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A LOS ASISTENTES A LOS CURSOS DEL CENTRO DE EDUCACION
CONTINUA

La Facul tad de Ingenieria, por conducto del Centro de Educacién Continua, otorga constan=
cia de asistencia a quienes cumplan con los requisitos establecidos para cada curso. Las per
sonas que deseen que aparezca su titulo profesional precediendo a su nombre en el diploma,
deberdn entregar copia del mismo o de su cédula profesional a més rardar el Segundo Dia de
Clases, en las oficinas del Centro, con la Sefiorita Barraza, de lo contrario no  serd posible.
El control de asistencia se f:fectuaré a través de la persona encargada de entregar notas, en
la mesa de e;nl'rega de material, mediante listas especiales. Las ausencias serdn computadas
por las autoridades del Centro.

Se recomienda a los asistentes participar activinnente con sus ideas y experiencias, pues

los cursos que ofrece el Centro eskin planeados para que los profesores expongan una tésis,
pero sobre fodo para que cc;ordinen las opiniones de todos los interesados comstituyendo ver-
daderos seminarios.

Al finalizar el curso se haré una evaluacién del mismo a través de un cuestionario disefiado
para emitir juicios andnimos por parte de los asistentes. Las personas comisionadas por al-
guna institucién deberdn pasar a inscribirse en las oficinas del Centro en la misma forma que
los demds asistentes.

Con objefo de mejorar los servicios que el Centro de Educacién Continua ofrece, es impor-
fante que todos los asistentes llenen y entreguen su hoja de inscripcién con los datos que se

les solicitan al iniciarse el curso.

ATENTAMENTE

ING. SA LVADOR MEDINA RIVERO

COORDINADOR DE CURSOS. Tacuba 5, primer plso. México 1, O F.

Teléfonos: 521-30-95 y 513-27-95
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DIVISION DE ESTURIOS SUPLRIGRES
FACULTAD DE INCGENIERIA, UNM.

CURSOS DE MAESTRIA Y DOCTORADO

La Divisi6én de Estudios Superiores de 1a Facultad de Ingenzc*id, UNAM, ofrcce las

siguicntes Maestrias y D rk)ctorados

Maestrias

COu‘t -0l
£ice tTOu;pa
sstructur

Lild..n\ll.n.\.d

Investigacién de
Operaciones
Mecinica wbrica y

Aplicada

rograma de actividades para el segundo semestre de 1976
Examenes de admisién:
Inscripciones:

Inicia¢ién de clases:

Mecanica

Mecanica de Suelos

Petrolera
Potcncia
Planeacidn
Sanitaria

Doctorados

Lstructuras
Hi(u -.i('iii.ca
Mecinica de Suclos
Mecanica Tebrica y
‘Aplicada
Investigacidn de
ngﬁgcxoucs

10, 11 y 12 de mayo

31 de mayo-al 4 de junio

7 de junio

Requisitos de admisibn )

a) Cumplir con una de las siguientes condiciones:

1. Poscer titulo profesional en Ingeniceria o en alguna disciplina afin
’ macstrias que se ofrecen on la Divisidn, otorgado por la UNM o

a ias

’ por cualquier institucidm nacional o extiranjera.’ .

2. Ser pasante de 1la Facuitad\de Ingenierfa, UNAM ,

b) Aprobar los exdmenes de admisidén que se efectuarin en las fechas sciialadas

arrma °

¢) Presentar, dentro del periodo de inscripciones arriba mencionado, la documen-
tacidn que se indica en el folleto de ALthldﬂdCS Académicas 1975 dc la DUSFI

Mayores informes:

)

Divisién de Estudios Superiorcs de la Facultad de Ingeniceria,

Apartado Postal 70-256, Ciudad Universitaria,.México 20, D. F. Tel.: 548-58-77

"POR MI RAZA HABLARA EL ESPIRITU .
Cd. Universitaria, febrero 3. 1976

EL DIRECTOR DE bA FACULTAD

M. en C.. ENRIQUE DEL VALLE CALDERON

EL JCFEC DE LA DIVISION
DR. OCTAVIO A. RASCON CIlAVEZ







FECHA

JUNIO 4

11
12

18

19

26

HQRA

17:00 - 18:00 h
18:00 - 21:00 h

9:00- 13:00 h
14:00 - 18:00 h

17:00 = 19:00 h
19:00 - 21:00 h

9:00 - 13:00 h

—

14:00 - 18:00 h
17:00 - 21:00 h

9:00 - 13:00-h

1700 - 21:00 h

9:00 - 13:00 h

14:00 - 18:00 h
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INGENIERIA DE CONTROL: ANALISIS Y DISENO

TEMARI O

INTRODUCCION
Modelado con Variables de Estado

Transformada de Laplace’
Matriz de Transferencia
Loboratorio * (Realimentacién) -

Reogramas y su Reduccién

Patrén de Polos y Ceros y la Respuesta

Tansistoria
Error de Estado Estable

Parédmetros de Disefio y Sistemas de
Segundo Orden

Simulacién Andlogica

Laboratorio * (Simulacién)

Respuesta en Frecuencia

~ Andlisis de Estabilidad

Laberatorio *
Andlsis de Estabilidad

Redes de Adelanto y Atrazo
Realimentacién.de Variables de Estado
Laboratorio * )

EXPOSITOR

" Dr., Victor Gerez Greiser

M. en C. Marcial Portilla R.
M. en C. José Ruiz Ascencio

M. en C. Marcial PortillaR.

M. en C. René Larc Sénchez

M. en C. José Luis Vazquez

M. en C. Marcial Portilla R.

Dr. Victor Gerez Greéser |
M. en C. René Lara Sénchez

Dr. Victor Gerez Greiser
M. en C. René Lara Sénchez

M. en C. René Lara Sénchez

* Laboratorio de-Ingenieria de Contro! del Departamento de Ingenierfa Mecdnica y Eléctrica, Facultad de Ingenieria, UNAM,
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1.1

1.1.1

O

V/CTJE §5£5 2.

TV megs® INTRODUCCION A SISTEMAS DE CON

INTRODUCCION
Definiciones = ‘ R
La Ingenienila de Sistemas de Control, “thdta -

del andlisis ¢ sintesis de sistemas, cuyo oE}étLvE(

es transforman clentos- nécunsos LLamados Lnsumos -

en otrnos necursos LRamados productos de mayor valorn®

que 205 primencs. Lo dntenior puédé ¢iquematizande

’

en un diagrama -como el mistrado €n La figura 1.1.1

-

, . . -
v ,,.. o -y - .
v -

@ Pana poden cantnolan esta tnanééonmac46n es -

RRRORe - L

neceédhLO poden anaﬁ&zan al ALétema Y pana podan -

Jv
. T T

realizan eéte andLLALA, es neceéanLo entenden el --

§uncionamiento del misimo.

Cp

v Paﬂa pade& entendea un AthZma, es LndLApenAa

ble pode& eétabzacan daz MLAMO win madeto que como -

venemos en el tnanacunbo de aata obna, de pmeéenanJ

cla debend sen matemét&co

tablecen un,modzie

TRCL

‘—'—i;‘{> thema——-"ii‘4;>

Fig. 1.1.1_Ejemplo

Sistem

Canoc&mLento del 5Létema ———-5};

contnol dez 6Létema

Para analizar hay q

tico

de un

a

ue eé-

matemls.




® En el andlisis de cualquier sistema, el proceso

de modelado es, sin Lugar a duda el mds delicade, ya
que ningin resultado puede ser mejor que el modele -

del cual §ué deducido. {G1 - cap. 4)

¥ Para fa solucibén de problemas nelacionades con

el andlisis y sintesis de sistemas de control, es neg
cesario Lntegra~ conocimientos de teonia de redes, -
comundicacifn, Aiétemaé‘ﬂineaﬁaé y sLstemas retfioali-
mentados. La Tngenienia &e Sistemas de Control,Zrad
ciende de Las §ronienas de 2as disciplinas cldsicas y
resulfa gundamentalmenite interdisclplinaria, vz gquz -
er un sistema de écntnoé en general imeluye elemenios
elécindicos, meednicos, 4iLuldicos y quirmicos. EiLia -~
disdcipline Liene ademis impoiiantes aplicacionzs an el
andlisis de La 4dindmica de sdlstemas soclales. econdni-
cod ¥ pollticos. Por eéfa nazén en estfa obra se com-

glementa fLa sreseuwfacidn fedrdica con efemplos Zomaccs

Py

o c g ! " « - -y - e “ F v 2 o~ ; ~ 57
ce Po: wls AR s TIMNOS L GRIACOLLALCHKH de 7c LGS L

K

L - - AN

O

Les ncsuliados dependes ded

modelo

La ingendienia de s«isfemai ..

muliidiseiplinaria
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"% Es posible distinguir ? tLpOA de sistemas de contrel: ® Sistemas.de .Laze abiante y

N 8istemas de Lazo cerrado o0 %2

En esta obra fundamerntalmente se estudianITiilemas del
troalireitades

detimo tipo que son Los que tienen magpm'éntenéb:pala el pro

§esionista. f : - |
® Puede defininse como sistema ( 61 - cap 1) ® Un sistema es una {ntercone
un conjunto Lntencanectado de-componentes. EZ conjunto rea- , x{6n de componentes

Ziza funciones que no puede ejecutar ninguna de Las parntes -

por separado.

Pand izubtndn La idea de sistemas de Lazo abiento y ce-

rrado, conALdéneae az ALguLenta pnobtema de contaoz que es-

quematiza La 5&9 1 1 2

Fig. 1.1.2 Sistema de Control

de Lazo abiente

Se -desea LLenan el tanque de agua hasta un :nivel hy des

pucls de habeils vaciddo. Seé ha bséivads que manténiends La

vdlvula abienta t Aeé. se LLena el tanque hasta La altura de




deada. ° Puede pon Lo tanic Amplemenfarse La siguier:c

estrategia de contrnol:

® Esta negla de control sin embango tiene ef siguien

te problema; supdngase que cambia La presdidn en La Ltube-
nia de admisién de agua, enfonces el tiempo de LLenado, -
varia. S£ se vuelve a dejar entran el agua durante £ --
seg. ef tanque o no alcanza ef nivel deseado o0 se pasa.
Empledndo el Lenguaje de La Lingeniendfa de control, sz di
ce que un sistema de Lazo abiernto no puede manienen La -

¥ variable de salida, el nivel en ef tanque, en du valon

deseado, &4 hay disturnbios en el sistema, en cstfe caxso

el cambio de presdidn,

EL problema de contrnol puede resalvense empleando

an ¥ controladon humane por ejemplo, que viiuafmenfe

tex La aliura del agua en el fanquez y mantenga La Llave
1er
abiecrnta miﬁ%&aé el nivel h del agua no tiene 2£ valonr

dfeseado h ..
4

Ba ool fn moacss el fangue 52 Llevand hasifn el ndvel

W
¥

o)

o

wne Lo fanfo el gasd-

<:)* N s 2lave. (j

Ly

Estrnategia de Conthrol

£hene el tangque durante L sey

o

S&i cambia Lo presdidn, -

bia el tiempe de Lic.z:i:

!
Vaniable de scl.da =
vek en el fanqu~
== cambin

Visturnbio

presién

Controladorn humers g.

para el valon desecd: -

VY o

La varndiavle de salida .-

el valonr actual i

Fe sistema de £azo

n
N
S e
[ td

eaTALL
h

2

permite controlar La—vania

bLe-deseada a&ﬁi)ai hay --



La realimentacibfn peamite porn Lo tantc controlar el sdiste
ma adn 84 hay d&&tunbLoa que aﬁectan el ALAtema. La §igura

1.1.3 iustha eate tipo de 3448 terma

Fig. 1.1.3 Eaquema de un
. zSistema:de :éontrol -de. Lazo

- e . , eeanado:
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zﬂamadoé neApueétaa

¥ fanailer Veriiile
e ity Ao caliol:

=1 S ferrs

D Empiaaﬁdo £20s diagramas de bloque que 4e emplean

para 1epaeéentad nefaciones entre seiales de entrada, tam

Sl e, 2T =
bién ££amadoa excitaciones y seiales de Aaﬂ&da también ;;%??;é%Vb?' ‘LA? /j
i ?“ﬁo/;f

puede nep&eéentakAe el sistema de -

control de Lazo ceaaado, como Lo mueét&a La 5Lguna r. 7 4 ;
j : ‘5 :

1: M ;}L ! . :Q

: S ; "

P ; } T =

%%‘
& |
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“ o Fig. 1.1.4. Sistema de
. A " - : ‘ Control de Lazo cenrade
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* Haciendc referencia a £a §ig. 1.1.4 puede distinguin

42 en un. sis8tema de control

. Ez‘gtementoV£Zaqug»cont¢c£gdai qué~nec£be:£n50nﬁac£6n

dobne el uazza ng<d£5g‘tehén La uaxlable para controlanr-que-

puede sen pon ejempfo: Ra temperatura, en un sistema de ai-
re acondicionado. -En base a ecsta seilal y realizando una. am-
plificacibn de enengla genéma una ieﬁaz de salida, que

puede designanse con el nombre de fuenza de controf, esta se

fial actuf como variable de entrada sobre ef proceso o planta
cuya salida es La éeﬁat<§ﬁg de desea caui&a&a&, por ejemplo:

La Zemperatura del cuarto.

* En Za&»&é&&mu{‘de control de Z¢zbb-cennqdoa 0 retroali
mentados, La sefial que hace operar el controtadon se ﬁnigina
de comparan La seiial de 4a££¢gfgn un clemento qué de puede -
llama&-geueiéc&ﬁedte el‘ézmpEZchn. Este elemento compara -
el ua&bﬁ deseado de La variable de salida éon el valor ac--
Zual de Za 4§ﬁa£, medida a Ra salida det Ai#tema. y obtiene

 Esh_spial es /o o entesl okl . londte/selbor. .
- 8uidiferencia.fpn muchos -sistemas medennos,~es necesario con-

- 4rolan el valon 'de vanias varniables, ¢y en @3tos casos se tig
nen sistemas de Gontrol muliivarizbles, como el que aparece

en 2a §iguna 1.8. 5

-

-:El,gontgozadoa y el proce- -

i ‘ o )
-840 -estan conectados en se-

rie

Los sistemas de Lazo cerra

do incluyen un comparadonr

e
53
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automdt&ca en eﬂ mundo occ&dentai Se atanuye aiJ“watt <>

el invento def control 'cERinifige dainfﬁéid dd “pard “La ‘wd-

qu&na de vapon.;

B

[

Lca mu505 atz&buyen a 1. Po&;unov haben anantado en

1765 ez ren macan&émo netnoaszgntado de cantnoz En es-
N S I R I Rt o T
fe caso se trata de un dLApOALtLUO que heguza za adMLékdn
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2 Antecedentes Histénicos
® Muchos sistemas de control automdtico se encuentran
en La naturaleza, como ejemplos de esfos sistemas pueden -
citanse el control biolfgico de £as mas divernsas funciones

de Los onganismos vivientes.

® EL hombre primitivo emplel dispositivos que empezf
controldndolos interviniendo directamente en el Lazo de --
control. Posterdionmente este cperadorn humano del sistema
emﬁaz& a sen sustitudido con dispositivos automdticos. En-
Lre estos ejemplos de sistemas puede citarse el control --

del suministro de agua que se empled en Egipto y en La ---

_euenca de Los nios Eufrates y Tigris.

® Como se esefiald anterndiormente Zos dispositivos de -
control, donde un cperador humano realiza La comparacifn -
entne Zas vaniables de salida y Las de entrada y toma La

decisidn de cont&o%}bigue empledndose.

Existe una pequeia conthovensia sobre quién §uf el

oniginadon del primen dispositivo Lindustrial de contrnol -

O O

2

‘Funcicres de controd en

organismos vivientes

AL princdpio L{ntervirno el
hombre ccmo operador en -

el Lazo de control

Los sistemas de controf -
con operador humano siguen

empledndose



O
O

Durante , La 2a. mitad del s4glo XIX,»ZOA débpo&itivc¢
de control del timén de Lot barcos empezarbn a sen opema
das porn vapor. J C.  Maxwell, el 5amaAo 6undadom de

La teornia de- campo, en- 1868 pubﬂLco eﬂ primen’ t&atado ‘ma -

*emdtha so0bnre un: mecanLémo da cantnol / vunante LaA dz~

cadas qae pEQCLdLQdon a La Za. guanna mundLat Za teamLa
“de contaot evoluc&on& deb&do a Los auanceé en za teon¢a -

de 2as comun&cac&onea 5undamenta£menta. SLn embango es-

Le auance 6ué dLéanente en ez munda Ochdentaz y en Rub&a

® En Los EétadOA Un&do&, Aobna toda con 204 tnaba;o& de -

_H. Nyqu&bt que 6uenan mat&vadOA poﬂ e£ debeo de me;onan

Las caaacten&Athaz de Los ALatemaA teﬁéﬂon&co&, se emplef

2

/J. C. Maxwel2l nedacté ~ -

_‘_el primen tratado mate

mitié& dobre control

Los trabajos de H. Nyquist

gnicianon el andlisis de -

Los slstemas de control en

"
!"“’\




fundamentalmente el dominio de La frecuencia para carac-
Lendizan La operacibn de sistemas en t&iminos de diversas

variables de frecuencda.

®  En Rusia el estudio de Los sistemas de control,

se enfocd fundamentalmente al emplfeo de ecuacdones dija-
renciales, ya que ahf estos trnabajfos fueron reallizados
pon eminentes matemii&caé y mecdnicos Zebricos. Entna
Los nombres de aiguno& cientificcs de esta escuela, pode

mes clfar al E\{Tbanuwov

Durante La 2a. guerra mundial, £a fecrfa de con
inol automético n2cibdib un gran Limpulfso debido 2 Los ng
quenimientos de control exinicto de sistemas modenpsi -

de armamento.

’Se desannollarnon pifétos automfticos panc aviln,
sistemas de posicionamiento y control de radar entre --
0thos., * Puede decinse que antes de fLa Za. guerra mun-
dial, el disefio de sex UomacaP/SWﬁa ort un arte basadz

za Lo raueka y el ernick, duncefe 24 guenna pasd 4 conve -

2én53 a owan siencda.  Sigesinoe dewinando Lat téendcas

O O

12

el deminic de £a frecuen-

cla

® En Rusia se emplel o7
dominio def Llemgc o

este andlfisdis

%

En fLa decedda de 205 4
e diseito de S .stemas Ja
control pasd de sern un ar

fe a sen una clencia

O



O O 0
. - 13
de Nyquist y Bode y Ae,popuganLZd el emplel de La trans-

goamada de Laplace.

En Los primencs afios de La década de Los 50, el and

2isis de sistemas de contrnol Lineales, recibid olro fuen

Le impulso con Las téenicas de andlisis del tggan geomé- °
trico de Las naices introducidas pon W. R. Evans. -® Con * LaA\Computadonaa.ahaZEQQ
el avenimiento de Las computadoras analidgicas y digitales cas y dijitaieé perumitiedn
durante fa década dé Las 50 La ingenieria de control need ‘ controlar simubtdneaneite
bi6 otrno fuente impulsoy se hizo podiblelcontmoﬁan simul- varias variables \

Ldneamente con un gran nimero de variables.

-

*® Ve introduceibn de La computadora digital hizo ne * Las computadoras digitales
cesario ademfs el desarnrollo de una nueva feorla de s4iste mane fan {informacifn discre
mas que manejan Lnformacibn discreta. En esa époc& se de ta

sannoll6 La teonla de La Transformada -7 urna poderosa he-
rramienta pana analizarn sistemas Lineales discretos.

® EL control Sptimo fué ind-

Con el avenimiento de La era espacial, iniciado -
por el £anzam£enxo,de£0pm£ﬁanuaputnxk,dué_neéééanio, no 80 ) .edadozporn R. ;Bell&mann y L.
‘Lamente controlan éiA;amaé, 44ino hacento eﬁ fornma Fptima. S. Pontryagin

R. Bellmann en Estados Unidos y L. S. Pontryagin en Ru&ta, .

desanrollanon. La teorfa del control Gptimo.




® En La actualidad el ingenlerc de centrol debe fenex ® Hay que conccen fcendlols
conocimientos, de Las téenicas de andlisis en el deminic de de andfisis en 28 doednic
Za §recuencia y en ef tiempc, para poder resclver preblemas de La §recuencea ¢ dol «-
de andlisis y disciic de estos sisiemas. Liempo
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2. /; 1Aspectos - 4 . .
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Para controlan unprocesc fLsico enuna planta Lindis-

tial, el ingenieno -de contnotﬂup@edefhacen;ubo~de'diﬁéaag

tes métodos de diseiio y emplear eguipo-diverso. * -Puede

seleccionar instrumentos que trabajan a base de sefiales §£

dicas que varian en forma continua como pueden ser £a ten-
8i6n, La conniente, 6 La presibn de aine. ' Generalmente -
esdtos sistemas controlan una sola varniable a La vez, y se

conocen con &£ -nombre de convencionales. -

® Es po&&ble contkotan ALmuthneamenta un numeno mayon

de uan4ab£eé emptaando dLApOALt&VOA anatdg&co&, 6Ln emban

g0 ééto& t&enen La daéventaja de Ae& poco 51ex¢b£eé. Ebta

falta es Aupenada con 2os ALétemaA de contnoz dLthaz

® EL nivel dz automatizacibn en una planta varia. Pue .

de sen que se controle un ndmero pequeio de variables y-se
usen abundantes .openadones -humanos para realizan-funciones

de contﬂol En otnaé pZantaA, £a automat&zaCLdr es ca‘L -

ey
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ce jerarquicamenite en fa empresa, comeo se discute en el

capitulo 7.

¥ las computadoras digitales que se empezanron a Ln-

troducin en sistemas de control automdtico hacia §ines

de La década de 1960, peamiten controlar simultdneamen- -

te varias variables. *En La actualidad se emplean funda
mentalmente en cuatro formas:
En el capltulo 7 sobre control digital dinecitc, se ediu

dian con mayor detalle estas aplicaciones de Las compu-

tadoras digitales.

® Los sistemas de contrel también encuentran cada -

dia mayor aplicacidn como componentes en La autemaiiza-
cldn de Lineas modernas de La produccdién. Con La Lintro
duccibn de Las mdquinas fransfer a fines de La d€cada -
de Los 4C, §uf necesarndo {nfroducdr Zéenicas de contrel

viag cufomatisoh estas mdguivas. Faias mdqudnas s0ni ==

O O
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E2 contrnof se emsilca

para autoematlizar Linex:

produccién

16



O | . O

dispositivos -.que transporntan, pesicicnan y realizan varias
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Feedback eontml isa fundamenf-&l fact of medern mdustfy a.nd society. Driving
an automobile is a pleasant task when the suto responds rapidly-to the driver’s
commands. Many cars have power steering and brskes which utilize hydraulic
mphﬁers for mpﬁﬁc&tjon of the force to the brakeg or the stee.nng wheel. A
mmple block diagram of ah automobile steering control system is shown in
Fig. 1~7. The desired cours? is compared with & measurement of the actual
course in order to generate a measure of the error. This measurement is obtained
by wisual and tactile (body movement) feedback. There is 20 additional feea-
hack from the feel of the sieering wheel by the hand (sensor). This feedback
system ig a familiar vemonef the steering control system in an ocean liner or

| goering whed [,

é E
i — : i
] - L 1 heotua!
) 3 teering ;|
3&4—_¢f\ Drivy msef_;,mm 5=~ Automobile ,;."?'“" el
) q ; o f Grovar
S |
N é‘ ‘_ T . . - - -
iy Measurement, $ g
_———m—-@ﬂ% VIGJJ and LEL”LIE ? . e
e o . ' ‘ I A
E} 1-7. jsutomobile steerinz contrel system.
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1-3] EXAMPLES OF MODZRN CONTROL BYSTEXS ¥q

the flight controls in a large airplane. All these aystems operate in 8 closed-loop
sequence a3 shown in Fig. 1-8. The actual and desired outpurs are compared
and a measure of the diference is used to drive the power amplifier. The power
amplifier actuates the process in order to reduce the error. The sequence is
guch that if the ship is heading incorrectly to the right, the rudder is actuated
in order to direct the ship to the left. The system shown in Fig. 1-8 is a negative
Jeedback control system, since the output is subtracted from the input and the
difference is used as the input signal to the power amplifer.

A manual control gystem similar to these utilized by astronauts for controlling
the attitude of a manned space vehicle is shown in Fig. 1-9. The hand controller
on the arm of the astronaut's seat is used to actuate the control jets. Tha
measured attitude and error information is usually presented to the astronaut
a# shown in Fig. 1-9.

Other very familiar control systems have the same baslc elements as the
gystem shown in Fig. 1-8. A refrigerator has a temperature setting or desired
temperature, s thermostat to measura the actual temperature and the error,
and a compressor motor for power amplification. Other examples in the home
are the oven, furnace, and water beater. In industry, there are speed controls,
process temperature snd pressure controls, position, thickness, composition, and
quality controls among many others [8).

In order to provide & mass transportation system for modern urban areas,
8 large, complex, high-speed system is necessary. Several automatic train sys-

"tems are being designed for trains to run at 2-minute intervals at high speeda

Automatic control is necessary in order to maintain a constant flow of trains and
for comfortable deceleration and braking conditions at stations. The block
diagram of & train control system is shown in Fig. 1-10 [9]. A measurement of
the distance from the station end the speed of the train is used to determire
the error signal and therefore the braking signsal. v
There has been considerable discussion recently concerning the gsp between
practice and theory in control engineering {10]. However, it would be natural

oy - f - YRR - v~

Coantrol &
from station T e T _—
Diztazse Rotation of car axle
Control d
signal
recaiver
Power Breke Electric .
amphfer [ systen train [~ Positica
SN ~
detector :

Fre. 1-10. Train-brake-contro! system.
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taas theory wrevedes the appicstions in many felds of contrel enginesring.
Monetheiess, 3 I8 intercsting to note ths! ip toe elesiris power indusiry, tha
Fasregt indusioy o the Uniled Biates, the gap i3 elativel~ insigeifeant {13}
The electrin power indumry is primarily interesied iz erergy convergon, conirel,

and distribution. Ths modern large capscisy pianie which excsed several hune

dreds of mogswaiis require automatic ronisol gystems which acsount for tha
" interrelationshie of the process variables and the optimum powez production.
It is commor. w0 have as many as ninety o7 mosy manipulated variables under
coordinated contrel. A simplified model showing several of the important contrel
variables of & 1arge toiler-generator sysvem is shown in Fig. $~11, It isestimaled
that aboui <-veniy computer control sysiems have been instailed in the United
Btates {111, ©ne elecinc power andusiry bas utilized th: modern aspects of
control engirsering for sigtudcan, and mmieresting annesvisna. Iiappe
@ the prossss fnlnary, the festor thay mantuing (hy spodinations 28
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Fre. £-12. An artifcinl hand developed by Profeszor Tomovic iz opernied & ;

?M?Ephic signals from ihe amputee’s stump. Aa BIMpUtes cap grip o sin :
r:smémg it because the nand bas force feedback. (Photo eourte: - ar e -
Temovie, Taiversity cf Belgrade, Vugoalavis.) -
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Anoties very imporiant industry, the metallurgical indust~. L L
eidernble suzcess in automatically controlling its processes, [ “zen i
eages, ths contme) applicstions ere berond the thea;fy f1e/, :
girip stee: mill which involves & 100-million-dollas inv*es:iment .
iemperature, einp widih, thickness, and quality.

Thers has been considernble interest recently io applying a2 feel.
ol concepts to sutomatic wrrhousing and inventory control fi 32, Far
sutormatic concrol of agriculsural systems {farms) is mesting sreases
Automatically controlled silos and ¢ractors have been deveinpes and feaise .

AL‘:?, tiere bave been many applications of control gystem sheory Lo b:: - :
?:pemmenzation, diagnoais, prosthetics, and biological conizti symerm.
whe contol svitems under consideration range from the celisiar level -
eentf‘zd pervous gysiem, and include temperature regulslicn, meurci:l
TesDIratory, and cardiovascular control. Most physiclozical control g7
ara ciosed-locy systems. Hevever, we fizd not ooc controlier 18 mthes o - SRREN
loop within con:-ct loop formung & bierarchy of aystems. Th: modelng o tos
giructure of.bicfcg Cal processes s oafronts the anslyst with a high-orcss
and S compiex sirunture An artificisl hand which uses force feedback sirals
#ad ig contrclled by e amputee's bioelectric control signals, which are o3
el=ctromyographic sign. s, is shown in Fig, 1-12.
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Fra. 1-13. A feedback control system model of the economy.

Finally, it has become of interest and value to attempt to model the feedback
processes prevalent in the social, economic, and political spheres. This approach
. ia undeveloped at present but appears to have a reasonsable future. Society, of
eourse, is comprised of many feedback systems and regulatory bodies such as
the Interstate Commerce Commission and the Federal Reserve Board which
are controllers exerting the necessary forces on society in order to maintain a
desired output [8]. A simple lumped mode! of the national income feedback
eontrol system is shown ir Fig. 1-13. This type of model helpa the analyst to
understand the effects of government control—granted its existence—and the
dyovamic effects of government spending. Of course, many other loops not
chown also exist, since, theoretically, government spending cannot exceed the
tax collected without a deficit, which is itself a control loop containing the
Internal Revenue Service and the Congress. Of course, in a communist country
the loop due to consumers is deemphasized and the government control is
emphsasized. In that case, the measurement block must be accurate and must
respond rapidly; both are very difficult characteristics to realize from & bureau-
cratic aystem. This type of political or social feedback model, while usually
ponrigorous, does impart information and understanding,

Feedback control systems are used extensively in industrial applications. An
industrial manipulator controlled by a human operator is shown in Fig. 1-14.

The potential future application of feedback control systems and models
appears to-be unlimited. It appears that the theory and practice of modern
control systems have a bright and important future, and certainly justify the
study of modern automatic control system theory and application. In the next
chapter, we shall study the system models further to obtain quantitative mathe-
matical models useful for engineering analysis end design.
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Fre. 1-14. An industrial manipulator controlled by & buman operator uses visual

feedback. This is the Mini-Manip, manufaciured 3 e
American Machine and Fountry é)o) ufas by AMF Co. (Photo courtesy cf




Pressure contrel systerns. Figure 1-5 shows a pressure control system. The
sressure in: the furnace is coatrolled by the position of the damper. This pressure is
neasured by a pressure-mzasuring element. The signal thus obtained is fed to the
watroller for comparison with the desired value. If there is any difference or error,
he controller output is fed to the actuator which positions the damper in order
o reduce the error.

Speed controf sys.oms. The bz principls gé’ Watt's governor {or steam engines

i lustrated in the schematic aiwraim of Fig. :-6. The amount of steam admitied

» the engine cylivdze 13 adjustsd 7 ccarding fo the difference between he desire’
nd the actual engtac speecs.

he sequence of acuons may be itated as follows: The reflerence input {(set

o) ds set aocoC; to the spaed desired. If the actual speed drops below the

Sec. 1k EXAMPLES OF CONTROL SYSTENS A
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2, Z-8. Speed conirol sysiem,
desired value, then the decreasc in the centrifugal force of the socue . z
causes the control valve to move upward, supplying more sicam, and =

w

of the engine increases until the desired value is reached. Ga the o .
the speed of the engine increases above the desired value, then the invies .- i- 1
centrifugal force of the governor causes the control valve to move downwzoy, ™

decreases ihe supply of steam and the speed of the engine decreases nnud ¢
desired value is reached.

Numerical control systems. Numerical control is a method of controfiing ¢
motions of mack ne comporents by use of numbers. In numseical contral ¢
motion of a workhead may be conuolled by the binary information contained on
taps.

In such control, symbolic numerical values are converted into physical valu
(dimensions or quantities) by electrical (or other) sigrals that arz translated into
linear or circular movement. These signals are either digiual (pulses) or analc -
{time-varying voliazzss). O

The system shown in Fig. 1-7 works as foliovs: A tapeNs'preparad in b'n \
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Fz. 1-7. Numerical control of & machine,

»rm representing the desired part P. To stari the system, the tape is fed through
1o reader. The frequency-modulated input pulse signal is compared with the feed-
ack pulse signal. The digital-to-analog converter converts the pulsc into an analog
gnal which represents a certain magnitude of voltage which, in turn, causes the
rvomotcr to rotate. The position of the cutterhead is controlled according to
¢ input to the servomotor. The transducer attached to the cutterhead converts the
otion into an elzctrical signal which is converted to the pulse signal by the analog-
-digital converter. Then this signal is compared with the input pulse signal. The
yntroller carries cut mathematical operaiions on the difference in the pulse signals.
‘these is any difference betweer these two, a signal is sent to the servomo'or to
duce it.
An edvantage of numerical contrc! is that complex parts can be produced with
niform tolerances at the maximum miiling speed.

Computes control systems. Figure i-8 shows z schematic diagram of the
smputer control of a plast furnace. The tiast furnace is a huge structure about
36 £t high. Modern furnaces are buiit to produce over 4000 tons of pig iron per
ay and must be kept in continuous operation because of the nature of the smelting
rocess,

The iron ore, coke, and limestone are charged into the furnace from the top in
roper proportions. (Approximately 2 tons of ore, 1 ton of coke,  ton of flux,
»d 4} tons of air are needed to produce 1 ton of pig iron.) Air, which is quite
aportant in-this'process,is heated in stoves and blown into‘thefurnace. The heat
. the furnace is produced by burning coke, from which carbon monoxide gas is
redesed by the proce, of partial combustion. This gas, together with the coke,
Aoens oz iron org 1n the furnace to noctal, and the limestone acts as a fluy, slagzing
-+ iz ~uritizs, The molten iron sinks to the bottom of the furnace, and the liguid

-

t
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Fig. 1-8. Computer control of & blast furnace.
!

slag rises to the surface. The molten iron and liquid slag are pericdically drair
off through tap holes provided for this purpose.

Since the preseace of carbon, manganess, silicon, sulfur, phosphorus, e
depends largely upon the composition of the ore, coke, and limestone used, i
qt_ite difficult for human operators to control the chemical cormposition of |
iron issuing from the furnace.

In the computer control of such furnaces, mformahon about the compositic
of pig iron, slag, and top gas, the temperature, aud the pressure in the furna
as well as the compositions of cre, coke, and limestone, are fed to the computer
certain time intervals. The complex computations for determining the optir.
quantities of various raw materials to be charged are handled by the comput.
It is then possible to keep the composition of pig iron as desired. It is also possit
to maintain the steady-state operation of the blast furnace at a satisfaciory cc
dition.

Note that in the computer control of such a process it is necesssary tc hz
mathematical models available. But deriving suitable models may be a diffic
problem because not all the factors that affect the system dynamics are know
Note also that the measurement of all the variables necessary for computer cont
may be difficult er impossible, in which case the unmeasurable variables must
estimated by statistical methods.

Traffic control systems. As stated in Section 1-3, Raffic control by means
traffic signals operated on a time basis constitutes an open-loop control syste
If, however, the number of cars waiting at each traffic signal in a congested area o
city is continuously measured and the information fed to the central control co.
puter which controls the traffic signals, then such a system becomes closed-lo¢

Traffic movement in networks is quits cemplex because the variation in tra)
volume depends heavily upon the hour and doy of the wesk, as well as on mz




other factors. In some cases the Poisson distribus’on moy be assumed forthe arre !
at intersections, but this is not nacessaniy valid for all traffic problems. In fact,
minimizing the average waiting time is 2 very complex control problem.

Biological systems. Consider the competition of two species of bacteria whose
populations are x, and x;. The two are competing in the sense that they consume

the same food supply. Under certain conditions the populations x, and x, change
with time according to

2y =a,X; — 4,X,X,
) By =0y X — 0y, X%,
where a,,, @,,, 4,,, and a;, are positive constants and x, and x, are nonnegative.
These equations are called Volterra’s competition equations.

If a certain chemical is given to the species, the populations change according
to the following equations:

Ry =ap,%, — a,%,%, —~bu
%y = @3, %X; — @,,%,%; — byu

where b, and b, are positive constants and u is the controlling input {the amount
of chemical in this example). An interesting problem is to minimize within a given
time period the popuiation x, while keeping the population x, as large as possible.
This is an example of a biological system to which control theory can be applied.

Enventory control systems'z The industrial programming of production rate and
inventory level is another example of a closed-loop control system. 1a¢ actual inven-
tory level, which is the output of the system, is compared with the desired
inventory level, which may chang\, from time {0 time according to the market. ff
there is any difierence between the actual inventory level and the desired inventory
level, then the production rate is adjusted so that the output is always at or near
she desired level which is chosen to maximizs profit.

Business systams, A business system may consist of many groups. Each task
assigned to a group will represent a dynamic element of the systzm. Feedback
methods of reporting the accomplishments of each group must be established in
such a system for proper operation. The crosscoupiing between functional groups
must be made a minimum in order to reduce undesirable delay times in the system.
The smaller this crosscouplmg, the smoother the fiow of work signals and materials
will be.

A business system is a clo:ed foop system. A good design will reduce the mana-
gerial control required. WNote that disturbances in this system are the lack of man-
power or materials, interruption of communication, human errors, e:2,

The estab!is@v"ae'n? of & weli-founded esiimating sysiem based on stadsiics is
mandatory to proper manze-ieny, (Mot ihat i is a well-know: mcL tna. th
performance =f sunh & syster. <50 e b ved by use of “lead ¢z

tion.”} C
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To apply control theory to improve the performazce of such a syste
must represent the dynamic characteristics of the com';:"ent groups of the s
by a reiatively simple set of equations.

Although it is certainly a difficult problem to denveﬂm/atnemaucal repre
tions of the component groups, the application of optimization techniques ts
mess systems represents an interssting area in which significant improvems
performance may be expected.
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&2 DESIGN PRINCIPLES OF CONTROL SYSTEMS

Generai requirements of a control system. Any control system 1. 7%
This is a primary requirement. n additon to absolute stability, =
must have 2 reasonable relative stability; that is, the spzed oo SRR
reasonably fast and this response must show reasopable dampinz. - 7 .
must also be capable of reducing errors to zero or to some smalt 4L e
Any useful control system must satisfy these requirements

The requirement of reasonable relative stability and that of stee~l - . 7t
tend to be incompatible. In designing control systems, we therefors fia . e
fo make the most effective compromise between thess two regu:smnar

Basic problems in control system design. Figure 1-% 5 a biosx e;i:g'zuf
control system. The controller produces control signals bared onin: .. = =
variables and the output variables. In practical situaiions Mmers ars s oo 2

furbances acting on the piant. These may be of external o~ iu:e;._;,,_ = .
may be random or predictabie, The controller must tane mis 7oy wllc
disturbances which wili affect the output variables.

Te determine the optimal control signal, it is necessary io ¢ v
index. Such an index is a quantitative measure of the perrs z"rsz’m:‘ z .3
gion from idea! performance. The specification of tu> oo "
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Fig. 1-9. Block diagram of a controf sysu:(:
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eraiinl ime inter.al is called the control law. Mathematically, the basic control
oblem i to deiermine the optimal control law, subject to various engineering
d economic constraints, that minimizes a given performance index.

' For relatively simple systems, the control law may be obtained analytically.
ir complex systems, it may be necessary to generate the optimal control law with

on-line digital computer.

s Apalysis, By the analysis of a control system, we mean the investigation, under
wified conditions, of the performance of the system whose mathematical model
known.

Since any system is made up of components, analysis must start with a mathe-
(tical description of each component. Once a mathematical model of the complete
tem has been derived, the manner in which analysis is carried out is independent
whether the physical system is pneumatic, electrical, mechanical, etc.

&OL SYSTEMS Chap. 1

Mgm To design s system means to find one which accomplishes a given task.
genersl, the design procedure is not straightforward and will require trial-and-
or methods.

. Synthesis, By synthesis, we mean finding by a direct procedure a system that
1 perform in a specified way. Usually such a procedure is entirely mathematical
ym the start to the end of the design process. Synthesis procedures are now avail-
le for linear networks and for optimal linear systems.

£

‘Basic approach to control system design. The basic approach to the design of
y practical control system will necessarily involve trial-and-error procedures.
e gynthesis of linear control systems is theoretically possible, and the control
fincer can systematically determine the components necessary to perform the
ex objective. In practice, however, the system may be subjected to many con-
atnts or may be nonlinear, and in such cases no synthesis methods are available
present. In addition, the characteristics of components may not be precisely
own. Thus, trial-and-error procedures are always necessary.

Situations are often encountered in practice where a plant is given and the
ntrol engineer has to design the rest of the system so that the whole will meet the
en specifications in accomplishing the given task. Note that the specifications
15¢ be interpreted in mathematical terms.

3t is important to remember that some of the specifications may not be realistic.

such a case, the specifications must be revised in carly stages of the design.

In many cases, the design of a control system proceeds as follows: The engineer
zins the design procedure knowing the specifications or performance index,
> dynamics of the given plint, and the dynamics of the components; the last
olves dzsign parameters. The control engineer will apply synthesis techniques if
ailable, along with other techn guss, to build a mathematical model of the system.

Ores be formulates the des m prob‘ﬂm in terms of this model, he carries out a
ismatical design which yoelds the solution to the mathematical version of the

]

’ ) -
Sec. 1-6 ‘ ’\,:) i

design problem. (At this stage, simulation of the mathematical model cn a computs
is important. Note that optimal control theory is very useful in this stage of th
design because it gives the upper boundary of system performance for a give
performance index.) !

After the mathematicai design has been completed, the control engineer simt
lates the model on a computer to test the behavior of the resulting system in ¢
sponse to various signals and disturbances. Usually, the initial system configuratic
is not satisfactory. Then the system must be redesigned and corresponding analys:
completed. This process of design and analysis is repeated until a satisfactos
system is obtained. Then a prototype physical system can be constructed.

Note that this process of constructing a prototype, is the reverse of that ¢
modeling. The prototype is a physical system that represents the mathematice
model with reasonable accuracy. Once the prototype has been built, the enginze
tests it to see whether or not it is satisfactory. If it is, the design is complete. If no
the prototype must be modified and tested. This process continues unti! ths prota
type is completely satisfactory.

129 Opengecrds o/ Fexso
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A.1. ECUACIONéS’DIFERENCfALES LINEALES DE
COEFICIENTES CONSTANTES

A.1.1 Tntroduccibn

En este apéndice se cbndenéan algunos métodos
de 80fucibn dinectos o en el dominio del tiémpp de

ecuaciones diferenciales.

Cbﬁa no eiibten méibdob én;liticb;‘ééneﬁaZQA
para Za AoLuc&Jn de ecuac&oneé d&ﬁekenc&azeé t&nea
Les de coechLenteé uanLabZeA de onden AupenLon al
primexo,en e;te'apéndice s¢e ebtudéan solamente -
métodos de-s0lucidn para ecuaciones diferenciales

Lineales de coeficientes constanites {e.d.L.c.c.).

En el cap{tulo 2 de La presente obra, se sefia
La La imporntancia- que tienen Las ecuaciones dife--
s rencialess.como  modelos matemdticos de -£as~componen

tes de Sistemas*de Control.

.Se estudian Las componentes de La s0lucibn de

una e.d.L.c.c., ¢ se Les identifica con Las compo-




nentes de Las respuestas del modelo {isico.

En el apéndice siguiente se nevisan Los con
ceptos bdsicos del algebra Lineal y de La Aoﬂuciéﬁ

de ecuaciones de estado.

En el apéndice C, se sefalan Las bases de La
computacidn analbgica y ed el wltimo apéndice se -
estudian Los aspectos bdsicos de La thansformada -

de Laplace.

A.T1.2 EL operador diferencial P

En esta secedildn, se Lintroduce el operadorn di-
g§erencial D que posterionmente se emplea para en--

contrar La so0lucibn de e.d.L.c.c.

Se define como operadon diferencial 0 a un ~--
operadorn que apZLcado a una guncidn y (.} dd por -

resultado su dendivada:

dy (1)
Dy () =
dt
- " 2] dy (z)
D t) =
g dzh

(A.1.1)
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Este operador es ELineal, es decin, es ho-

mogéneo y aditivo: (A.1.2)

%f+%wumﬂ aﬂgm+a¢yu)

H "
«C - .

EL Lectonr puede compnoban que este 0pena
‘tivds de La swha ¢ td&"conMutthvaa;‘aaocéatif
vas -y d&ét&&but&uab de Za muﬂt&pﬂ&cac&on.i En =

particular, se t&ene que: R : S

R
LY

. s ) - =4 +
o™ (0)"y (t)<=_vm ”y () (A.1.3)
- Una ecuac&ﬁn d&ﬁenencLaz ZLneal de coeé&-
c&enteé conétanteé es deL 4¢gu42ntz4 t&po " . n-1 , _
: dh oy (). d7 Ty () - Md¥(t); 5
a,————————F A, + +a IR
0 4" Pogen! ceee. Mmoo
o T gy (4= e (1) T ALy

| donde:

{ a; .4on- coeficientes

L La varniables independiente

y (£) 2a vaniable dependiente 0 funcién

- de nespuesta




e (£) La guncibn de excitacién

Empleando el openadonr diferencial intro-
ducido anteriormente se tiene La siguiente ex

presidn para una e.d.L.c.c.
a® y (4] + a0y )+ e Dylt) ¢ aylti=
e (2) (A.1.5)

Tomando en cuenta La propiedad asociativa
del operador D podemos Lintroducin un nuevo ope
radon:

Lea0n+a0wh-“.+a D+a {A.1.6)
0 -1 n

Simbbélicamente una ecuacidn diferencial
de coeficientes constantes, pueden escnibinse,
empleando el operadon L de La sigulente mane-
ra:

Ly (t) =2lt) (A.1.7)

Este nuevo operadorn L es también Lineal,
es decin: .
ey, () + c,u,(8) = e;ly; (4] + e,ly, (2) (A1.8)

O O O



A.2 SOLUCTONES ~ COMPLEMENTARIA V PARTICULAR ___ . s R

A.2.1 Sozwgidn,Comp&amgnt¢nLa

La éotucién de Za éguagi%nidiﬂéngncgal
L%(t) = e (&) © {A.1.7)

donde La funcibn de excitacién el(t) es ’ '

nuﬂa se conoce con el nombre de so0lucidn -

compzementanLa de La e. d.L.c. c., eA dean

2a bo!.ucx_dn de: o ST Ly e =0 (A.2.1)

‘E8la-ecuacdiln se¢.conoce como-eciuaclln

ﬁaﬁagéﬁéa de Za e}d.é?c;cz- *‘(Af1;7f_

Emptenado el openadok dLﬂQ&QnQLQZ v
£a ecuac¢6n homogénza&puede Qéc&&b&&ée co ] h
mo : ) o s ' o "(aov"‘ + a,v""g~ et aD oy = 0 (A.2.2)

Conadiderando a0 écomo una vanL&bZe,_-
;&ecébe~eﬂ§ndmbne de ‘ecuacildn caractenisti-
ca de La ecuacidn homdgénea (A.2.2) de
Lae.d.lLec.c. (A.1.7) el siguiente polinoc-

‘meo en D de grado n: n n-1
: D"+ a,v + .. ta =0 (A.Z2.3)




Para empezanr, supongase que este polino-
mio Liene n naflces distintas: 810 855 oo .0
(posterniormente se estudiard el caso de rail-

cesd miltiples). La expresifn:
ylt] = ¢y exp(brt) * ¢,

Ld

ed La so0lucibn de La ecuacién homogénea (A.2.71)
como el Lector podrd comprobanr por simple sus-
Litucibn. Las constantes = tecececossrsaens Cis Cys
dependen de 20s valones iniciales como se seiia
£La mds adelante. A continuacidn se {lustra es
Le método para encontrarn La solucibn de una --
ecuacibn diferencial Lineal homogénea de coefi

clentes constantes.

Ejemplo A.2.1

Obtenga La s0lucibrn complementaria de La
ecuacidn diferencial Lineal homogénea de segun

do ornden de coeficientes constantes.
2

exp(ézt) oo+

dt

O O

&y (2], , dy (2]

dt

€n

exp(ént)(A.2,4}
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Sotfucdidn:

1.gEmgﬁenqdp;Ka;nqtacién;opanactonﬁi,naé;

ta ecuacién puede escnibinse como: , (Dz + 50 + 6 y) =0
cuya ecuacidn caracterlstica eh: 2 + 50 + 6 = 0
Sus naicééfdéhbd}oﬁinOMLb(dE onden 2 e \
D son: . -7 y -1; es decdin: R {DZ + 50 + 6. =.(D.+ 2) (D + 3]
La s0lucidn de La zgqu@dh diﬂgngncgag ‘
esta dada, porn Lo Zanrg.pon . - y (£} = ¢, exp (-2t] + ¢, exp (-3%]

SuAtituyéhdb este valor en LdﬂgzuchSn
A.2.5 se puede. comprobar que efectivamente

es La so0lucibn.de. La ecuacifn diferencial -

propuesia.




Los valores de Las ralces
810 895« - ., én de La ecuacdidn caracte
rnistica, desde Luego, podridn ser comple-
{04, en cuyo casdo, pon ftenern una ecuacibn
caractenistica con coeflcientes reales, --
diempre aparecend en parefas conjugadas,
dando Lugar a té€rminos arméndicos amortigua
dos o0 no amontiguados, como se LLustra en -

ef Zexto en vandios efemplos y en el efem--

ple A.2.2
A.2.2 Solucdibn particulan

A contiénuacion se estudia como se ob-
tiene La so0lucidn parnticular de una e.d.l.c.
c. , puede demostrnarse gfacilmente que Za 49
Lucibn completa de La e.d.L.c.c. Ly (t) = ¢ (£) (A.1.7)
consta de La suma de dos partes, a sabenr:

Pe La solucidn complementaria Y (€] -
de La ecuacidn homogénea Ly, (£t} = 0 (A;Z.é)

O O
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y de una so0lucifn particulan yp‘(t) que sa-

4

tisface a La ecuacién ) Ly (£ =e (8] (A.1.7)

“Paraielicdleulo de La solucifn particu

Lan yp () s0ko se estudiard el método de -

. caeﬁigéeﬂtgé,iﬁdetéimigadaq.l EL Lecton in-
taneéa&o‘en ot@qéfméiodqé péedeuconéuﬂtan -
0bras especializadas en ecuaciones difenen-

ciales (R.1)

Solamente se conude/mnﬁuncx:onu excita-
doras de importancia en problemas de s.iste-
mas. La . tabla A.2.1, ilustra varias fun--

ciones excitadonas y La solucibn particuldhr

)

correspondiente.

P e 1L
N o

Con una serndie de efemplos se Leustrand
este método de coeficientes anetenm@quoa
y Las modificaciones que hay que hacgﬁ;cuaé / ~
do:lafccudqiﬁn“caaactehiﬁticaétéene una --
ralz nula o La funcidn excitadora coentie-
ne un ténmino gque aparece en La soluclbn --

complementardia.




Funcibn excitadona Forma de fLa s0lucifn particulat

k k
:E:: K2 ZE:: A tt
£=0. L=0
Kexp (-£) Aexp (| %)
K, cos L+ K2 sen £ AI cos L+ A2 sen £

=A3 sen | t+'91)

=A4 cos (t+0'2)

TABLA A.2.1
Funciones excitadoras y s0lucdlo
nes particulares correspondientes.

Ejemplo A.2.2

Obtenga La so0lucidn complefa de La

ecuacidn’ diferencial Lnhomog€nea siguiente: d & _ 2 dy (8, 2y (L) = 7t+ th (A.2.7}
dt? dt
Solucibn:
la ecuacibn caracteristica de La ecuacidn homo
génea es: o2 -0 +2 -0

O O O
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B - L - ™~
O - O L . Yoy s
n C . « - L e A e

cuyas nafees son: k, s+ 1 -
. AZ =+ 1 + 4
por’ Lo tanto La.solucibn- complemen
tania es:-
Yo = ¢q exp -(+1-5) ¢ + ¢, exp (+1+f] 2

- Aplicando-La §6rmula Eulen, “estal -
§6nmula -se.puede . escnibin como: . . - - v Yy, = K exp (2] cos (£ + 6 )
“De La fabla A.2.1, se tiene La s08u

eibn panticulan:

‘o

g, (£ = A PhE v Al
Dendivando esia expresifn se tiene: 4
| ‘—:;—yp (»t):tA,*-Z'Azt
/
d 2
== 2 A
7z Yy (2) = ?
Sustituyendt eéste valon en(A.2.7,) -
obtenemos . - S 24,2 (A, + 2A.8) + 2 (A, + A £ +.A L) =22 + 24
. | 278 P+ T VI \
“l " lguakando coeficientes de potencias de
igualloﬁ.derilenat, se. tiene:. para t.a:ZA2 - ZAp+ 2Ay= 0
para t: 4"4AA2'+:'2A», = 2
para tzz 2A2= 2 ‘




de donde:

La s0lucidn parnticular de este proble
ma es:
Yy La so0lucibn genernal es, porn Lo tan-

Zo:

Como Aa AI’ y A2 son coefdicientes desconocd
dos , este método necibe el nombre de mé-

todo de Los coeficientes .indeterminados.

EL siguiente e{empzo, Lustra que, en
caso de tenen La ecdacidn caractenistica -
una railz nula, La s0fucibn particularn debe
sen La integral de La Aotacidn particulanr
indicada en La tabla A.2.1. Desde Luego,
en caso de sen La ralz nula de ornden n, --
hay que integrar n veces La so0lucifn pariti

cular sefialada,

Encuentre La so0lucidn general de La -

ecuacLdn:

O O

t) = 2 + 3
yp() t+ 2

ylt) = Yo (2) + Yy () = K exp(t)cos (£+6) + 2 + 3%

+,t2

Efemplo A.2.3

Lyte) {5 dutn - 8 (A.z.@
dz dt



Soluciébn:
Love s ; L
. . | P . . ? .
La ecuacidn caractenistica es: ' D (D" - /5) = 0
cuyas raices son: 4y = 0
8, = +*“# :
,5'3\ s - 4 L
La s0lucibn -complementania-es de-La~ ,
siguiente: | j - y, (2] = €1.7 &g eXP, (?f}
La Aotuuén panucuj,cuc de acuendo con
ta tabla A. z 1, debe ser de 2 6o/r.ma g, (8 = A
Sustituyendo este valor en La e.c_u.acitfn
(A.2.8) se encuentra que el método de Lgua- _ ‘
) . \r wobl s te
Lacibn de coefdicientes !_Zeva a: 0 - /5/4;
ya que: 4 (1) -




Resulta evidente que esta Lgualdad no es

posible.
Volviendo a La ecuacidn (A.2.8) se puede
consideran que: D(Dz -A@g{(tl = 8§t
ed equivalente a:
2 5 2
(0° -/8)y (t) = |8tdt = 4" + & (A.2.9)
La s0lucidn particulan de(A.z.q) puede en
contranse fdcilmente por el método de Los coe-
g§icientes indeterminados de La tabla A.2.1, -
yp(t) debe sen de La forma
- - 4
yp = Ao + Alt + A2 £
Los denivados de estas expresiones son:
yp (z) = A, + ZAZt
dt
2
d” y_(2) = 24,
P
dt
3
d
— ¥, (£] =0
dt’ P
Sustituyendo Lcs valores de 2qs dendva-
dgs (A.2.8) se Rlega a: -fS(A, + 2 Ayt) = 82

o O O
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Iguaﬂando‘ZOA*ténanoA que conresponden
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A.

2.

3.

ECUACIONES DE RAICES MULTIPLES

Considerese La ecuacibn diferencial homo
gérea de segundo onden con coeficientes cons-

tanies dada pon

cuya ecuaci{bn caracteristica tiene una

naiz doble K

S{ se emplea La técnica de La seceibn --
(A.2.2) se encuentra que La s0lucién comple-

mentardia debenla sen:

0 bien:

Agrupando Los coeficientes

déy(2)

dy (%)

P” + a,D + a

+ azy(t} 0

(A.2.10)

¢, oexp (AII] te, exp(éit)



La s0Llucibn es:

Como ZLa ecuacidn (A.2.10)es de segundo

onden, su s0lucifn debe contenen dos constan

-

N
Lo s

TR A R e P
tes arnbitranias. Porn esdta nazén (A.2.11) no

ed La s0lucidn complementaria.

(/- Apéndice B)

. Puede’ demostranse 7 que '

La sofueidn’ dé La ecudeifn (A2 A9 en el ca

80 de una ralz dobfe 5, de La ecuacifn'carac

I
tenistica, es de La“forma: - .

Es decin La exponencial de La ralz debe

multiplicarse por un polinomic ent.

Lo anterndion nesultado puede generalizarn

d4¢ a e2cuaciones con ralces de onden R. Si -

La ecuacibn caractenistica tiene una raiz, 84

de multiplicidad @{, La parte de Ra sofucién

Yy (£) = c-éxp (Alt)

g {£) = exp (A,t) (c, + cth

O

(A.2.11)

(A.2.12)




cornespondiente a La raiz es:

) = 2 -7
yc( ) exp (Ait) (c1+ cﬂ?cft et gt )
(A.2.13)
Con el siguiente ejemplo, se <LLustra La --
aplicacibn del resultado anterior.
Ejemplo A.Z7.4 _
Encuentre La solucibn de La siguiente
. . . 3 2
ecuacibfn diferencial d (£} , . d {t) dy (2
-——%—— 6 ——-LZ— £ 15 + 9 ylt) =-1lsen £ +
dt dt dt
17 cos £ [(A.2.14)}
la ecuacidn caracteristica es-de esta e.d.c.c.
es VAP S T R S



O | - O O
Las naices de este polinomio en T son: ‘ '4,‘

EmpLeando Los. nesultados de La seceibn.

anternion se tiene: s yc(/t) = ey + ¢ th exp | 3t) + g exp { %)

Ue ‘fa tabfa A.2.1, se obtiene'la siguien”
te s0Lucibn particulan: © -0 R TT ot Y, (£) = A, cos &+ A, sen 2

" w . . ~ R
v . ~

euyas denivadad: som:, o dy (1)

—P = - A sen t + A, cos 2

1

= -A] cos t - A2 sden 2
g ¢
dlt -0 . I3

dy (t) ~
L \ Co +—L3—=A?Aent-A2vc05t
Sﬂuélrtiiftfyerido“ ‘ot Valon propuestd de Ld -
s0lucibn particular y de sus denivados en La

ccuacibn diferencial(A.2.14), e {gualando coe

ficientes de sen £ y cos £ se obtiene: sen L:-14A, + SAZ, o= 11

\ .o 665 i 3A. + 14 A, £ 17

(1]

1 Z




Este sistema de ecuacliones Lineales alge-

braicas en A1 Y Az tiene como solucidn: A, = AZ = ]
fa s0lucibn parnticulanr gp (2) es: gp(t) = cos £ + sen &

La s0lucibn general de La e.d.L.c.c. es -
La suma de La s0fLucidn complementania y parti-
cular, porn Lo tanho: , gle) = yc(t) # yp(t)

==(a14~c‘_zt) exp3t + ¢, exp({t) +cos £ + sen £

3

EL siguiente efemplo, se LLustra otho caso en
donde £La so0fucibn particulan no se puede obie-
ner dinectamente empleando Las tablas del méto
do de coeficientes indeterminades. Este caso
e presenta cuando La funcidn excitadora contie
ne un ténrmino que aparece en La funcidn comple-
mentarnia, en edte caso, se emplea La mdidma tée-
nica que en ef cass de nadces mialidiples.

Efemplo A.2.5 Encueatre La so0lucildn gene-

nal de La e.d.£.c.c.

2
_S‘_%‘f’_ -4 yl2) = exp (-2%) (A.2.15]

dt

O O O
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La ecuacidn caractenistica es: *

Este polinomio tiene Las haices A4i-

quientes: ' .
\\ Coonee Taow o L RN
La Aoluc&dn compﬂementanLa de La e, .d.2.
3 ‘z.‘ m [ R
c.c. (A.Z.!?) eA: |
SO T N B S
ve acuendo con La tabta (A.2 ), La soku
N : RSN NS S

eibn pant&culan COMMeApondLente es:

Subtktugendo este. qazon en. ta e d £ e. c.

‘A 2 15) AQ ft“e(l‘ “”4\:;:.',7':,»_; e ;L_"’I’.‘ﬁ::f_:’ 3 “.ﬂ\"?“l -
es decin:
Este resultado no es posible. En este |caso, -

cuando La 6unc¢6n exc&tadona aont&ene aﬂgun -

oL {?L{.\-.; FAR Y ‘,N [ .o A Er oAy 3T B
ténmino que aparezca en La solucidn compﬂemen

taria, Aai45agu£a;miqmqqtécnéga;quqﬁengeﬂ ca-

50 de nafces mdltiples. Es decin, Ae supone

'y
8;.% 2
yc(t)r
°y (¢)
MEESTIAN

Solucibn:

[

N v kS

- e e B
i ot ™ i.’

4 =0
y\b.z n= - g : y
= ¢q exp (22) + c, exp (-2%)

k eip (2%)

- P I -~
' ~ f - s Ve o N

ot
.
£,

4k exp(-22] - dexp (-2%) exp (-2t}
0= exp [-21)
! "j . N f»nx} + [N




una s0fucibn complementaria de La forma: yp(t)= At exp [(-2%)

Las derndivadas de esta funcibn son: d
-;;'yp () = A exp (-28) - 2At exp (-2%)

Z
-Jiqy (£) = - 4 A exp (-2t) + 4At exp (-2%)
dt P

Sustituyendo La so0lucidn particular y sus -

deadlvadas en La ecuacidn (A.2.15] 4e obtiene:
-4 A exp [-2t) +4AL exp (-2t) - 4 At exp (-2¢t) = § exp {-1%}

De donde se obtiene el siguilente valohr

del coeficiente A. a saben: A= - ¢

La s0fucién general , suna de Las -

soluciones complementaria y particulanr -

es: ylt] = ¢, exp (28] + L ¢, - 24 ) exp (-%)
ProolLemas
!.- Obtenga La s0lucidn general de Las
sdigudientes e.d.L.c.c. a) gjg +3 d 2 Ay,
df?‘ dzt dt

O O O



2.- Obtenga fLa s0Lucibn de Las sigulen-

Les eccuaciones difernenciales con Las

condicliones Lnilclales mositradas.

3
b) d d
€49 .
dt dt
2
c) d 92{ -39 4 10 - ¢

.
al -iz% 11299 4 32 - o

0 dulo) |
dt

(0}

2
“;bf,'i—Kz-i- 2 dx 10(= 5 cos £
dt

_ dt
Cgloy -1 & Ly
o dt
) 3 7
d’y ., 4 _dy ;7 44, 4 ,
— - — y = exp {-5ft)
dt dz dt
2
. dy{0) -3 _dyl0) -9
ylo) = 1 L0 AT A
dt  dt
4 d2 d
ﬂ{ v &4, 20y = exp [-5%)
dt ~dz .
y(a) = ’ ‘ M = -2

dt




Obtenga el valor de Las condiciones
iniciales para que en La sclucidn de
La ecuacibn diferencial def problLema

antendion no aparezea el término:

2
d
e) —~lfﬂ + 16 y
dzt

ylo) - 4 9440
dt

exp (-4%}

den 41
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En este primer capitulo introduciremosdiversos conceptos
basicos de lateoriade sistemas,como son los conceptos de
linealidad, superposicién e invariancia.

Consideramos que es de fundamental importancia gue
el lector entienda estos conceptos,yaque la mayoria de los
métodos analiticos de anilisis de sistémas son solamente
aplicables a sistemas lineales e invariantes.

Posteriormente discutiremos el problema de modelado
de sistemas o fendmenos fisicos. Estos modelos se cons-
truyen interconectando componentes ideales que pueden ser
de tipo distribuido o concentrado.

Se discute ladescripcion matematica de las principales
componentes tanto eléctricas comono eléctricasde dos ter~
minales. ‘En el capitulo 2 se estudian las componentes de

.cuatro terminales. Se sefialan siempre las analogias que

existen entre las expresiones matematicas que caracteri-
zan a las comporentes de diversos sistemas dindmicos. Es-
te enfoque permite al lector entender mejor las caracte-

‘risticas de las componentes.
Se estudian las propiedadesde parametros nolmeales. .

Finalmente se introducen las relaciones de energia en los
principales parametros.

Concepios busicos

Sistema y civcuito

Un sistema es un agregado de objetos fisicos o abstractos.
Un sistema mecanico oscilatorio, estd formado por compo-
nentes mecanicas (masa, resortes,amortiguadores) inter-
conectadas. Pero también podremos hablar deotros siste-
mas, economicos, por ejemplo, formados por partes (con-
sumidores, industrias, gobierno) que interaccionan entre
si. Un circuilo eléctrico en pa=ticular seforma interconec-
tando componentes eléctricas (resxstencnas, inductancias,
capacitancias),
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El objetivo del analisis de sistemas es permitir pre- -
decir el comportamiento del sistema sise conocela inter-
conexion de las diversas componentes fisicas o abstrac-
tas que lo forman.

Empecemos definiendo dos importantes conceptos.

Excitacion y vespuesta \

Si conectamos un artefacto eléctrico (una plancha por ejem-
plo) a una fuente de tension (contactos de un receptaculo
electrico) circula por &l una corriente. La plancha que se
calienta al pasodelacorriente,la podemosrepresentar por
una resistencia. Empleando la terminologia de teoria de
sistemas, decimos que la fuente de tensidn excilé al circui-
to. La respuesta a esta excitacidn fue el paso de corriente,
(que se manifiesta en la plancha por calentamiento).

En la bocina de un radio la seiial de entrada (una ten-
sidn) aplicada a labobina la excita haciendo vibrar 1la mem-
brarna. Este movimiento que se manifiesta como sonido, es

"la vespuesta a la excitacion.

En un sistema dinamico, ciertas sefiales llamadas ex-
citaciones producen otras sefiales llamadas vespuestas.
Entre las sefiales de excitacién y respuesta se establece,
convencionalmente, una relacion causa-e¢fecto. En un cir-
cuito eléctrico las excitaciones y las respuestas pueden
ser tensiones o corrientes. Enun sistema mecénico las ex-
citaciones pueden ser fuerzas odesplazamientosylasres-
puestas desplazamientos o velocidades.

En ingenieria de sistemas empleamos los-diagramas
de blogue para representar atodounsistema o a una par-

Excilacion i ' Respuesta
e stlsema p

=

Representacion de un sistema usando un
diagrama de {;loque

te del mismo (subsistema). En estosdiagramas el segmen-
to de recta dirigido que entraalbloquerepresenta la exci-
tacion y el que sale representa la respuesta. La fim@;l.l.



O

6 TEORIA DE SISTEMAS Y CIRCUITOS

muestra un bloque (rectingulo) que puede representar ala
plancha. La flecha que entra representa a la excitacion
(tension) y la que sale a la respuesta (corriente).

'~ Un sistema puede tener una sola excitacién yuna sola
respuesta, como en el caso de la plancha, En este caso en

el diagrama de bloque mostraremos a la excitacion y a la”

respuesta como en la fig.ﬁ,l.l. En general, sin embargo,
un sistema tendra miitiples excitaciones y respuestas. En
este caso consideraremos que las diversas excitaciones
son las componentes de un vector que llamaremos vector
de excitacidn o excitacién simplemente, y las diversas
respuestas son las componentes de un vector derespuesta
o respuesta a secas, como en la fig.%8.2.1. o
Para establecer la relacidn matematica entre la ex-
citacion y l1a respuesta del sistema, se formulan todas las

.ecuaciones que simulai su comportamiento y se eliminan

las variables que no con ni excitacidn ni respuesta. Entre
las variables no eliminadas queda establecida unarelacion
funicional (usualmente en forma de un sistema de ecuacio-
nes diferenciales) que en muchos casos, presenta las pro-
piedades de linealidad ¢ invariancia que definimos a con-
tinuacion.

Linealidad, superposicion e invariancia

Linealidad

Supongamos un sistema, en el cualuna excitacion x]  pro-
duce una respuesta y]l,y una excitacion x]z produce una

respue]sta y:lz. Si la excitacion a1 x]l + c2 x]2 produce
la respuesta a; y]l + a, y]z y lo anterior se cumple para

cualquier pareja de excitaciones xL y x] PR cualquier

pareja de nﬁmgros reales, G,y ase 1dice entonces, que
el sistema es lineal. ®
La fig. 2,2.1 ilustra esta definicidu.

# L.a notacién x] representa un vector (\(gr ~péndice A).




Fig,

QZ.I L]

COMPUNEHTES DE SWITMe ) ™ Cliciy 8- 5 O

.
— x]l 5&‘ Sist;ma ‘ y]l B>
x], v]

@ S:st;ma }
1

Sistema aIyJI * "2”]2
S

__t"l"]J * "2"‘]2 D>

Relaciones excitacién - vespuesta de un
sistema lineal

Supevposicion:

El principio de superposicion es una interpretacidén fisica
del concepto de linealidad. Por lo tanto en un sistema lineal
sera valido el principio de la superposicion que establece:
La respuesta de un sistema lineal producida por varias ex-
citaciones actuando simultineamente es igual a la sumade
las respuestas que produceen el sistema cada excitacion ac-
tuando pov separvado.*

Todos hemos oido decir que la deformacién de muchos
resortes dentro de ciertos limites es proporcional a la
fuerza aplicada. Un sistema de resortes espor lo tanto li-
neal. La fig. 1.2.2 ilustra laaplicaciondel principio de su-
perposicién a un sistema lineal de resortes.

1 aplicada alresortel lo deforma'_xl.'n'z

y aplicada al resorte II lo alarga x,m (figs.g,z.z.a y b).

Al conectarlos en serie y aplicarles las fuerzas que se
muestran en la fig. 2.2.20 los extremos a y b se deforman

Una fuerza F

'ﬁesde luego las condiciones inicizles deben considerarse como excita-
ciones. Estos conceptos se definirdn mas adelante.
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Fig.aj.z.z. Aplicaciéndel principio dz superposicion

TEQRIA-DE SISTEMAS-Y-GIRCUITOS
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a un grupo de vesories lineales -
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segun se indica. Sin embargo, estas deformaciones no son
mas que la suma de las defermaciones que producen las
cargas (fuerzas) actuando solo en el punto a (fig. 1.2.2d) y
después sblo en b (fig. 1.2.2e), lo quedemuestra la super-
po§1<i10n._ &
Invariancia

Si una excitacion x(t) | produce una respuesta y(f) | y una

excitacion x(t~T) | produce como respuesta y(t-T) | para

cualquier T, entonces se dice que el sistema es invarian-
te. :

Tratemos de visualizar graficamente el concepto de
-invariancia considerando un sistema con una sola excita-
'cion x y una sola respuesta y. La fig. @.2.4:1 ‘muestra las
seiiales de excitacién x(t)y lavespuesta y(t).La fig.2.2.4b
muestra la excitacion x(t-T) que no es mas que la sefal
x(l) atrasada T unidades, y la correspondiente respuesta,
que para un sistema invariante, es la misma seifial y(¢) an-
terior atvasada T unidades, o sea: Y(t-T), L

La mayoria de los sistemas que estudiaremos satis-
facen las propiedades de linealidad e invariancia. En rigor
ningln sistema es lineal e invariante, perovarios sistemas
importantes, dentro de sus limites de operacion normales,
lo son aproximadamente. Analizaremos también casosque
no satisfacen estas propiedades. Llamaremosadichos sis-
temas no-lineales o con variacién en el tiempo. Estas 1lti-
mas propiedades son muy importantes,ya que sistemas que
las poseen, son mucho mis dificilesde analizar que los li-
neales e invariantes. . '

Unos ejemplos nos serviran para ilustrar los conceptos
de linealidad e invariancia.

EJEMPLO g.Za

Supdngase que un dispositivo tiene una respuesta y(t) pro-
porcional al cuadrado de la excitacion x(f); es decir:

yt) = Kx()?

Diga si es lineal este dispositivo.

32
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tx(t)

. <7

b Lo
- £ — . >t
1
Excilacion el Sisleme Respuesta -
x(t) : 5 ¥

()

Excilacibn * Sistema Respuesla
x(t-T) s YT
- (b
Relaciones excitacién - vespuesta de un’ .

sistema invariante

Solucion:.

Sea yl (1) 1a respuesta a la excitacion Xy )y yz(t; la de
xz(t). Calculemos la respuesta y(t) a 1. excitacién a x l(t)

+b xz(t). Esta respuesta es:

y({t) = K(a xl(t) +b :‘cz(t))a

= 3 3 . 3 2
K(a xl(i) T’a b xl(t) xz(t) +b xz(t) ;- .
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Si el sistema es lineal, esta respussta debera ser igual a \P D

a yl(t) + b yz(t).

Pero como .

— 3
yI(t) = le(t)

y

- 3
y Z(t) =K xz(t)
entonces

ayl(t) + b yz(t) = ale(t)a + b sz(t)"’

= K(a xl(t)a + b xz(t)a)g

que no es igual a la respuesta y(?) a la excitacion ax (1)
+ b x (t) Es decir, el dispositivo no es lineal.

La respuesta y de un sistema esigualal producto de sus
dos seiiales de entrada x (t)yx (t). Establezca si este dis-
positivo es Jineal.

Solucién:

A una pareja de excitaciones Xy (t) y X (t) corresponde
la respuesta

Y = %, (0 %00,
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Si estas excitaciones se multiplican por g la respuesta es:
Y = @ %, (t) x (1) # a (L

Por lo tanto, el sistema no es lineal.
!

-

EJEMPLO 2.2«: La respuesta y(f) de un sistema yla excitacion x(?) satis-

facen la relacion
y(t) = x(t) + C.

Analice si es lineal el sistema.

Solucion:

‘A una excitacion % (t) corresponde la respuesta
yl(t) = xi(t) + C

ya % () corresponde

yz(t) = xz(t) + C

por lo que

ayl(t) + byz(t) = axl(t) + bx ) + (a+tbd) C

X9

Para un sistemalineal estodeberia ser guala la respuesta
a la excitaciona x 1(t).+ b xz(t),que es

axl‘(t) +bayt) + G

por ‘lc que ei sistema no es lineal.
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En un sistema la relacion entre el vector de excitacidon

x
x]=x

Vi
y] =
Yo
es.
xl + 2x2
y] = :
Xg = %3

Diga si el sistema es lineal,
Solucién:

A una excitacién

1

%] = x,

8 R

o'

corresponde de acuerdo con la formula (1.1.1)una respuesta

x1 + 2x2

O
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V' auna excitacién:

- .corresponde la respuesta.. .

wl‘ + 2w3

A la combinacitn lineal de excitaciones

ax1+bw

ax]+bw:l— ax2+bw2

: ‘ax +bw

3 3:

cor,re's'ponde, segfin la formula g.l.l}, la resﬁdé‘s'té'

ax, +.b w, :f"g(a\le be)

“ :gxz’"+ b wg‘j-’-f (a %o +°b w3r{\

o - "
RS P
Vot
' “
s

El lector puede comprobar facilmente que N

z:] - a3]+ba]

MR
. l

Y por lo tanto el sistema es lineal.

5
i
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Un sistema tiene una respuesta y(l) dada por
y(t) = 3t x(t).

‘Diga si este sistema es invariante..

Solucion:

A una excitacién x(¢-T) corresponde la respuestay’(t)
dada por:

y'(t) = 3t x(t-T)
Esta respuesta es diferente de:

y(t-T) = 3(¢-T) x(t-T)

El sistema no es, por lo tanto, invariante.

Modelos

Las caracteristicas de un sistema fisico son tan complejas
y diversas que para analizarlo es necesariodescribirlo en
términos de un modelo idealizado formado por la intercone-
xién de elementos también ideales. El establecimiento del
modelo de un sistema fisico constituye la etapa mas critica

‘en el estudiode sistemas. Si el modelo es demasiado senci-

110, pueden perderse en élcaracteristicas que son muy im-
portartes; si se incluyen demasiados detalles en el modelo,
su analisis resulta demasiado dificil o imposible. Al esta-
blecer el modelo deun sistema esnecesariotener en cuen-
ta el objetivo del analisis y la precision que se necesita en
los resultados.

. Los elementos ideales que al interconectarse forman
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el modelo de un sistema son modelos simples que se em-
plean para representar a un elemento o fendmeno fisicos.
Un elemento ideal puede caracterizarse con detalle, mien-
tras que un elemento o fendmeno fisico puede describirse
sdlo en formaaproximada., Asipor ejemplo,unaresistencia
ideal es un elemento que satisface laconocidaley de Ohm.
Las resistencias reales solola satisfacen en forma aproxi-
mada. Si la corriente que circula por la resistencia varia
con el tiempo, se presentan fenomenos de induccion mag-
nética; ademis pueden presertarse fenOmenos capaciti-
vos. En muchos casos un solo elementoreal se representa
con la’ combinacidn de varios elementos ideales. Unaresis-
tencia. puede ser necesario modelarla combinando una re-
sistencia y una inductancia ideales. El conocido cuerpo ri-
gido también es un modelo ideal deun cuerpo fisico, ya que
en rigor ningun cuerpo es rigido, siempre sedeforma bajo
la accidn de un sistemade fuerzas. A pesar de que los mo-
delos 's¢lo representan en forma aproximada a un sistema,
se les emplea con éxito para el analisis y disefio del mas
diverso tipo de sistemas.

Existen dos tiposde sistemas, sistemas de pavametvos

- concentlvados y sistemas de parvametrvos distrvibuidos. Los
primeros se forman conectando parametros concentrados
como; por ejemplo, las resistencias, inductancias y capa-
citancias en los circuitos eléctricos. En los sistemas me-
canicos tenemos las masas concentradas como ejemplode
un parametro concentrado. La caracteristica general de
estos elementos es su reducida dimension, en los circuitos
eléctricos con respecto a la longitud de onda correspon-
diente'a su frecuencianormalde operacién. Enun elemento
eléctrico concentrado de dosterminales;latensionyla co-
rriente asociadas a él, son cantidades bien definidas en
todo instante de tiempo. : ‘

En este libro solamente estudiaremos sistemasde pa-
rametros concentrados, en primer lugar por ser suanili-
sis mis sencillo y en segundo lugar por ser 1a base del ani-
lisis de sistemas de parimetros distribuidos.

Aclaremos la idea de parametro concentrado para un
circuito eléctrico. Un parametro puede considerarse con-
centrado, si las longitudes de onda de las seiiales son muy
grandes con respecto a las dimensiones de los elementos.

" Por ejemplo, la longitud de onda de una corriente de 50 Hz
es de 3 X102/50=6,000 km. Esta longitud es mucho mayor
que la dimensidn de un circuito, y'se le puede considerar
por lo tanto concentrado. Sin embargo, un circuitoa la fre-
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cuencia de micro-ondas del ordende 10GHz = 10 X 10° Hz,
con una longitud deonda=3x10/19 X 16° = 3 ¢cm no puede
considerarse como un circuito de parametros concentra-
dos. Sus elementos tienen ya dimensiones comparables a
1a longitud de onda.

Empezaremos estudiando las caracteristicas de mo-
delos ideales lineales, porque el anilisis de sistemas for-
mados por la interconexion de elementos lineales ideales
es mucho mas sencilla; ademais,diversos sisiemas fisicos
permiten ser analizados con suficiente aproximacién con
estos elementos.

En la seccién 1.8 introduciremos diversos parametros
no lineales, ya que en muchos casos no puedeanalizarse

_un sistema real empleando un modelo formado por la inter-

conexion de parametros lineales exclusivamente.

s Respuesia libre

2.4y

Fig. 5.1.1.

En esta seccidn estudiaremos como se obtiene la respuesta
libre de un sistema de segundo orden, lineal e invariante.

' La fig. 5.1.1 muestra un péndulo. Consideremos toda -
1a masa m concentrada en el punto A vy ademis gue no hay

friccipn en el punto B,

Péndulo y su diagrama de campo libre

8 TEOWIA DE S:STEMAS Y-CIREUITOS & %@ &
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Las fuerzas y pares que actuan sobre el péndulo sor:
a) La fuerza de amortlguamxento f 'p dada por

[N ‘{ -

61.1) Tt = DS I

. Ty T \‘u ‘rﬂ\, (’(‘. C e L Sy
pero la velocidad del purto C, Sc' es:

(t) w(t)a . T
s erbur e Sk consxderamos que el movimxento arwular del pendulo
es©,la velocldad angular westd dada por ..
wity = 220 -
o ac - o ,
“sustituyendo estos valores en (5.1,1)
' _ . dO® -
(5.1.2) fD(t) Da dt
'b) L fuerza élastica f,, esta dada por: -

(5.1.3) . fp(® = {(x‘c(t) o

pero el desplazamiento horizontal del punto Ci %X (t) es-
ta dado por - ,

we g, [N
[V G R - RN P

e Ve

C(t) B(t) a

[
"en esta ecuacxon s cons1dera que el desplazamlento x
es- pequeiio. Sustﬂuyendo este Gltimo valor en (5.1.3) ob€
. ' tenemos:

TN e

”




(5.1.4)

(5.1.5)

(5.1.6)

(5.1.%7)

e
'.:—-c?
>

fu) = Kasg | O

¢) El peso de la masa dado por
w=mg

i

d) El1 momento de inercia Tg.(t) dado por
Ti(t) = I aft)

Como hemos considerado toda la masa concentrada en
el punto A, el momento de inercia I estd dado por

I = ml?

o

la aceleracion angular a«'es por otra parte:

_ 4?8
o‘(t)w_ de?

Sustituyendo estos valores en (5.1.6) obtenemos:

: = 3 20(1)
Ti(t) ml pTE

‘¢ - . *
Como hemos introducido el par de inercia Ti’ la su-

ma de momentos respecto a cualquier puntodebe ser nula.
Tomemos el pivote B. Haciendo referencia al diagramade
cuerpo libre de la fig. 5.1.1b la suma de momerntos es:

(fpl® + fp(8)) = acos 6(t) + mga sen 6(t) + Ty(t) = 0



4 - ° . "1
i [ i
Co §

Sustituyendo en esta ecuacién los valores de Ipt)s fpthy
T(t)i dagibs por (5.1.2), _(5.1.4) y (5.1.7) se obtiene:

B «,‘ =
. N
ol el

" a wan .

+ Kaa cos e('_t) ;“q(t)'\% mga sen-6(t). =

Esta ecuaciondiferencial de segundo orden es no lineal. Pa-
.ra poder aplicarle las técnicas de solucién dé ecuaciones
diferenciales lineales es necesario considerar que eldes-
plazamlento angular 6 es suflclentemer.te pequeno para rea-
hzar las 51gu1entes aprox1macmnes

ISC PRI

-

cos 6(t) = 1

sen 6(t) =9 (1)

sustituyendo estos valores en 1a ec. (5.1.8) obtenemos una
ecuag:ién diferencial lineal de segundo orden con coeficien-
tes constantes y homogénea. »

(5,i.9) mlP? g?l%g_ + Dg? ——B-G— + (Ka® .+ mga) 6(t) =

(Djtyidi‘énc’ig entreel coéﬁciente dela segunda derivada obtene-
mos: - ' :

H

\ c;aét,)' ‘Dd®  de() Ka? + ' mga” h
. (5.1.10) dtz( v 29 dg , Ko lag e(t)-o

<~ -

Con objeto de normalizar el estudiode los'sistemas de se-
gundo ovden, o sean aquéllos er que 1a respuesta libre esta
caracterizada. por una ecuacitn diferencial homogenea de
segundo orden, suelen desigharse los coeficientes del tér-
mino en la primer derivada y el de la respuesta con:




(5.1.11)

(5.1.12)

(5.1.13)

(5.1.14) '

(5.1.15)

1  Do* o . Ka* + mpa

a foveng sl (JJ faved e T e € s R,

2 ml 0 nd?

La constante arecibe el nombre deconstante de amovligua-
miento y w, el de velocidad .:angulav -de oscilacion ino a-

movritiguada,
Posteriormente quedararn justificados estos nombres.
Sustituyendo los valores (5.1.11) en 1a ecuacién dife-
rencial (5.1.10) obteremos:

3
20 4 20 L8O+ w2 ot = 0

Esta es una ecuacion diferencial homogénea de coefi-
cientes constantes. Su ecuacion caracteristica es:

s"+2as+wz=0

cuyas raicés son:

$; = -a+t a? - w
f~—J. - 8.:,.-—
SZ o o wg

Las raices s de la ecuaciodn caracteristica reci-

1Y 52
ben el nombre de frecuencias naturales del civcuito.
La solucion de (5.1.12)dependede lo~valoresde a y w

y su forma general es: 0

6 = Kl exp(slt) + KZ exp(szt); t>0

donde Kl y K2 son constantes arbitrarias que se determi-

paran usando las condiciones inici..es:



o sea el desplazamiento'y- velocidades ar.gulares iniciales.
Para t = 0 de (5.1.15) tenemos

Py s

G.116) 60 =K +K,
'Por .otra parte deﬁivéndo (5.1.15) v poniendo £=20

f

C de@ | |
(5.1.17)_ w(0). = T _"lel + SZKZ.‘

B (' 0

Las ecs. (5.1.16)'y (5:1.17) son dos ecuaciones linea- °

les simultaneas con incég'r'itas K_yK,_. Estesistema se re-

1°7z
suelve para obtener las constantes K 1 y K 2°

”‘f Sustltuyendo estos dos valoresylos des &s dados: -

por, la ec. (5.1.14) en la ec. (5.1. 15) se obtiene el desplaza-
miento del péndulo en funcibén del tiempo.

Este sistema mecanico ha servido parailustraryade-
mis como puede transformarse enalgunos casos una ecua-
cidén diferencial no lineal en lineal si elvalor de la variable
es pequeno :

24’{2

T Componlmueneo de 5@“rfespuesff.cz libre

Si comparamos la respuesta libre del sv'tema de segundo
orden. del ejemplo 5.1a con la delsistemzdel ejemplo 5.1b
observamos que son de naturaleza dist-ata, En el primer
e]emplo la respuesta no osczla decae exponencialmente a

cero a part1r de su valor inicial. En el segundo ejemplo.la-

respuesta osczla y la amplitud de estas oscxlacxones decae

a cero. Observamos que en el curso de la respuesia no’

oscilante las raices de su ecuacion crracteristica son rea-
les, mientras que en el segundo caso: on complejas.




(5.2.1)

Phy oA o s melihi v 0 o day e ot o das die
fercates {ormas de la respussia hbiedoun sistema de se-
gundo orden y las raices de suecuacion caracteristica,

Las raices o frecuenc.as naiurales S 5, de la ecua-

cion caracteristica (5.1.13)dadas por {5.1.14) pueden ser de
cuatro tipos: '

1. Reales y distintas (cuando oz>w0)
2. Reales e iguales (cuando o= wo)
3. Complejas y conjugadas (cuando a< wo)

4. Imaginarias y conjugadas (cuando .a=0)

Cuando las raices son realesydistintas,laforina mas
conveniente de expresar la solucién,esladela ec. (5.1.15).
En este caso la respuesta libre, tal como se ilustrd en el
ejemplo 5.1a, consia de la suma de dos exponenciales de~
crecientes, cuyo valor inicial depende de las constantes K1

y K2 y cuya velocidad de decrecimiento dependede la loca-
- - o d

lizacion de sl y 32
gativo sea su valor, tanto mas rapido decrecen dichas ex-
ponenciales. La fig. 5.2.1a muestra la localizacidn de las

raices si y S, en el plano complejo y la correspondiente

en el plano complejo s, Cuanto més ne-

respuesta libre.
Cuando las raices son reales e iguales, la solucion
homogénea ya no es de la forma (5.1.15) sino de la forma.

Q(t) = K1 exp(slt) + th exj)(sgt)

en donde 31 = ~q es la raiz doble.

Las constantes Kl y KZ se determinan imponiendo ias

condiciones iniciales del problema, En la fig. 5.2.1b se
muestra la localizacion de §; en el plano complejo y la for-

ma de la respuesta. '

Cuando las raices son complejas y conjugadas, 1la so-
lucion homogénea (5.1.15) sigue siendo vilida, pero es en
general mas conveniente expresarla en otra forma para evi-
tar la aparicion de numeros complejos. Dichos nimeros
complejos podrian dar la impresion que la solucidn es una
funcion compleja,pero como las exponenciales de las raices



O

Fig, 5.2.1.
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‘ Respuestalibre de un sistema de segun-

do orden
complejas conjugadas se suman,dardn unarespuesta siem-
pre real, como veremos a continuaci®n,




(5.2.2)

CoinG oL, en eole Canu, or - w® Uy ias raices de la

ecuacidh son;

S = o _y;,,' ‘.,3_ a3

1 o _}Vuo o

S, = =a = jefwd - a® .
2 1%

]

donde j es el nimero complejo

T

Ty

1
pongamoes que son los nimeros complejes dados por:

Sean K_ vy Kz las dos constantes dela ec. (5.1.15) y su-

K, =a+bj vy K, ,=c+dj

1 2

donde a, b, ¢ y d son nlmeros reales.
Para satisfacer la primera condicion inicial se tiene,
de (5.1.15)

8(0) = a + bj + ¢ + dj

Pero como el desplazamiento inicial 8(0) es real for-
zosamente b = -d, )

Para satisfacer la segunda condicidn inicial dada por
la ec, (5.1.17), usando (5.1.14) tenemos:

(- o+ j ng - aé) (a + bj)

+ (- o~ § %/wgwaa)(c-bj)

Como la velocidad inicial w(0) es también real,la su-
ma de las partes imaginarias del miembro izquierdo de
la ecuacion debe valer cero, por lo que:



0

-

a w2 -0 ~ab + ab - ¢ wz-of’=0

de donde a= ¢, En vista de que las partes,!r‘eagles de K, y

K 5 SoB iguales y sus partes imaginarias designo contrario

K 1Y K 4 'son conjugadas y podemos escribir

Kz\szw o C

donde K i es el comple]o congugado de K‘z

81 definimos:

2

(5.2.3) w= Yup -0

donde .w recibe el nombre de velocidad angular de osczla—
. cton amortzguada l1a soluc1on homogenea (5.1. 15) queda:

R ~ [T < . o . E
e * AEASAY: . - . PR
| S A [

(5.2.4) e(t')"= exp(-at) [K, ;egcp(j,w;}ﬁ + I.?lyéxp'(-j;o‘t')] :

- e O Y FT o e -
e A i " w7 e
A

" Si utilizamos la férmula de Euler: .

L ~exp(7wt) * COS. wt + j sen wt
5.2,5) -, R
..:..exp(-]wt) 'cos wt - j-sen wt.

-+ 1a ec. (5,2:4) se puede escribir, recordando Qu:a.vK 1= a + bj,

et COmOZ et

PR s
L B N

(.5:2.,6)42-‘,{ o(l) = 2 exp(-xt) (a cos wt = b sen wit)

L YR
PR N

o cual es una funcién real, como quer{amos demostrar.
.Podemos escribir ©(t) de otra forma definiendo un
{mgulo ¢ como se muestra en la fig, 5.2.2°




Fig, 5.2.2.

(5.2.7)

(5.2.8)

(5.2.9)

\

Definicion del angulo ¢

i

La ec. (5.2.6) se nuede escribir en términos de ¢ como

e b e

Q) = 2¢/a® + b2 exp(-ui) (cos p cos Wi ~ sen ¢ sen wi)

2 Ja® + b? expl(~t) cos (Wi + )
¢ = tan (b/a)

Observemos que a y b son las partes real e imaginaria

de Kl respectivamente.

Las figs: 5.1.5 y 5.2.1c muestran la respuesta en este
€aso, que es una curva sencidal amortiguada. Observemos
que de o = |Re $; | =Re S, | depende 1a velocidad con que se

amortigua la senoide. Entre misnegativa essRe(sl) = Re(sZ),

tanto mas rapido se amortigua 1arespuesta libre. Por otro
lado la velocidad de oscilacion de la respuesta cepende de
w =4yYw? ~ o, o sea dela parte imaginaria de las raices

s

1Y%
| Im s, | = |Im le tanto mas ripida es la oscilacibn. El lec-

de la ecuacidén caracteristica. Entre mayor sea

tor debe recordar estas relaciones entrelaposicionde las
raices de la ecuacion caracteristica y el comportamiento
de la respuesta libre.

Finalmente, si las raices scon imagin- rias y conjuga-

das, lo cual sucede cuandow = Oen el sistema. En este ca-

so, usando la ec. (5.2.7), la respuesta se reduce a:
/
/

1

i =2 @ + b2 cos (wl + ¢

s
A



& - (5.2.10) - =-tan <—-—>

R

En la fig, 5. 2 1d mostramos este t1po dez espuesta li-
bre. SR o
Supomendo que los pardmetros del sistema sea*’l pOSl-
. tivos, 1o que: 1mp11ca partes reales negativas en las raices -

s1 y S 2 de la ecuacidn caragterlstma setendran -cuatro ti-

pos de comportamiento para la lrespuesta libre:

1. Sob1'eamo1ftiguqda; : 1a respuesta. es una suma de exﬁ)@“s—
nenciales negativas, y por lo tanto larespuestatiende a
cero para t-«, La respuesta esti dada por la ec.

(5.1.15), y s; ¥ S5 estin dadas por la ec. (5.1.14). Este

caso se presenta cuando a> W 9 y la fig. 5.2.1a muestra
la respuesta. S i

2. Criticamente amortiguada; la solucidn es el productode

una exponenc1a1 negativa por unarecta. La soluc10n tien<

O de a cero para t-o«. La solucién esti dada por la ec.

(5 2 1) donde31 2 Tmoyos wo En este caso la res-

g puesta aparece: en la f1g 5 2 lb ‘

3. Subamortzguada la solucmn es el producto de una expo-
nencial por una cosenoide defasada un angulo ¢. La solu-
cibén' tiende a cero cuando t—= y estd dada por la ec.
(5.2.6) o por la ec. (5.2.7). Elérgulo ¢ se encuentra em-
pleando la ec. (5.2.8). -Las dos raices son complejas y
conjugadas y estin dadas por la expresién (5.2.2). El ca-
so se presenta cuando o< Wy ¥ la formade la respuesta
aparece en la fig. 5.2.1c. ‘ ”

4, No amortiguada; la solucibn oscila y es una cosenoide
defasada un angulo ¢. La respuesta estid dada por.la. ec.. :
(5.2.9) y el dangulo de fase por (5.2.10). Este caso se€ pre-
senta cuando o la constante de amortiguamiento de
acuerdo con (5.1.11) es nula y“sl_2=_;_f_j' w,PoT (5.1.14).

En la fig. 5.2.1d aparece este tipo de respuesta libre.
EJEMPLO 5.2a Supongamos que los parametrosdel sistema mecanicodela
fig. 5.1.2 son:




k = 1,000 ?1/’271.'
D = 200 ns/m

m = 10 kg

Fig. 5.1.2.

i

)

p g;-;n“) = FR0:0 o W
LT RN YRR | 2

y que las condiciones iniciales sean:

x(6) = 0.1 m
s(0) = -0.9 m/s
Calcule la respuesta x(1).

Solucion:

S‘istema vibratorio de segundo orden

Comparando la ecuacién diferencial (5.1.21) que rige
a este sistema mecéanico con la ec. (5.1.2), vemos que en

este caso las constantesa y w

@= Zm =10
K
wo— - = 100

" La ecuacidn caracteristica
s2 + 20s + 100 = 0
.tiene raices dobles

$; =8, % =10

0

50n:;



(5;2\.11)

2

(5.2.12)

';:JEMpLd 5.2b

L
J

y de acuerdo con (5.2.1) 1a solucibn es:

x(t) = (K, + K,t) exp(-10%)

l:a derivada de (5.2.11) es la velocidad

| s(t) = (-10K; + K, - 10tK,)e

Usando las ecs. (5.2.11)y (5.2.12) ent = 0y los valores de

las condiciones iniciales, se obtienen los sxgu1entes valores

para las constantes Kl yK,: Pe

5

- H . PN A .
. - B ~ PR AN O
= -
° .

1
Ky =10

~ La solucién es, por lo tanto:

. x(t) = 0.1(1 + 10t) exp(-10%)

Calcule la respuesta x(?) .del SLStema mecamco de la fig.
5.1.2, si los parametros son:

k = 1,250 n/m”
D =100 ns/m .,
m =10 kg

y las condiciones iniciales son:

/N




x(0) =0.1m. p
s(0) = ~0.5 m/s

Solucion:

Las constantes @ y w,. en este caso son: .

i .

f

, D
o = 2m—5

La ecuacidn caracteristica

s? + 10s +~i25 =0
o

tiene como raices:
, 31,2,=‘"’5ij10
/ -De acuerdo con (5.2.7) la‘solucic’m es:
)‘ ~x(t) = A exp(é5t)(cds(10t» + ?“-
(5,2.13) y derivando (5.2.13) se obtiene la velocidac
s(t) = A exp(-5t) (- 5 cos (wt + ¢) - 10 sen (wit + ¢))
V ﬁg@n@o las condiciones iniciales se pueden calcular las

‘constantes A y ¢, a saber:

/



parat = 0.

x%(0)

de donde:

A=01

0 =9 .

Acos ¢ = 0.1

. La respuesta es por lo tanto:

O

Tabla 5.2.1

x(t) = 0.1 exp(-5t) cos 10t

- S(0) = A(-5 cos ¢ - 10 sen ) = ~0.5

!

Los ejemplos 5.1a y 5.2a y-b ilustran los tres diferentes
;tipos de respuestalibre de un sistema con amortiguamiento

a# 0.

Y

La tabla 5.2.1 resume lqjs,;i\-lesultados anteriores:

critico -

Sub
amovtiguados

Amortiguamiento|”

10"

11.2

: Constantes | :
Tipo de sistema S ‘Respuesta
7 a . | w B
0
Sobve P 2 et
; ‘ 1 .8 10.3 exp(-8t) - 0.2 exp(-121)
amortiguado 0 ;9:8 — ol ‘M

0.1(1 X t) exp(-10t)

0.1.exp(-5t) cos 10t
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(5.2.14)

- P PIE
AT T

S

La f1g 5 2.3° ‘muestra’ las graf1cas (t* x) para estos tres -
tipos de respuesta libre; - *, 7 -

. Los anteriores ejemplos ilustran cdmo depende lafres-
puesta libre, de un sistemade segundo ordende la posicion
de las raxces de la ecuacion caractemstma enel plano com-
plcjo. Esfa posicidn esasuvez funcion del valor de los pa-
rametros. A continuacidn exploraremos como varia la posi-
cion de las raices alvariar los parametros Mantendremos
constantesel valor :de ia’ conistante: elastica K y-de la masa
m, Varlaremos el valor de 1a constante de amort1guam1ento-
D, ‘ '

Empecemos con51derando que’ la constante de a.mortl-
guamiento D es nula, por lo tanto el coeﬁmer.te de amortx-
guamiento

-es nulo.

Este caso corresponde al u1t1mo es decu al de una 'S0-
lucidn no amort1guada, Las raices ofrecuenclas naturales
son:

st Lo Aooos Lo P, .
N L
"

" En el plano comple]o s estas raices estan locahzadas
sobre el eje imaginario como lo muestra la fig. 5.2. 1d.

La velocidad angular de estas oscilacionesno- amorti-
guadas es: ‘

Esta constante, medida en radianes/seg, es lavelgc{-
dad angular de oscilacion w, Y sellamavelocidad de osci-

lacién no amortiguada.La frecuencia en Hevtzo ciclos/seg
que corresponde a la velocidad de oscilacion w 0 €S

vy "
s

“o
To = zm M2

a

LN

N




y se le llama Jfiecuegncia de oscilncion nu -amoviiguada.
Al reciproco de la frecuencia fse le llama periodo ¢.
Al periodo correspondienie a f 0 0 sSea a:

(5.2.15) T = — (seg)
0~ 7,

se le llama periodo de oscilacion no amovtiguada,y se mi-
de en segundos.
Consideremos ahora un valor delaconstantede amor-

tigpuamiento D mayor que cero, para que o< wo, las raices

S, o Son complejas y conjugadas, a saber:
?

=aq X j ¢y -
S2°* =7 V%

El mobdulo de este complejo es:

1/1{
= 3 2 a 2 = — —
.|81D2| .g/a + (wo a®) W,

Im(s}

Caso subamortiguado 7. - Caso no amortiguado
a<uw, —‘31’}/ D=0

a=0

Caso criticamente
amortiguado

a= w,
6/ 51 s z/s Re(s)
[y Of e
sobreamortzguado
a>w

\_4 Caso no amortiguado

a=0

Fig, 5.2.4. Lugar de las raices de la ecuacion ca~-
racter{stica para K y m conslantes

€
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que resulta independiente de-D. Por lo tantoal ir variando
D, las raices van describiendo el semlcxrculo que se mues-

tra en la fig, 5.2.4,

(5.2.16)

Mientras las raices s 1 'y S, dela ecuamon caractems-

tlca se encuentran sobre elsemm1rculo dela fig. 5. 2 4,la

respuesta esta dada por (5. 2 ). Recordando que -

. . A L i { ¢ . . . ' N '
.|K1"|= V a® + b3(x(t) = 2 |K,| exp(-at) cos(wt + ¢)

.por lo que la constante w, es la veloc1dad con que oscila la

respuesta y se llama velocidad de asctlaéion amovrtiguada,

. Se mide en radlanes/ seg. La. correspondiente frecuenciaen

lvHertz es:
f‘f—ﬁ'(HZ’

(5.2.17)

(5.2.18)

y se llama ﬁecuencza de oscilacion amortiguada. A esta
frecuencia le corresponde un periodo T

1
T = ~—
=7 (seg)

que se llama pewodo de oscilacion amortzguada y se mide
en segundos.

Observemos de la fig. 5. 2.4 que al ir aumentando D va
disminuyendo la‘velocidad de oscilacibén w y aumentando por
lo tanto el periodode oscilacién amortiguada hasta que llega
ur momento en que dicho permdo se vuelve infinito, es de-
c1r, el circuito deja de oscﬂar Esto sucede cuando las
raices se encuentran en el eje real a wia dxstanma wo del

origen en el punto ~a. En este caso Wy = as es decir;




m 4dm

El valor del amortiguamiento que satisfacealaec. (5.2.19) °
- se llama critico y es, por lo tanto:

5.2.2 =
( 0) D, Z‘E/Km

Para valores de D mayores que Dc’ las raices son rea-~

les, negativas y distintas y la respuesta es sobreamorti-
guada. Al ir aumentando D,unadelasraices se vuelve muy
negativa y laotra permanecedentrodel circulo acercandose
al origen. En el limite cuando L'-> unade las raices tien-
de a (-=) y la otra al origen por el lado izquierdo.

En el problema 1 sepide al lector que repita este and-
lisis para un circuito RLC serie y RLC paralelo.

Fig. 5.2.5. . Folograffa de las curvas (t - v ) de un
" circuito RLC serie ¢

Con ayuda de un osciloscopio puede ocbservarselafor-
ma de onda de la respuesta libre de un sistema. En la fig.



0.2, 5 aparece la fotografla de tres ondas de. tensmn vC S0~
brepuestas. La tensxon vc med1da en las termmales de la

capamtarcxa esla respuesta libredeun c1rcu1toR L C se-
'rie. Cada curva corresponde a un valor d1ferente de la re-
S1stencm. R mientras que el valor dela mductanma y capa-
citancia se mantuvo constante.- Al'invertirse la resistencia
R la respuesta libre cambia de oscxlanteaexponencml co-

mo puede observarse ‘en dicha: f1g W e

v
.y

sapont

95!

N Respuesh §ouadu y wespuesh ﬂoﬂuﬁ L

1

-:»Supongamos que -en:lugar: de un s1stema libre, teremos un
circuito serie RLC excitado con una fuerte defenmon “apli-
cada en { = 0, como se muestra en la fig. 5.3.1.- Este cir-
cunto tiene una malla vy tres ramas. : -

-

;';r,«

¢
LIRS




Fig, 5.3.1.

(5.3.1)

(5.3.2)

" (5.3.3)

-
‘! ‘

Circuito sevie RLC con excitacién for=

zada

La ecuacibn de tensiones de Kirchhoff (LTK) aplicada
a la malla da: .

V. +V +vL=e(t)

Si consideramos como respuesta a la tensibén eﬁ el capaci-
tor, haciendo uso de la relacion z'R = z'L = ic y de las ecs.
(5.1.31), (5.1.32), (5.1.33) y (5.3.1) se puede escribir la
ecuacion diferencial que caracteriza al circuito de la fig.

5.3.1 como

3
vc(t) R dvc(t) 1 e(t)

a7t L Ta t I ¢ = Ic

Si definimos o= R/2L, wz = 1/LC }la ecuacidn diferencial
anterior se puede escribir como:

davc(t) de(t) e(t)
—gr + 2« TR + "% vc(t) = IC

Comparando la ec. (5.1.38) con esta ec. (5.3.3) iguala-
da a cero (sin excitacion forzada), vemos que tanto un
circuito RCL serie como un circuito RCL paralelo estan
caracterizados por la misma ecuacion diferencial (5.1.12),
si en el circuito paralelo la respuesta es la corriente iz



(5.3.4) Y, =

(5.3.5)

- Ca e

\‘*

y en el serie es la tensmn V.- La Unica diferencia es que

o= 1/2RC: para el c1rcu1to RCL paralelo yo= R/ZL para
el circuito RLC serie; mientras que wz = 1/LC en ambos
casos. ]

_ La solucidn de esta ecuacidn diferencial lineal de coe- - .
. ficientes constantes, no homogénea, en este caso particular

de segundo orden, esti dada por la suma de la respuesta
v, de la ecuacidn homogénea asociada, y de una respuesta

v (apenchce B).

Por lo tanto la solucion general de la ec, (6.3.3) es:

v, ¥V

. .
et e et el

En la seccidn 5.2 estudiamos cdmo seobtienela solu-

* ¢ibn homogénea para diferentes valores delos parametros

de la ec. (5.1. 12) El lector recordara quehay que obtener

" las raices s ys” 2 de la ecuacmn caracteristica’ de (5. 3. 3)

1
1a forma de la solucidn dependera de los valores de esfas
raices.
~En_ esta beccmn .estudiaremos como se obtlenela res-

puesta partlcular vp,*s1 la excitacion es un'escalon o un ‘im=

( pulso, con ob]eto de obtener larespuesta total a estas exci-

taciones. Con un ejemplo ilustraremos como se obtiene: la
respuesta cuando la excitacion es perxodnca. LT

Respuesta a un escalon:

La exitacion e(t) es en este casoiguala e(a) = K u(t) donde

u(t) es la funcion escalon definida en el apendme D. Para
tiempos positivos, la solucidn partlcular de (5.3. 3) es:

v(t)- o,t_o S

Por 1o tanto, la soh.cmn general parahempos pos1tnvos
es:

.




{(5.3.0)

(5.3.7)

(5.3.8)

(5.3.9)

>0

vc(l} = K~ e-xpgs_lt) + K 0’ L

7 2

&

éf,’k:[)(&a?'. 32’} + i

si las raices no son dobles y

vc(t) = (Kl + Kzt) exp(-at) + KO

si las raices son dobles e iguales a - ¢,

K IR K o soncon stanles arbitrarias que dependen de las

condiciones iniciales del problema. Su evaluacion se realiza
de la siguiente manera:
para f = 0 de (5.3.6) se tiene:

vc(O) - K0=K1 +K2=

y derivando (5.3.6) y recordando que

de(t) 1
@& | T ¢
t=0

tenemos:
4 0 = s, K, +s_ K
c U 181 F%2%2

Resolviendo simultineamente (5.3.8) y (5.3.9) obtene-

mos las constantes Kl y Kg.

Una serie de ejemplos servirdn para ilustrar cdmo se
obtiene la respuesta particular, la homogeénea y la total si



]

las excitaciones son funciones de escalén y periddicas. Ades

mas se identificaran todas las componentesdela respuesta
y Se sefialaran sus prmmpales propxedades.

),.’ .

EJEMPL05 3a Calcule la respuesta con51derada como la tensi6n en el ca-

pacitor del circuito RLC serie de Ia fig. 5 3.1sila fuente

" de terision constante e(t) de 20volts.se aphca en t=0y: las

(5.3.10)

E

L. ,,f' 5 dta

.condiciones mxcxales son:
zL(O) = 10a

vC(O) = 00.

LR .
LS vy

El valor de los parimetros es:
R=70ohm,L=1henvy y C= fO—-farad

Solucién:
Sustituyendo.vilores en 1a ec. (5.3.2)

~13
d vc(t) . dvc(t)
K3

+ 10w (t) = 200

La ecuacidn caracteristica es:
s? +7s + 10s = 0

cuyas raices son: .




L.a solucién homogiénea es por fo tanto:
i
vh(t) = K1 exp(-2t) + K2 exp(~5t)

'y l1a solucién particular es de acuerdo'con (5.3.5)

v () = 20
p(

La solucitn general empleando (5.3.6) es:
(5.3.11) v, () = K exp(-21) + K, exp(~51) + 20 t=0

Lias condiciones iniciales son:

vc(O) = 0 voli

'dvc(t)' 1
—— = = i(0) = 100 volt/selg
t=0"

Sustituyendo en (5.3.11) y su derivada las condiciones
iniciales se tiene:

o='1c1' + K, + 20

100 = -2K1 - SKZ

de donde



(5.3.12)

(5.3.13)

'(5.3.14)

K1 =0
Kz = =20
Sustituyendo en (5.4.7) tenemos: ‘ L.

v () = =20 exp(-5) + 20420

Notemos que la respuesta no contiene ningiin término
en exp(-2t) Enlarespuesta, o sea la tension del capacitor

‘para‘las’ condiciones iniciales'dadas, no dparece la cons-

tante de tiempo del c1rc.uto correspondiente a la raiz de
-2

Identifiquemos las componentes de la vespuesia com-
pleta (5.3.12).« .

El téermino de larespuesta total dn 1g'ual forma de onda
que la excitacibn eslavespuesta permanente. En este ejem-
plo.1a excitacibn esconstaste apartir det = 0,0 sea:

N

L S R
T fie ‘

e(t) = 2020
Por lo tanto la respuesta permanente es:

v.()=20t=0 "
p(¥: |

Y, \1 ESe “.“n, n—‘w- - P P e O e .;, C e

" Lar dlferencm entre la respueqta total y la permanen‘te

) 'es Ia respuesta transztoma, por lo tanto

vt(t) = =20 exp(-5l) t =20

es la respuesta transitoria. i
Identifiquemos ahora la vespuesta libve y la forzada.
Para calcular la primera debemos considerar quela exci-

tacidn del circuito esnula. La respuesta libre es por lo tan-

. to la solucidén de la ecuacidn diferencial homogénea.




(5.3.15)

(5.3.16)

d=e i) vy 5
C

it St ..-.,..)j'_'..mmw P g ’45 o 0
FTE + 7 it - 10 vﬂg }

¢con condiciones iniciales

v (0) = 0 voll
c

dvc(t)
- dt

= Ju0 voll/seg
t=0

El lector puede calcular facilmente que la respuesta libre
es: :

lgo exp(-2t) - l_g—q’ exp(~5t)t 20

v 1(“ =

La vespuesta forzada es la solucién de 1a ec. (5.3.10)

"eon condiciones iniciales nulas. Esta solucidon es:

vf(t) = - 1%0_ exp(-2t) + %—0— exp(-5t) + 201=0

Obsérvese que la respuesta total es la sumade la res-
puesta libre y la respuesta forzada. Se debe aclarar que
esta situacidn es vilida séloparacircuitos lineales, varia-
bles o invariantes.No es cierta para civcuitos no -lineales.

La respuesta total dada por (5.3.12) puede por lo tanto
descomponerse en:

Respuesta transitoria

/ N
v ) = 222 cup-2t) - 222 exp(-s0)
c 3 3

\ 4

\d
Respuesta libre



" Respuesta transitoria Respuesta permanente

N ” \
lgo exp(-zt) + =3 exp(-5t) + 20
V. /

Respuesta forzada .

Interpretemos fzslcamente el comportamlento forzado,
del- 01rcu1to dado por 12 6¢:(5.3 12). Si'las condlclones ini<

ciales son’ nulas, al conectar lafuenteen? = 0nila’ tensmn
.en el capamtor ni la corrientéen la mductancm pueden va—
‘riar mstantaneame*zte por 10 tanto

vc(O) =0.
z'L(O) =0

Como la resistencia esti en serie con la inductancia
la corriente en la resistencia es también nulaen ¢ = 0.

R()"O

Por lo tanto en ¢ = 0 toda la tension K o W) aparece en las

terminales de la inductancia

vL(O) = KO u(t)

La corriente delainductancia empieza a aumentar gradual-
mente. El capacitor en ¢{=0 se comporta como un corto cir-
cuito, ya que latersion entre sus terminaleses nula y 1a in-
_ductaricia como un circuito abierto ya que 'iL(O) = 0.

Posteriormente al ir aumentando la tensidn en el capa-

citor irad aumentando la corriente en la i Juctanciay la re--

sistencia. Finalmente cuando {— =,

-]
dvc(t) ) d vC(t) a0
dt dt? 1




t
y de acuecdo cun i so. (5.0 2 Losaa 1o lousson apoeada

Ko u(l) aparece entre las terminales aslcagacilor,y la in-

ductancia actia como si estuviera en corto circuito,
Limv.t) = K

cf 0
{ ~o0

Observemos que estos resultados,alos que hemos lle-
gado por consideraciones fisicas, coinciden con los chteni-
dos al resolver la ecuacion diferencial. Recomendamos al
lector que se familiarice con este tipo de razonamientos fi-
sicos con objeto de adquirir intuicibn en el anilisis de cir-
cuitos.
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Una funcién recibe el nombre de armdnica, sies periodica
y de forma de onda senoidal.
Una funcidn es peribédica de periodo T, si:

8.1.1) fit) = ft £ nT)
‘0= 1,2,3...

y tiene forma de onda.senoidal (o cosenoidal) si:

(8.1.2) f(t) = A cos (wt + o) -

La fig. 8.1.1, muestra una funcién armonica.

chort
T

Fig. 8.1.1.  Funcién arménica f(t) = A cos (wt + ¢, )

A recibe el nombre de amplitud,y & el de velocidad an-
gular,y -#b el de dngulo de desplazamiento.

Observamos que en (8.1¢2), la funcién repite su valor
si wt se incrementa en 27 radianec . por lo tanto:

L




{8.1.3)

donde T es el periodo.
El reciproco del periodo se conoce con el nombre de
frecuencia f, 0 sea

®14) F= 5

Consideremos un circuito serie R-L-C (fig. 8.1.2) ex-
citado por una funcién armonica v(t) = VO cos (wft + «.00).

+

umSS v:: ?L

Fig, 8.1.2. Circuito serie R-L-C

La excitacion no es mas que:

8.1.5) w(t) = Re[vo exp(j¥ ) expa‘wft)]

pues, por la fé6rmula de Euler,

exp(il(v, + wft)) = cos (v, + wft) +jsen (v, + wft)



-0
75

cuya parte real es precisamente cos( ¢0+w-ft),o sea:

. + = '
Re[exp(](np ot ¢ ft))] cos (v 0 + W ft)
‘La. ecuacmn dlferencmal que caracteriza al cxrcuxto de
laf1g812es : PRI

P

! A T
8.1.6) L—d—z-(t—- + Rz(t) G —é-. [ ianae = v -

VT to

: 81 las rondzczones zmczales son nulas y derwamos
8.1. 6),obtenemos : S

. 3
e LT, g i), ]

o A
ai it c M= grrd

Consideremos que la excitacion es de1t1po V exp(st), donde
s'es un'nimero complejo,
"En el apéndice Bsenalamos que sien un s1stema lineal
invariante. el término de excitacion es deltzpoV ‘exp(st), la
' 'respuesta particular es del tipo I exp(st). (apendme B).
) . Sustituyendo los valores antemores de la exmtacmn y A
respuesta en (8 1.7), obtenemos '

(8.1.8)" Lsal exp(st) + RsI exp(st) + -é—[ exp(st) sV exp(st)

donde I'y V pueden ser valores complejos. Estos valores se
* conocen con el nombre de fasoresy se estudiaran en el caa
pitulo 9.
Dividiendo entre exp(st). ambos miembros de 8.1.8) y
despejando el cociente I/V obtenemos:

S
L

(8.1.9)

s® + —R—-s +
L CL :




Analizaremos con detalle la iérmaia 8.1, 54, pero pri-
mero introduzcamos una definicion.

Definicion:

La relacion [/V recibe elnombre de funcionde transfeven-
cia. Generalizando podemos decir que la funcion de lrans-
ferencia de un sistema lineal e invaviante, es la relacion
que existe entre la respuesta particular yel término exci-
tadov de fovma exponencial. Mas adelante estudiaremosla
relacion de este concepto con la transformada de T.aplace.

El empleo de funcicnesdetransferencia permite ob-
tener de inmediato las caracteristicasde la respuesta par-
ticular a excitaciones exponenciales. Masadelante estudia-
remos otras importantes propiedades de ia funcion de
transferencia. ’

La ecuacibn caracteristica de (8.1.7) es:

Las raices de esta ecuacidn representan las frecuen-
cias naturales de la variable dependiente en estudio.
~ Observemos que esta ecuacién caracteristica no es
mas que el denominador de la funcion de transferencia
(8.1.9). En general podemos afirmar que el denominador de
1a funcion detransferenciadeunsistema lineal e invariante
contiene a la ecuacidn caracteristica del circuito. Lasrai-
ces de este denominador son precisamentelas frecuencias
naturales de la variable seleccionada como respuesta (va-
riable independiente), o sea la corriente en este ejemplo.
La excitacién considerada V exp(st) y la excitacidn
armoénica (8.1.5) estdn relacionadas por:

v(t) = Re[Vexp(st)] |

si el complejo V toma el valor:

V = Vo exp(wo)



D N .
*y la yariable compleja toma el valor:

- La respuesta particular ala excitacién arménica sera:

Re[l exp(st)]

pero

s =juf

por lo tanto,la respuesta es:

| Re[I exp(iwft)]

donde el complejo | estd dado, empleando (8.1.4), por:

S
- L .
1= Re )~ E .1 (Vo explivy) ]
R A S s = jo,
f

En el capltulo 9 estudiaremos con mas detalle respues-

tas particulares de circuitos con excitaci6n armdnica.

8.2 Solucion de sistemas lineales invariantes
empleando lo transformade de Llaplace

Como sefialamos en el apéndice C y en la introduccion al
presente capitulo, una de las principales aplicacionesdela

mr,rt

! v\.,.r‘)

™7




(8.2.1)

(8.2.2)

(8.2.3)

transformada de Laplace es la solucibn de ecuaciones dife- @
renciales o integro-diferenciales lineales «de enelicientes
constantes. Un ejemplo os servira pars ilustrar la aplica-
cion de este método y la relacion de la transformada de
Laplace con la funcidn de transferencia estudiada en la sec-
cidn anterior.
Consideremos el circuito de lafig. 8.1.2 excitadopor la
funcidn v(l). La ecuacidn diferencial que caracterizaal cir-
cuito es:

. t
L %t@— + Ri(l) + Tcl:— J{o‘ ithdt' + VC(O-) = v(l)

Obtengamos la transformada de Laplace de (8.2.1).
Empleando la tabla C.1 y la propiedad de linealidad de la
transformada de Laplace, tenemos:

) ] vcm”)
L[Si(s) - i(o0 )] + RI(s) + = I(s) + —S—— = V(s) O

donde

I(s) = & (i) = [0 i) exp(-sthdt’

V(is) = £ () =_L_ v(t!) exp(-st’)dt’

Si las condiciones iniciales i(07) y vc(Om) sonnulas, la re-

lacién I(s)/V(s) es:

S
_I(s) L
V(s)

—~ O

s+ sy
L CL



O

(8.2.4)

(8.2.5)

Observemos que la relacién (8.2.3) es la funcion de
transferencia dada por la ec. (8.1.9). Otra definicién de la
funcidon de transferencia es, por lo tanto:

Definicion:
La funcion de transferencia de un'sistema lineal invariante

es la relacion-entre las transformadas de Laplace de la
respuesta (en nuestro ejemplo Ifs)) y la: exc1tac1on (V(s) en

nuestro, problema) si las condzczones znzczales son nulas.

Observemos_que al pasar de la.ecuacion mtegro -dife-
reéncial (8.2.1) que. caracterlza al circuito, y, cuyas varia-
bles (i y v) son funcion del tzempo a la. ecuacmn algebraica
(8.2.2) cuyas variables (i y v) son funcién de’ la variable
compleja $,las condiciones iniciales (V {07) ei(0 ") han que-

dado automaticamente incluidas en el problema, Es,desde
luego, mas facil trabajar con una ecuacion algebraxca (en
las transformadas de Laplace) que con una ecuacion inte-
gro-diferencial (en las variables originales, ¢ y v),10 cual
constituye una de las ventajas de emplear la trasformada
de Laplace. Para resolver el pr oblema hay que encontrar

1a “solucidn en términos de las’ trarsformadas de Laplace,

y volver a las variables’ originales“usando una tabla de

-transformadas inversas de Laplace.

Volviendo al ejemplo delafig. 8.1.1, consideremos que
el circuitoent= 0 esta rela]ado 0 sea las condiciones ini-

_ ciales del mismo, (0" )y w (0 )s son nulas,

Sient= 0 aphcamos un y impulso de tensidn umtarm, o)
sea:

) = 6(t) -

cuya transformada de Laplace de abuérﬁb con C.1 es:
vis) = o] =1

y sustituimos (8.2.5) en (8.2.3) obtenemos que l1a transfor-
mada de Laplacel(s)delarespuesl ((t)esta dada por:

——
I

@o

=y p
’




{8.2.6)

8.3

(C.4.8)

EJempPLO 8.3a

1 (*pes) exp(stids
f0 = 5= L (s) exp

=
Is) = &
§2 + S5 4 =i
L CL

La relacidn (8.2.6) nos permite definir a la funcidn de
transferencia deun sistema lineal e invavianteenel tiempo,
como la transformada de Laplace de la respuesfa si la ex-
citacion es un impulso unitario aplicadoaun sistema rela-
jado (con condiciones iniciales nulas).

Hemos definido a la funcién de transferencia de tres
maneras distintas que conviene recordar.

En la siguiente seccion estudiaremos como se obtzene
la funcion i(f) a partir de su transformadade Laplace I(s).

Obtenciéon de latronformads inverso de Laplace

Para obtener la transformada inversa (£1) de una funcidn
en el dominio complejo F(s) puede emplearse la ecuacion

que es una integral compleja, cuya solucién requiere un
conocimiento basico de funciones de variable compleja.
Sin embargo, empleando un desarrollo por fracciones par-

" ciales y empleando latabla C.1 detransformadas elementa-

les de Laplace puede en muchos casos obtenersela trans-
formada inversa, sin necesidadde recurrir ala integracién
compleja.

Con una serie de ejemplos ilustraremos este método:

Calcule la velocidad v(tg de la masa de la fig., 8.3.1, si la
fuerza se aplica en [ = 0 y es constante.
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Fig, 8.3.1. Sistemavibralorio de un grado de libevr-
tad :

Solucién:
La ecuacidn diferencial que caracterizaal sistema es:®

m- 4 Dsy + K f "s@ndt' + Kx(0) = At
0

Tomando la transformada de Laplace de los dos miem-
bros de la ecuacion, obtenemos:. oy
Kx(0")

Sﬂ

KS(s) +
s ;

m(sS(s) = S(07)) + DS(s) + = F(s)

o= ¢
vy o -

!

\don@e

| S(s; = [s(t)]

F(s)

[F(t) ]




(8.3.1)

(8.3.2)

Despejande a 5{s) se tiene:

Lt

F(s) - L’CSL—) + ms(0")

S(s) =
D+sm+—§-

Como la fuerza se aplica en ¢ =0, la excitacion es:
ft) = Fu(l)

donde u(t} es la funcidn escaldén y F ¢s uinit constante, La
transformada de Laplace de la excitaciim es:

£

F(s) = S

Sustituyendo en (8.3.1) tenemos:

F -~ Kx(07) + ms(0)
s®m + sD + K

S(s) =

Consideremos los siguientes valores para los parametros
del sistema:

F = 100 newtons {20
s©7) = 10 m/s
x(0) = 10/3m
m = 1 kg
D = 4 newtons/m
K = 3 newtons/m

/o) = 200 =10 + s10 _ _ 105 - 90
()= "o 1 4s+3 = 2 +456+3

»



=
o |

Realizaremos una expansion por fracciones parciales
de (8.3.2). Factorizando el denominador, se obtiene:

(s + 45 +3) =(s+3)(s+1)

coe,

por lo que
__ 4 B
S(S)_s+1+s+3'
por lo tanto:
90+sl0 A . _B

@’3'3)“ (s+1)(s+3 s+l e w3

Multiplicando por s + 3ambos miémbro}s/qle,n(a.?g.&) y toman-
do s = -3 \ el

s +1 s+ 1

90 + 510 _ A+ g

90 -.30 _
-

B = =30

Multiplicando por (s + 1) ambos miembros de (8.3.3) y to-
mando s = -1 B

90 + sl10 = A+ B(s + 1)
s +3 s +3
s = =1 § = =1




(8.3.4)

(8.3.5)

(8.3.6)

(8.3.7)

Por lo tanto:

_ 40 30
SV = 55T - 5 +3

Empleando la tabla C.1 obtenemos:

s(t) = 40 exp(~t) - 30 exp(-3t), t =0

que es la respuesta buscada para raices realesy distintas
del denominador de S(s).

" Hemos ilustrado la obtencidn de la transformady io
versa de una funcidn {en este caso 5{z))cuando el depomi-
nador de S(s) es unpolinomio en s con vaices reales no re-
petidas.

Repitamos el problema cambiando el valor del para.
metro K a

K = 4 newtons/m-

En este caso la funcibn ‘S(s) es:

10s + 86.6
s +4s + 4

S(s) =

El desarrollo en fracciones parciales en este casonos
lleva a:

(s + 2)7 (s +2)

10s + 86.6 _ A __, B __
(s + 2)° (s + 2)° (s +2)

Multiplicando ambos términos por (s+ 2)® y tomando s = -
se tiene:

»



(8.3.8)

10s + 86.6 = A

Para calcular B procedemos a niultipliéar (8.3.7) por

(s + 2)® obteniendo: ‘

10s + 86.6 = A + B{(s + 2)

-

[ LI
Derivando 'con respecto’a s se tiene:
R T A o :
R P R A

10 = B

El lector podri comprobar estos valores realizando la ex-
pansién de (8.3.7) e igualando coef1c1entes de potencias
iguales de s.

| El valor de la transformada de Laplace S(S) es:

,h . % . r‘\ _( [

66.6 I

SV = rar t 52

El teorema de la translacién en el dominio complejo (sec-

cién C.4) y las formulas 9y 3de la tabla C.1, nos permlten
encontrar:

s(t) = (6.6t + 10) exp(-2), £20"

que es la respuesta buscada en el caso er que el denomina-
dor de S(s) tiene raices reales repetidas,

Empleemos ahora 165 mismos parimetros anteriores
pero con los siguientes valores:

D = 2 newtons/m

K = 2 newtons/m




(8.3.9)

ma

En este caso el valor de S(s) es:

10s + 93.3

5(8)=sa+23+2

En este caso el denominador tiene por raices:

141

Estas raices del denominador son distintas, por lo que
podriamos seguir el método delineado en elprimer ejem-
plo para raices reales no repetidas, o sea desarrollando
(8.3.9) por fracciones parciales y luego encontrando la
transformada inversa de la suma de dos expresiones del
tipo

—a
s =-b.

Sin embargo, en este caso de raices del denominador com-
plejas, seguiremos otro método para obtener la solucion,o

*sea la transformada inversa s(i).

El denominador de (8.3.9) se puede escribirdela for-

(s - ) + B°
0 sea

s?+2s+..2=(s+1).3+13

Asimismo, podemos expresar S(s) en la forma

A(s + o) + BB

S(s) = (s + a)® + B2




I
Q . :
- - | PRI o, e S
‘ [ I ¥ - Sl Lo Lt -
y
P ‘
p T s N - ) K . «

"+« .0 en'nuestro-ejemplo - :
L A S S LR BT ;:‘ R AR S S
L:;i"‘ Sre ;.’—*;a;' ‘if-‘}jﬂr. ;.fq T o S L o
10(s + 1) 83.3

8.3. 10 SO = TR Tt BRI T

El teorema de la translacmr- en el- dommlo complejo
-y las féormulas4y5delatabla C.1 nos lievan 'a la solucién:

s(t) exp(—t) (10 cos t + 83 3 sen t)

Esto se puede expresar de otra forma construyendo un
. triangulo como el mostrado.en la fig..8.3.2:

Q' o) = \10° + 83.3° exp(-t)( - — cos t
R - \410% + 83.3°

b

L PN L 83,3 /
N + , —— Sen i
®.3.11) ° - \iP ¥ 83.57

£os % 4
Vada Y I

:vv(t) = 80.6 exp(—f)(cqs 84° cos t + s»en. 84° se-n t)
v(t}*=. 80.6 exp(~t) cos. (t.+ 84°9 . . . .. .

83.3

10

Fig, 8.3.2. Tridngulo para combinar 10 cos t + 83.3
sent




Las respuestas de los tres casos estudiados se mues-
tran explicitamente en ia fabla 8.3 senalitndose el tiro do
respuesta seglin las definiciones estudiadas en el capitulo
4. Se incluyen los valores de « (coeficiente de amortigua-
miento) y W, (frecuencia natural),calculados con las for-

mulas:
g D el K
2m’ %o - m
|
Tipo de respuestia Valores de Valor de la vespuesiu!
o W . C
0 !
40 exp(-t) - 30
Sobreamortiguada 2 > 1.7
exp(-3t)
o (66,6t + 10)
Critica 2 =2 ’
exp(-2t)
: 80.6 exp(-t)
Subamortiguada 1< 1.4 ]
cos (t + 84°)

Tabla 8,.3. Respuestadeunsistemamecanicode pri-
mev ovden

Hemos obtenido la transformadain ersa de una funcidn
compleja S(s) con denominador de segundoorden en 3 casos:
a) Denominador con raices reales diferentes
b) Denominador con raices reales dobles
¢) Denominador con raices complejas

Antes de formalizar los métodos empleados en el ejem -
plo, introduzcamos una definicion: -

-~
N



O

"(8.3.2)

N
Yo 1k

(8.3.12)

" Los"Ceros son L

> e S . oMt
L= =9, o ou , U .
~ . S

,P .= -1 y . P _';_- -

De finz’c ién:

;llos valores que anular: U denommadory por lo tanto, ha-
. cen: tender” a.. mfm1to a: 1a~f1mc1on. Los ceros son aquellos
que anulan a1 numerador y,por 10 tanto hacen tender a ce-

ro'a'la funcion. - R 2 o
En la funcmn 8.3.2) ',.s RN

10(s + 9)
(s + 1) (s + 3)»

S(s) =

PR :
1 N s ! !
-
P
‘o LR

C

L7 L S O N

y los polos son .

1 2R

En general las func10nes que aparecen en sistemasde
‘pariametros cénc éntrados enel dommlo complejo son un co-
ciente de polmomlos s PR .

m m-1
s +8 b
m-1

s"+a .s"1+
=1 ,

tooo? bls\+ bo

F(s) = ——
ceos Tt gls + e,

de coeficientes reales positivos.,

El grado del polinomio del denominador puede ser ma-
yor que el del numerador. En dicho caso decimos que se
trata de una funcion Vaczonal propia, en el caso contrarxo.
se llama funcién racionalno propia. Dada una funcxon racxo-
nal F(s) no propia, dividimos el numeradov entre el denomi-
nador para obtener




; P i, 1i{s)
I‘(S) = —?Q"(':L;- = F(s) + -é.i.(_é_;_,.

donde F (s) es el cociente del tipo ais'“, su transformada
1=1

inversa f(t) es una secuencia de funcionesde impulso y sus
derivadas ya que Lia, = a,6(1), Li a;s = a;0'. ... R(s)

es el residuo y su grado sera desde luego menor que el de
Q(s), por lo que:

R(s)
Q(s)

es una fraccidn racional propia. Paraobtener su transfor-
mada inversa conviene factorizar R(s)y Q(s)y realizar ex-
pansiones por fracciones parciales.

Sea F(s) una funcion vacional pvopia, Z ; las raices de

su numerador y Pz. las raices de sudenominador, Podemos,

por lo tanto, escribir;

(s-Zl)(s-ZZ).“(s-Zm)
(s-Pl) (s-PZ)...(s-Pn)

(8.3.13) F(s) = K

Una expresion de este tipo puede siempre descompo-~
nerse en una suma de fracciones parciales que en el caso
de polos no repetidos es del tipo:

(8.3.14) F(S) = A + B + C
$ - P1 s - PZ s - P3

Empleando la tabla C.1 la transformada inversa es:

(8.3.15) f(tr = A exp(Plt) + B exp(PZt) + C exp(P3t) e s

C



©.3.16)

6.3.17)

(8.3.18)

"° . Multiplicardo,(8.3.15) por s - P

".El problema -consiste, como Se vi6 en el ejemplo, en
encontrar las constantes A; B, C... llamadas residuos. -

.. Pasemos al calculo de estos reS1duos enel caso de po-.
" Tos simples no repetidos primero:

Igualando (8.3.13) y (8.3.14)

(s -Z)(s -ZZ)
Py

X(s;"'PK)(S "PK+1) ooev(s "’Pn)

4 LA S R
N

(s-P)...(s-

‘ P)+E,
k-1 S Fis L

(S - Z ). (S - Zj -‘ \«',:‘7 -~ -

(S-Pl)..._( _1)(3" ..o(s'-PJ

K-~1 K+1 . ) (s
1

K+1

A T S
% ot TN F o

- --nF(S) (s K) Sy T xeld e
Ey] Y d

r\‘\"’“‘”

Si en (8.3. 17) hacemos s = K’ obtenemos la formula para
el calculo delresiduo R Kcorrespondlenteaun polo no mul -
tiple PK:

= F(s) (s - PK) .




(8.3.19)

(8.3.2)

En la formula (8.3.18) es necesario, antes de sustituir
S por PK,simplificar primeso el factor (5 - PK) con @l Crv-

rrespondiente término del denominador de F(s).
Sustituyendo s = PK en (8.3.17), podemos también ex-

presar RK como:

R -k (PK-Zl)(PK-ZZ)...
K (P, =-P),..(P, -P, )

K 1 K K-1

El valor del K-ésimo residuo RK se puede encontrar

interpretando geomeétricamente la formula (8.3.19). Para
hacerlo, primero hay que encontrar los polos y las raices
de F(s), o sea hay que factorizar la funcién F(s) para que
adopte 1a formadela ec. (8.3.13). En el plano complejo o de
Argand, se indica en un rectangulo el valor dela constante
K, con una cruz la localizacion de lospolos y con circulos
la posicioén de los ceros de la funcién F(s),

Por ejemplo, si la funcion F(s) esladada por la ecua-

cion

10(s + 9)
(s + 1) (s + 3)

la raiz tnica es -9, los polos son -1y -3,y la constante
vale 10; estos valores quedan representados en el plano
complejo

§ = g+ jw

en la fig. 8.3.3.
Los polos y ceros deunafuncié. se conocen como sin-

gulavidades dé la funcidn.



Fig, 8.3.3.

Fig. 8.3.4.

10
2 2 ! ~ -
( 1 1 A V A , ) '
£ PO S | 2 i ?.{,.._ >0
-9 -3 ~1

Representacién de la constante K, los

- polos y las raices de laec. 10(s .+ 9/

(s +1)(s. +3) . :

7 .
g 7. b "
- . TR P T

Y
¢ U
. e - r

Observacion: : T

» Las singularidades, de: er complejas, aparecerin en
parejas de complejos conjugados por,ser raices de polino-
mios en S de coeficientes reales-(que es el caso en siste-

mas). :

PK+1

Interpretacién geoméirica de la formula
(8.3.19)




.(8.3.20)

(8.3.21)

. Multiplicando ambos miembros de (8.5.21) poxr (s « F )~

Lafig. 8.3.4 muestra la localizacion de la coustante K
y de algunos de los polos (PI’ PKm} Pﬁ,,é Ph_”) y Ceros

(Zl’ Zz)de una funcién F(s). Con trazo punteado se mues-

iran los segmentos dirigidos que van de las raices de la
funcién al polo PK (0o sea, (PK - Zl)y (PK -Z,),y con

trazo continuo los segmentos dirigidos que van de los po-
los de la funcidén al polo PK-o sea, (PK - Pl ), (PK - PK-_Z)

y (PK"PK+1 ). Hay que notar que estos segmentos repre-

sentan precisamente losfactoresdelnumeradusry deldet:o-
minador de la formula (8.3.19) para el K-ésimo residuo RK'

De una observacidén de la fig. 8.3.4 puede establecerse
la siguiente regla paraladeterminacion de los residuos co-
rrespondientes a polos no multiples (o simples); Elresiduu
del polo K-ésimo es igual a la constante (K) multiplicada
por los complejos representados por los segmentos que van
de los ceros al polo K-ésimo dividido entre el producto de
los complejos representados por los segmentos gue van
de todos los polos diferentes del K-ésimo alnolo K-ésimo.

Para los polos miltiples procedemos de la siguiente
manera para calcular los residuos.

Sea la funcion racional de variable compleja F(s)y Pz

un polo de multiplicidad dos. Entonces F(s} puede escri-
birse como: :

K(s-Zl)(s-ZZ)...

F(s) = 3
(s - Pl) (s P2) .o
La expansion por fracciones parciales de F(s) es:
B
F(s) = ¢ A1 + AZ + = +
- 2 - - o o o
(s - P)) (s ~P) 7 (s - Py

1

\\ ~



. ‘ - 3 = ot ~
F(s) (s = Py)® = A, + A(s = P)) o

@.3.22) - = o« T SRR

(8.3.23)

-'(8.3.24)

(8.3.25) .

A, = S [FOIGs - Py

B ' C B 2
e 0 0 -P)._'«
+(s»-—P ts-p, T )(s e

[

, ., e e Ny
% - 4 v

.

Haciendo s = P 1 »1legamos a:

N
{ e ook

_ _ 3 - \
A1 = F(s) (s Pl)

= P,

L

g .-

Para calcular AZ dérii;efﬁos (8.3.22) con respecto a;g':

__d__\ -\~_ [,a.= Y
2 PO -PP) =4,

B -
- o < - + e ®
* 2(s *Pl)[‘s-P * s - P, ]
EaN ' :' . d ~ —‘B C- -
R Y Ry > L L ey B e T E— o s @
*o(s P’l) ds (s =P, s =FPq - )

y tomando s = Pll

Este e]emplo de un polo P1,11ustra el cammo a seguz.“

cuando se t1enen polos de mu1t1p1101dad dos Sl el orden de. |

multxphmdad del polo P.l es n, las constantesA AZ’ oo oy

An de los termmos correspondientes en la expans;on por

fracciones: parclales de F(s),

'/*ki“

-




(8.3.26)

Al A2 + A?? o

n + - n-1
(s - Pl) (s Pl)

estdn dados por

4

F(s) (s - Pl)hi
| =

P

A, = 7(.:— [F(s) (s - Pl)'"]

s=P1

dn-l n
A = W[F(s) (s - P) ]

.La transformada inversa de Laplace £deuntérmino
del tipo ’

4

(s - P1)3

es.

"1 =]
s - P)7 Ay explbyl) - 52

por el teorema de la translacién en el dominio complejo.
Por la férmula de la tabla C.1 tenemos finalmente:



- P_)?

Al
(8.3.27) (—(s——————) = At exp(p,V

EJEMPLO 8.3b

1

En forma aniloga, la transformada inversade Laplace
de un término de la forma i

)

A
(s - {’;)

esti dada por:

A A ety
(s - Pl)n - t fxp( 1)« -‘ ¢

"

" Elejemplo 8.3b-ilustra la aphcacmn del método geo-
métrico al cilculo de résiduos :correspondientes a polos
complejos. Desde luego, este método también es aplicable

a polos reales.

Calcule el valor de i(t) paraun c1rcu1to ser1e R=-L- C(ﬁg.
8.1.2) con excitacién:. ~

o) = 10 u(t)

donde u(t) es la funcién escaldn parimetros:

R = 3Q

L= 8H

Q
]

1
4F,




(8.3.28)

y condiciones iniciales:

v (07) = 2. volts
C N

i L(O ) = 8 amp

Solucion:

El lector podra comprobar que en el dominio compleijo
el valor de la corriente es:

o4

g 3., L.
8 2

I(s) =

El cero de la funcion es:

I
Z1""3

y los polos ‘son, como era de esperarse, complejos con-
jugados:

_ =3 *ijl10.9 _ -
P2 = 16 = =0,187 + j0.68

La fig. 8.3.5 muestra a la funcifz I(s) (8.3.28) en el
plano complejo y a los segmentos dirigidos que represen-
tan a los términos (Zl - Pl) y (P2 - Pl) que intervienen en

el calculo del residuo correspondiente al polo

P, = -0.187 + j0.68



4
/ “o ol 3.
1.26 90° 7/ ‘ - ’
-
/
/

N

1 .
Py IUECANRY
© Fig. 8.3.5. Representgg:z‘én geométrica de los polos
’ -y las vafces de I(s) = 3(s + 1/3)/s® +
3/8s +1/2
de acuerdo cor la formula (8.3.19).
' La corriente es igual a:
R R R VU S (I S o o PR S SR

-~ e
)\V“s

_ A L RESBY e St
(8.3.29) I(s) = (s - Pl) + (s - Pg)

T T T R ot E LRy (R, S

y el résiduo A por (9.3.19.)‘"‘e"sA:1‘

72 [70° -

A=3 Ta5 00 - LML

y el B es:

B = 1.71 /+20°




{8.3.30)

I(s) =

Se observa que los dos veSiduos que corresponden a
dos polos conjugados son también conjugados.

Con objeto de generalizar mas losresultadostrabaja-
remos con literales. Sean los polos complejos:

P, = -0+ jw

1 0

P,= -0 -Jw,

B=al-a

. 10s residuos, correspondiendo el primero al polo de parte

imaginavia positiva.
Sustituyendo en (8.3.29)

a/o a-z-a

- + >
s - (-0 +]w0) s - (~o - on)

Empleando la formula 3 de la tabla C.1 se tiene:

i(t) = a&exp[(-c + jwo)t] + @ /=0 exp[(-o - jwo)t]

- exp(-ot) [a Lo exp(tjwyl) +a [-a ~ exp(-jw Ot)l



Recordemos que

. : + i
exp(+1cpot)" cos wot‘_J sen got

s en .

Sustituyendo éstas relaciones en la ecuacidn anterior, obte-
nemos . LT N T

i) -';‘éxp(rot) [‘(d cos a + jd';;eri d)i(fc‘oé)ds‘ot ‘+ j sen ;dot)

+ (a cos o - ja sen a) (cos w,t -ij‘,séﬁrrzj‘wot)]. .

exp(-ot) l:(a cos &« + a cos o) coSs wot

- R . . /
[ . S

+ (-a sen o - a sen a) sen wot]
= 2 exp(-ctla [cos o oS wot - sen « s«in wot:]

. - . . N - T
! ¢ yoovt [ - v, e T

i) = 2a exp(-ot)[cos (o + wyt) |
| La transformada inversa correspondiente a los polos
-0 X jw

0

e amrnan YA EAaret o




(8.3.31)

(8.3.32)

2a exp(-ol) cos (th + a)

en donde:
a = magnitud del residuo del polo de parte imaginavia
positiva.
a = argumento del residuo del polo de parte imagina-
via positiva
= valor absoluto de la parte real del polo.
w'o = valor absoluto de la parte imaginaria del polo.

Para el ejemplo 8.3b.

i) = 2(1.71) exp[-(o..w?)t] cos [(0.58)t + (-zzf)]
itt) = 3.42 exp(~.187t) cos (.68t - 20°)

Esta respuesta tiene por velocidad angulas .68, y por pe-
riodo

T = -Z-D—=9.Zseg

“o
La fig. 8.3.6a muestra a la funcién
3.42 cos (.68t - 20°)
y la fig. 8.3.6b muestra al término exponencial
exp(-0.187t)

Si
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Fig. 8.3.6. Factores da lo respuasta del ejempld 8,3b

dada por Ia sc. (3.3.32)




EJEMPLO 8.3¢C

Fig, 8.3.7.

el valor deltérmino exponencial hadisminuidoa 1/¢ = 0.305

Este valor de t se conoce con el nombre dc consiuniv
de tiempo del civcuito (CT) (capitulo 4).

Finalmente la fig. 8.3.7c muestra la respuesta com-
pleta (8.3.32). Hemos ilustrado dos formas distintas par:
calcular la funcidn del tiempo correspondiente a dospolos
complejos conjugados del domwmio s. Conviene recordar
ambos. El primero empleado en el ejemplo 8.3bilustra las
posibles manipulaciones a las que hay que someter las {un-
ciones F(s) para encontrar expresiones gue aparezran ci
una tabla de transformadas de Laplace. EL ejemplo 8.3
ilustra el método grafico y permiteobtener las principales
caracteristicas de la respuesta en eldominio{ por inspec-
cion de la posicidn de las singularidades de F(s).

Comparando los parametros ¢ (amortiguamiento)y )

(velocidad angular) de la respuesta en el dominio de lon
tiempos, ec. (8.3.31), con la localizacidén delos polos de lo
respuesta en el dominio complejo (ec. (8.3.30)o{ig. 8.3.4),
podemos concluir que, si los polos sealejandel eje imag:-
nario, o crece y la CT, 1/0, decrece, desapareciendo méis
rapido el transitorio. Si lospolossealejandel eje real, W

crece el periodo T = ZTT/wO decrece y la respuesta tran-

sitoria oscila mas rapidamente:

»

El circuitodelafig. 8.3.7 muestraun circuito con una fuen-
te de tension controlada por corriente. Si las condicionas
iniciales son nulas y e(t) = u(t), calcule ig(t) para t=0.

Circuilo con una fuente contrvolada del
ejemplo 8.3¢c
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Solucion:
Las ecuaciones integro-diferenciales de malla son:

e(t) = .?Ozl(t) - 10z2(t)

, diy(l)

dt .

311(t) = -1021(t). -flOzZ(t) + 10
(S

+"la transformada de Laplace de este sistema de ecuaciones
es: - - \ .

[E(s) 20 ©-10 L(s)
{

i o -10 - 3 +10 + 1073s - I(s)

_ Aplicando la ley de Cfafher I 2(S)es e

20 E(s)
‘ o l-13 o
I(s) 20 210
1 |=13 10 + 1073 .. ..

Desarrollando las dos determinantes se obtiéné

650
$(3500 + s)

_Iz(s) =

Una expansion por fracciones parciales da por resultado:

_dsf1 1 )
To(s) = 70(3 - s+3500)




BaempLo 8.3d

Fig, 8.3.8.

y la transiormada inversa z‘Z(t) se obtiene de inmedianto:

o 13 13
20 = { 70s ~ 70(3500 + s) }

13, _ _ 7
= [1 exp( 35QQt)Jt20

Muchos sistemas tienen un comportamiento libre que re-
sulta aproximadamente igual al de un sistema de segunde
orden de parametros concentrados, Por ejemplo, la regl.

(a)

(b;

Sistema vibratorio y oscilograma de su
respuesta del ejemplo 8.3d ¢



de la fig. 8. 3.8a, al dﬁrseleasu extr emo un desplazzkmxu.-
to m1cm1, registra una aceleracmn en d1cho punto cuya
funcxon (t - a)t1enela forma que aparece en e1 oscﬂograma
' "‘de 1a; f1g 8 3. 8b Cada d1V1s1on del e]e horlzontal que es el
'dé 105 tiempos; es de 0:2 seg. Encuentre los polos de- U

.Q (a(t)) A(s)

A
B ““4

donde a es 1a aceleracmn del extremo.

-

S:bhiéi()n‘i

- N K v ‘4 N i ™ N
{\'l P AT _')“ “‘

DeJacuerdo con los concbptos estudlados en el capﬁulo

5 el comportam1ento de este sistema, es subamoi'tfgiiiiao.
Dcl oscﬂograma de lafm: -8.3. 8b conclu1mos que 2 5 cmlos
t1enen una duracmn de 0.2 seg. La frecuencm. de las 0SCi-

lacmnes libres es:

oz

f= S = 12.5 Hz

e ,1‘:1' e‘v,,'l \\.La?rr
A esta frecuenc1a corresponde unave1001dad angular de

L \ -

Ly B

, . o L, e 4 K C T ) *
Wy = 20f = 78 seg-1 .. - . o

Ademaé, se observa en el osc110grama q las oscilacmnes

SN v

dlsmmuyen de 1 72 0.9 de amphtud en O, 2 seg.
Por lo tanto:

1 7 Am exp(-at)
0 .9 Am' exp(-o(t + 0.2))

1.9

exp(a0.2)

de donde el coeficiente de amorte imiento o vale:




6.1

Fig, 6.1.1.

En este capitulo trataremos sistemas generales de orden
superior. Empezaremos estudiando el anilisis nodal y de

mallas de circuitos. ‘
Las ecuaciones de movimiento y comportamiento de

- diversos tipos de sistemas, mecanicos, térmicosy de {lui-

dos, resultan ser analogas. Estas analogias permiten usur
los firmes cimientos analiticos que se establezcan paraun
tipo de sistemas, en estelibro los eléctricos, para estudiar
sistemas de otro tipo. Formalizaremos posteriormente las
relaciones entrelos circuitos eléctricosylosno electricos,
desarrollando analogias entre los sistemas eléctricosy los
sistemas mecéanicos, térmicos y de fluidos. Para finalizar
el capitulo estudiaremos algunos conceptos energéticos de
sistemas.

El analisis por mallas o nodos

En esta seccion ilustraremos dos importantes y basico.
métodos para analizar circuitos; elde mallasy el de nodos.
Los conceptos de mallasy elde nodos fueron introducidos en

‘el capitulo 3.
Consideremos el circuito de la fig. 6.1.1. Por los con-

ceptos estudiados en el capitulo 3, sabemos que este circui-
to tiene dos mallas independientes, que pueden ser las dos

i (o]
, 1 2; it
g ﬂ‘} ""z B

/\ i -
N ™~
By {/ i \*L ;/ u \\ |
i ] i R
+ \ ! ) A\ 2 }7 $ £ .
v(t) \\ _’/ﬁ \\//

Circuito de dos mallas



(611)

'mando en cuenta su sent1do

£ 4

mostradas en la f1g 6.1.1. La rama con la mducta‘ncm re-
sulta comun a las dos mallasyaphcando 1a° l’ey de corrleny

tes alnodo 1 la corr1ente en d1cha‘rama resulta de z (t) -

§

e (t) &0 61 sehtido mostrado; - . oo o 3 o

r

" A

_ La 1¢y dé ténsiones dé K1rchhoff aphcada & 1a fnalla
darxa- : : e

L PRUFEPE }

v(t) = R (t) + L’—(z () > i (t))

y dplicdda a la malla II:

22

- \ . i":"’t,'““ wr «:Cl‘i«», ,uh ,,:-Y’L AT
y (! o E— (2 - & 23
0= Rigm) + f i)l < Lgpiyt) = igh)

R . S LN

Defmamos como comfzente de malla a 15 corriente que
pziéai por 1ds ramas dét una malla no s1tuada entre dos ma-
114§, D& deuérdo.con esta defm1c1on et &l C1rcu1to de la fig,

6:1:1 z (t) €1; (t) 561 148 Corrisntss A8 148 mallas i y 2 fes:

Y

pectwamente. Obseﬁiamos qué 15 cbrrlenté“ &0 14 Fama ¢o=

flf‘{““ll‘ e sdeses S ML oL Yy 4

Thin a 4 dos mallas se obtiéné sumando :adgebrsficéiM tité (t"d"-“-’

”l(‘-"?\ B q —(«-\ *‘\'!.L A
) las corrlentes 1as: mallas a

4‘3’1

138 qué la rama én cuest1on €5 comun; _

Efi E’eriéi‘é.l, para obtener 148 &CS: (6:1 f)if (6:1; 2) conos

g

Fan W

Loy VN

 como ecuacmnes de malla 'S8 proc dé de 13 siguiénte

S ons1dera que sdlo C1rcu1a 15 86“iff"i‘ente énh la inalla
@ ot Faaterd A e
el

estu:ho. Las corrlentes en 18§ r“evstartes mal} §se {62
man c¢omo 1gua1es aceroy Se éstablecé la 1’ &y d& ténsio=
nes de K1rchhoff . ‘

En niéstro ejemplo pard 13 #aila I éon ij(ff'# 0é

dzl (t)

v(t) = R1 il(t) + L_dT—

-~ —
™,
:
A

N R by e




b) Luego se toma nula ia corriente en lamalia en estudio,
y se van considerando, w.a auna,diferentes de cero lags
corrientes en todas las mallas adyacenies a la en estu-
dio; se encuentra la caidadetension quedichas corrien-
tes producen en esas ramas adyacentes, tomando en
cuenta la polaridad dedichas caidas enlarama en cues-
tion.

En nuestro caso la rama con la inductancia es comin
a las dos mallas. Con il (t)=0e iz(t) # 0, la caida que

produce iz(t) e dicha rama comin es

dzz(t)
dt

- L

El signo negativo se debe a queiasdirecciones re-
lativas de z'l (t) e i, (t) en dicha rama son cpuestas.

La ecuacién de malla seri igual a la suma de las
ecuaciones asi establecidas. Para nuestro ejemplo por
lo tanto:

— y _.-_——.1
o) = Ryiy() + L—5— - L—

di_(t) dzZ(t)

De manera similar se procede para el restode las

mallas.

® @
O~—~F55——0

i b

R, ¢,V
w (A L. e
DS B

0

Fig, 6.1.2. Circuilo de 2 nodos.independientes



(6.1.3)

(6.1.4) "

(6.1.5)

'
L

En los cap1tulos sub31g'u1entes tendremos oportumdad
de emplear frecuentemente estas ecuacmnesolas de nodos

que estudxaremos a continuacién,- . . - al SR

En la fig. 6 1, 2 se. muestra un ‘circuito con. dos nodos

i;:mdependxentes, 1oy 2:. Sean- vy My v () 1as tensmne,s

- de’estos nodos con’ respecto’ ‘al nodo de referencm (0).

La ley de’ Kirchhoff aphcada a los nodos (1) y (2) da
Paxa el nodo (1) RS

- [ v, .
L PO N A

i) = t (t) + ZC  + ZL(t)

1
o : :
pero
v, (1 -
3R (t)= Rl(f) \:La., >
1 '
L dvl(t)
o =g

L

e 2T o - vt
i () = [ w0 - v

Sustituyendo estos fltimos valores en (6.1.3)

B . PN

v, v, ® 1 og o
: , n 3 ’
+C.— + = L () vz(ltr)/)dt

v

i, =

R 1 di

El lector ficilmente puede encontrar que la ley de co-
rrientes de K1rchhoff aplicada al nodo (2) lleva a:

do,) 1 . \
0 =C_—= + — w ) = v_% )dif

LRIV




Las ecs. (6.1.4) y (6.1.5) se conocen con el nombre de

ecuacliones de nodos. Podemos establecerlas de ]a siguiente
" mancra sistematica:

a) Consideremos nulaslastensiones de todos losnodos me-
nos la del node bajo estudio, considerada positiva. Si en
estas condiciones aplicamos la ley de corrientes de
Kirchhoff (LCK) al nodo en cuestion, encontraremos que
entra (o sale) alnodo en estudio la corriente proveniente
de las fuentes de corrientey sale corrientede dicho no-
do a los demés nodos conectados con él (ya que la ten-
sidon es mayor que cero en el nodo en estudio y se con-
sidera nula en todos los otros nodos). Ennuestro ejem-
plo de la fig. 6.1.2 la regla anterior lleva a:

vl(t) dvl(t) 1

i) =

b) Ahora consideremos nula la tensién del nodo en estudio
y mayor que cero la de todos losnodos restantes adya-
centes al primero. Todos estosnodos "inyectaran'' aho-
ra corriente alnodo en estudio. Estas corrientes tendran
por lo tanto un sentido supuesto contrario al encontrado
en el paso a).

En nuestro ejemplo; el nodo 2 , al tener una ten-
sion v2>0 y v, = 0 inyecta a 1 wuna corriente igual a:

1 t
- L [ vt

X

Finalmente se suman los resultadosde los pasosa) y b),
obteniendose en efecto paranuestro eje.nplolaec. (6.1.4)

El procedimiento descritc se repite paralosrestantes
nodos independientes del circuito paraolt cner el sistemade
ecuaciones de nodos linealmente independientes.

En el capitulo 10 estudiaremos varics métodos siste-
maticos para el establecimiento delas ecuacionesde malla
y nodos. Si se emplean las ecuaciones de malla, es conve-
niente transformar todas las fuentes - 2 corriente en fuentes
de tensidn. En casodeusarse ecuacic 1esdenodos conviene
tr.ansformar todas las fuentes de tension en fuentes de co-.

|



Frrics o
:,1 en 'lvfe. Sino se reahzan estastransformacmnes enton(‘es

do., :.caso del anialisis nodal,ladiferencia-de. tensién entre
fubp odos es un datodel problema,y es, igual al- valor de la
ecu: dc de tensidn enfre dichos nodos. En’ el anahsls por
f1]1 !ciones de. malla ‘una fuente de corrlente ‘en una rama,
‘mat.cl. valor de 1a, cllfcrencm de las corr1entcs de las' clos
cn'lls adyacentes\a las.ramas. En lafig.6.1.3.la diferen-

‘le corrientes de malla z (t)- ) (t) 1'esu1ta 1gua1‘ al valor

de 1
‘ \ fuente de corrxente z (t) por 10 tanto-

.

6.1.6) (.
R R N O N (

b

es w 1’01 lo tanto solamente una de las cormentes de malla
SO A, mcogmta. : '

Fig. 6.1.3. Ejen,.
: mente -»lode corrientes de mallano lmeal-

* independientes

¢

cién; L0s conceptos de malla y nodo estudiados en.esta sec-

entre .10s -permitirdn -analizar. formalmente -1as relaciones

se eg - diversos sistemas dindmicos. En'la’ s;gmenf«p seccmn

mec: " tudiaran las relaciones de analogia entre un sxstema
iico y un. c1rcu1to eléctrico.

PR
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-
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6.2 Siste,.
SMGs mecunlcus
En el .
los & - oapltulo 1 seiialan' - las analoglas que existen entre

iiversos parimetros de un circuito eléctrico y los de

|



(6.2.1)

(6.2.2)

un sistema meclnico. En esta seccion estudiaremos for-
malmente dichas relaciones cou objeto de poder aplicarla
metodologia de la teoria de circuitosala solucidn de pro-
blemas dindmicos en general, y mecanicos oscilatorios en
particular.

Se estableceran las dos analogias basicas entreun sis-
tema mecinicoyuno eléctrico, la analogia fuerza-tensiony
la analogia fuerza-corriente. Para esto,demos primero uta
definicion:

Definicion:

El nGimero de grados de libertad de un sistema mecanico,
esta fijado por el nimero de variabies de desplazaniento
que se necesitan para fijar la posicion de todos sus eic-
mentos.

En la fig. 6.2.1a, tenemos por lo tanto,un sistema e~
canico, de un solo grado de libertad.

Consideremos un sistem:u vibratoric mecanico de un
grado de libertad, un circuito eléctrico de una maila con
elementos en serie yotrodeunnodo independiente con ele-
mentos en paralelo, tal como lo muestra la fig. 6.2.1.

En el sistema mecanico de la fig. 6.2.1 el desplaza-
miento X, que fija la posicién de la masa m, satisface iz
siguiente ecuacibn diferencial: o

ft) = mx(t) + Dx(t) + Kx(t

donde f es la fuerza,meslamasa, D es la constante de
amortiguamiento, K la constante del resorte y x el despla-
zamiento.

Empleando como variable a la velocidad s = dx/dt, po-
demos escribir '

!
f(t) = ms(@) + Ds + fu Ks@hdt' + Kxo

donde %, €s el desplazamientoinicial del resorte, s (0r.

Para la reddeuna malla mostradien ia Ng 62,140, to-
nemos la siguiente ecuacitn, de tensiones (L 1A}

PV T
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Fig, 6.2.1; sttema mecamco y circuitos electncos
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S =

-

R(t)+v(t)+v(t) e | .

t

" Lds ca1das de tensidi expreS"«dzrs ‘en téfmin

cormentes estdn dadas por?

zs‘R(t) = Rz‘(t)

A

0s dé las

 ann
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(6.2.3)

- L
v () = G4

Pero la carga q(t) estd dada por

! )] t
q) = f idt' = f i)dit + f idt’
-y - N 0
! .
= q(0) + f it dt!
0 L)
por lo que

v (M) = =qO + = J' i(thdt!
c C C J

o~

Sustituyendo las caidas de tensi6n anteriores er la LTK ob-
tenemos:

iehdt' + %%Qi

ﬁ[u

. t
() = L—d(%t)— + Ri(t) + f
' (1]

Para la red de un nodo independiente (fig. 6.2.1c) podemos
establecer la siguiente ecuacién de corriente: (LCK)

it) = iG(t) + iL(t) + iC(t)

Tratemos de expresar las corrientes en funcion de la
tensidn de nodo. Integrando la ecuacidn

_ . di
vL(t) L T

[



EEPE

;
obtqnemos

hem Ak e e TLCEAT AT
g

L DAt + i
L(t) £ [ ogana ¢ i

CE
.
- Wy o -
Como ‘- \

: .
, ! N [}

,

i

I
Vc(%f) C q(t)

entonces - -

cV, @ =aft)

5

Derivando esta ecuacién obtenemos

av (... da@). .
C—i— = @ =L
‘Reccrdando que.- _

R R
v aque V. (t) = C(t) =V (t) = V), la e‘cﬁti'é.cix()‘nidg corriente
‘(LCK) anterlor se puede escr1b1r como ‘ '

‘ ! i ¢ ' ’ N +
y 1 .
i(t) ’-f»“C-‘-iaQt(-t-)- + I J; v(t')dt' +i,* Go()

Comparando las ecs. (6 2.2), (6.2.3)y (6.2. 4)podemos
establecer la siguiente tabla de equwalencms

el

, .
[
\“i

v




Tabla 6.2.1

sz s, LT T T e AT a4 SR AR L L VIV N » TR AT Y AT

SISTEMA MECANICO DE TRANSLACION

Fuerza (f)

. Masa (m)

i Velocidad (s)

5 Amortiguador (D) -

| Resorte (K)

: Desplazamiento (x)

i L ]

i E

SISTEMA ELECTRICO

{ Analogia fuevza-tensién ) Analogia fuerza-corvienle
Tension (v) Corriente ‘ (%)
Inductancia (L) Cabacitaencia (C)
Corriente (%) Tension (v)
Rzsistencia (R) Conductancia (G)
Capacitancia (1/C) Inductancia (L/Cy
Carga (q9) Flujo {0}

Existe, desde luego,analogia entre los sistemasdero-

tacion y translacidn, de acuerdo con la tabla 6.2.2.

En la analogia fuerza-tension, las masas son sustitui-
das por inductancias que podrian ocupar dos posiciones.

a) En las ramas no comunes a dos mallas, en cuyo caso, la
caida esti dada por L({di/d¢)o por su equlvalente meca-
nicom(ds/dt).

b) En la rama comfn ados mallas,laiy la js en cuyo casv
la caida en lainductancia estd dada por L(dz /dl - dz ./dt)

0 su equivalente mecéanico Ls ]].

Como la fuerza de inercia depende de la aceleracion
absoluta, es evidente que la primera alternativa es la co-
rrecta, pudiendo, por lo tanto, establecerse que en la ana-
logia fuerza-tensidn el elemento que sustituye a la masa de-
be ir en las ramas no comunes a las mallas,

l



Tabla 6.2.2

' ROTACION
Par (1)
Acelevacion angular N7
Velocidad angulay \ (w)
Momento de inevcia (1)

Coeficiente de amortiguacion

(Rotacional) _ — (Dy)
Rigidez torsional. (K o/
TRANSLACION
Fuervza - (F)
Acelevacion - (a)
Velocidad o : (s)
Masa - - . (m)

Coeficiente de amortiguacion .

(Trans lacidn) (D)
Rigidez . . (K)

De una manera aniloga en laanalogia fuerza-corriente
puede demostrarse que el elemento capacitivo que equivale
a la masa debe ir siempre conectado alnodo de referencia,
que tiene tension nula, 1o que equivale a velocidad nula en
el sistema mecanico. .

'~ En general es mag conveniente el empleo dela analo-
gia fuerza-corriente, ya que no se altera la topologia del
sistema; los nodos del sistema mecanico equivalen anodos
en el sistema eléctrico.! -

3 A
g
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EJEMPLO 6.2a Establezca el circuito equivalenie por analegia fuerza-co-
rriente del sistema mecéanico mostrade en la fig. 6.2.2a y
plantee las ecuaciones diferenciales correspondientes.

N\
—
1 :_.\J

= C )
ek . (b)

Fig. 6.2,2, Sistema mecanico para el ejemplo 6.2a



Solucion:

Empleando las relaciones de la tabla6.2.1, facilmente
llegamos al circuito eléctrico de la fig. 6.2.2b. Las ecua-
ciones diferenciales son:

Nodo 1:
Para el sistema eléctrico -
1 t dvl(t)
= [ ! !
0 glvl(t)_+ T Lvl(t)dt +C1 3i
1 .
1 ; [4 4
C—— - ' L
+ < L (v, () = v, (" )dt
o e
1 t no . 4 ' - 4
+ iz, W_N{yl(t) v (t))dt" + Gy (t) = vy(l))

—— — ——— . —— r

Para el sistema mecanico

t (
=z 7 7 ds t)
0 = Dlsl(t) + Kl L sl(t )dt! + m; =gt

' t
. " - ' ?
it K2 [x (Sl(t) Sz(t_))dt

t AT .
+ K, L (s,(t) = s,(t))dt + Dy(s (1) = $,(0))

_j}{pdo 2:
Para el sistema eléctrico

dvg(t) 2
0-5‘.—'__62, ;gt —— 1. L3

1

+-—-—
Lg

t
L (vg(t') - vl(’t’) )i’

el
Y ' _
L (0, (1)~ v (E)dE" + Golo ) = v (1)

~—y




EJEMPLO 6.2b

Para el sistema mecanico

dsg(t) t

— —_— oo ? '
0= m,—7; +2K2 B (32(“ sl(t))dt

{
7 o 7 ? -
+ K, L (s,(t) = s4(t))dt" + D(s (1) = s ()

1

Nodo 3:
Para el sistema eléctrico

-~

P = e nry ' 7 ——e
W = L (0 (8 ~ v ()t + Cyi
Para el sistema mecanico
f‘ ds3(t)
= o ’ ¢ —
f = Ky | (s, - s,)dt" + m—>

Determine, empleando la analogia par-corriente, el cir-
cuito equivalente al sistema mecinico mostrado en la fig,
6.2.3a, que ‘consta de dos discos conectados a flechas elas-
ticas. ‘

Solucidn:

Paralaanalogia par-corriente la equivalencia entre l:...
variables mecédnicas y eléctricas esta dada por la tabi:
6.2.3; ademas, el empleo de esta analogiano modifica la to -
pologia de los sistemas. Los nodos del sistema mecanic.
corresponden a los nodos del circuito eléctrico.

El eircuito equivalente, indicando solamente los par:.
metros mecanicos, es el de la fig. 6.2.3b.

[}
[
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Fig. 6.2.3.

Tabla 6.2.3
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Sistema mecanico y circuito equivalente
para el ejemplo 6.2b

e

.o  ANALOGIA PAR-CORRIENTE: . . -

Sistema rotacional

. Par-. . .
-Momento de irevcia-.
Velocidad angulav. -

Coeficiente de amov
tiguamiento

Rigidez torsional

LK)
Desplazamiento angular . (§) .

Sistei~a.elécirico

Corriente . -« (1)

‘Capacitancia- ~ (C)
.Tenson - (v)

Conductancia ... (G)
Inductancia (1/L)

Flujo™ -~ " '{(s)

-




EJEMPLO 6.2¢

Las ecuaciones de nodos para esie sistema, empleando
variables mecanicas son:
Nodo 0:

— ¢ 7 ’ 7
Tt = Kel f (wy(t') = w, ("))t

Nodo 1:

! dwl(i)
- " o . S
0 = 1{61 f (w0 (t) = w () )dL’ + Dal w () + 1=

¢ ' ._ / P
+ K f (ipl(t) wz(t))dt

Nodo 2: o

, ) dwz(t)

= yty f ] —
9 Kez f(“’z(“ w, (t'))dt +D92w2(t) + 1, —

Recomendamos al lector que se familiarice con el es-
tablecimiento de ecuaciones integro-diferenciales denodos
o mallas, como las anteriores para sistemas mecanicos,
empleando directamente variables mecanicas, como se hi-
zo en el ejemplo anterior.

———— pos - ——

Establezca el circuito equivalente del sistema rotacional
mostrado en lafig. 6.2.4a. Para representar el acoplamien -
to mediante engranes emplee los resultados de la seccié
2.3.

Solucién:

Usando la analogia par-~corriente, tal como aparece ¢n
la tabla del ejemplo 6.1b, el lector podra establecer fici!.
mente el circuito equivalente mo:'rado en la fig. 6.2.4b.
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EJeMPLO 6.2d Este ejemplo ilustra como se emplean los -conceptos de
acoplamiento electromecanico estudiados en la seccibn 2. 3_

P

al estud1o de sistemas electromecamcos. Estableceremos

‘un c1rcu1to electr1co con un’ transformador 1de l.que es
5 ! equivalente "al’ q1stema electromecamco. En el S1gu1ente

e;emplo 11ustraremos como se ‘analizaun c1rcu1to electmco

con acoplam1ento magnetlco (transforvnador) entre sus par-
tes. .

La fig. 6.2.5a muestra, en forma esquematica,un gal-

vandmetro. Este instrumento de medicién eléctrica’ opera-

de la siguiente manera: la fuente de tensidn hace circular
por el circuito de la bobina mévil I, que esta enrollado al-
rededor de un niicleo de fierrodulceIl,una corriente. Esta
corriente nroduce al interaccionar con el campo magnétice
radial uniforme, producido por laspiezaspolaresNy S, un




(6.2.5)

par que tiende ha hacer girar la bobina. Este giro es re-
gistrado por la aguja III sujets a la bobina y dependerd d»
la intensidad de la corriente. Trace el circuito eléctrico
equivalente.

Solucién: - .

Hemos visto en la seccidn 2.3 que lainteraccibén entre
el sistema eléctricoy el mecénico se puede representar por
un transformador ideal. La relacién entre 12 corriente i y
el par T es:

it) _ 1
T(l) Blr

donde 1 es la longitud total de labobina y » su radic. En la
fig. 6.2.5b aparece el circuito equivalente,

La fig. 6.2.6a muestra un circuito con acoplamiento mag-
nético entre sus dos partes.

En este ejemplo ilustraremos ¢cémo seanaliza un pro-
blema con un transformador ideal, modificando el circuito
eliminando el transformador.

Solucidn:

Llamemos a la parte del circuito conectada alas ter-
minales izquierdas del transformador M'primario" y a la
conectada a la derecha el "secundario'.*

Las ecuaciones de tension de Kirchhoff para el prima-

rio y secundario son:
Vf(t) = R1 zl(t) + vl(t)

*En general se considera como primario el embobinado de! transformados
conectado a la fuente de energia.
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Fig. 6.2.5. Esquema del galvandometro y su civcuito

YT

SR
e W 3

T x‘-’r.;!i‘ X

N

TR N
s NN RIS H “ « e
- < BTN i
¢ ' = '
! le\
il
PN
- y
;
N T
RN
> s A
we? LI S " _

v

eléctrico

(c)

1

-en

vy




Fig. 6.2.G.

(6.2.€

(6.2.7)
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Circuito con lransformador

dz‘Z(t) _ 1 >
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vl(t) = 55000 v2(t) = 10 vz\t)
z'l(t)\=\- —5—2—‘07— i = - T3 52(';)
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(6.2.9)

6.3

Sustituyendo estas ultimas relaciones en las ecuacionesde

‘Kirchhoff (6.2.5)y (6.2.6) se obtieneal eliminar z‘l (t)y vz(t).

‘,,f(t{ = Rl zl(t) + vl(t)
dil(t)
= ] Y
vl(t) 100 L o + 100R222(t) + 10 Vf(t)

. 400 g0
T - '
t =g L thatt

El lector podra comprobar ficilmente que elcircuitode la
fig. 6.2.6b estd caracterizado por estas ecuaciones. Elcir-
cuito de la fig. 6.2.6b se conoce con el nombre de circuito
equivalente referido al "primario', pues se usan los volts
como los del primario, sustituyendo las relaciones (6.2.7)
y (6.2.8) en (6.2.5)

V. R .. —
L __ 1.
10 700 Lot * vl

Esta (ltima ecuacidén y la (6.2.6) caracterizan el cir-
cuito de la fig. 6.2.6c querepresentaal circuito que se co-~
noce con el nombre de circuito equivalente referido al
"secundario™. .

En los restantes curscs de ingenieria eléctrica eilec~
tor usara repetidas veces estos circuitos equivalentes.

Sistemas electrohidraulicos ¢ hidromecanicos

Este tipo de sistemas tiene innumerables apiicaciones en
sistemas de control y de accionamiento de maquinaria de
todo tipo. En las secciones 1.4 a 1.6 estudiamos la equiva-
lencia de los pardmetros eléctricos con los hidraulicos. En
la-fig. 6.1.2, se indican estas equivalencias. Enel ejemplo

|« >




P yemMrLo 6.3a

6.3a se aplican estas analogias para analizar un sistema hi-
draulico y el ejemple 6.3b nos sirve para estudiar un pro-
blema hidromecanica. En todos estos ejemplos se ilusira
la metodologia para transformar sistemas no eléctricos
(mixtos) en circuitos eléctricos.

Resulta de gran utilidad poder analizar sistemas no
eléctricos o electromecanicosy electrohidriulicos conla
metodologia de lateoriade circuitos, sobre todo cuando hay
que recurrir alasimulacién analbégica,yaquelas variables
eléctricas son mas faciles de medir y los parametros mas
faciles de variar.

La fig. 6.3.1 muestra una bomba que hace circular fluiio
por el sistema mostiado. El fluido ¢n el cilindro estd <o
metido a una presidn debida alpeso que soporta el émbolo.
La descarga es contra la presidn atmosférica po(t). Encuen-

tre el circuito equivalente.

Solucion:

El circuito eléctrico debe tener un nodo por cada pre-
sion diferente en latuberia. Ala presibén atmosférica la to-
mamos como presidén de referencia y corresponderi a la
del nodo de referencia. Todas las presiones seran difereit-
cias de presion con respecto a la atmosférica.

Usando 1la fig. 6.3.1 podemos de inmediato 2ncontrar e:

circuito equivalente. Rl y RZ representan lasresistencias

hidraulicas delostramosdetubo entrelabom"™a v el tanque
y entre el tanque y ladescargarespectivamente. Estas re-
sistencias se estan considerando concentradasala entrada
del tanque. La presidn ejercida por el peso W sobre el ém-
bolo de area A y el fluido esp3(t) = W(t)/#V se represent=

por una fuente de tension.

Sistemas hidromecanicos

- En general una bomba hace circular el fluido por una fu-

e

beria. La bomba hace circular el iido con un gasto Qi)

t

I

fj, ,.l.),l 0

;4 aet
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lente para el ejemplo 6.3a

Fig. 6,.3.1. Sistéma hidvéulico y su czrcuzto equivd-

‘que podemos cons1derar proporcmnal la velocxdad angue

larosea e

(6.3.1) Q(t) k Q(t)

LN

donde k b es la constante de propoicienalidad y ') es 1a

Vélocidad an gular.

La potencia mecanica es igual a Q) 'r(t) y si o hay
pérdidas, ésta debe ser igual a la potencia Hidraulica

b(l) Q(t) de donde:




A .
(6.3.2) p() = —7—1d)

Iy

En la fig. 6.3.2a uia bomba impulsa un fluido que hace gi-
rar un motor hidraulico conectado a una carga mecéanica
representada por su inercia Igy su amortiguamiento Dg,.
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Py. 0.3.2, \ Sistema hidromecanico del ejemplo 6.3b
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6.4

-Eanqpné' 6.4

o Solucmn

Como existe fuga en el sistema, no todo el fluido que cir-
cula por la bomba, circula por el motor. Esta fuga estd

‘ “representada en la f1gura por la tuber1a en paralelo con-una

resmtencm hidraulica de valor R}

R

n
14

" La bomba constxtuye -una "fuente.de corriente" Q () de

" valor:

‘Q (t) = k Q (t)

b b

El acoplamiento entre el sistema hidraulicoy mecani-
co se realiza como lo muestra lafig. 6.3.2b. Para la parte
mecanica se ha empleado una analogia par-corriente. (Ta-
bla 6.2.3)

. Obsérvese que el aCOplamlerto entre el sistema meca-
nico y €l hidraulico esta representado por una "fuente de
corriente. controlada por corriente'.

Sistemas térmicos

+En las secciones 1.3 a 1.6 .sefialamos la analogia entre un

circuito eléctrico y el proceso de transmisién de calor.

El siguiente ejemplo ‘ilustra como podemos apiicar
esas analogias para encontrar un circuito eléctrico equwa-
lente a un fendmeno de trasmision de calor.

- 5
i i3

Consideremos el fenédmeno -de transmisién. de. calor del
cuerpo A al cuerpo B, como se muestra en la fig. 6.4.1x.

Consideremos que las paredes tienenunacapacitancia
térmica muy baja; 'pero cada una de ellas una resistexiciq

térmica apreciable Rl' El material situado entre las dos

paredes tiene una capacidad térmica C g ¥ una resistencia

R




En la fig. 6.4.1 se muestraadeinds lavariacion inicial
W= 0) y la variacidn final (¢ = »} d2 la terperatura en el
cuerpo. Solamente cuario t = 0, 0 seainiciarse el proceso
de transmision, 'a temperatura, sobre todo la delunaterial
irtermedio, puede considerarse uniformey el sistema pue-
de representarse como uno de parametros concentrados.
Para t>t0, la temperatura en las paredesy el material in-

termedio varia con ladistancia; sin embargo, podemos con-
siderar que el material intermedio esta formado por varias
capas paralelas, zuficientemente delgadas, para considarar

e s

Material conductor

Cucrpo a
temperalura !
-7 |
a i ‘\N{\Tempemturaﬁnal
s -~
/ T sidmiy | Cuerpo o lempevabury!
S

Temperatura inicial ™ ~
.

'\r-...._.__.._—T

‘ Peredes — — ..
— .

Fig, 6.4.1, Sistema de t;_'_ansmisz'én de calor

la temperatura en cada una de ellas como cnnstante. Cada
una de estas capas puede representarse por un elemento
concentrado, tal como lo muestra lafig. 6.4.2a. Esta apro-
ximacién seri tanto mejor mientras més capas paralelas
> se consideren. El lector que ha estudiado el problema del
anilisis de lineas de transmisidn notara .aanalogiade ests
procedimiento con el usado en el estudi “de lineas,
Considerando solamente dos capas y concentrando la
‘resistencia térmica del material intermedio al centro de
las dos paredes; tenemos el sistema térmico concantsrndo
de la fig. 6.4.1. El sistema eléctrico anilogn de la fic
:6.4.2¢c puede establecerse de inmediato con avuda de Jag
relaciones de la fig. 1.6.2. )

3

]
l



Solucibn:.

Empleando la analogia fuerza-cowiente obtenemos el
circuito equivalente de la fig. 8.4.9. En este 01rcu1to se se-
nala el valor de los parametros mecamcos.

]l

) ' . )
s ) L 1.
W ORESTR-
< - N . _1
T N .‘1' n

Fig, 8.4.9. Circuiio equivalente alsistema dela fzg .
8.4.8 "

{
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Para establecer c1rcu1tos equwalentes al Dnmarlooal
secundarm de un transformador ’flgu. 8.4.10;6.2.6ay 6.2.6b)
_sconviene recordar la siguiente redlanemotecmca- siimpe-
darcias se refieren a un lado de mayor nimero de vueltas,
' debe aumentarse ‘su-valor y si son adm1tan01as debe dis
- mmu1rse su valor. El factor de amplhlcacmn 0 dlsmmucmn
‘es el cuadrado-de larelacién detransformaciéno su reci-
proco. Si el cambio se hace aun embobinado de menor nii-
mero-de vueltas debe seguirse la regla inversa, -
b.mpleando cuidadosamente la metodologla del ejemplo
6.2¢ eliminamos los trasformadores ypodemos establecer
el circuito equlvalente de la fig. 8.4.10, com¢ sigue.

‘,'”‘T‘"@’—"T |
. L
, -
Qsmlgg
e

Fig}; 8.4.10. Circuito gquwalente al szstemade la fzg
’ 8.4. 9 .

Tomemo$ la masa M 1 que en la analogia fuerza-co-
s - -

rriente equivale a un capacitor. Su impedancia sera:




Fig. 8.4.11.

El acoplam:ento de la parte del circuito que contiene
a la masa Ml es la parte central del circuito a través de

un transformador con mayor numero de vueltas en el em-
bobinado conectado a dicha parte. Por lo tanto, al referir
la impedancia I/SMZ a la parte central debe svnentar su

valor; es decir, hay que multiplicar la lmpedancia por
na"J = (3/1)2. La impedanciaresultanie 9/811/11,; 0 equivalen-

temente un capacitor de Ml/éh debe covortu. se 2 12 paric

central,
Veamos qué sucede con la conduciancia de valor ﬂp.

Su impedancia es 1/D2 . Al referiila a la parte centrai, la
impedancia debe disminuir en .l/nb?' = (6/12)° ya que el

transformador de acoplamiento tiene menor nGmero de
vueltas en la bobina conectada ala partecentral. La impe-
dancia conectada a laparte central tieneun valor de 1/4D? )

tal como aparece en la fig, 8.4.10.
Para obtener larelacién Sg(s)/F(s) hacemos un circui-

to equivalente al de la fig. 8.4.10 contodos los pardmetros
- sustituidos por su admitancia.

S 45! F _(s)
. ~ Dee: m&
4 4 F (s}
F _(s) cx d
FT(s) 6( 5
.‘i‘
10 33(5)
. 48 —_— 0.1
_E.3@L<$> S E’ (s} 2 ?‘IcFS(S}
. Y 2 - X
a.1 [ 28
1 [
fran B,

Circuilo equivalente al gistemade la fig,
8.4.10
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Fig, 6.4.2.
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EjempPLo 8.4c  La fig. 8.4.8 muestra.un sistema de palanca. Deiermiue ia
admitancia de transferencia o funcién de transferenc:u

Sg(s)
F(s) -

2 6 v

- == - >

Jf(t) = 20 cos 2t

Fig-8.4.8. Sistema mecdnico del ejemplo 8.4c lode -
. las unidades en sistema MKS
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Partiendo del numerador de la admitancia de transfe-

© rencia S3(s) calculemos las diferentes fuerizq.s«(cvorni\entes)

y velocidades (voltajes) hasta relacioxié.r F(s) con Sé(s)t,.

Dos delasfuerzas (corrientes)a‘socia_das alnodo 3 son:

F'Z(f) | 0.1 §3(s) " ‘ .

F3(s) =28 Sg(s)

La suma de fuerzas aplicadas al nodo 3 permite calcular:

F 4(3)‘ = (0.1 + Zs)Sé(s)

La velocidad entre 4 y3 4()caida dé’ienéic‘)n)fsei;é:

. 3‘4(3) - -93(8) =3 (0.1 + 2s) S3(s)

Pbx; To. due: la velocidad.de 4 (tensibn de 4‘)§~seréi:;
S 4(5)1 = S;?’(s)' (0.1s + 2s® + 1)

Las; fuerzas asociadas al nodo 4 son:

Eofe = 0150

i Io_

F (s) = S, (sh

s
Fpfsh.= 45540

Finalmente el equilibrio de: fuerzas aplicadas: al nodo:
4 da: ;

I

£ .
Sarsdar




L F(s) = F(s) Fyfs) + Fyfs) + F (o O
=(01 + 22 +4s>S (s) + (0.1 + 2s) S_(s)
) S 4 o 3
1 10 .
=5 F(s) = (0.1 ot 43) (0.1s + 2s° + 1) 83(8)

+ (0.1 + 2s) 83(3)
1 3 2 . 10
-§F(s) = 53(3) 8s” + 0.6s° + 26.,0ls + 1.2 + Y

La funcion de transferencia buscada es:

S, (s)
Y(s) = —> . O

F{(s)

S

3 - (8s* + 0.6s° + 26.01s° + 1.2s + 10)

El conocimiento de la excitacién f(#) y sutransforma.
da de Laplace F(s)y de la funcibn Y(s), permite calcular
la respuesta forzada Sg(s) en el dominio complejo s. La

transformada inversa permite finalmente calcular S3(Uu

En el siguiente ejemplo ilustraremos cdmo seobtiene
una funcidn de transferenciasiel circuito tiene fuentes con-
froladas.

EJEmpLo 8.4d La fig. 8.4.12 muestra un circuito de 2 puertos con wia
fuente de corriente controlada por tension.
a) Calcule la relacién de tensiones de salida a entrads.
b) Si la excitacidn vz.(t) es un impulsc 81 de tension ool O

cule la respuesta forzada va(t)a
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Fig, 8.4.12.
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Circuito pava el ejemplo 8.4d

Solucion:

Empleemos un anahs1s de nodos, ya que nos interesa
conocer la tensién de ‘salida. Transformando primero la
fuente de tensidn U, en una fuente de corriente las ecua-

' ciones-de nodos son:

"Nodo 1 ' .
' dvl(t)
G ”z{t)g =G0+ Cyp 5
N»oc_lo 2 e b .
avl.(t) = G4(02(t) -V (t)) o ’ﬁ _
N SR - ; .
Nodo 3:
dvo(t)
0= G4(Oo(t) - v (t)) + CS i k

La transformada de Laplace de estas ecuaciones, te-
.niendo. presente quetlas. COX‘ldlClOI]eS iniciales-son nulas,es:




VL Ty

Vg.(s) 1+ G“ Y, P 14 j(s)
1 ¢ ;
! i

= | ! - |14 S

0Q a : +G4 I G4 2()
( i

- : V
0 N _0_ : G4 ju +G4+sc54 0(3)

Aplicando la regla de Cramer podemos obtener V()
a saber:

sC
1+ GZ 2 v, 3
1 “ a
=-Q G4 0
. B 0 -Gd 0
o(s) ng
1+ G 0 o e
I
-0 G4 - G4
0 -G4 G4 + sC5‘

De donde la funcién de transferencia buscada es:

| 4 0(s) aGG 1

. Vz'(s) S(SC205 + Gl C5)

H(s) =

Susfituyendo los valores dados:

100

") = <57 10

b) Como 1a funcién de transferencia es el circuito:
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EJEMPLO 8.4¢e

Vo(s)
H(s) = V.(s)
)

bajo condiciones iniciales nulas, la £ de la respuesta for-
zada sera:

V (s) = H(s) V.(s)
0 :

pero como la excitacién es un impulso 6(¢)

Vz-(s) = _1

por lo tanto

Vo(s) = "H(s) B
;

Vo(t) = £ (H(s))
El lector puede comprobar fdcilmente que:

v () = 10 - exp(-100) t=0"

El siguiente ejemplo ilustra la obteacidn de la funcion
de transferencia de un sistema de medic 16n mecanico.

La fig. 8.4.13 muestra esquematicamente un dispcsitivo pa-
ra medir la aceleracién (velocidad r desplazamisento)dela
superficie horizontal II sobre la q. 2 estd colocado. La se-




Fig, 8.4.13.

- e Bt e sa-

A do enirand el i e Lo
lida es el desplazamienio rarativu ¥, de buiuasa »e cON res-
pecto a la caja del dispositive, medida por 12 annia { sujeta

a la masa sobre la escala fija 3 la caya. mncuentre la pu-

cidn de transferencia. C
Caja
— v $
= I ¥
- 1»} I
1 7
14 w30 ]|

(
T T PRI

Esquema de un acelevémelre

Solucion:

La ecuacién diferencial que caracteriza al movimiento
de la suma m es: '

d?y(t) d _
m a3 + D —at—(y(t) - x(t) + 2K(y(t) - x(1)) = 0O

obsérvese que y(l) - x(t)eslavelocidad reiativa de la masa
con respecto a la caja, queesta sujeta firmemente a la su.-
perficie II, Por lo tanto:

2() = y@) - x(t)

Como nos interesa relacionar la respuesta z¢t) con la exei-
tacion x (1) eliminemos a y(¢) dela ecuacidn diferencial.

m g; M + x(t) + D-‘%ﬁm + 26 2li) = €



La transformada de Laplace de la anterior ecuacion, con
condiciones iniciales nulas; es:

{(ms® + Ds + 2K) Z(s) = ~-ms? X(s)

de donde la funcién detransferencia entrela excitacion y da

respuesta es: \ i

Z(s) _ -g°3

H(s) = - :
X(s) s? + le + .2K

si la excitacion es la velocidad #,0 sea se emplea el instru-
mento para medir la velocidadde //, puede obtenerse fdcil-
mente la funcibén de transferenciaa partirdela anterior de
la siguiente manera. Recordemos que la velocidad s(?) es
igual a:

_ dx(t)
s = g

Como son nulas las condiciones iniciales
S(s) = sX(s)

y sustituyendo en la ec. (8 4,14) se obt1ene la funcién de
transferenc1a buscada:

Z(s) _ __ -S
- Ds 2K
3
S(s) . 8%+ 4+ -

Finalmente si el aparato se desea usar como acelevémetro,
0 sea para medir la aceleracion de la superficie I/, la fun-
cion de transferencia sera: :

]

- e —————————




F(s) -1

' 3 o M '
A(s) s° + ot + X

Gl T g

v o PR

dondc” A(s) es 1a transformada de Laplacede la aceleracién
de II, i1 lector puede comprobar facilmente cste uliimo
resultado. .

L

En el volumen ii, al estudimy didgramas de re~ pPuesLy

armonica, discutiremos el empleo de las funciones Je
transferencia anteriores para obtener 1a relacion adecun-
da entre los pardmetros m, Dy K para un medidor de des-

.azamxcnto (szsmogram) une de w}wmm V tno-de acele -

FAC non (acelerometro)
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Ry R,
Isolating
e C,y amphfier Co e,
(gain K)
o-—_——- -
Fig. 4-11, Electrical system.

ave negligible loading effects and the transfer function of the entire circuit equals
he product of the individual transfer functions. Thus, in this case,

o(S) 1 1
E(s) (R,Cls + ])(K)(chzs + I)
K
TRCs FDR,Cys T D)

-3 LINEARIZATION OF A NONLINEAR MATHEMATICAL
RODEL

This section presents a linearization technique applicable to many nonlinear
ystems. We shall apply this technique to 2 hydraulic servomotor and obtain a
ransfer function for a linearized hydraulic servomotor.

Linear approximation of nonlinear systems. In crder to obtain a linear mathema-
ical model for a nonlincar system, we assume that the variables deviate only
lightly from some operating condition. Consider a system whose input is x(¢)
ind output is y(¢). The relationship between p(r) and x(s) is given by

y=f(x) @-17)
f the normal operating condition corresponds to £, p, then Eq. (4-17) may be
xpanded into a Taylor series about this point as follows:

y=Jf{x)
=r@+ Lw 20
yhere the derivatives dffdx, d3ffd, ... are evaluated at x = %. If the variation

¢ — % is sinall, we may neglect the higher-order terms in x — X. Then Eq. (4-18)
nay be written

N R (4-18)

y- 51 K- %) 4-19)
vhere
5o J(x)
_dr
T dxl.

Lauation (4-19) may be rewiitten us
y- F- Kx- %) {4-20)

e

Sec. 4-3 LINEARIZING A NONLY AP NI I'.L_\h\.TIg/‘J“ N Ll
which indicates that y — 7 is proportional to x — £. Equation (4-20) gtves a lic
mathematical mode! for the nonlincar system given by Eq. (4-17). .

Next, consider a nonlinear system whose output p is « function of two in;
x, and x,, so that

y = f{x1, x,) (4
In order to obtain a linear apprcximation to this nonlinear system, we may exp

Eq. (4-21) into a Taylor series about the normal operating point %, %,. T
Eq. (4-21) becomes

y=fEnw) + [ - 20+ I — )]

X ) (x, — X3)

CT P s
+7[a‘z ¢ "1)’“9,?,‘33("1‘

where the partial derwauves are evaluated at x, = %,, x, = X,. Near the nor
operating point, the ligher-order terms may be neglected. The linear mathem.t
model of this nonlinear system in the nuohborhood of the normal operating co:
tion is then given by

-y =K(x— %)+ Kz(xz — X))

where _
-=f('fl:x-2) & TR
A T
= Tl
avl iXy=2y, x3=2, & g
O”f LL‘J‘[‘.
axl.n‘-h x3=1Ey

Hydraulic servomotor. Figure 4-12 shows a hydraulic servomotor. It s ess
tially a pilot-valve-controticd hydraulic power amplifier and actuator. Tne p
valve is a balanced valve, in the sense that the pressure forces acting on tr are
balanced. A very large power output can be controlled by a prlot valve, which
be positioned with very little power.

The operation of this hydraulic servomotor is as follows: If the pilot valv
moved to the right, then port [ is connected to the supply port, and the piesst
ol enters the ieft-han.t side of the power piston Since port Il is connected 1o
drain port, the oil in the right-hand side of the power piston is returned 1o the -,
The oil flowing into the power ¢cvlinder is at ngh pressure, and the oil ﬂo\\in )
from the pover cylinder into the drain 15 at low pressure The resulting J+F
in pressure on both sides of the power pistor will cause it to move to the
The returned oil is pressurized by a pump and is recirculated in the system W
the pilot piston is moved to the left, the power piston will move to the 'eft

In practice, ports a, b, and ¢ shown in Fig. 4-12 are often mads widerth
corrcsponding valves A, B, and C. In this case, there is alwoys leakoze t
the valve, This improves both the sensitivity end the hneerity of the 12

e
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oH -
ander
Orain oressure Oran
4
Il
J Pitof valve
<
2 it i
P v-.,k_:,_“ﬂ_;w‘— Tmrm | LeatRCRmTITINEIL R
ETJ
c
Port I Port 1T
—_—D BTN R  IRT ST R O RN O

Lrd= ]

Power cylinder

Fig. 4-12. Schematic diagram of a hydraulic servomotor.

secvometor. We shall make this assumption in the following analysis. [Note that
sometimes a dither signal, a high-frequency signal of very small amplitude (with
respect to the maximurm displacement of the valve), is superimposed on the motion
ihe pilot valve This also improves the sensitivity and the linearity. In this case
o there 15 feakag: through the vaive.]

Let us define

of
als

0 = rate of flow of oil to the power cylinder, 1b/sec
— P = pressure difference across the power piston, 1b/in.*

AF = /‘nz

= aispiacement of pilot valve, in.

by

in

X
ig. 4-12, 0nzcan s thet Q is a function of x and AP. in generzl, the relaticn-
ship am

ong the varl Qs x, and AP1s given by a nonlinea: equation:

Q = f(x, &AP)
Liscarizing this zeiaun2ar equation ncar the normai operating point 0, %, AP,
we ohtain

. . ., . . -
T — o= Ky — F3 — K (AP — AP {4-22}
whe o
- I
et
I YTt ;T T T == f

“"1;‘”\} o

lines showro are tne characier-o¢ curves of th

This famu
by x.

Fig. 4-13.

Referring to Fig 4-12, we see that the rate of flow of vt Q fin -
{sec) is egual to the power piston displacement o) (in.} dmis t

:f: o

Characteristic
curves of the
hvdraulic servomotor

E ooy

AP ONENN e o INT D VAT I DAL N IODEL
PRGN o 15
- = ‘.\A L | f‘:.f
N

i vl

s

S S PP
2 lic zaniesd J‘:)Ll“..a}lv S

P N ¢ forere ) - & N [
WAL S Al U] o "é‘ A L SRR  f

es consists of equidistant paralie? straight lines, parawe. .

v

JdE BT

{in.2) times the density of oil p (Ib/in.?). Thus, we obtain

Apdy = Q dt

Metice that for a given flow rate Q, the larger the piston area 46y L -
be the veiocity dylar. Hence, if the piston area 4 is made smi. "o, the ety -
wonstant, the velocity dy/dr will become higher, Also 2n s

remainin:

rate & wil. o

¢
(AR

¢ an iacreased velocity of the power pm‘,f_ and v
FRSOONSE LME nofler.

Eguarion (4-27; cun now be written as

The force. deveioped
tames the piston qrea

[ TR LR P

[T

Pt}
L

- _i,{ X A
Nl = K \\Kl" Ap- ‘/

Foren aeveioped by the povwer piston = 4 AP

HLSU7

Al dy
= Ay — Ap
K Tty
= e pressure difference is saf? ', hion g
Poee ot oyrivden, cun b mads wnal Corhw

cantednr we must mahs 1re sush s PIessur:

“iT

RN

3

the power piston 1s equal to the rressure dir. ¢

"

seoon moves a load consisting of 2 mass and
~_und by the power piston is up;mf[ to the

1o,

I

A

e

4
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m + fj = Z-(K,x = 4p3)
2
h i‘jE) ;. AKi o (4-24)
my + (f +x V=%,
re m is the mass (Ib-sec?/in.) of the load and fis the viscous-friction coefficient

ecfin.). . - .
\ssuming that the pilot valve displacemeat x is the input and the power plsto.n
acement y is the output, we find that the transfer function for the hydraulic

bmotor is, from Eq. (4-24),

X)) ([(mK\s SRy [ Ap
SI_(AKl)S 4R, T &
__K ‘ (4-25)
T s(Ts + 1) - ‘ .
c , ) ‘
o1 o mKy
Ko ™ T=m+mp
2 4 - e ML
Ak, T K,

1 Eq. (4-25), one can see that this transfer function is of the second order.

- ratio mK,/(fK, + A*p)is negligibly small or tﬁ“é time cén’s'tant' T's negligible;”

ransfer function can be simplified to give f ’
Yis) _ K .o ‘-
X(s) s CoeEe

\ more detajled analysis shows that if oil leakage, 66m‘pr’essibility‘(incl}lding

fects of disisolvcd air), expansion of pipelines, etc., are taken into considera-

the transfer function becomes * .

Y(s) _ K

X5 T H(Tos + DT + 1)

re T, and T, are time constants. *As a matter of fact, these time constants

nd on the volume of oil in the operating circuit. The smaller the volume,

smaller the time constants.

BLOCK DIAGRAMS

A control system may consist-of a,number Bf‘components:‘!n order.to show:the
tions performed by cach component, tin.control-éngincering; we commonly
a diagrany called-the "block diagram.”

Black dirgrams, A black diagiam of a system is a pictorial representation
he Conctions perfortazd by cech companent and of the flow of signals. Such
fagram depicts the interdtonships which exist brtweer the vartous com-

“design, the choice of the error detector is quite important
-and ‘must be carcfilly decided. “This.is because any

Sec. 4-4 BLOCK DIAGRAMS

ponents. Diffcrent from a purely abstract, ‘mathematical representation, a blo
diagram has the advantage of indicatiﬁgmbrc realistically the siznal flows of t *
actual system. o ‘

In a block diagram, all system variables are linked to each other through fu:
tional blocks. The “functional block,” of simply “block,”is a symbol for the matl
matical operation on the input.signal to the block which produces the outp:
The transfer functions of the componcnts are usually entered in the correspondi
blocks, which are connected by arrows to indicate the direction of the flow of signa
Note that the signal can pass only in thedirection of the arrows. Thus, a blo
diagram of a control system explicitly shows a unilateral property.

Figure 4-14 shows an’ element of. the block diagrai. The arrowhead pointi:
toward the block indicates the input and the"arrowhead leading away from t;
block represents the output. Such arrows are referred fo as sigials.’ -

k‘ . X(s) - " Tronsfer ¥is)
., T funchion |f—rr-—0o
) ] T . G(s) °
Fig. 4-14. Element of a block diagram. s < - .5 « - L C g -

B N <
. Note that the dimensions of the output sigﬁal from the block are the dimensio.
of the input signal rultiplicd by the diriensions of the transfer function in the bloc

The advantages of the block diagram representation of a system liz in the fa
that it is easy to form the overall-block diagram for the entire system by mere’
connecting the blocks of the components according to the signal flow and th.
it is possible to evaluate the contribution of each component to the overall pe
formance of the system. " - - ..

In general, the functional operation of the system can.be visualized more readr!
by examination of the block diagram than by examination of the physical syster
itself. A block diagram ,contaiz)é information lEoncerning dynamic behavio
but it does not contain any information concerning the physical construction ¢.
the system. Therefore, many d\issimi!gr»anc‘l unrelated systems can be represente *
by the same block diagram. - - R

_ It should be noted that in a block diagram the main source of energy is nc
explicitly shown and, also, that a block diagram of a given system is not unique
A number of different block diagrams may be drawn for a system, depending upo-
the viewpoint of the analysis. ‘

Error detector. The error detector. produces a signal which is the ¢ifferenc
between the reference input and the feedback signal of the control system. It

&

‘Ris)

imperfections in the-error- detector .will inevitably ime
pair the performance of the entire systen:. The block
diagram representation of the error detector is shown.
in Fig. 4-15.

Note that a circle with a cross is the symbol which

Fig. 4-13. Block ¢icros
of an error datector
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BLOCK DIAGRAMS

jcates a suraming oncration. The plus or minus sign at each zrrowhead in-
ates whether that signalis to be added or subtracted. It is important that the
wntities bring added or subtracted have the same dimensions and the same units.

Block diagram of a closed-loop system. Figure 4-16 shows an example of a
ek dragram of a closed-loop system The output C(s) is fed back to the summing
int, where it is compared with the reference input R(s). The closed-loop nature
the system is clearly indicated by the figure. The output of the block, C(s) in this
e, is obtained by multiplying the transfer function G(s) by the input to the block,

5.

Summing
potn!

Ris) 8 Els)

:

Branch
point

C(s)_

Fig. 4-16. Block diagram of a closed-

loop system.

Any linear control system may be represented by a block diagram consisting
- blocks, summing points, and branch points. A branch point is the point from
+ich the output signal from a block goes concurrently to other blocks or summing

vints.

When the output is fed back to the summing point for comparison with the

ut, it is pecessary to convert the form of the outnut signal to that of the input
_nal. For example, in a temperature control system, the output signal is usually
sconfrolled temperature. The output signal, which has the dimension of tempera-

7e, must be converte

d 15 a force or position before it can be compared with the

sut signal. This conversion is accomplished by the feedback efement whose trans-
- function is /5], as shown in Fig. 4-17. Another importan! role of the feedback
ement is 10 modify the output before it is compared with the mput. In the present
cample, the feadback signal which is fed back to the summing point for compari-

n with the inpt 1s S(s) == H()CE).

The ratte . - . o~
- v - dpur Coss i P . .
Bl to the actuaiing error SR

rwzret oo -0 i Zirois zatia
forward eou ¢ . PURCHO, o thay T t8 cotied

Feedlorward transfer function = SU) _ {s)
E(isy — )
If the feedback seynsfor funcuon is unit o o
;hf’]fetedfomard tcunsfer function are the same. For the oy
=17, the output C(s) and put R(s) are related as folloy o
e LOWS:
C(s) == G(s)E(s)
E(s) = R(s) — Bis)
i = R(s) — H(s)C(s)
Iminating E(5) from these cquations gives

Cs) = Gs)k(s) — H(s)C(s)]

}%(1)) — G
5} L+ G)HE)
The transfer function relating C(s) to R(s)is called the closed-ioop trunsfsr

or

th

il

o

This tr i
transfer function relates the closed-loop system dynamics to the o

of the feedforward elements and f
eedback ele ts
FromEq. (426) C(s)is given by

Cls) = —_G() R(s)

ITus th ec
o St e ?umut o.f' the closed-loup System clearly depends sn bot, |
P transfer function and the nature of the input I

, Clesed-fnop ng_vstcm subjected to 3 disturbance, Figure d-18 (k-
0P system subjcctcd 10 disturbance. When t;xo ign vu ::b 5h“.“':
86 disturbance) arc present in 4 linear systeni, cach | p}u:: e
demi‘?’ of the other; and the ouiputs corrcspc;n;li": o e
addad Fo give the complee gdtput. The way eac‘h input i ;
system as shown at the summing point by either 4 g;lus g; ml‘ ,Em?m“
: Sl Slgyg

0
[SAFH

Consider the sysiem shown in Ig,

Disturbonce

B{z1 .  Els) Cls}
e ) S Gis) =~ e NS
& L ; s
P é
oo '
Rish e, ™ A
~ - o o N . - — —
oA LR S T e Sass b L SN : ! ) .
N Ll ST Sty e L SH0
Tr o orare, i B STE A TR Ponodbxd i
& = 3
1 OTR-GG — 4r’,‘j- 7
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. s . B'{‘.) P Lol L_
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Y , Figure 318, Cloy 10,
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5. In examumning the effect of the « .,

£

~ .

3 ! v and e N
¥, then the open-toop-trunsfer funciionn o
tem shown 7 7
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ce N(s), we may assume that the system is at rest initially with zer‘o error; we
 then caleulate the response Cy(s) to the disturbance only. This response can

ound from

Ca(s) _ Gy(s)

NGs) 14+ Gi(5)G(s)H(s)
the other hand, in considering the response to the reference input R(s), we may
me that the disturbance-is-zero. Then the response Cg(s) to the reference input

 can be obtained from
Cils) _ G ,(5)G,(s)
~R(s) T 1 4G (5)G(s)H(s)
response to the simultaneous application of the reference input and d}sthxir-
ce can be obtained by adding the two <in(h_v1d'ual responses. In ot}}er “ojrz s3
response C(s) due to the simultaneous application of the reference input (s

disturbance N(s) is given by
C(s) = Cg(s) + Cu(s)

Gy(s)
=TT G.006,0aE N ORE NG

Consider now the case where |G, (s)H(s){>.1 and |G, ()G (s)H(s)|> 1. In
- case, the closed-loop transfer function C,(s)/N(s) becomes almost zero,
the e™~-t of the disturbance is suppresscd Thls is an advantage of the closed-
i);y:t}f;n;)ther hand, the closed-loop transfer function Cg(s)/R(s) aﬁproa;hes
(s) as the gain of G (s)G,(s)H(s) increases. This means that if | G, ()G (S)H (s)}
, then the closed-loop transfer function C () R(s) becomes independent o
s) and G,(s) and becomes m\/ersely proportional to H(s) so that the vari;ttllor;:
7,(s) and G,(s) do not affect the closed-loop transfer function C(s)/R(s) 1 Lsd
ther advantage of the closed-160p systeni. Tt can easily be seen that any close t—

5 system with unity feedback, H{s) =1, thdg“t_o,eguallze\the input and outpu

Procedures for drawing block diagrams. To dra\’v a bIoc}_< diagram for a systerr:,
. write the equations which describe the dynamic behawqr of each. c.o.mlponerdx.f
1 take the Laplace transforms of these equations, as.surpt'nlg zero 1mt1a"kcfon 1-
15, and represent cach Laplace-transformed equauon'mdmoually in block form.
ally, asserble the cleinents into a complete b!o<_:k dl-agram. ) o
As an example, consider the RC circuit shown in Fig. 4-19 (a). The equa

this Circuit are

e, — €y (4-27)

fia':
eq = -

¢

(#-2w)

| : b and (4 Jith-an initial condition of zero
s Laptace tonsforms of Eqs. (4-27) und (-1-28), withan initial co ' ,

(S 141+

Sec. 4-4 .

1(5) | E(S) = 0(5) ’

'BLOCK DIAGRAMS '

Ey(s) = ’(‘) - ' : -

Equatlon (4-29) represvnts a summm;,

operation, and the corrcspondmo dia-,

gram is shown in Fig. 4-19 (b). Equa-
tion (4-30) represents the bloci as shown

in Fig, 4- 19(c) Assembling these two:

elements, we obtain the overall block

diagram for the system as shown in an
4-19 (d). b

Block diagram reduction. It is impor-
tant to note that blocks can be connected
in series only if the output, of one block
is not affected by the next following

block. If there are any loading effects

between the components, it is necessary

to combine these componpnts mto a-

smgle block. - !
Any number of cascaded blocks rep-

resenting nonloading components can

be replaced by a single block, the transfer

function of which is simply thmproduct\

of the individual transfer functions.”
A complicated block diagram in-

volving many feedback loops can be
simplified by a step-by-step rearrdnge: . -

ment, using rules of block diagrani
algebra. Some of these important rules.
are given in Table 4-3. They are obtained

by writing the same equation in a dif-

ferent way. Simplification of the block
diagram by rearrangements and.-sub-
stitutions reduces considerably the labor

needed for subsequent mathematical |

E,(s)
— -

. ' i Now
. & ) c €
P T

(o}

2 E(s) - 1(s)
_—

I s)“ 7 1 Eofl's)

5
B0 4

@

Fig. 4-19. (a) RC crreunt; (b) block diagrar
representing Eq (4-29),.(c) block diagran
representing Eq, (4-30), (d) block diagran
of the RC circurt.

analysis. It should be noted, however,.that as the biock diagram is ;m*plmw, aey

" blocks t :come more.complex because new

‘poles and zeros arc generated,

“Insimplifying a block diagram, remémber the following:

I. The product of the transfer fumuons in the feedforward dfr’c;tion mus

remain the same

2. Th\. product of the transfer functions arounl the 1« op must remain the

same.
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A general rule for simplitying a block diagram is to move branch poiats and

summing points, interchange summing potints, and then reducs internal feedback
.00ps.

As an example of the use of the rules in Table 4-3, consider the system shown
‘n Fig. 4-20 (). By moving the summing point of the negative feedback loop cor-
zaining H, outside the positive feedback loop containing I/, we obtain Fig. 4-20 (b).
Eliminating the positive feedback loop, we obtain Fig. 4-20 (¢}. Then, eliminating
*he loop containing H,/G,, we obtain Fig. 4-20(d). Finally, by eliminating the
feedback loop, we obtain Fig. 4-20 (e).

Notice that the numerator of the closed-loop transfer function C(s)/R(s) is
the product of the transfer functions of the feedforward path. The denominator
of C(s)/R(s) is equal to

Table 4-3. RULES OF BLOCK DIAGRAM ALGEBRA

Origina! block diagrams Equivalent t'ack diagrams
| A @ A-8 A-B+C A y  A+C ,S;)A—B+C
B'I" EI
C
2 A () A-B+C
o
s | Auls Eols Fos | ALl 155 s 16
L AG A A AG\G
6 | A 6, ‘r—ﬂ» G, A61G2 — GG, . L8iGe

[ '
m—— -X -~ -~ o
| e { Loy SRR
A A R sl 2 g %
£ ' '
. i - T [
¢ : - !
! : & !
: ;
]
e " -0 - ° )
- !
., P 1w
. " :
7 -7 Lo

'
'
i
i
h
'
i
1
1

Sas P.f T OARSCTE 5T el 3 el INE ~ N
e, 45 7. ANSELR FUNCTIONS OF PHYSICAL SYSTEMS
; T i e
N . Qerenal biock diagramg Equivarent o Lot cizgoms
e N I
' o i
| & — A5 4 T 40
[ e —_—— G e 2 i G —
T, : j t —
? ! ) - a5
S > -
i — b G ol
] !
L
3
10
H
12
i3

¥ — ¥ fproduct of the transfer functicns around e.

ach Taop)
=1 —~(GG,H, ~" "~ H, -~
=1 -G GH +G,Cc. 0w .0~

) .
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45 DERIVING TRANSVFER FUNCTIONS OF PHYSICAL
SYSTENS

Contra” Sysfemy roay consist of components of differe it types, s
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o thyr soctie v 0% eroseny additional cxomples shawina the
trrmafer w0, 10 san ul types of physical systems. )

In deriving trunufer functions, note the “ollowing:
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Fig. 4-20. (2) Multiple-loop system; (b)-(e) successive reduction of the
block diagram shown in (2).

rtain assumptions are necessary. In gcncml these assumptions depc;nd onttl?i
perating -ranges of the system. Assumptiohs ‘which -may be-good for ccrkdr
perating conditions may not be suitable for different ones. In practice, ma nl1
iroper assumptions is o very important part of the 'mdlysls of a systenv since the

ceuracy of the results depe nds on the validity of such rrs;urnptlom In this connec- .

ion the ¢ anuer st realice that .rllhouuh the mm!ytlul!/ obtained transfer
y clen ely !!u., arunqml efleet of variations in systam naramelers on

N

e !L e, \‘I'l

" is found to be

. o~
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< i

the solution of the equatxon numcncal prcdxctlom obtainable from the analytrcai

’ study ofphvs1cal systems may not be accurate. In other words, althounh q alitative.

charactenstrcs of the system dynamxcs may be seen clearly from. the transfer func.
tion, quantltatlve mf'ormdtlon may not necessarily -be accurate: If. quantitative
accuracy is needed, it will be necessary to carry out experimental studies in aodmor
to analytical ones. - .

2. It is desirable to ch“Ck the vallduy of the transfer, functxon by assuming
that certam parameters of the system areeither zero or infinity. Since this simplifies
the transfer function, its vahdlty can be chccked ea:.rly

"The transfer functions obtained in the fo lowmn are, de“Q on the assumptior
that there is no loading effect upon the output. (Remu-lb r that if there is any ~
loading -effect, it must. be accounted for when the transfer functloyn is derived.,

MECHANICAL AND ELECTROMECHANICAL SYSTLS

Seismograph, Flgure 4-21, shows’ a schcn.mc dragram of a sersmograph
seismograph indicates’ the’ dlspiacemcnt of its case with respect to incrtiai space

It is used to measure the ground dlsplacement durmg earthquake:
Let us define

ot
-t

= dxsplacement of the case relative to : :

“inertial space ; l b T
= displacement of the mass m relatlvc o Tt
to inertial space . . .. . )

y=X,—Xx,= drsplacementoft‘re mass - .
"7 mrelative to the case

\

(Note that since gravity produces a steady ™ e
spring deflection, we -measure, the displace-- ’
ment x, of mass m from the static equilib- -

rium position.) The equatnon for this. syatem - 7//////////4/‘ ///// LA

0‘ i
H
At =
]

\ [__B_Jj '
-~
™

. Fig.-”4-21.“Schematic diagram of a
ni%, +f(ro £) 4+ k(x, — xl) =0 -+"+  seismograph, -

By subsmutmg Xo = ¥ + x,in this last equation, we obtam a drﬂlrent:al equatrov
in y. (Note that y is a signal we can actually measure) o

. U nzy+fy+ky=—m.v;," ' ~ - 31,)-*

Taking the Laplace trgmform of Eq (4:31),” assummg zero initial condltxons
we obt'un - seo4

[ms + fs +- 1\] Y(s) = —ms*X(s)
Considering x, as mput and y as output, t!n_ transfgr furiction is -

Y(s) ----ms2 ..
X(s)  nms? + f5 4 F
- s? i T
- 2 f L _l_"__
AT n
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For very low frequency inputs, the mass m follows the case up and down,
nd the spring deftection is quite small, If the input x, consists o signals who;e
5 — . .-
requencies are very much lower than ~/k/m, then the transter funciion may be

1ppr0\imated by

Y(jo) _ o (4-32)
X(jo)  E
m

Note that in Eq. (4-32), s is replaced by jo Such a transfer function is called:z;
sinusoidal transfer function. For details, refer to Chapter 9.] As an example, i
(1) is found to be of sinusoidal form A sin wt, where 2 & Akim, 2then fran the
iccord'mn of y(r) the input signal x,(r) can be determined as (A/w. Y(k/m) sin ot.
Sinc;in seismographs the undamped natural frequency «/k/r.n is ma_de small,

if the input frequency is much higher than ~/k/m, the mass will remain almf)st
fixed in inertial space and the motion of the case will indicate .the relative motion
b;:t\xecn the case and mass. If the input signal x, has a very high frequency, then
the transfer function may be approximated by

Y(jo) _

X (Jw)
his implies that if 3(¢) is found to be A sin @/, where @ > ~/%/m, then the input
< (r) can be determined as — A sin wf.

Servomotors. The servomotors we shall consider here are two-phase ser»;or;lo;
sors, armature-controlled de motors, and field-controlled dc motors Ve <hall firs
P Py 9 g
moridar the effect of load on the servomotor dynamics.

Lt

rreet of load on servemotor dynamics. Most ixnportant among the chalmck
.eristics of the servemotor is the maximum z':cceleratlon obtaxgqbi?. Fo;a gn:jt;rj
Lvailable torgue. the £otor moment of in-’:fim.mus‘t bcng‘ m\mt:n;ﬂ?nqrrt%nce an;
Lervomotor operaics under continuously v-:tr.ymg conditior ;, (j.m.tzzf,ci;obn e
seceteration of ihe rotar occur from time t3 time. Th.e srcrvonmtorwz::u," cf o
s absorb mechanical encrgy as well as to g_cnc.rﬂte it. The performance 0
servomotor when used a5 a hrake hould be s;'.tls.fact(?ry. . e rotor
Let J_and f, be, respectively, the moment of x.ncrti‘a a'nd ffl;l\..fl\-’.)n o e loaé
and 1=t J, and f, be, espectively, the moment ofrl'nertig and f”f'“_{m oof he loac
on i~ output shafl Assume that the moment of inertia andT?:UO?; ' mv»ﬁcm
ceacn - re either neglgbic 0f inciuded in 4 and /i, respectively Then, the equivalen

- - St £ Afrered
Falpgeroa booTud mred e e moror Giaft ot egrevalent fricben £ refzrred
R TeTR A A A C R

; : Ty - ) . 4
Sy T T T Te Tl DS AP e
o pretarehe u v B redn e e Lpeby 80
‘ ¢
. B L
. o
i
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it ! i ,T(r|h\rr
. Lo b A e i 't‘:.)u({ il 1 ; Vo e g
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T BT T . famme e thea margr enyad
« w v ur PO er gy (‘;( ' R fhg_ fesad referss o E0C FIoLar < .
and J,, oo te e . 5
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(-3

to the leaw — ~o o Ingoneral, when the gear ratio s is smali the teypsfar functic

of the electi-w wervomotor may be obtaincd widhout tahirs e ascount 612 10
moment of .igita and wiction, i neither J nor ntJ, is nezhigivly smalf comim im;
Y
no

with the other wever, then the equivalent moment of inertia J,, must nz vz

5
for evaluating the transfer fuucticn of the motor-load combiration.

Two-pha>e servomotors. A (wo-phase servomotor, cominonly uses !
strument servomechanisms, is sinnlar to a conventional two-phase inductiur g
except for its special design considerations. It uses a squirrel-cage rotor, T 5. . vi
has a small diameter-to-length ratio to minimize the moment of ireriiz o
obtain a good accelerating characteristic. The two-phase servomotor is vers . - ;.
and reliable.

In many practical applications, the power range for which two-phase -
tors are used is between a fraction of a watt and a hundred wails.

A schematic diagram of a two-phase servomotor is shown in Fig - .
Here one phase (fixed field) of the motor is continuously excited fromthe . ..
voltage, the frequency of which .s usually 60, 400, or 1000 cycles; ano o0
phase (control field) is driven with the control voltage (a suppressed carrier - ~nu
which is 90° phase-shifted in time with respect to the refercnce voiz:. (1
control voltige is of variable magnitude and polarity.)

Note that the voltage of thie control phase is made 90° out ¢f phas
to the voltage of the fixed phase. The stator windings for tne fixec
phases are placed 90 apart in space. These consideratioas ar. bas:d
=+ torque i3 produced nost efficiently on a shaft when the proae-wvean

EWEDiy v ne UL
¢ \

il e

a space quadrature and voltages in the two phases are in timz quagrar =
The two stator windings are normally excited by a two-phazs nower oo -

1f a two-phase power supply is not available, however, then the fixed phae . o

may bs connccted to a single-phase power supply through a conacitor, v,

provide the 96° phase shuft. The amplifier to which the conus roze . L

ronnected is suppiicd from the same single-phase power supn.:,

In the two-puase servomotor, the polarity of the contro! ~oluge ~ - o

ag

the direction,of rotation. The instantaneous control voliage cf) is ¢t

e(0) = E (1) sin ot for E(>0
= tE{0)|sin{wi -+ n) for E, () <t -

This means that 2 change in the sign of E (¢) shifts the phase vy # radins, 7 L s
a change (b MC sigo of tee control voltage £4¢) reverses tne Crrection of ¢ 0 .iios
of the motoo, &0 o the refaroee voltage bs constant, the o e Tand &0 . -
woted € are wsu tenusns of the control voltage £(r). 1 ve_ ations i JDyria o
Iow comparce il the oo supo'v frequency, the torque deveioped by the mon
g5 propertional to £ (s Tugure
fand worque Flay verss (OE
the control veitage £ (1)
A family of torque-sp_ad curves, when the rated voltage is 2=phied to thz fived

phase winding and vatious voltages are applied to the con\) phase winding,

22 (b shows the curves e (¢) versus £, E(f) versis

d-
e angular speed at steady stats is proportional e
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L

Control
phase

o E(N
Ll -

Fixed
phose T(I){
()
0 ~ 1
(b

r Ec3>Ecz>Ecl >ECO=O
Es Eds) | . K, 8(s)’
£ | s{T,s5+1)
c2 -
Ear
(d)
‘E\E\\ NN\ F
<0 o

P

Fig. 4-22. {a) Schematic diagram of a two-phase servomotor; (b} curves
showing e.(1) versus ¢, Ec(t) versus 1, and T(t) versus t; (c) torque-speed
curves; (dy block diagram of a two-phase servomotor.

gives stcady;state characteristics of the two-phase servomotor. The transfer func-
tion of « two-phase servomotor may be obtained from such torque-spzed curves

if they are parallel and equidistant straight lines. Generally, the torque-specd -

curves are parallel for o relatively wide speed range b/ut' they may not be equidis-
tant; i e., for a given specd, the torque may not vary lincarly with respect to the
control voltage. In a low-speed region, however, the torque-speed curves are usu-
ally straight lines and cquidistant ina region of lo-w control.voltagcs. Since the
servomotor seldom operates at high speeds, the lmef\r portions of the torque-
speed curves may be extended to the high-speed region. If the assumption Is
made that they are cquidistant for all control voltages, then the servomotor may

Be considered dinear

?

]
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Figure 4-22 (c) shows a sct of torque-speed curves for various values of cont
voltages. The torque-speed curve -corresponding to zero control voltage ‘Pas -
through the origin. Since the slope of this curve is normally negative, if the cont
phase voltage becomes equal to zcro, the motor develops that torque nacess.
to stop the rotztion.

The servomotor provides a large torque at zero speed. This torque is necess.
for rapid acceleration. From Fig. 4-22(c), we seethat the torque T 'generated
a function of the motcr-shait angular speed @ and the control voltage E.. 1
equation for any torque-speed line is . v

T=-—Kf+KE. " @
where K, and K, are positive constants. The to\‘rquc-bélance equation for the tv
phase servomotor is T B

T=J0+16. @é-
where J is the moment of inertia of the motor and load referred to the mo
shaft and fis the viscous-friction coefficient of the motor and load rofersed to |
motor shaft. From Eqs. (4-33) and (4-34), we obtain the following equatic

JG + (f+ K )0 = K.E, ,
Noting that the control voltage E, is the input and the displacement of the mo
shaft is the output, we see that.the transfer-function of the system is given

ofs) _ K, _ .k, 4

E(s) J*+ (1K) s(Ts+ D) ’

where s
K, = K.J(f + K,) = motor gain constant ’ (
= JI(f +-K,) = motor time constant ’ Qeed

Figure 4-22 (d) shows a block diagram for this system. From the transfer fus
tion of this system, we can see that (f+ K.))s is a viscous-friction term produc
by the motor and load. Thus, &, the negative of the slope of the torque-speed curs
together with f, defines the equivalent viscous-friction of the motor and load cor

:bination. For steeper torque-speed curves, the damping of the motor is high

If the rotor inertia is sufficiently low, then for most of the frequency range -
have | T,s[ < 1 and the servomoter acts as an integrator. ..

The transfer function given by Eq. (4-35) is based on the assumption that ¢
servomotos is linear, In practice, hoviever, it is not quite so. For torque-speed cur
not quite parallel and equidistant, the value of X, is not.constant and, therefo
the values of K, and T, are also not constant; they vary with the coritrol volia

Armatare-controlled de.motors.. A~de motor is*often employed in & cont
system where an appreciable amount of shaft power is required. The de mot:
are much more eﬂ‘lc-iqnt than two-phase ac servomotors.

The dc motors have separately excited ficlds. They are cither armature-control
with fixed field or ficld-controlled with fixed armature c\:urrcnt. For example,
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{a)
L(s) s 8ls)
slUs +f)
Kos = Fig. 4-23. (a) Schematic diagram
of an armature-controlled dc
{b) motor; (b) block diagram.

sotors used in instruments employ a fixed permanent-magnet field, and the control

signal is applied t2 the armature terinals.

The performance chaiacteristics of the armature-controlled dc motor resemble

(e idealized chasacteristics of the two-phase ac servomotor.

Consider the armature-controiled dc motor shown in Fig. 4-23(a). In this

£ystem,
R, = armature-winding resistance, ohms
L= armature-winding inductance, henrys

i, = armature-winding current, amperes
i= field cuerzif, amperes

appiied armature voltage, volts

back emif, volts

= anyuiyr displacement of the motor shaft, radians
D te:qt; dcliverad by the motor, To-ft

- ];‘3 ,N
(I

i

. Y R N [ ~ g Ve e
J o= eguivawst snaral Gooanedes of tha motor and leed
TR A TR S
. R T T TN AU L L R VL
' i o e b
I : —_— R AL S (S TPV S
AR Lo . ; ’
. e : [T e
ATInRiane CLroon £ o o T, A I SEIg 11 prte.
gurrent of
EF A
) g = Ky

ol P igacanetint The torque 7 can, therefore, be written

o - ——-

- amEr R — e r—
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T = K,i K,
where £, i3 a censtant
In ihe comatvre-controlled de motor, the ficld current is beld constart F
a constant field current, the Dux becomes constant, and the torque becomas dhec
proportional to the armature current so that

T=Ki,

where K is a motor-torque constant. When the armature is rotating, # .+ 2'(a
proportional to the product of the flux and angular veclocity is induced in tiy 2o
ture. For a constant flux, the induced voltage e, is directly proporic-
angular velocity df/dt. Thus,

€ = R, %? el
where K, is a back emf constant.
The speed of an armature-controlled dc motor is cortrolicd by the e
voltage e,. The armature voltage e, is supplied by an amplifer (or bv < ¢ . t0
hich is supplied by an amplifier). The differential equation for the » - -n
circuit is

di, . _ .
L"H_t + R, + e, =e, -

The armaturc current produces the torque which is apphed (L dhe et - o
£..n; hence

40 | .d .. ..
Jar vt =T=X

[O

Assuming thal all initia? conditions are zero, and taking th: Lanirrs

h

of Hqs. (4-38), (4-37), and (4-38), we obtain the followirg a.ixtions:
KsO(s) = £

(Los + RY(s) + Efs) =

(Jst + f5)Os) = T(s) = KI (s =

Consicering £,05) s the input and O(s) us the output, wer "nconsirul.
{4-39), (4-40), and (4-21), as shown in F 3 4223(b) 7t - o
of the back r”is seen to be the feedback signal propaortioal e

o
motor, 7 it

I
!

T

o~ -
tm
e

disgram om =

ective dampryg of the syaor o 7

oucl emt thas inoereases the 2
- P . L RN AREY AN ¢ I o M N i
transfer & e of this syeten 1S ontatnd as
K
— :f. E"“:'_T"_f y & - ;V‘T_ T Ty
Sy - N (Luf—rf\u./); -*—RJ_/'r .Eu\b]

The inductance 130 the armoatere circunt is usually smal’ ool may bopofoc

«

70 L, s neglected, then the sransfer function given by Eq. (4-42) reduces wo

OGts) K,
E(s) " s(T,s+ 1) O (- -
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CI'C Y e oo
= K/(R.f + KK}) = motor gain constant Tem kot -
T_ = R J/(R,f+ KK,) = motor time constant

From Egs. (4-42) and-(4-43), it can be seen that the transfer functions involve
. term 1/s- Thus, this system possesses.an’integrating property. In Eq. (4-43),
lice that the time constant of the motor is smaller for a smaller R, and smaller
With small J, as the resistance R, 'is reduced, the motor-time constant approaches
o, and the motor acts as an ideal integrator.

ample 4-1. Positional Servomechanism. Obtain the closed-loop transfer function for
 positional servomechanism shown in Fig. 4-24. Assume that the input and output of
. system are the input shaft posmon and the output shaft position, respectively. As-
ne the following numerical values for system constants:

!

Amp

| et l--»—-l [

Li\;
e

Fig. 4-24. PosiIionai servomechanism,

r = angular displacement of the refercnce input shaft, radians

c= angular displacement of the output shaft, radians

@ = angular displacement of the motor shaft, radians
K, = gain of the potentiometric error detector = 24/r volts/rad
K = amplifier gain = 10 volts/volt

= applied armature voltage, volts

e;, = baci». emf; volts .
R, = armature-winding resistance = 0 2 ohms

L, = armature-winding inductance = negligible

i, = armature-winding current, amperes
K, = back emf constant = 5.5 x 107% volts-sec/rad

K = motor torque constant = 6 x 1073 Ib-ftfamp
J. = moment of inertia of the motor == 1 X-10-3 1b-ft-sec?

S = viscous-friction cocflicient of the motor,— ncgligible

J, = moment of inertia of the load == 4.4 4 1073 lb-ft-sec?

£, = viscous:{riction coefficient of the load = 4 x 1072 Ib-ftfrad/sec

n = gear ratio NV /N, == 1/10
The equations describing the system dynamics are as follows:

# the potentiomenic error detecton:
E(s) —~ K\([RGY = C(s)] = 1.64[R() — C(3) (444)
r the amplifior:
C e ESSLROREGY =100 (4-45)

Sec. 4-5 TRANSFER FUNCTIONS Gl I'HYSICA \aTU IQ:
- sy, BrtT [ :
For the armature- oulro!le(l dec motor; The e l“‘valcnt moment of idertia J and equivaler
viscous, f.xcuonfrcfcrrcd to the motor shaf are, rcspccuvdy, : . e
J=J,+ntJ, - ‘
=1x10"% 444 x.10-5.== 5.4"'x 10-3
f=fo+n,
=4 x10"%
Referring to Eq. (4-43), we obtain , L :
O K, T as '
E(s)7 ‘:(T,,,s + l) .. )
where
K : 6 - 10-3
K, = ’
R+ KK, ~ 0@ X107+ (6 x 10-5)(3 5% 10 =072
T, = R,J R (02)(54)(10 5) - 0.13
Rof + KK, (02)(4 % 10~ 4) + (6 % 10~ s)(;5 x 103~
Thus ' -
@(S) IOC(S) 0.72 4-4
E(~ E ~s0Ds+D . aA

Usmg Egs. (4-44), (4- 45) and (4-46), we can draw the block diagram of the system ¢
shown in Fig. 4-25 (a)..Simplifying this block dlagram we Obtain Fig. 4-25 (b). The closec

loop transfer-function of this system is <.
P C(s)y - T 423
R(s) ~ st + 775 + 423

- x

“Els). £ Mgral el ] cls)
764 = 10 5035+ 1) ) &
]
(o)
oY

TEg s o
sOBsen| ey
By

Fig. 4-25, (a) Block diagram of the 5):.!Lm shown in Fig 4-24; (b\ s.n.
phﬁ;.d block diagram.

Ficld-controlled de mo!or. Figurce 4-26 (a) is a'schematic diagram of a field-cor -
trolled dc motor. Let us define

.
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(a)

E ls) 1 Lis) K 8(s)
> T sts +£)

Ls+R,

Fig. 4-26. (a) Schematic diagram of
a field-controiled dc motor, (b) block
{b} diagram.

= fleld-winding resistance, ohms

= field-winding inductance, henrys

= field-winding current, amperes

= applied field voltage, volts

R = sum of the armature resistance and the inserted resistance, ohms

(]
i_ = armature current, amperes

é = angular displacement of the motor shuft, radians

T = torque developed by the moto:, 1b-ft

J = equivalent moment of inertia of the motor and load
shaft, stug-ft?

f = equivalent viscous-friction coefficient of the motor und load referred

to the motor shaft, 1b-ft/rad/sec

LI

referred to the motor,

In this system, the ficld voltage e, is the control input. it is tlie output of an
- plifier. The armature current 7, is maintained constant; this may be accomplished

»» applying a constant voltage source to the armature and inszrting o very large

5
:ampared with the maximum back emf induced by the rotation of the armature
vindings in th: magnatic ficld, the effect of the back emf is made small. Then the

sistance in saries with the armoture. If the voltage drop in this resistance is large

srmature current i can be Kept approximately constant The efficiency of the

@

~otor i such on operation Iy nucessarily low, bnl such a figld-controiied dc motor

v 1)’ b *;_M‘ for asnsed control svsten Not that maintointao g constant armatere
N . . -
sopent s mere (0 dhan maiat o oo soeonsans B2 cerrnt f tecvie s G
T LI [E S AN 'd
LT =y Ve R A
The rarar 7 oo by (oL Aol SIS TR S TR S U I B DR AR
0 flus w25 Coc SR
T e [ €417

Y

£t

ey K vonconyia tosneg b R U
N

poand the fiddd curient 7, are propor-
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tional for b2 usual operating runge of the motor and I, 1s assuned to be consta
Eq. (4-471 v e v ftien

T=K,,
where K, is a constant. The cquations for this system are
(r. N
f+R1, = e, £4.
i:0 di _
JEY L =T =K, ‘
dr? S ar = T =Ky -

Taking the Laplace transforms of Egs. (4-48) and (4-49), assuming z2. *
conditions, we yb5tain the foilowing equations: )
(Lys+ RYL(s) =- E(s) -
(Js? + f5)0(s) = KZ’/(S) -
Considering E,(s) as the input and O(s) as the output, we may co e o

block diagram from Eqs. (4-50) and (4-51), as shown in F 1g. 426 (b} fooos
block diagram, the transfer function of this system is obtained as

o) _ K, K,
Efs) s(Lfs - P,)(Js -rf) s(T,s + 1T e 1) -

K, = X,[(R, f) = motor gain constant
T, = L, R, = time constant of fizld cireuit
T, = J{f = time constant of incrtia-friction elemert <

Since the field inductance L, is not negligible, the transfr funsiine ol @ fo-
contiolled de wadtor is of the third order.

Companson of the performances of the armature-contralied ge o
the ficld-controfied de motor. An advantage of the field corrrol

oler . L0 Lo

that the ampiifier requirad can be simplificd because of the low powes
in the control held The reqitement of a constant current ssurcs

Y

a serious disadvantoge of field-controlied operations. Providina a corsi...

N

source is much more diflicult than providing a constant volicae source &1, v
costralien op.ration bis a few more disadvantages oves tr-: drnmtun‘m::w -
speration. of o do motor. In the arrature-controlled de motor, the hacs o
acts as a damzing: in the field-controlizd d¢ motor, howaver, this 1s not £ cu
zad the neo-msary damiping must be provided by the motor and lood Tt
of the low =Ticw oy of field-controlled operations, the heot Capergred 1n (02 apn
LBEE may S 3 hiem

Thetmecs rane o the fsilcoatrolled domair are Sene oty Lo oo
with the time constont. of o compar hlx armature-contro® n;otor- [ ot
3 comparison of time ¢onstunts hetween ficld-controlled OPIrAtION S Al arnivly
controlled operations, however, we must tihe the time constant of the Pow

amplifier into consideration in the study of .-.rnmturc-contr{i’j; aperations

~
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¢
Liquin-LEvEL SYSTEMS

Eluid-flow laws. In analyzing systems involving fluid flow, we find it necessary to
ivide flow regimes into laminar flow and turbulent flow, according to the magni-
\de of the Reynolds number. If the Reynolds number is greater than about BQOO ~
000, then the flow is turbulent. The flow is laminar if the Reynolds n.umbcr.ls less
\an about 2000. In the laminar case, fluid-flow -occurs-in streamlines with no
srbulence. Systems involving turbulent flow often have to l?e represented by
onlinear differential equations, while systems invol\./ing faminar flow may be
epresented by linear differential..equations. (Industrial processes often involve
ow of liquids through connecting pipes and tanks. The flow in such processes
s often turbulent and not laminar.) -

Resistance and capacitance ofliquid‘llcvcl systems. It is convenient to introduce
he concept of resistance and capacitance to describe dynamic characteristics of
iquid-level systems. o _ '

Consider the flow through a short pipe connecting two tanks. The resistance
or liquid flow in such a restriction is defined as the change in the level difference

the difference of the liquid levels of the two tanks).necessary to cause a unit change -

n flow rate; namely, . Lo . P
change in leyel difference; ft -7 '
= “change in flow rate, ft’/sec ‘ '

Conirol voive

O+q
-‘—’

Lood-valve .,

——rt

k]

o amendi o

[

Copacttance - Reststance
R - ‘ R ‘
{a) - N .
Head
qan~V R ¢
N ! i
7 i
%
- . Lo Lo U
° Flow rate Fig. 4-27. (a) Liguid-level systent;

cad versus ; Tate curve.
(b} o (b) h\m‘d‘_x’g{un;ﬂuw e,

B 3 s “

. e e

Scc. 4-5 TRANSFER.FUNCTIONS.OF Pl lYS!Cr\E‘SYS"'_\}lS, ‘

A
Since the relationship between the flow rate’ and level difference differs for
laminar flow aind- turbulznt.flow, we shall consider both cases in the followis

Consider the liquid-level system shown in Fig. 4-27(a). In this system the lig
spouts through the load valve in the side of the tank. If the flow through !
restriction is laminar, the relationship between the steady-state flow rate and stea
state head at the level of the-restriction’is given by

Q= Kl

where

Q = steady-state liquid flow rate, ft’/scc.
K = coefficient, ft?/sec
H = steady-state head, ft

Notice that the law governing laminar flow is analogous to Coulomb’s law, wh
states that the current is directly proportional to the potential difference.
For laminar flow, the resistance R, is obtained as
- p-rdH H
o mTaTe
The laminar-flow resistance is constant and is analogous to the electrical resistan
If the flow through the restriction is turbulent; the Steady-state fiow rate

s

R

“

_given by

{Q=KVH - ' (4-¢

PR

where
Q = steady-state liquid flow rate, ft’/seé

K = coefficient, ft? 3/sec . oI
H = steady-state head, ft oL e &
The resistance R, for turbulent flow is obtained from -
"R, dH - 2H
AU

The value-of the tlgzr,bplent-f}‘ow resistance depends upon the flow rate and the hea

* By use of the turbulent-flow resistance, we may linedrize the nonlinear rel.
ti]opsh/i’p‘ bgtw‘een Q and H, as given.by Eq. (4-53). Such linearizaticn is vali
provided that changes in the head and flow rate from theirirespective steady-sta’
values are srknall.}fl‘hé linearized relationship is given by - v

- 2H

TR

The value of R, may be considered constant if the changes in head and flow ra
are small. \

In many practical cascs, the. valuerof--the.coefficient K in Eq. (4-53), whic
depends upon the flow cocflicient-and the ‘area &f restriction, is not known, The
the resistance may be determined by plotting the head véisus flow raté Cufy
based on cxperimental data and measuring the slope of-th> curve at the operatir
condition. An example of such a plot is shown in Fig. 4-27(b), and a steady-stal

. operating point and resistance R, are indicated in the figure. (The resistance
»t . 1 b . [

5
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is the slope of the curve at the operating point.) The linear approximation is based
on the fact that the actual curve does not differ much from its tangent iine if the
operating condition does not vary too much.

The capacitance C of a tank is defined to be the change in quantity of stored
liquid necessary to cause a unit change in the potential (head). (The potential is
the quantity which indicates the energy level of the system.)

C— change in liquid stored, ft?
- change in head, ft

It should be noted that the capacity (ft?) and the capacitance (ft?) are different.
The capacitance of the tank is equal to its cross-sectional area. If this is constant,
the capacitance is constant for any head.

Liquid-level systems. Consider the system shown in Fig. 4-27 (a). The variables
are defined as follows:

J = steady-state flow rate (before any change has occurred), ft’/min

g, = small deviation of inflow rate from its steady-state value, ft*/min
g, = smalil deviation of outflow rate from its steady-state value, ft’/min
H = steady-state head (before any change has occurred), ft

h = small deviation of head from its steady-state value, ft

As stated previously, a system can be considered linear if the flow is laminar.
Even if the flow is turbulent, the system can be lincarized if changes in the variables
are kept small. Based on the assumpt.on that the system is either linear or linearized,
the differential equation of this system can be obtained as follows: Since the
inflow minus outfiow during the small time interval df is equal to the additional
amount storzd in the tank, we see that

Cdh = (g, — g,)dt

From the definition of rasistance, the relationship between g, and 7 is given by

g = I
*TR
The differens:al sguation for this system for a constant value of R becomes
o
dh \
RC=- 4- I = Ry, (4-54)
dt
Note that R ic ihe time constant of the system Taking the Tapiace rransforms of
botiz sides of Bg. <4-537, assumine o 2o annal crndtlion, 2 ebla
§RCs - (. = RO s
wher-
: Ly = - D s P
ifg,is consivs: -4 owwent o dur L o dhe transfer fanct o S0 syaems

Her R
Q Qls)  RCs -1

[P A e——

———

See, 4-F TRANSFER FUNCTIONS 07 PH e 5. LAL SYSTEMS 1

If, howeve. . 2, 7z *aken as the output, the innot buing the snme, <hen the trans!
function s

0.(5) _ 1

Q(5)  RCs -1

where we have used the relationship

04(s) = L )

Liquid-level systems with interaction. Consider the system shown in Fig 4-0

In this system, the two tanks interact. Thus the transfer function of t3- . 21
not the product of two first-order transfer functions.

In the following, we shall assume only small variations of the var.ac... ¢
the steady-state values. Using the symbols as defined in Fig. 4-28, we -5+ :ois
the following equations for this system:

hy—h L ¢
B
1
dh, .
1 =9

h "
Fzz =4, s
dh, .
C, _de =4 — 4 2

If g is considered the input and g, the output, the transter fuccr.on o e s

Cils) _ 1
06) T RCR,Cs + (RC, + RyCy + Ry = &

1t is instructive to obtain Eq. (4-59), the transfer fancr ~noof <7

system, by block diagram reduction. From Egs. (4-555 rarss = 722
Gvq __ T .
e :Dq-—:_\‘»s |
, "ank 2
/
b
! v
Ha+hy ‘; [af] -

' [ T Q@+

- v v _w—\;\/t——- _—

0:, Sregav ~sraie {.ow rate
Hy Stecav—-ster2 ng ad zvel of tank !
H, Steagy -state vqu d leve! of 1cnk 2

Fig. 4-28. Liquid-level sys om with imcractioQ
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H,(s) 1 Q,ls) Hyls) . 1 Q,ls)
) 7 e
Hy{s)
ols) ] A oyls) ¢ AT
6_1_5 Czs
0,(s) (@) Oz(s)k o
otls) 771 Hls) 3 O > T || A7) Qatsh ™
Cis Ry =Y ] Cas Hals) i3 |
N (b) -
RZQ“S‘TT
ladsyon [ 11 1] [outs
[ <. Czs Ri
{c)
T Ol
R2C25+1
chis -t
{dh
als) I 0,ts)
T TN R CyRC,s 2 (RNC, + RaCa+ RC ) s +1 ;

(e}

5

Fig. 4-29. (.} Ilements of the block dragram of the system shown in Fig.
2 %%: (b) block dragrem of the ~ystem: (€)-(e) successive reduction of the
b‘u k deseriit,

o an - . [ERSRalY 3 RS BB

Ve L vmite b

O

- n e v emear e - - -

—————a o

P ——

R,

ity e . =

C e o e
f

Scc. 4-5

TRANSFER TUNCHONS OF I’HYS!CAL SYU!S T ©

.=
1

relements of the block’ dmgmm, as showu m Fxg 4- 29 (a) By c()lmcc[mn sign

“properly, wé can’ constfict” a block dmnmm as sho.vn in Fig. 4-29 (b). By-use*
the rules of block’ dlagmm algcbrﬂ gnvcn in, ’Iab!; 4- 3 this block diagram can
simplified; as shown in Flg 429 (c); Furthcr snnphf’catlon results'in Figs., 4- 29;

. anJ (e). Figurc 4-29.(c)'is ‘.qumdem‘ io Eq 1(4:59).

a

PRESSURE SYSTEMS

Resistance and capacitance of prcssurc systems. Many industrial procese
and pneumatic controllers involve the flow of' a gas or air through connect-
p:pelmes and pressure vessels., . -

ConCidcr the pressure system shown in F
4-30(a). Thc gas flow througli the restriction i
function of the gas pressure difference p, —
i o — > "Ptp, Such a pressure system may be characterized
A /{-”}”: " “ferms of a resistance and a capacitance.

! The gas flow resistance R inay be defined

Copacitance “ follows:
[~

@ R=

Resistance

change in gas pressure difference, 1b/ft?
,+~ change in gas flow rate, 1b/sec

T Reten
ap ) D 7 :
- < :where ' d(AP) is a small change in the gas pre
~offs s 0 L suredifference and dg is a small change in t'
) Slope = " gas ﬁow Computation of the value of the gas flc
resxstancc R may be. quite time- -consuming.' E
penmentally, however, it can be easily determin:
“ from'a plot ‘of the pressure difference versus g
curve by. calculating the slope of the curve at
given: voperating condition, as shown in Fig. 4-5

(b) (b).

Fig. 4-30. (a) Schematic diagrani
of a pressure,system; (b) pressure
difference versus flow curve.

(4-¢

- The capacitance of the pressure vessel may !
defined by

change in gas stored, lb
~ change in gas pressure, 1b/ft

or

SR et

where ) ‘ Mﬁ
C = capacitance . B =
m = mass of gas in vessel, 1b
P = gas pressure, 1h/f1?

.dm. % dp
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V = volume of vessel, ft’
= density, 1b/ft?

The capacitance of the pressure system depeids on the type of expansion process
involved. The capacitance can be calculated by usc of the ideal gas faw. (Sce Prob-
lems A-4-15 through A-4-17.) If the gas expansion process is polytropic and the
change of state of the gas is between isothermal and adiabatic, then
P(!—)” = L = constant 4-62)
m P
where

n = polytropic exponent

For ideal gases,

e

. where

p = absolute pressure, 1b/ft?

5 = the volume occupted by I mole of a gas, ft?/lb-mole
R = universal gas constant, ft-1b/lb-mole °R

T = absolute temperature, °R

v = specific volume of gas, ft/lb
M = molecular weight of gas per mole, Ib/lb-mole

Thus
T = R,,.T (4-63)

NET

p
V=" =
F p

where
R,., = gas constant, ft-1b/Ib °R

The polytropic exponent n is unity for isothermal expansion. For adiabatic
expansion, n is equal to the ratio of specific heats ¢ je,, whrrs 7, is the specific
seat at constant pressure and ¢, is the specific heat at constant vomm(. In many
nractical cases, the value of n is app.oximutely constant, and thus the capacitance
may be considered constant. The value of dp/dp is obtained from Egs. {4-62) and
(4-63) as

dp 1

dp  nR,T
The canacitance is then ebtained as

== ._,Z_ — b
The vesaniiany . ootz vessel o Lofstear B the SR

e
iy muoy pral . PR AN YA TV IECEP )
for gas.iin i CLl s
° I’rCS;UrL‘ SYSLUT Copaenar oo G s« vy N F;g 4-3’:’5 (\w ::F:' W ASsuie

ooy g davge o ¥ b Lules o thur respectiv: slcady-state viiues,
S (Mg sy o VL cwnsicered Binear

Bt it | St g | LR

e - st —— &
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Let us canna

£ = gas pryssure In the vesse” at steady-state (befor
occurred), t/°

p, = smail change in inflow zas pressure, lb/ftz

Po = small change in gas pressure in the vessel, [b/fi2
= volume of the vesszl, fi?

m = mass of gas in vessel, [b

g = gas flow rute, Ib/sec

p = density of gas, Ib/{1?

el
&
ﬁ'
v
<
2
W
M
i
5
kS

For small values of p, and p,, the resistance R given by Eq. (4-60) becomes coic o
and may be written as

R=P—Po

q
The capacitance C is given by Eq. (4-61), rewritten

Since the pressure change ¢p, times the capacitance Cis equal 1o t
the vessel during #¢ seconds, we obtain

Cdp,=gqd:
or ~
d/’o — Pi =P
“dr R
which can be written as
d
Po + Do =p

ii p. and p, are considered the input and output, respectively. sie» -
unction of the system is

\J) 1
Pis) T RCs+1

where RC has the dimensicn of time and is the time constant of ire system

THERMAL SYSTONG

Resistance ans canacitence of thermal systems, Therma: -ystems are .-

which twolve o tstor of heas from one substance to anothe.. Thermat s s
gy B2 oana czoe s s of cosisfance and capacitance, alte tnoh the thoer

SEPBCTARLE NG w0zl TIsla il ”y not be represented accoritely as bomin: !
parameters since tey a03 sadd b dotrisaied throughout the setstance. For pre-

cise aualysts, distributed-po.amezr models must be used, Here, however, in ord:r
to simphiy the analysis we snall assume that a thermal system can be representad
by a lumped-parameter model, that substances that are charactepiagd Ly resistone
to h.at flow have neg’*aible heat capacitance, and that substanda _ At are chorog-

terr eV v bt eanneit onee havs nanlioihls eaciiinn s on t o 0 0
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There are three different ways heat can flow from one substance to another:
.conduction, convection; and radiation.
For conduction or convection heat transfer,
g=KA8 ‘ .
where )
g = heat flow rate, Btu/sec
A8 = temperature difference, °F
K = coeflicient, Btufsec °F

The coefficient X is given by

kA . . i
K= AV for‘conduction
= HA for convection

where

& = thermal conductivity, Btu/ft sec °F )

A = area normal to heat flow, ft* y ) ' -
AX = thickness of conductor, ft ) ) ’ -

H = convection coeflicient, Btu/ft? sec F

For radiation heat transfer, the heat flow is given by
q= K6} = 63) .
where ‘

g = heat flow rate, Btu/sec
K, = coeflicient which deperids on thé emlssmty, size, and configuration of the
emanating surface and -those of the recéiving suiface
8, = absolute temperature of emitter, °R _
6, = absolute temperature of receiver, °R

Sifice the constant K, is a very small number, radiation heat transfer is appreciable
only if the temperature of the emitter is very high. -

The thermal resistance R for heat transfer between two substances may be
defined as follows:

_ change in temperature difference, °F
7 change in heat flow rate, Btu/sec

The thermal resistance for cond ucti_o)n or convection heat transfer is given by
R - d(A8) i

T dg T K
Since the thermal conduciivity and convection coeflicient are 2lmost constant,
he thermal resistance fur cither cmduuion or convection is constant. The thermal
esistance for radiation heat transfer is gwen by

d(A(}) 1
B i'}itz 4[\’ 01

R R ORI O S UoARrdr A

oY

!
Chap. 4 O

!

Y

!
JFig, 4-3L8 Thermual system,

-Sec. 4-5

-

e

where

N

[T

TRANSFER [‘UNCT!O‘\’S OF PHYSICAL Sg..,/EMS

“
i
(8}

“

6= eﬂ"ective temperature difference of the cmitter and receiver ¢

The radiation resistance is not constant; it v¢:r1e> It may be considered con:

Aonly for a small rangz of t! 1 opgrat ing conditions.
“The thermal capacitance C is defined by

W
1 ~

_ change in heat stored, Btu

C=Wc

»

W = weight of substance considered, Ib
¢, = specific heat of substance, Btu/*F-1b

change in temperature, °F

Thermal systems. Consider the system shown in Fig. 4-31. It is assumed
- the'tank is insulated to ehmm‘uc hcat loss to the surrounding air. It is also assu;
that there is no heat.s storage in the insuldtion and that the liquid in the tan
perfect!y mixed so that it is at a uniform temperiture. Thus, a single temperal
is used to describe the temperature of. the liquid in thé tank and of the outflov

llqmd o e
“Let u$ défine -

O, = steady-state temperature- 6firiﬁowiﬁg liquid, °F
Q = steady-state tempcrature of outﬂowmg liquid, °F

.G = steady-state lqulld ﬂow rate Ib/sec EE
oL M = mass of liqliid id tank; Ib :/ _

€ = specific heat othuxd Btu/lb °F

R = thermal resistance, °F sec/Btu.

C ='thermal capacxmnce Btu/°F

H = steady-state heat input rate, Btu/sec

Assumé that the tc.mperature of the mﬂowmg liquid is kept constant and ti.

c.therheat'input rate is suddcnly chanﬂed from # to A+ h, where h, represe
© d'small change in thé heat input raté, Thc heat outflow rate will then change arac

ally from H to H + h,. The temperature of the outflowing liquid will also
changed from O, to &, -+ 8. For this case, hy, C, and R are obtained, respectm

as

i

7

- PAMA
Hegter

Mixer

/_//L/_L(/_/__z_.i

N \\\\\\\g
o \ N

i

Hot
Ilq'.nd_
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The differential equation for this system 1s

c%=m—m

which may be rewritten as

Rc§+e=wh
i . Th
Note that the time constant of the system 1S equal to RC or M|G seconds. The
transfer function relating 8 and /1, is given by
0f) . __R
H(s)  RCs-+ 1

h
o 0() = £ and  HE=Z (1)

In practice, the temperature of the inflowing liquid may gu?-wzte;?;r;n};;(;z

as a load disturbance (If a constant outflow te'mpcrature 1§ esire ,1 A
e , be installed to adjust the heat inflow ratf: in order to p‘
COD’-YOHEF gjgtions in the temperature of the inflowing liquid.) 1f the ?cmpc.ra;ure;
i?rt;hecinlt:lowing liquid is suddenly changed ;rom 6, :o‘ tG,t:;nB,thv;h;\Leattl;c;tﬂ:tv
iqui re kept constant, :

input r.atc ! ;ni teh(f };Ccl)lrll:dlgot:: ]r-_?tj— Clz: and ?he temperature _°f the ou'tﬂowm'g
;?[c';vilil?;eccﬁaiged from O, to ©, + 0. The differential equation for this casz 1s
iqui

C%?: GC9, —_ ho

‘hich may be rewritten
) do

RCZI—’—+9:01

The transfer function relating 0 and 0, is given by

o _ 1
©0G)  RCs+ 1

o ‘ 1
S FOT e 2= L0
> N 1] x—-—xr',f"{\ LY
- B R T L sheest sl o CHanges 1 poth tor Mt :
TRUTSU SN v e Ty U rats v Rept
o ~ 1 e r’}{‘ ' ":\r I + ‘1 ¢ L 1 1 T2 L »

U I TR < ; ‘ e R
fon. L1t o an oae o cTesoutllowmg i Vgt o,
con, wiil, T ow Lottt .
the ToMowe e e

< >‘" L0 ,
) rCé 10 0,1 Rh

e
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€,{s)
H,(s) <" — gis
— R +-+ > —1——_jr—-—-v ————— B
- i RCs | !
5 J
Fig. 4-32. Bloc\ diagram of the tystem g
shown in Fig 4-31. }

A block diagram corrzsponding to this case is shown in Fig. 4-32. (Noties tha0 o
system involves two inputs. We shall discuss multipie-input-multipic-ooim
systems in Section 4-6.)

4-6 MULTIVARIABLE SYSTEMS AND TRANSFER MATRICLES

In Section 4-2, the transfer function was defined for the single-inp i
output system. In this section we shall extend the transfer-function repreze:
to systems with multiple inputs and multiple outputs.

[

Transfer matrices, Consider a system with m inputs and » outpurs. = .
consider the m inputs to be the components of a vector. We shali calisuch » -2t

an mput vector. Stmilarly we may regard the 2 outputs as the vompun=n .
outnut vector, The materx which relates the Laplace trams ormoor the o -0

tc -z Laplace transform of the input vector is called the tran fer mare .
the output vector and the input vector.

Consider the cystem shown in Fig. 4-33..This system has o tnnuse
outputs. Fror Fig. 4-33, the relationship between the outputs and mpri
oy

ol

X(s) = G, (9U,(5) 4 G (U,(s) I
Xy(s) = G, (DU (s) + G,,(s)U,(s)

where G, (s) 1s the transfer fanction relating

the ith output to the jth input. Using vector- _Y1ls! S

! A !
matsin notation, we can write this transfer i~—i @/ )
rylation as

[X.(s:ﬂ rCls) GO U] o o |

x0T e cuellvs)] —I\/

A systent nvng melupie inputs and - \
multuple culputs s €eiod a sndhanable = Gz |
system. If sucil @ sysoom s i mpuly dia T
n outputs, and 1f the weasfer tunction be- ,
tween the ith output and jth mput 1s given Up(s) Gaa N X_E‘i
by G,,(s), then the Laplace tror orm of the ) i
ith output is related to the Lapiscs trans-

Frg. 433 Multfpt-input-muttry'e.
Farmy ol the mineer 0w
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Y(S) = 11(5)U (s) + Gn.(s)U )+ -

-+ G,,,,(S)U (s)

Chap. 4

(i=1,2...,n)

lote that in defining G, (s), only the jth input is considered and the other inputs
re assumed to be zero. In matrix form, thé Laplace transform of the output vector
: relatad to the Laplace transform of the input vector by the followmg equatlon

X,
X(s)

[G,(5) ze(S)
G, (s) Gii(s)

X6)d LG Gals)

G,.(s)]
GZn.(.S) 1(5)

G..(s) 1L

(U(9)]

(4-65)

U.(s)]

quation (4-65) shows the interactions ‘bétween the m inputsand n outputs Equa-

jon (4-65) can be rewritten as

X(s).= G(s)U(s)
vhere .
[X,(s) U
X,(s) Uys) o
X@=| |/ U= -
BACY RN /A
G, (s) Gya(s) G,.(5)
G,,(s) G,,(s) G..(5) ‘
G =| . - - :
LGai(s)  Gols) G,.(s)

{(s) is the Laplace transformed output ‘vector, Us)
s the Laplace transformed input vector, and G(s) is
he transfer matrix between X(s) and U(s)

Txample 4-2. Consider the mechanical system shown in
Sig. 4-34. We assume that the system is itially at rest.
Fhis system has two inputs «.(t) and () and two
wtputs x, (1) and x(r). The equations describing :he
iystem dynamics are .

miy + filk — %) -k =

myiy + it — %) +
Paking the Laplice transforms of- thesc iwo equerions
ind substituting the zero inttial ‘conditions, we obtain
s FR)XG) = fisXa() = Uils)
(nas? 4 fis - RDXG) - fusXifs) = Ualy)

Faxy =,

(st 4

sy

my

ol

Fig. 4-34. Mechanical system.

O
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In vector-matrixiform, we obtain - Lo e
[ni{sz +fis + Ky ~fis ][X,(s)] B [U,(s)] 6 °
C ~fis mas? + fis + kad LX) LU(s)]
Let us define

1

= (mys? -t fis + k) (m,s? +f15' +ky) ~fist# 0
Then, by prcmuluplymg by the inverse of the 2 x 2 matrix in Eq. (4-66), we obtain

myst 4 fis+ky, fis
- [Xl(s)] _ A A I:U;(S)]
Xz(S) %._? m,sz +Afl.$' + kl, Uz(S)

The 2 X 2 matrix in this last equation is the transfer matrix between the outputs and the
inputs. Clearly, the time responses x,(r) and x,(t) are given by

B A e SO ) (4-6)

3 1» | xalr) = _g:—:[f_ffgf(-s) 3 MG_L’“U( ):I (4-68)

To ﬁnd the responses x,(t) and x,(t) for u, # 0, u; = 0 (or u; =0, u, # 0), we simply
substitute’ U,(s) = 0 [or Ui(s) =0) mto Eqgs. (4 67) and (4 68).

Example 4-3. _Th‘é(system shown in Fig. 4-35 has two inputs, the reference input and the
disturbance input, and one output. Obtain thetransfer matrix between the output and
the inputs.

oo S

i
N - Cls
Gyls) | O Gals) 9
Fig. 4-35. System having two H{(s)
inputs and-one output,

The Laplace transform of the output, C(s), can be obtained as @:f""g
‘ _ GGH0) U Gils) , “
€O =1 6,6560m0 " rrese.mrn N S
In vector matrix form, ; )
_ I Gi(3)G,fs), - Gafs) R(s) o
co=[rrétnomm TroGeaTel g @0

The transfer matrix between the output C(s) and the inputs R(s) and N(s) is the I X:
matrix given'in Eq. (4-69). ’
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Comments. In this section, we have presented a definition of the transfer matrix
and we have derived the transfer matrices for two systems The transfer-matrix
representation for multivariable systems is an extension of the transfer-function
representation of single-input-single-output systems. The analysis and optimal
contro! of multivariable systems can be carricd out most conveniently by use of
state variables. We shall therefore postpone the further analysis of multivariable
systems to Chapters 14-15, where we shall study the state-space approach to the
analysis and opimization of control systems.

4.7 SIGNAL FLOW GRAPHS

The block diagram is useful for graphically representing control systems.
For a very complicated system, however, the block diagram reduction process
becomes quite time-consuming. An alternate approach for finding the relationships
among the system variables of a complicated control system is the signal flow graph
approach, due to S. J. Mason.

Signal flow graphs. A signal flow graph is a diagram which represents a set
of simultaneous linear algebraic equations. When applying the signal flow graph
method to anralyszs of control systems, we must first transform linear differential
equations into algebraic equations in s.

A signal flow graph consists of a network in which nodes are connected by
directed branches Each node represents a system variable, and each branch con-
nected between two nodes acts as a signal multiplier. Note that the signal flows
in only one direction. The direction of signal flow is indicated by an arrow placed
en the branch, and the multiplication factor is indicated along the branch. The
signal flow graph depicts the flow of signals from one point of a system to another
and gives the relationships among the signals.

As might be expected, a signal flow graph contains essentially the same informa-
rion as a block diagram. The advantage of using a signal flow graph to represent
a control system is that a gain formula, called Mason’s gain formula, iz available
which gives the relationships among system variables without requiring a reduc-
tion of the graph.

Defaitions. Before we discuss signal flow graphs, we must define certain terms.

Node. A node is a point reprzsznting a variable or signal.,
Transmittance TLhe transmittance is a pain betweoer tyvo nodc‘:s

Brunch A brogoh i a dwreeted 1ins sezment jornng owo nodes. Toe gain of
2 branch 13 1 (v mttange

Input pode cr soeee. pninpeinde o source o a node which has o~ autasingg
branches This <o munds v @ ndern nduin v =,

Ouipui nove o st At outcac o o st Sy anode which tas o0y incoming
branchics, This coiresoonds to - detend o vaakle, )

which has both incomirg and ovtgoing

Mixed node. Ou:ci node Is ¢ node
' e '

Lo WPURSEY i S

-~ s - &1

Sec. -7 SIGNAL FLOYV G s 12

Paih. o opaih is a rravensal of L)nnc:tcr_ branches in the di:0tion of the branci
arrows. If no rode is crossed more 1 once, the pathas open. If the path end
at the same noede from which it beran and dues not ¢ross any other node mare tha
once, it is closed. If a path crosss s some nede more than once but ends at o dif
ferent node from which it began, 1t 1s neither open nor closed.

Loop. A loop is a closed path,

Loop gain. The loop gain is the product of the branch transmittancss o7 o L00p

Nontouchirg loops. Loops are nontouching if they do not posssss 2nv oo
nodes.

Forward path. A forward path is a path from an input node (source} to a
output node (sink) which does not cross any nodes more than once.

Forward path gain - A forward path gain is the product of the branch trar nat
tances of a forward path.

o

Figure 4-36 shows nodes and branches, together with transmittances.

Propertics of signal flow graphs. A few important properties of sign | zs
graphs are listed below.

1. A branch indicates the functional dependence of ore signal upor anc.e-
A signal passes through only in the direction specified by the arrow . i
branch.

2. A node adds the signals of all incoming branches and transmits . Lar
to all outgoing branches _

3. A mixed node, which has both incoming and outzoing sranchsz, (20
sreated as an output node (sink) by adding an outgoing brancl ol uniy o

tance. (Sce Fig 4-36. Notice that a branch with unity transmittarcs
from x, o another node, also denoted by x,.) Note, however, that «we <701 .

change 2 mixed node to a source by this methoa.

e diranta

4 For a given system, a signal flow graph is not unique. Many dilfer. o .
flow graphs can be drawn for a given system by writing U 2 sysicmn .~
differently.

4g  lrnut node

Mixed nodes {Source} -
d &7
a X b % 4 - C‘-{
o a 2 b A[x o b
Xq “ X3
Input node Cutpu! noce
{Scurca) (Sink)
Fig. 4-36. Signat tros grapn ¢
Signat flew graplos e hu Szl Tov zeoph of 2 Binzar system can be draw,

using the foregomg oo s dn dormz so, we useolly bong the input node
{sources) to the Iul Pl ouiput bodes (3107 sy to the tight The nu'.cpcm‘-cf
and dependent variubics of the equations beceme the input nodes (sources) anc
output nodes (sinks), respectively. The branch transmittances {  Ybe obtained fron.
the coefMiciznty of the conations,
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To determine the input-output relationship, we may use Mason’s formula,
ich will be given later, or we may reduce the signal flow graph to a graph con-
ning only input and output nodes. To accomplish this, we use the following rules:

1. The value of a node with one incoming branch, as shown in Fig.-4-37 (a),

is x, = ax,. 4 ,

2. The total transmittance of cascaded branches is equal to the product of all

the branch transmittances. Cascaded branches can thus be combined in‘t,p‘

asingle branch by multiplying the transmittances, as shown in Fig. 4-37 (b).
3. Paralle! branches may be conmibined by adding the trz{i}nsmittances, as shown
in Fig. 4-37 (c). ' '

4. A mixed node may be eliminated, as shown in Fig. 4-37 (d).

5. A loop may be eliminated, as shown in Fig, 4-37 (¢). Note that

) S
o0
{a o 2
[} b .., .ab
L — -0- P——0 = . - )
(b) X4 2 X3 ok I . X3 -
a+b
= B o Y
{c) o A c
X, ac
(d) = 3
‘ be
22
ab
a *2 b ab X3 1-bc
(e) ey B I = O = e
£ J‘; Xy X1 X3
A
c . .
be
Fig. 4-37. Swgnat flow graphs and stnnhificatians,

I ' ¢ PEST AN A
L -

O

Eq'uation (4-70) corresponds to a dia

x; = bx,,

' SIGNAL FLOW GRAPHS

X, = ax,; + ¢x,

Xy = abx, + bex,

ah

B ey

O

rl@ .
.

@

(-7

(4-7;

gram having a self-loop of transmittanc

bc. Elimination of-the'self-loop. yields Eq. (4-71), which clearly shows that th
overall transmittance is ab/(1 — be).

Signal flow graph represcntation of linear systems,

Signal flow graphs are widc]

applicd to linear-system analysis, Here the graph can be drawn from the syster

Fig. 4-38. (a) Signa!l' flow
graph  representing  Eq.
(4-72);" +«(b) signal -flow
graph  representing © Eq.
(4-73); (¢) smnal flow
graph  representing  Egq

(4-74), (d) complete signal

flow graph for.the system
described by Egs. (4-72),
(4-73), and (4-74).

RN

(a) .

(b)

{c)

(d)

LT

Xq X2

v
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juations or, with practice, can be drawn by inspection of the physical system.
dutine reduction by use of the foregoing rules gives the relation between an input
1d output variable.

Consider a system defined by the following sct of equations:

X, =4, X+ apX, +a,5x, + b, 4-72)
Xy = ay,X; -+ ay,X;, -+ a,;x; 4 b,u, (4-73)
X3 = a,,X, + a5,%, 4 dy3X, 4-714)

here u, and u, are input variables; x,, x,, and x; are output variables. A signal
ow graph for this system, a graphical representation of these three simultancous
quations, indicating the interdependence of the variables, can be obtained as fol-
»ws: First locate the nodes x,, x,, and x,, as shown in Fig. 4-38 (a). Note that a,,
i the transmittance between x; and x,. Equation (4-72) states that x, is equal to
1e sum of the four signals a,,x,, a,,x,, a,,x,, and b,u,. The signal flow graph
:presenting Eq. (4-72) is shown in Fig. 4-38 (a). Equation (4-73) states that x,
» equal to the sum of a,,x,, a;,X,, a;;x,, and b,u,. The corresponding signal flow
raph is shown in Fig. 4-38(b) The signal flow graph representing Eq. (4-74)
; shown in Fig. 4-38 (c).

The signal flow graph representing Eqs. (4-72), (4-73), and (4-74) isthen obtained
y combining Figs. 4-38 (a), (b), and (c). Fmally the complete signal flow graph
or the given simultaneous equations is shown in Fig. 4-38 (d).

In dealing with a signal flow graph, the input nodes (sources) may be considered
ne at a time. The output signal 1s then equal to the sum of the individual contri-
utions of each input.

The overall gain from an input to an output may be obtained directly from the
znal flow graph by inspection, by use of Mason’s formula, or by a reduction of
1¢ graph to a simpler form.

Signal flow graphs of control systems. Some signal flow graphs of simple control
ysiems are shown in Fig 4-39. For such simple graphs, the ciosed-loop transfer
action C(s)/R(s) for C(s){N(s)] can be obtaincd easily by inspection, For more
omplicated signal tlow graphs, Mason’s gain formula 1s quite useful.

Mason’s gain formula for signal flow graphs, In many practical cases, we
ish to determine the relationship between an input variabie and an output vati-
ble of the signal Juww graph. The transmittance between an input node and an

utput node isathe oven 1t o, o overal! transmitiance, between these two nodas.

Muson’s caia Diraols which i any Toboe ro the gverall gain, is given by

14
L= "/‘T £ [A abyg

here

P, = nath o o Bansnnt’ o of 2l cunwnsed path

A - - determing ol graph

e T et loop paime} b fonm o cain argdyets of all

O

Sec. 4-" SIGNALTLOW G RAPHS

possible combinations of two nont ouching Inco

groducts of all possible combinations of thres non o

==1—-ZL +_TLI --—ZLIL

Y, L, = sum of ail differcat loop gams
a

)z —_ (bs.l'

-

ol

e
<

Rs) Gls) __£(s_}> Gts)
= I T
o 1 G(s}
R(s) E{s)} ko
\ 7
v
=H(s!
Asi
N(s) %S'
A1) ¢ f’
S 7, £is) T Cls) 1 2 s 5
5,05} b ( i ! 2
X, G,y lsh:; Gals) O— N NS
2 T R X\E(S" ' =
*
[Hisi] N LZHis e
s}
b
Als) %
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Rl(s) £18' Josy e
-z
e
Ryist

|

]
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S L,L, = sum of gain products of all possible combinations of two non- ' A=1—~(UL +L;+ Ly Ce

touching loops - =1-G,G,H, + G,G,H, + G,G,G, ronL .

be @
" L,L,L, = sum of gain products of all possible combinations of three non- The cofactor A, of the determinant along the forward path connecting thé input node and
of touching loops " output node is obtained by removing the loops that touch this path. Since path P, touchﬂcC

A, = cofactor of the kth forward path determinant of the graph with all three loops, we obtain
the loops touching the kth forward path removed ' o / A =1
te that the summations are taken over all possible paths from input to output.) . Therefore, the overall gain between the input R(s) and the output C(s), or the closced-
n the foliowing, we shall illustrate the use of Mason’s gain forumla by means loop transfer function, is given by
vo examples. ' ; €W _p _PA, A,
R(s) A
G,G,G,

mple 4-f. Consider the system shown in Fig. 4-40. A signal flow graph for this system

; =T=G.G:H, 5 C.C, i, £C.C
own in Fig. 441, Let us obtain the closcd loop transfer function C(s)/R(s) by use ] - W+ 2 2G3

fason’s gain formula, : which is the same as the closed-loop transfer function obtained by block diagram reduc.
In tkis system there is only one forward path between the input R(s) and the output . tion. Mason 'S gain formula thus glves thc ovcmll gain C(s)/R(s) without a reduction o’
. The forward path gain is the graph

\ P, =G, GZG, o o .

Example 4-5. Consider the system shown in Fig. 4-42, Obtain the closed-loop transfe:

m Fig. 4-41, we see that there are three mdmdual loope -The -gains "of these loops function C(s)/R(s) by use of Mason's-gain formula.

| In this system, there are three forward paths between the input R(s) and the outpu
L, = G,G,H . C(s). The forward path gains are . .-
| hannt 1 1 . ‘ .
Lz = —G;G;H; ' . JP1!= G GzG G4Gs
Ly = —G,G,G, . . ' ’ ’ - ‘Pz = G{GsG,G;s
: ' ‘ SR R X X
e that since all thrée loops have a common -branch, there are no nontouching loops [ i 207, .
ice, the determinant A is given by S S : . There are three individual loops The gams of these loops are
: ! R L= _G4H|

Lz = T\GzG(-,]“I‘z
L3 = -66640 Hz

Loop L, does not touch loop L,. (loop L, touches loop L;, and loop L, touches loo;
L,) Hénce, the determinant A is given by

Fig. 4-40. Multiple-loop . A=1—(L +L,+L)+L,L, @-75!
system.

-

.

) The cofactor A, is obtained from A by removing the loops that touch path P,. Therefore
- : by removing L, Ly, Ly;and L L, from Eq (4-75), we-obtain

( ) 67 C,_ ,

' 6s

¢

-~

Flg 4-92, Signal flow araph
for a system RN

Fig, -4t Srenal o grgtph fon: the sys'te:rnl shown in Fig 4-:10.
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' Al = l
imilarly, the cofactor A, is
Az = l
he cofactor A, is obtained by removing L, L3, and L, L, from Eq. (4-75), giving
A; = l - Ll

he closed-loop transfer function C(s)/R(s) is then

%%ﬂp:%(p,m + P A, + Py AY)

_ G,6,G,G,G; + G,G:G,Gs 1- G,G,G,(1 + G.H))
1+ G.H, + G,GH; + GGG H, + G H GG H,

Concluding comments. The usual application of signal flow graphs is in system
fiagramming. The set of equations describing a linear system is represented by
 signal flow graph by establishing nodes which represent the system variables and
»y interconnecting the nodes with weighted, directed, transmittances, which repre-
ent the relationships among the variables. Mason’s gain formula may be used to
.stablish the relationship between an input and an output. (Alternatively, the vari-
bles in the system may be eliminated one by one with reduction techniques.)
Mason’s gain formula is especially useful in reducing large and complex system
jiagrams in one step, without requiring step-by-step reductions.

CYAMPLE PROBLEMS AND SOLUTIONS

PROBLEM A-4-1. Figure 4-43‘shows the schematic diagram of an accelerometer. Assume
hat the case of the accelerometer is attached to an aircraft frame. (The accelerometer
ndicates the accelration of its case with respect to inertial space.) The tift angle 8 mea-

— !

3

P

(D S
-]

l: !
; > RIS
oo i
EEI Y
SR -
P e -
Prs ; R o
b P o
i . . ]
r“—‘—‘*——""’""“\ Fig. 4-43. So0 0 aatic diagram of an
,Z’/’»’}C//’/’/Z%'Z"/'//’//TVJ/WW accelerome'ar

Chap. 4 EXAMPLE PROBLEMS AND SOLUTIONS !

sured frcm the horizontal line Is assumad to be constant during the 2 urement pari
Show that for low-[rcquency inputs, the accelzration of the sase relative to iner
space can be dereensinud by the displacement of the mass m v ith rooust to s case,

Solution. Let us define

x; = displacement of the case relative to inertial space
xo = displaceruent of the mass m relative to inertial space
y = x; — x, = displacemznt of the mass m relitive to the case

The equation for this system is

mio + f(ko — X) + k(xg — x) —mgsinf =90
In terms of y, we obtain

my+fy+ky=—mi + mgsin8
Since § is assumed to be constant during the measuremant period, mg sin & 1= oo v
and it is possible to calibrate the displacement and define a new variable z suc>

z=y—'%sin9

Then we obtain
mz 4+ fi 4 kz = —m%

If the input accaleration (the acceleration of the case relative t2 .noctial spazsy x-
to be the mput to the system and the displacement z 1s taken o be the cutpu?, ..o i
transfer function of the system becomes

Zs
376 RN S 3
Y m m

If the input frequency is very low compared with &/&jm, then

Z(5) . m

stX(s) - k
which means that z = y — (mg/k) sin 8 is ncarly proportional 1o tiz slowly cur w7130
acceleration. Thus, for low-frequency inputs, the acceleration of the case recie s, 2 ™=

tial space carn be given by

“m k

Mote that such an accelerometer must have a sufficiently high andamped naiueal ©

quency +/f/m compared with the highest input frequency to be muezsured,

£, = k(y-——ﬂ[’—'sm9)

PROBLENT A-4-2, Gear trains are often used in servomechanis 1s to reducs spesd,
magnify torsoe, or to ebtan the most eMicient power t-ansier by matching the dria
merherro fh Dovcen and
Copstiem t' e L00t nosystuo shownin Fig J-41 1n this sys »m, 2 load is Juven
a motor throuzh ez tron Aconm pthat the st ess of the shafts of the geor
1s infinste (there 1s neither backlash nor etrstic deformation) and that the number of tee
on vich gear s proporiicat’ w the radus of the gear, obtn the equisalent mon ant
inertia and equivalznt fnction referied to the motwor sh v and referred to the load shaft
In Fig 4-41, the numbers of teeth on gears 1, 2, 3, and 4 M‘)\'l, Na, Nj, and A
i 0 ;

respectively. The angular displacements of shafts 1, 2, and 3 aré .oand 85, respa
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Ny
Jh ‘*é/— Georl
N __ ~__ '//4 /
T~ W Ny
T Gear 3
input torque g f -
from motor I % ; 2 _14/
Tm (f) / —v—
Gear2 | L_ ?z =
F]
/ ‘8/ Q Load
Gear 4 —%\L— et t;_)r?;s)e p
! L

N,

Fig. 444. Gear—train sys!em.

ely. Thus, §,/8, = Ni/N, and 8,18, = N,/N‘ The moment of inertia and viscous fric-
on of each gear train component are denoted by J,, fi: Va2, f33 and J,, f3; respectively.
J, and f, include the moment of inertia and’ friction ‘of the load )"

olution. For this gear train system, we can obtam the fo'lowmg three equations: For
e first shaft, .

7.6, +f10| + Ty =T (4'76)
here T, is the torque developed by the motor and T is the load torque on gear 1 due to
he rest of the gear train, For the second shall, S .

10, 5,0, + T, = T, @17
there T is the torque transmitted to gear 2 and T, is the load torque on gear 3 due to
he rest of the gear train, Since the work done by gear 1 is equal to that of gear 2,

T,Bg = T;ﬁ’z QI' Tz = TIN

fNIN, < 1 the gear ratio reduces the spccd as welhas magmﬁes the torque. For the

hird shaft, ; -
B0, + 8 +T. = T‘ (4-78)

vhere T, is the load torque and T4 is the torque transmitted to gear 4. T3 and T are
elated by

h’
T, = T35
s =Tg,
ind 8, and 6, are related by
: N, N
g, = gzN 0 ___1___1

Elimination of T, T3, T,, and T, from Eqs (4- 76), (4-77), and (4-78) yiclds
100+ 10, + ol & fzoz, yi Y 'N M+ 04T =To GT9)

-

Sliminating 7, and 3, from Eq. (4-79)and v.rmng the equation in terms of 0 and its

e oo (s wm alitin et T Coe

o
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[+ () + (R ()30 S

R R 7

* Thus, the equivalent-moment of inertia and friction of the gear train referred to st

1 are given by

=+ (3 G ('

o=t + ()5 + + () ()5

Similarly, the equivalent moment of inertia and friction of the gear train referred to
load shaft are
=+ () (T ),

=+ (55 + GV )

The relationship between Jieq @nd Jyq is thus

and that between f,., and f3.5'is ** ~

i 2 (0 (02

The effect of J; and J5 on an equwa'ent'momcnt of inertia is determined by the g
ratios NN, and N,/N,. For specd-reducing gear trains, the ratios N,/N, and N;/N,
usually less than unity. 'If Ni/Nz &land NjIN; & I; then the effect of J, and Jy 00 -
equivalent. moment of inertia J,.q is-negligtble. Sxmxlar comments apply to the equival
ﬁ'zctlonflcq of the gear train. Interms of the equivalent moment of inertia J,,, and equ
alent friction fi.q, Eq. (4-80) can be simplified to give -
chqél‘ +fleqal ":_ nTL = Tm

i
R

. } [ wr—roponne }
where ' '
Nl N] -~
1\,’ jv c_‘__f‘_\;\

Conszdermﬂ Tn — nT, as the input to the system and 6, as the output, the tmn
function of this system is

O](S) — < l
Tm(s) - "TL(-‘) 5(-’1::13 +[ﬂ:q)

The block diagram is shown in Fig 4-45(a). If (T,, — nT) and 0, are considered to
the input and output, respoctively, then the transfer function beconies

‘ ) ¢
1

O) . w
T.(s) — ”TL(S) 5(Jrlcq:9»+f3:q)

Since
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p Chzp. 4 EXAMPLE PROE L. * 15 20 SOLUTIONS
: Cleatly, the; H |
T8 Tals) = T, (s) . 0,(s) . Cleatly, they differ from cach other by a factor of #. Hence, in comnari "
> l inertia ratios of o ¢ h ases - P N e paning oy
$Wrgs+ fieg) ! i\llofe that ti Ttors, e find 1 nceessary o specify which shoft s the 7, .
. ; Fhd- e ratio o torque squared to inertia referred to the motor shaf s
T,
' "m nZ_’L
and(that referred to the Joad shaft is
] 2
(o) .7.?_5
n-
i Jo+ =2
: These two ratios are clearly the same,
Tnls) Ta(s)=n T (s) 1 B,(s) B5(s) i
(4 > PP o p ee—— ! thOBL:EM A1-4-4. The moment of inertia J of a motor may be available in - -
189 189 t acturer’s catalog or ms 3 H coi e o
:' known. 8 ay be computed if the dimensions and material o7 5 g
. The eﬁ"ecuvc? moment of inertia of a motor and gear train systens can cisy - - -
nT, (s) { mined by experimental means, Discuss methods for determining the n'o—v:: ’
J of a two-phase ac motor, P
b ’ i ;
Solution, To Fietermmc the effective moment of inertia Jofamotor and g2ar toa,~
Fig. 4-45. Block diagrams of the gear-train system shown in Fig. 4-44. apply a step input ¢, and record the transient response. The 1 .nsfer | ol »»S'V
phase ac motor 1s given by Eq. (4-35) as fo“o‘vvs. . Ve CF IUNSULm i o
in terms of Jy.q and fi.q, this transfer function can be writtea o '
. s K
O,(s) n E—-——( =—— fe
_ ) I+ (fE K
Tm(s) - "‘TL(S) S(chqs +fl=q) 1f the input voltage : . (f )
. . . R put voliage ¢ is a step input of magnitude £y, then the resulunc <ha’
The block diagram for this case is shown in Fig. 4-45(b). ! P RSSHRING Sd.
From the analysis above, it can be scen that in a system where a servomotor is driving sO@s) = ___KE,

load inertia and ioad viscous friction, the load incrtia and friction are, at the motor shaft, s(Js +f+ K7)
the original values multiplied by the square of the gear ratio. If the gear ratio is a small
number, the moment of inertia and friction of the scrvomotor give dominant effects on ) g K.E [ w, )
the dynamic behavior of the system. N =00 = Tl —exp (- _.i:]_i‘_:f”

¥ recor ’ N ’

From the record Ofut)(f) versus time, the trme COnS'_:m[J/(f w Kcanbe €or o

Hence the angular velocity () is

PROBLEM A-4-3. Show that the torque-to-inertia ratios referred to the motor shaft S .
. ince the steady-state 2. gular v oy 1
and to the load shaft differ from each other by a factor of n. Show alse that the torque slians oy
squared-to-inertia ratios referred 1o the motor shaft and to the load shaft are the same. () K.E,
I =FEK

Solvtion. Supprose that Ti,,, is the maximum torque which can be produced on the motor
shaft. Then the torgue to-inertia ratio referred to the motor shaft is

- _T_ max
2
I 402y
whcre .
L= e af g St roter :
Jy = no e of mertin of the luas D
TR LT L T aé

The torque-to et ratio rulerred v ohe ™ o7 shaft ds
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-obtain
—_ K:El
f+ Kn - OJ(CD)

 determine £ 4 K, we need to know X.. [E, and w(0) are known quantities.] The
lue of the torque constant K, can be determined from the torque-speed curves, as
own in Fig. 4-46, provided these curves are parallel, From the curves, we obtain
K. = L . Il = _T}
CE E L
ce wa hnow the time constant J/(f + K,), the steady-state angular velocity w(eo),
d the torque constant K,, the moment of inertia J can be determined.

‘T he moment of inertia J of the rotor can also be determined experimentally by means
a torsional pendulum experiment. If the damping coeficient is very small, the period
oscillation of the pendulum s related to J by the following equation:

kT?
=4

1ere

J = moraent of inertia of the rotor

k = torsional spring constant of the elastic sheft to which the motor rotor is at-
tached

T = peniod of the oscillation

XOBLEM A-4-5. Obtain the transfer function of the two-phase servomotor whose
que-speed curve is shown m Fig 4-47. The mavirnum-rated fixed-phase and control-
ase voltages are 115 velts. The moment of incrtia J of the rotor (including the effect
load) 1s 7.77 x 1074 oz-in.-scc? and the viscous-friction coefficient of the motor (includ-
r the effect of Icad) 1s 0.005 oz-in.frad/sec.

lution. The equation for the torque-speed curve is

T+ K0 = K.E,
cre
— § §0__ 11 »,,,/', .
K, = 3000 37 = 0.CL19 oz-1~ rad/fsec
5 .
o 2D == 415 2~ Vol
K, s 0.0435 oz-in.fvo't
Thus
; T - 0.01190 = 0.0435L,
l The motor gan constant K, is then
K.
> . Ko=77%,
L 00435
sy 0.005 - 0.0119
= 2.57
\\ The motor time constant T, 1s
~ * ==z L-.!',.
\ T = -+ K,
e e e
c 4500 777 « 1074

TS g 7 107

¥
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Using the numerical values thus obtainced, the transfer function given by Eq (4-35) 15 =
follows: O

Ots) K
E(s)y S(T,s--1)
- 25T
500965 - 1)

PROBLEM A-4-6. Assuming that a two-phase servomotor has a lineir torque-specc
curve so that the no-load speed is wg and the stall torque is T3, find the maximum motor
shaft output power Pg,,.

Solution. The torque-speed curve is

T=T, - (;T’O) T,

The shaft output power P is given by
P=Tw

=(r.- acﬁ‘};T-')’*’

To find Py, let us differentiate P with respect to w:

arP (53
= T, — 25& T,
By setting dP/dw = 9, we obtain _
@ = %o
T2
Clearly, d*P|dw? = —~2T,Jw, < 0. Hence P is maximum at @ = g/2 Py, is
Pmnx = TwLu‘—wo/Z
— . _7:{ a’o
=(n.- )%
- T
-3

For the two phase servomotor constdered in Probleri A-4-5, T, == 5 0z-in and ¢, -
4000 rpm. The maximum power output P, 18

_ S x 4000 1
Pnix - 4' - X ﬁ;:‘
= 3.7 watts
The maximum power occurs at @ = 2000 rpor,

PROBLENM A-1-7. The maximum accciciation wheeh the servomotr conacleave may b
indicated by the torgue-to-nertia rouo, which 15 the 15010 of the mavinun tOIUe W
standstill to the rotor inertie. The higher this rano, the better the acceletation clrdc
teristic 15, Referning o the two-phase servomotor consdered in Problem A-4-5, find th
torque-to-tnertit ratio,

Solution. The rotor moment of merto J of the twe-phase servo notor 15 7,77 % 10-
oz-1n.-sec*. The maximunm torgue & standstdl iy 5 oz-mn, Hence the torene-to-mreg 1

e B
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Tm._._ . 5 Ru La

TJ T TIT X110

= 6435 rad/sec?
' selecting a servomotor, it is important €, e 9 .
o satisfy a given requirement on accelera-
lons. i
o—

PROBLEM A-4-8. Consider thearmature-
sontrolled dc motor shown in Fig. 448,
in Section 4-5 it was shown that
e, = Kbg .
T = KiK.\, = Ki,
where K, is the oack emf constant, i is the
constant ficld current, and X, and K are constants, Show that

!1% = 1.356 watts-sec/ft-1b

iy = constant

Fig. 4-48. Armature-controlled de
motor.

Soiution. The mechanical power T0 must be equal to the electrical power e/, developed
by the armature current flowing through the armature back emf, Hence from

eyly = K,ﬁi, (watts) = z{]’fé" (hp)

. ki
= f - = 2
T8 = Ki 8 (fi-lbsec) - 330 (hp)
we obtain
‘—K" = 1.356 watts-sec/ft-1b

PROBLEM A-4-9. Refcrring to the dc motor shown in Fig. 4-48, for fixed values of the
armature voltage, the torque versus specd curves may be represented by

K .
T = K (e, — K,w)

Determine X and K, from these tergue versus speed curves.

Solution. For the no foad condrtion, T = 0, Hence

whete
w, = no-foad speed
1f the motor is stalled, then @ — G, and we cblain

= LR,
€

K
where

7, = stall torque

a
\
Pradyie LA A»-C_/ Dofertan e the trar fer function Q@) F.0s) of the armature-con-

ottt de pwotor shona i oo 2 e the drerran

O
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e, = 26 volts
L, = negligible
J =2.59 x 10-¢ oz-in.-sec?
S =13 % 103 oz-in.[rad/sec
Assume that the stall torque is 10 oz-in. and the no-load speed is 523 rad/sec.
Solution. From Eq. (4-43), the transfer function ©O(s)/ L,(s) is

OG)_  Kn
E(s) " s(Tus+ 1)
_ K
- T s(R,Js + R.f + KKy)
where
K= T;R" (7, = stall torque)
K, = é“— {®, = no-load speed)
[y
In Problem A-4-8, we found that
% = 1.356 watts-sec/fi-Ib
= 7.06 X 1077 walts-sec/in.-0z
Hence .
X = 26 _ - ;
b = 559 = 5 >i 10-2 volt/rad/sec
and —
— ._i
K=356% 100
. __ 3 x10-?
T 7.06 x 1073

= 7.08 in.-oz/amp
The value of R, is then obtained as

__Ke,
R, = T,
_ 26
= 18.4 ohms =
The transfer function &(s)/ E,(s) is then “":It}
IO 7.08 o R
E(s) 7 s[(18.4)(259 x 107%)s 4 (18.4)3 x 107 %) - (7 08)(5 x 107%)

- 13

T 5(0.01165 4 1)
PROBLEM A-4-11, Find the transfer function OQYE,(s) of the ficld-control™ad
motor shown in Fig. 4-26(a). Assume that in the dugram

e; = 110 volts -

f, = 15 amperes O .

@,, = 0, = 1200 rpm
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L= 20 henrys
R; =120 ohms
J = 11b-ft-sec?
J=03 1b-ft/rad/sec
Solution, From Eq. (4-52), the transfer function Q) Efs) is
o6 _ K,
B~ (L5 + RYTs 1)

From this equation, we obtain the steady-state angular velocity @,
that for a step input &, = 110 volts, we obtain

as follows: Noting

_ K, 110
OW =TT+ RIT + 1)
Hence
w,; = lim s(sO()]
-0
S (Lys + RpUs +1)
_ 110K,
Ref
Since @, = 1200 rpm = 90 X 27 radjsec, Ky = 120 ohmis, f= 0.3 1b-ft/radfsec, we
obtain
o 110K,
40n = 1357 % 0.5
or
K, = 4_0151_1%_69 ohms Ib-ft/volt

= 68.5 Ib-ftfamp

The transfer function G E,(s) is then obtained as follows:

o 85
E(s)  s(20s + 120)(s + 0.5)
1.14

= 50.1675 3 DE2s + 1)

the positional servomechanism shown in F1g. 4-49, Assume
he reference shafi position and the system output is the
as for the system constants:

PROBLEM A-1-12 Consider
that the inpui to the system 15
output shoft position. Assume the following numerical valu

angular displacernent of the reference input shaft, radians

r‘ =

¢ = angular displazement of the ontput shaft, radians

§ = anygular diplozement of the moutor shaft, radians
K, = gain of the polenhiomeler errer detector — 24/1 volts/rad
K, = amplificr gain -= 10 volts/volt
R, = fild-windmg resitence = 2 ohms

Ly = ficld-winding inductance == 0.1 henry

iy = ficld-winding current, amperes

ep = applicd field voltace, volts -
K, =~ motor torque canstant = 005 newton-mjamperes

PRI g o LS B 110
e, e f

i rfuired to the motor

e af ghe ot and ok

Chap. 4 ) O

3

n

Chap. EXAMPLE PROBLENS AMD SOLUTIOAS

R

[
VA
Amphifier ) L,é
iy
___J ?

e —namm

i, = constant

I

h

—

Fig. 4-49. Positional servomechanism

f = equivalent viscous-friction coefficient of the motor and load referrad
motor shaft = 0.02 newton-m/rad/scc '

Dra\ abi k(tlag[ainof lh-) stem I 1! dthf. tra ! unction o achblOCP\. l i
y< 1
Y oc k ns Cl’f C fC

Solution. The equations describing the system dynamics are as follows:
For the potentiometric errcr detector: “

E(s) = K\|[R(s) — C(9)] = 254[}3(3) = C()]
For the amplifier:

E/(s) = K,E(s) = 10E(s)

A
ee e[ o lel _ 12 6 ¢
! 50055 + 15 +1) iTe)
(@)
[ Tigecmd
R [ (91 c .
L s(s-{s+20; = t-

(b

' I
Loyt RS
SEALSY Fig. 4-50. (a) Block diagram of the posruonal servonrechanism shown in
Eleer . N ~ Y '
Fir 4.49; (b) s'mphifed block dingrem
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» the field-controlled motor: Referring to Eq. (4-52), we see that

o@ _ Kn
Efs)  S(Tys + D)(Tas + 1)

Lre
K; 005
K. R,f = 3% 000 1.25 rad/volt-sec
_Ly_01_
T, = R-z2° 0.05 sec
_J 002
T, = ¥ =002 1 sec
:nce

Ok 1.25
E/s) " 500055 + (s + 1)
From Eqs. (4-81), (4-82), and (4-83), we obtain the block diagram shown in Fig,
50 (a). Simplification of the block diagram of Fig. 4-50 (a) yields Fig. 4-50 (b).

(4-83)

ROBLEM A-4-13. In feedback control systems, d¢ generators are used for producing
rge power amplification. (Vacuum-tube amplifiers, transistor amplifiers, etc., are not
sitable for use in directly contrelling a dc motor of more than 100 watts if small time
anstants and good linearity are desired ) In the diagram shown in Fig. 4-51 (a), the dc
snerator drives an armature-controlled dc motor. In the schematic diagram of Fig.
51 (b),
R, = field-winding resistance of the dc generator, ohms
L, = field-winding inductance of the dc gencrator, henrys
i, = field-winding current of the dc generator, amperes
e, = applied ficld-winding voltage of the dc generator, volts
R, = armature-winding resistance, ohms
L, == armature-wina:rg inductanze, henrys -
- armature-winding cutrent, amperes
£, = armaturza-gencrated voltage, volts
@ = constant speed of the dc¢ genzrator, rad/scc
iy = field current of the dc motor (constant), amperes
e, = back emf, volts
# = angular displaccment of the motor shaft, radians
T = torque delivered by the motor, b-ft
J = moment of incttia of the motor and load referred to the motor shaft, stug-ft2
S = viscous-friction coefficient of the motor and joad referred to the motor shaft,
lb-ft/rad/sec
he peneraior 13 rotated at a constant speed 05,. The armature generated voltage ¢, is
ernuned by the voltage e applied to the generator fiesd Derive the transter function
civeen B and ey

o
It

slutfon. Equations for this sywtem are

..
[0 .
Lyyr Vv Reiy =~ ¢; (4-84)
rid
€5 — KO“?,’/K
e K cun,(\nmi v, is the air gap Mnix. Since the ficld-winding current and the

A Mg e noed tona! end ’?, s a con,lang, ¢, can be written

gt
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1
Qutput of
generotor frmature
¢
S Constant ! l £
spzed ] 1 m
Comwentiorct L = [T G dc N |
motor = {1 enerator mator i
N —_] Ul
f
) .
. Amptifier Field windirg
! {constant volt=g3)
- Error signal
(o)
ey e e
v i
: :
\ " £
i . g m
! ' ™ i i
: ! AV
: ! v
T i ]
] t [}
| ' : tp=constant 1
: Constant | )
i speed 1} I
1 t ) |
[ g !
. dc generalor Armature controlied ds motor
. )]
Fig. 4-51. (a) A dc generator-motor system; (b) schematic diagram.
€, = Kaf.,g (4'85)
where K, is a constant. Eliminatiag /, from Eqs. (4-84) and (4-85), wc obtain prye
de, . e
Lrdt dr ¥ Ryes = Kee, f—.(;,
The transt‘::r function between the armature-gencrated voltage ¢, and field-winding
voltage e, is then
E(s) K, '
In the armature-controlled de motor, the wrmature is energized by the output of the
generator and the field current 15 held constant. The transfer function between @ and e,
was obtaincd n Section 4-5 and given Ly Eq. (4-42). Rewritten, it is
o) _ K -y
_____________ SN
Q Es) 7 S{L I (LS + Ry + RJ+ 1'\/\.51 (@-87,
Hence the transfer function between 8 and ¢ is obtaned fiom E(.JA-S()) and (4-87) o
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!

O(s) KK, (4-88)

Es) = (Lys + RSILIsT + (Lo + RoJ)s 4 Raf + KKi
The inductance L, i the armature circuit is usually small and may be neglected. 1€

[, is neglected, then the transfer function given by Eq (4-88) reduces to

O KK
E( 7 s(Tes + ) Tas + 1)

where

K, = K,JR, = generator gain constant

T; = L;/R, = generator time constant

K. = K|(R.f + KK,) = motor gain constant
T. = RJ/(R.f 4 KK,) = motor time constant

PROBLEM A-i-14. Considering small deviations from steady-state operation, draw
the block diagram of the air heating system shown in Fig. 4-52. Assume that the heat loss
to the surroundings and the heat capacitance of the metal parts of the heater are neghigi-
ble. .
Solution. Let us define
0, == steady-state temperature of inlet air, °F
G, = steady-state temperature of outlet air, °F
flow rate of air through the heating chamber, 1b/sec
M = air contained «n the heating chamber, 15
¢ = specific heat of air, Btu/lb °F
R = thermal resistance, °F secf/Btu
C = thermal capacitence of air coatained in the heating chamber = Mc, Btu/°F
H = steady-state heat input, Btu/sec

o
fl

il

Let us assume that the heat input is suddenly changed from fto 4+ hand the inlet
air temperature is suddenly cha::g_ed from ©, to O, + 8, Then the outle: air tempera-
fure will be chanred from @, to @, + B,.

The equation describing the system behavior is

CdOy ={h 4 Ge@, — 8l dr

ar
% w1+ G0, - 00)
Noting that
Ge = -‘:?
—— o
H+h Blu/cec Cot b
; NAYAYS
€19 pacta |

o
| [

Fig. 4-82. Atr hcaung systen.

C
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we obtain (D

c'-‘%i’ =kt -}3(0,’ — 0, Y,
or

RC(—‘i]Qt—" + 0, = R + 0,

"I‘sz'mg the .Itaplace trar<forms of both sides of this last equation and substituting t
initial condition that £,(0) = 0, wc obtain

_ R 1
O(s) = mﬂ(f) + ma(s)

The block diagram of the system corresponding to this equation is shown in Fig. 4-53.

81(5) 1
RCs*1
Fig. 4-53. Block diagram of the air Hls) . R NV, By(s)
heating system shown tn Fig. 4-52. RCs+ " \bf

PR?BLEM A-4-15. Consider an 1deal gas changing from a state represented by (4
vy, Ty to a state represented by (p;, vy, Ta). If we keep the temperature constant at

but Change the prSSurC f om p, to P then C volume ()[ a5 \.1 anga rom 1
T 28} h i ] Wi ,
2y g <) l CNe n,_.,e r: m 28]

£y = pyv’ (4.8

Mow keep the pressure constant but chan ¢
an ge the temperature to 7. ! olum
gas reaches v,, Thus F Ta. Then the velume
Y_un
i (-5
By eliminating v” between Egs. (4-89) and (4-90), w: obtain

PV _ Py

1,
This means that, for a fixed quantity of gas, no matter what physical changes occt
pol/T will be constant. We may therefore write P
=
pv=AT i

g

where the value of constant & depends on the quantity and nature of the gas conft:fr\t

In deating with gas systeins, we find 1t convenient to work 1n molir qubwmcs :U

mole of any gas contains the same number of molecules. Thus 1 mole o;c;J:‘ § tl A

velume if measured under the seme condions of twmpeiature an " l"" U *w‘) .
If we consider 1 mole of gas, then S e

po = RT (4-¢
The value of R 1s the same for el gases under all condrions. The constant & 1s called 1

un‘wcrsal gas constant. At standard temperature and pressure (that is, at 492°R and 1<
. . ol any oac | ’ 5 ’ .
psia}, 1 Ib-mole of any gas is found to occupy 359 i3, [For example, at 492°R(= 32°
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and 14.7 psia, the volume occnipicd by 2 b of hydrogen, 32 Ib of oxygen, or 28 1b of ni-
trogen is the same, 359 ft3.] This volume is called the molal volume and is denoted by
T,

Obtain the value of the universal gas constant.
Solution. By substituting p = 14.7 1bfin.2, % == 359 ft/Ib-mole, and T = 492°R into Eq.
{4-91), we obtain
14.7 x 144 x 359

492

= 1545 ft-1b/Ib-mole °R
= 1.987 Btu/lb-mole °R

]

PROBLEM A-4-16. The molecuiar weight of a pure substance is the weight of one
molesule of the substance compared to the weight of one oxygen atom, which is taken to
be 16. That is, the molecular weight of carbon dicxide (CO,) 1s 12 4 (16 X 2) = 44.
The molecular weights of oxygen (molecular) and water vapor are 32 and 18;-tespect-
ively.

Obtain the specific volume of a mixture which consists of 100 ft? of oxygen, 5 ft?
of carbon dioxide, and 20 fi? of water vapor. Assume the temperature and presstre to
te 70°F and 14.7 psia, respecively.

Solution. The mean molecular weight of the mixture is
100 < _ e
M = (1; x 125) + (41 x 125) 18 x 125) — 256 + 1.76 - 2 88 = 30.24

Thus

<

i
S
TS

545><530 _
= 0.5 x 147 x 148 28I

PROBLEM A-$-17. The value of the gas constant for any gas may be determined from
gecurate expf'rimcntal obscrvations of simulianeous values of p, v, and 7.

Obtain the pas constant R, for air. Note that at 32°F and 14.7 psia the specific volume
of air is 12.39 ft?/1b. Then obtain the capacitance of a 20-ft? pressure vessel which contains
air at 160°F. Assume that the expunsion process is isothermal

Solution
_pv 147 x 144 % 12.39 R/ oF
Ry =7 = 450 1 32 == 53.3 {t-1b/ib °R
durning to Eq. (4-643 the capacitance of a 20-{t? pressure vessel is
C d 29— = 605 X 10~ ‘—hz-‘
CTAKLT T ixsiaxen O [, e

CROBLEM A-4-18. Consider the system shown in Fig 4-54 Obtain the closed-loop
teansfer function F/(3)/QG).

5t orion, In the/ 7 en systm, there is only one furward path that connects the input
€.} and the cuf }H(t} hius,

—— -

PR

—~

Chap. 4 PROBLEMS

Q(s)

Oator ey
There are three individual loops. Thus,

L= =g

Li=-tar,

Li=-fgs

Loop L, does not touch loop L,. (Loop L, touches loop L;, and Toop L; touches lo
L,). Hence the determinant A 1s given by

A=1—(L, +L,+ L)+ (LiLy)

1 1 1 1
=1 -
Yt rest R T Res Y Re R

Since all three loops touch the forward path Py, we remove Ly, L,, and Lyfrom A a
evaluate the cofactor A, as follows:

Ai = 1
Thus we obtain the closed-locp transfer function as shown:
H(s) _ P A,
0(s) A
-
- R,C,C,s?
1 1 1 |
l+ -} - I N i el
R,_Cls RzCzS l RlC2S }— RIC“'\':CZ_\l i 1
_ Rz la;?tr:::
R.C\R,Cos” 4 (R,C, + RyC7 T RoCs 1 P
Ly
PROBLEMS O

PROBLEM B-i-1. Obtain the transfer functions of the mech?’ al systems shown ¢
Figs. 4-55 (a) and (b). Also obtain electiical analogs of the mechatical systems,

(=Y
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Thermometer

Ap=py~pp (1b/1n?)

Y 521075

— Bath
Flow (Ib/sec) .

(b}

Fig. 4-63. (a) Pressure system; (b) ~  Fig. 4-64. Thcrmometcr system,

Ap versus flow curve.

1 is 3.2 oz. Assume also that the specific hcats of the thermocouple and thermal well
. the same.

‘OBLENM B-4-14. Figure 4-65 is the block diagram of an engine-speed control system.
e speed is measured by a set of flyweights. Draw a signal flow graph for this system.

‘ Locd
; disturbance
‘eference Nis) Actual
speed ‘ speed_
(s} 1002 - 10 i 10 Cls) .
“— . s2+140s +160% Qs +1 20s +1
’ Flyweights Hydrauic Engine
.servo

7
# L

sFig. 4-65. Block diagram. of an,cpginc:zp'c_cd.’conlrol system,’

/ . . ‘ .—
}//f S OE ég L

BASIC CONTROL ACTIONS ;
~ AND lNDUSTRIAL ; ‘?:
AUTOMATIC CONTROLS .

»

. 51 mmonucfnow

?

An automatic_controller compares the actual value of the plant output wit_

the desired value, defermines the dev:atlon and produces a control signal whicl.

will reduce the dev1atlon to zero or to a small value, The manner m which the autce-

matic controller produces the control signal is called the conrrol action.
In this chapter, we shall present the basic control actions commonly used ir

industrial automatic controllers. First we shall introduce the principle of operatio¢’

of automatic controllers and the methods for generatmg various control signals.
such as the use of the derivative and integral of the error signal. Next we sha!
discuss the effects of particular control modes on the system performance. Thet
we shall give a brief discussion of methods for. _reducing the effects of externa
disturbances'on the system pcrr'ormmcc_f}m Aly, we shiallintroduce fluid amplifiers
rm’bdszuprmmples of I‘uzdu.s and d SCUsS ..lp')l'Cd tons of ﬂuldu, devices

e e et e =

- Classifications of industrial autematic controllers, Industrial avtomatic ‘COMN
lrollcu may be classxf.cd dccordmu lo their control .nchon as

rl)
4

¢
14

(_two -position_or ‘on-off control!u; -
2. proportionai controllers
3. integral controllers

v
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4, proportiona!-p!us-integral controllers
[s. proportional-plus-dcrivative controllers
| 6. proportional-plus-derivativc-plus-intcgral controllers

“Most industrial automatic controllers use electricity or pressurized fluid SLfch
oil or air as power sources. Automatic controllers may also be classif.ied according
the Lind of power employed in the operation, such as pneumatic controllers,
-draulic controllers, or electronic controllers. What kind of control.lcr to use must
. decided by the nature of the plant and the .Qpcfr.zuing conditiqns,.mc!udmg 'SU(?}‘I
ynsiderations as safety, cost,\g\'atlab||_xty<chablht.y?accura?){;}ic:{igl?f; and s»nze. 3

Elemen}s of industrial automatic controllers. An automatic controller must
stect the actuating error signal, which is usually at a very low power level, and
mplify ittoa sufficiently high level. Thus, an a_mpliﬁcr is necessary. Tl}e output of
n automatic controller is fed to a power device, such as a pneumatic motor or
alve, a hydraulic motor, or an electric motor.

Error detector

efarence

tugtor
input To actuato

Amplifier

Actuating errof

3.9.&

.
Measuring From plont  Fig. 5-1. Block diagram of an industrial
element ~ automatic controller and mecasuring
element, .

Figure 5-1 shows a block diagram of an industri_al automatic controller
ogether with a measuring element. The cogtrollcr consists of an error dett?ctor
and amplifier. The measuring element is a device which converts the output.vatnab!c
into anb:hcr suitable variable, such as a displacement, pressure, or _e!ectnc s;Ignal,
which can be used for compa;ing the output to the reference m?ut signal. This ele-
ment is in the feedback path of the closed-loop system. The set point of the_controller
must be converted to a reference input of the same units as the feedback sgnal from
the measuring element. The amphfier amplifies the power of the a(?tuatmg error
signal, which in turn operates the actuator. (Quite often an.amphﬁer, 'together
with a suitable feedback circuit, is used to alter th(; actuating error signal by
amphfying and sometimes by differentiating and/qr integrating it to produce a
better control signal ) The actuator is an element which f\‘tcrs the input to the p%ant
according to the control signal so that the feedback signal may be brought into
correspondence with the referece input sisnal,

i i 1 S 1o . .
Self-on -rated congroliers, In most industrial automatic ccatroliers, separate
units are used fo, / measuring element andt for the actuator. In a very simple
i e enen e a welf-anerated controller, these elements are assembled

Sec. 5-1 INTRODUCIION 1

th

in one unit. Sell-operated controllers
utilize power developed by the measur-
ing element and are very simple and
inexpensive. An example of such a seift
operated controller is shown in Fig 5-2.  pigphregm
The set point is determined by the ad-
justment of the spring force. The con-
trolled pressure is measured by the dia-
phragm. The actuating error signal is
the net force acting on the diaphragm.
Its position determines the valve open-
ing.

The operation of the self-operated
controller is as follows: Suppose that
the output pressure is lower than the
reference pressure, as determined by the set point. Then the downward spring forc
is greater than the upward pressure force, resulting in a downward movement of tt
diaphragm. This increases the flow rate and raises the output pressure. When tt
upward pressure force equals the downward spring force, the valve plug sta
stationary and the flow rate is constant. Conversely, if the output pressure
higher than the reference pressure, the valve opening becomes small and reduce
the flow rate through the valve opening. Such a self-operated controller is wide!
used for water and gas pressure control. In such a controller, the flow rate throug
the valve opening is approximately proportional to the actuating error signal.

Set point

—p e

Fig. 5-2, Self-operated controller.

-

Control actions. The following six basic control actions are very commc
among industrial auomatic controllers: two-position or on-off, preportiona
integral, proportional-plus-integral, proportional-plus-derivative, and preportiona
plus-derivative-plus-integral control action. These six will be discussed in th
chapter. Note that an understanding of the basic charactenistics of the variot
actions is necessary in order ‘or the control engineer to sclect the one beit suite
to his particular application.

Two-position or on-off control action. In a two-position control system, th
actuating element has only two fixed positions which are, in many cases, simpl!
on and off. Two-position or on-ofl control is relatively simple and ineypensive anc
for this reason, 1s very widely used i both industnal and domiestic control systeme
" Let the output signal from l}—\::“ér)-!mﬁl:r—b\:ﬁ(}ﬁﬁﬁ “the actunting ¢iio
signal be e(r) In two-position coatrol, the stgnal mi(r) temains at either & manimuy
or minimum value, depending on whether the actuating error signal is positise ¢

negative, so that

m(t) = M, for e(t) > 0
=AM, fore()<O

where M, and M, are constants, The minim -~ value 1/ 1 tselly it 70 ¢
e m—— s 4t oS =s T A . e



O BASIC CONTROL ACTIONS Chap. §

—Af,. Two-position controllers are gencrally

M .
' m electrical _devices, and_an_electric solenoid-
€ . e
W opcmtcd vilve Iy mddx used 1n such control-
SRS bt s
Ma S5, Pncumatic proportional controllers with

ng high gains act as two-position controllers
and are sometimes called pneumatic two-posi-
tion controllers.

to) Figures 5-3(a) and (b) show the block dia-
grams for two-position controllers. The range

— e s e

througL wuch L the ¢ actuauh" error smnal must

Ditterentigt gap S v P2
move before the sthchmg occLrs 1s called the
\ dlﬂ'erentml gap. A differential gap s indicated
Myrg in Flg 753 3(b). Such a differential gap causes
e !~ = " the controller output m{¢) to maintain its pres-
X Ma ent value until the actuating error signal has
moved slightly beyend the zero value. In some
cases, the differentinl gap is a result of unin-
tentional friction and Jost motion; however,
(b) quite often it is intentionally provided in order
53, (2} Block diagram of an on- 0 prevelnt too frequent operation of the on-off
mechanism.

controtler; (b) block diagram of
n-off controiler with differential Consider the liquid-level control system
shown in Fig. 5-4. With two position control, the
Valve iseiihcr open or closed. Thus the water
~——nrflow“THlc i3 eilher g p)n & constant
o OTZTT0. As shiowil In(Fig. 5: ;Dhe olifput

_r nsv stgnal continuously mi atween the
1
i
|

19

two limits required to cause the actua-
ting element to move from one fixed
position to the other. Noticg that the
outpu! curve follows one of two_expo-
nential_curves, onc corresponding to
_L ;4:-:, the filling curve and the other to the
R eﬂ)ﬂg curve. Such output oscillation
between two limits is a typical response
characteristic of a system under two-
position control,
From Fig. 5-5, we notic. that the amplitude of the - output osciilation can be
uced by decreasing_the differertial eap. b, This, however, mcreases the ¢ number
- oﬂ 5wntd mgs pu ninute .md Lefuces the us;f'ul life of The « componcnt The

Fig. 5-3. Liquid-level control system

éfu'ruc, x;m'md and the .fle‘ of the

s component, l mthu analysts ot wmm'

@5 Wik two-postlion contioliers o defered 1o Chapter 11,
it

H

A

e
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hir)d
— Difte-ec~t ¢
AN
}_._—— ~,\_» - ‘.__v___.\r_..,._ —_—
A 7
Fig. 5-5. Level /(1) versus ¢ curve for
the systeni shown in Fig 54. 0 1
’.'.l/""5 Proportional control action. For a contioller with proportional control actio

the relationship between the output of the controller m(t) and the actuating errc

signal e(r) is |

m(r) = K e(r)

or, in Laplace-transformed quantities, Z

M)
E(s)

where K, is termed the proportional sensitivity orfhe Qhe gain)

Whatcver the actual mechanism may be and whaln.vcr the form of the operatin
power, the proportional controller is esscntml!y an amplifier with an adjustab
gain. A block diagram of such a controller is shown in Fig. 5-6.

Integral control action. In a controlier
with integral control action, the value of the
controller output m(r) is changed at a rate
proportional to the actuating error signal

e(r). Namely,

dm(!) — Kelr)

or
m(s) =K, [\ e(r) dr

where K, is an adjustable constant. The trars-

fer function of the integral controller is

M@y K
Eis) s

if the value of e(r) 1s doubled, then the value
of m(r) varies twice as fust. For zero actuat-

E(s) M(s)

L e

Fig. 5-6. Block di:agram of a propo-
tional controller. -

E(s) K, |Mis)F
—

Fig. 5-7. Block diaoram of an integ
controller.

ing ciror, the value of m{r) remains stationary. The in inteeral c control action v\ SOm.

times called resct contrel, Figure 5-7 shows a b!ou\ dragram of such o ool

B e T [P 3
P
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Proportional-plus-integral control action. The contro! action of a proportional-
is-integral controller is defined by the following equation:

m(e) = K,e() + 1;-» _{o e(t) dt

the transfer function of the controller is

M(S)-—K,(I—{— 1 )

E(s) Tis

K, represents the proportional sensm_vnty.or g‘a_!_n,_and T!iev_ar_sg_irgs___t.he
. nd /T, are adjustable. The integral time adjusts the integral
Ao Tohon, whilea change In the valt: of K, affects both the: propqrtional and
tegral parts of the control action. The inverse of the integral time T} 1s called the
set rate. The reset rate is the number of times per minute that the proportional part
the control action is duplicated. Reset rate is measured in terms of repeats per

inute. Figure 5-8(a) shows a block diagram of a proportional-plus-integral

Els) | Ko(14T;s) M(s) E(s) M(s)
- B Kp“ +T45) "
T:is
T (o) (o)
!
el) Unit step eln Unit ramp
{
0 =g o] 7
(b) (b)
mlt) m(t) PO control

Pl control oction

action

2K,
Ko = —p g = — == .
2 {Prop oniy) - -
o T, t o 1

(c)

Tig. 58, (1) Block diagram of a proportional-
lus-integral comrollc{ ) and (¢) dragrams
deptcting a untt-step 1.t and the controller

{c}

Fig. 5-9. (a) Block diagram of a porportional-
plus-derivative controtler; (b) and (c) diagrams
depicting a unit-ramp input and the controller

Sec. 5-1 INTRODUCTION !

cqntro!ler. If the actuating error signal e(r) is a unit-step function as shown
Fig. 5-8(b), then the controller output m(r) becomes as shown in Fig. 5-8(c).

I

Proportional-plus-derivative contrel action. The control aciiSn ¢’ proportion

PIUWMMMC following equation:
(n(:) = K,e(t) + K,Tf-’f’—/((’—)

and the transfer function is

%(‘;)) = K,(1 + T,9)

where K represents the proportional sensitivity and_T,, tepresents_the derivati
time. Both K, and T, are adjustable. The derivative control action, sometin
called rate control, 1s where the magnitude of the controller output is proportior
to the rate of change of the actuating error signal. The derivative time T4is the tii
interval by which the rate action advances the effect of the proportional conti
action. Figure 5-9(a) shows a block diagram of a proportional-plus-derivati
controller. If the actuating error signal e(s) is a unit-ramp function as shown
Fig. 5-9(b), then the controller cutput m(r) becomes as shown in Fig. 5-7(c). .
may be seen from Fig. 5-9(c), the derivative control action has an anticipato

“Els) | KO+Ts+T T, s Mls

Ts

()

elf)

Unit ramp
0 r

{b)

s PDI control

oction .’

” P
A -7 conlrol achion

Fig. 5-10. (a) Block.dmgram of a pro- ,4”'\(Prof\1nly)

portional-plus-derivative-plus-integral con- Pid ( )

troller, (b) and (c) druagrams depicting a 0 >
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acter. As a matter of course, however, derivative control action can never
ipate any action that has not yet taken place.
Vhile derivative control action has an advantage of being anticipatory, it has
jisadvantages that it amplifies noise signals and may cause a saturation eflect

}& actuator.

Note that derivative control action can never be used alone because this control
n is effective only during transient periods.

roportional-plus-derivative-plus-integral control action. The combination of
ortioral control action, derivative control action, and integral control action
rmed proportional-plus-derivative-plus-integral control action. This combined
yn has the advantages of each of the three individual control actions. The
itior of a controller with this combined action is given by

m(t) = K,e(t) + K,T,

he transfer function is

M(s 1
re K, represents the proportional
itivity, T, represents the derivative
. and T, represents the integral time.

tock diagram of a proportional-
~derivative-plus-integral controller
own in Fig. 5-10(a). If e(¢) is a unit-
p function as shown in Fig. 5-10(b),
. the controller output () becomes
aown in Fig. 5-10(c).

Rfects of the measuriug element on
xr performance. Since the dynamic
static characteristics of the measur-

element atlect the indication of the

al value of the output varinvle, the
surice element plays an important
i determinmg the overall perfor-
ce of the 2ot ael systeni, The mea-
> elerent usually determines the
sfzr function i the feedback path
2 time constants of a measuting ele-
s are negligibly smutlcompared with
- trs counstants of the cortrol sys-
e pansfer Dunction of the measur-
Crment stmply becomes G constant.
o T, (b, wnd {9 o ok

i

20

R(s)

E(s)

K r
o +—7—.IEJ'°e(r)dt

Controi
element

M(s)

C(s)

R(s)
- +

£(s)

Ts+1

(a)

Controf

element

8(s)

K

M(s)

C(s)

(s + N (Tas +1)

R{s) A £lsi
g ——_’”Le!err‘ ’n.t_J_—”—_
L@ﬁ_rm A .

{b)

Contro!

TZ420Ts 1

1220

A}

fe!

(st
e

__Cls)_

Iy 8-, Block diwgrams ¢f automalic con-
troters with {0y first-order medsur’ig element,
(b) bverdaniped second-oruer measuring ele-
ment, (€} underdamped second-order medsur-

ry

o

O
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diagrams of automatic controllers having a first-order, an overdamped secor
order, and an underdamped second-order measuring element, respectively. T
response of a thermal measuring element is often of the overdamped second-or¢
type.

Bloclf diagrams of automatic control systems. A block diagram of a simp
autqmatxc control system may be obtained by connecting the plant to the aut
matic controller, as shown in Fig. 5-12. Feedback of the output signal is accon

_ _ _ .
Automatic controller I
N(s)
! § Gi(s)
R(s) E(s) "M
' X Gils) Bl 6,05 &) tts
Plant
t |
Fig. 5-12. Block diagram His) | '
of a control system. - _ ]

plished by the m;asuring element. The equation relating the output variable (.
to the reference input R(s) and disturbance variable N(s) may be obtained =
follows:
G,(5)G,(s) G,(s)
¢ R 1
6,660t rrememamn ™ ®

In process control systems, we are usually interested in the response to th
load disturbance N(s). In servomechanisms, however, the response to a varyin
input R(s) is of most interest. We shall postpone the analysis of the system re;ponSn
to changes in load disturbances to Section 5-4. The system response to changes i
the reference input will be studied in detail in Chapter 6. .

Cls) =

J
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. this secti o bl Hlictentn o1 . -
Ip_th{s ,se;non, we shall IHUDtl-c‘tc the fact that proportional controllers utiliz

the principle of negative feethack in themselves, We shall give a detaled discussior

T incinle hy wii ~narlio A

of the principle by which proportional cont. ollurs operate by consrdering preumatic

itet / Lot » seyur the HEY . ’ . H y
ones, H:c saall then show that the sume princple applies o Uydraolic and electronic
controliers. Throughout this discussien, we shalf place cimphasis on the fundament.d!

principies rather ilan on the details of the operation of the actuzl mechanisms

Dy enprrreen f e ; ' ) . i H
Pneumatic systems. Low-pressure  pneunuitic controllers have  been well
- . N e -t e ¢ y
geveloped forindustrial contrci systems and fave been used extensively in industrial
ac  JP PN ) deleg Q :
processes. Reasons for the widespread use of pacumatic controllers are theis
explostor-proof enaracteristics, simplicity,_and. ¢ v af mantoanne
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Preumatic nozzle-flapper amplifiers: A schematic diagram of a _pneum:}tic
yzzle-flapper amplifier is shown in Fig. 5-13}(&). The power source for this amplifer
a supply of air at constant pressure. The nozzle-flapper z}mphﬁer conveits smzfil
janges in the position of the flapper into large changes in the back pressure in
1e nozzle. Thus a large power output can be controlled by the very little power
\at is needed to position the flapper.

input
g —
0 i

i
& :

- S LY
ar supply —=
/ — Flapper
B Nozzle

To controt %/

valve

{0

Orifice Py X—}

(o)

Fig. 5-13. (a) Schematic diagram
of a pneumatic nozzle-flapper
amphfier; (b) characteristic curve
relating nozzie back pressure and
nozzlesflapper distance.

° (b) X

In Fig. 5-13(a), pressurizéd air is fed through the orifice, and the air is ejected
from the nozzle toward the flapper. Usually the supply pressure P., for such a con-
‘troller is 20 psig. The diameter of the orifice is of the order of 0.010in. and that of:the
nozzleis of the order of 0.015in. The nozzle diameter must be lqrger t'h.an the onﬁce
! diameter for the proper functioning of the amplificr. Thc'ﬂapper is positioned against
the nozzle opening, and the nozzle back pressure P, 18 controllcd. I‘Jy the nozzle-
flapper distance X. As the flapper approaches the nozzle, the opposition to the flow

of air through the nozzle increases, with the result that the nozzle back pressure

P,increases. If the nozzle is comoletely closed by the flapper, tbc nozzle back pres-

Ysure P, becomes equal to the surply pressure P,._lfth.c flapper is mgvcd away ffom

the nozzle, so that the nozzle-flapper distance is wide (of the ;?:"ﬁer of 0.01 u‘t.),

then there is practically no restriction to flow and the noszle back pressure P, takes

on a minimum </c which depends on the nozzle-flapper device. (The lowest
U V. mmmnns e w51 e the ambient pressure P..)

¢
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Note that because the air jet puts a force against the flapper, it is necessary
make the nozzle diameter as small as possible.

A typical curve relating the nozzle back pressure P, to ti. nozzle-flapy
distance X is shown in Fig. 5-13(b). The steep and almost linear part of the cur
is utilized in the actual operation of the nozzle-flapper amplifier. Because the ran
of flapper displacements is restricted to a small value, the change in output presst
is also small, unless the curve happens to be very stcep.

The nozzle-flapper _amplifier_converts displacement into a pressure sign

.Since industrial process control systems require large output power to open

large pneamatic actuating valves, the power amplification of the nozzle-flapy
ST TS usually not sufficient. THicrelOfE, a pncumatic relay 1s often employ

e o e e a s !

£33 power amplitier in connection with the nozzle-flapper amplitier.

"

Pneumatic relays. In a practical pneumatic controller, a nozzle-flapper amplif
acts as the first-stage amplifier and a pneumatic relay as the second-stage amplifi
The pneumatic relay is capable cf handling a large quantity of air flow.

A schematic diagram of a pneumatic relay is shown in Fig. 5-14(a). As t
nozzle back pressure P, increases, the ball valve is forced toward the lower se
thus decreasing the control pressure P,. Such a relay is called a reverse acting rel:

When the ball valve is at the top of the seat, the atmospheric opening is clos
and the control pressure P, becomes equal to the supply pressure P,. When the b

Nozzle

back pressure £

==
To atmosphere <— ¢
i

Yo preumatic  ~e— 5
valve
&

Air supply B
(a}

Nozzle
bock pressure B,

To oimosphere —a—= % E A

To pneumatic —4 o
Flg. 5-14. (a) Schematic diagram of a

valve P 3N B —Arsu
H ¢ (N (e’ ﬂ
bleed-type relay; (b) schematic diagram of 5

a nonbleed-type relay. )
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valve is at the bottom of its seat, it shuts off the air supply and the contro! pressure
P, drops to the ambicnt pressure. The control pressure P, can thus be made to vary Actuating error sigagl
“rom O psig to full supply pressure, usually 20 psig. f ¢
The total movement of the ball valve between the upper and lower seat is very - Nozzte & [*Flopper
small (of the order of 0.01 in.). In all positions of the b.ll valve, except at the top ﬁ’""’b\ N
[‘z

-

tion is attained between the nozzle back pressure and the control pressure, Thus -
the relay shown in Fig. 5-14(a) is called a bleed-type relay. Ballows B- .
There is another type of relay, the nonbleed type. In this one the air bleed stops

“Wheir therequikibeiunreondition is obtained-and, therefore, there is no loss of pres- o
surized air at steady-state operation. Note, however, that the nonbleed type relay Orifice—
must have an atmospheric relief to release the control pressure P, from the pneu-
mitic actuatidg valve., A’ schethatic diagram-of a nonbleed-type relay is shown in
Fig. 5-14(b).

In either type of relay, the air supply is controlled by a valve, which is in turn
controlled by the nozzle back pressure. Thus, the nozzle back pressure is converted DL
into the contiol pressure with power amplification. (o) e

Since the contio! pressure P, changes almost instantaneously with changes in
the nozzle back pross.:e Py, the time constant of the pneumatic relay is negligible Errer signa!
compared with the other larger time constants of the pneumatic controller and the -
plant.

+X
—r

seas, air continues to bleed into the atmosphere, even after the equilibrium condi- f_“‘ —
/Beﬂows F

vey~

X

Error signal
= —p

Preuinatic proportional controllers (force-distance type). Two types of pneumatic B — -
coatrollers; one-called the force-distance type and the other the force-balance type,
are used extensively in industry. Regardless of how differently industrial pneumatic
coatrollers may appear, careful study will show the close similarity in the functions 7;97

&
4

b prontidUC- eircuits Here we-shall consider only. force-distance pneumatic Feedback —
sontrollers - - S signdl e | T

Figuie 5-15(a) shows a schematic diagram of such a proportional controller. b} {c)
The nozzie flapper amplifier constitutes the first-stage amplifier, and the nozzle .
huck pressure is controlled by the nozzle flapper distance. The relay-type amplifier
<onstitutes the second-stage amplifier. The nozzle back pressure determines the
position of the ball valve for the secend-stage amiplifier, which iscapable of handling
2 large quantity of air flow.

In most prncumatic controllers, some type of pneumatic feedback is employed.
~sedback of the pneumatic outpul reduces the amount of actual movement of the

Zaoper. Instowd of inounting the flapper on a fixed point, as shown in Fig. 3-15(h), - {d)
2ig often prvo.- @ on the feedback Uellows, as shown in Fig. 5-15(c). The amount
=i fzedback can be repulated by intreucing o variable linkage bet veen the feedback
Zellows and the flapper connecting paint. The lapper then becomes a floating link. —éﬁ)—,,]r__/\’a_is’_,
¢ ¢aa be moved by borh the errer signal and the feedback signal,
The operation of the contralier shown tn Fig 5-15{n) 1s as fellows: The input ' e)
wlte the two siaue sreunicte anpt.lor is the actuatong ercor signal. Tncreasteg Fig 5-13. (a) Scher i diagram of a force-distance type pneumanc pro-

. . . ~ . Dorcna er, (05 feppe i fi
Coeruatis rarre ganal meses the B per to the right, Thas we'', i teen, decrease rorted o e, obeT SunLeG on 3 Ficg ot comre e,
2 i 2 fond q H 5 3 . -
: mouited on a feedback belivws, (d) bloch iagram fur the controiler;
N

{er staifed block diagram for the controiler

-

£4y
srele ouon pressture, amd vv b e oy Dwilfeenfraet whichresultsin an upwardd
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~ovement of the ball valve. This will cause more flow to the pneumatic valve, and
ine control pressure will increase This increase will cause the bellows F to expand
i nd move the flapper to the left, closing the nozzle.

i The nozzle-flapper displacement is very small because of this feedback, buf
‘he change in the control pressure can be large. In the case where the actuating error
"ecreases, the nozzle back pressure increases and the ball valve moves down,
<esulting in a decrease in supply flow to the valve and an increase in bleeding to the
rtmosphere. This will cause the control pressure to decrease.

It is important to note that the feedback bellows should move the flapper less
WaRthatmovement ¢atsed by the error signal'alone. If these two movements were
_qual, no control action would result.

Equations for this controller can be derived as follws: When the actuating error

"3 ¥éto; of ¢ = 0, and ‘equilibrium state exists- with the nozzle-flapper distance
_qual to ¥, the displacement of the bellows F equal to ¥, the displacement of the
sellows B equal to Z, the nozzle back pressure equal to P,, and the control pressure

qual to P,. When there is any actuating error, the nozzle-flapper distance, the
" “splacements of the'bellows F and B, the nozzle back pressure, and the control
-essure deviate from their respective equilibrium values. Let these deviations be
<, ¥, 2, Py, 20d p,, respectively. (The positive direction for each displacement variable
is indicated by an arrowhead.)
- Assuming that the relationship between the variation in.the nozzle back pres-
sure and the variation in the nozzle-flapper distance is linear, we have

. ) py= —K\x ) -1
where K, is a constant. For the bellows B
Py =K,z (5-2)

where X, is 4 constant. The position of the ball valve which depends upon the

displacement of the bellows B determines the control pressure. If the ball valve is
such that the relationship between p, and z is linear, then

p.= —Kit (53)
where K is a constant. From Egs. (5-1), (5-2), and (5-3), we obtain
K.
Pe=—gip=Kux (5-4)

-

where K, = K K /K, is a co}xstant. For the flapper movement, we have
=¢-V .
x 5 (5-5)

The bellows Facts like a spring, and the follwing equation holds:
Ap. = k,y (5-6)
“where A is the effective arca of the bellows F, and k, is the equivalent spring con-

stant or the stiffness due to the action of the corrugated side of the bellows.
Assuming that all variations in the variables are within the linear range, we

%may obtain a@.k diagram for this system from Egs. (5-4), (5-5), and (5-6), us Q

Sec. 52 PROPORTIONAL CONTROLLERS

shown in Fig. 5-15(d). From Fig. 5-15(d), it can clearly be secn that the pne

controller shown in Fig. 5-15(a) itse!f is a feedback system, The transfer fu
between p, and e is given by

I

Py 7ML

E(s) — 1+ KA ?
%

A simplified block diagram is shown in Fig, 5-1 5(e). Since p,
the pneumatic controller shown in
conteoller.

Note that since the value of K, 4/k, is generally very much greater thas

in actual controllers, the transfer function given by Eq. (5-7) can be simpl.
give o Z ‘

: and e are propor
7F1g. 5-15(a) is called a pneumatic propc

P(s) 7 Ka _k,
ES)y KA 24
2k

As seen from Eq. (5-7) or (5-8), the gain of the pneumatic proportional cot.
can be widely varied by adjusting the effective valuc of k,. This can be ;
plished easily by adjusting the flapper connecting linkage. [The flapper con;
linkage is not shown in Fig. 5-15(a).] In most commercial proportional cont

an adjusting knob or other mechanism is provided for varying the gain by
ipg this linkage.

. A ,:l}
—— o
£ k

(e)}

)
o0

A A

)
T
oV

Fig. 5-16. (3) Pneumatic con-
teoller  without a  feedback
mechanism; (b) curves P, versus

Xand P, versus X, - (b)O
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As we have seen previously, the actuating error signal moved the flapper in one
rectior, and the feedback bellows moved the flapper in the opposite direction,
at to a smailer degree. The effect of the fecdback bellows is thus to reduce the
nsitivity of the controller. The principle of feedback is commonly used to obtain
ide proportional-band controllers.

Pneumatic controllers which do not have feedback mechanisms [which means
at oae end of the flapper is fixed, as shown in Fig. 5-16(a)] have high sensitivity
1d are called narrow-band proportional controtlers or two-position controllers.

 such-a.eontrolier, -only.-a-small.motion between the nozzle and the flapper.is

quired to give a complete change from the maximum to the minimum control
rassure. The curves relaiing P, to Y and P, to X are shown in Fig. 5-16(b). Notice
ata small change in 2¥ can cause.a lagge change in P,, which causes the ball valve.
) be completely open or completely closed.

Pneumatic actuating valves. One characteristic of pneumatic controls is that
ey almost exclusively employ pneumatic actuating valves. A pneumatic actuating
3lve7an provide a-large power output. (Since a pneumatic actuator requires a
rge power input to produce a large power output, it is necessary that a sufficient
uantity of pressurized air be available.) In practical pneumatic actuating valves,
1¢ valve characteristics may not be linear; i.e., the flow may not be directly pro-
ortional to the valve stem position, and also there may be other nonlinear effects,
ich as hysteresis.

Consider the schematic diagram of a pneumatic actuating valve shown in

ig. 5-17. Assume that the area of the diaphragm is'4. Assume also that when the-

stuating error is zero, the control pressire is equal to P, and the valve displace-
ient is equal to X.

Coniro! press.ce

e e

Fig. 5-17. Schematic diagram of a pneumatic
actuating vaive.

Ta the followng aralysis | we shall consider small variations in the variables and
saries the preumatic actuating valve, Tet us define the small variation in the
ot pressure ard the oo responding L ve d;%pli\ccmcnt to be p, and x, respect-
the snermintic pressure force applied to the dia-
e penosivam the Too 0 Toasi: el T s g, viseous Triction, oird mass,

< 1 [HESPRRY -
A P Yooy
LSt e Sratounange

O

TS A S R S P Ul S _:42:=‘kx e
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k/

Ap.=mx -+ [ -+ kx (
where

m = mass of the valve and valve stem
S = viscous-friction coefficient
k = spring constant

If the force due tc the mass and viscous friction are negligibly small, then Eq. (.
can be simplified to '

The transfer function between x and p, thus becomes
Xs) A _ .

o == F, -

Pis) 'k
whe}'a X(s) = .E"[x_] anc_i P(s)=22L[p]. Ifg, the change in flow through the pr
malic actuating valve, is proportional to x, the change in the vaive-stem displ,
ment, then

06) _ g

X(s)
where 2,(s) = Z[g]) and K is a constant. The transfer function between g, an
becomes ‘

Qt(s)"_ &
m - K“KG - Ku

where K, is a constant.
The standard control pressure for this kind of a pneumatic actuating valv.

hetween 3 and. 15 psig.. ’fh_f: _v,alve—sr'enl displace:rent is limited by the allowa
stroke of the diaphragm and is only a few inches. if a Ionger‘ stroke is nes¢
a piston-spring combination may be employed. -

In pneumatic actuating “alves, the static-friction foic- must be limited to 4 !
value so that excessive bysteresis does not result. Becavs of the comprcss'bi‘:
of air, the control action may not be positive; ie., an error moy #xist 11 tue val-
stem position. The use of a valve positioner results in improv'.n':cnrs in the perf-
mance of a pneumatic actuating valve

A schematic diagram of a valve postioner is shown in Fig. 5-18. The princi,

of operation of this device is that if the valve position does not cotrespond to

y

Pilot vaive

Nozzie
Flapper
x/
rr
6 = S =SS N
Fig, 515, Schemntic diuagrem cf o valve \[“"?ﬂ‘ p 2 Control
Poathe o - ‘“""rwfj pressure
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sontrol pressure, then the pilot valve will operate until the valve position cor-

~esponds exactly to the control pressure. . =
c

Liquid-level control systems. Consider the liquid-level control system shown G+q, Cﬁ‘
a Fig. 5-19. Itis desired to maintain the liquid level at a constant value, regardless B —‘Dﬁ
of the change in the opening of the load
valve.
Let us assume that the controller is of H+ by
the proportional type, as shown in Fig. } I
-:5-15(a), -and- that: the-control valve is that : el
shown in Fig. 5-17. If the liquid level rises {a)
as a result of a change in the load valve, the
float moves-wpward;-causing ‘the: flapper #o- . RS Els) RS O3
move into.closer contact with the nozzle, Ko ol BCs 71
increasing the nozzle back pressure. Since
Fig. 5-19. Liquid-level control system. the relay is reverse acting, this will result in p
a reduction in the control pressure and will e
cause a decrease in the opening of the pneumatic actuating valve. This is in the
proper direction to correct for the rising level. ] - (b}

\

Proportional control of a first-order system. Consider the liquid-level control RISt [ |x(s) p o)
system shown in Fig. 5-20(a). [The controller is assumed to be the proportional " % e T >
controller shown in Fig. 5-15(a).] We assume that atl the variables r, g, i1, and g, -

~ are measured from their respective steady-state values R, 0, A, and Q We also
assume that the magnitudes of the variablzsr, g, h,,and g, are sufficiently small so
that the system can be approxrmated by a linear mathematical model, i.e., a transfer )
function. 7 1

w . __Referring to Qectmn 4-5, we can obtam the transfer function of the liquid-level gineut x(1)
system as 1_1(? ____________ Offset

H() R |
0(s)  RCs+1 Ay

Since the controller is a proportional controller, the change in inflow g, is propor- Fig. 5-20. (2) Liquid-level ccn-
tional to the actuating error e so that g;= K K.e, where K, is the gain of the con- tro! system; (b) dlock diagram, SO S S N S R

. . ) (c) simphified block diagram;
trol(er-t?nd K, is the gain of the control valve. In terms of Laplace-transformed (d) curve 15 (¢) versus 1.
quantities,

{c)

0/s) = K,K,E(s) | .
A block diagram of this system is shown in Fig. 5-20(b). A simplified block diagram Hy(s) = Ts+1+Ks
is given in Fig. 5-20(c), where X{s) = (I/K)R(s), K = K K,RK,, and T = RC. . . ) _ .
In what follows we shall investigate the response I (1) to a change in the Expanding H\(s) into partial fractions gives
reference input. We shall assume a unit-step change in x(¢), where x(¢) == (1/K})r(r). ' B (s) = K 1
The closed-loop transfer funation between M (s) and X(s) is given by i(8) = 1-?—1_{" -
H,(s) _ K
X)) Ts+1+K
Since the La;(\- teansform of the unit-step functionis 1/s, substituting X(sj = /s Q K O
intn Fa. {5-10V pives h() = (1 — ey (t =)

TK 1
l4+-KTs4- 1 + K

(5-10) Taking the inverse Laplace transforms of both sides ot' Eq. (5-11), we
the following time solution /i, (¢):
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here
T
T I+K
he response curve /1,(r) is plotted in Fig. 5-20(d). From Eq. (5-12}, notice that the
nz constant T, of the closed-loop system is different from tha time constant T
f the feediorward block.

From Eq. {(3-12), we see that as t approaches infinity, the value of A(1
sproaches K/(1 + KX), or

T,

h(e) = 12
inte 7o) =1, there.ig a.steady-state error of 1/{1 - K) Such an‘error is called
fser. The value of the offset becomes smaller as the gain X becores lifges.
Offset is a characteristic of the proportional contro! of a plant whose transfer
quction Joes not pessess an integrating ¢lement (Clearly, we ne=d a nonzero ertor
10rder 1o provide anonzero output.) To eliminate such offset, we must add integral

ontre! action. (Refer to Section 5-3.)

n

Preumatic proportional controllers (force-balance type). Figure 5-21 shows a
chematic diagram of a force-balance pneumatic proportional controller. Force-
alance controllers are in extensive use in industry. Such cortrollers are sometimeas
alled stack controllers. The basic principle of operation does not differ from that
f the force-distance controiler. The main advantege of the force-balance controller
c +hat i 2-iminates many mechanical linkages and pivot joints, thereby reducirg
he effects of friction.

P “"’”é"’ﬁ:.;

fmosphere ~—

Reference
pUt fresTure

Tutput } Contral
presoure - {l prescure
- iy [ SO IS U S, ~
Baf rupply e TEIT e L LT TN T Fig. 5-21, Schematic diagram of
J Bep a force-ba'anie type pneumatic
-— [ (3 - .
X ra proporiisnal controller.

Inowhat follaws, we sha'l consider the principle of the farce-balance controiler.
¢ controlie: shown in Fig, 5-21, the reference input pressure P, and the catput
uie Py are fod to large dirphragm chambers, Note that 2 force-baiance pneu-
saly on peessore signals Therefore, 1t is necessary to con-
ert the reference input and system cutput to corresponding pressure signals.
-distance controtier, this contre'ler employs a flapoer,
2%, the Arilled opening n the botton, chamogr s the

Asip the cise of the force
vazzle, and artfices. o Fig 5
woezle The draphrazm post above the norge acts as a flapper.

£ o e eontroller shawn In Freo 521 may b sum-

s O - RPN
;%‘l{: oneratter of he Joro o e
.
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marized as follows: 20 psig air from an air supply flows through an orifice o
areduced pressure in the bottom chamber. Air in this chambcrccsc«pcs t:) ﬂ,}(ﬁ:an:smg
s‘phcrc through the nozzle. The flow through the nozele depends Jpon the :1:1 mo;
the pressure drop across it. An increase in the reference input pressurchm v ;]r.]l(
the output pressure P, remains the same, causes the valve stem to movc”dw 1'! y
decreasing the gap between the nozzle and the flapper dia h['.']n- Ti own,
control pressure P, to increase. et phragm. This causes the

psz:P,_Po

.}ﬁ-g;x.:vo;tixcfel.isan equilibrium state with the nozzle-flapper distance equalto ¥
and the control pressure equal to P.. At this equilibri p :
¢ . equilibrium st = P
k< 1) and ¢ q ate, P, = Pk (where
. ' K= a(PAr— PkAy) {5-13)
where a is a constant, ’
' Let us assume that p, % 0 and define small variations in the nozzle-flapper dis-
tance ‘and control pressure as x and £., respectively. Then we obtain thz folicwine -
equation: o T

¥ 4 x = al(B, + 04, — (P, + p A, — p(A; — 4))] (5-14)

From Egs. (5-13) and (5-14), ‘e obtain

*=alp(l =k}, —pfd, — 4,)] (3-15;

At this point, w2 must examine the quantity x. In the design of pneumatic con
S e - i i H ‘ o »
iroliers, the nozzle-flapper distance is quite small. In view of the fact that «/ is 2
P Al (=)

Ther.arder te [3 SN H . . .
higher-order ternt than pf1 — k4, or phA, — A)): that is, for . = 0,
x
ﬂ_,‘< 1 — I <
w Kol — k)4,
x
¥ Lpdd, — 4)

(95 1o ! - . . -
W may nc‘giuct the term x in our analysis. Equation (5-15) can then be rewr;tten
1o reflect this assumption as follows: )

pr(z - k)f!; = pe(Az -~ 4
and the transfer function between P and p, becomes
. e

Ps) A4, — 4, 1

P = A = K
< c(‘s‘/l A] i == I\: 4
Thus, the controlier shawn in Fig §.91 ic a .

t . rolier _5h~ wein kg 542 is a proportional controller. The value of
SN A INCT2AS2S AS K atprosches uaity, Wote thet the vilne - Genede .
i mlcz‘:«ra of the orifices in the )i-wlf ) d outlet. ‘_“" el s ton the
pneen oY ® oril 5 I he inlet an .ouf.let pipes of the feedback chamber.
{the valee ol 1 opproaches unity as the resistance to flow in the orifice of the in'et
pine 1y made smalier ) -

Hydrandic proportiona® ¢ : Kcer 5 i .-
g 3 proporiiona §Llomrolkrs. Except for low-pressure pneumatic control-
fors, compressed are has seldom been applied to the continuous control of thie mo-

tion af devices having sigmficant mass under external lood forces For suchaca- -

~3
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hydraulic controllers are generally preferred.
ufg'e, Hydraulic controllers are also .used exten-
pressure sively in industry. With high-pressure
? % 1 hydraulic systems, very lLirge force'c.an‘bc
obtained. Rapid-acting accurate positioning
“ ' of heavy loads is possible with hydraulic
o——5—f—p—pF—° systems. A combination of electronic anfl
hydraulic systems is widely used because it
i/ ) combines the advantages of both electronic
Z__ i control and hydraulic pdwer. -
7= A brief description of the operation of a
o — ~—:q———————° . hydraulic servomotor was given in Section
L———‘E*J " 4-301t was Sown that for negligibly small
Fig. 5-22. Hydraulic servomotor. load mass, the sgrvomotor shown .in Fig.
4-12 acts as an integrator or an integral
controller. [Refer to Eq. (4-25).] Such a servomotor constitutes the basis of the
i ol circuit.
hYd'rl'ahuchcsechE:;otor shown in Fig. 5-22 acts as an integrgl con?roller. We car}
modify this servomotor to a proportional'controllef by mcludm_g a feedb§cL—
mechanism. Figure 5-23(a) is identical with Fig. 5'-22, with the c.xccptlon of the 1Enk
attached to the left side of the power piston joining feedback hn}c ABC at C. Link
AC is a floating link rather than one moving about a ﬁxefi pivot. We shall see
that the servomotor shown in Fig. 5-23(a) acts as a proportional controller.

Ot
e = YT S T Gder

P pressure

TN
L]

]

N~ — [~
N
Ve

y==; g
{a)
y
x -3 K -
b -5:7)- - >—L s
g Fig. 5-23. (a) Servomotor which a.
opmt

divoram of the scrvomotor.

as a proportional controller; (b) block

O

The hydraulic system shown in Fig, 5-23(a) operates as foliows: If the in

moves the pilot piston to the left, this will uncover port ] so that hi."h- r :
flows through port Iinto the left side of the power piston oy
to the right. The power piston, in moving to the right, will ¢
AC with it, thys moving the pilot piston to the rio ’
the pilot piston again covers ports T and 1. A blo
drawn as in Fig. 5-23(h). The transfer function be

b

essur
and forces this pi,
¢ v the feedback

ght. This action continues v
ck diagram of the system car
tween y and x is given by

= bk
. - s{a -+ b) + Ka
Noting that under normal operation | Ka/s(a + b)[ > 1, we obtain

Y(s) _ b _
X~=a=%

The transfer function between Y and x becomes a constant, and thus the hydrau
:system shown in Fig, 5-23(a) acts as a proportidnal controller, the gain of wh
1s K,. The gain K, can be adjusted by effectively changing the lever ratio. p
We have thus scen that the addition of a feedback lever will cause the hydr,au
servomotor to act as a proportional controller. ' )

' Electronic proportional controllers, An electronic proportional control'
1s an amplifier which receives-a~small- -

voltage signal and produces a voltage o
output at a higher power level. A sche- &

matic diagram of such a controller is -
shown in Fig. 5-24. For this controller

.

— —_— 52-) IR
€ K(e, e"R, , A—R:l>>l

Thus the transfer functioa G(s) of this
controller is

s
G(S) = Eg(i) = R' ?

Fig. 524, Schematic diagram of an electron

. . . proportional ¢ ler.
K, is the gain of the proportional con- P ontrotier

troller. The gain K, can be

adjusted by changing the r
in the feedbock circuit.

atio of resistances (R,/R,

5-3 OBTAINING DERIVATIVE AND INTEGRAL CONTROL
ACTION
In this section, we shall present methods for obtaining detjvative and integria”

control action. We shall again place the emphasis on the prim__& and not on the
details of the actual meachanisms,



() -BASIE CONTROL ACTIONS, - Chap..5
c The basic principle for generating

G(s) > . . . .
a desired control action is to insert the

inverse of the desired transfer function
in the feedback path. For the system
His) = shown in Fig. 5-25, the closed-loop
transfer function is

sy . ___GOs)

RE) T T COHG)
s)H(s)| > 1, then C(s)/R(s) czn be.medified to

Fig. 5-25. Control system.

, if proportional-plus-derivative control action is desired, we insert an element
g the transfer function 1/(Ts = 1) in the feedback path.

Staining pneumatic proportional-plus-derivative control action. Consider the
matic controller shown in Fiz. 5-26 (a). This is a narrow-band proportional
oller or a pneumatic two-positions controller. Suppose that the zero actuating
e = 0 corresponds to the nozz’z-fapper distance X and control pressure P._.
small changz in the actuating eror from the zero position produces a small
ge in x in the nozzle-flapper dist2rce, then a small change p, is produced in the
= oressure A block diagram of the system (under the assumption of smail

tions) can be drawn, as shows in Fig. 5-26(b). The transfer function between

d e becomes

e/ 7 =K
E(s) a4 b s
€ b
SR
+ X ] v
i
¢ o TR 7
3 E )
l <\
i
!i )
. e
R o, /T‘
(2)
. 3T o [T 7:
I QS S e e 5-26, (4) A sumat ovnortioral
L o+h 4 "o Fig. 5-26. (4) A pneumatic moportiora

cortroller, () Llock dgranm of the con-

te doaler,

O

N
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We shall next show that the addition of delayed negative feedback to the
controller shown in Fig. 5-26 (a) will modify the narrow-band proportional con
troller to a proportional-plus-derivative controller.

Consider the pneumatic controller shown in Fig. 5-27 (a). Assuming again
sraall changes in the ac.uating error, nozzle-flapper distance, and control pressure,
we can summarize the operation of this controller as follows: Let us first assume a
small step change in e. Then the change in the contro! pressure pe will be instan-

e p\
;fl’
4—1 a
-,’ r.‘.‘/
R —TET — <\
Mb
Z
7
__!X!_ c
R ;IVWJ:
/ 4
R+p;
To)
€l
- 4
{-’-7‘_ -9 R
N
r
*)
T
(b}

. . € s _} X ) L
Fig. 527, () A pneus e X S S SUSun—— ‘e
aatic propu.tional-plus- ol | = L
dertvative controller; (&)
step change in ~ and the J—

o - hanec g a4l 1
correspond.ng changes in —_— %_T._ e - S
peand xplotad veraas e, lﬁi_b_ _ji_f Res+1
(Y block drogrom of the
sapitote {c}
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aneous. The restriction R will momentarily prevent the feedback bellows from
ensing the pressure change p.. Thus the feedback bellows will not respond momen-
arily, and the pneumatic actuvating valve will feel the full cffect of the movement
f the flapper. As time goes on the feedback bellows will expand or contract. The
hange in the nozzle-flapper distance x and the change in the control pressure p,
an be plotted against time f, as shown in Fig. 5-27 (b). At steady state, the feed-
ack bellows acts like an ordinz-y feedback mechanism. The curve p, versus f
learly shows that this controller is of the proportional-plus-derivative type.

. A block diagram corresponding to this pneumatic controller is shown in Fig.
-27 (c). In the block diagram, K'is a constant, 4 is the arca of the bellows, and &,
s the equivalent spring constant of the bellows. The transfer function between p,
nd e can be obtained fiom the block diagram as follows:

b -
P(s) a +_bK ’
E(s) —l + Ka 4 1
a+ bk, RCs 41

In such a controller the loop gain | Kad/[(a + b)k,(RCs 4+ 1)]| is normally very
much greater than unity. Thus the transfer function P,(s)/E(s) can be simplified
o give

P(s) — K,(l + T,s)

E(s) .
where 3
- bk' - - e e e e -
K,= L T,=RC

Thus, delayed ncgative feedback, or the transfer function 1/(RCs.+ 1) in the feed-
hack path, modifies the proportional controller to a proportional-plus-derivative
ontroller. ,

Note that if the feedback vealve is fully opened, the control action becomes
vroportional. If the feedback valve is fully closed, the control action becomes
narrow-band proportional (on-of).

Obtaining pneumatic proportional-plus-integral contro! action. Consider the
preportional controller shown in Fig. 5-28 (a). Considering small changes in the
variables, we can draw a block dizgram of this controller as in Fig. 5-28 (b). We
shall show that the addition of defayed positive feedback will modify this propor-
tional controller to a proportional-plus-integral conrtroller.

Consider the pneumatic contraller shown in Fig. 5-29(a). The operation of
this controller is as follows: The bellows denoted by I is connected to the control
pressure source without any restriction. The bellows denoted by I is connected to
the control pressure source through a restriction. Let us assume a small step change
in the actuating error This wil cause the back pressure in the nozzle to change
instantancously. Thus a changz in the control pressuie p, .iso oceurs instan-
tancously. Due to the restricticn of the valve in the path to bzllows I, there will
be a pressure drop( ss the val.e. As time gocs on, air will flow across the valve
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-
M
5
0" o

o
B

i
v
o

b
Pc- "pc/T
(o)
e b X Pe
e eid  ——— P> K - b
o+b B |
A A
. o+b kg
Fig. 5-28. (a) A pneumatic propor-
tional controller; (b) block diagram
of the controller. (b)

" in such a way that the change in¢pressure in bellows II attains the value p,. Thus

bellows Il will expand or contract as time elapses in such a way as to move the
flapper an additional amount in the direction of the original displacement e. This
will cause the back pressure p, in the nozzle to change continuously, as shown in
Fig. 5-29 (b).

Note that the integral control action in the controller takes the form of slowly
canceling the feedback that the proportional-control originally provided.

A block diagram of this controller under the assumption of small variations in
the variables is shown in Fig. 5-29(c). A simplification of this block diagram
yields Fig. 5-29 (d). The transfer function of this controller is

b
P(s) _ a+5%
Esy y, Ka 4a( _ 1
"*a‘+b7?,(‘ e 1)

where K is a constant, A is the area of the bellows, and k, is the eauivalent spring
constant of the combined bellows. I | Ka ARCs/{(a -+ bk (RCs - 1)]] 3 1, which
is usually the case, the transfer function can be simplifizd to

Ps) _

) = K,(1+ “Tl,‘s) O
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where ¢
K’ = %"
aA

Obtaining pnevmatie proporiionul-p!us-derhathe-plus-intcgrﬂl control action, A
combination of the pneurmatic control actions shown jn the systems of Figs. 5-27 (u)
and 5-29 (a) yields a p»xvoportional-p.'us-deri’vativc-p]us-intcgro1 contro! actron,
Figure 5-30 (a) shows a schematic diagram of such a controller. Figure 5-30 (o)
shows a block diagram of this controller under the assumption of small variations
in the variables,

The transfer function: of this controller is

bK

iggyz a—+b
Es) 1. _Ka 4 (RC =R .C)s

8+ bk (RC+RCs T
& ~<—
X+ ’\a

I

! g
R
{,’ S — b
n. ) j
L 2t
' c c
I ?i’_ ‘ %
! ’
IS —
- FE™N 2
- e +p ,
{a)
e b "‘
c-+b oy
9
[g+0 &k
Fra, 5-30, (M) A prcaniatic proporl;onal-plus~dcr'\alwc-plus-mtc;nl‘
controtler, (b) b'oui dragram of the cantrotier,
-
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By defining

T‘ = R‘C, Td = Rdc
and noting that under normal operation |Ka A(T, — T)s/[{a -+ b)Yk, (T,s 4- D Ts -+ D)
> 1and T,>> T,, we obtain

P(s) = bk, (Tys + D(Tis + 1)

E(is)y “ad - (T, —Tps
bk, T Ts?+ Tis+ 1
--oad - Ts oo
_ 1
- = K,(l 4 T4 TTs) (5-16)
_»w.hére .
- bk,
K,= A

Equation (5-16) indicates that the con-
troller shown in Fig. 5-30(a) is a propor-
tional-plus-derivative-plus-integral  con-
troller.

Dashpots. The dashpot shown in Fig. {a)
5-31 () acts as a differentiating element,.
Suppose we introduce a step displace-
ment to the piston position x. Then the x
displacement y becomes equal to x momen-
-tarily. Because of the spring force, how- )
ever, the oil will flow through the resistance t
R and the cylinder will come back to the y
criginal position. The curves x versus ¢
and y versus ¢ ate shown in Fig. 5-31 (b).

Let us derive the transfer function t
between the displacement y and displace- (b)
ment x. Define the pressures existing on
the left and right sides of the piston as
P, (Ibjfin.2) and P, (Ibfin.?), respectively.  x{s) Y (s)
S\X.Iépose that the inertia force involved is g
negligible. Then the force acting on the

. . 2
piston must balance the spring force. Thus ] r= B~
L K
AP, = P) = ky 7S
where
(c}

A = pistonarea, in.? )
k = spring constant, 1bfin. i, 5-31. {3} Dashpot; (b) step change in
x and the correspending change in y plotted

The flow rp"~¢ is given by .oversus £ () bloek diagram of the dashpoO
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where
g = flow rate through the restriction, Ib/sec
R = resistance to flow at the restriction, tb-sec/in.>-1b

Since the flow throvgh the restriction during dr seconds must equal the change in
. ] h I =z
the mass of oil to the left of the piston during thz same df seconds, we obtdin

qdt = Ap(dx — dy)
where
p = density, 1b/in.?

(We assume that the fluid is incompressible or p = constant.) This last equation
can be rewritten as )

_____ Pz""Pl_ ky
dt d ~— Ap RAp — RA*-

or

dx _dy , ky

dt — dt 7 RATp
Tgk.ing the Laplace transforms of both sides of this last equation, assuming zero
initial conditions, we obtain )

_ k
SX(s)=sY(s)+ RA% Y(s)
The transfer function of this system thus becomes -~

“’_}15_) _ s

X©) T
A*p

Let us define R4%p/k = T. Then

rs)  Ts 1
X(s) Ts+1 I
I+ﬁ

Figure 5-31 (c) shows a block diagram representation for this system.

. B . . . .

Obtaining h_\L:.rau?xc proportional-plus-integral control action. Figure 5-22 (a)
shows a schematic diraram of a hydraulic proportionnl-plus-integral controller.
A block dl.agr..‘.m of this controller 1s shown in Fig 5-32(b) 112 transfer function
Y(5)/E(s) is given b

b K
Y(s) a-b’s
E(s) 14 Ko T
a--bTs 1

O
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Q:l under
pressure

N bV
L

Spring b
constant =k / Area=A

= P SN

-

Density )
of al=p Resistance =R
(a)
e b x kL ¥
e :” atd H
Tig. §-32, (a) Schematic dia-~
—] O 21 Ts £ a2 hydrau!
5EB T el - gram of a2 hydrauic pro-
pertional-plus-integral con-
) troller; (b) block diagram of

the controller,

In sech a conirolle

r, under nornial operation |KaT/[(a + b)(Ts -+ D) o 1, with
the result that -

sl

where

Thus the contcoller shown in Fig. 5-32 {a) is a proportional-plus-integral controller.

Obtaining derivative and integeal control action in electrenic controllers. Figuie
5:3% shows thie princo by of obtaining derivative and integral control action 14

i'l
electromc controtlers Thosentially we mscrt an appropriate circuit in the feedback
pathito pruerate the doared controlaction. The transter functions of the controllers
may be obtuined as llows: For the controller shown in Fig. 5-33 (a),

Ef(sy A

e o

90 - £ == E(s)

Chap. § O Sec. 5-3
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— e 4
€, g I &,
o ey k 40 J
. £,(s}
R J —2 =
‘» - E (5 ~1*Tos

(o)
o s}
el K eo
o &y — —0
o L7150 N
‘g_q - EG TS
R’
1
{b)
o —0
&, K [
cl e [r 9 3
] L)y e Te gy 1)
gf-r'\/\.\/\, £is) TP e al;s/
R, 7
<3 ¢ 24 le
e a H'R‘ + 7,
R' -
Ry, '
{c}

Fig. 5-33. Elsctionic controllers {a) Proportional-plus-derivative con-
troller; (8 proporticnal plus-integral controiler; (¢) proportional-plus-
derivative-plus-integral controller,

Hence, for |K{RCys - DI 1,

Eys) _ K(RCis+ 1) _
E(s) Rcds+1+K“RC’” +1=Tys+1
where T, = R,C,.
Similzrly, for the controller shown in Fig. 5-33 (b),
E/fs) ___RCs
Ey(s) TRCs+ 1
LE(s) — Es)K == Fo(s)
Henee, for [KRCsI{RCs 4+ D)y,

Efs), _ KRCs+ D RCs+1 [\ 1
E(s) TRRCs--RCs+1i RCs Ts

T '
where To= RO

183
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For the controller shown in Fig. 5-33 (c), if the loop gain is very much greater
than unity the transfer function may be derived as follows:

E() _ poft 4 Tog o L
E(s) — pra(l e l}isz;')

where

N

Q.

d=l+ -~ 7

x| x

-
-

The derivation of this transfer function is _givcn in Problem A-5-5.

54 EFFECTS OF INTEGRAL AND DERIVATIVE CONTROL
ACTION ON SYSTEM PERFORMANCE

In this section, we shall investigate the effects of integral and derivative control
action on the system performance, but we shall consider only simple systems.
(In later chapters we shall study more about integral and derivative control.)

Integial control action. In the proportional control of a plant whose transfer
function does not possess an integrator /s, there is a steady-state error, or offset,
in the response to a step input. Such an offset can be eliminated if the integral control

~TActidn isTincluded in the controller. :

In the integral control of a plant, the control signal, the output signal from the
controller, at any instant is the area under the actuating error signal curve up to
that instant. The control signal m({t) can have nonzero value when the actuating
ersor signal e(r) is zero, as shown in Fig. 5-34 (a). This is impossible in the case of

-the proportionc! controller since a nonzero control signal requires a nonzero
actuating error signal. (A nonzero actuating error signal at steady state means that
thereis an offset.) Figure 5-34(b) shows the curve e(r) versus f and the corresponding
curve m(1) versus ¢ when the controller is of the proportional type.

’e(t) elt)
0 t o] N— t
m(nt m(r
0 _7 0 — ~
ta) (o)

Fig. 5-34. (a) Ploty of e(r) and m(r) curves showing nonzero control
1

o Signe when the actuating error signal is zero; (b) plots of e(¢) and m(r)
Ocur\'cs showing zero control signal when the actuating error signal is zero

O
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Note that integral control action, while removing offsst or steady-stats er
may lead to oscillatory response of slowly decriasing wmnphitude or,even increas
amplitude, both of which are uvsually undesirable. (For detuils, see Chapter

Intcgral control of liquid-level control systems. In Section 5-4, we found that
proportional control of a liquid-level system will result in a steady-state er
with a step input. We shall now show that such an error can be eliminated if intes
control action is included in the controller. \

Figure 5-35 (a) shows a liquid-level control system. We assume that the ¢
trofler is an integral controller. We also assume that the variables x, 4, h, and
which are measured from their respective steady-state values .¢, &, A, and §,
small quantities so that the system can be considered linear. Under these assut
tions, the block diagram of the system can be obtained as shown in Fig. 5-35:
From Fig. 5-35(b), the closed-loop transfer function between H(s) and X(s

H(s) _ KR
X(s)  RCs*+s- KR

Hence
E(s) _ X(s) — H(s)
X(s) X(s)
RCs? 45

= RC:TFs ¥ KR

@

X(s) Els) x| P H(s'

Fig. 535, (a) Liquid-level con-
trol system; (b) block dagram
of the system.
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ince the system rQstab'c one, the steady-state error for the unit-step response is
bl red by applying the final value theorem as follows:

e, = lim sE(s)
-0

- _S(RCs*+5) 1
EI-TRCS 4+ s+ KR s
=0

ntegral control of the liquid-level system thus eliminates the steady-state error in
he response to the step input. This is an important improvement over the propor-
ional control alone which gives offset,

Response to torque disturbances (proportional contrel). Let us investigate the
flect of a torque disturbance occurring at the load element. Consider the system
hown in Fig. 5-36. The proportional controller delivers torque T to position the
oad element, which consists of moment of inertia and viscous friction. Torque
isturbance is denoted by V.

s s{Js+f)

Fig. 5-36. Control system with
a torque disturbance.

Assuming that the 1eference input is zero or R(s) = 0, the transfer function
etween C(s) and N(s) is given by

C(s) _ |
N(s) Js*+fs+ K,
{ence ,
. E(s) _C(s) _ 1
N(s)  ~ N@Y " Istf5s+ K,

‘he steady-state error due to a step disturbance torque of magnitude T, is given by

€, = lim sE(s)
-0

_ —3 T,
- 1.12} Ist+ fs+ T
= —--1—\;—

At steady state, the proportional controller provides the torque —7T,, which
sequal in magnitude but opposite in sign to the disturbance torque 7,,. The steady-
tate output due to the step disturbuance torque is

13

)
!
1

~
f
N

A
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Sec. S5-di

i el

Pt N

K, {Kp* Small)
-'L ’
Ta I
“ . %, (Kp:Lorge)
Fig. 5-37. Typical response curves to a step P
$ '

torque disturbance,

The stéady-state error can be reduced by increasing the value of the gain K,
Incrcasing this value, however, will cause the system response to be more oscillatory.
Typical response curves for a small value of X, and a large value of K, are shown
in Fig. 5-37.

Since the value of the gain X cannot be increased too much, it is desicablz to
modlfy the proportional contro!ler to a proportional-plus-integral contreller.

Response te terque disturbances (preportional-plus-integral control). In order
to eliminate offset due to torque disturbance, the proportional controller may be
replaced by a proportional-plus-integral controller.

If integral control action is added to the controlier, then as long as there is an
error signal, there is a torque developed by the controller to reduce this errer,
providéd the control system 15 2 stable one.

F.gure 5-38 shows the proportional-plus-integral control of the load element,

' consxstmu of moment of inertia and viscous friction.

The closed-loop transfer function between C(s) and N(s) is
als) _ s
N(s) Js’-}-fs:-I—K,s-}-%

In the ab:ence of the reference input, or r(r) =

= 0, the error signal is obtained from

E(s) = — ! = Ns)
JsP + fs? o+ K5 + 22
T,
N
Fig. 538, Proporuonal- R=0 6;, Ko (44 = ) | 1 L.
4 Tis LS_(J$+I)
plus-integral controf of a J

joad element consisting
of momrent of inertia and ]
viscous frictien.
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If this control system is a stable one, i.e., if the roots of the characteristic equation

Js? 4+ fst 4+ K s+ 5‘2 =
T,
have negative real parts, then the steady-state error in the response to a step
disturbance torque of magnitude T, is obtained by applying the final value theo-

rem as follows:

e, = lim s E(s)
—0

= lim —s? 7,
O Jsi4 fst 4 Ky 4 Ke S
]
=0

Thus steady-state error to the torque disturbance :.n be eliminated if the controller
is of the proportional-plus-integral type.

Note that the integral control action added to the proportional controller
has converted the orizinally second-order system to a third-order one. ¥ence the
control system may become unstable for a large value of K since the roots of the
“Ehataliorieris =qmation a2y have positive real parts. (The second-order system is
always stable if the coefficients in the system differcntial equation are all positive.)

ad 1 _— ]
Lstus+n) |

vO

Fig. 5-39. Integral control of a
load element consisting of
moment cf inertia and viscous
friction.

It is important to point out that if the controller were an integral controller,
as in Fig. 5-39, then the system always becomes unstable because the characteristic
equation R

Js¥ - fsP - K=10

will have roots with positive real parts. Such an unstable system cannot be used in
praclice.

Note that in the system of Fig. 5-38, the proportional control action tends to
stabilize the system, while the integral control action tends to eliminate or reduce
steady-state error in response to various inputs

Derivatise control action, Dorivative control action, when added to a propor-
tional controller, provides 2 ~means of obtaining a controller with high scnsitivity.

An advantage of using derivative control action is that it responds to the rate of

chanae of the actuating errer ard can produce a significant corsection before the
mageitude of the actuating error becomes too large. Derivarive control thus antici-
patss the actuati(” rror, inftiates an early corrective action, and tends to increase

the stetility of thesyste,

O

Sev, 5-4 TN et N DERIVATIVE CONTROL ACT10™,

wr i s I-

ot loriuntiv
Although derivative contro! does not affect the steady-state error direct!

it adds damping to the system and thus permits the use of a larger valus of tha
K, which will result in an improvement in the steady-state &CCL!I::(L)" .

Because derivative control operates on the rate of chunge o.f the actugtin
error'zmd rot the actuating erroc itself, this mode is never used - e, It ‘15 Al:thl‘
used in combination with proportisnal or proportional-plus-integral ;lchon"u-v..:

oL
=1

Proportional control of systems vith inertia lood. Before w
derivativc action on system perform
of an inertia load.

Consider the system shown in Fig. 3-40(
is obtained as

¢ discuss the effuct o
ance, we shall consider the proportional contro

a). The closed-loop transfer functior

) K,
R(s) ~ Js* 5K,
Since the roots of the characteristic equation
Js? K,=0
are imaginary, the response to a unit-ste
as shown in Fig. 5-40 (b).
Control systems exhibiting such response characteris
We shall see that the addition of derivative control will st

P Input continues to oscillate indefinitely,

tics are not desirable.
abilize the system.

Proportional-plus-derivative control of a system with inertia lo
the proportio_nal controller to a proportional-plus-derivative controller v hose
z‘ransfcr function is K,(1 + 7T.s). The torque developed by the contro!l.er.ish rc‘> or-
Elonal to K(e + T,€). Derivative control is essentially anticipatory mcusfrespthe
instantaneous error velocity, and predicts the large overshoot ahela’d of time and
produces an appropriate counteraction before too large an overshoot occu-rs

r
i 1 C
» 7 S
5

ad. Let us modify

(0}

Fig. 5-10. (a) Proportional control of a
system with inertia load, (b) response to
a unit step-input,
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r
- s
(a)
cin}
1
r Fig. 5-41. (2} Proportional-plus-
0 " derivative contro! of a system with

inertia load; (b) response to a unit
{b) step-input,

Consider the system shown in Fig. 5-41 (a). The closed-loop transfer function is
iven by .
C(s) _ K,(i + T,s)
R(s) Js*+KTs+K,

Che characteristic equation
Jst+ KT+ K, =0

1ow has two roots with negative real parts for positive values of J, K, and T,. Thus
lerivative control introduces a daraping effect: A typical response curve ¢(f) to a
init-step inputis shown in Fig. 5-41 (b). Clearly, the response curve shows a marked
mproveraent over the original response curve shown in Fig. 5-40 (b).

5.5 REDUCTIONM GF PARAMUTER VARIATIONS BY USL
OF FLEDBACK

The priraary purpose of using feedback in control systems is to reduce the sensi-
Tvity of the system to paramcice variations and unwanted disturbances.

If wo are to construct a svitabie open-loop control system, we must select all
he components of the open-iaap wansfer function G(s) very carefully so that they
respond aceurately. In the cars of cousiructing a closed-loop contie!l system,
rowever, the cotaponents cane be Iess accurote since the sensitivity to parameter
rariations in 5{s) is reduced by a factor of 1+ Gls)

To illustrate this, corsuler the open-leup and the closed-loop system shown in
v, 54200 and (b)) respectively. Suppose that, due 1o parameter variations,

)
b e M I . (! . i N <
gate o alaw T Vi ST oy oh onlpat s given by

\

D) changed to G6) - AG(s), where | GUs)] 3 TAGESYE Then, in the open-loop

O

Sou v

REDUCTION OF PARAME [ER w.mxmo.\'/> 19;
\\ ¢

Cls) + AC(s) = [G(s) + AG(s))R(s)

Hence the change in the output is given by

AC(s) = AG(s)R(s)
In the closed-loop system shown in Fig. 5-42 (b),

C(s) + AC(s) = G0 4- AG(s)

O = 166+ ac )

or
= AG(s)
AC(s) = ﬁ—T(T)R(S)

Thl..!s,.the .change 1r‘ the output of the closed-foop system, due to the paramete;
vanat'tons er(s), 1s red.uced by a factor of 1 4 G(s). In many practical cases, the
magnitude OL.I + G(s) is generally much greater than one. ’
Note that in r'cd ucing the effects of the parameter variations of the components
we very often bridge the offending component with a feedback luop |

’

R(s) K ] cls)

SN

{a)

ﬂﬂg—(g”\-?\‘a\ G(s) C(S) .B..(f)‘ + K

4
i

frssmm o

{h)
()

b 542l (2) Opensloap systens, (b closed- (
Y Op psystens, (b clos=d Fig. 5-43, {1} Open loop system, () closed-

fooa systen, 5

o loop syst:m with (e constant /{1 <= A )
oo { ),
() dosed-loop systemi vt tince constant
T — 8K
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Changing time constants by use of feedback. Consider the system shown in Fig.
5-43 (a). The time constant of the system is 7. The addition of a negative feedback
loop around this element reduces the time constant. Figure 5-43 (b) shows the
system with the same feedforward transfer function as that shown in Fig. 5-43 (a),
with the exception that a negative feedback loop has been added. The time constant
of this system has been reduced to T/(1 -+ Ka). Notc also that the gain constant
for this system has also been reduced from K to K/(1 -+ Ka).

If, instead of a ncgative feedback loop, a positive feedback loop is added
around the transfer function K/(7s + 1) and if the feedback transfer function is
properly chosen, then the time constant can be made zero or a very small value.
Consider the system shown in Fig. 5-43 (c). Since the closed-loop transfer function
is

oy XK

R(s) (T —bK)s+1
the time constant can be reduced by properly choosing the value of b. If b is set
equal to T/K, then the time constant becomes zero. Note, however, that if disturb-
ances cause T — bK to be negative instead of zero, the system becomes unstable.
Hence il positive feedback is employed to reduce the time constant to a small value,
we must be very careful so that T — bK never becomes negative.

Increasing loop pains by use of positive feedbuck. The system shown in Fig.
5-44 (a) has the uansfer function C(s)/ R(s) = G(s). Consider now the system shown
in Fig. 5-44(b). The closed-loop transfer function for this system is

- R(s) cls)
, — G(s) P

o {0}
_/:?_S_sg_ 5 £ (s)} 6s) C(;"L
A
T Gyls)
: (b)
Fig) 1. (a) Open-loop system; (b) closed-loop rysiem whose transfer

fuecndn is pearly unity,

Sec. 36 FLUIDICS

sy Gls)
R(s) — 1= G576
If G,(s) is chosen ncarly unity, or G,(s) == 1, then

o) . |

R(s) ™
Essentially, this means that the inner loop, using positive fecdback has i
lhc.: ﬂjcdforward gin to a very large value. As we stated Cqméc # ‘as II\}C.’CHF
gain is very large, the closed-loop transfer function C(sS/R‘( ) br,' \fmcn the lo
the mv.crsc' of the transfer function of the feedback elem nst SLCdmcs saual
shown in Flg: 5-4'14 (b} has unity feedback, C(s)/ R(s) bCCOxnc~ea] - Since the systs
[Thus C(s)/R(s) is not sensitive to the parameter variations"in Ig(o;)t]emxal to uni

Efimination of integration, Addition r““"
of a minor loop around an integrator Rls) S EUION
modifies it to a first-order delay element, :
Consider the system shown in Fig. 5-45 (a).
Negative feedback of the output, as shown (o)
in Fig. 5-45 (b), modifies the integrator KJs
to a first-order delay element Ki(s + K).

Comments on the usc of feedback loops.  Rts) )
Aswehave seen in the previous discussion % =
feedback control, or closed-loop control,
reduces the sensitivity of a system to’
parameter  variations  and  therefore
decreases the effects of gain variations in }
the feedforward path in response to varia- *
tions of supply pressure, supply voltage, ol 545, (&) Integeating elemen; (b) firs
tcmpc_raturc, ctc. Inthe study of controllers order delay element.
made in Sections 5-2 and 5-3, we have also seen that the elem ts whic
the various control actions are in the feedback part of the corftn SH\:- " Pﬁrfjori
and (hat.the fecdback elements in o controller essentially incqe o 'u mucha?mn
the amplificr and increase the range of the proportionaly C'IL'H'SC the hnearity

The use of feedback loops in control systems howevesens'l'tlllv'“y.
ber ol components of the systems, will thereby : ompleiy.
introduce the possibility of instabilty.

. asc the nun
Increase the complexity, and also wi

%6 FLUIDICS

Introduction. Fluid devices through which air gases, or liguid in i
¢ate and precise channcls are ca I e O hauids flow in
. cise channcls are called fluidic deyices. Such devices use solhd ¢
nents, or circuits i i i i o
™~ , ts, to perform sensing, logic, amplification, and control function”

Hudies, the general study of fluidic devices and systems, is { Jof the newest
) ¢ newest o



I}

ir circuit which alIO\ s passage’ ‘of a srgnul only.if certain control requirements have
en satisfied.) Table 5-1 shows aféw fluidic logic gates and their resnect(ve truth
ables. (A truth table is a tabular correlation of inputand output relatronshrps
or logic elements.) r\> seen from Table '5-1; drgltal fluidic devices-can gate, or.
ahibit, signal transmrssron by the. applrcauon removal or. other combmatrons

f input signals. -
Digitalfluidics perform the same loglc functions’ as their electronic counterpart

here are, however, some areas where. each.has disfinct advantages. (Usually,
ie choice is clear.) For e\ampre in app]rcatrons where reliability in extreme
nvironments (e.g., hrgh temperature or radratron) is more important than speed
foperatrons, the dnortal fluidics should be chosen Tfhigh-speed logic operation in-
ormal environments is required, electromc deVites are préférable: Applications of
igital fluidics are most often found in automatrc warehousmg, machine feeding,

“

equencing, handling, etc.
Many functions of control relays can be performed by ﬂurdrc devices, and many

sgic functions of relaysand eIectromc systems can be 1mp1emented by fluidic devices.
B :

A typical fluidic apphcancmt Fluidic components can sense
ositions, provide operating commands; perform logic inter-
ocktogramd eentrol- the valving of a machine’s Control sys.em

Consider the mechanical system shown in Fig. 5-53. It is
esired to design a control logic system,to sequence a drill head
o that when the head is retracted and a pushbutton is actuated,
he drill will advance downward The head drills in the down-
vard position and then returns.to theup- posrtron to complete
he cycle. For emergency return a pushbutton is requrred to
etract the head at any tie,

We shall present a solution to this-problem uqmg digital
uidics. Figure 5-54 shows a logic Sircuit whigh can perform the

—* Air relW-

7
/ v
/ %

Fig.5-53. Mechan—
* ical system.

FLIP-FLOP 2

-/ or/NOT

i
FLIPFLOP 1

B lDemy'lx ~.
— I tonk [ {2
1 ) LS1
——o e K . .
Ermergency R ' p o
5100 Fig. 5-54. Logic circuit

" ®This esample is taten from “Fluidicy:-Plugeing the Control Capability Gap™ by The GC”“
5 Purpose Control Departeeny, Geveral Divciue Compapy, Bloonungtan, Nnois. T

i

MAVIULL FIRUDLLWYD AND JULYU T IUNS vy

T, e i

desired sequence Serations. F : R » '
quence of operations. FLIP-FLOP ¢lément 1 is sct bn,(hc start buttan, ,

The start button is released ,and the element will continue to-give the sot output,
The output of FLIP-FLOP element ! is fed to AND clement, which combings this
with the llmxt switch (LS 1) signal. This signal sets FLIP-FLOP 2, which shifts

the air reldy and.starts:the hedd moving down. -The drill moves down and dnlls

until the signal from-L'S 2 fills the delay tank. This shifts OF i
YNOT element, which
inturn sthches FLIP-FLOP 2, which shif ts the-air relay back to its original smtcc

y p Ynen h C

If the emerﬂency stop button is pushed at an
y time; it will shift the OR/NOT
and FLIP- FLOP 1. The OR/NOT witl: shrft ELIP-FLOP 2 and 1mrr‘edxately/c1us
the drill head to retract o

W

ExaMpLE PROBLEMS *ANDA SOLUT[ONS_

1

PROBLE‘\I AlS 5. 1 The tefm common!y used to defne the gatn or sensitivity of a pro-
portional controlier is the proportional- band This is the percentage change in the input
to the controller (error signal) requited to cause 1007 changc in the output of the actua-

tor. Thus small proporticna! band corrcsponds to hrgh gam or high proportional Jerm-

tivity. '
What is the proportional band if the controller and actuator have an overall gain of

. 49419 ? (Note that the total changrs in rhe input to the controller and the output of the

actuator are given as 100%, Thus a gam of 47%(/%; means that there is a change of 43
in the output if the change in input 1s I/) g
Solution i ;’ .o

£

100/, " L. 100
g in /77, 7//“25%

-

Proporuonal bfmdu—

PROBLEM A-5-2. Consider trve quurd Ievc‘ t.ontrol <ystem shown in Fig. 5-55. Assume
that the set point of the controller is fixed. Assuminga step’ ‘disturbance of mar;mtuc?e n
determine the error. Assume that ny is small and the variations in the variables fror:;
their respective steady-state values are also small, [The controller is a proportional one

If the controller is not a propornoml one, but mtegral what 15 the stead :
L ; ! B y-state

Solution. Figure 5-56 is a block diagram of: the system when the controller is proportional
with gam X,. (We assume the trunsfer functlon of the preumatic valve to be unity.) Since

- -
v y'V

ER : N @ Proportional contro!ler
O+q CE : T
i

f:—:DQ: Disturbance

, Doy
. ) . . g . R . LE”"“‘» ‘-’—'f:r/!"—‘ o :J
Pip. S-55. Liquid-level control system © 7 ] B R

- I
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N(s) R
RCs+ 1
X(s=0 Els) B e H(s)
- by N RGO

Fig. 5-36. Block diagram of
the liguid-level control system
shown ia Fig. 5-55.

the set point is fixed, the variation in the set point is zero, or X(s) = 0. The Laplace
transform of A(r) is

KR R
HE) = ze 1 EO + rey 71 NO
Then
R .
o EG) = —H() = — 35251 E6) = goie i NO)
Hence
E@) = — g R N(s)

RGTIT KR
Since

N(@) = 20
we obtain

E@s) = — R n

B - _1+ KR > ]
e(t)-—-~—~1 +ka[cxp( RC ! 1
Thus, the time constaat is RC/(1 -+ K,R). (In the absence of the controller, the time

constant is equal te RC) As the gain of the controller is tncreased, the time constant is
decreased. The steady-state error is

e(o) = — =0 _

As the gain K, of the cortroller is increased, the steady-stats error, or offset, is reduced
Thus, mathematcally, the larger the gain K, is, the smaller ths oTset and time constant
are. In practical systems, however, 1f the gain K, of the proporicral controller is increased
to a very large value, oscillation may result in the output since in cur analysis ali the small
lags and small time constants which may exist in the actual control system are neglected
(If these small lags and tinae constants are included in the ene!;ss, the transfer function
becomes highc;-q%dcr and for very large values of K, the pos-:oility of oscillation or even
mstability me,_Lur.)

Chap. 5 EXAMPLE PROBLEMS AND SOL U110 Z
If the controller s an integial one, then assuming the transfor funchion o 1! ot
to be B
X
G; = -:s"
we obtain
Eis)e= —_ RS
¢ RC7 5 s ¥ RRNO)

The steady-state error for a step disturbance N(G) = ngls is

€() = lim sE(s)
+—0
{
= lim —Rs !

~oRCE ¥ s+ KRs

Butterfly valve

z/—\—r{g‘j

F Powar piston
’ t ,v‘y ~
. Power
cylinder
Oil under
DFGYQ
(_{_:f
FKE
A -
-
Reference tnput
Yewa] | -
—
Sump E{i '
\Fnlter

Fig. 5-57. Schemauc diagram of a flow control system ust hydy el
jet pipe controller,
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T O
hus, an integral controller eliminates steady-state error or offsct due to the step distur-
ance. (The value of K must be chasen so that the transient response due to the command
iput ard 'or disturbance damps out with a reasonable speed. Sce Chapter 6 for transicnt-
:sponse analysis )

ROBLEMN A-5-3. Figure 5-57 shows a hydraulic jet pipe controller applied to a flow
»ntrol system. The jet ptpe controller governs the position of the butterfly valve. Discuss
1e operation of this system Plot a possible curve relating the displacement x of the noz-
e to the total force Facung on the power piston.

olution. The operation of this system is as follows: The flow rate is measured by the
rifice, and the pressure difference produced by this orifice is transmitted to the diaphragm
f the pressure-measuring device. The diaphragm is connected to the free swinging nozzle,
r jet pipe, through a linkage. High-pressure oil ejects from the nozzle all the time. When
1e nozzle is at a neutral position, no oil flows through either of the pipes to move the
ower piston. If the nozzle is displaced by the motion of the balance arm to one side, the
igh-pressure oil flows through the corresponding pipe, and the otl in the power cylinder
ows back to the sump through the other pipe.

Assume that the system 1s initially at rest. If the reference input is changed suddenly
o a hizher flow rate, then the nozzle is moved in such a direction as to move the power
iston and open the butterfly valve. Then the flow rate will increase, the pressure difference

across the ornfice becomes larger, and the nozzle

R | will move back to the neutral position. The move-

ment of the power piston stops when x, the dis-
placemert of the nozzle, comes back to and stays
at the neutral position, (The jet pipe controller
thus possesses an integrating property.)

The relationship between the total force F
acting on the power piston and the displacement x
of the nozzle is shown in Fig. 5-58. The total
force is equal to the pressure difference AP across
the piston times the area 4 of the power piston.
o o sinall displacement x of the nozzle, the total
ig. 5-58. Force versus displacement force F and displacement x may be considered
urve. proportional.

ROBLEM A-5-%. Draw a block diagram of the pncumatic controller shown in Fig.
-59. Then derive the transfer function of this controlier.

If the resrstance Ry is removed (replaced by the tme-sized tubing), what control
ction do we get 7 If the resistance R, is removed (replaced by the line-sized tubing), what
ontro! action do we get?
olutior Let us assvme that when ¢ - 0, the nozzle flapper distance 15 equal to ¥ and
he contro! pressure 1s equal to £, In the present analysts, we shall assume small deviations
rom the respective 1eference values as follows:

e = small crror signal

x = small chonze in the nosele-lapper distance

p. = small change 1n the control pressure

£y = smadl presswe chenge i beliows 1 due (o small chiange in the control pres-

S

O
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[ Pneumatic
para— pilot
; valve
&
P, =Kx

Fig. 5-58. Schematic diagram of a pneumatic controller.

pu = small pressure change in bellows II ¢ue to small cha
sure

y = sma'l displacement at the lower end of the flapper

nge in the contiol pres-

In this controiler, p. is transmitted to bellows 1 through the resistance R, Similarly

5y is transmitted to bellows 1 through the series of resistances Ryand R Ar apprecim m:

relationship between pp and p, 15 o
Fils) 1 i

P(s) RGCs+1 Tys+1

where
Ty = RyC == derivative time
Sumilarly pyp and pp are related by the transfer function

Py(s) _ 1 1
Pisy " RGC+1 Ts+1

where
T, = R,C = integral time
The force-balance equation for the two ballows is
(pr —~ p)d = k,y

where k, i3 the stiffness of the two connectad bellows and A is the Cross-
the beflows The relationship amongz the variasles e, x, and yis
x, and
= b_, a
a4 b a- b

The relationship between p, and x 15

sectional area of

p. = Kx

From the equontions just derivad, a block diagram of the controller can be drawn, as sh
e, 5-6C0a), Simphitication of this block diagram results in T 1z S-00(b)
.

LN
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E(s) b X(s) ; P - Fé(s).
o+b o -
R W CRN e O
o+b ke & [Tgst!
Py(s) 1
T s+1
- la)
E(s) b X (s) £ (s
— ——— > K P
o+b
0AT;s .

(o+b) & (T, s+ 1)(T s +1)

(b)

Fig. 5-60. (a) Block diagram of the pneumatic controller shown in Fig.
5-59, (b) simplified block diagram.

The transfer function between P.(s) and E(s) is

b
] Ps)y _ ER
EG) g4 & j’r B % (TST:L 1>(T4sl+ 1)

For a practical controller, under normal operation | KaA T s/{(a -+ b)k(Tis + 1)(Tus + DI
is very much greater than unity and 7, Ty Thereflore, the transfer function can be
simplified as follows:

Ps) . bk(Tis + 1)(Tes +1)

E@y ™ aATs
bl (T, + Ty
=it gy

=K, (1 + Tt o)

w'ere
bk

K, = —aj

hus the controler shown in Fig. 5-59 1s a proportional-plus-derivative-plus-integral
one.
If the resisti *nc(r" . is removed, or R, = 0, the action become, that of a proportional-

plus-integral conti__i.

O

Chap. § EXAMPLE PROBLEMS AND SOLUTI10:.S 2ur

If li}c resistance Ry 1s removed, or A, =2 0, the action becoimes that of o na: oo -har d
proportional, or two-position, controlicr (Note that the actiors of two feedback bello .
cancel each other, and thzare is no feedback )

PROBLEM A-5-5. Obta:n the transfer function of the controller shown th Fig. 5-33
().

S»ohtmn Figure 5-61 shows the fecdback circy . The equations for this fecdb el circunt
are
1
—5;[11(5) = L(5)] = Rl \(s) = Ey(s) Rq ¢
1 “—M, I
a}[[z(S) LN+ &5 Izk-") + Rily(s) = 0
Hence
1 h
h(s) _ Cs 5 §R' "
Ea(-‘) T RICRCys? + (RiCi + R;C + RiCs + 1 iy
or
) _ RCs o =
Es) ~ RiCR.Cus* + (RC, + AC, + R;C)s + 1 Fig. 5-61. Feedback circuit used in
Noting that in Fig. 533 (c) z:)e controller shown in Fig. 5-33
R
(e, — e)K = e, ey =e
i 7. 1] f lRl
we obtain -
R, CsEy(s)
E s { 0 , .
[ ds) = (R CiRiCys? + (RCr + RiC, + RyCos F l)] K= Eys)

The transfer function Eq(s)/E,(s) is

_E:(_,(S) KR [R C,RdCdsz + (R C[ - RJC[ + RJCJ)S - 1]
E(S) T KRRCs ¥ RiIRCR.Cis* T (RC, + RiC, - KCs F 1)

If the foop gain is very much greater than unity, then this last cquation may be simplified
to give :

EQ(S) .Rl[R, ‘IR CJ?Z -+ (R C[ -+ RJC[ -+ RdCd)Y - l]
E(s) R:R.Cis

=K[T4s+( F—dr?)*']i,s]

where
Kp = R:/Rz, T, = R,Cy, T, =R, G
Define
—_ Rg 1 TJ
& == 1 .{\, T f{
Then

%((_S)_)_}( (1 %T‘-‘ '54}3)

Thus, th, controller is a proportional-plus-derivitive-plus-inteora ! «O
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_ ’ " I e L
? « N K c ‘ F T
— K Tl Ts+1 o
Calibrotion .Plont X
1
K‘::F
, K C N
S T T e :
Plont : o an 5~62 Block dmgrams of an opcn Ioop
. control systcm and a closcd loo'p control
system, v RV

'ROBLE\I A-5-6. ‘Consider !h‘- opén-loop and closed-loop control . system shown in
‘ig. 5 6‘7 In the open-loop one, gain X, is cahbrated sothat K, = I/K Thus, thc transfer
unction of the open- Ioop control system is . 5

X -1 A

K Ts + 17 Ts 1 +1

n the closed-loop control system, gam K, of the controlier is s tsothat K, K> 1.
Assuming a-unit-step input, compare the stcxdy state errors for these control systems.

SR Y ST

Go(s) =

solution. For the open-loop control system the error sngnal 1s e s
T elt) = r(t) — c(t)
T . ’ - R
, E(s) = R() —-C()-..
= [l — Gy()]R(s)
he steady-state error for the u—nif-s*té\p Tesponse is
el = lim SE(s) w
LR R Lo . Coay s

=lim s[1 — Gy(s))+
-0 s
=1 — Gy(C)

f G¢(0), the d¢ gain of the open-loop control systcm |s equal to unity, then the steady-
tate error 1s zero. Due to environmental- Lh'mgcs and agmg of componcntsg howéver,
he dc gain Go(0) will drift from umty as time C]dpSLS and the stC'ldv stitéerfdf will no
onger be equal to zero. Such steady-state error in an open-loop,control system will re-
nain uniil the system is res alibrated. g P
For the closed-loop contro! syszun the error sn-nal is

N O (3) = R(s) C(s) g
R(s) -

Piopenoil ety

i

1 + G(.s)
vhere

KK

G(S) = " i‘ 1+ [N

Chap. §° EXAMPLE PROBLEMS AND SOLUTIONS 207

] o P v

The s(Ecgc{yjjs!ate cr‘rog fora unjt-stcp input is

‘ - -1 I
€y, =1 -
~ . .'fo”[wc)]s oo
L : 1+c(0)
VT LIS 1+KK-H Lo, C

1\.,;.

.
“ .

In the closed- loop control system, gain X, is set at a large value compared with 1/K
Thus the stcady- -state error-can-be made snmll althoLL,h not exactly zero, '

Let us assume the followmg variation.i in thc tr
h ansfer function of the. &
K,and X, co'mant L. . ‘ - p[ant assuming

A
A {

K K+ AK ‘
e Ts+1

For slmpuu'y, let us-4ssume- K = 10 AK =1, or A}\/K 0 1. Then the ste

ad -state“
error fora unvt s\mp mput in the open-loop control system becomes i

—l——~(K+AK) Lo

=111
= =0.1

In the closcd loop control sy.xtem if K, is st at IOO/k
, then the steady- 1
unit-step mput becomcs cady-state error for a

%
N

v

. . "3 - LT T LDy .
.-l R S A 1~ o Al

res oo e CTTEGE) . e ,
AR R ';. o —_ . lf- .‘.L'~1~: :f' o .

1+——(K+AK)
IEST co e e
ST T r+fo -~
= 0.009

Thus, the'closed-loop rio | ,
us, the'closed-loop control systém is superior to the open- loop control system in

the presence of environmental changes, amn
a g of components, etc., whic :C
the steady-state performance, h definitely affect

PROBLEM A-5.7. The block dtagram of . Fxg 5- 63 shows & speed control system in
which the ottput member of the sy stem is suchct toa torque disturbance. In the diagram,

1

W1

’ PIN‘(S)‘

1 fis)
>

$r2. 563, Block diagram of a .
speed contra! system,
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Y,(5), Qs), T(s), and N(s) are the Laplace trans-
orms of the reference speed, output speed, dgving N(s) 1 Qpls)

orque, and disturbance torque, respectively, In the Js
bsence of a disturbance torque, the output speed —
s equal to the reference speed.

Investigate the response of this system to a
it step disturbance torque. Assume that therefer-
ince input is zero, or ,(s) = 0.

Solution. Figure 5-64 is a modified block diagram
-onvenient for the present analysis, The closed-loop
transfer function is

Qus) 1

N Js+ K
where Q4(s) is the Laplace transform of the output speed due to the disturbance torque.
For a unit-step disturbance torque, the steady-state output velocity is

K

Fig. 5-64. Block diagram of the speed
control system of Fig. 5-63 when
Q,(s) =0.

wn(oo) = lin; sQu(s)

=lim—3 1
‘..QJS “'KS

=1

=X

From this analysis, we conclude that if a step disturbance torque is applied to the
output member of the system, an error speed will result so that the ensuing motor torque
will enactly cancel the disturbance torque. To develop this motor torque, it is necessary
that there be an error in speed so that nonzero torque will result,

N
PROBLEM A-5-8. In the system considered in Problem A-5-7, it is desired to elimmate
as much as possible the speed errors due to torque disturbances.

Is it possible to cancel the effect of a disturbance torque at steady state so that a con-
stant disturbance torque apphed to the output member will cause no speed change at
steady state?

Soiution. Suppose w2 choose a suitable controller whose transfer function is G.(s), as
shown in Fig. 5-65. Then in the absence of the refetence input, the closed-loop transfer
function between the output velocity Q4 (s) and the disturbance torque N(s) is

N(s)

(s)

4

Q,(s) E(s) Tis) F Y
— {6ete) =g —e o

a wmeed controt system.

Fig. 5-65. Block diagram of

O

Chan. § EXANMPLE PRORit s s SO e )
L
gz_,y_f__ — JS
N(sy 1
1 TJ G.(s)
=1
Js + G.(5)

The steady-state output speed due to a unit-step disturbance torque is
Wx(0) = lim s2,(s)
-0

=lim

s 1
a0 ds + G975

=1
G.(0)
In order to satisfy the requircment that
Wy(e0) =0

we must choose G.(0) = co. This can be realized if we choose
_ K
G(s) = 3

Integral control action will continue to correct until the error is zero. This controller
!m“c’\cr, presents a stability problem because the characteristic equation will have tw
imaginary roots,

One mcthod of stabilizing such a system is to add a proportional mode to the control
ler or choose

G = K, + X
With this cgntroller, the block diagram of Fig 5-65 in the absence of the reference inpu
¢an be modified to that of Fig. 5-66. The closed-loop transfer function O (sYN(s) become,
Qv(s) - Ry
NGs) IS Y Es+K
For a unit-step disturbance torque, the
steady-state output speed is

N(s)

I
| |

Spls

(o) = lim sQy(s)
50

= lim _._f 1 Kps + l-<_
a_ojsl +K,s+K's S ]

Fig. 5-66. Block diagram of the speed con
trol system of Fig 5-65 when G.(5) =K, 4
(Kfs) and Q,(5) = 0.

Thus, we sce that the proportional-plus-
integral controller eliminates speed error at
steady state,

The use of integrat control action has increased the order of the system by one. (Thi
tends to produce an oscillatory response.)

In the present system, a step disturbance torque will cause a transient error in 1
output speed, but the error will become zero at steady state. The intearator providas

st EEI

O
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ynzero output with zero error. (The nonzero output of the integrator produces a motor

rque which exactly cancels the disturbance torque.)
Note that the integrator in the transfer function of the plant does not eliminate the
eady-state error due to a disturbance torque. To eliminate this, we must have an integra-

r before the point where the disturbance torque enters.

Cﬁup': 5

ROBLEM A-5-9. Figure 5-67(2) is a schematic diagram of a pneumatic control device.

consists of four chambers separated by three diaphragms which are rigidly linked, as

hown in the diagram. This device has two input pipes where two control pressures P,
nd-P, are connected. If such pressures are applied; the draphragm assembly distorts and

\uts off either one of the two supply inputs. The output pressure P, is then equalto either -

, or 0. The output pressure Py can be plotted versus the pressure difference P, — Pa,
s shown in Fig. 5-_67(b). Such a device can be used as a logic device. '

Fy
- # R\

Py —> =, l
Vent = -
(o} Py—P,

(o) . (b}
Fig. 5-67. (2) Schematic diagram of a pneumatic control device; (b)
characteristic curve.

*

If a bias pressure is applied to one of the chamibers, as shown in Fig. 5-68(a), the
-haracteristic curve is shifted, as shown in Fig. 5-68(b).

Figure 5-69 shows a combination of two such devices. What logic operation can we,
set from this combination? Assuming the supply pressure is 1 and the input pressures at

points A and B are either 0 or 1, find the output pressure at point F.

Fy
! %t
P, — =/ 7
P = Pqa
vent - |
[ VS | S .
- 0 P, 2
(a} {b)
Fig. *5-65. (a} Schemdtic dmagram of-z-.pneumatic control device, (b)
churac(cristic'clurvc. —

o)

"~ Chap. §

PRODBLEMS T

A

i)
“

A o—rx

Fig. 5-69.” Combination of two pneumatic
contro! devices.

+ Solution., From Fig. 5-69, we obtain the following table:

- - R S ——r -

|

—— 0O w

c
0
1
1
1

— O = O N

l‘ooo-—

Thus, the logic operation obtained is that of MOR ; that is, F=A4-B.

PROBLEMS

PROBLEM B-5-1. The schematic dngmm of a pneumauc controller is shown in I'rg
5-70. Draw a block diagram of the controller, and then derive the transfer function.

— o |
o
T r :{ X+x
) T b
1) A -
% I
' k’ C
R
.| Pneumatic
py prlot — .. .
/_ valve f T
4 P+p n
P, =Kx € Fe , L
A
i
[ !
-—— * b=
"’ -~

Fig. 5-70. Schematic diagram of a pneumatic controller.

PROBLEM B-5-2. Figure 5-71 shows the schematic diagram of a hydraulic servomotor
in which the error signal is amplified’in two stages. Draw a block diagram of the system
and then find the transfer function between y and x. , o

o
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gue parienecen, ¥ .33 sijlas del ejulic 3noqud 12 Tea.g

zan. Por elazplo,IlI Zal .

LISTRUCTIVO DEL LA3CETCRIC O = ENISRIA

JE CCUTRCL I.

Ts*ta dissriducibn en ren-

sazdo en la nacesiiad le jue los ize=_

- en cada prictica Zleden haderse O?l -

i : N 2 r30 de %ecr retendierd zleo-

Conteniio . =1 presente instructivo coasis le 5 dad en el curso ds ecﬁia. Fre =t omis 2.2
- de tres partes fundazentales: - nos del laboratorio para comprobar experit t2

los conceptos desarrollades en la nateria.

2} Introduccidr a la cozputacibn aralb-
Adca.

b} Frincirzios y funcionaziento del equi
Po. .

¢) Trécticas.

Se precenta al alumno_
los principios bhisicos de la corputacila analdzica(mcde-
lado,sinulacidn,solucidén de modelos,escalaniento,etc.).

Se ha prestado nayor atencidn al manejo '
de la computadore aralfzica en vista de que es &sta una_
de las mas valiosas herracientas Qe que dispcne el Inge-
niero.

En el capitulo I se describe detallada- -

mense el funcioraaiento de los nbdulos znaldsicos,azpli-
ficadores oper:cionzles,potencibzetros y fuenies que --

sastituyen una cozputzdora analbgica,zsi coro sus modes
Ae operacifn y =242icidn. El-lstoratorio dispone de cua-~
“ro conputadoras analbsicas EAI 18C a las que se refle-
re la descripcibdn,aunque bisicamente es el misne princi-
pio para cualquier tipo de corputsdora.

Tamtién se cuenta con tres servonecanisg
mos de CD que puclen orerar como control d2 velccilad o_
control de posicibn y que se descriren en II.

Anflosanente en III, IV 7 ¥ se descri -
ben servosiste~as térmico,neunitico de pcsicidn, y de ni
vel hidrfulico,que tazbidn es prarte el 2quipo del gue -
disporn~ el lebsratorio para =2Ze-plificar en diversos ti-
pos d= s:ste~as las %%cnicas de Control.

-
3

Cualquier sugerencla u obse;vacién a gs:e_
irstructivo,favor de dirigzirlo a la seqc16n de Control,
lo cual ser{a de gran utilidad para smejorarlo.

Fpalmente los carftnlos € 5 7 se re -
fisren a2l equiro auxiliar: Csciloscopios,seneradores de_
selales y mrdidcoras gue se ewylean para el lesarrcllo Ze
lags préc*ic:s, :
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l.-

I.- INTRODUCCION A LA COMPUTADORA AFALCGICA.

MODTLOS Y S!\lL}CIQQJ

El horbre para cxplicarse los ferémenos que lo rodean,
recurre a la creacibn de modelos. Estos pueden definir
ge como la representaciér sirb&lica de las caracteris-
ticas de un procesc y pueden ser matem&ticas, analdgi-
cecs, geom&tricos, etc. La gran mayorfa de los modelos

Que se encuentrar en la ingenierfa son matermiticos, =--
predominando los descr:itos per ecuaciones éiferencia--
les.

Logs modelos matemdticcs pueden resolverse mediante di-
versas t&cnicas. lLas computadcras ncs surinistran una
de las técricas mis eficientes y ripidas. Segln la for
®a de manipulacién de las variables, se clasifican en
2 grandes grupos: analfgicos y digitales.

Bn las computadcras analéfgicas las variables son contf
nuas y resuelver lcos modelos a partir de la creacibn =
de ur cir-utto eiectidnico, cuvo ccmportariento_es ani
loge al de la ecuacidn que se desea resolver, a este -
proceso se .e concce como simulacifn, para llevar a -~
efecte esta sirulacibn la computadcra analdgica dispo-
ne de médulos establecidos (integradores, sumadores y
potencifrietros) que nos auxilian para completar el mo-
delc. Las ccuputacvoras digitales en cambio emplear va-
riables discretas y para la soluciér de los modelos se
valen de métodcs numéricos irterativos.

Prequi.t: .- Describa 3 modelos matemiticos de fenbme-
nos ffsicos. e culntas maneras diferen--
tes puede resolverlo?

Pregunta 2.~ G& un ejemplo de un método numérico para
computadera cigital gue nes resuelva ur -
rodeiv,

GMPUTADORA AMALOCGICA.LAI-\RO

Consta de 3 m6dulos principales: analégicos, de medicibn

y de operacién. (Vea FIGURA I-0).

-

2.1.- ¥Sdulous analfaicos. (PANEL I).

0:» -A =

ﬁSuponrwwws UAA\JQ

% Ve (t)

AV

Pisica~ante exister 2 rflulcs aralfgices dif
=

tes, acpiificafcres cperacicrales, cotercis
y fuentes de voltaje.

ére
eLrcs

2.1.1.- Amplificader Ogeracicnal.

a) DESCRIPCION FISICA: Son dispositivos electrd-
nicos que arplifican Lra seral de voitaje. Se
TYepresentar sirbélicarente rediarte la TIGURA
siguiente:

gg‘ILL

vs
Ve

porde Vg ¥y Vg son los voltajes de eatrada y -
salida y -A es la garancia del amplificador -
que se define comomm la fovmula 1)

Note que el voltaje de salida Vg, tilene siqgna
opueste a el volfta-e de entrada: &sto es de-
Bido a 1a caracteristica cel amplificador. A
este tipc de amplificador se les concce como
amplificador inversor.

am fovema cscalom (fo-"“o R ez lys Om la £13 I-l} ala

Cnivada &2 um °~NPLE\CnJﬁ'cqﬁaaﬂkﬂhnl de zonamcd;

Aztoo, Lo salida

eova 22 la forma
(¢1q£-5)

A\’a(t)

i
\/

by 12
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b)

o}
T Ji sl state £ oem ocelocoden - ganar..a. #ELO es
L2 w2liroooomte ecurvrldrfa rae ra
: 2e .1¥, cbtuviira—ses Lnra salida
e ffs1carente 1m.cs.nie nos 1o Gé
un o .rcui-e de es2s caracterfst.cas. La fun--- Emi{)
cifr ce rransfercncia cde un ampisficedoy cpera
cicrali es de la forma:

Vee

)
+ Ve +
-V.' 3. ____%
TE Ve (t) e
& Ve
l\ﬁ I-ﬁ

’
por lo que para voltajes ce entrada -Vid& Ve<\’1

Vett)

-Vee $\§ -3

Fara lograr &sto lo realirmentamos de la siguien
te manera:

ZRr

€l Vo = 4 V.. Este volitaje V,_ es el volta-
s - [«
e de alirentac16r del amplificadcr (en nuestro
casc eproximade + 13V). ‘.
> .
° e Vs@)
RVMPLIFICACCR QPEUACICN’ L PERLIVEVTADO, Ve l) —p

Le

"
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Pregunta

c)

d)

Cero se ha
ur sistera
gistera de

vistc en la tecrfa, la gara-cia de
realirartadc es menor gue la de un
malla abierta.

Pera rea.irentar el sistera se *cra el Vg v

rediante una impedancia 2ZR.s) se ccnvierte en
una corriente (ir) que se suma algebraicarmer-
te con la ccrrieate (iy) generando la ccrrien
te (ig). Por lo cue: -

Fﬂh&

1o = 1y - ip ir> 0 ie € 1y

3.~ Exprese el amplificador cperacicnal reali
mentado mediante la notacidn de diagramas
de blcques, y calcule la ganancia glokal
del sistera,

GANAMNCI?. DE
MENTADOQ.

N AMPLIFICADOR OPERACIONAL REALI

Dekbido a las caracteristicas ffsicas de los -
anplificadcres operacicnales, la carancia clo
bal se puede aproximar con suficie-te preci-=
s18n rediante la férrula:

8 .

A partir de esta aproximaci8n es pcsibie dar-
le al amplificador operacicnal diverscs empleos
de acuerdo a las impedancias que se usen.

La demostracifén de la férmula anterior puece -
consultarla en Ingenierfa Eléctrica.- Hammond
PP 399.

SLMADCRES. (FIGURRA I-8).

Los sv-adores son amplificadores operacionales
en los gue ranto la imrpedanc:ia de realirerta--
cibn corc 1a de entrada son resichkeacias. Su -

represcntacibn esguericica &a.mwzsﬂm1€n|o~&5wnx -2

A partir de la f6rrula de garancia obtereros -
que: 6
io

-
‘e
10°

€
10
Vg = = Vel +
108

v ()

213 I

por lo que ese dispositivo actGa corc sumacdor.
Los factores gque multipl:icar a los surandos se
pueden variar ya sea carbiando la resistencia
de realirentacifin o la resistencia de entrada.
(NStese el signo renos afuera del corchete).

En la computadcra FAl-180 existen 6 sumadews
con la siguiente representacibn:

Ol

‘f

O—AWh—]

CG——avp—

O—Ai——] ‘P\ 3 1-8

(197,

O—n

y se dispcne de botellas e 2 y 4 patas para
realirentar el arplificador operacional. Esta
se realiza puenteandec una terminal de salida
con una de entrada. Las terminales de salida
Se encuentran en rojo y las de entrada en ver

de.

Las resistencias etiguetadas co= u- 1 soa de
i0° A Y las etigquetedas con un 12 son de
15 .

Varianlc estcs paréretros, es posible obtener
carancias de 1, 1C v C.1.

a.

-3




s crere la cara-cir se wr 1
e & crerclor Ze leplece. (L2 impecdarcia ce
t~ capaciter .= 1 Y. ©Ce rodc cue: ---
g
2 ¢
g = - [ _-

la cz~a-c1a 2 su tez tarl-8r es igual:

_ Vstis) __ 1 S A | 1 v,
. SFC . . 5 Re
eis) .

s1 antitransformarss chtereros que:

v 1 ts
(€) = = = v .
sit 2 elt) ét =+ C.1.
t,

ror lo cue concluiros cue un amgplificador cpe-
racicral ccn irpedarcia de ertrada resistive -
e 1wzadz-si1a e realarentacifr, ur cagaciter -
iture L 1rtegrader.

Tn la cecroutadora ER1-1
irtecgradcres distr:tul
ngurat'iPara que ésteos fu
locar una btotella de_4

marcacas CP, A, 