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NOMBRE Y DIRECCION

SR. EDUARDO ALVAREZ TORRES

ING. MANUEL BORREGO CALDERA

Camino Viejo a Chimalhuacan s/n

Junto a Granja Guadalupana
Chicoloapan, Edo. de México

]NG. JUAN JOSE BOTELLO BARRON
Isla San José No, 16
México 14, D, F,

SR. JOSE ANTONIO CASILLAS MEJIA
Calle 1857 No. 25

Col. El Parque Balbuena

México, D. F.

iNG. VICTOR CHALE CURZ
Playa Nornos No. 297

Col. Reforma Ixtaccihuatl
México 13, D. F.

ING. FERNANDO COLCHERO LANDA

LIC. JOSE DE J. ARTURO DE ALBA M.

Av. Progreso No. 186-103
Col. Escandén
México 18, D..F.

C. P. SERGIO M, DE URIARTE

SR. LUI'S FONSECA ARAUJO

Fray Servando Teresa de Mier.
882-C-6

Col. Jardln Balbuena

México, D. F.

SR. ARTURQ FONSECA ROMERO
Presa Sacinillas No, 296-3
México, D. F.

-

EMPRESA Y DIRECCION

. México,

CARNATION DE MEXICO, S. A,
Av. Insurgentes Sur No., 363
D. F.

CiA. DE
Melchor Ocampo No. 171-212
México,.D. F.

ClA. DE
Melchor Ocampo No. 171
México, D. F.

SECRETARIA DE COMUNIJCACIONES Y TRANSP.

BUFETE
Tolstol No. 22
Col, Anzures
Méxlico, D. F.

FINANCIERA DEL ATLANTICO

Venustiano Carranza No. 48 3er, piso

México 1, D. F.

BANCO DE LONDRES Y MEXICO
Venustiano Carranza No. 65
México 1, D. F.

TENERIA TEMOLA, S. A.
Calle Boleo No. 57
Col. Maza

México 2, D, F.

CENTRO NUCLEAR DE MEXICO
Salazar, Edo, de México

LUZ Y FUERZA DEL CENTRO, S. A.

LUZ Y FUERZA DEL CENTRO, S. A,

INDUSTRIAL CONSTRUCCIONES,S.A.
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17.

18.

19.

20.

NOMBRE Y DIRECCION

C. P. PABLO GARCIA

SR. ARMANDO GINER MARQUEZ
Sinaloa No, 100

Col, Pefién de los Bafios
México, D. F.

ING. J. FERNANDO GOICOECHEA M,
Miguel Ramos Arizpe No. 28-3
México, D. F.

ARQ. JAIME GONZALEZ SALAZAR
Edif. F34-3-12

Lomas de Plateros Mlxcoac
México, D. F.

ASIGNACION OPTIMA DE RECURSQS

EMPRESA Y DIRECCION

CONSEJO NACIONAL DE CIENCIA Y TECNOLOGIQ
Av. Insurgentes Sur No. 1677
México, D. F.

CONSEJO NACIONAL DE CIENCIA Y TECNOLOGIA
Insurgentes Sur No. 1677
Méxlco, D, F.

INSTITUTO MEXICANO DEL CAFE
insurgentes Sur No. 421-B ler. piso
México 11, D. F.

COMITE ADMINISTRADOR DEL PROGRAMA
FEDERAL DE CONSTRUCCION DE ESCUELAS
Fresnos No. 380

Col. Florida .

México 20, D. F.

ING. GUILLERMO GONZALEZ ESCAMILLA SECRETARIA DE COMUN{CACIONES Y TRANS,
ValentTn Gama No. 420 Didz de Ledbn No. 210

San Luis, Potosl, S. L. P. San Luis Potosf, S. L. P. ‘
iNG. ALEJANDRO JARAMILLO SILVA LABORATORIOS ELILILLY DE MEXICO, S. A.
Playa Regatos No. 415 Calzada de Tlalpan No. 2024

Col. Marte México, D, F.

México, D. F.

ING. GIL EDUARDO JIMENEZ AGUILAR SECRETARIA DE RECURSOS HIDRAULICOS

Ayuntamiento No. 93-108
México 1, D. F.

ING., FRANCISCO LEAL ALCANTARA
Calle 1857 No. 28

Col. E1 Parque Balbuena
México, D. F.

SR. FRANCISCO J.
Unién No. 213
Col. Industrial
México 14, D. F.

LEYVA GARCIA

SRITA. MARGARITA I, LOPEZ C.

Sur 124 No. 2760
Col. Villa de Cortés

México 13, D. F.

TELE INDUSTRIA DE MEXICO, S. A.

SECRETARIA DE RECURSOS HIDRAULICOS
Plaza de la Repiblica No. 31 6o, y 70. p.
México 1, D. F.

Ly .%
SECRETARIA DE RECURSOS HiDRAULICOS "'
Plaza de la Repiblica No. 31
México 1, D, F.
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NOMBRE Y DIRECCION

ING. JOSE ANTON!IO LOZANO VILLAFANA
Heriberto Frfas No. 245-3

Col. del Valle

Méxlco 12, D, F.

ING. GUILLERMO MACJAS GARCIA V
Hortensias No. 9
México 21, D, F.

ING. CARLOS A. MAIGLER

ING. SERGIQ MARISCAL BELLA
Luis Cabrera 58-A

Circuito Economistas

Cd. Satélite, Edo. de México

ING., GONZALQ MARTINEZ CORBALA
Ayuntamiento No. 21

Col., Coyoacén

México 21, D, F.

ING. FERNANDG MONROY URBINA
Av. Insurgentes No. 4411 Edif, 22
Depto. 403

Conjunto Resldenciar insurgentes SurCol.

México, D. F.

ING. RAUL ORTEGA SANSORES
Pachuca No., 157-404

Col. Condesa -

México 11, D, F.

JOSE MANUEL ORTIZ VEGA
Uxmal No. 621
Col., Narvarte
México 13, D.

ING.

F.

ING. GUILLERMO PEREZ NUNEZ
Bartolache No. 1804-201
México, D. F.

ING. LUIS ROBERTO REYNOSO B.
Calzada Obrero Mundial No. 123-5
México. D. F.

ASIGNACION OPTIMA DE RECURSOS

EMPRESA Y DIRECCI]ON

CONDUMEX, S. A,
Poniente 140 No. 720
Col. Industrlal Vailejo

ﬂéxico, D. F.

COMISION NAL, COORDINADORA DE PUERTOS

Av. Juérez No. 92 70. piso
México 1, D. F. '
ELECTRON|CA BALTEAU, S. A,

Calle Escape No. 21
Naucalpan de Juarez, Edo., de México

PETROLEQOS MEX|CANQS
Av. Marina Nacional No. 329
México 17, D, F.

ORGANIZACION CONSTRUCTORA MEXICANA,S.A,
Insurgentes Sur No. 1766 ler. piso
México 20, D. F.

COMITE NAL, ADMOR, DE PROGRAMA
FEDERAL DE CONSTRUCCION DE ESCUELAS
Fresnos No. 380

Florida

“México, D. F,

OLIVETTI MEXICANA, S. A,
Calz. Vallejo No. 1029
Col. Nueva Vallejo
México, D. F.

BUFETE INDUSTRIAL DISENOS Y PROYECTOS
Tolstoi No. 22

Col. Anzures

México 5, D, F.

BUFETE INDUSTRIAL DISENOS Y PROYECTOS
Tolstol No., 22 ’
MéXICO, D. F.

INDUSTRIAL DE PLASTICOS, S. A.

121

CIA.
Lago Xochimilco No.
México 21, D. F.



31.

32.

33'

34,

35.

36.

37.

38.

39.
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NOMBRE Y DIRECCION

ING., CARLOS ROBLEDO PONCE
Sur 73 No. 320

Col. Justo Sierra

México 13, D. F.

SRITA. EUGENIA SANCHEZ DE GINER
Sinaloa No. 100

Col. Peiibn de los Baflos

México, D. F.

ING. MARCO SEGOVIA MEJIA
Unién No. 196-512

Col. Escandén

México 18, D. F.

[ING. KENNETH SYDNEY SMITH JACOBO
Av, Melchor Ocampo No. 171
México, D. F.

ING. RAFAEL SUAREZ ALCALA
Monte Aib&an No. 413
Méxlco, D. F.

ING, FRANCISCO TAVERA ESCOBAR
Gutenberg No. 61-10
México 17, D. F.

ING, CESAR VARGAS SANTILLAN

SR. CARLOS ANTONIO VELAZQUEZ M.
Managua No. 1k
Las Americas

. Naucalpan, Edo. de México

ING. OCTAVIO R. ZENTELLA MAYER
Palenque No., 399-302
México 13, D. F.

EMPRESA Y DIRECCION

DESPACHO ROBERTO CASAS ALATRISTE
Durano No, 81 50. piso

Col.Roma -

México 7, D, F.

INSTITUTO POLITECNICO NACIONAL
Plomeros y Peluqueros

Col. Morelos

México, D. F.

BUFETE INDUSTRIAL CONSTRUCCIONES, S.A
Dante No. 36 50. piso
México 5, D, F.

CIA. DE LUZ Y FUERZA DEL CENTRO, S.A.
Calzada de Explanada No. 25
México 10, D. F.

BUFETE INDUSTRIAL CONSTRUCCIONES, S.A
Tolstoi No. 22
México, D, F. {

PETROLEQOS MEX ] CANOQS
Av,. Marina Nacional No.
México, D. F.

329

COMISION NAL. COORDINADORA DE PUERTOS
Av, Judrez No. 92 7o. piso
México 1, D. F.

BANCO DE COMERCIO, S. A.
Bolivar No., 34 3er. piso
México 1, D, F.

BANCO DE COMERCIO, S. A.
Bollvar No. 34 Lo. piso
México 1, D. F.
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I. LA TEORIA DE OPTIMIZACION Y SUS APLICACIONES -
» ' o por ‘
B F. Ochoa *
1. INTRODUCCION i,

E1 objetivo de este articulo es formalizar los concgptos que permiten descri
bir 1a naturaleza y campo de aplicacion de la 120n£% de optimizacibn. Se ‘de-
fine primero &l prob]eEa de optimizacidn y se discuten los aspectos comple--
jos del mismo. Se identifican luego los pasos fundamentales de) proceso de -
solucidn de un problema de optimizacién: a) Definicidn del problema. b) --
Formulacion de un modelo de optimizacidn. c) Seleccidon de un método de solu

cién. d) Aplicacién de) método de soluci6n. Cada paso-del proceso y 1o que

cada uno implica se discute en detalle.

Finalmente se presenta una clasificaci6n tentativa tanto de los modelos de -

optimizacidon como de las técnicas de solucidn.

~

* Director General, IPESA, Ingenieros Consultores,
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2. EL PROBLEMA DE OPTIMIZACION

Cuando un ejecutivo o persona responsable de tomar decisiones se ve confron
tado con el prob]ema'de seleccionar un curso de accién entre un conjunto de
alternativas, se verd compelido a escoger la mejor, en términos de un cier-

to objetivo u objetivps predeterminados, segiin 1a naturaleza del problema.

Se asume en 1o anterior, que el grado en el cual cada alternativa se acerca
al objetivo puede evaluarse mediante un método cuaptitativo. En otras pala-
bras, una medida de la utilidad de cada curso de aéE16n puede determinarse,
permitiendo asi al que toma decisiones, seleccionar la.alternativa que re--
gistre 1a maxima utilidad. E) grado de acercamiento al objetivo en cada ca

so particular es la "figura de mérito". ~

z

DEFINICION - Un problema de optimizacidon se define como la seleccibn, entre
un conjunto de varias alternativas (posiblemente un niimero infinito) de un
problema, de aquella para la cual la figura de mérito se optimiza (se maxi-

»r

mixa o minimiza). e

3. TEORIA DE OPTIMIZACION. NATURALEZA DEL PROBLEMA DE OPTIMIZACION.

¥

H
La naturaleza de los problemas de optimizacidon es en general bastante comple
ja y una gran variedad de casos, presentando diversas caracterfsticas, se en

cuentran a menudo en problemas practicos.

Para visualizar la complejidad inherente a la naturaleza del problema, consi

dérense Vos siguientes ejemplos:



e

i

a) E1 que toma decisiones puede verse confrontado con un problema que tenga
un objetivo claramente definido que debe optimizarse, sin embaréo el pro
blema puede estar sujeto o no a una serie de restricciones, las cuales a
su vez, pueden no estar claramente definidas. También tend}é ﬁue tener -
en.cuenta para la solucidn del problema, si el comportamiento del mismo

es deterministico o0 estocdstico. "

v s

b) E1 que toma decjgjones podrd verse en el caso de tener que interactuar y
competir con otros participantes, cada uno de los cuales trata de tomar

decisiones que optimicen su propia figura de mérito.

c) Varias decisiones tendrin que tomarse en un problema de etapas miltiples,
donde el objetivo es una optimizacidn a largo plazo en contraposicidon con

una suboptimizacion de una etapa particular del problema.

Es esta naturaleza tan diversa, asi como las caracteristicas estructurales -
tan distintas de los modelos (Ver seccién 6), que indican claramente la nece
sidad de una gran variedad de técnicas para atacar la so]ucjén de problemas

de optimizacién.lEl conjunto de todas estas técnicas, o sea las incluidas -~
dentro de 1os nombres especificos de programacidn matemdtica, teoria de fue-
gos, teonda estad{stica de La decisifn, programacibn dindmica, teorla del --
control, cdleulo de variaciones, ete., constituyen, junto con sus bases ted-

ricas, la teorfa general de optimizacion.

&

La teorfa de optimizacién, en su acepcidn mas amplia, es la rama unificada -
del andlisis matemftico que proporciona un enfoque formal para la solucidn -

de los problemas de optimizacidn.



INGENIFRIA Y PROCESAMIENTO ELECTRONICO, S. A
4

4. PROCESO DE SOLUCION

E1 proceso de solucion para problemas de optimizacién puede no ser idéntico
en todos los casos y puede diferir debido a la naturaleza especial del pro-
b Ema; sin embargo siempre serd posible distinguir en e]lproceso los pasos

basicos indicados en la Figura I.1. Las lineas de retroalimentacidn indican

la posible revisién dg las decisiones anteriores.

5. DEFINICION DEL PROBLEMA

En la etapa de definicion del problema se identifican las variables de deci
s10n o control que lo gobiernan, y se especifica a su vez la forma de inter
acc1on entre ellas. Deberd definirse una figura de mérito en términos de --
las variables de cohtrol relevantes, y el rango de los controles debe espe-
cificarse explicita o implicitamente. Finalmente, las restricciones que de-

ben satisfacer las variables habrd que establecerlas.

6. FORMULACION DE UN MODELO MATEMATICO

Una vez que el problema ha quedado adecuadamente definido, el paso subse- -
cuente es formular un modelo abstracto (usualmente un modelo matemdtico), -
que re¢presente fielmente la estructura esencial del problema y que pueda te

ner solucign mediante la aplicacidn de un procedimiento conocido.
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| DEFINICION DEL PROBLEMA

.Pardmetros

+ .Variables de Control

FORMULACION DEL MODELO

MATEMATICO

*Funcion Objetivo

«Restricciones

1
SELECCION DEL METODO

DE SOLUCION

APLICACION DEL METODO
DE SOLUCION

Fig. 1.1 Proceso de Solucign del Problema de Optimizacidn
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Cuando se haga reférencia a modelos, 1o entendemos en el sentido de Karlin*;
"un modelo es una adecuada abstraccién de la realidad que preserva la estruc
tura esencial del problema de tal Fanera que su anéIisis:proporcione informa
cidon acerca de la situacidn concre%a asi como de otras situaciones que ten--

gan la misma estructura formal",

Es claro que la so1uc%6n del modelo producird resultados confiables solo en
la medida que el modelo sea representativo del problema original. Si el pro-
blema no ha sido modelado apropiadamente, su solucidn puede 1levar a resulta
dos dudosos o completamente errdneos; por ejemplo considérese el caso de un
modelo de programacidon lineal que da una solucidon no acotada como resultado

de no haber incluido una de las restricciones dentro del modelo.

Se analizan a continuacion algunas caracteristicas distintivas de los mode--
los de optimizacidn que permitirdn su clasificacién., Esto sera Gtil para iden
tificacion posterior de los modelos que se trataran en las demds sesiones --

del seminario.

Se distinguen tres componentes principales de un modelo de optimizacidn:
a. E1 conjunto de variables del problema.

b. La figura de mérito por optimizar.

c. E1 dominio de definicidén de las variables del problema (determinado por -

las restricciones del problema).

* Karlin, S., "Mathematical Methods and Theory in Games, Programming, and
Economics", Vol. I, Addison-Wesley, 1959,
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La solucidn Gptima’para cierta clase de problemas de optimizacidn consiste -
en valores numéricos que toman las variables del problema, satisfaciendo las

restricciones y optimizando simultaneamente la figura de mérito.

- . ' ) e

(') Jill i « . P ! 5 -
Otras clases de probjemas de optimizacidn buscan una curva o funcidn (proble
mas variacionales), que satisfaga a un conjunto de restricciones y haga opti

ma una cierta expresidn funcional del conjunto de curvas factibles.

Para ciertos problemas el objetivo sera susceptible de representacidn matemd
tica como una funcidn de las variables de control. Para otros problemas esta
representacidn explicita puede no ser obtenible, y 1a figura de mérito para
un conjunto dado de valores de las variables de control podrd conocerse solo
después de completar un proceso éomp1ejo (como un proceso de simulacidn, un

andlisis ingenieril, l1a solucidn de un programa de computacidn muy elabora--

'do, 0 una biisqueda en una tabla).

-

Mas aun, el problema puede ser restringido o no restringido. Para probiemas
restringidos susceptibles de modelarse en forma matemdtica explicita, la na
turaleza de las expresiones que representan a las restricciones puede ser -
muy diversa. Por ejemplo pueden ser expresiones algebraicas o trascendentes,
igualdades o desigualdades, lineales o no lineales y siendo el dominio de ~-
las variables un conjunto continuo o discreto. También, algunas de las res~-

tricciones pueden ser ecuaciones diferenciales o integrales.

A 1a lTuz de la discusidn anterior, se ha elaborado la clasificacion de los -
modelos de optimizacion en forma de estructura arbolada, mostrada en las - -

Figuras 1.2a y b. E1 &rbol obyiamente puede ser expandido tanto en la direc-
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a o 3 ‘5 -
cion horizontal cqro en la vertical hasta hacerlo tan completo como se re--
quiera o se desee.' , o
N , i
+ . . - 4 . |(|”||
Se distinguen ciertas ramas del arbol que representan a clases especificas
de problemas, para las cuales los procedimientos de solucidn constituyen un
desarrollo matemdticg bien establecido. Por ejemplo, los modelos en 1a rama
de optimizacidén restringida para los cuales tanto las restricciones como el
I
objetivo puede representarse en forma matemdtica cerrada, cons tituyen aque-
11a parte de la teorfa de optimizacidn generalmente conocida como programa-

cidn matemdtica.

Como segundo ejemplo, considérese la clase de problemas para los cuales la -
funcidn objetivo en forma explicita, se expresa mediante una integral defini
da (objetivo funcional) con o sin condiciones subsidiarias. La solucidn de -

tales modelos cae dentro del campo del cdfeuwlo cldsico de variaciones.

Finalmente, considérense aquellos modelos con restricciones y/o objetivo que
no aceptan representacidn matemdtica explicita. La optimizacidon de tales mo-
delos puede intentarse por medio de técnicas que se designan con el rubro ge

neral de métodos de bldsqueda directa.

Un ejemplo de esta clase serfa un cierto proceso estocdstico (por ejemplo --
una }Tnea de espera, un proceso de renovacidn) que estd siendo analizado me-
diante una simulacidn en computadora. Los pardmetros de entrada pueden va~ -
riar@zﬁy la simulacion ejecutarse para cada conjunto de valores. Mediante --
los resultados de salida de cada corrida puede estimarse una medida de efec-

tividad (MDE) de los pardmetros de entrada correspondientes. S el problema
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consiste en seleccionar los pardmetros de entrada que optimicen 1a MDE, se -

requerird una técnica de blsqueda directa para obtener el G6ptimo al mismo =--

. . ' it
tiempo que se minimiza el nimero de experimentos simulados.

x
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7. TECNICAS DE SOLUCION

Las t&cnicas de solycién son los procedimientos y algoritmos desarrollados -
para 1a solucidn de probiemas de optimizaci6n. La solucidon de un problema --
implica usualmente lp determinacién de Tos valores numé&ricos de las variables

de control y el valor Gptimo de la figura de mérito.

Los métodos de optimizacidon se dividen generalmente en dos grandes catego- -
rfas: métodos indinectos y directos. Con los métodos directos, l1a solucidn -
‘optima se busca calculando directamente los valores de la funcidén objetivo -
* en diferentes puntos de l1a regidn factible. Los valores asi obtenidos se com
paran y, por medio de un criterio auxiliar, se analiza ahora un nuevo punto

que, es de esperarse, mejorard el valor de la funcidn objetivo.

Alternativamente, los métodos indirectos buscan un conjunto de valores de --
las variables de control que satisfagan condiciones necesarias de optimali--
dad previamente conocidas. E1 método clasico del cdlculo diferencial es un -
ejemplo del tipo indirecto. En efecto, se buscan valores de las variables pa
ra los cuales las primeras derivadas de 1a funcidn objetivo se anulen, supo-
niendo que se garantice la continuidad de Ta funcidn y la existencia de las

derivadas en la regi6n de interés. En esta forma, el problema de optimiza- -

cidn ha sido transformado en un problema de bisqueda de rafces.

E1 algoritmo Simplex de la programacidn lineal exhibe aspectos tanto del mé-
todo directo como del indirecto, Lleva a cabo una bdsqueda directa solo en--
tre los puntos extremos de la re§16n factible (puntos que satisfacen la con-

dicién necesaria de optimalidad) en forma tal que la figura de mérito sea --

1
?
1
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cuando menos -an buena como en el paso previo. Finalmente, el 6ptimo se de-
tecta, de entre el conjunto de puntos extremos, cuando el criterio indirec-

to de factibilidad de 1a solucidn complementaria del problema dual asociado
S

£
r

se ha satisfecho.

Para ciertos modelos matemdticos de optimizacidon, el método de solucidn pue
de incluir la transfprmacion del modelo original en uno equivalente que pro
meta ser de mds facil tratamiento que el original. Considérése la metodolo-
gia de la programacién geoméirica *: en este caso,,]é optimizacidén polino--
mial se formula en términos de su problema dual y g;%e es el modelo que - -
realmente se resuelve. Otro ejemplo es 1a transformacidn en un problema de-

programacidn lineal de un programa no lineal separabfe.

l.as técnicas directas pueden subdividirse en dos grupos principales: méto--
dos simultdneocs y secuenciafes. Las técnicas de blsqueda simultdnea calcu--
lan los valores de la funcidn objetivo o superficie de respuesta para un --
conigqto de puntos determinados a prioni mediante una cierta estrategia de

bﬁsqﬁgha. Los métodos de biasqueda secuencial, por otra parte, se refieren a
el examen secuencial de los soluciones de cada intento experimental, basan-
do 1& localizacifn de intentos subsecuentes en los resultados de los ante--
riores, En las Figuras I.3a y b se presenta un subconjunto de técnicas de -

solucidn representativas de cada una de las clases de métodos discutidos en

esta seccion.

* puffin, R.J., E.L. Peterson, y C. M. Zener, Geometric Programming, John -
Wiley, 1967,
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8. SELECCION DEL METODO DE SOLUCION. '

La seleccién de un mitodo de solucidn conveniente para un problema dado de-
pende del tipo de modelo empleado, las técnicas de solucidn existentes para
ese modelo particular y las facilidades de computacion disponibles para el

ingeniero analista.

En el proceso de seleccidon se pueden considerar factores tales como lineali-
dad del modelo, nimero de variables, niimero de restricciones, estructuras -
especiales, separabilidad de las variables en las restricciones y/o funcidn
objetivo, superficies representativas de las restricciones 6 del objetivo -

Fl

de rédpida interpretacion geométrica, etc.

La seleccion final de un método adecuado para un problema particulaar depen-
de por tanto de las propiedades detalladas del modelo asi como de las técni-
cas de solucidon que formen parte del paquete de software de la instalacidn -

de computadora disponible.



~MODELOS ‘N0 |

RESTRINGIDOS
- ' O
2 3
OBJETIVO
IMPLICITO i 0BJETIVO
— - - EXPLICITO -
MULTI UNA e 2 o
FUNCIONAL FUNCION
VARIABLE VARIABLE 2
I e - [ -
UNIMODAL] |MULTI iUNA MliTI >
MODAL " <
VARTABLE VARTABLE :
i — o — 3
UNA FUN{ [VARIAS FUN [[UNA FUN-|[vARIAS FUN 0
T T CION DES| [CIONES DES|[CION DES| |CIONES DES o
CONOCIDA| |conoctpas™ | |conocIpA| [conocIDAS] >
UNIMODAL MULTIMODAL - 2
—_—, ¥ “ @
CON ERRORJ[SIN ERROR i
0BJETIVO OBJETIVO
FXPERIMENTAL||EXPERTHENTAL FUNCION ALGEBRAICA FUNCIONTRASCENDENTE| o
T VARTABLE | VARIABLE - 5 L. I
CONTINUA  DISCRETA UNA MULTI UNA MULTI 9
x. = AN x VARIABLE| | VARIABLE VARIABLE VARIABLE| 2
CON ERROR| ISIN ERROR| |CON ERROR||SIN ERROR . 9
EXPER. EXPER. EXPER. EXPER. ] ! s 5
VARIABLE| |VARIABLE VARIABLE| | VARIABLE 0
CONTINUA| |DISCRETA CONTINUA| | DISCRETA o,
P

Fig. I.2a Clasificacidon de Modelos de Optimizacidn
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MODELOS

RESTRINGIDOS
! - -3 —4
OBJETIVO IMPLICITO QBJETIVO Y RESTRICCIONES OBJETIVO Y RESTRICCIONES
RESTRICCIORES EXPLICITAS EXPLICITAS IMPLICITAS
UNA MULTI v
VARIABLE VARIABLE Pz
¥ i — "
OBJETIVO Y RESTRIC RESTRICGIONES RESTRICCIONES FUNCIONES _
CIONES INTEGRALES ECUACIONES..DIFEREN- EXPRESIONES ALGEBRAICAS TRASCENDERTES »1.
DEFINIDAS. CIALES.
| . — 3
LINEALES NO-LINEALES
S e : =+ i . = =
OBJETIVO OBJETIVO OBJETIVO OBJETIVO
NO-LINEAL LINEAL LINEAL NO-LINEAL
— . ; —

CUADRATICO DE GRADO

SUPERIOR .

" — % 3 3 I S
VARIABLES| |VARIABLES WVARIABLES VARIABLES| |VARIABLES| | VARIABLES
CONTINUAS| IDISCRETAS| | MIXTAS CONTINUAS] IDISCRETAS|| MIXTAS

Fig. 1.2b Clasificacidn de Modelos de Optimizacién

3¢
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METODOS INDIRECTQS

OPTIMIZACION
RESTRINGIDA
—

*. ¥ ¥
METODOS DE METODOS DE METGDOS DE
PROGRAMACION PROGRAMACION PROGRAMACION

DISCRETA LINEAL NO-LINEAL

h

» METODOS DE PLANOS

DE CORTE [1]

» METODOS DE

RAMIFICACION
« METODOS DE
PARTICION
* PROGRAMACION
DINAMICA

METODOS SIMPLEX
(PRIMAL, DUAL,

PRIMAL~ DUAL)

*ALGORITMOS DE
FLUJO EN REDES
*METODOS DE -
DESCOMPOSICION

Fig. I.3a. Clas1ficacidn de Métodos de Solucién

PMULTIPLICADORES DE
LAGRANGE

E -

*PROGRAMACION SEPARABLE

"PROGRAMACION GEOMETRICA
*METODOS DE PROGRAMACION
CUADRATICA
*PLANO DE CORTE DE
KELLY [3]
"METODO DE LAS DIRECCIO-

NES FACTIBLES. [4]
PMETODO SUMT  [5]

OPTIMIZACION
NO-RESTRINGIDA

y

» METODOS CLASICOS DEL
CALCULO DIFERENCIAL

- METODOS DEL CALCULO
DE VARIACIONES.

= PROGRAMACION GEOMETRICA.
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METODOS DIRECTOS

= !
T H
BUSQUEDA BUSQUEDA - -
SIMULTANEA - - | SECUENCIAL )
i
[ 1
ELIMINACION ASCENCION
DIRECTA .
<
[6] BUSQUEDA POR PARES
UNIFORMES
(7] BUSQUEDA ALEATORIA !
[7] BUSQUEDA FACTORIAL [8] APROXIMACION SUCESIVA [9] METODOS DE GRADIENTE
) [6] BUSQUEDA DE FIBONACCI [10] TANGENTES PARALELAS
[6] BUSQUEDA POR SECCION DE [12] BUSQUEDA SIMPLICIAL
0RO .
- {71 BUSQUEDA DIRECTA.

[6] BUSQUEDA EN BLOQUE.

Fig. I.3b. Clasificacion de los M&todos de Solucidn

NOTA: Los nimeros entre paréntesis corresponden a las referencias bibliogrdficas.
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Modelo para la Evaluacién de Proyectos

SINOPSIS

Se presenta en este trabajo un sistema para evaluar y seleccionar proyectos de elec-
trificacién rural Puede usarse ademds como herramienta para la asignacién de pre-
supuestos a zonas o regiones de un pais.

La informacién que se requiere para su aphcacidn consiste de el presupuesto dis-
ponible para inversidn, la politica de electnficacidn a seguir, expresada en terminos
cuantitativos mediante factores de ponderacidn; indicadores que permetan llegar a
una medida de efectividad y e] costo marginal asociado con cada proyecto

Se obrtiene como resultado el conjunte de proyectos que hace maxima la funcibn
de beneficios, dentro del presupuesto disponible y las restricciones unpuestas por
la dependencia de algunos proyectos.

El sistema estd integrado por modelos matemdticos unplementados en equipos de
coémputo electromico que perriten efectuar andlisis hasta de 10 000 proyectos

13



1.- INTRODUCCION.

11 - El Problema de Evaluacién y Seleccion de Proyectos.

El sistema que aqui se presenta constituye un medio para ayudar a los funcionarios
responsables de la Electnficacién Rural a tomar decisiones No es un sustituto
mecdnico de su jurcio, su experiencia y vision politica sino que simplemente es una
herramienta para auxiliarlos en las decisiones que deben tomar Su necesidad surge
por dos hechos fundamentalmente

a)

b)

Que es necesarto un mecamsmo que permita conocer cuando un pro
yecto, es mejor que otro, sobre todo porque los beneficios que un
proyecto de electnficacién rural produce no tienen un valor en el
mercado

Porque los recursos con que cuenta el gobierno siempre son menores
para poder realizar todos los proyectos en un sélo periodo. En con-
secuencia, deben elegirse de esos proyectos aquellos que mads contri-
buyan a lograr los objetivos nacionales, para que de esta forma, pue-
dan hberarse los recursos que son escasos y valiosos y poder real-
zar mds proyectos Utiles

1.2.- Descripcion del Sistemna

El Sistema de Evaluacién y Seleccidon de Proyectos que se presenta esta
formado por un conjunto de modelos mateméticos que, implementados en
un computador electrémico, permiten obtener los proyectos que hacen ma-
xima la funcién de beneficios

Los datos de entrada del sistema son

a)

b)

d)

14

Informacién estadistica, concerniente a cada proyecto, que se reco-
lecta en formas especificamente disefladas para tal {in.

Costos asociados con cada proyecto

La politica de electrificacion rural a seguir expresada med..nte fac-
tores de ponderacién

Un diagrama que ilustre la dependencia o independencia de los pro-
yectos



c)  El presupuesto disponible

Los resultados que se obtienen son p

a)  La hsta de proyectos que hacen mdxima la funcidn de beneficios, de-
finida en el capitulo 2 - -

-

b)  Elvalor de lafunci6n de beneficios

En el diagrama de la Figura 1 1 se dustra la mteraccion de los elementos
que integran ef sistema

SISTEMA DE EVALUACION Y SELECCION DE PROYECTOS

DATOS DE LOS DATOS DE LOS FACTORES DE

PROYECTOS GRUPOS DE PONDERACION
PROYECTOS

) \
il A
o~ RESULTADOS

@a—-——"—'?' PROGRAMA L DE LA
% B =

ARCHIVOS AUXILIARES

LIMITES DE
CONFIANZA
PARA EL
MUESTREO

[=X
PROGRAMA 4n-| PRESUPUESTO b PROGRAMA
AAASELEP DISPONIBLE AAAELIGE
TTTeeen P
LISTADO DE
PROYECTOS
SELECCIONADOS
FIGURA 1. 1.
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I 3- Objetivos del Sistema

Los objetivos que se pretenden alcanzar mediante este Sistemna son
4

a)

b)

Identificar las zonas de cada Estado, que por su potencial econémi-
co, sus condiciones soctales y por las inversiones marginales que
deban efectuarse para realizar los proyectos de electrificacién rural,
las hagan mds atractivas

Servir a los funcionarios como una herrameenta que les permita for-
mular programas de electrificacién rural en los que se integren aque-
llos proyectos que mejor logren los objetivos fyados por el Gobierno
Federal, y que a través de la Comisién Federal de Electnicidad reci-
ben las Juntas de Electnificacion

1.4.- Elementos que Integran el Sistema

16

Los elementos que integran el Sistema de Evaluacion y Seleccion de Pro-

yectos son

a)  Modelo para evaluar proyectos y zonas de un Estado, a partir de in-
dices previamente definidos

b)  Programa para computadora que caleula los indices de evaluacibn de
las zonas

¢)  Programa para computador electronico que permmite transformar pro-
yectos dependientes en proyectos ndependientes

d) Conjunto de programas para computador para evaluar hasta 10 000
proyectos, unplementado en una maquina con 256 K Bytes Cada
proyecto puede trabajarse con el nimero de indicadores que se desee.

¢) Modelo matemdtico y algontmo para resolver el problema de selec-
c1on de Proyectos bajo Restricciones Presupuestales

f)  Programa para computador en los que se implementa al algoritmo

que resuelve el problema de seleccion Este conjunto de programas
permute trabajar hasta con cinco grupos de proyectos dependientes
y hasta 80 proyectos Consiste de un conjunto de subrutinas inte-
gradas con las que, a partir de los datos de costos de cada proyecto,
los indices de evaluacion calculados previamente (inciso d), ¢ infor-
macion sobre la dependencia entre proyectos, se obtiene el conjunto
de proyectos que hace maxima la funcién de beneficios



g} Algoritmo para obtener, mediente métodos heuristicos, el conjunto
de proyectos cuyos beneficios se aproxima al valor maximo de la fun-
cion de beneficios, teniendo una cierta probabiidad de estar dentro
de las mejores soluciones

h)  Conjunto de programas en los que se implementa el algoritmo ante-
nor Permite manejar hasta 10 000 proyectos pudiendo formar parte
hasta de 400 grupos de proyectos dependientes

En las paginas siguientes se da una explicacién detailada de cada uno de
estos elementos En la Figura 12 se presenta un diagrama que mucstra
la secuencia del proceso de evaluacion y seleccién de proyectos, en don-
de puede observarse la gran flexibilidad que se le da para su uso

2.- MODELO PARA LA EVALUACION DE PROYECTOS.
2 I - Aleances y Limutaciones del Modelo

En el Sistema de Evaluacién y Seleccién de Proyectos desarrollado, el
objetivo de la evaluacion de proyectos es el estableczmiento de jerarquias
en terminos cuantitativos, de cada proyecto en relacidn a los demas Dado
entonces un conjunte de proyectos, mediante su evaluacion se obtiene un
nimero que representa una medida de la bondad de cada proyecto en
relacién a los demas

Es importante aclarar que la evaluac:dn de proyectos en este Sisterna no
establece s un proyecto es o no conveniente desde un punto de vista so-
cial o econdémico absoluto, stno que se logra dar un nimero que refleja
que tan bueno es un proyecto en relacion a los demds Por tanto, es ne-
cesario que el sistema se aplique considerando el mayor nimero de proyec-
tos posibles La aphicacién de este modelo por etapas, en las que s¢ tomen
en cuenta diferentes proyectos cada vez, conducird a resul..Gos diferentes

Hechas estas aclaraciones se estard en posibtidad de ubicar debidamente la parte
de evaluacién que se abarca con el Sistema

Existen dos problemas de evaluacidn y seleccidn distintos, principalmente porque
cubren niveles y objetivos diferentes  El primero se relaciona con los estudios que
deben hacerse para definir la mejor dentro de un conjunto de alternativas con las
que se pretende resolver un problema especifico, en el que se trata de establecer
cual es el proyecto que deberd proponerse para dotar de energia eléctrica a una
localidad o a un centro de consumo potencial, mientras el segundo, que es el que
se resuelve con el Sistema, intenta definur el conjunto de proyectos que deben lle-
varse a cabo con un presupuesto previamente determuinado, de tal suerte que se
logre el beneficio conjunto médxamo )

17



81

SISTEMA OE EVALUACION Y SELECCION DE PRDYECTOS DE ELECTRIFICACION RURAL

SE
OESEA
ANALIZAR La
POSIAILIDAD DE
ELECTRIFICACION DEL ESTADO

DIVIOIENDOLD EN ZONAS
ECONOMICO GEQOGRA

SE OIVIOE €L ESTADD EN ZONAS ECO—
NOMICO-GECGRAFICAS ¥ 5 REUNEN
LOS DATOS NECESARIOS PARA CaLCU
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CIAPARA CAODA ZONA

¢

SE OEFINE LA FOLITICA PARA EVALUAR

LAS ZONAS ASIGNANDO FACTOAES DE

PONDERACION A LOS ASPECTOS SOCIAL
ECONOMICO ¥ FINANCIEAG

¥

SE FAOCESA EL MOOELOD | IMPLE
MENTADO EN EL PAOGRA VA
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3

SE OBTIENE UNA LISTA CON LAS
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SATISFACTORIOS
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SISTEMA DE EVALUACION Y SELECCION DE PROYECTOS DE ELECTRIFICACION RURAL

DESEA ASIGNAR
FL PRHESUPUESTO ENTRE

AS ZONAS EN FORMA PROPOR 5!

CIONAL A LOS INDICES
DE EVALUACION
CBTENIDO!

SE
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2 2 - Formulacion del Modelo de Evaluacion

{Modelo I en la figura 1 2)

Las caracteristicas que debe tener un modelo que permita evaluar (en términos
relativos) los proyectos de electnficacidn rural son

a)

b}

Debera permutir obtener un indice general de evaluacién al menor costo
posible, ya que las obras de electrificaciOn rural por su tamafie, no ameritan
estudios elaborados y costosos

Deberd ser capaz de medir la efectividad de un proyecto en relacién a cada
uno de los objetivos que pretendan lograrse mediante la electnificacién ru-
ral Para tal fin s¢ usardn tndicadores que mudan ¢l grado con que cada pro-
yecto contribuye a lograr un objetivo especifico

Debera ser lo suficientemente flexible para llevar a cabo una politica de
desarrolio diferente en cada Estado o regién del Pais Es decir, debe per-
mutir asignar prionidades a los proyectos de electrificacién atendiendo a di-
versas condiciones  Asi, en algunos Estados o Regiones sera el aspecto social
el que predomine, mientras que en otras, el econdémico o el financiero

El modeio que se propone para calcular el indice general de evaluacion de un pro-
yecto y que cumple con las caracteristicas arnba enunciadas es el que se da a
continuacidn.

NOTACION-

20

E, = indice de evaluacion del proyecto 1€simo
4y = valor del indicador j-ésimo en el proyecto 1-€simo

K I factor de ponderacién del indicador j-ésimo
I* = :
= valor miximo que alcanza el indicador j en los n proyectos

I, 1= valor minimo que alcanza el indicador j en los n proyectos
n = nimerc de proyectos

m = numero de indicadores



Se tiene entonces

A
m I I
E=y 5379  x100K (1)
1 ‘1“__1 Ih A .]
g — IlJ

D¢ esta forma se logra que todos los indicadores queden medidos dentro de un
rango [jo entre | y KJ, mdependientemente de sus valores originales.

3- SELECCION DE PROYECTOS
3 I - Modelos de Seleccion Optumna de Inversiones

La naturaleza de los modelos matemdaticos asociados con problemas de tnversion
cs muy diversa Sin embargo, las componentes principales que son comunes a to-
dos cllos son

a El conjunto de proyectos, 1 = 1,2, , I propuestos para inversion
b La erogacion asoctada con cada proyecto y su distribucion en el tiempo
c El beneficio relativo total asociado con la aceptacion de cada proyecto

d El nimero de afios que cubre la planeacién (hornizonte de planeacién) y el
numero de periodos considerados para 1a inversién

e Los presupucstos disponibles para cada periodo

El conjunto de proyectos puede estar ligado o no por determinados tipos de de-
pendencia que pueden ser tecnoldgicas, operacionales o econémicas  Los casos
de dependencia e independencia entre los proyectos de electrificacion se analiza-
rin someramente dentro de este trabajo Sin embargo, se dan las siguientes dcfi-
ciones

Un proyecto cs independiente st los costos y beneficios que su ejecucion involucra
no se ven afectados por la reahizacién de otros proyectos El bencficio totdl, en
consecuencia, s igual a la suma de los beneficios de cada proyecto del conjunto,
como s1 se lievara a cabo solo

El modelo que sc presenta en este trabajo fue realizado bajo la hipdtesis de pro-

yectos independientes  No obstante, mediante algunas adaptacioncs puede liegar
a mangjar cierto tipe de proyectos dependientes  Estos se discuten el el inciso 3 3
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3 2 - Formacidn de Programas de Obras

Para integrar en un programa los proyectos por ejecutar, es necesario establecer
un cniteno que considere

a Cudndo un proyecto, con el que pretenden lograrse objetivos multiples, es
mejor que otro

b Qué proyectos deben formar parte del programa, si los recursos disponibles
no permiten la construccion de todos
:
Ei problema planteado en el inciso a, puede resolverse en términos refativos me-
diante ¢l modelo de evaluacién propuesta, Para el inciso b, es importante hacer
notar que los recursos disporubles no son suficientes para Ilevar a cabo todos los
proyectos y por tanto serd necesario escoger entre la lista de proyecto evaluados
y jerarquizados, aquellos que deberdn ejecutarse o a pasar a formar parte de la his-
ta de espera para ser considerados en la formacion de los siguientes Programas

Puesto que, como resultado de 1a evalvacion se obtiene un fndice cuyo valor se-
fiala que tan bueno es cada proyecto en relacién a los demis, en el proceso de selec-
cion deberd tratarse que con el presupuesto disponible, los Proyectos que se elyan
para formar el Programa de Obras, conduzean al maximo valor posible de la suma
de sus indices de evaluacién (beneficios)

Los modelos que se formulan para seleccionar entre un conjunto de proyectos,
aquellos que hacen mdxima la funcidn de beneficios para un presupuesto dado
pertenecen a la rama de {a programacidn matemdtica llamada programacidn entera,
pues no es posible elegir fraccioncs de proyecio

Los primeros algontmos desarrollados en los Gltimos affos para resolver este pro-
blema, presentan una serte de wnconvenientes y hnutaciones que los hacen practi-
camente inoperables Sin embargo, aprovechando Ia estructura de la matriz de co-
eficientes del problema, ¢l Dr Felipe Ochoa Rosso (Ref 1 ) desarrollo un algo
ntmo fundamentado en el método de ramuficacidn, con ¢l que es posible resolver
este tipo de problemas en forma muy eficiente

Este algonitmo mmplementado en la computadora de la Comision Federal de Elec-
tricidad (IBM-360-50) penmite llegar a resolver problemas hasta de 6 etapas de
inversién y 80 proyectos Para problemas que involucran un mavor numere de
proyectos { 10 000 ), se desarrolld un método de solucion heuristico, que permute
encontrar una solucidon factible con la que se tienc una cierta probabilidad de estar
dentro de un porcentgje determinado de las mejores soluciones posibles  Ambas
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cifras, la probabihidad y el porcentaje definen el tamafio de una muestra, que re-
presenta el numero de pruebas a realizar para venficar que el valor de la funcion
objetivo encontrado primeramente no es superado

33 FORMULACION DE LOS MODELOS MATSEMATICOS DE SELECCION
(modelo I enla figural2)

En este inciso se formulardn los modelos aplicables a proyectos de elec-
trificacion rural, bajo distintas condiciones de dependencia

331 Notacx()n

Se adoptard la siguiente notacién

B, = Beneficio relativo del proyecto 1-ésimo

C, = Costo total involucrado en ia ejecucidn del proyectq 1-6simo

P = Presupuesto disponible

X, = Varable de decisidn que adopta unicamente valores 06 1

Z = Funcidn de benefictos

G = Conjunto de indices correspondientes a los grupos de proyectos

dependientes

M = Comjunto de pargjas  (3°)) de proyectos pertenecientes a grupos
de proyectos dependientes en las que el proyecto () ') depende
directamente del proyecto ()

N, = Conjunto de indices correspondientes a los proyectos miltiples
generados por el grupo k (kK € G) de proyectos dependientes
*(ver pdrrafo 3 34)

N = Numero total de proyectos considerados

3 3 2 Modelo para proyectos independientes

En este caso, como se muestra en la figura 3 I, los proyectos son wdepen-
dientes unos de otros La electnificacion de cualquier poblado se  wule llevar
a cabo independientemente de la electrificacion de los demas p.hiados
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4
T LINEA DE TRANSMISION EXISTENTE

'£2 Fig 3.1

El modelo propuesto para este caso es el siguiente

¥

n
max Z=21 B, X (2)
s 1=
n
sujeto a z C, X s P (3)
1 =1 '
4 = 0,1 s

1 (4)

El problema corresponde al problema clisico de programacidn todo entero
con una sola restricc1don la restriceion presupuestal

3 3 3 Modelo para proyectos dependientes en secuencia (a)

En este caso, ademas de proyectos independientes, se tienen grupos de pro-
yectos en los que los proyectos dependen unos de otros para su realizacion

2
? LINEA DE TRANSMISION EXISTENTE
3 .
i 4 5
6
. Fig . 3.2
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Asi, por ejemplo, en la figura 3 2 ¢l poblado.4 se puede electnficar solo
cuundo va ha side electnficado e} poblade 3, etc ,

El modelo propuesto para este caso es cOmo sigue

n
max Z=i‘: B, X (5)
1= i
n

sujeto a z C, X, <P (6)

1 =1

oS xy o () EM ()
y X, = 0,1 ¥, (8)

Para el problema de la figura 3 2 se tendrian tres restricciones del tipo (7)

correspondientes a las parejas (') ) de proyectos
(4,3), (5,3)y(6,5)

3 3 4 Modelo para proyeetos dependientes en seeuencia (b) ,

Se presenta a contmuacion un modelo alternativo al presentado en el inciso
333

La diferencia consiste en la forma de tratar los proyectos que forman parte
de los grupos de proyectos dependientes. En vez de considerar estos pro-
yectos como proyectos individuzles, en cada grupo se generan proyectos
miltiples de manera de considerar todas las formas de electnficar el grupo

de poblados
El modelo para este caso es el siguiente
n
max Z= X B X, (9)
1=1
n
swetoa & C X, <P (13)
1=1
) X, <1 kE€G (11)
) ENy
y X, =0l A (i2)
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Es neccsano hacer notar que ¢! nimero n de proyectos considerados para el
modelo no*comncide con el nimero de proyectos individuales propuestos para
la electrificacidbn  En el problema de la figura 3 2 se tienen 6 pablados por
electnficar mientras que para el modelo se considerarian los siguientes 8§ pro-
yectos

Proyecto para Formado por los
el modelo proyectos individuales

1 1

2 2

3 3

4 3,4

5 3,5

6 3,4,5

7 3,5,6

8 3,4,5,6

1’.!
Para ¢l mismo ejemplo se tendria una sola restriccién del! tipo (11} enla que
N, = 3,45,6,7,8 Todos los proyectos que se analizan son :ndependientes,
pero aquellos que pertenecen a N, son mutuamente exclusivos

4 Ejemplo.

26

Para ilustrar la aplicacidn del sistema expuesto, se presentan enseguida los
resultados obtenidos mediante el musmo

En la figura 4 I se muestra un conjunto de poblados La {nica instalacion
existente es la linea de transmusiébn  Asunismo, los poblados A y B estdn elec-
tnficados Para cada proyecto se consideraron 25 indicadores con sus respec-
tivos factores de ponderacién  Los resultados de la evaluacién se muestran
en la figura 4 2 A partir de estos resultados se procesd el modelo descnito
en el mnciso 334 con lo que se obtuvo una solucion éptima Z = 273 426
para el presupuesto disporuble de 4 000 00 Los proyectos elegidos se mu-
estran con linea gruesa en la figura 4 1

Finalmente, en la figura 4 3 se muestra la curva de efectividad-costo corres-
pondiente al problema



~ Om=mmm -

FIGURA 4 1
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FIGURA 4-2

VALORES DE LOS INDICADORES

NUM DEL |SOCIAL | ECONOMICO | POLITICO | FINANCIERO|] GENERAL CQSTO | BENEF/COSTO | POBLADOS QUE FORMAN PARTE
PROYECTO, {BEMEF) {POR CIEN} DEL PROYECTO
1 16 832 8 487 1106 2 081 28 505 330 000 8638 22 .-
p 10 648 6022 1055 1731 19 457 240 000 8 107 23 )
3 8 427 1524 1169 1464 12583 169 000 “7 446 -1~32 ”
4 3113 1048 1 093 1080 6 344 90 000 7 048 30
5 47 375 9414 1144 5 246 63178 900 000 7020 2 7
6 55 341 10148 1144 5550 72182 1043,000 6921 2 7 8
7 35 645 24 636 4 760 8 442 73483 1096 000 6 705 15 16 33
8 22 500 4 601 4648 3288 35072 535 000 6556 14 13
9 58 795 25 753 5151 10 301 100000 11606 000 6227 15 16 _ 33 17 18
10 61 808 10 250 1144 6 236 79 438 1279 000 6211 2 3 7 8
11 53 842 9516 1144 5933 70 435 1136 000 6200 2 3 7
12 39 086 9 376 1144 5723 55 328 £92 000 6203 25
13 41 156 25 154 4974 8 984 BO 268 1300 000 6174 15 16 33 17
14 31 451 8 764 1257 5678 47 050 788 000 5971 15
15 6 431 1752 1030 1505 10718 184 000 58725 12
16 45535 2931 1156 6 690 63 302 1118 000 5663 25 26
i7 9 780 1578 1106 2084 14 548 257 500 5 G50 24
18 12 205 1 605 1118 1972 16 901 300 000 5634 2
19 35 645 8 815 1320 5 951 51 731 941 000 5497 15 16
20 5 228 3773 4583 1997 16 581 293 000 5 318 14 L
21 38 930 2 830 1245 5726 48 730 1035 000 4 708 24 27 28 29
22 1030 1030 1169 1030 4 259 22 Qoo 4630 31
23 18 672 1708 1118 2 658 24 157 536 000 4507 2 3
24 23138 2184 1182 4220 30733 721 000 4263 24 27 28
25 16 024 1 656 1144 2824 21 647 517 500 4183 24 27
26 2867 1040 1093 1398 6 308 184 GO0 3477 1




ITGURA 4.3
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ASIGJIACION OPTIMA DE RECURSOS

En esta parte se discutir&n los problemas genéricos mos -

trados en relacibn con:

- Planteamiento del problema
- Procedimientos (algoritmos) de solucibn
- Aspectos tedricos

- Interpretaciones econtmicas

l. Problemas de transporte

2, Problemas de asignacitn (assignment)

3. Problema general de asignacidén (allocation) lineal

(problemas de programaciftn lineal)

4. Programaciétn paramétrica
5. Programacibn entera

PROBLEMAS A DISCUTIR

I. EJEMPLOS DE PROBLEMAS DE TRANSPORTE

1. Pag. 143 del texto.

2. Problemas del transporte {(descripcién general): Las
cantidades de recursos bl, b2, ey bi’ . oy bm dis-
ponibles en m "origenes", deben asignarse a n des -
tinos 1, 2, ...y S, «ve, 0, los cuales tienen res =-
pectivamente demandas de estos recursos en las can-
tidades aj . a2, ceer aj, “ eey an. Sea cij el costo
por asignar una unidad de recurso del origen i al

destino j. Suponiendo que la cantidad total de re -

cursos es igual a la demanda total (transporte ba -




lanceado), encontrar para cada origen 1 y cada des~

tino

j la cantidad x_ .
1]

de recursos del origen i gque

debe asignarse al destino j, de modo gue se satis -

fagan las demandas en todos los destinos a un costo

minimo.

Mateméticamente: dados Cij 1 =

En forma

ORIGENES

-2 &

= B

'DEMANDAS

l; 2, s ey m] j = ll‘ 2'
bl} 0
ai) 0
encontrar xij,o
n m
de modo gque sea minimo Z Z C 5 X4
j=1 “i=1 Y I
n
cunipliéndose ;;;1 xij = a;,1 = 1, «., m
&
x .-.b! j = l’ l-' n
=1 3 X
de tabla escribimos
DESTILOS RECURSOS
l 2 e % @ j e @ n
Cpa(Xyq) Cpp(Xpp) v Cyu{¥yg) e Gy (X)) by
c21(x211 c22(x22) "'Czj(xzj)"' C2n(X2n) b2
Cip(Xpq) Cip(Xph oo Gy Kyghoe s Cyp ()l By
Crna (il Cpg Kot mj(xmj)' * Con¥mn!  Pp
a, a, aj a

TABLA DE COSTOS Y REQUERIMIENTOS. EW LOS

PARENTESIS UWA SOLUCION xij'



3. Una compaifa debe producir un cierto producto en can-
tidad suficiente para cumplir con las ventas contra_—
tadas por los siguientes cuatro meses. La capacidad
de produccidn para este producto estf limitada en can
tidades diferentes para los respectivos meses. Los =
costos unitarios de produccién también varian de acuer
do a la dlSpbnibllidad de personal, El producto puede
ser produc1dq en un mes y retenido para venderse en
un mes posterior, pero a un costo de almacenamiento
de $§ 1.00 por unidad por mes. No se incurre en costos
de almacenamiento para producto producido en ese mis-
mo mes., Por razones de caducidad, la compafifa desea
tener existencia nula de este producto al final de -
los cuatro meses. Segln los datos dados en la siguien
te tabla, ¢Cufinto debe producirse en cada uno de los

cuatro meses con el fin de hacer minimo el costo to -

tal? .
MES VENTAS PRODUCCION COSTO UNITARIO COSTO UNITARIO
CONTRATADAS MAXIMA DE PRODUCCION DE ALMACENAMIEW-
. TO POR MES
1" 20 30 8 1
2 30 50 12 1
3 50 20 11 , 1
4 40 50 14 1
(s40) (150)

Aparentemente este no es un problema de transporte. Antes
de hacer ver que asi es, consideremos el siguiente modelo
de nuestro problema, el cual probablemente seria el que

se planteanid en un primer anélisas:



X, = produccibn en el mes i (i=1, 2, 3, 4)

Minimizar 2 = Bx, + 12x. + 1lx. + 14x

1 2 3 gt (g - 200 + (x

i

+ X, - 50) + (xl + x2 + x3 - 100) = Bxl + 14x2
+ 12x3 + 14x4 - 170
con las restricgiones
X4 < 30 xl ) 20
*2 €50 limitabién de Xy ¥ %3 3 30 cumplir
Xy & 20 la’ produccibn x, + X, + X3»100 ventas
. . contrata-
X, &0 x1+x2+x3+x42140 das
X1 2 0
X3 % 0 produccibdn no
X4 >0 negativa
X, 20

Este es un problema de programacidn lineal, el cual re-
f

quiere para su solucibn de mucho mids operaciones arit -~
méticas que el correspondiente modelo de transporte que

veremos a continuacidn:

Para obtener esta .formulacién 'es nedésario 'identificar

los "origends®,y 10§ '"dedtinos" asf ‘como las xij’tcij’

a, yb

1 j:

origen 1 = produccidn en el mes 1 (1 =1, 2, 3, 4)

!

destino )= ventas en el mes J (3 =1, 2, 3,-4)

le = cantidad producida en el mes i para vender ¢n el
- mes 3 {2 £ 3J) .0

Cij = costo unitario r produccibén : almacenamiento) aso-



ciado con xij (163n
a, = ?

b = ventas contratadas en el mes j

En la siquiente tabla se da finalmente el planteamiento

en un problema balanceado de transporte, agregando un

destino "ficticin" (el nimero 5) con costos de transpor

te cero.
DESTINO

ORIGEN 1 2 3 4 5 RECURSO0S
1 8 9 10 11 0 30

2 M. 12 13 14 0 50

3 M M 11 12 0 20

4 M M M 14 0 50
DEMANDA 20 30 50 40 10 (150)

M es un nfimero arbitrariamente grande

TABLA DE COSTOS Y REQUERIMIENTOS



EJERCICIOS DE TAREA

( TRANSPORTE}

1. Resolver el ejercicio 1l(a)] del texto.

2. Una compafifa ha decidido iniciar la produccibn de al-
gunos o todos, de cinco nuevos productos en tres plan
tas con cagacidad de produccidén excedida. Estos pro -
ductos se venden por peso; y con el fin de poder hacer
comparaciones, consideramos como unidad de un produc-
to al peso éorre5pondiente a un precio de venta de -
$ 100.00. La capacidad de produccidn disponible (por

unidad de tiempo) en cada una de las plantas es:

Planta capacidad en niG-

mero de unidades*

1 40
2 60
3 90

~ De cualquiera de los cinco productos o combinacidn

entre ellos.

El departamento de ventas ha previsto las siguientes ven

tas potenciales por unidad de tiempo:

Producto Ventas potenciales
1 30
2 ) 40
3 70
4 40

5 60



A

Los costos variables unitarios para la produccibn de estos

productos en cada una de las plantas son:

’

Producto

Planta 1 2 3 4 5
1 20 19 14 21 16
2 15 20 i3 19 16
3 18 15 18 20 X

\ -

La X de la tabla indica que la planta 3 no puede producir

el producto 5.

Se desea saber que cantidades de los respectivos produc -

tos debe produgir cada una de las tres plantas:

a) Hacer el planteamiento como un problema de transpor -
te balanceado.

bl Resolver el problema de transporte,

Solucién b: Las cantidades 6ptimas que debe producir cada

planta est&n dadas por:

Produc¢to

Planta 1 2 3 4 5

1 ' 10 30
2 60



PROGRAMACION DINAMICA Y LA ASIGNACION DE RECURSOS.

R. Carvajal.

Introduccidn.

La programacidn dindmica es una técnica matemitica empleada

en el estudio de procesos de decisiones mfiltiples.

A daiferencia de programacidn linezl, no existe una formulacién
candnica del problema de programacidn dlnéﬁica. Ma&s afin, no
existe un conjunto de reglas simples gue puedan aplicarse a
diferentes problemas con objeto de extraer sus "propiedades
din&micas". El reconocimiento de las condiciones gue debe
satisfacer cierto problema para aplicarle las técnicas de
programacidn dindmica regquiere de experiencia. Esta puede
cdesarrollarse a través del estudio de aplicaciones de progra-
macién dinfmica y de las caracteristicas comiines a los diferentes

casos.

Usos de la Programacidn Diné&mica.

En general los modelos de programacidn dinamica se aplican a
problemas de menor tamafio que los factibles para programacién
lineal. Por otro lado, la solucidn provista por programacidn
diné&mica contiene mucho més informacidn que la provista por

programacidn lineal.



A continuacidn se dan varias aplicaciones clisicas de modelos

de programacidn dindmica.

1. Asignacibn de Proyectos.

Un empresario o funcionario pdblico tiene la cantidad de
$ 500,000 para asignarla a 5 proyectos.
de cada proyecto esté& relacionado con la cantidad que se

asigne al proyecto.

$ 100,000.

El beneficio deravado

S&lo es posible asignar mltiplos de

La relacidn entre la asignacién y los beneficios

se ilustra en la Tabla 1.

(1)

Unidades
asignadas 0 1 2 3 4 5
Proyecto
1 0 10 13 14 15 16
2 0 5 7 9 12 15
3 0 0 8 16 20 21
4 0 6 9 12 14 14
5 0 8 12 14 15 15
(1} x unidades = x00 000 pesos.
Tabla 1. Beneficio derivado de la asignacidn de recursos a 1os

diferentes proyectos.

El problema del funcionario es el asignar los $ 500 000 de tal

formz que su utilidad sea mé&xima.



2. Problema de la Diligencia.

Como las diligencias no son elementos comunes en el folklore

mexicano, formularemos el problema de la manera siguiente:

Un camidn llenc de mercancia viene de un pais del norte a

la Ciudad de México. Su dueno ha "olvidado" el pagar los de-
rechos de importacidn de dicha mercancia. Existen diferentes
rutas a la ciudad de Mé&xico. El paso entre cada dos ciudades
mayores esti asociado a un costo de "inspeccién” por parte

de la pclicia. E1 problema del duefio es escoger la ruta gque

minimice locs costos de "inspeccidn" (Figura 1).



10.
11.

12.

Origen
Mexicall
Ncgales

Ciudad Juérez
Piedras Negras
Hermosillo
Jiménez
Monclova
Mazatléan
Torredn
Saltillo
Guadalajara
Durango
Zacatecas

San Luis Potosi

Mé&xico

---------------

----------------

Figura 1.



3. Problema del Matrimonio.

Durante su,vida don Nicandro conoceré a 4 posibles esposas,
una a la vez. Don Nicandro tiene la habilidad de reconocer
s1 la posible esposa es excepcional (E), buena (B), regular
(R), © "no hay de otra" (N). El les asigna un valor relativo

de 40, 30, 20 & 10 unidades respectivamente.

La frecuencia con gue los diferentes tipos de posible conyugue
pueden preseatarse varia con el tiempo. 2Asi, en su temprana
juventud no hay muchas posibilidzades de que se presente una
mujer excepciocnal dada la poca experiencia del jdven Nicandro.
Esta frecuencia aumenta coniorme don Nicandro gana experiencla,

pero vuelve a decrecer conforme su juventud se desvanece.

Don Nicandro puede casarse o0 no con la novia en turno. Si la
rechaza no hay forma de encontrarla de nuevo. El1 problema de
Don Nicandro es el tomar las decisiones que maximicen su valor
esperado tomando en cuenta lcos valores relativos que el asigna

a cada tipo de mujer (Figura 2).



Figura 2. Red de posibilidades de Don Nicandro.

.



Enurciaremos brevemente, otras aplicaciones de la prograracidn

diné&mica.

4, Determinacidn del conjunto &Sptimo de partes de repuesto que
minimice el nfimero de veces gue una m&guina esté parada por

falta de repuestos.

5. Seleccidn de los mejores medios de publicidad con objeio de

obtener el mi@ximo efecto sobre las ventas.
L

6. Determinacidn de las épocas de revisidn y mantenimiento de

maguinaria con objeto de tener el menor niimero de descomposturas.

7. Determinacidn de politicas Sptimas de inventarios consistentes
en la instatucibn de un nivel en el cual debe ordenarse el

producto y la cantidad a ordenar.

Caracteristicas de los Problemas de Programacidn Dindmica.

i. El1 problema puede dividirse en etapas, con decisiones gue

tomar en cada etapa.
11. Cada etapa tiene un ntmero de estados asociados a ella.

111. Principio de Optimalidad. Dado el estado actual, las decisicnes

bptimas para las etapas remanentes son independientes de 1las

decisiones tomadas en las etapas previas. En otras palabras:

v

Una politica &ptima (conjunto de decisiones Sptimas) debe tener
la propiedad de que, i1ndependientemente de la forma en la que
llegamos a cierto estado, las siguientes decisiones deben constituir

una politica dptima.



Ejemplo. En el caso del camidn con mercancia, el dueno sabe
gue el camino Sptimo para 1r de Torredn a la Ciudad de MExico

no derende Jde la ruta por la cuel 1legd a Torredn. ,

1v. El método de solucidn procede etapa por etapa, empenzando

por la etapa final.

v. El problema puede expresarse por medio de una formulacidn
recursiva, es decir, la politica &ptima dado gue se estd en
el estado s con n etapas por recorrer es funcibn de las politicas

Optimas cuando tenemocs n-1 etapas por recorrer.

La notacién empleadz en la formulacidn de modelos de programacidn
lineal puede causar dificultades en un principic por logue hay

cue revisarla con cuidado, sobre toddo la primera vez gue se ve.

Formulacidn de Modelos de Programacidn Daindmica.

Dendtese por

S el estado

n el nOmero de etarmas remanentes

fn(s) el valor de la politica Optima cuando se esti en el estado

S con n etapas remanentes.

Examinaremos esta notacidn usandoc los tres primeros ejemplos:

1. Asignacidn de proyectos.

s nimero de unidades (1 unidad = $ 100 000) asignadas (0, 1,
2,2,4,5)
n nimero de provectos a asignar.

fn(s) mé&xima utilidad cuandc se asignan s unidades a n proyectcs.



jn{s) nlmero dptimo de unidades gue se asignaron al Qroyecto
n cuando se dispone de s uanidades a asignar entre n

proyectos.

Relacion recursiva.

~

Denotamos por Pn(s) el beneficio obtenido al asignar s unidades

al proyecto n. . ‘

fn{s) max {Pn(x) + fn-1 {(s-x)}

x€(0,1,2,3,4,5}

0.

Il

fo (s)

Esta fdormula expresa el hecho de que se debe corparar todas las
formas en gue se pueden asignar x unidades al proyecto n (los
proyectos remanentes son n) v el resto a los otros n-l proyectos.
La mejor forma de hacer esta asignacidn es la gue nos maximiza

las ganancias.
2. Problema de la diligencia.

s ciudad en que se encuentra el camidn

n etapas para llegar a Mé&xico (en este caso hay varias formas

de dividir el problema en etapas).

fn(s) costo minimo de "inspeccidn" dado que se estd en la ciudad

S con n etapas por recorrer.,

jn(s) decisidn dptima sobre la préxima ciudad a visitar dado gue

se estd en la ciudad s con n etapas por recorrer.

Relaci1ién de recursidn.

Se define cormo Cst el costo de "ainspeccidn"incurrido al viajar
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de la ciudad s a la t.

fn(s)

min {Cst + fn-1(t)}
t

fo(s)

1]
o

3. Problema del matrimonio

S tipo de novia {E,B,R,N)
n nGmero de la novia (1,2,3,4)
fn(S) m&ximo valor esperado dado que el tipo de novia actual

es S y hay n novias por considerar

yn(S} decisidn 6ptima sobre el problema de casarse 0 no ca-
sarse dado que el tipo de novia actual es S y hay n

novias por considerar.
Relacidn de recursidn.

Llamemos Pn(S) la probabilidad de que la n novia sea del tipo S

Yy CS el valor relativo asignado a las novias.

El valor esperado cuando hay n-1 novias por venir es ) P _,(B0)E _ (%),
t

es decir la suma del producto de la probabilidad de que en la etapa
n-1 la novia sea de tipo t multiplicado por el mejor valor del obje-
tivo dado gue la novia es de tipo t con n-1 novias por considerar

{incluyendo la actual novia cuyo tipo es t).



Por

lo tanto:

fn(S)

fo(s)

max

{c

s

’

t

P (8)E _,(6)}

11.



+

METODO DE SOLUCION

1. Problema de 1la asignacién de proyectos.

12.

Cuando solamente hay un proyecto remanente la solucidn es inme-

dlata

f1(s) = p; (s}

s £,(s) 1, (s}
0 0 0
1 10 1
2 13 2
3 14 3
4 15 4
5 16 5
n=2
Utilaidad

Asignaci6n Asignacibn
Asignacibn Proyecto 2 proyectos

Proyecto 2 proyectos Total 6ptima

Utilidad

Decic

remanentes remanentes
S X S-x D, (x) £, (s—x) 3, (s)
0 0 0 0 0 0
0 1 0 10 10 0
1 0 5 5 0 =
2 0 2 0 13 13 -
1 1 5 10 15 1
2 0 7 0 7 -
3 0 3 0 14 14 -
1 2 5 13 18 1
2 1 7 10 17 -
3 0 9 0 9 -
4 0 4 0 15 15 -
1 3 5 14 19 -
2 2 7 13 20 -
3 1 g 10 21 3
4 0 12 Q 12 -
5 v; 5 0 16 16 -
1 4 5 15 20 -
2 3 7 14 21 -
3 2 9 13 22 3
4 1 12 10 22 -
5 0 15 0 15 -

T
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n=3
X s—-X pa(x) fz(s—x) Total 33(3)
0 0 0 0 0 0
0 1 0 10 10 0
1 0 0 0 0 -
0 2 0 15 15 0
1 1 0 10 10 -
2 0 8 0 8 -
0 3 0 18 18 0
1 2 0 15 15 -
2 1 8 10 18 -
3 0 16 0 16 -
0 4 0 21 21 -
1 3 0 18 18 -
2 2 8 15 23 -
3 1 16 10 26 3
4 0 20 0 20 -
0 5 0 22 22 -
1 4 0 21 21 -
2 3 8 18 26 -
3 2 16 15 31 3
4 1 20 10 30 -
5 0 21 0 21 -
n=4

x n-x Py, (%) f,(s-x) Total j, (x)
0 0 0 0 0 0
0 1 0 10 10 0
1 0 6 0 6

0 2 0 15 15 -
1. 1 6 10 16 1
2 0 9 0 9 -
0 3 0 18 18 -
1 2 6 15 21 1
2 1 9 10 19 -
3 0 12 0 12 -
0 4 0 26 26 0
1 3 6 18 24 -
2 2 9 15 24 -
3 1 12 10 22 -
4 0 14 0 14 -
0 5 0 31 31 -
1 4 6 26 32 1
2 3 9 18 27 -
3 2 12 15 27 -
4 1 14 10 24 -
5 0 14 0 14 -
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n=>5
S x n-x ps(x) f, (s-x) total Jg(x)
0 0 0 0 0 0 0
1 0 1 0 10 10 0
1 0 8 0 8 -
2 0 2 0 16 16 -
1 1 8 10 18 1
2 0 12 0 12 -
3 0 3 0 21 21 ~
1 2 8 16 24 1
2 1 12 10 22 -
3 0 14 0 14 -
4 0 4 0 26 26 -
1 3 8 21 29 1
2 2 12 16 28 -
3 1 14 10 24 -
4 0 15 0 15 -
5 0 5 0 32 32 -
1 4 8 26 34 1
2 3 12 21 33 -
3 2 14 16 30 -
4 1 15 10 25 -
5 0 15 0 15 -
Solucibn Sptima
£f5(5) = 34
3s(3) = 1
Iy (4) = O
J3(4) = 3
J2(1) = 0
32(1) = 1
2. Problema de la diligencia
Para n=1 la solucién es inmediata
£,(14) = 6 11(14) = 16
£,(15) = 4 31(15) = 16
n=2
Destino Resto
Origen Intermedioc Costo del viaje Total Decisibn
S t CSt fl(t) jz(s)
i2 16 6 0 6 16
13 14 2 6 8 14
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n=3
S t CSt £,(t) Total 1, (s)
9 B ) 3 6 9 12
13 3 8 11 -
10 14 4 6 10 14
i1 14 13 8 21 -
15 10 4 14 15
n=4
[ t Cst fa(t) Total j“(s)
9 8 9 17
9 6 9 15
10 5 10 15
8 10 9 10 23 -
11 6 14 20 11
=5
S t cSt fq(t), Total ]S(t)
2 6 10 17 27 6
3 6 17 21 6
4 7 15 22 7
5 8 20 23 8

Solucidn Sptima:

fg (1) = 21
Je (1) = 3
I5(3) = 6
j, (6} = 9
713(9) = 12
J,(12)= 16

En variadas ocasiones un problema puede resolverse usando téc-
nicas diferentes. Asi, el problema de la diligencia puede re-

solverse empleado programacidn lineal como sigue:



Sea X

El problema es

Min

1 "

pasa

st st

arcos

Sujeto a

X12+X13+X14+X1 =1

X5~

X,3— X

X =X

iy L7
X

0

X157Xgg =0

XygtXzg~Xgq = 0

Xy77X79=X739 = 0

X X

se”%g10”

XegtX797Xq1 5™
A710M8g107X

Xg11~X1114=%X3115 = 0
= (

Xg9127%12156

Xg13 X

13107101y
L1115~

X
1216

X6

36

811

X =0

igly

1314= 0

151 = 0 i

+X +X
lhle 1516

=0 )

0 si el camibén no pasa por la

lé.

ruta s a t

-
L] n

conservacién de flujo

= 0

=0

813
= 0

X

1114 ®1u1s

P —

X =

>
stx=
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Este es un modelo de transporte cuya solucibn con programacién

lineal es entera por lo que podemos ignorar las restricciones

»

st

La solucibén gque cbtenemos por programacidén lineal nos da la
ruta 6ptima de 1 a 16. La solucidn que se obtiene con progra-
macién dindmica no s&lc nos da esta solucidn, sino las rutas
6ptimas de cualquier punto a la Ciudad de México. La solucién
mas completa se obtiene pagando el precio de un nfimero mayor

de operaciones.

3. Problema del matrimonio

Llamemos suma_ = ) P_(t)f. (t) ,
1 £ 1 i

Cuando s8lo queda una novia la decisién es casarse.

n=1
S £, (s) p; (s) Total
E 40 .1 4
B 30 .2 6
R 20 .3 6
N 10 .4 _4
Suma = 20

O sea, el valor esperado cuando falta una novia por ver es

20.



S C Suma
S 1

E 49 20

B 30 20

R 20 20

N 10 20

S Cs Suma2

E 40 26

B 30 26

R 20 26

N 10 26

S CS Suma3

E 40 31.4

B 30 31.4

R 20 31.4

N 10 31.4

La interpretacién de suma

£,(s)

40
30
20

20

£,(s)

40
30
26
26

f,(s)

40

31.4
31.4
31.4

1

pz(s) Total
.2 8
.2 6
«3 6
.3 _6
Suma2 = 26
p,(s) Total
.3 12
.3 9
.2 5.2
.2 5.2
Suma; = 31.4
p; (s} Total
.1 4
.3 9.42
<3 9.42
.3 9.42
Suma, = 32.26

es la siguiente:

18.

n=2

Decisién

Casarse
Casarse
Casarse o
continuar
Continuar

n=3

Decisién

Casarse
Casarse
Continuar
Continuar

n=4

Decisifn

Casarse

Continuar
Continuar
Continuar

Cuando don Nicandro tiene 1 novias potenciales por venilr en

promedio, el tendr& una con valor suma ;..

Asi, al empezar su

vida en promedio &l se casari con una mujer tipo B(32.26).

Cuando s&lo le falta conocer una, en promedio se casard con

una tipo R(20).
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PROGRAMACION DINAMICA Y LA ASIGNACION DE RECURSOS.

R. Carvajal.

Introduccidn.

La programacidén din&mica es una técnica matem&tica empleada

en el estudio de procesos de decisiones miltiples.

A diferencia de programacidén lineal, no existe una formulacién
candnica del problema de programacidn dindmica. M&s afin, no
existe un conjunto de reglas simples que puedan aplicarse a
diferentes problemas con objeto de extraer sus "propiedades
dind&micas". El reconocimiento de las condiciones que debe
satisfacer cierto problema para aplicarle las técnicas de
programacidn dinfmica regulere de experiencia. Esta puede
desarrollarse a través del estudio de aplicaciones de progra-
macidn dindmica y de las caracteristicas comines a los diferentes

casos.

Usos de la Programacidn Dindmica.

En general los modelos de programacidn dindmica se aplican a
probliemas de menor tamano que los factibles para programacidn
lineal. Por otro lado, la solucidn provista por programacidn
dinZmica contiene mucho mds informacién que la provista por

programacidn lineal.



A continuacidn se dan varias aplicaciones clasicas de

de programacibn dindmica.

1. Asignacidédn: de Proyectos.

Un empresario o funcionario piblico tiene la cantadad de

$ 500,000 para asignarla a 5 proyectos.

El beneficio

de cada proyecto estd relacionado con la cantidad gue se

asigne al proyecto.

$ 100,000. La relacidn entre la asignacién y los beneficios

se 1lustra en la Takla 1.

S61lo es posible asignar miltiplos de

modelos

derivado

(L)

Unidades
asignadas 0 1 2 3 4 5
Proyecto
1 0 10 13 14 15 16
2 0 5 7 9 12 15
3 0 o 8 16 20 21
4 0 6 9 12 14 14
5 0 8 12 14 15 15

(1) x unidades

x00 000 pescs.

Tabla 1. Beneficio derivado de la asignacidn de

recursos a 1los

diferentes proyectos.

El problema del funcionario es el asignar los $§ 500 000 de tal

forrme que su utilidad sea mdxima.



2. Problema de la Diligencia.

Como las diligencias no son elementos comunes en el folklore

mexicano, formularemos el problera de la manera siguiente:

Un camibn lleno de mercancia viene de un pais del norte a

la Ciudad de Mé&xico. Su dueno ha "olvidado" el pagar los de-
rechos de importacidén de dicha mercancia. Existen diferentes
rutas a la ciudad de México. E1 paso entre cada dos ciudades
mayores estd asociado a un costo de "inspeccién” por parte

de la policia. El problema del duefio es escoger la ruta gque

minimice los costos de "inspeccidn" (Figura 1).
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3. Problema del Matramonio.

Durante su vida don Nicandro conocerd a 4 posibles esposas,
una a la vez. Don Nicandro tiene la habilidad de reconocer
s1 la posible esposa es excepcional (E}, buena (B), regular
(R), o "no hay de otra" (N). El les asigna un valor relativo

de 40, 30, 20 &6 10 unidades respectivamente.

La frecuencia con que los diferentes tipos de posible conyugue
pueden presentarse varia con el tiempo. Asi, en su temprana
jJuventud no hay muchas posibilidades de gue se presente una
mujer excepcional dada la poca experiencia del jdven Nicandro.
Esta frecuencia aumenta conforme don Nicandro gana experiencia,

pero vuelve a decrecer conforme su juventud se desvanece.

Don Nicandro puede casarse © no con la novia en turno. Si la
rechaza no hay forma de encontrarla de nuevo. El problema de
Don Nicandro es el tomar las decisiones gue maximicen su valor
esperado tomando en cuenta los valores relativos gue el asigna

a cada tipo de mujer (Figura 2).



Figura 2. Red de posibilidades de Don Nicandro.



Enunclaremos brevemente, otras aplicaciones de la programacidn

din&mica.

4, Determinacidn del conjunto 6ptimo de partes de repuesto gque
minimice el ntmerc de veces gue una mé&guina esté parada por

falta de repuestos.

5. Selecc1idn de los mejores medios de publicidad con okjeto de

obtener el maximoc efecto scbre las ventas.
L.

6. Determinacidn de las épocas de revisidn y mantenimiento de

maguinarla con objeto de tener el menor nimero de descomposturas.

7. Determinacidn de politicas Sptimas de inventarios consistentes
en la inst:rtuciédn de un nivel en el cual debe ordenarse el

producto y la cantidad a ordenar.

Caracteristicas de los Problemas de Programacidn Dindmica.

i. El1 problema puede dividirse en etapas, con decisiones gue

tomar en cada etapa.
11. Cada etapa tiene un ntmero de estados asociados a ella.

111. Praincipio de Optimalidad. Dado el estado actual, las decisiones

Sptimas para las etapas remanentes son independientes de las

declsiones tomadas en las etapas previas. En otras palabras:

s

Una politica Sptima (conjunto de decisiones Sptimas) debe tener
la propiedad de que, i1ndependientemente de la forma en la que

llegamos a clerto estado, las sigulentes decisicnes deben constituir

ana rpolitica Sptima.



Ejemplo. En el casc del camidn con mercancia, el duefic sabe
que el camino Sptimo para 1r de Torredn a la Ciudad de MEX1CO

no depende de la ruta por la cuzl llegd a Torredn. ,

1v. E1 método de sclucidn procede etapa por etapa, empenzando

por la etapa final.

v. El problema puede expresarse por medio de una formulacidn
recursiva, es decir, la politica dptima dado gue se estd en
el estado s con n etapas por recorrer es funcidn de las politicas

Optimas cuando tenemcs n-1 etapas por recorrer.

La notacién empleada en la formulacidn de modelos de programacidn
lineal puede causar cificultades en un principio por logue hay

gque revisarla con cuidado, sobre todo la primera vez gue se ve.

rormulacidn de Modelos de Programacidn Din&mica.

Dendtese por

S el estado

n el nlmero de etamas remanentes

fn(s) el valor de la volitica Sptima cuando se esta en el estado

5 con n etapas remanentes.

Examinaremos esta notacidn usando los tres primeros ejemplos:

1. Asignacidn de proyectos.

s nimero de unidades {1 unidad = $ 100 000) asignadas (0, 1,
2,3,4,5)
n ndmero de proyectos a asighar.

n{s) mé&xima utilidad cuando se asignan s unidades a n proyectos.

t



jn{s) nGmero &ptimo de unidades que se asignaron al proyecto
n cuando se dispone de s uanldades a asignar entre n

proyectos.

Relac1idn recursiva.

Dencotamos por Pn{s) el beneficio obtenido al asignar s unidades

al proyecto n. . ’

fn(s) = max {Pn(x) + fn-1 (s-x)}
x€{0,1,2,3,4,5}
f0(s) = 0.

Esta fdrmula expresa el hecho de gue se debe comparar todas las
formas en gue se pueden asignar x unidades al proyecto n (los
proyectos remanentes son n) v el resto a los otros n-1 proyectos.
La mejor forma de hacer esta asignacidn es la gue nos maximiza

las ganancias. .
2. Problema de la diligencia.

5 crudad en que se encuentra el camién
n etapas para llegar a Mé&xico (en este casc hay varias formas

de dividir el problema en etapas).

fn{s) costo minimo de "inspeccidn"” dado que se estd en la ciudad

S con n etapas por recorrer,

jn(s) decisidén Sptima sobre la prdxima ciudad a visitar dado gue

se estd en la ciudad s con n etapas por recorrer.

Relaci1dn de recursidn.

Se define como Cst el costo de "inspeccidn"incurrido al viajar



-

de la ciudad s a la t.

min {Cgt + fn-1(t)}
t

fn(s)

0 (s)

mn
o

3. Problema del matrimonio

S tipo de novia (E,B,R,N)
n nmero de la novia (1,2,3,4)
fn(S) m&ximo valor esperado dado que el tipo de novia actual

es S y hay n novias por considerar

yn{S) decisidbn O6ptima sobre el problema de casarse O no ca-
sarse dado que el tipo de novia actual es § y hay n

novias por considerar.
Relaci1dn de recursién.

Llamemos Pn(S} la probabilidad de gue la n novia sea del tipo S

Yy Cs el valor relativo asignado a las novias.

(t),

El valor esperado cuando hay n-1 novias por venir es ) P (B)f
t

es decir la suma del producto de la probabilidad de que en la etapa

n-1

n-1 la novia sea de tipo t multiplicado por el mejor valor del obje-
tivo dado que la novia es de tipo t con n-1 novias por considerar

{(1incluyendo la actual novia cuyo tipo es t).



Por lo tanto:

fn(S)

fo(8)

41

max

{cs,

t

P i (0)E _(€))

11.



1. Problema de la asignacidén de proyectos.

METODO DE SOLUCION

iz.

Cuando solamente hay un proyecto remanente la solucifén es inme-

diata

£,(s) = py(s)

s £, (s) i (s)
0 0 0
1 10 1
2 13 2
3 14 3
4 15 4
5 16 5
n=2
Utilaidad

Asignacién Asignacién
Asignacibn Proyecto 2 proyectos

Utilaidad

Decis. un

Proyecto 2 proyectos Total Sptima

remanentes remanentes
x s-X pz(x) fl(s—x) jz(s)
0 0 0 0 0 0
0 1 0 10 10 0
1 0 5 5 Q =
2 0 2 0 13 13 -
1 1 5 10 15 1
2 0 7 0 7 -
3 0 3 0 14 14 -
1 2 5 13 18 1
2 1 7 10 17 -
3 0 9 0 9 ~
4 0 4 0 15 15 -
1 3 5 14 19 -
2 2 7 13 20 -
3 1 9 10 21 3
4 0 12 0 12 -
5 Q 5 Q 16 16 -
1 4 5 15 20 -
2 3 7 14 21 -
3 2 g 13 22 3
4 1 12 10 22 -
5 ) 15 0 15 -
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n=3
X s-X P4 (%) £,{s-x) Total 3, (s)
0 0 0 0 0 0
0 1 0 10 10 0
1 0 0 0 0 -
0 2 0 15 15 0
1 1 Q 10 10 -
2 0 8 0 8 -
0 3 0 18 18 0
1 2 0 15 15 -
2 1 8 10 18 -
3 0 16 0 16 =
0 4 0 21 21 -
1 3 0 18 18 -
2 2 8 15 23 -
3 1 16 10 26 3
4 0 20 0 20 -
0 5 0 22 22 -
1 4 0 21 21 -
2 3 8 18 26 -
3 2 16 15 31 3
4 1 20 10 30 -
5 0 21 0 21 -
n=4

X n-x Py, (x) f,(s~x) Total j, (x)
0 0 0 0 0
0 1 0 10 10 0
1 0 6 0 6

0 2 0 15 15 -
1. i 6 10 16 1
2 0 9 0 9 =
0 3 0 is8 18 -
1 2 6 15 21 1
2 i 9 10 19 -
3 0 12 0 12 -
0 4 0 26 26 0
1 3 6 18 24 -
2 2 9 15 24 -
3 1 12 10 22 -
4 0 14 0 14 -
0 5 0 31 31 -
1 4 6 26 32 1
2 3 9 18 27 -
3 2 12 15 27 -
4 1 14 10 24 -
5 0 14 0 14 -
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n=5
S X n-x pg(x) f,(s~x) total Js(x)
0 0 0 0 0 0
1" 0 1 0 10 10 0
1 o 8 0 8 -
2 0 2 0 16 16 -
1 1 8 10 18 1
2 0 12 0 12 -
3 0 3 0 21 21 -
1 2 8 16 24 1
2 1 12 10 22 -
3 0 14 0 14 -~
4 #] 4 0 26 26 -
1 3 8 21 29 1
2 2 12 16 28 -
3 1 14 10 24 -
4 0 15 0 15 -
5 0 5 0 32 32 -
1 4 8 26 34 1
2 3 12 21 33 -
3 2 14 16 30 -
4 1 15 10 25 -
5 0 15 0 15 -
Solucidén bptima
f5(5) = 34
Js{(3) = 1
Ju(4) = 0
J3(4) = 3
J2 (1) = 0
J1(1) = 1
2. Problema de la diligencia
Para n=1 la sclucidn es inmediata
fl(l4) = 6 31(14) = 16
fl(lS) = 4 j1(15) = 16
n=2
Destino Resto
Origen iIntermedio Costo del viaje Total Decisién
S t Coy £, () Jj, (s}
iz2 le 6 0 6 16
13 14 2 6 8 14
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n=3
S t st fZ(t) Total 33(5)
9 12 3 6 9 12
13 3 8 11 -
10 14 4 6 10 14
11 14 i3 8 21 -
15 10 4 14 15
n=4
S t Coy £ (t) Total 3, (s)
9 8 9 17
9 6 9 15 9
10 5 10 15
8 i0 9 10 23 -
11 6 14 20 11
=5
S t CSt fu(t) Total jS(t)
2 6 10 17 27 6
3 6 17 21 6
4 7 15 22 7
5 8 20 23 8

Solucién Sptima:

fs (1) = 21
Je(l) = 3
15(3) = 6
3, (6) = 9
335(9) = 12
3, (12)= 16

En variadas ocasiones un problema puede resolverse usando téc-
nicas diferentes. Asi, el problema de la diligencia puede re-

solverse empleado programacifn lineal como sigue:



le6.

rO si el camién no pasa por la ruta s a t
Sea Xst = 3

g l 13 113 n n pasa n n L] L)} n

{ .
El problema es

Min z CSt XSt

arcos
Sujeto a
X12+X13+X14+X15 = 1

X)o7 X5 = |

conservacibén de flujo

Xi3— X =0

X ,—X =0

s 47

X157Xg5g5 = 0
XptX35~Xgq = 0
Xy7=X79q=X779 = 0

X X =0

58 %g10"%811

XegtX797Xg),7%Xg13 = 0
X710% %5107 %5914 =0
Xg11-%X11147%X1115 = 0

Xg127%X121 = 0

Xg13 %1314~ 0
Xig1a™X1g1y * Xy ,"X 14 = 0
X11157 %1516 % O

X +X +X
1216 1416 1516

>
ste=
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Este es un modelo de transporte cuya solucién con programacidn

lineal es entera por lo que podemos ignorar las restricciones

st

La solucibn que obtenemos por programaciédn lineal nos da la
ruta Sptima de 1 a 16. La solucién que se obtiene con progra-
macidén diné&mica no s6lo nos da esta solucibn, sino las rutas
6ptimas de cualquier punto a la Ciudad de Mé&xico. La solucidn
mi&s completa se obtiene pagando el precio de un nlimero mayor

de operaciones.

3. Problema del matrimonio

Llamemos suma = ) P_(t)f_ (&) ‘
1 £ 1 1

Cuando s&lo queda una novia la decisién es casarse.

n=1
S £, (s) p; (s) Total
E 40 .1 4
B 30 .2 6
R 20 .3 6
N 10 .4 4
Suma = 20

O sea, el valor esperado cuando falta una novia por ver es

20I



S C Suma
=] 1
E 49 20
B 30 20
R 20 20
N 10 20
S C Suma
s 2
E 40 26
B 30 26
R 20 26
N 10 26
S CS Suma3
E 40 31.4
B 30 31.4
R 20 31.4
N 10 31.4

La interpretacién de suma

fz(s) pz(s) Total
40 .2 8
30 .2 6
20 .3 6
20 .3 _6
Suma2 = 26
£,(s) P, (s) Total
40 .3 12
30 .3 9
26 _ .2 5.
26 .2 5.
f,(s) Pj(s) Total
40 A 4
31.4 .3 9.
31.4 W3 9
31.4 .3 9.
Suma, = 32.26

1

es la sigulente:

18.

n=2

Decisibn

Casarse
Casarse
Casarse ©
continuar
Continuar

n=3

Decisién

Casarse
Casarse
Continuar
Continuar

n=4

Decisibn

Casarse

Continuar
Continuar
Continuar

Cuando don Nicandro tiene 1 novias potenciales "por venir en

promedio, el tendré& una con valor suma .

Asi, al empezar su

vida en promedio &l se casari con una mujer tipo B(32.26).

Cuando s&lo le falta conocer una, en promedio se casari con

una tipo R(20).
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TRANSPORTE
METODO DE SOLUCION (MINIMIZACION)

PROBLEMAS BALANCEADOS NO DEGENERADOS

(0) Construir una solucidn factible bdsica inicial. Ir a (2),
(1) Construir una nueva solucién factible:

a) Incrementar er en ©
b) , "Propagar" e para conservar factibilidad
c¢) Dar el mayor valor posible a & (lo que anulard a una

de las variables, antes distinta de cero),

{2) Tabla de seudo—-costos:

L

a) Para Xij f 0 encontrar u,, v, tales que
.. =u, +v,=C ., (i1=1, 2, .., m; j =1, 2,.., n)

(en caso que no fuera posible ésto, una de las

xij # 0 puede tratarse como si fuera cero:)

b) Para Xij = ( completar la tabla de seudo-costos

.Cij = u; + Vj'
{3) Encontrar drs = Mi?{él] - Cij} Se presentan dos casos:
1) drs>,0, 2) drs<0

en el 1) la solucib6n factible actual es 6ptima y por tanto se
termina el proceso de cdlculo;
en el 2) no se ha llegado al 6ptimo (por cada unidad que se au

mente X __ el costo disminuir& en 4 drs 1). Ir a (1},



-TRANSPORTE -
EJEMPLO No 1

Destino
1 2 3 4 ~— Solucidn factible bésica inicial
Origen 1 ]19{30{50}10}7 Recursos (mtn-l=3+4-1=6 variables x dis-
) tintas de cero} en este ca por
2|70{30|40(60| 9 la regla de la "esguina noroeste”.
alqo0l| 8 170]20]18 Los cuadros vaclos representan va-
S C. L lores cero.
Demanda il I 1] Costo inicial: 5(19+2(30)+6(30)+
Tobla de costos y requenimientos (Datos) 3(40)+4(70)+14(20)=1015
. ! 3 4 1 2 3 4 Y 1 2 3 4 La posicién del m8s negativo determina
1| s 7] 30] 40[-10]19 ololi0]20 ddnde hay que aumentar intercambios pa
2 & 3 ol 201 _10 9 si1lolol70 | ra la siguiente solucibn factible; vy al,
124 tratar de hacer este aumento lo m&ximo
3 4 14 pis] 3]agleo ?P as| 3l-9|-s2l 0|0 posible {(en & 0), resulta:
| 5 8 7 14 vi [olnler|-29 [ 1°estamos obligados,de modificar algu-
) ' nas variables en - @
2°a 8 la determina la variable que 1li- |
| 3 4/ 1 2 3 4y 1 2 3 a mita su aumento
1} s 2 /r / 17| (910 40| 42|19 -32;q<———— S0lo anotamos los negativos ’
N
ol G [ 2 [ 0@ s | ¥
2 . 4
3 8 "(a)%8(o 18| 3{-3(8) 18 (20}-3
| 5 8 7 14 9=4vi olniarfez :
) 1 2 3 4 1 2 3 4 uyj 12 3 4
1 5 [2-8 @ j217] 19)-2] 8 19 <¢——NO hay negativos .°. la solucién facti-
4ol 2 2 7 o | 2{51|Gol@g) az| & ble es 6ptima.
o4
3 44g ¢ 14-812 |18 3[29|(s) 18 [@0)] 20
5 8 7 14 (6=2v) | O {-21]-11]-9
. Costo: 5(19)+2(30)+6(8)+7(40)+2(10)+
N A A _ 12{20)=743

e p—

(1) Solucidn factible (2) Scv.lc—-Testos (3) Cij - C.

Cij

v



I

= TRARUSPORTE - -
ZIFIELD wan. 2

Solucid4n factible basica inicial
Destino

Recursos ‘ .
Origcn-, 1 2 3 4 r me jorada (P_ag. 146 del texto),

Los paréntesis en las variables
1|19{30{s0j10] 7

2 |70i30la060f 9 indican el orden en que se fue--

ron encontrando; y los parénte--

3|40| 8 |70|2q |18
Cj | sis en las restricciones, el or-

"'Demanda—] 5|8 |7 |14

den en que se fueron cumpliendo.

, ! 2 3 : ) 3‘0 .22 03 ;’C: ] é 2 3 4 Cy17Cy4%C34Cq1=Cy (UgHv )+ (ug+v )
194 2(® 2 @ 7 % | 2 ssi(ag|sof7o] 2| |-s ~(ugtvy)= Cpp-fugtvy)= ~30=-11
3t 3 (s “T7 PPhe) 31@0|(8)} 10 (@9} a0] 3 .*. por cada unidad que aumente X,
L[5 "8 |[T7 [P v, 0 |-32)-30j-20 se ahorran 11 unidades de costo
- S6lo se pudieron ahorrar 11x3 = 33
1 2 3 4 1 2 3 4 Uuj 1 2 3 4 ] .
N o T e TN oo S g e I unidades de costo.
298¢ 2 2 7 o | 2|Go) a9 |@d)|e1|70] 2| hel |- C27Ca1%C117C147C347C327C ™ (WptVy) = by
3{3-8 8 8 10|18] 3las|(e)-1 29| 3 30-49=-19 ‘
4 5 8 [ 14 |03 v)j O [21]30)-9 . .. por cada unidad gue aumente Xoqr
) rse ahorran 1? uqidades_de costo
1 2 3 4 1 2 3 4 Uy 1 2 3 4
O] a6 | 7] (2] el 1 ' 861o se pudieron ahorrar 19x2=38 unidades
384 2 [26 g [E ol 2081 @QO 421511 2 de costo respecto a _la solucivé_n_ anterior.
3 866 0:812ll1s | 3[29|(e) 18|28 3 o hay negativos‘;'. no se puede mejorar
9 5 8 ? 1462 viLe ey -e esta solucién
v v A__ v A v J
(1) solucidn factible le)—éeudd _ NB) iy~ Elj
costos C



—-TRANSPORTE

PROBLEMA DEGEJERADO

Tabla de costos y i
requerimientos (datos) 2
e 3
Solucidn factible bésica
inicial
( 1 2 3
1], 2 . 2
2 ) PR Ei
18 9
5 5
4 1 5+6 V|
L
r'l 2+ € € 2
22+ €] 1 3te
29 |
5 )
4 1 5 4+ € Vj
\
-I 2"(-—9 (5546' 2
2+ ¢| @ 3¢
99 5=
3|0 2-¢ T
4 1 |5 + €]|f=2-¢ V]
(1 C) 2
40 12 28 M 57@3?)3“
= 2-€+ 34e-0
3 (<€, oK
L 4 1 |5 +6|f=2+€ V]
1 2 3
2 2
2 1 2 3
4 1 5
4 } 5

1 2 3
Tala12 La solucidn factible bésica
211133 inicial es degenerada: cua-
304|6|s tro le # 0 en vez dem + n
41115 _1=3+3"l=5-
Con e << 1 perturbamos al
problema
1 2 3y 1 2 3%
®ls|e|o -3{-4
BlOlOl
5|4 1()|-2 -2
7|68 '
1 2 3y, 1 2 3
@|si@®| o -3
OHOIRIEE
9|8 |®]2 -6|-4 ‘.
7|64
12 3y 1 2 3
11o0|@®)|o
@@ -2
® 2@z
104
12 3y T2 3 No hay negativos
1[21@)0 <—.°. la solucibén es
o |D|®]-1
@l 4 |E}-2 optima haciendo
]24 €=0

Solucibén Optima al problema

degenerado



e
PROBLEMA DE ASIGNACION
]
1 2 3 4 5 restando 3 9 0 8 12
1 J11 17 8 16 20 8 3 1 6 0 9
2 19 7 12 6 15 G 1 4 3 0 4
3 |13 16 15 12 ;16 12 4. 7 0 11 9
4 121 24 17 28 26| 21 4 0 2 1 5
5 14 16 12 11 "15 10 restando 1 1 0 0 4
g) ’ 1 2 3 4 5
@ 9 o s s 16 7 o & s
—2—1 L 0——5{— 2 |2 s f[o] s
;D 0 4 L 0 0+— 3 |0 4 5 o [o]
3 7 + i1 5 4 |1 s [o] 9 3
3 0 T 1 14— s 13 [o] 4 1 1
SOLUCION OPTIMA:
asignar
renglén con columna costo
1 1 11
2 g * 6
3 5 16
4 "3 24
5 2 10
costo
total 67

Il




ALGORITMO DEL TRANSPORTE

1. DESCRIPCION
El problema general del transporte, consiste en que, da-
do un producto homogéneo, este debe ser enviado en las
cantidades A, Az; ..., Am desde cada uno de los m pun -
tos de origen y recibirse en las cantidades Bl' B2, ccey
Bn en cada uno de los n destinos. E1l costo de transpor -
tar una unidad desde el origen i hasta el destino j es
C._ y es conocido para todas las combinaciones xl.

ij J
deben ser transportadas a través de todas las rutas (i,3j)

que

con objeto de minimizar el costo total del transporte.

El problema anterior se ha resuelto a través del algorit
mo nGmero 293 de Comunication of A. C. M. (Vol. 9, N°12,
Dic. 1966). El programa fué escrito en lenguaje ALGYL y
estd constituido bisicamente por un PRUCEDURE llamado -
TRANSPPRTE cuyos argumentos se explican a continuacién.
La versién en FORTRAN gue se presenta es una traduccién

del original en ALGOL.

TRANSP@PRTE (N, M, A, C, INF, X, KW)

donde: ;
M NGmero de cantidades disponibles (origenes).
N N@Gmero de cantidades requeridas (destinos}].

A(1:M) Vector con las cantidades disponibles desde cada ori =
gen.

B(1:N) Vector con las cantidades requeridas en cada destino.



C (MxN)

INF

X (MxN)

NOTA:

Matriz de costos unitarios, para todas las combinacio
nes origen-~destino.

NGmero entero positivo (el mids grande que acepté la
computadora) .

Matriz de flujos; contiene las cantidades que deben
ser transportadas por todas las rutas i, j (respues -
ta del algoritmo).

Costo togal 6ptimo (respuesta}).

Durante la ejecucifén del programa el contenido de los

arreglos A, B y C es alterado. Ademids la condicién

A, = B, para i=1, 2, «.., M

j=l; 2’ oo.'N ' -~

debe cumplirse.

REFERENCIAS

1. S. I. Gass, "Programacibn Lineal", pp. 243-267,
CECSA (1961).

2. I. S. Hiller, G. J. Lieberman, "Introduction to

Operation Research", pp. 172-193, dolden Day Inc.

(1967).
3. M. Simonnard, "Linear Programming”", Cap. 11, 12,

13, 14 y 15, Prentice Hall (1962).

El algoritmo como se presenta a continuacidn, estd
acompanado de instrucciones adicionales gque se- encar-

gan de:



1. Leer los datos
2. Hacer uso del PROCEDURE

3. Imprimir resultados

A continuacibn se presenta un instructivo de uso del

4

programa, esto es, la forma como se preparan los da-

tos.

PREPARACION DE DATOS .

Para resolver el problema general del transporte son
necesarios los siguientes datos. Su formato y las co-
lumnas, que ocupa en la tarjeta se dan entre parénte-

sis.

1. Titulo del problema

2. Nimero de cantidades disponibles
(formato IS, columnas 1 a 5)
Nimero de cantidades requeridas
(formato IS5, columnas 6 a 19)

3. Vector de cantidades disponibles
(formato 10I8, columnas 1 a B0), en tantas tarje
tas como sea necesario.

4. Vector de cantidades requeridas
(formato 10I8, columnas 1 a B0), en tantas tar -
jetas como sea necesario.

3. Matriz de costos unitarios. Sus datos deben pro-=
porcionarse por renglones. ‘

{formato 10F.2 columnas 1 a B80)



Cada una de las tar jetas debe contener 10 datos
si es necesario (excepto la Gltima tarjeta del

rengl6n que puede contener menos); esto 'es, cada

)

renglén debe empezar en el primer campo de.una =

'

tarjeta.

3.1 Ejemplo: (Corresponde al primero del inciso 5.)

Supbngase un problema donde se tienen tres fuentes de

producciébn (M = 3) y cuatro destinos (N = 4).

v
’

Las cantidades de gue se dispone son:

|

'

25, 24, 50.
y las requeridas en los destinos son:
15, 20, 30, 35.

La matriz de costos unitarios para las diferentes com-

binaciones de i1 y j es:

Las tarjetas de datos son las siguientes: ;

H]

]
Il
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PRJIBLEMA DE TXPASICION

—SULUE TN wENERA TP ROBCERA DL FRANSPURTE

I

VECTuUK DL CAMTIDADES NISPONIBLES

Lyt PO — Lt LY ey L : LAFLW.Y
e rRVAVEY) e Jo U WAV EFRVAT AV

vEoTone e AT IoarpEs REQUERTOWS

MATRIZ NE COSTOS UNITARIOS

ReENGLON 1
100.000 S0.000 60.000

RENGTUN rd

BO.000 20.000 70.000
WENGLUN &)
REWGLUON 1

0.000 0.000 0,000

R . R WA V] A A N IV LV
RLNGLUN 1

0000 000000025000
RENGLUN 2
F5O00 o0 0— 0000 10000
RENGLUN 3
TO+0070 LRI RVEVEY) JoTUooT SO0V

CUSTO TOTAL OPTIMD = 0.53500f 04

R R U RGNV

)
R TR S
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R&7 0N FORTRAN COMPT LATTNON

M A R K

& SET SIMGLF 1 TSTY
% SET STNGLF  RED

F
F

TLE
TLE

B=NUMT, UNTT=RFADFR
EzMUMP . IINTT=PRTINT

TNTEGFo 7sYs514587,0
NTMENSTAN AC100Y,RC100Y,0¢100, 100) YC100,1n03,8nMEA0)

ALAORYTMA NEL TRANSPORTF
NESCRYon NN DE J AS yARTAR|FS plJE TNTERyTENFN

7] =NUIMERN DF CANTINDANFES NISPNANTRIFS
N aNiIMFRN DE CAMTTNANFES RFOUFRTNAS

DO D

Ac1,My =VFCTOR NE CANTINARES NISPANIRIFS
R(1sNY wyFpTOR NF cANTINANFS RFNUFRINAS

teM X my=MATRIZ DE €£08TNS NINTTARING ,
X¢MXNYy  =MATRI7 NF FLUJNS (RFESPUEGTA NFL ALGNRYITMNy

INp =ENTERN POSTTTyNn MAS GRANDF qlF prMrTA 1SAR
I.LA £0OMpUTANNRA

KW =ANSTN TOTAL intMn ¢RESPUESTA Y
LNS VFATNRFS 2An Y ?H? e AST COMO | A MATRTZ? aCo snw

ALTERANNS AL E FCUTARSE £} ALGNRTTuN
LA SUua NE £NS FLEMFNTNS nF LOS VEFTNRFS 242 Y 9R?

NFREN <FR TGUAIFS
REFERFMEATAS)Y

AL GORTYMN NDFRIVADDN PEL NN, 293 DEY AOMMUNTCATTANS nrp
THF A.r .M. vol  9/NN. 12/NTCTEMARRE 1956 PP, RAQen?7?

CHOD O OFTF XD DY DY D

200

Ga HAPI FYsl TNEARP PRAGRAMMTNG,RFADTNG LNNDAN,10962 p 351
REAND €5,500,FNN=900) £NM

WRITE (4s128)
WRTTF ¢A,500) ¢OM

500

RFAN(S4120) M,N
FARMAT¢RANAY)

120

FARMAT (T15,15) '
REAND(S, 7 ) (ACT)»sTal,uy

121

RFANCR, 7 Y (BCJVs IalsNY
FNRMAT¢ARTIO)

122
1272

FNRMAT¢ATINY - :
FORMAT,10GFR,2) '

123

FORMAT ¢ BF10.73 ) {
nn 1949 12 | » M :

1969

READCR 1722y (CCL,s J)sdolsN)
St = n

52 =0 Lo -
n = 0 - =

124

A 12ZA_T=1.M
S1 = S1 + ACT)

DA 1725 =21 N
S? = §% 4+ RCJ) |

B = 5T = 57
TFeO=Ny 250,300,260 !

50

N = N+ |
M = M 3

H(M) = N |
Ay = N

260

nn_T0, 251 }
f .

el

NAA
LI

N
M
Al(MY = = 0




A(N)Y =

COTsNY

3}
nn 12« 71
no 127 1

C(HDJ“_
CCYUINY=n

1}

COMYIMUF

FNRMAT ¢ 334 vECTNR .NF cAMTTINADFS DISPNNMTALES )

FADMAT ¢ /» 1I%9H wFATNR NF CANTINAPFS REANFRINAS o
FAQMAT ¢/, 274 MATRI?Z? DF cNSTAS UNTITARING

hJ

FARMAT ¢//, 17H MATRT? DF FLUJNS

FARMATC//» ?2H ~NSTN TNTAIL

npYIun =

»F12,5) :

FNeMAT ¢//+84H SOLUICTNN GENFRAL

FARMAT ¢ARTIN)Y

PRARIEMA NEL TRAMSPARTE »//%

FORMAT (213,110
FNRMAT ¢10F10,3,/7)

FARMAT (¢15714)

FNRMAT ¢RH RFNAININ,T4)

INE =539755R813A70
FARMAT ¢1H1)

]
'

WRTTEC(A,+K)
WRYTFE(4,1)

+
I

MRTTE 4,9 CACTY» T2t M)

MRYTE 62213

WRTTF ¢4,9) (RCJIsJ=i,N)

WRYTE ¢A»3Y

NN 100n T=1,.N
MR TTF 62119 1

T
+

1000

WRTITF f_ﬁplnln)(ﬂ(loJ)hh‘pM)
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INTRODUCCION A La PROGRAMACION LINLAL

1. Generalidades

s2an Xyp Koy weveny X las wvariables da= d

(¢

mos con x, S el conjunto de todas las dec
€zctibles (aceptaples), y §{+) una funci

01dn objetivo, gque evalfia las decisicnes

programacibdn matemidtica es encontrar una

1] 2 ) -~ -~ — !
gue minimiza la funcidn objetivo {{-);

Xx. El proplera de la
decis.8n A1°factible

es declry, encconcrar

®en S tal gque 4{x°}< §{x} para todo ¢ 2n S. Iste problera s
acostumbra plantear asi:
min §ix} -
sujeto a
X en S
£ x .
¢£x) 53
A A
| [ o
J//f“\\\h,//?‘ ? ¢ 7 T <
l E 3 T L
| . f i Do o
i ! : A
t 1
| * EEERE
! { T X ! - ! | iy
// = Y .
o ! — 4
S no factinle ‘no factible’ S

irgtituto de Ingenieria, UNAM

R ‘-\‘ [ S

-
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2. L1 proplema del transvorte

Iy recurso homogéneo st encuentra disponable cn m origenes 1, 2,

:

m, en cantidades b?’ b2’ ""bm regpoctivamente, v se le

- = v 2

requliere en n destinos 1, 2, ...h en cauntidades ay, az,....an.
-1 costo por transportar x&j unidades del origen 4« al destino

L donde c¢. s el ccoto unitaric corraspondiente. Sa-

1gyuales (problema balanceado), encontrar los transportes ij gue
hacen minimo el costo total, de modo gue todos los destinos cueden
satisfechos. Matendticamente se puede plantear el problema como:

Dados: cij, bLS 0, asz, L=1, 00, 4=1,...,n

m n
con b, = o encontra . . tal cue
> ‘ z: ;o ncontrar x‘(‘“r & '
=1 {=1
11 Fii
b -
min 2 e 2.1
g=1 =1 A
sujeto a
1"
LJ:bL’ L=1,...,m
j=1
2.2
m
> w = aj, 1,00
=1
) > 0



-

Este conjunto de restricciones puede manejarse facilrmente

en una tabla-matriz en que cada rengldn rep:resenta un origen
v cada columna & un destino. Una solucidn xijes factible si
v solo si1 la suma de los elementos del rengldn {4 vale b&’ la
suma de los elementos de la colurmna j vale aj, v todos los

elementos de la matriz son no negativos.

destinos
2 i 1Tz .. "
‘?%% 1 1 o
destinos 2 7 onigenes ’ bz
n : m - :
m i
Ia? Ly e @,

1)

Para generar una solucidn factible basica (a2 1o méds n+m-1

transportes distintos de cerc) se puede usar la regla "esguina

noroeste", que se 1lustra con el ejemplo no. 1:

i

Poner en el espacio {1,1) el minimo de {a,,b,) = {5,7), que es
. 1071

' ),

5. Moverse en el espacio en la direccidn del midximo de (aT,b

i . . i
gue es la posicidn (1,2) (primer rengldn, sequnda columna). Pone.
en esta p051516h el minimo de {az, b]—S} = (§,7-5}, que es 2. Mo-
verse en la direccidn del midximo de {az,b]—S), Ggue es la posicid-
(2,2}). Poner en esta posicidn el minimo de (az—Z,b9}=(8~2,9), cLe
es 6. Continuando con este proceso se obtiene una solucidn facti-
ble de 3+4-1=6 transportes distintos de cero. En el ejemplo no. .

se muestra una solucidén factible bdsica "mejorada’que sigue re-

glas similares, peroc gue Toma en cuenta la matriz de costos.

|._\
t7
’_l
[J]
o]
1}
[t
t
(0
OI
m
o)
H
O
Vo]
H
a
3
¥
(}
'_l
o)
1
|_.|
}J
e
D
[
',_l
w
®
(-
[
w
+
'_l
Hy
H.
0
jot]
(]
ui
()
[0}
=]
o
i
[
W]
H
[
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3. EL-ecanlo

Cons.derewos el problema 1 del apizndice 1, en gque de acuexdo

a caracidades variables de produccidn, una fabrica debe cumplair

a coste winimo, sus compromiscs de ventas por los prdzimos

cuntoo ver s @te. Los detos se dan en la sigulente tabla.
MES VENIAS PRODUCCION ({2870 UNITARIO CO3TC URITARIC
COWTRETADAS MAXIMA DE PRODUCCION D ALMACEMNANIENTO
“ POR  I1ES
1 20 30 8 1
2 39 50 i2 1
3 50 20 i1 ¥ 1
4 40 50 ig 1
140 159

S1 X, es la produccién en el mes « {«=1, 2, 3, 4), el problema

se puede plantear como

[}

minimizar z 8x1+32x + 1Tx, +1dx, + (x] - 20) + (&T

Z 3 4

X, - 50) + X gt Ky = Xg - 00 = SxT + T4x

+ 72x3 * I4x4 - 170

con las restricciones

v, = 30
1= X0z 20
x, < 5o P gl
£ - limitacidn de Xpob X, o2 50 cumynlir
. <= 20 la produccidn Ventas
3 - ° =k X; ot %, * x.> 100 tas

. S o
L. < 50 concratadas
4 = 77 Ky + £, ¥ A, T X,> 140

i ~2 3 4=
s ~ 0
Lo s 0 produccidn no
noygativa
Xg 5 0

.
-~
*
1y
<



Este &5 v programa lineal {FL) gue nuede ser resuelto por mé-

ol
)
3
ot
.t}
i\
1
fa )
[$3
Q
[
[ ]
jol}
n
[0}
m
rt
D]
Y
£
[}
n,
D]
=
1]
™
L
| §]
‘.
'™
I
(]
0]
[
o}
g
H
[®]
U
|._l
0
H
]
fu
D
[y
H
o)
3
{1

Para exhibir una estructura de trassporte, se deben identificar

cada unc de los elementos:

ke

x&j = caatidad producida en el mes 4 Tara vender en el mwes
;e J)
Cii = ¢osto univario (produccidn + almacenamiento) asociado
con  x L <f
iy (L <F)
aj = ventas contratadas en el mes j§
bL = capacidad de produccidn en el mes 4

Agregando ua destino "ficticio" {el nCinexo ) con ccstos de

transporte cerc, y dando un costo de transporte Y wpuv grande na-

-

ra "transportes" no factibles, nuestro problema toma el planea-

miento de un problema blanceado de transporte:

DE ST INO

ORIGE? X 2 3 4 5 RECURSOS
1 3 9 10 . 11 0 30
2 hut 12 13 14 0 50
3 ot M 11 i2 0 20
4 M M M 14 0 50

DLI{ANDA 20 29 50 40 10 {150)




4, Algericio da transperl2 (preblemas balanceados no degenarados)

(0) Coasiruir una solucidn factible basica inicial. Ir a (2)

(1) Construir una nueva solucidn factible:

a} Incrementar x)u5 en 8

b) "Propagar” + 6 para conservar factibilidad
c)} Dar el maver valor posible a 6 {lo que anularZ a una de
las wvariables, antes distinta de cero)

-

(2) Tabla de seudo-costos:
a) Para %, # 0 encontrar u., v tales gue
A7 4 i

C.’Cjz U.‘(: + Uj. = Cz(:.j (»L = T, 2,..., m; j""I, i,-..,}’l.}

{(en caso gue no fuera posible &sto, una de las x. ¢ 0

A 1
puede tratarse come si fuera cero:)
b) Para xLJ = 0 completar la tabla de seudo-costos
C,. = U, t oV
A4 4 1
(3) Cncontrar dh5= Min 0_‘(:1r - E;. Se presentan dos casos:
b '(-j 7 Jr
d, > . <
1) s 0 2) dné 0

en 1 1) la solucidn factible actual es Sptima v por tanto se

termina el vprocesc de célculo;

9]

en el 2) no se ha llegado al 6ptimo (por cada unidad gue se

aumente X, | el costo disminuiri en d&s ). Ir a (1).
L4 A



-TRANSPORTE -
EJEMPLO No 1

Destino
1 2 3 a4 — Solucidn factivle p&sica inicial )
- - 1= A== hid 5 -—
origen 1 f1g]30|50[104 7 Recursos (mtn-1=3+4-1=6 variables NE dis
tintas de cero) en este casd nor
2{70|30[40|60} 9 la regla Jde la ‘esquina uoro=ste’,
3{a0f & |70l20]18 Los cuadros vacios representan va-
) =~ C_ ., lores ceco.
Jdemanda 5|18l7i14 1j Costo Inicral: 5(19+2(30)+6(30)+
Tabla de cestos y requenmrenios {(Datos) 3{(40)+4(70)+14(20)=1015 )
! 2 3 a 4 1.2 3 4 vy ) 2 3 4 o la posicion del méds negativo determina
1l os 2 7| 1109|Gg) ao]-10f19 ] 1] oo liofeo ddnde hay guae aamentar intercarios pa
o N ra la siguiente solucibén zfactible- y al
2 6 3 ol 2]19|B30ihol-10l13] 2is1]lojol70 e
1o ) S el tratar de hacer este aumento 1o Max1lmo
3 4 14 HIg[ 3[49]60 Qo)-rgg; 4g] 31-9 |52l 0|0 posible (en 9 0), resulta:
5 g 7 14 v [ofn 5\ 1-29 1°estamos opligados, de mourficar alga-
nas variaples en - 8
2°a 6 la determina la varianle que li-
1 5 3 .1/ 1 2 3 4y 1 2 3 4 mita su a_umento
[ ’ ,
'y 5 2 /|/ 71 ~@ 30)| 4042119 | 1 -32pd—— S0l0 anotawmos los negativos
NE 50 3 3)3(7\' 9| 2|19|Ggi@gaz |10 ] 2
24 . A ot —_—) o, ]
8-\- -\4‘8 ! - -
3 (<) @z) 18] 313 () e 20)|-3 | 3
5 8 7 14 9=4v, of{i|21{23 i
. -
1 2 3 4 i 2 3 4 u 1 2 3 4
1 y [2-0 8 {27 ;®_2 g @19 ] <G—-NO hay negativos ,'. la solucibn facti-
2 2 7 o | 2{s1|GolGa] 42| 51] 2 ble es Optima.
£ T
3 a+f g 1a-0he [1e| 3{20/(8) 18 (2020 3
5 8 7 14 |9=2vy | o [-21f-11|-9
Costo: 5(19}+2(30)+6(8)+7(40)+2(10)+
“— ~ A . R . . 12(20)=743
(1) Salacidn frekible (2) Seudo-lostos (3) C - C -

1] 11

. 13



TRANSPORTE

BJELPLD No, 2
Daestino
4 Recursos
Lrlgen—} 1 2 3 4 é
1 [19]sotsalto] 7
2 [70|z0f40|60| 9
3ls0| 8 |70|2q |18
Demanda —| 5| 8| 7. 1:.\C”
1 2 3 4 1 2 3 1 2 4
1 7 "7 1{30]-2]0 1]
1ad e, “ 7 o | 2}(x9)| s8|(id o -8
T s g 7 Pe| 3 f@oi(e)l o 3
s e M7 [P v,| 0 |-32]-30
1 2 3 4 1 2 3 4 uy 1 2 4
1CE 78 4|7 1@-2 -11@19 1
2fqzl 2 7 9| 2]} as (ol | 7of 2f fhgl |-
5138 8 “oaolie| 3es|(8)|-1|edir0| 3
5 8 7 14 P2 v o|-2t|30]|-9
L i J
.
1 2 3 4 1 2 3 4 U 1 2 4
319 [5] A R Y B R () REI
a EY I e ) el | s
324 2176 2 e es \%;ﬁgﬁ a2|s1| 2
3 86(%) CRATH B NS ECHED ST @) L
5 8 7 14 |4=2 v| 0f-21-11]-9
. - -~ ) — J R J
(1) seluciron facrip!l: {2} scudo {3} C}j 61}

costos C11

Solucidn factible basica inicial

mejorada {Pacg. 140 del Leswo).

Los poréntesis en las varaabhlis

indican 1 ordea con quc se Laz--

ron encontrando; vy los parénbLe- -

s1s en las restricciones, el or-

den en que sc faeron cuwplicado.

C117C14%C347C377C q (ugtvyde

—.(u3+vl): C "(ul'i‘vl)"—‘ «30=-11

por cada unicaad guae awrento

11

se ahorran 11 unidades de costo

S56lo se pudievon ahorrar 1ix3 =
unidades de costo.

C22"C21+C - c, ,=~C

14 "C347C3p=C, ,m (e

11
30-49=~19
por cada unidad gque aumente

- -

se ahorran 19 unidades de cooid

56lo se pudieron ahorrar 19:.2=38% umnidadaes

de costo respecto a la solacion aberior,

Jdo hay ncgativos 7. no se¢ pucde mejocar

esta solucidn



iple basica

inicial es degenerada: cua-

0 envez dem + n

= 5,

-

negativos
solucida es

haciendo

-TRANSPORTE
PROB.,LYA DEGDJILRALD
’ T2 3 .
g , : ,a solucidn fact
Taola de ceostes v Vl7ialsated
regquerimientos (datos)2 {211 [3]3
| tro X 5
3131{4|16}3 17
al1l5 - 1=3+3 -1
Solucion factible bdsica Con e << 1 perturbamos al
inicxal sroblema
1 3 1 2 3y 12 03
3
1 2 2 @islslo] 1 ~3]-4
37
e 122 e |== @|0|@|-5] 2
- %
3 5 |5 s|all®-2] 3i-2
4 5 + vijT|6i8
12 3 u 1 2 3
.
{2z~ e |2 @le |@to] 1 -3
2o | 212 + ¢ - 3re @i -1]-5| =2
T3 5 |s sia|®|e] 3{-6l-
4 5+ € VijTi6 4
-
f 1 2 3 i 2 3
2-c-§
b 98 2 1o |@iol |
. ey e @G| 2 -2
38 2-¢ s Gl |®i2]| 3
4 5 + fz2-¢ V) 111014
) 12 3y, 12 3 No hay
1 @ 2 1z @iol| 1 N
L gte-é Gramrise o MG - 2
T g 2 3+=-£‘,.j 5 D! 4 5‘/'|'2 z Optima
- o , :
4 3+5]9:2+c vi i 2|“-E €= {
-
1 3
! ! 2 2 - Sciucidn &ptima al proplema
2 2 |3 .
i degenaradu
3 4 ! 1 z
i

%4

[&]]
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PROBLEITR DL ES5IGWACIOr

©

I

1 2 4 5 restandso [ 3 3 0 2} 12
i i
i3 17 8 1é 20 8 " 1 € . 0 9
) 7 12 6 15 G I 4 3 G A
13 16 13 12 ié iz 4 7 ¢ 1 G
21 24 17 28 26 17 4 O 2 1 5
14 10 12 11 15 10 restando 1 9 0 9 a
o
GD 1 2 3 L 5
1 !
| e —
@ 9 o 3 s 1 fg] 7 o s e
|
2 . T 0 S 2 2 1 8 3] 5
0 4 3 0 0+— 3 0 4 5 0 4]
| [o]
3 7 0 11 5 4 11 s [o] o 3
|
3 4] 2 1. T 5 3 1 4 1
i i s_.[.}._l +
: |
SCLUCICH OPTII:A;:
asignar
renglén con columna costo
1 1 i1
2 4 &
2 5 16
4 3 17
5 2 10
cCostC
totcal 60

\:‘
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de Gauss-Jordan

[

G
L
'_.J
o
e
o
3
m
[§]
}J
o
v

Sea § el conjunto de soluciones (xj,...xn) del siguiente sistema

de m ecuaciones con # variables: .

QpgXyt QypXp¥e. ot Gy X =b, ) '
a97x7+a22x2+...a2nxn= 2 {(6.1)
RL A MY R R e

Se sabe gue si1 a una ecuacidn cutalguiera se le suma una como.nac:on
lineal arbitraria de las m ecuaciones, entonces se ontiens un "nuevo’
sistema de ecuaclcnes cuvo conjuntec de soluciones es 1déntico al
original. es decir, S§S. S1 alguna ecuacidn se puede obtener ccmo
combinacidn lineal de las demés, entonces las ecuaciones son lianeal-

meate dependientes (hay al menos una ecuacidn redundante). En caso

contrario las ecuacioncs son linealnrente i1ndependientes.

Supongamos gue (6.1) tiene alguna solaczdn (S no vacio) y qgue las
i ecuaciones (6.1) son linealmente incdependientes. Si m < h,por €li-

minacidn de Gauss-Jordan se puede escribir (6.1) como

X + m+l o+ .. + o x = p !
! 1 Tn™n ]
/ ~
+ ot , _ ' . = 5 !
x? a 9 nt | cee ol n 9
X A a! + ...+ oal = 5 !
! Wit 1 * | T h
en donde se exhibe la solucidn X, = b’f para f=1,2,...w; 1j=0 Darsa
4
f=mtl, oL,

Por deiinaicidn zsta es una solucidn Lasica por tener i-m variables

1gaales a2 cero; a las variaples x con 1< y<m se les llama varaicblos



bisicas 0 en la bhase) v al resto, variables no bé&sicas., Si en una
sclucidn bdsica dvna de las variables biasicas es cero, ei1Tonces se

Jico gue dicha solucidn es degenerada.

La eliminacidn de G-J puede considerarse como una sucesidn de '517D
tecs® sobre diferentes ecuaciones y diferentes variableg. Ast (6.2)
s1 puede obtener ce (6.1) como sSigue: se despeja X4 de la primwexra

ecuacidn de {6.1) y se elimina (xT) de las demé&s ecuaciones pos sus-

o

titucidn. Se despeja x, de la segunda ecuacidn resultante v sc eli-

Z

mina del resto de ecuaciones; y asi sucesivamente. Este procesc se

realiza mas eficientemente por medio de una tabla-matriz.

Consideremos el sistema

2z X.7 PR X'f‘:. P m ‘Cé PRI *
z 0 0 0 -e, H
0 1 0 0
Tty 6y

0 0

1 0 ané bn
0 0 ‘

0 1 aﬂ"xé b'm

- ‘

en el gue se estd exhibiendo la solucidn péasic

W
)
1]
=
N
=
I
o
&
h
-
N
3

51 se toma a como elemento pivote, se obtiene
rl

78
Z X PR X ‘e ' PR N .
{ 1 A'-"‘. N 2
o L d-c o /fa
I 4] C /l A 0 0 ¢ y / :L/.S
£ - -
v } 167 %y 0 0 6, gna15/a45
] 0 1/ 0 o - , . *
) ! b, /e,
; ; N ’ e et s ;
s a/‘:.é 0 b‘pl b ,L” 4 /[ )
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7. E1 problema de la programacidn lineal

9]
N

als tonen aa las cantidades b,, b., .., b ... b_(Fatos)
. 1 2

l"
3]
=

dc recursos para producir n nroductos Har Kot eag xj, PN
®_ {1ncégnitas) los cuales dan utilidades unirvarias Cir Cys

+

cj, ..+ C, respectivamentc (datos). Para produclr una uni -

dad gel producto J usando recursos b, se regulere una can-

4
e

tidad aL] de dichnos recurses (datos). E1l problema es deter-

minar las cantidades X, de productos gue deban prodhcirse

~e acuerdo con las limitaciones de recursos, de modo gue -

las utzlidades sean midximas.

Matematlcamente,dados:

(a) blr b2; LI bi,--. Dm

(b) Cl; C2 . ey c g oo cn

(c) al] 1 =121, 2, .., m; 3 =1, 2, .., n)

encontrar xj (=1, 2, .., n) tal que sea MX1N0
2

L \ n

&= 7 cj %,
J=1

n
<

Jooa. . x &b, 1=1,2, .., a2 (linitacién &2 recursos)
A B, 3 ks

3=1

., 20 3 =1, 2, .., a (produccidn no negativa}

-~ —_— - -, 1o EX ~
ez D= ocLocon il bk, o g

1



EROGRANACION LINEAL

E S S
POR UNIDAD
PRODUCTO HORAS DE UTILIDAD | CAPACIDAD
TABRICACION MEXIMA DE
' ’ PRODUCCION
1 3
2

Horas hé#ébiles/dfa = 18
cQué cantidades x. ¥ %5
deben fabricarse “por

Planteamliento:

Max Z= 3x, + 5x {0)

1 2
con x1$ 4 (1)
sz 6 (2}
<
3x1 + 2x2_ 18 (3)

Introduciendo las variables de holgura Xqr Xyo Xgy el proble -
ma gqueda: Max Z= 3x, + sz con las restricciones

1
*1 * “3 = 4y x5 +t Xs = 6, 3Xl + 2x2 + X = 18,
}Cl?_o para i= i, 2! 3! 4: 5.
1
10
7,
5 b (1) SCLUCION GRAFICA
4 -
6 o o

< 3
2'@/ P s
s .
E DI /
ARG 250 WA BIRI 7 L0 AP 72422577 A
_ o

O™ 2 =+ T 2

o 2:=0



SOLUCION POR SIMPLEX PRIMNAL

(Yy ¥e ¥y ¥y ¥q

)

%ase z x x2 x3 x4 X, [bery
((0)jz | 1 (:j; 0 0
B ES o 1 0 il 0 0|4
: <(2} X4 0 Eﬂg o 1 o[
1 (3) Xg 0 3 {? EO 0 118
oz | 1C)joi0 5 o030
204(1) gl 001 X? %1 o 04
(2)}x.1 0 0 1:0 170
(3 =] 0 [3 010 -2 1(
(ol z | 1 {o 0 ?o 3 136
W=y 0o 011 2112
30 \ ] i
(2fx,1 0 10 1 EO 1 o0l6
HEEAE Y oo |0 -2 32
|

(0} la. solucibn factible bésica: x 1Xao ¥ g
la hase ¥ elemgntos derazchos no- neg;tivc}.
(1) Min4-3,- %r 5<0 ,°. X, entrada base.

en

% (2) Mln{ 1’ +l%}x i y . sale 34 de la baza,.

{3) Resolver para las nuevas var. bas. (elininac,
de Gaucs—-Jorddn), lo que queda la 2a. soluc.fret,

baz.

(1) Mln{; 3}= -3<0.". Xy enlra a la base.

(2) Min{+i, +%}= g .'. sale X de la base.

(3) eliminacitn G~J para construir 3a. solucién
fact. bas,

{1) no hay negativos en el renglén (0) .°. la 3la.
solucibn factible b8sica es la Optima con un cos-
to de MAYX 2 = 36. B

* Si todos los elementos de una columna no bésica (excluido el elemento (0))
son negativos, entoces (no podemos ejecutar el paso (2))el problema es no

acotado: 2 = co.
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DU ALIDAD

PROBLILIA PRINA PRCELERNA DUAL Forita
Hax Z = c¢cx Hin w = b'y caadnica
Ax & b Ay > c! )
A 0 y> O
Max 7 = cx Min w = b'y estandard
AxE b

. ' — At
n};l_o Ay A

vy O
ALGURAS RELACIONES ENTRL AKEOS PROBLIENAS:
1. %Y picblernia duzal del dunl es el prainal.
2. Sy =y v son soluciones factibles del primal v del dual
respactavanente entonces Z = cex &b'y = w,

0 fas}

feorcma e dualidad-: Dados los problemas primal y dual

en su forma candnica, entonces uno y solo uno de los si-
gulientes cases se cumple:

a)

b)

c)

Ambog problemas ticnen soluciones éptimas finitas
y Z = w para tales soluciones.

Un problenz nc
tiecne al mencs
nita.

ticne solucidn factible , y el otre
una solucidn factible optima no fai-

Ningunc de los
factible,.

des problanas tien2 uni solucién



Llamecuos probiloma pramral a

|

trf
b2

bt p L 0

}
SOLUCION POR MITOHO STHPLEX  THIAL

Vax w o= -4, -8y =18y
o1 2 3
[-1 O -3\!}1\ P
\ 0 -1 :"3: -}'i‘} > -5
\'S
(x 2 x x x )
1 3 4 5 1 2 _
Baselw y y vy 'y y iDer
r 1 2 3.4 5
(0) {w 1 ffé +6 +18 0 Ol ©
194 .
(1) Yy 0 -1 0O -3 1 0] ~3
4
\(2) 5|0 o!-ll-zl o 1|5
(0) tw L 7270 070 61-30
295(1) y O -10(-3,1 O
4 ¥ v .
(2) |y 0 0 1:2:0 -1 5
. 2 Vo
) [w T 7 270.0.72 6] -36
EO et
3g<(l) 4 G 3 0 1,3 0 1
3 -2 v 2
(2) 1y 0O 3 1 0 3 -1 3
2 .

(0)

(1)
*(2)
(3)
(1)
(2)
(3)
1)

. -

Solucidén faciible biAsica del preblema dual-: una solu-

cidn bésica para el prinal, no necesaraiamcnte factible
(pcr los nefativos de la columna derecha),y en (0) coe
ficientes no negativos para las y's no bisicas, -

Min{-3, -5}= -5

Max 6’ 18%= 6 . . y enira a la base con lugar de y
11Z2) -1 2 5

Eliminacidén de Gouss-Jerdin pari obtener 2a, sclucidn

y sale de la basc

th

factible bisica del dual,

Min{-3}= -3 . y salc de la base

Maxy 4 Gy= 6 . . y cntra a la base en lugar de y
-1 °-3) -3 3 4

Eliminacidén de G - J para obtency 2a., solucidn factible

" basica del dual

Ladoe derecho no negativo solucidén bisica del primel
es factible solucidén Sptima-
3 2 1 4 5

w = - 36

Si todos los elenentos de rengldén con lado derecho ne-~

gativo (excluide el elemento w) son no negativos . enton

ces (no podemos ejecutaxr <1 paso (2)) el problema pri--
L na taicne solucidn faclible.
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Uaa comnaniz deba

Fry

\wéndice l: Problemas de Programacidn Lineal

roduclir un cierto producto en cantidad

g

suficiente para, camolir con law wvantas contratacas para

los sigurentes cuatro meses. La capacidad de produzcidn

de este producto estd limitada segan los difsrenies meses.
Los costos unitarics de producciin varian de acuerdo a la
disponibiladad de personal. [l producto puede ser productde
en un mes y retenido para vendesse en un Mes posteridr, Dero

2 un costo de almacenamiento de § 1.00 vor unidad por nes. No

se i1ncurre en costos de almacenamienlkbc para producto produci-

t

do en ese mismo mes. Por razones de caducicdad, la comrpania
desea tener existencia nula de este producto al final de lLos
cuatro meses. Segiin los datos dados en la siguiente tabla,
¢Cudnro debe producirse en cada uno de 10S CLATYO mMeEses con

el fin de hacer miniro el costo towal?

VENTAS PRODUCCION COSTO UNITAAZIO <COZTO UNITARIO DE
CONTRATADAS MAXIMA DE PRODUCCION ATMIACENAMIENTO POL
MES
20 30 8 i
30 30 iz i
50 20 11 1
40 50 14 1
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2.Un fabricoate de muebl sLgL.oonts foranaa:

L

- m . — ]
oo es.onMma agaz tendra L

M

72

cuznde nonos 40 masas, 230 s:llas, 30 escrivorics v no mas de
20 libre_cs. y para satisfacerla dispone de dos tipos de madera:
1,500 metros de tabla de tipo Ay 1,000 del tzipo B. Dispcne ade-

mas de B00 horas-hombre para efectuar el trapajo. Las cantidades

b

2 7

3

adera, 1las horas-hombre v las utilidades correspondlentes a

»

b

d
a
C

3
tt

ada cantidad de articulo, se indican en el siguiente cuadro:

Q

i

1S

Arciculo vacera horgs
- A 3 homore denanda estimada utilidad
hLasen 3 2 3 cuancdo mencs 40 S 12,89
Si1llies z 3 2 cuanco manos 130 3 5.00
Esgrirtorics 9 4 5 cuando menos 30 15.00
1mINTO% 12 1 10 cuandc mencs 10 15.00
TCTAL 1500 1000 800
Quc ntmero de nesas, sillas, escritorios v libreros debe producix

para marimlliary SUs gananclas,

Jna Lndustria produce dos articulos: Ay B 1z

i)

labecracidn e una

&)
©

unidaad del arciculo A regulere de 1os $igulentes 1nsamos:
S 20,00 12 mano de chra

S 10.00 ce materia prima



(¥R

1cne por cada unidad del articulo A,

Para manufacturar una midad del articule B, sc¢ reguiercn Jlos
Slgulenc@s 1nsumos:

$ 10.00 de mano de oora

$ 30.00 de materiaz prima

1.00 por depreciacidn de eguipo

1 articulo B es

{b

La uczlidad gue se cobtiene por cada unidad d

$ 5.0

Los recursos para producir dichos asticulos son:
5 100,000.00 para salarios
S 130,000.00 para materia prima

y ademds, se reguiere que la depreciaclidn del eqguipo no sea

mavor de $ 40,000.00

Qa8 cantidades de articulos A v B deben procucirse para due

la erpresa obtenga las mé&xzimas ttilidadeg?

= — -

Una faprica de automdviles y camiones ccnsta de los sigulentes

1. Estampado de planchas metialices
2. Ermaco de motores
3. Montaje de automdviles

<. lontaje de camlones



5.

1~

D1 wepartmarcic I prode escampar, por mes, las planchas nece-
sarias para 25,0060 automdviles o 35,000 camicnes, © ias corres

pondientes complnaciones de autcombviles v camiones. 1 depar-

)

camentc 2 paede armar, por mes, 323,333 wmotores de =zu.cnlbviles
5 16,667 motores de camicnes, o las corregpondientes combina-
ciores de motores de automdvil y carmidn. EL departarento 3 -

puade montar v terminar 22,500 automdviles v 15,000 camiones

tn

el depaertamentoc 4. i cada automdvil deja una util:xdad de 309

automdriies v

2
Q
[oN]
o)
1
QI
M

~es0s v ocada camldn de 230 fqué canti

Ionliones denen

teacan sean s wAx1imas posibles?
Un airdastrial desea decermlnar el progroima Ontime pira tres rez
clas distintas gue hace diferentes proporcrones de pistaches,

avellanas y cacantates. Las especificaciones de cadta una de eilas

}--.\

son: la mezcia depe contener 50 por ciento de risteiches cono

minimo y 25 por <iento Ge cacahuates cuando mas; el kilo de es:

-y

mezcla se vende a 530 centavos. D1 segundo tipo debe ccatener

3

25 por ciento de pistaches, vor 1o menos v 50 zor cieato de

cacahuates, cuando maés y se vende a 35 centavos <1 £1loc. ELI ter

cer tipo no tiene especificaciones v se vende a 235 cantavos el

ndastrial par ada periodo son : 100 kxilos cde prstache,

™

0,
u
<
(1]
|_J
}_.J
u
3

o]
C

()
[N
o]
v

' !
I“
Q
jal)
Q)]

100 kzles de caczauvave v 60 kilos

mistache leo cusszta 65 centaveos, la de cacahuate 25 centavos y

R
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+

tn

2L poncatos e oavellanazs. Se ctraca de determinar cugnvos olos

O
J
it
(I.
i
&
b
1
1]
1
+
a
[}
]J
e
{1}

o denan przparar ce cada relcla, nara

i
4

Una fabrica de papel recibe el siguiente pedido: 800 rollos

30 centimetros de ancho, 500 rolles de 45 czntimetres de ancno
v 1,000 de 56 centimetros de ancho. Si1i en ¢l almacérn solawmen-—
te existen rollos de 108 centimetros de ancho zcdmo depen co-
tarse los rollos para surtir el pedido con el minimc desperci-

cro de papel?

Una empresa tilene tres plantas con exceso de produccidn de uan
cieto producto. Se ha dec:d.do 1lizar el axceso Qe preodaucc:ién

en la obtencidn de ese producto en forma Sptima.

Este producto puede ser fabricado e€n tres tamaios (grande, rcdia

no y chico A,B v C). Que dan ana utilaidad por unidad de § 1z,
0 v $ 9 respectivamente, Las plantas 1, 2y 3 tienen cageCi-

dad para producir 500, 600 y 300 unidades del producto por dha

respectivarente, independientemente del tameno © combinac

o

I_l

e

;
~

sin emnbargo, el espacio disponible parz el‘.lmacenamiento, 13p0

{

re una limitacidn. Las plantas 1, 2 yv 3 ticnen 9,000, 8,000 vy

3,500 M%, v cada unidad del producto A, B vy C reguieren 20, 15

v 2 M respectivarente.

N

Las rerias andican que pasta 600, 800 v 500 unidades ., B v

V2

1)
[}

raszeciivenegente paeden ser vandidas poy a.

e
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£

seto aniforme

0
o

de mantenex

-

r:l
0
]

ha decidido gque la

"
}_J
v
]
ct
£
[

-

se

la misma.

¢}
o)
-,

a olonta sea en porcentaje

Se desea conoccer la cantidad de cada

ducir con el objeto de maximizar las

de

reiculo gque se

utilidades.

(&)

trabajo =ntre las

aepe pro

Uno companiiia de aviacidn, al ccnsiderar la compra de assoplancs
Je vasajeros de 3 tipos: pequeno, mediano v grands, 4dlEDOnE Lo
los siguientes datos Los precios de compra por unidad son

$ 2,506.000.00, $ 5,000.000.00 v S 6,700.000.00,

respectivaragyts

la cantidad de dinero disponible para estas compras

$ 1590,0006.000.00 segln cé&lculos de la empresa, se

da avidn serad utilizado casi grerpre a su méxima capacidad;

..

tir&n suficientes pilotos para manejar 30

0]

A1

w

se compran aviones de tipo pecuefio solamente se podri dispeoacr

de mantenimiento para 40 unidades, en tantoc gue el maatenimien-

L0 para aeroplanos de tipc mediano o grande serd de 4/3 o 5/3

del gue se regulere para =21 tipo vegueio.

Ia utilicdad acta anual por unidad se estima c¢ue seri de $ 259,003.00
ara €l tivo pequeno, $ 300,000.00 para el Do wedlanc y

$ 420.060.00 para el tivo grande.

Utzlizando la informacidn anterior en un analisis przlaininar

sin considerar gue el nlmero de aerovlilanos debs ser cazerc, .a

compafila desea conocer cuantos avicnes de cada tipo depen oo

2rarie mara meximizaX las ganancias.,
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i0.

.Un ainversionista tieas variras posibles actividaass (A, B, C vy
D). nas actividades A v B rezlizables 2l principio de cada uno
da Jes ¢inco afien niguientos.  Por cada peso wnvercedo en la
ccli sudoed A, opbendrt 5 1,40 (L0010 de atailadad) dos abvos des-
pués, los cuales pueden ser reinvertidos inmedlatamente. Al

invertlr un peso en 3, obtendrd $ 1.70 ($0.70 de uatiladad; tres

espués. Por cada peso 1nvertido en C al principio c¢el

o)

©

nos g

[\H

o

segurn.do ano obtiene $ 2.00 cuatro anos después. Por cada pesoc

invertido en D al principio del guinto ano obtiene $§ 1.30 un arfo
después., '

£i inversionista tiene § 10,000.00 y quiere conocer gqué plan de
1nversidn maximiza la cantidad de dinero gue €1 puede tener al
principic del sexto ano.

Un proveedor tiene contratado el servicio de 4 banguetes gue es-
t&a1 programados para n dias consecutivos., Se sabe gue el j-ébiéo

banguete se deben utilizar &j {f=1,2,...,n) servalletas limpias,

para lo cual dispone de las sigulentes alternativas:

En]

'

costo/serviileta plazo de entrege

dias
compra de servilletas
nuevas a 0
sexvicio norrmal de lavan-
¢exfa ¢ b g lenfenc)
serviclo rapido de lavan-
deria c p lentero ]
tenzendoss, a>b >¢, g < p
Las scrvilletas pueden usarse depués de sey enviadas a la lavaal-

joh
m
[
fs
i
i
o
o
£
2
L
=
e
! J
]
£
)
Th
I_r
v
’_}
.
O
[eh
[Pl
<
©
0
[
n
tzl
}_l
<
Al
I__I
0
H
[an
D]
4]
fu
}—l
3
o]
0
-
(91
=)
2
m



8
servcilletas usadas es nulo. Suponiendo gue inicial.onte no
se trencen servilletrtas nuevas ni en la laranderia,
|5}
b

oGl a.’@s 54 negeclo el proves=dacr para Tener LR ¢o
1inal del contrato?

.

ccdrn &

[

L R

3

.
QCDC

‘

rinime al



PROGRAMACION LINEAL

LJEMPLO 1
. POR UNIDAD
PRODUCTO | HORAS DE UTILIDAD | CAPACIDAD
FABRICACION MAXIMA DE
PRODUCCION
1 k) k) 4
2 2 .S 6 :

Horas h&biles/dfa = 18
¢Qué cantidades X3 Y X,
deben fabricarse “por.

dfaz.

Planteamiento1

Nax Z= 3x1 + 5:n:2 {0}

con xls 4 (1)
x2$6 {2)

I, + 2x2518 (3}

X, 20, x,20 (4}, (5)

Introduciendo las variables de holgura Xqo Xy xs, el probie -
ma quedat Max Z= 3x1 + sz con las restricciones

Xy + X, 4, x2+x4=6, 3x1+2xz+xsn18,

3120 para i =\1' Zp 3' 4' 5¢
. xz
' 10
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SOLUCION POR SIMPLEX PRIMAL

—

r (0) la., solucifén factible b&sica:

x
la se elementos derechos noséeaati
(1) Min{-3, 5<0 .« s x, entrada base.

¢(2) min{*3, *13= £ .. sale x, de 1a base.
(3) Resolver para las nuevas var. bas. (eliminae,

de Gauss-Jordin), lo que queda la 2a. soluc.fact.
bas.

{1) Hin{; é}= -3<0.', x, entra a la base.

1
{2) Mln{+4 +% g .’, sale x5 de la base.

(3) eliminacifin G-J para construir 3a. solucién

o lyg ¥y ¥y ¥3)
ase z xl xz 13 x‘ x5 Der
[ i
(0)] z 1—3@50 0 9 0
(1M xy] 0 1 0!1 o0 o }4
1 '
2)fx,l 0 o @io 1 oy
{1
() x| 0 320 o 1p1s
r [ | B
Wz | 1600 5 of 30
‘l
(1fx.] 0 10,1 0 o 4
25 3 .
2)x,f 0 0 1;0 1 ofe
1
(G x| 0o Bl 0jo-2 1}(6)
(0} z 1,'0 oio 3 1] 36
I .2 1
3&(11:3 ol‘o oi13-§2
2)fx,] 0 o 10 1 ofs
¥ ' o2 1
(3 x |0 1 0i0-5-3|2
i |

fact. bas.

(1) no hay negativos en el renglén (0) .”. la la.
solucibn factible b&sica es la 6ptima con un cos-
to de MAX 2 = 36.

* 81 todos los elementos
son negativos, entoces
acotadeo: 2 = o0,

de una columna no bisica (excluido el elemento (0))

(no

podemos ejecutar el paso~(2)hel problema es no
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mnunjar 30 weroplanosi gue a1 so compraan aviones do bipo poquoiio soied.n
¢u- a¢ podrld disponer do manconimiente para 40 unidades, en tento gue ot
ssnteninienio para aezop)nﬁcs de tipo mediano o grende scrbh de 4/3 o 5/3
¢l que se requlere para ol Tlpo peguefic,

Lo viitdad neta anual ser upidad e esilra qua scra de 4230,000.0v
#afa 2l tano poqueiio, $300,000,00 para el iipe mediano y 3420,C00,00 pa-
o ex tipo grando,

Utjliuanda‘?a anformacioa epnterior en up analidsis preliwminoe, sia .-

roapiderar que el ainero do sevoplanos dobe cer antero, la cempailia de -

se2a gonocer cuanlos avioncs de cada tipo deben comprarss para maximlzav

n

AL BETANCRAEG)

g1 daverslonista tienc vorion po;ib]oa ;GLLUid&dGEc (A, B, Cy Dy; Lo -
{ividados A ¥ B w2alizables al princilpio de cada ~nec de los cinco siio:

siguienies, Por cads peso ‘invertido en la actividad A, obtendra ¢ 1.00 -

i QGLO de wvilidad) dus afios después, los cuales puedan gex rotluvevrii .

tog Lamediatariente. Al dnveriir un pese on B, cbtendra § 1,70 (£0.70 dc

#111idad) ¢rec afics después. Por cadn paso invertido en ¢ al principio
vel sepundo ofio obtiocae §$°2.00 cuvatre alios despuéc. Por cada pouo invoi-

- tdo an D &l principio del gquilnio afio »biiene § 1,30 wn ailo despuds.
A1 inversioniota tione § 10,000,000 ¥ quiere conecer qué plan do 14
cruinn rRavamiza la cantidad de dinero gue &1 pnede tener al principic -

0
.

d:) uoxto gfio,



é

5, Una waae .. a Lieac ires plencas ¢on 2vceno Jo praducesdn dn un cieriso

nrofuete 8¢ na decidado wiilizar el excesd J. sredaceida en la obioncida de

]

sy producto en woima Sonbtimna,

) Eoto proiucto puede ser fobraicudo en ires camaiios (grande, me-

+

dzann y rico 4, By c),~Quc dan naa utilidad por unidad de & 12,
10 ¥y 9 vespeuiirvamente. Loa plantas %, 2 y 3 trenen capacidad pera

produciv 300, €00 y 300 unidades del producto pér diz recpecvivamen

te; independientemonte del tawsio ¢ combinacidn, sin embargo, el oo
pacio dicgonidblo para cl almacensmionto, impone una limivacidn. Lac

piantné ie 2 ¥ 3 fienon 9,006, 3,000 ¥ S,SOO”TEEQ ¥ cuda unidad del

pioducto A, B ¥ C requioren 20, "S5 y 2 fta reaspogtlvamentoo.

4w veates indican que hasia 620, 800 y S00.unidades A, By C

vespoctivaventoe pucden ser vendidas pos dias
4

Gun objoie d¢ nanloeoncr uwanlforme la carga de tr?bajo entyre lias
k 1 .
pl.ntas se ko decidlido que lm producecidn adicional. gsiginada a cada

.

plaerce sex en porczntaje ia wiswas !

35 dogea conccer ta cantidad de cade articulo que !se deba pro-

ducir con el ohjets de waximizar las utilidades.

H e '

? Una coupanla de aviacidn. sl considerar la compra de aeroplisncs de

-

pRsajerca de 3 tipoo: pequefio, mediano y grande, dicpore de lcc i~
guantes datos: Los procios de compra por unidad eson § 3,500,000.00.

$ 5,000.,000,00 3 ¢ 6,700.000,00, respectivangnto; la cantidad de di

ncro disponible para estac compras e€a § 150,000.000.00 segin calcu~

ioc de lo empresa, e save que cada avidn serd utilizado casi siem-

N »

pre a st mamme capacldnd; gue exiscirbn suficionten riiotos para -
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EJEMPLOS DE PRO}BBEMAS DE. PROGRAIMACION LINEAL

1

PLANTCAMIENTO DE PROBLEMAS

b
. Uwn fabricawnte de wivzbies estiwa gue tevdra a8 siguiente dowmndal
!
] I}
o oF wnenes 4@ MeSas, e\ sillay, 30 f_St:T'.iIO\“los v oAy sl YR

!
1

+

breves; y para satis€acerla dispose de dos tipos de ma{:leva: 1,500 -

f ~

pres de tabla de tipo Ay oot del tipe B, Dns]:-one ad;wg'sj de Bob

5

heras howbres pava efeetuoar cl trabajo, Las cantededeside wadera,

]

o {
Jas horaschowbresy las utitidades correzspevdlentis s cada vmidad de

. -

aviiculeo, se indican en el sigiiewte cvadro,
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DESCRIPCION PROBLEMA DE PROGRAMACION
LINEAL ("PRIMAL")
/-

Se disponen de las cantidades bl’ b b, ... bm(datos)

20 0 Y

de recursos para producir n productos Xer Xor euy xj, ceey

X (inc6gnitas) los cuales dan utilidades unitarias Cyr c2,

c ..; C, respectivamente (datos}. Para producir una uni -

3’ n

dad del producto j usando recursos bi’ se requiere una can-

tidad a; de dichos recursos (datos). El problema es deter-

]
minar las cantidades X de productos que deben producirse
de acuerdo con las limitaciones de recursos, de modo que -

las utilidades sean maximas.

Mateméticamente,dados:

(a) bll' b21 “ 9y bifcoi b

. m
(b) clr czr .y Cj'o.. cn
(cl aij'(‘i =1, 2, .o, m; =1, 2, .., n}

encontrar xj (4 =1, 2, .., n) tal que sea midximo
n

=Y e
i=1

cumpliéndose las restricciones:

n
E aij xjs bi’ i=17 2, ..; m (Qimitacidn de recursos}
j=1

xJ;,O i =1, 2, .., n (produccidn no negativa)

Usando matrices:

llax 2 = ¢cx con Ax&b, %20



Llapenés problema primal a
Max w .= ~4y -6y, -18y

. " 2 3

"1 0 4-3 yl "3

( 0 -1 -2\ 3’2\ < (-5
¥3 .

. -SOLUCION POR METODO SIMPLEX DUAL -

(x 2 x x x ). (0) Solucién factible bdsica del nroblema dual: una solu-

5 4 5 1 2 cién bésica para el primal, no necesariamente factible
] (por los negativos de la columna derecha),y en (Q) coe
Baseiw y ¥ ¥y y y |Der. ficientes no negativos para las y's no bisicas.
’ 1 2 3:4 5
0 |w |1i+4 16 ¥16 0 0| 0O (1) Min{-3, -5}= -5 . . y sale de la base
1'a'*(l) y 0O -1 0-3.1 ol -3 *(2) Max}6 18\« 6 . .,y entra a la base con lugar de y
4 : 1’172} -1 2 5
) ly lo 0-2: 01 @ (3) Eliminacién de Gauss-Jordin para obtener 2a. solucién
5 . . factible bisica del dual.
{(0) w |L 4.0 6.0 6| -30 (1) Min{-3}= -3 .". y sale de 1la base
Zgﬁ(l) y4 o -1 t()g:]; 1 0 G:) (2) Max ;% ,_g =-§ .. y3 entra a la base en lugar de y4
2y [0 O *1: 2:0-1 5 (3) Eliminacidén de G - J para obtener 2a. solucién factible
‘ 2 ; bisica del dual . -
((0) Tw [T~ 2 0.0.2 6| -36 (1) Lado derecho no negativo . . solucién basica del primal
1 y =1 es factible .’'. solucién 6ptima: ~
38 WVily {0 3 0 1:3 o] 1 y =1 y =3 y =y =y =0 w=- 36
1 3 -2 '+ 2 3 2 1 4 5
(2) y2 o 3 1 0.3-1] 3
\

* Si todos los elementos de renglén con lado derecho ne-
gativo (excluido el elemento w) son no negativos enton
ces (no podemos ejecutar el paso (2)) el problema pri-
mal no tiene solucidén factible.



DUALIDAD

-T

PROBLEMA PRIMAL PROBLEMA DUAL FORMA
Max Z = c¢x Min w = b'y candmica
Ax £ b A'ly > ¢’
X =0 , y2> 0
Max Z = cx . Minw = b'y estandard
Ax € Db
xz20 Aly = ¢’
yz O

ALGUNAS RELACIONES ENTRE AMBOS PROBLEMAS:
1. El problema dual del dual es el primal.

2, Sixyy son soluciones factibles del primal y del dual
respectivamente entonces Z = cx<&b'y = w,

3. Teorema de dualidad: Dados los problemas primal y dual
en su forma canénica, entonces uno y solo uno de los si-
guientes aamps se cumple:

a) Amhos problemas tienen soluciones 6ptimas finitas
¥y Z = w para tales soluciones,.

b) Un problema no tiene solucién factible, y el otro
tiene al menos una solucidén factible S6ptima no fi-
qita. .

c) . Nipguno de los dos problemas tiene una solucién

factible,
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PROGRAMACION DE REQUERIMIENTOS DE PERSONAL

Prof. Ariel Kleiman

e

El Dopartamanto dé Planeacidn dz una importasis chpposa.
de fabricacién de relojes, estd tratendo de decidir cuenlas
operarias se cpntrataran y entreaarin.durente el primer se-
mestre del afio préximo para el Departamcnto de Arrado.

El nimero de horas de trabajo varia de acuscsdo con los
planes mensuales de produccidén, por lo que se estimarson las
siguientes cilfras: '

i

‘Mes Horas necesarlas
i .
Enero 2 600
Febrero 7 000
iMarzo , 8 000
. Abril 10 G600
Mayo 9 000
Junio 12 000

Dos factores complican la programacidn del reclutamien:
to de operarlas: 1) Se requiere todo un mes para entrenar’
una operaria, antes de que adquiera la habilidad necesaria
para trabajar sin errores; por lo que la coantrataclén debe
efectuarse con un mes de anticipacidn; 2) El entrenamieato
de una operaria nueva esti a cargo de una operaria experts,
y exige 100 horas de ensefianza y control durante el mes de
capacitaciodn. '

Para el mes de enero no habria precblemas, pues se con-

taria con 60 operarias. De acuevrdo con el contreto colecti-
vo de Trabajo, el nlmero maximo de horas mensuales do actie..
vidad no debe superar de 150, por io que se t{erdsiarn ¢ GI2
horas laborables disponibles.
’ El sueldo mensual de una operaria entrenada, incluy
prestaciones soclales, es de $1,600.00. El sueldo ce un:
operarlia nueva, es de $800.00 durante el perfodo de entr
miento.

Finalmente el Departamento de Personal ha estiimado en
el 10% la tasa mensual de renuncias de operarias, (por vazo-
nes familiares, de salud, cambio de trazbajo y otzas causzs}.

Se pide: a) Indicar las variables del problema

b) Plantear y explicar cada rsstricciin
c¢) Formular lea funciodn objetivo .
d) Comentar el modelc eraboereado ’

o
b

M
.
[ ]

-

W

§

v

.k
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PRODUCCION
GRAMACION DE inNSUMOS EN PROCESOS DE
PRO
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Producto Centro de procesa Insumos % de recupe Costo de ope

miento litros por racién racién
hora) ($ por hora)

A ] ' 300 90 150
2 (ler. paso) L50 95 200

4 250 85 120

2 (2" paso) 400 80 220

3 350 75 250

I 500 90 206

B 3 480 85 250
. b 400 80 2LQ

Se pide formular un modelo lineal de programecién de la produccién gue per-
mita maximitzar las utilidades. El programa 6ptimo de producciér debe respon
der a las siguientes preguntas:

a) ;Cuédnta materia prima se utilizard diariamente en la produccién dei soi-
vente A por el procesoc usual?

b) ,Cuédnta materia prima se utilizaréd diariamente en la produccién del soi-
vente A por el proceso opcional?

c) ¢Cudnta materia prima se utilizara diariamente en la produccién del scl-
vente B?.

N



PROGRAMACION DE INSUMOS EN PROCESOS DE PRODUCCION

D

Se presenta & consideracidén un plan intezral po
las operacicnes de una empresa internecional de produccidn, wefin
cidn, transporte y distribucidn de petvéles crudo, geacliinas y pvo
ductos petroquimices. La dencminavemos ""Petrolecs Interoceanic

Sociedad Andnima" (P.1.8.A.). '

4

Le ewpresa P.1.8.4. estd organizads como un gonsoreic Jg Cige
"hoiding,"™ que es propieverie tofal o pavcial d¢ variss compsil

subsidiarias, las que son responeables por los gpavecicnes espeoni.e
cas. El problema fundamentael de Ta emprese P.i.8.A:. Cs lograr wx
plan incegral que ccordine ies activida&a
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vias; optimice los resultados dz 1la o
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aivemence lg eutoncomfa de dichzs subcidiarias eaﬂla olanes
lag zectividades quz les sean prosias.

.

EL primer plawn integrel se puso, en practice & cvincipies de
1968, coincidiendo con la asamblea snual del Consg

e}

empresa “holding™, en la que se znsllszarcn Lea ro
y fLinancievos del ejevcicic anterlor, v sg avrebd el cuquons de slam
integreal.

El plan fue elaborado durante.el segundo ¢

ramiente de aiguncs. fuaclionariosrejecutives de
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diarias, de ingenieros petrolerce del Deps
Operaciones, y de algunos viejos directores cuya in;ci&tiva hab
salvedo a la empresa en l¢s dificiles alics de la posiguer.oa. Do lo
qua respecta & sus caracteristicas fuadamentales, ¢l plaﬂ vasumla
a experiencia de loz diversos grupcs do inteveses, lacorsoradbh apree
claciones subjetivas, y evitaba una excesiva wigidez que pexr)

12 toma de decisiones a nivel de empresa subsidigria. Ere méc bien

-

un.marco general de eatrategla & corie siszo, que pyoporaionaba 1

- -

&
crientacionza glohalez de la empresa, en la intelligencia de que las

it -
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p
grperiencinog quo ma acum1lqr1an dawmnto ol procose de aplicacin

Gol plan, pnrmluirlnn ofccinar rovinronos onualces a fin de pular

o

dotallo afinar progcdinicatod,; incorporar nuevos Cr.iorics
‘mas guo noda, AAOOURNOS O lag condiclonzs cpmblantoq dol morcele

duv Anloarmecaonel de ciudos y rolflaados.

41 fanadizar ol sogundo oZo do operacsiones taje 2L auove

O
*

- ’ Vi .
pion, so notio que lao cosao no merchrben come 2o habin pengad
poliy

/
can, ia empresa comenzo a perder zerrence fronte al avonco do e

-

F.

’
n posar del proceso anhual de revision de mewas, pleries ¥ 2

L

1

proenp competidoras meo agresivas. AMdemdz los resulisdss genera

les de operacion no eran muy brillantes, ya ¢uo en promedio o

repsiion ceol los minmos valores de afios anierLores ea 1os iada

cea Tinancieros y soondmicos del analisis deo reswliades. ¥ zor

si esto Tuera poco;, los sjeccutivos do las emprosasg subgrdizrlias
21l

50 quejaban de que por lo gencral, el plen no era suficientenen
a

mas., En alguros casog, habia ocux rldo que iniciras
tas para el desarrollo da ope“ac1orcs & nivel 1
ran permitido ganasr mercados especlzlc&s en rezon de orielrs SO
1fticas internacionales, no pudieron sar aprevechsa

\J
fa]

BY OpROIrTUNiG~
mente porque requerian inversiones qua exccdisn los marcos geap
reles delineados por el plan, Il procca2

vag circunsianciag, hublera pequerido
letado, quo la 0p0rhunidad se habris p*rdi?c de todag manoras

Asi es que a medladOS de 1970 se reunid el Consejo d¢ Di--
rectores y resolvio conurater alguios egpecialigtes para cuc sg
cnfccara el problema integral de acuerdo con 1a 15cnica de ana-
110&5 de oilstemas, qua ge construyera un modelo de de scripex 5“,

aal;sls \'g predioclon, Y que 3e recurr:era a los jmetoaoa cuanty

tetivos mas adscuados pare la solucicn del medelo y ¥ eleboracica
del plan integral da operacicnis, J

w2 =



Los especialistas en técnicas cuantitativas trabajarovu cu
la realizacién de un diagnéatico detallado de la ectructura do
la empresa, les interrciaclones entre log diveveos subaisterce,
los principales problemas a encarar, ete., y sugirierca cue 2
programacién lineal parecfa ser la técnica mis edecaecs pa
englobar todos los factores involucrados, optimizar 1
tadcs de operacién, tomar en cuenta condicioncz especiflcas de
cperacién de cada subsidiarie, y enalizar nvevos planes y
ticas cuando cambiaran las condiclores del wmercads o varie
sigunos supueetos iniclales del andlisis,

-

El Consejo de Directores auvtorizé se continuvare gdelan
en la elaboracidn de un modele iIntegral, por 1o gie se decl
aplicar la programacldn lineol a nivel globsl, resolver el ro-
delo obtenfende v plen de operacicnes, y enalizer la sensliti-
vidad de la solucidn ante varl.acicones ¢ los gparémetros estine-
dos. El plan se entregd pava su aplicacion &
ejercicio econémico de 1971; =e propusc un periode ae un afc

para verificar resultados, comparar coa el sistema enterior,
o
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recibly criticas y nuevas inicilativas, y puiir decallies =
ficlentemente elaborades. En el transcurso del &fio se perfec~
cionarfa el modelo mediante el andlisie da posteoptimal
tratando de adecuarse progresivamente a la realidad, ooteniesns
do la mayor informacidén pesible del plan Sptimo prcogpuesto, vy

analizando las modificaciones para adecuarse a cambios en las con-
diciones de operaci6n. £n el afio siguiente, se tomarian en con -

sideracidn los problemas especificos de la relacién entre el olan
integral y los planes de cada subsidiaria, se evaluarian tcdos ]os
proyectos particulares dentro del encuadre globa!, y se obtercrfa
el plan definitivo mediante un proceso de mutuo ajuste, hasta el -

logro de una compatibilidad total de toaas las condicicnes Yy rasw-
tricciones.



En las péginas sigulentes se presentan las consideraciones
referentes a: estructura generagl de la empresa, operaciones cc
refinacidn, operaciones de distribucién y operaciones de trens-
porte, '



Estructura v Operaciones Generales

RO — T

Ia omprcsa P.Y,5.A. cuenta con doa fuoutos importanteo do

-—it

aprovisionamiento da potroleo, crude: Porsia e Indoncaia. &l p2

——— ¥ —

tréleo de Persia es el més pesado cuesta dos ddlares por barril,
se carga en el puerto petrolero de Abadan, y se tienen asegursdos
cien mil barriles diarios durante todo el afo.

———— o

El petroleo de Indoneois se cbtiene de los campos peircle
ros de Brunei. en la 4slo de Borneo; ¢g mas iiviano gue el per

—

sa, cuesta 2,60 délares por barril, y se han contratado cuarenta
mil barriles diarios con la Compafifa Petrolera Neerlandesa.

Hay dog empresas eubsidiariss dedicadse excluoivémeatc &
4 L - I P - -~
operaciones do refinacion, Una de elles fGicne au ssldg 24 Ause

g8 de cincuenta mil barriles diariocs da procssoe., La empress «

distribuye sus refinados en el marcedo auetralisno,y cuenta <
'

con excedenten disponibles que exporta & los demas uercadcg «

de 1a cumpresa,

La otra subsidiaria para opcraciones 4o refinacidn es%a
situada en el Japon,corce de Nara, y su capaciaad de refinge
cién es de treinta mil barriles diarios. Abagtoce el mercsdo
japonés y sus ozcedentes se exportan tombien & 61ros mercacos.

Hay dos expresaes subsidierias dedicadas exclusivamente &
operaciones de digtribuciodns waa de ellas cn las Filip
la ofra en Nueva Zcelandia. Los morondos que esues suba:
rias surten se proveen de produczos refirados cn Japén o0 on
Augtiralia o en casgon eapeciales do escasez transivoris, 4s la
empresa subsidiaria da Janta Bérbara,California,U.Soﬁo, qQua
atiendo regularmente ol mercado dc loz Fstedoo Unidos.

Finalnense, la eapresa cueata 0on wna flowa de baguos -
tanque,que wizilze pers transporiar erudes ¢ refinados santro

ﬁﬁl‘w

-



ias diversas subsidiarias de acuerdo con las necesidades especi-
ficas de cada lugar.

L

Operaclones de refinacidn

La operacién de una refineria es un procesc complejo. OCcue-
viene utilizar un modelo de programacién lineal para tomer e
consideracidn todas las interrelaciones posibles. Los princlpe-~
les factores que Iinfluyen en la complejided del proceso scn las
caracteristicas de los petrdlecs crudos, ia tecanolcgla especiil
ce de la refineria, los diversos productos fineles y subaro
tos del proceso, los niveles de Drodaccién,-j las restcleciones
tecnoldbgicas y econdémices del proceso. En realidad, y ¢ electcs.
de programar las operaciones sobre una bese semanatl( o a vec
oiarla))ambas refiner{es deberian implanter uva modelo de progrue
macldn lineal de sus procesos. Los especialistas estimaren Ge
asos mndelos esterian integredos por aproximadamente 2300 varia-
bles y unas 100 restricciones.

No obstante, con fines de pleneacién enusl (y de mantener
este problema dentro de un rango mane jable} se puedan acepeer
alguncs supuestos simplificadores. Por ejemplo, supcrndreros si-
lo dos tipos de insumo: el petrdleo crudo persa y el indones.c.
Adem&s reduciremos la gama de posibles prcductes del proceso a
dos grendes variedades: productos de gasclina y precdictos
destilados (como el fuel-oil vy aceites minerveles divercoe). -En
lo veferente a tecnologies de proceso, si bien hay por lo genas
ral una amplia flexibiliidad de seleccidn de la intensidad del
preceso, supondremos que a efectos de planeacidn se considersn
cdlo los cagos extremos, ec decir lz tecunologla de més alts ia-
tensidad y la de mas baje intenzidad de procesow
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En la tabla sigulente se indican los pavdmetros del proc
de refinacidn para ambas vefinerfaz, de aceerdsc con el tipo d¢
petr8leo crudo utilizade ¥ com ¢l produecite final del proceso.

Parémetv~~2 tecnoldzlcos del proceso de rafineacidn de petrélec
]

Refinerfa, insumc y procese Producte Einal
utilizadoe (cn barriles ¢e sroducto pov
barril ae iasumo)
Refinerfa gustraliana: Gesolinas Sestilados
Indonesio crudo, bajs intensidad 0259 . GBE
Indonesio crudo, alte intensidad 0363 0573
Persa crude, baja intensidad 013¢& 07322
Persa cruda, alta intensidad P Y o 03
Reficer{a jagponesa:
indonezio crudeo, baja intensided s 259 - OBE
JIndonesio cruda, alte intensidad s 35C ¢ 538
Perza crudo, baja intensidad 0186 s 732
Persa crude, altg intensidad 6 3C0 0 20

Operacicnes de dlistribucidn

Lae oneraciones de distribucidén se efectlan en las édrees de
Australia y Japdn directamente, y en las de Filipinas y Nueva
Zelandia, medignte el uso de buques=tenque. Por Intermedio del
Departavento de Estudics Econbmicos se han efectuade estinaciones
de 1

fa
.

emeada probable para el aiic 1971 en cada una de esas dreac



Tabla 11
Sstimacioncs para la demenda do gasolinos y destiledos para
lao_diversoas Arons dg_gistribucién el 1971

Horcado 4&o 1og Demanda (on milgs da barrilcs disrios)
productes Casolinas Daestiledos
Australia 9.00 22,00
Japon 3.00 ‘22,00
Filipinas 5.00 8,00
Nueva Zesclendia 5.36 8.68
Totelee 22036 49058

So dispoene tambien de los coglowg promedic do transporte ds
gasclinas o destilaios desde las refinerims o los =

QLG E d 5 €8 -
Fillpinas y Nueva Zecelendia, ' ‘

Tabla III
Costos do trenzsrorte de gasolinra ¢ dostiados |

/ L]
{en dolares por barril de desvilado’

Destino

Origen Nueva Zeelandis  Fili iplags
dusiralis 020 L5
Japon o0 020

-

veraciones de trensporte

*

Cend o La expressde anterlormcnuo, los bugues—-tenque 3¢ la
flota oo utilizon pera realizar transporie de poatrélco crudo a -
las rafi norias, edemds de.los Ttronsportes de productos refinados
a los morcado ds conoumo. LOS gostos da Transporso d¢ petroisu -
exudo desds Persia e Iadoneeis a las refznerias pe iadican & ¢on
%inLaniong ea L& tabla IV, .

MBW



Tabla IV
i,
Cosvos varinbicsde ironaporte de petroleo crudo
(en d6lares por berril do crudo)

Pipo do inoumo y da Procoas . Rofinaeris &c

Aus tralle Jépéé
Indonesio crudo, ‘baja intdnsidaé 926 oé4
indonesic crudo, alta intonsidad <26 024
Persa ¢rudo, baja intonsidad 062 259
Parsa erudo, alta intensidsd 062 s 29

P

. L

oL

ques-tonque ¥ los ruquoriW1egtﬂs ds transpcfte g2 Sermincs 42 o

) / p -
utilizaclion ds la capecidad. 3Se ncoztanbro coavavt;r L2 Ty
ques=tanque R fracciones de un vuque protovind ecurvalcnite, ol-
yo tonelaje es de 47 mll medido en unidades de toaelal]
muerio, (DWT). En el caso particuler de la flota que co
mos, la ocapacidad total es de 6.9 wnidades equiveleaves dg 7 =
mil DWT. Adcmas de la cepacided disponitle, oz fagtatle uwinli=
zar los servicios de buques-iasque independiente o

=/ e x PN 4 -
compgadiias transportistas invernascionales., ElL ¢ésvo
transporte resulta ser de 3200 @dlares por 21l berpiles dlmrios

U)
h
'd ""’ <

de despacho,
r

En lo refesrents a la capacldaa do itransporte

@
2
=
O
5
H
£2s
o)

L
tiqne gue sata var{a de ruta e ruia segun divarsos facicres,que
deﬁ@den de la disteacia recorrida, usc de focilidadces woriuas. ag
etc, Im le tabla V se indican lag fracciores do bugLa=1vanque =

equivq.enue, de 47 mlm Dwe, neoesarias para despachar 2il

Tabla ¥ .

sachoreg de uzoe ds cayacidad de buagueg-tanacue
{en fracciones de buque-itnnguo EQUiv“¢0nuC)

Orlpcn\\its““o { ) Auntralie Japon
Poroia ' a2 1 -
Indonenin <05 9045
Pilipinas 202 Neak

- » » N
Nueva Zeelaadia 03 - 08



+raa Tucnteos do aboaoleeimlieontio

Como ya hcemos meneionodo, oxizta uns poaibilidad odic"onel

[

gurtir loas mercades do lo cmpredss ¢on sobrenices tranzitors

o
G O

poirdloo rarinndo o da destilados, provenientes de una planu
ta silunda cn Calafornia. Pars el afio 1871, las cobimmpioncc 4o
profucoicn y domanda Para leo Bstados Unidos indicaben gue S
prsaﬁntarla un oxcedente de 17 mil barriles diarioes da desti
dos on 9sa planta, ¥ quoe no habria escodented ae gasolina,
Il costo del Qostilodo producide en U.8,A. o3 de dos &
ves por barril. Los cootes de trensporis a loa uergades de Glze

rmbucion, ¥ Yes requerinientts do eapecided dg bugueg-srnous =
oo iadicon &a la table VI.

Tabla VI
Oastoa de trangporte v reguerimientos de eapacld ad pEra Los

destiladoas producidos en los U.S.A.

Dagtine - ‘Costo de transports Requarini

anseo
a0 eanacided
Nueva Zealandisa' 070 L3
Filipinas %) g LB

0tros 209t083

*

A fin de compieter los datos economvcos ¥y Gecrol dprcos necew
sariog para armar o1 modelo representative de is omerseids simoli

adea del uﬁsuena, e lacluyen eu la Jabla VII loes 0C2wes varligi-
blea de refinmcidn, que dcpenden de e invendidad ol Procese I o

del $ipo de insumo utilizado. .

Tabla VII
Costos variables de refinaciom {en dolar ¢s pox Beymil)
Augsralia 18204
Indonesio crudo, baja intensidad a2 BERS
Indonesio orudo, al¥a intonaidad e 23 -0 34
Fersa crude, vaja intensidad R 020
Persa oruco, elta Latenradad s 30 oL
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This program 1§ of an ever-expanding library of time-sharing programs for use by

subscribers to the s1. 1 Time-Sharing Serv.ce of General Electric’s Information Service

Department Ez- ~vam 18 designated by 1ts six-character name to store and retrieve 1t
on the system -7 programs are classified as on-line and run only.

¢ On-line .y programs can be accessed from any terminal that 1s connected to

the syst .. The criteria for piacing a library program on-line are its general

utility a... frequency of use. Unless classified as run-only (see below), on-line pro-
grams can be listed, modified, copied, or run at the discretion of the user, To re-
trieve a program from the on-line library, tts six-character name 15 used, followed
by three asterisks. The three-asterisk suffix 1s not an integral part of the program
name, 1t 1s only a requirement for retrieving the program. A brief description of
LINPRO and LINEP$, which are additwonal on-line library programs concerned with
linear programming, 1s available by listing CATLIN. Last CATLOG for an index of
all lhbrary programs.

¢ The off-line library consists of programs not in general demand. An index to the list-
ings of off-line programs can be obtained by listing the library program CATOFF.
Off-'-»e library programs are available fordirectplacementin a specific user catalog
on r.yJest from your General Electric representative.

* Run-only 15 a term applied to programs that cannot be listed or permanently modified
by the user. It 15 possible to have run-only programs 1n either the on-line or the off-
line liorary. Run-only programs are designated by a dollar sign ($) 1n the sixth char-
acter position of the program name.

The terms under which library programs are made available to subscribers may vary be-
tween programs, or they may varywithagiven program from time to time. General Electric
reserves the night to change these terms atits discretion. Any questions regarding use of
library programs should pe directea to your General Electric representative.

@ 1968 General Elect:.c Company
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TRANSPORTATION & DISTRIBUTION

Frm doop A T
oo Zuction

TPORT$ suives transportation or distribution problems where it 15 necessary to ship a
homogeneous product from each of a number of shipping points, or sources, to each of a
number of receiving points, or destinations. The unit shipping cost from each source to each
destination 18 known. For a given time period, each destination has a specified requirement
for the product., TPORT$ determines the quantities to be shipped from each source to each
destination so that all demands are satisfied with the minimum, or optimum, total shipping
cost,

The types of transportation problems golved by TPORT$are those 1n which the total demand
equals the total supply, or where a dummy destination or dummy source, restricted routes,
or transhipment transportation problems areinvolved. TPORT$ can also be used to solve as-
-.gnment problems, 1.e., problems in which each required activity needs one, and only one,
of the available resources and needs 1t exclusively.

Examples 1llustrating each of the above problems are included 1n Section 3 of this Guide,
=~

The October 1968 reprint of TPORT$ does not render the onginal matenal obsolete.

[y

I3



DISTRIBUTION PROBLEM

wihere,

The matrix form of the solution is5*

Xip Xip e xl,h

X0 %50 o Xa,n Ay
Xu,o Xz o0 Xy Ay
B, B, B, T

The minimum cost is then computed as:
N M
Minimum Cost = ]§1 ‘!_31 C, X,

The technique used in thia program to solve the transportation problem is the Primal-Dual
Algorithm, Thig algorithm uses the Maximal Flow Algorithm which is an efficient algorithm
for determining the maximum flow in Network Problemas. The Primal-Dual Algorithm re-
quires fewer computations in the solution of a transportation problem than the Stepping Stone
Algorithm, and this efficlency 18 particularly advantageous when solving large transportation
problems.'l

This algorithm can also be applied to the assignment problem. To illustrate the use of the
algorithm, the following distribution and assignment problems are given.

Distribution Problem

The followlng example shows how TPORTS determines the minimum total shipping costs in
a distribution problem.

A manufacturer has three plantsin New York, Boston, and Baltimore, and five warehouses in
Chicago, Cincinnati, Dallas, Atlanta, and Akron, all handling Preduct Z. For a given time
period, individual plant supply capacities, individual warehouse requirements, and shipping
costs per unit of Product 2 from each plant to each warehouse are.

Shipping Costs {In Dollars)/Unit Plant Supply
Plants Warehouses Capacity

Chicago Cincinnati Dallas Atlanta Akron

New York 4 6 7 4 6 1000
Boston 7 5 8 5 B 800
Baltimore 6 4 i} 7 5 600
Warehouse 400 700 300 500 500 2400
Requirement

1. See Hadley, G., Linear Programmung, Addison-Wesley Publishing Company, Inc., Reading,
Massachusetts, 1663, Pages 351-359,
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.. General Descriptien

Tuce obective of the solution for the transpor-auon proviem s «w .o sl =08t funchion.
Mathematically, the problem 1s formulated . 5 . ulows.

>ROGRAM MATHEMATICS

Consider a transportation problem with M sou €8 and N v swnatlons . @7 rof@€r 16 ~odree
and ) to destinations, and X;, to the umts sn1n, »d from sSvu.ce 1 to Gesi. Lou | Tae i Jow-
ing relations can then be written,

Xy=Xpy +X5+00 7 =1, M

nr=

M
I Xy =X, +.. w =B, 1=1,...,N

where,

A, = number of product umts available at source 1
B; = number of product units aesired at destination )

Let C,, represent the cost of transporting one unit from gource 1 to destination j. Then the

problein 18 one of determining the X,y valuesthat will immimize the total shipping costs, 1.e.,
it 158 desired to minimize the function Z where,

M
Z CuXy

1

Tle transportation problem 18 also represented in the following matrix form and 1t 18 the
form used i1n this Gude,

Cin G2 oov Gy A,
Cipn Cap2 o C:,N A,
CM,I Cu,s . CM’N Ay
B, B, . By T
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DISTRIBUTION PROBLEM

The matrix form of the solution 15:

Xi,i X3 0 xl,N A,

xn,: xi,z r xz,n Aj
xM,l xM,z e xu,u A“
B, B, ... By T

The minimum cost is then computed as:
N M
Minimum Cost = 1§1 Ei C, Xy

The technique used in this program to solve the transportation problem is the Primal-Dual
Algorithm, This algorithm uses the Maximal Flow Algorithm which 18 an efficient.algorithm
for determining the maximum flow in Network Problems, The Primal-Dual Algorithm re-
quires fewer computations in the solution of atransportation problem than the Stepping Stone
Algonithm, and this efficiency is particularly advantageous when solving large transportation
problems.”1

This algorithm can also be applied to the assignment problem, To illugtrate the uge of the
algorithm, the following digtribution and assignment problems are given.

Distribution Problem

The following example shows how TPORTS determines the minimum total shipping costs in
a distrmbution problem.

A manufacturer has threeplantsin New York, Boston, and Baltimore, and five warehouses in
Chicago, Cincinnati, Dallas, Atlanta, and Akron, all handling Product Z, For a glven Lime
period, indlvidual plant supply capacities, individual warehouse requirements, and ghipping
costs per unit of Product Z {rom each plant to each warehouse are:

Shipping Costs (In Dollars)/Unit Plant Supply
Plants Warehouses Capacity

Chicago Cincinnati Dallas Atlanta Akron

New York 4 8 7 4 ) 1000
Boston 7 b ] 5 8 800
Baltimore 6 4 8 T 5 600
Warehouse 400 700 300 500 500 2400
Requirement ‘

-

1. See Hadley, G., Linear Programming, Addison-Wesley Publishing Company, Inc., Reading,
Massachusetts, 1963, Pages 351-359,



For this type of distribution problem, TPORT$ computes the mumumum total shipping costs
for supplying all warehouse requirements, by determining the quantities in shipments from
plants, subject to supply capacity of eachplant. For this example, the following ¢computations
are obtained.

Quantities To Be Shipped To Warehouses

Plants Warehouses . Total Plant

Chicago Cincinnaty Dallas Atlanta Akron Shipment
New York 400 0 0 400 200 1000
Boston 0 700 0 100 0 800
Baltimore 0 0 300 0 300 600
Warehouse 400 700 300 500 500 2400
Requirement -

Mimumum Shipping Cost = $11,700

-

For an illustration of the input data format and the final printed output of this example, see
Solution 1, Section 3 of this Gude.

Assignment Problem

TPORT$ also solves those problems involving the assignment of resources to jobs. The re-
strictions of thus type of problem are such that each resource can be assigned toonly one job
and, conversely, each job can have only one resource. When solved by TPORTS, a dummy
regource or Job 18 added 1f the number of resources does not equal the number of jobs,

Mathematically, the requirement 1s to find a matrix such that:

N
T X, =1 1=1,...,N

i=1

This matrix should also minumize the function Z where,

N
Z = z C

- ]X
[=1 j=1

1]

In this case, the cost matnx {composed of the Cy; elements) may represent costs or ratings.
There may be different methods of determining the effectiveness associated with each com-
bination of job and resource, 1.e., the determining factor may be cost or it may be a rating
matrix. The problem is to maximize the total effectiveness of doing all the jobs, e.g., mini-
mize the total cost, where cost 13 the measure of effectiveness?,

The following example 1llustrates how TPORT$ determines the minumum cost in an assign-
ment problem.

Jobs A, B, and C are to be assigned to Machines 1, 2, and 3, 1n any combnation, on a one-
for-one basis. The costs associated with doing any one job on any one machine are:

2. For more detailed information, see Llewellyn, R. W., Linear Programming, Holt, Rane-
hart and Winston, New York, New York, 1966, Pages 326-335, or any standard linear
programming test.



ASSIGNMENT PROBLEM

Machine 1 Machine 2 Machine 3 Job Requirements
Joh A $220 $240 $260 1
Job B ' 230 280 210 1
Jobh C 250 260 330 1
Machine Resources 1 1 1 3

The objective is to ‘determine the machines to which Jobs A, B, and C should be assigned
simultaneously on a one-for-one basis, g0 as to minimize the total cost of performing all
three jobs.

The solution compited by TPORTS will be: assign Job A to Machine 2, Job B to Machine 3,
and Job C to Machine 1. The total cost is $700.

For an {llustration of the input data format and the final printed output of this example, see
Solution 6, Sectind 3 of this Gude,

PROGRAM REDIMENSION

TPORTS$ reserves sufficient storage for a cost matrix of 990 elements. As the program 1s
presently written, this cost matrix 18 dimensioned for 30 rows and 33 columns. If required,
the cost matrix can be redimensioned aslongas the inequality, M-N5990, 18 satisfied, where
M is the number of rows and N is the number of columns in the new cost matrix.

Using these definitions, the following program statements should be 1nserted.

110 INTEGER A(M), B(N), C(M,N), X"

190 INTEGER DUM(1), L§(M+N-1), DUN(1), LSV(N)

200 INTEGER A(M), B{N), C{M,N), X"

210 INTEGER G(M), LISTU", NLV", R(N), LISTV ", NL(M-N}

For example, if the cost matrix had 20 rows and 40 columns, the above inequality would be
satisfied and the program gtatements would be:

110 INTEGER A(20), B(40), C({20,40), X"

190 INTEGER DUM(1) L§(59), DUN(1), LSV(40)

200 INTEGER-A(20), B(40), C(20,40), X"

210 INTEGER (G(26), LISTU", NLV", R(40), LISTV", NL(800)

LIMITATIONS=: -

All input data nfn.ist beantered as integers, including elements of the cost matnx,

If, in the formulaj:ibn of the cost matrix, costs are considered in terma of dollars and cents,
the elements of the cgst matrix must be multiplied by 100 and entered as integers. For ex-
ample, if an elemient "gf jthe cost matrix 1s 2.83, it would be entered as 283, The program,
however, wall prini, the enrrect optimum cost.

No quantity, whether source or destination, or element of the cosl matrix can be larger than
the integer 500,0.0 0 .

TPORT$ solves for one optimum solution. Multiple solutions are not considered.

The program solves those problems for whichk the eletnents of the cost matrix represent
costs, not profit, 1.e., the maxamization problem.

A restricted route must be representedin the cost matrx by a large integer, such ag 500,000
{or 5ES5).

The elements of the cost matrix must represent the cost of smipping one unit from each
source to each desunation.



2. Operating {nsiructions

TPORTS$ is written in Time-Sharing FORTRAN and uses the FORTRAN file capability to
process the input data.

If the file were named TRAN, the program would be called and executed as follows. Supply
all underlined information,

SYSTEM--F@RTRAN
NEW @R @LD--REW

NEW FILE NAME--TRAN Name the file.
READY,
g Create the input data file(s).
')
SAV Save the data file(s).
PLD
PLD FILE NAME--TPHRT §*** Call the program.
READY
100 +TRAN Recall the file(s).
RUN Execute the program.
INPUT DATA

Data 1s entered using a FORTRAN file in the following format, where each line number is
followed by a blank character; a comma orblank character must separate each item of data,

100 LABEL

where LABEL is an identification deviece limited to 45 characters, especially useful when
consccutive data cases are created,

101 M,N
where,

M = number of sources
N = number of destinations

102 A(1);A(2);A(3),...,A(M)
where,

A(I),I=1,M, represent the quantity available at sources 1, 2, 3,..,, M

103 B(1),B(2),B(3),...,B(N)



where,

B{J}),J=1,N, represgent the quantity required at destinations 1, 2, 3,...,N

104 C(1,1),C(1,%),C(1,3),...,C(1,N)
105 C(2,1),¢(L,2),C(2,3),...,C(2,N)

1XX C(M,1),C(M,2),C(M,3),...,C(M,N)
where,

C(1,J),1=1,M and J=1,N, represent the elements of the cost matrix. Note that the ele-
ments are entered row-wise,

1YY INT
where,

INT = 0 if the elements of the cost matrix are in terms of dollars only.
INT = 1 if the elements of the cost matirix are in terms of dollars and cents and have
been multiplied by 100.

1ZZ END
wherae,

END defines the last data case. If this label is not provided, the FORTRAN compiler
diagnostic GUT @F DATA will be printed,

CONSECUTIVE DATA CASES

TPORTS has the capability of processing congecutive data casea, The format for each data
care igthe sameas described above except that the label END 14 the last entry in the last data
file only. Figure 11illustrates two consecutivedata cases, Note that Lines 100 and 110 identify
the data cascs as belonging to the first and geventh sample problems described in the next
aection,

100 3AMPLE PReBLEM |
101 3 3

102 1000 800 400

103 400 700 300 500 300
104 4 67 4 6

105 788 54

106 6 4 67353

107 0

110 SAMPLE PRABLEM 7

b1t 47

112 1000 2000 1000 3000

113 800 1200 2500 500 600 %00 500
114 251 321 256 326 5ES SES 0
113 325 266 330 271 335 276 0
116 SES SES 300 240 305 245 0
117 SES SES 130 200 190 210 0Q
118 1

119 END

Figure 1. Sample Input Data File.



Line 101 of the first data case and Line 111 of the second data case give the number of
sources and the number of destinations for each problem. Lines 102 and 112 of each data
case contain the quantity available at each source, while the Lines 103 and 113 contain the
quantity required at each destination. The following three lines of the first data case and the
following four lines of the second data case contain the elements of the cost matnx. Line 107
indicates that the elements are 1n dollars only, while Line 118 indicates that the elements of
the cost matrix in the second data case are in terms of dollars and cents have been multi-
plied by 100, Computation for the tile 18 terminated by the entry in Line 119,

OUTPUT DATA

The program firs 4 label to 1dentify the sclution, as provided by the first line of each
input data case trom each source, the quantities to be provided for each destination
are printed. ™ . the program does not print zero quantities. After all quantities have
been printed Lo .urces and destinations, the minimum cost 15 printed, and the program
proceeds to thy 1. consecutive case, until the data line indicating END 18 read.



DEMONSTRATION PROBLEMS
TOTAL DEMANDS TOTAL SUPPLIES

3. Sample Problems and Solutions

In this section, sample problems & .d solutions are given for distribution and assignment
problems handled by TPORTS. Specitically, the problems are:

Those distribution problems i which the total demands equal the total supplies.
Problems where a dummy destination is required,

Problems where a dummy source is required.

Problems of restricted routes.

Problems of transhipment transportation.

Problems of agsignment of jobs.

Problems of assignment of personnel.

o % O o » 9 0

It would be possili: to vrnter ail o (hese problems in a consecutive input data file; however,
for purposes of di .. ...».0n, these 1. olnemshavebeen solved separately. In each solution, the
underlined entas.  .re those which must be initiated at the teletypewriter.

PROBLE". .

In this problem the total demands equal the total supplies. The problem, in matrix form is:

DESTINATIONS (IN DOLLARS) COST MATRIX

Sources D-1 D-2 D-3 D-4 D-5 Supply
5-1 4 6 7 4 6 1000
§-2 7 5 8 5 8 800
§-3 6 4 6 T 5 600
Demand 400 700 300 500 500 2400
SOLUTION 1
NEW
NEW FILE NAME~-~TRAN]
READY.

100 TOTAL DEMANDS EQUAL T@TAL SUPPLIES
10t 3 5

102 1000 800 600

103 400 700 300 500 500

104 4 6 7 4 6

105 7 5¢€ 58
106 6 a 6 75
107 O

108 END

SAVE

READY.



ALD ,
OLD FILE NAME+«=TPBRTS%%x%

READY.

100 + TRANY
RUN

TPORTS

TBTAL DEMANDS EGQUAL TOTAL SUPPLicw

S@URCE 1
- QUANTITY
DESTINATION 1 400
DESTINATIGN 4 400
DESTINATION 5 200
SGURCE 2
QUANTITY
DESTINATION 2 700
DESTINATION 4 100
SOURCE 3
QUANTITY
DESTINATION 3 300
DESTINATION 5 300
MINIMUM C@ST = 1170000

This problem 1llustrates the use of a dummy destination, In the figure below, the total of
the supplies at the three sources 15 2400 units, and the total of the five destinations 15 2300
umts It 15 obwvious, then, that 100 units of the product will remain at one or more of the
sources after all demands are satisfied. A dummy destination with a demand of 100 units 15
incorporated into the problem so that the problem will fit the transportation model. For this
problem 1t 15 asgsumed that any or all of the sources may retain the excess supply without
any extra assigned costs, and, therefore, the dummy destination cost coefficients are all
Zero.

DESTINATIONS (IN DOLLARS) COST MATRIX

Sources D-1 D-2 D-3 D-4 D-5 Dummy Supply
5-1 4 6 il 4 8 0 1000
5-2 7 5 8 5 8 0 800
5-3 6 4 6 (I 5 0 600

Demand 400 700 300 400 500 100 2400

10



SOLUTION 2

MEW

NEW FILE NAME--TRANZ

READY.

100 PROBLEM USING DUMMY DIST.NATION

10t 3 &

102 1000 800 600

103 400 700 300 400 500 00

104 4 6 7 4 ¢
58
4 6

~

aLb
eL

READY.

100 + TRANE
RUN

TPORTS

0
0
0

D FILE NAME=~=TPORTSwws

PROBLEM USING DUMMY DESTINATIEN

S@URCE 1

DESTINATI@N
DESTINATION
DESTINATION

S@URCE e

DESTINATIGN
DESTINATION

SO0URCE 3

DESTINATIBN
DESTINATION

MINIMUM COST o

1120000

QUANTITY
400
200
400

QUANTITY
700
100

QUANTITY
100
500

DUMMY DESTINATION

Note that the extra 100 units are assigned to Destination 6, the dummy destination, from
Source 2; therefore, the extra 100 units remain at Source 2.

11
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PROBLEM 3 e

§

This problem illustrates the use of a durmnmy source, In the figure below the total of the
supplies at the three sources 15 2300 units, and the total of the demands at the five destina-
tions 1s 2400 units. It 1s apparent that all of the demands can st 1, » satisfied, Therefore, a
dumimy source, with a supply of 100 unmits, is incorporater {1 o thh  roblem, so the problem
will fit the transportation model. Any allocaticns from ims duv 1y source represent the
unsatisfied demands. The cost coefficients ass, tned to ue dumm; source are assumed to
be zerc for this problem,

DESTINATION (IN DCLLARS) COST MATRIX

Sources D-1 D-2 D-3 D-4 D-5 Supply
S-1 4 ] T 4 6 900
S-2 T 5 8 b} 8 800
S-3 6 4 6 T 5 600

Dummy 0 0 0 0 0 100

Demand 400 700 300 500 500 2400
NEW
NEW FILE NAME=«TRANJ

READY.

100 PROBLEM USING DUMMY SQURCE

101 4 5

102 900 BOO 600 100

103 400 700 300 500 500

100 4 67T 4 &

105 7 58 58

106 6-4 6 7T 5

107 0 0 0 00

108 0

109 END

SAVE

READY» .
aLD

LD FILE NAME==TPORTShnn

READY.

100 + TRAN3

RUN

TPORTS

PROBLEM USING DUMMY SQURCE

S@URCE 1

QUANTITY
DESTINATION 1 400
DESTiNATI@N 4 500

12



DUMMY SOURCE
RESTRICTED ROUTES

S@URCE 2
QUANTITY
DESTINATION 2 700
DESTINATION 3 100
SBURCE 3
QUANTITY
DESTINATION 3 100
DESTINATION 5 500 .
SOURCE a
QUANTITY
DESTINATION 3 100
MINIMUM CBST = 11000.00

Note that Destination 3 requires the additional 100 units,

PROBLEM 4

This problem lllustrates the use of restricted routes, The figure below indicates that cer-
tain conditions prohibit any shipments from source 1 to destinations 4 and 5 and from
source J to destinations 1 and 2, Note that these resirictions are represented by the number
5E5 in the cost matrix. Note, also, that the other elements of the cost matrix are expressed
in decimal form and that this problem illustrates the use of this program when costs are
represented as dollars and cents.

DESTINATIONS (IN DOLLARS AND CENTS) COST MATRIX

Sources D-1 D-2 D-3 D-4 D-5 Supply
§-1 4.05 8.56 7,00 5E5 SE5 900
5-2 7.23 5.66 8.07 5,00 8.26 800
S-3 5E5 5E5 6.25 7.11 5.95 700
Demand 400 700 300 500 500 2400
SOLUTION 4
NTY
NEY FILE NAME-=TRAN4
READY«

100 PROBLEM WITH RETRICTED ROUTES
10. 3 5

102 900 BOO 700

103 400 700 300 500 530

104 435 656 700 5E5 545

105 723 566 BOT 500 B2S

106 SES SES 625 711 595

107 |

108 END

SAVE

READY.

i3



oL

BLD FILE NAME=-TPQRTLuu4

[~

READY.

100 + TRAN4
RUN

TPRRTS

PROBLEM WITH RETRICTED ReULTES

SOURCE !
QUANTITY
DESTINATION 1 430
DESTINATION 2 490
DESTINATI@N 3 100
S@URCE 2
QUANTITY
DESTINATION 2 300
DESTINATION 4 500
SOURCE 3
. QUANTITY
DESTINATI@N 3 £00
DESTINATION 5 500
MINIMUM COST = 13367.00

This sample problem illustrates the use of the transportation model to solve the tranship-
ment trangportation problem. The transhipment problem differs from the conventional
transportation problem in that shipments are permssible from more than one source or
destination. This difference can be illustrated as follows.

Given 3 sources and 4 destinations a diagram of possible shipment flows for the conventional
transportation program would be as shown in Figure 2.

Figure 2. Conventional Transgportation Problem.

Note that the flows are from sources to destinations only,

14



TRANSHIPMENT TRANSPORTATION

In the transportation problem where the shipment flows are permissible from any sourceor
destination, to other sources or destinations, or to itself, the diagram of possible shipment
flows would be as shown in Figure 3.

Figure 3, Diagram of Possible Shipment Fiowe

Note that in this case, each source and destination has § possible flows in either direction;
the seventh flow would be from each source or destination 1o iiseil.

The following problem {llustrates the transhipment problem for 3 sources and 4 destina-

tions. The cost matrices for costs of shipping from source to destination, from source to
gource, and from destination to destination are:

DESTINATION (IN DOLLARS)

Sources D-1 D-2 D-3 D-4
S-1 10 o 8 7
5-2 8 2 7 i
5-3 8 3 4 8
SOURCES (IN DOLLARS) DESTINATIONS (IN DOLLARS)

Sources 8-1 8-2 5-3 Destinations D-1 D-2 D-3 D-4
§-1 0 3 2 D-1 0 4 3 2
§-2 1 0 4 D-2 4 0 1 2
8-3 3 3 0 D-3 3 1 0 1

D-4 2 2 1 0

Note that shipping costs in the opposite direction are the same.

The requirements are 15 units at D-1, 20 units at D-2, 30 units at D-3, and 35 units at D-4.
The supplies are 25 units at S-1, 25 units at 5-2, and 50 units at S-3,

-Referring to Figure 3, it is noted that the maximum number of units that might be shipped
via source S-1 is the 25 units available at that source plus the number that may be tran-
shipped via S-1. The number of units that can be conceivably transhipped via source 1 is
the total number of units available at all sources, This condition applies for all sources
and destinations. In this problem, the total number of units available at the 3 sources and
required at the 4 destinations is 100. Therefore, 100 units must be added to the number of
units required at each destination and available at each source since the shipment of all
the units could pass through any source of destination,

15



A detailed mathematical description of the transhipment problem 1s given in pages 368
through 373 of Reference 1.

Condensing the above information to one matrix required as input by this program, the

matrix 1s*
DESTINATIONS (IN LOLLARS) COST MATRIX
Sources S-1 S-2 ) D-1 D-2 D-3 D-4 Supply
5-1 0 ’ " 10 o 6 7 125
S-2 1 4 B8 2 7 6 125
5-3 3 0 9 3 4 8 150
D-1 10 o 9 0 4 3 2 100
D-2 F 2 3 4 0 1 2 100
D-3 7 4 3 1 0 1 100
J-4 6 8 2 2 1 ] 100
¢ mand 100 100 160 115 120 13 135 30
No..  nat the supplies and demands have been increased by 100 units. Note also that the

maiu  wiagonal of the cost matrix contains zeroes since the cost of shipping to the same

suul«, vl destination 18 zero.
SCLJUTION 5

niy .

NEV FILE NAME-~-TRANS

READY.

100 TRANSHIPMENT TRANSPORTATIGN PROBLEM

101 7T 7

102 125 i25 150 100 100 100 100

103 100 10O 100 115 120 130 135

1040 32 109% 617

1051 0 486 27 46

106 3 3 0 9 3 4

107 108 9 0 4 .

108 52 23 40 !

109 6 T 431 u

110 76 822 .0

it1 o

112 END

SAVE

READY.

oLD

LD FILE NAME==-TPQRTS#h#

READY.

100 ¢« TRANS

RUN

TPORTS

TRANSHIPMENT TRANSP@RTATIEBN PROBLEM

SOURCE 1

wJANTITY

DESTINATION 1 100
DESTINATI@N 25

16



TRANSHIPMENT TRANSPORTATION

SQURCE 2
QUANTITY
DESTINATION 2 100
DESTINATION 5 25
SBURCE 3
QUANTITY
DESTINATIGN 3 100
DESTINATIGN 6 50
SOURCE 4
QUANTITY
DESTINATIGN 4 100
SBURCE 5
GUANTITY
DESTINATION 5 95
DESTINATION P 5
SBURCE 6
QUANTITY
DESTINATION 6 15
DESTINATI@N 7 28
S@URCE 1
QUANTITY
DESTINATION 4 15
DESTINATI@N 7 8s
MINIMUM COST = 485, 00

In matrix form, the solution is:

DESTINATIONS (QUANTITIES)

Sources 8-1 8-2 5-3 g D__-_2_ _E—_S D-4 Supply
S5-1 100 0 0 0 0 0 25 125
5-2 0 100 0 0 25 ] 0 125
S5=3 0 0 100 0 0 ) 0 150
D-1 0 0 0 100 0 0 0 100
D-2 0 0 0 0 g5 5 0 100
-3 0 0 0 ¢ 0 i) 25 100
D-4 0 0 0 15 0 0 a5 100

Demand 100 100 100 115 120 130 135 800

The quantities on the major diagonal of this matrix represent the difference between 1ne
maximum number of units that could have been shipped and the quantity that actually s
shipped, These major diagonal quantities represent slack 1 - .h.r~ introduced into the
problem in order for transhipment to oceur, and they shnuin s. -derd when interpre. -



mg the solution, Discarding these quantities and interpreting the above matrix row-wise,
the solat.on 1s

Saup 25 units from S-1to D-4
Ship 25 units from S-2 to D-2
Shap 50 units from S-3 to D-3

Siip 5 units from D-2 to D-3 '
Stap 25 units from D-3 to D-4
Ship 15 units from D-4 to D-1

According to this schedule, the umits remaining at each destination would be:

D-1 -~ 15units
D-2 - 20 unis
D-3 = 30 umts
D-4 = 35 units

the original requirements, The mimimum {or <, iimum) cost for shipping according to this
schedule 15 $48£.00.

In general, this program can be used to solve transhipment problems where a dummy
source or destination is required, whereroute restrictions must be considered, and problems
wheie partial transhipment 15 involved, )

“ROBLEM 6

This sample problem illustrates the use of the transportation model to obtain a solution to
the assignment problem,

Given the assignment problem shown in the figure below, the objective 15 to determine the
machines to which Jobs A, B, and C should be assigned simultaneously on a one-for-one
basis so as to"minimize the total cost of performing all three jobs.

COST MATRIX {IN DOLLARS)

Job
Jobs Machine 1 Machine 2 Machine 3 Regulrements
Job A 220 240 260 1
Job B 230 280 210 1
Job C 250 290 330 1
Machine 1 1 1 3
Resources ,
SOLUTION 6

NEW

NEW FILE NAME~-=-TRANGS

READY.

100 THE ASSIGNMENT PROBLEM

161 3 3

1021 1 1

10311 1

104 220 240 260

105 230 280 210 ‘
106 250 290 330

107 0O
108 END

SAVE

-

READY.



JOB ASSIGNMENT
PERSONNEL ASSIGNMENT

aLo
YLD FILE NAME~=TPLR{Swud

READY.

100 + TRANG
BUN

TPORTS

THE AS..u~ N7 PROBLEM

SduncE 1
GUANTITY
DTSTINATIEN e 1
SIURCE ]
QUANTITY
DESTINATION 3 ]
SOURCE 3
QUANTITY
DESTINATICN 1 1
MINIMUM CRST = 700.00

Relating the program solution to the original problem formulation, the following 18 obtained:

ASSIGNMENT MATRIX

Job
Jobs Machine 1 Machine 2 Machine 3 Requirements
Job A 0 1 0 1
Job B 0 0 1 1
Job C 1 0 0 1
Machine 1 1 1 9
Resources

Minimum Cost = $700

PROBLEM 7

This sample problem illustrates the use of the transportation model to obtain a solution to
the general personnel assignment problem,

In the general personnel assignment problem, it can be said that there are M personnel
caicgories with Ay individuals in category i, There are N job types, and B; individuals 1n

job type j. No individual ean be assigned to more than one job, but any individual can be
assigned to any job, However, individuals In different personnel categories may have dif-

ferent degrees of efficlency in the same job, The differences in efficiency may be measured .
In terms of cosat or a rating system might be used (Reference 1),

18



Given the following generalized personnel assignment probl. m, theobjective 1s to determine
the minimum cost of assigng the required engineers to prujc- is

COST MATRIX (IN DOLLARS)

Category Numoer of
of Engineer Project 1 D Pr Available Engineers
1 8.40 T 10
2 Tt L 15
3 074 Too bl 12
Number of
Enginee1ls . .
Required by 13 . 37
Project

.1t costs §  4u lOr any engineer in category 1 to work on project 1, it costs $6.72 for
ineer in Cai€EOry . 10 work on project 2, etc.

1ION 7

B
v} FILE NAME=~-TRANT

e
ey e

130 GENEZRAL PERSONNEL ASSIGNMENT PROBLEA
ior 3 3

102 10 15 12

163 13 i3 11

104 640 672 840

105 700 700 1t2

106 672 78 7€8

107 1

108 END

SAVE

READY.

eLp
OLD FILE NAME~~TPQRTS#%x

READY.

100 + TRANT
RUN
TPRRTS -

GENERAL PERSONNEL ASSIGNMENT PROBLEM

SPURCE 1
QUANTITY
DESTINATION e 10
SOLRCE 2
QUANTITY
DESTINATION i 1
DESTINATION 2 3
DESTINATION 3 il

20



PERSONNEL ASSIGNMENT

-’HU!IV:- 3
QUANTITY
DESTINATION 1 12
MINIMUM COST o 133816
That is:

1, 10 enginecrs o Cacegory 1 are assigned to Project 2.

2, 1 engin.: - . Category 2 s assigned to Project 1, 3 eng... 115 assigned to Project 2,
ano i. eag.neers of this category assigned to Project 3.

3. 12 engineers of Category 3 are assigned to Project 1.

At a minlaum cost of $188.186,
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INTRODUCTION

Typically, a lingar programming {LP)} problem involves the optimizing of a numerical linear function
of a number of variables, each subject to certain constraints. A systematic procedure, called the
simplex method, has been developed for solving these linear constraints This iterative method 1s
readily adaptable to modern high-speed computers, it was first used 1n theoretical 1nvestigations,
then expanded into the petroleum, chemical, transportation, agricultural, manufacturing, and other
types of industries It has been used for solving problems of inventory, assignment, and nutrition.

In order to use the MARK I LP programs outlined in this guide, you do not need to understand the
sophisticated linear programming technique, the simplex method, or to be a mathematician. You
should know, however, the elements of this method {in order to formulate your problem most ef-
fectively and to interpret the results) and its limitations Sample Problems are given to 1llustrate
the process of entering data and running the programs listed as follows:

] LINE1$ which1s wr. .c . .n Time-3haring FORTRAN and employs the two-phase simplex
method "l pioprim can handle 28 constraints and 59 variables, including
surplus A _ruy.du reaimension option 1s available,

] LINPR$ whir. . uses the two-phase simplex algorithm and 1s written 1n Time-Sharing
BAS. e v ge o handles a maximum of 17 constraints and 29 variables,
1nuin surplus.  You can run larger problems by using the program re-

o 4ol alun option.

. SENSI$ : uch 1s written in Time-Sharing FORTRAN solves a linear programming
vwem and performs a sensitivity analysis on different parameters of the
.ormulation. The program can handle a maximum of 20 constraints and 40

.riables, including surplus, slack, and artificial.

Following 15 a list o1 other General Electric MARK I publications concerning linear programming.

Publication Humber Title
904213 Linear Programmang Applications Reference
Manual
904215 Integer Linear Programming

User's Guide

804218 Transportation and Distribution Analysis
User's Guide

AR-6 Zero-One Integer Linear Programming

As a further ald to your understanding of linear programming, a glossary of terms is given at the
end of this guide.



PREFACE

This user's guide includes the programs LINE1S*** LINPR$***, and SENSI$*** which are designed
primanly for the solving of LP nroblewns using tie simplex method and for performing a sensitivity
analysis of the results. The programs are written in MARK I, FORTRAN, BASIC, and .'ORTRAN,
respectively, and are part of an evec-expanding tibrary of time-sharing programs for use by sub-
scrilxers to the Time-Sharing Service.

Use 15 need not be programmers How i. o harity with ihe system 1s required The Time-
Saarwng System Manual (publication n -7 +.6-MARK i) provides such information, and the
manual should be used i1n conjuncr s Lurde. .

Listings of programs and rm . e libiary are punasied in the Program Library Index
{publication number 800000, -+ wich Qbrary rogi.. » are made available to sub-
scribers may vary bet v (n ‘ay vary with a «1ve:r nogram from time to time.
General Electric re.. . . . - vtwSe terms at its aiseretion.  Any questions regarding
use of the library .. J... 1w w w2 a0 your General Electric representative,

(© 1969, 1970 and 1971 by Gene.as aectric Company, USA
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Section 1. LINEI1$

LINE1$ and LINPR$ are written in Time-Sharing FORTRAN and BASIC languages, respectively, and
seek Lo ophimaze (maximize or mummize) a numerical linear function of a number of variables, with
the variables subject to certain constraints. Both of the programs use the two-phase simplex
technique to solve a linear programming problem. The general 1dea of the two-phase method 1s that
the problem 1s solved in two parts. The first phase drives all artificial variables to zero and pro-
duces a basic feasible solution In phase two, the actual objective function 1s optimized, starting
from a basic feasible solution which contains no artificial variables.

METHOD

:

The simplex method proceeds 1n systematic steps from an initial basic feasible solution to other
basic feasible solutions and, finally, 1n a finite number of steps to an optimal basic feasible solution
i such a way that the value of the objective funcfion at each iteration 1s better (or, at least, not
wors: ¢ than at the preceding step.

I'ie wiear programming (LP) method determines a solution (if one exists) to the following problem:
Optimize Z = CiXy * CoXg + ...+ C X,
Subject to the constraints:

a,.X. + a, X, + ... + & X < b

1171 1272 1n'n 1 ‘3 "less than"
By Xy + BgoXy + ... 4 By X S b, constraints
2171 272 nn 5
a X, + A ,Xq + .. + a X =hb )} .
11 g2 2 gn n g qual to
ahlxl + a'h2x2 + - ahn L= bj_ ) constlraints
apXp t ¥t - T X,z b1 ; ngreater than"
A X, 4+ a4 Xeov .. ~ a x zb ) constraints.
The preceding problem can be . 2writien in compact form as
AX =12 - - a P a > B
AX = a,x; ~9%g aXg + + ax 2 B

where

1]
—
-]
.

.
=]

= y peas,d
3= @y 3y, my) ?
Optimize Z = CX

The vector B is often referred to as the requirement vector, the @ are called activaty vectors and
vector ¢ 18 called the cost-coefficient vector, ]

Foo further details of the computational method you may refer to either of the following:

(1) Llewellyn, R.W. Linear Programming. Holt, Rinehart and Winston, Inc., New
York. 1966.

(2) G. Hadley, Addison-Wesley. Linear Programmung. Wesley Publishing Corp., Inc.,
Mass. 1963.




LIMITATIONS

LINE1$ contains the following limitations., For problems with more variables and fewer consiraints
(or vice versa) than the following specify, see the paragraphs under "Program Redimensiwon Capa-
bility. "
1. Tht total of less than, ec¢ual to, and greater than constraints should be equal to, Or less
than, 28, that is,

KL + KE + KG = 28

o

The total of greater than constraints and the number of variables should be less than, or
equal to, 59, that s,

KG + N s §9

3. All right-hand side constants must be greater than, or equal to, zero.
If a problem formulation results in a right-hand side constant which 1s negative, a re-
formulabion after multiplying the entire equation by -1 wall result 1n a positive right-hand
side constant.

4. Values of all variables must be greater than, or equal to, zero, that 1s,

a

X =0
Q

—

where X is the array of variablesin AX Shb

If a particular problem formulation results in one or more variables which may take on
either positive or negative values, the problem may be reformulated wath any such
variables replaced by the difference of two variables in the new formulation. For ex-
ample, 1f any X(I) 18 unrestricted in sign, then replace X(I) by X1(I}) - X2(I), thatis,
rewrite X(I) as the difference of two non-negative variables X1(I) and X2(I).

As an hypothetical example, consider the following problems:
-Xl + Xz = 4
X, =22
2 -2
X, =3
Max Z = —3X1 + 5)[2

The last constraint does not satisfy the fourth restrichon. Thus, Xl can be rewritten as the dif-
ference of two non-negative variables and the problem becomes

-(Xll -Xlz) + Xz z 4

X2 2 2 .
X - X9 z -2
(X5 - Xgo) 3



where xll and Xlz are both greater than, or equal to, zero and .

Max Z = -3(X;; - X;5) + 5X,

OPERATING INSTRUCTIONS

LINE1$ uses the FORTRAN file capamlity to store the 1nput data. To run the program, name the
file, create and SAVE the input data, wnere the Data File 1s named LIPR, and enter the following
underlined information.

; * i3 A - - v e
R i S L et RELe - o PRI
© & * e
<+ "OLD LINE1$* - . * 7 =" wrw & 5 dpee ‘ £ me LB B
W " 4y 4 o ¥ s ‘ et T i PEREE S
s ¥ B ,g g m aet P " N . PR S
- oy Bt READY- )%ﬁ@*/%é" % gL G mas . q;?ﬁ %@5@,%@% e f .o e ?5 &?;&
£ ). h - EY - o 9,&/‘ ;o
© 100 + LIPR o RO G S8 et I s gk
v e ) P Ll = . . o 3
i v g AT el (£ P P, P “;v\ ?wﬁ’?@\”.‘%‘gﬂ ’;f
. RUN g oo P . 35 8% et o s ¢ b . A e B8
&\ w‘;‘?{/"‘l s \, Lo \9@&: e 4»*@?%}2 ¢« L w %w@)}» [ s e@}ﬂ) 3 @@3}9‘?@
Yk namen S o 0 gl oo DDA BEE s . T s SR ek 8%

Alter' the program 1s compiled, the data from file LIPR 1s read in. Depending upon the value con-
sidered for LEVEL (see definitions), the value of the objective function and different basic variables,
or the final basis will be printed out at each step and, finally, the value of the objective function
{uptimum) wull be printed out. At the completion of the output, the program will loop back to read
data for the next problem, if there i1s one.

You can run consecutive cases of input data, that is, more than one problem, by defining the 1nput
data, consecutively, on the wnput file.

Regardless of how many 1nput cases you define on the 1nput file, the last line of the file should con-
tain the word END. If not, the program will execute properly but the message OUT OF DATA will
be printed.

Terminology and Input Parameters

The following definmitions apply to the parameters used by the program (see Sample Problem 1).

KL - Number of "less than' constraints.

KE - Number of "equal to' constraints.

KG - . . Number of "greater than" constraints.

N - Number of variables.

LEVEL - Indicator to obtain alternate outputs.

LG - Indicator for defining the type of problem (maximization or minimization).

A(1,J) - represent constraint-coefficients, right-hand side conscanis, ano cost coefficients.

Ouput Data

epending upon your choice of print options (value of the parameter LEVEL}, &+ . 0gr un prints a
basis {or each iteration and then prints the final solution. Finally, 1t prints the opt>muim value of the
objective function or prints N@® FEASIBLE SOLUTI@N, or SOLUTIPN UNB@UNDED if here is no
feasible solution to the problem, or il the objective function 18 unbounded. Then the program starts
solving the next problem, 1if there 15 one.



PROGRAM REDIMENSION CAPABILITY

LINE1$ reserves sufficient storage for a data matrix of 1,860 elements This data matrix 1s di-
mensioned for 59 variables (including surpius) and 28 conera.mts (that 15, 61 columns and 30 rows).
If requir_.”} the data matrix can be reaimensioned as long as the inequality

(M+ 2) x (NN~ 2) = 1,860

15 satisfied, where NN 13 the total number of variables including surplus (uf there 18 any), and
M 1s the total number of constraints.

Using these definitions, the following program statement should be inserted

: S ¥ I N SR o e R 2w ML S
i +;’«‘5 % . Y AP b
v 110 DIMENSION A(M+2 N'N+2),:«II(NN+1), ID(23) NP £yl L S A S

. o i .
we e g /ﬁgm‘ﬁ:mau SEER S0 SUAE I I 1 S E. g ELEEE ZE M S L et ok oS

For example, 1if the problem had 37 constraints (30 less than, 4 equal to, and 3 greater than} and 42
variables, the above inequality would be satisfied and the program statement would be

LR BRI S B T OURE LI I M ATTONAL I N S L L AT
v ~ F o« i - ) * F oL 3
& v 1 DIMENSIONA3 ;41 STI(46), ID(23) ¥ s © . T TR S R S
H 3 ¥ ) o Y v I & P S &
- . - 5 « T . . -
- I O P dol B 8 T B il M s S b L ° A TP AR I SR -

SAMPLE PROBLEM 1

Maximize the function % = X1 - X2 - X3 + X4 subject to the constraints

Xl - 3X2 + 4X3 - 4X4 =5
X1 . 2X2 < 3
~X1 - 3X2 + 4X3 - 4X4 =5
2X2 - X3 + X4 = 4
Data File

The following 1s the Data File for Sample Problem 1. When entering identical items of data (such as
0, 0, 0, 0) you can type 4*0, using the multiplication sign to enter the information faster.
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Explanation of Input File

Line 100  Identification line which may consist of name of the company, location, project
number, and date of run.

Line 110  VALUE of the paran: er LEVEL, value of the parameter LG, total number of
variables, nut..r .58 than, or equal to, constraints, number of equations and
number Ci g3 eaier uldu, or equal to, constraints.

-~

The following option ex.si~ © get wne output 1n alternate forms.

LEVEL 1 Prosram will print basis at each iteration and final solution.

2 Program will print just the solution.

[}

Depending on the type of problem, the value of the input parameter LG 1s given as follows:

LG= 1 for maximization problem
= 2 for minimization problem.

Line 120  Values of constraint-coefficients (row-wise).
to 150

Line 160  Values of right-hand si1de constants 1n correct format,
Line 170 Values of cost coefficients 1n correct format.

Line 186 END indicates no more data.



SOLUTION: SAMPLE PROBLEM 1
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SAMPLE PROBLEM 2

Western Feed, a large-scale distributor of feed for farm amimals, purchases feed ingredients and
mixes them for the farm community. Accordingly, the distributor receives an order from a
customer raising beef cattle, of 2,000 pounds of a feed mi1x with the following specification:

Table 1. REQUIRED POUNDS OF NUTRIENTS PER TON OF FEED MIX

M Max.
1. Crude Protein 207,00 214. 00
2, Ihgestible Protein 149. 00 155.00
3. Fat 38.00 53.00
4. Tiber 200.00 530. 00
5. Calcium 14,00 20.00
6. Phosphorous 4. 80 15.00
7. Energy 2,476,000 2, 106, 000
KC.. KCal
8. TDN 1,200 o0 1,320.00

Special Laimitations

Not more than 1% Ammal Fat = 0.01*2,000 - 20 L.s per wu.
Not less than 7% Molasses = 0.07%2,000 = lau .us méc (0N
Not less than 1. 5% Premix for Western Beef = J 0iu*Z, 000 30 ibs per ton

Not less than 1% Sale = 0.01*2,000 = 20 lbs per ton

On the basis of the nutrient blend required by the customer, Western Feed: . sel.ct the ap-
propriate ingredients firom the nutrient breakaown presented i1n Table 2.

Before purchase 15 made of these necessary ingredients, 1t 15 required by the distributor, that he
optimize the feed mix from a minimum osL standpoint, he must also satisfy the customer's nutrient
requirements. The following informau.n must therefore be obtained

1. Specafication of fecd .z redients {from Table 2) which will satisfy the customer's order.
2. Specification of tue number of pounds of each feed ingredient, thus selected, per ton of
feed mix.

3. Specification of the mimimum cost per ton of feed mix,



i

Table 2 NUT};{IENT BREAKDOWN*

| —
Crude Ihgestible Energy Cost per
Feed Integrident Protein Protein  Fat Fiber Calcium Phosphorous KCal TDN Tound
1. Milo (xl) . 110 . 086 .030 .023 .0003 . 0028 1,420 .B40 §.(:
2. Barley (xz) . 087 . 069 .019 .057 .0006 .0033 1,580 .790 §.02%
3. C.S. Meal (x3) - 456 . 374 .057 .103 .0023 .0112 1,320 .751 8.0375
4, C,S. Hulls (x4) . 039 . 002 .009 .450 .0013 . 0006 880 .437 $.0100
5. Alf. Hay (xs) .15 . 106 .019 .286 .0147 0024 990 .507 $.0180
6. Molasses (xs) . 067 .035 0 0 . 0011 . 0002 1,220 .606 $.0175
7. Fat-Ammal (XT) 0 0 980 O 0 0 3,500 2 25 $.0560
8. Screening (xB) . 092 . 065 .015 . 156 0 0 1,200 .670 $.0I60
9. Premx 80 (xg) . 800 . 530 .005 .060 .050 .027 400 .860 $.1365
10. Premix
Western (xlo) .750 - 570 .012 .020 .110 040 400 .820 $.13065
11, Salt (xll) 0 0 0 0 0 0 0 0 $.0091

*All values represent the number of pounds of each nutrient 1n a pound of the given feed ingredient, except

for energy which 1s represented 1n KCal/l1b.




Mix Model-Minimize Cost

+ CaX, *+ cC. X, + .« C X

Minimize ¢ 2%y a%q . Xa

X

171

S§.T. a,,x X, + a;.%X, + . .. a, X = b

11*1 t 212% 13%3

Ag Xy t Ay + BygXg + ... Ay X =Dy

amlxl + amz:'cZ - “ma"a - . amn)‘n < bm
where X = number of pounds of feed ingredient 1 per ton of feed mix.
¢, = cost/1b of feed ingredient 1.
] = pounds of nutrient 1 per pound of feed ingredient ].
b = pounds {or KCal) of nutrient 1 required per ton of feed mix.

-

Mathematical Formulation

The constraints or restrictions to the problems are therefore formulated as follows

. 11x1 + .087x2 + . 456}(3 + . 039)(4 + . 15x5 + . 06'7){6 + . 092:‘:8 + . 8x9 + 75x10 = 214
= 207

.086)':1 + . 069:‘:2 + . 374x3 + . 002x4 + . 106x5 + . 035:‘:6 + . 065x8 + . 53:‘:9 + . 57x10 < 155
= 149

03x1 + . 019)|:2 + . 05’7)(:3 + . 009x4 + .019)|:5 + . 98x7 + . 015)|:8 + . 005x9 + . 012):10 < 53
o > 38

.023x1 + . 05'7)|:2 + . 103:‘::3 + . 45)(4 + .286x5 + . 156x8 + . 06}«9 + . 02x10 5 53Q
' =z 200

0003x1 + . 00061':2 + .0023x3 + . 0013x4 + . 0147:{5 + . 0011x6 + . 05x9 + . llxlo = 20
z 14

. 0028){1 + .0033).:2 + .0112x3 + .0006:&4 + .0024){5 + . 0002:‘:6 + .027)(9 + . 04x10 = 15
z 4.8

1420x1+ 1580x2+ 1320x3+ 880x4+ 990x5+ 1220x6+ 3500x7+ 1200x8+ 400x9+ 400)(10 = 2766000
z 2476000



. 84:)(1 + ."l'&):\(:2 + . '751:(3 + . 437x4 + . 507x5 + . 606x6 + 2. 25x7 + . 6"”(8 + . 86:\{9 + . 82x1051320

21200

"

X, < 20 (not more than 1% ammal fai)

7

X, + X+ X+ X, + X+ X,.v X, «~ X

1 2 3 4 5 6 7

+ X, + X, + X, = 2000 (The number of pounds of each
8 9 10 11 :
ingredient in the feed mix
totals 1 ton.)

X, 2140 (Not less than 7% molasses. )

6
X10% 30 (Not less tnan 1. 5% Premix for Western beef. )

r

X412 20 (Not les. i 1" sa

The objective func. . ..

Minimize
. 02257(1 - u.'.'i()x2 - 03'!5x3 + . 01()0x4 + . 0180x5
+. 01'1’5:.:6 0560x7 + . 0160x8 + . 1365){9 + . 136'.5x10
. 0091x,
Dat. .ile

The ic.iowing 1s the Data File for Sample Problem 2,
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SOLUTION SAMPLE PROBLEM 2

-~ - - # . * - P - - -
OLD LINE)S#** e, L R T B :
S PR . . F % v
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3”*’4 Lo v a oo F .o oo ¥ ?A,%* i .
& * v v e 4 e
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[ N . Ed S A, ., . . < -,
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- A £ #
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¢4 312.3590 . A O A S PV ,:A% T
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¢ RO ¢ LA642761% . o . Boew e, T * : .
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Explanation of Qutput Data

The computer output shows that in order to minimize the total cost and to fulfill the nutrient re-

quirements, 828.357 pounds of Barley, 312.359 pounds of C.S. Hulls, 645.408 pounds of Alf. Hay,

140. 0 pounds of Molasses, 20,0 pounds of Fat-Ammal, 31.4129 pounds of Premix Western, and
22.462 pounds of Salt per ton of feed 1ngredient, respectively, should be bought.

other than the specified should be bought.
of feed ingredients (that 15, maximum cost = $45, 1689 dollars).

No feed ingredients
The total minimum cost will be $45. 1689 dollars per ton



Section 2 LINPRS

LINPRS 1s the Time-Sharing BASIC version of LINE1$, This program can handle a total of 17 con-
straints and 29 variables, including surplus, and does not use the Data File capability

LIMITATIONS

LINPRS contains the following limitations. (See the Section 1, "Program Redimension Capability”
for problems with more variables and fewer constraints (or vice versa) than are specified. )

1. The total of less than, equal t0, and greater than, constraints should be equal to, or less
than, 17, that is,

L+ E~ G =17

2. The total of greater than constraints and the number of variables should be equal to, or
less than, 29, that is,

G+ N <29
3. All right-hand side coefficients must be greater than, or equal to, zero.

4. All variables must be greater than, or equal to, zero.

OPERATING INSTRUCTIONS

LINPR$ can be run by typing the following lines

e (&‘&é\,« W

wor oy o w g omoa 2 g oag v g v w o we v - e M
iy ]
SE Y OLDLINPR$*** o 2 § 022 280 D07 8 7 7 2 W4 e aane Toa e 0T
Py @ : ST *%7?6*'%?3’@%‘ ‘§»// igs ¥ g w B Erd BF de o B g we g,
I L 2 - . & wr &
" & ¥ "'»@ E ¢§3§ c%}‘ < - i I Boa oy o P .

EE XN ” P SR 4 LI 2 4 H Ed w ¥ F % » Aowow B Fow g oy &
Pt READY«, @-}E}gsé“&é/@g%}%h} | % \E\?‘@» N o s . . "i
TR W By s Dow g e * 5 o B P éﬁé ﬁi 5%»«» & i ooy EECIE e SR 8w P o g

b3 - EA b 3 N3 N >
DS DATAfwfsésé‘?é@@@izé%%‘ g i we 5 3t weremzeienen oo e en
L T 0000 --ﬁ-‘/—; %; x4 "‘Jf:‘é" o B %;xn/ 3-,»%%\& A E g Bt R R a3 et e en v oo 3R %5
e % % o WA e R -
A R & P % oot o LS N L3 G o wow d - A%
. <<>)¢W$7§,/»39¢,e\gh:@@§$($ 3@%%@(;%%&43%%&%% @%g*ﬁ?\? 4§ g i it 5 M&rx{
; o 10001-DATA “‘;“‘:‘3‘2%%@@ i%,@% s;b,;}w;/(%&g@ € B B FE P e SeE e B g en
Bty ST Tw Ad e 4 A EEE M ey B g i eainsenes cBwy bk

(NOTE. Continue typing in data lines until complete)
RUN

Enter the data starting at line 10000 1n the following constraint order

1. The coefficients of each of the problem variables (row-wise, including zeros for varia-
bles not appearing) 1n each constraint, starting with the first constraint and proceeding
1n order until all coefficients of all have been enlered in data statements.

2. The elements of the right-hand side vector (the constants comprising the right sade of all
constraints) in the sais¢ order as the constraint.

3. The cost coefiicients of the objective function, in the same order as used in the con-
straints, including zeros 1f needed.

You can run the consccutive cases of input data, that 1s, more than one problem, by defining the
wnput data (in the same order as the previous problem), consecutively, on the data line.

The program requires that all the less than, or equal to, constraints be defined first, followed by all
the equal to constraints and, finally by all the greater than, or equal to, constraints.
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LINPRS starts compiling after the command RUN 1s typed and the following message 15 given on the

terminal
@ HOW MANY PROBLEMS DO, YOU WANT TO SOLVE? . *-4%# '« +4" 2% ' 5 g
O e e : - B EaeaiE S W BET e Ty T W,
The total number of problems you want to so.... + : given .. » ¢ .uu. It will be followed by:
;
@ MAXIMIZ‘ATION 5 1, M. w.' ...iON =.2] WHICH? 2 IR é
P » i w s #.. PR

Specify maximization or minimizauon by ewwe.oing either "1' or 2", In this example, minimization
18 specified.

2

® TYPE ‘L' FOR SOLUTION AND,BASIS AT EACH*ITERATION .OR '0' FOR JUST, s? ¥
“§>

v S W

THE SOLUTION, sWHICH? « 1. S Fhoo Pl e gSd

i e 5@.*&»& +E ARG ’M’m%@v\v\.wi{? & T

miwcuy the output option by entering either 1" or 0", See "Sample Solution: LINPR$" for ex-
mmples of the output options., In this example, the complete output form 1s specified,

e S ‘““*“@i&;fﬁmww*\ b ::

AN " g@k@: o
& WHAT ARE 3 ANDIN,OF DATAMATRIKE S0 1,0 QRERA Lo

%.

PR
EEN g, Ry
AN

Enter the total number of constraints {m} and total number of variables (N} in that order separated
by a comma. In this example, there are seven constraints and two variables.

. - ER o S m\ i "“‘&g“ I L WERS MR ‘5 *mﬁv""*"“ a\ Hg h.
® " HOW MANY-'LESS THANS', \EQUALS",»" GREATER*THANS‘? 73,074 % &ﬁ&\ o 5%«@

k E Y

Enter the total number of "less than or equal to' constraints, equations, and "'greater than or equal
to" constraints 1n that order separated by commas

The program will loop through questions &), @, @, and & for the number of times specified
1n answer to Questwn@ Solutions will then be computed and printed.

Input data for answering questions can be entered by paper tape if the following precautions are ob-

served:
] Enter each response on a separate line.
° Terminate each line with a X-OFF, carriage return, and rubout, 1n that order.

13



PROGRAM REDIMENSION CAPABILITY
LINPRS reserves sufficient storage for a data matrx of 540 eléments. This data matrix 1s di-

mensioned for 297variables (including surplus} and 17 constraints (that 1s, 31 columns and 19 rows).
If required, the data matrix can be redimensioned as long as the inequality

(M+1) x (NN+1) s 540

1s satisfied, where NN 1s the total number of variables inc..a:ny surplus vuf there 15 any)
and M 1is the total number of constraints.

Using these definitions, the following program sialement Si00aG s 2 5. wee

£y
4
~
£

= B
= g & e . Y

(M+1 NN+ 1}, F(NN+1, S

tow
"\m# W A

< #

L
P
A&

“5 DI

“
\*75&

%

v A

Pl A
M

<,

4
¥ Bk

s g 5
T

F
»
=
by

For example, 1if the problem had 25 cuasira.nts (19 less than, 3 equal to, and 3 greater than) and 16
variables, the above wnequality would ve satisfied and the program statement wouid be

o

u . ok oy v "~ s v . - ¥
R I R % . X NI S P . A w3
- " . -
LTI S DIMeA(Re, B0) F(20) | T e g 81T A
P e 5 # H > .
[ TR B £ TEE v %a.&-,‘ LA * vvs‘g"“ [T S S & LT g N ’*%&‘f’ﬁq,ﬁ,;m

SAMPLE PROBLEM: LINPR$

Maximize the function 30X1 + 45X2 while satisfying the following constraints.

X1 < 000
X2 s 4000
2.5X1 + 2X2 s 24000
X1 > 1000
X2 = 1000
31 - X2 =2 O
2.5X1 + 2X2 = 10000
The problem solution 1s
X1 = 6000 X2 = 4000

This problem has been run two times in order to 1llustrate all output options {by defining the data,
consecutively, on the data line).

SAMPLE SOLUTION. LINPR$

3 ~ N o A e g wmw‘*@ T 93 @-%@”‘ :‘“‘%"@" FPLE S T e M’i">“§> B, Rt e AREE Y
. . gjLD LINPR$*** D & sty SR %‘ o O ﬁ'»{ Al OF & TN
“f‘«@ @%{?&& \\K-\? \\%\?\ 5 :-Q;q@ \c;’ g ,§ é"*‘\‘?‘ié"%\ - s
PR P o?s'-\ L & y B % & s ki < 5 : ;i *
o aREADYu Fagg ! I EE TR SR RO F RALE & IO
xg’_;éﬁ‘;ﬂ%‘@('{ﬁ\%@ah o 5 ey - ké\”& "5‘{%5‘@ )
L R Y K -+ v “ S 2
10000. DATA 1,0;071,2.5,251/050,1,3, - 1252 g> ¢ 33iTec. TS
- 3 ~ % ® @ T A -
10001 DATA 6000 4000 240007 10060, 1000 0, 10000(?} PN SR Ul ) e
! ¥ iy %%@ y-o.-, : ., “"‘;\(‘%@W i
H by ‘%;gf N T3 phEENTY

10002 DATA, 30,45 <suw g ‘@“WWW“@Q%@@MW

' 10003 DATA 1,0,0,1, 2.5, 5. 1,000 375 1°8/ 57 e S ERDONS
10604 DATA 6000, 4000, 24000, 10005 1000, 0, 10060 £ . 4 P as ol ¥
10005<DATAB0,40 > * * %4 ¢ ¢ I . a0 4., o 2 ocahis YRoees
FEREEEERSUE ERTRE S S ATERTE I NI SO SR
ravIE A M T IR S L B Y B I B G L ’
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OPTION O
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OPTION 1
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OPTION 1 - Continued
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Scction 3 SENSI$

Linear programming (LP) methods are used extensively in the solution of many problems, namely,
allocation, transportation, assignment, and manufacturing problems. Although optimum schedules
and 1esulls are easily attainable, at times a need exists for further analysis of the results. Such
post analysis 15 referred to as sensitivity analysis.* For example, as a decision maker who uses
the 1esults of an LP program as a guide to final decision making, you may want to know the effects
of tightening or of relaxing a certain produc. s=acification (that 1s, changing one of the cost-
coefficients or right-hand side constantsj, o. : « effects o° price changes for certain raw materials.
You may also want to know the return on cap.l .. in seve..u. possible places before deciding to add
new capital equipment. Sensitivity anaiysis ciu. help m resolving some of these questions. In ad-
dition, you will have increased coniidernce + your applic.uoua of the optimum schedules generated
by the LP method.

SENSIS$ 1s written in Time-Sharing FORTRAN and not only solves linear programming problems,
but also performs a subsequent sensitivity analysis. Note that the data for this program 1s ar-
ranged differently from that of LINE1% and of LINPRS.

Following are the parameters on which the sensitivity analysis can be performed

o Range of the elements of the

requirement-vector (one at a time). For which the optimal solution remains

unaltered although the level of the
bagic activibies can be changed.

° Range of the cost coefficients {one
at a time).
e ‘Tomplete sensitivity analysis which

“shows the effect on other parameters
of changing the value of a particular
parameter.

° Sensitivity of profit to a change in

a structural coefficient of a con-

straint.

[ Effect on the solution by the addition
of a new variable.

LIMITATIONS
SENSI$ contains the following lumits.

1. The total of greater than, or equal to, equal to, and less than, or equal to constraints
should be equal to, or less than, 20, that 1s

GT + E + LT =< 20

2. The total of equal to, less than, or equal to, and twice the number of greater than, or
equal to, constraints and number of variables should be less than, or egqual to, 40, that s

2GT + E + L + N =40
3. All right-hand side coefficients must be greater than, or equal to, zero.
4, All variables must be greater than, or equal to, zero.
*For further information concerning sensitivity analysis, see the Linear Programming Applications
Manuals listed in the Introduction.
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OPERATING INSTRUCTIONS

, SENSI3 uses the FORTRAN file capability Lo sto. e the wnput da.« for original problems., To name

i the file, create the wnput data, and SAVE tie {ile, where SEN .
3 the Iollowmg under hined 1nformat10n
i g TURTIEE URBIEGLY »

. @LD SENSI$*** o

. READY. o

100 + SENS1

RUN

& 4 v

- o
[ Bt

#

W
B

PR A
.

v

w7 s Prpren n e

- the name of the Data File, enter

SENSI$ can handle a total of 20 constraints and 40 variables (including slack, surplus, and
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After the program 1s cun p. e data f1om fue SENS] 15 cead i, the Doilowing message 1s
s ¥ b

priv wnd ¥ program is .caav to accept input
® A P
Da YQU WANT BASE PRINTED AT EACH STEP TYPE YES UR N@? YES '

L you aie particularly interested 1n seeing the basis printed at each step, type "YES." The value of
the objeciive function and different basic variables will be printed out at each step and finally the
optimum value of the objective function will be printed out., Artificial, slack, surplus and original
variabies of the problem will be assigned respective numbers for the purpose of identifying thiem in
the final solution and later in the program

Now the program wll start performing the sensifivily analysis on any of the parameters of the
problem by requesting

- L ey MWR g _49‘5 i‘. - Vf 4 "4,”‘“9\’3\’3‘ *:,J“‘ ’ih‘x" ;’2" \?-’v“ s-t s,
R DG YQU WAl\iT REQUIREMENT VECTQJR RANGE TYPE YES 0 N@g? - S
v "»’{? . s/:s:*, s//”e,ﬁ” ot »d?,: e ‘sv V?V”*‘ ,_.55,»’3“* n

If your response to the above question is "YES™ (1. e., you want to know the range of one of the ele-
ments of the right-hand side vector for which the optimum basis remains same}, then the progran.
will ask for the next wnput

~ :v S hd w"s"v ?’ M hn\ VV\#J\MIMMW‘{” “‘W ?; ”:%”;;@W¥ '{“-\\ 5.
-¢~ !- e e s ~
e WHAT IS THE CGNSTRAINT NGz » S o
.u‘ \f“ /-xm-i ,"’:.M...M..- w..& - Mvmm'%nwy 3.2'&"‘" Fj ,&fw;.%,, %-4\§\"M-‘”h *‘9’*..« '&rf"}ﬁw'f

to which the constraint number 15 given in which the element of the right-hand side vector appuears.
The program will continue requesting the constraint numbers until 0 1s typed, (1 e., when you are
no longer interested in getting the right-hand side vector range). Now the program will start per-
forming an analysis on cost coefficients by asking for the input to the following question 1n turn.

gt My W.z rd f«x ¥ xy< ;s - Fa e ol
D@ YCo‘U WANT CGST CGEFF RANGE» TYPE“YES oR NG? NG :
S PR 2 . o B ea et T S B

If your response i1s '"NO, "' the program will start performing the next set of analyses.
sponse 1s "YES, " the following messages will be typed

If the re-
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4 - e %
IS VARIABLE IN BASIS® TYPE YRS GR NG ‘Eq e 8, *‘%@Njgw 6y Shu gf
WHAT IS THE PLACE ¢F THE VARIABLE IN THE BASIS? .0 2 10 %% f son Jidi g
WHAT IS THE NEW GIVEN Ng;' G THE VARIABLE?, N __Q«%m;;;s«fh LS ]

Ay <§}" - *?@ % ‘f-"s e £ i% %:wﬁ %, v S e <§”us~w SR kA

T R e T N v ad PN Treg v
]

If the corresponding variable 15 in the final baw:s, then your response should be “*YES'’ and the program
will then ask for the place of that variable in t. 518 by . .ating message a. If the variable 1s not

in the basis or your response 1s ‘NQ,’” the prograin will tnen ask for the new given number of the vari-
able by printing message b. The program will looy back aaa star: asging the same question for the

next variable. When you are no longer interested .n getti.2 T.c « «fficient range, type “NO’ 1
response to the Lirst question and ‘‘0’’ 1n response 10 mess..f .

If you are interested in getting the complete analysist ... au . «. «+ oi changing the value of
one parameter on other parameters of tne proov.ein), e "Yio oa s, . 0 the following
% 3‘»@"%&& * e %“ S&ﬁ 3%!‘“‘»‘% 5™ o W R Y g, W W{{’%“’v‘”
M =<\\- i ~ - o, ’\s NI
D@ YGU WANT CGMPL“‘TT‘ AN Sy TYPEYI3ORNG? 22 Vs S ' 7
S AT - BT e SR B I S G2 s
If your response 1s'""NO, " the fo_ . » wessage will be printed
S TS E IS e P R w0
T e S wDE YGU;WA‘J"" . PITV QR :-ROFIT Ta A ChANGE INGAT T s gl
F 87 S CEEFFICIEN 5.0 w ca\rs 'RAINT, TYPE. YES O’R NG? .0 YES - T Lo, R s P
:ﬂm -“>,,$ .«a&»}g B ".9 xv n - AT T L Ey or P e L% <

This will perform a se.s.uivity analysis on one of the structural coefficients (one at a time) of the
problem. If your response 1s "YES," the following message will be printed

:_wz-hﬁfg;*»*?‘ ‘5\#;; ﬁ :,‘P? 3‘ ;?v \‘g\ ¥ %f\} Ea ] \%g . @5 (_* {:; :-$::>. N \%;*:@E@a‘ig":wn
# ;27 WITH RESPECT T¢ WHICH CONSTRAINT (NG Ya e T S e T s
& - > A '\ s -

we T F g ﬂ(.*"//i\/.@@v??é/\&ﬁ?\ﬁ i Faasal ﬁm PR % " Ca T Vo ba G B E wms

In response to this message, give the pertinent constraint number. The program will loop back to
ask the same question until you type "0, " which means you are no longer interested in this analysis.
The program will then print the followang messages.

> . *‘; oW W"’_,{;’* Be ;@ Ik %’ @g@?‘ R W\%\w sy ,Ew@w @f ¥ﬁ*vw¥ A R w;{ % .:;5 g T “‘é 3? k Vf',‘f,,\y\\,v '-"Asr‘g" v\w\/ygfgg
o7 0 DY Yo WANT T()éADD’\A%NEW¢VAR1ABLE “‘&TYPE YES O’R NG ?\4 IR S g
T LY GIVE STRUC'I‘URAL" }CCJST;CQEFF*" GE&THE VARIABLE ?“* ) N.» 3y *% # @% %: :f{g%;im 3

g T v.:%ék' et ST B A SRR 6 s e e e B R 3%&,’? &% %ﬁﬁ%\iﬁgﬂmﬁﬁ%'

If your response to message a 1s ‘‘NQ,’’ the program will loop back to solve the next problem if any.

If your-response 1s ‘‘YES,’’ message b will be printed and the program will ask for the structural coef-
ficients and cost coefficient of the new variable, If the new variable does not affect the optimum
solution, the program will print “SAME ANSWER AS BEFORE.' Otherwise, it will print a new opti-
mal basis and corresponding solution

You can run the consecutive cases of input data, 1.e., more than one problem, by defimng the input
data consecutively on the input file. Regardless of how many 1nput cages you define on the input file
the last line of the file should contain the word "END."

SAMPLE PROBLEM 1

A manufacturer produces two kinds of rugs. One 1s of lugh quality and can be sold at $18 profit; the
other a cheap iug yields only $3 profit. Labor used in production 15 somewhat skilled and 1s limted
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to 800 man-nowm s per wees On ine other hand, due to a union contract, if less than 800 man-hours
are used, unemploymeri-compensation of §i must be paid for each hour wasted. A quality rug takes
one man-hour to produce, « cheap rug, two man~hours The difference in quality lies in the amount
used of some special materwal which improves fibers and makes them more workable, The expensive
rug needs three pounas ot this material ana the cheap rug only one pound. The availability of this ma-
teriil recently dropped to only 1500 pounds per week., Nevertheless, the manufacturer is obligated to

produce at least 600 rugs a week of any kind, The problem 1s to find a production schedule which
meets all requirements and results in maximum profit.

Problem Formulation

Let
X1 = the pumber of quality rugs to be maae per week
X2 = the pumber of inexpensive rugs to be made per week
X3 = the slack variable representing unused labor

The constraints become

(1) Production X1l + X2 z 600
(2) Labor X1 + 2X2 + X3 = 800
(3) Special Material 3X1 + X2 < 1500

and the objective function 1s

Profit/week = $18X1 + $3X2 - $1X3
which has to be maximized.
Data File

Following 1s a Data File for Sample Problem 1.

e

PEITE TaR N QEE  EL W e s s g RIS S L A, S
e '{q‘“ $\ T Eacy g, B 5 7a ?‘RQ&)’” i N’% ?%\'3’ M A P ERCEA 5 ,_Qy w B
A w4 :gmx “NEW SENSlfﬂ s et 5 PR T @’k‘;&% Ll . e:ggé‘ e .
LI o z _-....--_.—r—.——- I z“ A FL P v, | RS A &.s’gc‘ %?& i ,\é@ # qv,\“{ (]
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¢ '°Q>¢“ < & 5 o " Y ~ . N
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" - < .
R w170 x:.ND,pww B T T NN B .
T e T R R s T e B T e i e 3
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s 0 g . <<g .o i 4 Loa o S
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Explanation of Data File

Line 100 Identification line may consist of the name of the company, its location, the project

number, and the date of run The total numuer of characters must not exceed 51.

Line 110 Value of the parameter LG, numcer of varia...s, n.mber of greater than, or equal to,
constraints, number of equi.,. = ..amber 0i .¢ss tiut, Or equal to, constraints. De-
pending on the type ¢ ..., we value of the 1npu. purameter, LG, 15 given as

follows.
LG = 1for - <oz wuGn problem
= 2 1c .. wizZullon problem

Values of ic..~nand side coefficients (row-wise). First, greater than, constraints, then,

Line 120
strict equanties iollowed by less than, constraints. Include zero for variables not

to 140
appearinyg

Line 150  Value of right-hand side constants in correct format.

Line 160 Values of cost coefficients (includes zero for variables not appearing).

Line 170 END indicates no more data.

SOLUT*ON: SAMPLE PROBLEM 1

. - LSRRI A S SRS S TR F PO
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SOLUTION: SAMPLE PROBLEM 1 - Contihued

WHAT IS THE C .57 Qa0 Sg.7 2
B 756 00 /56 3¢ ~ 1.00000E+70 e L o
WHAT IS 7F OONSTRAINT Ng.? 3 ’
1400.50 1500.00 1800.00

WHAT IS THE CONSTRAINT Ng@.? 0

. .‘
v N . - - P
- -

DP YPU WANT CQOST CPEFF. RANGE, TYPE YES @R NP? YES -

IS VARIABLE IN BASIS, TYPE YES ¥R NO? YES .
WHAT IS THE PLACE @F THE VARIABLE IN BASIS? 1
~+ 14.00° 18.00 2.00000E+60 . .

IS VARIABLE IN BASIS, TYPE YES OR N@?  YES
WHAT IS THE PLACE §F THE VARIABLE IN BASIS? 2
. -6.66667E-+59 300 4.3333

IS VARIABLE IN BASIS, TYPE YES OR N@7? YES . .

WHAT 1S THE PLACE @F THE VARIABLE IN BASIS? ~3 .
.-1.80 1,00 4,00000E +59 -
IS VARIABLE IN BASIS, TYPE YES ¥R N@? N§
WHAT IS THE NEW GIVEN Np. §F THE VARIABLE? 3
-1.00000E+70 L0000 - -0 000
IS VARIABLE IN BASIS, TYPE YES PR NO? . NP
WHAT 1S THE NEW GIVEN N@. 0F THE VARIABLE? 7
«1.00000E+70 .00 2.00

IS VARIABLE IN. BASIS, TYPE-YES PR N@? N .
WHAT IS THE NEW GIVEN N@. OF THE VARIABLE? 0 b

= D@ YOU WANT COMPLETE ANALYSIS, TYPE YES OR Np? YES

.5000E +00 .0000E+00 » H000E-+00
~.1500E+01 .0000E+00 .5000E +00
. . .2500E+01 -. 10005 +01 -, 5000E+00-
- 2000E +01 +1000E+01 -.7T000E+01 | *
DO YOU WANT SENSITIVITY OF PROFIT T¥ A CHANCE .\ - ¢ _FICIENT OF A

CONSTRAINT, TYPE YES PR NQ? YES

WITH RESPECT T¥ WHICH CQNSTRAINT N;a }? -
“ 4 ,90000E+03
5  .30000E+<03
6  ,10000E+03

WITH RESPECT T@ WHICH CQ)NSTRAINT(N@ ) 2

4 450002403

r 5 .15000E+03
" 6 .50000E +02

.
o~
ot

[PE-Y Y
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SOLUTION SAMPLE PROBLEM 1 - Continued

WITH RESPECT T¢ WHICH CGNSTRAINT(NG )? 3 % o P i
TTTT"4 -, 31500E+04 , o gl JBE e
- . v v g f\;ﬁ s i,
5 -. 10500E+ 04 L ) wrd ¥
T ¢ S BNt T
6 - 35000E+ 03 Fyg P PRI S Uy, @v‘@iﬁ%&;w“}
‘ I R S 0
' R LEL el \’*{A £, %
i WITH RESPECT TQ WHICH CQNS". RMNT(NG )2 9 LT %?fgﬁ%f j;;
kS 5 * * ' - ' :) - ) s:‘+
DY Y(:JU WANT TO’ ADD NEW VARAABLE #TYPE YES QR NGI? ° NG g A

EXPLANATION OF OUTPUT DATA
Original variables X1, X2, and X3 are renamed as 4, 5, and 6, respectively.

Right-hand Side Vector Range

The first constraint corresponds to the production eonstratnt whole right-hand side value 1s 600 (that is,
mimimum rug production 1s 600). The output shows that this value can vary between 500 and 620
without changing the optimal basis Similarly, the number of man-hours whose original value 13

BOO can vary between 750 and + = (1nfinity), the availability of material can vary between 1,400 and

1, 800 pounds per week without changing the optimal basis (although the levels of different activities
may change).

Cost Coefficient Range

In this analysis, the range of the cost coefficient 15 given for which the optimal basis remains unal-
tered. The cost coefficient of variable #4 {original X1), which 1s on the first place 1n the basis, can
vary between $14. 0 dollars and {+ =) {original value $18. 00 dollars), cost coefficient of variable #5
(original X2) can vary between $(- =) and $4. 333 dollars, and cost coefficient of basic variable #6
{(original X3) can vary between $(-1. 8) and (+ =) wathout changing the optimal basis. Similarly, the
cost coefficient of the slack variable (#3, representing unused availability of material) which 15 no:
1n the optimal basis can vary between $(- =) and $7. 0 dollars without changing the final basis. I .e
above analysis, it has been assumed that only one parameter 1s changed while the others remai.
fixed to their original values.

After grouping the different headings, the complete analysis tableau can be rewritten . lollows

Table 3. ANALYSIS TABLEAU

(1) (2) (3)
Production Labor Speciai d.aterial
(4) Quality Rugs 0.5 0 -. 5
(5) Cheap Rugs -1.5 0 .3
{6) Unused Labor
Availability 2.5 -1 -3
(7}  Profit 2.0 1 -1.

The three columns, namely, (1), (2), and (3) represent three consraints (tu?f ic  voduction, .oor,
and special material). Rows (4)-(6) represent the different activitics {or variaw. , 1 the same order
as they appear in the optimal basis. The last row (7) 15 a Profii row
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Interpretation of Results

It 1s clear from Table 3 that reduction in production of rugs by one unit will increase the profit by $2,
The number of quality rugs will be increasea by cne-hali, the production of inexpensive rugs will be
decreased by three halves, and the unused m..n-hours will pe increased by five halves. The second
column shows the increase, or decrease, of aan-hours (within its range) has no effect on the number
of quality and inexpensive rugs producea Bui decreasing one man-hour will decrease the unused
man-hours to 49 and the profit will be increased by $1. Similarly, decreasing special material by
one pound will decrease the profit oy »7

The preceding answer 1s given .. . 05 of substitution rates, which are not limited to just one unt
of change but which apply for « - .. within the range (right-side vector range} of validity of the
substitution.

It 15 advantageous to "uuow .ow . .2 proiit will change 1if one of the structural coefficients (the left-hand
side) 1s shightly vari.. Rememoer that this analysis 15 correct only 1if a small change 1n a coefficient
of a constraint i1s cons.aered. This analysis 1s not quite valid for larger changes.

First of the last three results {with respect to constraint 1 - production constraint) 1$ reproduced as
follows:

Table 4. RATE OF CHANGE OF PROFIT

Variables Production
l Quality Rugs 900
Inexpensive Rugs 300
o Unused Man-Hours 100

Profit increases 900 times as fast as does the amount of production (of all rugs) per guantity of the
guality rug increases. Profit increases 300 times as fast as does the amount of production per
quantity of the inexpensive rug increases, and 100 times as fast as the amount of production per
hour of unused man-hour increases.

It should be remembered that Table 4 gves the rate of change of profit (for coefficient values very
close to their original values). For large increases, the rate varies, considerably,

For the last analysis {(adding a new variable), see Sample Problem 2.
SAMPLE PROBLEM 2
Consider a hypothetical problem:

16X1 + X2+ X3z 4

X1l + 5X2- 10X3= 10

3X1 + 2X2 + 5X3s< 20

X1, X2, X3,= 0
Minmimize Z = -X1 - 4X2 -~ 5X3

After solving the problem, you may have omitted an important activity or variable (which we'll call
X4) that has a sufficient bearing on the solution to the problem.
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P- m Formulation

Let the new_problem constrained be as follows.

16X1 + X2 + - MRS 4
X1 + 5HX2 " :0

3X1 + 2X . 3
X1, X! A

Minimum 2 = B AR > £
After getting .« + o1 ThHe  Jigafdl 9T0 o < (Wa o Vil 80:€ Am uaee.wed), the variable X4 s
added and a ne l'.jt’,'ith..lu 1° T

|l'll

o File tor Sample Problem 2 1s shown as follows.
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SOLUTION SAMPLE PROBLEM 2 - Continued

BASE VALUE

B ° 40.00 . . \ i
5L 10.00 & - S o oL CL
7 6.00 : S T

OPTIMUM VALUE = 4,00000E+01

Dga YPU WANT REQUIREMENT-VECT®R RANGE, TYPE YES PR NO? NP

Dp ngu WANT CPST CPEFF.RANGE, TYPE YES @R Np? -Np ~  ° 2
DY YPU WANT COMPLETE ANALYSIS, TYPE YES @R Np? NP \ ‘

D@ YOU WANT SENSITIVITY PF PROFIT T® A CHANGE IN A COEFFICIENT OF A
CONSTRAINT, TYPE YES PR Nm NO

DY YOU WANT T ADD NEW VARIABLE TYPE YES OR NQ)? . YES

GIVE STRUCTURAL AND COST CQEFF. OF THE VARIABLE? 2, -3, 1, -2

THIS VARIABLE IS GIVEN N® ¢
T BASE . VALUE ,
9 X1 R -
5 + . 6383 7 )
7 16.9091 : BN ’»‘;

PPTIMUM VALUE = 4.00000E +01 ) )

PR
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GLOSSARY

ARTIFICIAL VARIABLE:

BASIC FEASIBLE SOLUTION:

NONFEASIBLE SOLUTION

OBJECTIVE FUNCTION:

SLACK VARIABLE:

SOLUTION UNBOUNDED:

SURPLUS VARIABLE:

28

A variable which 15 added externally to the problem 1n order to obtain
an mmtial basis 15 called an artificial variable and, once 1t has been
driven out of the basis or has achieved a zero level, the simplex
procedure would not let 1t enter the basis again {that is, 1t will not be-
come non-zcei v,

A sol.t.un COns., .. . €uallons which has non-zero variable

values « Q& Dasl. $0udlivn and, 1f 1t satisfies the non-negativaty

resti: tivas > calied . nasi. eas:ble solution.

Any solaaui. wnich does not satisfy tnc non-negativity restrictions
1$ caued a nonfeasible solution

The function to be optim:i.cd - . .ed tne objective function.

An auxiliary variable . .- . . . erc the 1nequality constrant
{s) to an equation.

The problem 15 sa1d w . ..ve ail unBOUL. « »0lutio:. when a problem
has no Iim.e opuimun: vaiue of 1ts objecrive functiva

An aux).-uy variable witroduced to convert the 1nequality constrant
(2) to au equatnion
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Preface

This manual, which comhines and supersedes iwo other manuals--BASIC Lanpguage Refer-
ence Manual (202026A) and BASIC Language Extensions Reference Manual (802207--describes
the versien of the BASIC language used with the General Electric Mark I Tune-Sharing
Serwce

Another manual, Mark I Time-Sharing Service Command System Reference Manual (229116)
exglains all of the gystem commands that are a part of the Mark I Time-3naring Service. [t
should be consulted for system information.

The eriginal development of the BASIC language was supported by the National Science
Feundation under the térms of a grant to Dartmouth College, Under this grant, Dartmouth
Collage developed, under the direction of Professors John G, Kemeny and Thomas E, Kurtz,
the BASIC language compiler. Since that development, BASIC has been offered as part of the
Time-Shanng Service of General Electric’'s Information Service Department.

Genersl Electric has continued to expand the capabilities of BASIC, adding such versatile
features as string manipulation, data files, formatted line output, and others.

ES) A}
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MARK 1 BASIC

.. Introduction

-

A program 1s a set of directions that 1s used to tell a computer how to provide an answer to
some problem. It usually starts with the given data, contains a set of instructions to be car-
ried cut m a certain order, and ends up with a set of answers

Any program must meet two reguirements before 1t can be carried out. The first is that 1t
must bepresentedinaform that the computer understands. I the program 1s a set of instruc-
tions for solving a systemn of linear equations and the computer 1s an English-speaking person,
the program will be presented m:a combination of mathematical notation and English. I the
computer 15 a French~-speaking person, the program will be presented in French rather than
English, And if the computer 1s:a high-speed digital computer, the program must be pre-
sented 1n a programming language that the digital computer understands.

The second requirement for any program 1s that 1t must be completely and precisely stated.
Trus requirement 1scrucial when dealing with a digital computer, which has no ability to infer
what you mean. It does what you tell it to do, not what you meant to tell it.

We are talking about programs that provide numercal answers to numerical problems. It
would be easy to present a program in the English language, but such a program-would posc
insurmountable difficulties for the computer. English is rich with ambiguities and redun-
dancies, the qualities that make poetry possible but computing impossible. Instead of vsing
English, you present your program 1n a programming language that resembles ordinary
matnematical notation, that has asimple vocabulary, and that permits a completc and precise
specification of your program. The programmang language you wall usc 1s BASIC, Beginner's
All-purpose Symbolic Instruction Code. BASIC 1s precise, sumple, and easy to understand.

An wntroduction to writing a BASIC program 1s given 1n Chapter 1, which includes all that you
need to know to write a vanery of useful and interesting programs. Chapter 2 deals with more
advanced techniques, The Appendixes contain a variety of reference materials.



1. A BASIC Primer ”

AN EXAMPLE

The following example1sa complete BASIC programfor solving a system of two simultaneous
linear equations in two variables:

ax+hy=¢ di+ey =1
and then solving two systems, each differning from this systera only in the constants ¢ and f,

If ae - bd 1s not equal to zero, you should be able to solve this system to find that

x=ce-—bf and _af - cd
ae - bd Y= %54

If ae = bd 13 equal to zero, either there 18 no solut:on or there are infinitely many, but there
15 no umgque solution. If you are rusty on solviag such systems, take our word for 1t that this
15 correct., For now,-we simply want you to understand the BASIC program for solving this
system.

Study the following program carefully--the purpose of most lines 1n the program 138 seli-
evident-~and then read the commentary and explanation.

100 READ A2B-DsE

110 LET G=A%E-B4D

120 iF G=0 THEN 180
130 READ C»F

140 LET X={(CHE-B+F)/G
150 LET Ye{AXF-C#%D)/G
160 PRINT XsY

170 GB TO 130

180 PRINT NG UNIQUE SOLUTION"
190 DATA 1:2:;4

200 DATA 2,~7.5

210 DATA 1:324,-7

999 END

You can see, first, that ths sample program uses only capital letters, because the teletype-
wr.rer has only capial letters,

Second, you can see that each line of the program begins with a line number. These numbers
are called line numbers; they identify the lines, each of which 1s called a stafement. A pro-
gram 15 made up of statements, most of which are instructions to the computer, The hine
numbers also serve to specify the order in which the statements are to be performed by the
computer. This means that you may type your program 1n any order, Before the program is
run, the computer sorts out and edits the program, putting the statements into the order
specm/ed by_their line numbers. This editing process also facilitates correcting and changing
programs,.as we ghall explain later on.

. ]
Taird, note that each statement starfs, after its line number, wath an English word. The
word denotes the type of the statement. Thereare several types of statements in BASIC, mine
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» ; ‘ SAMPLE PROCRAM

of which are rhscusl,d in this chapter. Seven ',:t},ésc nine appear in the sample program we

are now ConsiCi-ing,,

e
Note also that, altnougr. ¢ 15 not obvious frn the Program, spaces have no significance in
BASIC siateisen.s, excep. In messazes th; are to be printed out, as 1n line number 180
Spaces mzy be usen or not, . wit tg make, praram more readable. Statement 100 could
r

have been tyned as 100READA,‘: D. E and stwrent 110 as 110LETG=A*E-B*D

With this preface, let’s oo threugh ne progra step by step. The first statement, 100, 15 a
READ statemcnt. It must be acenmpa. ved l;'y iz or more DATA statements. When the com-
puter encounters a READ statement whi:: exéd A8 your program, 1t will cause the vanables
listed after the word READ to be g1ven value ¢Cording to the next available numbers n the
DATA statemenis. In our sample program * read A n statement 100 and assign the value
1 to 1t from staiement 190, and similarl th B and 2, end with D and 4. At this point, we
have exhzusted the available data in stat.2nt 190, but there 1s more in statement 200 We

P1¢k up ihere tne number 2 to be assignec E-

N

Next we go to statement 110, a LET ~tement, where we first encountcr a formula to be
cvaluated. (The astenisk, *, 15 useq tdenote multiplication.) In this statement we direct
the computer to fina the value o1 AE - J» and to call the result G. In general, a LET state-
ment dizects the computer to set a.varile equal to the formula on the righthand side ef the

equal sign.

We know that 1f G 15 equal to zerone system has no unique solution. Therefore, we next
ask, 1n line 120, whether G is equal /zero. If the computer finds a Yes answer to the ques-
tion, it 1s directed to go to line 1/. Line 180 tells it to print out N@ UNIQUE SOLUTION,
From this point, 1t would go to thel2xt statement. But lines 190, 200, and 210 give 1t no 1n-
structions, since DATA statemep are not executed, and it then goes to line 999, which

directs it to END the program. |

#
If the answer to the question “*IgC4ual to zero™’ ts No, as 1t 18 1n our sample program, the
computer siumply goes to the nexf,atement, inthis case statement 130, (An IF--THEN state-
ment tells the computer where 20 if the IF condition exists, but to go on to the next stotce-
ment if 1t does not exist ) Stament 130 directs the computer to read the next two entries
from the DATA statements--1n118 case -7and 5, both 1n statement 200--and to assign them
to C and F respectively. The ¢nputer 1s now ready to solve the system:

T TR+ 2y =7 4x +2y =5
In statements 140 and 150, e direct the computer to find the values of x and y according tu
the formulas provided. Note.hatwe must use parentheses to show that CE -~ BY 1s drvided by
G. Without parenthescs, on’ BF would be divided by G, and the coinputer would find

{
BF |

X=CE-_§—

P
'

The computer 15 told 1n,[me 160 to print the two values computed, those of X and Y. Having
done so, it moves on to lie 170, where 1t 15 directed back to line 130. If there are additional
nuribers 1in.the DATA sitements, as there are here 1n 210, the computer 1s told in line 130
to take the next numberand assign it to C, and the one 2fter that to F. The computer 1s now
ready to solve the systgn:

x+2Zy=1 4% + 2y = 3
As before, 1t finds t'e solution in 140 and 150, prints out the values in 160, and then 13 ci-
rected in 170 to go bick to 130.

In line 130 the computer reads two more values, 4 and -7, which 1t finds in line 210 It then
solves the system:- +

/
X+2y=¢ 4x + 2y = <1

(



and prints out the solutions. It 1s directed back again to 130, but there are no more pairs of
numbers available for C and F inthe DATA statements, The computer therefore informs you
that 1t 1s out of data, printing on the paper 1n the teletypewriter PUT OF DATA IN 130, and
stops.

Let’s look at the importance of the various statemeants, For example, what would have hap-
pened if we had omitted line number 1607 The answer 1s simple. The computer would have
solved the equations three times and then told us it was out of daia. However, since 11 was
not told to show ug (PRINT) tne answers, it would not do so, and \l.e sciuaons would be the
computer’s secret,

What would have happéned f we had left cut line 12072 In the problewa just soived, nollung.
But 1t G were equal to zero, we would have set the computer the unpeazinle tagk of div.dng
by xero in 140 and 150, and 1t would teil us 5o by prnting out DIVISION BY ZERD IV 340
and DIVISHN BY ZERD IN 150. Suppose we had left out statement 1707 The computer would
navs golved the farst system, prinied out the velues of X and ¥, and then gone on to line 180.
Ags darected, 1t would print out N@ UNIQUE SOLUTIZN, and then stoso,

A natural guestion that may arise 13, why this selection of line numbers? The answer 15 that
the particular choice of line numbers 15 arbitrary. The only requicement is that ciziements
be numbered 1n the order that we wani the computer to follow in eroeiting the program. YWe
could have numbered the statements 1, 2, 3, 4, ..., 13; but we do nwi rocommend t1g nuin-
bering. We would normally number the statements 100, 110, 120, ..., 929. We . the sun-
bers such a distance apart so that we can later insert additional stzizments eas:ly. For ex-
ample, if we find that we have leit out two statements belonging belween thoss nu:nbered 140
and 150, we can give them any two numbers between 140 and 150, say 144 and 146, In the
editing and sorting process, ti e ccmputer will put them 1n the correct place,

Another question that mayarisehastodowith the placing of the elements of data in the DATA
statements: Why place them as theyareinthe sample program? The choice 18 arbitrary, We
i1eed only arrange the numbers in the order thac we want them read--the first for A, the
second for B, the third for D, the fourth for E, the fiflh: for C, the sixth for F, the seventh
1er the next C, and so0 on. In place cf the three statements nunbered 190, 200, 210, we could
have put

195 DATA1,2,4,2,-7,5,1,3,4, -1
or we could have written, perhaps more logically .

190 TATA1,2,4,2
200 DATA -T,5
216 DATA 1,3

220 DATA 4, -7

puztirg the coefficients 1n thefirst DATA statement and the three pairs of righthand conscaats
in the following DATA statements. .

After typing the program, we type RUN followed by a carriage return. Up to this poiat the
comniier stores lhe program and does nothing eise with it, It 18 the command RUN that
direc.s the computer to execute the proegram.

“re sample program and the resulang printoutare shown now ag they appear on the teletype-
writer

iC0 READ AsB-D.E

110 LCT G=A%E~-Bx*D

120 IF G=0 THEN 180
120 READ CoF

140 LET AXa(C¥Z-BxF)/G
150 LET Yo (AxF-CxD)/G
160 PRINT X»Y

170 G?3 T@ 130
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woLov.patol L Curry oud 2 preal racsy vperations, [t can add, subtract, maltiply, divide,
£31 2ct SondTy CLOLE ra.ot 2nutrberioapower, find the sme of a numhber on an angle meas-
Ve 10 tathan: oG 50 on. We siall now learn how Lo tell the compuler to carry out these
2370 3GB GLELAL.ON. 10 fie oracy ‘hat we want them done

she conoruter cotapates by evainabing formulas that are supphied in a program. The formulas
rr. osinalar 0 w0se used in ordinary mathematical calculation, except that each BASIC
youraula must Ge writlen on a sinple lime. ¥ive anthmetie operations can be used to write a
tormuda, They are listed 1n the following table.

Symbaol Example Meaning
- A+ T3 Addition. Add B to A.
- PR - Subtraction. Subiract B from A,
“ A*DB Multiphication, Multiply B by A,
/ It Dwision Divide A by B.
1 X132 Raisc to the power. Find X2,

Tvo mrust be ¢ el vath parenineses 16 mal.e sure that we group together tne things we want
anethc,, We naust 2050 urcerstand the order in winich the computer does 1its work.

~ R

avinply this result by B, andthenadd A to the resulting product. This 1s the usual convention

J: 8 + BCP, UHtmsisunt e intended oraer, we must use parentheses Lo indicate a different
LTn Surrose 1 18 Lue proguct ot i3 and C that we want raised to the power D. We must write
Aalb e, O af o ow ot fe metiaply A + B by C to the power D, we wrnite (A+BY*CiD. We
e aae - to B, mu ety thenr swn by €, and raise the product to the power D by writing
HAILCHD

dye snample, L owe tvpe A+3*C1D, the computer will first raise C to the power D, then

coorder of pnee woocogpuarg, 8 reeerding to the following rules.
< 12
o PRI F TR RAN sonthcsr s a compuied before the enclosed quantity 18 used in
oot Dodatk
o TR VoSl 5 50 o unuth that wecludes accition, multiplication, and

H RN N RTVS LIt SR P 3107 L e e moupndet first rarges the number to the power,

G atae the e 0, adaocs the aadufion last. Ivision has the same priorily

de oot e bion, LG U act aone same as aadition,

P O SN AN catires 25 ot lorauda tht rneludes only multiplication and divi-
5100 {ur QLY annadun And subiracion), the computer worhks from left to ight.

The rais ore (Hluet v o B wamnie nsogram already consick sed The rules also tell us

R A I ~Heo opl suiiract B otrem AandthenC from their difference.

Uit A 300, U Wik v . . o LY U waw ien thal gacacont by € Given A1B1iC, the computer



will raise the number A fo the power B and tnen raise the resulting number to the power C.
If there 1 ever any question in your mind about the priorty, putf in more parentheses to
+ avold possible ambiguities.

In addition to the five arithmetic operations, the computer can evaluate several mathematical
functions, The functions are given special three-letlier names, as shown 1n the following table.

Function Meaning

SIN(X) Find the sine of X. } X interpreted as
CPOs(X) Fina the cosine of X. a number, or as
TAN(X) Find the tangent of X, s anangle measured
ATN(X) Find the arctangent of X. 1n radians.
EXP(X) Find exX.

LBG(X) Find the natural logarithm of X (In X).

ABS(X) Find the absolute value of X (| X}).

SQR(X) Find the square root of X (/X).

Three other mathematical functions are available in BASIC INT, RND, and SGN. These are
regerved for explanation in Chapter 2.

In place of X, we may substitute any formula or number in parentheses follow.ng any of the
funciions listed above. For example, we may tell the computer to find/ 4 + X° by wrnting
SQR{4+X13), or the arctangent of 3X - 2e¢™ + 8 by wnting ATN(3*X-2*EXP(X)+8).

Since we have mentioned numbers and variables, we should be sure we understand how to
write numbers for the computer and what vamables are allowed,

Numbers

A number may be positive or negative, andit may contain as many as nine digits, but it must
be expressed 1n decimal form, For example, all of the following are numbers in BASIC:

2 -3.675 123456789 -. 987654321 483.4156
The following are not numbers in BASIC
14/3 ST .00123455789

The first twe .2 formulas, bul not numbeis. The last one has more than nine digits., We may
teil the computer to find the decimal expansion of 14/3 or ./7, and to do something with the
resulting number, but we may not include either in a list of DATA,

We gain flexibility by use of the letter E, which stands for ‘‘imes ten to the power.”” Using
E, we can write .00123456789 1n several forms acceptable to the computer .123456789X-2
or 1234567839E-11 or 1234.56789E-6. We can write ten million as 1E7 and 1869 as 1.969E3.
Ve dcT> not write a number as E7,but must write 1E7 to indicate that 1t 1s 1 that is multiplied
'0\,' iof,

Variables

A variable in DASIC 15 denoted by any leiter, or by any letter followed by a single digit. The
computer will interpret E7Tasavariable, along with A, X, N5, 10, and $#1. A variable in BASIC
stands for o sumber, usually one thatis not known to lthe programmer at the time the program
15 written, Varnables are given or assighed values by LET, READ, and INPUT statements.
All variables have the iniual value of ze10, so that if you want the starting value of a variable
to be zero you need not assign 1tthat value. (Another kind of variable, the string variable, 1s
discussed later on in Cuapter 2.)



' LOOPS

Although the computer does hittle in the way of correcfing during computation, it will some-
fimcs help you when you Iorget to indicate absolute value. For example, if you ask fox the
square root of -7 or the logarmthmof -5, the computer will give you the square root of 7 with
the e:ror message that you have asked for the square root of a negative number, or the
logarithm of 5 wiih the error message that you have asked for the logarithm of a negative
number.

Threz other mathematical symbals, symbols of relation, are available 1n BASIC to indicate
any of six standard relations. Thcse are used in IF--THEN statements, where values must
be compared, The s1x possible relations are shown in the followmng table.

Symbol Example Meariing
= A=B Is eqgual to. A 1s equal to B.
< A<B Is less than. A 1s less than B.
<= A<=38 Is lessthan or egual 10. A 15 less than or equal to B.
> A>B Is greater than. A 1s greater than B.
= A>=B Is, greater than or equal to. A1s greater than or equal to B.
< > A<>B Is not cqual to. A 1s not equal to B.

LOOPS

We are often intarastec 1 vimiirg o program in which one or more parts are traversed not
iuet once, but a rn.mter of umes, perhaps with shight changes each time. In order to write
the simple. sropram, cne in wrazh the part to be repeated 15 written just once, we use the
programi:.~. Jecvice known as a locy.

The usé .. -oups can be :ilvstratea by two programs for the simple task of printing out a
table of thy ..rst 100 paz:. . .niccors together wath the square root of each. Without a loop,
Odr progr... would bc .07 ie. nf:

100 PRINT 1.350RCI?
105 PRINT Z2,30R«2?
110 PRINT 3,38R{3?

a
-

590 PRINT 99,50R(99)
595 PRINT 100,59RC1GO?
600 _ND

Wilh the 13itoweng proe-- -, . .nzonetype of loop, we can get the same table withonly 5 lincs
oi mstruci_un insteas .

106 L:T X=1

10 PRINT X:SQROY)

120 LET X=X+i

130 IF A<=100 THIN 110
399 END

Stotement 136 guves the value of 110 X, which imtializes the loop. Line 110 causes the print-
mg of both 1 and :ts square root. Line 120 increases the value of X by 1, to 2 Linc 130 asks
whether X 15 less than or egual to 100--a Yes answer directs the computer back to line 110
Here 1t prints 2 and JZ, ane ¢ces to 120 Again X 1s increased by 1, this time to 3, and at
140 1t goes back 1o 110, T 12 .rocessis repeated--line 110 (print 3 and +/3), linc 120 (X = 4},
iine 130 (since 4 15 less than or egual to 100 go back to line 110), and so on--unli the loop
aas been traversed 100 times. Then X becomes 101. The computer now {inc.s a2 N answer to
the question 1n line 130 (X 1s greater than 100, not less than or equal to 100). It therefore
does not return to 110 but movesonto line §88, and ends the program.

A1l loops contain four elements imitialization (lire 100 1n our program), the body (linc 110},
moatfiecation {imne 120), and an ext test (line 130). Because loops are 50 umportant, BASIC

)
1



provides apairof statements that specuy aloop even more sumply than the previous program,
They are the FOR and NEXT statements. Their use 1s :llustrated in this program:

100 FE@R X=1 TO 100
110 PRINT XaS58R(X)
120 NOAT X

Y79 EiD

which does exactily the same thing as the two previous programs. In line 100, X 15 set equal
to 1, anc' a test 15 set uy, ike that of line 130 above. Line 120 causes X to be mureased by i,
and also carries out the test to decide whether to go vack to line 118 or to go cn. Thus lines
100 and 120 take place of lines 100, 120, anc 13V a tae previovs prograrn -- aond they are

Poan e e vy
QLIICS 1S VST,

Tlote thzat the value of X is increased by 1 each time we go thiouph toe 1oop. s vre wonted a
dd-ezrent mecrezse, we could specify 1t by wriung, foo exa.nple.

100 F&F A= TO 100 STEP 5

and tne compurer would assign 1 to Xor . frzmt fune theonga tho Loop, & w0 % o tae sccona
L.me tnrough. 11 on the third time, ar. 4o on the twenuetn tune, Another sten or o would take
i beyoaa 100, so the program woola po on to the end after prmting S0 and it sousre root,
The step value may be either pos.uive or negauve, We cowlic obtain the first lanle printed
reverge order by writing line 130 as

100 FLA XK-100 T8 1 STEP ~I

In the absence of a STEP instruction, a step size of +% 15 agsumed,

More comp! caed FUOR statements are allowed. The inttial value, tne 1inad value, and tae
sten e mav sl be formwlas of any complexity. Fo: exaurple, 1f N ana Z have bees spedi-
“ad :~iier i the progiam, we could write

055 PER X=N+T#Z 10 (Z-NX/3 STEP (N-2.2)710

Jor a portee cter eize, the Joop conhinues na long as tne conlrol varizble e less il o

cqual 1o the ¢ azl walue, For a negative step size, the loop continves ag lcng a3 the controg
variable 13 gveaier than or equal to the finai value

If the initral value 1s greater than the final value {or less than for a negative sten size}, then
the body of tne loop wall not be done even once. The computer will immediately pass to tne
sictement follawing the NEXT. As an example, the foliow:ng program for adaing up the fira:
n itegars vall give the correct result ¢ when n1s 0.

100 RELD N

110 FER K=1 T@ N \kﬁ
120 LET S5=S+K

130 NEXT K

(4D PRINT S

150 G2 TO 100

16G DATA 3:1040

239 ENG

It 1s often useful to have loops within loops. These are called nested loops They can be ex-
pressed with FOR and NEXT statements, But they must actually be nested and must not cross,
as the followingskeleton examples 1llustrate,



LISTS AND TABLES

Allowed Allowead
l—— FOR % FOR X —
- FOR Y FOR Y ——
‘ NEXT Y . FOR Z ]
NEXT X NEXT Z
IOR W :l
Not Allowed NEXT W
TOR X NEXT Y
FOR Y FOR Z ]
—ENEXT X NEXT %
NEXT Y NEXT X

LISTS AND TABLZZ

In addition to the ordinary numeric variables used 1n BASIC, there are variables that we
can use to designate ine 2leisenis of 2 hist or table. We use these where we would ordinarily
use a subscript or a double sabscript, asior the coefficients of a polynomaal (a,, a,, a,, ...)
or the elemen:ts of a matrix (b,,;). The variables that we use 1n BASIC consist of a single
letter, which we call the name of the list or table, followed by the subscripts in parentheses.
For the coefficients of the polynomial we would write A{0), A{1), A(2), and so on; for the
elements of ine matrix we would write B(l,1), B(1,2), and so on,

We can enter the list A(0), A{1), ...A(10) into a program very simply with four_lines-

100 FOR I=0 T2 {0

110 READ A1)

120 NEXT 1

130 DATA 2435-5:7s2e¢254,=9,123542-453

We need no special wmnstruction to the computer if no subscript greater than 10 occurs. If we
want larger subscripts, we must use a dimension {DIM} statement, to tell the computer to
save extra space for the lList or table. When in doubt, indicate a larger dimension than you
expect to use. For example, if we want a list of 15 numbers entered, we might write:

100 GIM A(25)

110 READ N

120 FBR I=)1 T@ N

130 READ AactI>

140 NEXT I

150 DATA 15

160 DATA 2:3s5:7211213517519:2322923123T7241243,47

Statements 110 and 150 could have been eliminated by writing 120 as F@R I=1 T@® 15, but
the torm we used allows us to lengthen the list by changing only statement 150, so long as
the number of elements 1n the list does not exceed 25. x

We would enter a 3 x § table into a program by writing:

100 FOR I=) TO 3

110 F@R J=1 T2 5

120 READ B(I.)

130 NEXT J - ) ‘
140 NEXT I

150 DATA 2:3,-5,-9.,2

160 DATA 4s~T2Ja4s-2

170 DATA 34-3:5:728

We may enter a table with no dimension statement, and the computer wiil handle all the
entries from B(0,0) to B(..,10). But .1 you try t¢ enter a table wath a subscript greater than
10, wathout a S:M siatemment, you will get an error message telling you that you have a sub-
script error. Tms cor o2 eas:ly corrected by entering, for example, the Line:



95 DIM B<20.,30)

which will reserve space for a 20 by 30 table.

The single letter denoting a list or table name may also bc used to denote a simple variable
vithout confusion. But tne same letter may not be used to denote botk a list and a table
the same program.

The form of the subsecript :s gu.te flexable, You rmplr have the list item B(i+X) or the table
items B(LLK) or Q(A{3,7),8-C).

Let’s look now at a sample program thatuses both a list and a table. The program computes
the total sales of each of five salesmen, each of whom sells the same three produc.s.

SALES]) 14:38

100 FOR I=1 T@ 3

t10 READ PCID

120 NEXT I

130 FBR I=] T@ 3

140 FAR J=! TG S5

150 READ S¢I.J

160 NEXT J

176 NEXT I

180 FOR J=1 T 5

190 LET $=0 -

200 F@R I=] T@ 3

210 LET S=S+PCI)*S(I,J)
220 NEAT 1

230 PRINT "TOTAL SALES F@R SALESMAN "3J,"3"1S
240 NEXT J

250 DATA 1+25:4430,2.50
260 DATA 40,20,37,29,42
270 DATA 10,16,3421.8
280 DATA 35,47+29216,33

999 END 0
RUN
SALES1 14139
TOTAL SALES F@R SALESMAN 1} 5 180.%
TOTAL SALES F@R SALESMAN 2 L 211l
f@TAL SALES F@R SALESMAN 3 8§ 13:i.35
TOTAL SALES FOR SALESMAN 4 5 10..%5
TBTAL SALES F@R SALESMAN S S 1694
The list P gives the price per . gach o1 Lthe three products. The table S tells now many

items of each product each mun suia, As you can see from the program, product number 1
sells for §1.25 per item, nurci. . "r $4.30 per item, and number 3 for $2.50 per item, You
can see also that salesma. r .ser 1 sold 40 items of the first product, 10 of the second,
and 35 of the third, and so o1, Tne program reads 1 the price list in lines 100, 110, and 120,
using data 1n line 250. It reads in the sales table mn lines 130-170, using data in lines 260-
280. The same program could bz used agam, modifying only line 250 :i the prices change,
and only lmes 260-280 to enter the sales 1n another month,

The sample program did not need a dimension statement, since the computer automatically
saves encugh space to allow subscripts to run from 0 to 10. A DIM statemnent 15 normally
used to save more space. But 1n a long program, requiring many small tables, DIM may
be used to save less space for tables, in order to leave more for the program,

Since a DIM statement 1s not executed, 1t may be entered 1nto the program on any line before
END, It 15 convenient, though, to place DIM statements near the beginning of the program.

[
(]



ERRORS AND DEBUGGING

Occasionally the first run of a new problerm wall be free of errors and give the correct
answers, Usually, though, errors will have to be corrected before the program runs right.
Errors are of two types. errors of formthat provent the running of the program, and logical
ervors 1in the program that cauce the computer to produce either wrong answers or no
answers at all,

Eriors of form will cause error messazes to be printed. The various error messages are
listed and explained ;u Appendnn. A, Lomeal errors are often much harder to find, par-
ficularly when lhe profram gives nrswers that are nearly correct. In either case, after
you find the errors, you can ¢cotreLr  a.x by changmg lines, mnserting new lines, or deleting
lines from the progrom. A e 15 Wl . ;-8 by typing it correctly with the same Iite number.
A line 1s mnserted Ly typing it wiil. 1 ...  amber Letween those of two existing lines. A line
is deleted by typug s Inc mimbe. . rd peessing the RETURN key. Notice that you can
msert a ling only :f the ur1nal Lre wmirmbers 2:¢ not consecutive, For this reason, most
programniers siart out using lne menbars o are multiples of five or ten, but that 1s a
matter of chioice.

You can make correclions at any tiric that you notice them, either before or after a run,
Since Lhe computer sorts limes and arianges ihein in order, a line may be retyped out of
sequence. Simply retype the bad line with its original Iine number,

As with most problems in compuling, we can best 1llustrate the process of finding errors
(or bugs) in a program, and correcting {or debugging) 1t, by an example, Let’s consider the
nroblem of finding the value ot X betwaen 0 and 3 tor which the sine of X 15 2 maximum,
and printing out this value of X and the value ¢1 1ls sine. If you have studied trigonometry,
you know that 7/2 18 the correct valucof ¥, but we shall use the computer to test successtve
values of X from 0 to3 First we shall use mtervals of .1, then of 01, and fmally of .001.

Thus, we shall tell the computer to find the sine of 0, of .1, of .2, of .3, . ., of 2.8, of 2.9,
and of 3, and to determine whith of these 31 values 1s the largest. It will do so by testing
SIN({) and SIN(.1) to see which 1s larger, and calling the larger nf these two numbers M,
Then 1t will pick the larger of Mand 5iN(.2), and call 1t M. This number 1t will check against
SIN{(.3), and so on down the line. Each itme a larger value of M 1s found, the value of X 15
remembered 1n 30, When the computer finished the series, M will have the value of the
largest of the 31 sines, and X0 will he the argument that produced that largest value. It will
then repeat the search, this time cheeking the 301 numbers 0, .01, .02, .03, ..., 2.98, 2.99,
ard 3, finding the sine of gach and chacking to see which sine 1s the largest. Finally, it wall
chock the 3001 numbars 0, .001, 002, .003, ..., 2.998, 2.998, and 3, to find which has the
larpest sine. At the end of each of the three searches, we want the computer to print three
number s the value X0 that has the largest sine, the sine of that number, and the interval
of search.

Beflore gowng to the terminzl, we write a program. Let’s assume 1t 1s the following-

“"100 'READ D
110 LET X0=0
120 F@R X=0 TO 3 STEP D
130 IF SIN(¥) =M THEN 190
140 LET X0=X
150 LET M=SIN(X0)
160 PRINT X0,X,D°
170 NEXT X0
180 G@ T 110
190 DATA .1,,01,.001
999 END

We shall 1llustrate the entire sequence ontheteletypewriter, and make explinatory comments
on the 1ighthand side,

11



NEW
WEY FILE NAMZ~-MAXSIN
READV.

100 READ D

110 LWR Xo0=0

‘20 FOR X=0 T® 3 STEP D
130 IF SINC(X)Y<=M THEN 190
149 LET X0=X

150 LET M=SIN{X)

160 PRINT x@.X.D

170 NEXT X0

B0 GO T t10Q

110 LET X0=0

190 DATA 1,071,001
999 END

RUN

WATT»

MAXSIN 14342

INCBRRECT F@RMAT IN 16D
NEXT WITHQUT F@Rr INn 170
F@R WITHOUT NEXT

UNDEF INED NUMBER 190

USED 0«83 UNITS.

160 PRINT X0.,X.D

170 NEXT X

130 IF SINCX)<=pM THIN 170
RUN

MAXSIN ‘14344

01 .: 'l
2 2 «l
-3 23

STOP.

READY.

110 LET M=-1
RUN
WAIT.

MAXSIN 14345

0 G sl
.1 s |
2 .2 .1
«3 «3

STGP.

READY.

160

175 PRINT X0.0,D
RUN

walT.

After yping line f36G, w. rotice that
Yrug ;
LET was mistyped . - . 11, 30

we ictype G, rms timme oo v

When we receive tne first eiror
message, we 1nspect line 160 md
find that we used XP 1nstead of X0
for a2 variable. The next tvn c.10r
messages refer to lines 120 and
170, where we see tnat we mixed
variables. We correct thy. oy chang-
ing line 17C The fourth error mes-
cage powints out that line 130 d1-
rected the computer tc a DATA
statement and not to line 170 wnere
it should go, We correct this by re-~
typing line 130

This 1s obviously incorrect ¥Eveiry
value of X 15 being printed Vo . top
the printing by pressing the BREAK
key. Then we ponder the poogram
for a while, trying to figure out
what's wrong with 1t.

We notice that SIN{0) 1s compared
with M on the first tume through the
Ioop, but we had assigned no value
tc 11. So we woncer if giving a valve
less than the mazinum value of the
sine will du 1it. Ve gve 10 lhe value
of -1, by changing line 110, where
we nad necorrectly inmiticlhized X0
wmsiead of M,

We are about to print ouvt almost
tne same table as before. tisprint-
g oat X0, the current value of X,
and the interval size each time 1
goes through the loop

We fix thus by moving the PRINT
statement outside the loop. We de-
lete lane 160, and line 175 15 outside
of the loop. We also realize that we
want M printed and not X.



MhAs I 12546
et «9995% ¢ .1
Lol e B9vLI 4 -}
’wu 09995.’4 -l
te

3TUR.

ReNl{e

S0 GO T 100

95 PRINT "X VALUE"™, "S8Ius . ROSGVY L4

Ta et

Wai7.

Teyns L83 14575 o Wk GYIVCLEY

M 2lniCy FLRMAT b
DLle P00 Ut
= Fa e NT X MALDT . S Y
Fai
hr.i‘lf.":l‘! !4‘43
A VALLE SINE
i-& GHLTA
fra? H
Pen¥a je
ul viF pAFA  IN 100
ULEL 18217 URITS.
st
rANEIN 14149

9 PRINT X VALUE", "SINEY,
1,0 READ D

YI0 LIKT M=)

VRO IFOR A=60 T@ 3 STEP D
130 ¢ SANCHI=aM THEN 170
140 LOT XOaX

150 LET Ma31IN(X)

170 NEXNY X

178 PRINT RKO-M.D

180 G@ TN 100

190 DATA 1201409001

P99 END

SAVE

READY.

eyl

o

PRESLYTIG o

RESOLUTION
el
«01
«001

“ROSGLUT TGN

We ses that we 3re doing the Same
thwg over and over agein, the case
for D=.1. 5> we giop the printing
and inspect tae poogram again,

Of course. Iane 180 sent us back (o
tc line 110 to repeat the operai.on
rather than beek io line 100 to pick
up a new value for D), We also de-
cide to pit in headings for our col-
umns by a PRINT slaleme=t,

There is an error in our PRINT
statement: no lefthand quotation
mark for the tturd item.

We rotyoc Hinn 59 witn 21l of the re-
quired quow.afion marks.

Exactly the desired results, Of the
31 numbass 0, .3, .2, .3, ..., 2.8,
2.9, 3, it s 1.6 thao has the largest
sine, namely ,59:u57-. S:mmlarly for
the finer suhd vi., 0.6,

The whole piocesn usad only 18,33
compuler resource uniis,

Having changed so many parts of the
program, we ask for a list of the
corrected program.

Wea save the program for later use.
This ghould not be done uiiless wedo
expee to use the progmam later.
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in solving thus probiem, there are two coinmon devices we dia not use. One 15 the insertion
of a PRINT statement when we wonder whether the machine 15 computing what we think we
asked 1t to compute For example, if we wondered about M, we could have inserted 155 PRINT
M, and we would have seen the values. The other device 1s used after several corrections
have been made and you are not quite sure what the program row looks hke. SBimply type
LIST or LISTNH, and the computer will type out the program o its current form for you to
mnspect.

SUMMARY OF ELEMENTARY BASIC SVATEMONIS

in this seclion, we shall give a concise desceripuion ¢i unh of ilewypes of BASIC stateraents
yod will find most useful in writing the simpler xuads of BASIC programs, f'or each form,
we shall assume a line number and use underlining to denote a ganeral type, Thus, variable
means any variable, which 1s a single letter, possibiy followed by a single digw,

LET

The LET statement 15 not a statement of algebraic equality. It 73 an Instruction to the com-
puter to do ceriain computations and to assign the answer L0 4 certain variable, Each LET
siatement 15 of tre form

LET variable = formula

Examples:
100 LET X=X+1
259 LET W7=(W-X21L " o, -3, 3-17

READ and DATA

We use a READ staten :n. to assign to the listed variables values obfained from a DATA
statement. Newther sinfe a.zne 15 used withoul one ofthe otner type A READ statement causes
the vaimablez Iisted ir w to e given, 1 order, the rext avaiiable rumbers in the collection
of DATA statements. uefore the prograin is run, the compuler puts all of the DATA state~
ments, n tne erder :n wihich they zppear, wmnto 2 large data biock. Each time a READ state-
ment 18 crcoanfered anywherc in the program, the data block supplies the next available
namher o1 pcuinbers. I the data block rune out of data, with a RisAD statement still asking
for mo. g, .he nrogram 1s assamed {o be done.

Since we have to read in data before we can work with it, READ statements norp 1lly are
placea near the bepnning of a program. The location of DATA siatements 1s uris goram,
50 Jcug as they ace in the correct order. A common practice 1s tu put all DATA statements
together just betore the IND statement.

Eacl READ slaliement 15 of the .oum

READ'sequence of vaileni 3

and each DATA statement 1s ¢ . tam

DATA scquence of numu. ..

Exanples

e
PRI}
SOV aiv ]

READ X,Y,%,21,%2,Q0
DATA 4
ZATA 6,734E-L,-174 321,3,14150265

+ 2TAD B{K)
2

T DATA 2,3,5,7,9,.1,10,8,0,4 .
o READ R{L,J)
2.0 [PATA =3,5,-0," ,4.0070 -4 104E-6
450 DATA 2.765,5.0 5 2.57 ~ .

Remewber that only -unbers oo Sul o« DATA statement, and that 15/7 and ¥ 3 are
formul.,, "ot nuanbers



P O N R A TR B

_(a. :\1";“1 ,; ”U'ﬂi j .\:,,” --'s--\f r- “5-)]
T IRAT 0 CEVaEt (VCSUIAY 4T 'i Y LEe

INPUT ' ;

-::j‘ez:p and ol 7 oamolta  aut B D Laah Lt " RESREAT LT 5 JLI The o AEF RN L AP TS

“mt t1mes°f_tf i '"cié‘sﬁnbh tG"“h'iv"e d'ltaje'nte fed during runnmg 'of a”progrnm ' This 15'par-

ticularly (¥ie’ wheliFonewerson wiwestihe program and saves 1t in'the computer’s memory,”

and other persons arc to supply the dala. This may be done by using an INPUT statement,- T
which 18 very much hile a READ statement, but does not diaw numbers from a DATA state-

ment, Each INPUT statement 1s of the form .-

P - 4 -

INPUT sequence of variables peg oL st
[PPSR LA Y S R I \'F.i 7 - ) -
P - afn v-— P £

H, for example you want the user to supply values for XandYinap ogram, you include
the statement KT T Yoy " Aaeoea v ST B it F I T » wr

140 INPUT X,Y Tooe U Ll s

before the first statement that 1s todusé~eilher-of.fhe two'Vvilues: When it.encounters the -~ '™
INPUT statement, the computer types 2 question mark on the printout and waits for input,
The user types two numbers, separated by a comma, and pFésses ‘the"réturn Key, dnd the,:
computer goes on with the vest of the progvam,

-

wooedk 93 aends 0 baer ¢a 000w " ¢ ) Den L S BT
Frequently an INPUT statement 1s accompanied by a PRINT. statement, to m'lke 5ure that
the user knows what the guestion mark 1s asking for. I you include in your programw -° " .1 =~
120 PRINT “YQ@UR VALUES @F X, Y, AND Z ARE", o Lot
130 INPUT X,Y,Z
U IFETm Bl S L v ot awfl emd oos sl 20t 99a8vIe sty t NI
the compmcr will type out
Y@UR VALUES (F X, Y, AND Z ARE? o,

Without thef“semicolonyab thezend of.liner120, the questioniinark;would, have:been;printedron-:. p T
the next line..." ¥ V.2 LART ﬁ-r G RA00 e td 1) SiCg O BA cramosg b} g ancoed el o pl

w27 0N sllat b roodt oo gbos v onn L1 G50 ot 20 e Taar 07 0t LW
Data enterednbv'iINlPUT;tstathent:.1s;un0t saved with the program! -Also yoit,mayitake-a long ¢ a4
Lime to entervallargetamountJof dataiusing. INPUTINPUT should be-used only when small .. -~r

amounts of data are to be entered, or when 1t 1snecessary.tosenterdata-during the program- . . -,
run, as it 15 with game playing programs,
‘ L Y e

o -ty

PRINT '

-
PR

Tho PRINT staternent has a number of different uses, It 1s discussed 1n more detail 1n
Chapter 2. The common uses are-

A To print out the result of some computations -
BE. To prmt out werbanm a,message included in the program

C. To"do'a sombnation of A and B v o ~ad k@ nlveorg 3nounalem ST D N TE R
D. To skip a line DI U XA Pt « L TS PR A O ol AT T B ,{.,m R G o T

We have seen examples of only!A'¥hd Bhin-our $atiplé.prografistEachitype 18 shightly dif- ¥ ©

ferent in form, out all start wath PRINT after the line number,
_admw Cr ol LAY 8ha enstiruth 3k ond Bk fohae Mg e A bqisv oens =l opole, wre 3dT

Exanmples of type A° Mo eoengre ont la awrlEy 2l nG paibinegeb olamsat Hiw v L o1ain ond

100 PRINT X,SQR{X)

135 PRINT X,Y,Z,B*B-4*A*C,EXP(A-B}
The first will print the value of X and then, a few spaces to Phe? r{g‘rﬁ rlescsguar? ro%EYthf"' L3
sccond will print five ditferent numbers X, Y, B%-4AC, and e*-®. The computer will com-
pula the two formulas and print the values for you, 11‘ you have already given valucs to A,

B, and C. It ¢an print up to five numbers per line 1n this format.

fr}
"o
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Examples of type B:

100 PRINT “N¢ UNIQUE S@LUTIGN"
430 PRINT ““X VALUE?, ‘SINE’”’, ‘‘RES@LUTISN’’

You have seen both in the sample programs. The f{i: st prints the statement within the quotz -
AP miarkgs,. Tha second praints the three labels with opaces between them. The labels in 430
;ui:x.,_a’.icc.'il' I'ng uy with three n mbov: Cfiea fo 1 p PRINT statement, as seen in the
progrz= LIAY Siv,

B L I “
JhoLES Tnoype Ol -

TN PRINT “THE VALUE ¢7F X 187;X
317 PRINT ““THEE SQUARE R@{T qir" X087 E0R

I che firs has computed the value ¢f X as §, 12 will pruw out
Trat VALUC @F X I5 3

If the s2¢.20 k3 computed the vaive of X as 625, it will min. cut
THE SQUARE REJIT ¢F 62513 27

In stalem=uts of .yp2 C, the s~ uawolon is used to mmimize apice.,

- +

Exam:ic of type I
250 PRINT

The comp.ier wil advance the papev 022 hine when 1 ¢ .couniers this statement.

"'l( 1 6

There arc ties in a program when you do not want all statements executed m the cider
In wiich vaey appear in the program. An example of ihug oceurs in tnz MAXSIN prograin
whore the compuaiar has compated %0, M, and D and prinied thom out in Lae 160, We dic not
want ine Frog=am {o go on to th2 END statement yet, but we wanted 1t to go through the sa.ae
process [0t 2 diilecent value of D, 3o we direcled the compuier to go back to line 100 wiia a
G TF '*‘“"*"r::nh Baci GF TC statement 13 of the form N

it o falic:
180 GT T U
CN—Gl

The Biniple G¥ TO statement provides a single brancizd swiick. The GN-~-GE T¢ stale-
ment provides a multi-branched switen. The form of the statement i3

N exoression G¢ T@ line number, line number, ..., line number

The expression is any valid BASIC expression, and the line numbers are those to which
the statement will transfer depending an the value of the expression.

Example:

230 ON X+Y G@ T@ 575, 490, 150

16



This staloment will transfer to lie 575, 490, or 150 depending on whether the value of the
expression X+VYis 1, 2, or 3,

The e:presston valve will be truncated to an integer if it 15 not already an integer. For
example, i X+¥ equals 2.5, the value wall be truncated to 2, and the program wall branch
to line 490, the second line number in e hist,

Branching to a line contairiy a DM, RS, or DATA statement 1s not allowed. As many
line numbers may be included 12 an PN---Gif T@ statement as will fit on one line,
IF—THEN

At times we want to jump the normal sequence of statements 1f a certain relationship holds.
Tor this we use an IF--THEN statement, sometimes called a conditional G@ T@ statement.

Such a slatement occurred at hine 130 of MAXSIN, Each IF--THEN statement 1s of the form

IF formula relalion tormula THEN line number

Examples:

340 IF SIN(X)<=M THEN 630
120 IF G=0 TIEN 155

The first statement asks whether *ne sine of X is less than or equal to.M, and tells the
cocmputer to go to lne 630 if 4 .s. The second statement asks G 1s equal to zero, and
tells the computer tn go to lre 1C5 i 1l is. .n cach case, f the answer to the question is No,
the computer will go on to the nexi line of the program. :

FOR and NEXT

We have already & o .ulziee fae "%.R ¢ NEXT steziements in loops, and have seen that
they po together, 2 L oowt ot 2 e the dcop and one al the exit, directing the computer
back to the entranc=. o L. . v Ltaement 18 of the form

F@R variable Iorools PO formula STEP formuls

Most commonly, w. ... a3 will bg integers and the STEP wll be onmntied, which meaus
that a step size o:r plas one 18 assumed. The accompanying NEXT statement 1s simple 1n
form, bui the varizblc must be exactly the same one as that following F@R in the FOR state-
nient, Toe form of he NEXI' statemernt 18

NEXT var.able
Iixamples:

130 F@R X=0 T¢ 3 STEP D
120 NEXT X

120 F@R X4=(1T+C@S(Z))/3 TG 3*SQR(10) STEP 1/4 .
235 NEXT X4 ‘

240 PR X=8 T@ 3 STEP -1. .
270 NEXT X -

456 FR J=-3 T@ 12 STEP 2
470 NEXT J

Notice that the step size may be a formula (1/4), a negative number (-1), or a positive
number (2). In the example with lines 120 and 235, the successive values of X4 will be

17
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I

.25 apart, m increasing order. In the next example, the successive values of X wall be 8,
7 6, 3, 4, 3. In the last example, on successive trips through the loop J will take on values
-3, -1, 1,3,5, 7,9, and 1i. .
I the wmitial, final, or step size valuzoc are paven as formulz s, tne formulas are evaluated
ence and for <l vpon enterming the I'GIN niatement. [he comtsu vi.oiuble can be changed
the cody ol the locp. Of course tne et wear 27wWavs uscs tae latest value of this variable.

Tty

1

If you write 150 TR Z=2 T@ -2 withou. 2 negative - op Siao, o o Jeop will uot be execuled.
eRe tne computer will go immeaiately o ‘e zaale Lalin' cmvhe forreaponding NEXT
statemant,

i}

DIM -

Whenever we wani to enler . i ul “otlL Wil L Sw20CTa% © S 4 Toa AT We L5 L8 a
DM statement to well the compuear @O 3272 enougn room for tue w22 tane,

AXambies®

190 [ L)
Z5

18
=353 DiM Q(5,25)

Tne {irs* olatemen. wou.d cnaple us to enter a lict of 35 voss--3% d we use HPO) - and tha
second a4 .asle 5 X 2h--0r 0 X 26 11 we use row 0 and coiunin O,

Wvery .ioo-am must have an END statement, and 1t must bz i clavercone weln oo wophant
lioe pu.nbe~ 17 the preogram, Iis form 1g svmple line number wlin END.

Exzrmple-

99 END
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In Chapter 1, you learned how to write programs in BASIC. In this chapter we will discuss
some capabilities of BASIC that were not discussed yet. These include:

o Alphanumeric data and string manipulation

-

o Files
s Matrices

We will also consider soine advanced capabilities in pranting output, several functions that
we have not yet mentioned, and several statements either 1n more detail or for the first time.
And, inally, we will consider two sample BASIC programs that make use of many of the
advanced capabilities of BASIC.

ALPHANUMERIC DATA AND STRING MANIPULATICN

Alphanumeric data, names, and other 1dentifying information can be handled in BASIC using
sBtring variables. You can enter, store, compare, and print out alphanumeric and certain
special characters in the Mark I character set.

A string 15 any sequence of alphanumeric and certain special characters in the Mark I
character set not used for control purposes i the Mark I system, String sitze 15 limited to
15 valid characters.

A string variwable 15 denoted by a letter followed by a dollar sign. For example, A$, B3, and
X$ denote string variables.

DIM

HStrmgs can be szt upasone-dimensicnalarraysonly. If you request a two-dimensional array
you will receive the error message DIMENSIQN T@@ LARGE.

Examples:
100 DIM A(5),C${20),A%(12),D(10,5)
200 DIM RS$(35)
300 DIM M$({15),B8(15)
In line 100, only C$ and AS are string variables. R$, as dimensioned in line 200, will save

storage space for 35 fifteen character arrays. Any or all of the 35 strings may in fact be
less than fifteen characters long,

LET

Strings and string variables may appear in only two forms of the LET statement. The first
is used to replace a string variable withthe contents of another string variable.

19



Example-
156 LET G$=HS$
The second 1s used to assign a stiing to a string variable.
Example
160 LET J$="‘THIS STT:NCY

Arithmetic operations may not be done on string variables. Requests for add1t10n,' subtraction,
multipleation,* or division nvelving string variables produce the error message ILLEGAL
STRING PPERATION AT XXX,

The LET statement permits multiple varable replacement.

Lxnrmple:

262 LET X=Y=Z=21*N/2

435 LET A$=G$=J%-"'THLIS STRING"
Tna first statement places the value of the expression 21%¥N/2 1n varables X, Y, and 2. Tho
secona statement assigns the string THIS STRING to variables A$, G§, and J§. Any varu!
express.on or string may be usad.

—— e

READ and DATA

READ statements can coatawn string variables mtermixed wath ordinary vzriibies, In the
corresponding DATA statements, every item corresponding to a string variabis m the Ru/AD
stateinent must be a vahd string. It tne string comiaing any cnaraciers dun. fzve special
meanring in BASIC--such as ¢commas, semicolons. lexdwmg or trailing spaces, and so on -
it must be enclosed 1n quotation marks. Unquoted strings must begin with an alphabetic

cnaracter.
Zxample*

100 RZAD AS$,B3,C$,D$,4,5%

209 DATA THE," ”’,"PE¢PLE,”,YES--,500,4F THEM,
300 PRINT AS,B$,C$,BE,DS;A;CS

999 IND

This program will print out THE PEQPLE, YES-- 500 @§F THEM. The DATA statement has

quctation marks around B3 because 1t 15 a blank space, and around C$ because 1t includes a
ComIm.d.,

INPUT

Like READ and DATA statements, INPUT statements can contain string variables mter-
mired with ordinary variables. Every item corresponding to a string variable in the INPUT
statemenl must be a valid string variable, Ifthe string contains characters that have special
meamng 1 BASIC, it must be enclosed by quotation marks. If the string begins with other
than an alphabetic character it must be enclosed in quotation marks.

Example*

110 INPUT L$(17),M$,N$(I)

20



PRINT

The PRINT statement also can contain string variables intermixed with ordinary variables.
When a string variable is encountered that has not been assigned, the PRINT statement will
produce for that variable a string of 1§ blank spaces. A semicolon after a string variable
in a PRINT statement causes the printout of the variable following that string to be directly
connected to the string variable.

Examples-

135 PRINT A,16,B$,C$,N
140 PRINT 100+I, “DATA’,L$,M$,N$
150 PRINT S$

IF—THEN

Only one string va.:iable 1s allowed on each side of the IF-THEN relation sign All of the
si1x standard relations are valid (=,<>, <, >, <=, and > =). When strings of different lengths
are compared, the shorier string and the corresponding part of the longer string will be
used, If they compare, the shorter string 1s taken to be the lesser of the two.

Examples:

100 IF N$=*‘SMITH’ THEN 105
200 IF A$<>B$ THEN 205

300 IF “{JUNE”’<=M$ THEN 305
400 TF D$>=“FRIDAY’ THEN 600

You must use quotation marks around the string to be compared, as above, unless it 1s
referenced 1n the IF--THEN statement by a_string variable name,

Characters are compared in their BASIC code representations. The collating sequence used
“Tin comparing 15 Listed in Appendix C,

MORE ABOUT PRINTING

Although the format of the printout 1s automatically supplied for the beginner, the PRINT
statement, the TAB function, and image formatted output permit a greater flexibility for the
advanced programmer 1n setting up different formats for his output.

PRINT

The teletypewriter line 1s divided into five zones of fifteen spaces each. Some control of
the use of these zones comes from the use of the comma, A comma 1s a signal to move 10
the next print zone or, if the fifth print zone has been used, to move to the first print zone
on the next Iine.

Shorter zones can be made by use of the semicolon. The zones are three spaces long for
i-digit numbers, six spaces long for 2-digit, 3-digit, and 4-digit numbers, nine spaces long
for 5-digat, 6-cdagit, and 7-digit numbers, twelve spaces long for 8-digit, 9-chgat, and 10-dupt
numbers, and fifteen spaces long for 1l-digit numbers. As with the comma, a semicolon
15 a signal to move to the next short print zone or, if the last such zone on the line has been
used, to move to the first print zone of the next lLine.

The fairst space in any prunt zone 15 reserved for the sign,.even though 1t 15 not printed out
1t 1t 15 plus,
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I you typed the program

100 FgR 1=1 T@ 15
110 PRINT 1

120 NEXT 1

999 END

the teletypewriter would print 1 at the beginming ol the first line, 2 at the beginning of the
next line, and so on, finally printing i5at the beginning of the fifteenth line, But if you changed '
line 110 to read

110 PRINT I,

you would have the numbers printed 1n zones, readng

i
[
i1

S
10
4 . ¥

L 1 4 )
[y

[N ]
il 2P -

i you wanted the numbers printed in the same fashion, but more tightly packed, you could
change line 110 to replace the comma with 2 semicolon

110 PRINT i,

and the result would be printed

1 2 3 4 5 6 7T 8B 9% 1i0 11 ia 13 id i35

You should remember that a label inside quotafion marks is printed just as it appears, and
also that the end of a PRINT statement signals a new line, unless a comma or somicolon 18
tne last symbol. The 1nstruction

150 PRINT X,Y
w1l resuit in ine printing of two numbers and the return to the next line, buat
1530 PRINT X, Y,

w.ll result in the printing of two numbers and no return. The next number {0 be printed will
be printed in the third zone on the same line as the values of X and Y.,

Sirce the end of a PRINT statement signals a new line, a statement such as
250 PRINT

w:il cause the teletypewriter to advance the paper one line, It wall put a blank line 1n your
orintout, 1f you,want to use 1t ior vertical spacing of your results, or it will cause the com-
pletion of a partly filled line, as 1llustrated in the fellowing part of a program:

100 FJR M=1 TG N

110 FOR J=0 T¢ M

120 PRINT B(M,J});

130 NEXT J

140 PRINT ' .
150 NEXT M

The program will print B{1,0) and nextto:t B(1,1). Without line 140, the teletypewriter would
then go on printing B(2,0), B(2,1), and B(2,2) on the same line, and even B(3,0), B(3,1), and
s0 cn, it there were room. Line 140 dxrects the teletypewriter to start a new line after print-
ing the B(1,1) value corresponding to M=1, and to do the same thing after printing the value
of B{2,2) corresponding to M=2, and so on.



TAB
The print function TAB vermits tabbing of the teletypewriter, Whenever the TAB function 15
used in the PRINT stafement, 1t will cause the prinl head to move over to the posihon indi-
cated by the arpuinent of TAB,

Example:

150 PRINT X; TAB(10); Y, TAB{2~N), Z
The argument of TAB refers to a prin wasitwon on the 1eier yoewr:ter line, The positions are
assumed to run from 0 tnrough 74, Iy tne exa'~j3.¢, 11 woe ~ue of Nas 10, the print head
will move to the 10th print position after a:.tirgthe viine o1 X, and to the 20th print

position after printing the value of v,

When using the TAB function, you shoula use the seinicolon in the PRANT slatement 1n order
to minumize freld wadth.

If the argument of TAB 1s less than the current telotypewriter print head position, it :s
1gmored

All arguments of TAB arc t: zded modulo 75.

Rules for Printing i mbers

The following rulc o. ine prmting ol nainbers wall help you in anterpreting printed resulls,

e If a nv. - 1, an atege., ta. decumal point is not printed. If the mteger 1s larger
than o LYto 2% L0 1,07.,741,824), the teletypewriter will print the first dignt,
follo: . 1) a retrma. L3 .. {2) tne next five digats, and (3) an E followed by the

app: . .2 uagporenl indege. U ar example, it wall print 32,437,580,259 as 3,24376E+10.

¥

s Fo < decimal number, ne more than six s.gn.ficani digits are printed

o Fo: . awwnbas:r less than 6.1, the E notation 18 used unless the entire significant part
of ¢ rwnber can be printed as a six decimal number, For example, .03456 means
thit the number 1s exacily 0345600000, but 3.45600E-2 means that the number has
veen tounded to 0345600,

¢ Trailing zeroes after the dacimal point are not printed.

Tne tollowing program, wn which we print out the first 45 powers of 2, shows how nhumbers
are printed.

100 FGR I=t T@ 45
110 PRINT 2113

120 NEXT I
©99 END
RUN
PRINT 14353
2 4 & 16 32 £4 128 236 512 i024 204B 4096 B192
16384 32768 65536 131072 262144 524288 1048576 2097152
4194304 B388603 16777216 33554432 67108864 134217728
268435456 336870912 1+07374E+09 2. 147482+09 4«29497E+02
B«58993L+09 171799E+10 3+43597E+10 6+.87195E+10 137439E+11
, 2+T<HTBE+1) S«a9756E+11 1+09951E+12 2.1990PE+12 4.39805E+12
8:79560%n+:2 175922E+13 J3«31844E+13
A
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PRINT USING AND IMAGE STATEMENTS

You ¢n set up formatted hine output by use of the PRINT USING and 1mage statements.

The form of the PRINT USING statement 1s

PRINT USING line number, output hist

where the line number 1s that of the imoge statement to be used in formatting the output line,
dnd the output list can consist of numbers, variables, string coastants, string variables, and
flinctions.

The form of the image statement 1s

line numver:line 1mage

where the Iine number 1s tha. ¢t the image statement 1n the program, ang tiie line image
consists of format control characters and printable constants.

Format control characters are

' {apostrophe) a one-character field that 1s filled with the {irst character 1n an
alphanumeric string regardless of the string length,

¢ 1)

(quotation marks) the replacement field of an alphanumeric string of two or more
characters, the field width includes the quotation marksasg well as the characters
{1if any) contained within the marks.

(pound s1gn) the replacement field for a numeric character,

ittt (lour up-arrows) indicates scientific notation for a numeric field,

iil other characters are treated as printable constangs.

"rhe Dollovnng simpls example 1s part of a program, showing the use of the PRINT USING
Jtotement, the line 1mage staternent, and format control ¢naracters.

Exanple-

110 PRINT USING 120sA8.'"5"5A»324,X .
2o v XY T yrayol ARapirrey

if the values of AJ, A, and X are FIRST, 12.9, and 24687, output is

FIRS1 5 12.90 3249 2+4TE+04

A

An image stafér%}ent must begin with a colon. It 168 composed of fields which form the print
iine, There are five types of {ields-

% Integer fields

e Deci: ial fields

¢ Exponential frelds

e Alphanumeric fields

e Lateral fields
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integer Fields

The following rules apply to integer f1elds,

s An integer field 15 composed of pound sipns (#).

e Numbers in an integer field are right justifiea and truncated if they are not integral.
¢« The field will be widened to the mght if the number 1s too big.

@ The field must reserve a place for the algebraic sign.

v .1 the number 1s greater than 1,073,741,823 1n absolule value, an asterisk will be
printed.

iLxample:

100: dFre# ofeR s e

110 READ A.B.C

120 PRINT USING 10Q+A:B8.0C

130 G T@ 110

140 DATA 123+45,-34e85654507,457e34,~175,89.999

999 END

RUN

PRINTU 15100
123 ~34 43
457 =117 BY

OUT ¢F DATA IN 110

-

Decimal Fields

The folluwing rules apply to decimal fieuds.

v A decumal field 18 a string of pound signs (#) with an 1mbedded period. Note that ###
i3 not a decimal field because the period is not imbedded.

¢ The number will be rounded to ithe number of places specified by the pound signs
following the decimai.

¢ The nuinber 15 right justified, placing the decimal as given 1n the field definition.
¢ The field will be widened to the night if the number 1s too large.
o The field must include a place for the algebralc sign.

Example:

1001 KREPer GRLE RN HEREE [ XX X 2
1:0 READ A»BsC.D

120 PRINT USING 100,A,B.C.D

130 GO TY 110

140 DATA 123¢456+=34¢B5654TeT2=eQ177

150 DATA 1¢99%9.B76«555-175+893

999 LND
RUN
PRINTU 15303
123446 ~34+8560 48 ~.018
2.00 8765500 =17+ « 393
BUT BF BATA IN 110 ‘ .
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Exponential Fields
The following rules apply to exponential fields.

¢ An exponential field 15 a decimal f1eld followed by four up-arrows(r ), which reserve
a place for the exponent.

¢ The pound signs preceding the decimal represent the factor by which the exponent
will be adjusted.

® The number will be rounded as with decimal fields.
& A place must be reserved for the sign,
Example:

1003 FelR@NFTTIEYE [ XY ITARRE! Fhdererr dadrren
110 RCAD A/B-C»D

120 PRINT USING 100,A»BsC.D

130 Ge T@ 110

140 DATA 123456+ -34+856247«T7,~-0177

1S5S0 DATA 1.999,876¢55+-174+.8%93

999 END

RUN

PRINTU 15105 )
+ 123465403 =3+ 486E+01} 48.E+00 =<1 BE=01
*19990E+01 BeT66E+02 ~17.E+00 - B9E+00

QUT @F DATA IN 110

Alphanumeric Fields
The following rules apply to alphanumeric fields.

+ The apostrophe is used to print the first character from a string variable or quoted
constant,

e A field bounded by quotation marks 13 used to print two or more characters.

e In an alphanumeric field of two or more characters, the string is left justified wathin
the field and blank filled or truncated on the right.

Example:

100: *23456" *THE NAME GQES HERE" ' v
110 READ A$,B$,C%,D5/ES

120 PRINT USING 100,A%,B%,C5.D5.,ES

130 DATA ABCDCFGHI

140 DATA ABCDEF

150 DAJA ABC

160 DATA ABC

170 DA TYLABC

999 EN. -

RUN

PRINTU 15108 .
ABCDEFG ABCDEF A AA

28



literal Fields

A lLiteral field 15 composed of characters or character strings that are not control charac-
ters. It will appear on the print line exactly as it appears in the 1mage,

Example:

i0Cc: THE VALUE F@R A 1S ‘SR T AN
110 LET A=3i00+54

120 LET AS="g"

130 PRINT USING 10Gs.A5-A

999 END
RUN
PRINTU 15:09
THE VALUE FOR A IS $ 10054 /

General Rules
The follownng rules apply 1 goneral to iormatted line o/utput.
% A program may coatwin up to 100 1tnages.

¢ The list ei-ments in the PRINT USING statement may be expressions, viriables,
numeric constants, and quoted literals.

*+ Nummer o ust elements must repiace numeric fields, and alphanumeric elements must
reptoce alphanumerie fields, or you will receive the error message BAD IMAGE.

© If the outpdat list contains more elements than there are replaceable fields in the 1mapge
statement, a carriage returnis supplied afier the last field in the umage, and the 1image
18 reused. The extra elements will be printed on a gecond line only if they match the
itnage fields that are to be used.

Example:

90 PRINT USING 120

110 PRINT
.20 1 It2 It3
1303 FREOFRY qJoRgeey arpgegas

14¢ FBR I=1 T@ 6

150 LET A(I)=]

i60 LET B{I)=ir2

170 LET CCIX=I1*3

175 NEAT 1

180 FOR 1I=1 {@ 6 STEP 2

190 PRINT USING 130,ACI3,BCI)sCCI1)AC1+12,BCI+1):CC(I+1)}

200 NEXT 1

999 END

RUN

PRINTU i5t14
I 12 13
1 i 1
2 49 8
3 9 27
4 16 64
5 25 125
6 36 216 -



The following program demonstrate$ one kind of application in which the formatted output
lLine 1s useful.

Example:

100 PRINT USING 170

110 PRINT

120 FéR [=1 TO 4

130 READ AS.,A.B

140 LET T=A=B

150 PRINT USING 180,A5:4,3-5".T

160 MEXT I
170 :NAME HAR. 1 RKZD RATE PAY
180:* ' Y Y Fd«3d3/HR ‘AR ON

190 DATA ANDREMWS, - 1els3.987,KELLY»40,24865.MANLEYS 4653020
200 DATA ZUMPAND 1 424324544255

999 END

RUN

WALIT.

FARMAT 19319

NAME HRS WARKED , RATE PAY
ANDREWS 47.50 3«387/HR $ 189.38
KELLY 4000 2+865/HR $ 114+60
MANLEY 46«00 3.020/HR 5 138.92
ZUMPANG 4234 4.255/7 HR % 180.16

rUNCTIONS

There are two functions that were listed in Chapter 1 but not described” INT and RND.

Three other functions that you will sometimes find useful are SGN, CLK, and TIM. And you
can write your own functions by use of the DEF statement.

INT

The INT function 15 the one that frequently appears in algebraic computation as [ x], and 1t
gives the greatest integer not greater than x. Thus INT(2.35) equals 2, INT(-2.35) equals -3,
and INT{i2) equ__ 12.

Cne ugse of the INT function 18 to round numbers. We can use 1t to round to the nearest in-
tege: bv asking for INT{X+.5). This will round 2.9, for example, to 3, by finding

INT{2.9+.5) = INT(3.4) = 3

You should convince yourself that INT(X+.5) wall do the rounding guaranteed for 1it, that 1t will
round a number midway between two integers up to the larger of the integers., -

It can also be used to round to any specific number of decimal places, For example,
INT(10*X+.5)/10 will round X correct to one decimal place; INT(100¥X+.5)/100 will round
X correct to two decimal places, and INT{X*101 D+.5)/101Dwall round X correct to D decimal
places

RND

The function RND 1sapseudo random number generator. It requires a single argument, which
has the following meanings.



o Ii the argument 1s posiuve, the argument 18 used to initiate the random number se-
quence,

o If the argument 18 negative, a random number 15 used to initiate the random number
sequence.

¢ If the argument 15 zero, RND will supply a random number. The first uge of RND(0)
m a prograrn will always yield the same random nurmnber.

A positive or negative argumenl would probably be used to mitiate a sequence of random
numbers, after which a zero argument would be used repeatedly.

If the initial value used for the argument 1s any power of 2, the sarme 1nitial random number
results as when 2 1s used.

If we want the first twenty random numbers, we can use the following program to get twenty
s1x~-cagit decimalsg,

Example:

100 LET X=RND{(1)
110 FBR L=i T2 20

120 PRINT RNDCQ). ’

130 NEXT L

999 END

RUN

RNDTST 15123
« 473599 « 442519 « 498805 +373168 -« 221321
«123978 8.68505E~-02 4+06326E~02 »341097 « 468896
2.97623E-02 «75441 « 498551 « 242898 9.31652E-02
+ 250064 «159309 «211611 = 042684 «383241

If, on the other hand, we want twenty random one-digit integers, we can change line 120 to
read

120 PRINT INTC(10RND(O))3
ans *-& then obtamn
LN
RNDTST 15124

4 4 4 3 % 1 0 0 3 4 0 7T 4 2 0 2 1 2 0 3

We can vary the kind of random numbers we get, For example, f we want twenty random
numbers ranging from 1 to 9 inclusive, we can change line 120 as shown below

120 PRINT INTC(9%RND{O)+1)J
RUN

RNDTST 15:25

S 4 5 4 9 2 1 1 4 5 1 7 5 3 1 3 2 2 1 4

Or we can obtain random numbers whicharentegers from 5 to 24 inclusive by changing line
120 as follows



120 PRINT INTC(Z204RNDCO}Y+5)3

RUN
RNDTST 15:26 f
14 13 t4 12 23 T 6 5 11 14 5 20 14 9 6

10 8 9 5 12

In general, 1if we want our random numbers to he chosen from A integers of which B 15 the
smallest, we would call for

(NT(A* ND{0)+B)

after first having 1nttiated the random numher sequence with a positaive or negative argument,
a3 .n line 100 of our sample program.

If you were to run the firsl version of our sample program agamn, you would get the same
twenty numbers in the same order, But we can get a different set by throwing away some of
tne random numbers, In the following program we find the first ten random numbe:s and do
nothing with them. We then find the next twenty and print them. You can see, by compe ring
this with the earlier program, that the first ten of thege random numbers are the same as
the second ten of the first program.

Example

100 LET Z=RND{1Y
110 FOR I=1 T 10
120 LET Y=RNDLQ)
130 NEXT 1

140 F@R i=1 T 20
150 PRINT RND(Q).»

160 NEXT I

999 END

RUN

RNDTST 15:28

2.97623E-02 « 75441 = 498551 « 242858 9«316L28~02
«280064 «15930%9 «211611 »042634 «3832414
B+.8994BE-02 + 140658 +643944 « 329565 5.32346E~2
= 7TI5653 «606257 384661 « 817653 « 942257

SGN

The function SGN allows you totestforthe sign of any value, The form 15 SGN{argument) and
it yields +1, ~1, or O depending on the value of the argument. The options are

Argument Value Yields
Zeto 0
Pos:tive, not zero +1
Negative, not zero -1
Cxamples
SGN(0) yields 0

SGN(-1.82) yields -1
SGN(989) ylelds +1
SGN(~-.001) yields -1
SGN{-0) yields 0

30



CLK
The function CLK{X}, X bewng a dummy argument, yields the tume of day in military hours,
Examples:

100 PRINT CLK(X)
295 IF CLK(X)>15.00 THEN 1000
130 IF A-CLK(X)<.5 THEN 1000

TIM

The function TIM(X), X being a dummy argument, y1elds the program elapsed time in seconds.

Examples:

160 PRINT TIM(X)
688 IF TIM(X}>10 THEN 1000

DEF

In addition to making use of the standa~dfunctions, you can define any other function that you
expect to use several times 1n your program. You use a DEF statement to define such a
function. The name of the defined function must be three letters, the first two of which are
FN. Hence you can define up to 26 functions 1n one program: FNA, FNB, FNC, and s0 on.

The usefulness of DEF you can see in a program, for example, where you often need the
function e"‘z. You mntroauce the function by the lLine

130 DEF FNE(X)=EXP{-X12

and later on call for various values of the funchon by FNE(.1), FNE(3.45), FNE(A+2), and =0
on. DEF can be a great ime-saver when you want values of some function for a number of
vferent values of the variable.

The DEF statement imay be pur anywaere in the program, and the expression io the right of
me equal s1gn may be any formulathat can be fitted on one line. It may include any combina-
{aon of other functions, including ones defined by other DEF statements, and 1t can involve
other variables besides the one denoting the argument of the function. For example, f FNR
15 defined by

170 DEF FNR(X)=SQR(2+LOG(X)~-EXP(Y*Z)* (X+SIN(2*Z) )}

___2nd_ycu_have previously assigned values to Y and Z, you can ask for FNR(2.175). You can
give new values to Y and Z before the next use of FNR, if you want to,

DEF 15 generally limited to cases where the value of the function can be computed within a
single BASIC statement. Often much more complicatedfunctions, or even pieces of a program,

must be calculated at several different points within a program. For these functions, the
GOSUB statement will frequently be ugseful. It 15 descrbed 1n the next section,

ADDITIONAL BASIC STATEMENTS

Several xinds ot 13 ASIC statements were not coveredin Chapter 1. These are discussed in this
section., They are:
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GPSUB and RETURN
CALL

STOP

REM

RESTORE

CHAIN

o 8 & o0 40 D

GPSUB and RETURN

When a particular part of aprogramisto be used more than one time, or possibly at several
different piaces in the overall program, 1t 15 most efficiently programmed as a subroutine,
The subroutine 15 éntered with a GOSUB statement,

Example:
190 GOSUB 310
The line number, 310, 15 the line number of the first statement in the subroutine.

The last line of the subroutine shouldbea RETURN statement, directing the computer to re-
turn to the earlier part of the program.

Example:
450 RETURN

This statement, if 1t 15 the last line 1n the subroutine entered in the previous example, tells
the computer to go back tothefirstline numbered greater than 190 and continue the program
there,

You may use a GOSUB statement inside a subroutine to execute yet another subroutine. This
15 called nested GOSUBs. It 1s absolutely necessary that a subroutine be left only with a
RETURN statement. Using a G® T® or an IF--THEN to get out of a subroutine will not work
correctly. You may have several RETURNs1n the subroutine so long as only one of them will
be used.

You should be very careful not to write a program i which a GOSUB appears inside a sub-
routine that refers to one of the subroutines already entered. Recursion 1s not allowea.

., The following example, a program for determiming the greatest common divisor of three in-
tegers using the Euclidean Algornthm, 1llustrates the use of a subroutine.

Example.

100 PRINT "A™,"'B".*"(C',"GCD"
110 READ AsB.C

120 LET X=A

130 LET Y=B

140 GOSUB 230

150 LET X=G

160 LET Y=(C

170 G23SUB 230

180 PRINT A.B.CsG

190 G2 T 110

200 DATA 60.90,120

210 DATA 3B456,64872,98765
220 DATA 32,384,72

230 LET O=INT(X/Y)

240 LET R=2X-a%Y

250 IF R=0 THEN 290

260 LET X=Y

270 LET Y=R
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280 GG T2 230
290 LET G=Y

300 RETURN

99% END

RUN

GCD3Ne 15830

A 2] ¢ GCD
60 w0 120 30
38456 SABTE 28765 1

az 334 T2 &

QuUT 8F DATA 1IN (10

The iirst two numbers are gelected in 1ines 120 and 130, and their GCD 15 determined in the
subroutwne, lines 530 - 360, "Uhe GCL just found 15 ealled X in line 150, the third number s
called ¥ 1n iine 1o0, and we subroutne is eatered from line 170 to find the GCD of these two
numpers., This number, the GCD of the three given numbers, 18 printed out wath the three
numbers 1n Itne 160

CALL

The CTALL statement 1s uged to call an external pregram for use as a subroutine within the
main program just 25 the GHSUB stulernent calls a subroutine 1ngide the main program. The
statement form is CALL savcd prosiain name.

Exainples:

140 CALL HISDWN
200 CALL EQCLS*

You can call either previously saved programs of your own, as in line 100; common programs
1n your catalog Ubrary, as in hine 200; or system library programs, either regular or run-
only.

The standard program naming rules apply.
Examples:

140 CALL A B
150 CALL AB

Siatements 140 and 150 both call a program named AB, since BASIC ignores all leading,
trailing, and 1mbedded blanks. No arguments are permitted after the program name in the
CALL gtatement. Subroutines may call other routines, but no program may call the mawn
program or itseld,

The return from a subroutine to the calling program 13 by a RETURN statement. Multiple
returng are permussiple, The return is always to the statement immediately following the
statement 1n which the program was called.

All vanizbles and defined functiong are common to the main program and the called sub-
routines. They need not be defined separately 1n each prograra.
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Exawmple

NEW
NEW FILE NAME--DEFPRT
READY-

100 LET Y=4

110 LET X=7

220 LET A=FNP(J)
230 RETURN

999 END

SAVE

UAIT.

READY .

NEW
NEW FILE NAME~--MAIN
READY «

100 DEF FNP(Z)=S5QRC(XTZ+Yt2+212)
110 CALL DEFPRT

120 PRINT A

999 END

RUN

WAIT.

MAIN 15135

8.602323

tatement 110 calls DEFPRT, which stores 41nY and 7 1n X, and calculates a value for A by
use of a function defined inline 100 of MAIN. The function uses the value 3 for Z as defined in
statement 220 of DEFPRT, DEFPRT then returns to the statement immediately following the
CALL statement, and the calculated value for‘A, 8.60233, 1s printed.

An END or STOP statement terminates all execution, whether 1t 15 executed in a subroutine

or in the main program,

The line numbers in the different programs are completely independent, G TR and IF--
THEN statements reference line numbers in their own program only.

Da*z :g compiled from the main program first, and then from each of the called programs in
the o-der 1n which the CALL statements are encountered.

Consider the following example.

Example:

3D
910 FILE NAME=-~SUBR
RLCADY»

LIST

SUBR 15:28

100 READ XaY.Z
110 DATA Ga2T:8
120 RETURN

999 END



ZLD
JLD FILE NAME=-=MALf

READY.
LIST
MAIN 15139

100 READ A,B

110 CALL SUBR

120 READ CaDJE

130 DATA 1.2

140 DATA 324.,5

150 PRINT A.B

160 PRINT XsaYaZ -
170 PRINT CsDLE

#99 END
RUN
MAIN 15140
1 2
3 4 5
6 7 8

Statement 100 reads the numbers 1 and 2 into A and B. Statement 110 transfers control to
SUBR, which reads 3, 4, and 5 {not 6, 7, and 8} into variables X, Y, and Z, After the return
to statement 120, 6, 7, and 8§ are readnto C, D, and E,

The CALL statement allows more effective use of program space avaflable, A program re-
ferred to by a CALL statement will be compiled only once no matter how many times 1t 13
called in each of the routines. Object code generated by the called program counts toward
object code limitation, but the characters in the called program do not count toward the
BASIC character lnmtation,

£5 many as 10 different programs may be called,
STQP
Tt STHYP staiement 15 equivalent to G@ TP XXXXX, where XXXXX 15 the line number of

the END statement in the program. It 1s useful in programs having more than one natural
finishing point. For example, the followlng two parts of programs are exactly equivalent.

Example:

250 (EG T2 999 250 :STGP

240 é@ TG 999 340 %TBP

¢99 éND 999 éND
REM

t
The REM statement allows youtoinsert explanatory remarks in a program, The form 1s REM
any_commet. The computer completely 1gnores the part of the line following REM, allowing
you Jou to incluar directions for using the program, 1dent:fications of the parts of a long program,
or anything elge. Although what follows REM 13 1gnored, you may use the line number ot a
REM statement in a GOSUB or IF--THEN gialement,

.



Examples

100 REM INSERT DATA IN LINES 900-998«

THE FIRST
THEN

110 REM NUMBER IS Ns THE NUMBER @F PGINTS.
120 REM THE DATA PBINTS THEMSELVES ARE ENTERED. B/

200 REM THIS IS A SUBRRUTINE FOR SOLVING EQUATIOI M.

L]
-
*

300 RETURN

+
-

520 GOsuB 200

REST@PRE

Sometunes 1t 15 necessary to use data in a program more than once, The RESTORE state-
ment permits reading the data as many additional times as necessary. Whenever RESTORE
1S encounterec " a program, the computer restores the data block pointer to the firat item
of data. A subsequent READ statement will then start reading the data all over again.

3
One word of warning 1if iz data items you wash to use again are preceded by code numbers
or parameters, superfluous READ statements should be used to pass over the numbers.

As an exampte, the following part of aprogram reads the data, restores the data block to its
origimal state, and reads the data again. Note the use of line 570 to pasg over the value of N,
which 1s aiready known.

Example

100 READ N
110 FOR 1i=1 T@ N
120 READ X

°
.

200 NEXT 1

560 RESTORE
570 READ X
580 FOR I=1 T N
590 READ X

CHAIN

The CHAIN statement allows you to stop the execution of the current program and begin
compilation and execution of another program without direct intervention. The CHAIN state-
ment is equivalent to giving the commands STOP, OLD, a program name, and RUN.

The statement form 1s

CHAIN saved program name

.

N\ :

or

CHAIN saved program name, line number

Cnly one program name may appear 1n a statement, The name must conform to the rules
Lsed in naniing BASIC programs.



Examples-*

100 CHAIN NEXT
100 CHAIN NEXT, 100
100 CHAIN PLOTER***
100 CHAIN TUTO1§***
100 CHAIN PAYRPL, 555

Notice that, as shown 1n tne examples, BASIC library programs may be chained.

When a number appears after the savecprogramname, as in the second and fifth lines of the
examples, the number indicates the line number of the named program at which execution 1s
to begin. When no number appears, execution begins with the first executable statement of the
named program.

Once a CHAIN statement 15 executed, the current program 1s stopped and the named program
brought i1n, Because there 1s no logic path to any statements following the CHAIN statement,
all needed current program statements must be executed before the CHAIN statement.

L4

DATA FILES

An externzl data file 15 a saved program in which you can record information for later use.
There are two types of data files: BCDand binary. The data 1n a file must all be of one type.

BCD data files may be created with a BASIC program or they may be typed 1n as a saved
progs1, Thus all of the edittng commands, suchas LIST, EDIT DELETE, and so on, may be
used uraccessing and modifying BCD files.

Binary data files can be created only with a BASIC program. They cannot be created from a
terminal or altered in the game manner as BCD files.

If a BCD or binary file 1s to be written during program execution, an area on the disc large
enough to contain the entire file to be generated must be reserved in your library before
program execution. This 18 done by renaming and saving spetial files available 1n the system
library (see “Dummy Catalog Files’'). These files are empty. Their purpose 18 to preset the
s1ze of the files to be generated.

Example:

OLD

PLD FILE NAME--CHOQ'768***
READY -
RENAME

NEW FILE NAME--WFILE
READY

SAVE

READY

In the example, the data file WFILE has been created, 1t has a storage capacity of 768 char-

acters.

File Reference

The form of the file reference statement 1s

FILES name 1; name 2; ...; hamen

where name 1, name 2, andsocn are the names of files to be read or written by the program.
The file refererce statements must precede all cxeculable slatements in the program. The
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number of files that can be used tn a program depends on the s1ze of the program, but you
can always reference at least 8 files 1n any program.

The named files must be saved n your catalog before runnng the program. Files referenced
but not saved produce the error message FILE NOT SAVED when you run the program.

File naming must conform to the estakiished conventions for naming programs, except:

o File names must not contain sermcolons. They will be interpreted as file name sepa~
rators.

° Léadmg and imbedded blanks are 1gnored.
¢ Tne file name 15 left-justified.
¢ File names should not con;:am slaghes or commas.
Examples
100 FILES A,B;C
or

100 FILES A
110 FILES B,C

The following file names are 1dentical.

100 FILES XYZ

100 FILES XY Z -

100 FILES X Y Z
File Designator
The tile designator 1s used in all statements referencing files. It singles out a file named 1
the file reference statement. Itmaybeaninteger, an expression, a variable, or a subaciipted
variable,

Example

100 FILES P;Q
170 READ #1,A(1), B(I)

195 READ #A*B, A(D), B{I)

Statement 170 refers to file P. Statement 195 refers to a file depending on the value of the
expression A*B, which must be an integer. If the value of A*B is 1, file P is selected; if the
value of A*B 15 2, file Q 15 selected.

¥ the value of the file designator 18 less than one, non-integral, or greater than the number
of files.re.erenced, the error message ILLEGAL FILE DESIGNATOR will be printed.
Dummy Catalog Files

Since 1t 15 necessary to save a file of a si1ze large enough to contain the data to be written,

the system library contains the following six files which you can rename and save in your
catalog.

o
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Library Name Characters Library Name Characters

CHO192%%x 192 CH1336%*= 1536
CHO384%x* 61 CH3072%%* 3072
CHOTH8**+ 768 CHE144%%* 6144

The number of'data powmnts that ean be writven 1nto a file 1s a function of the number of charac~
ters in each data pomnt, Line numbers and spaces must also be considered 1n the count.

BCD DATA FILES

BCD files are scqueiti.. sccess files. For eachexzcuhion of L2 & ~AD or WRITE statement,
data 15 transmitted seriatly. BCD files vontain line numbers an. & i_.table,

¥ a BCD file with mimbal values 1, 10 ve read from the dus  .cu n.ast Hreparce It before
program execution and zave »t 1n your catatog,

Examplo:

Nio W

NI MILE NAME--DRIPILE
RIEADY -
100 1,1.5,2,
110 3.5,4,4.
SAVE
READY,

n
’\l

2.5
5,5,5.5

¥

When preparmng a BCD file, you may if you wish use a blank 1n place of a comma as a data
separator. Thig option allows fiies prepared 1 F@NTRAN to be processed 1n BASIC and
conversely. RFILE 1n the previous example can be prepared as

160 1 15 2 2.5 3
110 3.5 4 4.5 5 5.5

Note that the word DATA 15 noi needed 1 these files. The first number on each line 1s the
linie number.

All files are in either read moae or write mode. Initially, the FILES statement results 1n
all files belng set to the read mode. This protects you from accidentally destroying valuable
files. You can later change the mode of any file by 1sswng a SCRATCH or REST@RE state-

ment, The SCRATCH statement establishas the designated file as write mode. The REST@RE
statement establishes the designated file as read mode.

File Reading

The form of the BCD read file statement 1s

READ #le designator, input list

whare the file designator 1s as previously described. The pound sign denotes a BCD file.

The 1nput list consists of the variables, separated by commas, into which the data 15 to be
read. The list may contaln non-string and string variables, and any of them may be sub-
. -scripted.



Example

4 file contawming 1, 1.5, 2, 2.5, 3, 3.5, 4, 4.5, 5, 5.5 15 to be read into A(T) and B(I).
100 FILES RFILE

110 FGR I=1 T 5

120 READ #1,A(I), B(I)

130 NEXT 1

For each execution of the READ # statement one value 15 read wmnto an A(l) and B(I) 8o that,
at the termination of the loop

All) =1 B(l) = 1.5
AQ2) = 2 B(2) = 2.5
A@3) = 3 B(3) = 3.5
Afd) = 4 B(4) = 4.5
A(B) = 5 B(5) = 5.5

The file pointer will remain positioned following the last read data item (5.5 in the example)
until further file statements designating the file (RFILE 1n the example) are executed.

File Writing

The form of the BCD write file statement 1s

WRITE #ile designator, output list

where the file designator 1s as previously described,

The output list consists of the variables, separated by semicolons, from whict. the file 1s
generated. The list may contain nor-string variables, string variables, strings, and expres-
sions. Subseripting 15 permissible 1n the output lhist,

WRITE # always generates a file beginning with line number 1000, mncrementing by 10
for each new line. The line number sequencing can be modified, if you wish, by EDIT
RESEQUENCE.

Each WRITE # statement generates one line of output unless the teletypewriter hine sirast
1s exceeded or the last list i1tem 15 followed by a semicolon When the teletypewsitcr Lina
limit 15 exceeded, writing continues on the next line wath the next data item. When the oul ¢
list 15 followed by a semicolon, subsequent writing occurs on the same line 1n a clouely
packed format.

Example-

100 FILES WFILE

110 SCRATCH #1

120 F@R =1 TQ 25

130 WRITE #1,1,I*1

140 NEXT I !

When lhisted WFILE would contain
1000

1010
1620

LN =

1
4
9

1240 25 625
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ollowing 15 an example showing now strangs ana soowg, variaoles are used with files.
(TR IO

Example::'+ "+ ’ ’ .

100 FILES STRING

110 SCRATCH #1

120 LET A$=“‘STRING1'’

130 WRITE #1,A%, ‘STRING2"’ . o
140 WRITE #1,‘STRING2'' ;A3

Then listing the file STRING gives

1000 STRING1 STRING2
.1010 STRING2 STRINGI1

g Bove nosd Ou Loals 1 o sk arra bt : l
e R T T T T 4o
End-of- l;ﬂe and _End-of-Space, . .u._... . Weroees e
LAk L.

The end-of-file (EOF) 1s a special mark written by, BASIC atself that indicates the end of
data 1n the fila/»3%r 7 ¢ =

The end-of-space {EOS} is the physical end of the disc area reserved for a file. When a f1le
15 completely filled with data, EGF = EOS; otherwise EOF<EOQOS,

Whenever a word 15 generated with a WRITE # statement, an EOF mark 1s placed 1m-
mediately following the last word written, Subsequent transm1ss:ons ‘to the file move the
EOF mark so that it always foliows the last word written. When a file 15 generated from the
teletypewriter, an EOF mark 1s placed immediately after the last data item in the Nile as
soon as the file is saved.

End-of-File Test oot

The form‘of the statement;thattests.for an EOF mark or the EOS 1s

T Py B Pl '

IF END iile designator T‘-IEN line number

- . n aoa et

I EETAIRYAN PR e b
where the file designator, 1s.as prevmusly described.
The statement will test whether an EOF was detected by the last command reading the
designaced file. When writing a file, the statement will test whether an EOS was detected.

H the last READ # statement found an EQF mark, the program will go to the line number
specified 1n the IF END # statement. Cunerwise the next sequential statement 1s executed.

I the program continues reading or writing a file after the EOF or EOS has been detected,
an error message {END @F FILE or END ¢F SPACE) will be printed and the program will
centinue, The error message will be printed out each time an attempt 15 made to exceed the
EOF or EQS Limat,

Example: |

100 FILES F1;F2

110 SCRATCH #2

120 DIM X(100),Y{100),Z(100}

130 FOR =1 T@ 100

140 IF END #1 THEN 180

150 READ #1,X(D),Y{D),Z{1)

160 WRITE #2,SQR{X(I)1 2+Y () 12+Z(I)1 2)
170 NEXT I

180 STGP



I flie T'1 contained 300 uuia items, no ZOF would bo cncountered; but.if at.contained’only,
150 data items, for example, the IF END # statement.(line 140),would cause-aitransfer:tos
l{ne 180 following the 50th execution of the loop;

.

File Restoring
The form of tha LD restore file of 1. poat is

RESTYRE #1ls destuazor

¥y
o

whore the file designarc: {5 as previously described.

The REST@RE # stoilinent causes e position of the designated file pointer to.be moved so
that the next transmisnion {8 from the baplnning of the file.

I a {ilg .» nlready rostored, the RESTURE # statement merely sets the file to read mode.
BAEID avtomatically restores the referenced files before a program begins executing.
Lxample: -

100 FILES UTIL

110 SCRATCH #1

120 FOR I=1 T@ 50.
130 WRITE #1,1;SQR(1)
140 NEXT 1

150 RESTORE #1

170 READ #1,X,X1 ,

In the example the REST@RE # statement. (Mine 160} is.required.to restore-the-written file
before reading it. Reading then beginsg at the firast data.item .in the file,

A file being writted=cannot be read before it {8 restored. A file being read cannot.be writien
beforo it is scratched. This means that if any modifications are to.be made to an e.isting
i1le via tho program, it must ba copled {written) to another file up to the modification point.
The modificotion can then be written into the second file,

Fite Scratching

The form of the BCD scratch file statement 1s

SCRATCH #file designator

where the file designator 18 as previously described, This statement causes the designated
file to be scratched, or made ready for writing. If the {ile is already reset or restored the
statement merely sets the file to write mode, Following the SCRATCH # statement, trans-
mission to the {ile commences at the beginning of the file,

Example.

100 FILES UTIL
110 SCRATCH #1

120 F@R 1=1 T¢ 50
130 WRITE #1,RND(0)
140 NEXT 1

150 RESTURE #1

160 READ #1,X,Y,2
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In the example, the SCRATCH # statement (line 110) must be executed before the write into
the file. The REST@RE # statement must be executed before reading irom the written file. -

File Backspacing |

The form of the BCD backspace file siatement 1s
BACKSPACE #file desumnator

where the file des:Znalor i as previously desciibed. This statement 1s permatted only on
files 1n the read mocs.

The BACKSPACE # statoment causes the position of the data pointer for the file being read
to be moved bac..ward one data sem. Ii the data pointer 15 already at the beginning of the
file, the backspace stufement 18 1gnored,

Some applications require a file to be processed forward and then backward. The following
example 1llustrates how this ¢xn be done.

Example:

160 FILES F1

110 IF END #1 THEN 210

120 READ #1,A

130 REM C@UNT NUMBER @F P@INTS IN FILE
140 LET N=Nil.

260 GO TG 110
210 F@GR I=1 T@ N
220 BACKSPACE #1
230 READ #1,A
240 BACKSPACE #1

. #

300 NEXT I

BINARY DATA FILES

Binary data files are not listable. The file space normally used for line numbers in files
can be used for data. They are random access files; that is, data can be written 1nto or read
from a binary i:le in any order. Since data conversion routmes are ellminated in processing
binary files, program efficiency 1s increased.

For binary files, the restrictions on file mode are eliminated, Binary files may be read or
written without having been previously restored or scratched. The REST@RE and SCRATCH
statements serve only to move the data element pointer to the first element in the file.

File Wniting ,

The form of the binary write file statement is

WRITE : file designator, output List

where the {ile designator is as previously described. The colon denotes a binary file,
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The output list may comnwamn numeric variables, string variables, or literals. The numeric
variahle or hteral will cause a two-word entry into the file, The string variable or literal
will cause a six-word entry nto the file. Each two-word entry 15 defined as a data element.
Consequently each numeric variabic or numeric literal consists of one data element, and
each string variable or string literal consists of three data elements.

For example, a numeric variable or Literal may appear in a WRITE : statement as:

100 WRITE:1,A (numeric variable)
110 WRITE 1,10 {numeric lileral)

A string variable or literal may appear in a WRITE : statement as:

120 WRITE:1,AS (string variable)
130 WRITE:1l,“ASTRN" {string literal)

The following diagram 1llustrates how each of these will be entered 1nto the file, In the
diagram, each block represents one computer word,

VARIABLE OR LITERAL

A 10 Al ASTRN
. A/ — - S s o~ ~
1 2 3 4 5 6 7 8

DATA ELEMENT

Binary files contain no line numbers. Data may be wrilten into the file sequentmlly or
ranaomly. *

-

The followimg 1s an example ot a sequentially created file. '

Example. - .
100 FILES WFILE

110 SCRATCE 1 v
120 IR I=1 TG 25

130 WRITE.1,I,I*1

140 JIEXT I

File WFILEWEILL contain 25 pairs of numbers, or 50 successive data elements,
In the following example, string information 1s written into a binary file.
Example: "

100 FILES STRING

110 SCRATCH 1

120 LET MS=‘'MSTRING"’
130 WRITE 1,MG§,“NSTRING”’

~ k3

TFile STRING will contain two strings or six data elements, three data elements for ‘each
string.



File Reading

The form of the binary read file statement 1s

READ : {ile designator, input list

where the {ile designator 1s as previously described.
The mput list may contain numeric variables or sting variables. The numeric variable will
cause one data element {two words) 1o be read from the f1le. Tue string variable will cause
three data elements (s1x words) Lo bie reac srom the lilc.
Data may be read sequentially or rancom.y from a file.
In the followmng example data 1s read se-uentially.

Example:

100 FTLES RFILE

110 F@R =1 T¢ §

120 READ:1,A{1},B(I)

130 NEXT 1

The first ten data elements 1n {ile RFILE will be read alternately into arrays A and B,

Random Accessing
The form of the random-access statement 1s

SET : ifue designator, variable

wnere the file designater is as previously described.

Tne SET  statement will position the pointer of the designated file to the element specilied
by the variable, The variable may beaninteger or an expression. If the value of the variable
is less than one, non-integral, or greater than the length of the file, the error message
ILLEGAL P@INTER will be priated out,

Exarnple

100 FILES VFIL

110 SCRATCH"1

120 FGR 1=1 T@ 25

130 WRITE'1,1*1

140 NEXT I

15 SET.1,7

160 READ:1,XY
File VFIL will contain 25 elements. In line 150, the pointer will be positioned to the 7th
element. Reading then begins at the 7th element, and the values 49 and 64 will be read mnto
XandY.

I the file being processed contains string varmables, the length of a string entry must be
considered before the SET : statement 15 used,

Example.

100 FILES RNF

110 SCRATCH.1

120 WRITE 1,°‘ASTRN"’,**BSTRN’"’
150 SET 1,4

140 READ.1,B$
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Ven the WaITE statex‘le‘m Lo wavCuet, IR wll ccouany e Licst three entries of file
ANF, and BsTRN will occupy the nextthree entries. To access the second string, the pointer
.1ust be cet to the position where the second string bepins, which 1s done by line 130. The
sting dawa, BSTRN, 15 then read into the string variable, B3.

Tue follow. .z uses of the SET - statement are acceptable. -

- 180 SET.1,A*B
;195 SET-3,A(D

In each case the value of the variable rust be an mteger wronir the Limils of tne tile.

Locating the Elernent Sointer

Smce - element nointer can Le movea randsialy in a binary file, 1t 1s useful to have a
-~ .nding cut wnere the pointer 1sat any {ume during the execution of a program.

-unotion will prov.de the location ofthe pointer 1n the file referenced.

LEC (fule des gnator)

-t . + noment, X representsany numerilce varlable, and the file designator 1s as previously

- N
Inamnie

100 FILES F1;F2 J
210 LET Al=LGC(1)

200 PRINT L@C{2)

Tpg value of the element pointer nto file F1 will be stored 1in Al {line 210).

, E;?_he value of the element pointer into file ¥2 will be printed (iine 250).

.-File Scratching
The form of the binary seratch tile staterrent s
SCRATCH : f1le designator
wherc the file desighator 15 as previously described.

The SCRATCH statement cause the data clement pointer to be repositicned so that trans-
mission to the file storts at the beginning of the file.

E~xample

106 FILES VFIL
115 SCRATCH 1

125 FPR I=1 TH 20

140 WRITE 1, INT{10*RND(X))
155 NEXT I
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The SCRATCH . statement may be replaced with a SET . statement to accomplish the same
purpose:

115 8ET:1,1

A file beiag read can be writien without being scratched. This means that files can be mod:-
fied duzing program esecuiion.

I
nxalnpie:

3% HLES fF.L
VU0 LT 4l=0

20 EY 81=26

190 <UT:1, 82

140 @IAD 1, X

156 7 X=0 1FEN 1s0

180 SIT:1, LLC(1)-1

190 WRITE. 1, 21

180 LET 51 =91 +26

190 IF SI<EAT(1) THEN 130
200 END

This exaiaple reaas every 26ih data etementancgoes kack and writes over that element with
a zcero, provided that the elerient 1& not wlready zero.

13

File Restoring

The form of the binary res:ore file statement 1s
RESTORE : file designator

where the f1le dzsignator 73 as previcusly described.

The RESTORE . staiement wall move line element pointer to the bemnning of the designated

file,
Example: .

10C ©1LES VYIL
119 SCRATCE:1

120 ISR J=1i TP 50
130 WRITE :1,J, SQR(J)
140 NEXT J

150 RESTORE:1

180 READ:1,X

This prograa writeg 100 data elements intuv VFIL. Then the element pointer is moved to the
bepmning of the fiie (line 150), and the first data element 1s read into X, L.

A file being written can be read before it 1s restored. If line 150 in the last example 1g
omitted, reading will begin wherc writing stopped, and the 101st data element will be read

into {,

End-of-File Test

For binary fiies the end-of-file test 1satest for the end of file space. The IF END statement
will test whether an end-oi-fue~-space condifion was detected by the last READ: or WRITE
statement, When reading a partially filledbinaryiile, the READ statement should be executed
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orly the auraber of ulaeo regurca oo.ond the legilumale data in tne file The IF END test
would allow such a file to be read unal all tne space 1n the tile had been exhausted.

The form of the statement 1s

IF END f{ile designator TEHIIY Lne rur ber
If the last READ statement or WRIT S sintement ewoountered tiie end of file space, the pro-
grarn will go to the line number specified 1n the I ZND statement, Otherwise the next se-
rueraal s.atement 15 executed,

Lxarniple N
100 FILES F1
110 SCRATCH 1
120 FER J=1 TH 10069
130 IF END:1 THEN 160
140 WRITE-1,J/2
130 NEXT J
160 END

An ntrinsic function 1s also provided to test for the end-of-file condilion, The fuaction LOF
w:ll retrieve the length of the referenced file. For example:

LET ¥ =L@F (file designator)

In this statement, X represents any numeric variable, and the file designator 1s as pieviously
described.

The functions LOC and LEF can replacethe IF END : statement in the previous sample pro-
gram as follows

130 IF L@C(1)=LLF(1) THEN 160
When the element pointer into file F1 reaches the end of the file, writing stops.

If a program continues reading or writing a file after the end-of-file-space condition has been
dctceted, the error message END OF FILE SPACE will be printed, and the program will
¢ouuinue executing.

R,
RMATRICES

The matrix operation statements avatlable in BASIC are among the most powerful and usetul
. the enfire language.

oliowing :s a list of matrix statcnaents.

MAT READ A,B,C, Read matrices A, B, and C, their dimensions having been pre-
vicusly specified Data 1s read mn row-wise seguence.

MAT PRINT A,B,C FPrint matrices A, B, andC, withAand C 1n the regular format,
hut 5 closely packed.

MAT C=A+B Add matrices A and B and store the result in matrix C.

MAT C=A-B Subtract matrnix B froin matrix A and store the result in matrix
C.

MAT C=A*B Multiply matrix A by matrix B and store the result in matnx C.

MAT C=INV(A) Invert matrix A and store the result in matrix C.



kS

MAT C=TRN{2

MAT C=(K)*At

MAT C=CON
MAT C=ZER

MAT C=1IDi:

) Trar spose matiix A and store the result in matmx C.

Multiply matnx A by the value represented by K. K may be
« ¢ither a number or an cxpression, butin exther casc it must be
enciescd i parentheses. ;
W
-Set each element of matrix C to onc. CON means constant.

Set each element of matrix C to zero.

