) 

XBj ~· o ( j= 1 ,·2, 3,. 

~C2 '·~ o 

Xo5 ~ o 

ui ~ o ( i= 1 , 2 , ••• , 5 ) 

Este problema expres~~o en la forma particionada 

[ :3;1 
X~ 0 

se presenta a·continuaci6n: 

--.- -
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tJ>.o:;c t t.J :_, 

La Compoñio aérea Aeronaves del Pacifico, necesita decidir cu6mos oer~,.; 
mozas con trotan y adiestran en los próximos 6 meses. Los requerimientos -
expresados como horas-vuelo-aeromoza son: · 

8000 en Enero; 9000 en Febrero; 7000 en Marzo; 10 000 en Abril. 9000-
1 

. en Mayo; y 11 000 en Junio. 

El cntrenami ento para· que una oeromoza dé servicio en un vuelo duro un 
mes, por tanto coda muchacha debe contratarse por lo menos un mes antes 
ele ser necesitada. 

El cnl renami ento requ ierc de 100 horas de supervisión de aeromozos ya -· 
entrenadas por lo tan lo dhponemos de 100 horas.:vu elo-oeromoza menos, du 
tCintc un mes por cado a ero moza en entrenamiento. -

C.ada aeromoza entrenada puede trabajar hasta 150 horas en un mes y la
compor"iia ti~ne 60 oeromozos entrenados ol .principio de enero. 

Si el rné1xi~o Hcmpo ·disponible de las oerornozas excede al requerido en 
el rncs (horas vucl~ + supervisión) 1rabajor6n menos cle 150 horas y no es 
despedida n'it:~9:.~na; .. Pero en cado mes, aproximadamente el lO% de ,las -
aeromoz,as con experiencia dejan el -trabajo por', matrimoni.o u otras razones. 

Cada acromoza en.trenoda cuesta a la compañia $ 8000.00· al mes y cada -
.~eromoza e~ entre'namiento $ 4000.00; tomando en cuenta salarios y otros
ben(>fi cio~ ·• 

o) Formule :~1 problema de contratar y entrenar ~mo un modelo de progre 
moción !i,neal h,aciendo · Xt el número de aeromozas que principian su:
entrenamiento en el mes t, donde x0 = 60 representa 1 as oeromozos -
disponibl~s ol p,rincipio de enero. Defina cualquier simbolo adicional -
que necesite paro expresar las variables de decisión 

' 

'J) E 1 in~is~· anterior supone, un horizonic de 6 meses. Suponga que se ---
- o::;rf'gCJn ~equerimie~tos de iul io. a·l modelq, por ejemplo 1 O 000 horas. (Cc·m
Si,Jrra necesariamente lo solución para lo~ meses anteriores encontrado anterior 
mé:nte? Expl fquelo. · "7" 

¡¡ 
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S·:·c, ;.,1 el núrne1 ocie pcl sc;nas coniraladas que principian su entrenamiento ol inicio dci mes t 

( 1 = 1 '2; •.. ' 6) o 

Sea Yt el número de aeromozas experimentados al final del mes t (t = 1, "1., ••• , 6). Nótese 

que Yt tarnbi én represente• la cantidad de oeromozos experimentadas al inicio del mes- t + 1 • 

DISPONIBILIDP.D DE AEROMOZAS EXPERIMENTADAS. 

ObsNvc que el número de aeromozas experimentadas Yt al final del mes t, está formado por 
los personas contr9tados al inicio de este mes{las cuales fueron entrenados on el transcurso 
del mes) m6s el 90% de las oeromozas experimentadas que hobia al final del mes onlerior t -1 
(o seo ol !nicio del mes t), ie : 

Yt == ~t + • 9 Yt -1 (t = 1,2-, ••• ,6) 

con 
y =x =60 o o 

ósea 

Y1 ::.: x1 + .9y
0 

= x1 + .9x
0 

(1) 

Y2 =~ + ~9'yl (2) 

Y3 = ~3 + .9Y2 (3) 

y 4::: x4 + .9y3 (4) 

Ys = ><s + .9y4 (5)' 

Y.6 == x6 + .9y5 (6) 

DEMANDAS DE HORAS DE TRABAJO (VUELOS COMERCIALES Y ENTRENAMIENTO): 

La demanda total de, horas de vuelo por mes corrc::ponde a la demanda d0 vuelos comerciales 
más la demando de horas paro entrenar o los nuev{'ls personas contratadas en el inicio del mes. 
Para satisfacer esta demanda total en el mes t (inicio del mes t); se dispone de Yt-l ceromo
zas con c>:periencia, las cuales pueden proporcionar 150 horas coda una de ellos. Por lo tan 

to~ si Dt es lo demanda de vuelos comerciales en ei mes t, entonces: -

Demando en el mes t : 150 y 1 :::: Dt + 1 00 X 
t- t 

con y = x o o 

(t=1,2, ••• ,6) 

:•traduciendo ~no variable de holgura o codo ecuación, entonces 

150y 1 = D + 1 00 X + u t- t t •' t (t = 1, 2, • o • 1 6) 

y =x o o 

ut ~o 

(**) 

- --,~..---

¡·! . -



.. 

1 
·• 9 1 

-.9 

0!: .r·;·¡~~ r1,,., "t e·. tHIO vorioblc d:' hn!:J'.'It: r¡r!•: í·_¡;I'~''"'':'I!Í'J ~;i nt:irncro ~-Ir. hora~ di:;¡Jor,ible no 
usoJo:. oí fi nol el el pe\·rodo t. [ -...¡nc:.un<lo r:;,to rc:,l ri cci6n poro cado 1 :.e tiene que: 

Demando en el mes 1 : 
· Demanda en el mes 2 : 

Demanda en el mes 3 : 
Demando en el mes 4 : 
Demando en el mes 5 : 
Demanda en el mes 6 : 

FUNCION OBJETIVO: 

150yo = 8000 + 1 00 x 1 + u 1 
150yl '= 9000 + 1 00 ~ + u 2 
150y2 = 8000 + 100 x3 + u3 
150y3 = 10000 + 100x4 +u 4 
1soy4 = 9ooo + 100 x5 + u5 
150y5 = 12000 + 190x6 +u 

6 

··ya que el objetivo de lo compañia es determinar cuantas aeromozos contratar en los próximos 
m&;>ses, ·entonces lo función objetivo es mini mizor los costos involucrados. Estos costos son los 
coslos de los oeromozos experimentados más los costos de los acromozos que estón siendo entre 
nodos. Por lo.tcinto, la función objetivo est6 dado por -

' . 

yo que x0 = y
0

, 

rnin. é = 8000 [Yp + y1 + ••• +.y 6 J . : 4000 [ x1 + x2 + ••• + x
6
j (***) 

Por"lo tonto nue~tro modelo de programación lineal poro el problema dado, est6 definido por 
(*), (**)y (***L Lo representación de este problema d.e programación· lineal en formo parti
cionado (6 tableou 6 tablero) es la siguiente. 

-1 
1 -1 

-. 9 1 
-.9 1 

... 9 1 
-.9 1 

150 
150 

150 
150 

.-100 
-100 

1 
.. ¡ 

-100 
·-100 

-1 
-1 

-1 
-1 

-1 

-lOO 
-100 

-1 
-1 

60 
o 
o 
o 
o 

•O 
o 
o 

.8í)(l!) 

S\lC·\J 
800~ 

10000 
90\Jü 

-1 1 ?vCll) 
. ·- ··- .. ----· --- . --··-·---- .----------------·------' 



xl.\1 ~131 ul XA2 XB2 XC2 u2 XA3 xn3 u3 XA4 u4 xos us 
,. 

¡-~ 1 1 ·' 1 

' ! .4 .7 .4 .7 1 .4 .7 .4 .3 = z (max) 
¡----

l 1 1 1 1 10 000 = 
¡ -1' r J 1 1 1 1' = o 

1 1 r 
Í·~l. 4 -1 1 1 1 1 1 = o 
1 
! 1' ' -1.7 1 -1.4 -1 1 1 ::e o 
1 

1 

L -1.7 1 -1.4 -1 1 1· 1 = o 

X r::: r x,\1 .. XBl ul XA2 XB2 XC2 u2 XA3 XB3 U3 XA4 u4 XDS us} ~ 

NOTA: Las restricciones del 1 ) 'al ( 5 ) pueden expresarse 
sin variables de holgura, c.on objeto de expresar estasrestric 
cienes como desigualdades en lugar de igualdades. El procedi 
miento para.obtener estas igualdades es el siguiente: -

. 
Obv i <.tmen te de la ecuaci6n ( 1 ) se tiene 

XA1 + XB1 :!5.' 10 000 

Sumando ( 1 ) y ( 2 ) : 

XAl + XB1 + XA2 + XB2 + XC2 + u2 - '10 000 

XAl + ~B1 + XA2 + XB2 + XC2 ~ 10 000 

Sumando ( 1 ) , ( 2 ) y 3 ) 

o 

¡· 

X Al + XBl + XA2 + XB2 + .xC2 +xA3 + XB3 + u3 = 10 000+1. 4xAl 

.. 

X Al + XBl + XA2 + XB2 + ;)CC2 +xA3 + XD3 ~ 10 000 + l. 4xAl ( 31) 

~Llm<mdo ( 1) , ( 2) , (3) y (4) o • 
: 

xAl +xBl +x~_2+xD2+~C2+_x!\_3+xD3~xA4+u4 = 10 OOO+l. 4xA1 +l. 4xA2+1. 7~Bl 

xAl+xDl+~A2+xB2+xC2+XA3+XB3+xA4 !!{ 10 000-l-<1.4xA1+1.4xA7.+1.7xl31 + 

1.4xA 3 + 1;7x82 (
4

1) 



JCJ 

Sumando (1),' (2), (3), (4) y (S):, 

+ 1.7xB1+ 1.4xA3+1.7xB2 

xl\.1 +xBl +xA2+xB2+xC2+xA3+xB3+xA4+xDS ~ 10 000+1 • 4 XA1 +l. JlxA2·:·l. ?¿.:Bl 

Por lo tantd, las desigualdades del (1 1 ) al (5 1 ) son las restric
ciones a nuestro problema estas restricciones pueden obtenerse di 
rectamente del contexto del problema sin la. introducci6n de varj~ 
bles de holgura, nuestro problema expresado a trav~s de las res-
tricciones de la (1 1 ) a la (51), queda representado en forma par-
ticionada como sigue: _ .' · 

1 

·., ' 
. ' 

~·3 =' z ( rnax ) 4 .·7 .4 • 7 '• 1 ' ' • 4 ' • 7 .• 4 

1 1 

1 1 

-.4 1 

1 

l 

1 

1 

-.4 -.7 -.4 1. 

1 

1 1 1 

~ 10 000 

~ 10 000 

¿• 
-- 1.0 000 

1 1 ~ 10 000 1 1 

¡ . 
l 

~-·-7_-_·_4 __ -_·_7 ___ 1_-__ ·_4----1----1---1--~~--1-o_o_o_o ____ ~ 
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a n-;odel tor queueing systems 
is a simulalion mQdd for smg/e-ph<1se, multiple-channel 
queueing systv1i·¡s: TÍlc po~formance of one ro nine 
channcls may be investiga red under a variety of arrival 
.llld service.paramctcrs and for a variety of associated 
costs. 

'·.~ -: ·,,'. ·-;- .. *'·~::~ ~t·~,, .. ~;' ·~ . t-:: ,•"'"'~,, 
.. ,,¡;.~_ ~~ ...... .;;J ... '•..,_~,) ..i.L:.)t./JO'r~,.J 

Queucs (waiting lines) are common, everyday occurrences. Queucs occur in 
grocery stores, in banks, in front of movie theaters, during university 
registration, and so on. Qucucs build up as a result of an interaction between 
customers afriving for service and a service facility. Almost everyone has 

· expericnced bcing frustratcd by waiting in a line. The purpose. of this 
computer cxercisc is to allow the user to experimcnt with situations in 
which qucucs occur. Thc mod.cl is conccrncd with more than wairing time in 
thc ·queues, howcvcr. 1 t allows one to look at the en tire system from thc 

· opcration managcr's vicwpoint, i.e., not only worrying about thc customcr 
but also being concerned about the utilization of facilities and the total cost 
of operation. . • 

·, The first section provides background informatior. on queueing con-
cepts and how thesc concepts may be :~sed by the operations manager u.s a.n 
aid for decision making. 

The following sections present a situation in which the computer 
modcl may be used as a tool for analysis of sorne possib:e alterna•ive 
mar¡agcm~nt dccisions. Thcse illustrative problcrns include complete ir.s¡ruc
tions on how to use thc computcr progr~m QUESJ¡'vl. 

'J.J TH E QL; [1_1 EING PROCESS 
'' This scction contains an introduction to sorne e; '·ucing concepts. ~o 

ma~hcmaticJI formulas are prcscntcd, alt!wugh rcfccenccs Jrc given for tho;;c 
rcJ<icr~ inlc\cstcd in a detailcd prcscntation of qucucing theory. 

17) 
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'..ü\iPUlER MODL/.S 

Dcfinition 
of 

Qucueing 
Tcrms 

Arrival 
, Patterns 

Thc qucueing proccss is ccn tcrccJ aruund .1 setl'ice '>_\'stem which h<~. , nc or 
niorc scrvice chonneis. Cuqonwrs (un-ivals) aH.' Jr ;nvn from an 1nput <;Ource, 
01 popuiarion. In qucueing modcls, lhl: customcr arrivals from thc input 
sourcc ar~ gcncrJIIy charactcr;!.ed by ii prob(lhility Ji~tnbuitCJ!1. Thc ~ymbol 
com:non!y u~cd to rcprcscnt thc r~1CJ,1 arrival 1 ate of cu~tümcr~ is th~· Grcck 
lct:cr lambda {:\}. An~' Mriv;l! en ter ing thc sy~tcm joins a queue, or Wdtting 
linC' (a qucuc may be of zc:o kngth). The cu:-.tomcr ~~ ~clcctcd Ílom thc 
qucuc for scrvicc according ;,) a queue disC!piiiiC or ,1 prio1 i!y rule. Us;_¡;:l!ly, 
scrvicc t;mc:; fo!low somc p1obabilíty distributron .1r1d thc avc:Jgc scrvicc 
ra-tc 1s comn10nly rcprc:;cr.\cd by thc Grcck lcttcr m u (,u). l n o~·dcr to hJve a 
st;~blc queucing rroccss thc average service ralc \Jl) rnust be grc·atcr than thc 
mca:1 arr:vai ratc- \X). Aftcr scrvice i~ cornplcted the cuswmer exit~ the 
systcm. Scc Figure 9-1. 

Gcncrally, a qucueing system is characrcrized by the follow¡ng prop-
ertics: 

1. 1 ts arrival pattern. 

2. lt:, service 'time distributton. 

3. lts queue discipline. 
4. lts layout, or customer-flow f'lattcrn. 

;rhe feature that makcs some situations into qucueing situations and other 
situations non-queucing is thc nature of the arrivals to the systcfil. Arriva!s 
are the customcrs to t:1c service facility, since they are the peopie or things 
that need to be processed. 

In the situation where al! arrivals are on hand, such as a large s:ock of 
·raw materials, thc servicc ccnter may proccss arrivals at wiil, <1nd ~hcre is no 
real qucueing problcm as such~ In other situations wherc appointmcnts are 

, made ahead of time, thí::re is al so no real, or at lcast visible, qucueing 
problem. 

The really intcresting problcms, thosc worthy of bcmg studit:d as 
queueing systcms, cxist whcn arrivals are not controilcd or coni.rv!b.blc by 

, thc scrvice ccntcr. Thc most common assumption made in thesc cases is that 
thc time :mcrvals bet·vcen consccutive arrivals are indcpendc:1t random 
vari.1blcs. Each arriv<.d is considcrcd to be unaffectcd by thc time a¡ which 

~111\'.11~ 
~ ---------4~, 

··1 

' 
1 i t s"·rv~.·~: 

CITJTQJ--1 f--.l,-.;;... •o.~~l.Hl\.:r, 
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1 10 qucuc ~c.-vrrc 1 
' chunncl 

,,_ ·'"·L-----------' 

Figure 9-1 Smglc queue--s;nglc channel_. smgle-phé)sc queucmg process. 
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any othcr arrival occurs or by the numbcr of arrivals whkh tr1avc alrcaJy 
takcn place. A good cxamplc is lhi! placing of telcphone calls whcn cach 
customcr docs not 1cally know, or care, who cbc is placing a call. 

Studics of qucucing systcms have rcvcalcd that the time intc~vals 

bctwccn consccutivc ar~ivals Jrc oftcn distributcJ according to the ncgatiVl~· 
cxponential distriL·,,:; ion. (Longer time iAtervals 'have a lower probabi!1ty of 
occurrcnce.) In this case thc numbcr of arrivals expected forms a Pois5cn 
distribution. Otl1cr arrivJI distributions are possible, ~ut the Poisson d1stribu· 
.tion is the most frcqucmly occUíring distribution. 

Thc simplcst situation is that in which each ;¡,rival requires the s,1me _time for 
scrvicc as cvcry othcr arrival. A vcnding machinc,, for cxamplc, is u~ually 
~)umcc! to have ;I constar:t $crvicc time. Thc must commonly assumed 
scrvicc time dcnsity distribution, however, is thc negative-exp~n~nti~,! dis
tribution. The service proccss may be further characterized as :bcing singl~
phase (one operation) of multiple-phase (a series of operations). 

,. 

Thc ;q~Je•l!le discipline is the prior\tY rule. by which waiting jobs are sclected 
frorr¡

1 
the queuc for scrvice. Bccause this rcprcscnt.s a diíectiy controliable 

dccision vari{.lblc, an extensive amount of rcscarch has bcen done in this arca 
1 o 

of queueing thcory. . . · · 
,. Thc most common priority rule is thc first-come-first-served ruli! 

(FCFS). According to this rule, thc first job to arrive in the que~1e wiil be the 
first :job 'to be serviced. In addition, the f9llowing priority rules h:1ve reccived 
muc,h attention: (1) the random rule selects the job which has- thc sm.1llest 
valuc of a random priority assigned at the time of its arr¡val1, and (2) thc 
shortcst operation time rule (SO¡;) sele,cts from the qucuc thc tob which 
reqL~ircs 'thc lcast proccssing time at th.atservice ccntcr. 

" 

Thc,..layout or flow pattern of a queueing.systcm is largely determincd by thc 
!>pccific scrvicing rcquircmcnto; vf thc arriving population, and by thc physi
callimitations of thc servicc facility. 

This factor of specific servicing requirements is irnport.:mt whcn the 
job r must be proces!>cd throLigh a !>pccific sc;vice chJ.nncl or t!lroJ;;h ~ 
part,icular sequc,nce of _operations. lf the job has no specific routing rcquirt:
merlts, howevcr, this factor becomes ·n.egligible. 1 f the job requircs s.::verai 
operarions, for example, 'lt is possibl~ that the sequcncing of the)~ ope • .~ticns' 
is of no conscqucncc. 

The physical l1mitations of the service facility are important, JS they 
affcÚ thc facility l.wout. i'hcse physicJ.I limitatior.s impose .1n add; tionJI 
cons'traint whcn thcy tend to l1mit \VJit1ng aícJs for jobs. Asan .exampk, OílL' 

m.ty. prefcr to h;tvl.! a singll.!-qucuc, muitip!c-ch.mncl sen· ice f~1cilii.y, l;u [ 
adcquJtc wJiting spacc may no¡ be avaibble. Thc fvllowing arrang-.'nH.'rHs .He 

¡ 1 ' ... 

su1:1c cnmplcs of systcm gcometry or job-flow p;uterns: singk qucuc--sir.glc 
cha~ncl (Figure 9-1), singk qucuc-multiplc chJnnels in par.1llel (Figure 9-2), 
multiplc queuc-multiplc c·)Jnnels (Figure 9-3), scrvice cemcrs in tandí::m 
(Figure 9-4), and sl!rvicc ccn'tcrs in J. network. 
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?igure 9-4 Single queue-single channel, mi,J,Itiple-phase. 

One of the primary purposes· for stu·dying queueing theory is its ;Jredictive 
~apabilities. In turn, this predictive icapability is reievant to the c~·si:;n and 
control of operatio.n systems. Som~ of the operational characteris~ics of a 

· queueing system which may be of in:terest toa manager are the dis~ributions 
of: · 

1. Queue length. , 
2. Customer waiting time (in. c¡ueue and/or in the system). 
3. ldle time· of scrvicc facilities. 
4. Nu~bcr of customers in t11e sc;-vice system. 

Thcsc distributions may be described by thcir mcJn valu\!, standard 
deviation, and the probabiiity'that the variable e>.cccds a spccific v.¡luc. With 
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information of this naturc thc qucucing systcm could thcn be dcsigm:d (ür 
altcrcd) so that · 

1. Thc rcsulting opcrational charactcristics are within acccptablc 
.limits. 
2. An cconomic criterion such as cost (or profit) may oe minimizcd 
(or maximizcd). · 

An cconomic criterion may be cstablishcd if onc can assQciatc JollJr 
values with arr\vals and scrvicc. For cxample, if onc knew thc rcvenucs pcr · 
;:,rrival and tho cost of servicc, it would be possible to set up a profit· 
maximization objcctive. Or, if the cost of an arrival waiting in linc (or in the 
system) and thc cost of scrvice are known,J the mcasurc of effcctivencss 
couid be a cost-minimization function. 

For solving operationai problems which may be characterized as a 
qucueing process thcre are two mcthods availabt~:J~First, if the arrival and 
servi'ce time distributions are wcll-known m<lth~~m~átical distributions, it is 
possib'¡e to derive formulas for describing the opcrational characteristics. 

-., Secondly, evcn if thc qucueing process does not possess-. properties of 
wcll-known distributions, one can still .attempt to salve the problem by 

. ~mea·ns of Monte Cario simulation. In this approach, empírica! or assumed 
data for arrival and service time distributions are used as bases for gene1 ating 
a large number of arrivals and services, on paper. This may be done by ha~d, 
but for a large simulation it is most often-done on a computer. 

Since QU ESIM is a computer simulation model for waiting lines, the 
developmcnt of the analytical formulas .for solving these problems will not 
be prescntcd he re. F or _ read~rs intcrestcd in the mathematical devclopment 
of tl1ese formulas· see Hillier and Lieberman, Morse, and· Saaty, in the 
references for this exercise. 

9.2 JOHN'S ICE CREAM SHOPPE 
In th1s scction, a samplc problem suitable for the application of the 

computer model QUESIM will oe prescnted. The QUESIM modcl its~lf will 
-theri be descnbcd. This dc~cription will point out to the user thc LYPL.'S of 
systcms for which QU f.SIM is applicable' and the control options avail.1blc to 
the user. Following thc abovc, dctailed dcscriptions of both the computer 
inpu't and the C91TIPUtcr OUtput f9r the samplc problem will be givcn. 

~ - ; ¡' 

Prol>lem joh~ Entrcprcncur, who is a s~nior at tl)e !ocal collegc of business aC!minis-
Statcment. tration, is goií1g to open a campus ice crcam shoppe. The store fc.nurcs 

sevc~ty-eight v~rictics of ice crcam (more than doublc tl~c number of his 
compctitor), and prctty coed's tq serve ,them. Evcn though john's st9re will 
havc ll}.Orc to offcr than his compctitor~s store, callcd Thl! Establishment, it 
is hypothcsiLcd th,lt in the first fcw mpnths local business will be roughly 
dividcd bctwccn:,:)Qth storcs. 

john al·,) fecls that thc confection industry hJs a high indcx of 
substitutabllity :.1nd thc · improv~d avail.lbility of ·ice crcam duc to thc 
opcriin~ of his shoppe i'n 'thc ncar fu tu re will m.ll'ginally incrcasc thc g¡ oss 
sale-. uf both ~~>res, rathcr lhJn1 mcrcly dividing the prcscnt sales m.:r!..ct. 
john's markcri,,;~ rcscarch'cfiorts h:wc turncd up thc following information: 
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!he distribution of customcr arri-.ai~ ínto nis shop,)e wiii most ¡;kc:y fol!ow a 
Poisson distribut1on, wiih .1 me.w .1ni•;a! rate of 60 peopk pL'r hour. John 
has plannl.!d that upon arriva! in i1is s~oppc cach custom~:r will .takc a 
scqucntidl nurnbcr and await his turn for scrvicc. Thi~ will fJc¡!itatc h·<: 
scrvic1ng of customcrs on a fir~l-comc-first-scrved ba~is. 

John's prclirninJry analyscs .liso show that onc scrvcr (whosc wag~.:~ 
are ~ 1.80 pcr hour) can be cxpcctcd to scn'icc. about :->0 c:..Jstomcrs pcr hour, 
following a ncgativc-cxpo:-:(:ntial distribution. Morcovcr, john's marketing 
rcsearch shows that whcn the service ratc is slower than thc arrival rate 
customcrs will !cave rathcr tlian wait in a long !me. j ohn cst1rnarcs that hi:. 
cost (possible opportunity cost) .viil be $C 05 for every minute that a 
custorr.rr must wait. 

Thus far, however,. john has not been abie to asccrtain from hi!: 
research data the optimum number of servers ro have on duty. Logicaily, he 
knows that more than one server is required, because the mea~ ar6val rate i:; 
twice the mean scrvice rale. Furthermore, he realizes that these rates are 
mean rates of probability distributions, not constant rates. 

john recognlzes that his problcm is one of design, i.~ .• how many 
service channels to provide in the above queueing system in order to 
í]1inimize total costs. He could, in fact, actually operate his shop;:>c wirh one 
s~rver, two servers, three servers, etc., each for a period of time, and 
calculate his total costs. However, J,onn has an ali:ernative, and ~hat is w 
simulate his ice cream shoppe operations in a co;-npressed time pcriod wiih 
QUESIM. Using QUESIM, john couid expe:-iment with using one, two, thr..:c 
~ervers, and so on, until the modcl indicates to J ohn the optimum number of 

- ~crvice channels to have in his service facility. Moreover, the s1muiation can 
be done in a short period of time, as opposed to waiting for weeks oT 
c:npirical data from actual operatior.s. 

QU ESIM is a computer model devcloped for simulat1ng single-queue, singlc
phase, parallel queueing systems, ~hat is, the type of system proposed by 
John Entrcpreneur. The model determines, through an iterative process, thc 
~ptimal number of service channel~ to a!locate to a service facility. Thc 
configuration, or design, of the seryice facility is undcr thc cor.Hoi of th(' 
u,ser; hence, the user', í11Ust specify th~ foiiowing charactcrislics of thc 
" ' 
~ueueing systcm to be studied: 
:, 

;¡ 

l. Thc arrival distribution, the mean J.rrival ratc, and í;i" cosh 
associatcd with arriv.-ds wJ.iting in !;ne. 
2. The scrvice time distribution, the mean seív;cc tirr:c, -"~.:; ln¡; co:.b 

of idle servers. 
3. · Thc simulation control lim its, or U¡¡.e initial ~nd r.1a:-.imum n"n~brr 
of scrvicc chai'mcls {up to nin~) whicf-: may be con~icercd JV.lil.\11 •~· :o 
the service facility during a siinulation run, and thc mz.ximur.) lcn¿;t!• 
.of time for the·simuiation to run. 

- .. : ',"",,- ' • 1 

The above information on arrivals, services, z.::.::! s!mula:w:-. ~·o~tl·)· 

limits compriscs tlH;--;'nput f'o¡ the computer program, QUES!M. 
, The com.puter o~tpÜ._t includcs~ at the top of thc pagc, :iw u!-cl·!!o 

1, 
1 

,'¡' 
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input ditta JS a.mcan~ of idcntifying thc uscr's (p;-oblcm) output. Following 
this idcntification inform.uion, thc first tw('nty simulatcd. arrivals and ser
vices are· printcd in a talwl;¡r forrn. Thc ¡;rogr.1m thcn prints out stati.,tics for 
tllc numbcr arrivcd, numbcr scrviccd, actual simul.nion-run time, maximurn 
.lcngth· of qucue~ mean !cngth of queue, me~m waiting time in queuc.; pcrccnt 
utilizaÚon of scrvicc facilities. waiting time (in queue) costs, idJe·scrvicc time 
costs. and totJl costs of opcrations. This data is printcd out for each,itcrativc 
numbcr of scrvicc ch:~nnels and thc simulation is terminated whcn eithcr tL.: 
numbcr of scrvicc channcls has rcached the maximum allowed or thc tot-::1 

cosr of thc system with N scrvcrs (channels) exceeds the total cost withN-
1 scrvcrs. 

An c:-..:;mple of the application of program QUESIM to Jolin Ent:~
preneur's problcm is given next. . 

Shown bclow are the input" dat.1 cards. ~equircd by QUESIM for sol;:ing 
John's·lcc Cream Shoppc.Problcm. In all, fóur data cards are required te run 
P,rogram QUESIM; thcy are the· user name card, the arrival data card, the 
scrvice- da'ta card, and the simulation control card .. Each card will be de
scribcd in turn. 

{Jser name card is the first c~rd. T~is card may contain any. identify
ing information (such as the user's nJme) which is desired. Thc idenrifying 
information is keypunched in the first forty card columns. 

i'1,.:¡G1:iHf.~D W.1F •, T t··, Pí''[,I-;L ft'l (JtlF 

o o o o o o a o o· o o 0'0 o o o a o o o. o o o o o o o o.O.il o o o q o n o o o o o o o u o o o o e · 
-'2..!....! !...! ..!..! !...!' ~1.:.!,1 !!.'~'..!!..'1..!!,1!2,1 !!..:~.!!....!! ~ .:.:'.2.'2!,2•,2!..~' ....!!..112!2!!.!! ~ !.!'. ~'.!.. 

:Arrival data card is the second data card. This card contains. the 
arriva! type (the arrival pattern) in column l,. the mean arrival rate in 
dolumns 11-15, and thc cost per. unir of waiting time in colum·ns 21-25. On 
this and all data cards, thc user must keypunch all decimal points. F.or john . . 

. Entreprencur's problem~ this card is illustrated below. 

i LO • 05 

o o o o o o o o u o e e o o o-o:o_ G a a o ~ o o a. o o o o o a a o: q o e o a o o a o o e o o o ü n 
1 1 1 1 1 1 1 1 1 11 11 11 11 11 11 11 11 11 11 !O 11 ll ;¡ 11 11 ¡¡ :r 11 11 !111 1111 11 11 ¡¡ 11 ll·ll ,, u 111) .. 11 •• ,. ,J ll -------- -----·--------- ------

The 1 in card column one is •fé;- arr!i\.tal type- codc. 1, whkh spc.;:ific~ 
thc Poisson arrival distribution. Thc l·.o in column 11 spccifies a mean arrlval 
rate cf 1.0 customcrs per time unit, and the .05 in column 21;reprcsents the 
cost per unit of waiting·timc per arrival in john's lee Crcam Shopp~. 

$en•ice data card is the third data card. This card contains the service 
type (th'e scrvice t1me distribution) 'in column 1, the mean scr:vicc:-time in 
columns: 11-15, and the cost pcr uniÍ of idl.c serviccc,~if,;e,in·columns.21-25 . 

..... ' -éf" 

For john Entr~?pr~ncur's problem, this data is shown'5below. 

.... 
c. 2.1) • 03 

' 
a o o a o o a o o n o o-a ~o o o o o a o J :1 e :: u : u o c·o ~.e no o a.o a o o ~ íl a· u a o o 
1 1 1 • 1 1 1 1 1 lt 11 11 111< 11 1111 11 11, 11 1111 ;1 11 ¡¡ :s :J :1 llll 11-1111 ll ll 11 u 11 11" 1141 •• 11 11 .... <1 'L--------- -------------- -·---- --
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di~trit)u::(l;1, ,1:id ¡1;~· .' 11 ,. 

T .w \Jtlliilu:•un , , • ::' ' t 

. ' ... , :.1: 1\l' ,,;)ur,,·nt ;;:1 ser·.< ce time 
. · , , :i l' nn·.:n '-l'l vice time . 

.. ,, :··, t .. :ntil· d.d.l l'.Jid. ~-n¡s card 

cont.1ins tlle hl•:.,::nn1n,.; :· ... :1 ~-., • ¡ 'í,. , , , l,.·nrwl ... in (olumr: 1, ¡he maxi-
mum number of "''í\ 1, l' 1 ¡ ......... •, 1'' .• • •• .. ¡ 1 .. •nd thL' .. irnL;I.llwr>run ~in-.c 
in colunHh 21-2.'i. f , 11 11 ·1:·: ¡ .1 : 11 , •• ,., •• :· .. l''"i•km, t!w ~irnul.ii;0;1 control 
card ¡,. s!h>Wn bdo''· ¡ h,· ~- .. ,, . ··:: .. : t·nh' tnr thi!- s:mul.:~;¡o,, OJta is in 
minutes. 

i r.e com¡:·!cic iisii:~g of ¡)·.,· !lnu input d.11.1 (.Jrds, on.: card pcr typ~writ~~n 
lií•e, is shown in f¡gurc 9·5. · ---------------------------------
i-lAt1úARI.I IJU~-~lM P~OtiL[ .. o;..¡;: 
! .. ~ 

• ~ J 
.. • v:.J 

2 O::: e O 
., ' 

"u3 
1 y . -o .... 

Fisure 9-5 Computcr input-Jonn's lec CrL'.lm Shoppe. 

Shown in Figure 9-6 is iltc wmputl'r output for the first itera:;on (one 
cha.nnel) o!' john's lec CrL'.Im ~lwp¡'l.' Prubi;:m. At the top of the com¡>utci 
OI.Jtput, the info:-mation i:~put on tlw f(lur d.ltJ cards is printed ou~. 

Bclow th..: p1 obkr,) rlklitJfrl.lllun info1 mation, the first twenty arriv
als of the actua! si.nul.niun .1r"· ubul.it\.·d. This does not mean i.ha:: on!y 
twenty customcr~ arrivcd in (JO trm~ units. Thc computer program is design
d to print out a tabli! for oniy thl.' íirst twcnty arrivals, regard!i:!S? of the 
.:mulation-run time spec::':.:-d. 

in the simulation table the column headings are th.:: customer's 
arrival time and his dcpJ;~ure time ;:t his respective chaí.ncl nt..mber. The 
program specifics that ti';e first customcr always arrives at tirr.e Z<:!rG, hcr.ce i,¡,. 

Figure 9-6 customer 1 ar;:vcd at time D.O. Thc rJr.C:omly sc:c.:: . ..:C: scrvi.::.:! 
time for the iirst arrival was 2.6 ,time units; thus, the firs~ arriv::.l ocpJrte.d 
~.·om channel r.umbcí l (:¡¡ this case thc· only service channd) ;:, :imc 2.5. 
Customcr 2 also aífivcd ;:l iimc 0.0 Jnd rcquircd 0.7 minutes of ;1roccssin,g 

· t¡me, thus cxiting the systcm at ~imul.1tton ¡;;-r.e 3.3 -:-he Jr:-iv;:l .1;1d dcp:;.r
lure times printcd out ase roundcd off ro thc nl.'Jr.:"sl onc-1~n¡:1 \G. ·;} ~im~ 
unit. Conscquently, this rounding oif mal-es the arrival ;;.nd ckpa;a.r~ ti1111!S 

of s~mc customcrs Jppcar to occur at thc SJ.t11C tim'c, fur ..:::\J.mpk, cus~on~a 
nurnbcr 4 in Figure 9-6. 

G..:low thc :-:~mpk sirnul.ltion d.11:t, tlw ~umm.l()' qut·uci:·.·. ·.:..li:-.: .. ., 
and opcration costs, wh:c11 are thc inio; rn:.tion oí most interl·~: ... 1 ... ;)¡ 11~ .. ·.:1 

out. The first lmc tclls how many arrivals cntcrcd th~ sy~tcm ano ;~ow 1n.:::~y 
wcre scrviced by ·¡r,c--eñc of the specificd simülalion-run time. T;;c r. .... r.:be: 

·of arrivals wi!i aiways .::xcced thc r.umbcr scrvcd, by at :cc:.sr .:,,¡c. T:1is ¡_ 
bccause in program QUESiM arrivals occur b~f;:,¡;c ..:icp::r~Uícs 2r..::; .:-lJ;·~·~·.: 

simulation time is chcCked only when d..:parturcs occur. Ncxt, :h.: r.:.:.,:r.:.;:,: 
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P~OGRA~ QU~SlM FOR HAGGARO OUESIM PROBLEM ONE 
~RH!VAL TY?E 1 RAlE = 1.00 COST = oOS 
st:-wtcE TYPE. 2 TIME = · ZeúO COST :~~ e03 
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FlHST Ta~NTV OCCURANCES FO~ ooloOSERVICE CMANNELS 
~~HIVAL ------DEP~~TURE TIME-AT CHANNEL ~U~bER-----· 
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za.3 
29.,4 

AfTER 5¿ ARRXVEú 36 SERVED 60 i'lME UNliS 
QUEUE•MAXIMUM LENGTK : L4 

•MEAN LENGTH : 5e5 
•MEAN WAIT T!ME = óQ4 

S~HVICE UTILIZATIO~ = 89oh PEHCENT 
COSTS·~AIT lN OU~UE 33lol UNITS AT $ 

lOLE SERVICE bo2 UNITS A7 $ 
TOTAL COST OF OPERATIONS 

Figure 9-G Computer output-John's Ice Cream Shoppe. 

805 = $ 
.03 = z 

$ 

lcngth of thc qucLw, thc mc.m numbcr of customc1s in qucuc, ;md tl:c 1nc.¡n 
waiting time in thc qucuc are ¡.HIIIll'd out. Thcn, tllc pcrccnt lltili.:ltion of 
the scrvice facilities is printcd out. This is followed by rhe cost caicul.ltions. 
First, the total waiting time cost, which is rhe totai waiting time of 1:1!! 
customers in the system multiplicd by the cost pcr unir waiting time, is 
grvcn. The ncxt line gives idlc time cost, caiculated as units of idle :ime (m 
the service facility) multiplicd by thc cost pcr unit-o( idle time. · 

Thc !.1st linc printcd out is the total cost of operations, wh ich is tne 
icltc time cost and the ~vaiting time cost addcc! toger;1er. lt is thisNait,Jc th;u 
the simulator uses as « basis for comparing cach iteration ro ,¡he previous 
itcration for the purpo .. c of dc.tcrmining when to tcrmir.ate the 'Simuiation . 
. · In thc samplc f!roblem, the basic issuc facing john .Entrepren~L!r 1s 

thc numbcr of scrv1ce channcls (scrvcrs) he shouiú hJvc in ih[s 'ice ,c:-car:l 
shoppc. Thc summary;statistics for onc channel (Figut~.::9-6) indicare .that he 

! ' 'Y ~~ • 



TS4 
CO.HPUJER ,1/0DELS 

~hould at it'J.Sl ÍL!\C' rol•·•l' :~:.~ 11 , •• ,. ,,.,.~ r. Jlll' .>VC~d:;c icngth of tlw \\ ... 
ii;H~ ,r, í-iil'.lkr lh.1n ~1\~· Ul'!•·n ,., ...... :n.lll}' .: ... (ounccn JI onr tlllh). .1• .:·· 

Clól•liliC!~ lllU'-1 \\,lil, 011 \!h ,!\\ :.· •. •. n,,,¡ 1• :ll.aíl 6 time ur¡¡¡~ (rn 11 1: 1 ¡~·,~ '· •. 

1:; ícal !ill', one woui,! 1111 ¡ l''-;' 1 ,¡ ,, ,. , ¡c.li11 s:1oppc c.u~IOilh'í\ : 11 h· .. 
p::¡i,•::;! iv1orcover, .1'. one ,, <~u:.l ,·-.;~.-,; "nll ~o many cuslomc¡::. w,¡ 1¡ 111¡;, :•·e 
~.:¡ ;.;r is LH1Sy .dilHhl 1)0 J'l'l 1 l'lll 1 ,: ;!;.; lt:lll'. 

ror t!~c COSt <.IIUI.Íitil' ~::\,':1 111 ¡j¡,• ptoblcrn, :he WJÍ¡ing 111nl' "''' ,,• 

(!;r customcrs fJi e\ll'l·d-.. :ia.' :. ·,. 1 ;::,· ",.,¡ oí thc single serh'f. llll· 1 .. : 
COSt of $16.74 COn!o>tSI<; ,¡!¡;'"'¡ l·::lll• 1\ 1 ,; \\',liting time .:osts. 

Th¡; sirnulation wntrol ''",.: í11r ,¡¡¡.., rrobicm requcstcd ;h.:t pro:.:•.:--
ou --c·~¡¡ ... " . 1 ' s t .. ! e_,;,¡ 1n.::.>;;y s1;ru ,-¡¡,, John Lnttl'prcncur s ys cm wun 0:1e ~~:, • .~ 

channel a:id c.:H'lt;nGc ;o ..,¡r;-¡ul.tt~· ¡)¡, ~ytl'ríl, adding onc additio.:.1l ~l·n._,. 

char.ncl cach ;-un, until ::~e ~tn~ul.ilion ¡c¡minatcd. The sinn:lJtiO.n "':: 
l:.:rrr:inz.tc ct~bcr vJhcn thc tói.11 c0,¡ o! t!h~ sysrcm with N scrvcrs cxcccds tiw 

tot,,l cos~ w:ül /V- 1 scn·~·rs 01 \\iwn thc maximum numbcí oi ¡¡llo\\,lb!l· 
~crvicc ch.1:1ncb b.1s ;)ccn rc.1clwd. 

fdr John's probkm, th~· dfl·ct of Jdd;ng addition¡¡l ~t·:vn-. ir¡ !:· ... 

shoppc is shcwn bGiow. ¡·he co't ltpt:cs in Fit:urc 9-7 cvm'-! d:: ... ·l ~ly ¡,,.,:. 
i.hc compuicí pri:nouts for thc solution lO John's problcm. ThL·::>.: ft~ur~·'· 
like ali simulation results, are a functior. of J. random numbct gcnl.'í,lh•: 

which nny be differcnt for cach w:npuier. Hence, these figure-s niJj h 
slightly different on d¡ffcrcr.t comput~rs. 

Numberof Waiting Id/e time Total cost 
channe/s cost ($} cost ($) of operations {$) 

, 
ló.55 0.19 1 

2- 7.1L, 0.49 
3 0.26 2.ó1 
4 -0.96 3.71 

figure 9-7 The total cost of opcrations for one to four 
service channels. 

16.74 
7.63 
2.87 
4.67 

Figure 9-7 shows that addif.g a second service ct-:anr.eí .J, ;:.1~a~i.:- .. !' 
':-e~uces the cost of customer waiting from $16.55 to S7.14. ;..dc:r.g.¡ ¡h,:,. 
service channel (scrvcr), continucs to dccrease \Vaiting time cosr and 1' ¡i·l 

'number of servers which minimizes the total cc,st of operatio.1s. Th:..:~ t::, 

solution to john Entíeprcneur's probiem, as given by QUES!r,;, is fo; J,¡!;r, 

to providc thrce scrvers in his shoppe op~;-Jting under his expcct~d stcJ~oh 
stJte conciitions. Kecp in mind, however, that if we trcar CJ.l.h simt..lu:'"'' 
tirr¡e unit as one minute, wc havc sirríula:cd only onc hour of opcrJilon' 
Thus, john may wara b.::tter data and/or a :2;~ger sin.ulJiion ru•• b.:f,l:~· 
coming toa dcfinitc conclusion about his rroblcm. 

JOHN'S iC~.CREAM SHOPPE REVISITED 

john's 
Ncw 
Data 

., ' 

Grand Openingl! john Éntrepí~ncur's i.::c creJm shoppe is now o?en. :-h· i~ 
so ex~itcd aboui testi:i¡; out his p'rcvious conclusions on t:H: r.:.J:no::r ,d 
servcrs to have in his shúp;;c that after observing oniy ~!l.~ first fif...:c:-. .:.:. ¡\'Ji~ 

O) 



C0mput~r 
lnput 

1 '~, r'\ t,: - lJJ111 .-, 

Ice C1..:.un; 
Sboppe· 

Rcvisitccl. 

o 
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hl! rushcs ovcr to thc loc .. tl computcr ccntcr to simul.nc QUES!M with his 
cmpirkal d.1tzt. In rccording his dara, john kcpt track of bo!h thc tilne that 
cach arrival cntcn.!,l thc shnppc and thc. time it took to scrw cach; customcr. 
T o J ohn 's surprisc, hl! fou nd t ha t .:111 of thc scrvic..: ti rn~s wcrc a con~tan t, 
lhrcc minlltcs. john now wants to use program QUESiM with thc dat;¡ that 
he h,1s obtaincd. Thc rl!quircd input and thc rcsulting computcr output lor 
john's ncw data are (il!scribcd ncxt. 

Thc user name card is always the first card in ti1..: data dcck. 
Thc arrival data card i~ tne sccond ca:-d in the data dccR. 

probicm it n~aas as follows: 

o • 05 J.5 • 

Fot this 

o. o o o o· a o o o a o o o a a o o cr o o a o o o o o o a o o o o D n o o o G o o o o o a o o o o o 
1 1 1 • 1 1 1 ¡ 1 •• u '' u " 11 '' 11 u 11 n 11 n 11 11 11 11 11 11 :1 ¡; 11 11 11 1• 11 ¡¡ 11 a !1 " •• •r 11 u •1 '• • r •• 11 ----------------------------

Note that in column 1 of the arrival data card the code numbcr is 4, 
which spcdfi'es that all arrivai t1mes are to be "read in" from addi.tiona! data 
cards. The cost of waiting is punched in columns 2i -25. The number of 
arrivals to be read in is indicated by the value specified in colur:nns 31-33. 
Although this value was not required in the previous problem, here it has 2. 

specified val u e of 15. 
Read-in ar:rivals are keypunched twelve per card and immediarely 

follow the arrival data card. Since john has fifteen data va!ues he:necds two 
read-in arrival data cards, with twelve data points on the first card and three 
on the second card. These two cards have a format of 12F5.0 andiare showr. 
below for Problem Two. Notice that it is thc actual arrival times that are 
recorded, not the clapsed time between arrivals. 

13. 19. 34. 36. 37. 38. 39. 42. 62. 63. 

o a a o o e o o o o n ¡¡ e o o o o o a o o o 0' o o o o o e o o o o n o a· o o o o o o o o o o o o· a o a o o o o o o o o 
' J l • ~ ¡ 1 1 i 11 11 11 n 11 l~ '' IJ a IJ :o 11 11 n :a :' :L !1 :a 11 ~~ 11 u u 1• ¡~ u JI 1& lJ '' 11 4l •l u u u u •• '' ~~ ~~ 1! '..! ~• 'l '' H ~• ll 

65. 65. 69. 

o o a a e o o o o o a a o a a o o o. o o n o o a o a o o o o o a o o a o o o o. o o. o a o a ~ ~ o a 
1 t l 4 ' 6 1 1 t 11 11 IZ U \l 1, ¡¡ U 11 U ::JI U U :4 ~' :6 ¡1 a 111~ JI lJ ll !1 U li ll U :S ll u.,: tl U •~ lt 41 d ~' 

Thc servicc dula card follows thc arrival data cuds. john' notc.:l that 
ea.:h servicc rcqu ircd exactly tliree m in u tes, Le., a constant S;!rvice time. 
Code 3 kcypunchcd in column 1 spec1fks a constant service~ tir.1c. The 
scrvicc data card now reads a:> follows: 

This CJrd ícqucsts J constJ.nt servic.: timo:! of 3.0·tirnc units per JrrivJl. 
a~~ cost of $0.03 for cach unit of idle scrvice time. 

\ Thc simulation control card is again the last card in thc: data ded .. 



J o;,n .;-:ow spccn1es a run with :. v:n one ~o n::"le chan;-IC"ls and a s:mu1a::on 
0:1ni~ lim1t of 100 unlts._Thcsc p.:I.!I.1Clc:s .:.re showr: ocluw. 

(i .i.Ü ü. . 

1¡ o ~ o n o o a o o o o o n o ¡¡ s J J ~ 4 u o o o o o o o o o o o ~ r; e ~ o o e il o o e r s J o J a 
, t ~ J 4 ~ l l ¡ S TI 11 'l 1J 14 1) 'a 1r ·• l, :~ :1 .. , :J h n ~~ ~~ :t l$ j: )' U :i ;, l~ .,¡ :il ll :l n ti &2 O U .!:j '~ 47 ~~ .: 

~-------~-------------- ------

c-u;";,G:. h ~ ~\);:,~¡:-. PRO.~l.Ei-1 n.o 
._;, ..; ~vs l5o 
e 9o i-; 

• oJ o 19. 3.:.. 3o. 37. 3t.l. 39v 42 • 6¿. ~.l. 
6~\t é~e Oofo 
3 ..:loi'i .. 1.13 
l ~. lüJ. 

Fir;:Jre 9·8 Co:npu:cr mpu~-John's ;ce Cream Shoppe Revi~iL..:d. 

PAUG~AN D~~Si~ FOR ~AGG~RJ DUES:~ PRO~LE~ ~ O 
ARH!V~L 7YPE ~ R~TE ~ J COST m w~~ 

!S Ax~¡VAlS'REAO &~AS FCLLC~S 
o 9 ~3 19 34 ~~ 37 ~5 ~9 42 

65 6~ 6~ 

SERv!CE TY~E ~ TIM[ ~ lvOO C0sr ~ vOl 
NOo CHANNE~S Si~RT l MAX 9 
M~A TIME. . lOO 

FlwST T~ENTY OCCU~~NCES FOR oo¡~~SERvlC~ c~~N~~LS 
~RRivAL ------DEP~RTU~E 7!E~ LT CH~~~¿~ NUK~ER------
TlKE--· ONE i~O T~REE fOUA FIVE SIX s¿v¿N EIGHT NlNE 

o 3oC 
9 .. o !2o0 

l3o0 lóoO 
l9eO t!2o0 
3t~ V 0 J7 .. o 
Jc .. o "CoO 
.37 .. 0 &}3 .. 0 
JS.o -tóoO 
39o0 '1'),0 
42.0 ~2 .. 0 
~2 .. 0 e:.~ .. o 
!>3 .. 0 bU.O 
(:,~ .. e 7]. .. 0 

C.5oo0 74g0 
ó'i.,O n.o 

.- .. ~ 'IC ,-,¡;,r .J,...,_ 

Afi~R 17 ~RRIVEO ¡5 S~RVéD 
QU(v[-K~~!MUH LéNG¡H ~ 3 

l 00 TIME UNITS 

-MEAN LE~~TH e .. ~ 
-MEAN WA!T 7I~E ~ 2•J 

StHVICE UTlLIZA1i0N : 45.0 PERCENT 
Cü~TS-~ilT IN O~EUf. 39oG UN¡ls AT $ 

IUL~ SERVIC~ 55w0 U~IiS A7 ~ 
TOTAL COSl OF OPE~"~!O~S 

~' t • 

.. os = 
o~ • Oí ::;;; 

Fi¡¡ure 9-9 Computer output-John's ice Crea~! Snop~e Rev1si-::ed. 
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Cornputcr 
Or1!put 

-j obn"s le~ Cr~.1rn 
:-=,~;npnc 

R~visi<~d 

i8? 
QUE SIM 

Thc conipl-cte input óta dcck, one card pcr typewrittcn linc, now 
appéars _;1s-snown in Fi_gurc 9-S. 

Shóvm. in Figure 9·9 i's~tlÍ~ cornputCí output for thc rcsults of this problcm 
far· onc channcl. Ón/Íhc cornputcr output, thc iuc;1t:fication inform;:t;c,n ¡¡t 
thc top of lhc .p.ígc is changcc: ¡o rcflcct thc changcs in thc iinput cía¡a. Thc 
arrivJf typc-, scrvicc typc, ::wd simulation-run time are diffcrcnt from thc 
prcvious- situation. Furthcrmorc, thc simuiJtion t.1blc is for only iift~cn 
.1rriv.t(s ;¡nd S(.'rviccs, as thJ: Í!> thc tot;:l numba of .miv.tls r.c.1d in. Nuticc 
tlút on 'this output a warning mc~· .. 1¡;c (i<HWARNING·•n-·•oUT OF DATA 
BEFORE TIME LIMIT*'+<*"'} !JJs bccn p.-intcd out. This mcssJgc is· pr intcd 
out by QUESIM bccausc thc last Jj rival occurrcd at time 69,. which WJS 

bcforc thc sirnulation time limit of 100 units. Morcovcr, thc s.:rvicc .acility 
was id k from time 77 to time 1 00; thus, thc actual idic time: in i.hc scrvice 
facility is ovcrstatcd i'n thc summary statistics. Whcn this mcssJ.ge JppcMs, 
thc uscr of QUESIM must cxcícise so.ne care in thc intcrpr.ct;:rtion of ti1c 
rcsults or go back and· r:erun with a lower, more realistic, time limlt. The 
summJ-r:y statistics and cost information píinted out below the sirr.ul.nion 
t.1bl~ is thc s.1mc íor alf computcr printoüts. 
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1\r 11\.1! 

(.¡l.l• 
\:: .. !: .L!l .• ~.u,l nhrst always be includi!d 

' 
.... FP! f11J/ /te m 

11 code* for distribution 
: ~ 1'5.0 mean arrival rate ¡::.er unit time . ' '- 1 5.0 . ' cost per unit of wai¡ing time '. . ' f l.O ' ' no. of arrivals to be rcad in 

' :..:,· ·: ., .um .. d_ d.UJ c.1rd is optional, depending upon :ne data. lts 
• .• ·' 1 lJ C) h · ' - · '· . ~o t at arrival times· are punched 12 to z: caro 

¡ - 6 • ' · · ~" .,r:t:h ·), -lO, 11-15, ló-20, ct.:. 
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Uscr n;;me card 

3. Service data card must c1lways be included. 

Card 
columns 

í 
11-15 
21-25 
31-33 

Format 
¡ 1 
FS.O 
F5.0 
F3.0 

/te m 
code* for distribution 
mean service time 
cost pcr unit of idle ti:nc 
no. of service times LO be ¡c.:.:! in 

4. Rcad-in service datJ card 1s op~ionai, deper.di:1g upo;-, :he,,;¡¡~, ¡¡:, 

format is 12F5.0, so that servicc :imcs are p-.Jr.cheG, í 2 io a c~rd, 
iil columns 1-5, ó~10, 11-15, 16-20, etc. 

5. Control card m-ust always be includcd. 

Card 
columns 

1 
11 

21-25 

Formal 

11 
11 
F5.0 

!tem 

beginning no. of scrvice channe!s 
maximum no. of s.:-rvice channels 
s1mulation run time 

· >r-Cc·l-,c fo:. clistíibution 
¡ ~·~ Poi:;;~on distr;bution 

2 ¡¡¡¡; ncga t 1ve-e>-.poncn t1al e; i!)tribu tion 
3 a constant rarc 
4 historical input data, read-1n 

1 

' ' 
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CüP'.'H !G:-:( JUI';:: l97u HOY D HAt'!RIS 
THlS VERSION FOR THE lhM/360 

DIC71U~A~V OF VARIABLES 
AlflM~ THE HOURS OF SYSTEM !ULE TIME- TOTAL 
ANUHoSNUM NUH~ER Of HEAD IN ARRlVALS ANU SERVleE 
t:.f.\íS,l!u) Al~ ARRAY OF READ IN ARRIVAL TIMES 
ARR HToARR TM ThE ARRIVAL RA7[ AND MEt~ TIME 
CN AN ARRAY bF ARHIVAL ANO S~RVlCt ON FIRST 2~ CUSTOKERS 
CIULE THE COST OF SYSTE~ IDLE TIME - TOTAL 
CUMQUt(J00) AN A9RAY WHICH STORES IDLE CUSTOME~ HOURS 
CO!lrs· TriE eOST PUl :u~~ liNIT ü7 IOLE SEi-PJlCE 
CüS7A ~HE eOST PER ii~E UNIT OF InLE CUSTJME~S 
CUSE~VoKCUS THE NUMHER OF THE CUSTOME~ BEING SERVEU 
c~~!T 7hE COST OF CUSTOMERS HOURS IN QU~UE- TOTAL 
DtP HlvOEP tK T~E SER~ICE RATE A~O hEAN DURATION 
hR!:>I'!JU 7riE :-IOW~S 'Of CUSi'Qj>jER ílH::: Ú.t UlJEUE• TOi AL 
I•.J iHE CtlANNEL NUf·1íJER BEING PROCESSEU 
1L ~UHBE~ OF ARHlVALS H~¡CH H~VE OCCUREU 
K~oKS uPTION CODES FOR ARRIVA~S ANO SERvlCE 
N~~A~!:> nEGINNl~GoMA~IhU~ NUMdEH C~~NN~LS 
P~U!lL THE PERCENT UTILiZATlON O~ THE S~~VlCE FACILiiY 
QUl~E ,,THE NUM~~R O~ CUSTOMERS !N ClJEUE Al ANY POINT 
5~1(50,,) '-'~ ARRAY UF RC:AD IN SERVICZ TINES 
T~U0P THE TOTAL C05T OF THE SYSTEM 
T1ME;fTIME CLOCK T!ME9MAX SIHULATION TIME 
TNA~V THE LATE~T AHRIVAL TIME 
TI~UPH TriE OC:?t.><TUkt. T IHE OF TtiE. LA TEST L>EPAKTURE 

, ~AY ~E SET AHTIFICALLY FOR ?ROGRAH EfFieiENCY 
Xv·Nil'NoitMNT.x ••t.AN \:lAIT TIMEvMEAN NUMbE.R lN QUE 
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~ ~~T ~lHv:~~ R~7E Ai 1NVEkSE Gf ~ERV~~: ¡¡~¿ 

ULPk1 ~ l:G/DEPTH 
i1CA:.l ~::; .JU. TI O'·J CürJTROL (.t.P.C:.i ,.; ~O PR j,;.,¡~· 
HtP.ú ('>!1~~ 0 32) Ng , ... lA ~~s ~ TTINE 
1:>1.:1 H. (I'~OUT ~ 33) No i-1'"<' ,,..n..J 

til-..:!Tt. CNOUio10l TTi:-•E 
c¡-:::cK 5~:~ULATYO!\J RU¡,J I..HiiTS 
l ;: 1 .c.f-~:~RT '"" o-'-i) 0,0) GO iO 
ir íUE.PIM .,LEa o.oi GO T(J 
¡F' C T T! ~.E. .LE .. J Q ¡J; GO TO 
lF (N .E u. ll) GO TO 7 
lf (Mt.XS ~LT ~ N) GO ro 7 
IF !1\A .,t.w"' j GJ TO 7 
lf' í r,:. .• GT" '· ) Gu Hl 7 
1 ~; íKS uE.Co 'l GO iD 1 
lF C l'\S oGTc .. ) co ¡·o 7 
y¡;; .. (ANU:·l "EQ~ 0o0} GO TO 5 
IF Ct.~LJM .,GT. 500.0) 
t'-'Uf~ = :.NU:-1 
LJO 4 l • 2~ NUM 
.J ::; >· 1 

GO TO 

7 
7 
7 

7 

IF (.J.'\(..11 oGT., AR'I'J GO TO 7 
CO,\:i~Nu::: 
lr (~~Jr4 o[CQ OoO) GO YO a 
IF' (St.;u.': .~T .. 500o0) GO TO "l 
NUM = s:w¡.¡ 
IJO 6 l -~ l ~ NUI~ 

lf ~~·"¡¡¡ .,l..To OoOl GO TO 7 
CON·,·¡N~;:: 

60 YO ¡; 

?RI~T JUT DATA EAROR H~SSAGE 
•~RrH: íNOU'j¡¡·•.S) 
~RITf:. ¡:·JOUi9 16) 
GO TO l 
tNO Uf !NPUT DATA ChECK 
~CCOP ~ 999999o9 , 
SIKULATION 0F A GIVEN NUMBER CF CH~NN:_s íN) ~E~lN~ HER~ 
!NITA~YZE SYST~M FOR NEXT s¡~ULATION RUN 
Tl~t ''" OoO: 
T.\l>.k\/ '· IJoO 
(.)UEU::. :~: OoO 
CU~';UTL ;;; úoO 
CUS!:HV.~ Q.,{) 

iZ :: " 
:<\CUS :: C. 
1\:Fl,!'.(,;, ;o O 

lUSEKIJ .;: U 
S~T ~ R~NO(l23~S67) 

uü'lv ~ = lP lOO 
CU1-iCJU::;:c:·n = •)o0 
üü li !.. e lo N 
T~::i?r-1 tU 11: 999999.,9 
STAiiJS(I..) :l: IJoG 
lJ(,) l.::! l ~ lP 20 
\JO l~ .J = l~ lO 
~r:¡l9 .J) = OoO 
PH[Nr HEAUI~~S FOR RESULTS 
~R:·r~ !UC,J"ft]7) 
t~RY. i::., ('WUT9

1
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~-r ?!~Si ~RRIVAL OcCURANCE AT TIM¿ ll~0 
·¡ 'J.:'.~ "' :.: v ~O 
~ : -! ( ! 9 1 ) - Q ~ o 

:-.:~!N S Ir~ULA 7:'i:ON 8RANCH POli'IT 
ChECI'I. E1~.CH Crtt.NNEL !N TURN F'OR POSSI!:iLE üEPARTUHi:: 

_ !F AL!_ Ch.~NNf::LS ARE IOLE (TNll?R = 9Y9999.9l THEN GU TO /',RR!Vf. 
XF ALl... Ch.•~NNELS ARE t!USY !TNARV IS oGEo TNUPRl Tr;EN (jO TO ARRlVE 
IF' A ;:EPART 'IS NEXT CTNDPR IS oGEo TNARVl THEN GO TO DEPART 
StT ~~D IVlLUE KEEP MULTIPLE OEPAHTURES IN COHRECT TI~E SEQUENCE 
SE T ;:;; S8otlf:l8., 
lJ Ü 1 ~ L. .:: Á V , fll 
IF U•.QP~iCI>.'oGT. TN:.RV) GO TO 1~ 
lF LT··~lPR<ll ~GTo SETl GO TO 14 
SET ; TN.OPR(Il 
! VAL.L:: ::: ¡ 
CONTl! •.¡u:;:. 
¡ =:·r.v :.Lu~: 
lF (:::,~¡ ,LT'o '88S886o> GO 70 15 
CALL . .:. ;.;;::; ~ v;:,- -· 
¡,U Tu !3 
CALC J;:J'-\~H .. 
UN ~:::. i ._;;. :, FROM DEPART CHE:CI~ SHULATION i"IHE L-r:: ¡· 
1F <Ti i.ME .• GTo TIME) GO TO lJ 
E.N!J· (.;F ~ lP':\JL'ITION RUN---PRlNT FIRST nJEf..:TY TRIAI..S 
N l ;: f'-, • 1 ·1 

tr (C.USt:HV oGE. 2\'~0) GO- TO lb 
NXX =: CUSt.RV ,, 
úO TO 1 7 ,: 
NXX =· 2 ,' " 
UO ld ¡-; lv ~lXX 

\'JRITt. CNOlJTvld) ICH!lt· Jl~ J = 19 Nl> 
C01·1PÜ Té: HOURS IN C.lUEU!:: FOR SW1MARY PR 1NTOUT 
r!RS~~~.ot = ~ 9 O 
Mt:.X<.iUE, :: I.L 

UO ¿.J_ "1 = 29 ,lOO 
IF ICL,'-"OUE,M) .. Eao Oeu) úQ TO 19 
MA~OLJé. =· M-l 
K:-1 = t--:-1 
t1HSN 1.,¡ = HHSN1~<- C XMQCUMQUE (M) l 
!F (M:..:r.uu::._ GLTo 99) GO TO 21 
,Jt-tiTt:: :tH)UTv~¿) 

,F 't~,.-LAG oi'-lEo 76) GO TO 22 
"H!Tt: (NüUT94j) 
.·.N ::": f... 
... rz = :-.z 
:·'HINL Sv~ii-1,.\RY, STATI,STICS FOR THl~ 
,: H Te:. : './OUT'.,4,~l IZo. CUSERVe TIME. 
c-1ITc: l~~OUTv Sl ~IAX<JUE. 

;1-1NL'- = ,;~SNCJ/Tl~t 

ot~lT:.... :·~CLJTv.{)) XMNTX 
)I,M,·~í:"': = ...,RS'<uiXIZ 
~=tt·dl't. U<~l.JTt 7l X1l~HI'1 
r>CUT l.L = ( iCUr·1UTL/TlNEl<.llJO.l/:\N 
,, H I ft.. t ~10 U T -. ~ 8 ) P.:: U T I L 
;.w;.IT" = Hi-19<:J°C05TA 
1> H l T l:::. _ ¡ ,•, v lJ 7 ·' ,. -; l H ll S N w , C O S i ~ v e \;i 4 I T 
_.!T!M!:. = líiHE'-'X~d-CUHUTL 
C l O L t. = :, I T lt~ E ., C O S T S 
"-~rT~. :f,CUT~'-,ul ¡dTllolEv COSiSv CIOI..E 
rccó;:. = c'IOLE•C<-:AlT 
r. ;.¡ ¡ r t.. cr~..:; u i g 5 1 l i e o o P 
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A 13¿ 
A :3.3 
l. 13.1¡. 
A }.3:, 
Í\ 136 
t. }. 3 7 ,, 13tl 
A ~3':.1 
A l~IJ 
~ !4! 
A l~¿ 
A 1<;-J 
A 1.t-.. * 
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;. ! l., l 
1\ l.;, 1.:1. 

A lV,) 
4 : ~~J 
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-A ~s¿ 

A ,i 5.; . .. ).5-+ 
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t. Ei6 
A 157 
A 25~ 
(, !5~ 

A ~ólJ 
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A ''., 40'-

A \.(;t..\ 
t.. 16'-; 
/:; ~6':> 
t; :. t'b 
!:.. ' ' 7 .'..0 ¡ 

A 26(; 
A :. 6') 
A l7l1 
A n¡ 
A 17¿ 
A ~7J 
A : 7•-~ 
A ~ ·¡ ~ 
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26 
C.7 
28 
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Jo 
31 
32 
.:n 
.3-t-
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.3é 
37 
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40 
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44 
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'-l 
¿,.¡; 

4"1 

!Jo 
!:>1 

. ' . 
•:.\o:·' ;:~·'>: !F ICOOP l:NC.::U.S[(J FROH L~SY RUN 
~f í:~·;)DP oGEo CCOO?¡ C.O iO l 
SíC:P : ~r·.; lf MAXlr->Ut-; i\!UKg[R OF St~VE•~S ~'::i,C>•i:D 
iJ ¡;, uGE.o NAXSl GO TO l 
UPD~i~ NUMBER OF CHANNELS ~NQ CURRE~T TOTAL COST 

:-~COü."' =- iC.OO? 
~(Tux~ FUR N[XT RUN w!iH ~ORE CHANNELS (Nl 
úO i'ü 4 

f 0~-?Pi·\ i 
f üRN1. ¡ C20HlPROGR~M UUESIM fOR •!OA~l 
f- l' R: • ,\ ·.- ! l l o 9 X o ¡::- 5 • O e S >- o F :, • U o 5 X 9 F 3 o O ) 
FUR~·. (16~ ARRIVAL TYP~ ;J}PSH RAiE: ~feo2o6~ COST =,FSo2l 
f- Vf'r ~:'. ·.~ {! 2F5 a:! j 

FOF:i:,-:.: Clí'i oÁ"'~2bH ARRlVt.l$ RC:•.O ¡:¡.,;.:.S FC'LLOo.Sl 
t: () R ;..: -: -;- C 1 H e ! 2 F C> o O } , , , , 
füf.':,.·,· (!t•H ·s::a·ncE 7~PL dloi3H ·¡y;.,l .::. .FB.2of:r1 COSí :u,F6.2l 
fO~XAY (JH ~l•rzSH SERVlCtS RE~D IN ~S fOL~O~S) 
f Oi-:. 't. . í ! i. o '-1 X ,, J: l '9 X ? F S o O ) 
für-i -'; (,~OH 1\:0o CliANt1Fl.S S'IART oib~,r·: MAX ~I:i 
f..Ji=;"~:.·. (.~C'-i KAX T;:l--~E ~··b.,vl 

i·üf"--.. ~·; (.J5h a-ooo¡:R;:w"' AN CUESI:>-'1 o:~i.L\ Ct.ROSL'>.>O-..'j 
f(if::-:·.; (35-H v<HH:CQl-\i-\ECT Oi' .. TA At\10 Hi'/ AGAii\:vjj-\Hl) 
fORi·',.ó.T (11"10) 

fo or.:-.,~. i C.HH •fiRST -h::.NT'I OCClJRANCES FOR o o d l der;"'"-5¿;:-.v ICE Cl-iAío.)I\E 
¡LS) 
!-OR:;.~-¡ (~;; ARRlVAI..v~Xpol;>o+H--- ... -~f)E?A~~iuRE II~i:: >\Í C:-ít.N;\E.L NiJio'.b;::R-• 

¡-u..--) 
Füí-<·1.:.; ¡.:;¡.¡ TlME-co-o,.Xo441--CNE '1'~0 íMRí::t:: FOUR tlVt. s¡-. S¿V[N EIG!'-;T 

p.:Ií\::J 

~ CR: . .::. T i~OHv"'~'-'~;:.;.RNING•av·..IQlJE EXCE~::::JED PROGRAI"i LII'il"i OF 9C)voo ~ 
füí-;:.;~T (~;.8H tOOwriARNINGe.-ooc·our OF' O:<TA s:=:FúRE r 11".;:: L~.,~!'[.:-0;:)<>) 

fO~Wi.'; (6kOAFTE~oi6o6H ARf-IIVEO~Fboi.h./i-1 SERVEuefo.,uell!-i iiME UNii'S 
!l 
FORM~1 C¿JH UUEUE-MAXIHU~ LENGTH ;9[7) 
Fü2~~~ C23H -MEAN LENGTh =v~7olt 
rüRM¡:,·:· (i::3X -MEAN ¡,¡AIT "(!ME =v:='"i'ofl 
FUR~~r !zJH SERVICE UTILZZATION =,f7ol96H PERClNl) 
~OR~~y (20H COSTS-WAIT lN QUEUEvF7o&lllH UN!iS AT-59F6o294H ~ s~ 

l f')c¿; 
.-. O!Q~ .. ~ T 
¡; ORi'IA ·¡ 
[:.ND 

5U8~~uil~~·ARRIVE ., 
CO:'o:':u¡\ ALPiiA{lU) o ANUI-h ARí500l, AR¡.¡r;T~ A¡::¡¡.¡i~l9 Ch(;;uo li}) 9 CUI-:C:'JE:C 

1100)9 CUMUTL9 CUSERVo DEPRT~ DEP7~Q I~ lUSERVs lZ~ KAo KCUS9 ~S? N 
2~ NFLkC~OUEUE~SNUMe SRC5ó0>9 STATUS(9)9 Tv TIMEt iTlME• T~~RV9 iN~ 
~PRt9> 

C TnZS SUHRUUTINE CALLEO ~HEN AN ~RRIVAL lS 1HE NlXT OCCURANCE 
C IT Ú~U~TES.THE Ti~E SPENT IN QUEUE 
C lT UPu~7ts:THE CLOCK TO THE TlME OF THE NEW A~~lVAL (PREVIOUSLV 
C SLLCCi~D) 

C lT CNlCKS EACH CHANNEL YU SEE !F THE N~~ ARR!VAL CAN HEGIN SERJICE 
C IF A C~ANNEL IS AVAILABLt IT DCES ThE FIRST PART oF THE 
C OtP~HT PRuCESSING OTHlR~!SE IT AUDS ONE TU TrlE UUEUE 
C LAST~Yt IT SELECTS THE TIH[ FOR T~C NE~T AHRlVA~ TO OCCUR 

M e WUEUE 
C CHEC~ LE~~TH OF QU~UEQ IF OVER 9Q HO~J AT 99 

lf 1M .~Eo 99) GO TO l 
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;.:, = ~9 J 

uPL>.~ í E. • .OuRS sPDq IN QuE.uE 
CU~~0~C.~·ll ~ CUMQUE(H•ll~TNARV-TIHE 

UPDAIE CLOCK TIME TO NEXi ARRIVAL 
TIME = 1NARV ' 
CHECK EÁCH CHAN~EL9 IF ~lATUS : O IT IS AVAILA~LE 
U:J .l.?- .J "' l v N 
if \STAíUS(Ji oGTo CeO) úO TO ll 
CU ~lRST PART OF UEP~RT PROCESSING 
STATUS! .. :li = !o•. 
0 O T O \ 2 o 3 t 4 95-l v K S 
POISSuN StRVICE RATE 
H =< Rt.I\:D(Ol 

r = ~~S,OtPRTOAL0ÜIR)) 
\>U íu 7 

e 
J 

~lGAIIVE lXPONENT!?L SERVICE TIME 
¡.( = R . .:.·~c ... > 

e 

1 = A~S;uCPTM~ALOG<Rl) 
\,0 HJ 7 
CUNST~~T SERVICE TIME 
T a ..;t:.PTM 
uO TU 7 

C k';;.AO-!~~ St.RVi.CE TlME 
~ !USI::r<v :: KCU~+l 

NUH = SNl,;r-1 
i1' l lUSERV oLEe NUtl} GO TO 6 
l'<fLA\.1 -= 7o . : 
T .::: óó66óbo 
h0 Tu 1 

o T :e: !:>~!IUS~Rvl 

e 5!:. T rIME üf \IEXT !JEPARTUfiE 
7 TNüPt<t.Jl ::: TII-iE+T 

e STOH~ F!R~T·T~ENTV UEPARTUHE TIMES iN CH 
1\CU::. :. t'\CUS+ 
lF (i\CUS oúTo,2ul GO.TO b 
11 = ..J"'i • 
C H i h L U S 9 11 ) :: T ND P ~ ( J) 

U C. u N T ! r, U~:.. 
C CMECI\ IF \JUT OF S!MULATIO~l TIME 

lf' <TTIMt. oLTo TNOPR(J)) GO lO~ 
C ~CCUMULAIE. PrWCf:.SSING TIP.E 

CU~U!L ~ CUMUTL•T 

e 
C-

..¡ 

lu 

ll 
l ¿ 

.. 
lJ 

l~ . . 
l) 

CUS~~V n CUSERV•loO 
úO TU 14 
!:.NO u;: S H1Ul-l TION UPDATII'IG 
LAST U~PARTURE FORCEU OUI AT TTIME 
ji( i: T-<TNOPR!Jl-TTlMEl 
lF C Tfl. ~GT. uoul GO TO lí. 
';'r. :; ( • 

TNUPr-<(..Jl = TitH¡;: 
LUMUlL = CUHUTL•TK 
t:nJ '{.) 1 <", 

¿¡; (..J oGi:.., N) GO TO ¡J 
CUNTlt-..ÜE: 
ALL CnANNELS ARE ~USYe ADD ONE iO T"E OUEUE 
1.JUEUc:. "' GU[Uf.. .• ! 
S~LtLT ARR!V~L TI~f CSTONE fiRST T~ENTV IN CHl 
l!ü TU llS~16t·l7i!Gl;, 1\A 
PO!S~ü~ ~RAIVAL il~E DlSi~¡SUT!C~ 
1-i ~ kANu(.)) 

-;¡..¡;,;:V .. ',:JS ( ARRTHOALOG CfH 1 
y~ A R " ;¡¡ ·; ~~:.¡:¡V V T i 1-',E. 

1 :':' 
, ... 1 r-,- ' 1 
"';_¡.__:, 11 

P. . ~ 
! • 

¡;:¡ ld 
¡.~ 19 
S 20 
B 21 
15 2~ 
~; 

';) , 
-:J 

6 21, 
13 2~ 

B 2' o 

B 21 
8 2!j 
R '2'it 
8 3v 
13 3! 
f-3 3~ 

1:3 33 
8 J4 
R 3::. 
8 3c 
~ 37 
'i ::;(j 
.. ; 3') 
¡::¡ ,~:u 

A ~ .. l 
H <,¿ 
8 4..$ 
S i>~ 

H t,~ 

R .'¡b 

8 ~7 
H (¡ tl 

H l• .. ~ 
B 5v 
B 5l. 
A 5~ 
1:) 5.J 
i") 51} 
:-; :'::. 
t3 '56 
Fi SI 
¡:; 5..:l 
cl S'} 
B ÓoJ 
R 61 
g 0~ 
¡..¡ ~~ 

8 6~ 

B ~~ 

F3 :. t. 

8 ó 1 
fi 6ti 
8 (;9 

~ 7v 
rJ ·; . ... 
() 7::. 
B ]j 

'l 
., ,., 

r-J :) '=' 
R 7~ 
;:; 77 

" '/o 



/ :¡: 
, _ :1: . .: ·~,r¡ El\ ,í :un u s 

e 

-:e :.F í!.2 .GT., 20) GO TO 20 
C'-:dLo fl::. TNARV 
Gú Tv 20 
NEG~IiVE EXPO ARR!VAL TIHE DlSYRiauTION 
R a r~ANDCO) 

T~ARv = A~S(ARRRTc~LC~CR)) 
:N~Rv ~ ihARV~TIMC 
il ::; lZ91 
IF Cl:.: .GL ¿:;> GO Tü 20 
CHC!L~ ¡i :; TNARV 
Gv Tu 20 

e CUN~~~~T ~RRIVAL TiMES 
i7 TN~~v : fiM[•A~RTM 

¡¿ ::: ¡z .. --1 
~'; íl2 .GTu ?C~ G0 "!O 2CI • 
C:i:IL? ll :;; TI\Ji•.,::::v 
uu hi 20 · 

C H[AD :N A~R;VAL T!HES 
lb Il ;:; ¡¿.q.¡ 

iiiUH = Af'iUM 

e 
e 
e 
e 
e 
e 
e 
e 
c. 
e· 

l f i U • L L ~ r~ U :-1) G O T O :;. '7 
AK(:Ll ;: 777777o 
NF~AI:l = 76 

lf C L? .• GT o. ¿o) GO ro 2:1 
CH(¡¿9 ii; TI~ARV 
¡:...¡;_ TUN.'I 
t:,:-,¡u 

SU8~u~7!Nt D¿PAR~ 

C.J:-·:1-iv,'\ A!...PHfqlO), A~ut~Q AR¡500)v ARRRT 9 ARRIMo CH(¿v 9 l0)9 Cv:<OUE; 
ll~Dl~ CUMUT[o CUS:RV9 OEP~Tv DEPTM9 :9 iUSERV9 IZ~ ~A~ Keus~ ~59 N 
2v N:::.:.C~(.]iJ..'.~:':9SNUMt SRCSvOh S"iATUSí9lP TQ f¡,v¡¿9 "(i!ME? INARVe "iNO 
3~H{9l 

Tli'IS 5UdROUT!IIJE PROCESSES THE OEPARTURE OF EVERY CUSTOM:::R 
~ T UI-'!.Jt.. TE.S, TME HOURS SPENT IN THE QUt.UE ";( "' 
¡¡ UP~~7ES TriE eLOCK TO ThE ~EXl DEPhRTURE TIME (P~~VIOUSLY 

St:. L~C n:'o) 
IT C~E~KS THE LENGTH OF THE QUEU~ 
JF KU ONl IN QUEUE IT SETS TriE CHANN[L AT AN !OLE ~T~TUE CTHIS 

UlP~RTURE ~AS PREVIOUSLY PART!ALLY PROCESSED EITHER AT 
~HR!VE OK BY A PRIOR PASS THROUGrl DEPART> 

IF ~ uv:::uE. EXISTS THEN TAXI:. ONE FROM THE QUEUE~ SET HS OEP.:.RIURC:: 
iix~~ ~~¡ THE CHANNEL AT A BUSY STATUS ANO RETURN 
M == uu:::~::: 

C CHECK LENGTH OF QUEUE9 IF OVER 99 HOLD AT 99 
!f (rJ; .LE. ',99) GO TO l 
~. = :...)') 

C U?0/1 7 ~ THE. HuURS SPENT 1 N QUEUE 
l (;UMCUECI.-:+l)· = eu~:QuEP'~+l)+Ti\l:jPR(Il-THíE 

e UPOA1~ TME CLOCK TO NEXT OEPARTURE TIME 
Tri-:~ = í;o.;LJPR ( ¡j 
lF (I.IU[lJE.GE..r~o> GO TO 2 

C TtilS SECT lOf~ COf.lPLETt:S THE PROCESSING OF A CUSTUMEt-l 
e ~NEN NO ONE IS ~'ITING l~ THE QUEUE 

su.yusi!> = u .. o 
TNDPHCil =-99Y999~9 
R::.7UKN 

e 
7H¡S SEeTION UOES TME UEPAHT PROeESSI~G 
~MEN ThE CHANNEL HAS BEEN HUSY 
UUEU~ == UUEUE - l•Q 
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¡::¡ 9.J 
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.-. lO/• 
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e 7 
e e 
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e :.u .. \ ... ~-
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·~ 

i: 
.) 

'-.. 

~ 

..:: 
~ 

e 
~ 

•.-.• } ·ru 1...'·9'~?S~ó> ~ KS 
::;t.Lt:CT .·.~~;, í OEPARTURE TIME 
:.>OJ.S~u··: S[.RV ICE rU,TE 
.e<:: R.\·-D(O) 
T ~ A~SCO~PRT•~LOG(R)) 
GíJ "ítJ (:; 
~lGAT!V: EXPONENTIAl SER~ICE TIME 
R ::;; HA:·-.:J ¡ iJ) 

~: A~StUtPTMOALOGCR)) 

G:.J TU 8 
CUNST~NY SERVlCE TIME 
T:: ¡;¿;Jí'f<l 

l; () ¡-u t' 
R~A~-IN StRV!CE TikE 
!U~~~KV ,: :\CUS~l 

~¡: ( lUSE.>V !LEo NUto;) GO TO 7 
;,~~-:LI-\G :: 7o 
T ==-óóóbuó" 
vO TU :-. 

7 ·, :::-S~{í!USERVJ 
U TN~l;;.X(ll .:: tp¡:;:~T 

C SfORt F!~$i·T~ENTY DE?AR7U?.E TIMES IN CH 
I<.CUS ::: ,,;::uS9 1 
!F (1\Cl;': GGT. 2~1) GO ¡·,J 9 
ii = ¡ < 

CN>KCUS· i~):• TND?FHil 
~ CONTiNU~ ' 

C CHECK I~ OUT· OF SlMUL4TiO~ TIHE 

e 
e 

lú 

.. 
' ,, ... 
\.. 

e 
e 

i 
2 

J 
~ 

lF ·¡rrz;¡[ oLTo "iNO?R¡1)) Gú ro l<l 
R~SET S~~TUS BACK TO BUSV ~ND RETURN 
CUtiU IL .:! C.UHUTL~T 
~usf~V ~ CUSERV~l~Ó 
STATUS();) '" loll 
f1[ TUHN , . 
AUJU~f T ANO CUMUTL AT TER~INATION OF SIMULATlON 
LAST CUSTOMER FORCED TO O~PART AT TTIME 
TK ¡ l-<7NDPRti)-TTIME) 
.!f <T .GTo o'~ol GO TO 11 
IK :: o .. 
-TNDPH(l) = iTIME 
CUMUTL ~ CJMUTL~TK 
STATUSiil = loO 
~E.TUHN 

END 

FUNCTION RM::-.l (Xl 

~IA6liN::. u._PENI;[I\:T PM<l)Or~ I\:LJ~'.8EK GENE:.R.:.iO~ (0 TO 1; 
TH!S \IE1<~lON !S FOR 32 a.LT WuRO (18~1 360) 
K S~r A~ POSITIVE 000 I~TEG~q TO INITAL!ZE 
K SE! ~1 ZEPO TO CONTINU~ STR!NG OF RANOO~ NU~~ERS 
SlE NAYCOR,COH?UTER SIHULAT!ON T¿CHNIQUESv~ILEY 0 S~NS~19ob 
IF (K) 272tl 

:.¡ ~ 1\ 

N :: N"l6f307 
1 F C •"~ > 3 9 ~. 9 4 
N ~ N+2147~83ó47•l 
AN = N 
~A~D ; XN/21474~3047. 
R¿TUHN 
E. NO 

\ 
1 

7~·--
QUEif,:' 

e :.1 
e ..... \. .. 
... ?J :, ... 
-: J~· 

e -;)' .... 
e 3ü .. J') ... ,.. 

'· d .. 
e 4l 
e ~¿ 

e .:;_,.j 

e t~ -!-:, 

e ~:, 
~ tyb ... ,. t¡l 1.. 

~ 
~ . : 
~·}V 

e 4I.J 
e 5v 
e 51 
e ,. ' 

':.;" 

e S.3 
e s~ 
;:: :-,::;, 
e S t. 
e ":;{ 

e ::.;...:;, 

e ::;•J 
e (J ti 

e ¿L 

e óG 
e óJ 
e (..,.:..,. 

e (,!:, 

e :~.::. 

e . , 
...·. 1 

e (:¡.!.; 

e 6'-) 

e 70 
e 7! 
e -¡¿ 
e 73 
e 7•> 
e ~~ 

e i'o 
e 7.1-

o ! 
D 2 

18~1 ' ,j 

-.r:J .... 
o ~ 

D o 
o 7 
D b 

Hlt-. "' (') ~v 

IBH n 
() > • .e! 

ISM 2.3 
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'.'UJR NAME - 1\L PREHIIH~ TRUCK 
l oO:l .. 1667 2 
·:, l~o !non. .. 13:; '· 
i. l • "'00Qo 
'iOUR i\:,tl..ME - A~ nELUX TRUCI'\ 
l .,n:;, "166 7 2 
2 le! o l<~ov Q ,.167 

- 1 f>l101)o 
'tOUR l'l.tJ.i"IE ... A.J "i\IJO PREIUM TRI.JCKS 

~n!J ..1667 2 
- 15 o lOQii. .. 13:1 .. 
2 2 Anon. 
':'OUR NAME ... :J.!. NEW PPI: I Ul-1 TRACl\ 
1 .o:~ o] 66 7 2 
2 l~o Ann. .. lo 
: l • f.OQ-1. 
':'0UR !'JAME - tj¡;: nNE O~LUX TRUCK 
l vn::l .16ó7 2 
2 !2o l400o .. 167 
l· 1 o _AOQí), 
YOUR '!.AME .. lj.j TWQ NFI'I Pi-IEIUI'A rrwc.' ~ 
l. .r.:;, ol667 2 

-2- -- ------ .!S. o - ----- _t-\Q().., -- --- - ... 10 
2' ¿ "000· 
YIQ.UR NAME - e• .. 1-lREILl~ 1 ,, PER H(lU~ 

l oOtlO/ .161-,7 2 
2 !So lOOOo ol33 
l 1. hilO O o 

YOUR NAME - Ct:: nELUX 1 4 Pr;:R i'OUR 
l .. nco7 ~1667 2 
2 l2o l~OOo ol67 
1 1 o ~oca. 

YOUR NAME - 1,..:.1 TVIO P~l:IUM 1 4 PER HOU~ 

1 .,flba7 ol6f,7 2 
2 j 5o lOOOo -o 13':; 
2 ¿ #-1000~ 

VOUR NAME .. 1.!.1 • e:; o¡ 
¡--· .,o:;, o 161) 7 3 
? l2o !-+OOo .,167 ... 
1 1 o nOOOo 
YOUR NAME - u~ c;QT 
l o 'O !J o 16cí 7 l 
2 ¡:, .. !flOOo Q '133 
2 ¿ f>OOIJo 
YOUR NAME - lj.j c;QT 
l ~ll::J • 166 7 3 
2 1~ .. lOQOg ol33 -, .._ '2 t<.OQ(l., 
':.O UA NAME .. 1) A. RA1'40QM 
l ~ i) ::1 ..16•)7 
2 l~~ lOQOo • 133 

1 D t<-fiOOo 
YOUR, j\¡MIE - a;.: 0¡.\J'.iOCM 
1 ol'l:J .1667 
~ j.;,. !OQilo' ol3) ,-_ 

l 1 o Aooo~ 

YOUR NAM;" ~ U.:J ~ANOOr-~ 

.n::~ ol6o7 
2 l¿o 14Q11 0 • le'; 7 
1 1 o- 1'!000 .. 
STCP 

167 



PH0Gh\'• l..IUtUl" rv~-< YLt·- "."•' r. 1 • .., ·; r· ' · ~ t 1 ...., T t~ · r: r-. 

• 1 7 ~C--'~íJLLt. ><•.ILE '? 

st:ovlCF TYi"~ ,J '•"'~" = .,c. .• '·" 
Fl)ic..[; (.1..~l ";, ··••n.f), 

F ! ,, 5 1 1 "'E N 1 y 11 r. (.,V r·W e 1' e E. .. ¡: 0 ...¡ ~:: -i 11 T u eh '"' \ ':: L S 

(r CF <;) 

• ? 
" ' ,J 

l•~PiVAL ----~-,,,;~.~~.T"'"'F T1 ·E :,T c.,,..~~'\J¡;'L ~.···.HE~------

1¡ •. ;:.:--- (Jr,~ ·l"l' T·,;.P· F'r·.J•? FTvE 'JTX .... ~vF~ FTG01T 1\:I~.E 
(' ? • 4 1 

?t..n 
¡:-6 o;~ 
t..f\ b . 

l?H 2 
1:;5:6 
l t.. 8. l 1 

14 8. ~) 
lA4 0 n 
2,:.0.1 
2?lo3 
2?3.(\ 
243.3 
2<.4. '• 
2t, 6. 7 
24q.7 
4:02o2 
3,:6.8 
31 li. 9 
374. l 

'•::. .... 
4~ ,.., 

~b· .. 
l'>l:.3· ... 
J '~< .. 
é"t:o. 1 
?Cr:.t 
2Jh. ¡ 

24 7 .... 
ib3.1 
26:..•· 
2br..r 
2M 1 • ¡ 

2t'<'. ;. 
ZH'J.r· 
3¿4.1' 
3:J~.n 

3311.1 
4cJ • ., 

t.fTEH ?71;. l>t-JfJ·! Vf:l'\ ;.•7;- :;;,[;~\/fi' 

QUJ[Ut:.-r.ti!.Xl;"'u"· Lt,.hTH 

-r-·F.AN L(•'ll,¡r. 
-~lt.{..f'J \iAlT ll••i: 

sEoviCE I.JTILI/A(.i.(IM 

AVF':f.l:.~(~~ ARr\1 V;,¡_:, 1-'~ ·~ TT,.r u~:I,.. 

AVFkAC.é. ~E,...V1Ct 1 l••t: 
tJ::, 11 1\/ N o • I : ~ T r11- .:>Y o:: n: rv. 

tJE.-.N TP1[ lfJ lHt. 'vSTt'' 

C O S T I • J í- ü f.l '·' i\T 1 ll N u¡.· •.H" Fu'- 'i I U ~ 

CIJS 1 !":>-,.,A I T 11\ lJlJL.l¡;:- C:.4? 1. S t1NT1S 
sE.rvlcF cos-; "fi"'.L¡.¡.IolLE -, 7 , •. , IINT TS 
S E e: V 1 e F e 0 ~ T 1- 1 A c. 1) l d 11 1\ 9 (\ •J '•' I Tl-1 

l6G 

l,''l'll TTM( IIN!TS 
7 
l .. 

74.? ¡.JI-¡..¡(..Er-•T 

•!4hl'\ 

1 ,, . '6,' 
l. 7 31.J¡.. 

.17.f1líoll 

t.T :,; 

AT $ 
o\7 

• 1 3 
1 ¡HAI\rr-•E.L e:; 

= e;. 

= $ 

= J, 

:;; 

987ol? 
3n"lP. 

1000.00 

2r23 .. 2Q 



M·7 s~~E0u~¿ RU~E ¿ 
: ... r: rr e:' \ 

S:::¡:;\' 1 CE T Y¡... E. -' 1 .1.1'-1 ¡: = 1 r.)G '1 r: 

F I X l:.t) e u" ¡ ¡, ''" n • r¡ •: 

;.. o • e 11,.. N:'-¡ E L ~ .... ' ,, n 1 1 r·l A < 

:=IRST T••t:I\TY ,,c~,..uxoo;cec: ¡;-¡;R SF:R•;¡Cr CH.\N~JC:LS 

A :1 R I 11 .\ L ----- -1 ¡ >- r' :; k 11 tJ.J;: T 1 ·'E A 1" C t J ,i 1\1 ·'< ~- L .\ 11 '~ rl E R---- .... 
·¡ ! M E--- n 1\'" 1 r. o i ti H F ¡:- F o l1 n F I V E S p S¡; V e 11. ~ : G H T N I ~E 

o 2.<> 
?6.0 
?6 .. ~ 2 
4 ·1 o(-, 

l2S.,2 
1-;~.:ah 

l:.iL O 
l48o0 
" •' r• 
.L ;-;,."-.\. •• ·1 

CnO-l 
2?1·3 
:."?].,0 
.2 .:; 3 e ...1 

24·~ 7 
').o ·-
~'+ .... t.f 1 

2Q2.2 
3 r· b • fl 
311l

0
9 

374. 1 

4'• ~ . 
4~ h 

~()04 . 
l'"',j·'-4 
i '-N·'"' 
2;) 0. 1 

e o a. r 
2.1'). ~ 

2't7ol...l 
¿o2J.t 
2(;') • o\ 

¿t-.. t~. r 
r" t • 1 
~·o? • "1 

Ctt¡=:,. •'' 
3 e'~ • 11 

3J5. •' 
3.3a~' 
4cl • .., 

t\FTER c7ó .:>h'k! •t11 ?.7'? SER•.'En 
QUHJl-r,A XI ,.,u,... 1 t.r·n.~Tii 

C,iJ:If' TJr.,¿ tiNlTS ., 
-:-.1.:.'\N Ltr•hlr1 
-HI:IH• ;.;¡, 1 1 1 i ••i:: 

S~ p \! I ·~ i lJ T I L l/1\ 1 I.IJ"' 

:: vr-·~~Ac;r.:: ~!Jr< 1 v ... 1 .) ~"" .. :{ rr "'~ tJi 1t r 
~VERAGf SF..r~VIC~" ll••O:: 
r-E: /1 N ·"'o • I i\1 T Hl" ..) v e; T F. M 
~oAt:.AN TP-11:. ll\! rl"'t. ~v::)¡::_.,, 

C O S i. '(1' 1 F Oh'·., 11 T 1 ' : r'l; 1 w O~ i. >J !• T 1 1) 1 r. 

,~ 1 • ~:. 
71~.;. ¡;li='·ICt-"•·· 
.. 1·4,,. 

1 h .":lf'l?,"l 
l. 7 3'-1¡., 

]7.h¡R) 

e o s r ~ - w ,., r r r r. (J "c.. ' . o: ~, '-l " 1 ~ 5 , • ~ t r s " r ·¡; • 1 7 

sE P v le E <-o~ r vA ... .1. ~o •• '-E ? 1 ':> • : 1 '"1 t r s A r <t> • 1 " 
o:¡:=:uviCE COST 1' ¡,..c.u .-lo"'n.o.:, ·u!Tt-< l t:HANP.•é:.L~ 
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;:;: ~ 

= S 

= o;; 

e;. 

lJI:>7eL2 
27.2r 

BuQ.,i('• 

i.ol4.32 



• .-, CnST = • , 1 e; e··::.; ll; '· r ,... , 1 

'¡- C.:l- ~l 

:;_-.:V 1 C f T '1 PE ? 1 ¿ ·VIr = ¡ .; • r· 
FI>.t:.C' C.v..,¡ ¡, l. r.,:.r.~ v fl "' r :. ~-; L " e e s r .,. • l :¡ 

F"i:<Sl TWENTY q('Cu";.,l'\Cf.; '-n•~ SEH•JICt c..,~~·~>¡tlc;; 
.::.~-<;nvAL ------IJ~IJ\hT••Iol¡:' r¡ ·r: liT c~AN~'~F'L l\li~>''"E.R----··-

T~f..'E--- OM ¡,.p ¡,,1-ir:F' ~n·J•J FTvE STlC s¡;vt.l\ €IGHT •41If'<f." 
o 

19.5 
,c;.ó 
<Jo4 
q6ol 

~ 1 ~ l r 6 
~ 1 [) .. 9 
11 O e 9 
138~5 
~so.o 
!n5.9 
167 0 2 
lR2.4 
lA3 0 2 
10.4.9 
i.R7 0 2 
¿ 1 9 o o 
230'o O 
233ol 
280o5 

2.4 
34 (\ . 
Jt.J.I 
4Y.'f 

lól.n 
.]u7.3 

lJh.h 
¡"/6r/ 
2 (14 o¿ 

215 l'i 

23i·> 
232.~ 
2'+b. 1 
2'T9.n 
2:, n. -, 
Z'::t2.~.¡ 

?lj4 .~-~ 
2'15.7 
2'.113.1'1 
346 • .; 

AFTER 3Hti ~~~1v1-n 374 SE~~EO 
cUEUE-4AXINU~ L~~~T~ 

Acon TTME ·•1\!ITS 
, 7 

-MEAl~ LEN1;1n 
-~1EAN ,.¡¡. 1 T 1 l••E 

SfoVICE UT!Li/AI~0M 
AVfRAG!:. ARRlVAl.::! I"'F';;; T1MF ,;·'tiT 
~VFRAGE SE~V!(E tJvE 
.... E ~ N N o • I r. T M f. .J y e;. T é:. ,•¡ 
~EAN TIME IN T~~ ~v~T~~ 

CúSi INFOR~1 A T In" OF Jl"'r:_...,a T 1 u•,c;; 

5.• 
1l.A 
18." 1-'FRCEv":' 

... 641 
15.7?.17 

h.:1 4;:> 

:n.481l 

C0STS-v.AI1 Ii\ ojCI:.••c: 3¡7;.>-)., ••N'i7S ;.: ·¡, .17 
sEPVlCE cosr V(\JoU~ ... Lr:: -:l7t.e" IINTTS AT $ .1~ 
sE¡:;ovlCE COST t-IAI:-1¡ l..¡f.:).:IJ .•• Ir¡-. i. r:r<ANI\IELS 

= ;.. 

= 'f> 
= ~ 

e¡; 

~288 .. 5? 
4'J·7~ 

1 e G tl., u J 

t-338.311 



, 17 SCHEDuLE .~ULE 3 
(SOT) 

vA~rA~L~ cosr s o 11 

FiosT ;:·Jf::I\¡TY ()c~u~u:>r.:r·:CE~ ;:-nR 1 st->:(vrcc: Chlll\ii\IELS 
~R~IV·\L ------D.;-P;.f<jtl¡..lF' TI~•E ~¡ C,.;I'.~JNr-"L !\I_•"",..¡ER------
r.IvE--- Ll:\f- i wo T:-i~!:F FiilJR FivF. Sp <.,FVE.r. P.l(.lh"" •'~:!Ni: 

o z. '1 

?6., {', 
?6.2 
:,~.()o 6 

12il".~ 
1:'-15 0 6 
1:..8~0 
1.:.8 .. 1) 

1~v}~H 

2~t1 0 l 
2?.1 .3 
2?.3"(1 
243~3 

'2!·.4 4 
" 246a7 

249~7 

292o2 
31'{, 0 8 
3iOo9 
374ol 

~., ..... •.l.. 

~ ,!.... \ .., ¡ 

l"~~.:: 
l·"'~'t,Q, 
) "-J .:_J .a M 

? ( ~· '..J 

;.J..:: J .. ~ 
23h.t-o 
23! -, 

cS:S~4 
2Só. 1 
2S7.'"1 
?':,o.; o .¡ 

317 ..... 
3c6.~+ 

32él.Y 
412 o 1 

QU¡::UE:-Y..:'IX¡r·:u;v 1 t_I~G-r;l 

-1'-1[;\N ¡_f.N., fn 
~·ivlEMJ w:...t r 1 lq[ 

S~;:~V!CE UTIU.In 1.1.0~: 

6flon TTME IIN,lTS 
6 

!•VERAGE Ap.-dVAI_':l, ¡.~¡:-R .T!""F 11'~IT 

AIJERAGE SEt-<VlCF 1 I••E 
i>JE•\N NOe 1~1 THr _.;¡y~)'(¡•: 

MEAN TiME IN lHt. ~vSTfM 

COsT l'-¡FQpr-tq In•~. <W iJPf.ot>rHl le; 

·" 1) o~ 
::;9 •4 PFRCE"'T 

13. }¡lb:. 
1 ol'9 L., 

?).<'ó4.;; 

C O Si S- •,.; A I T i ~ cJ u,c:.l • ~- ;:- ~ h ~ • ~j 1 'N! T S t. T t o 1 7 
sEpVLCE co~T Vu'o-<.I.~¡,JLE ";JT'?o"' ' 1N!TS ~T $ ·17 
sEnviCE CO~·T ,.. r,..t.ll l¡._nA.IlJ tJlTH 1 cHANi\t¿L~ 
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= q; 

= $ 

= $ 

$ 

494oc9 
45•"-2 

l.!.-0(1.00 

l940o32 



• 1c;; cosr = .. )7 
\. 

S C r-• t:: O u¡_ :: l-It J L E 
¡¡:¡AN[JQt-: 

TYPt r 1 J.••Jl=" :::: 

fiJ..Eü Cl.l.)T S 
1 c. • l (\ 

1 l.' 1\ 1) • u •,1 VA~IAtiU" COST ~ ~ j 3 

~0. CHANN~LS ~TA~T ':lOO O 

t:"¡pST Tw[NTY tiCCvr<o[,,¡CEc:; ;;-()~ SE~VTCE CH.Ai\1·\IELS 
!!R;:<IV,,L ------ll;::-i'.~r-lTII~F Tí·~E AT CHANI\lFL 1\t•'-'ftlER---c·--
n~-~¿--- (;¡\,: jnr. T:'iHE't=' FnU'i FivE SIX SF"VEr, EIGHT NZ¡..,E 

o 
?!:J"O 
?:J 2 
&~ Q 1.- 6 

o 
l .. :~~~ 2 
~ :--, ~, ~ 'J 

1 :; •' ·' 
2 "":,:u 2 
2?;o3 
223,0 
(:43" 3 
2 4:, u 4 
2:;.& Q 7 
21f S' u 7 
2q2Q2 
3roo3 
3·¡ J .. 9 ' 

:374· o 1 

2.4 
45 S 
45~f'l 

St>•"' 
• 1 ':13 ~ 

? Li ~' • 7 
22•).1 
2·'< 7 0 H 

2'~\/o'--) 

2o~., ·¡ 

218.,'1 
2~) o 1 
313.,1) 
31 t¡. 7 
3l7.H 
318ob 
329.,h 
:;>,3 Cl o ':1 
421 o<; 

AFTER 276 AHqtvE~ 27~ SERvEO 
QUEUE-MAXIMU~ LtNaTH 

6 O O 0 TTME uNITS 
7 

~MEA!'J LENCi 1 n 

-~~E.C.N WAli llrAC: 
SERVICE UTlL!/AI~U~ 
¡¡V¡:M:.:.GE ARRlVAL!> ~F~ "ii~E u:HT 
AVE.:·.:.CE SERVICt: 1 [••E 
~EA~ NO. IN TH~ ~Y~TEM 

MEftN TIME 1~ THt SVSTEM 

COc; :· !"<FORr-'AT TO•" OF' OPS,~ATIÜ'lf;; 

1 o'· 
22•3 
74.¡::¡ PF'RCE"JT 

• !"4nO 
16·320;» 

¡.777-;¡ 
18.6374 

C0S~·s~~IAIT li'o: tJUt.IJF" ól59.5 'iti:IJS Ai S vl7 
sER 1.'ICE COST VAH.I.1.14L..E ?'75•\) ltNITS AT $ ol~ 
sEQvrc¿.cos~ ~lA~u lann .. o9 ~1 7 ~ 1 cHANNELs 
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= S 
:;; $ 
:: $ 

'ii 

l02ó .. S:1 
36 .. 57 

1000.,00 

2063.37 



.~.\1.·: ~ ~~ ;:¡:- : .. -_~c.l,[/t'S ---------------
·~·:1c tl>n::e u.1tern..lt~ ves aval.1able to IUo V:.111ey E1ect::ac Co-op (her .:.~n ;:efer::ecl to as :ho) 
..:.r-3: 

~1t""~, _ _ln Vo.nab1e j:~ixed cost/ 
::.::rv i...:l.! CüGt/ s.i mul:d:ion 

t ... ~ 1. t .. r.J~c.."' t:.:üt r:J.n JJ~sc~:ioticn 

::,-1 15 $.13 $1000 one premium truck 
_;-: 12 .17 1400 one C.eluxe truck 
]\·· 3 15 .13 2000 two preml.tml trucks 

:·\)r a:!.l L!'l.c ~l t:c:_·:---.... 1. t.!. \-t=!S thc FCFS pr~orit:y l-u1e was l:.Süd and the 5J.mulatcd ru:-.l~ wcre for 
,.:;Jo illl:\UtL"~!.; • •p,,) 

... ··~- :.:-~·~t!l ts tur the ru:1:~ ~re: 

~t~' ._G) ~!t~ ... )..;! 

~.':••JLh \.J ', 1. t: St...."'l'"'\'.lCC C'o·; t. V,n:. Fi.x '1\:>t..J.l 
-, . ('.:._ .lL: ·--.. h• .. u ti ~. \"·.:·u ¡: C'OSÍ: cost: cor;t '~ . .... .. 1..Llll._. 

A-l l.J -~l ... S ·¡,¡_ 2'!. $987.1:! fJG.lli $1000 $2023.29 
A-:! • S ... , r 

-.:..:> 59. ·i 520.•J.:! 43. ~12 1400 :!.975.22 
L;-3 . l 1.1 37.2 Si.25 36.4-l 2000 2087.69 

From t..'1..: :.·1~1.:; :~Jo s;¡ou ld cl·.cosc alterrw.tl. ve A-2 ,:¡s i1:: nas t:1c j_Q\.;es t tot.al e os t. Ho.,.,cvcr, 
J.f t..loe l'...:.o Co:-J~·._¡-¡y ¡_~, r ic.n.n.J.ng to grow l.t r:1ight: prefer to ci:oose ait2:.-:1ativc ,"\-3 s.::.ncc 
~:u.s .::..1t.l:.¡-~.~t-'-\..C h.:1s t;-¡e lm;est service m:ilJ.za::lon a.l"lÓ. thus v1ould allo·..,r for tha moso: 
growth (;~o¡;c t.l:c vcry 10\v wal.tJ.ng cost as comp .. rea te a.lternatives .;-:1 and A-2). 

~~--/·::· 
2. The 1o\,·er cost of t.w prer.üum tru.::k definitely changes the optiinal cost .::..'..terna.tive o:: 

questio.1 l. The alternJ.tivcs nO\v ava.i1<lb1e are: 

~·l.::.an Variable FLxed cost/ 
se¡_"Vice cost/ simula.·cion 

I\lt. :::J. te un.J.t rrm Description 

E-l 15 $.10 $ 800 new premi um truck 
B-2 sc:.mc as al te rr.a t~ ve A-2 
B-3 15 .10 1600 two new premium trucks 

.,... 
.~.nc res;.¡1ts f:-o;11 the co:nputer runs are: 

~le .:m :·:~i!.-"1. 

length w.:ut Scrvl.ce Cost Var. Fl.X Total 
hlt. Qu0t!t! tl.ffiC' Utll. \Jait cost cost · cost 

3-1 1.0 21.5 74.2\ $987.12 $T~. :!.::! S 800 $1814.32 
B-2 .5 11.5 59.4 529.42 45.42 1400 1975./2 
:a-3 .l 1.1 37.2 51.25 27.40 1600 ló78.65 

Cleat·ly F .. iv s'·~ 1-1 .............. S•! lPCt n-3 as lt: has by -=--.1. o. • the lo~vest cost and becaL.se of tl1e lo•.; 
scrv.lCC Utll~.:.,:.:.~,. ..... :"., ~':. 11 . lllow for thc grc.J.~,-=-st expans.:.on. 

3. '"L'hiJ .lltcrna::lv\ ·' c-1', c-2, -J.nd C-3 are th~ san1c e:~, A-l, A-2,· and A-3. I~1 thcse runs ·\:. .. ~ .. ~ 
J.r.clv . .ü :::'.ltl.! ..... l ~ L',:'r·'-'-'' .J ft·on 3 to 4 pcr hc:ur (Poisson). Th.:! .c0sults oi tl:ie run.::; .:.L'í:! ¡¡s 
foll~· .. ·s: 
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.e~;-:. llea.n 
ler-.g c:1 wait Serv~ce Cos:.. ... .. .: ... ~A 'l'':. ' . 

t\ l:.. -· Q:.:ec:.:" time utü. \•." .. 11 t . _~\' " _, ---------
C-1 5.3 81.8 98.0':. $5::fltl. ::S ;~:.; $]:. CIJ ~:~.- -' ~:,. "•i ,, 
C-2 1.3 19.8 79.8 1285.83 G.;., J 1.;oc; :;7:.0.6¿ 
C-3 .1 2.1 49.9 137.50 Sl.uO 2000 2189 .. 10 

Alternative C-3 i~ the bcst selection. This ~s cuc, as wus ::':cnt1o::cd u¡ p.:u:t 1, ;;.o t.r.·:? 
fact tj:at tl~e alternát:~ve C-3 had roo;n for c:-..~J~ . .d.Slo~1 \o-:1J..lc ~~e o~~-.el·s "-·~::e ..1l:-0~¿y bc_¡_:-,g 
r.ishly utill::ed. There ~s st~ll qul.te a cl.ffli!r~n.:-c bct.,.·ccn thc .,.,·.:;it.l:-.s tl.":le cc-:>t. 

4. In tins ;?ilrt \\e' a.l'C usked to compare the result of pa:rt 1 ;.:slng thc othcr t~,c ¡.·rl.or:;.ty 
rilles,. so•r (iJ--1:::;, D-2S, and D-3S) and J:Vu'J::Jm! (D-lR, o-2R, and o-3~). The resu1ts of ~'4c.: 
cor::pu~er runs are sl~O\,•n belmv: 

¡.;,.:!a.& Hean 
l.::ngt..h Wuit s~rvice Cost Vur. FlX Tot.a~ 

~lt_. _____ o~~-l~~-u~~------t~·~i~m~c ____ ~u~t~l~·l~·------~'·~·~~l~·t~·----~c~o~s~t~--~c~o~s~t~--~c~o~~~·t=--

]l.-1 
D-lS 
D-lR 

A-2 
D-:!S 
D-2R 

.6-3 
D-3S 
D-3R 

1.0 
.9 

l. O 

.5 

.5 

.S 

.1 
'.l 
.1 

?LS 
19.0 
·22.3 

ü.s 
10.8 
10.7 
' 

:1.1 
.. 1.1 
'1.1 

74.2~ 

74.2 
74.2 

59,4 
59.4 
59.4 

37.2 
37.2 
37.2 

$9!17.12 
873.53 

1026;80 

$529.42 
494.89 
493.38 

$ 51.25 
51.01 
52.84 

$36.18 
3G.l8 
36.57 

$45.42 
45. ·12 
45.42 

$36.44 
36.44 
36.44 

$1000 
'1000 
1000 

$1·i00 
1400 
1400 

$2000 
2000 
2000 

$2023.29 
1909.70 
2063.37 

$1975.22 
]940.32 
1938.81 

$2087.69 
2087.45 
2089.29 

In ~,e first set of alternatives, D-lS is thc bes~ se1cc~1on. Th1s lS d~e prL~arily ,to the 
fac~ that the mean'wa1.t1ng time 1s less for the SOT rule sl.nce the shoxter jvbs are worked 
on f~rst w•d gotten out of the systern qu~ck1y. 

'I'he ru.'1s us1ng the deluxe truck, D-2R guve the best resul t. He re the range was nct 
nearly as -..nde as for the s::.ngle prer.uum truck. 

In the case of ·the two prePUU.>• trucks (A-3, D-3S, and D-3R) the ru:1 usir.g the Sv? 
rule gave the best results. The best explanat1on for th~s 1s that because of the lu~ge 
amo~t of slack in the system (35% utilization) it real1y doesn't make too wuch ~ffer~~ce 
wh1ch rule is used~ 

D-2R has the 1~west cost of all nine runs. This indicates that under present co~Ci~ons 
t.Í1e óelu;.:e truck would be the best se1ection and that the RI'\.~DOi•1 p:;:1or:~.ty l"UlE: sr.o~ld :Oe 
use d. In actu.:~1i ty ·~'1e comp.:my shou1d probdbly select thc de luxe truck and use Cl mod.l::i.;:d 
SO'I' rule (:..uch SOT b.:tween 8arn and Spm, al1 jobs ~n QUEUJ: ¿,t Bpra on J:'CFS until S;¡.-n :;:01-
lo·wing rnorning). 

CONCLUDI:lG RL:~!Ju~:.s 

From the rcsults of e1e run, the follow1ng would be recomm8~ded ~o ~o: 

l. If Rio expect::; thc ·a~riv.:~i rate of c;;lls to rcma~n about 3/hr, t:.ey should :Ouy thc d..::lu~ • .:! 
truck, provl.cl.cd tne premi.Ul'n is not avullable at the reduccd rate. 

2. If arr1val rat:.c ~s expected to inc:rease, buy the two prernium t:::q~ks. 

l..s is sugges~cd; the ·t:'.vo prcrn.urn t::o;cks are pro:Oclüy "the best selii!~tJ..on al:.. ~round. 0:1e 
maJor rc;¡son for this would be that if onc of the truc~s broke Gcwn, thc other · .. :ould still be 
ublc to makc scrvicc calls. 
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C-1 
C-2 
C-3 

5.3 
1.3 

.1 

81.8 
19.8 

2.1 

Scrvice 
util. 

98.011. 
79.8 
49.9 

Cc.st .. ~ ...... •-.-.' 
--~ .. 

\,. - . . --------·------ --------
ss::cs.ss 
l285.S3 
137. 50 

ÍJ~.tJ 

51.60 

~u333.30 

2750.62 
2=..89.10 

i . .l.tcrnauvc C-3 ~s the best selection. Thls is cuc, us ... .-as .-::cntioncd in part 1,' to ;:.~e 
.fu.ct ~hat th~ altern3tive C-3 had room for c:-._i)LJ.J:sion '";¡ 1:c t..ioc othcrs werc al!"¿;.:¡jy beii:.g 
highly uti1i::cd. Thcrc is stlll quite a dl.ff<;!rcncc bct-...·ccn thc •.:ait~ng ti.rne cost. 

·:. IP. th;,.s port v:c are ask.=d ::o co;npare the result of pür~ 1 usi;¡g the othcr t-..·o pri.ority 

2. 

rules, SOT (D-lS, D-2S .------and-D-~S-)-:;,nd-RA..~D.::l:-i-(;.:r-lR-;-D-2R-,-and-D--3R)-;;-Tl'.e-resul ts-of-t-:•~------
cor. .. putcr ru.n-; ure sn..:·r,'i1. below: 

.HC2I1 

len.;¡'.:.~ IVaJ..t Service Cos;. Va:::. Fn: Total 
Alt:.;....;;.• __ -<QdL!U_~ ___ t_:i;-~~-----t:l:il" ____ _:v~~!~_;:: __ _:c:..o:..s_t ___ c_o_s_t __ 

A-l 
D-lS 
D-lR 

A-2 
D-2S 
D-2R 

A-3 
D-3S 
D-3R 

l. U 
.9 

l. O 

.5 

.5 

.S 

' ..... 
' ,·-

.1 

19.0 
22.3 

11.5 
10.8 
10.7 

' 

1.1 
1.1 
1.1 

74.2 
74.2 

59.4 
59.4 
59.4 

37 o 2' 
37.2 
37.2 

$937.:;.2 
873.53 

1026;80 

$529.42 
494.89 
493.38 

$ 51.25 
5LOl 
52. 8•1 

36.18 
36.57 

$45.42 
45.<!2 
45.42 

$36.44 
36.44 
36.44 

$1000 
1000 
1000 

$140C 
1400 
1400 

$2000 
2000 
2000 

.$2023.29 
1909.70 
2063.37 

$1975.22 
1940.32 
1938.81 

$2037.69 
2087.45 
2089.29 

In ~he first set of altern~ti.vcs, D-lS is the best selection. This is dua primarily to ~~e 
fact t~at the mean 'waiting time is less for the SOT rule si.nce the shorter jobs are worked 
on first and gotten out of the system qtuckly. 

TI1e runs using the deluxe truck, D-2R gave the best result. Here the range was ~ot 
nearly as w1de as for the single prernium truck. 

In the case of the two premium trucks (A-3, D-35, and D-3R) the r~~ using the SOT 
rule gavc ~he best results. The best explanation for th~s is that because of t~e lci~g~ 
~~o~~t of slack in the system (35% utilization) it really doesn't make too m~cn óificre~c~ 
•,.¡hich nlle is used. 

D-2R has tr.e lmvest cost of all nine run~. ?his indica tes t.l-¡at under ores~n-.: co::-:G t.iOilS 

t.';e deluxc t:r:uck would be the best selection aru that the RANDON priority~ rule sho.üd be 
used. In actt:;::li ty 

1
the company should probdbly select the de luxe truck .:::.nd us~ a moc.i.ficd 

SOT rule {sud: SOT between Bam and 8pm, all jobs in QUEUE at Spm on FCFS ~'1til Sa..-.. f.;¡:i.-
lowing morrür.y). · 

Froill L';e result~ of the rwl, the foll~~ing would oe reco~~ended ~o Rio: 

If Rio expects thc arrival rate of calls to rernoin about 3/hr, •_ney should :C.t..y the deluxe 
-.:ruck, prov1.cc.::. t:;v: pretni~'n lS not avc-.ilable at the reduccd rate. 
If arrival ratc is ·~xpect~d to inc:rease, buy thc -u,•o premium trucks. 

As i::; sugges<:.ed, the two premium trud,s ill'i:'! prob..ilily ·~:-.e best scl0ction ;:;.11 aro~.:nd. 0:-.~ 
;;oc,Jor ~ C<.son for t1a¡; v.'ould be th<1t if o:-.c of the t:cucks broke down, th~ othcr -..;ould :;;-cill be 
anlc t , make ::.'crvi~c calls. 
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:·HüGI·:A~~ •.;!JE.\.JE.S 
·r1AHCH ~.·/:2M .J P.1Aut>td.W 

-TH!S ~~~\iON FO~ CUC 3100 
.OICTI<ií•,,¡.,:-.y OF VARl.e..BLES 
ATI.íMC::. THE. HUURS OF SYSTEM !ULE iiME- TO"iiJ.L 

.'AI..:lm~s:-:u-· NUMHtH Of REAUS IN AKI-dV.~LS AND SEkVleE 
iAR(~00. 'AN A~~AY O~ ~EAD IN AHHIVAL TIMES 
:AfiR.Rrv-.:·H~ TM THE ARklVAL R.li.TE Ai'IJU TltJE 
CCH .:AN At·H~AY OF' ARRIVAL ANU.SE.RV!CE úN.-Fl·RST ~2o,.<::USi0tJERS 
O.:C.IULE -T~E 'UST O¡=- Eyt.:7F.M IuLE TIME ... TOTAL 
~C iJ('-HJUE (J. u o) AN AHI-I A Y rJ H 1 Ct-1 S T ORE S l!Jl E CIJSTOMER hOUI~ S 
:cosrs THE CUST PER T~4E UNJ.T OF IOLE SERVICE 
CCOSTA THE CUST ~(R TI~E UNlí OF IuLE CUSiOMERS 
::cUS(r~V '1\l..liS 

1 

THE. NUM8ER OF CU S T OMt 1-1S BE I NG SE.RVt..O 
CCdA!T 'THt:-CúST UF CUSTOI--lEf-1:;, HOL.RS IN QUELIE.- TOT.A.L. 
~DEP RTvUt::.p pi tt-1É .SERVIéE ¡:;rqC ANU MEt.t\ UURATIO~'< 
'oHRSNGI YHE HUURS Of CUS TOI"E11 Tli>'E IN UUEUE. - 10 r ¡\L 
IIo~ T~E tHAN~EL ~UMBE~ ~~lNG PROCfSSlO 
!IZ · NU:1t:JtH OF r.r-líill/t.LS Wn!Ch HAV~ ÜCCUHE.O 
~KA?~S · OPTIUN CODES FOR ARRlVALS ANO SE.RVI:E 
:\N9i'-IA7.S : ''EGlí'tNINGrt-1AJ\It-1UM NUMt--~E.R CHANNE:.LS 
:::PcUTlL. .!hE 1-'t.Rct:l\ii" uTILIZATlüN OF ThE SlRVICC. fACtC:""'' 
:.;(JUE. T¡,¿ Nl;"iHER OF CUSTOMt.K~ IÑ QUE.UE AT -ANY'PCINi 
SSRCsoo> I'AN AN~4Y U;: ·READ IN St.~VICT.'liMES 
ITCOOP · THE. fUTAL.cOST OF T~t. SYSTE~ 
íTIME.IITlJ.I'1F CL·UGI'\. TIME9~-'·Al\ SI"'UL.u.TlO~ TIME 
fTNARV ·;THE .L'AT(ST M<RIVAL ·r J.ME. 
.?íNOPR ·,THE. Ut.f-'ARi"URt: -:"Hl.E 01" TliE LATEST "DEPAiHU.HE 

MAY Ht.'SET ARiiFICALLY-~OR PHOGRAM.~F~LCISNCY 
~XMNTN,XMNTX HEAN-~AIT TI~E~~EAN NUM8ER IN UUE. 
~.AVAHH;.\ 1\VE~A\,E .l\f?f.H\14LS PER ilME: UNlT 
iAVSEHV AVl~AuE SE~VICE TIME 
~M-1~dS ·MEAN ~O. IN Tt1E SYSTt.M 
-~ANT IS ,HEAN ·f IHE IN THE S~'S rt:M . 
JVCOST ·:roTAL VARIABLE COSí Ut- OPERAT.lONS 
!VCOSTS !VAIH.-.HLE COSi PER UN.L r 
:FCOSl TOTAL FIXEO COST OF U~ERATIO~S 
:FCUSTS ¡'FIXEu, COST PE.¡.¡ UNIT 
~OSVéT ·AN.AHHAY OF GUEuEn.S~HV!CE TIMES 
íKRlJLE : SCHt:uULt. RIJLE CCDE ( !=HAI\QQM,2=F<::FS93=SuT) 
:eOMMÜN ! L;PHA C,l o) 'ANUM V IIRRh T 9 c..RR TM 9 CM 1'2 o 9 1 tÍ) o·ci.Jt-1UT L t_CUS.ERV 90EPRT 9 

1 O~~TMQiviU~tHVvlZoKA,KCUS?KSoN,~FLAG~SNUMiS1ATUS(91~Tv 
'.2 · Tlr-•E9TTI~E9T~ARV,TNOPR(9) oAVAHRA9AVSERVtAMI'dSwAi"TlSII 

3 _V(.u<;iQVCOST~vFCOSToFC.OSTStKi'iuLEdQUEvCUMULJf.(ltl), 
-~ -G~vci(Í0ll9AI;I(5V0)9SR(S00) 
:cCMMON.~uDTAI IE~u-
~uATA (!~NQ=4~STOP». 
IISloP::It.ra·. 1; 

\~! I 1'\ ==.ó O . 1 

•;NOUT=o 1 ·: 
~EAD A~U PRINT UStH N~Mf CARO 
:COi'. TI NUt:. 
~RE A O ( ~d IV • 3 l 1 l i L 1-',., A 
:wRltE (NUIJT,J2ll lL>-'H~ 

I F . ( l L p HA ,-1 ) o t. IJ. 1 ~ T 1) u ) G () T o j u 1 
•:.{EAO AI\U ¡.;¡<l~.,T -:..-;w!v•".L llAT.1 c.'\;:¡U ANV sC1:1E.DuLE t;¡uLt. -CODE 
~:-1 E A D ( J\ lr• • 3 J l l - 1\ .:. o .. ...-.; ~ T • C C S T ' 0 "h' U L t.. 9 A t-. lJ 1-4 

;w R 1 T 1:. 1 ~. u : ' i • J ... l l t<. "' • :. >< ' 1 
.. T • C 1 í T .\ , K ¡.¡ u l_ E 

_IF (",..L T.ll lll;, T•l .' .. 1 
· IF ¡",_~c,r .-.1 u'' ,rd 211 
I f { ;-,"' u: •; L T • 1 1 ., :. J ! --, 2 q 
I F ( " ,. . L f. •: :, T • ·' 1 T " Z: " l 
ull Tu ''l•.ll• .. llo r"'•LE 

:COi\ T l/'.iLt 
:~ii·H TE. II\JU d oJ~ll \ 

•~e _,) 

t. ' 
·- 2 

/:;. 2A 
A 3 
fl ¿¡ 

/l S 
A b 
f¡. 7 
A 8 
fj 9 
A lO 
A 11 
ll 12 
¡:,. 13 
,l 14 
ll 15 

"A 16 
-A 17 
A . 1 a 
/1 19 
A 20 
A '21 
A ; 22 
A 23 
¡\ 2-'• 
A 25 

.A .26 
.A 27 
A 28 
A "29 
A 30 

.A 31 
¡) 32 
A .33 
A :34 
A 
. 

. 35 
A '-36 
t. .37 
A 38 
-~ 39 
-A ,41.) 

f'¡ -.4 1 

',. ·42 
é 1.¡~ ', .) 

~ -.'+4 

.:. 45 
A -46 

.A .47 
.. t. • .(,8 
_,Jj .49 

/l _·.5,1 
A ·: Sl 
Ll .52 

. :. __ s:. 

. ' .54 ... 
:. ·55 

.. t. ":56 
'A ·'S! 

:... .::5C: .. ~ :.:5:; 
A "6'0 

·;, -61 
t. é2 
A ~63 
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~~~D ~~~1VAL STATl~TJCS 
· (¡li,T l:\ -e:. 

:¡- ( .• N111•1oLEoí)oU) GO TO 71 
Nl1~1=,.,1\UM 

A:~ rd' T :.. l • .:: < ~ 
K;,~., 

\_,h: 1-.-i: \i<UtJT vJc;¡ l, t.:Ut-1 
I r ( "'", 1M a G T o 5 J u u O ) G O T C 2 •i 1 

í-IE,,r, L\lN•Jci 1 , .. ,,¡¡ ¡1 9 I==l11\Ui'-n 
., h i T E ( '\1 u : 1 I no e l)- ( :..1 id Il • I ::. ¡ y 1\ lj 1>\ ) 

If :,"''íJluGLAHCill CJ TO 291 
;,¡ CO!'.T.ll\l...~ 

-... SEl Ak~lV~L TIME Al l~VERSE C~ AR~JV~L RATE 

I !- ¡ ;.~ t-~ r-.:tn ~ LE o o " u l G O T C 2 'l l 
M.: k T 1'1-= l o u 1 M-\ ~ é< ·¡ 

C REhO A!\U PR!~T SEHYICE DATA C4RD 
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~1 
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e 

e 
-C 

lv H l T E í ,., U 1 ' i • 4 2 1 l '" ::, .• O E.;.: Tl-1 
wRIT::OO (rWIIÍ~43ll t-COSTSv\fCOSTS 

IF \1\~.CJ.O) Gü TÜ 291 
I F ( i\ !:l • G i o '~ } G U T O 2 9 l 
I F < ~ '" 1 1 1'-l,o LE " O ., u l G O T O 9 l · 

NU/",::SNUM 
l)f:.PTM= l ~ C:3~ 

KS=4 
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7N~HV=~~~(ARRRT~ALUG(Rll 

~ t\ J R ~L~ ·, :1.1 •: .-¡ V ,, T I tí E 
GO iü l'd 

CO:>lSTAI~i ARRIVAL 
e o i'l r r :·: ~: 1:. 
YNAr~v=.-• lMF+ARRTM 

GO ,·u J 41 
REAU ii'. AI~RIVAL 

COt•TlNUt. 
NUM:,\1' Llt-1 

IZt.lO=l!.+i 

TIME 

Tl~ES 

U ( lLClÜQLE:oNUM) Gü TQ_ 131 
AR{llu01=777771a 

131 CQi';"jl:\LJt. 
T N í'd( V = A t-1 1 I l U U l 

141 COI'~T ImH:. 
IZ=Il~l . 

I .- L l ¿ A(; T • 2 ú l l• () T o 151 
CH ( I .~ ~ J i = H-< A R V 

C ~E0l~ LnGIC TO ~fORE ARRIV~L A~U SERVICE 7IMES iN QUEW~ ARRAYS 
C FoR EA~H ~AITING CUSTQMER/PRQDUCT 
C DEfE.k~HNE. SERVI<.;::.. TIME FOR THE. I'Jt,l~ ARRIVAL 

151 COf\JTlNUt:. 
GO TU ( 16 h 171 o 181.9 191} ~ i-\ 5 

C -pOISSüN SERVICE RATE 
161 CONT H.Lt.. 

n=HANU(v9t~l , _ 
T~ABS(U~~~T*~LbG<HJ) 

GO Tu 211 
C NEGA ·,-¡ Vt:. E XPONENTlllL SERV ICE. Tir-IE 

l H CGNTii'<Ut:. 
R=H~:-.:J {u 9 o l 
T=AtJS 'Ut.I-'Tr-t..:;ALOG (H l) 

GO Tu 211 
C CONSTA~t sE~~ICE TlME 

181 CCf'I:TINUt::. 
T=DEPTM 

GC Tu 211 ·' 
C READ·l~ ~ERVICE Tl~~ 

191 ccr-n lNUt:.. 
NUM:::Si\IUrl\ 

IF ( .!.LoLE,oNUM) bO TO 201 
NFLAG=7o 
T=666óót>o 

GO ·¡u 211 
2ol CONT!NUt. 

T=SR(lLl 
21 1 CONT!NUt:. 

Q S V C T ( 1 IJU ¡.:: ) = T 
C lF b~LY ONE IN ~UE - NO SCHEOUL!i\IG ~ECESSARY 

I f ( 1 l.ltl E.o: L E • 2 ) . 13 O T O 2 4 l 
¡QW~lULJc. 

e USE S~n¿OULE RULt TO ~EOR~~R THt:. UU~UE FOR PROCESSlNG 
C KRULE = IIFOR RANUOM 
C K RULE = ¿, ,r ():l Fe:- S 
C K RULE = 3 '¡.. úR SU T 

GO Tu (23li2~1o¿z¡}~ K~~~~ 

C C ~oT:SCHEOULf:: RUL!:: 
221 e ü.'q IN u c. ,. ~ 

Ir (.l.tJO.U:..2l bU 10 2'·<1 
Ir (w::,vcl'<!O<llouEo0SVCT<I~11 .. ll) ,..."1 TO 2.:..1 

,7.3::US•!l.l (.lu<J~l) 
.•. ~V C 1 ( ll.'l.d- J. l -~(JSVC l' < I O':li 

181 
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ÍJ~;;¡u0t. 

l·~" = ' i-( ;, ''·u ( u ~ éj 9 ) -1:· (.J l ; 
lUW:::lUíi·>l 

' • ', L \, Í~ e L t: • 1 ) ~t.) T Ü 2 4 l 
, ; T ' -~ :J:::, '-' l 1 ! I U U E ) 
.,,._:vcT ,¡,,u¡:l=c.JSVCT<lQUl 
lo~ S V C; ( l hiw l = C.lT S 
~UtUt Z~ SCrltDULEu - RETU~~ 
C0i'il ¡;-..l. t. 
q¡:TURN 
[i\u 

suuROu; L~~ UEpART 
e· o M M o,., 1 v> M .-\ ¡ 1 ., l Q " ¡\¡ u M 1 ,_, ;:.¡ ¡:; h 1 • .-~ o ·H :-. , '~ h < 2 o , 1 ll > ~ e u:', u T L . e ~ sE R v 9 DE P r< T v 

Lit. 1" 1M ~ l 9 l U S t- ..,¡V • I Z , K ¡, r K C I.J S • 1\ ~' • N v l\ F L 4 G ~ S N U :11 9 S T A T l' S ( 9 ) ~ T 9 

'¡ .: :", ¡:- ~ · ":' T H\;:: , ~ r-. .~ f~ V 1 ; ~. ~) P R ( _, : 9 1\ v ,, >-\ ;-, ~¡ ? A V~ t. rt V 9 A M 1'1; I S 9 A¡.: 1 l S 9 

v~u~T9vcosrs,FcJsr~Fcosr~~K~uLEviauE,euMauE<lGllv 
~::-vci 1 li)il 9t...K eso•>! ~s¡; <=s::>ul 

THIS SUr•.t-<rl.TlNE t-'HuCSSSt:_S TH¿ OE::PAi·dUf'E Of f:.VUH CUSTOI~¡::t~ 
Ii- UPd~~ i t.~ THE rlOUNS SPL~\7 .(i'; 7HE uUE 
Ii UP~~ic5 lhE CLUCK TO i~E NEXl utPA~TURE TIME (PR~V¡0USLY 

l T cj::..Cf\,:, i HE LE.Nb i H Or Ti-' E QIJE 
IF NO C.,t. IN THE <JUE IT SUS Thé l:HA:~!\EL AT AN IOLf. STATUS (THIS 

DtP~~;u~E ~AS PHEVIOUSLY ~AQTI~LLY PROCESSEO ~Iint~ ~: 
AH~lv~ OR HY A PRIOR PASS TH~ÜUbH OEPART) 

Lr A ~..~~ ~XlST TH~N TAKE C~E FRO~ UU~w ITS DEPARTUHE TIN¿v 
s~: rME CHANNiL AT ~ 8USY STATUS A~D kETURN 

Clit.C: Lt.:~r,¡H OF (,)Ut9 IF ov:::R 99 HULU AT 'J9 
lf C.L~.,~uE.LTolOol GO TO li 

~-~Ut:=iüo 
J?~AT~ in~ HOURS SPENT iN GUEUE 
c:v:\ T! ;\:U t. 
CU~G0~1¡uuEl=CUM~UtCIQUEl•T~UPR<!l-T!~E 
~PUAl~ :n~ CLOCK iU NEXT CEPARTUHt ¡¡~E 

TII-'·E=Tl'\ui-'R <1 l 
IF : J.tJIJ!::.,oGT o ll bO TO 21 ./ 

THIS StCiiO~ COMPLtTES TriE PROC~S~ING ÓF-A-CUSTO~l~ 
NH~N NO UNE!IS WAli!NG IN THE QUE 
S T t1 T U~ \ l i = O ·• U 
TNU?~<il=~~9999o9 
RE1U~N 

THlS ~tci;O~ OOES THE OEPA~T PROCtS~I~G 
•lrot.N i rit. rMANNEL HAS 8lEN HUSY 
s¿T N~~r ntPARTUHt TIME 
cnrq 1 NUt. 
1•'-lilf'r-\ ¡ l 1 :.::¡- lMI:-,+OSVc r C J l 
SIUHL rlt,Sl íl\'fNfY [l[P,\HTUf.l[ T¡M(::, !N CH 

KCUS~KCu::,+l . 
H CI\\,.IJS~GTo.2._.) GO To 31 

II=I•l 
CHC~CUStLJ}~TNDPR<l> 
COto.;-¡ lNIJc. 
Cht.CK lr- oUT OF SlNULATIOIII TillE 

IF ( l 1 H'•E•l-T,,T,'<uPR(Il} GO TC 51 
~E~ET SIATUS BACK TO 8USY AN0 RETUWN 
CUMUi~=cuwU~L•O~V~l C¡) 
CUSERV=cusE~V•loU 
STATUS(U:lo'o , 
~HlFT St.kVICE OUEUt UP ONE POSiTIUN 
UO 4l ' . .i.=Pi.WUE 
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C:T ( l J. l =uSVCT í ll I l 
/ 

', ·• 1' e ·;" ¡ !, v •.- .: ~ = u o o 
:. :JüR 1 .é1 C r ;,f'.l[ FROi>i' 'Í.JUE 
¡QUE=lU~t-l / 
.~[fUR•\J ,/ 

C AD~UST ~ ~~D éUMUIL AT TERM!~AilON UF SIMULATlO~ 
C LASl CU~. o~E¡.¡. FURCl::.O TO OEPART AT TT Ii'-'E. 

5, CONT!NUt. . 
TK=QS~'C 1 ¡ 1 i- C TNOP~ 1 I l -TT It;E) 

:: := ( 1 ,'. o G T • O o ú l ú C T O 6l 
TK=OQ 

.., l CON T ~ f'·Ut. 

TNLlPR!! ¡ =TT I ME 
C U M U TL '; l. u ,,1 U T L + T K 
STA'!'US(J.I=loU 
RETUHN 
ENO 

F Uf'v C T 1 C :, .,-,:,:y ( 1\. • " .. ) 

C ~-iACHli';E. :.;•cf.·éf'iu:::~JÍ KA:'JiJO~\ l\l!Nt3ER GtNtí-IJ,.iGH ((J 10!) 
•:: i H I S V E.¡.¡:::. 1 O~ : F O R C U C 3 l O O 
C K ~ET Ai PCSITIVE UDU lNTEGE~ TO lNITlALIZE 
e K SET Al LtRü TO CUNTINUE STR!NG Uf RANOOM NUMBEHS 
C 5EE NAYLU>~PCOMPUTtK SIMULATION .TECHNlGUES~WlL~Y +SONS9l96ó 

e 

IF (1\) .ClP2l9ll 
ll CONTlNU::. 

31 

N= K 
NN:K 
N :\JI\:::~:, 
CONTINUt. 

IF (Kt\l 3l93l?td 
CONTII\:vt. ., 
rJ=N*c05 J. ,, 

IF (¡-.¡J 4lo'5l951 
co~q INuc. 

1
. 

N=N+SJ~¡jt, 7+1 
COi'o!TINUt. 
XN=f\J 
RAND=XN/d3o8b07c 
RETURN ; 
POSIT!Vt KK ~UNS StcONO STRI~G OF HANOOM NUM8~RS 

Ó} 

71 

COI\iTINU¡:_ , 
IF (t-K-~)Ol 719/,.l.olCl 

CONTlhUt. 

IF :.~N) Hh9l·¡Yi 
01 i:ONTINUt. 

NN=NN..:-o .. H:P~60 7 .:.1 
91 cOi'lT!NUt:. 

)(Nj\j:NN 
RAND=XNN/~38~617• 
REIURN 
KK OVtH ~ RUNS T~lRO STRI~G OF R~NUG~ NUMGERS 

l 11 

121 

c.;ONTlNUt. 
NNN=NNN~¿·51 · 

! F ( ·~ ·~ 1\¡) ·~ ll V l ¿ 1 9 1 2 1 
COI'lT l N\_.;: 

NN~::NN~•~38~607•1 
CONTINUt. 
. N~N=N:-..1~ 
~AND=X~N~/83~8607. 

.~t: i U~l'll 
~NO 
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